
HAL Id: tel-00004520
https://pastel.hal.science/tel-00004520

Submitted on 5 Feb 2004

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Résolution des équations intégrales pour la diffraction
d’ondes acoustiques et électromagnétiques - Stabilisation
d’algorithmes itératifs et aspects de l’analyse numérique

Snorre H. Christiansen

To cite this version:
Snorre H. Christiansen. Résolution des équations intégrales pour la diffraction d’ondes acoustiques et
électromagnétiques - Stabilisation d’algorithmes itératifs et aspects de l’analyse numérique. Mathé-
matiques [math]. Ecole Polytechnique X, 2002. Français. �NNT : �. �tel-00004520�

https://pastel.hal.science/tel-00004520
https://hal.archives-ouvertes.fr


TH�ESEpr�esent�ee pour obtenir le titre deDo
teur de l'E
ole Polyte
hniquesp�e
ialit�e :Math�ematiques Appliqu�ees
Snorre H. ChristiansenR�esolution des �equations int�egrales pour la di�ra
tiond'ondes a
oustiques et �ele
tromagn�etiquesStabilisation d'algorithmes it�eratifset aspe
ts de l'analyse num�erique

Soutenue le 11 Janvier 2002 devant le Jury 
ompos�e de :Jean-Claude N�ed�ele
 Dire
teurPatri
k Joly Pr�esidentAlain Ba
helot RapporteurBj�orn Engquist RapporteurChristoph S
hwab RapporteurTou�
 Abboud ExaminateurAbderrahmane Bendali ExaminateurFran�
ois B�ereux Examinateur





til Mamma og Pappa

1



S.H. Christiansen

2 S.H. Christiansen



R�esolution des �equations int�egrales pour la di�ra
tion d'ondes a
oustiques et �ele
tro-magn�etiques { Stabilisation d'algorithmes it�eratifs et aspe
ts de l'analyse num�eriqueR�esum�e : Cette th�ese porte sur la r�esolution num�erique, par la m�ethode des�equations int�egrales de fronti�ere de probl�emes de di�ra
tion d'ondes a
ous-tiques et �ele
tromagn�etiques, en r�egime fr�equentiel. La m�ethode de Galer-kin ave
 des �el�ements �nis (s
alaires ou ve
toriels) de surfa
e 
onduit �a dessyst�emes matri
iels mal 
onditionn�es. Dans une premi�ere partie, pour a

�el�ererla 
onvergen
e d'algorithmes it�eratifs, on propose et �etudie th�eoriquementet num�eriquement des pr�e
onditionneurs bas�es sur les relations de Calde-ron qui lient les op�erateurs int�egraux apparaissant dans les �equations. En�ele
tromagn�etisme on utilise de plus des analogues dis
rets de la d�e
ompositionde Helmholtz des 
hamps tangents. Dans une deuxi�eme partie on utilise desestimations sur 
es d�e
ompositions pour e�e
tuer une nouvelle analyse num�e-rique de l'�equation int�egrale de 
hamp �ele
trique. Cette analyse est �etendue au
as de la di�ra
tion par les surfa
es ouvertes (�e
rans), mod�elisant les 
ondu
-teurs parfaits min
es.Mots 
l�es : di�ra
tion d'ondes, �equation int�egrale, pr�e
onditionneur, for-mule de Calderon, d�e
omposition de Helmholtz.�Solution of integral equations for s
attering of a
ousti
 and ele
tromagneti
 waves{ Stabilization of iterative algorithms and aspe
ts of the numeri
al analysisAbstra
t : This thesis deals with the numeri
al solution of a
ousti
 andele
tromagneti
 time-harmoni
 s
attering problems, by the boundary integralequation method. The Galerkin method with (s
alar or ve
tor) surfa
e �-nite elements leads to ill-
onditioned linear systems of equations. In the �rstpart, in order to enhan
e the 
onvergen
e of iterative solvers we propose andstudy theoreti
ally and numeri
ally pre
onditioners based on Calderon formu-las, whi
h link the involved integral operators. In ele
tromagnetism we alsouse dis
rete analogues of the Helmholtz de
omposition of tangent �elds to
onstru
t stable dis
retizations of the operators. In the se
ond part we useestimates on su
h de
ompositions to provide a new numeri
al analysis of theele
tri
 �eld integral equation. This analysis is extended to open surfa
es(s
reens), modeling thin perfe
t 
ondu
tors.Key words : s
attering of waves, integral equation, pre
onditioner, Calde-ron formula, Helmholtz de
omposition.AMS subje
t 
lassi�
ation : 31B10, 35Q60, 65F35, 65N12, 65N38 (pri-mary), 65R20, 78A45, 78M15 (se
ondary).Th�ese 3
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Introdu
tion
\John Von Neumann believed that 
omputers need a verygood theory of partial di�erential equations ; on the one handthey need general existen
e, uniqueness and 
ontinuity theo-rems, to make sure that what they 
ompute does exist and toshow that it 
an be estimated as they do ; on the other hand
omputing is eÆ
iently aided by the dis
overy of expli
it so-lutions of spe
ial problems and by the study of the spe
ialfun
tions appearing there." Jean LeraySIAM Review, Vol. 5, p. 321-334, 1963\More is di�erent." Philip W. AndersonS
ien
e, Vol. 177, p. 393-396, 1972

On s'int�eresse dans 
ette th�ese au 
al
ul e�e
tif de 
ertaines ondes phy-siques, ou des quantit�es s'y rapportant, dans l'espa
e Eu
lidien tridi-mensionnel, not�e E . On garde en m�emoire des appli
ations �a la simulationnum�erique par exemple d'haut-parleurs (ondes a
oustiques) et d'antennes deradars ou de t�el�e
ommuni
ations (ondes �ele
tromagn�etiques). Au 
ours des 20ou 30 derni�eres ann�ees de nombreuses m�ethodes num�eriques ont �et�e propos�ees,�etudi�ees, am�elior�ees et utilis�ees dans des 
odes a
ad�emiques et 
ommer
iaux.Pourtant { les besoins en simulations semblant aller de pair ave
 les possiblit�es {dans des 
as qui apparaissent aujourd'hui 
omme industriellement int�eressantset traitables, les algorithmes existants sont trop lents ou instables pour fournirdes r�eponses 
ompl�etes. C'est notre obje
tif i
i de 
ontribuer au d�eveloppementet �a l'analyse d'algorithmes plus eÆ
a
es. 1



Introdu
tionApr�es avoir rappell�e sur le 
as le plus simple (et le plus fondamental) lam�ethode utilis�ee, �a savoir 
elle des �equations int�egrales et des �el�ements �nis defronti�ere, telle qu'elle a vu le jour dans N�ed�ele
-Plan
hard [62℄, nous exprimonsplus pr�e
is�ement le probl�eme d'instabilit�e. Ensuite nous esquissons le rem�edepropos�e par Steinba
h-Wendland [72℄. Son adaptation �a des probl�emes d'a
ous-tique fait l'objet du premier 
hapitre. Ensuite nous rappelons l'extension deBendali [10℄ de la m�ethode des �equations int�egrales aux probl�emes de di�ra
-tion �ele
tromagn�etique. La stabilisation (pr�e
onditionnement) et l'�etude de ladis
r�etisation Galerkin de 
ette �equation font l'objet des trois autres 
hapitres 1.�Une onde a
oustique est donn�ee par une fon
tion P : 
 � I ! R (ou unedistribution de 
e type), o�u 
 est un ouvert de E et I est un intervalle de R.Alors P (x; t) est la pression au point x �a l'instant t. Cette fon
tion satisfaitl'�equation des ondes : 
2�xP � �2t P = 0; (1)o�u 
 > 0 est la vitesse de propagation (
�el�erit�e). De plus P satisfait des
onditions au bord sur �
, par exemple la 
ondition de Diri
hlet homog�eneP j�
�I = 0 (en un sens �a pr�e
iser) pour un obsta
le mou, ou la 
ondition deNeumann homog�ene, qui s'�e
rit notant n une normale sur �
, �nP j�
�I = 0,pour un obsta
le dur.Si on suppose que P est une onde harmonique en temps, i.e. est de la forme :P (x; t) = Re(p(x)e�i!t) (2)pour une pulsation ! > 0 et une fon
tion p : 
 ! C , alors p doit satisfairel'�equation d'Helmholtz : �p+ k2p = 0; (3)o�u k = !=
 est appell�ee nombre d'onde de p, et des 
onditions au bord pj�
 = 0(Diri
hlet) ou �npj�
 = 0 (Neumann).Il y aurait beau
oup �a dire sur les relations entre l'�equation de Helmholtzet l'�equation des ondes, notamment par l'interm�ediaire de la transform�ee deFourier. Nous renvoyons �a Taylor [110℄ pour une introdu
tion �a la th�eorie deLax-Phillips. I
i nous laissons de 
ôt�e l'aspe
t temporel et nous nous 
on
entronssur le 
al
ul de solutions de l'�equation de Helmholtz pour des nombres d'onde kdonn�es. Pour une antenne fon
tionnant �a une fr�equen
e �xe 
e 
al
ul 
orrespondau r�egime permanent.On suppose qu'on 
onnait une onde in
idente pin
 (de nombre d'onde k), eton 
her
he p tel que ptot = pin
+ p satisfait la 
ondition au bord homog�ene sur�
. Par exemple pin
 peut être une onde plane donn�ee par, pour tout x 2 E :pin
(x) = eik��x; (4)1. Les r�esum�es de 
hapitre sont signal�es par le symbole { .2 S.H. Christiansen



o�u � est un ve
teur unitaire, la dire
tion de propagation. Une attention parti-
uli�ere est a

ord�ee au probl�emes ext�erieurs ; 
 est le 
ompl�ementaire dans E ,suppos�e 
onnexe, d'un 
ompa
t (�a bord suÆsamment r�egulier). Rappelons quepour les appli
ations qui nous int�eressent la longueur d'onde � = 2�=k est dumême ordre de grandeur que le diam�etre de 
e 
ompa
t (l'objet di�ra
tant).Pour obtenir un probl�eme bien pos�e on ajoute la 
ondition de radiation deSommerfeld sur p �a l'in�ni :�rp� ikp = o(1=r) ave
 r = jxj; (5)(ou une variante). Elle exprime que la fon
tion P donn�ee par (2) se propagevers l'in�ni.Pour obtenir une expression maniable de p on utilise la m�ethode de repr�e-sentation int�egrale. Soit Gk le noyau de Green de ��� k2 sur E satisfaisant la
ondition de Sommerfeld : Gk(x; y) = eikjx�yj4�jx� yj : (6)Posons � = �
, et 
her
hons p sous la forme d'un potentiel simple 
ou
he, i.e.pour tout y 2 
 : p(y) = Z�Gk(x; y)u(x)dx; (7)pour une fon
tion 2 u sur �. On note Sk l'op�erateur de simple 
ou
he sur �, qui�a u sur � asso
ie la fon
tion Sku sur � donn�ee par, pour tout y 2 � :(Sku)(y) = Z�Gk(x; y)u(x)dx; (8)La 
ondition au bord de Diri
hlet homog�ene pour ptot, ave
 p donn�e par (7)s'�e
rit alors : Sku = �pin
j�
: (9)R�e
iproquement, on montre que si k n'est pas une r�esonan
e de Diri
hlet pour leprobl�eme int�erieur, l'�equation de simple 
ou
he (9) admet une unique solution,et le potentiel de simple 
ou
he 
orrespondant (7) r�esout le probl�eme ext�erieur
orrespondant. On est don
 amen�e �a r�esoudre des �equations du type (9).Elles peuvent être mises sous forme variationnelle. Ave
 des notations unpeu abusives, il s'agit de trouver u 2 H�1=2(�) tel que pour tout v 2 H�1=2(�) :ZZ ���Gk(x; y)u(x)v(y)dxdy = �Z� pin
(y)v(y)dy (10)2. Dans 
ette introdu
tion le mot fon
tion est utilis�e de fa�
on quelque peu abusive ; demême le signe int�egral est utilis�e �a des endroits o�u il serait plus prudent d'�e
rire une dualit�eentre espa
es de Sobolev, et les op�erateurs de tra
e sont na��vement �e
rits ave
 des valeurspon
tuelles. Ces abus de notations, qui aident l'intuition, seront justif�es plus tard.Th�ese 3



Introdu
tionOn utilise la m�ethode Galerkin. On 
hoisit une triangulation Th de � et un es-pa
e de type �elements �nis Xh � X = H�1=2(�) 
onstruit sur Th. Le 
hoixusuel est de prendre des fon
tions 
onstantes par triangle, 
onvenablementtransport�ees sur �. On 
her
he une approximation uh de u sous la forme d'unuh 2 Xh tel que pour tout vh 2 Xh :a(uh; vh) = l(vh); (11)o�u a et l sont les formes bilin�eaires et lin�eaires sur X, apparaissant dans (10).L'op�erateur Sk �etant d'ordre �1 6= 0, le syst�eme matri
iel 
orrespondant�a 
ette �equation est en g�en�eral mal 
onditionn�e. En parti
ulier pour des pasde maillages h petits la 
onvergen
e d'algorithmes it�eratifs est tr�es lente. Lesmatri
es n'�etant pas sym�etriques d�e�nies positives (SDP) 
ette 
onvergen
en'est d'ailleurs pas garantie pour des algorithmes du type gradients 
onjugu�es(CG), et il arrive, notamment sur des objets pr�esentant des 
avit�es (tels que leshaut-parleurs et les antennes), qu'elle n'ait pas lieu.L'objet de la premi�ere partie de 
ette th�ese est la 
onstru
tion de pr�e
ondi-tionneurs pour la dis
r�etisation Galerkin des �equations int�egrales 
orrespondant�a la di�ra
tion d'ondes a
oustiques et �ele
tromagn�etiques. La deuxi�eme partieest 
onsa
r�ee �a de nouveaux r�esultats dans l'analyse num�erique de 
es �equationsint�egrales en �ele
tromagn�etisme. �On peut aussi 
onsid�erer le probl�eme de Neumann, r�esolu par un potentieldouble 
ou
he : p(y) = Z� �n(x)Gk(x; y)u(x)dx: (12)L'op�erateur sur � qui apparait alors, not�e Nk, est donn�e par :(Nku)(y) = ��n(y) Z� �n(x)Gk(x; y)u(x)dx (13)Etant donn�e un 
hoix d'espa
e de Galerkin Xh � H1=2(�) et de base de Xh,on note Ah la matri
e de la forme bilin�eaire induite par Nk sur Xh dans 
ettebase. Cette matri
e est appell�ee matri
e de Galerkin de Nk.Pour un probl�eme Galerkin ave
 une matri
e Ah SDP, il est bien 
onnu qu'unbon pr�e
onditionneur pour Ah est obtenu si on sait 
onstruire une matri
e SDPZh telle que les valeurs propres de ZhAh sont dans un intervalle [�; �℄, pour desr�eels 0 < � < � ind�ependants du raÆnement du maillage h. On dit alors queAh et Z�1h sont spe
tralement �equivalents 3. Il faut aussi que le pr�e
al
ul asso
i�e3. D'ailleurs de nombreux auteurs utilisent la 
onvention que le pr�e
onditionneur est Z�1het non Zh, sans doute par
e que les premiers pr�e
onditonneurs �etaient obtenus en 
her
hantune approximation ~Ah de Ah ayant une stru
ture (par exemple 
reuse) fa
ilitant son inversion.4 S.H. Christiansen



�a Zh ne soit pas trop 
outeux et que la multipli
ation d'un uplet par Zh ne soitpas trop lente.Cependant il semblerait que Steinba
h et Wendland [72℄ soient les premiers�a avoir re
onnu qu'un bon pr�e
onditionneur pour (la matri
e de) S0 puisseêtre 
onstruit �a partir de (la matri
e de) N0, et vi
e versa. Nous renvoyons�a leur arti
le pour des r�ef�eren
es �a des travaux apparent�es ant�erieurs. Plusg�en�eralement, pour un op�erateur SDP d'ordre s ils notent qu'un op�erateur SDPd'ordre �s donne, sous des hypoth�eses de stabilit�e LBB de la dis
r�etisation,un pr�e
onditionneur spe
tralement �equivalent. Beau
oup d'e�ort est 
onsa
r�eau 
as d'op�erateurs ayant un noyau non-nul. Ils donnent aussi des r�esultatsnum�eriques tr�es prometteurs en dimension 2 d'espa
e.�{ Le 
hapitre 1 reprend ave
 plus de d�etails le 
adre fon
tionnel utilis�epour formuler le probl�eme de di�ra
tion a
oustique. Nous y �etudions la variantek > 0, non SDP, de la m�ethode de pr�e
onditionnement de Steinba
h et Wend-land. En vue aussi de son extension �a l'�ele
tromagn�etisme nous 
onsid�erons le
adre g�en�eral d'une forme bilin�eaire inversible sur un espa
e de Hilbert et nousd�eveloppons le point de vue qu'un pr�e
onditionneur est obtenu �a partir d'uneforme bilin�eaire inversible sur un espa
e dual, lorsque des 
onditions Inf-Supdis
r�etes uniformes sont satisfaites.Plus expli
itement, 
onsid�erons un probl�eme variationnel sur un espa
e deHilbert X : u 2 X et 8u0 2 X a(u; u0) = l(u0): (14)Supposons que nous 
onnaissons un espa
e de Hilbert Y qui soit dual de Xpar une forme bilin�eaire b sur Y � X, ainsi qu'une forme bilin�eaire inversible
 sur Y . Supposons que (Xh) et (Yh) soient deux familles de sous-espa
es dedimensions �nies de X et Y respe
tivement, munies de bases. On note Ah, Bhet Ch les matri
es de Galerkin 
orrespondantes. Si les trois formes bilin�eairessatisfont des 
onditions Inf-Sup dis
r�etes uniformes par rapport �a h alors lepr�e
onditionneur Zh = B?�1h ChB�1h , est tel que le 
onditionnement spe
tral deZhAh est born�e ind�ependamment de h (et des 
hoix de bases).Nous v�eri�ons ensuite que 
es 
onditions Inf-Sup sont satisfaites pour leprobl�eme d'a
oustique (sauf aux r�esonan
es), i.e. : X = H1=2(�), Y = H�1=2(�) ;a, b et 
 donn�es par :a(u; u0) = hNku; u0i; b(v; u) = hv; ui; 
(v; v0) = hSk0v; v0i; (15)et Xh = Yh l'espa
es d'�el�ements �nis 
urvilignes Pm 
ontinus sur Th. Ce
i faitintervenir notamment la stabilit�e de la proje
tion L2 surXh, dans divers espa
esde Sobolev.Un point de vue 
ompl�ementaire est que si � est de 
lasse C1, alors envertu les formules de Calderon Sk0Nk � I=4 est 
ompa
t (d'ordre �2). Ainsi onTh�ese 5



Introdu
tions'attend �a 
e que les valeurs propres s'a

umulent (en un sens �a pr�e
iser) en unseul point (�a savoir 1=4), 
e qui produirait une 
onvergen
e supra-lin�eaire.Nous donnons des r�esultats num�eriques sur une 
avit�e, et quelques indi-
ations sur les performan
es de la m�ethode aux r�esonan
es. Une se
tion est
onsa
r�ee �a l'extension de la m�ethode aux surfa
es ouvertes, o�u on sort du
adre g�en�eral 
i-dessus. On y montre que la m�ethode la plus simple donne un
onditionnement spe
tral born�e par une puissan
e de j log hj. Le prin
ipal lemmete
hnique 
onsiste �a montrer (une version renfor
�ee du fait) que l'appli
ationtra
e de � vers ��, sur Xh a une norme H1=2(�) ! H0(��) born�ee par unepuissan
e de j log hj.Ce 
hapitre 
omprend en parti
ulier des synth�eses d�etaill�ees des arti
les :[133℄ S.H. Christiansen, J.-C. N�ed�ele
 : Des pr�e
onditionneurs pour la r�esolutionnum�erique des �equations int�egrales de fronti�ere de l'a
oustique ; C. R. A
ad. S
i.Paris, S�er. I Math., Vol. 330, No. 7, p. 617-622, 2000.[134℄ S.H. Christiansen, J.-C. N�ed�ele
 : Pre
onditioners for the boundary elementmethod in a
ousti
s ; Mathemati
al and numeri
al aspe
ts of wave propagation(Santiago de Compostella, 2000), SIAM, p. 776-781, 2000.L'adaptation aux surfa
es ouvertes est extraite du do
ument de r�ef�eren
e(non publi�e �a 
e jour) donn�e en appui de la Note [133℄ lors de la soumissioninitiale, 
onform�ement aux instru
tions aux auteurs. Une se
tion sur l'approxi-mation de la g�eom�etrie a aussi �et�e ajout�ee.�Consid�erons maintenant le probl�eme de la di�ra
tion d'une onde �el�e
tro-magn�etique par un 
ondu
teur parfait. Plus pr�e
is�ement, dans E on 
onsid�ere
omme 
i-dessus un ouvert 
, 
ompl�ementaire d'un 
ompa
t suÆsamment r�e-gulier, on se donne une onde �ele
tromagn�etique in
idente (Ein
;Hin
) et on
her
he (E;H) tel que :
urlE = +i!�H et 
urlH = �i!�E; (16)o�u � est la perm�eabilit�e magn�etique, � la permittivit�e �ele
trique et ! la pulsa-tion. De plus on impose la 
ondition de radiation de Silver-M�uller �a l'in�ni :�1=2H � x=jxj � �1=2E = o(1=jxj); (17)et la 
ondition au bord sur �
 = � de 
ondu
teur parfait (
omposante tangen-tielle nulle) pour le 
hamp total Etot = E +Ein
 s'�e
rit :ET = �Ein
T : (18)Le nombre d'onde asso
i�e est k = !(��)1=2. Cher
hons E sous la forme d'unpotentiel �ele
trique dans 
 :E(y) = (1 + (1=k2) grad div)Z�Gk(x; y)u(x)dx; (19)6 S.H. Christiansen



o�u l'in
onnue u est un 
hamp tangent sur � repr�esentant le 
ourant �ele
trique.On introduit l'op�erateur Ak qui au 
hamp tangent u asso
ie le 
hamp tangent,
omposante tangentielle sur � du potentiel �ele
trique E d�e�ni dans (19). La
ondition au bord de 
ondu
teur parfait s'�e
rit alors sous la forme Aku = v.Cette �equation est appell�ee EFIE (Ele
tri
 Field Integral Equation).Posons X = H�1=2div (�), espa
e des 
hamps tangents de r�egularit�e �1=2 �adivergen
e de r�egularit�e �1=2. Mise sous forme variationnelle le probl�eme �ar�esoudre devient :u 2 X et 8u0 2 X hAku; u0i = �hEin
; u0i: (20)On rappelle que pour u et u0 suÆsamment r�eguliers :hAku; u0i = ZZ Gk(x; y)u(x) � u0(y)dxdy � � � (21)�(1=k2)ZZ Gk(x; y) div u(x) div u0(y)dxdy:Suivant Bendali [10℄ on r�esout 
e probl�eme variationnel en utilisant une m�ethodede Galerkin �a �el�ements �nis 
ourbes, 
onformes H0div(�), du type Raviart-Thomas [67℄ (RT) ou Brezzi-Douglas-Marini [23℄ (BDM).Le syst�eme matri
iel est parti
uli�erement mal 
onditionn�e. Via la d�e
ompo-sition de Helmholtz dans X (mise en valeur dans De La Bourdonnaye [18℄ etN�ed�ele
 [116℄) : u = grad p+ rot q + 
hamp harmonique; (22)on voit que l'op�erateur Ak 
omporte un terme d'ordre 1 et un terme d'ordre�1 agissant sur des sous-espa
es de dimensions in�nies, suppl�ementaires dansX et que 
es deux termes sont de signes oppos�es.�{ Dans le 
hapitre 2, on se propose de 
onstruire un pr�e
onditionneur pourla dis
r�etisation Galerkin de l'EFIE. Ce probl�eme 
onstitue la motivation prin-
ipale de 
ette th�ese. Pour une large part le 
hapitre 1 y �etait une pr�eparation,alors que le 
hapitre 3 donne des 
ompl�ements utilis�es pour justi�er la m�ethodepropos�ee.Abandonnant le point de vue matri
iel, pour un espa
e de Galerkin Xhdonn�e, on note Ah : Xh ! X?h l'appli
ation induite par la forme bilin�eaire surXasso
i�ee �a Ak. Un pr�e
onditionneur pour Ah est une appli
ation Zh : X?h ! Xh,qui, quand elle est in
orpor�ee dans une m�ethode it�erative, r�eduit suÆsammentle nombre d'it�erations n�e
essaires, pour 
ompenser le temps de multipli
ationpar Zh (et le pr�e
al
ul �eventuel qui lui est asso
i�e).Notons B l'op�erateur u 7! u� n. Les formules de Calderon en �ele
tromag-n�etisme entrainent que l'op�erateur 4k2BAkB est un inverse de Ak, modulo unTh�ese 7



Introdu
tionop�erateur 
ompa
t. L'op�erateur B induit une forme bilin�eaire 
ontinue b =hB�; �i sur X, don
 aussi un op�erateur 
ontinu B : X ! X?. L'op�erateur B estun isomorphisme. On note aussi ak (ou a) la forme bilin�eaire sur X induitepar Ak, et A(k) : X ! X? l'appli
ation induite par Ak. Quand k n'est pasune r�esonan
e du probl�eme de Maxwell int�erieur, A(k) est un isomorphisme.On est alors dans la situation o�u X est dual de X par la forme bilin�aire b, eto�u on 
onnait une forme bilin�eaire 
ontinue inversible sur 
e dual, �a savoir alui-même.Etant donn�e un espa
e de Galerkin Xh, notant Bh : Xh ! X?h l'appli
ationinduite par b, il est don
 tentant de pro
�eder 
omme en a
oustique et proposerle pr�e
onditionneur : Zh = B?�1h AhB�1h : (23)Cependant, quand Xh est un espa
e usuel de type RT ou BDM, Zh ainsi
onstruit donne des r�esultats m�edio
res. La raison en est que la forme bilin�eaireb, bien qu'inversible sur X, ne satisfait pas les 
onditions Inf-Sup sur Xh uni-formes par rapport au pas de maillage h.Pour obtenir une dis
r�etisation stable de B on utilise des d�e
ompositionsde Helmholtz dis
r�etes. Nous ne 
onsid�erons dans 
ette introdu
tion que le 
asle plus simple. Soit (S0h;S1h;S2h) le triplet d'espa
es de Galerkin 
onstitu�e dansl'ordre des EF s
alaires 
ontinus P 1, des EF ve
toriels de type RT de plus basdegr�e, et des EF s
alaires P 0. Soit aussi (S00h ;S01h ;S02h ) un triplet d'espa
es, quipeut être le même triplet que le pr�e
�edant, ou être 
onstitu�e dans l'ordre desEF s
alaires 
ontinus P 2, des EF de type BDM de plus bas degr�e, et des EFs
alaires P 0.A partir d'une forme lin�eaire l 2 S1?h on d�etermine la solution (u; q) de :� u 2 S1hq 2 S2�h � 8u0 2 S1h hu; u0i+ hq;div u0i = l(u0)8q0 2 S2�h hq0;div ui = 0 : (24)Ensuite �a (u; q) on asso
ie l'�el�ement suivant de S01h :v = PS01h (u� n)� rotPS00�h (q); (25)o�u pour tout espa
e Xh, PXh d�esigne la proje
tion L2-orthogonale sur Xh.Soit �h : S1?h ! S01h ; l 7! v la 
ompos�ee de 
es deux appli
ations, et �?h :S01?h ! S1??h � S1h, son adjoint. Alors on pose :Zh = �?hA0h(k)�h; (26)o�u A0h(k) : S01h ! S01?h est l'appli
ation induite par A(k).Le 
hapitre 2 
onsiste essentiellement �a justi�er 
ette 
onstru
tion de fa�
onth�eorique et num�erique. L'appli
ation Zh n'est pas en g�en�eral bije
tive. Onmontre 
ependant que :1. A(k) satisfait une 
ondition Inf-Sup dis
r�ete uniforme en h sur l'image de�?h, espa
e qui a les propri�et�es d'approximation usuelles. Ainsi la solution8 S.H. Christiansen



de l'algorithme it�eratif satisfait la même �etude d'erreur que la solution deGalerkin usuelle (sur S1h) ;2. les espa
es de Krylov asso
i�es �a 
e pr�e
onditionneur 
onvergent, quand htend vers 0, vers les espa
es de Krylov asso
i�es au probl�eme \
ontinu".Ainsi les propri�et�es de 
onvergen
e de l'algorithme it�eratif sont semblables�a 
elles du probl�eme 
ontinu.Ces deux propri�et�es 
ompensent �a nos yeux l'absen
e d'une borne sur le 
ondi-tionnement spe
tral. On montre aussi les graphes de 
onvergen
e obtenus surquelques 
as tests, en parti
ulier pour la di�ra
tion par une 
avit�e et par unesurfa
e �a 
oins.Ces travaux ont fait l'objet d'un brevet ainsi que des publi
ations :[135℄ S.H. Christiansen, J.-C. N�ed�ele
 : Des pr�e
onditionneurs pour la r�esolutionnum�erique des �equations int�egrales de fronti�ere de l'�ele
tromagn�etisme ; C. R.A
ad. S
i. Paris, S�er. I Math., Vol. 331, No. 9, p. 733-738, 2000.[136℄ S.H. Christiansen, J.-C. N�ed�ele
 : A pre
onditioner for the Ele
tri
 FieldIntegral Equation based on Calderon formulas ; Te
h. Rep. 463 (submitted),CMAP E
ole Polyte
hnique Palaiseau, April 26th 2001.�{ Le 
hapitre 3 fournit le 
adre n�e
essaire pour d�emontrer la 
ondition Inf-Sup pour l'EFIE sur une 
lasse d'espa
es de Galerkin qui in
lut les espa
esstandards ainsi que l'image de �?h (voir le point 1. 
i-dessus). On y donne aussiquelques indi
ations sur le 
omportement du probl�eme dis
ret �a la r�esonan
e.Depuis Bendali [10℄ il semblerait qu'au
une �etude num�erique nouvelle nesoit 
onsa
r�ee �a la dis
r�etisation Galerkin de l'EFIE. D'autre part l'utilisationde d�e
ompositions de Helmholtz dis
r�etes sugg�erait une appro
he di��erente �a
ette analyse. Elle est peut-être plus simple et donne en tout 
as une estimationd'erreur optimale, qui semblait faire d�efaut jusqu'�a pr�esent.Notons X l'espa
e H�1=2div (�), et a la forme bilin�eaire surX asso
i�ee �a l'EFIE.Les espa
es de Galerkin sont not�es Xh. L'EFIE ne rentre pas dire
tement dansle 
adre des perturbations 
ompa
tes inje
tives des formes bilin�eaires 
oer
ives,dont l'�etude num�erique est relativement standard. Pour s'y ramener on introduitdes multipli
ateurs de Lagrange, mais au lieu de 
onsid�erer les fon
tions divuhpour uh 2 Xh 
omme dans [10℄ on 
onsid�ere les �elements wh de Xh �a divergen
enulle. On note Wh le sous-espa
e de Xh de 
es �el�ements, de même qu'on note Wle noyau de div surX. Suivant une variante d'une te
hnique utilis�ee pour �etudierle probl�eme 
ontinu dans N�ed�ele
 [116℄, on est amen�e �a �etudier les syst�emes :� v 2 Xhw 2Wh � 8v0 2 Xh a(v; v0) + b(w; v0) = l(v0)8w0 2Wh 
(w0; v) = 0 ; (27)o�u b est la restri
tion de a �a W �X, et 
 la restri
tion �a W �X de la formeTh�ese 9



Introdu
tionbilin�eaire SDP d sur X d�e�nie par :d(u; u0) = ZZ G0(x; y)u(x) � u0(y)dxdy � � � (28)+(1=k2)ZZ G0(x; y) div u(x) div u0(y)dxdy:On remarque que b est une perturbation 
ompa
te de 
 et que a satisfait unein�egalit�e de G�arding sur le noyau �a droite de 
 surW�X, not�e (provisoirement)V . De plus pour 
 la 
ondition de 
ompatiblit�e de Brezzi est triviale. Les prin-
ipales diÆ
ult�es restantes sont don
 que le noyau �a droite de 
 sur Wh �Xh,not�e Vh n'est pas in
lus dans V , et qu'on mâ�trise en
ore moins bien le noyau�a droite de b sur Wh �Xh.Pour traiter 
e type de probl�emes on introduit un 
adre g�en�eral o�u despropri�et�es de Fredholm sont exprim�ees en termes de 
onditions Inf-Sup. Ond�e�nit un analogue dis
ret de 
es 
onditions Inf-Sup g�en�eralis�ees, appell�e LSFdis
ret (pour left semi-Fredholm), et on montre en parti
ulier que :{ si un op�erateur v�eri�e la 
ondition LSF dis
r�ete et est inje
tif, alors ilv�eri�e une 
ondition Inf-Sup dis
r�ete uniforme au sens usuel ;{ la 
ondition LSF dis
r�ete est stable par perturbations 
ompa
tes (que lesop�erateurs soient inje
tifs ou non).On revient alors au syst�eme (27). On rempla
e tous les noyaux Gk par G0 ;
'est une perturbation 
ompa
te. On obtient ainsi un syst�eme sym�etrique, maispeut-être non-inje
tif. Les 
onditions de 
ompatiblit�e sont triviales et on montrequ'il suÆt de v�eri�er que le gap Æ(Vh; V ) tend vers 0 pour en d�eduire la propri�et�eLSF dis
r�ete de 
e syst�eme. Or premi�erement la 
onditon LSF dis
r�ete pour
e syst�eme implique la 
onditon LSF dis
r�ete sur Xh pour l'op�erateur obtenuen rempla�
ant Gk par G0 dans la d�e�nition de Ak ; quand Ak est inje
tif la
onditon Inf-Sup pour Ak sur Xh en d�e
oule. Deuxi�emement quand Xh est undes espa
es standards ou l'image de �?h on peut d�eduire le fait que Æ(Vh; V )! 0de l'estimation suivante. Si uh est un �el�ement de Xh qui est L2-orthogonal �aWh, et p v�eri�e �p = divuh, alors :juh � grad pj0 � Chjdivuhj0: (29)Autrement dit 
es �el�ements uh, bien qu'ils ne soient pas des gradients, jouentle rôle de gradients dis
rets. Ce fait a d'ailleurs �et�e beau
oup utilis�e r�e
emmentdans des 
ontextes di��erents, en parti
ulier l'�etude des m�ethodes multigrilles etdes probl�emes aux valeurs propres en formulation mixte.La propri�et�e LSF dis
r�ete permet aussi de dire des 
hoses sur les r�esonan
esint�erieures. En e�et on sait que les �el�ements du noyau de Ak quand k est uner�esonan
e int�erieure, ne rayonnent pas dans le domaine ext�erieur. Ainsi ils nedevraient pas poser de probl�eme si on ne s'int�eresse qu'au diagramme de rayon-nement asso
i�e �a des ondes in
identes. En pratique apr�es dis
r�etisation on ob-serve que des 
ourants parasites sont bien pr�esents dans la solution appro
h�ee10 S.H. Christiansen



mais qu'ils rayonnent peu. C'est 
e fait que nous avons essay�e de quanti�er. Dela propri�et�e LSF dis
r�ete on d�eduit que pour tout intervalle I 
ompa
t et tout� > 0 il existe Æ > 0 et h0 > 0 tel que si k 2 I, h < h0 et u 2 Xh alors :� supu02Xh jhAku; u0ij=ku0kX � ÆkukX� ) �kAkukX0 � �kukX�: (30)Il s'ensuit que le 
hamp rayonn�e par un 
ourant parasite dis
ret est arbitraire-ment plus petit que 
e 
ourant.Cette appro
he �a la dis
r�etisation de l'EFIE a �et�e bri�evement esquiss�ee dans[136℄ (sans indi
ations sur les r�esonan
es), et 
onstitue le 
ontenu 4 de :[131℄ S.H. Christiansen : Dis
rete Fredholm properties and 
onvergen
e estimatesfor the EFIE ; Te
h. Rep. 454 (submitted), CMAP E
ole Polyte
hnique Palai-seau, January 17th 2001.On y a esquiss�e aussi une autre appro
he, plus pro
he en
ore de la d�e
om-position de Helmholtz, qui est reprise dans le 
hapitre 4.�{ Le 
hapitre 4 poursuit l'�etude de l'EFIE. Il a �et�e �e
rit en 
ollaborationave
 Annalisa Bu�a.Dans de nombreuses appli
ations industrielles la surfa
e � n'est pas r�eguli�ere.Il arrive aussi que l'objet di�ra
tant soit tr�es min
e, et on 
onsid�ere alors quel'objet di�ra
tant est 
orre
tement mod�elis�e par une surfa
e � �a bord, appell�ee�e
ran. Cette m�ethode est utilis�ee ave
 su

�es dans de nombreux 
odes indus-triels. Cependant �a notre 
onnaissan
e, si les �equations de Maxwell ont bien �et�e�etudi�ees dans des domaines non r�eguliers et en pr�esen
e d'�e
rans (voir en par-ti
ulier [14℄ et [33℄), l'EFIE n'a re�
u de justi�
ation que sur les �e
rans r�eguliers(voir [2℄) et même dans 
e 
as au
une analyse num�erique n'a �et�e propos�ee.Nous expli
itons don
 un 
adre fon
tionnel inspir�e de [77℄, [24℄ et [26℄, adapt�e�a l'�etude de l'EFIE sur les �e
rans de 
lasse Lips
hitz, et e�e
tuons l'analysenum�erique de l'EFIE sur les �e
rans poly�edriques. De plus on autorise des �e
ransnon-orientables.Dans le 
as r�egulier de nombreuses d�e�nitions de l'espa
eX = H�1=2div (�) sontpossibles et �equivalentes. Posant 
 = E n� le point de vue utile pour l'EFIE surune surfa
e non-r�eguli�ere semble être 
elui des tra
es et des sauts de 
hamps de
, doubl�e de quelques d�e�nitions d'espa
es de Sobolev par 
artes lo
ales. Ainsion d�e�nit par 
artes lo
ales les espa
es s
alaires Hs(�) pour s 2 [�1; 1℄ et ond�e�nit l'espa
e des 
hamps tangents H1=2T (�) 
omme le sous-espa
e de L2T(�)
onstitu�e des tra
es tangentielles de H1T(E ). Sur les tra
es de 
hamps r�egulierson peut d�e�nir les op�erateurs di��erentiels grad et div via des int�egrations parparties dans 
 ; par dualisation on obtient des op�erateurs di��erentiels au sensdes distributions. Par 
artes lo
ales on montre que l'op�erateur grad admet une4. Le pr�esent 
hapitre est une version r�eorganis�ee de 
e rapport.Th�ese 11



Introdu
tion(unique) extension 
ontinue en un op�erateur H1(�) ! L2T(�). Si on d�e�nit Hs(�)pour s > 1 
omme �etant l'espa
e des tra
es de Hs+1=2(E ), on montre aussi quele gradient est 
ontinu par exemple H3=2(�)! H1=2T (�).On d�e�nit alors X 
omme �etant l'espa
e :fu 2 H1=2T (�)0 : 9q 2 H�1=2(�) 8p 2 H3=2(�) hu; grad pi = �hq; pig: (31)Le 
hamp q n'est autre que la divergen
e de u (
orrespondant �a la 
harge�ele
trique), et la 
ondition 
i-dessus exprime non seulement qu'il est de r�egularit�eH�1=2(�) mais aussi que le 
ux sortant de u �a travers �� est nul.On montre que l'op�erateur de saut est bien d�e�ni, 
ontinu et surje
tif entant qu'op�erateur H
url(
) ! X. Aussi, les �el�ements u de X admettent uneunique d�e
omposition de Helmholtz u = grad p+ w ave
 divw = 0 et p donn�epar le probl�eme de Neumann :p 2 H1(�)� et 8p0 2 H1(�)� Z grad p � grad p0 = �hdivu; p0i: (32)Notant P : X ! X le proje
teur u 7! grad p on a ainsi la d�e
omposition X =V �W ave
 V l'image 5 et W le noyau de P . Appliquant 
ette d�e
omposition�a la formulation variationnelle de l'EFIE sur X on 
onstate que Ak satisfaitdes in�egalit�es de G�arding sur V et W s�epar�ement (ave
 des signes oppos�es),et que les termes de 
ouplage sont 
ompa
ts. On en d�eduit l'inversiblit�e deAk : X ! X 0 ainsi que l'existen
e et l'uni
it�e pour le probl�eme de di�ra
tionext�erieur.Alors que dans le 
hapitre 3 nous avons mis l'a

ent sur le point selle(27) nous basons i
i l'�etude num�erique dire
tement sur la d�e
omposition deHelmholtz dis
r�ete des espa
es de Galerkin Xh de type RT ou BDM. On poseWh = Xh \W et on note Vh l'espa
e :Vh = fuh 2 Xh : 8wh 2Wh Z uh � wh = 0g (33)On a don
 Xh = Vh �Wh, mais pas Vh � V . Le probl�eme de Galerkin sur Xhrevient alors �a 
her
her uh 2 Xh sous la forme uh = vh + wh, ave
 (vh; wh)solution de :� vh 2 Vhwh 2Wh � 8v0h 2 Vh a(vh; v0h) + a(wh; v0h) = l(v0h)8w0h 2Wh a(vh; w0h) + a(wh; w0h) = l(w0h) : (34)En utilisant une variante plus te
hnique de (29) valable sur des surfa
es non-r�eguli�eres et due �a Hiptmair et S
hwab [44℄ (pour les surfa
es ferm�ees), onmontre que Æ(Vh; V ) ! 0, et on d�eduit de l�a la 
ondition Inf-Sup dis
r�ete uni-forme. L'�etude d'erreur peut être d�eduite de la 
ondition Inf-Sup en 
onsid�erant5. Cette notation di��ere de 
elle employ�ee pour le 
hapitre 3, mis �a part sa derni�ere se
tion.12 S.H. Christiansen



des sauts d'�el�ements �nis de N�ed�ele
 [58℄[61℄, dans le domaine ext�erieur 
 (�even-tuellement tronqu�e).Dans le 
as parti
ulier d'une surfa
e ferm�ee on obtient une �etude d'erreurqui am�eliore 
elle de [44℄ en 
ela que l'exposant de r�egularit�e du Lapla
ien sur� n'y apparait pas expli
itement.Ce travail a fait l'objet de la publi
ation :[130℄ A. Buffa, S.H. Christiansen : The Ele
tri
 Field Integral Equation on Lip-s
hitz s
reens : de�nitions and numeri
al approximation ; Te
h. Rep. 1216 (sub-mitted), Institute of Numeri
al Analysis C.N.R. Pavia, 2001.Ce rapport 
ontient aussi une appro
he intrins�eque (qui �evite de faire appel aux�el�ements �nis de volume) �a l'�etude d'erreur.�En annexe nous fournissons des rappels sur les 
onditions Inf-Sup et l'algo-rithme des gradients 
onjugu�es, ainsi que des renseignements sur l'impl�ementa-tion des pr�e
onditionneurs propos�es.

Th�ese 13
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Des pr�e
onditionneurs pour les�equations int�egrales
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Chapitre 1A
oustique
R�esum�e : Apr�es des rappels g�en�eraux sur les �equations int�egrales, nous�etendons la m�ethode de pr�e
onditionnement introduite par O. Steinba
h etW.L. Wendland dans [72℄ aux op�erateurs satisfaisant des 
onditions Inf-Sup.Nous asso
ions ainsi �a la matri
e de Galerkin Ah de l'op�erateur de simple
ou
he Sk ou l'op�erateur hyper-singulierNk, une matri
e impli
ite Zh telle quela multipli
ation par Zh soit de même 
omplexit�e que la multipli
ation par Ah,et ZhAh mod�elise une perturbation 
ompa
te de l'identit�e. Nous d�emontronsque sur des familles de maillages suÆsamment r�eguli�eres le 
onditionnementspe
tral de ZhAh est born�e ind�ependamment du pas h. Des exp�erien
esnum�eriques illustrent l'eÆ
a
it�e de la m�ethode. En�n nous l'adaptons aux�e
rans, pour lesquels nous d�emontrons que le 
onditionnement est born�e parune puissan
e de j loghj.Abstra
t : After having detailed the fun
tional setting for integral equationsapplied to the Helmholtz equation �p + k2p = 0, we extend the pre
ondi-tioning te
hnique developed by O. Steinba
h and W.L. Wendland in [72℄ tooperators satisfying Inf-Sup 
onditions. Thus to the Galerkin matrix Ah of thesingle layer operator Sk or the hypersingular operator Nk we asso
iate an im-pli
it pre
onditioning matrix Zh su
h that multipli
ation by Zh is of the same
omplexity as multipli
ation by Ah, and ZhAh models a 
ompa
t perturba-tion of the identity operator. We prove that the spe
tral 
ondition numberof ZhAh is uniformly bounded for any regular enough family of meshes, ash! 0. Numeri
al eviden
e of the eÆ
ien
y of the pre
onditioning te
hniqueis also provided, for 
avities and 
lose to resonant wavenumbers. Finally weadapt the method to s
reens for whi
h we prove a polylogarithmi
 bound onthe spe
tral 
ondition number.
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A
oustiquePour une introdu
tion �a 
e 
hapitre nous renvoyons �a l'introdu
tion g�en�erale.1.1 Di�ra
tion d'ondes1.1.1 Cadre fon
tionnelNous regroupons i
i des r�esultats d'analyse fon
tionnelle qui nous serontutiles. Pour des pr�e
isions et des d�emonstrations on pourra 
onsulter (par ordre
hronologique d'�edition) Paquet [64℄, Abboud [1℄, Terrasse [78℄, Taylor [110℄,Cessenat [112℄ et N�ed�ele
 [116℄.Pour toute partie ouverte 
 de Rm (m 2 N�) on note Hs(
) pour s 2 Rles espa
es de Sobolev usuels sur 
. En parti
ulier H0(
) = L2(
). On noteaussi HsT(
) les espa
es de Sobolev de 
hamps de ve
teurs 
orrespondants. Cesd�e�nitions s'�etendent aux parties ouvertes des vari�et�es Riemanniennes 
om-pa
tes de 
lasse C1.Soit E un espa
e Eu
lidien de dimension trois (ainsi E � R3). Sur les ouvertsde E on 
onsid�ere les trois op�erateurs di��erentiels usuels grad, 
url et div. Pour
ha
un de 
es operateurs op, Hsop(
) d�esignera l'espa
e des 
hamps (s
alairesou tangents) u de r�egularit�e Hs tels que opu d�e�ni au sens des distributions (ou
ourants) sur 
 soit un 
hamp (s
alaire ou tangent suivant les 
as) de r�egularit�eHs. Ainsi H1(
) = H0grad(
). L'absen
e d'exposant s signi�e s = 0.Soit 
� un ouvert born�e r�egulier de E . On note � sa fronti�ere, et 
+ le
ompl�ementaire de 
� = 
� [ �. Ainsi 
� est une sous-vari�et�e �a bord de E ,de 
lasse C1 et de dimension trois. Son bord � est une sous-vari�et�e sans bordde E 
ompa
te et de dimension deux. Il h�erite une stru
ture Riemannienne deE ; en parti
ulier on peut 
onsid�erer les op�erateurs di��erentiels :grad : Hs(�)! Hs�1T (�) et div : HsT(�)! Hs�1(�): (1.1.1)Soit n la normale ext�erieure sur � relativement �a 
�. Cette normale induit uneorientation sur � et des automorphismes u 7! u� n de HsT(�). Elle permet ded�e�nir les op�erateurs rotationnel s
alaire et ve
toriel par respe
tivement :rot u = (gradu)� n et rot u = div(u� n): (1.1.2)Sur � la notation Hsop(�) sera utilis�ee ave
 la signi�
ation 
i-dessus. Par ailleursil existe un voisinage tubulaire de � sur lequel la proje
tion orthogonale } sur� est bien d�e�nie et r�eguli�ere, et il nous arrivera d'�etendre n �a 
e voisinage parn(x) = n(}(x)).Tra
es On rappelle que les op�erateurs de tra
e :
�� D(
�) ! D(�)u 7! uj� ; (1.1.3)18 S.H. Christiansen



1.1 Di�ra
tion d'ondesadmettent, pour s > 0, des extensions 
ontinues uniques :
� : H1=2+s(
�)! Hs(�); (1.1.4)et que 
elles-
i sont surje
tives. On utilise la même notation pour les tra
esve
torielles non n�e
essairement tangentes des �el�ements de H1=2+sT (
�). L'image
orrespondante est Hs(�; E ). On utilisera aussi les op�erateurs de tra
e tangen-tielle et normale :
�T � DT(
�) ! DT(�)u 7! (u� (u � n)n)j� et 
�n � DT(
�) ! D(�)u 7! (u � n)j� :(1.1.5)Lorsqu'il n'est pas n�e
essaire de pr�e
iser nous omettons l'exposant �. On aalors le diagramme 
ommutatif :H1(E ) grad�! H
url(E ) 
url�! Hdiv(E )
 # 
T # 
n #H1=2(�) �!grad H�1=2rot (�) �!rot H�1=2(�) (1.1.6)La 
ompos�ee de deux 
�e
hes horizontales est nulle.Sauts Posons 
 = 
� [ 
+. On d�e�nit l'op�erateur de saut [�℄ sur les 
hamps(s
alaires ou tangents) sur 
 par :[u℄ = 
�u� 
+u; (1.1.7)de sorte qu'il est bien d�e�ni et 
ontinu en parti
ulier 
omme op�erateur H1(
)lo
 !H1=2(�). On a alors le diagramme 
ommutatif :H1(
) grad�! H
url(
) 
url�! Hdiv(
)[�℄ # [� � n℄ # [� � n℄ #H1=2(�) �!rot H�1=2div (�) �!div H�1=2(�) (1.1.8)La 
ompos�ee de deux 
�e
hes horizontales est nulle.Mesures multi
ou
hes de surfa
e Les appli
ations tra
es sur E , not�ees i
i
(i) : 
(i)� D(E ) ! D(�)u 7! �inu (1.1.9)Th�ese 19



A
oustiquesont surje
tives et admettent des adjoints inje
tifs pour lesquels nous utilisonsla notation : ( D(�)0 ! D(E )0u 7! uÆ(i)� : (1.1.10)On notera 
 = 
(0) et 
0 = 
(1), et pour u 2 D(�)0, uÆ� = uÆ(0)� et uÆ0� = uÆ(1)� ,appell�es mesures de simple 
ou
he et double 
ou
he respe
tivement. Il est �anoter que i
i la notation Æ0� s'apparente �a la d�erivation et pas �a l'adjoint.Des propriet�es de 
ontinuit�e de u 7! uÆ(i)� dans les espa
es de Sobolev serontutilis�ees. En parti
ulier puisque 
 : H1(E )lo
 ! H1=2(�), son adjoint est 
ontinuH�1=2(�) ! (H1(E )lo
)0. Les formules d'int�egration par parties usuelles dans
� et 
+ montrent que, au sens des distributions:8u 2 H1(
)lo
 gradE u = grad
 u � [u℄nÆ�8u 2 H
url(
)lo
 
urlE u = 
url
 u + [u� n℄Æ�8u 2 Hdiv(
)lo
 divE u = div
 u � [u � n℄Æ� (1.1.11)De plus les mesures de surfa
e qui apparaissent dans 
es formules agissentnon seulement sur les 
hamps (s
alaires ou ve
toriels suivant les 
as) de 
lasseC1(E ), mais aussi sur 
eux de 
lasse H1(E ) (même Hdiv(E ), H
url(E ) et H1(E )respe
tivement).1.1.2 Repr�esentations int�egralesEtant donn�e un nombre d'onde k > 0, nous nous int�eressons aux solutionsp, dans 
� ou 
+ de l'�equation de Helmholtz :�p+ k2p = 0; (1.1.12)qui satisfont des 
onditions au bord sur �, de type Diri
hlet (pj� = u) ouNeumann (�npj� = u). Pour les probl�emes ext�erieurs (i.e. dans 
+) on imposeaussi la 
ondition de radiation de Sommerfeld :��p(x)� ikp(x) = o(1=jxj) ave
 �(x) = x=jxj: (1.1.13)On dit aussi qu'on impose aux ondes d'être sortantes. Dans la suite on faitl'hypoth�ese que 
+ est 
onnexe.Pour r�esoudre les probl�emes de di�ra
tion nous utilisons des repr�esentationsint�egrales. Soit Gk le noyau de Green sortant pour ��� k2 sur E :Gk(x; y) = eikjx�yj4�jx� yj : (1.1.14)20 S.H. Christiansen



1.1 Di�ra
tion d'ondesOn 
onstruit alors les potentiels de simple 
ou
he �k et double 
ou
he �0k d�e�nisa priori pour u 2 H0(�) et y 2 
+ [
� par :(�ku)(y) = Z�Gk(x; y)u(x)dx et (�0ku)(y) = Z� �n(x)Gk(x; y)u(x)dx:(1.1.15)Ces potentiels op�erent aussi sur les 
hamps de ve
teurs sur � (pas n�e
essairementtangents). Ils peuvent être exprim�es en termes de 
onvolution de distributions.Soit gk la solution fondamentale sortante de �� � k2 sur E . Alors on v�eri�equ'on a : �ku = gk � (uÆ�) et �0ku = gk � (uÆ0�) (1.1.16)La premi�ere expression permet d'�etendre �k en un op�erateur 
ontinu H�1=2(�)!H1(E )lo
 . En parti
ulier si u 2 H�1=2(�), [�ku℄ = 0. On a alors aussi, puisquegrad�ku 2 Hdiv(
)lo
 :[�n�ku℄Æ� = [(grad�ku) � n℄Æ� (1.1.17)= (div
�divE ) grad(gk � uÆ�) (1.1.18)= (�k2 ��E )gk � uÆ� (1.1.19)= uÆ� (1.1.20)On obtient ainsi la premi�ere formule de saut, [�n�ku℄ = u.Con
ernant le potentiel de double 
ou
he on a divE (unÆ�) = �uÆ0�, don
 :�0ku = �div(gk � unÆ�): (1.1.21)Puisque sur les 
hamps de ve
teurs � = grad div� 
url 
url, il s'ensuit que :grad
 �0ku = � grad
 div
(gk � unÆ�) (1.1.22)= (� 
url
 
url
+k2)gk � unÆ�: (1.1.23)Or 
urlE (unÆ�) = (rot u)Æ�, don
 pour tout u 2 H1=2(�) :
urlE gk � (unÆ�) = gk � (rot uÆ�) 2 H1T(E )lo
 : (1.1.24)On obtient ainsi :grad
�0ku = � 
url gk � (rot uÆ�) + k2gk � (unÆ�): (1.1.25)Don
 grad
 �0ku 2 Hdiv(E )lo
 . En parti
ulier [�n�0ku℄ = 0. Ce 
al
ul montreaussi que �0k est 
ontinu H1=2(�)! H1(
)lo
. On a aussi :[�0ku℄nÆ� = �[gk � divE (unÆ�)℄nÆ� (1.1.26)= (gradE � grad
) div gk � (unÆ�) (1.1.27)= (�E ��
)gk � (unÆ�) (1.1.28)= �unÆ� (1.1.29)Th�ese 21



A
oustiqueCe qui donne la deuxi�eme formule de saut, [�0ku℄ = �u.Ces 
al
uls montrent que si u 2 H1=2(
) et v 2 H�1=2(
), alors ave
 :p = �kv ��0ku; (1.1.30)p est une solution dans H1(
)lo
 de l'�equation de Helmholtz dans 
 satisfai-sant la 
ondition de radiation de Sommerfeld. De plus v = [�np℄ et u = [p℄.R�e
iproquement on a le th�eor�eme suivant, dit de repr�esentation :Th�eor�eme 1.1.1 Si p est une solution de l'�equation de Helmholtz sur 
 = 
�[
+ de 
lasse H1(
)lo
 et satisfaisant la 
ondition de radiation de Sommerfeld,alors on a [p℄ 2 H1=2(
), [�np℄ 2 H�1=2(
) et :p = �k[�np℄� �0k[p℄ (1.1.31){D�emonstration : Puisque p 2 H1(
)lo
 on a :gradE p = grad
 p� [p℄nÆ� (1.1.32)et puisque grad
 p 2 Hdiv(
)lo
 on a :�Ep = �
p� [�np℄Æ� � divE ([p℄nÆ�) (1.1.33)D'autrepart �
p = �k2p et p est sortante ; il s'ensuit que :p = gk � �[�np℄Æ� � [p℄Æ0�)�; (1.1.34)
e qui n'est autre que la formule annon
�ee. �1.1.3 Equations int�egralesLes r�esultats pr�e
�edents montrent que les deux op�erateurs Sk et Nk d�e�nispar : Sku = 
�ku et Nku = �
0�0ku; (1.1.35)sont 
ontinus H�1=2(�) ! H1=2(�) et H1=2(�) ! H�1=2(�) respe
tivement.L'�etude th�eorique et num�erique de 
es op�erateurs repose sur la propri�et�e de
oer
ivit�e (voir N�ed�ele
-Plan
hard [62℄) :Proposition 1.1.2 Il existe C > 0 tel que pour tout u 2 H�1=2(�) :hS0u; ui � 1=Ckuk2�1=2: (1.1.36){D�emonstration : Pour tout R > 0 on note BR la boule fx : jxj < Rg et SRla sph�ere fx : jxj = Rg ; � d�esigne le 
hamp x 7! x=jxj. D�es que � � BR on a :hS0u; [�n�0u℄i = ZBR j grad�0uj2 � ZSR(�0u)(���0u): (1.1.37)22 S.H. Christiansen



1.1 Di�ra
tion d'ondesOr �0u h�erite des propri�et�es de d�e
roissan
e �a l'in�ni de g0, en parti
ulier :grad�0u = O(1=jxj2); �0u = O(1=jxj) et ���0u = O(1=jxj2): (1.1.38)Ainsi, passant �a la limite R !1, on obtient :hS0u; ui = ZE j grad�0uj2: (1.1.39)On 
on
lut alors par la 
ontinuit�e Hdiv(
) ! H�1=2(�) de l'op�erateur v 7! [v�n℄.� Poursuivant le 
al
ul 
ommen
�e en (1.1.25) on obtient :Nku = 
n� 
url gk � (rot uÆ�)� k2gk � (unÆ�)� (1.1.40)= rot 
Tgk � (rot uÆ�)� k2
ngk � (unÆ�); (1.1.41)et don
 notant aussi Sk l'op�erateur de simple 
ou
he agissant sur les 
hampsde ve
teurs on obtient (voir N�ed�ele
 [57℄[60℄ et Hamdi [39℄) :Proposition 1.1.3 On a pour tout u; v 2 H1=2(�) :hNku; vi = hSk rot u; rot vi � k2hSkun; vni: (1.1.42)Il est 
lair que pour tout v 2 H1=2(�), �ku r�esout le probl�eme di�ra
tion deDiri
hlet relatif �a v dans 
�, 
+ ou 
 si et seulement si Sku = v. De même pourtout v 2 H�1=2(�), ��0ku r�esout le probl�eme di�ra
tion de Neumann relatif �av dans 
�, 
+ ou 
 si et seulement si Nku = v. On est don
 amen�e �a �etudierl'inversibilit�e de 
es op�erateurs.Proposition 1.1.4 Les op�erateurs Sk : H�1=2(�) ! H1=2(�) et Nk : H1=2(�) !H�1=2(�) sont Fredholm d'indi
e 0.{D�emonstration : On montre que l'op�erateur Sk � S0 est 
ompa
t en tantqu'op�erateur H�1=2(�) ! H1=2(�) 
e qui ave
 la 
oer
ivit�e de N�ed�ele
-Plan
harddonne le r�esultat pour Sk. De même la formule (1.1.42) montre que Nk satisfaitune in�egalit�e de G�arding sur H1=2(�), 
e qui donne le r�esultat pour Nk. �L'�etude du probl�eme int�erieur (dans 
�) est 
lassique et repose sur 
elledes valeurs propres d'un op�erateur 
ompa
t auto-adjoint. On note (�Di ) (resp.(�Ni )) la suite stri
tement 
roissante des valeurs propres de �� sur 
� ave
des 
onditions au bord de Diri
hlet (resp. Neumann). On pose :KD = f(�Di )1=2 : i 2 Ng et KN = f(�Ni )1=2 : i 2 Ng: (1.1.43)Lorsque k =2 KD (resp. k =2 KN ) le probl�eme de Diri
hlet (resp. Neumann) non-homog�ene dans 
� admet une solution unique. On note aussi EDk (resp. ENk )le noyau de � + k2 ave
 des 
onditions au bord homog�enes de Diri
hlet (resp.Neumann). Ainsi ED;Nk est de dimension �nie et est non nul si et seulement sik 2 KD;N . On dit dans 
e 
as que k est une r�esonan
e int�erieure.Th�ese 23



A
oustiquePour le probl�eme ext�erieur on montre d'abord l'uni
it�e d'une solution �eventuelle.Une th�eorie spe
trale plus �elabor�ee que 
elle utilis�ee pour le probl�eme int�erieurdonne l'existen
e de solutions pour tout k > 0 par le prin
ipe d'absorption limite(passage �a la limite �& 0 pour des nombres d'onde k+ i�). Une autre strat�egie
onsiste �a �etudier le probl�eme ext�erieur �a une boule B 
ontenant � en utilisantdes harmoniques sph�eriques sur �B, puis �a r�eduire le probl�eme ext�erieur �a unprobl�eme dans B \ 
+. Cette m�ethode fait don
 intervenir des 
onditions aubord de transparen
e sur �B. Il est possible de d�eduire de 
es �etudes, l'inver-sibilit�e de Sk et Nk quand k n'est pas une r�esonan
e. Nous esquissons i
i unetroisi�eme m�ethode, elle aussi 
lassique, dans laquelle l'existen
e de solutionsdu probl�eme ext�erieur est d�eduite de la propri�et�e de Fredholm des op�erateursint�egraux.Proposition 1.1.5 Pour tout k > 0 si un �element p de H1lo
(
+) v�eri�e l'�equationde Helmholtz, la 
ondition de radiation de Sommerfeld et la 
ondition au bord
p = 0 (Diri
hlet) ou 
0p = 0 (Neumann) alors p = 0.{D�emonstration : Cette proposition d�e
oule d'un th�eor�eme de Relli
h qui �etaitd�eja impli
ite dans la d�emonstration du th�eor�eme de repr�esentation. Voir parexemple Taylor [110℄ (Vol. II, Chap. 9, p. 147-148). �On en d�eduit :Proposition 1.1.6 Pour tout k > 0, l'op�erateur Sk (resp. Nk) est inversiblesi et seulement si k n'est pas une r�esonan
e int�erieure de Diri
hlet (resp. Neu-mann). On a : kerSk = 
0EDk et kerNk = 
ENk : (1.1.44){D�emonstration : Consid�erons le 
as Diri
hlet, le 
as Neumann �etant analogue.Si u = 
0p ave
 p 2 EDk , alors �etendant p par 0 dans le domaine ext�erieur,on a par le th�eor�eme de repr�esentation p = �ku, don
 Sku = 
p = 0.R�e
iproquement si Sku = 0 alors �kuj
� 2 EDk et par uni
it�e des solutionsext�erieures �kuj
+ = 0. Don
 d'apr�es la premi�ere formule de saut u 2 
0EDk . �Corollaire 1.1.7 Si k n'est pas une r�esonan
e int�erieure de Diri
hlet (resp.Neumann), le probl�eme de Diri
hlet (resp. Neumann) ext�erieur admet une so-lution unique, repr�esentable par potentiel de simple (resp. double) 
ou
he.On peut montrer qu'il y a des solutions aux probl�emes ext�erieurs pour toutk > 0. Cependant 
elles-
i ne sont pas toujours repr�esentables par des potentiels
omme dans le 
orollaire 
i-dessus. Nous y reviendrons.1.1.4 Formules de CalderonL'�etude des op�erateurs int�egraux montre que Sk et Nk sont des op�erateursd'ordre �1 et 1 respe
tivement. Sur � le noyau d�e�ni par :(x; y) 7! �n(x)Gk(x; y); (1.1.45)24 S.H. Christiansen



1.2 R�esolution num�erique stabilis�eea un singularit�e born�ee par C=jx� yj. On obtient ainsi un troisi�eme op�erateur,not�e Dk et donn�e par :(Dku)(y) = Z� �n(x)Gk(x; y)u(x)dx: (1.1.46)Il est d'ordre �1. Son transpos�e est not�e D?k. On montre alors que :Proposition 1.1.8 On a :
��0ku = �(1=2)u +Dku et 
0��ku = �(1=2)u +D?ku (1.1.47)Proposition 1.1.9 L'op�erateur suivant est un proje
teur :(1=2) � I 00 I �+ � Dk �Sk�Nk �D?k � (1.1.48){D�emonstration : Il s'agit de l'op�erateur produit :� � 
+
0+ � � ��0k �k � (1.1.49)Don
 �a tout (u; v) il asso
ie les sauts du 
hamp �egal �a �kv��0ku dans 
+ et 0dans 
�. La propri�et�e de proje
tion d�e
oule alors du th�eor�eme de repr�esentation.� Cet op�erateur est appell�e proje
teur de Calderon ext�erieur. On a :� Dk �Sk�Nk �D?k �2 = (1=4) � I 00 I � (1.1.50)Soit plus expli
itement :� DkDk + SkNk �DkSk + SkD?k�NkDk +D?kNk NkSk +D?kD?k � = (1=4) � I 00 I � (1.1.51)1.2 R�esolution num�erique stabilis�ee1.2.1 Dis
r�etisation, 
onditionnementDans la suite nous 
onsid�erons le probl�eme de Neumann dans le domaineext�erieur : Etant donn�e k > 0, et v 2 H�1=2(�) trouver l'onde di�ra
t�ee p dansH1(
+)lo
, solution de l'�equation de Helmholtz dans 
+ satisfaisant la 
onditionde radiation de Sommerfeld, et la 
ondition au bord �np = v. En pratiquev = ��npin
, pour une onde in
idente pin
 de nombre d'onde k et r�eguli�ere surun voisinage de �. Si k n'est pas une r�esonan
e int�erieure de Neumann on peutrepr�esenter p par un potentiel de double 
ou
he p = �0ku o�u u est la solutionde Nku = �v. La formulation variationnelle de 
e probl�eme est :u 2 H1=2(�) et 8u0 2 H1=2(�) hNku; u0i = �hv; u0i (1.2.1)Th�ese 25



A
oustiqueOn r�esout 
e probl�eme de fa�
on appro
h�ee par la m�ethode Galerkin. Le 
hoixusuel 
onsiste �a trianguler la surfa
e � et �a prendre des �el�ements �nis P 1 
onti-nus sur 
es triangles, transport�ees sur � par la proje
tion orthogonale.Plus expli
itement, soit (Th) une famille de triangulations de �, param�etr�eepar h, le plus grand diam�etre des triangles de Th. On suppose que h par
ourtun ensemble d�enombrable qui ne s'a

umule qu'en 0. On suppose aussi que (Th)est r�eguli�ere au sens o�u, si pour 
haque triangle T on note hT son diam�etre et�T le diam�etre du 
er
le ins
rit de T , il existe C > 0 tel que pour tout h et touttriangle T de Th : �T � 1=ChT : (1.2.2)Soit �h le poly�edre d�etermin�e par Th. On note X(Th) l'espa
e des fon
tions(
omplexes) 
ontinues sur �h et dont la restri
tion �a 
haque triangle est unpolynome de degr�e 1. Pour h suÆsamment petit la proje
tion orthogonale }sur � est bien d�e�nie sur �h et admet un inverse (�a droite) �h : � ! �h et onpose : Xh = fu Æ �h : u 2 X(Th)g: (1.2.3)On r�esout : u 2 Xh et 8u0 2 Xh hNku; u0i = �hv; u0i: (1.2.4)Puisque Nk satisfait une in�egalit�e de G�arding 
ette �equation admet, pour hsuÆsamment petit, une unique solution uh, et (uh) tend vers u dans H1=2(�).Nous renvoyons aux ouvrages g�en�eraux, e.g. N�ed�ele
 [122℄ et Ciarlet-Lions[120℄ pour les g�en�eralit�es sur la m�ethode des �el�ements �nis ; �a N�ed�ele
 [55℄ pourdes aspe
ts sp�e
i�ques aux �equations int�egrales (par exemple l'approximationde la g�eom�etrie et l'e�et du 
al
ul appro
h�e des int�egrales singuli�eres) ; et e.g. �aDemkowi
z [35℄ pour l'�etude des syst�emes satisfaisant une in�egalit�e de G�ardingdans le 
adre des 
onditions Inf-Sup de Babuska [6℄. Les r�esultats n�e
essaires sur
e dernier point sont regroup�es dans l'appendi
e A. Notons que pour 
ertainespropri�et�es li�ees �a l'approximation de la g�eom�etrie (non prise en 
ompte i
i)il faut faire une hypoth�ese suppl�ementaire dite de quasi-uniformit�e, rappell�ee
i-dessous.L'aspe
t qui nous int�eresse i
i est le mauvais 
onditionnement du syst�emematri
iel 
orrespondant au probl�eme de Galerkin 
i-dessus. Soit eh = (eh(i)) labase usuelle de Xh ; pour 
haque sommet i de Th, eh(i) est l'�el�ement de Xh quivaut 1 en 
e sommet et 0 aux autres sommets de Th. Soit Ah(k) la matri
e deGalerkin de Nk:(Ah(k))ij = hNkeh(j); eh(i)i et (Lh)i = �hv; eh(i)i: (1.2.5)La tradu
tion matri
ielle du syst�eme (1.2.4) 
i-dessus est alors :Ah(k)Uh = Lh (1.2.6)26 S.H. Christiansen



1.2 R�esolution num�erique stabilis�eeSoit Bh la matri
e (dite matri
e de masse) d�e�nie par :(Bh)ij = heh(j); eh(i)i: (1.2.7)Supposons que la famille (Th) soit quasi-uniforme, 
'est �a dire qu'il existeC > 0 tel que pour tout h et pour tout 
ouple (T; T 0) de triangles de Th on a :hT 0 � 1=ChT : (1.2.8)Alors le 
hoix de base 
i-dessus entraine que Bh satisfait une estimation :(1=C)h2kUk2 � jBhU � U j � Ch2kUk2 ave
 kUk2 =Xi jUij2: (1.2.9)Autrement dit, �a un fa
teur d'�e
helle pr�es le produit s
alaire sur les upletsasso
i�e �a Bh {qui 
orrespond au produit s
alaire L2(�) sur les 
hamps s
alaires{est �equivalent au produit s
alaire `2 sur les uplets.D'autrepart l'hypoth�ese de quasi-uniformit�e donne l'in�egalit�e inverse : Ilexiste C > 0 tel que pour tout h :8u 2 Xh kuk1 � Ch�1kuk0: (1.2.10)Cette in�egalit�e est optimale.L'op�erateur Nk �etant elliptique, inje
tif et d'ordre s = 1, il s'ensuit que le
onditionnement `2 de la matri
e Ah(k) se 
omporte 
omme h�jsj = h�1 quandh tend vers 0 (�a k �x�e). De plus les parties r�eelles des valeurs propres sontr�eparties de fa�
on relativement r�eguli�ere entre les valeurs extr�emes. Ces deuxpropri�et�es font que la 
onvergen
e d'algorithmes it�eratifs du type gradients
onjugu�es devient tr�es lente quand h tend vers 0. En parti
ulier puisque lepas du maillage doit être inf�erieur �a au moins le 
inqui�eme de la longueurd'onde, 
ela 
ontribue �a la diÆ
ult�e de r�esoudre des probl�emes haute fr�equen
e.A haute fr�equen
e il semblerait que des fortes intera
tions longue distan
e detype optique g�eom�etrique, soient aussi nuisibles �a la 
onvergen
e, sans que 
em�e
anisme soit bien 
ompris. Nous reviendrons plus tard aux probl�emes li�esaux r�esonan
es int�erieures de Neumann.La litt�erature existante sur les m�ethodes de pr�e
onditionnement est troplarge pour qu'on puisse en rendre 
ompte i
i. De plus le domaine �evolue tr�es ra-pidement. Les premiers pr�e
onditionneurs �etaient de nature tr�es alg�ebrique (fa
-torisation LU in
ompl�ete par exemple, en relation ave
 de la th�eorie des graphesappliqu�ee �a la stru
ture 
reuse des matri
es) et n'utilisaient pratiquement pasles propri�et�es des op�erateurs sous-ja
ents aux matri
es. Plus r�e
emment desm�ethodes de d�e
omposition de domaine en liaison ave
 la parall�elisation se sontmontr�ees eÆ
a
es pour r�esoudre des probl�emes ave
 des op�erateurs di��erentielslo
aux, dont l'ar
h�etype est le Lapla
ien. Citons �egalement les m�ethodes multi-niveaux, qui d'une 
ertaine fa�
on 
onsistent �a 
onstruire des bases hierar
his�eesTh�ese 27



A
oustiquepour r�esoudre les probl�emes. En s�eparant par 
es 
hoix de base les 
omporte-ments haute fr�equen
e et basse fr�equen
e, ou les 
omportements lo
aux �a unsous-domaine, on obtient des algorithmes plus stables et rapides. L'extensionde 
es m�ethodes �a des probl�emes ve
toriels ou mixtes est relativement r�e
ente ;voir en parti
ulier Hiptmair [43℄, Arnold-Falk-Winther [5℄ et les r�ef�eren
es qu'ilsdonnent.La m�ethode propos�ee i
i se distingue entre autre par le fait qu'elle estind�ependante des 
hoix de base, au sens o�u la solution appro
h�ee obtenue �a
haque it�eration ne d�epend pas de la base 
hoisie pour l'espa
e de Galerkin.1.2.2 Pr�e
onditionneurs variationnelsLe probl�eme Galerkin pr�e
�edent s'ins
rit dans le 
adre g�en�eral suivant, danslequel nous pouvons aussi d�e
rire la m�ethode de pr�e
onditionnement que nousproposons.Soit X un espa
e de Hilbert , dont le 
orps de base K est R ou C . Soita(�; �) une forme bilin�eaire 
ontinue sur X v�eri�ant les 
onditions Inf-Sup deBabuska. Soit l une forme lin�eaire 
ontinue surX. Nous 
onsid�erons le probl�emevariationnel : u 2 X et 8u0 2 X a(u; u0) = l(u0): (1.2.11)Pour le r�esoudre de fa�
on appro
h�ee nous introduisons une famille (Xh) desous-espa
es de dimension �nie de X et nous supposons que a(�; �) v�eri�e une
ondition Inf-Sup dis
r�ete uniforme en h. Nous r�esolvons :u 2 Xh et 8u0 2 Xh a(u; u0) = l(u0): (1.2.12)A 
ette �n nous 
hoisissons une base eh = (eh(i)) de Xh et d�e�nissons la matri
eAh et le uplet Lh par :(Ah)ij = a(eh(j); eh(i)) et (Lh)i = l(eh(i)): (1.2.13)Alors il existe un unique uplet Uh tel que :AhUh = Lh; (1.2.14)et Pi(Uh)ieh(i) est la solution du probl�eme variationnel dis
ret 
i-dessus.Nous 
onsid�erons i
i des strat�egies de pr�e
onditionnement du syst�eme (1.2.14)
i-dessus bas�es sur la remarque suivante : On suppose qu'on 
onnait un es-pa
e de Hilbert Y , dual de X par une forme bilin�eaire b(�; �) sur Y � X,ainsi qu'une forme bilin�eaire 
ontinue non d�eg�en�er�ee 
(�; �) sur Y . Pour end�eduire un pr�e
onditionneur nous supposons que nous disposons d'une famillede sous-espa
es (Yh) de Y tels que b(�; �) et 
(�; �) v�eri�ent des 
onditions Inf-Supdis
r�etes uniformes en h (sur (Yh�Yh) et (Yh�Xh) respe
tivement). Nous nousdonnons une base fh de Yh et nous d�e�nissons deux matri
es Bh et Ch par :(Bh)ij = b(fh(j); eh(i)) et (Ch)ij = 
(fh(j); fh(i)): (1.2.15)28 S.H. Christiansen



1.2 R�esolution num�erique stabilis�eeNotant �h la bije
tion U 7!Pi Uieh(i) de KNh vers Xh (o�u Nh = dimXh) nousavons :Proposition 1.2.1 Il existe � et � stri
tement positifs, tels que pour tout h ettout U dans KNh :�k�hUkX � k�hB?�1h ChB�1h AhUkX � �k�hUkX (1.2.16){D�emonstration : Nous exprimons � et � �a partir des 
onstantes de 
ontinuit�eet d'Inf-Sup de a, b et 
. Soit don
 
i des 
onstantes telles que pour tous u; u0 2 Xet v; v0 2 Y :ja(u; u0)j � 
0kuk ku0k; j
(v; v0)j � 
1kvk kv0k et jb(v; u)j � 
2kvk kuk:(1.2.17)Soit 
i des 
onstantes positives telles que pour tout h :infv2Yh supu2Xh jb(v; u)jkvk kuk � 1
3 ; infu2Xh supv2Yh jb(v; u)jkvk kuk � 1
4 ; (1.2.18)infu2Xh supu02Xh ja(u; u0)jkuk ku0k � 1
5 ; infv2Yh supv02Yh j
(v; v0)jkvk kv0k � 1
6 : (1.2.19)En utilisant en parti
ulier l'estimation (A.3.2), on voit que l'�enon
�e est satis-fait d�es que � � 
4
1
3
0 et 1� � 
5
2
6
2. On remarque par ailleurs que 
es
onstantes sont ind�ependantes des 
hoix de base sur Xh et Yh. �Nous proposons don
 de pr�e
onditionner Ah par la matri
e :Zh = B?�1h ChB�1h : (1.2.20)Pour toute matri
e 
arr�ee M on note �(M) son rayon spe
tral. Si M est in-versible on appelle 
onditionnement spe
tral deM le r�eel �(M) = �(M)�(M�1).Si M n'est pas inversible on 
onsid�ere que son 
onditionnement spe
tral est in-�ni.La proposition 
i-dessus entraine que pour tout h le rayon spe
tral de ZhAhest inf�erieur �a � et le rayon spe
tral de (ZhAh)�1 est inf�erieur �a ��1. Le 
ondi-tionnement spe
tral de ZhAh est don
 inf�erieur �a �=�.Si a et 
 sont des formes bilin�eaires 
ontinues sym�etriques et 
oer
ives surdes espa
es de Hilbert r�eels, on en d�eduit que si Unh est le n'i�eme it�er�e del'algorithme des gradients 
onjugu�es pr�e
onditionn�es (PCG) et Uh la solutiondu syst�eme AhU = Lh alors :kUnh � UhkAh � 2(� � 1� + 1)nkU0n � UhkAh ave
 � = (�� )1=2: (1.2.21)I
i 
omme ailleurs on note kUk2Ah = AhU � U = a(�hU;�hU). Puisque a(�; �)d�e�nit un produit s
alaire sur X 
ompatible ave
 sa topologie, la 
onvergen
e
i-dessus a lieu dans une norme naturelle.Th�ese 29



A
oustique1.2.3 Appli
ations �a l'a
oustiqueRevenons au 
as de la di�ra
tion d'ondes a
oustiques, et plus pr�e
is�ementau probl�eme de Neumann r�esolu par potentiel de double 
ou
he. Les matri
esAh(k) et Bh ont d�ej�a �et�e d�e�nies, Bh �etant interpr�et�ee 
omme la matri
e dela dualit�e H�1=2(�)�H1=2(�). On d�e�nit Ch(k) 
omme la matri
e de Galerkindans eh de l'op�erateur Sk, et on pose :Zh(k) = B?�1h Ch(k)B�1h (1.2.22)Pour pr�e
onditionner Ah(k) on utilise la matri
e Zh(k0) pour un nombre d'ondek0 qui peut être di��erent de k (par exemple �a partie imaginaire positive). Onutilisera la plupart du temps i
i le 
hoix k0 = k, mais on s'autorise aussi desk0 di��erents pour �eviter des probl�emes li�es aux r�esonan
es. D'autres variantessont aussi possibles (par exemple rempla
er Sk0 par une perturbation 
ompa
tede S0).Si Sk0 et Nk sont inversibles, les formes bilin�eaires a et 
 satisfont des 
ondi-tions Inf-Sup dis
r�etes uniformes en h, en 
ons�equen
e des th�eor�emes g�en�erauxsur les perturbations 
ompa
tes des formes 
oer
ives (voir l'appendi
e A et enparti
ulier la proposition A.5.2).Pour b rappellons d'abord que b satisfait une 
ondition Inf-Sup uniformesur Xh en norme H�1=2(�) �H1=2(�) si (et seulement si) le proje
teur de Ritzasso
i�e �a b sur Xh {qui n'est autre que la proje
tion L2 sur Xh{ est stableen norme H1=2(�), i.e. a une norme d'op�erateur H1=2(�) ! H1=2(�) born�eeind�ependamment de h. C'est un 
as parti
ulier de la proposition A.3.2. Si lemaillage est quasi-uniforme il est bien 
onnu que 
ette proje
tion est stableen norme H1(�) ; notant P 0h la proje
tion L2 et P 1h la proje
tion H1 il suÆtd'�e
rire : kP 0huk1 � kP 0h (u� P 1hu)k1 + kP 0hP 1huk1 (1.2.23)� Ch�1kP 0h (u� P 1hu)k0 + kP 1huk1 (1.2.24)� Ch�1ku� P 1huk0 + kuk1 (1.2.25)� Ckuk1; (1.2.26)o�u on a utilis�e en parti
ulier une in�egalit�e inverse et le lemme d'Aubin-Nits
he.Par interpolation on en d�eduit la stabilit�e H1=2(�). Notons aussi que 
e raison-nement vaut pour des �el�ements �nis de tout ordre.En pr�esen
e de singularit�es de la surfa
e ou du se
ond membre (l'ex
ita-tion) la solution est (ou peut être) singuli�ere (en un sens �a pr�e
iser) et il estavantageux d'utiliser des maillages lo
alement raÆn�es. Les familles de maillages
orrespondantes ne sont pas quasi-uniformes. Cependant pour de larges 
lassesde telles familles de maillages, la stabilit�e de la proje
tion L2 en norme H1 a�et�e d�emontr�ee (voir en parti
ulier Crouzeix-Thom�ee [34℄), et donne l'Inf-Supdis
ret re
her
h�e 
omme nous l'avions remarqu�e dans [133℄.30 S.H. Christiansen



1.2 R�esolution num�erique stabilis�eeD'ailleurs, alors que la 
ondition de stabilit�e �enon
�ee dans Steinba
h-Wendland[72℄ y �etait justi��ee par un argument matri
iel, aÆrmant que la matri
e demasse est �a diagonale fortement dominante, la stabilit�e de la proje
tion L2 a�et�e mise en valeur et beau
oup �etudi�ee depuis, voir en parti
ulier Steinba
h [71℄,Bramble-Pas
iak-Steinba
h [20℄ et Carstensen [27℄.On r�esume 
es 
on
lusions dans la proposition :Proposition 1.2.2 Si la norme H1=2(�) ! H1=2(�) de la proje
tion L2 surXh est born�ee uniform�ement par rapport �a h (par exemple si (Th) est quasi-uniforme) alors le 
onditionnement spe
tral de Zh(k0)Ah(k) l'est aussi.En plus, en vertu des formules de Calderon 4Sk0 est un inverse de Nk �a unop�erateur 
ompa
t pr�es ; en e�et :Sk0Nk = 1=4 + (Sk0 � Sk)Nk �D2k; (1.2.27)et le noyau de Sk0 � Sk est Lipshitzien. La propri�et�e d'inversion �a op�erateur
ompa
t pr�es peut aussi être vue 
omme une 
ons�equen
e du fait que le symboleprin
ipal de 4Sk0 est inverse de 
elui de Nk. On peut don
 s'attendre �a 
e quele spe
tre de ZhAh s'a

umule (en un sens �a pr�e
iser) en un seul point non-nul(�a savoir 1=4) 
e qui produirait une 
onvergen
e supra-lin�eaire.1.2.4 R�esultats num�eriques sur une 
avit�eComme premi�ere illustration de l'eÆ
a
it�e de la m�ethode nous montronsdes 
al
uls sur la 
avit�e sph�erique de la Figure 1.1. Elle est 
ontruite �a partir dedeux sph�eres 
on
entriques. Le rayon de la sph�ere int�erieure est 7=8 et le rayonde la sph�ere ext�erieure est 9=8. La 
avit�e determin�ee par la sph�ere int�erieure
ommunique ave
 l'ext�erieur par une ouverture 
ir
ulaire de demi-angle �a l'ori-gine �egal �a �=8.Le maillage 
omporte 8000 triangles et 4002 sommets. Ainsi la matri
e deGalerkin Ah(k) est une matri
e 
omplexe sym�etrique dense, 4002 par 4002.La 
avit�e est expos�ee �a une onde sph�erique d'origine le 
entre 
ommun desdeux sph�eres i.e. �a gk. Nous faisons varier le nombre d'onde k de 2� �a 3�, 
equi 
orrespond �a une longueur d'onde de 1 �a 2=3. Cette plage de fr�equen
es
orrespond semble-t-il �a la r�egion o�u l'onde 
ommen
e �a s'�e
happer de la 
avit�eet o�u les m�ethodes it�eratives non pr�e
onditionn�ees 
ommen
ent �a faire d�efaut.Le solveur it�eratif utilis�e est l'algorithme des gradients 
onjugu�es pr�e
ondi-tionn�es (PCG), pour les matri
es 
omplexes sym�etriques. Pour �evaluer la per-forman
e du pr�e
onditionneur nous 
al
ulons �a 
haque it�eration la norme `2du r�esidu. Plus p�e
is�ement dans la Figure 1.2 nous montrons le graphe de lafon
tion :Æ : n 7! log10 kAh(k)Unh � Lh(k)kkLh(k)k ave
 kV k2 =Xi jVij2; (1.2.28)o�u Unh est l'approximation de la solution Uh obtenue �a l'it�eration n. Deux 
assont montr�es : l'absen
e de pr�e
onditionneur donne la 
ourbe du haut, alorsTh�ese 31
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Fig. 1.1 { Cavit�e sph�erique : vue de l'ext�erieur et 
oupe verti
ale.que le pr�e
onditionneur sugg�er�e, ave
 le 
hoix k0 = k, donne la 
ourbe du bas.Tous les 
al
uls sont e�e
tu�es en double pre
ision. On 
onstate que le nombred'it�erations n�e
essaires pour atteindre tout 
rit�ere de 
onvergen
e est r�eduit defa�
on importante par le pr�e
onditionneur.Remarquons par ailleurs qu'appliquer Zh(k0) �a un uplet n�e
essite �a peupr�es le même temps de 
al
ul qu'appliquer Ah(k). Il faut e�e
tuer un produitpar Ch(k0) et r�esoudre deux syst�emes lin�eaires. Le produit par Ch(k0) est dumême type que le produit par Ah(k), en parti
ulier pour 
es deux produits onpeut utiliser les m�ethodes multipolaires (FMM) qui permettent de les a

�elereret/ou r�eduire le 
oût m�emoire. Les deux syst�emes lin�eaires ave
 Bh sont r�eels,sym�etriques, d�e�nis positifs, 
reux et en g�en�eral bien 
onditionn�es. L'algorithmedu gradient 
onjugu�e (�eventuellement pr�e
onditionn�e par l'inverse de sa diago-nale si le maillage 
omporte des raÆnements lo
aux importants) suÆt pour lesr�esoudre et n�e
essite un temps n�egligeable par rapport �a la multipli
ation parAh(k) ou Ch(k0) .Il existe des variantes de CG qui sont plus stables au sens o�u les 
ourbes de
onvergen
e donn�ees par (1.2.28), ave
 et sans pr�e
onditionneur, os
illent moins.C'est le 
as par exemple des algorithmes GMRES (generalized minimum resi-dual) et QMR (quasi-minimal residual) et leurs variantes pr�e
onditionn�ees, quisont tr�es utilis�es dans notre 
ontexte. Cette stabilit�e est obtenue en rempla
antles 
onditions d'orthogonalit�e (du type Galerkin) sur les espa
es de Krylov qui
ara
t�erisent CG, par un probl�eme de minimisation de la norme du r�esidu. PourQMR 
ette norme d�epend de l'it�eration, 
e qui permet de garder des r�e
urren
es
ourtes, 
ontrairement �a GMRES.Cependant pour les probl�emes qui nous int�eressent, si la 
onvergen
e pourGMRES et QMR semble plus stable, elle n'est pas beau
oup plus rapide que32 S.H. Christiansen



1.2 R�esolution num�erique stabilis�ee
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0 20 40 60 80 100 120 140 160 180 200Fig. 1.2 { Graphes de Æ pour k = 2�; 7�=3; 8�=3; 3� (dans le sens de la le
ture)
elle de CG. Ainsi d'apr�es les Figures 6.1 et 6.2, p. 443-444 dans Freund [84℄, ilsemblerait que grosso modo pour QMR sans poids les 
ourbes de 
onvergen
esoient donn�ees par : ÆQMR(n) � infi�n ÆCG(i): (1.2.29)Pour QMR ave
 poids les r�esultats sont un peu meilleurs, mais il sembleraitquand-même que la vitesse de 
onvergen
e soit davantage li�ee aux espa
es deKrylov qu'au 
rit�ere de s�ele
tion des solutions appro
h�ees Unh sur 
es espa
es.Puisque le pr�e
onditionnement 
onsiste justement �a 
onstruire de bons espa
esde Krylov, nous nous attendons �a 
e que le pr�e
onditionneur que nous proposonssoit aussi performant quand il est appliqu�e aux di��erentes variantes de CG. Deplus 
e pr�e
onditionneur semble suÆsamment bon pour qu'on puisse pr�ef�ererCG �a 
es variantes, en raison de sa simpli
it�e.1.2.5 Comportement aux r�esonan
esL'exemple pr�e
�edent indiquerait que pour des g�eom�etries 
omplexes et �ades fr�equen
es relativement hautes (objets de diam�etre plusieurs longueursd'ondes), la m�ethode soit eÆ
a
e ave
 le 
hoix k0 = k. I
i nous examinonsla performan
e de 
e 
hoix lorsque que de larges intervalles de fr�equen
es sontTh�ese 33
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ourus, de telle sorte que des r�esonan
es ont lieu. Ces r�esonan
es a�e
tent�a la fois le syst�eme lin�eaire �a r�esoudre et le pr�e
onditionneur.Rappellons que nous avons d�emontr�e l'estimation suivante sur le 
ondition-nement spe
tral :�(Zh(k0)Ah(k)) � 
h supu2Sh supv2Sh jhSk0u; vijkuk�1=2kvk�1=2 supu2Sh supv2Sh jhNku; vijkuk1=2kvk1=2infu2Sh supv2Sh jhSk0u; vijkuk�1=2kvk�1=2 infu2Sh supv2Sh jhNku; vijkuk1=2kvk1=2 ;(1.2.30)o�u nous avons pos�e :(
h)�1 = infu2Sh supv2Sh jhu; vijkuk1=2kvk�1=2 infu2Sh supv2Sh jhu; vijkuk�1=2kvk1=2 (1.2.31)De plus 
h est born�e par le 
arr�e de la norme dans H1=2(�) du proje
teur L2 surSh, et est don
 born�e ind�ependamment de h pour une large 
lasse de maillages,qui in
lut les maillages quasi-uniformes. Cette borne sur le 
onditionnementexplose quand k0 est une r�esonan
e de Diri
hlet ou k est une r�esonan
e deNeumann, et nous nous demandons quelles en sont les r�eper
ussions sur la
onvergen
e d'algorithmes it�eratifs.Consid�erons, en plus du probl�eme de Neumann pr�e
�edent, le probl�eme deDiri
hlet, r�esolu grâ
e �a une repr�esentation en simple 
ou
he de la solution.L'�equation int�egrale 
orrespondante, qui s'�e
rit Sku = v, peut être pr�e
onditionn�eeave
 Nk0 .Prenons la di�ra
tion par la sph�ere unit�e de R3 dont les r�esonan
es sontbien 
onnues. Alors k = � en d�etermine une pour le probl�eme de Diri
hletint�erieur, pour le ve
teur propre x 7! sin(kjxj)=jxj. La triangulation 
omporte1002 sommets et 2000 triangles. La r�egle h � (1=5)(2�=k) autorise alors desnombres d'onde k inf�erieurs �a environ 12. On �e
laire la sph�ere par des ondessph�eriques d'origine (0; 0; 0:5), dont les nombres d'onde 
roissent de 3 �a 3:3.Dans la �gure 1.3 nous tra�
ons le nombre d'it�erations n�e
essaires pour ob-tenir une r�edu
tion de la norme `2 du r�esidu d'un fa
teur 10�4. Le trait plein
orrespond �a l'absen
e de pr�e
onditionneur et le trait pointill�e 
orrespond �al'utilisation du pr�e
onditionneur de Calderon ave
 k0 = k.Don
 même lorsque k est tr�es pro
he d'une r�esonan
e de Diri
hlet, l'op�erateurNk0 , ave
 le 
hoix k0 = k donne un bon pr�e
onditionneur pour Sk. Pour en ob-tenir un en
ore meilleur il faudrait introduire un pôle dans le pr�e
onditionneur.Il semble aussi que Sk0 soit un bon pr�e
onditionneur pour Nk i.e. la non-inversibilit�e du pr�e
onditionneur est un probl�eme moindre que 
e qu'on pouvait
raindre. Cependant 
es probl�emes m�eritent d'avantage d'exp�erien
es num�eriqueset une �etude plus pouss�ee.Nous avons observ�e aussi que si la sour
e (l'origine de l'onde sph�erique) estsitu�ee en dehors du di�ra
teur, alors, ave
 et sans pr�e
onditionneur, la 
onver-gen
e n'est pratiquement pas a�e
t�ee par les r�esonan
es, qu'elles aient lieu dans34 S.H. Christiansen



1.3 Adaptation aux surfa
es ouvertes
0

5

10

15

20

25

30

35

40

45

50

55

60

3 3.05 3.1 3.15 3.2 3.25 3.3
0

5

10

15

20

25

30

35

40

45

50

55

60

3 3.05 3.1 3.15 3.2 3.25 3.3Fig. 1.3 { Nombre d'it�erations en fon
tion du nombre d'onde k (Diri
hlet �agau
he, Neumann �a droite)le pr�e
onditionneur ou dans l'�equation �a r�esoudre. Cette hypoth�ese qui garantitl'existen
e de solutions �a l'�equation int�egrale même aux r�esonan
es, est naturellepour les probl�emes ext�erieurs.1.3 Adaptation aux surfa
es ouvertesOn est parfois amen�e �a r�esoudre des probl�emes de di�ra
tion dans le 
ompl�e-mentaire d'une surfa
e qui ne d�elimite pas un ouvert de R3 . Plus pr�e
is�ementon se donne une surfa
e � qui peut être 
onsid�er�ee 
omme un ouvert r�egulier dela fronti�ere d'un ouvert r�egulier born�e 
 de R3 (
'est le 
adre de Stephan [73℄).Ce
i entraine en parti
ulier qu'on peut 
hoisir sur � une normale n r�eguli�ere.Le probl�eme de Neumann peut être r�esolu �a l'aide d'un potentiel de double
ou
he. On 
her
he alors u sur � solution de :u 2 H1=200 (�) et 8u0 2 H1=200 (�) hNku; u0i = Z� �npiu0: (1.3.1)On rappelle que : H1=200 (�) = [L2(�);H10(�)℄1=2: (1.3.2)Le probl�eme de Diri
hlet peut lui être r�esolu grâ
e �a un potentiel de simple
ou
he. Ce
i 
onduit �a 
her
her v sur � solution de :v 2 H�1=2(�) et 8v0 2 H�1=2(�) hSkv; v0i = �Z� piv0: (1.3.3)La diÆ
ult�e est que les espa
es H1=200 (�) et H�1=2(�) ne sont pas duaux l'unde l'autre, de sorte qu'on sort du 
adre d�e�ni dans la premi�ere partie. Pour leprobl�eme dis
ret on voit d'ailleurs qu'on dis
r�etise H1=200 (�) ave
 des fon
tionsTh�ese 35
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oustiquenulles au bord, 
e qui n'est pas le 
as de H�1=2(�). Les 
hoix usuels des espa
esXh et Yh sont don
 in
ompatibles ave
 l'inversibilit�e de la matri
e de dualit�e.On se donne une famille de maillages Th de � et on note Xh l'espa
e desfon
tions 
ontinues, aÆnes sur 
haque triangle de Th et nulles au bord. Onr�esout : u 2 Xh et 8u0 2 Xh hNku; u0i = Z� �npiu0 (1.3.4)Munissant Xh de sa base usuelle eh(i) on note 
omme pr�e
�edamment Ah, Bhet Ch les matri
es d�e�nies par :(Ah)ij = hNkeh(j); eh(i)i (Bh)ij = Z� eh(j)eh(i) (Ch)ij = hSk0eh(j); eh(i)i:(1.3.5)Dans 
e qui suit nous allons montrer que si on pr�e
onditionne Ah par Zh =B?�1h ChB�1h le 
onditionnement spe
tral de ZhAh est un O(j log hj3).Notons X = H1=200 (�) et Y = H�1=2(�). Par 
ommodit�e introduisons aussia, b, et 
 les formes bilin�eaires induites par Nk, Sk et I sur respe
tivementX, Y et un espa
e qui 
ontient tous les Xh. Soit aussi Æ tel que V = fx 2� : d(x; ��) � Æg est un voisinage tubulaire de �� dans � (d d�esignant ladistan
e Riemannienne sur � induite par le produit s
alaire de R3 sur T�). SurV, x 7! d(x; ��) est une fon
tion C1 prolongeable �a � en une fon
tion C1minor�ee par Æ hors de V. On note � un tel prolongement. Le 
ot du 
hampde ve
teur r� sur V d�etermine un C1-isomorphisme F : [0; Æ℄ � �� ! V. Ond�esigne par Xh l'analogue de Xh o�u on autorise des valeurs non nulles au bord.De plus, de même que P sh d�esigne la proje
tion orthogonale sur Xh suivant lanorme Hs, P sh d�esigne 
elle sur Xh.Nous ferons un usage r�ep�et�e du lemme suivant :Lemme 1.3.1 Il existe C > 0 tel que pour tout h et tout u 2 Xh :Z�� supr2[0;Æ℄ ju(F(r; x))j2dx � Cj log(h)jkuk21=2 (1.3.6){D�emonstration : La d�emonstration repose sur les trois points suivants :(i) Ave
 le 
hoix de norme usuel sur Hs([0; Æ℄) il existe C > 0 tel que pourtout 0 < � � 1=2 et tout u 2 H1=2+�([0; Æ℄) :supx2[0;Æ℄ ju(x)j2 � C��1kuk21=2+� (1.3.7)(ii) Ave
 les 
hoix de normes usuels il existe C > 0 tel que pour tout s 2 [0; 1℄les appli
ations suivantes sont de norme inf�erieure �a C :Hs([0; Æ℄ � ��) ! L2(��;Hs([0; Æ℄)) (1.3.8)Hs(V) ! Hs([0; Æ℄ � ��) (1.3.9)Hs(�) ! Hs(V) (1.3.10)36 S.H. Christiansen



1.3 Adaptation aux surfa
es ouvertes(iii) Ave
 le 
hoix de norme usuel sur Hs(�) il existe C > 0 tel que pourtous les r�eels � et s v�eri�ant 0 � � � s � 1, tout h et tout u 2 Xh :kuks � Ch��skuk� (1.3.11)On en d�eduit que pour tout 0 < � � 1=2, tout h et tout u 2 Xh on a, ave
des 
onstantes C ind�ependantes de � et h :R�� supr2[0;Æ℄ ju(F(r; x))j2dx � C��1 R�� jjr 7! u(F(r; x))k21=2+�dx(1.3.12)� C��1jjujj21=2+� (1.3.13)� C��1h�2�jjujj21=2 (1.3.14)En parti
ulier le 
hoix � = �1= log h donne ��1h�2� = �e2 log h, 
e qui a
h�evela d�emonstration. �On en d�eduit les 
orollaires suivants :Corollaire 1.3.2 Il existe C > 0 tel que pour tout h et tout u 2 Xh :kuk1=2;00 � Cj log(h)j kuk1=2 (1.3.15){D�emonstration : Nous prenons 
omme norme sur H1=200 (�) 
elle d�e�nie par :jjujj2H1=200 (�) = jjujj2H1=2(�) + Z� ��1juj2 (1.3.16)de sorte qu'on est amen�e �a majorer :R� ��1juj2kuk2H1=2(�) (1.3.17)Soit Ch la 
ouronne de � 
onstitu�ee des points appartenant �a un triangle de Thayant au moins un sommet sur le bord. On �e
rit (C suÆsamment grand) :Z� ��1juj2 � ZCh ��1juj2 + ZC�1h�d(x;��)�Æ ��1juj2 + ZÆ�d(x;��) ��1juj2(1.3.18)Pour le premier terme un petit 
al
ul montre que sur un triangle T de Th desommets Ti, ayant au moins un sommet sur �� on a :ZT ��1juj2 � ChXi ju(Ti)j2 (1.3.19)Don
 si on appelle Ni les noeuds de la triangulation qui sont dans Ch mais passur le bord, et Lh la ligne bris�ee qui les joint naturellement, 
onstitu�ee d'arêtesdu maillage, on a :ZCh ��1juj2 � ChXi ju(Ni)j2 � C ZLh juj2 (1.3.20)Th�ese 37



A
oustiqueEn utilisant le fait que l'image r�e
iproque de Lh par F forme un angle ave
 ��born�e par un � < �2 on obtient :ZLh juj2 � C Z�� supr2[0;Æ℄ ju(F(r; x)j2dx (1.3.21)et on applique le lemme.A un Ja
obien pr�es le deuxi�eme terme est major�e par :ZZ [C�1h;Æ℄��� r�1ju(F(r; x))j2drdx � (log Æ + logC � log h) supr2[0;Æ℄ Z�� ju(F(r; x))j2dx(1.3.22)L�a en
ore le lemme s'applique.Pour le dernier terme nous remarquons que :ZÆ�d(x;��) ��1juj2 � Æ�1kuk20 � Æ�1kuk21=2 (1.3.23)
e qui termine la d�emonstration. �Corollaire 1.3.3 Il existe C > 0 tel que pour tout h :8u 2 H1=2(�) ku� P 0huk0 � Cjh log(h)j1=2kuk1=2 (1.3.24)8u 2 H1=2(�) kP 0huk1=2 � Cj log(h)j1=2kuk1=2 (1.3.25)infu2Xh supu02Xh j R uu0jkuk�1=2ku0k�1=2 � 1Cj log(h)j1=2 (1.3.26){D�emonstration : (i) On sait d�ej�a que pour tout u 2 H1=2(�) on a :ku� P 0huk0 � Ch1=2kuk1=2 (1.3.27)de sorte qu'il suÆt de traiter le 
as o�u u 2 Xh. Or pour un tel u, si on note u0l'�el�ement de Xh qui 
o��n
ide ave
 u sur les noeuds int�erieurs on a :ku� P 0huk0 � ku� u0k0 = (ZCh ju� u0j2)1=2 (1.3.28)Ce dernier terme est majorable par :Ch1=2kuk0;�� (1.3.29)On 
on
lut alors ave
 le lemme.38 S.H. Christiansen



1.3 Adaptation aux surfa
es ouvertes(ii) Il suÆt en
ore une fois de le montrer pour u 2 Xh. Or pour un tel u ona : ku� P 0huk1=2 � Ch�1=2ku� P 0huk0 � Cj log(h)j1=2kuk1=2 (1.3.30)
e qui permet de 
on
lure.(iii) Ces estimations proviennent de la pr�e
�edente par la proposition A.3.2.� Nous pouvons maintenant obtenir des estimations sur les Inf-Sup dis
rets :Proposition 1.3.4 En plus des 
onstantes 
0; 
1; 
2 telles que pour tout h ettout u; u0; v; v0 2 Xh on ait :ja(u; u0)j � 
0kukXku0kX ; j
(v; v0)j � 
1kvkY kv0kY jb(v; u)j � 
2kvkY kukX ;(1.3.31)il existe 
3; 
4; 
5; 
6 stri
tement positifs et h tels que pour tout h < h :infv2Xh supu2Xh jb(v; u)jkvkY kukX � 1
3j log hj 32 ; infu2Xh supv2Xh jb(v; u)jkvkY kukX � 1
4j log hj 32 ;(1.3.32)infu2Xh supu02Xh ja(u; u0)jkukXku0kX � 1
5 ; infv2Xh supv02Xh j
(v; v0)jkvkY kv0kY � 1
6 : (1.3.33){D�emonstration : La 
onstante 
3 s'obtient en 
ombinant les deux 
orollaires ;en e�et pour tout v 2 Xh on a :supu2Xh j R vujkuk1=2;00 � 1Cj log hj supu2Xh j R vujkuk1=2 � 1Cj log hj 32 kvk�1=2 (1.3.34)On obtient 
4 de mani�ere analogue ; pour tout u 2 Xh on a :supv2Xh j R vujkvk�1=2 � 1Cj log hj1=2 kuk1=2 � 1Cj log hj 32 kuk1=2;00 (1.3.35)La 
onstante 
6 est inhabituelle dans la mesure o�u Xh est 
onstitu�e de fon
-tions nulles au bord. Cependant d'une part 
(�; �) est non-d�eg�en�er�ee et est uneperturbation 
ompa
te d'une forme bilin�eaire 
oer
ive sur Y , et d'autre partXh v�eri�e : 8v 2 Y limh!0 infv02Xh kv � v0kY = 0 (1.3.36)Ce
i suÆt pour assurer l'existen
e de 
6. �L'analogue suivant de la proposition 1.2.1 s'ensuit.Proposition 1.3.5 Il existe � et � deux r�eels stri
tement positifs, tels que pourtout h et tout U dans KNh :�k�hUkX � k�hB?�1h ChB�1h AhUkX � �j log hj3k�hUkX (1.3.37)Th�ese 39



A
oustiqueNous montrons pour 
on
lure des r�esultats num�eriques sur la 
avit�e obtenueen rempla�
ant les doubles parois pr�e
�edentes par une paroi simple (Figure 1.4).A 
e
i pr�es que 
ette fois le nombre d'onde est k = 4�, l'onde in
idente est lamême. Nous montrons 
omme 
i-dessus le graphe de la norme relative du resteen fon
tion de l'it�eration, en l'absen
e de pr�e
onditionneur (
ourbe du haut),et en pr�esen
e du pr�e
onditionneur 
i-dessus (
ourbe du bas).
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0 10 20 30 40 50 60 70 80Fig. 1.4 { Cavit�e vue de l'ext�erieur et r�esultats num�eriques.�Des bornes logarithmiques apparent�ees �a 
elles 
i-dessus ont �et�e obtenuesde mani�ere ind�ependante dans M
Lean-Steinba
h [52℄ et BenBelga
em-Bu�a-Maday [8℄.1.4 G�eom�etries appro
h�eesNous avons pass�e sous silen
e les probl�emes li�es �a l'approximation de lag�eom�etrie. On reprend don
 i
i les prin
ipaux outils qui permettent via le lemmede Strang (voir l'annexe A) de 
ontrôler 
es erreurs.Soit � une hypersurfa
e sans bord, 
ompa
te et orient�ee d'un espa
e Eu
li-dien orient�e E (de dimension �nie quel
onque). On suppose que � est de 
lasseC1. On note n la normale sur �, 
ompatible ave
 son orientation et 
elle de E . 1Un voisinage tubulaire est un ouvert V de E tel que pour un Æ > 0 l'appli
ation :� ��℄� Æ; Æ[ ! V(x; s) 7! x+ sn(x) (1.4.1)est un C1 isomorphisme. De tels voisinages existent (on applique le th�eor�emed'inversion lo
ale �a la fon
tion 
i-dessus, 
onsid�er�ee 
omme �etant �a valeurs dans1. C'est �a dire que, notant ! les formes volumiques 
anoniques asso
i�ees aux stru
turesRiemanniennes, !Ebn induit !� sur Tx�40 S.H. Christiansen



1.4 G�eom�etries appro
h�eesE , et on globalise grâ
e �a la 
ompa
it�e de �) et dans la suite on en �xe un, qu'onnote V.Puisque 
ette appli
ation est inversible on a :{ il existe une unique appli
ation } : V ! � telle que :8x 2 � 8s 2℄� Æ; Æ[ }(x+ sn(x)) = x: (1.4.2)Elle est C1 et on l'appelle proje
tion orthogonale ;{ il existe une unique appli
ation � : V !℄� Æ; Æ[ telle que :8x 2 � 8s 2℄� Æ; Æ[ �(x+ sn(x)) = s (1.4.3)Elle est C1 et on a :8y 2 V jy � }(y)j = j�(y)j = infx2� jy � xj: (1.4.4)On se donne une famille (Th) de maillages de �, 
'est �a dire, pour 
haque hun 
omplexe simpli
al d'ordre la dimension de E , non d�eg�en�er�e dont les sommetssont sur �.On dit qu'un maillage T de � est 
onforme si la r�ealisation aÆne [T ℄ deT est dans V et }j[T ℄ : [T ℄ ! � admet un inverse 
ontinu. Dans la suitenous supposerons toujours les Th 
onformes, et on note �h les inverses de }
orrespondant.Nous appellons tetra�edres, triangles, ar�etes et points les r�ealisations aÆnesde simplexes non d�eg�en�er�es d'ordre 4, 3, 2 et 1 respe
tivement.Soit T un simplexe d'ordre la dimension de E . Son diam�etre est not�e hT etle rayon de la plus grande boule ins
rite dans T est not�e �T .On dit que (Th) est r�eguli�ere si :suph supfhT =�T : T 2 Th et #T = dimEg <1 (1.4.5)et qu'elle est quasi-uniforme si de plus:suph supfhT =hT 0 : T 2 Th et #T = #T 0 = dimEg <1 (1.4.6)On dit que (Th) est lo
alement quasi-uniforme si (en plus d'être r�eguli�ere)elle v�eri�e une majoration 
omme 
i-dessus mais seulement pour T et T 0 adja-
ents (T \ T 0 6= ;).On note �h la r�ealisation aÆne de Th. Etant donn�e un entier m � 1 ond�e�nit l'approximation d'ordre m de � 
omme suit. Chaque �el�ement T d'ordremaximal de Th est muni de son r�eseau �mT de points de 
oordonn�ees bary
en-triques multiples de 1=m. Il existe une unique appli
ation polynomiale d'ordrem, de T vers E qui envoie 
haque x 2 �mT , en }(x). L'image par 
ette appli
ationde [T ℄ est une vari�et�e �a 
oins (triangle 
urviligne quand dim E = 3) alg�ebrique.Th�ese 41



A
oustiqueOn note �mh la vari�et�e Lipshitzienne r�eunion de 
es images pour T par
ourantTh. Ainsi �h = �1h.La proje
tion } induit une bije
tion �mh ! �, et on note �mh son inverse.Les espa
es de Galerkin sur � sont alors 
onstruites en prenant des �el�ements�nis (d�eja 
urvilignes!) sur la surfa
e �mh et en les transportant sur � par �mh .En g�en�eral on n'a pas de formule expli
ite pour �mh ; tous les 
al
uls pratiquessont e�e
tues sur la surfa
e �mh qui elle est bien expli
ite (alg�ebrique par mor-
eaux). Des estimations g�en�erales sur �mh permettent alors de dire de 
ombienon s'�e
arte du r�esultat qu'on aurait obtenu en 
al
ulant sur les �el�ements �nistansport�es sur �.On pr�esente maintenant les prin
ipales estimations sur �mh dont on a besoinpour mener �a terme 
ette �etude. Les th�eor�emes standards sur l'interpolationdonnent :Proposition 1.4.1 Il existe C tel que pour tout h et presque tout x 2 � :j�mh (x)� xj � Chm+1; (1.4.7)8� 2 Tx� jD�mh (x)� � �j � Chmj�j: (1.4.8)On en d�eduit les estimations suivantes, qui am�eliorent de 1 les ordres na��fs.Ces r�esultats sont dûs �a N�ed�ele
 [55℄ pour dim E = 3. La d�emonstration qui y�gure repose sur des 
al
uls ad ho
 sur la forme volumique, �e
rite (�1; �2) 7!n � (�1 � �2) sur les surfa
es de R3 . Auparavant LeRoux [69℄ avait 
onsid�er�e les
ourbes dans R2 . En basse dimension le d�eveloppement limit�e du Ja
obien estexpli
ite ; l'emploi de la di��erentielle du d�eterminant nous permet de simpli�erla d�emonstration et d'�etendre le r�esultat �a toutes les dimensions.Proposition 1.4.2 Il existe C tel que pour tout h et presque tout x 2 �, ettout �1; �2 2 Tx� :jD�mh (x)�1 � D�mh (x)�2 � �1 � �2j � Chm+1j�1jj�2j; (1.4.9)j Ja
 �mh (x)� 1j � Chm+1: (1.4.10){D�emonstration : (i) Pour i = 1; 2 on pose �hi = D�mh (x)�i. On a :�h1 � �h2 � �1 � �2 = (�h1 � �1) � �2 + �1 � (�h2 � �2) + (�h1 � �1) � (�h2 � �2): (1.4.11)Nous traitons maintenant le premier terme du se
ond membre ; le deuxi�eme luiest semblable et le troisi�eme ne pose pas de probl�eme.Soit � : U ! � une 
arte lo
ale. Puisque pour tout x 2 �, �mh (x) � x est
olin�eaire �a la normale n(x), on a pour presque tout x 2 U et tout y 2 Ve
t(U) :(�mh � I)(�(x)) � D�(x)y = 0: (1.4.12)En di��eren
iant par rapport �a x �a y �x�e on obtient que pour presque toutx 2 U , tout y1; y2 2 Ve
t(U) :(D�mh � I)(�(x))D�(x)y1 � D�(x)y2 + (�mh � I)(�(x)) �D2�(x)y1y2 = 0:(1.4.13)42 S.H. Christiansen



1.4 G�eom�etries appro
h�eesPuisqu'on peut 
hoisir un atlas �ni de �, il s'ensuit que pour presque tout x 2 �,pour tout �1; �2 2 Tx� :j(D�mh � I)(x)�1 � �2j � Cj(�mh � I)(x)j j�1j j�2j: (1.4.14)La premi�ere majoration �a d�emontrer en d�e
oule.(ii) En presque tout x 2 � :(Ja
 �mh (x))2 = det(D�mh (x)?D�mh (x)) (1.4.15)= 1 + tr(D�mh (x)?D�mh (x)� I(x)) + (1.4.16)O(kD�mh (x)?D�mh (x)� I(x)k2): (1.4.17)Et 
hoisissant (�i) une base orthonorm�ee de Tx� on a :tr(D�mh (x)?D�mh (x)� I(x)) (1.4.18)= Pi((D�mh (x)?D�mh (x)� I(x))�i) � (�i) (1.4.19)= Pi jD�mh (x)�ij2 � j�ij2: (1.4.20)On applique alors la premi�ere majoration. �Pour x et y sur � on pose xh = �mh (x) et yh = �mh (y). On �etudie maintenantl'erreur 
ommise dans l'approximation du noyau int�egral, i.e. :j 1jxh � yhj � 1jx� yj j: (1.4.21)Nous d�emontrons le r�esultat suivant, plus g�en�eral:Proposition 1.4.3 Pour tout � 2 R il existe C > 0 tel que pour tout h et toutx; y 2 � v�eri�ant x 6= y on a:jjxh � yhj� � jx� yj�j � Chm+1jx� yj�: (1.4.22){D�emonstration : La fon
tion : x 7! jxj�; (1.4.23)a pour di��erentielle, en tout x 6= 0, l'appli
ation :y 7! �jxj��2x � y: (1.4.24)Il s'ensuit que :jxh � yhj� � jx� yj� = Z 10 �j(x+ t(xh � x))� (y + t(yh � y))j��2�(x+ t(xh � x))� (y + t(yh � y))� � �(xh � x)� (yh � y)�dt: (1.4.25)Or (distinguant les 
as � < 2 et � � 2) on 
onstate que :(i) j(x+ t(xh � x))� (y + t(yh � y))j��2 � Cjx� yj��2: (1.4.26)Th�ese 43



A
oustiqueEnsuite, d'une part :(ii) j(x� y) � ((xh � x)� (yh � y))j (1.4.27)� j(x� y) � n(x)jjxh � xj+ j(x� y) � n(y)jjyh � yj (1.4.28)� Cjx� yj2 supfj�mh (z)� zj : z 2 �g (1.4.29)� Chm+1jx� yj2; (1.4.30)et d'autre part, si x et y sont dans la même 
omposante 
onnexe de � :j(xh � x)� (yh � y)j (1.4.31)� C supfkD�mh (z)� ITz(�)k : z 2 �g jx� yj (1.4.32)� Chmjx� yj: (1.4.33)Lorsque x et y n'appartiennent pas �a la même 
omposante 
onnexe de �, ona jx � yj � C�1, et pour z = x; y on a aussi j�mh (z) � zj � Chm+1 de sorteque l'estimation 
i-dessus est vraie aussi dans 
e 
as. L'�elevant au 
arr�e on end�eduit : (iii) tj(xh � x)� (yh � y)j2 � Ch2mjx� yj2: (1.4.34)Puisque 2m �m+1, 
ombinant les majorations (ii) et (iii) ave
 (i) on obtientla proposition. �On en d�eduit l'erreur 
ommise sur les formes bilin�eaires appro
h�ees et aussi
omment 
ombiner les ordres d'approximation de la g�eom�etrie et les ordresdes �el�ements �nis pour obtenir une 
onvergen
e optimale pour les �equationss
alaires [55℄ et ve
torielles [10℄. Notons 
ependant qu'en pratique, �a 
ause de lagrande 
omplexit�e des 
odes d'�equations int�egrales, on ne se pla
e pas toujourssous les hypoth�eses qu'ils emploient mais qu'on obtient quand même de tr�esbons r�esultats.
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Chapitre 2Ele
tromagnetism
Abstra
t : We des
ribe a pre
onditioning te
hnique for the Galerkin approxi-mation of the Ele
tri
 Field Integral Equation, whi
h arises in the s
atteringtheory for harmoni
 ele
tromagneti
 waves. It is based on a dis
retization ofthe Calderon formulas and the Helmholtz de
omposition. We prove severalproperties of the method, in parti
ular that it produ
es a variational solutionon a subspa
e of the Galerkin spa
e for whi
h we have an LBB Inf-Sup 
ondi-tion. When the Krylov spa
es asso
iated with the 
ontinuous operators arenon degenerate we prove that the dis
rete Krylov spa
es 
onverge as the meshre�nement goes to zero ; when moreover the EFIE is non-degenerate on the
ontinuous Krylov spa
es, the dis
rete Krylov-iterates 
onverge towards the
ontinuous ones. We also argue that one might expe
t the 
ontinuous Krylov-iterates to exhibit super-linear 
onvergen
e of the form n 7! Cn(n!)�� forsome C > 0 and � > 0. Finally we illustrate the theory with numeri
al expe-riments.

Introdu
tionIn [72℄ O. Steinba
h and W.L. Wendland des
ribed several strategies for thepre
onditioning of some boundary integral equations of the �rst kind, based onthe knowledge of an operator of the opposite order. On several examples of sym-metri
 positive de�nite (SPD) integral operators, they provided a dis
retizationof the operators, to 
onstru
t a pre
onditioner su
h that the extreme eigenvaluesof the pre
onditioned matrix remain bounded away from 0 and +1 indepen-dently of the mesh re�nement. When iterative algorithms are used to solve thematrix equations, this in turn is well known to yield 
onvergen
e estimates thatare also independent of the mesh re�nement, of the form kUn�U?k � C�nkU?kfor some C > 0, 0 < � < 1 (so-
alled linear 
onvergen
e). 45



Ele
tromagnetismIn [133℄ we adapted the theory to some non-SPD problems. We showed thatin these 
ases one 
an still prove that the spe
tral 
ondition number of thepre
onditioned matrix remains bounded independently of the mesh re�nement,as long as all the bilinear forms involved satisfy uniform Inf-Sup estimates onthe Galerkin spa
es. This was applied to some problems of three-dimensionala
ousti
 s
attering. Complementary results, in parti
ular 
lose to resonant fre-quen
ies, were exposed in [134℄.We restri
ted attention to pre
onditioners dedu
ed from Calderon formulas{ for some s
alar operators {, and remarked that they provide an inverse up toa 
ompa
t endomorphism. One would expe
t this to produ
e a matrix with aspe
trum 
lustered around 1. This would imply very fast, perhaps in some sensesuper-linear, 
onvergen
e of Krylov subspa
e methods. However we presentedno formal proof of this intuition.In this paper we use the Calderon formulas { for some operators on tangen-tial ve
tor �elds { to 
onstru
t a pre
onditioner for the Ele
tri
 Field IntegralEquation (EFIE). Compared with the s
alar 
ase there is a major pitfall : theinvolved bilinear forms do not all satisfy uniform Inf-Sup 
onditions on thestandard Galerkin spa
es (Proposition 2.3.1). We nevertheless 
onstru
t a nu-meri
ally eÆ
ient pre
onditioner, for whi
h we 
an identify and prove satisfa
-tory properties. In e�e
t the Galerkin problem is solved on a subspa
e of thestandard spa
e and we show that this subspa
e has all the properties requiredto ensure the well-posedness of the EFIE on it (Theorem 2.3.16). We also provethat the dis
retized pre
onditioner is stable and approximating in the sense ofProposition 2.4.6. The dis
rete Krylov spa
es 
onverge as the mesh re�nementh de
reases to 0 (Theorem 2.4.7) and from this we dedu
e that under some na-tural hypotheses, the approximate solution at iteration n 
onverges as h ! 0,towards a ve
tor un (Corollary 2.4.12). We also explain why we expe
t (un) to
onverge super-linearly, perhaps even at the rate Cn(n!)��, for some C > 0,� > 0 (x2.4.3).We �rst oÆ
ially detailed this dis
retization te
hnique in Patent [132℄, andannoun
ed the theorems justifying it in [135℄. Proofs of one of them (Theorem2.1.2) 
an be found in [131℄ (this paper also 
ontains 
omplementary resultson the behavior of the equation at resonant frequen
ies). In the present paperwe expli
itate and prove { and sometimes improve { the remaining announ
edresults, as well as a few others that sustain the 
onstru
tion.At about the same time, in [31℄, another resear
h team announ
ed progresson what also amounts to the use of the Calderon formulas for the 
onstru
tionof a stable method. However dis
retizations were proposed only for Nystr�oms
hemes, and it seems that for these they did not en
ounter a diÆ
ulty 
ompa-rable to Proposition 2.3.1. Sin
e this was the main problem we had to solve inthe Galerkin setting, in extending the method from a
ousti
s to ele
tromagne-ti
s, we believe there to be no overlap as for the te
hniques involved.
46 S.H. Christiansen



2.1 The Ele
tri
 Field Integral EquationOutline The paper is organized as follows :x2.1 We des
ribe the 
ontinuous problem we are dealing with and state suÆ-
ient 
onditions for the dis
retization to satisfy uniform Inf-Sup estimates.We also prove the Calderon formulas.x2.2 We de�ne the Galerkin spa
es we will use and give some useful properties :negative norm estimates, approximation properties for harmoni
 tangent�elds and properties of the dis
rete Helmholtz de
omposition.x2.3 We introdu
e the pre
onditioner we propose, after having des
ribed themain diÆ
ulty. Then we give a �rst interpretation of the system we solveand the proje
tions we use. We give several 
hara
terizations of the rangeof the dis
rete rotation operator, and dedu
e from these that the EFIE iswell posed on this subspa
e. We also devise an intrinsi
 stopping 
riterionfor the algorithm.x2.4 We show the 
onvergen
e of the Krylov subspa
es and explain why thisshould lead to super-linear 
onvergen
e of the iterates.x2.5 We illustrate the theory with numeri
al results for di�ra
tion by a sphere,a 
avity and a singular geometry.2.1 The Ele
tri
 Field Integral EquationWe brie
y re
all the setting for exterior boundary value problems for theharmoni
 Maxwell equations, the integral representation of exterior ele
troma-gneti
 �elds and the related integral equation known as the EFIE, as presentedfor instan
e in Cessenat [112℄ or N�ed�ele
 [116℄. Then we turn to the dis
reti-zation of this equation by the Galerkin method and state some new suÆ
ient
onditions (obtained in Christiansen [131℄) for its well posedness, in the sense ofsatisfying a uniform Inf-Sup 
ondition. This in turn is well known to guaranteequasi-optimal 
onvergen
e of the approximate solutions. Finally we in
lude aproof of the Calderon formulas and explain why they should lead to an eÆ
ientpre
onditioning te
hnique.2.1.1 The 
ontinuous problemLet 
� be a smooth, bounded and open subset of R3 , denote by � its surfa
eand by 
+ the 
omplement of 
� [ �. We refer to 
� as the interior domain,and to 
+ as the exterior domain. The unit-length orthogonal ve
tor �eld on �,pointing into 
+, is denoted n. We suppose throughout that 
+ is 
onne
ted.The free-spa
e harmoni
 Maxwell equations for ve
tor �elds E and H in 
+are : 
urlE = +i!�H; (2.1.1)
urlH = �i!�E; (2.1.2)Th�ese 47



Ele
tromagnetismwhere � is the magneti
 permeability, � is the ele
tri
 permittivity and ! is thepulsation. De�ne the wavenumber k and the impedan
e Z by :k = !(��)1=2; (2.1.3)Z = (�=�)1=2: (2.1.4)Then we have +i!� = +ikZ and �i!� = �ik=Z.Spa
es of fun
tions On any smooth Riemannian manifold M whi
h is eitheran open subset of an Eu
lidean spa
e or is 
ompa
t without boundary, theusual Sobolev spa
es of s
alar and tangential �elds of regularity order s 2 Rare denoted Hs(M) and HsT(M) respe
tively (see e.g. Taylor [110℄ Vol. I, Chap.4), and the 
orresponding norms are both written :u 7! jujs: (2.1.5)On any open subset 
 of R3 , de�ne the Sobolev spa
es Hs
url(
) of ve
tor�elds by : Hs
url(
) = fv 2 HsT(
) : 
url v 2 HsT(
)g: (2.1.6)We will use also the Hilbert spa
es Hsdiv(�) of tangent �elds on � de�ned by :Hsdiv(�) = fu 2 HsT(�) : divu 2 Hs(�)g: (2.1.7)The spa
es Hsdiv(�) are equipped with the norms :u 7! kuks : kuk2s = juj2s + jdivuj2s: (2.1.8)We de�ne Hsrot(�) in a similar way but we don't introdu
e any notation for the
orresponding norm. Noti
e that u 7! u � n indu
es isomorphisms Hsrot(�) !Hsdiv(�) and Hsdiv(�) ! Hsrot(�).For any spa
e of (s
alar) distributionsX on �, we denote byX� the subspa
eof elements u su
h that for all v that are 
onstant on ea
h 
onne
ted 
omponentof � (i.e. satisfying �v = 0) hu; vi = 0. As usual, the Hilbert spa
es we 
onsiderare ve
tor spa
es over C obtained as 
omplexi�
ations of real Hilbert spa
esof s
alar and tangent �elds. In parti
ular they are equipped with 
onjugationsu 7! u, indu
ed by the standard 
onjugation in C .Re
all the result of Paquet [64℄ ([116℄ Theorem 5.4.2, p. 209) that we havewell de�ned 
ontinuous and surje
tive tangential tra
e operators for arbitrarylarge enough R > 0 (with BR = fx 2 R3 : jxj < Rg ) :
T : ( H0
url(
+ \BR) ! H�1=2rot (�)v 7! vT = v � (v � n)n : (2.1.9)For simpli
ity we denote by H0
url(
+)lo
 the Fr�e
het spa
e of ve
tor �elds in 
+whose restri
tions are in H0
url(
+ \ BR) for all R > 0. We 
aution the reader48 S.H. Christiansen



2.1 The Ele
tri
 Field Integral Equationthat this notation is sometimes (but not in this arti
le) used for a di�erentspa
e 
onsisting of the �elds whose restri
tions are in H0
url(
+\U) for all openU su
h that U is a 
ompa
t subset of 
+. This spa
e is larger sin
e it allowsrather wild behavior 
lose to �. In parti
ular there is no tra
e operator on thisspa
e.A te
hnique we shall use many times, is to write tangential ve
tor �elds uin the form of their Helmholtz de
omposition :u = grad p+ rot q + �; (2.1.10)with �� = 0, and to use regularity theorems of the Lapla
ian to 
hara
terizep and q. We shall refer to this te
hnique as the HDRL. It was used to studyele
tromagneti
 s
attering by DeLaBourdonnaye [18℄.Integral representation for exterior s
attering problems The basi
 propertyfor exterior boundary value problems for the harmoni
 Maxwell equations is([116℄ Theorem 5.4.6, p. 220) that for any k > 0, and any v 2 H�1=2rot (�) thereis a unique (E;H) 2 H0
url(
+)2lo
 su
h that :{ (E;H) solves the harmoni
 Maxwell equations in 
+,{ (E;H) satis�es the Silver-M�uller radiation 
onditions,{ and 
TE = v.Let Gk be the fundamental solution of the Helmholtz operator �� � k2satisfying the Sommerfeld radiation 
ondition :Gk(x; y) = eikjx�yj4�jx� yj ; (2.1.11)and let �k be the potential, mapping any suÆ
iently smooth tangent �eld u on� to the �eld in R3 de�ned away from � by :(�ku)(y) = Z�Gk(x; y)u(x)dx: (2.1.12)Returning to the above boundary value problem, if k is not a resonan
e ofthe interior Maxwell equations there is a unique u 2 H�1=2div (�) su
h that for ally 2 
+ : E = (1 + (1=k2) grad div)�ku; (2.1.13)H = 1=(ikZ) 
url �ku: (2.1.14)This formula is a spe
ial 
ase of the Stratton-Chu integral representation ([116℄Theorem 5.5.1, p. 234). For any k 6= 0 we de�ne the Ele
tri
 Field IntegralOperator Ak by : Aku = 
T(1 + (1=k2) grad div)�ku: (2.1.15)Th�ese 49



Ele
tromagnetismOne shows that the EFIO is 
ontinuous Ak : Hsdiv ! Hsrot, and that if k is nota resonan
e of the interior problem it is an isomorphism ([116℄ Theorem 5.6.2,p. 247).Thus if k is not a resonant frequen
y the exterior problem for a given v 2H�1=2rot (�) is redu
ed to the problem of solving the integral equation Aku = v,
alled EFIE.Variational formulation From the HDRL it follows that the bilinear form onsmooth tangent �elds : (u; v) 7! hu; vi = Z� u � v; (2.1.16)extends 
ontinuously to a duality between Hsdiv(�) and H�1�srot (�) (see also [116℄Lemma 4.5.1, p. 208). Thus one obtains the variational formulation of the EFIE.For a given v 2 Hsrot(�) solve :u 2 Hsdiv(�) and 8u0 2 H�1�sdiv (�) hAku; u0i = hv; u0i: (2.1.17)Remark that the 
ase s = �1=2 is symmetri
. From a pra
ti
al point of view itis important that we have the following expression, with only weakly singularintegrals (all integrals are on �) :hAku; u0i = ZZ Gk(x; y)u(x) � u0(y)dxdy (2.1.18)�(1=k2)ZZ Gk(x; y) div u(x) div u0(y)dxdy:2.1.2 Dis
retizationPut X = H�1=2div (�). Given some sequen
e (Xh) of 
losed (�nite-dimensional)subspa
es of X, the Galerkin method to solve equation (2.1.17) is to 
onsiderthe problems : u 2 Xh and 8u0 2 Xh hAku; u0i = hv; u0i: (2.1.19)When it is uniquely solvable for ea
h h one obtains a sequen
e (uh), and it is offundamental importan
e to know to whi
h extent it 
onverges towards A�1k v.In this 
ontext we have the following fundamental theorem due to Babuska[6℄ :Theorem 2.1.1 Let X be a re
exive Bana
h spa
e and A : X ! X? be linearand 
ontinuous. Suppose we have a 
losed subspa
e Xh of X, and that for some� > 0 we have : infu2Xh supu02Xh j(Au)(u0)jkuk ku0k � �; (2.1.20)8u0 2 Xh �8u 2 Xh (Au)(u0) = 0�) �u0 = 0�: (2.1.21)50 S.H. Christiansen



2.1 The Ele
tri
 Field Integral EquationThen the indu
ed map Ah : Xh ! X?h is invertible (with an inverse of normless than ��1). Moreover for all l 2 X?, if we have a solution u 2 X to Au = lthen : kA�1h (ljXh)� uk � �1 + ��1kAk� inffku0 � uk : u0 2 Xhg: (2.1.22)Noti
e that �nite dimensional subspa
es are 
losed and that for these, 
ondi-tion (2.1.21) is implied by (2.1.20).Now suppose we have a family (Xh) of 
losed subspa
es of X. When thereis an � that holds for all h in estimate (2.1.20), and (2.1.21) holds for all h, wesay that we have a uniform dis
rete Inf-Sup 
ondition. Then the only remainingpoint is whether the spa
es Xh are approximating, in the sense that :8u 2 X limh inffku� u0k : u0 2 Xhg = 0: (2.1.23)In general this question is well studied in the literature (with improved 
onver-gen
e estimates on some dense subspa
es of X). However in order to justify thepre
onditioning te
hnique we shall des
ribe in this paper, we will need to studythis question for some non standard spa
es.Inf-Sup 
onditions for the EFIE The Galerkin dis
retization of the EFIE byRaviart-Thomas type ve
tor �elds was studied by Bendali [10℄. More generallywe 
onsider the following hypotheses for the Galerkin spa
es (Xh).(H0) The spa
es Xh are �nite-dimensional subspa
es of H0div(�), whi
h arestable under the 
onjugation u 7! u (
onj.-stable for short).(H1) There is C > 0 su
h that for all u 2 H1div(�) :infu02Xh ku� u0k0 � Chkuk1: (2.1.24)(H2) There is C > 0 su
h that for all u 2 Xh, kuk0 � Ch�1kuk�1.(H3) Putting Wh = fu 2 Xh : divu = 0g, there is C > 0 su
h that for allu 2 Xh if : 8w 2Wh hu;wi = 0; (2.1.25)then the solution � of :� 2 H1(�)� and �� = divu; (2.1.26)satis�es : ju� grad�j0 � Chjdivuj0: (2.1.27)Th�ese 51



Ele
tromagnetismNoti
e that (H3) implies the usual Inf-Sup estimate : There is C > 0 su
hthat : infq2divXh supu2Xh jhq;div uijjqj0kuk0 � 1C : (2.1.28)The following theorem was proved in Christiansen [131℄ :Theorem 2.1.2 If k is not a resonan
e of the interior problem and a family(Xh) of Galerkin spa
es satis�es the four 
onditions (H0),...,(H3), then thebilinear form indu
ed by Ak on X satis�es a uniform Inf-Sup 
ondition on Xh.Of 
ourse these hypotheses also guarantee that in addition the (Xh) areapproximating, so the approximate solution 
onverges to the exa
t one (seex2.2.2 for some details on this question).The fa
t that the �elds obtained by suitable transportation of Raviart-Thomas �elds onto �, satisfy these hypotheses, is also 
he
ked in Christiansen[131℄, relying mostly on 
lassi
al results that 
an be found for instan
e in Brezzi-Fortin [119℄. Variants of the estimate on dis
rete Helmholtz de
ompositions ap-pearing in (H3) have been used to study eigenvalue problems in mixed formand related dis
rete 
ompa
tness results (see Kiku
hi [51℄, BoÆ et al. [16℄,[17℄,Demkowi
z et al. [36℄). Here, as already indi
ated, we will need to prove the hy-pothesis for some new spa
es, in order to justify our pre
onditioning te
hnique.Solving the matrix equation To solve the Galerkin problem one 
hooses abasis eh = (eh(i)) of Xh, and de�nes the matrix Ah(k) and the tuple Vh by :Ah(k)ij = hA(k)eh(j); eh(i)i (Vh)i = hv; eh(i)i: (2.1.29)In other words Ah(k) is the matrix, from eh to its dual basis, of the indu
edmap : Ah(k) : � Xh ! X?hu 7! hA(k)u; �i ; (2.1.30)whereas Vh is the 
oordinate ve
tor, in the dual basis of eh, of the linear formhv; �i restri
ted to Xh.Then the dis
rete Galerkin problem (2.1.19) is stated in matrix terms as :Ah(k)U = Vh (2.1.31)When this equation is solved iteratively one usually observes very slow 
onver-gen
e, if one observes it at all. Loosely speaking this is due to the fa
t thatthe operator Ak, via the Helmholtz de
omposition, is seen to have one term oforder 1 and another of order �1 a
ting on supplementary in�nite-dimensionalsubspa
es and with di�erent signs. Thus, at least if the basis eh is su
h that the
anoni
al s
alar produ
t on C dimXh 
orresponds to the H0T(�) s
alar produ
t,52 S.H. Christiansen



2.1 The Ele
tri
 Field Integral Equationthe spe
trum of Ah(k) a

umulates both at 0 and1. The presen
e of resonantfrequen
ies further deteriorates the 
onditioning of the matrix.This motivates our sear
h for a pre
onditioner, that is, a matrix Zh su
h thatwhen Zh is in
orporated in an iterative solver, the redu
tion in the number ofiterations required to obtain a satisfa
tory approximate solution outweighs theoverhead of multiplying by Zh. It is well-known that this is a
hieved wheneverZh is some easily 
omputable approximate inverse of Ah(k).For ease of interpretation we will drop the matrix point of view and lookinstead for some easily 
omputable Zh : X?h ! Xh whi
h approximately invertsAh(k). However it should be kept in mind that the method is e�e
tive only inas far as it 
an be translated into a matrix manipulating algorithm.2.1.3 Calderon formulasThe pre
onditioning te
hnique we study in this paper is based on the Cal-deron formulas whi
h we start by re
alling. They are detailed in the ele
troma-gneti
 setting in both Cessenat [112℄ and N�ed�ele
 [116℄. We in
lude a derivationof them mainly be
ause the notations adopted here are not quite the same. Of
ourse many of the arguments developed in this se
tion were impli
itly assumedwhile we introdu
ed the EFIE, and should be pla
ed earlier in a stri
tly logi
aldevelopment.Denote by B the operator on tangent �elds on � de�ned by :Bu = u� n: (2.1.32)Let } be the orthogonal proje
tion onto �, whi
h is de�ned and smooth ona tubular neighborhood of �. Extending n to this neighborhood by }, we 
ande�ne at any point x of this neighborhood, the tangential 
omponent of anyve
tor v, by Txv = v � (v � n(x))n(x). De�ne an operator Ck on tangent �eldson �, by taking the prin
ipal value of the tangential 
omponent in the exteriorand interior domains (with respe
t to shrinking balls 
entered on �), of thefollowing potential : Cku = PVT
url�ku: (2.1.33)In fa
t for smooth u the �eld 
url�ku has di�erent interior and exterior tan-gential tra
es whi
h are both �nite. More pre
isely denoting 
+T and 
�T theexterior and interior tra
e operators one has :
+T 
url�ku = +(1=2)Bu + Cku; (2.1.34)
�T 
url�ku = �(1=2)Bu + Cku: (2.1.35)In parti
ular one has the familiar jump formula :u = [(
url�ku)� n℄ = B(
� 
url�ku� 
+ 
url�ku): (2.1.36)Th�ese 53



Ele
tromagnetismWe also remind the reader that for potentials of the form :(1 + (1=k2) grad div)�ku; (2.1.37)the exterior and interior tangential tra
es are equal (and given by the EFIO),thus there is no tangential \jump" for these.To derive the Calderon formulas the last ingredient we need is the represen-tation theorem :Theorem 2.1.3 Suppose (E;H) is a �eld whose restri
tions to 
� and 
+ arein H0
url(
�)2 and H0
url(
+)2lo
 and solve Maxwell's equations for a given wavenumber k. Suppose also that it veri�es the Silver-M�uller radiation 
onditions.De�ne the ele
tri
 and magneti
 
urrents j and m on � by the jump formulas :j = [H � n℄ = (
�TH � 
+TH)� n; (2.1.38)m = [E � n℄ = (
�TE � 
+TE)� n: (2.1.39)Then in 
� and 
+ we have :E = (+ikZ)(1 + (1=k2) grad div)�kj + 
url�km; (2.1.40)H = (�ik=Z)(1 + (1=k2) grad div)�km+ 
url�kj: (2.1.41)Now the theorem we are interested in is :Theorem 2.1.4 The following operator is a proje
tor :� 1=2 �BCk �(�ik=Z)BAk�(+ikZ)BAk 1=2 �BCk � : (2.1.42)More expli
itly we have :BCkBCk + k2BAkBAk = 1=4; (2.1.43)BCkBAk +BAkBCk = 0: (2.1.44){Proof : Choose two (smooth enough) tangent �elds u and v, on �. De�ne�elds E and H by putting, in the exterior domain :E = (+ikZ)(1 + (1=k2) grad div)�ku + 
url�kv; (2.1.45)H = (�ik=Z)(1 + (1=k2) grad div)�kv + 
url�ku: (2.1.46)Then we have :�
+TH � n = �(�ik=Z)BAkv + (1=2 �BCk)u; (2.1.47)�
+TE � n = �(+ikZ)BAku+ (1=2 �BCk)v: (2.1.48)In the interior domain put E = 0 and H = 0. Now we have :[H � n℄ = �
+TH � n; (2.1.49)[E � n℄ = �
+TE � n: (2.1.50)54 S.H. Christiansen



2.2 Some properties of some Galerkin spa
esUsing the representation theorem, these tangent �elds give rise to new integralrepresentations for E and H. Now, to say that the announ
ed operator is a pro-je
tor just expresses that taking the jumps (or the appropriate exterior tra
es)of these new integral representations for the same �elds (E;H), should yieldthe same jumps (or exterior tra
es). �The operator appearing in equation (2.1.42) is 
alled the exterior Calderonproje
tor.The 
ru
ial remark is now that the operator BCkBCk is a 
ompa
t endo-morphism of Hsdiv(�), thus 4k2BAkB inverts Ak up to a 
ompa
t operator. Thes
alar 
oeÆ
ient 4k2 is unimportant for pre
onditioning purposes, so our aimwill be to dis
retize the operator BAkB. Sin
e we deal with variational formu-lations we express our goal in terms of bilinear forms, for whi
h it is preferableto have symmetri
 formulations, so, remarking that B = �B? = B?�1, we setout to dis
retize the map : Zk = B?�1AkB�1; (2.1.51)where B is the isomorphism:� Hsdiv(�) ! H�1�sdiv (�)?u 7! hBu; �i : (2.1.52)2.2 Some properties of some Galerkin spa
esWe re
all the de�nition and basi
 properties of the Galerkin spa
es on �that we will use in this arti
le, in
luding the null sequen
es relating spa
es ofs
alar and tangent �nite elements, as well as some negative norm estimates.Of parti
ular importan
e will be the approximation of harmoni
 tangent �elds,and the stru
ture of the dis
rete Helmholtz de
omposition that largely followsfrom it.2.2.1 Surfa
e Finite Element spa
esRe
all that we denote by } the orthogonal proje
tion onto �, whi
h is de-�ned and smooth on a tubular neighborhood of �. Let (Th) be a family oftriangulations of �, where for all h the largest diameter of a triangle of Th is h.We will always suppose that (Th) is regular, and most often that it is (globally)quasi-uniform. Let �h be the aÆne polyhedron determined by Th, 
onsideredas a Lips
hitz manifold. For small enough h, } indu
es Lips
hitz-isomorphisms�h ! �, and we denote by �h the inverse mappings.Fix a nonzero m 2 N. On �h we 
onsider the spa
e S0(Th) of 
ontinuouss
alar fun
tions whose restri
tion to any triangle is Pm (a polynomial of degreem), the spa
e S1(Th) of Raviart-Thomas H0div-
onforming ve
tor �elds of degreem, and the spa
e S2(Th) of s
alar fun
tions whose restri
tion to any triangle isPm�1.Th�ese 55



Ele
tromagnetismFrom these �nite element spa
es on �h we dedu
e �nite element spa
es on� by the transport formulas :S0h = fx 7! u(�h(x)) : u 2 S0(Th)g;S1h = fx 7! Ja
 �h(x)D�h(x)�1u(�h(x)) : u 2 S1(Th)g;S2h = fx 7! Ja
 �h(x)u(�h(x)) : u 2 S2(Th)g: : (2.2.1)These transport formulas were 
hosen to make the following diagram 
ommute.The horizontal arrows are the di�erential operators rot and div, whereas theverti
al ones are the above transport formulas.0 ! S0(Th) ! S1(Th) ! S2(Th) ! 0# 0 # rot # div # 0 #0 ! S0h ! S1h ! S2h ! 0 (2.2.2)Of 
ourse this diagram is a realization of a 
orresponding diagram on di�e-rential forms, on whi
h the exterior derivative a
t, transported by the standardpull-ba
k of di�erential forms determined by �h. The 
onne
tion between �niteelements and di�erential forms, espe
ially Whitney forms, was stressed by Bos-savit [19℄ and further expli
itated in the aÆne 
ase in Hiptmair [43℄. While thisis useful to keep in mind we sti
k to tangent ve
tor �elds and s
alar �elds on �,sin
e in a

ordan
e with widespread 
onventions, we have 
hosen to representthe exterior ele
tromagneti
 �elds as �elds of ve
tors, not alternate forms. Therelevan
e of 
ommuting diagrams to the study of Finite Elements is noted inBoÆ [16℄.Remark also that when studying the approximation of the boundary � bypie
e-wise polynomial triangulations as in N�ed�ele
 [55℄, one is lead to 
onsiderGalerkin spa
es de�ned by pull-ba
ks by maps that are slightly di�erent from�h.2.2.2 Basi
 negative norm estimatesSin
e negative (and non-integer) Sobolev norms and 
orresponding approxi-mation results pervade this arti
le, we now re
all rather informally the resultsneeded. Of 
ourse we don't 
laim any originality for these results, and we havein
luded them mainly for the 
onvenien
e of the exposition.Let (Xh) be a family of Galerkin spa
es satisfying (H0) and (H1). Let Qhbe the H0div(�)-orthogonal proje
tion onto Xh.It is well known that :kQhuk0 � Ckuk0 and ku�Qhuk0 � Chkuk1: (2.2.3)From the HDRL (x2.1.1) it follows that the spa
es Hsdiv(�) for 0 � s � 1 
anbe obtained by interpolation. Hen
e interpolation on the operator I � Qh, for0 � s � 1 gives : ku�Qhuk0 � Chskuks: (2.2.4)56 S.H. Christiansen



2.2 Some properties of some Galerkin spa
esThen one uses the regularity of the H0div(�)-inner produ
t (written (�j�)0) onvarious Sobolev spa
es. This te
hnique is the familiar Aubin-Nits
he tri
k. ThatHsdiv(�) and H�sdiv(�) are dual with respe
t to the H0div(�)-inner produ
t 
anbe dedu
ed form the fa
t that the operator I � grad div is an isomorphismHsdiv(�)! Hs�1rot (�) and that this spa
e, as already remarked, is the L2T-dual ofH�sdiv(�). Both of these fa
ts 
an be proved using the HDRL. For 0 � s � 1 wehave : ku�Qhuk�s � C supv2Hsdiv j(u�Qhujv)0jkvks (2.2.5)� C supv2Hsdiv j(u�Qhujv �Qhv)0jkvks (2.2.6)� Cku�Qhuk0 kI �Qhk0;s: (2.2.7)Here kI � Qhk0;s is of 
ourse the norm of the indu
ed map :I �Qh : Hsdiv(�)! H0div(�) (2.2.8)This gives for 0 � s; s0 � 1 :ku�Qhuk�s � Chs+s0kuks0 : (2.2.9)If in addition we have the inverse inequality (H2) we obtain :kQhuk�1 � kuk�1 + ku�Qhuk�1 � kuk�1 + Chkuk0 � Ckuk�1: (2.2.10)This is proved �rst for u 2 H0div(�) and then extended to u 2 H�1div(�) by adensity argument. By interpolation on Qh one then extends this stability resultto all �1 � s � 0 : kQhuks � Ckuks: (2.2.11)2.2.3 Approximation of harmoni
 �eldsSin
e we deal with surfa
es whi
h we do not require to be simply 
onne
ted,a useful 
onstru
t is that of the asso
iated 
ohomology groups of whi
h wegive the realizations in terms of ve
tor and s
alar �elds, the so-
alled harmoni
�elds (this notion of harmoni
ity is only remotely related to the harmoni
ityof the ele
tromagneti
 waves we 
onsider). We denote these spa
es by G i fori = 0; 1; 2. For instan
e G 1 
an be 
hara
terized as the L2-orthogonal of therange of the rot operator on smooth s
alar �elds (or H1(�)), in the kernel ofthe div operator on smooth tangent �elds (resp. H0div(�)).Noti
ing that the two rows in the diagram (2.2.2) are null sequen
es, we
onsider, for ea
h horizontal pair of 
onse
utive arrows, the L2-orthogonal ofthe range of the left arrow, in the kernel of the right arrow. For the se
ond rowwe denote these ve
tor spa
es by G0h, G1h and G2h.Th�ese 57



Ele
tromagnetismIt is a remarkable fa
t that these \dis
rete" 
ohomology groups have the\right" dimension, i.e. the dimension of their 
ontinuous analogues G i . This iseither elementary or 
an be dedu
ed from the Euler-Poin
ar�e formula. The useof this formula should not 
ome as a surprise sin
e it is one of the main reasonsfor the e�e
tiveness of simpli
al triangulations in algebrai
 topology. It has beenused in Finite Element theory for quite some time, even at the textbook level,see for instan
e N�ed�ele
 [122℄.For ea
h h, let N0h be the number of verti
es, N1h the number of edges(segments) and N2h the number of fa
es (triangles) in Th. Let NC be the numberof 
onne
ted 
omponents of �.We leave it as an exer
ise to 
he
k that for G0h, and G2h the dimension isthe number NC of 
onne
ted 
omponents of �. Remark also that G0h = G 0whereas G2h 6= G 2 . However the elements of G 2 , whi
h are the fun
tions that are
onstant on ea
h 
onne
ted 
omponent of � are of 
ourse well approximated bythe elements of G2h.We now turn to the more interesting 
ase of G1h. We have :dimG1h = �dimS1h � (dimS2h �NC)�� �dimS0h �NC� (2.2.12)= �dimS0h + dimS1h � dimS2h + 2NC (2.2.13)= ��N0h + (m� 1)N1h + (m� 2)(m� 1)=2N2h� (2.2.14)+�mN1h +m(m� 1)N2h�� �m(m+ 1)=2N2h�+ 2NC(2.2.15)= �N0h +N1h �N2h + 2NC (2.2.16)= dim G 1 : (2.2.17)To see that G1h 
onverges in some sense to G 1 , 
onsider the map 
h, 
alleda Fortin operator in BoÆ [15℄, whi
h to any u0 2 H0div(�) asso
iates the �rst
omponent u of the solution (u; q) of :� u 2 S1hq 2 S2�h � 8u0 2 S1h hu; u0i+ hq;div u0i = hu0; u0i8q0 2 S2�h hq0;div ui = hq0;divu0i : (2.2.18)This saddle-point problem satis�es the LBB Inf-Sup 
onditions, therefore thereis a C > 0 su
h that for all h and all u 2 H0div(�) we have :ku� 
huk0 � C inffku� u0k0 : u0 2 S1hg: (2.2.19)Noti
e also that 
h maps divergen
e-free �elds to divergen
e-free �elds, andthat if u 2 H0div(�) is su
h that rot u = 0 (as elements of H�1(�)) then 
hu isL2-orthogonal to rot S0h. In parti
ular 
h maps G 1 into G1h. Sin
e all norms onG 1 are equivalent we therefore have an estimate of the form :8u 2 G 1 ku� 
huk0 � Chmkuk0; (2.2.20)58 S.H. Christiansen



2.2 Some properties of some Galerkin spa
es(m = 1 > 0 for lowest order elements 1) so that for suÆ
iently small h, 
hdetermines inje
tions G 1 ! G1h whi
h are arbitrarily 
lose in norm to the iden-tity mapping on G 1 . Sin
e the spa
es have the same dimension these indu
edmaps are in fa
t isomorphisms, and the inverse mappings are Chm-
lose to theidentity mapping on G1h.Remark 2.2.1 For reasons of dimension, for the above system (2.2.18) to sa-tisfy the LBB Inf-Sup 
onditions it is ne
essary that among all spa
es that
ontain div S1h, S2�h be minimal (of 
ourse the LBB 
ondition 
an be veri�edfor some smaller spa
es that do not 
ontain divS1h). On the other hand, forthe above 
onstru
ted inje
tion G 1 ! G1h to be onto it is ne
essary that S0�h bemaximal among all spa
es that rot maps into S1h. It is remarkable that thesealgebrai
 optimality 
onditions (whi
h where our guide for the 
hoi
e of spa
es)are also suÆ
ient for 
onvergen
e purposes.Given a tangent �eld u one may now ask how the �eld a0 de�ned by :a0 2 G 1 and 8a0 2 G 1 ha0; a0i = hu; a0i; (2.2.21)relates to its dis
rete analogue ah de�ned by :ah 2 G1h and 8a0 2 G1h hah; a0i = hu; a0i: (2.2.22)Sin
e G1h is not a subspa
e of G 1 one 
an view this as a non-
onforming Galerkinproblem. We have already proved that G1h 
onverges in a sense to G 1 . Later, inProposition 2.4.9 we provide the ne
essary variant of Theorem 2.1.1 to dedu
efrom this the existen
e of ah and its 
onvergen
e to a0.Proposition 2.2.2 For the exa
t and approximate harmoni
 tangent �elds a0and ah obtained as solutions of equations (2.2.21) and (2.2.22), for a giventangent �eld u, we have the estimates :kah � a0k0 � ChmkukH�1rot(�): (2.2.23)Another useful observation is that, parallel to the fa
t that all norms on the�nite dimensional spa
e G 1 are equivalent, we have easily obtain :Lemma 2.2.3 There is C > 0 su
h that for all �1 � s � 0 and all h :8u 2 G1h kuk0 � Ckuks: (2.2.24)2.2.4 Dis
rete Helmholtz de
ompositionWe will frequently use the fa
t that ea
h u 2 S1h 
an be written in a uniqueway : u = rot p+ a+ g; (2.2.25)1. In fa
t to derive the Inf-Sup estimates and related stability results we need, it will notbe ne
essary to know that higher order elements yield higher order estimates.Th�ese 59



Ele
tromagnetismwith p 2 S0�h , a 2 G1h and g in the L2-orthogonal of the kernel of the divergen
eoperator in S1h. Noti
e that this de
omposition expresses that S1h is split intoa dire
t sum of three subspa
es whi
h are orthogonal both for the H0T and theH0div s
alar produ
ts.What makes this de
omposition useful is that it has the following 
ontinuityand approximation properties, 
ompared with the \exa
t" Helmholtz de
om-position, whi
h we write : u = rot p0 + a0 + g0; (2.2.26)with p0 2 H1=2(�)�, a0 2 G 1 and g0 2 gradH3=2(�).Proposition 2.2.4 There is C > 0 su
h that for all h, all u 2 S1h, the abovede
ompositions (2.2.25) and (2.2.26) are related by :kg � g0k0 � Chkuk0 kgk�1 � Ckuk�1; (2.2.27)ka� a0k0 � Chkuk0 kak�1 � Ckuk�1; (2.2.28)k rot p� rot p0k0 � Chkuk0 k rot pk�1 � Ckuk�1: (2.2.29){Proof : (i) As already remarked, by hypothesis (H3), we have :jg � g0j0 � Chjdivuj0: (2.2.30)this immediately gives kg � g0k0 � Chkuk0. Then we remark that :kgk�1 � kg � g0k�1 + kg0k�1 � Chkuk0 + kuk�1 � Ckuk�1: (2.2.31)(ii) The fa
t that ka� a0k0 � Chkuk0 was proved in the pre
eding se
tion,and gives kak�1 � Ckuk�1 just as above.(iii) The last part of the proposition is dedu
ed from the two pre
eding oneswriting :rot p� rot p0 = �(g + a) + (g0 + a0) = (g0 � g) + (a0 � a): (2.2.32)�2.3 Stable dis
retizations of the Calderon formulasFirst we explain why the most natural idea (at least to us, for quite sometime) is a
tually 
awed. Then we de�ne the dis
retization whi
h we propose touse for pre
onditioning. It is asso
iated with a subspa
e of the usual Galerkinspa
e for whi
h we prove an LBB Inf-Sup 
ondition and some basi
 approxima-tion properties.60 S.H. Christiansen



2.3 Stable dis
retizations of the Calderon formulas2.3.1 A 
awed ideaGiven a family of Galerkin spa
es Xh in X the most straightforward idea isto introdu
e the maps : Bh : � Xh ! X?hu 7! hBu; �i ; (2.3.1)And then to put : Zh(k) = B?�1h Ah(k)B�1h : (2.3.2)As remarked in Christiansen-N�ed�ele
 [133℄, if not only Ah(k) but also Bh sa-tis�es a uniform dis
rete Inf-Sup 
ondition on Xh, then the spe
tral 
onditionnumber of Zh(k)Ah(k) is bounded independently of h. Of 
ourse, sin
e theoperators we deal with are not SPD, this is not enough to guarantee 
onver-gen
e of Krylov subspa
e algorithms, but it is nevertheless a signi�
ant progress
ompared with the la
k of a pre
onditioner. Unfortunately, for the standard Ga-lerkin spa
es, this last Inf-Sup 
ondition does not hold. Indeed throughout thisparagraph let Xh denote the Raviart-Thomas spa
es of degree m (with our
onventions the minimal degree is m = 1), on �. We will use the fa
t that Xhsatis�es the hypotheses (H0),...,(H3).Proposition 2.3.1 Let Xh = S1h. Let Kh be the spa
e :fu 2 S1h : 8v 2 S1h div v = 0) hu; vi = 0 and8v 2 S0h hu; grad vi = 0g: (2.3.3)Then we have : lim infh dimKhdimXh � 12m+ 1 ; (2.3.4)and : lim suph supu2Kh supu02Xh b(u; u0)kuk�1=2ku0k�1=2h�1=2 < +1: (2.3.5){Proof : (i) We have :dimKh � (dimS2h �NC)� (dimS0h �NC) (2.3.6)� (m(m+ 1)=2)N2h �N0h + (m� 1)N1h + ((m� 2)(m� 1)=2)N2h (2.3.7)� �N0h � (m� 1)N1h + (2m� 1)N2h : (2.3.8)Re
all that sin
e ea
h segment is shared by exa
tly two triangles 2N1h = 3N2h ,whi
h together with the Euler-Poin
ar�e formula gives :N1h � 3N0h and N2h � 2N0h : (2.3.9)Th�ese 61



Ele
tromagnetismThis gives : �N0h � (m� 1)N1h + (2m� 1)N2h � mN0h : (2.3.10)One also 
he
ks that : dimXh � m(2m+ 1)N0h : (2.3.11)This gives the �rst inequality.(ii) To prove the se
ond part of the theorem we use the fa
t that Xh satis�es(H3). For any u 2 Xh we denote by �u the unique � 2 H1(�)� su
h that�� = div u. Then (H3) asserts that if u 2 Xh is L2-orthogonal to the kernel ofthe divergen
e operator on Xh we have an estimate of the form ju�grad�uj0 �Chjdiv uj0. From Proposition 2.2.4, using an inverse inequality, one 
an dedu
ethat : ku� grad�uk�1=2 � Ch1=2kuk�1=2; (2.3.12)and : k grad�uk�1=2 � Ckuk�1=2: (2.3.13)Choose u 2 Kh and u0 2 Xh. Put u0 = rot p0+a0+g0 as in equation (2.2.25).Remark �rst that : hu� n; rot p0i = �hdivu; p0i = 0: (2.3.14)Then write :hu� n; g0i = h(u� grad�u + grad�u)� n; (g0 � grad�g0 + grad�g0)i (2.3.15)Developing and using the 
ontinuity of b as well as the fa
t that :hgrad�u � n; grad�g0i = 0; (2.3.16)we obtain :jhu� n; g0ij � Cku� grad�uk�1=2kg0 � grad�g0k�1=2 + (2.3.17)Cku� grad�uk�1=2k grad�g0k�1=2 + (2.3.18)Ck grad�uk�1=2kg0 � grad�g0k�1=2: (2.3.19)By the above estimates (2.3.12) and (2.3.13) it follows that :jhu� n; g0ij � Ch1=2kuk�1=2kg0k�1=2: (2.3.20)Therefore : jhu� n; g0ij � Ch1=2kuk�1=2ku0k�1=2: (2.3.21)62 S.H. Christiansen



2.3 Stable dis
retizations of the Calderon formulasFinally for the last part, for any ~a0, hu� n; a0i equals :h(u� grad�u)� n; ~a0i+ hgrad�u � n; ~a0i+ hu� n; (a0 � ~a0)i: (2.3.22)Choosing ~a0 2 G 1 to be an approximation of a0, one immediately obtains theproposition. �Thus one sees that the reason for the degenera
y is that the subspa
e ofXh of elements whi
h are in a sense dis
rete gradients does not have the samedimension as the subspa
e of rotationals.2.3.2 Auxiliary spa
esLet (S0h;S1h;S2h), and (S00h ;S01h ;S02h ) be two triples of spa
es of the type wedis
ussed ; more pre
isely they should satisfy the null sequen
e 
ondition, thedis
rete 
ohomology groups should have the \right" dimension, and S1h and S01hshould satisfy the hypotheses (H0),...,(H3).Two examples to keep in mind (the �rst one detailed and the se
ond onementioned in Christiansen-N�ed�ele
 [135℄) are :{ the 
ase where S1h and S01h are equal and 
onsist of lowest order Raviart-Thomas �elds (then S0h 
onsists of 
ontinuous P 1 FE and S2h of P 0 FE);{ the 
ase where (S0h;S1h;S2h) 
orresponds to lowest order Raviart-Thomas�elds, whereas (S00h ;S01h ;S02h ) 
orresponds to lowest order Brezzi-Douglas-Marini �elds on the same mesh (then S00h 
onsists of 
ontinuous P 2 FEand S02h of P 0 FE).More generally (though it is not ne
essary) one might want to 
hoose spa
essu
h that the L2-proje
tions S2�h ! S00�h , and (kerdiv S1h)� n! S01h have kernelswhi
h are small in some sense (for instan
e : have dimensions bounded by somesmall integer independently of h). Anti
ipating on what follows, this wouldguarantee that the subspa
e (S1h)^ of S1h, to be de�ned later, is almost all of S1h.If the �rst triple of spa
es is based on Raviart-Thomas �elds of any order, one
an take for this purpose Brezzi-Douglas-Marini �elds of the same order on thesame mesh in the se
ond triple.In fa
t in addition to the hypothesis H0, : : : ,H3 we will use some L2 esti-mates for the spa
es S0h and S2h (in the proofs of Lemmas 2.3.12 and 2.3.13),and an additional L2 estimate for S1h (proof of Proposition 2.4.2). Therefore werequire in what follows that the spa
es (S0h;S1h;S2h) and (S00h ;S01h ;S02h ) are the stan-dard �nite element spa
es based on Raviart-Thomas or Brezzi-Douglas-Marini�nite elements. The two triples 
an however have di�erent orders m and m0.They 
an even be 
onstru
ted on di�erent meshes (with asso
iated parametersh and h0) as long as (1=C)h � h0 � Ch. The most useful 
ases are m0 � m andh0 � h.Other Galerkin spa
es are 
ommonly used to solve boundary integral equa-tions and the method might work in the present state for su
h Galerkin spa
esalso. For instan
e Finite Elements based on meshes with both triangular andTh�ese 63



Ele
tromagnetismquadrilateral elements pose no additional problem, on
e one has identi�ed theappropriate null-sequen
es.2.3.3 De�nitionOur starting point is to try to 
onstru
t a pre
onditioner for the variationalformulation of the EFIE on S1h. For this purpose we will use the auxiliary spa
es(S00h ;S01h ;S02h ). As it turns out, with this pre
onditioner the EFIE is a
tuallysolved variationnally on a subspa
e of S1h. However we shall prove that thissubspa
e (it will be denoted (S1h)^) satis�es the hypotheses (H0),...,(H3), whi
hinsures the well-posedness of the dis
rete problem.Starting with a linear form l 2 S1?h , determine the solution (u; q) of :� u 2 S1hq 2 S2�h � 8u0 2 S1h hu; u0i+ hq;divu0i = l(u0)8q0 2 S2�h hq0;divui = 0 : (2.3.23)Then, to (u; q) asso
iate the following element of S01h :v = PS01h (u� n)� rotPS00�h (q); (2.3.24)where for any spa
e Xh, PXh denotes the L2-orthogonal proje
tions onto Xh.Let �h : S1?h ! S01h ; l 7! v be the 
omposition of these two maps (de�nedby (2.3.23) and (2.3.24)), and �?h : S01?h ! S1??h � S1h, its adjoint. Then we put :Zh = �?hA0h(k)�h; (2.3.25)where A0h(k) : S01h ! S01?h is the map indu
ed by A(k).Remark 2.3.2 In some 
ases it might be of interest to repla
e A0h(k) by A0h(k0),for some di�erent, possibly 
omplex, wavenumber k0. In parti
ular a small per-turbation k0 = k + i�, guarantees invertibility even at resonant frequen
ies, andis related to the limiting absorption prin
iple. However we will not dis
uss thispossibility here.2.3.4 Interpretation of the systemThe invertibility in the sense of Babuska-Brezzi of the system (2.3.23), 
anbe reinterpreted as the fa
t that the bilinear form b satis�es a uniform LBBInf-Sup estimate on the spa
es S1#h � S1h, where we have used the notation :S1#h = fu� n : u 2 S1h and div u = 0g+ frot q : q 2 S0�h g: (2.3.26)To give a pre
ise meaning to and prove this statement, noti
e that S1#h is asubspa
e of H�1div(�) (but 
ontains ve
tor valued measures 
on
entrated on the
urved lines ��1h ([S℄), where S is a segment in Th). We will also need the follo-wing lemma :64 S.H. Christiansen



2.3 Stable dis
retizations of the Calderon formulasLemma 2.3.3 Any v 2 H�1+sdiv (�), 
an be written in a unique way :v = u� n� rot q; (2.3.27)with u 2 Hsdiv(�), divu = 0 and q 2 Hs(�)�, and we have the equivalen
e ofnorms 2 : kvk2�1+s � juj2s + jqj2s: (2.3.28){Proof : This 
an be proved using the HDRL (x2.1.1). �The lemma expresses that we have exhibited isomorphisms (for ea
h s) :fu 2 Hsdiv(�) : divu = 0g �Hs(�)� ! Hs�1div (�): (2.3.29)In parti
ular the sum appearing in the de�nition of S1#h is dire
t. Furthermorewe noti
e that :b(u� n� rot q; v0) = hB(u� n� rot q); v0i = �hu; v0i � hq;div v0i; (2.3.30)where we have used the notation h�; �i, for the three di�erent standard dualitieson : H�1rot �H0div ; H0T �H0T and H0 �H0: (2.3.31)Therefore, given l 2 S1?h , if (u; q) solves system (2.3.23) then v = u � n� rot qsolves : v 2 S1#h 8v0 2 S1h � b(v; v0) = l(v0); (2.3.32)and if v solves this equation then, writing v = u�n� rot q as in (2.3.26), (u; q)is also given by the 
ontinuous inverse of the map (2.3.29) and solves system(2.3.23).Using the well-known properties of this system, one immediately obtains :Proposition 2.3.4 There is C > 0 su
h that for all h :infv2S1#h supv02S1h jb(v; v0)jkvk�1kv0k0 � 1=C (2.3.33)One also 
he
ks dire
tly that these spa
es have the same dimension.2.3.5 Interpretation of the proje
tionsA

ording to Lemma 2.3.3 the proje
tions de�ned by equation (2.3.24) 
or-respond to a proje
tion in the H�1div(�)-norm. Lemma 2.3.17 and Proposition2.3.19 further justify this interpretation.2. There is an obvious misprint in [135℄.Th�ese 65



Ele
tromagnetism2.3.6 A 
hara
terization of the kernel of �hIn this paragraph, for any spa
e Xh, PXh is the orthogonal proje
tion ontoXh for the usual L2-inner produ
t (on s
alar or ve
tor �elds). The symbol ? isalso relative to these inner produ
ts.We introdu
e the following auxiliary spa
es :s0h = f p 2 S0�h : p ? S02�h g and s2h = f q 2 S2�h : q ? S00�h g: (2.3.34)De�ne also :(S1h)^ = fv 2 S1h : v ? rot s0h and div v ? s2hg: (2.3.35)The introdu
tion of s0h and s2h is justi�ed by the two following lemmas, whereasthat of (S1h)^ is justi�ed by Proposition 2.3.8. It shows that (for h small enough{ we will not always repeat this 
ondition {) (S1h)^ is the range of �?h.Lemma 2.3.5 There is h0 su
h that for all h < h0 and all divergen
e-freeu 2 S1h : PS01h (u� n) = 0 () u 2 rot s0h (2.3.36){Proof : We use the fa
t that for all � > 0 there is h0 > 0 su
h that for h < h0 :8a 2 G1h ja� n�PG01h (a� n)j0 � �jaj0: (2.3.37)Choosing a h0 relative to a � < 1 we suppose from now on that h < h0.Pi
k u 2 kerS1h div. Put u = rot p+ a, with p 2 S0�h and a 2 G1h.(i) Suppose that the proje
tion of u � n is zero. For all divergen
e freea0 2 S01h we have :0 = hPS01h (� grad p+ a� n); a0i = h(� grad p+ a� n); a0i = ha� n; a0i:(2.3.38)Put a0 = PG01h (a� n). Then :jaj20 = jha� n; a� nij = jha� n; (a� n� a0)ij � �jaj20: (2.3.39)Hen
e a = 0. Moreover for all v 2 S01h :hrot p� n; vi = hp;div vi: (2.3.40)It follows that p ? S02�h and u 2 rot s0h.(ii) Conversely, if u 2 rot s0h then the above equality (2.3.40) shows thatu� n ? S01h , and hen
e its proje
tion is zero. �Lemma 2.3.6 For all q 2 S2�h we have :rotPS00�h (q) = 0 () PS00�h (q) = 0 () q 2 s2h: (2.3.41)66 S.H. Christiansen



2.3 Stable dis
retizations of the Calderon formulas{Proof : Trivial. �Lemma 2.3.7 The spa
es PS01h ((kerH0div(�) div)�n) and rot S00h are L2-orthogonal.{Proof : Indeed if u 2 H0div(�) is divergen
e free and p 2 S00h then (sin
erot p 2 S01h ) :hPS01h (u� n); rot pi = hu� n; rot pi = �hdiv u; pi = 0: (2.3.42)�We now prove :Proposition 2.3.8 For all l 2 S1?h we have :�h(l) = 0 () 8u0 2 (S1h)^ l(u0) = 0: (2.3.43){Proof : Pi
k l 2 S1?h . Let (u; q) be the solution of :� u 2 S1hq 2 S2�h � 8u0 2 S1h hu; u0i+ hq;divu0i = l(u0)8q0 2 S2�h hq0;divui = 0 (2.3.44)With these de�nitions we have �h(l) = 0 if and only if :PS01h (u� n)� rotPS00�h (q) = 0: (2.3.45)A

ording to Lemma 2.3.7 this is in turn equivalent to :PS01h (u� n) = 0 and rotPS00�h (q) = 0: (2.3.46)In Lemmas 2.3.5 and 2.3.6 we gave equivalent statements for these two 
ondi-tions.(i) If �h(l) = 0 then u 2 rot s0h and q 2 s2h, hen
e for all u0 2 (S1h)^ :l(u0) = hu; u0i+ hq;div u0i = 0: (2.3.47)That is to say, l vanishes on (S1h)^.(ii) If l vanishes on (S1h)^ then :{ for all u0 2 kerS1h div su
h that u0 ? rot s0h we have (sin
e u0 2 (S1h)^) :hu; u0i = l(u0) = 0; (2.3.48)so u 2 rot s0h ;{ for all q0 2 S2�h su
h that q0 ? s2h, pi
king u0 2 S1h su
h that divu0 = q0 andu0 ? kerS1h div, we have (sin
e u0 2 (S1h)^) :hq; q0i = hq;divu0i = l(u0) = 0; (2.3.49)hen
e q 2 s2h.The proof is 
omplete. �Th�ese 67



Ele
tromagnetism2.3.7 Approximation properties of the range of �?hWe give yet another 
hara
terization of (S1h)^, whi
h will enable us to dedu
eits approximation properties.Lemma 2.3.9 Pi
k u 2 S1h. Put u = rot p + a + g with p 2 S0�h , a 2 G1h andg 2 S1h su
h that g ? kerS1h div. Then we have :u 2 (S1h)^ () rot p ? rot s0h and div g ? s2h: (2.3.50){Proof : Trivial. �Now we give equivalent expressions for the above two 
onditions.Lemma 2.3.10 Choose q 2 S2�h . We have :q ? s2h () 9p 2 S00�h q = PS2�h (p) (2.3.51){Proof : More generally we have the following result : Let X be a Hilbert spa
e.The orthogonal proje
tion onto a 
losed subspa
e Y of X is written PY andorthogonality is denoted by ?. If Y and Z are two 
losed subspa
es of X weput : Y?Z = fx 2 Y : x ? Zg: (2.3.52)Let A and B be two 
losed subspa
es of X. Then :A?(A?B) = PA(B): (2.3.53)�Lemma 2.3.11 Choose p 2 S0�h . We have :rot p ? rot s0h () 9q 2 S02�h rot p = Prot S0�h (rot��1q): (2.3.54){Proof : We apply the same te
hnique on
e again. For all p 2 S0�h and allq 2 S02�h we have : hp; qi = �hrot p; rot��1qi: (2.3.55)Hen
e : rot p 2 rot s0h () p 2 s0h (2.3.56)() p ? S02�h (2.3.57)() rot p ? rot��1S02�h (2.3.58)() rot p ? Prot S0�h (rot��1S02�h ): (2.3.59)So : rot p ? rot s0h () rot p 2 Prot S0�h (rot��1S02�h ): (2.3.60)68 S.H. Christiansen



2.3 Stable dis
retizations of the Calderon formulas�We will also need the following two approximation results :Lemma 2.3.12 There is C > 0 su
h that for all h and all � 2 H1(�)� :inffj� � qj0 : q 2 PS2�h (S00�h )g � Chj�j1: (2.3.61){Proof : Noti
e that :j��PS2�h PS00�h �j � j��PS00�h �j+ jPS00�h ��PS2�h PS00�h �j (2.3.62)� Chj�j1 + ChjPS00�h �j1 (2.3.63)� Chj�j1: (2.3.64)�Lemma 2.3.13 There is C > 0 su
h that for all h and all � 2 H2(�)� :inffj rot �� uj0 : u 2 Prot S0�h (rot��1S02�h )g � Chj rot�j1: (2.3.65){Proof : We have :j��1PS02�h ��� �j1 � CjPS02�h �����j�1 � Chj��j0: (2.3.66)So, with  = ��1PS2�h �� we have :j rot � rot�j0 � Chj rot�j1: (2.3.67)And : jProt S0�h rot � rot j0 � Chj rot j1: (2.3.68)However :j rot j1 � Cj��1PS02�h ��j2 � CjPS02�h ��j0 � Cj��j0 � Cj rot�j1: (2.3.69)Now 
ombine inequalities (2.3.68) and (2.3.69), and 
on
lude using (2.3.67). �From the above results we dedu
e the following fundamental theorem :Theorem 2.3.14 The spa
es Xh = (S1h)^ satisfy hypothesis (H1).{Proof : Pi
k u 2 H1div(�). Consider its Helmholtz de
omposition :u = rot�+ �+ grad : (2.3.70)(i) The �eld rot� is approximated using Lemma 2.3.13, whi
h gives anelement of Xh a

ording to the Lemmas 2.3.9 and 2.3.11.(ii) The �eld � is approximated by a = 
h� where 
h is de�ned by system(2.2.18).(iii) The �eld � is approximated by a q 2 PS2�h (S00�h ) following Lemma2.3.12. Then we 
onsider 
h grad��1q whi
h is in Xh a

ording to Lemmas2.3.9 and 2.3.10. �Th�ese 69



Ele
tromagnetism2.3.8 Well-posednessProposition 2.3.15 The spa
es Xh = (S1h)^ satisfy hypothesis (H3).{Proof : Choose u 2 Xh, su
h that :u ? kerXh div : (2.3.71)Trivially he have u 2 S1h. Moreover, if u0 is a divergen
e free element of S1hit 
an be written rot p+ u00 with p 2 s0h and a divergen
e free u00 2 Xh (to seethis just remark that the L2-orthogonal of rot s0h in kerS1h div is a subspa
e ofXh). And sin
e u ? rot s0h and u ? u00 we therefore have :u ? kerS1h div : (2.3.72)Then the proposition follows from the result known to hold for S1h. �We have therefore rea
hed the main goal of this se
tion :Theorem 2.3.16 The spa
es (S1h)^ satisfy the four hypothesis (H0),...,(H3).If A(k) were symmetri
 positive de�nite then ZhAh would determine anisomorphism (S1h)^ ! (S1h)^, and, for a given h, the pre
onditioned 
onjugategradients (PCG) algorithm would 
onverge towards the variational solution on(S1h)^, whi
h by the above theorem is a good one.In our inde�nite 
ase it might be that ZhAh does not determine an isomor-phism (S1h)^ ! (S1h)^ ; this would be the 
ase if the bilinear form indu
ed by Aon the range of �h (as opposed to �?h) were degenerate, a question we have notsettled. However we are sure that the PCG algorithm 
onstru
ts iterates thatare in (S1h)^, and later { in x2.3.9 { we'll show how to 
onstru
t stopping 
riteriathat guarantee that the residual is small as a linear form on (S1h)^. Thus one
an 
he
k that the approximate solution given by the PCG algorithm is 
lose tothe variational solution on (S1h)^. The above Theorem 2.3.16 ensures that thisvariational solution (exists, is unique and) is 
lose to the best (for any 
hosennorm) approximation on (S1h)^ of the exa
t solution, and that for small h thisbest approximation is a good approximation.2.3.9 Stopping 
riterionProposition 2.3.8 shows that for all u 2 (S1h)^, u solves the variationalproblem : u 2 (S1h)^ and 8v 2 (S1h)^ a(u; v) = l(v): (2.3.73)if and only if : �h(Ahu� lh) = 0; (2.3.74)70 S.H. Christiansen



2.3 Stable dis
retizations of the Calderon formulaswhi
h is in turn equivalent to :k�h(Ahu� lh)k = 0; (2.3.75)for any norm k � k on S01h . We now set out to de�ne norms on S01h that areuniformly equivalent to the H�1div(�)-norm, but more readily 
omputable.The following lemma should be seen in relation to Lemma 2.3.3.Lemma 2.3.17 There is C > 0 su
h that for all u 2 H�1div(�), if u = rot p+ vwith v 2 H0T(�) and p 2 H0(�), we have :kuk2�1 � C�jpj20 + jvj20�: (2.3.76){Proof : It holds : k rot p+ vk2�1 = j rot p+ vj2�1 + jdiv vj2�1: (2.3.77)But : j rot p+ vj2�1 � 2�j rot pj2�1 + jvj2�1� � C�jpj20 + jvj2�1�: (2.3.78)Then one immediately 
on
ludes using jdiv vj�1 � Cjvj0. �For 
onvenien
e we state as a separate lemma the following fa
t whi
h fol-lows from (H3) :Lemma 2.3.18 There is C > 0 su
h that for all u 2 Xh if :8u0 2 Xh divu0 = 0 ) hu; u0i = 0; (2.3.79)then : juj0 � Cjdivuj�1: (2.3.80){Proof : Let � be the solution of :� 2 H1(�)� and �� = divu: (2.3.81)We have :juj0 � ju� grad�j0 + j grad�j0 � Chjdiv uj0 + Cjdivuj�1: (2.3.82)The lemma then follows from an inverse inequality. �It is a parti
ular 
ase of Lemma 2.3.3 that the 
onverse inequality of Lemma2.3.17 holds whenever v is su
h that rot v = 0. This fa
t has the followingdis
rete analogue :Proposition 2.3.19 There is C > 0, su
h that for all h and all u 2 S1h, ifu = rot p+ v with p 2 S0�h and v ? rot S0�h , then :jpj20 + jvj20 � Ckuk2�1: (2.3.83)Th�ese 71



Ele
tromagnetism{Proof : Put v = a+ w with a 2 G1h and w ? kerS1h div. We have :jvj20 = jaj20 + jwj20: (2.3.84)But by Lemma 2.2.3 and Proposition 2.2.4 we have :jaj0 � Cjaj�1 � Ckuk�1; (2.3.85)and by Lemma 2.3.18 we have :jwj0 � Cjdivwj�1 = jdivuj�1 � kuk�1: (2.3.86)So : jvj20 � Ckuk2�1: (2.3.87)Moreover : jpj20 � Cj rot pj2�1 � C�j rot p+ vj2�1 + jvj2�1�: (2.3.88)The proposition follows. �Of 
ourse the same holds true for the spa
es with a prime, whi
h is in fa
twhat will be of interest to us.Let l be a linear form on S1h, and as in the de�nition of the pre
onditioner,let (u; q) be the solution of system (2.3.23), so that�hl = PS01h (u� n)� rotPS00�h (q): (2.3.89)Lemma 2.3.17 together with Proposition 2.3.19 now prove that we have theuniform (i.e. independent of h) equivalen
e of norms :k�hlk2�1 � jPS01h (u� n)j20 + jPS00�h (q)j20: (2.3.90)A stopping 
riterion 
an therefore be a suÆ
ient redu
tion of this norm. Itis important to noti
e that to e�e
tively 
ompute these norms in the 
ourse ofa 
onjugate gradients algorithm, is a negligible task 
ompared with the otherones, requiring only two sparse matrix produ
ts (at ea
h iteration).Another norm whi
h is both natural and easily 
omputable is k�hlk0. Also,the quantity (k�hlk0k�hlk�1)1=2, though not a norm satis�es the interpolationinequality: k�hlk1=2 � C�k�hlk0k�hlk�1�1=2; (2.3.91)and is therefore another good 
andidate for the 
onstru
tion of a stopping
riterion. We have not determined to whi
h extent the 
hoi
e between these
andidates really produ
es any signi�
ant di�eren
es on industrial problems.72 S.H. Christiansen



2.4 Behavior of the iterates2.4 Behavior of the iteratesWe denote by � the 
ontinuous analogue of �h, that is the map (H0div(�))? !H�1div(�) whi
h to l asso
iates u � n� rot q, where u and q are the solutions ofthe 
ontinuous saddle-point problem. We also have Z = �?A�.The Krylov subspa
es are de�ned to be :Knh = fP (ZhAh)ZhljS1h : P 2 C [X℄; degP � ng: (2.4.1)Their importan
e stems from the fa
t that { for �xed h { the pre
onditioned
onjugate gradients (PCG) algorithm attempts to determine (by short re
ur-ren
es) the sequen
e of solutions (unh) of the problems :u 2 Knh and 8v 2 Knh a(u; v) = l(v): (2.4.2)For generalities about the PCG and related algorithms we refer to Barret etal. [123℄ or Kelley [127℄. Sin
e we deal with 
omplex-symmetri
 matri
es, seealso Freund [84℄. In this se
tion we investigate the 
onvergen
e of the spa
es Knhtowards their 
ontinuous analogues Kn, for �xed n as h ! 0, where naturallywe have put : Kn = fP (ZA)Zl : P 2 C [X℄; degP � ng: (2.4.3)We will dedu
e from this, results on the 
onvergen
e as h! 0 of the iterate unhtowards the solution un of :u 2 Kn and 8v 2 Kn a(u; v) = l(v): (2.4.4)We emphasize that for non SPD problems the 
onvergen
e or breakdown ofthe Lan
zos pro
ess is as of today not 
ompletely understood. Here our pointof view is to suppose that the 
ontinuous Lan
zos pro
ess is well-de�ned upto iteration n, and then show that for small enough h, the dis
rete one is alsowell-de�ned, and yields arbitrarily 
lose iterates. If the ideal Lan
zos pro
essbreaks down one should not expe
t the dis
rete one to behave well. We havenot observed this pathology yet but should it o

ur one 
an 
onsider in additionto various restart and look-ahead te
hniques, to perturbate the pre
onditioningoperator.Finally we argue that the sequen
e (un) might 
onverge super-linearly, aswe show it to be the 
ase for SPD operators, when the pre
onditioner is aninverse modulo a 
ompa
t endomorphism.2.4.1 Stability, and 
onvergen
e of Krylov subspa
esProposition 2.4.1 There is C > 0 su
h that for all h and all l 2 (S1h)? :k�h(l)k�1 � C supv2S1h jl(v)jkvk0 : (2.4.5)Th�ese 73



Ele
tromagnetism{Proof : Lemma 2.3.17 gives :k�h(l)k2�1 � C�jPS01h (u� n)j20 + jPS00�h (q)j20� � C�juj20 + jqj20�: (2.4.6)This gives the announ
ed estimate. �Proposition 2.4.2 There is C > 0 su
h that for all l 2 (H�1div(�))? and all h :k�hljS1h ��lk�1 � Chklk�1?: (2.4.7){Proof : Let (uh; qh) be the solutions of the dis
rete saddle-point problem, and(u0; q0) be the solutions of the 
ontinuous one. The well-known properties ofthis problem (in parti
ular Proposition 2.13, p. 64, and Proposition 3.9, p. 132,in Brezzi-Fortin [119℄) yield :juh � u0j20 + jqh � q0j20 � Ch2(ju0j21 + jq0j21) � Ch2klk2�1?: (2.4.8)Denoting for simpli
ity the L2-orthogonal proje
tions onto the appropriatespa
es by Ph, we have :jPh(uh � n)� (u0 � n)j0 (2.4.9)� jPh(uh � n)�Ph(u0 � n)j0 + jPh(u0 � n)� u0 � nj0 (2.4.10)� j(uh � n)� (u0 � n)j0 + Chju0 � nj1 (2.4.11)� Chju0j1: (2.4.12)Using the same te
hnique, we also obtain :jPh(qh)� q0j0 � Chjq0j1: (2.4.13)This 
ompletes the proof, using Lemma 2.3.17. �From these two propositions we dedu
e stability and 
onvergen
e estimatesfor �h in half-integer Sobolev norms.Corollary 2.4.3 There is C > 0 su
h that for all h and all l 2 H�1div(�)? :k�hljS1h ��lk�1=2 � Ch1=2klk�1?; (2.4.14)and there is C > 0 su
h that for all h and all l 2 (S1h)? :k�hlk�1=2 � C supv2S1h jl(v)jkvk�1=2 ; (2.4.15){Proof : Let Qh be the H0div(�)-orthogonal proje
tion onto S01h . The requiredproperties of this proje
tion were summarized in x2.2.2. We have for all l 2H�1div(�)?:k�hljS1h ��lk�1=2 � k�hljS1h �Qh�lk�1=2 + kQh�l ��lk�1=2 (2.4.16)� Ch�1=2k�hljS1h �Qh�lk�1 + Ch1=2k�lk0 (2.4.17)� Ch�1=2�k�hljS1h ��lk�1 + k�l �Qh�lk�1�+ � � �(2.4.18)� Ch1=2klk�1?; (2.4.19)74 S.H. Christiansen



2.4 Behavior of the iteratesand repeating the same sort of arguments, still supposing that l 2 H�1div(�)? :k�hljS1hk0 � k�hl �Qh�lk0 + kQh�lk0 (2.4.20)� Ch�1k�hl �Qh�lk�1 + k�lk0 (2.4.21)� Ch�1�k�hl ��lk�1 + k�l �Qh�lk�1�+ � � � (2.4.22)� Cklk�1?: (2.4.23)Combining this estimate with Proposition 2.4.1 by interpolation, we obtain, forl 2 H�1=2div (�)? : k�hljS1hk�1=2 � Cklk�1=2?: (2.4.24)The apparently more re�ned version announ
ed 
an then be dedu
ed from theexisten
e of an extension operator with norm one (the adjoint of the H�1=2div (�)-orthogonal proje
tion onto S1h), or a Hahn-Bana
h theorem. �We have similar estimates for �?h :Corollary 2.4.4 There is C > 0 su
h that for all h and all l 2 H�1div(�)? :k�?hljS01h ��?lk�1=2 � Ch1=2klk�1?; (2.4.25)and there is C > 0 su
h that for all h and all l 2 (S01h )? :k�?hlk�1=2 � C supv2S01h jl(v)jkvk�1=2 ; (2.4.26){Proof : Using the fa
t that a (bounded) operator has the same norm as itsadjoint we �rst obtain from Proposition 2.4.2 :k�?hljS01h ��?lk�1 � Chklk�1?: (2.4.27)As in the proof of Corollary 2.4.3 this yields the �rst equation. The se
ond onefollows trivially from the se
ond estimate of the same 
orollary. �From this one dedu
es :Corollary 2.4.5 Let (lh) be a sequen
e of linear forms on H�1=2div (�) whi
h
onverges to l (in the norm sense in the dual of H�1=2div (�)). Then �hlhjS1h
onverges to �l in H�1=2div (�). Similarly �?hlhjS01h 
onverges to �?l.{Proof : The te
hnique of proof is very 
lassi
al (see for instan
e Folland [100℄,Proposition 5.17, p. 169, for the just as easy 
ase of 
onstant lh), and relies onthe above Corollary 2.4.3 (and Corollary 2.4.4 for the se
ond part) using thedensity of H�1div(�)? in H�1=2div (�)?. �Then we immediately obtain stability and approximation properties for thepre
onditioner Zh.Th�ese 75



Ele
tromagnetismProposition 2.4.6 There is C > 0 su
h that for all h and all l 2 H�1=2div (�)? :kZhljS1hk�1=2 � Cklk�1=2?: (2.4.28)If a sequen
e of linear forms lh 2 H�1=2div (�)? 
onverges to l in H�1=2div (�)?, thenZhlhjS1h 
onverges to Zl.We are now ready to prove the announ
ed theorem :Theorem 2.4.7 For all l 2 (H�1=2div )? and all n 2 N, (ZhAh)nZhljS1h 
onvergesto (ZA)nZl in H�1=2div (�).{Proof : This follows from the above results using a simple re
ursion argument.�Remark 2.4.8 We have not derived any optimal orders of 
onvergen
e, forsmoother than ne
essary data and perhaps higher order �nite elements, thoughwe don't expe
t this to yield any serious diÆ
ulties, or require methods of proofdi�erent from the above ones. Nor have we tried to determine the minimumhypotheses on the regularity of the triangulations under whi
h our 
on
lusionshold ; in parti
ular we haven't determined to whi
h extent the quasi-uniformityhypothesis (whi
h is used for the inverse inequalities) 
an be relaxed. Of 
oursealso, working on non-smooth surfa
es would put severe limitations on the rangeof Sobolev spa
es we 
ould use.2.4.2 Convergen
e of the iteratesLet X be a Bana
h spa
e and X1, X0 two 
losed subspa
es. When these arenon-zero, the gap from X1 to X0, denoted Æ(X1;X0), is de�ned to be :Æ(X1;X0) = supu12X1 infu02X0 ku1 � u0k=ku1k: (2.4.29)This de�nition is extended straight-forwardly to the 
ase when X1 or X0 iszero. For a thorough dis
ussion of the gap we refer to Kato [103℄, but for us thede�nition is enough.Suppose thatX0 splits, i.e. has a 
losed supplementary (for instan
e �nite di-mensional spa
es automati
ally split, as do 
losed subspa
es of Hilbert spa
es),so that we have a 
ontinuous proje
tor P : X ! X with range X0. For allu 2 X one has :8u0 2 X0 ku� Puk = k(u� u0)� (Pu� u0)k = k(u� u0)� P (u� u0)k:(2.4.30)Hen
e : ku� Puk � kI � Pk( infu02X0 ku� u0k=kuk)kuk: (2.4.31)76 S.H. Christiansen



2.4 Behavior of the iteratesIn parti
ular : 8u 2 X1 ku� Puk � kI � PkÆ(X1;X0)kuk: (2.4.32)Thus if (Xh) is a family of 
losed subspa
es su
h that limh Æ(Xh;X0) = 0,then for suÆ
iently small h the spa
es PXh are 
losed in X0 and P indu
esisomorphisms Xh ! PXh whi
h are arbitrarily 
lose in norm to the identitymapping on Xh.Proposition 2.4.9 Let X be a re
exive Bana
h spa
e and A : X ! X? a
ontinuous linear map. Suppose X0 is a 
losed subspa
e that splits yielding aproje
tor P . Suppose Xh is another 
losed subspa
e, and that the indu
ed mapsA0 : X0 ! X?0 , Ah : Xh ! X?h, satisfy the Inf-Sup 
onditions (2.1.20),(2.1.21), with 
onstants �0 and �h. Put also Æh = Æ(Xh;X0).Then A0 and Ah are invertible ; moreover, for any l 2 X?, if we put uh =A�1h ljXh and u0 = A�10 ljX0 , we have for all u0 2 Xh:kuh � u0k � ��1h (1 + ��10 kAk)kI � PkÆhklk+ (1 + ��1h kAk)ku0 � u0k:(2.4.33){Proof : That A0 and Ah are invertible is part of Theorem 2.1.1. Con
erningthe approximation property, we have (as usual we denote by a the bilinear form
orresponding to A) :kuh � u0k � kuh � u0k+ ku0 � u0k � ��1h supv2Xh ja(uh � u0; v)jkvk + ku0 � u0k:(2.4.34)Now (for v 2 Xh) write :a(uh � u0; v) = a(uh; v) + a(u0 � u0; v)� a(u0; P v)� a(u0; v � Pv)(2.4.35)= l(v � Pv) + a(u0 � u0; v)� a(u0; v � Pv): (2.4.36)Therefore :ja(uh � u0; v)j=kvk � (1 + ��10 kak)(kI � Pk)Æhklk+ kak ku0 � u0k: (2.4.37)This proves the proposition. �Remark 2.4.10 Just as Theorem 2.1.1 this proposition 
an easily be extendedto the more general setting of a 
ontinuous map A : X ! Y ? and subspa
esX0 � X and Y0 � Y .Suppose now (and this is the 
ase for both the approximation of harmoni
�elds, and the approximation of Krylov subspa
es we were dis
ussing), that wehave a family (Xh) of subspa
es of X and surje
tive linear maps �h : X0 ! Xhsu
h that limh k�h � Ik = 0. When k�h � Ik < 1, �h is invertible (so XhTh�ese 77



Ele
tromagnetismis 
losed) and k��1h k � (1 � k�h � Ik)�1, and ��1h � I 
onsidered as a mapXh ! X has norm k��1h � Ik � (1� k�h � Ik)�1k�h � Ik. In parti
ular :Æ(Xh;X0) � (1� k�h � Ik)�1k�h � Ik: (2.4.38)We also trivially have : Æ(X0;Xh) � k�h � Ik: (2.4.39)Given some 
ontinuous bilinear form a on X, we de�ne ish and is0 by :ish = infu2Xh supv2Xh ja(u; v)jkuk kvk and is0 = infu2X0 supv2X0 ja(u; v)jkuk kvk : (2.4.40)Some tedious elementary manipulations yield (independently of the existen
eof the map �h) the inequality :ish � is0 �1� Æ(Xh;X0)��1 + Æ(X0;Xh)� � kak��1 + Æ(Xh;X0)��1� Æ(X0;Xh)�Æ(X0;Xh) + Æ(Xh;X0)�:(2.4.41)Now if we plug estimates (2.4.38) and (2.4.39) into (2.4.41) we 
an 
on
ludethat as h! 0, ish be
omes greater than is0 � �, for any � > 0. Combining thisfa
t with Proposition 2.4.9 we obtain :Proposition 2.4.11 Let X be a re
exive Bana
h spa
e and A : X ! X?be a 
ontinuous linear map. Suppose that X0 is a 
losed linear subspa
e thatsplits yielding a proje
tor P , and that A indu
es an isomorphism X0 ! X?0 ,with an Inf-Sup estimate �0. Suppose we have a family (Xh) of subspa
es ofX, equipped with surje
tive linear 
ontinuous maps �h : X0 ! Xh su
h thatlimh kI � �hk = 0.Then for any 0 < � < �0 there is h0 > 0 su
h that for all h < h0, A indu
esisomorphisms Xh ! X?h, and for all l 2 X?, with the notations of Proposition2.4.9 we have :kuh � u0k � ��1(1 + ��1kAk)(1 + kI � Pk) k�h � Ik klk: (2.4.42)Applying this proposition to the dis
rete and 
ontinuous Krylov spa
es yields :Corollary 2.4.12 Fix an n 2 N. Suppose that dimKn = n + 1 and that themap Kn ! Kn? indu
ed by A is invertible. Then there is hn > 0 su
h thatfor all h < hn the map Knh ! Kn?h indu
ed by A is invertible ; moreover, givenl 2 H�1=2div (�)?, the solutions unh and un of equations (2.4.2) and (2.4.4), satisfyan estimate of the form :kunh � unk�1=2 � Ck�nh � Ik; (2.4.43)where �nh : Kn ! Knh is the unique linear map that satis�es for 0 � i � n :�nh : (ZA)iZl 7! (ZhAh)iZhljS1h : (2.4.44)78 S.H. Christiansen



2.4 Behavior of the iteratesOf 
ourse Theorem 2.4.7 shows that (for �xed n) k�nh � Ik ! 0, and the abovementioned question of regularity is whether for smooth l we have estimates ofthe form k�nh � Ik � Chs for s > 0.It is also possible to give a slightly di�erent and more algorithmi
 variant ofthis 
orollary. Namely, de�ne an \abstra
t" 
onjugate gradients algorithm, byskipping all the h indi
es in some implementation in terms of Zh and Ah of the
onjugate gradient algorithm on S1h (it should be 
he
ked that this is a
tuallypossible). Then if the abstra
t algorithm is well de�ned up to iteration n thereis hn > 0 su
h that for all h < hn the dis
rete algorithm is well de�ned up to ite-ration n. Convergen
e of the iterates is des
ribed by the above 
orollary. Noti
ethat it 
overs the 
ase of algorithms that 
an skip full rank Krylov subspa
es onwhi
h A is degenerate, as long as the next Krylov subspa
e is also full rank andA is non-degenerate on it, so-
alled Look-ahead algorithms des
ribed in Parlettet al. [90℄. Abstra
t 
onjugate gradient algorithms are 
ommon folklore even fornon-Hermitian operators and des
ribed for instan
e in Gutkne
ht [126℄.Remark 2.4.13 We have not proved that the spe
tral 
ondition number of therestri
tion of ZhAh to (S1h)^ is uniformly bounded, and we even suspe
t that thismay not be true. More pre
isely the spe
tral radius of the endomorphism indu-
ed by ZhAh on (S1h)^ is uniformly bounded, but perhaps not that of its inverse.The la
k of this property (whi
h was the guide and main fo
us of Steinba
h-Wendland [72℄ and Christiansen-N�ed�ele
 [133℄) was our prin
ipal motivationfor proving the 
onvergen
e of the Krylov spa
es and the 
orresponding approxi-mate solutions.2.4.3 Eviden
e of super-linear 
onvergen
eThe above dis
ussion (in parti
ular Corollary 2.4.12) suggests that the be-havior of the approximate solutions (unh) is similar to the behavior of (un), atleast for moderate n (
ompared with dimS1h � h�2). Con
erning the behaviorof (un), the 
onvergen
e theory is more satisfa
tory in the SPD 
ase than inthe non-SPD 
ase we're dealing with.Here we remind the reader how, in the in�nite-dimensional SPD 
ase, theproperty of inversion up to a 
ompa
t operator leads to super-linear 
onver-gen
e. In other words with the proposed pre
onditioner for the �rst kind in-tegral equation EFIE, one re
overs the kind of 
onvergen
e usually asso
iatedwith se
ond kind integral equations. Though pre
onditioning was not a fo
usat the time, su
h estimates seem to date ba
k to Hayes [86℄. The theory doesn'tdire
tly apply to the studied 
ase but (for smooth surfa
es) it does give 
omple-mentary 
onvergen
e estimates on some related pre
onditioning te
hniques, inparti
ular those des
ribed in Steinba
h-Wendland [72℄, whi
h were the startingpoint of the method we have des
ribed here. We also believe these developmentsto give good indi
ation on the behavior we 
an expe
t for our present problem.Suppose X is a real Hilbert spa
e, A : X ! X? is linear 
ontinuous, andTh�ese 79
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tromagnetismindu
es a symmetri
 positive de�nite bilinear form. Suppose Z : X? ! Xis linear 
ontinuous and symmetri
. Given l = Au? 2 X? de�ne the Krylovspa
es as above with real polynomials only. We suppose that we don't providean approximate solution -other than 0- to start the algorithm, though this 
aneasily be a

ounted for.Remark �rst that A indu
es a s
alar produ
t on X with asso
iated normk � kA, and that un solves equation (2.4.4) if and only if u 7! ku � u?kA isminimal on Kn at un. Thus for all real polynomials P su
h that degP � n :kun � u?kA � kP (ZA)ZAu? � u?kA: (2.4.45)Hen
e for all P su
h that degP � n+ 1, and P (0) = 1 :kun � u?kA � kP (ZA)u?kA: (2.4.46)Then remark that ZA is 
ontinuous, and symmetri
 with respe
t to thebilinear form indu
ed by A, and therefore has a resolution of the identity E onthe spe
trum � = �(ZA) � R su
h that we 
an write (we refer to Rudin [108℄Chap. 12, for de�nitions and notations) :kP (ZA)u?k2A � Z� jP (�)j2dEu?;u? (2.4.47)� supfjP (�)j2 : � 2 � \ supp dEu?;u?g ku?k2A:(2.4.48)Finally in the 
ase were ZA�I is 
ompa
t we 
an put � = f1g[f�i : i 2 Ngwhere (j�i � 1j) is a de
reasing sequen
e 
onverging to 0. To be sure that thealgorithm is well de�ned for all n we suppose that Z is positive de�nite. Then�i 6= 0, and we 
an de�ne polynomials Pn by :Pn : Pn(�) = �ni=0(1� �=�i): (2.4.49)Remark that for any i and any � su
h that j1� �j � j1� �ij :j1� �=�ij = j(�i � 1 + 1� �)=�ij � 2j1 � 1=�ij; (2.4.50)whi
h gives : sup�2� jPn(�)j � 2n+1�ni=0j1� 1=�ij: (2.4.51)Sin
e j1 � 1=�ij ! 0, this immediately implies super-linear 
onvergen
e. Moregenerally if (�i) is a sequen
e of non-zero 
omplex numbers, su
h that (j�i� 1j)de
reases to 0, the estimates (2.4.50) (for 
omplex �) and (2.4.51) (with thesame de�nition of Pn, and still with � = f1g [ f�i : i 2 Ng) remain true,whi
h might be of interest to other Krylov-subspa
e algorithms applied to non-SPD operators. Moreover, if the asymptoti
 behavior of the eigenvalues of theresidual ZA� I is known and we have an estimate of the form j1� �ij � Ci��80 S.H. Christiansen



2.5 Numeri
al resultsfor some C > 0, � > 0, we get the 
onvergen
e estimate (for a larger C and thesame �): kun � u?kA � Cn(n!)��ku?kA: (2.4.52)More expli
itly, returning to the 
ase of operators on a smooth 
ompa
t Rie-mannian manifold �, if the dimension of the manifold is N and the residual isan operator of order �s for some s > 0 (i.e. in terms of Sobolev spa
es, 
onti-nuous Hs0(�) ! Hs0+s(�) for all s0) whi
h 
ommutes with the Lapla
ian on �,this holds with � = s=N . This 
an be dedu
ed from the eigenvalue asymptoti
sof the Lapla
ian, for whi
h we refer to Taylor [110℄ (Vol. II, Chap. 8). An al-ternative and more general approa
h based on tra
e-
lass theory is exposed inWinther [95℄ and also gives a fa
tor of the form Cn(n!)��. When � has symme-tries an even larger � might hold in the estimate (2.4.52) due to the degenera
yof eigenvalues. For the determination of the orders of di�erent integral opera-tors we refer to N�ed�ele
 [116℄ ; in parti
ular the order of the residual in ourpre
onditioning strategy for the EFIE is �2 (though we do not even 
laim tohave proved that the PCG doesn't break down in this 
ase).2.5 Numeri
al resultsIn order to evaluate the performan
e of the pre
onditioner it is 
ustomaryto show the 
onvergen
e graphs. We use the notations of equation (2.1.29), andwe denote by Unh the tuple of 
oordinates of the approximate solution unh atiteration n in the 
hosen basis. The 
onvergen
e graphs are then of the form :n 7! log10(kAh(k)Unh � Vhk=kVhk); (2.5.1)for a given 
hoi
e of norms on the tuples. The standard norm is the `2 norm ontuples. From a fun
tional point of view this is not very natural, but on the otherhand fun
tional norms are not readily 
omputable { with a notable ex
eptionfor those we de�ned in x2.3.9.2.5.1 SphereWe start by showing 
onvergen
e graphs for the 
anoni
al example of dif-fra
tion of a plane wave by the unit sphere for the wave lengths � = 8; 4; 2; 1(k = 2�=�); see Figure 2.1. The dis
retization of the sphere has 2252 verti
esand 4500 triangles, leading to 6750 degrees of freedom for lowest order Raviart-Thomas �nite elements.We 
onsider here the 
ase of the pre
onditioner using the same Galerkinspa
e as the original, and use a 
omplex symmetri
 
onjugate gradients algo-rithm.Ea
h graphi
 displays three 
urves. The thin line (upper graph) is obtainedwithout pre
onditioning, for the `2 norm on tuples ; the dotted line (whi
h stag-nates) is obtained with the proposed pre
onditioner for the `2 norm on tuples ;Th�ese 81
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e graphs for the unit sphere at � = 8; 4; 2; 1 (top left tobottom right).the third line (the bottom graph) is obtained with the proposed pre
onditioner,for the natural norm de�ned in x2.3.9.We make a few 
omments :{ with the pre
onditioner, ea
h iteration is a little more than twi
e as slowas without any pre
onditioner : we apply the Galerkin matrix on
e more,and do a 
onsiderable amount of sparse matrix manipulations ;{ in the pre
onditioned 
ase and in parti
ular at � = 1, the `2 norm (dottedline) of the residual stagnates, whereas the natural norm 
ontinues tode
rease, 
on�rming that the variational problem is indeed solved on astri
t subspa
e ;{ the pre
onditioner is parti
ularly eÆ
ient at low frequen
ies { whi
h isthe only really ill-
onditioned 
ase on spheres ;{ usual stopping 
riteria vary from 10�2 to 10�5, depending on the a

ura
yof the result required ; for all these the pre
onditioned algorithm is severaltimes faster than the algorithm without pre
onditioning ;{ the auxiliary problems in the pre
onditioner were solved iteratively witha toleran
e of 10�7 (saddle-point problem) and 10�8 (L2 proje
tions);a

umulation of su
h errors and other round-o� errors 
ould also partlyexplain the instabilities observed at the last iterations at � = 1;{ the far-�eld patterns dedu
ed from the ele
tri
 
urrents 
omputed iterati-82 S.H. Christiansen



2.5 Numeri
al resultsvely with and without pre
onditioner were not graphi
ally distinguishablefrom those 
omputed by standard fa
torization ;{ using the Brezzi-Douglas-Marini �nite elements in the pre
onditioner (whilestill using Raviart-Thomas for the original problem) yields slightly bettera

ura
y and requires slightly fewer iterations. Also the dotted line doesnot stagnate, 
on�rming that the equation is then solved variationnallyon a mu
h larger subspa
e. However ea
h iteration is mu
h slower sin
ethere are twi
e as many degrees of freedom in the pre
onditioner (at thelowest level).2.5.2 CavityWe 
onsider now di�ra
tion by a 
avity. In 
avities trapped rays 
reate longrange non-trivial intera
tions. This is a 
onsiderably more 
hallenging problemthan s
attering by 
onvex obje
ts sin
e, without pre
onditioning, it happensthat the iterates do not 
onverge.The parti
ular geometry we 
onsider 
an be des
ribed as follows : take two
on
entri
 spheres, one with radius 5=6 and one with radius 7=6 ; ex
avate a
one with top at the origin and half-angle �=4, and join the interior surfa
ewith the exterior one with half a torus. See Figure 2.2. The mesh of the 
avitywas 
onstru
ted from a mesh of the unit sphere (in fa
t the same one as in thepre
eding example) by su

essive deformations.

Fig. 2.2 { Cavity seen from outside and verti
al se
tion.The 
avity is lit by a horizontally polarized plane wave entering the 
avitytangentially to its walls (the wave ve
tor makes an angle of 3�=4 with theverti
al dire
tion). The 
onvergen
e graphs obtained for the 
avity are displayedin Figure 2.3.Th�ese 83



Ele
tromagnetism
-5

-4

-3

-2

-1

0

1

0 20 40 60 80 100 120 140 160 180 200
-5

-4

-3

-2

-1

0

1

0 20 40 60 80 100 120 140 160 180 200Fig. 2.3 { Convergen
e graphs for the 
avity at � = 8; 2 (left and right).Noti
e that at � = 2, the pre
onditioner not only speeds up 
onvergen
e, ita
tually enables it.In the pre
onditioned 
ase, we observe a slow-down in the 
onvergen
e,whi
h we interpret as stemming from the fa
t that the Calderon formulas areless well represented on a dis
rete level (the dis
rete iterates depart from the
ontinuous ones). It seems also that the slow-down always o

urs slightly afterthe `2 norm of the residual stagnates. This stagnation 
ould be indi
ation thatthe 
urrent iterate is as 
lose to the exa
t 
ontinuous solution as the exa
tGalerkin solution. Thus the stagnation in the `2 norm of the residual would bea good stopping 
riterion and then the slow-down would never be observed.2.5.3 Indented 
ubeThe Galerkin dis
retization of the EFIE is well-known to perform well notonly on smooth surfa
es but also for the polyhedral ones that often o

ur inappli
ations. Though we have justi�ed the pre
onditioning te
hnique only forsmooth surfa
es, it appears to perform well also on su
h non-smooth ones.However when the pre
onditioning operator Z : X 0 ! X does not invert theoperator A : X ! X 0 up to a 
ompa
t residual, but rather is su
h that ZAis an automorphism of X, one expe
ts the ideal 
onjugate gradients algorithmto 
onverge not super-linearly, but rather linearly, as is easily proven for SPDoperators.We show numeri
al results for the following geometry. The s
attering obje
tis the indented 
ube [�1; 1℄3n℄0; 1℄3. The interior domain 
ontains several typesof singularities, both 
onvex and non-
onvex. Also when a plane wave withwave-ve
tor � = (�1; �2; �3), with �i < 0, hits the reentrant 
orner, geometri
alopti
s predi
ts that it should be s
attered mainly in the dire
tion ��, afterthree re
e
tions. The mesh used for the numeri
al experiments is shown inFigure 2.4. It has 2164 verti
es and 4324 triangles, leading to 6486 edges (anddegrees of freedom for RT �nite elements).In Figure 2.5 we show the 
onvergen
e graphs obtained for an in
ident plane84 S.H. Christiansen



2.5 Numeri
al results

Fig. 2.4 { Indented 
ube seen from outside.wave with wave-ve
tor positively proportional to (�1;�1;�1), with wavelength� = 8 and � = 4, and with horizontal polarization. Contrary to the 
ase ofsmooth surfa
es there might be signi�
ant loss of a

ura
y when solving theGalerkin problem on (S1h)^ rather than S1h when lowest degree RT �elds areused both in the problem formulation and the pre
onditioner. This problemwould be remedied using BDM �elds in the pre
onditioner sin
e then (S1h)^ hasvery low 
odimension in S1h. However for the wavelengths used here the far-�eldpatterns were not graphi
ally distinguishable.
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e graphs for the indented 
ube at � = 8; 4 (left and right).
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Ele
tromagnetismPerspe
tivesThe study of the method on non-smooth surfa
es is still ongoing. In parti
u-lar the evaluation of the impa
t of singularities in the surfa
e and 
orrespondingmesh re�nement strategies is important for many appli
ations, and 
ould per-haps be a
hieved using re
ent results from Bu�a et al. [25℄ and Hiptmair-S
hwab[44℄.As remarked on the numeri
al experiments, the pre
onditioning te
hniquedisplays good stability at low frequen
ies. This stability 
an be enhan
ed bymaking the dis
rete Helmholtz de
ompositions still more expli
it. For instan
e,fo
using on the pre
onditioner, one applies separately the two terms of theoperator in equation (2.1.18) to the two terms of the ve
tor in equation (2.3.24).We shall 
ome ba
k elsewhere to this point, whi
h is important for simulatingsemi-
ondu
tor devi
es.The method 
an also be extended to treat s
attering by perfe
tly 
ondu
tingsimpli
al 
omplexes (in
luding open surfa
es as well as bran
hed ones, wheremore than two surfa
es meet at an edge). In these 
ases one 
an no longer keepthe same type of Galerkin spa
es in the pre
onditioner as in the variational for-mulation of the EFIE, and the Calderon formulas, whi
h require the surfa
e tobe orientable, need to be adapted. For some generalizations of the method des-
ribed here we have obtained speed-ups 
omparable to the above ones, thoughthe justi�
ations are as of today at best intuitive.
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Chapitre 3Dis
rete Fredholm properties for the EFIE
Abstra
t : The Galerkin dis
retization of the Ele
tri
 Field Integral Equa-tion is reinvestigated. We prove quasi-optimal 
onvergen
e estimates at non-resonant frequen
ies, and show that at resonant frequen
ies the spurious ele
-tri
 
urrents radiate only weakly in the exterior domain. This is a
hievedthrough the study of some �nitely degenerated problems in terms of LBBInf-Sup estimates and the use of dis
rete Helmholtz de
ompositions.

Introdu
tionThe Ele
tri
 Field Integral Equation (EFIE) is de�ned in subse
tion 3.1.1. Itis the basi
 equation in the theory of integral methods for the s
attering of ele
-tromagneti
 harmoni
 (i.e. mono-frequential) waves. The dis
retization of thisequation is a widespread method for the 
omputation of radar 
ross se
tions,antenna performan
e and ele
tromagneti
 
ompatibility issues, to mention justa few important �elds of appli
ation.In this arti
le we give improved 
onvergen
e estimates for the Galerkin dis-
retization of the EFIE, and new indi
ations on the behavior of the dis
retizedequation at resonant frequen
ies. One of the main motivations for 
onstru
tingthis theory was to provide a rigorous justi�
ation for the use of a new non-lo
al�nite element spa
e, whi
h appeared naturally in a pre
onditioning te
hniquefor the EFIE des
ribed in Christiansen-N�ed�ele
 [135℄. We therefore remain suf-�
iently general throughout the paper to provide a theory that applies to su
hnon-standard spa
es.To a
hieve this the three main tools used are :{ a reformulation of the EFIE as an equivalent saddle-point problem, follo-wing a te
hnique used by N�ed�ele
 [116℄ to prove the Fredholm property89



Dis
rete Fredholm properties for the EFIEof the (
ontinuous) EFIE ;{ estimates on dis
rete Helmholtz de
ompositions 
losely related to a dis-
rete 
ompa
tness result due to Kiku
hi [51℄ whi
h has re
ently beenfound to be important in the dis
retization of eigenvalue problems bysaddle-point formulations ;{ a general theory of the dis
retization of �nitely degenerated problems,whi
h we have tried to develop in the spirit of Babuska's Inf-Sup 
ondi-tions [6℄.The most well-known Galerkin spa
e is the one introdu
ed for the EFIEby Rao-Wilton-Glisson in [66℄. This spa
e of tangent �elds on � had previouslybeen used by N�ed�ele
 [56℄ for the 
omputation of eddy 
urrents and, as noted byhim, is an adaptation to arbitrary surfa
es of the lowest degree Raviart-Thomas(RT) �nite element (FE) spa
e developed for planar problems [67℄.A numeri
al analysis of the Galerkin dis
retization of the EFIE by RT FE ofany order was �rst presented by Bendali [10℄. We improve the results of Bendaliby getting rid of a parasiti
 fa
tor of the form Ch�1=2�� (for arbitrary � > 0,C depending on �) in the error estimates 1. It should be remarked that we donot need to 
ompute any residual error in the sense of Hsiao-Kleinman [46℄ toassess the quality of the solution.We also 
onsider what happens at resonant frequen
ies. This topi
 seems tohave been negle
ted in the past (Demkowi
z [35℄ speaks of \forbidden frequen-
ies") but, as one would expe
t, it suÆ
es to 
an
el in some way the kernelof the Ele
tri
 Field Integral Operator to re
over a dis
rete Inf-Sup estimate.We shall link this to the fa
t, observed and 
ommuni
ated to me by F. B�ereux,that when the EFIE is solved 
lose to a resonant frequen
y one observes spu-rious ele
tri
 
urrents in the solution, but that these do not pollute the far-�eldpattern.The paper is organized as follows. In se
tion 3.1 we re
all the basi
 proper-ties of the exterior ele
tromagneti
 s
attering problem, and the 
orrespondingintegral equation. Then we introdu
e its variational formulation and the basi
notations that will be used for Galerkin problems. We also brie
y re
all somewell-known results on the dis
retization of problems satisfying a G�arding es-timate. In se
tion 3.2 we outline the available te
hniques for the study of theEFIE, in
luding the Helmholtz de
omposition, Bendali's original approa
h andN�ed�ele
's te
hnique leading to a saddle-point problem . After having exposedthe setting for the dis
retization of su
h problems, we introdu
e the equivalentsaddle-point formulation that will be used in the sequel to study the dis
reti-zation of the EFIE. In se
tion 3.3 we develop an \abstra
t" framework for thispurpose. In se
tion 3.4 we give general suÆ
ient 
onditions on the Galerkinspa
es for the EFIE to satisfy an Inf-Sup estimate on them and show that these
onditions are satis�ed by the usual RT spa
es. We also give a pre
ise inter-pretation of F. B�ereux's observation (Remark 3.4.3). Finally we return to the1. Via results from se
tion 2.2.2.90 S.H. Christiansen



3.1 The Ele
tri
 Field Integral EquationHelmholtz de
omposition and outline how we 
ould have used it also to rea
hthe same 
on
lusions (se
tion 3.5).3.1 The Ele
tri
 Field Integral Equation3.1.1 Integral representation of interior and exterior wavesLet 
� be an open bounded subset of R3 , and � its boundary. We supposethat 
�[� is a C1 smooth submanifold with boundary, though this hypothesis
ould be relaxed to Cp smoothness for some p <1 without mu
h extra e�ort.More interesting would have been an extension of the theory to Lips
hitz mani-folds, but even though s
alar equations are well understood (see Costabel [32℄),the 
ase of Maxwell's equations is still an a
tive resear
h dire
tion (see Bu�aet al. [25℄) whi
h we will not pursue here. We denote by 
+ the 
omplement of
� [�, and n the outward pointing normal on �. We suppose throughout that
+ is 
onne
ted, whi
h ensures uniqueness of solutions to exterior problems.The free-spa
e harmoni
 Maxwell equations for the ele
tromagneti
 �eld(E;H) in an open region 
 � R3 are :
urlE = +i!�H; (3.1.1)
urlH = �i!�E; (3.1.2)where � > 0 is the magneti
 permeability and � > 0 is the ele
tri
 permittivity.If the pulsation ! is zero one also has to add expli
itly that the �elds aredivergen
e free. In the sequel these equations will be referred to as Maxwell'sequations. It is 
onvenient to introdu
e the wavenumber k and the impedan
eZ de�ned by : k = !(��)1=2; (3.1.3)Z = (�=�)1=2: (3.1.4)Then we have +i!� = +ikZ and �i!� = �ik=Z.We will 
onsider here only non-homogeneous boundary value problems forthe free-spa
e harmoni
 Maxwell equations, with real non-zero positive pul-sations. Referring to Colton-Kress [113℄, Cessenat [112℄ and N�ed�ele
 [116℄ forproofs we brie
y state the main results whi
h will be of interest to us.On � the usual Sobolev spa
es of s
alar and tangential �elds of regularityorder s 2 R are denoted Hs(�) and HsT(�) respe
tively, and the 
orrespondingnorms are both written : u 7! jujs: (3.1.5)Introdu
e the Hilbert spa
es Hsdiv(�) of tangent �elds on � :Hsdiv(�) = fu 2 HsT(�) : divu 2 Hs(�)g: (3.1.6)Th�ese 91



Dis
rete Fredholm properties for the EFIEThey are equipped with the norms :u 7! kuks : kuk2s = juj2s + jdivuj2s: (3.1.7)We de�ne Hsrot(�) in a similar way but we don't introdu
e any notation for the
orresponding norm. Noti
e that u 7! u � n indu
es isomorphisms Hsrot(�) !Hsdiv(�) and Hsdiv(�) ! Hsrot(�).Re
all that we have well de�ned 
ontinuous tangential tra
e operators :
�T : ( H0
url(
�) ! H�1=2rot (�)v 7! vT = v � (v � n)n ; (3.1.8)and, for arbitrary large enough R > 0 (with BR = fx 2 R3 : jxj < Rg ) :
+T : ( H0
url(
+ \BR) ! H�1=2rot (�)v 7! vT = v � (v � n)n : (3.1.9)For simpli
ity we denote by H0
url(
+)lo
 the Fr�e
het spa
e of ve
tor �elds in 
+whose restri
tions are in H0
url(
+ \ BR) for all R > 0. For exterior problemswe have the existen
e and uniqueness result :Theorem 3.1.1 For all k > 0, all v 2 H�1=2rot (�) there is a unique (E;H) 2H0
url(
+)2lo
 solving Maxwell's equations in 
+, satisfying the Silver-M�uller ra-diation 
onditions, and su
h that 
+TE = v. The 
orresponding solution operatoris 
ontinuous.For interior problems we have :Theorem 3.1.2 There is a unique real positive stri
tly in
reasing and unboun-ded sequen
e (kn) su
h that, with K = fkn : n 2 Ng we have :{ for all k =2 K, for all v 2 H�1=2rot (�) there is a unique (E;H) 2 H0
url(
�)2solving Maxwell's equations in 
� and su
h that 
�TE = v ;{ for all k 2 K, the spa
e of solutions (E;H) 2 H0
url(
�)2 to Maxwell'sequations in 
� su
h that 
�TE = 0, is a non-zero �nite-dimensionalspa
e.The elements of K are 
alled resonant wavenumbers. For any k, the ve
torspa
e of ele
tri
 �elds E in 
�, su
h that with H = 1=(ikZ) 
urlE, (E;H) isin H0
url(
�)2 and solves Maxwell's equations in 
� with the perfe
t 
ondu
torboundary 
ondition 
�TE = 0, is denoted Ek. It is �nite dimensional and it isnon-zero only if k 2 K.Let Gk be the fundamental solution of the Helmholtz operator �� � k2satisfying the Sommerfeld radiation 
ondition :Gk(x; y) = eikjx�yj4�jx� yj ; (3.1.10)92 S.H. Christiansen



3.1 The Ele
tri
 Field Integral Equationand let �k be the potential, mapping any suÆ
iently smooth tangent �eld u on� to the �eld in R3 de�ned away from � by :(�ku)(y) = Z�Gk(x; y)u(x)dx: (3.1.11)Of fundamental importan
e to us will be the representation theorem :Theorem 3.1.3 Suppose (E;H) is a �eld whose restri
tions to 
� and 
+ arein H0
url(
�)2 and H0
url(
+)2lo
 and solve Maxwell's equations for a given wavenumber k. Suppose also that it veri�es the Silver-M�uller radiation 
onditions.De�ne the ele
tri
 and magneti
 
urrents j and m on � by the jump formulas :j = [H � n℄ = (
�TH � 
+TH)� n; (3.1.12)m = [E � n℄ = (
�TE � 
+TE)� n: (3.1.13)Then in 
� and 
+ we have :E = (+ikZ)(1 + (1=k2) grad div)�kj + 
url�km; (3.1.14)H = (�ik=Z)(1 + (1=k2) grad div)�km+ 
url�kj: (3.1.15)De�nition 3.1.4 For k 6= 0 we de�ne the Ele
tri
 Field Integral Operator, ontangent �elds on �, by (the interior and exterior tra
es are equal) :Aku = 
T (1 + (1=k2) grad div)�ku: (3.1.16)One shows that Ak is 
ontinuous Hsdiv(�) ! Hsrot(�). The EFIE for a giventangent �eld v is the equation Aku = v. From the pre
eding equations it fol-lows that if k 2 R�+ n K, Ak : H�1=2div (�) ! H�1=2rot (�) is invertible. But moreinterestingly we have the following results even if k is a resonant wavenumber :{ for any v 2 H�1=2rot (�), if the interior problem with respe
t to v has asolution, then there is u 2 H�1=2div (�) su
h that Aku = v ;{ for any v 2 H�1=2rot (�), if we have a solution u 2 H�1=2div (�) to Aku = v,then the solution (E;H) of the exterior problem with respe
t to v is givenby : E = (1� (1=k2) grad div)�ku; H = 1=(ikZ) 
url �ku; (3.1.17){ for any u 2 H�1=2div (�), Aku = 0 if and only if u 2 (
�T 
urlEk)� n.Thus for instan
e if v is the tangential tra
e of a planar wave -whi
h is the 
asein RCS 
omputations- then the EFIE has a solution even at resonan
es, whi
his determined up to a �nite dimensional spa
e, and for any su
h solution the
orresponding potential solves the exterior problem. One of the main goals ofthis paper is to determine to whi
h extent an analogous property holds true forthe dis
retized EFIE.Th�ese 93



Dis
rete Fredholm properties for the EFIE3.1.2 Variational formulation and dis
retizationRe
all that the C bilinear form on tangent �elds :(u; v) 7! hu; vi = Z� u � v; (3.1.18)indu
es a duality between Hsdiv(�) and H�1�srot (�), see in parti
ular Paquet [64℄.For suÆ
iently smooth tangent �elds we have (all integrals are on �) :hAku; u0i = ZZ Gk(x; y)u(x) � u0(y)dxdy � � � (3.1.19)�(1=k2)ZZ Gk(x; y) div u(x) div u0(y)dxdy:In order to have a highest order term whi
h is positive we will sometimes 
onsi-der the opposite bilinear form. This leads to a variational formulation of theEFIE, also known as the Rumsey rea
tion prin
iple. For a given v 2 Hsrot(�)solve : u 2 Hsdiv(�) and 8u0 2 H�1�sdiv (�) hAku; u0i = hv; u0i: (3.1.20)The 
ase s = �1=2 is symmetri
 and is the natural starting point for the studyof this equation. Whenever we have a family (Xh) of subspa
es of H�1=2div (�),the Galerkin method 
onsists in trying to solve the equations :u 2 Xh 8u0 2 Xh hAku; u0i = hv; u0i; (3.1.21)and studying the 
onvergen
e of the 
orresponding solutions, with respe
t tothe parameter h.3.1.3 Galerkin methods in the presen
e of G�arding inequalitiesLet X be a Hilbert spa
e. The base �eld K of X is either R or C . Leta : X �X ! K be a K -bilinear 
ontinuous form on X. We say that a is non-degenerate if the indu
ed map A : X ! X?; u 7! a(u; �) is an isomorphism(sin
e X is re
exive this is equivalent to u 7! a(�; u) being one). When a is nondegenerate, we 
onstru
t approximations of A�1 by 
hoosing a family of 
losedsubspa
es (Xh) of X, whi
h is approximating in the sense that :8u 2 X limh infu02Xh ku� u0k = 0: (3.1.22)Then for a given l 2 X? we try to solve :u 2 Xh 8u0 2 Xh a(u; u0) = l(u0): (3.1.23)In a

ordan
e with usual 
onventions it is impli
it that (Xh) = (Xh)h2H whereH is some subset of R�+ a

umulating at 0, and that limh means limh!0.94 S.H. Christiansen



3.2 The Ele
tri
 Field Integral EquationLet Ah be the map : Xh ! X?h; u 7! a(u; �). Then 3.1.23 
an be restated as :u 2 Xh Ahu = ljXh . If Ah is invertible and if :9C > 0 8l 2 X? 8h kA�1l �A�1h ljXhk � C infu02Xh kA�1l � u0k; (3.1.24)we say that the Galerkin method yields quasi-optimal 
onvergen
e.A suÆ
ient 
ondition for a to be non degenerate is that it is 
oer
ive inthe sense that for some R-linear isometri
 involution of X, denoted u 7! u and
alled 
onjugation, we have :9C > 0 8u 2 X Re a(u; u) � (1=C)kuk2: (3.1.25)This is the Lax-Milgram theorem. If a is 
oer
ive C�ea's lemma asserts that ifthe spa
es Xh are stable under 
onjugation, the Galerkin method yields quasi-optimal 
onvergen
e.In the 
ontext of boundary integral equations one soon en
ounters bilinearforms satisfying only a weaker estimate, known as a G�arding inequality :9C > 0 8u 2 X Re a(u; u) � (1=C)kuk2X �Ckuk2Y ; (3.1.26)where Y is a Hilbert spa
e 
ontaining X and su
h that the 
anoni
al inje
tionX ! Y is 
ompa
t.It was soon re
ognized that if a is non degenerate and satis�es a G�ardinginequality, and if the spa
es Xh are stable under 
onjugation, then there existsh0 > 0 su
h that the Galerkin method has quasi-optimal 
onvergen
e on (Xh)h<h0 .Early 
ontributions in this dire
tion in
lude S
hatz [70℄. This fa
t is naturallystated in terms of the Inf-Sup 
onditions due to Babuska [6℄ [7℄. For an insight-ful a

ount on this we refer to Demkowi
z [35℄ ; see also Wendland [80℄. Forfuture referen
e we re
all Babuska's Theorem :Theorem 3.1.5 Let X and Y be two re
exive Bana
h spa
es. Let a be a 
onti-nuous bilinear form on X � Y . If :infu2X supv2Y ja(u; v)jkuk kvk � � > 0; (3.1.27)8v 2 Y (8u 2 X a(u; v) = 0) ) (v = 0) (3.1.28)then : infv2Y supu2X ja(u; v)jkvk kuk = infu2X supv2Y ja(u; v)jkuk kvk ; (3.1.29)and for all l 2 Y ? there is a unique u 2 X su
h that :8v 2 Y a(u; v) = l(v): (3.1.30)It satis�es kuk � ��1klk.We will use the following notation whenever it makes sense :infX supY a = infu2X supv2Y ja(u; v)jkuk kvk ; (3.1.31)where it is impli
it that u and v are non-zero.Th�ese 95



Dis
rete Fredholm properties for the EFIE3.2 Some strategies for the analysis of the EFIEOn fun
tion spa
es the standard 
onjugation is the one indu
ed by the
omplex 
onjugation in C . With this 
onjugation the variational formulationof the EFIE does not lead to a 
ompa
t perturbation of a 
oer
ive form onH�1=2div (�). Several te
hniques have been deployed to 
ompensate for this. Thegeneral idea is to introdu
e an equivalent variational formulation, usually onsome produ
t spa
e, with a blo
k stru
ture su
h that the di�erent blo
ks areeither 
ompa
t perturbations of 
oer
ive operators, or 
ompa
t 
oupling terms.3.2.1 Helmholtz de
ompositionThe most well-known strategy is to 
onsider the Helmholtz de
ompositionof tangent �elds on �. If � is simply 
onne
ted any u 2 H�1=2div (�) 
an be writtenin a unique way u = grad p + rot q with p 2 H3=2(�)� and q 2 H1=2(�)�. Withthis splitting of H�1=2div (�) a variational formulation of the EFIE is :� p 2 H3=2(�)�q 2 H1=2(�)� � 8p0 2 H3=2(�)� a(p; p0) + b(q; p0) = l(grad p0)8q0 2 H1=2(�)� b(q0; p) + 
(q; q0) = l(rot q0) ;(3.2.1)where : a(p; p0) = (1=k2)ZZ Gk(x; y)�p(x)�p0(y)dxdy � � � (3.2.2)�ZZ Gk(x; y) grad p(x) � grad p0(y)dxdy;b(q; p0) = �ZZ Gk(x; y) rot q(x) � grad p0(y)dxdy; (3.2.3)
(q; q0) = �ZZ Gk(x; y) rot q(x) � rot q0(y)dxdy: (3.2.4)The diagonal terms are 
ompa
t perturbations of 
oer
ive forms whereasthe o� diagonal terms are 
ompa
t. This has wide ranging impli
ations forthe EFIE, see in parti
ular De La Bourdonnaye [18℄. Ivakhnenko et al. [49℄(among others) have suggested to base algorithms on this splitting. However-as a
knowledged by the authors- the theory they develop does not 
over themost widespread methods, sin
e it requires a splitting of the Galerkin spa
esfor whi
h the gradients are tangent �elds with H1=2T (�) regularity.One remarks that the above splitting te
hnique 
an be restated as the fa
tthat the EFIE satis�es a G�arding inequality for the non-standard 
onjugation :grad p+ rot q 7! grad p� rot q: (3.2.5)Then the diÆ
ulty is that this 
onjugation does not leave the Galerkin spa
esstable.96 S.H. Christiansen



3.2 Some strategies for the analysis of the EFIE3.2.2 Introdu
tion of 
harge densityIt seems that the only numeri
al analysis available for the variational dis-
retization of the EFIE is the original approa
h of Bendali [10℄, who introdu
esthe 
harge density q = divu into the formulation, with Lagrange multipliers.More pre
isely the EFIE is formulated in the following way :( u 2 H�1=2div (�)q 2 H�1=2(�)� ( 8u0 2 H�1=2div (�) a(u; u0) + b(q; u0) = l(u0)8q0 2 H�1=2(�)� 
(q0; u) + d(q; q0) = 0 ;(3.2.6)where : a(u; u0) = �ZZ Gk(x; y)u(x) � u0(y)dxdy; (3.2.7)b(q; u0) = (1=k2)ZZ Gk(x; y)q(x) div u0(y)dxdy; (3.2.8)
(q0; u) = (1=k2)ZZ G0(x; y)q0(x) div u(y)dxdy; (3.2.9)d(q; q0) = �(1=k2)ZZ G0(x; y)q(x)q0(y)dxdy: (3.2.10)This formulation has mu
h weaker properties than the pre
eding one, leadingto an intri
ate mathemati
al analysis. It's main advantage is that for the usualGalerkin spa
es Xh � H�1=2div (�) the spa
esWh = divXh are simple subspa
es ofthe usual Galerkin spa
es of pie
ewise polynomial fun
tions (with no 
ontinuityrequirements). Thus the formulation (3.2.6) has a dis
rete 
ounterpart on Wh�Xh.We shall now turn to a reformulation of the EFIE whi
h 
ombines the strongproperties of the Helmholtz de
omposition with the possibility of a 
orrespon-ding interpretation of the dis
retization.3.2.3 A 
anoni
al splittingN�ed�ele
 [116℄ has used the following splitting of X = H�1=2div (�) to provethe Fredholm property of the EFIE. Let a be the bilinear form indu
ed by theEFIE. Put W = H1=2(�). Then rotW is a 
losed subspa
e of X. Instead ofadding to it its orthogonal with respe
t to the duality h�; �i as in the Helmholtzde
omposition, one 
an 
onsider the orthogonal V of rotW with respe
t to a,i.e. : V = fu 2 X : 8w 2W a(rotw; u) = 0g: (3.2.11)Sin
e the restri
tion of a to rotW is a 
ompa
t perturbation of a 
oer
ive form,V \W is �nite dimensional, and V +W is 
losed and has �nite 
odimension inTh�ese 97



Dis
rete Fredholm properties for the EFIEX. Thus, up to �nite dimensional spa
es, one 
an sear
h for the solution of theEFIE in the form u = v + rotw, with (v; w) solving :� v 2 Xw 2W � 8v0 2 X a(v; v0) + a(rotw; v0) = l(v0)8w0 2W a(rotw0; v) = 0 : (3.2.12)The 
on
lusive remark is that on V , a satis�es a G�arding inequality, thus thissaddle-point problem is Fredholm of index 0.3.2.4 Reformulation of the EFIE as a saddle-pointWe will use a non-symmetri
 variant of this last te
hnique whi
h has the ad-vantage of not introdu
ing the parasiti
 �nite dimensional subspa
es. In orderto be more pre
ise in our statements we will require the theory of saddle-pointproblems. We assume familiarity with the theory of Inf-Sup 
onditions as pre-sented for instan
e in Roberts-Thomas [68℄, and in parti
ular the way dis
reteInf-Sup 
onditions lead to 
onvergen
e estimates for Galerkin methods. Howe-ver, for 
ompleteness we in
lude a result of Ni
olaides [63℄, whi
h generalizesthe 
lassi
al theorem of Brezzi [21℄.Theorem 3.2.1 Let Xi and Wi for i = 1; 2 be Hilbert spa
es. Let a, b and 
 be
ontinuous bilinear forms on X1 �X2, W1 �X2 and W2 �X1. Suppose that :infV1 supV2 a � � > 0; (3.2.13)infW1 supX2 b � � > 0; (3.2.14)infW2 supX1 
 � 
 > 0; (3.2.15)8v2 2 V2 (8v1 2 V1 a(v1; v2) = 0) ) (v2 = 0): (3.2.16)Then for all (g; f) 2W ?2 �X?2 there is a unique (w1; u1) 2W ?1 �X?1 su
h that :� u1 2 X1w1 2W1 � 8u2 2 X2 a(u1; u2) + b(w1; u2) = f(u2)8w2 2W2 
(w2; u1) = g(w2) : (3.2.17)Moreover one has the 
ontinuity estimate for the solution operator :ku1k � ��1kfk+ 
�1(1 + ��1kak) kgk; (3.2.18)kw1k � ��1(1 + ��1kak) (kfk + 
�1kak kgk): (3.2.19)If for all (g; f) there is a unique solution (w1; u1), then the above Inf-Sup 
ondi-tions are satis�ed for some �, � and 
, as noted by Bernardi et al. [12℄.We return now to the spe
ial 
ase of interest, the EFIE. We put X =H�1=2div (�) and let a be the bilinear form on X indu
ed by the EFIE :a(u; u0) = (1=k2)ZZ Gk(x; y) div u(x) div u0(y)dxdy � � � (3.2.20)�ZZ Gk(x; y)u(x) � u0(y)dxdy:98 S.H. Christiansen



3.2 Some strategies for the analysis of the EFIELet d be the bilinear form on X de�ned by :d(u; u0) = �(1=k2)ZZ G0(x; y) div u(x) div u0(y)dxdy � � � (3.2.21)�ZZ G0(x; y)u(x) � u0(y)dxdy:The involution ofX indu
ed by the 
omplex 
onjugation is denoted u 7! u. Then�d(�; �) is a Hermitian s
alar produ
t on X. Thus for any 
losed subspa
e X0 ofX and any 
losed subspa
eW0 of X0, ifX0 andW0 are stable under 
onjugation(
onj.-stable for short) one has the orthogonal splitting : X0 = V0 �W0, with :V0 = fu 2 X0 : 8w 2W0 d(w; u) = 0g: (3.2.22)Put W = fu 2 X : divu = 0g. Now let X0 be any 
losed and 
onj.-stablesubspa
e of X, and put W0 = X0 \W , whi
h is also 
losed and 
onj.-stable.Then, for all l 2 X?0 , u solves :u 2 X0 and 8u0 2 X0 a(u; u0) = l(u0); (3.2.23)if and only if u = v + w, with (v; w) solving :� v 2 X0w 2W0 � 8v0 2 X0 a(v; v0) + b(w; v0) = l(v0)8w0 2W0 
(w0; v) = 0 ; (3.2.24)where b is the restri
tion of a to W �X, and 
 the restri
tion of d to W �X.Consider �rst the 
ase X0 = X. Let � : W � X ! W ? � X? be the mapindu
ed by the above saddle-point. If the kernels Gk are repla
ed by G0 ina and b (keeping the outside 
oeÆ
ient (1=k2) untou
hed), the 
orrespondingoperator �0 : W �X ! W ?�X? is symmetri
 ; it is the saddle-point mappingasso
iated with the bilinear form a0 de�ned by :a0(u; u0) = (1=k2)ZZ G0(x; y) div u(x) div u0(y)dxdy � � � (3.2.25)�ZZ G0(x; y)u(x) � u0(y)dxdy:For �0 the Brezzi 
ompatibility estimates (3.2.14) and (3.2.15) are trivial. The
ornerstone of the argument is :Theorem 3.2.2 On the right kernel of 
 on W �X, the bilinear form a0 sa-tis�es a G�arding inequality.{Proof : Let V denote the right kernel of 
 on W � X. Remark �rst that Vis a supplementary of kerX div, and that div : X ! H�1=2 has 
losed range. Itfollows that div determines and isomorphism from V to its range, so there isC > 0 su
h that : 8v 2 V kvkX � Cjdiv vj�1=2: (3.2.26)Th�ese 99



Dis
rete Fredholm properties for the EFIEHen
e the �rst term in the right hand side of equation (3.2.25) is 
oer
ive onV . Con
erning the se
ond term noti
e that for elements v of V we have :rot Z G0(x; y)v(x)dx = 0: (3.2.27)As shown in N�ed�ele
 [116℄, it follows that rot maps V 
ontinuously into H�1=2(�),hen
e V is 
ontinuously imbedded in H1=2T (�). In turn the inje
tion H1=2T (�)!H�1=2T (�) is 
ompa
t so the proof is 
omplete. �From this it follows that �0 is Fredholm, and by symmetry its index mustbe 0. Sin
e � is a 
ompa
t perturbation of �0, � is also Fredholm of index 0.If u 7! a(u; �) is inje
tive, the above splitting, in the 
ase X0 = X showsthat the map � is also inje
tive. Therefore it is an isomorphism.We now turn to the 
ase where X0 is a Galerkin spa
e, one among a family(Xh). PuttingWh = Xh\W , our strategy will be to �rst study the saddle-pointproblem on Wh � Xh, and give suÆ
ient 
onditions on (Xh) for it to satisfyuniform Inf-Sup estimates. From these we easily dedu
e Inf-Sup estimates forthe original problem on Xh.Remark 3.2.3 We 
ould also have made the 
hoi
e W = rotH1=2(�), whi
hdi�ers from the adopted one only by a �nite dimensional spa
e, whose elementsare known as the Neumann �elds (or harmoni
 �elds). Some proofs would haveto be modi�ed.3.3 Dis
rete Fredholm propertiesIn this se
tion we state Fredholm properties in terms of Inf-Sup estimatesand examine some dis
rete analogues. One 
an hardly 
laim any originality inthe well-trodden realm of Fredholm theory. Con
erning the dis
retization ofFredholm operators we mention in parti
ular work by Gohberg and Mikhlin.Most of this work is expressed in terms of the proje
tion method for linearoperators in general Bana
h spa
es, see Stummel [75℄, whi
h predates the LBBInf-Sup 
onditions. Here we restri
t attention to bilinear forms on re
exivespa
es and express the results we need in the framework of Inf-Sup 
onditions.3.3.1 Results on left semi-Fredholm operatorsWe 
olle
t some well known fa
ts that will be useful later, and serve asreferen
e for dis
rete 
ounterparts. The 
lassi
al referen
e on the subje
t isKato [103℄.Theorem 3.3.1 Let X and Y be two Bana
h spa
es and A : X ! Y be linearand 
ontinuous. The following are equivalent :1. A has 
losed range and �nite dimensional kernel ;100 S.H. Christiansen



3.3 Dis
rete Fredholm properties2. dimkerA <1 and on any 
losed supplementary M of kerA :infu2M kAuk=kuk > 0; (3.3.1)3. there is a 
losed subspa
e M of X with �nite 
odimension su
h that :infu2M kAuk=kuk > 0: (3.3.2)De�nition 3.3.2 Let X and Y be two Bana
h spa
es and A : X ! Y belinear and 
ontinuous. We say that A is left semi-Fredholm (LSF) if the sta-ted 
onditions are satis�ed. The set of LSF operators from X to Y is denotedLSF(X;Y ).Theorem 3.3.3 Let X and Y be two Bana
h spa
es. For all n 2 N the follo-wing sets (whose union is LSF(X;Y )) are open in L(X;Y ) :fA 2 L(X;Y ) : A has 
losed range and dimkerA � ng: (3.3.3)Moreover LSF(X;Y ) is stable under translation by 
ompa
t operators.3.3.2 Dis
rete left semi-Fredholm operatorsThe following lemma is trivial and stated just for the re
ord.Lemma 3.3.4 Let X and Y be two Bana
h spa
es, and A : X ! Y ? be 
onti-nuous. Let M be a 
losed subspa
e of X. Let (Xh) and (Yh) be families of 
losedsubspa
es of X and Y . Suppose (Xh) is approximating (and Yh 6= f0g). If :lim infh infXh\M supYh A > 0; (3.3.4)then : M \kerA = f0g. If in addition M has �nite 
odimension, then A is LSF.We will need two more lemmas, whi
h are less trivial.Lemma 3.3.5 Let X be a Bana
h spa
e. Let M and N be 
losed subspa
es ofX su
h that M �N = X and N is �nite dimensional. Let P : X ! X be theproje
tor with range M and kernel N . Let (Xh) be a family of 
losed subspa
esof X whi
h is approximating. Then :{ there are proje
tors Ph with range M whi
h 
onverge in norm to P andwhi
h leave Xh stable for suÆ
iently small h;{ if (Ph) is any family of su
h proje
tors then for suÆ
iently small h,kerPh � Xh and Xh = (Xh \M)� kerPh.{Proof : Choose a basis (ei) of N , and pi
k elements eih of Xh su
h that :limh kei � eihk = 0: (3.3.5)For any h, let Nh be the spa
e spanned by the eih. Then there is h0 > 0 su
hthat for h < h0 we have X =M �Nh.Th�ese 101



Dis
rete Fredholm properties for the EFIE1. For h < h0 let Ph be the proje
tor with range M and kernel Nh, and forh � h0 put P = Ph. One 
he
ks that the family (Ph) has the desired properties.2. If (Ph) is a family of proje
tors with these properties, then PhjXh areproje
tors with range Xh \M , so for suÆ
iently small h :dimNh � dimkerPhjXh � dimkerPh � dimN: (3.3.6)For suÆ
iently small h these dimensions are all equal. �Lemma 3.3.6 Let X be a Bana
h spa
e and Y be a re
exive Bana
h spa
e.Let A : X ! Y ? be 
ontinuous and have 
losed range. Then for any l 2 X?that vanishes on kerA there is a v 2 Y su
h that :8u 2 X l(u) = (Au)(v): (3.3.7){Proof : Remark �rst thatA indu
es an isomorphism of Bana
h spa
esX= kerA !A(X). Let Z be the inverse mapping. For 
onvenien
e we put N = kerA.Pi
k l 2 X? that vanishes on N . Let ~l be the 
anoni
al image of l in (X=N)?.Put f = Z?~l 2 (A(X))?. Extend f to a 
ontinuous linear form on Y ?, and putv = (iY )�1f . For all u 2 X we have :(Au)(v) = f(Au) = ~l(ZAu) = ~l(~u); (3.3.8)where ~u is 
anoni
al image of u in X=N . The proof is 
omplete. �Theorem 3.3.7 Let X and Y be two re
exive Bana
h spa
es, and A : X ! Y ?be LSF. Let (Xh) and (Yh) be families of 
losed subspa
es of X and Y whi
hare approximating.Put N0 = kerA. Suppose we have 
losed subspa
es M0 and M1 su
h thatM0 �N0 = X, M1 �N1 = M0 and dimN1 <1. If :lim infh infXh\M1 supYh A > 0; (3.3.9)then : lim infh infXh\M0 supYh A > 0: (3.3.10){Proof : If not let (un), (hn) be sequen
es su
h that :un 2 Xhn \M0; kunk = 1; limn hn = 0; limn supYhn Aun = 0: (3.3.11)Let P the proje
tor with range M1 and kernel N1 � N0. The sequen
e (un �P (un)) is a bounded sequen
e in the �nite dimensional spa
e N1�N0, so moduloextra
tion we 
an suppose that it 
onverges in norm to some uN 2 N1 + N0.Sin
e un 2M0, we a
tually have uN 2 N1.102 S.H. Christiansen



3.3 Dis
rete Fredholm propertiesSin
e (Yhn) is approximating we have :8v 2 Y limn (Aun)(v) = 0: (3.3.12)Therefore for any 
ontinuous linear form l 2 X? that vanishes on N0 we have :limn l(un) = 0: (3.3.13)If l 2 X? vanishes on M1 +N0 we have :l(uN ) = limn l(un � Pun); (3.3.14)and Pun 2M1 so this limit must be 0. Therefore uN 2M1 +N0, so uN = 0.Let Ph : X ! X be proje
tors with range M1, leaving Xh stable and
onverging in norm to P . Noti
e that :limh kun � Phnunk = 0: (3.3.15)One obtains a 
ontradi
tion using the dis
rete Inf-Sup estimate on (Xh\M1)�Yh for the sequen
e (Phnun). �De�nition 3.3.8 Let X and Y be two re
exive Bana
h spa
es, and A : X !Y ? be 
ontinuous. Let (Xh) and (Yh) be families of 
losed subspa
es of X andY . We say that A is dis
rete LSF on (Xh�Yh) if there is a 
losed subspa
e Mof X, with �nite 
odimension in X su
h that :lim infh infXh\M supYh A > 0; (3.3.16)In this situation, if we wish to be more pre
ise we say that A is dis
rete LSFon (Xh � Yh) with respe
t to (w.r.t.) M .Corollary 3.3.9 With the hypotheses of the theorem 3.3.7, if A is dis
rete LSFon (Xh�Yh) w.r.t. M then so it is w.r.t. any extension of M whose interse
tionwith kerA is f0g. In parti
ular if in addition A is inje
tive then A satis�es auniform dis
rete Inf-Sup 
ondition on Xh�Yh in the sense of Babuska for smallenough parameters h.3.3.3 Error 
ontrol of dis
rete LSF operatorsThe following property of dis
rete LSF operators will be important to us :Theorem 3.3.10 Let X and Y be two re
exive Bana
h spa
es, and A : X !Y ? be LSF. Let (Xh) and (Yh) be approximating families of 
losed subspa
es ofX and Y . If A is dis
rete LSF on (Xh�Yh), then there is C > 0, su
h that forall � > 0 there is h� > 0 su
h that for all h < h� and all u 2 Xh :supY Au � C supYh Au + �kuk: (3.3.17)Th�ese 103



Dis
rete Fredholm properties for the EFIE{Proof : Let N be the kernel of A on X and let M be a 
losed supplementaryof N in X su
h that A is dis
rete LSF w.r.t. M . Let P be the proje
tor withrange M and kernel N , and let Ph be proje
tors as in Lemma 3.3.2. Pi
k � > 0and h0 su
h that for all h < h0, Xh is stable under Ph and :infXh supYh A � �: (3.3.18)Remark �rst that for all u 2 X : Au = APu: (3.3.19)In parti
ular : supY Au = supY APu � kAkkPuk: (3.3.20)Moreover : kPuk � kPhuk+ kP � Phk kuk; (3.3.21)and if u 2 Xh and h < h0 : kPhuk � ��1 supYh APhu; (3.3.22)and : supYh APhu � supYh Au+ kAk kP � Phk kuk: (3.3.23)All in all, if u 2 Xh and h < h0 :supY Au � ��1kAk supYh Au + kAk(1 + ��1kAk)kP � Phk kuk: (3.3.24)The theorem follows. �Remark 3.3.11 Equation 3.3.24 together with the 
onstru
tion of proje
torsPh shown in point 1 of the proof of Lemma 3.3.2, yield rather expli
it boundson the 
onstant C and the threshold h� appearing in the theorem.In parti
ular under the hypotheses of the theorem,A has the following property :8� > 0 9Æ > 0 9h0 > 0 8h < h0 8u 2 Xh(supYh Au � Ækuk)) (supY Au � �kuk): (3.3.25)In other words, in a sense, small dis
rete residual error indi
ates small 
onti-nuous residual error. This property is easily extended to hold uniformly forsome families of operators, as follows :104 S.H. Christiansen



3.3 Dis
rete Fredholm propertiesCorollary 3.3.12 Let X and Y be two re
exive Bana
h spa
es, and A be a
ompa
t subset of LSF(X;Y ?) (in the norm topology). Let (Xh) and (Yh) beapproximating families of 
losed subspa
es of X and Y . If all A in A are dis
reteLSF on (Xh � Yh), then :8� > 0 9Æ > 0 9h0 > 0 8h < h0 8u 2 Xh 8A 2 A(supYh Au � Ækuk) ) (supY Au � �kuk): (3.3.26){Proof : Choose a � > 0. For ea
h A 2 A 
hoose a Æ(A) and a h0(A) so that3.3.25 holds for A relatively to �=2.The family of balls with 
enter A and radius minfÆ(A); �g=2, for A 2 A,
overs A, so we 
an extra
t a �nite sub
over indexed by, say A1; � � � ;An.Put Æ = mini Æ(Ai)=2 and h0 = mini h0(Ai). Take A 2 A and 
hoose i sothat kA �Aik is less than both Æ(Ai)=2 and �=2.For any h < h0 and any u 2 Xh we have : If supYh Au � Ækuk, thensupYh Au � (Æ(Ai)=2)kuk, so supYh Aiu � Æ(Ai)kuk. This implies supY Aiu �(�=2)kuk, and hen
e supY Au � �kuk. �3.3.4 Compa
t perturbations of dis
rete LSF operatorsTheorem 3.3.13 Let X and Y be two re
exive Bana
h spa
es, and A : X !Y ? be 
ontinuous and have 
losed range. Let B : X ! Y ? be 
ompa
t. Let(Xh) and (Yh) be families of 
losed subspa
es of X and Y . Suppose (Yh) isapproximating.Suppose furthermore that M0 is a 
losed subspa
e of X that veri�es :lim infh infXh\M0 supYh A > 0: (3.3.27)Let N1 be the kernel of A + B restri
ted to M0, and suppose it has a 
losedsupplementary M1 in M0 (i.e. M0 = M1 �N1). Then :lim infh infXh\M1 supYh A+ B > 0: (3.3.28){Proof : If not let (un), (hn) be sequen
es su
h that :un 2 Xhn \M1; kunk = 1; limn hn = 0; limn supYhn (A+ B)un = 0: (3.3.29)Sin
e X is re
exive, modulo extra
tion, we 
an also suppose that (un) 
onvergesweakly to some u0 2M1. Sin
e (Yhn) is approximating we have :8v 2 Y limn ((A+ B)un)(v) = 0: (3.3.30)Therefore, for any 
ontinuous linear form l 2 X? that vanishes on ker(A + B)we have : limn l(un) = 0: (3.3.31)Th�ese 105



Dis
rete Fredholm properties for the EFIEHen
e u0 2 ker(A+B), so u0 = 0. Sin
e B is 
ompa
t, (Bun) 
onverges in normto 0. One obtains a 
ontradi
tion using the dis
rete Inf-Sup estimate for A on((Xh \M0)� Yh). �Corollary 3.3.14 With the hypotheses of the above theorem 3.3.13, if A isLSF and dis
rete LSF on (Xh � Yh) (w.r.t. to M) then so is A+B (w.r.t. anysupplementary of kerA+ B in M) .Example 3.3.15 If X is a Hilbert spa
e and A : X ! X? is 
ontinuous andsatis�es a G�arding inequality then A is dis
rete LSF on any approximatingfamily of 
onj.-stable and 
losed subspa
es (w.r.t. any supplementary of kerA).3.3.5 Extensions to quasi-
onforming Galerkin approximationsDe�nition 3.3.16 Let X be a Bana
h spa
e and X0 a 
losed subspa
e. Let(Xh) be a family of 
losed subspa
es of X. We say that :1. (Xh) is approximating in X0 if :8u 2 X0 limh infu02Xh ku� u0k = 0; (3.3.32)2. (Xh) is quasi-
onforming in X0 if :limh supu2Xh infu02X0 ku� u0k=kuk = 0: (3.3.33)Suppose X0 has a 
losed supplementary X1 in X (one says that X0 splits),and let P : X ! X be the proje
tion with range X0 and kernel X1. For allu 2 X one has :8u0 2 X0 ku� Puk = k(u� u0)� (Pu� u0)k = k(u� u0)� P (u� u0)k;(3.3.34)hen
e :j kuk � kPuk j � ku� Puk � (1 + kPk)kuk infu02X0 ku� u0k=kuk: (3.3.35)In parti
ular if (Xh) is a family of 
losed subspa
es whi
h is quasi-
onformingin X0, then for suÆ
iently small h the spa
es PXh are 
losed in X0 and Pindu
es isomorphisms Xh ! PXh whi
h are arbitrarily 
lose in norm to theidentity mapping on Xh ; also if in addition (Xh) is approximating in X0 thenso is (PXh). The following lemma entails.Lemma 3.3.17 Let X and Y be Bana
h spa
es and A : X ! Y ? be 
ontinuous.Let X0 and Y0 be 
losed subspa
es of X and Y that split -yielding proje
tors Pin X and Y as above- and A0 : X0 ! Y ?0 be the map indu
ed by A. Let (Xh) and(Yh) be families of 
losed subspa
es of X and Y , whi
h are quasi-
onforming inX0 and Y0. For any 
losed M0 in X0, one has :lim infh infM0\PXh supPYhA0 = lim infh inf(M0�kerP )\Xh supYh A: (3.3.36)106 S.H. Christiansen



3.4 Inf-Sup estimates for the EFIEWith this Lemma most results from the pre
eding se
tions 
arry over to thequasi-
onforming setting in some form or another. However -as will be shownin the next se
tion- the lemma is suÆ
ient for our needs, so we will not developthis possibility here.3.4 Inf-Sup estimates for the EFIE3.4.1 SuÆ
ient 
onditions for uniform Inf-Sup estimatesLemma 3.4.1 Let X be a Hilbert spa
e and X = V �W an orthogonal splitting.Let (Xh) be an approximating family of 
losed subspa
es. Put Wh = W \Xh,and Vh = fu 2 Xh : u ?Whg. Then (Vh) is approximating in V , and if (Vh) isquasi-
onforming in V then (Wh) is approximating in W .{Proof : Indeed the orthogonal proje
tion Ph onto Xh maps V into Vh, therefore(Vh) is approximating. For any w 2 W , put Phw = vh + wh with vh 2 Vh andwh 2Wh. We have :8v0 2 V (vhjvh) = (vhjPhw) = (vhjw) = (vh � v0jw): (3.4.1)Hen
e : kvhk2 � kwk2 supv2Vh infv02V kv � v0k=kvk; (3.4.2)and sin
e : kw � whk � kw � Phwk+ kvhk; (3.4.3)it follows that if (Vh) is quasi-
onforming in V , then kw � whk tends to 0. �Theorem 3.4.2 Re
all notations from subse
tion 3.2.4. Let (Xh) be an ap-proximating family of 
losed and 
onj.-stable subspa
es of X. If the right kernelof 
 on Wh �Xh is quasi-
onforming in the right kernel of 
 on W �X, then� is dis
rete LSF on (Wh �Xh)� (Wh �Xh), and u 7! a(u; �) is dis
rete LSFon (Xh �Xh).{Proof : We prove the result for �0. Then the theorem follows for � by 
orollary3.3.14, for u 7! a0(u; �) by the equivalent splitting and for u 7! a(u; �) likewise.Let V be the right kernel on 
 on W �X. Let Vh be the right kernel of 
 onWh�Xh. By Theorem 3.2.2, Example 3.3.15 and Lemma 3.3.17 it follows thatif N0 is the kernel of a0 on V � V , we have, for some �0 > 0 and h0 > 0 :8h < h0 infN?0 \Vh supVh a0 > �0; (3.4.4)where N?0 is the orthogonal of N0 in X.Th�ese 107



Dis
rete Fredholm properties for the EFIEFor any h, let V ?h be the orthogonal of Vh in Xh. Sin
e 
 is the restri
tionof d, whi
h indu
es a s
alar produ
t we 
an 
hoose a 
 > 0 su
h that :8h 
 < infV ?h supWh 
 = infWh supV ?h 
 = infWh supXh 
: (3.4.5)Choose h < h0, w 2Wh, v 2 N?0 \Vh and u 2 V ?h . Put (g; f) = �0(w; u+v).Following Ni
olaides, one 
he
ks that :kuk � 
�1(kgkWh); (3.4.6)kvk � ��10 (kfkXh + ka0k kuk); (3.4.7)kwk � 
�1(kfkXh + ka0k kvk + ka0k kuk): (3.4.8)Hen
e : ku+ vk � ��10 kfkXh + 
�1(1 + ��10 ka0k) kgkWh ; (3.4.9)kwk � 
�1(1 + ��10 ka0k) (kfkXh + 
�1ka0k kgkWh): (3.4.10)Sin
e (N?0 \ Vh) + V ?h is uniformly 
lose to N?0 \Xh, it follows that :lim infh infWh�(N?0 \Xh) supWh�Xh�0 > 0: (3.4.11)Considering that W and X are orthogonal subspa
es of the produ
t spa
e, thetheorem obtains. �We will give some expli
it examples of su
h Galerkin spa
es in the nextse
tions.Remark 3.4.3 Suppose for the moment that the hypotheses of the theorem isveri�ed, so that for any non-zero wavenumber k the asso
iated bilinear formak is dis
rete LSF on (Xh �Xh). Let I be a 
ompa
t interval of positive reals(whi
h might very well 
ontain resonant wave numbers). Sin
e the map k 7! akis 
ontinuous, it maps I to a 
ompa
t set, and we 
an apply 
orollary 3.3.12,whi
h we express in terms of sequen
es :Suppose we have for ea
h integer n, a wavenumber kn 2 I, a dis
retizationparameter hn and a 
urrent un 2 Xhh , su
h that (hn) tends to 0 and :supu02Xhn jakn(un; u0)jku0k�1=2 = o(kunk�1=2): (3.4.12)Then we have (the 
onstant C stems from the standard duality h�; �i betweenH�1=2rot (�) and H�1=2div (�) and is of 
ourse independent of the wavenumber) :kAknunkH�1=2rot (�) � C supu02X jakn(un; u0)jku0k�1=2 = o(kunk�1=2): (3.4.13)108 S.H. Christiansen



3.4 Inf-Sup estimates for the EFIEFrom the uniform 
ontinuity of the solution operator for the exterior problem onI, we dedu
e that the ele
tromagneti
 �eld generated by un is negligible 
omparedwith kunk�1=2. More pre
isely if (En;Hn) is given by :En = (1� (1=k2n) grad div)�knun; Hn = 1=(iknZ) 
url�knun; (3.4.14)then for any R : kEnkH0
url(
+\BR) = o(kunk�1=2): (3.4.15)and a similar estimate holds for Hn. Expressed di�erently : if we have boun-ded 
urrents produ
ing small dis
rete residual errors, then the near-�elds theyradiate are also small. The far-�eld pattern asso
iated with an exterior ele
-tromagneti
 �eld depends 
ontinuously upon the boundary data, so it is alsonegligible 
ompared with kunk�1=2. Also if one looks at a single wave-numberof interest (for instan
e a resonant one) then by remark 3.3.11 one 
an exhibitrather expli
it estimates.3.4.2 SuÆ
ient 
onditions in integer exponent Sobolev spa
esThe pre
eding suÆ
ient 
onditions for the good behavior of the EFIE wereformulated in half-integer Sobolev norms. We prove here that these 
onditionhold under some hypotheses formulated in the more familiar integer Sobolevnorms.Re
all notations from subse
tion 3.2.4. Consider the following hypothesesfor a family of spa
es Xh :(H0) The spa
es Xh are �nite-dimensional 
onj.-stable subspa
es of H0div(�).(H1) There is C > 0 su
h that for all u 2 H1div(�) :infu02Xh ku� u0k0 � Chkuk1: (3.4.16)(H2) There is C > 0 su
h that for all u 2 Xh, kuk0 � Ch�1kuk�1.(H3) There is C > 0 su
h that for all u 2 Xh if :8w 2Wh hu;wi = 0; (3.4.17)then the solution p of :p 2 H1(�)� and �p = divu; (3.4.18)satis�es : ju� grad pj0 � Chjdivuj0: (3.4.19)Th�ese 109



Dis
rete Fredholm properties for the EFIENoti
e that by (H3) we have the usual Inf-Sup estimate : there is C > 0su
h that : infq2divXh supu2Xh jhq;div uijjqj0kuk0 � 1C : (3.4.20)Let 
h : H0div ! Xh map u0 2 H0div to u 2 Xh, solution of :� u 2 Xhq 2 divXh � 8u0 2 Xh hu; u0i+ hq;div u0i = hu0; u0i8q0 2 divXh hq0;div ui = hq0;div u0i(3.4.21)Under the above hypotheses one has an estimate of the form, for u0 2 H1div :k
hu0 � u0k0 � Chku0k1: (3.4.22)Moreover 
h maps divergen
e-free �elds to divergen
e-free �elds.We denote by V the right kernel of 
 on W � X, and by Vh the one onWh �Xh.Theorem 3.4.4 Under the above hypotheses (Vh) is quasi-
onforming in V .More pre
isely there is C su
h that for all h and all v 2 Vh, if p solves :p 2 H1(�)� and �p = div v; (3.4.23)and w solves : w 2W 8w0 2W d(w;w0) = �d(grad p;w0); (3.4.24)then grad p+ w 2 V and :kv � (grad p+ w)k�1=2 � Ch1=2kvk�1=2: (3.4.25){Proof : Put v = v0 + v1 with v0 2 Wh and v1 2 Xh su
h that 8w 2Wh hw; v1i = 0. A

ording to (H3) we have :kv1 � grad pk0 � Chkuk0: (3.4.26)So from (H2) we dedu
e :kv1 � grad pk�1=2 � Ch1=2kuk�1=2: (3.4.27)We will use a regularity result that we state without proof. Let � be theoperator on tangent �elds that maps any u to a divergen
e free w su
h that110 S.H. Christiansen



3.4 Inf-Sup estimates for the EFIEfor all divergen
e free w0 we have d(w;w0) = d(u;w0). Then � is 
ontinuousHsT(�)! HsT(�). 2The �eld w is de�ned by w = ��grad p. From the H1T 
ontinuity of �, itfollows that :k
hw � wk0 � Chkwk1 = Chjwj1 � Chj grad pj1 � Chkuk0: (3.4.28)Hen
e : k
hw � wk�1=2 � Ch1=2kuk�1=2: (3.4.29)But for all w0 2Wh :d(
hw � v0; w0) = d(
hw + v1; w0) = d((
hw � w) + (v1 � grad p); w0):(3.4.30)The absolute value of this last expression is bounded by :C(k
hw � wk�1=2 + kv1 � grad�k�1=2)kw0k�1=2: (3.4.31)Taking w0 to be the 
onjugate of 
hw � v0 2Wh gives :k
hw � v0k�1=2 � Ch1=2kuk�1=2: (3.4.32)Combining equation (3.4.27) with (3.4.29) and (3.4.32) gives the theorem. �3.4.3 Some well known spa
esLet } be the orthogonal proje
tion onto �, whi
h is de�ned and smooth ona tubular neighborhood of �. Let (Th) be a family of triangulations of �, wherefor all h the largest diameter of a triangle of Th is h. We will always supposethat (Th) has the minimum angle property. Let �h be the aÆne polyhedrondetermined by Th, 
onsidered as a Lips
hitz manifold. For small enough h,} indu
es Lips
hitz-isomorphisms �h ! �, and we denote by �h the inversemappings.Fix a nonzero m 2 N. On �h we 
onsider the spa
e S0(Th) of 
ontinuouss
alar fun
tions whose restri
tion to any triangle is Pm (a polynomial of degree2. This regularity result is 
omparable to the following more standard one. The pseudo-di�erential operator A de�ned by :hA';'0i = ZZ 1jx� yj rot'(x) � rot'0(y)dxdyis an isomorphism of order 1, and the pseudo-di�erential operator B de�ned by :hB';'0i = ZZ 1jx� yj grad'(x) � rot'0(y)dxdyis a morphism of order less that 1 (one 
an show that it's of order 0). The operator A�1B istherefore of order less than 0.Th�ese 111



Dis
rete Fredholm properties for the EFIEm), the spa
e S1(Th) of Raviart-Thomas H0div 
onforming ve
tor �elds of degreem, and the spa
e S2(Th) of s
alar fun
tions whose restri
tion to any triangle isPm�1.From these �nite element spa
es on �h we dedu
e �nite element spa
es on� by the transport formulas :S0h = fx 7! p(�h(x)) : p 2 S0(Th)gS1h = fx 7! Ja
 �h(h)D�h(x)�1u(�h(x)) : u 2 S1(Th)gS2h = fx 7! Ja
�h(x)q(�h(x)) : q 2 S2(Th)g : (3.4.33)These transport formulas were 
hosen to make the following diagram 
ommute.The horizontal arrows are the di�erential operators rot and div, whereas theverti
al ones are the above transport formulas.S0(Th) ! S1(Th) ! S2(Th)# # #S0h ! S1h ! S2h (3.4.34)If we wish to be pre
ise about the order m we use supers
ripts S0;mh , S1;mh andS2;m�1h .It is well known that (S1h) satis�es (H1). If the mesh is quasi-uniform then(H2) also holds. The only remaining point is (H3). This property has been foundto be very important in the study of eigenvalue problems by mixed formulations,see in parti
ular BoÆ et al. [17℄, and Demkowi
z et al. [36℄. This is be
ause itimplies a dis
rete 
ompa
tness result whi
h in the three-dimensional setting isdue to Kiku
hi [51℄. Sin
e this property is equally important to the presentproblem we in
lude a short proof of it. It goes without saying that the absen
eof a boundary on � greatly simpli�es our task. Rami�
ations 
an be found inBoÆ [15℄.The usual degrees of freedom pertaining to Th on �h 
an be transported tothe 
urved triangles ��1h (T ) for T 2 Th. With these, an interpolation operator�h onto S1h 
an be de�ned on spa
es with slightly stronger regularity thanH0div(�) ; see Brezzi-Fortin [119℄ p. 125 and Roberts-Thomas [68℄ p. 549 for twodi�erent variants in the planar setting. We will use the following properties ofthis interpolation operator :{ �h is a proje
tor onto S1h de�ned on some extension of H1T(�) + S1h ;{ �h maps divergen
e-free �elds to divergen
e-free �elds ;{ 9C > 0 8u 2 H1T(�) 8h ju��huj0 � Chjuj1.Theorem 3.4.5 For any regular family of triangulations (Th), (S1h) satis�es(H3), i.e. with Xh = S1h, there is C > 0 su
h that for all u 2 Xh if :8w 2Wh hu;wi = 0; (3.4.35)then the solution p of : p 2 H1(�)� �p = divu; (3.4.36)112 S.H. Christiansen



3.5 Ba
k to the Helmholtz de
ompositionsatis�es : ju� grad pj0 � Chjdiv uj0: (3.4.37){Proof : Remark that div(grad p� u) = 0, so :div(�h grad p� u) = div�h(grad p� u) = 0: (3.4.38)Put ~u = �h grad p. The approximation property of �h and the regularity of theLapla
ian yield : j~u� grad pj0 � Chj grad pj1 � Chjdiv uj0: (3.4.39)Moreover for any divergen
e-free u0 2 Xh we have :h~u� u; u0i = h~u; u0i = h~u� grad p; u0i: (3.4.40)Applying this identity with u0 the 
onjugate of ~u� u gives :j~u� uj0 � j~u� grad pj0 � Chjdiv uj0: (3.4.41)Therefore we have :ju� grad pj0 � ju� ~uj0 + j~u� grad pj0 � Chjdivuj0: (3.4.42)�3.5 Ba
k to the Helmholtz de
ompositionIn this se
tion we will use the notations of subse
tion 3.2.4 
on
erning a, Xhand Wh, but we suppose that the Xh are �nite dimensional and lie in H0div(�)and unlike in subse
tion 3.4.2 we de�ne Vh by :Vh = fu 2 Xh : 8w 2Wh hu;wi = 0g: (3.5.1)We also put : V = gradH3=2(�): (3.5.2)The Helmholtz de
omposition in X is then the assertion that V and W are
losed in X and X = V �W . Suppose the spa
es Xh are 
onj.-stable. Then wehave the L2 orthogonal splitting Xh = Vh �Wh. For all l 2 X?h, u solves :u 2 Xh 8u0 2 Xh a(u; u0) = l(u0); (3.5.3)if and only if u = v + w, with (v; w) solving :� v 2 Vhw 2Wh � 8v0 2 Vh a(v; v0) + a(w; v0) = l(v0)8w0 2Wh a(v; w0) + a(w;w0) = l(w0) : (3.5.4)Sin
e Vh is not a subspa
e of V , this formulation should be seen as a non-
onforming Helmholtz de
omposition.Lemma 3.5.1 Under hypotheses (H2) and (H3) the family of subspa
es (Vh)of X is quasi-
onforming in V .Th�ese 113



Dis
rete Fredholm properties for the EFIE{Proof : Indeed we have (with the notations of (H3)):ku� grad pk�1=2 � Ch1=2kuk�1=2 (3.5.5)�One 
an dedu
e the dis
rete LSF property of the EFIE from this fa
t. Moregenerally for systems that 
an be rewritten as a 
ompa
t 
oupling of two systemssatisfying G�arding inequalities, dis
retized on quasi-
onforming approximatingGalerkin spa
es, one has a uniform dis
rete Inf-Sup 
ondition.�We initially introdu
ed expli
it dis
rete Helmholtz de
ompositions as a keyingredient to pre
ondition the EFIE in Christiansen-N�ed�ele
 [135℄ (see also pa-tent [132℄). There we also outlined its use both in the 
onvergen
e analysis ofthe EFIE and the justi�
ation of the pre
onditioning te
hnique on smooth sur-fa
es. As it turned out the 
onvergen
e analysis 
ould be extended to polyhedralsurfa
es and s
reens and we refer to Bu�a-Christiansen [130℄ for more on this.
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Chapitre 4The EFIE on Lips
hitz s
reens
Abstra
t : We use the integral equation approa
h to study ele
tromagneti
s
attering by perfe
tly 
ondu
ting (possibly non-orientable) Lips
hitz s
reens.The well-posedness of the ele
tri
 �eld integral equation is derived using theHelmholtz de
omposition. The Galerkin method for this problem is analysedin a general setting and optimal error bounds are proved for 
onforming �niteelements in natural norms.This 
hapter was written in 
ollaboration with Annalisa Bu�a. I also thankChristoph S
hwab for having invited me to the SAM at ETH in Z�uri
h beginningof May 2001, where large parts of this 
hapter were written.Introdu
tionThe s
attering of time-harmoni
 ele
tromagneti
 waves in the three-dimen-sional Eu
lidean spa
e E , by a perfe
t 
ondu
tor, is a model for many physi
alphenomena of pra
ti
al interest e.g. radar surveillan
e and tele
ommuni
ations.As is well-known, the use of the free-spa
e Green's fun
tion redu
es ratherformally the problem of determining the ele
tromagneti
 �eld in the exteriordomain, to that of solving integral equations on the boundary of the 
ondu
tor,whose unknowns are tangent ve
tor �elds.Among the many possible integral equations, the one known as the ele
tri
�eld integral equation (EFIE) was studied in a variational setting and dis
re-tized with the Galerkin method on Raviart-Thomas (RT) �nite element (FE)spa
es by Bendali [10℄. We refer to this dis
retization as EFIE-B. While a nume-ri
al analysis was provided only for s
atterers with smooth boundaries, ex
ellenta

ura
y was observed also for more 
ompli
ated geometries, and in parti
ularfor the polyhedral surfa
es that o

ur in industrial appli
ations [9℄. 115



The EFIE on Lips
hitz s
reensIn several situations the s
atterer is a thin obje
t, for whi
h the thi
knessis small 
ompared with the wavelength and other 
hara
teristi
 lengths. It isthen 
onvenient to model it by a sub-manifold with boundary of E , 
alled as
reen. The EFIE-B on s
reens, with �nite elements whose outward 
ux is zero(through the boundary of the s
reen), is known to perform well but, to the bestof our knowledge, no numeri
al analysis is available, even on smooth ones.Abboud and Starling [1℄[2℄ studied the EFIE on smooth s
reens using te
h-niques from the theory of pseudo-di�erential operators (	DO), mu
h in thespirit of [10℄. They relied also on a method developed by Stephan [73℄ (for s
a-lar problems) whi
h 
onsists in 
onsidering the s
reen as part of the boundaryof some �
titious domain 
.In this paper we provide an analysis of the EFIE on Lips
hitz s
reens whi
hmay not be orientable. Thus we 
an use neither the above mentioned 	DOte
hniques, nor Stephan's method. Moreover we study the 
onvergen
e of theEFIE-B. Our approa
h is based on several progresses made in re
ent years, andaims to explain the observed robustness of the EFIE-B.A key ingredient to the approa
h we present here is the Helmholtz de
om-position (HD) of tangent �elds on sub-manifolds of E . Its use in the analysisof integral equations was emphasized in N�ed�ele
's le
ture notes, now translated[116℄. For surfa
es that are boundaries �
 of domains 
 (we shall say exa
tsurfa
es) and that are moreover smooth, the HD was applied to the exteriorele
tromagneti
 s
attering problem by DeLaBourdonnaye [18℄. More re
entlydis
rete HDs were used to pre
ondition the EFIE and to improve the 
onver-gen
e analysis of the EFIE-B. In parti
ular, on smooth boundaries, proof ofquasi-optimal 
onvergen
e at non-resonant frequen
ies was outlined in [135℄and detailed in Christiansen [131℄, for 
lasses of Galerkin spa
es that in
ludeRT FE, as well as some non-lo
al subspa
es.On the other hand the understanding of Maxwell's equations on non-smoothdomains 
 has re
ently a

omplished de
isive progress. In parti
ular Costabeland Dauge [33℄ have des
ribed the singularities that arise at 
orners and edges inpolyhedral domains and also for s
reens. Tra
es of H
url(
) were 
hara
terizedon Lips
hitz-domains by Tartar [77℄ among 3D ve
tor�elds on �
, extendingresults for smooth domains obtained by Paquet [64℄. Bu�a et al. [24℄[26℄ havedeveloped a fun
tional framework for the study of su
h tra
e spa
es on non-smooth boundaries. In parti
ular di�erential operators and HDs on �
 werestudied in a Sobolev setting, and tra
es of H
url(
) were 
hara
terized in spa
esof ve
tor �elds that are in a sense tangent. This lead to a justi�
ation of theEFIE on non-smooth boundaries and a new weak dis
retization of it [25℄.As pointed out in [131℄ and to a larger extent by Hiptmair and S
hwab[44℄, estimates on dis
rete analogues of HDs have been used extensively forthe analysis of 2D and 3D multigrid methods and eigenvalue problems free ofspurious modes (we refer to [131℄ and [44℄ for referen
es on this). On smoothsurfa
es a rather elementary estimate is suÆ
ient to 
on
lude [131℄. Adapting116 S.H. Christiansen



4.0more sophisti
ated te
hniques, developed for 3D H
url(
) problems, to the abovementioned fun
tional framework, [44℄ provided the �rst 
onvergen
e analysis ofthe EFIE-B on boundaries of polyhedral domains.The present study is largely based on [131℄[25℄[44℄. But sin
e non-orientables
reens are not part of the boundary of any domain and sin
e also the boundaryof the s
reen needs to be handled 
arefully some theory needs to be developed.This is done mu
h in the spirit of [26℄, in the full generality of a Lips
hitz s
reendenoted � throughout (for a pre
ise de�nition see below).We would like to have a general and 
exible de�nition of the divergen
e oftangent �elds, and the gradient of s
alar �elds on �. The natural framework forthis is the theory of 
urrents, whi
h are to (
ompa
tly supported and smooth)di�erential forms on (open subsets of) E , what distributions are to (
ompa
tlysupported and smooth) fun
tions. We refer to su
h 
lassi
s as Whitney [111℄,Federer [99℄ and DeRham [107℄. But more spe
i�
ally we will need some Sobolevspa
es of 
urrents with support in � whi
h arise as tra
e or jump spa
es ofSobolev spa
es on E and E n �.Therefore we de�ne di�erential operators in terms of 
urrents and thenstudy their a
tion on various Sobolev spa
es. The general idea is to de�nedi�erential operators on � via di�erential operators on E . This is done �rston tra
es of smooth �elds. Then one extends these de�nitions to spa
es on �with weaker regularity requirements, by dualization (integration by parts) anddensity arguments. When studying Sobolev spa
es we also need to use lo
al
harts.We provide just enough ma
hinery to be able to reformulate the ele
troma-gneti
 s
attering problem as an integral equation on �, in a variational setting.The integral representation allows then the analysis of the solvability of theoriginal s
attering problem in a very natural way, making up the �rst part ofthe paper.The se
ond part of the paper is devoted to the numeri
al approximationunder the further restri
tion that � is pie
ewise regular (polyhedral). As in[131℄ we give general 
onditions on the Galerkin spa
es under whi
h the Galerkinmethod applied to the EFIE yields quasi-optimal 
onvergen
e. Then, drawing on[25℄[44℄, we prove that these 
onditions are satis�ed in the natural �nite elementsetting, i.e. for Raviart-Thomas and Brezzi-Douglas-Marini �nite elements ofany order. Finally, optimal rates of 
onvergen
e in natural norms are obtained.Noti
e that the theory of layer potentials for harmoni
 boundary value pro-blems on exa
t Lips
hitz surfa
es has been extended to di�erential forms of ar-bitrary degree in arbitrary dimension, see Mitrea-Mitrea-Taylor [54℄. Howeverthe authors emphasize se
ond kind integral equations and 
onsider boundaryvalues with L2 regularity. This is not a natural framework for the variationalformulation of the �rst kind integral equations su
h as the EFIE.The outline of the paper is the following : In se
tion 1 we give a pre
isede�nition of a Lipshitz s
reen, study integration on it and 
orresponding inte-Th�ese 117



The EFIE on Lips
hitz s
reensgration by part formulas in E , by whi
h di�erential operators 
an be de�ned on�. In se
tion 2 the mapping properties of tra
e operators and di�erential ope-rators on � are studied in a Sobolev setting. In parti
ular the spa
e of jumpsof H
url(E n �) is 
hara
terized and HDs are studied. In se
tion 3 the EFIE isanalysed and the exterior s
attering problem is solved using it. Finally se
tion4 is devoted to the numeri
al approximation by 
onforming �nite elements andto the error analysis.4.1 Integration and di�erential operators on surfa
es4.1.1 Lo
ally Lips
hitz graph sub-manifolds with boundaryLet � be a subset of an Eu
lidean three-dimensional spa
e E (E � R3). Wesuppose that � is a 
ompa
t two-dimensional Lips
hitz-
lass sub-manifold withboundary of E . The boundary of � is denoted by ��, and we require also that� = �n�� (i.e. � is \open"). In addition we impose the stronger 
ondition that� and �� 
an be des
ribed lo
ally by graphs. More pre
isely we suppose thatthere is a �nite set of open 
ubes, whose union 
ontains � and su
h that forea
h su
h 
ube C, denoting by a the length of its sides, the following holds :{ If C 
ontains a point in ��, there is an origin and an orthonormal basisof E in whi
h the 
ube C 
an be identi�ed with ℄0; a[3 and there areuniformly Lips
hitz 
ontinuous fun
tions  : R ! R, and � : R2 ! R,with values in ℄0; a[ su
h that :� \ C = f(x; y; z) 2 C : y <  (x); z = �(x; y)g (4.1.1)�� \ C = f(x; y; z) 2 C : y =  (x); z = �(x; y)g (4.1.2)In words, in the 
ube C, � is the graph of � above the subgraph of  .Noti
e that the map (x; y; z) 7! (x; y+ (x); z+�(x; y+ (x))) determinesa Lips
hitz-isomorphism between an open subset of R3 and C, whi
h,loosely speaking, straightens out � and ��.{ If C 
ontains no boundary point, � is simply the graph above ℄0; a[2 ofsome uniformly Lips
hitz 
ontinuous fun
tion � : R2 ! R, with values in℄0; a[.Noti
e that we use a 
overing in whi
h ea
h 
ube either does not interse
tthe boundary ��, or 
ontains a portion of the boundary whi
h is 
onne
ted(and even Lips
hitz-isomorphi
 to an open segment). For briefness we shall saythat � is a (two-dimensional) lo
ally Lips
hitz graph (LLG) sub-manifold (withboundary) of E .One shows that for any 
overing of � by open subsets of E there is a family ofopen 
ubes of the above des
ribed type, whi
h is subordinated to this 
overing.Moreover for su
h a family (Ci) of 
ubes one 
an 
hoose a family (�i) of smooth118 S.H. Christiansen



4.1 Integration and di�erential operators on surfa
esfun
tions E ! R with values in [0; 1℄, su
h that �i has support in Ci, and su
hthat there is a neighborhood V of � in E su
h that for all x 2 V , Pi �i(x) = 1.The restri
tions of the �i to � then form a partition of unity of � by Lips
hitz
ontinuous fun
tions.We denote by Lip(�) (resp. Lip(E )) the spa
e of Lips
hitz 
ontinuous fun
-tions on � (resp. E). It is a Bana
h spa
e when equipped with the standardnorm.Noti
e that we do not require that � be orientable. For instan
e � 
ould bea M�obius strip.4.1.2 Integration on �Re
all that on � there is a standard measure, inherited by the Lebesguemeasure on R2 . It is uniquely determined by the property that for any Lips
hitzisomorphism � : U ! V with U open in R2 and V open in � and any 
ontinuousfun
tion u on � with support in V one has :Z� u = ZU u Æ �Ja
�; Ja
� = jdet(�i� � �j�)ijj1=2 2 L1(U): (4.1.3)With respe
t to this measure we 
onsider the spa
es Lp(�) and Lp(�; E ), for1 � p � 1. These spa
es are 
onsidered as ve
tor spa
es over C by standard
omplexi�
ation. The asso
iated 
omplex 
onjugations are denoted u 7! u.Though there is no 
anoni
al normal ve
tor-�eld on � one 
an split elementsof Lp(�; E ) into the sum of a tangential and a normal ve
tor-�eld as follows :Pi
k an u 2 Lp(�; E ). Consider a �nite 
overing of � by open orientable subsetsof �. For ea
h of its elements V one 
an 
onstru
t an oriented unit length normalnV 2 L1(V ; E ) and 
onsider the �eld :�T(V; nV )u : � V ! E Cx 7! u(x)� (u(x) � nV (x))nV (x) : (4.1.4)On the interse
tion of two su
h open sets, the de�nitions 
oin
ide, independentlyof the 
hoi
e of normals, giving rise to an element of Lp(�; E ) whi
h does notdepend on the 
hoi
e of 
overing 1. We denote this element by �Tu.We have thus de�ned a map �T and one shows that �T is a 
ontinuousproje
tor Lp(�; E ) ! Lp(�; E ), with norm 1. We denote by LpT(�) its range andLpn(�) its kernel. Thus we have the dire
t sum :Lp(�; E ) = LpT(�)� Lpn(�): (4.1.5)In the 
ase p = 2, �T is an orthogonal proje
tor and the above sum is orthogonal.1. Sustaining this type of de�nition is the fa
t that the fun
tor Lp determines a sheaf (ofBana
h spa
es) on �.Th�ese 119



The EFIE on Lips
hitz s
reens4.1.3 Tra
es on �We denote by D(E ) (resp. DT(E )) the spa
e of smooth 
ompa
tly supporteds
alar (resp. ve
tor) �elds on E . For u 2 D(E ) and x 2 �, we put :(
u)(x) = u(x): (4.1.6)This de�nes a 
ontinuous linear map 
 : D(E ) ! L1(�), 
alled tra
e operator,and we use the notation D(�) = 
(D(E )). We will also use the spa
es :D(�) = fu 2 D(�) : suppu � �g (4.1.7)Noti
e that u 2 D(�) if and only if u = 
v for some v 2 D(E ) su
h thatsupp v \ �� = ;. The spa
e of su
h v 
an be identi�ed with D(E n ��).For u 2 DT(E ) one 
an also 
onsider its tra
e (
Eu) 2 L1(�; E ). We put
T = �T Æ 
E . This de�nes a linear 
ontinuous map 
T : DT(E ) ! L1T (�) 
alledtangential tra
e operator and we use the notation DT(�) = 
T(DT(E )). Thespa
e DT(�) is de�ned as above. In what follows by a slight abuse of notationswe shall write 
 = 
E also on ve
tor �elds.Proposition 4.1.1 The spa
e D(�) (resp. DT(�)) is dense in Lp(�) (resp.LpT(�)) for all 1 � p < +1 (but not in general for p = +1).{Proof : Pi
k a p < +1. For the 
ase of D(�), using a partition of unity one isredu
ed to 
onsider fun
tions on � with support in a 
ube of the above des
ribedtype, for whi
h the result is fairly standard (using for instan
e te
hniques fromNe�
as [106℄).It follows that 
(DT(E ) is dense in Lp(�; E ). Sin
e �T : Lp(�; E ) ! LpT(�) is
ontinuous and surje
tive, the density of DT(�) in LpT(�) entails.The fa
t that the result is not true for p = +1 is standard. �4.1.4 Jumps on �Let D slit(E ) denote the spa
e of fun
tions u 2 C1(E n �) with boundedsupport in E and su
h that :{ u vanishes on a neighborhood of �� ;{ for any x 2 � there is r > 0 su
h that B(x; r)n� has exa
tly two 
onne
ted
omponents A and B su
h that ujA and ujB both admit smooth 
ompa
tlysupported extensions to E .A 
ru
ial point is that if u 2 D slit(E ) and x 2 �, then with the above de�nitionsthe limits : uA(x) = limy!x;y2Au(y); uB(x) = limy!x;y2B u(y); (4.1.8)both exist but might very well be di�erent.120 S.H. Christiansen



4.1 Integration and di�erential operators on surfa
esThe spa
e D slitT (E ) is de�ned similarly. It 
an be 
hara
terized as the spa
eof ve
tor �elds u on E n � su
h that for any linear form on E , l Æ u 2 D slit(E ).Dual (in a sense whi
h will be detailed later on) to the de�nition of tra
eoperators, we de�ne jump operators as follows. For u 2 D slitT (E ) and x 2 �,
hoose r > 0 as above and denote by nA (resp. nB) the outward-pointingnormal on � \B(x; r) relatively to A (resp. B). Thus nA + nB = 0. Then put :[[u℄℄n(x) = uA(x) � nA(x) + uB(x) � nB(x); (4.1.9)and : [[u℄℄�(x) = uA(x)� nA(x) + uB(x)� nB(x): (4.1.10)These de�nitions do not depend on the lo
al orientations, and de�ne 
ontinuousoperators [[�℄℄n : D slitT (E ) ! L1(�) and [[�℄℄� : D slitT (E ) ! L1T (�). Indeed whate-ver the \right" topology on D slitT (E ) is, the supE -norm is 
ertainly 
ontinuouson it!We put Dn(�) = [[D slitT (E )℄℄n and D�(�) = [[D slitT (E )℄℄� . Similar to Proposi-tion 4.1.1 we have :Proposition 4.1.2 The spa
e Dn(�) (resp. D�(�)) is dense in Lp(�) (resp.LpT(�)) for all 1 � p < +1 (but not in general for p = +1).{Proof : (i) De�ne p0 by 1=p+ 1=p0 = 1. Suppose u 2 Lp0(�) satis�es :8u0 2 Dn(�) Z� uu0 = 0: (4.1.11)We shall show that u = 0. To this aim, 
hoose x 2 � and then r > 0 as above.Put V = � \ B(x; r). Choose � 2 DT(E ) su
h that for some Æ > 0 we have foralmost every y 2 V , �(y) � nA(y) � Æ (see for instan
e Grisvard [101℄).For any v 2 D(E ) su
h that suppv � B(x; r) there is a w 2 D slitT (E ) su
hthat w 
oin
ides with v� on A, and is equal to 0 outside A[ �. Then we have :0 = Z� u[[w℄℄n = ZV uv� � nA (4.1.12)Sin
e (essentially by the argument of Proposition 4.1.1) the tra
es of su
h von V are dense in Lp(V ) it follows that the element ujV (� � nA) of Lp0(V ) is 0.Hen
e ujV = 0. Now u being lo
ally 0 it is globally 0. Sin
e by the restri
tionthat p < +1, Lp(�)0 � Lp0(�), this proves the density of Dn(�) in Lp(�).(ii) The 
ase of D�(�) is proved using similar te
hniques 2. Keep the abovede�nition of p0. Suppose u 2 Lp0T (�) satis�es :8u0 2 D�(�) Z� u � u0 = 0: (4.1.13)2. In higher dimensions, if one expresses everything in terms of di�erential forms, we expe
tthat similar results hold and 
an be proved repla
ing formulas with \�" and \�" by their wellknown 
ounterparts in terms of 
ontra
tions and exterior produ
ts.Th�ese 121



The EFIE on Lips
hitz s
reensIntrodu
e x, r, V and � as above. For any v 2 DT(E ) su
h that suppv � B(x; r)there is a w 2 D slitT (E ) su
h that w 
oin
ides with v � � on A, and is equal to0 outside A [ �. Then we have :0 = Z� u � [[w℄℄� = ZV u � (v � �)� nA = ZV (u� nA)� � � v (4.1.14)Hen
e (ujV � nA)� � = 0. Thus (� � ujV )nA � (� � nA)ujV = 0, from whi
h theannoun
ed result follows. �4.1.5 Integration by parts in EOn any open subset 
 of E we have the operators grad, 
url and div, satis-fying the null sequen
e :D(
) grad�! DT(
) 
url�! DT(
) div�! D(
) (4.1.15)Theorem 4.1.3 For elements u of D slitT (E ), letting the divergen
e operator a
ton u as a distribution on E n �, we have :ZE divu = Z�[[u℄℄n: (4.1.16){Proof : Let V be an open neighborhood of �� su
h that u vanishes on V andfor ea
h x 2 � pi
k an r > 0 with respe
t to u as in the se
ond point of thede�nition of D slit(E ), and denote by Vx = B(x; r) the 
orresponding ball. Now
hoose a �nite family of 
ubes (Ci)i2I of the type des
ribed in the de�nition of�, su
h that � � [iCi and su
h that the 
overing fCi : i 2 Ig is subordinatedto the 
overing fV g [ fVx : x 2 �g. Then 
hoose a family (�i)i2I of smoothfun
tions on E su
h that �i has support in Ci and whi
h is a partition of unityof a neigborhood of � in E . Then � = 1 �Pi �i has support in E n �, and we
an write : u = �u+Xi �iu; (4.1.17)Now remark the following. First, sin
e �u is smooth on E and has boundedsupport we have : ZE div(�u) = 0: (4.1.18)Se
ond, for ea
h i, either Ci � V or Ci is in a ball Vx, so if �iu is not identi
ally0 on E , then the 
ube Ci is of the se
ond type, i.e. does not 
ontain points onthe boundary ��. For these last ones it is a standard result that :ZE div(�iu) = Z�[[�iu℄℄n = Z�(
�i)[[u℄℄n (4.1.19)122 S.H. Christiansen



4.1 Integration and di�erential operators on surfa
esso this identity holds in fa
t for every i. Sin
e (
�i)i2I is a partition of unity of�, this 
ompletes the proof. �Equivalently, the divergen
e in the sense of distributions/
urrents of u vie-wed as a �eld on E , 
ontains, in addition to the 
lassi
al term, a measure whi
h
an be expressed by integration on �. This fa
t 
an be applied in several ways,whi
h we formulate in the 
lassi
al way, yielding integration by parts formulas :{ Taking u 2 D(E ) and v 2 D slitT (E ) we have div(uv) = gradu � v + udiv vhen
e : ZE gradu � v + ZE udiv v = Z�[[uv℄℄n = Z� 
u [[v℄℄n: (4.1.20){ Taking u 2 DT(E ) and v 2 D slitT (E ) we have div(u�v) = 
urlu�v�u�
url vhen
e :ZE 
urlu � v � ZE u � 
url v = Z�[[u� v℄℄n = Z� 
Tu � [[v℄℄�: (4.1.21)Noti
e that the last formula holds also when repla
ing 
T by 
. The followingidentity will be en
ountered throughout the paper in various forms :Proposition 4.1.4 For all u 2 D(E) and all v 2 D slitT (E ), (gradu 2 DT(E )and 
url v 2 D slitT (E )) we have :Z�(
 gradu) � [[v℄℄� + Z�(
u)[[
urlu℄℄n = 0 (4.1.22){Proof : Indeed, by equation (4.1.21) the �rst term is equal to � RE gradu�
url vwhi
h by (4.1.20) is the opposite of the se
ond term. �4.1.6 Di�erential operators on tra
es and jumps of smooth �eldsWe �rst de�ne the gradient on tra
es :Proposition 4.1.5 There is a unique map D(�)! DT(�), denoted grad� (orgrad), su
h that the following diagram 
ommutes :D(E ) gradE�! DT(E )
 # # 
TD(�) �!grad� DT(�) : (4.1.23)It is linear and maps D(�) into DT(�).{Proof : Noti
e �rst that if u 2 D(E ) satis�es 
u = 0 then by equation (4.1.22)and the density of D�(�) in L1T(�), it follows that 
T grad u = 0.For u 2 D(�), 
onsider an extension uE 2 D(E ) of u (i.e. 
uE = u). By theabove property 
T gradE uE does not depend on the 
hoi
e of this extension.Th�ese 123



The EFIE on Lips
hitz s
reensTherefore putting grad� u = 
T gradE uE yields a well de�ned map. By thesame argument grad� is uniquely determined by the 
ommutative diagram.That grad� is linear and maps D(�) into DT(�) is easy. In fa
t, more pre-
isely one sees that for u 2 D(�) one has suppgrad u � suppu. �Similarly one 
an de�ne the divergen
e on jumps :Proposition 4.1.6 There is a unique map D�(�) ! Dn(�), denoted div� (ordiv) su
h that the following diagram 
ommutes :D slitT (E ) 
urlE�! D slitT (E )[[�℄℄� # # [[�℄℄nD�(�) �!div� Dn(�) : (4.1.24)It is linear.{Proof : The essential remark is that if u 2 D slitT (E ) satis�es [[u℄℄� = 0, then theelement 
urlE u of D slitT (E ), satis�es [[
urlE u℄℄n = 0. This follows from equation(4.1.22) and the density of D(�) in L1(�) (the density of D(�) would do). Theproposition then immediately follows. �These operators are linked by the following integration by parts formula on� :Proposition 4.1.7 For any u 2 D(�) and any v 2 D�(�), we have :Z� grad� u � v + Z� udiv� v = 0 (4.1.25){Proof : In view of the de�nitions of grad� and div� this is a variant of Pro-position 4.1.4. �4.1.7 Di�erential operators in the sense of distributions/
urrentsEquip the spa
es D(�) and DT(�) with the largest lo
ally 
onvex ve
tortopologies that make 
 : D(E n��) ! D(�) and 
T : DT(E n��) ! DT(�), res-pe
tively 
ontinuous. With respe
t to these topologies one 
onsiders the dualsD(�)0 and DT(�)0 equipped with the weak-star topologies. As usual one 
onsi-ders that D(�) � L2(�) � D(�)0 and DT(�) � L2T(�) � DT(�)0, with denseand 
ontinuous in
lusions.One shows that the operator grad : D(�)! DT(�) is 
ontinuous. Thus theopposite of its adjoint is a linear and 
ontinuous operator from DT(�)0 to D(�)0.Moreover the integration by parts formula shown in Proposition 4.1.7 ensuresthat this operator is the extension by 
ontinuity of the divergen
e on jumps ofsmooth �elds. It is therefore also 
alled divergen
e operator.Similarly, starting from a natural topology on D slitT (E ) one would de�netopologies on Dn(�) and D�(�), making [[�℄℄n : D slitT (E ) ! Dn(�) and [[�℄℄� :124 S.H. Christiansen



4.2 Sobolev spa
es on �D slitT (E ) ! D�(�) 
ontinuous, and 
onsider their duals with the weak-star to-pologies. Using the same integration by parts formula and the density of therange of the inje
tion D(�) ! Dn(�)0 one obtains a linear and 
ontinuous ope-rator from Dn(�)0 to D�(�)0 whi
h is the extension by 
ontinuity of the gradientoperator on tra
es of smooth �elds. It is therefore also 
alled gradient operator.We summarize this in the following theorem :Theorem 4.1.8 The operators grad and div de�ned in Propositions 4.1.5 and4.1.6 extend to linear and 
ontinuous operators : grad : Dn(�)0 ! D�(�)0 anddiv : DT(�)0 ! D(�)0.4.2 Sobolev spa
es on �4.2.1 The spa
es Hs(�) for s � 0On � one de�nes the Hilbert spa
e H1(�) by lo
al 
harts. This uses the fa
tthat for any two open subsets U1 and U2 of R2 , if � : U1 ! U2 is a Lips
hitzisomorphism then u 7! u Æ � is an isomorphism H1(U2) ! H1(U1).Disregard for the time-being that a gradient operator was de�ned earlier.On H1(�) one 
an de�ne one denoted by grad� (or grad) by lo
al 
harts. It isa linear 
ontinuous map H1(�) ! L2T(�), uniquely determined by the propertythat for any open subset U of R2 , and any open subset V of �, if � : U ! V isLips
hitz 
ontinuous then, for any u 2 H1(�) and for a.e. x 2 U :D�(x)?(grad� u)(�(x)) = gradR2(u Æ �)(x): (4.2.1)A variant of this statement is that we have the following 
ommuting diagram :H1(�) grad��! L2T(�)u 7! u Æ � # # u 7! D�?(u Æ �)H1(U) �!gradR2 L2T(U) : (4.2.2)If � is a Lips
hitz isomorphism and if � is repla
ed by V in the �rst line ofthe above diagram, then the verti
al arrows are in fa
t isomorphisms, whi
his why these diagrams 
hara
terize de gradient operator. Later we'll show thatthis de�nition of the gradient 
oin
ides with the �rst one. On H1(�), for any
hosen (\
hara
teristi
 length") ` > 0, the following sesquilinear form indu
esthe topology inherited from the lo
al 
harts :(u; v) 7! `2 Z gradu � grad v + Z u v (4.2.3)One de�nes Hs(�) for s 2 [0; 1℄ by interpolation. We denote by j�js the asso
iatednorm. Alternatively one 
an de�ne these spa
es using lo
al 
harts as for H1(�).Th�ese 125



The EFIE on Lips
hitz s
reensThen the interpolation norm is equivalent to the one inherited by the 
harts,uniformly in s.Re
all the 
lassi
al result on tra
es :Theorem 4.2.1 For any s 2℄0; 1[, 
 has a unique extension to a 
ontinuousoperator H1=2+s(E ) ! Hs(�). It is surje
tive.This result, for s = 1 has been 
laimed but was questioned by M. Costabel andproved false by G. David, as re
ounted in Jerison-Kenig [50℄. However we dohave the following :Proposition 4.2.2 For any s > 0, 
 has a unique extension to a 
ontinuousoperator H3=2+s(E ) ! H1(�).{Proof : For the important 
ase of s = 1=2 on boundaries, see Theorem 4.11 p.89 in Ne�
as [106℄. For our more general setting a proof 
an be adapted from theproof of Lemma 3.6 of Costabel [32℄. Putting � = 3=2 + s it suÆ
es to repla
ethe estimate p. 624 line 13 by the estimate :Z +1�1 m(�0; �n)�1d�n � C�(1 + j�0j)�2; (4.2.4)where for (�0; �n) 2 Rn�1 � R we have :m(�0; �n) = (1 + j�nj)2� + (1 + j�nj)2(��1)(1 + j�0j)2: (4.2.5)The rest of the proof is un
hanged, remarking that in H1 the restri
tion to thehalf-graphs that appear in the de�nition of � is 
ontinuous. �A weaker variant of Theorem 4.2.1 is that for any s > 0, 
 maps 
ontinuouslyH1=2+s(E ) ! L2(�). From this one dedu
es that 
T extends uniquely to a
ontinuous map H1=2+sT (E ) ! L2T(�). We are now ready to state and prove thefollowing :Proposition 4.2.3 For any s > 0, the following diagram 
ommutes :H3=2+s(E ) gradE�! H1=2+sT (E )
 # # 
TH1(�) �!grad� L2T(�) : (4.2.6){Proof : Pi
k an u 2 D(E). For any open U � R2 and any open V � �, if� : U ! V is a Lips
hitz isomorphism we have (using the 
hain rule for thedi�erentiation of Lips
hitz fun
tions and the property that D�? maps normalve
tor-�elds to 0) :gradR2((
u) Æ �) = gradR2(u Æ �) (4.2.7)= D�?(gradE u) Æ � (4.2.8)= D�?
T(gradE u) Æ � (4.2.9)126 S.H. Christiansen



4.2 Sobolev spa
es on �By the 
hara
terization of the gradient operator in equation (4.2.2) it followsthat grad�(
u) and 
T(gradE u) are two �elds in L2T(�) whi
h 
oin
ide lo
ally.Therefore they are equal. One then 
on
ludes using the density of D(E ) inH3=2+s(E ). �Proposition 4.2.4 The spa
e D(�) is a dense subspa
e of H1(�).{Proof : Using a partition of unity one is left with the problem of approximatingan element u of H1(�) with support in a 
ube C of the type des
ribed in thede�nition of �. We use two fun
tions � and (if C 
ontains boundary points)  de�ned as before, and use the notation �� for the graph of � and (if C 
ontainsboundary points) �� for the graph of � above the subgraph of  .If C 
ontains boundary points one 
an extend u to an element (still denotedu) of H1(��) with support in C using the natural lo
al 
hart for C. We usethe notations of Lemma 3.6 in Costabel [32℄. Let v be the map (x0; x3) 7!�(x3)u(x0; �(x0)), for some smooth 
ut-o� fun
tion � with support in ℄0; a[ su
hthat �(x3) = 1 for x3 2 �([0; a℄2) �℄0; a[. Then v is in H2(R; H1 (R2)) and hassupport in C. In this spa
e D(R3) is dense and v 
an be approximated byelements of D(R3 ) with support in C. Moreover the estimate (4.2.4) shows thatthe tra
e mapping H2(R; H1(R2 )) ! H1(��) is 
ontinuous. Sin
e it maps v tou, the Proposition follows. �Corollary 4.2.5 The above de�ned gradient operator is the unique 
ontinuousextension to H1(�) of the gradient operator previously de�ned on D(�).For s > 1 denote by Hs(�) the spa
e of tra
es of H1=2+s(E ). On Hs(�) wedenote by j � js the norm indu
ed by 
, whi
h makes it a Hilbert spa
e. It isa dense 
ontinuously embedded subspa
e of H1(�). Likewise, for s > 0 denoteby HsT(�) the spa
e of tangential tra
es of H1=2+sT (E ), equipped with the normindu
ed by 
T. When no 
onfusion is possible we denote this norm also by j � js.Be aware that, 
ompared with the 
ase of a smooth surfa
e � there is a majordi�eren
e when � has a 
orner : if u is in H1=2T (�) it does not follow that itsthree 
omponents (in some 
hosen basis) are in H1=2(E ). However we do havethe following property :Proposition 4.2.6 For any s � 0, the operator grad maps H1+s(�) 
onti-nuously into HsT(�).{Proof : For s = 0 it is the 
onstru
tion of the gradient operator on �, and fors > 0 it follows from the existen
e of a 
ontinuous lifting H1+s(�)! H3=2+s(E )and Proposition 4.2.3. �4.2.2 Dual spa
esFor s > 0 denote by HsE (�) the subspa
e 
(H1=2+sT (E )) of L2(�; E ). ByProposition 4.1.1, HsE (�) and HsT(�) are dense subspa
es of L2(�; E ) and L2T(�)respe
tively. Thus we 
an 
onsider their duals with L2-type pivot spa
es, whi
hTh�ese 127



The EFIE on Lips
hitz s
reenswe denote by HsE (�)0 and HsT(�)0. The C -bilinear duality pairings are denotedby h�; �iE and h�; �iT respe
tively, or h�; �i when no 
onfusion is possible. For anys > 0, �T determines a 
ontinuous surje
tion HsE (�) ! HsT(�). Hen
e we havethe isomorphism � :� HsT(�)0 ! (ker �TjHsE(�))Æ � HsE (�)0u 7! v : hv; �iE = hu; �T(�)iT : (4.2.10)Noti
e that if u 2 L2T(�) then �u = u. Thus as in Bu�a et al. [26℄ we 
anidentify HsT(�)0 with its range under �, i.e. in symbols :HsT(�)0 � fv 2 HsE (�)0 : 8w 2 HsE (�) (�T(w) = 0) ) (hv; wiE = 0)g:(4.2.11)As is well-known, for s � 1, the spa
e D(E n��) is dense in Hs(E ). It followsthat for s � 1=2 the spa
e D(�) is dense in Hs(�). Similarly for s � 1=2, DT(�)is dense in HsT(�). It is well known that this is false for s > 1=2.Hen
e the above dual spa
es Hs(�)0 (and HsT(�)0) are normal spa
es of dis-tributions/
urrents only when for s 2 [0; 1=2℄. As usual the dual of for instan
ethe 
ompletion Hs0(�) of D(�) in Hs(�) is denoted H�s(�) (so for s 2 [0; 1=2℄we have Hs(�)0 = H�s(�)).4.2.3 Sobolev spa
es for the 
url operatorFor any open set U � E we 
onsider the Sobolev spa
es Hdiv(U) andH
url(U) : Hdiv(U) = fu 2 L2T(U) : divu 2 L2(U)g; (4.2.12)H
url(U) = fu 2 L2T(U) : 
urlu 2 L2T(U)g; (4.2.13)the operators being de�ned a priori in the sense of distributions/
urrents onU . Moreover for any spa
e S of generalized ve
tor-�elds on U we 
onsider thespa
e Slo
 of generalized ve
tor �elds u su
h that for all � 2 D(E) (not onlyD(U)) we have �jUu 2 S. Those we'll en
ounter are Fr�e
het spa
es.Lemma 4.2.7 The spa
e D slitT (E ) is dense both in Hdiv(E n�) and in H
url(E n�).Proposition 4.2.8 The jump operator [[�℄℄n : D slitT (E ) ! Dn(�) has a uniqueextension to a 
ontinuous map Hdiv(E n �) ! H1=2(�)0. For all u 2 H1(E ) andall v 2 Hdiv(E n �) we have :ZE gradu � v + ZE udiv v = h
u; [[v℄℄ni; (4.2.14)where the bra
ket denotes the duality asso
iated with H1=2(�).128 S.H. Christiansen



4.2 Sobolev spa
es on �{Proof : This follows from Theorem 4.2.1, Lemma 4.2.7 and the integration byparts formula (4.1.20). �Proposition 4.2.9 The jump operator [[�℄℄� : D slitT (E ) ! D�(�) has a uniqueextension to a 
ontinuous map H
url(E n �) ! H1=2E (�)0. Its values are inH1=2T (�)0. For all u 2 H1T(E ) and all v 2 H
url(E n �) we have :ZE 
urlu � v � ZE u � 
url v = h
u; [[v℄℄�i; (4.2.15)where the bra
ket denotes the duality asso
iated with H1=2E (�).{Proof : This follows from Theorem 4.2.1, Lemma 4.2.7 and the integration byparts formula (4.1.21) (see also the remark below it). �Combining these two propositions we obtain the following variant of Propo-sition 4.1.4 :Corollary 4.2.10 For all u 2 H2(E ) and all v 2 H
url(E n�), (gradu 2 H1T(E )and 
url v 2 Hdiv(E n �)) we have :h
 gradu; [[v℄℄�i+ h
u; [[
urlu℄℄ni = 0 (4.2.16)For any s 2 [�1=2; 0[, let Ds denote the spa
e of elements u 2 H�sT (�)0, su
hthat div u 2 H�s(�)0. The spa
e Ds is equipped with the graph norm, whi
hmakes it a Hilbert spa
e. This norm will be denoted k � ks. For s = �1=2 wedrop the supers
ript : D = D�1=2, and the subs
ript : k � k = k � k�1=2. From theabove 
orollary we dedu
e :Corollary 4.2.11 The following diagram 
ommutes :H
url(E n �) 
url�! Hdiv(E n �)[[�℄℄� # # [[�℄℄nD �!div H�1=2(�) : (4.2.17)De�nition 4.2.12 Let Xs denote the subspa
e of elements u of Ds su
h thatfor all v 2 D(�) : hu; grad vi+ hdiv u; vi = 0 (4.2.18)Then, by Proposition 4.2.6 the above identity holds in fa
t for v 2 H1�s(�) andexpressesXs as the right kernel of a 
ontinuous bilinear form onDs�H1�s(�). Inparti
ular Xs is a 
losed subspa
e of Ds. For s = �1=2 we drop the supers
riptX = X�1=2.We shall prove that X is the range of [[�℄℄� on H
url(E n �). Using the iden-ti�
ation of equation (4.2.11) we show as in Bu�a et al. [26℄ that the elementsof X are elements of H1=2E (�)0 with a 
ertain property (essentially expressed byTh�ese 129



The EFIE on Lips
hitz s
reensequation(4.2.16)), for whi
h we 
an use the results of Tartar [77℄ to 
on
lude.We �rst state some lo
al results.Let � : R2 ! R be a uniformly Lips
hitz fun
tion and denote by �� itsgraph and 
� the (open) domain above it. The outward normal to 
� on ��is denoted n�. A variant of the above Proposition states that u 7! u � n� iswell-de�ned and 
ontinuous H
url(
�) ! H1=2E (��)0. The following result is from[77℄ :Theorem 4.2.13 Let U be an open subset of E . Suppose u 2 H1=2E (��)0 hassupport in U and there is q 2 H1=2(��)0 su
h that :8p 2 H2(E ) hu; (
 grad p)i = �hq; 
pi: (4.2.19)Then there is v 2 H
url(
�) su
h that u = v � n� and suppv � U .For the 
onvenien
e of the exposition, we also state separately the followingfa
t on surfa
es with boundary. Let 
�+ be the domain above ��, and 
�� thedomain beneath. Let  : R ! R be uniformly Lips
hitz 
ontinuous, and put :�� = f(x; y; z) 2 �� : y <  (x)g: (4.2.20)With respe
t to �� the jump operator [[�℄℄� is well de�ned on the elements ofL2(E ) whose restri
tions are in H
url(
��), with values in H1=2T (��)0 � H1=2E (��)0.Then we have :Lemma 4.2.14 If u 2 L2(E ) satis�es uj
�� 2 H
url(
�) and supp[[u℄℄� � �� then u 2 H
url(E n �� ).{Proof : This is an appli
ation of a variant of the integration by parts formula(4.2.15) with respe
t to ��. �Theorem 4.2.15 The jump operator [[�℄℄� determines a linear 
ontinuous sur-je
tion H
url(E n �) ! X.{Proof : That [[�℄℄� maps H
url(E n �) 
ontinuously into X has already beenestablished.We now turn to the surje
tivity result. Suppose u is in X. Then u is anelement of H1=2E (�)0 su
h that with q = divu 2 H1=2(�)0 we have, for all p 2D(E ) :hu; 
 gradE piE = hu; 
T gradE piT = hu; grad� 
piT = �hq; 
pi (4.2.21)We now show that the elements u of H1=2E (�)0 su
h that for some q 2 H1=2(�)0we have : 8p 2 D(E ) hu; 
 grad piE = �hq; 
pi; (4.2.22)have a preimage by [[�℄℄� in H
url(E n�). Let X denote the spa
e of su
h u. Noti
eby the way that q is unique and that the property holds for all p 2 H2(E ).130 S.H. Christiansen



4.2 Sobolev spa
es on �The following lo
alization argument is also adapted from [77℄. Let (Ci) bea 
overing of � of the type des
ribed in the de�nition of �, with an asso
iatedpartition of unity �i. For any u 2 X , we have for any i, dropping the subs
ripti : h(
�)u; 
 grad pi = hu; 
(� grad p)i (4.2.23)= hu; 
� grad(�p)� (grad �)p�i (4.2.24)= hu; 
 grad(�p)i � hu � 
 grad �; 
pi (4.2.25)= �h(
�)q + (
 grad �) � u; 
pi (4.2.26)It follows that (
�i)u 2 X . Moreover (
�i)u has support in Ci. Thus it suÆ
esto lift the �elds (
�i)u to �elds in H
url(E n �) with support in Ci.Drop the subs
ript i and 
onsider now a u 2 X (with a 
orresponding q)with support in the 
ube C. Suppose C is of the �rst type, i.e. 
ontains a portionof ��. In C, � is a portion of the graph �� of a uniformly Lips
hitz 
ontinuousfun
tion �. We use the above notations.Extension by zero to �� is well de�ned for elements of H1=2E (�)0 with supportin C, so let ~u be the one of u. It is in H1=2E (��)0 and satis�es the hypothesisof Theorem 4.2.13 with respe
t to the extension by zero of q. Thus there is vin H
url(
�), with support in C and su
h that v � n� = ~u. Denote by ~v theextension by 0 of v to E . With respe
t to ��, [[~v℄℄� = ~u. Moreover by Lemma4.2.14, ~v 2 H
url(E n�). Finally one sees that with respe
t to �, [[~v℄℄� = u. This
ompletes the proof. �In Bu�a et al. [26℄, when � is the boundary of a domain, it was showndire
tly that (with the notations of the above proof) X = X. In view of theidenti�
ation (4.2.11) the main intermediate step 
onsisted in showing that ifu 2 H1=2E (�) satis�es �Tu = 0 then there is p 2 H2(E ) su
h that 
p = 0 andu = 
 grad p (the 
onverse is trivial).The bilinear form (u; v) 7! R� u � v on DT(�)�D�(�) is left and right inje
-tive. Sin
e D�(�) is dense in X it follows that the dual of X 
an be identi�edwith an extension of DT(�) in whi
h this subspa
e is dense. It is denoted X 0and the duality h�; �i. By the surje
tivity proved above we have :Corollary 4.2.16 The operator 
T extends uniquely to a 
ontinuous operatorH
url(E ) ! X 0. For all u 2 H
url(E ) and all v 2 H
url(E n �) we have :ZE 
urlu � v � ZE u � 
urlv = h
Tu; [[v℄℄�i; (4.2.27)where the bra
ket denotes duality between X 0 and X.By in parti
ular the density of D(E) in H1(E ) we obtain :Corollary 4.2.17 For all u 2 H1(E ), all v 2 X we have :h
T grad u; vi = �h
u;div vi; (4.2.28)where the �rst bra
ket is the duality X 0 � X, and the se
ond is the dualityasso
iated with H1=2(�).Th�ese 131



The EFIE on Lips
hitz s
reens4.2.4 Helmholtz de
ompositionLet H1(�)� denote the subspa
e of elements of H1(�) whi
h are L2-orthogonalto the elements that are 
onstant on ea
h 
onne
ted 
omponent of �. For anys 2 [�1=2; 0[, let Gs : Xs ! L2T(�) be the map whi
h to any u 2 Xs asso
iatesGsu = grad p where p solves the Neumann problem :p 2 H1(�)� 8p0 2 H1(�)� Z grad p � grad p0 = �hdivu; p0i (4.2.29)Noti
e that then equation (4.2.29) a
tually holds for all p0 2 H1(�), so divGsu =divu. It follows that Gs indu
es a 
ontinuous linear map Xs ! Ds. Moreoverthe values are 
learly in Xs.Noti
e that : kerGs = fu 2 Xs : divu = 0g: (4.2.30)For any u 2 Xs, sin
e div(Gsu� u) = 0 it follows that (Gs)2u = Gsu.For s = �1=2 we denote by P : X ! X this (
ontinuous) proje
tor, V itsrange andW its kernel. The Helmholtz de
omposition in X is then the assertionthat V and W are 
losed subspa
es of X and :X = V �W: (4.2.31)4.3 Ele
tri
 �eld integral equationWe are now ready to study the s
attering of ele
tromagneti
 waves by �.Put 
 = E n �. For simpli
ity we suppose to begin with that 
 is 
onne
ted (inparti
ular � 
annot be the whole surfa
e of some bounded domain). After wehave treated this 
ase we 
omment upon more general ones.4.3.1 S
attering problemThe s
attering problem is, given wave number k > 0 and a v 2 X 0, �nd theele
tri
 �eld E 2 H
url(E )lo
 su
h that :
url 
urlE � k2E = 0 in 
; (4.3.1)
TE = v on �; (4.3.2)limjxj!1 jxj(
urlE(x)� �(x)� ikE(x)) = 0 with �(x) = x=jxj: (4.3.3)In words, we look for solutions of the time harmoni
 Maxwell equations (4.3.1)in the exterior domain 
, subje
t to the perfe
t 
ondu
tor boundary 
ondition(4.3.2) on � and the Silver-M�uller radiation 
ondition (4.3.3) at in�nity. Ofparti
ular interest is the 
ase when v = �
TEin, for some in
ident plane waveEin with wave number k.132 S.H. Christiansen



4.3 Ele
tri
 �eld integral equationSin
e on ve
tor �elds � = grad div� 
url 
url, equation (4.3.1) is equivalentto : �E + k2E = 0 and divE = 0 in 
: (4.3.4)In parti
ular any solution E is smooth in 
 so we 
an safely 
onsider pointvalues, su
h as in the radiation 
ondition. Noti
e also that when we have solvedthis s
attering problem we obtain as a by-produ
t the surje
tivity of 
T fromH
url(E ) to X 0, a fa
t whi
h 
ould be proved more dire
tly.We �rst prove a uniqueness result for the s
attering problem.Theorem 4.3.1 Problem (4.3.1)-(4.3.2)-(4.3.3) admits at most one solutionin H
url(E )lo
 .{Proof : The proof we in
lude is quite standard and follows Abboud-Starling[1℄[2℄.Suppose u 2 H
url(E )lo
 is a solution of the homogeneous s
attering problemi.e. with v = 0. For any R > 0 let BR be the open ball 
entered at the originand with radius R. We denote by nR the outer normal to BR, on the 
orres-ponding sphere SR. Suppose R is suÆ
iently large to satisfy � � BR. Using theintegration by parts (4.2.27) on the surfa
e SR [ �, applied to u and 
urlu setto zero outside BR, one obtains :ZSR 
urlu� nR � u = ZBR j 
urluj2 � k2juj2; (4.3.5)sin
e the term on � vanishes. Now writing :ZSR ikjuj2 = ZSR(iku� 
urlu� nR) � u+ ZSR 
urlu� nR � u; (4.3.6)taking the imaginary part and using the Cau
hy-S
hwartz inequality we obtain :ZSR juj2 � 1=k2 ZSR jiku� 
urlu� nRj2: (4.3.7)From the radiation 
ondition it now follows that :limR!1ZSR juj2 = 0; (4.3.8)Sin
e by (4.3.4) u satis�es Helmholtz equation it follows by Relli
h Theorem(see e.g. M�uller [115℄) that u vanishes on a neighborhood of in�nity. Moreoveru is real analyti
 in 
, and sin
e 
 is 
onne
ted we 
an 
on
lude that u = 0. �4.3.2 Integral representationNext we investigate a representation formula for the ele
tri
 �eld E in termsof [[
urlE℄℄� whi
h is up to a (for our purposes unimportant) s
alar the ele
-tri
 
urrent density indu
ed by E on �. To this aim, introdu
e the standardTh�ese 133



The EFIE on Lips
hitz s
reensHelmholtz kernel Gk and the asso
iated single layer potential �k :Gk(x; y) = eikjx�yj4�jx� yj and (�ku)(y) = Z�Gk(x; y)u(x)dx; (4.3.9)de�ned a priori for u 2 L2(�) and y 2 
. As is well-known, the single layer po-tential �k extends to a linear and 
ontinuous map from H1=2(�)0 to H1(E )lo
 (theproof in [32℄ works �ne also for s
reens). Correspondingly the single layer po-tential a
ting on tangent �elds, also denoted �k, is 
ontinuous from H1=2T (�)0 !H1T(E )lo
 . It follows that the potential Ak de�ned by :Aku = �ku+ (1=k2) grad�k divu; (4.3.10)is linear and 
ontinuous from D to H
url(E )lo
 . We are interested mainly inu 2 X and de�ne the ele
tri
 �eld integral operator to be the bounded operatorAk = 
T Æ Ak : X ! X 0. These de�nitions are motivated by the followingequivalen
e :Theorem 4.3.2 If E 2 H
url(E )lo
 solves the s
attering problem (4.3.1)-(4.3.2)-(4.3.3) then with u = [[
urlE℄℄� we have E = Aku so u solves the boundaryintegral equation : Aku = v: (4.3.11)Conversely, if u 2 X solves equation (4.3.11) then Aku 2 H
url(E )lo
 solves(4.3.1)-(4.3.2)-(4.3.3).This is an exer
ise on the 
onvolution of distributions and 
onsists mainly inshowing that the 
omputations 
arried out in [116℄ for smooth boundaries,
an be interpreted in the Lips
hitz s
reen setting, as was already remarked forLips
hitz boundaries in [25℄. We start by stating many of the pre
eding results interms of distributions. For the adjoint of the operator 
 : H1(E )lo
 ! H1=2(�),we use the notation u 7! (uÆ�). We use the same notation on ve
tor �elds. Letgk be the outgoing fundamental solution of ��� k2. Then :�ku = gk � (uÆ�) and Aku = gk � �uÆ� + 1=k2 gradE �(div� u)Æ��� (4.3.12)Moreover in the sense of distributions, by Proposition 4.2.8 for any u 2 Hdiv(
)lo
we have : divE u = div
 u� [[u℄℄nÆ�; (4.3.13)whereas by Proposition 4.2.9 we have for u 2 H
url(
)lo
 :
urlE u = 
url
 u+ [[u℄℄�Æ�: (4.3.14)Moreover by the 
omputation (4.2.21) we have for all u 2 X :divE (uÆ�) = (div� u)Æ� (4.3.15)134 S.H. Christiansen



4.3 Ele
tri
 �eld integral equation{Proof of Theorem 4.3.2 : Suppose �rst that E 2 H
url(E )lo
 solves (4.3.1)-(4.3.2)-(4.3.3). Then :
urlE 
urlE = 
url
 
urlE + [[
urlE℄℄�Æ� = k2E + [[
urlE℄℄�Æ�: (4.3.16)Moreover, using div
E = 0 and applying diagram (4.2.17) :divE E = �[[E℄℄nÆ� = �1=k2[[
url
 
urlE℄℄nÆ� = �1=k2(div�[[
urlE℄℄�)Æ�:(4.3.17)Therefore we have :�E + k2E = �[[
urlE℄℄�Æ� � 1=k2 gradE �(div�[[
urlE℄℄�)Æ�� (4.3.18)Re
all (see e.g. [112℄) that for solutions of (4.3.1) the Silver-M�uller 
ondition isequivalent to the Sommerfeld 
ondition :limjxj!1 jxj(��(x)E(x)� ikE(x)) = 0: (4.3.19)It follows that with u = [[
urlE℄℄� we have :E = gk � �uÆ� + 1=k2 gradE �(div� u)Æ��� = Aku: (4.3.20)Conversely if u 2 X then Aku solves Helmholtz equation in 
 and by(4.3.15) :divE Aku = gk � (1 + 1=k2�E )(div� u)Æ� = �1=k2(div� u)Æ�: (4.3.21)Hen
e div
 Aku = 0, so Aku satis�es (4.3.1). Moreover Aku satis�es the radia-tion 
ondition by the above mentioned equivalen
e. This 
ompletes the proof.�Corollary 4.3.3 The ele
tri
 �eld integral operator is inje
tive.{Proof : Pi
k u 2 X. If Aku = 0 then Aku solves (4.3.1)-(4.3.2)-(4.3.3) withv = 0 so by Theorem 4.3.1, Aku = 0. By the 
omputation (4.3.21), div� u = 0.Thus we have 0 = Aku = gk � (uÆ�), so u = 0. �Equation (4.3.11) is 
alled the Ele
tri
 Field Integral Equation (EFIE) andwe now analyze its well-posedness using a variational formulation.4.3.3 Variational formulationLet a(�; �) : X �X ! C be the bilinear form de�ned by :a(u; u0) = hAku; u0i; (4.3.22)Th�ese 135



The EFIE on Lips
hitz s
reenswhere the bra
kets denote the duality X 0 � X. By in parti
ular (4.2.28) wehave : a(u; u0) = h
�ku; u0i � 1=k2h
�k divu;divu0i; (4.3.23)where the bra
kets denote the dualities asso
iated with H1=2E (�) and H1=2(�)respe
tively. Then the variational formulation of the EFIE reads : Find u 2 Xsu
h that : 8u0 2 X a(u; u0) = hv; u0i: (4.3.24)The analysis is based on the following 
oer
ivity Theorem :Theorem 4.3.4 There is a 
ompa
t bilinear form b on X su
h that for all(v; w) 2 V �W we have :j(a+ b)(v + w; v � w)j � (1=C)kv +wk2: (4.3.25)The proof is based on the N�ed�ele
-Plan
hard [62℄ 
oer
ivity :8u 2 H�1=2(�) h
�0u; ui � 1=Cjuj2�1=2 (4.3.26)As remarked in [32℄, the original proof works �ne for Lips
hitz boundaries ;extension to s
reens is trivial. Moreover we need two 
ompa
ity argumentsnamely, �rst the bilinear form (u; u0) 7! h
(�k��0)u; u0i is 
ompa
t on H1=2(�)0and se
ond the proje
tor P asso
iated with the Helmholtz de
omposition viewedas a map X ! H1=2T (�)0 is 
ompa
t (this follows from the 
ompa
tness of theinje
tion L2T(�)! H1=2T (�)0).{Proof : It suÆ
es to prove the statement for the bilinear form a0 obtainedby repla
ing �k by �0 in the expression (4.3.23) of a, sin
e the di�eren
e is
ompa
t. Let 
 be the 
ontinuous bilinear form on H1=2T (�)0 de�ned by :
(u; u0) = h
�0u; u0i: (4.3.27)Let also d be the bilinear form obtained by 
hanging the sign in front of these
ond duality in a0 expressed as in (4.3.23). Noti
e that a0(w;�w) = �d(w;w)and a0(v; v) = �d(v; v) + 2
(v; v). Therefore we have :a0(v + w; v � w) = �d(v; v) + 2
(v; v)� d(w;w)� 
(v; w) + 
(w; v): (4.3.28)By the N�ed�ele
-Plan
hard 
oer
ivity we have for some C > 0 (re
all that k � kdenotes the norm on X) :C(d(v; v) + d(w;w)) � kvk2 + kwk2 � 1=2kv + wk2; (4.3.29)so to 
on
lude we only need to show that the three remaining terms in (4.3.28)stem from 
ompa
t bilinear forms on X. With u = v +w we have :
(v; v) = 
(Pu; Pu); 
(v; w) = 
(Pu; (I � P )u); 
(w; v) = 
((I � P )u; Pu):(4.3.30)136 S.H. Christiansen



4.4 Dis
retizationIn ea
h of these expressions P appears at least on
e as a map X ! H1=2T (�)0.Therefore these are 
ompa
t and the Theorem is proved. �In other words, 
onsidering the automorphism � : u 7! (2P � I)u of X, wehave : 8u 2 X j(a+ b)(u;�u)j � 1=Ckuk2: (4.3.31)Therefore we have :Corollary 4.3.5 The operator Ak : X ! X 0 is Fredholm of index 0.{Proof : Let B : X ! X 0 be the operator asso
iated with the bilinear form babove. Sin
e a+b satis�es the LBB Inf-Sup 
onditions on X, Ak+B is invertibleand sin
e B is 
ompa
t, it follows that Ak is Fredholm of index 0. �Applying Corollary 4.3.3 then yields :Corollary 4.3.6 The operator Ak is invertible and the exterior s
attering pro-blem has a unique solution.4.3.4 The non-
onne
ted 
aseIf 
 is not 
onne
ted (for instan
e if � is the boundary of a domain) it iswell known that resonan
es may o

ur. More pre
isely, the uniqueness Theorem4.3.1, holds only with respe
t to the unbounded 
onne
ted 
omponent of 
.However Theorems 4.3.2 and 4.3.4 (and the proofs) still hold. When the bounded
onne
ted 
omponents of 
 are Lips
hitz domains (i.e. there are no s
reensinside them), the eigenvalue problems for the 
url 
url operator on ve
tor �eldswith the perfe
t 
ondu
tor boundary 
ondition, yields a dis
rete unboundedsubset K of R+ , of wavenumbers k su
h that the k2 are the eigenvalues. Ifmoreover ea
h of these domains has a 
onne
ted 
omplementary, one showsthat if k =2 K, Ak is inje
tive.In what follows we suppose that the bounded 
onne
ted 
omponents of 
are Lips
hitz domains with 
onne
ted 
omplementaries, we take Theorems 4.3.2and 4.3.4 for granted, so in parti
ular Ak is Fredholm of index 0. We shall alsosuppose that k =2 K and that then Ak is invertible. For indi
ations on whathappens at resonant wave numbers we refer to [131℄.4.4 Dis
retizationGiven a �nite dimensional subspa
e Xh of X and v 2 X 0 the Galerkindis
retization of the EFIE is to �nd uh 2 Xh su
h that :8u0h 2 Xh a(uh; u0h) = hv; u0hi: (4.4.1)As usual we 
onsider that the spa
e Xh is one among a family (Xh), and westudy the existen
e of uh and the 
onvergen
e of (uh). We assume familiaritywith the theory of Inf-Sup 
onditions as presented for instan
e in Roberts-Thomas [68℄.Th�ese 137



The EFIE on Lips
hitz s
reens4.4.1 Inf-Sup 
ondition for the EFIEWe �rst prove some generalities about the splitting of Galerkin spa
es. Re-
all that for any two non-zero 
losed subspa
es V1 and V0 of some Bana
h spa
eX the gap Æ(V1; V0) from V1 to V0 is de�ned to be :Æ(V1; V0) = supv12V1 infv02V0 kv1 � v0k=kv1k: (4.4.2)This de�nition is extended straightforwardly to the 
ase when at least one ofthe Vi is zero. One immediately 
he
ks that if P0 is any (
ontinuous) proje
toronto V0, we have :8v1 2 V1 kv1 � P0v1k � kI � PkÆ(V1; V0)kv1k: (4.4.3)Also we say that a family (Xh) of 
losed subspa
es of X is approximating if :8u 2 X limh infu02Xh ku� u0k = 0: (4.4.4)The following lemma is elementary.Lemma 4.4.1 Let X be a Bana
h spa
e equipped with a 
onjugation 3 u 7! u.Suppose we have a splitting X = V �W for two 
losed subspa
es V and Wwhi
h are stable under 
onjugation. Suppose a is a 
ontinuous bilinear form onX su
h that for some C > 0 :8(v; w) 2 V �W ja(v + w; v � w)j � (1=C)kv + wk2: (4.4.5)Suppose furthermore that we have an approximating family (Xh) of 
losed sub-spa
es of X whi
h 
an be split into dire
t sums Xh = Vh �Wh of 
losed sub-spa
es of X that are stable under 
onjugation and satisfy Æ(Vh; V ) ! 0 andÆ(Wh;W )! 0.Then there is h0 > 0 and C > 0 su
h that for all h < h0 we have :infu2Xh supu02Xh ja(u; u0)jkuk ku0k � 1=C (4.4.6){Proof : (i) Put Æh = maxfÆ(Vh; V ); Æ(Wh;W )g. We denote by P the proje
tionwith range V and kernel W . It 
ommutes with 
onjugation. For any (vh; wh) 2Vh �Wh we have, with uh = vh + wh :kvhk � kP (vh + wh)k+ k(I � P )wh � whk+ kPvh � vhk (4.4.7)� kPkkuhk+ kPkÆhkwhk+ kI � PkÆhkvhk: (4.4.8)Similarly :kwhk � kI � Pkkuhk+ kI � PkÆhkvhk+ kPkÆhkwhk: (4.4.9)3. i.e a sesquilinear 
ontinuous involution.138 S.H. Christiansen



4.4 Dis
retizationAdding and rearranging we obtain for h small enough :kvhk+ kwhk � (1� ÆhmaxfkPk; kI � Pkg)�1 maxfkPk; kI � Pkgkuhk;(4.4.10)In other words the splitting Xh = Vh �Wh is uniformly stable for h < h1 forsome h1.(ii) We have : kvh � Pvhk � kI � PkÆhkvhk � CÆhkuhk; (4.4.11)and similarly : kwh � (I � P )whk � CÆhkuhk (4.4.12)Then using the 
ontinuity of a yields :ja(vh + wh; vh � wh)j � ja(Pvh + (I � P )wh; P vh � (I � P )wh)j � CÆhkuhk2(4.4.13)Finally, using equation (4.4.5) and on
e again the stability of the dis
rete split-tings yields :ja(vh + wh; vh � wh)j � (1=C)kuhk2 �CÆhkuhk2; (4.4.14)and kvh � whk � Ckuhk, hen
e the lemma. �We return now to the EFIE and use the notations of the previous se
tions.As before we suppose that k is not a resonant wavenumber. The following Pro-position gives suÆ
ient 
onditions for the dis
rete EFIE to satisfy an asymptoti
uniform dis
rete Inf-Sup 
ondition.Proposition 4.4.1 Suppose we have an approximating family (Xh) of 
losedsubspa
es of X whi
h 
an be split into dire
t sums Xh = Vh � Wh of 
losedsubspa
es of X that are stable under 
omplex 
onjugation and satisfy Æ(Vh; V )!0 and Æ(Wh;W )! 0.Then there is h0 > 0 and C > 0 su
h that for all h < h0 :infu2Xh supu02Xh ja(u; u0)jkuk ku0k � 1=C: (4.4.15){Proof : Apply Lemma 4.4.1 to the bilinear form a+ b appearing in Theorem4.3.4 and 
on
lude using Proposition A.5.2. �4.4.2 Appli
ation to some Finite Element spa
esFrom now on we suppose that � is a polyhedral surfa
e whi
h is pie
ewise
at.Th�ese 139



The EFIE on Lips
hitz s
reensOn � 
onsider a regular family of triangulations (Th). We suppose that thesetriangulations re�ne the polyhedral stru
ture of �. Constru
ted on these trian-gulations, we 
onsider the standard 
omplex Raviart-Thomas [67℄ or Brezzi-Douglas-Marini [23℄ �nite elements of any �xed order p (we 
hoose the 
onven-tion that p = 0 means lowest order Raviart-Thomas or Brezzi-Douglas-Marini�nite elements). We denote by Xh the 
orresponding subspa
es of X. This im-poses the outward 
uxes through �� to be 0 in the 
lassi
al sense.As in [131℄ we de�ne subspa
es Wh and Vh of Xh by setting :Wh = fuh 2 Xh : divuh = 0g; (4.4.16)and : Vh = fuh 2 Xh : 8wh 2Wh Z uh � wh = 0g: (4.4.17)It is 
lear that Xh, Vh and Wh are stable under 
omplex 
onjugation, andXh = Vh �Wh. Moreover Wh � W (so Æ(Wh;W ) = 0) and we now set out toprove that Æ(Vh; V )! 0, whi
h is the obje
t of Proposition 4.4.5. For the 
ase ofa smooth surfa
e � this is rather elementary see [131℄ (Theorem 6.5 and Lemma7.1) 4. Extension to 
losed polyhedral surfa
es was provided in Hiptmair-S
hwab[44℄ (mainly Lemma 6.2). We follow here very 
losely the steps of their reasoningand state the ne
essary variants in the following lemmas :{ Regularity For any � > 0 we denote by H1+�� (�) the spa
e of elements ofH1(�) whose restri
tion to any fa
e �i of � is of 
lass H1+�(�i).Lemma 4.4.2 There is � > 0 su
h that for all u 2 X, if p solves the Neumannproblem (4.2.29) with respe
t to divu then p 2 H1+�� (�). The 
orrespondingoperator X ! H1+�� (�) is 
ontinuous.{Proof : It is an immediate 
onsequen
e of Proposition 4.4.2 below. �{ Interpolator We denote by �h the standard interpolation operator asso
ia-ted to the spa
e Xh as de�ned for instan
e in Brezzi-Fortin [119℄ (Chapter 3).When restri
ted to a triangle T we use the notation �T . We have :Lemma 4.4.3 For any s > 0, and any triangle T , �T is well-de�ned and
ontinuous as an operator :fu 2 HsT(T ) : divu 2 L2(T )g ! fu 2 L2T(T )g (4.4.18){Proof : This is rather standard and a detailed proof is given in [44℄ (Lemma5.1). Noti
e that we have a Sobolev embedding HsT(T )! LpT(T ) for some p > 2and that [119℄(page 125) asserts that the interpolation operator is well de�nedon : fu 2 LpT(T ) : div u 2 L2(T )g: (4.4.19)�4. e
hoed here in Theorem 3.4.5 and Lemma 3.5.1.140 S.H. Christiansen



4.4 Dis
retization{ S
aling We also need semi-norms for the spa
es HsT(T ), 0 < s < 1. They
an be de�ned as for Hs(T ) by double integrals, see Grisvard [101℄ (De�nition1.3.2.1). An alternative de�nition 
loser in spirit to the Bramble-Hilbert Lemma
an also be given : Fix for the time-being a triangle T . Let � denote L2T(T )-orthogonal proje
tion onto the (two-dimensional) subspa
e of 
onstant tangentve
tor �elds on T . For 0 � s � 1 de�ne the semi-norm b�
s on HsT(T ) by :8u 2 HsT(T ) bu
s = ju� �ujs (4.4.20)For 0 � s � 1 the operator � indu
es 
ontinuous proje
tors in the spa
es HsT(T ),and we denote ny N s their kernels, whi
h are 
losed subspa
es of HsT(T ). One
he
ks that N s = [N0; N1℄s, when equipped with the inherited norms. Thus,for s = 0 and s = 1 the restri
tion of b�
s to Ns is a norm equivalent to theinherited norm ; intermediate 
ases follow by interpolation. The importan
e ofthese de�nitions (used in Lemma 4.4.4) stems from the fa
t that on N1 therestri
tion of the standard H1T(T ) semi-norm, is in fa
t a norm equivalent tothe norm inherited from H1T(T ) (equal to the restri
tion of b�
1).Let T̂ denote a referen
e triangle, �xed trough-out the paper. Choose forea
h h and ea
h triangle T of Th, an aÆne isomorphism FT : T̂ ! T . On ve
tor-�elds u on T 
onsider the pull-ba
k û of u 
onsidered as 2 � 1 form, by FT ;more expli
itly this transformation {known as Piola's transform{ is given by :u 7! û : û(x) = Ja
FT (x)DFT (x)�1u(FT (x)): (4.4.21)Lemma 4.4.4 There is C > 0 su
h that for all h and all T in Th, one has theuniform equivalen
e of (semi-)norms :bû
s;T̂ � � C� 1=C � hsbu
s;T (4.4.22){Proof : For s = 0 and s = 1 this standard result follows from the 
hangeof variables formula for integrals for the standard semi-norms, using the re-gularity hypothesis made on the family (Th). Intermediate estimates follow byinterpolation. �We are now ready to prove the following :Proposition 4.4.5 With � given by Lemma 4.4.2, we have Æ(Vh; V ) � Ch�.Part (i) of the proof is as in Theorem 6.5 in [131℄, whereas part (ii) is takenalmost dire
tly from Lemma 6.2 in [44℄ and uses the above te
hni
al lemmas.The 
ru
ial �nite dimensionality argument used to 
ontrol the term involvingthe di�erential operator, is adapted from a 3D H
url problem in [45℄ (Lemma4.3), based on Ciarlet-Zou [29℄ (Lemma 4.1), where it seems to be attributedto V. Girault.{Proof : (i) Pi
k vh 2 Vh. Let p be the solution of the Neumann problem :p 2 H1(�)� and 8p0 2 H1(�)� Z grad p � grad p0 = �Z div vh p0 (4.4.23)Th�ese 141



The EFIE on Lips
hitz s
reensPut v = grad p 2 V . Thus v is the element of V su
h that div v = div vh.By Lemmas 4.4.2 and 4.4.3, �hv is well-de�ned. Sin
e �h maps divergen
e-free�elds to divergen
e-free �elds and is a proje
tor onto Xh we have :div(�hv � vh) = div�h(v � vh) = 0: (4.4.24)In other words we have �hv � vh 2Wh, from whi
h it follows that :j�hv � vhj20 = Z (�hv � v) � (�hv � vh): (4.4.25)By the Cau
hy-S
hwartz inequality (and the triangle inequality) we obtain :jv � vhj0 � j�hv � vj0 + j�hv � vhj0 � 2j�hv � vj0: (4.4.26)(ii) We now estimate the last term of this inequality, by pulling ba
k fromea
h triangle T of Th to the referen
e triangle T̂ . By Lemma 4.4.3 (and 4.4.2),sin
e �T̂ preserves 
onstant ve
tor-�elds, we have an estimate of the form :j�T̂ (vjT )̂ � (vjT )̂ j0 � C�b(vjT )̂ 
�;T̂ + jdiv(vjT )̂ j0�; (4.4.27)From the 
ommuting diagram :H0div(T ) divT�! L2(T )u 7! Ja
FTDF�1T (u Æ FT ) # # u 7! Ja
FT (u Æ FT )H0div(T̂ ) �!divT̂ L2(T̂ ) ;(4.4.28)it follows that the term div(vjT )̂ is in a �nite-dimensional spa
e of polynomialson T̂ (the dimension is given by the order and type of �nite elements used to
onstru
t Xh). By the equivalen
e of norms on �nite dimensional spa
es, thereis a C > 0, su
h that for all elements u of this spa
e :juj0;T̂ � Cjuj�1;T̂ (4.4.29)Thus we have : jdiv(vjT )̂ j0 � Cjdiv(vjT )̂ j�1 � Cb(vjT )̂ 
0;T̂ (4.4.30)from whi
h it follows that :j�T̂ (vjT )̂ � (vjT )̂ j0 � Cb(vjT )̂ 
�;T̂ : (4.4.31)Piola's transform 
ommutes with interpolation, so using the s
aling Lemma4.4.4 gives : j�T vjT � vjT j0 � Ch�bvjT 
�;T (4.4.32)142 S.H. Christiansen



4.4 Dis
retizationSin
e b�
2� is super-additive, summing over all triangles T yields :j�hv � vj0 � Ch�bv
�;�: (4.4.33)All in all we obtain, using on
e again the regularity Lemma 4.4.2 :jv � vhj0 � Ch�jdiv vj�1=2: (4.4.34)Sin
e div v = div vh, this 
ompletes the proof. �4.4.3 Convergen
e ratesTo 
on
lude we now only need to study :infu02Xh ku� u0k; (4.4.35)as a fun
tion of h for u the solution of the EFIE. For smooth surfa
es thisnegative norm estimate 
an be obtained using an Aubin-Nits
he tri
k, see forinstan
e [136℄ 5. In [44℄ (Lemma 8.2) 
onvergen
e rates are dedu
ed from thoseof N�ed�ele
's 
url 
onforming edge elements [58℄[61℄ in 
. Here, 
ontrary to the
ase of a 
losed surfa
e the regularity of the solution is too weak to apply thestandard interpolator for edge elements, so a slight variant of their reasoning isneeded.Suppose the triangulations Th are obtained as the tra
es of regular meshesT exth of 
 
ut o� at in�nity by, say, a large enough 
ube D. Let Qh denote theH
url(
 \D)-orthogonal proje
tor onto the volume N�ed�ele
 �nite elements onT exth whose jumps by [[�℄℄� 
onstitute Xh (it suÆ
es to mat
h the orders and theFE families).Pi
k u 2 X and let v be any lifting of u in H
url(
 \ D) ([[v℄℄� = u). Wehave : ku� [[Qhv℄℄�k�1=2 � Ckv �QhvkH0
url (4.4.36)Thus the 
onvergen
e rate of (4.4.35) is bounded by the order of best approxi-mation of v in the H0
url(
\D)-norm by edge elements on T exth . By the densityof D slitT (
\D) in H
url(
\D) it follows that the spa
es Xh are approximatingin X. Applying Propositions 4.4.1 and 4.4.5 we obtain the uniform dis
rete Inf-Sup 
ondition for the EFIE on (Xh), and hen
e the 
onvergen
e of the Galerkinsolution uh towards the exa
t one u.When � is the boundary of a domain the ele
tri
 �eld E satis�es E 2Hs
url(
)lo
 (hen
e 
urlE 2 Hs
url(
)lo
) for some s > 1=2 (see Birman-Solomyak[14℄ and Costabel-Dauge[33℄) and the asso
iated order of 
onvergen
e is hs.This is a very low order of 
onvergen
e. In pra
ti
e one often 
onstru
ts lo
allyre�ned meshes, for whi
h one want to obtain ku � uhk � C(dimXh)�� for an5. e
hoed here in se
tion 2.2.2Th�ese 143



The EFIE on Lips
hitz s
reensas large as possible �. The design of su
h meshes is still an open problem. Itis even more important for open surfa
es : for these the regularity order is ans 2℄0; 1=2[.In [130℄ te
hniques are developed that avoid the use of the exterior domainto obtain 
onvergen
e rates and that 
ould moreover be useful to study mesh-re�nement strategies.Though we have used many of the arguments of [44℄ the present study, whenrestri
ted to boundaries of domains, improves their �nal result ; indeed the re-gularity the Lapla
ian on � does not expli
itly bound the orders of 
onvergen
ewe obtain (see the �nal remarks of [44℄).4.4.4 A regularity result for the Neumann Lapla
ianWe prove here the regularity result mentioned in the proof of Lemma 4.4.2.When � has no boundary it was established in Bu�a-Costabel-S
hwab [25℄(Theorem 5.2), on advi
e from M. Dauge. For the present situation the proofneeds only simple modi�
ations.For any vertex v 2 � (v 2 �� respe
tively), we denote by !v the 
losed(open respe
tively) pie
ewise smooth ar
 
ut out in the unit sphere S2 by therays with origin at v whi
h are tangent to �. Then !v is a 
urvilinear polygon(ar
 respe
tively) on S2 whi
h is a union of ar
s of great 
ir
les.Proposition 4.4.2 Suppose f 2 Hs(�) for some s � �1=2. Let p 2 H1(�)� bethe solution of the Neumann problem :8v 2 H1(�)� Z� grad p � grad p0 = hf; p0i: (4.4.37)Then u 2 H1+t(�) for all t < s?(s), with :s�(s) = minf�=L� ; 2�=L; s+ 1g; (4.4.38)where L� = maxv2��fj!vjg and L = maxv2�fj!vjg, j�j denoting total ar
 length.{Proof : In order to determine the singularity we only need to analyze thesingularity due to verti
es belonging to ��. Let then v 2 �� be one su
h vertexand put ` = j!vj. Fix a system of polar 
oordinates (r; �) with origin in v ; �denotes the ar
-length parameter on !v and r the distan
e from the vertex v.Following Grisvard [102℄ we look for trivial solution of the form U(r; �) = r�u(�)of the problem: ��U = 0; (r; �) 2℄0;1[�℄0; `[; (4.4.39)��U = 0; (r; �) 2℄0;1[�f0; `g: (4.4.40)By separation of variables and simple manipulations, we obtain the followingequation : u00(�) + �2u(�) = 0; u0(0) = u0(`) = 0: (4.4.41)144 S.H. Christiansen



4.5 Addendumwhi
h admits non trivial solution only for � = k�=`, k = 1; 2; � � � . Then the �rstsingular solution is U(r; �) = r�=` 
os( �̀�). The statement follows dire
tly. �Remark 4.4.6 In formula (4.4.38), the �rst term is the singular exponent forthe Neumann problem of the Lapla
e operator in the neighborhood of a vertexv 2 ��, and redu
es to the standard formula (see, e.g., [102℄) when � is \
at" ina neighborhood of v, while the se
ond term, whi
h is relative to interior verti
es,is the one appearing in [25℄ (Theorem 5.2).4.5 Addendum4.5.1 A jump formulaAs a 
omplement to Theorem 4.3.2 we have the following Lemma whi
h
ould be inserted just after it :Lemma 4.5.1 For any u 2 X we have [[
urlAku℄℄� = u.{Proof : Indeed we have :[[
urlAku℄℄�Æ� = 
urlE 
urlAku� 
url
 
urlAku: (4.5.1)By Theorem 4.3.2 we have 
url
 
urlAku = k2Aku so we 
an therefore write :[[
urlAku℄℄�Æ� = 
urlE 
urlAku� k2�ku� gradE �k(div u) (4.5.2)= �(�E � k2)�ku (4.5.3)= uÆ�: (4.5.4)The Lemma follows. �Based on this lemma one 
an give an alternative proof of Corollary 4.3.3 :On
e it has been established that Aku = 0 on just writes u = [[
urlAku℄℄� = 0.4.5.2 The Calderon approa
h to tra
e theoremsThe above lemma suggests an alternative proof of Theorem 4.2.15, usingthe potential Ak instead of the more elementary arguments based on Tartar'sTheorem 4.2.13. Re
all the de�nition of X : it is the spa
e of elements u ofH1=2E (�)0 su
h that for some q 2 H1=2(�)0 we have :8p 2 D(E ) hu; 
 grad piE = �hq; 
pi: (4.5.5)In other words X is the spa
e of elements u of H1=2E (�)0 su
h that for someq 2 H�1=2(�) : divE (uÆ�) = qÆ�: (4.5.6)Th�ese 145



The EFIE on Lips
hitz s
reensRemark that q is thus uniquely determined by u. To prove Theorem 4.2.15 itnow suÆ
es to 
he
k that if we put :v = �ku+ 1=k2 grad�kq = gk � (1 + 1=k2 gradE divE )(uÆ�); (4.5.7)then 
url v 2 H
url(E n�) and [[
url v℄℄� = u. This is done as above but we repeatthe reasoning sin
e the arguments are somewhat rearranged.We use here a 
omplex wavenumber k 2 R�+ i to get rapidly de
reasingpotentials and put 
 = E n �. The standard results on the potential �k showthat v 2 H
url(E ). Moreover using equation (4.5.6) as in (4.3.21) one obtainsdiv
 v = 0. Also v solves Helmholtz equation in 
. It follows that 
url
 
urlv =k2v. In parti
ular 
url v 2 H
url(
). Then the proof of the above Lemma gives[[
url v℄℄� = u.As already remarked it follows that 
T : H
url(E ) ! X 0 is 
ontinuous, andthe study of the EFIE (possibly for some k 2 R�+ i to get a SPD operator) showsthat this tangential tra
e mapping is onto. The use of layer potentials to studytra
es was advo
ated by Calderon.
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Annexe AConditions Inf-Sup
A.1 Dis
r�etisation des probl�emes variationnelsSoient X et Y deux espa
es de Bana
h. Le 
orps de base K est R ou C .Soit a(�; �) une forme bilin�eaire 
ontinue sur X � Y . Nos probl�emes de basesont sym�etriques. Cependant nous aurons �a r�esoudre des probl�emes auxilliairesasym�etriques. C'est pourquoi nous 
onsid�erons i
i 
e 
adre plus g�en�eral. Lele
teur pourra v�eri�er qu'au
une d�emonstration n'est sensiblement allong�ee de
e fait.Nous notons A l'appli
ation :A� X ! Y ?u 7! a(u; �) (A.1.1)Etant donn�ees deux familles (Xh) et (Yh) de sous espa
es de dimension �nie deX et Y , nous introduisons de même les appli
ations Ah : Xh ! Y ?h .Etant donn�e l 2 Y ? nous souhaitons r�esoudre de fa�
on appro
h�ee le probl�emevariationnel : u 2 X et 8v 2 Y a(u; v) = l(v): (A.1.2)Pour 
ela nous 
onsid�erons le probl�eme dit dis
ret par opposition au probl�emepr�e
�edent, dit 
ontinu :u 2 Xh et 8v 2 Yh a(u; v) = l(v): (A.1.3)Le probl�eme 
ontinu s'�e
rit aussi :u 2 X et Au = l; (A.1.4)alors que le probl�eme dis
ret est :u 2 Xh et Ahu = ljYh : (A.1.5)Nous donnons maintenant des 
onditions suÆsantes pour que les syst�emes 
i-dessus admettent une et une seule solution. 149



Conditions Inf-SupA.2 Conditions Inf-SupSupposons d'abord A inversible. Alors on a :kA�1k = supl2Y ? kA�1lkXklkY ? = supu2X kukXkAukY ? ; (A.2.1)don
 : kA�1k�1 = infu2X kAukY ?kukX = infu2X supv2Y ja(u; v)jkukXkvkY : (A.2.2)Maintenant, (que A soit inversible ou pas) on pose :� = infu2X kAukY ?kukX = infu2X supv2Y ja(u; v)jkukXkvkY : (A.2.3)Si � > 0 alors A est inje
tive et d'image ferm�ee, et la r�e
iproque est 
ons�equen
edes th�eor�emes standards. Don
 A est inversible ssi � > 0 et son image estdense. Cette derni�ere assertion est �equivalente �a l'inje
tivit�e de son adjointA? : Y ?? ! X?. L'apparition de 
elui-
i nous in
ite �a 
onsid�erer le probl�emedual.Soit â la forme bilin�eaire sur Y �X d�e�nie par :â(v; u) = a(u; v): (A.2.4)Soit Â l'appli
ation asso
i�ee �a â, de la même fa�
on que A est asso
i�ee �a a, i.e. :Â� Y ! X?v 7! a(�; v) (A.2.5)Nous dirons que a est inversible si A et Â sont des isomorphismes.Pour tout Bana
h Z on note iZ l'inje
tion 
anonique Z ! Z??. Ave
 
ettenotation on a :(Âv)u = a(u; v) = (Au)v = (iY v)(Au) = (A?(iY v))u: (A.2.6)Don
 : Â = A? Æ iY ; (A.2.7)et par r�ep�etition : A = (A? Æ iY )? Æ iX = i?Y Æ A?? Æ iX : (A.2.8)Soit �̂ l'Inf-Sup (primal) asso
i�e �a â, i.e. :�̂ = infv2Y supx2X ja(u; v)jkukXkvkY : (A.2.9)150 S.H. Christiansen



A.3 Conditions Inf-Sup dis
r�etesSi A et Â sont inversibles alors � > 0 et �̂ > 0 mais la r�e
iproque est fausseen g�en�eral ; en e�et si on 
onsid�ere la forme bilin�eaire a sur X�X? d�e�nie par :a(u; v) = v(u); (A.2.10)alors : A = iX et Â = IX? : (A.2.11)Don
 � = 1 (iX est une isom�etrie), �̂ = 1 et Â est inversible ; mais A estinversible si et seulement si X est r�e
exif.Cet exemple montre aussi qu'on a :IX? = (iX)? Æ iX? : (A.2.12)Ce
i entraine que X est r�e
exif si et seulement si X? l'est.Proposition A.2.1 Soient X et Y deux espa
es de Bana
h et a une formebilin�aire 
ontinue sur X � Y . On a :(i) Si a(�; �) est inversible alors X et Y sont r�e
exifs et :� = �̂ > 0 (A.2.13)(ii) Si Y est r�e
exif, � > 0 et Â est inje
tif (en parti
ulier si �̂ > 0), alorsa(�; �) est inversible.{D�emonstration : (i) Si a(�; �) est inversible alors A est inversible, don
 A? estinversible et : iY = A?�1Â; (A.2.14)don
 Y est r�e
exif. De même X est r�e
exif. On a, entre autre par
e que iY estune isom�etrie : ��1 = kA�1k = kA?�1k = kÂ�1k = �̂�1: (A.2.15)(ii) Sous 
es hypoth�eses A est inje
tif et d'image ferm�ee, et A? = Â Æ i�1Yest inje
tif. Don
 A est inversible, et Â = A? Æ iY aussi. �A.3 Conditions Inf-Sup dis
r�etesOn pose :�h = infu2Xh supv2Yh ja(u; v)jkukXkvkY et �̂h = infv2Yh supu2Xh ja(u; v)jkukXkvkY : (A.3.1)Proposition A.3.1 Soient X et Y deux espa
es de Bana
h et a une formebilin�aire 
ontinue sur X � Y . Soient Xh � X et Yh � Y deux sous-espa
es dedimensions �nies. On a :(i) Ah est inversible ssi �h > 0 et �̂h > 0.Th�ese 151



Conditions Inf-Sup(ii) Si dimXh = dimYh alors �h = �̂h.{D�emonstration : La seule originalit�e est que si dimXh = dimYh alors �h = �̂hmême s'ils sont nuls. Les d�emonstrations sont des 
ons�equen
es dire
tes desth�eor�emes standards en dimension �nie. �Con
ernant la norme de A�1h nous avons les r�esultats suivants. D'abord :kA�1h kY ?h!Xh = ��1h : (A.3.2)Ensuite, soit rh : Y ? ! Y ?h l'appli
ation de restri
tion. On a krhk = 1. Don
 :kA�1h Æ rhkY ?!Xh � kA�1h kY ?h!Xh : (A.3.3)D'autre part si on suppose que Y est un Hilbert et si on note PYh la proje
tionorthogonale Y ! Yh on a :kA�1h kY ?h!Xh = suplh2Y ?h kA�1h lhkXklhkY ?h = suplh2Y ?h k(A�1h Æ rh)(lh Æ PYh)kXklh Æ PYhkY ? : (A.3.4)Don
 au total : kA�1h kY ?h!Xh = kA�1h Æ rhkY ?!X : (A.3.5)Cependant il n'y a pas de relation entre �h et �.On suppose dimXh = dimYh et �h > 0. Alors on note P ah : X 7! Xh leproje
teur de Ritz asso
i�e �a a, qui �a u 2 X asso
ie la solution uh de :uh 2 Xh et 8v 2 Yh a(uh; v) = a(u; v): (A.3.6)Ce
i s'�e
rit aussi : P ah (u) = A�1h ((Au)jYh): (A.3.7)Proposition A.3.2 Soient X et Y deux espa
es de Bana
h, a une forme bi-lin�aire 
ontinue sur X � Y et Xh � X et Yh � Y deux sous-espa
es de dimen-sions �nies. On suppose que la restri
tion de a(�; �) �a Xh � Yh est inversible.On a : �̂ � �hkP ah k � kak: (A.3.8){D�emonstration : (i) Pour tout u 2 X on a :�hkP ahuk � supv2Yh ja(P ahu; v)jkvk = supv2Yh ja(u; v)jkvk � kakkuk: (A.3.9)L'in�egalit�e de droite en d�e
oule.(ii) Soit u 2 Xh. On a :�kuk � supv2Y ja(u; v)jkvk = supv2Y ja(u; P âh v)jkvk : (A.3.10)152 S.H. Christiansen



A.4 Forme lin�eaire et bilin�eaire appro
h�eesOr pour tout v 2 Y , kvk � kP âh k�1kP âh vk. Don
 :�kuk � kP âh k supv2Y ja(u; P âh v)jkP âh vk = kP âh k supv2Yh ja(u; v)jkvk : (A.3.11)Il s'ensuit que : �kP âh k�1 � �h: (A.3.12)De fa�
on sym�etrique : �̂kP ah k�1 � �̂h: (A.3.13)Or �h = �̂h, don
 l'in�egalit�e de gau
he en d�e
oule. �Remarquons que nous n'avons pas suppos�e X ou Y r�e
exif ou a(�; �) in-versible. Cette proposition �etablit dans de nombreux 
as l'�equivalen
e entre lastabilit�e du proje
teur de Ritz et la 
ondition Inf-Sup uniforme.Soit u 2 X. Pour tout u0 2 Xh on a :ku� P ahuk = ku� u0 + u0 � P ahuk = ku� u0 � P ah (u� u0)k (A.3.14)� (1 + kP ah k)ku � u0k: (A.3.15)On obtient ainsi :Proposition A.3.3 Sous les hypoth�eses de la proposition pr�e
�edente on a pourtout u 2 X : ku� P ahuk � (1 + kak=�h) infu02Xh ku� u0k: (A.3.16)Il suÆt don
 que (en plus du fait que dimXh = dimYh) :infh �h > 0 et 8u 2 X limh infu02Xh ku� u0k = 0; (A.3.17)pour que P ahu 
onverge vers u pour tout u. Quand les �h sont uniform�ementminor�es par un r�eel stri
tement positif on dit aussi que a(�; �) satisfait une
ondition Inf-Sup dis
r�ete uniforme. Les 
onditions Inf-Sup sont dues �a Babuska[6℄. Quand la deuxi�eme 
ondition dans A.3.17 est satisfaite on dit que la famille(Xh) est appro
hante.On remarque par ailleurs que si pour tout u 2 X, P ahu 
onverge vers u, alorskP ah k est born�ee uniform�ement en h en vertu des th�eor�emes g�en�eraux, et don
a satisfait une 
ondition Inf-Sup dis
r�ete uniforme.A.4 Forme lin�eaire et bilin�eaire appro
h�eesRevenons �a la r�esolution d'un probl�eme variationnel :u 2 X et 8v 2 Y a(u; v) = l(v): (A.4.1)Th�ese 153



Conditions Inf-SupSoit ah(�; �) une forme bilin�eaire sur Xh � Yh. Posons :supu2Xh supv2Yh ja(u; v) � ah(u; v)jkukXkvkY = �h (A.4.2)On se donne aussi une forme lin�eaire lh sur Yh {qui n'est pas a priori la restri
-tion de l{ et on 
onsid�ere le probl�eme dit dis
ret appro
h�e :u 2 Xh et 8v 2 Yh ah(u; v) = lh(v): (A.4.3)Nous 
ommen�
ons par �e
rire une 
ondition Inf-Sup sur ah(�; �). Pour tout u 2Xh : supv2Yh jah(u; v)jkvkY � supv2Yh ja(u; v)jkvkY � supv2Yh ja(u; v) � ah(u; v)jkvkY : (A.4.4)Don
 : infu2Xh supv2Yh jah(u; v)jkukXkvkY � �h � �h: (A.4.5)Par ailleurs, si on note uh la solution du probl�eme dis
ret sur Xh, on a pourtout u 2 Xh :ku� uhkX � 1�h supv2Yh ja(u� uh; v)jkvkY = 1�h supv2Yh ja(u; v) � l(v)jkvkY (A.4.6)� 1�h supv2Yh ja(u; v) � ah(u; v) + ah(u; v)� lh(v) + lh(v) � l(v)jkvkY (A.4.7)� 1�h (�hkukX + supv2Yh jah(u; v) � lh(v)jkvkY + kl � lhkY ?h ) (A.4.8)En parti
ulier si �h � �h > 0, le probl�eme dis
ret appro
h�e admet une uniquesolution ~uh et 
elle-
i v�eri�e :k~uh � uhkX � 1�h ( �h�h � �h klhkY ?h + kl � lhkY ?h ) (A.4.9)� 1�h ( �h�h � �h klkY ? + �h�h � �h kl � lhkY ?h ) (A.4.10)Don
 si : limh �h = 0 et limh kl � lhkY ?h = 0; (A.4.11)alors la solution du probl�eme dis
ret appro
h�e 
onverge vers la solution duprobl�eme 
ontinu. D'autre part on voit dans quelle mesure la vitesse de 
onver-gen
e est 
onserv�ee : Notons u0 la solution du probl�eme 
ontinu. Si infh �h > 0et �h ! 0 il existe C > 0 et h tel que pour h < h on a :ku0 � ~uhk � Cmax � infu2Xh ku0 � uk; �hku0k; kl � lhkY ?h 	: (A.4.12)154 S.H. Christiansen



A.5 Perturbations 
ompa
tesLes premi�eres �etudes de 
e type ont �et�e faites par Strang [76℄, et permettentde justi�er par exemple l'emploi de formules de quadrature pour le 
al
ul des
oeÆ
ients des matri
es de Galerkin, ou l'utilisation de g�eom�etries appro
h�ees.Il apparait aussi, au vu du deuxi�eme terme du se
ond membre de (A.4.8),qu'on peut se permettre de r�esoudre le probl�eme dis
ret appro
h�e de fa�
onappro
h�ee, 
'est �a dire se 
ontenter d'un ~uh 2 Xh tel que la forme lin�eaireah(~uh; �) � lh(�) soit petite sur Yh. On ajoute ainsi un troisi�eme �etage d'ap-proximation au probl�eme 
ontinu. Ce type d'erreur 
orrespond �a 
elui qu'ons'autorise lorsqu'on utilise une m�ethode it�erative pour r�esoudre les syst�emesmatri
iels.A.5 Perturbations 
ompa
tesIl est bien 
onnu, et souvent attribu�e �a Mikhlin, que pour des formes bi-lin�eaires non-d�eg�en�er�ees, qui s'�e
rivent 
omme somme d'une forme 
oer
ive aet d'une forme 
ompa
te b on a, sous des hypoth�eses naturelles, une 
onditionInf-Sup dis
r�ete uniforme ; voir par exemple Demkowi
z [35℄. Plus g�en�eralementon a la variante suivante de 
e fait, qui ne suppose pas que la forme prin
ipalea soit 
oer
ive et qui montre que les 
onditions de 
ompatibilit�e de Brezzi [21℄,pour la dis
r�etisation de points-selles, sont stables par perturbations 
ompa
tesinje
tives. Remarquons que si a repr�esente une forme 
oer
ive, 
elle-
i v�eri�etrivialement une 
ondition Inf-Sup dis
r�ete uniforme.Nous aurons besoin du lemme suivant.Lemme A.5.1 Soit X et Y deux espa
es de Bana
h r�e
exifs. Soit A : X ! Y ?une appli
ation lin�eaire 
ontinue inje
tive et d'image ferm�ee. Alors pour toutl 2 X? il existe v 2 Y tel que :8u 2 X l(u) = (Au)(v): (A.5.1){D�emonstration : Remarquons d'abord que A induit un isomorphisme d'es-pa
es de Bana
h X ! A(X). Soit Z son inverse. Soit l 2 X?. Posons f =Z?l 2 (A(X))?. Etendons f en une forme lin�eaire 
ontinue sur Y ? et posonsv = (iY )�1f . Pour tout u 2 X on a :(Au)(v) = f(Au) = l(ZAu) = l(u); (A.5.2)
e qui a
h�eve la d�emonstration. �Proposition A.5.2 Soient X et Y deux espa
es de Bana
h r�e
exifs, et soitA : X ! Y ? une appli
ation lin�eaire 
ontinue d'image ferm�ee. Soit B : X ! Y ?un op�erateur 
ompa
t. Soient (Xh) et (Yh) deux familles de sous-espa
es dedimensions �nies de X and Y . Supposons que (Yh) est appro
hante, que Asatisfait une 
ondition Inf-Sup (�a gau
he) uniforme sur (Xh�Yh), et que A+Best inje
tive.Th�ese 155



Conditions Inf-SupAlors il existe h > 0 et C > 0 tel que pour tout h < h on a :infu2Xh supv2Yh j(A+ B)(u)(v)jkuk kvk � 1=C (A.5.3){D�emonstration : Sinon, soient (un) et (hn) deux suites telles que :un 2 Xhn ; kunk = 1; limn hn = 0; (A.5.4)limn supv2Yhn j(A+ B)(un)(v)j=kvk = 0: (A.5.5)Puisque (Yhn) est appro
hante on a :8v 2 Y limn (A+ B)(un)(v) = 0: (A.5.6)D'apr�es le lemme pr�e
�edent il s'ensuit que pour tout l 2 X? :limn l(un) = 0: (A.5.7)Puisque B est 
ompa
t, (Bun) 
onverge en norme vers 0. La suite (un) violealors la 
ondition Inf-Sup uniforme pour A sur (Xh � Yh). �
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Annexe BGradients Conjugu�es
B.1 Introdu
tionIl y a plusieurs fa�
ons de pr�esenter l'algorithme des gradients 
onjugu�es(CG) et sa variante pr�e
onditionn�ee (PCG) : �a partir des m�ethodes de tridia-gonalisation (Lan
zos [88℄) ou 
omme une variante des algorithmes de des
entesuivant le gradient (Hestenes-Stiefel [87℄). C'est 
ette derni�ere possibilit�e quiest 
hoisie i
i. Cependant notre expos�e est suÆsamment g�en�eral pour traiterles matri
es 
omplexes sym�etriques (plutôt qu'Hermitiennes) dont le 
adre his-torique est plutôt la tridiagonalisation des matri
es, ou en
ore des op�erateursentre espa
es de Hilbert.Il est �a noter que nous ne supposons pas que 
es op�erateurs soient des en-domorphismes 
ontinus d'un espa
e de Hilbert, mais plutôt des appli
ationslin�eaires 
ontinues d'un espa
e de Hilbert vers un autre. Ainsi la pr�esentations'applique naturellement aux op�erateurs non-born�es sur les espa
es L2, qui
onstituent une 
lasse importante d'op�erateurs n�e
essitant l'emploi de pr�e
on-ditionneurs.Plus g�en�eralement, soit K un 
orps (quel
onque). Soient X et Y deux Kespa
es ve
toriels, h�; �i une forme bilin�eaire non d�eg�en�er�ee sur Y �X. Soit Aun op�erateur X ! Y sym�etrique pour h�; �i au sens hAx; x0i = hAx0; xi, et ydans Y . Nous voulons r�esoudre l'�equation Ax = y. On introduit la quantit�er(x) = y �Ax , appell�ee r�esidu.Interpr�etation standard. On gardera �a l'esprit l'interpr�etation standard : X etY sont des espa
es des espa
es de Hilbert r�eels, et A : X ! Y est un op�erateursym�etrique born�e et 
oer
if au sens o�u pour un � > 0, hAx; xi � �kxk2. Alorsnous minimisons la fon
tionnelle :J : x 7! (1=2)hAx; xi � hy; xi: (B.1.1)157



Gradients Conjugu�esOn rappelle que (x; x0) 7! hAx; x0i est un produit s
alaire sur X, et qu'on notek � kA la norme 
orrespondante. L'exemple type de 
ette situation est (sur lesfon
tions r�eelles) X = H10(
), Y = H�1(
), h�; �i est la dualit�e usuelle et A = �.Le 
as des espa
es de Hilbert 
omplexes est trait�e dans la mesure o�u si ((�j�))est un produit s
alaire Hermitien, (xjx0) = Re((xjx0)) est un produit s
alairer�eel.Autre interpr�etation. Cependant une autre interpr�etation sera pour nous touteaussi importante : Dans le 
as 
omplexe nous n'aurons pas seulement a�aire �ades op�erateurs Hermitiens mais aussi �a des op�erateurs sym�etriques pour uneforme bilin�eaire 
omplexe 
anonique. Ainsi sur C N on fera intervenir soit laforme bilin�eaire 
omplexe 
anonique (pour les matri
es 
omplexes sym�etriques),soit le produit s
alaire r�eel d�e�ni 
omme 
i-dessus �a partir de la forme Hermi-tienne 
anonique (pour les matri
es Hermitiennes i.e. sym�etriques en tant quematri
es r�eelles).B.2 L'algorithme des gradients 
onjugu�es pr�e
onditionn�esIl s'�e
rit sous la forme g�en�erale suivante :initialisations : x0 2 Xr0 = y �Ax0s0 2 Xp0 = s0it�erations : �i+1 2 Kxi+1 = xi + �i+1piri+1 = ri � �i+1Apisi+1 2 X�i+1 2 Kpi+1 = si+1 + �i+1pi
(B.2.1)

Il reste �a expli
iter les 
hoix pour �, � et s. Pour nous guider dans 
es 
hoixnous notons que dans l'interpr�etation standard :dJ(xi) = hAxi � y; �i = �hri; �i: (B.2.2)On voit don
 que xi minimise J sur un sous espa
e-aÆne 
ontenant xi et d'es-pa
e ve
toriel tangent T ssi pour tout t dans T , hri; ti = 0. Pour nous T seraun espa
e ve
toriel engendr�e par des dire
tions de des
ente pj pour j < i. Lapropri�et�e remarquable de la variante pr�e
onditionn�ee de CG, d�emontr�ee dansla proposition B.3.1, est qu'il suÆt d'imposer hri; pi�1i = 0 et hri; pi�2i = 0,pour que hri; pji = 0 pour tout j < i.158 S.H. Christiansen



B.3 L'algorithme des gradients 
onjugu�es pr�e
onditionn�esD�etermination de �i+1. On a : hri+1; pii = hri � �i+1Api; pii.Si hApi; pii 6= 0 on pose don
 : �i+1 = hri; piihApi; pii : (B.2.3){ Si i = 0, hri; pii = hri; sii.{ Si i � 1 et hri; pi�1i = 0, alors hri; pii = hri; si + �ipi�1i = hri; sii.Don
, par r�e
urren
e on obtient :�i+1 = hri; siihApi; pii : (B.2.4)D�etermination de �i+1. On a : hri+2; pii = hri+1 � �i+2Api+1; pii, don
 :�i+1hri+2; pii = �i+2h��i+1Api; pi+1i = �i+2hri+1 � ri; si+1 + �i+1pii:(B.2.5)Si hri; sii 6= 0 on pose don
 :�i+1 = hri+1 � ri; si+1ihri; sii : (B.2.6)Cette formule donne la variante Polak-Ribi�ere de PCG (
f. [91℄).Pr�e
onditionneur. Supposons que pour un B : Y ! X sym�etrique au senshy;By0i = hy0; Byi, on ait pour tout i, si = Bri.On a : hri; si+1i = hri; Bri+1i = hri+1; Brii = hri+1; sii.{ Si i = 0, hri+1; sii = hr1; p0i = 0.{ Si i � 1, hri+1; sii = hri+1; pi � �ipi�1i = 0Don
 : �i+1 = hri+1; si+1ihri; sii : (B.2.7)Cette formule donne la variante Flet
her-Reeves de PCG (
f. [82℄).La variante de Hestenes-Stiefel �etait pour i � 1 :�i+1 = hri+1 � ri; si+1ihri � ri�1; sii : (B.2.8)mais nous ne nous en servirons pas.Dans l'interpr�etation standard si est l'oppos�e du gradient de J par rapportau produit s
alaire induit par B�1. Un PCG est don
 une des
ente suivant legradient de J pour un produit s
alaire donn�e par B et 
orrig�e par la dire
tionde des
ente pr�e
�edente.Th�ese 159



Gradients Conjugu�esEn pr�esen
e d'erreurs d'arrondi provenant de la repr�esentation ma
hine dess
alaires ou en pr�esen
e d'erreurs d'approximation provenant d'une m�ethode dutype multipôles ou d'une r�esolution appro
h�ee de syst�emes lin�eaires auxilliaires,le 
hoix entre les variantes Flet
her-Reeves et Polak-Ribi�ere peut ne pas êtreanodin. Historiquement les deux variantes proviennent d'extensions de CG �ades probl�emes non-lin�eaires, o�u 
e 
hoix a aussi son importan
e.B.3 Propri�et�es d'orthogonalit�ePour tout i on pose Ki = fP (BA)s0 : P 2 K [X℄ et degP � ig, appel�esous-espa
e de Krylov d'indi
e i.Proposition B.3.1 Tant qu'une division par 0 n'a pas lieu on a :(a) pour 0 � i Ve
t(p0; � � � ; pi) = Ve
t(s0; � � � ; si)(b) pour 0 � j < i hri; pji = 0 et hApi; pji = 0(
) pour 0 � i Ve
t(p0; � � � ; pi) = Ki (B.3.1){D�emonstration : (a) Cette �egalit�e est triviale.(b) On pro
�ede par r�e
urren
e.{ On a bien hr1; p0i = 0.{ Si pour un i � 1 on a pour j < i, hri; pji = 0 et pour j < i � 1,hApi�1; pji = 0,alors hri+1; pii = 0, hri+1; pi�1i = 0 et, pour j < i� 1 :hri+1; pji = hri � �i+1Api; pji= ��i+1hA(si + �ipi�1); pji= ��i+1hApj ; sii= �i+1�j+1�1hrj+1 � rj; sii= �i+1�j+1�1hri; sj+1 � sji= 0 ; (B.3.2)et pour j < i, hApi; pji = ��i+1�1hri+1 � ri; pji = 0.(
) On pro
�ede par r�e
urren
e.{ On a bien Ve
t(p0) = K0.{ Si pour un i � 0, Ve
t(p0; � � � ; pi) = Ki, alors :Ve
t(p0; � � � ; pi+1)= Ve
t(p0; � � � ; pi) + K pi+1= + K (si+1 + �i+1pi) or �i+1pi 2 Ve
t(p0; � � � ; pi)= + KBri+1= + KB(ri � �i+1Api) or Bri = si 2 Ve
t(p0; � � � ; pi)= + KBApi� Ki+1 (B.3.3)L'�egalit�e s'ensuit pour des raisons de dimension.160 S.H. Christiansen



B.4 Vitesse de 
onvergen
e�B.4 Vitesse de 
onvergen
eNous nous pla�
ons i
i dans l'interpr�etation standard. Dans le 
as g�en�eralnous notons seulement que l'algorithme peut s'arrêter sans que le syst�eme ait�et�e r�esolu. Nous notons x? la solution de l'�equation Ax = y, et k � kA la normede X induite par le produit s
alaire hA�; �i. Elle induit la topologie usuelle deX.Estimation g�en�erale. Pour tout x dans X :J(x) = (1=2)(kx � x?k2A � kx?k2A) (B.4.1)D'autrepart dJ(xi+1) = hri+1; �i est nul sur Ki, don
 J atteint son minimumsur x0 + Ki en xi+1. Don
 pour tout polynome r�eel P tel que degP � i :kxi+1 � x?kA � kP (BA)s0 + x0 � x?kA (B.4.2)Or s0 = BA(x? � x0), don
 pour tout P tel que degP � i + 1 et P (0) = 1 ona : kxi+1 � x?kA � kP (BA)(x0 � x?)kA (B.4.3)On applique le th�eor�eme spe
tral �a la forme bilin�eaire induite par A surl'espa
e X muni du produit s
alaire induit par B�1 et on note � le spe
treasso
i�e. Alors on obtient le r�esultat 
lassique :Proposition B.4.1 Pour tout i, pour tout polynome r�eel P tel que degP �i+ 1 et P (0) = 1, on a :kxi � x?kA � maxfjP (�)j : � 2 �gkx0 � x?kA (B.4.4)Dans 
ette formule on peut même se restreindre aux � 2 � tels que x0 � x? aune 
omposante non nulle sur �.Propri�et�e de 
ontra
tion. Etant donn�es 0 < a < b, le probl�eme de minimiser :maxfjP (�)j : � 2 [a; b℄g sur fP 2 R[X℄ : degP � i+ 1 et P (0) = 1g(B.4.5)admet une unique solution (voir par exemple [128℄) exprimable grâ
e aux po-lynômes de T
hebyt
hev et donne le :Corollaire B.4.2 Pour tout i on a :kxi � x?kA � 2(� � 1� + 1)ikx0 � x?kA ave
 � = ( ba ) 12 (B.4.6)Th�ese 161



Gradients Conjugu�esPerturbations 
ompa
tes de l'identit�e. Lorsque BA est une perturbation
ompa
te de l'identit�e, on voit que la 
onvergen
e est asymptotiquement sub-g�eom�etrique (on dit aussi supra-lin�eaire) ; en e�et alors les valeurs spe
tralesdi��erentes de 1 sont des valeurs propres et forment un ensemble d�enombrablen'ayant que 1 
omme valeur d'adh�eren
e. Soit � > 0. Soit Q un polynôme quis'annule sur les valeurs propres en dehors de [1� �; 1+ �℄ et qui vaut 1 en 0. Onpose aussi Rj(�) = (1� �)j , et Pj = QRj .Alors Pj(0) = 1, degPj = degQ+ j et max� jPj j � max� jQj �j.Don
 pour tout i � degQ :kxi � x?kA � max� jQj �(i�degQ)kx0 � x?kA (B.4.7)Nous avons don
 montr�e le :Corollaire B.4.3 Si BA est une perturbation 
ompa
te de l'identit�e, alors pourtout � > 0 il existe C > 0 tel que pour tout i :kxi � x?kA � C�ikx0 � x?kA (B.4.8)Pour une variante de 
e raisonnement (ave
 des r�ef�eren
es) qui donne desr�esultats plus expli
ites, voir la se
tion 2.4.3.
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Annexe CImpl�ementation
Il existe de nombreux 
odes industriels d'�equations int�egrales. Cependant ilssont souvent prot�eg�es par le se
ret industriel ou leur int�egration et optimisationdans des 
odes gigantesques les rendent peu maniables ou longs �a 
omprendre. Ilexiste aussi de nombreuses librairies d'alg�ebre lin�eaire, mais �a 
haque fois qu'unetelle librairie pouvait sembler utile nous n'avions besoin que de l'algorithme leplus simple utilis�e dans un 
ontexte peut-être inhabituel. Il s'est av�er�e plusrapide de les reprogrammer que d'essayer d'interfa
er 
es librairies.Pour e�e
tuer les exp�erien
es num�eriques qui ont guid�e 
ette th�ese nousavons don
 
onstruit un 
ode nouveau, �a partir uniquement des librairies stan-dards telles que math.h et iostream.h. Il est �e
rit en C++ et 
omporte environ 10000 lignes. Je remer
ie Tou�
 Abboud et Fran�
ois B�ereux pour leurs 
onseils enanalyse num�erique pratique et Sylvain Ferrand, Pedro Ferreira, Fran�
ois Jouveet Aldjia Mazari pour les outils informatiques qu'ils ont mis �a ma disposition.I
i, tr�es rapidement, nous rendons 
ompte des prin
ipales 
hara
t�eristiques du
ode d�evelopp�e.Le langage C++ est orient�e objet. Il permet d'organiser fortement le 
odeet suivre de pr�es les stru
tures math�ematiques en jeu. Ce
i aide au d�ebogage :une fois que la syntaxe est 
orrig�ee il reste peu d'erreurs. La maintenan
e et lamodi�
ation du 
ode est simpli��ee quand les bons 
hoix de 
lasses sont faits.Mais si on n'y prend garde 
es avantages s'obtiennent au d�etriment de la vitessed'ex�e
ution et du 
ontrôle �n des pro
essus de bas niveau.C.1 Interfa
esLe 
ode est reparti sur une dizaine de �
hiers. Deux programmes prin
ipaux,un pour l'a
oustique et un pour l'�ele
tromagn�etisme, font appel �a des routines
ommunes d'alg�ebre lin�eaire, de traitement des maillages, de 
al
uls d'int�egralessinguli�eres et
. 163



Impl�ementationEntr�ees Le 
ode lit un �
hier qui 
ontient :{ le nom des �
hiers 
ontenant le ou les maillage(s) ;{ la sp�e
i�
ation de l'ex
itation a
oustique ou �ele
tromagn�etique (par exemplenombre d'onde, ve
teur d'onde pour les ondes planes, origine pour lesondes sph�eriques);{ le type de travail souhait�e (
al
ul pour un nombre d'onde donn�e, re
her
hed'une r�esonan
e, ou utilisation de plusieurs maillages){ le type de sorties souhait�ees (voir 
i-dessous);{ diverses options (par exemple le 
hoix entre Flet
her-Reeves et Polak-Ribi�ere dans les algorithmes PCG, ou le nombre maximal d'it�erations).Sorties Pour deboguer le programme, et essayer ou valider di��erents pr�e
on-ditionneurs di��erentes sorties sont �e
rites :{ les 
ourants et les 
harges (�ele
tromagn�etisme), les pressions ou les vi-tesses normales (a
oustique) ; 
onversion au format xd3d utilis�e pour lavisualisation 1 ;{ les 
ourbes de 
onvergen
e ;{ les 
hamps lointains (sur un grand 
er
le de la sph�ere unit�e) ;{ le nombre d'it�erations en fon
tion du nombre d'onde ou du param�etre dedis
r�etisation.Les trois derni�eres sorties sont des listes ais�ement visualisables ave
 gnuploten utilisant des ma
ros adapt�es �a 
haque 
as. La premi�ere sortie n�e
essite une
onversion puisque, par exemple dans le 
as �ele
tromagn�etique xd3d utilise desve
teurs 3D (r�eels) d'origine soit les noeuds, soit les isobary
entres des triangles,alors que le programme 
al
ule des 
ux (
omplexes) �a travers les arêtes (pourla num�erotation des arêtes il n'y a pas de 
onvention universelle).C.2 MaillagesLe maillage est d�e�ni par deux listes : la liste des noeuds et la liste des tri-angles. Dans la premi�ere liste 
haque noeud est d�e�ni par ses trois 
oordonn�ees.Dans la deuxi�eme liste 
haque triangle est d�e�ni par les indi
es de ses troissommets (position dans la liste des noeuds).Pr�e
al
uls sur le maillage A partir de 
es informations le programme e�e
tueles pr�e
al
uls suivants :{ num�erotation des arêtes et re
her
he du bord : 
haque arête est d�e�niepar les indi
es de ses deux sommets ; il faut aussi distinguer les sommetset les arêtes qui sont sur le bord (s'il y en a un) ;1. Je remer
ie Fran�
ois Jouve pour 
et outil que je n'ai 
ess�e d'utiliser.164 S.H. Christiansen



C.2 Maillages{ information de 
onne
tivit�e : pour 
haque noeud d�eterminer les arêtesadja
entes et les triangles adja
ents, pour 
haque arête d�eterminer les tri-angles adja
ents, pour 
haque triangle d�eterminer les arêtes qui en formentles 
ot�es, et d'autres informations de 
e type ;{ �el�ements g�eom�etriques : pour 
haque triangle 
al
uler les points de Gauss,la normale, les ve
teurs dire
teurs des 
ôt�es, et
. ; pour les triangles 
ourbes :la normale en 
haque point de Gauss.D�e�nition de 
as tests Les exp�erien
es num�eriques sont e�e
tu�ees sur des 
astest (\ben
hmarks"). En voi
i quelques-unes :{ sph�ere unit�e : 
'est l'exemple 
anonique. On peut y observer les pr�edi
tionsde l'optique g�eom�etrique. Le maillage utilis�e est donn�e par 
pseudo quidonne des stru
tures du type G�eode 2.{ 
avit�e : nous avons propos�e une g�eom�etrie �a deux param�etres, l'angle d'ou-verture et l'�epaisseur ; la verti
ale est un axe de r�evolution et la se
tion estrepr�esent�ee dans la �gure C.1. Il s'agit d'une surfa
e ferm�ee r�eguli�ere (de

0 1

opening angle

thickness

Fig. C.1 { Se
tion verti
ale de la 
avit�e
lasse C1) et �a topologie triviale mais pr�esentant par rapport �a la sph�ereune diÆ
ult�e suppl�ementaire, importante dans de nombreuses appli
a-tions, �a savoir une 
avit�e dans laquelle (dans l'approximation de l'optique2. Je remer
ie Pedro Ferreira de m'avoir fourni 
e mailleur.Th�ese 165



Impl�ementationg�eom�etrique) les rayons peuvent être r�e
e
his un nombre arbitraire de fois.Le maillage utilis�e est obtenu par d�eformation du maillage de la sph�ereunit�e ;{ 
ube indent�e : la surfa
e de [�1; 1℄3 n [0; 1℄3 ; toujours �a topologie triviale il
ontient 
ependant des singularit�es (des 
oins rentrants et sortants), ainsiqu'un di�edre qui (dans l'approximation de l'optique g�eom�etrique) renvoietout rayon dans sa dire
tion de provenan
e ;{ 
arr�e : surfa
e ouverte �el�ementaire, 
e type de g�eom�etrie apparait dans lesantennes \pat
h" ;{ tore : la topologie non triviale permet de tester les performan
es d'unalgorithme en pr�esen
e de 
hamps de Neumann.C.3 Cal
ul des matri
esPlusieurs types de matri
es apparaissent et n�e
essitent un traitement diff�e-rent : diff�erents formats de sto
kage et di��erentes m�ethodes de 
al
ul des 
oef-�
ients.Matri
es pleines On 
al
ule les matri
es de Galerkin des op�erateurs op�erateursint�egraux : Sk, Nk et Ak, ainsi que les variantes qui pouvaient être int�eressantesdans le pr�e
onditionnement. Les matri
es qui interviennent dans les probl�emestrait�es sont �a 
oeÆ
ients 
omplexes et sont sym�etriques. On a aussi 
al
ul�ela matri
e de Dk qui n'est pas sym�etrique (et qui n'est pas utilis�ee dans lespr�e
onditionneurs d�e
rits i
i), 
e qui a permis de v�eri�er �a quelle pr�e
ision lesformules de Calderon sont v�eri��ees apr�es dis
r�etisation. On peut distinguer deuxtâ
hes de nature di��erente :{ par
ours des 
oeÆ
ients : pour 
haque 
ouple de triangles on 
al
ule lamatri
e des intera
tions dont on a�e
te ensuite les 
oeÆ
ients aux 
ouplesde degr�es de libert�e 
orrespondants. La sym�etrie r�eduit de moiti�e le tempsde 
al
ul et la m�emoire n�e
essaire ;{ int�egrales singuli�eres : pour deux triangles lointains la matri
e des inter-a
tions est 
al
ul�ee uniquement ave
 des points de Gauss ; pour deuxtriangles pro
hes on extrait la partie singuli�ere du noyau : Gk = G0 +(Gk � G0). Pour G0 une m�ethode 
ombinant l'utilisation de points deGauss ave
 les formules expli
ites (formules de DeHoop d'apr�es Bendali 3,voir par exemple Van Herk [41℄) est utilis�ee alors que pour Gk � G0 onutilise uniquement des points de Gauss, plus nombreux toutefois que pourles intera
tions lointaines.3. Rapport Interne, 1984166 S.H. Christiansen



C.4 Alg�ebre lin�eaireMatri
es 
reuses Un grand nombre de matri
es auxilliaires est utilis�e. Ellessont r�eelles mais op�erent sur des uplets 
omplexes. Certaines sont sym�etriques :les produits s
alaires L2, s
alaires et ve
toriels. D'autres ne le sont pas, parexemple la matri
e de l'op�erateur rot, qui intervient dans le pr�e
onditionneur�ele
tromagn�etique, ou l'op�erateur div qui est utilis�e pour les sorties. Quelquespoints parti
uliers :{ formats : soit N le nombre de degr�es de libert�e. La m�ethode la plus simple
onsiste �a garder pour 
haque ligne i les 
oeÆ
ients non-nuls Aij et leurindi
e de 
olonne j. Pour un op�erateur lo
al 
e format n�e
essite unem�emoire en O(N) et permet d'e�e
tuer un produit matri
e-ve
teur aussien O(N) op�erations. Un format utile pour fa
toriser les matri
es 
reusessym�etriques est de garder pour 
haque ligne i le premi�ere 
olonne j = J(i)telle que Aij est non nul et tous les 
oeÆ
ients Aij pour J(i) � j � i (for-mat Skyline).{ par
ours des 
oeÆ
ients : en utilisant les informations de 
onne
tivit�e dumaillage on peut par
ourir les 
oeÆ
ients non-nuls en vue de les 
al
uleren un temps O(N) ;{ 
al
ul des 
oeÆ
ients : l'int�egration ave
 des points de Gauss donne i
i,du moins pour les triangles plats, un r�esultat exa
t.Se
onds membres Les se
onds membres des syst�emes de Galerkin repr�esententl'ex
itation a
oustique ou �ele
tromagn�etique. Dans nos exp�erien
es elles sont in-duites par des ondes in
identes. Quand elles sont r�eguli�eres il suÆt de les d�e�nir
omme une fon
tion qui �a un point de l'espa
e asso
ie un nombre 
omplexe (lapression pour des 
onditions de Diri
hlet en a
oustique) ou un ve
teur tridi-mensionnel 
omplexe (le gradient de pression pour des 
onditions de Neumannen a
oustique, ou le 
hamp �ele
trique en �ele
tromagn�etisme). Ces fon
tions sontensuite int�egr�ees 
ontre la base de Galerkin ave
 des points de Gauss.C.4 Alg�ebre lin�eaireAlgorithmes de fa
torisation La m�ethode la plus robuste pour r�esoudre lessyst�emes de Galerkin qui nous int�eressent 
onsiste �a e�e
teur une fa
torisa-tion LDLT des matri
es (voir par exemple Golub-VanLoan [125℄) ; dans les 
astrait�es il n'a pas �et�e n�e
essaire d'e�e
tuer de pivotage. La fa
torisation per-met de 
al
uler des solutions de r�ef�eren
e. Elle peut aussi être utilis�ee dansles syst�emes auxilliaires, pour r�esoudre des probl�emes ave
 le produit s
alaireL2, dont la matri
e est 
reuse. Alors on e�e
tue une 
onversion dans le formatSkyline, qui est pr�eserv�e par 
e type de fa
torisation. Voir Du�-Erisman-Reid[124℄ pour 
ette te
hnique et d'autres, plus sophistiqu�ees.Th�ese 167



Impl�ementationAlgorithmes it�eratifs Plusieurs variantes de l'algorithme des Gradients Conju-gu�es sont utilis�ees : en parti
ulier la variante Hermitienne �a pr�e
onditionneurdiagonal pour les syst�emes faisant intervenir le produit s
alaire L2 en a
ous-tique, et la variante sym�etrique 
omplexe (voir Freund [84℄) ave
 di��erentspr�e
onditionneurs pour les matri
es de Galerkin. La sur
harge d'op�erateurspermet de passer une matri
e en r�ef�eren
e sans avoir �a sp�e
i�er son formatde sto
kage : en C++ on peut d�e�nir une 
lasse virtuelle matri
e munie d'un pro-duit matri
e-ve
teur not�e * ; 
haque format de sto
kage est une 
lasse d�eriv�eeimpl�ementant 
e produit.
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R�esolution des �equations int�egrales pour la di�ra
tion d'ondes a
oustiques et �ele
tro-magn�etiques { Stabilisation d'algorithmes it�eratifs et aspe
ts de l'analyse num�eriqueR�esum�e : Cette th�ese porte sur la r�esolution num�erique, par la m�ethode des�equations int�egrales de fronti�ere de probl�emes de di�ra
tion d'ondes a
ous-tiques et �ele
tromagn�etiques, en r�egime fr�equentiel. La m�ethode de Galer-kin ave
 des �el�ements �nis (s
alaires ou ve
toriels) de surfa
e 
onduit �a dessyst�emes matri
iels mal 
onditionn�es. Dans une premi�ere partie, pour a

�el�ererla 
onvergen
e d'algorithmes it�eratifs, on propose et �etudie th�eoriquementet num�eriquement des pr�e
onditionneurs bas�es sur les relations de Calde-ron qui lient les op�erateurs int�egraux apparaissant dans les �equations. En�ele
tromagn�etisme on utilise de plus des analogues dis
rets de la d�e
ompositionde Helmholtz des 
hamps tangents. Dans une deuxi�eme partie on utilise desestimations sur 
es d�e
ompositions pour e�e
tuer une nouvelle analyse num�e-rique de l'�equation int�egrale de 
hamp �ele
trique. Cette analyse est �etendue au
as de la di�ra
tion par les surfa
es ouvertes (�e
rans), mod�elisant les 
ondu
-teurs parfaits min
es.Mots 
l�es : di�ra
tion d'ondes, �equation int�egrale, pr�e
onditionneur, for-mule de Calderon, d�e
omposition de Helmholtz.�Solution of integral equations for s
attering of a
ousti
 and ele
tromagneti
 waves{ Stabilization of iterative algorithms and aspe
ts of the numeri
al analysisAbstra
t : This thesis deals with the numeri
al solution of a
ousti
 andele
tromagneti
 time-harmoni
 s
attering problems, by the boundary integralequation method. The Galerkin method with (s
alar or ve
tor) surfa
e �-nite elements leads to ill-
onditioned linear systems of equations. In the �rstpart, in order to enhan
e the 
onvergen
e of iterative solvers we propose andstudy theoreti
ally and numeri
ally pre
onditioners based on Calderon formu-las, whi
h link the involved integral operators. In ele
tromagnetism we alsouse dis
rete analogues of the Helmholtz de
omposition of tangent �elds to
onstru
t stable dis
retizations of the operators. In the se
ond part we useestimates on su
h de
ompositions to provide a new numeri
al analysis of theele
tri
 �eld integral equation. This analysis is extended to open surfa
es(s
reens), modeling thin perfe
t 
ondu
tors.Key words : s
attering of waves, integral equation, pre
onditioner, Calde-ron formula, Helmholtz de
omposition.AMS subje
t 
lassi�
ation : 31B10, 35Q60, 65F35, 65N12, 65N38 (pri-mary), 65R20, 78A45, 78M15 (se
ondary).


