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Abstract

In this work, we propose low-complexity coding/decoding schemes to ap-
proach the capacity of binary-input symmetric-output channels and code
division multiple access channels.

In the first part of this thesis, we consider systematic random-like irregular
repeat accumulate code ensembles of infinite block length, assuming trans-
mission over a binary-input symmetric-output channel. The code ensemble
is described by a Tanner graph, and is decoded by the message-passing belief
propagation algorithm. Density evolution describes the evolution of mes-
sage distributions that are passed on the Tanner graph of the code ensemble.
Applying density evolution under the belief propagation decoder results in
a dynamic system on the set of symmetric distributions. We formulate a
general framework to approximate the exact density evolution with a one-
dimensional dynamic system on the ensemble of real numbers. Based on this
general framework, we propose four low-complexity methods to design ir-
regular repeat accumulate code ensembles. These optimization methods are
based on Gaussian approximation, reciprocal (dual) channel approximation
and extrinsic mutual information transfer function, among other recently-
developed tools. These methods allow us to design irregular repeat accu-
mulate codes, of various rates, with vanishing bit error rate guaranteed by
a local stability condition of the fixed-point of the exact density evolution
recursions. Using the exact density evolution, the thresholds of the designed
codes are evaluated, and are found to be very close to the Shannon limits of
the binary input additive white Gaussian noise channel and the binary sym-
metric channel. For the binary-input additive white Gaussian noise channel,
we investigate the performance of finite length irregular repeat accumulate
codes, whose graph is conditioned so that either the girth or the minimum
stopping set size is maximized. We compare the performances of the re-
sulting IRA codes to those of random ensembles under maximum likelihood

il
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decoding, and to the performances of the best low density parity check codes
of comparable graph conditioning.

In the second part of this thesis, we develop a low-complexity coding/de-
coding scheme, to approach the capacity of the Gaussian multiple access
channel, using random-spreading code division multiple access in the large
system limit. Our approach is based on the use of quaternary phase shift
keying modulation, capacity-achieving binary error-correcting codes, linear
minimum mean square error filtering and successive decoding. We optimize
the power profile (respectively rate profile) in the case of equal-rate (respec-
tively equal-power) users. In the equal-rate setting, it is found that the
achievable spectral efficiency, when using low-rate binary error correcting
codes, is very close to the optimum. Through simulations, we show that
the system optimization carried out in the large-system limit and for infinite
block length can be used to dimension finite-size practical systems with no
error propagation throughout the successive decoding.



Résumé

Ce travail propose des schémas de codage et de décodage a complexité
réduite, afin d’approcher la capacité des canaux a entrée binaire et sortie
symétrique, ainsi que des canaux d’acces multiple par répartition de codes.

Dans la premiere partie de cette theése, nous nous attelons a étudier
I’ensemble aléatoire de codes irréguliers dits “répétition-accumulation”, de
longueur infinie, transmis sur un canal a entrée binaire et sortie symétrique,
et décodés par l'algorithme somme-produit. En utilisant la technique de
I’évolution de densités, on écrit un systeme récursif qui décrit 1’évolution
des densités des messages qui sont propagés sur le graphe de Tanner qui
représente ’ensemble de codes. Ensuite, on formule un cadre général dans
lequel I’évolution des densités est approximée par un systeme dynamique
dont les variables appartiennent a ’ensemble des nombres réels. A partir
de ce cadre, on propose quatre méthodes de complexité réduite pour op-
timiser des codes répétition-accumulation. Ces méthodes sont basées sur
l’approximation Gaussienne, I’approximation réciproque (duale), et la fonc-
tion de transfert de l'information mutuelle extrinseque. Ces méthodes per-
mettent de construire des codes de différents rendements, et dont les taux
d’erreur tendent vers zéro, pour peu que la condition de stabilité locale soit
satisfaite. Les seuils de décodage, évalués par la technique d’évolution de
densités exacte, sont tres proches de la limite de Shannon du canal Gaussien
a entrée binaire et du canal binaire symétrique. Pour le canal Gaussien a
entrée binaire, nous nous intéressons a la performance de ces codes dans le cas
de la longueur finie, avec un graphe de Tanner conditionné pour maximiser
les tailles des cycles les plus courts ou de certains ensembles dits bloquants ou
stopping sets. La performance de ces codes est comparée a celle de I’ensemble
aléatoire décodé au maximum de vraisemblance, ainsi qu’a celle des meilleurs
codes de Gallager de méme rendement et niveau de conditionnement.

La deuxieme partie de cette these développe un schéma de codage/décodage
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a complexité réduite afin d’approcher la capacité du canal Gaussien a acces
multiple. On considere 'acces multiple par répartition de codes aléatoires
dans la limite d’'un systeme de taille infinie. Notre approche est basée
sur l'utilisation d’'une modulation a déplacement de phase quadrivalente, de
codes binaires correcteurs d’erreurs atteignant la capacité du canal, de filtres
a erreur quadratique moyenne minimale et d’un décodage successif. On op-
timise le profil des puissances (respectivement des rendements) en supposant
que les utilisateurs du systeme a acces multiple ont tous le méme rendement
(respectivement la méme puissance). Dans le cas ol tous les utilisateurs ont
le méme rendement, 'efficacité spectrale du systeme optimisé est tres proche
de Defficacité spectrale optimale. Au travers de simulations numériques, il
est montré que la méthode d’optimisation permet de passer du systeme a
taille infinie & un systeme pratique de taille finie, dont le décodage successif
ne propage pas d’erreur de décodage.
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Notations

Here is a list of the main notations and symbols used in this document. We
have tried to keep consistent notations throughout the document, but some
symbols have different definitions depending on when they occur in the text.

General Notations

C The set of complex numbers

Ey Energy per information bit

Ey/No  Signal to noise ratio per information bit
Es/Ny  Signal to noise ratio per symbol

Ny One sided noise power spectral density of the AWGN channel
R The rate of the considered code

R The set of real numbers

o2 Real Gaussian noise variance

T Scalar variable
X Vector variable
X Scalar random variable
X Matrix variable

Part 1: Irregular Repeat Accumulate Codes

a Grouping factor

Aun Input output weight enumerator (or IOWE)

Amin The minimum Hamming distance of the considered code
Esym Symmetric distribution of a BEC

Fsym Set of symmetric distributions

I(X;Y) Mutual information between random variables X and Y
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Binary-input symmetric-output capacity functional
Capacity functional for Ny, (1)

Information block length

[teration number

Fraction of edges connected to a degree-i information bitnode
Repetition block length

Output code block length

Repetition frame length

Symmetric Gaussian distribution N(u, 2u)

P, Bit error probability (or BER)

P, Word error probability (or WER)

Pe Probability of error

P, Average distribution of messages from an information bitnode
to a checknode

Zssromse
=

0
<
3

P, Average distribution of messages from a parity bitnode to a
checknode

Qr Average distribution of messages from checknode to an infor-
mation bitnode

Qr Average distribution of messages from a checknode to a parity
bitnode

r Chernoff bound exponent
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16} Total channel load
B; Class load of class j
C Optimal spectral efficiency of random CDMA

Crmmse Spectral efficiency of random CDMA with MMSE filtering
Copsk Capacity of QPSK-input AWGN channel
Cepsk Spectral efficiency of QPSK-input random CDMA

Cx Single-user AWGN channel capacity

n Large-system multiuser efficiency of the MMSE receiver
V; SNR of users in class j

L Total number of classes

K Total number of users

K; Number of users in class j
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Chapter 1

Introduction

1.1 Advanced Coding Techniques

Claude Shannon proved [1] the existence of codes that allow reliable trans-
mission, provided that the information rate in bits per channel use is less
than the channel capacity. A randomly generated code with large block size
has a high probability to be a good code, i.e. to closely approach the Shan-
non limit. However, its decoding complexity is exponential in the block size,
and is thus prohibitive in practice. Hence, the central challenge of coding
theory consists of designing codes that perform as close as possible to the
Shannon limit, and are still decodable with a reasonable complexity. An im-
portant step in this direction was the introduction of concatenated codes by
David Forney [2], which consist of a powerful outer block code and an inner
convolutional code. The inner decoder makes use of the Viterbi algorithm,
and is followed by an outer decoder based on hard decisions and algebraic
decoding.

In 1993, Berrou, Glavieux and Thitimajshima introduced a novel coding
structure, named Turbo Codes [3], which consists of the parallel concatenation
of two convolutional codes through an interleaver. This structure admits an
iterative decoding scheme, based on the recursive estimation of a posteriori
probabilities (APP) using the BCJR algorithm [4] and exchanging extrinsic

1
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information between the constituent decoders. The performance of turbo
codes approaches the Shannon capacity of the additive white Gaussian noise
channel within a fraction of a dB.

The introduction of turbo codes constitutes a major breakthrough in cod-
ing theory as it gave rise to a large amount of work in the field of random-like
codes, leading to the introduction of “turbo-like” code families. In particu-
lar, we note the re-discovery of the low density parity check (LDPC) codes,
originally proposed in [5], the introduction of irregular LDPC codes [6, 7] and
the introduction of the Repeat-Accumulate (RA) codes [8]. In many relevant
settings, the iterative decoding of these codes achieves performances that are
very close to the Shannon limit. In [6, 7], irregular LDPC codes were shown
to asymptotically achieve the capacity of the binary erasure channel (BEC)
under iterative message-passing decoding. Although the BEC is the only
channel for which such a result currently exists, irregular LDPC codes have
been designed for other binary-input channels, e.g., the binary symmetric
channel (BSC), the binary input additive white Gaussian noise channel (BI-
AWGNC) [9], and the binary-input inter-symbol interference (ISI) channel
[10, 11, 12, 13], and have been shown to achieve very good performances.

The Tanner (bipartite) graph [14] is a powerful formalism that provides
a description of these turbo-like codes and their iterative decoding. The
codes are decoded iteratively by performing local computations at nodes, and
passing the resulting information along edges in the graph. The complexity
of the decoder depends on the complexity of the local node computation,
the complexity of the information passing on the edges, and finally on the
number of iterations of the decoder. We will mainly be interested in one type
of iterative decoders, namely message passing decoders, for which messages
represent estimates of the transmitted bits. Moreover, we concentrate on
the belief propagation (BP) decoder which assumes local independence of
incoming messages, and applies probability rules at the computation nodes.

The introduction of irregular LDPC codes motivated other turbo-like cod-
ing schemes such as irregular RA codes (IRA), for which the achievability of
the BEC capacity has been shown [15], and irregular turbo codes [16, 17].
IRA codes are in fact special subclasses of both irregular LDPC and irregular
turbo codes. TRA codes are an appealing choice because they have a low en-
coding/decoding complexity and their performance is quite competitive with
that of turbo codes and LDPC codes.

An IRA code is characterized by {f; > 0,1 = 2,3,... : > °, fi = 1}
referred to as the repetition profile, and a grouping factor a. A fraction f; of
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information bits is repeated ¢ times, for ¢ = 2,3, .... The resulting sequence
is interleaved and input to a recursive finite-state machine, the accumulator,
which outputs one bit for every a input symbols. {f;} and a are considered
as degrees of freedom in the optimization of the IRA code ensemble.

The recursive finite-state machine is the simplest one which gives full
freedom to choose any rational number between 0 and 1 as the coding rate.
In this work, we restrict our study to IRA codes that use a two-state convo-
lutional code, obeying the same simple recursion as in [15], although it might
be expected that better codes can be obtained by including the finite-state
machine as a degree of freedom in the overall ensemble optimization.

First attempts to optimize irregular LDPC codes ([18] for the BEC and
[19] for other channels) were based on the density evolution (DE) technique,
which computes the expected performance of a random-like code ensemble in
the limit of infinite code block length. In order to reduce the computational
burden of ensemble optimization based on the DE, faster techniques have
been proposed, based on the approximation of the DE by a one-dimensional
dynamical system (recursion). These techniques are exact only for the BEC,
for which DE is one-dimensional. The most popular techniques proposed so
far are based on the Gaussian approximation (GA) of messages exchanged
in the message passing decoder. GA in addition to the symmetry condition
of message densities allows the Gaussian density of messages to be expressed
by a single parameter. Techniques differ in the parameter to be tracked and
in the mapping functions defining the dynamic system that describes the
evolution of probability distributions on the Tanner graph associated to the
code ensemble [20, 21, 22, 23, 24, 25, 26].

In this thesis, we tackle the problem of optimizing IRA code ensembles on
binary-input symmetric-output channels. We propose four design methods
based on the approximation of DE by the evolution of a one-dimensional
parameter, namely the mutual information between the transmitted bits and
the log likelihood ratio messages propagated on the graph. These methods
differ in the way message densities and BP computations are approximated.
The first method relies on Gaussian approximation and reciprocal channel
approximation. This allows to write the recursions of the approximate DE
in closed-form. This is equally the case for method 2, except that here it is
assumed that messages are outputs of a virtual BEC whose capacity is the
same as the computed mutual information. On the other hand, methods 3
and 4 do not have closed-form expressions of the approximate DE recursions.
Indeed, there we make use of Monte Carlo simulation in order to track the
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mutual information evolution on the bipartite graph. These methods are
formulated such that they can be used to design IRA code ensembles on any
binary-input symmetric-output channel.

If the code block length is finite, i.e., the bipartite graph has a finite
length, the assumption of local independence of messages does not generally
hold. Indeed, randomly-constructed turbo-like codes of finite length may
have poor performances under the BP decoder, and the finite-length gap
from channel capacity may not be as good as predicted by the infinite length
DE analysis. This gives rise to the interleaver design issue which has a funda-
mental role in the finite-length performance of codes on graphs. Interleaver
design criteria are mainly based on heuristic arguments: the elimination
of short cycles in order to limit the propagation of unreliable messages, the
maximization of the minimum distance in order to eliminate low-weight code-
words responsible for poor performance for medium to high signal to noise
ratios (SNR), the maximization of stopping sets [27] responsible for decoding
errors of LDPC codes on the BEC.

In this thesis, we analyze the performance of finite-length IRA codes on
the BIAWGNC, whose interleavers are subject to one of the following con-
straints: (a) the size of the smallest cycle is larger than a certain value, which
is a design parameter, (b) the size of the smallest stopping set is larger than
a certain value, which is a design parameter. We also determine the average
random regular RA code performance on the BIAWGNC under maximum
likelihood (ML) decoding, which is then compared to the performance with
graph-conditioning.

1.2 Coded CDMA with Successive Decoding

In the multiple access channel (MAC), several transmitters (users) share the
same transmission medium (physical channel). The output of the channel is
the noisy superposition of the transmitted signals. In the present work, we
consider the Gaussian multiple access channel (GMAC) in which the noise is
Gaussian. Multiuser information theory [28] teaches us that the capacity of a
multiple access channel, i.e. the total number of users that can be transmitted
reliably on the channel, is generally maximized by transmitting mutually
interfering signals. The main figure of merit is the spectral efficiency, defined
as the total data rate per unit bandwidth (bits per second per Hertz, or bits
per channel use) .
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In the present work, we investigate low complexity practical coding/de-
coding schemes to approach the maximum spectral efficiency of the GMAC.
Reaching the optimal performance requires suitable coding strategies, and a
decoding scheme that can decode the stream of transmitted bits arbitrarily
reliably from the noisy superposition of transmitted signals. This is done
by the successive decoding technique which decodes a given user treating
all other users as noise, then subtracts the contribution of the decoded user
from the signal, and repeats this process until all users have been successfully
decoded.

The coding strategy that we adopt in the present work is code division
multiple access (CDMA) also known as spread spectrum multiple access [29,
30]. In CDMA, each user is assigned a different spreading sequence, which
is a unit-norm vector in an /N-dimensional signal space. The elements of a
spreading sequence are called chips. The spreading factor N is the number
of chips per transmitted symbol. We assume that the spreading is random,
i.e. spreading sequences are assigned randomly and chips are chosen equally
likely and independently. The use of random spreading is justified by the
following facts:

e Random spreading accurately models practical CDMA systems which
use long pseudo-noise sequences that span many symbol periods [30].

e The spectral efficiency averaged with respect to the choice of signatures
is a lower bound to the optimum spectral efficiency achievable with an
optimum choice of deterministic spreading sequences.

The spectral efficiency of synchronous CDMA systems with Gaussian
noise and random spreading has been found in the large-system limit, where
the number of users and the spreading factor are infinite, while their ratio, the
channel load, is finite [31, 32]. The maximum spectral efficiency is achieved
by Gaussian inputs. However, practical systems make use of discrete small-
size input alphabets. Some recent works use the asymptotic analysis of large
CDMA systems with random spreading sequences and various receivers to
design practical CDMA systems [33].

In this thesis, we investigate the maximum spectral efficiency achievable
by random synchronous CDMA, in the large system limit and infinite code
block length, in the following low-complexity setting: quaternary phase shift
keying (QPSK) modulation, binary capacity-achieving error-control codes,
and successive decoding . For given codes, we maximize the spectral efficiency
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of the CDMA system assuming successive decoding, for the cases of equal
rate and equal power users. In both cases, the maximization of the spectral
efficiency can be formulated as a linear program and admits a simple closed-
form solution that can be readily interpreted in terms of power and rate
control. We provide examples of the proposed optimization methods based on
off-the-shelf LDPC codes and show that the use of low-rate binary codes, in
the equal rate setting, is almost optimal in approaching the GMAC capacity.
We also investigate by simulation the performance of practical systems with
finite code block length, finite number of users and spreading factor. Our
low-complexity decoding approach is based on a twofold iterative decoding
scheme:

e Binary LDPC codes are decoded iteratively at the single user level.

e The overall stripping decoder is iterated more than once in order to
make it more robust to error propagation due to non-zero bit error rate
after single-user decoding.

1.3 Thesis Outline

In Chapter 2, we present the random IRA code ensemble with infinite code
block length limit. Section 2.1 introduces the systematic IRA encoder, Sec-
tion 2.2 presents binary-input symmetric-output channels, and Section 2.3
introduces the message passing belief propagation decoder related to the sys-
tematic IRA code ensemble. Section 2.4, the density evolution technique is
summarized and applied to the IRA code ensemble. The DE recursions are
established and a local stability condition of the fixed-point corresponding
to vanishing error is derived.

In Chapter 3, we optimize the repetition profiles of random IRA code
ensembles for the collection of binary-input symmetric-output channels. The
optimization is formalized as a linear program. In Section 3.1, we formalize
the approximate DE of the IRA code ensemble in a general framework, by
introducing two mappings from the set of symmetric distributions (respec-
tively the set of real numbers) into the set of real numbers (respectively the
set of symmetric distributions). Section 3.2 presents the extrinsic mutual
information transfer function which describes the evolution of mutual infor-
mation on a bipartite graph under message passing decoding. We also intro-
duce the binary-input symmetric-output capacity functional, whose proper-
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ties are summarized in Section 3.3. In Section 3.4, we propose four ensemble
optimization methods, which stem from our general framework. Section 3.5
shows some properties the DE approximation methods introduced in the pre-
vious section. In particular, we analyze the local stability conditions of the
new fixed-points and derive some properties of the optimized rates of meth-
ods 2 and 4. In Section 3.6, we compare the code optimization methods by
evaluating the iterative decoding thresholds of the optimized IRA code, using
the exact DE evolution, over the BIAWGNC and the BSC.

In Chapter 4, we are concerned with the performance of finite length
regular and irregular Repeat and Accumulate codes when used on the BI-
AWGNC. Section 4.2 describes how to construct IRA codes whose bipartite
graph is free of cycles or stopping sets up to a certain length. Section 4.3 com-
pares the theoretical girth (size of the smallest cycle) of the bipartite graph of
short-length regular RA codes to that obtained by girth-conditioning. Then,
Section 4.4 shows how to determine the average random regular RA code
performance under ML decoding. In Section 4.5 gives simulation results on
the performances of finite length regular and irregular RA codes of rate 1/2.

Chapter 5 states the theoretical limits on the spectral efficiency achievable
by the successive decoder on the power-constrained CDMA channel, in the
large system limit. Section 5.1 presents the basic synchronous CDMA AWGN
model where users are grouped into a finite number of classes such that
users in a given class have the same rate and received SNR. Section 5.2
introduces the Gaussian multiple access channel and the successive decoder.
In Section 5.3, we state existing results on the optimum spectral efficiency of
the power-constrained CDMA channel in the large system limit. Our choice
for the QPSK input constellation is justified on the basis of complexity and
asymptotic optimality, as shown in Section 5.4.

In Chapter 6, we tackle the problem of approaching the optimum spectral
efficiency of CDMA with QPSK input modulation, binary-input capacity-
approaching binary error codes and a low-complexity successive decoding
algorithm. In Section 6.1.1, we consider the optimization of the received
power profile of the different classes. Conversely, in Section 6.1.2, we optimize
the code rate profile assuming the same received SNR for all users. Section 6.2
presents numerical examples of both system design settings when the binary
user codes are optimum irregular LDPC codes found in [9]. Simulation results
for finite block length and finite number of users validate the large-system
infinite block length assumption made in the proposed optimization methods.

In Chapter 7, we summarize the contributions of the thesis and propose
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some directions for future research.
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Chapter 2

Irregular Repeat Accumulate
Codes and Decoding

This chapter introduces the systematic irregular repeat accumulate encoder
and its related decoder: the belief propagation message-passing algorithm.
In the infinite block length limit, and for binary-input symmetric-output
channels, the density evolution technique is used to analyze the decoder,
leading to a two-dimensional dynamical system on the space of symmetric
distributions. A local stability condition around the fixed-point of the system
is derived.

2.1 Encoding of IRA Codes

Fig. 2.1 shows the block-diagram of a systematic IRA encoder. A block of
information bits b = (by, ..., by) € F} is encoded by an (irregular) repetition
code of rate k/N. Each bit b; is repeated r; times, where (r1,...,7%) is a
sequence of integers such that 2 < r; < d and Zle r; = N (d is the max-
imum repetition factor). The block of repeated symbols is interleaved, and
the resulting block x; = (211,...,21.n) € Fév is encoded by an accumulator,

11
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defined by the recursion

a—1
T2 j+1 = T2 5 + le’aj—H" j = 0, e, — 1 (21)
i=0
with initial condition x50 = 0, where xo = (z21,...,%2,,) € Fy is the

accumulator output block corresponding to the input x;, a > 1 is a given
integer (referred to as grouping factor), and we assume that m = N/a is an
integer. Finally, the codeword corresponding to the information block b is
given by x = (b, x2) and the output block length is n = k + m.

The transmission channel is memoryless, binary-input and symmetric-
output, i.e., its transition probability py|x (y|z) satisfies

pyx (¥]0) = py x(—y[1) (2.2)

where y +— —y indicates a reflection of the output alphabet!. Binary-input
symmetric-output channels are presented in the next section.

channel U

a—1

Repetition
I X1 Toj+1 = Tj + E T1,q5+i X2 channel up
code — A .
i=0
\
outer code inner code

Figure 2.1: Systematic IRA encoder.

IRA codes are best represented by their Tanner graph [14] (see Fig. 2.2).
In general, the Tanner graph of a linear code is a bipartite graph whose node
set is partitioned into two subsets: the bitnodes, corresponding to the coded
symbols, and the checknodes, corresponding to the parity-check equations
that codewords must satisfy. The graph has an edge between bitnode a and
checknode g if the symbol corresponding to o participates in the parity-check
equation corresponding to (3.

Tf the output alphabet is the real line, then —y coincides with ordinary reflection with
respect to the origin. Generalizations to other alphabets are immediate.
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Since the IRA encoder is systematic (see Fig. 2.1), it is useful to further
classify the bitnodes into two subclasses: the information bitnodes {v;,j =
1,---,k}, corresponding to information bits, and the parity bitnodes {p;,j =
1,---,k}, corresponding to the symbols output by the accumulator. Those
information bits that are repeated ¢ times are represented by bitnodes with
degree i, as they participate in ¢ parity-check equations. Each checknode
{¢j,j =1,---,m} is connected to a information bitnodes and to two parity
bitnodes and represents one of the equations (for a particular j) (2.1). The
connections between checknodes and information bitnodes are determined by
the interleaver and are highly randomized. On the contrary, the connections
between checknodes and parity bitnodes are arranged in a regular zig-zag
pattern since, according to (2.1), every pair of consecutive parity bits are
involved in one parity-check equation.

A random IRA code ensemble with parameters ({\;}, a) and information
block length k is formed by all graphs of the form of Fig. 2.2 with k& infor-
mation bitnodes, grouping factor a and \; N edges connected to information
bitnodes of degree i, for ¢ = 2,...,d. The sequence of non-negative coef-
ficients {);} such that X7, \; = 1 is referred to as the degree distribution
of the ensemble. The probability distribution over the code ensemble is in-
duced by the uniform probability over all interleavers (permutations) of N
elements.

The information bitnode average degree is given by d 2 / (Zf:2 Aif1).
The number of edges connecting information bitnodes to checknodes is N =
k/(32%, \i/i). The number of parity bitnodes is m = k/(a 3%, \i/i). Fi-
nally, the code rate is given by

a

= =2 = (2.3)

B d Ca+d
=2

Under the constraints 0 < \; <1 and 2@2 A =1, we get d > 2. Therefore
the highest rate with parameter a set to 1 is 1/3. This motivates the use of
a > 2 in order to get higher rates.
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1 T T3 e Tk

Checknodes

Parity bitnodes

Figure 2.2: Tanner graph of an IRA code.

2.2 Binary-Input Symmetric-Output Channels

Let X and Y be the input and output random variables of a channel with
transition probability py|x(y|z). Let X be the (discrete) input alphabet and
Y be the (discrete or continuous) output alphabet. Throughout this thesis, we
will mainly deal with memoryless binary-input symmetric-output channels.

e The channel is memoryless if py|x(y|x) = pr‘X(yi|xi), where x and y
i=1
are of length n.

e The channel is binary-input if the input alphabet X has cardinality 2.
Typically, X is either {0,1} or {+1, —1} as is the case for binary phase
shift keying (BPSK). We let X = {0, 1} from this moment on, unless
otherwise stated.

e The channel is said to be output-symmetric if py|x(y|0) = py|x(—y|1).

The channel is characterized by transition probabilities py|x(y|0) and
pyix(y|1), for x € {0,1} and y € Y. If the output alphabet Y is discrete,
then the transition probability is equal to the probability of the event (Y =
yl X =)

Pr(Y =y|X = z) = py|x(y[z)

If the output alphabet Y is continuous (a subset of R), the transition proba-
bility corresponds to the conditional probability density function (pdf) asso-

Information bitnodes
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ciated to the channel
Pr(Y € SIX =a) = [ pyixlylo)dy
s

where S C Y C R. The channel is further characterized by a noise-related
parameter r given by

P8 g L V/Pvix (u10)pyix (v]1)dy (24)

which is the exponent of the Bhattacharyya and Chernoff bounds [34]. For
binary-input symmetric-output channels, the parameter r has an alternative
expression shown in Section 2.4.

Here are examples of the parameter r for some useful binary-input sym-
metric-output channels.

Example 2.1 A BEC with erasure probability p has r = — log p. O

Example 2.2 A BSC with crossover probability p has r = —log(2+/p(1 — p)).
O

Example 2.3 A BIAWGNC with Gaussian noise distribution N(0, ¢2) and

pY‘X(y|O> — 21“72 6_(y_1)2/202
_ 2 /942
pyix(yll) = e W2
has r = 55. O

2.3 Belief Propagation Decoding of IRA Codes

As maximum likelihood decoding is exponentially difficult for some graph
codes, including TRA codes, for increasing block length, we consider BP
message-passing decoding [35, 36, 37], which has a linear complexity in block
length per decoder iteration. If a graph is cycle-free, then the message-passing
BP algorithm computes exact marginal posterior probabilities.

In message-passing decoding algorithms, the graph nodes receive mes-
sages from their neighbors, compute new messages and forward them to
their neighbors. The message output by a node u along an edge ¢ is extrinsic
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as it does not depend on the incoming message along the same edge e. The
algorithm is defined by the code Tanner graph, by the set on which messages
take on values, by the node computation rules and by the node activation
scheduling method.

In BP decoding, messages take on values in the extended real line R U
{—00,00}. The BP decoder is initialized by setting all messages output
by the checknodes to zero. Each bitnode « is associated with the channel
observation message (log-likelihood ratio)

pY|X(ya|xa = O)
pY|X(ya|xa - ]-)

(2.5)

u, = log

where vy, is the channel output corresponding to the transmission of the code
symbol x,.

The BP node computation rules are given as follows. For a given node
we identify an adjacent edge as outgoing and all other adjacent edges as
incoming. Consider a bitnode « of degree ¢ and let mq,...,m;_; denote
the messages received from the ¢ — 1 incoming edges and u, the associated
channel observation message. The message m, , passed along the outgoing
edge is given by

i—1
Mo = Uy + Z m; (26)
j=1
Consider a checknode 3 of degree i and let myq, ..., m;_; denote the messages

received from the 7 —1 incoming edges. Then, the message m, g passed along
the outgoing edge is given by the following “tanh rule” [38]

i—1
Mo _ m;
tanh T = E tanh 7 (27)

Taking the logarithm on each side of (2.7), we convert the product into a
sum, and get

Mo =7 (Y(ma) + -+ +y(mi_1)), (2.8)

where the mapping v : R — Fy X R, is defined by [19]

2|

y(z) = <sign(z), ~ log tanh 7) (2.9)
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and where the sign function is defined as [19]

if 2 >0
with prob. 1/2if z =0
with prob. 1/2if 2z =0
if 2 <0

sign(z) =

_ = O O

Since the code Tanner graph has cycles, different scheduling methods yield
in general non-equivalent BP algorithms. In this work we shall consider the
following “classical” scheduling strategies:

e LDPC-like scheduling [15]. In this case, all bitnodes and all checkn-
odes are activated alternately and in parallel. Every time a node is
activated, it sends outgoing messages to all its neighbors. A decoding
iteration (or “round” [39]) consists of the activation of all bitnodes and
all checknodes.

e Turbo-like scheduling. Following [40], a good decoding scheduling con-
sists of isolating large trellis-like subgraphs (or, more generally, normal
realizations in Forney’s terminology) and applying locally the forward-
backward BCJR algorithm [4] (that implements efficiently the BP al-
gorithm on normal cycle-free graphs), as done for Turbo codes [3]. A
decoding iteration consists of activating all the information bitnodes in
parallel (according to (2.6)) and of running the BCJR algorithm over
the entire accumulator trellis. In particular, the checknodes do not
send messages to the information bitnodes until the BCJR iteration is
completed.

These two scheduling methods arise from the fact that IRA codes are sub-
classes of both LDPC codes and irregular turbo codes. Notice that for both
of the above scheduling methods one decoder iteration corresponds to the
activation of all information bitnodes in the graph exactly once.

2.4 Density Evolution and Stability

The bit error rate (BER) performance of BP decoding averaged over the
IRA code ensemble can be analyzed, for any finite number ¢ of iterations
and in the limit of & — oo, by the DE technique [19]. For a given bitnode
a and iteration ¢, the message sent over an outgoing edge (say edge e) is
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a random variable that depends on the transmitted codeword, the channel
noise and the interleaver (uniformly distributed over the set of permutations
of N elements). The DE method finds the distribution of this random vari-
able averaged over the channel noise and the interleaver, assuming that the
block length goes to infinity. Under such an assumption, the probability that
an oriented neighborhood of depth 2¢ of the edge e contains cycles vanishes.
Therefore, DE can be computed under the cycle-free condition, implying that
the input messages at any node in the BP algorithm are statistically inde-
pendent. For binary-input symmetric-output channels, the average message
distributions do not depend on the transmitted codeword [39], so the trans-
mission of the all-zero codeword can be assumed. The usefulness of the DE
method stems from the Concentration Theorem [39, 18] which guarantees
that, with high probability, the BER after ¢ iterations of the BP decoder
applied to a randomly selected code in the ensemble and to a randomly gen-
erated channel noise sequence is close to the BER computed by DE with high
probability, for sufficiently large block length.

Next, we formulate the DE for IRA codes and we study the stability
condition of the fixed-point corresponding to zero BER. As in [19, section ITI-
BJ, we introduce the space of distributions whose elements are non-negative
non-decreasing right-continuous functions with range in [0, 1] and domain the
extended real line.

It can be shown that, for a binary-input symmetric-output channel, the
distributions of messages at any iteration of the DE satisfy the symmetry
condition [19]

/h(x)dF(:L') = /e‘xh(—x)dF(x) (2.10)

for any function A for which the integral exists. If F' has density f, (2.10) is
equivalent to
flz) =€ f(—x) (2.11)
With some abuse of terminology, distributions satisfying (2.10) are said to be
symmetric. The space of symmetric distributions will be denoted by Fgyn,.
The bit error probability operator Pe : Fy, — [0,1/2] is defined by

Po(F) = %(F‘(O) + F(0))

where F'~(z) is the left-continuous version of F'(z). We introduce the “delta
at zero” distribution, denoted by Ay, for which Pe(A() = 1/2, and the “delta
at infinity” distribution, denoted by A, for which Pe(A,) = 0.
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The symmetry property (2.10) implies that a sequence of symmetric dis-
tributions {F®}2, converges to A if and only if lim, . Pe(F®)) = 0,
where convergence of distributions is in the sense given in [19, Sect. III-F].

[ a 2

Mo,q ™~ PI Mo,a ™~ Pl
Ry " ~— b
\\//\]\ U
Mo,3 ~ Ql Mo, ~ Ql

Figure 2.3: Message flow on the graph of a systematic IRA code

The DE for IRA code ensembles is given by the following proposition.

Proposition 2.4 Let P, [resp., ﬁg/ denote the average distribution of mes-
sages passed from an information bitnode [resp., parity bitnode] to a chec-
knode, at iteration ¢ . Let Q [resp., @g/ denote the average distribution of
messages passed from a checknode to an information bitnode [resp., parity
bitnode], at iteration { (see Fig. 2.3).

Under the cycle-free condition, Pg,]sg,Qg,@g satisfy the following recur-
sion:

P = F,@MQ) (2.12)
P, = F,®Q (2.13)
Q = T (F(ﬁé—l)@ ® F(Pg_1)®(a_1)> (2.14)
Q= 7 (D(Pe) 9 T(Per)™) (2.15)

for £ = 1,2, ..., with initial condition Py = 150 = Ay, where F, denotes the
distribution of the channel observation messages (2.5), © denotes convolution
of distributions, defined by

(F&G)(z) = / F(z — )dG(?) (2.16)

®m denotes m-fold convolution, N(F) 2 S NFEED T(E,) s the distri-
bution of y = y(x) (defined on Fy x R, ), when x ~ F,, and T~ denotes the
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inverse mapping of T', i.e., TYG,) is the distribution of x = v (y) when
y~ Gy.
Proof: See Appendix 2.A.

The DE recursion (2.12 — 2.15) is a two-dimensional non-linear dynamical
system with state-space F2,, (i.e., the state trajectories of (2.12 — 2.15) are
sequences of pairs of symmetric distributions (P, P,)). For this system, the
BER at iteration ¢ is given by Pe(P;). A property of DE, given in Proposition
2.4, is that Pe(F,) is a non-negative and non-increasing function of ¢ [19, 39].
Hence, lim,_., Pe(F;) exists.

It is easy to see that (A, Ay) is a fixed-point of (2.12 — 2.15). The local

stability of this fixed-point is given by the following result:

Theorem 2.5 The fized-point (A, As) for the DE is locally stable if and

only if : )
e"(e" —

a+1+e(a—1)
where r = —log( [ e */2dF,(z)).
Proof: See Appendix 2.B.

Ao <

(2.17)

Here necessity and sufficiency are used in the sense of [19]. By following
steps analogous to [19], it can be shown that if (2.17) holds, then there exists
¢ > 0 such that if for some ¢ € N, Pe(RPy(Py, By) + (1 — R)Py(Py, Py)) < €
then Pe(RP, + (1 — R)P,) converges to zero as ¢ tends to infinity. On the
contrary, if Ay is strictly larger than the RHS of (2.17), then there exists
¢ > 0 such that for all £ € N Pe(RPy(Py, Py) 4 (1 — R)P,(Py, Py)) > €.

Consider a family of channels €(v) = {pyy : ¥ € Ry}, where the channel
parameter v is, for example, an indicator of the noise level in the channel.
Following [39], we say that C(v) is monotone with respect to the IRA code
ensemble ({\;}, a) under BP-decoding if, for any finite ¢

v <V & Pe(P;) < Pe(FP)

where P, and P, are the message distributions at iteration ¢ of DE applied
to channels p;‘ + and p’{//| «» respectively.

Let BER(v) = lim_,o Pe(F;), where { P} is the trajectory of DE applied
to the channel py, . The threshold v* of the ensemble ({\;},a) over the
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monotone family C(v) is the “worst” channel parameter for which the limiting
BER is zero, i.e.,
v* =sup{r >0 : BER(v) =0} (2.18)

We are interested in determining the thresholds of the ensemble ({\;}, a)
over different binary-input symmetric-output channels. Therefore, we opti-
mize the IRA ensemble parameters {\} and a so as to maximize the thresh-
old. Thus, for every value of v, the optimal IRA ensemble parameters a and
{\;} maximize R subject to vanishing BER(r) = 0, i.e., are solution of the
optimization problem

( d
maximize ag it

1=2

d (2.19)
subject to Z)‘i =1, N>0Vi

=2

| andto BER(v)=0

the solution of which can be found by some numerical techniques, as in [19].
However, the constraint BER(v) = 0 is given directly in terms of the fixed-
point of the DE recursion, making the optimization computationally very
intensive. In the next chapter, we present low-complexity IRA code de-
sign methods, over a broad class of binary-input symmetric-output chan-
nels, and with performances close to the Shannon limit. These methods
are based on replacing the infinite-dimensional message distribution with a
one-dimensional quantity, rendering the optimization more tractable.

2.5 Conclusion

This chapter has presented the systematic IRA code ensemble encoder and
its associated belief propagation decoder, in the limit of large code block
length. This assumption allows to consider a cycle-free graph and enables
to use DE to evaluate the densities of messages passed on the graph under
message passing decoding. The threshold of the code ensemble can then be
evaluated by iteratively calculating the message densities. We have derived a
general stability condition for IRA codes under exact DE, which guarantees
a vanishing BER if the error probability, at a given iteration, is small enough.
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APPENDIX

2.A Proof of Proposition 2.4

The derivation of DE for IRA codes is analogous to the derivation of DE
in [19] for irregular LDPC codes.

We are interested in the evolution of the distributions of messages given by
(2.6) and (2.8), under the independence assumption (stated in Section 2.4).

(2.6) is the sum of independent random variables (log likelihood ratio
messages). It can easily be shown that, if z; and 2, are independent random
variables, with distributions F,, and F,, respectively, then the distribution
of z1 + 29 is F,, ® F,,, the convolution of F,, and F., defined in (2.16).

(2.8) involves the mapping 7 and its inverse v ~!. Given a random variable
x with distribution F,(z), the distribution of v(z) is given by:

L(Fy) (s, 2) = xqs=opLo(F2) (2) + X(s=13 D1 (F2) (2) (2.20)

where p
Fo(F.)(2) =1— F, (—logtanh 5),

[\(F,)(2) = F,(log tanh %),

and where x4 denotes the indicator function of the event A.

By (2.8), the message passed from a check node to an information bitn-
ode is the image under y~! of a sum of independent random variables (im-
ages of messages under ), and therefore the distribution of their sum is
the convolution of their distributions. The outgoing message from a chec-
knode to a parity bitnode is the result of the operation (2.8) on a incom-
ing messages from information bitnodes (with distribution P, ;) and one
incoming message from a parity bitnode (with distribution P,_;). There-
fore, the distribution of the message from a checknode to a parity bitnode

is Q, =I"1 <F(Pg_1) ® F(Pg_l)@)“). Likewise, the outgoing message from a
checknode to an information bitnode is the result of the operation (2.8) on

a — 1 incoming messages from information bitnodes and two incoming mes-
sages from a parity bitnode. Therefore, the distribution of the message from

a checknode to a parity bitnode is Q, = I'* <F(]5@_1)®2 ® F(Pg_1)®(a_1)>.
A randomly chosen edge among the set of edges connected to information
bitnodes, has probability \; to be connected to an information bitnode of
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degree i. Then, by (2.6), the distribution of the output message of this
degree-i information bitnode is )\iFu®Q§9(Z_1). Summing up over all instances

of information bitnode degrees, we find that the distribution of the message

d
from an information bitnode to a checknode is P = F,, ® Z )\Z-Qf(i_l) which
i=2
can be written as P, = F,, ® A\(Q¢). The distribution of the message from
a parity bitnode to a checknode is simply the convolution of the channel
observation message distribution and the distribution of the message from a
checknode to a parity bitnode, i.e., P, = F, ® Q. O

2.B Proof of Theorem 2.5

We follow in the footsteps of [19] and analyze the local stability of the zero-
BER fixed-point by using a small perturbation approach.
The mapping I' applied to Ay and A, yields

P(Ao)(s,2) = 3X(s=01A00(2) + 5X(s=1} Ao (2)
['(Ax)(s,2) = X{s=0pQo(2)-
Given G(s, z) = x{s=01Go(2) + x{s=13G1(2), applying I'"! yields

(2.21)

_ z —z
I'HG)(2) = X{z>01(1—Go(—log tanh 5))+X{z<0}G1(— log tanh 7) (2.22)
For the sake of brevity, we introduce the short-hand notation
G(s,2) = X{S:O}GO(Z> + X{s:l}Gl(Z) = XoGo + x1G1
The m-fold convolution of G(s, z) by itself is given by
(x0Go(2) + x1G1(2))*™ =
3 N e o
Yo [ DoENG " 00 | x| Y GG eGP
=0 =0
(2.23)
where | .| stands for the integer part.
In order to study the local stability of the fixed-point (A, Ay), we
initialize the DE recursion at the point
PO = (1 - QE)AOO + QEAQ
Py = (1—28)A—+20A,
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for some small €, > 0, and we apply one iteration of the DE recursion (2.12
—2.15). The step-by-step derivation is as follows. From (2.21) we have

{F(PO) = xo((1=26)A¢+€eAy) + x1 (eAs)
X

D(B) = xo((1=20)A0+40A%) + x1 (0A)

By applying (2.23) we obtain

D(P)®™ = xo0((1—2ne)Ag+neAs) + x1 (neAs) + O(€?)
D(P)®* = xo((1—=48)A¢+20A4) + x1 (20A%) + O(6%)

By applying I'"! we get

Q1 = T (T(P)2e D @ T(By)® )
O, = 1 (1(P, ®“®FPO>

and

Q1 = (1—2(a—1)e—46)As + (2(a — 1)e +46)Ag + O(€2, 62)
@1 = (1 — 2a¢e — 25)Aoo + (2&(—: -+ 25)A0 + 0(62, 52)

Hence, by noticing that

QF" = D (N1 —2(a—1)e—46)"7(2(a— e+ 40V AL @ AJ + O(€,8%)
j=0
[ A+ 0(e%,0%), forn > 2
B (1—2(a—1)e —40)As + (2(a — 1)e + 40)Ag + O(?,6%), forn =1

we have
)\(Ql) = (]_ — 2(@ — 1))\26 — 4)\25)A00 + (2(@ - 1)/\26 + 4)\25)A0 + 0(62, 52>

Finally, by using the fact that P, = F, ® A(Q;) and that P, = F, ® Q1, the
message distributions after one DE iteration are given by

a]=als e (] als]) o Lo ]
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where

. [ (a— 1) mz} 2.24)

After ¢ iterations we obtain

] -a ) me (]2 B ) a+ [ S e

Then, by applying Pe() to Py in (2.25) we obtain that lim, ., Pe(Fy) =0
(implying that lim, .., P, = Ay) if the eigenvalues of the matrix Ae™" are
inside the unit circle. r is given by the large deviation theory as [19]

1
r = —lim ZlogPe(FS“)

{—00

= —log (ig(f]/e_szdFu(z))
— —log (/ e_z/2dFu(z)) (2.26)

where the last equality follows from the fact that F,(z) € Fgym. Note that r
coincides with the Chernoff bound exponent given by (2.4), which can easily
be seen using the symmetry of F,.

The stability condition is obtained by explicitly computing the largest
eigenvalue in magnitude. We obtain

% <1 + Xo(a—1)+ \/1 + (24 6a)\y + (a — 1)2>\§) <. (2.27)

Since the LHS of (2.27) is increasing, condition (2.27) is indeed an upper
bound on Ay, given explicitly by (2.17). O
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Chapter 3

Design of Irregular Repeat
Accumulate Code Ensembles

In this chapter, we address the optimization of the IRA code ensemble for the
class of binary-input symmetric-output channels. We propose and compare
four low-complexity ensemble optimization methods which lead to optimiza-
tion problems that are solvable by linear programming. Our approach to IRA
code design is based on the following tools: the EXtrinsic mutual Information
Transfer function and its analytical properties [20, 41, 42], reciprocal chan-
nel (duality) approximation [41, 43|, and the non-strict convexity of mutual
information. We design code ensembles for various rates on the BIAWGNC
and the BSC and evaluate the thresholds of the codes thus designed using
the true density evolution.

3.1 IRA Ensemble Optimization

A variety of methods have been developed in order to simplify the code
ensemble optimization [15, 22, 43, 44, 45, 46]. They consist of replacing
the DE with a dynamical system defined over the reals (rather than over
the space of distributions), whose trajectories and fixed-points are related
in some way to the trajectories and fixed-point of the DE. The only other

27



28Chapter 3 Design of Irregular Repeat Accumulate Code Ensembles

work that has proposed a method to design IRA codes is [15, 47] where the
design focuses on the choice of the grouping factor and the repetition profile.
The method used in [15] to choose the repetition profile was based on the
infinite-block length Gaussian Approximation of message passing decoding
proposed in [22].

Essentially, all proposed approximated DE methods can be formalized
as follows. Let ® : Fgym — R and ¥ : R — JF,, be mappings of the
set of symmetric distributions to the real numbers and vice versa. Then, a
dynamical system with state-space R? can be derived from (2.12 — 2.15) as

r = O(F,@X(Qp) (3.1)
7= O <Fu ® @) (3.2)
Q = I (D@ )T ()" ) (3.3)
Q@ = I (D (UGE—) O (Bla)™) (34)
for £ = 1,2,..., with initial condition zq = Ty = ®(A), and where (x,, z,)

are the system state variables. N
By eliminating the intermediate distributions Q, and Qg, we can put (3.1

— 3.4) in the form
Ty = ?(xe—l, 52—1)
Ty = ¢($£—1, 52—1)

(3.5)

For all DE approximations considered in this work, the mappings ® and ¥
and the functions ¢ and ¢ satisfy the following desirable properties:

1. ®(Ag) =0, P(Ay) = 1.

2. T(0) = Ag, U(1) = An.

3. ¢ and ¢ are defined on [0,1] x [0, 1] and have range in [0, 1].
4. ¢(0,0) > 0 and ¢(0,0) > 0.

5. ¢(1,1) = ¢(1,1) = 1, i.e, (1,1) is a fixed-point of the recursion (3.5).
Moreover, this fixed-point corresponds to the zero-BER fixed-point
(A, Ay) of the exact DE.
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6. If F, # Ay, the function (75(:17, T) — I is strictly decreasing in = for all
x € [0, 1]. Therefore, the equation

T = ¢(x> i)

has a unique solution in [0, 1] for all € [0,1]. This solution will be
denoted by z(z).

It follows that all fixed-points of (3.5) must satisfy

z = §la, ¥(x)) (3.6)

and that in order to avoid fixed-points other than (1, 1), (3.6) must not have
solutions in the interval [0, 1), i.e., it must satisfy

r < ¢(x,z(x)), V xe€l0,1) (3.7)

Notice that, in general, (3.7) is neither a necessary nor a sufficient condition
for the uniqueness of the zero-BER fixed-point of the exact DE. However, if
the choice of the DE approximation is good, this provides a heuristic for the
code ensemble optimization.

By replacing the constraint BER(v) = 0 by (3.7) in (2.19), we obtain the
approximated IRA ensemble optimization method as

( d
maximize a Z Aifi

=2

d
subject to Z)"' =1, N>0V1

=

(| andto = 2< o(x,x(x)), Vael0,1)

Approximations of the DE recursion differ essentially in the choice of ®
and ¥, and in the way the intermediate distributions Q, and Q, and the
channel message distribution F, are approximated.

3.2 EXIT Functions

Several recent works show that DE can be accurately described in terms
of the evolution of the mutual information between the variables associated
with the bitnodes and their messages (see [20, 48, 21, 49, 42, 50, 26]).
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The key idea in order to approximate DE by mutual information evolution
is to describe each computation node in BP-decoding by a mutual information
transfer function. For historical reasons, this function is usually referred to
as the EXtrinsic mutual Information Transfer (EXIT) function.

EXIT functions are generally defined as follows. Consider the model of
Fig. 3.1, where the box represents a generalized computation node of the
BP algorithm (i.e., it might contain a subgraph formed by several nodes and
edges, and might depend on some other random variables such as channel
observations, not shown in Fig. 3.1). Let mgy,...,m;_; denote the input
messages, assumed independent and identically distributed (i.i.d.) ~ Fj,,
and let m, ~ Fyy denote the output message. Let X; denote the binary code
symbol associated with message m;, for j = 1,...,¢ — 1, and let X denote
the binary code symbol associated with message m,. Since Fi,, Fou € Fgym,
we can think of m; and m, as the outputs of binary-input symmetric-output
channels with inputs X; and X and transition probabilities

P(m; < 21X;=0) = Fu(2) (3.9)
Plm, < 21X =0) = Foul2), (3.10)

respectively.

Channel (3.9) models the a priori information that the node receives
about the symbols X;’s, and the channel (3.10) models the extrinsic infor-
mation [3] that the node generates about the symbol X.

We define the binary-input symmetric-output capacity functional J :
Fsym — [0, 1], such that

JF) A / T logy (14 ) dF(2) (3.11)

—0o0

Namely, J maps any symmetric distribution F into the capacity ' of the
binary-input symmetric-output channel with transition probability

pyix(y|0) = F(y).
Then, we let

Iy = I(Xj;my)
Ig = I(X;mo)

(Fin)
(Fout)

'Recall that the capacity of a binary-input symmetric-output memoryless channel is
achieved by uniform i.i.d. inputs.

=1
=1
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denote the capacities of the channels (3.9) and (3.10), respectively. The
EXIT function of the node of Fig. 3.1 is the set of pairs (14, 1g), for all
I, € ]0,1] and for some (arbitrary) choice of the input distribution Fj, such
that J(Fi,) = I4. Notice that the EXIT function of a node is not uniquely
defined, since it depends on the choice of Fi,. In general, different choices
yield different transfer functions.

mo

Figure 3.1: EXIT model

The approximations of the DE considered in this work are based on EXIT
functions, and track the evolution of the mutual information between the
messages output by the bitnodes and the associated code symbols.

3.3 Some Properties of Binary-Input Symmet-
ric-Output Channels

3.3.1 Property 1

Consider a binary-input symmetric-output channel with probability distri-
bution function py|x(y|0) = G(y), where G is not necessarily symmetric, in
the sense of (2.10). Let G have a density ¢g(y). The channel capacity can be

written as . /_Z s, (1 N %) g(2)dz (3.12)

By concatenating the transformation y — u = log;% to the chan-

nel output, we obtain a new binary-input symmetric-output channel with
Ppx(u|0) = F(u) such that F' € Fgu. Moreover, since U is a sufficient
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statistic for Y, the original channel has the same capacity as the new chan-
nel, given by C' = J(F'). Therefore, by defining appropriately the channel
output, the capacity of any binary-input symmetric-output channel can al-
ways be put in the form (3.11).

3.3.2 Property 2

The following is an interesting property of symmetric distributions.

Proposition 3.1 Let X be binary with P[X =0] =p and P[X = 1] =1—p.
Let S be independent of X and take M (finite) values with P[S = i| = g;.
Conditioned on S = i, Y is a continuous random variable with conditional
density function ' '
f}g\)le(y> - e_yf}(/l\)xzo(y>
Then
I(X;Y]S)=1(X;Y)

Proof: See Appendix 3.A.

The following corollary restricts the above result to binary-input sym-
metric-output channels.

Corollary 3.2 The mutual information functional is not strictly convex on
the set of binary-input symmetric-output channels with transition probability
pY|X(y‘O> € Fsym-

Proof: See Appendix 3.A.

3.3.3 Property 3

The third property gives a lower bound on the capacity of binary-input
symmetric-output channels as a function of the Chernoff bound exponent.

Lemma 3.3 The capacity of a binary-input symmetric-output channel, with
transition probability py x(y|0) = F(y), is upper-bounded by

C(F) > = (r—r%)log,e (3.13)

DN | —

where r = —log( [ e */2dF(z)).
Proof: See Appendix. 3.E
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3.4 DE Approximation Methods

3.4.1 Method 1

The first approximation of the DE considered in this work assumes that the
distributions at any iteration are Gaussian. A Gaussian distribution satisfies
the symmetry condition (2.11) if and only if its variance is equal to twice the
absolute value of its mean. We introduce the short-hand notation Ngym (1)
to denote the symmetric Gaussian distribution (or density, depending on the

context) with mean g, i.e., Ngym (1) 2 N(p, 2|pl).
For a distribution F' € Fy,, we let the mapping ® be equal to J defined
in (3.11), and for all x € [0, 1] we define the mapping

U2 Ny (J () (3.14)

(1) = I(Naym(p)) =1 — % /_ ;OO e log, (1+e 2V #)dz  (3.15)

Namely, ¥ maps = € [0, 1] into the symmetric Gaussian distribution Ny, (1)
such that the BIAWGNC with transition probability py x(y|0) = Neym (1)
has capacity x. Note that J(u) is the capacity of a BIAWGNC with signal
to noise ratio Fy/Ny = |u|/4.

The first key approximation in Method 1 is

Q£ ~ Nsym (,ué)
Qy Noym (£1e) (3.16)

Q

for some g, frp > 0.

In order to compute p, and iy we make use of the reciprocal channel ap-
proximation [43] also called approzimate duality property of EXIT functions
in [41]. This states that the EXIT function of a checknode is accurately ap-
proximated by the EXIT function of a bitnode with the same degree after the
change of variables I4 +— 1—14 and I — 1—1Ig (see Fig. 3.2). Using approx-
imate duality, we replace the checknode by a bitnode and change (xy_1,Z¢—1)
into (1 — xp_1,1 — Zy_1). Since the output message from a bitnode is the
sum of the input messages (see eq. (2.6)), and since the input distributions
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IA IE 1—IA /—\ 1_IE

i =

[A ]-*IA

original equivalent flow

Figure 3.2: Reciprocal (dual) channel approximation

V(1 — 1) and ¥(1 — Zy_1)) are Gaussian, then the output distribution is
Gaussian too, with mean

(a—DJ M1 =2 ) +2J (1 =T q)
for messages sent to information bitnodes and
aJ N1 —ap ) +J 11 —7)
for messages sent to parity bitnodes. Finally, u, and pi, are given by
pe = JP(1=J((a=1)J "1 —ze) +2J (1 = Tp1)))
{ e = J(1=J(aJ (1 —2e) + (1 = T)))

The second key approximation in Method 1 is to replace F,, with a discrete
symmetric distribution such that

(3.17)

D

F.~ ) piA, (3.18)

J=1

for some integer D > 2, v; € R and p; € Ry such that Z]D:l p; = 1.

With this assumption, from the definition (3.11) of the operator J, from
Corollary 3.2 and since [19]: a) the convolution of symmetric distributions
is symmetric, and b) the convex combination of symmetric distributions is
symmetric, it is immediate to write (3.1) and (3.2) as

d D
1 [ . .
re = 1- Z Z )\ipjﬁ / e log, <1 + 6‘2\/(@—1)#@2—(2—1)#2—%) dz

i=2 j=1

D
~ 1 o _ 2 O Tirz—Tir—vs
Ty = 1—2])]-—/ e’ log2<1+e V peET i ”]>dz
(3.19)
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The desired DE approximation in the form (3.5) is obtained (implicitly) by
combining (3.17) and (3.19). Notice that (3.19) is linear in the repetition
profile and the optimization problem (3.8) can be solved as linear program-
ming.

Example 3.4 Discrete-output channels. In general, when the channel
output is discrete then the approximation (3.18) holds exactly. For example,
for the BSC with transition probability p we have

F,=pA_ |, 1= +(1—pA

log —£ log I_Tp

O

Example 3.5 The BIAWGNC defined by y = (—1)* + z, where z ~
N(0,0?), is a channel such that

F, = Nym(2/0?) (3.20)

In this case, since convolving symmetric Gaussian distributions yields a sym-
metric Gaussian distribution whose mean is the sum of the means, the dis-
cretization approximation (3.18) is not necessary and we have

d
F,@AMQr) = Z )‘iNsym(2/02 + (0= 1)
_ i=2
Fu X Qé - J\‘[‘sym(2/0-2 + ﬁé)

(3.21)

By applying the operator J, using (3.15) and Corollary 3.2, we obtain the
DE approximation for the BIAWGNC as

( d

Ty = Z /\ZJ<% +(@—1)J (1= J((a—=1)J (1 —zeq)+
. 3.22
20711 - 511)) 522

T = J(Z+JT A= J(aJ A —zeg) + TN (1= Fq))))
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3.4.2 Method 2

The second approximation of the DE assumes that the distributions of mes-

sages at any iteration consist of two mass points, one at zero and the other at

+00. For such distributions, we introduce the short-hand notation &gy (€) =

Ao+ (1 — €)Aw.
We let the mapping ® be equal to J defined in (3.11) and the mapping ¥
be
Uz — Eym(l—2) (3.23)

for all z € [0,1]. Namely, ¥ maps x € [0, 1] into the symmetric distribution
Esym(x) of a BEC with erasure probability 1 — z.
With these mappings, (3.3 — 3.4) can be put in the form

QE == Esym(l - m?:llgi—l)

~ ~ 3.24
QZ - 8sym(1 - x?_lxé—l) ( )

where we used the fact that, as it can be seen from the definitions of I' and
I''in (2.20 - 2.22),

I T (Egym(e1) @ T (Egm(e2))) = Egm(l — (1 —e)(1 —e2))  (3.25)

Notice that, while Q, and (NQg in Method 1 were assumed to be symmetric
Gaussian (see (3.16)), here (3.24) holds exactly.

As a consequence of these mappings, the communication channel of the
parity bits, with distribution F,, is replaced by a BEC with erasure proba-
bility € = 1 — J(F,). Furthermore, for any F' € Fgy,,, we have

I(F @ Eqmle)) = 1 — (1 — I(F))e (3.26)

From this result, it is immediate to obtain the approximated DE recursion

as
d

20 =1—(1-9(F,)) Z A (L= 2 7)) (3.27)

T =1—(1-9(F,)) (1 —a¢_ 1)

Notice that (3.27) is the standard (exact) DE for the IRA ensemble ({\;}, a)
over a BEC (see [15]) with the same capacity of the actual binary-input
symmetric-output channel, given by J(F,). We point out here that this
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method, consisting of replacing the actual channel with a BEC with equal
capacity and optimizing the code ensemble for the BEC (physical channel),
was proposed in [43] for the optimization of LDPC ensembles. Interestingly,
this method follows as a special case of our general approach for DE approx-
imation, for a particular choice of the mappings ® and W.

Assume that we are at a fixed-point (z,7) of the decoding algorithm and
we solve for x. From (3.27), 7 is a function of = given by

~ I(Fu)

P 52

Then from (3.27), we obtain the fixed-point equation corresponding to (3.6)
in closed form as

z=1-(1-9(F)) ; by (1 o _J(L’I__lf’j({Fuj))xaP) ) (3.29)

3.4.3 Methods 3 and 4

Methods 1 and 2 yield (almost) closed-form DE approximations at the price
of some approximations of the message distributions and, above all, of the
checknode output distributions Q, and Q.

In much of the current literature on random-like code ensemble opti-
mization, the EXIT function of a decoding block is obtained by Monte
Carlo simulation, by generating i.i.d. input messages, estimating the dis-
tribution of the output messages and computing a one-dimensional quantity
[20, 21, 22, 23, 24, 25, 26]. Following this approach, we shall consider the
IRA decoder with Turbo-like scheduling (see Fig. 3.3) and obtain the EXIT
functions of the inner and outer decoders.

The inner (accumulator) and outer (repetition) decoders are character-
ized by an EXIT function as defined in Section 3.2, for some guess of the
symmetric distribution Fj,. In general, the EXIT function of the decoders
can be obtained as follows:

1. Let the channel observation messages be i.i.d., with distribution F},.
2. Assume the decoder input messages are i.i.d., with distribution F},.

3. Obtain either in closed form or by Monte Carlo simulation the corre-
sponding marginal distribution Fj; of the decoder output messages.
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4. Let 14 =I(Fi), Ig = I(Foy) be a point on the EXIT function curve.

Our Methods 3 and 4 consist of applying the above approach under the
assumptions Fy, = Ngym (71 (14)) and F, = Egym(1 — L), respectively.

Fy

F,
inner Fout K, outer

decoder

decoder

En I F, out

Figure 3.3: Turbo-like IRA decoder

Example 3.6 Method 3 with a > 1. The complexity of the BCJR de-
coder becomes prohibitive as a increases. Using the reciprocal channel ap-
proximation, the determination of the EXIT function of the accumulator is
easier. The accumulator can be seen as the serial concatenation of a single
parity check code and a 2-state convolutional code of rate 1 (Fig. 3.4). Let
I, = I(F,) and I, = J(F,), where F, (resp. F.) is the distribution of the
input (resp. output) message of the convolutional code. The EXIT function
of the convolutional decoder, denoted by I, = f(I,), is obtained by Monte
Carlo simulation (see Appendix 3.B). Using the reciprocal channel approxi-
mation, the (14, Ig) point on the EXIT function curve of the accumulator is
then given by

Ig=1-=J((a=1)J A =1a)+J" (1= f(J(aJ ' (1a)))) (3.30)
O

Let the resulting EXIT functions of the inner and outer decoders be
denoted by I = g(I4) and by Ig = h(14), respectively, and let = denote the
mutual information between the messages at the output of the outer decoder
(repetition code) and the corresponding symbols (information bitnodes).

The resulting approximated DE is given by

xp = h(g(ze-1)) (3.31)
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O I ®

2-state rate—1 binary convolutional decode

Lo <L

Figure 3.4: Accumulator as the serial concatenation of a single parity check
code and a 2-state convolutional code

The corresponding fixed-point equation is given by x = h(g(z)), and the
condition for the uniqueness of the fixed point at x = 1, corresponding to
(3.7), is « < h(g(x)) for all z € [0,1). The resulting IRA optimization
methods are obtained by using this condition in (3.8).

It must be noted that h(0) > 0, because the IRA codes are systematic. If
the IRA codes were not systematic, the iterative decoding would never start
as h(0) would be 0, unless @ = 1 in which case the decoder starts but the rate
range is limited (see Section 2.1). This is why we have considered systematic
IRA codes in all our analysis [15].

While for the inner decoder (accumulator) we are forced to resort to
Monte Carlo simulation, it is interesting to notice that, due to the simplicity
of the repetition code, for both Methods 3 and 4 the EXIT function of the
outer decoder (Ig = h(I4)) can be obtained in closed form. Note that h(l,4)

can be written as
d

h(l4) = Z Aihi(1a) (3.32)

=2

where Iy = h;(I4) is the EXIT function of the repetition “sub-decoder” with
repetition degree 1.
For Method 3, by discretizing the channel observation distribution as in
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(3.18), we have

d D

i) =1-3 % Aipj% / e log (1 + e 2VEDT =000 g
i=2 j=1 >
(3.33)
For Method 4 we have
d
h(Ia) =1—(1=3(F) Y Ml —Ly)"! (3.34)
=2

3.5 Properties of the Approximated DE

In this section we show some properties of the approximated DE derived in
Section 3.1.

3.5.1 Stability condition.

Consider the DE approximation of Method 1. As said in Section 3.4.1,
(x,Z) = (1,1) is a fixed point of the system (3.17-3.19). We have the follow-

ing result:

Theorem 3.7 The fized-point at (1,1) of the system (3.17 — 3.19) is stable if
and only if the fized-point (Aw, Aso) of the exact DE (2.12 — 2.15) is stable.

Proof: See Appendix 3.C.

For other DE approximations, stability does not generally imply stability
of the corresponding exact DE. Consider the DE approximation of Method
2. (1,1) is a fixed-point of the system (3.27). We have the following result:

Proposition 3.8 The local stability condition of the approximated DE with
Method 2 is less stringent than that of the exact DE.

Proof: See Appendix 3.D.

It is interesting to notice that the looseness of the stability condition was
already mentioned in [43] when designing LDPC codes over the BIAWGNC
with the erasure-channel approximation, as in our Method 2.

If an approximated DE has a less stringent stability condition, then the
exact stability condition must be added to the ensemble optimization as an
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explicit additional constraint. It should be noticed that the DE approxi-
mations used in [15, 22, 43] require the additional stability constraint. For
example, the codes presented in [15] for the BIAWGNC and for which Ay > 0
are not stable. Therefore, the BER after an arbitrary large number of decoder
iterations is not vanishing.

3.5.2 Fixed-Points, Coding Rate and Channel Capac-
ity.

An interesting property of optimization Methods 2 and 4 is that the optimized
ensemble for a given channel with channel observation distribution F, and
capacity C' = J(F,) has coding rate not larger than C. In fact, as a corollary
of a general result of [42] (see Appendix 3.F), we have that

Theorem 3.9 The DE approximations of Methods 2 and 4 have a unique
fized point (1,1) only if the IRA ensemble coding rate R satisfies R < C' =
I(F,).

Proof: See Appendix 3.F.

We show in Section 3.6.1 through some examples that this property does
not hold in general for other code ensemble optimization methods, for which
the ensemble rate R might result to be larger than the (nominal) capacity
J(F,). This means that the threshold v*, evaluated by exact DE, is worse
than the channel parameter v used for the ensemble design.

3.6 Numerical Results

3.6.1 Design Example for Rate 1/2 Codes

In this subsection we present the result of optimization for codes of rate
1/2 and give examples for the BSC with cross-over probability p and the
BIAWGNC with symbol SNR

S L
Ny 202
and energy per bit divided by noise power spectral density N
EyalBs 11
No RNy, R20?
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Code 5 Method 1

09 - v
08 - e
07 ool

05 RIS

o(x,z(x))
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03f--- I R

02f - R S
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Figure 3.5: Fixed-point equation for BIAWGNC with Method 1, IRA code
rate 1/2

In Fig. 3.5, the curve (solid line) shows ¢(z, Z(z)) as a function of x € [0, 1]
for method 1, for the BIAWGNC and code rate 1/2. The solutions of the
fixed-point equation (3.6) correspond to the intersection of this curve with the
main diagonal (dotted line). Fig.3.6 shows the inverse of the EXIT function
of the accumulator g(z) (dashed line) and the EXIT functions of repetition
“sub-decoders” h;(x) with repetition degrees i = 2,3,---,100 (solid lines),
on the BIAWGNC for method 3. The weighted combination (with weights
Ai) of the EXIT functions h;(z) yields the EXIT function of the repetition
decoder h(x). The fixed-point equations and EXIT functions are very similar
for the four methods.

Tables 3.1 and 3.2 give the degree sequences, the grouping factors and the
information bitnode average degrees for the four methods, for codes of rate
1/2 over the BIAWGNC and the BSC, respectively. We compute the true
iterative decoding thresholds (by using the exact DE) for all the ensembles
(denoted by SNR(DE) and p(DE) in the tables) and report also the gap of
these thresholds with respect to the Shannon limit (denoted by SNR,,,(DE)
and pyq,(DE) in the tables). Then, we compare it to the threshold of the
approximated DE (denoted by SNR,,,(approx.) and py,(approx.) in the
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Figure 3.6: EXIT functions for BIAWGNC with Method 3, TRA code rate
1/2

tables). We observe that the rates of the codes designed using methods 2 or
4 are below capacity, which is consistent with Theorem 3.9. On the contrary,
the codes designed using methods 1 or 3 have rate possibly larger than the
capacity corresponding to the channel parameter used for the design. It can
easily be checked that all the designed codes are stable.

3.6.2 Thresholds of IRA Ensembles

In this section we present results for codes designed according to the four
methods, for rates from 0.1 to 0.9, and we compare the methods on the
basis of the true thresholds obtained by DE. We present the code rate, the
grouping factor, the average repetition factor and the gap to Shannon limit,
for both BSC and BIAWGNC.

Tables 3.3 and 3.4 show the performance of IRA codes on the BIAWGNC.
Tables 3.5 and 3.6 show the performance of IRA codes on the BSC. For all
rates, and for both channels, IRA codes designed assuming Gaussian a priori
(methods 1 and 3) perform much better than those designed assuming BEC
a priori (methods 2 and 4). Nevertheless, method 4 yields better codes than
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Method 1 Method 2 Method 3 Method 4

T x| ] N i ] &N i N~

2 | 0.04227 | 2 | 0.05554 | 2 | 0.05266 | 2 | 0.05554
3 1016242 | 3 | 0.16330 | 3 | 0.11786 | 3 | 0.14480
7 10.06529 | 8 | 0.06133 | 5 | 0.05906 | 7 | 0.18991
8 |10.06489 | 9 | 0.19357 | 6 | 0.06517 | 8 | 0.00996
9 | 0.06207 | 25 | 0.14460 | 8 | 0.03615 | 19 | 0.03721

10 | 0.01273 | 26 | 0.08842 | 9 | 0.11288 | 20 | 0.25894
11 | 0.13072 | 100 | 0.29323 | 13 | 0.06068 | 100 | 0.30366

14 | 0.04027 14 | 0.04650
25 | 0.00013 22 | 0.08606
26 | 0.05410 23 | 0.01610
36 | 0.13031 34 | 0.11019
37 | 0.13071 35 | 0.11919
100 | 0.10402 100 | 0.11751
Rate 0.50183 0.49697 0.50154 0.49465
a 8 8 8 8
d 7.94153 8.09755 7.95087 8.17305
SNR(DE) 2.739 2.457 2.727 2.533
SNR,,.,(DE) 0.059 0.406 0.075 0.306
SNRyp (approx.) -0.025 0.040 -0.021 0.071

Table 3.1: TRA codes of rate 1/2, designed with methods 1, 2, 3 and 4, for
the BIAWGNC, with threshold evaluated with exact DE

method 2, especially at low rates. This is due to the fact that, in method
2, the communication channel is replaced with a BEC with the same capac-
ity, while this is not the case in method 4. This difference in performance
decreases as the rate increases.

Fig. 3.7 compares the performance of IRA ensembles with the best known
LDPC ensembles [9] on the BIAWGNC. As expected, the performance of
IRA ensembles is inferior to that of LDPC ensembles. However, in view of
the simplicity of their encoding and decoding, IRA codes, optimized using
methods 1 or 3, emerge as a very attractive design alternative.

Fig. 3.8 compares the performance of IRA ensembles obtained via the pro-
posed methods for the BSC. The best codes are those designed with method
3.
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Method 1 Method 2 Method 3 Method 4
T N ] N 7] N i N
2 10.03545 | 2 |0.04732 | 2 | 0.03115| 2 | 0.04657
3 1014375 | 3 | 0.17984 | 3 | 0.14991 | 3 | 0.14932
6 | 0.03057 | 9 | 0.19715| 6 | 0.04630 | 7 | 0.07693
7 10.10963 | 10 | 0.06259 | 7 | 0.06217 | 8 | 0.16249
9 | 0.10654 | 26 | 0.16429 | 8 | 0.08666 | 20 | 0.07001
10 | 0.02388 | 27 | 0.05676 | 10 | 0.12644 | 21 | 0.20550
11 | 0.04856 | 100 | 0.29205 | 17 | 0.03430 | 100 | 0.28919
12 | 0.00461 18 | 0.01506
21 | 0.03035 26 | 0.00228
28 | 0.22576 27 | 0.02258
29 | 0.09453 28 | 0.21774
100 | 0.14635 29 | 0.08021
100 | 0.12521
Rate 0.48908 0.49620 0.49226 0.49091
a 8 8 8 8
d 8.35724 8.12253 8.25157 8.29627
p(DE) 0.1091 0.0938 0.1091 0.1009
Pgap(DE) 0.0046 0.0175 0.0035 0.0122
Dgap(8PProx.) 0.0037 0.0013 0.0026 0.0018

Table 3.2: IRA codes of rate 1/2, designed with methods 1, 2, 3 and 4, for
the BSC, with threshold evaluated with exact DE

3.7 Conclusion

This chapter has tackled the optimization of IRA codes in the limit of large
code block length. For the sake of tractable analysis, we have proposed four
methods to approximate densities involved in DE with a one-dimensional
parameter. These approximations are motivated by recent results in the field
of code design (EXIT functions, reciprocal channel approximation, and the
non-strict convexity of mutual information) and have led to four optimization
methods that can all be solved as a linear program.

We have shown formally that one of the proposed methods (Gaussian ap-
proximation, with reciprocal channel approximation) yields a one-dimensional
DE approximation with the same stability condition as the one under exact
DE, whereas the exact stability condition must be added to the ensemble
optimization as an explicit additional constraint for another method (BEC a
priori, with reciprocal channel approximation). We have also derived results
related to the rates of the codes: in general the Gaussian a priori methods
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| Method 1 | Method 3 |
Rate | a d | SNRgp | Rate | a d | SNRgap
0.10109 [ 2 [ 17.78 | 0.151 [ 0.10133 | 2 | 17.74 | 0.163
0.20191 | 3 | 11.86 | 0.096 || 0.20199 | 3 | 11.85 | 0.126
0.30153 [ 4 | 9.27 | 0.081 [ 0.30175 | 4 | 9.26 | 0.111
0.40196 | 6 | 8.93 | 0.057 || 0.40201 | 6 | 8.93 | 0.067
0.50184 [ 8 | 7.94 | 0.059 [ 0.50154 | 8 | 7.95 | 0.075
0.60188 | 11 | 7.28 | 0.065 | 0.60147 | 11 | 7.29 | 0.065
0.70154 [ 16 | 6.81 | 0.067 || 0.70093 | 16 | 6.83 | 0.068
0.79904 [ 29 | 7.29 | 0.066 || 0.79912 [ 29 | 7.29 | 0.062
0.89677 | 61 | 7.02 | 0.088 | 0.89712 | 61 | 7.00 | 0.083

Table 3.3: IRA codes designed with methods 1 and 3 for the BIAWGNC,
with threshold evaluated with DE

| Method 2 || Method 4 |
Rate a d SNRgap Rate a d SNRgap
0.09407 | 2 | 19.26 0.906 0.09752 | 2 | 18.51 0.316
0.19842 | 3 | 12.12 0.573 0.19725 | 3 | 12.21 0.293
0.29767 | 4 | 9.44 0.529 0.29671 | 4 | 9.48 0.336
0.39703 | 6 | 9.11 0.466 0.39445 | 6 | 9.21 0.343

0.49697 | 8 | 8.10 0.406 0.49465 | 8 | 8.17 0.306
0.59689 | 11 | 7.43 0.362 0.59577 | 11 | 7.46 0.338
0.69580 | 16 | 7.00 0.323 0.69584 | 16 | 6.99 0.296
0.79737 | 26 | 6.61 0.272 0.79678 | 26 | 6.63 0.271
0.89827 | 56 | 6.34 0.212 0.89826 | 56 | 6.34 0.214

Table 3.4: IRA codes designed with methods 2 and 4 for the BIAWGNC,
with threshold evaluated with DE

are optimistic, in the sense that there is no guarantee that the optimized rate
is below capacity. On the contrary, the BEC a priori methods always have
rates below capacity.

Our numerical results show that, for the BIAWGNC and BSC, the Gaus-
sian a priori approximation is more attractive since the codes designed under
this assumption have the smallest gap to Shannon limit. Depending on the
desired rate, the EXIT function of the inner decoder has to be computed
either with Monte-Carlo simulation (method 3) or with the reciprocal chan-
nel approximation (method 1). At least for the BIAWGNC, there is some
evidence that the best LDPC codes [9] designed with DE slightly outperform
our designed codes. In view of this and the very simple encoding structure
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| Method 1 | Method 3 |
Rate a d Dgap Rate a d Dgap
0.10042 | 2 | 17.92 | 0.0032 || 0.10137 | 2 | 17.73 | 0.0036
0.19910 | 3 | 12.07 | 0.0037 || 0.20086 | 3 | 11.94 | 0.0041
0.29573 | 4 9.53 | 0.0044 || 0.29897 | 4 9.38 | 0.0031
0.39298 | 6 9.27 |1 0.0044 || 0.39621 | 6 | 9.14 | 0.0032
0.48908 | 8 8.36 | 0.0046 || 0.49226 | 8 | 8.25 | 0.0035
0.58590 | 12 | 8.48 | 0.0044 || 0.58815 | 11 | 7.70 | 0.0040
0.68271 | 17 | 7.90 | 0.0044 || 0.68409 | 16 | 7.39 | 0.0039
0.78155 | 28 | 7.83 | 0.0038 || 0.78235 | 28 | 7.79 | 0.0035
0.88437 | 59 | 7.71 | 0.0026 || 0.88457 | 63 | 8.22 | 0.0025
Table 3.5: IRA codes designed with methods 1 and 3 for the BSC, with
threshold evaluated with DE
| Method 2 || Method 4 |
Rate a d Dgap Rate a d Dgap
0.09406 | 2 | 19.26 | 0.0194 || 0.09952 | 2 | 18.10 | 0.0121
0.19833 | 3 | 12.13 | 0.0175 || 0.19842 | 3 | 12.12 | 0.0101
0.29743 | 4 | 9.45 | 0.0190 || 0.28836 | 4 | 9.87 | 0.0114
0.39650 | 6 9.13 | 0.0187 || 0.38865 | 6 | 9.44 | 0.0149
0.49620 | 8 8.12 | 0.0175 || 0.49091 | 8 | 8.30 | 0.0122
0.59580 | 11 | 7.46 | 0.0155 || 0.59349 | 11 | 7.53 | 0.0124
0.69559 | 16 | 7.00 | 0.0126 || 0.69107 | 16 | 7.15 | 0.0116
0.79583 | 26 | 6.67 | 0.0091 || 0.79283 | 26 | 6.79 | 0.0090
0.89692 | 56 | 6.44 | 0.0049 || 0.89337 | 57 | 6.80 | 0.0051
Table 3.6: TRA codes designed with methods 2 and 4 for the BSC, with

threshold evaluated with DE

of IRA codes, they emerge as attractive design choices.
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APPENDIX

3.A Proof of Proposition 3.1

First, notice that

fY|X 1 ZQZ Y|X= 1 ZQZ - y|X 0 = e_ny\X=0(y> (335>
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Therefore, the mutual information is not strictly convex on channels with
transition probability fé.l‘)x as in (3.35) . O

Proof of Corollary 3.2 The assertion of Corollary 3.2 follows from Propo-
sition 3.1 since for a collection of binary-input symmetric-output channels
with symmetric transition probability

Vi, Yy i pyixs( X =1,5=1) =pyxs(—y|X =0,5=1)
= e pyix,s(y|X =0,5 =1)

3.B EXIT Function with Monte Carlo

We want to compute I(X; L), the mutual information between the input
binary symbol X and the output log likelihood message L. Note that

I(X;L)=1—- H(X|L) (3.37)
where H(X|L) is the conditional entropy of X on L defined as [51]

X|L g g p(z, 1) logp(z|l) (3.38)
The conditional probability of X on L =1 is given by
ol
X =0|L= = .
PX=0L=0) = (3.39)
1
X=1L=1) = 4
PX=1L=D) = (3.40)

Then (3.37) becomes
I(X;L) = 1 —I—ZZ]D p(x|l) log p(z|)

el 1 1
= 1 1
+Zp (1+el 1+el+1+el Og1+el)

l

[
= 1+EL|: ¢

ool ™ log (1 + el)] (3.41)

The mean in (3.41) can be obtained by Monte Carlo simulation.
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3.C Proof of Theorem 3.7

The local stability condition for the system ((3.17) and (3.19)) is given by the
eigenvalues of the Jacobian matrix for the functions (¢, ¢) in the fixed-point
(x,Z) = (1,1). The partial derivatives of ¢ and ¢ are

%(1,1) = > > Apili —)(a—1) lim T = D) (3.42)

Ox P j - p—too J' (1)

B0 S T

oz i—2 i1 H—+00 J(,u)

aqg _ D . Jl'l)j(l“)

%(17 1) - ;pjaul_l)r_{loo J’(,u) (344>

09 <N D)

—(1,1) = 1 2 4

oz 1Y ;pﬂ it (1) 34
where

+0o0
Ju,; (,u) =1- —/ e log, (14 e 2Vrh7u) dz. (3.46)

Note that Jy(p) = J(u). Since both limits tend to 0, we derive an asymptotic
expansion for J', (u) and J'(u).
The derivative of J,, is given by

logy(e) 1 [*° L, e eV’
) = =g | VR T

Since F,, is symmetric, the sum over j can be rewritten as:

D

> i (1) = T o (1) + Zp] <J' e T —v;(u))

j=1

Let us define

fo(p) = Jo(p) (3.47)
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and

fo(u) = gi ><J J(u)+6_”ﬂf’—ug(u)>

+oo
_ / (VAP
\/_
1

<1 + 6—2\/ﬁ2—ﬂ—1}j + 1+ 6_2\/‘@2_“—"_”9) dz (348)

Following [52], (3.48) can be rewritten as
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1 toOl o u Y 1 1
+— 56 4 2 V. i + i A dZ
\/7_1' o @\/ﬁz+?] —+ e_\/ﬁz_?] @\/ﬁ‘z—?ﬂ —+ e_\/ﬁZ+TJ

eiTT [t 1 1
N 4/ ‘ ot o | dz
T J- cosh(\/uz + %)  cosh(\/uz — )
v (==4)? N _<z+%/i)2
e 4 2 e I e m
= d 3.49
4./ J_o cosh(z) : (3:49)
The first equality in (3.49) is obtained by the change of variable 2" = z+,/11/2.
The third equality is due to the fact that the first and second integrands in

the second line of (3.49) are odd and even functlons of z, respectlvely Then

we use the changes of variable 2’ = | /uz + J and 2’ = \/pz — %J

Lebesgue’s dominated convergence theorern completes the proof. Indeed,
the sequence of measurable functions verifies:

l\.’)

e 1
“cosh(z)  #7F cosh(z)
and these functions are bounded by an integrable function independent of u:
2
e~ 1 1
Vi >0,Vz € R, cosh(2) < cosh(2) € L' (R).

Vz € R,
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Thus Lebesgue’s dominated convergence theorem [53] applies and
z2
/+O° € g /+O° L. — [2arctan(e)] "
z = [2arctan(e =T
o cosh(z) T s oo cosh(z) o0
Therefore for large
L VTe e %L
fv;- (:u) 2 \;{ﬁ
folw) — ~ @ Qﬁf
And thus, forn > 1
o D et i =
oo fo(u) 0 if n>1
hy fo) [ 1 n=1
ptoo fo(n) L0 if n>1
The partial derivatives of ¢ and qg are
¢ A
oo (LD = dala—1)(pp+ ) e ?)
j=1
Dl / ’U,-
= No(a—1)(py+ ) _Wje ? +pjee?)
j=1
D N
= A(a—1) ije_T
j=1
= X(a—1)e™ (3.50)
where r is defined in (2.26). Similarly,
0
a?(l ) = A2 (3.51)
0
a¢(1 1) = ae™” (3.52)
0
900 1) = (3.53)
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The Jacobian matrix is then

(a—1)N'(0) 2X(0) | .
J= “ 1 } e

In order to be stable the eigenvalues of J should be inside the unit circle.
Therefore the stability condition reduces to:

% (1 FN(0)(a—1) + /T + 2V (0) + 6N (0)a + N(0)2(a — 1)2) < ¢ (3.54)

Notice from (2.27) and (3.54) that the stability conditions under DE and
approximated DE are the same. 0

3.D Proof of Proposition 3.8

The Jacobian matrix of the approximated DE (3.27) about the fixed-point

[z,Z] = [1, 1], for a given input channel distribution F, is
_ / /
g= [ DXO 2O 4 _gm) =A@ - 9(R)

where A was already defined in (2.24). The stability of the exact DE is given
by the eigenvalues of Ae™" (where r is defined in (2.26)) while it is given by
those of A(1 —IJ(F,)) for the approximated DE.

Assuming that F), has a density function denoted f,, define

filfu) = fjoooo e_Z/qu(Z)dz
fo(fu) = fjoooo log, (1 +€77) fu(2)dz

Because F, is symmetric, we get

400 0
L(f) = / 2 f(2)dx + / /2 f,(~2)dz

+o0 -
= / 2e 2 f,(2)dz (3.55)
0

0

+oo
hf) = / log, (1+ %) fulz)dz + / logy (1 + ¢%)e fu(—2)dz

— o0

- /;OO ((1 +e ) logy (1+e7%) + 1—6‘2) fu(z)dz (3.506)

z
og 2
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We will show in the following that
Vz>0: (1+e?)log(l+e?)+ze* < 2(log2)e />
Letting x = e™#, the above statement becomes equivalent to
Ve e [0,1]: f(x) <0
where
A
f(x)= (1 +2)log(1+x)—xlogz — 2log 2/ (3.57)

Noting that
lim f(z) =0 and f(1)=0

z—0
then a sufficient condition for f(x) to be negative over the interval (0,1) is
that f(z) has a single extremum, which is a negative minimum (see Fig. 3.9).
The derivative of f(x) is

r+1 log2

f'(z) = log NG

with
lim f(x)=—-00 and  f/(1)=0
The solution of f/(x) = 0 is the same as that of g(z) = go(z) for 0 <z <1,
where g;(z) = 2 and g, = 2V/V*, with
lim g1(z) = lim g>(z) = +oo  and  ¢i(1) = g2(1) = 2
Since

e g; and g, are convex functions? on the interval [0, 1],

e go(x) grows faster to +0o0 than g;(x), as x tends to 0,

e gi(1) = —1 and g4(1) = —log2, i.e., the slope of g; is larger (in mag-
nitude) than the slope of go, at x = 1 (see Fig. 3.10),

then there exists a unique o € (0, 1) for which g;(z¢) = ga(xo), i.e., f'(x9) =
0. Since f(x) is decreasing in the vicinity of x = 0, then the extremum f(z¢)
is a negative minimum, and Vz € [0, 1], f(z) < 0. Hence

VFuegsym fQ(fu) Sfl(fu)
and the conclusion follows. O
2g/(z) >0 and g§(z) >0 for 0 <z < 1.
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L i L i L i L L L
0 ol 02 03 04 05 06 07 08 09 1

X

Figure 3.9: Function f(x)

Figure 3.10: Functions g;(z) and go(z)

3.E Proof of Lemma 3.3

Because of property 3 of binary-input symmetric-output channels shown in
Section 3.3.1, we can assume without loss of generality, that F' is symmetric
(in the sense of (2.10)). Then, the channel capacity is given by (3.11), namely

C(F) =9(F) =1 - / logy(1 + ¢~)dF(2)
From Proposition 3.8, we find that

IF)>1— / N e PdF(z) =1—e" (3.58)

oo
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r being the Chernoff bound exponent. Therefore, to show (3.13), it is suffi-
cient to show that

1—¢e > % (r —r?)log, 2 (3.59)

First note that (3.59) holds for all » > 1. Hence, we only need to show the
inequality for r € [0, 1]. Recall the Taylor series expansion of a real function
f(z) around x

p i 1
(x — x0) (4) (z — )" (p+1
2) =Y T fO () 4 A f D (¢
for some ¢ € (z¢,z) and any integer p > 0, where f®(x) = % is

r=x
the " derivative of f(z) with respect to . The Taylor series expansion of
1 — e " around 0 yields

. ) +’l“2 e—c,r,S

e"=1—-r+——
2 3!
for some ¢ € [0, ], then

2
,
l—e " >pr——
e 2T = 5

Since %7"2 + (1 —logy e/2)r > 0 for r € [0, 1], then

—_

I1—e "> =(r—r%log,e

2
thus concluding the proof. O

3.F Proof of Theorem 3.9

Theorem 3.9 follows as a corollary of a result of [42] that we state here for
the sake of completeness as Lemma 3.10 below. In order to introduce this
result, we consider the model of Fig. 3.11, where b, x; and x are binary
sequences and where Channel 1 is the communication channel with output
y and Channel 2 is a BEC channel with output z. Let the decoder be a
maximum a posteriori (MAP) symbol-by-symbol decoder, producing for all
i =1,...,n, output messages of the form

P(xu = 0|yaz[z‘})
P(ifl,i = 1|Y7Z[i})

(3.60)

me; = log
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b X Yy
Encoder 1 Channel 1

Decoder (———=

Encoder 2 Channel 2

X1 z

Figure 3.11: General decoding model

where z; 2 (21, -y Zic1y Zit1, - - -, 2n). Following [42], we generalize the def-
inition of 74 and I given in Section (3.2) to the case of sequences as

1 n
[A = E;I(xl’“ZZ)
1 n
Ig = — I(x1,3,me0,
s 1
=1

where (a) follows from the fact that the decoder is MAP. Again, the decoder
EXIT function is the set of points (14, [g) for all I, € [0,1].

For the setup of Fig. 3.11 with the above assumptions, the following result
applies:

Lemma 3.10 [42] Let b be uniformly distributed and i.i.d.. If Encoder 2 is
linear with generator matrixz having no all-zero columns, then the area under
the EXIT characteristic satisfies

Al /0 p(e)ds =1 %H(xl\y) (3.62)

We start by proving Theorem 3.9 for the approximated DE of method 4.
Consider the IRA encoder of Fig. 2.1 and the Turbo-like decoder of Fig. 3.3.
The inner MAP decoder receives channel observations u, for the parity
bits and input messages for the symbols of x;, and produces output messages



3.F Proof of Theorem 3.9 59

for the symbols of x;. The general decoding model of Fig. 3.11, applied to
the inner decoder, yields the model of Fig. 3.12 (a).

The outer MAP decoder receives channel observations u, for the infor-
mation bits and input messages for the symbols of x;, and produces output
messages for the symbols of x;. The general decoding model of Fig. 3.11,
applied to the outer decoder, yields the model of Fig. 3.12 (b).

X1 Inner X2 Up
channel
encoder
Inner | Ext(x1)
E——
decoder
Identity BEC
(a)
b .
Identity channel
Ext(x
Outer (1)
—
decoder
Outer |
BEC
encoder

(b)

Figure 3.12: Model of inner (a) and outer (b) decoders for method 4

The upper channel is the communication channel with capacity J(F,).
Since we consider the approximation method 4, we let the lower channel
to be a BEC in both Figs. 3.12 (a) and (b). Let k, n and m denote the
number of information bits (length of b and of uy), the number of repeated
information bits (length of x;) and the number of parity bits (length of x
and of u,), respectively. The inner and outer coding rates are R;, = n/m
and Roy = k/n, and the overall IRA coding rate (2.3) is given by

o k o RinRout
B k+m B 1+RinRout

R
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By applying Lemma 3.10 to the inner code model (Fig. 3.12 (a)), we obtain

1
Ap = 1—5H(x1|up)
1
— 1 (H(x) (i)
a 1
= El(xl;up)
2 P (g ups) = I(F,)/ Rin (3.63)
mn

where (a) follows from the fact that, by the model assumption, x; is an
i.i.d. uniformly distributed binary sequence, and (b) follows from the fact
that the accumulator (inner code) generates x, with uniform probability (and
uniform marginals) if driven by the i.i.d. uniform input sequence x; (because
the inner code rate a is larger than 1).

By applying Lemma 3.10 to the outer code model (Fig. 3.12 (b)), we
obtain

1
Aout = 1__H(X1|u8)
n

— - 2H) - I w)

>3

a

1
1——+ E[(xl;us)

>3

k
31—5+5Hm%ﬂ:1—Rm+Rmﬂﬂ) (3.64)

where both (a) and (b) follow from the fact that the repetition code is an
invertible mapping, so the entropy H (x1) is equal to the entropy of the infor-
mation sequence b (equal to k bits) and I(x1;us) = I(b;us) = kI (bi;us;) =
KI(F,).

As seen in Section 3.4.3, the approximated DE has no fixed-points other
than (1,1) if and only if g(z) > h~!(z) for all z € [0, 1), where g(x) and h(zx)
denote the inner and outer decoder EXIT functions. This implies that

Ain >1-— Aout

since
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By using (3.63) and (3.64), we obtain

J(Fu)/Rm > Rout - RoutJ(Fu)
2
RinRout

F, — 0 =
J( u) 1 + RinRout

R (3.65)

For method 2, the above derivation still holds, since the communication
channel in Fig. 3.11 is replaced by a BEC with erasure probability e =1 —
J(F,). In fact, the inner and outer decoder EXIT functions can be rewritten
as

d

hz) = 1—(1—J(Fu))2)\i(1—x)i_l (3.66)
xa—lJ(Fu);_

g(x) = T CAIIE (3.67)

and the areas under these functions are again
1 d
Ao = / Ba)dz =1 — (1= IF) S Afi = 1= R + Roud(F)
0 i=2

Ay = /0 g(x)dz = I(F,)/a = I(F,)/ R

d
since Ry, = Z Ai/i and Ry, = a. Therefore, the final result (3.65) holds
=2

also for metho:d 2. O
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Chapter 4

Finite Length Repeat
Accumulate Codes

In this chapter, we study the performance of finite length regular and irreg-
ular repeat accumulate codes, whose Tanner graphs are constructed semi-
randomly and satisfy one of the following criteria: (a) the graph is free of
cycles up to 25, (b) cycles of length up to 2dacg have at least n external
edges (S, dace and n are design parameters). We compute the input output
weight enumerators of IRA codes, and derive an upper bound on the bit error
probability of random RA codes under maximum likelihood decoding.

4.1 Finite Length IRA Codes

The performance of the random-like ensemble of systematic IRA codes, in the
limit of large block length, optimized in chapter 3 for binary-input symmetric-
output channels, is found to be very close to the Shannon limit. The bipartite
graphs associated to these codes are free of cycles of any finite length, in the
limit of infinite block length. However, finite length bipartite graphs may con-
tain short cycles, and the BP message-passing decoder is no longer optimal,
since the local message independence assumption is no longer valid. Ran-
domly constructed IRA codes of finite length may have poor performances

63
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under BP decoding, in the following aspects:

e In the low SNR region, the BER waterfall is far from the code ensem-
ble threshold, hence the gap from channel capacity is not as good as
predicted by the infinite length DE analysis;

e In the medium to high SNR region, the BER flattens in an even larger
gap from channel capacity for very low BER. This behavior is referred
to as an “error floor”;

o If \y #£ 0, as is the case for optimal degree sequence distributions, then
the word error rate (WER) is poor.

There exists a trade-off between the threshold SNR and the “error floor” BER
of irregular versus regular codes [54]. For short code block lengths, regular
codes usually exhibit better error loor BER than their irregular counterparts.
On the other hand, for large block lengths, optimized irregular codes largely
outperform their regular counterparts in approaching their DE threshold.

The issue of interleaver construction can be tackled in two ways, either
adopting a turbo code approach or a LDPC-oriented approach. Different
approaches have been adopted for the construction of turbo code interleavers
such as increasing the code minimum distance [55, 56, 57| and enhancing the
convergence of iterative decoding [58, 59]. These approaches are not suitable
for IRA codes, because they do not eliminate short cycles in the bipartite
graph, therefore, the performance of the codes under iterative decoding is
not improved.

Different approaches have been adopted for the construction of finite-
length LDPC codes. [60, 61, 62] propose methods to remove short cycles
in order to maximize the length of the shortest cycle, and [63] proposes a
method to remove short cycles that contribute to small stopping sets [27].

It is commonly believed (based on heuristic arguments) that the removal
of short cycles improves the performance of short length bipartite graph
codes under BP. It is also found that maximizing the length of the shortest
cycle yields a large minimum distance [60, 64], thus improving the code
performance in the high signal to noise ratio (SNR) region. We therefore
use the progressive edge-growth algorithm (PEG) [60] to construct regular
Repeat Accumulate (regular RA) and IRA codes, whose associated bipartite
graph has a shortest cycle length, called girth, at least equal to 25 + 2, where
S is a design parameter.
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Under BP decoding of random LDPC codes, it is found that small stop-
ping sets result in high error floors on the BEC. So, alternatively to girth
conditioning, we use the method proposed in [63], to construct IRA codes
whose Tanner graphs are free of small stopping sets.

It is instructive to determine the average random IRA performance on
the BIAWGNC, under ML decoding. This allows to determine whether a
poor performance of the random IRA ensemble is due to the BP decoder or
the code ensemble itself. Moreover, it is interesting to compare the perfor-
mance of the semi-random ensemble performance under BP against that of
the random ensemble under ML decoding.

4.2 Construction of Finite Length IRA Codes

Consider the random IRA code ensemble described in chapter 2, whose bi-
partite graph is depicted in Fig. 2.2. Let there be ng, different repeti-
tion degrees r;. Then, the repetition code can alternatively be defined in
terms of a degree distribution {0 < f; < 1,4 = 1,...,n4,} and a degree
set {2 <d; <d,i=1,...,n4¢}, such that f;k is the number of information

Ndeg
bitnodes of degree d; and Z fi = 1. The average information bitnode degree

=1
Ndeg

is then given by d = szz

Without loss of ée;lerality, assume that r; < ro... < 1, ie., infor-
mation bitnodes are indexed in the non-decreasing order of repetition de-
grees. Let eq, ..., ey denote the edges connected to the information bitnodes
vy, ...,V so that edges ey, ..., e, are connected to information bitnode vy,
edges €,,41,...,€r4r, are connected to information bitnode vy, and so on.
Define the mapping V' as

V:{l,...,N} — {1,...,k}

J — isuch that e; is connected to v;
We construct the a-to-1 mapping C'

C:A{1,...,N} — {l,....,m}

Jj — 4such that e; is connected to ¢;
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on an edge by edge basis. Initially, C(IV) can take any value in the list
Ly={1,1,...,1,2,2...,2,...,m,m,...,m}

which is formed by repeating every element of the set {1,2,...,m} a times.
Once C(N) is selected, the list Ly_; from which C(N —1) can be selected is
obtained by removing C'(N) from L. Likewise, £; is obtained by removing
C(j + 1) from the list £;11. We construct the mapping C' using either one
of the following two methods.

Progressive Edge Growth Algorithm [60] The PEG algorithm allows
to construct a graph free of cycles of length 4,6,...,25. Assuming that
C(N),C(N —1),...,C(j +2),C(j + 1) have all been determined, and that
there are no cycles of length smaller than 2S5 + 2, then C(j) is determined as
follows. We first randomly select C'(j) from L. Then, a local neighborhood
originating at V' (j) is expanded up to depth S (cf. Fig. 4.1 for S = 4). If
there is no cycle in the local neighborhood then let £;_; = £; — {C(j)} and
proceed to edge e;_1, otherwise select another C'(j) and redo the previous
step.

Edges e; are assigned in the decreasing order j = N, N —1,...,1, i.e,
in the non-increasing order of repetition degrees v (ny, "v(n—1), - - - Tv(1), be-
cause it is easier to assign edges connected to high-degree information bitn-
odes under a girth constraint at the beginning of the algorithm than toward
the end.

Stopping Set Maximization (SSMAX) [63] The algorithm proposed in
[63] attempts to maximize the size of stopping sets in the graph, by ensuring
that cycles of length 4,6...,2dscp have ACE > 7, where ACE stands for
approximate cycle EMD, and EMD in turn stands for extrinsic message
degree. ACE is the number of external edges connected to a cycle, and is
given as

ACE 2 Z(di —2)

where d; is the degree of the i’ (information or parity) bitnode in the cycle.
Assuming that C(N),C(N —1),...,C(j +2),C(j + 1) have all been deter-
mined, and that all cycles of length up to 2d scr have ACE > n, then C(j) is
determined as follows. We first randomly select C'(j) from L£;. Then, a local
neighborhood originating at V' (j) is expanded up to depth S. If all cycles
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V(J)

Depth 1

Depth 2

Depth 3

e O... Depth 4

Figure 4.1: Local neighborhood expanded on 4 levels

in the local neighborhood, of length up to 2dscp, have ACE > n, then let
L,y =L;—{C(j)} and proceed to edge e;_1, otherwise select another C'(j)
and redo the previous step.

The following proposition shows two simple conditions, that if satisfied,
ensure that the resulting graph is free of cycles of length 4.

Proposition 4.1 A graph satisfying the following two conditions

1.
Vi, jhe{l,...,N}, j'#j
V(") =V03)=1C3G) - ) =2 (4.1)
2.
vjajlajlaji € {17"‘7N}7 j, 7é.]7 jl #j/a ]1 7&]1
V(i) =V()
if Clh) =CG) =100 -CU)l =1 (4.2)

V(i) =V}

is free of cycles of length 4.
Proof: See Appendix 4.A.
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4.3 Upper Bound on the Girth of IRA Graphs

An upper bound on the girth of IRA codes can be obtained using results in
[65], which were used in [62] to derive an upper bound on the girth of LDPC
codes. The average variable node degree o and the average check node degree
|4 are given as:

_ c?k(2+al—a
L (4.3)

which can be approximated, for practical information block length k, as

[e% ~ M
~ a+td (44)
W~ a-+2

Let g denote the girth of the graph. Then, from [65], the following upper
bound can be derived:

log [ E£2((u — 1)(a = 1) = 1) + 1]

m

P - D - 1) -
then, using (4.4) and m = kd/a, we get:
< log [k(d — 1) + 1] (4.6)

log [%(Ja +d— a)}

Using the adjacency matrix of the parity check matrix associated to a
Tanner graph [62], we can evaluate the girth of graphs generated by the
methods described in the previous section. Let us consider regular RA codes
with parameters a = 4 and d = 4 generated using the progressive edge growth
method. The following table shows the minimum £ required to obtain a graph
with girth g, as well as the corresponding theoretical girth upper bound.

| k | Jbound | g |
21 7.2 6
190 11.0 8
1930 | 15.0 | 10

Table 4.1: Theoretical and true girth of short-length regular RA graphs
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4.4 Maximum Likelihood Decoding

An upper bound on the BER and WER of the random ensemble of IRA
codes, under ML decoding on the BIAWGNC, can be determined using the
tangential sphere bound (TSB) [66, 67, 68] detailed in Appendix 4.B. The
computation of the TSB on the BER and WER requires the knowledge of
the input-output weight enumerators (IOWE) of the random IRA ensemble
App, w=0,1,....,k and h = 0,1,...n . A, is the number of output
codewords with weight h, generated by information information words of
weight w. Using the uniform interleaver technique [69], we can calculate the
average A, n, by assuming that the IRA encoder has a uniform interleaver
at the output of the repetition encoder, and a second uniform interleaver
between the grouping and the accumulator (see Fig. 4.2). Then

Aw7h+w - P m : ;
> 2 w

where Aip, Ag’:l, Af}h are the IOWE of, respectively, the repetition code, the

grouping and the accumulator (2-state rate-1 convolutional code).

k
k Repetition N _| Uniform m Grouping pnifom Accumu—%m
interleaver interleavef lator

Figure 4.2: Modified IRA encoder with uniform interleavers to compute the
IOWE

The following IOWE computation is the extension of the results in [15]
to the case a > 1 and irregular repetition pattern.

4.4.1 IOWE of Repetition Code
The IOWE of the repetition code is given by

Af;,h = Z Afr,h (4-8)
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where
Ndeg Ndeg
fjk) .
if h= d;w;
0 otherwise

and the summation is carried out over all ordered integer partitions w =

[wi, ..., wy,,] of w into at most ng, parts, ic., Y7 w; = w and w; =
0,1,...,w. Integer partitions of w are generated using algorithms in [70].

The number of these partitions grows at least as ©(w"ds~1) [70], making the
computation of the irregular repetition IOWE intractable for information
block lengths k£ > 200.

If ngey = 1, the repetition is regular with repetition degree d, and the
resulting IOWE is [15]

k . .
AR, = { () i h=dw (4.10)

0 otherwise

4.4.2 TOWE of Grouping

Computing the number of codewords of input weight w = 0, ..., N and out-
put weight h =0, ..., m is equivalent to determining the number of ordered
partitions of w into m parts, of which exactly h parts are odd, and each part
w; < a. A§, is the coefficient of 2 in G(x) [71], denoted by |G(x)]., where

m

G(z) = (h)2‘m (142) =1 -2))" (1 +2)*+ (1 —2))™"  (4.11)

Using the binomial theorem to simplify (4.11)
m < m I, m—I
T+ = x 4.12
(z+y) ;:0 ( l ) y (4.12)

the IOWE of grouping with a = 2 is

o (MY (M=) ifw — B
Gy = § 2 GE) iw=his even (113)
0 if w — his odd
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and the IOWE of grouping with a =4 is

lmaz
h(m m—h\_ o (2m—=20—h\ . .
|G ()] = 2 WZ( I )2 < w-h _ if w — his even

=0 2

0 ifw — his odd
(4.14)
where ) .
[ (2m - % m — b, w%) (4.15)

For a # 2 and a # 4, the grouping IOWE cannot be expressed in closed-
form. However, noticing that the coefficients of G(x) are positive, the fol-
lowing result [72] provides an upper bound on the grouping IOWE:

G()] < inf &)

T >0 W

(4.16)

4.4.3 TIOWE of Accumulator (without grouping)

As stated in [8], the IOWE of the accumulator is given as:

AL, = (”;_Qh) ( whz_ 1_ 1) (4.17)
lw/2] ) \[w/2]

A section of the trellis of the accumulator is shown in figure 4.3. It consists
of a total of [w/2] detours, where a regular detour is a path starting and
ending in the zero state, and a non-regular detour is a path that starts at the
zero state but does not return to the zero state (it is the last detour, if the
trellis is not terminated) [73]. Computing Az , is equivalent to computing
the total number of detours of all possible lengths, for an input weight w
and an output weight h. Or equivalently, one can enumerate all possible
detour lengths whose sum equals h, then, for each output weight distribution,
enumerate the different possible positions. The number of ordered partitions
of h into exactly [w/2] detours can be obtained using the generator function

method, and is given by:
h—1
[w/2] -1

which is equivalent to giving the lengths of the detours in all codewords.
For each of these configurations, the codeword is completely defined if the
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positions of the detours are known. These positions are known as soon as the
m — h output zero positions are known. If w is odd, then the last detour is
irregular, and all the m — h are distributed among the |w/2] regular detours.
Therefore, the number of codewords for each output weight distribution is

(1))
R

Figure 4.3: A trellis section of the accumulator

and hence the result of (4.17).

4.4.4 Regular RA Code with Grouping Factor a = 2,4

Consider a regular RA code with repetition degree d. Using (4.13) and (4.14),
the IOWE of the RA code with grouping factor a = 2 is

o=@ () () (i L) 0

and the IOWE with grouping factor a = 4 is

e = 5 () (1) 22 () ()

(4.19)
where
w =0,...,k
h =0,....m
lmae = min(m —t, %)

and summations are on all integers ¢ such that dw — t is even and t <
min(m, dw).
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4.5 Simulation Results

4.5.1 Regular RA Codes

Figs. 4.4(a), 4.5(a) and 4.6(a) show the average performances of randomly
and semi-randomly PEG constructed regular RA codes, with S = 2 and
S = 3 (graphs are free of cycles of length up to 25), on the BIAWGNC
under BP decoding with 25 decoder iterations. Also shown is the TSB on
the BER and WER of the random regular RA ensemble under ML decoding.
The code rate is R = 1/2, and the information block lengths are respectively
k =150, k = 256 and k = 512. The code parameters d = 4 and a = 4 were
selected because they correspond to the best DE threshold of the random-like
regular RA ensemble at rate R = 1/2.

The semi-random regular RA ensemble under BP decoding outperforms
its random counterpart under both BP decoding and ML decoding, in the
error floor region. We notice that, as expected for such short code lengths,

the BER waterfall is far from the DE evolution threshold <J€—Z)* = (0.2108

dB.

Comparing the semi-random regular RA codes with the regular LDPC
codes proposed in [62] of the same conditioning level (girth 6 and 8) and the
same information block lengths, we note the following. For k = 150, the girth
6 semi-random regular RA code outperforms the regular LDPC code by 0.3
dB at a BER of 2 x 107%. For k = 512, the girth 6 and 8 regular RA codes
outperform the LDPC code in the waterfall region (at £E,/Ny = 3 dB, BER
of semi-random regular RA code is 5 x 107 while the BER of the LDPC
code is 5 x 107% ). In the error floor region, BER performances of RA codes
of girth 6 and 8 are comparable to those of LDPC codes(at E,/Ny = 3.5 dB,
the BER of the girth 8 regular RA code is 2 x 10~ while the BER of the girth
8 LDPC code is 107®). Note that the complexity of the PEG algorithm (as
well as that of the SSMAX) is exponential in the girth and linear in the block
length, whereas that of the algorithm proposed in [62] is linear in the girth
and polynomial in the block length. Therefore, for short block length and
small girth, it is preferable to use the PEG algorithm for girth conditioning.

Comparing the semi-random regular RA codes of girth 6 with the regular
LDPC codes proposed by MacKay in [74] of information block length around
k = 256, we note that their BER performances are similar. At E,/Ny = 3.5
dB, the BER of the RA code is 2 x 107%, and that of the MacKay LDPC
code is 107%. The regular RA codes of girth 8 are found to outperform both



74 Chapter 4 Finite Length Repeat Accumulate Codes

MacKay regular LDPC codes and PEG-constructed LDPC codes of girth 8
[60] for information block length k = 256. In fact, at E,/Ny = 3.25 dB, the
BER of the RA code is 5 x 10~7, while the BER of of the McKay LDPC code
is 4 x 107% and that of the PEG LDPC code is 2 x 1075,

Using the error impulse method proposed in [75, 76|, and described in
Appendix 4.C, we compute the minimum distances (d,,,) of 200 realizations
of randomly and PEG constructed regular RA codes. Table 4.2 shows the
minimum, maximum and average d,,;, thus obtained, and indicates that as
the girth of the bipartite graphs increases from 4 to 6, so does the minimum
distance of the associated regular RA codes. Figs. 4.4(b), 4.5(b) and 4.6(b)
show the performances of rate 1/2 random and PEG codes with respective
maximum d,,;,, for information block lengths k equal to 150, 256 and 512,
respectively.

| k I 150 | 256 | 512 |
| Gith [ 4 [ 6 [8 ] 4[]6 ]8T 4][]6] 8 |
min. dyin 2 5 n.a. 2 5 6 2 5 6

max. dpin 6 8 n.a. 8 9 11 9 11 13
av. dmin 4.11 | 6.54 | n.a. || 5.27 | 7.07 | 8.97 || 6.09 | 8.59 | 10.49

Table 4.2: Minimum, maximum and average minimum distance d,,;, Vs.
girth of short-length regular RA codes

4.5.2 Irregular RA Codes

Fig. 4.7 compares the average BER performance of randomly and semi-
randomly (PEG and SSMAX) constructed irregular RA codes to that of
an LDPC code of the same rate, on the BIAWGNC under BP decoding with
25 decoder iterations. The code rate is R = 0.5, and the information and
parity block lengths are respectively & = 5020 and m = 4940. The code
degree sequences and grouping factor are obtained by optimizing the code
with method 1 in chapter 3, and have a maximum repetition degree of 20.

Although the maximum achievable girth of the considered IRA graph is
12.4, the maximum girth obtained using the PEG algorithm is 6. The curves
labeled (deye, dack,n) in fig. 4.7 represent the average performances of codes
constructed with the SSMAX method. (deye, dace,n) means that the IRA
code is free of cycles of length up to 2d.,., and all cycles of length up to dack
have ACE > 7).
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The LDPC code has rate 1/2; a code block length of 10000, and a degree
sequence optimized in [9]. It is generated randomly, but the degree-2 nodes
are arranged in a single cycle.

Fig. 4.7 shows that the SSMAX method yields a better error floor than the
PEG algorithm with S = 2. Comparing the (1,9, 3) code with the randomly
constructed LDPC code ensemble, we note that it outperforms the random

LDPC in the error floor region. But, its performance is inferior to that of
the (1,9,4) LDPC code of [63].

4.6 Conclusion

We have presented a comparative study of the performance of finite length
regular and irregular repeat accumulate codes, constructed according to two
criteria: girth maximization and stopping set maximization. Our simulations
show that girth conditioning yields an improvement in the error floor region
of short-length regular RA codes in the BER and WER, as compared to the
random regular RA ensemble. The codes thus designed perform as well as the
best known LDPC codes [60, 61, 62, 63]. Indeed, increasing the girth of the
Tanner graph has a direct effect on the minimum distance of the code, which
increases accordingly, therefore improving the code performance in the error
floor region. Hence, the performance-complexity trade-off of the constructed
regular RA codes is very advantageous.

Large block length irregular RA codes exhibit a better error floor using
the stopping set maximization method, as compared to the random and
girth-conditioned IRA ensembles. But the average IRA code performance
remains inferior to that of LPDC codes with comparable graph conditioning
and block length.
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Average RA performance: k=150, n=300, =4, a=4

BER/FER

T T T T

: : ~©- FER Random
— FER girth 6
— FERMLTSB
=6~ BER Random ||
=8~ BER girth 6
= BERMLTSB

Best RA performance: k=150, n=150, =4, a=4

BER/FER

T T T

T
-6~ FER Random
—— FER S-random
=0~ BER Random
=8~ BER S-random

Figure 4.4: Average (a)
n=300,d=4,a=4
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and best (b) regular RA performances with k& = 150,
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. Average RA performance: k=256, n=512, d=4, a=4
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; —6- FER Random
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i — FERgirth 8
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Figure 4.5: Average (a) and best (b) regular RA performances with k£ = 256,

n=512,d=4a=4
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Average regular RA performance: k=512, n=1024, d=4, a=4
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Best RA performance: k=512, n=1024, d=4, a=4
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45

Figure 4.6: Average (a) and best (b) regular RA performances with k£ = 512,
n=1024,d=4,a=4
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Average IRA performance: k=5020, n=9960 ,a=7

T
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-6~ BER(1,9.3)
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—— BER(175) ||

Figure 4.7: Average IRA performance with k& = 5020, n = 9960, d = 6.89,

a="17
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APPENDIX

4.A Proof of Proposition 4.1

Suppose conditions 1 and 2 are satisfied, and that the graph contains a cycle
of length 4. There are only two ways in which this cycle forms in the graph
of an TRA:

1. The cycle is composed of one information bitnode and one parity bitn-
ode (cf. Fig. 4.8(a)). Because of the zigzag pattern of the graph of
the accumulator, the two checknodes in the length-4 cycle are adja-
cent to each other, therefore the distance between them is exactly 1.
There remain two edges connecting the information bitnode to the two
checknodes. Then, condition 1 is violated.

2. The cycle is composed of two information bitnodes sharing two checkn-
odes (cf. Fig. 4.8(b)). Denoting the four edges of the cycle as 7, j1, 7', j1,
and letting V' (j) = V(j') and V(j1) = V(j1), then because condition
1 is met, |C(j) — C(j')] > 2 and |C(j1) — C(j1)| > 2. Then because
the cycle is of length 4, C'(j) = C(j1) and C(j') = C(j;). This is a
contradiction with condition 2, which requires one of the two distances
|C(7) — C(j1)| and |C(j") — C(j1)| to be at least equal to 1. O

Figure 4.8: Length-4 cycles
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4.B Tangential Sphere Bound

Consider an (n, k) linear block code and its input-output weight enumerating
function:

k n
AW H) =Y "> A, ,WeH" (4.20)
w=0 h=0
and define .

Ay =) A
w=0 . (4.21)

Bh - Z EAw h
w=1

The tangential sphere upper bound on word error probability is given as
[66, 67, 68]

h:6h/2<ah
(4.22)
where )
T2 =r <1 - —21E>
_ _VnE;—2
Bn(z1) = \/Tciﬁ/ﬁxéh/2 (4.23)
| Qh :“/1_42%5
and 7 is the normalized incomplete gamma function defined as
1 T
a,2) = —— / =ttt (4.24)
I'(a) Jo

with J(a,00) = 1. @ is the Q-function (or complementary cumulative distri-
bution function) given by:

Q:R — [0,1]
oo 42
P By S
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Figure 4.9: Tangential Sphere Bound

The optimal radius r is the solution of the following equation:

o T2
Z Ah/o (sine)" o = Zri v

h:6p, /2<ap, 2

;

(4.25)

éh/2T

2
1-2h
AnEs

cos ), = \/

\
The result in (4.22) is obtained by noticing that 7(a,z) is an increasing
function in z. Since 232 > ($7(z1), then

5 n—2 Tgl—zg <5 n—2 7"31—5}%(21)
2 7 202 h 2 202

The tangential sphere upper bound on the bit error rate has the same
expression as in (4.22), except that A is replaced with Bj. This, again,
applies to the optimization condition (4.25).

For antipodal modulation, §, = 2/hE;, and the condition 0,/2 < «y

becomes:

1

h < .
T

3=

4.C Minimum Distance Estimation

Consider an (m, k) linear code €, on the BIAWGNC, with BPSK modulation,
where the “all-zero” codeword xo = [—1,...,—1] is transmitted. Applying
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an impulse error at position ¢ to the all-zero codeword, the input to the ML
decoder isy = [—1,...,—1,—1+ A;,—1,..., —1]. The decoded codeword x,
under ML decoding is such that

Ve € C(z,y) = (z,y) (4.26)

where (x,y) is the scalar product between = and y. Let wy(x) be the weight
of a codeword x. It can be shown [75, 77] that

o > i )
X#x) = A > i wp (x) (4.27)

& — < mi :
X=%x0 = A \xeggfiﬂwlf(x) (4.28)

Let
A;k = maX{AZ|§( = Xo}
= min{4;[% # xo} (4.29)
= edin v x)
then, the minimum distance of the code is the minimum impulse error ampli-
tude, over all positions 7, such that the decoded codeword is not the all-zero
codeword, i.e.,

dmin = min A7 (4.30)

The minimum distance is the minimum weight among all ensembles of
codewords {bfx} such that z; = 0. In practice, fix a position 4, add a small
error impulse A; to the all-zero codeword, and increment A; until the decoded
codeword is no longer the all-zero codeword, for which the error impulse is A}.
The code minimal distance is obtained by testing all positions ¢ = 1,...,m.

We use the iterative turbo decoder, instead of ML, although the opti-
mality of iterative turbo decoding has not been proved, especially on a non-
realistic channel such as the error impulse channel considered here. In fact,
the number of decoding iterations becomes an important issue.

Algorithm Assuming that d,;, lies in the range [dy,d;]|, the minimum
distance is determined following these steps:

e ALin=di+e e<<1

o fori=1:k
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A=dy—c¢
flag =1
while (flag==1) and (A < Awin)
x*x A=A+1
xy = [-1,...,—1,—1+ A, —1,...,—1], where —1 + A is at
position 2

*

Decode y — X, using ML or iterative decoding
% if (X # x¢) then flag=0

end while

- Amin =A

L4 dmin -

[Amin]
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Chapter 5

Spectral Efficiency of Coded
CDMA

We investigate the spectral efficiency achievable by random synchronous
CDMA in the large system limit where the number of users, the spread-
ing factor and the code block length go to infinity. We quantify the loss
in efficiency incurred by the use of random CDMA (with Gaussian inputs,
QPSK inputs and/or sub-optimum linear MMSE decoding) with respect to
the capacity of the multiple access channel without spreading.

5.1 Synchronous CDMA Canonical Model

We consider the complex baseband discrete-time channel model
yi=Sx;+n;, i=1,...,n (5.1)

originated by sampling at the chip-rate a synchronous CDMA system [29],
where:

1) y;,n; € CV, are the vector of received chip-rate samples and the corre-
sponding additive white Gaussian noise (AWGN) samples ~ N (0, 1)
received at time i;

87
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2) S € CN*E contains the user spreading sequences by columns. Spreading
sequences are proper complex! [78], known to the receiver, with i.i.d.
zero-mean chips, variance 1/N and finite fourth order moment;

3) x; € CF is the vector of user modulation symbols transmitted at time
i, where its k-th component xj, takes on values in some signal con-
stellation, with given average energy per symbol (i.e., per transmit-
ted N chips) E[|z;1|?] = ar SNR. The scaling factors oy, represent
power control and, without loss of generality, are normalized such that

K
1 —1-
K E ap = 17
k=1

4) N, K and n denote the spreading factor, the number of users and the
code block length, respectively.

For the purpose of system design it is convenient to consider a system
formed by L user classes. The size of class j is K, and we denote by 3, =
K;/N the “class load” of class j. Thus, the total channel load is

L
8= Z B; users/chip
j=1

Users in class j have the same SNR, denoted by v; (i.e., ai; SNR = ~; for all
users k in class j). Without loss of generality, we assume v < -+ < .

The fundamental figure of merit of the CDMA system is the spectral effi-
ciency, that we equally denote by p or C. It is defined as the number of bits
per chip that can be transmitted arbitrarily reliably (number of bits per com-
plex dimension), and is measured in bits per second per Hertz (bits/s/Hz),
since each second x Hertz requires one complex dimension. The total system
spectral efficiency is given by

p=Y_ B;R; bit/s/Hz (5.2)

J=1

where R; denotes the average rate of users in class j.

IThis is the generalization of the circular symmetry of a scalar complex random variable
to a complex random vector
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The user individual Ej/Ny’s are different in general. Nevertheless, for
the sake of comparison with a reference equal-rate equal-power system, it is
convenient to define a “system” E, /Ny by

L L
Z Bivj Z Bivj
j=1

(%), 2
NO sys

- _
> BiR;
j=1

(5.3)

which coincides with the individual E,/Ny’s in the case where users are dy-
namically assigned to the classes so that each user belongs to class j for a
fraction 3,/ of the time.

5.2 Gaussian Multiple Access Channel

The conventional discrete-time synchronous Gaussian multiple access channel
(GMAC) is modeled by

K
yi:in,k—l—ni i=1---,n (5.4)
k=1

where z;, is the symbol transmitted by user £ at time ¢ and n; is an i.i.d.
zero-mean Gaussian noise sample n; ~ N (0, 1). Under the assumption that
the power of the k' user is constrained to Py, and letting ), denote the k™
user rate, Cover [79] and Wyner [80] showed that the capacity region of (5.4)

is the subset of RX containing the rate K-tuples (ry, 7o, - - , 7 ) satisfying [51]
VSC{l,-- K} > <log, <1+Zpk) (5.5)
kesS kesS

An example of the Cover-Wyner capacity region of a 2-user GMAC is shown
in Fig. 5.1.

Let us define a vertex (a corner point) of the capacity region as a rate
K—tuple that satisfies with equality K (out of 25 — 1) inequalities (5.5).
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r I(Xy; Y] X3) = logy(1 + P1)
I(X1;Y) = logy(1 + t5)

I(Xg;Yle) I(XZ:Y‘X]) :log2(1+P2)
(

I(X2;Y) = logy(1 + 7%)

I(X%Y) |-

|
I(X3;Y) I(X13Y[Xs) n

Figure 5.1: Achievable capacity region of a 2-user Gaussian multiple access
channel

Then, after some possible re-indexing, vertices satisfy with equality

VEe{l,--- K} ri, = log, (5.6)

By
14—k
+1+ZP]-

For these points, the channel can be seen as a set of single-user channels with
SNR’s P /(1434 Pr), i-e., interfering users are seen as Gaussian noise, and
user k transmits at the maximum single-user rate log, (1+ P /(14> ;i F))-
Then, the decoder of user K decodes considering all users k =1,--- , K—1 as
Gaussian noise. Since user K has been decoded without error, its contribu-
tion can be removed from the received word, and the decoder carries on the
successive single-user encoding/decoding and interference cancellation (IC)
procedure described above until all users have been decoded. This decoding
procedure is known as successive cancellation, stripping and onion peeling.
The non-corner points of the Cover-Wyner capacity region are achievable by
time sharing or rate/power-splitting [51, 81].

In the absence of spreading, i.e., N = 1, the channel (5.1) becomes the
conventional Gaussian multiple-access channel

K
Yi = Z Tik + 1N (5.7)
k=1
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where again n; ~ N¢(0,1). The Cover-Wyner capacity region of the conven-
tional GMAC [79, 80, 51| applies to this case and is given by

VS C{l--- K} ) Ry <log, (1 + Z%(m) (5.8)

keS kesS

where j(k) = j if user k belongs to class j. The total maximum spectral
efficiency in the absence of spreading is then given by

L
C* =log,(1+ Y By1;) (5.9)

J=1

where (3, is used in lieu of K; (they are equal in the absence of spreading) for
consistency with the results in the case of spreading. The spectral efficiency
has to be expressed as a function of % in order to be able to compare different
systems with possibly different parameters. If the spectral efficiency reaches
the maximum given by (5.9), then

L
« By
Z By =C N
7j=1
and the spectral efficiency in the absence of spreading is the solution to

C — logy(1 4+ C* 22 (5.10)
No

which coincides with the additive white Gaussian noise channel (AWGNC)
single-user capacity, implicitly given by

2 -1 B

N

(5.11)

The solution of (5.10) exists if and only if % > log,2 = —1.5917 dB.

The Cover-Wyner capacity region was generalized in [82] to encompass
the case of CDMA with arbitrary signature waveforms. As in the scalar
case, all points in the boundary of the capacity region of the CDMA channel
can also be achieved by stripping and single-user encoding/decoding, as long
as the stripping decoders incorporate MMSE filters against not yet decoded
users at each successive cancellation stage [83]. Recall that the MMSE filter of
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a particular user maximizes the output Signal to Interference plus Noise Ratio
(SINR) at the output of this linear transformation. Key to the optimality
of stripping is the use of Gaussian codes of rate arbitrarily close to (but not
larger) than the capacity of the channel obtained by removing the already
decoded users. In this way, optimal spectral efficiency is achieved by simple
single-user coding and decoding, with linear complexity in the number of
users.

For given signature waveforms, successive stripping generally requires
that every user must transmit at a different rate, or must be received at a dif-
ferent SNR level. This can be avoided by designing the signature waveforms
such that the equal-rate point coincides with a vertex of the equal-power
capacity region [84]. However, optimizing the signature waveforms (e.g.,
[85, 86, 87]) is highly impractical in real-life applications, where transmission
is usually affected by frequency selective fading channels.

On the other hand, existing nonorthogonal CDMA systems [30, 88] are
largely based on pseudo-random waveforms. The maximum spectral effi-
ciency of randomly spread (synchronous) CDMA, in the large system limit,
where the number of users and the spreading factor grow without bound while
their ratio tends to a constant 3, was found in the case of power-constrained
inputs in [31, 32|, and in the case of binary antipodal inputs in [89].

While, in the power-constrained case, capacity is achieved by Gaussian
inputs, practical systems make use of discrete small-size modulation alpha-
bets. Given its widespread application and the fact that QPSK is optimal
in the wideband low SNR regime [90] we will restrict our analysis to QPSK-
modulated CDMA.

5.3 Spectral Efficiency of Random Synchro-
nous CDMA

In [32], the spectral efficiency (in bit/s/Hz) of random CDMA in the large
system limit (K, N — oo with K/N = § < o0) subject to fading with an
input power constraint is found to be

C(B.7) = C™™(8,~) + log, % (-1 logye (5.12)

where
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° ﬁé(ﬁl,...,ﬁL) and’yé('yl,...,'yL).

e 7 is the large-system (non-asymptotic) multiuser efficiency [29] of the
linear MMSE receiver, given by the positive solution of the Tse-Hanly
equation [91]

n= (HZ@ +m) (5.13)

For later use, (5.13) is written as

n = fu(n,Br) (5.14)

where we define

i1 -t
A i Vi
(n,2) =1+ +§ ’ 5.15

J i=1

o C™™¢(3 ~) is the achievable spectral efficiency if the decoder is as-
sumed to consist of a bank of MMSE linear filters followed by single-
user decoders. C™™¢(3 ) is given by

(8, ) Zﬁy logy(1 4 ;1) (5.16)

The spectral efficiencies in (5.12) and in (5.16) are achieved with codes whose
empirical distributions are Gaussian.

As shown in [32], the supremum of (5.12) over all possible L, 3,~ (for
fixed E,/Ny and (3) is achieved by L =1 (one class only).

This can be readily seen by writing the total spectral efficiency for finite
K, N and given S as [82]

1
C"™"(K,N,S) = v log, det(I + SNR SA?SH) (5.17)

where A 2 diag(y/aq, ..., /ax). Then, we notice that, for K/N = [ and
assuming that the empirical distribution of the scaling factors ay converges
to some fixed (non-random) distribution as K — oo, the limit

1 1
Aim = log, det(I + SNR SA?SH) = lim ~F [log, det(I+ SNR SA*S™)]

K—o00
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holds with probability 1 [32]. Finally, by averaging over all K x K permuta-
tion matrices I, by noticing that S and SII are identically distributed and
by using Jensen’s inequality, it follows from the concavity of log det() on the
cone of non-negative definite Hermitian symmetric matrices that

E [log,det (I+ SNR SA*S™)] = %ZE[lo&det (I+ SNR SIIA’TIS")]
I

SNR v H o H
11

K
Then, noting that Z A’TI? = (K —1)! diag (Z ozk> = K!I, then we get
II k=1

E [log, det (I+ SNR SA’S™)] = E [log, det (I+ SNR SS™)]

where the last line is achieved when all users are received with the same SNR.

The decoding configuration consisting of MMSE filtering followed by
single-user decoders (without IC) is clearly sub-optimal. Indeed, the supre-
mum of the spectral efficiency C™™5¢ is achieved for ™™ < oo with

opt
Cmmse( (r)r}inse’,y) < C*

where C* is the AWGNC capacity at the corresponding %’; (see Fig. 5.3,
Fig. 5.4 and Appendices 5.C and 5.D). Moreover, the asymptotic behavior
of the MMSE receiver
: mmse NO

ﬁh—g)lo C =log, e E,
which is bounded away from C*.

The supremum of C over [ is achieved for § — oo, and coincides with
the AWGNC single-user capacity C* given by (5.11). The spectral efficiency
C(B,~) can be achieved by single-user decoding with successive stripping
and MMSE filtering against not yet decoded users. Suppose that users are
decoded one by one, starting from users in class L, then class L — 1 and so

on. Then, C(3,~) can be written as

L B;
.7 =3 [ oma(1 + i)z (5.18)
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where 7;(2) is the solution to n = f;(n, z). Notice that stripping of the users
one by one implies that users in the same class have different rates. Namely,
the user decoded in position | K;z/3;] of class j (where z € [0, §;]), transmits
at rate log,(1+;m;(2)). Hence in general a different rate is required for each
user. This makes such a system highly impractical from the implementation
point of view.

5.4 Approaching the Optimal Spectral Effi-
ciency with QPSK

Information theory teaches us that one way to approach (5.12) is to use
single-user capacity approaching codes for the AWGNC, successive interfer-
ence cancellation and MMSE filtering at each cancellation stage [83]. Fur-
thermore, substantial progress has been made in the last few years in design-
ing binary codes and low-complexity decoders whose rate comes fairly close
to single-user capacity at vanishing BER. Among those modern codes are
Turbo codes, IRA codes, and LDPC, all of which are decoded by efficient
iterative techniques (see the special issue [92] and references therein, as well
as [93] and references therein). These code ensembles are characterized by
their rate-threshold pair (R, g), such that for SNR > ¢ the BER can be made
arbitrarily small in the limit of code block length n — oco. For carefully op-
timized code ensembles [39, 19, 22, 43], on the standard single-user additive
white Gaussian noise channel, the rate-threshold pairs achieved so far come
remarkably close to the curve R = Cqpe( SNR), where

1 o N/ 2

Cysk( SNR) = 2 (1 — 7/ log, <1 +e2 SNR-2v/2 SNRU) . dv)
™ — 0o

= 2J(2 SNR) (5.19)

is the QPSK-input AWGNC capacity, as a function of SNR, and J(p) is given
by (3.15). Fig. 5.2 shows the QPSK capacity (5.19) and rate-threshold pairs
corresponding to some LDPC code ensembles from [9].

In the large system limit, under our system assumptions, it is well-known
that the residual interference at the output of the MMSE filter at any cancel-
lation stage is a circular symmetric complex Gaussian random variable [94].
Assuming optimal QPSK codes characterized by the rate-threshold pairs

(R, C(;}Sk(R)), for R € [0,2], (see Fig. 5.2), the spectral efficiency achieved
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Rate-threshold for LDPC codes with QPSK modulation
T T T T T T T

g (dB)

10+ — QPSK capacity
m_ Selected LDPC codes
I

I I I I
02 04 0.6 08

R(bit/slymbol)l‘z oo
Figure 5.2: Rate-threshold pairs corresponding to QPSK capacity and for
some optimized LDPC codes

by a stripping decoder is given by

L B;
ConlB0) =3 [ Copalmi(2))i (5.20)

Fig. 5.3 and Fig. 5.4 show Cqpe(5,7), C™™(5,~) and C(8,v) (for a single-
class system, i.e., L = 1) vs. 3, for E,/Ny = 3 dB and 10 dB, respectively.
The corresponding AWGNC capacity C* is shown for comparison. We notice
that the loss incurred by QPSK codes with respect to Gaussian codes gets
more pronounced as Ej/Ny increases. For any fixed Ej,/Ny and sufficiently
large 3, the loss vanishes. However, exceedingly large values of 3 are required
to make the loss negligible, for high Ej/Nj.

The following result shows that as the system load grows without bound,
QPSK suffers no loss of optimality. The result applies to the general case
where the received user SNRs are given by SNR|A|?, under the mild require-
ment that, as K — oo, the empirical distribution of the user amplitudes |Ay|
converges to a given non-random distribution Fla;. For |Ay|? = a4 (deter-
ministic) we obtain the system model defined in Section 5.1, but the result
applies also to the case where |A;|? represents the random fading coefficient
of user k, as in [32]. As in all capacity results of CDMA in the large system
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CDMAE,IN;=3 dB

p (bit/s/Hz)

05x : : : : = Single User, Gaussian
— CDMA, Gaussian and stripping
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—  CDMA, Gaussian and MMSE
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B (user/chip)

Figure 5.3: Spectral efficiency vs. (§ for random CDMA, E, /Ny = 3dB, with
Gaussian inputs (stripping decoder vs. MMSE decoder) and QPSK inputs
(with stripping decoder)

CDMAE /N;=10d8B
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- — - CDMA, QPSK and stripping

4 — - CDMA, Gaussian and MMSE
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Figure 5.4: Spectral efficiency vs. 3 for random CDMA, E;, /Ny = 10dB, with
Gaussian inputs (stripping decoder vs. MMSE decoder) and QPSK inputs
(with stripping decoder)
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limit (see for example [31, 32, 91]), achievability implies that the user code
block length goes to infinity. The natural and meaningful order of the limits
with respect to n and K is: first let n — oo and then let K — oo. This
means that the large-system spectral efficiency is the limit of the spectral
efficiencies of systems with increasing K.

Theorem 5.1 Let
B
Col#, SNR) = [ ElCum(|AP SNRy(z, SNR)Id= (521
0

where n(z, SNR) is the solution to

SNRJ|A|?n
(e [m - (5-22)
where |A| ~ Fia|.
Fix 3 and - and define
Ey
0
for the SNR satisfying
Ey
—2Co(B, SNR) = 3 SNR (5.24)
No
Then, for all f,—g > log, 2,
: E,
lim Cy(B, —) =C* 5.25
Jim Co0, 57) (5.25)

Proof: See Appendix 5.A.

Interestingly, the optimality of QPSK in the large § limit proved in theo-
rem 5.1 is different in nature from its wideband optimality proved in [90]. In
fact, as a consequence of the rotational invariance of the spreading sequences,
theorem 5.1 also holds if the modulation is BPSK. A related result on the
optimality of binary inputs in the absence of spreading admits a different
proof based on the central-limit theorem [82].
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5.5 Conclusion

We have presented the spectral efficiency achievable by a synchronous random
CDMA system in the large system limit (infinite number of users, spread-
ing gain and code block length) with finite channel load. In the absence of
spreading, the spectral efficiency of the system coincides with the single-user
capacity of the AWGNC. The optimum spectral efficiency (with optimum
decoder) is achieved by stripping, based on MMSE filtering against not yet
demodulated users and successive single-user decoding. We have shown that
the use of (non-Gaussian) QPSK inputs incurs no loss on the maximum spec-
tral efficiency achieved for  — oo, when using binary capacity-achieving
codes and the stripping decoder. However, for a fixed channel load, the
discrepancy between the QPSK-encoded CDMA spectral efficiency and the
maximum spectral efficiency gets more important as the bit energy to noise
ratio ﬁ—’; increases. In view of these observations, it is possible to design
a pragmatic CDMA system, which can achieve near-optimum spectral ef-
ficiency. This system would have low-complexity encoding based on binary
error codes and QPSK modulation, as well as low-complexity decoding based
on successive stripping, linear MMSE filters and single-user decoding.
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APPENDIX

5.A Proof of Theorem 5.1

In view of the result shown in [32, Eq. 163] and since the use of QPSK cannot
improve upon the result obtained with Gaussian inputs with the same power,
it is enough to show that

lim CQ(ﬁ, 5y > ¢ (5.26)
No

p—o0

where C* is given by (5.11) for any & Eb > log, 2 (notice that C*(log, 2) = 0).
To show (5.26), we will show that for every (3, if SNR — 0 then

2
Co(B, SNR) > log,(1 4+ 3 SNR) — % log, e, (5.27)
where E[|A|4]
Al) = — UM
~UIAD = a2

denotes the kurtosis of the distribution of |A|. The bound in (5.27) will be
sufficient for our purposes because if we choose the following signal-to-noise
ratio

Cr E,

SNRg = —— 5.28
S E N (5.28)
then,
o
Co(B, SNRg) > log,(1+ B SNRg) — k(|A|) SNRg iv - logy e
— logy(1 + £:C*) (5.29)
—C*
Furthermore the % required by SNRg is upper bounded by
Ey x
__BSNRs < N C (5.30)
Cq(B, SNRg) = logy(1 + £2C*) — eC*
E, 1
= 2 (5.31)

N01—€
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for an arbitrarily small €, provided [ is large enough.
To show (5.27) we need the following two inequalities:
Copsk(z) > (v —2%)logye (5.32)
> 1 (5.33)
T = TV BSNR '
where 7 is the solution to
SNR|A|*n
EF|l—— | = 5.34
0+ {1+ SNRJA|27 (5:34)
To show (5.33) rewrite the Tse-Hanly equation as
SNR = 7 SNR+ 3 SNR*nE AR (5.35)
1+ SNR|A|?n '
< 1 SNR+ 3 SNR?p (5.36)

where the inequality comes from E[|A]?] = 1. Relation (5.32) is demonstrated

in Appendix 5.B.
Now, (5.27) readily follows from

Cq(B, SNR) = E[Cqpu(|A[* SNR7(z, SNR))]dz

A |A]? SNR
> E|Cps | ———— || d
= /0 {quk(lezSNR)} ©
|A]> SNR

/5 SNR_ #(|A]) SNR? oo o d-

= Jy T125NR 227 (11 . sNR)2 %2
x(|A])3 SNR?

= 10g2(1+/6 SNR)—MWIOgQEf

thus concluding the proof.

5.B Proof of Relation (5.32)

We want to show
Copsk(z) > g(z) for £ — 0

B Al* SNR?
> /E IAIZ SNR 1) o | JAL SNR™
o 1+ 2z SNR (1+ 2z SNR)2

(5.37)

(5.38)

} log, edz
(5.39)
(5.40)
(5.41)

g



102 Chapter 5 Spectral Efficiency of Coded CDMA

where g(z) 2 (z — 2?) log, e.
Define

«

2 1
——log, e

o o .
where u(z, z) = —2x — 2y/xz. Then, because of the continuity of f(z,«) in
x and «, we have

Flz,a) 22— log(1 + e*@2))e*"/2qz (5.42)

lim Cypex = lim lim f(z, @)
z—0 a——+oo z—0

Expanding the integrand of f(z,a) about 2o = 0 results in

2 2
log(1 +e“®?)) =log2 — x + % +vVz(r—1)2+ T T +o(z?) (5.43)

2 12
Hence, the first and second derivatives of Cype(2) at = 0 are given by
chpSk = lim lim 75]0(;5704)
dx 0 a—+o0o z—0 ox
2log, e [ ( 22) e
= 1— 2 ) e *2dz
V21 ) 2
= log,e (5.44)
d?C i 0P f(x,a)
dx? » OtEI—iI-loo ill)l%] ox?

V2r J o \ 6
= —log,e (5.45)

Since ¢'(z) = log, e and ¢”"(z) = —2log, e, then there exists € > 0 such that
Ve € (0,€) Cgpsk(z) > (z —2%) logye
U

5.C Gaussian Input and MMSE Decoder

For a single class of users with SNR ~ and channel load 3, the spectral
efficiency (5.16) becomes

Cmmse — Blogy(1 + S) (5.46)
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where S is the positive solution of the fixed point equation

gl
S = (5.47)
s

For a given Ej,/Ny, the SNR v is

B ECmmse
TTN, B

Using (5.47) and (5.48), we obtain the following parametric system, giving
Cmmse as a function of  through the parameter A € [0, oo]:

(5.48)

(Cmmse (S+ 1) (w — %Z) (549)
ﬁ _ Eb (S+ 1)cmmse (550)

No S(S + 1 + L Cromse)

Differentiating the RHS of (5.50) w.r.t. S and equating the derivative to
0, the maximum spectral efficiency corresponds to
E, 52
Ny Slogy(e) —logy(1 + S)

(5.51)

for ﬁ—g > 2log2. If log2 < % < 2log 2, then the derivative is negative, and
the maximum spectral efficiency corresponds to S = 0. Hence, the maximum
spectral efficiency with MMSE followed by single-user decoding is given as

c logya—%‘; for 10g2§]€—g<210g2
mmse 5.52
(1429) (W—g—g) for %2210g2 (5:52)

with S given by (5.51).

5.D Gaussian Input and Stripping Decoder

For a single class of users with SNR ~ and channel load 3, the spectral
efficiency (5.12) becomes

C = Blogy(1+ 95) + log, % + (% - 1) log, e (5.53)
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where S is given by the positive solution of (5.47). Following the same steps
as in the previous section, for a fixed %, the spectral efficiency C is given as
a function of 3 by the following parametric system:

Eb Eb
5CGx) = RO 5.54
fl( NO) f2( NO) ( )
E, (S+1)C
YA 5.55
’ NoS(S+1+ 5C) (5.55)
where i )
A S+1+5EC S+14+2bC
ICHE %) - CNO log, S+11VO - %C
f2(57%) éS+1+%<log26_M§2(sm>
with S € [0, Spax] and Spax satisfies
Sma:c Eb

logy (1 + Siax) FO



Chapter 6

Approaching the Optimum
with Low Complexity

We consider a pragmatic approach to QPSK-modulated CDMA based on
using single-user binary codes and the same stripping decoding approach
which would be optimal for Gaussian codes. For this setting, we optimize
the spectral efficiency in the large system regime with single-user capacity-
achieving binary codes and with the best known LDPC code ensembles [9],
in the limit for large code block length, in the cases of equal received SNRs or
equal rate users. The proposed equal-power and equal-rate design approaches
can be effectively applied to non-asymptotic code block length, and provide
a simple tool to dimension CDMA systems for given target BER, user codes,
and desired spectral efficiency.

6.1 Optimization of Spectral Efficiency

In the following, we will optimize a CDMA system, in the limit of infinite
number of users K and spreading gain N, under successive decoding, as-
suming error-free decoding at each decoding level when the decoder operates
above its threshold SNR. This corresponds to assuming very large code block
length, i.e., n — oo, and using single-user capacity-achieving binary codes.

105
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As in Section 5.4, each code ensemble is characterized by a rate-threshold
pair (R, g), such that if SNR > g, the bit error rate vanishes in the limit
of infinite block length. We seek to find the vectors 3 and -+ so that, at
each stripping decoder stage, the threshold requirement of each single-user
decoder is satisfied. We refer to this condition as the successive decodability
condition.

We consider two alternative pragmatic CDMA optimization problems:

Equal-rate system All classes have the same rate R but have different SNR
levels ~;, such that, without loss of generality, 1 < o < -+ < .

Equal-power system All classes have the same SNR level v but each class
makes use of a different code ensemble of rate R;, such that, without
loss of generality, Ry > Ry > --- > Ry.

For practical reasons, we constrain our system to have only a finite number of
coding rates and received SNR levels. In both configurations, we assume that
users in each class 1 <14 < L are decoded in parallel by a bank of single-user
decoders, while classes are stripped off from L to 1, i.e., in decreasing SNR
order for the equal-rate case, or in increasing rate order for the equal-power
case (see Fig. 6.1). Notice that our approach is pragmatic in three ways:

e it makes use of QPSK input constellation rather than Gaussian codes;
e it makes use of low-complexity iterative decoding;

e and it performs class-by-class stripping, rather than user-by-user, as
implied by expressions (5.18) and (5.20).

6.1.1 Optimization for Equal-Rate Systems

We assume that all users in all classes make use of codes drawn randomly and
independently from the same ensemble with rate-threshold pair (R, g). The
SINR at the output of the MMSE filter for class i users, assuming that all
users in classes 1+ 1, ..., L have been perfectly canceled, is given by v;7;( ;).
Hence, the successive decodability condition of all the users in class i, for
1<i< L, is

(gy> 9
7]@(52) > i (6'1)
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yi MMSE Decoder Tik
1=1,-t-,n i=1,---,n
User k in class L
G} @ Spread
MMSE Decoder Ts ke
i1=1,---,n
User k in class L — 1
@R @ Spread
% MMSE Decoder —— ik
i=1,---.,n

User k in class 1

Figure 6.1: Successive decoding class by class in descending order of powers
or ascending order of rates

where 7;(z) is the solution to n = fi(n,2). fi(n, z) was introduced in Sec-
tion 5.3, and we recall it here for the sake of clarity:

fi(n,z):<1+21+% +Y 1 ) (6.2)

J
vin o Tl +m

We fix the received power levels -+, and consider the optimization of the
class loads 3. Without loss of generality, we assume v; > ¢. Indeed, if
v; < g for a given j, then we would get 3; = 0. The spectral efficiency
optimization problem of this setting can be formulated as a linear program
as follows. Because of the monotonicity of f;(n, z) in 7, and since the solution
to n;(2) = fi(n:i(2), z) is unique, we conclude that [91]

YV z € [0,00) r<ni(z) &z < filz,2) (6.3)
Accordingly, the successive decodability condition is equivalent to

i -1
2 : i g .
1+ 6]79> 2—, VZ:L...,L (64)
( = i
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which can be written in compact form as
AB<b
where A is a L x L lower triangular matrix with non-zero elements

_(1+1ﬁ776(

,] 071 6.5
T v+ 59 ] (6.5)

and b is a positive vector with elements

p, = L9 —9)

ig (6:6)

Notice that a;; = 1, a;; (for 1 < j <) is increasing with j and decreasing
with ¢ and b; is increasing with 4.

For a desired spectral efficiency p = SR, the optimal vector 3 which
achieves (if possible) arbitrarily small BER with minimal (E}/Ny)sys is the
solution to the linear program:

( L
minimize Z Bivi
i=1
subject to AB <Db
L
> Bi=p
i=1

B=>0

(6.7)

\

given by the following result:

Proposition 6.1 The equation Ax = b has a unique solution with nonneg-
ative elements 7. Furthermore, the feasible set in (6.7) is nonempty if and

L
only if 5 < ZT]'. The solution of (6.7) is given explicitly by
j=1
i, i=1,....L—1
L—1
Br=9 B-> 7, i=L (6.8)
j=1

0, i=L+1,...,L
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where L denotes the minimum i for which 6 < Z ).
j=1

Proof: See Appendix 6.A.

6.1.2 Optimization for Equal-Power Systems

We assume that all users in all classes have the same fixed SNR level v, but
users in each class j make use of a different code ensemble, characterized
by the rate-threshold pair (R, g;). Since any good family of codes satisfies
the condition that codes with larger rate have larger SNR thresholds, then
g1 > -+ > gr. Assuming optimal QPSK codes corresponds to obtaining the
pairs (R;, g;) by sampling the curve of Fig. 5.2 in given L desired rate values.
Without loss of generality, we assume v > gy, since for all j such that v < g;,
we would have 3; = 0. Then, the successive decodability condition of all
users in class ¢, for e =1,--- | L, is given by

(3> 9
ni(Bi) > S (6.9)

Again, using (6.3), the successive decodability condition(6.9) is equivalent to

%

; -1
7 gi

1+ E B; > > = (6.10)
( e 7

and translates into

 Bi<b, i=1,...,L (6.11)
j=1

where
L4 g:)(y — 9i)
YGi

(6.12)

Hence, for given rate-threshold pairs (Rj;,g;), the spectral efficiency p =
L

Z 0; R; maximized over the class loads is obtained as the solution to the

=1
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following linear program:

( L
maximize Z 0; R;
i=1
subject to LB <b
L
> Bi<p
i=1

\ B=>0

(6.13)

where L is a lower triangular L x L matrix with /;; = 1 for all ¢ > j and
b = (by,...,br)T with b; given in (6.12). The solution of the linear program
(6.13) is given by the following result:

Proposition 6.2 The problem (6.13) is always feasible and its solution is
given explicitly by

bi—bi_y, i=1,...,L—1
Bi=9q B—bi, i=1L (6.14)
0, i=L+1,...,L

where by 2 0, and L denotes the minimum i for which 6 < b;.
Proof: See Appendix 6.B.

6.2 Numerical Examples

In this section we give examples of the equal-rate and the equal-power sys-
tem designs using the off-the-shelf LDPC code ensembles optimized for the
binary-input AWGN channel, found in [9], whose rate-threshold pairs corre-
spond to the marks in Fig. 5.2.

6.2.1 Equal-Rate Design

In Fig. 6.2, the curves labeled “LDPC, R=0.2, 1.0, 1.96” represent the spec-
tral efficiencies achieved by the equal-rate design with the LDPC codes of
rate 0.2, 1 and 1.96 bit per QPSK symbol (corresponding to binary rate 0.1,
0.5 and 0.98), whose rate-threshold pairs are shown in Fig. 5.2. Likewise,
Figs. 6.3 and 6.4 show the spectral efficiencies achieved by LDPC codes of



6.2 Numerical Examples 111

Equal rate CDMA

100
— LDPCR=0.2
— LDPCR=1
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Figure 6.2: Spectral efficiency of some LDPC codes with equal-rate design

Equal rate CDMA
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- - LDPCR=08 L
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Figure 6.3: Spectral efficiency of LDPC codes with equal-rate design, for
rates between 0.2 and 1 bit/channel use
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Equal rate CDMA
10

— - LDPCR=1.2
— LDPCR=1.4
LDPC R=1.6
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Figure 6.4: Spectral efficiency of high-rate LDPC codes with equal-rate de-
sign, for rates between 1.2 and 1.96 bit/channel use

QPSK rates in the intervals [0.2,1] and [1.2,1.96] respectively. The equal-
rate spectral efficiency curves are obtained considering increasing values of
B. For each (3, a vector - is obtained by evenly discretizing the interval
[(1+¢€)g,7(8)] with a step of 0.1 dB, where € is a small positive real number
(chosen here as 1073), and 4(f) is the minimum ~y;, for which the feasible set
of (6.7) is non-empty. The single-user capacity C*, and the maximum spec-
tral efficiency achievable with MMSE decoding and Gaussian input codes
Cmmse - are shown for comparison. We notice that the equal-rate design is
able to closely approach C* for low QPSK rate R, at the expense of a very
large load 3. For example, for R = 0.2 at p = 2 bit/s/Hz, the gap from C* is
0.35 dB, with load 8 = 10 users/chip. On the other hand, as the code rate
increases, the gap to C* becomes more important. For example, for R = 1.96,
the spectral efficiency achievable with the equal-rate design is even below the
Cmmse curve. Note that the spectral efficiency is 0 for E,/Ny = ¢g/R, which
is the minimum FEj,/Ny required to have a vanishing fraction of users with
non-zero rate codes.

Figs. 6.5, 6.6 and 6.7 show the distributions (mass functions) of 3; vs.
7; corresponding to p = 2 and LDPC codes of rates R = 0.2, R = 1 (with
1.4 dB gap from C* at § = 2 users/chip) and R = 1.96 (with 6.6 dB gap
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Equal rate design, R=0.2, g=-8.2344 dB, p=2 bit/s/Hz
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Figure 6.5: Load distribution ({f;} vs. {7;}) for the equal rate design with
LDPC-coded QPSK of rate 0.2 bit/channel use and p = 2 bit/s/Hz

Equal rate design, R=1, g=0.2113 dB, p=2 bit/s/Hz
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Figure 6.6: Load distribution ({3;} vs. {v;}) for the equal rate design with
LDPC-coded QPSK of rate 1 bit/channel use and p = 2 bit/s/Hz
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Equal rate design, R=1.96, g=8.2261 dB, p=2 bit/s/Hz
0.03 T T T T

0.025
0.02f

«d0.015

0.01F 4

0.005 B
| ) J )

14 1

8 9 10 11 12 13
Class SNR yJ (dB)

5

Figure 6.7: Load distribution ({3;} vs. {v;}) for the equal rate design with
LDPC-coded QPSK of rate 1.96 bit/channel use and p = 2 bit/s/Hz

from C* at § = 1.02 users/chip). Note that the load distribution g; is
almost a continuous function of the SNR level v;, i.e., every class with SNR
v; € [(14+¢€)g,7(F)] has a non-zero load ;. This result is different from what
is obtained in [95] for iterative IC with convolutional codes, where the load
distribution is discrete. Then, one has to make a tradeoff between the gap
to the single-user capacity C* and the number of distinct user classes.

6.2.2 Equal-Power Design

Fig. 6.8 shows the spectral efficiency achieved by the equal-power design with
LDPC codes found in [9] and optimal QPSK codes. The single-user capac-
ity C* is shown for comparison. The rate-threshold pairs of the curve la-
beled “LDPC” are those of LDPC code ensembles in [9] with (non-uniformly
spaced) QPSK rates between 0.1 and 1.96 bits/s/Hz. The rate-threshold
pairs of the curve labeled “discr.QPSK” are obtained by sampling the QPSK
capacity curve in Fig. 5.2 from R = 0.01 to 1.99 bits/s/Hz with step 0.01.
These equal-power spectral efficiency curves are obtained as the upper enve-
lope of the solution of (6.13), over all v > g, and 5 € [0, b.], i.e., for all pairs
(v, B) for which the solution (6.14) exists.
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The “LDPC” curve does not approach the “discr.QPSK” curve at high f,—g
because the largest rate available in the LDPC code family of [9] is limited
to 1.96 bits/channel use. It turns out that in order to approach C*, it is
necessary to have many different classes. Even a relatively finely discretized
distribution of optimal (i.e., single-user capacity-achieving) rates, such as
curve “discr.QPSK”, suffers some loss away from C*. The low (E,/Np)sys
behavior of the spectral efficiency is dominated by the class with lowest
coding rates, hence lowest SNR thresholds as well. In fact, the spectral
efficiency is found to be 0 for E,/Ny = g1/ Ry, which is the minimum £, /N
to have a vanishing fraction of users at non-zero rate. We conclude that in
order to approach optimal spectral efficiency with the equal power scheme
a wide range of coding rates is needed and, in particular, very high and
very low rate codes must be designed. Therefore, similarly to the equal-rate
design, one has to make a tradeoff between the gap of the spectral efficiency
to C* and the number of distinct user classes.

Equal power COMA
T T T

— QPSK
— - LDbPC
= Single-user Gaussian

p (bit/s/Hz)
<
T

2 0 2 4 6 8 10 12 14 16 18 20
E,/N, (@B)

Figure 6.8: Spectral efficiency of LDPC and optimal QPSK codes with equal-
power design
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6.2.3 Effect of Finite n and K

We discuss the effect of finite block length n and finite K and N on the sys-
tem achievable performance through an example. For finite code length, the
decoding SNR threshold g above which the post-decoding BER is vanishing
is not defined (strictly speaking, it is infinite). However, in practical system
design, we set a target SNR threshold g; for each class j, such that if the
SINR at the input of the decoders of users in class j is above g, then the BER
after decoding is so small that it has a negligible impact on the following de-
coding stages of classes 7 —1,j—2,...,1. A natural question is whether such
a small but non-vanishing BER has a catastrophic effect, preventing the suc-
cessive stripping decoder from decoding some class of users. We argue that
for n sufficiently larger than K, and sufficiently small post-decoding BER,
the effect of residual errors is indeed negligible. In fact, assuming random
errors (if errors are correlated after decoding, we can use independent inter-
leaving for each user), the expected number of incorrectly decoded symbols
interfering with a user of class j is given by € Zé ; Ki, where € is the residual
BER. At the transition between the waterfall and the error flattening regions,
LDPC codes have the property that the BER is € = O(1/n) = w/n for some
constant w < n. Turbo-codes have a similar property, where ¢ = O(1/1)
and [ is the size of the interleaver of the turbo encoder. This effect is called
“Interleaving gain” in [96]. Hence, by setting the thresholds g; as the SNR
at the transmission between waterfall and flattening, and by letting n > K,
then the expected number of incorrectly decoded symbols interfering with a
user of class j is given by w( iL>j K;)/n < 1.

Eventually, a sensible approach for the design of practical CDMA systems
based on successive decoding is to use the large-system optimization methods
developed before, while replacing the infinite block length thresholds g; by
some target SNR values chosen according to the BER vs. SNR performance
of actual finite-length codes. While this argument provides only a heuristic
design approach, extensive simulations show that the resulting systems are
very good.

Moreover, in order to improve the robustness of the stripping decoder
to residual errors, soft-stripping can be used, and successive decoding of the
users from class L to class 1 can be iterated more than once. We refer to this
approach as the multi-pass soft-stripping decoder, where one decoding pass
consists of decoding all the users once. Soft-stripping (see for example [24])
consists of subtracting the minimum mean-square error (MMSE) estimates of
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the signals of the already-decoded users from the signal, instead of their hard
estimates. When the user decoders are symbol-by-symbol MAP (or approx-
imations via Belief-Propagation, as in LDPC decoding [19, 39]), the MMSE
estimate of the i-th symbol of user k, x; j is obtained as the conditional mean

where EXT,; denotes the k-th decoder eztrinsic information for the i-th
symbol. For example, with QPSK symbols we have!

_ 1 (1 J
T, = —=tanh(m;, /2) + =—
k \/5 ( z,k:/ ) \/5
(1)

where m; ;- and mgi) denote the extrinsic belief-propagation decoder mes-
sages for the variable nodes corresponding to the bits modulated in the in-
phase and quadrature components of the i-th QPSK symbol of user k [24].

tanh(m'$ /2) (6.15)

If decisions are not reliable, i.e., |m£1k)\ and/or |m§%)| are small, then soft
stripping attenuates the effect of this symbol on the residual interference
signal.

Fig. 6.9 shows the average BER performance of irregular LDPC codes of
binary rate 1/2 whose degree sequence is shown in [9]. The BER is obtained
by averaging over randomly generated parity-check matrices with the given
degree distributions with maximum left degree 100, average right degree 11.
The belief-propagation decoder performs up to 200 iterations. Fig. 6.10 shows
the spectral efficiency achievable by the equal-rate design with R = 1.0. The
curve denoted by “optimal” corresponds to the threshold g = 0.186 dB, of
ideal infinite-length QPSK random coding. The curve denoted by “practical”
corresponds to the threshold g = 0.933 dB, of the finite-length irregular
LDPC code ensemble generated from the degree distribution found in [9]. It
is obtained by trial-and-error as the minimum value for which the multi-pass
successive decoder removes all interference in two decoding passes for block
length n = 5000. This value might be different for other codes, block length
and channel load. From Fig. 6.9 we observe that this threshold corresponds
to BER ~ 5-1073 for n = 5000 and BER ~ 5-10~* for n = 10000.

We have simulated a system with p = 2 bit/s/Hz, spreading factor N = 64
and K = 128 users, corresponding to the mark in Fig. 6.10. The evolution
of the minimum, maximum and average users’ SINR as a function of the

14 in the complex symbol context is given by j? = —1.
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Figure 6.9: Average BER performance of irregular LDPCs of binary rate 1/2
over (single-user) AWGN, block lengths n = 5000 and n = 10000

p (bit/s/Hz)

Figure 6.10: Spectral efficiency achievable by optimal and suboptimal QPSK
code ensembles of rate R =1
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Figure 6.11: Evolution of the user SINR at the LDPC decoder input vs.
the successive decoding steps, for the multi-pass soft-stripping decoder with
LDPC code length n = 5000
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Figure 6.12: Evolution of the user SINR at the LDPC decoder input vs.
the successive decoding steps, for the multi-pass soft-stripping decoder with
LDPC code length n = 10000
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successive stripping decoder iterations is shown in Fig. 6.11 for n = 5000 and
in Fig. 6.12 for n = 10000. These curves are snapshots obtained by random
generation of the noise, the spreading sequences, the information sequences
and the LDPC code graphs. The successive decoder makes use of soft strip-
ping. Each LDPC decoder is run for a maximum of 200 iterations, and a
maximum of three interference cancellation passes. A complete interference
cancellation pass corresponds to 128 decoding steps, i.e., to the decoding of
all K = 128 users.

For n = 5000 we need to perform two soft-stripping successive decoding
passes before all users reach their target SNR threshold. For n = 10000,
since the threshold is much more conservative, a single pass is sufficient.
Equivalently, one could have lowered the threshold and achieved the same
spectral efficiency at a smaller Ej,/Nj.

As a general remark, the gap between an optimal (infinite block length)
system and a practical finite-length system depends almost entirely on the
fact that finite-length codes require a significantly larger SNR (0.933 dB for
n = 5000 and 0.747 dB for n = 10000) than the infinite-length decoding
threshold. On the other hand, no catastrophic error propagation effect is
observed when the system is designed according to the rules outlined above.

6.3 Conclusion

We have considered the optimization of a canonical coded synchronous CDMA
system characterized by random spreading and QPSK signaling, in the limit
of large number of users, large spreading gain, and large user code block
length. Such assumptions may be regarded as “pragmatic”, in the sense
that they are all motivated by actual CDMA systems. The CDMA sys-
tem considered here has low complexity, as it assumes successive stripping
with MMSE filters. Excellent approximations to the MMSE filters can be
precomputed using the large random matrix design approach of [97], with
complexity O(K?). Moreover, powerful long user codes such as LDPC codes
can be decoded iteratively, with linear complexity in the block-length. Hence,
the overall complexity per decoded information bit of the multiuser decoder
is linear in K and constant in the code block length, i.e., comparable with the
complexity of standard CDMA systems based on single-user detection and
separated single-user decoding. Nevertheless, the proposed system optimiza-
tion, driven by recent information-theoretic results, yields spectral efficiencies
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remarkably close to the optimal (i.e., optimizing also with respect to the user
signature waveforms and using Gaussian codebooks).

We have considered two special cases of the general rate and power allo-
cation problem: namely, the optimization of the received SNR distribution
for an equal-rate system, and the optimization of the user rate distribution
for an equal-power system, subject to the successive decodability condition
imposed by the stripping decoder. Both problems yield linear programs that
admit closed form explicit solutions.

From a practical point of view, the equal-rate system design seems more
attractive than its equal-power counterpart since it can approach optimal
spectral efficiency uniformly, for all Ej,/Ny’s, provided that the individual
users coding rate is small. Moreover, controlling the received user SNR is
much easier and closer to existing power-control schemes than allocating
coding rates (and channel codes) to the users.

Numerical results show that the system optimization carried out in the
large-system limit and for infinite code block length can be used effectively to
dimension practical systems, provided that the SNR thresholds are chosen
according to the actual BER performance of the finite-length user codes.
Systems optimized according to the proposed method do not suffer from
catastrophic error propagation of the successive stripping decoder even if, in
general, finite-length codes have non-vanishing post-decoding BER.
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APPENDIX

6.A Proof of Proposition 6.1

A necessary condition for 8 minimizing the objective function in (6.7) is
that the constraint Z B; > [ holds with equality. Hence, without loss of
J
generality we rewrite (6.7) in the canonical form
minimize ~73
subject to —AB3 > —b

s (6.16)
B=>0
The dual linear program is given by [98]
o T y
maximize (—b", ) %
subject to  [-AT, 1] Z <~ (6.17)

y=>0

where a can be either positive or negative.

From the properties of the coefficients a;; and b; we get immediately
that A is invertible and the vector T such that 7 = A~'b has non-negative
components. The vector 3 € RY maximizing 173 and satisfying A3 < b is
7 (this is easily shown by contradiction, since 7 is the unique non-negative
vector 3 that makes the inequality A3 < b component-wise tight). Hence, if
177 < 3 the primal problem is infeasible. On the other hand, if 177+ > 3 the
primal problem is feasible, and a feasible point is given by (6.8). In order to
show that this is indeed the desired solution, we shall assume that 177 > /3
and find a feasible point for the dual problem. Then, we show that the value
of the dual problem at this point is equal to the value of the primal problem
at (6.8).

We rewrite the inequality constraint and the objective function in the
dual problem (6.17) as

ATy >al —~ (6.18)

and
—b"y +ap (6.19)
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The vector a1l —~ has decreasing components. For fixed «, let K, denote the
number of positive elements of a1l —~. It is clear from (6.18) and (6.19) that
the objective function is maximized by letting the last L — K, components
of y equal to zero. We introduce the following short-hand notation: for a
vector x € R and a matrix M € R¥*Y we let x, and M, denote the K, x 1
subvector of x formed by its first K, components, and the K, x K, submatrix
of M formed by its first K, rows and columns, respectively. Then, a feasible
point for the dual problem is the vector 7 such that its first K, components
are given by

7o = a(AD) 'L, - (AD) Ny (6.20)

(0%
and the remaining L — K, components are equal to zero.

The value of the objective function (6.19) at this point is given by
fla) =ba(Ay) v +a (8 —by(AL) 1) (6.21)

It is not difficult to see that f(«) is a continuous and piecewise linear function
of a, for a < [y, 7).

The assumption 177 > 3 can be rewritten as 3 — 17 A~'b < 0. Hence,
for a > 4, for some 1 < s < L, the slope of f(«) is negative, while for o < 4
the slope is positive. Therefore, the maximum of f(a) with respect to « is
achieved for o = v, and, by definition, s is the minimum index in 1,..., L

S

such that ZTj > (3, i.e.,, s = L defined in (6.8). The primal objective
j=1
function evaluated at the feasible point (6.8) is given by

(V13 %,0,.. ., 0) A" b +7, | B—(1,...,1,0,...,0)A"'b
N——

It is immediate to see that this coincides with the dual objective function
f(a) evaluated at o = 75. Hence, we conclude that (6.8) is the sought
solution. 0
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6.B Proof of Proposition 6.2

The proof follows immediately by observing that, for § < by, the program
(6.13) can be reformulated as the L-dimensional polymatroid program [99]

( L
maximize Z i R;

i=1 A
subject to Zﬁi <r(S), VvSC{1,...,L}

€S

B=>0

(6.22)

where the rank function r(S) is defined by
max{S}

r(S) = Z A,

~

where A; = b; — by for i = 1,...,L —1 and A; = 3 —b; ;. Since
(bo,...,b; 4, [) is increasing, r(5) is submodular. O
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Conclusions and Perspectives

Conclusion

In this thesis, we have proposed various low-complexity coding/decoding
schemes to approach the capacity limits of binary-input symmetric-output
channels and CDMA channels.

First, we have analyzed the belief propagation decoder of the infinite block
length, systematic, random-like IRA code ensemble using density evolution,
assuming transmission over a binary-input symmetric-output channel. We
have tracked the evolution of message densities over the cycle-free bipartite
graph, and studied the local stability condition of the fixed point, corre-
sponding to zero bit error rate, of the resulting two-dimensional non-linear
dynamical system.

We have then addressed the optimization of the IRA code ensemble for
the class of binary-input symmetric-output channels. The code design makes
use of three tools: the mutual information evolution described by the EXIT
function, the reciprocal channel approximation and the non-strict convexity
of mutual information on the set of binary-input symmetric-output channels.
We have proposed four methods to approximate densities involved in density
evolution with a one-dimensional parameter, namely mutual information,
thus yielding four low-complexity design methods of the IRA code ensemble,

125
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that are formulated as linear programs. Again, local stability conditions of
the fixed-points of the approximated density evolution systems have been
derived. One of these one-dimensional DE approximation systems, based on
Gaussian and reciprocal channel approximations, yields the same stability
condition as the one under exact DE, while the exact stability condition
has to be added in the optimization problem for other DE approximation
methods, such as the one based and BEC a priori with reciprocal channel
approximation.

We have optimized TRA codes for a wide range of rates, on the binary-
input additive white Gaussian noise channel and the binary symmetric chan-
nel, using the four design methods. Comparing the BER thresholds of these
codes evaluated by the exact DE, it is found that the best approximations
are those based on the Gaussian approximation, and the BER performances
of the codes thus designed are comparable to those of the best LDPC codes
of the same rate. IRA codes are then an attractive alternative due to the
simplicity of their coding/encoding.

Next, we have studied the BER and WER performances of finite length
regular and irregular repeat accumulate codes on the BIAWGNC in the er-
ror floor region. Two approaches have been a adopted: girth maximization
and minimum stopping set size maximization. The BER performances of
girth-conditioned short-length regular RA codes are found to be above the
performances of the random ML-decoded regular RA ensemble with uniform
interleaving. They are also comparable to the performances of the best LDPC
codes of the same rate. On the other hand, the BER performances of the
large-block length irregular RA codes remain inferior to those of irregular
LDPC codes with comparable length and graph conditioning.

After the analysis and design of IRA codes that closely approach the
Shannon limit in the single user case, we have tackled the problem of ap-
proaching the optimum spectral efficiency of the random CDMA channel in
the large system limit. We have shown that the loss in spectral efficiency due
to the use of QPSK inputs instead of Gaussian ones vanishes as the channel
load becomes large.

We have then considered approaching the optimum CDMA with a low-
complexity encoding/decoding setting, using capacity-achieving (approach-
ing) binary error correcting codes, QPSK modulation and stripping decoder.
We have optimized the channel load distribution in two cases: the equal-rate
system with non-equal SNR levels, and the equal-power system with non-
equal rates, subject to the successive decodability condition imposed by the
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stripping decoder. With the equal-rate system design, the spectral efficiency
approaches the optimal spectral efficiency for low code rates. The equal-rate
system design seems more attractive than the equal-power system design
which requires a very wide range of rates to get close to the optimal. Numer-
ical results have shown that these design methods can be used to dimension
practical systems, and the resulting systems do not suffer from catastrophic
error propagation.

Future Work

[rregular repeat accumulate codes can be seen as a special instance of irregu-
lar turbo codes, with the constituent convolutional encoder having only two
states. Although the threshold of the designed IRA code ensembles in this
work are very close to Shannon limit and can hardly be improved any fur-
ther, we believe that the finite length performance of irregular turbo codes
(i.e. convolutional constituent encoders with larger memory) can bring a
substantial improvement over that of irregular repeat accumulate codes for
medium to large block lengths. This is a direction that should be investi-
gated. It must be noted that the DE analysis of such codes presents much
more difficulty than for IRA codes, because of the presence of cycles in the
bipartite graph of such an irregular turbo code due to the increased memory.
Moreover, DE approximation methods 1 and 2 cannot be used, for the same
reasons. However, one can still use methods 3 and 4 to design capacity-
approaching irregular turbo codes, because these methods make use of the
BCJR algorithm on the cycle-free graph of the convolutional code resulting
from the use of hidden variables (states).

Another issue that could be investigated is the design of a low complex-
ity scheme to approach the spectral efficiency of a cellular multiple access
channel. In [100], Wyner proposed to model the received signal at a cell
site as the sum of the noise, the signals transmitted from within the cell
and a scaled version of the sum of signals from adjacent cells with scaling
factor 0 < a < 1. However, users from adjacent cells do not cause the same
inter-cell interference at the cell site, depending on how close they are from
the edge of the cell. Therefore one could use different scaling factors that
depend on the position of the adjacent interferer and accordingly optimize
the power/rate profile of the users to maximize the spectral efficiency.
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Chapter 8

Résumé Détaillé en Francais

8.1 Introduction

8.1.1 Techniques Avancées de Codage

Claude Shannon a montré [1] existence de codes permettant une transmis-
sion fiable si le taux (rendement) de transmission d’information, mesuré en
bits par utilisation du canal, est inférieur a la capacité du canal. Un code
aléatoirement construit et ayant une grande longueur de bloc a une grande
probabilité d’approcher la limite de Shannon. Cependant, la complexité de
décodage d'un tel code est exponentielle en la longueur du code, rendant
le décodage impossible en pratique. Le but de la théorie de codage est de
construire des codes performants, atteignant la limite de Shannon, tout en
ayant une complexité de décodage raisonnable. Une importante étape dans
cette direction a été franchie par David Forney [2] en introduisant des codes
concaténés. Ces derniers se composent d'un code bloc externe puissant et
d'un code convolutif interne. Le code interne est décodé par 'algorithme
de Viterbi, suivi du décodeur externe qui fait usage de décisions dures et de
décodage algébrique.

En 1993, Berrou, Glavieux et Thitimajshima ont introduit une nouvelle
technique de codage: les turbo codes. Un turbo code résulte de la con-
caténation de deux codes convolutifs a travers un entrelaceur. Cette struc-
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ture admet un schéma de décodage itératif, basé sur I’estimation récursive de
probabilités a posteriori (APP) en utilisant 1'algorithme BCJR [4], ainsi que
I’échange d’informations extrinséques entre les deux décodeurs constituants.
La performance des turbo codes approche d’une fraction de dB la limite de
Shannon du canal a entrée binaire et sortie Gaussienne.

L’introduction des turbo codes constitue une avancée majeure dans la
théorie de codage en engendrant plusieurs travaux de recherche dans le do-
maine des codes pseudo-aléatoires, et en donnant naissance a la famille de
codes turbo-like. Nous notons en particulier la redécouverte des codes LDPC
(low density parity check) initialement proposés dans [5], I'introduction des
codes LDPC irréguliers [6, 7] et l'introduction des codes RA (répétition-
accumulation ou repeat-accumulate) [8]. Les performances de ces codes sont
proches des limites de Shannon de plusieurs canaux de grand intéret. Il
a été montré dans [6, 7] que les codes LDPC irréguliers atteignent asymp-
totiquement la capacité du canal BEC (binary erasure channel) en faisant
usage d’un décodeur par passage de messages. Bien que le BEC soit le
seul canal pour lequel ce résultat existe, des codes LDPC irréguliers avec
de tres bonnes performances ont été congus pour d’autres canaux a entrée
binaire, tels le BSC (binary symmetric channel), le BBAWGNC (binary-input
additive white Gaussian noise channel) [9] et le canal ISI (inter-symbol in-
terference) [10, 11, 12, 13].

La description de ces codes turbo-like et de leur décodage se fait a ’aide
du graphe de Tanner (bipartite) [14]. Les codes sont décodés itérativement
en effectuant des opérations locales aux sommets, appelées contraintes lo-
cales, puis en passant 'information obtenue le long des arétes du graphe. La
complexité de décodage dépend de la complexité des contraintes locales , de
la complexité du passage de l'information sur les arétes et du nombre des
itérations du décodeur. Nous nous intéressons principalement aux décodeurs
par passage de messages pour lesquels les messages représentent des estima-
tions des bits transmis. En outre, nous considérons uniquement 1’algorithme
somme-produit (sum-product) aussi appelé algorithme de propagation des
croyances (belief propagation ou BP), qui suppose I'indépendance locale des
messages entrants aux sommets. Dans ce cas, les contraintes locales aux
sommets obéissent aux lois de probabilité.

L’introduction des codes LDPC irréguliers a motivé d’autres schémas
de codage irréguliers et turbo-like, tels les codes irréguliers RA (IRA) [15]
et les turbo codes irréguliers [16, 17]. Les codes IRA, qui sont en fait un
type particulier de codes LDPC et de turbo codes irréguliers, atteignent la
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capacité du canal BEC. Ces codes sont particulierement intéressants de par
la faible complexité de leur codage/décodage et de leur bonne performance
comparable a celle des codes LDPC et turbo.

Un code IRA possede les degrés de liberté suivants: un profil de répétition
{fi >0,i=23,... : X5, fi =1} et un facteur de groupement a. Une
fraction f; des bits d’information est répétée i fois, ou ¢ = 2,3,.... La
séquence résultant de 'étape de répétition est entrelacée et est passée en
entrée d’'une machine récursive a états finis, 1’accumulateur, qui sort un bit
tous les a bits entrés.

La machine récursive a états finis est le schéma le plus simple permettant
d’obtenir un rendement rationnel arbitraire entre 0 et 1. Dans le présent tra-
vail, nous nous intéressons exclusivement aux codes IRA utilisant des codes
convolutifs a deux états, bien qu’il soit 1égitime de penser que I'inclusion de
la machine a états finis dans I’ensemble des degrés de liberté pourrait donner
lieu a la construction de meilleurs codes. Dans le cas ot le nombre d’états est
supérieur a deux, le code prend la forme générale d’'un turbo code irrégulier.

Les premieres tentatives d’optimisation de codes LDPC irréguliers ([18]
pour le BEC et [19] pour d’autres canaux) étaient basées sur la technique de
I"évolution de densités (density evolution ou DE), qui consiste a déterminer la
performance moyenne d’un ensemble de codes pseudo-aléatoires dans la limite
d’une longueur de bloc infinie. Afin de réduire la complexité de 'optimisation
de I’ensemble basée sur la DE, plusieurs méthodes d’approximation de la DE
ont été proposées. Elles consistent a approximer les densités de probabilité
des messages passés sur le graphe par des parametres unidimensionnels. Ces
techniques ne sont exactes que dans le cas du BEC, pour lequel la DE est
unidimensionnelle. Les techniques d’approximation les plus utilisées sont
basées sur 1’approxzimation Gaussienne des messages, qui, alliée a la condition
de symétrie des densités des messages, permet de représenter la densité des
messages par un seul parametre. Les techniques d’approximation varient
selon le parametre utilisé pour représenter les densités des messages et les
fonctions utilisées pour définir le systeme dynamique qui décrit 1’évolution
des densités sur le graphe de Tanner de I'ensemble de codes [20, 21, 22, 23,
24, 25, 26]..

Dans cette these, nous considérons l'optimisation d’ensembles de codes
IRA pour des canaux a entrée binaire et sortie symétrique. Nous proposons
quatre méthodes d’approximation de la DE par I’évolution d'un parametre
unidimensionnel, en 'occurrence 'information mutuelle entre les bits trans-
mis et les rapports de vraisemblances sur le graphe. Ces méthodes se dis-
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tinguent par les différentes fagons d’approximer les densités des messages
et le calcul des messages aux sommets avec l'algorithme BP. La premiere
méthode fait usage de I'approximation Gaussienne et de ’approximation
réciproque (duale). La deuxiéme méthode utilise toujours l'approximation
réciproque, mais suppose cette fois que les messages sont les sorties d'un
canal BEC virtuel dont la capacité est égale a I'information mutuelle calculée
au sommet considéré. Ces deux premieres méthodes permettent d’exprimer
les récursions de la DE de fagon analytique, contrairement aux méthodes 3
et 4 qui n’ont pas cette faculté. En effet, ces deux dernieres méthodes font
usage de simulations Monte Carlo afin de suivre I’évolution de I'information
mutuelle sur le graphe de Tanner. La formulation de ces méthodes est telle
qu’elle reste valide pour tout canal a entrée binaire et sortie symétrique.

Si la longueur de bloc est finie, le graphe de Tanner contient des cycles
et 'hypothese de I'indépendance locale n’est plus valide. En effet, des codes
turbo-like aléatoires de longueur finie peuvent avoir de mauvaises perfor-
mances avec ’algorithme de décodage BP, et I'écart de la capacité du canal
peut se détériorer au passage de la longueur infinie a la longueur finie. La
conception de l'entrelaceur devient de ce fait une question cruciale pour la
performance de codes sur graphes a longueur finie. Les criteres de construc-
tion d’entrelaceurs reposent essentiellement sur des arguments heuristiques:
I’élimination de cycles courts afin de limiter la propagation de messages a
faible fiabilité; la maximisation de la distance minimale afin d’éliminer les
mots de code de faible poids de Hamming responsables de la mauvaise per-
formances pour les hauts rapports signal a bruit; la maximisation de la taille
d’ensembles bloquants (stopping sets) [27] responsables des erreurs résiduelles
de codes LDPC sur le BEC.

Dans cette these, nous analysons la performance de codes IRA de longueur
finie sur le BIAWGNC, avec des structures d’entrelacement obéissant a 1'une
des deux contraintes suivantes: (a) la taille du plus petit cycle est supérieure a
un certain parametre, (b) la taille du plus ensemble bloquant est supérieure &
un certain parametre. Nous montrons aussi comment calculer la performance
moyenne de I’ensemble aléatoire de codes RA réguliers sur le BIAWGNC, en
utilisant un décodeur par maximum de vraisemblance, et la comparons a la
performance moyenne de I’ensemble de codes RA réguliers dont le graphe de
Tanner obéit au critere (a).
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8.1.2 CDMA Codé avec Décodage Successif

Dans un canal a acceés multiple MAC (multiple access channel), plusieurs
utilisateurs transmettent sur le méme canal physique. Ainsi, la sortie du
canal est une version bruitée de la superposition des signaux transmis. Dans
ce travail, nous considérons le canal Gaussien a acces multiple (Gaussian
multiple access channel ou GMAC) ou le bruit est additif blanc Gaussien
(AWGN pour additive white Gaussian noise). La capacité du GMAC étant
le nombre total d’utilisateurs pouvant transmettre de fagon fiable sur le canal,
la théorie de 'information multi-utilisateur [28] montre que la capacité est
généralement maximisée par la transmission de signaux qui interférent entre
eux (non orthogonaux). La principale mesure est 1'efficacité spectrale qui
représente le taux total de transmission de données par unité de largeur de
bande (bits par seconde par Hertz ou bits par utilisation de canal).

Dans ce travail, nous nous proposons des schémas de codage/décodage de
faible complexité afin d’approcher 'efficacité spectrale maximale du GMAC.
Afin d’atteindre la performance optimale, il est nécessaire d’employer des
stratégies de codage adéquates, ainsi qu’une structure de décodage permet-
tant de décoder les données transmises et ce de facon arbitrairement fiable.
Ceci est accompli a I'aide du décodage successif qui décode un utilisateur
donné en considérant tous les autres utilisateurs comme du bruit, puis sous-
trait la contribution de I'utilisateur décodé du signal recu et répete ces deux
opérations jusqu’a ce que tous les utilisateurs soient décodés avec succes.

Dans cette these, nous adoptons la stratégie de codage appelée acces
multiple par répartition de codes (CDMA pour code division multiple access)
aussi appelée accés multiple par étalement de spectre [29, 30]. En CDMA,
chaque utilisateur se voit octroyer une séquence d’étalement qui est un vecteur
unitaire dans un espace de dimension N et dont les éléments sont appelés
bribes (chips). Le facteur d’étalement N est le nombre de bribes par symbole
émis, et le rapport entre le nombre d’utilisateurs et le facteur d’étalement
est appelé le gain d’étalement. Nous supposons que 1’étalement est aléatoire,
i.e., les séquences d’étalement sont octroyées aléatoirement, et les bribes sont
indépendantes et identiquement distribuées (iid). Cette hypothese est jus-
tifiée par:

e L’étalement aléatoire modélise bien les systemes CDMA employant de
longues séquences d’étalement recouvrant plusieurs périodes de sym-
bole.
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e L’efficacité spectrale moyennée sur I’ensemble des signatures possibles
est une borne inférieure a lefficacité spectrale optimale obtenue en
utilisant des séquences d’étalement déterministes optimales.

Lefficacité spectrale d'un systeme CDMA synchrone avec bruit Gaussien
et étalement aléatoire a été déterminée dans [31, 32], ou 'on suppose que
le nombre d’utilisateurs ainsi que le facteur d’étalement sont infinis, et que
le gain d’étalement est fini. Ces conditions représentent les limites d'un
grand systeme. L’efficacité spectrale maximale est atteinte en utilisant des
entrées Gaussiennes, mais les systemes pratiques emploient des constellations
discretes de petites tailles. Certains travaux récents utilisent I’analyse asymp-
totique de systemes CDMA avec étalement aléatoire et différentes structures
de réception dans le but de construire des systemes CDMA pratiques [33].

Nous étudions dans ce travail I'efficacité spectrale maximale d’un systeme
CDMA aléatoire synchrone, dans la limite d'un grand systeme et avec une
taille de bloc infinie, en considérant le cadre suivant: une modulation a
déplacement de phase quadrivalente (QPSK pour quaternary phase shift key-
ing), des codes binaires correcteurs d’erreurs atteignant (ou approchant) la
capacité du canal, un filtre a erreur quadratique moyenne minimale MMSE
(minimum mean square error) et un décodage successif. Pour des codes bi-
naires donnés, on maximise 'efficacité spectrale du systeme CDMA avec un
décodeur successif, quand tous les utilisateurs sont recus a la méme puis-
sance ou quand tous les utilisateurs transmettent au meme rendement. Dans
les deux cas de figure, le probleme de la maximisation de 'efficacité spec-
trale peut étre formulé comme un programme linéaire dont la solution peut
étre écrite analytiquement. A l’aide d’exemples utilisant des codes LDPC
irréguliers optimisés pour le BIAWGNC, nous montrons que le cas de rende-
ment égal est quasi-optimal en approchant de tres pres la capacité du GMAC.
Dans le cas d'un rendement commun a tous les utilisateurs, nous étudions
la performance d’un systeme CDMA de taille finie basé sur les résultats de
I'optimisation, et montrons que notre approche de faible complexité permet
de limiter la propagation d’erreurs résiduelles. Notre approche de décodage
a faible complexité repose sur un schéma itératif a deux aspects:

e Les codes LDPC binaires sont décodés itérativement.

e Le décodeur successif est itéré afin d’éliminer les erreurs résiduelles a
la suite du décodage de chaque utilisateur.
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8.1.3 Organisation du Résumé

Cette these est composée de deux parties. La premiere partie étudie les
codes TRA, leur codage, leur décodage, leur conception et leur performance.
La deuxieme partie considere la maximisation de l'efficacité spectrale d’un
systeme CDMA afin d’approcher la capacité du GMAC en utilisant un schéma
de codage/décodage de faible complexité.

La section 8.2 présente I'’encodeur IRA, le décodeur BP et I’évolution des
densités sur le graphe de Tanner, pour les canaux a entrée binaire et sortie
symétrique. Dans la section 8.3, nous décrivons 'optimisation des codes IRA
sous la forme d’'un programme linéaire, en introduisant deux applications de
(vers) ’ensemble des distributions symétriques vers (de) I'ensemble des nom-
bres réels. Nous y présentons la fonction EXIT (extrinsic mutual information
transfer function) et la fonction de capacité de canaux a entrée binaire et sor-
tie symétrique. Nous présentons quatre méthodes pour approximer la DE,
ainsi que certaines propriétés analytiques de ces méthodes. Nous finissons
cette section en présentant des codes optimisés pour le BIAWGNC et le BSC
et leurs seuils de décodage évalués a l'aide de la DE exacte. La section 8.4
étudie la performance de codes RA réguliers et irréguliers sur le BIAWGNC,
et dont le graphe de Tanner est dépourvu de cycles ou ensembles bloquants
de longueurs inférieures a un certain parametre.

La section 8.5 présente les limites théoriques qui peuvent étre atteintes
par le décodage successif sur le canal CDMA aléatoire, dans la limite d’un
grand systeme. Dans la section 8.6, on présente une méthode pour approcher
la capacité du GMAC en utilisant une modulation QPSK, des codes binaires
correcteurs d’erreur et un décodeur successif.
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Codes Irréguliers Répétition-Accumulation

8.2 Codage et Décodage de Codes IRA

Fig. 8.1 montre I'encodeur d’un code IRA systématique. Chaque bit b;, ou
1=1,..., kestrépété 2 < r; < d fois, puis le bloc b est entrelacé résultant en
un bloc de répétition x; de longueur N. x; est transmis a un accumulateur
dont la sortie x5 est de longueur m. Le rendement de 'accumulateur est le
facteur de groupement a et le rendement du code IRA est

d
- i=2

R= - = (8.1)

ot d est le degré moyen d’un bit d’information et \; est la fraction d’arétes
reliées a un bit d’information de degré 7.

channel Us

a—1

Repetition
I X1 Toj+1 = Tj + E T1,q5+i X2 channel up
code — A .
i=0
\
outer code inner code

Figure 8.1: Encodeur d’un code IRA systématique

Le graphe de Tanner représentant le code IRA est constitué de trois types
de sommet: des sommets de bits d’'information (information bitnodes), des
sommets de bits de parité (parity bitnodes) et des sommets de contrle de
parité (checknodes). Un bitnode est lié & un checknode par une aréte.

Chaque bitnode est associé a un message d’observation du canal donné
par
Py |x (Yalza = 0)

Py ix (Yalza = 1) (8.2)

Uy = log
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L’algorithme de décodage somme-produit est initialisé en mettant les mes-
sages des checknodes a zéro. Considérant un bitnode « de degré i, le message
sortant de ce sommet est donné par

i—1
Moa = Uq + Z m,; (8.3)
j=1

oll m; est un message entrant par l'aréte j. Considérant un checknode 3 de
degré i, le message sortant de ce sommet est donné par

i—1
Mop _ m;
tanh T = ]]1 tanh 7 (84)

ol m; est un message entrant par 'aréte j.
Deux méthodes de séquencement du décodage sont possibles:

e Séquencement LDPC, ou tous les bitnodes et tous les checknodes sont
activés alternativement et en parallele.

e Séquencement Turbo, ou les bitnodes d’information sont d’abord ac-
tivés puis 'algorithme BCJR est appliqué au treillis de I'accumulateur.

La technique DE étudie I’évolution des densités des messages propagés
sur un graphe aléatoire de taille infinie, ou les messages sont localement
indépendants. Le théoréme de concentration [18, 39] garantit que le taux
d’erreur de I'algorithme somme-produit appliqué a un code aléatoirement tiré
de I'ensemble a une grande probabilité d’étre égal au taux d’erreur calculé
avec la DE pour une longueur de bloc suffisamment grande.

Les canaux a entrée binaire et sortie symétrique sont caractérisés par une
condition de symétrie des distributions de messages. Pour une distribution
F possédant une densité de probabilité f, cette condition se traduit par

f(z) = e f(—x) (8.5)

et I'on dénote par F,,, I'ensemble des distributions symétriques.
La DE de I’ensemble de codes IRA aléatoire est donnée par la proposition
suivante.
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Proposition 8.1 Considérons que P, [resp., E/ dénote la distribution moyen-
ne des messages passés d’un information bitnode [resp., parity bitnode] vers
un checknode, a litération . Considérons aussi que Qy [resp., @4] dénote la
distribution moyenne des messages passés d’un checknode vers un informa-
tion bitnode [resp., parity bitnode/, a l'itération {.

Sous la condition que le graphe n’a pas de cycle, Pg,ﬁg,@g,@g satisfont
les récursions suivantes:

P = F, M@
P = F® @E
Q = It <F(155_1)®2 ® F(p£_1)®(a—1))

Q = T} <F(ﬁe—1) ® F(Pe—1)®a>

pour £ = 1,2,..., avec comme condition initiale Py = 150 = Aq, ou F, est
la distribution des messages d’observation du canal (8.2), ® représente la
convolution de distributions, définie par

(F&G)(z) = / F(z — )dG(1) (8.10)

®m représente la m-éme convolution, A\(F) £ S NFEED T(F,) est la

distribution de y = y(x) (défini sur Fy X Ry), ot x ~ F,, et T' dénote la
fonction inverse de T, i.e., T71(G,) est la distribution de x =y~ (y) siy ~

Gy. Dans ce qui précéde, nous avons défini y(z) = <sign(x), — log tanh %')

(A, As) est un point fixe des récursions (8.6 — 8.9), et sa stabilité locale
est donnée par le résultat suivant.

Théoréme 8.1 Le point fire (A, As) de la DE est localement stable si et
seulement si
e'(e" —1)
Ao < 8.11
*Tat+l4e(a—1) (8.11)

ot r = —log( [ e */2dF,(z)).
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8.3 Construction de Codes IRA

Considérons les applications ® : Fgyry, — R et ¥ : R — Jgp,. Nous dérivons
un systeme dynamique du systeme (8.6 — 8.9) tel que

v = ®(F,®NQ))
T = <I><Fu®66)

Q = I (r (U (F1))™2 ®F(\I/(xg_1))®(“_1)> 8.14
Q = T (W(F 1) @ (W)™ 8.15
pour ¢ = 1,2,..., avec comme condition initiale 2o = Ty = P(Ay), et ou

(2, T¢) sont les variables d’état du systeme. Ce systeme peut étre éerit de
facon équivalente comme

(xe—h fe—1)
(xe—h fe—1)

Ly

Ty

; % (8.16)
(8.16) admet un point fixe a (1,1). Afin que ce point fixe soit unique, il
est nécessaire (les fonctions ® et W ayant certaines propriétés) que = <
¢(z,z(z)), V x€]0,1). Cette condition est la condition de taux d’erreur
nul de la DE approximée, et I'on peut par conséquent obtenir une méthode
approximée d’optimisation de codes IRA:

(

d
maximiser a Z it
=2
d (8.17)
sous les contraintes Z N=1 \N>0V:
i=2
\ r < ¢(x,z(x)), Vael0l)

Différentes méthodes d’approximation de la DE existent selon le choix
des fonctions ® et ¥, de lapproximation des distributions Q, Q et F, et
du séquencement du décodage. Dans ce qui suit, nous citons quatre de ces
méthodes pour lesquelles

O F— I(F)

JF) 21— /Oo logy (14 ) dF (=) (8.18)

o0
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associe une distribution symétrique F' a la capacité du canal dont la prob-
abilité de transition est donnée par F'. Ceci revient a décrire la DE en ter-
mes de I’évolution de I'information mutuelle entre les variables associées aux
différents sommets et les messages propagés. L’idée est de décrire le calcul
effectué a un sommet pendant le décodage somme-produit par une fonction
de transfert d’information mutuelle appelée fonction EXIT [20, 21, 26, 42,
48, 49, 50]. Les deux premiéres méthodes résultent en des approximations
analytiques tandis que les deux autres font usage de la méthode Monte Carlo.

8.3.1 Méthode 1

Les distributions a chaque itération sont supposées Gaussiennes. Une dis-
tribution Gaussienne satisfait la condition de symétrie (8.5) si et seule-
ment si la variance est égale au double de la moyenne, et est dénotée par

Naym (1) = Np, 21 ul).

Nous considérons les approximations suivantes:

U: 2 = Nym(J H(2)) (8.19)

Qe = Noym(pe) (8.20)

Qe = Noym(re) (8.21)
D

F. ~ > piA, (8.22)
j=1

ouD >2 v; €Ret p; € Ry tel que Zlepjzl, et

2 = —i +0°€_22 o) e 2VHETIY
700 2 I0Nn) = 1= = [ 0w (14 Jdz  (8.23)

En utilisant 'approximation duale [41, 43|, la DE est approximée par le
systeme dynamique:

(8.24)

{M = J'(1-J((a—1)J (1 —zp1) + 2T (1= Tp1)))
pe = J (11—

"1 =J(aJ ' (A =) + (1 = T)))
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et

d D

1 o , ,
r = 1— Z Z )\ipjﬁ/ e log, <1 +e 2V (Z—l)wz—(l—l)w_”i) dz

i=2 j=1
D

_ 1 _
Te = 1- ijﬁ/ e * log, (1 +e_2mz_“f_”7> dz
j=1 —o0
(8.25)

8.3.2 Meéthode 2

Les messages a chaque itération sont supposés provenir d’un canal BEC
virtuel tel que
Uz Eym(l —2) (8.26)

ol Egym(€) 2 Ao+ (1 — €)A. En utilisant cette approximation et

Q = Eqym(l -2 [72 )

= - 8.27
Qé = Esym(l - m?—lxé—l) ( )

I’approximation de la DE est exprimée sous forme d’un systeme dynamique
sur I’ensemble des nombres réels:

re =1=(1=3(F) D N (1 —ag{F )" (8.28)

To =1—(1=9(F,)) (1 —a¢_ Ti)

8.3.3 Méthodes 3 et 4

En supposant que le séquencement de décodage est turbo, les fonctions EXIT
des décodeurs interne et externe sont obtenues par des simulations Monte
Carlo (cf. Fig. 8.2). Ces fonctions EXIT sont généralement obtenues comme
suit:

1. Les messages du canal sont iid selon la distribution F},.
2. Les messages a ’entrée du décodeur sont iid selon la distribution F},.

3. La distribution F,,; des messages a la sortie du décodeur est obtenue
analytiquement ou par simulation Monte Carlo.
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4. La paire I4 = J(Fi,), Ig = I(Fyy) représente un point sur le graphe de
la fonction EXIT.

Les méthodes 3 et 4 consistent a suivre les étapes précitées en supposant que
Fin = Nyym(J 1 (14)) et Fy = Eqym(1 — 1) respectivement.

F,

F,
inner Fout Fn outer

~1
decoder II decoder

En I FOUt

Figure 8.2: Décodeur IRA avec séquencement turbo

8.3.4 Propriétés de I’Evolution de Densités Approximée

Condition de Stabilité (1,1) est un point fixe de la DE approximée, et
sa stabilité est donnée par le résultat suivant.

Théoréme 8.2 Le point fize (1,1) du systéme (8.24 — 8.25) est stable si et
seulement si le point fire (As,As) de la DE exacte (8.6 — 8.9) est stable.

Proposition 8.2 La condition locale de stabilité de la DE approximée par
la méthode 2 est moins contraignante que celle de la DE exacte.

Points fixes, Rendements et Capacité de Canal Le théoreme suivant
est un corollaire d'un résultat plus général donné par [42].

Théoreme 8.3 La DE approximée par les méthodes 2 et 4 posséde un point
fixe unique (1,1) seulement si le rendement R de l’ensemble IRA satisfait
linégalité R < C' = J(F,).
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8.3.5 Résultats et Simulations

Des résultats numériques sont donnés dans la section 3.6 pour les canaux
BIAWGNC et BSC. Ces résultats montrent que I'approximation Gaussienne
est plus intéressante car les codes réalisés avec les méthodes 1 et 3 produisent
le plus petit écart a la limite de Shannon. Selon le rendement souhaité, il est
préférable de déterminer la fonction EXIT du décodeur interne en utilisant
une simulation Monte Carlo (méthode 3) ou 'approximation duale (méthode

1).

Pour le BIAWGNC, les meilleurs codes LDPC [9] ont une meilleure per-
formance que les codes TRA. Néanmoins, les codes IRA représentent une
alternative intéressante au vu de la simplicité de leur encodage et décodage.

8.4 Codes Répétition-Accumulation de Lon-
gueur Finie

Les graphes de Tanner des ensembles de codes IRA optimisés ne contiennent
aucun cycle, dans la limite d’'une longueur de code infinie. Par contre, les
graphes de codes dont la longueur est finie peuvent contenir des cycles courts.
Par conséquent, le décodeur BCJR est sous-optimal car la I'indépendance
locale des messages n’est plus valide. En effet, des codes IRA construits de
facon aléatoire peuvent avoir de mauvaises performances lors du décodage
somme-produit. Ces mauvaises performances se matérialisent comme suit:

1. Dans la région de bas SNR, le taux d’erreur de bits (BER pour bit error
rate) est loin du seuil de I'ensemble des codes IRA, creusant I'écart a
la limite de Shannon pour la longueur infinie.

2. Dans la région de SNR moyen et élevé, le BER s’aplatit et creuse
d’autant plus 1’écart a la limite de Shannon. Ce comportement est
appelé error floor.

3. Si Ay # 0, le taux d’erreur de mots (WER pour word error rate) est
mauvais.

8.4.1 Entrelaceurs

La performance de codes IRA de longueur finie peut étre améliorée en con-
struisant l'entrelaceur de fagon appropriée. Deux stratégies sont adoptées.
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La premiere stratégie consiste a éliminer des cycles courts [60, 61, 62] en
utilisant 'algorithme progressive edge growth ou PEG [60]. Cette approche
a pour effet de maximiser la longueur du plus petit cycle, appelée girth. La
deuxieme stratégie consiste a maximiser la longueur du plus petit ensemble
bloquant [27] en utilisant I'algorithme SSMAX [63].

8.4.2 Le Girth

Le girth de codes IRA construits avec 'algorithme PEG est comparable a la
limite théorique pour des longueurs de codes courtes, mais 1’écart se creuse
quand la longueur de bloc augmente. La borne théorique sur le girth de codes

IRA est donnée par -
log [k(d —1) + 1]

log [%(Ja +d— a)} (8.29)

8.4.3 Décodage au Maximum de Vraisemblance

Afin de déterminer l'origine de la mauvaise performance des codes IRA ( qui
du décodeur somme-produit ou de la famille d’entrelaceurs est en cause), on
calcule une borne supérieure au taux d’erreur sous le décodage au maximum
de vraisemblance (ML pour mazimum likelihood), a I'aide du TSB (tangential
sphere bound). A cet effet, les IOWE (pour input output weight enumerator
ou énumérateurs de poids entrée — sortie) du code de répétition, du groupe-
ment et de I'accumulateur sont calculés individuellement. En considérant un
code RA régulier avec les parametres a = 2 et a = 4, les IOWE du code
peuvent étre obtenus analytiquement et sont respectivement donnés par

s =@ 22 () (Gl (i 20) o

Apwih = dk 222t< 1t/2] ) ( [t/2] — 1) hﬂiz%( t) (2@21; t)

(8.31)

ol



8.4 Codes Répétition-Accumulation de Longueur Finie 145

ou les sommes sont sur tous les entiers t tels que dw — t est pair et t <
min(m, dw).

8.4.4 Résultats et Simulations

La méthode d’impulsion [75, 76] est utilisée pour estimer la distance minimale
de codes RA réguliers de petite longueur. Des exemples pour des codes RA
réguliers de rendement 1/2 montrent que la distance minimale augmente
proportionnellement avec le girth.

Nos simulations montrent que la maximisation du girth améliore les per-
formances en BER et WER des codes RA réguliers de petite et moyenne
longueur par rapport a ’ensemble RA régulier aléatoire. En effet, 'augmen-
tation du girth a un impact direct sur la distance minimale, résultant en de
meilleures performances par rapport a I’ensemble aléatoire et a I’ensemble de
codes LDPC de méme girth. En conclusion, le compromis performance/com-
plexité des codes RA réguliers est avantageux quand la longueur de bloc est
petite a moyenne.

Les codes RA irréguliers de grande longueur ont une meilleure perfor-
mance avec 'algorithme SSMAX, en comparaison avec les performances de
I’ensemble TRA aléatoire et de ’ensemble IRA construit avec 'algorithme
PEG. Néanmoins, la performance des codes IRA par SSMAX reste inférieure
a celle de codes LDPC construits de la méme fagon.
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CDMA Codé avec Décodage Successif

8.5 Efficacité Spectrale de CDMA codé

8.5.1 Modele Canonique CDMA

Le canal CDMA complexe discret est modélisé par
Yi:SXi+nia 7::1,...,71 (832)
obtenu en échantillonnant un systeme CDMA au rythme de bribe [29], ou:

1. y;,n; € CV sont respectivement le vecteur recu échantillonné au rythme
de la bribe et le vecteur d’échantillons de bruit ~ N¢(0,1) correspon-
dants;

2. S € CVN*K contient les séquences d’étalement ordonnées par colonne.
Les séquences d’étalement sont complexes, connues au récepteur, et les
bribes sont iid caractérisées par une moyenne nulle, une variance 1/N
et un moment fini du quatrieme ordre;

3. x; € CK est le vecteur des symboles modulés transmis a l'instant 4, ot
le k-éme élément zj,; prend sa valeur dans une certaine constellation et
dont I’énergie moyenne (par N bribes) est E|[|z;1|?] = ai, SNR. Le fac-

K

teur d’échelle oy, représente un contrle de puissance tel que % Z ap =
k=1
L
4. N, K et n sont respectivement le facteur d’étalement, le nombre d’uti-
lisateurs et la longueur de bloc.

Les K utilisateurs appartiennent a L classes. Chaque classe j possede
k; utilisateurs qui ont SNR ;. Sans perte de généralité, on suppose que
v < -+ < .. La charge d’une classe j est donnée par §; = K;/N, et la
charge totale du canal est

L
B = Z B; utilisateurs/bribe
j=1
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L’efficacité spectrale totale du systeme est
L
p=Y_B;R; bit/s/Hz (8.33)
j=1

ou R; est le rendement des utilisateurs de la classe j.
Les rapports signal a bruit par bit des utilisateurs individuels étant gé-
néralement différents, on définit un E,/Ny pour le systéme par

L L
Z B Zﬁﬂj
A =1 Jj=1

E — —
sys ZﬁjRj
j=1

8.5.2 Efficacité Spectrale du Canal CDMA Aléatoire

En 'absence d’étalement, le canal CDMA se réduit a un canal a bruit blanc
Gaussien additif dont la capacité est donnée par la solution de

C — logy(1 4 C*22) (8.35)
No

L’efficacité spectrale d'un systeme CDMA, avec étalement aléatoire, dans
la limite d’une taille infinie (K, N — oo avec K/N = [ < oo, sous la
contrainte d'un évanouissement, est donnée par [32]

1
C(B,~v) = C™™(B, ) + log, p +(n—1)log, e (8.36)
ol

. ﬁé(ﬁl,...,ﬁL) et’yé('yl,...,'yL).

e 7 est lefficacité multi-utilisateur grand systeme (non asymptotique) [29]
du récepteur MMSE linéaire. Elle est donnée par la solution positive
de I'équation de Tse-Hanly [91]:

-1
) (8.37)

L
i
n=1+>_5
( = 1+
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o CM™¢(3 ~) est l'efficacité spectrale maximale pouvant étre atteinte en
utilisant un banc de filtres linéaires MMSE suivis d’un décodeur pour
chaque utilisateur. C™™¢(3,~) est donnée par:

(B, ) Zﬂg logy (1 + ;1) (8.38)

Le décodeur composé de filtres MMSE suivis de décodeurs mono-utilisateurs
est clairement sous-optimal. En effet, le maximum de efficacité spectrale
Cmmse egt atteint pour S < oo avec

opt
Cmmse( (r)r}l)l;nse’,y) < C*

ou C* est la capacité du canal AWGN au % correspondant.

D’un autre cté, le supremum de C est atteint pour § — oo, et concide avec
la capacité du canal AWGN. L’efficacité spectrale C(3,7) peut étre atteinte
par un décodeur qui combine la soustraction successive d’interférences et des

filtres MMSE.

8.5.3 Approche de Faible Complexité avec QPSK

Nous avons montré dans la premiere partie de cette these qu’il existe des
codes binaires dont le seuil de décodage approche la capacité du canal, tout
en ayant un décodeur a faible complexité. Nous proposons donc de faire usage
de familles de codes caractérisées par les paires rendement — seuil (R, g).
La capacité d’un canal Gaussien dont 'entrée est QPSK est donnée par

Copael SNR) = 2(1__/ log, <1+e 2 SNR- zmv) . dv)
— 2J(2 SNR) (8.30)

Dans la limite d’'un grand systéme a acces multiple, Uefficacité spectrale
atteinte par un décodeur successif est donnée par

L B;
Con87) =3 [ Coptrsmy ()t (5.40)

Pour un £ donné, I’écart entre Cqper (5, 7) et C* disparait quand 3 — oc.
En effet, le resultat suivant montre que I'usage d’'une modulation QPSK est
optimal si la charge du canal est infinie.
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Théoréme 8.4 Considérons
8
Co(B, SNR) :/ E[Copuc(/A2 SNR1(z, SNR)Jdz  (841)
0

ot n(z, SNR) est la solution de

SNRJ|A|?n
Pour (et % donnés, on définit
Ey
CalB, 1) = CalB, SNR) (5.43)
0
pour le SNR satisfaisant
Ey
2 Co(B, SNR) = 3 SNR (8.44)
No
E .
Donc, pour tout 5 > log, 2:
Ey
lim Co(B,—) =C* 8.45
Jim Co(8: ) (8.45)

8.6 Approche de ’'Optimum avec une Com-
plexité Réduite

Afin d’approcher Defficacité spectrale optimale du GMAC avec une com-
plexité raisonnable, nous considérons un systeme CDMA avec les caractéris-
tiques suivantes:

e une constellation d’entrée QPSK au lieu d’une entrée Gaussienne;
e des codes binaires approchant (ou atteignant) la limite de Shannon;

e un décodeur de canal itératif de faible complexité (linéaire en la longueur
de bloc);

e un décodeur successif qui soustrait les interférences classe par classe.
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Nous optimisons l'efficacité spectrale dans la limite d’'un grand systeme
(K, N,n — o0), dans deux cas de figure:

Systéme a rendement égal Tous les utilisateurs ont le méme rendement
R, mais chaque classe j a un niveau de puissance différent v; tel que

Y1 <72 < < L.

Systeme a puissance égale Tous les utilisateurs ont la méme puissance 7,
mais chaque classe j a un rendement différent R; tel que Ry > Ry >
.- > Ry

8.6.1 Optimisation d’un Systeme a Rendement Egal

Une famille de codes est caractérisée par une paire rendement/seuil (R, g).
Pour une efficacité spectrale p = R, le vecteur optimal 3 qui atteint un
BER arbitrairement petit a un £,Ny minimal, est la solution du programme
linéaire suivant:

( L
minimiser Z Bivi
i=1
i <
sous les contraintes ALB <b (8.46)
d Bi=p
i=1
( B=0
ol A est une matrice triangulaire dont les éléments sont
{ 0 si i< j 8.47)
@iy = (49 LS :
g € (0,1] st i>j
et b est un vecteur de longueur L dont les éléments sont
1 i —

Yig
La solution de ce probléeme est donnée par le résultat suivant.

Proposition 8.3 L’équation Ax = b a une solution unique avec des éléments
non négatifs T. L’ensemble de solutions faisables de (8.46) est non vide si et
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L
seulement si 3 < Z 7;. La solution de (8.46) est donc explicitement donnée
=1
par ’ )
Ti, i=1,...,L—1
L-1
Br=q 8= 7 i=1L (8.49)
j=1
0, i=L+1,...,L

8.6.2 Optimisation d’un Systeme a Puissance Egale

Les familles de codes sont caractérisées par des paires rendements/seuils
(R, g;), et tous les utilisateurs ont le méme SNR ~. L’efficacité spectrale
p= ZZ.LZI 0; R; maximisée sur I’ensemble des charges par classe est obtenue
comme la solution du programme linéaire suivant:

( L
maximiser Z i R;
i=1
1 i L3<b
sous les contraintes iB < (8.50)
> Bi<p
i=1
\ B=>0
ou L est une matrice triangulaire dont les éléments sont
_J O sii<y
lLi; = { | Q> (8.51)
et b est un vecteur de longueur L dont les éléments sont
1+g)(y— g
p, = L9 —g) (8.52)

Y9

La solution de ce programme linéaire est donnée explicitement par le résultat
suivant.

Proposition 8.4 Le probleme (8.50) a toujours une solution

~

b —biq, i=1,...,L—1
Br={ B-b; ,, i=1L (8.53)
0, i=L+1,....L
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ot by 2 0, et L dénote le i minimal pour lequel 3 < b;.

8.6.3 Résultats et Simulations

Les codes binaires ont été choisis parmi les familles de codes LDPC ainsi
que les familles de codes QPSK optimaux. L’efficacité spectrale du systeme
optimisé par égalité de rendement est tres proche de 'optimal, pour de petits
rendements, au prix d’un tres grand nombre de classes a différents niveaux
de puissance. Par contre, 'efficacité spectrale obtenue par un systeme a
puissance égale reste éloignée de l'optimum, car il faut considérer un tres
grand nombre de rendements finement espacés, que les codes soient LDPC
ou QPSK.

Les résultats d’optimisation peuvent étre utilisés pour dimensionner un
systeme fini. Le décodeur successif peut étre itéré afin d’éliminer toute erreur
résiduelle due a un BER non nul.
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8.7 Conclusion

Cette these a proposé différents schémas de codage/décodage, de complexité
réduite, permettant d’approcher la capacité de canaux a entrée binaire et
sortie symétrique ainsi que le canal CDMA.

Nous avons d’abord considéré ’ensemble de codes répétition-accumulation
irréguliers IRA aléatoires, systématiques et de longueur de bloc infinie. A
I’aide de la méthode d’évolution des densités, nous avons analysé le décodeur
par propagation des croyances. Nous avons suivi I’évolution des messages sur
le graphe de Tanner (qui ne contient pas de cycles) résultant en un systéme
dynamique bidimensionnel. Nous avons étudié la stabilité locale des points
fixes de ce systeme, correspondant au point BER nul.

Nous nous sommes attelés a 'optimisation de I’ensemble de codes IRA
pour la classe de canaux a entrée binaire et sortie symétrique. A cet effet,
nous avons utilisé les outils suivants: 1’évolution de lI'information mutuelle
décrite par les fonctions EXIT, 'approximation duale, 'approximation Gaussi-
enne, 'approximation BEC et la convexité non stricte de I'information mu-
tuelle sur ’ensemble des canaux a entrée binaire et sortie symétrique. Nous
avons proposé quatre méthodes afin d’approximer les densités impliquées
dans I’évolution de densités par un parametre réel. Les quatre méthodes
permettent d’écrire le probleme d’optimisation de codes IRA sous la forme
de programmes linéaires. Une fois de plus, la condition de stabilité locale des
points fixes des approximations a été dérivée. Nous avons optimisé les codes
IRA pour un large éventail de rendements et avons montré des exemples pour
le canal Gaussien et le canal BSC. Les meilleures approximations en termes
de seuil de décodage sont celles basées sur I'approximation Gaussienne. Les
performances des codes IRA optimisés sont comparables a celles des meilleurs
codes LDPC.

Dans un deuxieme temps, nous avons étudié les performances de codes
IRA de longueur finie avec différentes structures d’entrelacement. Deux ap-
proches ont été adoptées: la maximisation du girth et la maximisation de la
taille des ensembles bloquants. La performance des codes RA réguliers de
petite et moyenne longueur est comparable a celle des meilleurs codes LDPC.
La performance des codes IRA de longueur importante est inférieure a celle
des meilleurs codes LDPC.

Nous nous sommes ensuite intéressés a approcher efficacité spectrale op-
timale du canal GMAC avec une complexité réduite. Nous avons montré que
la perte en efficacité spectrale occasionnée par 'utilisation d’une constella-
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tion QPSK et d’'un systeme CDMA aléatoire au lieu d’une entrée Gaussienne
disparait en augmentant la charge du canal.

Nous avons montré un schéma de codage/décodage de complexité réduite,
approchant 'efficacité spectrale optimale. Ce schéma est basé sur I'utilisation
de codes binaires approchant (a défaut d’atteindre) la capacité mono-uti-
lisateur, une modulation QPSK et un décodeur successif qui effectue une
soustraction successive des interférences. Nous avons optimisé la distribu-
tion de la charge du canal dans deux cas: les utilisateurs transmettent
avec le méme rendement a différents niveaux de puissance; les utilisateurs
transmettent avec la méme puissance a différents rendements. La contrainte
d’optimisation est la satisfaction des conditions de décodage successif. Dans
le schéma de rendement égal, I'efficacité spectrale est proche de 'optimum
pour des rendements bas. Ce schéma semble plus intéressant que celui qui em-
ploie des rendements différents car ce dernier requiert un tres grand nombre
de rendements finement espacés afin d’approcher 'optimum. Des résultats
numériques montrent que ces méthodes peuvent étre utilisées pour dimen-
sionner des systemes CDMA de taille finie employant des codes binaires tirés
de la littérature (LDPC, IRA). Le systeme ainsi construit est exempt de
propagation catastrophique d’erreurs, en permettant que le décodeur succes-
sif soit lui-méme itératif.
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