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1/n
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n
»�ÈÉÐ�»�Á�Ó�»8Ú�À�¿�Å�½/¿�Î
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À�Û�»�½±À�»�Ç¼Ï¼þô½±À�Ç�À�»(ÚÑÂ�Å�Å�»�Á�À�½îÚ�ÇËÂL½¡»ËÏRÕªþ+ÈÍÁ�À�»�Å�Á�ÇËä�Ú�¿�Å�Å�¿�½ÃÈçÓ�»
ÊLÇ8Å�À�½Æ¿�Î�½ß¾]Ç�äêä
Ô�ÇËÂ�½¡ÏL¿�Å#0
¾A»�Ç8½ÃÂLÅ�»�½8Ý���Ç8½¡»ËÏ�¿�ÁîÀ�Û�ÈÍ½�ÎJ¿�Å�¾=Â�äÍÇ5=!»�ÏL»�½ÃÈÉÐHÁgÇ�Á�¿�Á�é�ÈÒÀ�»�Å�Ç�ÀÑÈçÓ�»
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Á�»ËÚ�À�»ËÏÆÕ�¿�Â�Á�ÏL»8Ï C2
ÏL¿�¾]Ç�ÈÍÁ

U
ÈÍÁ

R2
Ø�Ç8Á�Ï]Ç9½ÃÈÍ¾]Ê�äçþAÚ�¿�Á�Á�»8Ú�À�»8Ï C2

ÏL¿�¾]Ç�ÈÍÁ
D
Ú�¿�¾�ÊLÇ�Ú�ÀÑäçþîÚ�¿�Á�À�ÇËÈÍÁ�»8ÏÆÈÍÁ

U
ÝXºª»HÀ

Ω = U \D Å�»�ÊLÅ�»�½¡»�Á�À�À�Û�»Y½ßÊQ»8ÚÑÈÍ¾Æ»�ÁîÀ�¿
Õ�»�ÈÍÁ�½ßÊQ»8Ú�À�»8ÏZÝma�»hÏL»HàLÁ�»

Γe = ∂U
ÇËÁ�Ï

Γi = ∂D
½¡¿gÀ�Û�Ç�À

∂Ω = Γi ∪ Γe

Ý
Þ�ÂLÊLÊQ¿�½¡»!À�Û�Ç�À¨À�Û�»�ÈÍÁ�Ç¼Ú�Ú�»�½ß½ÃÈÖÕ�äÉ»�½ÃÂLÅÑÎ Ç¼Ú�»

Γi

Ú�¿�Á�À�ÇËÈÍÁ�½/½¡¿�¾A»=Ú�¿�Å�Å�¿�½ÃÈçÓ�»£ÊLÇ8Å�À�½
Is
Ø
s = 1, . . . , m

Ý�3�Û�»VÊLÇ8Å�À�½
Is
ÇËÅ�»h=!»HäêäÉé�½¡»�ÊLÇËÅ�Ç�À�»ËÏXÇ8Á�Ï�À�Û�»¨Å�»ËÚÑÈÍÊLÅ�¿�Ú�ÇËä�¿�Î¼À�Û�»

½ÃÂLÅÑÎ Ç¼Ú�»XÈÍ¾]ÊQ»ËÏ�Ç8Á�Ú�»��ÒÀ�Û�»�Ú�¿�Å�Å�¿�½ÃÈÉ¿�ÁîÚ�¿�»HÄhÚÑÈÉ»�Á�À!�'¿�Î�»�Ç¼Ú�Û
Is
Ø
s = 1, . . . , m

Ø�ÈÍ½
γs ≥ 0

Ø�Á�¿¼ÀUÈÉÏL»�Á�ÀÑÈÉÚ�ÇËäêäçþ�@ß»�Å�¿�Ý�a�»/Ç8½ß½ÃÂ�¾A»�À�Û�Ç�ÀV»�Ç¼Ú�Û
γs ∈ C1(Is)

Ý�º¼»SÀ

γ(x) =

m∑

s=1

γsχs(x), x ∈ Γi,
��Z�Ý\Z�Ý�Z_�

=XÛ�»�Å�»
χs

ÏL»�Á�¿¼À�»�½�À�Û�»èÚ�Û�ÇËÅ�Ç�Ú�À�»�ÅÑÈÍ½±ÀÑÈÉÚ�ÎÉÂLÁ�Ú�ÀÑÈÉ¿�Á£¿�Á
Is
Ý�3�Û�»�ÏL¿�¾]Ç�ÈÍÁ

Ω
ÈÍÁYÀ>=!¿

Ï�ÈÍ¾A»�Á�½ÃÈÉ¿�Á�½¨¾]Ç�þ�Õ�»YÚ�¿�Á�½ÃÈÉÏL»�Å�»8Ï=Ç8½�Ç�Ú�Å�¿�½ß½�½¡»8Ú�ÀÑÈÉ¿�ÁÆ¿�Î�ÇYÊ�ÈÍÊQ»6ÈÍÁ�½ÃÈÉÏL»F=XÛ�ÈÉÚ�Û
À�Û�»�Å�»VÇËÅ�»èÚ�¿�Å�Å�¿�½ÃÈçÓ�»�ÊLÇËÅÑÀ�½8Ý�×hÀ¹þ�Ê�ÈÉÚ�ÇËä¼½%Û�ÇËÊQ»b¿�Î

Ω
ÈÍ½�ÇËÁYÇ8Á�Á�Â�äêÂL½8ÝUa�»VÇ8½ß½ÃÂL¾A»

À�Û�Ç�ÀUÀ�Û�»Y¿�Á�»8éßÏ�ÈÍ¾A»�Á�½ÃÈÉ¿�Á�Ç�äZÔ�ÇËÂL½¡ÏL¿�Å¦0î¾A»�ÇË½ÃÂLÅ�»�½_¿�Î
Is
Ç8Å�»�½ß¾]ÇËäêäkW

|Is| = O(ε), s = 1, . . . , m,
��Z�Ý\Z�Ý�81�

=XÛ�»�Å�»
ε
ÈÍ½/Ç:½ß¾]Ç�äêä�ÊLÇ8Å�ÇË¾A»HÀ�»�Å�Å�»�ÊLÅ�»�½¡»�Á�ÀÑÈÍÁ�Ð�À�Û�»:Ú�¿�¾]¾A¿�Á(¿�Å�ÏL»�Å6¿�Î�¾�Ç�Ð�é

Á�ÈÒÀÑÂQÏL»î¿�Î
Is
ÝôÔY»�Å�»AÇ8Á�Ï³À�Û�Å�¿�ÂQÐ�Û�¿�Â�ÀèÀ�Û�ÈÍ½=Ú�Û�ÇËÊ�À�»�Å | · | ÏL»�Á�¿¼À�»�½YÀ�Û�»î¿�Á�»ËéÏ�ÈÍ¾A»�Á�½ÃÈÉ¿�Á�Ç�ä�Ô�Ç�ÂL½¡ÏL¿�Å¦0h¾Æ»�Ç8½ÃÂ�Å�»�Ý<3QÛL»�Á�ÎJ¿�Å�»�Ç¼Ú�Û

p ≥ 1
Ø
=!»/Û�Ç�Ó�»

‖γ‖Lp(Γi) ≤ Cε1/p.
��Z�Ý\Z�Ý � �

3�Û�»¨Ó�¿¼äÒÀ�Ç�Ð�»_ÊQ¿¼À�»�Á�ÀÑÈÍÇËä
uε

ÐË»�Á�»�Å�Ç�À�»ËÏ£Õ¼þ!Ç_Ó�¿�äÒÀ�Ç�Ð�»
f
ÇËÊLÊ�äêÈÉ»8Ï=¿�Á

Γe

½ßÇ�ÀÑÈÍ½ÃàQ»�½




∆uε = 0
ÈÍÁ

Ω,

−∂uε

∂ν
+ γuε = 0

¿�Á
Γi,

uε = f
¿�Á

Γe,

��Z�Ý\Z�ÝÐ4b�

=XÛ�»�Å�»
ν
ÈÍ½�À�Û�»!¿�Â�À>=/Ç8Å�Ï£ÂLÁ�ÈÒÀ�Á�¿�Å�¾]ÇËäLÀ�¿

Ω
¿�Á

Γe

Ç8Á�Ï=ÈÍÁ�=�Ç8Å�ÏÆ¿�Á
Γi

Ý'Þ�ÈÍÁ�Ú�»
f
¾]Ç�þhÛ�Ç�Ó�»£Ç�Ó¼Ç8ÅÑÈÍÇªÕ�äÉ»£½ÃÈÉÐHÁ�Ø

uε

¾]Ç�þ:Ó¼Ç8Á�ÈÍ½%Ûg½¡¿�¾A»�=XÛL»�Å�»�¿�Á
Γi

Ç8Á�ÏÆÀ�Û�ÂL½�Ø
À�Û�»_ÎI¿�Å�¾�Â�äÍÇ

γ = (1/uε) ∂uε/∂ν
¾�Ç�þ�Õ�»_ÂLÁ�ÏL»HÀ�»�Å�¾�ÈÍÁ�»ËÏA¿�Å�Û�ÈÉÐ�Û�äçþ£ÂLÁ�½±À�Ç8Õ�äÉ»�Ý
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3�Û�»Æÿ�ÇËÂ�Ú�Û�þ(Ï�Ç�À�ÇgÚ�¿�Á�ÀÑÈÍÁ�ÂLÇ�ÀÑÈÉ¿�Á
À�»ËÚ�Û�Á�ÈÉë�Â�»:ÇË½�ÏL»�½¡ÚÑÅ�ÈÖÕ�»ËÏ�ÈÍÁ
À�ÛL»:ÊLÇËÊQ»�Å6Õªþ
Y�Ç8Á�Ð¼Ø�ÿQÛ�¿¼Â�äêäêÈIØªÇ8Á�Ï9ÿ�Û�»�Á�Ð5îp4À�_ï8Ø_=XÛ�ÈÉÚ�Û!ÈÍ½'=!»Häêä¼åÉÂL½±ÀÑÈêà�»8ÏXÎI¿�Å�À�ÛL»èÛ�»�Ç�À�»8ë�ÂLÇ¼é
ÀÑÈÉ¿�ÁA½ÃÈÍÁ�Ú�»!À�Û�»!Ç8½ß½ÃÂL¾�Ê�ÀÑÈÉ¿�Á³¿�ÎZÇ£Á�¿�Á�é�Á�»8ÐHÇ�ÀÑÈçÓ�»�ÊLÅ�»�½¡ÚÑÅ�ÈÖÕ�»ËÏAÕ�¿�ÂLÁ�Ï�Ç8Å¹þhÏ�Ç�À�Ç
ÈÍ½¨Å�»�Ç�äêÈÍ½±ÀÑÈÉÚ¡Ø�ÎÉÇËÈêäÍ½VÎI¿�Å�À�Û�»Y»HäÉ»8Ú�À�Å�¿�½±À�Ç�ÀÑÈÉÚ�¾A¿�ÏL»�äLÎI¿�ÅVÏL»SÀ�»ËÚ�ÀÑÈÍÁ�Ð/Ú�¿�Å�Å�¿�½ÃÈÉ¿�Á�Ý

3�Û�»�ÇËÈÍ¾C¿�Î8À�Û�ÈÍ½UÚ�Û�Ç8Ê�À�»�Å�ÈÍ½�À�¿6ÏL»SÀ�»ËÚ�ÀQÀ�ÛL»�=!»�äêäÉé�½¡»�ÊLÇ8Å�Ç�À�»8ÏXÚ�¿�Å�Å�¿�½ÃÈçÓ�»'ÊLÇ8Å�À�½
Is
Ø�ÈÍÁYÊLÇ8Å�ÀÑÈÉÚÑÂ�äÍÇ8Å¡Ø�À�ÛL»�ÈÍÅZäÉ¿�Ú�Ç�ÀÑÈÉ¿�Á�½

zs ∈ Is
Ø
s = 1, . . . , m

Ø�Î Å�¿�¾e¾A»�ÇË½ÃÂLÅ�»�¾A»�Á�À�½
¿�ÎLÀ�Û�»�Õ�¿�ÂLÁ�Ï�ÇËÅ¹þ�ÊQ»�Å�ÀÑÂLÅ�Õ�Ç�ÀÑÈÉ¿�Á�½

uε − u0

¿�Á
Γe

Ø�=/Û�»�Å�»
u0

ÈÍ½�À�Û�»�½¡¿¼äêÂ�ÀÑÈÉ¿�Á�ÈÍÁ
ÇªÕ�½¡»�Á�Ú�»!¿�Î�À�Û�»YÚ�¿�Å�Å�¿�½ÃÈÉ¿�Á�Ø ¸>o·��o Ø¼À�Û�»6½¡¿�äêÂ�ÀÑÈÉ¿�Á�À�¿YÀ�Û�»�ÊLÅ�¿�Õ�äÉ»�¾





∆u0 = 0
ÈÍÁ

Ω,

−∂u0

∂ν
= 0

¿�Á
Γi,

u0 = f
¿�Á

Γe.

��Z�Ý\Z�Ý��1�

3�Û�»:Ú�Û�ÇËÊ�À�»�ÅèÈÍ½!¿�Å�Ð�ÇËÁ�È&@ß»8ÏhÇ8½�ÎI¿�äêäÉ¿
=/½8ÝCa�»=Å�»¥Ó�ÈÉ»�=OÈÍÁgÀ�Û�»�Á�»�Ì8Àè½¡»8Ú�ÀÑÈÉ¿�Á
½¡¿�¾A»9Õ�Ç8½ÃÈÉÚ¨Î Ç�Ú�À�½/¿�ÁÆÀ�Û�»YäÍÇ�þ�»�ÅbÊQ¿¼À�»�Á�ÀÑÈÍÇËäÍ½8ÝC�JÁ�Þª»8Ú�ÀÑÈÉ¿�Á�Z�Ý � =!»=»�½±À�ÇªÕ�äêÈÍ½%ÛhÇ
Å�»�ÊLÅ�»�½¡»�Á�À�Ç�ÀÑÈÉ¿�Á=ÎI¿�Å�¾�Â�äÍÇ�ÎI¿�Å�À�ÛL»6ÂLÁ�ÈÉë�Â�»/½¡¿�äêÂ�ÀÑÈÉ¿�Á�À�¿���Z�Ý\Z�ÝÐ4b�±ÝT3QÛ�ÈÍ½VÎI¿�Å�¾�Â�äÍÇ
Ð�»�Á�»�Å�ÇËäêÈ&@ß»�½�À�Û�»�ÎI¿�Å�¾�Â�äÍÇ6ÊLÅ�¿�Ó�»ËÏ!Õ¼þ+B�ÇËÁ�ÐèÇ8Á�Ï£Þª»Ë¿YÈÍÁ�î!8���Ø�82��ï�Ý�d'ÂLÅ�ÇËÈÍ¾ ÈÍÁ
Þª»ËÚ�ÀÑÈÉ¿�Á�Z�ÝÐ4/ÈÍ½�À�¿YÅ�ÈÉÐ�¿�Å�¿�Â�½Ãäçþ9ÏL»�ÅÑÈçÓ�»_Ç8Á£Ç8½�þ�¾]Ê�À�¿¼ÀÑÈÉÚ�»�Ì¼ÊLÇËÁ�½ÃÈÉ¿�Á=¿�Î

uε−u0

¿�Á
Γe

Ý�Þ8»8Ú�ÀÑÈÉ¿�ÁXZ�Ý��!ÈÍ½6ÏL»¥Ó�¿¼À�»ËÏ�À�¿�À�ÛL»YÈÍ¾�Ç�ÐSÈÍÁ�Ð�¿�Î�À�Û�»�Ú�¿�Å�Å�¿�½ÃÈçÓ�»YÊLÇ8Å�À�½
Is
ÝKa³»

ÊLÅ�»�½¡»�Á�À�Ç�Á�¿�Á�é�ÈÒÀ�»�Å�Ç�ÀÑÈçÓ�»�¾A»SÀ�Û�¿�Ï£¿�Î ñ ûèÞ��¤ÿ=À¹þ�ÊQ»bÀ�Û�Ç�À�Ç�äêäÉ¿�=/½'ÂL½'À�¿9Å�»ËÚ�¿�Á�é
½±À�ÅÑÂQÚ�À�À�Û�»�ÈÍÅ6äÉ¿�Ú�Ç�ÀÑÈÉ¿�Á�½

zs ∈ Is
Î Å�¿�¾ ¾A»�ÇË½ÃÂLÅ�»�¾Æ»�Á�À�½]¿¼Î�ÚÑÂLÅ�Å�»�Á�À/Õ�¿¼ÂLÁ�Ï�Ç8Å¹þ

ÊQ»�Å�ÀÑÂLÅ�Õ�Ç�ÀÑÈÉ¿�Á�½8Ý


���� 4V\�����dC<Y^�a �!�Va���\#"%$
º¼»SÀ¨ÂL½_à�Å�½±À¨Å�»%Ó�ÈÉ»�= ½¡¿�¾A»)=!»HäêäÉéi�¼Á�¿�=/ÁgÊLÅ�¿�ÊQ»�Å�ÀÑÈÉ»�½�¿¼ÎZÀ�ÛL»!äÍÇ�þ�»�Å�ÊQ¿¼À�»�Á�ÀÑÈÍÇ�äÍ½
ÎI¿�Å�À�ÛL»£ºËÇËÊ�äÍÇ�ÚÑÈÍÇËÁÆÇ8Á�Ï=ÊLÅ�¿�Ó�»6½¡¿�¾A»6Â�½¡»�ÎÉÂ�ä�ÈÉÏL»�Á�ÀÑÈÒÀÑÈÉ»�½8Ý<3�Û�»6À�Û�»Ë¿�Å¹þ]¿�Î�äÍÇ�þ�»�Å
ÊQ¿¼À�»�Á�ÀÑÈÍÇ�äÍ½¨Û�Ç8½VÕ�»8»�ÁÆÏL»¥Ó�»�äÉ¿�ÊQ»ËÏ£ÈÍÁ�Å�»HäÍÇ�ÀÑÈÉ¿�Á=À�¿£Õ�¿�Â�Á�Ï�Ç8Å¹þXÓ�ÇËäêÂ�»�ÊLÅ�¿�Õ�äÉ»�¾]½8Ý

º¼»SÀ
Φ(x)

Õ�»�À�Û�»�ÎÉÂLÁ�Ï�ÇË¾A»�Á�À�ÇËä�½¡¿�äêÂ�ÀÑÈÉ¿�ÁÆ¿�Î�À�Û�»�ºËÇ8Ê�äÍÇ¼ÚÑÈÍÇ8Á
∆
Ø

Φ(x) =
1

2π
ln |x|, x 6= 0.

8b�



º¼»SÀ
D
Õ�»:ÇgÕ�¿�Â�Á�ÏL»8Ï º�ÈÍÊL½¡Ú�Û�ÈÒÀ!@!ÏL¿�¾]ÇËÈÍÁ

D
ÈÍÁ

R2
Ø�Ç8Á�Ï
äÉ»SÀ

Γ := ∂D
Ýôº¼»SÀ

H1(D)
ÏL»�Á�¿¼À�»¨À�Û�»�½¡»SÀ�¿¼Î�ÎÉÂ�Á�Ú�ÀÑÈÉ¿�Á�½

f ∈ L2(D)
½ÃÂQÚ�ÛYÀ�Û�Ç�À ∇f ∈ L2(D)

ÝecªÂLÅÃé
À�Û�»�ÅSØw=Y»VÏL»�àLÁ�»

H2(D)
Ç8½�À�Û�»�½ßÊLÇ¼Ú�»�¿�ÎËÎ ÂLÁ�Ú�ÀÑÈÉ¿�Á�½

u ∈ H1(D)
½ÃÂQÚ�Û�À�Û�Ç�À

∂2u ∈
L2(D)

ÇËÁ�ÏbÀ�Û�»�½ßÊLÇ¼Ú�»
H3/2(D)

Ç8½�À�ÛL»�ÈÍÁ�À�»�Å�ÊQ¿�äÍÇ�ÀÑÈÉ¿�Á_½ßÊLÇ�Ú�»
[H1(D), H2(D)]1/2

Ý
º¼»SÀ

H1/2(∂D)
Õ�»�À�Û�»è½¡»HÀ'¿�Î�À�Å�Ç�Ú�»�½¨¿�ÎLÎÉÂ�Á�Ú�ÀÑÈÉ¿�Á�½�ÈÍÁ

H1(D)
ÇËÁ�Ï

H−1/2(∂D) =

(H1/2(∂D))∗
ÝSc8ÈÍÁ�ÇËäêäçþ�Ø�äÉ»SÀ

H1(∂D)
ÏL»�Á�¿¼À�»6À�Û�»6½¡»HÀ¨¿�Î�ÎÉÂLÁ�Ú�ÀÑÈÉ¿�Á�½

f ∈ L2(∂D)½ÃÂQÚ�Û�À�Û�Ç�À
∂f/∂T ∈ L2(∂D)

Ø�=XÛ�»�Å�»
∂/∂T

ÈÍ½�À�Û�»�À�Ç8Á�Ð�»�Á�ÀÑÈÍÇ�ä�ÏL»�ÅÑÈçÓ�Ç�ÀÑÈçÓ�»�Ý
a³»)=�ÈêäêäUÏL»�Á�¿¼À�»YÀ�ÛL»�½ÃÈÍÁ�ÐSäÉ»£Ç8Á�Ï�ÏL¿�Â�Õ�äÉ»YäÍÇ�þ�»�Å_ÊQ¿¼À�»�Á�ÀÑÈÍÇ�äÍ½/¿�Î�Ç=Î ÂLÁ�Ú�ÀÑÈÉ¿�Á

ϕ ∈ L2(Γ)
Ç8½ SΓ[ϕ]

ÇËÁ�Ï DΓ[ϕ]
Ø�Å�»�½ßÊQ»ËÚ�ÀÑÈçÓ�»Häçþ�Øb=XÛL»�Å�»

SΓ[ϕ](x) :=

∫

Γ

Φ(x− y)ϕ(y) ds(y), x ∈ R
2,

��Z�Ý�8LÝ�Z_�

DΓ[ϕ](x) :=

∫

Γ

∂

∂νy
Φ(x− y)ϕ(y) ds(y), x ∈ R

2 \ Γ.
��Z�Ý�8LÝ�81�

c�¿�Å�ÇYÎ ÂLÁ�Ú�ÀÑÈÉ¿�Á
u
ÏL»�àLÁ�»ËÏ:¿�Á

R2 \ Γ
Ø
=!»!ÏL»�Á�¿¼À�»

∂u

∂ν

∣∣∣∣
±

(x) := lim
t→0+
〈∇u(x± tνx), νx〉, x ∈ Γ,

ÈêÎ�À�Û�»9äêÈÍ¾�ÈÒÀ/»�ÌªÈÍ½±À�½8Ý]ÔY»�Å�»
ν
ÈÍ½�À�Û�»]¿�Â�À>=/Ç8Å�ÏAÂLÁ�ÈÒÀ_Á�¿�Å�¾�ÇËä�À�¿

Γ = ∂D
Ç�À
x
Ø

Ç8Á�Ï 〈 , 〉 ÏL»�Á�¿¼À�»�½�À�ÛL»�½¡Ú�ÇËäÍÇ8Å�ÊLÅ�¿�Ï�ÂQÚ�ÀUÈÍÁ R2
Ý
u|±

ÈÍ½èÏL»�àLÁ�»8Ï=äêÈ���»�=6ÈÍ½¡»�Ý
3�Û�Å�¿�ÂQÐ�Û�¿�Â�À�À�Û�ÈÍ½�Ú�Û�Ç8Ê�À�»�Å<=!»�ÇË½ß½ÃÂL¾A»�À�Û�Ç�ÀUÀ�Û�»/ÏL¿�¾]Ç�ÈÍÁ�½VÂLÁ�ÏL»�Å�Ú�¿�Á�½ÃÈÉÏLé

»�Å�Ç�ÀÑÈÉ¿�Á�Û�Ç�Ó�» C2
Õ�¿¼ÂLÁ�Ï�Ç8ÅÑÈÉ»�½8Ý'� À�ÈÍ½QåÉÂL½±À�ÎI¿�Å�À�Û�»'½ÃÈÍ¾�Ê�äêÈÉÚÑÈÒÀ¹þ�Ç8Á�Ï_Ç�äêä�À�Û�»�Å�»�½ÃÂ�äÒÀ�½

¿�Î�À�Û�ÈÍ½�Ú�Û�Ç8Ê�À�»�Å¨ÇËÅ�»XÓ¼ÇËäêÈÉÏg»%Ó�»�ÁhÈêÎ�À�Û�»£ÏL¿�¾]ÇËÈÍÁ�½�Ç8Å�» C1,α
ÎI¿�ÅV½¡¿�¾A»YÊQ¿�½ÃÈÒÀÑÈçÓ�»

α
Ý
� À�ÈÍ½e=!»HäêäÉéi�¼Á�¿�=/Á�Ø¼½¡»Ë»+î¦8�Z2ïVÎI¿�Å�»�Ì8ÇË¾]Ê�äÉ»�ØËÀ�Û�Ç�À�ÎI¿�Å�Ç C2

éßÏL¿�¾�ÇËÈÍÁ!À�Û�Ç�À�ÎJ¿�Å
ϕ ∈ L2(Γ)

∂(SΓ[ϕ])

∂ν

∣∣∣∣
±

(x) =

(
±1

2
I +K∗

Γ

)
[ϕ](x), x ∈ Γ,

��Z�Ý�8LÝ � �

DΓ[ϕ]
∣∣
±
(x) =

(
∓1

2
I +KΓ

)
[ϕ](x), x ∈ Γ,

��Z�Ý�8LÝ�4b�
=XÛ�»�Å�» KΓ

ÈÍ½èÏL»HàLÁ�»8Ï�Õªþ
KΓ[ϕ](x) =

1

2π

∫

Γ

〈y − x, νy〉
|x− y|2 ϕ(y) ds(y)
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Ç8Á�Ï K∗
Γ

ÈÍ½�À�Û�»
L2
é�Ç¼Ïªå¹¿¼ÈÍÁ�À�¿�Î KΓ

Ø ¸>o·��o Ø
K∗

Γ[ϕ](x) =
1

2π

∫

Γ

〈x− y, νx〉
|x− y|2 ϕ(y) ds(y).

Þ�ÈÍÁ�Ú�»
Γ
ÈÍ½¨Ç C2

Ú�ÂLÅ¹Ó�»�Ø�À�Û�»�Å�»6ÈÍ½¨Ç�Ú�¿�Á�½±À�Ç8Á�À
C
½ÃÂQÚ�Û�À�Û�Ç�À

|〈x− y, νx〉|
|x− y|2 ≤ C, x, y ∈ Γ

��Z�Ý�8LÝ��1�
3�Û�»�Å�»HÎI¿�Å�» K∗

Γ

ÈÍ½¨Ç9Ú�¿�¾]ÊLÇ�Ú�ÀV¿�ÊQ»�Å�Ç�À�¿�Å�¿�Á
Lp(Γ)

ÎJ¿�Å�Ç8Á�þ
p ≥ 1

Ý�º¼»HÀ
Lp

0(Γ) :=

{ϕ ∈ Lp(Γ) :
∫
Γ
ϕ ds = 0} Ý�×3ÊLÅ�¿�¿�Î�¿¼Î�À�Û�»/ÎI¿�äêäÉ¿
=�ÈÍÁ�Ð�äÉ»�¾]¾]Ç]Ú�ÇËÁgÕ�»/ÎI¿¼ÂLÁ�ÏÈÍÁ î!8�Z2ï�Ý

& t_�5���^r('·�)'\r+* ]
p ≥ 1

lÕ�kj-��öè�kj-��õ`%'��ù�¶7�¹õ�ù
1
2
I + KΓ

¸��b¸ ö-,
��ù�� ¸I·����9õ¼ö
Lp(Γ)¶2�/.������Q¶2�6õ�ö Ck(Γ)

]¤õ¼ù
k = 1, 2

o
�KÎ

Γ
ÈÍ½¨Ç9ÚÑÈÍÅ�ÚÑäÉ»9¿�ÎQÅ�Ç�Ï�ÈêÂL½

r
ØªÀ�Û�»�Á=ÎI¿�Å

x, y ∈ Γ
Ø

〈νx, x− y〉
|x− y|2 =

1

2r
,

Ç8Á�Ï�Û�»�Á�Ú�»
K∗

Γ[ϕ](x) =
1

4πr

∫

Γ

ϕ(y) ds(y).
��Z�Ý�8LÝ�62�

� ÀUÀ�Û�»�Á�ÎI¿¼äêäÉ¿�=/½�ÎÉÅ�¿�¾ ��Z�Ý�8LÝ � �ZÇËÁ�Ïé��Z�Ý�8LÝ�62��À�Û�Ç�À

SΓ[1](x) =





r log r
ÈêÎ |x| ≤ r,

r log |x| ÈêÎ |x| ≥ r.

��Z�Ý�8LÝÏ�	�

cªÈÍÁ�Ç�äêäçþ�Ø	=!»�Å�»ËÚ�Ç�äêä8À�Û�»�ÎJ¿�äêäÉ¿�=�ÈÍÁ�Ð'¾]Ç8ÊLÊ�ÈÍÁ�Ð'ÊLÅ�¿�ÊQ»�Å�ÀÑÈÉ»�½�¿¼ÎËÀ�Û�»�½ÃÈÍÁ�ÐSäÉ»'äÍÇ�þ�»�Å
ÊQ¿¼À�»�Á�ÀÑÈÍÇ�äÍ½VÎI¿�ÅUäÍÇ�À�»�Å'ÂL½¡»�ÝÓ�KÎ

p > 1
ØªÀ�Û�»�Å�»6ÈÍ½¨Ç�Ú�¿�Á�½±À�Ç8Á�À

Cp

½ÃÂQÚ�Û=À�Û�Ç�À
‖SΓ[ϕ]‖L∞(Γ) ≤ Cp‖ϕ‖Lp(Γ)

��Z�Ý�8LÝ&�2�
ÎI¿�Å6ÇËäêä

ϕ ∈ Lp(Γ)
Ýá�JÁtÎ Ç¼Ú�À¡ØÓ��Z�Ý�8LÝ��2�èÚ�Ç8Á Õ�»]ÊLÅ�¿ËÓ�»8Ï³Â�½ÃÈÍÁ�Ð�À�ÛL»gÔéô¿�äÉÏL»�Å6ÈÍÁ�é

»8ë�Â�ÇËäêÈÒÀ¹þZÝ'3�Û�»�ÎI¿�äêäÉ¿�=6ÈÍÁ�Ð6ÊLÅ�¿�ÊQ»�Å�À¹þ9ÈÍ½È=Y»�äêäÉéi�¼Á�¿�=/Á£W
‖SΓ[ϕ]‖H1(D) ≤ C‖ϕ‖L2(Γ)

��Z�Ý�8LÝ&�2�
ÎI¿�Å�Ç8Á�þ

ϕ ∈ L2(Γ)
Ý

8��




���0 11�!2/d��!$3���Va�\�a��Ã^�� 4Y^6d-5�`�"�\
V�»ËÚ�Ç�äêä�À�Û�Ç�À

Ω = U \ D Ç8Á�ÏQ=XÛ�»�Å�»
U
ÇËÁ�Ï

D
Ç8Å�»�Õ�¿�ÂLÁ�ÏL»8Ï�ÏL¿�¾]Ç�ÈÍÁ�½�=�ÈÒÀ�Û

C2
Õ�¿�ÂLÁ�Ï�Ç8ÅÑÈÉ»�½8Ý�ºª»HÀ

Γe = ∂U
ÇËÁ�Ï

Γi = ∂D
Ý�c�¿�Å

f ∈ H1(Γe)
Ø�äÉ»HÀ

u0

Õ�»/À�Û�»
½¡¿�äêÂ�ÀÑÈÉ¿�ÁhÈÍÁ³ÇªÕ�½¡»�Á�Ú�»:¿�Î�À�Û�»]Ú�¿�Å�Å�¿�½ÃÈÉ¿�Á�Ø ¸>o·��o Ø�À�Û�»=½¡¿�äêÂ�ÀÑÈÉ¿�ÁîÀ�¿ÆÀ�ÛL»£ÊLÅ�¿�Õ�äÉ»�¾
��Z�Ý\Z�Ý��1�ÃÝ'a³»6½¡»8»`�!À�¿9Å�»�ÊLÅ�»�½¡»�Á�À�À�Û�»6½¡¿�äêÂ�ÀÑÈÉ¿�Á

u0

À�¿���Z�Ý\Z�Ý��1��ÈÍÁ�À�Û�»�ÎI¿�äêäÉ¿
=�ÈÍÁ�Ð
ÎI¿�Å�¾èW

u0 = DΓe[ϕ0] + SΓi
[ψ0]

ÈÍÁ
Ω

ÎI¿�Å�½¡¿�¾A»=ÎÉÂ�Á�Ú�ÀÑÈÉ¿�Á�½
ϕ0 ∈ H1(Γe)

Ç8Á�Ï
ψ0 ∈ L2(Γi)

ÝQ3�Û�»�Á(Õ¼þhÀ�Û�»]Õ�¿�ÂLÁ�ÏLé
Ç8Å¹þ=Ú�¿�Á�Ï�ÈÒÀÑÈÉ¿�Á�½'ÈÍÁé��Z�Ý\Z�Ý��1��Ç8Á�ÏYåÉÂL¾�Ê�Å�»�äÍÇ�ÀÑÈÉ¿�Á�½/�·Z�Ý�8LÝ�4b��Ç8Á�Ï���Z�Ý�8LÝ � ��Ø8À�Û�»_ÊLÇËÈÍÅ
(ϕ0, ψ0)

½%Û�¿�Â�äÉÏ=½ßÇ�ÀÑÈÍ½ÃÎÖþ



1

2
I +KΓe SΓi

− ∂

∂νi
DΓe −

1

2
I −K∗

Γi







ϕ0

ψ0



 =




f

0



 ∈ H1(Γe)× L2(Γi),
��Z�Ý � Ý�Z_�

=XÛ�»�Å�»
νe

Ç8Á�Ï
νi

ÈÍÁ�Ï�ÈÉÚ�Ç�À�»9À�Û�»YÁ�¿�Å�¾]Ç�ä�ÏL»�ÅÑÈçÓ�Ç�ÀÑÈçÓ�»�½/¿�Á
Γe

ÇËÁ�Ï
Γi

ÈÍÁÆÀ�Û�»£Ï�ÈÉé
Å�»8Ú�ÀÑÈÉ¿�ÁA¿�Â�À>=�Ç8Å�Ï9À�¿

U
Ç8Á�Ï

D
Ø�Å�»�½ßÊQ»ËÚ�ÀÑÈçÓ�»HäçþZÝ

& t_�5���^r('·�)'\r+6 õ¼ù
p > 1

lÒ�k���
Xp := Lp(Γe)× Lp(Γi)

¶ªö-(

A0 :=




1

2
I +KΓe SΓi

− ∂

∂νi

DΓe −
1

2
I −K∗

Γi


 .

7 j-��ö
A0

¸���¸Éö�,
��ù�� ¸I·��k�Xõ�ö
Xp

¶2��.������Q¶2��õ¼ö
H1(Γe)× L2(Γi)

o
.�ù±õ�õ�] Ý Þ�ÈÍÁ�Ú�»/À�Û�»�Å�»�ÈÍ½bÇ=Ï�ÈÍ½±À�Ç8Á�Ú�»YÕ�»SÀ>=!»8»�Á

Γe

Ç8Á�Ï
Γi

Ø�À�Û�»!¿�ÊQ»�Å�Ç�À�¿�Å
A0

ÈÍ½
Ç�Ú�¿�¾]ÊLÇ¼Ú�À�ÊQ»�Å�ÀÑÂLÅ�Õ�Ç�ÀÑÈÉ¿�Á]¿�Î




1

2
I +KΓe 0

0 −1

2
I − K∗

Γi


 ,

82�



=XÛ�ÈÉÚ�Û+ÈÍ½��¼Á�¿
=/Á À�¿(Õ�»hÈÍÁ�Ó�»�Å�ÀÑÈÖÕ�äÉ»
¿�Á
Xp

�¹º¼»�¾]¾]Ç Z�Ý�8LÝ\Z_�ÃÝD3�Û�»�Å�»�ÎJ¿�Å�»�Ø�ÈÒÀ
½ÃÂ�ÄhÚ�»�½�Ø�Õªþ�Ç8ÊLÊ�äçþ�ÈÍÁ�Ð�À�Û�»?cªÅ�»8Ï�Û�¿�äÍ¾ Ç�äÒÀ�»�Å�Á�Ç�ÀÑÈçÓ�»�Ø¡À�¿�½%Û�¿
=(À�Û�Ç�ÀLÀ�Û�»�¿�ÊQ»�Å�Ç�À�¿�Å
A0

ÈÍ½VÈÍÁ�åI»8Ú�ÀÑÈçÓ�»�Ý
Þ�ÂLÊLÊQ¿�½¡»èÀ�Û�Ç�À

(ϕ, ψ) ∈ Xp

½ßÇ�ÀÑÈÍ½Ãà�»�½

A0




ϕ

ψ



 = 0.

Þ�ÈÍÁ�Ú�»
(1

2
I + KΓe)[ϕ] = −SΓi

[ψ]
¿�Á

Γe

Ç8Á�Ï SΓi
[ψ]

ÈÍ½ C2 ÈÍÁ Γe

Ø'=!»îÛ�Ç�Ó�»:ÈÍÁ
ÊLÇ8Å�ÀÑÈÉÚÑÂ�äÍÇËÅ

ϕ ∈ H1(Γe)
Ý'º�È��¼»�=�ÈÍ½¡»S=Y»�Ú�ÇËÁ9½%Û�¿�=2À�Û�Ç�À

ψ ∈ L2(Γi)
Ý�3�Û�»�Å�»�ÎI¿�Å�»�Ø

À�Û�»�Î ÂLÁ�Ú�ÀÑÈÉ¿�Á
u
ÏL»HàLÁ�»8Ï6Õ¼þ

u = DΓe[ϕ]+SΓi
[ψ]
ÈÍÁ

Ω
ÈÍ½�À�Û�»�½¡¿�äêÂ�ÀÑÈÉ¿�Á_ÈÍÁ

H3/2(Ω)À�¿C�·Z�Ý�Z�Ý��1�H=�ÈÒÀ�Û
f = 0

Ý�Þ�ÈÍÁ�Ú�»6½ÃÂ�Ú�Û9Ç6½¡¿�äêÂ�ÀÑÈÉ¿�ÁYÀ�¿¡�·Z�Ý�Z�Ý��1��ÈÍ½�ÂLÁ�ÈÉë�ÂQ»�Ø2=!»_Û�Ç�Ó�»
DΓe[ϕ] + SΓi

[ψ] = 0
ÈÍÁ

Ω,

Ç8Á�Ï�Û�»�Á�Ú�»
DΓe [ϕ] + SΓi

[ψ] = 0
ÈÍÁ
U.

� ÀUÀ�Û�»�Á�ÎI¿¼äêäÉ¿�=/½�ÎÉÅ�¿�¾ ��Z�Ý�8LÝ � ��À�Û�Ç�À

ψ =
∂

∂ν
SΓi

[ψ]

∣∣∣∣
+

− ∂

∂ν
SΓi

[ψ]

∣∣∣∣
−

=
∂

∂ν
(DΓe [ϕ] + SΓi

[ψ])

∣∣∣∣
+

− ∂

∂ν
(DΓe[ϕ] + SΓi

[ψ])

∣∣∣∣
−

= 0
¿�Á

Γi.

ð�¿�=ü=Y»9Û�Ç�Ó�» DΓe[ϕ] = 0
ÈÍÁ
U
Ý�Þ�ÈÍÁ�Ú�» 1

2
I + KΓe

ÈÍ½�ÈÍÁ�Ó�»�ÅÑÀÑÈÖÕ�äÉ»£¿�Á
L2(Γe)

Ø�ÈÒÀ
ÎI¿¼äêäÉ¿�=/½�ÎÉÅ�¿�¾ ��Z�Ý�8LÝ�4b��À�Û�Ç�À

ϕ = 0
Ý

ð6¿ªÀ�»bÀ�Û�Ç�À
A0

¾]ÇËÊL½
H1(Γe)×L2(Γi)

ÈÍÁ�À�¿XÈÒÀ�½¡»HäêÎ�Ý ñ ¿�Å�»Ë¿ËÓ�»�Å�ÈêÎ
A0



ϕ

ψ


 ∈

H1(Γe)×L2(Γi)
ØSÀ�Û�»�Á

(1
2
I+KΓe)[ϕ]+SΓi

[ψ] ∈ H1(Γe)
Ý�Þ�ÈÍÁ�Ú�» SΓi

[ψ] ∈ H1(Γe)
Ø

ÈÒÀ�ÎI¿�äêäÉ¿
=/½�À�Û�Ç�À
ψ ∈ H1(Γe)

ÝUÔY»�Á�Ú�»
A0

ÈÍ½ZÈÍÁ�Ó�»�Å�ÀÑÈÖÕ�äÉ»¨¿�Á
H1(Γe)×L2(Γi)

Ý£3QÛ�ÈÍ½
Ú�¿�¾]Ê�äÉ»HÀ�»�½VÀ�Û�»6ÊLÅ�¿�¿�Î�Ý

�×'½9ÇËÁtÈÍ¾]¾A»ËÏ�ÈÍÇ�À�»�Ú�¿�Á�½¡»Ëë�ÂQ»�Á�Ú�»�¿�Îèºª»�¾]¾]ÇmZ�Ý � Ý\Z�Ø�=Y»h¿�Õ�À�ÇËÈÍÁvÀ�Û�»]ÎI¿�äÉé
äÉ¿�=�ÈÍÁ�Ð_À�Û�»Ë¿�Å�»�¾
Ý

82�



�
��t2z��it`�ùr('·�)'·� 7 j-����õ2��ø�� ¸¹õ¼ö
u0

�¤õ98;:�o<:�o>=@??
�¶ªöî·H��ùi�v%�ùi�	�1��öÝ�E��(£¶2�
u0 = DΓe[ϕ0] + SΓi

[ψ0]
¸ ö

Ω,

./j-��ùi�
(ϕ0, ψ0)

¸Ï�F�kj-�£ø8ö�¸k$Qø��F��õ
��ø�� ¸Iõ�öQ�¹õ18;:�oBA[o<:%?�o
a³»�Á�¿
=>ÏL»�Å�ÈçÓ�»�Ç�½ÃÈÍ¾=ÈêäÍÇ8ÅZÅ�»�ÊLÅ�»�½¡»�Á�À�Ç�ÀÑÈÉ¿�Á6ÎI¿�Å

uε

ØHÀ�Û�»�½¡¿�äêÂ�ÀÑÈÉ¿�Á�À�¿���Z�Ý\Z�Ý�4b�ÃÝ
3�Û�»�¾Æ»HÀ�Û�¿�Ï�¿¼Î�ÏL»�Å�ÈçÓ¼Ç�ÀÑÈÉ¿�ÁîÈÍ½�Õ�Ç8½ÃÈÉÚ�ÇËäêäçþîÀ�Û�»�½ßÇË¾A»�ÇË½�Õ�»�ÎI¿�Å�»�Ý5�JÁîÀ�Û�ÈÍ½XÚ�Ç8½¡»
À�Û�»6Å�»�äÉ»%Ó�ÇËÁ�À'ÈÍÁ�À�»ËÐ�Å�Ç�ä�¿�ÊQ»�Å�Ç�À�¿�ÅUÈÍ½

Aγ :=




1

2
I +KΓe SΓi

− ∂

∂νi
DΓe + γDΓe −

1

2
I − K∗

Γi
+ γSΓi


 .

d�Õ�½¡»�Å¹Ó�»�À�Û�Ç�À
Aγ = A0 +MγB,

��Z�Ý � Ý�81�
=XÛ�»�Å�»

Mγ

ÈÍ½�À�ÛL»�¾�Â�äÒÀÑÈÍÊ�äêÈÉ»�ÅVÕªþ
γ
Ç8Á�Ï

B =




0 0

DΓe SΓi


 .

3�Û�»�Á5=!»/Û�Ç�Ó�»
∥∥∥∥∥MγB

(
ϕ

ψ

)∥∥∥∥∥
Xp

≤ ‖γ‖Lp(Γi) ‖DΓe [ϕ] + SΓi
[ψ]‖L∞(Γi)

≤ Cε1/p

∥∥∥∥∥

(
ϕ

ψ

)∥∥∥∥∥
Xp

,

ÎI¿�Å�½¡¿�¾A»
C
ÈÍÁ�ÏL»�ÊQ»�Á�ÏL»�Á�À�¿¼Î

ε
ÊLÅ�¿�Ó�ÈÉÏL»8ÏÆÀ�Û�Ç�À

p > 1
Ý��JÁ
¿¼À�ÛL»�ÅS=!¿�Å�Ï�½�Ø�=!»

Û�Ç�Ó�»/ÇYÕ�¿�ÂLÁ�Ï�ÎJ¿�Å�À�Û�»X¿�ÊQ»�Å�Ç�À�¿�Å�Á�¿�Å�¾ ‖MγBA
−1
0 ‖p

¿¼Î
MγBA

−1
0

¿�Á
Xp

W
‖MγBA

−1
0 ‖p ≤ Cε1/p.

��Z�Ý � Ý � �
3�Û�ÂL½�Ø�ÈêÎ

ε
ÈÍ½_½ÃÂ�ÄhÚÑÈÉ»�Á�ÀÑäçþÆ½ß¾]ÇËäêäIØLÀ�Û�»�Á

Aγ

ÈÍ½èÈÍÁ�Ó�»�ÅÑÀÑÈÖÕ�äÉ»£¿�Á
Xp

Ç8Á�Ï�=!»�Û�Ç�Ó�»
À�Û�»�ÎI¿�äêäÉ¿�=6ÈÍÁ�Ð�À�Û�»8¿�Å�»�¾vÝ

� �



�
��t2z��it`�ùr('·�)'·� 7 j-����õ2��ø�� ¸¹õ¼ö
uε

�¹õ18;:�o<:�oDC�?K
�¶8öî·H��ùi�v%�ùi�	�1��ö-�E��(9¶2�
uε = DΓe [ϕε] + SΓi

[ψε]
¸ ö

Ω,

./j-��ùi�
(ϕε, ψε)

¸����kjÝ�£ø8ö�¸k$Qø�����õ2��ø�� ¸¹õ¼ö�¸Éö
X2

�¤õ

Aγ




ϕε

ψε



 =




f

0



 .

a³»!Á�¿�=kÏL»�ÅÑÈçÓ�»!Ç:Ú�¿�¾]Ê�äÉ»SÀ�»=»�Ì¼ÊLÇ8Á�½ÃÈÉ¿�ÁÆÎI¿�Å
uε

ÈÍÁAÀ�»�Å�¾]½6¿�Î
u0

ÝFa�»!à�Å�½±À
Á�¿¼À�»�À�Û�Ç�À'Õ�»8Ú�ÇËÂ�½¡»!¿�ÎU��Z�Ý � Ý�81�

Aγ = (I +MγBA
−1
0 )A0,

��Z�Ý � ÝÐ4b�
Ç8Á�Ï�Û�»�Á�Ú�»

A−1
γ = A−1

0 (I +MγBA
−1
0 )−1.

��Z�Ý � Ý��1�
ð�¿¼À�»_À�Û�Ç�À

MγB

(
ϕ

ψ

)
=

(
0

γ (DΓe[ϕ] + SΓi
[ψ])

)
.

��Z�Ý � Ý&62�
��þ:»�Ì¼ÊLÇËÁ�Ï�ÈÍÁ�Ð���Z�Ý � Ý��1��ÈÍÁ=À�»�Å�¾]½è¿�Î�À�Û�»�ð�»�ÂL¾�Ç8Á�ÁÆ½¡»�ÅÑÈÉ»�½�Ø
=!»XÛ�Ç�Ó�»

A−1
γ = A−1

0 +

+∞∑

n=1

(−1)nA−1
0

(
MγBA

−1
0

)n
.

º¼»SÀ
(
ϕn

ψn

)
:= A−1

0

(
MγBA

−1
0

)n
(
f

0

)
, n = 0, 1, 2, . . . .

��Z�Ý � Ý��	�
3�Û�»�Á5=!»/Û�Ç�Ó�»

(
ϕε

ψε

)
=

+∞∑

n=0

(−1)n

(
ϕn

ψn

)
.

ñ ¿�Å�»Ë¿ËÓ�»�Å¡Ø¼¿�Á�»èÚ�ÇËÁ9½¡»8»bÎÉÅ�¿�¾ù��Z�Ý � Ý��	��À�Û�Ç�À�À�Û�»¨ÎJ¿�äêäÉ¿�=�ÈÍÁ�Ð¨Å�»ËÚÑÂLÅ�½ÃÈçÓ�»bÅ�»�äÍÇ�ÀÑÈÉ¿�Á
Û�¿�äÉÏ�½_W

(
ϕn+1

ψn+1

)
= A−1

0 MγB

(
ϕn

ψn

)
, n = 0, 1, 2, . . . .

��Z�Ý � Ý��2�
� Z



º¼»SÀ
un := DΓe [ϕn] + SΓi

[ψn]
ÈÍÁ

Ω, n = 0, 1, 2, . . . ,
��Z�Ý � Ý��2�

½¡¿!À�Û�Ç�À
uε =

+∞∑

n=0

(−1)nun

ÈÍÁ
Ω.

3�Û�»�Á
u0

ÈÍ½�À�Û�»�½¡¿�äêÂ�ÀÑÈÉ¿�Á£À�¿+��Z�Ý\Z�Ý��1�ÃÝh��þé�·Z�Ý � Ý�62�ZÇËÁ�Ïé��Z�Ý � Ý��2��Ø
=!»/Û�Ç�Ó�»
(
ϕn

ψn

)
= A−1

0

(
0

γ (DΓe [ϕn−1] + SΓi
[ψn−1])

)
= A−1

0

(
0

γun−1|Γi

)
,

Ç8Á�Ï�Û�»�Á�Ú�»
un

Ø
n ≥ 1

Ø¼ÈÍ½�À�Û�»6½¡¿�äêÂ�ÀÑÈÉ¿�Á�À�¿





∆un = 0
ÈÍÁ

Ω,

−∂un

∂ν
= γun−1

¿�Á
Γi,

un = 0
¿�Á

Γe.

��Z�Ý � Ý�Z
�2�

Þª¿�ÎÉÇ8Å<=!»Y¿�Õ�À�ÇËÈÍÁ£À�Û�»6ÎJ¿�äêäÉ¿�=�ÈÍÁ�Ð�Å�»�½ÃÂ�äÒÀ�W
�
��t2z��it`�ùr('·�)' � L����

uε

·H���kjÝ�G��õ
��ø�� ¸Iõ�öè�¤õ�8;:�o<:�oDC�??]¹õ�ù¨¶C��¸E,
��ö
f ∈ H1(Γe)

o
7 j-��ö

uε =
+∞∑

n=0

(−1)nun

¸ ö
Ω,

��Z�Ý � Ý�ZbZ_�
./j-��ùi�

u0

¸��S�kj-�h��õ2��ø�� ¸¹õ¼ö¡�¤õF8;:�o<:�o>=@?�¶ªö-(
un

¸Ï�h�kj-�S��õ
��ø�� ¸Iõ�ö5�¤õF8<:�o>A[o<:HG�?�o 7 j-�
�1��ù�¸k�	�F
�õ�ö�,
��ù����	�V¸Éö

H3/2(Ω)
o


��JI fK$L��5M2ba�^�a��N� .POQ2/\R��$S�Ã^��
a�»³Á�¿�= ÏL»�ÅÑÈçÓ�»�Ç8Á3ÇË½Ñþ�¾]Ê�À�¿¼ÀÑÈÉÚ�»�Ì¼ÊLÇËÁ�½ÃÈÉ¿�Á3¿�Î ∂

∂ν
(uε − u0)

¿�Á
Γe

Ç8½
ε →

0
Ø�¿�Á�=XÛ�ÈÉÚ�Û#¿�ÂLÅ�ÏL»HÀ�»ËÚ�ÀÑÈÉ¿�Á
ÇËäÉÐ�¿�ÅÑÈÒÀ�Û�¾¨=�Èêäêä�Õ�»]Õ�Ç8½¡»ËÏZÝ
º¼»SÀ_ÂL½YÕ�»8ÐSÈÍÁè=6ÈÒÀ�Û

� 8



ÈÍÁ�Ó�»�½±ÀÑÈÉÐHÇ�ÀÑÈÍÁ�Ð�ÇYÅ�»ËÐHÂ�äÍÇËÅ�ÈÒÀIþ�ÊLÅ�¿�ÊQ»�Å�À¹þ=¿�ÎLÀ�Û�»/Õ�¿�Â�Á�Ï�Ç8Å¹þ!Ó¼ÇËäêÂQ»�ÊLÅ�¿�Õ�äÉ»�¾




∆u = 0
ÈÍÁ

Ω,

−∂u
∂ν

= γg
¿�Á

Γi,

u = 0
¿�Á

Γe.

��Z�Ý�4�Ý�Z_�

a�»/Û�Ç�Ó�»/½%Û�¿
=/Á£À�Û�Ç�À�À�Û�»�½¡¿¼äêÂ�ÀÑÈÉ¿�Á
u
À�¿���Z�Ý�4�Ý\Z_��Ú�Ç8ÁÆÕ�»�Å�»�ÊLÅ�»�½¡»�Á�À�»ËÏ=Ç8½

u := DΓe[ϕ] + SΓi
[ψ]

ÈÍÁ
Ω,

=XÛ�»�Å�»
(ϕ, ψ)

ÈÍ½�À�Û�»6½¡¿�äêÂ�ÀÑÈÉ¿�Á�À�¿

A0

(
ϕ

ψ

)
=

(
0

γg

)
,

Á�ÇË¾A»�äçþ�Ø




(
1

2
I +KΓe

)
[ϕ] + SΓi

[ψ] = 0
¿�Á

Γe,

− ∂

∂ν
DΓe [ϕ]−

(
1

2
I +K∗

Γi

)
[ψ] = γg

¿�Á
Γi.

��Z�Ý�4�Ý�81�

Þ�ÈÍÁ�Ú�»
A0

ÈÍ½VÈÍÁ�Ó�»�Å�ÀÑÈÖÕ�äÉ»!¿�Á
Xp

Ø�=!»/Û�Ç�Ó�»6ÈÍÁ:ÊLÇ8Å�ÀÑÈÉÚÑÂ�äÍÇËÅ�À�Û�Ç�À
‖ψ‖Lp(Γi) ≤ ‖γg‖Lp(Γi) ≤ Cε1/p‖g‖L∞(Γi).

��Z�Ý�4�Ý � �
º¼»SÀ

2δ =
Ï�ÈÍ½±À

(Γi,Γe)
ÇËÁ�Ï

Ωδ := {x ∈ Ω| Ï�ÈÍ½±À (x,Γe) ≤ δ} ÝT3QÛL»�Á�Ø�=!»/Û�Ç�Ó�»
‖SΓi

[ψ]‖C2(Ωδ) ≤ C‖ψ‖Lp(Γi) ≤ Cε1/p‖g‖L∞(Γi).

� ÀUÀ�Û�»�Á�ÎI¿¼äêäÉ¿�=/½�ÎÉÅ�¿�¾ À�Û�»�àLÅ�½±ÀV»8ë�Â�Ç�ÀÑÈÉ¿�Á�ÈÍÁ���Z�Ý�4�Ý�81��Ç8Á�Ïhºª»�¾]¾]Ç5Z�Ý�8LÝ\Z6À�Û�Ç�À

‖ϕ‖C2(Γe) =

∥∥∥∥∥

(
1

2
I +KΓe

)−1

[(SΓi
ψ)|Γi

]

∥∥∥∥∥
C2(Γe)

≤ C ‖SΓi
[ψ]‖C2(Γe)

≤ Cpε
1/p‖g‖L∞(Γi).

��Z�Ý�4�ÝÐ4b�
�b�



3�Û�»�Å�»HÎI¿�Å�»�Ø�=Y»/Û�Ç�Ó�»
∥∥∥∥
∂u

∂ν

∥∥∥∥
C1(Γe)

≤ ‖DΓe [ϕ] + SΓi
[ψ]‖C2(Ωδ) ≤ Cpε

1/p‖g‖L∞(Γi).

a�»/Û�Ç�Ó�»/ÊLÅ�¿�Ó�»ËÏ9À�Û�»6ÎJ¿�äêäÉ¿�=�ÈÍÁ�Ð�äÉ»�¾]¾]Ç�Ý
& t_�5���^r(' � '\r L����

u
·H�/�kj-�h��õ2��ø�� ¸¹õ¼ö5�¹õF8;:�oDC-o<:%?�o 7 j-��ö�l[]¤õ¼ù<��¶7
#j

p > 1
�kjÝ��ùi�

¸��b¶�
�õ�ö7�1�K¶8ö-�
Cp

¸Éö-(H�v%'��öÝ(H��ö-�Uõ�]
g
�Ëø�
#jO�kj�¶7�

∥∥∥∥
∂u

∂ν

∥∥∥∥
C1(Γe)

≤ Cpε
1/p‖g‖L∞(Γi).

��Z�Ý�4�Ý��1�
a³»�Á�¿�= Û�Ç�Ó�»6Î Å�¿�¾ ��Z�Ý � Ý�Z
�2�ÑØ[��Z�Ý � Ý\ZbZ_��Ø�Ç8Á�Ïé�·Z�ÝÐ4�Ý��1��À�Û�Ç�À

+∞∑

n=2

∥∥∥∥
∂un

∂ν

∥∥∥∥
C1(Γe)

≤ Cp

+∞∑

n=2

ε1/p‖un−1‖L∞(Γi).

a�»�ÇËäÍ½¡¿�ÐË»SÀ�Î Å�¿�¾ ��Z�Ý � Ý&�2��À�Û�Ç�À

‖un−1‖L∞(Γi) = ‖DΓe [ϕn−1] + SΓi
[ψn−1]‖L∞(Γi) ≤ Cp

∥∥∥∥∥

(
ϕn−1

ψn−1

)∥∥∥∥∥
Xp

.

� ÀUÀ�Û�»�Á�ÎI¿¼äêäÉ¿�=/½�ÎÉÅ�¿�¾ ��Z�Ý � Ý � �ZÇËÁ�Ïé��Z�Ý � Ý��	��À�Û�Ç�À
‖un−1‖L∞(Γi) ≤ Cpε

n−1
p ‖f‖Lp(Γe),

Ç8Á�Ï�Û�»�Á�Ú�»�ÎJ¿�Å
k = 1, 2, . . .

Ø
+∞∑

n=k

∥∥∥∥
∂un

∂ν

∥∥∥∥
C1(Γe)

≤ Cp

+∞∑

n=k

εn/p‖f‖Lp(Γe) ≤ Cp (εk/p/(1− ε1/p)) ‖f‖Lp(Γe).

3�Û�ÂL½Õ=Y»!¿�Õ�À�Ç�ÈÍÁ£À�Û�»�ÎI¿�äêäÉ¿
=�ÈÍÁ�ÐèÀ�Û�»8¿�Å�»�¾vÝ
¢��iz���z��vy uny\z�{+r(' � '��T6 õ�ù'¶`���

p > 1
l'�kj-��ùi�è¸Ï�¨¶¡
±õ¼ö7�1�K¶ªöÝ�

Cp

�Ëø�
#jO�kj�¶7�
∥∥∥∥
∂uε

∂ν
− ∂u0

∂ν

∥∥∥∥
C1(Γe)

≤ Cpε
1/p‖f‖Lp(Γe).

��Z�Ý�4�Ý&62�
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a³»YÁ�¿
= ÏL»�Å�ÈçÓ�»YÇ8ÁAÇ8ÊLÊLÅ�¿SÌªÈÍ¾]Ç�ÀÑÈÉ¿�Áî¿�Î�À�Û�»XäÉ»�Ç¼Ï�ÈÍÁ�Ð9¿�Å�ÏL»�Å'À�»�Å�¾m¿�Î ∂uε

∂ν
−

∂u0

∂ν

ÝTa³»XÛ�Ç�Ó�»
∂uε

∂ν
(x) =

∂u0

∂ν
(x)− ∂u1

∂ν
(x) +O(ε2/p)

ÂLÁ�ÈêÎJ¿�Å�¾�äçþ]ÈÍÁ
x ∈ Γe

ÝXº¼»SÀ�ÂL½èÁ�¿�= ÏL»�ÅÑÈçÓ�»YÇ9ÎÉÂ�ÅÑÀ�Û�»�ÅVÇ8ÊLÊLÅ�¿SÌªÈÍ¾]Ç�ÀÑÈÉ¿�Áh¿�Î ∂u1

∂ν

Ý
c�¿�Å6À�Û�Ç�À�Ê�ÂLÅ�ÊQ¿�½¡»�Ø�äÉ»SÀ

G(x, y)
Õ�»]À�Û�»hý�Å�»Ë»�Á�âã½9ÎÉÂLÁ�Ú�ÀÑÈÉ¿�ÁtÎJ¿�Å�À�Û�»ÆÊLÅ�¿�Õ�äÉ»�¾

��Z�Ý�4�Ý\Z_��Ø ¸!o·��o Ø¼ÎI¿�Å�»�Ç�Ú�Û
x ∈ Ω

Ø
G(x, y)

ÈÍ½�À�Û�»6½¡¿�äêÂ�ÀÑÈÉ¿�Á�À�¿




∆yG(x, y) = −δx

ÈÍÁ
Ω,

∂

∂νy
G(x, y) = 0, y ∈ Γi,

G(x, y) = 0, y ∈ Γe.

��Z�Ý�4�ÝÏ�	�

3�Û�»�Á£À�Û�»�½¡¿�äêÂ�ÀÑÈÉ¿�Á
u
À�¿���Z�Ý�4�Ý\Z_��ÈÍ½èÐHÈçÓ�»�Á:Õªþ

u(x) =

∫

Γi

G(x, y)γ(y)g(y)ds(y), x ∈ Ω.

c�¿�Å�»�Ç¼Ú�Û
x ∈ Γe

=!»XÛ�Ç�Ó�»
∂u1

∂ν
(x) =

∫

Γi

∂

∂νx

G(x, y)γ(y)u0(y)ds(y).

Þ�ÈÍÁ�Ú�» ∂
∂νx
G(x, y)

ÈÍ½¨Ç C2
Î ÂLÁ�Ú�ÀÑÈÉ¿�Á�ÈÍÁ

y ∈ Γi

Ç8½VäÉ¿�Á�Ð_ÇË½
x ∈ Γe

Øb=!»�Û�Ç�Ó�»
∂

∂νx
G(x, y)γ(y)u0(y) =

m∑

s=1

[ ∂

∂νx
G(x, zs)u0(zs) +O(ε)

]
γ(y)χs(y),

=XÛ�»�Å�»
χs

ÈÍ½�À�Û�»YÚ�Û�Ç8Å�Ç�Ú�À�»�ÅÑÈÍ½±ÀÑÈÉÚ�ÎÉÂLÁ�Ú�ÀÑÈÉ¿�ÁÆ¿¼Î
Is
Ý'3�Û�ÂL½Õ=Y»!¿�Õ�À�Ç�ÈÍÁ

∂u1

∂ν
(x) =

m∑

s=1

∂

∂νx

G(x, zs)u0(zs)

∫

Is

γds+O(ε2).

��Â�À
〈γ〉s :=

∫

Is

γds.

3�Û�»�Á5=!»/Û�Ç�Ó�»!¿�Õ�À�ÇËÈÍÁ�»8Ï�À�Û�»�ÎI¿�äêäÉ¿�=6ÈÍÁ�Ð_Ç8ÊLÊLÅ�¿SÌªÈÍ¾]Ç�ÀÑÈÉ¿�Á=ÎI¿�Å�¾�Â�äÍÇ�Ý
� �



�
��t2z��it`�ùr(' � '·� 7 j-��]¹õ
���IõU.V¸Éö��^]¤õ�ù�ó³ø_�É¶)j�õ
�k(b�/ø8ö�¸�]¤õ¼ù�ó�� ú^]¹õ�ù
x ∈ Γe V

∂uε

∂ν
(x) =

∂u0

∂ν
(x)−

m∑

s=1

〈γ〉su0(zs)
∂

∂νx

G(x, zs) +O(ε1+α)
��Z�Ý�4�Ý&�2�

]¤õ¼ùe��õ¼ó��
α > 0

o


���W X 0ZY�D8,�a[��2\� \#"^]�^6d(�KaUc�5 _�^6d2d��R��^P�`$�a�dL`���a��Ã^��
a�»#Á�¿
= ÇËÊLÊ�äçþ2À�Û�»tÇ8½�þ�¾]Ê�À�¿¼ÀÑÈÉÚî»�Ì¼ÊLÇ8Á�½ÃÈÉ¿�Áò��Z�Ý�4�Ý��2�/À�¿>ÏL»�½ÃÈÉÐHÁEÇ ñ ûèÞ��¤ÿ
� ñ û�äÒÀÑÈÍÊ�äÉ»VÞ��¤ÐHÁ�ÇËä8ÿLäÍÇ8½ß½ÃÈêàQÚ�Ç�ÀÑÈÉ¿�Á���Ç�äÉÐË¿�ÅÑÈÒÀ�Û�¾EÎJ¿�Å�äÉ¿�Ú�Ç�ÀÑÈÍÁ�Ð�½ß¾]ÇËäêä�ÈÍÁ�À�»�Å�Á�ÇËäªÚ�¿�ÅÃé
Å�¿�½ÃÈçÓ�»�ÊLÇËÅÑÀ�½'ÎÉÅ�¿�¾kÕ�¿�ÂLÁ�Ï�ÇËÅ¹þ9¾A»�Ç8½ÃÂLÅ�»�¾A»�Á�À�½8Ý ñ ûèÞ��¤ÿ�ÈÍ½bÐ�»�Á�»�Å�ÇËäêäçþ9ÂL½¡»8Ï!ÈÍÁ
½ÃÈÉÐHÁ�ÇËä'ÊLÅ�¿�Ú�»�½ß½ÃÈÍÁ�Ð]ÊLÅ�¿�Õ�äÉ»�¾]½9Ç8½9Çg¾Æ»HÀ�Û�¿�Ï
ÎJ¿�ÅY»�½±ÀÑÈÍ¾]Ç�ÀÑÈÍÁ�Ð]À�ÛL»:ÈÍÁ�Ï�ÈçÓ�ÈÉÏ�ÂLÇ�ä
Î Å�»Ëë�ÂQ»�Á�ÚÑÈÉ»�½9¿�Î�¾�Â�äÒÀÑÈÍÊ�äÉ»Ëé±Û�Ç8Å�¾A¿�Á�ÈÉÚ�½ÃÈÉÐ�Á�Ç�äÍ½XîØ4 � ï�Ý�3�Û�» ñ û�Þ��¤ÿ#Ç�äÉÐË¿�Å�ÈÒÀ�Û�¾
¾]Ç
��»�½�Â�½¡»è¿�ÎªÀ�ÛL»è»HÈÉÐË»�Á�Ó�Ç�äêÂQ»b½±À�ÅÑÂQÚ�ÀÑÂLÅ�»b¿�ÎªÀ�ÛL»¨¾�Â�äÒÀÑÈÍ½±À�Ç�ÀÑÈÉÚ�Å�»�½ßÊQ¿�Á�½¡»V¾�Ç�À�ÅÑÈãÌ
ÎI¿�Å�À�Û�»¨ÔY»�äÍ¾:Û�¿¼äÒÀ!@�»8ë�Â�Ç�ÀÑÈÉ¿�Á6ÇËÁ�Ï�¿�Î8À�Û�»'½ßÊQ»ËÚ�À�Å�ÇËäË½±À�ÅÑÂQÚ�ÀÑÂLÅ�»�¿�Î8À�Û�»�Õ�¿¼ÂLÁ�Ï�Ç8Å¹þ
¾]ÇËÊ�ÎJ¿�Å�À�Û�»èº�Ç8Ê�äÍÇ�Ú�»V¿�ÊQ»�Å�Ç�À�¿�ÅSØ�Ú�¿�Å�Å�»�½ßÊQ¿�Á�Ï�ÈÍÁ�Ð�À�¿�ÇÕ@%»�Å�¿S=/Ç�Ó�»�Á�ÂL¾:Õ�»�Å�Ý�3�Û�»
»�ÈÉÐ�»�Á�Ó�»8Ú�À�¿�Å�½�Ú�¿�Å�Å�»�½ßÊQ¿�Á�Ï�ÈÍÁ�Ð'À�¿�½ÃÈÉÐHÁ�ÈêàQÚ�Ç8Á�À�»�ÈÉÐ�»�Á�Ó¼ÇËäêÂQ»�½�½ßÊLÇËÁ!½¡¿�¾A»K�ªÈÍÁ�Ï9¿�Î
½ÃÈÉÐHÁ�ÇËä�½ÃÂLÕ�½ßÊLÇ�Ú�»�ÈÍÁ�À�Û�»�½¡»�Á�½¡»=À�Û�Ç�À_À�ÛL»¥þvÚ�¿�Á�À�Ç�ÈÍÁtÁ�»�Ç8ÅÑäçþ³ÇËäêä�À�Û�»=ÈÍÁ�ÎI¿�Å�¾]Ç¼é
ÀÑÈÉ¿�ÁÆÇªÕ�¿¼Â�À�À�Û�»�Ú�¿�Å�Å�¿�½ÃÈçÓ�»XÊLÇ8Å�À�½h=XÛ�ÈÉÚ�ÛgÚ�ÇËÁhÕ�»�»�Ì8À�Å�Ç¼Ú�À�»ËÏ]ÎÉÅ�¿�¾OÀ�Û�»YÕ�¿�ÂLÁ�ÏLé
Ç8Å¹þ�¾]Ç8Ê�Ý'3�Û�»Y¿ªÀ�Û�»�Å�½V½ßÊLÇËÁ�½¡¿�¾Æ»^�ªÈÍÁ�Ï:¿�Î�Á�¿�ÈÍ½¡»6½ÃÂ�Õ�½ßÊLÇ�Ú�»�Ý'3�Û�»6ÇËÈÍ¾�¿�Î�À�Û�»
ñ û�Þ��¤ÿ!ÀIþ�ÊQ»�¿¼Î�Ç�äÉÐË¿�Å�ÈÒÀ�Û�¾ ÈÍ½�À�¿_ÂL½¡»�À�Û�»�»�ÈÉÐ�»�Á�½�þ�½±À�»�¾CÇ8Á�Ç�äçþ�½ÃÈÍ½'¿�Î�Ç6Ï�ÈÍ½¡ÚÑÅ�»HÀ�»
Ó�»�Å�½ÃÈÉ¿�Á!¿�ÎªÀ�Û�»VÕ�¿�ÂLÁ�Ï�ÇËÅ¹þ6¾�Ç8Ê/À�¿XÏL»SÀ�»�Å�¾�ÈÍÁ�»�À�Û�»�äÉ¿�Ú�Ç�ÀÑÈÉ¿�ÁYÇ8Á�ÏY»�½±ÀÑÈÍ¾�Ç�À�»�À�Û�»
½ÃÈ&@ß»Y¿�Î�À�Û�»6½ß¾]ÇËäêä�Ú�¿�Å�Å�¿�½ÃÈçÓ�»�ÊLÇ8Å�À�½�ÎÉÅ�¿�¾kÀ�Û�»6½ÃÈÉÐ�Á�Ç�ä�½ßÊLÇ�Ú�»�Ý

� À_ÈÍ½�=!¿�Å�À�Ûg¾A»�Á�ÀÑÈÉ¿�Á�ÈÍÁ�Ð£À�Û�Ç�ÀèÀ�Û�ÈÍ½/ÇËäÉÐ�¿�ÅÑÈÒÀ�Û�¾]½/ÈÍ½YÅ�»�äÍÇ�À�»ËÏgÀ�¿AÀ�Û�»=äêÈÍÁ�»�Ç8Å
½ßÇ8¾�Ê�äêÈÍÁ�Ð�¾A»SÀ�Û�¿�Ï³¿�Î�ÿ�¿�äÒÀ�¿�ÁgÇ8Á�Ï B�ÈÍÅ�½¡Ú�ÛDî>Z
��ï�Ý)a³»=Å�»HÎI»�Å¨À�¿hÿQÛ�»�Á�»¥þøî!Z
6�ï
Ç8Á�Ï�B�ÈÍÅ�½¡Ú�Û:î � 4�ï�ÎI¿�Å¨ÏL»SÀ�ÇËÈêäÉ»ËÏîÏ�ÈÍ½¡Ú�ÂL½ß½ÃÈÉ¿�Á�½_¿�Î�À�Û�»!Ú�¿�Á�Á�»ËÚ�ÀÑÈÉ¿�ÁAÕ�»HÀ>=!»Ë»�Á]À�Û�»
ñ û�Þ��¤ÿAÇËäÉÐ�¿�ÅÑÈÒÀ�Û�¾OÇËÁ�Ï�À�Û�»6äêÈÍÁ�»�Ç8Å�½ßÇ8¾]Ê�äêÈÍÁ�Ð6¾A»SÀ�Û�¿�ÏZÝ

Ùb»�à�Á�»/À�Û�»C�ÒÓ�¿¼äÒÀ�Ç�Ð�»8éÑÀ�¿�éßÚÑÂLÅ�Å�»�Á�À!��¾�Ç8Ê
Λγ

Î Å�¿�¾
H1/2(Γe)

ÈÍÁ�À�¿
H−1/2(Γe)Õ¼þ

Λγ(f) =
∂uε

∂ν

∣∣∣
Γe

,
��Z�Ý��LÝ�Z_�
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=XÛ�»�Å�»
uε

ÈÍ½�À�Û�»_½¡¿�äêÂ�ÀÑÈÉ¿�Á!À�¿¡�·Z�Ý�Z�Ý�4b�ÃÝ�ºª»HÀ
Λ0

Õ�»�À�Û�»!Ù�ÈÍÅ�ÈÉÚ�Û�äÉ»HÀÃéÑÀ�¿�é¡ð6»HÂL¾]ÇËÁ�Á
¾]ÇËÊÆÎJ¿�Å�À�Û�»!Ú�Ç8½¡»�=XÛ�»�Á:Á�¿:Ú�¿�Å�Å�¿�½ÃÈÉ¿�Á�ÈÍ½bÊLÅ�»�½¡»�Á�À�Ý�a�»X½¡»8»_�9À�¿�ÂL½¡»

Λγ − Λ0À�¿=ÏL»HÀ�»�Å�¾�ÈÍÁ�»6À�Û�»XÚ�¿�Å�Å�¿�½ÃÈçÓ�»�ÊLÇËÅÑÀ�½8Ý
3�Û�»Y»�½±ÀÑÈÍ¾]Ç�À�»A��Z�Ý�4�Ý�62��þ�ÈÉ»�äÉÏ�½�À�Û�Ç�À

‖(Λγ − Λ0)(f)‖C1(Γe) ≤ Cpε
1/p‖f‖L2(Γe),

��Z�Ý��LÝ�81�
ÎI¿�ÅèÇ�äêä

p
=�ÈÒÀ�Û

1 < p ≤ 2
Ý¡3�Û�»=ÇªÕ�¿�Ó�»:»�½±ÀÑÈÍ¾]Ç�À�»=½%Û�¿�=/½�À�Û�Ç�À�À�ÛL»]¿�ÊQ»�Å�Ç�À�¿�Å

Λγ−Λ0

¿�ÅÑÈÉÐHÈÍÁ�ÇËäêäçþ£ÏL»�àLÁ�»ËÏ=¿�Á
H1/2(Γe)

Ú�Ç8Á£Õ�»�»�Ì8À�»�Á�ÏL»8Ï/À�¿XÇ8Á=¿�ÊQ»�Å�Ç�À�¿�Å�¿�Á
L2(Γe)

Ç8Á�ÏYÈÒÀ�ÈÍ½�Ç/Ú�¿�¾]ÊLÇ¼Ú�À�¿�ÊQ»�Å�Ç�À�¿�Å�ÝU3�Û�ÂL½'=Y»èÛ�Ç�Ó�»bÀ�Û�»bÎJ¿�äêäÉ¿�=�ÈÍÁ�Ð�äÉ»�¾�¾]Ç�Ý
& t_�5���^r('·�)'\r

Λγ − Λ0

¸��S�1����]ba�¶�(dcßõ8¸Éö-��l�%�õ
�Ã¸�� ¸E,2��l�¶ªö-(é
±õ¼ó5%�¶7
���õ�ö
L2(Γe)

o
3�Û�»6ÈÉÏL»�Á�ÀÑÈÒÀ¹þé��Z�Ý�4�Ý��2�Z½%Û�¿
=/½�À�Û�Ç�À

(Λγ − Λ0)(f)(x) = −
m∑

s=1

〈γ〉su0(zs)
∂

∂νx
G(x, zs) +O(ε1+α), x ∈ Γe.

��Z�Ý��LÝ � �
=XÛ�»�Å�»

1+α = 2/p
Ç8Á�ÏbÀ�Û�»UÅ�»�¾�ÇËÈÍÁ�ÏL»�Å�À�»�Å�¾

O(ε1+α)
ÈÍ½ZÕ�¿¼ÂLÁ�ÏL»8Ï�Õ¼þ

Cpε
1/2‖f‖L2(Γe)

Ý
Ùb»HàLÁ�»6À�Û�»X¿�ÊQ»�Å�Ç�À�¿�Å

T
¿�Á

H1/2(Γe)
Õªþ

(Tf)(x) = −
m∑

s=1

〈γ〉su0(zs)
∂

∂νx
G(x, zs), x ∈ Γe,

��Z�Ý��LÝÐ4b�
½¡¿!À�Û�Ç�À

Λγ − Λ0 = T +O(ε1+α).
��Z�Ý��LÝ��1�

Þ�ÈÍÁ�Ú�»
u0

ÏL»�ÊQ»�Á�Ï�½UäêÈÍÁ�»�Ç8ÅÑäçþ£¿�Á
f
Ø
T
ÈÍ½�äêÈÍÁ�»�Ç8Å�Ý�a³»¨àLÅ�½±ÀU»�½±À�ÇªÕ�äêÈÍ½%Û/À�Û�»¨ÎI¿�äêäÉ¿�=Yé

ÈÍÁ�Ð�Ý
& t_�5���^r('·�)'·� 7 j-�Võ_%'��ù�¶7�¤õ¼ù

T

�¶ªö/·H�S�%e[����ö-(H��(��¹õ¨¶�
�õ�ó5%�¶7
���l
�1����]ba�¶7(dcÃõ8¸Éö-��l

%�õ��Ã¸k� ¸E,
�/�1��ó=¸fai(H�hg�ö�¸k�E�/õ`%'��ù�¶��¤õ�ù�õ�ö
L2(Γe)

o
.�ù±õ�õ�] Ý a³»=àLÅ�½±À�¿�Õ�½¡»�Å¹Ó�»£À�Û�Ç�À

T
ÈÍ½XÇÆà�Á�ÈÒÀ�»ËéßÏ�ÈÍ¾A»�Á�½ÃÈÉ¿�Á�ÇËä�¿�ÊQ»�Å�Ç�À�¿�Å�Ç8Á�Ï

Û�»�Á�Ú�»�Ø�ÈÒÀ�ÈÍ½�Ú�¿�¾]ÊLÇ�Ú�À�ÝG�JÁg¿�Å�ÏL»�Å�À�¿]ÊLÅ�¿ËÓ�»/À�Û�Ç�À
T
ÈÍ½�½¡»HäêÎIé�Ç�ÏªåI¿�ÈÍÁ�ÀVÈÒÀ¨½ÃÂ�ÄhÚ�»�½

À�¿]½%Û�¿�=eÀ�Û�Ç�À�ÈÒÀ¨ÈÍ½è½Ñþ�¾]¾Æ»HÀ�ÅÑÈÉÚ�Ý�ºª»HÀ
g
Ç8Á�Ï

h
Õ�»YÈÍÁ

H1/2(Γe)
Ç8Á�ÏhÏL»�Á�¿¼À�»

u0

� �



Ç8Á�Ï
v0

À�Û�»:½¡¿�äêÂ�ÀÑÈÉ¿�Á�½YÀ�¿á��Z�Ý\Z�Ý��1�_Ú�¿�Å�Å�»�½ßÊQ¿�Á�Ï�ÈÍÁ�Ð]Å�»�½ßÊQ»8Ú�ÀÑÈçÓ�»�äçþ
À�¿
g
Ç8Á�Ï

h
Ý

3�Û�»�Á
v0

ÈÍ½èÐSÈçÓ�»�Á:Õ¼þ

v0(y) = −
∫

Γe

∂

∂νx
G(x, y)h(x)ds(x), y ∈ Ω,

��Z�Ý��LÝ&62�
Ç8Á�Ï�Û�»�Á�Ú�»�=!»/Û�Ç�Ó�»

∫

Γe

T (g)h =

m∑

s=1

〈γ〉su0(zs)v0(zs).

ÿ�¿�Á�½¡»8ë�ÂQ»�Á�ÀÑäçþ�Ø�=Y»6ÈÍÁ�ÎJ»�Å�À�Û�Ç�À
T
ÈÍ½¨½¡»HäêÎIé�Ç�ÏªåI¿�ÈÍÁ�À¡Ø�ÊQ¿�½ÃÈÒÀÑÈçÓ�»�½¡»�¾�ÈÉéßÏL»�àLÁ�ÈÒÀ�»�Ý

��JÁ�À�Å�¿�Ï�ÂQÚ�»�Á�¿�=�À�Û�»�äêÈÍÁ�»�ÇËÅb¿�ÊQ»�Å�Ç�À�¿�Å G : L2(Γe)→ Rm
ÏL»�àLÁ�»ËÏ]Õ¼þ

Gf = (u0(z1), . . . , u0(zm)),
��Z�Ý��LÝ��	�

=XÛ�»�Å�»
u0

ÈÍ½=À�Û�»h½¡¿�äêÂ�ÀÑÈÉ¿�Á À�¿÷��Z�Ý\Z�Ý�4b�ÃÝ ;�Á�ÏL¿
=�ÈÍÁ�Ð
Rm

=�ÈÒÀ�Û À�Û�»h½±À�Ç8Á�Ï�ÇËÅ�Ï
;�ÂQÚÑäêÈÉÏL»�Ç8Á]ÈÍÁ�Á�»�Å�ÊLÅ�¿�Ï�ÂQÚ�À¡Ø2=!»6À�Û�»�ÁA¿�Õ�À�ÇËÈÍÁ

〈Gf, a〉 =
m∑

s=1

asu0(zs) = −
∫

Γe

( m∑

s=1

as
∂

∂νx
G(x, zs)

)
f(x) ds(x),

ÎI¿�Å_Ç8Å�Õ�ÈÒÀ�Å�Ç8Å¹þ
a = (a1, . . . , am) ∈ Rm

ÝQ3�Û�»�Å�»HÎI¿�Å�»�Ø�À�Û�»�Ç¼Ïªå¹¿¼ÈÍÁ�À G∗ : Rm →
L2(Γe)

ÈÍ½èÐSÈçÓ�»�ÁÆÕ¼þ
G∗a = −

m∑

s=1

as
∂

∂νx
G(x, zs).

��Z�Ý��LÝ&�2�
c�¿�äêäÉ¿�=6ÈÍÁ�Ðá��Å2ôÂ�Û�ä¨»HÀ�Ç�ä�Ý î>Z�8`ïªØ�À�Û�»îÎJ¿�äêäÉ¿�=�ÈÍÁ�Ð�Ú�Û�Ç8Å�Ç¼Ú�À�»�Å�È&@�Ç�ÀÑÈÉ¿�Á>¿�ÎVÀ�Û�»

Å�Ç8Á�ÐË»X¿�Î�À�ÛL»Y¿�ÊQ»�Å�Ç�À�¿�Å
T
Ú�Ç8ÁÆÕ�»X¿�Õ�À�Ç�ÈÍÁ�»8ÏZÝ

& t_�5���^r('·�)'·� �ÍÈ&� G∗ ¸Ï��¸ öhc���
�� ¸E,2�di
�ÍÈêÈ&� G ¸��?�Ëø8ù>cn��
�� ¸E,
�di
�ÍÈêÈêÈ&�

T = G∗MG lj.Kj-��ùi�
Ma =

(
γ1a1, . . . , γmam

)
, a = (a1, . . . , am) ∈ R

m;

� �



�ÍÈçÓ��lk ¶ªö��7�
(T ) =

�P%�¶ªö { ∂

∂νx
G(x, zs); s = 1, . . . , m

}
.

.�ù±õ�õ�] Ý Þ�ÂLÊLÊQ¿�½¡»:À�Û�Ç�À G∗a = 0
Ý�3�Û�»�Á ∑m

s=1 asv(zs) = 0
ÎJ¿�ÅXÇËÁ�þ#Û�Ç8ÅÃé

¾A¿�Á�ÈÉÚ_Î ÂLÁ�Ú�ÀÑÈÉ¿�Á
v
ÈÍÁ

Ω
½ÃÂQÚ�ÛîÀ�Û�Ç�À ∂v

∂ν
= 0

¿�Á
Γi

Ý]Þ�ÈÍÁ�Ú�»=À�Û�»�Å�»:»�ÌªÈÍ½±À�ÇÆÛ�Ç8ÅÃé
¾A¿�Á�ÈÉÚ�ÎÉÂLÁ�Ú�ÀÑÈÉ¿�Á

v
ÈÍÁ

R2 \ D ½ÃÂQÚ�ÛîÀ�Û�Ç�À ∂v
∂n

= 0
Ç8Á�Ï

v = ϕ
¿�Á

Γi

ÎJ¿�ÅbÇ8Á�þ
ϕ½ß¾A¿�¿ªÀ�ÛÆ¿�Á

Γi

Ø�ÈÒÀ'ÎI¿¼äêäÉ¿�=/½VÀ�Û�Ç�À
as = 0

ÎJ¿�Å
s = 1, . . . , m

Ø�Ç8Á�Ï=À�Û�ÂL½bÇË½ß½¡»�Å�ÀÑÈÉ¿�Á
�ÍÈ&��Û�¿�äÉÏ�½8Ý ×'½ß½¡»�Å�ÀÑÈÉ¿�Áç�ÍÈêÈ&�_ÎI¿�äêäÉ¿
=/½£ÎÉÅ�¿�¾ �ÍÈ&��Ç8Á�ÏvÀ�Û�»é=!»HäêäÉéi��Á�¿�=/Á+Å�»�äÍÇ�ÀÑÈÉ¿�Á
Õ�»HÀ>=Y»8»�Á(À�Û�»îÅ�ÇËÁ�Ð�»�½£Ç8Á�ÏvÀ�Û�»îÁ�Â�äêä�½ßÊLÇ�Ú�»�½:¿�Î¨Ç�ÏªåI¿�ÈÍÁ�ÀYàLÁ�ÈÒÀ�»8éßÏ�ÈÍ¾Æ»�Á�½ÃÈÉ¿�Á�ÇËä
¿�ÊQ»�Å�Ç�À�¿�Å�½_W<VQÇËÁ�Ð�»

(G) =
B�»�Å

(G∗)⊥ Ý�ûV½ÃÈÍÁ�Ð���Z�Ý��LÝ�4b��Ø���Z�Ý��LÝ��	��Ø¼Ç8Á�Ï¡��Z�Ý��LÝ��2��Ø8ÈÒÀ�ÈÍ½»�ÇË½Ñþ£À�¿�½¡»8»6À�Û�Ç�ÀS�ÍÈêÈêÈ&�UÛ�¿�äÉÏ�½8Ý�ð6¿�=eÇ¼Ú�Ú�¿�Å�Ï�ÈÍÁ�Ð_À�¿��êÈêÈêÈ&��Ø7=!»XÛ�Ç�Ó�»�V�Ç8Á�Ð�»
(T ) =VQÇËÁ�Ð�»

(G∗MG) =
V�Ç8Á�Ð�»

(G∗), ½ÃÈÍÁ�Ú�» M Ç8Á�Ï G Ç8Å�»�½ÃÂ�Å�åI»8Ú�ÀÑÈçÓ�»�Ý^3�Û�ÈÍ½èþ�ÈÉ»HäÉÏ�½�ÍÈçÓ���Ø�Ç8Á�Ï�À�ÛL»�ÊLÅ�¿�¿�Î�ÈÍ½èÚ�¿�¾]Ê�äÉ»SÀ�»�Ý
�ð6¿
= =!»�ÊLÅ�»�½¡»�Á�À�À�ÛL»�¾]Ç�ÈÍÁ�À�¿�¿�ä�ÎI¿�ÅUÀ�Û�»�ÈÉÏL»�Á�ÀÑÈêàQÚ�Ç�ÀÑÈÉ¿�Áî¿�Î�À�ÛL»6äÉ¿�Ú�Ç�ÀÑÈÉ¿�Á�½

zs

¿�Î�À�ÛL»�½ß¾]Ç�äêä�Ú�¿�Å�Å�¿�½ÃÈçÓ�»�ÊLÇ8Å�À�½8Ý
�
��t2z��it`�ùr('·�)' � ´m%�õ8¸Éö-�

z ∈ Γi

·H���Iõ�ö��2�K�¤õC�kj-�?�1��� {zs : s = 1, . . . , m} ¸Ï]L¶ªö-(õ�ö�� ú�¸�] ∂
∂νx
G(·, z)

∣∣
Γe
∈ k ¶ªö��7�

(T ).

.�ù±õ�õ�] Ý ×�½ß½ÃÂL¾A»�À�Û�Ç�À ∂
∂νx
G(·, z)

∣∣
Γe
∈ VQÇËÁ�ÐË»

(T ).
×'½�ÇYÚ�¿�Á�½¡»Ëë�ÂQ»�Á�Ú�»Y¿¼ÎÒ�ÍÈçÓ��

¿�Î�º¼»�¾]¾]Ç¡Z�Ý��LÝ � Ø
gz

¾]Ç�þ�Õ�»�Å�»�ÊLÅ�»�½¡»�Á�À�»8Ï=ÇË½
∂

∂νx
G(x, z) =

m∑

s=1

as
∂

∂νx
G(x, zs),

ÎJ¿�Å
x ∈ Γe.

��Z�Ý��LÝ&�2�
Þ�ÈÍÁ�Ú�»

G(x, z) = 0
ÎJ¿�Å�Ç8Á�þ

x ∈ Γe

Ç8Á�Ï
z ∈ Ω

Ø�=!»/Û�Ç�Ó�»

G(x, z) =

m∑

s=1

asG(x, zs),
ÎJ¿�Å

x ∈ Ω.
��Z�Ý��LÝ\Z
�2�

3�Û�ÈÍ½�ÈÍ½�¿�Á�äçþ/ÊQ¿�½ß½ÃÈÖÕ�äÉ»�ÈêÎ
z ∈ {zs : s = 1, . . . , m} Ø�Ç8Á�Ï/½¡¿/=!»¨Û�Ç�Ó�»è»�½±À�Ç8Õ�äêÈÍ½%Û�»8ÏÀ�Û�»'Á�»8Ú�»�½ß½ÃÈÒÀ¹þ/¿�Î8À�Û�ÈÍ½UÚ�¿�Á�Ï�ÈÒÀÑÈÉ¿�Á�ÝU3�Û�»'½ÃÂ�ÄhÚÑÈÉ»�Á�ÚIþ_ÎI¿�äêäÉ¿�=�½ZÈÍ¾�¾A»8Ï�ÈÍÇ�À�»�äçþ6Î Å�¿�¾

�ÍÈçÓ��ZÈÍÁ�ºª»�¾]¾�Ç¡Z�Ý��LÝ � Ý
�

� �



a³»�ÇËÅ�»VÁ�¿�=pÅ�»�Ç�Ï¼þèÀ�¿èÊLÅ�»�½¡»�Á�À�À�Û�» ñ û�Þ��¤ÿ/À¹þ�ÊQ»�ÇËäÉÐ�¿�ÅÑÈÒÀ�Û�¾ ÎI¿�Å�ÏL»HÀ�»8Ú�ÀÑÈÉ¿�Á
¿�ÎËÈÍÁ�À�»�Å�Á�Ç�ä�Ú�¿�Å�Å�¿�½ÃÈÉ¿�Á�Ý-3�Û�»'àLÁ�ÈÒÀ�»8éßÏ�ÈÍ¾A»�Á�½ÃÈÉ¿�Á�Ç�ä¼½¡»�äêÎJé�Ç�ÏªåI¿�ÈÍÁ�À�¿�ÊQ»�Å�Ç�À�¿�Å

T
Û�ÇË½

À�Û�»6½ßÊQ»8Ú�À�Å�Ç�ä�ÏL»8Ú�¿�¾]ÊQ¿�½ÃÈÒÀÑÈÉ¿�Á

T =

m∑

p=1

κpvp ⊗ vp, ||vp||L2(Γe) = 1,
��Z�Ý��LÝ\ZbZ_�

=XÛ�»�Å�»
κp

Ç8Å�»X�ÖÁ�¿�Á�é¦@ß»�Å�¿b��»HÈÉÐË»�Á�Ó�Ç�äêÂQ»�½:¿�Î
T
ÇËÁ�Ï

vp

ÈÍ½!À�Û�»gÚ�¿�Å�Å�»�½ßÊQ¿�Á�Ï�ÈÍÁ�Ð
»�ÈÉÐ�»�Á�ÎÉÂLÁ�Ú�ÀÑÈÉ¿�Á�ÝîÔY»�Å�»C=!»�Ç8½ß½ÃÂ�¾A»�À�Û�Ç�À

κ1 ≥ κ2 ≥ . . . ≥ κm > 0.
ºª»HÀ

Pp :

L2
0(Γe) →

½ßÊLÇ8Á {v1, . . . , vp}
Ø
p = 1, . . . , m,

Õ�»AÀ�Û�»³¿�ÅÑÀ�ÛL¿�ÐË¿�Á�ÇËä'ÊLÅ�¿8åI»8Ú�À�¿�Å
Pp =

∑p
q=1 vq ⊗ vq.

� À�À�Û�»�Á�ÎJ¿�äêäÉ¿�=/½�Î Å�¿�¾ 3QÛL»8¿�Å�»�¾ Z�Ý��LÝ�4!À�Û�Ç�À

z ∈ {zs : s = 1, . . . , m} È\0
(I − Pm)

(
∂

∂νx

G(·, z)
∣∣
Γe

)
= 0,

��Z�Ý��LÝ\Z�81�
¿�Å�»8ë�Â�ÈçÓ�ÇËäÉ»�Á�ÀÑäçþ�Ø

z ∈ {zs : s = 1, . . . , m} È\0
cot θ(z) = +∞, ��Z�Ý��LÝ\Z � �

=XÛ�»�Å�»�À�Û�»6Ç8Á�ÐSäÉ»
θ(z) ∈ [0, π/2)

ÈÍ½èÏL»�àLÁ�»8Ï�Õ¼þ

cot θ(z) =

∥∥∥Pm

(
∂

∂νx
G(·, z)

∣∣
Γe

)∥∥∥
L2(Γe)∥∥∥(I − Pm)

(
∂

∂νx
G(·, z)

∣∣
Γe

)∥∥∥
L2(Γe)

.
��Z�Ý��LÝ�Z_4b�

d�Á!À�Û�»6¿¼À�Û�»�Å�Û�ÇËÁ�Ï�Øª½ÃÈÍÁ�Ú�»
Λγ−Λ0

ÈÍ½�Ç6½¡»�äêÎJé�Ç�ÏªåI¿�ÈÍÁ�À¡ØªÊQ¿�½ÃÈÒÀÑÈçÓ�»�Ø8ÇËÁ�Ï�Ú�¿�¾Aé
ÊLÇ�Ú�ÀV¿�ÊQ»�Å�Ç�À�¿�Å�¿�Á

L2(Γe)
Ø�ÈÒÀ�Ç¼Ï�¾�ÈÒÀ�½�Ø¼À�Û�»�½ßÊQ»ËÚ�À�Å�ÇËä�ÏL»ËÚ�¿�¾]ÊQ¿�½ÃÈÒÀÑÈÉ¿�Á

Λγ − Λ0 =
+∞∑

p=1

κε
pv

ε
p ⊗ vε

p, ||vε
p||L2(Γe) = 1,

��Z�Ý��LÝ\Z��1�
=�ÈÒÀ�Û

κε
1 ≥ κε

2 ≥ . . . ≥ κε
m ≥ . . . ≥ 0.

º¼»SÀ
P ε

p : L2(Γe) →
½ßÊLÇ8Á {vε

1, . . . , v
ε
p}
Ø

p = 1, 2, . . . ,
Õ�»9À�Û�»]¿�ÅÑÀ�Û�¿�ÐË¿�Á�ÇËä�ÊLÅ�¿8åI»ËÚ�À�¿�Å

P ε
p =

∑p
q=1 v

ε
q ⊗ vε

q.
��»ËÚ�Ç�ÂL½¡»Æ¿�Î

��Z�Ý��LÝ��1�Õ=/Û�»�Å�»£À�Û�»
O(ε1+α)

À�»�Å�¾ ÈÍ½YÕ�¿�ÂLÁ�ÏL»ËÏ³Õªþ
Cε1+α‖f‖L2(Γe)

Ø�½±À�Ç8Á�Ï�ÇËÅ�Ï
Ç8Å�ÐSÂL¾A»�Á�À�½'Î Å�¿�¾ ÊQ»�Å�ÀÑÂLÅ�Õ�Ç�ÀÑÈÉ¿�ÁYÀ�ÛL»8¿�Å¹þYÎI¿�Å�äêÈÍÁ�»�ÇËÅV¿�ÊQ»�Å�Ç�À�¿�Å�½VÐHÈçÓ�»^�ÍÇËÎ À�»�Å�ÇËÊQé
ÊLÅ�¿�ÊLÅÑÈÍÇ�À�»X»�Á�ÂL¾A»�Å�Ç�ÀÑÈÉ¿�Áî¿�Î

κε
p, p = 1, . . . , m

�
κε

p = κp +O(ε1+α)
ÎJ¿�Å

p = 1, 2, . . . ,
��Z�Ý��LÝ\Z
62�

47�



=XÛ�»�Å�»F=!»/Û�Ç�Ó�»�½¡»HÀ
κp = 0

ÎJ¿�Å
p > m

Ø�Ç8Á�Ï
P ε

p = Pm +O(εα)
ÎI¿�Å

p ≥ m.
��Z�Ý��LÝ\Z��	�

ð6¿
=pÈÍÁ_Ó�ÈÉ»�=>¿¼Î7��Z�Ý��LÝ\Z
62�¼À�Û�»�Á�ÂL¾:Õ�»�Å
m
¿�ÎªÈÍÁ�Ú�äêÂL½ÃÈÉ¿�Á�½�¾]Ç�þ�Õ�»V»�½±ÀÑÈÍ¾�Ç�À�»ËÏ

Õ¼þhäÉ¿�¿7�ªÈÍÁ�Ð£ÎJ¿�Å�ÇhÐHÇ8ÊvÈÍÁ�À�Û�»�½¡»HÀ/¿�Î�»�ÈÉÐ�»�Á�Ó�ÇËäêÂ�»�½=¿�Î
Λγ − Λ0

Ý �JÁ(¿�Å�ÏL»�ÅèÀ�¿
Å�»8Ú�¿�Ó�»�Å�À�Û�»�äÉ¿�Ú�Ç�ÀÑÈÉ¿�Á�½

zs, s = 1, . . . , m,
¿�Á�»�Ú�ÇËÁ#»�½±ÀÑÈÍ¾]Ç�À�»�Ø�ÂL½ÃÈÍÁ�Ð��·Z�Ý��LÝ\Z��	��Ø

À�Û�»
cot θp(z)

Õªþ

cot θp(z) =

∥∥∥P ε
m

(
∂

∂νx
G(·, z)

∣∣
Γe

)∥∥∥
L2(Γe)∥∥∥(I − P ε

m)
(

∂
∂νx
G(·, z)

∣∣
Γe

)∥∥∥
L2(Γe)

.
��Z�Ý��LÝ�Z
�2�

�KÎL¿�Á�»bÊ�äÉ¿ªÀ�½
cot θm(z)

ÇË½�Ç_ÎÉÂ�Á�Ú�ÀÑÈÉ¿�Á£¿¼Î
z
Ø1=!»�¾]Ç�þX½¡»8»bäÍÇËÅ�ÐË»VÓ¼ÇËäêÂQ»�½

cot θm(z)ÎI¿�Å
z
=XÛ�ÈÉÚ�Û]ÇËÅ�»YÚÑäÉ¿�½¡»�À�¿!À�ÛL»6äÉ¿�Ú�Ç�ÀÑÈÉ¿�Á�½

zs

Ý
d�Á�Ú�»�À�Û�»�äÉ¿�Ú�Ç�ÀÑÈÉ¿�Á�½

zs

Ç8Å�»�ÎI¿�ÂLÁ�Ï�Øw=!»�Ú�Ç8ÁY»�½±ÀÑÈÍ¾]Ç�À�»VÚ�¿�Å�Å�¿�½ÃÈÉ¿�Á_ÈÍ¾]ÊQ»8Ï�ÇËÁ�Ú�»
〈γ〉s

Ý d'ÂLÅ£ÊLÅ�¿�Ú�»8Ï�ÂLÅ�»�ÎI¿�Å]ÏL¿�ÈÍÁ�ÐîÀ�Û�ÈÍ½:ÈÍ½�À�Û�»³ÎJ¿�äêäÉ¿�=�ÈÍÁ�Ð�Ý�Ù¨»�àLÁ�»
us

Ø
s =

1, . . . , m
Ø�À�¿£Õ�»�À�ÛL»�½¡¿�äêÂ�ÀÑÈÉ¿�Á£À�¿





∆us = 0
ÈÍÁ

Ω,

∂us

∂ν
= 0

¿�Á
Γi,

us(x) =
∂

∂νx
G(x, zs) x ∈ Γe.

��Z�Ý��LÝ�Z
�2�

� ÀUÀ�Û�»�Á�ÎI¿¼äêäÉ¿�=/½�ÎÉÅ�¿�¾ ��Z�Ý��LÝ � �ZÇËÁ�Ïé��Z�Ý��LÝ\Z��1��À�Û�Ç�À

−
m∑

s=1

〈γ〉sus′(zs)
∂

∂νx
G(·, zs) ≈ (Λγ − Λ0)

(
∂

∂νx
G(·, zs′)

)

≈
m∑

p=1

κε
p

〈
vp,

∂

∂νx
G(·, zs′)

〉
vp.

��þ�ÈÍÁ�À�»ËÐ�Å�Ç�ÀÑÈÍÁ�Ð/Õ�¿ªÀ�Û=½ÃÈÉÏL»�½b¿�Î�À�ÛL»�ÇªÕ�¿�Ó�»�ÎI¿�Å�¾�Â�äÍÇXÇ�ÐHÇËÈÍÁ�½±À
vs′
Ø�=!»Y¿�Õ�À�ÇËÈÍÁ

−
m∑

s=1

us′(zs)

〈
vs′,

∂

∂νx

G(·, zs)

〉
〈γ〉s ≈ κε

s′

〈
vs′,

∂

∂νx

G(·, zs′)

〉
,

��Z�Ý��LÝ�82�2�
4[Z



ÎI¿�Å
s′ = 1, . . . , m

Ý�3�Û�»�Å�»HÎI¿�Å�»YÀ�Û�»/Ó�ÇËäêÂ�»�½X¿�Î 〈γ〉s Ø s = 1, . . . , m,
Ú�ÇËÁ�Õ�»�Ú�ÇËäÉé

ÚÑÂ�äÍÇ�À�»ËÏ Õªþ(½¡¿¼äçÓ�ÈÍÁ�ÐÆÇgäêÈÍÁ�»�Ç8Å9½�þ�½±À�»�¾
Ýøc�¿�Å/À�ÛL»A½ÃÈÍ¾]Ê�äÉ»�½±À�Ú�Ç8½¡»
m = 1

À�Û�»
ÎI¿�Å�¾�Â�äÍÇYÅ�»�Ç¼Ï�½

〈γ〉1 ≈ −
κε

1

u1(z1)
.

monbpSnqm r\sStvu�w�xEy{z-|~}#u-��s |��{�
3�Û�ÈÍ½_½¡»ËÚ�ÀÑÈÉ¿�ÁîÊLÅ�»�½¡»�Á�À�½�½¡¿�¾Æ»!Å�»�½ÃÂ�äÒÀ�½�¿�Î�Á�ÂL¾A»�Å�ÈÉÚ�ÇËäU»�Ì¼ÊQ»�ÅÑÈÍ¾A»�Á�À�½/¿¼Î�à�Á�Ï�ÈÍÁ�Ð
À�Û�»!ÈÍÁ�À�»�Å�Á�Ç�äUÚ�¿�Å�Å�¿�½ÃÈçÓ�»�ÊLÇ8Å�À�½�Ø

Is ⊂ R2
Ø
s = 1, 2, · · · , m Ø�Ç8Á�ÏîÈêäêäêÂL½±À�Å�Ç�À�»9À�ÛL»Ó�ÈÍÇªÕ�ÈêäêÈÒÀIþ³¿�Î�À�Û�» ñ ûèÞb�¤ÿ�éÑÀ¹þ�ÊQ»9ÇËäÉÐ�¿�Å�ÈÒÀ�Û�¾]½F=!»£Û�Ç�Ó�»:ÏL»�½ÃÈÉÐ�Á�»ËÏZÝ��JÁîÀ�ÛL»�ÎI¿�äÉé

äÉ¿�=�ÈÍÁ�Ð�Ø
U
ÇËÁ�Ï

D
ÈÍÁ

R2
Ç8Å�»bÇË½ß½ÃÂL¾A»ËÏ�À�¿/Õ�»�À�Û�»èÏ�ÈÍ½w��½�Ú�»�Á�À�»�Å�»8ÏYÇ�À

(0, 0)
=�ÈÒÀ�Û

Å�Ç�Ï�ÈêÈ
re

ÇËÁ�Ï
ri

Ø�Å�»�½ßÊQ»ËÚ�ÀÑÈçÓ�»HäçþZÝZ×�Á�Ï£äÉ»HÀ
Ω = U \D Ç8½bÕ�»�ÎJ¿�Å�»�Ý

a³»!À�Ç��¼»!À�Û�»ÆÙ�ÈÍÅ�ÈÉÚ�Û�äÉ»HÀÃéÑÀ�¿�é¡ð6»HÂL¾]ÇËÁ�Áv¾�Ç8Ê
Λγ − Λ0

¿�Á
Γe

ÇË½X¿�ÂLÅb¾A»�Ç¼é
½ÃÂLÅ�»�¾A»�Á�À�½!ÎI¿�Å�À�Û�»:Å�»ËÚ�¿�Á�½±À�Å�Â�Ú�ÀÑÈÉ¿�Á�ÝX3�¿
¿�Õ�À�Ç�ÈÍÁ
À�Û�ÈÍ½!½ÃÈÍ¾=Â�äÍÇ�ÀÑÈÉ¿�Á Ï�Ç�À�Ç�ØU=!»
½¡¿�äçÓ�»�Ï�ÈÍÅ�»8Ú�À_ÊLÅ�¿�Õ�äÉ»�¾]½G��Z�Ý\Z�Ý�4b�'Ç8Á�Ïè��Z�Ý\Z�Ý��1�UÎI¿�Å

f(x) = ∂G
∂νx

(x, y)
ÎI¿�Å

x ∈ ΓeÇ8Á�Ï
y ∈ Γi

Ý�3�Û�ÈÍ½ZÈÍ½�ÏL¿�Á�»�Õªþ6½¡¿¼äçÓ�ÈÍÁ�Ð�ÈÍÁ�À�»8ÐHÅ�ÇËä�»Ëë�ÂLÇ�ÀÑÈÉ¿�Á�½e��Z�Ý � Ý\Z_��Ç8Á�ÏG��Z�Ý � Ý�4b�ÃÝ
º¼»SÀ�ÂL½�Õ�ÅÑÈÉ»1ñ�þY»�Ì¼Ê�äÍÇËÈÍÁ9Û�¿
=�=!»�Ú�¿�¾]Ê�Â�À�» ∂G

∂νx
(x, y)

Ý�º¼»SÀ
G̃
Õ�»�À�ÛL»èý�Å�»Ë»�Á�âã½

ÎÉÂ�Á�Ú�ÀÑÈÉ¿�Á£ÎI¿�Å
U
Ø�À�Û�Ç�À�ÈÍ½�Ø�ÎJ¿�Å�»�Ç¼Ú�Û

x ∈ U Ø G̃(x, y)
ÈÍ½�À�Û�»�½¡¿�äêÂ�ÀÑÈÉ¿�Á£À�¿






∆yG̃ = 0
ÈÍÁ
U,

∂

∂νy
G̃(x, y) = 0

¿�Á
Γe.

��Z�Ý��LÝ�8�Z_�

Þ�ÈÍÁ�Ú�»
U
ÈÍ½�Ç=Ï�ÈÍ½w��ØL¿�Á�»9Ú�Ç8ÁgÚ�¿�¾�Ê�Â�À�»

G̃(x, y)
»�Ì¼Ê�äêÈÉÚ�ÈÒÀÑäçþZÝha�»�À�Û�»�ÁhÚ�¿�¾]Ê�Â�À�»

∂G
∂νx

(x, y)
Õ¼þ�½¡¿�äçÓ�ÈÍÁ�Ð���Z�Ý��LÝ�8b81��ÈÍÁ�À�Û�»6ÎJ¿�äêäÉ¿�=�ÈÍÁ�Ð_äÉ»�¾]¾]Ç�Ý

& t_�5���^r('·�)'·��6 õ¼ù'¶8öLú
x ∈ Γe

¶ªö-(
y ∈ Γi

lÀ�k���
Gy(x) := G(x, y)

¶ªö-(
G̃y(x) =

G̃(x, y)
o 7 jÝ��öO�kj-��]¹õ
���IõU.V¸Éö��)jQõ
�k(b� V

(
I + 2K∗

Γe
− 4

∂SΓi

∂νe

∂SΓe

∂νi

)[
∂Gy

∂νe

]
(x) = 2

∂G̃y

∂νe
(x), x ∈ Γe,

��Z�Ý��LÝ�8b81�
./j-��ùi�

νe

¶ªö-(
νi

(H��öQõ��E��öQõ¼ù�ó:¶`��,2��
��¤õ¼ùE��õ�ö
Γi

¶8ö-(
Γe

l�ùi�	�P%'��
�� ¸E,
���KúHo
4H8



.�ù±õ�õ�] Ý Þ�ÈÍ¾�ÈêäÍÇ8ÅÑäçþ=À�¿+�·Z�Ý � Ý\Z_��Ø¼ÈÒÀ�ÈÍ½è»�ÇË½Ñþ�À�¿£ÊLÅ�¿ËÓ�»_À�Û�Ç�À
(Gz − G̃z)(x) = −SΓe [Gz − G̃z](x) + SΓi

[ψ](x), x ∈ Ω,

=XÛ�»�Å�»�À�Û�»XÏL»�Á�½ÃÈÒÀIþ
ψ
ÈÍ½èÐSÈçÓ�»�Á:Õ¼þ

ψ = −2
∂G̃z

∂ν
+ 2

∂SΓe

∂νi

[
∂(Gz − G̃z)

∂νe

]
,

¿�Á
Γi.

Þ�ÈÍÁ�Ú�»
G̃y(x) + SΓe [

∂ eGy

∂ν
](x) = −Φ(x, y)

ÎI¿�Å
x ∈ U =XÛ�ÈÉÚ�Û�=�Ç8½�ÊLÅ�¿ËÓ�»8Ï�ÈÍÁ�î � ïªØ

��Z�Ý��LÝ�8b81��ÎI¿¼äêäÉ¿�=/½8Ý
�

c�¿�Å�Ú�¿�¾]Ê�Â�À�Ç�ÀÑÈÉ¿�Á�Ø�=!»YÏ�ÈÍ½¡ÚÑÅ�»HÀÑÈ&@ß»
Γe

Ç8Á�Ï
Γi

ÐSÈçÓ�»�ÁÆÕ¼þ
Γe = {re(cos θn, sin θn)|θn = 2π(n− 1)/N, n = 0, 1, . . . , N − 1}

Ç8Á�Ï
Γi = {ri(cos θn, sin θn)|θn = 2π(n− 1)/N, n = 0, 1, . . . , N − 1},

=�ÈÒÀ�Û
N = 256

ÝÈ��Â�À
xn := re(cos θn, sin θn)

Ç8Á�Ï
yn := ri(cos θn, sin θn)

ÎI¿�Å
n =

0, 2, . . . , 255
ÝÒa³»�À�Û�»�Á�Ú�¿�¾�Ê�Â�À�»

256×256
¾]Ç�À�ÅÑÈÉÚ�»�½

(Λγ−Λ0)(
∂G
∂ν

)
ÇËÁ�Ï

T (∂G
∂ν

)=XÛ�»�Å�»
(Λγ − Λ0)(

∂G
∂ν

)
ÏL»�Á�¿ªÀ�»�½

((Λγ − Λ0)(
∂G
∂νx

(·, ym))(xn))256
m,n=1

ÇËÁ�Ï
T (∂G

∂ν
)
ÈÍ½

ÏL»�à�Á�»8Ï³äêÈ��¼»�=�ÈÍ½¡»�Ýèa³»=À�Û�»�Á Ú�¿�¾]Ê�Â�À�»]À�Û�»�½ÃÈÍÁ�ÐSÂ�äÍÇ8Å_Ó¼ÇËäêÂQ»îÏL»8Ú�¿�¾]ÊQ¿�½ÃÈÒÀÑÈÉ¿�Á
� ÞHübÙÕ�U¿�Î�À�Û�»�½¡»_À>=!¿�¾�Ç�À�ÅÑÈÉÚ�»�½8Ý

cªÈÉÐSÂLÅ�»�Z�Ý\ZYÈÍ½�À�Û�»�ÞHübÙ ¿�Î
Λγ − Λ0

Ç8Á�Ï
T
=XÛ�»�ÁAÀ�Û�»�Å�»YÇ8Å�»XÀ>=!¿=ÈÍÁ�À�»�Å�Á�Ç�ä

Ú�¿�Å�Å�¿�½ÃÈÉ¿�Á�Ýe� À�½%Û�¿�=�½�À�Û�Ç�ÀZÀ�Û�»6ÞHübÙ3¿�Î
T
»�Ì�Û�ÈÖÕ�ÈÒÀ�½�À�ÛL»6ÚÑäÉ»�ÇËÅ'Ï�Å�¿�Ê�¿�Î�À�Û�»è½ÃÈÍÁ�é

ÐSÂ�äÍÇ8Å�Ó�ÇËäêÂ�»�½�ÇËÎÖÀ�»�ÅZÀ>=!¿/½ÃÈÉÐHÁ�ÈêàQÚ�Ç8Á�À�¿�Á�»�½�Ø�ÎÉÅ�¿�¾ü=XÛ�ÈÉÚ�Û^=Y»�Ú�ÇËÁ�Ú�¿�Á�ÚÑäêÂQÏL»bÀ�Û�Ç�À
À�Û�»�Å�»]ÇËÅ�»£À>=!¿�Ú�¿�Å�Å�¿�½ÃÈçÓ�»�ÊLÇ8Å�À�½8Ý�d�Á³À�Û�»Æ¿¼À�ÛL»�Å6Û�ÇËÁ�ÏîÀ�Û�»ÆÞHü�ÙC¿�Î

Λγ − Λ0ÏL¿�»�½èÁ�¿ªÀ¨Û�Ç�Ó�»XÀ�Û�ÈÍ½�Ú�äÉ»�Ç8Å_Ï�Å�¿�Êh¿�Î�À�ÛL»!½ÃÈÍÁ�ÐHÂ�äÍÇËÅ�Ó�ÇËäêÂ�»�½8Ý^� À¨Û�Ç�Ó�»!¾]ÇËÁ�þÆÇ¼ÏLé
Ï�ÈÒÀÑÈÉ¿�Á�Ç�ä�½ÃÈÉÐ�Á�ÈêàQÚ�ÇËÁ�À�½ÃÈÍÁ�ÐHÂ�äÍÇ8ÅUÓ�ÇËäêÂ�»�½8Ý<3QÛ�ÈÍ½VÈÍ½èÏ�ÂQ»6À�¿YÀ�Û�»

O(ε2)
Ï�ÈÍ½¡Ú�Å�»�ÊLÇ8Á�ÚIþ

Õ�»HÀ>=Y»8»�Á
Λγ−Λ0

ÇËÁ�Ï
T
Ýe� À�¾A»�ÇËÁ�½UÀ�Û�Ç�ÀÒ=Y»_Ú�Ç8Á!Á�¿ªÀ�ÏL»HÀ�»�Å�¾�ÈÍÁ�»VÀ�ÛL»bÁ�ÂL¾]Õ�»�Å

¿�Î�Ú�¿�Å�Å�¿�½ÃÈçÓ�»£ÊLÇ8Å�À�½6ÂL½ÃÈÍÁ�Ð!À�Û�»£½ÃÈÍÁ�ÐSÂ�äÍÇ8ÅbÓ�ÇËäêÂ�»�½!¿�Î
Λγ − Λ0

ÝAÔY¿�=!»%Ó�»�ÅSØQÀ�Û�ÈÍ½
Ï�ÈêÄhÚÑÂ�äÒÀIþ:Ú�ÇËÁÆÕ�»Y»�Ç8½ÃÈêäçþ�Å�»�¾A»ËÏ�ÈÉ»8ÏZÝ

4 �
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cªÈÉÐSÂLÅ�»�Z�Ý\Z�W���ÈÍÊQ»A=�ÈÒÀ�ÛAÀ>=!¿]ÈÍÁ�À�»�Å�Á�ÇËä�Ú�¿�Å�Å�¿�½ÃÈçÓ�»�ÊLÇ8Å�À�½_Ç8Á�Ï³ÞHübÙ ¿�Î
Λγ − Λ0Ç8Á�Ï

T
Ý

º¼»SÀ
λ1 ≥ λ2 ≥ · · ·

Õ�»_À�Û�»6½ÃÈÍÁ�ÐSÂ�äÍÇ8ÅUÓ�Ç�äêÂQ»�½_¿�Î
Λγ − Λ0

Ý�ûV½ÃÈÍÁ�Ð�À�Û�»6à�Å�½±À
m½ÃÈÍÁ�ÐSÂ�äÍÇ8ÅUÓ�Ç�äêÂQ»�½�Ø�=!»!Ú�¿�¾]Ê�Â�À�»�À�Û�»6¾�ÈÍÁ�ÈÍ¾]Ç�ä�Ó¼ÇËäêÂQ»�½è¿�Î

cot−1 L
=XÛ�»�Å�»

L :=
‖Pm(∂G(·,zs)

∂ν
)‖L2(Γe)

‖(I − Pm)(∂G(·,zs)
∂ν

)‖L2(Γe)

.
��Z�Ý��LÝ�8 � �

a�»AÏL¿ÆÀ�Û�ÈÍ½XÊLÅ�¿�Ú�»�½ß½�ÈÒÀ�»�Å�Ç�ÀÑÈçÓ�»�äçþ
½±À�Ç8Å�ÀÑÈÍÁ�Ð!À�Û�»=äÍÇËÅ�ÐË»�½±À�½ÃÈÍÁ�ÐSÂ�äÍÇËÅèÓ�ÇËäêÂ�»�Ý�3�Û�»
ÈÒÀ�»�Å�Ç�ÀÑÈÉ¿�Á�½±À�¿�ÊL½�ÈêÎ�À�Û�»6¾�ÈÍÁ�ÈÍ¾]Ç�ä�Ó�Ç�äêÂQ»!¿�Î

cot−1 L
½±À�ÇªÕ�ÈêäêÈ&@ß»�½8Ý

��� �2�5����t¡r ÝC�JÁAÀ�Û�ÈÍ½X»�ÌËÇ8¾]Ê�äÉ»�Ø�À�Û�»£¿�Â�À�»�ÅbÅ�Ç�Ï�ÈêÂL½
re = 1

ÇËÁ�Ï:À�Û�»!ÈÍÁ�Á�»�Å�¿�Á�»
ri = 0.8

ÇËÁ�ÏAÀ�Û�»�Å�»�Ç8Å�»9À>=!¿hÚ�¿�Å�Å�¿�½ÃÈçÓ�»�ÊLÇ8Å�À�½8Ý�cªÈÉÐSÂLÅ�»éZ�Ý\Z=½%Û�¿�=/½�À�Û�»�äÉ¿�Ú�Ç�é
ÀÑÈÉ¿�Á�½è¿¼ÎQÀ�Û�»!Ú�¿�Å�Å�¿�½ÃÈÉ¿�Á=Ç8Á�Ï£À�Û�»!ÞSü�Ù;¿�Î

Λγ − Λ0

Ç8Á�Ï
T
ÝSc8ÈÉÐHÂLÅ�»CZ�Ý�8!ÚÑäÉ»�Ç8ÅÑäçþ

½%Û�¿�=�½�À�Û�Ç�À£=XÛL»�Å�»bÀ�Û�»�Å�»�Ç8Å�»bÀ>=!¿YÚ�¿�Å�Å�¿�½ÃÈçÓ�»bÊLÇ8Å�À�½�Ø�À�Û�»�¾�ÈÍÁ�ÈÍ¾�ÂL¾�¿¼Î
cot−1 L½±À�Ç8Õ�ÈêäêÈ&@ß»�½�ÇËÎÖÀ�»�Å�À>=!¿�ÈÒÀ�»�Å�Ç�ÀÑÈÉ¿�Á�ØËÎÉÅ�¿�¾ð=XÛ�ÈÉÚ�ÛG=!»_Ú�Ç8Á�Ú�¿�Á�ÚÑäêÂQÏL»bÀ�Û�Ç�À�À�Û�»�Å�»bÇ8Å�»

À>=!¿
Ú�¿�Å�Å�¿�½ÃÈçÓ�»�ÊLÇ8Å�À�½8Ý�3QÛL»:¾�ÈÍÁ�ÈÍ¾]ÇËä'ÊQ¿�ÈÍÁ�À�½�¿�Î
cot−1 L

ÈÍ½XÀ�Û�»�äÉ¿�Ú�Ç�ÀÑÈÉ¿�Á�½£¿�Î
À�Û�»9Ú�¿�Å�Å�¿�½ÃÈçÓ�»XÊLÇËÅÑÀ�½8Ý���þ:½¡¿¼äçÓ�ÈÍÁ�ÐA��Z�Ý��LÝ�82�2��Ø�=!»�Ú�¿�¾]Ê�Â�À�»XÀ�ÛL»/ÈÍ¾]ÊQ»8Ï�ÇËÁ�Ú�»=¿�Î
À�Û�»îÚ�¿�Å�Å�¿�½ÃÈÉ¿�Á£W 〈γ〉c1 = 0.3846, 〈γ〉c2 = 0.1660

Ým3�Û�»:Ç�Ú�ÀÑÂLÇ�ä�ÈÍ¾]ÊQ»8Ï�ÇËÁ�Ú�»ÆÇ8Å�»
〈γ〉1 = 0.3927, 〈γ〉2 = 0.1767

Ý
��� �2�5����tO� Ý��JÁgÀ�Û�ÈÍ½Y»�Ì8ÇË¾]Ê�äÉ»5=!»]Ú�¿�Á�½ÃÈÉÏL»�ÅèÀ�Û�»:Ú�Ç8½¡»C=XÛ�»�Å�»�À�Û�»�Å�»=ÇËÅ�»£à�Ó�»
Ú�¿�Å�Å�¿�½ÃÈçÓ�»�ÊLÇËÅÑÀ�½8ÝG3QÛL»�Ç�Ú�ÀÑÂLÇËä�Ï�Ç�À�ÇÆ¿�ÎZÀ�Û�»]Ú�¿�Á�àQÐSÂLÅ�Ç�ÀÑÈÉ¿�ÁhÈÍ½�½ÃÂL¾]¾]ÇËÅ�È&@ß»ËÏAÈÍÁ
À�Û�»�À�¿�ÊXÀ�ÇªÕ�äÉ»è¿�Î�3�ÇªÕ�äÉ»�Z�Ý�Z�Ý£3�Û�»bÁ�Â�¾:Õ�»�ÅÑÈÍÁ�Ð�¿�Î�À�ÛL»_Ú�¿�Å�Å�¿�½ÃÈçÓ�»bÊLÇËÅÑÀ�½�ÈÍ½�ÐSÈçÓ�»�Á
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iteration=2
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iteration=3

3�Û�»/Å�»�½ÃÂ�äÒÀ�½�ÎI¿�Å�ÈÒÀ�»�Å�Ç�ÀÑÈÉ¿�ÁÈÒÀ�»�Å�Ç�ÀÑÈÉ¿�ÁÝ�
k
�

m ak |ak − ak+1| zc
s |zs − zc

s|Z Z �QÝ���Z���� � éi�QÝ�6����2�LØ��QÝ�4H82�b�2�
8 8 �QÝ���Z��	4 8LÝ����	476�»8éi�b�b� � éi�QÝ�6����2�LØ��QÝ�4H82�b�2� �

�QÝ��7�14À� 6QÝ���Z��`��»8éi��Z�8 � éi�QÝ � �2����Ø�éi�QÝ��
Z_4762� �
� 8 �QÝ���Z��	4 �QÝ��	47�24�»8éi��Z�8 � éi�QÝ�6����2�LØ��QÝ�4H82�b�2� �

�QÝ��7�14À� 8LÝ�6b��Z
6�»8éi�b�b� � éi�QÝ � �2����Ø�éi�QÝ��
Z_4762� �
cªÈÉÐSÂLÅ�»¡Z�Ý�87We3�Û�»XÀ�¿�ÊÆàQÐSÂLÅ�»Y½%Û�¿�=/½

cot−1 L
¿�Ág»�Ç�Ú�ÛAÈÒÀ�»�Å�Ç�ÀÑÈÉ¿�Á�ÝF3�Û�»Y½¡»ËÚ�¿�Á�Ï

äêÈÍÁ�»9¿�ÎQàQÐSÂLÅ�»�½b½%Û�¿�=
(Λγ − Λ0)(

∂G
∂ν

)
Ø
T (∂G

∂ν
)
Ø�ÇËÁ�Ï

(Λγ − Λ0 − T )(∂G
∂ν

)
Ý?�JÁ�À�Û�»

À�Ç8Õ�äÉ»�Ø
m
ÈÍ½�À�Û�»�Á�ÂL¾:Õ�»�ÅZ¿�Î¼Ú�¿�¾]Ê�Â�À�»ËÏ�Ú�¿�Å�Å�¿�½ÃÈçÓ�»�ÊLÇËÅÑÀ�½�Ø
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Ú�Û�ÇËÅ�Ç�Ú�À�»�ÅÑÈÍ½±ÀÑÈÉÚ�½8Ý

�JÁô¿�Å�ÏL»�Å6À�¿³Å�»8Ï�ÂQÚ�»�Ú�¿�¾]Ê�äêÈÉÚ�Ç�À�»ËÏ3ÏL»�ÅÑÈçÓ�Ç�ÀÑÈÉ¿�ÁtÈÍÁ(À�Û�»AÇËÁ�ÇËäçþ�ÀÑÈÉÚY¾A»SÀ�Û�¿�Ï�Ø
ÇA½ÃÈÍ¾]Ê�äÉ»:À>=!¿�éßÏ�ÈÍ¾Æ»�Á�½ÃÈÉ¿�Á�ÇËä�¾A¿�ÏL»HäUÈÍ½9Ç�ÏL¿�Ê�À�»8ÏgÈÍÁvÀ�Û�ÈÍ½^=Y¿�Åi�ÆÀ�¿�ÈÍÁ�Ó�»�Å�½¡»Häçþ
ÏL»HÀ�»�Å�¾�ÈÍÁ�»�À�Û�»èÚ�¿�Å�Å�¿�½ÃÈçÓ�»VÊLÇ8Å�À�½�Î Å�¿�¾ À�Û�»VÅ�»�½¡¿�Á�ÇËÁ�Ú�»bÎ Å�»Ëë�ÂQ»�Á�Ú�ÈÉ»�½�Ç8Á�Ï/¾A¿�ÏL»
½%Û�ÇËÊQ»�½8Ý

�JÁ�À�Û�ÈÍ½È=!¿�ÅP��Øb=!»6ÎI¿�äêäÉ¿�= Ç8Á:Ç8½�þ�¾]Ê�À�¿ªÀÑÈÉÚ'ÎI¿�Å�¾]ÇËäêÈÍ½ß¾gØ�ÈÍÁ:¾�ÂQÚ�Û]À�ÛL»/½ßÇ8¾A»
��Z



½ßÊ�ÈÍÅÑÈÒÀ!ÇË½£À�Û�»�=!¿�ÅP�
ÈÍÁüîE��ïÆÇËÁ�Ï Å�»ËÚ�»�Á�À!À�»�Ì8ÀXîp4�ï�Ý�Þª»8»gÇËäÍ½¡¿òî¦8b8�ØÕZ���Ø � �`ï�Ý
a�»�ÏL»�ÅÑÈçÓ�»¨Ç8½Ñþ�¾�Ê�À�¿¼ÀÑÈÉÚ�ÎJ¿�Å�¾=Â�äÍÇ�»VÎI¿�Å�À�Û�»è»10�»ËÚ�À�½�¿�Î�Ú�¿�Å�Å�¿�½ÃÈÉ¿�Á�¿�Á!Å�»�½¡¿�Á�ÇËÁ�Ú�»
Î Å�»Ëë�ÂQ»�Á�ÚÑÈÉ»�½:ÇËÁ�Ïô¾A¿�ÏL»�½%Û�Ç8ÊQ»�½8Ý �L¿�=!»�Å�Î Â�ä�À�»8Ú�Û�Á�ÈÉë�ÂQ»�½:Î Å�¿�¾ À�Û�»hÀ�Û�»8¿�Å¹þ
¿�Î�¾Æ»�Å�¿�¾A¿�Å�Ê�Û�ÈÉÚ/¿�ÊQ»�Å�Ç�À�¿�Åßé�Ó¼ÇËäêÂQ»ËÏgÎ ÂLÁ�Ú�ÀÑÈÉ¿�Á�½XÇËÁ�Ï³ÇË½Ñþ�¾]Ê�À�¿¼ÀÑÈÉÚ6ÇËÁ�ÇËäçþ�½ÃÈÍ½9¿�Î
ÈÍÁ�À�»8ÐHÅ�ÇËä���»�Å�Á�»�äÍ½_ÇËÅ�»�Ú�¿�¾]Õ�ÈÍÁ�»8ÏÆÎJ¿�Å'À�ÛL»�ÈÍÅ¨ÅÑÈÉÐË¿�Å�¿¼ÂL½bÊLÅ�¿�¿�Î�Ý���ÇË½¡»8ÏA¿�Á:À�Û�»�½¡»
ÎI¿�Å�¾�Â�äÍÇ�»é=!»�ÏL»�½ÃÈÉÐ�Á Ç�½ÃÈÍ¾]Ê�äÉ»h¾A»SÀ�Û�¿�ÏvÎI¿�Å/äÉ¿�Ú�ÇËäêÈ&@�ÈÍÁ�ÐÆÀ�Û�»�Ú�¿�Å�Å�¿�½ÃÈÉ¿�Á#Ç8Á�Ï
»�½±ÀÑÈÍ¾�Ç�ÀÑÈÍÁ�Ð_ÈÒÀ�½è»�Ì8À�»�Á�À�Ý

V�»HäÍÇ�À�»ËÏ�=Y¿�Åi�¼½�¾�Ç�þ�Õ�»�ÎJ¿�ÂLÁ�ÏbÈÍÁ�î � ��ïUÇËÁ�ÏbÀ�Û�»�Å�»HÎI»�Å�»�Á�Ú�»�½�À�Û�»�Å�»HÈÍÁ�Ý�Ù'ÈêÄhé
ÚÑÂ�äÒÀÑÈÉ»�½'¿�Î¼À�Û�ÈÍ½�ÈÍÁ�Ó�»�Å�½¡»bÊLÅ�¿�Õ�äÉ»�¾eÅ�»�½ÃÂ�äÒÀ�Î Å�¿�¾ ÈÒÀ�½�ÈÍÁLÛ�»�Å�»�Á�À�ÈêäêäÉé�ÊQ¿�½¡»8Ï�Á�»�½ß½UÇ8Á�Ï
Á�¿�Á�äêÈÍÁ�»�ÇËÅ�ÈÒÀIþZÝ ñ Ç8Á�þ�Ç�Â�À�Û�¿�Å�½XÛ�Ç�Ó�»�ÊLÅ�¿�ÊQ¿�½¡»8Ï:Ó¼Ç8ÅÑÈÉ¿�ÂL½/Å�»8Ú�¿�Á�½±À�ÅÑÂQÚ�ÀÑÈÉ¿�Á�Ç�äÉé
Ð�¿�Å�ÈÒÀ�Û�¾]½�Ø�¾Æ¿�½±À�¿�Î�=XÛ�ÈÉÚ�ÛYÇ8Å�»bÕ�Ç8½¡»ËÏ!¿�Á�äÍÇªÕ�¿�ÅÑÈÉ¿�ÂL½�äÉ»�Ç8½±ÀÃé�½¡ë�ÂLÇËÅ�»¨Ç�äÉÐË¿�Å�ÈÒÀ�Û�¾�½
Ç8Á�Ï]ð�»�=�À�¿�Á�éÑÀIþ�ÊQ»¨ÈÒÀ�»�Å�Ç�ÀÑÈÉ¿�Á£½¡Ú�Û�»�¾A»�½8ÝÓ�JÁYÀ�Û�»�½¡»b¾A»HÀ�Û�¿�Ï�½�Ø�¿�Á�»�¾=ÂL½±À�¾]Ç���»
ÇAÐ�¿�¿�ÏAÈÍÁ�ÈÒÀÑÈÍÇ�ä'ÐSÂQ»�½ß½8ÝAaîÈÒÀ�Û�¿¼Â�À�ÇîÐË¿�¿�ÏÆÈÍÁ�ÈÒÀÑÈÍÇ�ä'ÐSÂQ»�½ß½�Ø�¿�Á�»£Á�»8»ËÏ�½�À�Å�»�¾A»�Á�é
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ð�Â�¾A»�ÅÑÈÉÚ�Ç�ä�»�Ì8ÇË¾]Ê�äÉ»�½�Ç8Å�»¨ÐSÈçÓ�»�Á�ÈÍÁ�À�Û�ÈÍ½�Ú�Û�Ç8Ê�À�»�Å�ÈÍÁ!¿�Å�ÏL»�ÅLÀ�¿�ÈêäêäêÂL½±À�Å�Ç�À�»�À�Û�»
¾]Ç�ÈÍÁhÎI»�Ç�ÀÑÂLÅ�»�½/¿�ÎU¿�ÂLÅ¨ÇËÊLÊLÅ�¿�Ç�Ú�ÛÆÎI¿�ÅbÕ�¿ªÀ�ÛAÇË½Ñþ�¾]Ê�À�¿¼ÀÑÈÉÚ�Ç�äêäçþ�»�Ì8Ç¼Ú�ÀbÇ8Á�ÏAÁ�¿�ÈÍ½�þ
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d'ÂLÅYÇËÊLÊLÅ�¿�Ç�Ú�Û(¾]Ç�þ#Õ�»gÚ�¿�Á�½ÃÈÉÏL»�Å�»ËÏtÇ8½�ÇgàLÅ�½±À/½±À�»�Ê(À�¿�=/ÇËÅ�Ï�½=ÏL»�½ÃÈÉÐHÁô¿�Î
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Â�äÒÀ�Å�ÇË½¡¿�Á�ÈÉÚVÐSÂ�ÈÉÏL»8ÏC=�Ç�Ó�»�½8Ý

����� 4Y^�d�5|\#"î)��Vd(�b�6\Ua��Ã^P�`$
3�¿�½¡»HÀ'ÂLÊî¿�ÂLÅ'ÈÍÁ�Ó�»�Å�½¡»!»�ÈÉÐ�»�Á�Ó�ÇËäêÂ�»9ÊLÅ�¿�Õ�äÉ»�¾ ¾]Ç�À�ÛL»�¾]Ç�ÀÑÈÉÚ�Ç�äêäçþ�Ø�=Y»9Ú�¿�Á�½ÃÈÉÏL»�Å
Ç�½ÃÈÍ¾]Ê�äçþ9Ú�¿�Á�Á�»8Ú�À�»8Ï9Õ�¿�ÂLÁ�ÏL»ËÏ C2

ÏL¿�¾]Ç�ÈÍÁ
U
ÈÍÁ

R2
Ø8ÇËÁ�ÏXÇ�½ÃÈÍ¾]Ê�äçþ�Ú�¿�Á�Á�»ËÚ�À�»ËÏ

C2
ÏL¿�¾]Ç�ÈÍÁ

D
Ú�¿�¾]ÊLÇ�Ú�ÀÑäçþ(Ú�¿�Á�À�Ç�ÈÍÁ�»8Ï³ÈÍÁ

U
Ývº¼»SÀ

Ω = U \ D Å�»�ÊLÅ�»�½¡»�Á�À_À�ÛL»
½ßÊQ»8Ú�ÈÍ¾A»�Á À�¿#Õ�»hÈÍÁ�½ßÊQ»8Ú�À�»8ÏZÝDa³»³ÏL»HàLÁ�»

Γe = ∂U
Ç8Á�Ï

Γi = ∂D
½¡¿
À�Û�Ç�À

∂Ω = Γi∪Γe

Ý�Þ�ÂLÊLÊQ¿�½¡»�À�Û�Ç�ÀLÀ�Û�»UÈÍÁ�Ç�Ú�Ú�»�½ß½ÃÈÖÕ�äÉ»V½ÃÂLÅ�ÎÉÇ�Ú�»
Γi

Ú�¿�Á�À�ÇËÈÍÁ�½ZÇ�Ú�¿�Å�Å�¿�½ÃÈçÓ�»
ÊLÇ8Å�À

I
ÝÒ3QÛL»'½ÃÂLÅÑÎ Ç�Ú�»�ÈÍ¾�ÊQ»8Ï�Ç8Á�Ú�»K�êÀ�Û�»�Ú�¿�Å�Å�¿�½ÃÈÉ¿�Á�Ú�¿�»�ÄhÚÑÈÉ»�Á�À!�L¿�Î

I
ÈÍ½�Ç�ÊQ¿�½ÃÈÒÀÑÈçÓ�»

Ú�¿�Á�½±À�ÇËÁ�À
γ
Ýõ3QÛL»gÏL¿�¾]Ç�ÈÍÁ

Ω
¾�Ç�þ(Õ�»hÚ�¿�Á�½ÃÈÉÏL»�Å�»8ÏtÇ8½9Ç
ÚÑÅ�¿�½ß½9½¡»8Ú�ÀÑÈÉ¿�Á+¿�ÎVÇ

Ê�ÈÍÊQ»=ÈÍÁ�½ÃÈÉÏL»5=XÛ�ÈÉÚ�Û�À�Û�»�Å�»=ÈÍ½XÇgÚ�¿�Å�Å�¿�½ÃÈçÓ�»=ÊLÇËÅÑÀ�Ý+a³»]Ç8½ß½ÃÂ�¾A»£À�Û�Ç�À�À�Û�»Æ¿�Á�»Ëé
Ï�ÈÍ¾A»�Á�½ÃÈÉ¿�Á�Ç�ä�Ô�Ç�ÂL½¡ÏL¿�Å¦0h¾Æ»�Ç8½ÃÂ�Å�» |I| ¿�Î I ÈÍ½¨½ß¾]ÇËäêäQÇ8Á�Ï:ÏL»�Á�¿¼À�»�ÈÒÀ�Õªþ ε Ýa³»èÁ�¿�=RÈÍÁ�À�Å�¿�Ï�Â�Ú�»bÀ�Û�»VÎI¿�äêäÉ¿
=�ÈÍÁ�Ð¨Î ÂLÁ�Ú�ÀÑÈÉ¿�Á�ÇËä�½ßÊLÇ�Ú�»�½8Ý�ºª»HÀ

H1(Ω)
ÏL»�Á�¿¼À�»

À�Û�»=½¡»SÀ/¿�Î�Î ÂLÁ�Ú�ÀÑÈÉ¿�Á�½
w ∈ L2(Ω)

½ÃÂQÚ�ÛgÀ�Û�Ç�À ∇w ∈ L2(Ω)
Ý
º¼»SÀ

H1/2(Γe)
Õ�»

À�Û�»6½¡»HÀV¿�Î�À�Å�Ç�Ú�»�½è¿�Î�ÎÉÂ�Á�Ú�ÀÑÈÉ¿�Á�½VÈÍÁ
H1(U)

Ýhc8ÂLÅÑÀ�ÛL»�Å¡Ø�=!»YÏL»�àLÁ�»
H2(Ω)

Ç8½�À�Û�»
½ßÊLÇ�Ú�»�¿¼Î�Î ÂLÁ�Ú�ÀÑÈÉ¿�Á�½

u ∈ H1(Ω)
½ÃÂQÚ�ÛAÀ�Û�Ç�À

∂2u ∈ L2(Omega)
Ç8Á�ÏÆÀ�Û�»!½ßÊLÇ�Ú�»

H3/2(Ω)
ÇË½�À�Û�»�ÈÍÁ�À�»�Å�ÊQ¿�äÍÇ�ÀÑÈÉ¿�Á]½ßÊLÇ�Ú�»

[H1(Ω), H2(Ω)]1/2

Ý
3�Û�»_»HÈÉÐË»�Á�Ó�Ç�äêÂQ»_ÊLÅ�¿�Õ�äÉ»�¾CÈÍÁ/À�Û�»bÊLÅ�»�½¡»�Á�Ú�»�¿�ÎLÚ�¿�Å�Å�¿�½ÃÈÉ¿�Á�Ú�¿�Á�½ÃÈÍ½±À�½�¿¼Î�àLÁ�ÏLé

ÈÍÁ�Ð
ωε > 0

½ÃÂ�Ú�Û=À�Û�Ç�À�À�Û�»�Å�»X»�ÌªÈÍ½±À�½VÇXÁ�¿�Á�À�ÅÑÈçÓ�ÈÍÇËä�½¡¿�äêÂ�ÀÑÈÉ¿�Á
vε

À�¿




(∆ + ω2
ε )vε = 0

ÈÍÁ
Ω,

−∂vε

∂ν
+ γχ(I)vε = 0

¿�Á
Γi,

vε = 0
¿�Á

Γe,

∫
Ω
v2

ε = 1,

�Ø8LÝ�8LÝ�Z_�

=XÛ�»�Å�»
ν
ÈÍ½�À�Û�»b¿�Â�À>=/Ç8Å�Ï_ÂLÁ�ÈÒÀ�Á�¿�Å�¾]ÇËäËÀ�¿

D
ÇËÁ�Ï

χ(I)
ÏL»�Á�¿¼À�»�½�À�ÛL»�Ú�Û�Ç8Å�Ç¼Ú�À�»�Åßé

ÈÍ½±ÀÑÈÉÚ�ÎÉÂLÁ�Ú�ÀÑÈÉ¿�Áh¿�Á
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ν
ÏL»�àLÁ�»8Ï

¿�Áô»HÈÒÀ�Û�»�Å
Γi

¿�Å
Γe

ÈÍ½£Ç8½ß½ÃÂL¾Æ»8ÏvÀ�¿tÕ�»gÏ�ÈÍÅ�»ËÚ�À�»ËÏp¿�Â�À>=�Ç8Å�Ï³À�¿³À�ÛL»îÅ�»�äÉ»%Ó�ÇËÁ�À
ÏL¿�¾]Ç�ÈÍÁ

D
¿�Å
U
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Ω
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Ý
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� À�ÈÍ½£=Y»�äêä
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»�ÈÉÐ�»�Á�ÎÉÂLÁ�Ú�ÀÑÈÉ¿�Á�½F=XÛ�ÈÉÚ�Û�¾]Ç
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L2(Ω)
Ý�Þª»8»£ÎJ¿�Å

»�Ì8ÇË¾]Ê�äÉ»�î � ��ï�Ý£ºª»HÀ
ω0 > 0

Õ�»!ÎJ¿�Å¨½ÃÈÍ¾]Ê�äêÈÉÚÑÈÒÀIþîÇ�½ÃÈÍ¾]Ê�äÉ»=»�ÈÉÐ�»�Á�Ó¼ÇËäêÂQ»9ÎI¿�Å�À�Û�»
ÔY»�äÍ¾]Û�¿�äÒÀ!@è»Ëë�ÂLÇ�ÀÑÈÉ¿�Á]ÈÍÁ:À�ÛL»XÇªÕ�½¡»�Á�Ú�»�¿�Î�ÇËÁ�þÆÚ�¿�Å�Å�¿�½ÃÈÉ¿�Á�Ýèº¼»SÀ

v0

ÏL»�Á�¿ªÀ�»�À�Û�»
Ú�¿�Å�Å�»�½ßÊQ¿�Á�Ï�ÈÍÁ�Ð�»HÈÉÐË»�Á�ÎÉÂLÁ�Ú�ÀÑÈÉ¿�Á�Ø¼À�Û�Ç�À�ÈÍ½�Ø¼À�Û�»�½¡¿�äêÂ�ÀÑÈÉ¿�Á=À�¿





(∆ + ω2
0)v0 = 0

ÈÍÁ
Ω,

−∂v0

∂ν
= 0

¿�Á
Γi,

v0 = 0
¿�Á

Γe,

�Ø8LÝ�8LÝ�81�

½ÃÂQÚ�Û�À�Û�Ç�À ∫
Ω
v2
0 = 1

Ý
3�Û�»�ÇËÈÍ¾�¿�Î8À�Û�ÈÍ½£=!¿�ÅP��ÈÍ½�À�¿�ÏL»HÀ�»8Ú�À�À�Û�»bÚ�¿�Å�Å�¿�½ÃÈçÓ�»'ÊLÇËÅÑÀ

I
Ø�ÈÍÁ/ÊLÇ8Å�ÀÑÈÉÚÑÂ�äÍÇËÅSØHÈÒÀ�½

äÉ¿�Ú�Ç�ÀÑÈÉ¿�Á
z ∈ I ÇËÁ�Ï!ÈÒÀ�½b»�Ì8À�»�Á�Ï ε Ø8Î Å�¿�¾�Ó¼Ç8ÅÑÈÍÇ�ÀÑÈÉ¿�Á�½¨¿�Î�À�ÛL»è¾A¿�Ï�ÇËä�ÊLÇ8Å�ÇË¾A»HÀ�»�Å�½

(
ωε − ω0,

∂

∂ν
(vε − v0)

∣∣
Γe

)
.

�Ø8LÝ�8LÝ � �
a³»�½¡»8»`��ÇY½¡¿¼äêÂ�ÀÑÈÉ¿�ÁA¿�ÎU�Ø8LÝ�8LÝ\Z_�ZÎI¿�Å

ε
½ß¾�ÇËäêäIØ�ÎI¿�Å�=/Û�ÈÉÚ�Û

ωε → ω0

Ç8½
ε
Ð�¿�»�½

À�¿�@ß»�Å�¿�Ý/3�Û�»£»�Ì¼ÊLÇ8Á�½ÃÈÉ¿�Á�¿¼Î
ωε

¾�Â�½±À�Õ�»8ÐSÈÍÁ�=�ÈÒÀ�Û
ω0

Ø�Ç8Á�Ï:À�ÛL»£»�Ì¼ÊLÇËÁ�½ÃÈÉ¿�Ág¿�Î
vε

¾�ÂL½±À�Õ�»8ÐSÈÍÁ�=�ÈÒÀ�Û
v0

ó�½¡¿)=!»�=/Å�ÈÒÀ�»�W
ωε = ω0 + εω1 + ε2ω2 + . . . ,

vε = v0 + εv1 + ε2v2 + . . .
ÈÍÁ

Ω,

�Ø8LÝ�8LÝÐ4b�
=XÛ�»�Å�»

v1, v2, . . .
ÇËÁ�Ï

ω1, ω2, . . .
ÇËÅ�»�À�¿�Õ�»6ÎJ¿�ÂLÁ�ÏZÝ

ð6¿
= =!»£½ÃÂ�Õ�½±ÀÑÈÒÀÑÂ�À�»+�Ø8LÝ�8LÝ�4b��ÈÍÁ�À�¿ÆÀ�Û�»ÆÔY»HäÍ¾:Û�¿�äÒÀ!@6»8ë�Â�Ç�ÀÑÈÉ¿�Á �Ø8LÝ�8LÝ\Z_�'Ç8Á�Ï
»8ë�Â�Ç�À�»_À�»�Å�¾]½è¿¼ÎZ»�Ç�Ú�Û]ÊQ¿�=Y»�Å�ÈÍÁ

ε
Ý'3�Û�ÈÍ½�þ�ÈÉ»�äÉÏ�½_W





(∆ + ω2
0)v1 = −2ω0ω1v0

ÈÍÁ
Ω,

∂v1

∂ν
=

1

ε
χ(I)γv0

¿�Á
Γi,

v1 = 0
¿�Á

Γe.

�Ø8LÝ�8LÝ��1�

�14



d�Õ�½¡»�Å¹Ó�»£À�Û�Ç�À_½ÃÈÍÁ�Ú�» |I| = ε
Ø 1

ε
χ(I)

ÈÍ½9¿�Î�¿�Å�ÏL»�Å
1
ÝAÞ�ÈÍÁ�Ú�» ∫

Ω
v2

ε =
∫
Ω
v2
0

Ø-=!»
ÇËäÍ½¡¿£Û�Ç�Ó�»�Ç8Áî¿�ÅÑÀ�Û�¿�ÐË¿�Á�ÇËäêÈÒÀ¹þ=Ú�¿�Á�Ï�ÈÒÀÑÈÉ¿�ÁUW

∫

Ω

v1v0dx = 0.
�Ø8LÝ�8LÝ�62�

ñ Â�äÒÀÑÈÍÊ�äçþ�ÈÍÁ�Ð^�Ø8LÝ�8LÝ��1��Õ¼þ
v0

ÇËÁ�Ï£ÈÍÁ�À�»ËÐ�Å�Ç�ÀÑÈÍÁ�Ð6Õ¼þ=ÊLÇ8Å�À�½�þ�ÈÉ»�äÉÏ�½�À�Û�Ç�À

2ω0ω1 = −
∫

Ω

(∆ + ω2
0)v1 · v0dx

= −
∫

Γe

(
∂v1

∂ν
v0 − v1

∂v0

∂ν

)
+

∫

Γi

(
∂v1

∂ν
v0 − v1

∂v0

∂ν

)

=
γ

ε

∫

I

v2
0.

Þª¿=Î ÇËÅÓ=!»/ÎJ¿�Å�¾�ÇËäêäçþÆÏ�Å�¿ËÓ�»6À�Û�»/ÎJ¿�äêäÉ¿�=�ÈÍÁ�Ð_À�Û�»8¿�Å�»�¾�Ø�Ç9ÅÑÈÉÐË¿�Å�¿�ÂL½¨ÊLÅ�¿�¿�ÎZ¿�Î
=XÛ�ÈÉÚ�Û¡=�ÈêäêäQÕ�»YÐSÈçÓ�»�Á�Ç�À�À�Û�»X»�Á�Ï:¿�Î�À�Û�ÈÍ½¨ÊLÇËÊQ»�Å�Ý
�
��t2z��it`� �)'·�)'\r 7 j-��]¹õ
���IõU.V¸Éö��Y¶2�%úªó5%'�¹õ[� ¸k
h�%e`%�¶ªö7�Ã¸Iõ�ö�jQõ
�k(b� V

ωε = ω0 +
γ

2ω0

∫

I

v2
0 +O(ε2)

�Ø8LÝ�8LÝÏ�	�
¶2�
ε→ 0

o 6 ø8ù��kj-��ù�óhõ�ùi��l
vε = v0 +O(ε)

�Ø8LÝ�8LÝ��2�
./j-��ùi�

O(ε)
¸Ï�V¸Éö

H3/2(Ω)
öQõ�ù�ómo

����0 11�R��^P�`$�a�dL`���a��Ã^�� X ��aUc/^��
c�¿�Å

h ∈ H1/2(Γe)
½ÃÂQÚ�Û!À�Û�Ç�À ∫

Γe
h∂v0

∂ν
= 0

ØªäÉ»HÀ
wh ∈ H1(Ω)

Õ�»�À�Û�»_½¡¿�äêÂ�ÀÑÈÉ¿�Á9À�¿




(∆ + ω2
0)wh = 0

ÈÍÁ
Ω,

∂wh

∂ν
= 0

¿�Á
Γi,

wh = h
¿�Á

Γe.

�Ø8LÝ � Ý�Z_�

�b�



×'ÊLÊ�äçþ�ÈÍÁ�Ð/ý�Å�»8»�Á�âã½VÎI¿�Å�¾�Â�äÍÇ�Ø�=Y»!¿�Õ�À�Ç�ÈÍÁ

γ

∫

I

whvε =

∫

Γi

wh
∂vε

∂ν
=

∫

Γe

h
∂vε

∂ν
+ (ω2

ε − ω2
0)

∫

Ω

vεwh.
�Ø8LÝ � Ý�81�

Ù�ÈçÓ�ÈÉÏ�ÈÍÁ�Ð^�Ø8LÝ � Ý�81��Õ¼þ
ω2

ε − ω2
0

Ç8Á�Ï£ÂL½ÃÈÍÁ�ÐG�Ø8LÝ�8LÝ��	�Ò=!»�ÈÍÁ�Ï�ÂQÚ�»
∫

I

whvε

∫

I

v2
0

=
1

ω2
ε − ω2

0

∫

Γe

h
∂vε

∂ν
+

∫

Ω

vεwh +O(ε).
�Ø8LÝ � Ý � �

��þ��Ø8LÝ�8LÝ��2��Øb=!»�Û�Ç�Ó�»
∫

I

whvε =

∫

I

whv0 +O(ε2),
∫

Ω

vεwh =

∫

Ω

v0wh +O(ε).

3�Û�»�Å�»HÎI¿�Å�»�Ø
wh

v0

(z) ≈ 1

2ω0(ωε − ω0)

∫

Γe

∂vε

∂ν
h+

∫

Ω

v0wh.
�Ø8LÝ � ÝÐ4b�

3�Û�ÈÍ½9ÈÍ½�À�ÛL»O��»%þô¿�Õ�½¡»�Å¹Ó�Ç�ÀÑÈÉ¿�Á+¿�Á =/Û�ÈÉÚ�Ûp¿�ÂLÅ/Å�»8Ú�¿�Á�½±À�ÅÑÂQÚ�ÀÑÈÉ¿�Á#ÊLÅ�¿�Ú�»8Ï�Â�Å�»AÈÍ½
Õ�Ç8½¡»ËÏZÝ�Þ�ÈÍÁ�Ú�»Õ=!»�Ç8Å�»�ÈÍÁ�ÊQ¿�½ß½¡»�½ß½ÃÈÉ¿�ÁX¿�Î

ωε−ω0

Ç8Á�Ï ∂vε

∂ν
|Γe

ØSÀ�Û�»�Å�»8Ú�¿�Á�½±À�ÅÑÂQÚ�ÀÑÈÉ¿�Á
ÇËäÉÐ�¿�ÅÑÈÒÀ�Û�¾mÈÍ½�Ç8½�ÎJ¿�äêäÉ¿�=/½8Ý:º¼»HÀ

h = h1, h2, . . . , hn

ØÝ=XÛL»�Å�» {hi}ni=1

ÈÍ½/Ç�½¡»HÀ6¿�Î
n
ÈÍÁ�ÏL»�ÊQ»�Á�ÏL»�Á�À�ÎÉÂLÁ�Ú�ÀÑÈÉ¿�Á�½¨½ßÇ�ÀÑÈÍ½ÃÎÍþ�ÈÍÁ�Ð ∫

Γe
hi

∂v0

∂ν
= 0

ÎI¿�Å
i = 1, . . . , n

ÝSc�¿�Å�ÇËÁ�þ
y ∈ Γi

½ÃÂQÚ�Û9À�Û�Ç�À
v0(y) 6= 0

Ú�¿�¾]Ê�Â�À�»
(whi

/v0)(y)
ÝT3�Û�»�ÊQ¿�ÈÍÁ�À

z
Ú�Ç8Á:Õ�»_ÎI¿�Â�Á�Ï

Ç8½�À�ÛL»6ÂLÁ�ÈÉë�Â�»�ÊQ¿�ÈÍÁ�À'=XÛ�»�Å�»
whi

v0
(z) =

1

2ω0(ωε − ω0)

∫

Γe

∂vε

∂ν
hi +

∫

Ω

v0whi
, ∀ i = 1, . . . , n.

3�Û�»gåÉÂL½±ÀÑÈêàQÚ�Ç�ÀÑÈÉ¿�Á�¿�ÎX¿�Â�Å�¾A»SÀ�Û�¿�ÏpÈÍ½�ë�Â�ÈÒÀ�»v½ÃÈÍ¾]Ê�äÉ»tÇ8Á�Ï3Á�Ç�ÀÑÂLÅ�ÇËä�Ýmº¼»SÀ
〈, 〉 1

2
,− 1

2

ÏL»�Á�¿¼À�»bÀ�Û�»�Ï�ÂLÇËäêÈÒÀIþ9ÊLÇ�ÈÍÅ�Õ�»HÀ>=Y»8»�Á
H1/2(Γi)

Ç8Á�Ï
H−1/2(Γi)

Ý'd�Õ�½¡»�Å¹Ó�»
àLÅ�½±ÀUÀ�Û�Ç�À�À�Û�»�ÎI¿�äêäÉ¿�=6ÈÍÁ�Ð�ÏL»�Á�½ÃÈÒÀIþ=Å�»�½ÃÂ�äÒÀ�Û�¿¼äÉÏ�½8Ý
& t_�5���C�)'·�)'\r+* ] 〈v0, φ〉 = 0

lT�kj-��ö 〈wh, φ〉 = 0
]¤õ�ù�¶`���

h ∈ H1/2(Γe)
�Ëø�
#jé�kj�¶7�

∫
Γe
h∂v0

∂ν
= 0

¸Éó5%Ý�Í¸����F�kj�¶7�
φ = 0

o
�26



.�ù±õ�õ�] Ý c�¿�Å
φ ∈ H−1/2(Γi)

½ÃÂQÚ�Û£À�Û�Ç�À 〈v0, φ〉 = 0
Ø�äÉ»SÀ

uφ

Õ�»�À�ÛL»�½¡¿�äêÂ�ÀÑÈÉ¿�Á£À�¿




(∆ + ω2
0)uφ = 0

ÈÍÁ
Ω,

∂uφ

∂ν
= φ

¿�Á
Γi,

uφ = 0
¿�Á

Γe.

×'Á³ÈÍÁ�À�»8ÐHÅ�Ç�ÀÑÈÉ¿�ÁtÕ¼þ³ÊLÇËÅÑÀ�½X½%ÛL¿�=/½/À�Û�Ç�À ∫
Γe
h

∂uφ

∂ν
= 0

Ç8Á�Ï�À�Û�»�Å�»HÎI¿�Å�»�Ø�ÕªþgÀ�Û�»
ÂLÁ�ÈÉë�Â�»YÚ�¿�Á�ÀÑÈÍÁ�ÂLÇ�ÀÑÈÉ¿�Á�Ø

uφ = cv0

ÈÍÁ
Ω
Ø�ÎJ¿�Å�½¡¿�¾A»XÚ�¿�Á�½±À�Ç8Á�À

c
Ý<3�Û�Â�½�Ø

φ = 0
Ø�Ç8½

ÏL»�½ÃÈÍÅ�»ËÏZÝ
�Þ�ÂLÊLÊQ¿�½¡»�Á�¿�=�À�Û�Ç�À

wh

v0

(y) =
1

2ω0(ωε − ω0)

∫

Γe

∂vε

∂ν
h +

∫

Ω

v0wh,

ÎI¿�Å�Ç�äêä
h ∈ H1/2(Γe)

½ÃÂ�Ú�ÛAÀ�Û�Ç�À ∫
Γe
h∂v0

∂ν
= 0

Ý���þAÈÍÁ�À�»ËÐ�Å�Ç�ÀÑÈÍÁ�Ð�ÕªþîÊLÇ8Å�À�½6ÇËÁ�Ï
ÂL½ÃÈÍÁ�Ð�3�Û�»8¿�Å�»�¾ 8LÝ�8LÝ\Z�Ø�=Y»�½¡»8»_À�Û�Ç�À
∫

Γi

∂vε

∂ν
wh ≈ −εγv0(y)wh(y)

¿�Á
Γi, ∀ h ∈ H1/2(Γe)

½ÃÂQÚ�Û£À�Û�Ç�À ∫
Γe

h
∂v0

∂ν
= 0.

Ç8Á�Ï�À�Û�»�Å�»HÎI¿�Å�»�Ø�Õªþ9À�Û�»YÏL»�Á�½ÃÈÒÀ¹þ=Å�»�½ÃÂ�äÒÀ�ÈÍÁ�ºª»�¾]¾]Ç¡8LÝ � Ý\Z�Ø
∂vε

∂ν
≈ −εγv0(y)χ(Iy)

¿�Á
Γi,

=XÛ�»�Å�» |Iy| = ε
ÇËÁ�Ï

y ∈ Iy
Ø�Î Å�¿�¾ =XÛ�ÈÉÚ�Û��Ø8LÝ�8LÝ��1��þ�ÈÉ»HäÉÏ�½

y ≈ z
Ý)3�Û�ÈÍ½6½%Û�¿�=�½

À�Û�Ç�À�ÎI¿�Å
n
äÍÇ8Å�Ð�»Y»�Á�¿�ÂQÐ�Û

z
ÈÍ½VÂLÁ�ÈÉë�Â�»�äçþÆÏL»HÀ�»�Å�¾�ÈÍÁ�»8Ï�Õªþ:¿�ÂLÅ�ÇËäÉÐ�¿�ÅÑÈÒÀ�Û�¾vÝ

d�Á�Ú�»
z
ÈÍ½!ÏL»HÀ�»�Å�¾�ÈÍÁ�»8Ï�Ø�À�Û�»AÔ�Ç�ÂL½¡ÏL¿�Å¦0t¾Æ»�Ç8½ÃÂ�Å�»A¿¼Î�À�Û�»:Ú�¿�Å�Å�¿�½ÃÈçÓ�»£ÊLÇËÅÑÀ

Ú�Ç8ÁÆÕ�»Y»�½±ÀÑÈÍ¾]Ç�À�»8Ï�Õªþ
ε ≈ 2ω0(ω0 − ωε)

γv2
0(z)

.

ð�¿¼À�»�À�Û�Ç�À'=!»/Ú�ÇËÁ�Á�¿ªÀ'»�½±ÀÑÈÍ¾]Ç�À�»
ε
½¡»�ÊLÇ8Å�Ç�À�»Häçþ�Î Å�¿�¾

γ
ÝTa�»�Á�»8»8Ï!À�¿9Û�Ç�Ó�»6ÇËÁ

Ç_ÊLÅÑÈÉ¿�ÅT�¼Á�¿�=�äÉ»ËÏLÐË»è¿�ÎL¿�Á�»�¿�Î�À�ÛL»�½¡»VÀ>=Y¿�ÊLÇ8Å�ÇË¾A»HÀ�»�Å�½�ÈÍÁ=¿�Å�ÏL»�Å�À�¿!ÏL»SÀ�»�Å�¾�ÈÍÁ�»
À�Û�»X¿¼À�Û�»�Å�Ý

���



���JI B `F5���d-�N�Z\#"h11�!$�`�"Ka�$
3�Û�ÈÍ½6½¡»8Ú�ÀÑÈÉ¿�ÁgÊLÅ�»�½¡»�Á�À�½6Å�»�½ÃÂ�äÒÀ�½X¿¼ÎU½¡¿�¾A»9Á�ÂL¾A»�Å�ÈÉÚ�ÇËä�»�Ì¼ÊQ»�ÅÑÈÍ¾A»�Á�À�½6ÂL½ÃÈÍÁ�ÐXÀ�Û�»
Å�»8Ú�¿�Á�½±À�ÅÑÂQÚ�ÀÑÈÉ¿�Á�¾A»SÀ�Û�¿�Ï]¿�Î�À�Û�»6ÊLÅ�»¥Ó�ÈÉ¿¼ÂL½V½¡»8Ú�ÀÑÈÉ¿�Á�ÝÕ�JÁ£À�Û�»�ÎI¿�äêäÉ¿
=�ÈÍÁ�Ð¼Ø

U
Ç8Á�Ï

D
ÇËÅ�»XÇ8½ß½ÃÂL¾A»ËÏ£À�¿�Õ�»6À�Û�»YÏ�ÈÍ½w��½èÚ�»�Á�À�»�Å�»ËÏ:Ç�À�À�Û�»!¿�ÅÑÈÉÐHÈÍÁ

(0, 0)
Ø�Ç8Á�ÏÆ¿�Î�Å�Ç�Ï�ÈêÈ

re

Ç8Á�Ï
ri

Ø�Å�»�½ßÊQ»8Ú�ÀÑÈçÓ�»�äçþZÝTa�»/½¡»HÀ
Ω = U \D Ø�ÇË½bÕ�»�ÎI¿�Å�»�ÝcªÈÍÅ�½±ÀÈ=Y»Yà�Á�Ï]À�Û�»�»HÈÉÐË»�Á�Ó�Ç�äêÂQ»�ÇËÁ�Ïî»HÈÉÐË»�Á�Ó�»ËÚ�À�¿�ÅbÎJ¿�ÅK��8LÝ�8LÝ\Z_��Ç8Á�ÏO�Ø8LÝ�8LÝ�81�ÃÝ

c�¿�Å�Ú�¿�Á�Ó�»�Á�ÈÉ»�Á�Ú�»�ØZÂL½ÃÈÍÁ�Ð�ÊQ¿�äÍÇËÅ6Ú�¿�¿�Å�Ï�ÈÍÁ�Ç�À�»�½�ØÝ=!»£Å�»�=�Å�ÈÒÀ�»9À�Û�»]»Ëë�ÂLÇ�ÀÑÈÉ¿�Á�½�ÈÍÁ
À�Û�»�ÎI¿�äêäÉ¿�=6ÈÍÁ�ÐèÎI¿�Å�¾èW





(
∂2

∂r2
+

1

r

∂

∂r
+

1

r2

∂2

∂θ2
+ ω2

ε

)
vε = 0

ÈÍÁ
Ω := [0, 2π]× [ri, re],

−∂vε

∂r
+ γχ(I)vε = 0

¿�Á
Γi := [0, 2π]× {ri},

vε = 0
¿�Á

Γe := [0, 2π]× {re},
∫

Ω
vε

2 = 1,Ç8Á�Ï




(
∂2

∂r2
+

1

r

∂

∂r
+

1

r2

∂2

∂θ2
+ ω2

0

)
v0 = 0

ÈÍÁ
Ω,

−∂v0

∂r
= 0

¿�Á
Γi,

v0 = 0
¿�Á

Γe,

∫
Ω
v0

2 = 1.a�»b½¡¿�äçÓ�»VÀ�Û�»�½¡»_»8ë�Â�Ç�ÀÑÈÉ¿�Á�½�ÂL½ÃÈÍÁ�Ð�À�Û�»¨àLÁ�ÈÒÀ�»�Ï�È\0Z»�Å�»�Á�Ú�»�¾Æ»HÀ�Û�¿�ÏZÝU3�¿YÏL¿_À�Û�ÈÍ½�Ø
=!»XÏ�ÈÍ½¡Ú�Å�»HÀÑÈ&@ß»�À�ÛL»Y»8ë�Â�Ç�ÀÑÈÉ¿�Á�½¨Ç�À�À�Û�»�Á�¿�ÏL»6ÊQ¿¼ÈÍÁ�À�½�¿�Á

Ω
ÐHÈçÓ�»�ÁÆÕªþ

(θn, rm) =

(
2π
n− 1

N
, ri + (re − ri)

m

M + 1

)
,

ÎI¿�Å
n = 1, 2, · · · , N, Ç8Á�Ï m = 1, 2, · · · ,M,

=6ÈÒÀ�Û
N = 128,M = 16

Ý�û¨½ÃÈÍÁ�Ð¨À�Û�»
àLÅ�½±À/»�ÈÉÐ�»�Á�Ó¼ÇËäêÂQ»AÇËÁ�Ï(»HÈÉÐË»�Á�Ó�»ËÚ�À�¿�ÅYÚ�¿�¾]Ê�Â�À�»8Ï�Ø�=Y»:½¡¿�äçÓ�»��Ø8LÝ � Ý�Z_��ÂL½ÃÈÍÁ�Ð£À�Û�»
ÎI¿¼äêäÉ¿�=�ÈÍÁ�Ð

h
Ø

h(θ) = a0 + a1 sin θ + a2 sin 2θ + · · ·+ ak sin kθ, θ ∈ Γe,

�2�



ÎI¿�Å
k = 10

Ý
;�Ì8Ç8¾�Ê�äÉ»�½ÈZ�Ø�8�Ø � ½%Û�¿
=pÀ�Û�»¨Å�»�½ÃÂ�äÒÀ�½'¿�Î�Á�ÂL¾Æ»�ÅÑÈÉÚ�Ç�ä�»�Ì¼ÊQ»�Å�ÈÍ¾A»�Á�À�½�=�ÈÒÀ�Û6Ó¼Ç8ÅÃé

ÈÉ¿�ÂL½
γ
ÇËÁ�Ï�½¡¿�¾A»_Á�¿�ÈÍ½¡»_Ç�ÏLÏL»ËÏYÀ�¿XÀ�ÛL»/Ï�Ç�À�Ç�ÝT3QÛL»¥þ=ÚÑäÉ»�ÇËÅ�äçþ�ÏL»�¾A¿�Á�½±À�Å�Ç�À�»�À�Û�»

Ó�ÈÍÇªÕ�ÈêäêÈÒÀIþ:¿�Î�¿�ÂLÅ�Å�»8Ú�¿�Á�½±À�ÅÑÂQÚ�ÀÑÈÉ¿�Á�Ç8ÊLÊLÅ�¿�Ç¼Ú�Û�Ý

��� �2�5����tÕr ÝÒa�»�ÈÍ¾]Ê�äÉ»�¾A»�Á�À�À�Û�»�Å�»8Ú�¿�Á�½±À�ÅÑÂQÚ�ÀÑÈÉ¿�Áè¾A»HÀ�Û�¿�Ï�ÎI¿�Å�À>=!¿�éßÏ�ÈÍ¾A»�Á�½ÃÈÉ¿�Á�ÇËä
Ï�ÈÍ½w�¼½�ÂL½ÃÈÍÁ�Ð ñ Ç�ÀÑäÍÇªÕ�ÇËÁ�Ï�àLÁ�ÈÒÀ�»YÏ�È\0Z»�Å�»�Á�Ú�»6¾A»HÀ�ÛL¿�ÏZÝ

U
Ç8Á�Ï

D
Ç8Å�»_À�Û�»/Ï�ÈÍ½w��½

Ú�»�Á�À�»�Å�»8Ï
(0, 0)

¿�ÎªÅ�Ç�Ï�ÈêÈ
0.2

ÇËÁ�Ï
0.1

Ç8Á�Ï_À�Û�»bÚ�¿�Å�Å�¿�½ÃÈÉ¿�ÁXÚ�¿�»�ÄhÚÑÈÉ»�Á�À�ÈÍ½�½¡»HÀ�À�¿�Õ�»
8LÝK3�ÇªÕ�äÉ»¡8LÝ�89Ç8Á�ÏXcªÈÉÐSÂLÅ�»�8LÝ\Z9½ÃÂL¾�¾]Ç8ÅÑÈ&@ß»YÀ�Û�»�Ú�¿�¾]Ê�Â�À�Ç�ÀÑÈÉ¿�Á�ÇËä�Å�»�½ÃÂ�äÒÀ�½8Ý/3�Û�»
àLÅ�½±ÀZàQÐSÂLÅ�»�½%ÛL¿�=/½UÀ�Û�»bÇ¼Ú�ÀÑÂLÇ�ä�ÏL¿�¾�ÇËÈÍÁ)=XÛ�»�Å�»bÀ�Û�»bÅ�»ËÏ!ÊLÇËÅÑÀZÈÍ½UÀ�Û�»_Ú�¿�Å�Å�¿�½ÃÈÉ¿�Á�Ý
3�Û�»V½¡»8Ú�¿�Á�Ï/àQÐSÂLÅ�»¨ÈÍ½�À�Û�»_ÐHÅ�Ç8Ê�Û�ÈêÎ�À�Û�»VÎÉÂLÁ�Ú�ÀÑÈÉ¿�Á�Ç�ä

J
=XÛL¿�½¡»¨¾=ÈÍÁ�ÈÍ¾]ÇËä�ÊQ¿�ÈÍÁ�À�ÈÍ½

À�Û�»!ÏL»SÀ�»ËÚ�À�»ËÏAÚ�»�Á�À�»�Åb¿�Î�Ú�¿�Å�Å�¿�½ÃÈÉ¿�Á�Ý<3�Û�»�àQÐSÂLÅ�»�½¨ÈÍÁ�À�Û�»�Å�ÈÉÐ�Û�ÀÃé±Û�ÇËÁ�Ï=½ÃÈÉÏL»/Ç8Å�»
À�Û�»�»HÈÉÐË»�Á�Ó�»ËÚ�À�¿�Å�½e=�ÈÒÀ�Û9ÇËÁ�Ï�=�ÈÒÀ�Û�¿�Â�À�Ú�¿�Å�Å�¿�½ÃÈÉ¿�Á�Ø

vε

ÇËÁ�Ï
v0

ÝT3�Û�»_»�Å�Å�¿�Å�½�Ú�¿�¾Aé
Ê�Â�À�»8Ï=ÈÍÁ

L∞
Ç8Å�» |zs − zc

s| = 0
ÇËÁ�Ï |γε − (γε)c| = 0.0035

=XÛ�»�Å�»
zc

s

Ç8Á�Ï
(γε)cÇ8Å�»_À�Û�»/ÏL»HÀ�»ËÚ�À�»ËÏ£äÉ¿�Ú�Ç�ÀÑÈÉ¿�ÁA¿¼Î�À�Û�»/Ú�¿�Å�Å�¿�½ÃÈÉ¿�Á�ÇËÁ�Ï9À�Û�»XÚ�¿�Å�Å�¿�½ÃÈÉ¿�Á]Ú�¿�»�ÄhÚÑÈÉ»�Á�À�Ý

��� �2�5����t�� Ýý�JÁvÀ�Û�ÈÍ½�»�Ì8ÇË¾]Ê�äÉ»�Ø
U
ÇËÁ�Ï

D
Ç8Å�»ÆÀ�Û�»îÏ�ÈÍ½w�¼½]Ú�»�Á�À�»�Å�»ËÏ

(0, 0)
¿�Î

Å�Ç�Ï�ÈêÈ
1.0

ÇËÁ�Ï
0.8
ØLÅ�»�½ßÊQ»8Ú�ÀÑÈçÓ�»�äçþZÝ�a³»XÀ�»�½±À�À�Û�»!ÇËäÉÐ�¿�ÅÑÈÒÀ�Û�¾ =�ÈÒÀ�Û]Ó¼Ç8ÅÑÈÉ¿�ÂL½6Ú�¿�ÅÃé

Å�¿�½ÃÈÉ¿�Á³Ú�¿�»HÄhÚÑÈÉ»�Á�À�½
γ = 0.01, 2, 5

Ø[=/Û�ÈêäÉ»�À�Û�»£½ÃÈ&@ß»�¿¼Î�À�Û�»]Ú�¿�Å�Å�¿�½ÃÈÉ¿�ÁAÈÍ½�àªÌ�»8Ï
Ç�À
ε ≈ 0.04

ÝUa�»6Ç�äÍ½¡¿�Ç�ÏLÏ�Z � Ø�� � Ø7Z
� � Á�¿�ÈÍ½¡»/=XÛ�»�ÁC=!»/Ú�¿�¾�Ê�Â�À�»èÀ�Û�»/»�ÈÉÐ�»�Á�éÓ�»ËÚ�À�¿�Å�½8Ým� ÀèÀÑÂLÅ�Á�½!¿�Â�ÀèÀ�Û�Ç�À�Û�ÈÉÐ�Û�»�Å_À�Û�»AÚ�¿�Å�Å�¿�½ÃÈÉ¿�ÁtÚ�¿�»HÄhÚÑÈÉ»�Á�À6ÈÍ½�Ø�Õ�»SÀ�À�»�Å�ÈÍ½
À�Û�»_ÊQ»�ÅÑÎI¿�Å�¾]ÇËÁ�Ú�»�Ø`=XÛ�ÈÉÚ�Û£ÈÍ½bë�Â�ÈÒÀ�»_Á�Ç�ÀÑÂ�Å�ÇËä�Ý'3�Û�»_Å�»�½ÃÂ�äÒÀ�½�ÇËäÍ½¡¿Y½%Û�¿
=;À�Û�Ç�À�¿¼ÂLÅ
ÇËäÉÐ�¿�ÅÑÈÒÀ�Û�¾ù=!¿�Åi�¼½�ÎÉÇËÈÍÅÑäçþA=!»�äêä�»%Ó�»�Á:ÈÍÁ=À�Û�»�ÊLÅ�»�½¡»�Á�Ú�»!¿�ÎQÁ�¿�ÈÍ½¡»6ÊLÅ�¿ËÓ�ÈÉÏL»ËÏ9À�Û�Ç�À
À�Û�»XÚ�¿�Å�Å�¿�½ÃÈÉ¿�Á:Ú�¿�»�ÄhÚÑÈÉ»�Á�À'ÈÍ½VäÍÇ8Å�Ð�»Y»�Á�¿�ÂQÐ�Û�Ý�Þª»8»5c8ÈÉÐHÂLÅ�»A8LÝÐ4�Ý

��� �2�5����tX� ÝO3QÛ�ÈÍ½�»�Ì8ÇË¾]Ê�äÉ»ÆÊLÅ�¿�Ó�ÈÉÏL»�½6À�Û�»]Å�»�½ÃÂ�äÒÀ�½�¿�Î'Á�Â�¾A»�ÅÑÈÉÚ�Ç�ä�À�»�½±À�½�=�ÈÒÀ�Û
äÍÇ8Å�Ð�»�Å/½ÃÈ&@ß»g¿�Î�À�Û�»hÚ�¿�Å�Å�¿�½ÃÈÉ¿�ÁvÊLÇ8Å�À¡Ø

ε ≈ 0.15
Ýõ3�Û�»ÆÅ�»�½ÃÂ�äÒÀ�½9½%Û�¿
= À�Û�Ç�À6À�ÛL»

ÇËäÉÐ�¿�ÅÑÈÒÀ�Û�¾�=!¿�ÅP�¼½�»8ë�Â�ÇËäêäçþ_Ç8½Ò=!»HäêäIØ8¿�Å�»%Ó�»�Á�Õ�»HÀ�À�»�Å¡ØSÈÍÁXÏL»HÀ�»ËÚ�ÀÑÈÍÁ�Ð�À�Û�»�äÉ¿�Ú�Ç�ÀÑÈÉ¿�Á
¿�Î'À�Û�»hÚ�¿�Å�Å�¿�½ÃÈÉ¿�Á�ÝôÔY¿�=!»%Ó�»�ÅSØUÈÒÀ�½9ÊQ»�ÅÑÎI¿�Å�¾]Ç8Á�Ú�»ÆÈÍÁôÏL»SÀ�»ËÚ�ÀÑÈÍÁ�Ð

γε
ÈÍ½9ÊQ¿�¿�Å�»�Å

À�Û�ÇËÁ�ÈÍÁ=À�Û�»XÚ�ÇË½¡»!¿�ÎQ½%Û�¿�Å�À�»�Å�Ú�¿�Å�Å�¿�½ÃÈÉ¿�Á�Ý�Þ8»8»5cªÈÉÐSÂLÅ�»C8LÝ�4�Ý
�2�
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� éi�QÝ��7814 � Ø�éi�QÝ��b���`�2� � éi�QÝ��7814 � Ø�éi�QÝ��b���`�2� �QÝ�� � � � �QÝ��24H82�
cªÈÉÐSÂLÅ�»X8LÝ\Z�WéV�»8Ú�¿�Á�½±À�ÅÑÂQÚ�ÀÑÈÉ¿�Á#Å�»�½ÃÂ�äÒÀF=�ÈÒÀ�Û�¿¼Â�À�Á�¿�ÈÍ½¡»�Ý

zs

ÇËÁ�Ï
γε
Ç8Å�»:Ç�Ú�ÀÑÂ�ÇËä

äÉ¿�Ú�Ç�ÀÑÈÉ¿�Á�ÇËÁ�Ï�Ú�¿�»�ÄhÚÑÈÉ»�Á�À�½!¿�Î�À�Û�»�Ú�¿�Å�Å�¿�½ÃÈÉ¿�ÁgÇËÁ�Ï
zc

s

Ç8Á�Ï
(γε)c

Ç8Å�»�ÏL»HÀ�»ËÚ�À�»ËÏ
¿�Á�»�½8Ý
����W � `�$�a��;�9�Z\Ua��Ã^�� ^!_ÆaUc`�efZ$���5�2¨a�^�a��@� .POQ2/\R��$S�Ã^��
�JÁ=À�Û�ÈÍ½b½¡»ËÚ�ÀÑÈÉ¿�Á¡=!»�Å�»¥Ó�ÈÉ»�= À�Û�»�¾]Ç�ÈÍÁÆÅ�»�½ÃÂ�äÒÀ�½�¿¼ÎZý�¿�Û�Õ�»�Å�Ð�Ç8Á�ÏÆÞ�ÈÉÐHÇËä�ÈÍÁ:î¦8 � ï
Ç8Á�Ï:ÐHÈçÓ�»�ÇYÅÑÈÉÐ�¿�Å�¿�ÂL½VÊLÅ�¿�¿�Î�¿�ÎÒ3�Û�»Ë¿�Å�»�¾ 8LÝ�8LÝ\Z�=/Û�ÈÉÚ�Û¡=/ÇË½èÏ�Å�ÈçÓ�»�Á�ÎJ¿�Å�¾�ÇËäêäçþZÝ

º¼»SÀ G Ç8Á�Ï H Õ�»YÀ>=!¿���Ç8Á�Ç�Ú�Ûg½ßÊLÇ¼Ú�»�½6Ç8Á�ÏAäÉ»SÀ L(G,H)
Õ�»YÀ�Û�»�½¡»SÀ_¿�Î�ÇËäêä

Õ�¿�ÂLÁ�ÏL»8Ï�¿�ÊQ»�Å�Ç�À�¿�Å�½_Î Å�¿�¾ G À�¿ H ÝÆºª»HÀ U Õ�»£ÇËÁv¿�ÊQ»�Ág½¡»SÀ�ÈÍÁ
C
Ý£Þ�ÂLÊLÊQ¿�½¡»

À�Û�Ç�À
A(ω)

ÈÍ½�ÇËÁ£¿�ÊQ»�Å�Ç�À�¿�Åßé�Ó¼ÇËäêÂQ»ËÏ�ÎÉÂLÁ�Ú�ÀÑÈÉ¿�ÁYÎÉÅ�¿�¾
U
À�¿ L(G,H)

Ý
ω0

ÈÍ½�Ç 
#j�¶ªùda
¶7
�����ù�¸��1� ¸k
o,�¶`��ø�� ¿�Î

A(ω)
ÈêÎ

• A(ω)
ÈÍ½�Û�¿�äÉ¿�¾A¿�Å�Ê�Û�ÈÉÚ�ÈÍÁh½¡¿�¾A»YÁ�»�ÈÉÐ�Û�Õ�¿�Å�Û�¿�¿�ÏA¿�Î

ω0

Ø�»�Ì¼Ú�»�Ê�À¨ÊQ¿�½ß½ÃÈÖÕ�äçþ
ÎJ¿�Å

ω0

ó
• 3�Û�»�Å�»X»�ÌªÈÍ½±À�½�Ç�ÎÉÂLÁ�Ú�ÀÑÈÉ¿�Á φ(ω)

ÎÉÅ�¿�¾�Ç/Á�»�ÈÉÐ�Û�Õ�¿�Å�Û�¿�¿�Ï=¿�Î
ω0

À�¿ G Ø�Û�¿�äÉ¿�é
6b�



¾A¿�Å�Ê�Û�ÈÉÚZÇ8Á�ÏXÁ�¿�Á7@ß»�Å�¿/Ç�À
ω0

½ÃÂQÚ�ÛXÀ�Û�Ç�À
A(ω)φ(ω)

ÈÍ½'Û�¿�äÉ¿�¾A¿�Å�Ê�Û�ÈÉÚZÇ�À
ω0ÇËÁ�Ï

A(ω0)φ(ω0) = 0
Ý

3�Û�»�ÎÉÂLÁ�Ú�ÀÑÈÉ¿�Á
φ(ω)

ÈÍÁ/À�Û�»�ÇªÕ�¿�Ó�»�ÏL»�à�Á�ÈÒÀÑÈÉ¿�Á�ÈÍ½�Ú�ÇËäêäÉ»8ÏXÇ ù±õ�õ[�7]Ñø8öÝ
�� ¸¹õ¼ö ¿¼Î
A(ω)Ç8½ß½¡¿�ÚÑÈÍÇ�À�»8ÏAÀ�¿

ω0

ÇËÁ�Ï
φ(ω0)

ÈÍ½YÚ�ÇËäêäÉ»8ÏgÇ8Á �¡¸��7��ö�,2��
��¤õ¼ù Ý^3�Û�»]Ú�äÉ¿�½ÃÂLÅ�»]¿�ÎZÀ�Û�»
½ßÊLÇ�Ú�»!¿�Î�»HÈÉÐË»�Á�Ó�»ËÚ�À�¿�Å�½_Ú�¿�Å�Å�»�½ßÊQ¿�Á�Ï�ÈÍÁ�ÐèÀ�¿

ω0

ÈÍ½èÏL»�Á�¿¼À�»ËÏ�Õ¼þ
KerA(ω0)

Ý
º¼»SÀ

φ0

Õ�»VÇ8Á�»�ÈÉÐ�»�Á�Ó�»8Ú�À�¿�Å�Ú�¿�Å�Å�»�½ßÊQ¿�Á�Ï�ÈÍÁ�Ð�À�¿
ω0

Ý�º¼»HÀ
V (ω0)

Õ�»bÇ6Ú�¿�¾�Ê�äÉ»�Ì
Á�»HÈÉÐ�Û�Õ�¿�Å±Û�ÛL¿�Ï³¿�Î

ω0

Ýé3�Û�» ù�¶8ö�� ¿�Î
φ0

ÈÍ½�À�Û�»=äÍÇËÅ�ÐË»�½±À_ÈÍÁ�À�»8Ð�»�Å
m
½ÃÂQÚ�ÛhÀ�Û�Ç�À

À�Û�»�Å�»Y»�ÌªÈÍ½±À
φ : V (ω0)→ G

ÇËÁ�Ï
ψ : V (ω0)→H

Û�¿¼äÉ¿�¾A¿�Å�Ê�Û�ÈÉÚ�½ßÇ�ÀÑÈÍ½ÃÎÖþ�ÈÍÁ�Ð
A(ω)φ(ω) = (ω − ω0)

mψ(ω),

φ(ω0) = φ0, ψ(ω0) 6= 0.

Þ�ÂLÊLÊQ¿�½¡»_À�Û�Ç�À
n = dim KerA(ω0) < +∞ ÇËÁ�Ï�À�Û�»/Å�ÇËÁH�¼½è¿�Î�Ç�äêäLÓ�»8Ú�À�¿�Å�½VÈÍÁ

KerA(ω0)
Ç8Å�»YàLÁ�ÈÒÀ�»�Ý�×2½Ñþ�½±À�»�¾ ¿¼Î�»HÈÉÐË»�Á�Ó�»ËÚ�À�¿�Å�½

φj
0

Ø
j = 1, · · · , n ØLÈÍ½/Ú�ÇËäêäÉ»8ÏÇ 
�¶ªöQõ�ö�¸�
�¶`���%ú2�1����ó õ�]È�S¸�����ö�,
��
��¹õ�ùE� ¿¼Î

A(ω)
Ç8½ß½¡¿�Ú�ÈÍÇ�À�»ËÏAÀ�¿

ω0

ÈêÎ�À�Û�»�Å�ÇËÁH�
¿�Î

φj
0

ÈÍ½�À�Û�»h¾]Ç¡ÌªÈÍ¾�ÂL¾ ¿�ÎVÀ�Û�»îÅ�ÇËÁH�¼½:¿�ÎVÇËäêä�»HÈÉÐË»�Á�Ó�»ËÚ�À�¿�Å�½=ÈÍÁ ½¡¿�¾A»³Ï�ÈÍÅ�»8Ú�À
Ú�¿�¾]Ê�äÉ»�¾Æ»�Á�À_ÈÍÁ

KerA(ω0)
¿�Î�À�Û�»9äêÈÍÁ�»�ÇËÅ�½ßÊLÇ8Áv¿�Î�À�Û�»9Ó�»ËÚ�À�¿�Å�½

φ1
0, · · · , φj−1

0

Ý
3�Û�»�Á�=!»bÏL»�à�Á�»�À�ÛL» ö�ø_����ó³ø_�k� ¸&%Ý�Í¸�
�¸k�Kú ¿�ÎªÀ�Û�»bÚ�Û�ÇËÅ�Ç�Ú�À�»�ÅÑÈÍ½±ÀÑÈÉÚ�Ó�Ç�äêÂQ»

ω0

¿�Î
A(ω)À�¿YÕ�»VÀ�Û�»�½ÃÂL¾�¿�Î�Å�Ç8ÁH�¼½�¿�Î

φj
0

Ø
j = 1, · · · , n Ø_=XÛ�ÈÉÚ�Û!ÈÍ½¨ÏL»�Á�¿¼À�»ËÏ!Õ¼þ N(A(ω0))

Ý
Þ�ÂLÊLÊQ¿�½¡»UÀ�Û�Ç�À

A−1(ω)
»�ÌªÈÍ½±À�½ZÇ8Á�ÏèÈÍ½�Û�¿�äÉ¿�¾A¿�Å�Ê�Û�ÈÉÚ�ÈÍÁ�½¡¿�¾Æ»�Á�»�ÈÉÐ�Û�Õ�¿�Å�Û�¿�¿�Ï

¿�Î
ω0

Ø�»�Ì¼Ú�»�Ê�À'ÊQ¿�½ß½ÃÈÖÕ�äçþ£Ç�À�À�Û�ÈÍ½VÊQ¿�ÈÍÁ�ÀUÈÒÀ�½¡»�äêÎ�Ý'3QÛL»�Á�À�Û�»6Á�ÂL¾:Õ�»�Å
M(A(ω0)) = N(A(ω0))−N(A−1(ω0))

ÈÍ½èÚ�ÇËäêäÉ»8Ï=À�Û�» ó³ø_�k� ¸\%Ý�Í¸k
�¸k�Jú ¿�Î�À�Û�»YÚ�Û�Ç8Å�Ç¼Ú�À�»�Å�ÈÍ½±ÀÑÈÉÚ�Ó�Ç�äêÂQ»
ω0

¿�Î
A(ω)

Ý
�KÎ
A(ω)

ÈÍ½ÆÛ�¿�äÉ¿�¾A¿�Å�Ê�Û�ÈÉÚ�Ç�À
ω0

Ç8Á�Ï
A(ω0)

ÈÍ½]ÈÍÁ�Ó�»�ÅÑÀÑÈÖÕ�äÉ»�ØVÀ�ÛL»³ÊQ¿�ÈÍÁ�À
ω0ÈÍ½�Ú�ÇËäêäÉ»ËÏ
Ç ùi���Lø_�É¶ªùK%�õ8¸Éö-� ¿�Î

A(ω)
Ý=×�ÊQ¿�ÈÍÁ�À

ω0

ÈÍ½�Ú�ÇËäêäÉ»ËÏvÇ öQõ�ù�ó:¶`�T%�õ8¸Éö-�
¿�Î
A(ω)

ÈêÎ�À�Û�»�Å�»]»�ÌªÈÍ½±À�½�½¡¿�¾Æ»£Á�»�ÈÉÐ�Û�Õ�¿�Å�Û�¿�¿�Ï
V (ω0)

¿¼Î
ω0

ÈÍÁ�=XÛ�ÈÉÚ�Û�ÇËäêäZÀ�Û�»
ÊQ¿�ÈÍÁ�À�½¨»�Ì¼Ú�»�Ê�À

ω0

ÇËÅ�»6Å�»ËÐHÂ�äÍÇ8Å�ÊQ¿�ÈÍÁ�À�½b¿�Î
A(ω)

ÇËÁ�Ï
A(ω)

Ç¼Ï�¾�ÈÒÀ�½�À�ÛL»9º�ÇËÂLÅ�»�Á�À
»�Ì¼ÊLÇ8Á�½ÃÈÉ¿�Á

A(ω) =
∑

j≥−s

(ω − ω0)
jAj.
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=XÛ�»�Å�»/À�Û�»�¿�ÊQ»�Å�Ç�À�¿�Å�½
Aj

Ø
j = −s, · · · ,−1

ØLÇËÅ�»Yà�Á�ÈÒÀ�»£Ï�ÈÍ¾A»�Á�½ÃÈÉ¿�Á�ÇËä�Ç8Á�Ï�À�Û�»
¿�ÊQ»�Å�Ç�À�¿�Å

A0

ÈÍ½bÇ�c¼Å�»ËÏ�Û�¿�äÍ¾~¿�ÊQ»�Å�Ç�À�¿�Å�Ý�×�Áh¿�ÊQ»�Å�Ç�À�¿�ÅÃé�Ó�Ç�äêÂQ»8Ï=ÎÉÂ�Á�Ú�ÀÑÈÉ¿�Á
A(ω)ÈÍ½�Ú�ÇËäêäÉ»ËÏ öQõ�ù�ó:¶`� =�ÈÒÀ�ÛÆÅ�»�½ßÊQ»8Ú�À�À�¿

∂V (ω0)
ÈêÎ
A(ω)

ÈÍ½�Û�¿¼äÉ¿�¾A¿�Å�Ê�Û�ÈÉÚ�Ç8Á�Ï:ÈÍÁ�é
Ó�»�ÅÑÀÑÈÖÕ�äÉ»¨ÈÍÁ

V (ω0)
Ø¼»�Ì�Ú�»�Ê�À�ÎI¿�ÅZÇ�àLÁ�ÈÒÀ�»èÁ�ÂL¾:Õ�»�Å'¿�Î�ÊQ¿�ÈÍÁ�À�½�¿�Î

V (ω0)
=XÛ�ÈÉÚ�Û9Ç8Å�»

Á�¿�Å�¾]Ç�ä�ÊQ¿�ÈÍÁ�À�½b¿�Î
A(ω)

Ý
Þ�ÂLÊLÊQ¿�½¡»�À�Û�Ç�À

A(ω)
ÈÍ½�Á�¿�Å�¾]Ç�ä�=�ÈÒÀ�Û_Å�»�½ßÊQ»8Ú�ÀLÀ�¿

∂V (ω0)
ÇËÁ�Ï

ωi

Ø
i = 1, · · · , σ ØÇ8Å�»6ÇËäêä�ÈÒÀ�½èÚ�Û�Ç8Å�Ç¼Ú�À�»�Å�ÈÍ½±ÀÑÈÉÚ�Ó�Ç�äêÂQ»�½¨ÇËÁ�Ï=ÊQ¿�äÉ»�½Väçþ�ÈÍÁ�Ð�ÈÍÁ

V (ω0)
Ø�=!»�Ê�Â�À

M(A(ω); ∂V (ω0)) =

σ∑

i=1

M(A(ωi)).

3�Û�»YÐ�»�Á�»�Å�ÇËäêÈ&@�Ç�ÀÑÈÉ¿�Áî¿�Î�V�¿�ÂQÚ�Û�á»¼âã½�À�Û�»8¿�Å�»�¾�ÈÍ½¨½±À�Ç�À�»ËÏ�Õ�»�äÉ¿�=:Ý
�
��t2z��it`� �)'·�)'\r L����

A(ω)
·H��¶ªöYõ`%'��ù�¶7�¹õ�ù�a�,�¶`��ø���(?]�ø8ö-
�� ¸Iõ�öF./j�¸k
#j_¸���öQõ�ù�ó:¶`�

.V¸k�kj(ùi�	�P%'�

����¤õ
∂V (ω0)

o * ]¨¶ªö+õ`%'��ù�¶7�¹õ�ùda�,H¶`��ø���(O]Ñø8ö-
�� ¸Iõ�ö
S(ω)

./j�¸k
#jv¸��
jQõ
�Iõ�óhõ¼ùE%£j�¸k
�¸ ö

V (ω0)
¶ªö-(é
±õ¼ö-� ¸Éö�ø�õ�ø`��¶��

∂V (ω0)
�¥¶7� ¸��@gU�	�F�kj-�G
±õ�öÝ(ª¸�� ¸Iõ�ö

‖A−1(ω)S(ω)‖L(G,G) < 1, ω ∈ ∂V (ω0),

�kj-��ö
A(ω) + S(ω)

¸���¶`����õYöQõ�ù�ó:¶`��.V¸k�kj]ùi�	�P%'��
��<�¤õ
∂V (ω0)

¶ªö-(

M(A(ω); ∂V (ω0)) =M(A(ω) + S(ω); ∂V (ω0)).

3�Û�»YÐ�»�Á�»�Å�ÇËäêÈ&@�Ç�ÀÑÈÉ¿�Áî¿�Î�À�ÛL»�Å�»�½ÃÈÉÏ�Â�»�À�Û�»Ë¿�Å�»�¾OÈÍ½èÐSÈçÓ�»�Á:Õ¼þ
�
��t2z��it`� �)'·�)'·��� ø�%H%�õ��1�G�kj�¶7�

A(ω)
¸��V¶ªö]õ`%'��ù�¶7�¤õ�ù�a�,�¶_��ø���(�]Ñø8öÝ
�� ¸¹õ¼ö1.Kj�¸k
#j

¸��¨öQõ¼ù�ó:¶`��.�¸��kj=ùi�	�P%'��
��'�¤õ
∂V (ω0)

o?L��
�
f(ω)

·H�6¶^�1
�¶`�É¶ªù']�ø8ö-
�� ¸Iõ�ö�.Kj�¸k
#j£¸��
jQõ
�Iõ�óhõ¼ùE%£j�¸k
�¸ ö

V (ω0)
¶ªö-(é
±õ¼ö-� ¸Éö�ø�õ�ø`�V¸Éö

V (ω0)
o 7 j-��ö�.���j�¶�,
�

1

2πi
tr

∫

∂V (ω0)

f(ω)A−1(ω)
d

dω
A(ω)dω =

σ∑

j=1

M(A(ωj))f(ωj),
�Ø8LÝ��LÝ�Z_�

./j-��ùi�
ωj

l
j = 1, · · · , σ lQ¶ªùi�_¶`���£�kjÝ�?%�õ8¸Éö-�Ï�'¸Éö V (ω0)

./j�¸k
#j=¶ªùi���S¸k�kj-��ùU%�õ
�k�	�
õ�ùS
#j�¶ªù�¶�
��E��ù�¸��1� ¸�
o,�¶_��ø��	��õ�]

A(ω)
o
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ÔY»�Å�»�À�Å]ÏL»�Á�¿¼À�»�½:À�ÛL»�À�Å�Ç�Ú�»(¿�Î�¿�ÊQ»�Å�Ç�À�¿�ÅA=XÛ�ÈÉÚ�Û3ÈÍ½]À�Û�»
½ÃÂ�¾ ¿�Î�Ç�äêäèÈÒÀ�½
Á�¿�Á�@%»�Å�¿�»HÈÉÐË»�Á�Ó�Ç�äêÂQ»�½8Ý'a³»�¾A»�Á�ÀÑÈÉ¿�Á=À�Û�»6ÎJ¿�äêäÉ¿�=�ÈÍÁ�Ð6ÊLÅ�¿�ÊQ»�ÅÑÀIþ�¿�Î�À�Û�»_À�Å�Ç�Ú�»�W

tr

∫

∂V (ω0)

A(ω)B(ω)dω = tr

∫

∂V (ω0)

B(ω)A(ω)dω,
�Ø8LÝ��LÝ�81�

=XÛ�»�Å�»
A(ω)

ÇËÁ�Ï
B(ω)

Ç8Å�»A¿�ÊQ»�Å�Ç�À�¿�Åßé�Ó¼ÇËäêÂQ»ËÏgÎ ÂLÁ�Ú�ÀÑÈÉ¿�Á�½�=XÛ�ÈÉÚ�ÛvÇ8Å�»�àLÁ�ÈÒÀ�»�äçþ
¾A»�Å�¿�¾A¿�Å�Ê�Û�ÈÉÚ'ÈÍÁ

V (ω0)
Ø�=XÛ�ÈÉÚ�ÛîÚ�¿�Á�À�Ç�ÈÍÁ�½bÁ�¿=ÊQ¿�äÉ»�½è¿�Î

A(ω)
Ç8Á�Ï

B(ω)
¿¼À�Û�»�Å

À�Û�ÇËÁ
ω0

Ý
×;ÎÉÂLÁ�Ï�Ç8¾A»�Á�À�Ç�äU½¡¿�äêÂ�ÀÑÈÉ¿�Á

Φω(x)
À�¿ÆÀ�ÛL»AÔY»�äÍ¾:Û�¿¼äÒÀ!@X¿�ÊQ»�Å�Ç�À�¿�Å

∆ + ω2
ÈÍÁ

R2
ÈÍ½èÐHÈçÓ�»�ÁÆÕªþ

Φω(x) = − i
4
H

(1)
0 (ω|x|),

ÎI¿�Å
x 6= 0

Øb=XÛL»�Å�»
H

(1)
0

ÈÍ½VÀ�Û�»�Ô�ÇËÁH��»HäQÎ ÂLÁ�Ú�ÀÑÈÉ¿�ÁÆ¿�ÎQÀ�Û�»6àLÅ�½±ÀÈ�ªÈÍÁ�ÏÆ¿�Î�¿�Å�ÏL»�Å
0
Ý

º¼»SÀ
Γ
Õ�»Y»HÈÒÀ�Û�»�Å

Γi

¿�Å
Γe

Ø�Ç8Á�Ï:ÏL»HàLÁ�» Sω
Γ

Ç8Á�Ï Dω
Γ

Õ�»_À�Û�»�½ÃÈÍÁ�ÐSäÉ»/ÇËÁ�Ï:ÏL¿�Â�Õ�äÉ»
äÍÇ�þ�»�Å'ÊQ¿¼À�»�Á�ÀÑÈÍÇËäÍ½èÏL»HàLÁ�»ËÏ:Õªþ

Φω

Ø¼À�Û�Ç�À�ÈÍ½�Ø

Sω
Γ [ϕ](x) =

∫

Γ

Φω(x− y)ϕ(y) dσ(y), x ∈ R
2,

Dω
Γ [ϕ](x) =

∫

Γ

∂Φω(x− y)
∂νy

ϕ(y) dσ(y) , x ∈ R
2 \ Γ,

ÎI¿�Å
ϕ ∈ L2(Γ)

Ý
3�Û�»�ÎI¿�äêäÉ¿�=6ÈÍÁ�Ð'ÎI¿�Å�¾�Â�äÍÇ¼»bÐHÈçÓ�»�À�ÛL»�åÉÂL¾�ÊYÅ�»�äÍÇ�ÀÑÈÉ¿�Á�½�¿�Õ�»%þ�»8Ï�Õ¼þèÀ�Û�»bÏL¿�Â�Õ�äÉ»

äÍÇ�þ�»�Å¨ÊQ¿¼À�»�Á�ÀÑÈÍÇ�ä�ÇËÁ�ÏAÕªþ�À�Û�»XÁ�¿�Å�¾�ÇËä�ÏL»�Å�ÈçÓ¼Ç�ÀÑÈçÓ�»=¿�ÎQÀ�Û�»Y½ÃÈÍÁ�ÐHäÉ»XäÍÇ�þ�»�ÅbÊQ¿¼À�»�Á�é
ÀÑÈÍÇËäkW

(Dω
Γ [ϕ])

∣∣∣∣
±

(x) =

(
∓ 1

2
I +Kω

Γ

)
[ϕ](x)

Ç�Ýê»�Ý
x ∈ Γ,

�Ø8LÝ��LÝ � �
∂(Sω

Γ [ϕ])

∂ν

∣∣∣∣
±

(x) =

(
± 1

2
I + (Kω

Γ)∗
)

[ϕ](x)
Ç�Ýê»�Ý

x ∈ Γ,
�Ø8LÝ��LÝ�4b�

ÎI¿�Å
ϕ ∈ L2(Γ)

Ø
=XÛ�»�Å�» Kω
Γ

ÈÍ½�À�Û�»X¿�ÊQ»�Å�Ç�À�¿�Å�ÏL»�à�Á�»8Ï�Õªþ

Kω
Γ[ϕ](x) =

Ê�ÝãÓZÝ ∫
Γ

∂Φω(x− y)
∂νy

ϕ(y)dσ(y),

6 �



Ç8Á�Ï
(Kω

Γ)∗
ÈÍ½�À�Û�»

L2
é�Ç¼ÏªåI¿�ÈÍÁ�À�¿�Î Kω

Γ

ØªÀ�Û�Ç�À�ÈÍ½�Ø
(Kω

Γ)∗[ϕ](x) =
Ê�ÝìÓZÝ ∫

Γ

∂Φω(x− y)
∂νx

ϕ(y)dσ(y).

ÔY»�Å�»!Ê�ÝìÓZÝ6½±À�Ç8Á�Ï�½�ÎI¿�Å�À�Û�»£ÿ�Ç�ÂQÚ�Û�þîÊLÅÑÈÍÁ�ÚÑÈÍÊLÇ�ä�Ó�ÇËäêÂ�»�Ý�3�Û�»!½ÃÈÍÁ�ÐSÂ�äÍÇ8ÅbÈÍÁ�À�»ËÐ�Å�Ç�ä
¿�ÊQ»�Å�Ç�À�¿�Å�½ Kω

Γ

ÇËÁ�Ï
(Kω

Γ)∗
ÇËÅ�»��¼Á�¿�=/ÁîÀ�¿AÕ�»�Õ�¿�ÂLÁ�ÏL»ËÏ�¿�Á

L2(Γ)
Ý£ÔY»�Å�»£ÇËÁ�Ï

À�Û�Å�¿�Â�Ð�Û�¿¼Â�ÀbÀ�Û�ÈÍ½XÊLÇËÊQ»�Å_À�Û�»=½ÃÂLÕ�½¡Ú�Å�ÈÍÊ�À�½ ± Ç8½XÈÍÁá�Ø8LÝ��LÝ � ��ÏL»�Á�¿¼À�»=À�ÛL»�äêÈÍ¾=ÈÒÀ�½
Î Å�¿�¾�¿�Â�À�½ÃÈÉÏL»�ÇËÁ�Ï£ÈÍÁ�½ÃÈÉÏL»Y¿¼Î

Γ
Ý

�JÁô¿�Å�ÏL»�Å�À�¿³ÈÍÁ�Ó�»�½±ÀÑÈÉÐ�Ç�À�»:À�ÛL»g»�ÈÉÐ�»�Á�Ó¼ÇËäêÂQ»�½:¿¼Î�À�Û�»:ÊLÅ�¿�Õ�äÉ»�¾ �Ø8LÝ�8LÝ�81��ØT=!»
Ú�¿�Á�½ÃÈÉÏL»�Å�À�ÛL»/¿�ÊQ»�Å�Ç�À�¿�Å

A
ω
0 : L2(Γe)×H1(Γi)→ H1(Γe)×H1(Γi)

ÏL»�àLÁ�»ËÏ£Õªþ

A
ω
0 :=



Sω

Γe
Dω

Γi

Sω
Γe

1

2
I +Kω

Γi


 .

ÔY»�Å�»
H1(Γe)

ÏL»�Á�¿¼À�»�½�À�Û�»Y½¡»HÀ�¿�ÎZÎÉÂLÁ�Ú�ÀÑÈÉ¿�Á�½
f ∈ L2(Γe)

½ÃÂ�Ú�ÛÆÀ�Û�Ç�À
∂f/∂T ∈

L2(Γe)
Ø�=XÛ�»�Å�»

∂/∂T
ÈÍ½èÀ�ÛL»XÀ�Ç8Á�Ð�»�Á�ÀÑÈÍÇËä�ÏL»�ÅÑÈçÓ�Ç�ÀÑÈçÓ�»�Ý

H1(Γi)
ÈÍ½/ÏL»�àLÁ�»8ÏÆäêÈ���»Ëé

=�ÈÍ½¡»�Ý
d�Õ�½¡»�Å¹Ó�»=À�Û�Ç�À

ω 7→ A
ω
0

ÈÍ½YÇ8Á(¿�ÊQ»�Å�Ç�À�¿�ÅbÓ�Ç�äêÂQ»8Ï³Û�¿�äÉ¿�¾Æ¿�Å�Ê�Û�ÈÉÚ_Î ÂLÁ�Ú�ÀÑÈÉ¿�Á�Ý
3�Û�»�Å�»�äÍÇ�ÀÑÈÉ¿�ÁtÕ�»SÀ>=!»8»�Á
À�Û�»Æ»HÈÉÐË»�Á�Ó�Ç�äêÂQ»�½=¿�ÎÕ�Ø8LÝ�8LÝ�81��Ç8Á�ÏgÀ�Û�»ÆÚ�Û�ÇËÅ�Ç�Ú�À�»�ÅÑÈÍ½±ÀÑÈÉÚ
Ó�Ç�äêÂQ»�½_¿�Î

A
ω
0

ÈÍ½_ÐSÈçÓ�»�Á]Õ¼þ�À�Û�»_ÎI¿�äêäÉ¿
=�ÈÍÁ�ÐèÀ�Û�»8¿�Å�»�¾vÝ
�
��t2z��it`� �)'·�)'·��� ø�%H%�õ��1���kj�¶7� −ω2

¸��6öQõ[��¶�J�¸Éù�¸k
#j��k���Ó�S¸��7��ö�,H¶`��ø��=õ
]
∆
õ�ö

D
o 7 jÝ��ö�l −ω2

¸���¶ªöA�S¸��7��ö�,�¶_��ø��Võ�]�8B�Ho��Ho���?�¸�]�¶ªö-(�õ�ö�� ú�¸�]
ω
¸���¶F
#j�¶ªù�¶7
�����ù�¸��1� ¸k


,�¶_��ø��Yõ�]
A

ω
0

o
.�ù±õ�õ�] Ý Þ�ÂLÊLÊQ¿�½¡»!À�Û�Ç�À

ω2
ÈÍ½�Ç8Át»�ÈÉÐ�»�Á�Ó�ÇËäêÂ�»A¿¼ÎÓ�Ø8LÝ�8LÝ�81�'½¡¿:À�Û�Ç�ÀbÀ�Û�»�Å�»�ÈÍ½�Ç

Á�¿�Á�À�Å�ÈçÓ�ÈÍÇ�ä�½¡¿�äêÂ�ÀÑÈÉ¿�Á
v
À�¿)�Ø8LÝ�8LÝ�81�ÃÝ�3�Û�»�Á�Õ¼þ!ý�Å�»Ë»�Á�âã½�Å�»�ÊLÅ�»�½¡»�Á�À�Ç�ÀÑÈÉ¿�ÁYÎI¿�Å�¾�Â�äÍÇ

=!»�Û�Ç�Ó�»
v(x) = −Sω

Γe

[
∂v

∂ν

∣∣∣∣
Γe

]
(x)−Dω

Γi
[v|Γi

] (x), x ∈ Ω.

��Â�À
ϕ := ∂v

∂ν
|Γe

ÇËÁ�Ï
ψ := v|Γi

ÝT3�Û�»�Á
(ϕ, ψ) ∈ L2(Γe)×H1(Γi)

ÈÍ½'Á�¿¼À�@%»�Å�¿/Ç8Á�Ï
½ßÇ�ÀÑÈÍ½Ãà�»�½

Sω
Γe

[ϕ] +Dω
Γi

[ψ] = 0
¿�Á

Γe.
�Ø8LÝ��LÝ��1�
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d�Á=À�Û�»X¿¼À�Û�»�Å�Û�Ç8Á�Ï�Ø�Õ¼þ��Ø8LÝ��LÝ � ��Ø
=!»XÛ�Ç�Ó�»
(
Sω

Γe
[ϕ] +Dω

Γi
[ψ]
) ∣∣

+
−
(
Sω

Γe
[ϕ] +Dω

Γi
[ψ]
) ∣∣

−
= −ψ = −v|Γi

¿�Á
Γi,

Ç8Á�Ï�Û�»�Á�Ú�»
(Sω

Γe
[ϕ] +Dω

Γi
[ψ])|− = 0

¿�Á
Γi

ØL¿�Å�»Ëë�Â�ÈçÓ�Ç�äÉ»�Á�ÀÑäçþ�Ø

Sω
Γe

[ϕ] +

(
1

2
I +Kω

Γi

)
[ψ] = 0

¿�Á
Γi.

�Ø8LÝ��LÝ&62�
ÿ�¿�¾]Õ�ÈÍÁ�ÈÍÁ�Ð��Ø8LÝ��LÝ��1��ÇËÁ�Ïm�Ø8LÝ��LÝ&62�'½%ÛL¿�=/½_À�Û�Ç�À

ω
ÈÍ½�ÇAÚ�Û�Ç8Å�Ç¼Ú�À�»�Å�ÈÍ½±ÀÑÈÉÚ�Ó�Ç�äêÂQ»:¿�Î

Aω
0

Ý
ÿ�¿�Á�Ó�»�Å�½¡»Häçþ�Ø'½ÃÂLÊLÊQ¿�½¡»]À�Û�Ç�À

w
ÈÍ½=Ç
Ú�Û�Ç8Å�Ç¼Ú�À�»�Å�ÈÍ½±ÀÑÈÉÚ/Ó�Ç�äêÂQ»³¿�Î

A
ω
0

½¡¿�À�Û�Ç�À
À�Û�»�Å�»6ÈÍ½¨ÇYÁ�¿�Á�é¦@ß»�Å�¿

(ϕ, ψ) ∈ L2(Γe)×H1(Γi)
½ßÇ�ÀÑÈÍ½ÃÎÖþ�ÈÍÁ�Ð

A
ω
0

(
ϕ

ψ

)
= 0,

�Ø8LÝ��LÝ��	�
¿�Å�»8ë�Â�ÈçÓ�ÇËäÉ»�Á�ÀÑäçþ��Ø8LÝ��LÝ��1�ZÇ8Á�Ïé��8LÝ��LÝ�62�ÃÝ�Ùb»HàLÁ�»

v(x) := −Sω
Γe

[ϕ](x)−Dω
Γi

[ψ](x), x ∈ Ω.
�Ø8LÝ��LÝ��2�

3�Û�»�Á
v = 0

¿�Á
Γe

Õªþç��8LÝ��LÝ��1�ÃÝDd�Á(À�Û�»³¿¼À�Û�»�ÅYÛ�Ç8Á�Ï�Ø?�Ø8LÝ��LÝ�62�è½%Û�¿�=/½!À�Û�Ç�À
ψ ∈ C1,α(Γi)

ÎI¿�Å�½¡¿�¾Æ»
α > 0

ÝÓ�JÁ�Î Ç¼Ú�À¡Ø�Õªþ��Ø8LÝ��LÝ�62��Øb=Y»/Û�Ç�Ó�»
ψ = 2Sω

Γe
[ϕ]− 2Kω

Γi
[ψ].

�Ø8LÝ��LÝ&�2�
Þ�ÈÍÁ�Ú�»

Γi

ÈÍ½ C2
Ø Kω

Γi

¾]ÇËÊL½
L2(Γi)

ÈÍÁ�À�¿
L∞(Γi)

Ø
L∞(Γi)

ÈÍÁ�À�¿ Cα(Γ)
ÎJ¿�Å�Ç�äêä

α < 1
Ø

Ç8Á�Ï Cα(Γ)
ÈÍÁ�À�¿ C1,α(Γ)

Ý÷3�Û�ÂL½�Õªþ(Õ�¿�¿¼À�½±À�Å�ÇËÊLÊ�ÈÍÁ�Ð=ÂL½ÃÈÍÁ�ÐO�Ø8LÝ��LÝ&�2�ÑØ�=!»AÛ�Ç�Ó�»
ψ ∈ C1,α(Γi)

Ý_ð6¿�= ∂
∂ν
Dω

Γi
[ψ]

ÈÍ½?=!»�äêäÉéßÏL»HàLÁ�»8Ï:Ç8Á�Ï]ÈÒÀ�ÏL¿�»�½bÁ�¿¼ÀVÛ�Ç�Ó�»YÇ/å Â�¾]Ê
ÇËäÉ¿�Á�Ð

Γi

Ø ¸>o·��o Ø
∂

∂ν
Dω

Γi
[ψ]
∣∣
+

=
∂

∂ν
Dω

Γi
[ψ]
∣∣
−

¿�Á
Γi.Þ�ÈÍÁ�Ú�»

ω2
ÈÍ½6Á�¿¼ÀbÇgÙ'ÈÍÅ�ÈÉÚ�Û�äÉ»HÀ6»�ÈÉÐ�»�Á�Ó¼ÇËäêÂQ»:¿¼Î −∆

¿�Á
D
Ø£�Ø8LÝ��LÝ�62��ÈÍ¾]Ê�äêÈÉ»�½�À�Û�Ç�À

Sω
Γe

[ϕ] +Dω
Γi

[ψ] = 0
ÈÍÁ
D
Ø�Ç8Á�Ï�Û�»�Á�Ú�»

∂

∂ν

(
Sω

Γe
[ϕ] +Dω

Γi
[ψ]
) ∣∣

−
= 0

¿�Á
Γi.
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a�»�À�Û�ÂL½è¿�Õ�À�ÇËÈÍÁ
∂v

∂ν

∣∣∣∣
Γi

=
∂

∂ν

(
Sω

Γe
[ϕ] +Dω

Γi
[ψ]
) ∣∣

+

=
∂

∂ν

(
Sω

Γe
[ϕ] +Dω

Γi
[ψ]
) ∣∣

−
= 0.

�JÁA¿¼À�ÛL»�Å'=!¿�Å�Ï�½�Ø
v
ÈÍ½¨Ç8ÁÆ»�ÈÉÐ�»�Á�Î ÂLÁ�Ú�ÀÑÈÉ¿�Áî¿¼Î�À�ÛL»�ÊLÅ�¿�Õ�äÉ»�¾ �Ø8LÝ�8LÝ�81�ÃÝ'3�Û�ÈÍ½�Ú�¿�¾Aé

Ê�äÉ»HÀ�»�½�À�Û�»6ÊLÅ�¿�¿�Î�Ý
��JÁ]ÇY½ÃÈÍ¾=ÈêäÍÇ8ÅÓ=�Ç�þ�Ø�¿�Á�»YÚ�Ç8Á:ÊLÅ�¿�Ó�»èÀ�Û�»�ÎI¿�äêäÉ¿�=6ÈÍÁ�Ð�À�Û�»8¿�Å�»�¾�ÎI¿�Å�À�ÛL»6ÊLÅ�¿�Õ�é

äÉ»�¾ ��8LÝ�8LÝ\Z_�ÃÝ
�
��t2z��it`� �)'·�)' � JF�hg�öÝ� �kj-�
õ`%'��ù�¶��¤õ�ù

A
ω
ε : L2(Γe) × H1(Γi) → H1(Γe) ×

H1(Γi)
·¼ú

A
ω
ε :=



Sω

Γe
Dω

Γi
− Sω

Γi
Mε

Sω
Γe

1

2
I + Kω

Γi
− Sω

Γi
Mε


 ,

./j-��ùi�
Mε

ó���¶ªö7���kj-�6ó³ø_�k� ¸\%Ý�Í¸k
�¶�� ¸¹õ¼ö:·¼ú
γχ(I)

o�´Ó���Ëø8ó��A�kj�¶7� −ω2
¸���öQõ[�Z¶

J�¸Éù�¸k
#j��k���<�S¸�����ö-,�¶`��ø��!õ
]
∆
õ�ö

D
o 7 j-��ö −ω2

¸��_¶8ö��S¸�����ö-,�¶`��ø��9õ�]j8B�Ho��Ho;:%?'¸�]
¶ªö-(:õ¼ö�� ú�¸�]

ω
¸��b¶5
#j�¶ªù�¶7
�����ù�¸��1� ¸k
o,�¶`��ø��Xõ�]

A
ω
ε

o
d�Õ�½¡»�Å¹Ó�»�À�Û�Ç�À�=!»YÚ�Ç8Á�=/ÅÑÈÒÀ�»

A
ω
ε = A

ω
0 + εBω

ε ,
�Ø8LÝ��LÝ�Z
�2�

=XÛ�»�Å�»
B

ω
ε :=




0 −1

ε
Sω

Γi
Mε

0 −1

ε
Sω

Γi
Mε


 .

�Ø8LÝ��LÝ�ZbZ_�

Þ�ÈÍÁ�Ú�»
Mε

ÈÍ½è¿�Î�¿�Å�ÏL»�Å
ε
Ø¼À�Û�»Y¿�ÊQ»�Å�Ç�À�¿�Å

B
ω
ε

ÈÍ½è¿�Î�¿�Å�ÏL»�Å
1
Ý

& t_�5���C�)'·�)'·�
A

ω
0

¸���¶ 6 ùi�
(�jQõ
�ÉóOõ`%'��ù�¶7�¹õ�ù'õ�]�¸Éö-(H�%e\G_¶ªö-(¡��,2��ùÑú)�S¸�����ö�,
��
�a
�¤õ¼ù�õ�]

A
ω
0

j�¶2�_ù�¶ªö��Æõ�ö-�F%�ù±õ),H¸k(H��(��kj�¶�� −ω2
0

¸Ï�èöQõ��U¶�J�¸Éù�¸k
#j��k���<�S¸�����ö-,�¶`��ø��
õ�]

∆
õ�ö

D
o
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.�ù±õ�õ�] Ý Þ�ÈÍÁ�Ú�»�Ø�=�Å�ÈÒÀ�À�»�Á�ÈÍÁ�À�Û�»�ÎJ¿�äêäÉ¿�=�ÈÍÁ�Ð�¾]Ç8Á�Á�»�Å¡Ø
A

ω
0

ÈÍ½bÚ�äÉ»�Ç8ÅÑäçþ�ÇYÚ�¿�¾]ÊLÇ¼Ú�À
ÊQ»�Å�ÀÑÂLÅ�Õ�Ç�ÀÑÈÉ¿�Á]¿�ÎTc¼Å�»8Ï�ÛL¿�äÍ¾|¿�ÊQ»�Å�Ç�À�¿�Å�¿¼ÎQÈÍÁ�ÏL»�Ì

0

A
ω
0 =



Sω

Γe
0

0
1

2
I +Kω

Γi


+




0 Dω
Γi

Sω
Γe

0


 ,

Û�»�Á�Ú�»6ÈÒÀ�ÈÍ½�c¼Å�»8Ï�Û�¿¼äÍ¾|¿�ÎQÈÍÁ�ÏL»�Ì
0
Ý

Þ�ÂLÊLÊQ¿�½¡»£À�Û�Ç�À (ϕ
ψ

) ÈÍ½!Ç8Á#»�ÈÉÐ�»�Á�Ó�»8Ú�À�¿�ÅY¿�Î
A

ω
0

=�ÈÒÀ�Û³Å�Ç8ÁH�
m
Ç8½ß½¡¿�ÚÑÈÍÇ�À�»ËÏ

=�ÈÒÀ�Û/À�ÛL»èÚ�Û�Ç8Å�Ç�Ú�À�»�ÅÑÈÍ½±ÀÑÈÉÚZÓ�Ç�äêÂQ»
ω0

Ø ¸>o·��o ØHÀ�Û�»�Å�»è»�ÌªÈÍ½±À
ϕω
Ç8Á�Ï

ψω
ØËÛ�¿�äÉ¿�¾A¿�Å�Ê�Û�ÈÉÚ

Ç8½VÎ ÂLÁ�Ú�ÀÑÈÉ¿�Á�½�¿�Î
ω
Ø�½ÃÂ�Ú�Û£À�Û�Ç�À

ϕω0 = ϕ
Ø
ψω0 = ψ

Ø�ÇËÁ�Ï

A
ω
0

(
ϕω

ψω

)
= (ω − ω0)

m

(
ϕ̃ω

ψ̃ω

)
,

�Ø8LÝ��LÝ�Z�81�

ÎI¿�Å¨½¡¿�¾A»
(ϕ̃ω, ψ̃ω) ∈ H1(Γe) × H1(Γi)

Ý�º¼»SÀ
uω := Sω

Γe
[ϕω] + Dω

Γi
[ψω]

ÝG3�Û�»�Á
Õ�»8Ú�ÇËÂ�½¡»!¿�ÎU�Ø8LÝ��LÝ�Z�81�ÑØ

uω
½ßÇ�ÀÑÈÍ½Ãà�»�½





(∆ + ω2)uω = 0
ÈÍÁ

R2 \ (Γe ∪ Γi),

uω = (ω − ω0)
mϕ̃ω ¿�Á

Γe,

uω|− = (ω − ω0)
mψ̃ω ¿�Á

Γi.

Þ�ÈÍÁ�Ú�» −ω2
0

ÈÍ½�Á�¿¼À'Ç]Ù�ÈÍÅ�ÈÉÚ�Û�äÉ»HÀ�»�ÈÉÐ�»�Á�Ó¼ÇËäêÂQ»�¿�Î
∆
¿�Á

D
Ø Sω

Γi
: L2(Γi) → H1(Γi)ÈÍ½VÈÍÁ�Ó�»�Å�ÀÑÈÖÕ�äÉ»6ÎI¿�Å

ω
ÈÍÁ:ÇYÁ�»HÈÉÐ�Û�Õ�¿�Å±Û�¿�¿�Ï�¿�Î

ω0

Ø�Ç8Á�Ï�Û�»�Á�Ú�»�=!»/Û�Ç�Ó�»

uω(x) = (ω − ω0)
mSω

Γi

[
(Sω

Γi
)−1ψ̃ω

]
(x), x ∈ D,

Ç8Á�Ï
∂uω

∂ν

∣∣∣
+

=
∂uω

∂ν

∣∣∣
−

= (ω − ω0)
m

(
−1

2
I + (Kω

Γi
)∗
)[

(Sω
Γi

)−1ψ̃ω
] ¿�Á

Γi.
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��þ]ý�Å�»8»�Á�âã½bÎJ¿�Å�¾�Â�äÍÇ�Ø
=!»�ÈÍ¾]¾A»8Ï�ÈÍÇ�À�»HäçþhÐ�»HÀ

(ω2 − ω2
0)

∫

Ω

uωuω0

=

∫

Γe

∂uω0

∂ν
uω +

∫

Γi

∂uω

∂ν
uω0

= (ω − ω0)
m

(∫

Γe

∂uω0

∂ν
ϕ̃ω +

∫

Γi

uω0

(
−1

2
I + (Kω

Γi
)∗
)[

(Sω
Γi

)−1ψ̃ω
])

.

�KÎ
m > 1

Ø�Õ¼þYÏ�ÈçÓ�ÈÉÏ�ÈÍÁ�Ð�Õ�¿¼À�Û6½ÃÈÉÏL»�½UÕªþ
ω2−ω2

0

ÇËÁ�Ï�À�Ç��ªÈÍÁ�Ð'À�Û�»�äêÈÍ¾�ÈÒÀ�ÇË½
ω → ω0

Ø
=!»]¿�Õ�À�ÇËÈÍÁ ∫

Ω
(uω0)2 = 0

=XÛ�ÈÉÚ�ÛgÈÍ½6Ç:Ú�¿�Á�À�Å�Ç�Ï�ÈÉÚ�ÀÑÈÉ¿�Á�ÝA3�Û�ÂL½�=Y»=Û�Ç�Ó�»
m = 1

Ý
3�Û�ÈÍ½èÚ�¿�¾]Ê�äÉ»HÀ�»�½VÀ�Û�»6ÊLÅ�¿�¿�Î�Ý

���þbÀ�ÛL»'ÇªÕ�¿�Ó�»UäÉ»�¾]¾]ÇbÇËÁ�Ï�À�Û�»�Ð�»�Á�»�Å�ÇËäêÈ&@ß»8ÏCV�¿¼ÂQÚ�ÛUá»�âã½�À�Û�»Ë¿�Å�»�¾ü��3QÛL»8¿�Å�»�¾
8LÝ��LÝ\Z_��Ø	=Y»/�¼Á�¿�=pÀ�Û�Ç�À

A
ω
ε

ÈÍ½�Á�¿�Å�¾]ÇËä
=�ÈÒÀ�ÛXÅ�»�½ßÊQ»8Ú�À�À�¿6Ç_½ß¾]Ç�äêä�Á�»�ÈÉÐ�Û�Õ�¿�Å�Û�¿�¿�Ï
V
¿�Î
ω0

Ç8Á�ÏYÀ�Û�Ç�ÀZÀ�Û�»_¾�Â�äÒÀÑÈÍÊ�äêÈÉÚÑÈÒÀ¹þ=¿�Î
A

ω
ε

ÈÍÁ
V
ÈÍ½¨»Ëë�ÂLÇËä�À�¿/À�Û�»6Ï�ÈÍ¾A»�Á�½ÃÈÉ¿�Á]¿�Î

À�Û�»è»�ÈÉÐ�»�Á�½ßÊLÇ¼Ú�»6¿�ÎH�Ø8LÝ�8LÝ�81��Ç8½ß½¡¿�ÚÑÈÍÇ�À�»8Ï�=�ÈÒÀ�Û
ω0

Ý�ð�¿�=ý=Y»bÇ8Å�»bÅ�»�Ç�Ï¼þ�À�¿�ÊLÅ�¿�Ó�»
3�Û�»8¿�Å�»�¾ 8LÝ�8LÝ\Z�Ý

3�Û�»/ÎI¿�äêäÉ¿
=�ÈÍÁ�Ð�äÉ»�¾]¾]ÇA=/Ç8½bÊLÅ�¿�Ó�»8Ï�ÈÍÁ÷îE��ï�Ýha�»/ÈÍÁ�ÚÑäêÂQÏL»!Ç9ÊLÅ�¿�¿�ÎQÎI¿�Å�À�Û�»
Å�»�Ç¼ÏL»�Å�½�â�½ßÇ��¼»�Ý
& t_�5���C�)'·�)'�  L����

V
·H�!¶��¥ó:¶`����ö-�S¸���jQ·Lõ�ù#jQõ�õ[(�õ
]

ω0

¸Éög¶O
�õ�ó5%Ý�k�%eC%Ý�É¶ªö-�
�Ëø�
#jO�kj�¶7�

A
ω
ε

j�¶2���kjÝ���Ã¸Éó5%Ý���^
#j�¶ªù�¶�
��E��ù�¸��1� ¸�
¡,H¶`��ø��
ωε

¸Éö
V
o 7 jÝ��ö

ωε − ω0 =
1

2πi

∞∑

j=1

(−1)jεj

j

�Iù ∫
∂V

(
(Aω

0 )−1
B

ω
ε

)j
dω.

�Ø8LÝ��LÝ\Z � �

.�ù±õ�õ�] Ý � À�ÎI¿�äêäÉ¿
=/½�Î Å�¿�¾ 3�Û�»8¿�Å�»�¾ 8LÝ��LÝ�8�Ç8Á�Ïhºª»�¾]¾�Ç�8LÝ��LÝ��_À�Û�Ç�À

ωε − ω0 =
1

2πi

À�Å ∫
∂V

(ω − ω0)(A
ω
ε )−1 d

dω
A

ω
ε dω.

�Ø8LÝ��LÝ\Z_4b�
��þ��Ø8LÝ��LÝ\Z
�2��Ø�¿�Á�»YÚ�Ç8Á:½¡»Ë»6À�Û�Ç�À

(Aω
ε )−1 =

∞∑

j=0

(−1)jεj
(
(Aω

0 )−1
B

ω
ε

)j
(Aω

0 )−1,
�Ø8LÝ��LÝ�Z��1�
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=XÛ�»�Å�»YÀ�ÛL»9½¡»�Å�ÈÉ»�½�Ú�¿�Á�Ó�»�Å�ÐË»�½_ÈÍÁAÀ�ÛL»=¿�ÊQ»�Å�Ç�À�¿�ÅVÁ�¿�Å�¾m¿�Á
L2(Γe) × H1(Γi) →

H1(Γe) × H1(Γi)
ÈêÎ
ε
ÈÍ½/½ÃÂ�ÄhÚÑÈÉ»�Á�ÀÑäçþ³½ß¾]Ç�äêä�ÝX�KÎ<=!»=½ÃÂLÕ�½±ÀÑÈÒÀÑÂ�À�»���8LÝ��LÝ\Z��1�'ÈÍÁ�À�¿

�Ø8LÝ��LÝ\Z_4b��Ø
=!»/Û�Ç�Ó�»

ωε − ω0 =
1

2πi

∞∑

j=0

(−1)jεj
À�Å ∫

∂V

(ω − ω0)
(
(Aω

0 )−1
B

ω
ε

)j
(Aω

0 )−1 d

dω
A

ω
ε dω.�Ø8LÝ��LÝ�Z
62�

Þ�ÈÍÁ�Ú�»
d

dω
(Aω

0 )−1 = −(Aω
0 )−1 d

dω
A

ω
0 · (Aω

0 )−1,

=!»�Û�Ç�Ó�»
ε
d

dω

(
(Aω

0 )−1
B

ω
ε

)j
= j

(
(Aω

0 )−1
B

ω
ε

)j−1
(Aω

0 )−1 d

dω
A

ω
ε

− εj
(
(Aω

0 )−1
B

ω
ε

)j
(Aω

0 )−1 d

dω
A

ω
0 − j

(
(Aω

0 )−1
B

ω
ε

)j−1
(Aω

0 )−1 d

dω
A

ω
0 .

�Ø8LÝ��LÝ�Z��	�
a�»XÁ�¿�=e½ÃÂ�Õ�½±ÀÑÈÒÀÑÂ�À�»)�Ø8LÝ��LÝ\Z��	��ÈÍÁ�À�¿é��8LÝ��LÝ\Z
62�ÃÝÕ3�Û�»�Á]À�Û�»/½ÃÂL¾~¿�Î�À�Û�»�äÍÇ8½±À'À>=!¿
À�»�Å�¾�½VÈÍÁQ�Ø8LÝ��LÝ\Z��	��Ú�ÇËÁ�Ú�»�ä�»�Ç�Ú�ÛA¿¼À�Û�»�Å�ÇËÁ�Ï�Û�»�Á�Ú�»�=!»�Û�Ç�Ó�»

ωε − ω0 = − 1

2πi

∞∑

j=1

(−1)jεj

j

À�Å ∫
∂V

(ω − ω0)
d

dω

(
(Aω

0 )−1
B

ω
ε

)j
dω.

ð�¿�=ú�Ø8LÝ��LÝ\Z � ��ÈÍ¾]¾Æ»8Ï�ÈÍÇ�À�»�äçþ]ÎI¿�äêäÉ¿�=�½VÇ8Á�Ï�À�ÛL»�ÊLÅ�¿�¿�Î�ÈÍ½èÚ�¿�¾]Ê�äÉ»SÀ�»�Ý
�.�ù±õ�õ�]�õ�] 7 j-�8õ�ùi��ó��Ho��Ho<: Ý�º¼»HÀ

(Aω
0 )−1 =

(
Aω

1 Aω
2

Aω
3 Aω

4

)
.

3�Û�»�Á5=!»/Û�Ç�Ó�»
− ε

2πi

À�Å ∫
∂V

(Aω
0 )−1

B
ω
ε dω =

1

2πi

À�Å ∫
∂V

(Aω
3Sω

Γi
Mε + Aω

4Sω
Γi
Mε) dω.

º¼»SÀ
0 < µ1 ≤ µ2 ≤ . . .

Õ�»'À�Û�»¨»�ÈÉÐ�»�Á�Ó¼ÇËäêÂQ»�½'¿�Î7��8LÝ�8LÝ�81��Ç8Á�Ï
u1, u2, . . .

Õ�»�À�Û�»
Ú�¿�Å�Å�»�½ßÊQ¿�Á�Ï�ÈÍÁ�ÐUÁ�¿�Å�¾]Ç�äêÈ&@%»ËÏX¿�ÅÑÀ�Û�¿�ÐË¿�Á�ÇËäË»HÈÉÐË»�Á�ÎÉÂLÁ�Ú�ÀÑÈÉ¿�Á�½8Ý<c�¿�Å

φ ∈ L2(Γi)
ØHäÉ»SÀ

u := −Sω
Γe

(
Aω

1Sω
Γi

+ Aω
2Sω

Γi

)
[φ]−Dω

Γi

(
Aω

3Sω
Γi

+ Aω
4Sω

Γi

)
[φ] + Sω

Γi
[φ].

6b�



3�Û�»�Á�Ø�Õªþ�À�Û�»YÏL»HàLÁ�ÈÒÀÑÈÉ¿�ÁA¿¼Î
Aω

i

âã½�Ø
u
½ßÇ�ÀÑÈÍ½ÃàQ»�½





(∆ + ω2)u = 0
ÈÍÁ

Ω,

∂u

∂ν
= φ

¿�Á
Γi,

u =
(
Aω

3Sω
Γi

+ Aω
4Sω

Γi

)
[φ]

¿�Á
Γi,

u = 0
¿�Á

Γe.

×'ÊLÊ�äçþ�ÈÍÁ�ÐXý�Å�»Ë»�Á�âã½VÎI¿�Å�¾�Â�äÍÇ�Ø
=!»/Û�Ç�Ó�»

(ω2 − µi)

∫

Ω

uui =

∫

Γi

φui,

Ç8Á�Ï�Û�»�Á�Ú�»

u =

∞∑

n=1

〈ui, φ〉Γi

ω2 − µi
ui

ÈÍÁ
Ω,

=XÛ�»�Å�» 〈·, ·〉Γi

ÏL»�Á�¿ªÀ�»�½�À�Û�»èÈÍÁ�Á�»�Å�ÊLÅ�¿�Ï�ÂQÚ�À�ÈÍÁ
L2(Γi)

ÝÈ��þXÀ�Ç��ªÈÍÁ�ÐbÀ�ÛL»èÀ�Å�Ç¼Ú�»�¿�Á
Γi

Ø
=!»!¿�Õ�À�ÇËÈÍÁ
(
Aω

3Sω
Γi

+ Aω
4Sω

Γi

)
[φ] =

∞∑

n=1

〈ui, φ〉Γi

ω2 − µi
ui|Γi

.

3�Û�»�Á5=!»/Û�Ç�Ó�»
1

2πi

À�Å ∫
∂V

(Aω
3Sω

Γi
Mε + Aω

4Sω
Γi
Mε) dω =

1

2πi

∫

∂V

∞∑

n=1

〈ui, γχ(I)ui〉Γi

ω2 − µi
dω

=
γ

2ω0

∫

I

v2
0 ,

½ÃÈÍÁ�Ú�»
ω2

0

ÈÍ½�À�Û�»X¿�Á�äçþ]»HÈÉÐË»�Á�Ó�Ç�äêÂQ»/ÈÍÁ�½ÃÈÉÏL»
V
Ý'3QÛL»�Å�»�ÎJ¿�Å�»

ωε − ω0 =
γ

2ω0

∫

I

v2
0 +O(ε2).
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a³»�Á�¿�= ÊLÅ�¿�Ó�»XÀ�Û�»��Ø8LÝ�8LÝ&�2�±Ý�ÿ�Û�¿�¿�½¡» (ϕε

ψε

)
∈ B�»�Å

Aωε
ε

Ý�º¼»SÀ
Ψε =

(
ϕε

ψε

)

ÎI¿�ÅèÚ�¿�Á�Ó�»�Á�ÈÉ»�Á�Ú�»=Ç8Á�ÏîÇË½ß½ÃÂL¾A»YÀ�Û�Ç�À ‖Ψε‖L2(Γe)×H1(Γi) = 1
Ý£ºª»HÀ¨Â�½/ÏL»�àLÁ�»

PεÕ¼þ
Pε =

1

2πi

∫

∂V

(Aω
ε )−1 d

dω
A

ω
ε dω.

�Ø8LÝ��LÝ\Z
�2�
3�Û�»�Á�ÈÒÀ�ÈÍ½�ÊLÅ�¿ËÓ�»8Ï9ÈÍÁ î¦8 � ï¨À�Û�Ç�À

Pε

ÈÍ½�Ç/ÊLÅ�¿Ëå¹»ËÚ�ÀÑÈÉ¿�Áé�ÖÁ�¿¼À�Á�»8Ú�»�½ß½ßÇËÅ�Èêäçþ:¿�ÅÑÀ�Û�¿�ÐËé
¿�Á�Ç�ä&�ZÎ Å�¿�¾

L2(Γe)×H1(Γi)
¿�Á�À�¿éB�»�Å

Aωε
ε

ÝÕ� À�ÎJ¿�äêäÉ¿�=/½�Î Å�¿�¾ �Ø8LÝ��LÝ�Z��1��À�Û�Ç�À
Pε = P0 +O(ε)

�Ø8LÝ��LÝ\Z
�2�
=XÛ�»�Å�»

O(ε)
ÈÍ½6ÈÍÁgÀ�Û�»]¿�ÊQ»�Å�Ç�À�¿�ÅbÁ�¿�Å�¾vÝ:Ô�Ç�Ó�ÈÍÁ�Ð£Õ�¿¼À�Ûî½ÃÈÉÏL»�½Y¿�ÎÕ��8LÝ��LÝ\Z
�2�'Ç¼Ú�À

¿�Á
Ψε

Ø�=Y»!¿�Õ�À�Ç�ÈÍÁ
Ψε = P0Ψε +O(ε),

�Ø8LÝ��LÝ�82�2�
=XÛ�»�Å�»

O(ε)
ÈÍ½VÈÍÁ

L2(Γe)×H1(Γi)
é�Á�¿�Å�¾vÝ�º¼»SÀ

P0Ψε = (ϕ0
ε , ψ

0
ε )
Ç8Á�Ï

vε = Sωε

Γe
[ϕε]+Dωε

Γi
[ψε]−Sωε

Γi
Mε[ψε], v0 = Sω0

Γe
[ϕ0

ε ]+Dω0
Γi

[ψ0
ε ]

ÈÍÁ
Ω.

�Ø8LÝ��LÝ�8�Z_�
Þ�ÈÍÁ�Ú�» Sωε

Γe

Ç8Á�Ï Dωε

Γi

¾]Ç8Ê
L2(Γe)

ÇËÁ�Ï
H1(Γi)

ÈÍÁ�À�¿
H3/2(Ω)

ØLÅ�»�½ßÊQ»ËÚ�ÀÑÈçÓ�»Häçþ�Ø�=Y»
Û�Ç�Ó�»�ÎÉÅ�¿�¾ �Ø8LÝ��LÝ�82�2��À�Û�Ç�À

vε = v0 +O(ε)
ÈÍÁ
H3/2(Ω).

�Ø8LÝ��LÝ�8b81�
ð�¿�=ç=Y»¨Á�¿�Å�¾]Ç�äêÈ&@ß»

vε

Ø
v0

Õ¼þXÏ�ÈçÓ�ÈÉÏ�ÈÍÁ�ÐVÕ¼þ�ÈÒÀ�½
L2(Ω)

Á�¿�Å�¾]½�ÇËÁ�ÏYÏL»�Á�¿¼À�»'À�Û�»�¾
Õ¼þ

vε

Ø
v0

Ç¼Ð�Ç�ÈÍÁ�ÝÕ3�Û�»�Á
vε

Ø
v0

Ç8Å�»�½¡¿�äêÂ�ÀÑÈÉ¿�Á�½è¿¼ÎT�Ø8LÝ�8LÝ\Z_��ØH��8LÝ�8LÝ�81��Å�»�½ßÊQ»8Ú�ÀÑÈçÓ�»�äçþZÝ
Þ�ÈÍÁ�Ú�» ‖vε‖L2(Ω) = ‖v0‖L2(Ω) +O(ε)

ØªÀ�Û�»%þ=½±ÀÑÈêäêä�½ßÇ�ÀÑÈÍ½ÃÎÍþ��Ø8LÝ��LÝ�8b81�ÃÝ'3QÛL»�ÊLÅ�¿�¿�Î�¿�Î
3�Û�»8¿�Å�»�¾ 8LÝ�8LÝ\Z�ÈÍ½¨Á�¿�=CÚ�¿�¾�Ê�äÉ»HÀ�»�Ý

�

���@� ,]^��F�L"�`F$S�Ã^��
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Z
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Z
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� Ý�6QÝUû¨½¡»HÎÉÂ�ä�Ú�ÇËäÉÚ�Â�äÍÇ�ÀÑÈÉ¿�Á�½6¿�Á:ý�Å�»8»�Á�âã½bÎ ÂLÁ�Ú�ÀÑÈÉ¿�Á�Ç8Å�»�Å�»8Ú�ÇËäêäÉ»8Ï�ÈÍÁAÞª»ËÚ�ÀÑÈÉ¿�Á � Ý���Ý

0���� <Yd��3"J�^5£�%�/\bd(�N��$2\R�F�	4Y^�d�5�`�"�\Ua��Ã^��O^!_YaUc`�CD�������d¤$3�
<YdQ^�¥�"N�!5

c�¿�Å
ω > 0

ØbÇ
ÎÉÂLÁ�Ï�Ç8¾A»�Á�À�Ç�äè½¡¿¼äêÂ�ÀÑÈÉ¿�Á
Φω(x)

À�¿tÀ�Û�»tÔY»�äÍ¾:Û�¿¼äÒÀ!@Æ¿�ÊQ»�Å�Ç�À�¿�Å
∆ + ω2

ÈÍÁ
R2
ÈÍ½èÐHÈçÓ�»�Á:Õªþ

Φω(x) = − i
4
H

(1)
0 (ω|x|),

ÎI¿�Å
x 6= 0

Øb=XÛL»�Å�»
H

(1)
0

ÈÍ½VÀ�Û�»�Ô�ÇËÁH��»HäQÎ ÂLÁ�Ú�ÀÑÈÉ¿�ÁÆ¿�ÎQÀ�Û�»6àLÅ�½±ÀÈ�ªÈÍÁ�ÏÆ¿�Î�¿�Å�ÏL»�Å
0
Ý

a�»¨Å�»ËÚ�Ç�äêä�ý�Å�ÇËÎ�âã½�Ç�ÏLÏ�ÈÒÀÑÈÉ¿�Á�ÎI¿�Å�¾�Â�äÍÇF�Ö½¡»Ë»VÎJ¿�Å�»�ÌËÇ8¾]Ê�äÉ» î!Z�Ø_3�Û�»8¿�Å�»�¾ú�QÝ\Z�Ý��`��ïv�
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=XÛ�ÈÉÚ�Û�»�Ì¼ÊLÅ�»�½ß½¡»�½UÇ8½UÇè½¡»�ÅÑÈÉ»�½�Ç�àQ»�äÉÏ9Ð�»�Á�»�Å�Ç�À�»8ÏYÕ¼þ�Ç_½¡¿�ÂLÅ�Ú�»¨äÉ¿�Ú�Ç�À�»8ÏXÇ�À�½¡¿�¾A»
ÊQ¿�ÈÍÁ�À�Ý�º¼»HÀ�ÀÑÈÍÁ�Ð

x = (|x|, θx)
Ç8Á�Ï

y = (|y|, θy)
ÈÍÁ£ÊQ¿�äÍÇ8Å�Ú�¿�¿�Å�Ï�ÈÍÁ�Ç�À�»�½�Ø
=Y»6Û�Ç�Ó�»

H
(1)
0 (ω|x− y|) =

∑

l∈Z

H
(1)
l (ω|y|)eilθyJl(ω|x|)e−ilθx,

ÎI¿�Å |x| < |y|. � � Ý�8LÝ\Z_�
ÔY»�Å�»�Ø

H
(1)
l = Jl + iYl, l ∈ Z

Ø
Jl

ÇËÁ�Ï
Yl

ÇËÅ�»���»�½ß½¡»�äJâã½VÎ ÂLÁ�Ú�ÀÑÈÉ¿�Á�½8Ý
a³»YÏL»�Á�¿¼À�»�À�Û�»6½ßÊQ»8ÚÑÈÍ¾Æ»�Á�À�¿�Õ�»6ÈÍÁ�½ßÊQ»ËÚ�À�»ËÏ�Ç8½�À�Û�»6Ç8Á�Á�Â�äêÂL½

Ω = {x : r <

|x| < R} ÝXº¼»HÀ Γe

ÇËÁ�Ï
Γi

Õ�»XÀ�ÛL»£Ú�ÈÍÅ�ÚÑäÉ»�½X¿�ÎZÅ�Ç¼Ï�ÈêÂL½
R
Ç8Á�Ï

r
Ú�»�Á�À�»�Å�»8ÏîÇ�À�À�Û�»

¿�ÅÑÈÉÐHÈÍÁ�Ø�Å�»�½ßÊQ»8Ú�ÀÑÈçÓ�»�äçþZÝgÞ�ÂLÊLÊQ¿�½¡»�À�Û�Ç�À�À�Û�»=ÈÍÁ�Ç�Ú�Ú�»�½ß½ÃÈÖÕ�äÉ»A½ÃÂLÅÑÎ Ç¼Ú�»
Γi

Ú�¿�Á�À�Ç�ÈÍÁ�½
½¡¿�¾A»=Ú�¿�Å�Å�¿�½ÃÈçÓ�»�ÊLÇËÅÑÀ�½

Is
Ø
s = 1, . . . , m

Ý)3�Û�»£ÊLÇ8Å�À�½
Is
ÇËÅ�»A=!»�äêäÉé�½¡»�ÊLÇ8Å�Ç�À�»8Ï�Ø

Ç8Á�ÏhÀ�Û�»=Å�»ËÚÑÈÍÊLÅ�¿�Ú�ÇËä�¿�Î�À�Û�»�½ÃÂLÅÑÎ Ç¼Ú�»£ÈÍ¾]ÊQ»ËÏ�Ç8Á�Ú�»Q�êÀ�Û�»:Ú�¿�Å�Å�¿�½ÃÈÉ¿�ÁvÚ�¿�»�ÄhÚÑÈÉ»�Á�À!�
¿�Î�»�Ç�Ú�Û

Is
Ø
s = 1, . . . , m

ØLÈÍ½
γs ≥ 0

ØLÁ�¿ªÀ�ÈÉÏL»�Á�ÀÑÈÉÚ�Ç�äêäçþ�@ß»�Å�¿�Ý?a�»!Ç8½ß½ÃÂL¾A»/À�Û�Ç�À
»�Ç¼Ú�Û

γs ∈ C1(Is)
Ý�ºª»HÀ

γ(x) =

m∑

s=1

γsχs(x), x ∈ Γi,
� � Ý�8LÝ�81�
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χs
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Ω
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IsÇ8Å�»6½ß¾]ÇËäêäkW
|Is| = O(ε), s = 1, . . . , m,=XÛ�»�Å�»

ε
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p ≥ 1
Ø�=!»/Û�Ç�Ó�»
‖γ‖Lp(Γi) ≤ Cε1/p.
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uγ

ÐË»�Á�»�Å�Ç�À�»8Ï]Õªþ£ÇY½¡¿�Â�Å�Ú�»/Ç�À
y ∈ Γe

½ßÇ�ÀÑÈÍ½ÃàQ»�½




(∆ + ω2)uγ = 0
ÈÍÁ

Ω,

∂uγ

∂ν
+ γuγ = 0

¿�Á
Γi,

uγ = Φω(· − y) ¿�Á
Γe,

� � Ý�8LÝÐ4b�
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Ω
Ý

º¼»SÀ
u0
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



(∆ + ω2)u0 = 0
ÈÍÁ

Ω,

∂u0

∂ν
= 0

¿�Á
Γi,

u0 = Φω(· − y) ¿�Á
Γe.
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Γe
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Γi
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||γ||Lp

½ß¾]Ç�äêä�»�Á�¿�ÂQÐ�Û�Ý
Þ�ÂLÊLÊQ¿�½¡»6ÇËäÍ½¡¿9À�Û�Ç�À

ω
ÈÍ½bÁ�¿¼À�ÇËÁî»�ÈÉÐ�»�Á�Ó¼ÇËäêÂQ»�¿�Î −∆

ÈÍÁ�À�Û�»XÏ�ÈÍ½w�=¿�Î�Å�Ç¼Ï�ÈêÂL½
R
=�ÈÒÀ�Û=À�Û�»�Ù�ÈÍÅÑÈÉÚ�Û�äÉ»SÀ¨Õ�¿¼ÂLÁ�Ï�Ç8Å¹þ:Ú�¿�Á�Ï�ÈÒÀÑÈÉ¿�Áî¿�Á

Γe

Ø�È�Ýê»�Ý Ø
ωR

ÈÍ½�Á�¿¼À�ÇG@ß»�Å�¿:¿�Î
Jl

ÝYûV½ÃÈÍÁ�Ð�ý�Å�ÇËÎ¤âí½_Ç�ÏLÏ�ÈÒÀÑÈÉ¿�ÁîÀ�ÛL»8¿�Å�»�¾ � � Ý�8LÝ\Z_��ØH=Y»�Ú�¿�¾]Ê�Â�À�»
u0

À�¿î¿�Õ�À�Ç�ÈÍÁîÈÒÀ�½
»�Ì¼Ê�äêÈÉÚÑÈÒÀ�ÎJ¿�Å�¾ ÈÍÁ

Ω
W

u0(x) = Φω(x− y) +
i

4

∑

l∈Z

(
alH

(1)
l (ω|x|) + blJl(ω|x|)

)
eilθye−ilθx,

=XÛ�»�Å�»�Ø�ÎI¿�Å
l ∈ Z

Ø

al =
H

(1)
l (ωR)J ′

l(ωr)

(H
(1)
l )′(ωr)− H

(1)
l

(ωR)

Jl(ωR)
J ′

l(ωr)
,

Ç8Á�Ï
bl = −H

(1)
l (ωR)

Jl(ωR)
al.

û¨½ÃÈÍÁ�Ð9À�Û�»=äÍÇ8Å�Ð�»8é�ÇËÅ�ÐHÂL¾Æ»�Á�À_äÍÇ8Å�Ð�»8éß¿�Å�ÏL»�Å^�¹Ùb»�Õ¼þ�»¼âã½i�¨Ç8½�þ�¾]Ê�À�¿ªÀÑÈÉÚ�½!¿�ÎUÀ�Û�»
��»�½ß½¡»�äLÎ ÂLÁ�Ú�ÀÑÈÉ¿�Á�½��Ö½¡»8»YÞª»8Ú�ÀÑÈÉ¿�Á � Ý�62��Ø�=Y»!Ú�ÇËÁ:ÊLÅ�¿ËÓ�»_À�Û�Ç�À

||∇u0||L∞(Γi) = O(ω),
ÇË½
ω → +∞. � � Ý�8LÝ�62�

�`�



ð6¿
= =!»YÏL»HàLÁ�»6À�ÛL»£Ù�ÈÍÅÑÈÉÚ�Û�äÉ»SÀ�Î ÂLÁ�Ú�ÀÑÈÉ¿�Á
G̃ω

Õªþ




(∆x + ω2)G̃ω(x, z) = δz
ÈÍÁ

Ω,

∂G̃ω

∂νx

∣∣∣
Γi

= 0,

G̃ω|Γe = 0.

×VÐHÇËÈÍÁ=Î Å�¿�¾�ý�Å�Ç�Î�âã½VÇ¼ÏLÏ�ÈÒÀÑÈÉ¿�Á=À�Û�»Ë¿�Å�»�¾�Ø
=!»!Ú�¿�¾]Ê�Â�À�»�À�Û�Ç�À
G̃ω(x, z) = −Φω(x− z) +

i

4

∑

l∈Z

(
alH

(1)
l (ω|x|) + blJl(ω|x|)

)
e−ilθzeilθx,

� � Ý�8LÝÏ�	�
=XÛ�»�Å�»

al =
J ′

l (ωr)

(H
(1)
l )′(ωr)− H

(1)
l

(ωR)

Jl(ωR)
J ′

l(ωr)

[
H

(1)
l (ωR)Jl(ω|z|)

Jl(ωR)
−H (1)

l (ω|z|)
]
,

Ç8Á�Ï
bl = −H

(1)
l (ωR)

Jl(ωR)
al −

H
(1)
l (ωR)

Jl(ωR)
Jl(ω|z|).

º¼»SÀ
z ∈ Γi

ÝÈcªÅ�¿�¾ º¼»�¾]¾]Ç � Ý���Ý\Z�ÈÒÀ�ÎJ¿�äêäÉ¿�=/½�À�Û�Ç�À
G̃ω(x, z) =

i

2
H

(1)
0 (ω|x− z|) +

Ú�¿�Á�ÀÑÈÍÁ�ÂQ¿�Â�½VÎÉÂLÁ�Ú�ÀÑÈÉ¿�Á�ÈÍÁ
x,

ÎJ¿�Å
x ∈ Γi.

ñ ¿�Å�»Ë¿ËÓ�»�Å¡Ø�Ú�¿�¾:Õ�ÈÍÁ�ÈÍÁ�ÐÈ� � Ý�8LÝ��	��Ç8Á�ÏbÀ�ÛL»�äÍÇ8Å�Ð�»8é�ÇËÅ�ÐHÂ�¾A»�Á�À�äÍÇËÅ�ÐË»Ëéß¿�Å�ÏL»�Å�Ç8½�þ�¾]ÊQé
À�¿ªÀÑÈÉÚè»�Ì¼ÊLÇËÁ�½ÃÈÉ¿�Á�½�¿�Î�À�Û�»���»�½ß½¡»�ä�Î ÂLÁ�Ú�ÀÑÈÉ¿�Á�½K=!»£¿�Õ�À�ÇËÈÍÁ:À�Û�Å�¿�ÂQÐ�Ûî»�äÉ»�¾Æ»�Á�À�Ç8Å¹þ
Õ�Â�ÀUÀ�»8Ï�ÈÉ¿�Â�½èÚ�¿�¾�Ê�Â�À�Ç�ÀÑÈÉ¿�Á=À�Û�Ç�ÀUÀ�Û�»6ÎJ¿�äêäÉ¿�=�ÈÍÁ�ÐX»�½±ÀÑÈÍ¾]Ç�À�»

||G̃ω(·, z)− 2Φω(· − z)||L∞(Γi) = O(1)
Ç8½
ω → +∞, � � Ý�8LÝ��2�

Û�¿�äÉÏ�½�ÂLÁ�ÈêÎI¿�Å�¾�äçþ£ÈÍÁ
z ∈ Γi

Ý
3�¿�½ÃÈÍ¾]Ê�äêÈêÎÍþ�À�Û�»YÁ�¿ªÀ�Ç�ÀÑÈÉ¿�Á�Ø�ÈÍÁ�À�Å�¿�Ï�ÂQÚ�» S̃ω

Γi

Õ�»/À�Û�»X½ÃÈÍÁ�ÐHäÉ»YäÍÇ�þ�»�Å¨ÊQ¿¼À�»�Á�ÀÑÈÍÇ�ä
ÏL»�à�Á�»8Ï�Õªþ

G̃ω

ØªÀ�Û�Ç�À�ÈÍ½�Ø
S̃ω

Γi
ϕ(x) =

∫

Γi

G̃ω(x− y)ϕ(y) dσ(y), x ∈ R
2,

ÎI¿�Å
ϕ ∈ L2(Γi)

Ý
;�½±ÀÑÈÍ¾]Ç�À�»)� � Ý�8LÝ��2�Z½%Û�¿�=�½�À�Û�Ç�À�À�ÛL»6ÎI¿¼äêäÉ¿�=�ÈÍÁ�ÐèäÉ»�¾�¾]Ç�Û�¿�äÉÏ�½8Ý
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& t_�5���C�)'·�)'\r+6 õ¼ù
p > 1

l£�kj-��ùi���%e8¸��1�·�'¶?%�õ��Ã¸k� ¸E,
�F
±õ�ö7�1� ¶ªö-�
Cp

¸Éö-(H�w%'��ö-(H��ö-�
õ�]
ω
�Ëø�
#jO�kj�¶��

||S̃ω
Γi
ϕ||L∞(Γi) ≤ Cp||ϕ||Lp(Γi),

]¹õ�ù
ϕ ∈ Lp(Γi).

0���0 fK$L��5M2ba�^�a��N�¦4!^�d-5�`�"�\
a�»ôÏL»�Å�ÈçÓ�»(ÈÍÁRÀ�Û�ÈÍ½g½¡»8Ú�ÀÑÈÉ¿�Á;ÇËÁEÇË½Ñþ�¾]Ê�À�¿¼ÀÑÈÉÚh»�Ì¼ÊLÇËÁ�½ÃÈÉ¿�Á�¿�Î6À�Û�»(Â�äÒÀ�Å�Ç8½¡¿�Á�ÈÉÚ
Õ�¿�ÂLÁ�Ï�Ç8Å¹þXÊQ»�Å�ÀÑÂLÅ�Õ�Ç�ÀÑÈÉ¿�Á�½'Ï�ÂQ»¨À�¿6À�Û�»�Ú�¿�Å�Å�¿�½ÃÈçÓ�»�ÊLÇËÅÑÀ�½8ÝU3�Û�ÈÍ½�ÎI¿�Å�¾�Â�äÍÇ_ÈÍ½�Ú�»�Á�é
À�Å�ÇËäËÀ�¿/¿�ÂLÅ�ÏL»HÀ�»8Ú�ÀÑÈÉ¿�Á/À�»ËÚ�Û�Á�ÈÉë�Â�»�½8Ýec�¿�Å�À�ÛL¿�½¡»�Ê�ÂLÅ�ÊQ¿�½¡»�½ZÂL½ÃÈÍÁ�Ð�À�Û�»�ÎI¿�äêäÉ¿
=�ÈÍÁ�Ð
À�Û�»Ë¿�Å�»�¾�ÈÒÀ�ÈÍ½è»�½ß½¡»�Á�ÀÑÈÍÇ�äLÀ�Û�Ç�ÀUÀ�ÛL»Yë�ÂLÇËÁ�ÀÑÈÒÀ¹þ

u0(zs)
Õ�»�Á�¿�Á�é¦@ß»�Å�¿�Ý

�
��t2z��it`� �)'·�)'\rT� ø�%H%�õ��1���kj�¶7�
λ = 2π/ω >> ε

�kjÝ��öm�kjÝ��]¤õ
���IõU.V¸Éö��£¶`�%úªó5%Sa
�¤õ�� ¸�
']¤õ�ù�ó³ø_�É¶)j�õ
�k(b�Xø8ö�¸�]¤õ�ù�ó�� ú�õ�ö

Γe

]¤õ¼ùÓ��õ�ó��?%�õ��Ã¸k� ¸E,
�^
±õ�ö7�1� ¶ªö-�
α V

∂(uγ − u0)

∂ν
(x) = −

m∑

s=1

γ(zs)u0(zs)|Is|
∂G̃ω

∂ν
(x, zs) +O(ε1+α), x ∈ Γe.� � Ý � Ý�Z_�

.�ù±õ�õ�] Ý º¼»HÀ
w := uγ − u0

ÝT3�Û�»�Á
w
½ßÇ�ÀÑÈÍ½Ãà�»�½






∆w + ω2w = 0
ÈÍÁ

Ω,

∂w

∂ν
+ γw = −γu0

¿�Á
Γi,

w = 0
¿�Á

Γe.

3�Û�ÂL½Õ=Y»!ÐË»SÀ
w + S̃ω

Γi
(γw) = −S̃ω

Γi
(γu0)

ÈÍÁ
Ω.

� � Ý � Ý�81�
Þ�ÈÍÁ�Ú�»:ÎÉÅ�¿�¾ º¼»�¾�¾]Ç � Ý�8LÝ\Z]À�ÛL»�Å�»A»�ÌªÈÍ½±À�½/ÇîÊQ¿�½ÃÈÒÀÑÈçÓ�»ÆÚ�¿�Á�½±À�Ç8Á�À

C
ÏL»�ÊQ»�Á�Ï�ÈÍÁ�Ð

¿�Á�äçþ�¿�Á
p, ω,Γi,

Ç8Á�Ï
Γe

½ÃÂQÚ�Û=À�Û�Ç�À
‖S̃ω

Γi
(γw)‖L∞(Γi) ≤ C‖γw‖Lp(Γi) ≤ Cε

1
p‖w‖L∞(Γi), p > 1,

�b�



ÈÒÀ�ÎI¿¼äêäÉ¿�=/½�À�Û�Ç�À
w|Γi

= −S̃ω
Γi

(γu0) +O(ε
2
p )

ÈÍÁ
L∞(Γi).

3�Û�»�Å�»HÎI¿�Å�»�Ø
∂w

∂ν
= −

∫

Γi

γu0
∂G̃ω

∂ν
dσ +O(ε

2
p )

ÈÍÁ
L∞(Γe), p > 1.

ûV½ÃÈÍÁ�ÐhÀ�ÛL»�3�Ç�þ�äÉ¿�Å:»�Ì¼ÊLÇËÁ�½ÃÈÉ¿�Á>¿¼Î ∂ eGω

∂ν

Ç�À
zs

À�¿�Ð�»HÀ�Û�»�ÅA=6ÈÒÀ�ÛôÀ�Û�»(»�½±ÀÑÈÍ¾�Ç�À�»�½
� � Ý�8LÝ�62�ZÇ8Á�Ï

∫

Γi

γu0 dσ = |Is|γ(zs)u0(zs) +O(ε2||∇u0||L∞(Γi)),

þ�ÈÉ»�äÉÏ�½�À�ÛL»YÏL»�½ÃÈÍÅ�»ËÏ=Å�»�½ÃÂ�äÒÀ�Ý
�

ð6¿ªÀ�»�À�Û�Ç�À�Î Å�¿�¾ � � Ý�8LÝ��	��Ø
=!»XÛ�Ç�Ó�»
∂G̃ω

∂ν
(x, z) =

iω

4

∑

l∈Z

[
al(H

(1)
l )′(ωR) + blJ

′
l (ωR) + (H

(1)
l )′(ωR)Jl(ωr)

]
eilθxe−ilθz ,

� � Ý � Ý � �
=XÛ�»�Å�»

al =
J ′

l (ωr)

(H
(1)
l )′(ωr)− H

(1)
l (ωR)

Jl(ωR)
J ′

l(ωr)

[
H

(1)
l (ωR)Jl(ωr)

Jl(ωR)
−H (1)

l (ωr)

]

Ç8Á�Ï
bl = −H

(1)
l (ωR)

Jl(ωR)
al −

H
(1)
l (ωR)

Jl(ωR)
Jl(ωr).

×'Á�Ç�äÉ¿�Ð�¿�ÂL½Ãäçþ³À�¿õ� � Ý�8LÝ&62�¨Ç8Á�Ï � � Ý�8LÝ��2��Ø�À�Û�»]äÍÇ8Å�Ð�»8é�ÇËÅ�ÐHÂL¾Æ»�Á�À/äÍÇ8Å�Ð�»8éß¿�Å�ÏL»�Å
Ç8½�þ�¾]Ê�À�¿ªÀÑÈÉÚV»�Ì¼ÊLÇ8Á�½ÃÈÉ¿�Á�½�¿�Î�À�Û�»¡��»�½ß½¡»HäLÎÉÂLÁ�Ú�ÀÑÈÉ¿�Á�½�Ø
=!»YÚ�Ç8Á:ÊLÅ�¿�Ó�»_À�Û�Ç�À

||∂G̃ω

∂ν
(·, z)||L∞(Γe) = O(ω),

� � Ý � Ý�4b�
ÂLÁ�ÈêÎJ¿�Å�¾�äçþ�ÈÍÁ

z ∈ Γi

Ý
��Z



ð6¿ªÀ�»(ÇËäÍ½¡¿3À�Û�Ç�À]ÎJ¿�Å:Û�ÈÉÐ�Û�é�ÎÉÅ�»8ë�ÂQ»�Á�Ú¹þ
ω = O(ε−1)

Ø�=!»+Ú�ÇËÁ ÏL»�ÅÑÈçÓ�»(Ç8Á
Ç8½�þ�¾]Ê�À�¿ªÀÑÈÉÚV»�Ì¼ÊLÇ8Á�½ÃÈÉ¿�Á=ÎI¿�Å�À�Û�»/Õ�¿�Â�Á�Ï�Ç8Å¹þ9ÊQ»�Å�ÀÑÂLÅ±Õ�Ç�ÀÑÈÉ¿�Á�½�Ç8½VÎI¿¼äêäÉ¿�=/½8ÝÓc¼Å�¿�¾
� � Ý � Ý�81��Ø
=!»/Û�Ç�Ó�»

γw = −(I + γS̃ω
Γi

)−1(γS̃ω
Γi

(γu0))
¿�Á

Γi,Ç8Á�Ï£ÎI¿�Å
x ∈ Γe

Ø�=!»Y¿�Õ�À�ÇËÈÍÁ
∂(uγ − u0)

∂ν
(x) = −

∫

Γi

∂G̃ω

∂ν
(x, y)γ(y)u0(y) dσ(y)

+

∫

Γi

∂G̃ω

∂ν
(x, y)(I + γS̃ω

Γi
)−1(γS̃ω

Γi
(γu0))(y) dσ(y).

ð6¿ªÀ�»�À�Û�Ç�À
S̃ω

Γi
ϕ(x) =

∫

{ω|x−y|>1}∩Γi

G̃ω(x− y)ϕ(y)dσ(y) +

∫

{ω|x−y|≤1}∩Γi

G̃ω(x− y)ϕ(y)dσ(y)

:= I + II.

a�»/Û�Ç�Ó�»
I ≤ C‖ϕ‖∞

Ø�Ç8Á�Ï£Î Å�¿�¾kÀ�ÛL»YÚ�Û�ÇËÁ�Ð�»!¿�ÎLÓ�Ç8ÅÑÈÍÇªÕ�äÉ»F=!»YÚ�Ç8Á:½%Û�¿
=�À�Û�Ç�À
II ≤ C‖ϕ‖∞.

3QÛ�ÂL½
‖γS̃ω

Γi
‖L∞(Γi)→L∞(Γi) = O(1)

=XÛL»�Á
ω = O(ε−1),

Ç8Á�Ï�À�Û�»�Å�»HÎI¿�Å�»/=!»XÛ�Ç�Ó�»
(I + γS̃ω

Γi
)−1(γS̃ω

Γi
(γu0))(y) = O(ε).

ahÅÑÈÒÀÑÈÍÁ�ÐYÀ�Û�»:»�Ì¼ÊLÇ8Á�½ÃÈÉ¿�Á
¿�Î ∂ eGω

∂ν
(x, y)

ÎI¿�Å
x = (R, θx), y = (r, θzs + εθ)

ÇË½
ω = O(ε−1)

ÐË¿�»�½�À�¿
+∞ þ�ÈÉ»�äÉÏ�½èÇ�Û�ÈÉÐ�Û�é�ÎÉÅ�»8ë�ÂQ»�Á�Ú¹þ:Ç8½�þ�¾]Ê�À�¿¼ÀÑÈÉÚ�ÎI¿�Å�¾�Â�äÍÇ�ÎJ¿�Å

À�Û�»hÕ�¿�Â�Á�Ï�Ç8Å¹þtÊQ»�Å�ÀÑÂLÅ�Õ�Ç�ÀÑÈÉ¿�Á�½8Ý:3�Û�ÈÍ½£ÎJ¿�Å�¾�Â�äÍÇhÀ�»�Á�Ï�½]Ú�¿�Á�ÀÑÈÍÁ�ÂQ¿�ÂL½Ãäçþ
À�¿+¿¼ÂLÅ
äÉ¿�=!é�ÎÉÅ�»8ë�ÂQ»�Á�ÚIþ£ÎI¿�Å�¾�Â�äÍÇC� � Ý � Ý�Z_��Ç8½�À�Û�»_äêÈÍ¾�ÈÒÀb¿�Î

ωε
ÐË¿�»�½�À�¿C@ß»�Å�¿�Ý

0��JI 11�R��^P�`$�a�dL`���a��Ã^�� X ��aUc/^���$
�JÁYÀ�Û�ÈÍ½�½¡»8Ú�ÀÑÈÉ¿�Á�Ø_=!»èÇ¼Ï�Ç8Ê�À�À�Û�» ñ ûèÞ��¤ÿ�éÑÀ¹þ�ÊQ»�Ç�äÉÐË¿�ÅÑÈÒÀ�Û�¾k¿�Î�ÿQÛ�ÇËÊ�À�»�ÅeZ�À�¿�À�Û�»
½¡»HÀ�ÀÑÈÍÁ�Ð�ÈÍÁ¡=/Û�ÈÉÚ�Û:¾�Â�äÒÀÑÈÍÊ�äÉ»�Â�äÒÀ�Å�Ç8½¡¿�Á�ÈÉÚ�Õ�¿¼ÂLÁ�Ï�Ç8Å¹þ�¾A»�ÇË½ÃÂLÅ�»�¾A»�Á�À�½�Ç8Å�»�Ç�Ó�Ç�ÈêäÉé
ÇªÕ�äÉ»YÇËÁ�ÏÆÇ�äÍ½¡¿]½%ÛL¿�=�Û�¿�= ¿�Á�»Y¾]Ç�þhë�ÂLÇËÁ�ÀÑÈÒÀ�Ç�ÀÑÈçÓ�»�äçþîÏL»8Ï�ÂQÚ�»XÀ�Û�»XÁ�ÂL¾:Õ�»�Åè¿�Î

�78



Ú�¿�Å�Å�¿�½ÃÈçÓ�»UÊLÇ8Å�À�½�ÊLÅ�»�½¡»�Á�À�ÝÒa³»�ÇËäÍ½¡¿�Ç¼Ï�Ç8Ê�À�À�Û�»�ÊLÅ�¿�ÊLÇ�ÐHÇ�ÀÑÈÉ¿�Á�é±Õ�Ç�ÚP�¼ÊLÅ�¿�ÊLÇ¼Ð�Ç�ÀÑÈÉ¿�Á
ÇËäÉÐ�¿�ÅÑÈÒÀ�Û�¾�ÎI¿�ÅZÂ�äÒÀ�Å�Ç8½¡¿�ÂLÁ�Ï�À�¿�¾A¿�Ð�Å�ÇËÊ�Û�þ�À�¿!Ú�¿�Å�Å�¿�½ÃÈÉ¿�Á£ÏL»SÀ�»ËÚ�ÀÑÈÉ¿�Á�ÝUa�»�àLÁ�Ç�äêäçþ
ÊLÅ�»�½¡»�Á�ÀZÇ^c�¿�ÂLÅÑÈÉ»�ÅÃéÑÀ¹þ�ÊQ»VÅ�»8Ú�¿�Á�½±À�ÅÑÂQÚ�ÀÑÈÉ¿�ÁX¾A»HÀ�ÛL¿�ÏZÝQ×�äêä�¿�Î¼À�Û�»�½¡»VÀ�Û�Å�»Ë»_Ï�È\0Z»�ÅÃé
»�Á�À�Õ�Â�À�Ó�»�Å¹þgÚÑäÉ¿�½¡»�äçþîÅ�»�äÍÇ�À�»ËÏîÇ8ÊLÊLÅ�¿�Ç¼Ú�Û�»�½_Å�»�äçþ�¿�Á�¿�ÂLÅ¨Ç8½�þ�¾]Ê�À�¿ªÀÑÈÉÚ_»�Ì¼ÊLÇ8Á�é
½ÃÈÉ¿�Áè� � Ý � Ý�Z_��¿�Î�À�ÛL»9Â�äÒÀ�Å�ÇË½¡¿�Á�ÈÉÚ�Å�»	ñQ»8Ú�À�»8Ï�=/Ç�Ó�»)=6ÈÒÀ�ÛhÅ�»�½ßÊQ»ËÚ�À¨À�¿�À�Û�»9äÉ»�Á�ÐSÀ�Û
¿�Î�À�Û�»YÚ�¿�Å�Å�¿�½ÃÈçÓ�»�ÊLÇ8Å�À�½

§ n©¨#nqm ª¬« ­�®[¯N°#±d²�³ ´µu¶ª�|<·[¸Lw¹x��)ºLt
�JÁXÀ�Û�ÈÍ½�½¡»ËÚ�ÀÑÈÉ¿�Á�Ø	=!»�Ç�Ï�ÇËÊ�À�À�Û�» ñ û�Þ��¤ÿ�éÑÀIþ�ÊQ»bÇËäÉÐ�¿�ÅÑÈÒÀ�Û�¾ ¿�Î�ÿQÛ�ÇËÊ�À�»�ÅeZbÀ�¿!¿¼ÂLÅ
ÊLÅ�»�½¡»�Á�À�½¡»HÀ�ÀÑÈÍÁ�Ð�Ýea�»/ÇËäÍ½¡¿=½%ÛL¿�=CÛ�¿�= ¿�Á�»/¾]Ç�þA»�ÇË½ÃÈêäçþÆÏL»8Ï�ÂQÚ�»/À�Û�»/Á�ÂL¾]Õ�»�Å
¿�Î�Ú�¿�Å�Å�¿�½ÃÈçÓ�»6ÊLÇËÅÑÀ�½VÊLÅ�»�½¡»�Á�À�Î Å�¿�¾kÂ�äÒÀ�Å�ÇË½¡¿�Á�ÈÉÚ�Õ�¿�Â�Á�Ï�Ç8Å¹þ£¾Æ»�Ç8½ÃÂ�Å�»�¾A»�Á�À�½8Ý

º¼»SÀ
y1, . . . , yn

Õ�»
n
ÊQ¿�ÈÍÁ�ÀZ½¡¿�Â�Å�Ú�»�½UÂLÁ�ÈêÎI¿�Å�¾�äçþYÏ�ÈÍ½±À�Å�ÈÖÕ�Â�À�»8Ï!¿�Á

Γe

ÝÈV�»�=/ÅÑÈÒÀ�»
� � Ý � Ý\Z_�ZÇ8½VÎJ¿�äêäÉ¿�=/½_W
∂(uγ − u0)

∂ν
(y) ≈

m∑

s=1

γ(zs)|Is|
[∫

Γe

∂G̃ω

∂ν
(y, zs)Φω(y − yl) dσ(y)

]
∂G̃ω

∂ν
(y, zs),� � Ý�4�Ý�Z_�

½ÃÈÍÁ�Ú�»
u0(zs) = −

∫

Γe

∂G̃ω

∂ν
(y, zs)Φω(y − yl) dσ(y).

�JÁpÀ�Û�»�½ßÊ�ÈÍÅ�ÈÒÀ]¿�Î�À�Û�»
Å�»ËÚÑÈÍÊLÅ�¿�ÚÑÈÒÀIþ>ÐHÇ8ÊRÇËÊLÊLÅ�¿�Ç�Ú�Û î!Z
�LØh��ï8Øè¾�Â�äÒÀÑÈÍÊ�äçþ�ÈÍÁ�Ð
Õªþ
Φω(y − yl′)

Ç8Á�Ï£ÈÍÁ�À�»ËÐ�Å�Ç�ÀÑÈÍÁ�ÐY¿�Ó�»�Å
Γe

=!»Y¿�Õ�À�ÇËÈÍÁ£À�Û�Ç�À
∫

Γe

∂(uγ − u0)

∂ν
(y)Φω(y − yl′) dσ(y)

≈
m∑

s=1

γ(zs)|Is|
[∫

Γe

∂G̃ω

∂ν
(y, zs)Φω(y − yl) dσ(y)

][ ∫

Γe

∂G̃ω

∂ν
(y, zs)Φω(y − yl′) dσ(y)

]
.

�JÁ�À�Å�¿�Ï�ÂQÚ�»�À�ÛL»YÚ�¿�»�ÄhÚÑÈÉ»�Á�À�½

all′ =
m∑

s=1

αs

[∫

Γe

∂G̃ω

∂ν
(y, zs)Φω(y−yl) dσ(y)

][ ∫

Γe

∂G̃ω

∂ν
(y, zs)Φω(y−yl′) dσ(y)

]
,

� �



=XÛ�»�Å�»
αs = γ(zs)|Is|

ÝO3QÛL»�ÁvÎÉÅ�¿�¾ À�ÛL»]ÇË½Ñþ�¾]Ê�À�¿¼ÀÑÈÉÚY»�Ì¼ÊLÇËÁ�½ÃÈÉ¿�Áá� � Ý � Ý\Z_��À�Û�»
¾]Ç�À�Å�ÈãÌ

A = (all′)l,l′=1,...,n

ÈÍ½¨Ç8ÊLÊLÅ�¿SÌªÈÍ¾]Ç�À�»�äçþ¡��Á�¿�=/ÁUW

A ≈
(∫

Γe

∂(uγ − u0)

∂ν
(y)Φω(y − yl′) dσ(y)

)

l,l′=1,...,n

,

=XÛ�»�Å�»
uγ

ÇËÁ�Ï
u0

ÇËÅ�»�À�Û�»6½¡¿�äêÂ�ÀÑÈÉ¿�Á�½¨Ú�¿�Å�Å�»�½ßÊQ¿�Á�Ï�ÈÍÁ�Ð�À�¿
Φω(· − yl)

ÝÓ� À�ÈÍ½è»�Ç8½�þ
À�¿9½¡»8»6À�Û�Ç�ÀUÀ�Û�»6¾]Ç�À�ÅÑÈãÌ

A
Ç¼Ï�¾�ÈÒÀ�½�À�ÛL»6ÎI¿¼äêäÉ¿�=�ÈÍÁ�Ð�ÏL»8Ú�¿�¾]ÊQ¿�½ÃÈÒÀÑÈÉ¿�ÁUW

A =
m∑

s=1

αsvsv
T
s ,

=XÛ�»�Å�»
T
ÏL»�Á�¿¼À�»�½�À�Û�»�À�Å�ÇËÁ�½ßÊQ¿�½¡»_Ç8Á�Ï

vs =

(∫

Γe

∂G̃ω

∂ν
(y, zs)Φω(y−y1) dσ(y), . . . ,

∫

Γe

∂G̃ω

∂ν
(y, zs)Φω(y−yn) dσ(y)

)T

, s = 1, . . . , m.

c�¿�äêäÉ¿�=6ÈÍÁ�Ð�î � 4�ïªØQÀ�Û�» ñ û�Þ��¤ÿ#Ú�Û�Ç8Å�Ç�Ú�À�»�ÅÑÈ&@�Ç�ÀÑÈÉ¿�Áv¿¼Î�À�Û�»�äÉ¿�Ú�Ç�ÀÑÈÉ¿�Á�½
zs, s =

1, . . . , m
ÈÍ½èÐHÈçÓ�»�ÁÆÕªþ9À�Û�»6ÎJ¿�äêäÉ¿�=�ÈÍÁ�Ð_À�Û�»Ë¿�Å�»�¾
Ý

�
��t2z��it`� �)' � '\r L���� {yn} ∈ Γe

·H�X¶�
�õ�ø8ö-� ¶�·��k���1���µ.V¸k�kjm�kj-��%�ù±õ`%'��ù��Jú��kj�¶7�
¶ªöLú�¶8ö�¶`� ú7� ¸k
Ò]ÑøËö-
�� ¸Iõ�ö»./j�¸k
#j�,H¶ªö�¸��vj-�	�U¸Éö!¶_���

yn

,H¶ªö�¸��vj-�	�U¸k(H��öÝ� ¸�
�¶`��� ú6õ�ö
Γe

o
7 j-��ö+�kj-��ùi���^e8¸��1�Ï�

N0 ∈ N
�Ëø�
#j+�kj�¶7��¸�]

n ≥ N0

�kj-��ö9¶?%�õ8¸Éö-�
z ∈ {z1, . . . , zm}¸�]�¶8ö-(:õ�ö�� ú�¸�]<�kjÝ�F,
�

��¤õ�ù

wz

(H�hg�ö-�
(]·�ú

wz :=

(∫

Γe

∂G̃ω

∂ν
(y, z)Φω(y − y1) dσ(y), . . . ,

∫

Γe

∂G̃ω

∂ν
(y, z)Φω(y − yn) dσ(y)

)T

·H���Iõ�ö��2���¹õ k ¶ªö��7�
(A)

o
.�ù±õ�õ�] Ý ×�½ß½ÃÂL¾A»9À�Û�Ç�ÀVÀ�Û�»�Å�»9ÈÍ½6Á�¿

N0

=XÛ�ÈÉÚ�Ûg½ßÇ�ÀÑÈÍ½ÃàQ»�½_À�Û�»�Á�»ËÚ�»�½ß½ßÇ8Å¹þhÇ8Á�Ï
½ÃÂ�ÄhÚÑÈÉ»�Á�À�Ú�¿�Á�Ï�ÈÒÀÑÈÉ¿�Át¿�Î�À�Û�»�À�Û�»Ë¿�Å�»�¾gØ�À�Û�»�Á�ÎI¿�Å�»�Ç¼Ú�Û

n
Ø�À�ÛL»�Å�»:»�ÌªÈÍ½±À

zn

Ø
xnÇ8Á�Ï

an
s

�
s = 1, . . . , m

�Z½ÃÂQÚ�Û=À�Û�Ç�À

hzn(yk) =
m∑

s=1

an
shzs(yk),

ÎI¿�Å
k = 1, . . . , n,

�24



Ç8Á�Ï
hzn(xn) 6=

m∑

s=1

an
shzs(xn).

º¼»SÀ�ÀÑÈÍÁ�Ð
ãn

0 = 1Pm
s=1 an

s

Ç8Á�Ï
ãn

s = an
sPm

s=1 an
s

Ø
=!»/Û�Ç�Ó�»

−ãn
0hzn(yk) +

m∑

s=1

ãn
shzs(yk) = 0,

ÎJ¿�Å
k = 1, . . . , n,

−ãn
0hzn(xn) +

m∑

s=1

ãn
shzs(xn) = 0.

a�»�Ú�ÇËÁ�Ç8½ß½ÃÂL¾A»bÀ�Û�Ç�À
zn

Ø
xn

ÇËÁ�Ï
ãn

s

�
s = 0, . . . , m

��Ú�¿�Á�Ó�»�Å�Ð�»¨À�¿
z
Ø
x ∈ Γe

Ç8Á�Ï
ãs ∈ [0, 1]

Ø¼Å�»�½ßÊQ»ËÚ�ÀÑÈçÓ�»HäçþZÝ'Þª¿

−ã0hz(yk) +

m∑

s=1

ãshz(yk) = 0,
ÎJ¿�Å�ÇËäêä

k ∈ N,
� � Ý�4�Ý�81�

Ç8Á�Ï
−ã0hz(x) +

m∑

s=1

ãshz(x) 6= 0.
� � Ý�4�Ý � �

ð�¿¼À�»_À�Û�Ç�À�äÉ»SÀ�ÀÑÈÍÁ�Ð
x = Reiθx

Ø
y = Reiθy

ÇËÁ�Ï
z = reiθz

Ø�=!»/Û�Ç�Ó�»

hz(x) :=

∫

Γe

∂G̃ω

∂ν
(y, z)Φω(y − x) dσ(y) =

∫

Γe

∂G̃ω

∂ν
(y, ze−iθx)Φω(y − R) dσ(y).

3�Û�ÂL½�Ø
hz

ÈÍ½¨Ç8Á�Ç�äçþ�ÀÑÈÉÚ'ÎI¿�Å�»�Ç�Ú�Û
z
Ø�Ç8Á�Ïé� � ÝÐ4�Ý�81��äÉ»�Ç�Ï�½

−ã0hz(x) +
m∑

s=1

ãshz(x) = 0,
ÎJ¿�Å�ÇËäêä

x ∈ Γe,

=XÛ�ÈÉÚ�Û�ÈÍ½¨Ç�Ú�¿�Á�À�Å�Ç�Ï�ÈÉÚ�ÀÑÈÉ¿�Á=À�¿�� � Ý�4�Ý � �ÃÝ
�

§ n©¨#nb¼ ½#z¾y{¿Àt�z[w�¿ÂÁ¡w�¸ y)u�ÃLsµwÄu
�JÁvÀ�Û�ÈÍ½Y½¡»8Ú�ÀÑÈÉ¿�Á�ØT=!»AÇ�Ï�ÇËÊ�À�À�Û�»:ÊLÅ�¿�ÊLÇ�ÐHÇ�ÀÑÈÉ¿�Á�é±Õ�Ç�ÚP�¼ÊLÅ�¿�ÊLÇ¼Ð�Ç�ÀÑÈÉ¿�ÁvÇ�äÉÐË¿�Å�ÈÒÀ�Û�¾
ÎI¿�ÅVÂ�äÒÀ�Å�Ç8½¡¿�Â�Á�ÏÆÀ�¿�¾Æ¿�Ð�Å�ÇËÊ�Û�þ]À�¿gÚ�¿�Å�Å�¿�½ÃÈÉ¿�Á³ÏL»SÀ�»8Ú�ÀÑÈÉ¿�Á�ÝCd'ÂLÅbÈÒÀ�»�Å�Ç�ÀÑÈçÓ�»£Ç�äÉÐË¿�é
ÅÑÈÒÀ�Û�¾k¾�Ç���»�½�ÂL½¡»�¿�Î�¿�Á�äçþ£¿�Á�»èÂ�äÒÀ�Å�ÇË½¡¿�Á�ÈÉÚ<=�Ç�Ó�»/Ð�»�Á�»�Å�Ç�À�»ËÏ£Õªþ�Ç6à¼Ì�»ËÏ£ÊQ¿�ÈÍÁ�À
½¡¿�ÂLÅ�Ú�»�Ý

�7�



c�¿�Å
f ∈ H1/2(Γe)

Ø¼äÉ»HÀ
uγ

ÈÍ½�À�ÛL»�½¡¿�äêÂ�ÀÑÈÉ¿�Á=À�¿




(∆ + ω2)uγ = 0
ÈÍÁ

Ω,

∂uγ

∂ν
+ γuγ = 0

¿�Á
Γi,

uγ = f
¿�Á

Γe,

� � Ý�4�ÝÐ4b�

Ç8Á�Ï
u0

Õ�»�À�Û�»è½¡¿�äêÂ�ÀÑÈÉ¿�Á9ÈÍÁ9À�Û�»èÇªÕ�½¡»�Á�Ú�»/¿¼Î�Ú�¿�Å�Å�¿�½ÃÈÉ¿�Á�ÝQ×VÚ�Ú�¿�Å�Ï�ÈÍÁ�ÐbÀ�¿C� � Ý � Ý\Z_��Ø
=!»�Û�Ç�Ó�»

∂(uγ − u0)

∂ν
(x) = −

m∑

s=1

γ(zs)u0(zs)|Is|
∂Gω

∂ν
(x, zs) +O(ε1+α), x ∈ Γe.

º¼»SÀ
αs := γ(zs)|Is|

Ç8Á�Ï:ÏL»HàLÁ�»�ÎJ¿�Å
α = (α1, . . . , αm)

ÇËÁ�Ï
q = (z1, . . . , zm)

R(α, q) :=
∂u0

∂ν
−

m∑

s=1

αsu0(zs)
∂Gω

∂ν
(·, zs).

� � Ý�4�Ý��1�
ð�¿¼À�»_À�Û�Ç�À R ÈÍ½¨ÇXÁ�¿�Á�äêÈÍÁ�»�Ç8Å¨¿�ÊQ»�Å�Ç�À�¿�ÅUÎÉÅ�¿�¾

R
2m ÈÍÁ�À�¿

L2(Γe)
Ý

º¼»SÀ ∂u∗

γ

∂ν

Õ�»_À�Û�»�¾A»�Ç8½ÃÂLÅ�»ËÏ:Ï�Ç�À�Ç!¿�Á
Γe

ÝT3�Û�»CBQÇ�Ú>@±¾�Ç8Å!@�ÊLÅ�¿�Ú�»ËÏ�ÂLÅ�»X¿¼Î�À�Û�ÈÍ½
ÊLÇ8ÊQ»�Å�ÈÍ½¨Ç8Á]ÈÒÀ�»�Å�Ç�ÀÑÈçÓ�»/½¡Ú�Û�»�¾A»�ÂLÊQÏ�Ç�ÀÑÈÍÁ�Ð

(α, q)
À�¿9àLÁ�Ï

(α∗, q∗)
½¡¿!À�Û�Ç�À

R(α∗, q∗) =
∂u∗γ
∂ν

¿�Á
Γe.

� � Ý�4�Ý&62�
c�¿�äêäÉ¿
=�ÈÍÁ�Ð_ðèÇ�À�À�»�Å�»�Å�Ç8Á�Ï�a�ôÂ�ÕLÕ�»HäêÈÍÁ�Ð)î � ��ï8Ø�Â�ÊQÏ�Ç�ÀÑÈÍÁ�Ð'ÎJ¿�ÅQÀ�Û�»�BQÇ�Ú!@�¾]ÇËÅ¦@�ÊLÅ�¿�é
Ú�»8Ï�ÂLÅ�»�ÎJ¿�Å�Ú�¿�Å�Å�¿�½ÃÈÉ¿�ÁÆÏL»SÀ�»8Ú�ÀÑÈÉ¿�Á�ÈÍ½èÏL¿�Á�»�Õ¼þ

(α, q)← (α, q)− τ(R′)∗
(
R(α, q)− ∂u∗γ

∂ν

)
,

� � Ý�4�ÝÏ�	�
=XÛ�»�Å�»

τ
ÈÍ½�Ç6Å�»HäÍÇSÌËÇ�ÀÑÈÉ¿�Á�ÊLÇ8Å�ÇË¾A»HÀ�»�ÅUÇËÁ�Ï

(R′)∗
ÈÍ½�À�ÛL»èÇ�ÏªåI¿�ÈÍÁ�À�¿�Î�À�ÛL»�c¼ÅËá»ËÚ�Û�»SÀ

ÏL»�ÅÑÈçÓ�Ç�ÀÑÈçÓ�»X¿�Î R ÝÓd�Õ�½¡»�Å¹Ó�»6À�Û�Ç�À
∂R
∂αs

= −u0(zs)
∂Gω

∂ν
(·, zs),

Ç8Á�Ï
∂R
∂zs

= −∂u0

∂T
(zs)

∂Gω

∂ν
(·, zs)− u0(zs)

∂2Gω

∂ν∂T
(·, zs),

�b6



=XÛ�»�Å�» ∂
∂T

ÏL»�Á�¿¼À�»�½�À�Û�»�À�ÇËÁ�ÐË»�Á�ÀÑÈÍÇËä�ÏL»�ÅÑÈçÓ�Ç�ÀÑÈçÓ�»:¿�Á
Γi

ÇËÁ�ÏîÈÍÁ ∂2Gω

∂ν∂T

À�Û�»£Á�¿�Åßé
¾]Ç�ä'ÏL»�ÅÑÈçÓ�Ç�ÀÑÈçÓ�»£ÈÍ½�=�ÈÒÀ�Û�Å�»�½ßÊQ»ËÚ�ÀbÀ�¿AÀ�Û�»�àLÅ�½±ÀbÓ�ÇËÅ�ÈÍÇ8Õ�äÉ»�½/Ç8Á�ÏîÀ�Û�»�À�Ç8Á�Ð�»�Á�ÀÑÈÍÇ�ä
ÏL»�ÅÑÈçÓ�Ç�ÀÑÈçÓ�»AÈÍ½A=�ÈÒÀ�Û#Å�»�½ßÊQ»ËÚ�À�À�¿³À�Û�»î½¡»ËÚ�¿�Á�ÏvÓ¼Ç8ÅÑÈÍÇªÕ�äÉ»�½8Ý�3�Û�ÂL½)=!»hÛ�Ç�Ó�»AÎJ¿�Å
h ∈ H1/2(Γe)

(R′)∗(h) = −
(
u0(z1)v(z1), . . . , u0(zm)v(zm),

∂

∂T

(
u0(z1)v(z1)

)
, . . . ,

∂

∂T

(
u0(z1)v(z1)

))
,� � Ý�4�Ý&�2�

=XÛ�»�Å�»
v
ÈÍ½�À�Û�»6½¡¿�äêÂ�ÀÑÈÉ¿�Á�À�¿





(∆ + ω2)v = 0
ÈÍÁ

Ω,

∂v

∂ν
= 0

¿�Á
Γi,

v = h
¿�Á

Γe.

� � Ý�4�Ý&�2�

ð�¿¼À�»³À�Û�Ç�ÀQ� � ÝÐ4�Ý��2�XÈÍ½îÁ�¿¼À�Û�ÈÍÁ�ÐvÕ�Â�À=ÀÑÈÍ¾A»tÅ�»%Ó�»�Å�½ßÇËäèÈÍÁRÀ�Û�»³ÀÑÈÍ¾Æ»8é±Û�ÇËÅ�¾A¿�Á�ÈÉÚ
Å�»8ÐSÈÍ¾A»�Ý

§ n©¨#n § Å ¸�sµw�xEu�wÆ« u{�)º ¸jÃ
3�Û�»¡c�¿�Â�Å�ÈÉ»�Å�¾A»SÀ�Û�¿�Ï=ÈÍ½_Õ�ÇË½¡»8ÏÆ¿�ÁÆÇ9½ÃÈÍ¾]Ê�äÉ»XÅ�»HäÍÇ�ÀÑÈÉ¿�ÁAÕ�»HÀ>=Y»8»�Á:À�Û�»5c�¿�ÂLÅÑÈÉ»�Å
Ú�¿�»�ÄhÚÑÈÉ»�Á�À�½6¿�Î

∂(uγ − u0)/∂ν
=:Ý Å�ÝãÀ�Ý

θx

Ç8Á�Ï=À�Û�»/äÉ¿�Ú�Ç�ÀÑÈÉ¿�Á�½
θzs, s = 1, . . . , m,¿�Î�À�Û�»YÚ�¿�Å�Å�¿�½ÃÈçÓ�»�ÊLÇ8Å�À�½8Ý

a³»/Õ�»8ÐSÈÍÁ¡=�ÈÒÀ�Û�Á�¿ªÀÑÈÉÚÑÈÍÁ�ÐèÀ�Û�Ç�À�Â�½ÃÈÍÁ�ÐG� � Ý � Ý � ��Ø�=!»6ÈÍ¾�¾A»8Ï�ÈÍÇ�À�»�äçþAÐ�»HÀ�À�Û�Ç�À
∂G̃ω

∂ν
(x, z) =

∑

n∈Z

einθxe−inθzM(n),

=XÛ�»�Å�»
M(n) =

iω

4

[
an(H(1)

n )′(ωR) + bnJ
′
n(ωR) + (H (1)

n )′(ωR)Jn(ωr)

]
.

º¼»SÀ
cn
ÏL»�Á�¿¼À�»_À�Û�»Cc�¿�ÂLÅÑÈÉ»�Å�Ú�¿�»�ÄhÚÑÈÉ»�Á�À�¿¼Î

∂(uγ − u0)/∂ν
=:Ý Å�ÝãÀ�Ý

θx

Ø ¸!o·��o Ø
cn =

1

2πR

∫

Γe

e−inθx
∂(uγ − u0)

∂ν
(x)dσ(x).

���



� ÀUÀ�Û�»�Á�ÎI¿�äêäÉ¿
=/½VÎ Å�¿�¾ � � Ý � Ý\Z_��À�Û�Ç�À

cn = −
m∑

s=1

γ(zs)u0(zs)|Is|
1

2πR

∫

Γe

e−inθx
∂G̃ω

∂ν
(x, zs)dσ(x) +O(ε1+α)

=
m∑

s=1

βsα
n
s +O(ε1+α), n = 0, 1, 2, . . . ,

=XÛ�»�Å�»
αs = e−iθzs

Ç8Á�Ï
βs = −γ(zs)u0(zs)|Is|M(n).ð�¿¼À�»_À�Û�Ç�À�½ÃÈÍÁ�Ú�»

zs

ÈÍ½è¿�Á£À�ÛL»6ÈÍÁ�À�»�ÅÑÈÉ¿�Å¨Ú�ÈÍÅ�ÚÑäÉ»
Γi

Ø�=!»/Û�Ç�Ó�»
zs = rαs

Ý
3�Û�»^c�¿�ÂLÅÑÈÉ»�Å�¾A»HÀ�ÛL¿�ÏXÈÍ½�Õ�ÇË½¡»8Ï�¿�ÁYÀ�Û�»¨ÎI¿�äêäÉ¿�=6ÈÍÁ�ÐVÀ>=!¿/äÉ»�¾]¾]ÇË½�Î Å�¿�¾ î¦82�LØ

82�
ï�Ý
& t_�5���C�)' � '·��� ø�%H%�õ��1�S�kj�¶7�H�kjÝ�<�1��$Qø���ö-
i� {cn} �K¶H�7�	�e�kj-��]¹õ�ù�ó cn =

∑k
j=1 βjα

n
j

l
n = 0, 1, . . .

o * ]
l1, . . . , lk

�¥¶7� ¸��@gU�	�F�kjÝ���7��ö-��ù�¶7� ¸Éö��¡��$QøË¶7� ¸Iõ�ö
cn+k + l1cn+k−1 + · · ·+ lkcn = 0, n = 0, 1, . . . , k − 1 ,

� � ÝÐ4�Ý\Z
�2�
�kj-��ö

α1, α2, · · · , αk

¶ªùi����õ
��ø�� ¸Iõ�ö7��õ�]
zk + l1z

k−1 + · · ·+ lk = 0.
� � Ý�4�Ý\ZbZ_�

7 j-�C
±õ¼ö�,
��ùE�1��¸���¶`����õé�Iù¡ø���o 6 ø8ùw�kjÝ��ù�óhõ¼ùi��l�¸�]j8>A[oDC-o<:HG�?SjQõ
�k(b�nle�kj-��ö=¸��Tj�õ
�k(b�
]¤õ¼ù'¶_���

n
o

& t_�5���C�)' � '·� L����
cn
·H��¶`��¸ÉöO�kj-�CL���ó:ó:¶�A[oDC-o��!¶ªö-(G���
�

Dn = det




c0 c1 · · · cn−1

c1 c2 · · · cnooo ooo ooo
cn−1 cn · · · c2n−2



.

7 j-��ö
Dn =





β1β2 · · ·βm

∏

i<j

(αi − αj)
2 ¸Ï]

n = m ,

0
¸�]
n > m .

� � Ý�4�Ý�Z�81�

�b�



a³»/Û�Ç�Ó�»�À�Û�»�ÎI¿�äêäÉ¿�=6ÈÍÁ�ÐAc�¿�ÂLÅÑÈÉ»�Å�Å�»8Ú�¿�Á�½±À�ÅÑÂQÚ�ÀÑÈÉ¿�Á�ÊLÅ�¿�Ú�»ËÏ�ÂLÅ�»�Ý
• �Jð�ÂL¾]Õ�»�ÅÑÈÍÁ�Ð���Þ�À�ÇËÅÑÀT=�ÈÒÀ�Û�ÇXÕ�¿¼ÂLÁ�Ï N ÇËÁ�Ï�Ú�¿�¾]Ê�Â�À�»�À�Û�»�ÏL»HÀ�»�Å�¾�ÈÍÁ�Ç8Á�À�½
ÈÍÁ�� � Ý�4�Ý\Z�81��ÎJ¿�Å

n = N,N − 1, . . . ,
ÂLÁ�ÀÑÈêä�ÈÒÀ�Õ�»8Ú�¿�¾A»�½�Á�¿�Á�@%»�Å�¿�Ý�3�Û�»èàLÅ�½±À

Á�Â�¾:Õ�»�Å�ÎI¿�Å'=/Û�ÈÉÚ�Û=À�Û�»XÏL»HÀ�»�Å�¾=ÈÍÁ�Ç8Á�À'ÈÍ½¨Á�¿�Á7@ß»�Å�¿9ÈÍ½
m
Ý

• Þ8¿�äçÓ�»�ÎI¿�Å l1, l2, · · · , lN À�Û�»6½Ñþ�½±À�»�¾�¿�Î�äêÈÍÁ�»�Ç8Åb»Ëë�ÂLÇ�ÀÑÈÉ¿�Á�½



c0 c1 · · · cN−1

c1 c2 · · · cNÝÝÝ ÝÝÝ ÝÝÝ
cN−1 cN · · · c2N−2







lN

lN−1ÝÝÝ
l1




=




−cN
−cN+1ÝÝÝ
−c2N−1




.
� � Ý�4�Ý�Z � �

• �Iº¼¿�Ú�ÇËäêÈ&@�ÈÍÁ�Ð��ÕcªÈÍÁ�Ï�@%»�Å�¿�½ α1, . . . , αN

¿�ÎQÀ�ÛL»/ÊQ¿�äçþ�Á�¿�¾=ÈÍÇËä�»8ë�ÂLÇ�ÀÑÈÉ¿�Á
zN +

l1z
N−1 + · · ·+ lN = 0

Ý
• �ÉÞ�È&@ß»!»�½±ÀÑÈÍ¾]Ç�ÀÑÈÉ¿�Á7��Þ8¿�äçÓ�»6À�ÛL»Y»8ë�Â�Ç�ÀÑÈÉ¿�Á




1 1 · · · 1

α1 α2 · · · αNÝÝÝ ÝÝÝ ÝÝÝ
αN−1

1 αN−1
2 · · · αN−1

N







β1

β2ÝÝÝ
βN




=




c0

c1ÝÝÝ
cN−1




À�¿9àLÁ�Ï
β1, . . . , βN .

0���W @T�^]�c 4�d��~Çè`��!�\�[� D��`$�a�\/¥/�J"%�Ka��N�!$
�JÁ:¾]ÇËÁ�þ�ÊLÅ�Ç�Ú�ÀÑÈÉÚ�ÇËäQ½ÃÈÒÀÑÂLÇ�ÀÑÈÉ¿�Á�½�Ø

R − r = O(r) >> λ >> ε
ÝS�JÁ�À�Û�ÈÍ½èÚ�ÇË½¡»�Ø�ÎJ¿�Åßé

¾�Â�äÍÇ�� � Ý � Ý\Z_��Å�»�¾�ÇËÈÍÁ�½VÓ�Ç�äêÈÉÏÆÕ�Â�À¨ÏL¿�»�½bÁ�¿¼ÀUþ�ÈÉ»�äÉÏ]Ç9½±À�Ç8Õ�äÉ»!ÏL»HÀ�»8Ú�ÀÑÈÉ¿�ÁAÊLÅ�¿�Ú�»Ëé
Ï�ÂLÅ�»6Õ�»8Ú�ÇËÂL½¡»Y¿�ÎQÛ�ÈÉÐ�Û:¿�½¡ÚÑÈêäêäÍÇ�ÀÑÈÉ¿�Á�½VÈÍÁ=À�Û�»�¾A»�ÇË½ÃÂLÅ�»�¾Æ»�Á�À�½6Ï�Ç�À�Ç�ÝT3L¿�Å�»�½¡¿�äçÓ�»
À�Û�ÈÍ½YÏ�ÈêÄhÚÑÂ�äÒÀIþ�Ø-=!»�àLÅ�½±À�ÈÍÁ�À�Å�¿�Ï�Â�Ú�»�À�Û�»!À�Å�ÂLÁ�Ú�Ç�ÀÑÈÉ¿�Át¿�ÊQ»�Å�Ç�À�¿�Å

P
ÏL»HàLÁ�»ËÏ³Õªþ

P (f) :=
∑

|l|≤ωr fle
ilθ
ÎI¿�Å

f =
∑

l∈Z
fle

ilθ
Ø�È�Ýê»�ÝÉØ

P
ÈÍ½bÇ!äÉ¿�= ÊLÇ8½ß½¨à�äÒÀ�»�Å¨¿�ÊQ»�Å�Ç¼é

À�¿�Å�Ý
�b�



3�¿�åÉÂL½±ÀÑÈêÎÍþÆÀ�Û�»YÓ¼ÇËäêÈÉÏ�ÈÒÀIþv¿�Î�à�äÒÀ�»�ÅÑÈÍÁ�Ð�Ø�Ú�¿�Á�½ÃÈÉÏL»�ÅbÀ�Û�»:ÔY»�äÍ¾:Û�¿¼äÒÀ!@/»Ëë�ÂLÇ�ÀÑÈÉ¿�Á
(∆ + ω2)w = 0

ÈÍÁ |x| > r
=�ÈÒÀ�Û]À�Û�»!Õ�¿�ÂLÁ�Ï�ÇËÅ¹þîÚ�¿�Á�Ï�ÈÒÀÑÈÉ¿�Á

w = f
¿�Á |x| = r

Ý
3�Û�»�Á5=!»/Û�Ç�Ó�»

w(R, θ) =
∑

l∈Z

fl
H

(1)
l (ωR)

H
(1)
l (ωr)

eilθ, R > r.

��þ£¾]Ç��ªÈÍÁ�Ð�ÂL½¡»Y¿¼ÎUÙb»�Õ�»%þQâí½¨ÇË½Ñþ�¾]Ê�À�¿¼ÀÑÈÉÚV»�Ì¼ÊLÇËÁ�½ÃÈÉ¿�Ááî>Z�Ø�ÊLÇ¼ÐË» � 6b6�ïªØ
H

(1)
l (ωR)

H
(1)
l (ωr)

≈ el(α−tanh α)

el(α′−tanh α′)
,
ÎJ¿�Å

l > ωR,
� � Ý��LÝ\Z_�

=XÛ�»�Å�»
ωR = l

½¡»8Ú�Û
α
Ç8Á�Ï

ωr = l
½¡»8Ú�Û

α′
Ý�ð�¿¼À�»£À�Û�Ç�À

α′ > α
Ý ñ ¿�Å�»8¿�Ó�»�ÅSØ

Î Å�¿�¾ À�Û�»6Ç8½Ñþ�¾�Ê�À�¿¼ÀÑÈÉÚ�Õ�»�Û�Ç�Ó�ÈÉ¿�ÅV¿¼Î�Ô�ÇËÁH��»�ä�Î ÂLÁ�Ú�ÀÑÈÉ¿�Á�½5î!Z�Ø��QÝ � Ý � ï8Ø�È�Ýê»�Ý
H

(1)
l (l sec β) =

√
2/(πl tanβ){ei(l tan β−lβ− 1

4
π) +O(l−1)}, 0 < β <

1

2
π,

=!»�Û�Ç�Ó�»
H

(1)
l (ωR)

H
(1)
l (ωr)

≈
√

tanβ ′

tanβ
ei(l tan β−lβ−l tan β′+lβ′),

ÎJ¿�Å
l < ωr,

� � Ý��LÝ�81�
=XÛ�»�Å�»

ωR = l sec β
ÇËÁ�Ï

ωr = l sec β ′
Ý

c¼Å�¿�¾ú� � Ý��LÝ\Z_��=Y»VÇËÅ�ÅÑÈçÓ�»�À�Û�Ç�À�À�Û�»èÔY»�äÍ¾:Û�¿¼äÒÀ!@�¿�ÊQ»�Å�Ç�À�¿�Å�Ç�Ú�À�½�ÇË½�Ç¨äÉ¿�=pÊLÇË½ß½
à�äÒÀ�»�Å¡Ø8Ç8Á�ÏY¾A¿�Å�»8¿�Ó�»�Å�� � Ý��LÝ�81�[=!¿�Â�äÉÏX½ÃÂ�ÐËÐ�»�½±À�À�Û�Ç�À�À�Û�»�ÇËÁ�ÐHÂ�äÍÇ8Å�Å�»�½¡¿�äêÂ�ÀÑÈÉ¿�ÁXÈÍ½
¿�Î�¿�Å�ÏL»�Å

2π/ωr = λ/r
Ø�=XÛ�ÈÉÚ�Û�ÈÍ½bÕ�»%þ�¿�Á�Ï!À�Û�»¡V�Ç�þ�äÉ»�ÈÉÐ�Û:Å�»�½¡¿�äêÂ�ÀÑÈÉ¿�Á=äêÈÍ¾�ÈÒÀ�Ý

ð6¿
= ÈÒÀ�ÎI¿�äêäÉ¿
=/½�Î Å�¿�¾ � � Ý � Ý\Z_��À�Û�Ç�À
∂(uγ − u0)

∂ν
≈ −

m∑

s=1

γ(zs)u0(zs)|Is|P (
∂G̃ω

∂ν
)(·, zs)

¿�Á
Γe,

½ÃÈÍÁ�Ú�»
P
ÈÍ½�äêÈÍÁ�»�ÇËÅ�Ý�3�Û�»VÁ�»ËÚ�»�½ß½ßÇ8Å¹þ/¾A¿�Ï�ÈêàQÚ�Ç�ÀÑÈÉ¿�Á�½'¿¼Î�¿�ÂLÅ ñ û�Þ��¤ÿ9ÇËÁ�ÏCc�¿�ÂLÅÑÈÉ»�Å

ÊLÅ�¿�Ú�»8Ï�ÂLÅ�»�½¨Ç8Å�»X¿�Õ¼Ó�ÈÉ¿�Â�½8Ý
a³»XÁ�¿�= ÈÍÁ�Ï�ÈÉÚ�Ç�À�»9Û�¿�= À�¿£¾A¿�Ï�ÈêÎÍþ£À�Û�»¡B�Ç¼Ú!@�¾]Ç8Å!@¨ÊLÅ�¿�Ú�»ËÏ�ÂLÅ�»�ÈÍÁh¿�Å�ÏL»�Å�À�¿

ÏL»HÀ�»8Ú�À�ÈÍÁ(Çî½±À�ÇªÕ�äÉ»¡=/Ç�þgÀ�Û�»îÚ�¿�Å�Å�¿�½ÃÈçÓ�»]ÊLÇ8Å�À�½8Ý�3�Û�»A¿�Á�äçþ
Å�»�¾]ÇËÈÍÁ�ÈÍÁ�Ð:ÊLÅ�¿�Õ�é
äÉ»�¾mÈÍ½�À�¿Æ½±À�ÇªÕ�äçþgÏL»SÀ�»�Å�¾�ÈÍÁ�»

uγ(zs)
Ý5�JÁ:Ó�»�Å¹þî¾=ÂQÚ�ÛAÀ�Û�»9½ßÇ8¾A»9½ßÊ�ÈÍÅ�ÈÒÀ¨Ç8½_À�Û�»
�b�



¾]ÇËÅ�Ú�Û�ÈÍÁ�Ð]½¡Ú�Û�»�¾A»h¿�Î�ð�Ç�À�À�»�Å�»�Å�ÇËÁ�Ïma�ôÂLÕLÕ�»�äêÈÍÁ�ÐõîØ47��ïªØ�=!»AÏL»�à�Á�»
ul

À�¿³Õ�»
À�Û�»6½¡¿�äêÂ�ÀÑÈÉ¿�Á:¿�Î�À�ÛL»6ÈÍÁ�ÈÒÀÑÈÍÇ�ä�Õ�¿¼ÂLÁ�Ï�Ç8Å¹þ+d_Ù�;£ÊLÅ�¿�Õ�äÉ»�¾èW

d2ul

dt2
+

1

t

dul

dt
+ (ω2 − 1

t2
)ul = 0, r < t < R,

=�ÈÒÀ�Û£À�ÛL»6ÈÍÁ�ÈÒÀÑÈÍÇ�ä�Õ�¿¼ÂLÁ�Ï�Ç8Å¹þ�Ú�¿�Á�Ï�ÈÒÀÑÈÉ¿�Á�½_W
ul(R) =

1

2π

∫ 2π

0

P (Φω)e−ilθ dθ,
dul

dt
(R) =

1

2π

∫ 2π

0

P (
∂uγ

∂ν
)e−ilθ dθ.

V�»ËÚ�Ç�äêä�À�Û�Ç�À ∂uγ

∂ν

ÈÍ½¨À�Û�»X¾A»�Ç8½ÃÂLÅ�»ËÏhÏ�Ç�À�Ç9Ç8Á�Ï:½¡¿£ÈÍ½F�¼Á�¿
=/Á�Ýh3QÛL»/Ó¼ÇËäêÂQ»
uγ(zs)ÈÍ½�À�Û�»�ÁAÐHÈçÓ�»�Á:Õªþ

uγ(zs) =
∑

|l|≤ωr

ul(r)e
iθzs .

0��@� 4V\bd(]~�QÈ¼f(d(]�`�5 �!�VaE4¨\bd(]~�~È�*(d�����dîfZ$���5�2¨a�^�a��N��$3^�_
aUc`��É»�!$µ$3�!"94�`F�F��a��Ã^���$

3�Û�»�äÉ»�Ç¼Ï�ÈÍÁ�ÐbÀ�»�Å�¾�½¨¿�Î�À�Û�»�äÍÇ8Å�Ð�»8é�ÇËÅ�ÐHÂL¾Æ»�Á�À�äÍÇ8Å�Ð�»8éß¿�Å�ÏL»�ÅUÇ8½�þ�¾]Ê�À�¿¼ÀÑÈÉÚ�½V¿�Î�À�Û�»
��»�½ß½¡»�äLÎ ÂLÁ�Ú�ÀÑÈÉ¿�Á�½�Ø�ÇËÁ�Ï�À�Û�»HÈÍÅ'àLÅ�½±À�ÏL»�ÅÑÈçÓ�Ç�ÀÑÈçÓ�»�½¨ÇËÅ�»/½ÃÂL¾]¾]ÇËÅ�È&@ß»ËÏ�Õ�»�äÉ¿�=:Ý
• V�»8ÐSÈÍ¾A»¡�#W ν < x

Jν(x) ∼
√

2

π
(x2 − ν2)−1/4 cosα, Yν(x) ∼

√
2

π
(x2 − ν2)−1/4 sinα,

J ′
ν(x) ∼ −

√
2

π

(x2 − ν2)1/4

x
sinα, Y ′

ν(x) ∼
√

2

π

(x2 − ν2)1/4

x
cosα,

=�ÈÒÀ�Û�À�Û�»�Á�¿ªÀ�Ç�ÀÑÈÉ¿�Á�Ø
α = (x2 − ν2)1/2 − ν cos−1(ν/x)− π/4 Ý

• V�»8ÐSÈÍ¾A»¡�!�#W ν ∼ x

Jν(x) ∼ (
2

x
)1/3 Ai((

2

x
)1/3(ν − x)), Yν(x) ∼ −(

2

x
)1/3 Bi((

2

x
)1/3(ν − x)),

J ′
ν(x) ∼ −(

2

x
)2/3 Ai′((

2

x
)1/3(ν − x)), Y ′

ν(x) ∼ (
2

x
)2/3 Bi′((

2

x
)1/3(ν − x)),

=XÛL»�Å�»
Ai
ÇËÁ�Ï

Bi
ÇËÅ�»�À�Û�»�×�ÈÍÅ¹þ£Î ÂLÁ�Ú�ÀÑÈÉ¿�Á�½8Ý

��Z



• V�»8ÐSÈÍ¾A»¡�!�!�#W ν > x

Jν(x) ∼
1√
2π

(ν2 − x2)−1/4eβ, Yν(x) ∼ −
√

2

π
(ν2 − x)−1/4e−β,

J ′
ν(x) ∼

1√
2π

(ν2 − x2)1/4

x
eβ, Y ′

ν(x) ∼
√

2

π

(ν2 − x2)1/4

x
e−β,

=XÛL»�Å�»F=Y»�ÂL½¡»�Á�¿¼À�Ç�ÀÑÈÉ¿�Á�Ø
β = (ν2 − x2)1/2 − ν cosh−1(ν/x)

Ý

0���Ê Ë d��R�!�£5E$Ì46`��F��a��Ã^P�
a�»6àLÅ�½±À'Å�»ËÚ�Ç�äêä�À�Û�Ç�À

Jl(x) =
xl

2ll!

(
1 +O

(1

l

))
, l →∞, � � Ý���Ý\Z_�

ÂLÁ�ÈêÎJ¿�Å�¾�äçþ]¿�ÁAÚ�¿�¾]ÊLÇ¼Ú�À'½ÃÂ�Õ�½¡»SÀ�½è¿�Î
R
Ç8Á�Ï

H
(1)
l (x) = −i2

l(l − 1)!

πxl

(
1 +O

(1

l

))
, l →∞, � � Ý���Ý�81�

ÂLÁ�ÈêÎJ¿�Å�¾�äçþv¿�Á(Ú�¿�¾]ÊLÇ¼Ú�À6½ÃÂLÕ�½¡»HÀ�½Y¿�Î
(0,∞)

ÝÆÞª»8»�ÎI¿�Å6»�ÌËÇ8¾]Ê�äÉ» î!Z
�LØ�Þª»ËÚ�ÀÑÈÉ¿�Á
� Ý�4�ï�ÝÓc¼Å�¿�¾�À�Û�»�½¡»X»�Ì¼ÊLÇ8Á�½ÃÈÉ¿�Á�½Õ=!»YÚ�Ç8ÁîÏL»�Å�ÈçÓ�»�À�Û�Ç�À

H
(1)
l (x)Jl(x) = − i

lπ

(
1 +O

(1

l

))
,

ÇË½
l →∞,

H
(1)
l (x)

Jl(x)
= − i4

ll!(l − 1)!

πx2l

(
1 +O

(1

l

))
,

ÇË½
l →∞.

Þ�ÂLÊLÊQ¿�½¡»�Á�¿�= À�Û�Ç�À
ωR

ÈÍ½/Á�¿¼ÀèÇ+@ß»�Å�¿�¿�ÎK��»�½ß½¡»HäJâã½/Î ÂLÁ�Ú�ÀÑÈÉ¿�Á
Jl

Ç8Á�ÏîÀ�Û�Ç�À
|ω| < M

Ø�ÎI¿�Å�½¡¿�¾Æ»�ÊQ¿�½ÃÈÒÀÑÈçÓ�»/Õ�¿�ÂLÁ�Ï
M
ÝÕc�¿�Å

z ∈ Ω
Øb=!»�Û�Ç�Ó�»

G̃ω(x, z) =
i

4
H

(1)
0 (ω|x− z|) +

i

4

∑

l∈Z

(
alH

(1)
l (ω|x|) + blJl(ω|x|)

)
e−ilθzeilθx,

=XÛ�»�Å�»

al =
J ′

l (ωr)

(H
(1)
l )′(ωr)− H

(1)
l

(ωR)

Jl(ωR)
J ′

l(ωr)

[
H

(1)
l (ωR)Jl(ω|z|)

Jl(ωR)
−H (1)

l (ω|z|)
]
,

�78



Ç8Á�Ï
bl = −H

(1)
l (ωR)

Jl(ωR)
al −

H
(1)
l (ωR)Jl(ω|z|)

Jl(ωR)
.

& t_�5���C�)'·�)'\r+6 õ¼ù
x, z ∈ Ω

l .���j�¶),2�A�kj�¶7�
G̃ω(x, z) =

i

4
H

(1)
0 (ω|x− z|) +

i

4

∑

l∈Z

( r
|z|
)l

Jl(ωr)H
(1)
l (ω|x|)e−ilθzeilθx +Kω(x, z),

./j-��ùi�
Kω

¸Ï�¨¶¡
±õ¼ö-� ¸Éö�ø�õ�ø`�?]�ø8ö-
�� ¸Iõ�ö£¸Éö
Ω
o * öC%�¶8ùw� ¸k
¡ø_�É¶ªù>l
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ÈÍÁ�Ó�»�Å�½¡»!Ú�¿�Á�Ï�ÂQÚ�ÀÑÈçÓ�ÈÒÀ¹þ£ÊLÅ�¿�Õ�äÉ»�¾vÝ

IÐ��� 4Y^�d�5�`�"�\Ua��Ã^�� ^!_ÆaUc`��.`"N�R��a�d-�N�k<!dQ^�¥�"N�!5
º¼»SÀ

D
Õ�»=Ç�ÂLÁ�ÈÒÀ6Ï�ÈÍ½w�:ÈÍÁ

R2
Ý5ahÛ�»�Á�À�ÛL»=Õ�¿�ÂLÁ�Ï�ÇËÅ¹þ:Ó�Ç�äêÂQ»£ÈÍ½9ÐSÈçÓ�»�Á
Õ¼þ

Ψ ∈
C∞(∂D)

½ßÇ�ÀÑÈÍ½ÃÎÍþ�ÈÍÁ�Ð ∫
Ψds = 0

Ø�À�Û�»�Ó�¿�äÒÀ�Ç�Ð�»]ÊQ¿ªÀ�»�Á�ÀÑÈÍÇËä'¿¼Â�À�½ÃÈÉÏL»£À�Û�»ÆÏ�ÈÍ½w�îÈÍ½
ÐSÈçÓ�»�Á]Õ¼þ�À�Û�»�Û�Ç8Å�¾A¿�Á�ÈÉÚ'Î ÂLÁ�Ú�ÀÑÈÉ¿�Á

u0

=XÛ�ÈÉÚ�Û]½ßÇ�ÀÑÈÍ½ÃàQ»�½�À�Û�»6ÎJ¿�äêäÉ¿�=�ÈÍÁ�ÐbW




∆u0 = 0,
ÈÍÁ

R
2 \D,

u0 = Ψ,
¿�Á

∂D,

u0(x) −→ 0,
Ç8½ |x| −→ +∞.

�\4�Ý�8LÝ�Z_�

a³»vÚ�¿�Á�½ÃÈÉÏL»�Å!À�Û�»�Õ�¿�ÂLÁ�Ï�ÇËÅ¹þ#ÊQ»�ÅÑÀÑÂ�Å±Õ�Ç�ÀÑÈÉ¿�Á2¿¼Î
D
ÐSÈçÓ�»�Á3Õ¼þ Çpº�ÈÍÊL½¡Ú�Û�ÈÒÀ!@

ÎÉÂ�Á�Ú�ÀÑÈÉ¿�Á
f
Ç8Á�Ï=ÇX½ß¾]ÇËäêä�Á�ÂL¾:Õ�»�Å

ε
Ý�Ùb»�à�Á�»

D̃
Õªþ

∂D̃(= ∂D + εfν) :=

{
(1 + εf(θ))eθ , θ ∈ [0, 2π]

}
,

=XÛ�»�Å�»
ν
ÈÍ½�À�Û�»X¿�Â�À>=/ÇËÅ�Ï�ÂLÁ�ÈÒÀ'Á�¿�Å�¾]ÇËä�Ó�»8Ú�À�¿�Å�À�¿

∂D
ÇËÁ�Ï

eθ = (cos θ, sin θ)
Ý

���



º¼»SÀ
u
Õ�»�À�Û�»�Ó�¿¼äÒÀ�Ç�Ð�»�ÊQ¿ªÀ�»�Á�ÀÑÈÍÇËäQ¿�Â�À�½ÃÈÉÏL»èÀ�Û�»�ÊQ»�ÅÑÀÑÂLÅ�Õ�»8Ï=ÏL¿�¾]Ç�ÈÍÁ

D̃
=�ÈÒÀ�Û

À�Û�»�à¼Ì�»ËÏhÙ�ÈÍÅ�ÈÉÚ�Û�äÉ»HÀ¨Ï�Ç�À�Ç
Ψ
¿�Á�À�Û�»/Õ�¿¼ÂLÁ�Ï�Ç8Å¹þ�ØªÈ�Ýê»�ÝÉØ





∆u = 0,
ÈÍÁ

R
2 \ D̃,

u(xθ) = Ψ,
¿�Á

∂D̃,

u(x) −→ 0,
ÇË½ |x| −→ +∞,

�\4�Ý�8LÝ�81�

=XÛ�»�Å�»
xθ = (1 + εf(θ))eθ

Ý

¨#nb¼Snqm }#u-´SwÄu��Uu�Ñ-�Àz��ÀxE¸LÑ Å ¸ wÄtÒs |;z
� À'ÈÍ½F�¼Á�¿
=/Á]À�Û�Ç�À�Ç!ÎÉÂ�Á�Ï�Ç8¾A»�Á�À�Ç�ä�½¡¿�äêÂ�ÀÑÈÉ¿�Á�À�¿�À�Û�»�º�Ç8Ê�äÍÇ�Ú�ÈÍÇ8ÁîÈÍÁ

R2
ÈÍ½6ÐSÈçÓ�»�Á

Õ¼þ
Γ(x) =

1

2π
ln |x|.

ûV½ÃÈÍÁ�ÐXý�Å�»Ë»�Á�âã½�À�Û�»Ë¿�Å�»�¾gØ�À�Û�»6½¡¿�äêÂ�ÀÑÈÉ¿�Á
u
À�¿��\4�Ý�8LÝ�81��Ú�Ç8ÁÆÕ�»X»�Ì¼ÊLÅ�»�½ß½¡»ËÏ£Ç8½

u(x) =

∫

∂ eD
Γ(x− y) ∂u

∂νy

(y)dσy −
∫

∂ eD

∂Γ

∂νy

(x− y)u(y)dσy,
ÎJ¿�Å

x ∈ R
2 \ D̃.�\4�Ý�8LÝ � �

a³»�Ú�Û�Ç8Á�Ð�»AÀ�Û�»]Ó¼Ç8ÅÑÈÍÇªÕ�äÉ»îÎ Å�¿�¾
y
À�¿

y = (1 + εf(θ))eθ

Ý�3�Û�»�¿¼Â�À>=/Ç8Å�Ï
Á�¿�Å�¾]Ç�ä�Ó�»8Ú�À�¿�Å

νy

ÈÍ½
νy =

Nθ

|Nθ|
,

�\4�Ý�8LÝÐ4b�
=XÛ�»�Å�»

Nθ = (1 + εf(θ))eθ − εḟτθ, τθ = (− sin θ, cos θ).
�&4�Ý�8LÝ��1�

ÔY»�Å�»
ḟ
ÈÍ½!À�Û�»�ÏL»�Å�ÈçÓ¼Ç�ÀÑÈçÓ�»³¿�Î

f
=�ÈÒÀ�Û#Å�»�½ßÊQ»ËÚ�ÀXÀ�¿

θ
ÝEð6¿ªÀ�»ÆÀ�Û�Ç�ÀY½ÃÈÍÁ�Ú�»

f
ÈÍ½

º�ÈÍÊL½¡Ú�Û�ÈÒÀ!@�Ú�¿�Á�ÀÑÈÍÁ�Â�¿�ÂL½�Ø8ÈÒÀ�ÈÍ½bÏ�È\0�»�Å�»�Á�ÀÑÈÍÇ8Õ�äÉ»6Ç�äÍ¾A¿�½±À�»%Ó�»�Å¹þb=/Û�»�Å�»�Ý ñ ¿�Å�»8¿�Ó�»�Å¡Ø
|ḟ | ≤ M,

=XÛ�»�Å�»
M
ÈÍ½�À�Û�»�º�ÈÍÊL½¡Ú�Û�ÈÒÀ!@VÚ�¿�Á�½±À�Ç8Á�ÀV¿�Î

f
Ý�a³»�ÇËäÍ½¡¿=Û�Ç�Ó�»

dσy = |Nθ|dθ.
�b�



ð6¿
= =!»YÏL»HàLÁ�»6À�ÛL»Y¿�ÊQ»�Å�Ç�À�¿�Å Nεf

Â�½ÃÈÍÁ�Ð6ÊQ¿¼äÍÇ8Å�Ú�¿�¿�Å�Ï�ÈÍÁ�Ç�À�»�½bÕªþ

Nεf(Ψ)(θ) :=
∂u

∂Nθ
(1 + εf(θ), θ).

�&4�Ý�8LÝ�62�
3�Û�»�Á��\4�Ý�8LÝ � �ZÕ�»8Ú�¿�¾A»�½

u(x) =
1

2π

∫ 2π

0

[
ln |x− (1 + εf(θ))eθ|Nεf(Ψ)− 〈(1 + εf(θ))eθ − x,Nθ〉

|(1 + εf(θ))eθ − x|2
Ψ
]
dθ.�\4�Ý�8LÝÏ�	�

º¼»SÀ�ÀÑÈÍÁ�Ð
f = 0

Ø
=!»�Û�Ç�Ó�»

u0(x) =
1

2π

∫ 2π

0

[
ln |x− eθ|N0(Ψ)− 〈eθ − x, eθ〉

|x− eθ|2
Ψ
]
dθ,

�\4�Ý�8LÝ��2�
=XÛ�»�Å�»

N0(Ψ)(θ) = ∂ru0(1, θ).ð�¿¼À�»/À�Û�Ç�À N0

ÈÍ½bÀ�Û�» J�¸ ù�¸k
#j��k���%ai�¤õ¤a�Ó)��ø8ó:¶8ö�öîõ`%'��ù�¶��¤õ�ù ¿¼Î�À�Û�»XÂLÁ�ÈÒÀ_Ï�ÈÍ½w��ÈÍÁ
R

2
Ý
�JÁ=À�Û�»6Á�»�Ì8À�½¡»8Ú�ÀÑÈÉ¿�Á�Ø
=!»!»�Ì¼ÊLÇ8Á�Ï Nεf

ÈÍÁ�À�»�Å�¾]½è¿¼Î
ε
Ø
f
ÇËÁ�Ï

Ψ
Ý

¨#nb¼Snb¼ ÔLÕ[´Sz[Ñ ��xE¸LÑÖ¸�× Nεf

sµ�{x;Ñj·��)ºjuÆØ3u(|;ÃÖu)Õ¾´Sz�Ñj�{xE¸ Ñ �ÎtvuÀ�)ºj¸jÃ
�JÁgÀ�Û�ÈÍ½Y½¡»ËÚ�ÀÑÈÉ¿�Á�ØÒ=!»£ÂL½¡»£À�Û�»�ÊQ¿�äÍÇËÅ/Ú�¿�¿�Å�Ï�ÈÍÁ�Ç�À�»�½8Ý�a³»�½±À�ÇËÅÑÀ_ÕªþhÀ�Û�»�½ÃÈÍ¾]Ê�äÉ»
Ú�¿�¾]Ê�Â�À�Ç�ÀÑÈÉ¿�ÁUW

Nεf(Ψ)(θ) =

(
∂u
∂r

1
r

∂u
∂θ

)∣∣∣∣∣
r=1+εf(θ)

·
(

(1 + εf(θ))

−εḟ (θ))

)

= (1 + εf(θ))
∂u

∂r

∣∣∣
r=1+εf(θ)

− εḟ(θ)

1 + εf(θ)

∂u

∂θ

∣∣∣
r=1+εf(θ)

= (1 + εf(θ))
∂u

∂r

∣∣∣
r=1+εf(θ)

− εḟ ∂u
∂θ

∣∣∣
r=1+εf(θ)

+O(ε2)

=: A(ε, f) +O(ε2).

ÔY»�Å�»
O(ε2)

ÏL»�ÊQ»�Á�Ï�½b¿�Á ‖f‖∞ ÇËÁ�Ï�À�Û�»�º�ÈÍÊL½¡Ú�Û�ÈÒÀ!@VÚ�¿�Á�½±À�Ç8Á�ÀV¿¼Î
f
Ý

�b�



3�¿îÏL»�ÅÑÈçÓ�»�ÇËÁgÇ8½�þ�¾]Ê�À�¿ªÀÑÈÉÚ�»�Ì¼ÊLÇ8Á�½ÃÈÉ¿�Á³¿�Î
A(ε, f)

ØÀ=!»9Ç8ÊLÊ�äçþ:À�ÛL»�¾A»SÀ�Û�¿�Ï
¿�ÎQàQ»�äÉÏA»�Ì¼ÊLÇ8Á�½ÃÈÉ¿�ÁQ�pc�Ý�;b���Ö½¡»8»�îØ4[Z2ïv�ÃÝKc8ÈÍÅ�½±ÀÑäçþ�Ø�=!»!»�Ì¼ÊLÇËÁ�Ï

u
¿�Á�äçþ£ÈÍÁÆÊQ¿�=!»�Å�½

¿�Î
ε
Ø¼È�ÝÍ»�ÝÉØ

u(r, θ) =

∞∑

n=0

un(r, θ)εn, Nεf(Ψ) =

∞∑

n=0

N n
f (Ψ)(r, θ)εn.

ð�¿�= »�Ì¼ÊLÇ8Á�Ï�ÈÍÁ�Ð6ÈÍÁ]À�»�Å�¾]½�¿�Î
r
Ç8Á�ÏÆ»%Ó�Ç�äêÂLÇ�ÀÑÈÍÁ�Ð�À�Û�»9ÏL»�ÅÑÈçÓ�Ç�ÀÑÈçÓ�»�½�¿�Î

u
Ç�À
r =

1 + εf
Ø
=!»Y¿�Õ�À�ÇËÈÍÁ=À�Û�Ç�À

∂u

∂r

∣∣∣
r=1+εf(θ)

=

∞∑

n=0

n∑

l=0

∂l+1
r un−l(1, θ)

f l

l!
εn,

Ç8Á�Ï
∂u

∂θ

∣∣∣
r=1+εf(θ)

=

∞∑

n=0

n∑

l=0

∂l
r∂θun−l(1, θ)

f l

l!
εn.

��Â�À�ÀÑÈÍÁ�Ð�À�¿�ÐË»SÀ�Û�»�ÅUÀ�Û�»�½¡»Y»�Ì¼ÊLÇ8Á�½ÃÈÉ¿�Á�½�Ø2=!»/ÇËÅ�ÅÑÈçÓ�»6Ç�À
A(ε, f) =

∞∑

n=0

n∑

l=0

∂l+1
r un−l(1, θ)

f l(θ)

l!
εn + f(θ)

∞∑

n=0

n∑

l=0

∂l+1
r un−l(1, θ)

f l(θ)

l!
εn+1

− ḟ(θ)

∞∑

n=0

n∑

l=0

∂l
r∂θun−l(1, θ)

f l(θ)

l!
εn+1,

Ç8Á�Ï�À�Û�»�Å�»HÎI¿�Å�»
Nεf(Ψ)(θ) = ∂ru0(1, θ) + ε

(
∂ru1(1, θ)

�\4�Ý�8LÝ��2�
+ ∂2

ru0(1, θ)f(θ) + ∂ru0(1, θ)f(θ)− ∂θu0(1, θ)ḟ(θ)
)

+O(ε2).

ÔY»�Å�»
O(ε2)

ÏL»�ÊQ»�Á�Ï�½b¿�Á ‖f‖∞ ÇËÁ�Ï�À�Û�»�º�ÈÍÊL½¡Ú�Û�ÈÒÀ!@VÚ�¿�Á�½±À�Ç8Á�ÀV¿¼Î
f
Ý

a³»�»�Ì¼ÊLÅ�»�½ß½�À�Û�»b»8ë�Â�Ç�ÀÑÈÉ¿�ÁA�\4�Ý�8LÝ��2��ÈÍÁ6À�»�Å�¾]½�¿�Î
Ψ
ÇËÁ�Ï

f
Ý�×�ÀQàLÅ�½±À¡Ø�=!»VÛ�Ç�Ó�»

∂θu0(1, θ) = Ψ̇.
�\4�Ý�8LÝ\Z
�2�

3�¿AÚ�Û�ÇËÁ�Ð�»
∂ru1(1, θ), ∂

2
ru0(1, θ)

Ç8Á�Ï
∂ru0(1, θ)

Ø�=!»�½±À�Ç8Å�À¨Î Å�¿�¾�À�Û�»+c�¿�ÂLÅÑÈÉ»�Å
½¡»�ÅÑÈÉ»�½è¿¼Î

Ψ
W

Ψ(θ) =
+∞∑

n=1

[
ân(Ψ) cos(nθ) + b̂n(Ψ) sin(nθ)

]
,

Z
�b�



=XÛ�»�Å�»

ân(Ψ) =
1

π

∫ 2π

0

Ψ(θ) cos(nθ)dθ, b̂n(Ψ) =
1

π

∫ 2π

0

Ψ(θ) sin(nθ)dθ.
�&4�Ý�8LÝ\ZbZ_�

��þ9À�Û�»6Â�Á�ÈÉë�ÂQ»�Á�»�½ß½_¿�ÎQÇY½¡¿�äêÂ�ÀÑÈÉ¿�Á£À�¿+�\4�Ý�8LÝ�Z_�ÑØ
u0

½ßÇ�ÀÑÈÍ½ÃàQ»�½

u0(r, θ) =

∞∑

n=1

[
ân(Ψ)

cos(nθ)

rn
+ b̂n(Ψ)

sin(nθ)

rn

]
.

ÔY»�Á�Ú�»6À�ÛL» J�¸Éù�¸k
#j��k���%ai�¹õ(a�Ó)��ø8ó:¶ªö�ö]õ`%'��ù�¶��¤õ�ù N0

¿�Î
D
ÈÍ½èÐSÈçÓ�»�ÁÆÕªþ

N0(Ψ)(θ)(= ∂ru0(1, θ)) = −
+∞∑

n=1

[
nân(Ψ) cos(nθ) + nb̂n(Ψ) sin(nθ)

]
.
�\4�Ý�8LÝ�Z�81�

a³»�ÇËäÍ½¡¿]ÏL»HàLÁ�»�À�ÛL»Y¿�ÊQ»�Å�Ç�À�¿�Å D0

Õªþ

D0(Ψ)(θ) := −
+∞∑

n=1

[
(n+ 1)ân(Ψ) cos(nθ) + (n + 1)b̂n(Ψ) sin(nθ)

]
,
�\4�Ý�8LÝ�Z � �

À�¿G=/ÅÑÈÒÀ�»
∂2

ru0(1, θ) = D0N0(Ψ)(θ).
�\4�Ý�8LÝ\Z_4b�

& t_�5��� � '·�)'\r+6 õ¼ù�¶h�Ë¸E,
��ö¡L�¸&%-�1
#j�¸k�>Ù£]�ø8ö-
�� ¸Iõ�ö
f
¶ªö-(

Ψ ∈ C∞[0, 2π]
l(.��Èj�¶),2�

Nεf(Ψ) = N 0
f (Ψ) + εN 1

f (Ψ) +O(ε2),

./j-��ùi�
N 0

f (Ψ) = N0(Ψ),

¶ªö-(

N 1
f (Ψ) = D0N0(Ψ)f −N0(N0(Ψ)f) +N0(Ψ)f − ḟΨ̇.

�\4�Ý�8LÝ\Z��1�
µ)��ùi�¡�kj-�Yùi��ó:¶�¸Éö-(H��ù

O(ε2)
(H�w%'��ö-(b�Yõ¼ö ‖f‖∞ ¶ªö-(X�kjÝ��L�¸\%-�1
#j�¸��>Ù�
±õ¼ö7�1�K¶ªöÝ�

õ�]
f
o

Z
��Z



.�ù±õ�õ�] Ý c¼Å�¿�¾ �\4�Ý�8LÝ\Z
�2��ØK�&4�Ý�8LÝ\Z�81�_Ç8Á�Ïç�\4�Ý�8LÝ\Z � ��Øe=!»hÇËÅ�»gäÉ»HÎ ÀYÀ�¿ Ú�Ç�äÉÚÑÂ�äÍÇ�À�»
∂ru1(1, θ)

ÝÓc¼Å�¿�¾�À�ÛL»6àQ»HäÉÏ:»�Ì¼ÊLÇ8Á�½ÃÈÉ¿�Á=¾A»HÀ�ÛL¿�Ï�Ø�=Y»XÛ�Ç�Ó�»

u(r, θ)
∣∣∣
r=1+εf(θ)

=

∞∑

n=0

n∑

l=0

∂l
run−l(1, θ)

f l

l!
εn.

3�Û�»�Å�»HÎI¿�Å�»
u(1 + εf(θ), θ) = u0(1, θ) + (u1(1, θ) + ∂ru0(1, θ)f)ε+O(ε2).

Þ�ÈÍÁ�Ú�»
u(1 + εf(θ), θ) = u0(1, θ) = Ψ(θ)

Ø
=!»YÏL»ËÏ�ÂQÚ�»�À�Û�Ç�À
u1(r, θ)

½ßÇ�ÀÑÈÍ½ÃàQ»�½





∆u1 = 0,
ÈÍÁ

R
2 \ D̃,

u1(1, θ) = −N0(Ψ)(θ)f(θ),
¿�Á

∂D̃,

u1(r, θ) −→ 0,
ÇË½

r −→ +∞.
3�Û�»�Å�»HÎI¿�Å�»/=!»XÛ�Ç�Ó�»

∂ru1(1, θ) = −N0(N0(Ψ)f),
�\4�Ý�8LÝ\Z
62�

=XÛ�ÈÉÚ�ÛAÚ�¿�¾�Ê�äÉ»HÀ�»�½VÀ�Û�»�ÊLÅ�¿�¿¼Î�Ý
�� ÀZÈÍ½'=!¿�Å�À�ÛX¾A»�Á�ÀÑÈÉ¿�Á�ÈÍÁ�Ð�Ø8ÈÍÁ£Ú�¿�Á�Á�»8Ú�ÀÑÈÉ¿�Á)=�ÈÒÀ�Û9¿�ÂLÅZÇ8½�þ�¾]Ê�À�¿¼ÀÑÈÉÚ�»�Ì¼ÊLÇËÁ�½ÃÈÉ¿�Á

ÈÍÁîº¼»�¾�¾]Ç^4�Ý�8LÝ\Z�ØËÀ�Û�»�»�Ì¼ÊLÇ8Á�½ÃÈÉ¿�Á�½¨¿¼Î�Ù�ÈÍÅ�ÈÉÚ�Û�äÉ»HÀÃéÑÀ�¿�é¡ð6»HÂL¾]ÇËÁ�Áî¿�ÊQ»�Å�Ç�À�¿�Å�½�ÎJ¿�Å
Å�¿�ÂQÐ�Û=Á�¿�Á�é�ÊQ»�ÅÑÈÉ¿�Ï�ÈÉÚ'½ÃÂ�Å�ÎÉÇ�Ú�»�½Cî � ��ØHZ��1ï�ÇËÁ�Ï£ÎI¿�Å�ÊQ»�ÅÑÈÉ¿�Ï�ÈÉÚ�ÈÍÁ�À�»�ÅÑÎ Ç�Ú�»�½¡îØ4[Z2ï�Ý

¨#nb¼Sn § Å z�w Å xEu(|;Ã�Ô Õ[´Sz[Ñ ��xE¸LÑ
Ùb»HàLÁ�»

Ω̃ := {x ∈ R2,
Ï�ÈÍ½±À

(x,D) > d0}
Ç8Á�ÏA½ÃÂ�ÊLÊQ¿�½¡»/À�Û�Ç�À ||f ||∞ < c0.

c�¿�Å
x ∈ Ω̃

Øb=!»�Û�Ç�Ó�»

|x− eθ − εf(θ)eθ|2 = |x− eθ|2
(

1− 2εf(θ)
〈x− eθ, eθ〉
|x− eθ|2

)
+O(ε2).

ûV½ÃÈÍÁ�Ð_À�Û�ÈÍ½�Ø�=!»X¿�Õ�À�Ç�ÈÍÁ

ln |x− eθ − εf(θ)eθ| = ln |x− eθ| − εf(θ)
〈x− eθ, eθ〉
|x− eθ|2

+O(ε2),
�\4�Ý�8LÝ�Z��	�

Z
�78



Ç8Á�Ï
〈eθ − x + εf(θ)eθ, Nθ〉
|x− eθ − εf(θ)eθ|2

=
〈eθ − x, eθ〉
|x− eθ|2

�\4�Ý�8LÝ�Z
�2�

+ εf(θ)
〈eθ − x, eθ〉
|x− eθ|2

+ ε
f(θ)

|x− eθ|2

− εḟ(θ)
〈eθ − x, τθ〉
|x− eθ|2

− 2εf(θ)
(〈eθ − x, eθ〉)2

|x− eθ|4
+O(ε2).

ÔY»�Å�»
O(ε2)

ÈÍ½�Õ�¿¼ÂLÁ�ÏL»8Ï
Õ¼þ
cε2

=XÛ�»�Å�»
c
ÏL»�ÊQ»�Á�Ï�½£¿�Á�äçþ#¿�Á

d0

Ø
c0
ÇËÁ�Ï³À�Û�»

º�ÈÍÊL½¡Ú�Û�ÈÒÀ!@VÚ�¿�Á�½±À�ÇËÁ�ÀV¿�Î
f
Ý

c¼Å�¿�¾ ºª»�¾]¾�ÇG4�Ý�8LÝ�Z�Ø��\4�Ý�8LÝ��	�ZÇ8Á�Ïé�\4�Ý�8LÝ&�2�ÑØ�=!»�Û�Ç�Ó�»
u(x)− u0(x) =

ε

2π

∫ 2π

0

[
ln |x− eθ|N 1

f (Ψ) +
〈eθ − x, eθ〉
|x− eθ|2

N0(Ψ)f

− x · τθ
|x− eθ|2

Ψḟ+
(x · eθ − 2

|x− eθ|2
+

(2〈eθ − x, eθ〉)2

|x− eθ|4
)
Ψf

]
dθ +O(ε2).

�JÁ�À�»8ÐHÅ�Ç�ÀÑÈÉ¿�Á�Õ¼þ=ÊLÇ8Å�À�½�þ�ÈÉ»�äÉÏ�½�À�Û�»�ÎI¿�äêäÉ¿�=6ÈÍÁ�Ð�äÉ»�¾]¾]Ç�Ý
& t_�5��� � '·�)'·��6 õ¼ù

x ∈ Ω̃(= {x ∈ R2,
(ª¸��1�

(x,D) > d0})
lL.���j�¶),
�

u(x)− u0(x) =
ε

2π

∫ 2π

0

ln |x− eθ|
(
D0N0(Ψ)f −N0(N0(Ψ)f) +N0(Ψ)f

)
dθ

�\4�Ý�8LÝ�Z
�2�
+

ε

2π

∫ 2π

0

〈eθ − x, eθ〉
|x− eθ|2

N0(Ψ)fdθ +
ε

2π

∫ 2π

0

ln |x− eθ|Ψ̈fdθ

+
ε

2π

∫ 2π

0

(
− 2

|x− eθ|2
+

2(x · τθ)2 + 2(〈eθ − x, eθ〉)2

|x− eθ|4
)
Ψfdθ +O(ε2),

./j-��ùi�
O(ε2)

¸���·Lõ�ø8ö-(H��(:·¼ú
cε2

.�¸��kj
c
(H�v%'��ö-(ª¸Éö��£õ�ö

d0

¶ªö-( ‖f‖∞ o
V�»�=/Å�ÈÒÀ�»A�\4�Ý�8LÝ\Z
�2�ZÇ8½

u(x)− u0(x) = εH(x) +O(ε2).

��þîÇÆÚ�Û�ÇËÁ�Ð�»:¿�Î�Ú�¿�¿�Å�Ï�ÈÍÁ�Ç�À�»�½�Î Å�¿�¾ ÿ�Ç8Å�À�»�½ÃÈÍÇ8ÁhÀ�¿ÆÊQ¿�äÍÇ8ÅbÈÍÁ �\4�Ý�8LÝ\Z
�2�ÑØÀ=!»�ÐË»SÀ
À�Û�»�ÎI¿�äêäÉ¿�=6ÈÍÁ�Ð_Ç8½Ñþ�¾�Ê�À�¿¼ÀÑÈÉÚ�ÎJ¿�Å�¾�Â�äÍÇXÎJ¿�Å H =XÛ�»�Á |x| � 1

Ý
Z
� �



& t_�5��� � '·�)'·��6 õ¼ù
x = reϕ

l
r � 1

lL.���j�¶),2�
H(x) = − 1

2r
â1

[
D0N0(Ψ)f −N0(N0(Ψ)f) + 2N0(Ψ)f + Ψ̈f

]
cos(ϕ) �\4�Ý�8LÝ�82�2�

− 1

2r
b̂1

[
D0N0(Ψ)f −N0(N0(Ψ)f) + 2N0(Ψ)f + Ψ̈f

]
sin(ϕ) +O(

1

r2
),

./j-��ùi�
â1

¶ªö-(
b̂1
¶ªùi�A(H��g�ö-��(]·¼ú �\4�Ý�8LÝ�ZbZ_� o

.�ù±õ�õ�] Ý(Þ�ÈÍÁ�Ú�»
|reϕ − eθ| = r(1− 1

r
〈eϕ, eθ〉+O(

1

r2
)),

=!»�Û�Ç�Ó�»
ln |reϕ − eθ| = ln(r)− 1

r
〈eϕ, eθ〉+O(

1

r2
),

�\4�Ý�8LÝ�8�Z_�
Ç8Á�Ï

1

|reϕ − eθ|
=

1

r
+O(

1

r2
).

�\4�Ý�8LÝ�8b81�
Þ�Â�Õ�½±ÀÑÈÒÀÑÂ�ÀÑÈÍÁ�ÐèÀ�ÛL»�½¡»Y»Ëë�ÂLÇ�ÀÑÈÉ¿�Á�½VÈÍÁ�À�¿+�\4�Ý�8LÝ�Z
�2�ÑØ�=!»X¿�Õ�À�Ç�ÈÍÁ

H(r, ϕ) = − 1

2πr

∫ 2π

0

〈eϕ, eθ〉
(
D0N0(Ψ)f −N0(N0(Ψ)f) + 2N0(Ψ)f + Ψ̈f

)
dθ +O(

1

r2
),

Ç8½èÏL»�½ÃÈÍÅ�»8ÏZÝ
�

ð6¿
=D=Y»�Å�»�=/ÅÑÈÒÀ�»��&4�Ý�8LÝ�82�2��ÈÍÁ!À�»�Å�¾�½¨¿�Î�À�Û�»�c�¿¼ÂLÅ�ÈÉ»�Å'Ú�¿�»�ÄhÚÑÈÉ»�Á�À�½V¿�Î
Ψ
ÇËÁ�Ï

f
Ý
& t_�5��� � '·�)' �¦Ú ��j�¶),2�

∞∑

k=0

(
−b̂k+1(Ψ̇)− b̂k−1(Ψ̇) âk+1(Ψ̇) + âk−1(Ψ̇)

âk+1(Ψ̇)− âk−1(Ψ̇) b̂k+1(Ψ̇)− b̂k−1(Ψ̇)

) (
âk(f)

b̂k(f)

)
=

(
c1

d1

)
,

./j-��ùi�
c1(Ψ) := 2 lim

r→+∞
â1(rH(r, θ)),

d1(Ψ) := 2 lim
r→+∞

b̂1(rH(r, θ)).

Z
�24



.�ù±õ�õ�] Ý ð6¿ªÀ�»]À�Û�Ç�À
â1(N0(N0(Ψ)f)) = −â1(N0(Ψ)f)

Ý c¼Å�¿�¾ �&4�Ý�8LÝ\Z�81�bÇËÁ�Ï
�\4�Ý�8LÝ\Z � ��Ø
=!»YÐ�»HÀ

âk

(
D0N0(Ψ) + 3N0(Ψ) + Ψ̈

)
= (k(k + 1)− 3k − k2)âk(Ψ)

= −2kâk(Ψ),

b̂k

(
D0N0(Ψ) + 3N0(Ψ) + Ψ̈

)
= −2kb̂k(Ψ).

ñ ¿�Å�»Ë¿ËÓ�»�Å¡Ø
=Y»XÛ�Ç�Ó�»
kâk(Ψ) = −b̂k(Ψ̇)

Ç8Á�Ï
kb̂k(Ψ) = âk(Ψ̇).

º¼»SÀ�ÀÑÈÍÁ�Ð
â−n = 0

ÎJ¿�Å
n ≥ 1

Ç8Á�Ï
b̂−n = 0

ÎI¿�Å
n ≥ 0

Ø
=!»!¿�Õ�½¡»�Å¹Ó�»èÀ�Û�Ç�À

â1(FG) =

∞∑

k=0

âk(F )

2

[
âk+1(G) + âk−1(G)

]
+

∞∑

k=0

b̂k(F )

2

[
b̂k+1(G) + b̂k−1(G)

]
,

b̂1(FG) =

∞∑

k=0

âk(F )

2

[
b̂k+1(G)− b̂k−1(G)

]
+

∞∑

k=0

b̂k(F )

2

[
âk−1(G)− âk+1(G)

]
.

3�Û�ÈÍ½èÚ�¿�¾]Ê�äÉ»HÀ�»�½VÀ�Û�»6ÊLÅ�¿�¿�Î�Ý
�

¨#nb¼Sn©¨ ª�|;·�¸ w�x��)ºLt ×�¸ w`�)ºjuÒ¯%Ñ�Û u�w¹��uZ®(ºLz[´µuvÁ¡wÄ¸jÜL|;u�t
Ùb»HàLÁ�»

Ψn

Ç8Á�Ï
Φn

Ø�ÎJ¿�Å
n ∈ N

Ø�Õªþ
Ψn(θ) =

1

n
sin(nθ),Φn(θ) = − 1

n
cos(nθ).

c¼Å�¿�¾mº¼»�¾�¾]ÇG4�Ý�8LÝ�4QØ¼ÈÒÀ�ÎJ¿�äêäÉ¿�=/½'À�Û�Ç�À
(

0 1

1 0

)(
ân−1(f)

b̂n−1(f)

)
+

(
0 1

−1 0

)(
ân+1(f)

b̂n+1(f)

)
=

(
c1(Ψn)

d1(Ψn)

)
,
�\4�Ý�8LÝ�8 � �

(
−1 0

0 1

)(
ân−1(f)

b̂n−1(f)

)
+

(
−1 0

0 −1

)(
ân+1(f)

b̂n+1(f)

)
=

(
c1(Φn)

d1(Φn)

)
.

�\4�Ý�8LÝ�814b�
Z
�7�



3�Û�ÂL½Õ=Y»!¿�Õ�À�Ç�ÈÍÁ£À�Û�Ç�À
b̂n−1(f) + b̂n+1(f) = c1(Ψn), ân−1(f)− ân+1(f) = d1(Ψn),

Ç8Á�Ï
b̂n−1(f)− b̂n+1(f) = d1(Φn), −ân−1(f)− ân+1(f) = c1(Φn).3�Û�»�Å�»HÎI¿�Å�»�Ø�=Y»�Ç8Å�ÅÑÈçÓ�»�Ç�À

b̂n−1(f) =
c1(Ψn) + d1(Φn)

2
,

Ç8Á�Ï
ân−1(f) =

d1(Ψn)− c1(Φn)

2
, n ≥ 1.3�Û�ÈÍ½¨½ÃÈÍ¾]Ê�äÉ»9Ú�ÇËäÉÚÑÂ�äÍÇ�ÀÑÈÉ¿�ÁÆ½%Û�¿�=/½�À�Û�Ç�À�ÈÍÁA¿�Å�ÏL»�Å�À�¿�ÏL»SÀ�»8Ú�À�ÇYÊQ»�Å�ÀÑÂLÅ±Õ�Ç�ÀÑÈÉ¿�Á

À�Û�Ç�À/Û�Ç8½=¿�½¡ÚÑÈêäêäÍÇ�ÀÑÈÉ¿�Á�½=¿�Îb¿�Å�ÏL»�Å
1/n

Ø'¿�Á�»]Á�»8»ËÏ�½!À�¿�Â�½¡»]À�Û�»]àLÅ�½±À
n
»HÈÉÐË»�Á�é

Ó�»ËÚ�À�¿�Å�½5�
eilθ, l = 1, . . . , n,

�è¿¼ÎUÀ�Û�»³Ù'ÈÍÅ�ÈÉÚ�Û�äÉ»HÀÃéÑÀ�¿�é¡ð6»HÂL¾]Ç8Á�Áô¿�ÊQ»�Å�Ç�À�¿�Å N0

ÇË½
Ù�ÈÍÅÑÈÉÚ�Û�äÉ»SÀ¨Õ�¿�Â�Á�Ï�Ç8Å¹þÆÏ�Ç�À�Ç�ÝÕ3�Û�ÈÍ½¨ÈÍ½�Ç!Å�»�äÍÇ�ÀÑÈçÓ�»�äçþ:½ÃÈÍ¾]Ê�äÉ»YÕ�Â�À¨ë�Â�ÈÒÀ�»!ÏL»8»�Ê�¿�Õ�é
½¡»�Å¹Ó¼Ç�ÀÑÈÉ¿�Á�Ýøa³»³Ú�¿�Á�åI»8Ú�ÀÑÂ�Å�»gÀ�Û�Ç�ÀXÀ�Û�ÈÍ½=Å�»�½ÃÂ�äÒÀ9Û�¿�äÉÏ�½�ÎI¿�Å�ÐË»�Á�»�Å�Ç�äèÏL¿�¾]Ç�ÈÍÁ�½8Ý
×'Á�¿¼À�Û�»�Å�¿�Õ�½¡»�Å¹Ó¼Ç�ÀÑÈÉ¿�Á ÈÍ½£À�Û�Ç�À=¿�Â�Å!Ç8½�þ�¾]Ê�À�¿¼ÀÑÈÉÚYÎI¿�Å�¾�Â�äÍÇ³ÈÍ½=ÈÍÁôÎ Ç¼Ú�À9Ç�äÉ¿�=Yé
Î Å�»Ëë�ÂQ»�Á�Ú¹þÆ»�Ì¼ÊLÇ8Á�½ÃÈÉ¿�Á�=XÛ�ÈÉÚ�ÛÆÛ�¿¼äÉÏ�½VÎI¿�Å�à¼Ì�»ËÏ

n
Ç8½

ε
ÐË¿�»�½VÀ�¿C@ß»�Å�¿�Ý?� À�=!¿�Â�äÉÏ

Õ�»�ÈÍÁ�À�»�Å�»�½±ÀÑÈÍÁ�Ð�À�¿6ÏL»�Å�ÈçÓ�»�Ç8ÁY»�Ì¼ÊLÇ8Á�½ÃÈÉ¿�Á�=XÛ�ÈÉÚ�Û�ÈÍ½�Ó�ÇËäêÈÉÏ_ÎI¿�Å�Û�ÈÉÐ�Û�é�ÎÉÅ�»8ë�ÂQ»�Á�ÚÑÈÉ»�½�Ø
Á�¿¼À�å Â�½±À�ÎI¿�ÅUàLÁ�ÈÒÀ�»

n
Ý

IÐ��0 4Y^�d�5�`�"�\Ua��Ã^�� ^!_ÆaUc`��fÒ��^è`�$�a��N�O<YdQ^�¥/"N��5
a�»(½±ÀÑÂ�Ï¼þ À�Û�»ôÔY»�äÍ¾:Û�¿¼äÒÀ!@:ÊLÅ�¿�Õ�äÉ»�¾ ÇËÁ�ÇËäÉ¿�ÐË¿�Â�½ÃäçþpÀ�¿ À�Û�»pºËÇËÊ�äÍÇ�ÚÑÈÍÇËÁ ¿�Á�»�Ý
º¼»SÀ

D
Õ�»
ÇtÂLÁ�ÈÒÀÆÏ�ÈÍ½w�#ÈÍÁ

R2
Ú�»�Á�À�»�Å�»8ÏRÇ�À��LØ�ÇËÁ�Ï

u0

Õ�»�À�Û�»
½¡¿�äêÂ�ÀÑÈÉ¿�ÁpÀ�¿
À�Û�»
ÔY»HäÍ¾:Û�¿�äÒÀ!@!ÊLÅ�¿�Õ�äÉ»�¾ =�ÈÒÀ�Û#ÊLÅ�»�½¡Ú�Å�ÈÖÕ�»ËÏ Õ�¿¼ÂLÁ�Ï�Ç8Å¹þ3Ù�ÈÍÅÑÈÉÚ�Û�äÉ»SÀ=Ï�Ç�À�Ç

Ψ ∈
C∞([0, 2π])

Ø¼È�Ýê»�Ý Ø





∆u0 + k2u0 = 0,
ÈÍÁ

R
2 \D,

u0(1, θ) = Ψ(θ),
¿�Á

∂D,

∂

∂r
u0(r, θ)− iku0(r, θ) = o(r−

1
2 ), r −→ +∞.

�\4�Ý � Ý�Z_�

Z
�b6



ÔY»�Å�»Q=!»hÂL½¡»8ÏtÀ�Û�»gÊQ¿�äÍÇ8Å=Ú�¿�¿�Å�Ï�ÈÍÁ�Ç�À�»�½
x = r(cos θ, sin θ)

ÝR×�½:Õ�»�ÎJ¿�Å�»é=!»
Ú�¿�Á�½ÃÈÉÏL»�Å�À�Û�»6½¡¿�äêÂ�ÀÑÈÉ¿�Á

u
Ú�¿�Å�Å�»�½ßÊQ¿�Á�Ï�ÈÍÁ�Ð�À�¿9À�ÛL»6ÊQ»�ÅÑÀÑÂLÅ�Õ�»8Ï�ÏL¿�¾]ÇËÈÍÁ

D̃
W






∆u+ k2u = 0,
ÈÍÁ

R
2 \ D̃,

u(1 + εf(θ), θ) = Ψ(θ),
¿�Á

∂D̃,

∂

∂r
u(r, θ)− iku(r, θ) = o(r−

1
2 ), r −→ +∞,

�\4�Ý � Ý�81�

=XÛ�»�Å�»
∂D̃(= ∂D + εfν) := {(1 + εf(θ))eθ , θ ∈ [0, 2π]}.

¨#n § nqm }#u-´SwÄu��Uu�Ñ-�Àz��ÀxE¸LÑ Å ¸ wÄtÒs |;z
3�Û�»!¿�Â�À�Ð�¿�ÈÍÁ�Ð_ÎÉÂLÁ�Ï�ÇË¾A»�Á�À�ÇËä�½¡¿�äêÂ�ÀÑÈÉ¿�Á£À�¿�À�Û�»�ÔY»HäÍ¾:Û�¿�äÒÀ!@b¿�ÊQ»�Å�Ç�À�¿�Å

(∆ + k2)ÈÍÁ
R2
ÈÍ½_ÐHÈçÓ�»�Á:Õªþ

Φk(x, y) = − i
4
H

(1)
0 (k|x− y|),

ÎI¿�Å
x 6= 0

Øb=XÛL»�Å�»
H

(1)
0

ÈÍ½VÀ�Û�»�Ô�ÇËÁH��»HäQÎ ÂLÁ�Ú�ÀÑÈÉ¿�ÁÆ¿�ÎQÀ�Û�»6àLÅ�½±ÀÈ�ªÈÍÁ�ÏÆ¿�Î�¿�Å�ÏL»�Å
0
Ý

�JÁA¿¼À�ÛL»�Å<=!¿�Å�Ï�½�Ø
Φk

½ßÇ�ÀÑÈÍ½ÃàQ»�½

(∆ + k2)Φk(·, y) = δy
ÈÍÁ

R
2,

Ç8Á�Ï
∂

∂r
Φk(·, y)− ikΦk(·, y) = o(r−

1
2 )

ÇË½
r →∞.

û¨½ÃÈÍÁ�ÐXý�Å�»Ë»�Á�âã½VÎI¿�Å�¾�Â�äÍÇ�Øb=Y»/Û�Ç�Ó�»

u(x) =

∫

∂ eD
Φk(y, x)

∂u

∂νy
(y)dσy −

∫

∂ eD

∂Φk

∂νy
(y, x)u(y)dσy,

ÎI¿�Å
x ∈ R

2 \ D̃.�\4�Ý � Ý � �
ð�¿¼À�»_À�Û�Ç�À

d

dz
H

(1)
0 (z) = −H (1)

1 (z).
�\4�Ý � Ý�4b�

Z
���



c¼Å�¿�¾ �\4�Ý�8LÝÐ4b��Ç8Á�Ïé�\4�Ý�8LÝ��1��Ø
=!»!Ð�»HÀ
u(x) = − i

4

∫ 2π

0

[
k
〈(1 + εf(θ))eθ − x,Nθ〉
|(1 + εf(θ))eθ − x|

H
(1)
1 (k|(1 + εf(θ))eθ − x|)Ψ(θ)

�\4�Ý � Ý��1�
+H

(1)
0 (k|(1 + εf(θ))eθ − x|)Nεf(Ψ)(θ)

]
dθ,

Ç8Á�Ï
u0(x) = − i

4

∫ 2π

0

[
k
〈eθ − x, eθ〉
|eθ − x|

H
(1)
1 (k|eθ − x|) +H

(1)
0 (k|eθ − x|)N0(Ψ)(θ)

]
dθ,�\4�Ý � Ý&62�

=XÛ�»�Å�»
Nεf(Ψ)(θ) :=

∂u

∂Nθ
(1 + εf(θ), θ),

Ç8Á�Ï
N0(Ψ)(θ) := ∂ru0(1, θ).

¨#n § nb¼ ÔLÕ[´Sz[Ñ ��xE¸LÑÖ¸�× Nεf

a�»:ÊLÇËÅ�Ç8¾A»SÀ�Å�È&@ß»=À�Û�»=ÂLÁ�ÈÒÀYÚÑÈÍÅ�Ú�äÉ»
S
ØU=XÛ�ÈÉÚ�ÛvÈÍ½/À�ÛL»ÆÕ�¿�Â�Á�Ï�Ç8Å¹þ
¿�Î

D
Ø�Õªþ

θ ∈
[0, 2π]

ÇËÁ�Ï:»�Ì¼ÊLÇ8Á�Ï9À�Û�»
2π
é�ÊQ»�ÅÑÈÉ¿�Ï�ÈÉÚUÎÉÂLÁ�Ú�ÀÑÈÉ¿�Á

Ψ(= u|S)
Ç8½

Ψ(θ) =
∑

n∈Z

ĉne
inθ.

ð�¿�= =!»]Ú�¿�Á�½ÃÈÉÏL»�ÅèÀ�Û�» J�¸Éù�¸�
#j����
�%ai�¤õ(a�ÓG��ø8ó:¶ªö�ö�õ`%'��ù�¶��¤õ�ù N0

=6ÈÒÀ�ÛgÅ�»�½ßÊQ»8Ú�À
À�¿
D
W

N0 : u0|S → ∂ru0|S.��þ9À�Û�»6Â�Á�ÈÉë�ÂQ»�Á�»�½ß½_¿�ÎQÇY½¡¿�äêÂ�ÀÑÈÉ¿�Á£À�¿+�\4�Ý � Ý�Z_�ÑØ�=!»�àLÁ�Ï�À�Û�Ç�À

u0(r, θ) =
∑

n∈Z

H
(1)
|n| (kr)

H
(1)
|n| (k)

ĉn(Ψ)einθ.

3�Û�»�Å�»HÎI¿�Å�»�Ø�ÈÍÁ:ÇXÊL½¡»�ÂQÏL¿�Ï�È\0�»�Å�»�Á�ÀÑÈÍÇËä�ÎÉÇ8½%Û�ÈÉ¿�Á�Ø N0

Ú�Ç8ÁÆÕ�»�=/ÅÑÈÒÀ�À�»�Á]Ç8½VÎJ¿�äêäÉ¿�=/½
�Ö½¡»Ë»Oî �b� ïw�#W

N0(Ψ)(θ) =
∑

n∈Z

σ1(n, k)ĉne
inθ,

�\4�Ý � ÝÏ�	�
Z
�b�



=XÛ�»�Å�»�À�Û�»6½¡¿�éßÚ�ÇËäêäÉ»8Ï (ª¸��1
�ùi�����F�%úªóh·Lõ2�
σ1

¿�Î N0

ÈÍ½èÐSÈçÓ�»�Á:Õ¼þ

σ1 = k
H

(1)′

|n| (k)

H
(1)
|n| (k)

= −k
H

(1)
|n+1|(k)

H
(1)
|n| (k)

+ |n|.

a³»�ÇËäÍ½¡¿]ÏL»HàLÁ�»

D0(Ψ)(θ) :=
∑

n∈Z

σ2(n, k)ĉn(Ψ)einθ,
�\4�Ý � Ý&�2�

=�ÈÒÀ�Û
σ2(n, k) = k

H
(1)′′

|n| (k)

H
(1)′

|n| (k)
.

aîÈÒÀ�Û]À�Û�ÈÍ½èÁ�¿¼À�Ç�ÀÑÈÉ¿�Á�Ø�=!»!Û�Ç�Ó�»/À�Û�»XÎI¿¼äêäÉ¿�=�ÈÍÁ�ÐXÇË½Ñþ�¾]Ê�À�¿¼ÀÑÈÉÚb»�Ì¼ÊLÇ8Á�½ÃÈÉ¿�Á:ÎJ¿�Å
Nεf

Ý
& t_�5��� � '·�)'\r+6 õ¼ù�¶ªöLú

2π
ap%'��ù�¸Iõ[(ª¸k
£]ÑøËö-
�� ¸Iõ�ö

Ψ ∈ C2([0, 2π])
l¾.��Fj�¶),2�^�kj�¶7�

Nεf(Ψ) = N 0
f (Ψ) + εN 1

f (Ψ) +O(ε2),

./j-��ùi�
N 0

f (Ψ) = N0(Ψ),

¶ªö-(
N 1

f (Ψ) = D0N0(Ψ)f −N0(N0(Ψ)f) +N0(Ψ)f − ḟΨ̇.

.�ù±õ�õ�] Ý(ð�¿¼À�»bÀ�Û�Ç�ÀÓ�\4�Ý�8LÝ&�2�ÑØ��\4�Ý�8LÝ�Z
�2�QÇËÁ�Ï��&4�Ý�8LÝ\Z
62�QÇ8Å�»_Ç�äÍ½¡¿/Ó¼ÇËäêÈÉÏ!ÈÍÁ�À�Û�»6Ú�Ç8½¡»
¿�Î�À�Û�»9ÔY»HäÍ¾:Û�¿�ä&@�ÊLÅ�¿�Õ�äÉ»�¾vÝTa³»�àLÁ�ÈÍ½%Û=À�Û�»6ÊLÅ�¿�¿�ÎQÕ¼þ�Ú�¿�¾�Ê�Â�ÀÑÈÍÁ�Ð

∂2
ru0(1, θ)

W

∂2
ru0(1, θ) =

∑

n∈Z

k2
H

(1)′′

|n| (k)

H
(1)
n (k)

ĉn(Ψ)einθ

=
∑

n∈Z

σ2(n, k)σ1(n, k)ĉn(Ψ)einθ = D0N0(Ψ)(θ).

�

Z
�b�



¨#n § n § Å z�wÀ± Å xEu(|;ÃÒª\�À³ t�´��{¸(�ÀxEy Å ¸Lw�t�sj|;z
a�»YÏL»�à�Á�»

Ω̃ := {x ∈ R2, dist(x,D) > d0}
Ç8Á�Ï=Ç8½ß½ÃÂL¾A»_À�Û�Ç�À ||f ||∞ < c0.

& t_�5��� � '·�)'·� ´Ó�
ε
�E��ö-(b�F�¤õ

0
¶ªö-(

x ∈ Ω̃
l .���j�¶�,
�

u(x)− u0(x) =
iε

4
H(x) +O(ε2),

./j-��ùi�

H(x) =

∫ 2π

0

H
(1)
0 (k|x− eθ|)

[
− (D0N0(Ψ) +N0(Ψ) + Ψ̈)f +N0(N0(Ψ)f)

]
(θ)dθ

− k2

∫ 2π

0

H
(1)
0 (k|x− eθ|)

(x · τθ)2 + (1− x · eθ)
2

|x− eθ|2
Ψ(θ)f(θ)dθ

+ k

∫ 2π

0

H
(1)
1 (k|x− eθ|)

1− x · eθ

|x− eθ|
N0(Ψ)(θ)f(θ)dθ

− k
∫ 2π

0

H
(1)
1 (k|x− eθ|)

( 2

|x− eθ|
− 2

(x · τθ)2 + (1− x · eθ)
2

|x− eθ|3
)
Ψ(θ)f(θ)dθ.

µ)��ùi�
O(ε2)

¸���·Lõ�øËö-(H��(:·�ú
cε2

.V¸k�kj
c
(H�v%'��öÝ(ª¸ ö��=õ¼ö�� ú=õ�ö

c0
¶ªö-(

d0

o

.�ù±õ�õ�] Ý:c�¿�Å�Ç8Á�þ
x ∈ Ω̃

Ø�=Y»XÛ�Ç�Ó�»�À�Û�Ç�À

H
(1)
0 (k|x− eθ − εf(θ)eθ|) = H

(1)
0 (k|x− eθ|)

+ εkf(θ)
〈x− eθ, eθ〉
|x− eθ|

H
(1)
1 (k|x− eθ|) +O(ε2),

Ç8Á�Ï

H
(1)
1 (k|x− eθ − εf(θ)eθ|) = H

(1)
1 (k|x− eθ|)

− εf(θ)
〈x− eθ, eθ〉
|x− eθ|

[
kH

(1)
0 (k|x− eθ|)−

H
(1)
1 (k|x− eθ|)
|x− eθ|

]
+O(ε2).

ZbZ
�



c¼Å�¿�¾ �&4�Ý � Ý��1��Ø[�\4�Ý � Ý�62��Ø�ÇËÁ�Ïhº¼»�¾]¾]ÇG4�Ý � Ý\Z�Ø2=!»!¿�Õ�À�ÇËÈÍÁ�À�Û�Ç�À

H(x) = −
∫ 2π

0

H
(1)
0 (k|x− eθ|)N 1

f (Ψ)(θ)dθ

+ k

∫ 2π

0

〈eθ − x, eθ〉
|x− eθ|

H
(1)
1 (k|x− eθ|)(N0 − I)Ψ(θ)f(θ)dθ

− k
∫ 2π

0

1

|x− eθ|
H

(1)
1 (k|x− eθ|)Ψ(θ)f(θ)dθ + k

∫ 2π

0

〈eθ − x, τθ〉
|x− eθ|

H
(1)
1 (k|x− eθ|)Ψ(θ)ḟ(θ)dθ

− k
∫ 2π

0

(〈eθ − x, eθ〉)2

|x− eθ|2
(
kH

(1)
0 (k|x− eθ|)−

1

|x− eθ|
H

(1)
1 (k|x− eθ|)

)
Ψ(θ)f(θ)dθ

+ k

∫ 2π

0

(〈eθ − x, eθ〉)2

|x− eθ|3
H

(1)
1 (k|x− eθ|)Ψ(θ)f(θ)dθ.

�JÁ�À�»ËÐ�Å�Ç�ÀÑÈÍÁ�Ð6Õ¼þ=ÊLÇ8Å�À�½�Ø2=!»XÐË»SÀ
∫ 2π

0

H
(1)
0 (k|x− eθ|)Ψ̇(θ)ḟ(θ)dθ

=

∫ 2π

0

[
H

(1)
1 (k|x− eθ|)

−kx · τθ
|x− eθ|

Ψ̇−H (1)
0 (k|x− eθ|)Ψ̈

]
fdθ,

Ç8Á�Ï
k

∫ 2π

0

〈eθ − x, τθ〉
|x− eθ|

H
(1)
1 (k|x− eθ|)Ψ(θ)ḟ(θ)dθ

= −
∫ 2π

0

H
(1)
0 (k|x− eθ|)

k2(x · τθ)2

|x− eθ|2
Ψfdθ +

∫ 2π

0

H
(1)
1 (k|x− eθ|)

kx · τθ
|x− eθ|

Ψ̇fdθ

−
∫ 2π

0

H
(1)
1 (k|x− eθ|)

[ kx · eθ

|x− eθ|
− 2k(x · τθ)2

|x− eθ|3
]
Ψfdθ.

ÔY»�Å�»�=!»/Û�Ç�Ó�»6ÂL½¡»8Ïé�\4�Ý � Ý�4b��À�¿�ÐË»SÀ�Û�»�Å<=�ÈÒÀ�Û�À�Û�»6ÈÉÏL»�Á�ÀÑÈÒÀ¹þ
d

dz
H

(1)
1 (z) = H

(1)
0 (z)− 1

z
H

(1)
1 (z).

�

& t_�5��� � '·�)'·��6 õ¼ù�¶ªö�ú
x = reϕ

.V¸k�kj
r � 1

lL.���j�¶�,
�
i

4
H(r, ϕ) =

ei π
4 eikr

√
8πkr

H̃(ϕ) +O(
1

r
),

ZbZbZ



./j-��ùi�
H̃(ϕ) =

∫ 2π

0

e−ik〈eθ ,eϕ〉
[
− (D0N0(Ψ) +N0(Ψ) + Ψ̈)(θ)f(θ) +N0(N0(Ψ)f)(θ)

+ ik〈eϕ, eθ〉N0(Ψ)(θ)f(θ)− k2Ψ(θ)f(θ)
]
dθ.

�\4�Ý � Ý��2�

.�ù±õ�õ�] Ý � À�ÈÍ½��¼Á�¿�=/ÁÆÀ�Û�Ç�À¡ØLÎI¿�Å¨Ç�à¼Ì¼»8Ï
n
Ø�À�Û�»�Ô�Ç8ÁH�¼»�äZÎÉÂLÁ�Ú�ÀÑÈÉ¿�Ág¿�Î�À�Û�»!à�Å�½±À

�ªÈÍÁ�Ï=½ßÇ�ÀÑÈÍ½Ãà�»�½

H(1)
n (x) =

√
2

πx
ei(x−π

4
−n π

2
) +O(|x|−1), x� n.

a�»�Å�»�ÎJ»�Å�À�¿mî!Z2ï_ÎJ¿�Å�¾A¿�Å�»6ÊLÅ�¿�ÊQ»�Å�ÀÑÈÉ»�½�¿¼Î�À�Û�»!Ô�Ç8ÁH�¼»�ä�ÎÉÂLÁ�Ú�ÀÑÈÉ¿�Á�Ý
��Â�À�ÀÑÈÍÁ�Ð

reϕ

ÈÍÁ�½±À�»�Ç¼ÏÆ¿�Î
x
Ø
=!»XÛ�Ç�Ó�»

H
(1)
0 (k|reϕ − eθ|) =

√
2

πk|reϕ − eθ|
ei(k|reϕ−eθ |−

π
4
) +O(

1

r
).

c¼Å�¿�¾ À�Û�»6ÎÉÇ�Ú�À�À�Û�Ç�À

|reϕ − eθ| = r − 〈eϕ, eθ〉+O(
1

r
)

Ç8Á�Ï
1

|reϕ − eθ|
=

1

r
+O(

1

r2
),

=!»XÚ�ÇËÁî¿�Õ�À�Ç�ÈÍÁ
i

4
H

(1)
0 (k|reϕ − eθ|) =

ei π
4 eikr

√
8πkr

e−ik〈eϕ,eθ〉) +O(
1

r
).

Þ�ÈÍ¾�ÈêäÍÇËÅ�äçþ�Øb=!»/Û�Ç�Ó�»
i

4
H

(1)
1 (k|reϕ − eθ|) = (−i) e

i π
4 eikr

√
8πkr

e−ik〈eϕ,eθ〉) +O(
1

r
).

Þ�Â�Õ�½±ÀÑÈÒÀÑÂ�ÀÑÈÍÁ�Ð6À�Û�»�½¡»YÇËÊLÊLÅ�¿HÌªÈÍ¾�Ç�ÀÑÈÉ¿�Á�½¨ÈÍÁ�À�¿£À�Û�»XÈÍÁ�À�»ËÐ�Å�Ç�ä�»�Ì¼ÊLÅ�»�½ß½ÃÈÉ¿�Áî¿¼Î HÈÍÁ�ºª»�¾]¾]Ç^4�Ý � Ý�8�Ø
=!»�ÇËÅ�ÅÑÈçÓ�»6Ç�À�À�Û�»XÏL»�½ÃÈÍÅ�»ËÏ=Å�»�½ÃÂ�äÒÀ�Ý
�

ZbZ�8



¨#n § n©¨ ª�|;·�¸ w�x��)ºLt ×�¸ w`�)ºjuÒ¯%Ñ�Û u�w¹��uZ®(ºLz[´µuvÁ¡wÄ¸jÜL|;u�t
�JÁ=À�Û�ÈÍ½�½ÃÂ�Õ�½¡»8Ú�ÀÑÈÉ¿�Á¡=!»6Â�½¡»�À�Û�»�àQ»�äÉÏ H̃(θ)

À�¿9àLÁ�Ï�À�Û�»�½%Û�ÇËÊQ»Y¿�Î
∂D̃

Ý
c¼Å�¿�¾EÀ�Û�»�æßÇ¼Ú�¿�Õ�ÈÉé�×'Á�Ð�»�Å<;�Ì¼ÊLÇËÁ�½ÃÈÉ¿�Á��Í½¡»8»'ÎI¿�Å�»�ÌËÇ8¾]Ê�äÉ»)î>Z
��ïªØËÞª»8Ú�ÀÑÈÉ¿�Á � Ý�4b�#W

eik cos θ =
∞∑

n=−∞

inJn(k)einθ,

=XÛ�»�Å�»
Jn

ÈÍ½�À�Û�»5��»�½ß½¡»�ä�ÎÉÂLÁ�Ú�ÀÑÈÉ¿�ÁÆ¿¼Î�À�Û�»�àLÅ�½±ÀÕ�ªÈÍÁ�Ï�Ø�=!»/Û�Ç�Ó�»

e−ik〈eθ ,eϕ〉 =

∞∑

n=−∞

(−1)nJn(k)einϕe−inθ.
�\4�Ý � Ý�Z
�2�

c¼Å�¿�¾ �\4�Ý � Ý&�2��Ç8Á�Ïé�\4�Ý � Ý\Z
�2��Ø
=!»/Û�Ç�Ó�»

H̃(ϕ) =
∑

n∈Z

(−1)nJn(k)An(ϕ)einϕ,
�\4�Ý � Ý�ZbZ_�

=XÛ�»�Å�»

An(ϕ) =

∫ 2π

0

e−inθ
[
− (D0N0(Ψ) +N0(Ψ) + Ψ̈)(θ)f(θ) +N0(N0(Ψ)f)(θ)

+ ik〈eϕ, eθ〉N0(Ψ)(θ)f(θ)− k2Ψ(θ)f(θ)
]
dθ.

& t_�5��� � '·�)' �¦Ú ��j�¶),2�
H̃(ϕ) =

∑

n∈Z

(−1)nJn(k)ĉn(H̃)einϕ,

./j-��ùi�
ĉn(H̃) = 2π

∑

p∈Z

Mn,pĉp(Ψ)ĉn−p(f),

¶ªö-(

Mn,p =
[
− σ1(p, k)σ2(p, k) + σ1(n, k)σ1(p, k)− σ1(p, k) + p2 − k2

]
− inσ1(p, k).

ZbZ �



.�ù±õ�õ�] Ýôº¼»HÀ
An(ϕ) =

∫ 2π

0

e−inθ
[
−D0N0(Ψ)f +N0(N0(Ψ)f)−N0(Ψ)f − Ψ̈f − k2Ψf

]
dθ

+

∫ 2π

0

e−inθik〈eϕ, eθ〉N0(Ψ)fdθ

=: I(n) + II(n).

c¼Å�¿�¾ �&4�Ý � Ý��	�ZÇËÁ�Ïé�\4�Ý � Ý��2��Øb=Y»/Û�Ç�Ó�»
ĉp

(
−D0N0(Ψ)−N0(Ψ)− Ψ̈− k2Ψ

)

= [−σ1(p, k)σ2(p, k)− σ1(p, k) + p2 − k2]ĉp(Ψ).

ûV½ÃÈÍÁ�Ð_À�ÛL»6Î Ç¼Ú�ÀUÀ�Û�Ç�À
ĉn(fg) =

∑

p∈Z

ĉp(f)ĉn−p(g),

=!»XÚ�ÇËÁî¿�Õ�À�Ç�ÈÍÁ
ĉn

[
N0(N0(Ψ)f)

]
= σ1(n, k)ĉn

[
N0(Ψ)f ]

=
∑

p∈Z

σ1(n, k)σ1(p, k)ĉp(Ψ)ĉn−p(f)

Ç8Á�Ï
I(n) = 2π

∑

p∈Z

[−σ1(p, k)σ2(p, k) + σ1(n, k)σ1(p, k)− σ1(p, k) + p2 − k2]ĉp(Ψ)ĉn−p(f).

�\4�Ý � Ý�Z�81�
ð6¿ªÀ�»�À�Û�Ç�À

〈eϕ, eθ〉 =
eiϕe−iθ

2
+
e−iϕeiθ

2
.

a�»/Û�Ç�Ó�»
II(n) = ikπeiϕĉn+1[N0(Ψ)f ] + ikπe−iϕĉn−1[N0(Ψ)f ]

= ikπeiϕ
∑

p∈Z

σ1(p, k)ĉp(Ψ)ĉn+1−p(f) + ikπe−iϕ
∑

p∈Z

σ1(p, k)ĉp(Ψ)ĉn−1−p(f).

ZbZ_4



3�Û�»�Å�»HÎI¿�Å�»
∑

n∈Z

(−1)nJn(k)II(n)einϕ

= ikπ
∑

n∈Z

(−1)nJn(k)ei(n+1)ϕ
∑

p∈Z

σ1(p, k)ĉp(Ψ)ĉn+1−p(f)

+ ikπ
∑

n∈Z

(−1)nJn(k)e
i(n−1)ϕ

∑

p∈Z

σ1(p, k)ĉp(Ψ)ĉn+1−p(f)

= −ikπ
∑

n∈Z

(−1)n
[
Jn−1(k) + Jn+1(k)

]
einϕ

∑

p∈Z

σ1(p, k)ĉp(Ψ)ĉn−p(f)

= −ikπ
∑

n∈Z

(−1)n 2n

k
Jn(k)einϕ

∑

p∈Z

σ1(p, k)ĉp(Ψ)ĉn−p(f).
�\4�Ý � Ý\Z � �

ÔY»�Å�»�=!»6Â�½¡»8Ï=Å�»8Ú�ÂLÅ�Å�»�Á�Ú�»XÅ�»�äÍÇ�ÀÑÈÉ¿�Á�½è¿�Î<��»�½ß½¡»�äLÎÉÂ�Á�Ú�ÀÑÈÉ¿�Á�Ø¼È�Ýê»�ÝÉØ
Jn−1(k) + Jn+1(k) =

2n

k
Jn(k).

c¼Å�¿�¾ �\4�Ý � Ý�Z�81��Ç8Á�Ïé�\4�Ý � Ý\Z � ��Ø
=!»�ÊLÅ�¿�Ó�»�½�À�Û�»�äÉ»�¾]¾]Ç�Ý
�Þ�ÂLÊLÊQ¿�½¡»�Á�¿�=�À�Û�Ç�À

Ψ = eipθ.

3�Û�»�ÁèÎ Å�¿�¾Cº¼»�¾�¾]Çh4�Ý � ÝÐ4QØ%ÎI¿�ÅQ»�Ç�Ú�Û
n
Øw=!»�¿�Õ�À�ÇËÈÍÁ�À�Û�»�Ú�¿�»�ÄhÚ�ÈÉ»�Á�À Mn,pĉn−p(f)Î Å�¿�¾eÀ�Û�»¨ÎÉÇ8ÅÃé�àQ»�äÉÏX¾Æ»�Ç8½ÃÂ�Å�»�¾A»�Á�À�½8Ý'3�Û�ÈÍ½�þ�ÈÉ»�äÉÏ�½UÀ�¿�½±À�Ç8Õ�äÉ»�Å�»8Ú�¿�Á�½±À�ÅÑÂQÚ�ÀÑÈÉ¿�Á£¿�Î

À�Û�»�c�¿�ÂLÅÑÈÉ»�Å�Ú�¿�»HÄhÚÑÈÉ»�Á�À�½
ĉn−p(f)

ÎJ¿�ÅbÇËäêä
n, p, p ≤ n,

½ÃÂQÚ�ÛhÀ�Û�Ç�À Mn,p

ÈÍ½/Á�¿¼À
À�¿�¿�½ß¾]Ç�äêä�Ý

ZbZ��



ZbZ
6



� y-� o�y�iÌ�2�]r;}�uÝ�

î!Z2ï ñ ÝU×�Õ�Å�¿�Û�¾¡=�ÈÒÀ!@=Ç8Á�ÏD�ÃÝU×�ÝbÞHÀ�»8ÐSÂLÁ�Ø µ6¶ªö-(L·Lõ�õÀ�2õ
]G,ô¶7�kj-��ó:¶7� ¸k
�¶`�
6 ø8öÝ
�� ¸¹õ¼ö7� Ø�ð�»�=òY�¿�ÅP�ÝW�Ù¨¿ËÓ�»�Å¡Ø[Z
���	4�Ý

î¦8`ïç��Ý ñ Ý_×'Á�½¡»HäÉ¿�Á�»�Ø *�õ2���k��
�� ¸E,2��� ú *�õ¼ó5%�¶7
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