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Presentation Génerale

“Vendredi, 20 octobre 2006. Incendie sur des pipelines de la raffinerie de Biz-
erte : Un incendie s’est déclaré, vendredi matin, sur les pipelines d’arrivée des
produits pétroliers du dépét de la raffinerie de Bizerte. Le feu, qui a provoqué
deux déflagrations, a causé des dégats matériels sans faire de victimes. Les
raisons précises de I’incendie ne sont pas encore connues. Mais des travaux
étaient en cours sur les pipelines, avant I'incident. Les forces de la Protection
civile, des unités de I’Armée nationale et les services de la Société Tunisienne
des Industries de Raffinage (STIR) sont intervenus rapidement pour éteindre
l'incendie, qui a été circonscrit en un seul foyer. Les efforts se poursuivent

pour venir a bout du feu.”

Voila une récente dépéche qui malheureusement nous rappelle qu’il
reste beaucoup a faire dans I'inspection des pipelines. La grande par-
tie du travail présenté dans cette thése y est consacrée. Nous pro-
posons dans les trois premiers chapitres de nouvelles méthodes directes
pour l'identification et la localisation des corrosions internes dans les
pipelines. La premiére est par impédance électrique, la deuxiéme par
ondes guidées ou vibration, et la troisiéme par ultrasons. Nous jet-
tons les bases mathématiques de ces méthodes et présentons quelques
tests numériques qui montrent leur efficacité. Notre approche rentre
dans la "stratégie asymptotique” développée par Ammari et Kang [4]
pour la résolution des problémes inverses d’une maniére robuste et sta-
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ble. Nous exploitons I’existence d’'un petit parameétre (la mesure de
Hausdorff de la partie corrosive) pour extraire des données la localisa-
tion de la partie corrosive et estimer son étendue. Le tout, d’abord, a
travers des formules asymptotiques des mesures dépendantes du petit
parameétre, rigoureusement établies, et ensuite, par le biais de nouveaux
algorithmes non-itératifs d’inversion. La plupart de nos algorithmes
sont de type MUSIC (multiple signal classification).

Le dernier chapitre est indépendant des trois premiers. Il est con-
sacré a la reconstruction de la forme d’un objet perturbé connaissant le
champ lointain électrique ou acoustique.

Rappelons que les pipelines sont largement utilisés pour acheminer
le gaz, le pétrole et I’eau de leurs sources émettrices aux usines de
traitement et chez les consommateurs. Les détériorations subies par
un pipeline sont trés cotiteuses. Non seulement le colit de remplace-
ment est conséquent mais également les dommages potentiels causés a
I’environnement et la menace a la vie des étres humains peuvent étre
importants. Afin de transporter de grandes quantités de liquide ou de
gaz sous la terre ou sous la mer (3 partir des champs pétroliers situés
en pleine mer) ou méme a la surface de la terre, les pipelines sont fab-
riqués en acier pour les protéger de la pression. Par conséquent, la
détérioration des pipelines n’est pas seulement occasionnée par la fis-
suration, mais également par la corrosion de I’acier. Dans ce contexte, la
détection non-destructive des ruptures par fissuration ou corrosion sous
ses différentes formes présente un sujet d’activité considérable dans la
communauté des problémes inverses, le but étant d’améliorer les tech-
niques d’identification des défauts cachés et de réduire les cotts de la
production perdue et du renouvellement des infrastructures.

Comme nous I’avons déja souligné, notre travail dans cette thése est
essentiellement consacré a I’étude de quelques méthodes qui permet-
tent de retrouver les caractéristiques des défauts le long des pipelines.
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Nous considérons trois nouvelles approches d’inversion qui sont a la
fois physiquement et mathématiquement différentes. Notre premiére
méthode d’imagerie est par tomographie d’impédance, la deuxiéme est
par vibration et la derniére est par ondes ultrasonores.

Dans le premier chapitre, nous considérons I’équation de Laplace
dans une section de la pipeline qui est satisfaite par le potentiel électrique
et nous décrivons I’effet de la corrosion a I’aide de conditions de frontiére
de type Robin.

Différents modeles de corrosion ont été abordés dans la littérature,
voir par exemple les travaux de Kaup et Santosa [31], Vogelius et Xu
[46], Banks et al. [11].

Le choix du modele considéré dans ce chapitre s’appuie sur les diffé-
rentes études faites sur le sujet. D’une part, il a été observé que la par-
tie corrosive a tendance a devenir une surface rugueuse qui peut étre
modélisée par une couche mince rapidement oscillante. Dans la limite
ou I’épaisseur de cette couche est presque nulle et la rapidité des oscil-
lations diverge, le surgissement des conditions de frontiére de Robin a
été justifié par Buttazo et Kohn [13]. D’autre part, I’étude du processus
de corrosions électrochimiques peut étre basé sur la loi de Faraday qui
montre que la perte massive considérée comme une mesure de corrosion
est proportionnelle au flux du courant, voir Vogelius et Xu [46]. Si nous
linéarisons les conditions aux bords proposées dans [46] par rapport au
coefficient de transfert, nous obtenons des conditions de frontiére de
type Robin.

Le probléme inverse que nous considérons dans le premier chapitre
consiste en la détermination des dégits de la corrosion sur la partie
inaccessible de la structure connaissant quelques mesures électriques
sur la partie accessible.

La difficulté du probléme considéré vient du fait qu’il est mal posé et
fortement non-linéaire. En effet, la majorité des techniques de détection
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utilise des méthodes itératives comme 1’algorithme des moindres carrés
récursifs ou des schémas itératifs de type Newton. Toutes ces méthodes
demandent des temps de calcul énormes pour obtenir une bonne ap-
proximation de la vraie solution et surtout ne convergent pas a coiit
siir. Leur éventuelle convergence nécéssite un bon choix de configura-
tion initiale, proche de la configuration a trouver.

Nous commencons par établir une formule de représentation asymp-
totique pour les perturbations des champs électriques causées par la
présence de petites parties corrosives internes. Notre approche est
basée sur des techniques de potentiel de couche a travers des formules
de représentation intégrales et nos calculs asymptotiques découlent des
analyses fines de ces opérateurs intégraux singuliers. En se basant sur
cette nouvelle formule, nous développons ensuite une méthode directe
(non-itérative) pour localiser ces parties corrosives. Notre algorithme
est de type MUSIC (Multiple Signal Classification), un algorithme qui
s'utilise fréquement en traitement de signal afin d’estimer des fréquences
individuelles d’harmoniques multiples d’un signal. Il est basé sur la
décomposition singuliére de la matrice de données.

Dans le deuxiéme chapitre, nous proposons une autre procédure
d’identification de parties corrosives et ce par ’analyse de vibration.
Il est connu que I'impédance électrique se limite a détecter certains
types de défauts. Elle n’est pas, par exemple, appropriée a détecter
des fissures dans la direction axiale. Récemment, le contréle par on-
des guidées ultrasoniques est utilisé pour ce type de défauts surgissant
dans les pipelines. Cette technique d’imagerie consiste a faire propager
des ondes guidées ultrsoniques dans les parois des canalisations et a
observer les reflexions provenant des défauts.

L’avantage principal de I'utilisation des ondes guidées est leurs pos-
sibilités d’ausculter les structures complexes sur des longues distances.
Afin de réduire la difficulté du développement de la méthode analy-
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tique, un modele simple est adopté dans ce deuxiéme chapitre pour
déterminer les effets de la corrosion sur les fréquences de résonance
ainsi que sur les formes de modes. Notre approche peut étre considérée
dans un premier temps pour la conception d’'un algorithme en temps
réel, précis et robuste pour la détection de corrosion des ondes guidées
ultrasoniques.

Nous ramenons notre probléme a un probléme spectral. Nous prou-
vons que I’étude de ce probléme spectral revient al’étude d’un systémes
d’équations intégrales et la recherche de fréquences de résonances se
transforme en la recherche des valeurs caractéristiques d’une fonction
méromorphes a valeur d’opérateurs intégraux. Un développement asymp-
totique de cette fonction, suivi d’une application du théoréme de Rouché
généralisé, nous meéneront a des asymptotiques des valeurs et des vecteurs
propres.

Le troisieme chapitre porte sur la détermination des parties corro-
sives de corrosion a partir de mesures ultrasoniques sur la surface ac-
cessible. La technologie des laser-ultrasons est générique et peut étre
utilisée pour les métaux, les polymeéres et les composites. Comme par
exemple la détection de la corrosion des joints a recouvrement en alu-
minium provenant du fuselage d’un avion.

Nous développons d’abord un algorithme de type MUSIC. Nous in-
sistons sur I'importance de notre méthode pour la détermination du
nombre des parties corrosives présentes sur la surface inaccessible. En-

suite nous présentons la procédure de Kaczmarz. Nous appliquons I’algo
rithme de retro-propagation utilis€ en tomographie par ultrasons ot
une seule onde ultrasonique est générée par un point source fixe; une
application de cette méthode a été développée dans le livre de Nat-
terer et Wiibbeling [39]. Nous terminons par donner une méthode de
reconstruction simple basée sur les coefficients de Fourier. Chacune
de ces différentes approches repose sur la formulation asymptotique de

17



I’onde réfléchie par les parties corrosives. Le bon déroulement de ces
méthodes a nécessité une étude approfondie des différentes propriétés
des fonctions de Bessel et de leurs différents comportements asympto-
tiques ainsi qu'une exploitation assez fine des propriétés des fonctions
de Green.

Dans la derniére partie de ce manuscrit, nous considérons le probléme
de détermination des perturbations sur le bord d’un objet par des mesu-
res du champ lointain acoustique ou éléctrique. Ce probléme d’inversion
de forme a été un domaine de recherche actif pendant plusieurs décennies.
Nous développons pour les deux cas électriques et acoustique une re-
lation linéarisée entre le champ lointain résultant des données sur le
bord de condition de Dirichlet fixe comme parameétre et la forme de la
structure perturbée comme variable. Cette relation nous ouvre la voie
a la reconstruction des coefficients de Fourier de la perturbation et nous
aide a formuler un développement asymptotique complet de I’opérateur
Dirichlet-Neumann. Nous prouvons également, dans le cas ot les oscil-
lations angulaires sont inférieures a 1/n, qu'il faut utiliser les n premiers
vecteurs propres de I’opérateur de Dirichlet-Neumann correspondant a
la forme non perturbée comme donnée de Dirichlet afin de reconstruire
d’une manieére stable la forme perturbée.

Les différents chapitres de ce document sont autonomes et peuvent
étre lus indépendamment. Les résultats obtenus font I’objet de quatre
pré-publications [5, 6, 7, 36].
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Introduction

Natural gas is supplied through a million miles of vast pipeline network.
Pipeline companies have an impressive safety record due to the proac-
tive role of standards and inspection of pipelines. Since the pipelines are
getting old, there is a great need to identify corrosion, cracks, and other
defects that can cause potential problems. Stress corrosion cracking
can occur under a range of pipeline field conditions including soil type,
stress, cathode potential, coating conditions and temperature. This type
of defect is usually oriented along the lengthwise direction of the pipe.
If not found and conditions persist, the cracks may grow and/or coa-
lesce and eventually result in a leak or pipe rupture. There are also
other types of defects that can occur in pipe structures. They are either
critical to the safety of the pipeline like corrosion, welding cracks, pits
etc or benign stringer-like internal inclusions. Non-destructive Inspec-
tion systems are strongly needed to be able to locate the defects early
without false alarms from benign inclusions, and to characterize and size
the defects for repair or replacement management.

In the field of nondestructive evaluation, new and improved tech-
niques are constantly being sought to facilitate the detection of hidden
corrosion in pipelines. Hidden corrosion and defects can cause seri-
ous problems and is responsible for millions of euros annually in cost
of replacement infrastructure and lost production, and is a dangerous
threat to safety and to the environment. It is of great importance to
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detect and to quantify most unseen potential hazards before they be-
come problems.

Corrosion occurs in many different forms and several different mod-
els can be encountered in the literature (see, for example, Kaup and
Santosa [31], Kaup et al. [32], Vogelius and Xu [46], Inglese [25],
Luong and Santosa [26], Banks et al. [11] and references therein).

In this thesis, the effect of corrosion is described by means of Robin
boundary conditions. This is motivated by a number of favorable in-
dications. A first indication is based on the observation that corrosion
tends to roughen a surface: in fact, this effect can be modelled by the
introduction of a thin coating characterized by rapid oscillations. In the
limit where the thickness of the coating goes to zero and the rapidity of
the oscillations diverges, the arising of Robin boundary conditions has
been observed by Buttazo and Kohn [13]. On the other hand, the study
of electrochemical corrosion processes can be based on Faraday’s law
which says that the mass loss which is a measure of corrosion is propor-
tional to the normal current flux. In Vogelius and Xu [46] a potential
model of this kind of process is proposed. If we linearize with respect to
the transfer coefficient the nonlinear boundary conditions in [46], we
get Robin boundary conditions.

The inverse problem of corrosion detection consists of the determi-
nation of the corrosion damage of an inaccessible part of the surface of
a specimen when the available data are on the accessible part.

Difficulties of this inverse problem result from its inherent ill-posedness
and nonlinearity. Most of the techniques for detecting the corrosion are
based on iterative algorithms: least-square algorithms and Newton-
type iteration schemes. In these methods, one needs tremendous com-
putational costs and time to get a close image to the true solution, since
these iterative algorithms may not converge to an approximate solution.

The purpose of this work is to design a direct (non-iterative) tech-
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nique for detecting corrosion in pipelines from voltage-to-current ob-
servations. Our new algorithm is of MUSIC-type (multiple signal classi-
fication) and is based on an accurate asymptotic representation formula
for the steady state current perturbations.

Following an asymptotic formalism, in much the same spirit as the
work in [8] and recent text [4], we develop in this thesis new non-
iterative methods to address the inverse problem of identifying an in-
ternal corrosive part of small Hausdorff measure in a pipeline by (i)
electrical impedance, (ii) vibration analysis, and (iii) ultrasonic waves.
Our new algorithms are based on accurate asymptotic representation
formulae for the data.

In the first chapter, we establish an asymptotic representation for-
mula for the steady state currents caused by internal corrosive parts
of small Hausdorff measures. Based on this formula we design a non-
iterative method of MUSIC (multiple signal classification) type for lo-
calizing the corrosive parts from voltage-to-current observations.

The vibration behavior of structures can be characterized in terms of
resonance frequencies and mode shapes which describe properties of the
tested object in a global way but do not in general provide information
about structural details. Our aim in the second chapter is to develop a
simple method to address the inverse problem of identifying an internal
corrosive part of small Hausdorff measure in a pipeline by vibration
analysis. The viahility of our reconstruction method is documented by
a variety of numerical results from synthetic, noiseless and noisy data.

In the third chapter, we develop three closely-related methods to
address the inverse problem of identifying a collection of disjoint inter-
nal corrosive parts of small Hausdorff measures in pipelines from exte-
rior ultrasonic boundary measurements. Our approaches also allow us
to determine the actual number of corrosive parts present, as well as
make use of one or multiple ultrasonic waves.
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In the fourth chapter, we consider the problem of determining the
boundary perturbations of an object from far-field electric or acoustic
measurements. Assuming that the unknown object boundary is a small
perturbation of a circle, we develop a linearized relation between the
far-field data that result from fixed Dirichlet boundary conditions, en-
tering as parameters, and the shape of the object, entering as variables.
This relation is used to find the Fourier coefficients of the perturbation of
the shape and makes use of an expansion of the Dirichlet-to-Neumann
operator. It turns out that if the angular oscillations in the perturba-
tion are less than 1/n then one needs to use the first n eigenvectors of
the Dirichlet-to-Neumann operator corresponding to the unperturbed
shape as Dirichlet boundary data.

The four chapters of this manuscript are self-contained and can be
read independently. Results from this thesis will appearin [5, 6, 7, 36].
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Chapter 1

A MUSIC-type Algorithm for
Detecting Internal Corrosion from
Electrostatic Boundary
Measurements

1.1 Introduction

In this chapter, we establish an asymptotic representation formula for
the steady state currents caused by internal corrosive parts of small
Hausdorff measures. Based on this formula we design a non-iterative
method of MUSIC (multiple signal classification) type for localizing the
corrosive parts from voltage-to-current observations.

The purpose of this work is to design a direct (non-iterative) tech-
nique for detecting corrosion in pipelines from voltage-to-current ob-
servations. Our new algorithm is of MUSIC-type (multiple signal classi-
fication) and is based on an accurate asymptotic representation formula
for the steady state current perturbations.

To set up our problem mathematically, we consider a simply con-
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nected bounded C? domain U in R?, and a simply connected C? domain
D compactly contained in U. Let 2 = U \ D represent the specimen to
be inspected. We define I'. = 90U and I'; = 0D so that 9Q = I'; U ..
Suppose that the inaccessible surface I'; contains some corrosive parts
I,,s=1,...,m. The parts I, are well-separated and the reciprocal of the
surface impedance (the corrosion coefficient) of each I, s =1,...,m, is
vs > 0, not identically zero. We assume that each ~, € C!(/,). Let

V@) =D yxs(z), zeTy (1.1.1)

where y, denotes the characteristic function on /,. The domain Q in two
dimensions may be considered as a cross section of a pipe inside which
there are corrosive parts. A typical shape of Q is an annulus. We assume
that the one-dimensional Hausdorff measures of I, are small:

I =0(e), s=1,...,m, (1.1.2)

where ¢ is a small parameter representing the common order of mag-
nitude of 7,. Here and throughout this chapter | - | denotes the one-
dimensional Hausdorff measure. Then for each p > 1, we have

1Yoy < Ce'P. (1.1.3)

The voltage potential u,. generated by a voltage f applied on I', satisfies

Au. =0 in €,
uc

_du 4+ yue =0 onl', (1.1.4)
ov

U = onl,,

where v is the outward unit normal to 2 on I', and inward on I';. Since
f may have a variable sign, u. may vanish somewhere on I'; and thus,
the formula v = (1/u.) du./0v may be undetermined or highly unstable.
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The Cauchy data continuation technique as described in the paper by
Yang, Choulli, and Cheng [47], which is well justified for the heat equa-
tion since the assumption of a non-negative prescribed boundary data
is realistic, fails for the electrostatic model for detecting corrosion.

The aim of this chapter is to detect the well-separated corrosive parts
I,, in particular, their locations z, € I,, s = 1,..., m, from measurements
of the boundary perturbations u. — uy on I'., where u, is the solution in
absence of the corrosion, i.e., the solution to the problem

(Aug =0 in Q,

9 _ o onr, (1.1.5)
ov

(w0 = f onl..

The chapter is organized as follows. We review in the next section
some basic facts on the layer potentials. In Section 1.3 we establish a
representation formula for the unique solution to (1.1.4). This formula
generalizes the formula proved by Kang and Seo in [27, 28]. Our aim in
Section 1.4 is to rigorously derive an asymptotic expansion of u, —ug on
I'.. Section 1.5 is devoted to the imaging of the corrosive parts I,. We
present a non-iterative method of MUSIC type that allows us to recon-
struct their locations 2z, € I, from measurements of current boundary
perturbations.

1.2 Layer Potentials

Let us first review some well-known properties of the layer potentials

for the Laplacian and prove some useful identities. The theory of layer

potentials has been developed in relation to boundary value problems.
Let ®(x) be the fundamental solution of the Laplacian A,

1
d(z) = glnm, x # 0.
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Let D be a bounded Lipschitz domain D in R?, and let I" := 9D. Let
H'(D) denote the set of functions f € L*(D) such that Vf € L?(D). Fur-
ther, we define H?(D) as the space of functions u € H'(D) such that §°u €
L?(D) and the space H*?(D) as the interpolation space [H'(D), H*(D)]1 2.
Let H'/2(0D) be the set of traces of functions in H'(D) and H~/2(0D) =
(H'?(0D))*. Finally, let H'(0D) denote the set of functions f € L?(0D)
such that 0f /0T € L?(0D), where 9/0T is the tangential derivative.

We will denote the single and double layer potentials of a function
p € L*(T") as Sr[yp] and Dr[y], respectively, where

Selel(@) == [ B el dsty). @ <R (1.2.1)
Drlpl(a) = [ 50~ ey} dsly), =€ R\T. (1.2.2)

For a function v defined on R? \ T, we denote
ou
v

if the limit exists. Here v is the outward unit normal to I = 0D at z,

() == lir(g(Vu(x +tv,), V), wx€T,
- t=

and (, ) denotes the scalar product in R?. u|. is defined likewise.
Throughout this chapter we assume that the domains under consid-
eration have C2 boundaries. Itis just for the simplicity and all the results
of this chapter are valid even if the domains are C** for some positive
.
It is well-known, see [21] for example, that for a C*~-domain that for
p € L*(T)

8(%2[@0]) )= (iéulc;) Yl(z), zel, (1.2.3)
Dilll,(0) = (Fyl 4 Kn Jidle), weT. (1.2

where Kr is defined by
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and K} is the L?-adjoint of Kr, i.e.,

Killo) = - [ L ot st
Since I is a C? curve, there is a constant C such that
o=yl oo gyer (1.2.5)
|z —y|?
Therefore £} is a compact operator on L?(T") for any p > 1. Let L{(T") :=
{o e LP(T) : [, ds = 0}. A proof of the following lemma can be found
in [21].

Lemma 1.2.1 Ifp > 1, then the operator 51 + Kr is invertible on L*(T)
as well as on C*(T) for k = 1, 2.

If " is a circle of radius r, then for z,y € T,

<V$7 T — y> _ i
e —y2 2’
and hence .
Kilel(a) = 1 [ ol dsto) (1.2.6)
It then follows from (1.2.3) and (1.2.6) that
rlogr if [z| <,
Srll](x) = (1.2.7)
rlog |z if |x| > 7.

Finally, we recall the following mapping properties of the single layer
potentials for later use. If p > 1, there is a constant C, such that

[Se[e]ll ey < Cpllel|r(r) (1.2.8)

for all ¢ € LP(T'). In fact, (1.2.8) can be proved using the Holder in-
equality. The following property is well-known:

ISrlelll oy < Cllellrzm (1.2.9)

for any ¢ € L*(T).
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1.3 Representation Formula

Recall that Q = U \ D and where U and D are bounded domains with
C? boundaries. Let ', = 90U and I'; = 90D. For f € HY(T.), let u, be the
solution in absence of the corrosion, i.e., the solution to the problem
(1.1.5). We seek to represent the solution u, to (1.1.5) in the following
form:

uy = Dr,[po] + Sr,[t] in

for some functions ¢, € H'(T'.) and ¢, € L*(I';). Then by the bound-
ary conditions in (1.1.5) and jump relations (1.2.4) and (1.2.3), the pair
(0, o) should satisfy

1
I+ K:re Sr.

" . (%) = (f) € H'(T,) x LX(Ty),  (1.3.1)
_61/iDFe _51_}@2‘ Yo 0

where v, and v; indicate the normal derivatives on I', and T'; in the di-
rection outward to U and D, respectively.

Lemma 1.3.1 Forp > 1, let X,, := L?(I".) x LP(I';) and

1
I+ ICFC Spi
2
AO = a 1
——7D ——1 — K}
014 T. 2 ,Cri

Then A, is invertible on X, as well as on H'(T',) x L*(T;).

Proof. Since there is a distance between I', and T';, the operator A, is
a compact perturbation of

1
“I+K 0
5! T

0 —51 — K,
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which is known to be invertible on X, (Lemma 1.2.1). Therefore, it
suffices, by applying the Fredholm alternative, to show that the operator
Ay is injective.

Suppose that (p,1) € X, satisfies

Since (57 + Kr,)[¢] = —Sr,[¢] on T and Sr,[¢] is C* in T',, we have in
particular ¢ € HY(T'.). Likewise we can show that ¢ € L*(T;). Therefore,
the function u defined by u = Dr [¢]+Sr,[¢/] in  is the solution in H3/2(()
to (1.1.5) with f = 0. Since such a solution to (1.1.5) is unique, we have

Dr,[p] + Sr,[¢] =0 in Q,

and hence
Dr,[¢] +Sr,[] =0 inU.

It then follows from (1.2.3) that

0 0
v = 5811 [¢] L 53& W]‘
= a% (Dr.[e] +Sr,[¥D) | — % (Dr.[] + Sr,[¥]) ‘_ =0 onTy.

Now we have Dr [¢] = 0 in U. Since I + Kr, is invertible on L*(T.), it
follows from (1.2.4) that ¢ = 0.

¥
Note that A, maps H!(T.) x L*(T;) into itself. Moreover if 4, ( ) €
(8
HY(T.)x L*(T;), then (31+Kr,)[¢]+Sr, [¢] € HY(T.). Since Sr,[¢] € H'(T.),

it follows that ¢ € HY(T',). Hence A, is invertible on H*(T",) x L?(T;). This
completes the proof. O

As an immediate consequence of Lemma 1.3.1, we obtain the fol-
lowing theorem.
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Theorem 1.3.2 The solution u, to (1.1.5) can be represented as
uo = Dr, [po] + Sr,[1o] inQ,
where (g, 1) is the unique solution to (1.3.1).

We now derive a similar representation for ., the solution to (1.1.4).
The method of derivation is basically the same as before. In this case
the relevant integral operator is

1
2
A, =

0 1
Dpe —+ ’}/DFE —51 — }C;Z + ’}/SFZ

Observe that
A, = Ay + M, B, (1.3.2)

where ), is the multiplier by v and

0 0
B pr—
Df‘e SFZ‘
Then we have
2
W( ) < Il 1P )+ Selol e,
(0 X,
< Clel/p

)

for some C independent of ¢ provided that p > 1. In other words, we

Xp

have a bound for the operator norm || M,BA; |, of M,BA;" on X,
|M,BA Y|, < Ce'?, (1.3.3)

Thus, if ¢ is sufficiently small, then A, is invertible on X,, and we have
the following theorem.
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Theorem 1.3.3 The solution u. to (1.1.4) can be represented as
Ue = DFE [906] + SFi [’lvbe] in Qa
where (¢.,1).) is the unique solution in X, to
Pe f
A, = .
Ve 0

We now derive a complete expansion for u, in terms of u,. We first
note that because of (1.3.2)

A, = (I + M,BA;") Ay, (1.3.4)
and hence
ATV =AM + M, BAGH) (1.3.5)
Note that
M, B (“0) - ( 0 ) (1.3.6)
Y ¥ (Dr.[¢] + Sr, [¥])

By expanding (1.3.5) in terms of the Neumann series, we have
“+o00
AT =AY (1) AGT (M, BAG!)"
n=1

Let

<“0”> = Ayt (M, BAY)" (‘(’:) ., n=01,2,.... (1.3.7)

Un
Pe _+OO _\n Pn
(w) =2 <w>

Then we have
Moreover, one can see from (1.3.7) that the following recursive relation

holds:
Pnt1 -1 Pn
=AM B . n=0,1,2,.... (1.3.8)
<w> T <w>
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Let

Up = Dr,lpn] +Sr,[¢n] InQ, n=0,12,..., (1.3.9)
so that
+oo
ue =Y (=1)"u, inQ.
n=0

Then v, is the solution to (1.1.5). By (1.3.6) and (1.3.8), we have

R R A O
¢n v (DFE [Son—l] + SFi [wn—lb YUn—1|T;

and hence u,,, n > 1, is the solution to

Au, =0 in Q,
ov
U, =0 onl,

So far we obtain the following result:

Theorem 1.3.4 Let u. be the solution to (1.1.4) for a given f € H'(T.).
Then

“+00

ue =Y (=1)"u, inQ, (1.3.11)

n=0

where v is the solution to (1.1.5) and u,, is the solution to (1.3.10). The
series converges in H3/%(Q).

1.4 Asymptotic Expansion

We now derive an asymptotic expansion of a%(uﬁ —wup) on T, as e —
0, on which our detection algorithm will be based. Let us begin with
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investigating a regularity property of the boundary value problem

(Au=0 in Q,
ov
u=2~0 onl,.

We have shown that the solution « to (1.4.1) can be represented as
u:=Dr[p] + Sp,[¢] in,

where (¢, 1) is the solution to

(7))

namely,
1
(57+ 0 ) [+ Slu =0 onT..
5 . (1.4.2)
~ o Pnldl - (31K ) Wl =g on
Since A, is invertible on X, we have in particular that
1]l zery) < 1vgllzecrs) < Celigllpory). (1.4.3)

Let 26 = dist(I';, ['.) and Qs := {z € Q|dist(x,T".) < }. Then, we have

ISr: [W]lle2(05) < ClY Loy < CEYP(|g] oo ry)-

It then follows from the first equation in (1.4.2) and Lemma 1.2.1 that

Fi]

1 —1
lellez(r.) = H (§I+’CFE) [(Sr,)

C2(Te)

< C[ISr [W]llezr,)
< Cpe |l gll ooy (1.4.4)
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Therefore, we have

i

We have proved the following lemma.

@
ov

< |IPr.[] + S, [¢lll ez < Cpe P llglloiry-
ere)

Lemma 1.4.1 Letu be the solution to (1.4.1). Then, for eachp > 1 there
is a constant C, independent of g such that

We now have from (1.3.10), (1.3.11), and (1.4.5) that

ou

v < Cpe' gl Loy (1.4.5)

CH(Te)

+oo au +00 Y
DI -y I D A
n=2 C(Fe) n=2

We also get from (1.3.9) that

[un—1llLe sy = IPr. [n-1] + S, [n-alll Loy < Cp

(@n—l)
'lvbn—l

Xp

It then follows from (1.3.3) and (1.3.7) that

n—1
[tn—1llLeor,) < Cpe o || fllr(r.),

and hence for k = 1,2, ..,

“+oo +0o0

ou,, "
> <Cp Y €l fllrry < Cp (€7 /(1 =) | f o)
n=k v Cl(Te) n=k

Thus we obtain the following theorem.

Proposition 1.4.2 For all p > 1, there is a constant C,, such that

i

aue 8’&0

ov ov

< Cpe P || flloroy. (1.4.6)
ci(r)
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We now derive an approximation of the leading order term of % -
%u0 . We have

Ve(a) = 0wy — M0y 4 O()
uniformly in z € I'.. Let us now derive a further approximation of %.
For that purpose, let G(z,y) be the Green’s function for the problem
(1.4.1), i.e., for each x € Q, G(z,y) is the solution to

AG(z,y) = =0, in Q,

0
a—ny(a:?y) =0, yely, (1.4.7)
G(z,y) =0, yeTl,.

Then the solution « to (1.4.1) is given by

u(z) = / Gy e)dsly), v e

For each x € I'. we have

aul . 8
e = [ 5o i)
Since a%G(ac,y) is a C? function in y € I'; as long as = € I',, we have

A Gl Waly) = Y- [ Gl (=) + 0|1 (0)xe(0)

s=1

where Yy, is the characteristic function of I,. Thus we obtain

S 0) =Y Gl sun(z) [ 2ds + O

Is
(7)s ::/’Yds'
Is

Then we have obtained the following approximation formula.

Put
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Theorem 1.4.3 The following formula holds uniformly for x € T, :

ou.
ov

(1) = G200) = Y (sl -Gl 2) +O() (149

s=1

for some o > 0.

1.5 MUSIC type algorithm for reconstruction

We now apply the asymptotic expansion (1.4.8) to design a MUSIC
(MUltiple Signal Classification) algorithm for locating small internal cor-
rosive parts from boundary measurements. MUSIC is generally used in
signal processing problems as a method for estimating the individual
frequencies of multiple-harmonic signals [43]. The MUSIC algorithm
makes use of the eigenvalue structure of the multistatic response matrix
for the Helmholtz equation and of the spectral structure of the boundary
map for the Laplace operator, corresponding to a zero wavenumber. The
eigenvectors corresponding to significant eigenvalues span some kind of
signal subspace in the sense that they contain nearly all the informa-
tion about the corrosive parts which can be extracted from the bound-
ary map. The others span some kind of noise subspace. The aim of the
MUSIC type of algorithm is to use the eigensystem analysis of a discrete
version of the boundary map to determine the location and estimate the
size of the small corrosive parts from the signal space.

It is worth mentioning that this algorithms is related to the linear
sampling method of Colton and Kirsch [19]. We refer to Cheney [16]
and Kirsch [34] for detailed discussions of the connection between the
MUSIC algorithm and the linear sampling method.

Define the (voltage-to-current) map A, from H'/2(T,) into H~Y/2(T,)

by
B Ou,

ov Ir.’

Ay (f) (1.5.1)
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where u, is the solution to (1.1.4). Let A, be the Dirichlet-to-Neumann
map for the case when no corrosion is present. We seek to use A, — A
to determine the corrosive parts.

The estimate (1.4.6) yields that

1A, = 20)(Hllere,y < Coe Pl (1.5.2)

for all p with 1 < p < 2. The above estimate shows that the operator
A, — A, originally defined on H'/2(T.) can be extended to an operator on
L*(T.) and it is a compact operator. Thus we have the following lemma.

Lemma 1.5.1 A, — A is self-adjoint, positive, and compact on L*(T.).

The identity (1.4.8) shows that

m

a (0%
(A’Y - AO)(.f)(x) - = ;<7>5u0(zs)a—ny(xa Zs) + O(EH_ )a VIS Fe- (153)
where 1+« = 2/p and the remainder term O(e!**) is bounded by C,e'/?|| f| z2(r.)-
Define the operator 7" on H'/?(T,) by

m

(Tf)(z) = — Zw)suo(zs)ai(;(x, %), zel,, (1.5.4)

s=1 z

so that
AA,—AO:TJFO(G”Q). (1.5.5)

Since u, depends linearly on f, T is linear. We first establish the follow-
ing.

Lemma 1.5.2 The operatorT can be extended to a compact, self-adjoint,
positive semi-definite operator on L*(T,).

Proof.  We first observe that 7' is a finite-dimensional operator and
hence, it is compact. In order to prove that 7' is self-adjoint it suffices
to show that it is symmetric. Let g and & be in H'/?(T.) and denote u,
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and v, the solutions to (1.1.5) corresponding respectively to ¢ and h.
Then v, is given by

vo(y) = —/F a%G(%y)h(m)ds(x), y € Q, (1.5.6)

and hence we have

m

/ T(g)h = Z<’Y>SUO(ZS)U0(ZS).

s=1

Consequently, we infer that T is self-adjoint, positive semi-definite. [
Introduce now the linear operator G : L*(T',) — R™ defined by

Gf = (uop(z1),...,uo(zm)), (1.5.7)

where u, is the solution to (1.1.4). Endowing R™ with the standard
Euclidean inner product, we then obtain

(Gf,a) = éasuo(zs) - — /F (zm:asa%G(x,zs))f(x) ds(z),

s=1

for arbitrary a = (a4,...,a,) € R™. Therefore, the adjoint G* : R™ —
L3(T,) is given by

G'a = —Zasa%G(ang). (1.5.8)
s=1 x

Following Briihl et al. [12], the following characterization of the
range of the operator 7' can be obtained.

Lemma 1.5.3 (i) G* is injective;
(ii) G is surjective;

(iii) T = G* MG, where

Ma: (/71a1>‘~7/7mam), a:(al,...,am)ERm;
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(iv) Range(T) = span{

aicG(x, zs); s=1,... ,m}.
Proof.  Suppose that G*a = 0. Then )" a,v(z,) = 0 for any har-
monic function v in Q such that % = 0 on I';. Since there exist a har-
monic function v in R? \ D such that 22 = 0 and v = ¢ on I); for any ¢
smooth on I';, it follows that a, = 0 for s = 1,...,m, and thus assertion
(i) holds. Assertion (ii) follows from (i) and the well-known relation
between the ranges and the null spaces of adjoint finite-dimensional
operators: Range(G) = Ker(G*)+. Using (1.5.4), (1.5.7), and (1.5.8), it is
easy to see that (iii) holds. Now according to (iii), we have Range(T) =
Range(G*MG) = Range(G*), since M and G are surjective. This yields
(iv), and the proof is complete. O
Now we present the main tool for the identification of the locations
2z, of the small corrosive parts.

Theorem 1.5.4 A point =z € I'; belongs to the set {z, : s =1,...,m} if and
only if ;2-G(-,z)|. € Range (T).

Proof. Assume that %G(-, z)}re € Range (7). As a consequence of (iv)
of Lemma 1.5.3, g. may be represented as

0
v,

“ 0
G(z,z) = ;asa—%G(%zS), forz e T.. (1.5.9)
Since G(z,z) =0 for any z € T, and z € 2, we have
G(z,z) = ZasG(x, z,), foraxe . (1.5.10)
s=1
This is only possibleif 2 € {2z, : s =1,...,m}, and so we have established

the necessity of this condition. The sufficiency follows immediately from
(iv) in Lemma 1.5.3. O
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We are now ready to present the MUSIC type algorithm for detection
of internal corrosion. The finite-dimensional self-adjoint operator 7" has
the spectral decomposition

T=2 rpup @y |loglleze,) =1, (1.5.11)
p=1
where «, are (non-zero) eigenvalues of 7' and v, is the corresponding
eigenfunction. Here we assume that x; > k; > ... > k,, > 0. Let P, :
L4T.) — span {vy,...,v,}, p = 1,...,m, be the orthogonal projector
P, =>""_ vy ®v,. It then follows from Theorem 1.5.4 that

0

z€{z:s=1,....m} iff (I- P)(ay

G(, z)}re) =0, (1.5.12)
or equivalently,
z€{zs:s=1,...,m} iff cotf(z)=+o0, (1.5.13)
where the angle 6(z) € [0,7/2) is defined by
HPm <%G(" ?) ) L2(T.)
| =P (G2

On the other hand, since A, — A is a self-adjoint, positive, and com-

cotf(z) = (1.5.14)

L2(Te)

pact operator on L?(T,), it admits, the spectral decomposition
A, — A= Z/@%}e@v l[vpllz2@ey = 1, (1.5.15)

with k{ > k5 > ... > k{, > ... > 0. Let By : L*(I'.) — span {vf,...,v5},
p = 1,2,..., be the orthogonal projector P; = Z vy ® vS. Because of
(1.5.5) where the O(¢'**) term is bounded by Ce' ™| f||;2(r,), standard
arguments from perturbation theory for linear operators give (after ap-

propriate enumeration of x5, p = 1,...,m)
Ky =k, +O(e) forp=12.., (1.5.16)
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where we have set s, = 0 for p > m, and
Py =P, +0(e") forp>m. (1.5.17)

Now in view of (1.5.16) the number m of inclusions may be estimated
by looking for a gap in the set of eigenvalues of A, — Ay. In order to
recover the locations z,,s = 1,...,m, one can estimate, using (1.5.17),

the cot 0,(z) by
|25 (a:ec k)

(1 = Pg) (%G 2)

L2(Te)
)

If one plots cot 6,,(z) as a function of z, we may see large values cot 6,,(z)

cot O,(z) = H (1.5.18)

L2(Te)

for » which are close to the locations z,.
Once the locations z, are found, we can estimate corrosion impedance
(7)s. Our procedure for doing this is the following. Define u,, s =

1,...,m, to be the solution to
Aug =10 in €,
aauys =0 onTl;, (1.5.19)
(@) = G(r,z) el
\us T) = B, T, Zg x -

It then follows from (1.5.3) and (1.5.15) that

=D ) g Gl) (A = ) (G 0))

T

s=1

By integrating both sides of the above formula against v,,, we obtain
— zm:us/(zs) Vg iG( 25) ) (7)s = KS (( vy iG( Zgr) (1.5.20)
— Jayz Y S Jayz Y )
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for s = 1,...,m. Therefore the values of (y),, s = 1,...,m, can be cal-
culated by solving a linear system. For the simplest case m = 1 the
formula reads

1.5.1 Numerical Results

This section presents some results of numerical experiments of finding
the internal corrosive parts, I, C R?, s = 1,2,---,m, and illustrate the
viability of the MUSIC-type algorithms we have designed. In the fol-
lowing, U and D in R? are assumed to be the disks centered at (0, 0) with
radii r, and r;, respectively. And let Q = U \ D as before.

We take the Dirichlet-to-Neumann map A, — Ay on I'. as our mea-
surements for the reconstruction. To obtain this simulation data, we
solve direct problems (1.1.4) and (1.1.5) for f(x) = %(x,y) for z € T,
and y € T';. This is done by solving integral equations (1.3.1) and (1.3.4).

Let us briefly explain how we compute gTG(x, y). Let G be the Green's

T

function for U, that is, for each z € U, CNJ(x, y) is the solution to

AG =0 in U,
(1.5.21)

o ~
a—lij(l'7y) =0 on Fe-
Since U is a disk, one can compute é(x,y) explicitly. We then compute
g%(x, y) by solving (1.5.22) in the following lemma.

Lemma 1.5.5 Foranyz €T, andy € T';, let G,(z) := G(x,y) and éy(x) =
G(z,y). Then the following holds:

( 4ok 405 aspe) {0(}3, oG,

= 1.5.22
ov, Oy ov, } (z) =2 ov, (z), wel., (1.5.22)
where v, and v; denote normal vectors on I'; and I, respectively.
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Proof. Similarly to (1.3.1), it is easy to prove that
(G — éz)(l’) = =5 [G. — 62]@) + 8 [Y](z), zef

where the density v is given by

(G, — G,)
v,

G, S,
QZ] =2 ov +2 al/l'

, on FZ

Since G, (z) + Spe[a%](x) = —®(z,y) for x € U which was proved in [3],
(1.5.22) follows. O

For computation, we discretize I'. and I'; given by
. ={re(cosb,,sinb,)|0, =2n(n —1)/N, n=0,1,...,N — 1}
and
I'; = {ri(cosb,,sinb,)|0, =2n(n —1)/N, n=0,1,..., N — 1},

with N = 256. Put z, := r.(cosb,,sind,) and y, := r;(cosb,,sinb,) for n =
0,2,...,255. We then compute 256 x 256 matrices (A, —Ao)(%%) and T(%2)
where (A, — Ag)(5%) denotes (A, — Ao) (52 (-, ym)) (n))mb -, and T(ZE) is
defined likewise. We then compute the singular value decomposition
(SVD) of these two matrices.

Figure 1.1 is the SVD of A, — Ay and 7" when there are two internal
corrosion. It shows that the SVD of T" exhibits the clear drop of the sin-
gular values after two significant ones, from which we can conclude that
there are two corrosive parts. On the other hand the SVD of A, — A,
does not have this clear drop of the singular values. It have many ad-
ditional significant singular values. This is due to the O(¢?) discrepancy
between A, — Ay and 7. It means that we can not determine the number
of corrosive parts using the singular values of A, — A;. However, this
difficulty can be easily remedied.
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actual domain with noise=0% SVD for Ay — Ao 10 SVD for T
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b Y ® ¢ o o ooocossmmm
_1 -20 -20

Figure 1.1: Pipe with two internal corrosive parts and SVD of A, — A
and 7.

Let \; > Ay > --- be the singular values of A, — Ay. Using the first m
singular values, we compute the minimal values of cot™' L where

1P oy
(T = Pa) (P520) e,

We do this process iteratively starting the largest singular value. The

(1.5.23)

iteration stops if the minimal value of cot™! L stabilizes.

Example 1. In this example, the outer radius . = 1 and the inner one
r; = 0.8 and there are two corrosive parts. Figure 1.1 shows the loca-
tions of the corrosion and the SVD of A, — A, and 7. Figure 1.2 clearly
shows that where there are two corrosive parts, the minimum of cot™! L
stabilizes after two iteration, from which we can conclude that there are
two corrosive parts. The minimal points of cot™! L is the locations of
the corrosive parts. By solving (1.5.20), we compute the impedance of
the corrosion: (vy){ = 0.3846, (v)5 = 0.1660. The actual impedance are
(7)1 = 0.3927, ()2 = 0.1767.

Example 2. In this example we consider the case where there are five
corrosive parts. The actual data of the configuration is summarized in
the top table of Table 1.1. The numbering of the corrosive parts is given
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iteration=1 iteration=2 iteration=3

2 2 2

15 15 1.5
~ ~ ~

oA o1 o1
E E E

0.5 0.5 0.5

0 0 s 0

0 100 200 0 100 200 0 100 200
r I r

The results for iteration

iteration(k) m ay lag — agi1] ¢ |25 — 2¢
1 1 0.0175 (-0.6759, 0.4280)
2 2 0.0174 2.0746e-008 (-0.6759, 0.4280) 0
0.0547 6.0178e-012 (-0.3597, -0.7146) 0
3 2 0.0174 9.7484e-012 (-0.6759, 0.4280) 0
0.0547 2.6916e-008 (-0.3597, -0.7146) 0

Figure 1.2: The top figure shows cot™! L on each iteration. The second
line of figures show (A, — Ao)(2%), T(22), and (A, — Ao — T)(25). In the
table, m is the number of computed corrosive parts, a; := min(cot™! L) on
each iteration step k, z; and z¢ denote the actual locations and computed
locations of the corrosive parts.

counter-clock-wise starting from the zero angles. Note that the first
three corrosive parts have low corrosion coefficients while the other two
have relatively high ones. The computational results with 1% noise are
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summarized in Table 1.1 and Figure 1.3. Itis interesting to note that the
corrosion 2 and 3, which are close to each other and have low corrosion
coefficients, are detected as a single one. On the other hand, the corro-
sion 4 and 5, which have high corrosion coefficients, are clearly detected
at early stage of the iteration.

Example 3. Figure 1.4 shows the computational results with various
degree of noise. The information of the location and the corrosion coef-
ficients is summarized in Table 1.2. Observe that the first two corrosion
have low corrosion coefficients. They are detected as a single one un-
der 5% noise. The other two corrosive parts, which have high corrosion
coefficients, are detected very well even under high ratio noise.

1.6 Conclusion

We have designed a non-iterative algorithm of MUSIC-type for detect-
ing small internal corrosion from boundary measurements. Our meth-
ods is based on an asymptotic representation formula for the steady
state currents caused by internal corrosive parts of small Hausdorff mea-
sures. It is worth noticing the fact that it is impossible to extract the
size of the corrosive parts. We can only reconstruct (y),fors=1,...,m.
It is likely that from a certain level of signal-to-noise ratio, higher-order
asymptotic expansions of the boundary perturbations yield such impor-

tant information.
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mo s Zs (V)s

5 0.1 (0.0686,0.6966) 0.0120
0.5 (-0.1197, 0.6897) 0.0430
0.3 (-0.4307, 0.5518) 0.0206
1.0 (0.2519, - 0.6531) 0.1203
1.2 (0.5723, - 0.4031) 0.1031

detected data

mC

2 s s =zl [K{)s = (¢l

4 (0

1027, 0.6924) 0.0514 0.0172 0.0084

(-0.4170, 0.5622) 0.0212 0.0172 0.0006
(0.2519, - 0.6531) 0.1181 0 0.0021
(0.5723, - 0.4031) 0.1026 0 0.0005
result for iteration
iteration(k) m° ag lax — agi1] 28 |25 — 28
1 1 0.3888 (0.3889, - 0.5820)
2 2 0.2190 (-0.1366, + 0.6865)
0.3888 (0.3889, - 0.5820)
3 3 0.2177 (-0.1366, + 0.6865)
0.0165 (0.2519, - 0.6531)
0.0143 (0.5723, - 0.4031)
4 0.0742 0.0270 (-0.0686, + 0.6966) 0.0515
0.1037 0.0502 (-0.4031, + 0.5723) 0.0344
0.0164 7.9909e-011 (0.2519, - 0.6531) 0
0.0141 2.0082e-005 (0.5723, - 0.4031) 0
5 4 0.0472 3.9986e-005 (-0.1027, + 0.6924) 0.0172
0.0535 1.3118e-005 (-0.4170, + 0.5622) 0.0172
0.0164 1.6488e-005 (0.2519, - 0.6531) 0
0.0141 6.6178e-005 (0.5723, - 0.4031) 0
6 4 0.0471 9.8377e-006 (-0.1027, + 0.6924) 0.0172
0.0535 3.7071e-006 (-0.4170, + 0.5622) 0.0172
0.0164 6.9044e-006  (0.2519,- 0.6531) 0
0.0140 4.6509€7007 (0.5723, - 0.4031) 0

Table 1.1: Summary of computational results for five corrosive parts.

Two corrosive parts with low corrosion coefficient are detected as a sin-

gle one.
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Figure 1.3: The computational results with noise 1%
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mo Zs (7)s

4 0.1 (0.5657, + 0.5657) 0.0137
0.05 (0.3597, + 0.7146) 0.0049
3.0 (0.6307,-0.4922) 0.2945
3.0 (0.6307 ,- 0.4922) 0.2945

Table 1.2: Pipe with four corrosive parts.
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Figure 1.4: The computational results with noise 0, 1,5, 10%
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Chapter 2

Vibration Testing for Detecting
Internal Corrosion

2.1 Introduction

Many technologies have been developed for pipe inspections, but they
are limited to detecting certain types of defects. Most of them are not
suitable for detecting flaws or cracks in the axial direction. Recently, ul-
trasonic guided waves are being studied for the feasibility of detecting
many kinds of defects that occur in pipes. One major benefit of guided
waves is their rapid global inspection capabilities which enables them
to inspect a structure line-by-line instead of point-by-point. However,
defect classification and sizing by guided waves are still a major prob-
lem under investigation due to the complexity of the wave propagation
characteristics.

In order to reduce complicated derivation in the analytic method,
a simple two-dimensional model is adopted in this work to inversely
determine the corrosive parts from the resonance frequencies and mode
shapes.

In this work, we follow an asymptotic formalism, in much the same
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spirit as the work in [8] and recent text [4]. See also [22, 15, 35].
We derive asymptotic formulae for the effects of corrosion on resonance
frequencies and mode shapes. Powerful techniques from the theory
of meromorphic operator-valued functions and asymptotic analysis of
integral kernels are combined for their rigorous proof. Based on these
formulae we design a simple method for localizing the corrosion and
estimating its extent.

Related works may be found in [38] and the references therein. Diffi-
culties of this inverse problem result from its inherent ill-posedness and
nonlinearity. Many authors have proposed various reconstruction al-
gorithms, most of which are based on laborious least-square algorithms
and Newton-type iteration schemes. In these methods, one must make
a good initial guess. Without a good initial guess, one needs tremen-
dous computational costs and time to get a close image to the true so-
lution, since Newton-type iteration schemes may not converge to an
approximate solution unless the initial guess is close to the true solu-
tion. Evidently, the success of Newton type procedures heavily depends
on making a good initial guess. Unfortunately, the development of both
the mathematical theory and the numerical algorithm for making a good
initial guess seems to be in the early stages.

Our purpose in this work is to develop a simple method for determin-
ing the location of the corrosion and estimating its Hausdorff measure.
From this information we may get an appropriate initial guess for the
inverse problem .

Numerical examples are given in this chapter in order to illustrate the
main features of our approach for both asymptotically exact and noisy
data. A systematic discussion however is not attempted, being left to
further studies in specific situations of practical applicability.

Our approach may be considered as a first step towards design of
real-time, accurate and robust algorithms for corrosion detection from
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ultrasonic guided waves.

2.2 Formal Derivations

To set up our inverse eigenvalue problem mathematically, we consider
a simply connected bounded C? domain U in R?, and a simply connected
C? domain D compactly contained in U. Let Q = U \ D represent the
specimen to be inspected. We define I', = 90U and I'; = 9D so that
00 = I';UT',. Suppose that the inaccessible surface I'; contains a corrosive
part I. The surface impedance (the corrosion coefficient) of I is a positive
constant v. The domain 2 may be considered as a cross section of a
pipe inside which there is a corrosive part. We assume that the one-
dimensional Hausdorff measure || of I is small and denote it by e.

We now introduce the following functional spaces. Let H'({2) denote
the set of functions w € L?(f) such that Vw € L?(Q2). Let H/?(T',) be
the set of traces of functions in H'(U). Further, we define H%(Q2) as the
space of functions u € H'(Q) such that 9*u € L?(Omega) and the space
H?3/2(Q) as the interpolation space [H*(2), H*(Q)],/2-

The eigenvalue problem in the presence of corrosion consists of find-
ing w. > 0 such that there exists a nontrivial solution v, to

;

(A+w?)v. =0 in Q,
v,
2 x(Iwe=0  onTy,
v (2.2.1)
ve =0 onl,,
\fQ U? =1,

where v is the outward unit normal to D and x(/) denotes the character-
istic function on /. Throughout this paper the normal vector v defined
on either I'; or I'. is assumed to be directed outward to the relevant
domain D or U. So, it is directed inward to 2 on I';.
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It is well known that all eigenvalues of (2.2.1) are real, of finite multi-
plicity, have no finite accumulation points, and there are corresponding
eigenfunctions which make up an orthonormal basis of L?((2). See for
example [30]. Let wy > 0 be for simplicity a simple eigenvalue for the
Helmholtz equation in the absence of any corrosion. Let v, denote the
corresponding eigenfunction, that is, the solution to

(

(A+wd)ry=0 inQ,

_Ow onT). (2.2.2)
ov

\'UO =0 on Fea

such that [, v5 = 1.
The aim of this work is to detect the corrosive part 7, in particular, its
location z € I and its extend ¢, from variations of the modal parameters

Fe). (2.2.3)

0
(we — Wo, E(Ue - UO)

We seek a solution of (2.2.1) for ¢ small, for which w. — w, as € goes
to zero. The expansion of w. must begin with w,, and the expansion of
v. must begin with vy; so we write:

We = w0+6w1+62w2+...,

(2.2.4)
Ve = U0+6U1+62U2+... il’lQ,
where vy, vy, ... and wy, ws, ... are to be found.
Now we substitute (2.2.4) into the Helmholtz equation (2.2.1) and
equate terms of each power in e. This yields:

( (A + wd)vy = —2wowivg in Q,
0111 1
— = —x(I I; 2.2.5
5, = X on I';, (2.2.5)
(v1 =0 onl..
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Observe that since |I| = ¢, tx(]) is of order 1. Since [,v? = [, v, we
also have an orthogonality condition:

/ v1vedx = 0. (2.2.6)
Q
Multiplying (2.2.5) by vy and integrating by parts yields that

2wow; = — /(A + wi)vy - vodx
0

__/ Ovr g, 20
N r. (91/0 laV

+

/ Qo 20
T; v 0 laV

So far we formally drove the following theorem, a rigorous proof of
which will be given at the end of this paper.

Theorem 2.2.1 The following asymptotic expansion holds:

we=wo+ [ 02+ 0(2) (2.2.7)
2wo Jy

as e — 0. Furthermore,
ve = v + O(e) (2.2.8)

where O(¢) is in H*/?(Q) norm.

2.3 Reconstruction Method

For h € H'/*(T',) such that [ h%% =0, let w), € H'(Q) be the solution to

((A + wd)wy, =0 in Q,

% =0 on T}, (2.3.1)
1%

\wh:h onl,.
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Applying Green’s formula, we obtain

y/whve :/ whav6 = hav6 + (w? —w%)/vewh. (2.3.2)
I r, o Q

T. 8V

Dividing (2.3.2) by w? — w? and using (2.2.7) we induce

WhUe
/I 1 h@w

2 2
o2 w2 —wg Jp, Ov
0
I

By (2.2.8), we have
/whv6 = /whvo + O(é?),
1 1

/Uﬁwh = / vowy, + O(e).
Q Q

ﬂ(,z) = _ %h—i-/vowh. (2.3.4)
0

Vo 2wo(we — wo) Jr, Ov

+/v6wh+0(e). (2.3.3)

Therefore,

This is the key observation on which our reconstruction procedure is

based. Since we are in possession of w, —wy and %fj

r., the reconstruction
algorithm is as follows. Let h = hy, ho, ..., h,, where {h;}", is a set of
n independent functions satisfying [;. hi% =0fori=1,...,n. For any
y € T'; such that vy(y) # 0 compute (wp, /vy)(y). The point z can be found
as the unique point where

. 1 v, :
wh’(z) — —Uhi+/vowhi, Vi=1,...,n.
Q

Uy B 2wo(we — wo) Jr, Ov

The justification of our method is quite simple and natural. Let
(,)1,-1 denote the duality pair between f'/*(T;) and H~"/*(T;). Observe
first that the following density result holds.

Lemma 2.3.1 If (vy, ¢) = 0, then (wy,, ¢) = 0 for all h € H'/*(T",) such that
Jr %2 = 0 implies that ¢ = 0.
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Proof. For ¢ € H~Y/%(T';) such that (v, ¢) = 0, let u, be the solution to

;

(A+wdug =0 in Q,
8u¢
— = onl;,
ov ¢

| ug =0 onl,.

. . ou
An integration by parts shows that fre h=?% = 0 and therefore, by the

unique continuation, ugs = cv in , for some constant c¢. Thus, ¢ =0, as

desired. 0
Suppose now that
wh 1 aUE
)= h
Vo (v) 2wo(we —wp) Jp, Ov + /Qvowh’

for all h € H'/*(T',) such that [. h%% = 0. By integrating by parts and
using Theorem 2.2.1, we see that
Ov,

)
wh ~ —eyvo(y)wa(y) onTy ¥ he HY2(T,) such that / R .
r; al/ . al/

and therefore, by the density result in Lemma 2.3.1,

0v,
3 ~ —eyvo(y)x(L,) onTy,
v

where |I,| = € and y € [, from which (2.2.5) yields y ~ 2. This shows
that for n large enough = is uniquely determined by our algorithm.
Once z is determined, the Hausdorff measure of the corrosive part

can be estimated by
_ 2wo(wo — we)

T d(z)
Note that we can not estimate ¢ separately from . We need to have an
a prior knowledge of one of these two parameters in order to determine
the other.
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2.4 Numerical Results

This section presents results of some numerical experiments using the
reconstruction method of the previous section. In the following, U and
D are assumed to be the disks centered at the origin (0,0), and of radii
r. and r;, respectively. We set Q = U \ D, as before.

First we find the eigenvalue and eigenvector for (2.2.1) and (2.2.2).
For convenience, using polar coordinates, we rewrite the equations in
the following form:

([ O? 10 1 02 }
(er;EJrﬁwjtwf) ve =0 in Q:=[0,27] X [r;, 7],
Ov,
~5, +yx(Hve =0 onT; :=[0,2n] x {r;},
v, =0 onT, :=10,27] x {r.},
| Jovd =1,
and P 19 1o
) .
(wﬁaﬂ—z@*%)%:o e
_% :O on Fia
.
v9=20 onl,
\fQUOQ =1.

We solve these equations using the finite difference method. To do this,
we discretize the equations at the node points on (2 given by

n—1 m
= (20—~ . PR S
Oy Tm) < T T+ (e TZ)M+1),
forn=1,2,--- ,N,andm=1,2,---, M, with N = 128, M = 16. Using the
first eigenvalue and eigenvector computed, we solve (2.3.1) using the

following h,

h(0) =ag+ a;sinf + aysin20 + - - - + apsinkf, 0Tl
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for k = 10.

Examples 1, 2, 3 show the results of numerical experiments with var-
ious v and some noise added to the data. They clearly demonstrate the
viability of our reconstruction approach.

Example 1. We implement the reconstruction method for two-dimensional
disks using Matlab and finite difference method. U and D are the disks
centered (0, 0) of radii 0.2 and 0.1 and the corrosion coefficient is set to be
2. Table 2.2 and Figure 2.1 summarize the computational results. The
first figure shows the actual domain where the red part is the corrosion.
The second figure is the graph if the functional /7 whose minimal point is
the detected center of corrosion. The figures in the right-hand side are
the eigenvectors with and without corrosion, v. and vy,. The errors com-
puted in L> are |z, — 25| = 0 and |ye — (y¢€)¢| = 0.0035 where z¢ and (ve)©
are the detected location of the corrosion and the corrosion coefficient.

Example 2. In this example, U and D are the disks centered (0,0) of
radii 1.0 and 0.8, respectively. We test the algorithm with various cor-
rosion coefficients v = 0.01, 2, 5, while the size of the corrosion is fixed
at e ~ 0.04. We also add 1%, 5%, 10% noise when we compute the eigen-
vectors. It turns out that higher the corrosion coefficient is, better is
the performance, which is quite natural. The results also show that our
algorithm works fairly well even in the presence of noise provided that
the corrosion coefficient is large enough. See Figure 2.4.

Example 3. This example provides the results of numerical tests with
larger size of the corrosion part, ¢ ~ 0.15. The results show that the
algorithm works equally as well, or even better, in detecting the location
of the corrosion. However, its performance in detecting ~e is poorer
than in the case of shorter corrosion. See Figure 2.4.
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actual domain

0.2 4
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Zs g ve (ve)*
(-0.0243, -0.0970) (-0.0243, -0.0970) 0.0393 0.0428

Figure 2.1: Reconstruction result without noise. z, and ~e are actual
location and coefficients of the corrosion and z¢ and (ve¢)© are detected

ones.
2.5 Justification of the Asymptotic Expansion

In this section we review the main results of Gohberg and Sigal in [23]
and give a rigorous proof of Theorem 2.2.1 which was driven formally.

Let G and H be two Banach spaces and let £(G,H) be the set of all
bounded operators from G to H. Let U be an open set in C. Suppose
that A(w) is an operator-valued function from U to £(G, H). wy is a char-
acteristic value of A(w) if

e A(w) is holomorphic in some neighborhood of w,, except possibly
for wy;

e There exists a function ¢(w) from a neighborhood of w, to G, holo-
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morphic and nonzero at w, such that A(w)¢(w) is holomorphic at v
and A(w0)¢(w0) = 0.

The function ¢(w) in the above definition is called a root function of A(w)
associated to wy and ¢(wy) is called an eigenvector. The closure of the
space of eigenvectors corresponding to wy is denoted by Ker A(wy).

Let ¢y be an eigenvector corresponding to wy. Let V(wy) be a complex
neighborhhod of w,. The rank of ¢, is the largest integer m such that
there exist ¢ : V(wg) — G and ¥ : V(wy) — H holomorphic satisfying

Alw)p(w) = (w —wo)"Y(w),
P(wo) = ¢o, Y(wo) # 0.

Suppose that n = dim Ker A(wy) < 400 and the ranks of all vectors in
Ker A(w,) are finite. A system of eigenvectors ¢, j = 1,--- ,n, is called
a canonical system of eigenvectors of A(w) associated to wy if the rank
of ¢} is the maximum of the ranks of all eigenvectors in some direct
complement in Ker A(wp) of the linear span of the vectors ¢, - - ,gzﬁf)_l.
Then we define the null multiplicity of the characteristic value w, of A(w)
to be the sum of ranks of ¢}, j = 1,--- ,n, which is denoted by N(A(w)).

Suppose that A~!(w) exists and is holomorphic in some neighborhood
of wy, except possibly at this point itself. Then the number

M(A(wo)) = N(A(wo)) = N(A™ (wo))

is called the multiplicity of the characteristic value wy of A(w).

If A(w) is holomorphic at wy, and A(wy) is invertible, the point wy
is called a regular point of A(w). A point wy is called a normal point
of A(w) if there exists some neighborhood V' (wy) of wy in which all the
points except w, are regular points of A(w) and A(w) admits the Laurent
expansion



where the operators 4;, j = —s,---, —1, are finite dimensional and the
operator Ay is a Fredholm operator. An operator-valued function A(w)
is called normal with respect to 0V (wy) if A(w) is holomorphic and in-
vertible in V' (wy), except for a finite number of points of V' (w,) which are
normal points of A(w).

Suppose that A(w) is normal with respect to 0V (wp) and w;, i = 1,--- , 0,

are all its characteristic values and poles lying in V' (w,), we put
M(Aw); 0V (wo)) = > M(A(w;)).
=1
The generalization of Rouché’s theorem is stated below.

Theorem 2.5.1 Let A(w) be an operator-valued function which is normal
with respect to 0V (wy). If an operator-valued function S(w) which is
holomorphic in V(wy) and continuous at 0V (wy) satisfies the condition

A (w)S(w)lle@o) < 1, w € OV (wo),
then A(w) + S(w) is also normal with respect to 0V (w,) and
M(A(w); OV (wo)) = M(A(w) + S(w); OV (wo)).
The generalization of the residue theorem is given by

Theorem 2.5.2 Suppose that A(w) is an operator-valued function which
is normal with respect to 0V (w,). Let f(w) be a scalar function which is

holomorphic in V(wy) and continuous in V(wy). Then we have

271

1 d Z
— tr WA (w)—A(w)dw = M(A(wj)) f(w,), 2.5.1
t/av(wo)f() AWM = I MAC) ), @5 )

where w;, j =1,---,0, are all the points in V (w,) which are either poles
or characteristic values of A(w).
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Here tr denotes the trace of operator which is the sum of all its
nonzero eigenvalues. We mention the following property of the trace:

tr /8V(w0) A(w)B(w)dw = tr /8V(w0) B(w)A(w)dw, (2.5.2)

where A(w) and B(w) are operator-valued functions which are finitely
meromorphic in V(wp), which contains no poles of A(w) and B(w) other
than wy.

A fundamental solution @, (z) to the Helmholtz operator A + w? in
R? is given by

.
D, (1) = — 7 Hy (wla),

for = # 0, where HS" is the Hankel function of the first kind of order 0.
Let I" be either I'; or I'., and define Sy and Dy be the single and double
layer potentials defined by &, that is,

Sle)(x) = / Du(x - y)ply) doly), = e€R2
Dfel(w) = [ L=V

2
r
s o(y)do(y), xeR*\T,

for ¢ € L*(T).

The following formulae give the jump relations obeyed by the double
layer potential and by the normal derivative of the single layer poten-
tial:

(DEle]) jE(.27) = (:F %I —i—lC‘{i) [p](x) a.e. zel, (2.5.3)
6(851/[@]) i(.27) = <:|: %I + (IC%’)*) [o](z) a.e. z €T, (2.5.4)

for o € L?(T"), where K% is the operator defined by

0P, (x —y)

Kelel(a) = pov. | S Loty)in(y)

T
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and (K{)* is the L*-adjoint of K¢, that is,

k2ol = pv. | 9%z ~y)

o, e(y)do(y).
Here p.v. stands for the Cauchy principal value. The singular integral
operators K¢ and (K¥)* are known to be bounded on L*(T'). Here and
throughout this paper the subscripts + as in (2.5.3) denote the limits
from outside and inside of I.
In order to investigate the eigenvalues of the problem (2.2.2), we
consider the operator A% : L?(T',) x HY(T';) — H*(T.) x H'(T;) defined by
st DR
Af = 1

St S1+Ki,

Here H!(T'.) denotes the set of functions f € L?(T'.) such that 9f/0T €
L*(T,), where 9/0T is the tangential derivative. H'(T;) is defined like-
wise.

Observe that w — A is an operator valued holomorphic function.
The relation between the eigenvalues of (2.2.2) and the characteristic
values of AY is given by the following theorem.

Theorem 2.5.3 Suppose that —w? is not a Dirichlet eigenvalue of A on
D. Then, —w? is an eigenvalue of (2.2.2) if and only if w is a characteristic
value of Ay.

Proof.  Suppose that w? is an eigenvalue of (2.2.2) so that there is a
nontrivial solution v to (2.2.2). Then by Green'’s representation formula

o) = =58 |55 | @) -l

Put ¢ := 22| and ¢ := v|r,. Then (¢, ) € L*(T'.) x H'(T';) is not zero and
satisfies

we have

] (x), €.

SE o] +DE[¢] =0 onT.. (2.5.5)
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On the other hand, by (2.5.3), we have

(Stlel +DE) |, — (St lel + DR | = = = —vlr, onTy,

and hence (S¢ [¢] + D¢ [¢])|- = 0 on I';, or equivalently,

S¢ [¢] + <%1+1qﬁi) ] =0 onT. (2.5.6)

Combining (2.5.5) and (2.5.6) shows that w is a characteristic value of
Av .

Conversely, suppose that w is a characteristic value of Ay so that
there is a non-zero (¢, ) € L*(T.) x HY(T;) satisfying

A7) =0, 2.5.7
WE 257

or equivalently (2.5.5) and (2.5.6). Define
v(z) = =S¢ [¢](z) — D [¢)(x), e (2.5.8)

Then v = 0 on I', by (2.5.5). On the other hand, (2.5.6) shows that
¥ € Ch(T;) for some « > 0. In fact, by (2.5.6), we have

Y = 2S¢ [p] — 2K¢ [¢]. (2.5.9)

Since I'; is C?, K¢, maps L*(I';) into L>(T;), L>(T;) into C*(T') forall o < 1,
and C%(T") into C**(T"). Thus by bootstrapping using (2.5.9), we have
Y € Ch(T;). Now ZDg [¢] is well-defined and it does not have a jump
along I';, i.e.,

0 0

@Dﬁ ]|, = @Dﬁ [¥]| onT..

Since w? is not a Dirichlet eigenvalue of —A on D, (2.5.6) implies that
St [¢] + DE [] = 0in D, and hence

9 (stle+ Dz )| =0 onl.
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We thus obtain

ov 0 /aw "
BN N =9 (SF5[<P] +Dri[¢]) ‘+
0

= o (Sl + DR ) | =0.

In other words, v is an eigenfunction of the problem (2.2.2). This com-
pletes the proof. O

In a similar way, one can prove the following theorem for the prob-
lem (2.2.1).

Theorem 2.5.4 Define the operator A¥ : L*(T,) x HY(T;) — HYT.) x
HY(T;) by
Sr,  Dr, —Sr M
AY = 1 ;
SE. 5[ + Kr, — 8¢ M.
where M, means the multiplication by yx(I). Assume that —w? is not a
Dirichlet eigenvalue of A on D. Then —w? is an eigenvalue of (2.2.1) if

and only if w is a characteristic value of A¥.

Observe that we can write

AY = AY + BY, (2.5.10)
where .
0 —=8¢ M,
BY = i . (2.5.11)
0 —=S¢ M,
€

Since M, is of order ¢, the operator BY is of order 1.

Lemma 2.5.5 Ay is a Fredholm operator of index 0 and every eigenvec-
tor of A% has rank one provided that —w? is not a Dirichlet eigenvalue
of A on D.
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Proof. Since, written in the following manner, Ay is clearly a compact
perturbation of Fredholm operator of index 0

S 0 0 Dy,
ABJ = Fe 1 + )
0 =1+ lC‘fii Sf’e 0

2

hence it is Fredholm of index 0.
Suppose that <Z> is an eigenvector of A¥ with rank m associated

with the characteristic value wy, i.e., there exist v* and ¢, holomorphic
as functions of w, such that p*° = ¢, Y*° =4, and

o (7)) ) (T) 2.5.12
A(M < >(W) @25.12)

for some (3, ¢*) € H'(I.) x H'(T;). Let u® := Sg [¢*] + D& [¢*]. Then
because of (2.5.12), u“ satisfies

;

(A +w?)u =0 in R?\ (T, UTy),
u’ = (w—wy)"e” onl,,
u- = (w— wo) ™) onT;.

\

Since —w; is not a Dirichlet eigenvalue of A on D, S¢ : L*(T;) — H'(T)
is invertible for w in a neighborhood of w,, and hence we have

u (@) = (w—w0)"S, [(S8)7' (@), we D,

and

o
ov

B ou¥

"

= (w —wp)™ <—%I + (IC“F’Z_)*) [(8;’1,)‘11;“’] onT;.
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By Green’s formula, we immediately get

(W? — wd) / u“u°
Q
ou™° ou”

— uw + wo

—U
T. 01/ r; al/

= ([ GrE e [ (<50 ) (5079

Te

If m > 1, by dividing both sides by w?—w? and taking the limit as w — wy,
we obtain [, (u*°)* = 0 which is a contradiction. Thus we have m = 1.
This completes the proof. O

By the above lemma and the generalized Rouché’s theorem (Theorem
2.5.1), we know that A¥ is normal with respect to a small neighborhood
V of wy and that the multiplicity of A in V' is equal to the dimension of
the eigenspace of (2.2.2) associated with wy,. Now we are ready to prove
Theorem 2.2.1.

The following lemma was proved in [8]. We include a proof for the
readers’ sake.

Lemma 2.5.6 Let V be a small neighborhood of w, in a complex plane
such that A¥ has the simple characteristic value w. in V. Then

1 & (_1)j€j / 1 j
We —Wp = =— —tr AY) T BY) dw. 2.5.13
o= o e [ ((an)B) (2:5.13)

Proof. 1t follows from Theorem 2.5.2 and Lemma 2.5.5 that

_ 1 w —li w
We — Wp = 27m,tl‘/av(u) wo)(AY) deE dw. (2.5.14)
By (2.5.10), one can see that
(A2) =D (1Y€ (A7) 'BY) (A5) (2.5.15)
=0
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where the series converges in the operator norm on L*(T.) x H*(T;) —
HY(T.) x HY(T;) if € is sufficiently small. If we substitute (2.5.15) into
(2.5.14), we have
_ 1 <« j wy—1lpw)J wy—1 d w
_ 0_2_2 etr/avw—wo)((AO) BE) (AY) %AE dw.
(2.5.16)

Since
d

wy— o1 o A
@(Ao) 1:_(Ao) 1_A0'(A0) !

dw
we have

d w\— w\J : w\— w\J—1 w\— w
6% ((Ao) IBE)] =J ((Ao) lBe)j (Ao) laAe
d

- w)— w ] w\— d w - w\— w = w\— w
— e ((A9)"B2) (A9) ' - AT —j ((A9)'BY) (A) - AR (2.5.17)

We now substitute (2.5.17) into (2.5.16). Then the sum of the last two
terms in (2.5.17) cancel each other and hence we have

d

— 1 < (_1)j€j d w\—1pw)J
LT Tamiy tr/av(w wo) g5 ((A) L) du.
Now (2.5.13) immediately follows and the proof is complete. O

Proof of Theorem 2.2.1. Let

Ay AY
(A(a))—l — < 1 2) ]
Ay A7

Then we have

1
L / (A9)'B¥ duw — ——tr / (A8 M, + A8 M,) dw.
ov oV

27

Let 0 < p; < pp < ... bethe eigenvalues of (2.2.2) and uy, us, . .. be the
corresponding normalized orthogonal eigenfunctions. For ¢ € L*(T;), let

ui= =8¢, (ATSE, + A3Sy) [¢] — Dr, (A5SE, + AiSt,) [¢] + SF [¢].
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Then, by the definition of AY’s, u satisfies

;

(A+wu=0 in Q,
a_u ¢ on Fia
u=(A§Sy + A{SE) (4] onTy,

u =0 onl..

\

Applying Green’s formula, we have

(w? — Mz‘)/ﬂ“ui = /F Pui,

and hence

where (-, -)r. denotes the inner product in L?(T;). By taking the trace on
I';, we obtain

(A58 +A3SE) [0 = <“i’jb>:f u;

Then we have

1 — {(wi, yx(
—tr ASSE M, + AYSE M, L d
271 /av( gor Me T+ Agor, " 2mi /av; w? — i “

g 2
= — ’U07
2wy Jr

since w? is the only eigenvalue inside V. Therefore
g 2 2
= O(e%).
i [ +ole)

We — Wo

This proves (2.2.7).
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We now prove the (2.2.8). Choose (

SOE) € KerA“. Letw, = [ °°
Ve Ve

for convenience and assume that || V.| 2, )<z (r,) = 1. Let us define P,
by
L[ A dpey (2.5.18)
2w Sy ) dw Y -

Then it is proved in [23] that P, is a projection (not necessarily orthog-
onal) from L*(T.) x H'(T;) onto KerA“-. It follows from (2.5.15) that

P. = Py+0(e) (2.5.19)

where O(¢) is in the operator norm. Having both sides of (2.5.19) act
on V., we obtain
U, = PRV, + O(e), (2.5.20)

where O(¢) is in L?(T'.) x H'(T';)-norm. Let PP, = (¢%,¢°) and
Ve = SEe [l + DEe[1be] = SEeM[ibe],  vo = SEP[d]+ D[y in Q. (2.5.21)

Since Sy and Dy map L*(T.) and H'(I';) into H*?((2), respectively, we
have from (2.5.20) that

ve =19+ O(e) in HY2(Q). (2.5.22)

Now we normalize v., vy by dividing by its L?(Q2) norms and denote them
by v., vy again. Then v,, v, are solutions of (2.2.1), (2.2.2) respectively.
Since ||ve|| z2() = [|vollz2() + O(€), they still satisfy (2.5.22). The proof of
Theorem 2.2.1 is now complete. O

2.6 Conclusion

We have designed a simple and accurate method for detecting small in-
ternal corrosion by vibration analysis. Our method is based on asymp-
totic formulae for the resonance frequencies and mode shapes pertur-
bations caused by internal corrosive parts of small Hausdorff measure.
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To rigorously prove our asymptotic formulae we have reduced the
problem to the study of the characteristic values of integral operators in
the complex plane and made use of powerful techniques from the theory
of meromorphic operator-valued functions.

It is worth noticing the fact that it is impossible to extract the size
of the corrosive parts and the impedance coefficient using the first or-
der approximation. We can only reconstruct the product of these two
quantities. It is likely that from a certain level of signal-to-noise ratio,
higher-order asymptotic expansions of the resonances and mode shapes
perturbations yield such important information.
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0.01 10 (0.3509, 0.7189) (-0.3061, 0.7391) 0.0004 0.0006
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2 (0.3509, 0.7189) (0.3509, 0.7189) 0.0785 0.0711
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Figure 2.2: r, =08,r. =1
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Figure 2.3: r;, =0.8,r. =1
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Chapter 3

Ultrasonic Detection of Internal
Corrosion

3.1 Introduction

Corrosion detection remains a topic of considerable activity in the in-
verse problems community. Of special interest are algorithms that make
use of a priori information or assumptions concerning the nature of the
target’s internal structure. Such assumptions can usually be exploited
to obtain much faster, simpler and more stable algorithms than would
otherwise be possible.

In this chapter we consider the problem of determining the corro-
sion damage of an inaccessible part of the surface of a specimen from
ultrasonic measurements.

The impedance imaging problem for detecting internal corrosion was
considered in Chapter 1. In that chapter we propose an algorithm of
MUSIC (multiple signal classification) type for detecting corrosion in
pipelines from input fluxes. This algorithm is based on an accurate
asymptotic representation formula for the steady state voltage pertur-
bations.
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In this chapter, we adapt the MUSIC-type algorithm of Chapter 1
to the setting in which multiple ultrasonic boundary measurements are
available and also show how one may quantitatively deduce the number
of corrosive parts present. We also adapt the propagation-backpropagation
algorithm for ultrasound tomography to corrosion detection and present
a Fourier-type reconstruction method. All of these different approaches
rely on an asymptotic expansion of the ultrasonic reflected wave with
respect to the length of the corrosive parts, in much the same spirit as
the recent text [4]. We consider only the two-dimensional case, the
extension to three dimensions being obvious.

The organization of the chapter is as follows. In Section 3.2 we state
the forward and corresponding inverse problem of interest, then re-
view some basic facts on Green’s functions. In Section 3.3 we state our
main theorem that allows us in Section 3.4 to develop our different al-
gorithms for recovering a collection of corrosive parts. In Section 3.5
we briefly discuss how to resolve the difficulty in solving our inverse
problem that is caused by high oscillations in the measurements data.
The leading terms of the large-argument large-order asymptotics of the
Bessel functions, and their first derivatives are summarized in Section
3.6. Useful calculations on Green'’s function are recalled in Section 3.7.

3.2 Preliminaries and Formulation of the Inverse

Problem

For w > 0, a fundamental solution ®,(z) to the Helmholtz operator
A + w? in R? is given by
1
@, (x) = = Hg" (w]a]),

for = # 0, where H\" is the Hankel function of the first kind of order 0.
We recall Graf’s addition formula (see for example [1, Theorem 9.1.79])
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which expresses as a series a field generated by a source located at some
point. Letting = = (|z|,6,) and y = (]y|, §,) in polar coordinates, we have

Hi (wle = yl) = Y H (wlyl)e™ Jwlal)e™™, for|a| <[y|.  (3.2.1)

leZ
Here, Hl(l) = J,+1Y;,l € Z, J, and Y, are Bessel’s functions.

We denote the specimen to be inspected as the annulus Q@ = {z : r <
|z] < R}. Let I'. and I'; be the circles of radius R and r centered at the
origin, respectively. Suppose that the inaccessible surface I'; contains
some corrosive parts I, s = 1,...,m. The parts I, are well-separated,
and the reciprocal of the surface impedance (the corrosion coefficient)
of each I,, s = 1,...,m, is v, > 0, not identically zero. We assume that
each v, € C'(I,). Let

V@) =D xs(z), zeTy, (3.2.2)

where Y, denotes the characteristic function on I,. The annulus 2 in two
dimensions may be considered as a cross section of a pipe inside which
there are corrosive parts. We assume that the Hausdorff measures of I,
are small:

|Is| =0(¢), s=1,...,m,

where ¢ is a small parameter representing the common order of magni-
tude of I,. Here and throughout this chapter | - | denotes the Hausdorff
measure. Then for each p > 1, we have

IVl Lo,y < CEYP. (3.2.3)
The ultrasonic wave ., generated by a source at y € I, satisfies
(
(A+wu, =0 in Q,

—— +yuy, =0 onl’, (3.2.4)




where v is the outward unit normal to Q.
Let uy denote the solution in absence of the corrosion, i.e., the so-
lution to the problem

)
(A+w)ug=0  inQ,

8u0

(w0 = O,(-—y) onl..

Throughout this chapter, we suppose that w is not an eigenvalue of
—A in Q with the Dirichlet boundary condition on I". and the Neumann
boundary condition on I';. Using the theory of collectively compact op-
erators [2], we can easily prove that (3.2.4) is uniquely solvable for
l|7]|z» small enough.

Suppose also that w is not an eigenvalue of —A in the disk of radius
R with the Dirichlet boundary condition on T, i.e., wR is not a zero of
J;. Using Graf’s addition theorem (3.2.1), we compute u, to obtain its
explicit form in Q:

up(z) = D (r —y) + - alHl(l)(w\xD + by (wlz]) ) et eiths
4

leZ

where, for [ € Z,

HY(wR)J(wr)

“=n 1D @WR) ’
(H, ) (wr) — Ji@R) Ji(wr)
and "
b — _H ' (wR) o
: J(wR) "

Using the large-argument large-order (Debye’s) asymptotics of the
Bessel functions (see Section 3.6), we can prove that

[|Vug||poryy = O(w), as w — +oo. (3.2.6)
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Now we define the Dirichlet function G,, by

;

(Ay +wH)Gy(z,2) =6, inQ,
aG,,

v, Iry 0

Golr. = 0.

\

Again from Graf’s addition theorem, we compute that

: —il6. ilf,
Go(x,2) = =, (x — 2) + 1 Z(alHl(l)(wkE\) + lel(w|x\)>e 0= (3.2.7)

ez
where
/ (1)
J(wr H7(wR)J;(wlz
R Z(H(l))(wR) { | (Jz(chl)( | |>_Hl(l)(w|z‘>}
(HO Y (wr) = 2B i)
and

_H"@R) ~ H"(R)
J(wR) ' J(wR)
Let z € I';. From Lemma 3.7.1 it follows that

b=

Ji(wlz]).

Go(z,2) = %Hél)(w\x — z|) + continuous function in z, forx €T;.

Moreover, combining (3.2.7) and the large-argument large-order asymp-
totic expansions of the Bessel functions we obtain through elementary
but tedious computation that the following estimate

|Gy 2) = 20, (- — 2)[ |1y = O(1)  as w — +o0, (3.2.8)

holds uniformly in z € T;.
To simplify the notation, introduce Sﬁ- be the single layer potential
defined by G, that is,

St p(z) = /F Go(z —y)p(y)do(y), z€R?

for p € L*(T)).
Estimate (3.2.8) shows that the following lemma holds.
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Lemma 3.2.1 Forp > 1, there exists a positive constant C, independent
of w such that

ISE ¢l ey < Coll@lliaqry,  for g € LP(TY).

3.3 Asymptotic Formula

We derive in this section an asymptotic expansion of the ultrasonic
boundary perturbations due to the corrosive parts. This formula is cen-
tral to our detection techniques. For those purposes using the following
theorem it is essential that the quantity w,(z,;) be non-zero.

Theorem 3.3.1 Suppose that A\ = 27 /w >> € then the following asymp-
totic formula holds uniformly on I, for some positive constant «:

m

O(uy —uo), | G, 1+a
= (1) = - ;v(zs)uo(zs)\]AW(x, z) +O(eF), zel,.
(3.3.1)
Proof. Let w :=u, —uy. Then w satisfies
(Aw+w2w:O in €,
ow
- + YW = —7Uo on Fia
ov
\w =0 onl..
Thus we get
w+ S (yw) = —SE (yup)  in Q. (3.3.2)

Since from Lemma 3.2.1 there exists a positive constant C' depending
only on p,w,T';, and I', such that

~ 1
ISE, (vw)l[zry) < Cllywllze) < Cerllwllz=wy, p>1,
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it follows that

wlr, = =S¢ (yuo) + 0(6%) in L>=(T).

Therefore,

ow oG, 20 . o
E__/FZ’YUOW dU+O(EP) in L (Fe)>p>1-

Using the Taylor expansion of 83% at z, together with the estimates
(3.2.6) and

/ ity do = | L]y(z)uo(z) + O(E|| Vol | (-
r;

yields the desired result. O

Note that from (3.2.7), we have

O (2 = 2 > [az(H;”)'(wR) +bJ/(wR) + (H}”)’@R)Jl(w)} ¢l =il

Ov 4 IEZ
(3.3.3)
where
/ 1)
“= Jl(ng( R) - f]w(lz)RJ;(W) _Hl(l)(wﬂ
(HV) (wr) = B T (wr) !
and

(1) (1)
H, 7 (wR) H 7 (wR)
by = L L AT g )
: JwR) " TL(wR) twr)
Analogously to (3.2.6) and (3.2.8), the large-argument large-order
asymptotic expansions of the Bessel functions, we can prove that
Haé“
ov

(5 2)l[poerey = O(w), (3.3.4)
uniformly in 2 € T;.
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Note also that for high-frequency w = O(e'), we can derive an
asymptotic expansion for the boundary perturbations as follows. From
(3.3.2), we have

yw = —(I +785) " (vS¢, (yug))  on Ty,

and for z € I',, we obtain
O(u — ug) B oG,

5 &) = o (z, y)y(y)uo(y) do(y)
[ G +980) 08 uo) o) do)
Note that
31‘2’ ) = éwx— do éwx— do
e =[G pewde s [ G ety
=1+11.

We have I < C||¢||«, and from the change of variable we can show that
IT < Cl¢|l- Thus

H’YSFZHLOO(F )—Loo(T;) = O(l) When w = O(E_l),

and therefore we have
(I +988) 7 (8¢, (yuo)) (y) = OCe).
Writing the expansion of %(m,y) forx = (R,0,),y = (r,0,, + €0) as
w = O(e!) goes to +co yields a high-frequency asymptotic formula for

the boundary perturbations. This formula tends continuously to our
low-frequency formula (3.3.1) as the limit of we goes to zero.

3.4 Reconstruction Methods

In this section, we adapt the MUSIC-type algorithm of Chapter 1 to the
setting in which multiple ultrasonic boundary measurements are avail-
able and also show how one may quantitatively deduce the number of
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corrosive parts present. We also adapt the propagation-backpropagation
algorithm for ultrasound tomography to corrosion detection. We finally

present a Fourier-type reconstruction method. All of these three differ-

ent but very closely related approaches rely on our asymptotic expan-

sion (3.3.1) of the ultrasonic reflected wave with respect to the length

of the corrosive parts

3.4.1 A MUSIC-Type Algorithm

In this section, we adapt the MUSIC-type algorithm of Chapter 1 to our
present setting. We also show how one may easily deduce the number
of corrosive parts present from ultrasonic boundary measurements.

Let yi,...,y, be n point sources uniformly distributed on I'.. Rewrite
(3.3.1) as follows:

) = Lol | [ Gzt -0 doto)| ),
=1 (3.4.1)

since _
G,
Uo(Zs) = - 8—(97 Zs)q)w(y - yl) da(y).
r. ov

In the spirit of the reciprocity gap approach [10, 9], multiplying by
®,(y — yr) and integrating over I', we obtain that

/ M(y)<1>w(y —yr) do(y)

~ 3 ()l { [ % .zl - i | % .2l - w0 i)

Introduce the coefficients

=3 o] [ S wpntyw o] [ 0w ],

s=1
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where a, = 7(z)|;]. Then from the asymptotic expansion (3.3.1) the

matrix A = (aw)ir-1..» iS approximately known:

oo ([ i),

where u, and u, are the solutions corresponding to ¢, (- —y;). It is easy
to see that the matrix A admits the following decomposition:

m

T

A= E Vs
s=1

where T denotes the transpose and

aG., dG,,
Vg = ( . W(yazs)q)w(y—yl) da(y), . ” e

Following [34], the MUSIC characterization of the locations z,,s =
1,...,m is given by the following theorem.

Theorem 3.4.1 Let {y,} € I'. be a countable set with the property that
any analytic function which vanishes in all y,, vanishes identically onT..
Then there exists Ny € N such that ifn > N, then a point z € {z1, ..., z,}
if and only if the vector w, defined by

vim ([ 2 ety o [ B0y ) o))

e

belongs to Range(A).

Proof. Assume that there is no N, which satisfies the necessary and
sufficient condition of the theorem, then for each n, there exist z,, z,
and a? (s =1,...,m) such that

he(ys) =Y ath.,(y), fork=1,...n,
s=1
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and

R, (@) # Z agh:, ().

Letting aff = <= — and a = «=*—, we have

s=1"s s=1"s

—agh., (yx) + Y _dlth. (ye) =0, fork=1,... n,

s=1

—aghs, (v,) + Y alhe, (2,) = 0.

s=1

We can assume that z,, x, and a@” (s =0, ..., m) converge to z, x € I, and

as € [0, 1], respectively. So
—aoh-(yx) + »_dsho(yx) =0, forall k€N,
s=1

and

—agh.(x) + Y ash(x) # 0.

Note that letting = = Re’, y = Re? and 2 = re'®, we have

oG,

(3.4.2)

(3.4.3)

i) i= [ Gy =) dot) = [ Tz s~ B) doly)

Thus, h. is analytic for each z, and (3.4.2) leads

m

—aoh.(z) + Y _ash.(z) =0, forallzel.,

s=1

which is a contradiction to (3.4.3).

3.4.2 Kaczmarz Procedure

In this section, we adapt the propagation-backpropagation algorithm

for ultrasound tomography to corrosion detection. Our iterative algo-

rithm makes use of only one ultrasonic wave generated by a fixed point

source.
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For f € HY*(T.), let u, is the solution to

( (A +wu, =0 in Q,

0

ai +yu, =0 onTy, (3.4.4)
Uy = f onl,,

and v, be the solution in the absence of corrosion. According to (3.3.1),

we have
a(u“{ B UO) _ - 8G 14+«
= @) = = ol ) £ O, a €T
Let o, := 7(z;)|Is| and define for o = (ay,..., ) and ¢ = (21, ..., 2)

R(a,q) : 8u0 Za o zs “ (-, 2). (3.4.5)

Note that R is a nonlinear operator from R*™ into L?(T,).
Let %ij be the measured data on I'.. The Kaczmarz procedure of this
paper is an iterative scheme updating («, ¢) to find (a*, ¢*) so that

B
R(a*,q") = % onT,. (3.4.6)

Following Natterer and Wiibbeling [39], updating for the Kaczmarz pro-
cedure for corrosion detection is done by

ou’
(@) o)~ 7R (Rea ) - 52 ), 347

where 7 is a relaxation parameter and (R')* is the adjoint of the Fréchet
derivative of R. Observe that

OR 0G,,
6048 = _UO(ZS)W(.7ZS)?

and
OR Ouyg oG, 0*G.,

azs = _8—T(ZS) 8V ('728) - uO(Zs>m('7ZS)7
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where % denotes the tangential derivative on I'; and in g g; the nor-

mal derlvatlve is with respect to the first variables and the tangential
derivative is with respect to the second variables. Thus we have for

h e HY*(T,)

1\ 0 o —
(R)Y*(h) = — (uo(zl)v(zl), ey u(2m)0(2m), 3T (uo(zl)v(zl)), c a—T(uo(zl)v(zl))
(3.4.8)
where v is the solution to
(A+w?o=0 inQ,
{ v =0 on Iy, (3.4.9)
ov
v="nh onTl..

\

Note that (3.4.9) is nothing but time reversal in the time-harmonic
regime.

3.4.3 Fourier Method

The Fourier method is based on a simple relation between the Fourier
coefficients of 9(u, — ug)/0v w.r.t. 6, and the locations ¢, ,s =1,...,m,
of the corrosive parts.

We begin with noticing that using (3.3.3), we immediately get that

aG L gy ),
where
M(@—Z" [an(H(l)(wR)+b J(WR) + (HOY(WR) J, (wr) .

Let ¢, denote the Fourier coefficient of d(u., — ug)/0v w.r.t. 6,, i.e.

_ 1 —infy a(uv _ UO)
Cp — m . (& T(x}da(z)
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It then follows from (3.3.1) that
Z'y 2 )uo(zs) | I \2 R/ ~inba (z, 25)do(x) + O(e' ™)

_ Zﬁsag+0(€1+a)> n=0,1,2,...,
s=1
where
a, =e = and B, = —y(z,)uo(zs) | | M(n).

Note that since z, is on the interior circle I';, we have z, = ra,.
The Fourier method is based on the following two lemmas from [ 20,
29].

Lemma 3.4.2 Suppose that the sequence {c,} takes the formc, = Z?Zl pia%,

n=0,1,.... Ifly,..., 1, satisfies the generating equation
Coik +lCpip 1+ +le,=0, n=01,....k—1, (3.4.10)
then oy, as, - - , oy, are solutions of
Kl =0. (3.4.11)

The converse is also true. Furthermore, if (3.4.10) holds, then it holds
for all n.

Lemma 3.4.3 Let ¢, be as in the Lemma 3.4.2 and let

¢ C Cn—1
c1 G Cn
D, = det
Cn—1 Cp - Con—2
Then
6162 6m H(a a] 2 Ifn =m,
D, = i<j (3.4.12)
0 ifn>m
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We have the following Fourier reconstruction procedure.

e (Numbering) Start with a bound N and compute the determinants
in (3.4.12) forn = N, N —1,..., until it becomes nonzero. The first
number for which the determinant is nonzero is m.

e Solve for /;,l,, -,y the system of linear equations
Co ¢t -+ CN-1 In —CN
C1 Cy - CN InN—1 —CN+1
= . . (3.4.13)
CN-1 CN -+ CoN-2 l —CaN-1
e (Localizing) Find zeros «y, ..., ay of the polynomial equation 2V +

LN+ 41y =0.

e (Size estimation) Solve the equation

1 1 cee 1 ﬂl Co
aq Q2 T an B2 &1
N—-1 N-1 N—-1

o o % oy On CN_1

to find 31, ..., On.

3.5 High Frequency Instabilities

In many practical situations, R —r = O(r) >> A >> e. In this case, for-

mula (3.3.1) remains valid but does not yield a stable detection proce-

dure because of high oscillations in the measurements data. To resolve

this difficulty, we first introduce the truncation operator P defined by
P(f) = Y ycur fie"’ for f =37, fie™, i.e., P is a low pass filter opera-
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To justify the validity of filtering, consider the Helmholtz equation
(A 4+ w?)w = 0 in |x| > r with the boundary condition w = f on |z| = r.
Then we have

1)
w(R,0) = Z fi Hl(l)(wR> e  R>r.
r

(
ez Hp o (wr)
By making use of Debey’s asymptotic expansion [1, page 366 ],

Hl(l) (LUR) B 6l(oz—tanh )
Hl(l) (wr) el(o/—tanh o)’

forl > wR, (3.5.1)

where wR = [ secha and wr = [ secha/. Note that o/ > a. Moreover,
from the asymptotic behavior of Hankel functions [1, 9.3.3], i.e.

1
H lsecﬁ V2/(wl tan B){e!ttanh- =) +0(I™M}, 0<p< o

we have

Hz((ll))(WR) ~ tan 5’ gilltan B=IB—1tan B HB)  for | < oy (3.5.2)
H; " (wr) tan
where wR = [sec 8 and wr = [sec 3.
From (3.5.1) we arrive that the Helmholtz operator acts as a low pass
filter, and moreover (3.5.2) would suggest that the angular resolution is
of order 27 /wr = A\/r, which is beyond the Rayleigh resolution limit.

Now it follows from (3.3.1) that

O =) o S Gl EIPC2) ) on,

s=1

since P is linear. The necessary modifications of our MUSIC and Fourier
procedures are obvious.

We now indicate how to modify the Kaczmarz procedure in order to
detect in a stable way the corrosive parts. The only remaining prob-
lem is to stably determine u,(z;). In very much the same spirit as the
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marching scheme of Natterer and Wiibbeling [40], we define u; to be
the solution of the initial boundary ODE problem:

—— t-—+ (W= )y =0, r<t<R,

with the initial boundary conditions:

1
27

UZ(R)

2 4 du 1 T du -
P (I)w —il0 l _ / )z YN . —ilf )
/o (®)e™™ db, dt () 2 J, ( ov Je™ b

Recall that aai,j is the measured data and so is known. The value u,(z;)
is then given by

Uy (25) = Z uy(r)e?=s

[l <wr

3.6 Large-Argument Large-Order Asymptotics of

the Bessel Functions

The leading terms of the large-argument large-order asymptotics of the
Bessel functions, and their first derivatives are summarized below.

e Regime I: v <z

2 2
Jy () ~ \/j (2> — 1) Yicosa, Y, (z)~ /= (22 — v} Vsina,
s T
2 (22 — 2)1/4 2 (12 2\1/4
e Y A il S RN VTR SN L Calbud 0 pony
s x T x

with the notation, o = (22 — 1v?)"/2 — vcos™'(v/z) — 7 /4.

e Regime II: v ~ x

Tu(w) ~ OV AP —a)), Vila) ~ — ()Y Bil(C) o — ),

Ty(a) ~ = PP AN — ), Vi) ~ ) BI(C) P ),

v

where Ai and Bi are the Airy functions.
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e Regime III: v > x

1 2
Ju(z) ~ NGT: W —a®) Ve Y, () ~ — p (V? —x) e P,
T L (2= sy 2 @=L
o)~ Vi) ~ e,
vis i T A

where we use notation, 3 = (v? — 22)Y2 — v cosh ! (v/z).

3.7 Green’s Function

We first recall that
!

x 1
Jl(x):ﬁ<1+0<7)), I — o, (3.7.1)
uniformly on compact subsets of R and
l
Wy 2(=1) 1 .

H(2) = —i—=——= (1+0(l)), I — oo, (3.7.2)
uniformly on compact subsets of (0,00). See for example [19, Section
3.4]. From these expansions we can derive that

HY (2)Ji(z) = —%(1 + 0(%)) as | — oo,

H(2) il —1)! 1
=— 1 — — 00.
Ji(x) w2 < + O(l))’ as [ — oo

Suppose now that wR is not a zero of Bessel’s function J; and that
lw| < M, for some positive bound M. For z € 2, we have

éw(l’, Z) = %Ho(l)(w‘x — Z|) + % Z(CLZH[(I)(W‘J:D + lel(w\x|))e_”9Ze”9z,

lez
where

Ji(wr) H(wR) Ji(w]z])

H(l) wR |: J R
(Hy(wr) - L piwn L AR)

- Hf”<w|z\>]

a; =
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and , ,
CHPWR) - H(WR)Jw]])
J(wR) : Ji(wR) ’

Lemma 3.7.1 For z, > € ), we have that

) 1 r —i i w
Go(z, 2) :ZHél)(w|x—z|)+4Z<| ‘) Twr)HD (]z])e e + K¥(x, 2),
lEZ

where K“ is a continuous function in ). In particular,

Golx,2) = %Hél)(wkz: — )+ K¥(x,2), foraz el

Proof. Note that we have the recurrence relation

%Cl(x) =

where C; denotes either J; or Hl(l). From (3.7.1) and (3.7.2), we obtain
that

- Cl-l-l(x)?

Jilwr) Ji(wr) 1
(HOY(wr) = 26 i) ~ HO (r) (1+0(3))

We compute

aHM (wz]) = —

}}?%)) [@l;ﬁaj)ﬂ Twlzl)hwlel) - Hl(1)<w|z\>Jl<w\xl>} (1+0(37))

[ G ] o)

1
(| ‘) Jy(wr)H (w\x|>+o(l—2). (3.7.3)
In the same way, we can get
|z[|2]\!
bidi(wlz]) = 0( - ) (3.7.4)
Combining these expansions yields the desired result. O
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Chapter 4

An Asymptotic Formalism for
Reconstructing Small
Perturbations of Scatterers from
Electric or Acoustic Far-Field
Measurements

4.1 Introduction

The field of inverse shape problems has been an active area of research
for several decades. Several related scalar problems belong to this field:
electric and acoustic scattering form two large classes. In direct prob-
lems one wants to calculate the field outside a given object. In two
common situations, one knows either the values of the field on the ob-
ject (the Dirichlet problem), or the values of the normal derivative of
the field on the boundary (the Neumann problem). Direct problems are
usually well posed. Inverse shape problems involve reconstructing the
shape of an object from measurements of the electric or acoustic field.
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These problems are ill posed: the solution has an unstable dependence
on the input data.

The formulation of the electric scattering problem is based on the
quasi-static approximation and the related Laplace equation for the
electric scalar potential. When a perfect conductor is exposed to ex-
tremely low-frequency electric fields the problem is equivalent to the
Dirichlet boundary value problem for the Laplace operator.

The sound-soft acoustic scattering problem is characterized by the
condition that the total field vanishes on the boundary of the scatterer.
Thus, acoustic scattering is equivalent to the Dirichlet boundary value
problem for the Helmholtz operator, with the scattered field equal to
the negative of the known incident field.

These two problems are frequently solved by methods of potential
theory. The single- and double-layer potentials relate a charge density
on the boundary of the object to the limiting values of the field and
its normal derivative. The resulting integral equations are then solved
in an appropriate function space, a common choice being the Lebesgue
space L2.

In this chapter, assuming that the unknown object boundary is a
small perturbation of a unit circle, we develop for both electric and
acoustic problems a linearized relation between the far-field data that
result from fixed Dirichlet boundary conditions, entering as parameters,
and the shape of the object, entering as variables. This relation is used
to find the Fourier coefficients of the perturbation. Suppose that the
angular oscillations in the perturbation are less than 1/n. In order to
detect that perturbation, it turns out that one needs to use the first
n eigenvectors of the Dirichlet-to-Neumann operator corresponding to
the unperturbed shape as Dirichlet boundary data. We may think that
this result is quite general. Our asymptotic formulae for the Dirichlet-
to-Neumann operator in terms of the small perturbations of the shape
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of the scatterer follow the expansions of Dirichlet-to-Neumann opera-
tors for rough non-periodic surfaces [37, 17] and for periodic interfaces
[41].

Our approach relies on asymptotic expansions of the far-field data
with respect to the perturbations in the boundary, in much the same
spirit as the recent work [8] and the text [4]. It makes use of an ex-
pansion of the Dirichlet-to-Neumann operator. We consider only the
two-dimensional case, the extension to three dimensions being obvi-
ous. In connection with our work, we should also mention the paper by
Kaup and Santosa [31] on detecting corrosion from steady-state volt-
age boundary perturbations and the work by Tolmasky and Wiegmann
[44] on the reconstruction of small perturbations of an interface for the
inverse conductivity problem.

4.2 Formulation of the Electric Problem

Let D be a unit disk in R2. When the boundary value is given by ¥ ¢
C>(0D) satisfying [ ¥ds = 0, the voltage potential outside the disk is
given by the harmonic function u, which satisfies the following:

AUO =0, in R2 \57
uy =V, on 9D, (4.2.1)
up(x) — 0, as |z — +o0.

We consider the boundary perturbation of D given by a Lipschitz
function f and a small number ¢. Define D by

815(: 0D +efv) := {(1 +ef(0))es, 0€ [0>27T]}7

where v is the outward unit normal vector to 9D and ey = (cos @, sin6).
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Let u be the voltage potential outside the perturbed domain D with
the fixed Dirichlet data ¥ on the boundary, i.e.,

Au =0, in R?\ D,
u(zg) =, on 0D, (4.2.2)
u(x) — 0, as |z| — +oo,

where zy = (1 + €f(0))ey.

4.2.1 Representation Formula

It is known that a fundamental solution to the Laplacian in R? is given

by
1

I'(z) = glnm.
Using Green’s theorem, the solution u to (4.2.2) can be expressed as
[ =
ww)= [ 1w 2o, [ Lo ypuan,, for rer\B
8D 8Vy oD al/y

(4.2.3)
We change the variable from y to y = (1 + ¢f(0))es. The outward

normal vector v, is

Ny
Vy = ——, 4.2.4
Yy |N9‘ ( )

where
Ny = (1+ef(0))es —efrg, 75 = (—sinb, cosb). (4.2.5)

Here f is the derivative of f with respect to 6. Note that since f is
Lipschitz continuous, it is differentiable almost everywhere. Moreover,

1< M,
where M is the Lipschitz constant of /. We also have
do, = | Ny|d6.
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Now we define the operator N, using polar coordinates by

ou

N (W)(0) = S5

(1 +€f(0),0). (4.2.6)

Then (4.2.3) becomes

1 [ 1 0))ey — x, N,
u(z) = ﬁ/o [1n|g;— (1+ €f(60))eg| Nop (T) — <(‘(1++€{;(2)‘3"69 _x’x|29>\11 dh.
(4.2.7)
Letting f = 0, we have
1 2m (eg — ,€q)
() = %/0 [m o = eoo(W) = S ao, (4.2.8)

where
No(0)(0) = O,u(1,0).

Note that N is the Dirichlet-to-Neumann operator of the unit disk in
R2.

In the next section, we expand N, in terms of ¢, f and V.
4.2.2 Expansion of \,; using the field expansions method

In this section, we use the polar coordinates. We start by the simple

computation:
Ou 1 0
Nep(0)(0) = ( fé ) ' < (—t;{@()))) )
r 00 r=1+ef(0)
B ou ( ) au
=005 e T T L+ ef(0) 00 lr=1+er0)
ou :0u 2
(1 + €f( )) Or | r— 1+ef(0) Ef% r=1+ef(0) " O(e )

= Ale, f) + O(%).

Here O(¢?) depends on || f||.. and the Lipschitz constant of f.
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To derive an asymptotic expansion of A(e, f), we apply the method
of field expansion (F.E) (see [41]). Firstly, we expand « only in powers
of ¢, i.e.,

Zunre , ZN"

Now expanding in terms of » and evaluating the derivatives of v at » =
1+ ¢f, we obtain that

ou o0 " f
- _ L I ow
67’ 7”:1+5f(9) nz::() 12:; ar Up l( 3 9) l' €,
and |
du > f
- _ L [
ae r=1+ef(0) ; 12:; aragun l( 5 9) l' €

Putting together these expansions, we arrive at

[o¢] n 1 (o] n 1
=> ) I u, (1, 9)#& +F0)> 0D, (1, 9)#&“

nOlO n=0 [=0

ZzﬁaHUn . 1 6 f(8> n+l

n=0 [=0

and therefore
N (0)(0) = Dyuo(1,0) + (0, (1,0) (4.2.9)
+ 02uo(1,0)1(6) + Druo(1,0) £ (6) — Opuo(1,0)(8) ) + O(e).

Here O(¢?) depends on || f||., and the Lipschitz constant of f.

We express the equation (4.2.9) in terms of ¥ and f. At first, we have
Dpue(1,0) = W. (4.2.10)

To change 0,uy(1,0), 9%uy(1,0) and 0,uy(1,0), we start from the Fourier

series of U:
+oc0

U(0) =Y [an(¥) cos(nb) + b, (T) sin(n)],

n=1
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(W) = & /0 " 5(6) cos(nB)dh, b, (7) = - /O () sin(nd)dh,  (4.2.11)

™

By the uniqueness of a solution to (4.2.1), u, satisfies

wo(r.8) = Z [dn(w)cosﬁle) + l;n(\If) 317;(:9)}

Hence the Dirichlet-to-Neumann operator N, of D is given by
+o0 R
No(0)(0) (= O,up(1,0)) = — Z[ndn(\lf) cos(nf) + nb, (V) sin(nb)]. (4.2.12)
n=1
We also define the operator D, by
+o0o

Do(¥)(6) := =Y _[(n+ 1)an(¥) cos(nf) + (n+ 1)b, (V) sin(nd)], (4.2.13)

n=1
to write
O%ug(1,0) = DoNy(V)(6). (4.2.14)

Lemma 4.2.1 For a given Lipschitz function f and ¥ € C*[0, 2x|, we have
N (B) = NP () + eNj (0) + O(e?),

where

NP(T) = No(),
and
N} (W) = DoNo(¥) f — No(No(T) f) + No(T) f — fU. (4.2.15)

Here the remainder O(<®) depends on || f||. and the Lipschitz constant
of f.
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Proof. From (4.2.10), (4.2.12) and (4.2.13), we are left to calculate
Oyui(1,0). From the field expansion method, we have

Therefore
u(1+€f(0),0) = up(1,0) + (ui(1,0) + run(1,0) fe + O(€?).
Since u(1+€ef(0),0) = up(1,0) = ¥(0), we deduce that u,(r, 0) satisfies
Auy =0, in R?\ D,
uy(1,0) = —=Ny(V)(0)f(0), on 8D,
ui(r,0) — 0, as r — +400.

Therefore we have

which completes the proof. O
It is worth mentioning, in connection with our asymptotic expansion

in Lemma 4.2.1, the expansions of Dirichlet-to-Neumann operators for

rough non-periodic surfaces [37, 17] and for periodic interfaces [41].

4.2.3 Far Field Expansion

Define ) := {z € R?, dist(z, D) > dy} and suppose that ||f||. < co. For
z € Q, we have

2 — €0 — cf O)eal? = |z — cof? (1 - 2ef<e>w) L o).

|z — ep|?
Using this, we obtain

x — eg, ey)

In|z — ey —ef(0)es] = In|z — e —6f(9)< +0(?), (4.2.17)

|z — eo|?
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and
(eg — 2+ ef(0)eg, No) _ (eg — x,¢9)
|z —eg — ef(0)eq]? |z — eg|?

+ef(6) o —zeo) FLO)

|z — eq? |z — eg|?

(4.2.18)

_cf(o)Se =) o pgUeo ZTco)) )’ | 0(&).

|z — eq? |z — eq|*

Here O(¢?) is bounded by ce? where ¢ depends only on dy, ¢, and the
Lipschitz constant of f.

From Lemma 4.2.1, (4.2.7) and (4.2.8), we have

27 _
(@) — uo(x) = %/0 {ln|x— col N1 (W) + %No(mf
T Ty . (xeeg—2  (2{eg — x,e9))? 9
P f <|x_69‘2 L )\Iff]d9+0(e ).

Integration by parts yields the following lemma.

Lemma 4.2.2 Forz € Q(= {z € R%, dist(z, D) > dy}), we have

€

) = i) = o [ o — cal (DoAB()S — No(Na()5) + No() ) o

27
(4.2.19)
o B 2m .

+2i/ %M(\Ifﬁdwr;/ Infz — eo|Wfdb

™ Jo T — €9 T Jo

c o 9 2(;5-79)2 —|—2(<69 —x 69>)2

a B ’ U fdf + O(e
+27T/0 ( |x—69\2+ 1z — eq|* ) fdo+ O(e”),

where O(¢*) is bounded by ce* with ¢ depending on dy and || f|| -
Rewrite (4.2.19) as
u(z) — up(x) = eH(x) + O(?).

By a change of coordinates from Cartesian to polar in (4.2.19), we get
the following asymptotic formula for H when |z| > 1.
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Lemma 4.2.3 For x =re,, r > 1, we have

H(x) = —%&1 [DONO(‘I’)f — NoWNo(W) f) + 2No(0) f + (I}f] cos(p)

(4.2.20)
— o [DOAG()NF — AN () 1) + 2AG(0)f + ] sin() + O( ),

where G, and b, are defined by (4.2.11).

Proof. Since

),

1
|7’e§0 —eg| =7(1 — ;(e@, eg) + O(

)
we have
In|re, — eg| = In(r) — %(ew eg) + O(ri?)’ (4.2.21)
and
m :%+O(:—2). (4.2.22)

Substituting these equations into (4.2.19), we obtain

1 2

Hir, o) = (e 0) (DING(W)f —~ No(NG(0) ) + 2N(W)f + 7 )6 + O( ),

2rr Jo

as desired. 0

Now we rewrite (4.2.20) in terms of the Fourier coefficients of ¥ and

f.

Lemma 4.2.4 We have

f: ( _[;k—kl(.@) - Bk—l(‘l/) C:Lk+1(‘?) +C:Lk—1(\'ij) ) < C:”f(f) ) - ( “ )
o \ k1 (V) — a1 (V) bpsa (U) — b1 (V) bi(f) d )
where
c(¥):=2 lim ay(rH(r,0)),

r—-+00

di(U) :=2 lim by (rH(r,0)).

r—-+00
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Proof. Note that a;(NMy(No(W)f)) = —a1(No(P)f). From (4.2.12) and
(4.2.13), we get

s (DONO(\I!) + 3N () + \p) = (k(k + 1) — 3k — k)an(V)

by (DONO(\II) + BN () + \11) — —2kby ().

Moreover, we have

Letting a_, = 0 for n > 1 and b_,, = 0 for n > 0, we observe that

[e’e] & R b 7
1(FG) = Z d CLk;+1 )+ ag—1( + Z ! bk“ )+ bk_l(Gﬂ’
k=0

o0

. ar(F) s bi( .
b(FG) =" “ké  [bir (@) — bya ()] + Z a3 — a1 (G)].
k=0
This completes the proof. O

4.2.4 Algorithm for the Inverse Shape Problem

From Lemma 4.2.4, it follows that
0 1 ana(f) ) 01 an+1(f)
10 lA)n—l(f) -10 [;n—i-l(f)
<_1 0) <§Ln_1<f> ) ) ( -1 0 ) <c}n+1<f> ) _ ( cl<¢>n>(§.2.24)
0 1 bn-1(f) 0 -1 bns1(f) di(®y)
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Thus we obtain that

~

b1 (f) + bur1(f) = c1(W), @n1(f) = ans1(f) = da(Tn),

and
b1 (f) = bpsr (f) = di(®@n), —Gn1(f) = dns1(f) = c2(®y).

Therefore, we arrive at

and . o
() = D Al0)

This simple calculation shows that in order to detect a perturbation

n>1.

that has oscillations of order 1/n, one needs to use the first n eigen-
vectors (¢?,1 = 1,...,n,) of the Dirichlet-to-Neumann operator N, as
Dirichlet boundary data. This is a relatively simple but quite deep ob-
servation. We conjecture that this result holds for general domains.
Another observation is that our asymptotic formula is in fact a low-
frequency expansion which holds for fixed n as ¢ goes to zero. It would
be interesting to derive an expansion which is valid for high-frequencies,
not just for finite n.

4.3 Formulation of the Acoustic Problem

We study the Helmholtz problem analogously to the Laplacian one.
Let D be a unit disk in R? centered at 0, and u, be the solution to
the Helmholtz problem with prescribed boundary Dirichlet data ¥ €
C*>([0,2x)), i.e.,

Aug + k*ug = 0, in R2\ D,
uo(1,0) = V(0), on 0D, (4.3.1)
8_u0(r’ 0) — ikuo(r,0) = o(r™2),  r — oo.

T
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Here we used the polar coordinates x = r(cosf,sinf). As before we
consider the solution u corresponding to the perturbed domain D:

Au + k*u =0, in R?\ D,

u(l+€f(6),0) = ¥ (0), on 0D, (4.3.2)
D (e, 0) —hu(r0) = o(rd), 7 — oo,

.

where

OD(= 0D + efv) == {(1+¢f(0))ey, 0 € [0,27]}.

4.3.1 Representation Formula

The outgoing fundamental solution to the Helmholtz operator (A + £?)
in R? is given by
1
i, y) = — Hy' (Kl — ),

for  # 0, where H\" is the Hankel function of the first kind of order 0.
In other words, @, satisfies

(A +Kk*)®(,y) =0, in R?

and
D ay() ki) = o d) a7 oo

Using Green’s formula, we have

[0} -
u(z) = / @k(y,x)a—u(y)day — Q(y,x)u(y)day, for xcR*\D.
aD v, ab Oy
(4.3.3)
Note that
d
EHél)(z) = —HY(2). (4.3.4)
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From (4.2.4) and (4.2.5), we get

wlz :_é 2m <(1—|—€f(9))69—l’,N9> (1) ¢ e — 1
@)= 1 | [P Y kI + € (0))eo — o)) W(0)

(4.3.5)
+ H{V (kI(1+ £ (0))eo — 2 )N () () | b,
and

. 21
wole) = =5 [ [ 1O ey ) + 1 (Hlew — #)AG(D)O)] a0,
Ho bl (4.3.6)
where 5
u

Ner(W)(0) := o, LT ef0).0),

and
No()(0) = Druo(1,0).

4.3.2 Expansion of N,

We parametrize the unit circle S, which is the boundary of D, by 6 ¢
[0, 27] and expand the 27-periodic function ¥(= u|g) as
(o) =D ene™.
nez
Now we consider the Dirichlet-to-Neumann operator N, with respect
to D:

No: UO\S - aruo\s-
By the uniqueness of a solution to (4.3.1), we find that

HY (kr)

|n|
UO(T, ‘9) - Z

Therefore, in a pseudodifferential fashion, N, can be written as follows
(see [33]):

én(W)em?

No(®)(8) = o1(n, k)éne™, (4.3.7)

nez
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where the so-called discrete symbol o, of N is given by

HY (k) HiL (k)
0'1:]{3 &) :—/{JT+|’NI|
H, (k) H, (k)
We also define
Do(0)(68) = > ol k)i (W)™, (4.3.8)
nez
with
oy — ol ()
g2\, = 7 .
Hy' ()

With this notation, we have the following asymptotic expansion for

Ny,
Lemma 4.3.1 For any 2r-periodic function ¥ € C?([0,2x]), we have that
Nep(0) = N7 (0) + eNGF (T) + O(e?),
where
NF(T) = No(T),

and

NH(W) = DoNo(W) f — No(No(®) f) + No(¥) f — [

Proof. Note that (4.2.9), (4.2.10) and (4.2.16) are also valid in the case
of the Helmholz problem. We finish the proof by computing 9?uy(1,9):

ay
a1 (k) .

O?u(1,0) = Y ke, (W)
" = HY (k)

= 0a(n, k)or(n, k)én (V)e™ = DoNo(T)(6).

ne”Z
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4.3.3 Far-Field Asymptotic Formula

We define Q := {2 € R?, dist(x, D) > dy} and assume that || f||o < co.

Lemma 4.3.2 As ¢ tends to 0 and z < €, we have
1€ 9
u(z) — ug(x) = ZH(x) + O(€%),

where

M) = [ HE (ke = o[ = DAG(D) + AG(0) + )7 + Moo )] 0)ds
— k2 K HV (k| — eq)) & 76)2‘ +_(1 —|293 <o)
0 T (&77]
T
+k i H/(k|z — eg]) P—

_k‘/:ﬂHl(l)(k‘kE—ee‘)( R P S IO D)

|z — eg| |z — eg|?

U(0)£(0)do

1—xz-e

No(W)(0)f(0)do

Here O(¢?) is bounded by ce? with ¢ depending only on ¢, and d.

Proof. For any z € (2, we have that

HSY (k|x — eg — ef(B)eq]) = HSY (k|lz — eg)

n ekf(e)wﬂf”(m — eg|) + O(?),

|z — eg|

and

HM (k|z — eg — ef (0)eq|) = HY (k| — eq)

H" (k|z — eg])

+ O(é2).
|z — e

e fO D [0 ke — )

|z — eq|
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From (4.3.5), (4.3.6), and Lemma 4.3.1, we obtain that

M / H (k| — eg )N (W) (60)d0

+l<:/7r € — T, ¢) D (kla — e )Ny — 1)T(0) £(0)d0

\x—€9|

—k;/o L HO (ke — ep)w ()f(@)d9+k/

|z — e o |z —e

o <69 - .Z',’7—9>

HO (k|z — eo))W(0) £(6)dO

_k/%ﬁ@_ﬁfﬁi(Hy@u_%p__;L—wau—@MWwﬁwme

|x_€9‘2 |£E—69‘
27r — 7, 69 2 (1)
+k/ x_69|3 Hy7 (Kl — eq])W(0) f(0)d0.

Integrating by parts, we get

Oﬁm)@u—@w<>ﬂ®w

2T _ .
= [ [k = o T — 1kl = o] a0,
. x — ey

and
2m <€9—£E,7’9> (1) r—e ;
b e — e (o) f(0)ap

kx - To

| — e

21
/ HY (k| — e |)%\pfd9+/o HY (k|2 — eq)) b fdo

kr-eg  2k(z- 79)?
|z — eq] |z — eg|?

- D (k|z — eg|)[ }\pfde.
0
Here we have used (4.3.4) together with the identity

(1) (1) 1 (1)
dz 1 ( ) 0 ( ) P 1 ( )

Lemma 4.3.3 For any x = re, withr > 1, we have

i)+ o)
V8mkr 4 r’

111

TH(r¢) =



l) = [ eereo) [ - (DoAGD) + M)+ F)()7(6) + AGNa(¥)1)(0)

+ikle,, eg)No(T)(0) £(6) — k2T (6) f(e)] dh. (4.3.9)

Proof. 1t is known that, for a fixed n, the Hankel function of the first
kind satisfies

2 e .
HM(z) = /=€) £ O(|z[7"), 2 >n.
T

We refer to [1] for more properties of the Hankel function.

Putting re, instead of =, we have

1 2 i(k|rep,—eg|—Z 1
HY (Klre, — egl) = \| 7klre, — eq|” e O(;)
%)

From the fact that
1
|Teso —egl =1 — <eso> eg) + O(;)

and
1 1 1
S =4 0(5),
lre, —eq| T 72
we can obtain
3T ikr

e1e

v &mkr

l
4

: 1
H (Klre, — eol) = J==e*eo) 4 O().

Similarly, we have
62% 6ikr

Hy (klre, = eal) = (=) ==

Substituting these approximations into the integral expression of H

l

, 1
—Zk<3¢7ee>) O _
1 e + (7’)

in Lemma 4.3.2, we arrive at the desired result. O

112



4.3.4 Algorithm for the Inverse Shape Problem

In this subsection we use the field H() to find the shape of 9D.

From the Jacobi-Anger Expansion (see for example [19], Section 3.4):

oo
ezkcos@ — § ian(k)eznG’

n=—oo

where J, is the Bessel function of the first kind, we have

oikleoes) Z (=1)" T, (k)e™eem (4.3.10)

n=—oo

From (4.3.9) and (4.3.10), we have

H(p) =Y (—1)"Ju(k)An(0)e™?, (4.3.11)

Anlip) = [ e[ = (DuNG() + Na() + D)O)1(6) + AG(No())(6)

T ik(ep, el No(T)(6)F(6) — KW (6) £(6) ] db.

Lemma 4.3.4 We have

nez
where
en(H) =21 ) Moyly(9)ényp(f),
PEZL
and
Mo =| = 01(p, k)os(p, k) + o1(n, k)a1(p, k) — o1 (p, k) + p* — k*| —inor(p, k).
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Proof. Let
2
M) = [ [~ DONG(U)] + AGNG(¥)S) = No(0)f = 7 = 20 1] 9

/ ik (e, ea)No (W) fdB
— I(n) + I1(n).
From (4.3.7) and (4.3.8), we have
ap< — DoNo(W) — No(W) — ¥ — k2\11>
= [—01(p, k)oa(p, k) — o1 (p, k) + p* — ke, (D).

Using the fact that
en(f9) =Y & f)en—pla),

PEZ

we can obtain

e [NoNo(0) )] = aa(n, ) [ No(0) ]
= Z 01 (n, k?)Ul (p, k>ép(\1’)én—p(f)

pEZ
and

I(n) = 21 Y "[=01(p, K)os(p, k) + o1(n, k)or(p, k) — 01(p, k) + p* — K], (V)én—p(f)-

PEZL

(4.3.12)

Note that
6igpe—i€ e—igpeie
<€4P7 60) - 2 + 2

We have

I1(n) = ikme' e, [INo(V) f] + ikme e, 1 [No (W) f]
= ikme'® Y " o1(p, k)ep(V)ens—p(f) + ikme ™Y o1 (p, k)ép(V)én1—p(f).

pEZ PEZ
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Therefore

> (=1 (k)II(n)e™

nel

= ik S (=1 (RIS (e (9 ()

nez PEZL
+ikm Y (=) T (k)€Y " 01 (p, k)ép(V)éntp(f)
nez PEZL
— ik > (=) a1 (B) + T (B) |72 3 01 (0, k) (W) ()
nez PEZL
= —tkm Z(— —J ““0201 P, k) (W) en_p(f). (4.3.13)
neZ PEZ

Here we used recurrence relations of Bessel function, i.e.,

Jn-1(k) + Jnga (k) = ——Ju(k).

From (4.3.12) and (4.3.13), we proves the lemma.

Suppose now that

U = ¢,

Then from Lemma 4.3.4, for each n, we obtain the coefficient M,, ,¢,_,(f)
from the far-field measurements. This yields to stable reconstruction of
the Fourier coefficients ¢,_,(f) for all n,p,p < n, such that M,,, is not
too small.
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