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�¡� � �E��14JE/ ;06@143 ! � ~V]=]D�
� � 3 � ; 1 ; 6@1�+ 6}+zJ*+0/<=D6};0J*)IJE+06*+p-0|"�s��;mGI=�;41ª;06��I;m6¬C%),;8�t1�(*/<�s/<J4!
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� |�6}J*;Z|"� �E;.- 6}/3�{;.(E6���14/5=H6*;.=�1�=H68�I; �EGI(�6}/32�;.J 3<1M),;.JE6*/<=I;0=I-.;Z�I; 321�6};.JE��/5=I|"35| �"/<;)� |4J*-.; �k|"G

/5=H6*;.J*14-06*/<|"= ���I;h`��t14(*/5��/5J0a ��14=I({GI=>;m(*/56*G�1�6*/<|"= 1 ¡�)IJ*/5|"J*/,+.35|"/ �4=I+.;��>G�-0|"=D6}; � 6*;n+03<;0-06}JE|:�:C:=I1 ¡
�s/<FHGI;n|"J*/-�"/<=I;03�� �t14(E/<�s/<J � ~V]�W��j�"! ? |"G>J�CR)�14J �";0=I/<J��>|"=I=I|"=>(mGI=I;!�I+0��|"=>(E6}J*1�6}/5|"=R; � )>3</<-0/56*; �I;
3 � ; � /5(E6*;.=I-0; �>; 3<1 � |"J*-0; �£~ ! ] � ;.=D6}JE;v�>;.G � )I3<14FHGI;.(«/5���s;.J �"+.;0(���14=I(«GI=p-.JE/<(E6}143"35/<FHGI/<�>;B=I+.��1�6}/5FHGI;
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�" �#�������'� � � "+���"� ����� ��
�"� � L��$&�
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Eel =
κ1

2

(
~∇ · ~n

)2

+
κ2

2

[
~n · (~∇× ~n)

]2
+
κ3

2

[
~n×

(
~∇× ~n

)]2 �£~ !5~`� �
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6*;.Jp��14=I(nGI=I;Z�>/<J*;0-06*/<|"=o)IJ*/3�%/<3<+4�"/<+0;&!�? 14J83<1�(EGI/56*;�=>|"GI(8=>|"GI(8JE;.(�6}J*;0/<=I�>J*|"=I(814G�-.14(8|
��3<;��I/ ¡
JE;.-06*;.GIJ ~n ;.(�6 � |"J�6};0��;0=H6p-0|"=D6}J}1�/<=D6 ��( � |"JE/<;0=H6*;.Jp��14=I(p321��I/5J*;0-06}/5|"= x 14G �"|"/5(*/5=�1&�";��I;0(n�I;0G �
)I3<14FHGI;.( � 
 ����� |"=M(*GI)I),|"(E;!321Z-0|"=I�I/ 6}/<|4=I(�1�G � 35/<�s/56*;.( ~n = (1, 0, 0) (EGIJ�-fA�1�-.GI=I;!�>;.( �k14-0;.(��I;0(�I;0G � )I3<14FHGI;.(z7 14=>-.J}1 �";zAI|"�s+.|46*J*|"),;�� |"J�6 !
� �0(t3<|"JE(v3 � ; � )IJ*;0(*(*/5|"=���~&!^] �B-.|4���s;.=I-0; �8(EGIJ*)>J*;.=>�IJ*; ! � =�;41ª;06jF%G>;.3<35;�FHGI;�(E|"/56v321p�I/<(�6f14=>-.;

/5=H6*;.J£¡¬)I3<14FHGI;.( L � 3 � +.=I;0J �"/5;W+03214(�6}/5F%G>;W6}|�6f1435;W�IG (�C%(E6 �0��; Eel =
∫

Eel d
3 ~R ;.(�6���/5=I/<�s/<(E+.; �

	0+.J*|s),|"GIJ©GI=��I/<JE;.- 6};.G>J�G>=I/-� |"JE��+0��;0=D6©|"J*/5;.=D6}+z(E;.3<|4= x ! � =�� � 14G>6}JE;.({6};0J*�s;.( � 3<1 ��14J*/<1�6}/5|"=��I;3<1M�I/<(�6f14=>-.; L (E;*�k14/56)�R-.|"GI)�+0=I;.J �"+06*/<FHGI; =HGI3 � -.|"�s��;Z��14=I(!35; -`14(��IG�-0|"=I�I;0=I(}1�6*;.GIJ�)I3<14=
��1�=I(m3<;)�%/<�>;!+.3<;0-06*J*|"��1&�"=I+ 6}/5F%G>; -.3<14(*(E/<FHGI;��k- � ! (*;0-06}/5|"=d)IJ*+0-.+0�I;.=D6};�� ! � = �k14/ 6�3<1 �I+.),;.=I�I14=I-.;
;0= kBT

;0(E6v321m(*/-�"=�1�6*GIJ*;{�I;�3 � |"JE/ �"/5=I;j;0=H6*J*|")>/<FHGI;��I;@3<1 � |"J*-0; FC
!%§@=sJ}14/5(*|"=I=>;.�s;.=D6 F%G>/,/-�"=I|"JE;

3 � ; � )>3<|"J*1�6}/5|"=8)�1�JB3<;t(�C:(�6 �0��;{�I;©�I/3�";0J*(*;0(v-0|"=�� |"JE�Z1 6}/<|4=I(�(E|"GI(B3 � ;41ª;06��>;©3 � 1&�"/56}1�6}/5|"=z6}AI;0J*�s/<FHGI;
=I;z),;.G>6�)�1�(©=I|"GI(�+.-03214/5J*;.Jj(*GIJ{321)�4+.=I+0J}1�6*/<|"= �I;z321)� |"JE-.; !

� ��� ��� 
��#
*��� �9��
%$&��� � $ " � ����� ���	�#$ � �����'
($&���?����"+���&� ���	� ����
 � ��� �����
� 1L)IJ*|%-.+0�IGIJE;b(E6f1�=I��14JE�S),|"GIJ�+06*GI�I/<;0J�3 � /<=*PIGI;.=I-0;R�IGi`L(*|43-��14=D6 a�(*G>J�3<;.(Z/<=D6};0J}14- 6}/<|4=I(

;0=H6*J*;�3<;0(m|"� �E; 6}(mFHG � /<3 -0|"=D6}/<;0=D6n-0|"=I(E/<(E6*;$�"+.=>+.J}1�3<;.�s;.=D6 ��+4��1435GI;.Jm3 � +0=I;.J �"/<;83</<�>J*;8�>GQ(�C:(�6 �0��;
),|"GIJ©GI=>;n-0|"=�� |"JE�Z1�6*/<|"=Z�I|"=I=I+0;n�>;.({|"� �E; 6}(�A�Q46};0(�! � -./ � =I|"G>(�= � + �41�3<GI;0J*|"=I({)�1�(@3 � +0=I;.J �"/<;m35/<�IJE;
�I; 3 � ;0=I(*;0� �I3<; � )I3214FHGI;0(�)�14J}1�3<3 �03<;0( ;06s=I+0�Z1�6*/<FHGI;��8)ª|"G>JsG>=I;W�>/<(E6}14=I-0;�/5=D6};.J£¡¬)I3<14FHGI;��I|"=>=I+.;
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;06!=I|4GI(8-0|"=I-.;0=D6}J*|4=I(!�I/<JE;.- 6};.�s;.=D68(*GIJ 35;.( � |"J*-0;.( FHG � ;.353<;.(n(*GI�>/<(*(E;.=D6 ! � 1��I+.�s|"=I(�6}J*1�6}/5|"=�FHGI/
�41�(*GI/3�%J*;s( � /<=I(E)I/<JE;s;0=L)�14J�6}/5;!�I; � � �E��1�J*/ ; 6�1�3"! � ~V]=]"�E� � ��14/5(p(E;.J*1WJ*;0�Z1�=I/<+0;s),|"GIJz�s;06E6}J*;�;0=
; � ;.J �"GI;{(*|"=!35/<;0=8�I/5J*;.- 6�1 �";0-©-.;.353<;v�I;t321%� |"J*-0;t�I;{�t14(E/<�s/<J¦FHG�14=D6}/5F%G>;©�I+06}14/<353<+.; )IJE+.-.+0�I;.�s�s;.=D6 !
�j|"�s�s;.=I¨0|"=I(�)�14J�(*/<�s)I35/-2�;0J©;.=I-0|"J*;n3<;z��|%���03<; � ; 6�)I3<14¨.|4=I(@=>|"GI(��I14=I(�3<;p-`14(@|��M35;.({6}J*|4/<(

-.|"=I(�6f14=D6*;.(8+03214(�6}/5F%G>;.(m(*|4=H6p+4�D143<;0(�7 κ1 = κ2 = κ3 = κ ! � =o(*GI)>)ª|"(*14=D6pF%G>;�35;!�I/<JE;.-06*;.GIJm=>;�I+4�%/<;!FHGI; �k14/<�I35;.�s;.=D6��>; 3 � |"J*/5;.=D6f1 6}/<|4= (1, 0, 0)
� ;06�;.=b�I+ 2�=I/<(E(}14=D6z35;.(��I+ �%/21�6*/<|"=I( φ ; 6 ψ )�1�J

~n ∼ (1, φ, ψ)
� 3<1 �I;.=>(*/56*+z� � +0=I;0J �"/5;m+.321�(E6}/5FHGI;z)IJ*;0=I�WG>=I; � |"J*�s;�(*/5��)>3<;���1�=I({3 � 14)I)IJE| � /5�Z1�6*/<|"=

A�14J*�s|"=I/5FHGI;!7
Eel =

κ

2
(∇φ)2 +

κ

2
(∇ψ)2 �£~ ! ~"~ �

� )I14JE6*/<J��I;d-.; 6*6*;Q; � )>J*;.(E(*/5|"=r|"=S),;.G>6��s|"=D6}J*;0J F%G>;Q),|"GIJ�GI=>;Q-0|"=�� |"JE�Z1�6*/<|"= �>|"=I=I+0;Q�IG
�I/<JE;.-06*;.GIJ � -fA�14FHGI;��k14-0;@�>;.( )I3214FHGI;0(j;0(E6v(*|"GI�s/<(E;%�nGI=I;�)IJE;.(*(E/<|"= P � FHGI/ ( � ; � )IJE/<�s;@�I14=I( 3<;{-`14(
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P =
κ

2L2
‖

∫
dS
[
(∂xφ)2 + (∂xψ)2] �£~ ! ~����

|��W3 � /5=D6}+��4J}1435;�)ª|4JE6};z(EGIJ@3<1 (*GIJ �k14-.;p�I;p321 )I3<14FHGI;z-.|"=>(*/<�>+.J*+0;n; 6 L‖
;.(�6�3<1��>/<�s;.=I(E/<|"=���1�=I(@35;.(
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)I3214FHGI;0({(*;.JE|"=D6{J*;0)ª|"G>(*(*+0;.(�3 � GI=I;m�I;m3 � 1�G>6}JE;�)�14J©35;���/53</5;.G � FHG � ;.3<35;.(t-0|"=D6}/5;.=I=I;0=D6 ! � 3 � |")I),|"(E+ �
3<;.( �k14-.;0(!; � 6}+0J*/<;0GIJ*;0(!�I;.(!)>3214FHGI;0( (*GI�>/<(*(E;.=D6sGI=I;�)IJE;.(E(*/<|4=TF%G>/t)ª|4GI(*(E;�3<;.(n�I;.G � |"� �E; 6}( 3 � GI=
�";.JE(@3 � 1�G>6}JE;m�I;z321!)�14J�6{�IGW=>+.��1�6}/5F%G>; ��3 � ; � 6}+.JE/<;0GIJ©�I;z321��0-.1'�%/ 6}+�� !
� 3 � /5=H6*+.JE/<;.G>Jt�I;z321!-`1 �%/56*+ � ;0=�6*J}14=I( � |"J*��14=D6©�I;p¤�|"GIJE/<;0J��v3 � +.=I;0J �"/5;m+.3<14(E6*/<FHGI;m( � ; � )IJE/<�s;�7

Eel =
κ

4L

∑

k

∫

k,q

[
φq

(
q2 +

π2k2

L2

)
φk,−q + ψk,q

(
q2 +

π2k2

L2

)
ψk,−q

]
�£~ ! ~�� �

|��R3<;0(
q = (qy, qz) ∈ R

2 (E|"=D6m3<;0((�4;.-06*;.GIJE(z� � |4=I�I; ��1�=I(�35;8)I3<14=M�I;0(�)I3<14FHGI;.( � ;06 qx = kπ/L��14=I(�321 �I/5J*;0-06}/5|"=�=I|"JE�Z1�3<;&!
9:/D35;�(EC%(E6 �.�s;v;0(E6¦6}AI;0J*��143</5(*+ �{321t6};0��),+.J*1�6}GIJE; T � 35; 6}AI+0|"J �0��; � � +.FHGI/5)�14JE6*/56*/<|"=m�I; 3 � +.=>;.J �4/<;

( � 14)I)I35/<FHGI; 1�G � �s|%�I;.( φk,q(n) ; 6 ψk,q
6*|"GI( �I+0-.|"G>)I3<+0( ��14=I(83 � 14)I)IJE| � /5�Z1�6*/<|"=dA�1�J*�s|"=I/<FHGI; !

¥m=�|"�>6*/<;0=H6{�>|"=I-z/<�s��+0�I/21 6};.�s;.=D6j3<;.(©�s|�C";0=I=I;.({6}A>;.J*�s/<FHGI;0(z7

〈φk,qφk,−q〉 = 〈ψk,qψk,−q〉 =
2

κ

kBT

[q2 + (πk/L)2]
. �£~ ! ~NW �

� /<=>(*/¦321�)>J*;.(E(*/5|"=R�s|�C4;.=I=>; P int = κ/(2L2
‖)
∫
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-.|"=D6};0=HGM;.=D6*J*;p3<;.(©�>;.G � )I3<14FHGI;.({(EGIJ{321!)I321�F%G>;m�I; �D14GI-fAI;�7

F> = −
∫
dd−1r

κ

2

[
∂xφ

(
0+, r

)]2 � � ! U �

;06©/5�I;.=D6}/5FHGI;.�s;.=D6t35;@�s|%�IGI3<; F< �I;�3<1 � |4J*-.;@6}|46}143<;{; � ;0J*-.+0;m)�14Jv3<;��s/<35/<;0GsA>|"J*(v�I;�3<1 �0-.1'�%/ 6}+��
(*GIJ{321!)I3<14FHGI;m�I; �D14G>-fAI;�7

F< =

∫
dd−1r

κ

2

[
∂xφ

(
0−, r

)]2 � � ! ���

¤�/<=�1�3<;.�s;.=D6©3<1 � |"J*-0;m6}|46}143<;�=>;06*6*;n(EGIJ{321 )I3<14FHGI;z�I; �D14GI-fA>;p;0(E6p7

~F = (|F<| − |F>|)~ex.
� � ! � �

� KJ��<)O�:=6(j\6CENEV6
F
8 69jnEV326;@7K�OD/gKo@ /gKMq�1\6h576Ft)KM14:��\6(OTu98N14/�EV6h576h/gKJ:=<n>s@�uHEV3gET3g<?j 69jnEVOT6
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F> 6CE
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¥�=z)IJ*+0(*;.=D6*; /5-./";0=z�I+06}14/<3 � �I;0G � �I+0J*/3�41 6}/<|4=I( �I;0(«-.|"�s)ª|4(}14=D6};0( Tij

�IGm6};0=I(*;0GIJ¦�I;.(�-0|"=D6}J}1�/<=D6};0(�!

	�"#$&����$F��� 
����?�
� =M(EGI)I),|"(}14=D6�F%G>;n35;.(�-.|"=I(�6}/ 6}G�14=D6*(@+03<+.�s;.=D6}14/<JE;.(©�IGW��/53</<;0G�A�Q46*;n; 6@�>;n3 � |"� �E;06@; � 6}+0J*/<;0GIJ

= � /<=D6*;.J}1 �"/<(E(*;.=D6�F%G>; �%/21@�>;.( /5=H6*;.J*14-06*/<|"=I( ��-0|"GIJE6*;j),|"JE6*+.; � |"=8+.-.JE/56 �"+.=I+0J*/5F%G>;.�s;.=D6 35;j-.|4GI)I321 �";
;0=H6*J*;z3<;m-fAI14��) φ ;06�3<1 (*GIJ �k14-.;z�I;z-.; 6�|4� �E;06{)�1�J�G>=I;z+.=I;0J �"/5;p�>G 6¬C%),;�7

Es =

∫

∂Ω

dS Es

(
φ, ~∇φ

) � � ! ] �

1 �";0- ∂Ω 3<1p(EGIJ �k14-0;@; � 6}+.JE/<;0GIJ*;@�I;@3 � |4� �E;06�! � 14=I(v3<;{� / ��;{;0(*)IJE/56v|"=��4+.=I+0J}1435/<(*;{3 � ; � )>J*;.(E(*/5|"= �I;
3 � +0=I;.J �"/<;�+03214(�6}/5F%G>; � � ! ~ �@7

E =

∫
dd ~R E

(
φ, ~∇φ

) � � !5~`� �
¥�= (E|"GIA�14/ 6};t��14/5=H6*;.=�1�=H6 J*+0)ª|4=I�IJ*; �@321�FHGI;0(E6}/5|"=�7 F%G>;.3<35;j+0=I;.J �"/<; δW �k14G>6�¡¬/53 � |4GIJ*=I/5J�),|"GIJ �I+ ¡
� |"JE��;0J /5=�2�=I/ 6}+0(*/<��1435;.�s;.=D6¦321�(EGIJ �k14-0; ∂Ω [�9:/:|"= 3<G>/>14)>)I3</5F%G>;jGI=I;©�>+4� |"JE�Z1�6*/<|"=>( +03<+.�s;.=D6}14/<JE;.(
δ~r 3<1 �41�J*/21 6}/<|4= � � +.=I;0J �"/5;p( � +0-.JE/56p7

δW = − (δE + δEs)
� � !5~4~ �

|�� 35;�6}J}1 ��14/53 �s+.-`1�=I/<FHGI; δW �I+ 2�=I/ 6{3<;�6};0=I(*;0GIJ��I;.(�-.|"=D6*J}14/5=H6*;.( Tij
�%/21�7

δW =

∫
dS niTijδri

� � !5~����

1 �";0- ~n 3<1�=I|4J*��143<;p; � 6}+0J*/5;.GIJE;$� 321s(*GIJ �k14-.; �>; 3 � |"� �E; 6 ! � ;0(���14J*/<1�6}/5|"=I(��I; E ;06 Es
( � +0-.J*/3�";0=H6

(E/<�s)I3<;0��;0=H6�7

δE =

∫
dd ~R

[
∂E

∂φ
δφ+

∂E

∂(∂iφ)
δ(∂iφ)

]
+

∫

∂Ω

dS Eniδri,
� � !5~`� �

FHGI/�(E;z6*J}14=>( � |"JE��;z14)>J �.({/5=H6*+��"J*1�6}/5|"=�)�14J©)I14JE6*/<;m;.=o7

δE =

∫
dd ~R

[
∂E

∂φ
− ∂i

∂E

∂(∂iφ)

]
δφ+

∫

∂Ω

dS
∂E

∂(∂iφ)
niδφ

� � !5~ W �

+

∫

∂Ω

dS Eniδri.

?¦|"GIJ{3 � +.=I;0J �"/5;��I;z(*G>J �k14-0;�7

δEs =

∫

∂Ω

dS

[
∂Es

∂φ
δφ+

∂Es

∂(∂iφ)
δ(∂iφ)

]

+

∫

∂Ω

dS ∂iEsδri.
� � !5~VS��
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¥m= G>6}/53</5(*; 1435|"J*( � � !5~���� � � � !5~ W � ;06 � � ! ~TS�� ),|"GIJ�; � )IJE/<�s;.Js�I; �k14¨.|"=�+.FHGI/3��143<;0=H6*; 321dJ*;.3<1�6}/5|"=
� � ! ~"~ ��7

� 14=I(�3<; �"|43<GI�s; Ω 7 ∂E

∂φ
− ∂i

∂E

∂(∂iφ)
= 0 � � ! ~VU"1 �

9%GIJ{321 (*G>J �k14-0; ∂Ω 7 ∂Es

∂φ
+

∂E

∂(∂iφ)
ni = 0 � � ! ~VU4� �

9%GIJ{321 (*G>J �k14-0; ∂Ω 7 ∂Es

∂(∂iφ)
= 0 � � ! ~VU4- �

9%GIJ{321 (*G>J �k14-0; ∂Ω 7 ∂iEs + Eni + njTji = 0 � � ! ~VU4� �
1'�4;.- � � ! ~VU"1 �¦F%G>/,-0|"J*JE;.(E)ª|"=>� 14G � +.FHG�1�6*/<|"=I(�� � � GI3<;0J�¡ � 1 �"J}14=��"; � ; 6 � � ! ~VU4� ��FHGI/I6*J}14�>GI/56�3 � +0F%G>/ ¡
3</<�>J*;m�s+.-`1�=I/<FHGI;m�I;z3<1 )I3214FHGI; ! ¤�/<=I143<;0��;0=H6 � ),|"GIJ©GI=>;p(EGIJ �k1�-.;pAI|"�s| � �.=>;!7

∂iEs =
∂Es

∂φ
∂iφ+

∂Es

∂(∂jφ)
∂i,jφ.

� � ! ~����

� ;8-0;.(�-./<=>F��I;.JE=I/ �0J*;.(�J*;0321�6*/<|"=>(©|"=W�>+.�IGI/ 6�3 � ; � )IJ*;0(*(*/5|"=M�>;.(�-.|"=D6}J*14/<=D6*;.( Tijnj
(EGIJ�321!(*GIJ �k14-.;

�I;z3 � |"� �E;06�/5���s;.J �"+87
Tijnj =

[
∂j

∂E

∂(∂iφ)
− Eδij

]
nj

� � ! ~ � �
�j|"���s; 1�=I=I|"=I-0+ � |4=b-.|"=I(�6f1�6*;!FHGI;!-.; 6*6};!; � )IJ*;0(*(*/5|"=d=I; �I+0)ª;0=I�o)�14(�; � )>3</<-0/56*;.�s;.=D6��IGb-0|"G:¡
)I321&�4; ��3<1!(*GIJ �k14-.; ! � 14=I(�3<;�-.14(�(*/<�s)I35;��I;z=I|46*J*;m�s/<3</5;.G +03214(�6}/5F%G>;m��|%���.35; � � !5~ ��7

Tijnj = κ

[
(∂iφ) (∂jφ)− 1

2
δij (∂kφ) (∂kφ)

]
nj.

� � ! ~V] �

	�� ���H��"#� ��� ��$&"#�H����� ���e� ������� � � �����
� ;4�4;.=I|"=>({14G���/53</5;.G��I+.-0J*/ 6©)�14JvGI=I;m+.=>;.J �4/<;��>G 6¬C:),; E = 1

2

∫
dd ~Rκ(~∇φ)2 ! Tij

)ª;0G>6{14GI(E(*// 6}JE;M|"�:6};.=HG�(E/<�s)I3<;0��;0=D6�;0=�JE;.)IJE|:�IG>/<(}1�=H6�321d�I+0J*/-��1�6*/<|"=��IG�6};.=>(*;.G>J �I; b 1 � 
j;03<3�)ª|"G>J�GI=
��/53</<;0G �I/5+.3<;0-06*J*/<FHGI;y� 9:-fA�
{/5=��";.J�;06@143 ! � ~V]=]��j�"! � =�;41ª;06 � -.; 6*6};{+0=I;.J �"/<;{;.(�6�/<�I;0=D6}/<FHGI;%�m3 � +.=>;.J �4/<;
+.3<;0-06*J*|"(�6f1�6*/<FHGI;R(�6}|%- �4+.;b�I14=I(ZG>=I; 	.|4=I;R�I;R3 � ;0(*)�1�-.;R�I;W-.|"=>(E6f1�=H6*;b�I/<+03<;0-06}JE/<FHGI; κ � ;06Z��14=I(3214FHGI;03<3<; `$�%/56�a�GI=�)ª|�6};.=D6*/<;.3 +.3<;0-06*J*/<FHGI; φ(~R) !9>1�=I(n)>J*;.=>�IJ*;�;.=�-0|"�s)>6};s321�)IJE+.(*;0=I-.;Z� � |4� �E;06*(8; � 6*+.J*/5;.GIJE( � ;.=.�%/<(*1&�";.|4=I(835;s-.14(8� � GI=Q��/ ¡
3</<;0G�+.321�(E6}/5FHGI;b/<=IA>|"��|&� �.=I;M)ª|"G>J�3<;.FHGI;03 κ �I+0)ª;0=I�r�I;d3<1L)ª|"(E/56*/<|"= κ → κ(~R) !{9:/ � 3<;b�s/ ¡3</<;0Gb+.3<14(E6*/<FHGI;!;.(�6 � 3 � +0FHGI/<35/<�IJE; � 1�3<|"JE( E ;.(�6n(�6f1�6*/<|"=>=�14/<JE; ),|"GIJmGI=I;$��14JE/21�6*/<|"=R/5=�2�=I/ 6}+0(*/<��1435;
δφ FHGI;03<FHGI|"=IFHGI; ! � ;0({+.FHG�1�6*/<|"=I({� � � GI3<;0J�¡ � 1 �"J}1�=��";�6*J}14�IG>/<(*;0=D6@3<1 -.|"=>�I/56*/<|"=��I;z(�6f1�6*/<|"=I=I14J*/ 6}+
δE[φ(~R′)]/δφ(~R) = 0 ! � 3<3<;0(t)IJE;.=I=I;0=D6�/5-./�321 � |4J*�s;�(*/5��)I35; 7

∂i

[
κ(~R)∂iφ(~R)

]
= 0 � � ! �4� �

?�JE;.=I|4=I(�-0|"�s��;�),|"/<=D6��I; �I+0)�14J�6�G>=I; -.|"=�2��"GIJ}1 6}/<|4=�� � +0F%G>/<3</5�IJ*;��>G -fA�1���)�;06s; � 1���/5=I|"=I(
-.|"�s��;0=D6 3 � +.=I;0J �"/5;���14J*/5;R(*|"G>(�3 � ;41ª;06 � � GI=I;d�s|:�I/32�-`1 6}/<|4=�/<= 2�=I/56*+.(E/<��143<;��IG���|%�IGI35; κ →
κ + δκ 7

δE =
1

2

∫
dd ~R δκ

[
~∇φ(~R)

]2 � � ! �:~ �
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κ(~R)→ κ(~R)− δti∂iκ(~R), � � ! �"���

/5=I-./5�I;.�s��;0=D6 � � � 14)>J �.( � � ! �%~ �j3 � +.=I;0J �"/5;�6}|46}143<; E ;0(E6��s|:�I/32�+.;��I;�7

δE = −1

2

∫
dd ~R δti∂iκ

[
~∇φ(~R)

]2
. � � ! ��� �

�j; 6*6};�; � )IJE;.(E(*/<|4=��I+42I=I/56�321 � |"J*-0; � ~F ≡ −δE/δ~t � F%G>/�( � ; � ;.J*-0; �k;0=��4|"3<GI�s; �!(*G>J�35;��s/<35/<;0G
AI+ 6}+0J*| � �0=I;�7

~F =

∫
dd ~R

[
~∇φ(~R)

]2
~∇κ. � � ! ��W �

�j|"�s�s;t)IJ*+0-./5(*+{��14=I(�3<1�)IJ*;0��/-�.J*;©�>+.J*/3��1�6}/5|"=!�I; Tij

� 35;t6};0=I(*;0GIJv�>;.(�-.|"=D6*J}14/5=H6*;{;.(E6 -.14J}14- 6}+0J*/<(£¡
6*/<FHGI;��IG �s/<35/<;.G � +03214(�6}/<FHGI;�/5=I�I+.),;.=>��14�s��;0=H6 �I; (*|"=n-.|"G>)I321&�4;v1�G � (*GIJ �k14-.;0( FHGI/H3<;��I+03</<�s/56*;.=D6 !
¥�=��I+42�=>/56@3<;.({-0|"��),|"(*14=D6};.( Tij

)�14J � Fi ≡
∫
Ω′
d~R ∂jTij

� |�� Ω′ ;0(E6@3<; �"|"35GI�s;p|%-.-0GI),+n)�1�J φ � !¥�=�JE;06}JE|"G��4;b321��I+ 2�=I/ 6}/<|4=��I;R3<1�(*;0-06}/5|"= )IJE+.-.+0�I;.=D6*;o;0= ; � )IJE/<��14=D6�3 � /<=D6}+4�"J}1�3<; ;.= �"|43<GI�s;
-0|"���s;�GI=>;p/5=D6}+��4J}1435;m(*GIJ{321 (EGIJ �k1�-.; ∂Ω′ 7

Fi =

∫

∂Ω′

dS Tijnj
� � ! ��S��

?¦|"GIJ 2�=>/<J � |"=TG>6*/<35/<(*;s3<; �k14/56nFHGI;�321�-.|"= 2 �"GIJ*1�6}/5|"=L/<=>/56}/<143<;!�>G�-fAI14��)�+06f1�/56 G>=I;�-.|"= 2 �"G�14J£¡
6*/<|"=W� � +0FHGI/<35/<�IJE;&! ¥m=b),;.G:6��I|"=>-!G>6}/53</<(E;.J{3<;0(�J*;0321�6*/<|"=>(@� � � GI3<;0J�¡ � 1 �"J}14=��"; � � ! ��� �{),|"GIJ�+06f1��I3</5J
3 � /5�I;.=D6}/ 6}+ 7

1

2
(∂iκ) (∂kφ) (∂kφ) = −∂j

[
κ (∂iφ) (∂jφ)− 1

2
κδij (∂kφ) (∂kφ)

]
. � � ! � U �

¤�/5=�1435;.�s;.=D6 � ;.=�-.|4� �I/<=I14=D6 � � ! �=S���; 6 � � ! ��U � � |"= �I+0�IGI/ 6 3 � ; � )IJ*;0(*(E/<|"=S�I;.( -0|"��),|"(*14=D6};b�IG
6*;.=I(E;.GIJ Tij

� ;0=M1�-.-.|4J*�W1'�4;.- � � ! ~V] ��7

Tij = κ

[
(∂iφ) (∂jφ)− 1

2
δij (∂kφ) (∂kφ)

]
. � � ! �4���

��� �
φ !
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3 � /<=D6};0J}14- 6}/<|4=���/53</<;0G(P�GI- 6}G�1�=H6�¡¬|"� �E;06}({/5���s;.J �"+.(4!

$ � � � $ 
���
���� ��$"� � ��� �*"#� 
������ ��
������� v"�
%����������
����
�jA�1�F%G>;©-.|"JE�I;

q
; � ;0J*-0;�(EGIJ 3<1@)I3<14FHGI;t�I; �"14GI-fAI;tG>=I; � |"J*-0; P�G>-06}GI14=D6}; fq(L) �I|"=D6B|"=!),;.G>6-`14J*14-06*+.J*/5(*;0J�(*/5��)I35;.�s;.=D6�3<;0(�)IJE|")IJ*/5+06*+.(�(�6f1�6*/<(�6}/<FHGI;0(�! � -.J*/3�"|"=>(�; � )I35/<-./ 6};0��;0=H6@321$� |"=I- 6}/5|"=M�I;

)�14JE6*/56*/<|"= Zq
�I;z321!-0|"J*�I;�7

Zq =

∫ φq(H)=0

φq(0)=0

Dφq(x) exp

[
− κ

2L‖

∫ L

0

dx φq

(
−∂2

x + q2
)
φ−q

] �k��! ~�� �

� 1!-0|"J*�I;
q
;0(E6�14(E(*|%-./<+0; �!GI=I;m+.=>;.J �4/<; Eq

FHG�14�IJ*1�6}/5F%G>;&! � ;m-fA�14�s) �k-0|"��)>3<; � ;�� φq
;0(E6 �D1�GI(�¡

(*/<;0=
! � 3 ;0= J*+.(EGI356*;mFHGI;z3<;.( �41�J*/21��I3<;0(©143<+.1�6}|4/<J*;0( Re[∂xφq(0)] ; 6 Im[∂xφq(0)] (E|"=D6%�D14GI(E(*/<;0=I=I;0(
�k;06�/<=I�>+.),;.=I��1�=H6*;.( � !��j; 6*6*; J*;0�Z14JEFHGI;n+03<+0��;0=H6}14/<JE; ��1s=I|"GI(@)ª;0J*�s;06*6*J*;nGI=R-`1�3<-.G>3«6*J �0(�(*/5��)>3<;
�I;z321!�I/<(�6}JE/<�IG>6*/<|"=

Pfq(L)
�I;z321)��14J*/<14�I3<;�143<+.1�6}|4/<J*; fq(L) !

.\<)O�:=6 u9/gu�>s6�j?EVKM3gO�6 >A<9�?6�j7j\6Al 〈fq(L)〉
�j|"�s�s;.=I¨0|"=I(¦)�14J«3<; (*;0GI3H-`1435-.GI3H�I; 321+� |"J*-0;v�s|�C";0=I=I;j; � ;.J*-0+.;t)I14J 3<1©-.|"JE�I;

q
!�¥�=8/5=D6}J*|%�IGI/ 6

321)� |"=I- 6}/<|4=��>;n-0|"J*JE+.321 6}/<|4= Cq(x, y) ≡ 〈φq(x)φq(y)〉 ! φq
+ 6f14=D6%�D14GI(E(*/5;.= Cq = kBT Rq(x, y)

�
|��W3<1)� |"=I-06*/<|"= �I;pJ*+0)ª|4=I(*;

R>
q ≡ [(−∂2

x + q2)δ(x− y)]−1 ;.(E6@�I+ 2�=I/<;z��1�=I(@3<1 	.|"=I; x ∈ [0, L])�14Jz7

(−∂2
x ·+q2·)R>

q (x, y) = δ(x− y), � ��! ~"~�1��
R

>
q (0, y) = R

>
q (L, y) = 0 � ��! ~"~`� �

;.=�/<=D6}+4�"J}14=D6��I/5J*;.- 6};0��;0=H6{-0;n(�C%(E6 �0��;�7

R
>
q (x, y) =

Ld−1
‖
κ

sinh [q(H − u)] sinh(qv)

q sinh(qH)
, �k��! ~����

1'�4;.- u = max(x, y) ;06 v = min(x, y) !:�j;.-0/ =I|"G>(t)ª;0J*�s;06�2�=�1435;.�s;.=D6t� � ; � )>J*/<�s;.J 321p��|�C4;.=I=I;
�I;z321)� |"J*-0; � 〈fq(L)〉 = 1

2
(κ/Ld−1

‖ )∂xyCq(0, 0) 7

〈fq(L)〉 = −kBT

2

[
2

πa
− q coth(qL)

]
, �k��! ~�� �

�j;06*6*;�; � )IJ*;0(*(E/<|"=n1t� � / 6*J*;�J*+4�"GI321�J*/<(E+.; )I14J 3 � G>6*/<3</5(}1�6*/<|"=��I;B3<1j-.|"G>)IGIJ*; a−1 7 ∂xymax(x, y)|x=y =
−δ(0) 1 �";0- δ(0) =

∫
k<1/a

dk
2π

! � 1 � |"JE-.;��s|�C";.=>=I;�; � ;0J*-.+0;m)�14JvGI=I;�-0|"J*�I;@�I+.),;.=>���IG��I+06}14/<3 �I;
3 � /<=D6};0J}14- 6}/<|4=�;.=D6}JE;p35;m��/53</5;.G +03214(�6}/<FHGI;m; 6�3<;.(©(EGIJ �k1�-.;.(4!

m 328xEVO�3g� 1�ET3g<?j%5\698F��<)O�:=698 u�/gu9>A69jnEVKM3gOT698 l
Pfq(L)

�
?¦|"GIJ��I+ 6};0J*�s/<=I;0J�321Z�>/<(E6*J*/5�IG>6}/5|"=M�>; )IJ*|4��14�I/53</56*+n�>; fq(L)

� /<3¦=I|"GI(�(*G 
�6z��14/<=D6};0=�14=D6��>;
J*;.��14JEF%G>;.J©FHGI; fq(L) ∝ |∂xφq(x)|2 = Re[∂xφq(0)]2 + Im[∂xφq(0)]2 ! � =�6f14=D6{FHGI;m(*|4���s;��I;-`14JEJ*+.(v�I; �41�J*/21��I3<;0(�143<+.1�6}|"/5J*;0( �D14GI(E(*/<;0=I=I;0( fq(L) (*G>/56 GI=I;@3<|"/I; � )ª|"=>;.=D6}/5;.3<35;f� ¢j|%-.-.14J}1 � ~V]=]CS
�"!
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� ; (E;.GI3B)�1�J}14� �06*J*; JE;.FHGI/<(m),|"GIJ�+.-.JE/<JE;!; � )I3</5-./ 6};.�s;.=D6�321Z�I/5(E6*J*/<�>G>6}/5|"=
Pfq(L)

;0(E6p321���|�C";0=I=I;
〈fq(L)〉 7

Pfq(L)(f) =
θ(f)

〈fq(L)〉 exp

(
− f

〈fq(L)〉

)
, �k��!5~ W �

θ ;.(E6{3<1 � |"=>-06}/5|"= +0-fAI;.35|"=��I;m��;`1 �%/<(*/5�I;�; 6 〈fq(L)〉 ;.(�6©�I|"=>=I+.;m)�1�J � � !5~���� ! � 1n�I+.-0|"��),|"(E/56}/5|"=(EGIJ835;.(p-.|"JE�I;.(
q
� ),;.G>6 / 6*J*; 1�GI(*(E/j;41ª;.- 6}GI+0; ��14=>(8321�J*+4�"/<|"= x < 0 ! � 14=I(n-.;�-`14( 35;.(p-.|"JE�I;.(; � ;0J*-0;.=D6mGI=I; � |"JE-.; fq(∞) (*G>J�321)�k14-0;n; � 6}+.JE/<;0GIJ*;n�I;n3<1s)>3214FHGI;p;.= x = 0 ! � ;.GIJ@��|�C";0=I=I;p;.(�6�I|4=I=I+.;z;0=W)IJE;.=�1�=H6�3<1�35/<�s/56*;n7

〈fq(∞)〉 = lim
L→+∞

〈fq(L)〉 =
kBT

2

(
2

πa
− q
)
. �k��!5~VS��

� 3<35;.({(*|4=H6@+4�%/5�I;.�s��;0=D6�1�GI(*(E/ �I/5(E6*J*/<�>GI+.;0(@(E;.3<|4=WGI=>;83<|4/ (*/5��/53214/5J*; � � ��! ~NW � � J*;0��)I3<14-.;0J L )�14J
∞ � ! �j;zJ*+0(*GI3 6f1�6{/5=H6*;.JE��+0�I/214/5J*;��s+.JE/56*;�FHGI;.35F%G>;.(�-.|"�s��;0=D6f14/5J*;.(m7
~&!�¥m=�-0|"=I(E6}1�6};jF%G>;�3<1��I/5(E6}JE/<�IG:6}/<|4=8�I; fq(L) = � ;.(E6�)I14(B-.;0=H6*J*+0;{14G>6}|4GIJ �I;©(*1���|�C";0=I=I; ! � =|"G>6}JE; � 35;.( � |4J*-.;0({+.3<+0��;0=D6f14/5J*;.(v(*|"=D6{(EG �E;06E6};.(%�!�I; �"J*14=I�I;0( P�GI- 6}G�1�6*/<|"=>(�! � = �I+ 2�=I/<(E(}14=D6
321)��14J*/<14=I-.; ∆fq(L) ≡

√
〈f 2

q(L)〉 − 〈fq(L)〉2 � |4=W1�7

∆fq(L) = −〈fq(L)〉 �k��! ~VU �
?�35GI( 3<1 � |"JE-.;M;0(E6*�4J}14=I�>;R;.=��s|�C";0=I=I; � )I3<GI(�;.353<;�;.(E6(P�GI-06*G�14=D6}; ! _�GI;.353<;�FHGI;R(*|4/56�321
�I/<(�6f14=I-0;@/5=D6};.JE)I321�F%G>; L � 321m�s|�C4;.=I=>;�;06v321 ��14J*/<14=I-0;��>;.( � |"J*-0;.(j)>J*|%�IGI/56*;.(�)�14J 3<;0(�-.|"JE�I;.(
q
(E|"=D6@�>|"��/5=I+.;0(©)�14J{3<;0GIJ*(©; � -./56}1�6}/5|"=I(©�I;z35|"=��"GI;0GIJ©� � |"=I�I; ∼ a !� =�=I|4J*�s; 〈fq〉 ∼ ∆fq ∼ kBT/a

! � 1M)IJ*+0(*;0=I-.; �I;�3<1W)I3<14FHGI; ;.= x = L =I; �k1�/56nF%G>;
-.|"JEJ*/ �4;.J©-.; 6*6*;p-0|"=D6}JE/<�IG>6*/<|"= �I|4��/5=�14=D6}; !

� ! � 3ª1�6*|"G �E|"GIJE(�+06}+{/5��)I35/<-0/56};0��;0=D6�(EGI)I),|"(*+ q 6= 0 ! � 1z-.|4J*�I; φ0
1m321m)�14J�6}/<-0GI321�J*/56*+j�I;�= � ; � ¡

AI/<�,;.J�FHG � GI=ZGI=>/<FHGI;{��|%�I;©�I;0P�G>-06}GI1�6}/5|"=!6}J}1�=I( �4;.J*(E; � Im[φ0] = 0 � ! � 1m�I/5(E6*J*/<�>G>6}/5|"=!�I;.(� |"J*-0;.(�1�(*(*|%-./5+.;p�I|"/ 6 / 6}JE;n�s|:�>/-2�+0;p-0|"�s��;z=I|"G>(@35; �4;.J*JE|"=I(@)I3<GI(�3<|4/<=
! �j; 6*6*;n�I/31 +0J*;0=I-.;
)ª|"G>J�3<1 -.|"JE�I; q = 0 ;.(�6�(}14=I({/5��),|"JE6}14=I-0;�)ª|4GIJ©321!�I/5(*-.G>(*(*/5|"=�F%G>/�(*GI/ 6 !

�	� � ��� �O®O³ � ���}®>�m¤ � �¡�6���E¤f³ ¢��6� �>�}³ª§m�6��¦¡§ ±��5���6�����¡�¡�¡�M®>�6� ¦�±"³
§ �6��� �¡¢'®[�¡±"®>� ¤��¡�ª®����@³2¥ ���	���6���

�j|"=I(E/<�I+0J*|"=>( � =>|"G��";.14Go3 � /<=D6}+4�"J}1435/56*+n�IG �4|"3<GI�s;!�I;!3 � ;0(*)�14-0;�|:-0-.GI),+!)�14Jm35; ��/53</5;.GM+03214(£¡
6*/<FHGI;&! � � 14�s)I3</ 6}GI�>; �I;�321 � |"JE-.;�=I;06E6}; F (*;0=D6}/<;�)�1�Jm321�)I321�F%G>;s�>; �"14GI-fAI;�;.(�683<1 (*|"�s�s;!�I;.(
�I;0G � ��14JE/214�>3<;.( 143<+.1�6}|"/5J*;0(Z7 F = F< + F>

� |�� � (*;.35|"= � ��!^S�� � -fA�14-0GI=��I;.(��I;0G � 6*;.J*�s;.(!;0(E6
35GI/�� / ��;z3<1s(E|"���s;z�I; Na

-.|"=D6}JE/<�IG:6}/<|4=I({-.|"JEJ*;.(E)ª|4=I��14=D6m1�G � -.|"JE�I;.(@�I+.-0J*/56*;.(�-./ ¡¬�I;0(*(*G>(�! � =
6*;.J*�s;.(©�>;p-0;.( � |"J*-0;.({+.35+.�s;.=D6f1�/<J*;0(©)IJ*|%�IGI/ 6};0(©)�14J{3<;0( 2Na

-0|"J*�>;.(p7

F =
∑

q

[fq(∞) + fq(L)] �k��! ~����
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$ ����� � 
���
���� � � �#������� �
FCasimir

�

�j|"�s�s;.=I¨0|"=I(m(*/5��)>3<;.�s;.=D6m)I14Jm3<;!-.143<-0GI3 �I;�321 �s|�C";0=I=I;��I;�321 � |"JE-.;�=I; 6*6}; 〈F 〉 ! � � 1�)IJ �0(� ��! ~�� � � � ��! ~TS�� � ; 6 � ��! ~���� � ;06�;0=�J*;.�s)I3<14¨`14=D6B3<1�(*|"�s�s;t(*GIJB35;.(B-0|"J*�I;0(
q
)I14J GI=I;{/5=H6*+��"J*143<;v��14=I(

321!3</5��/ 6};�|�� Na � 1 7
〈F 〉 = 1

2
kBTL

d−1
‖

∫

q

q [coth(qL)− 1] �k��!5~ � �
� 14=I(n321���;0(*GIJE;�|���-0;06*6*;�/5=D6}+��4J}1435;!-.|"=.�";0J �"; � |4=Q( � 14�>(E6}J*14/56p�I;s321���1 �E|"J*1�6}/5|"= q < 1/a ! � 1��|�C";0=I=I;p�I;z321 � |"JE-.;z=I; 6*6}; 〈F 〉 ≡ FCasimir

;.(�6@|4�>6};0=%G>;n;0=W/5=H6*+��"J*14=D6 � ��! ~ � ��7

FCasimir = kBTAd

Ld−1
‖
Ld

, �k��! ~V] �

Ad = (d− 1) (4π)1−d Γ

(
d

2

)
ζ(d) � ��! �4� �

? |"GIJ �k1�-./<35/56*;.J¦321�35;.-06*GIJ*;j3<;j-.143<-0GI3>�>;©321�-0|"=I(E6}14=D6}; Ad
;0(E6�J*;0=.�"|�C"+�;.=�14=>=I; � ;���!XW�!D¥�=!J*; 6}JE|"G��";

�I/<;0= 35;�J*+.(EGI356}1�6�14=I=I|4=I-.+ ��14=>(s3 � /5=D6}J*|%�IGI- 6}/5|"=T�I; -.;�-fA�14)I/ 6}JE;&! � = �s|�C";0=I=I; � 3<1d)>3214FHGI;��I;
�D14GI-fAI;z(E;.=D6�G>=I; � |"J*-0; FCasimir

FHGI/ 321 ),|"GI(E(*; �";0J*(�3<;0( x ),|"(*/ 6}/3� (�! � � 14�s)I3</ 6}GI�I;@�I;z-.; 6*6}; � |"JE-.;;.(E6 GI=I/-�4;.JE(*;.353<; � ;03<3<;s=I;��I+.),;.=I�T; � )I3</5-./56*;.�s;.=D6n=I/v�>GL-.|"G>)I321&�4;Z;.=D6*J*; 35;��s/<35/<;.Gd+03214(�6}/<FHGI;�;06
3<;.( (EGIJ �k14-0;.(�=I/m�I;o321 ��1435;.GIJ��IG ��|%�IGI35;R+.3<14(E6*/<FHGI; κ ! � 1 � |4J*-.;d�s|�C";.=>=I;Q�>;��t1�(*/<�s/<JZ;.(E6
-.|"�s)I3 � 6};0��;0=H6{�>+06};0J*�s/<=I+0;z)�14J©321)�4+.|"�s+06*J*/<;m�>;.({|"� �E; 6}(�!
?¦|"GIJ*FHGI|4/,6*|"G>6};0(j35;.( -.|"=D6}JE/<�IG:6}/<|4=I(v�>+.),;.=I��1�=H6t�I;�3<1p-0|"GI)IGIJE; a (E;�-.|4��),;.=I(E;.=D6E¡�;.353<;.( ��14=>(321 (*|"�s��; � � !5~��
�*[ � 1WJE+.),|"=I(*;s6}/5;.=D6 1�G �k14/ 6zF%G>; 3<;0(n-0|"J*�I;0(8/5=I�I; � +0;.(8)I14Jn35; �4;.- 6};.G>J

q
|"=D6

GI=I;!3<|4=��"GI;0GIJ��I;8-.|"JEJ*+.3<1�6}/5|"=M/5=D6}J*/5=I( �0FHGI; ∼ q−1 ! � /5=I(*/¦3<;0(�P�GI- 6}G�1�6*/<|"=>(��IG �";0-06*;.GIJm6f1�=��";.=D6
�I;.(p-.|"JE�I;.(n14G �"|"/5(*/5=�1&�";!�I; x = 0 �k/ ! ; ! ∂xφq(0) ��=I;�(*|"=D6n)�14(p1 1ª;.-06*+.;0(8)�14Jz3<1 )IJ*+0(*;.=>-.;Z�>;321W)>3214FHGI;s;.= x = L (E/ qL � 1 ! � =L-.|4=I(*+0F%G>;.=I-0; � 35;.(p-.|"=D6}JE/<�IG:6}/<|4=I(n�>;.( -0|"J*�I;0(n6*;.3<35;.(pFHGI;
qL � 1 (E;.JE|"=D6�/<�I;0=D6}/<FHGI;0(Z�I;W)�14J�6Z; 6 � � 14G>6*J*;M�>;M321o)I321�F%G>;W; 6 ( � 14=I=HGI35;.=D6��I;0G � ���I;0G � !
?�14J�-.|"=D6*J*;o3<;.(�-0|"J*�>;.(M/5=I�I; � +0;.(�)�14J 3<;0(

q
6*;.3<( FHGI; qL & 1 =I;o),|"GI(*(E;.=D6R)I14( 321T)I321�F%G>;1'�4;.-Q321L� / �s;d14��)>3</56*GI�I; ! � ; � � !5~����Z;06 � ��! ~TS��Z|4= JE;.��14J*FHGI;dFHGI;d321T�I/31 +0J*;.=>-.;d;.=D6}JE;Q35;.(

-.|"=D6}JE/<�IG:6}/<|4=I(n+03<+0��;0=H6}14/<JE;.(p(*;�-.|"�s)ª|4JE6};s��14=>(8-.;�-`14(n-.|"�s�s; ∼ kBT/L
! ¥�Jp3<;s=I|"� �IJE;��>;

-.;.(s-.|4J*�I;0(�;0(E6s;.=.�%/<JE|"= �>; NL ∼ (L‖/L)d−1 ! ¥m=�JE;06}JE|"G��4;M14/5=I(*/j3<;�(*-.143</5=��b�I; 321 � |"JE-.;��I;
�t14(*/5��/5Jt7 FCasimir ∼ kBT (Ld−1

‖ /Ld) ; 6 |"=�-0|"�s)IJ*;0=I��(E|"=Z/5=I�I+0)ª;0=I��14=I-0;%�%/5(�¡ ��¡ �%/<( �>;@3 � +0-fAI;.353<;
��/5-.J*|4(*-.|4)I/<FHGI; a !
$ ����� � 
h$ ���?����"+���&�#���!" � ��� ��
�����$&" ! ��
��n�e��� 	�"#�9�"� �&

¥�=L( � /5=H6*+.JE;.(*(E; �Z14/5=D6};.=I14=D6 14G � P�G>-06}GI1�6}/5|"=I(8�>; F 1�G>6}|"G>J �I; (*1M��|�C4;.=I=I; FCasimir

! � 1
�41�J*/21�=I-.; ∆F �I;o321 � |"J*-0;Q=>;06*6*;Q;0(E6W�I+42I=I/<;o)�14J ∆F ≡ 〈F 2〉 − 〈F 〉2 ! � |"G>6};0(M35;.( -.|"JE�I;.(P�GI-06*GI;.=D6©/5=I�I+0)ª;0=I��14�s��;0=D6v35;.( GI=I;0(j�I;0(t14G>6*J*;0(�! � ;0(j+0-`14J�6}(jFHG�1��IJ}1�6*/<FHGI;0(v�s|�C";.=>(j�I;0( � |"JE-.;.(
�"+.=I+0J*+0;.(�)I14J©3<;0(�-0|"J*�>;.({�I;z)�14J�6@; 6�� � 1�G>6}JE;p�>;p3<1 )I321�F%G>;p( � 1'�E|"G>6};0=D6�),|"GIJ � |"JE��;0J ∆F 2

� |4=W1
∆F 2 =

∑
q

[
∆f 2

q(L) + ∆f 2
q(∞)

] !
� |"G �E|"G>J*(m;.=o)�14(E(}14=D6 ��GI=I;�(*|4���s; -.|4=H6*/<=HGI;�(*G>Jp35;.(m�s|:�>;.( � |"=d�I+.�IG>/56z�I;�� � !5~VU��@;06z�I;

� ��! ~�� ��7
∆F 2 = (kBT )2 Ld−1

‖

∫

q

{[
2

πa
− q coth(qL)

]2

+

[
2

πa
− q
]2
}

�k��! �:~ �
�j|"=D6}J}1�/<J*;0��;0=D6$� � � !5~V]�� � 3 � /<=D6}+4�"J}1�3<;s(*GIJ

q
�I|"/56 / 6*J*; ; � )I3</5-./56*;.�s;.=D6nJ*+��4GI3214JE/<(E+.;Z;0=T�ª|4J*=�14=D6

3<;Z�>|"�Z1�/<=I;�� � /5=D6}+��4J}1�6*/<|"=�14G � q < 1/a !�§@=T-`1�3<-.G>3v; � 1�-06��I; 3<1 ��14JE/214=I-0; ;.(�6!�I+ 6f14/53<3<+���1�=I(
3 � 14=I=I; � ; � �I;z-.;z-fA�1�)I/56*J*;&!
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� 14=>(©321835/<�s/56}; L� a FHGI/ =I|"G>(t/<=D6}+0J*;0(*(*;m|4=�J*;.��14JEF%G>;��k14-./53<;0��;0=H6jFHGI; ∆F 2 ∼ 2(∆F<)2

; 6{�I|"=I-zFHGI;s7
∆F ∼

√
Na

kBT

a
�k��! �4���

1 �";0- Na ∼ (L‖/a)
d−1 !v? |"GIJ�-fA�14-0GI=I;R�I;0( 2Na

-.|"JE�I;.( � 321d�s|�C4;.=I=>;R;06Z321 �41�J*/21�=I-.;��I; fq;0(E6��>|"��/5=I+.;z)�1�J kBT/a
! ∆F 2 14)I)�1�J}1 �56@-0|"�s��;z321s(*|"�s�s;p�>;.( 2Na

-.|"=D6}JE/<�IG:6}/<|4=I({/<=I�I+0)ª;0=:¡
��1�=H6*;.(z�I;!-fA�1�F%G>;�-0|"J*�I; !¦�j|"=D6}J*14/<JE;.�s;.=D6 ��321 � |"JE-.;!�s|�C";.=>=I; FCasimir

321 ��14JE/214=I-0; �I; F ;0(E6�I+ 2�=I/ 6}/-�4;.�s;.=D6�=I|"=�GI=I/3�";.JE(*;03<3<; ! 9>1$��143<;0GIJ{;.(E6�/5=H6*/<�s;.�s;.=D6©JE;.3</5+.; ��321!=�1�6*GIJ*;z�s/<-0J*|"(E-.|")I/5FHGI;
�IGo-.|4GI)I321 �";�;.=D6}JE;�35;.(z(*GIJ �k14-.;0(n�>;.(p|"� �E;06*(n/5���s;.J �"+.(m; 6p3<;!�s/<3</5;.Gb+03214(�6}/<FHGI;!A*Q46}; !�¥�=o)ª;0G>6
14G>(*(*/ =I|46*;.J�FHGI; ∆F 2 -.|4=H6*/<;0=H6m14GI(*(E/�GI=>; )�14J�6}/<;nGI=I/3�";.JE(*;03<3<;n(*|"G>(�¡¬�>|"��/5=�14=D6}; ∆′F 2 �IGI;!14G �
; � -0/56}1�6}/5|"=I(��I;)�"J*14=I�I;0(�3<|"=��"GI;.G>J*(�� � |"=>�I;.(��>;.(m-.|4J*�I;0( �k/ ! ; !,6*;.3<35;.(�FHGI; qL < 1 � ! � )�14J�6}/5J@�I;�k��! �%~ �v|"=���|4=H6*J*;mFHGI;s7

∆′F ∼
√
NL

kBT

L
�k��! ��� �

1 �";0- NL = (L‖/L)d−1 !� |4GI(z=I;�(E|"�s��;0(m)I3<GI(zFHG � ��G>=I;�+ 6f14),;��I;s321 J*+0)ª|4=I(*;���3<1�F%G>;.(E6*/<|"=o),|"(*+0;�;0=Q�I+0�IG>6n�I;
-fA�1�)I/56*J*; � ��(*1 �"|"/5J�FHGI;03<35;m;.(E6�3<1 �I/<(�6}J*/5�IG>6*/<|"= -0|"�s)I3 � 6};m�I;0( � |4J*-.;0( F ! � 1)� |"J*-0;m=I;06E6};z+06}14=D6�321
(E|"���s; �I; 2Na � 1 )IJE|:-0;.(*(EGI(n143<+.1�6}|"/5J*;0(�/<=I�>+.),;.=I��1�=H6*( � 3 � /5�I+.;!=�1 6}GIJE;.3<35; ;.(�6p� � /5=.�"|%F%G>;.Jp3<;6*AI+.|"J �.�s;n-0;.=D6}J*143�35/<�s/56*;&! 9:/«35;n6}A>+.|"J �.�s;n( � 14)>)I3</5F%G>;8|"=W(}14/ 6�1435|"J*(�FHGI; 3<1s(E|"���s;n143 �"+0�IJ*/5FHGI;
�I;�6}|"G:6};.(v3<;0( � |"JE-.;.(v+.35+.�s;.=D6f14/5J*;0(v(EGI/-�%J}1nGI=I;�35|"/�,p1�GI(*(E/<;.=>=I;��I|4=H6j|"= �%/<;0=D6t�I;@�I+06*;.J*�s/<=>;.J 321
�s|�C";.=>=I;z;06{321 ��14JE/214=>-.;&!��j|"���s;�35;.( fq =I;z(*|"=D6�)�14(©/5�I;.=D6}/5FHGI;.�s;.=D6{�I/5(E6}JE/<�IG>+.;.({/53 =I|"G>( �k14G>6�4+.J*/32�;.JzFHG � 14GI-0GI=I;Z�>;.(p-.|"JE�I;.(p=I;s�I|"�s/<=I;!��1�=I(n3<1 ��14J*/<14=I-.;!6*|46f1435;!/"! ;&!�FHGI; ∆f 2

q /(
∑

q ∆f 2
q )6*;.=I�*�";0J*( 0 FHG�14=>�W35;�=I|"� �>J*;��I;m-0|"J*�>;.( Na

6*;.=I� �";0J*({3 � /<= 2�=I/"! � =�G>6}/53</<(*14=D6 �k��! �"��� � � ��! ~VU � ;06
��! ~��!|"=*�"+0J*/32�;z�I/<;0=�FHGI;p),|"GIJ©= � /<�s)ª|4JE6};�F%G>;.3<35;m-.|"JE�I;�7

∆fq
∆F

<
1√
Na

. �k��! ��W �
�j|"�s�s;s=>|"GI(p3 � 1'�4|"=I(p�I+ � ��J*;0�Z14JEFHGI+s6*|"G>6*;.(p3<;.( ��14J*/<14=I-0;.(p(*|"=D6n�I;Z3 � |"JE�IJ*;��I; kBT/a

!��j;0-./
14G:6}|"JE/<(*;m3 � ;0��)>3<|"/ª�IG�6*AI+.|4J �.�s;z-.;0=H6*J}143�35/<�s/56*;�;06��I|4=I=I;p14/<=>(*/«14-0-��.(@14G�J*+0(*GI3 6f1�6{)IJE/<=I-0/<)�1�3 �I;
-0;06*6*;z(*;.- 6}/5|"=Q7
�#K�573k8 EVO�32�41\EV32<?j

PF
5\698 ��<)O�:=698 8 17O /2K'@4/2KMq�176 8 3gET1\uH6A69j

x = 0
6�8 E t)KM178N8N3g69j4j\6

� 8 3 5�� - � �

PF (f) =
1√

2π(∆F )2
exp

[
−(f − 〈F 〉)2

2 (∆F )2

]
. �k��! ��S��

� 1��s|�C";.=>=I;bGI=I/3�";.JE(*;03<3<; 〈F 〉 = FCasimir
;.(�6 �I|"=I=>+.;R)�1�J � ��! ~V] ��;06�3<1 ��14J*/<14=I-0; � ;.3<35; � =I|"=

GI=>/-�";0J*(E;.3<35; ∆F )�14J � � ! �:~ � !� = J*+0(*GI�s+ � 3<1 � |"JE-.;R=>;06*6*; F (EGIJ�3<;0( )I3<14FHGI;.( ;0(E6�3<1��I/31 +0J*;.=>-.;R;0=H6*J*;b�I;0G � )>J*|%-.;.(E(*GI(1435+`1�6*|"/<JE;.( �"14GI(*(E/<;0=I(n/5=I�I+0)ª;0=I��14=D6}(4! � ;0GIJz��|�C4;.=I=I;s;06p35;.GIJ ��14J*/<14=I-0;!(*|"=D6n�I|"�s/<=I+0;.(m)�14Jz35;.(
P�G>-06}GI1�6}/5|"=I(��I;�-.|"GIJ�6};0(v35|"=��"GI;0GIJ*(�� � |"=I�>;.(j�>;.( -.|"JE�I;.(4! � 1z��|�C";0=I=I;@�I; F +06f1�=H6v321m�I/31 +0J*;0=I-.;�I;0(���|�C";0=I=I;0( � 3<;0(!-.|"=D6*J*/<�>G>6}/5|"=I( �IG>;.(s14G � ; � -./56}1�6}/5|"=I( �>;�),;06*/56*;.(!3<|4=��"GI;0GIJ � � |"=I�I;0(�( � 14=:¡
=HGI35;.=D6 ;06�321�/<(*(E;.=D6 )I321�-.; �m321�� |"JE-.;{�I/ 6};©�I;@�t14(E/<�s/<J�! � 3 � |")I),|"(*+ � 3<;0( �41�J*/21�=I-.;0( ( � 1'�E|"G>6};0=D6v(*14=I(
; 1 ; 6@�>;p-0|"�s)ª;0=I(}1�6*/<|"=�!
$ ��� � $ � �&�H�9
�� �������&� � ����� ! ��
��n���%��" ��� $&� ��"#�'����� ���"� �����9� �#������$
� 14=>(�3<1 �I/<(E-.GI(E(*/5|"=W)>J*+.-0+.�I;0=D6}; � 321 �>/<�s;.=I(E/<|"= d 1 6}|"G �E|4GIJ*(©+ 6}+z(*GI)>)ª|"(E+.;p(*GI),+.JE/<;0GIJ*; � 1 !�j; 6 +.35+.�s;.=D6�1 �E|"GI+ GI= J Q"3<; -.;0=H6*J}143%��14=>(�321��I+06*;.JE��/5=�1�6}/5|"=z�I;j3<1@�I/5(E6*J*/<�>G>6}/5|"=z�I;.( � |4J*-.;0( F FHGI/
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� 17:�ET17K�ET32<?j78DET�76HO�>�32q�1\6�8 �

6}/<JE;Z(E|"=L-`1�J}14- 6 �.JE;*,z14GI(E(*/<;0=L�I; 3 � ; � 6};.=>(*/-�%/ 6}+Z�>GL(EC%(E6 �.�s; ��14=>(83<;0(8�I/5J*;0-06}/5|"=I(p�I;.(8)I3214FHGI;0(�!
? |"GIJ!JE;.)IJE;.=I�>J*; 3 � /<��1&�";��I;�3<1M�I+.-0|"�s)ª|"(E/56*/<|"=Q(*GIJ!35;.( -0|"J*�I;0( � 35; -`1�( GI=I/5�I/<�s;.=I(E/<|"=>=I;.3v1R321
)�14JE6*/<-0GI3214JE/56*+t� �0/ 6}JE;��I+0-.JE/56 )�14J�GI=I;�(*;0GI3<;�-.|4J*�I; �k-0;.3<35;{-.|"JEJ*;.(E)ª|4=I��14=D6j14GZ�s|:�>;

q = 0
��14=I( 3<;

-`14( d > 1 � ! �j;06E6};z-.|"JE�I;m)�14J*14�s+06}JE+.;m)�1�J (x, φ(x)) ;06�)I/<=>-.+.;m;0= x = 0 ; 6 x = L
� =I;m),|"(E( �.�>;

F%G � GI=Z(*;.G>3ª�s|:�>;@�I;��I+ � |"J*��1�6}/5|"=!6}J*14=I( �4;.JE(*;&!I�j;06E6};�)>J*|")IJE/<+ 6}+�/<�s)I3</5F%G>;©GI=I;���|%�I/-2I-`1�6*/<|"=!�I;
321!�I/<(�6}JE/<�IG>6*/<|"=Z�I;.( � |"J*-0;.({; � ;0J*-.+0;.(@(*GIJ{3<;m),|"/5=H6{�>;p)>/<=I-0;.�s;.=D6 x = 0� ;.)IJE;.=I|4=I(v=>|46}JE;@1�=�1435C%(E;�;0=Z=I|4GI(v-0|"=I-0;.=D6}J*14=D6j� � 14�,|"J*�s(*G>Jv3<1 	.|"=I; x ∈ [0, L] ! � ;{-fA�14�s)
φ F%G>/m|:-0-.GI),;d-.;06E6};dJ*+4�"/<|4= ;.(E6 6*|"G �E|"GIJE( ,p1�GI(*(E/<;.= � ;.=S-.|"=>(*+.FHGI;0=I-.;Q321 ��14JE/214�I35;R1435+`1�6*|"/<JE;
∂xφ(0) ;.(�6@;03<35;m14GI(E(*/ �D14G>(*(*/5;.=I=>;&! � 1)� |"J*-0;m(*GIJ{3<;��ª|"JE� �I;z�IJ*|"/ 6};��>;p3 � |4� �E;06{;0= x = 0 ),|"GI(*(E;�";.JE(�35;.( x =>+��D1�6*/-� ;06�(*|4=M14�s)I35/56}G>�I;�;.(�6��>|"=I=I+0;p)I14J F> = −1

2
κ[∂xφ(0)]2

� ;.= 6f1�=H6�FHGI;p-`14JEJ*+
� � G>=I;$�41�J*/21��I3<;)�"14GI(*(E/<;0=I=I;�J*+0;.3<35; � F> ;.(�6p�I|"=I-!��14/<=D6*;.=�14=D6m�>/<(E6*J*/5�IGI+.;!(E;.35|"=dGI=I;�3<|"/ �IG χ2

�oGI=��I;4�"J*+ �I; 35/<�,;.JE6*+ -.|4=H6*J}14/5J*;0��;0=H6 � �k��!5~ W � !�?BJE+.-./5(*+0��;0=H6s3<1R�I/<(�6}J*/5�IG>6*/<|"=
PF >

1�(*(*|%-./5+.;
( � +.-.JE/56p7

PF >(f) = −θ(−f)

〈F>〉
exp (f/〈F>〉)√

2πf/〈F>〉
. �k��! ��U �

� -./�1�GI(*(E/�3<;W(*;0GI3�)�1�J}14� �06*J*;��I;R321o�I/<(�6}JE/<�IG>6*/<|"=�;.(�6�321o��|�C4;.=I=I;�7 〈F>〉 F%G>/�(*;M-`1435-.GI35;W;0=)IJ*;0=�14=D6�3<1 3</5��/ 6}; q → 0, d→ 1 ��14=I( � � !5~�����7

〈F>〉 = −kBT

a

(
1

π
− a

2L

) �k��! �"���

§@=I;$� |"/5(��I;!)I35GI(m321�� |4J*-.; F> P�GI- 6}GI;!3<14J �";0��;0=D6z14G>6*|"GIJm�I;!(*1*��1435;.GIJ���|�C";0=I=I;�321 �41�J*/21�=I-.;
∆F> ;.(E6�;0=I-.|"JE;n�>;p3 � |4J*�IJE;��I; 〈F>〉 )�14Jz7

∆F> =
√

2〈F>〉. �k��! ��� �
¥m=s=I|46*;©FHGI;@3<1��I/<(�6}JE/<�IG>6*/<|"=8�I;{321�� |"JE-.; F> = � ;.(�6 )�14(�-.;0=H6*J*+0;@(EGIJB(}1z��|�C4;.=I=I; ! � 1m�I;0=I(*/ 6}+©�I;
)IJ*|"�I14�I/<35/56*+ � ��! ��U � �I/3�";.J �";�� / ��;�14G �"|"/5(*/5=�1&�";{�I; 0 !%¥�=Z+ 6};.=>� /<�s��+0�I/21 6};.�s;.=D6B-0;.(vJ*+.(EGI356}1�6}(�s3<1 	.|"=I; x < 0 !� � 14��)>3</56*GI�I; F �I;©3<1(� |"J*-0;©=I;06E6};{= � ;.(�6�/<-./:FHGI;{321�(*|4���s;j�I;{�I;0G � ��14JE/214�>3<;.( 143<+.1�6}|"/5J*;0(�=I|"=
,p14G>(*(*/5;.=I=>;.(�/<=I�I+0)ª;0=I��14=D6*;.( F = F< + F> ! � 1!�I/<(�6}J*/5�IG>6*/<|"=

PF
14(*(E|:-0/<+.;z;0(E6@�I|"=I=I+0;n)I14J©3<;

)IJ*|%�IGI/ 6v�>;@-0|"=.�"|"35G>6}/5|"=
PF < ∗PF >

FHGI;�3 � |"=s)ª;0G>6v; � )IJ*/5��;0J���|%�IGI35|pFHGI;03<FHGI;0(j��14=I/<)>GI321�6*/<|"=>(
143 �"+0�IJ*/5FHGI;.({-.|4���s; 7

PF (f) =
e−fFCasimir[(∆F )2−2F 2

Casimir]
−1

2π
√

(∆F )2 − 2F 2
Casimir

K0

(
|f |
√

(∆F )2 − F 2
Casimir

(∆F )2 − 2F 2
Casimir

)
�k��! � ]"1 �

FCasimir =
kBT

2L
�k��! � ]4� �

∆F 2 = 2

(
kBT

a

)2
[
1 +

(
1

π
− a

2L

)2
]

�k��! � ]4- �

|�� K0
;.(E6�321$� |"=I-06*/<|"=W�I; ¢v;.(*(E;.3 K � � |4J*�IJE; 0 � � �>J}14�s| 
{/56 	�14=I�M9%6};4�"GI= � ~V]�UCSj� ! �j|4���s;n|4=

)ª|"G �41�/56@( � CR1�6E6};0=I�IJ*; � 35;.(�PIGI-06*G�1�6}/5|"=I(@�I; F )ª;0J*�I;0=D6m3<;0GIJ�-.14J}14- 6 �0J*; ,z14GI(E(*/<;0=R;.= d = 1
� |��

(*;.G>3<;.�s;.=D6{�I;0G � )IJE|:-0;.(E(*GI(�1435+`1�6*|"/<JE;.( ( � 1 �E|"G>6*;.=D6�)ª|"G>Jt�I|"=I=>;.J©=�14/5(*(*14=I-.; � 3<1 � |"JE-.;&!I¥�=�=>|46};
;.=s)�14JE6*/<-0GI3</5;.J�FHGI;{3<1��I/<(�6}JE/<�IG>6*/<|"= � ��! ��]"1 �¦= � ;0(E6 =I/I-0;.=D6}JE+.; � =>/I(EC%�s+06}JE/<FHGI;�14G>6*|"GIJ �>; FCasimir

�
;06�FHGI;n3<1 ��14J*/<14=I-.;m;0(E6�;.=>-.|"JE;n� � |"JE�IJ*; kBT/a
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$ ��� ��� � � �������9�&� � � ��"#$&����"���� �#� �~� �g"#���9
���� � ����� ���9
��&���
¥�=b+.35/<�s/<=I;z� � ;.� �>3<+.;83<; -.14(�GI=I/5�I/<�s;.=>(*/<|4=I=I;.3¦),|"GIJ�35;.FHGI;03 321s�I/<(�6}J*/5�IG>6*/<|"=W�I;!321 � |"J*-0; F;0(E6 -0|"=I=HGI; ),|"GIJp= � /<�s)ª|4JE6};�FHGI;03<3<; �"+0|"��+ 6}JE/<;&! � ; �k14/56 � 3<;s(*;0GI3v)I14J}14� �06*J*; �"+.|4��+ 6}J*/5FHGI;�;0(E6

��1�=I({-.;z-`14({3<1 3214J �";.GIJ w �>;.({|"� �E; 6}(��I|"=D6�321 �I/5(E6}JE/<�IG:6}/<|4= PF
;0(E6�6}|46}143<;0��;0=D6©/<=I�>+.),;.=I��1�=H6*;&!

� |4GI(�1 �4|"=I( �EGI(*FHG � ��)IJE+.(E;.=D6�AI/5+.J*14J*-fAI/5(*+z3<;0({3<|"=��4GI;.GIJE({-`14J*14-06*+.J*/5(E6*/<FHGI;.({�IGW)IJ*|4�I3 �0��;m(E; ¡
35|"= 7 L‖ � L � a ∼ b ;06 w > a !t¥�= )ª;0G>6 + 6};.=>�IJ*;WF%GI143</ 6f1�6*/-�";0��;0=D6�=>|"(�JE+.(EGI356}1�6}(�;.=JE;.�s)I3214¨.14=D6 35;.( )I3<14FHGI;.(!)I14J �I;0(s|4� �E;06*(!�I; � |"J*�s;.(8F%G>;.3<-0|"=IFHGI;0(�! ¥�=�(*;�3</5��/ 6};�;.= �k14/ 6!14G �
|"� �E;06}(p/<�s�s;.J �4+.( �k14/5�I3<;0��;0=H6p1�=I/<(E|46}JE|")ª;0( � ;.=Q(*GI)>)ª|"(*14=D6 FHGI;s6}|"G>6*;.(p3<;0GIJ*(p�I/<�s;.=>(*/<|4=I(z(*|"=D6
� � |"JE�IJ*; ∼ L‖

;06©|4=�( � /5=D6}+.JE;.(E(*; � 321 -0|"��),|"(*14=D6}; F �I;m321 � |4J*-.;m)>J*| �E; 6}+.;m(EGIJ©3 � 1 � ; x �E|"/ �4=�14=D6
35;.GIJ!-0;.=D6}JE;W�I; ��14(*(E;&! � /5��;0=I(*/5|"=I=I;03<3<;0��;0=D6 � �o3 � +0F%G>/<3</5�IJ*;s6}AI;0J*�s|:�:C:=I14��/5FHGI; � 3<1b��|�C";0=I=I;
FCasimir

; 6�321 ��14J*/<14=I-0; ∆F ),;.G �";.=D6 / 6*J*;z+.-0J*/56*;.(z7

FCasimir =
kBT

L
Υ(I)

(
L/L‖, a/L‖

)
, � � ! �"�41 �

∆F =
kBT

a
Υ(II)

(
L/L‖, a/L‖

)
. � � ! �"��� �

�j|"�s)>6*; 6};.=HG �I;.(�14=�143 C%(*;.(s)IJE+.-.+0�I;.=D6*;.( � |"=�( � 1�6*6*;.=I���o-0; F%G>;�6}14=D6�FHGI; � (*/{321b�I/5��;0=I(*/5|"=
�I;0(!|"� �E; 6}(�J*;0(E6}; �"J*14=I�I;��>;4��14=D6�321R35|"=��"GI;0GIJ a (*|"G>(s3<14FHGI;.353<;�3<; -fA�1���)�;.(�6s�I/<;0=T-.|"=D6}J*14/<=D6�d( � 14=I=HGI35;.J�14G � �4|"/<(E/<=�1&�4;��>;.(s(*GIJ �k14-.;0( � a/L‖ � 1 � � 1435|"J*(!35;.(�(*-.143</5=��"(�(*GI/3��14=D6}(sJ*;.(�6};0=H6��143<14�I3<;0(�7

Υ(I)
(
L/L‖, a/L‖

)
∼

(
L‖
L

)d−1

, � � ! �>~`1 �

Υ(II)
(
L/L‖, a/L‖

)
∼

(
L‖
a

)d−1

. � � ! �>~.� �
� =�;41ª;06 � 35;.(©�I;0G � (*;0GI3<;0({-.|"=I�>/56}/5|"=I(t=>+.-.;0(*(*14/<JE;.( �!3<1 J}1�6*/<|"=�1�3</<(*1�6}/5|"=s�I;z-.;.(�3<|4/<(t�I;z-0|"��),|"J£¡
6*;.�s;.=D6{|"=D6�+06}+�7
�k/ � � � /<=I�>+.),;.=I��1�=I-.;��%/5( � �%/5(j�I;@321n�>/<(E6}14=I-0; L � �>;.( P�G>-06}GI1�6}/5|"=I( � �"J}1�=I� q �IG -fAI14��) � 14G�4|"/<(E/<=�1&�4;��I;.(�(*G>J �k14-0;.(�!ª�j; 6*6};z-0|"=I�I/ 6}/<|4=�;.(E6�6}|4G �E|"GIJE( �"+.JE/-2�+0;p6}14=D6{FHGI; L/a� 1 !�k/5/ � � 1d�I+.-0|"J*JE+.321 6}/<|4=��>;W-0;.(Z� / �s;oP�GI- 6}G�1�6*/<|"=>(s�>G�-fA�14�s) �d3 � +.-fA>;.3<35; L‖

�I;�321b6f14/53<3<;
�I;0(8|"� �E;06}(4! �j; 6*6*;Z�I+0-.|"JEJ*+.3<1�6}/5|"=o14(*(EGIJ*;Z321 =I|"=�G>=I/-�4;.J*(*143</ 6}+��I;�321 �I/<(E)ª;0J*(*/5|"= ∆F ��3 � |"J*�IJE;
�I|4��/5=�14=D6 !
�j; 6*6}; (E;.-.|4=I�I;�-.|"=I�>/56}/5|"=�= � ;.(E6s)�1�( �4+.JE/-2�+0;W��1�=I(�321b(*/ 6}G�1�6*/<|"=T; � 6}J / ��; |���35;.(�|"� �E; 6}(s(*|"=D6
;0G � � / �s;��I;�6}14/<353<;{-.|4��)�1�J}14�I35; � 3 � +0-fAI;.353<;��s/<-0J*|"(E-.|")>/<FHGI; a (*G>J©3214FHGI;03<3<; φ ;0(E6{;�
s-.14-.;0��;0=H6-0|"=D6}J}1�/<=D6©)�14J©35;.(©-0|"=I�I/ 6}/<|4=I(©14G � 3</5��/ 6};.(4!:9:/ |"= =I;m),;.G>6�)�1�(©+06};0=I�IJE;p=>;m(*;.J*14/56{-0;mFHGI;zF%GI143</ ¡
6}1�6}/3�";.�s;.=D6@=I|"(�J*+0(*GI3 6f1�6*(��s�I;n6*;.3<35;.({/<=>-.3<G>(*/<|4=I({��/5-.J*|4(*-.|4)I/<FHGI;0( � |"=R1s321�-fA�14=I-0;8�I;n)ª|4G��"|"/5J
-.143<-0GI3<;0J�; � 14- 6};0��;0=H6z3<1Z�I/5(E6}JE/<�IG:6}/<|4=M� � +.FHGI/53</<�>J*;8�>;.( � |"JE-.;.(

PF
�I14=I(�-0;06*6*;!3</5��/ 6};&! � ��14=D6z�I;

)�1�(*(*;0J �z-.;�-`1�( � |"=Z(E;@)>J*|"),|"(*;{� � ;.(�6}/5��;0J 3<1p�>/<(*),;.JE(*/5|"=��I;@3<1 � |4J*-.; F 14G:6}|"GIJ��I; FCasimir
),|"GIJ

�I;0({|"� �E;06*(@��14-0J*|"(E-.|")I/5FHGI;.(4!

$ ��� ��� �J�H���"� "+��� �#� ��� $&" ��� �H L��
��9� �#� ����� ! �#
*�������&�������������� v"�
!$&��� �v��� 

����"+���&� ���

9:GI)>)ª|"(E|"=I(�FHG � GI=d/<=>(E6}JEGI�s;.=D6�/5�I+`143¦),;.J*�s;06E6};n�I; �s;.(*G>J*;.J�3<;.(@J*+.143</5(}1�6*/<|"=I({�I;8321 � |4J*-.; F1 �";0-�GI=>;�)IJE+.-./5(*/5|"=s6*|46f1�3<;&! � 2�= � � ;.(�6}/5��;0Jv3<1z�>/<(*),;.JE(*/5|"=Z�I;�321 � |"JE-.; F 1�G>6}|"G>Jv�I;@(}1p��|�C";0=I=I;
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� 17:�ET17K�ET32<?j78DET�76HO�>�32q�1\6�8 �

FCasimir

� |"= ),;.G>6�)�1�J�; � ;.�s)I3<;m/5=H6*J*|%�IGI/5J*;�35;mJ}14)I),|"J�6L`��IJEGI/56{(EGIJ{(*/-�"=�143\aR7

∆F

FCasimir

∼
(
L

L‖

) d−1
2
(
L

a

) d+1
2 �k��! �D���

+4��143<G>+ �!)�1�JE6}/5Jt�I; � � !5~V]��j;06 � ��! �:~ � !
� (E6*/<�s|"=I(t3<1 ��143<;0GIJt)IJE/<(*;m)I14J©-.;zJ}1�)I)ª|4JE6©),|"GIJ©FHGI;03<FHGI;.( ��143<;0GIJ*(j)ª|"(E(*/5�I3<;0(©�I;.({3<|4=��"GI;0GIJ*(

��/5(*;.(8;.=��E;.G�! ?BJ*;0=I|"=I( 35;Z-.14( |��T�I;0G � |"� �E;06*(!� � ; � 6};0=I(*/5|"=L6¬C%)I/<FHGI; L‖ ∼ 10µm ;06!(E+.)�14JE+� � G>=I;m�I/<(�6f14=>-.; L ∼ 100 nm (*|4=H6t/<�s��;0J �"+���14=I(jGI=�=I+.��1�6*/<FHGI;�FHGI/ ( � 14=I-.JE; � |"JE6*;.�s;.=D6+�n3<;.G>J
(*GIJ �k14-.; ! � 1�=I(�-0;W-.14(�|"= 1d6¬C%)I/5F%G>;.�s;.=D6 a ∼ 1 nm �k; 6 d = 3 � !�?¦|"GIJs-.; �E;.G � �I; ��1435;.GIJE(
; � )ª+0J*/5��;0=H6}143<;0��;0=D6 14-0-.;0(*(*/5�I3<;0( � 3<;sJ}14)I),|"J�68�IJEGI/56n(*G>J (*/-�"=�143�;.(�6 �I;Z3 � |"J*�IJE;��>;Z321 -.;0=D6f14/5=I; �
143<|"JE(�FHGI;�321�� |4J*-.;!�s|�C";0=I=I;�=I;)��14G>6mFHGI;�FHGI;03<FHGI;.(z)I/5-.|"=>; 
©6}|4=���? |"G>JmJ*+.�>GI/<JE;!3<; J*14)I),|"JE6 �
3 � GI=I/56*+ � /<3 �k14G>6�14G��"�s;.=D6*;.J�3 � ; � 6};.=>(*/<|4=R�I;.(m|4� �E;06*(��EGI(*FHG � � ∼ 1mm 6}|4G>6};0(�-fAI|"(E;.(m+��"143<;0(�)�14J14/<353<;.G>J*(�!
� =�)IJ}1�6*/<FHGI;p14GI-0GI=I;p; � ),+.J*/5;.=I-0;n=>;p),;.G:6@�>|"=I=I;0J�14-0-��0(��!321!�I/5(E6*J*/<�>G>6}/5|"=�� � +.FHGI/<35/<�IJE;

PF
!

§@=M�>/<(*),|"(E/56}/3�¦; � )ª+0J*/5��;0=H6}143�=I;p)ª;0G>6�;.=W;41ª;06��I|"=I=>;.J@14-.-4�.(�FHG � ��GI=I;p��;0(*GIJE;n/5=I�I/<JE;.- 6};m�I;p321
� |"J*-0; F ! � ;{(*/ �4=�143I�s;.(EGIJ*+{(*;0J}1z=I+.-0;.(E(}14/5J*;.�s;.=D6v��|�C4;.=I=I+{��1�=I(v35;t6};0��)I( 14G��s/<=I/5� GI��(*G>JvGI=
/<=D6};0J ��143<35;z-.|"JEJ*;.(E)ª|4=I��14=D6 �Z3<1sJE+.(E|"3<G>6*/<|"=�6};0��),|"J*;03<35;p�>GR�I/<(E)ª|4(*/56*/-� ! ?¦|"GIJ�(*1 �"|"/5J���14=>(�FHGI;.353<;
��;0(*GIJE; 321M=I1�6}GIJE; /<=D6*J*/<=>( �.FHGI;0��;0=D6DP�GI- 6}G�14=D6*; �I; F )ª|"G>J*J}1�/56 / 6}JE; ; � ),+.JE/<�s;.=D6f1435;.�s;.=D6n-`1 ¡J}14- 6}+.JE/<(E+.;mGI=I;z�I;0(*-0J*/<):6}/<|4=��>C%=�14�s/<FHGI;��IG (�C:(�6 �0��;z�I|"/ 6 / 6}J*;m/5=D6}J*|%�IGI/ 6}; � �"|4/<J©14G>(*(*/�-fAI14)I/56*J*;
(*GI/3�41�=H6 � ! 9:14=I({;.=D6}JE;.J{��14=>(�35;��I+ 6f14/53 � � GI=I;z�I;.(E-.JE/<)>6*/<|"=��>C%=�1���/5F%G>;m|"= )ª;0G>6�;.(E6*/<�s;.Jt(E/<�s)I3<; ¡
��;0=H6j-.|"�s�s;.=D6j3 � ; � )IJ*;0(*(*/5|"= �IG�J*14)I),|"JE6v�IJEGI/56v(*GIJv(*/-�"=�143 � � ! �D�
��;0(E6©�s|:�>/-2�+0;�(E/ 3<1pJE+.(*|43<G>6*/<|"=
6};.�s),|"J*;03<3<;$2�=>/<; τ �I;�3 � 14)I)�1�J*;./53 �I;���;0(*GIJE;Z;.(�68)>J*/<(E;�;0=L-.|4��)>6*;&! � � /5�I+.;s;.(�6 � � ; � )IJE/<�s;.Jp321� |"J*-0;p�s;.(EGIJ*+0; Fτ

-.|"�s�s;m321 -.|4= �4|"3<G:6}/<|4=o7

Fτ (t) ≡
∫ t

−∞
χ(t− t′)F (t′) dt′ �k��! �"� �

1'�4;.- F (t) 321 � |"J*-0;W/5=I(E6}14=D6f14=>+.;�(*GIJs321b)I3<14FHGI; �I;��"14GI-fAI;�;06 χ 321 � |"=>-06}/5|"=��I;�J*+.),|"=I(E;W�>;
3 � 14)I)�14JE;./53j�I;��s;.(EGIJ*; ! χ ;0(E6�)IJE/<(*;�=>|"J*��143</5(*+0; � 1

� /"! ;&! ∫ χ(t)dt = 1 ; 6$�"+.JE/-2�;�=>+.-.;0(*(*14/<JE; ¡
��;0=H6 χ(t) = 0 (*/ t < 0 � -`14G>(}1435/56}+�� ! � 14=>(83 � ADC%)ª|46*A��.(E; (*/5��)>3</-2I-`1�6*J*/<-0; � � GI=TGI=I/5FHGI;�6*;.�s)I(-`14J*14-06*+.J*/5(E6*/<FHGI; τ � |4=Q),;.G>6z+0-.JE/<J*;�3<1 J*+.),|"=I(E;�(*|"GI(z3<1 � |"J*�s; χ(t) = 1/τg(t/τ)

� 1 �";0- g(t/τ)F%G>/©�I+.-0J*|��56!J}14)>/<�I;0��;0=H6$�4;.JE( 0 ),|"GIJ83<;.( t > τ ;06 1/τg(t/τ) → δ(t) FHG�14=I��321MJE+.(E|"3<G>6*/<|"=6};.�s),|"J*;03<3<;�;.(E6{6*|46f1435; τ = 0 !� �";0- -.;n-fAI|"/ ��� |"=��4+.JE/-2�;86*J*/3�:/<143<;0��;0=D6{F%G>;8321s��|�C4;.=I=I;8�I;83<1 � |"JE-.;n��;0(*GIJE+.;8-0|"J*JE;.(E)ª|"=>�
�I/<;0= �z321 � |"JE-.;{�I;��t14(*/5��/5J 〈Fτ 〉 = FCasimir

! � 3�=>|"GI( J*;.(�6};(�p+ ��143<GI;0J ∆Fτ
! � |"GI(v1'�4|"=I( ��|4=H6*J*+

F%G>;s3<1Z�I/5(*),;.J*(E/<|"=M�I;!321�� |4J*-.; F ;.(�6z�I|"�s/<=I+0;8)�14J�3<;.(�P�GI-06*G�1�6*/<|"=I(m�>; 3<|"=��"GI;.G>J�� � |"=I�I; ∼ a�I;�-fA�14FHGI;�-0|"J*�I; ! � |46}|"=>( τa 3<;s6};0��)I(8�I; -.|4J*J*+0321�6*/<|"=�14(*(E|:-0/<+0($�M-.;0(!; � -./ 6f1�6*/<|"=>(8�I; �4J}14=I�
�";.- 6};0GIJ�� � |4=I�I;©�IG�-fA�14�s)
! � GIJ}1�=H6�35;j6};0��)>( �I;©�s;.(*G>J*; τ � 3<;j�>/<(*),|"(E/56}/3����1�;.=$�k14/ 6 J*+.143</5(*;0J�GI=I;
��|�C";0=I=I;�(*G>J Nτ = τ/τa

)>J*|%-.;.(E(*GI(p1435+`1�6*|"/<JE;.(�/<=I�>+.),;.=I��1�=H6*(�! � =d-.|4=I(*+0F%G>;.=I-0; � |"=b( � 1�6E6};.=>�
� GI=I;�JE+.�IGI- 6}/5|"= �I;�3<1 ��14JE/214=I-0;�� � GI= �k14- 6};0GIJ ∼ 1/

√
Nτ

! � ;�J*14)I),|"JE6j�IJ*G>/56t(EGIJt(E/ �"=�1�3,�s;.(EGIJ*+
( � +.-.JE/56��I|"=>-p;0= �4;.J�6}GI;p�I; � ��! �D���j; 6��I;z-.;zFHGI/�)IJ*+0-��0�I; � 7

∆Fτ

〈Fτ〉
∼
(
L

L‖

) d−1
2
(
L

a
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2
√
τa
τ
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§{6}/<35/<(E|"=I(«-.;tJE+.(EGI356}1�6�),|"GIJ ;.(�6}/<�s;.J 3<; J}14)>)ª|"J�6 �IJEGI/56 (*G>J (*/-�"=�143H�s;.(*G>J*+t��1�=I(�35;j-`1�( �I;j3<1@(E/56}GI1 ¡
6*/<|"=p6¬C:)>/<FHGI;t+ �"|%F%G>+.;©-./ ¡¬�I;0(*(EGI( � L‖ = 10µm

�
L = 100nm

�
a = 1nm � !4?¦|"GIJ G>=!-.J*/5(E6}143:35/<FHGI/5�I;=I+0�Z1 6}/<FHGI;�3<;�6};0��)I(v��/5-.JE|"(*-0|")I/<FHGI; τa �I|"/ 6 / 6}JE;�6¬C%)I/<FHGI;0��;0=H6t�I;�3 � |"JE�IJ*;@�I;�3<1n=�14=>|"(*;0-.|"=I�>;&!� /<=I(E/ � (*/�|4=bG>6}/53</<(E;nG>=Q1�)I)�14JE;./<3¦�I; �s;.(EGIJ*;�1 �4;.-!GI=I;!JE+.(E|"3<G>6*/<|"=W6};.�s),|"J*;03<3<;p�I; τ ∼ 1ms

� 3<;
J*14)I),|"JE68�IJ*GI/ 6 (EGIJ!(*/-�"=�143 ��;0(*GIJE+�;.(�6��I; 3 � |"JE�IJ*;��I;�3 � GI=I/ 6}+&! §@=T�>/<(*),|"(E/56}/3�©�I|46*+ � � GI=I; 6*;.3<35;
JE+.(*|43<G>6*/<|"=R;0(E6p14G �E|"GIJ*� � AHGI/ ;.=.�%/<(}1 �";`14�>3<; � �4|"/<J�)�14J�; � ;0��)>3<;�� 9 �"|4�ª|%��1s14=I��¢j3<|%- � � ~V]=]�WE� ��;06
�I; �%J}14/ 6©)ª;0J*�s;06E6}J*;m�>;pJE+4�4+.3<;0J{3218=�1 6}GIJE; � |4=I��14�s;.=D6f1�3<;.�s;.=D6 PIGI-06*G�14=D6};z�I;z321 � |"J*-0; F 14G>6*|"GIJ�I;z(*1��s|�C";0=I=I; FCasimir

!

�	� � � � ±f�}®O³ � ¢@±f�ª�O� ¥ ¦�§m� �����¡¢�§ ���O�m¤ �¡�k¦a¤���¢�®[�¡�7§m§m�6�

��� 14��/5=I|"=I(z��14/<=D6*;.=�14=D6n-.|"�s�s;�1�=I=I|"=I-0+�3<1�(E/56*G�1�6}/5|"=o|��Q35;.(p3<;0(n|"� �E;06}(n/<�s��;0J �"+0(z(*|"=D6
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∫
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|f |
√
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���� � � �#������� �r�n" $&�n��$;��� $&"~�n� ���H��"#� ��� ����� �#��
��9��$&$ �

Ad
�����
	��
�����
����������	 � 	������������������ � 	���������� ����� � ����!���� Ad

�#"�!%$V] �'& ���(	)��� 2 ���+*

Ad =
1

2

∫

q

q [coth(q)− 1] �,"-&XW/.��

�10 	���23�-45���/�6�-�7� 0 �
�8�9��2��9	��
�:���������;�����(</��������45=>�����
�
q ?
��=3����������=>=3�@��=3��������!6�A=3��	��
����!

Ad =
Sd−1

(2π)d−1

∫ ∞

0

dq qd−1 [coth(q)− 1] , �,"-&XW8" �
	
B3���

SD

��	C!����ED#	�����������	C!���F-G����H�����%�9�����I����4J����!@��=3�
D &+K

=3���J�
	��
�����
���L� 0 ���8����23��	����M!@���5�
�
4J=N�-�����

q ?
=3���-�������
!�����	ODP=3��4J���RQ-�A=3�����8�9�������
�)*

coth(q)− 1 =
2 e−2q

1− e−2q

�#"-& W�W �
</����� 0 =3�����SB3���
=3���A������!����@�������8����G��@���;=3�-�T�����@���@�J*

∫ ∞

0

dq qd−1 [coth(q)− 1] = 2

∫ ∞

0

dq
∞∑

n=0

e−q(2n+1)qd−1 �#"-& WCS��

�����;=�!��7	���=���!
x = (2n+ 1)q

�S��=��H�
�/�����EB3���E�9�%�6!�=34J45���S�6���8�9��23�9	U�����A=3���T=3V-�������
��*

∫ ∞

0

dq qd−1 [1− coth(q)] = 21−dζ(d)Γ(d) �,"-&XWCU �
	
B3���W�
��!�DP=3�-���9�
=3��!

Γ
�S�
ζ
�-��XY���
��!6�Y	���*

Γ(x) =

∫ ∞

0

dt tx−1e−t, �#"-& W8Z��

ζ(x) =

∞∑

n=1

1

nx
. �#"-& W�� �

K =3��� 	��'F��SB3��� ������	�������� ?
=3���-�9�
����!@������!T�����>Q��������/���
����! �\[ V���	�45= 
 �%� 	 	����H]>����23�-� ? $V]=UCS
� ?

SD =
2πD/2

Γ(D
2
)

�#"-& W=] �

�S�

Γ(x)Γ(x +
1

2
) = Γ(2x)

√
2π 2

1
2
−2x. �#"-& SU^ �

_ ����=34OV-���Y	��8� �#"-&a`8b � ? �,"N&c`8d�� ��� �,"N&fe�^�� =3�H�A���N�6�SQN�����
45��� Ad

!@=3��!6��	gDP=���4J����=34J�Y	��S�9�)*

Ad =
(d− 1)

(4π)d−1
Γ

(
d

2

)
ζ(d) �#"-&heN$ �
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6 ��-7�&���5�&���'���8�&9��:!<;=��>?���5�#@
�
ACBEDFAHGJI�K�LJKNMFAPORQCBEI�K �SITAHMFITUJM*LVK

∆F
��� ��=3�����J�����1� 0 �SQN���@��!�!@��=3� �SQ-	��S�9�J���5��	 B�	U����	U�����L���J��	 DP=3�@���

∆F & �10 ���
	��E�g</�Y	U���9	U����</���
45=0W3���

∆F 2
��!@����	O!@=3454J������! ���
	��E�9! </�Y	�����	U�9�
<>�-��!645=0W�����!6���

F>
�S�
F< &

∆F 2 = (∆F>)
2
+ (∆F<)

2
, X "-&he3..Y

=
[
(∆F>)

2 − (∆F<)
2
]

+ 2 (∆F<)
2 X "-&he�"ZY

_ ���-�������
!9	��8� X "-&h.N$&Y ��� X "-&a`8dZY =3���
	��
�����
��!9	U��!��-�\[J�����%�9���
��!�����=3�����9����4J�7�-�7��	O!�=34J4J�)*

(∆F<)
2

= Bd

(
L‖
a

)d−1(
kBT

a

)2

X "-&heU`:Y

Bd =
(d [−2 + d (−2 + π)− π] (−2 + π) + 4 π) Γ[ d−1

2
]

2d−3π
d+3
2 d (d2 − 1)

X "-&he3e.Y

K =3���6�
��������45�
�����9����4J����� X "-&he�"ZY ? �����-�������
!9	��8�T������=���� X "-&h.N$&Y *
[
(∆F>)

2 − (∆F<)
2
]

= (kBT )2 Ld−1
‖

[(
4

πa

)∫

q

q [1− coth(qL)]

]
X "-&feUb 	 Y

+ (kBT )2 Ld−1
‖

[∫

q

q2
[
coth2(qL)− 1

]] X "-&feUb V Y
� �T�-����4J����� ������4J� X "-&he�b 	 Y 	����F]_^��S�9�T�
	U�����-��� ��	���! ��	:!������9�
=3�)���@�����������8��� & � �T�
	��
�����>���L!�����=3�-�
�9���@45�:�;���-�T���-��`S�9���:��=3�8�9=������������M����4 	��@</�Y	��8�T</���

(1− coth)′ = coth2−1 &3a �����
�8�9��2��9	U����=3��Y	����Y	U�@�9�
�:�A���@45�S�6	���=���! �-���9	�4J������� �
���
	��
�����A��� X "-&feUb V Y ^O�����
�������:��	g��=3��!@�9	��8�9�
Ad

��=3454J�
�;=3�-� X "-&he�b 	 Y'&b �
�Y	��
��4J���8� ? ���)����2���=3����	��8�1����! ����!����%�'	U��! ? ∆F 2

! 0 �������%�1��=34J4J� ���-��!�=34J4J� ���8���������O�����@45�
�����A������	��8�:�RQ-�-�������
����4J���8�6���

a
�S� � 0 �-���W��=3���@���S�9��=����-���
B�����!@���
���

(∆F ′)2
*

∆F 2 = Bd

(
L‖
a

)d−1(
kBT

a

)2

X "-&he3Z.Y

− πAd

2

(
L

a

)(
L‖
L

)d−1 (
kBT

L

)2

+ (∆F ′)
2
,

	 B����7��	)��=��/�����
V��-�9�
=3�M�����%B3����!������
�)*

∆F ′ =

(
L‖
L

) d−1
2
(
kBT

L

)[
d(d− 1)

2(4π)d−1
Γ

(
d

2

)
ζ(d)

]1
2 X "-&he7cZY
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���������� �����������  !�"� �#�$�&%��"��'(%*)+�, !�- ��"���.�/��%�0/�����������
1 �2��%3�4�!�50/0��"�

��� �������
B�� ��	����
!@������V-�-�9�
=3� �-��!WDP=�������!O���-�����
����!7�Y	��7����!26Y���S�9�Y	 �9��=���!7��F����@45�
</����!W!����W����!
�
�����
��!��
=3��!1�A=3�����������
����! �
454J���@23����! ��	���! ��� 4J���
�����)����	�!E�9�
<>�-��F�=�45=32�G���� & ���5�;���-� 2��������9	��
��!����
�
��23G�����4J���8� ����4J=>��G��
�����(��=3��!@�������9	��8� ���(4J���
����� ����	�!@����</�������
���
	��
�����S� !��
	U��	��
����	�!@!�=>����� ^)�����
�������@23���1����	�!E�9��</���+</�Y	��-�9	U����</���+���7���+�'FY	�4J�

φ
!9	���! ���@�����
!���� � 0 =������@�1���+� 0 ����	U!@�9�
���%�9� & ���W!@�����A=3!��

!@��4J������45���/��<>�-�7� 0 �������@23���
E
! 0 �RQN�����
45����=�454J�)*

E =
1

2

∫ ∫
d~Rd~R′ φ(~R)R−1(~R− ~R′)φ(~R′) X "-&feUdZY

R
��!@� ��	7DP=3��������=3�������@���A=3��!@�7�-�H�'FY	U45�

φ & � ��!T�����NQ�����������!@��=3�-!��;=������������
����! !�=3�8� !����-�;=3!@����!
!@����=3�����
��� 	��54J���
�����)<>��	����9	 �9��</����45���8� !@����=�� X "N&h"8e7YR& � ��!76Y���S�9�Y	U����=3�-! ��F����@45�
<>�-��! ��� �'FY	U45�
!@=3�8�

?
28	���!@!�����������! �Y	���! ��	645��!����@��=98g� 0 �������@23���+�9=U�'	��
�

Etot = E = E(1)+E(2)
��!@�1</�Y	��-�9	U����</���

��� ��� �'F�	�45� & [ �
��!�� ���5!����-���
	��
����� ��� ��	HDP=3���S�9��=�� ��� ��=3���@����	 �9��=�� C(~R, ~R′) = 〈φ(~R)φ(~R′)〉�A���@45�S�6� 0 	U�����������V^O�9=3�N�9��!6�
��!623�9	U�������-��!6��=3�-!@�9�@���
����! ^)�Y	��E�9���T�-�
φ &

[ B�	U�/�����O���@=N����������	�� �
	U�����-� ���O��	JDP=3�-���9�
=3� ���g��=3�@������	U�9�
=3�(=�� �;���-���SQN���@��4J��� DP=3��4J���
����:
4J���8�1��	:����!E�9�@��V��-����=3�W����! DP=�������!

Fx

!��-� � 0 ����������!@��=3�
(1)

^�� 0 =3���
23���-� & ���L	 Fx = −1
2
kφ(0)∂xφ(0)��� �A=3!9	��8�

k ≡ κb−2a3 & ��� ? φ(0)
���
k∂xφ(0)

�SQNF��
V;���/�W����!26Y���S�9�Y	 �9��=���!W23	���!�!@����������! & K =3���
=3VN�9���-������	O����!E�9���
V��-����=3�M������	ODP=3�����

Fx ?
�
� ������=���!6����!E�9�7�����-!T<>� 0 ^)�-�������
!����������
��4J45��!����%B�	U�/� &

; �	;=; � *�<�=?>A@*BDC�E#F�G?HJIK>LHNM�OPCRQ2HJOPSTHJ@U=?>AIRCWVNHJEXQRQ�>YC�Z[Z\CRQ]IRSRC�OAOPCRQ
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®¯«�¨�£Á®¯¦�¥§«K¤UºªÈ<®Õ©~±³¥ Ë ®³±¯®¯¥§£�À>±¯©�¦¿¤�®¯´5£�¥�º�¨�¥§¦yäß¢O­¿¬>¥§¦q¦�£Á­y±³¥>¦N¨�¥>£¡°.½�±¯©�´5£�¥>¦N½ª©�­�©�±¯± Ì ±¯¥§¦>¸ �q©�«�¦:`Á¸wÍ¡º�¢O«
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¨�¥>¦ 6 £�¬·¤M£ª©D¤�®¯¢O«Á¦F¨�¥H¬>¥>¦�äß¢O­¿¬>¥H®¯«�¨Á£�®³¤�¥>¦F½ª©�­F±�Ñ ©D×O®³¤M©D¤M®³¢O«�¸
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¨�Ñ¶£�«�¥f­¿¥>±Õ©p¤M®¯¢�«H©�±¯×OÀ§Â�­�®³´5£�¥�¨�£h¤ W ½	¥ lω ∼ ω−1/z º^©UÈO¥§¬ lω ±¹Ñ¶¥·°<¤M¥§«�¦�®³¢O«t¨�¥f±Õ©F­�À§×O®¯¢O«H¨�¥f±�ÑÅ¥§¦�½ª©�¬§¥1¦¿£�­±¯©�´5£�¥>±³±¯¥N¢O«K¤F±¯®³¥>£Ý±³¥>¦m¨�®³¦¿¤�¢O­�¦¿®¯¢O«�¦�À>±Õ©D¦¿¤M®³´5£�¥>¦m½Á­�¢<¨�£�®³¤�¥>¦m½�©�­m£�«�¥@¦¿¢O£�­¿¬>¥@¨�ÑÅ©�×O®S¤e©D¤�®¯¢O«~½l¢O«Á¬§¤M£Á¥>±¯±³¥
¢O¦¿¬>®³±¯±Õ©D«5¤ ^ ±¯©R½�£Á±¯¦M©p¤M®¯¢�« ω ¸ �q©�«�¦N±¯¥H¬U©�¦y¨�¥t±Õ©o¨ W «ª© Ë ®¯´5£�¥t¨�®³ãl£�¦¿®³ÈO¥H±�ÑÅ¥r°Á½	¢O¦�©�«K¤q¨ W «ª© Ë ®³´<£Á¥ z¥§¦¿¤NÀ>×K©D± ^ 2 ¥·¤N±Õ©Ò±¯¢�«�×O£�¥§£�­ lω ¥§¦¿¤N¨�¢O«�«ÁÀ>¥t½ª©�­@Ó
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¤�Ã�¥>­ Ë ©�±�äß¢O­�¬§¥ FCasimir
¢O«%¤�Ã�¥�½�±Õ©p¤M¥�©D¤ x = 0 ®SäN¤�Ã�¥ ��Ã�¢O±³¥ Ë ¥§¨�®¯£ Ë ®³¦�¤MÃ�¥§­ Ë ©�±¯± W ¥·°¡¬>®S¤M¥§¨

Â W ©�Ã�¥U©p¤mÂª©D¤�Ã�® Ë ½l¢�¦�®¯«Á×�©h¤�¥ Ë ½l¥§­M©D¤�£�­�¥ T � Ï�®�©�«Á¨.ÇH©�­¿¨ª©�­>º�»�KLKKÍ��¹¸ � Ã�¥@¦�® Ë ½Á±¯¥>¦`¤�¨Á¥>­�®SÈD©D¤M®³¢O«
¬§¢O«�¦�®³¦¿¤�¦|®¯«Ð¬§¢ Ë ½Á£Á¤M®³«�×~¤�Ã�¥Ò¤M¢�¤M©�±¾äß­�¥>¥o¥§«�¥>­¿× W ¢Dä�¤MÃ�¥o¦ W ¦`¤M¥ Ë äß¢O­@©Ý×�®³ÈO¥§«Ð®¯«K¤M¥§­�½�±¯©D¤M¥h¨�®¯¦`¤e©�«Á¬>¥
L º�©D«�¨Ý¤e© � ®³«�×o®³¤�¦�¨�¥§­�®³ÈD©D¤�®³È�¥���®³¤�Ã�­�¥>¦¿½l¥§¬§¤F¤�¢ L ¸�æq«�©�±S¤M¥§­�«ª©D¤�®³È�¥|©�½�½Á­�¢K©�¬eÃ�®³¦1¤M¢o¬§¢O«�¦¿®¯¨�¥§­m¤MÃ�¥
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Ë ¢<¨�¥>± Ï¾©�«�×�¥§È<®¯«
¨ W «ª© Ë ®¯¬>¦Näß¢O­F¤MÃ�¥téª¥>±³¨Ô×O®SÈO¥>«
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U @BA*7
� ¥�¦¿¤M©�­¿¤ ��®S¤MÃ%¤MÃÁ¥�¦�® Ë ½�±³¥>¦¿¤�¬eÃ�¢O®³¬>¥Ýäß¢O­�¤�Ã�¥�¦�Ã�© � ®¯«�×Ð®³« � ´�¸WV � ¸³»�X·º�«�© Ë ¥§±ZY²©Ô½l¢�®¯«K¤ : ±¯® � ¥Ë ¢O«Á¢¡¬eÃ�­¿¢ Ë ©D¤M®³¬
¦¿Ãª© � ¥§­Ý¢O¦¿¬>®¯±³±Õ©D¤�®¯«�×å©D¤Ý©²½�£�±³¦M©D¤�®¯¢O« ωs

º�±³¢¡¬>©D¤M¥§¨�©D¤Ý©�«ë¥>´5£ª©D±q¨�®³¦¿¤e©D«�¬>¥ L/2äß­�¢ Ë ¤�Ã�¥@¤ ��¢R½�±¯©D¤M¥§¦@Ó
η(~R, t) = ηsa

d cos(ωst)δ(x− L/2)δ(r), V � ¸\[]X
� Ã�¥Ò«�¢O®³¦�¥�© Ë ½Á±¯®³¤�£�¨�¥HÃª©�¦yÂl¥§¥>«Ö©�­¿Â�®³¤�­M©�­¿®¯±^YÝ¦�½Á±¯®³¤N®³«5¤�¢�¤MÃÁ¥�½�­¿¢¡¨�£Á¬§¤|¢Däf© Ë ®¯¬>­¿¢O¦�¬§¢O½�®³¬tÈ�¢O±¯£ Ë ¥
ad ��ÃÁ¥>­�¥t¤MÃ�¥ Ë ¥§¨�®¯£ Ë ®¯¦N¦�Ãª© � ¥>«�ºl¤M® Ë ¥§¦N©~¦�Ã�© � ®¯«�×�© Ë ½Á±¯®³¤�£�¨�¥ ηs

¤�Ãª©D¤yÃª©�¦�¤MÃ�¥h¨�® Ë ¥>«Á¦�®¯¢�«�¢Dä
©�«
¥§«�¥>­¿×_Y�¨�¥§«�¦�®S¤`YO¸

�¡£Á¬eÃP©q½�­�¢<¬>¥§¦�¦�¬§¢O£�±¯¨�Âl¥Dºpäß¢O­�¥·°Á© Ë ½�±¯¥Dºp¤�Ã�¥m­¿¥>¦�£Á±³¤ç¢Däª¤MÃ�¥�äß¢�­�¬>®³«�×q¢Dä	© Ë ®³¬>­¿¢O¦�¬§¢O½�®¯¬Da>©�¬·¤M®SÈO¥]a
½ª©�­¿¤�®¯¬§±¯¥�±¯¢<¬U©D¤�¥>¨PÂ	¥§¤ �1¥>¥>«Ý¤�Ã�¥�¤ ��¢Ò½Á±Õ©D¤�¥>¦*V�¥D¸Å×�¸<© Ë ©D×O«�¥§¤�®¯¬�½ª©�­`¤M®³¬>±¯¥F£Á«�¨�¥>­f¤MÃÁ¥y®³« 6 £�¥§«�¬>¥y¢�ä�©�«
¥·°<¤M¥§­�«ª©�±f¢O¦¿¬>®³±¯±Õ©p¤M®¯«Á× Ë ©�×O«�¥·¤M®¯¬héª¥>±³¨bX·º�®³« ��Ã�®¯¬eÃØ¬U©�¦¿¥ a ®¯¦|¤`Y<½�®³¬U©�±³±ZY�éÁ°¡¥>¨ ��Ã�¥>­¿¥U©�¦ ηs

©�«�¨ ωs¬U©�«�Âl¥H¥r°¡¤�¥>­¿«ª©�±¯±^Y�¤�£�«�¥>¨�¸
� Ã�¥@«Á¥§¤�äß¢O­�¬§¥ F äß¥§±³¤FÂ]Y�¤�Ã�¥H½�±Õ©p¤M¥@©D¤ x = 0 ºÁ­�¥§¨�£�¬§¥>¦�¤M¢o®³¤�¦m­�®³×OÃK¤FÃª©�«Á¨�¦¿®¯¨�¥@¬§¢O«K¤M­¿®¯Â�£Á¤�®¯¢O«

F> ¦�®¯«Á¬>¥H¤MÃ�¥t¢O£Á¤�¥>­ Ë ¥§¨�®¯£ Ë ­�¥ Ë ©�®³«�¦F£�«�¨�®³¦¿¤�¢O­¿¤�¥>¨cV φ(x < 0) = 0 X·¸�d�¢O­�¥§¢^È�¥>­N¤MÃ�¥t×O¥>¢ Ë ¥·¤M­/Y®¯¦FÃ�¥§­�¥@¤M¢�¤M©�±¯±^YR¦/Y Ë~Ë ¥§¤�­�®³¬U©�±l¦�¢o¤MÃª©p¤F¤MÃ�¥|äß¢O­¿¬>¥|äß¥§±³¤FÂ]YÝ¤�Ã�¥H½�±Õ©D¤�¥@©D¤ x = L ®¯¦@Ó −F ¸ �q¥>«Á¢�¤M®³«�×
F>

A
¤MÃÁ¥�¤M® Ë ¥o©UÈ�¥>­M©D×O¥>¨Ðäß¢O­¿¬>¥Òäß¢O­q¤�Ã�®¯¦q½�­�¢<¬>¥§¦�¦>º�©�«�¨Ø©�«K¤M®³¬>®¯½�©D¤M®³«�×�¢O«Ô¤�Ã�¥o¨�¥·¤e©�®³±¯¥>¨Ð¨Á®¯¦�¬§£�¦�¦¿®¯¢O«

¢�ä � ¸"�Á¸S»Oº	�1¥H£�¦�¥ � ´	¸�V � ¸ Í�Î]X1¤M¢ ��­¿®³¤M¥oÓ

F>
A = −(ηsa

d)2

κ
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Ld−1
ΥA

(
1

2
,
L

lωs

)
. V � ¸ ¼�X

æq×K©�®³« lωs = [(γ/κ)ωs]
− 1

2
®¯¦ç¤�Ã�¥�¨ Y<«ª© Ë ®¯¬>©�±�±¯¥§«�×�¤�Ã~©D¦�¦�¢<¬>®¯©D¤M¥§¨ ��®S¤MÃo¤MÃÁ¥N¦¿Ãª© � ®¯«Á×h½�£Á±¯¦M©p¤M®¯¢�« ωs

¸
� Ã�¥N©�¨�® Ë ¥>«Á¦�®¯¢�«ª©�±5äß£�«�¬§¤�®¯¢O« ΥA(1/2, L/lωs)

®³¦ç½�±¯¢D¤�¤M¥§¨o®¯« b ®³×�¸ � ¸wÍ<ºK©�«�¨P®³¤�¦ç×O¥§«�¥>­�©�±�¥·°¡½�­¿¥>¦¿¦�®¯¢�«V�®¯«Á¬>±¯£Á¨�®¯«�×Ò¤�Ã�¥H¦�Ãª© � ¥>­N½	¢O¦�®S¤M®¯¢�«�¨�¥>½	¥>«�¨Á¥>«�¬§¥�XF®¯¦F×O®SÈO¥>«�Â	¥>±¯¢��ê®¯« � ´�¸eV � ¸ Í�Î]X·¸� ��¢H¨�®Sã�¥§­�¥§«5¤f±³® Ë ®³¤�­�¥§×O® Ë ¥>¦ç¬>©�«PÂl¥F®³¨�¥>«K¤�®³éª¥§¨�Ó 
 ä L/lωs � 1 º�¤MÃ�¥F¦¿Ãª© � ®¯«Á×t½	¥>­¿®¯¢<¨o®¯¦ Ë £�¬eÃ±Õ©�­¿×O¥>­�¤�Ãª©�«H¤MÃ�¥f­�¥§±Õ©p°Á©D¤�®¯¢O«@¢Däª©�«]Y@®³«5¤�¥>­¿½�±Õ©D¤�¥çéª¥>±³¨h¥r°¡¬>®³¤M©D¤M®³¢O«�ºU¦¿¢N¤�Ãª©D¤�¤�Ã�¥1¥§±Õ©�¦`¤M®³¬ç¨�¥§äß¢�­ Ë ©D¤M®³¢O«�¦
×O¥>«�¥§­M©D¤�¥>¨+©p¤ x = L/2 ½�­¿¢O½ª©�×K©p¤M¥Ø©�±¯¢�«�×%¤MÃ�¥ x ©p°¡®¯¦�£�½ ¤M¢u¤MÃ�¥Ø½�±Õ©p¤M¥>¦�¦¿£�­¿ä�©�¬§¥>¦§¸ 
 « ¤MÃ�®³¦
´<£�©�¦�®³¦¿¤e©p¤M®¯¬�±¯® Ë ®S¤Uºr¤MÃ�¥f¤M® Ë ¥f©UÈ�¥>­M©D×O¥>¨�äß¢�­�¬>¥ F>

A
äß¥§±³¤ Â]Y@¤MÃ�¥�½�±Õ©p¤M¥�©D¤ x = 0 ®¯¦¾¬§¢ Ë ½�©�­M©�ÂÁ±¯¥ç¤M¢�¤MÃÁ¥¥>±Õ©D¦¿¤M®³¬çäß¢O­�¬§¥f¢O«@¤MÃ�¥f½�±¯©D¤M¥§¦ £Á«�¨�¥>­�¤�Ã�¥�©�½�½�±³®¯¬U©p¤M®¯¢�«|¢�äÁ©N¬§¢O«�¦¿¤M©�«K¤ ¦¿¤e©p¤M®¯¬�fW¥§ãl¥>¬·¤M®³È�¥hgf½	¥>­`¤M£�­¿Âª©D¤�®¯¢O«

1√
2
ηsa

dδ(x − L/2)δ(r) ¸ � Ã�¥�±¯©D¤�¤�¥>­�®³«�¨�£�¬§¥>¦Ò¦`¤e©D¤�®¯¬~¨�¥§äß¢O­ Ë ©p¤M®¯¢�«�¦h¢Dä�±Õ©D¤�¥>­M©D±1¥r°¡¤�¥>«�¦¿®¯¢O« L ¢O«
¤MÃ�¥Ø½�±Õ©p¤M¥�¸ � Ã5£�¦§º F>

A
¦¿¬U©�±³¥>¦
©�¦ η2

sa
2d/(κLd−1) ®¯«�¨Á¥>½	¥>«�¨�¥§«K¤M±ZY ¢Dä�¤MÃÁ¥å¦¿Ãª© � ®¯«�×,½l¥§­�®³¢¡¨�¸ 
 «
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 � a�� � � ¸wÍ � c =�0THJO >��?CTB�^�=?Z\=�0��DIe=?^ HJ@L> 02Q�� H��?>AZDV ¸lÏ�¢O× : ±¯®¯«Á¥U©�­y½�±¯¢�¤q¢�ä�¤MÃ�¥o¦¿¬U©�±³®¯«�×Ýäß£�«Á¬§¤M®³¢O«
ΥA(1/2, L/lωs)

©�×K©�®³«�¦¿¤ L/lωs = (γ/κ)1/2ω
1/2
s L º�äß¢O­|ÈD©�­�®³¢O£�¦H¦�½ª©D¬>¥R¨�® Ë ¥>«�¦¿®¯¢O«Á¦oÓ d = 3 äß£Á±¯±±³®¯«�¥Dº d = 2 ¨ª©�¦¿Ã�¥>¨
±¯®¯«Á¥�º�©D«�¨ d = 1 ¨�¢�¤¿¤M¥§¨
±³®¯«�¥D¸

¬§¢O«K¤M­M©D¦¿¤UºK¤�Ã�¥q¨ Y<«ª© Ë ®³¬N±³¥>«�×D¤MÃ�®³¦ Ë £�¬eÃÝ¦ Ë ©�±³±¯¥§­ç¤MÃª©�«R¤MÃ�¥N½�±¯©D¤M¥ : ¦�Ã�© � ¥§­1¨�®³¦¿¤M©�«�¬>¥y®³ä L/lωs � 1 ¸� Ã�¥P¥§±Õ©�¦`¤M®¯¬o¨Á¥§äß¢O­ Ë ©D¤�®¯¢O«Á¦@©�­�¥P¥r°Á½	¢O«�¥§«K¤M®Õ©D±¯±ZY
¦�¬§­�¥§¥>«�¥§¨ÜÂl¥·äß¢O­�¥P­¿¥U©�¬eÃ�®³«�×�¤MÃ�¥P½�±¯©D¤M¥§¦H¦�£�­`ä�©�¬>¥§¦>¸
� Ã�¥§­�¥·äß¢O­�¥Dº�¤MÃ�¥@äß¢O­¿¬>¥t© Ë ½�±¯®S¤M£�¨�¥y¨�¥>¬>© Y¡¦y¥·°¡½	¢O«�¥>«K¤�®Õ©�±³±ZY�©�¦�¦�Ã�¢���«.®³« b ®¯×�¸ � ¸ Í¡¸
 «Ü¦¿£ Ë~Ë ©�­ YOº ©
±³¢¡¬>©�±¯®³Æ>¥>¨Ø½	¥>­�®³¢¡¨Á®¯¬P¦�Ãª© � ®³«�×Ô®³«�¨�£�¬§¥>¦Ò©D«Ü¥§ãl¥>¬·¤M®³È�¥�®³«5¤�¥>­¿½�±Õ©D¤�¥~®³«K¤M¥>­�©�¬§¤�®¯¢O«�¸
� Ã�¥§­�¥>©�¦ FCasimir

®¯¦@£�«Á®³ÈO¥§­�¦�©�±f©�«�¨Ø±¯¥>©�¨�¦|¤M¢�©�«Ø©D¤¿¤M­�©�¬§¤�®¯¢O«ÐÂ	¥§¤ �1¥>¥§«²¤MÃ�¥Ò¤ �1¢�½�±Õ©D¤�¥>¦§º�¤MÃ�¥o®³« :
¤�¥>­M©D¬§¤M®³¢O«.¢�ÂÁ¤e©�®³«�¥>¨
Ã�¥>­¿¥�®³¦y­¿¥>½�£�±³¦�®SÈO¥Ò©D«�¨Ô¨�¢<¥>¦y¨�¥>½	¥>«�¨ÐÂ	¢�¤�ÃÔ¢O«
¤�Ã�¥�¥§±Õ©�¦`¤M®³¬ Ë ¢¡¨Á£�±¯£�¦�¢�ä�¤�Ã�¥
¦¿£�­�­¿¢O£�«�¨�®³«�× f 6 £�®¯¨�aÝ©�«�¨ ¢O«,®S¤M¦P¨ Y<«ª© Ë ®¯¬§¦ Vß¤�Ã�­�¢O£Á×OÃ lωs

Xr¸ b ®¯«ª©D±¯±ZY�º�Â	¢�¤�Ãu¤�Ã�¥�­M©�«�×�¥
©D«�¨ ¤�Ã�¥
© Ë ½�±³®³¤M£Á¨�¥o¢�äF¤MÃÁ¥�½�­¿¥>¦�¥§«K¤o¦�Ãª© � ®³«�× : ®¯«�¨�£Á¬>¥>¨åäß¢O­�¬§¥�¬U©D«²Â	¥�¥·°<¤�¥>­�«�©�±¯±^YØ¤�£�«�¥§¨ÜÂ]YåÈD©�­ Y¡®³«�×
¤�Ã�¥
½�£Á±¯¦M©p¤M®¯¢�« ωs

©�«Á¨u¤�Ã�¥�© Ë ½�±³®³¤M£Á¨�¥ ηs
¢�äF¤�Ã�¥�¦�Ãª© � ®³«�×�¸ � Ã�¥�¨�¥>½	¥>«Á¨�¥>«�¬§¥
¢DäN¤�Ã�¥�äß¢O­¿¬>¥�¢O«Ü¤�Ã�¥

¦¿Ãª© � ¥§­y½	¢O¦¿®³¤M®³¢O«�©�¦ �1¥>±³±¾©�¦�®³¤M¦ 6 £�¬§¤�£ª©D¤M®³¢O«�¦ ��®³±¯±�Â	¥H¨�®¯¦¿¬>£�¦¿¦�¥§¨.®¯« � ¸ �Á¸S»O¸

(W),+K),+ 02143�5 68743 9<;45 >?3�@BADCDE*>?3�C F-G 6 EDAD@B9<;=5 0 0 ;4AD;K>NMW5N; 0 6TOP@ >
Q	MD6 U @BA*7
� ¥Ø«Á¢ � ¦�£�½Á½l¢O¦¿¥Ð¤MÃª©D¤�¤�Ã�¥Ð¥>±¯©�¦¿¤�®¯¬ Ë ¥>¨�®³£ Ë ®³¦Ý¥§È�¥>­/Y ��Ã�¥§­�¥Ü½	¥>­¿®¯¢<¨�®¯¬>©�±¯±^Y ©�«�¨ Ã�¢ Ë ¢O×O¥ :

«�¥§¢O£�¦¿±ZY�¦¿Ãª© � ¥§«²Ó
η(~R, t) = ηs cos(ωst).

V � ¸ c]X
µ ¢O¦�¦¿®¯Â�±³¥~¥r°Á½	¥>­¿® Ë ¥>«K¤e©D±�­�¥U©D±¯®¯Æ>©D¤M®³¢O«�¦@®³«�¬>±³£�¨�¥�Ó�¤MÃ�¥RÃ�¢ Ë ¢O×O¥§«�¥>¢O£Á¦�©�«Á¨²½	¥>­�®³¢¡¨Á®¯¬o¦�Ã�© � ®¯«�×
¢�äF©Ë ¥§¤M©�±¯±³®¯¬P¥>±¯©�¦¿¤�®¯¬�±³®¯«�¥~£�¦�®³«�×Ö© Ë ©D×O«�¥§¤�®¯¬Réª¥>±³¨ ��
 ¢�£�¨ª©�¢O£Á¨�¥·¤y©�±¹¸Sº�»�KLK K��m¢�­�¤MÃ�¥�¨Á­�®³È<®³«�×Ô¢�äy©�«
®³«5¤�¥>­`ä�©�¬>¥PÂ	¥§¤ �1¥>¥>«Ü¤ �1¢.¨Á®¯¥>±³¥>¬·¤M­�®³¬o±¯®³´<£Á®¯¨�¦@£�¦¿®¯«�×
æ � ¥>±³¥>¬·¤M­�®³¬oéª¥>±³¨�¦ � ¨�¥ � ¥>«�«�¥§¦y¥·¤N©�±¹¸Sº�Í�Î�ÎKÍ ��¸Û «�¥ Ë © YÜ©D±¯¦�¢Ð£Á¦�¥ 6 ¥r°Á¢<¥>±³¥>¬·¤M­�®³¬Ý¥§ãl¥>¬·¤M¦o®³«%±¯®¯´5£�®³¨²¬§­/Y<¦¿¤M©�±�¤M¢Ð×�¥>«�¥§­M©D¤�¥�¦�£�¬eÃ,©Ô¦�Ãª© � ®³«�×Ð½�­¿¢ :
¬§¥>¦�¦ � ¨�¥ � ¥§«�«�¥>¦N©�«Á¨ µ ­�¢�¦¿¤Uº�» K.c]&DÂ �¹¸


 Y�¦ Y ËRË ¥§¤M­ Y�¤MÃ�¥H¤ �1¢Ý½�±Õ©p¤M¥>¦Fäß¥§¥>± ¢O½�½	¢O¦�®S¤M¥H®¯«�¦`¤e©�«K¤M©�«�¥>¢�£�¦Näß¢�­�¬>¥§¦>¸ � Ã�¥t¥·°Á©�¬§¤q¥·°¡½�­¿¥>¦�¦¿®¯¢O«
äß¢O­m¤�Ã�¥@¤M® Ë ¥@©UÈ�¥>­M©D×O¥>¨�äß¢O­�¬§¥ FB

¢O«�¤MÃ�¥ x = 0 ½�±Õ©D¤�¥@®¯¦F¬§¢ Ë ½Á£Á¤M¥§¨
®³« � ¸"�Á¸ ÍÝÓ
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	 Z[> â =?IK^ ^�=?Z\=�0��DIR=?^ HJ@L> 0 Q�� H��?>AZDV ¸@Ï�®¯«�¥>©�­Ð½�±¯¢D¤Ö¢�ä~¤�Ã�¥ ¦�¬U©D±¯®¯«Á×�äß£�«�¬§¤�®¯¢O«
ΥB(L/lωs)

©�¦N©Òäß£�«�¬§¤�®¯¢O«�¢�ä L/lωs = (γ/κ)1/2ω
1/2
s L ¸

� Ã�¥1¨Á® Ë ¥>«�¦¿®¯¢O«�±³¥>¦¿¦�´5£ª©�«K¤M®S¤`Y ΥB
ºU¦�¥§¥ � ´�¸	V � ¸wÍ�¼�X·ºU®³¦�½�±¯¢D¤�¤M¥§¨@®¯« b ®³×O£�­�¥ � ¸"�@ÓU®S¤�®¯¦�«Á¢O« :WË ¢O«�¢D¤M¢O«�®³¬©�«�¨Ü¬eÃª©D«�×O¥>¦h¦�®³×O«²½	¥>­¿®¯¢<¨�®¯¬>©�±¯±^YO¸ � ®³È�¥>«Ø¤MÃ�¥R½�±Õ©p¤M¥>¦t×O¥§¢ Ë ¥·¤M­ YØ©�«�¨å¤�Ã�¥�¦¿Ãª© � ®¯«Á×
¤M­�©�«�¦¿±Õ©D¤�®¯¢O«ª©D±

®¯«KÈD©�­�®¯©�«�¬>¥DºK¤MÃ�¥|«Á¥§¤m«Á¢O­ Ë ©�±�¦¿¤�­�¥>¦¿¦ FB/L
d−1
‖

¨Á¥>½	¥>«�¨�¦�«�¥>®S¤MÃ�¥§­�¢O«�¤�Ã�¥q½Á±Õ©D¤�¥>¦�±Õ©D¤�¥>­M©D±	¥r°<¤M¥>«Á¦�®¯¢�«
L‖
«�¢O­�¢O«@¤�Ã�¥f¨�® Ë ¥>«�¦¿®¯¢O« d ¸ � Ã�¥�ä�©D¦¿¤ ©�«�¨H¦¿±¯¢��Ü¦¿Ãª© � ®¯«�×N©�¦ Y Ë ½Á¤�¢�¤M®³¬>¦�¬>©�«t¤�Ã5£�¦¾Âl¥f´5£ª©�±³®³¤e©p¤M®³È�¥>±^Y®¯«Áäß¥§­�­�¥§¨Ðäß­�¢ Ë ¨�® Ë ¥>«�¦¿®¯¢O«�©�±ç©�«�©�±ZY<¦�®³¦>¸ 
 ä1¤�Ã�¥ Ë ¥§¨�®¯£ Ë ®¯¦@¦¿±¯¢���±ZY
¦�Ã�© � ¥§«�V L/lω � 1 X·º�¤�Ã�¥o«�¥·¤äß¢O­�¬§¥�© Ë ½�±¯®S¤M£�¨�¥P¨�®SÈO¥§­�×O¥§¦o©�¦ l2ωs

∼ 1/ωs
¸ b ®¯­¿¦¿¤>º «Á¢�¤M®³¬>¥~¤�Ãª©D¤Ò©.¬>¢O«Á¦¿¤e©D«5¤Ò£�«�®³äß¢�­ Ë ¦�¢O£Á­�¬>¥ ηsÂl¥·¤ ��¥§¥>«Ü¤MÃÁ¥R½Á±Õ©D¤�¥>¦H®¯«�¨Á£�¬>¥§¦Ò©�«ØÃ�¢ Ë ¢O×O¥§«�¢O£�¦H«�¢O­ Ë ©D±ç¦¿¤�­�¥>¦¿¦�¢O«Ö¤MÃÁ¥~®³«�«�¥>­H¦¿®¯¨�¥P¢�ä1¤MÃ�¥R½�±Õ©p¤M¥

V x = 0+ X@¤MÃª©D¤h¦�¬>©�±¯¥§¦�«�¥§¬>¥§¦�¦M©D­�®¯±^YÜ©D¦ F>
B /L

d−1
‖ ∼ η2

sκ
−1L2 ¸ �¡¥>¬§¢O«�¨�º�¢O«²¤MÃÁ¥�±¯¥·än¤�Ã�©�«�¨Ü¦¿®¯¨�¥

¢�ä�¤MÃ�¥�½�±Õ©D¤�¥�V x < 0 X·º lωs

®³¦y¤MÃÁ¥Ò¢O«�±^Y
±³¥>«�×D¤MÃÔ¦¿¬U©�±³¥Ò©UÈD©�®¯±¯©�Â�±¯¥@¤�¢Ý¬>¢O«Á¦¿¤M­¿£�¬§¤@¤�Ã�¥Ò«�¢�­ Ë ©�±¾¦¿¤M­¿¥>¦¿¦
F<

B /L
d−1
‖ ∼ η2

sκ
−1l2ωs

¸ 
 «Ø¤�Ã�®¯¦@¦¿±¯¢���¦¿Ãª© � ®¯«�×�­�¥§×O® Ë ¥�¤�Ã�®¯¦H±Õ©p¤�¤M¥§­|¬>¢�«5¤�­�®³Â�£Á¤M®³¢O«Ö¨�¢ Ë ®¯«ª©p¤M¥>¦§º�¦�¢
¤MÃª©D¤ ΥB

½�±¯©D¤M¥>©�£�¦q¤�¢�©Ýéª«�®³¤�¥�ÈD©�±¯£Á¥�¸ � £�­¿«�®¯«�×�«Á¢ �(¤M¢Ý¤�Ã�¥ L/lω � 1 ±³® Ë ®³¤>ºª®³ä�¤MÃÁ¥o®¯«K¤M¥§­�½�±¯©D¤M¥¨�®¯¦`¤e©�«�¬§¥Ô×O¢<¥>¦R¤M¢Ü®³«Áéª«�®S¤`YOº�¤MÃ�¥
¤ ��¢%¦¿®¯¨�¥§¦�¢�ä@¤�Ã�¥Ô½�±¯©D¤M¥�ä�©�¬>¥
®¯¨�¥§«K¤M®¯¬>©�±N¦�¥ Ë ®N®¯«Áéª«Á®³¤M¥ Ë ¥>¨�®¯©Á¸
� ¢O«�¦�¥§´5£�¥>«K¤M±^YOº�¤�Ã�¥ Y
©�­¿¥�½�£�¦¿Ã�¥>¨Ö®³«.¢O½�½	¢O¦¿®³¤M¥h¨�®¯­¿¥>¬·¤M®¯¢�«�¦ ��®S¤MÃ.¤�Ã�¥�¦�© Ë ¥Ò© Ë ½�±¯®S¤M£�¨Á¥h©D«�¨.¤MÃ5£�¦
äß¥>¥>±N¢O«,©UÈO¥>­�©�×O¥
«�¢²«�¥·¤~äß¢�­�¬>¥D¸ �¡¢�ºf®¯«u¤MÃ�®³¦P±¯® Ë ®³¤ L/lω � 1 ¤MÃ�©D¤Ý©D±¯¦�¢Ø¬>¢�­�­�¥§¦�½	¢O«�¨�¦R¤M¢Öä�©�¦¿¤
¦�Ãª© � ®³«�×�©p¤FéÁ°¡¥>¨ L º FB

¨Á¥>¬U© Y<¦y¤�¢PÆ>¥>­¿¢�º�©�¦�¢OÂ�¦¿¥>­`ÈO¥>¨
®¯« b ®³×�¸�V � ¸"��X·¸
��¥§¤�£�­�«�®³«�×%¤M¢u¤MÃ�¥ Ë ¢O¦¿¤�­�¥ Ë ©D­ � ©�Â�±³¥Ôäß¥U©D¤�£�­�¥§¦>º b ®¯×Á¸ � ¸ �,©�«Á¨ � ´�¸ V � ¸ K]XÝ¦�Ã�¢��)¤�Ãª©D¤�¤MÃ�¥6 £�¬§¤�£ª©D¤�®¯¢O«�¦�¢Dä�©F£�«�®Säß¢O­ Ë ©�±³±ZYF¦¿Ãª© � ¥§« Ë ¥>¨�®³£ Ë ®¯«�¨�£Á¬>¥f¥§ãl¥>¬·¤M®³È�¥f®¯«K¤M¥§­�½�±¯©D¤M¥�äß¢�­�¬>¥§¦�¤MÃª©D¤�¦¿¤M­¿¢O«�×O±^Y

¨�®³ãl¥>­Näß­�¢ Ë FCasimir
¸ � ÃÁ¥ Y.©�­�¥h®¯«�¨�¥§¥>¨Ô¬§¢ Ë ½�±¯¥·¤M¥>±^YÝ¤M£Á«ª©�Â�±³¥h£�«Á±¯® � ¥h¤�Ã�¥>®³­y¥§´<£Á®¯±¯®³Â�­�®³£ Ë ©�«�©�±¯¢O×Á¸

� Ã�¥>®³­|¦�®³×O«�º�© Ë ½�±³®³¤�£�¨�¥t©�«�¨Ð­�©�«�×O¥Ò¬>©�«Ö©�±³±�Â	¥Ò¬>¢�«5¤�­�¢O±³±¯¥§¨Ô¥·°<¤M¥§­�«ª©D±¯±ZY�Â]Y.ÈD©�­ Y<®¯«�×�¤�Ã�¥Ò¦¿Ãª© � ®¯«�×
½l¥§­�®¯¢<¨�©�«�¨�© Ë ½�±¯®S¤M£�¨Á¥�¸

(*),+-)�� 02143�5 64783 9<;45 >?3 @BA*CDED> 3�C F G 6 Q]OP;K>NMD64Q]O @B> QPM*6 U @BAD7 
#> ;8IB;=5N3�C
A*;8@BQ	3

b ®³«ª©�±³±ZY.¤�Ã�¥Ý¬>©�¦�¥Ý¢Dä�¦¿¤M¢<¬eÃª©�¦`¤M®³¬�¦�Ã�© � ®¯«�×Ô¦¿¢O£�­¿¬>¥>¦o®³¦h¬§¢O«�¦¿®¯¨�¥§­�¥>¨�¸çæq¦ Ë ¥§«5¤�®¯¢O«Á¥>¨%©�Â	¢zÈO¥Dº�®³ä
η ®³¦t¤�Ã�¥ ��ÃÁ®³¤M¥~Ï¾©�«�×O¥·È<®¯«²«Á¢O®¯¦¿¥ Ë ¢<¨�¥>±³®¯«�×Ý¤�Ã�¥�¬§¢O£�½�±³®¯«�×�¤M¢.©
Ã�¥>©D¤�Â�©D¤MÃ�º�¤�Ã�¥�­¿¥>¦�£Á±³¤M®³«�×�éª¥>±³¨6 £�¬§¤�£ª©D¤�®¯¢O«�¦�®³«�¨�£�¬§¥Ô¤MÃ�¥§­ Ë ©�± � ©�¦¿® Ë ®¯­�®³«K¤M¥>­�©�¬§¤�®¯¢O«Á¦ÝÂl¥·¤ ��¥§¥>« ¤�Ã�¥Ð½�±¯©D¤M¥§¦>¸mæy«$Y ¢D¤MÃ�¥§­�«�¢O®¯¦ Y
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 � a�� � � ¸ � ��� =?OP=?IeCTB Z\=?>PQiC ¸�Ï�¢O× : ±¯¢O×å½�±¯¢D¤�¢�ä@¤�Ã�¥Ô­�©D¤M®³¢ ΥC(L/lΩs)/Ad
È�¥>­¿¦�£�¦ L/lΩs =

(γ/κ)1/2Ω
1/2
s L ¸ � Ã�¥Näß£Á±¯±�±³®¯«�¥m¬§¢O­�­¿¥>¦¿½l¢O«Á¨�¦�¤�¢ d = 3 ºO¤MÃ�¥�¨ª©D¦�Ã�¥§¨�±¯®³«�¥�¤�¢ d = 2 ©�«�¨P¤MÃ�¥�¨�¢D¤�¤M¥§¨±³®¯«�¥q¤�¢ d = 1 ¸

¦¿Ãª© � ®¯«�×å¨�­�®SÈO¥§¦�¤MÃ�¥.¦/Y<¦¿¤�¥ Ë ¢�£Á¤�¢DäH¥>´5£�®¯±³®¯Â�­¿®¯£ Ë ¸ Ä £ Ë ¥§­�¢O£Á¦�¥·°Á© Ë ½�±³¥>¦�¢DäH¥>±Õ©D¦¿¤M®³¬ Ë ©D¤�¥>­�®¯©�±¯¦
¦¿Ãª© � ¥§«ëÂ]Y f`©D¬§¤M®SÈO¥�a�¦¿¤�¢¡¬eÃ�©�¦¿¤�®¯¬Ô½�­¿¢¡¬§¥>¦¿¦�¥>¦�©D­�¥.½Á­�¢zÈ<®¯¨�¥§¨ëÂ$Y,Â�®³¢O±¯¢O×�®¯¬U©D±m¦/Y<¦¿¤�¥ Ë ¦>º1¥�¸¶×�¸m©�¬·¤M®SÈO¥Ë ¥ Ë ÂÁ­M©�«�¥§¦ � �N© Ë ©�¦���© Ë Y�¥§¤y©�±�¸³º�ÍDÎOÎOÎ���ºª©�¬·¤M®³« :WË Y�¢O¦�®³«�×O¥>±³¦ � Ï�¥>×�¢�ãÐ¥§¤y©�±�¸³ºl»�KLK�[ �¹ºª¥·¤M¬D¸

� ®³¤�Ã�¢O£Á¤�©p¤�¤M¥ Ë ½¡¤M®¯«Á×|¤M¢H¨�¥>¦¿¬>­¿®¯Â	¥y©D¬>¬>£Á­M©D¤�¥>±ZY�¤MÃ�¥F¦¿½l¥§¬>®³é�¬>¦�¢�äl¤�Ã�¥�«�¢O®³¦�¥F®¯«R©@×O®SÈO¥>«R¦/Y<¦`¤M¥ Ë º
�1¥Òäß¢¡¬§£�¦@Ã�¥§­�¥o¢O«Ð¤MÃÁ¥o¦�® Ë ½�±³¥�¬U©D¦�¥o¢�ä1©Ý¦�½�©D¤M®¯©�±¯±^Y
£Á«�¬>¢O­¿­�¥§±Õ©D¤�¥>¨Ð¬>¢�±¯¢O­¿¥>¨Ð«�¢O®³¦�¥o¢�ä�Æ§¥>­�¢ Ë ¥U©D«�º
¦¿¥>¥ � ®³«�×.äß¢O­H¤MÃ�¥~®¯« 6 £�¥>«�¬§¥�¢�ä�®S¤M¦t¬>¢O±³¢O­H¢O«²¤�Ã�¥�®³«5¤�¥>­¿½�±Õ©D¤�¥oäß¢O­�¬§¥�×O¥§«�¥>­�©D¤M¥§¨�¸ � ¥�¨�¥§¦�¬§­�®¯Â	¥~¤�Ã�¥6 £Á¬§¤M£�©D¤M®³¢O«�¦F¢�ä ¤MÃ�®³¦F«�¢O®³¦�¥HÂ]YÐÓ

〈η(~R, t)η(~R′, t′)〉 = η2
sa

dS(t− t′)δ(~R− ~R′), V � ¸³»UÎ]X
��Ã�¥§­�¥�¤�Ã�¥Ò¬§¢O­�­¿¥>±Õ©p¤M®¯¢�« S(t) ®¯¦y¨�¥§éª«Á¥>¨ÐÂ]YÔ®S¤M¦ b ¢�£�­�®³¥>­�¤M­M©D«�¦¿äß¢O­ Ë Sω

º�©�±¯¦¿¢�­�¥·äß¥>­¿­�¥>¨Ô¤�¢�©�¦q¤�Ã�¥
«�¢�®¯¦�¥@½	¢���¥§­�¦�½	¥>¬§¤�­�£ Ë Ó

Sω =
Ωs

Ω2
s + ω2

. V � ¸³»�»�X

 « � ´�¸eV � ¸S»zÎ]X a ®³¦q© Ë ®³¬>­�¢�¦�¬>¢�½�®¯¬H¨�®³¦¿¤e©D«�¬>¥h¬eÃ�¢O¦�¥§«Ð¦�¢R¤MÃª©D¤N¤MÃÁ¥ Ë ¥U©�«
¦�´5£ª©�­¿¥>¨Ô«�¢�®¯¦�¥t¦M©p¤M®¯¦`éª¥>¦
〈η2(~R, t)〉 = η2

s
¸�æy×K©�®¯« ηs

Ãª©�¦@¤�Ã�¥o¨�® Ë ¥>«Á¦�®¯¢�«Ð¢�äm©D«Ø¥§«�¥>­¿×_YÐ¨�¥§«�¦�®S¤`YO¸ � Ã�¥ ��Ã�®S¤M¥o«�¢�®¯¦�¥o±³® Ë ®³¤
¬§¢O­�­¿¥>¦�½	¢O«�¨Á¦�¤�¢ Ωs →∞ º���®S¤MÃ η2

s a
dΩ−1

s

� ¥§½Á¤q¬§¢O«�¦`¤e©�«K¤U¸
� Ã�¥ Ë ¥U©�«�«�¥·¤Näß¢�­�¬>¥ FC

¢O«�¤MÃÁ¥ x = 0 ½�±¯©D¤M¥@®³¦F¥·°Á©�¬§¤�±ZY�¬§¢ Ë ½�£Á¤M¥§¨
®³« � ¸"�¡¸"��Ó

FC =
η2

sa
d

κ

Ld−1
‖

Ld−2
ΥC

(
L

lΩs

)
. V � ¸³»zÍ�X

� Ã�¥H¨�® Ë ¥§«�¦�®³¢O«�±³¥>¦�¦1­M©D¤�®¯¢ ΥC/Ad
®³¦m½�±¯¢D¤�¤M¥§¨�®¯« b ®³×�¸ � ¸ � ºÁ£�¦�®³«�× � ´�¸�V � ¸"��Î]X·¸ � ¥@­¿¥>¬U©D±¯±�¤�Ãª©D¤ AdË ¥U©�¦¿£�­�¥§¦F¤MÃ�¥t© Ë ½�±¯®S¤M£�¨Á¥q¢�ä ¤MÃ�¥@¤�Ã�¥>­ Ë ©�± � ©�¦�® Ë ®³­�äß¢O­�¬§¥:V Ad = (d− 1)Γ(d/2)ζ(d)/(4π)d/2 Xr¸µ ¢�¦¿¤M½	¢O«�®³«�×@© Ë ¢O­¿¥1®³«KÈO¢O±SÈO¥>¨o¨Á®¯¦�¬§£�¦�¦¿®¯¢O«h¤M¢q«Á¥·°<¤�¦�¥§¬§¤�®¯¢O«�º �1¥m¥ Ë ½�Ãª©�¦¿®¯Æ§¥�Ã�¥§­�¥�¤�Ã�­�¥§¥�½	¢O®¯«K¤M¦§¸b ®³­�¦`¤Uº�¤�Ã�¥�¬>¢O±³¢O­o¢�äq¤�Ã�¥�«�¢O®³¦�¥�Ãª©�¦P«�¢Ø®¯« 6 £�¥>«�¬§¥
¢�« ¤�Ã�¥�¦�®¯×�«,¢�äy¤MÃ�¥�äß¢O­¿¬>¥ÖÓç¤MÃÁ¥�¤ �1¢å½Á±Õ©D¤�¥>¦

©D¤¿¤M­�©�¬§¤@¥>©�¬eÃÖ¢�¤MÃÁ¥>­���Ãª©p¤M¥§È�¥>­ Ωs
©�«Á¨ ηs

¸ �¡¥>¬§¢O«�¨�º ΥC
¨�¥§¬>­�¥>©�¦�¥§¦ Ë ¢O«Á¢�¤M¢O«Á®¯¬U©D±¯±ZY ��®³¤MÃ L/lΩs

º



��� �������	��
����
��������������� ����� - ���������	���������������	����� �����!�"�	������� �������#�!���#��
��$���%�����!�

®¯«Ü¢�¤�Ã�¥>­ ��¢�­�¨�¦Ò¤�Ã�¥�±¯©�­�×O¥§­t¤�Ã�¥Ý«�¢�®¯¦�¥~¬>¢O­¿­�¥§±Õ©D¤�®¯¢O«Ö¤M® Ë ¥ Ω−1
s
º ¤�Ã�¥Ý¦`¤M­�¢�«�×O¥>­h¤MÃ�¥Räß¢O­�¬§¥�äß¥>±S¤�Â]Y

¤MÃ�¥@¤ �1¢R½Á±Õ©D¤�¥>¦>¸ � Ã�®¯­¿¨�º b ®³×�¸�V � ¸ � X1®¯«�¨Á®¯¬U©p¤M¥>¦1¤MÃª©D¤ ΥC(u)/Ad
¨�¥§¬U© Y<¦q©D¦ 1/(2u2) ��Ã�¥>« u� 1 ¸� Ã�®¯¦R® Ë ½�±¯®³¥>¦t¤MÃª©D¤P¤�Ã�¥�©D¤�¤�­M©�¬·¤M®¯¢�« ®³¦o±¯¢O«Á× : ­�©�«�×O¥§¨,©D«�¨,¨Á¥>¬U© Y<¦�¢�«�±ZYÜ©�±¯×O¥§Â�­M©D®¯¬U©D±¯±ZY ��®S¤MÃ%¤MÃ�¥

®¯«K¤M¥§­�½�±¯©D¤M¥h¨�®¯¦`¤e©�«�¬§¥�¸	æ�¬>¢�«�«�¥>¬·¤M®³¢O« ��®³¤�Ã.¤MÃÁ¥ � ©�¦�® Ë ®³­�­�¥>¦¿£�±³¤|©�½�½	¥U©�­¿¦|®¯«�¤MÃ�®³¦q­¿¥>×O® Ë ¥RÓ�®Sä�¢O«�¥
¦�¥§¤�¦ η2

sa
dΩ−1

s = 2γkBT
ºl¤�Ã�¥>«Ð®³«.¤MÃ�¥�±¯® Ë ®³¤�«Á¢O®¯¦¿¥�±¯® Ë ®S¤ Ωs → ∞ º FC

¬>¢�«5È�¥>­¿×O¥>¦t©�¦|¥r°¡½l¥§¬§¤M¥§¨
¤M¢ FCasimir = AdkBTL

d−1
‖ /Ld ¸

� ¢Ý¬>¢�«�¬>±³£�¨�¥�º���¥oÃ�©zÈ�¥o¦�Ã�¢���«Ð¤MÃ�©D¤ � ©�¦¿® Ë ®¯­ : ±¯® � ¥t©D¤¿¤M­M©D¬§¤M®³¢O«�¦N¬U©�«ÐÂ	¥Ò®³«�¨�£�¬§¥>¨ÐÂ]YÔ¬§¢O±¯¢O­¿¥>¨
«�¢O®¯¦ YH¦�Ãª© � ®³«�×�¸ � Ã�¥§¦�¥F©p¤�¤M­�©�¬§¤�®¯¢O«Á¦�¨�¥>¬>©�Yh©�±³×O¥>ÂÁ­M©�®³¬U©�±³±ZYy©D¤�±¯¢O«�×�¨�®³¦¿¤M©�«�¬>¥1©�¦¾®¯«H¤MÃÁ¥�¤�Ã�¥>­ Ë ©�±K¬>©�¦�¥
©�«�¨�¬>¢O«K¤M­�©�­/Y�¤�¢o¤MÃ�¥@¤ �1¢Räß¢O­ Ë ¥§­ Ë ¢�«�¢¡¬eÃÁ­�¢ Ë ©D¤M®³¬q¬>©�¦�¥§¦>¸ � Ã�¥>®³­�© Ë ½Á±¯®³¤�£�¨�¥|¨Á¥>½	¥>«�¨
¥·°¡½�±¯®³¬>®S¤M±ZY
¢O«�¤�Ã�¥ Ë ©p¤M¥>­¿®Õ©�±l½�­�¢�½l¥§­¿¤M®³¥>¦�©�«Á¨�¤�Ã�¥>®³­F¦�¬U©D±¯®¯«Á×o¢O«�¤MÃ�¥H«�¢O®³¦�¥@¬§¢O±¯¢O­§¸

����� � F�)
G ���JB����g�� ���%3�" C��$� %3�"�
	 
��*�4)$�/0��" )2��)$0 ���������

 «�¤�Ã�®¯¦~¦�¥>¬·¤M®³¢O« ��¥Ð½Á­�¢zÈ<®¯¨�¥Ð© Ë ¢O­¿¥.¨�¥·¤e©�®³±¯¥§¨ë©�«ª©�±^Y<¦�®¯¦R¢�äH¤MÃÁ¥Ô®¯«K¤M¥§­M©�¬·¤M®³¢O«�¦�®³«�¨�£�¬§¥>¨ëÂ]Y

¤MÃ�¥�¤�Ã�­�¥§¥ � ®¯«Á¨Ü¢�äF¦¿Ãª© � ®¯«�×�¦�Ó ®¯«Ü©D¨�¨�®³¤�®¯¢O«Ö¤M¢�¤MÃ�¥�¥·°¡½�±¯®³¬>®S¤h¨Á¥>­�®SÈD©D¤M®³¢O«å¢Däm¤MÃ�¥�©UÈO¥>­�©�×O¥Ý¢Däm¤MÃ�¥
¬>¢O­¿­�¥>¦¿½l¢�«�¨�®¯«Á×Räß¢O­¿¬>¥§¦>º	�1¥�©�±³¦�¢o¬§¢ Ë~Ë ¥>«K¤�¢O«�¤MÃÁ¥>®¯­m¤�¥ Ë ½l¢�­M©�± 6 £�¬§¤�£ª©D¤�®¯¢O«�¦§¸

� ¥o¦¿¤M©�­¿¤ ��®³¤�ÃÔ¤MÃ�¥P¨�¥§­�®SÈ�©p¤M®¯¢�«Ô¢�ä�¤MÃ�¥o¤M¢<¢O± ¤MÃª©D¤ ��®³±¯±�©�±¯±³¢ �(£�¦|¤�¢�¬>¢ Ë ½�£Á¤�¥P¤�Ã�¥Òäß¢O­¿¬>¥>¦H¢O«
¤MÃ�¥ x = 0 ½�±¯©D¤M¥o®³«²©D±¯±ç¦¿®³¤M£�©D¤M®³¢O«�¦>º�«�© Ë ¥§±ZY
¤MÃ�¥R±¯®³«�¥U©�­@­¿¥>¦¿½l¢O«Á¦�¥Päß£�«�¬§¤�®¯¢O« ∂xR

¢�ä�¤�Ã�¥Ré�¥>±¯¨�ÑÅ¦
×O­M©�¨Á®¯¥>«K¤t©D¤q¤MÃ�¥o¦¿£�­¿ä�©�¬§¥P¢�äf¤MÃ�¥P½�±¯©D¤M¥�¤�¢�©�½l¢O®³«K¤ : ±³® � ¥�¦�Ã�© � ¥§­t®³«Ô¤MÃ�¥ Ë ¥>¨Á®¯£ Ë V�Â]YÐ¨�¥·éª«�®S¤M®¯¢�«�º
¤MÃ�¥ � ¥§­�«�¥§±

R
®³¦Ò¤MÃ�¥�¦�¢O±³£Á¤M®³¢O«%¢�äy¤MÃ�¥�¨ Y<«ª© Ë ®¯¬�¥§´<£�©D¤M®³¢O«�¦ V � ¸S»Oº � ¸ Í�X·º ��®S¤MÃ η(~R, t) = δ(~R −

~R′)δ(t− t′) Xr¸ � ¥F¬§¢ Ë ½�£Á¤M¥m¤�Ã�®¯¦�´<£�©�«K¤M®³¤`YÒ£�¦�®³«�×H©�«P® Ë ©�×O¥ Ë ¥·¤MÃ�¢<¨ ��Ã�®¯¬eÃR¬>¢�«5È�¥ Y<¦1©�«P®¯«K¤M£�®S¤M®SÈO¥½�®¯¬·¤M£�­¿¥ � d
¢O­�¦¿¥�©D«�¨ � ¸ b ¥§¦�Ã5Âª©�¬eÃ�º¾»�K�& ����ÓÁ©D¦m®¯«~¥>±¯¥§¬§¤�­�¢O¦`¤e©D¤�®¯¬>¦§º<¤�Ã�¥>¦¿¥|¥>´5£ª©p¤M®¯¢�«�¦m¬U©D«ÝÂl¥y¦�¢O±SÈO¥§¨
­�¥>½Á±Õ©�¬§®¯«�×t¤MÃ�¥|¬§¢O«�¦`¤M­M©D®¯«K¤F©D¤1¤MÃ�¥qÂl¢O£Á«�¨ª©�­¿®¯¥>¦ V � ¸ Í�XfÂ$YR¤MÃÁ¥@©�¨�¨�®S¤M®³¢O«~¢Dä ©�«�©�¨�Ã�¢<¬q¨Á®¯¦¿¤�­�®³Â�£Á¤M®³¢O«¢�ä�® Ë ©D×O¥|¦�¢�£�­�¬§¥>¦N¢O£Á¤M¦¿®¯¨�¥@¤�Ã�¥H®¯«K¤M¥§×O­M©D¤�®¯¢O«�¨�¢ Ë ©�®¯«�¸

� ¥Ý¬>¢�«�¦�®³¨�¥>­téª­�¦`¤P©.¦�Ã�© � ®¯«�×Ð¦¿¢O£�­�¬§¥Ý±¯¢<¬U©p¤M¥>¨²®¯«å¤�Ã�¥Ý®³«5¤�¥>­¿½�±Õ©D¤�¥�­¿¥>×O®³¢O« 0 < x′ < L ©�«Á¨
¬>¢ Ë ½�£Á¤�¥N¤�Ã�¥q­¿¥>¦�½	¢O«�¦¿¥ ∂xR

> ¢O«R¤MÃ�¥ x = 0+ ¦¿®¯¨�¥N¢�ä�¤�Ã�¥N½�±Õ©D¤�¥�¸ 
 «~¤�Ã�¥N½�­�¥§¦�¥>«K¤F¦¿±Õ©�ÂR×O¥§¢ Ë ¥·¤M­ YOº
¤MÃ�¥Ò® Ë ©D×O¥>¦y©�­�¥t¤MÃ�¥ Ë ®³­�­¿¢O­�® Ë ©�×O¥>¦N¢�ä�¤�Ã�¥�¢O­¿®¯×O®³«ª©�±�¦¿¢O£�­�¬§¥�¤MÃÁ­�¢O£�×�Ã.È<®¯­¿¤�£ª©�± ­�¥ 6 ¥>¬·¤M®¯«Á×Ý½�±Õ©D«�¥>¦
±¯¢<¬U©D¤�¥>¨Ô©p¤ x = nL ©�¦q¨�¥§½�®¯¬·¤M¥§¨Ô®¯« b ®¯×�¸ � ¸ &¡¸ � ¢O«Á¦�¥>´5£�¥§«K¤M±ZY�º�¤MÃÁ¥�­�¥§¦�½	¢O«�¦¿¥ R>

ω,q(x, x
′) ¬U©�«.Âl¥¥·°¡½�­�¥§¦�¦¿¥>¨Ö©�¦�©�«�®¯«¡éª«�®³¤�¥|¦�£ Ë ¢^È�¥>­N©�±³±�¤MÃ�¥H® Ë ©�×�¥>¦m¬§¢O«K¤M­�®³Â�£Á¤�®¯¢O«�¦@Ó

R
>
ω,q(x, x

′) =
∑

n∈Z

Rω,q (2nL+ x′ − x) V � ¸S»��]X

−
∑

n∈Z

Rω,q (2nL− x′ − x) ,

��Ã�¥>­¿¥
R
¤�Ã�¥H¨�®³ãl£�¦�®³¢O« � ¥§­�«�¥§±¾®¯«�©�«�®¯«Áé�«�®³¤�¥@¨�¢ Ë ©�®¯«ÐÓ

Rω,q(x, x
′) =

exp
(
−
√
q2 + i l−2

ω |x− x′|
)

2κ
√
q2 + i l−2

ω

, V � ¸S» � X

��®³¤MÃ √−1 ≡ i ¸ µ ¥>­¿äß¢�­ Ë ®¯«�×�¤MÃ�¥~¦�£ Ë V � ¸S»��]Xt©�«�¨²¤M© � ®¯«�×�¤MÃ�¥�¨�¥>­¿®³ÈD©D¤M®SÈO¥ ��®³¤MÃå­�¥§¦�½	¥>¬§¤o¤�¢ xY¡®³¥>±³¨�¦HÓ

∂xR
>
ω,q(0, x

′) =
sinh

[√
(qL)2 + i(L/lω)2(1− x′/L)

]

κ sinh
[√

(qL)2 + i(L/lω)2
] . V � ¸S»�&�X

æ�¦¿® Ë ½�±¯¥§­�¬U©D±¯¬>£Á±Õ©D¤�®¯¢O«,¬U©�« Â	¥Ð¬U©�­¿­�®¯¥§¨ ¢O£Á¤�®Sät¤�Ã�¥Ð¦�¢�£�­�¬§¥Ø®³¦Ý®¯«�¤�Ã�¥Ö«�¥>×O©D¤M®SÈO¥ x ­�¥>×�®¯¢O«
V x′ < 0 Xr¸ 
 «Ø¤�Ã�®¯¦@¬>©�¦�¥o¤�Ã�¥P¢O«�±ZY
® Ë ©�×O¥�¦�¢O£�­¿¬>¥P®¯¦|¤�Ã�¥P¦/Y ËRË ¥·¤M­�®³¬Ò®¯«Ô¤�Ã�¥ x = 0 ½�±¯©�«�¥o¢�äf¤�Ã�¥
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PSfrag replacements

0

L

2L
3L
−L

−2L

x0

ΥA(L/Lωs
)

b�
 � a�� � � ¸'& � �q®¯¦`¤M­¿®¯Â�£Á¤�®¯¢O«h¢�äª¤MÃÁ¥m® Ë ©�×O¥�¦�¢O£Á­�¬>¥§¦çäß¢O­�¤�Ã�¥�¤ �1¢H½�±Õ©D¤�¥>¦�×O¥>¢ Ë ¥§¤�­/Y�©�«�¨ �y®¯­�®³¬eÃ�±¯¥·¤Â	¢O£�«�¨�©�­/Yq¬>¢O«�¨Á®³¤M®³¢O«�¦§¸ � Ã�¥�éª±³±¯¥>¨@¬§®¯­¿¬>±¯¥�®¯¦�¤MÃÁ¥�¢O­�®³×O®¯«ª©D±D¦¿¢O£�­�¬§¥�©�«�¨@¤MÃ�¥f¨ª©D¦�Ã�¥§¨h¬§®¯­�¬§±¯¥§¦�®³¤M¦ Ë ®³­�­�¢�­
® Ë ©�×�¥>¦

¢O­¿®¯×O®³«ª©�±l¦�¢O£�­¿¬>¥Dºl¦¿¢R¤�Ãª©D¤N¤MÃ�¥t­�¥§¦�½	¢O«�¦�¥h¢�ä�¤�Ã�¥Héª¥>±³¨
×O­�©�¨�®³¥>«K¤N¢O«
¤�Ã�¥ x = 0− ¦¿®¯¨�¥t¢�ä�¤�Ã�¥t½�±Õ©D¤�¥
®³¦F¨�¥>¦¿¬>­�®³Âl¥§¨
Â]YÐÓ

∂xR
<
ω,q(0, x

′) =
e−
√

(qx′)2+i(x′/lω)2

κ
. V � ¸³» []X

(W)��W) . � ;K> 68IB@BL?3�C�� 3�5N@B;KCD@B> / MD6 U @BAD7W)

 äN¤MÃ�¥�¢O«�±^Y²¨Á­�®³È<®³«�×Ð®¯¦P©Ð¦�®³«�×O±³¥ Ë ¢�«�¢¡¬eÃÁ­�¢ Ë ©D¤M®³¬�¦¿Ãª© � ¥§­P±¯¢<¬U©D¤�¥>¨uÂl¥·¤ ��¥§¥>« ¤MÃ�¥�½�±¯©D¤M¥§¦o©D¤

x = xs
º

η = ηsa
dδ(x− xs)δ(r) cos(ωst),

V � ¸³»z¼�X
¤�Ã�¥>«�¤MÃ�¥H×O¥§«�¥>­�©�±¾¥·°¡½�­�¥§¦�¦¿®¯¢O«Ô¢Dä�¤�Ã�¥h«Á¥§¤Näß¢O­�¬§¥h©D¬§¤M®³«�×R¢O«�¤�Ã�¥ x = 0 ½�±Õ©D¤�¥H®¯¦�¦�® Ë ½�±^YÝ¢OÂ¡¤e©�®³«�¥>¨äß­¿¢ Ë ¤�Ã�¥H¨�¥§éª«Á®³¤M®³¢O«�¢�ä ¤MÃ�¥H­¿¥>¦�½	¢O«�¦¿¥täß£Á«�¬§¤�®¯¢O« ∂xR

> � Ó

F (t) =
−κ(ηsa

d)2

4

[∫

q

∣∣∂xR
>
ωs,q(0, xs)

∣∣2
]
× V � ¸S»0c]X

[1 + cos(2ωst)] ,

� Ã�¥§­�¥N®¯¦f¢OÂKÈ<®¯¢O£Á¦�±ZYP«Á¢täß¢O­¿¬>¥N¢O«P¤MÃ�¥N±¯¥·än¤1¦¿®¯¨�¥�¢�äl¤MÃ�¥N½�±¯©D¤M¥DºK¦�¢h¤�Ãª©D¤�£�¦¿®¯«�×2V � ¸S»�&�X��1¥y¢�ÂÁ¤e©�®³«R¤�Ã�¥¥r°�©D¬§¤|¥r°¡½�­�¥§¦�¦�®³¢O«.äß¢O­F¤�Ã�¥�®³«�¦¿¤M©�«K¤e©�«�¥§¢O£�¦�äß¢O­�¬§¥�¢O«�¤MÃ�®³¦�½�±Õ©D¤�¥�¸ 
 ¤M¦N¤M® Ë ¥H©UÈO¥§­M©�×�¥ F>
A
¨�¥§¦�¬>­¿®¯Â	¥>¦

©o­�¥§½�£�±³¦�®¯¢�«�Â	¥§¤ �1¥>¥§«
¤�Ã�¥H½�±Õ©D¤�¥>¦@Ó

F>
A (xs, ωs) = −(ηsa

d)2

κLd−1
ΥA

(
xs

L
,
L

lωs

) V � ¸³» K]X

��®S¤MÃ�º

ΥA(u, v) =
1

4

∫

q

∣∣∣∣∣∣

sinh
[√

q2 + iv2 (1− u)
]

sinh(
√
q2 + iv2)

∣∣∣∣∣∣

2

. V � ¸wÍDÎ]X

� ¥@«�¢�� ×�®³ÈO¥H©Ò¬§±¯¢O¦¿¥>­F±³¢¡¢ � ©D¤m¤�Ã�¥H©�¦ Y Ë ½Á¤�¢�¤M®³¬>¦F¬>¢�­�­�¥§¦�½	¢O«�¨�®³«�×Ò¤M¢o¤�Ã�¥|ä�©�¦¿¤N©D«�¨�¦�±³¢ �ê¦�Ã�© � ®¯«�×
±³® Ë ®³¤M¦§¸

���
	���
�	���������	�������������	�� �!��
"�$#%�
��&'� 	���&(� �*)(�*+��-,.��	��-/0�*+�)1
���&2#��$���3	����
4"�!�5+��*)(+�&����$67�8&������(/(�9&-�:#�,;�-� ���=<�>
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��
 ��� � � � ¸\[ �ÝÏ�¢O× : ±¯¢O×h½�±¯¢D¤�¢�ä¾¤MÃ�¥H¦�¬>©�±¯®³«�×Òäß£�«�¬·¤M®³¢O« ΥA(xs/L, 0) ÈO¥§­�¦¿£�¦ xs/L
¸ � Ã�®¯¦�¬§¢O­�­¿¥>¦ :

½l¢O«Á¨�¦|¤M¢�¬>©�¦�¥oæ2®³«.¤MÃ�¥o´5£ª©D¦�® : ¦¿¤M©D¤M®³¬�±¯® Ë ®S¤ L/lωs � 1 ¸ � Ã�¥Òäß£�±¯±�±¯®³«�¥�¬§¢O­�­¿¥>¦�½	¢O«�¨Á¦|¤M¢ d = 3 º¤MÃ�¥H¨ª©�¦¿Ã�¥>¨
¢O«�¥@¤M¢ d = 2 ©�«�¨�¤MÃÁ¥t¨Á¢�¤�¤�¥>¨�±¯®¯«Á¥q¤M¢ d = 1

� ���N� � � � ���P��� � ��
!� ����� � -
� ¥�éª­�¦`¤�¬§¢O«�¦¿®¯¨�¥§­¾¤�Ã�¥f­�¥§×O® Ë ¥���Ã�¥§­�¥f¤MÃ�¥f¨�­¿®³È<®¯«�×F½	¥>­¿®¯¢<¨@®¯¦ Ë £�¬eÃt±Õ©D­�×O¥§­�¤MÃª©D«t¤�Ã�¥f­�¥>±¯©p°Á©D¤M®³¢O«

¤M® Ë ¥�¢�ä�©D«$YR®³«5¤�¥>­¿½�±Õ©D¤�¥Féª¥>±³¨~¨�¥·äß¢O­ Ë ©D¤�®¯¢O«�º�®¹¸¶¥�¸K¤MÃ�¥N¨ Y<«ª© Ë ®¯¬>©�±ª±¯¥§«�×�¤�Ã~®³¦ Ë £Á¬eÃ�±Õ©D­�×O¥§­f¤�Ãª©�«P¤MÃ�¥
®¯«K¤M¥§­�½�±¯©D¤M¥@¨�®³¦¿¤M©�«�¬>¥ V L/lωs � 1 X·¸� Ã�¥@±³® Ë ®³¤�®¯«�×|ÈD©�±³£�¥ ΥA(u, 0) ¬U©�«�Â	¥@¥·°Á©�¬·¤M±ZY~¬>¢ Ë ½�£¡¤M¥>¨�Â]YÝ®³«K¤M¥>×�­M©D¤�®¯«�×h¢^È�¥>­m¤�Ã�¥@®¯«Ý½Á±Õ©�«�¥
q
Ë ¢<¨�¥>¦yÂl¥·äß¢O­�¥Ò¦¿£ ËRË ®³«�×�£�½Ø©�±³± ¤�Ã�¥Ò¬§¢O«K¤M­�®³Â�£Á¤�®¯¢O«�¦Näß­�¢ Ë ©�±³±�® Ë ©�×�¥>¦q®³« � ´5¦>¸4V � ¸³» �Áº � ¸³»���X·¸ 
 ä

d = 3 ΥA(u, 0) = ∂u [π (1− u) cot (πu)− 2Γu+ 2 (1− u)ψ (u)] /(32π) º���®³¤�Ã ψ ¤MÃ�¥ � £�±³¥>­
ψ
: äß£�«�¬§¤�®¯¢O«�º�©�«�¨ Γ ¤�Ã�¥ � £Á±¯¥>­�¬§¢O«�¦¿¤M©�«K¤ � � ­�©�¨�¦`¤M¥>®³«�©�«�¨ � Y<Æ>ÃÁ® � º�»�K��K¼��¹ºª®Sä d = 2 º ΥA(u, 0) =

[1 + π (1− u) cot(πu)] /(8π) º¾©�«�¨å®³ä d = 1 º ΥA(u, 0) = (1 − u)2/4 ¸ � Ã�¥R¦�¬>©�±¯®³«�×�äß£�«�¬·¤M®¯¢�«
ΥA(xs/L, 0) ®¯¦�½�±³¢�¤�¤�¥>¨P®¯« � ®³×O£�­¿¥ � ¸'[ Vß±¯¢O× : ±¯¢O×y½�±¯¢D¤ X·¸ � Ã�¥Fä�©�¦¿¤�¨�¥§¬U© Yoäß¢O­çÈD©�±¯£Á¥>¦�¢�ä xs/L

±Õ©�­¿×O¥>­
¤MÃª©�« 1

2
��®³¤�«�¥>¦¿¦�¥>¦F¤�Ãª©D¤m¤�Ã�¥@¥>±¯©�¦¿¤�®¯¬|¨�®³¦¿¤�¢O­¿¤�®¯¢O«�¦�©�­�¥@¥§¦�¦¿¥>«K¤M®¯©�±¯±^Y�¢<¬>¬§£�­�­¿®¯«�×o®³«Ý¤MÃ�¥ L/2 < x < L­�¥>×�®¯¢O«�¸ � ¢O«KÈO¥>­¿¦�¥§±ZY�©o¦�Ãª© � ¥>­N¬>±³¢O¦�¥|¤�¢ x = 0 ®³«�¨�£�¬§¥>¦�¦¿¤�­�¢O«�×oÈD©�­¿®Õ©D¤�®¯¢O«�¦�¢�ä�¤�Ã�¥@¥>±¯©�¦¿¤�®¯¬|éª¥§±¯¨�®¯«¤MÃ�¥ÒÈ<®¯¬§®¯«�®S¤`Y�¢�äf¤MÃ�¥�½�±Õ©D¤�¥�º	±¯¥>©�¨�®¯«Á×~¤M¢�©D«Ö©�±¯×O¥§Â�­M©D®¯¬t¨�®³È�¥>­�×�¥>«�¬§¥o¢�ä�¤MÃ�¥häß¢O­�¬§¥ ��Ã�¥>« xs/L → 0V�®³ä d > 1 Xr¸� Ã�¥yäß¢O­¿¬>¥�¨�¥§½l¥§«�¨�¥>«Á¬>¥|¢O«P¤MÃÁ¥y¦¿Ãª© � ¥§­1½	¢O¦¿®³¤M®³¢O«�ºO¬>©�«~©�±¯¦¿¢hÂ	¥�´<£�©�±¯®S¤e©D¤�®³ÈO¥§±ZYh£�«�¨�¥§­�¦`¤M¢<¢¡¨R¤MÃª©�« � ¦

¤M¢t©�«R¥>±¯¥§¬§¤�­�¢O¦`¤e©D¤�®¯¬F©�«�©�±¯¢O× YO¸ 
 «P¤MÃÁ¥N½Á­�¥>¦¿¥>«K¤1´<£�©�¦�® : ¦¿¤M©D¤M®³¬m±¯® Ë ®S¤Uºz¤MÃÁ¥ � ¥>­¿«�¥>±
R>

ωs

¬>¢O­¿­�¥§¦�½	¢O«�¨�¦�¤M¢
¤MÃ�¥h®¯«KÈO¥§­�¦�¥h¢�äç¤�Ã�¥�Ï¾©�½Á±Õ©�¬§¥h¢O½	¥>­�©D¤M¢�­ V ��®³¤�Ã � 
 � ¢O«
¤�Ã�¥�½�±¯©D¤M¥§¦<Xr¸ � ¢O«�¦�¥§´5£�¥>«K¤M±^Y φ ½�±¯©�Y<¦�¤MÃ�¥­�¢O±³¥m¢�äl©�«P¥>±³¥>¬§¤�­�¢O¦`¤e©D¤�®¯¬m½	¢�¤�¥>«K¤M®¯©�±¹º^¤MÃ�¥F½Á±Õ©D¤�¥>¦ Ë ® Ë ®¯¬1©|×O­�¢�£�«�¨�¥§¨R½Á±Õ©�«ª©D­ç¬U©�½�©�¬>®S¤e©�«�¬§¥�ºK©D«�¨Ò¤MÃ�¥
¦�Ãª© � ®³«�×�¦¿¢O£�­�¬§¥Ò©P½l¢�®¯«K¤N±¯® � ¥H½ª©�­¿¤�®¯¬§±¯¥HÂl¥>©�­�®³«�×R©~¬eÃª©D­�×O¥ ηsa

d ¸ � Ã�¥Häß¢O­¿¬>¥t¢O«
¤�Ã�¥h½Á±Õ©D¤�¥t®³¦F¤MÃ�¥§«
©�«ª©�±³¢O×O¢O£�¦�¤�¢t¤�Ã�¥y¥§±¯¥§¬§¤M­¿¢O¦¿¤M©D¤M®³¬Fäß¢O­�¬§¥y½�­¿¢¡¨Á£�¬>¥§¨�Â]YR©h½	¢O®¯«K¤�±¯® � ¥F¬eÃª©D­�×O¥ � 9O©�¬ � ¦¿¢O«�º¾»�KLKLK �¹¸ � ­¿¢ Ë
¤MÃ�¥H® Ë ©�×O¥y¥·°¡½ª©�«Á¦�®¯¢�«%V � ¸³» �]X �1¥ � «�¢��ì¤�Ãª©D¤m¤�Ã�®¯¦mäß¢�­�¬>¥@®³¦F®¯¨�¥§«K¤M®¯¬>©�±�¤�¢Ò¤MÃ�¥H¢O«�¥@½Á­�¢<¨�£�¬>¥§¨
¢�«
©
È¡®³­¿¤�£ª©�±�½�±¯©�«�¥h©D¤ x = 0 Â]Y
©�«�®¯«Áé�«�®³¤�¥t«5£ Ë Âl¥§­y¢�ä (+ηsa

d) ¬eÃª©D­�×O¥§¦y±³¢¡¬>©D¤M¥§¨.©D¤ x = 2nL + xs©�«�¨�¢�ä (−ηsa
d) ¬eÃª©�­¿×O¥>¦N©D¤ x = 2nL− xs

¸ � ¥>«�¬§¥~Ó
� 
 ä xs < L V�¬D¸¶ä � ®³×�¸ � ¸ &_XNÓ¡¤�Ã�¥|¥§±¯¥>¬·¤M­¿®¯¬yé�¥>±¯¨�¢�«�¤MÃ�¥q½�±Õ©D¤�¥q¦¿£�­¿ä�©�¬§¥@®¯¦1¨�¢ Ë ®¯«ª©D¤�¥>¨~Â$Y~¤MÃ�¥q® Ë ©�×O¥¬eÃª©�­�×�¥>¦~©D¤ |x| = xs

º�¦�¢ F ∼ −(ηsa
d)2/(κxd−1

s ) ¸ � ®³×OÃ�¥§­o¢O­�¨�¥§­o­�¥ 6 ¥>¬·¤M®¯¢�«�¦P½�­�¢<¨�£�¬§¥�® Ë ©D×O¥¦�¢O£�­¿¬>¥§¦P¤�Ãª©D¤Òäß¢�­ Ë ¨Á®¯½	¢O±¯¥§¦hÈ<®¯¥ ��¥§¨uäß­¿¢ Ë x = 0 ¸ � Ã�¥>®³­Ò¦�£ÁÂl¨�¢ Ë ®³«ª©�«K¤o¬>¢�«5¤�­�®³Â�£Á¤M®³¢O«�¦t¤M¢Ô¤MÃÁ¥
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 � � � � � ¸ ¼ �²Ï�¢O× : ±¯®¯«Á¥U©�­@½�±³¢�¤h¢�äF¤MÃ�¥�¦�¬U©D±¯®¯«Á×
äß£�«�¬·¤M®³¢O« Υ̃A
¸ � Ã�¥�äß£Á±¯±�±¯®¯«Á¥~¬§¢O­�­¿¥>¦�½	¢O«�¨Á¦�¤M¢

d = 3 º¡¤MÃ�¥H¨ª©�¦¿Ã�¥>¨
±¯®³«�¥q¤M¢ d = 2 ©�«�¨�¤MÃ�¥H¨�¢D¤�¤M¥§¨
±³®¯«�¥y¤M¢ d = 1

¥§±¯¥>¬·¤M­¿¢O¦¿¤M©D¤M®³¬Näß¢O­¿¬>¥q©�¬§¤�£ª©�±¯±^YP­�¥§¨�£�¬>¥y¤MÃ�¥@©DÂl¢zÈO¥q¥>¦¿¤�® Ë ©D¤M®³¢O«�¸ � Ã�®³¦�® Ë ½�±³®¯¥§¦f¤�Ãª©D¤1¤MÃ�¥Näß£�­¿¤�Ã�¥>­�¤�Ã�¥
¦¿¥>¬>¢�«�¨
½Á±Õ©D¤�¥�ºÁ¤�Ã�¥HÂ�®¯×O×�¥>­m¤MÃÁ¥Häß¢�­�¬>¥H½�­¿¢¡¨Á£�¬>¥§¨
Â]Y�©P¦�®³«�×O±¯¥q¦�Ãª© � ¥>­§¸
�<®Sä xs ∼ L V�¬D¸¶ä � ®³×�¸ V � ¸'&�X XRÓ�¤MÃÁ¥Ý® Ë ©�×O¥R¬eÃª©�­¿×O¥>¦oäß¢O­ Ë ¨Á®¯½	¢O±¯¥§¦�±¯¢<¬U©p¤M¥>¨Ü©D¤ x = (2n + 1)L ¸� Ã�¥.¥>±¯¥§¬§¤�­�®¯¬
éª¥>±³¨�¢O«�¤MÃÁ¥Ð½�±Õ©D¤�¥.®³¦�¨�¢ Ë ®¯«�©D¤M¥§¨�Â]Y,¤�Ã�¥Ð®¯« 6 £�¥>«�¬§¥Ð¢�ä@¤MÃÁ¥Ô¨�®¯½	¢O±³¥
±³¢¡¬>©D¤M¥§¨ë©D¤
|x| = L Vß¤�Ã�¥H¬>±¯¢�¦�¥>¦`¤yäß­¿¢ Ë ¤�Ã�¥ x = 0 ½�±Õ©p¤M¥�Xr¸ � Ã�¥Häß¢O­�¬§¥t¤�Ã�¥>­¿¥§äß¢O­¿¥H¦�¬U©D±¯¥>¦ F>

A ∼ −(ηsa
d)2(1−

xs/L)2/(κLd−1) ¸
��� � � ��
!� ����� � -


 ä L/lωs � 1 ºÁ¤MÃÁ¥t¥§±¯¥§¬§¤M­¿¢O¦¿¤M©D¤M®³¬H©�«ª©�±³¢O×_Y~¢O«�±^YÝ½�­¿¢^È<®³¨�¥>¦y©o½ª©�­¿¤�®Õ©�±l¨�¥>¦¿¬>­¿®¯½Á¤�®¯¢O«�¢�ä ¤MÃ�¥@äß¢O­¿¬>¥×O¥§«�¥>­�©D¤M®³¢O«�¸ 
 « ¤�Ã�®¯¦�¬>©�¦�¥DºF¢O«�±^Y�¤MÃÁ¥Ôéª­�¦`¤�­�¥ 6 ¥·°¡®¯¢O« ¬>¢�«5¤�­�®³Â�£Á¤M¥Ð¦¿£�Â�¦`¤e©�«K¤M®¯©�±¯±^Y,¤�¢Ü¤MÃ�¥Ö® Ë ©�×�¥
¥r°Á½�©�«�¦�®³¢O« V � ¸S»��]Xo©�¦R®³äq¤�Ã�¥.¦¿¥>¬§¢O«�¨�½�±¯©D¤M¥§¨ V�©D¤ x = L X ��©�¦�½�£Á¦�Ã�¥§¨�¤M¢Ø®¯«Áéª«Á®³¤`YO¸ � Ã�¥
¢O«�±^Y­¿¥ Ë ©�®¯«�®³«�×Ò±³¥>«�×�¤�Ã�¦�¬U©D±¯¥>¦N©�­¿¥ xs

©�«�¨ lωs

©�«Á¨�¤�Ã�¥t©zÈ�¥>­�©�×O¥@äß¢O­�¬§¥H¬U©�«�Â	¥h©D½�½�­�¢U°¡® Ë ©D¤�¥>¨�Â]Y

F>
A ∼ −

(ηsa
d)2

κxd−1
s

Υ̃A(xs/lωs),
V � ¸wÍ<»�X

��®S¤MÃ Υ̃A(u) = 1
4

∫
q

∣∣∣exp(−
√
q2 + iu2)

∣∣∣
2 ¸ � Ã�®³¦q¨�® Ë ¥§«�¦�®³¢O«�±¯¥§¦�¦N¦�¬§­�¥>¥§«�®¯«Á×�ä�©�¬§¤�¢O­q®³¦y½Á±¯¢�¤¿¤M¥>¨.®¯«

éª×�£�­�¥ � ¸w¼¡¸ 
 äF¤MÃ�¥�¨PY¡«�© Ë ®³¬�±³¥>«�×�¤�Ã lωs

®¯¦�±¯©�­�×�¥>­h¤�Ãª©�«Ü¤�Ã�¥Ý¨�®³¦¿¤e©D«�¬>¥�¦¿¥>½ª©�­�©D¤M®³«�×.¤�Ã�¥Ý¦�Ã�© � ®¯«�×
¦¿¢O£�­�¬§¥@äß­�¢ Ë ¤�Ã�¥H½�±Õ©p¤M¥�º xs/lωs � 1 º�¤MÃ�¥t© Ë ½�±¯®S¤M£�¨Á¥|¢�ä ¤MÃ�¥H¥>±¯©�¦¿¤�®¯¬|éª¥§±¯¨�¥·°¡¬§®³¤e©p¤M®¯¢�«�¦�©�­�¥H¥r°Á½	¢ :«�¥§«K¤M®Õ©D±¯±ZY~­�¥§¨�£�¬§¥>¨.Â	¥§äß¢�­�¥@­�¥>©�¬eÃ�®³«�×R¤�Ã�¥H½�±Õ©p¤M¥�Ñ¶¦F¦�£Á­¿ä�©�¬§¥�¸�d
¢O­¿¥H½�­�¥§¬>®¯¦¿¥>±^YOºª®¯«�¤�Ã�®¯¦F­¿¥>×O® Ë ¥ÒÓ

Υ̃A(u) ∼ (u)
d−1
2 exp(−

√
2u). V � ¸ ÍOÍ�X

Û ½�½	¢O¦�®S¤M¥§±ZYOº Υ̃A(xs/lωs)
Ãª©D¦~©Ð«�¢�«uÈD©�«Á®¯¦�ÃÁ®¯«�×Ôéª«Á®³¤M¥�±³® Ë ®³¤h®³ä xs/lωs

×O¢<¥>¦o¤�¢ØÆ§¥>­¿¢�¸ F>
A
¤�Ã�¥>«

¬§¢O­�­¿¥>¦�½	¢O«�¨Á¦¾¤�¢F¤MÃ�¥f¥>±³¥>¬·¤M­�¢�¦¿¤e©p¤M®¯¬çäß¢�­�¬>¥f©D¬§¤M®³«�×�¢O«t©F¬>¢O«�¨Á£�¬§¤�®¯«�×N½�±Õ©p¤M¥�ä�©�¬§®¯«�×N©F¦�®³«�×O±³¥�fd¥·ã�¥§¬§¤M®SÈO¥ g
¬eÃª©D­�×O¥ ηsa

d ±³¢¡¬>©D¤M¥§¨Ö©D¤ (x = xs, r = 0) º�¦�¢�¤MÃ�©D¤Uº�©D¦t®³«Ð¤MÃ�¥o´5£ª©�¦¿® : ¦¿¤e©p¤M®¯¬o¬>©�¦�¥R©�Â	¢zÈO¥Dº F>
A ∝

−(ηsa
d)2/(κxd−1

s ) ¸



��� �������	��
����
��������������� ����� - ���������	���������������	����� �����!�"�	������� �������#�!���#��
��$���%�����!�

�K�����_���!� ����� ��� ��� � 
��
� 
�� ����� ���<�����������P���,������� -

 ¥hYO¢O«Á¨å¤MÃÁ¥~¨�¥·éª«�®S¤M®¯¢�«å©D«�¨Ø¤�Ã�¥P¬eÃª©�­�©�¬§¤�¥>­�®³ÆU©D¤�®¯¢O«Ø¢�ä�¤MÃ�¥~©UÈO¥§­M©�×O¥R®¯«K¤�¥>­�½Á±Õ©D¤�¥o®¯«K¤M¥§­M©�¬·¤M®¯¢�«�º

®³¤@®³¦@¬>­�£Á¬>®Õ©D±�¤M¢�«�¢D¤M®¯¬§¥Ò¤MÃª©p¤|¤MÃ�¥P½�­¿¥>¦¿¥>«K¤t¦�Ãª© � ®³«�×�®¯«�¨�£Á¬>¥>¨Ðäß¢O­¿¬>¥P®¯¦|©�¤�® Ë ¥hÈD©�­ Y¡®³«�×�´5£ª©�«K¤M®S¤`YO¸
�N¥ ��­�®³¤�®¯«�× V � ¸S»��]X�©�¦ F (t) = F>

A [1 + cos(2ωst)]
ºÁ®S¤F®¯¦F¢OÂKÈ<®¯¢�£�¦m¤MÃª©p¤m¤MÃ�¥@äß¢O­¿¬>¥@¥r°Á½	¥>­¿®¯¥§«�¬>¥§¨
Â]Y

¤MÃ�¥H® ËRË ¥>­�¦¿¥>¨�½�±¯©D¤M¥§¦F¬U©�«�«�¢�¤NÂ	¥H©o½�­�®³¢O­�®�­¿¥>¨�£Á¬>¥>¨�¤M¢P®³¤�¦m¦�¢�±¯¥t©UÈO¥>­�©�×O¥@ÈD©�±¯£Á¥�¸�æy¦y© Ë ©D¤�¤�¥>­m¢Dä
ä�©�¬§¤�¤MÃÁ¥ 6 £�¬§¤�£ª©D¤M®³¢O«�¦F¢�ä ¤MÃÁ¥t®³«�¦¿¤M©�«K¤e©�«Á¥>¢O£�¦Fäß¢O­¿¬>¥t©�­¿¥t¬§¢ Ë ½ª©�­M©DÂ�±¯¥q¤�¢P®³¤M¦�©UÈ�¥>­M©D×O¥t© Ë ½Á±¯®³¤�£�¨�¥D¸
(*)�� ) + � ; 0 ;4743�AD;4E*Q��H;4AD;K>NMW5N; 0 6TO @B> / M*6 U @ A*7W)

� ¥@«�¢��ì¬§¢O«�¦�®³¨�¥>­F¤�Ãª©D¤F¤MÃÁ¥@¦�¢�än¤ Ë ¥>¨�®³£ Ë ®³¦F£�«�®Säß¢O­ Ë ©�±¯±^YP¦�Ãª© � ¥>«
Â]Y η(~R, t) = ηs cos(ωst)
¸

η ®¯¦ ¤MÃ�¥�¦�£�½	¥>­¿½l¢O¦¿®³¤�®¯¢O«Ò¢Dä�®¯«Ò½ÁÃª©�¦�¥F¦¿Ãª© � ¥>­�¦f¢�äª¤�Ã�¥ �<æ �H¤`Y<½l¥F£Á«�®³äß¢O­ Ë ©D±¯±ZY|¨�®¯¦`¤M­�®³Â�£Á¤�¥>¨Ò®³«Ò¦�½ª©D¬>¥�¸æq±¯±�¤�Ã�¥N¥>±¯¥ Ë ¥§«K¤e©�­ YP¦�Ãª© � ¥>­¿¦m½�­�¢<¨�£�¬§¥y½	¥>­¿®¯¢<¨�®¯¬F¥§±Õ©�¦`¤M®³¬N¨Á¥§äß¢O­ Ë ©D¤�®¯¢O«Á¦ç¤MÃª©D¤TfW®¯«K¤M¥§­¿äß¥>­¿¥hgN©D«�¨�×O®SÈO¥
­�®¯¦¿¥o¤M¢�¤MÃ�¥P®¯«Á¦¿¤e©D«5¤M©�«�¥§¢O£�¦Häß¢O­�¬§¥>¦ F>(t) V�­¿¥>¦�½�¸ F<(t) X@©D¤ x = 0+ V�­�¥§¦�½�¸ x = 0− Xq¢�ÂÁ¤e©�®³«�¥>¨äß­�¢ Ë � ´5¦>¸�V�Í¡¸³» [�Â�º � ¸"��XyÓ

F>(t) = −κ
4
Ld−1
‖

∣∣∣∣
∫ L

0

∂xR
>
ωs,0(0, x

′)dx′
∣∣∣∣
2

× V � ¸ Í �]X

[1 + cos(2ωst + θ>)] ,

��®³¤MÃ θ> = 2 arg
[∫ L

0
∂xR

>
ωs,0(0, x

′)dx′
] º�©�«�¨

F<(t) =
κ

4
Ld−1
‖

∣∣∣∣
∫ ∞

0

∂xR
>
ωs,0(0, x

′)dx′
∣∣∣∣
2

× V � ¸ Í � X

[1 + cos(2ωst+ θ<)] ,
��®³¤MÃ θ< = 2 arg

[∫∞
0
∂xR

<
ωs,0(0, x

′)dx′
] ¸�æm¤h¥§ÈO¥§­/YÖ®³«�¦¿¤M©�«K¤t¤�Ã�¥>¦¿¥R¤ �1¢
äß¢�­�¬>¥§¦h¬§¢ Ë ½l¥·¤M¥�¸ � Ã�¥ Y

½�£�¦�Ão¤�Ã�¥m½�±¯©D¤M¥1®¯«Ò¢O½Á½l¢O¦¿®³¤�¥�¨�®³­�¥>¬·¤M®³¢O«�¦�¤�¢|×O®SÈO¥m­¿®¯¦�¥�¤M¢|¤�Ã�¥m«�¥·¤çäß¢O­�¬§¥ F (t) ¸ � Ã�¥F±¯©D¤�¤�¥>­ ®¯¦ç¥r°Á©�¬§¤�±ZY¬>¢ Ë ½�£Á¤�¥>¨�£�¦�®³«�× � ´5¦§¸eV�Í¡¸ �Áº � ¸³»�&<º � ¸S»�[Áº � ¸ Í �Áº � ¸ Í � XNº�©D«�¨�©Dän¤M¥§­N¦¿¢ Ë ¥@¥>±¯¥ Ë ¥§«K¤e©�­ Y�©�±³×O¥>Â�­�©�Ó

F (t) = FB

[
1 +

cos(2ωst)

cos
[
L/(
√

2 lωs)
]
]
. V � ¸ Í�&�X

� Ã�¥�©UÈ�¥>­M©D×O¥ FB
®¯¦F×O®SÈO¥>«�Â]YÐÓ

FB =
η2

sL
d−1
‖
κ

l2ωs
ΥB

(
L

lωs

)
, V � ¸ Í_[]X

ΥB(u) =
1

2

cos(u/
√

2)

cos(u/
√

2) + cosh(u/
√

2)
. V � ¸ ÍO¼�X

� Ã�¥täß£Á«�¬§¤�®¯¢O« ΥB
®³¦�½�±¯¢�¤¿¤M¥§¨�®³« � ¸wÍ<¸wÍ¡ºª¦¿¥>¥ � ®¯×Á¸ � ¸ �Áº	��Ã�¥§­�¥t®³¤M¦Fä�©�¦`¤N©�«�¨�¦�±³¢ �ì©�¦/Y Ë ½Á¤M¢D¤M®¯¬§¦N©�­�¥

´<£�©�±¯®S¤e©D¤�®³ÈO¥§±ZY~¦¿¤�£�¨�®¯¥§¨�¸
� �$� � � �b����� �����!� ��������� � -
� Ã�¥t¤M£�«�©�Â�®¯±³®³¤`Y�¢�äç¤MÃÁ¥�½�­¿¥>¦�¥§«K¤@¦�Ãª© � ®³«�× : ®¯«�¨�£Á¬>¥>¨�äß¢O­�¬§¥�®³¦N¬§±¯¥>©�­�±^Y�­�¥§È�¥U©�±³¥>¨ÔÂ]Y � ´5¦>¸=V � ¸ Í_[]X©�«�¨ V � ¸ ÍO¼�X·¸ µ ­¿¥>¬§®¯¦�¥§±ZY%äß¢O­Òé¡°Á¥§¨ L ÓWVß®�X � Ã�¥�¦�Ãª© � ®³«�×Ø½�£�±¯¦�©D¤M®³¢O« ωs

¦�¥§¤�¦R¤�Ã�¥�¦�®¯×�« ¢Dä FB
¤M¢

sign(cos[L/(
√

2lωs)])
ºª©D«�¨�®³¤�¦m­M©�«Á×O¥|¤M¢ ∼ lωs

VßÈ<®Õ©�¤�Ã�¥ cosh ¤M¥§­ Ë ®³« V¹Í K]X Xrº Vß®¯®�Xç¤MÃÁ¥>« ηs
©�±³±¯¢���¦

¤M¢Ò©D¨��¿£�¦¿¤�¤MÃÁ¥ Ë ¥U©�«Päß¢O­¿¬>¥y© Ë ½Á±¯®³¤�£�¨�¥�©�­¿Â�®³¤�­M©�­¿®¯±^YO¸ � ÃÁ®¯¦�¦�¥>¬§¢O«�¨�©D¦�¦�¥§­¿¤�®¯¢O«~®¯¦�©�¬§¤�£ª©�±³±ZY�¤�­�£�¥N¢O«�±^Y
®³ä L 6= π√

2
(2n + 1)lωs

º ��®S¤MÃ n ®³«5¤�¥>×O¥§­>¸ 
 «%¦¿£�¬eÃ ¬U©�¦¿¥>¦Ò¤MÃÁ¥�½�±Õ©D¤�¥>¦Ò¥r°¡½l¥§­�®¯¥§«�¬>¥�«�¢ Ë ¥U©D«Ü«�¥§¤
äß¢O­�¬§¥�¸



;���� � 
�������� ���>� ���������	�����b�����	� - ) �]���N�����	� � �!� � �!� ��� � � �

�K��� �_����� ��������� � � ��
!�"��
!� ����� �:� ������� ���	��� �b����� -
� ´�¸�V � ¸wÍ�&_Xf®³«�¨�®¯¬>©D¤M¥§¦�©D¬§¤M£�©�±¯±^YÒ¤MÃª©p¤ F (t) f 6 £Á¬§¤M£�©D¤M¥§¦ gy½l¥§­�®³¢¡¨�®³¬U©�±³±ZYÒ©�­�¢O£Á«�¨ FB

��®³¤MÃÝ©h½�£�± :
¦�©D¤M®³¢O« 2ωs

¸]d�¢O­�¥§¢^È�¥>­�¤�Ã�¥F© Ë ½�±³®³¤M£Á¨�¥f¢�äª¤MÃ�¥ 2ωs
¬§¢ Ë ½l¢O«Á¥>«K¤M¦ç¢Dä�¤MÃ�¥1äß¢O­�¬§¥�®¯¦ 1/ cos[L/(lωs

√
2)]¤�® Ë ¥>¦m±¯©�­�×O¥§­m¤MÃª©p¤�®³¤M¦ Ë ¥U©D«�ÈD©�±³£�¥ FB

��Ãª©D¤�¥§È�¥>­�¤MÃ�¥H¦�Ã�© � ®¯«�×P½ª©�­�© Ë ¥§¤M¥§­�¦ ωs
©�«�¨ ηs

¸
� 
�������� ���<�����������	� ��� �b� �����]�P������� -
� Ã�¥|¤ �1¢~½Á­�¥>¬§¥>¥§¨�®¯«�×P¬§¢ Ë~Ë ¥>«K¤�¦m¦¿¤�­�¢O«�×�±ZY~¦�£�×O×�¥>¦¿¤�¤�Ãª©D¤m¤�Ã�¥@Ã�¢ Ë ¢O×O¥§«�¢O£�¦m¦¿Ãª© � ®¯«Á× Ë © Y�Â	¥

£�¦¿¥>¨�¤M¢o¨PY¡«�© Ë ®³¬U©�±³±ZYP®³«�¨�£�¬§¥@¦�½ª©�¬§®Õ©�± fd±³¢¡¬>©�±¯®³ÆU©D¤�®¯¢O«Pgm¢�ä¾¤MÃ�¥@½Á±Õ©D¤�¥>¦>¸¡æq¦�© Ë ©D¤�¤�¥>­m¢Dä ä�©D¬§¤Uº ��Ã�¥>«Ë ¥>¦¿¢O¦�¬§¢O½�®¯¬o¢�Â �¿¥>¬·¤M¦t©�­�¥o® Ë~Ë ¥>­¿¦�¥§¨Ð®¯«Ö©�¦�¢�än¤ Ë ¥>¨Á®¯£ Ë º	¤�Ã�¥>®³­|®¯«K¤�­�®¯«Á¦�®¯¬�¨ Y<«ª© Ë ®¯¬>¦ Vß®¯×O«Á¢O­�¥§¨Ð®¯«
¤�Ã�¥|½�­¿¥>¦�¥§«K¤ ��¢O­ � X�«�¥>¬§¥>¦�¦�©�­�®³±ZYRéª±³¤�¥>­¿¦�¢O£Á¤mÃ�®¯×OÃ~äß­�¥>´5£�¥§«�¬ Y�¥§ãl¥>¬·¤M¦F¢�ä ¥·°<¤�¥>­�«�©�±läß¢O­¿¬>®³«�×�¸ 
 ä ¤�Ã�¥>®³­
­¿¥>¦�½	¢O«�¦¿¥1¤�® Ë ¥�®¯¦ Ë £�¬eÃ�±¯©�­�×�¥>­�¤MÃª©D« 1/(2ωs)

ºz¤MÃ�¥§¦�¥=fd¦�±³¢��-g Ë ¢zÈ<®¯«Á×y¢OÂ �¿¥>¬§¤�¦�¢O«Á±ZY@­¿¥>¦�½	¢O«�¨h¤M¢y¤�Ã�¥
¦`¤e©D¤�®¯¢O«ª©D­/YÐ¬§¢ Ë ½	¢O«�¥§«K¤ FB

¢�äm¤�Ã�¥~¦¿Ãª© � ®¯«Á× : ®³«�¨�£�¬§¥>¨²äß¢O­¿¬>¥D¸ � ÃÁ¥�¬>¢�­�­�¥§¦�½	¢O«�¨�®³«�×.¦`¤M¥>©�¨ Yå¦¿¤e©p¤M¥
®³«5¤�¥>­¿½�±Õ©D¤�¥|¨�®³¦¿¤e©D«�¬>¥H®¯«�¤�Ã�¥H½�­�¥§¦�¥>«K¤y¦�® Ë ½�±³¥|×O¥§¢ Ë ¥·¤M­ YÝ®¯¦m¤�Ã�¥>«�¬>¢�«5¤�­�¢O±³±Õ©�ÂÁ±¯¥|Â]YÝ¤�£�«�®¯«Á× ωs

¸
(W)��W)�� ��;4IB;45 3�C�� ;4@ Q$G / MD6 U @BAD7W)
� Ã�¥ Ë ¥§¨�®¯£ Ë ¦�£�­¿­�¢O£�«Á¨�®¯«�×�¤MÃÁ¥1½�±¯©D¤M¥§¦�®³¦¾«�¢��%¦�£�½Á½l¢O¦¿¥>¨�¤�¢qÂ	¥1¨Á­�®³È�¥>«hÂ$YH¦`¤M¢<¬eÃª©�¦`¤M®¯¬�¦�Ã�© � ®¯«�×

¦¿¢O£�­�¬§¥>¦ ��®³¤�ÃuÆ>¥>­¿¢ Ë ¥>©�« ©�«�¨ Ë ¥>©�«%¦�´5£ª©D­�¥>¨ 6 £�¬·¤M£ª©D¤�®¯¢O«Á¦o×O®³È�¥>«uÂ]Y � ´	¸WV � ¸S»zÎ]X·¸ � Ã�¥�«�¢O®³¦�¥©UÈO¥§­M©�×�¥>¨�«�¥§¤�äß¢O­�¬§¥ FC
¥·°¡½	¥>­�®³¥>«�¬§¥>¨�Â]YÝ¤MÃÁ¥|½�±Õ©p¤M¥|©p¤ x = 0 ®¯¦1¤�Ã�¥@¦�£ Ë ¢�ä�¤�Ã�¥ Ë ¥>©�«ÝÈD©�±¯£Á¥>¦m¢�ä

¤�Ã�¥@¤ ��¢R®¯«�¨Á¥>½	¥>«�¨�¥§«K¤Näß¢�­�¬>¥§¦ F> ©�«�¨ F< ¸ � ¦¿®¯«�× � ´5¦>¸�V`»^Í<º³»��¡ºwÍ�Î�X�¤MÃ�®³¦mäß¢O­�¬§¥H®¯¦ ��­�®S¤�¤�¥>«ÖÓ

FC =
2Ld−1

‖
ad

∫

ω

Sω

[∫ L

0

(F>
A (x, ω) + F<

A (−x, ω)) dx V � ¸ Í �]X

+

∫ ∞

L

F<
A (−x, ω) dx

]
.

��� � �_� � �	� ������� -
� ¢O­|©�Ï¾¢�­�¥>«K¤�Æ>®Õ©D«Ð½l¢��1¥>­@¦�½	¥>¬·¤M­¿£ Ë ºl¦�¥§¥ � ´�¸TV � ¸S»O»�Xrº	¤�Ã�¥Ò®¯«K¤�¥>×O­�©D¤M®³¢O«.¢zÈO¥§­|äß­�¥§´<£Á¥>«�¬hYÖ©�«�¨½	¢O¦�®S¤M®³¢O«Ý¢�ä�©�±¯±l¤MÃ�¥H¥>±³¥ Ë ¥>«K¤e©D­/YÝ¬§¢O«K¤M­¿®¯Â�£Á¤�®¯¢O«Á¦ FA(x, ω) ®³« V � ¸ Í �]X Y<®¯¥§±¯¨�¦@Ó

FC =
η2

sa
dLd−1

‖
κLd−2

ΥC

(
L

lΩs

)
, V � ¸wÍ K]X

ΥC (u) =
1

4u2

∫

q

q (coth q − 1) V � ¸ �OÎ]X

− 1

4u2

∫

q

√
q2 + u2

[
coth

(√
q2 + u2

)
− 1
]
.

� Ã�¥�¦�¬U©D±¯®¯«Á×Näß£�«Á¬§¤M®³¢O« ΥC
®¯¦�½�±¯¢D¤�¤M¥§¨�®³« � ®¯×Á¸ � ¸ � ¸ � ¢@©�¬eÃ�®³¥§È�¥m¤MÃ�¥1¥·°Á©�¬§¤ç¬>¢ Ë ½�£Á¤M©D¤M®³¢O«�¢�ä FC

ºp¤�Ã�¥
®³«5¤�¥>×O­�©�±�¢zÈO¥>­1¤MÃ�¥y®¯« : ½�±Õ©D¤�¥>¦

q
Ë ¢¡¨Á¥>¦�®¯«
V � ¸ �OÎ]X�®¯¦�½l¥§­¿äß¢O­ Ë ¥§¨�¸¡æNän¤M¥§­�¦�¢ Ë ¥y©�±¯×�¥>Â�­�© �1¥q¢OÂÁ¤M©�®¯«
Ó
 ä d = 1 º ΥC = (1−u[coth(u)−1])/u2 º5®³ä d = 3 º ΥC = [3ζ(3)−π2−6(u2−u log(1− e2u)+

3Li2(e
2u)]/(48πu2) º ��Ã�¥>­¿¥ ζ ®³¦ ¤�Ã�¥ �N®³¥ Ë ©�«���¥·¤e©�äß£�«�¬§¤�®¯¢O«�©�«�¨ Li2

¤MÃÁ¥�¨�®³±¯¢O×K©D­�®³¤�Ã Ë äß£�«�¬§¤�®¯¢O«~Ó
Li2(x) =

∑∞
k=1 x

k/k2 ¸ � ®¯«�©�±¯±^Y~äß¢O­�¤MÃÁ¥ d = 2 ¬>©�¦�¥ ΥC = 2
∑

n[K0(2nu) + K2(2nu)]
º ��ÃÁ¥>­�¥

Kn
®¯¦m¤�Ã�¥ nth Ç : 
 ¥>¦¿¦�¥>±�äß£�«Á¬§¤M®³¢O« � � ­M©D¨�¦¿¤�¥>®¯«�©�«Á¨ �KY<Æ>Ã�® � º�»�K��K¼��¹¸Ä ¢D¤M®¯¬§¥R¤�Ãª©D¤H¤MÃÁ®¯¦t±Õ©�¦`¤h¬>©�±¯¬§£�±Õ©p¤M®¯¢�«Ø¬>©�«Ü©D¬§¤M£�©�±¯±^YÐÂl¥RÂ]Y<½ª©�¦�¦¿¥>¨�º�®³ä�¢O«�¥Ý©D±¯­�¥>©�¨ Y � «�¢���¦�¤�Ã�¥

¤�Ã�¥>­ Ë ©�± � ©�¦¿® Ë ®¯­�äß¢O­�¬§¥å¤MÃÁ¥%±¯¥§än¤
½�±¯©D¤M¥ ��¢O£Á±¯¨ìäß¥>¥§±�®Säo¤MÃ�¥Ü¦¿¢�än¤ Ë ¥>¨�®³£ Ë Ãª©�¨x©,é�«�®³¤�¥Ü¬>¢O­ :
­¿¥>±Õ©p¤M®¯¢�«ë±¯¥>«Á×�¤MÃ ξ º�½�­�¥§¬>®¯¦¿¥>±^Y ®³äH¤MÃ�¥Ø¥>±¯©�¦¿¤�®¯¬ � © Ë ®³±³¤�¢O«�®Õ©D« �1¥>­�¥ Ó

H = (κ/2)
∫

[~∇φ(~R)]2 +



� ; �������	��
����
��������������� ����� - ���������	���������������	����� �����!�"�	������� �������#�!���#��
��$���%�����!�

[φ(~R)/ξ]2dd ~R ¸��y¥>«�¢�¤�®¯«�×H¤MÃÁ®¯¦�äß¢O­�¬§¥ F̃Casimir(L/ξ)
º ��¥y¬U©�«R¦�ÃÁ¢ �ë¤�Ãª©D¤ � ´5¦>¸?V � ¸ Í KÁº � ¸ �OÎ]X�¬U©D«�Â	¥­�¥>¬>©�¦¿¤y®¯«K¤�¢ ��
 ©D­¿¤M¢�±¯¢o¥§¤y©�±�¸³ºªÍ�ÎOÎKÍ���Ó

FC =
η2

sa
dΩ−1

s

2γkBT

[
F̃Casimir (0)− F̃Casimir

(
L

lΩs

)]
, V � ¸ �Á»�X

��Ã�¥>­¿¥ F̃Casimir (0) º�¢�ä�¬§¢O£�­¿¦�¥R¬>¢O­¿­�¥>¦¿½l¢�«�¨�¦H¤M¢�¤MÃ�¥ � ©�¦¿® Ë ®¯­qäß¢O­¿¬>¥o¤MÃÁ¥R½Á±Õ©D¤�¥o¥·°¡½l¥§­�®³¥>«�¬§¥>¦�®³«Ø©
¦�¬U©D±¯¥ : äß­�¥§¥ 6 £�¬§¤�£ª©D¤M®³«�× Ë ¥§¨�®¯£ Ë º¡¬�¸[äd¸ � ´�¸�V � ¸ &_X·¸
� ���N������� ��� � � � � ������� � 
 -
� ´�¸4V � ¸wÍ ��XN¦�ÃÁ¢ ��¦@¬§±¯¥>©�­�±^Y�¤�Ãª©D¤ FC

®¯¦q¤�Ã�¥Ò­�¥§¦�£�±S¤@¢�äf¤MÃÁ¥Ò®¯«�¬§¢OÃ�¥§­�¥>«K¤H¦¿£ Ë ¢zÈ�¥>­|äß­�¥§´5£�¥>«�¬§®¯¥§¦
©�«�¨ë½	¢O¦�®S¤M®¯¢�«�¦~¢Dä@¤MÃ�¥.äß¢�­�¬>¥§¦Ý½�­¿¢¡¨�£Á¬>¥>¨ Â]Y,±¯¢<¬U©�±³®¯Æ>¥§¨,¦¿Ãª© � ¥>­�¦�¢�ä@¤�Ã�¥��<æ �u¤`Y<½l¥D¸ Ä ¢�¤M¥.¤�Ãª©D¤
¤MÃ�¥o¦¿£ Ë ¢zÈO¥§­|¤MÃ�¥o¦¿Ãª© � ®¯«Á×Ýäß­�¥>´5£�¥§«�¬>®³¥>¦H®¯¦
��¥§®¯×OÃK¤M¥§¨ÖÂ$Y
¤MÃ�¥�«�¢O®¯¦¿¥Ò½	¢ �1¥>­H¦¿½l¥§¬§¤M­¿£ Ë Sω

¸ � Ã�®¯¦
¨�¥>¬§¢ Ë ½	¢O¦¿®³¤M®³¢O«.®³¦|«�¢���£�¦�¥§¨Ö¤�¢ �¿£�¦`¤M®³ä�Y�éª­¿¦¿¤|¤�Ã�¥o¦�®³×O«Ô¢�äf¤MÃÁ¥ Ë ¥>©�«Ôäß¢O­¿¬>¥�º	¤MÃ�¥§«Ô¤MÃ�¥P©D±¯×O¥§Â�­M©�®³¬
¨�¥>¬>©�Y<¦y¢�ä�¤�Ã�¥ Ë ¥>©�«�äß¢O­�¬§¥t©�¦F¢OÂ�¦¿¥>­¿È�¥>¨Ô®³« � ´�¸ V � ¸ Í K]Xm©D«�¨ � ®¯×�¸�V � ¸ � X·¸Û «�±^YR¤�Ã�¥|¥§±¯¥ Ë ¥>«K¤M©�­/Y Ë ¢O«�¢<¬eÃ�­�¢ Ë ©D¤�®¯¬�¦�Ãª© � ¥>­¿¦F±¯¢<¬U©�±³®¯Æ§¥>¨~©D¤F¨�®³¦¿¤e©D«�¬>¥§¦ |x| < L ¢O«~¤MÃ�¥|±³¥§än¤Ãª©�«�¨Ð¦¿®¯¨�¥h¢�ä�¤MÃ�¥h½�±Õ©p¤M¥tÃª©UÈO¥P©�¬eÃª©D±¯±¯¥§«�×O¥§­y®³«
¤MÃÁ¥ 0 < x < L ®³«�«�¥>­y­�¥§×O®¯¢O«�¸ ��¥§äß¥§­�­¿®¯«�×�¤�¢~¤�Ã�¥
¨�®¯¦¿¬>£�¦¿¦�®¯¢�«Ô®¯« � ¸"�Á¸S»Oº �1¥ � «�¢��(¤�Ãª©D¤ F<

A > 0 ©�«Á¨.¤MÃª©p¤ |F>
A (x, ω)| < |F<

A (−x, ω)| ¸�d�¢O­�¥§¢^È�¥>­§º
Sω

®¯¦�«�¥>¬§¥>¦�¦�©�­�®³±ZYÜ©Ö½	¢O¦¿®³¤M®SÈO¥Ý´5£ª©D«5¤�®³¤`Yåäß¢O­o©�±³±1äß­�¥§´5£�¥>«�¬§®¯¥§¦>¸ 
 ¤o¤MÃÁ¥>«u¤M£�­¿«�¦o¢O£Á¤o¤�Ãª©D¤Ò¤�Ã�¥�«�¥§¤Ë ¥>©�«�äß¢�­�¬>¥H®³¦N½	¢O¦¿®³¤M®SÈO¥DºÁäß¢O­N©�«]Y�¬eÃ�¢O®³¬>¥t¢�ä Sω
Ó�¤MÃ�¥@¤ �1¢�¢OÂ �¿¥>¬§¤�¦q©p¤�¤M­�©�¬§¤N¥>©�¬eÃ.¢�¤�Ã�¥>­§¸ 
 ¥>¦¿®¯¨�¥§¦>º

F>
A (x, ω) ∼ −F<

A (−x, ω) äß¢�­t¦¿Ãª© � ¥>­�±³¢¡¬>©D¤M¥§¨²©p¤ x < L/2 ¸ � ÃÁ®¯¦H® Ë ½l¢�­¿¤e©D«5¤H½Á­�¢O½	¥>­`¤`YÖ±¯¥U©D¨�¦¤M¢�¤�Ã�¥�¬>©�«�¬>¥§±¯±¯©D¤M®³¢O«
¢Däç¤MÃ�¥h¦�Ã�¢�­¿¤|¨Á®¯¦¿¤M©�«�¬§¥�¨�®SÈO¥>­¿×O¥>«Á¬>¥>¦q®¯«
¤�Ã�¥�éª­¿¦¿¤y¤M¥>­ Ë ¢�ä�¥>´5£ª©p¤M®¯¢�« V � ¸ Í �]Xr¸
� ®¯«ª©D±¯±ZY�º |F>

A (x, ω)| � |F<
A (−x, ω)| ®Sä |x| > L/2 º�¦�¢�¤�Ãª©D¤ � ´�¸4V � ¸wÍ ��XN¬U©D«ÐÂl¥P©�½Á½�­�¢U°¡® Ë ©D¤M¥§¨Â$Y FC ∼ 2Ld−1

‖ a−d
∫

ω
Sω

∫∞
L/2

F<
A (−x, ω) dx ¸� ¢�¦�£ Ë £�½�º�¤�Ã�¥o¥>±¯©�¦¿¤�®¯¬�éª¥§±¯¨Ö¨�¥·äß¢O­ Ë ©D¤M®³¢O«�¦y½�­�¢<¨�£�¬§¥>¨ÖÂ]YÔ¤MÃ�¥ �5æ �
¤`Y<½l¥o¦¿Ãª© � ¥§­�¦t±¯¢<¬U©D¤�¥>¨

©D¤ x < −L/2 ¨�¢ Ë ®¯«�©D¤M¥q¤�Ã�¥ Ë ¥>©�«�«�¥§¤�äß¢O­¿¬>¥ FC
¸

� ®S¤MÃ�¢O£¡¤y­¿¥§äß¥§­�®¯«Á×~¤M¢�©�«]Y�¦�½	¥>¬>®Séª¬�¬eÃÁ¢O®¯¬§¥häß¢O­ Sω
º	¤�Ã�¥�«Á¢O®¯¦¿¥h½	¢���¥§­q¦�½	¥>¬·¤M­¿£ Ë ®³¦yÃÁ¥>­�¥h¬eÃª© :

­M©�¬·¤M¥>­¿®¯Æ§¥>¨�¢O«�±^YÝÂ]Y�®³¤�¦���®¯¨¡¤MÃ Ωs
ºÁ¦�¥>¥H¥D¸Å×�¸ � ´�¸�Vd»��]X·¸ � Ã5£�¦>º�×O¢O®³«�×�¤�¢P¤�Ã�¥ (x, lω) ÈD©�­�®¯©�Â�±¯¥§¦F©�«�¨¨�¥§éª«Á®¯«�× L∗ ≡ max(L, lΩs)

��¥t¥U©�¦¿®¯±^Y�¨�¥§¨�£�¬§¥�Ó

FC ∼
η2

sa
dΩ−1

s Ld−1
‖

γ

∫ ∞

L∗

d lω
l3ω

∫ lω

L

dx

xd−1
, V � ¸ �KÍ�X

¦�®¯«Á¬>¥ F<
A (x, ω) ®¯¦�¥·°¡½l¢�«�¥>«K¤M®¯©�±¯±^Y ��¥>© � ®Sä x > lω

©�«�¨�¦¿¬U©�±³¥>¦�©�¦ 1/xd−1 ®³ä x < lω
ºÁ¬D¸¶äd¸ � ®¯×�¸ V4K�X·¸

� ¥H¬U©�«�«�¢��+®³«5¤�¥>×O­�©D¤M¥ V � ¸ �KÍ�X�©�«Á¨
¨�®³¦¿¤�®¯«�×O£Á®¯¦�ÃÝ¤�Ã�¥@¤ ��¢R¬U©D¦�¥>¦tÓVß®�X L/lΩs � 1 ¸ 
 « ¤MÃ�®³¦ ��®¯¨�¥Ö«�¢O®³¦�¥Ð¦¿½l¥§¬§¤M­¿£ Ë ±¯® Ë ®S¤ FC ∼ (η2
sa

dΩ−1
s /γ)Ld−1

‖ /Ld º�¤MÃ�¥
¤MÃ�¥§­ Ë ©�± � ©�¦¿® Ë ®¯­�äß¢O­¿¬>¥H¦�¬>©�±¯®³«�×o®¯¦F¢�ÂÁ¤e©�®³«�¥>¨�©�¦N©�«K¤�®¯¬>®³½ª©D¤�¥>¨�®¯« � ¸ Í¡¸Vß®¯®�X L/lΩs � 1 ¸ 
 «Ø¤�Ã�®¯¦q¬U©�¦¿¥R¤�Ã�¥o«�¢O®³¦�¥o¬>¢�­�­�¥§±Õ©D¤�®¯¢O«
¤M® Ë ¥ ∼ Ω−1

s
®¯¦@±¯©�­�×�¥>­y¤�Ãª©�«Ö¤MÃ�¥Òé�¥>±¯¨

­�¥>±¯©p°Á©D¤M®³¢O«�¢zÈ�¥>­F¨�®³¦¿¤e©D«�¬>¥§¦F¦ Ë ©�±¯±³¥>­�¤MÃª©D«�Ïf¸ � Ã�¥|«5£ Ë Â	¥>­F¢Dä¾¥>±¯¥ Ë ¥§«K¤e©�­ Y~¦¿Ãª© � ¥>­�¦�¬§¢O«K¤M­�®³Â�£Á¤�®¯«�×
¤M¢h¤�Ã�¥�äß¢O­�¬§¥y®³¦1¦¿£�Â�¦¿¤M©�«K¤M®¯©�±¯±^YÒ®¯«Á¬>­�¥>©�¦�¥§¨Ý¬>¢ Ë ½ª©D­�¥>¨R¤M¢2V�® X·¸ �q¥§½l¥§«�¨�®¯«Á×�¢O«R¤MÃ�¥N¦�½ª©D¬>¥q¨Á® Ë ¥>«�¦¿®¯¢O«
d º ��¥R¢OÂÁ¤M©�®¯«�¥§¨Ø¤�Ã�¥o¤MÃ�­¿¥>¥R¦�¬>©�±¯®³«�×Ýäß¢O­ Ë ¦PÓ�®³ä d = 3 º FC ∼ (η2

sa
3κ−1)L2

‖/L
º�®Sä d = 2 º FC ∼

(η2
sa

2κ−1)L‖ log(lΩs/L) º�©�«Òé�«ª©�±¯±^Yt®³ä d = 1 º FC ∼ (η2
saκ

−1)lΩs

¸ 
 «R©�×O­¿¥>¥ Ë ¥§«5¤ ��®³¤�ÃÒ¤MÃ�¥F©DÂl¢zÈO¥
¥·°Á©�¬§¤y¬U©D±¯¬>£Á±Õ©D¤�®¯¢O«�¦�©�«�¨ ��®³¤�Ã � ®¯×�¸ � ¸ � ¸
�K�����_���!� ����� ��� ��� � 
��
� 
�� ����� ���<�����������P���,������� -
� ¢å¬§¢O«�¬§±¯£�¨�¥�¤MÃÁ®¯¦P¦�¥§¬§¤M®³¢O«�º �1¥Ô©�¨Á¨�­�¥§¦�¦�ÂÁ­�®¯¥ 6 YÜ¤�Ã�¥
´5£�¥§¦¿¤�®¯¢O«,¢�äy¤�Ã�¥ 6 £�¬§¤�£ª©D¤�®¯¢O«�¦R¢�äN¤MÃ�¥

äß¢O­�¬§¥�¸ 
 «²¢O­�¨�¥§­h¤�¢Ð©�¦�¦¿¥>¦�¤�Ã�¥>®³­h­¿¥>±¯©D¤M®SÈO¥�® Ë ½	¢O­`¤e©�«�¬§¥ ��®³¤MÃ²­�¥>¦¿½l¥§¬§¤Ò¤�¢
¤�Ã�¥ Ë ¥U©�«Øäß¢O­�¬§¥~ÈD©�±¯£Á¥�º



;�� ; # �	� � � � �$� �=�$� � �=� �_��� � �	� ���

�1¥P®¯«K¤M­¿¢¡¨�£Á¬>¥Ò¤MÃÁ¥o¨�® Ë ¥>«�¦¿®¯¢O«Á±¯¥>¦¿¦@­M©D¤�®¯¢ÔÓ FC/∆F
º ��Ã�¥>­¿¥o¤MÃ�¥ Ë ¥U©�«Ð¦¿´<£�©�­�¥§¨²¨�¥·È¡®¯©D¤M®³¢O« ∆F 2

®³¦�¨�¥·éª«�¥>¨�Â]Y
Ó ∆F 2 ≡ 〈F (t)2〉 − F 2
C
¸ � Ã�¥§­�¥U©D¦ FC

®¯¦�¤MÃ�¥q­�¥>¦¿£�±³¤m¢�ä�¤MÃ�¥q¬>¢ Ë ½l¥·¤M®S¤M®¯¢�«~Â	¥§¤ �1¥>¥§«
¤�Ã�¥ Ë ¥U©D«Øäß¢O­¿¬>¥§¦ F>

C
©�«�¨ F<

C
¢�äF¢�½�½l¢�¦�®³¤�¥P¦�®¯×�«�¦>º�¤MÃÁ¥Räß¢O­¿¬>¥§¦>Ñ 6 £�¬§¤�£ª©D¤�®¯¢O«�¦t¢O«Ø¤MÃ�¥P¤ ��¢.¦�®¯¨Á¥>¦

©�¨Á¨�£�½�©�«�¨ ∆F 2 = (∆F>)2 + (∆F<)2 ��®S¤MÃ�¢OÂKÈ<®¯¢�£�¦F«�¢�¤M©D¤M®³¢O«�¦>¸ Ä ¢�¤�¥|¤MÃª©p¤m¤MÃ�¥@«Á¢O®¯¦¿¥�Ñ¶¦mäß¢O£�­
½	¢O®¯«K¤�¦y¬§¢O­�­¿¥>±Õ©p¤M®¯¢�«�äß£�«Á¬§¤M®³¢O«Ô®³¦q©�½Á­�®¯¢�­�®¾­�¥§´<£Á®¯­�¥§¨.¤M¢�¬>¢ Ë ½�£Á¤�¥ ∆F ¸ � ¥ Ë © � ¥hÃ�¥>­¿¥Ò¢O«�¥ Ë ¢O­¿¥©�¦¿¦�£ Ë ½Á¤�®¯¢O«P©�«Á¨~¬§¢O«�¦�®³¨�¥>­ç¤�Ãª©D¤�¤�Ã�¥ η(~R, t) ©�­¿¥ � ©�£Á¦�¦�®¯©�«o­M©D«�¨�¢ Ë ÈD©�­¿®Õ©�ÂÁ±¯¥>¦ ��®³¤MÃP¬§¢O­�­¿¥>±Õ©p¤M®¯¢�«�¦
×O®SÈO¥§«�Â]Y � ´�¸�V � ¸³»zÎ¡º � ¸S»O»�Xr¸ � Ã�®³¦N©�±¯±³¢ ��¦1¤M¢Òäß£�±³±ZY~¬eÃª©�­M©D¬§¤M¥§­�®³Æ>¥@¤MÃ�¥H¦¿Ãª© � ®¯«�×P½�­¿¢¡¬§¥>¦¿¦y©D«�¨
¬§¢O«�¦¿¥ :´5£�¥§«5¤�±ZY�¤�Ã�¥@È�©D­�®Õ©D«�¬>¥@¢�ä�¤MÃ�¥H¦¿Ãª© � ®¯«�× : ®¯«Á¨�£�¬>¥§¨�äß¢�­�¬>¥D¸ � ¢O­F¦M© � ¥�¢�ä�¬>±¯©�­�®S¤`Y �1¥h½Á­�¥>¦¿¥>«K¤���®S¤MÃ�¢�£Á¤
©�¨Á¨�®³¤�®¯¢O«ª©D±�¨�¥§¤M©�®¯±³¦�¤�Ã�¥Ò¦¿¬U©�±³®¯«�×Päß¢O­ Ë ¢�ä�¤�Ã�¥ Ë ¥U©D«.¢zÈO¥§­|È�©D­�®Õ©D«�¬>¥t­M©D¤�®¯¢ V�®³×O«�¢O­¿®¯«�×R±¯¢O×O©�­�®S¤MÃ Ë ®¯¬
¬§¢O­�­¿¥>¬§¤�®¯¢O«Á¦<XqÓ

FC

∆F
∼
(
L‖
L

) d−1
2





(
L

lΩs

) 3−d
2

if L/lΩs � 1
(

lΩs

L

) d+1
2

if L/lΩs � 1

V � ¸"� �]X

�1¥ÒÃª©UÈO¥Ò©�±¯¦¿¢Ý©�¦¿¦�£ Ë ¥>¨ d > 1 º	¦�®¯«Á¬>¥h¤�Ã�¥�» �#¬U©�¦¿¥Ò¨�¥§¦�¥>­`ÈO¥P© Ë ¢O­¿¥h¬>©�­�¥·äß£�±�©D«ª©�±ZY<¦¿®¯¦|©D¦q®¯«�¤MÃ�¥
¥§´<£Á®¯±¯®³Â�­�®³£ Ë ¬§¢O«K¤M¥r°¡¤ Ë ¢O­¿¥1¬>©�­�¥·äß£�±¯±^YH¦¿¤M£Á¨�®¯¥§¨Ò®¯« ��
 ©D­¿¤M¢�±¯¢o¥§¤y©�±�¸³ºªÍ�ÎOÎKÍ��¹¸ � Ã�¥F©�Â	¢zÈO¥1¥·°¡½�­�¥§¦�¦¿®¯¢O«�¦
¦¿Ã�¢���¦1¤MÃ�©D¤UºK¤MÃÁ¥y½�­¿¥>¦¿¥>«K¤m¦¿Ãª© � ®¯«�×h®¯«�¨Á£�¬>¥§¨~äß¢O­¿¬>¥N¬U©�«~«�¢�¤1Âl¥y©h½�­¿®¯¢O­¿®�­�¥§¨�£�¬§¥>¨Ý¤M¢t®³¤�¦f¦�¢O±³¥NÈD©�±³£�¥
FC
¸ 
 «�¨�¥§¥>¨�ºª¨Á¥>½	¥>«�¨�®³«�×P¢O«Ý¤MÃÁ¥@×O¥>¢ Ë ¥§¤�­�®³¬U©�±l©�¦�½	¥>¬·¤�­M©D¤�®¯¢ L‖/L

©�«Á¨�¢�«Ý¤MÃ�¥@«�¢�®¯¦�¥q¬>¢O­¿­�¥>±¯©D¤M®³¢O«
¤�® Ë ¥ Ω−1

s
¤�Ã�¥@ÈD©�­�®¯©�«�¬>¥@¢Dä�¤�Ã�¥@äß¢O­�¬§¥t¬>©�«�¨�¢ Ë ®¯«ª©D¤�¥|®³¤�¦ Ë ¥>©�«�ÈD©�±¯£�¥@Â]Y�¢�­�¨�¥§­�¦�¢�ä Ë ©�×�«�®³¤�£�¨�¥�¸

(W)��W)�( � ;�� 6=5 C 0 ;=5N3 >?; 0�� IB3�� CWGKAD6 0 @B>?Q
� ¢ ��Ãª©D¤h¥·°<¤M¥§«K¤o¨�¢.¤�Ã�¥�­¿¥>¦�£Á±³¤M¦h½�­�¥§¦�¥§«5¤�¥>¨u©�Â	¢zÈO¥�©D½�½�±ZYÐ¤�¢.¦ Y¡¦`¤M¥ Ë ¦Ò¥·ÈO¢O±SÈ<®¯«�×.©�¬>¬§¢O­�¨�®³«�×

¤�¢ Ë ¢O­¿¥�¬>¢ Ë ½�±¯¥r°%¨ Y<«ª© Ë ®³¬>¦�� 
 ¤R®³¦o«�¢�¤M®³¬>¥>©�Â�±¯¥Ý¤�Ãª©D¤P¢O«Á±ZY²¤�Ã�¥�¥·°¡½�±³®¯¬>®S¤oäß¢O­ Ë ¢�äN¤MÃ�¥�¦�¬>©�±¯®³«�×
äß£�«Á¬§¤M®³¢O«�¦ ΥX

­�¥§´<£Á®¯­�¥§¦F©�½�­¿¥>¬§®¯¦�¥@¨Á¥>¦�¬§­�®³½Á¤M®³¢O«Ý¢�ä�¤�Ã�¥qéª¥§±¯¨Ý¨ Y<«ª© Ë ®³¬>¦>¸ � ¢O«KÈO¥§­�¦�¥§±ZY�º�©�±¯±ª¤MÃÁ¥|´5£ª© :
±³®³¤e©p¤M®³È�¥N©�«ª©�±^Y¡¦¿®¯¦§º�©�¦��1¥>±³±�©�¦1¤MÃ�¥@©D¦/Y Ë ½¡¤M¢�¤�®¯¬q¥r°¡½�­�¥§¦�¦�®³¢O«�¦Fäß¢O­�¤MÃ�¥|ÈD©�­¿®¯¢O£�¦�äß¢O­�¬§¥>¦§ºÁ®¯«KÈ�¢O±³È�¥@¢O«�±ZY
¤�Ã�¥|¨�¥·éª«�®³¤�®¯¢O«~¢�ä�¤MÃÁ¥|¨ Y<«ª© Ë ®¯¬>©�±�±¯¥>«Á×�¤MÃ lω ¸ � ¥q¤MÃ5£�¦F¥r°Á½	¥>¬·¤F¤MÃª©p¤�¤MÃÁ¥ Y~¦�Ã�¢O£Á±¯¨�Â	¥q¥·°<¤�¥>«�¨ª©DÂ�±¯¥¤�¢q©�«]YH¢�¤�Ã�¥>­¾¨ Y<«ª© Ë ®³¬�¦¿¬eÃ�¥ Ë ¥�­¿¥>±¯©D¤M®³«�×�©�±¯×�¥>Â�­�©�®¯¬>©�±¯±^YN¤�Ã�¥�¦�½ª©D¤�®Õ©�±5©D«�¨h¤�Ã�¥�¤M¥ Ë ½	¢O­M©�±K­¿¥>±¯©p°Á©D¤M®³¢O«
¦¿¬U©�±³¥�¸
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µ ¢�£�­o­�À§¦�£ Ë ¥>­§ºç£�« Ë ¢<¨ Ì ±¯¥Ý¦¿® Ë ½�±¯¥~«�¢O£�¦P©Ð½	¥>­ Ë ®¯¦h¨�¥ Ë ¢�«5¤�­�¥§­Ò´5£�¥�±¯¥Ý¬§¢O«�¬>¥§½Á¤R¨�Ñ Ù ®³« :

¤�¥>­M©D¬§¤M®³¢O«�¦t®¯«�¨Á£�®³¤�¥>¦t½ª©�­t±¯¥>¦ 6 £�¬·¤M£ª©D¤�®¯¢O«Á¦ÒÚå½	¥>£¡¤�
§¤�­�¥~À§¤M¥§«�¨�£ ^ ¨�¥>¦ 6 £�®¯¨Á¥>¦�¬§¢ Ë ½�±¯¥r°Á¥§¦�Ã�¢�­�¦
À§´<£Á®¯±¯®³Â�­�¥D¸ Ä ¢O¦h­�À§¦�£�±S¤e©D¤�¦�½�­¿®¯«�¬§®¯½ª©�£<°²¬§¢O«�¬§¥>­�«Á¥>«K¤o¨�¥§¦Ò®¯«�¬§±¯£�¦¿®¯¢O«Á¦h®³¨�¥>«K¤M®³´5£�¥>¦§º Ë ¢¡¨ÁÀ>±¯®³¦�À§¥>¦t½ª©�­
¨�¥§£¡°P½�±¯©�´5£�¥>¦f½ª©D­M©�±³± Ì ±³¥>¦§ºD® Ë~Ë ¥>­¿×OÀ>¥§¦ç¨ª©�«�¦f£�« Ë ®¯±³®¯¥>£hÃ�¢ Ë ¢O× Ì «�¥mäß¢O­�¬§À�½ª©�­FÓbVßæ X�£�«�¥N©�×�®³¤e©p¤M®¯¢�«Ë ¢O«�¢<¬eÃ�­�¢ Ë ©D¤�®¯´5£�¥N±¯¢<¬U©�±³®¯¦¿À>¥q¥§«K¤M­�¥@±³¥>¦F½�±¯©�´5£�¥>¦§º!V 
 X1£�«�¥H©�×�®³¤e©p¤M®¯¢�« Ë ¢O«�¢<¬eÃ�­�¢ Ë ©D¤�®¯´5£�¥N¥§¤�£�«�® :
äß¢O­ Ë ¥Dº�V � X1£�«�Â�­¿£�®³¤�¬>¢O±³¢O­�Ày¦�½ª©p¤M®Õ©D±¯¥ Ë ¥>«K¤�¨�À>¬§¢O­�­¿À>±¯ÀD¸ � ¥§¦m¤M­�¢�®¯¦�½Á­�¢<¬>¥>¦¿¦�£�¦�×OÀ§« Ì ­¿¥>«K¤�¨�¥§¦mäß¢O­�¬§¥>¦
¦¿£�­�±³¥>¦�½Á±Õ©�´5£�¥§¦m¦M©�«Á¦F©�×O®³­�¨Á®¯­�¥§¬§¤�¥ Ë ¥>«K¤m¦¿£�­m¬>¥§¦m¨�¥§«�® Ì ­�¥>¦§¸�Ï�¥>¦�¬U©�­�©�¬§¤�À>­�®³¦¿¤�®¯´5£�¥>¦1½�­�®³«�¬>®³½ª©�±³¥>¦�¨�¥>¦
äß¢O­¿¬>¥§¦N®³«�¨�£�®S¤M¥§¦F½ª©�­F¬>¥§¦N¤�­�¢O®³¦m¬>±¯©�¦�¦¿¥>¦N¨�ÑÅ©�×O®³¤M©D¤M®³¢O«Ý¦¿¢O«K¤y­¿À>¦¿£ Ë À§¥>¦N¨ª©�«�¦�±³¥|¤e©�Â�±³¥U©�£ � ¸ � ¸æ¾È�©D«5¤N¨�¥H¬§±¯¢O­¿¥@¬>¥H¬eÃª©�½�®S¤M­¿¥t«Á¢O£�¦Fäß¥>­¿¢O«�¦�¬>®³«�´�¬§¢ Ë~Ë ¥>«K¤M©�®¯­¿¥>¦@Ó
»�¸Fæq±¯¢�­�¦�´5£�Ñ¶£�«�¥H©D×O®³¤M©D¤M®³¢O« ^ £�«�¥qäß­¿À>´5£�¥§«�¬>¥ ωs

£Á«�®¯´5£�¥y¬>¢O«�¨Á£�®³¤>º¡«�À§¬>¥§¦�¦M©D®¯­�¥ Ë ¥§«K¤Uº ^ ¨Á¥>¦m®³« :
¤M¥>­�©�¬§¤�®¯¢O«Á¦ ^ ¬>¢O£¡¤M¥F½	¢O­¿¤�À>¥�º�£�«�¥F©�×�®³¤e©p¤M®¯¢�« Ù Â�­¿£�®³¤�À>¥�Ú��f®³«�¨�£�®S¤ç¨�¥§¦çäß¢O­�¬§¥>¦�´5£�®�¨�À§¬>­¿¢O®¯¦¿¦�¥>«K¤
©�±¯×OÀ§Â�­�®³´5£�¥ Ë ¥>«K¤N©UÈO¥§¬h±¯©P¦¿À>½ª©D­M©D¤�®¯¢O« L ¥§«K¤M­�¥t¢OÂ �¿¥·¤M¦§¸
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½	¢���¥§­y±¯©�� ©D¤�¤�­M©�¬·¤M®¯¢�«
� Ã�¥§­ Ë ©�± kBT

½	¢���¥§­y±¯©�� ©D¤�¤�­M©�¬·¤M®¯¢�«

� æ 
 Ï � � ¸³» ����À>¦�£ Ë Àt¨�¥>¦q¬U©�­�©�¬§¤�À>­�®³¦¿¤�®¯´5£�¥>¦N½�­¿®¯«�¬§®¯½ª©�±³¥>¦�¨�¥§¦yäß¢O­¿¬>¥>¦y®¯«�¨Á£�®³¤�¥>¦�½ª©�­N±¹ÑÅ©�×O®S¤e©D¤�®¯¢O«�º
¥§¤N¬>¢ Ë ½ª©�­�©�®¯¦¿¢O«�©UÈO¥§¬h±³¥>¦Fäß¢O­�¬§¥>¦�¨�¥ � ©�¦¿® Ë ®¯­1¤�Ã�¥>­ Ë ®³´5£�¥>¦§¸

Í¡¸ �¡®�±³¥�äß¢O­�í>©�×O¥m¥r°<¤M¥>­¿«�¥F¥>¦`¤f½�­�¢<¨�£�®S¤�£�«�®³´5£�¥ Ë ¥>«K¤�¨ª©D«�¦�±Õ©q­¿À>×O®³¢O«o®¯«K¤�¥>­�½Á±Õ©�´5£�¥Dº�±¹Ñ¶®¯«K¤�¥>­M©D¬§¤M®³¢O«
­�À§¦�£�±S¤e©�«K¤M¥R¥>¦`¤h¤�¢O£��¿¢O£Á­�¦H­�À§½�£�±¯¦¿®³È�¥�¸¾æq£Ø¬>¢O«K¤�­M©�®³­�¥�º�´5£ª©D«�¨²±�Ñ ©�×�®³¤e©p¤M®¯¢�«Ð©�±³®¯¥§£Ø¨Á¥~½ª©D­¿¤t¥§¤
¨�ÑÅ©�£Á¤M­¿¥�¨�¥§¦h½Á±Õ©�´5£�¥§¦>º ±¯¥>£Á­�¦t¨�¥>£¡°Øä�©�¬§¥>¦t¦�£�ÂÁ®¯¦�¦¿¥>«K¤o¨�¥§¦häß¢O­¿¬>¥§¦>¸ Ï¾©�äß¢O­¿¬>¥R«�¥§¤¿¤M¥R¥>¦¿¤Ò©�±¯¢�­�¦
¤M¢O£ �¿¢O£�¦F©D¤¿¤M­�©�¬§¤�®³ÈO¥q½l¢O£Á­m¨�¥>¦m©�×O®³¤M©D¤M®³¢O«�¦�¦M©�«Á¦F¬>¢O­¿­�À>±¯©D¤M®³¢O«�¦¿½ª©D¤�®Õ©�±³¥�¸ µ ¢O£Á­F¨�¥>¦�©�×�®³¤e©p¤M¥>£Á­�¦
¬>¢OÃÁÀ>­�¥§«K¤M¦N¦�½ª©D¤�®Õ©�±³¥ Ë ¥>«K¤Uº¡±¯¥§¦N¨ÁÀ§äß¢O­ Ë ©D¤�®¯¢O«Á¦mÀ>±¯©�¦¿¤�®¯´5£�¥>¦F´5£�Ñ¶®¯±³¦F½�­�¢<¨�£�®³¦�¥§«5¤�½	¥>£¡ÈO¥>«K¤q®¯«K¤M¥§­ :
äßÀ>­¿¥>­�½l¢�£�­F×OÀ>«ÁÀ>­�¥§­y¨Á¥>¦�®¯«K¤M¥§­M©�¬·¤M®³¢O«�¦F¦�¢�®³¤N©D¤¿¤M­M©D¬§¤M®SÈO¥§¦N¦¿¢O®³¤m­�À>½Á£�±¯¦¿®³ÈO¥§¦>¸

�Á¸�Ï�¥q¬>¢�£�½�±Õ©D×O¥y¥§«K¤M­�¥y±¯¥ Ë ®³±¯®³¥>£o¥§¤�±¯¥§¦1½�±¯©�´5£�¥>¦�©t¤�¢O£��¿¢O£�­¿¦1À·¤MÀ Ë ¢<¨�À>±³®¯¦¿ÀF½ª©�­�¨Á¥>¦�¬§¢O«�¨�®S¤M®³¢O«�¦
©�£¡°.±¯® Ë ®S¤M¥>¦N¨�¥�¤`Y<½	¥ �q®³­�®¯¬eÃÁ±¯¥§¤>¸ � ¢ Ë~Ë ¥�½	¢O£�­|£Á«�¥o©�×O®S¤e©D¤�®¯¢O«�½�£�­¿¥ Ë ¥>«K¤|¤�Ã�¥>­ Ë ®³´<£Á¥�º�±³¥>¦
­�À§¦�£�±S¤e©D¤�¦�½�­¿À>¦�¥§«K¤MÀ>¦�¨�¢�®³ÈO¥§«K¤F­�¥§¦¿¤M¥§­�ÈD©�±¯®³¨�¥>¦�½	¢O£�­�¨�Ñ ©�£¡¤M­�¥§¦m¬>¢�«�¨�®³¤�®¯¢O«Á¦�©�£<°�±³® Ë ®³¤�¥>¦�äß¢O­¿¤�¥>¦
V�¥·¤�¦¿¤M©D¤M®³´<£Á¥>¦<Xrº�¬§¢O«�¨�®S¤M®¯¢�«h¨�¥1ÈO¢O« Ä ¥>£ Ë ©�«Ò½ª©D­�¥·°¡¥ Ë ½�±³¥�¸ µ ©�­�¬>¢O«K¤M­¿¥�ºD±¯¥>¦�¦�®S¤M£ª©D¤�®¯¢O«Á¦�½	¢O£�­
±¯¥§¦�´5£�¥>±³±¯¥§¦�±¯¥y¬>¢O£Á½�±Õ©�×�¥q½�±¯©�´5£�¥ :ÊË ®³±¯®¯¥§£P¥>¦¿¤�ä�©�®¯Â�±³¥y¥·¤ Vß¢O£bX�±�ÑÅ® Ë ½	¢O¦¿®³¤M®³¢O«o¨�¥|¬§¢O«�¨�®S¤M®³¢O«�¦m©D£¡°
Âl¢�­�¨�¦�¨ Y<«ª© Ë ®¯´5£�¥§¦�¥>¦¿¤N­¿¥>´5£�®¯¦§ºª¨�¢O®SÈO¥>«K¤N¬>¢�«�¨�£�®³­�¥ ^ £�«�¥H«�¢O£ÁÈ�¥>±³±¯¥H½�Ã�À§«�¢ Ë À>«�¢O±³¢O×O®³¥�¸

� ¸�Ï¾©Ý×OÀ>«�À§­M©�±³®¯¦�©D¤M®³¢O«
¨Á¥Ò«�¢O¦|­¿À>¦¿£�±³¤M©D¤M¦ ^ £�« Ë ®³±¯®³¥>£�À>±¯©�¦¿¤�®¯´5£�¥�¬>©�­M©D¬§¤MÀ§­�®³¦�ÀÒ½ª©D­|£�«�¥ÒÀ§¬eÃ�¥>±³±¯¥
¨�¥�­�¥§±Õ©p°Á©D¤�®¯¢O«Ò®³«K¤M­�®³«�¦ Ì ´5£�¥ ξ � È�¢O®¯­�±¯©|¨�®¯¦¿¬>£�¦¿¦�®³¢O«R©�£P¨�¥>¦¿¦�£�¦�¨�¥ � ´	¸�V � ¸ �Á»�X �ª½l¥§£Á¤ 
§¤�­�¥Fä�©�®S¤M¥¦M©�«Á¦@¥§ãl¢O­¿¤q¥>«Ð­�¥§½�­�¢<¨�£�®³¦M©�«K¤ ^ ±¹Ñ¶®¯¨�¥§«5¤�®¯´5£�¥h±Õ©~½Á­�¢<¬>À>¨Á£�­�¥o¨�À·ÈO¥§±¯¢O½�½	À>¥�¨ª©�«�¦@¬§¥Ò¬eÃª©�½�®S¤M­¿¥�¸
Ï¾©Ý¦�¥>£Á±¯¥o¨�®Sã�À§­�¥>«Á¬>¥o´5£ª©�±³®³¤e©p¤M®³È�¥�¨ª©D«�¦|±¯¥§¦@­�À§¦�£�±S¤e©D¤�¦|¨�£Ð¤e©�ÂÁ±¯¥U©D£ � ¸ � ¬>¢O«�¬§¥>­¿«�¥P±Õ©�½	¢O­¿¤�À>¥¨�¥>¦häß¢O­�¬§¥�¸ �|©�«�¦h±¯¥>¦t¬U©D¦ V�æ XH¥·¤ V 
 XH±¯©
½	¢O­¿¤�À>¥R¨�¥§È<®¯¥§«K¤�Ó min(ξ, lω) ¸��q©�«�¦�±³¥~¬>©�¦ V � X·º
±Õ©t¨�À>¬§­�¢O®³¦�¦M©D«�¬>¥@¨�¥y±Õ©Häß¢O­�¬§¥|«�Ñ¶¥>¦¿¤m½�±¯£�¦�©�±¯×�À>Â�­¿®¯´5£�¥�¸ � ±¯±³¥y¨Á¥§È<®¯¥§«5¤m¥·°¡½l¢�«�¥>«K¤M®³¥>±³±¯¥q½	¢O£�­1¨�¥>¦
¨�®¯¦`¤e©�«Á¬>¥>¦N®¯«K¤�¥>­�½Á±Õ©�´5£�¥§¦ L ¦�£�½	À>­¿®¯¥§£�­�¥ ^

ξ ¸
&¡¸Fæq£å¨�¥>± ^ ¨�¥R±Õ©�¨�À§­�®SÈ�©p¤M®¯¢�«Ø¨Á¥~±³¥>£�­ Ë ¢�Y�¥>«�«Á¥�º «�¢O£�¦h©UÈO¢O«�¦�©�£�¦¿¦�® Ë ¢�«5¤�­�ÀP´5£�¥�±³¥>¦@äß¢O­¿¬>¥>¦
®¯«�¨Á£�®³¤�¥>¦�½�©�­m±¹ÑÅ©�×O®S¤e©D¤�®¯¢O«P¦¿¢O«K¤F¨�¥>¦�´<£�©�«K¤M®³¤�À>¦�äß¢�­¿¤M¥ Ë ¥§«K¤ 6 £�¬·¤M£ª©�«K¤�¥>¦F´5£�¥>±³±¯¥y´<£Á¥@¦�¢O®S¤�±³¥>£�­
¢O­�®³×O®¯«Á¥|½�­�À§¦�¬§®¯¦�¥D¸

µ ¢O£�­�¬>¢O«�¬§±¯£�­¿¥�º�«�¢O£�¦Ò®³«�¦�®³¦¿¤�¢O«�¦t£�«�¥Ý«�¢�£ÁÈO¥§±¯±¯¥Räß¢O®¯¦h¦�£�­�±¯¥Pä�©�®³¤h´5£�¥Ý«�¢�¤�­�¥Ý¨Á¥>¦�¬§­�®³½Á¤M®³¢O«Ü¥>¦`¤o¥·° :
¤ Ì>Ë ¥>«K¤h¦�® Ë ½�±³®³éªÀ§¥�ºl¥>±¯±³¥Ò«�Ñ¶¥>¦`¤�Â�®³¥>«Ø¦�£�­H½ª©D¦t¦¿£�½�½	¢O¦�À§¥�­¿¥>±¯¥·ÈO¥§­t¨Á¥~±¯©Ý¨�¥>¦¿¬>­�®³½Á¤M®³¢O«Ø½�­�À§¬>®¯¦¿¥P¨�ÑÅ£Á«
¦/Y<¦¿¤ Ì>Ë ¥|­�À§¥>±¹¸ d.©�®³¦>º5£�«�¥q©�«ª©�±^Y<¦�¥q¨Á¥q¦�®S¤M£ª©p¤M®¯¢�«�¦1¦¿® Ë ½�±¯¥§¦f­�À§È Ì ±³¥|¨�À � ^ £�«�¥q×�­M©�«�¨Á¥q­�®³¬eÃ�¥>¦¿¦�¥|½ÁÃ�À :
«�¢ Ë À>«�¢O±³¢O×O®³´<£Á¥�ºç¥·¤Ý½	¥>£Á¤~¬>¥§­¿¤e©D®¯«�¥ Ë ¥§«5¤R×O£Á®¯¨�¥§­~±¯©Ö¬§¢ Ë ½�­�À§Ã�¥>«�¦¿®¯¢O«,¨�¥�±¹Ñ¶¢O­�×K©D«�®¯¦�©D¤M®³¢O«%¥§¤~¨�¥>¦
¬>¢ Ë ½l¢�­¿¤M¥ Ë ¥§«K¤M¦H¨ Y<«ª© Ë ®¯´5£�¥§¦t¨�ÑÅ®³«�¬>±³£�¦�®³¢O«�¦H½�±¯¢�«�×OÀ>¥§¦H¨ª©�«�¦H¨�¥§¦ 6 £Á®¯¨�¥§¦h¬§¢ Ë ½Á±¯¥·°¡¥§¦ Ë ©�®³«5¤�¥>«5£�¦
Ã�¢O­�¦hÀ>´5£�®³±¯®¯ÂÁ­�¥�¸ � ¢O£¡¤M¥§äß¢�®¯¦>º Ë 
 Ë ¥P¨ª©�«�¦t¬>¥~¬U©�¨�­¿¥�º¾±¹Ñ¶¥·°<¤�¥>«�¦¿®¯¢O«å¨�¥~«Á¢O¦�­¿À>¦�£Á±³¤e©p¤M¦ ^ ¨�¥§¦�¢OÂ �¿¥§¤M¦Ë ¢OÂÁ®¯±¯¥§¦m¨�¥ Ë ¥§£�­�¥H¬>¢ Ë ½�±³¥·°¡¥�¸
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©�«Á¦q¬>¥·¤�¤�¥Ò½ª©�­`¤M®¯¥H¨�£ Ë ©�«5£�¦¿¬>­¿®³¤Uº�«�¢�£�¦|©UÈO¢�«�¦|­�À§¥·°Á© Ë ®¯«�Àt¥§¤qÀ§¤�¥>«�¨�£Ð±³¥H¬>¢O«�¬§¥>½Á¤|¨�®³¤y¨�¥
äß¢O­¿¬>¥§¦o®¯«�¨�£Á®³¤M¥§¦Ò½ª©�­�±¯¥>¦ 6 £�¬§¤�£ª©D¤�®¯¢O«�¦�´<£Á®m¥·°¡®¯¦`¤M¥�¥§«5¤�­�¥�®¯«Á¬>±¯£Á¦�®¯¢�«�¦�½�±³¢O«�×OÀ§¥>¦Ò¨�©�«�¦o£�«Ë ®¯±³®¯¥>£åÀ>±¯©�¦¿¤�®¯´5£�¥ 6 £Á¬§¤M£�©�«K¤U¸ Ä ¢O£�¦o«�¢O£Á¦o¦�¢ ËRË ¥§¦�¤M¢�£��¿¢O£�­¿¦Ò¬>¢O«Á¬>¥>«K¤�­�À>¦R¦�£Á­o±Õ©.¨�À·¤M¥§­ :Ë ®¯«ª©p¤M®¯¢�«
¨�®³­�¥§¬§¤M¥�¨�¥>¦@äß¢O­¿¬>¥>¦@­¿¥>¦¿¦�¥>«K¤�®¯¥>¦H½ª©D­|±¯¥§¦|¢OÂ �¿¥·¤M¦@Ã	��¤�¥>¦§º�¥§¤@«Á¢O«Ö¦�£�­@±¯©�¨�À>­¿®³ÈD©D¤�®¯¢O«�º�½�±³£�¦

¦`¤e©�«�¨�©�­�¨�º�¨�Ñ¶£�«u½l¢�¤�¥>«K¤M®³¥>±1¥§ãl¥>¬§¤�®³äN¨�À·éª«�®m¬§¢ Ë~Ë ¥�±�ÑÅÀ§«�¥>­¿×O®¯¥~±¯®³Â�­�¥~¨�£u¦/Y<¦¿¤ Ì>Ë ¥ ^ ½l¢O¦¿®³¤�®¯¢O«å¨�¥>¦
®³«�¬>±³£�¦�®³¢O«�¦�éÁ°¡À§¥�¸
# �	� � � �$� � �q¥§£¡°�½	¢O®¯«K¤M¦F¬§¥>«K¤M­�©�£¡°�¦¿¥t¨ÁÀ>×K©�×�¥>«K¤N¨�¥>¦N¨�¥>£<°�À§¤�£�¨�¥>¦N½�­¿À>¬>À§¨�¥>«K¤�¥>¦ÒÓ
»�¸�Ï¾¥1½�­�¥ Ë ®³¥>­¾½	¢O®¯«K¤ ¬>¢O«Á¬>¥>­¿«�¥�±³¥1¬>©�¦�¨Á¥>¦ Ë ®¯±³®¯¥§£¡°|À§±Õ©�¦`¤M®³´<£Á¥>¦ 6 £�¬§¤�£ª©�«K¤M¦�¦�¢O£�¦�±¹Ñ¶¥§ãl¥§¤ ¨�¥1±¹ÑÅ©�×O® :
¤e©D¤�®¯¢O«P¤MÃ�¥§­ Ë ®¯´5£�¥D¸ Ä ¢O£�¦�¦M©UÈ<®¯¢�«�¦1´5£�¥y¨�¥>£<°R¢OÂ �¿¥§¤�¦�¥r°¡¤�À>­¿®¯¥>£Á­�¦�® ËRË ¥§­�×OÀ§¦�¨ª©�«�¦�£�« Ë ®¯±³®¯¥§£
¦M©�«�¦�±¯¢O«�×�£�¥>£�­H¨�¥~¬>¢O­¿­�À§±Õ©D¤�®¯¢O«Ö®¯«K¤�­�®¯«Á¦ Ì ´5£�¥~¦�£�ÂÁ®¯¦�¦¿¥>«K¤o¥§« Ë ¢�Y�¥>«�«�¥~£�«²äß¢O­¿¬>¥~©D¤�¤�­M©�¬·¤M®SÈO¥^ Ù ±¯¢O«Á×O£�¥P½l¢�­¿¤MÀ§¥~Ú FCasimir

º�£�«�®SÈO¥>­¿¦�¥§±¯±¯¥ ^ ±¹Ñ¶®¯«�¦`¤e©�­q¨�¥~¦¿¢O«ØÃ�¢ Ë ¢O±¯¢O×�£�¥Ò´5£ª©�«K¤M®³´5£�¥�¸¾æ
±¹ÑÅ©�®¯¨�¥@¨�ÑÅ£�« Ë ¢<¨ Ì ±³¥ Ë ®³«�® Ë ©�±	¨�£ Ë ®¯±³®¯¥§£Ý¥§¤y½l¢�£�­�¨�¥>£¡°
×OÀ§¢ Ë À§¤M­¿®¯¥§¦F¦�® Ë ½�±³¥>¦>ºª«Á¢O£�¦y©zÈ�¢O«�¦
½�­�¢O½	¢O¦¿ÀF£�«�¥F©�½Á½�­�¢<¬eÃ�¥F®¯«K¤�£�®³¤�®³ÈO¥�½	¢O£�­ç¨�À§¬>­¿®¯­�¥�¬>¢ Ë ½�± Ì ¤M¥ Ë ¥§«5¤�±Õ©q¨Á®¯¦¿¤�­�®³Â�£Á¤M®³¢O«�¨Á¥>¦�äß¢O­¿¬>¥§¦>º
®¯«K¤M­¿®¯«�¦ Ì ´5£�¥ Ë ¥>«K¤ 6 £�¬§¤�£ª©�«K¤M¥§¦>º�´<£Á¥�±¯¥§¦h¥r°¡¬>®³¤M©D¤M®³¢O«�¦HÀ>±¯©�¦¿¤�®¯´5£�¥§¦h¨�£ Ë ®³±¯®¯¥§£Ð®¯«�¨Á£�®¯¦¿¥>«K¤�¦¿£�­
±¯¥>¦F¢�Â �¿¥§¤�¦N® Ë~Ë ¥>­¿×OÀ>¦§¸ Ä ¢O£�¦N©UÈO¢O«�¦�¥§«�½�©�­¿¤�®¯¬>£Á±¯®¯¥§­ Ë ¢O«K¤M­¿À@´<£Á¥t±�ÑÅ£Á«�®³È�¥>­�¦�©�±¯®S¤MÀ|¨Á¥@±Õ©�äß¢O­¿¬>¥
¦>ÑÅ©�­�­ Ì ¤M¥ ^ ¦M©�È�©D±¯¥>£Á­ Ë ¢�Y�¥>«�«Á¥qÓp±¯¥>¦ 6 £�¬·¤M£ª©D¤�®¯¢O«Á¦�¨�¥§¦�äß¢O­¿¬>¥>¦�¦�£�­�±¯¥>¦�½ª©�­¿¢O®¯¦ ¨�¥>¦�¢OÂ �¿¥·¤M¦çÃ	�D¤M¥
¦�¢O«K¤Uº�¥>«P¥§ãl¥§¤>ºO¨�¢ Ë ®¯«�À§¥>¦ç½�©�­ç£�«�¥F¬§¢O«K¤M­¿®¯Â�£Á¤�®¯¢O«�¨�¢O«K¤�±¹ÑÅ© Ë ½�±¯®S¤M£�¨Á¥�¥§¦¿¤�éÁ°¡À§¥N½�©�­ç±Õ©y«ª©D¤M£Á­�¥
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¬§¢O£�½�±¯©�×O¥ Ë ®¯¬§­�¢O¦¿¬>¢O½�®³´5£�¥@¥>«K¤M­¿¥h±³¥>¦F½ª©D­�¢O®³¥>¦F¥§¤N±³¥ Ë ®³±¯®¯¥§£ 6 £Á¬§¤M£�©�«K¤q¥§«5È<®³­�¢O«�«�©�«K¤U¸

Í<¸ � « ®¯«K¤�­�¢<¨�£�®¯¦�©�«K¤Ò£�«Á¥�¨Á¥>¦�¬§­�®³½Á¤M®³¢O«%¨ Y<«ª© Ë ®¯´5£�¥Dº�«�¢O£Á¦~©UÈ�¢O«�¦oÀ§¤�¥>«�¨Á£,±³¥Ý½ª©�­�©�¨�®¯× Ë ¥~¨�¥>¦
äß¢O­�¬§¥>¦¾¨�¥ � ©�¦�® Ë ®³­�©�£<°H¬U©�¦�¨�ÑÅ£�« Ë ®¯±¯®³¥>£yÃ�¢O­�¦¾À§´<£Á®¯±¯®³Â�­�¥ç©�×O®³¤�À�º·È¡®³¬§¤�® Ë ¥�¨�¥ 6 £�¬·¤M£ª©p¤M®¯¢�«�¦�«�¢O«
¤MÃ�¥§­ Ë ®¯´5£�¥>¦§¸KÏ�¥>¦�äß¢�­�¬>¥§¦�®¯«�¨Á£�®³¤�¥>¦�½�©�­ç±¹ÑÅ©�×O®S¤e©D¤�®¯¢O«H¨�£ Ë ®¯±³®¯¥§£h¦¿£�­�±¯¥§¦ç®¯«�¬§±¯£�¦¿®¯¢O«Á¦�¨�À§½l¥§«�¨�¥§«5¤
äß¢O­¿¤�¥ Ë ¥>«K¤Ý¨�¥.±Õ©Ö¨ Y<«ª© Ë ®¯´5£�¥.¨Á£ Ë ®³±¯®³¥>£u¥§¤�¨�¥>¦ Ë ¢<¨�¥>¦~¨�¥
äß¢O­¿íU©�×�¥�¸ � ¢O«K¤M­M©D®¯­�¥ Ë ¥§«K¤ ^
FCasimir

º¾±¯¥§¦@äß¢O­�¬§¥>¦t¥§ãl¥>¬§¤�®³È�¥>¦�®³«�¨�£�®S¤M¥§¦t½	¥>£¡ÈO¥>«K¤ 
§¤M­¿¥~¨�©�«�¦t¬>¥>­`¤e©�®³«�¦H¬U©�¦t¬>¢ Ë ½�± Ì ¤�¥ Ë ¥>«K¤Ë ¢<¨�£�±¯©�Â�±¯¥§¦>ºç±³¥>£�­~© Ë ½�±¯®S¤M£�¨Á¥�º�±³¥>£�­R½	¢O­¿¤�À>¥�¥§¤ Ë 
 Ë ¥�±³¥>£�­P¦�®³×O«�¥�½l¥§£ÁÈO¥§«K¤ 
§¤�­�¥
© �¿£�¦¿¤�À>¦
¥>«.ÈD©�­¿®Õ©�«K¤N±¹Ñ¶®¯«K¤M¥§«�¦�®S¤MÀH¥§¤y±¯¥H¦¿½l¥§¬§¤M­¿¥�¨�¥täß­�À§´<£Á¥>«�¬§¥Ò¨�¥t±¹ÑÅ©�×O®³¤M©D¤M®³¢O«�¥·°<¤�¥>­�«Á¥�¸	æ�±¯©R±³£ Ë ® Ì ­¿¥
¨�£.½	¢O®¯«K¤N½�­¿À>¬>À§¨�¥>«K¤>º�±¯¥§¦ 6 £�¬§¤�£ª©D¤�®¯¢O«�¦N¨�¥§¦yäß¢O­¿¬>¥>¦N®¯«Á¨�£�®³¤�¥>¦�½ª©�­�±�Ñ ©�×�®³¤e©p¤M®¯¢�«Ý¢O«K¤|©D£�¦�¦¿®�À·¤MÀ
¬U©�­�©�¬§¤�À>­�®³¦�À§¥>¦>¸

� �!�#� � ���	��� ����� ����� �]�����	� � æè¬§¥�¦¿¤e©D¨�¥�¨�£ Ë ©�«5£�¦�¬§­�®³¤>º�£�«Á¥�´<£Á¥>¦¿¤�®¯¢O«u¦§ÑÅ® Ë ½	¢O¦�¥
Ó Ù �¡®1¨�¥>¦
®³«�¬>±³£�¦�®³¢O«�¦qéÁ°¡¥§¦h¦¿£�Â�®¯¦¿¦�¥§«5¤h¨�¥§¦täß¢O­¿¬>¥§¦t¥·ã�¥§¬§¤�®³ÈO¥§¦h¨�©�«�¦H£�« Ë ®³±¯®¯¥§£ 6 £�¬·¤M£ª©D«5¤>º¾´<£Á¥R¦¿¥~½�©�¦�¦¿¥ : ¤ : ®³±
¦¿®F¬>¥>¦~®¯«�¬§±¯£�¦¿®¯¢O«Á¦o¦�¢O«K¤R±¯®³Â�­�¥§¦o¨�¥
¦¿¥
¨ÁÀ>½�±¯©�¬>¥§­��ÔÏ¾©Ö¨PY¡«�© Ë ®³´5£�¥�¥§ãl¥>¬§¤�®³È�¥.¨�¥§¦~¢OÂ �¿¥§¤M¦R® ËRË ¥>­ :
×OÀ§¦.½	¥>£Á¤ : ¥§±¯±¯¥ 
§¤�­�¥Ü¨ÁÀ>¬>­¿®³¤�¥�º ^ ±¹Ñ¶À>´5£�®³±¯®¯ÂÁ­�¥Ö¥§¤cV�¢O£bX�½l¢�£�­.¨�¥§¦.äß¢O­¿íU©�×O¥§¦.¦¿® Ë ½�±¯¥§¦��%Ú Ï�¥Ü½�­¿¢ :
×O­�© ËRË ¥ ^ÔË ¥·¤�¤M­¿¥Ý¥>« ½�±¯©�¬>¥Ý½	¢O£�­o­¿À>½	¢O«�¨�­¿¥�¬>¢ Ë ½�± Ì ¤M¥ Ë ¥§«K¤ ^ ±Õ©Ô´5£�¥§¦¿¤M®³¢O«u½l¢�¦�À>¥�¦¿¥�¦�®³¤�£�¥�©
£�«ë«Á®³ÈO¥>©�£ ¨�¥Ð¬>¢ Ë ½�±³¥·°¡®³¤�ÀÔ¦�£Á½lÀ§­�®¯¥§£�­ ^ ¬>¥§±¯£�®y¨�¥>¦�À·¤M£�¨�¥§¦�½�­�À§¦�¥§«5¤�À>¥§¦.¨ª©�«Á¦�¬>¥§¤¿¤M¥Ð½ª©D­¿¤M®³¥Ô¨�£Ë ©�«5£�¦�¬§­�®S¤U¸ Û «ê½	¥>£¡¤.«�¢D¤M¥>­�´5£�¥å±Õ©%´5£�¥>¦`¤M®¯¢�« ½�±³£�¦�¦�® Ë ½�±³¥Ð¨�¥å±¯©%¨ Y<«ª© Ë ®¯´5£�¥Ø¨�ÑÅ£Á«ê¤M­�©�¬>¥§£�­
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½ª©�¦�¦¿®³äWV > b C b ´5£�® «�¥ Ë ¢¡¨Á®³éª¥H½ª©�¦y±Õ©P¨ Y<«ª© Ë ®¯´5£�¥t¨�¥�¦¿¢O«Ô¥§«5È<®³­�¢O«�«Á¥ Ë ¥>«K¤ X�¦�£�­y£�«�¥�¦¿£�­¿ä�©D¬>¥ 6 £�¬ :¤M£ª©�«K¤�¥P©~ä�©�®³¤y±¹Ñ¶¢OÂ �¿¥·¤@¨�¥Ò´5£�¥§±¯´5£�¥§¦|¤M­M©UÈD©�£¡°
¤MÃÁÀ>¢O­¿®¯´5£�¥>¦@½Á­�À>±³® Ë ®¯«ª©D®¯­�¥§¦F´5£�®ç¢O«K¤@­¿À§ÈOÀ§±¯ÀÒ¦�©Ý¬>¢ Ë :
½�±¯¥r°Á®S¤MÀ � � ¢�½ª©�±Õ© � ­¿®¯¦¿Ã�«ª©�«�º�Í�ÎOÎ �<º � Ã�®¯«�º	Í�ÎOÎKÍ5º �|©�¦N©�«�¨ 
 ©�­ Ë ©¡ºªÍ�ÎOÎ�Î �¹¸µ ¢O£�­�­�¥§È�¥>«�®³­�©�£¡°R¬U©D¦1¨�¥N±Õ©@×OÀ§¢ Ë À§¤M­¿®¯¥F¨�¥§¦1¨Á¥>£¡°~½�±¯©�´5£�¥>¦f½ª©�­�©�±¯± Ì ±³¥>¦>º�¢O«~½	¢O£�­¿­M©�®S¤f½�­�¢�½l¢O¦¿¥>­
¨�¥.×OÀ§«�À>­�©�±¯®³¦�¥§­R±³¥>¦RÀ>´5£ª©D¤�®¯¢O«Á¦~¨�¥�±Õ©Ö¨ Y<«ª© Ë ®¯´5£�¥§¦~¨Á£�¬eÃª©�½Á®³¤M­¿¥ �¡º � ´�¸DV � ¸S»�XÒ¬>¢ ËRË ¥�¦¿£�®³¤R¥§«¦�£�½�½	¢O¦�©�«K¤q´5£�¥t¦�¥§£�±¯¥@±¯©P½Á±Õ©�´5£�¥@¥§« L ¥§¦¿¤ Ë ¢�Â�®¯±³¥�Ó

γ∂tφ = κ∇2φ+ η, V,&<¸³»�X
φ(0, r, t) = φ[L(t), r, t] = 0. V,&¡¸ Í�X

­�¥>¦`¤M¥ ^ ½Á­�¢O½	¢O¦�¥§­ç£�«�¥�À>´5£ª©D¤�®¯¢O«Ò¨�ÑÅÀ·ÈO¢O±³£Á¤M®³¢O«�½	¢O£�­ç±¯©y½	¢O¦�®S¤M®³¢O« L(t) ¨�¥m±¯©y½�±¯©�´5£�¥�¸ � «o¦�£�½�½	¢O¦�©�«K¤½ª©�­m¥r°Á¥ Ë ½Á±¯¥@´5£�¥@±Õ©h¨ Y<«ª© Ë ®¯´5£�¥ Ù «5£�¥tÚ�¨�¥@±¯©�½�±¯©�´5£�¥|¥>¦`¤�¥>±³±¯¥|©D£�¦�¦¿®�¨�®¯¦¿¦�®³½ª©D¤M®SÈO¥y¥§¤�±¯¢<¬U©D±¯¥�º5¢O«
©
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©zÈ�¥>¬ Γ ºª±³¥H¬>¢<¥��R¬>®³¥>«K¤N¨�¥täß­¿®¯¬·¤M®¯¢�«�¨�¥h±¯©o½�±Õ©�´5£�¥Dºª¥§¤ Fext
±Õ©o­�À§¦�£�±S¤e©�«K¤M¥H¨�¥§¦yäß¢O­¿¬>¥§¦N¥r°<¤M¥>­¿«�¥>¦q©�½ :

½�±¯®³´<£ÁÀ>¥>¦ ^ ±Õ©@½�±¯©�´5£�¥@¸5Ï�ÑÅÀ§´<£�©D¤M®³¢O«"V�&¡¸ �]XrºO¤�­M©�¨Á£�®³¤f¦¿® Ë ½�±¯¥ Ë ¥§«5¤ç±¯¥Fä�©�®³¤ç´<£Á¥y±¯©qäß¢O­�¬§¥ F (t) ®³«�¨�£�®S¤M¥½ª©�­t±¯¥>¦t¨�À·äß¢O­ Ë ©D¤M®³¢O«Ö¨�£Ü¬eÃª© Ë ½ φ ©D¨�¨�®³¤�®¯¢O«Á«�À>¥R©�£¡°Øäß¢O­¿¬>¥§¦h¥r°¡¤�¥>­¿«�¥>¦ Fext
¦>Ñ¶À>´5£�®³±¯®¯ÂÁ­�¥>«K¤h©UÈO¥§¬

£�«�¥oäß¢O­�¬§¥o¨�¥Òäß­�¢D¤�¤M¥ Ë ¥§«K¤@È¡®³¦�´5£�¥§£¡°l¸ �q©�«�¦H¬>¥o¬>©�¨�­�¥P¨�¥o¨Á¥>¦�¬§­�®³½Á¤M®³¢O«Ð±¯¥o½�±³£�¦@¦�® Ë ½Á±¯¥�º	´5£�¥>±�´5£�¥
¦�¢O®S¤f±Õ©|¦�¢�£�­�¬§¥N¨�Ñ ©�×�®³¤e©p¤M®¯¢�« η ºO±Õ©|­¿À>¦¿¢O±¯£Á¤�®¯¢O«o¬§¢ Ë ½�± Ì ¤M¥F¨�£P½�­¿¢OÂ�± Ì§Ë ¥�¥>¦¿¤�Ã�¢�­�¦�¨�ÑÅ©D¤�¤�¥>®³«5¤�¥HÓO¬>¢O«Á¨�® :¤M®¯¢�«�¦N©�£¡°�Â	¢O­�¨Á¦ Ë ¢OÂ�®³±¯¥§¦F¨ª©�«�¦ V,&<¸wÍ�X�¬§¢O£�½�±³À>¥§¦ ^ £�«�¥tÀ>´5£ª©D¤�®¯¢O«�Ãª©D£Á¤M¥ Ë ¥§«5¤y«�¢O«�±¯®³«�ÀU©D®¯­�¥ V,&¡¸ �]X
¥§¤ V,&¡¸ � Xr¸� � �������%���$� ��� � �=��� � � ����� � µ ¢O£�­�¬>±³¢O­�¥Ö¬§¥§¤�¤�¥å½�©�­¿¤�®¯¥Ð¦�£Á­
£�«Á¥Ø«Á¢�¤M¥Ø½�±¯£Á¦�¢�½Á¤M® Ë ®³¦¿¤M¥Dº�¢O«
½�­�À§¦�¥>«K¤�¥|Â�­�® Ì È�¥ Ë ¥>«K¤�£�«�¥y©�½�½�­¿¢¡¬eÃ�¥N¬>¢�«�¬>­ Ì ¤M¥N´5£�®�½l¥§­ Ë ¥§¤¿¤M­M©D®³¤�¨�ÑÅ©�¬§¬>À>¨Á¥>­ ^ ´5£�¥>±³´5£�¥>¦1®¯«Áäß¢O­ Ë © :
¤M®¯¢�«�¦h¦¿® Ë ½�±¯¥§¦h¦¿£�­�±¯©�¨PY¡«�© Ë ®³´5£�¥�¥·ã�¥§¬§¤M®SÈO¥~¨�¥>¦Ò®³«�¬>±³£�¦�®³¢O«�¦§¸ � ¢O«�¦�®³¨�À>­¿¢O«�¦h£�«�¥Ý¥r°Á½	À>­¿®¯¥§«�¬>¥Dº�¨�¥
½�­�®³«�¬>®³½l¥DºO¨�¥�¤`Y¡½	¥ Ë ®³¬>­�¢ Ë ©�«Á®¯½�£�±¯©D¤M®³¢O«H¢ 8 ±¯¥>¦f¨�¥§£¡°R½�±¯©�´5£�¥>¦f¦�¢�«5¤1½	¢O¦�®S¤M®¯¢�«�«�À>¥§¦ Ù Ã�©�­ Ë ¢O«�®³´<£Á¥ :Ë ¥§«5¤ÒÚ#V C b V b ½�® Ì ×O¥P¢O½¡¤M®¯´5£�¥ X·º¾¥>« x1 = 0 ¥·¤ x2 = L ¸ �<®�±¯¥ Ë ®³±¯®³¥>£Ð¥>¦`¤häß¢�­�¬>ÀR½ª©�­t£�«�¥R¦�¢�£�­�¬§¥
η º�±³¥>£�­H½	¢O¦�®S¤M®¯¢�«Ð«�¥RÈD©�´5£�¥RÈD©�­¿®¯¥§­|ä�©�®¯ÂÁ±¯¥ Ë ¥>«K¤t©�£¡¤M¢O£�­H¨�¥§¦h½	¢O¦¿®³¤M®³¢O«�¦@¨�Ñ¶À>´5£�®³±¯®³Â�­�¥o¦¿¢O±¯£Á¤�®¯¢O«Ð¨Á¥
Fext + 〈F 〉 = 0 ¸Ï¾¥@½Á­�¥ Ë ®¯¥§­1«Á®³ÈO¥>©�£�¨�ÑÅ©�½�½�­¿¢z°¡® Ë ©D¤�®¯¢O«R´5£�¥@±¹Ñ¶¢O«Ý½	¥>£¡¤F½�­�¢�½l¢O¦¿À@¥>¦`¤F¬>¥§±¯£�®l¨�¥@±Õ©t­�À>½	¢O«�¦¿¥@±¯®³«�ÀU©�®³­�¥Dº
´<£Á®¡¬§¢O«�¦�®³¦¿¤�¥�º^®¯¬§®¹º ^ À§ÈD©�±¯£Á¥>­ ±Õ© Ë ¢<¨�®Séª¬U©D¤�®¯¢O«@¨Á¥>¦�äß¢�­�¬>¥�®¯«Á¨�£�®³¤�¥>¦ Fi(t)

¨���¥ ^ £�«Á¥1½	¥§¤�®³¤M¥�ÈD©�­¿®Õ©D¤�®¯¢O«
¨�¥>¦ ½l¢�¦�®³¤�®¯¢O«Á¦�¨�¥>¦ ½�±Õ©D´<£Á¥>¦ δxi

Vß¢O«h«Á¢�¤M¥f®¯¬§® Fi
±Õ©mäß¢O­¿¬>¥f¦�£Á­ ±¯©F½�±Õ©�´5£�¥f¥§« xi

Xr¸ � ®¯©�±¯©m±¯®³«�ÀU©�­¿®¯¦�©D¤M®³¢O«
¨�¥ V,&<¸³»�Xeº=V�&¡¸ Í�XrºeV,&<¸"�]X�¥§¤ V,&¡¸ � Xy©D£Á¤M¢O£Á­y¨�¥§¦|½	¢O¦�®S¤M®¯¢�«�¦y¨�ÑÅÀ§´<£Á®¯±¯®³Â�­�¥t¨�¥§¦|¨�¥>£<°Ô¢OÂ �¿¥§¤M¦§º�¢O«.½l¢O£Á­�­M©¥·°¡½�­�® Ë ¥§­F¦M©�«Á¦y½	¥>­`¤M¥H¨�¥H×OÀ>«ÁÀ>­M©D±¯®³¤�À|±¯¥§¦Fäß¢O­�¬§¥>¦ Ë ¢�Y�¥>«�«�¥§¦ 〈Fi〉 ¦¿¢O£�¦N±Õ©�äß¢O­ Ë ¥

〈Fi(t)〉 = 〈F (0)〉+
∫ t

−∞
Γij(t− t′)

d δxj(t
′)

dt′
dt′, V,&¡¸'&�X

¢ 8 〈F (0)〉 ¥§¦¿¤ ±Õ©mäß¢O­¿¬>¥ Ë ¢�YO¥>«Á«�¥f®¯«�¨�£Á®³¤M¥�½�©�­�±¹ÑÅ©�×O®S¤e©D¤�®¯¢O«y¦�£�­¾¨�¥§¦ ½Á±Õ©�´5£�¥§¦¾é¡°Á¥§¦ V 〈F (0)〉 = FCasimir¦�® η ­�¥§½�­�À§¦�¥>«K¤�¥R±³¥�Â�­¿£�®³¤y¤MÃ�¥§­ Ë ®¯´5£�¥ X·¸lÏ�¥Ò¬U©�±³¬>£�± ¨�¥§¦|äß¢O«�¬§¤�®¯¢O«Á¦ Γij
½	¥>­ Ë ¥·¤�¤�­M©�¨�Ñ¶À§ÈD©�±³£�¥>­y¨ª©�«�¦

´<£Á¥>±¯±³¥ Ë ¥>¦�£Á­�¥o±¯¥§¦ 6 £�¬·¤M£ª©D¤�®¯¢O«Á¦|¨�£Ö¬eÃª© Ë ½�¦H©�±S¤MÀ>­¿À>¥§¦|½ª©�­@±¯©�½�­�À§¦�¥§«�¬>¥R¨�¥>¦@½Á±Õ©�´5£�¥§¦@®¯«�¨�£Á®¯¦�¥§«K¤Uº
¥>« ½�±¯£�¦o¨Á¥>¦R®¯«K¤M¥§­M©�¬·¤M®¯¢�«�¦Ò¥§ãl¥>¬·¤M®SÈO¥>¦R¨�À§¬>­�®S¤M¥§¦R½Á­�À>¬§À>¨�¥ Ë~Ë ¥>«K¤>º�¨�¥>¦oäß¢O­¿¬>¥>¦P¨�®³¦�¦¿®¯½ª©D¤�®³È�¥>¦>¸ Ä ¢O£�¦
¦M©�£�­¿¢O«�¦t¬>¢ ËRË ¥>«K¤H±¯¥Ò¬§¢¡¥��R¬>®¯¥§«K¤�¨�¥oäß­¿®¯¬§¤�®¯¢O«.×OÀ>«�À§­M©�±³®¯¦¿Ào¨�¥>¦t½�±Õ©D´<£Á¥>¦H¥>¦`¤ Ë ¢<¨�®³éªÀ�½ª©�­@±¯¥o¬§¢O£ :
½�±Õ©�×�¥H©�£�¬eÃª© Ë ½ 6 £�¬§¤�£ª©�«K¤U¸ Ä ¢�¤M¢�«�¦Féª«ª©�±³¥ Ë ¥>«K¤F´5£�¥H½ª©�­F£�«Á¥h©D½�½�­�¢<¬eÃ�¥|¤�­ Ì ¦�¦¿® Ë ®¯±Õ©D®¯­�¥�¨ª©D«�¦F±¯¥
¬>¢O«K¤M¥r°<¤M¥R¨�¥P±¹Ñ¶¥§ãl¥§¤ � ©�¦¿® Ë ®¯­q´5£ª©D«5¤�®¯´5£�¥Dº ±³¥>¦H©�£¡¤M¥>£Á­�¦H¨�¥ � 9O©D¥ � ¥§± ©�«�¨��N¥hY<«ª©�£�¨�º¾»�K K ����¢�«5¤t½�£
À§¤M£Á¨�®¯¥§­N±¯©Ò¨ Y<«ª© Ë ®¯´5£�¥H¥§ãl¥>¬·¤M®SÈO¥H¨�¥ Ë ®³­�¢O®³­�¦ � ¨ª©�«�¦�±¯¥|È<®³¨�¥@À>±³¥>¬§¤�­�¢ Ë ©�×O«ÁÀ§¤M®³´5£�¥�¸
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� æqÂ�­�© Ë ¢ ��®S¤MÆ@©D«�¨��5¤M¥>×�£�«�º�»�K�[�&��HæqÂ�­�© Ë ¢ ��®S¤MÆDº�då¸�©�«�¨ �5¤M¥>×�£�«�º 
 ¸Dæ�¸Sº�¥§¨�®³¤�¢O­�¦-V`»�K�[�&�X·¸�� HJZgB�áM�=i= ��=dâ�� HJ@ �[C�^ HJ@L> 0THJO���EDZ50�@L>Y=?Z Q ¸��q¢zÈO¥§­ µ £�Â�±³®¯¬>©D¤M®³¢O«�¦>º Ä ¥ ����¢O­ � ¸
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	 b�
 �D_iQ b��
� �\ITHJZ50RC º�Í�Ó � �K¼<¸

� æ �¿¨ª©D­�®�¥·¤q©D±¹¸Sº�»�KLK¡» �Hæ �¿¨ª©D­�®¹ºKæh¸³º µ ¥§±¯®S¤M®¹ºOÏf¸Sº<©�«�¨ µ ­¿¢O¦¿¤>º 9Á¸�Vd»�KLKÁ»�Xr¸ 
 �D_iQ b�� C�G b�c C�@h@ º	[�[~ÓS» � �Á»�¸
� 
 ¸�æh¸ � ­¿Æ Y<Âl¢���¦ � ®�º	Í�ÎOÎOÎ�� 
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� Î]&�ÓS»zÎ � �Á¸

� 
 ©�±³®Õ©�«�©D«�¨ �y£�½�±Õ©D«5¤�®¯¥§­>º�»�KO¼O¼�� 
 ©�±³®Õ©�«�º �t¸1©�«�¨ �y£�½�±Õ©D«5¤�®¯¥§­>º 
 ¸ Vd»�KK¼O¼_X·¸�� Z[ZgHJO Q =dâ 
 �D_iQ b º»zÎ � Ó �OÎOÎÁ¸
� 
 ©�±³®Õ©�«�©D«�¨ �y£�½�±Õ©D«5¤�®¯¥§­>º�»�KO¼ � � 
 ©�±³®Õ©�«�º �t¸1©�«�¨ �y£�½�±Õ©D«5¤�®¯¥§­>º 
 ¸ Vd»�KK¼ ��X·¸�� Z[ZgHJO Q =dâ 
 �D_iQ b º»O»^Í�ÓS»�[]&¡¸
� 
 ©�­`¤M¢O±³¢o¥§¤N©�±�¸³º�ÍDÎOÎKÍ�� 
 ©D­¿¤M¢�±¯¢�º ��¸³ºKæ �¿¨ª©�­¿®¹ºOæh¸³º � ¢O£�­¿«�®¯¥§­>º 9Á¸ : 
 ¸³º5©�«Á¨ � ¢O±¯¥§¦¿¤M©�«�®Õ©D«�º �H¸bV¹ÍDÎOÎKÍ�Xr¸

 �D_iQ b�� C�G b4c C�@h@ º �LK�Ó Í �OÎ�[OÎ¡»O¸

� 
 ©�­`¤M¢O±³¢P©�«�¨ � ¢O£�­�«Á®¯¥>­§º�Í�ÎOÎ � � 
 ©�­`¤M¢O±³¢�º ��¸�©�«�¨ � ¢O£Á­�«�®³¥>­>º 9Á¸ : 
 ¸-V¹Í�ÎOÎ �]X·¸ / EDI b�
 �D_ Q b 	 b / b º»O»PÓ³» � »O¸
� 
 ©�­`¤M¢O±³¢o¥§¤N©�±�¸³º�ÍDÎOÎOÎ � 
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 ¥>ÃÁ­�¥>«Á¦q©�«Á¨ � ­�®³¥>­§º�Í�ÎOÎÁ» � 
 ¥>Ã�­¿¥>«�¦§º �l¸ � ¸D©�«�¨ � ­¿®¯¥>­§º ��¸ V¹Í�ÎOÎ¡»�X·¸ 
 « � ¢�± Ë º � ¸³ºDÇ@¥ � ®¯¬eÃ�¥·ã�º µ ¸Sº
©�«�¨ µ ¢<¨�×O¢�­�«�® � º �t¸Sº�¥§¨�®³¤�¢O­�¦§º / OPC10�@hIe=iQ�@YHJ@h> 0 / Þ]C10�@AQ">AZ�<�=dâK@�� HJ@h@UC�I�HJZgB��">Y=Rf �D_iQ�> 0RQ ¸�Ç@±³£ �1¥>­§º
�q¢O­�¨Á­�¥>¬eÃK¤>¸
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 ¢<¬>¬U©D­M©Áº�» KLK]&�� 
 ¢<¬>¬>©�­M©¡º Ä ¸�Vd»�KLK]&�Xr¸ 
 Ie=JMRHNM�>AO >A@dSRQ ¸ � ±¯±³®¯½�¦¿¥>¦§º µ ©D­�®¯¦§¸
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 ¢O­¿¨ª©�×P¥§¤N©�±�¸³ºªÍ�ÎOÎÁ» � 
 ¢O­�¨ª©D×�ºPdå¸³º d
¢OÃÁ®¯¨�¥§¥>«�º � ¸SºÁ©�«Á¨ d
¢O¦`¤M¥>½�©�«�¥>« � ¢�º � ¸ då¸�V�Í�ÎOÎÁ»�Xr¸ 
 �D_ Q b
� CUf b º�»RÓ �]& �¡¸

� 
 ¢O£�¨�©�¢O£�¨�¥§¤y©�±�¸³º�»�KLKLK � 
 ¢O£�¨ª©�¢�£�¨�º�æh¸³º � ¢�£�¨�¥>­§º��o¸Sºª©�«�¨�æ Ë ©�­§ºbdå¸ 
 ¸!V`»�K KLK]X·¸ / EDI b�
 �D_ Q b	 b � º K�Ó³»�& KÁ¸
� 
 ­�¥§¦�¦¿® ¥·¤N©�±¹¸Sº�Í�Î�ÎKÍ�� 
 ­¿¥>¦�¦¿®¹º � ¸Sº � ©D­�£�×O«Á¢�º � ¸Sº Û «�¢�äß­¿®¯¢�º �H¸³º�©�«�¨ ��£ª©�¦¿¢�º � ¸ V¹Í�Î�ÎKÍ�X·¸ 
 �D_ Q b
� C�G b�c C�@L@ º ����Ó Î � »��OÎ � ¸

��� ©�¦�® Ë ®³­>º	»�K � ��� � ©�¦�® Ë ®³­>º � ¸ 
 ¸ � ¸!V`» K � �]Xr¸ 
 Ie=�0 b���b � CTB b � �JHNB b�� C�@ b ºb&¡»PÓ ¼ K �Á¸
��� ©�¦�® Ë ®³­>º	»�K � K�� � ©�¦�® Ë ®³­>º � ¸ 
 ¸ � ¸!V`» K � K]Xr¸ 	 =?EDIKZgHJO�BDC � �D>A^ >YC 
 �D_iQ�>La�E C º � [�Ó � ÎLK¡¸
��� ©�¦�® Ë ®³­m©�«Á¨ µ ¢O±¯¨�¥§­>º�» K � � � � ©�¦¿® Ë ®¯­§º � ¸ 
 ¸ � ¸<©�«�¨ µ ¢O±³¨�¥>­§º ��¸�Vd»�K � ��X·¸ 
 �D_iQ b�� C�G b º¡¼ �~Ó ��[OÎ¡¸
��� Ãª©�® � ®³«�©�«�¨
Ï�£�Âl¥§«�¦ � Y�º » KLKK¼�� � Ãª©D® � ®¯«�º µ ¸N©�«�¨ìÏ�£�Â	¥>«Á¦ � YOº � ¸ � ¸ Vd»�KLKK¼�Xr¸ 
 IK>AZ50�> fgOPCRQ =dâ
� =?ZgBDC�Z QiCTB�� HJ@dC�I 
 �D_ Q�> 0RQ ¸ � © Ë Â�­�®³¨�×O¥ � «�®³È�¥>­�¦¿®³¤`Y µ ­¿¥>¦�¦§¸

��� Ãª©�«�¥§¤y©�±�¸³º�Í�ÎOÎÁ» � � Ã�©�«�º � ¸ 
 ¸Sº�æ � ¦/Y<£ � º � ¸�æ�¸SºªÇ@±¯¥§® Ë ©�«�º �t¸ Ä ¸Sº 
 ®³¦�Ã�¢O½�º ��¸ 9Á¸Sº�©�«Á¨ � ©D¦ :
½ª©�¦�¦¿¢�º � ¸!V�Í�ÎOÎÁ»�X·¸ <%0�>YC�Z50RC º�Í KÁ»oÓ³» K � »O¸
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��� Ã�®³«�º	Í�ÎOÎOÍ�� � Ã�®¯«�º � ¸ : �l¸�V¹ÍDÎOÎKÍ�Xr¸ 
 �D_ Q b � C�G b / º [�[�Ó ÎOÍ¡»O»zÎ � ¸
� �|©D¦q©�«Á¨ 
 ©�­ Ë ©Áº�Í�Î�ÎOÎ � �|©�¦§º ��¸�©�«�¨ 
 ©�­ Ë ©¡º då¸�V�Í�ÎOÎOÎ]Xr¸ 
 �D_ Q b � C�G b4c C�@L@ b º �]&ÝÓS»�[OÎKÍ<¸
� ¨�¥ � ¥>«�«�¥§¦>º�»�K �]&��H¨�¥ � ¥>«�«�¥§¦>º µ ¸ : � ¸!Vd»�K��]&�Xr¸ � C�G b � =�B b 
 �D_iQ b º�&O¼ÝÓ �KÍO¼¡¸
� ¨�¥ � ¥>«�«�¥§¦�¥§¤y©�±¹¸SºªÍDÎOÎKÍ��H¨�¥ � ¥>«�«Á¥>¦>º µ ¸ : � ¸³º 
 ­�¢<¬eÃª©�­�¨ : � YK©�­`¤Uº � ¸Sºm©D«�¨ !@£Á¥>­�¥Dº ��¸ V�Í�ÎOÎKÍ�Xr¸��=?ED@dCRQ��*M�EDOAOPCRQ���f[C�IKOPCRQ`C�@"=?ZgBDCRQ ¸ 
 ¥>±³®¯«�º µ ©�­�®³¦>¸
� ¨�¥ � ¥>«�«�¥§¦N©�«�¨ � ®¯¦¿Ã�¥>­§º�»�KK¼ ���H¨�¥ � ¥§«�«�¥>¦§º µ ¸ � ¸K©�«�¨ � ®¯¦¿Ã�¥>­§º$då¸ � ¸ V`»�KO¼ �]X·¸ � b �]b � 0THNB b <%0 b

 HJIK>PQ b � º�½ª©�×�¥�ÍDÎK¼¡¸

� ¨�¥ � ¥>«�«�¥§¦N©�«�¨ µ ­¿¢O¦¿¤>º�»�K��]&D© �@¨�¥ � ¥§«�«�¥§¦>º µ ¸ � ¸¾©D«�¨ µ ­�¢�¦¿¤Uº 9Á¸8Vd»�K��]&�©�X·¸�� �[CR=?I�_ =dâ O >La�ED>LB
� IK>PQ�@ HJO Q ¸ Û °<äß¢O­¿¨�¸

� ¨�¥ � ¥>«�«�¥§¦N©�«�¨ µ ­¿¢O¦¿¤>º�»�K��]&pÂ �H¨�¥ � ¥§«�«�¥§¦>º µ ¸ � ¸�©�«�¨ µ ­�¢O¦`¤Uº�9Á¸4Vd»�K��]&pÂbX·¸�� �[CR=?IK_ =dâ O >La�ED>LB
� IK>PQ�@ HJO Q���fNf b��
	�� á �
	�
 ¸ Û °¡äß¢�­�¨�¸

� �q¢�Â�«�® � ©�­�©D«�¨ µ ¢¡¨Á×O¢O­�«Á® � º�Í�ÎOÎ¡» � �q¢OÂ�«Á® � ©�­>º 9Á¸�©�«�¨ µ ¢<¨�×O¢O­¿«�® � º �H¸!V¹Í�Î�ÎÁ»�X·¸ / EDIe=Rf �D_ Q b4c C�@L@ º& ��Ó ¼ � &¡¸
� �q¢�®¹º�»�K KK¼�� �q¢O®�ºbdå¸�Vd»�KLKK¼�Xr¸ � Z[@LIe=�BJE 0�@L>Y=?Z @U= 
 =?O _?^�C�I�f �D_iQ�> 0RQ ¸ Û °<äß¢O­¿¨�¸ � «Á®³È	¸ µ ­�¥§¦�¦>¸
� �q¢ Ë~Ë ¥>­¿¦�«�¥§¦q©�«Á¨ � ¢O£Á­�«�®³¥>­>ºªÍ�ÎOÎÁ» � �y¢ Ë~Ë ¥>­¿¦�«�¥§¦>º µ ¸ � ¸l©D«�¨ � ¢O£�­¿«�®¯¥§­>º 9Á¸ : 
 ¸�V¹Í�Î�ÎÁ»�X·¸ / EDIe=páf �D_iQ b4c C�@L@ º � [�Ó³»�K KLKÁ¸
� �q£Á½�±Õ©�«K¤�®¯¥>­§º	Í�ÎOÎKÍ � �q£�½�±¯©�«K¤M®³¥>­>º 
 ¸?V�Í�ÎOÎKÍ_X·¸ 
 «5¤�­�¢<¨�£�¬·¤M®¯¢�« ^ ±¹Ñ¶¥§ãl¥§¤�¬>©�¦�® Ë ®³­>¸ 
 « �q£Á½�±Õ©�«K¤�®¯¥>­§º 
 ¸
©�«�¨ ��®³ÈD©�¦¿¦�¥>©�£�º � ¸SºÁ¥>¨Á®³¤M¢�­�¦>º 
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� Y<­�¢O±³±¯¥>¦§º 
 ®³­ � Ã���£�¦¿¥>­§¸

� �q£Á½�±Õ©�«K¤�®¯¥>­�©D«�¨ ��®³ÈD©�¦¿¦�¥>©�£�º	Í�ÎOÎOÍ�� �q£�½�±¯©�«K¤M®³¥>­>º 
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� � Ë ®¯×�º�ÍDÎOÎ � � � Ë ®¯×�º � ¸�V¹Í�ÎOÎ �]X·¸ / EDIe=Rf �D_ Q b4c C�@L@ b ºb[KÍÝÓ � [�[Á¸
� � ­�¥§« � ¥§±¹º	Í�Î�ÎOÎ � � ­�¥§« � ¥§±¹º ��¸=V¹Í�ÎOÎ�Î]X·¸ 
 « � ©D¤�¥>¦>º�dØ¸ � ¸�©�«�¨ � ÈD©�«�¦§º!då¸ �H¸³ºl¥>¨�®S¤M¢O­¿¦>º <�=dâK@ HJZgB
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 Û@µ#µ £�ÂÁ±¯®¯¦¿Ã�®¯«Á×�º
Â�­¿®¯¦¿¤�¢O±¹¸

� � ©�­�¬§®Õ©o©�«Á¨ � Ãª©D«�º�»�KLKLK�� � ©�­¿¬>®¯©Áº �H¸h©�«�¨ � Ãª©�«�º�då¸ � ¸ � ¸ V`»�KLK K]X·¸ 
 �D_iQ b � C�G b c C�@L@ º
� ��ÓS»O»��K¼¡¸

� � ¢O±¯¨Á¥>«Áäß¥§±¯¨�º�» KLKKÍ�� � ¢O±¯¨Á¥>«Áäß¥§±¯¨�º Ä ¸�V`»�K KKÍ�X·¸ c C10�@hEDIeCRQ =?Z 
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 ¢¡¢ � ¦§¸
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�qÑ¶¥>¦¿¤ � ¸ � ÈD©�«Á¦Ò´5£�®m©.±³¥�½�­¿¥ Ë ®¯¥§­�­�À§¬>¢O«Á¬>®¯±³®¯ÀP±¯¥§¦Ò¨�¥§£¡°Ü¢�Â�¦�¥§­¿ÈD©D¤M®³¢O«�¦§¸�!|£ª©�«�¨²¢O«Ü¤M¥§¦¿¤M¥�±Õ©
­¿£�½Á¤M£Á­�¥�¨�Ñ¶£�«�¥�±¯®¯©�®¯¦¿¢O«�º¾¢O«u¨�À·¤M¥>­ Ë ®³«�¥�´5£�¥>±³±¯¥Ý¥§¦¿¤P±¯©.äß¢O­�¬§¥ Ë ©p°¡® Ë ©�±³¥~´5£�¥�±³¥Ý¬>¢ Ë ½�±³¥·°¡¥�½l¥§£Á¤
¦¿£�½�½	¢O­¿¤�¥>­ �¿£�¦¿´5£�Ñ ©D£ Ë ¢ Ë ¥>«K¤h¨�¥Ý±Õ©
¨�®¯¦¿¦�¢<¬>®Õ©p¤M®¯¢�«�¸¾Ï�¥>¦o±¯®¯©�®¯¦¿¢O«�¦@ä�©�®³Â�±¯¥§¦�¢O«K¤Ò£Á«Ü¤M¥ Ë ½�¦Ò¨Á¥�È<®¯¥
±³® Ë ®³¤MÀ�¥·¤�¬>À§¨�¥>­¿¢O«K¤�¨�¢O«�¬Ð¦¿¢O£�¦�±¹ÑÅ©�½�½Á±¯®¯¬>©D¤M®³¢O« ¨�ÑÅ£Á«�¥Ôäß¢O­�¬§¥Ð©�­¿Â�®³¤�­M©�®³­�¥ Ë ¥>«K¤Rä�©�®¯ÂÁ±¯¥�º�¦�®y¥>±³±¯¥.¥§¦¿¤
©�½Á½�±¯®³´<£ÁÀ>¥N½l¥§«�¨ª©�«K¤m£Á«~¤M¥ Ë ½Á¦�¦�£ �~¦�© ËRË ¥§«5¤�±¯¢O«Á×�¸ � «Ý¨�ÑÅ©�£Á¤M­¿¥>¦�¤M¥>­ Ë ¥§¦>º<´5£ª©�«�¨Ý¢�«�½ª©�­¿±¯¥�¨�¥y±Õ©
äß¢O­¿¬>¥1¨�ÑÅ£Á«�¥m±¯®¯©�®¯¦¿¢O«�ºz¢O«�«�¥�½	¥>£Á¤ç½ª©�¦�¢ Ë ¥·¤�¤M­¿¥�¨�¥�½�­�À§¬>®¯¦¿¥>­ç±�ÑÅÀ§¬eÃ�¥>±³±¯¥�¨�¥�¤�¥ Ë ½�¦�¨�¥1±Õ©N¦�¢O±³±¯®¯¬§®³¤M©D¤M®³¢O«�¸
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��
 0 � � � »O¸ Í � �<¬eÃ�À Ë ©Ý¨�¥Ò½�­¿®¯«�¬§®¯½	¥�¨�Ñ¶£�«�¥�¥·°¡½lÀ§­�®³¥>«�¬§¥o¨�¥ � � �l¸ � «Ð­�¢�£�×O¥�ºl±¯¥t­�À§¬>¥>½¡¤M¥>£Á­@¥>¦¿¤
¨�À>½�±¯©�¬>ÀÒÈ�¥>­¿¦t±¯©�×K©�£Á¬eÃ�¥ ^ È<®³¤M¥§¦�¦¿¥ v ¬§¢O«�¦¿¤M©�«K¤M¥D¸ � «ØÂÁ±¯¥>£�º�±¯¥�±¯®¯×O©�«�¨
¥>¦¿¤H­¿¥>±³®¯À ^ £Á«�¥o¦¿¤�­�£�¬·¤M£�­¿¥
¦�¢O£�½Á±¯¥ V�­¿¥>¦�¦¿¢O­¿¤HÈ�¥>­¿¤h¨�¥P­M©D®¯¨�¥§£�­ k Xrº�¨�¢O«K¤t±¹ÑÅ©�£Á¤M­¿¥Ò¥·°<¤�­�À Ë ®³¤�ÀP¥>¦¿¤ Ë ©�®¯«K¤�¥>«5£�¥ÒéÁ°¡¥�¸ Ï¾©Ýäß¢O­�¬§¥ f©�½�½�±³®¯´5£�À>¥t©�£�¬§¢ Ë ½Á±¯¥·°¡¥@¬§­�¢O®S¤�±¯®¯«ÁÀU©�®³­�¥ Ë ¥>«K¤m©zÈ�¥>¬t±¯¥|¤�¥ Ë ½�¦ f = (kv)t

� «Ð¬>¢ Ë ½�±³¥·°¡¥ÒÂ�®³¢�¤M®³«�¥��Ê¦¿¤�­�¥>½¡¤e©UÈ<®¯¨�®³«�¥�©~¨�¢O«�¬Ò£Á«�¥�äß¢O­¿¬>¥Ò«5£�±³±¯¥�¦¿£�­|¨�¥§¦@À>¬eÃ�¥§±¯±³¥>¦|¨�¥h¤M¥ Ë ½�¦|½Á±¯£�¦
±¯¢O«�×�£�¥>¦ç´5£�¥F±³¥1¤�¥ Ë ½�¦ç¨�¥m¨Á®¯¦�¦¿¢¡¬§®Õ©D¤�®¯¢O«h¦�½	¢O«K¤e©�«ÁÀ>¥�¸�æ�±¹Ñ¶¢O½�½	¢O¦�ÀDºD´5£ª©D«�¨o±¯¥m¬§¢ Ë ½�±¯¥r°Á¥1¥>¦`¤f¦�¢O±³±¯®¯¬§®³¤�À
È¡®¯©|£�«Pæ � d ©UÈO¥§¬�£�«o¤e©�£¡°Ò¨�¥F¬eÃª©�­¿×O¥F¨�¥ 105 ½ Ä / ¦�¬§¢ ËRË ¥m¨�©�«�¦�� � ±¯¢O­¿®¯«Ý¥·¤y©�±¹¸Sº�»�K K �  �º�±Õ©qäß¢�­�¬>¥¨�¥Ò±Õ©R±¯®¯©�®¯¦¿¢O«
«�ÑÅ¥§¦¿¤H½ª©�¦y«5£�±¯±³¥�¸ µ ¢O£�­q£�«Ô¤M¥§± ¤M©�£¡°.¨�¥Ò¬eÃª©�­¿×O¥�ºl±Õ©Päß¢O­�¬§¥Ò¨�¥�­¿£�½Á¤�£�­�¥o¨�¥h±Õ©�±³®Õ©�¦¿¢O«
¥>¦¿¤h¨�¢O«Á«�À>¥R½ª©�­H±Õ©ÝÈD©�±³¥>£�­@¨�£å×O­M©D¨�®¯¥§«5¤H¨�ÑÅÀ§«�¥>­¿×O®¯¥ Ë ©^°Á® Ë ©D±�¨ª©D«�¦h±³¥P½ª© Y¡¦�©�×O¥RÀ>«�¥§­�×OÀ·¤M®³´<£Á¥~¨�£
¬>¢ Ë ½�±¯¥r°¡¥�¸ ��¢ Ë ½�­¿¥>«ª©D«5¤Ò´<£Á¥�±Õ©
äß¢O­¿¬>¥Ý¨�ÑÅ£�«Á¥�±¯®Õ©D®¯¦�¢�«Øä�©�®³Â�±¯¥R¨�À§½l¥§«�¨,¨Á¥Ý¦�¢O« Ù ÃÁ®¯¦¿¤�¢O®¯­¿¥�ÚOº�±³¥>¦
©�£Á¤M¥§£�­�¦�¨Á¥ � � ÈD©�«�¦N©�«Á¨ ��®³¤�¬eÃ�®¯¥Dº�»�KLKO¼& �¢�«5¤�½�­�¢�½l¢O¦¿Àm£�«�¥�«�¢O£ÁÈ�¥>±¯±³¥ Ë À§¤�Ã�¢¡¨Á¥�¨�¥m¬>©�­M©D¬§¤MÀ§­�®³¦M©D¤�®¯¢O«
¨�¥H±Õ©Òäß¢O­�¬§¥@¨�¥>¦y©�¨�ÃÁÀ>¦�®Säß¦ Ë ¢O±³À>¬§£�±Õ©�®³­�¥§¦qÓª±Õ© Ù �*Y<«ª© Ë ®¯¬ � ¢O­¿¬>¥ �¡½	¥>¬·¤M­¿¢O¦�¬§¢O½]YÔÚ V )�� � X·¸

��� = ��������	 � � C ����� 
 � � 
 ����� � 	 ��� � �

.8),+-)/. � � � ��5N@B3�AD> 3 CD3 � 5N@BAD> @ � 3
Ï�Ñ¶®¯¨�À§¥Ô¨�¥ÔÂª©D¦�¥Ð¨�¥Ô±¯© � � ��¥§¦¿¤�¨�¢�«�¬Ô¨�¥Ð¬§¢O«K¤M­���±¯¥>­~±¹Ñ¶Ã�®¯¦`¤M¢O®³­�¥�¨�¥>¦Ýäß¢�­�¬>¥§¦�©�½�½�±³®¯´5£�À§¥>¦�©�£

¬>¢ Ë ½�±¯¥r°¡¥.©�¨ÁÃ�À>¦¿®³ä|¤�¥>¦¿¤�À�¸1Ï¾©å¦�À§´5£�¥>«�¬§¥Ô¤M¥ Ë ½	¢O­�¥§±¯±³¥�¨�¥
äß¢O­¿¬>¥�±Õ©Ö½�±¯£Á¦~¦¿® Ë ½�±¯¥�¥§¦¿¤Ý£Á«�¥.­�© Ë ½	¥
±¯®¯«ÁÀU©�®³­�¥RÓ f(t) = rt º	¢>= r ¥>¦`¤@£�«Ô¤e©D£¡°Ô¨Á¥Ò¬eÃª©�­¿×O¥Ò¬>¢�«�¦¿¤M©�«K¤U¸ µ ¢O£�­|® Ë ½	¢O¦¿¥>­N¬>¥§¤¿¤M¥Ò¦¿À>´5£�¥§«�¬>¥ ^
£�«�©�¨�ÃÁÀ>¦�®Sä�£�«�®³´5£�¥q¢O«�½l¥§£Á¤�¥§«KÈ¡®³¦M©�×�¥>­m±�ÑÅ¥r°Á½	À>­¿®¯¥§«�¬>¥N¨�¥q½Á­�®¯«Á¬>®¯½	¥N¨�À>¬§­�®³¤�¥y¨�©�«�¦�±¯©téª×�£�­�¥h»O¸wÍ<¸¡Ï�¥
±¯®¯×O©�«�¨Ý¥§¦¿¤N©D¤¿¤e©�¬eÃ�À ^ £�«Á¥@¥·°<¤M­¿À Ë ®³¤MÀq¨�ÑÅ£Á«�­¿¥>¦¿¦�¢O­`¤�¦�¢O£�½Á±¯¥@¨�¥@­�©�®¯¨�¥§£�­ k ¸ªÏ�Ñ ©�£¡¤M­�¥q¥·°<¤M­¿À Ë ®³¤MÀ@¨Á£­�¥>¦¿¦�¢O­`¤ç¥§¦¿¤ Ë ©�®³«K¤M¥>«5£�¥féÁ°¡¥�¸pÏ�¥�­�À>¬§¥>½Á¤�¥>£�­�¥>¦`¤�±³®¯À ^ £Á«�¥1¦`¤M­¿£�¬§¤�£�­�¥ Ë ¢OÂÁ®¯±¯¥�¨�¢O«K¤�¢�«�¦M©D®³¤¾¬>¢�«5¤�­��O±³¥>­
±Õ©RÈ<®S¤M¥>¦¿¦�¥h¨�¥�¨�À§½�±Õ©D¬>¥ Ë ¥>«K¤>¸lÏ�Ñ¶¥·°¡½	À>­�®³¥>«�¬§¥Ò¬>¢�«�¦�®³¦¿¤M¥�©�±¯¢�­�¦ ^ ­¿À>½	À§¤M¥§­q£�«.×O­M©�«Á¨.«�¢ Ë Â�­�¥t¨�¥häß¢�®¯¦
±¯¥>¦RÀ§¤M©�½	¥>¦�¦¿£�®³ÈD©�«K¤�¥>¦ VßÈO¢�®¯­R©�£�¦¿¦�®�éª×O£�­¿¥å»O¸ �]X�ÓWV�® X d�®¯¦�¥�¥>«�¬>¢O«K¤e©D¬§¤~¨�¥>¦~¨�¥>£¡°,À§±¯À Ë ¥>«K¤�¦~¨�£
¬>¢ Ë ½�±¯¥r°¡¥
©D¨�Ã�À>¦¿®³ädºçäß¢O­ Ë ©p¤M®¯¢�«%¨�¥�±Õ©Ð±¯®¯©�®¯¦¿¢O«�¸KVß®¯® X �qÀ>½Á±Õ©�¬§¥ Ë ¥>«K¤R¨�¥
±¯©Ô¦¿¤�­�£�¬·¤M£�­¿¥ Ë ¢OÂ�®¯±³¥ ^

v¬>¢O«�¦`¤e©�«K¤�¥�º¾±Õ©Ý±³®Õ©�®³¦�¢O«
¥>¦¿¤h©�±³¢O­�¦q¦�¢O£ Ë ®¯¦¿¥ ^ £�«Á¥Òäß¢O­�¬§¥ f(t) º�´5£�®ç¬>­¿¢O®³¤|±¯®¯«ÁÀU©�®³­�¥ Ë ¥>«K¤�Ó f = rt º©zÈ�¥>¬ r ≡ kv ¸!Vß®¯®³®�X � «�­¿¥>×O®³¦¿¤�­�¥ Ë ¥>«K¤N¨�¥H±Õ©�äß¢�­�¬>¥ Vß¥§¤N¨�£�¤M¥ Ë ½�¦ X�¨�¥H­�£�½Á¤�£�­�¥��[¥§¤N­�¥·¤M¢O£Á­ ^ Vß®�X  �¸
æy½�­ Ì ¦�£�«h×O­M©D«�¨�«�¢ Ë Â�­�¥f¨�Ñ¶¥>«Á­�¥>×�®¯¦¿¤�­�¥ Ë ¥§«5¤�¦�¨�¥�±Õ©mäß¢O­¿¬>¥�¨�¥�­�£�½Á¤�£�­�¥Dº^¢O«�­¿À>®³¤ Ì ­¿¥�±³¥f½�­�¢<¬>¥§¦�¦�£Á¦
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f

rupture

formation de la liaison

ff typique

mise en contact

t

P(f)

��
 0 � � � »O¸"� ��æ+×K©�£Á¬eÃ�¥oÓª¥>«�­¿¥>×O®³¦¿¤�­�¥ Ë ¥>«K¤F¤`Y<½�®³´<£Á¥t¨Á¥@±Õ©�äß¢O­¿¬>¥@¥>«�äß¢O«�¬·¤M®³¢O«�¨�£�¤M¥ Ë ½�¦§º�½	¢O£�­
£�«%¬hY<¬>±¯¥Ý©�½�½�­¿¢¡¬eÃ�¥ �W­¿£�½Á¤M£Á­�¥�¸�æè¨�­�¢�®³¤M¥
Ó �q®³¦¿¤�­�®¯ÂÁ£Á¤M®³¢O«Ü¨�¥§¦�äß¢O­�¬§¥>¦o¨�¥�­�£�½Á¤�£�­�¥ P (f) ¢OÂ¡¤M¥>«5£�¥©�½Á­ Ì ¦y£�«Ô×O­�©�«�¨
«�¢ Ë Â�­¿¥h¨Á¥�¬ Y<¬§±¯¥>¦§¸�Ï¾©Räß¢�­�¬>¥t¤`Y<½�®¯´5£�¥h¨�¥�­¿£�½Á¤M£Á­�¥�¥§¦¿¤@¨ÁÀ§éª«�®³¥h½�©�­q±¯©R½	¢O¦�®S¤M®³¢O«
¨�£ Ë ©p°¡® Ë £ Ë ¨�¥H±Õ©Ò¨Á®¯¦¿¤�­�®³Â�£Á¤M®³¢O« P (f)

½	¢O£�­P£�« ¤e©�£¡° ¨Á¥
¬eÃª©D­�×O¥�¨�®³ãlÀ>­¿¥>«K¤R¥>«,¬eÃª©�«�×O¥>©�«K¤Ý±¯©ÐÈ<®S¤M¥>¦¿¦�¥
¨�¥�¤�­M©�¬·¤M®³¢O«u¢O£�±¯©Ö­�©�®¯¨Á¥>£�­P¨�£
­¿¥>¦�¦¿¢O­¿¤>¸ µ ¢O£�­�¬eÃ�©�´5£�¥ÔÈD©�±¯¥§£�­�¨�¥ r ¤�¥>¦`¤MÀ>¥Dºm¢O«�½	¥>£¡¤�©�±³¢O­�¦P¤M­�©�¬>¥§­Ý±Õ©Ø¨�®¯¦`¤M­�®³Â�£Á¤�®¯¢O« P (f) ¨�¥§¦äß¢O­¿¬>¥§¦|¨�¥Ò­¿£�½Á¤M£Á­�¥�¸ µ ¢O£�­q¬eÃª©�´5£�¥o¤e©�£<°Ô¨�¥�¬eÃª©�­�×�¥o¥§¤@½	¢O£�­y¬eÃª©�´5£�¥P±¯®¯©�®¯¦¿¢O«
¢�«Ð¨�À§éª«Á®³¤|±¯©~äß¢O­¿¬>¥
¤`Y<½�®³´<£Á¥y¨�¥�­¿£�½Á¤M£Á­�¥tÓ ftyp

Vß¢O«~±¯©@«�¢�¤M¥§­M©t©�£�¦¿¦�® f ∗ X·¸ ftyp
¥>¦`¤�±¯©|È�©D±¯¥>£Á­�¨�¥ f ´5£�® Ë ©p°¡® Ë ®¯¦�¥�¬>¥·¤�¤M¥¨�®³¦¿¤�­�®¯ÂÁ£Á¤M®³¢O« P (f) º . � ! � ¬DÑÅ¥§¦¿¤�±Õ©�äß¢O­�¬§¥�¦�¢�£�¦�±¯©�´5£�¥>±³±¯¥P±¹ÑÅ©�¨�Ã�À§¦�®Sä�©
±³¥~½�±³£�¦t¨�¥�¬eÃª©D«�¬>¥Ý¨Á¥�¬>À§¨�¥>­½	¢O£�­F£�«�¤e©D£¡°�¨�¥H¬eÃª©�­¿×O¥H¨�¢O«�«ÁÀ�¸

.4),+K),+ � 3 I 6 9<;=5N>?3�CD3
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−fx

E

x

f f

f

0 x

x

^

x̂

��
 0 � � � »�¸ � ��æ�×K©D£�¬eÃ�¥PÓª­�£�½¡¤M£�­¿¥h¨�Ñ¶£�«.©�¨�Ã�À§¦�®³ä Ë ¢O±¯À§¬>£�±¯©�®¯­¿¥�ºÁ­¿¥>½�­¿À>¦¿¥>«K¤e©D¤�®¯¢O«�¦�¬eÃÁÀ Ë ©D¤M®³´<£Á¥�¸
æ,¨�­�¢O®S¤M¥NÓ µ © Y¡¦�©�×O¥mÀ§«�¥>­¿×OÀ§¤�®¯´5£�¥F©D¦�¦�¢<¬>®³À�¸ ��¢O£�­¿Âl¥m¥§«Ò½	¢O®¯«K¤M®³±¯±³À>¦ E(f = 0) ºD¬§¢O£�­¿Âl¥1½�±¯¥§®¯«�¥ E(f) ¸Ï¾©
­¿£�½Á¤�£�­�¥Ý¬§¢O­�­¿¥>¦¿½l¢O«Á¨u©�£åäß­�©�«�¬eÃ�®³¦�¦�¥ Ë ¥§«K¤o¨�Ñ¶£�«�¥Ý¦¿¥>£�±³¥�Âª©�­¿­�® Ì ­�¥~À>«�¥§­�×OÀ·¤M®³´<£Á¥Ý±¯¥R±¯¢O«Á×.¨�¥~±Õ©
¨�®³­�¥§¬§¤M®³¢O«t¨�¥�±¯©�äß¢O­¿¬>¥�©�½�½�±³®¯´5£�À>¥D¸ !@£�©�«�¨Ò¢O«t¤M®³­�¥1©zÈ�¥>¬m£Á«�¥1äß¢O­¿¬>¥ f ¦¿£�­�±³¥1¬§¢ Ë ½�±¯¥r°Á¥DºD±¯©�ÈD©�±³¥>£�­ ¨�¥±�ÑÅÀ§«�¥>­¿×O®¯¥y¨�Ñ ©D¬§¤M®SÈD©D¤M®³¢O«~¥§¦¿¤�­¿À>¨�£�®S¤M¥|¨Á¥ fx̂ º¡±Õ©�½	¢O¦�®S¤M®³¢O«�¨�£ Ë ©p°¡® Ë £ Ë ¥>¦`¤F¥>±³±¯¥q´5£ª©D¦�® �Ê®¯«�¬eÃ�©�«�×OÀ§¥�¸

�|©�«Á¦ � � È�©D«�¦N©�«�¨ �N®S¤M¬eÃ�®³¥�º�»�K KK¼& �ºª±¯¥§¦y©D£Á¤M¥§£�­�¦N¢O«K¤ Ë ¢O«K¤M­¿À�º ^ ½ª©�­`¤M®¯­F¨�ÑÅ£�« Ë ¢<¨ Ì ±¯¥@¦�® Ë ½Á±¯¥�º
´5£�¥�¨�¥>¦�®¯«Áäß¢�­ Ë ©D¤M®³¢O«�¦�¦`¤M­¿£�¬§¤�£�­M©�±³¥>¦�½l¥§£ÁÈO¥§«5¤ 
§¤�­�¥�¥·°<¤M­�©�®³¤�¥>¦ ¨�¥1±¯©F­�¥>±¯©D¤M®³¢O«H´5£�®5¥·°¡®¯¦`¤M¥�¥>«K¤M­¿¥1äß¢O­¿¬>¥
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¨�¥q­¿£�½Á¤M£Á­�¥N¥§¤�¤M©�£¡°R¨�¥N¬eÃª©�­¿×O¥�¸¡Ï�ÑÅ®³¨�À>¥N¥>¦`¤m¨�¥N¨�À§¬>­�®³­�¥N±¯¥N½�­�¢<¬>¥§¦�¦¿£�¦�¨�¥y­�£�½¡¤M£�­¿¥y¬§¢ Ë~Ë ¥�£�«Ý½�­¿¢#�
Â�± Ì§Ë ¥ç¨Á¥�¦¿¢O­¿¤�®¯¥ç¨Á¥fÇH­�© Ë ¥>­�¦�¨ª©�«�¦�£�«H½ª© Y<¦M©D×O¥fÀ>«�¥§­�×OÀ·¤M®¯´5£�¥f£�«Á®¯¨�® Ë ¥§«�¦�®³¢O«�«�¥§± ��� ��«Á×O×O®�¥·¤q©D±¹¸Sº�»�KLKOÎ& ¹¸
Ï ©R½�­�À§¦�¥§«5¤M©D¤M®³¢O«.¨Á£ Ë ¢¡¨ Ì ±¯¥@´5£�®�ÈD©~¦¿£�®³È<­�¥t¥>¦`¤yä�©D®³¤M¥@¦�©�«�¦y¬>­�®S¤M®³´<£Á¥Rºª«Á¢O£�¦q¨Á®¯¦�¬§£Á¤M¥§­�¢O«Á¦y±³¥>¦�Ã]Y �
½l¢�¤�Ã Ì ¦¿¥>¦N¦�£�­�±³¥>´5£�¥>±�®³±�­�¥§½l¢�¦�¥H¨ª©�«�¦�±³¥>¦�¬eÃª©�½�®S¤M­¿¥>¦yÍÒ¥§¤
�o¨�¥H¬>¥§¤¿¤M¥t½ª©�­`¤M®¯¥D¸

Ï�¥Ô½ª© Y<¦M©D×O¥ÖÀ>«�¥§­�×OÀ·¤M®¯´5£�¥Ð¨Á£ë¬>¢O£�½Á±¯¥Ô±³®¯×K©�«Á¨�­�À§¬>¥>½¡¤M¥>£Á­�¥§¦¿¤�¨�®SÈ<®¯¦�À
¥>« ¨�¥§£¡° Æ>¢�«�¥>¦§ºm±¹Ñ¶£�«�¥
¬>¢O­¿­�¥>¦¿½l¢�«�¨�©D£¡°PÀ§¤M©D¤M¦f±³®¯À>¦�¥§¤�±¹ÑÅ©�£Á¤�­�¥>¦f©D£¡°oÀ·¤e©D¤�¦�¨Á®¯¦�¦¿¢¡¬§®¯À§¦>¸ Û «P¦�£�½Á½l¢O¦¿¥y´5£�¥�¦¿¢O£�¦f±¹ÑÅ©�½�½�±³®¯¬>©D¤M®³¢O«
¨�ÑÅ£Á«�¥Òäß¢O­�¬§¥ f ¬>¢�«�¦¿¤M©�«K¤M¥�º�±Õ©�¨�®³¦�¦¿¢¡¬§®Õ©D¤�®¯¢O«
¨�£Ð¬>¢ Ë ½�±³¥·°¡¥Ò¦§ÑÅ¥·ã�¥§¬§¤M£Á¥R±³¥�±³¢O«�×Ý¨�Ñ¶£�«�¥o¦¿¥>£�±³¥�ÈD©�±¯±³À>¥
�¿¢O®¯×O«�©�«K¤�±¹Ñ¶À§¤e©p¤�±¯®¯Àq¨�ÑÅÀ§«�¥>­¿×O®¯¥ Ë ®¯«�® Ë ©D±¯¥ ^ ±¯©ÒÆ>¢O«�¥ Ù ¬>¢ Ë ½�±¯¥r°¡¥@¨�®¯¦¿¦�¢<¬>®¯ÀhÚO¸ �|©�«Á¦N±³¥@¬U©�¦N±¯¥@½Á±¯£�¦
¦�® Ë ½�±³¥�º�±¯¥�¬>¢ Ë ½�±³¥·°¡¥�´<£Á®q¥·°¡½�±³¢O­�¥�¬>¥·¤�¤�¥
ÈD©�±¯±³À>¥�«�¥.­¿¥>«�¬§¢O«K¤M­¿¥>­M©å´<£�ÑÅ£�«�¦�¥>£Á±q¬>¢�±y©UÈD©�«K¤Ý¨Á¥.¦�¥
­�¢ Ë ½�­�¥D¸ µ ¢O£�­@­�¥·ÈO¥§«�®¯­ ^ ±¯©�¨�¥§¦�¬>­¿®¯½Á¤�®¯¢O«Ð¥§«Ð¤M¥>­ Ë ¥�¨�¥Ò±Õ©Ý­¿ÀU©�¬·¤M®³¢O«Ô¬eÃ�® Ë ®³´<£Á¥�»O¸S»Oº�±¯©~ÈD©�±¯±³À>¥h¥>¦¿¤
±¯¥R¬eÃ�¥ Ë ®¯«å­�ÀU©D¬§¤M®³¢O«�«�¥§±f´<£Á¥�±¹Ñ¶¢O«Ø­�¥§½�­�À§¦�¥>«K¤�¥>­M©Ô½�©�­h±�ÑÅ£Á«�®¯´5£�¥R¬>¢<¢O­�¨Á¢O«�«�À§¥ x ¥·¤�±¯©�Ãª©D£Á¤M¥§£�­�¨�£¬>¢O±�¥>¦¿¤|±¹Ñ¶À>«�¥§­�×O®³¥�¨�ÑÅ©�¬§¤�®³ÈD©D¤�®¯¢O«�¨�¥Ò¨�®³¦�¦¿¢¡¬§®Õ©D¤�®¯¢O«�º�È�¢O®¯­ � ®¯×Á¸ »�¸ � ¸ � «Á¥Ò¨�¥>¦¿¬>­¿®¯½Á¤�®¯¢O« ^ ±Õ©�Ç@­�© Ë ¥§­�¦
¬>¢O«�¦¿®¯¦`¤M¥ ^ ¥r°¡½�­�® Ë ¥§­F±Õ©Ò¬>¢�«�¦¿¤M©�«K¤M¥t¬>®¯«ÁÀ§¤M®³´5£�¥@¨�¥H¨�®¯¦¿¦�¢<¬>®¯©D¤M®³¢O« k+ ¬>¢ ËRË ¥oÓ

k+(f) = ω0e
−Ê(f)
kBT , V`»O¸ �]X

©zÈ�¥>¬ ω0
±Õ©~äß­¿À>´5£�¥§«�¬>¥P¨�®S¤M¥Ò¨�Ñ¶¥>¦¿¦M©�®�º�¨�¥Ò±�ÑÅ¢�­�¨�­¿¥Ò¨�¥Ò´5£�¥§±¯´5£�¥>¦H«ª©D«�¢O¦�¥§¬>¢O«Á¨�¥>¦H½	¢O£�­|±³¥>¦|¦ Y¡¦`¤ Ì§Ë ¥§¦

¬>¢O«�¦¿®¯¨�À§­�À§¦�®¯¬§®�� � ÈD©�«�¦y©�«�¨ � ®³±¯±¯®¯© Ë ¦>º¡Í�ÎOÎKÍ! ¹¸ Ê(f) ¥§¦¿¤h±¹Ñ¶À>«�¥§­�×O®³¥R¨�Ñ ©�¬·¤M®SÈ�©p¤M®¯¢�«Ð¦�¢O£�¦h±¹ÑÅ©�½�½�±³®¯¬>© �¤M®¯¢�«Ý¨�¥|±¯©täß¢O­¿¬>¥ f º¡¬�Ñ¶¥>¦`¤ ^ ¨�®¯­¿¥q±�ÑÅÀ§«�¥>­¿×O®¯¥q©�£Ý¦¿¢ Ë~Ë ¥§¤�¨�¥|±¯©hÂª©�­¿­�® Ì ­�¥yÀ>«�¥§­�×OÀ·¤M®³´<£Á¥�¸ � «�À>¬§­�®SÈ�©D«5¤
� ´�¸-V`»O¸ �]Xeº ¢�«Ü©
¦¿£�½�½	¢O¦�À Ê(f) � kT ¸ µ ¢O£�­h¨�¥>¦hÂª©�­¿­�® Ì ­�¥§¦t¤�­ Ì ¦�¬>¢�«5È�¥·°¡¥>¦§ºç±Õ©�½l¢�¦�®³¤�®¯¢O« x̂(f)«�¥RÈD©�­¿®¯¥P´5£�¥P¤M­ Ì ¦h½	¥>£å©UÈO¥§¬ f ¥§¤h¦�¥§­M©�¨�¢O«�¬R¦�£�½Á½l¢O¦¿À>¥~®¯«�¨�À§½l¥§«�¨ª©�«K¤�¥~¨�¥R±Õ©Ýäß¢O­¿¬>¥R©�½�½Á±¯®¯´5£�À§¥�¸
� ®¯«ª©D±¯¥ Ë ¥>«K¤>º�±¯¥�½�­¿®¯«�¬§®¯½ª©D±Á¥§ãl¥§¤�¨�¥N±Õ©qäß¢�­�¬>¥�¥§¦¿¤1¨�¥�­�À>¨Á£�®¯­¿¥N±�ÑÅÀ§«�¥>­¿×O®¯¥F¨�Ñ ©�¬·¤M®SÈ�©p¤M®¯¢�«o¨�¥�±Õ©@­�À>©�¬§¤�®¯¢O«
¨�¥�¨�®¯¦¿¦�¢<¬>®¯©D¤M®³¢O«,Ó Ê(f) ' Ê(0) − fx̂ ¸ ��¢ Ë ½Á¤�¥~¤M¥§«5£ ¨Á£Üä�©�®³¤h´5£�ÑÅ®³±�¥§¦¿¤o® Ë ½	¢O¦�¦¿®¯Â�±³¥P¨�ÑÅ¢�Â�¦�¥§­ �ÈO¥>­R¥·°¡½	À>­¿® Ë ¥>«K¤e©�±³¥ Ë ¥>«K¤R¨�¥>¦P¤e©D£¡°u¨�¥�­�£�½¡¤M£�­¿¥ ^ ¨�¥§¦Räß­¿À>´5£�¥>«Á¬>¥>¦�¬>¢ Ë ½ª©�­�©�Â�±¯¥§¦ ^

ω0
º � ÈD©�«�¦

!/@ & �
� ¦¿£�½�½	¢O¦�¥§«5¤R´5£�¥�±¯©.¨�À§é�«�®³¤�®¯¢O«%¨�£%¤M©�£¡°²¨�¥�¨�®¯¦¿¦�¢<¬>®¯©D¤M®³¢O«Ü­�¥§¦¿¤�¥ÝÈ�©D±Õ©�Â�±³¥�½	¢O£�­Ò¨Á¥>¦Òäß¢O­¿¬>¥>¦¬>­�¢�®¯¦�¦�©�«K¤q±³®¯«�À>©�®¯­¿¥ Ë ¥>«K¤�©UÈO¥§¬t¤�¥ Ë ½�¦ V f = rt X V�©�½�½�­¿¢U°Á® Ë ©p¤M®¯¢�«�¨�®³¤�¥H©�¨�®Õ©DÂª©D¤M®³´5£�¥�Xr¸ªÏ�ÑÅÀ§´<£�©D¤M®³¢O«¨�ÑÅÀ·ÈO¢O±³£Á¤M®³¢O«�½l¢�£�­�±Õ©Ò½�­¿¢OÂª©�Â�®³±¯®S¤MÀ P (t) ¨�¥@¤M­�¢�£ÁÈO¥§­N±³¥@¬>¢ Ë ½�±³¥·°¡¥H±¯®¯Àq¦�£�®S¤N©�®¯«�¦¿®çÓ

dP (t)

dt
= −k+(rt)P (t), Vd»O¸ � X

k+(rt) = k+(0) exp

[
−(rt)x̂

kBT

] V`»O¸'&�X

�|©�«�¦H±Õ© Ë ¥>¦¿£�­�¥o¢ =Ð±Õ©�äß¢O­¿¬>¥o¬>¢�«5¤�®¯«5£�¥ ^ 
§¤�­�¥P©�½Á½�±¯®³´<£ÁÀ>¥Ò´5£ª©�«Á¨å±¯©�±¯®¯©�¦�¢O«Ð¦¿¥o­�¢ Ë ½Á¤>º�¢O«Ö½	¥>£Á¤
«�À>×O±³®¯×O¥§­y±¯©R­¿¥§äß¢O­ Ë ©p¤M®¯¢�«
¨�¥h±Õ©R±¯®Õ©D®¯¦�¢�«
©D½�­ Ì ¦|±Õ©R­�£�½Á¤�£�­�¥D¸�Ï�Ñ¶À>´5£ª©D¤�®¯¢O« � ´�¸eV`»O¸ � X�¦>Ñ¶®¯«K¤ Ì ×O­�¥h¦M©�«�¦
¨�® �R¬>£Á±³¤MÀ�½	¢O£�­ ¨�¢O«�«�¥§­1Ó P (t) = exp

[
−
∫ t

0
k+(rt′)dt′

] ¸ Û «h¥>«Ò¨ÁÀ>¨�£�®S¤�±¯©F¨�¥>«�¦¿®³¤�À�¨�¥�½�­�¢�Âª©�Â�®³±¯®³¤�À
pt(t)

½	¢O£�­¾´5£�¥�±¯©F­�£�½Á¤�£�­�¥�¦>Ñ¶¥§ãl¥>¬·¤M£�¥1¥>«K¤M­¿¥1±³¥>¦ ®¯«�¦`¤e©�«K¤�¦ t ¥§¤ t+dt Ó pt(t) = −dP(t)/dt º^½�£�®³¦>ºz¥>«½ª©�¦�¦�©�«K¤ ^ ±Õ©HÈD©�­�®¯©�Â�±¯¥�äß¢O­¿¬>¥q±¯©h¨�¥§«�¦�®S¤MÀ|¨Á¥|½�­�¢�Âª©�Â�®³±¯®³¤�À pf(f) ¨�¥|±¯©häß¢O­¿¬>¥q¨Á¥|­�£�½¡¤M£�­¿¥ÒÓ pf (f) =
(1/r)k+(f)P (f/r) ¸¾Ï¾©
äß¢O­�¬§¥~¤`Y<½�®³´<£Á¥Ý¨�¥Ý­¿£�½Á¤M£Á­�¥ ftyp

¥>¦`¤o¥>±³±¯¥R¨�À§éª«Á®¯¥�½�©�­ dpf/df|ftyp = 0 ¸� «�£Á¤�®¯±³®¯¦M©D«5¤ Vd»O¸ �]X1¢O«�¥§«�¨ÁÀ>¨�£�®S¤F±Õ©Ò­¿¥>±¯©D¤M®³¢O«�¥§«5¤�­�¥H±Õ©täß¢O­�¬§¥|¤`Y¡½Á®¯´5£�¥H¨�¥@­�£Á½Á¤M£�­¿¥@¥§¤�±³¥q¤e©�£<°Ý¨�¥
¬eÃª©�­�×�¥�©�½Á½�±¯®³´<£ÁÀÒÓ

ftyp =

{
kBT

x̂
ln
[

rx̂
k+(0)kBT

] ¦�® r > k+(0)kBT
x̂

0 ¦�® r < k+(0)kBT
x̂

V`»O¸\[]X

!@£Á¥>±¯±³¥>¦F®³«Áäß¢O­ Ë ©D¤�®¯¢O«�¦1¦�¢O«K¤N¥>±³±¯¥§¦mäß¢O£�­�«Á®¯¥>¦F½�©�­�¬>¥H­�À§¦�£�±S¤e©D¤�¬§¥>«K¤M­�©�±��



� � � ) �!�!� �%� � �!�b����� � �=� �_����������� �	� � �

PSfrag replacements

x̂

f∗

∼ kBT/x̂

log(r)z

��
 0 � � � »O¸'& � �N¥§½�­�À§¦�¥>«K¤M©D¤M®³¢O«Ô¦�¬eÃÁÀ Ë ©D¤M®³´<£Á¥Ò¨�Ñ¶£�«Ô¦�½	¥>¬·¤M­¿¥Ò¨�¥häß¢�­�¬>¥ (log(r), ftyp)
¸lÏ¾©~½	¥>«K¤M¥

¨�£�¦�¥>× Ë ¥§«5¤ç¨�¥m¨�­¿¢O®³¤�¥�¥>¦`¤�¨�®³­�¥>¬·¤M¥ Ë ¥§«5¤ç½�­�¢O½	¢O­`¤M®¯¢�«�«�¥>±³±¯¥��q±¯©y¨�®³¦¿¤e©D«�¬>¥m¥§«K¤M­�¥F±³¥>¦�À§¤e©p¤M¦ç¨�Ñ¶À>«Á¥>­�×�®¯¥Ë ®¯«�® Ë ©D±¯¥m¥·¤ Ë ©p°¡® Ë ©�±¯¥F±³¥y±³¢O«�×�¨Á£Ý¬eÃ�¥ Ë ®¯«�´<£Á®l¬§¢O«�¨�£�®S¤ ^ ±Õ©h­¿£�½Á¤�£�­�¥D¸�Ï�¥q½	¢O®¯«K¤1¨�Ñ¶®¯«K¤M¥§­�¦�¥§¬§¤�®¯¢O«
©UÈO¥§¬�±¹ÑÅ©p°¡¥�¨�¥>¦R©�Â�¦¿¬>®³¦�¦�¥§¦~¥§¦¿¤R¨�À·éª«�®F½ª©�­�Ó r = k+(0)(kBT/x̂)

®¯±1¨�¢O«�«Á¥
©D¬>¬ Ì ¦R©�£%¤M¥ Ë ½�¦P¨�¥
¨�®³¦�¦¿¢¡¬§®Õ©D¤�®¯¢O«Ý¦¿½l¢�«5¤M©�«�ÀH¥§¤N¨�¢�«�¬ ^ ±�ÑÅÀ§«�¥>­¿×O®¯¥@¨Á¥t±¯©ÒÂª©�­¿­�® Ì ­�¥ ^ äß­M©�«Á¬eÃ�®¯­F¨�ÑÅ©�½�­ Ì ¦ V`»�¸"�]Xr¸

»�¸�Ï ©å­�¥>±¯©D¤M®³¢O« V`»O¸\[]XR½	¥>­ Ë ¥·¤Ý¨�¥
¨�®¯¦`¤M®³«�×O£�¥§­~¨�¥§£¡°ë­¿À>×O® Ë ¥§¦~¨�©�«�¦�±¯©å­¿À>½	¢O«�¦�¥.¨ Y<«ª© Ë ®¯´5£�¥
¨�£Ö¬>¢ Ë ½�±¯¥r°¡¥�¸ � «Ð­�À§×O® Ë ¥�¨�¥Òäß¢�­�¬>¥�«<£Á±¯±¯¥h½l¢�£�­|±¯¥§¦q¤e©D£¡°Ð¨�¥�¬eÃª©�­�×�¥o®¯«ÁäßÀ§­�®¯¥§£�­�¦ ^

kBT/x̂¨�®³È<®¯¦¿À~½�©�­h±³¥R¤�¥ Ë ½�¦t¨�¥�¨�®³¦�¦¿¢¡¬§®Õ©D¤�®¯¢O«Ö«ª©D¤�£�­�¥§±¯±³¥ k+(0)−1 º¾´5£�®�¤�­M©�¨Á£�®³¤t±Õ©�½	¢O¦�¦¿®¯Â�®³±¯®³¤�Ào¨�¥
¨�®¯¦¿¦�¢<¬>®Õ©p¤M®¯¢�«%¦�½	¢O«K¤e©�«�À§¥�¸�Ï�Ñ ©D£Á¤M­¿¥�­¿À>×O® Ë ¥�¥§¦¿¤R¬>¥§±¯£�®F½	¢O£�­P±³¥>´5£�¥>±F±¯©Ôäß¢O­�¬§¥�¨Á¥�±¯©Ð±¯®Õ©D®¯¦�¢�«
«�ÑÅ¥§¦¿¤o½�©�¦�«5£�±³±¯¥�º ^ ¤M©�£¡°å¨�¥~¬eÃª©�­�×�¥�½�±³£�¦�À§±¯¥§È�À>¦§¸ �|©�«Á¦Ò¬>¥~¦�¥>¬§¢O«�¨%­¿À>×O® Ë ¥Dº ¢�«²¬>¢�«�¦¿¤M©D¤M¥
´<£Á¥y±¯©qäß¢O­�¬§¥N¨Á¥N±¯©|±¯®¯©�®¯¦¿¢O«Ò¥>¦`¤�£�«�¥Fäß¢O«�¬·¤M®¯¢�« V�±¯¢�×K©�­�®S¤MÃ Ë ®¯´5£�¥ Ë ¥§«K¤ X�¬>­�¢�®¯¦�¦�©�«K¤M¥�¨�£P¤e©�£<°P¨�¥
¬eÃª©�­�×�¥�¸ ��¥�­�À>¦¿£�±³¤M©D¤�¥>¦¿¤ &5f�� . � � . ¬>¢�«5¤�­�¥ �W®¯«K¤�£�®³¤�®³ä�Óp½�±³£�¦�¢O«�©�£�× Ë ¥>«K¤�¥�­M©D½�®¯¨�¥ Ë ¥§«K¤�±¯©Näß¢O­¿¬>¥
¨�¥Ò¤M­�©�¬§¤�®¯¢O«�º	½�±³£�¦q±�Ñ ©�¨ÁÃ�À>¦¿®³äf­�À§¦�®³¦¿¤M¥D¸ ��¥Ò­¿À>¦�£Á±³¤e©p¤@«�¥Ò¦¿£�­�½�­¿¥>«�¨Ö½�±³£�¦|´5£ª©�«Á¨Ð¢O«Ð½�­�¥§«�¨Ö¥>«
¬>¢ Ë ½Á¤M¥DºO¬>¢ Ë~Ë ¥�½�±³£�¦çÃª©D£Á¤UºD±¯¥1ä�©D®³¤ç´5£�¥F±¯©q­�£Á½Á¤M£�­¿¥F¥>¦`¤�¤M¢O£��¿¢�£�­�¦�¤�Ã�¥>­ Ë ®³´5£�¥ Ë ¥>«K¤�©D¬§¤M®SÈOÀ§¥�º
¬>¥N«�ÑÅ¥§¦¿¤1½ª©�¦�±Õ©|äß¢O­¿¬>¥N©�½�½�±³®¯´5£�À§¥N´5£�®�­¿¢ Ë ½¡¤f±¯¥F¬>¢ Ë ½�±³¥·°¡¥�ºK¥§±¯±³¥F«�¥y­¿¥>«�¨~´5£�¥y½Á±¯£�¦f½�­¿¢OÂª©�Â�±³¥
±Õ©q­¿£�½Á¤M£Á­�¥m¥§«5¤�­�¢O½Á®¯´5£�¥�¸ Û «�«�¢�¤M¥§­M©|´5£�¥m¦¿® ftyp

¬§­�¢ �³¤�©UÈO¥§¬ r ºp±¯¥�¤M¥ Ë ½�¦�¤`Y<½�®³´5£�¥m¨�¥m­¿£�½Á¤�£�­�¥¥>¦¿¤>º�±¯£�®�ºÁ£�«�¥@äß¢O«Á¬§¤M®³¢O«�¨�À>¬§­�¢O®³¦�¦�©�«K¤M¥H¨�£�¤e©�£¡°�¨�¥H¬eÃª©�­�×�¥RÓ ttyp ≡ ftyp/r ∼ ln(r)/r ¸
Í<¸ �N¥·ÈO¥>«Á¢O«�¦ ^ ±¹Ñ¶¥·°¡½	À>­¿®¯¥>«Á¬>¥H¨�¥t½�­�®³«�¬>®³½l¥@¨�¥H±¯© � � �l¸�Ï�ÑÅÀ§´5£ª©D¤M®³¢O« V`»O¸\[]X �¿£�¦`¤M®³é�¥t±¯©o¨�À>«�¢ Ë ® �
«ª©D¤M®³¢O«�¨Á¥q¦�½	¥>¬·¤M­¿¢O¦�¬§¢O½�®¯¥D¸ � ±³±¯¥N½l¥§­ Ë ¥§¤1¨�¥q±³®¯¥>­f±¯©Häß¢O­¿¬>¥N¨�¥q­¿£�½Á¤�£�­�¥|±¯©t½Á±¯£�¦�½�­�¢�Âª©�Â�±³¥ ^ ±Õ©
¦¿¤M­¿£�¬§¤�£�­�¥�¨�£Ü¬>¢ Ë ½�±³¥·°¡¥~©�¨�Ã�À§¦�®³äd¸ Ï¾©
¬§¢O£�­¿Âl¥~¥·°¡½lÀ§­�® Ë ¥§«5¤M©�±¯¥ (log(r), ftyp)

¨�¥§È<­�©�®³¤ 
§¤�­�¥
¬>¢ Ë ½l¢�¦�À>¥H¨�Ñ¶£�«�¦�¥§× Ë ¥§«K¤y¨Á¥t¨Á­�¢O®S¤M¥ VßÈ�¢O®¯­ � ®¯×�¸l»O¸ &_X�¨�¢O«K¤tÓ
V�©]XÝ±Õ©
½	¥>«K¤�¥�¨�¢O«�«�¥�¨�®¯­¿¥>¬§¤�¥ Ë ¥>«K¤o©D¬>¬ Ì ¦ ^ ±Õ©�¨�®¯¦`¤e©�«Á¬>¥ x̂ ´5£�®�¦¿À>½ª©D­�¥Ý±�ÑÅÀ·¤e©D¤�±¯®¯ÀPäß¢O«�¨�© �Ë ¥§«5¤M©�± ^ ±Õ©ÒÂª©D­�­�® Ì ­¿¥@À>«�¥§­�×OÀ·¤M®¯´5£�¥ ^ äß­M©�«Á¬eÃ�®¯­§¸
VßÂbX�Ï¾¥�½l¢O®³«K¤Ò¨�Ñ¶®¯«K¤M¥§­�¦¿¥>¬§¤�®¯¢O«²¨�£%¦�¥§× Ë ¥§«K¤R©zÈ�¥>¬�±�Ñ ©p°¡¥~¨�¥>¦P©�ÂÁ¦�¬>®³¦�¦¿¥>¦o¨�¢O«Á«�¥�©�¬§¬ Ì ¦ ^ ±Õ©

Ãª©�£Á¤�¥>£�­�¨�¥H±Õ©oÂª©D­�­�® Ì ­¿¥�¸
� «Ö¤MÃÁÀ>¢O­¿®¯¥�º�±¯¥o¦�½	¥>¬·¤M­¿¥R¨Á¥Päß¢�­�¬>¥ V . � ! � ±¯©Ý¬>¢O£Á­�Â	¥ ftyp[ln(r)] Xq¨�¥·È<­M©�®S¤H½ª©�­@¥·°¡¥ Ë ½�±³¥o½l¥§­ �Ë ¥·¤�¤M­¿¥�¨�¥y´5£ª©D«5¤�®³éª¥§­1¬§¢ ËRË ¥§«5¤f£Á«�¥ Ë £Á¤e©D¤�®¯¢O«P½	¢O«�¬·¤M£�¥§±¯±¯¥F¦¿£�­�±Õ©@¦�À§´<£Á¥>«�¬§¥q¨�£~±¯®¯×O©�«�¨o¢O£
¨�£Ð­�À§¬>¥>½¡¤M¥>£Á­ Ë ¢<¨�®Séª¥h±¯©P¤�¢O½	¢O×O­M©D½�Ã�®¯¥t¨�£Ô½�©�Y<¦�©�×O¥ÒÀ§«�¥>­¿×OÀ§¤�®¯´5£�¥Ò¨�£.¬>¢ Ë ½�±¯¥r°¡¥�¥§¤q¦M©Ý¬>© �
½ª©�¬>®S¤MÀ ^ ©�¦¿¦�£�­¿¥>­�¦�©häß¢O«�¬·¤M®³¢O« � � È�©D«�¦>º�»�K K��  �¸ ��¥·¤�¤�¥|©�½�½Á­�¢<¬eÃ�¥q¥§¦¿¤F¢O­`¤MÃ�¢�×O¢O«ª©�±³¥ ^ ±¹Ñ¶® Ë ©�×O¥
¬>±¯À �W¦¿¥>­�­¿£�­�¥Dº�¨�¥h±¯©o¬U©�­�©�¬§¤�À>­�®³¦M©D¤�®¯¢O«�¨�¥t±¹Ñ¶®¯«K¤�¥>­M©D¬§¤M®³¢O«�¦�¢�«5¤y¨�À§¨�£�®³¤�¥>¦N¨�¥>¦N®¯«¡äß¢O­ Ë ©D¤M®³¢O«�¦m¦¿£�­
±Õ©o¦¿¤�­�£�¬·¤M£�­¿¥�¸

Ï�¥ Ë ¢¡¨ Ì ±¯¥
©²À·¤MÀÐ½�­¿À>¦�¥§«K¤MÀÐ¨ª©�«Á¦�¦M©åÈ�¥>­�¦¿®¯¢O« ¨�¥.Âª©�¦�¥D¸ �q¥Ð«Á¢ Ë Â�­¿¥>£¡°�­M© �R«�¥ Ë ¥§«K¤M¦�¢O«K¤�À·¤MÀ
© �¿¢�£Á¤MÀ|½	¢O£�­qÓ�½�­�¥§«�¨�­¿¥@¥>«�¬>¢ Ë ½Á¤�¥|±Õ©�½	¢O¦¿¦�®¯ÂÁ®¯±¯®S¤MÀN¨�¥@­�¥·äß¢O­ Ë ©D¤�®¯¢O«~¨�£�¬>¢ Ë ½�±¯¥r°¡¥ �"�<¥>®³äß¥§­¿¤>º�Í�ÎOÎKÍ5º
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�y¥ Y$Y Ë ©�«�«Ô©D«�¨ 0H­¿£�Â Ë�� ±³±¯¥§­>ºªÍDÎOÎOÎ¡º � ÈD©�«Á¦y©D«�¨ � ®³±¯±³®Õ© Ë ¦>º<Í�Î�ÎKÍ& �º Ë ¢¡¨�À§±¯®³¦�¥>­l±Õ©m¦`¤M­�£Á¬§¤M£Á­�¥f¦�¢O£Á½�±¯¥
½ª©�­t¨�¥>¦ Ù ­�¥§¦�¦¿¢O­¿¤�¦Ò«�¢O«å±¯®¯«ÁÀU©�®³­�¥>¦tÚ � � ÈD©�«�¦N©�«Á¨ ��®³¤�¬eÃ�®¯¥Dº�»�KLKK¼! ¹ºë¨ÁÀ>¬>­¿®¯­¿¥~±¯©�­¿£�½Á¤M£Á­�¥R¨�¥�½�±³£"�
¦�®¯¥§£�­�¦�±¯®Õ©D®¯¦�¢�«�¦�¥§«o¦�À§­�®¯¥1¢O£o¥>«o½�©�­M©�±³± Ì ±¯¥f¥§¤�¬§¥>±³±¯¥1©�¦�¦¿¢¡¬§®¯À>¥ ^ ¨�¥>¦ç¬eÃÁ¥ Ë ®¯«�¦ç­¿ÀU©�¬·¤M®³¢O«�«�¥§±¯¦�¬§¢ Ë ½l¢O¦¿À>¦
¨�¥�½�±³£�¦�®³¥>£�­¿¦yÂ�©�­�­¿® Ì ­¿¥>¦�À>«Á¥>­�×�À§¤M®³´5£�¥>¦§ºlÈO¢�®¯­�¥�¸¶×�¸ � � ÈD©�«�¦y©�«�¨ � ®¯±³±¯®¯© Ë ¦§º<Í�ÎOÎKÍ! ¹¸ Ä ¢O£�¦q«Á¥h±³¥>¦N¨�À��
¤e©�®³±¯±¯¥§­�¢O«Á¦o½ª©�¦R®¯¬>®�¸ 
 «�¦�®³¦¿¤�¢O«�¦R«�ÀU©�« Ë ¢O®³«�¦P¦�£�­~±¯¥�ä�©�®S¤~´5£�¥
¨ª©�«�¦P¤M¢�£Á¤M¥§¦�±¯¥§¦P¥·°<¤M¥§«�¦�®³¢O«�¦�¬§®³¤�À>¥>¦
¬>® �Ê¨�¥>¦¿¦�£�¦§º�¨Á¥>£¡°åÃ]Y<½l¢�¤�Ã Ì ¦¿¥>¦Ò¬§±¯À§¦h¦¿¢O«K¤h¤�¢O£��¿¢O£�­¿¦H¬>¢O«�¦¿¥>­`ÈOÀ>¥§¦o±¹ÑÅ©�½�½�­¿¢U°Á® Ë ©p¤M®¯¢�«Ð©�¨�®¯©�Âª©D¤�®¯´5£�¥P¥§¤
±¯¥@¬eÃ�¥ Ë ®³«
­¿ÀU©�¬·¤M®¯¢�«�«�¥>±�£�«�®¯¨Á® Ë ¥>«�¦¿®¯¢O«�«Á¥>±¹¸
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�¡®5±�ÑÅ¥r°Á½	À>­¿®¯¥§«�¬>¥�¨�¥�½Á­�®¯«Á¬>®¯½	¥f¨�¥�±Õ© � � �t¥·¤�¦�© Ë ¢¡¨ÁÀ>±¯®³¦M©D¤�®¯¢O«@¢�«5¤�±Õ©FÈO¥§­¿¤�£Ò¨�Ñ 
§¤M­¿¥1¦¿® Ë ½�±¯¥§¦>ºz±³¥>£�­Ë ®³¦�¥@¥>«�½�­�©D¤M®³´5£�¥@¬>¢O«Á¦¿¤M®S¤M£�¥H¦¿¢O£ÁÈO¥§«K¤q£�«�È�À>­�®S¤e©�ÂÁ±¯¥|¤M¢�£�­m¨�¥@äß¢O­¿¬>¥@¥·°¡½	À>­¿® Ë ¥>«K¤e©�±�¨�¥>½�£Á®¯¦�¨�¥>¦¿®¯×O«
®¯«�¦`¤M­�£ Ë ¥§«5¤M©�± �¿£�¦�´5£�Ñ ^ ±�Ñ ©D«ª©�±ZY<¦¿¥�¦`¤e©D¤�®¯¦`¤M®¯´5£�¥�¨�¥§¦�­¿À>¦�£Á±³¤e©p¤M¦ ¥>«�­¿¥>×O®³¦¿¤M­¿À>¦ � �å¥>®³¦�¥>±�¥·¤N©�±¹¸Sº�Í�Î�Î �  �¸ Û «
¦�¥q¬§¢O«K¤M¥§«5¤�¥>­�©�®¯¬§®	¨Á¥y­¿¥>½	¢O­¿¤�¥>­�±¯¥>¦f¤M¥§¬eÃ�«�®³´<£Á¥>¦m¨�¥ Ë ®¯¬>­¿¢ Ë ©�«�®¯½Á£�±Õ©D¤�®¯¢O«h£Á¤M®³±¯®³¦�À>¥§¦f½l¢O£Á­ Ë ¥§¤¿¤M­�¥�¥§«
¢¡¥§£ÁÈ<­�¥t±¯¥@¨�®³¦�½	¢O¦�®S¤M®³ä¾¨Á¥t½Á­�®¯«Á¬>®¯½	¥|¨�À§¬>­¿®³¤N¨ª©�«�¦�±¯©�éª×O£�­¿¥ � ®¯×�¸l»O¸wÍ<¸

Ï�¥>¦F¤�­�¢O®³¦m®¯«�¦`¤M­¿£ Ë ¥§«K¤M¦F±¯¥§¦F½�±¯£Á¦F±Õ©�­¿×O¥ Ë ¥>«K¤F£Á¤�®¯±³®¯¦�À§¦m½	¢O£�­F±¯¥§¦F¥·°¡½	À>­�®³¥>«�¬§¥>¦�¨�¥H¦�½	¥>¬·¤M­¿¢O¦�¬§¢O½�®¯¥
¨�¥täß¢�­�¬>¥H¦¿¢O«K¤�Ó�Vß®�X�±¹Ñ¶æ � d VnÈO¢O®³­F½ª©�­�¥·°¡¥ Ë ½�±³¥ � 2m©�£ Ë ×K©�­`¤M«�¥§­m¥§¤y©�±�¸³ºªÍ�ÎOÎOÎ<º�Ï¾¢P¥·¤q©D±¹¸SºªÍ�ÎOÎ¡»  ¥§¤
� ®¯×�¸<»O¸S»�X·ºD±Õ©�äß¢O­�¬§¥F¥>¦¿¤ Ë ¥§¦�£�­¿À>¥mÈ<®Õ©|±¯©y¨�À � ¥>¬·¤M®¯¢�«R¨Á£o¬U©�«K¤M®³±¯¥·ÈO¥>­��bV�®³®�X�±¯¥>¦�½�®¯«�¬§¥>¦ç¢�½Á¤M®³´<£Á¥>¦WV�Ï¾©�¦¿¥>­Û ½¡¤M®¯¬>©�± � �1¥>¥>Æ§¥>­§º�È�¢O®¯­F½�©�­m¥·°¡¥ Ë ½�±³¥ � � ¥ Ë £Á­M©o¥§¤y©�±�¸³º�ÍDÎOÎÁ»  X·º¡±Õ©�äß¢O­¿¬>¥@¥§¦¿¤ Ë ¥>¦�£Á­�À>¥H¥§«�¦¿£�®³ÈD©�«K¤
±¯¥ Ë ¢O£ÁÈ�¥ Ë ¥>«K¤�¨�Ñ¶£�«�¥ Ë ®¯¬>­¿¢OÂ�®³±¯±¯¥�½Á®¯À>×�À>¥m¨ª©D«�¦�£�«Òä�©�®³¦�¦�¥>©�£o±Õ©D¦�¥>­�� V�®³®¯® X¾±³¥ Ù 2�®³¢ Ë ¥ Ë Â�­�©�«�¥ � ¢O­¿¬>¥µ ­¿¢OÂ	¥ÝÚ VßÈ�¢O®¯­H½ª©�­H¥r°Á¥ Ë ½Á±¯¥��'d�¥>­��D¥>± ¥§¤N©�±�¸³º�»�KLKLK& �Xr¸¾Ï¾¥ 2 � µ ½l¥§­ Ë ¥§¤t¨�¥ Ë ¥§¦�£�­¿¥>­t¨�¥>¦Häß¢O­¿¬>¥>¦
¥>«.¦¿£�®³ÈD©�«K¤y±Õ©o½	¢O¦�®S¤M®¯¢�«�¨�ÑÅ£�«Á¥ Ë ®¯¬>­¿¢OÂ�®³±¯±¯¥N¨�¥HÈO¥§­�­�¥�©D¤�¤M©�¬eÃ�À§¥ ^ £�«.×O±³¢OÂ�£�±³¥@­�¢O£Á×O¥Pº¶éÁ°¡À ^ ±�Ñ ©�®³¨�¥
¨�ÑÅ£Á«�¥ Ë ®³¬>­�¢�½�®¯½	¥§¤¿¤M¥�´5£�®Á¥>«P¬>¢O«K¤�­��O±³¥F©�£�¦¿¦�®ª±Õ©N¤M¥>«Á¦�®¯¢�« Vß¬§äd¸ � ®¯×�¸<»O¸\[]X·¸ ��¥>¦�¤M­¿¢O®¯¦�¦�¢O«�¨Á¥>¦f¨�¥mäß¢O­¿¬>¥>¦
�¿¢O£�¥>«K¤N±¯¥@­��O±¯¥@¨Á£
­¿¥>¦�¦¿¢O­¿¤N¨ª©D«�¦ � ®¯×�¸l»O¸ Í¡¸

Ï�¥�¬>¢O«K¤M­��O±¯¥f¨�£�¨�À>½�±¯©�¬>¥ Ë ¥§«K¤ ^ È<®³¤M¥§¦�¦¿¥�¬>¢�«�¦¿¤M©�«K¤M¥�ºp¦>Ñ¶¥§ãl¥>¬·¤M£�¥�×OÀ>«�À§­M©�±³¥ Ë ¥>«K¤-V�æ � d ¥§¤ 2 � µ X
©�£Ö«�®³È�¥U©�£Ø¨�¥o±Õ©Ý¦¿£�­¿ä�©D¬>¥P´5£�®çä�©�®³¤qä�©�¬>¥ ^ ±Õ©Ý¦¿¢O«�¨�¥P¦¿¢O£�½�±³¥�º�È<®Õ©Ý£Á«å¨�®³¦�½	¢O¦�®S¤M®Sä�½�®¯¥§Æ>¢<À>±³¥>¬§¤�­�®³´<£Á¥�¸
�|©�«�¦N±¯¥@¬>©�¦�¨�¥>¦�½�®³«�¬>¥§¦N¢�½Á¤M®³´<£Á¥>¦>ºª±³¥|ä�©�®¯¦¿¦�¥>©�£
¥§¦¿¤N¨�À§½�±Õ©�¬§À�¸

Ï�¥>¦N¦�£Á­¿ä�©�¬§¥>¦q¨Á¥>¦N¦�¢O«�¨Á¥>¦ V Ë ®³¬>­¿¢OÂ�®¯±³±¯¥Dº¡½	¢O®¯«K¤�¥tæ � d"Xm¦�¢�«5¤y¨�À§¬>¢O­¿À>¥>¦y¨�Ñ¶£�«.¨�¥§¦qÀ§±¯À Ë ¥>«K¤�¦y¨�£
¬>¢ Ë ½�±¯¥r°¡¥�¸¾Ï¾©�¦¿£�­¿ä�©D¬>¥R¨�£²¦¿£�Â�¦¿¤�­M©D¤h¥>«Ø­�¥§×K©�­¿¨å¥§¦¿¤h¨�À>¬§¢O­�À§¥�¨�¥P±Õ© Ë ¢O±¯À§¬>£�±³¥o¬>¢ Ë ½�±³À Ë ¥>«K¤e©�®³­�¥D¸
Ï¾¥§¦�¤M¥§¬eÃ�«�®³´<£Á¥>¦m¨�¥y×O­�¥·ã�©D×O¥NÈD©�­¿®¯¥§«5¤1±Õ©D­�×O¥ Ë ¥§«5¤�¨�Ñ¶£�«�¥q¥·°¡½lÀ§­�®³¥>«�¬§¥ ^ ±�Ñ ©D£Á¤M­¿¥hÓ<×O­�¥·ã�©D×O¥y¬§¢zÈ�©D±¯¥>«K¤
È¡®¯© Ë ¢O±¯À§¬>£�±³¥>¦RÂ�®³äß¢�«�¬§¤�®¯¢O«�«Á¥>±¯±³¥>¦ � �q£ ��¢O£�­¿¥�ºlÍ�ÎOÎKÍ! q¢�£�¥>¦¿½ª©�¬§¥>£�­¿¦ � 2m©D£ Ë ×O©�­¿¤�«�¥>­m¥·¤y©�±¹¸Sº�Í�ÎOÎ�Î¡º
�q£ ��¢O£�­�¥DºlÍ�ÎOÎKÍ! 4V�¥D¸Å×Á¸ µ � 0 X1£Á«�¥@©�£Á¤�­�¥@©D½�½�­�¢<¬eÃ�¥DºÁ½	¢O£�­m±³¥>¦m±³®Õ©�®³¦�¢O«�¦f±³¥>¦m½�±³£�¦�ä�©�®³Â�±¯¥§¦>º5¬>¢�«�¦�®³¦¿¤M¥^ ®³«5¤�¥>­¿¬U©�±³¥>­m£�«�¬>¢�£�½�±¯¥HÂ�®³¢�¤M®³«�¥��Ê¦¿¤�­�¥>½¡¤e©UÈ<®¯¨�®³«�¥q¥§«5¤�­�¥t¬eÃª©�´5£�¥t½ª©�­`¤M®¯¥@¨Á£
¬§¢ Ë ½Á±¯¥·°¡¥ ^ À§¤�£�¨�®³¥>­�¥§¤
±Õ©~¦¿£�­¿ä�©D¬>¥>¦y´5£�®�±¯©~½	¢O­¿¤�¥�¸��q¥§£¡°Ô½�©�­M© ËRÌ ¤�­�¥§¦y½	¥>£ÁÈ�¥>«K¤H©�±³¢O­�¦ 
§¤�­�¥tÈ�©D­�®¯À§¦y½	¢O£�­N«�¥h½l¥§­ Ë ¥§¤�¤�­�¥t±Õ©
äß¢O­ Ë ©D¤M®³¢O«Ö´5£�¥�¨�Ñ¶£�«�¥~¦�¥§£�±¯¥~±¯®Õ©D®¯¦�¢�«�º ^ ¦M©UÈO¢O®³­h±¯©�¨Á¥>«�¦¿®³¤MÀ~¦�£�­`ä�©�¬>®³´5£�¥~¨Á¥�×O­¿¥§ã�©�×O¥R¥§¤h±¯¥P¤M¥ Ë ½�¦
¨�Ñ ©p¤�¤M¥§«K¤M¥t±¯¢O­¿¦F¨�¥H±Õ© Ë ®¯¦�¥@¥§«
¬§¢O«K¤e©�¬·¤N¨�¥H±Õ©Ò¦�¢�«�¨�¥h©zÈ�¥>¬t±Õ©Ò¦¿£�­¿ä�©�¬§¥�¸µ ¢O£�­o©�¬eÃÁ¥§ÈO¥§­P±¯¥�½�©�­M©�±³± Ì ±¯¥R¥>«K¤M­¿¥�±¹Ñ¶¥·°¡½lÀ§­�®³¥>«�¬§¥Ý¨�¥�½�­¿®¯«�¬§®¯½	¥�¥§¤Ò¦M©Ô­�À>©�±¯®³¦M©D¤�®¯¢O«å¥·°¡½	À>­�® Ë ¥§«"�
¤e©�±³¥�º<¢O«�­�¥§½l¢O­`¤M¥|¨�©�«�¦m±¯©téª×O£Á­�¥Ò»O¸ ¼¡º¡£�«�¥>«�­¿¥>×O®³¦¿¤�­�¥ Ë ¥>«K¤F¨Á¥|±Õ©häß¢�­�¬>¥q©�½�½�±³®¯´5£�À§¥|¥>«Ýäß¢O«Á¬§¤M®³¢O«Ý¨�£
¤M¥ Ë ½�¦N¥§¤y£�«�¥t¨�®¯¦`¤M­¿®¯Â�£Á¤�®¯¢O«�¨�¥Häß¢O­¿¬>¥H¨�¥t­�£�½Á¤�£�­�¥t¥·°¡½	À>­¿® Ë ¥>«K¤e©�±³¥H½l¢O£Á­�ä�©D®¯­�¥HÀ§¬eÃ�¢ ^ »O¸ �Á¸	ÏfÑ¶Ã�®³¦ �
¤M¢O×O­�© ËRË ¥P¨�¥§¦�äß¢O­�¬§¥>¦h¥>«�­¿¥>×O®³¦¿¤M­¿À>¥§¦o©
À·¤MÀ�¬§±Õ©�®³­�¥ Ë ¥§«5¤h¨�®SÈ¡®³¦�ÀR¥>«Ü¨Á¥>£¡°²½ª©�­`¤M®¯¥§¦h½�©�­��å¥>®³¦�¥>± !/@ �& � ¸�Ï�¥>¦|äß¢O­¿¬>¥§¦@±¯¥>¦q½�±¯£�¦yä�©�®¯Â�±³¥>¦y¥>«�­¿¥>×O®³¦¿¤M­¿À>¥§¦@¦�¢O«K¤H®¯¨Á¥>«K¤M®SéªÀ>¥§¦@¬>¢ ËRË ¥h­�À§¦�£�±S¤e©�«K¤@¨�Ñ¶®¯«K¤�¥>­M©D¬§¤M®³¢O«�¦
¨�®³¤�¥>¦�«�¢O«�¦�½	À>¬§®³éª´5£�¥§¦y¥§«K¤M­�¥H±³¥>¦ Ë ¢O±¯À§¬>£�±³¥>¦�¤�¥>¦¿¤�À>¥§¦y¥·¤y±³¥>¦F¦¿£�­¿ä�©�¬§¥>¦�´5£�®�±¯¥§£�­mäß¢O«K¤Fä�©�¬§¥ VßÈD©�«�¨�¥>­
�Ü©O©D±¯¦>º	À>±³¥>¬·¤M­�¢�¦¿¤e©p¤M®¯´5£�¥ X·º . � ! � ¥>±³±¯¥>¦N«�¥Ò¬§¢O­�­¿¥>¦¿½l¢O«Á¨�¥>«K¤H½ª©�¦ ^ ¨�¥§¦|­�£�½¡¤M£�­¿¥>¦@¨�£Ô¬§¢ Ë ½�±¯¥r°Á¥ Ë ©D®¯¦
¦�® Ë ½�±³¥ Ë ¥>«K¤ ^ ±Õ© Ù ¨ÁÀ>¦�¢�­�ÂÁ¤�®¯¢O«uÚ²¨Á¥>¦ Ë ¢O±¯À§¬>£�±³¥>¦§¸�Ï�¥>¦häß¢O­�¬§¥>¦Ò±³¥>¦�½Á±¯£�¦hÀ>±¯¥·ÈOÀ§¥>¦>º�¥>±¯±³¥>¦§º�¦¿¢O«K¤o±Õ©
¦�®¯×�«ª©D¤M£Á­�¥m¨�¥F±¯©q­�£Á½Á¤M£�­¿¥F¨�¥F±¹ÑÅ©�¨�ÃÁÀ>¦�®Säd¸�Ï¾©|¨�®³¦�¬§­�® Ë ®¯«�©D¤M®³¢O«�©D¨�Ã�À>¦¿®¯¢O«o¦¿½lÀ§¬>®Séª´5£�¥�¥§¤�©�¨�ÃÁÀ>¦�®³¢O«o«�¢O«
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 0 � � � »O¸\[ � �q®¯¦¿½l¢O¦¿®³¤�®³ä+2 � µ £Á¤M®³±¯®³¦�Àf¨ª©�«�¦ �'d�¥>­��D¥>± ¥§¤N©�±�¸³º�»�KLKLK& ¹¸pæ,¨Á­�¢O®S¤M¥�º^£�«�×O±¯¢OÂÁ£�±¯¥f­�¢�£�×O¥
¨�¢�«5¤�±¯©Ò¤M¥>«Á¦�®¯¢�«�¥§¦¿¤q© �¿£�¦`¤MÀ>¥H½ª©D­N¦¿£�¬>¬§®¯¢O«�¨ª©D«�¦y£Á«�¥ Ë ®³¬>­�¢�½�®¯½	¥§¤¿¤M¥ �¿¢�£�¥H±¯¥@­���±¯¥@¨�¥H±Õ©Ò¦`¤M­¿£�¬§¤�£�­�¥
¦¿¢O£�½�±³¥ V . � ! � ­�¥§¦�¦¿¢O­¿¤<XN¨�¢O«K¤q±Õ©P­M©�®³¨�¥>£�­�ÈD©�­�®³¥H¥>«K¤M­¿¥ 0.1 ¥·¤ 3 ½ Ä / « Ë ¸	æ(±Õ©P¦�£Á­¿ä�©�¬§¥�¨�£Ô×�±¯¢OÂ�£Á±¯¥
­¿¢O£�×O¥@¥§¦¿¤N×O­�¥·ã�À@£Á«�¥ Ë ®³¬>­�¢�Â�®¯±³±¯¥�¨�¥ 1− 2µ

Ë ¨�¥H¨�®Õ© Ë~Ì ¤M­�¥D¸�Ï�¥H¨�À>½Á±Õ©�¬§¥ Ë ¥>«K¤�¨�¥H±Õ© Ë ®¯¬§­�¢OÂ�®³±¯±³¥
¥§«.­�¥§×K©�­¿¨cV ^ ×K©�£�¬eÃÁ¥�XN¥§¦¿¤q¥§ãl¥>¬§¤�£�À�È<®Õ©P£�«Ô½Á®¯¥>Æ§¢ ^ ¨�¥>¦NÈ<®³¤M¥§¦�¦¿¥>¦|¬§¢ Ë ½Á­�®¯¦¿¥>¦N¥>«K¤M­¿¥ 1 ¥§¤ 20 000« Ë / ¦§¸

¦¿½lÀ§¬>®³é�´<£Á¥~¥§¦¿¤Ò£Á«�¥~¨Á¥>¦t¨�® �R¬>£Á±³¤MÀ§¦ Ë © �¿¥§£�­�¥§¦h¨ª©D«�¦h±�ÑÅ®³«K¤M¥>­¿½�­�À·¤e©D¤�®¯¢O«Ð¨Á¥>¦ Ë ¥>¦¿£�­�¥§¦h¨Á¥Räß¢O­¿¬>¥R¨�¥
±³®Õ©�¦¿¢O«�¦�ä�©�®³Â�±¯¥§¦>¸

æyé�«å¨�¥ Ë ®¯¥§£¡°Ö¬>¢ Ë ½�­¿¥>«�¨Á­�¥P½l¢�£�­�´5£�¢O®�¬§¥>¦H¤M­¿¢O®¯¦@®³«�¦¿¤�­�£ Ë ¥>«K¤M¦H¢O«K¤tÀ§¤�ÀP¥��R¬U©�¬§¥ Ë ¥>«K¤h£Á¤M®³±¯® �
¦¿À>¦�¨�©�«�¦t±Õ© Ë ¥§¦�£�­¿¥~¨�¥§¦häß¢O­¿¬>¥§¦h¨�¥~­�£�½¡¤M£�­¿¥~¦¿£�­ Ë ¢O±³À>¬>£Á±¯¥P®¯«�¨Á®³È<®¯¨�£Á¥>±¯±³¥�ºl®¯±�½	¥>£Á¤ 
§¤�­�¥R£Á¤M®³±¯¥P¨�¥
¬§¢ Ë ½Á±¯À§¤�¥>­1±Õ©�¨�¥§¦�¬§­�®¯½¡¤M®¯¢�«�½ª©�­F±¹Ñ¶®¯«Á¦�½	¥>¬§¤�®¯¢O«~¨�¥>¦�¨�®Sã�À§­�¥§«5¤�¦F¢O­�¨Á­�¥|¨�¥@×�­M©�«�¨Á¥>£�­¿¦ V�¢O«�¦¿¥t±³® Ë ®³¤�¥>­M©
®³¬>® ^ ±¹Ñ¶¥·°¡¥ Ë ½�±³¥�¨�£ 2 � µ X·¸fÏ�¥>¦oäß¢O­¿¬>¥§¦R¨Á¥�­¿£�½Á¤�£�­�¥�¦�¢O«K¤P¤`Y<½�®¯´5£�¥ Ë ¥§«K¤~¬§¢ Ë ½�­�®³¦�¥>¦P¥§«5¤�­�¥ 0 ¥§¤
200 ½ Ä ºf¬·äd¸ � ´�¸�»O¸\[Ø¥·¤ � � ±³¢O­�®³«Ý¥§¤y©�±�¸³ºl»�KLK �  ¹¸ µ ¢�£�­oéÁ°¡¥>­�±³¥>¦P®¯¨ÁÀ>¥>¦P¢O« ­M©D½�½l¥§±¯±³¥�´<£�Ñ ^ 300 Çoº
kBT = 4 ½ Ä . « Ë ¸¾Ï¾©�­M©D®¯¨�¥§£�­ k ¨�¥P±Õ©�¦�¢O«Á¨�¥P­�¥>½Á­�À>¦¿¥>«K¤MÀ§¥�¨ª©D«�¦ � ®¯×�¸�»O¸'[�¥§¦¿¤�© �¿£�¦¿¤M©�Â�±³¥o¥>«K¤M­¿¥
k ∼ 0.1−3 ½ Ä �D« Ë �\d
¥>­%��¥>± ¥§¤y©�±�¸³ºl»�KLKLK& ¹ºD¦�¢O®S¤�¥§«KÈ¡®³­�¢O«o£Á«Ò¢O­�¨Á­�¥m¨�¥�×O­M©�«Á¨�¥>£�­�¨�¥ Ë ¢O®¯«Á¦�´5£�Ñ¶£�«
¬>©�«K¤M®¯±³¥§È�¥>­�¨�ÑÅæ � då¸�Ï�Ñ¶¥>«�­¿¥>×O®³¦¿¤�­�¥ Ë ¥>«K¤�¨�ÑÅ£Á«�¥qéª×O£Á­�¥|¨�Ñ¶®¯«K¤�¥>­¿äßÀ§­�¥§«�¬>¥@­¿À>¦�£Á±³¤e©D«5¤�¨�¥|­¿À � ¥r°Á®³¢O«�¦m¦¿£�­
±¯©
Â�®³±¯±¯¥R¨�¥�È�¥>­¿­�¥�½	¥>­ Ë ¥§¤Ò£�«�¥Ý­¿À>¦�¢�±¯£Á¤�®¯¢O«Ü¨Á¥ 2 − 5 « Ë ¨ª©�«�¦Ò±³¥�¨�À§½�±Õ©D¬>¥ Ë ¥>«K¤>¸çÏ�¥Ý¨�®³¦�½	¢O¦�®S¤M®³ä
½	¥>­ Ë ¥·¤�¨�¢�«�¬�¥§«%½�­�®³«�¬>®³½l¥P¨�¥ Ë ¥>¦¿£�­�¥§­�¨�¥§¦�äß¢O­¿¬>¥>¦h¬>¢ Ë ½�­¿®¯¦�¥§¦�¥§«5¤�­�¥ ∼ 1 ½ Ä ¥·¤ 1 « Ä ¸��¡®1¢�«È�¥>£Á¤y½l¢�£ÁÈO¢O®³­�¬>¢ Ë ½�± Ì ¤M¥ Ë ¥§«5¤�¥r°¡½�±¯¢O­¿¥>­�±Õ©o¨�À§½l¥§«�¨ª©�«Á¬>¥�±³¢O×K©�­¿®³¤�Ã Ë ®³´5£�¥q¥§«.±¯¥|¤M©�£¡°�¨�¥t¬eÃª©�­¿×O¥ r¨�¥ ftyp

º r ¨�¢�®³¤H½	¢O£ÁÈO¢�®¯­@ÈD©�­�®³¥>­@¦�£Á­h½�±³£�¦�®³¥>£�­¿¦H¨�À>¬>©�¨�¥>¦§¸�Ï�¥R¬>¢O«K¤�­��O±³¥R¨Á£å¨�À§½�±Õ©D¬>¥ Ë ¥>«K¤h½ª©�­H£�«¨�®³¦�½	¢O¦�®S¤M®Sä1½Á®¯¥>Æ§¢¡À§±¯¥§¬§¤M­¿®¯´5£�¥R½l¥§­ Ë ¥§¤h¨�¥Pä�©�®¯­¿¥PÈD©�­¿®¯¥§­t±¯©�¨Á®¯¦¿¤M©�«�¬§¥�¥>«K¤�­�¥�±³¥>¦t¦�£�­`ä�©�¬>¥§¦�½	¢O­¿¤M©�«K¤�±³¥
±³®¯×K©�«Á¨Ô¥§¤t±¯¥o­¿À>¬§¥>½Á¤�¥>£�­ ^ ¨Á¥>¦@È<®³¤M¥§¦�¦¿¥>¦ v ¨�¥P±¹Ñ¶¢O­�¨Á­�¥o¨�Ñ¶£�« ^ ´<£Á¥>±¯´5£�¥§¦h¨Á®¯ÆU©D®¯«�¥§¦t¨Á¥ Ë ®¯±³±¯®³¥>­�¦N¨�¥
«ª©D«�¢ ËRÌ ¤M­¿¥>¦�½ª©�­�¦�¥§¬>¢O«�¨Á¥�¸ � «Ý£¡¤M®¯±³®¯¦�©�«K¤f±¯¥>¦fÈD©�±¯¥§£�­�¦�¨�¥ k ½�­¿À>¬§À>¨�¥§«5¤�¥>¦§º�¢O«�½	¥>£¡¤m¥>¦¿½lÀ§­�¥§­�¦�¢�«�¨�¥>­¨�¥§¦�¤e©D£¡°~¨�¥q¬eÃª©D­�×O¥§¦m¬>¢ Ë ½�­¿®¯¦�¥>«KÈ<®¯­�¢�«�¥>«K¤M­¿¥ r = 10−1− 107 ½ Ä / ¦1¥>«KÈ<®¯­�¢�«�ºÁ¦¿¢O®³¤1Ã5£�®³¤�¨�À>¬>©�¨�¥>¦¨�¥P¤e©D£¡°å¨�¥~¬eÃ�©�­�×O¥D¸�Ï¾©�¨�À>½	¥>«�¨�©�«�¬>¥�±¯¢O×K©D­�®³¤�Ã Ë ®¯´5£�¥Ò¥§¦¿¤o©D¬>¬>¥§¦�¦¿®¯Â�±³¥�¸ ��¥>¦�´5£�¥§±¯´5£�¥§¦Ò¢O­�¨Á­�¥>¦h¨�¥
×O­�©�«�¨�¥§£�­�¦ Vß¢O½Á¤M® Ë ®³¦¿¤�¥>¦ � X�®³«�¨�®³´<£Á¥>«K¤�´5£�¥H±Õ©Ò¦�¢�«�¨�¥'2 � µ ½l¥§£Á¤ 
§¤M­¿¥H©�¨ª©�½¡¤MÀ>¥ ^ £�«�¥H¥r°Á½	À>­¿®¯¥§«�¬>¥
¨�¥H¦¿½l¥§¬§¤M­¿¢O¦�¬§¢O½�®³¥t¨Á¥Häß¢�­�¬>¥H¨ Y<«ª© Ë ®³´<£Á¥@¦�£�­ Ë ¢O±¯À§¬>£�±³¥|£�«�®³´<£Á¥�¸
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� ; & ��� �$� � �!� �!�P� ����� ��� ����� � � � �e���	� �=���!��� �������$�����	��� � ��� ���_������� �$� ���	��� � ��� �_�������

��
 0 � � � »O¸ ¼ � � °<¤M­�©�®³¤@¨Á¥ � �å¥>®¯¦¿¥>±�¥·¤q©D±¹¸SºªÍ�ÎOÎ �¡º�Ï�®³¤¿È<®¯«�¢zÈÝ¥·¤y©�±¹¸Sº�Í�ÎOÎOÍ& �¸4V�©]X � «�­¿¥>×O®³¦¿¤�­�¥ Ë ¥>«K¤
Â�­�£Á¤�¨�¥Ð±¯©Üäß¢O­�¬§¥Ð¥>« äß¢O«�¬§¤�®¯¢O«ë¨Á£ ¤�¥ Ë ½�¦�½l¢�£�­�£�« ¬>¢O£Á½�±¯¥Ð®³«5¤�À>×O­¿®¯«�¥ �ÊéªÂÁ­�¢O× Ì «�¥ V�¥r°¡½lÀ§­�®¯¥§«�¬>¥
­�ÀU©D±¯®¯¦¿À>¥ ^ ±�Ñ ©D®¯¨�¥1¨�¥m½�®³«�¬>¥§¦�¢O½Á¤M®³´5£�¥>¦ X·¸ Û «o­�¥ Ë ©D­�´5£�¥F±Õ©y¨�®¯¦¿½l¥§­�¦�®³¢O«Ò¨�¥F±¯©yäß¢O­¿¬>¥F¨�¥m­¿£�½Á¤�£�­�¥F½	¢O£�­
¨�¥>¦1À§È Ì «�¥ Ë ¥>«K¤�¦F¨�¥q­¿£�½Á¤M£Á­�¥ Ë ¥·¤�¤e©D«5¤1¥>« �¿¥>£�±³¥ Ë 
 Ë ¥�¬>¢O£Á½�±¯¥Dº<¥·¤�±¯©t½Á­�À>¦¿¥>«�¬§¥@¨�ÑÅ©�½�½�­¿¢¡¬eÃ�¥§¦�´5£�®
«�¥�¬>¢O«�¨Á£�®¯¦¿¥>«K¤�½ª©�¦ ^ ±Õ©qäß¢�­ Ë ©D¤M®³¢O«�¨�¥�±¯©q±¯®¯©�®¯¦¿¢O«�¸ V�ÂbX��y®¯¦¿¤�­�®³Â�£Á¤M®³¢O«o¨�¥§¦çäß¢O­�¬§¥>¦f¨�¥F­�£Á½Á¤M£�­¿¥N©zÈD©�«K¤
¥§¤y©�½�­ Ì ¦�¥·°<¤M­�©�¬§¤�®¯¢O«�¨�¥§¦NÀ·È Ì «�¥ Ë ¥>«K¤M¦y¬>¢O­¿­�¥§¦�½	¢O«�¨ª©�«K¤ ^ ¨�¥>¦N©�¨�ÃÁÀ>¦�®³¢O«�¦�«�¢O«�¦�½	À>¬§®³éª´5£�¥§¦

��� ��� �����	����� � �P� ������� ��� � � ���$� ��� �P����� � �

Ï�¥>¦�½�­¿¥ Ë ®¯¥§­�¦�¦�½	¥>¬·¤M­�¥§¦y¨Á¥Häß¢�­�¬>¥H¥r°Á½	À>­¿® Ë ¥>«K¤e©D£¡°�¢O«K¤NÀ§¤�Àh¢OÂ¡¤M¥>«5£�¦N¦�£Á­N±³¥>¦�¬>¢�£�½�±¯¥§¦�Â�®¯¢�¤�®¯«�¥ �
©zÈ<®³¨�®¯«�¥F¥·¤fÂ�®¯¢D¤M®¯«Á¥��W¦`¤M­¿¥>½Á¤M©zÈ<®³¨�®¯«�¥1½ª©�­8d
¥§­��D¥>± !/@ � & � � �\d
¥>­%��¥>±¾¥·¤q©D±¹¸Sº�»�KLK K  �¸5Ï¾¥§¦�­�À§¦�£�±S¤e©D¤�¦�¨�¥�¬>¥>¦¥·°¡½lÀ§­�®³¥>«�¬§¥>¦�¦¿¢O«K¤�­�¥>½Á­�¢<¨�£�®³¤�¦f¨ª©�«�¦f±Õ©qé�×O£�­�¥H»O¸ �Á¸ �¡®B°o¨�À§¬U©�¨Á¥>¦�¨Á¥�¤M©�£¡°P¨Á¥N¬eÃ�©�­�×O¥�¥§«5¤�­�¥ 10−2 ¥§¤
104 ½ Ä / ¦ ¢O«K¤�À·¤MÀ�¥·°¡½�±³¢O­�À§¥>¦>¸pÏ�¥>¦�¦�½	¥>¬·¤M­�¥§¦�¨�¥fäß¢O­¿¬>¥f¨�¥>¦�¨�¥>£<°t¬>¢O£�½Á±¯¥>¦¾¤M¥§¦¿¤�À>¦ Ë ¥§¤¿¤M¥§«5¤ ¬§±Õ©�®³­�¥ Ë ¥>«K¤¥>«ÜÀ·È¡®³¨�¥>«Á¬>¥�±¯©�¨ÁÀ>½	¥>«�¨ª©D«�¬>¥Ý¥§« r ¨�¥R±Õ©�äß¢O­�¬§¥~¨Á¥~­¿£�½Á¤M£Á­�¥�¸�Ï�¥ Ë ¢<¨ Ì ±³¥RÀ§±¯À Ë ¥§«5¤M©�®¯­¿¥P½�­�À§¦�¥>«K¤�À½�­�À§¬>À>¨Á¥ ËRË ¥§«5¤H½Á­�À>¨Á®³¤@£�«Á¥o­�¥>±¯©D¤M®³¢O« ftyp ∼ log(r) ºl±¯¥§¦|¬>¢O£Á­�Â	¥>¦@­�À·È Ì ±¯¥>«K¤H£�«Á¥o¨�À>½	¥>«�¨�©�«�¬>¥o±³® �«�ÀU©�®³­�¥H½ª©�­ Ë ¢O­¿¬>¥U©D£¡°lºª´<£Á®�©oÀ·¤MÀH®¯«K¤M¥§­�½�­¿À§¤�À>¥t¬>¢ ËRË ¥@±³¥@­�À§¦�£�±S¤e©D¤�¨�£�½ª©�¦¿¦M©�×�¥�©�£ �W¨�¥§¦�¦�£Á¦y¨�Ñ¶£�«�¥
¦�£�¬§¬>¥>¦¿¦�®³¢O«
¨Á¥|½�±¯£Á¦�®¯¥§£�­�¦�Âª©�­�­¿® Ì ­�¥>¦�À>«�¥§­�×OÀ·¤M®¯´5£�¥§¦F±¯¢O­¿¦�¨�£�½Á­�¢<¬>¥>¦¿¦�£�¦�¨�¥q­�£�½Á¤�£�­�¥D¸���¥·¤�¤M¥@×�À>«�À§­M© �
±¯®¯¦�©D¤M®³¢O«Ý¨�£ Ë ¢¡¨ Ì ±¯¥@©D£�¬>©�¦�¨�¥H½�±¯£Á¦�®¯¥§£�­�¦FÂ�©�­�­¿® Ì ­¿¥>¦�À>«Á¥>­�×�À§¤M®³´5£�¥>¦N¦�¥§­M©o¨�®¯¦¿¬>£Á¤�À>¥t¥>«�¨�À§¤M©�®¯±l¨ª©�«�¦
±¯¥N¬eÃª©�½�®S¤M­�¥yÍ¡¸ � ±¯±³¥�½l¥§­ Ë ¥§¤�¨�¥N­�¥>±³®¯¥§­�¬eÃ�©�´5£�¥q¦¿¥>× Ë ¥>«K¤1¨�¥q¨�­¿¢O®³¤�¥�©�£~äß­�©�«�¬eÃ�®³¦�¦¿¥ Ë ¥>«K¤m¨�£~½�®¯¬�´5£�®
±¯® Ë ®³¤�¥1±³¥F½�±¯£Á¦�±Õ©|¬>®³«�À§¤�®¯´5£�¥�¨�¥F­¿£�½Á¤M£Á­�¥�¸5Ï�¥§¦�¦¿¥>× Ë ¥>«K¤�¦�©�½Á½ª©�­M©D®¯¦�¦�©�«K¤f¨ª©�«�¦f±³¥>¦�Æ>¢�«�¥>¦f¨�¥F¤e©D£¡°o¨�¥
¬eÃª©�­�×�¥�±¯¥§¦q½�±³£�¦NÀ>±¯¥·ÈOÀ§¦|¬>¢O­¿­�¥§¦�½	¢O«�¨�¥§«5¤@©�£¡°
Âª©�­¿­�® Ì ­�¥§¦yÀ§«�¥>­¿×OÀ§¤�®¯´5£�¥>¦q±¯¥>¦N½�±³£�¦y½Á­�¢<¬eÃ�¥>¦|¨Á¥�±¹Ñ¶À§¤M©D¤
±¯®¯Ày±¯¥|±³¢O«�×Ò¨Á¥@±Õ©�¨�®³­�¥§¬§¤M®³¢O«Ý¨�¥q±Õ©häß¢O­¿¬>¥D¸ µ ­�À>¬§®¯¦¿À Ë ¥>«K¤Uº�±¯©�½	¥>«K¤M¥ ∼ kBT/x̂n

¨�£�«"�Ê® Ì§Ë ¥y¦�¥>× Ë ¥§«5¤
¨�¢O«�«�¥|©�¬>¬ Ì ¦ ^ ±¯©h½	¢O¦�®S¤M®³¢O« x̂n

¨�£Ý½�®³¬q±³® Ë ®³¤e©D«5¤>¸KÏ¾©�¬>¢�«Áé�©�«�¬§¥|¥>«�±¯¥>¦�ÈD©�±¯¥§£�­�¦1¨�À>¨�£Á®³¤M¥§¦m½	¢O£�­�±³¥>¦
¨�®¯¦`¤e©�«�¬§¥>¦ x̂n

©�À§¤MÀR©�¬§¬>­¿£�¥P½ª©�­@±Õ©Ý¬§¢O«Áäß­¿¢O«K¤e©D¤�®¯¢O«Ö¨�¥§¦t­¿À>¦¿£�±³¤M©D¤M¦H¨�¥ � � � ^ ¬>¥§£¡°Ö¢OÂÁ¤�¥>«5£�¦t½ª©�­
¨�¥>¦t¦�® Ë £�±Õ©p¤M®¯¢�«�¦y¨Á¥R¨PY¡«�© Ë ®³´5£�¥ Ë ¢�±¯À>¬§£�±Õ©D®¯­�¥ � 
 Æ>­M©D®¯±¯¥·ÈÝ¥·¤q©D±¹¸Sº�»�KLKK¼5º 0@­�£�Â Ë £�±¯±³¥>­�¥·¤y©�±¹¸Sº�»�KLK_[  
Â��D¤M®³¥>¦ ^ ½ª©D­¿¤M®³­Ò¨�¥�±¯©Ô¦¿¤M­¿£�¬§¤�£�­�¥�¬§­�®¯¦`¤e©�±³±¯¢O×�­M©�½�ÃÁ®¯´5£�¥R¬>¢O«�«5£�¥�¨�¥�¬§¥>¦ Ë ¢O±¯À§¬>£�±³¥>¦>¸�æq£"�Ê¨�¥>± ^ ¨�¥>¦



� � � ) �!�!� �%� � �!�b����� � �=� �_����������� �	� ���

��
 0 � � � »O¸ � � ��¢O£�½�±³¥|Â�®³¢�¤M®³«�¥�� V�¦¿¤�­�¥§½Á¤ X`©zÈ<®³¨�®¯«�¥D¸ � °<¤�­M©�®S¤F¨�¥ �\d
¥>­%��¥§± ¥·¤y©�±¹¸Sº�»�KLK K  �¸�V�©�X �y®³¦¿¤�¢#�
×O­�© ËRË ¥§¦1¨�¥§¦mäß¢O­�¬§¥>¦F¨�¥q­�£�½Á¤�£�­�¥Dº�¬>¢�£�½�±¯¥qÂ�®¯¢�¤�®¯«�¥ �W¦`¤M­�¥§½Á¤e©UÈ<®¯¨Á®¯«�¥D¸¡Ï¾©Ò½	¢O¦�®S¤M®³¢O«�¨�£ Ë ©p°¡® Ë £ Ë ¥§¤
±¯©h±Õ©D­�×O¥§£�­�¨�¥§¦F¨�®¯¦`¤M­¿®¯Â�£Á¤�®¯¢O«Á¦�¨�¥qäß¢�­�¬>¥ pf

©D£�× Ë ¥>«K¤M¥§«5¤F©zÈ�¥>¬@±³¥q¤e©�£<°Ý¨�¥q¬eÃª©�­�×�¥ r ¸�V�ÂbX �<½l¥§¬§¤M­¿¥>¦¨�¥�äß¢O­¿¬>¥.½	¢O£�­P±³¥>¦�¨Á¥>£¡°,¬>¢�£�½�±¯¥§¦>¸�Ï¾©å½	¢O¦�®S¤M®³¢O«,¨Á¥>¦�½Á®¯¦ ^ äß­�©�«�¬eÃ�®³­~½	¥>£Á¤ 
§¤�­�¥�¨�À>¨�£Á®³¤M¥
¨�¥�±Õ©
½	¥>«K¤M¥y¨�¥>¦�¦�¥>× Ë ¥§«5¤�¦m¨�¥|¨Á­�¢O®S¤M¥�¸<Ï�¥>¦�¨�¥>£¡°�¬>¢�£�½�±¯¥§¦�¥r°ÁÃÁ®¯Â	¥>«K¤F±Õ© Ë 
 Ë ¥y­¿À>½	¢O«�¦�¥ ^ ×O­M©D«�¨�¥yäß¢�­�¬>¥Dº
½�­¿À>¦¿¥>«�¬§¥q¨�Ñ¶£�«�¥NÂª©�­¿­�® Ì ­�¥ ^

0.12 « Ë ¸ µ ¢O£�­f±¯¥§¦�äß¢�­�¬>¥§¦1®³«K¤M¥>­ Ë À§¨�®Õ©D®¯­�¥§¦>º 35−85 ½ Ä º5±¯¥§¦�­¿À>½	¢O«�¦¿¥>¦¦¿¢O«K¤y¨Á®³ãlÀ>­�¥§«K¤M¥>¦§¸ µ ¢O£�­N±¯¥@¬§¢O£�½�±³¥tÂÁ®¯¢�¤�®¯«�¥ �W¦¿¤�¥>½Á¤M©UÈ¡®³¨�®¯«Á¥�º�±³¥t½Á®¯¬H±¯® Ë ®S¤e©�«K¤1¥>¦¿¤y½�±³£�¦�¨�®¯¦`¤e©�«K¤y¨�¥H±Õ©
½	¢O¦�®S¤M®³¢O«�¨�£ Ë ®¯«Á® Ë £ Ë ©�Â�¦¿¢O±¯£�¨�Ñ¶À>«Á¥>­�×�®¯¥�¸�æxÂª©�¦¿¦�¥§¦yäß¢O­¿¬>¥>¦§º�Âª©�¦�¤e©�£¡°�¨Á¥h¬eÃª©D­�×O¥Dº	£Á«�¥hÂ�©�­�­¿® Ì ­¿¥
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Effects of intermediate bound states in dynamic force spectroscopy
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We revisit some aspects of the interpretation of dynamic force spectroscopy experiments. The standard theory
predicts that the typical unbinding force f∗ is linearly proportional to the logarithm of the loading rate r when
a single energy barrier controls the unbinding process. For a more complex situation of N barriers, it predicts
at most N linear segments for the f∗ vs. log(r) curve, each segment characterizing a different barrier. Here we
extend this existing picture using a refined approximation, provide a more general analytical formula, and show
that in principle up to N(N+1)/2 segments can show up experimentally. As a consequence, the determination of
the positions and even the number of the energy barriers from the experimental data can be ambiguous. A further
possible consequence of a multiple-barrier landscape is a bimodal or multimodal distribution of the unbinding
force at certain loading rates, a feature recently observed experimentally.

I. INTRODUCTION

The last decades have witnessed a revolution in the methods
to observe and manipulate single bio-macromolecules or bio-
molecules complexes. New micromanipulation techniques
have especially been put forward to probe the folded struc-
ture of proteins and to quantify the strength of adhesion com-
plexes (Kellermayer et al., 1997; Nishizaka et al., 2000; Pier-
res et al., 1996; Poirier et al., 2001; Rief et al., 1997; Sim-
son et al., 1999; Strick et al., 2003). An important step in
this direction is the proposal of the group of Evans to use soft
structures to pull on adhesion complexes or molecules at var-
ious loading rates (dynamic force spectroscopy) (Evans and
Ritchie, 1997; Merkel et al., 1999). Moving the other end of
the soft structure at constant velocity induces on the complex
a pulling force that increases linearly in time f = rt. Mea-
suring the typical unbinding time t∗ yields an unbinding force
f∗ = rt∗ that depends on the pulling rate r. The typical out-
come of such experiments is a plot of f∗ vs. log(r) (force
spectrum) composed of a succession of straight lines with in-
creasing slopes. It has been argued that it is possible to de-
duce the values of some relevant structural parameters of the
complex by analyzing the force spectrum, thanks to an adia-
batic Kramers picture. In this picture the unbinding process is
considered as a thermally activated escape from bound states
over a succession of barriers along a one-dimensional path of
a mountainous energy landscape (Evans and Ritchie, 1997;
Merkel et al., 1999). Within this scheme, each straight line
of the force spectrum witnesses the overcome of an energy
barrier, and its slope maps the barrier to a distance x along
the pulling direction. This procedure has been shown to yield
reasonable values for a few systems, and has been confirmed
by numerical simulations (Grubmüller et al., 1996).

Subsequently, theoretical studies have refined the above
original model, e.g., by inclusion of rebinding events (Seifert,

∗Electronic address: Derenyi@elte.hu
†Electronic address: Denis.Bartolo@espci.fr
‡Electronic address: armand@turner.pct.espci.fr

2002), study of time dependent loading rates (Evans and
Ritchie, 1997; Merkel et al., 1999), or consideration of more
complex topographies (Strunz et al., 2000) and topologies of
the energy landscape (Bartolo et al., 2002).

In the present paper we explore the potential influence of
the existence of intermediate bound states on the experimen-
tal dynamic response of adhesion complexes as probed in dy-
namic force spectroscopy. To achieve this goal, we first revisit
the analysis of the escape from a bound state consisting of an
arbitrary number of barriers along a 1D path under the appli-
cation of an external load (in line with earlier studies of Strunz
et al. (2000)), and then discuss the implications of this anal-
ysis for the interpretation of experimental data. In (III) the
standard picture is recalled, together with its two underlying
assumptions. In (IV), we first relax the a priori assumption of
a deep fundamental bound state and provide a general expres-
sion that relates the typical rupture force to the loading rate
(within a single escape rate approximation). The practical im-
plications of this new formula [Eq. (15)] are discussed, and in
particular we comment upon intrinsic ambiguities in inferring
information from a [log(r), f∗] plot. Then, we show in (V)
that in the presence of multiple bound states it may be nec-
essary to relax the other assumption (a single typical rupture
force for each loading rate) as multimodal rupture force distri-
butions naturally show up, a feature recently observed in lipid
extraction experiments (Evans and Williams, 2002).

II. MODEL AND NOTATIONS

Figure 1 illustrates the energy landscape of a one-
dimensional escape path with N energy barriers and wells.
The position and energy of the ith energy well (i = 0 marking
the fundamental bound state, and 1 ≤ i ≤ N − 1 the interme-
diate ones) are denoted by xi and Ei, respectively. Similarly,
the position and energy of the jth energy barrier are denoted
by x̂j and Êj , respectively (where 1 ≤ j ≤ N ). For conve-
nience, without loosing generality, we set x0 = 0 and E0 = 0
for the fundamental bound state. The unbound “state” is on
the right hand side of the N th barrier. If the energy differ-
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FIG. 1 Sketch of the one-dimensional energy landscape describing
the unbinding pathway projected along the pulling direction.

ences (Êi − Ei) and (Êi+1 − Ei) exceed kBT the transition
rates k−

i (and k+
i ) from the ith energy well over the left ith

barrier (and right (i + 1)th barrier, respectively) can be writ-
ten according to the Kramers formula

k−
i = ω0 αi α̂i e−(Êi−Ei)/kBT , (1)

k+
i = ω0 αi α̂i+1 e−(Êi+1−Ei)/kBT , (2)

where ω0 is a typical attempt frequency, αi and α̂j are geo-
metric factors characterizing the shape of the ith energy well
and jth energy barrier, respectively. Note that there is no tran-
sition from the fundamental bound state to the left, therefore,
k−
0 ≡ 0.
We assume throughout the paper that the energy wells and

barriers are sharp, so that for any loading force f their loca-
tions remain constant, and their energies change as Ei(f) =

Ei(0) − fxi and Êj(f) = Êj(0) − fx̂j . To simplify the no-
tations, wherever the argument of the energies and transition
rates is omitted, a loading force f is implicitly assumed.

Finally it will prove convenient to introduce a few com-
pact notations. For any 0 ≤ i < j ≤ N we denote the
distance between the ith well and the jth barrier (on the
right) by ∆xi,j = x̂j − xi, and their energy difference by
∆Ei,j = Êj − Ei. We also define a formal (effective) rate
constant from the ith well over the jth barrier on the right as

ki,j = ω0 αi α̂j e−∆Ei,j/kBT . (3)

Obviously ∆Ei,j and ki,j implicitly depend on f , whereas
∆xi,j are constants given the assumption of the previous para-
graph.

III. STOCHASTIC KINETICS OF UNBINDING UNDER
EXTERNAL FORCES: STANDARD DESCRIPTION AND
CORRESPONDING APPROXIMATIONS

We first recall the standard description of the ”force spec-
trum”, which relies on two major assumptions, namely the

single escape rate and the deeply bound fundamental state
(DBFS) approximations.

A. Single escape rate approximation

If for any experimentally relevant load f the equilibration
within the bound states is much faster than the escape to the
unbound state, the unbinding can be described by a single
load dependent escape rate k(f). Following the calculation
of Evans (1998, 2001), if rebinding is negligible (which is the
case in most experimental situations), the probability P (t) of
remaining in the bound state at time t (the survival probability
of the bond) then decreases as

dP (t)

dt
= −k(rt)P (t). (4)

The solution of this differential equation is P (t) =

exp[−
∫ t

0
k(rt′) dt′]. The probability density for unbinding

between times t and t + ∆t is pt(t) = −dP (t)/dt =
k(rt)P (t), from which, after changing the variable from t to
f , one gets the probability density for the distribution of the
unbinding force: pf (f) = (1/r)k(f)P (f/r). The typical
unbinding force f∗ is defined as the peak of this probability
density: dpf (f)/df |f=f∗ = 0, which yields the simple for-
mula

dτ(f)

df

∣∣∣∣
f=f∗

= −
1

r
, (5)

where τ(f) ≡ 1/k(f) denotes the load dependent mean es-
cape time. This formula gives the loading rate r at which the
typical unbinding force is f∗. For practical purposes it is of-
ten necessary to invert this relation to, e.g., predict the typical
unbinding force for an experimentally imposed loading rate.

To set a reference for further comparison, we explicitly in-
vert the above relation in case of a single barrier, i.e., when
τ(f) = τ(0) exp(−fx̂1), and obtain

f∗ =
kBT

x̂1
ln

[
rτ(0)x̂1

kBT

]
. (6)

As mentioned in the introduction, the escape over a single bar-
rier results in a single straight line in the force spectrum. The
experimental observation of a linear segment consequently
gives hints as to the structure of the energy landscape, in par-
ticular the slope of the segment permits to deduce a distance
x̂1 between the energy well and the barrier.

B. Deeply bound fundamental state approximation

Assuming further that the fundamental bound state is much
deeper than the intermediate ones: Ei(f)−E0(f) � kBT for
any experimentally relevant load f (i.e., before unbinding has
statistically almost certainly occurred, see Fig. 2 a.), Evans has
shown that the mean escape time from the fundamental bound
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FIG. 2 Sketch of two energy landscapes with one intermediate well.
Dotted drawings: no external force. When a constant force is applied
energies are lowered by fx (dashed lines), the resulting landscapes
appear in solid lines. The dotted arrows indicate which pair of wells
and barriers control the kinetics at zero load. The solid arrows indi-
cate the new limiting effective escape process at higher forces. (a)
The escape from the fundamental bound state remains the limiting
process whatever the pulling force. (b) The escape form the interme-
diate bound state energy becomes the limiting process at high forces.

state to the unbound state is well approximated by (Evans,
1998, 2001; Evans and Williams, 2002)

τ(f) =
N∑

j=1

1

k0,j(f)
=

N∑

j=1

e−f∆x0,j/kBT

k0,j(0)
(7)

This allows one to obtain an explicit r vs. f∗ relationship by
plugging Eq. (7) into Eq. (5), which yields the compact for-
mula

r =




N∑

j=1

∆x0,j

kBT

e−f∗∆x0,j/kBT

k0,j(0)



−1

. (8)

This equation predicts a spectrum f∗ vs. log(r) consisting of
a succession of at most N segments of increasing slopes, each
of which yielding an information ∆x0,j about an intermediate
barrier.

IV. BEYOND THE DEEPLY BOUND FUNDAMENTAL STATE
APPROXIMATION

In this section we relax the approximation made in the last
subsection (IIIB), generalize accordingly equations (7) and
(9), and discuss the experimental implications of this gener-
alization.

A. Refined theory

In general, it is possible that for large enough forces one
or more of the intermediate bound states become deeper than
the fundamental bound state before unbinding has occurred
(see Fig. 2 b.). In such cases the above DBFS approximation

breaks down. However, we show below that it is still possible
to compute rather simply the escape time τ from the ” bound
state” to the ” unbound state” , provided we maintain the as-
sumption of a single escape rate 1/τ(f).

Let us put the system into its fundamental bound state, and
let it evolve according to the transition rates given in Eqs. (1)
and (2). Whenever the system gets into the unbound state (by
making a transition over the outermost barrier) let us place it
back into the fundamental bound state. The stationary state
of an ensemble of such systems is characterized by a proba-
bility current, which is constant everywhere and equal to 1/τ
by definition. To calculate τ we have to solve the following
system of equations:

Pik
+
i − Pi+1k

−
i+1 = 1/τ 0 ≤ i ≤ N − 2, (9)

PN−1k
+
N−1 = 1/τ, (10)

N−1∑

i=0

Pi = 1, (11)

where Pi denotes the probability of being in the ith bound
state (0 ≤ i ≤ N − 1). The first N equations describe the
probability current over each of the N barriers, and the last
equation is just the normalization condition. These N + 1
linear equations uniquely determine the N + 1 variables (Pi

and τ ), and can be solved easily in a recursive way. First,
PN−1τ can be expressed from Eq. (10), and then PN−2τ , ...,
P0τ recursively from Eq. (9) yielding

Piτ =
1

k+
i

+
k−

i+1

k+
i k+

i+1

+ ... +
k−

i+1...k
−
N−1

k+
i k+

i+1...k
+
N−1

=
N∑

j=i+1

1

ki,j
, (12)

where Eqs. (1), (2), and the definition (3) have been used.
Note that because the ki,j are only formal definitions, con-
structed as products and ratios of the single-barrier rates (1)
and (2), they are meaningful even if ∆Ei,j < 0. From the
normalization (11) one can easily express τ as

τ =
N−1∑

i=0

Piτ =
N−1∑

i=0

N∑

j=i+1

1

ki,j
. (13)

The sum is dominated by the smallest effective rates, which
are the bottlenecks of the unbinding process. Consequently,
this formula remains a good approximation for τ even if some
of the barriers disappear at big loads, because the correspond-
ing formal transition rates make negligible contributions. By
indicating the load force f explicitly, we arrive at

τ(f) =
N−1∑

i=0

N∑

j=i+1

1

ki,j(f)
=

N−1∑

i=0

N∑

j=i+1

e−f∆xi,j/kBT

ki,j(0)
.

(14)
which generalizes (7). An analytic formula can be given for
the f∗ vs. r relationship by plugging Eq. (14) into Eq. (5) :

r =




N−1∑

i=0

N∑

j=i+1

∆xi,j

kBT

e−f∗∆xi,j/kBT

ki,j(0)



−1

, (15)
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This generalization of equation (8) is one of the main results
of this paper. Let us briefly comment on immediate features
of this new formula.

First, Eq. (8) is easily recovered from (15) assuming a
DBFS. Indeed, the assumption Ei(f) � E0(f) implies
k0,j � ki,j , if i > 0 [see Eq. (3)] and therefore, the relation
Pi/P0 � 1, if i > 0 is deduced from Eq. (12). The probabil-
ity to find the system in the fundamental bound state is close
to 1. So, the sum over i in Eq. (14) is dominated by the con-
tributions of the effective escape rates from the 0th well only.
Finally, the sum over i (labeling the intermediate states) is re-
duced to its sole first term too, and Eq. (15) becomes identical
to Eq (8).

Second, each of the N(N + 1)/2 terms of Eq. (15) alone
would yield a straight line in the f∗ vs. log(r) plot. However,
at any loading rate the highest force value (the uppermost seg-
ment, corresponding to the most difficult transition) limits the
unbinding process, therefore, the f∗(r) curve is expected to
closely follow the upper envelope of these segments [see Fig.
3(a)]. Depending on the position of the lines, this upper enve-
lope can consist of up to N(N + 1)/2 linear segments.

Third, this last point is clearly at odds with the prediction
within the DBFS approximation. Indeed assuming a DBFS
corresponds to forbidding the display in the force spectrum of
the N(N−1)/2 segments corresponding to the probing of the
escape from an intermediate bound state (see Fig. 2. b.).

B. Practical implications: Ambiguity in the determination
of ”structural” parameters

We now insist on some practical implications of the above
general description. We do not attempt a full inspection of
all the possible dynamic responses of arbitrarily complex sys-
tems, but rather focus on two simple examples in order to
stress that the main features of the energy landscape can in
general not be unambiguously inferred from [log(r), f∗] plots.
To emphasize the experimental relevance of this discussion,
we use for the parameters values comparable to those ob-
served in experimental systems. Specifically, we take the ge-
ometric factors αis and α̂js to be all equal to 1, ω0 = 108 s−1

and kBT = 4 × 10−21J.

1. Ambiguity in determining the barriers positions

Fig 3 (a) and Fig 3 (b) display two force spectra as obtained
from Eq. (15). Both correspond to energy landscapes with
two barriers. Though the two [log(r), f∗] plots are almost
identical they are related to very different sets of values for
the energy levels and positions (along the pulling direction) of
the wells and the barriers.

Fig 3 (a) corresponds to the situation where the standard
picture to account for the two segments is well suited (Evans
and Ritchie, 1997; Merkel et al., 1999). At low force, the es-
cape from the fundamental 0th state over the outermost barrier
is the limiting process. The slope of the first segment is pro-
portional to kBT/x̂2. For the highest forces (above ∼ 30pN)
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FIG. 3 Two very similar force spectra corresponding to different en-
ergy landscapes with one intermediate well.
Curves in solid lines: Force spectra plotted using Eq. (15). It closely
follows the upper envelope of the straight lines corresponding to the
transitions: k0,2 (dotted line), k0,1 (dashed line) and k1,2 (dash-
dotted line).
Insets: shape of the energy landscapes at low and high forces, each
drawn with the same line style as the straight line associated with the
limiting transition.
Parameter values: (a) (x̂1, Ê1) = (1 nm, 11 kBT ), (x1, E1) =

(1.5 nm, 8 kBT ), and (x̂2, Ê2) = (2 nm, 20 kBT ), (b) (x̂1, Ê1) =

(0.5 nm, 12 kBT ), (x1, E1) = (1 nm, 9 kBT ), and (x̂2, Ê2) =
(2 nm, 20 kBT ).

the energy of the external barrier is reduced below Ê1 and the
deepest bound state remains located at x0 = 0. The process
that mostly impedes the unbinding is the overcome of the in-
nermost barrier Ê1 with a rate k0,1. The slope of the curve is
now larger and proportional to kBT/x̂1.

Fig. 3 (b) corresponds to an energy landscape for which the
above explanation is inappropriate. At low force the unbind-
ing kinetic is controlled by the escape from the fundamental
state over the outermost barrier again. But, for pulling forces
larger than ∼ 30pN this outer barrier remains the highest [see
inset in Fig 3.(b)]. However the slope of the spectrum in-
creases as in the (a) case. The reason is that the deepest (and
most occupied) bound state is now located at x = x1 and
the presence of the second segment actually witnesses the es-
cape from this intermediate state to the unbound state with a
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FIG. 4 Two very similar force spectra corresponding to energy land-
scapes with different numbers of intermediate wells.
The rule of the line styles is the same as in Fig. 3: (a) dotted lines:
k0,3, dash-dotted lines: k0,2, dashed lines: k0,1. (b) dotted lines:
k0,2, dash-dotted lines: k1,2, dashed lines: k0,1.
Parameter values: (a) (x̂1, Ê1) = (0.6 nm, 14 kBT ), (x1, E1) =

(0.7 nm, 12 kBT ), (x̂2, Ê2) = (1.1 nm, 19 kBT ), (x2, E2) =

(2 nm, 16 kBT ) and (x̂3, Ê3) = (2.5 nm, 24 kBT ). (b) (x̂1, Ê1) =

(1.1 nm, 19 kBT ), (x1, E1) = (1.9 nm, 10 kBT ), and (x̂2, Ê2) =
(2.5 nm, 24 kBT ).

rate k1,2. The value of the second slope scales therefore with
kBT/(x̂2 − x1). Since the escape rate k1,2 in the (b) case is
equal to the escape rate k0,1 in the (a) case, the two spectra in
Fig. 3 turn out to be indistinguishable and cannot be a priori
associated with one of the two possible landscapes.

2. Ambiguity in determining the number of barriers

After having shown with the simple example above that am-
biguity can exist in determining distances from dynamic force
spectra, we show here that even more strikingly it is impos-
sible in general to assess the number of wells and barriers.
Again we use a simple example to do so.

Fig. 4 displays two force spectra obtained using Eq. (15).
They are both well approximated by a succession of three
segments with increasing slopes. Again, the two [log(r), f∗]
curves are very similar although they are constructed from

landscapes that do not even comprise the same number of
peaks and wells.

In Fig. 4 (a) the three segments describe the escape from the
same fundamental state over the three distinct energy barriers.
The larger the pulling force the closer the limiting barrier to
the fundamental state [see inset in Fig. 4 (a)].

In Fig. 4 (b), the landscape consists of only two barriers.
However, the force spectrum reveals that three different es-
cape processes can limit the unbinding kinetic. At low forces
(f <

∼ 50pN) the two observed linear segments results from
the escape form the fundamental state over the two peaks at
x̂1 and x̂2 respectively. Conversely, at high forces it is the es-
cape from the deeply lowered intermediate state over the outer
barrier that determines the escape rate (see inset in Fig. 4 (b),
drawing with dash-dot line). With the chosen parameters the
effective rate k0,3, k0,2 and k0,1 in Fig. 4(a) case correspond
respectively to k0,2, k0,1 and k1,2 in Fig. 4(b) case. Thus the
two plots are indistinguishable and cannot be used to predict
the number of barriers along the 1D escape path.

In conclusion of this subsection, we suggest great care in
inferring features of the underlying energy landscape from dy-
namic force spectroscopy experiment. Our generalized equa-
tion may be helpful in dealing with the corresponding ambi-
guity as it allows (with some work) to generate various land-
scapes that can account for the observed data, whereas Eq. (8)
can only yield a single set of parameters (e.g., those used for
the plots in Fig. 3 (a) and Fig. 4 (a)).

V. BEYOND THE SINGLE ESCAPE RATE
APPROXIMATION: MULTIMODAL UNBINDING FORCE
DISTRIBUTIONS

Up to this point we have been considering a generalized
theory in which the deeply bound fundamental state (DBFS)
approximation is dropped, but the unbinding is still approxi-
mated as a simple first-order escape process. Indeed, the va-
lidity of Eq. (15) relies on the assumption that at any moment
the distribution of the populations of the bound states can be
well approximated by the distribution corresponding to a ho-
mogeneous stationary current.

This is, however, not always the case. As we stated earlier,
the sum of the 1/ki,j(f) terms in Eq. (14) is dominated by
the smallest effective rate constant ki′,j′(f) corresponding to
the slowest effective transition. A consequence of this is that
all the bound states located to the left of barrier j′ are close
to equilibrium (because of the slow outflow over barrier j′),
and the population of any state located to the right is negli-
gible (because they practically belong to the unbound state).
Now, If the slowest transition rate changes from ki′,j′(f) to
ki′′,j′′(f) as the loading force f is increased, and if j′′ < j′,
then a considerable population might remain in the intermedi-
ate bound states between the new and the old limiting barriers,
j′′ and j′ respectively. This residual population is incompat-
ible with the new stationary current dominated by ki′′,j′′(f),
and must escape in a different way, yielding a secondary max-
imum of the unbinding force distribution (see Fig. 5b).

The escape of the majority of the population (located to the
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FIG. 5 A scenario that yields a multimodal unbinding force distri-
bution.(a) Three snapshots of the energy landscape for the pulling
forces: f = 0 pN (dotted line), f = 18 pN (dash-dotted line)
and f = 60 pN (dashed line). The three arrows indicate the cor-
responding most difficult transitions. Parameters values: (x̂1, Ê1) =

(0.5 nm, 16 kBT ), (x1, E1) = (1.1 nm, 4 kBT ), and (x̂2, Ê2) =
(2.3 nm, 24 kBT ). (b) Force spectrum (full line) associated with the
landscape described in (a) plotted using Eq. (15). The full probabil-
ity density pf (f) for unbinding at force f is plotted in gray scale in
the inset. pf (f) has been obtained following the procedure described
in (Bartolo et al., 2002). The circles in the main plot represent the
local maxima of the unbinding force distribution pf (f)

left of the new limiting barrier j′′) can still be characterized
by Eq. (14) of our generalized theory. On the other hand, we
have to slightly modify this formula to describe the escape of
the residual population (trapped between the new and old lim-
iting barriers). Since j′′ is the limiting barrier now, almost the
entire residual population can escape without ever jumping
backward over barrier j′′. Therefore, for the residual popula-
tion we can consider barrier j′′ as a reflecting boundary, and
describe the escape by our general theory in this modified po-

tential. Eq. (14), e.g., changes accordingly:

τ(f) =
N−1∑

i=j′′

N∑

j=i+1

1

ki,j(f)
=

N−1∑

i=j′′

N∑

j=i+1

e−f∆xi,j/kBT

ki,j(0)
.

(16)
Consequently, the absolute maximum of the unbinding

force distribution always follows the upper envelope of the
N(N + 1)/2 lines, however, some secondary maxima might
also appear at lower forces, which follow the upper envelope
of only a subset of the lines [comprising (N − j′′)(N − j′′ +
1)/2 elements]. Such secondary maxima of a multimodal
force distribution give important information on the internal
structure of the energy landscape of the unbinding path, and
makes the determination of the number and positions of the
energy wells and barriers less ambiguous. It is actually a
nice achievement of our generalized theory to be able to make
sense of the segments of secondary maxima in a unique frame
for fitting parameters (see, e.g., Fig. 5, where the segment
corresponding to the secondary maximum corresponds to the
transition from the well 1 over the barrier 2, a step neglected
in the DBFS approximation). The possibility of a bimodal dis-
tribution for the case of a two-state system has already been
reported by Strunz et al. (2000), and our description system-
atizes and generalizes their findings.

To provide a simple illustration for the somewhat formal
discussion above, we also focus on a system consisting of two
bound states, as depicted in Fig. 5 (a). Increasing the force,
the limiting transition rate changes from k0,2 to k1,2 and then
to k0,1. In the range of the loading rate r between about 104

and 105 pN/s the intermediate bound state (1) has enough time
to accumulate a large population, which is then flushed by the
k1,2 transition before the transition k0,1 flushes the rest from
the fundamental bound state (0). In the range above 106 pN/s
the intermediate bound state (1) cannot accumulate much of
the population, but it still possesses a small fraction of the
initial equilibrium distribution, which is again flushed by the
k1,2 transition first.

Very recently the group of Evans actually reported the ex-
perimental occurrence of a bimodal force distribution (Evans
and Williams, 2002). The corresponding experiment con-
sisted in pulling on ” diC14 PE” lipids from a bilayer made of
” C18:0/1 PC” lipids. With the help of our generalized theory,
Evans and Williams were able to fit their data and interpret
the results in terms of an energy landscape with two barriers
[personal communication, see Ref. [3] in Evans and Williams
(2002)].

VI. CONCLUSION

In this paper, we have revisited the standard theory used
to account for the dynamic response of molecular stickers.
Our refined description, valid for an arbitrarily complex one-
dimensional energy landscape, has allowed us to highlight
several practical consequences of the diversity of the possible
unbinding scenarios. For example several markedly different
energy landscapes can yield the same rupture force distribu-
tion. To resolve this ambiguity other experimental techniques,
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e.g., fl ow chamber experiments (Pierres et al., 2002), are then
required. We have also identified the physical origin of mul-
timodal unbinding force distributions and shown how their
analysis provides informations on the unbinding pathways.
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Dynamic response of adhesion complexes: Beyond the single-path picture
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2Institut Curie, UMR 168, 26 rue d’Ulm, F-75248 Paris Cédex 05, France
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We analyze the response of molecular adhesion complexes to increasing pulling forces ~dynamic force
spectroscopy! when dissociation can occur along either one of two alternative trajectories in the underlying
multidimensional energy landscape. A great diversity of behaviors ~e.g., nonmonotonicity! is found for the
unbinding force and time as a function of the rate at which the pulling force is increased. In particular we
identify a class of ‘‘harpoon’’ stickers that bind easily but resist strong pulling efficiently. Using existing data,
we also demonstrate the consequent difficulty of unambiguously determining the features of the energy land-
scape from such single-molecule pulling experiments.

DOI: 10.1103/PhysRevE.65.051910 PACS number~s!: 87.15.2v, 82.37.2j, 82.20.Kh, 33.15.Fm

INTRODUCTION

The last decades have witnessed a remarkable develop-
ment of physical investigation methods to probe single mol-
ecules or complexes by various micromanipulation means.
Techniques have been put forward to probe the unfolding of
proteins and to quantify the strength of adhesion structures
@1–5#. An important step in this direction is the proposal of
the group of Evans et al. to use soft structures to pull on
adhesion complexes or molecules at various loading rates
~dynamic force spectroscopy! @6#. Moving the other end of
the soft structure at constant velocity induces on the complex
a pulling force that increases linearly in time f 5rt . Measur-
ing the typical rupture time t typ yields a typical rupture force
f typ5rt typ that depends on the pulling rate r. This provides
information as to the energy landscape of the bound com-
plex. Indeed, in many situations one observes a linear in-
crease of f typ with log(r), which can be understood within a
simple adiabatic Kramers picture for the escape from a well
~bound/attached state! over a barrier of height E located at a
projected distance x from the well along the pulling direc-
tion. The progressive increase of the force results in a corre-
sponding increase of the escape rate, so that, in agreement
with some experiments @6#, the typical rupture force in-
creases logarithmically with r: f typ.@kBT/x#ln@rx/(kBTv)# ,
where v is the escape rate in the absence of force. The rup-
ture time on the other hand decreases with r. The occurrence
in some cases of two successive straight lines in a
@ f typ , log(r)# plot has been argued to be the consequence of
having two successive barriers along the one-dimensional
~1D! escape path, the intermediate one showing up in the
response at fast pulling rates @6# @Figs. 1~a! and 2#. Other
theories have tried to back up more complete information as
to the overall effective 1D potential landscape by an analysis
of the probability distribution for rupture time and of the
statistics of trajectories before rupture @7,8#. Assemblies in
series and in parallel of such 1D bonds have also been con-
sidered @9–11#.

In this paper we point out limitations arising from the a
priori assumption of a single-path topology of the energy
landscape for the interpretation of such experiments. From
the analysis of simple examples with a two-path topology,
we draw three conclusions: ~i! first, the dependence of the
rupture force and rupture time on the pulling rate can take
various forms, including nonmonotonic behavior ~see e.g.,
Figs. 3–5!. ~ii! Second, the main features of the energy land-
scape cannot be unambiguously deduced from a @ f typ , log(r)#
plot, as very different landscapes can yield similar curves
~Fig. 6!. ~iii! Third, we propose simple ‘‘harpoon’’ designs
@Figs. 1~c! and 1~d!# for functionally efficient stickers that
can bind easily but strongly resist in a range of pulling forces
~Fig. 4!.

Obviously for real binding/adhesion complexes, there are

*Email address: Denis.Bartolo@espci.fr
†Email address: Imre.Derenyi@curie.fr
‡ Email address: armand@turner.pct.espci.fr

FIG. 1. Sketch of the topology of the main valley of the energy
landscape for a few examples. 0 denotes the fundamental bound
state, A and B are local minima, and a, a8, b, and b8 are passes to
overcome. To the right ~increasing values of x) of the last passes is
the continuum that describes unbound states. ~a! Classical single-
path scheme. ~b!, ~c!, and ~d! Unbinding can occur through two
alternative routes a and b .
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numerous ~conformational! degrees of freedom, and the con-
figurational space is clearly multidimensional. This allows
for complex energy landscapes and various topologies for the
structure of their valleys and passes @12#. Only the probing
~pulling! is unidirectional. We note in passing that even for
more macroscopic sticky systems, usual adhesion tests for
soft adhesives often show up hysteresis loops associated with
the existence of more than one degree of freedom @13#. We
do not attempt here an exhaustive exploration of effects al-
lowed by the multidimensionality of the phase space, but
rather focus on a few simple two-path topologies ~Fig. 1!, to
argue for the three points mentioned above. Their experimen-
tal relevance is emphasized by the use of realistic values for
the plots throughout and by direct comparison to experimen-
tal data in Fig. 6.

MODEL

We consider three simple examples, sketched in Figs.
1~b!, 1~c!, and 1~d!, where detachment can proceed through
two alternative routes a and b . A common set of notations
can be ascribed for all cases ~Fig. 1!. From the fundamental
bound-state ‘‘0,’’ the route a for escape ~detachment! is over
barriers a, of height Ea located at a projected distance xa
from ‘‘0.’’ Alternatively, escape can occur through branch b ,
over barrier b, of height Eb and projected distance xb . All
energies and projected distances are measured relative to the

state ‘‘0’’ ~i.e., E050 and x050!. Intermediate barriers a8,
b8, and local minima A and B may exist, with energies Ea8

,
Eb8

, EA , and EB ~all positive!, and projected distances xa8
,

xb8
, xA , and xB . In line with typical values from experi-

ments, we choose to write energies in units of kBT
.4 pN nm and distances in nm.

For these quasi-1D-situations, we follow the strategy
adopted for single-path geometries @6# and use an adiabatic
Kramers theory, an efficient way of obtaining semiquantita-
tively correct answers @14#. Practically, we describe the time
evolution of the probabilities of being in the potential
minima ~bound states! using transition rates given by Kram-
ers formula for the instantaneous energy profile. We further-
more assume the attempt frequencies to be constant and all
equal to v0, which sets the time scale in the problem, so that
the transition rate from minimum I over the neighboring bar-
rier i is v0exp@2(Ei2EI)1f(t)(xi2xI)#. For the plots of
Figs. 2–6 we take arbitrarily v05108 s21. Jump over the
rightmost barrier ~a or b! of either path corresponds to rup-
ture leading to escape to x→` .

We focus on the case where either Eb8
or Eb is larger than

Ea so that a is the ‘‘natural’’ route by which attachment and
detachment proceeds in the absence of pulling. We also limit
ourselves to simple scenarios in which the force is linearly
increased in time f 5rt .

For further reference we recall the classical single-path
scenario @Fig. 1~a!# in Fig. 2 for a typical set of parameters,
and then we turn to a brief analysis of the three geometries
we have introduced @Figs. 1~b!, 1~c!, and 1~d!#.

FIRST CASE: SWITCH

Topology as in Fig. 1~b!. Barrier a and b are both located
downwards in the pulling direction (xa ,xb.0). The escape
proceeds through path a at weak pulling rates as Ea,Eb ,
but if xb.xa it switches to path b for pulling forces f large
enough such that Ea2 f xa.Eb2 f xb . The result ~see Fig. 3!

FIG. 2. Classical picture for a single-path energy landscape @6#

@Fig. 1~a!#: the probability density P( f ) for unbinding at force f is
plotted in gray scale as a function of the pulling rate r. The typical
force f typ ~locus of the maximum of P) is highlighted with a dashed
line. Plotted curves correspond to Ea8

512, xa8
50.5, EA59, xA

51, and Ea520, xa52. At very low pulling rates unbinding is not
affected by the pulling and proceeds over barrier a with a ‘‘sponta-
neous’’ rate v0exp(2Ea). For larger pulling rates the typical un-
binding force f typ increases linearly with log(r), with a slope pro-
portional to 1/xa . Increasing further the pulling rate leads to a
steeper slope }1/xa8

corresponding to escape over the inner barrier
a8. These asymptotes are depicted with solid lines. The dashed
arrows along the drawings indicate which pairs of energy well and
barrier are probed in these asymptotic limits. Inset: mean rupture
time against pulling rate.

FIG. 3. Switch geometry @Fig. 1~b!#: same quantities as in Fig.
2, for Ea520, xa50.5, and Eb530, xb52. Unbinding is controlled
by escape over a at low pulling rates, and over b for higher values
of r: the slope of the unbinding force ~average or typical! decreases
from 1/xa to 1/xb .
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is then a succession of two straight lines of decreasing slopes
in the @f typ , log(r)# plot, a feature forbidden in the single-path
picture. The first slope (}1/xa) is characteristic of the spon-
taneous route a while the second (}1/xb) provides informa-
tion on the alternative route b . Similar curves are expected
for the rupture of two bonds in series, which is a particular

case of this switch topology @9#. In the trivial case xa.xb
route b is never explored so that the single-path picture ap-
plies.

To clarify the calculation leading to the plot in Fig. 3, we
describe the evolution of the probability of attachment p(t)
at time t of the system initially attached at time t50 @p(0)
51# by

dp

dt
~ t !52v0~e2Ea1 f (t)xa1e2Eb1 f (t)xb!p~ t !. ~1!

Solving Eq. ~1! numerically with f 5rt yields p(t) and
therefore the probability density for the unbinding force
P( f )52r21dp/dt . In the plots, this distribution is sug-
gested through a gray scale, while the location of its maxi-
mum which defines the typical value f typ , is highlighted with
a dashed line. Similar procedures are used for the following
examples, with thermal equilibrium between the bound states
assumed as initial condition.

SECOND CASE: HARPOON

Topology similar to the previous one but with xa,0 @Fig.
1~c!#. The main feature here is that as the pulling force in-

FIG. 4. Harpoon geometry @Fig. 1~c!#: same quantities as in Fig.
2, for Ea520, xa522, Eb540, and xb52. Pulling impedes un-
binding through the spontaneous route a , so that for strong enough
pulling, escape is controlled by the higher barrier b, resulting in a
jump of the typical unbinding force and time. Inset: the average
unbinding time is nonmonotonic.

FIG. 5. ‘‘Selective harpoon’’ from the combo topology @Fig.
1~d!#: same quantities as in Fig. 2, for Ea520, xa52, Eb8

510,
xb8

50.5, EB55, xB51.5, Eb527, and xb52.5. At low pulling
rates the spontaneous path a is used. Upon increase of r, larger
forces are employed and the minimum B becomes favorable as
compared to 0. As Eb8

is not too large, equilibration of population
then empties 0 in B, so that escape eventually occurs from B over b,
resulting in a higher straight line of slope }1/(xb2xB). At even
higher pulling rates, because xa.xb8

, the escape over a becomes
faster than this equilibration, and path a is used again. Barrier a
controls the behavior at low and high rates, but in an intermediate
window, a stronger bonding is provided by barrier b. The typical
~dashed line! or average unbinding force is nonmonotonic.

FIG. 6. Experimental data on the L-selectin @17# ~circles! and
curves from quite diverse energy landscapes that all provide good
fits. ~a! Classical single path of Fig. 1~a!, with the numbers deduced
by the authors of @17# from their data: Ea8

513.75, xa8
50.08, EA

57.5, xA50.25, Ea517.5, and xa50.45. ~b! Classical single path
of Fig. 1~a!, with Ea8

510, xa8
50.2, EA53.75, xA50.37, and Ea

517.5, xa50.45. ~c! Combo two-path geometry @Fig. 1~d!#, with
Ea517.3, xa50.32, Eb8

513, xb8
50.4, EB57, xB50.6, and Eb

520.8, xb50.68. Thanks to the two-path topology, the third sce-
nario is able to account for a slight decrease of the slope at inter-
mediate values.
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creases, the probability to escape over a decreases. Therefore
the system gets ‘‘stuck’’ in route b @15#. If the barrier Eb is
infinite @left side of Fig. 1~c!#, there is a finite probability
p`5exp@2v0(ruxau)

21e2Ea
# that unbinding never occurs. For

a finite but high barrier Eb , pulling eventually results in
unbinding but at high rupture forces ~see Fig. 4!. The topol-
ogy thus allows here to form ‘‘easily’’ ~i.e., over barrier a! a
‘‘harpoon’’ sticker that can resist strong pulling. Correspond-
ingly the mean unbinding time increases first with pulling
rate ~a phenomenology connected to the negative resistance
analyzed in Ref. @16#!, before decreasing for larger values
when activated escape over b dominates. Note that the prob-
ability distribution P( f ), now consists of two separate en-
sembles, which coexist over a narrow region of pulling rates.
This is in contrast with Fig. 3 where there is a continuous
evolution of a single cloud.

THIRD CASE: COMBO

The alternative route consists of two barriers and a local
minimum B @Fig. 1~d!#, and we focus on the case where Eb8
is smaller than the two others.

Thanks to the increased complexity and number of param-
eters in this case many scenarios can occur, covering features
already unveiled in Figs. 2–4 ~e.g., switch and harpoon!.
More intricate pictures can also show up, as depicted in Fig.
5. An explanation of this example is given in the caption,
illuminating how for low or high pulling rates barrier a con-
trols the behavior, whereas for intermediate values, the sec-
ondary and stronger barrier b limits unbinding. Two features
are striking. First, the unbinding force ~typical or average! is
no more monotonic. Second, branch b results in a strength-

ening of the binding complex for a given window of pulling
rates r ~selective harpoon!.

DISCUSSION

The analysis of the three simple examples above has un-
veiled a wide range of behaviors that one may expect from
dynamic force spectroscopy measurements ~see Figs. 3–5!.
Conversely, we also stress the point ~ii! mentioned in the
Introduction: even clear-cut outcomes of experiments, such
as the succession of two lines of increasing slopes, do not
constitute unambiguous signatures of the energy landscapes.
To substantiate this, experimental data on the L-selectin from
@17# are plotted against calculations corresponding to sensi-
bly different landscapes in Fig. 6. Not only are the typical
and average unbinding forces very similar in the three cases,
but so are the probability distributions for most values of r,
so that it is difficult to discriminate between the three land-
scapes from this sole set of data. This would require addi-
tional information, that could, e.g., be obtained using other
temporal sequences than the simple f 5rt .

Eventually we point out that the harpoon geometries pro-
posed here constitute a very obvious paradigm for efficient
stickers. Attachment of the sticker can proceed through route
a with a possibly not too high barrier Ea . The harpoon
configuration then allows us to benefit from the much stron-
ger b barrier for a given window of pulling forces, making
the sticker more efficient in these conditions. This ‘‘hook’’
design is obviously a favorable strategy for adhesion com-
plexes, the function of which is to maintain adhesion under
the action of well-defined tearing stresses. It would be sur-
prising if advantage was not taken of this by some biological
systems.
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Abstract. We calculate the induced elastic interaction between pointwise membrane inclusions that locally
interact up to quadratic order with the membrane curvature tensor. For isotropic inclusions, we recover
the usual interaction proportional to the inverse fourth power of the separation, however with a prefac-
tor showing a non-trivial dependence on the rigidity Γ of the quadratic potential. In the large-Γ limit,
corresponding to “hard” inclusions, we recover the standard prefactor first obtained by Goulian et al. (Eu-
rophys. Lett. 22, 145 (1993)). In the small-Γ limit, corresponding to“soft” inclusions, we recover the recent
result of Marchenko and Misbah (Eur. Phys. J. E 8, 477 (2002)). This shows that the latter result bears no
fundamental discrepancy with previous works, but simply corresponds to the limit of soft inclusions. We
discuss how the same inclusion can be depicted as hard or soft according to the degree of coarse-graining of
the pointwise description. Finally, we argue that conical transmembrane proteins should be fundamentally
considered as hard inclusions.

PACS. 87.16.Dg Membranes, bilayers, and vesicles – 87.15.Kg Molecular interactions; membrane-protein
interactions

1 Introduction

In a recent paper [1], Marchenko and Misbah have revis-
ited the calculation of the long-range, membrane-mediated
interaction acting between inclusions embedded in biolog-
ical or surfactant membranes. Using a method inspired
from electrostatics, they calculated an “induced interac-
tion”, which they compared with the results of several
works previously published on the subject [2–6]. They
pointed out two major discrepancies: i) their result is pro-
portional to 1/κ2 (κ being the bending rigidity of the
membrane) while the induced interaction calculated in
references [2–6] is directly proportional to κ, ii) the re-
sult of references [2–6] involves the size of the inclusion
(either directly or through a cutoff in the case of point-
wise descriptions) whereas the size of the inclusion does
not appear in the result of reference [1].
In this contribution, we show that there are no dis-

crepancies between the approaches of references [2–6] and

a Fédération de Recherche CNRS 2438 “Matière et Systèmes
Complexes”; e-mail: jbf@turner.pct.espci.fr

that of reference [1], neither in the spirit of the model
nor in the results. We demonstrate that the different ex-
pressions obtained for the induced interaction correspond
to different limits of a common, more general model. We
do so by solving a pointwise quadratic interaction model
similar to the one used in reference [1], exactly, instead
of perturbatively, and without the need to introduce a
high wave vector cutoff. According to the rigidity Γ of the
quadratic interaction potential, we find either the stan-
dard prefactor first obtained by Goulian et al. [2–6], in
the large-Γ limit corresponding to “hard” inclusions, or
the result of Marchenko and Misbah [1], in the small-Γ
limit corresponding to “soft” inclusions.

In the second part of the paper we discuss the role of
the cutoff (introduced, e.g., in Refs. [5,6]) in relation with
a coarse-graining procedure of the pointwise description.
We determine how the effective quadratic interaction po-
tential depends on the coarse-graining scale, and we dis-
cuss the distinction between hard and soft inclusions in
the light of this analysis.
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2 Induced interaction

Here, we calculate the induced interaction between point-
wise “defects”, or inclusions. We describe the inclusions
using the same formalism as in reference [1]. We use, how-
ever, a general Hamiltonian expansion to describe the elas-
ticity of the membrane, and, in addition, we perform our
calculations exactly, whereas the result of reference [1] was
obtained at lowest order in a perturbative expansion. We
emphasize that we shall not introduce any cutoff during
our calculation.
The generalized membrane elastic Hamiltonian [7] we

use is

Fm =
1

2

∫

dxdy
[

γ h2 + σ (∇h)
2
+ κ

(

∇2h
)2

+κ6

(

∇∇2h
)2
+ κ8

(

∇4h
)2
+ . . .

]

, (1)

where h(x, y) describes the normal displacement of the
membrane. Being quadratic in h(x, y), this Hamiltonian is
accurate only for small membrane deformations. We have
assumed that the membrane has no physical boundary ex-
cept at infinity, which allowed us to discard all the terms
that could be written as the divergence of a vector field
(e.g., the Gaussian curvature energy [7]). The parame-
ters γ and σ describe a confining potential and a mem-
brane tension, respectively. In most cases they are negligi-
bly small, and they play no role except at very large scales.
The parameter κ is the usual bending constant [7] and κ6,
κ8 are higher-order bending elasticity constants [8]. We
may rewrite the membrane Hamiltonian in the reciprocal
space as

Fm =

∫

d2q

(2π)2
κ

2

[

�−4
γ + �−2

σ q2 + q4

×
(

1 + b26 q
2 + b48 q

4 + . . .
)]

|h(q)|2. (2)

Here L is the lateral extension of the membrane; b6 =
(κ6/κ)

1/2, b8 = (κ8/κ)
1/4 are nanometric lengths of

the order of the thickness of the membrane, and �γ =

(κ/γ)1/4, �σ = (κ/σ)
1/2 are very large lengths in the case

of free membranes with a vanishing tension.
To describe the coupling of the membrane with a point-

wise isotropic inclusion labeled i, situated in r = ri, we
generalize the expression used in reference [1] (in which
the term proportional to D̄ below was omitted):

Ui =

∫

dxdy δ(r − ri)

[

A∇2h(r)− D

2
∂α∂βh(r) ∂α∂βh(r)

−D̄

2
∂α∂αh(r) ∂β∂βh(r)

]

, (3)

where α, β ∈ {1, 2} stand for the x and y coordinates
and δ(r) is the Dirac distribution. Summation over re-
peated indices will be implied throughout. For a mem-
brane containing two isotropic inclusions, the total energy
functional is Fm + U1 + U2. To proceed, we rewrite the
interaction terms Ui, up to a constant, as

Ui =
Γ

2

(

H
(i)
αβ − C

(i)
αβ

)2

+
Γε

2
H(i)

ααH
(i)
ββ , (4)

whereH
(i)
αβ ≡ ∂α∂βh(ri), and C

(i)
αβ = c0 δαβ for an isotropic

inclusion. The constants Γ , ε and c0 are given by Γ = −D,
ε = D̄/D and c0 = A/D. Note that the condition ε >
− 1

2 has to be satisfied, otherwise the membrane would be
locally unstable. In order to give a simple interpretation
of the interaction, we can also write equation (4) in terms

of the principal values H
(i)
1 and H

(i)
2 of the local curvature

tensor H
(i)
αβ , i.e.,

Ui =
1

2
(1 + 2ε)Γ

[

(

H
(i)
1 − c

)2

+
(

H
(i)
2 − c

)2
]

−1
2
Γε

(

H
(i)
1 −H

(i)
2

)2

. (5)

The first two terms show that the inclusion locally pro-
mote an isotropic curvature c, and the third term distin-

guishes conformations for which the deviation of H
(i)
1 and

H
(i)
2 from c have identical or opposite signs. Note that it
has been implicitely assumed that Γ > 0.
In order to calculate the interaction energy between

the two inclusions, we must minimize Fm + U1 + U2

with respect to the shape of the membrane. We do this
in two steps: i) first, we minimize Fm with respect to
the membrane shape while setting prescribed values of

H
(i)
αβ , which yields Fmin(H

(1)
αβ ,H

(2)
αβ ), ii) next, we minimize

Ftot = Fmin(H
(1)
αβ ,H

(2)
αβ ) + U1 + U2 with respect to H

(1)
αβ

and H
(2)
αβ . The first step was performed in reference [6].

The result is

Fmin

(

H
(1)
αβ ,H

(2)
αβ

)

=
1

2
κK

t
M

−1
K. (6)

In this expression, the subscript t means transpose,

K
t = (H

(1)
11 ,H

(1)
12 ,H

(1)
22 ,H

(2)
11 ,H

(2)
12 ,H

(2)
22 ), (7)
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M =















G1111(0) G1112(0) G1122(0) G1111(r) G1112(r) G1122(r)
G1112(0) G1122(0) G1222(0) G1112(r) G1122(r) G1222(r)
G1122(0) G1222(0) G2222(0) G1122(r) G1222(r) G2222(r)
G1111(−r) G1112(−r) G1122(−r) G1111(0) G1112(0) G1122(0)
G1112(−r) G1122(−r) G1222(−r) G1112(0) G1122(0) G1222(0)
G1122(−r) G1222(−r) G2222(−r) G1122(0) G1222(0) G2222(0)















, (8)

M is the 6× 6 matrix:

see equation (8) above

in which r = r1 − r2, and Gαβγδ(r) = ∂α∂β∂γ∂δG(r),
where

G(r)=

∫

d2q

(2π)2
eiq·r

�−4
γ +�−2

σ q2 + q4 (1 + b26q
2 + b48q

4)
, (9)

is the Green function associated with the elastic Hamilto-
nian. Note that no cutoff is required for the convergence of
Gαβγδ(0) thanks to terms of order q

6 and q8. The question
of the high wave vector cutoff will be raised later.
To perform the second step of the minimization, we

rewrite the interaction term as

U1 + U2 =
Γ

2
(K − C)

t
N (K − C) , (10)

where

C
t = (C

(1)
11 , C

(1)
12 , C

(1)
22 , C

(2)
11 , C

(2)
12 , C

(2)
22 ) (11)

contains the curvatures attempted to be set by the inclu-
sions, and N is the 6× 6 block-diagonal matrix:

N =





1 + ε 0 ε
0 2ε 0
ε 0 1 + ε



 ⊗
(

1 0
0 1

)

, (12)

where ⊗ stands for the matrix direct product.
The resulting total energy Ftot = Fmin + U1 + U2 is

quadratic in K, and its minimization yields

Ftot, min = −Γ 2

2
C

t
N

[

κM
−1 + Γ N

]−1
NC+

Γ

2
C

t
NC.

(13)
After some algebra, this expression can be recast in the
simpler form, similar to that of equation (6):

Ftot, min =
1

2
κC

t

(

M+
κ

Γ
N

−1
)

−1

C. (14)

Equation (14) is very general and corresponds to our cen-
tral result: it describes the interaction between two point-
wise inclusions to all orders in their inverse separation
1/r (as long as the Hamiltonian Fm is fit to describe the
membrane distortion energy at the scale r), for any value
of the rigidities Γ and Γε, and actually for isotropic or
anisotropic inclusions, since the above derivation does not
assume any form for the components of C. For anisotropic
inclusions, C should contain the components of the curva-
ture tensor favored by the inclusions [6].

To proceed further, we must first determine the compo-
nents of the matrix M. In the large-r limit, i.e., r 
 b6, b8
(recall that b6 and b8 are nanoscopic lengths), and as-
suming also r � �γ , �σ (i.e., taking �γ → ∞ and setting
strictly �−1

σ = 0 for the sake of simplicity), equation (9)
yields

G(r) � C1 +
1

16π
r2 ln

(

r2

C2

)

. (15)

The constants C1 and C2 depend on �γ , but they ac-
tually disappear in the calculation of Gαβγδ(r), leaving
1/(16π)(x2+y2) ln(x2+y2) as the only relevant contribu-
tion in G(r). To calculate the components of the matrix M

in the large-r limit defined above, we set x = r and y = 0,
yielding, G1111 = G1122 � −1/(4πr2), G2222 � 3/(4πr2),
and G1112 = G1222 = 0. Next, we have

Gαβγδ(0)=nαβγδ

×
∫

dq

16π

q5

�−4
γ +�−2

σ q2+q4 (1+b26q
2+b48q

4)
≡b−2nαβγδ, (16)

where nαβγδ contains the angular part of the integra-
tion on q. Simple calculations yield n1111 = n2222 = 3,
n1122 = 1, and n1112 = n1222 = 0. For b6 ≈ b8 � �γ , �σ, as
previously specified, the constant b is a nanometric length
comparable to b6 or b8. Therefore, without loss of gener-
ality, we have (still in the large-r limit):

M� 1

b2





3 0 1
0 1 0
1 0 3



 ⊗
(

1 0
0 1

)

+
1

4πr2





−1 0 1
0 −1 0
−1 0 3



 ⊗
(

0 1
1 0

)

.

(17)
To calculate the interaction Fint(r) between two identical
isotropic inclusions, we set

C
t = (c, 0, c, c, 0, c), (18)

and, using equation (14), we obtain

Fint(r) =

κΓ 3c2(1+2ε)2

2π2 (κ+2Γb−2) [κ+4Γb−2 (1+2ε)]
2

1

r4
+O

(

1

r6

)

. (19)

We now consider two limits: hard inclusions, corre-
sponding to Γ/κ 
 b2, and soft inclusions, correspond-
ing to Γ/κ � b2 (note that we keep ε of order unity for
the sake of simplicity). In the former case, the inclusions
strongly set their preferred curvature; in the latter case,
they only weakly tend to establish it. For hard inclusions,
we let Γ go to infinity, and to leading order in 1/r, we
obtain

Fint, hard(r) �
κ b2c2

64π2

(

b

r

)4

. (20)
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We thus recover the form obtained in references [2–6], with
κ appearing in the numerator. Here the microscopic length
b arising from the membrane Hamiltonian plays the role
of the cutoff introduced in references [3–6], or the role of
the radius of the disk modeling the inclusion in the case
of reference [2].
For soft inclusions, we obtain to leading order in 1/r

and at lowest order in Γ (as in Ref. [1]):

Fint, soft(r) �
Γ 3c2

2π2κ2r4
(1+2ε) ≡ − 2A2D

4π2κ2r4
(1+2ε), (21)

where κ appears now to the second power in the denomina-
tor. This expression coincides exactly with equation (37)
of reference [1], in which ε = 0 was implicitely assumed.
Contrary to the case of hard inclusions, the microscopic
length b does not appear in the interaction, it would how-
ever reappear in the next order termO(Γ 4). We recall that
1+2ε is positive, hence the interaction is always repulsive
in the present case of isotropic inclusions.
We have, therefore, shown that there is no fundamen-

tal discrepancy between the recent result of Marchenko
and Misbah [1] and the earlier results published in ref-
erences [2–6]. The result of reference [1] applies to soft
inclusions, i.e., to inclusions that weakly tend to curve
the membrane, while the result of references [2–6] is valid
for hard inclusions that strongly enforce their preferred
membrane curvature.

3 The role of the cutoff

Let us now comment on the role of the high wave vec-
tor cutoff. Of course, any well-defined elastic theory does
involve a coarse-graining cutoff a−1, and the elastic con-
stants κ(a), κ6(a), and κ8(a) depend on it. Thanks to
the high-order bending elastic constants κ6 and κ8, there
was no need to introduce a cutoff to calculate the interac-
tion between the quadratic pointwise inclusions considered
here. This is however somewhat arbitrary, since the micro-
scopic length b arising from this procedure is expected to
compare with the natural cutoff a. This simply means that
reintrocuding the cutoff would merely redefine b, leaving
its order of magnitude unchanged. It is, therefore, unim-
portant to specify whether the cutoff was introduced or
not in the procedure defining the microscopic length b that
appears in the interaction.

4 Coarse-graining of the membrane-inclusion

system

Describing an inclusion by a pointwise potential is of
course a mathematical approximation hiding some physi-
cal microscopic length scale. One may actually choose the
“resolution” of the pointwise description, i.e., the high
wave vector cutoff, by using a renormalization procedure.
For instance, one may choose a “microscopic” cutoff com-
parable with the inverse inclusion size, or a much smaller
cutoff corresponding to an elementary point size much

larger than the inclusion. The question then naturally
arises of how the constants of the pointwise quadratic po-
tential will depend on the coarse-graining scale.
Let us, therefore, consider a membrane described with

an upper wave vector cutoff Λ = a−1. The membrane
hosts a single pointwise inclusion located at r = r1. We
shall perform a coarse-graining of this system in order that
the new wave vector cutoff becomes Λ′ = (µa)−1 < Λ.
We assume the whole system to be in thermal equilib-
rium at the temperature T , however, since all energies are
quadratic, the renormalization will be athermal and we
can set kBT = 1 without loss of generality. The partition
function can then be written as

Z =
∫

Dh exp (−Fm [h]− U1 [h]) , (22)

where the inclusion’s pointwise potential can be written as
U1 =

1
2Γ (K1−C1)

tN1(K1−C1), as in equation (10). Here,
N1 is the 3 × 3 upper-left block of the matrix N of equa-

tion (12), and Kt

1
= (H

(1)
11 ,H

(1)
12 ,H

(1)
22 ), C

t

1
= (c, 0, c). It is

convenient to write exp(−U1) as the result of a Gaussian
integral (Hubbard-Stratonovich transformation [9]):

exp(−U1) ∝
∫

d3Φ exp

[

− 1
2
Φt

N
−1
1 Φ+ iΦt

×
(

C1 −
∫

d2q

(2π)2
K1(q)e

iq·r1

)]

, (23)

where K1
t(q) =

(

−q2
1h(q),−q1q2h(q),−q2

2h(q)
)

. Then,
going to the variables h(q), equation (22) becomes (up
to a multiplicative constant)

Z=
∫

d3Φ exp

(

−1
2
Φt

N
−1
1 Φ+iΦt

C1

)

×
∫

∏

q<1/a

dh(q)exp

[

−
∫

d2q

(2π)2
κ

2
q4|h(q)|2+iΦt

K1(q)e
iq·r1

]

.

(24)

Since the argument of the second exponential in the above
equation is a quadratic function of h(q), it is straight-
forward to integrate over the h(q) with wave vectors in
the range (µa)−1 < |q| < a−1. Once this integration is
performed, the resulting integral over Φ is Gaussian, and
yields, after some elementary algebra,

Z =
∫

Dh< exp
(

−Fm[h
<]− U eff

1 [h
<]

)

, (25)

where h<(r) = (2π)−2
∫

q<1/(µa)
d2q h(q)eiq·r, and

U eff
1 =

Γ eff

2

(

∂α∂βh
<(r1)− C

(1)
αβ

)2

+
Γ effεeff

2
∂α∂αh

<(r1)∂β∂βh
<(r1), (26)

Γ eff = Γ
κ b20

κ b20 + 2Γ (1− µ−2)
, (27)

εeff =
εκb20 + Γ (1 + 2ε)

(

µ2 − 1
)

κ b20µ
2 − 4Γ (1 + 2ε) (µ2 − 1) , (28)
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where we have defined b0 = 4
√
2πa. This set of exact

equations is our second main result. It describes the ef-
fective quadratic coupling between the inclusion and the
membrane in the coarse-grained pointwise description cor-
responding to the new cutoff (µa)−1. Note that the inclu-
sion’s preferred curvature C1 is unaffected by the coarse-
graining procedure. This result may seem surprising, how-
ever one should realize that the actual curvature set by the
inclusion will naturally be smaller in the coarse-grained
description due to the fact that Γ eff < Γ .
In principle, the interaction between two inclusions

should be independent of the level of coarse-graining cho-
sen to describe the inclusions (as long as their separation is
larger than the length scale of the cutoff). One can indeed
check that the interaction equation (19) is unchanged un-
der the substitutions b ≡ b0 → µb0, Γ → Γ eff and ε → εeff .
Now, since the rigidities Γ and ε are scale dependent, an
inclusion may be hard or soft depending on the coarse-
graining level. Indeed, according to the invariance of the
interaction mentioned above, the criterion for the hard-
ness or softness of the inclusion is to compare Γ eff/κ to
(µb0)

2. For µ 
 1, the “rigidity” Γ/(κb20), which becomes
Γ eff/(κµ2b20) after coarse-graining, is reduced by a factor
� µ2[1 + 2Γ/(κb20)] 
 1. Hence, all inclusions effectively
become soft at large coarse-graining scales.
Is this in contradiction with the fact that hard inclu-

sions have an interaction proportional to κ while soft in-
clusions have an interaction inversely proportional to κ2?
The answer is no, because the effective constants D and A
introduced by Misbah et al. [1] actually depend on κ. (This
is another way to see that there is no discrepancy between
the results of Ref. [1] and those of the previous works.)
Indeed, starting from a hard inclusion (Γ 
 κb20), we ob-
tain, in the limit µ 
 1 where all inclusions become soft,
Γ eff � 1

2κb
2
0 and εeff � − 1

4 , while the preferred curvature

c0 is unchanged. With the correspondance Deff = −Γ eff

and Aeff = c0Γ
eff , we obtain (Aeff)2Deff ∝ κ3, hence equa-

tion (21) indeed yields an interaction proportional to κ.
We, therefore, conclude that the correct procedure to

determine whether a given inclusions is fundamentally
hard or soft is to estimate Γ at the coarse-graining level
where the cutoff a compares with the inclusion size. The
corresponding “microscopic” value Γm must then, accord-
ing to the discussion at the end of Section 2, be compared
with κa2 (since b and a are expected to be of the same
order of magnitude). An inclusion will be fundamentally
hard if Γm 
 κa2 or fundamentally soft if Γm � κa2.

5 Proteins as “hard” inclusion

We now argue that integral proteins of conical shape
should be fundamentally considered as hard inclusions.
First, it is very likely that the membrane elasticity is too
weak to alter the conical shape of the protein, because of
the strong dipolar interactions within the transmembrane
protein domain (e.g., bundles of α-helices). Beside, a sig-
nificant change in the protein shape would most probably
alter its function. We can, therefore, assume that the pro-
tein behaves as a rigid conical body and that the weakness

of the curvature potential embodied in the parameter Γm

arises from the tilt degree of freedom of the lipids. Let
us consider a conical protein having a circular section of
radius R in the membrane plane and an aperture angle
2θ. An estimate of Γm can be obtained by calculating the
energy stored in the lipid tilt when one assumes that the
membrane midplane remains perfectly flat. The latter is
W ≈ Bθ2 × 2πR × ξ, where B is the elastic constant as-
sociated with the tilt and ξ ≈ (κ/B)1/2 the tilt relaxation
length. With c0 = θ/R, which corresponds to the mem-
brane curvature that the protein attempts to set, this en-
ergy can be rewritten asW ≈ 1

2Γmc20 with Γm ≈ 4πκR3/ξ.
Hence, we obtain

Γm

κa2
≈ 4π R3

a2ξ
. (29)

Interestingly, this quantity is independent of κ and it
grows as R3. With typically R � 6 nm, a � ξ � 3 nm,
we obtain Γm/(κa2) ≈ 100, which justifies treating coni-
cal proteins as a hard inclusion.

6 Conclusion

We have calculated the induced interaction acting between
pointwise membrane inclusions that locally interact up to
quadratic order with the membrane curvature tensor. Ac-
cording to the rigidity of the potential constraining the lo-
cal membrane curvature, inclusions can be viewed as hard
or soft. The interaction between hard inclusions is propor-
tional to κ, while the interaction between soft inclusions is
inversely proportional to κ2 (both are also inversely pro-
portional to the fourth power of the separation in the case
of isotropic inclusions). This reconciliates the recent view
of Marchenko and Misbah [1] with those of earlier works.
To discriminate whether a given inclusion is funda-

mentally hard or soft, one should however consider the
coupling constants defined at the microscopic level, i.e.,
defined in a pointwise description in which the elementary
point-size (the cutoff of the model) compares with the in-
clusion size. Indeed, we have shown that coarse-graining
the pointwise description to length scales much larger than
the inclusion’s size transforms any hard inclusion into a
soft one, however with coupling constants depending on κ
in such a way that the global interaction remains propor-
tional to κ if the inclusions was fundamentally hard. In the
light of this analysis we have shown that transmembrane
proteins should be considered as fundamentally hard in-
clusions.

Helpful interactions with Paolo Galatola are gratefully ac-
knowledged.
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