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Es gibt fiir Jeden keinen anderen Weg der Entfaltung und Erfiillung
als den der mdglichst vollkommenen Darstellung des eigenen Wesens.
> Sei Du Selbst < ist das ideale Gesetz, zu mindest fiir den jungen
Menschen, es gibt keinen andern Weg zur Warheit und zur Entwick-
lung.

Daf dieser Weg durch viele moralische and andre Hindernisse er-
schwert wird, daft die Welt uns lieber angepafst und schwach sieht als
eigensinnig, daraus entsteht fiir jeden mehr als durchschnittlich indivi-
dualisierten Menschen der Lebenskampf. Da mufs jeder fiir sich allein,
nach seinen eigenen Kriften und Bediirfnissen, entscheiden, wieweit
er sich der Konvention unterwerfen oder ihr trotzen will. Wo er die
Konvention, die Forderungen von Familie, Staat, Gemeinschaft in den
Wind schldgt, mufs er es tun mit dem Wissen darum, dafs es auf seine
eigene Gefahr geschieht. Wiewiel Gefahr einer auf sich zu nehmen f&hig
ist, dafiir gibt es keinen objektiven Mafistab. Man mufs jedes Zuviel,
jedes Uberschreiten des eigenen Mafes biiffen, man darf ungestraft we-
der im FEigensinn noch im Anpassen zu weit gehen.

HERMANN HESSE, Eigensinn macht Spafl
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Quelques méthodes mathématiques pour la simulation moléculaire et
multiéchelle

Résumé : Ce travail présente quelques contributions & 1’étude théorique et numérique des mo-
déles utilisés en pratique pour la simulation moléculaire de la matiére. En particulier, on présente
et on analyse des méthodes numériques stochastiques dans le domaine de la physique statistique,
permettant de calculer plus efficacement des moyennes d’ensemble. Une application particuliére-
ment importante est le calcul de différences d’énergies libres, par dynamiques adaptatives ou hors
d’équilibre. On étudie également quelques techniques, stochastiques ou déterministes, utilisées en
chimie quantique et permettant de résoudre de maniére approchée le probléme de minimisation
associé a la recherche de 'état fondamental d’'un opérateur de Schrodinger en dimension grande.
On propose enfin des modeéles réduits permettant une description microscopique simplifiée des
ondes de choc et de détonation par le biais d'une dynamique stochastique sur des degrés de liberté
moyens, approchant la dynamique hamiltonienne déterministe du systéme complet.

Mots-clés : Equations aux dérivées partielles, équations différentielles stochastiques, systémes
dynamiques en physique statistique, méthodes de Monte-Carlo, ondes de choc.

Some Mathematical Methods for Molecular and Multiscale Simulation

Abstract: This work presents some contributions to the theoretical and numerical study of mo-
dels used in practice in the field of molecular simulation. In particular, stochastic techniques to
compute more efficiently ensemble averages in the field of computational statistical physics are
presented and analyzed. An important application is the computation of free energy differences
using nonequilibrium or adaptive dynamics. Some stochastic or deterministic techniques to solve
approximately the Schrédinger ground state problem for high dimensional systems are also studied.
Finally, some reduced models for shock and detonation waves, relying on an average stochastic
dynamics reproducing in a mean sense the high dimensional deterministic hamiltonian dynamics,
are proposed.

Keywords: Partial differential equations, stochastic differential equations, dynamical systems in
statistical physics, Monte-Carlo methods, shock waves.
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1

Préambule

1.1 Présentation des principaux résultats de la thése

J’ai étudié pendant ma thése plusieurs techniques de simulation moléculaire, d’un point de vue
mathématique. On peut répartir ces études selon trois grands thémes :

(A) Tanalyse mathématique et numérique de certains modeéles de chimie quantique (Partie IV) ;

(B) T’analyse mathématique et numérique de techniques d’échantillonnage en dynamique molé-

culaire, avec un accent particulier sur les techniques stochastiques et le calcul de différences
d’énergie libre (Partie II) ;

(C) la recherche d’un modeéle réduit pour les ondes de chocs décrites au niveau microscopique

(Partie III).

1.1.1 Modéles de chimie quantique

Les méthodes que j’ai regardées en chimie quantique ne sont pas les plus couramment utilisées
en pratique, mais sont toutefois trés intéressantes d’un point de vue mathématique :

(a)

avec MICHEL CAFFAREL, ErIC CANCES, TONY LELIEVRE, et ANTHONY SCEMAMA, nous
avons proposé une nouvelle méthode d’échantillonnage pour les techniques de Monte-Carlo
variationnel (voir [P8] et le Chapitre 6), qui s’est révélée plus efficace et plus robuste que
les approches précédentes, au moins pour les systémes de référence considérés. Cette nou-
velle méthode d’échantillonnage est obtenue en projetant une dynamique étendue de type
Langevin sur I'espace des configurations électroniques, et est ainsi une extension de la tra-
ditionnelle marche aléatoire biaisée sur les configurations électroniques ;

avec ErRIC CANCES et MATHIEU LEWIN nous avons proposé une formulation duale du
probléme de minimisation électronique formulé & ’aide de la matrice densité d’ordre deux
(voir [P9] et le Chapitre 7), et avons testé numériquement la méthode numérique associée
sur un ensemble de petites molécules ;

avec ER1C CANCES, nous avons également considéré le probléme du potentiel effectif optimal
(défini comme le potentiel local dans les équations de Kohn-Sham qui permet d’obtenir la
meilleure énergie d’Hartree-Fock): plus précisément, nous avons étudié mathématiquement
la proposition de ERNEST DAVIDSON, ARTUR [ZMAYLOV, GUSTAVO SCUSERIA, et VIKTOR
STAROVEROV, qui définissent un potentiel effectif local par le biais d’une procédure de
minimisation annexe, et ce, afin de limiter les instabilités rencontrées dans les simulations
numeériques (voir [P5], [A2] et le Chapitre 8).
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1.1.2 Dynamique moléculaire et calcul de différences d’énergie libre

J’ai étudié différentes techniques stochastiques permettant de calculer en pratique les quantités
intéressantes définies en physique statistique :

(a) j’ai tout d’abord comparé différentes méthodes d’échantillonnage de la mesure canonique,
d’un point théorique et numeérique. Ce travail a été réalisé en collaboration avec ERIC
CANCES et FREDERIC LEGOLL (voir [P3] et la Chapitre 3).

(b) je me suis ensuite intéressé au calcul de différences d’énergie libre :

(i) en utilisant dans un premier temps des dynamiques hors d’équilibre et 1’égalité de
Jarzynski. Cette égalité peut étre obtenue de maniére rigoureuse lorsque le chemin
de transition le long duquel on calcule les différences d’énergie libre est paramétré
par un paramétre extérieur, et nous avons montré avec TONY LELIEVRE et MATHIAS
ROUSSET comment étendre ces résultats au cas de transitions indexées par une coor-
donnée de réaction (fonction de la configuration microscopique du systéme) grace a
des dynamiques stochastiques projetées (voir [P6] et la Section 4.1.2). Avec MATHIAS
ROUSSET, nous avons également proposé une maniére d’équilibrer la transition hors
d’équilibre par le biais d’une procédure de sélection qui évite la dégénerescence des
poids exponentiels dans I'inégalité de Jarzynski (voir [P10] et la Section 4.2);

(ii) plus récemment, nous avons étudié les méthodes adaptatives de calcul de différences
d’énergie libre. Toujours avec TONY LELIEVRE et MATHIAS ROUSSET, nous avons pro-
posé un formalisme général qui permet de présenter toutes les stratégies adaptatives de
maniére unifiée, avons montré l'existence d’un état stationnaire, et avons proposé une
procédure de sélection qui permet de rendre plus efficace une implémentation paralléle
des stratégies adaptatives (voir [P4] et la Section 4.4.1). Enfin, avec TONY LELIEVRE,
FeLix OT1TO, et MATHIAS ROUSSET, nous sommes en train de montrer rigoureusement
la convergence de certaines dynamiques adaptatives limites, en utilisant des méthodes
entropiques (voir [A1] et la Section 4.4.2).

(c) j’ai également proposé quelques extensions des méthodes usuelles d’échantillonnage de che-
mins de réactions lorsque des dynamiques stochastiques sont utilisées (voir [P1] et la Sec-
tion 4.3).

1.1.3 Modéles réduits pour les ondes de choc

Mon travail dans ce domaine a été effectué au CEA, en collaboration avec JEAN-BERNARD
MAILLET et LAURENT SOULARD. L’objectif était de trouver un modéle réduit mésoscopique per-
mettant de décrire les principales caractéristiques des ondes de choc et de détonation simulées au
niveau microscopique :

(a) j’ai tout d’abord proposé un modeéle simplifié pour les ondes de choc unidimensionnelles,
adapté au cas des solides cristallins (voir [P11] et la Section 5.1);

(b) j’ai ensuite proposé un modéle tridimensionnel pour les ondes de choc, fondé sur un modéle
de type Dissipative Particle Dynamics (voir [P7] et la Section 5.2.2).

(c) Avec JEAN-BERNARD MAILLET et LAURENT SOULARD, nous avons alors étendu ce modéle
au cas d’ondes de choc réactives (voir [P2] et la Section 5.2.3).

Les modéles proposés dans [P7,P2] sont bien fondés du point de vue de la physique statistique,
et les résultats numériques correspondants sont en bon accord avec les résultats de simulation
tous-atomes, de maniére qualitative [P2] et quantitative [P7].
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Physique quantique et physique statistique

La physique quantique et la physique statistique sont deux domaines importants de la physique
contemporaine, et décrivent toutes deux la matiére a I’échelle microscopique (voir respectivement
les Sections 2.1 et 2.2). La physique quantique s’intéresse aux éléments constitutifs de la matiére :
protons, neutrons, électrons, dont I’évolution est régie par ’équation de Schrédinger. La physique
statistique peut étre utilisée pour décrire des systémes quantiques ou classiques'. Cette théorie
étudie le comportement des atomes, une entité résultant de la réunion d’un noyau (assemblage de
protons et de neutrons) et de son nuage électronique. Des constantes physiques importantes sont
rappelées dans la Table 2.1. On peut en déduire quelques ordres de grandeur de la description
de la matiére a I’échelle microscopique : les distances typiques s’expriment en A (10710 m), les
énergies mises en jeu sont de I'ordre de kgT ~ 4 x 102! J & température ambiante pour des
systémes classiques, alors qu’elles se mesurent en Hartrees (1 Ha — 27,2 eV — 43,6 x 10719 J)
pour les systémes quantiques ; enfin, 'unité de temps varie de 10717 s 4 107'° s selon que l'on a
affaire & un systéme quantique (la masse typique & prendre en compte est celle de I’électron) ou
classique (la masse de référence est celle du proton).

! Par la suite, on utilisera souvent le terme de classique par opposition & guantique — et non pas comme
synonyme de courant ou usuel. ..
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Tableau 2.1. Quelques grandeurs ou constantes physiques importantes en physique quantique et en
physique statistique.

Constante ou grandeur physique Notation usuelle Valeur
Nombre d’Avogadro Ny 6,02 x 10?3
Constante de Boltzmann kg 1,381 x 1072 J/K
Constante de Planck réduite h 1,054 x 10734 Js
Charge élémentaire e 1,602 x 1071 C
Masse de 1’électron Me 9,11 x 103! kg
Masse du proton mp 1,67 x 10727 kg
Permittivité diélectrique du vide €0 8,854 x 1072 F/m
Electron-Volt eV 1,602 x 10719 J

Dans tous les cas, les ordres de grandeur utilisés dans la description microscopique de la matiére
sont loin des ordres de grandeur des quantités macroscopiques dont on a I’expérience quotidienne
de méme que le nombre de particules étudiées, puisque les échantillons de matiére macroscopiques
contiennent de I’ordre de Ny ~ 10?3 atomes ! Heureusement, la physique statistique permet de
faire le lien entre les descriptions microscopique et macroscopique de la matiére, en particulier

(i) dans le cadre de la limite thermodynamique, ot le nombre de particules dans la description
microscopique, ainsi que le volume de I’échantillon, tendent vers I’infini, alors que la densité
est maintenue constante. Ce type de limite ne peut toutefois étre justifié rigoureusement
d’un point-de-vue mathématique que dans certains cas (voir par exemple les ouvrages de
RUELLE [293] dans le cadre de la physique statistique classique et de CATTO, LE BRIS et
L1ons [55] pour I'étude de limites de modéles de physique quantique) ;

(ii) dans certains régimes physiques limites (basse densité, couplage faible, champ moyen,...),
on peut décrire le systéme microscopique par le biais d’une équation cinétique sur la
densité de probabilité d’une seule particule — telle que I’équation de Boltzmann (pour une
justification mathématique de ces limites, on pourra se référer aux revues de SPOHN sur
ce sujet, en particulier a l’article [318] et a 'ouvrage [319]).

Physique quantique et physique statistique computationelles

Si le lien évoqué ci-dessus entre les descriptions microscopique et macroscopique est agréable
d’un point-de-vue théorique, il est en revanche inutilisable pour des calculs pratiques des proprié-
tés de la matiére simulée a I’échelle moléculaire : cela demanderait en effet de simuler A4 atomes
sur O(10%) pas d’intégration en temps. 1l est bon de mettre ces nombres en regard des ordres
de grandeur actuels (plutot des records, en fait !) des problémes pouvant étre traités numérique-
ment par la simulation moléculaire dans un cadre classique : la simulation compléte du virus du
tabac [111] a pu étre menée pendant 50 ns pour un systéme de 1 million d’atomes ; le repliement
de la téte d’une protéine (Villine) a été étudié via une trajectoire de 500 us au total, pour un
systéme de 20 000 atomes.?

La simulation moléculaire, malgré ses limitations spatiales et temporelles, a toutefois été utilisée
de plus en plus couramment pendant les cinquante derniéres années pour tester numériquement la
validité de théories physiques — avant la vérification expérimentale proprement dite, qui reste I'ul-
time sanction. Les calculs numériques sont un complément au développement de théories physiques
reposant sur des modéles simplifiés, d’ott le terme d’expérience numérique. Dans ces expériences
numériques, il est méme de bon aloi d’enrichir autant que faire se peut le modéle physique sous-
jacent. Cette utilisation de la simulation moléculaire a été initiée et soutenue par la physique
des liquides simples, qu’aucune théorie physique ne décrivait correctement (voir en particulier le

2 Voir la page internet du projet Folding@Home : http://folding.stanford.edu/
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travail pionnier de METROPOLIS, ROSENBLUTH, ROSENBLUTH, TELLER et TELLER [238] en 1953,
et la premiére simulation de dynamique moléculaire par ALDER et WAINWRIGHT en 1956 [3]).
La chimie quantique computationelle a également débuté dans les années 50, avec, en chimie, les
travaux de HALL [149] et ROOTHAN [288] en 1951, puis, en physique du solide, le modéle de Koun
et SHAM [195] en 1965.

La Microscopie numérique

La simulation moléculaire peut étre utilisée comme un microscope numérique. En effet, il peut
étre difficile de comprendre la matiére a ’échelle microscopique d’un point-de-vue expérimental,
du fait de la grande précision requise, tant spatiallement que temporellement ou méme tout
simplement, parce qu’on ne sait pas ce qu'on doit regarder ! Dans ce cas, des simulations nu-
mériques préliminaires sont un outil utile pour tester quelques idées sur les mécanismes en jeu
(pour que le principe actif de ce médicament se lie bien & cette protéine, quelle est la séquence des
changements de conformation des deux molécules qui doit avoir lieu 7), ou obtenir des données
brutes que 'on peut traiter et analyser pour en tirer des informations sur les phénomeénes obser-
vables par un dispositif expérimental. Ces considérations sont particuliérement pertinentes pour
les nanosytémes, trés en vogue actuellement. Néanmoins, rappelons une derniére fois que les ex-
périmentations numériques ne peuvent généralement pas remplacer complétement les validations
expérimentales usuelles, et doivent donc plutét étre considérées comme un premier pas utile dans
la construction de nouvelles théories ou la recherche de nouveaux résultats. On peut citer par
exemple le criblage informatique des principes actifs de synthése dans 'industrie pharmaceutique,
qui permet de réduire de maniére conséquente le nombre de molécules & synthétiser puis a tester
par des protocoles expérimentaux longs et cotiteux.

Calcul de propriétés moyennes des systémes physiques

Un des principaux objectifs de la simulation moléculaire est le calcul de propriétés moyennes des
systémes physiques — i.e. des grandeurs macroscopiques qui pourraient également étre mesurées
expérimentalement, mais que l'on préfére calculer numériquement pour des raisons financiéres
ou techniques. Un exemple prototypique d’une telle simulation est 1’étude des propriétés de la
structure interne de la Terre, en particulier son noyau, par des simulations ab-initio [316]. De
maniére générale, le calcul numérique est une alternative intéressante pour des régimes de haute
pression, densité ou température.

La physique statistique permet de relier la simulation de sytémes physiques a 1’échelle molé-
culaire et les grandeurs macroscopiques par le biais de moyennes sur des ensembles thermodyna-
miques :

W= [ A i) (2.)

Dans cette expression, la fonction A = A(q,p) est une observable, et la variable ¢ donne les
positions ¢ = (q1,...,qn) € MY des particules simulés, la variable p donnant les impulsions p =
(p1,...,pn) € RN desdites particules. La mesure u est une mesure de probabilité qui dépend de
Pensemble thermodynamique utilisé (voir Section 2.2).

Une grandeur que 'on calcule souvent pour des fluides est la pression P, par exemple dans
le cas d’'un matériau modélisé par un systéme de Lennard-Jones. L’observable associée, pour des
particules de masses m;, est

pi|? v
Alg.p) = 3|M|Z< 0 5e).

ol |[M] est le volume accessible au systéme, 1’énergie potentielle V' du systéme étant dans ce cas
donnée par (2.27)-(2.28).
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En pratique, des moyennes telles que (2.1) sont calculées pour des systémes de trés petite taille
par rapport aux dimensions macroscopiques typiques (on est donc loin du régime de la limite
thermodynamique. . . ). Cependant, I’expérience numérique montre que si les interactions entre les
particules sont & courte portée, on peut obtenir tout de méme de trés bons résultats ! Par exemple,
Péquation d’état de I'argon présentée en Figure 2.1 (courbe pression/densité a température fixée) a
été obtenue pour un systéme de quelques milliers de particules seulement, soit 102° fois moins que
dans un échantillon macroscopique. .. La courbe ainsi calculée se compare toutefois trés bien aux
mesures expérimentales, et permet méme de calculer des points dans un régime de forte densité
difficilement accessible expérimentalement.
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Fig. 2.1. Loi d’état de argon & 7" = 300 K : résultats numériques ("+’) et courbe expérimentale de
référence (ligne pleine). Le régime des gaz parfaits est indiqué en traits interrompus.

2.1 Description quantique de la matiére

On considére, dans cette section, un systéme moléculaire composé de M noyaux, que l'on
suppose figés a des positions 7; € R? (1 < i < M), et de N électrons, dont les variables de

position et de spin sont notées respectivement z; € R® et o; € {| 1),] 1)} (1 < j < N). L’état
(électronique) du systéme est décrit a l'instant ¢ par une fonction d’onde

¢(f; (xl,al),...,(:vN,oN)) e C.

Pour que la fonction d’onde v soit un état physiquement admissible, il faut que les conditions
suivantes soit satisfaites :

(i) Normalisation: la fonction d’onde est normalisée pour la norme L2, au sens ol

oo Y /RSN|¢(t,(x1,al),...,(;CN,UN))Fdzl...de:1. (2.2)

are{lT)hI)}  oneflT) 1)}

Cette propriété découle de linterprétation de |1 (t,-)|? comme densité de probabilité ;

(ii) Propriété d’indiscernabilité des particules identiques : le principe de Pauli demande que
la fonction d’onde soit antisymétrique pour I’échange de deux particules identiques. Plus
précisément, pour une permutation p des indices {1,..., N}, de signature £(p),

¢(t7 (:Cp(l)ao—p(l))u B (‘rp(N)uop(N))) = E(p) w(ta (xla 01)7 B (:ENu UN))
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Les fonctions d’onde électroniques admissibles sont donc des élements de ’'espace fonctionnel

N
H= AL (® x{|1).]1)}.C),

de norme 1 (pour le produit scalaire induit par la norme (2.2)).
Pour préciser plus avant ’espace fonctionnel des fonction d’onde, on introduit 'opérateur
Hamiltonien du systéme :

2

N
(&
T B =

i=1 1<i<j<N

ou Zye est la charge du k-iéme noyau, et m la masse d’un électron. On travaille dans la suite avec
les unités atomiques, qui sont telles que

1
47TEQ

=1

Dans ce systéme d’unité, I'unité de masse est 9,11 x 1073! kg, I'unité de longueur est le rayon de
Bohr ag = 5,29 x 10~!! m, I'unité de temps est 2,42 x 1077 s, et 'unité d’énergie est le Hartree
Ha = 4,36 x 10718 J — 27,2 eV — 627 kcal/mol. Ce changement d’unité permet de manipuler des
quantités accessibles intuitives : pour de petits systémes a I’équilibre (N et Z = E,i\il 7). assez
petits), la distance typique entre un électron et le noyau auquel il est rattaché est en moyenne de
Pordre du rayon de Bohr, et les énergies des états fondamentaux (& I’équilibre) sont de quelques Ha.
L’opérateur Hamiltonien est, en unités atomiques,

N N M 1
— A _ 2.3
;2 B ;k 1|x1_wk| 1<z<Z<N|Z_xj| 22
= J
On note, pour le reste de cette section,
M
Z,
Vi =— —
(%) ; |z — |

L’opérateur Hamiltonien est auto-adjoint sur H (pour une introduction & la théorie spectrale
des Hamiltoniens quantiques, on pourra consulter les ouvrages de REED et SIMON [277] ou de
DAUTRAY et LIONS [99]).

2.1.1 Equation de Schrédinger et probléme électronique

On s’intéresse dans la suite aux propriétés des états fondamentaux des systémes décrits dans
le formalisme quantique, i.e. aux propriétés du premier vecteur propre et de la premiére valeur
propre de I'opérateur Hamiltonien. On introduit donc le probléme de minimisation suivant :

= inf{(¢, HY) | € H, |2 =1} (2.4)

Un minimiseur de (2.4) est un vecteur propre de l'opérateur Hamiltonien, associé a
propre E :

la valeur

Hy = Ev.

L’existence de tels minimiseurs pour des potentiels de type Coulombien lorsque 22/[:1 Zy, > N est
assurée par des résultats de théorie spectrale [99,277,377]. Comme l'opérateur H est réel, on peut
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se restreindre en fait & des fonctions d’ondes & valeurs réelles. Au vu du laplacien intervenant dans
Pexpression (2.3) de 'opérateur Hamiltonien, on peut également se restreindre & une minimisation
sur l'espace fonctionnel

N
H' = NH (RS x{] 1), 1)} R).

Remarque 2.1. Pour éviter d’alourdir les notations, on n’a pas noté explicitement la dépendance
de ’énergie de I’état fondamental (2.4) par rapport auz positions des noyauz atomiques. L’énergie
de l’état fondamental est paramétrisée par ces positions Ti,...,Tyr, et on peut définir

U(i'la cee wa) = inf {<¢aHi17...,iMw> | ¢ € H17 ||¢||L2 = 1}7 (25)

La fonction U définie ci-dessus peut étre utilisée pour étudier la dynamique et les propriétés statis-
tiques de systémes moléculaires décrits dans un formalisme quantique (voir Section 2.2). On parle
dans ce cas de dynamique ab-initio. Cette maniére de procéder repose donc sur l'approzimation
que les évolutions des degrés de liberté électroniques et nucléaires peuvent étre découplées, plus pré-
cisément que les degrés de liberté électroniques peuvent effectivement étre décrits par une fonction
d’onde ot seules les positions des noyauz sont des paramétres extérieurs (en particulier, on n’a pas
besoin de prendre en compte les vitesses des noyauzx). On trouvera plus de précisions mathématiques
sur cette approzimation (dite de Born-Oppenheimer) dans l'ouvrage de TEUFEL [3/2].

Pour alléger les notations et simplifier ’exposé, on omet par la suite la variable de spin dans
la minimisation (2.4). Ceci ne change rien aux difficultés mathématiques rencontrées.

2.1.2 Résolution directe du probléme électronique

On présente en premier lieu des méthodes cherchant & résoudre directement le probléme de
minimisation (2.4) (éventuellement approximativement, par le biais d’une borne supérieure par
exemple). C’est une tache non-triviale parce que (2.4) est un probléme de minimisation en di-
mension grande (posé dans L2(R3V)), et donc les méthodes usuelles d’optimisation (techniques de
gradient en particulier) sont souvent vouées a ’échec.

Méthode de Monte-Carlo variationnelle

La méthode de Monte-Carlo variationnelle (Variational Monte-Carlo, VMC) repose sur la
borne supérieure suivante de 1’énergie fondamentale (2.4) : pour toute fonction ¢ € H,

%) Lol 2 d
E< (W, H) _ /RWEL( ) [o(x)|? d |
(¥, ) / @) do
R3N

ol Ef(a:) = [Hy](x)/¥(x). La fonction E% est appelée ’énergie locale de la fonction . Remar-
quons que si ¢ était un vecteur propre de H associé a la valeur propre F, on aurait Ezp (x) =FE
P(x)[?) serait

(2.6)

pour tout z, et dans ce cas la variance de la fonction E% (pour la mesure de densité
nulle.

La plupart du temps, les calculs VMC sont faits avec des fonctions d’onde test i qui sont
de bonnes approximations de la fonction d’onde fondamentale . Souvent, i est une somme

de déterminants construits avec des orbitales atomiques de Slater, multipliée par un facteur de
Jastrow prenant en compte les corrélations électroniques (voir la formule (6.8) pour plus de préci-
sions, et 'analyse mathématique de FOURNAIS, HOFFMANN-OSTENHOF, HOFFMANN-OSTENHOF
et OSTERGAARD SORENSEN [110] motivant I'introduction de du facteur de corrélation de Jastrow).
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Lorsque I'on considére une famille de fonctions d’ondes, dépendant de certains paramétres, et que
I’on optimise lesdits paramétres (de facon & minimiser I’énergie ou la variance de Ele) de bonnes
bornes supérieures de ’énergie fondamentale peuvent étre obtenues (voir en particulier le travail
de UMRIGAR et FILLIPPI [351]).

En pratique, la borne supérieure (2.6) peut étre vue comme la moyenne de la quantité Fy,
par rapport a la mesure de probabilité Z;1|¢(x)|2 dzx (avec la constante de normalisation
Zy = Jgen [¥[?). Comme l'intégrale (2.6) est posée sur un espace de grande dimension, il est
naturel de recourir & des méthodes stochastiques pour I’évaluer. De telles méthodes sont présen-
tées au Chapitre 3, et peuvent toutes étre adaptées au cadre de VMC. En particulier, nous avons
montré dans [P8], avec E. CANcCES, M. CAFFAREL, A. SCEMAMA et T. LELIEVRE, qu’il était
intéressant de remplacer la dynamique de gradient usuellement utilisée dans la communauté VMC
par une dynamique de type Langevin (avec quelques adaptations techniques, voir le Chapitre 6
pour une présentation compléte de cette nouvelle stratégie numérique, et les résultats numeériques
correspondants).

Méthode de Monte-Carlo diffusif

La principe de la méthode de Monte-Carlo diffusive (Diffusion Monte-Carlo, DMC) repose
sur la remarque que le premier état propre d’un opérateur elliptique peut étre retrouvé comme
la limite en temps long d’un processus de diffusion. En effet, lorsque 'opérateur Hamiltonien est
auto-adjoint et qu’il existe un trou spectral v > 0 entre la premiére valeur propre (supposée isolée
et de multiplicité 1) du spectre discret et la seconde, la solution de I’équation aux dérivées partielles
(EDP)

9¢
5= —Ho,  6(0,2) = vi(a) (2.7)
est telle que

€56 (t) — (1, 0) tol| < Ce™,

ou vy est la fonction d’onde fondamentale, et Fy 1’énergie fondamentale associée. On montre
également que ’énergie calculée au temps ¢ converge exponentiellement rapidement vers ’énergie
fondamentale ; plus précisément,

oo L HOO) ()~
— (W e() (Yo, vr) ‘

En pratique, il est une fois de plus délicat de résoudre directement (2.7) (du fait de la grande
dimension du probléme). On recours plutot & une méthode stochastique : pour ce faire, on inter-
préte (2.7) comme ’équation de Fokker-Planck d’une équation différentielle stochastique (EDS).
L’énergie de I’état fondamental est alors estimée en simulant ’EDS associée et en utilisant une for-
mule de Feynman-Kac. Cependant, cette technique n’est pas suffisante en soi, car les estimations
que 'on obtient ainsi souffrent d’une trop grande variance. On a alors recours & des techniques

—FEp <

de réduction de variance telle que ’échantillonnage d’importance (importance sampling) : cela
consiste a choisir une fonction test ¢y telle que Er(x) = [Hr|(z)/vr(x) soit aussi constant que
possible (c’est une situation tout a fait analogue a celle rencontrée pour les calculs VMC), faire le
changement de fonction inconnnue g?) = Y1, et résoudre 'équation de diffusion associée a g?) par
des méthodes stochastiques.

L’introduction d’une fonction d’importance 1; a cependant I’inconvénient que 1’équation véri-
fibe par ¢ n’est pas complétement équivalente a Péquation (2.7). Les noeuds 1/1;1(0) de la fonction
d’importance imposent en effet des contraintes supplémentaires, et on ne peut obtenir ainsi qu’une
borne supérieure sur ’énergie fondamentale. Cette erreur est connue sous le nom d’approximation
des noeuds fixés (fized node approzimation) dans la littérature. Une analyse mathématique de la
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méthode DMC et de 'approximation des noeuds fixés est présentée par CANCES, JOURDAIN et
LELIEVRE dans [50].

Méthodes déterministes

Bien que le probléme de minimisation (2.4) posé en grande dimension ne soit pas traitable
par des méthodes de gradient usuelles, on peut toutefois tenter d’appliquer de telles méthodes
pour obtenir des références précises sur de petits systémes (qui permettront ensuite de tester la
précision de méthodes plus approximatives). Cependant, la méthode de gradient simple fondée sur
la minimisation de

(v, Hi)

B) =05 0)

conduit & des itérations de la forme

1Z)nJrl = U)n + Cn(H - E(d’n))d’n

Or, cette procédure itérative n’est pas bien posée en général car l'opérateur H est non-borné. Pour
remédier & ce probléme, NAKATSUJI propose d’introduire un opérateur régularisant auto-adjoint .S,
et de résoudre I’équation de Schrédinger modifiée (scaled Schridinger equation) [254,255]

SHy = Eg Sip,

ou ’énergie fondamentale Eg est obtenue comme

. <¢7 81/2H81/21/)> }
Eg = 1nf{ veH . 2.8
(1, 1) (28)
L'opérateur de régularisation est tel que S'/2HS'/? est un opérateur borné, et Sy = 0 im-

plique ©» = 0 (par exemple, dans H). On obtient ainsi Eg = F, et I’équivalence des problémes de
minimisation (2.8) et (2.4). L’intérét de la formulation (2.8) est que la méthode de gradient

Uny1 = U + cuSY2(H — Es(¥3)) Sy, (2.9)

est cette fois bien posée. Un autre intérét de la méthode itérative (2.9) est qu’elle permet d’amé-
liorer de maniére systématique des fonctions tests utilisées pour des calculs VMC ou DMC [255].

Une approche plus courante pour obtenir des résultats numériques de référence pour des petits
systémes est la méthode de I'interaction totale des configurations (full configuration interaction).
Dans ce cas, on considére une base de Galerkin de fonctions (¢1,...,¢n,) de H! (N, > N), T
Pensemble des N-uplets d’éléments distincts de {1,..., Np}, et on écrit

b= Z cr i,
ieT

ott, pour I = (i1,...,in), 1 est le déterminant de Slater 1o; = (N1)=Y/2Det(¢;,, ..., Piy ). Le
probléme de minimisation approché associé

Ercr = inf {<¢,H¢> ‘ = ey, ¥l = 1}

i€l

donne une borne supérieure de I'énergie fondamentale. Remarquons toutefois que le nombre de
déterminants & considérer augmente factoriellement avec Ny, ce qui limite considérablement 1’ap-
plicabilité de cette méthode.
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2.1.3 Matrices densité d’ordre deux

Dés les années 50, des chercheurs comme MAYER. [232], LOWDIN [220] ou COULSON [72] se sont
rendus compte que la fonction d’onde n’a pas besoin d’étre connue dans toute sa généralité si on
cherche simplement a calculer I’énergie d’un systéme décrit par un Hamiltonien (2.3) ne faisant
intervenir que des interactions de paire. En effet,

I'(x,y; x,y)

dxdy = Tr(KT) (2.10)
|z =yl

1
(.0} = Te) 45 [

ou 'opérateur
1
hy = —§Am +V(x)

est auto-adjoint sur L2(R3), et 'opérateur a 2 corps

1 1

2|£L‘1 — LL‘2|

est auto-adjoint sur L?(R3 x R3). Les fonctions « et I" sont respectivement les matrices densités
d’ordre 1 et 2, la matrice densité d’ordre p associée a une fonction d’onde v étant définie de
maniére générale par

F(p)(xla"wxp;ylu'"7y1))
N! —
= m /]RS(N )1/}($17"'7xp7$p+la'"axN)/l/}(ylv"'aypaxp+17"'axN)dz;D+1"-dIN-
-p

(2.11)
On a donc en particulier la relation entre matrices densité d’ordre 1 et 2 :

1
(@, y) = / (2, 223y, 2) dara.
RS

N -1

La formulation (2.10), du probléme de minimisation (2.4) montre donc qu’on peut se restreindre
4 une minimisation sur des fonctions I" = I'?) de 4 variables. Cependant, on ne connait pas de
conditions nécessaires et suffisantes simples pour assurer qu'une matrice densité d’ordre 2 est
obtenue & partir d’une fonction d’onde 1 par la contraction (2.11) avec p = 2. Ce probléme est
connu sous le nom de probléme de la N -représentabilité des matrices densités d’ordre 2 pour les
états purs. Une extension de ce probléme consiste a caractériser les matrices densités d’ordre 2 qui
sont des combinaisons convexes des opérateurs densité & 2-corps admissibles :

+oo too
1=1 =1

lopérateur densité a 2-corps I; étant obtenu & partir de fonctions d’onde v; € H! par (2.11) dans
le cas p = 2. L’ensemble des combinaisons convexes des opérateurs densité & 2-corps est noté Cy
(ensemble second order density matrices). Les premiers travaux concernant la N-représentabilité
sont ceux de COLEMAN [69], et le récent ouvrage de COLEMAN et YUKALOV [71] décrit la situation
actuelle de ce champ de recherche (voir également la Section 7.2). A ce jour, seules des conditions
nécessaires de N-représentabilité sont connues ; ces conditions nécessaires sont exprimées comme
des (in)égalités linéaires. On obtient donc en pratique des bornes inférieures de 1’énergie fonda-
mentale car on minimise sur un espace variationnel trop grand.

D’un point-de-vue numérique, les premiers résultats encourageants ont été obtenus en 1975
par GARROD, MIHAILLOVIC et ROSINA [120], et récemment, de trés bons résultats numériques ont
été obtenus avec des techniques de programmation semi-définie, telles que les méthodes de point
intérieur (NAKATA et al. [253]) et des formulations utilisant un Lagrangien augmenté (voir les
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articles de MAzz10TTI [234 236]). Avec E. CANCES et M. LEWIN, nous avons proposé dans [P9]
une approche duale. En effet, introduisant le Lagrangien augmenté

L(I\B.p) = T(KT) — Te(BI) - p{Te(I') - N(N — 1)},

on montre que

E =inf sup L(I, B, )
I' Be(Cn)*, per

*

o Cy est le cone des matrices densité d’ordre 2 admissibles et (Cy)* son cone polaire, la minimi-
sation sur " étant restreinte aux fonctions symétriques. De maniére duale, on a alors

E=inf  sup  L(I\B,p)=N(N—1)sup{u | K —pe(Cn)"}
I' Be(cn)*, per

la minimisation sur I' étant également restreinte aux fonctions symétriques (voir Section 7.3).
Ainsi, on a ramené le probléme de minimisation (2.10) & un probléme unidimensionnel. I’im-
plémentation pratique de cette idée utilise un algorithme de Newton pour 'optimisation sur g,
combiné & une boucle interne pour trouver la projection de K — p™ sur (Cy)* a itération n
(voir [P9] et I’Algorithme 7.1 en Section 7.3).

2.1.4 Méthodes de fonction d’onde

Les méthodes de fonctions d’onde variationnelles partent d’un ansatz sur la forme fonctionnelle
de la fonction d’onde 1, et considérent alors un probléme de minimisation analogue a (2.4), restreint
aux fonctions d’onde de la forme donnée par I’ansatz. Une des approximations les plus courantes
est 'approximation de Hartree-Fock (HF), qui consiste a se restreindre a des fonctions d’ondes qui
peuvent s’écrire comme un déterminant de Slater (et sont donc en particulier antisymétriques),
c’est-a-dire

(T, ..., aN) = et(g;(z;)), (2.12)

=l

ot le N-uplet @ = {¢; }i=1... .~ est tel que

.....

o € H'(R®), / 61(2); (x) d = b5,
RS

L’énergie associée a la fonction d’onde (2.12) est
(v, H) = BF (@ Z [ Iveofa - / Voue(@)pa (2) d

pa(x)pa(y) // |ye(z,9)? d p
Y,
/R3/]R'* |x—y| 22 R3 JR3 |$—y|

(2.13)
ol on a introduit la matrice densité d’ordre 1 et la densité associées a P :

N
=> ¢i@)di(y),  palr) =va(z, ).
i=1
Le probléme de minimisation que 1’on obtient finalement est

Eyp = inf {EHF@) ' & = {¢;}i=1,..N, ¢ € H'(R?), /R3 Gigj = dij } : (2.14)
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Du fait de ’ansatz particulier (2.12), I'espace variationnel est trop petit, et I’énergie HF n’est
ainsi qu’une borne supérieure de I’énergie fondamentale (2.4). L’existence d’'un minimiseur pour le
probléme (2.14) lorsque Z = Z,iwzl Zy, > N —1 a été montrée par LIEB et SIMON [211]. Cependant,
on ne sait rien concernant l'unicité du minimiseur (a une transformation orthogonale sur le N-
uplet @ prés).

D’un point-de-vue physique, la différence entre ’énergie de 1’état fondamental et 1’énergie de
Hartree-Fock est appelée 1’énergie de corrélation. En effet, la forme (2.12) de la fonction conduit
a faire une hypothése implicite d’indépendance entre les électrons, compatible avec le principe
de Pauli. Lorsque la variable de spin est prise en compte, seuls deux électrons ayant le méme
spin peuvent étre corrélés avec un ansatz de type Hartree-Fock, alors que pour la fonction d’onde
décrivant ’état fondamental, des électrons de spins différents sont corrélés du fait de 'interaction
coulombienne (qui empéche les électrons d’étre trop proches les uns des autres).

Tout minimiseur de (2.14) vérifie les équations de Hartree-Fock, qui sont les équations d’Euler-
Lagrange associées a (2.14) (aprés une transformation orthogonale convenable, voir par exemple
CANCES, DEFRANCESCHI, KUTZELNIGG, LE BRIS et MADAY [53]) :

Fopi = —%A@' + Viuc @i + (Pgb * i) ¢i + Ko = €;¢;. (2.15)

||

Dans cette expression, 'opérateur d’échange K est défini par

Kogla) = - [ 3458 005)ay (2.16)

Sous 'hypothése Z > N, LIONS a montré dans [214] qu’il existe une infinité de solutions du
probléme aux valeurs propres non-linéaire (2.15). On ne sait pas quelles conditions il faut imposer
aux solutions de (2.15) pour qu’elles soient des minimiseurs de (2.14). En revanche, si @ est un
minimiseur de (2.14), alors on sait que les valeurs propres ¢; sont les N plus petites valeurs propres
de Fg [214], et que eny1 > ey (voir BAcH, LiEB, Loss et SOLOVEJ [17]).

D’un point-de-vue numérique, on cherche un point fixe de (2.15), généralement par le biais
d’algorithmes auto-consistants ; en effet, méme si (2.15) n’est pas équivalent a (2.14), (2.15) est
néanmoins plus facile a résoudre numériquement. Une premiére introduction aux méthodes numé-
riques correspondantes et a ’analyse mathématique de leur convergence est 'ouvrage de CANCES,
LE BRi1s et MADAY [52] (voir également [53] pour un traitement plus approfondi).

De nombreuses méthodes ont été proposées et developpées pour améliorer I'approximation de
Hartree-Fock. Une classification de ces méthodes, dites post Hartree-Fock, est présentée dans [53],
ou sont distinguées les approches variationnelles et les approches non-variationnelles. Un exemple
d’approche variationnelle est la méthode MCSCF (multiconfiguration self-consistent field method),
pour laquelle on écrit la fonction d’onde comme une somme (finie) de déterminants de Slater
(rappelons en effet que toute fonction d’onde admissible peut étre écrite comme une somme in-
finie de déterminants). L’analyse mathématique de cette méthode a récemment été menée par
FRIESECKE [114] et LEWIN [208].

2.1.5 Théorie de la fonctionnelle de la densité
L’idée de Hohenberg et Kohn

Le théoréme de HOHENBERG et KOHN [161] exprime le fait que la connaissance de la densité
électronique de I’état fondamental détermine complétement le potentiel V3, (& une constante pres),
et donc la fonction d’onde fondamentale . Ainsi, la minimisation (2.4) sur toutes les fonctions
d’onde admissibles peut étre remplacée par une minimisation sur toutes les densités admissibles
(voir la formule (2.19) ci-dessous). Heuristiquement en effet, on s’attend & ce que la dérivée de la
densité électronique présente des singularités aux positions des noyaux atomiques, dont I’intensité
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est liée a la charge du noyau en question (les conditions de cusp de KaTo [190]) ; on peut ainsi
retrouver tous les paramétres du potentiel coulombien.

On définit I'énergie électronique d’un systéme, pour un potentiel extérieur V & L3/2(R3) +
L°°(R3) (en fait, V = Ve avec les notations employées jusqu’a présent), par

N
E(V) = ot {<w <Ho + ; V(m)) ¢>} = jof, {<¢, Ho) + /R p¢V} : (2.17)
ot le Hamiltonien

S 1
Hy = —=A, + e
0 Z 27" Z |z; — ;]
i=1 1<i<j<N
ne dépend pas de V, et ou la densité électronique p, associée a i est

py(x) =N [Y(2, z2,...,2N)|? doy ... dey.
R3(N—1)

Les injections de Sobolev montrent que py € L'(R?) N L3(R?). La fonctionnelle définie pour
p € LY(R3) NL3(R?) par
Fup)=  sup {E(V) -/ pv}, (2.18)
(R3) R3

VeL3/2(R3)+Lee

a été introduite par L1EB [210]. Notons que Fj, est convexe, et que 'on peut retrouver I’énergie
fondamentale par la formule

T e h Vi 2.19
( ) PELI(]REI;QLS(Ra){ L(p)+/RSp } ( )

Ceci résulte du fait que Fj, est la transformée de Legendre de E (en effet, L3/2(R3) + L>®(R3) est
l'espace dual de L}(R?) N L3(R?) et la fonctionelle E définie par (2.17) est concave [210]). Le fait
que la minimisation dans (2.19) porte uniquement sur la densité électronique justifie le nom de
théorie de la fonctionnelle de la densité (density functional theory, DFT).

Une définition alternative de la fonctionelle de Lieb repose sur I'utilisation de combinaisons
convexes d’opérateurs densité & N corps, de la forme

+o0 too
=1 1=1

lopérateur densité & p-corps Fi(p) étant obtenu & partir de fonctions d’onde 1; € H! par (2.11).
L’ensemble des combinaisons convexes des opérateurs densité & N-corps est noté DV (ensemble
N-particle density operators). Dans ce formalisme,

FLp) = inf{Tr(HOF(N)), ™ epN (g ) = p(x)}.

Le fait que cette définition coincide avec la définition précédente est prouvé dans [210].
Pour obtenir des modéles utilisables en pratique, il faut recourir & des approximations raison-
nables de la fonction (inconnue) FY,. Pour ce faire,

(i) les méthodes sans orbitales proposent une forme fonctionelle explicite pour F1, = FL(p).
Par exemple, le modeéle de Thomas-Fermi approche F1, par
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10 1
Frr(p) = _(372)2/3/ p5/3+—/ / p()p(y) da dy:
3 R3 2 R3 JR3 |:1c—y|

(ii) le modeéle de Kohn-Sham prend comme référence un gaz de N électrons non-interagissants,
et p est alors la somme des densités électroniques de chaque électron.?

Implémentation pratique de la théorie de la fonctionelle de la densité par le modéle
de Kohn-Sham

Dans la majorité des calculs pratiques, la DFT est implémentée selon le modéle de KOHN et
SHAM (KS) [195]. Partant d’un gaz d’électrons non-interagissants, on commence par approximer
lopérateur Hamiltonien Hy par sa partie cinétique T' = —% Zfil A,,. L'énergie associée a T est
donnée par la fonctionelle d’énergie cinétique de Janak

Ty(p) = inf{Tr(HOF(N)), ™ e pN Wz g) = p(x)},
1R
= inf {— Zm/ IVoil?, ¢ € H'(R?), / ¢id; = 6ij, 0<n; <1,
2 P R3 R3

+oo +oo
S n= NS ol :p}.
i=1 i=1

Cette approche est celle du modéle de Kohn-Sham étendu, et autorise des nombres d’occupa-
tion n; fractionnaires. La fonctionelle T ci-dessus est définie pour des densités p ensemble N-
représentables, c¢’est-a-dire provenant de la contraction d’un opérateur densité de DV. CoOLE-
MAN [69] a montré que I’ensemble des densités ensemble N-représentables d’énergie cinétique finie
est

INz{pZO, Vp € HY(RY), /RszN}.

L’énergie électrostatique est approximée par ’énergie de Coulomb

1 p@)py)
0 =5 [, [ 52y

Enfin, les erreurs provenant des approximations ci-dessus des énergies électrostatique et cinétique
sont compensées par ’énergie dite d’échange-corrélation :

Exc(p) = FL(p) — Txs(p) — J(p). (2:20)

Le modéle de Kohn-Sham étendu est donc le probléme de minimisation suivant :

1S 1 p(x)py)
EXS(V) =inf{ = nl/ V¢i2—|—/ pV+—/ / ——=dxdy + Ex.(p),
( ) {2; R3| | R3 2 R3 JR3 |$_y| ( )

+oo +oo
¢i € H'(R?), /}R3 Gipj = 0ij, 0 <m; <1, an =N, Zni|¢i|2 = P} :
=1

=1

(2.21)

Si E. est différentiable dans Zy autour de p € Iy, et notant vy.(p) sa dérivée fonctionnelle, les
équations d’Euler-Lagrange associées a (2.21) sont les équations de Kohn-Sham (étendues) :

~520,0) + V@@ + ([ L dy) i) + a0 = conte), (22)

3 Qe qui explique a posteriori pourquoi les modeéles de type Thomas-Fermi sont appelés modéles sans
orbitales. . .
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avec les contraintes f]RS Gip; =0, etn; =1sie¢ <ep,0<n; <1lsieg=cp,ni=0si¢ >ep.
Le multiplicateur de Lagrange e de la contrainte Z:;Of n; = N est appelé le niveau de Fermi.
Les équations de Kohn-Sham usuelles

~5a0(@) + V@) + ([ L )6+ velpoe) —aoita), @229
avecn; = 1si1 <i < N, etn; =0 sinon, correspondent au cas ot seuls des nombres d’occupation
entiers sont admis. L’existence d’'un minimiseur du probléme de minimisation associé a (2.23)
(et donc d’une solution normalisée de (2.23)) a été prouvée par LE BRIS [42] pour certaines
approximations usuelles de vyc.

Rappelant a ce point que le potentiel V utilisé ici est le potentiel extérieur (par exemple,
le potentiel Viu engendré par les noyaux atomiques), on s’apercoit que les équations de Kohn-
Sham sont formellement similaires aux équations de Hartree-Fock (2.15). La différence entre ces
équations est que l'opérateur d’échange non-local des équations de Hartree-Fock est remplacé
dans les équations de Kohn-Sham par un potentiel d’échange-corrélation local. Cette similarité a
été utilisée dans les premiers temps de la chimie quantique computationnelle pour simplifier les
équations de Hartree-Fock, en replacant le potentiel local par sa “meilleure” approximation. La
qualité de cette approximation doit étre comprise en un sens variationnel, et est connue sous le nom
de potentiel effectif optimisé (Optimized Effective Potential (OEP), voir ci-aprés et le Chapitre 8
pour plus de précisions).

Fonctionnelles d’échange-corrélation

L’approximation la plus simple de Fy.(p) est 'approximation de la densité locale (local density
approzimation, LDA), fondée sur le modéle du gaz d’électron homogeéne. On a dans ce cas

B p) = [ pla)ekPA (pla) d,

R3
ot elPA = cLDA 4 LDA 14 partie correspondant au terme d’échange électronique peut étre
calculée analytiquement : eXPA(p) = —Cpp*/3, ott Cp = %(%)1/3 est la constante de Dirac. En

revanche, la partie correspondant aux corrélations électroniques doit étre approximée, par exemple
par des techniques de Monte-Carlo quantique. Une amélioration de ce modéle consiste & prendre
en compte des densités électroniques pjty et p;|y dépendant de la variable de spin, ainsi que
des corrections modélisant les inhomogénéités de la densité par des termes de gradients (d’ou le
nom d’approximation du gradient généralisée, Generalized Gradient Approzimation). La recherche
de fonctionnelles d’échange-corrélation de bonne qualité et applicables & une grande variété de
systémes est un champ de recherche toujours actif en physique et chimie (voir par exemple la
revue de SCUSERIA et STAROVEROV [304]).

Recherche variationnelle de potentiels d’échange-corrélation pertinents

SHARP et HORTON [308] ont proposé une maniére systématique d’obtenir des potentiels locaux
approchant au mieux l'opérateur d’échange non local de Hartree-Fock K¢ donné par (2.16). Ils ont
suggéré de minimiser I'énergie du déterminant de Slater construit a partir des fonctions propres
correspondant aux N premiéres valeurs propres d’un opérateur de Schrédinger & un électron
—%A—i— W, W étant un “potentiel local”.* Cette stratégie a ensuite été approfondie par TALMAN et

4 La notion de “potentiel local” n’a pas de définition précise dans la littérature en chimie ou en phy-
sique. Cela dit, on peut se restreindre, pour cette introduction, & des opérateurs multiplicatifs, pour
un potentiel W € L3/2(R?) 4+ L°(R%). Rappelons que dans ce cas, le spectre essentiel de I'opérateur
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SHADWICK [338]. Le probléme de minimisation correspondant est la recherche du “potentiel effectif
optimal” (Optimized Effective Potential, OEP) qui peut étre énoncé de maniére vague comme

i%f {EHF BV, ..., o8) ‘ / ¢¥V¢}/V =dij, (¢)",..., 0% ) sont les premiers vecteurs propres
R3

1
correspondant aux N premiéres valeurs propres de Hy = —§A + W

(2.24)
Cependant, formulé de cette maniére, ce probléme de minimisation ne semble pas étre bien posé car
il n’y a pas de borne évidente pour les suites minimisantes (W, ), >0 (voir 'étude mathématique
de BEN-HAJ-YEDDER, CANCES et LE BRIS [25]). Une maniére de contourner cette difficulté
est de remplacer le probléme de minimisation (2.24) par des conditions équivalentes (au moins
formellement) qui ne font pas intervenir explicitement un potentiel local W. Dans ce cas, on peut
obtenir quelques résultats mathématiques concernant le caractére bien posé du probléme (voir [25],
ainsi que la Section 8.2).

A coté de ces questions mathématiques, se posent également des problémes numériques dans
le calcul du potentiel effectif optimal lorsque 'on discrétise le probléme de minimisation dans
une base d’orbitales (voir par exemple [321]). Il est donc tentant de remplacer le probléme de
minimisation (2.24) par un probléme de minimisation plus simple, qui assure cependant toujours
que le potentiel local d’échange a considérer approche en un certain sens 'opérateur d’échange non
local (2.16). Avec E. Cancis, E. DavIDSON, A. IzMAYLOV et G. SCUSERIA [P5,A2], nous avons
montré qu'il est possible de définir de maniére unique (& une constante additive prés toutefois) un
potentiel effectif local (Effective Local Potential, ELP) qui est tel que

. 1
UVELD = arginf {5 l[v — Kg, 745]”%{5} , (2.25)
vEL?(R3)+L2< (R3)

ott || - ||us est la norme de Hilbert-Schmidt pour des opérateurs sur L?(R3), et [4, B] = AB — BA.
L’étude mathématique du caractére bien posé du probléme (2.25) est menée & la Section 8.3.

On peut montrer que le potentiel effectif local a une forme analytique simple, ce qui est trés
intéressant en pratique. Notons également que ce potentiel n’est pas nouveau, et a déja été pro-
posé par d’autres auteurs [138,297], par des arguments non-variationnels toutefois. Nous n’avons
cependant pas pu montrer ’existence d’une solution des équations de Kohn-Sham que pour un
potentiel d’échange local plus simple que vgrp (voir la Section 8.1). Ce potentiel a été proposé par
SLATER [312], mais approche également le potentiel d’échange non local au sens d’un probléme
variationnel en norme Hilbert-Schmidt analogue a (2.25).

2.2 Description classique de la matiére

2.2.1 Représentation classique de la matiére a 1’échelle microscopique

On considére dans cette section des systémes microscopiques formés de N particules (typi-
quement, des atomes), décrits par les positions ¢ = (q1,---,qn) € R*V et les impulsions p =
(p1,--+ ,pn) € R3N de ces particules. Pour les systémes physiques et biologiques étudiés & I’heure
actuelle, N est typiquement de I'ordre de 10® & 10°. L’interaction entre les particules est prise
en compte par le biais d’un potentiel V' = V/(q), et I’énergie totale du systéme est donnée par le
Hamiltonien

—1 A+ W est encore [0, +00[ [52,277]. L’espace fonctionnel L3/2(R?) + L (R?) est I'ensemble de toutes
les fonctions ¢ qui sont telles que, pour tout € > 0, on peut écrire ¢ = ¢35 + Ppoo avec ¢z/9 € L3/2 (]RS)
et H¢00||L°°(R) S E.



22 2 Simulation moléculaire : une hiérarchie de modéles

1 _
H(q,p) = §pTM 'p+V(q), (2.26)

ou M = Diag(myq,...,my) est la matrice de masse.

Energie potentielle

Le potentiel d’interaction V est, en principe, obtenu par (2.5). C’est méme ainsi qu’est calculé le
potentiel d’interaction pour des simulations moléculaires ab-initio : dans ce cas, & chaque itération
(a chaque modification de la géométrie des noyaux), on recalcule le potentiel d’interaction par (2.5).

Cette approche est toutefois trés cotiteuse en termes de temps de calcul, et ne peut étre appli-
quée qu’a de petits systémes. Pour simuler de plus grands systémes, on utilise généralement des
formules empiriques. Ces formules empiriques sont typiquement obtenues en supposant une forme
fonctionnelle a priori pour le potentiel d’interaction, et en optimisant alors les paramétres entrant
dans la formule analytique du potentiel pour obtenir le meilleur accord entre les résultats de simu-
lation numérique et les données de références. Ces données de référence (loi d’état, compressibilité,
vitesse du son,...) peuvent étre soit expérimentales, soit obtenues numériquement avec un mo-
déle plus précis, notamment des simulations ab-initio sur de petits systémes & ’équilibre. Dans ce
dernier cas, I'approximation de Born-Oppenheimer utilisée implicitement pour écrire le potentiel
d’interaction entre particules comme (2.5) peut ne plus étre valide. Ceci est le cas par exemple
lorsque des réactions chimiques ont lieu, et que des liaisons sont créées ou coupées (mais certaines
approches cherchent toutefois & modéliser ces événements dans le cadre des potentiels classiques,
voir ci-dessous).

Un exemple simple de potentiel d’interaction est celui d’'un systéme de N particules interagis-
sant additivement via un potentiel d’interaction de paire. Dans ce cas,

Vig,...,an) = > Vlai—gql). (2.27)

1<i<j<N

Par exemple, le fluide d’argon est bien décrit par un potentiel de Lennard-Jones
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avec €/kg = 120 K, et 0 = 3.405 A. Des termes d’interactions entre plus que deux atomes
peuvent étre considérés, particulierement dans les modéles de biologie moléculaire. Ces termes
permettent de prendre en compte les interactions locales entre les nuages électroniques des atomes
(interactions a 3-corps par les angles de liaisons, interactions a 4-corps par les angles dihédres, voir
Section 3.4.1 pour des expressions explicites de ces potentiels d’interaction) et non-locales entre
atomes non liés (forces de van der Waals, interactions coulombiennes) voir par exemple I'ouvrage
de ScHLICK [299] pour plus de précisions sur les modéles utilisés en biologie moléculaire.

Considérer des potentiels d’interaction & 2-, 3- ou 4-corps n’est toutefois pas toujours suffisant.
De nombreuses études, en particulier dans le domaine de la matiére condensée, ont encore pour
objectif de proposer de meilleurs potentiels d’interaction empiriques, et d’optimiser les paramétres
correspondants sur une base de données de référence. Des exemples récents sont les potentiels de
type (M)EAM ((Modified) Embedded-Atom Model) |22], qui utilisent une densité électronique de ré-
férence autour de I’atome, et les potentiels & ordre de liaison, de type REBO [341] ou ReaxFF [353],
qui contiennent des termes dépendant de I’environnement de la particule (fonctions de la coordi-
nation locale). Ces deux derniers types de potentiels permettent méme de traiter des dissociations
chimiques dans certains régimes physiques.

Conditions de bord

On peut imposer plusieurs types de conditions de bord au systéme :
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(i) de nombreuses simulations sont faites a I’heure actuelle avec des conditions de bord pério-
diques, qui limitent les effets de surface dans la simulation et permettent d’approcher les
conditions régnant au sein d'un échantillon macroscopique homogéne de matériau. Dans
ce cas, chaque particule interagit avec toutes les particules du systéme, mais aussi avec
leurs images périodiques ;

(ii) certaines simulations sont faites avec des conditions au bord libres, comme dans le cas de
systémes isolés (molécules simulées in vacuo). Il peut étre utile de quotienter la dynamique
par les transformations galiléennes (translations, rotations), dans la mesure ou, en ’ab-

sence de champ de force extérieur, I’énergie potentielle du systéme est invariante par ces
transformations ;

(iii) il est parfois intéressant de simuler des systémes confinés. Dans ce cas, les positions ac-
cessibles aux particules sont restreintes & une région prédéfine de 1’espace ambiant, et on
doit se donner des régles pour traiter les réflections sur le bord (réflection spéculaire des
impulsions par exemple) ;

(iv) finalement, on peut considérer un terme de forcage (stochastique ou déterministe) a la
frontiére (voir Section 3.5.1).

On note dans la suite M 'espace des positions, et T M son espace cotangent, qui est ’ensemble
des configurations microscopiques (g, p) accessibles au systéme (on parle également d’espace des
phases en physique). Typiquement, M = T3V (un tore de dimension 3N) lorsque 1’on simule N
particules avec des conditions de bord périodiques. Dans ce cas, T*M = T3V x R3V.

Ensembles thermodynamiques

L’état (macroscopique) d’un systéme est décrit, dans le contexte de la physique statistique,
par une mesure de probabilité u sur ’espace des phases T* M. Les propriétés macroscopiques du
systéme sont alors calculées comme des moyennes par rapport & cette mesure, selon (2.1) :

W= [ Awpdutan)

On s’intéresse par la suite aux deux ensembles thermodynamiques les plus couramment utilisés
dans la pratique, a savoir les ensembles microcanonique et canonique, qui décrivent respectivement
des systémes isolés et des systémes & température fixée (en contact avec un thermostat ou un
réservoir d’énergie).

2.2.2 L’ensemble microcanonique

L’ensemble thermodynamique le plus simple conceptuellement est ’ensemble microcanonique,
qui décrit les systémes isolés, donc d’énergie constante. La mesure correspondante est la mesure
de probabilité uniforme sur les configurations accessibles, a savoir

dO’E
pane(dg, dp) = (g p)—E = I (2.29)

ol dog est la mesure de surface induite par la mesure de Lebesgue sur la sous-variété M(E) =
{(¢,p) € T*M | H(q,p) = E}. Les intégrales thermodynamiques de la forme (2.1) sont calculées
en pratique en utilisant une hypothése d’ergodicité de la dynamique sous-jacente :

(A) = lim -

T
T%OOT/O A(®1(q, p)) dt, (2.30)
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ot @, est le flot de la dynamique hamiltonienne associée au Hamiltonien (2.26), a savoir :

i) = 5 a(0.(0) =2,
‘ ‘ (2.31)
OH

pilt) = =5, (@) (1) = =V V(a(®)).

L’ergodicité peut étre démontrée rigoureusement pour des systémes complétement intégrables,
ainsi que pour des perturbations de systémes complétement intégrables (voir par exemple I'ouvrage
de référence d’ARNOL'D [11]).

D’un point de vue numérique, la propriété d’ergodicité demande des algorithmes trés stables,
permettant une intégration en temps trés long. La dynamique (2.31) est une équation différentielle
ordinaire qui est souvent intégrée numériquement par I’algorithme de Verlet® [360]

At n
pn+1/2: Pt — _vv(q )7
gt = g+ At MTTprtl2, (2.32)

At
pn+1 _ pn+1/2 _ 7V‘/(qn—i-l)

3

ou At > 0 est la pas de temps choisi. Le flot numérique associé au schéma de Verlet partage deux
propriétés qualitatives avec le flot exact @; de a (2.31) : il est réversible en temps et symplectique.
Ces deux propriétés sont trés importantes pour 'intégration numérique en temps long de la dyna-
mique hamiltonienne : un résultat bien établi, et rappelé dans I'ouvrage de référence de HAIRER,
LuBICH et WANNER. [146] sur l'intégration numérique géométrique (voir en particulier les Cha-
pitres VIII et IX), est que I’énergie du systéme est conservée & O(At?) sur des temps O(e=%/4t)
lorsque 'on utilise un schéma de Verlet. L’analyse numérique de méthodes d’échantillonnage de
I’ensemble microcanonique fondées sur ces propriétés (dans le cas trés particulier de systémes com-
plétement intégrables) a été faite par CANCES, CASTELLA, CHARTIER, LE BRIS, LEGOLL, FAOU
et TURINICI [48,49,203].

2.2.3 L’ensemble canonique

Les systémes a température fixée (en particulier, les systémes en contact avec un thermostat)
sont décrits par la mesure de probabilité canonique sur T*M :

du(q,p) = Z~ " exp(—BH(q,p)) dq dp, (2.33)

ou §=1/kgT (T est la température du systéme et kg la constante de Boltzmann). La constante
Z dans (2.33) est une constante de normalisation, donnée par

Z:/ exp(—FH(q,p)) dqdp.
*M

On l'appelle également fonction de partition en physique statistique. Comme le Hamiltonien H
est séparable, la mesure canonique peut se mettre sous la forme tensorisée

du(g, p) = dr(q) dr(p),

dr(p) = Zgl exp (—ngMlp) dp, (2.34)

5 Voir aussi [145] pour plus de précisions historiques : I'algorithme de Verlet était déja connu par Stérmer
au début du 20°™° siécle, et méme déja par Newton!
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et
dn(q) = Zq_le_ﬁv(q) dg. (2.35)

Les constantes Z, = [, e V(@ dq et Z, = (2r/B)3N/? Yy, m?/? sont & nouveau des constantes
de normalisation. Notons au passage que l'on fait 'hypothése implicite que les mesures u et m
sont des mesures de probabilité, ce qui est le cas lorsque e ?V € LY(M). L’échantillonnage de la
mesure drk ne posant pas de probléme, la vraie question est d’échantillonner la mesure dr.

Comparaison théorique et numérique de quelques méthodes d’échantillonnage usuelles

Des méthodes numériques permettant d’engendrer des configurations (¢", p™),>o telles que

N—1
1
li — A(q",p") = A d 2.36
i 5 S A = [ A dutan) (2.36)
n=0
sont présentées dans l'article de revue [P3| co-écrit avec E. CANCEs et F. LEGOLL (voir éga-
lement le Chapitre 3). En particulier, nous proposons une classification de méthodes usuelles
d’échantillonnage de la mesure canonique en trois catégories, et précisons leurs propriétés théo-
riques d’ergodicité. On distingue ainsi
(i) les méthodes purement stochastiques, telles que la méthode du rejet ou l'utilisation de

fonctions d’importance, dont la convergence résulte des théorémes usuels de probabilité
(Loi des Grands Nombres (LGN), Theoréme de la Limite Centrale (TCL)) ;

(ii) des méthodes fondées sur la dynamique déterministe hamiltonienne, modifiée par des
perturbations stochastiques pour assurer que des niveaux d’énergie différents sont ex-
plorés. On peut utiliser des chaines de Markov, par exemple un schéma de Metropolis-
Hastings [153,238] utilisant la dynamique hamiltonienne comme fouction de proposition
(schéma de Hybrid Monte-Carlo [88]), ou des équations différentielles stochastiques ayant
la dynamique hamiltonienne comme cas limite (dynamique de Langevin). On s’arrange
pour que la mesure canonique soit, préservée par ces schémas, et on obtient, sous des hypo-
théses assez générales, ’équivalent de la LGN et du TCL pour des chaines ou processus de
Markov, ce qui assure I'ergodicité théorique de ces méthodes (voir en particulier ’excellent
ouvrage de MEYN et TWEEDIE [240] en ce qui concerne les résultats sur la convergence des
chaines de Markov, ainsi que la Section 3.6 pour un résumé des résultats les plus pertinents
dans le contexte de la dynamique moléculaire) ;

(iii) des méthodes complétement déterministes fondées sur le paradigme de la dynamique de
Nosé-Hoover [259,260], et qui considérent des variables étendues (g, p, x), dont la dyna-
mique est telle que la marginale de la mesure invariante par rapport a la variable supplé-
mentaire x soit bien la mesure canonique. Malgré ce résultat de consistance, aucune preuve
théorique d’ergodicité n’existe ; en revanche, il existe des résultats de non-ergodicité dans
certains cas (voir la preuve de LEGOLL, LUSKIN et MOECKEL [204] fondée sur une pertur-
bation de systémes complétement intégrables).

Nous avons également comparé 'ergodicité numérique de ces méthodes pour une molécule d’alcane
simple, tant pour le calcul de propriétés statiques (intégrales thermodynamiques de la forme (2.1))
que de propriétés dépendant du temps comme des fonctions d’autocorrélations (voir Section 2.2.5).
Les résultats montrent, comme on pouvait d’ailleurs qualitativement s’y attendre, que les méthodes
purement stochastiques marchent mal dés que la dimension du systéme est un peu trop grande,
et que les méthodes complétement déterministes peuvent étre délicates d’emploi (choix des pa-
rameétres, nécessité de petits pas de temps pour assurer la conservation de certains invariants de
la dynamique), alors que les méthodes mélant dynamique moléculaire et techniques stochastiques
s’avérent plus robustes et plus efficaces.
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Meétastabilité et obstruction a I’ergodicité numérique

Meéme si l'ergodicité est assurée théoriquement et numériquement pour des systémes simples,
ce n’est souvent pas le cas en pratique pour des systémes physiquement intéressants, du fait de
la présence d’échelles de temps trés différentes dans le systéme. Les échelles de temps rapides
sont typiquement associées & des composantes raides de 1’énergie potentielle, et demandent, pour
étre résolues, des pas d’intégration temporelle trés petits. Par exemple, les longueurs de liaison
dans une molécule ont une période de vibration de I'ordre de la femtoseconde (10715 s), alors que
d’autres quantités (telles que la conformation d’une protéine) évoluent sur des échelles de temps
beaucoup plus longues. Les échelles de temps grandes proviennent souvent de la présence d’états
métastables, qui sont des minima locaux de la surface d’énergie. Les événements intéressants tel
que le repliement des protéines ne se produisent que lorsque le systéme a exploré plusieurs bassins
d’énergie, ce qui peut demander des temps de l'ordre de la microseconde (107% s) ou plus [299].

Une maniére de traiter les métastabilités du systéme, lorsqu’elles sont identifiées, est de dé-
coupler les variables ayant un comportement métastable et les autres degrés de liberté du sys-
téme, puis d’utiliser des techniques de calcul de différences d’énergie libre (voir Section 2.3.1).
Il existe bien str de nombreuses autres facons de faire, comme les dynamiques accélérées de la
Section 2.3.2, ainsi que des méthodes permettant d’identifier les états métastables (fondées sur les
propriétés spectrales des noyaux de transition d’une chaine de Markov et initiées par les travaux
de ScHUTTE [301]). Il n’existe toutefois pas a ce jour de méthode générale et robuste permettant
de traiter de maniére systématique des potentiels complexes, comme ceux régissant les systémes
biologiques.

2.2.4 Autres ensembles thermodynamiques

Outre les ensembles canonique et microcanonique, il existe plusieurs autres ensembles ther-
modynamiques courants, par exemple ’ensemble NPT, ou le nombre de particules, la pression et
la température sont maintenus constants, ou ’ensemble grand-canonique, ot le volume, la tem-
pérature et le nombre moyen de particules sont constants. Ce dernier ensemble est aussi appelé
ensemble VT, p étant le potentiel chimique.® La mesure de probabilité grand-canonique est [270]

1

o N N
NN AUN=HN (™ 2™) goN gpN (2.37)

dv(N,q",p") =27
ou d est la dimension de ’espace, V' le volume de la cellule de simulation, A la constante de Planck,
et Hy le Hamiltonien (2.26) pour N particules en interaction. La constante de normalisation Z
est (notant T* My 'espace cotangent de la variété des positions accessibles M y)

> 1 NN
7 — eBuN/ e~ BHN("pT) dg™ dp",

oit A = h(2rmB~1)~/2 est la longueur d’onde thermique de De Broglie. Les premiéres techniques
développées pour I’échantillonnage de la mesure (2.37) ont été des techniques purement stochas-
tiques [258] (voir [113, Chapitre 5] pour plus de références). Les techniques d’échantillonnage de
la mesure canonique ont ensuite été progressivement transposées au contexte grand-canonique, en
particulier les approches de type Hybrid Monte-Carlo [218] ou Nosé-Hoover [56,57,216] (voir [296,
Chapitre 8] pour plus de précisions et de références sur ces méthodes).

Il se peut également que l'on considére un systéme régi par la dynamique hamiltonienne, & des
termes de forgage au bord prés (voir Section 3.5). Par exemple, on peut considérer une création ou
destruction de particules, ou une thermalisation sur le bord du domaine. Dans ces cas, les quantités

6 Dans cette section et dans cette section seulement, la notation p renvoie au potentiel chimique, et non
a une mesure de probabilité sur I'espace des phases.
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préservées par la dynamique (exactement ou en moyenne) ne sont pas toujours clairement établies,
et 'ensemble thermodynamique & utiliser n’est pas toujours bien défini a priori.

2.2.5 Propriétés dépendant du temps

Les propriétés dépendant du temps sont de la forme

®)0) = [ B @) (2.39)

ou P, est le flot de la dynamique utilisée pour engendrer les trajectoires (q(t),p(t))i>0 =
(P¢(q,p))t>0- Celles-ci peuvent étre calculées selon la dynamique hamiltonienne associée a (2.26).
Ce choix est consistant avec des conditions initiales microcaniques, et méme canoniques, car la
mesure canonique (2.33) est invariante par la dynamique hamiltonienne (2.31).

Les coefficients de transport sont des exemples de propriétés dynamiques. L’auto-diffusion
d’une particule marquée dans un fluide de N particules identiques de masse m est ainsi donnée
par la relation d’Einstein [276]

N
. 1 2
SN <Zl o)~ a0) > |

ou ¢;(t) est la position de la i-éme particle au temps ¢, et () est une moyenne sur les conditions
initiales. Une expression alternative est la formule de Green-Kubo utilisant la fonction d’autocor-
rélation des impulsions [276] :

+oo [ N
D= ﬁ/o <Zpi(t) 'pi(0)> dt,

ot p;(t) est 'impulsion de la i-éme particule au temps ¢. D’autres exemples courant de coefficients
de transport sont la viscosité de cisaillement d’un fluide, ou sa diffusivité thermique.

Un calcul précis d’intégrales thermodynamiques dépendant du temps demande dans un premier
temps un bon échantillon de conditions initiales, distribuées selon la mesure canonique typique-
ment. Ces configurations initiales ne doivent pas étre trop nombreuses, car il faut pouvoir intégrer
numériquement une ou plusieurs trajectoires pour chacune. Le coiit de calcul d’une trajectoire sur
un intervalle de temps [0, 7] est en (At)~!, ce qui donne un coiit total en O(M (At)~1) pour M
configurations initiales. Il y a donc un compromis a faire entre la qualité de 1’échantillon initial
tiré selon dy (erreur de l'ordre de M_1/2) et la précision de la trajectoire numérique approchant
la dynamique (2.31) (liée au parameétre At).

En pratique, certaines études calculent des propriétés dépendant du temps (4 température
constante) comme des moyennes le long d’une trajectoire sous une hypothése implicite d’ergo-
dicité. Il n’est pas clair que cette procédure soit correcte, car la dynamique en question est soit
hamiltonienne, auquel cas on échantillonne mal les conditions initiales, soit consistante avec la me-
sure canonique (dynamique de Langevin ou Nosé-Hoover), et il n’est alors pas clair que le résultat
final soit indépendant des paramétres numériques choisis (masse de Nosé, paramétre de friction
dans la dynamique de Langevin). Par exemple, le coefficient d’auto-diffusion d’une particule dans
un fluide dépend a priori de la friction choisie pour la dynamique de Langevin.

Dans tous les cas cependant, il est rare que les systémes conservent leur énergie sur des temps
trés longs, du fait d’échanges avec leur environnement. Utiliser une dynamique hamiltonienne par-
tant de conditions canoniques semble justifié pour le calcul de propriétés dépendant du temps
sur des temps courts seulement. Pour les temps longs, on peut penser & considérer des systémes
dont la partie centrale évolue selon une dynamique hamiltonienne (on calcule les propriétés dans
cette région seulement), mais dont les parties proches de la frontiére du domaine subissent des

3
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perturbations stochastiques, modélisant les perturbations extérieures (voir Section 3.5). Comme
la procédure de thermalisation n’influence pas directement la dynamique, on s’attend & une dé-
pendance moins forte en fonction des paramétres choisis.

2.3 Simuler des systémes plus grands pendant des temps plus longs

Les techniques de simulation moléculaire présentées dans les sections précédentes ne permettent,
que de simuler des systémes trés petits comparés aux systémes réels, et ce, pour des temps trés
courts seulement. En particulier, I'existence d’états métastables est un frein considérable a une
simulation numérique efficace. Or, le comportement macroscopique de certains systémes est déter-
miné sur le long terme par des événements rares, d’origine microscopique. Par exemple, les pro-
priétés mécaniques de matériaux soumis a des dommages radiatifs (tels que les enceintes de cuves
des centrales nucléaires) doivent idéalement étre prédites sur des périodes de plusieurs dizaines
d’années, alors que les évenements microscopiques conduisant a ces modifications de propriétés
mécaniques (migration de dislocations ou de lacunes, par exemple) se produisent sur des temps de
I'ordre de la picoseconde. Il est donc vraiment nécessaire de considérer des méthodes permettant,
de simuler de plus gros systémes sur des temps plus longs. On se concentre dans cette section sur
trois types de stratégies :

(i) les techniques de calcul de différences d’énergie libre, qui permettent de forcer la transition
d’un état métastable & un autre lorsque ’on sait paramétrer correctement cette transition
(Section 2.3.1) ;

(ii) il existe également des techniques permettant d’augmenter le temps de simulation total,
par le biais de pas de temps d’intégration plus grands pour une dynamique moyenne, une
dynamique accélérée, ou une approche de type Monte-Carlo cinétique (Section 2.3.2) ;

(iii) les dynamiques réduites ou effectives, sont obtenues a partir de la dynamique tous-atomes
par une procédure de moyennisation ou de projection, et sont moins gourmandes en temps
de calcul (Section 2.3.3).

On ne parle pas ici de techniques permettant d’augmenter la taille (spatiale) des systémes étudiés,
telles que des méthodes de décomposition de domaines, ou de couplage de modéles, ot une petite
région du systéme est décrite par un modéle précis, alors que la majeure partie est décrite par un
modele plus grossier. Un exemple de cette derniére approche est la méthode QCM (quasicontinuum
method) de TADMOR, ORTIZ et PHILLIPS [334], ot on couple une description atomique et une
discrétisation par éléments finis. Cette méthode a été étudiée d’'un point-de-vue mathématique
pour un systéme modeéle unidimensionnel par BLANC, LE BRris et LEGOLL dans [32].

2.3.1 Calcul de différences d’énergie libre

Lorsque la variable a I'origine du comportement métastable du systéme est connue (ou supposée
connue), on peut recourir & des techniques de calcul de différences d’énergie libre pour forcer les
transitions entre les états métastables du systéme. Bien str, I’efficacité de telles techniques dépend
cruciallement du choix de la coordonnée de réaction, qui représente les degrés de liberté essentiels
du systéeme. Le choix de cette coordonnée de réaction est un probléme trés important en pratique,
et que nous n’évoquerons pas plus avant ici, nous contentant de supposer une fois pour toutes
qu’'une coordonnée de réaction convenable est disponible. On se limite ainsi au probléme de calcul
de différences d’énergie libre entre des états associés a des valeurs différentes de la coordonnée de
réaction.

Remarque 2.2 (Motivation mathématique du choix de la coordonnée de réaction). Peu
d’études mathématiques ont traité du choiz optimal de la coordonnée de réaction. On peut toutefois
citer le travail de VANDEN-ELINDEN et TAL [357] qui propose une définition variationnelle de la
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coordonnée de réaction et de la surface de séparation entre deux zones de métastabilité, a la base
de la méthode de la corde [370] (voir également la discussion a ce sujet dans [91]).

L’énergie libre absolue d'un systéme est définie par

1
F=—--InZ,
B

oun Z = fT*./\/l e PH(@P) dg dp est la fonction de partition. L’énergie libre absolue ne peut étre
calculée que pour certains systémes comme le gaz parfait ou les solides & basse température (en
utilisant le spectre de phonons) [113,281]. Heureusement, dans de nombreuses applications, c’est
la différence d’énergie libre qui est la quantité pertinente. Le profil de la différence d’énergie libre
est en effet une information précieuse sur la stabilité relative des espéces en présence, et est utilisé
pour préciser la cinétique de transition entre I’état initial et I’état final. Les transitions que 'on
considére peuvent étre classées en deux catégories :

(i) les transitions de type alchimiques sont indexées par un paramétre extérieur A, qui peut
représenter l'intensité d’un champ magnétique pour un systéme de spin, la température,
un parameétre des potentiels d’interaction,” etc. Pour une valeur de \ fixée, le systéme est
ainsi décrit par un Hamiltonien Hy (ou une énergie potentielle Vy). La différence d’énergie
libre correspondante est alors

/ e PH1(ap) dq dp
AF = —3"'In M

/ e~ PHo(ap) dq dp
*M

(ii) dans le cas ou la transition est indexée par une coordonnée de réaction de dimension m,
notée & : R3N — R™ (les différents états de la transition étant dans les sous-variétés
correspondant & des lignes de niveau de ), la différence d’énergie libre est

/ oD §e(g) sy dgq dp
*M

o) §e(g) -z dq dp
T*M

AF = —37'In

Rappelons que d¢(q)—» est la mesure portée par X(z) = {q, {(q) = z} et définie par
O¢(q)—= = [VE|  dos(s),

oit do . est la mesure de Lebesgue induite sur X(z).

11 est bien plus facile de calculer des différences d’énergie libre que des énergies libres absolues.
Les techniques les plus courantes pour ce faire sont de quatre types (voir Figure 2.2 pour une
comparaison schématique) :

(i) Vintégration thermodynamique, remontant & KIRKWOOD [194], consiste a écrire I’évolution
comme une succession quasi-statique d’états d’équilibre (ce qui correspond & une transition
infiniment lente) ;

(ii) la méthode perturbative de ZWANZIG (free energy perturbation method) [380] ne peut étre
employée que pour les transitions alchimiques. Elle consiste & ré-écrire les différences d’éner-
gie libre comme des moyennes canoniques, ce qui permet d’utiliser toutes les techniques

T Cest d’ailleurs ce cas de figure qui est a Porigine du terme alchimique : en effet, il est facile, sur son
ordinateur, de changer du plomb en or, en faisant passer la charge du noyau atomique de Z = 82
azZ="79"!
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d’échantillonnage usuelles, et ouvre la voie & de nombreux raffinements, dont 1'utilisation
de fonctions d’importance (tel que I’Umbrella sampling de TORRIE et VALLEAU [345]) ;

une technique plus récente utilise une dynamique de transition & vitesse finie, et donc hors
d’équilibre. Dans ce cas, il est nécessaire de donner un poids exponentiel aux différentes
trajectoires de transition possibles afin de retrouver la bonne différence d’énergie libre.
C’est la fameuse égalité que JARZYNSKI a introduite dans [187] ;

enfin, des dynamiques adaptatives peuvent également étre employées. Dans ce cas, la vitesse
et le chemin de transition entre les états initiaux et finaux n’est pas fixée a priori, mais un
terme de biais force la transition en pénalisant les régions qui ont été suffisamment échan-
tillonnées. Ce terme de biais peut étre une force biaisante, comme pour I’ Adaptive Biasing
Force de DARVE et POHORILLE [75], ou un potentiel biaisant, comme pour les méthodes
de WANG et LANDAU [368] ou de IANNUZzI, LAIO et PARRINELLO [179] (nonequilibrium
metadynamics).

Nous détaillons a présent ces différentes approches dans le cas de transitions alchimiques (par
souci de simplicité), et indiquons comment, elles se généralisent au cas de transitions indexées par

une coordonnée de réaction.

> -
/]

(a) Intégration thermodynamique : on utilise (b) Méthode perturbative : on considére une
une dynamique projetée et on échantillonne transition immédiate entre les états initiaux et
“feuille” par “feuille”. les états finaux.

(¢) Dynamique hors d’équilibre : la vitesse de (d) Dynamique adaptative : on force le systéme
transition est la méme pour chaque trajectoire A quitter les zones ou I'échantillonnage est suffi-
et est imposée a priori. sant.

Fig. 2.2. Comparaison schématique des différentes méthodes de calcul de différences d’énergie libre.
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Intégration thermodynamique

Pour une transition alchimique,

1
F(\) = —5 . e PHN@P) dg dp.

L’intégration thermodynamique repose sur le fait que F(\) — F(0) = fo)\ F'(s) ds, sachant que

s OA
/ e~ BHx(a,p) dq dp
*M

oH
/ =2 (g, p) e @) dg dp
F()) = 2T

est la moyenne canonique de aaHf

pratique, on calcule F’();) pour un ensemble de valeurs \; € [0, 1] et on intégre numériquement

pour la mesure canonique dpuy = Z;l e PHMa:P) dg dp. Ainsi, en

la dérivée pour obtenir le profil voulu.

L’extension au cas de transitions indexées par une coordonnée de réaction peut étre faite par
exemple par une dynamique stochastique projetée (voir le travail de CiccorTl, LELIEVRE et
VANDEN-ELINDEN [66], rappelé en Section 4.1.2). Dans ce cas, on peut montrer rigoureusement
que la dérivée de I’énergie libre peut étre obtenue par une moyenne en temps des multiplicateurs
de Lagrange associés a la contrainte £(q) fixé. Notons également qu’il est possible de recourir a un
schéma de type Hybrid Monte-Carlo convenablement modifié (voir SCHOTTE et HARTMANN [151]).

Méthode perturbative

La méthode perturbative consiste a ré-écrire AF comme

AF = —ﬂflln/ e AUH=Ho) g 0
M

Notons immeédiatement que cette technique ne peut pas étre utilisée en tant que telle pour des
transitions indexées par une coordonnée de réaction car dans ce cas, les mesures initiales et finales
ont des supports disjoints.®

Une approximation de AF est obtenue en tirant des configurations (¢",p™) distribuées se-
lon dug et en faisant la moyenne des quantités e~ PH1=Ho)(d".P") correspondantes. Cependant, les
distributions initiales et finales dug et du; ont souvent un faible recouvrement, et il est préfé-
rable, par souci de fiabilité des estimations, de considérer une succession d’états intermédaires.
Décomposant la variation d’énergie libre en n pas intermédiaires \; = ¢/n, il vient

AF, = 'l P g 1“/ e e =i dpy
Zy, M

7

et AF = AFy+---+ AF,,_1. On s’attend a ce que les distribution du; et du;y1 aient un meilleur
recouvrement (si n est assez grand) et donc que l'estimation de AF; soit plus fiable.

La différence d’énergie libre élémentaire AF; peut étre calculée plus efficacement en utilisant
une fonction d’importance, technique qui dans ce contexte porte le nom d’ Umbrella sampling [345].
On a en effet

8 Mais cette technique est tout de méme utilisée en pratique pour le calcul de différences d’énergie libre
dans le cas d’une coordonnée de réaction : pour ce faire, on considére la transition associée a Vi(q) =
V(q) + K(£(q) — A\)?. On montre que la différence d’énergie libre associée a cette transition (pour K
fixé) converge vers la différence recherchée lorsque K — +oco.
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[ e,
AF = — ! In L22M

e PH=W) gy,
T*M

3

ot dmyw (q,p) = Z~ e PW(4P) dg dp. La mesure dmy doit étre choisie de maniére & ce qu’elle ait un
recouvrement appréciable avec dug et dup. C'est d’ailleurs cette propriété de double recouvrement,
qui a motivé le nom de Umbrella sampling (littéralement, “échantillonnage parapluie”). Des choix
possibles sont par exemple

drw (q) = Zype” P2 P) dg dp,

ou l'utilisation de gl/Q tel que

~_1 —B3F 1
drw(q) = Z1/126 At 2(@P) dg dp = i(dﬂo +dp).

L’égalite de Jarzynski

L’égalité de Jarzynski est facile & obtenir si on considére un systéme gouverné par une dyna-
mique hamiltonienne, partant de conditions initiales canoniquement distribuées. On considére une
transition a taux fini, se produisant en un temps 0 < 7" < +o0, partant de A\(0) = 0 et allant
a AM(T) = 1. Plus précisément, partant de conditions initiales distribuées selon dyg, on considére
I’équation différentielle ordinaire non-autonome (0 < ¢ < T)

6H)\(t)

Gi(t) = (q(t), (1)),
881? (2.39)
pilt) = =5 a(0) p(t)).

Notant & le flot associé, le travail fourni au systéme partant d'une condition initiale (g, p) est

T
W(q,p) —/O 81;;(” (D) (q,p)) N (t) dt = Hy(D3(q,p)) — Ho(q, p).

En effet, avec ®)(,p) = (Q(1), P(¢)),

BH)\(t)
OA

6H)\(t)
dq

aH)\(t)
dp

(@2 (q,p)) N (t) +

Oy (Hx) (97 (q,p))) = -0 Q(1) + O, P(t),

et les deux derniers termes du membre de droite se simplifient pour la dynamique (2.39). Ainsi,

/ e BY@P) duo(q,p) = Z5! / o BH1(P7(4.p)) dgdp = Z;" / e~BH(a:P) qq dp
*M *M *M

car @), définit un changement de variables de Jacobien 1. L’égalité ci-dessus peut étre ré-écrite
comme

Z
Ee"W) = 22 = 04T, (2.40)
0

ou l'espérance est prise par rapport & des conditions initiales distribuées selon dug. L’extension
a des dynamiques stochastiques est présentée dans le cas alchimique en Section 4.1.1, et suit la
preuve de HUMMER et SZABO [177] reposant sur une formule de Feynman-Kac.
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Eztension au cas de transitions indexées par une coordonnée de réaction

En se fondant sur les dynamiques stochastiques projetées, et toujours par une démonstration
utilisant une formule de Feynman-Kac, nous avons proposé avec T. LELIEVRE et M. ROUSSET [P6]
une extension de la dynamique hors d’équilibre de Jarzynski lorsque la transition est indexée par
une coordonnée de réaction, ainsi que 1’égalité (2.40) associée (voir également la Section 4.1.2).
La dérivation de cette égalité demande en particulier une définition correcte du travail exercé sur
le systéme, et on montre que le travail peut étre calculé comme une moyenne trajectorielle des
multiplicateurs de Lagrange utilisés pour projeter la dynamique sur les différentes sous-variétés
traversées, & un terme de correction prés prenant en compte le caractére hors d’équilibre de la
procédure (on exerce une force non nulle sur le systéme pour forcer les transitions, et il faut
enlever le travail exercé par cette force pour obtenir la bonne définition des travaux).

Dégénerescence de la distribution des travauz

La formule (2.40) montre que I’on peut obtenir la différence d’énergie libre comme une moyenne
non-linéaire sur plusieurs réalisations indépendantes du processus de transition. On peut donc trés
facilement paralléliser le calcul de (2.40), et I'indépendance des trajectoires calculées (si les condi-
tions initiales sont bien indépendantes et identiquement distribuées selon la mesure canonique)
permet d’obtenir des estimations d’erreur par des théorémes de type TCL. Cependant, aussi élé-
gante que soit ’égalité de Jarzynski, on se heurte en pratique & des problémes de variance provenant
de la dégénerescence de la distribution des poids e #". Ainsi, quelques rares réalisations de la
dynamique de transition dominent complétement la moyenne (2.40).

Ces considérations heuristiques peuvent étre précisées dans certaines situations ot des calculs
analytiques peuvent étre menés complétement. Soit la famille de Hamiltoniens

1 1
H)\(qvp) = 50)2((] - >\)2 =+ §p25

et le chemin de transition linéaire A(t) = t/T. La solution générale de la dynamique hamiltonienne

est
q(t) = q(0) cos(wt) + p(0) sin(wt) + / wsin(ws)A(t — s) ds.
w 0

Par souci de simplicité, on prend un temps de transition 7" tel que wT = 7/2 mod 7 (mais 'analyse
suivante reste valable dés que wT # 0 mod 7). Alors,

p(T) = —wq(0) + =

o(T) = q(0) + X(T) - T

Wl
Ainsi, pour des conditions initiales canoniquement distribuées (i.e. q(0) ~ w™'3=Y2N(0,1)), les
positions et impulsions finales sont distribuées selon

1oL igue ~ L g
o(T) ~ 1= =+ GTRN0,1), p(T) ~ o+ 57RN0,1)

Ces formules montrent que la distribution des positions n’est pas la distribution d’équilibre au
temps final, et méme plus précisément, qu’en moyenne les positions sont en retard (position
moyenne 1 — (wT)~! au lieu de 1), ce retard augmentant avec la rapidité de la transition. On
peut également calculer les travaux exercés sur chaque systéme lors de la transition :

1 2w 1 2

W(q(0),p(0)) = H1(¢(T), p(T)) = Ho(4(0),p(0)) = 75 + = (0,1). (241)

Ceci montre que E(W) = T2 > AF = 0 (I'espérance étant prise par rapport & des conditions
initiales (¢(0),p(0)) canoniquement distribuées), alors que E(e™#") = 1 = e #4F comme prévu.

3
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Lorsque le temps de transition est court, I’expression (2.41) montre clairement que la queue infé-
rieure de la distribution des travaux est particuliérement importante pour obtenir des estimations
correctes de la différence d’énergie libre, et qu'une faible fraction de la distribution des travaux
domine 'estimation proposée. Plus précisément, notant P(W) la distribution des travaux,

_6_112 <W+ i)z

8 2) |

—owy _ [ AW _ .
E(e )—/Re P(W)dW—C/Rep

Lorsque T est petit, les valeurs des travaux contribuant le plus a 'intégrale ci-dessus sont distribués
autour de la valeur —4 /T2, avec une déviation standard O(T'). Ces valeurs sont fort improbables
au vu de (2.41). Notons enfin que la queue de la distribution des travaux est liée & la queue in-
férieure de la distribution des positions initiales. Ainsi, il faut que les conditions initiales soient
échantillonnées avec une trés grande précision si on veut réaliser une transition trés rapide (ce qui
demande donc de trés nombreuses conditions initiales). En pratique, il vaut donc mieux se placer
dans des régimes de transition moins brusques (O(T) ~ 1 au moins).

Pour éviter la dégénerescence des poids e #W et les facheuses conséquences qui s’en suivent,
nous avons proposé, avec M. RousseT dans [P10], d’utiliser un méchanisme de sélection sur
différentes répliques du systéme simulées en paralléle (voir également la Section 4.3.3 pour plus
de précisions). Pour ce faire, on utilise un systéme de particules en interaction, stratégie inspirée
par les techniques de rééchantillonnage (voir la littérature sur les algorithmes de Monte-Carlo
séquentiels, en particulier 'ouvrage de DouckT, FREITAS et GORDON [84] et I’article de revue de
Doucer, DEL MORAL et JAsrA [85]). Dans ce cas, il n’est plus nécessaire d’attacher un poids
a chaque particule, 1’équilibre étant maintenu a tout instant par le biais de régles de sélection
probabilistes (mort/naissance) : les systémes ayant un travail inférieur & la moyenne sont favorisés,
les autres sont pénalisés. On peut montrer la consistance de cette approche dans la limite d’une
infinité de répliques simulées en paralléle en utilisant les travaux de ROUSSET [289,290)].

Une autre approche pour calculer de maniére plus fiable 'espérance (2.40) est de considé-
rer cette espérance comme une espérance sur tous les chemins de transition possibles. On peut
alors utiliser des techniques d’échantillonnage de chemins combinées & 'utilisation d’une fonction
d’importance [331,374] pour biaiser ’échantillonnage en faveur des chemins correspondant aux
valeurs improbablement basses des travaux W (voir la Section 4.3 pour plus de précisions sur
I’échantillonnage des chemins et son application au calcul de différences d’énergie libre).

Dynamiques adaptatives

L’objectif des dynamiques adaptatives est d’échantillonner les mesures duy juste le temps
qu’il faut, tout en passant les barriéres d’énergie libre du systéme. Pour décrire précisément les
dynamiques adaptatives en terme d’un procédé de point-fixe, il est utile d’utiliser la formulation que
nous avons proposée avec T. LELIEVRE et M. ROUSSET dans [P4] (voir également la Section 4.4).
Nous présentons cette dynamique dans le cas alchimique, mais les formulations originelles de cette
méthode ont toutes été faites dans le cas d’une coordonnée de réaction.

Considérons donc la variable étendue X = (g, A), la coordonnée de réaction associée étant £(X) =
A € T. On suppose que la transition est paramétrée par le biais d’un potentiel V' (g, A), la mesure
canonique associée (en positions) étant dmy(q) = Zxe V(@M dg. Lorsque X; évolue selon une
dynamique de Langevin suramortie (overdamped Langevin), & savoir

dai = =V, V{ge, A dt + /25T W, (2.42)
N = —0\V (i, o) dt + /28T W}, '
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ot W, W sont des mouvements browniens standard indépendants, la mesure dIl(q,\) =
Z~1e V(&N dgd\ est invariante.” En principe, on peut donc utiliser la dynamique (2.42) pour
échantillonner des configurations distribuées selon dI1(X), et calculer les différences d’énergie libre
selon

F(h) = Fh) = =3~ 1n 22002

Z/ch(/\l) ’

ol les marginales Eeq de la distribution d’équilibre sont

TN = [ eV ag
M

Cependant, la dynamique (2.42) ne peut étre utilisée en tant que telle si le systéme présente de la
meétastabilité le long du profil F(\) — F(0), car dans ce cas le parameétre X risque de rester coincé
un long moment dans certaines régions de U'intervalle [0, 1]. Les barriéres d’énergie libre associées
correspondent a des petites valeurs de Ecq()\) (comparées a Ecq(O), par exemple).

L’idée des dynamiques adaptatives est d’ajouter un terme de biais dans la dynamique du
paramétre extérieur (variable \;) qui force Pexploration de tout Iintervalle [0,1]. On peut méme
demander mieux : il est possible en effet de construire ce terme de biais de maniére & ce que les
variables A soient asymptotiquement uniformément réparties sur [0, 1], et que le terme de biais
donne la différence d’énergie libre. Pour préciser ces considérations heuristiques, il est utile de
recourir a un ensemble de réalisations d’'une dynamique stochastique sur X; de la forme

dqt = —VqV(qt, >\t) dt =+ \/ 2671 thq,
— A (2.43)
d\e = =0 [V (g1, \t) = Frias(t, A\e)] dt + /2671 dW,

ot on a introduit un terme de biais Fiiais(t, A). Les configurations X; sont distribuées au temps ¢
selon une densité ¥ (q, \) dg d\ (en pratique, cela revient & simuler un nombre infini de répliques en
paralléle, et & prendre la limite de la mesure empirique associée). La distribution des variables \;
est donnée par les marginales

TN = /M elg, ) dg.

Si le terme de biais Fhiais(t, A) converge en effet vers F'(\), alors la variable X; évoluant selon (2.43)
est distribuée selon dIT, (g, \) = Zle PV(@N=FQX) "ot donc \ est distribuée selon les marginales

TN = /M exp(—BV (g, \) — FOV)) dg = 1.

Ceci signifie qu'on a éliminé le caractére métastable du profil d’énergie libre, et que toutes les
régions sont explorées uniformément.

Potentiel biaisant adaptatif

En pratique, la clé du succés des dynamiques adaptatives est de proposer une mise a jour
adéquate du terme biaisant, pris sous forme potentielle pour commencer. Une premiére idée est
de forcer la convergence de la marginale v,()\) vers sa valeur limite 1__(\) = 1, et d’utiliser les
propriétés de la dynamique sur ¢; dans (2.43) pour obtenir la bonne distribution des configurations
pour une valeur fixée de A. Si on suppose que les configurations du systéme sont distribuées
instantanément selon 1, (q, \) = Z; e~ #(V(©N)=Foiais(tN) (ce qui est en effet le cas si la dynamique
de la variable ¢ est plus rapide que la dynamique de la variable \) la mise & jour

9 11 faudrait bien sfir préciser les conditions de bord sur la variable A. Dans le cas de certaines coordonnées
de réaction, on peut utiliser des conditions périodiques. Ici, on préférerait probablement des conditions
de réflection au bord. Une discussion plus approfondie des conditions de bord est menée & la Section 4.4.
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1
Ot Friais(t, X)) = —ﬁT In, () = %(F()\) — Foiais(t, ) + ¢4

avec 7 > 0 est telle que Fiais(t, \) — F(A) lorsque ¢ — +o0o (& une constante additive prés). En
général, 1, (q, \) # Z; e BV (@)= Foias (b)) "mais le potentiel biaisant est toujours mis & jour selon

—1

8thiais(t7 )\) = —67 lnat()\) (244)

Dans ce cas, on peut montrer que, s’il existe un point fixe de la dynamique (2.43) avec la mise &
jour (2.44), alors on a Fiiais(t, A) — F(A) (2 une constante prés). La mise & jour (2.44) est assez

3

naturelle si on demande que ), (\) soit constant : lorsque 1,(\) > 1 (région sur-explorée), alors on
décroit le biais qui pousse les répliques vers cette région ; alors qu’on augmente le terme de biais
dans les régions sous-explorées, qui correspondent aux valeurs de A telles que Et()\) < 1 (voir la
Figure 2.3).

biais
/4 diffusion
1 [ qJ°°

Potentiel

diminuer potentiel biaisant v ,

\
augmenter potentiel bi/ze{isant

0 I
0.5 1

(a) Distributions marginales (b) Energies libres.

Fig. 2.3. (a) Distributions marginales de la variable A\, au temps ¢ (ligne pleine) et limite en temps long
(pointillés). (b) Energie libre cible (ligne pleine) et biais proposé au temps ¢ (ligne interrompue). Dans ce
cas, on diminue le biais 1a o il y a trop d’échantillonnage en X (¥,(\) > 1 ()\)), et on I'augmente 13 oit
il n’y a pas assez d’échantillonnage en \.

Force adaptative biaisante et preuve de convergence

De la méme maniére, le terme biaisant peut étre introduit via une force (au lieu d’un potentiel),
auquel cas on propose directement une mise a jour de 9y Fhiais(f, A). Si on suppose & nouveau que
les configurations du systéme sont distribuées au temps ¢ selon ¢;(q, A) = Z{1e_ﬁ(v(q”\)_Fbiais(t>’\)),
la mise a jour

g1 /M NV (¢ e (4, \) dg
T s A) d
/M Ui(g, X) dg

1
01O\ Friais(t, ) = — — Oz Fhiais(t, N) | = ;(3>\F(/\) — OxFhiais(t, )

pour 7 > 0 est telle que la force biaisante O)Fyias(t, A) converge vers dyF'(\). Dans le cas général,
la force biaisante est encore mise & jour selon
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([ avie v
B Im

0¢Or Fhiais(t, \) = — -
V(g A) dg
I

— Oz Fhiais(t, N) | - (2.45)

On peut montrer, comme dans le cas d’un potentiel biaisant adaptatif, que si la dynamique admet
un état stationnaire, alors celui-ci est bien tel que Fhiais(t,A\) — F(\) (& une constante preés) en
temps long.

Avec T. LELIEVRE, F. OTTO et M. ROUSSET [A1] (voir également la Section 4.4.2 pour une
preuve dans un cas simplifié et une bréve introduction aux techniques mathématiques nécessaires
a la preuve), nous avons pu faire une preuve de convergence dans le cas limite 7 — 0 pour
la dynamique (2.45). La démonstration repose sur l'introduction d’une fonction d’entropie de la
mesure 13, et sa décomposition en une contribution macroscopique (liée aux marginales Et) et une
contribution microscopique (qui ne dépend que des mesures conditionnées v /v,). Remarquant
que

5@15 = a>\>\ Etu

on montre facilement la convergence des marginales v, et la décroissance de I’entropie macro-
scopique. La décroissance de I’entropie microscopique est assurée lorsque les mesures condition-
nées Yoo (-, \) /¥ (A) satisfont une inégalité de Sobolev logarithmique avec une constante uniforme
en A. Au final, la vitesse de convergence est le minimum entre la vitesse de convergence macrosco-
pique (exploration diffusive) et la vitesse de convegence microscopique (constante de l'inégalité de
Sobolev logarithmique). L’extension au cas d’une coordonnée de réaction générale suit les mémes
lignes, mais demande toutefois de modifier un peu la dynamique (2.45).

Accélération de la convergence

Le formalisme ci-dessus, fondé sur des ensembles de réalisations d’une dynamique idoine, sug-
gére naturellement une implémentation paralléle de la dynamique par l'utilisation de répliques
concourrant & construire ensemble un méme potentiel biaisant. Cette implémentation naturelle
peut toutefois étre améliorée par le biais d’un processus de sélection sur les répliques (voir [P4]).
En effet, dans 'analyse heuristique des dynamiques adaptatives, on a insisté sur 'importance d’une
répartition uniforme des coordonnées de réaction A. Il semble donc intéressant, lorsque 1’on simule
plusieurs répliques du systéme en paralléle, d’ajouter un processus de mort /naissance au processus
de diffusion (2.43), toujours dans ’esprit des méthodes particulaires déja employées pour éviter la
dégénerescence des poids exponentiels dans 1’égalité de Jarzynski. L’idée est ici de dupliquer les
répliques dans les régions sous-explorées (répliques innovantes), et d’éliminer les répliques dans les
régions sur-explorées (répliques redondantes). Contrairement au processus de diffusion, on permet
ainsi des mouvements “non-locaux” dans l’espace des phases, complémentaires du processus de
diffusion, et qui permettent d’accélérer 1’étalement de la distribution des valeurs de A. On trou-
vera dans [P4] une analyse sur un cas simple de leffet de ce terme de sélection (voir aussi la
Section 4.4.1).

2.3.2 Différentes approches pour augmenter le temps effectif de simulation

On présente dans cette section quelques stratégies pour simuler des temps plus longs. Notons
qu’il est généralement plus difficile d’augmenter le temps de simulation que la taille des systémes
étudiés, car des stratégies paralléles sont souvent limitées par la nature séquentielle du temps.

La stratégie pararéelle

Une exception notoire & la limitation intrinséque évoquée ci-dessus est la stratégie pararéelle,
proposée par LIONS, MADAY et TURINICI dans [213], puis appliquée au domaine de la dynamique
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moléculaire dans [18]. Cette stratégie consiste en une premiére itération, séquentielle mais peu
cotiteuse : la proposition d’une trajectoire grossiére par le biais d’un intégrateur approché (grand
pas de temps ou potentiel d’interaction simplifié) ; dans un deuxiéme temps, on raffine en paralléle
les différents segments de la trajectoire. On répéte ensuite cette procédure jusqu’a convergence.

Pas de temps d’intégration plus grands

Il arrive couramment en dynamique moléculaire que I’énergie d’un systéme soit la somme d’une
contribution évoluant rapidement, et d’une contribution évoluant sur des temps bien plus longs :

V(q) = Vient (Q) + V;apide(Q)-

Le terme rapide peut provenir de composantes raides de ’énergie potentielle (ou de degrés de
liberté associés a de petites masses), et est souvent moins cotiteux & évaluer que le terme lent.
En effet, les termes rapides sont souvent associés a des interactions locales (& courte portée),
dont le cott de calcul croit linéairement avec la taille du systéme ; alors que les termes lents
correspondent typiquement & des interactions & longue portée, ce qui fait que le cotut de calcul
croit quadratiquement avec la taille du systéme.

Dans cette situation, le pas de temps d’intégration est déterminé par la partie rapide du
potentiel. Il y a plusieurs fagons de remédier & ce probléme :

(i) lorsque le terme rapide provient de composantes raides dans le potentiel, et que ces com-
posantes raides servent a pénaliser une contrainte (longueur de liaison presque fixée par
exemple), il peut se révéler intéressant de recourir & une dynamique contrainte, telle que
RATTLE [8] ou SHAKE [295] ;

(ii) on peut utiliser des intégrateurs a pas de temps multiples. Les forces rapides sont alors
évaluées avec un pas de temps At proche du pas de temps utilisé pour un algorithme de
Verlet standard, alors que I'intégration temporelle des forces lentes se fait avec un pas de
temps Atjent bien plus grand. La méthode Impulse [141,347] est un tel algorithme, qui
correspond & la décomposition de Strang du Hamiltonien originel en deux composantes,
H = chnt + Hrapidc; avec

Hyeng (QJp) = Vient (Q)u Hrapide(p7 Q) = V;apide (Q) + %pTM_lp'
Cependant, les résonances numériques qui apparaissent demandent que le temps Atjepg
entre les évalutions de la force lente soit plus petit que la moitié¢ de la période du mou-
vement [31,119]. Ainsi, Atjent est encore limité par les modes de haute fréquence. On
pourra se reporter a 'ouvrage de HAIRER, LUBICH et WANNER [146, Chap. XIII| pour un
traitement mathématique complet dans le cas ot la composante rapide est harmonique.

Approches de type Monte-Carlo cinétique

Dans les approches de type Monte-Carlo cinétique (Kinetic Monte-Carlo, KMC), on considére
une liste d’états métastables du systéme, ainsi que tous les événements pouvant intervenir (tran-
sitions entre états métastables). Le systéme en question peut étre une modélisation tous-atomes,
éventuellement ab-initio, ou une version réduite du systéme physique (par exemple, pour des évé-
nements se produisant dans un cristal parfait & basse température, on peut ne considérer que les
défauts dudit cristal, tels que les atomes en position interstitielle, les lacunes, ou les aggrégats).
Cette derniére approche est une approche Monte-Carlo cinétique sur objets (Object KMC).

Pour simplifier, on présente seulement 'algorithme KMC d’équilibre, pour lequel la liste des
événements possibles et leurs probabilités d’occurrence sont fixées (des techniques permettant de
mettre & jour la liste des événements et leurs probabilités au cours de la simulation ont également
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été developpées, et sont fondées sur les travaux de HENKELMAN et JONSSON [158]). On suppose
que les événements se produisent & des temps aléatoires exponentiellement distribués. Indexant
par i les événements possibles, et notant r; les taux de réactions associés (les temps d’occurrence
associés étant alors des variables aléatoires exponentiellement distribuées, selon la densité r;e~"t),
Palgorithme KMC, proposé par BorTz, KALOS et LEBOWITZ [37] dans le contexte de la science
des matériaux (et proposé indépendamment un peu plus tard par GILLESPIE [129,130] pour traiter
les réactions chimiques) est

ALGORITHME DE MONTE-CARLO CINETIQUE
Algorithme 2.1. Pour une liste de M événements possibles ¢ = 1,..., M, de taux de réac-
tion r;, et partant d’une configuration initiale du systéme a t = 0,
(1) tirer un événement k, selon la loi de probabilité discréte (w;)i=1,... am avec

T

M
Zj:l T

Wi = )
(2) effectuer le mouvement correspondant a I’événement k;

(3) incrémenter le temps d’'un temps aléatoire exponentiellement distribué selon une loi
exponentielle de paramétre Z;Ai1 T

M
"t = ™~ E er ;

Jj=1

(4) retourner en (1).

Cet algorithme n’est pas efficace sous cette forme lorsque les taux de réactions des différents
événements possibles sont trés différents les uns des autres : en effet, dans ce cas, les événements
les moins rares sont effectués trés souvent (et avec une trés forte probabilité), et les incréments
de temps sont petits (de I'ordre du plus petit temps caractéristique des événements). Dans cette
situation, GILLESPIE et PETZOLD [131,132] ont montré comment procéder & une réduction de la
dynamique rapide, en remplacant les réactions élémentaires par la réaction de plusieurs entités
(méthode 7-leap), une équation de Langevin chimique, ou méme une équation déterministe.

Une autre maniére de gagner en temps de simulation est de remarquer que des événements
quasi simultanés mais spatiallement éloignés peuvent étre considérés comme indépendants. Les
techniques de décomposition de domaine pour les algorithmes KMC [309] se fondent sur cette
remarque ; le principal défi que rencontrent ces méthodes est la nécessaire synchronisation du
temps dans les sous-domaines, et le traitement des événements se produisant aux bords des sous-
domaines. Des approches adaptatives en espace peuvent également étre considérées [63].

Calcul des tauz de réaction

L’étape qui requiert le plus de temps de calcul dans une simulation KMC est le calcul des taux
de réaction (voire l'identification, parfois) des événements pouvant arriver. Ces événements sont
des transitions d’un état métastable & un autre, et ainsi, si la température n’est pas trop haute (et
si les effets entropiques ne sont pas trop importants), ces états métastables sont des minima locaux
de la surface d’énergie potentielle. Les états de transitions sont alors des points-selles de la surface
d’énergie potentielle, situés sur le chemin d’énergie minimale reliant ’état initial et I’état final. La
fait que le point-selle soit situé sur le chemin d’énergie minimale est justifié & basse température
par la théorie des grandes déviations de FREIDLIN et WENTZELL [112].
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Nous décrivons ici des techniques employées dans de nombreux calculs pratiques, reposant, sur
la méthode du flux réactif (Reactive Fluz method) de BENNETT et CHANDLER [26,60], et la théorie
de I'état de transition (Transition State Theory, TST) introduite dés les années 30 par EYRING
et WIGNER [102,371]. La premiére tache a effectuer pour toutes ces méthodes est de localiser les
états de transition, sous I’hypothése que ce sont des point-selles d’ordre 1 (la matrice hessienne a
une seule valeur propre négative).!® On paramétre ensuite la transition de 1’état métastable initial
a l’état métastable final par une coordonnée de réaction £(q) (aussi appelée variable collective
ou parameétre d’ordre dans ce contexte), telle que 1'état initial corresponde a £71(0), I'état final
a £71(1), et que I'état de transition soit sur ¥ = £7*(3). On note n(q) la normale & la surface X
en g€ X, A=¢710,4) la région des réactifs, et (3, 1] la région des produits.

Le flux réactif sortant (qui mesure ce qui s’échappe de A pour aller en A¢) est défini, pour un
temps ¢, comme le flux sortant passant par linterface séparant les deux régions (voir Figure 2.4,
Gauche):

(Be(q(0))=1/2 O (£(q))t=0 Lac (q(t)))
(Lac(q))

/z”(Q(O)) 2Oy, (q(t)) e PP dos(q,p)

ky(t) =

m

/ 1ac(g) e PH@P) dg dp
*M

Le flux réactif entrant k_(¢t) est défini de maniére similaire. En pratique, k4 (¢) atteint une valeur
plateau pour des temps t < (k4 (0) +k_(0)) ™!, et cette limite est le taux de flux réactif. Le choix
de la surface de séparation X est trés important en pratique, car un mauvais choix de surface de
séparation peut conduire & de nombreuses traversées successives de 'interface (sortie du domaine
suivie d’une nouvelle entrée), voire & un faible taux de transition (voire la Remarque 2.2 pour une
optimisation du choix de l'interface).

Fig. 2.4. Gauche : représentation schématique du flux sortant de la région A et passant par I'interface. Des
tentatives de sortie sont fructueuses (trajectoires finissant hors de A), d’autres ne le sont pas (trajectoires
entrant & nouveau dans le domaine et finissant a gauche de la surface de séparation). Droite : approximation
de la TST harmonique.

Le taux de réaction classiquement utilisé par la TST est en fait £(0), c’est-a-dire la valeur
prédite par la méthode du flux réactif lorsque l'on néglige les retours dans le domaine aprés
traversée de l'interface. Ce taux est donc une borne supérieure du vrai taux de transition, et la

10 Par exemple, en utilisant une méthode qui suit les vecteurs propres correspondants aux plus petites
valeurs propres de la matrice hessienne, partant d’un minima local o cette matrice est définie positive.
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TST est d’autant plus une mauvaise approximation que la transition se fait de maniére diffusive
(par opposition & une image ballistique de la transition). L’approximation de TST harmonique
consiste a supposer de plus que le taux de transition peut étre écrit comme

LHTST BE,

=rpe ",
ou I’énergie d’activation E, est la différence entre 1’énergie du point-selle et celle du minima local
d’ott on part, et vy est la homogene a une fréquence (voir Figure 2.4, Droite). La TST harmonique
peut étre justifiée de maniére rigoureuse dans le cas d’'un potentiel harmonique lorsque SE, >
1 (voir par exemple [178, Section IIL.A]). Dans le cas général, le taux de réaction de la TST
harmonique est donné par l’expression de VINEYARD [362]

3N min
LHTST _ Hi:l Vi o BFEa
~ 3N—1 _ gad )
I v
=1 2
ot (v™n)._, oy sont les fréquences de la matrice hessienne au minima local de dépar
i )i=1,...,3 t les fréq de 1 trice h local de départ,

et (V;“i“)i:lw,g;v_l les fréquences positives de la matrices hessienne au point-selle.

Echantillonnage de chemins de réaction
Echantillonnage des chemins de transition

L’échantillonnage des chemins de transition ( Transition Path sampling, TPS) est une technique
développée par BoLHUIS, CHANDLER, DELLAGO et GEISSLER [80,81] et qui permet d’échantillon-
ner des chemins de réaction de longueur fixée (c’est-a-dire qu’on ne considére que les réactions
ayant lieu pendant un temps 7'). Un chemin réactif est défini dans ce contexte comme une tra-
jectoire (déterministe ou stochastique) partant d’'un sous-ensemble A de l’espace des phases, et
arrivant au temps 7' dans un sous-ensemble B. L’échantillonnage de tels chemins n’est pas possible
par des simulations de dynamique moléculaire directe lorsque de grandes barriéres d’énergie libre
séparent les deux sous-ensembles. C’est encore plus difficile dans le cas de surfaces d’énergie dites
rugueuse, ot de nombreux minima locaux séparent les deux régions, et aucune coordonnée de ré-
action satisfaisante n’est disponible (bien qu’il existe éventuellement des coordonnées de réaction
incomplétes ou partielles).

TPS est une méthode permettant d’échantillonner des chemins de transition entre A et B,
partant d’un chemin de transition initial. Concrétement, ’algorithme correspondant est un algo-
rithme de Metropolis-Hastings, avec une fonction de proposition convenable, qui permet, partant
d’un chemin réactif a I'itération n, de proposer un chemin réactif modifié a I'itération n+1. Lorsque
la dynamique sous-jacente est déterministe, une fonction de proposition efficace consiste & choisir
aléatoirement un temps le long d’un chemin réactif, et & modifier un peu I'impulsion des particules
a ce temps-1a, puis intégrer la dynamique en temps positif et négatif (voir la revue de DELLAGO,
Bornuis et GEISSLER [81] pour plus de précisions). Lorsque la dynamique sous-jacente est sto-
chastique, par exemple dans le cas d’'une dynamique de Langevin, ce méme algorithme est souvent
utilisé, auquel cas la proposition d’un nouveau chemin de transition n’utilise que I'information a
temps donné le long du chemin pour proposer un nouveau chemin : en particulier, on n’utilise
pas du tout la réalisation du bruit brownien qui a conduit & une transition fructueuse (ce qui
peut poser probléme pour des phénoménes diffusifs). Inversement, CROOKS et CHANDLER [74] ont
proposé de conserver entiérement la réalisation du bruit brownien ayant conduit & une transition,
sauf sur un petit intervalle de temps. Dans ce cas, deux chemins successifs sont trés similaires, et
on peut penser que la grande corrélation entre deux itérations ralentit la convergence numérique
de cet algorithme. J’ai proposé dans [P1] une approche généralisant ces deux techniques : dans ce
cas, on représente un chemin par ses conditions initiales et la réalisation du mouvement brownien
correspondante, et on propose un nouveau chemin en sélectionnant un temps au hasard le long de
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la trajectoire, et en intégrant en temps positif et négatif en partant de la configuration courante
avec une réalisation du mouvement brownien corrélée & la réalisation utilisée a l'itération n (le

taux de corrélation étant un paramétre a optimiser). Des tests numériques montrent que cette
approche est en effet intéressante (voir [P1] et la Section 4.3)

Calcul des constantes de réaction

On peut calculer des constantes de réactions grace aux chemins échantillonnés selon les procé-
dures brievement évoquées ci-dessus. De telles constantes sont utiles pour des approches de type
Monte-Carlo cinétique. Partant au temps ¢ = 0 avec une distribution de configurations du systéme
en A, la fonction de corrélation peut étre approximée comme

O(t) _ <1A(q0)lB(Qt)> ~ kag t,

(14(90))

pour des temps 7ol K t K Trxn, (-) étant une moyenne sur tous les chemins possibles (voir [81]
et la Section 4.3 pour plus de précisions sur la mesure utilisée dans l’espace des chemins). Les
temps Tyl €t Texn sont respectivement les temps moléculaires de décorrélation et le temps de

réaction typique :
1

kap +kpa

La procédure exacte pour extraire la constante de réaction d’un seul échantillon de chemins est
expliquée dans [81, Section 4.4].
Une des difficultés de cette approche est qu’il faut partir d’un chemin initialement réactif. Des

Trxn =

stratégies pour ce faire sont proposées dans [81]. Il est également possible de forcer progressivement
un chemin a quitter la région A pour aller vers la région finale B, par exemple par une dynamique de
transition hors d’équilibre “a la Jarzynski” comme proposé par GEISSLER et DELLAGO dans [122].
On peut également dans ce cas effectuer cette transition avec plusieurs chemins simulés en paralléle,
et utiliser un processus de sélection entre les chemins pour assurer que I’échantillon de chemins
réactifs final est non-dégénéré (voir [P1] et la Section 4.3.3).

Formulation de ’échantillonnage par une équation auzx dérivées partielles stochastique

Dans ’approche ci-dessus, un chemin est représenté par une trajectoire numérique, et est donc
une suite de configurations séparées par un temps At. En particulier, la mesure sur 'espace des
chemins dépend du pas de temps choisi, et les résultats ne sont pas formulés de maniére intrinséque.
D’un point de vue mathématique, il est intéressant de formuler le probléme de I’échantillonnage
des chemins de transition d’un point-de-vue continu. Dans la formulation de HAIRER, STUART,
Voss et WIBERG [147,330], le probléme d’échantillonnage des chemins liant un état initial 2o et un
état final 21 est formulé comme une équation aux dérivées partielles stochastique (EDPS). Ensuite
seulement, on discrétise cette EDPS pour calculer concrétement des chemins de transition. De cette
maniére, on peut proposer des algorithmes numériques plus efficaces (voir BESKOS, ROBERTS,
STUART et VOSss [29]).

Dynamiques accélérées

Plusieurs techniques ont été développées pour accélérer les simulations de dynamique molé-
culaire. On présente ici trois stratégies, proposées par VOTER, de la plus rigoureuse a la moins
rigoureuse (au sens ot les méthodes reposant sur le moins d’hypothéses sont présentées en premier).

Hyperdynamique

L’hyperdynamique (Hyperdynamics), introduite par VOTER dans [365], est réminiscente des

3

techniques d’échantillonnage d’importance utilisées pour le calcul de différences d’énergie libre
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(voir Section 2.3.1). L’idée est de considérer un potentiel biaisant AV > 0 (éventuellement, uni-
quement sur certains degrés de liberté), n’agissant que dans le voisinage des minima locaux d’éner-
gie potentielle. Ainsi, la dynamique prés des point-selles n’est pas modifiée. De cette maniére, le
systéme passe moins de temps prés des minima d’énergie locaux, et plus de temps preés des régions
de transition. Le temps physique effectivement simulé est alors

t
thyper = / eﬁAV(qs) ds > t,
0

d’ou un facteur de gain tpyper/t > 1. Le principal défi de cette méthode, comme pour toutes
les méthodes de fonction d’importance, est de construire un potentiel biaisant efficace pour des
systémes de grande dimension. Des propositions en ce sens sont faites dans [364] (utilisant un
potentiel biaisant fondé sur la matrice hessienne locale) et dans [243] (sous I’hypothése que les
transitions peuvent étre détectées comme des changements significatifs dans certaines longueurs
de liaison).

Dynamique sur les répliques paralléles

La méthode des répliques paralléles (Parallel Replica dynamics) a été proposée par VOTER
dans [366], et permet de paralléliser I’évolution en temps pour un systéme dont I’évolution globale
est pilotée par des événements rares. On a dans ce cas un coit de calcul décroissant (presque)
linéairement avec le nombre de processeurs.

On suppose que les temps de sorties du systéme de tous les états métastables sont distribués
selon une loi exponentielle. Le principe de la méthode repose sur la remarque mathématique
suivante : la somme de M variables aléatoires indépendantes et identiquement distribuées selon
une loi exponentielle de paramétre 7, est encore une variable aléatoire distribuée selon une loi
exponentielle, mais de paramétre M7. Ainsi, au lieu de simuler un seul systéme et d’attendre
une transition (ce qui donne un temps de transition T'!), il est équivalent de simuler M répliques
indépendantes du systéme (en paralléle), d’arréter toutes les simulations dés qu’une transition a
lieu, et d’incrémenter le temps physique total de la simulation de la somme de tous les temps de
simulation T} de la i-éme réplique (ce qui donne un temps total effectif T = T} +--- +Tys). On
peut méme utiliser des processeurs de vitesses différentes.

En pratique, on détecte les transitions en effectuant réguliérement une minimisation locale
de I’énergie, et en vérifiant que la géométrie du minimum local est inchangée. Lorsqu’une tran-
sition est détectée, on prolonge la simulation jusqu’au minimum suivant, puis on arréte toutes
les simulations et on réplique le systéme ayant subi la transition. On effectue ensuite une phase
de décorrélation entre les systémes (échantillonnage local autour du nouveau minimum), avant
de relancer la procédure paralléle d’attente de transitions. On trouvera des applications de cette
méthode dans [367].

Dynamique accélérée en température

La dynamique accélérée en température ( Temperature accelerated dynamics) a été proposée par
SORENSEN et VOTER [317]. Cette technique peut étre utilisées avec des systémes pour lesquels la
TST harmonique est une bonne approximation. Une application typique est le cas d’un matériau
soumis & des dommages d’irradiation dont on cherche & simuler le comportement en temps long
a température ambiante. Pour ce faire, on simule le systéme & une température 7', assez grande,
alors qu’on est intéressé par la dynamique a une température 7_ < T . Partant d’un systéme
dans un état métastable, les tentatives de sorties hors de cet état métastable sont interceptées, et
le taux de réaction correspondant, donné par la TST harmonique, est calculé. Plus précisément,
pour la i-éme tentative de sortie au temps tﬁr, le taux de réaction est

K, = vie~Bu/boTs.
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Le temps de transition ¢ correspondant & la température T? est alors

S E(1 1
t7:t+exp g K—T—J’_ .

Une fois ce temps calculé, on renvoie le systéme dans I’état métastable, et la simulation continue.
Si on suppose que tous les préfacteurs v sont bornés inférieurement, on peut alors donner a
priori un temps de simulation maximal tel que toutes les transitions possibles & température
basse aient eu lieu, avec une probabilité donnée (par exemple, 95%). Finalement, & la fin de la
simulation & la température haute, et aprés calcul de tous les temps de réaction associés a la
température physique T_, on sélectionne I’événement ayant le plus petit temps d’occurrence t*,
on avance le temps de simulation de t* , et on effectue la transition associée a I’événement i. La
principale limitation pratique est que la température T, ne peut étre choisie trop grande sans quoi
I’approximation de la TST harmonique n’est plus valide.

2.3.3 Dynamiques réduites

Il existe des dynamiques posées dans des espaces de grande dimension qui admettent une
expression réduite dans certains régimes limites. Ceci peut étre montré rigoureusement pour des
systémes modéles (voir ci-dessous le cas d’un couplage avec un bain déterministe composé d’oscilla-
teurs harmoniques), mais n’est pas possible en général. Dans ce cas, une analyse formelle suggére
souvent une forme raisonnable pour la dynamique réduite, et on cherche ensuite & bien choisir
les paramétres des modéles correspondants pour reproduire au mieux les résultats de simulation
obtenus avec les modéles complets.

Dynamiques réduites dans le cas d’un couplage avec un bain déterministe

Pour une particule couplée a de nombreux oscillateurs harmoniques, ZwANziG [379] a formel-
lement montré que la dynamique limite sur la particule couplée est une équation de Langevin
généralisée (& mémoire). Cette preuve formelle a été justifiée d’un point de vue mathématique par
KUPFERMAN, STUART, TERRY et TUPPER pour un couplage harmonique avec les particules du
bain [199], qui précisent notamment en quel sens entendre la convergence formelle de [379].

Dans [P11], j’ai proposé un tel modéle de couplage avec des degrés de liberté harmoniques, qui a
servi de base & un modéle simplifié pour les ondes de choc. Ce modéle simplifié est unidimensionnel,
mais capture quelques effets des dimensions supérieures, en particulier une sorte de relaxation de
I’énergie au passage du choc, ce qui lui permet de corriger le comportement non-physique des
modeéles microsopiques d’ondes de choc purement unidimensionnels (voir également la Section 5.1
pour plus de précisions sur la dynamique limite correspondante dans le cas ot le nombre de degrés
de liberté du bain tend vers l'infini).

Dynamique de particules dissipatives

La dynamique de particules dissipatives ( Dissipative Particle Dynamics, DPD) a été introduite
par HOOGERBRUGGE et KOELMAN [170], puis étendue par ESPANOL et WARREN [98] de maniére
a préserver la mesure canonique. L’objectif initial des modéles de type DPD est la simulation de
fluides complexes, la philosophie de ces modéles reposant heuristiquement sur le remplacement
de petits échantillons de fluide composés de molécules se déplacant de maniére coordonnée (blob)
par des particules mésoscopiques ponctuelles avec interactions de paire. Ces interactions sont
des forces conservatives, ainsi que des termes de dissipation visqueuse entre particules voisines,
compensés par des forces aléatoires. Les modéles DPD sont conceptuellement souples, et n’ont pas
en particulier d’échelles temporelle et spatiale clairement établies a priori (on ne dit pas a quel
point il sont mésoscopiques. . . ).
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Les modéles de type DPD peuvent étre dérivés de modéles tous-atomes microscopiques dans
le cas d’une chaine d’atomes harmonique unidimensionnelle [94] (voir également I’équation limite
obtenue pour le modéle unidimensionnel de [P11], qui est de type DPD généralisé, c’est-a-dire a
mémoire). Dans un contexte plus général, FLEKKOY, COVENEY et DE FABRITIIS [106] ont pro-
posé une motivation fondée sur 'utilisation de cellules de Voronoi. Dans tous les cas, la dynamique
déterministe tous-atomes est remplacée par une dynamique stochastique, dont la partie détermi-
niste provient du comportement moyen du systéme, alors que la partie stochastique modélise les
fluctuations autour du comportement moyen, dues aux degrés de liberté non explicitement traités.

La mesure d’équilibre de la dynamique (voir (2.46) ci-dessous) montre que la partie conservative
de la dynamique rend compte des propriétés thermodynamiques moyennes du systéme, alors que
la dissipation et les fluctuations aléatoires caractérisent la viscosité du systéme [97]. La dynamique
DPD est plus précisément

m;
2y
dp; =Y =V, V(rij) dt — vx*(rij) (vij - eij)es; dt + \/ gX(ﬁj)dWij €ijs
i
avee 4 — g Pi D)
>O, ] — : — 451 ij — : J) :_Z__J7
Yy rij =g — q;l, e ri; Vij mi  m,

ou y désigne une fonction de poids (& support dans une boule de rayon r., r. étant un rayon
de coupure), et ot les processus de Wiener unidimensionnels W;; standards sont tels que W;; =
—W;;. Comme toutes les interactions sont des interactions additives de paire (y compris les termes
de fluctuation/dissipation), la dynamique DPD est telle que I'impulsion totale du systéme et le
moment angulaire total sont conservés.

Notant H(q,p) = £p” Mp + V(q) le Hamiltonien du systéme, et V(q) = > i<icjen Y(rij), on
montre facilement que la mesure
1
du(g,p) = - exp (=BH(q,p)) dgdp (2.46)

(Z étant une constante de normalisation) est une mesure de probabilité invariante de la dy-
namique (5.35), car cette mesure est une solution stationnaire de I’équation de Fokker-Planck
associée a (5.35) (voir [98]). Cependant, il est délicat de montrer I'ergodicité de la dynamique
DPD. Citons toutefois le résultat de SHARDLOW et YAN qui montre 'ergodicité de la dynamique
DPD lorsqu’elle posée dans un tore unidimensionnel (sous certaines conditions sur le potentiel
d’interaction et les fonctions de poids, et & condition que la densité soit suffisamment grande).

Notons enfin que les modeéles de type DPD sont proches a la fois des modéles microscopiques
tous-atomes usuellement utilisés en dynamique moléculaire, et des discrétisations particulaires de
I’équation de Navier-Stokes, telles que la Smoothed Particle Hydrodynamics de LuCcy et MONA-
GHAN [217,246]. Un premier pas vers un formalisme général permettant d’envisager un couplage
de modéles est proposé par ESPANOL et REVENGA dans [96].

Potentiels d’interaction entre particules

Le choix d’un potentiel d’interaction décrivant les interactions entre les mésoparticules est une
question importante en pratique. Par ordre de technicité et de complexité croissante, on peut citer
plusieurs approches :

(i) l'utilisation d’une force moyenne, qui peut étre une moyenne de type thermodynamique
(on obient alors la force moyenne et le potentiel de force moyenne) [97,142], ou un autre
type de moyenne (moyenne sur les temps courts) [109]. La force moyenne exercée par
une particule go sur une particule ¢; est définie par la moyenne sur les configurations des
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particules restantes (de maniére générale, pour la force entre deux molécules, on considére
une moyenne des forces entre les centres de masses, en moyennant sur les configurations
des autres particules) [142] :

~VoVig)e VW dgs ... dgn 1
Vo Va1, q) = = —Bvql Mmg(lgr — g2))],
/eiﬁv(q) dQ3 .. .qu

ot g(r) est la fonction de distribution de paires ;

(ii) la recherche d’un potentiel de paire optimal, selon des critéres a définir, et éventuellement
selon une forme fonctionnelle donnée ;

(iii) des potentiels effectifs plus complexes, par exemple anisotropes (pour prendre en compte
des effets stériques par exemple).

Beaucoup d’approches relévent de la seconde catégorie, et tombent sous le théme général de 1’op-
timisation de potentiel. Les quantités que 'on cherche a reproduire au mieux sont souvent des
quantités d’équilibre (propriétés structurelles et /ou moyennes thermodynamiques), en particulier
la fonction de paire radiale g(r) (voir les méthodes d’inversion Monte-Carlo [219,279] reposant
sur une bijection entre un potentiel de paire et le g(r) associé |155]), les lois d’état (pression en
fonction de la densité, etc ; voir par exemple [245] pour un protocole modéle) ou certains coeffi-
cients thermodynamiques dérivés (compressibilité, etc). Parfois on cherche également a reproduire
des coefficients de transports (auto-diffusion dans les fluides en particulier). Un point important
a noter toutefois est que ces différents potentiels effectifs dépendent en général des conditions
thermodynamiques dans lesquelles ils sont obtenus (ceci est immédiat pour le potentiel de force

moyenne, mais reste vrai pour tous les autres également).
Application aux ondes de choc et de détonation

Il existe de nombreux raffinements et variantes de la dynamique DPD (2.46). En particulier, on
peut considérer des modéles DPD ot les particules mésoscopiques possédent des degrés de liberté
internes. Ainsi, les modeéles de type DPDE (DPD & énergie conservée), proposés indépendamment
par AVALOS et MACKIE [15] et ESPANOL [95] sont des dynamiques stochastique préservant exac-
tement ’énergie totale du systéme. Dans ce cas, chaque particule (g;, p;) a une énergie interne ¢;,
et I'énergie totale du systéme est H(q,p) + Zi\il €;. L’énergie mécanique dissipée est compensée
par des variations des énergies internes.

Dans [P7], j’ai utilisé une dynamique DPDE un peu simplifiée pour proposer un modéle mé-
soscopique pour la simulation des ondes de choc. L’idée fondatrice de ce modéle, déja utilisée par
STRACHAN et HOLIAN [326], est de remplacer les molécules complexes que 'on doit simuler par
une particule mésoscopique, ayant une énergie interne € = NyeakpTint/2, 0t Tint est la température
interne de la particule, et Nyoq le nombre de degrés de liberté non représentés explicitement (pour
une molécule formée de N, atomes en dimension d, on a Nyeq = 2d(Nat — 1)). Les résultats de
simulations montrent qu’on peut en effet obtenir un bon accord avec des modéles tous-atomes
(voir [P7] et la Section 5.2.2 pour plus de précisions).

Le formalisme DPD permet également de proposer une extension au cas d’ondes de détonation,
c’est-a-dire d’ondes de choc qui initient des réactions chimiques & leur passage, ces réactions
soutenant et augmentant l'intensité de ladite onde de choc. La modélisation de la détonation au
niveau mésoscopique demande d’introduire une nouvelle variable par particule, un taux de réaction
fictif X\. La dynamique peut étre décomposée selon trois processus physiques :

(i) une dynamique simple sur (g, p, €), analogue a ce qui se passerait pour un matériau inerte ;

(ii) une réaction chimique déterminant I’évolution de A, et dont il faut préciser ’avancement ;
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(iii) enfin, la modélisation de ’exothermicité de la réaction, i.e. la répartition de I’énergie libérée
par la réaction chimique dans les degrés de liberté du modéle.

Nous avons proposé un tel modéle avec J.-B. MAILLET et L. SOULARD (voir [P2] et Section 5.2.3),
et les premiers résultats numériques qu’il donne sont, encourageants.

Diffusion effective pour la coordonnée de réaction

Cette section présente un domaine de recherche intéressant suite aux études précédentes : la
détermination d’'une dynamique moyenne ou effective de la coordonnée de réaction. En effet, dans
la mesure ou la coordonnée de réaction est censée représenter une variable macroscopique, ou
au moins évoluant lentement par rapport aux autres degrés de liberté du systéme, il est naturel
de chercher une équation effective sur cette variable, ou les degrés de liberté non explicitement
représentés n’apparaitraient que par le biais d’effets moyens, plus éventuellement des perturba-
tions stochastiques. On peut ainsi distinguer deux problémes successifs dans l'obtention d’une
dynamique effective pour la coordonnée de réaction : la forme de cette dynamique, selon que la
dynamique a réduire soit hamiltonienne ou stochastique, puis, une fois la forme générale de cette
dynamique obtenue, I'estimation des parameétres intervenant dans la description. Nous détaillons
successivement ces étapes.

Réduction de la dynamique hamiltonienne

Une maniére générale de réduire un systéme déterministe pour obtenir une dynamique effective
sur un sous-ensemble des degrés de liberté uniquement, est de recourir & ’'opérateur de projection
introduit par MORI et ZWANZIG [250,379]. L’idée de cette technique est d’intégrer exactement
(quoique formellement) les degrés de liberté non désirés, qui apparaissent alors par le biais d’une
mémoire dans la dynamique des degrés de liberté auxquels on s’intéresse, plus éventuellement
un terme de forcage aléatoire, lié typiquement & la connaissance imparfaite au temps initial de
degrés de liberté non représentés. Nous exposons les grandes lignes de cette dérivation (ainsi que
présentée par GIVON, KUPFERMAN et STUART dans [134]), dans le cas ou ¢ = (z,y) avec z € R™,
y € RIN=™  clest-a-dire qu’on ne se soucie pas des problémes de géomeétrie rencontrés avec une
coordonnée de réaction & : RV — R™ générale (pour ce dernier cas, on pourra consulter [136]).
On note également p = (p,, p,) I'impulsion associée a q.

De maniére générale, pour (z,y) € X x ) évoluant selon la dynamique

{X =fX.Y), (2.47)

Y =g(X,Y),

dont dp(X,Y’) est une mesure (positive bornée) invariante, on introduit les opérateurs de projec-
tion I et P tels que

fFX,Y)dp(X,Y)

/y dp(X,Y)

I(X,Y)=X, PfX)= /y

On peut alors récrire la solution de (2.47) sous la forme

X(t)_Pf(X(t))—F/O K(X(t—s),s)ds+n(X(0),Y(0),t).

Le terme de forgage n et le terme de mémoire K sont liés par une relation de fluctuation /dissipation,
et sont définis respectivement par 1’équation
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et la relation
K(X,t) = PCn(X,Y,t),

ou L est 'opérateur de Liouville £ = f(X,Y) - Vx + ¢(X,Y) - Vy.

Dans le cas de la dynamique hamiltonienne, on peut supposer ques les conditions initiales sont
distribuées selon la mesure canonique, ce qui fixe le choix de la mesure utilisée pour la projection P.
" On a alors la dynamique projetée suivante, définie sur R?™ :

d(z) _ M p, + /t K((z,p.)(t — s),8)ds + n(x(0), p(0),4(0), p, (0),t) (2.48)
dt \pz )~ \ =V.V(x) 0 »Pa , s 02(0),4(0), py(0), 1), .
ot M, est la matrice de masse associée a la variable p,, et V(z) est le potentiel de force moyenne :
= 1
V(,’E) = ——1In e—ﬁv($7y) dy (249)
6 RdN—m

Ainsi, la dynamique effective est une dynamique hamiltonienne, avec deux termes supplémentaires,
un terme de mémoire, et un terme da aux conditions initiales. Ce dernier terme est un terme de
forcage aléatoire lorsque les conditions initiales sont aléatoires (et dans la limite N — 400, voir
par exemple [199] pour une preuve rigoureuse dans un cas simple).

Il est important de remarquer toutefois que ’équation limite (2.48) obtenue par cette technique
de projection n’est pas plus simple que I’équation hamiltonienne posée dans R (le terme de
mémoire n’étant pas explicite). En pratique, elle sert toutefois de point de départ pour proposer
des approximations de la dynamique sur la coordonnée de réaction.

Réduction de dynamiques stochastiques

Certains travaux partent d’une dynamique stochastique tous-atomes, et cherchent & en extraire
une dynamique réduite pour certains degrés de liberté. On présente ici un cas classique d’une telle
réduction dans le cas simple ¢ = (z,y) avec x € R™, y € RIN=™ pour la dynamique

dqt = —VV(qt) dt + \V4 2671 th,

Wy étant un mouvement brownien standard de dimension dN. Si on a bien choisi une partition
du systéme en variables lentes x et variables rapides y, les variables y ne sont présentes que par le
biais d’une action moyenne ressentie par les variables z. On peut rendre cette idée rigoureuse en
accélérant artificiellement le temps dans la dynamique en y selon (e > 0)

daf = =V, V(x,y5) dt + /26~ dWT,
231

€

1
dy§ = —ZVyV(xi,yf) dt + awy,

ou W, WY sont des mouvements browniens standard indépendants, de dimension respectives m
et dN — m. Dans la limite ¢ — 0, on obtient une dynamique effective sur = de la forme

dX, = —V,V(X,) dt + /281 dW,, (2.50)

W, étant un mouvement brownien standard de dimension m, et V(z) le potentiel de force
moyenne (2.49) (voir l'article de PAPANICOLAOU [266] et I'ouvrage pédagogique de PAVLIOTIS

1 Rappelons en effet que la dynamique hamiltonienne préserve d’autres mesures, telles que la mesure de
Lebesgue
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et STUART [268, Chapitres 10 et 11| pour plus de précisions sur le sens et la validité de cette
convergence). Cette approche peut étre étendue a des coordonnées de réaction générales (voir [91,
Section 10]). Dans ce cas, on trouve une dynamique limite de la forme générale

dX; = f(Xy) dt + o(Xy) dt, (2.51)
les fonctions f et o dépendant du choix de la coordonnée de réaction.

Une dérivation alternative de la dynamique (2.51) repose sur le travail de GYONGY [144]. En
effet, pour une coordonnée de réaction ¢ : RV — R, on a par le calcul d’Ito, partant de (2.50),

d€(ar) = (—VV (@) - VE(@) + 5~ AL(@)) dt + /2577 wm%
Introduisant la dynamique
B ~ V(q) - dW,
dXt = f(t,Xt) dt+U(t,Xt) dBt7 dBt = 7|V§(qt)|

avec

flt,2) =E(=VV(a) - V&(a) + B~ A(ar) 16(ar) = =), o(t,z) = E(|VE(ar)] |€(ar) = =),

les résultats de [144] montrent que les lois de X; et de £(g:) sont les mémes. On retrouve une
dynamique de la forme (2.51) si on suppose que les lois conditionnelles de ¢; ne dépendent pas du
temps, et sont a ’équilibre pour la mesure canonique, auquel cas les espérances conditionnelles
ci-dessus peuvent étre calculées selon

/ h(@)e V@ |Ve(q)| " dg
_JEH(2)

E(h(q) [€(qe) = 2) =
L e

Estimation des paramétres de la dynamique limite

Selon que I’on parte d’un systéme déterministe ou stochastique, on peut, par une procédure de
projection adéquate, obtenir une dynamique effective de type (2.48) (dynamique de Langevin gé-
néralisée, i.e. & mémoire), ou (2.51) (avec un bruit multiplicatif). Dans les deux cas, une simulation
effective de ces dynamiques demande une étape préliminaire d’estimation des paramétres.

Pour les dynamiques de type (2.48), une approche usuelle est de postuler une forme fonction-
nelle pour le potentiel de force moyenne V, le terme de mémoire et le terme de bruit. L’estimation
des paramétres correspondants peut alors étre faite a partir d’un échantillon de valeurs observées
de la coordonnée de réaction en utilisant des techniques statistiques telles que des estimateurs de
maximum de vraisemblance (voir par exemple larticle de revue de BIBBY et SORENSEN [30] sur
I’estimation de parameétres pour des diffusions elliptiques, ou le travail de POKERN, STUART et
WIBERG [271] dans le cas de processus hypoelliptiques). Ces estimations statistiques permettent
également de valider ou d’invalider la forme fonctionnelle proposée pour les différents termes.

On peut aussi utiliser les techniques statistiques ci-dessus pour les dynamiques de la forme (2.51)
(voir par exemple HUMMER [176]). Pour 'instant, les approches employées reposent toutefois plu-
tot sur les méthodes dites sans-équations (voir, dans le contexte des dynamiques effectives, I'article
de KOPELEVICH, PANAGIOTOPOULOS et KEVREKIDIS [196], ainsi que [373]). Le principe de ces
méthodes est de partir d’un ensemble de configurations microscopiques indépendantes pour une
valeur fixée de la coordonnée de réaction, et de regarder I’évolution en temps courts de la distri-
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bution des valeurs de la coordonnée de réaction pour en déduire des approximations du terme de
dérive f et du bruit multiplicatif o dans (2.51).
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In this chapter, we present and compare, from both a theoretical and a numerical point of
view, sampling methods to compute phase space integrals of the form

W= [ Aaputa), (3)

or time-dependent properties



54 3 Phase-space sampling techniques
B0 = [ B0 @.0) d (32)
*M

where @; is the Hamiltonian flow. In the above expression, M denotes the position space (also
called the configuration space), and T*M its cotangent space. A generic element of the position
space M will be denoted by ¢ = (q1,- -+ ,qn) and a generic element of the momentum space R3Y
by p = (p1,---,pn). The mass matrix is M = Diag(myq,...,my). The measure p is the canonical

probability measure:
dp(q, p) = Z~ " exp(—BH (g, p)) dq dp, (3.3)

where 5 = 1/kgT (T denotes the temperature and kg the Boltzmann constant) and where H
denotes the Hamiltonian of the molecular system:

Hgp) = 50" M'p+ V(o) (34)

Recall that the measure du(q,p) can be written as du(q, p) = dn(q) dk(p) with

dr(p) = P(p)dp = Z, " exp (—ngMlp) dp, (3.5)

and
dr(q) = f(q)dg = Z;'e PV (@ dg. (3.6)

Since it is straightforward to sample from the momentum distribution (3.5) (it is a product of
independent Gaussian densities), the actual issue is to sample efficiently from the (position space)
measure 7 given by (3.6).

In this chapter, new convergence results on the Hybrid Monte-Carlo sampling scheme are stated
(see Section 3.2.2) and various numerical methods to compute integrals such as (3.1) or (3.2), are
reviewed and their efficiencies are compared on a benchmark system (simple alkane molecule).
More precisely, we consider the issue of sampling from the canonical measure (3.3).

All the methods considered in this chapter consist in generating a sequence of points (¢")nen
in the position space. These methods can be classified in four categories:

Type 1. (¢")nen is a sequence of independent realizations of a given random variable of density
flg) = Z—efﬁv(q); this is the case for the standard Rejection and for the Rejection control
methods;

Type 2. (¢")nen is a realization of a continuous state-space Markov chain, for which 7 is an
invariant measure; this is the case for the Metropolized independence sampler and for the
Hybrid Monte Carlo method;

Type 3. (¢")nen is an approximation of (g, Jneny where (g)¢>o (resp. (qi, pt)i>o0) is a sample path
of a stochastic process on M (resp. on T*M), for which 7 (resp. u) is an invariant
measure; this is the case for the biased Random-Walk (resp. for the Langevin dynamics);

Type 4. (¢")nen is an approximation of (q(t,))nen where (q(t),p(t),z(t))i>0 is a trajectory of
a deterministic extended dynamical system (¢ and p are the physical variables, while
2 represents some additional variables; see Section 3.3 for more details); this extended
dynamical system is such that it preserves a measure dp whose projection on the physical
variables ¢,p is the measure du given by (3.3); this is the case for Nosé-Hoover, Nosé-
Poincaré and Recursive Multiple Thermostat methods.

The first two questions we will adress are relevant for all the methods mentioned above:
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N—-1
1
Question 1. An observable A(g) on M being given, does the empirical mean N E A(g"™) converge
n=0

to the space average / A(q) dn(q)?
M

Question 2. If so, can the speed of convergence be estimated?

For methods of Type 1, the answers to Questions 1 and 2 are obviously positive and are direct
consequences of the Law of Large Number (LLN) and of the Central Limit Theorem (CLT) for
independent identically distributed (i.i.d.) random variables. For the methods of Type 2, Ques-
tions 1 and 2 can be positively answered, at least for compact position spaces M and under some
assumptions on the potential energy V. For Question 1, the point is to check (see Theorem 3.1
and Section 3.6 below) that

m is an invariant probability measure of the Markov chain, (3.7)

and that the probability transition kernel P(q,-) of the Markov chain' satisfies the accessibility
condition
Yge M, VYBeBM), u*B)>0 = P(¢,B)>0, (3.8)

where B(M) is the Borel o-algebra of M and pu" is the Lebesgue measure on M. Turning to
Question 2, a convergence rate of N~/2 can be obtained when the transition kernel P has some
regularity properties, and provided some Lyapunov condition holds true (see Theorem 3.2 and
condition (3.11) below).

For the methods of Type 3, analogous results can be stated at the continuous level (for the
underlying Markov processes). In computations, discrete-time approximations are used, and one
recovers the case of a Markov chain, and the same kind of results as for methods of Type 2 hold
true. For methods of Type 4, no general convergence result is known.

In the case when the sequence (¢")nen originates from a Markov chain on M or from a
discretized stochastic process on M or on T* M (methods of Types 2 and 3), additional questions
arise. Indeed, instead of considering ome realization starting from a given initial data, it is also
possible to generate samples with the same computational cost by considering several shorter
realizations starting either all from the same point or from different points (which constitute a
pre-existing initial distribution). In this case, typical convergence results involve weighted total
variation norms for the probability measures that are generated. In the sequel, we will often refer
to this kind of convergence as the "convergence of densities" since, when the n-step probability
transition kernel? P"(q,-) of the Markov chain and the invariant probability measure both admit
densities with respect to the Lebesgue measure, the convergence in total variation norm implies
the L! convergence of the densities. We can thus formulate the following two questions:

Question 3. Does ||P"(q,-) — 7| converge to zero when n goes to infinity for some (weighted)
total variation norm?

Question 4. If so, can the speed of convergence be estimated?

Again, if 7 is an invariant probability measure and if the accessibility condition (3.8) holds true,
the answer to Question 3 is positive (see Theorems 3.3 and 3.4 below). A geometric convergence
rate in p" for some p € (0, 1) in some weighted total variation norm can also be obtained when the

' 1f g € M and B is a Borel set of M, P(q, B) is the probability for the Markov chain to be in B when
starting from q.

2 For ¢ € M and B a Borel set of M, P"(q, B) is the probability for the Markov chain to be in B when
starting from ¢ after exactly n steps. It is inductively defined from P by P°(¢q, B) = 15(q) and the
induction rule

P"(q,B) = /M P(q,d¢d)P"" (¢, B).
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transition kernel P has some weak regularity properties and provided some Lyapunov condition
holds true (namely condition (3.31) below, see Theorem 3.8). Let us point out that the Lyapunov
condition (3.31) providing geometric convergence of the densities is not of the same nature as the
condition (3.11) providing a convergence rate of the average along one sample path.

Let us mention that, in some applications, integrals such as (3.1) are sometimes computed using
Blue Moon sampling techniques [54, 65, 370]. In this case, integrals over submanifolds (generally
hypersurfaces) of M have to be estimated. For such computations, the theoretical analysis is
the same as the one presented here. From the numerical viewpoint, algorithms adapted to the
constraint of sampling a hypersurface (and not the whole space) have to be used, namely projected
algorithms for stochastic dynamics (see e.g. [66] and Section 4.1.3) and SHAKE or RATTLE
algorithms for deterministic evolutions (see [146, Chap. VIL.1.4]).

This chapter is organized as follows. We first describe and compare from a theoretical point
of view the most popular methods to sample from the canonical distribution. In Section 3.1,
we consider purely stochastic methods; stochastically perturbed Molecular Dynamics methods
and deterministic thermostatting methods are presented in Section 3.2 and 3.3 respectively. In
particular, in Section 3.2.2, we present some new convergence results for the Hybrid Monte Carlo
scheme (see Theorems 3.7, 3.9 and 3.10). A summary of the main known results is presented in
Table 3.1. We refer to the corresponding sections for notations and further explanations, and to
Section 3.6 for some theoretical background on Markov chains and processes.

We then turn to a practical application of those methods in the case of linear alkane molecules
in Section 3.4. The fact that some methods may work better than others, and that this depends
on the situation at hand, is commonly accepted. However, these beliefs are usually only based
on some qualitative comparisons, or on comparison with experimental data. In the latter case,
discrepancies between numerical results and experimental results can come both from numerical
and modelling approximations, so it is not easy to draw conclusions specifically on the numerical
methods. Comparing the methods in a quantitative way is one of the main purpose of this study.

Finally, an application of the previous sampling methods to compute time-dependent properties
using stochastic boundary conditions is presented in Section 3.5.

3.1 Purely stochastic methods

Purely stochastic methods consist in generating points in the position space according to the
measure dr(q) = f(g) dq given by (3.6), without refering to any physical dynamics of the system.

We briefly recall here four methods, the Rejection, Rejection control, Importance sampling, and
Metropolized sampling methods. They all make use of a reference positive probability distribution
9(q), such that (i) it is easy to generate samples from g, and (ii) ¢ is a “good” approximation of f,
in a sense that will be made precise below.

3.1.1 Rejection method

The Rejection method [215] requires the knowledge of a probability density g which bounds f
from above up to a multiplicative factor ¢ > 0:

[ <cg, (3.9)

and from which it is easy to generate samples. For instance, when M = T3¥ (molecular system
with periodic boundary conditions) and the potential energy V' is bounded from below, a uniform
density g may be used (but its efficiency is likely to be very poor). The idea of the method is to
draw proposals according to the density ¢ and to accept them with probability f/(cg).
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density proposals
Type iid Markov Markov Markov Markov ODE
variables chain chain process process
MC LLN MC LLN MP LLN MP LLN
Questions 1, 2 LLN (conditions on the (conditions on the (Lyapunov (Lyapunov Open
proposal function) potential energy) condition) condition) question
Any textbook Section 3.1.3 and [237] Section 3.2.2 Section 3.2.3 Section 3.2.4
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discretization - - velocity-Verlet or MALA higher order schemes splitting
Section 3.2.2 Section 3.2.3 Section 3.2.4 Section 3.3
Type - - Markov Markov Markov ODE
chain chain chain discretization
Same techniques Classical No result for usual
Convergence - - and results as for the MC techniques schemes / results for Open
continuous scheme specific schemes question
Section 3.2.2 Section 3.2.3 and [283] Section 3.2.4
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Actually, a bound on the (non-normalized) distribution f(q) = Z,f(q) = e #V(® is sufficient
to run the algorithm. Such a bound reads f < ¢g, and is much easier to establish in practice since
the normalization constant Z, is unknown and very difficult to estimate. The proposals are then
accepted with probability f/(ég).

Finding a function g such that the constant ¢ appearing in (3.9) is as small as possible is very
important. It is indeed well-known [215] that, on average, generating one sample point requires ¢
draws, that is ¢ evaluations of the potential energy V', which is by far the most computationally
expensive part of the calculation. This constant c¢ is therefore of paramount importance. When
the system dimension is small, it is usually possible to find g such that ¢ is not too large, and
therefore the method is very efficient. But when c is very large, the method is totally inefficient.
In molecular simulation, it is usually very difficult to construct efficient sampling functions g for
systems involving more than a few atoms. This can however still be done for some specific systems,
such as crystals at low temperature, using Taylor expansions around the equilibrium position, and
controlling the relevance of the expansion by Rejection control techniques (see Section 3.1.2 below).

Since the points generated by the Rejection algorithm are independent realizations of some
random variable, usual convergence results such as the Law of Large Numbers and the Central
Limit Theorem apply [137]. Let A be some observable over the position space, (¢")o<n<n—1 be
the sample generated by the method, and let us set

Sn(4) =Y A" (3.10)
If 7(JA]) < 400, then the Law of Large Numbers holds true:

1
lim —Sy(A) = / A(Q)f(q)dg = / Adr  as.
M M
If 7(]AJ?) < +o0, then the Central Limit Theorem holds true. There exists y4 > 0 (in fact,y4 =
7(|A]?) — 7(|A])?) such the following convergence in law holds:

(N7a)"28n(4) = N(0,1),
where A = A — / Adm and N(0,1) is the standard Gaussian random variable.
M

3.1.2 Rejection control

It is often tricky to find a function g such that (3.9) is satisfied everywhere in M. However, it
is sometimes possible to find a sampling function g for which (3.9) is satisfied for most proposals
g generated from g¢. In this case, the Rejection method presented in the previous section can be
somewhat modified so that the non-global character of the bound is taken into account.

The Rejection control scheme [64,215] allows one to handle proposals that violate the inequa-
lity (3.9) by an appropriate a posteriori reweighting. Let us just note here that this scheme can
be recast [64] as an Importance sampling scheme, a method we will recall in Section 3.1.4.

3.1.3 Metropolized independence sampler

When c is large, the Rejection method may require many evaluations of the potential energy V.
As ¢ is unknown in practice, it is difficult to estimate a priori the computational efficiency of
the method. Therefore, a stochastic method with a fixed computational cost could provide an
interesting alternative.
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The Metropolized independence sampler (MIS), presented e.g. in [215, Section 5.4.2], is one such
method. Basically, it is a Metropolis-Hastings algorithm [153,238] with i.i.d. proposals. Therefore,
the generated sequence of points forms a Markov chain (see [240] for some definitions and properties
of continuous state-space Markov chains).

Metropolis-Hastings algorithm

We first recall the general idea of the Metropolis algorithm [238], which was later generalized by
Hastings [153] to provide a general purpose sampling method (see also Section 4.3 and Section 6.1.1
for non trivial applications of the Metropolis-Hastings algorithm to the case of path sampling and
Variational Monte Carlo respectively). We present it here on the configurational space M, and
consider that we have a rule to generate proposal configurations ¢’ starting from the current
configuration ¢, and that this proposal function is characterized by the probability density P(q, q")
(It is also called ’generation probability’ or 'transition density’ in the field of molecular simulation).

METROPOLIS-HASTINGS ALGORITHM

Algorithm 3.1. Starting from some initial configuration ¢°, and for n > 1,

n+1

(1) Propose a move from ¢" to q according to the transition density P(q",¢"*1);

(2) Compute the acceptance rate

o™ = min (f(c}”“)P(é”“,q”) 1) .
f@)Plgn, g+t 7 )7

(3) Draw a random variable U™ uniformly distributed in [0, 1] (U™ ~ U]0, 1]);

1 _ ~n+l.
e _q+7

(ii) if U™ > a™, reject the move and set ¢" ™1 = ¢".

(4) go to Step (1).

(i) if U™ < o™, accept the move and set ¢

We denote by P the transition kernel of this Markov chain. It is easily seen that

P(q,d¢') = r(q,4")P(q,q') dq’ + (1 — /r(q,q”’)P(q,q") dq"> Sg,

where the density (g, -) is given by

(q,¢') = min (l, W) |

f(@)P(g,q")

By construction, dr(q) = f(gq) dg is an invariant measure [215].

The key point in all Metropolis-Hastings schemes is to find an efficient proposal function.
In particular, there is always a trade-off between the acceptance and the decorrelation rate of
the Markov chain. Indeed, if the acceptance rate is low, the obtained sample is degenerate, and
not statistically confident. On the other hand, to increase the acceptance rate, more correlated
iterations can be used. In this case the method is more likely to remain trapped in local minima,
and the numerical ergodicity rate may be slow.

Metropolized independence sampler

We assume that the potential energy V is continuous. Considering an everywhere positive

probability density g, let us set P(q,¢’) = g(¢’) and w(q) = @ This version of the Metropolis-

9(q)
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Hastings is called the Metropolized independence sampler (MIS). The algorithm we will use is
therefore as follows:

METROPOLIZED INDEPENDENCE SAMPLING

Algorithm 3.2. Consider an initial point ¢°. For n > 1,
(1) generate a point ¢ in M from the density g;

2) generate a random number U™ ~ U[0, 1];

w(q™)

(2)
(3) if U™ < min {1, w(@) } set ¢"*t1 = §, otherwise, set ¢"+! = g";
(4) replace n by n + 1 and go back to step (1).

Convergence of the average along one sample path

Let us now recall some convergence results for Markov chains, which, applied to the specific
cases of the Metropolized independence sampling, will provide convergence results. Let us denote
by A some observable on the position space and by (¢™),en one realization of the MIS Markov
chain starting from a given ¢°. The question under examination is that of the convergence of the

empirical mean NSN(A) toward A(q) dn(q) where 7 is the canonical measure defined by (3.6)

and Sy (A) is defined by (3.10).

First, 7 is an invariant measure due to general results on Metropolis-Hastings algorithms [215].
Therefore, condition (3.7) is satisfied. Condition (3.8) is also trivially satisfied whenever the support
of f is a subset of the support of g. This is the case here since we have chosen a function g whose
support is the whole position space M.

Since conditions (3.7) and (3.8) are satisfied, a Law of Large Numbers (LLN) holds for almost
all starting points, and Question 1 can therefore be answered positively. Indeed, recall the following
theorem:

Theorem 3.1 ( [240, Theorem 17.1.7]). Suppose conditions (3.7) and (3.8) are satisfied. Then,
for any measurable function A € L(x),

. 1
ngnoo NSN(A):/MAdW a.s.

for almost all starting points ¢° € M, where Sy (A) is defined by (3.10).

To obtain a convergence rate on Sy(A), an additional condition is needed, such as:

There exist two measurable functions L > min{1, A} and W > 0, a real number b
and a petite set C' such that (3.11)
AW (q) < —L(q) + blc(q), m(W?) < 400,

where A is the observable under consideration and AW (q) is defined by
Vo € M, AW(g) = (PW)@) = Wia) = | Pla.dyW) W) (3.12)

The definition of petite sets can be found in [240]. Let us make the following remark, which
will be very useful:
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Remark 3.1. Under some regularity conditions that will always be met here (including the fact
that the chain is weak Feller [240, Chap. 6]), all compact subsets of M are petite sets and the
Markov chain is Doeblin [89]. As a consequence, when the state space M is compact, the condition
(8.11) holds true (choose C = M, W and L arbitrary smooth functions and take b large enough).

Condition (3.11) allows one to obtain a Central Limit Theorem (CLT). For a given measurable
function A such that 7(JA|) < 400, let us formally define the function A by the following Poisson
equation:

—AA=A—7(A), (3.13)

where A is defined as in (3.12). It is not clear in general whether A is well-defined. This turns out
to be the case when condition (3.11) is satisfied, and allows to state a CLT:

Theorem 3.2 ( [240, Theorem 17.5.3]). Assume conditions (5.7), (5.8) and (3.11) hold true,
and let A be a function such that |A| < L. Let Sy(A) be defined by (3.10). There exists a function
A which satisfies (3.13), and the constant v = w(A% — (PA)?) is well-defined, non-negative and
finite. If ¥4 > 0, then, defining A = A — w(A),

(NY2) 7255 (A) — N(0.1),

N —o0
this convergence being in law.

Since conditions (3.7), (3.8) and (3.11) are satisfied for the MIS chain, Question 2 can be

3

answered positively for almost all starting points ¢°.

Convergence of the densities

To handle convergence of densities, it is necessary to introduce the total variation norm for a
signed Borel measure v, defined as

v|| = sup v(h)|= sup v(A)— inf wv(A). 3.14
|| || h measurable, \h|§1| ( )| AeB(M) ( ) AeB(M) ( ) ( )

Notice that convergence in total variation implies weak convergence.

Definition 3.1. A chain on M is ergodic when
Vge M,  lim [[P"(q,-) — [ =0

where 7 is the invariant measure and P™ is the n-step probability transition kernel.

Recall the following theorem:

Theorem 3.3 ( [240, Theorem 13.3.4]). If conditions (3.7) and (3.8) hold true, then
1P (q,) ==l =0 asn— oo

for m-almost all starting points q.

The convergence in total variation norm implies convergence of the expectations only for boun-
ded observables A. It is therefore not sufficient in practice. Fortunately, the ergodicity results can
be strengthened in a straightforward way. For a given measurable non-negative function W > 1,
let us define the W-total variation norm for a signed Borel measure y as

[pllw = sup [(P)]. (3.15)
h measurable, |h|<W

Then Theorem 3.3 can be readily extended to m-integrable functions A.
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Theorem 3.4 ( [240, Theorem 14.0.1]). Suppose that A > 1 is measurable and w(|A|) < 4o0.
If conditions (3.7) and (3.8) hold true, then for mw-almost all ¢ € M,

[[P"(q,") =7l 4y =0 asn— oo

Since conditions (3.7) and (3.8) are satisfied, the MIS Markov chain is ergodic and Theorems 3.3
and 3.4 hold true. This answers Question 3.

Under an assumption which is reminiscent of the Rejection method setting, a simple uniform
convergence rate (independent of the starting point ¢°) can be obtained:

Theorem 3.5 ( [237, Theorem 2.1]). If the probability density g used in the metropolized in-
dependence sampling scheme is such that

de, Vg e M, flq) < cy(q),
then the scheme is geometrically ergodic with a uniform bound. In this case, for all ¢° € M,
1P™(q% ) =7l < (1 —eh)m.

This theorem gives an answer to Question 4. Note that in the particular case when ¢ = 1 (that
is when f = g since both functions are probability densities), the convergence is already achieved
for n = 1. This is actually clear since in this case the MIS scheme samples from the true density!

3.1.4 Importance sampling

Importance sampling is a well-known general stochastic integration method. The underlying
idea is to recast the integral E (A) = / A(q) f(q)dq as
M

B = [ (a0 50) s

and to approximate the latter integral through a random sample (¢")o<n<n—1 drawn according
to the density g (see e.g. [215, Section 2]).

The choice of the trial function g is crucial for the overall efficiency of the method. It should be
a good approximation of f or, better, of f(q)A(q). Since f is typically of exponential or Gaussian
form, and A is most often bounded by a polynomial, f is usually the most important term in the
product f(q)A(q) as far as sampling issues are concerned. Besides, in applications, it is often the
case that several integrals have to be computed, with different functions A. So g is often looked
for as a good approximation of f.

Let us note that, for the computation of static quantities, the importance sampling method
based on a density g outperforms the Rejection method based on the same density g [64].

3.2 Stochastically perturbed Molecular Dynamics methods

We first present in Section 3.2.1 the general framework of deterministic microcanonical (NVE)
MD. In Section 3.2.2, we describe the Hybrid Monte Carlo (HMC) method, from both the theo-
retical and the numerical viewpoints, and give some new convergence results (see Theorems 3.7,
3.9, 3.10). We then present the biased Random-Walk (BRW) in Section 3.2.3, and the Langevin
dynamics in Section 3.2.4.

We assume in the sequel that 7% M is globally diffeomorphic to M x R3*V and actually identify
the two sets for simplicity. We also assume that M is globally diffeomorphic to R*" in Sections 3.2.3
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and 3.2.4, and identify the two sets as well. Straightforward modifications allow to handle the
other cases (such as systems with periodic boundary conditions or isolated systems parametrized
by rigid-body motions and internal coordinates).

3.2.1 General framework for NVE Molecular Dynamics

The equations of motion

W= Gy a) = a0 (3.16)
dfz_g’f) _ —aa—zl(q(t),p(t)) = —VV(q(t)),

associated with the Hamiltonian (3.4) can be numerically integrated e.g. by the celebrated velocity-

Verlet algorithm [360]
At

prE=pt = VIV ("),
g™t = ¢+ At M/, (3.17)
At
pn—i-l _ pn+1/2 _ 7vv(qn+l),

where At is the time step. The velocity-Verlet scheme is an ezplicit integrator: recall that in
Statistical Physics one often considers systems with a large number of particles, making implicit
algorithms untractable. The numerical flow associated with the velocity-Verlet algorithm shares
two qualitative properties with the exact flow of (3.16): it is time reversible and symplectic, which
are very important properties as far as the long time numerical integration of Hamiltonian dyna-
mics is concerned (see [146, Chap. VIII and IX] and [205]). This algorithm also asks for a unique
evaluation of the forces F' = —VV per time step. For all these reasons, it is the most commonly
used algorithm in molecular dynamics.

The dynamics (3.16) cannot be used to generate points according to the canonical measure,
because the energy (3.4) is preserved by the flow. Hence, the trajectory of the system remains on
the submanifold of constant energy

T*M(Eo) = {(q,p) € T*M; H(q,p) = Eo}

where Ey = H(qo,po) is the energy of the initial data. Under some assumptions, the dynamics
(3.16) can be used to compute microcanonical (NVE) ensemble averages, that is, averages over
T*M(Ep). The numerical analysis of this method (in the very simple case of completely integrable
systems) can be read in [48,49,203]. To generate points according to the canonical measure, there
is a need for stochastic perturbations to ensure that different energy levels will be explored, and
eventually all of them. These considerations straightforwardly extend to the numerical case since
symplectic methods such as (3.17) almost preserve the energy over extremely long times [146, Chap.
IX].

3.2.2 Hybrid Monte Carlo
Presentation of the method

The Hybrid Monte Carlo method allows one to generate points in the position space distribu-
ted according to the canonical measure (3.6). It aims at combining the advantages of molecular
dynamics (that approximates the physical dynamics of the system) and of Monte Carlo methods
(that explore the position space more globally). It is in fact a Metropolis-Hastings algorithm, in
which proposals are constructed using the NVE Hamiltonian flow of the system. This method has
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been first introduced by Duane et al. in [88] and partially analyzed from a mathematical viewpoint
by Schiitte in [301]. This method can be seen as a generalization of the Andersen thermostat me-
thod [7]. It has been used in [302,303] to identify the metastable conformations of some biological
systems.

In the standard HMC setting, the sequence of generated positions forms a Markov chain of
order one defined as follows:

HYBRID MONTE CARLO

Algorithm 3.3. Consider an initial configuration ¢ € M and 7 > 0. For n > 0,

(1) generate momenta p™ according to the canonical distribution (3.5) and compute the
energy E™ = H(q",p"™) of the configuration (¢", p");

(2) compute @, (g™, p™) = (p™7,¢™"), that is, integrate the NVE equations of motion (3.16)
on the time interval [0, 7] starting from the initial data (¢”, p");

(3) compute the energy E™™ = H(¢™7,p™7) of the new phase-space configuration. Accept
the proposal ¢™7 with probability

o™ = min (1,e7ﬁ(EnJ*En)) ;

more precisely, generate a random number U™ ~ [0, 1], and set ¢"*! = g7 if U™ < "

and ¢"T! = ¢" otherwise;

(4) replace n by n + 1 and go back to step (1).

Let us emphasize that the proposal ¢™7 would always be accepted at step (3) if the NVE
equations of motion, that are energy conserving, were integrated exactly. In practice, the time-
step At used in the numerical integrator (3.17) can be chosen larger than in standard applications
of MD since the dynamics of the system used to generate proposals is not constrained to accurately
reproduce the physical dynamics of the system. On the other hand, it should not be too large;
otherwise, the rejection rate would be large and the efficiency of the method would be low.

Let us notice that in the standard HMC method, only the end points of the MD trajectories are
part of the sample. It is not completely clear whether taking into account the intermediate points
of the generated MD trajectories in the sample would bias the sampling, e.g. if the final point is
rejected, should these intermediate points be kept? See [256] for some work in this direction.

Let us also mention that there exist several refinements of the standard HMC scheme. In order
to improve the acceptance rate, one could use a criterion based on a shadow Hamiltonian to
accept or reject the new point [150,184]. The idea is that this shadow Hamiltonian is preserved
more accurately than the Hamiltonian (3.4) by the numerical trajectory. The bias introduced by
this modification is corrected by a convenient reweighting, in the spirit of importance sampling.
Another improvement consists in generating, after each NVE trajectory of length 7, some new
momenta which are correlated with the previous ones [173,191]. Of course, both approaches can
be combined [2].

Convergence of the average along one realization

As above, let us denote by A some observable on the position space and by (¢")nen one
realization of the HMC Markov chain starting from a given ¢°. Let IT; be the first coordinate field
of the phase-space: IT1(q,p) = q.

Convergence results for the HMC scheme have been published by Schiitte in [301]. In this proof,
the NVE Hamiltonian flow is assumed to satisfy two conditions:
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(A) a mizing condition, which reads as follows (see [301, Assumption 4.27]): for every pair of
open subsets B, C' C M, there exists ng € N such that

Wi > o, / T"1¢(q)f(g) dg > O,
B

where f is given by (3.6) and the function T'u is defined for any function u : M — R by

Tu(q) = [ u(iho- () P dp (3.13)

where @ is the Hamiltonian flow. This condition amounts to a certain accessibility of the
whole position space when starting from any point;

(B) a so-called momentum invertibility of the flow condition (see [301, Definition 4.1]). The
flow @, is called momentum-invertible if the two following conditions hold true:

(i) for almost every ¢ € M, there is an open set M(q) C R3" such that the function
Yq 1 p— ILiP_-(g,p) is locally invertible in M(q), that is, det V,y, # 0 for p €
M(q)-

(ii) there is an 1 > 0 such that

ess-inf P(p)dp =n.
€M Mg

This condition states that the transition probabilities are bounded from below in some
sense.

The following convergence result is given in [301]:

Theorem 3.6 ( [301, Lemma 4.31 and Theorem A.24]). Under the assumptions (A) and
(B) recalled above, for any measurable function A € L*(x), it follows

N—-1

.1 n
A}gnoo N Z A(¢™) = /M Adr  as. (3.19)

n=0

for almost all starting points ¢° € M, where (¢")nen is the sequence of points generated by the
HMC Algorithm 3.3 where, at step (2), the NVE equations of motion (3.16) are exactly integrated.

Note that ergodicity results have also been proved [301, Corollary 4.33], as well as convergence
results on the numerical flow [301, page 96] (in this latter case, (¢")nen in (3.19) is the sequence of
points generated by the HMC Algorithm 3.3 where the NVE equations of motion (3.16) are now
numerically integrated).

The conditions (A) and (B) recalled above are difficult to check in practice, and furthermore,
it is not clear whether they are necessary. We present here a new convergence result, that does
not require these assumptions.

Let us first consider the case when the NVE equations of motion are integrated exactly. The
transition kernel P of the HMC Markov chain is defined by

V(0. B) e MxBM).  P@.B)= [ ima men Pl (3.20)

where the density P is the canonical distribution on the momentum space given by (3.5).

As the phase-space canonical measure y = 7 ® k is an invariant measure for @, it is clear that
the position-space canonical measure 7 is an invariant measure for the HMC Markov chain (see
e.g. [215, Section 9.3] for details). Therefore, condition (3.7) holds true.
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We now consider the accessibility condition (3.8). This condition is not satisfied in general, for
any potential energy. Consider for example a one-dimensional particle (M = R) of mass m = 1

1
subjected to the potential energy V(q) = §q2. Then the solution ¢(t) starting from ¢° with

momentum p° is given by
q(t) = q° cos(t) + p°sin(t).

As already noticed by Mackenzie in [221], taking 7 = 27 leads to ¢(7) = ¢” whatever the choice
of p°. The condition (3.8) is therefore clearly not satisfied, and the Markov chain is not ergodic.
Of course this spurious effect only arises for special choices of 7. It is also linked to the fact that
the period of the trajectory of the harmonic oscillator does not depend on the initial momentum.

To prove the accessibility condition (3.8), a first way is to make the additional assumption that
the potential energy is bounded from above. We acknowledge that this assumption is often not
satisfied in practice. Nevertheless, for some potential energies that do not satisfy this assumption,
it is still possible to prove an accessibility condition by some explicit constructions, specific to the
system at hand (especially in the case of a singular central potential energy, see below). We will
also consider in Section 3.2.2 another possibility, based on random integration times 7, that can
be used for a larger class of potentials.

We now turn to proving the accessibility condition (3.8) under the assumption that V is
bounded from above. This is the result of the following Lemmas.

Lemma 3.1 (HMC accessibility - exact flow). Let 7 > 0. Assume that V is in C*(M) and
is bounded from above. Then for any q,q' € M and any neighborhood V' of ¢, there holds

P(q,V') > 0.

Proof. The proof is based on the least action principle (LAP). Let us denote by

st) = [ (597 Méto) - viota)

the action associated with the path ¢ € H = {¢ € H'([0,7], M) | $(0) = q, ¢(7) = ¢'}. Since V
is bounded from above, there exists Fy such that V(q) < Ey for all ¢ € M. Thus, S is bounded
from below:

ﬂwzi[vwmwz—&r

Therefore, there exists a minimizing sequence (¢, )nen € H such that S(¢,) — infyep S(P) = s >
—o0. Without restriction, it can be assumed that s < S(¢,,) < s+ 1 for all n € N. Thus,

/T OF () My, (t) dt = 28 () + 2/T V(hn(t)) dt < 25(¢n) + 27Ey < 2(s + 1) + 27 Ep.
0 0

Therefore, (¢n)nen is bounded in L2([0,7], M). The sequence (¢, )nen is then bounded in the
space H'([0, 7], M). Let ¢ € H*([0, 7], M) such that (up to extraction) ¢, — ¢ in H*([0, 7], M)-
weak and ¢,, — ¢ almost everywhere. Since H is convex and closed in H*([0, 7], M), the limit ¢ is
actually in H. Besides, it is easy to check that liminf,, ., S(¢,) > S(¢) (by lower semi-continuity
on the kinetic energy and Fatou lemma on the potential energy), and this gives immediately

inf S(v) = min S(v) = S(¢).

YeH YeH

Thus ¢ minimizes S on H. Therefore, the equation

M¢p=—-VV(p) (3.21)
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holds true on (0,7) in the distributions sense. By standard regularity results, ¢ € C2%([0, 7], M)
and (3.21) holds true in the sense of continuous functions. Hence the function ¢ is simply the
solution of the Hamiltonian dynamics with ¢(0) = ¢, ¢(7) = ¢’ and initial velocity ¢(0).
Consider eventually a neighborhood V' of ¢’. Then P(q,V’) > 0 is a straightforward conse-
quence of the continuity of the solutions of (3.21) with respect to the initial velocity ¢(0). 0

Lemma 3.1 gives accessibility from any point to any open set. It is therefore not enough for
condition (3.8) to hold true since it requires accessibility from one point to any arbitrary Borel set
of positive Lebesgue measure. This asks for some regularity of the transition kernel, and in fact,
some regularity of the dynamics, inferred from stronger assumptions on the potential energy V.
More precisely, we have the following lemma:

Lemma 3.2 (HMC irreducibility - exact flow). Assume that V € C'(M) is bounded from
above and VYV is a globally Lipschitz function. Then the transition kernel of the HMC Markov

chain satisfies
Vg e M, VB € B(M), u*"(B)>0= P(q,B) > 0.

Proof. Consider B € B(M) such that p"¢*(B) > 0, and ¢ € M. We want to show that P(¢q, B) > 0
for P defined by (3.20). For the sake of simplicity, we assume here that all particle masses are
equal to 1.

The proof is based on volume conservation in the phase space: any Borel set of final positions of
strictly positive measure can be reached from ¢ and a set of momenta of strictly positive measure.
Denote I5(q) = {p € R*N | II,®,(q, p) € B}, and consider the function § : I(g) — B such that
0(p) = I, (q, p). This function is surjective according to the proof of the accessibility Lemma 3.1,
so that 6(Ig(¢)) = B. Moreover, P(q,B) = / P(p) dp. Therefore, since P is positive and

I5(q)
continuous, it is enough to show that p"**(Iz(q)) > 0 in order to get P(q, B) > 0.

We proceed by contradiction. Suppose pt°?(I5(q)) = 0. We first note that 6 is Lipschitz (of
constant Lip(#)) since VV is continuous and globally Lipschitz by assumption, and 7 > 0 is fixed.
Indeed, denote C' the Lipschitz constant of VV and note that a solution of the equations of motion
can be written as

q(1) =q+pr - /OT(T —5)VV(q(s))ds.

For two different initial momenta p; and ps, we have

t
06) = 0] < o1~ polt +.C [ (= 5)laa(s) ~ (sl

0

By Gronwall lemma, there exists ¢, < 400 such that

lq1(7) — q2(7)| < ¢r|p1 — p2l,

hence 6 is Lipschitz.

Since the Lebesgue measure and the Hausdorff measure H3Y agree on R3Y (see [101, Sec-
tion 2.2, Theorem 2]), and since the behavior of the Hausdorff measure under Lipschitz mappings
is known [101, Section 2.4, Theorem 1], we obtain

Pt (B) = P (0(15(a))) = KN (0(I5(a))) < Lip(0)*VH*N (Ip(q)) = Lip(0)*" u"" (15 (q)) = 0.
This gives u*?(B) = 0, in contradiction with the assumption p*®(B) > 0. 0

Since conditions (3.7) and (3.8) are satisfied, a Law of Large Numbers (LLN) holds true for
almost all starting points (see Theorem 3.1). We can therefore answer positively to Question 1:
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Theorem 3.7. Assume that V. € C*(M) is bounded from above and VV is a globally Lipschitz
function. Let (¢")nen be the sequence of points generated by the HMC Algorithm 3.3 where, at
step (2), the NVE equations of motion (3.16) are exactly integrated. Then

| Nl §
N ;A(q )—»/M A(q)dr a.s.

for almost all starting points ¢° € M.

Convergence of the HMC scheme has been established above for smooth potentials, possibly
under certain boundedness assumptions on the potential V or its derivatives. However, in many ap-
plications, non-globally smooth potentials are used. Central potentials, such as the Lennard-Jones
or the Coulomb potential, are some famous examples of singular potentials commonly considered
in biology or physics. We present here some results concerning the convergence of the HMC scheme
for a single particle in a central potential decaying sufficiently fast at infinity (such as |¢|™® for «
large enough). Only the accessibility properties of the chain are stated explicitely, the rest of the
proof following the same lines as for the usual HMC scheme.

In view of the reversibility of the NVE equations of motion, to show that any point ¢, can be
reached in two steps from a point ¢y, is equivalent to showing that the end points of the trajectories
starting from ¢; and ¢o coincide. This is the following

Proposition 3.1 (HMC accessibility for one particle in a decreasing central potential).
Consider a central potential V(q) = V(|q|) € C1(R?\ {0}) such that q¢-V'(q) <0, VV is lipschitz
on R3\ B,(0) for all a > 0 with a constant C, such that lim,_.., C, = 0, and |VV| is bounded on
R3\ B,(0) for all a > 0. Consider qi,qz2 € R3\ {0} such that q1, the singularity 0 and g2 are not
aligned in this order (there is no A > 0 such that ¢¥ = —\qS). Then there exist p1,p2 such that the
solutions of the equations of motion

Z=-VV(z)
starting respectively from qi1,qs with momenta p1, p2 coincide at the time T.

The proof is based on an explicit two-step construction. If ¢;, 0 and g2 are aligned in this order,
then an additional configuration g3 not aligned with the previous ones should be considered. Hence,
one can go from ¢; to g2 by four trajectories of time length 7. These results can be extended to
more general potentials such as the Lennard-Jones potential in a simple way.

Proof. We consider two points ¢, ¢9 and the corresponding initial momenta p?,p3. The two par-
ticles are assumed to be of identical masses 1, the general result following after straightforward
modifications. Then,

qi(t) = qf +pt — /0 (t—s)VV(qi(s)) ds,

0 0
and, setting p = p — L= + p (using a “small” parameter p),

0_ 0 t
q2.p(t) = 3 + <p(1) - g) t+pt — / (t —5)VV(ga,p(s))ds. (3.22)
0

We look for p such that g2 ,(7) = ¢1(7). This condition can be rewritten as

p=1 [ 6=V aapls) - TV (@) ds = Flo)
0

Under this form, we recognize a fixed-point equation, trivially verified by p = 0 in the case VV = 0.
The idea is then solve this equation for VV small. This can be done if the trajectories move away
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from the singularity in 0. To this end, the momentum p{ has to be taken large enough, and p has
to be small compared to p{.

We now formalize these heuristic considerations. Notice first that the initial momentum p{ can
be chosen so that the particle moves out from 0. Indeed, using polar coordinates (r,0) for the
particle position ¢ € R?,

Ot (r?) = Ou(z - z) =2(|4> — q- VV(q)) > —2rV'(r).

By integration,

Oe(r?)(t) — 9 (r?)(0) > — /Ot 2r(t)V'(r(t))dt > 0. (3.23)

So, if the initial conditions are such that d;(r?)(0) > 0, the distance r of a particle to the origin is
increasing. Let us set
M= sup [VV(q)|, K=Mr. (3.24)

lg|>min(|q?|,93])

Since

=o
[=)

de(q1 - 11)(0) = 2q; -
0 0 qg - q?
9i(a2,p - 42,p)(0) = 243 - (pl +p- T) ,
and considering p and p{ such that
@ —a

Pl <K, dy-pl>a =—+Klgl, ¢l -p) >0, (3.25)

it follows 9;(g1 - ¢1)(0) > 0 and (g2, - g2,)(0) > 0. Let us note that, because ¢?, the singularity
0 and ¢J are not aligned, such p{ exist. Therefore,

Vt>0, Vp| <K, lap®)|=lel la®) =6l (3.26)
Next, we show that there exists ¢, small enough such that p — g¢2 ,(¢) is Lipschitz with uniform

bound on [0, t,]. Indeed, from the expression (3.22), and since VV is lipschitz of constant C' = C|qg‘
on R3 \ B)g9/(0), we obtain

t
|G2.p(t) = q2.p ()| < |p = '[t + C/ (t = 5)|g2,p(t) — qa,pr (1)| ds.
0

This Gronwall inequality implies

g2 (8) — @2 (8)] < [p — 1] / sexp(C(t - 5))ds.

Taking t. < 7 small enough, we get for all 0 <t <,

1
|Q2,p(t) —q2p (t)| < Elp —p'|~ (3.27)

This time ¢, is now fixed in the remainder of this proof.

Thus, p{ being fixed, the distance between two trajectories can be controlled for small times.
For larger times, we use the fact that we can go arbitrary far from the origin by an appropriate
choice of the initial momentum. Indeed,
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|42.5(8)] =

0 0 qg —Q? 2
qs + (p1 +p— f) t‘ —7° sup |VV(q)|. (3.28)

la|>a3]

Let € > 0. Since VV is lipschitz on R3 \ B,(0) with a constant C, such that lim, .., C, = 0,
there exists R(e) such that Cr() < €. If view of (3.28), there exists an momentum p{ large enough
satisfying (3.25) such that

Vp,Ipl S K, VE>t., |a2p(t)] = R(e). (3.29)

Considering two momenta |p|, |p’'| < K, a Gronwall inequality can again be obtained. There exists
a constant C (that does not depend on € < 1) such that

Vt, te St <7, gep(t) — g (B)] < Crlp —p'). (3.30)

The proof can now be concluded. Recall that we look for a fixed-point of the function

mm=14%>aww%Am—VWm@w&

-
The mapping F maps Bx = {|p| < K} into itself when p{ satisfies (3.25). Indeed, the bound (3.26)

is verified in this case, so that (3.24) implies

|F(p)| < l/ (r—s)2Mds = Mt = K.
0

T

Picard theorem can then be applied provided F' is contractive. Choosing momenta such that (3.25)

holds true and such that e < min{1, ;7—1,

W@—FwnscAWwﬂﬁ—%mww+lﬁvw%Am—vvwﬁ@nw

Using (3.27) for the first term and, (3.29), the fact that VV is lipschitz on R? \ Bp()(0) with a
constant Cr(e) < €, and (3.30) for the second term, there holds

1
Vipl, [p'| < K, |F(p)—F(p)| < 5l -7

The function F is then contractive on the ball {|p| < K}. There is therefore a fixed point p = F(p)
with |p| < K. O

Convergence of the densities

Since condition (3.7) is satisfied, and condition (3.8) holds true under the assumptions of
Lemma 3.2 on the potential energy (V is C!, bounded from above and VV is globally Lipschitz)
the HMC Markov chain is ergodic (see Theorem 3.3). In particular,

3

1P7(¢% ) = [ =0

for almost all starting points ¢° € M, where || - || denotes the total variation norm (3.14). We also
get convergence in the |A|-total variation norm (3.15) provided m(|A|) < +oco0 and |A] > 1 (see
Theorem 3.4). This answers Question 3.
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Convergence rates

We have not been able to state more sophisticated convergence results (Central Limit Theorem,
geometric ergodicity) in the general HMC framework since they require stronger results on the
Markov chain such as a drift condition (3.11) or a Lyapunov condition such as

There exist a measurable function W > 1, real numbers ¢ > 0 and b,
and a petite set C' such that (3.31)
Vg e M, AW (q) < —cW(q) + blc,

where AW (q) is defined by (3.12). Let us however make the following remark:

Remark 3.2. Under some regularity conditions that will always be met here (including the fact
that the chain is weak Feller [240, Chap. 6]), and when M is compact, condition (3.31) is straight-
forwardly satisfied with the choice C = M (in view of Remark 3.1, M is a petite set and the Markov
chain is Doeblin [89]) for any arbitrary smooth function W (taking b large enough).

When the state space is compact, conditions (3.11) and (3.31) hold true (in view of Remarks 3.1
and 3.2). We thus obtain a positive answer to Question 2 (see Theorem 3.2). We also obtain a
positive answer to Question 4, in view of the following theorem:

Theorem 3.8 ( [240, Theorem 15.0.1]). Assume conditions (5.7), (5.8) and (3.31) hold true.
Then there exist p < 1 and R < +00 such that, for all q satisfying W(q) < 400,

[P"(q,-) = wllw < RW(q) p",

where P™ is the n-step probability transition kernel and || - ||w is the norm defined by (3.15).

Numerical implementation: Method and convergence results

It is standard to use the velocity-Verlet scheme (3.17) to integrate numerically the trajectories
over times 7 = kAt for some integer k. Let us point out that the acceptance/rejection step (3)
in Algorithm 3.3 ensures that the HMC Markov chain correctly samples the canonical measure T,
so that no bias is introduced by the numerical discretization. The situation will be different for
the Biased Random-Walk and the Langevin equation (see Sections 3.2.3 and 3.2.4). We denote
by Pa; the transition kernel of the Markov chain using the velocity-Verlet integrator (3.17) with
time-step At.

The theoretical proof of convergence for the numerical version of HMC follows the same lines
as the proof of convergence for the exact version using the Hamiltonian flow. The only difference
lies in the additional acceptance/rejection step which does not modify the structure of the chain
(for it does not change the accessibility properties of the chain). We only precise here the changes
that have to be considered for the accessibility Lemma.

Lemma 3.3 (HMC accessibility - numerical flow). Let 7 > 0. Assume that V is in C1(M)
and is bounded from above on M, and consider the numerical discretization scheme (3.17). Then
for any q,q' € M and any neighborhood V' of ¢', there holds

PAt(q,V/) > 0.

Proof. The proof of Lemma 3.1 is based on the minimization of the action S over some space H.
Here, we extend this proof to the discretized case using a convenient approximation of this varia-
tional problem. There are several ways to discretize the variational problem, leading to different
numerical schemes. In particular, the velocity-Verlet algorithm can be derived by minimizing the
discretized action [226]
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k—1 i i\ 2 i i
Sae(@) — ALY B <q+1At—q> V(g + V() (332)
1=0

2 3

where 7 = kAt (we again assumed here that all particle masses are equal to 1).

The minimization is performed on the sequences & = {¢°,¢',...,¢*} with the constraints
¢° = ¢ and ¢* = ¢’. The quantity S, is still bounded from below for a potential energy bounded
from above. Hence, there exists a minimizing sequence (@, )nen = ({¢*7, ¢"", ..., ¢*"})nen. Each
difference ¢**1'" — ¢»" is easily seen to be bounded, thus each component ¢“™ is in fact bounded.
We can consider ¢ = (@, ... ,cjk) such that, upon extraction, we have ¢*” — @ when n — oo for

each i. Moreover, S(®) = ming S(®). The optimality conditions then read
qi-‘rl _ 2q7, _ qi—l _ At2vv(qz)

for 1 < i < k—1. We recognize the Verlet scheme. As in addition ¢° = g and ¢° = ¢/, this shows that
given two points q, ¢/, there is a path connecting them using a numerical velocity-Verlet trajectory

~1 _ =0 At
with initial velocity p° = ¢ Atq + TVV(q_O). By continuity, for initial velocities close to p°, the
endpoint of the resulting trajectory remains in a neighborhood of ¢'. 0

We can now state a Law of Large Number theorem (see Theorem 3.1):

Theorem 3.9. Assume that V € C1(M) is bounded from above and V'V is globally Lipschitz. Let
(¢")nen be the sequence of points generated by the HMC Algorithm 3.3 where, at step (2), the
NVE equations of motion (3.16) are numerically integrated by (3.17). Then

1 Nl
N > Algh) - /M A(q)dr as.
n=0
for almost all starting points ¢° € M.

Random Time Hybrid Monte Carlo

In order to prove convergence of the classical HMC scheme, we have assumed in the previous
section that the potential energy is bounded from above. As explained in the discussion just above
Lemma 3.1, another possibility is to modify the HMC scheme as in [221]. The modification consists
in transforming the fixed parameter 7 into a random variable, distributed with a density 7 (7).
This ensures that resonance effects are avoided. We call this scheme "Random Time Hybrid Monte
Carlo" (RTHMC).

The only property required on 7 is that 7 is continuous and positive on R;.. The corresponding
Markov transition kernel reads, for ¢ € M and B € B(M)

3

P@B) = [ meiamemPO)T() dpdr (3.39
RaNXR+

Notice that 7 is still an invariant probability measure for this Markov chain, so condition (3.7)
holds true. Therefore, to get convergence results, we only need to show condition (3.8). This is
done in two steps, as for the classical HMC scheme.

The first lemma states that there is a positive probability to go from one state ¢ to any
neighborhood of any state ¢’ in one RTHMC iteration.

Lemma 3.4 (RTHMC accessibility). Assume that V € C*(M) and D>V € L*(R?). Then for
any qo,q1 € M, and there exists 7% > 0 such that, for all 0 < 7 < 7*, there ezists p € R3N with

9 (q0,p) = q1-
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Proof. A similar idea is used in [301] in a slightly different context. If V' is identically equal
to zero, then going from ¢o to ¢; is possible through the choice of (say) the initial momenta
p* = M(q1 — qo)/7 for some evolution time 7 > 0. We then consider the rescaled equation

Mg (t) = —eVV(qe(t)) (3.34)
and the associated flow ¢.. Setting

F(G,p) = ¢6(T7 (Joap) —dq1,

the function F is C1(R x R3M) (we use here the assumption D2V € L*>(R3)), F(0,p*) = 0 and
9, F(0,p*) = TM~1 is invertible. In view of the implicit function theorem, there exists €* > 0 such
that for all 0 < e < €*, there exists p, such that F(e,pe) = 0.

This shows (by the change of variables ¢ — et in (3.34) for 0 < e < €*) that II1P.; (qo,pc/€) =
qi- 0

Condition (3.8) can then be obtained in the same way as for the classical HMC scheme, the
proof following the same lines as for Lemma 3.2.

Lemma 3.5 (RTHMC irreducibility). Provided that V€ CY(M) and D*V € L*(M), the
transition kernel (8.33) of the RTHMC Markov chain satisfies condition (3.8).

Proof. Consider B € B(M) such that p**(B) > 0, and ¢ € M. We want to show that P(g, B) > 0
for P defined by (3.33). For the sake of simplicity, we assume here that all particle masses are
equal to 1.

The proof relies on the fact that, for a given ¢ and for 7 > 0 small enough, the mapping
p — IL®,(q,p) is invertible. Denote Jp(q,7) = {p € R3*N | II1®,(¢q,p) € B}, and consider

¥+ Jp(g,7) — B such that ¢ (p) = 112, (q,p).
We first show that v, is an injective function for 7 > 0 small enough. From the equations of
motion,

br(p) =+ pr / "7 — )YV (e (p)) ds.

Hence

Vptr(p) = 71d — /OT(T = 8)D?V (¥5(p)) - Vs () ds. (3.35)

Set ar(s) = sup ||Vps(p) — sld||s. Since VV is a globally Lipschitz function, we have
Ip|<R

an(r) <€ ( [[ = ants ds + %) (3.36)

with C = [[D?*V|| L (p1)- We now consider 77 = sup{r’; ar(r) < 7/2 for all 7 € [0,7']}. From
(3.36), we obtain that 7% > /2/C. Hence, we have

VT € [0, \/2/—6'} , ar(r) < %

Inserting this inequality in (3.36), we also obtain that
3
VT e [O, \/2/0} , ag(r) < C’TZ.
It follows that X
.
a(s) = sup ||Vpths(p) — sld||ee < C’Z. (3.37)

pERSN
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Now,

1
(o (p1) — r (p2)) - (1 — p2) = /0 (1 = p2) - Vs (s + 5(p1 — p2)) - (p1 — p2) ds

1
= /O (1 = p2) - (Vpr(p2 + s(p1 — p2)) — 71d) - (p1 — p2) ds
+ 7lp1 —p2|?

Let us suppose that 1, (p1) = - (p2). Then
-
7lpy = pof* < al7) |p1 = p2f* < 5 [Py = p2l?

and we obtain p; = po. Hence, the mapping Jg(q,7) 3 p — ¢, (p) € B is an injective function for
T <4/2/C.
We now show that this mapping is onto. We consider, for ¢’ € B, the C' function

G(1,p,q") =¥ (p) — ¢

Let us fix ¢* € B such that, for all € > 0, u**(B N B.(¢*)) > 0. Lemma 3.4 shows that there
exists 7% > 0 such that

V7, 0 <7 <min(r*,/2/C), I e R*N st. G(r,p,q*) = 0.

Since 0,G = 0,1 is invertible (using (3.35) and the bound (3.37)), we obtain from the implicit
function theorem that there exists a neighborhood V;(p) of p and a neighborhood V;(¢*) of ¢*
such that, for any ¢’ € V,(¢*), there exists p’ € V.(p) with G(r,p’,q") = 0. This gives the desired
result.

Thus, for 0 < 7 < min(7*,/2/C), the mapping v, is one-to-one from V,(p) onto V.(¢*).
Using (3.37), we also have Det(V 1, (p)) = 73V (1 + o(1)) uniformly in p. Hence, the mapping v,
is invertible and Det(V,1-1(q)) = 773N (1 + o(1)).

We are now in position to show that P(q, B) > 0. By contradiction, assume P(q, B) = 0. Then

/gN 11,6, (2.p)eB}P(p) dp = 0 for almost all 7. Therefore, for almost all 0 < 7 < min(7*, \/2/C)
R‘

we have 1411,®, (z,p)eBAV, (¢*)} P(P) dp = 0. Thus, a change of variable shows that
R3N

[ P @) et @)l da =0
BNV (q*)

for almost all 0 < 7 < min(7*, 1/2/C). This is however not possible since P is continuous and
positive, u=°*(B NV, (¢*)) > 0, and |Jac(v71(q))| ~ 773N when 7 — 0 so that |Jac()71(q))] > 0
for 7 small enough.

We then get convergence of the average along a sample path (see Theorem 3.1):

Theorem 3.10. Assume that V € C*(M) and D*V € L>®(M). Let (¢")nen be the sequence of
points generated by the RTHMC algorithm where the NVE equations of motion (3.16) are exactly
integrated. Then

| Nl §
N 7;3 A(¢") — /M A(g)dm a.s.

for almost all starting points ¢° € M.
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We also obtain ergodicity and convergence of the densities as for the classical HMC scheme
under the assumptions of Lemma 3.5 (see Theorem 3.3).

For the numerical discretization, we have to consider times 7,, = nAt, and a probability 7 on
N such that 7 (n) > 0 for all n (a Poisson law for instance). The time-step At has to be chosen
small enough such that no resonance effect can appear.

3.2.3 Biased Random-Walk

The so-called biased Random-Walk, also known as the Brownian dynamics, or the overdamped
Langevin dynamics, is defined by the fictitious dynamics

dqt = —VV(qt) dt + O’th, (338)

where (W;);>0 is a 3N-dimensional standard Wiener process and o = (2/3)'/2. The term “biased”
refers to the fact that the brownian trajectories are affected by the drift term —VV which tends
to draw them toward the local minima of V. The infinitesimal generator A associated with the
biased Random-Walk (3.38) is defined by

2
Ag=—-VV . -Vg+ %Ag, (3.39)

for g € C?*(R*Y). We denote by P! the Markov semigroup associated with (3.38). Trajectorial
existence and uniqueness for (3.38) is classical for globally Lipschitz force-fields [152,224], namely
for potential energies V satisfying for some positive constant L

V(z,y) e RN xRN |VV(2) = VV(y)| < L]z -yl (3.40)

When this condition is not satisfied, it is possible to conclude to trajectorial existence and uni-
queness for locally Lipschitz force-fields under the following hypothesis [152,224]: there exist a
function W (q) € C?(R3*Y) that goes to infinity at infinity and a positive constant ¢ such that

AW < cW. (3.41)

Besides, under assumption (3.40) or (3.41), one can prove that the Markov process (3.38) is
Feller [241].
From the Fokker-Planck equation associated with (3.38), it is easy to check that

7 is an invariant probability measure of (3.38), (3.42)

where 7 is the canonical position space distribution (3.6).

Convergence of the time average along one sample path
Let us consider the time average

1

T
Sr(A) = 7 / Alg?) dt. (3.43)

where ¢F is a sample path of (3.38) with the deterministic initial condition gy = x. Convergence
results analogous to the results obtained for Markov chains can be extended to Markov processes,
with an average (3.43) still taken only over one realization of the process (see [335] for a seminal
contribution (that also considers discretization issues), [336,337] for improvements and refinements,
and [265] for a recent review).
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To obtain an almost sure convergence of Sy(A) to the position space average (and thus a
positive answer to Question 1), the following theorem can be used:

Theorem 3.11 ( [241, Theorem 8.1]). Assume that the process q; defined by (3.38) is Feller,
that condition (3.42) holds true as well as the following condition:

for all t, for all ¢ € R*N and all open sets O c R3N, P'(q,0) > 0. (3.44)

Then, for w-almost every q € R*N and for any A € L'(n),

lim Sp(A) = A(q)dm  a.s.

T—o0 R3N

If VV is globally Lipschitz, then (3.44) holds true by standard results [287]. In other cases, a simple
way to check condition (3.44) is to use a controllability argument inspired from [231, Lemma 3.4].
Central Limit Theorems (which would provide a convergence rate of Sp(A) towards its limit and
thus provide an answer to Question 2) can also be stated. We refer for example to [172].

Convergence of the densities

Ergodicity holds true whenever conditions (3.42) and (3.44) are satisfied (see [241, Theo-
rem 6.1]). Question 3 can therefore be answered positively. To get an exponential convergence
rate (in the W-total variation norm (3.15)), that is, to answer Question 4, one needs to show the
stronger condition

AW (q) < —cW(q) + blc(q), (3.45)

where W > 1 is a measurable function going to infinity at infinity, ¢ > 0, b € R and C is a
compact set (compare this condition with condition (3.31) for Markov chains). We do not address
this question in the present here (see [231,336,337] for examples of such studies).

Numerical implementation

The Euler-Maruyama numerical scheme associated to (3.38) reads, when taking integration
steps h = At?/2:

n+1 n At2 n —-1/2 n
T =q" - TVV(q )+ 3P ALR", (3.46)

where (R™),en is a sequence of i.i.d. 3N-dimensional standard Gaussian random vectors.

For globally Lipschitz force-fields, the Euler-Maruyama scheme (3.46) converges: if the process
qr defined by (3.38) is ergodic, then the numerical Markov chain is ergodic and its invariant measure
is close to the invariant measure of the original process (for At¢ small enough) [231, Theorem 7.3].

However, for non-globally Lipschitz force-fields, it is not sufficient to consider the discretiza-
tion (3.46) of the diffusion process alone. Indeed, examples of non-globally Lipschitz force-fields
are known for which the Euler-Maruyama scheme fails [231,283]. There are two ways out of
this situation. First, convenient discretizations of (3.46) using some implicit integration can be
used. Under some assumptions on the potential energy V', the corresponding numerical scheme
converges: (i) there exists an invariant probability measure for the Markov chain formalizing the
algorithm; (ii) empirical averages of observables (with at most polynomial growth) converge to po-
sition space averages up to O(At) terms (see |337]). However, implicit methods become untractable
for large systems. Another approach may then be considered, the so-called “Metropolis-adjusted
Langevin® algorithm” (MALA), proposed by Roberts and Tweedie in [283], which corrects the

3 The term “Langevin” does not refer here to the Langevin dynamics as known in the Physics literature
(see Section 3.2.4). In the Probability and Statistics fields, it is, for some authors, the name for the
biased Random-Walk.
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Euler-Maruyama discretization (3.46) by an additional acceptance/rejection step in a Metropolis-
Hastings fashion. Therefore, there is no bias in the measure sampled. The algorithm consists in
generating proposal steps using (3.46), and accepting or rejecting them according to a Metropolis-
Hastings rule with the proposal density

B B
P(a:q) =\ 57 4 P <_ AL

In the case of the MALA algorithm, using a potential energy V € C'(R3N) is enough to
satisfy condition (3.8). Since = is by construction an invariant probability measure (and therefore
condition (3.7) holds true), the Markov chain formalizing the algorithm is ergodic for almost all
starting points, and the convergence results stated in Theorems 3.1 and 3.3 apply. On the other
hand, conditions ensuring the Central Limit Theorem and geometric ergodicity (conditions (3.11)
and (3.31), see Theorems 3.2 and 3.8) are not easy to check. We refer to [283,285] for such studies.

The only adjustable parameter of the algorithm is the time-step At. The rejection rate is a
good indicator of efficiency. It is indeed well-known that a good sampling is a trade-off between
decorrelation (to this end, larger time-steps are required) and acceptance rate (the larger the
time-step, the larger the rejection rate). We refer for example to [284] where it is shown that,
for tensorized distributions, the asymptotical optimal acceptance rate, when the dimension of
the position space M goes to infinity, is 0.574. This theoretical result does not extend to more
complicated situations. However, numerical experiments show that an acceptance/rejection rate
about 50% leads to a rather efficient method.

In Section 3.4, we present numerical results obtained both with the Euler-Maruyama scheme
and with the MALA scheme.

Comparison of MALA and the one-step HMC' scheme

Note that choosing the time step h of the MALA algorithm such that h = At?/2 makes the
comparison between the MALA algorithm and the one-step Hybrid Monte Carlo methods easier
since both schemes use (3.46) to generate a proposal. Indeed, when 7 = At and M = I3y, the HMC

velocity is randomized every time-step and thus formally reads p™ = \/%MR", where R™ is a 3N-

dimensional standard Gaussian random variable. Notice however that the acceptance/rejection
steps differ since the HMC acceptance/rejection step involves the comparison of total energies
and the Biased Random-Walk acceptance/rejection step involves the comparison of the potential
energies alone. As far as the acceptance/rejection step is concerned, the MALA scheme uses the
acceptance rate

a7 ) = min { Lexp (< | 3AG - ) (T ) - TVi) + 0| )}

and "t — ¢" = \/%R” + O(At?). On the other hand, considering Algorithm 3.3, the accep-

tance/rejection rate of the hybrid Monte Carlo algorithm reads

exp (—6ﬁ”+1)
exp (=BH") [’

ravc(¢”,¢") = min< 1,

where H" is the initial energy and H™1 i the energy at the end of the trajectory. If a Velocity-
Verlet scheme is used to compute the trajectory,

At

ravelas ) = min {1 (5 [ G011 @V () - Vi) + ocai| ).
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So the acceptance/rejection steps of the MALA algorithm on the one hand and of the HMC
algorithm on the other are the same up to second order terms.

3.2.4 Langevin dynamics

The paradigm of Langevin dynamics is to introduce in the Newton equations of motion (3.16)
some fictitious brownian forces modelling fluctuations, balanced by viscous damping forces model-
ling dissipation. More precisely, the equations of motion read here

_ -1

dpt —VV(qt) dt—gMilpt dt"—O’th,

where (W;):>0 is a 3N-dimensional Wiener process. The parameters £ and o represent the ma-
gnitude of the fluctuations and of the dissipation respectively, and are linked by the fluctuation-
dissipation relation:

o= (26/B)"?, (3.48)

where 3 = 1/kpT. Therefore, there remains one adjustable parameter in the model. Let us remark

that the biased Random-Walk (3.38) is obtained from the Langevin dynamics (3.47) by letting

the mass matrix M go to zero and by setting £ = 1, which amounts here to rescaling the time.
The infinitesimal generator A associated to the SDE (3.47) reads:

Aglq,p) = M~'p-Vag(q,p) — (€M 'p+VV(q)) - Vpg(q,p) + U—Qﬂpg(q,p), (3.49)

2
for g € C?(R? x R3N). The proof of trajectorial existence and uniqueness follows the same lines
as for the biased Random-Walk case, with the same kind of assumptions (globally Lipschitz force
fields VV or a Lyapunov condition analogous to (3.41)). It is straightforward to show that the

canonical probability measure (3.3) is a steady state of the Fokker-Planck equation associated
with (3.47).

Convergence results

The same results hold true for the Langevin process as the ones stated in Sections 3.2.3 and 3.2.3
for the biased Random-Walk, the proofs following the same lines. We refer to [231] for further
details concerning condition (3.44) (where R3Y is to be replaced by R3" x R3" and P? is now the
Markov semigroup associated with the Langevin dynamics). We also refer to [159] for a remarkable
work allowing, under some assumptions of local regularity and growth at infinity on the potential
energy V, to obtain geometrical convergence of the density P!(q,-) toward the invariant measure,
in some weighted Sobolev norms. In particular, estimates of the convergence rate involving M, &,
B and V', can be explicitely derived.

Questions 1 and 3 can therefore be answered positively. Question 4 can also be answered
positively when a convenient drift condition can be stated (condition (3.45) where A is now the
infinitesimal generator associated to (3.47)).

Numerical implementation

There are several ways to compute numerically an invariant distribution using a Langevin
dynamics:
(i) with a Metropolized scheme as for the biased Random-Walk case (see [298] and Sec-
tion 6.1.2 for an application to Variational Monte-Carlo);

(ii) with convenient discretizations and a step-size At sufficiently small ensuring the sampling
from an invariant measure close to the canonical measure (3.3);
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(iii) by extending usual NVE schemes used in deterministic MD simulations to the case of the
Langevin dynamics (the quasi-symplectic schemes of [242]);
(iv) by using splitting ideas borrowed from integration methods for deterministic flows (see
e.g. [146]).
It is not completely understood which integration scheme is the most efficient [244, 311, 369],
especially because the comparison benchmarks vary from one field to another. The last two ways
are the most convenient in many applications, and allows usually to take larger time steps than
for pure NVE simulations since the scheme is intrinsically more stable in view of its dissipative
properties. Unfortunately, to our knowledge, there is no theoretical proof of convergence for the
resulting schemes. Let us now detail successively the last three approaches.

First-order schemes with invariant probability

General results of error analysis hold true for the numerical discretization of the Langevin
equation for globally Lipschitz force fields [231]. In this case, the resulting numerical Markov
chain is ergodic for usual discretization schemes (including the Euler-Maruyama disretization)
and their invariant measures are close to the invariant measure of the original process (for At
small enough).

The results are not the same for only locally Lipschitz force fields. Some classes of discretized
schemes however behave properly under additional assumptions on the potential energy. This is
the case for the so-called split-step Backward Euler-method proposed in [231]. Applied to the
Langevin equation (3.47), this algorithm reads

¢"tl= g+ At M~ p*
p* =p" — EAtM p* — AtVV (¢ 1) (3.50)
anrl: p* +o /Ath

where (G™),en is a sequence of 3N-dimensional i.i.d. Gaussian random vectors. Unfortunately,
this method is implicit (see the first two equations, to be solved for (¢"*!,p*)), therefore not
convenient for MD simulations of large systems. The following ezplicit scheme is therefore prefered

pto=pt = EAtM T pt — AtVV (¢")
¢ t= ¢" + At M~ 1p* (3.51)
pn+1: p* + 0'\/EG"

where (G™)nen is a sequence of 3N-dimensional i.i.d. Gaussian random vectors.

We now turn to the numerical analysis of (3.51). Let us denote by F,, the o-algebra of events up
to and including the n-th iteration. We need to prove condition (3.7) and condition (3.8) to state
a Law of Large Number theorem (see Theorem 3.1). The accessibility condition (3.8) is easily seen
to be satisfied (by arguments similar to those of Section 3.2.3 in this time discrete case). We now
prove condition (3.7), that is, the existence of an invariant probability measure. For this purpose,
we need to make some assumptions on the potential energy V, similar to those of [231], to state
a Lyapunov inequality for the discretized process. Indeed, we want to make use of the following
theorem:

Theorem 3.12 ( [231, Theorem 2.5]). Denote by P the transition kernel associated with the
Markov chain formalizing (3.51), assumed to be Feller. Assume that (3.8) is satisfied and that
there exist a function Wai(q,p) > 1, going to infinity at infinity, and two real numbers b € (0,1)
and ¢ > 0 such that

E(Wai(g"* 0" ) [ Fo) < b E(Wailg",p")) + ¢, (3.52)

where (¢",p™) is the discrete trajectory given by (3.51). Then there exists an invariant probability
measure g, and condition (3.7) holds true.
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The numerical scheme then converges (with respect to the measure dpa;) in the sense of
Questions 1 to 4. The question of estimating the distance between ua; and the canonical measure
i has been addressed in e.g. [231,337].

Let us now find Wa,, b and ¢ satisfying (3.52). We assume that the potential energy V is in
C?(R3N) and satisfies a one-sided Lipschitz condition: there exists C' > 0 such that

Ya,b e RN, (VV(a) = VV (b)) - (a—b) < Cla— b (3.53)
We also assume that there exist A, B > 0 such that
2
VgeR*N, -VV(q)- M 'q<A-B (V(q) + %qTM_lq) . (3.54)
These conditions are satisfied for example for potential energies growing quadratically at infinity.

The following result, strongly inspired from [231], can then be stated:

Lemma 3.6. Let (¢",p") be the discrete trajectory given by (3.51). Let us assume that 'V is boun-
ded from below and let us set m = max {mq,...,mn},

€

1 2
Wi(g,p) =1+ §pTM_1p + %qTM_lq +V(g) —infV + pTM q (3.55)

and Wai(q,p) = Wiq,p) + %At|p|2. When (8.53) and (3.54) are satisfied, and that
m

£

<At —
0= S o e

(3.56)

Then Wy satisfies (3.52) for some ¢ >0, 0 <b < 1.

Proof. Consider the numerical scheme (3.51). Some computations give

2m?2 2m
+ V(" + At M~ p*) = V(q") — AtVV (¢™) - M

W (", p*) = W(q",p") < 4t (1 - 5—At) p*]* — 5AtVV( ") M

The one-sided Lipschitz condition (3.53) allows to handle the term V(¢g" + AtM ~'p*) — V(¢") —

At
AtVV (g")- M ~'p*. The condition (3.54) allows to handle the term —%VV(q") -M~'¢™. When
(3.56) is satisfied, it then follows

A A 2
W) - Wig ) < A B t(V(gH%qn-M—lqn)— Atlp[2. (3.57)

4m?2

Recalling Wa¢(q,p) = W(q,p) + %At|p|2, we obtain
m

Wai(g"th, p*) — War(g", p") < 5——35 (V(q )+%q -M™'q ) —#Atlp 2

§A

< AT - B/WAt(qnapn)

for some B’ > 0. The final step p"*! = p* + 0/ AtG" leads to

E(Wai(¢"th, p" ) | Fr) = E(War(q" ', p%)) + EloVAIG™ 2,
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so that
E(Wae(q" ™, p" ) | Fo) SO EWai(q",p")) + ¢ (3.58)

for some ¢ > 0,0 < b < 1.
Algorithms derived from the Verlet scheme

Let us now turn to the second approach, and describe algorithms generalizing the Verlet algo-
rithm, and therefore widely used in practice; on the other hand, there are no convergence results at
this date to our knowledge (only consistency results are known). One such algorithm is the BBK al-
gorithm, proposed by Briinger, Brooks and Karplus [45]. Another example is the quasi-symplectic
algorithm of [242].

We focus in the sequel on the BBK algorithm, which is well-suited only for small values of £ [244,
299] (otherwise, algorithms from [4] or the Langevin impulse scheme [310] (see below) should

be used). It is a modification of the usual velocity-Verlet scheme obtained by adding a term
Pi <&

mi AL
made precise below). This may explain its popularity since it only asks for slight modifications of
standard MD codes. The random forcing terms G (i € {1,..., N} is the label of the particles, n
is the iteration index) are standard i.i.d. Gaussian random variables. The scheme reads:

G? to the force f; exerted on particle i (the relation between & and o; will be

n1/2_ o, At V. V(g™ — i, O an
pz pz + 2 qi (q ) §mz + \/E 2 )
pflz+1/2
1 At VAL
ntl _ ntl/2 g y(gntt _ Gt
p; 1+ g—ﬁf <p7, 9 Vi (g )to 2 i :

We now make precise the relation between £ and o; by considering the case when there are no
forces. When VV = 0, the BBK algorithm reads

m; m;

VAL
<1 + 25 At> prtt = <1 - 25 At> i+ o (GP + G . (3.60)

We see that, if E(p?) = 0, then E(p/™!) = 0. Choosing p such that E(p?) = 0, we have E(p?) = 0

t
for all n. Let us now denote by K" = E((p?)?) the variance of pl'. Setting ~; = 5y One has
m

2

T+y/) 0 (L+5)3

The above recursion is of the general form z,1 = ax, + b, and has a fixed point provided a < 1,
which is always the case here since ; > 0. This fixed point K is such that

1 302
e — T 3.61
m; " 26(1+v) (3.61)

oAt — \/25(1; Vi) _ \/2_65 (1+ §2t> (3.62)

, which is indeed the expected value (the kinetic temperature is correct).

Setting o; to the value

m;

3
we see that K;° =

Note that (3.62) gives the magnitude of the random forcing that should be used in numerical
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simulations if one wants the kinetic temperature to be correct. Otherwise, if o is chosen according
to (3.48), the time-averaged kinetic temperature is lower than the target temperature 7, and the
error is of order At, as can be seen from (3.61). This is consistent with the results obtained in [369]
from a modified equation approach. Note that using (3.62) instead of (3.48) does not improve the
configurational sampling accuracy (the error on the configurational sampling is of order At with
both choices (3.48) and (3.62)).

Another modification of the BBK algorithm has been proposed in [306]. It amounts to using
the same Gaussian random variables in the first and the third lines of (3.59). In this case, there is
no bias on the kinetic temperature with the choice (3.48).

Schemes based on splitting

A third approach, more recent, is to design algorithms based on a operator splitting method.
The Langevin Impulse algorithm, proposed in [310], is such an algorithm. When VV = 0 and
M =1d, the Langevin dynamics

dq; = p dt,
3.63
{dptz—vptdwodwt, (363)

can be integrated explicitely by integrating first the Ornstein-Uhlenbeck process on the momentum,
and integrating once again to obtain the evolution of the positions. It holds

t
pe=re"po+ cr/ e 179 qW, = e py + P,
0
where P, is a gaussian process such that
t 1— e—2'yt
E(P?) = 02/ e =) gy = ———
0 B
Then,
t 1—e”’t t s 7(7) 1—67’}/1E
Qt:q0+/ Ps ds:q0+7p0+0'/ / e 7T qW, ds = qo + ———— po + Qs
0 v 0 Jo Y
where the random variable @; can be rewritten as

t t
Qi = / / oe 76 dsdw,.
0 u

Therefore, @; is a centered gaussian process of variance

t t 2 2 gt 9 1 3— et 4 2t
E(Q} :/ [/ ge s ds} du = 0—/ 1—e W) gy = — [Qt — } :
@)=/ =) ( ) du=g ;

However, the variables Q; and P; are correlated since

E(P,Q,) =E K /O t% (1 _e*v@*“)) qu) ( /O emt-w qu)] .

t
_c et ) g L a2
E(PtQt)_W/o(l e )e du_Wﬁ(l e )

Therefore

Combining the integration of the flow (3.63) with the straightforward integration of the flow
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{th = 07
dp; = —VV(q)dt,

the discretization proposed in [311] is recovered. Other discretizations of Langevin dynamics were
obtained using splitting ideas (see e.g. [107,280] and Section 4.3.1 for a precise statement of the
corresponding scheme).

This approach is more rigorous than other classical algorithms to integrate the Langevin dy-
namics such as the ones described in [4]. The idea of those algorithms is to exactly integrate the
dynamics when the forces vary linearly with respect to time. In practice, forces are interpolated
in time between two successive time steps.

3.3 Deterministic molecular dynamics sampling

We now turn in this section to purely deterministic methods. These methods rely on the
following idea: a system in the canonical ensemble can be considered as a system interacting
with an external heat bath, the interaction being such that, at equilibrium, the physical system
variables are distributed according to the canonical measure (3.3). Thus, the idea is to consider
an extended system composed of the physical variables and some additional variables modelling
the bath. Various dynamics have been proposed in this vein.

In this section, we first consider the Nosé-Hoover dynamics and its generalization to the Nosé-
Hoover chains [171,229, 260, 346]. Then, we consider the Nosé-Poincaré method [35] and the Re-
cursive Multiple Thermostats method, which has been recently proposed in [206].

3.3.1 The Nosé-Hoover and Nosé-Hoover chains methods

The Nosé-Hoover (NH) method, proposed by Hoover, consists in describing the heat bath by
two scalar variables, its “position” n and its “momentum” &, and to postulate the following dynamics
for the extended set of variables [171,260]:

dai _ pi
élt mﬁ é‘
Pi _ _ _ bis
a VeV Q'
dn € (3.64)
at  Q’
N
dg P
= =Y 2 gkgT
i =2 o

where V' is the potential energy of the system, g is a parameter we will fix later and T is the target
temperature. The parameter () represents the mass of the thermostat; it is a free parameter that
the user has to choose. The quantity

N 2

2
- D; ¢

Hnug = — 4V + = + gkgT 3.65
NH 2 2m; (q) 20 grkBLM ( )

is an invariant of the dynamics (3.64), which also preserves the measure

dunn = exp(3Nn) dq dp dn d§. (3.66)
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We refer to [113] for details on the origin of this dynamics. Let us just note here that (3.64) is not
a Hamiltonian dynamics?. Since the dynamics preserves (3.65), it cannot be ergodic with respect

to dpnp. Let us introduce the manifold Myu(Ep) = {(q,p,n,g) e RON+2 | Hyu(q,p,n,€) = Eo}

and the measure
dUNH

ONH__ 3.67
|V Hxull2 (367

dpnm =
where dony is the area measure induced on Myy(Ep) by the measure (3.66), V Hyy is the gradient
of (3.65) with respect to all variables and || - ||2 is the Euclidian norm. Then dpny is an invariant
measure for the Nosé-Hoover dynamics (3.64).

Suppose now that the dynamics is ergodic with respect to dpng (note that this implies that
Hyy is the unique invariant of (3.64)). Let us set g = 3N, where N is the number of particles.
An easy computation (see |204,346]) shows that the dynamics (q(¢), p(t)) is ergodic with respect
to the canonical measure (3.3), and thus provides a sampling of the phase space according to the
canonical measure (at least before numerical discretization).

We emphasize the fact that, to the best of the authors knowledge, there is no rigorous proof
in the literature showing that (3.64) is ergodic with respect to dpnp. Furthermore, it has been
numerically observed that, for some systems, the dynamics (¢(t),p(¢)) does not seem to sample
the phase space according to the canonical measure. For instance, this is the case with the one-
dimensional harmonic oscillator, for which it is actually observed that the trajectory stays in a
ring, namely that there exist ¢, C' > 0 such that ¢ < ¢2(t) + p?(t) < C for all ¢ (see [229, 346]).
Some mathematical analysis of this fact can be read in [204].

To circumvent this difficulty, a generalization of the Nosé-Hoover dynamics (3.64) has been
proposed by Martyna et al. in [229]. The idea consists in coupling the physical variables with a
first thermostat as in (3.64), and to couple this thermostat with a second one, which can be coupled
to a third one, and so on. The variables now include 2M additional scalar variables n; and &;,

j=1,..., M, where the number M of thermostats is arbitrary. The corresponding dynamics is
the so-called Nosé-Hoover chain dynamics (NHC) [229], in which there are M free parameters,
Q1,...,Qn, representing the masses of the M thermostats. The dynamics preserves an invariant

Hyxuc and a measure dunpc (which are the generalization of (3.65) and (3.66)).

As for the Nosé-Hoover dynamics, if the NHC dynamics is ergodic with respect to a measure
dpnuc built in the same way as dpnp, then the dynamics (q(¢),p(t)) is ergodic with respect to
the canonical measure. Provided that the number M of thermostats is large enough (M > 3 or 4
in practice), numerical simulations seem to show that this dynamics samples the phase space ac-
cording to the canonical measure, even for systems such as the harmonic oscillator. Again, there
is no rigorous proof showing that the NHC dynamics is actually ergodic with respect to dpNuc.

Regarding numerical integration, it seems interesting to work with algorithms that preserve
the qualitative structure of the dynamics, that is time reversibility and measure preservation.
Reversible-in-time and measure-preserving algorithms have been proposed in [230] (let us just
mention here that they are based on a splitting of the dynamics). Simulation results discussed in
Section 3.4 have been obtained with these algorithms.

3.3.2 The Nosé-Poincaré and the Recursive Multiple Thermostat methods

Both the Nosé-Hoover and the Nosé-Hoover chain dynamics suffer from not being Hamiltonian
dynamics. As a consequence, the quasi-conservation by the numerical flow of the invariants Hyy

4 The Nosé-Hoover dynamics can be recast, after changing variables and time, as a Hamiltonian dynamics,
the so-called Nosé dynamics [259]. However, the time of this dynamics does not correspond anymore to
the physical time.
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(see (3.65)) and Hypmc is not guaranted. On the contrary, when working with a Hamiltonian
dynamics, it is known that the energy can be preserved by the numerical flow over very long
times, provided symplectic algorithms are used (see [146, Chap. IX] and [278]). Another problem
with Nosé-Hoover chains is the choice of the number of thermostats as well as their masses @,
which seem to have an influence on the results.

The Recursive Multiple Thermostat method (RMT) has been recently proposed by Leimkuhler
and Sweet [206] to solve the difficulties that have just been highlighted. It is a Hamiltonian dyna-
mics which, like the Nosé-Hoover or Nosé-Hoover chains dynamics, couples the physical variables
with a heat bath. This dynamics is a generalization of the Nosé-Poincaré (NP) method [35], which
is also a Hamiltonian method. The Nosé-Poincaré method consists in adding a single thermostat,
whereas the RMT method consists in adding an arbitrary number M of thermostats, which are
all coupled together and to the physical particles. This is not the case in the Nosé-Hoover chain
dynamics, where only the first thermostat is coupled to the physical particles (and not the other
thermostats).

The Nosé-Poincaré method is based on the following Hamiltonian:

p

2
5) : +gksT Inn — Ho) ; (3.68)

Hxp(g:pin.§) =1 <H (q, +30

where H is given by (3.4), Hy is chosen such that Hyp = 0 for the initial conditions, and where
(@ is some free parameter. Sampling properties and numerical algorithms are discussed in [35]. Let
us just mention here that, as for the Nosé-Hoover dynamics, one has to set g = 3N if the only
invariant of the dynamics is Hyp.

The motivation for introducing the RMT method is the observation that, at least for some
systems, numerical results seem to depend much less on the thermostat masses (which are user-
chosen parameters) than with the Nosé-Poincaré method (see [206, 333]).

The numerical results that are presented in Section 3.4 have been obtained with the algorithms
proposed in [35] and [206]. Let us note that different algorithms may have different numerical
stabilities, and so different abilities to adequately sample the phase space with a trajectory of
a given number of time steps. A new algorithm for the RMT dynamics has been proposed very
recently in [20].

3.4 Numerical illustrations

The different methods presented above can be used to compute numerical approximations of
phase space integrals. In some cases, theoretical convergence rates can be obtained. Typically,
when a CLT holds true, the error is bounded by Cn~'/? (where n is the number of evaluations of
the potential energy and/or of the forces; see the Central Limit Theorem 3.2) for some unknown
prefactor C, depending on both the system and the observable A. An important issue is the value
of the prefactor in numerical computations, which can greatly vary from one method to another
one.

However, since this prefactor depends on A, it is not easy to compare the different methods
in a general way. After a brief description of the alkane model in Section 3.4.1, we present in
Section 3.4.2 an abstract criterion defined without any explicit dependence on an observable A. The
criterion measures the deviation between the empirical distributions and the canonical distribution.
This comparison can be performed for a fixed sample size (bearing in mind the computation
of autocorrelation functions with a fixed computational cost for example), or, more fairly, at
a fixed computational cost. Some improvements can also be achieved when combining different
sampling techniques, or when resorting to strategies different from the computation of a single long
trajectory. This is made precise in Section 3.4.5. In Section 3.4.6, we consider a specific case of a
time-dependent observable A, which corresponds to a correlation function. The numerical results



86 3 Phase-space sampling techniques

that are obtained with this physical choice illustrate the conclusions drawn from the abstract
criterion in Section 3.4.2.

3.4.1 Description of the linear alkane molecule

Linear alkanes are chemical compounds of the form CHs-(CHs),-CHs. In this study, the so-
called united-atom model [294] is used, in which the conformation of the molecule is completely
characterized by the positions of the Carbon atoms. The presence of the Hydrogen atom is impli-
citely taken into account in the definition of the interaction potential energy the Carbon atoms
are subjected to. The Carbon atoms of the linear alkane molecule are indexed from 1 to N, and
their positions are described by the vector ¢ = (¢1,...,qn) € (RB)N. We set r; ; = ¢; — ¢; and we
denote by d; ; = |r; j| the distance between the Carbon atoms ¢ and j.

In the model presented here, the interatomic potential energy involves two-, three-, and four-
body interactions :

(1) two Carbon atoms connected by a covalent bond interact via a harmonic potential energy
1 2
Va(d) = §k0(d —do)"; (3.69)

(2) two Carbon atoms that are separated by three covalent bonds or more interact via a Lennard-

o= ((3)" - 3))

The parameters € and o depend on the atoms that interact, and can have three values:
€cHy—cH, and ocu,—cu, when two CHg groups interact (the end groups), ech,—cn, and
OCH4—CH, When an interior group interacts with an end group, and ecn,—cn, and och,—cH,
when two CHs groups interact;

Jones potential energy

(3) three consecutive Carbon atoms C;-C;11-C;42 interact via the three-body interaction po-
tential energy

1
Va(6;) = §k0(9i — 0o)?, (3.70)
where
f; = arccos ( Tihl ' Titdi+2 ) (3.71)
7ijit1| - |Tis1,iv2]

is the bending angle of the C;-C;11-C;42 chain;

(4) lastly, four consecutive Carbon atoms C;-C;11-C;12-C; 3 experience the four-body interac-
tion potential energy
‘/Al((bz) = Utors (COS ¢1); (372)

where ¢; is the dihedral angle defined by

(rii+1 X Tig1it2) * (Piv1it2 X Tig2,i+3)
(3.73)
|(riivr X Tigrav2)| - [(Piv1ive X Tiv2,i3)]

cos ¢ = —

and where the function u..s is given by
Ugors () = 1 (1 — x) + 2co(1 — 27) + c3(1 + 3z — 42).

The potential energy of the linear alkane molecule eventually reads

N-1

N-2 N-3 N-4 N
Vig) =Y Va(diy1) + Z Vs(6;) + Z Va(di)+ > Y Vialdiy), (3.74)

=1 =1 j=1i+3
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where the term V1,5 depends on the type of interaction considered.

The values of the parameters dy, €, o, kg, 6y, c1, co and c3 are taken from [228]. In the system
of units where the length unit is lp = 1.53 x 107'° m and the energy unit is such that kT =1
at T = 300 K, the time unit is £ = 364 fs, and the numerical values of the parameters are dy = 1,
€cHs—CHy = 0.294, ecn,—cH, = 0.241, ech,—cH, = 0.198, 0cH,—CH; = OCH3—CHy; = OCH,—CH, =
2.55, kg = 208 rad ™2, fy = 1.187 rad, ¢; = 1.18, ¢ = —0.23 and c¢3 = 2.64. Notice that for these
values of the parameters ¢;, the function uos has a unique global minimum (at ¢ = 0) and two
local non-global minima. As far as the parameter kg is concerned, we set kg = 1000 (another
possibility [228] is to constrain the C-C covalent bond length to be equal to dp). We set the unit
of mass such that the mass of each particle is equal to 1.

We note that va 1 V4V =0, and that Efv 1% X Vg,V = 0. As a consequence, the Newton
equations (3.16) not only preserve the energy, but also preserve the linear momentum Z _,piand
the angular momentum Zi:l @; X p;. Similarly, the Nosé-Hoover dynamics (3.64) also has additional
invariants: besides (3.65), it preserves e” Efvzl p; and e" Zf\]:l q; X p;- As a consequence, it cannot
be ergodic with respect to (3.67). One can nevertheless recover correct sampling properties in the
q variables by

starting from an initial condition that satisfies Zfilpi(O) =0 and Zfil ¢:(0) x p;(0) = 0,
so that the linear and angular momenta are always equal to 0;

— setting g = 3N — N,, where N, is the number of conservation laws (besides the energy (3.65)).
In the case under study here, N. = 6. The same kind of remarks also hold true for the Nosé-Hoover
chain dynamics, the Nosé-Poincaré dynamics and the RMT method. The simulation results that
we present below have been obtained with these choices. Note that there is no need for any
modification for the stochastically perturbed MD methods.

The linear pentane CHs-(CHy)3-CHgs is the shortest linear alkane for which a two-body
Lennard-Jones interaction (coupling the variables d;;y1, 6; and ¢; all together) has to be ta-
ken into account. In addition, it involves only two dihedral angles and these two angles essentially
determine the conformation of the molecule. Indeed, the covalent stretching and bending potential
energies (namely, V5 and V3) are stiff and consequently the bond lengths and bending angles are
statistically close to their equilibrium values at room temperature. Therefore, the linear pentane
molecule is a good test case for it allows a simple reduced representation of the conformation while
being a non-trivial model in which the internal degrees of freedom are coupled all together. For
completeness, tests on longer molecules are performed in order to investigate the robustness of the
numerical methods with respect to increasing configurational space dimensions.

Some reference empirical densities for the dihedral angles obtained through Importance sam-
pling techniques are presented in Figure 3.1. They correspond to pentane, with N = 10° sample
points.

3.4.2 Discrepancy of sample points

In order to quantitatively assess the quality of the samples generated by the various methods
described above, we use a discrepancy criterion. Recall that the discrepancy D, of a sequence
7 = {Zm }o<m<n—_1 with values in [0, 1]¢ is defined as (see [200])

1
Dn(x) = sup -

0,14 |1 Z Liz,,efo,y)} — Volume([0, y])|, (3.75)
yel B

where, for d-dimensional vectors y, z, we write y < z when y; < z; for all 1 < ¢ < d, and note
[0,y] = {z €[0,1]¢, 2 <y}. The fact that D, (z) — 0 when n — oo is equivalent (see [200, p.15])
to the fact that, for any Riemann integrable function A defined on [0, 1]¢,
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Fig. 3.1. Empirical probability distribution of the dihedral angles (¢1,¢2) of the pentane molecule
generated with Tmportance sampling, for 8 = 1 (Left) and 8 = 2 (Right), with sample size N = 10° and
€cHsz—cH3 = 0.29, ecuz—cu, = 0.

In addition, for functions A which have bounded variations Vik(A) in the sense of Hardy and
Krause [257], the following error estimate holds true:

—1

! A(xm) — / A(x) dx
n 0 [0,1]4

< Vit (A4) Dy (2). (3.76)

If A€ C4([0,1]%), then its variation Vik(A) has a simple expression (see [257, page 19]). If d = 2,
which is the case we will be interested in below, then
1
—(,Il, 1)’ dCCl +/
0

1
Vi (A) :/ +/
[0,1]2 0 (91:1

As a consequence of (3.76), the convergence of D,,(x) toward 0 implies the Law of Large Numbers,
and the rate of convergence of D,,(x) gives information about the convergence rate of the observable
average.

In this framework, we intend for example to characterize the repartition of sample points in
the subset [—m, 7|2 of the (¢4, ¢;)-plane for two of the dihedral angles ¢;, ¢;. This can be achieved
by considering the marginal v;; of the canonical density m with respect to the other degrees of
freedom. Unfortunately, there is no simple exact expression of this marginal. We therefore consider
the situation when all € = 0 (that is when the Lennard-Jones interactions are all turned off), in
which case the marginal has the simple expression

0A
6—:102(1’ x2)

0?A
(91:1 6$2

0A

dCCQ.

dvij($i, ¢5) = Z; e PVA0De™ VA dg,dg;, (3.77)

with Vj given by (3.72).
We then introduce the discrepancy criterion

n—1
m 1
Dn({q™}) = sup = Lipm<osom<e;} —/ dvij (Vi ¥5)| (3.78)
(pi,pj)€l—m,7)2 | TV 0 {Yi<¢ibj<o;}
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which provides a bound on the L distance between the empirical distribution functions and the
exact ones. Notice that the second integral factorizes as

dug () = 2% [ e a, e=PVA)

/{wi§¢i7wjﬁ¢j} Vi< Vi <o;

and can therefore easily be computed using standard numerical techniques.

Numerically, we compute an approximate value of D,, as follows. Suppose that we have par-
tioned the (¢;,®;)-plane into K2 boxes By = [Pk, Pri1[X[Pr, Pri1] with & = —7 + %7” for
0 <k < K — 1. The supremum in (3.78) is now taken over a finite set of elements:

n—1
1
Df(a)= sup |= > Tigmca, sr<ay —/ dvij (Yi, ¥5)| - (3.79)
I<kJI<SK |V =0 {Yi<Pp,; <P1}

We then compute the discrepancies for the sample points obtained by different methods with a
fixed computational cost. The computational cost measures here the number of force or energy
evaluations.

3.4.3 Choice of parameters

We describe here how we choose the parameters of the numerical methods for a fixed computa-
tional cost in the case of pentane. The cost has to be understood with respect to forces or energies
evaluations. Notice that there is no parameter to tune for purely stochastic method such as the
Rejection method and Importance sampling. For the Metropolized independence sampler, the only
improvement that could be done is an undersampling. However, the quality of the samples is not
changed by some reasonable undersampling (in the range 1 — 100).

Stochastic methods

For the purely stochastic methods, we have worked with g(q) = Z;* exp(—BV (q)), where

) N1 N—2
Vig) = Z Vo(dig1,i) + Z V3(0;)

and Zq is a normalization constant. When expressed in internal coordinates (with the change of
variables R = (d2.1,...,dNn,N-1,01,...,0nh_2) = h(q)), the functions V5 and V3 are quadratic (see
(3.69) and (3.70)), which makes it possible to actually sample from g(R) dR (and so, from g¢(q) dgq
up to a Jacobian term).

Hybrid Monte Carlo

The only relevant parameters are the time 7 = kAt and the time-step At. We generate several
samples of size N with a computational cost equal to 10° forces or energies evaluations. Therefore,
the product kN is a constant equal to 10°. We compute the discrepancy (3.79) for each parameter
values, averaging over 10 realizations (see Table 3.2). We found no systematic improvement using
an undersampling procedure. We present the results under the form m (o) where m is the mean
of the discrepancies and ¢ the square-root of the variance.

The optimal choice within this set of parameters is At = 0.025 and 7 = 10. This corresponds
to an acceptance rate of 0.7. When 3 # 1 and/or the molecule is longer, we choose a new time
step At such that the acceptance/rejection rate is still around 0.7. Actually, the choice At = 0.025
remains convenient (though maybe not optimal) for a broad range of temperatures and sizes.
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Table 3.2. Discrepancy results for the HMC algorithm.

At 7 Discrepancy (e = 0) At 7 Discrepancy (e = 0)

0.02 1 0.106 (0.0310) 0.01 1 0.0224 (0.0894)
5 0.0750 (0.0143) 10 0.0692 (0.0352)
10 0.0532 (0.0141) 100 0.0690 (0.0242)
20 0.400 (0.0107) 0.03 1 0.0860 (0.0322)
50 0.0389 (0.00869) 5 0.0486 (0.00875)
100 0.0550 (0.0163) 10 0.503 (0.00704)

0.025 1 0.103 (0.0406) 20 0.410 (0.0111)
5 0.467 (0.0249) 50 0.0563 (0.0176)

10 0.0389 (0.0183) 100 0.0540 (0.0157)
20 0.0447 (0.0114) 0.035 1 0.130 (0.0458)
50 0.0481 (0.0201) 10 0.0478 (0.195)
100 0.0524 (0.0181) 100 0.561 (0.347)

Biased Random-Walk

The only relevant parameter is At. We study the quality of the sampling for different values
of this parameter for samples of size N = 10° (there is one computation of forces and energies per
time step), see Table 3.3. We found no systematic improvement using an undersampling procedure.

Table 3.3. Discrepancy results for the biased random-walk.

At Rejection rate Discrepancy (e = 0)

0.01 0.022 0.190 (0.466)
0.02 0.18 0.125 (0.0298)
0.025 0.33 0.0920 (0.0362)
0.028 0.45 0.104 (0.0446)
0.03 0.53 0.110 (0.0362)
0.035 0.73 0.112 (0.0544)

The choice At = 0.025 or At = 0.028 seem reasonable. Notice that according to the discussion
in Section 3.2.3, the optimal choice of At at = 1 (giving the best symmetry estimate and the
lowest discrepancy) is indeed expected to correspond to a rejection rate close to to the asymptotic
optimal rejection rate for tensorized distributions (which is 0.426 [284]). When § # 1 and/or the
molecule is longer, we choose a new time step At such that the acceptance/rejection rate is still
around 0.5. Actually, the choice At = 0.025 remains convenient (though maybe not optimal) for
a broad range of temperatures and sizes.

Discretized Langevin process

The only relevant parameters are the friction coefficient £ and the time-step At. We study the
quality of the sampling for different values of this parameter for samples of size N = 10¢ (there
is one computation of forces and energies per time step), see Table 3.4. We found no systematic
improvement using an undersampling procedure.

The results show that too small values of £ have to be avoided (the random fluctuations are
not large enough to cross barriers) as well as large values of £ (where the stochasticity prevents the
system to follow the physical dynamics). We set £ = 1 and At = 0.02 in the sequel. This choice
remains convenient (though maybe not optimal) for a broad range of temperatures and sizes.
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Table 3.4. Discrepancy results for the Langevin dynamics.

At ¢ Discrepancy (e = 0) At ¢ Discrepancy (e = 0) At ¢ Discrepancy (e = 0)

0.010.1 0.0582 (0.0175) 0.020.1 0.0529 (0.0144) 0.030.1 0.0487 (0.0134)
0.5 0.0580 (0.0208) 0.5 0.0354 (0.00740) 0.5 0.0376 (0.00937)
1 0.0689 (0.0219) 1 0.0339 (0.0142) 1 0.0311 (0.0120)
5 0.0548 (0.0232) 5 0.0350 (0.0106) 5 0.0488 (0.0140)
10 0.0427 (0.00849) 10 0.0441 (0.0161) 10 0.0575 (0.0155)

Nosé-Hoover chains

The parameters are the number M of thermostats, their masses, and the integration time step
At. We set At = 0.003, which ensures a conservation of the energies up to a few percents in
general. We use the two above statistical indicators of the quality of the sampling, as well as the

T DD D IS o
3N ha? 3N ha

1=1 a=x,y,z 1=1 a=x,y,z

time average of

In the long time limit, they should converge to 1/4 and 3/4%. We also display AH/H, which is
the relative conservation of energies. We have observed that, in the case e = 0, the invariant is
preserved with a much better accuracy than in the case e = 0.29 (this is due to the fact that, when
€ # 0, the end atoms of the chain should not be too close; we thus have to handle collisions, which
lower the energy conservation accuracy). The results are presented in Table 3.5 for N = 1,000, 000
and 3 =1 (the values for AH/H, (As) and (A4) have been computed in the case e = 0.29).

Table 3.5. Discrepancy results for the Nosé-Hoover dynamics.

M Q AH/H (Ap) (A4) Discrepancy (e = 0)

1 0.1 6 % 0.999981 3.06987 0.127
1.0 4% 0.999962 3.01696 0.074

10.0 0.3 % 0.999922 4.37835 0.238

2 0.05;0.06 1.5% 1.00007 2.95343 0.080
0.1; 0.1 1.2 % 1.00009 2.91847 0.143
0.3; 0.3 3% 1.00043 2.95486 0.169
1.0; 1.0 0.4 % 0.999555 2.88511 0.232
10.0; 10.0 0.1 % 0.997356 2.92125 0.189
0.15; 0.01 3.7% 0.998261 2.92262 0.217
0.75; 0.05 3.3% 0.998902 2.95794 0.163
1.5; 0.1 0.1 % 0.993824 2.92667 0.242
4.5;0.3 0.2 % 0.995765 2.89965 0.277
15.0; 1.0 0.2 % 0.971896 2.80145 0.338
150.0; 10.0 0.15 % 0.988531 2.89529 0.352

We first see that the Nosé-Hoover chain dynamics is more stable than the Nosé-Hoover dy-
namics (for a given time step and given values of the thermostats, the drift of the invariant is
smaller). The best results in term of discrepancy and closeness of (As) and (A4) to their target
values (1 and 3 here) are obtained here for M = 1 with Q@ =1 or M = 2 with Q1 = Q2 = 0.05. We
choose to work with the latter choice because the conservation of the invariants is better in this
case. Note that different initial conditions lead to different discrepancy results. However, making
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again the same test with different initial conditions (but still with A¢ = 0.003), we have observed
that the choice Q1 = Q2 = 0.05 seems to give better results than other choices.

On the other hand, if we set the time step to At = 0.001, it seems that the best choices
are now Q1 = @2 = 0.1 and @1 = 0.15,@2 = 0.01. In the following, when appropriate, we will
comment the results obtained with these two different choices. Unless otherwise stated, we work
with Ql = Qg = 0.05.

The Nosé-Poincaré and RMT methods

The parameters are the number M of thermostats, their masses, and the integration time
step At. We set At = 0.001, which ensures a conservation of the hamiltonian up to a few percents
in general. Note that we have decreased the time step in comparison to the Nosé-Hoover type
method. This decrease is not due to energy conservation problems (the hamiltonian is preserved
with a reasonnable accuracy when At = 0.003), but because it is quite hard, from the numerical
results at At = 0.003, to select parameter values. In particular, discrepancy results vary in a large
range for different initial conditions, so it is hard to assess that one parameter choice is better
than another one. Selecting parameters has proved to be easier when working with At = 0.001.

We use the two above statistical indicators of the quality of the sampling, as well as the time
average of As and A4 given above. As with the NHC method, we have observed that, in the case
€ = 0, the invariant is preserved with a much better accuracy than in the case e = 0.29. The results
are presented in Table 3.5 for N = 1,000,000 and § = 1 (the values for AH/H, (As) and (Ay4)
have been computed in the case e = 0.29).

Table 3.6. Discrepancy results for the Nosé-Poincaré dynamics.

M Q AH/H (Ay) (A4) Discrepancy (e = 0)

1 0.1 0.02 % 0.999981 3.21418 0.269
1.0 0.08 % 1.0 2.69515 0.304

10.0 0.2 % 1.00024 4.98638 0.350

2 0.05;0.06 0.15 % 1.0059 2.46228 0.320
0.1; 0.1 0.2 % 1.00905 2.63986 0.460
0.3;0.3 0.3% 1.01655 3.35365 0.360
1.0; 1.0  0.06 % 1.01059 3.03896 0.373
10.0; 10.0 4%  1.0292 2.85634 0.328
0.15;0.01 1% 1.00538 3.09675 0.344
0.75; 0.05 0.3 % 1.00799 2.82565 0.297
1.5; 0.1 0.1 % 1.01253 3.00398 0.281
4.5;0.3 0.1 % 0.996809 2.84965 0.225
15.0; 1.0 0.6 % 1.03506 3.16739 0.377
150.0; 10.0 0.03 % 1.02456 3.26963 0.310
0.05;0.1 1% 1.00577 2.91749 0.277
0.1; 0.2 1% 1.00094 2.87149 0.292
0.3; 0.6 2% 1.02247 3.34102 0.347
1.0; 2.0 0.03 % 0.999142 2.73679 0.263
10.0;20.0 1.2 % 1.02031 3.15916 0.341

The best result in terms of discrepancy leads to select Q1 = 4.5, Q2 = 0.3. This choice seems
robust with respect to the initial condition. Depending on the numerical results at hand, other
choices could be made. For a trajectory length of 106 steps, Q1 = 1.0, Q2 = 2.0 seems to give also
good results. However, when the trajectory length is increased to 107 steps, the two more robusts
choices seem to be @1 = 4.5,@Q2 = 0.3, that we selected above, and @1 = 0.1, Q2 = 0.2. We will
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comment in the following the results obtained with the latter choice. Unless otherwise stated, we
work now with Q1 = 4.5,Q2 = 0.3.

3.4.4 Numerical results

The results are presented in Tables 3.7 to 3.9. For each method, 10 different simulations have
been performed, and we give in the Tables the mean and the square-root of the variance (in
brackets) of the 10 different results.

Table 3.7. Numerical results for the discrepancy (3.79) for the pentane (¢1, ¢2) distribution in the case
B =1and K = 100.

Method Parameters Discrepancy Discrepancy
for 10 evaluations for 107 evaluations
Importance sampling - 0.00428 (0.00114) 0.00115 (1.60.10~%)
Rejection - 0.00856 (0.00204) 0.00256 (4.98.10~%)
MIS - 0.0228 (0.00416) 0.0225 (7.75.107%)
HMC T =10At, At =0.025 0.0389 (0.0183)  0.0119 (4.87.10~%)
BRW (Euler-Maruyama) At =0.028 0.0791 (0.0265) 0.0231 (0.00619)
BRW (MALA) At =0.028 0.104 (0.0446) 0.0343 (0.0139)
Langevin At=0.02, £=1 0.0339 (0.0142) 0.0157 (0.00393)
NHC Q1 = Q2 =0.05, At =0.0025  0.103 (0.036) 0.0456 (0.0117)
RMT @Q1=5,Q2="7.5, At =0.0025 0.196 (0.142) 0.178 (0.177)

Table 3.8. Numerical results for the discrepancy (3.79) for the (¢1,¢3) distribution for CoHgo in the
case B =1 and K = 100. The computational cost is fixed to 107 force or energy evaluations.

Method Parameters Discrepancy
Importance sampling - 0.0205 (0.00544)
Rejection - 0.192 (0.0379)
MIS : 0.521 (0.0151)
HMC T =10At, At =0.02 0.0261 (0.00846)
BRW (Euler-Maruyama) At = 0.025 0.0402 (0.0229)
BRW (MALA) At = 0.025 0.0477 (0.0129)
Langevin At =0.025, £=1 0.0144 (0.00544)
NHC Q1 = 0.15,Q5 = 0.01, At = 0.0025 0.0292 (0.0102)
NP Q =5, At =0.0025 0.0386 (0.0095)

One can see that purely stochastic methods are very efficient for small alkane chains, but
rapidly loose their efficiency when the length of the chain increases. Thus, the Langevin dynamics
and the HMC method seem to be the most efficient methods, although other non purely stochastic
methods also give good results. The Langevin, the HMC and the BRW (with Euler-Maruyama
algorithm) methods keep the same efficiency whatever the length of the chain. This seems also to
be the case for the NHC method. The efficiency of the BRW (with the MALA algorithm) decreases
when the chain length increases. There seems to be a problem with the RMT method applied to
the pentane molecule. A careful analysis of the results show that the numerical dihedral angle
distribution corresponds to (3.77) but with a temperature significantly different from the target
temperature. If longer chains are considered, this problem disappears and the RMT method results
are of the same order of magnitude as the results from other methods (see Tables 3.8 and 3.9).
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Table 3.9. Numerical results for the discrepancy (3.79) for the (¢1, ¢3) distribution for C12Hgg in the
case 3 =1 and K = 100. The computational cost is fixed to 107 force or energy evaluations.

Method Parameters Discrepancy
Importance sampling - 0.102 (0.0436)
Rejection - 1.0 (0.0)
MIS - 0.493 (0.222)
HMC T =10A¢, At =0.02 0.0207 (0.00730)
BRW (Euler-Maruyama) At =0.023 0.0312 (0.0102)
BRW (MALA) At =0.023 0.0610 (0.0201)
Langevin At =0.025, € =1 0.0173 (0.00726)
NHC @1 =0.15,Q2 = 0.01, At = 0.0025 0.0350 (0.00865)
RMT Q1 =5,Q2="7.5, At =0.0025 0.0428 (0.0194)

We can also see that, for short chains, the biased Random-Walk (MALA) is more efficient than
the NHC method. However, for chains of 9 and 12 particles, the NHC method is more efficient.
The biased Random-Walk with the Euler-Maruyama algorithm always seems to be a little more
efficient than the biased Random-Walk with the MALA algorithm.

3.4.5 Improvement of the convergence rates
Convergence rate improvements using several shorter realizations

We already mentionned that, instead of running a single long trajectory, it might be more
efficient, for a given computational cost, to run several shorter trajectories. This can be done
for methods of Type 2 to 4. For methods of Type 2 and 3, this strategy relies on the following
numerical approximation. Assuming that the methods are ergodic, it follows

E.(A(g™)) —»/§4fuq>dw (3.80)

when N; — +o00. In some cases, this convergence is exponentially fast. The term E,(A(¢g™)) is
the expectation of the realizations of the chain conditioned at starting from x € M. It can be
approximated by Ny independent realizations of the Markov chain. Each realization is labelled by
an index k € {1,..., N2}, and the associated sample path is (¢%*,..., ¢V ~1F). Notice that, for all
samples, ¢"F = 2. An approximation of E,(A(¢"*)) is then obtained as

N>

B (AWG™) = (@) = 3 > Al (3.81)
k=1

Notice that we expect the error between Iﬁ; () and the space average / A(q) dm to be of the
M

form C(z)p™Nt + C(gc,Nl)Ngl/2 for some 0 < p < 1.
When a short trajectory of length Nj is computed for Ns realizations starting from a given
initial point x, we can also consider the following approximation of the position space average

Ni—1

1 m
/M Algydr = Y I, (a), (3.82)

m=0

where the right hand side is the Cesaro average of (3.81).
The results are presented in Table 3.10 in the case of a Langevin sampling for the pentane
molecule at 3 = 1. As can be seen, there is a slight improvement when generating several shorter
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trajectories, provided these trajectories remain long enough. Note however that such an improve-
ment is not always observed. But we emphasize that there is no degradation of the results either.
This is an interesting point since it allows a straightforward parallelization of the method.

Table 3.10. Numerical results for the discrepancy (3.79) for the pentane (¢1, ¢2) distribution in the case
f =1 and K = 100, using a Langevin method with £ = 1 and At = 0.02. The discrepancy has been
computed with all points appearing in (3.82) (that is all points of the N> trajectories of length N7), with
a computational cost fixed to 107 force or energy evaluations.

Number N of realizations Discrepancy

1 0.0157 (0.00393)
5 0.0117 (0.00388)
10 0.0132 (0.00210)
20 0.0149 (0.00701)
50 0.0120 (0.00330)
100 0.0112 (0.00263)
200 0.0130 (0.00419)
500 0.0308 (0.00834)
1000 0.0528 (0.00740)

Convergence rate improvements at fixed computational cost, using an appropriate

initial distribution

Another improvement is as follows. Instead of considering a fixed initial point, we can make a
first approximation of the canonical distribution. Let us denote by 7V the following approximation

of 7

For each initial point z° (1 < i < N3), an approximation (3.82) can be computed, for Ny realiza-
tions of the Markov chain with trajectories of length Nj. The total number of points generated in
this way is therefore N1 NoN3. The important issue is then to optimize the choices of Ny, Ny and
N3 in order to have the best accuracy for a given total cost.

For the method to be efficient, the empirical measure 73 has to be a good approximation of 7.
To this end, the points z* are chosen as follows. We first generate N* points (y!, ... ,yNtOt) with
weights (w1, ..., wptor ), using (say) an Importance sampling method. We then generate N3 points

. 1. . . yey e w1 W N tot Ntot
from this list with replacement with probabilities (W, ST ) where W =3%"." | w;, and run

one or several trajectories for each starting point. This can improve the rate of convergence of some
methods. An example is the biased Random Walk at 3 = 1 with At = 0.028 for 10° operations.
We consider N** = 10% N3 = 99, N; = 10* and N, = 1. The discrepancy is lowered from
0.104 (0.0446) (with N3 = 10%, Ny =1 and N3 = 1, see Table 3.7) to 0.0430 (0.0144). In general,
it is observed that convergence occurs faster when starting from an approximate distribution.

Effect of undersampling

As a final improvement, we can test the influence of a systematic undersampling, which consists
in picking only some of the points generated instead of considering all of them. Indeed, some
techniques generate points (¢°,...,¢"~!) that may be very much correlated, and it can happen
that the sequence (¢°,q", ..., ¢"), the undersampling rate r being such that N — 1 = rs, is better
distributed than the original sequence.
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The results are presented in Table 3.11 in the case of a Langevin sampling for pentane at § = 1.
As can be seen, the efficiency of the method remains stable when undersampling the data. This is
particularly interesting when computing autocorrelation functions or time-dependent integrals of
the form (3.2) since a NVE trajectory has to be computed for each starting point generated from
the canonical distribution.

Of course, it is still possible to try to improve the quality of a single realization by filtering out
the corresponding sequence of configurations, as is done for NVE simulations in [48,49], but we
will not detail this strategy any further.

Table 3.11. Numerical results for the discrepancy (3.79) for the pentane (¢1, ¢2) distribution in the case
[ =1 and K = 100, using a Langevin method with £ = 1 and At = 0.02. The computational cost is fixed
to 10° force or energy evaluations.

Undersampling rate  Discrepancy

1 0.0339 (0.0142)
5 0.0369 (0.0121)
10 0.0350 (0.00996)
50 0.0391 (0.0194)
100 0.0385 (0.0169)
500 0.0343 (0.0102)
1000 0.0539 (0.0173)

3.4.6 Computation of correlation functions

We present, as a final application, the computation of some correlation function, namely the
transition rate from the set A = {g € M ; |¢1| > 1,|¢2| > 1} (both dihedral angles are not in
their ground states) to the set B = {q € M ; |¢1] < 1,|p2| <1} (both dihedral angles are in their
ground states). This transition rate is expressed as

(14(¢°) 1511194 (q,p)))
(14(q%))

We proceed as follows. We first sample M = 10? initial conditions according to the canonical

measure dy (at 8 = 1) using 10° force evaluations and the parameters given in Table 3.7 (i.e. in all
cases except for the HMC algorithm, we undersample at rate 100 a single trajectory that always

C(t) =

(3.83)

starts from the same equilibrium position; the HMC trajectory is undersampled at rate 10 only
since 7 = 10At). We then integrate the Newton equations of motion from each initial condition
using the velocity Verlet scheme (3.17), for a time ¢ = 100 (with A¢ = 0.005). This procedure is
repeated 100 times. The results are presented in Figure 3.2, and are compared with a reference
result obtained starting from 106 initial conditions sampled with a rejection method.

As can be seen from the results, the methods yielding large discrepancies (such as Nosé-Hoover
and BRW) predict a correlation C(¢) quite different from the reference result. On the other hand,
the HMC and Langevin methods give much better results, especially HMC.

3.5 Stochastic boundary conditions
The vast majority of molecular dynamics simulations use periodic boundary conditions to si-

mulate bulk conditions (see Section 2.2.1). When averages at fixed temperature are computed,
Newton’s equation of motion (associated with constant energy simulations) are modified so that
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Fig. 3.2. Plot of the correlation function C'(¢) starting from initial conditions generated with the rejection
method (solid line), BRW/EM (x), Langevin/BBK (+), HMC (*) and Nosé-Hoover chain (©).

the resulting dynamics is (hopefully) ergodic with respect to the canonical measure. Examples of
such modifications are the Nosé-Hoover or the Langevin dynamics (see respectively Section 3.3
and 3.2.4). However, the quantities to compute may be time-dependent quantities, such as corre-
lation functions:

@0 = [ B@an). 0.0 dr

where p is the canonical measure and @, the flow of the dynamics. It is not clear which dynamics
should be used in this definition. It turns out that the results depend in general of the specifities
of the chosen dynamics. For instance, the response of the system to an increased thermostat
temperature depends on the parameters chosen for the Nosé-Hoover dynamics [113].

The system under study is usually a small system which should be embedded in a much
larger microcanonical system. The larger system acts as an energy reservoir which ensures that
the temperature is correct (this is actually the usual derivation of the canonical ensemble [61]).
Some ways to obtain such a coupling between the simulated subsystem and the ideal energy
reservoir (which should not be explicitely simulated, due to its size), present through some mean
action, have been proposed. Section 3.5.1 reviews the most important ones (to our knowledge). In
Section 3.5.2, a very simple model of stochastic boundary conditions (already used in [82], but only
roughly described) is presented precisely: the core region of the simulated system is governed by
NVE dynamics, while the parts of the system close to the boundary follow a Langevin dynamics
with random perturbations decreasing as the distance to the boundary increases. In this way, a
seamless coupling can be achieved.

3.5.1 Review of some classical stochastic boundary conditions

The first steady-state nonequilibrium molecular dynamics simulations were performed in the
70s by Ashurst and Hoover (see e.g. [12]). Their model uses perturbations limited to the boundary
of the system (external force field or thermal fluctuations). This idea of partitioning the system
between inner region (governed by Newton’s equation of motion) and outer region (the surface of
the system, or some small region around the surface), where the effects of the environment are taken
into account, has been widely used. It is possible to propose a somehow arbitrary classification of
stochastic boundary conditions:

thermal boundary conditions;
mechanical boundary conditions;
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mixed thermal and mechanical boundary conditions;
— “grand-canonical” boundary conditions to model system whose number of particles may vary.
Let us also notice that some directions of the system can still be modelled using periodic boundary
conditions, while the remaining ones are treated with stochatic boundary conditions.

Thermal boundary conditions

The methods presented in this section take into account the thermal fluctuations of a system
through its exchanges with its environment. These exchanges can be modelled

— by constraining the kinetic temperature in the regions close to the boundaries;
by using “thermal walls”, which lead, mathematically speaking, to jump processes (pertur-
bations of the momenta of the impacting particles);

— by using a Langevin dynamics for the region of the system close to the boundary, and the
usual Hamiltonian dynamics elsewhere, so that the resulting process is a diffusive process,
which is (hopefully, but not trivially) hypoelliptic.

Velocity renormalization

In the first studies [12], the kinetic temperature in the regions close to the boundaries was
kept fixed. This was done by velocity rescaling. Some refinings were proposed (see e.g. [27,133]),
rescaling only some components of the velocities (in one direction, typically), or by including

the renormalization step directly in the equations of motion. This method is not used anymore
nowadays.

Thermal walls

Following a work of Lebowitz and Spohn [201], Ciccotti and Tenenbaum introduce thermal
walls modelling the contact of impacting particles with a heat reservoir [67]. The system has free
boundary conditions, but when a particle leaves the simulation domain, another one enters at the
same place where the leaving particle went out, with a momentum generated from the probability
distribution C~1(e - p) fr(p)lep>0, where e is the local normal vector, fr the distribution of the
momenta at equilibrium at the temperature 7' (maxwellian distribution) and C' is a normalization
constant. Therefore, the momenta of the entering particles are not drawn according to a maxwellian
distribution of momenta. A numerical study for an ideal gas or a hard sphere gas confirms that
the model of [67,201] is indeed the right strategy [339].

The first simulations relying on thermal walls [67,340] with different temperatures on both
sides of the system have shown that dynamical properties could be computed, but that surface
effects were important near the thermal walls (especially the local density and the temperature).
This is why such a strategy asks for additional mechanical boundary conditions (see Section 3.5.1)
to limit surface effects.

Coupling with a Langevin dynamics

One of the first simulation coupling a Hamiltonian and Langevin dynamics is due to Adelman
and Doll [1]. The aim of this coupling was to reduce the number of degrees of freedom in the
simulation by replacing the environing particles by some mean action, modelled by a random
forcing term and a friction with memory (in the Mori-Zwanzig way). The first study were only
a part of the system is governed by a Langevin dynamics, whereas the remaining part obeys
Hamiltonian dynamics was proposed by Berkowitz et MacCammon [28], with a mechanical forcing
to confine the system (some slices of a crystalline lattice at rest). To reduce surface effects, the idea
of coupling Langevin and Hamiltonian dynamics was refined by Brooks et Karplus [43,45], using
especially some averaged confining force. Some studies also mention the use of a Langevin dynamics
with a friction depending on the distance to the boundary of the system [82]. Similar ideas were
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used in the framework of Nosé-Hoover dynamics [165,209]; a seamless coupling is however less
clear (Nosé masses depending on the distance to the boundary should be considered). These ideas
were developed in the field of biology and the reference textbooks for condensed matter molecular
dynamics (such as [113]) do not mention it.

Mechanical boundary conditions

Free boundary conditions and some thermal boundary conditions (such as thermal walls) may
create surface effects (local density variations, or temperature differences). Periodic boundary
conditions are a convenient way to reduce surface effects, though numerical studies [223], and then
theoretical studies [273,274], have shown that periodic boundary conditions also have spurious
effects, especially for small systems. More importantly, PBC are problematic when long-range
interactions are considered - such as coulombic forces for non-neutral systems (charged defects in
solids) or solvant effects (dipole corrections) for biological systems. As an alternative to PBC to
confine free boundary systems, one may consider

forces or constraints arising from short-ranged interactions;

— mean-force effects arising from avarges over a large number of (non-simulated) degrees of

freedom.

The second approach was developed in the field of biology. For example, in [192], the sys-
tem is split into three regions, a core region (Hamiltonian dynamics and averaged electrostatic
potential), a buffer region (thermal fluctuations through some Langevin dynamics, forces on the
boundaries and averaged electrostatic potential), and an outer region (not explicitely simulated)
which determines the averaged electrostatic potential. Such a modelling is refined in [181].

The first approach, more used for mechanical studies of solids, can be implemented in several
ways. For instance, a given (macroscopic) displacement can be modelled by layers of surface atoms
following rigidly the displacement, and kept fixed for the simulation [68, section I1.2.C].

"Grand-canonical" boundary conditions

There are two general strategies to deal with systems whose number of particles varies:
consider that the system is open and specify a flux of ingoing particles to compensate particle
losses;
use grand-canonical sampling techniques.

The first approach is used in [123] for a model case of non-interacting particles, in which case
particle fluxes can be derived. The extension to interacting particles requires additional forcing
terms on the boundaries, as well as density-dependent ingoing particle fluxes.

The second approach was presented in [182], for a model system of ionic channel, and refined
in [372] to deal with protein solvatation. In a buffer region aroung the boundary, particles are
inserted and deleted according to the local chemical potential, using standard grand-canonical
sampling techniques [113]. Therefore, the number of particles is preserved in average, and the core
region is not perturbed.

3.5.2 An example of thermal boundary conditions

We present more precisely in this section a seamless coupling between a Langevin and a Ha-
miltonian dynamics (in the spirit of [28,43,45,82]), with periodic boundary conditions. The aim
of this coupled model is therefore only to provide interesting thermal boundary conditions, so
that time-dependent observables can be computed by averages performed in the core region of the
system.



100 3 Phase-space sampling techniques
Description of the model

We consider a simulation box 2 € R? (d = 2 or 3) with periodic boundary conditions (the
configuration space therefore has the geometry of a torus). The simulation box {2 is decomposed
into two non-overlapping domains (2; and (2. (see Figure 3.3), the outer region (2. being for
example the set

Q. ={z e 2| d(x,00) <r},

where d(z,0(2) is the distance from x € (2 to the boundary 92, and r. some positive cut-off
radius.

PBC

FB
¢ PBC

PBC

Fig. 3.3. Decomposition of the simulation box {2 into two non-overlapping domains (2; and (2.

The dynamics we propose is as follows. The particles that are located in §2; are only subjected
to the forces that derive from the interaction potential V', whereas the particles that are located
in {2, also experience some random forcing. More precisely, we consider the dynamics

_ —1

dp, = —VV(q)dt — T'(g:)M~"p, dt + X(qr) AW,

where (W;)i>0 is a dN-dimensional Wiener process, and where the matrices X' and I" represent
the magnitude of the fluctuations and of the dissipation respectively. They are linked by the
fluctuation-dissipation relation:

2
E(Qt)E(Qt)T = BF(%)- (3.85)
In this expression, 3 = (kgT)~! is the inverse temperature of the bath. In the sequel, we choose
a diagonal matrix for I'(q):

I'(q) = Diag(v(q1), - -, v(an))s

where the function « is taken to be a smooth decreasing function of d(z,df2) such that v(x) =0
in £2; and y(x) > 0 in £2.. We also consider

Y(q) = Diag(o(q1),---,0(qn)), with o(+) = 2775) (3.86)

It is easy to check that the canonical probability measure (3.3) is an invariant probability measure
for (3.84) since it is a stationary solution of the associated Fokker-Planck equation.

It is not clear whether the stochastic differential equation (3.84) is ergodic since X' = 0 in
£2;. However, in the following numerical simulations, it is observed that, whatever the starting
distribution, the correct kinetic temperature is quickly attained.
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In the numerical examples presented in Section 3.5.2 and 3.5.2, we have used the following
numerical implementation of (3.84), inspired from the classical BBK scheme used to integrate the
Langevin equation [45]:

p?+1/2 :p?—kﬁ <—tiV(q”)— V(g )p. o(q; ) )

2 VA
n+1 At n+1/2
¢ =+ —p (3.87)
‘ n+1 n+1
n+l  _ 7_z+1/2 At Vi(g"tt FY(qi ) n+1 U(qi )G7_H.1
pz pz + 2 ( vlh ( ) m; pz + \/E 7

where o is still given by (3.86), and {GI}1<i<n,nen are identical and independently distributed
(ii.d.) standard gaussian random variables.

Thermal conductivity of Lennard-Jones systems

We first describe the Lennard-Jones system and the thermalization procedure we have consi-
dered. The NVE-NVT heating and cooling processes are then dealt with in Section 3.5.2, and
alternative approaches to determine the thermal conductivity are briefly reviewed. Some simula-
tion results are finally provided.

Description of the system

We consider a three-dimensional (d = 3) Lennard-Jones system, with standard periodic boun-
dary conditions. The potential energy is given by

N
V= > VLJ(|Qi_Qj|)+%Z > Vislla — g5 + k), (3.88)

1<i<j<N ,j=1 keR\{0}

where R is the Bravais lattice and V1,5 the usual Lennard-Jones potential
12 6
Vig(r) = 4e ((E) - (2) ) ) (3.89)
r r
with € > 0 and a > 0.

The system is first thermalized at an inverse temperature 3 using a full Langevin dynamics
(that is, I'(q) = volsn in (3.84)) for a time ¢y large enough, starting from an equilibrium position
such as a FCC lattice for solid state simulations, or a square lattice for liquid phase simulations,’
and generating the momenta of the particles from the kinetic part of the canonical measure.

Computation of the thermal conductivity

The thermal conductivity A of a system can be computed either at equilibrium, using a Green-
Kubo formula [113], or in a non-equilibrium setting. The former method relies on the integration
of the heat flux correlation function, and often requires long simulation times for the time integral
to converge. Non-equilibrium molecular dynamics (NEMD) approaches assume a linear response
regime, so that the heat flux depends linearly on the temperature gradient. To specify this linear
relation, external fictitious mechanical forces can be added [100,128] to the NVE dynamics, or a
temperature gradient can be specified, while the heat flux is then measured. Since these methods
also suffer from slow convergence, a different approach has been proposed, where the heat flux is
specified, and the temperature field is measured [251].

® This initial configuration is much less stable than a FCC lattice, and thermalization is therefore expected
to occur faster.
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A recent interesting alternative method [175] relies on transient simulations. A small fraction
of the system is instantaneously heated, and the kinetic temperature relaxation is monitored.
The thermal conductivity can then be computed by comparison with the Fourier law. However,
the approach of [175] is based on NVE simulations of relatively small systems, so that complete
relaxation toward the canonical ensemble cannot be observed.

We now show that the NVE-NVT model (3.84) is fairly suited for thermal conductivity compu-
tations. Let us consider a Lennard-Jones system modeled by (3.84) initially at thermal equilibrium
with temperature T} (such an equilibrium state is obtained as described in Section 3.5.2) and let us
suddently change the temperature of the thermostat to 7. The inner system §2; is then heated or
cooled down through energy exchanges with (2., itself thermostated by the environing heat-bath,
and the kinetic temperature of {2; as a function of time can be monitored. To reduce statistical
errors, several independent relaxations must be performed, starting from initial configurations
sampled independently from the canonical measure.

The thermal conductivity can then be recovered as follows. Assuming that the Fourier law
holds in the domain £2; =]0, L[3, the local temperature obeys the heat equation

pCod, T = \AT,

where p denotes the density of the system (expressed in mol/m?), C, the specific heat capacity
(in J/K/mol), and A the thermal conductivity (in W/m/K). For variations in a small temperature
range, it can indeed be assumed that C), and )\ remain constant in space and time. The specific
heat capacity can be found in thermodynamic tables, or computed as a time-independent, canonical
average according to

g g - N,
~ NkpT?

where NV, is the Avogadro number and (-) denotes a canonical average.

Cy ((H?) — (H)?),

A
Setting o = o it follows
h 8tT = O'AT
Consider the heating or cooling of the sytem from T} to Ty = T} + 0T with |6T'| < Ty, Ts. Setting
u= (T —T)/0T, the evolution of u is governed by the Cauchy problem

Ou = oAu in (2,
’U,|t:0 = 1 in Qi, (390)
u = 0 on 0f2;.

The initial condition ug can be expanded on the Fourier modes

Srim )= 2 3/2, krx\ . Iry\ . (mWZ)
kim\T,Y,2) = 7 S 7 Sin I Sin i

~ 16V2L3/?

1
uo(,y, ) = 3 . zZm:>o 2k + )20+ 1)(2m + 1)¢2k+1,2l+1,2m+1($7yaz)-

as

Let us denote by

h(t,z) = l;) (2%4‘1) exp (—a%t) sin (@) .

k2 112 2)2
L L_;m i Okim., it follows,

Since A¢klm = —
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64
ult 2,9, 2) = Z5h(t,w) hit,y) h(t, 2).

The deviation to the target temperature T5 is therefore, on average on the domain (2;,

_ 1 512
u(t) = T3 /]07“3 u(t,z,y,z) dedydz = Fk(t) ,

where, setting A = om2L "2,

1 (2k + 1)%72 _ At I gar 1 oqny
k(t) = E —_— —0o————1 | = 1+ = — R I 3.91
" k>0 (2k + 1) P ( 7 L2 ¢ N a5 i (390

It then holds

u(t) _ (k@) 3Ne—3A(t—t0)
u(to) (k(to))

for t > to and tg large enough. Therefore, the value of A (and thus of A provided C, is known)
can be computed by fitting 4(t)/u(tg) to an exponential function.

Numerical results

The kinetic temperature for a given number N; of particles is defined as

N P
3Nikn 2~ 2m,

We also define, in analogy with the previous section, uyin = (T2 — Tkin) /0T

Figure 3.4 shows a plot of the instantaneous kinetic temperature in {2; in the case of a heating
process for fluid Argon from T} to T», and the corresponding plot of Uiy /Ukin(to) (with o = 5 ps),
averaged over 30 realizations of the heating process conducted from independent initial conditions.
The parameters of the model are N = 64,000, ¢/kp = 119.8 K, a = 3.405 x 1071 m, T} = 400 K,
Ty =420 K, At = 2.5 x 10715 5. We use a truncated Lennard-Jones potential with a cut-off radius
7. = 2.5a. The molar mass is M = 39.95 x 1072 kg/mol, and the density is p = 35044 mol/m?.
The simulation cell {2 is then a cubic box of edge length L = 37.51 a. The parameters used for the
thermalization are o /m = 1012 s7! and #;,;; = 20 ps. Then, the independent initial configurations
are obtained from this thermalized configuration by running an additional Langevin dynamics for
15 ps before each realization of the heating process.

For the coupled NVE-NVT dynamics, we have used

v(-) =7 cos (2%) (3.92)

with 41 /m = 5 x 102 s~!. We have checked that the thermal response is not sensitive to the
specific shape of the friction function nor to the value of 77 in a broad range.

As can be seen from Figure 3.4 (Left), the kinetic temperature in the inner region of the
system converges toward the target value determined by the temperature of the thermostat. The
function @y, /Ukin(to) is plotted on the time interval [to,¢1] with ¢ = 5 ps and ¢; = 75 ps.
Notice that, as we discard the initial relaxation, the higher order exponential terms in (3.91)
can be neglected, so that we can indeed approximate iy, /Uxin(to) by e 3A(t=t0) A least-square
fit gives A = 0.01438 s~!. A numerical computation of C, at T = 400 K (using a Langevin
NVT sampling with 6 x 10° time-step as described in [51]) gives C,, = 18.01 J/K/mol, in good
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Fig. 3.4. Left: Kinetic temperature in (2; as a function of time. Right: Plot of tikin /@xin (o) as a function
of time with to = 5 ps (solid line), as well as its exponential fitting function (dashed line). Notice that the
exponential approximation seems to be justified.

agreement with the experimental value C, = 18.12 J/K/mol®. Therefore, the computed value of
is A = 0.1509 W/m/K, which is in good agreement with the experimental value A = 0.1557 W /m/K
at T' = 400 K.

Thermal relaxation of a displacement cascade in Pu

We finally present in this section some simulation results on the irradiation induced displace-
ment cascades in metallic crystals. When an atom of a crystal ("the primary knock-on atom’;, PKA)
undergoes a nuclear reaction or is hit by a high-energy particle, its kinetic energy is dramatically
increased. This will give rise to a cascade of collisions between the neighboring atoms, together
with a sudden increase of the local kinetic temperature. These cascades result in the production
of numerous defects in the lattice (such as interstitial atoms or vacancies), the so-called 'primary
damage state’. A large fraction of the defects quickly disappear due to the recombination between
interstitial atoms and vacancies, while the system returns to its original temperature (the kinetic
energy in excess is dissipated). This first stage of relaxation lasts about a nanosecond. An experi-
mental investigation of these phenomena is difficult, since the time and length scales involved are
too small for a direct observation, but it can be simulated by MD. The remaining defects created
by the various cascade relaxations will then interact on much larger time scales (from a second
to several years) to form clusters of defects, that will alter the macroscopic mechanical behavior
of the material. This is the source of the ageing of radioactive and irradiated materials. Kinetic
Monte-Carlo (KMC) models [77] are necessary to deal with such long time scales; these models
can be parametrized by the results of MD simulations of the first stage of the cascade relaxation.

Our purpose is to model the thermalization occuring in this first stage. It is important to
describe correctly this process, since it has an influence on the distribution of the remaining
defects, hence on the parametrization of the KMC model. More specifically, we focus on the
example of a FCC Pu crystal (recall that Pu undergoes alpha decay). Since the PKA is launched
with a large kinetic energy, the kinetic temperature of the system increases at the beginning of the
simulation. Therefore, unless the system is infinitely large (in which case the temperature increase
is negligible, and the initial energy excess concentrated in the center of the crystal diffuses over
the whole system), there is a need for some dissipation, in order to ensure thermal relaxation.
The MD model of [77] considers a crystal with PBC, where the atoms in the unit cells close
to the boundary obey a full Langevin dynamics, while the other atoms experience a pure NVE

5 The experimental values used in this section are taken from the NIST Chemistry Webbook,
http://webbook.nist.gov/chemistry/fluid/
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dynamic. We propose here to consider a Langevin forcing of decreasing magnitude as explained
in Section 3.5.2. This can heuristically account for the finite size of the crystal, dissipation being
then understood as energy transfer from the simulated box to the rest of the crystal.

Simulations have been carried out for a FCC Pu lattice of 13,500 atoms at Ty = 300 K,
using a MEAM potential [21,22,24] for Pu [23]. An initial thermalization is performed for a time
to = 10 ps, using a full Langevin dynamics. The PKA is then launched with an energy of 100 eV
in the direction (5 1 3). The first stage of the simulation is performed during the time ¢; = 4 ps
with the time step At = 5.107° ps. The second part is performed during the time ¢, = 35 ps. The
friction function used in this simulation is still given by (3.92), with q9/m = 2 x 102 s7! and
Teut = 4.5 x 10710 m (this is the cut-off range used for the MEAM potential). The evolutions of
the kinetic energy of the whole system as a function of the iteration step are displayed in Figure 3.5
for both simulation stages.

Kinetic temperature Kinetic temperature
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Fig. 3.5. Kinetic temperature as a function of the iteration step for a FCC Pu system experiencing
a self-decay-induced cascade of 100 €V. The time-step is At = 5 x 107° ps for the picture on the left
(first stage of the simulation), and At = 5 x 10~* ps for the picture on the right (second stage of the
simulation).

At the end of the second stage of the simulation, the kinetic temperature of the system has
returned to the desired value T' = Tj.

3.6 Some background on continuous state-space Markov chains and
processes

3.6.1 Some background on continuous state-space Markov chains

This section is intented to give a quick overview of the most important notions and results for
continuous state-space Markov chains. We refer the interested reader to [240], and to [127, Chap-
ter 4] for a simple short introduction to continuous state-space Markov chains. The article [349]
is also a beautiful introduction to the topic, making remarkable parallels between the countable
case and the continuous state-space case.

Different levels of stability for Markov chains.

We first present in an informal manner the spirit of the characterization of stability for Markov
chains {®,, },en on a general state space X (in particular, we do not restrict ourselves to countable
spaces). This general introduction is strongly inspired from [240, Section 1.3]. A useful concept is
the first hitting time from a point to a set. Define
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g =inf {n>1|®, € B},

the first time when the chain reaches the set B. The weakest form of stability is that the space
accessible to the chain does not dramatically change when taking another initial condition, so
that all “reasonably sized” sets can be reached from any starting point. This is the concept of
¢-irreducibility, which can be stated as follows, for x € X,

¢(B) > 0= P,(15 < 00) >0,

where P, is the probability induced by the Markov chain starting at x (i.e. the probability of
events conditional on the chain starting from z). The measure ¢ precises the class of sets that can
be “reasonably” reached.

A strengthening of this condition is that not only all sets can be reached, but in fact they are
attained almost surely, in the sense that

Ve e X, ¢(B)>0=P,(rp <o0)=1.
This can be further strenghtened by requiring the expected hitting time to be finite:
¢(B) >0=E,(15) < o0,

where E,, is the expectation under PP,.. This level of stability is refered to as recurrence. Heuristically,
it ensures that the chain does not drift, but returns often enough to “central” parts of the space.
This kind of behaviour already implies some convenient behaviour along sample paths (@¢, @1, .. .),
leading to a Law of Large Numbers (LLN).

The last level of stability is relevant for recurrent chains, and deals with convergence to a
limiting regime independently of the initial condition. This is known as ergodicity, and is linked
to the convergence of the distribution of the chain. In this case, Central Limit Theorems (CLT)
can be stated to precise the behaviour along one sample path.

The different levels of stability introduced are summarized in Figure 3.6, together with condi-
tions ensuring them. Denoting by B(X) the Borel o-algebra of X and by u“" the Lebesgue
measure on X, these conditions read

(C1) Yz € X, VBeB(X), p*"(B)>0= P(z,B) >0,

(C2) m is an invariant probability measure,

There exist measurable functions L > min{1, A}, W > 0, a real number b
(C3) and a petite set C' such that

/XP(x,dy)W(y) —W(z) < —L(z) + blc(z), ©(W?) < +oo.

There exist a measurable function W > 1, real numbers ¢ > 0 and b,
(C4) and a petite set C such that
AW (z) < —cW(z) + blc.

The notion of petite set C' will be precised below. Notice that Conditions (C1) and (C2) are
usually quite easy to show in a MD setting, already giving ergodicity (without convergence rate
however). Conditions (C3) and (C4) can be easily shown when the state space X is compact (when
it is a d-dimensional torus for example, as in MD with periodic boundary conditions), under certain
regularity conditions on the transition kernel.

These concepts are precised below, and presented in a more rigorous way. We end this section
with a simple example, the Random Walk on a (half-)line, in order to see the theory of general
state-space Markov chains at work.



3.6 Some background on continuous state-space Markov chains and processes 107

(€2 Existence and
s unigueness of an
(€1) Irreducibility l N invariant probability
. (positive) Uniqueness measure
Recurrence of invariant measure

Positive Harris recurrence

Aperiodicity for a.e. starting point
(C3
Law of Large Numbers
1sN —
Ergodicity N Sne1A(®n) — [} A(P) drtas.
Ex(A(®n)) — [x A(®) drt Central Limit
Theorem
(C4)
/ oVN (§ Iha A(®n) — fx A(®) dTr) — 2 (0,1)
Geometric
ergodicity

[Ex(A(PN)) = Jx A(®) df < A(X)Rp™

Fig. 3.6. The different levels of stability for Markov chains.

Some fundamental results.

We first precise the probability structure induced by a Markov chain on the state space. We
consider a continuous state-space Markov chain given by its transition probability kernel

P={P(z,B), z€ X, BeB(X)}

where B(X) is the set of Borel sets of X. The transition probability kernel is such that P(-, B) is
a non-negative measurable function on X for all B € B(X), and P(x,-) is a probability measure
on B(X) for all z € X. Given a transition probability kernel, one can define a time-homogeneous
Markov chain @ = (P¢, Py, ...) with initial distribution p. This chain is defined on 2 = []2, X;
(where each X; is a copy of X), and is measurable with respect to the product o-field F =
@22, B(X;). There exists a probability measure P, on F such that, for any any n € N and any
measurable B; € B(X;) (1 <i<n)

Pu@o € Boodye b= [ f (o) Pyo, dyn) .. (g1, Bn).
Yyo€ Bo Yn—1€Bn_1

If an event occurs P, = Ps_-a.s. for all z € X, we say that it occurs P,-a.s. We also inductively
define P", the n-step transition probability by P°(x, B) = §,(B) and the induction rule

P”(x,B):/XP(:C,dy)P”_l(y,B).

We then successively turn to the three important notions presented in the introduction of this
section.
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Irreducibility.

Definition 3.2. The chain @ is said to be ¢-irreducible if there exists a measure ¢ on B(X) such
that, for all z € X and B € B(X) such that ¢(B) > 0, there ezists some n (possibly depending on
x and B) such that P™(x, B) > 0.

Notice that the Condition (C1) above implies g **P-irreducibility. When a chain is ¢-irreducible,
there exists a maximal irreducibility measure 1 (see [240, Theorem 4.2.2]). The maximality is to
be understood with respect to the domination relation for two measures, denoted as ¢ < 1,
and defined through ¥(B) = 0 = ¢(B) = 0. Any other irreducibility measure is absolutely
continuous with respect to 1. The equivalence of maximal irreducibility measures allows then to
define BT (X) = {B € B(X) | ¥(B) > 0}.

Definition 3.3. A set B is full if ¥(B¢) =0 and absorbing if P(x,B) =1 for all x € B.
Recurrence.

As in the countable case, irreducible continuous state-space chains have essentially two possible
behaviours: they may drift to infinity (transient behaviour) or remain almost always in a bounded
region of space (recurrence). The occupation time npg is defined as the number of visits of @ to a

set B € B(X):
nB = Z 1ys,eB)-

n=1
Recall that E, denotes the expectation under P, = IP5,_, that is, the expectation under the proba-
bility generated by the chain starting from x.

Definition 3.4. A chain @ is called recurrent if it is 1-irreducible and E,(ng) = > 2

n:an(‘T7B):
+oo for all x € B and B € BT (X).

Let us precise some criteria ensuring that a Markov chain is recurrent. A simple case is when
an invariant probability measure exists for the system. Let us emphasize that the existence of a
(non-normalized) invariant measure is not sufficient, since this measure may be non-normalizable
(see an example below).

Definition 3.5. A -irreducible chain @ is said to be positive if it admits an invariant probability
measure .

It is heuristically clear in this case that the chain cannot be transient. The following proposition
holds:

Proposition 3.2 ( [240], Proposition 10.1 and Theorem 10.4.9 ). If a chain ® is positive
then it is recurrent and admits a unique invariant probability measure equivalent to 1.

Notice that Conditions (C1) and (C2) above imply positive recurrence for the chain. When no
invariant probability measure is known, stronger conditions are needed to get recurrence, such as
drift criteria [240, Chapter 8]. In statistical physics however, it is often the case that an invariant
probability measure is known.

Law of Large Numbers.

The concept of recurrence can (and has to) be somewhat strengthened to get convergence
results such as the Law of Large Numbers (LLN).
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Definition 3.6. A set B € B(X) is called Harris recurrent if P,.(ng = c0) = 1 for allx € B. A
set B is called maximal Harris if it is a mazimal absorbing set such that @ restricted to B is Harris
recurrent. A chain @ is called Harris recurrent if it is -irreducible and if every set in BT(X) is
Harris recurrent. A Harris recurrent and positive chain @ is called a positive Harris chain.

Actually, any recurrent chain is already almost a Harris recurrent chain. Indeed, the following
theorem holds:

Theorem 3.13 ( [240], Theorem 9.1.5 ). If ¢ is recurrent, then X = H U N where H is a
non-empty mazimal Harris set, and N is y-null.

Therefore, starting from an initial value x € H, a positive chain remains in H and is positive
Harris on H. This amounts to replacing the whole space X by its full subset H. Note that 7 is
also an invariant measure for the chain on H.

We now turn to the convergence of the average along one sample path. Consider the sum
Sn(A) = Zfil A(®,,). We recall a Law of Large Numbers (LLN) result:

Theorem 3.14 ( [240], Theorem 17.1.7 ). Suppose D is positive Harris. Then, for any mea-
surable function A € L*(7),

lim iSN(A):/ Adr  as. [Py].
n—oo [N P'e

Remark 3.3. Therefore, since the chain starting from H remains in H and is positive Harris on
H, the LLN holds true for any chain {®, }nen starting from &g = x € H. Therefore, it holds for
a.e. starting point, H being a subset of full measure by Theorem 3.13. This result can actually be
extended to all starting points [239,241]. It holds whenever Conditions (C1) and (C2) are verified.

Small sets and petite sets

The following definitions of small and petite sets are used for the convenience of other definitions
and are particularly well-suited for general proofs in the Markov chain setting. However, they will
not be used as such in this chapter, for we will be able to work with compact sets, that are small
or petite under certain regularity conditions on the Markov transition kernel. We also warn the
reader that the terms ’small’ and ’petite’ do not refer to the size of the spaces involved. They
merely refer to some useful uniform lower bounds on the transition kernel.

Definition 3.7. A set C € B(X) is called a v,,-small set if there exist m > 0 and a non-trivial
measure Uy, such that for all x € C' and B € B(X),

P™(x, B) > vy (B).

Though it is far from obvious from this definition, any -irreducible chain has small sets C C B
for any B € B(X)™" (see [240, Theorem 5.2.2]). In fact, the whole space X can be recovered by
a countable union of small sets (see [240, Proposition 5.2.4]). This allows many properties of
continuous state space Markov chains to be stated in the same manner as for countable state
space Markov chains.

The notion of small sets is generalized with the notion of petite sets. Setting K,(x, B) =
>0 o P"(z, B)a(n) for x € X,B € B(X) and with a = {a(n)},en a probability measure on N,
the expression K, defines a transition kernel.

Definition 3.8. Let v, be a non-trivial measure on B(X). A set C € B(X) is v,-petite if
K,(x,B) > v4(B)

for all x € C and all B € B(X).
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Notice that a v,,-small set is vs,_-petite. We will now see that compact sets are petite, under
certain regularity conditions on the transition kernel.

Definition 3.9. If x — P(z,0) is a lower semi-continuous function for any open set O € B(X),
then the chain is said to be weak Feller.

Notice that the lower semi-continuity condition is usually easy to check in practice. It will even
often be the case that P(-, B) is a continuous function for any Borel set B. We then have the
following

Theorem 3.15. If the ¥-irreducible chain @ is weak Feller and if supp ¥ has a non-empty interior,
then all compact subsets of X are petite.

Ergodicity.

We first introduce the total variation norm for a signed Borel measure p. It is given by

[l = sup lu(h)| = sup p(A)— A).

inf  pu
h measurable, |h|<1 {AeB(X)} {AeB(X)}
Notice that convergence in total variation implies weak convergence.

Definition 3.10. A chain @ is ergodic when
Vere X, lim ||[P"(x,-)—m||=0.

In particular, ergodicity implies E.(A(®,)) — [y A(®) dr when n — +oo for any bounded
measurable function A.

Ergodicity is actually quite easy to get once the chain has been shown to be recurrent. It is
sufficient to show that the chain is aperiodic. We need here the notion of small and petite sets
to state the definition of aperiodicity, though in practice much simpler criteria will be used. We
introduce the set E¢ associated with a vys small set C:

Ec ={n >1| the set C is v,-small with v,, = Kk, for some k,, > 0}.

We see that M € E¢. Let us denote by d the greatest common divisor of the set E¢. In fact d is
independent of the initial small set chosen. Therefore, the following definition makes sense:

Definition 3.11. Suppose that & is a -irreducible Markov chain. If d = 1, the chain is called
aperiodic. If there exists a v1-small set C with v1(C) > 0, the chain is called strongly aperiodic.

It is often easy to check strong aperiodicity in the MD setting using some global accessibility
results. In particular, Condition (C1) implies aperiodicity (see [240, Theorem 5.4.4]). The following
theorem then states the ergodicity of recurrent aperiodic chains.

Theorem 3.16 ( [240], Theorem 13.3.4). If & is positive recurrent and aperiodic, then for every
initial distribution X such that \(N) =0 (where N is the w-null set defined in Theorem 3.13),

—0 asn— oo.

H/A(d:c)P"(:c, yen

In particular, the case A = 0, can be considered for a.e. point = (i.e. for x € H). This result holds
as soon as conditions (C1) and (C2) are verified.

The convergence in total variation norm implies convergence of the expectations for bounded
observables A. It is therefore not sufficient in practice for non-bounded observables A (see for
instance the examples presented in the Introduction). Fortunately, the ergodicity results can be
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strengthened in a straightforward way. For a given measurable non-negative function W, let us
define the W-total variation norm for a signed Borel measure u as

pllw = sup (R
h measurable, |h|<W

Then Theorem 3.16 can be readily extended to integrable functions A.

Theorem 3.17 ( [240], Theorem 14.0.1). Suppose that A > 1 is measurable and w(|A|) < 4o0.
If @ is positive recurrent and aperiodic, then for m-a.e. x € X,

—0 asn — oo.
A

‘L/A@mgpnw,)_w

Rate of convergence for the LLN: a Central Limit Theorem.

Additional conditions are required to get not only a LLN, but a CLT, precising the rate of
convergence of a sample path average toward its limit. The drift AW is defined, for z € X, as

AW (z) = /X Pz, dy)W (y) — W(z).

We then consider the following

Criterion 3.1. Assume @ is ergodic, and there exist a measurable function L : X — [1,00[, a
petite set C € B(X), b < +o00 and a finite-valued measurable function W such that

AW (z) < —L(x) + ble(z), Vo e X.

Denoting by 7 the invariant measure of the chain, we also assume w(W?) < co.

Heuristically, this drift condition ensures that AW is decreasing outside a petite set C' (in practice,
a compact set). Therefore, we expect the chain to spend most of its time in the set C. The dynamics
of the chain is then almost that of a chain in a compact set. That is why we can expect some
stronger recurrence properties and some better convergence results.

For a given measurable function A such that 7(]A|) < oo, we formally define the function A
by the following Poisson equation:

A—PA=A—-n(A).
It is not clear in general whether A is well-defined. This turns out to be the case when Criterion 3.1
is verified, and allows to state a CLT (see [240, Theorem 17.5.3]):

Theorem 3.18 (CLT). Assume Criterion 3.1 holds, and let A be a function such that |A| < L.
Then the constant v := w(A% — (PA)?) is well-defined, non-negative and finite. If v% > 0, then,
defining A = A — w(A), it holds

(n73) 7280 (A) — N(0,1),

this convergence being in law.

Notice that we get convergence results only for observables |A| < L, while the LLN applies for
any integrable function. Theorem 3.18 holds true as soon as Conditions (C1), (C2) and (C3) are
verified.

Remark 3.4. In particular, under the assumptions of Theorem 8.15, the whole state space is petite
when it is compact. Therefore, Condition (C8) is straightforwardly verified with the choice C' = X
and W and L arbitrary smooth functions (taking b large enough).
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Geometric ergodicity.

The ergodicity property implies the convergence E.(A(®,)) — [y A(g)dr for measurable
integrable functions A. A convergence rate can be obtained by resorting to the stronger notion of
geometric ergodicity, generalizing the notion of ergodicity. The following Criterion, analogous to
the drift condition for Criterion 3.1, is of paramount importance.

Criterion 3.2. There ezist a function W > 1 finite at some xo € X, a petite set C € B(X), and
b < +o00, ¢ > 0 such that

AW (x) < —cW(z) + ble(x), Vze X. (3.93)

This drift criterion can be heuristically interpreted in the same way as Criterion 3.1. We then get
the following

Theorem 3.19 ( [240], Theorem 15.0.1). Assume Criterion 3.2 holds. Then there exist p < 1
and R < 400 such that, for all x € {y € X | W(y) < +o0},

1P (z, ) = mllw < RW(x)p".

In particular, we get

< RW (z)p"

B.(A@,)) - [ A@)dr

for any starting point = € X such that W(z) < +oo. This result holds as soon as Conditions (C1),
(C2) and (C4) are verified.

Remark 3.5. When X is compact, Condition (C4) is straightforwardly verified with the choice
C = X for any arbitrary smooth function W (taking b large enough). When X is not bounded and
the chain is weak Feller (with an irreducibily measure of non-empty interior), Condition (C4) is
satisfied when (3.93) holds for a compact set C and for a smooth function W such that W(z) —
+o00 when x| — +oo.

A simple example: The Random-Walk on a (half-)line.

We now present a simple example, taken from [240]. We hope that it illustrates relevantly
many of the notions introduced in this section. The setting is the following. Consider a collection
of real-valued random variables & = {®g, ®1, ...}, defined as

Ppy1 = P + Wi,

where {W},} are independent and identically distributed (i.i.d.) random variables, that we do not

precise further for the moment. The distribution of @y can be chosen arbitrarily. A convenient

choice is for example to initialize the chain with a deterministic point zy € R, which amounts to

considering the initial measure d,,. The so-defined Markov chain is called a “random-walk” (RW).
We can also consider a random-walk on the half-line (RWHL), defined as

Dpt1 = [Pr + Wi,

where [a]; = max(a,0). We examine successively to the questions of irreducibility, recurrence and
ergodicity for those two Markov chains.
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Irreducibility.

Under reasonable assumptions on the increments {W}}, irreducibility is easy to check, and
asks only for little comprehension of the behaviour of the system.

Consider first the case of random-walk when the W) have values in Q and are such that
P(Wy, = x) > 0 for all z € Q. Starting then from z¢ € Q, it is easily seen that Q is absorbing. If
the chain was irreducible, any irreducibility measure ¢ would be supported by Q. For zy &€ Q, the
chain has values in zg + Q. So, considering the chain starting from xg, we see that P"(xo,Q) =0
for all n € N. This shows that ¢ cannot be an irreducibility measure. The chain is not irreducible
in this case, and it has an uncountably infinite number of absorbing sets.

In the case when W} has a smooth positive density -, the chain is seen to be irreducible with
respect to the Lebesgue measure p"®® (more general conditions could also be considered [240]).
Indeed, for any € R and B € B(R) such that x“**(B) >0

P(z,B)=P(W, € B—x) = / ~v(y)dy > 0.
B—x
In addition, there exists §, > 0 such that y(x) > § > 0 for |z| < 27. Setting C = {|z| < n}, and
considering z € C' and B C C, one has

Pz, B) = P(W, € B — 1) — / ~(y)dy > 552"(B) > 0. (3.94)
B—x

Setting for example ¢ = (u*®(C))~'1¢(-), the relation (3.94) shows that C is a ¢-small set.

For the random-walk on the half-line, we assume that P(1W; < 0) > 0. It is then straightforward
to show that, for all x € R, there exists n such that P™(xz,{0}) > 0. This shows that dy is an
irreducibility measure for RWHL.

Recurrence

In the case of RWHL, it is intuitive that the chain will be recurrent when the mean displacement
is negative. In the case when the mean displacement is positive, we expect on the contrary the
chain to drift to infinity without coming back (except maybe a finite number of times in average).

We now precise these heuristic arguments. Set m = / axy(x)dz. When m > 0, Proposition 9.5.1

R
in [240] shows that the chain is transient (the proof uses a comparison with a convenient Markov

chain on countable state-space). When m < 0, a drift criterion can be stated, ensuring recurrence
+oo
m
of the chain (see [240], Section 8.5). Indeed, consider z, < 0 such that / xy(x)de < 5 and

T s

take W(x) = . Then, for = in [0, —xz.]

3

AW(:E)=/RP(:E7dy)(y—w)=/>OP(:E7dy)(y—w)=/>O(y—w)7(y—w)dy§ <0.

m
2
This shows that a drift criterion holds with C' = [0, —z.]. Heuristically, this means that the values
of W cannot grow too much, which implies that the chain remains in a vicinity of the origin. We
resort to Theorem 8.0.2 in [240] to prove that the chain is recurrent. It then has a unique invariant
measure (see below for conditions ensuring that this invariant measure is finite).

For the random-walk on the full line, it is still quite clear that non-zero mean increments will
lead to a transient behaviour. Conditions for recurrence in the case when the mean increment is zero
can be precised when the increments have bounded range. We refer to [240, Section 9.5]. However,
the chain can never be positive recurrent since the Lebesgue measure is invariant (see [240, Section
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10.5]), and is therefore at best null recurrent. Ergodicity does not make sense for the general RW
model.

Ergodicity for the Random-Walk on the half-line

We still assume that the mean drift m = / ay(x)dx is negative in order to ensure recurrence
R

of the chain, and the existence of an invariant measure. We need however a better drift criterion
to ensure that the invariant measure is a probability measure (that is, a finite measure) and to get
ergodicity. To this end, we assume in addition that f0+oo esty(t)dt < +oo for 0 < s < n for some
1 > 0. Notice that this can be interpreted as sufficient fast decrease in the increments. Then, for
0 <s<n,and L(z) = e**,

1fR (@ dy)(Ly) L) _ [ et 1
o /Rvm .

dr —m

when s — 0 by dominated convergence. There exists 0 < s9 < n such that, setting W(z) =
exp(sox),
AW (z) < %SQW(!E) + blc(x)

for some b > 0 and with C' = [0, ¢ for some ¢ > 0 large enough (see [240, page 399] for precisions).
The chain is therefore W-uniformly ergodic, in the sense that there exists R > 0 and 0 < r < 1
such that

Ve e Ry, ||P"(x, ) —7llw < RW(x)r "

3.6.2 Some convergence results for Markov processes.

We extend here the results of Appendix 3.6.1, stated for Markov chains, to Markov processes.
We will focus on diffusion equations of the form

dd, = b(P,)dt + LW, (3.95)

where @, is a stochastic process with values in X, b is a C* function, Y is a matrix of dimension
d = dim(X), and W, is a d-dimensional standard Wiener process.

We assume that trajectorial existence and uniqueness hold true for (3.95). This is classical for
globally Lipschitz drifts [152, Theorem I11.3.2], namely for functions b satisfying for some positive
constant D

V(z,y) € X2, [b(x) —b(y)| < D [o —yl. (3.96)

When this condition is not satisfied, it is possible to conclude to trajectorial existence and unique-
ness under the following hypothesis (see [152, Theorem I11.4.1]): there exist a C? function W (x)
that goes to infinity at infinity and a positive constant ¢ such that

AW < cW. (3.97)

Besides, under assumption (3.96) or (3.97), one can prove that the Markov process (3.95) is Feller.
That means that, for each bounded measurable function g : X — R, the mapping

z — E.(g(P7))

is continuous, where @7 is the solution of (3.95) with initial condition @§ = z. We assume in the
sequel that either (3.96) or (3.97) is satisfied. Some extensions for less smooth functions b and
Y = XY(x) can be found in [328].

The transition kernel P! is defined, for ¢t > 0 and B € B(X), as
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P'(z, B) = Py(®; € B),

where P, is the probability generated by the process starting at . The infinitesimal generator A
associated with (3.95) is

B 1 T 0%g
Ag(z) = b(x) - Vg(z) + 5[22 Jij D0 x (3.98)
for g € C%(X).
Main convergence results.
(C2) Existence and
, - uniqueness of an
(C1) —— Irreducibility l - / invariant probability
S (positive) Uniqueness measure

Recurrence of invariant measure

Ergodicity Positive Harris recurrence
for ae. starting point

Ex(A(®1)) = [x A(®) drt

Aperiodicity
Convergence dong a sample path
(€3) LT
/ T Jo A(P)dt — [y A(P) drtas.
Geometric
ergodicity

[Ex(A(®T)) = Jx A(®) dr] < A(x)Rp™
Fig. 3.7. The different levels of stability for Markov processes.
Figure 3.7 summarizes the main results, as in the discrete time case. The definitions of the

different concepts and the proofs of the implications can be found in the remainder of this Section.
Recall that we made the following general assumption throughout this Section

(C0’) Condition (3.96) or (3.97) holds.
The conditions (C1’), (C2’), and (C3’) read:
(C1") For all ¢ € X and open set O € B(X), P'(¢q,0) >0,

(C2’)  is an invariant probability measure for the process,

There exist a measurable functions W > 1 going to infinity at infinity,
(C3) real numbers ¢ > 0, b € R and a compact set C' such that
AW (z) < —cW (z) + blc.
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Notice that conditions (C1’) and (C2’) are usually quite easy to show in a MD setting, already
giving ergodicity (without convergence rate however). Conditions (C3’) can be easily shown when
the state space X is compact (when it is a d-dimensional torus for example).

Stability concepts.

We first precise the concepts of irreducibility, Harris recurrence and ergodicity in the continuous
time setting, which are quite analogous to the corresponding discrete time concepts [86,241].
Consider, for B € B(X), the random variables

T =inf{t > 0| &, € B}, np = /0+°° 1(p,epy dt.
Definition 3.12. A Markov process is said to be ¢-irreducible if for a o-finite measure ¢,
Ve X,VB € B(X), #(B)>0=E;(ng)>0.
A process is Harris recurrent if, for a o-finite measure 1,
Vo e X,VB € B(X), ¥(B)>0= P,(rp < +0) = 1.

When a Harris recurrent process has a finite invariant measure (which can be normalized into a
probability measure), it is called positive Harris recurrent.

Note also that a Harris recurrent process is irreducible.

Irreducibility can be checked in two steps. First, one can show open set irreducibility, which
is usually easy to check using controllability arguments (see e.g [231, 336, 337]). We then get
irreducibility using the continuity of the transition kernel (resulting from the Feller property).

When an invariant probability measure for the stochastic differential equation (3.95) exists,
and when the process is irreducible, it is also recurrent, since there is also a dichotomy between
recurrence and transience as in the discrete-time case [348, Theorem 2.3]. When @ is recurrent,
we also have existence of a maximal absorbing Harris set of full measure, and uniqueness of
the invariant measure [348]. Therefore, the results of the discrete-time case can be completely
transposed.

(Weak) Regularity of the transition kernel.

In contradiction with the Markov chain case, we often need some (weak) regularity properties
on the transition kernel in the continuous-time setting. The minimal assumption that has to be
made is that the process is a T-process.

Definition 3.13. The Markov process is a T-process if there ezists a probability measure a on R4
and a kernel T such that T (-, B) is lower semi-continuous for all B € B(X) and

+oo
K, :/ a(dt)P* > T.
0

In particular, this property holds whenever the process is Feller since in this case, for all t5 > 0
and all B € B(X), P'(-, B) is continuous.

Convergence of the average along one sample path.

The concepts introduced above allow us to state a result concerning the asymptotic behaviour
of the average
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T
Sr(4) = 7 [ A@)

for some observable A € L!(r). Notice that this average is in fact a random variable.

Theorem 3.20 ( [241], Theorem 8.1). Suppose that ¢ is a positive recurrent T-process. Then
for any m-a.e. x € X and A € L(n),

St(A) — /X A(q) dm = P, — aus.

Therefore, as in the discrete time case, we obtain convergence over a single sample path reali-
zation. Notice that this result can be extended to all starting points in X, and not only for starting
points in the full maximal Harris subset [241]. Some results also exist for non-irreducible Markov
process [241], but we restrict here to positive recurrent processes, which is the natural MD setting.

Central Limit Theorems can also be stated for the convergence of St (A). However, the setting
is not as clear as in the discrete time case. We refer for example to [172].

(Geometric) Ergodicity.

As for the discrete time case, convergence of the expectations E;(A(®;)) to the state space
average fX A(®P) dr can be stated under certain conditions. This is precisely the notion of ergodi-
city. As in Appendix 3.6.1, || - || denotes the total variation norm, and ||- || the W-total variation
norm.

Definition 3.14. The Markov process is called ergodic if an invariant probability w exists and
vz e X, ||P'(z,:)—n|—0
when t — +00.

The fact that the process is Harris recurrent and that some skeleton chain is irreducible is
enough to ensure ergodicity. A skeleton chain is a Markov chain obtained by sampling the process
at times A > 0, and is thus the Markov chain with the associated transition kernel P2.

Theorem 3.21 ( [241], Theorem 6.1). Suppose that ¢ is positive Harris recurrent. Then @ is
ergodic if and only if some skeleton chain is irreducible.

Notice that Condition (C1’) immediately gives the irreducibility of the skeleton chain. There-
fore, ergodicity holds whenever (C1’) and (C2’) are verified. This gives the convergence E, (A(P;)) —
Jx A(®) dr for bounded measurable functions A.

A rate of convergence can also be obtained and extensions to non-bounded functions can be
stated, as in the time-discrete case, using drift criteria. These criteria have to be checked on the
generator A given by (3.98). We still need the process to be aperiodic. The definition of this
notion for Markov processes is quite analogous to the corresponding discrete-time definition. We
therefore refer to [86,241] for more precisions, and simply note that the Feller property of the
chain and (C1’) are sufficient to conclude to aperiodicity. The definition of petite sets is also a
straightforward extension of the discrete-time case, so we also refer to [86,241] for example for a
more formal definition. The following result shows that it is often enough to consider compact sets
in applications.

Theorem 3.22 ( [241], Theorem 4.1). For a Harris recurrent T-process, every compact set is
petite.

We then have the following



118 3 Phase-space sampling techniques

Theorem 3.23 ( [86], Theorem 5.2). Consider a v-irreducible aperiodic Markov process, and
assume there exist a measurable function W > 1 such that

AW < —cW + ble (3.99)

fore¢>0,b< 400 and a petite set C € B(X). Then the process is W -geometrically ergodic in the
sense that there exist R > 0 and 0 < p < 1 such that for every t > 0,

|P!(x,-) = w|lw < RW (z)p'.

Together with conditions (C1’) and (C2’), Condition (C3’) then gives geometric ergodicity.
As in the time-discrete case, Condition (C3’) holds whenever the state space is compact. Another
common situation is when the drift condition (3.99) is verified for some smooth W going to infinity
at infinity and for some compact set C'.



4

Computation of free energy differences

4.1 Nonequilibrium computation of free energy differences ........... 120
4.1.1 The Jarzynski equality (The alchemical case) ...................... 120
4.1.2  The Jarzynski equality (The reaction coordinate case) .............. 122
4.1.3  Practical computation of free energy differences .. .......... ... .. ... 131
4.1.4 Numerical results ....... ... .. 134
4.2 Equilibration of the nonequilibrium computation of free energy
differences . ... ...t e ittt 138
4.2.1 The IPS and its statistical properties .......... ... .. ... ... .. .. ... 139
4.2.2 Counsistency through a mean-field limit.............. ... ... ... .. ... 141
4.2.3 Numerical implementation ............. ... ... ... .. ... ... .. ... 143
4.2.4  Applications of the IPS method ......... ... . .. ..... ... ... ... ..... 143
4.3 Path sampling techniques ........ ... ... .. . i i 148
4.3.1 The path ensemble with stochastic dynamics ...................... 150
4.3.2 Equilibrium sampling of the path ensemble ........................ 152
4.3.3 (Non)equilibrium sampling of the path ensemble ................... 163
4.4 Adaptive computation of free energy differences ................. 169
4.4.1 A general framework for adaptive methods .............. ... ... ... 170

4.4.2 Rigorous convergence results for the Adaptive Biasing Force method .. 179

The free energy of a system is a quantity of paramount importance in statistical physics. It is

defined as
F= —llnz, Z :/ e PH .
B “M

The constant Z is the partition function of the system, and the space T* M is phase-space (see
Section 2.2 for notations). In many applications, the quantity of interest is the free energy difference
between an initial and a final state. These differences are related to transitions from an initial to
a final state, and can be classified in two categories:

(i) the so-called alchemical case considers transitions indexed by an external parameter A.
The system is then governed by a Hamiltonian H) (or a potential V}), such as Hy(q,p) =
(1 —XN)Ho(q,p) + AH1(q,p). The corresponding free energy difference is

/ e~ BH1(a:p) dq dp
*M

AF = —f7'In
/ e—BHo(a:p) dq dp
*M

)
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(ii) in the reaction coordinate case, the transition is indexed through some level set func-
tion £(q) indexing disjoint submanifolds of the configuration space, and

/ e~ BH(ap) 55((1)_21 dq dp
—1 In *M

e~ BH(a:p) 55((1)_% dq dp
T M

AF = -3

Therefore, free energies can be expressed in both cases as
F=—-3"1'InZz, Z = / exp(—BV) dv (4.1)
=

where 3 = 1/(kgT) (T denotes the temperature and kg the Boltzmann constant). The Boltzmann-
Gibbs measure exp(—SV)dv is defined for a reference positive measure dv, which has support X.
We will consider here that X is a submanifold of R, but all the results extend to the case when
¥ is a submanifold of T3V (the 3N-dimensional torus, which arises when using periodic boun-
dary conditions). The statistics of the system are completely defined by (V,v). We consider here
that (V,v) is labeled using a d-dimensional parameter z (with d < 3N) which characterizes the sys-
tem at some coarser level. Examples of such parameters are £(¢) or A with the above notations. In
the alchemical case, the parameter z = ) is independent of the current configuration of the system.

This chapter is organized as follows. In Section 4.1, we recall the usual Jarzynski equality when
computing free-energy differences using nonequilibrium dynamics (stated for alchemical transi-
tions), and present an extension to the reaction coordinate case. We then present, in Section 4.2,
an equilibration of the nonequilibrium dynamics, which ensures that the sample is always canoni-
cally distributed even for fast switchings. In Section 4.3, we present a new algorithm for sampling
paths governed by stochastic dynamics. Sampling paths can be useful to compute free energy
differences, and in any cases, uses techniques reminiscent from free energy computation schemes.
Finally, we present adaptive dynamics in Section 4.4, proposing a unified framework, new parallel
implementations and a proof of convergence using entropy estimates in a specific case.

4.1 Nonequilibrium computation of free energy differences

4.1.1 The Jarzynski equality (The alchemical case)
Markovian nonequilibrium simulations

The usual way to achieve a nonequilibrium switching is to perform a time inhomogeneous
irreducible Markovian dynamics
t— Xt, XO ~ Lo, (42)

for ¢ € [0,T], and a smooth schedule ¢ — A(t) verifying A\(1) = 0 and A\(T) = 1. The variable z

can represent the whole degrees of freedom (g, p) of the system, or only the configuration part g.
Depending on the context, the invariant measure p will therefore be the canonical measure

1
dpr(g,p) = e PP dg dp, (4.3)
Zx
with Z) = fT*M e PHA(@P) dg dp or its marginal with respect to the momenta, which reads

. 1 _
djir(q) = z—e~ "W dg,
A
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with Z) = fM e~ PVAl9d) dg. When we do not wish to precise further the dynamics, we simply call
x the configuration of the system, Hy(z) its energy and du(x) the invariant measure. The actual
invariant measure should be clear from the context.

The dynamics is such that for a fized A € [0, 1], the Boltzmann distribution duy is invariant.
For example, the Langevin dynamics (3.47) or its overdamped limit (3.38) can be considered. In
this last case, X; = ¢ and the evolution of the system is given by

dqt == —VV(qt) dt + O'th,

with 0% = 2/3 and W; a standard Wiener process.
Denoting by ps..(z,y)dy = E (X, € dy|Xs = x) the density kernel of the process, the evolution
of the process law is characterized by the backward Kolmogorov equation (¢ and y being given):

85[)5715(-, y) - _L)\(S) (pS,t('vy)) )

or its forward version (s and z being given):

Oeps,t(x,.) = LYy (psit(x,.)) .

The operator Ly is called the infinitesimal generator of the dynamics, and L} ,, is its dual. The
invariance of ;) under the instantaneous dynamic can then be expressed through the balance
condition:

Vo, /LA(t)(<P)dU>\(t) =0. (4.4)

When the schedule is sufficiently slow, the dynamics is said quasi-static, and the law of the
process X is assumed to stay close to its local steady state throughout the transformation. This
is out of reach at low temperature (more precisely, large deviation results [112] ensure that the
typical escape time from metastable states grows exponentially fast with 3, which compells quasi-
static transformations to being exponentially slow with (). It is therefore interesting to consider
approaches built on switched Markovian dynamics, but able to deal with reasonably fast transition
schemes.

Importance weights of non equilibrium simulations.

For a given nonequilibrium run X; we denote by

¢ 8H)\( )
14Y :/ D (XN (s)ds

the out of equilibrium virtual work induced on the system during the time interval [0,¢]. The
quantity W, gives the importance weights of nonequilibrium simulations with respect to the target
equilibrium distribution. Indeed, it was shown in [187] that

E(e—PWt) = e~ BF()=F(0), (4.5)

This fluctuation equality is known as the Jarzynski’s equality, and can be derived through a
Feynman-Kac formula [177], as follows: consider the Feynman-Kac density kernel defined by

/w(y)pit(x, y)dy =E (gp(xt)efmwﬁm)

X, = :1:) , (4.6)

and characterized by the following extended backward Komogorov evolution:
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8HA(S)

aspgt('a y) = _L)\(S) (Plf,t(-ay)) + 5T)\/(S)P§it(-ay)-

Using this identity and the balance equation (4.4) gives:

and thus after integration on [0, ¢], we get the fundamental Feynamn-Kac fluctuation equality:

VA _
Z—;/gpdu)\(t) =E (p(X)e ™). (4.7)

Therefore, taking ¢ = 1, it follows

E(e ") = e AEA®)—F(0))
and Jensen’s inequality then gives
EW;) > F(A(t)) — F(0).

This inequality is an equality if and only if the transformation is quasi-static on [0, ¢]; in this case
the random variable W; is actually constant and equal to AF. When the evolution is reversible,
this means that equilibrium is maintained at all times.

As an improvement, we will see how to avoid the exponential importance weights of the none-
quilibrium paths by a selection rule between replicas (see Section 4.3.3).

4.1.2 The Jarzynski equality (The reaction coordinate case)

Nonequilibrium computations of free energy differences in the reaction coordinate setting using
stochastic dynamics could be performed using soft constraints to switch between the initial state
centered on the submanifold {{(¢) = 2o} and the final state centered on {{(q) = z1}. Steered
molecular dynamics techniques use for example a penalty term K (£(q) — 2)? in the energy of the
system [267] (with K large) to 'softly’ constraint the system to remain close to the submanifold
{&(q) — z = 0}, and varying the value z from 0 to 1 in a finite time 7. Tt is shown in [177] how to
use such a biasing potential to exactly compute free energy differences (even for a finite K'), which
is of particular interest for experimental studies. From a computational viewpoint however, it is
expected that large values of K require small integration time steps. Moreover, it is observed in
practice that the statistical fluctuations increase with larger K (see [267]). Instead, we propose to
replace the stiff constraining potential K (£(q) — z)? by a projection onto the submanifold {£(q) —
z = 0}. This situation is reminiscent of the case of molecular constraints, that can be enforced
using a stiff penalty term, or more elegantly and often more efficiently, using some projection
of the dynamics involving Lagrange multipliers. This is the spirit of the well known SHAKE
algorithm [295].

We present here a nonequilibrium stochastic dynamics and an equality that allow to compute
free energy differences between states defined by different values of a reaction coordinate. The
dynamics relies on a projection onto the current submanifold at each time step, and we use the
Lagrange multipliers associated with this projection to estimate the free energy difference. More
precisely, we use the difference between these Lagrange multipliers and the external forcing term
required for the finite time switching (see for example the discretization (4.43)). The main results
of this section are the Feynman-Kac equality of Theorem 4.1 (which extends the proof of [177] to
hard constraints), as well as the associated discretizations (4.45) and (4.46).

We first present the equilibrium computation of free energy differences using projected sto-
chastic differential equations, before turning to the extension to the non-equilibrium case.
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Equilibrium computation of free energy differences in the reaction coordinate case

The aim of this section is to introduce the definitions of the free energy and the mean force in the
reaction coordinate setting, and to recall how thermodynamic integration is used to compute free
energy differences. The computation of the mean force is based on projected stochastic differential
equations (SDE). The presentation is done for a one-dimensional reaction coordinate (the extension
to the multi-dimensional case being postponed until the end of this section) and the dynamics used
is an extension of the overdamped Langevin dynamics.

Free energy and mean force

The state of the system is characterized by the value of a reaction coordinate £ : M — [0, 1].
The function ¢ is supposed to be smooth and such that V&(q) # 0 for all ¢ € M. For a given value
z € [0, 1], we denote by X, the submanifold

Lo={geM &g =2} (4.8)

and we assume that Uze[o 1] Y, C M. For each point ¢ € X,, we also introduce the orthogonal
projection operator P(q) onto the tangent space to X, at point ¢ defined by:

VE® VE

—q - SE VS
P =14 T

(@), (4.9)

where ® denotes the tensor product. The orthogonal projection operator on the normal space to
X, at point ¢ is defined by P*(q) = Id — P(q).
The free energy is then defined as

F(z)=—-p""In(Z,), (4.10)

with
Zz:/ exp(—0V) dos._, (4.11)
b

z

where for any submanifold X of R3*V, o5 denotes the Lebesgue measure induced on X as a
submanifold of R3V. The associated Boltzmann probability measure is

dus. = Z;  exp(—pV) dos. . (4.12)

Remark 4.1 (On the definition of the free energy). Two comments are in order about
formula (4.10). First, this formula is valid up to an additive constant, which is not important
when considering free energy differences. Second, the potential V in (4.11) may be a potential
different from the actual potential seen by the particles. More precisely, if the particles evolve in
a potential V', the standard definition of the free energy in the physics and chemistry literature
is (4.10) with

Z, = /GXP(—ﬁv) O (q)—z2>

where d¢(q)—. 18 a measure supported by 3. and defined by: for all test functions ¢,

/ $(0)0e(q)—» = /E GIVE| do..

This amounts to considering (4.10)—(4.11) with V replaced by an effective potential V + 71 In|V¢|
(see Remark 4.2 for the case of a multi-dimensional constraint). With this definition,

/ A(&(g))e V1D dg :/ A(z)e PP gz,
M M
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but the free energy differences F(z1) — F(22) depend on the choice of the reaction coordinate (and
not only on the level sets X,).

Since the results we present here hold irrespective of the physical signification of the poten-
tial V', we may assume without loss of mathematical generality that the free energy is indeed given
by (4.10)—(4.11), and the choice of the definition of the free-energy is left to the user. Let us
emphasize that, in practice, the cumbersome computation of the gradient of the additional term
B~ In |VE| in the modified potential (which intervenes in the projected SDEs we use, see (4.39)
(4.40) or (4.41)-(4.42)) can be avoided resorting to some finite differences, as explained in [66].

Using the co-area formula (see (4.33) and Proposition 4.3 for a proof in the multi-dimensional
case), it is possible to derive the following expression of the derivative of the free energy F' with
respect to z (the so-called mean force) (see [83,320]):

o g1 [ VE LB exco AV
P =20 [ e (V0 ) espl V)i, (4.13)
where ve ve

is the mean curvature vector field of the surface X,. The free energy can thus be expressed as an
average with respect to px.:

F'(z) = | f@dus.(0), (4.15)
where f is the local mean force defined by:

V§ 1
f=—=—= - (VV+3'H). (4.16)
[VE[?
We explain next how it is possible to compute this average with respect to px_, without explicitly
computing f, by using projected SDEs. This avoids in particular the computation of the mean
curvature vector H which involves second-order derivatives of &.
The principle of thermodynamic integration is to recast the free energy difference

AF(z) = F(z) — F(0) (4.17)
between two reaction coordinates 0 and z as an integral over the mean force:
z
AF(z) :/ F'(y) dy. (4.18)
0
Therefore, in practice, thermodynamic integration computation of free-energy is as follows. First,

the free energy difference AF(z) is estimated using quadrature formulae for the integral in (4.18),
such as for example a Gauss-Lobatto scheme:

K
AF(z) ~ Z%‘F/(yi)
i=0
where the points {yo,y1,...,yx} are in [0, z] and {wp,w1,...,wk} are their associated weights.

Second, the derivatives F’(y;) are computed as canonical averages over the submanifolds X,
using projected SDEs (see next section).

To obtain a free-energy profile (and not only a free-energy difference for a fixed final state),
it is possible to approximate the function AF(z) on the interval [0, 1] by a polynomial. This can
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be done for example by interpolating the derivative F’ by splines, and integrating the resulting
function (consistently with the normalization AF'(0) = 0).

Projected stochastic differential equations

We now explain how to compute the mean force F’(z) defined by (4.13) using projected SDEs,
for a fixed parameter z. We consider the solution @; to the following SDE:

{QO €2 (4.19)

dQi = —P(Q)VV(Qy) dt + /2671 P(Q4) o dBy,

where By is the standard 3/N-dimensional Brownian motion and o denotes the Stratonovich pro-
duct. It is possible (see [66]) to check that pyx_ is an invariant probability measure associated
with the SDE (4.19). Under suitable assumptions, which we assume in the rest of the section, on
the potential V' and the surface X', the process @); is ergodic with respect to px.. Moreover, the
SDE (4.19) can be rewritten in the following way:

dQ = —=VV(Qq) dt + /23~ dB, + VE(Qy)dAs, (4.20)

where A; is a real valued process, which can be interpreted as the Lagrange multiplier associa-
ted with the constraint £(Q¢) = z (see the discretization in Section 4.1.3). This process can be
decomposed into two parts:

dA; = dAP + dAL. (4.21)

The so-called martingale part A} (whose fluctuation is of order v/ At over a timestep At) is

A7 =~V S () B, (4.22)

where - implicitly denotes the It6 product. The so-called bounded variation part Al (whose fluc-
tuation is of order At over a timestep At) is

V¢

A} = W( ) - VV(Qq)dt + 5~

1_V¢€
V|2

(Qr) - H(Qq) dt = f(Qy) dt, (4.23)

f being the local mean force defined above by (4.16). Thus, since @; is ergodic with respect to
s, the mean force can be obtained as a mean over the Lagrange multiplier A;:

Proposition 4.1. The mean force is given by:

F(z) = lim Td/l— lim TdAf 4.24
(Z)_Tgr;of/o t_Tl—{r;oT/o t (4.24)
Notice that the martingale part dA}", which has the largest fluctuations, has zero mean. In order
to reduce the variance, it is thus numerically convenient to perform the mean over the bounded
variation part dAf rather than over the whole Lagrange multiplier dA; (see Section 4.1.3).

We refer to [66] for a proof of Proposition 4.1, as well as for formulae involving higher di-
mensional reaction coordinates. Such ideas have been used for a long time in the framework of
Hamiltonian dynamics (see [83,320]).

The interest of Equation (4.24) is that the SDE (4.20) can be very naturally discretized as
explained in Section 4.1.3 below. Then, the average over a discretized trajectory of the process A;
converges to F(z). This is particularly convenient for numerical purposes since it does not ask for
explicitly computing the local force f. For further details, we refer to [66] and to Section 4.1.3. In
the next section, we use these ideas for the computation of the free energy difference given through
the Jarzynski equality.
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Nonequilibrium stochastic methods in the reaction coordinate case

We wish here to extend the Feynman-Kac formula derived in [177] (see Section 4.1.1) for a
parameter z which appears only in the potential V', to the reaction coordinate case, where z labels
submanifolds X, (defined by Equation (4.8)) of the state space. To this end, we need to make
precise the evolution of the constraints.

We consider a C! path z : [0,7] — [0, 1] of values of the reaction coordinate &, with 2(0) = 0,
and z(T) = 1. Recall that the associated family of submanifolds of admissible configurations is
denoted by

Y.y ={a€ M, &(q) = 2(t)},
and that the associated Boltzmann probability measures are
dps., = Z5 exp(=pV)dos, .

We construct a diffusion (Q¢)ejo,7] so that Q; € X, for all t € [0,7] and (Q¢)¢e(o,7] satisfies the
following properties:

- QO ~ /1422(0):

— For all t € [0,T], Q¢4ar is the orthogonal projection on Y. (t+ar) of the position obtained by

the unconstrained displacement: Q; — VV(Qy)dt + /26~ 1dB;.

More precisely, the considered diffusion reads, in the Stratonovich setting:

QO ~ ,U‘Ez(o)a

dQ; = —P(I?t))VV(Qt)dt + /2671 P(Q¢) 0 dB; + VE(Qy) dAT, (4.25)
Aext — Z(t .

= weop”

With a view to the discretization of @y, let us notice that ¢); can be characterized by the following
property:

Proposition 4.2. The process @Q; solution to (4.25) is the only Ité process satisfying for some
real-valued adapted It6 process (At)ieo,1):

QO ~ /1422(0)7
dQy = —=VV(Qy)dt + /267 1dB; + VE(Qy) dAy,
§(Qr) = 2(t).

Moreover, the process (At)iejo,r) can be decomposed as
Ay = AP 4 AL 4 A (4.26)

with the martingale part

dAy = —\/25—1|VV§|2 (Qt) - dBu,

the local force part (see (4.16) for the definition of f)

dAf = %(Qt) A(VV(Q)dt+ 57 H(Qr)) dt = f(Qu) dt, (4.27)

and the external forcing (or switching) term

ext __ Z/(t)
aa* = meor
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The proof of Proposition 4.2 is easy and consists in computing d€(Q;) by Ité’s calculus and
identifying the bounded variation and the martingale parts of the stochastic processes.

The difference with the projected stochastic differential equation (4.19) considered in the ther-
modynamic integration setting is that the out-of-equilibrium evolution of the constraints z(t)
creates a drift VE(Q¢) dAS*! along the reaction coordinate. This drift can be interpreted as an
external forcing required for the switching to take place at a finite rate, and must be subtracted
from the Lagrange multiplier A; in order to obtain a correct expression for the work W(t) involved
in the Feynman-Kac fluctuation equality (see Equations (4.43) and (4.45) below). This correction
is quantitatively important when the switching is not slow.

The Feynman-Kac fluctuation equality

Let us define the nonequilibrium work exerted on the diffusion (4.25) by:

W(t) = /0 f(Qs) 2 (s) ds, (4.28)

where f is the local mean force defined above by (4.16). Notice that, at least formally, in the
limit of an infinitely slow switching from z(0) = 0 to z(T') = 1, Formula (4.30) corresponds to the
thermodynamic integration formula (4.18). Formula (4.30) enables the computation of free energy
differences at arbitrary rates, through a correction consisting in a reweighting of the nonequilibrium
paths.

In practice, the nonequilibrium work W(t) can be computed by using the local force part dAf
(see (4.27)), as in the thermodynamic integration method (see (4.24)). Thus, the formula we use
to compute W(t) is rather:

W(t) = /Ot 2'(s)dAL, (4.29)

since Al can be obtained by a natural numerical scheme (see Section 4.1.3), avoiding the cumber-
some computations of the mean curvature vector H in the expression of f (as already explained
above).

We can now state the generalization of the Jarzynski nonequilibrium equality to the case when
the switching is parameterized by a reaction coordinate.

Theorem 4.1 (Feynman-Kac fluctuation equality). For any test function ¢ and Vt € [0,T],

it holds 7

z(t _

T / pdus,, = (p(Q)eM0).
2(0) J X,

In particular, we have the work fluctuation identity: Vt € [0,T],

AF(2(t)) = F(2(t)) — F(2(0)) = - In (E (e_ﬁw(t))> . (4.30)

As in the alchemical case [177], the proof follows from a Feynman-Kac formula (see Theorem 4.2
for a proof in the general multi-dimensional case ).

Extension to the general multi-dimensional case and proofs

In this section, we generalize the previous results for nonequilibrium computation of free energy
differences presented for a one-dimensional reaction coordinate to the case of multi-dimensional
reaction coordinates.
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Geometric setting and basic notation and formulae.

We consider a d-dimensional system of smooth reaction coordinates & = (£1,...,&) : R*Y —
R?, non-singular on an open domain M C R3¥

Vg € M, range(V&i(q),...,VEi(q)) =d,
and a smooth path of associated coordinates
z=(2z1,...,24) : [0,T] — R%
Accordingly, we define for all ¢ € [0,T] a smooth submanifold of codimension d contained in M:
. ={a e RN, &(q) = 2(t)} c M.

In the constraints space R?, coordinates are labeled by Greek letters and we use the summation
convention on repeated indices. In the configuration space RV | coordinates are labeled by Latin
letters and we also use the summation convention on repeated indices. We denote by X - Y = X,Y;
the scalar product of two vector fields of R*V, by M : N = M, ;N; ; the contraction of two tensor
fields of R3M, and by (X ® Y); ; = X;Y; the tensor product of two vector fields of R3V.
The d x d matrix
Gany = V& - V&,

is the Gram matrix of the constraints. It is symmetric and strictly positive on M. We denote by
G}, the (a,7) component of G™', the inverse matrix of G. At each point ¢ € M, we define the
orthogonal projection operator
1 -1
P =G,V @ VE,

onto the normal space to X¢(,) and the orthogonal projection operator
P=1d- P+

onto the tangent space to X¢(4). The mean curvature vector field of the submanifold is defined by:

H=-V ((detG)l/QG;}WVfW) (detG)~1/2ve, (4.31)

and satisfies:
H; = P ;V;Pi.

We recall the divergence theorem on submanifolds: for any smooth function ¢ : R3N — R3V
with compact support,

/ leE((b) dUZ‘Z = —/ H - ¢d022 (4.32)
X, PO

where divs(¢) = P; jV;¢; denotes the surface divergence, and o, is the induced Lebesgue mea-
sure on the submanifold X, of R3*". We will also use the co-area formula: for any smooth function
¢ :R3N SR,

#(q)(det G(q))"/?dq = /]R ) /E pdos. dz. (4.33)

R3N

These definitions and formulae are provided with more details in [66].
Free energy and constrained diffusions for multi-dimensional reaction coordinates

Asin the one-dimensional case, the Boltzmann-Gibbs distribution restricted on the submanifold
X, is defined by:
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dps, = Z; " exp(=pV)dos,,
with
Z, = / exp(—pV)dos. .
=

The associated free energy is:

F(z)=-3"In(Z.).
Remark 4.2 (On the definition of the free energy: the multi-dimensional case). As in
the one-dimensional case (see Remark 4.1), if the particles initially evolve in a potential V', the
classical definition of the free energy is as above, but with V replaced by an effective potential
V+ 57t ((detG)l/Q). The computation of the gradient of this potential in the dynamics then
involves second-order derivatives of &, which can be approzimated in practice by finite differences

(see [66]).

For any 1 < o < d, we now introduce the local mean force along V¢, (which generalizes (4.16)):
fa=G Ve, - (VV +57H). (4.34)

As in the one-dimensional case (see Equation (4.15)), we obtain the derivative of the mean force
by averaging the local mean force:

Proposition 4.3. The derivative of the free energy F with respect to z. is given by:
VaoF(z) = /fa dps. .
P

Proposition 4.3 is a corollary of

Lemma 4.1. For any test function ¢ with compact support in M, we have:
Va (/cpexp(—ﬁV)da;z) = /((?;{YV{“V -V — Bfap) exp(—pV)dos, .
Ez Z‘z

Proof. 1t is enough to prove the formula in the case V' = 0, up to a modification of the test
function ¢. For any test function g : R — R with compact support, we have (using successively an
integration by parts on R, the co-area formula (4.33), an integration by parts on R3V, and finally
again (4.33)):

/ 9(26)Va </g0dagz> dz = —/ /g’(za)gadagzdz,
Rd =, R J 5,

= —/ g/ 0ly (detG)1/2 dq,
R3N

‘/ Gl Ve - V(goa) ¢ (detG)? dg,
R3N
_ / 906V (G4 Ve, ¢ (detG)'"?) dg,
R3N
_ /Rdg(za)/v' (G;}vvw(detml“) (detG) ™2 dos. dz,

which gives the result using the expression (4.31) of the mean curvature vector H.

We now define the constrained diffusion (which generalizes (4.25)):

QO ~ ,UJEZ(O)v

dQ, = —P(Q))VV(Q)dt + /2B TP(Qy) 0 dB; + VEa(Q1)dAZ, (4.35)
dASY = G (Qu)2L (t)dt, Vli<a<d
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The stochastic process @)y can be characterized by the following property:

Proposition 4.4. The process Q: solution to (4.35) is the only Ité process satisfying for some

adapted Ito processes (A1, ..., Adat)iefo,r) with values in R?:
QO ~ ,UEZ(O);
dQi = —=VV(Qu)dt + /267 dB; + V& (Q1)d a1,
§(Q¢) = 2(1).

Moreover, the process (/laﬂg)te[Qﬂ can be decomposed as
Aa,t = A?,t + Afx,t + Az’fi,

with the martingale part
Ay, = —\/2671GL L VE(Qy) - dBy,
the local force part (see (4.34) for the definition of f.)

dA(fx t — fa(Qt)dt

and the external forcing (or switching) term
dAT) = G5 (Q) 2, (t)dt

The proof consists in computing d¢(Q;) by Ito’s calculus and identifying the bounded variation
and the martingale parts of the stochastic processes.

The Feynman-Kac fluctuation equality

Theorem 4.1 is generalized as:

Theorem 4.2 (Feynman-Kac fluctuation equality). Let us define the nonequilibrium work
exerted on the diffusion Q; solution to (4.35) by:

Wi = [ @ o)as = [ i,

Then, we have the following fluctuation equality: for any test function , and Vt € [0,T],

Z(t)

Z2(0)

[ edus., =B (0@ 0). (4.36)
P
In particular, we have the work fluctuation identity: Vt € [0,T],

AF(2(t)) = F(2(t)) — F(2(0)) = - In (E (e_ﬁw(t))) . (4.37)

Proof. For any s € [0,T] and € M, let us introduce (Q;"*);¢[s 17, the stochastic process satisfying
the SDE (4.35), starting from z at time s:

QYT =,
dQ7* = —P(Qy")VV(QL")dt + /267 P(Q]™) 0 dB; 4 V& (Q7 ") d ALY, (4.38)
dASS = M(Qf “)zh (t )dt, Vi<a< d.

Notice that for any s € [0, 77, there is an open neighborhood (s~,5%) x Mj of (s, X.(5)) in R x M
such that the diffusion (Qf’z)te[s)T] remains in M almost surely. This holds since this process
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satisfies d€(Q}™) = 2/(t) dt and therefore £(Q;™) = &(x) + 2(t) — 2(s). This gives usual regularity
assumptions sufficient to get a backward semi-group (¢ being from now on fixed in (0,7) and s
varying in [0, ¢]):

) = (o@iew (- [ 1@ ar)).
satisfying the following partial differential equation (PDE) on (s7,s7) x M,:
Dt = —Lu(uls, ) + Bz (5) fat,
where L is the generator of the diffusion @, solution to (4.35):
Ly=p"'P:V?—PVV -V+ B 'H -V+2(s)G, V& - V.

Now, using Lemma 4.1, we have:

d
d_/ u(s,.)exp(—ﬁV)dagz(s)
S X

= [ (FLaluls, )+ (96 VE, - Vs, ) exp(—3V)dos. .

= —/ (B7'P:V?u(s,.) = PVV - Vau(s,.) + 7" H - Vu(s,.)) exp(—V)do s
Yas)

z(s)?

=—p7! /2 (divz (Vu(s,.)exp(=8V)) + H - Vu(s,.) exp(—ﬂV))da;z(s),
2(s)

by the divergence theorem (4.32). Therefore
/ u(t,.)exp(=pV)dos,,, = / u(0,.) exp(=BV)dos, 4
P X0

which yields
t
[ eexpl-pVidos.,, = 2B (so@t)exp (—ﬁ / fa@r)z;(r)dr)),
Ez(t) 0

where Q) satisfies (4.35). This proves (4.36), and (4.37) is obtained by taking ¢ = 1. U

4.1.3 Practical computation of free energy differences

We present in this section numerical strategies suited for the reaction coordinate case, the
numerical discretization of the alchemical case being trivial.

Discretization of the projected dynamics

The main interest of the above formulae (4.18) (4.24) and (4.29) (4.30) is that they admit
natural time discretizations. The principle is to use a predictor-corrector scheme for the associated
dynamics (4.19) and (4.25), and to use the Lagrange multiplier A; to compute the local mean
force f.

Discretization of the projected diffusion (equilibrium case)

For the projected SDE (4.20) onto a submanifold X, = {{(q¢) — z = 0}, two discretizations of
the dynamics, extending the usual Euler-Maruyama scheme, are proposed in [66]. These numerical
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schemes for constrained Brownian dynamics are in the spirit of the so-called RATTLE [8] and
SHAKE [295] algorithms classical used for constrained Hamiltonian dynamics, and also related
with the algorithms proposed in [6,262, 358].

The first one is:

Qn-l—l = Qn - vV(Qn) At + V 2At ﬁ_l Un + A/ln-l-l vf(Qn-l—l)a (4 39)
where AA,, 41 is such that £(Q 1) = 2, '

where At is the time step and U, is a 3N-dimensional standard Gaussian random vector. Notice
that (4.39) admits a natural variational interpretation, since @),,+1 can be seen as the closest point
on the submanifold X, to the predicted position @, —VV(Q,) At++/2At3-1 U,,. The real AA, 1
is then the Lagrange multiplier associated with the constraint £(Q,+1) = 2.

Another possible discretization of (4.20) is

QnJrl = Qn - VV(QH) At + V 2At571 Un + AAnJrl vf(Qn)a (4 40)
where AA,, 41 is such that §(Qny1) = 2. ’

Although this scheme is not naturally associated with a variational principle, it may be more
practical since its formulation is more explicit. Notice also that we use the same notation AA,, for
the Lagrange multipliers for both (4.39) and (4.40) (and later for (4.41) and (4.42)), since all the
formulas we state in terms of AA,, are verified whatever the constrained dynamics.

To solve Equation (4.39), classical methods for optimization problems with constraints can be
used. We refer to [135] for a presentation of the classical Uzawa algorithm, and to [36] for more
advanced methods. Problem (4.40) can be solved using classical methods for nonlinear problems,
such as the Newton method (see [36]). We also refer to Chapter 7 of [205] where similar problems
are discussed, for the classical RATTLE and SHAKE schemes used for Hamiltonian dynamics with
constraints.

Both schemes are consistent (the discretization error goes to 0 when the time step At goes to
0) with the projected diffusion (4.20) (see [66]). Accordingly, AA, 41 is a consistent discretization
of ftt:“ d/A; and therefore, it can be proven [66]:

T/At

S _
fim iy 2 A= F1E)

which is the discrete counterpart of the trajectory average (4.24). In [66], a variance reduction
technique is proposed, which consists in extracting the bounded variation part AAf of AA,
(resorting locally to reversed Brownian increments). We give some details of an adaptation of
this method for evolving constraints in next section.

Discretization with evolving constraints

When nonequilibrium dynamics are considered, the constraint is stated as £(Q;) = z(¢). The
reaction coordinate path is first discretized as {z(0),...,z(¢tn,)} where Np is the number of
timesteps. For example, equal time increments can be used, in which case At = NLT and t, = nAt
(we refer to Remark 4.3 below for some refinements). The initial conditions ()¢ are sampled
according to ux,. A way to do that is to subsample a long trajectory of the projected SDE on Xy
(using the schemes (4.39) or (4.40)).

The projected SDE on evolving constraints (4.25) is then discretized with the scheme (4.39)
or (4.40), taking into account the evolution of the constraint:

{QnJrl = Qn - VV(Qn) At + V 2At671 Un + AAnJrl v&(QnJrl)a (4 41)
where AA,, 41 is such that £(Qpni1) = 2(tnt1), '
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or

{QnJrl =Qn — VV(Qn) At + /24t 71 Up + Adyi1 VE(Qn), (4.42)
where AA,, 41 is such that §(Qpn11) = 2(tn+1)- '

It remains to extract the force part AAf | from the discretized Lagrange multiplier A4,
(consistently with (4.26)). We propose two methods. First, this can be done by simply subtracting
the drift and the martingale part

Z(tnt1) — 2(tn) VE(Qn)
IVE(Qn)|? IVE(Qn)I?

Another possibility in the spirit of the variance reduction techniques used in [66] can also be used.
Consider the following coupled dynamic with locally time-reversed constraint evolution (written
here for the scheme (4.41)):

QE—H = Qn - VV(Qn) At — V 2At 6_1 Un + AAE—H vf(QE—i—l)a

with AAR, | such that:

AN = ANy — + V24t 1 - Un. (4.43)

S(EQM) +E(Qnin)) = EQu).

The position QY is computed as Q,,+1 in (4.41), but with a projection on X0¢(Qn)—£(Qn ) instead
of X.(,..), and using the Brownian increment —V/At U, instead of VAt U,. Notice that in case
of a constant increment for the constraints, we have £(QR, ;) = 2£(Qn) — £(Qn+1) = z(tn—1). The
force part AAL | is then obtained through

1
Afy = S(Adnya + AL (4.44)

which can be shown to be a consistent time discretization of f:”“ dAL.
Computation of free energy using a Feynman-Kac equality

The consistent discretization of @, and more precisely of f:"“ dAf, we have obtained in the
previous section can now be used to approximate the work W(t) defined by (4.29) by

Wy =0,

4.45
Wn+1 = Wn + ( )

Z(tn+1) - Z(tn)

AL
tn—i—l - tn el

using either the dynamics (4.41) or (4.42), and the local force part of the Lagrange multiplier
computed by (4.43) or (4.44). Averaging over M independent realizations (the corresponding works
being labeled by an upper index 1 < m < M), an estimator of the free energy difference AF(z(T))
is, using Theorem 4.1,

M
E(Z(T)) ="' <% Z e_ﬁWpT> . (4.46)

The estimator ZF‘(Z(T)) converges to AF(z(T)) as At — 0 and M — +o0. It is clear that the
estimation of AF(z(T)) by (4.46) is straightforward to parallelize since the (W} )i<m<n are
independent.

For a fixed M < 400, notice that, even in the limit At — 0, ﬁ'(z(T)) is a biased estimator. In-
deed,
exp(—ﬁﬁ'(z@)) is an unbiased estimator of exp(—8AF(z(T))), and therefore, using the conca-
vity of In, E(AF(2(T))) > AF(2(T')). Recent works propose corrections to this systematic bias
using asymptotic expansions in the limit M — 400 (see for instance [286, 378]).
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Remark 4.3 (On practical implementation). Notice that it may be useful to adaptively refine
the time step over each stochastic trajectories, using for example the work evolution rate (W, —
Wh—1)n>1 as a refinement criterion. As noticed in [286], it is also possible to optimize the evolution
of the constraint z(t), for example by minimizing the variance of the results obtained for a priori
schedules for the evolving constraint on a small set of preliminary runs.

The numerical scheme in the multi-dimensional case

The adaptation of the algorithm we propose for the one-dimensional case to the multi-
dimensional case is straightforward. Indeed, the generalizations of schemes (4.41) and (4.42) to
the multi-dimensional case are, respectively:

Qn+1 = Qn - VV(Qn) At + V 2AL /871 Un + AAa,nJrl vfa(QnJrl)v
where (AAq n41)1<a<d is such that £(Qpi1) = 2(tn41),

Qn-i—l = Qn - VV(Qn) At + V 2At ﬁ_l Un + AAa,n-i-l vfa(Qn)a
where (AAq n+1)1<a<d 18 such that £(Qni1) = 2(tnt1)-

The force part AAL, |, of AA, , is obtained by similar procedures as those described in Section 4.1.3.
For example, the generalization of (4.43) is:

AAz,n-',-l = Ao n1 — G;,ly(Qn) (Zw(tn-i-l) - Zv(tn)) + v 2Atﬁ_1G;,lyV§v(Qn) - Un.

The generalization of (4.44) is also straightforward.
Now, the estimator AF(z(T')) of the free energy difference AF(z(T')) is given by (4.46), with
the following approximation of the work W(t):

Wy =0,

Za tn — Za tn
Wags = W, Zalloet) = Zalbn) gge
thrl - tn ’

which generalizes (4.45). Notice that Remark 4.3 also holds for a multi-dimensional reaction co-
ordinate.

4.1.4 Numerical results

We present in this section some illustrations of the algorithm we have described above to
compute free energy differences through nonequilibrium paths. In Section 4.1.4, a two-dimensional
toy potential V' is used, for which we can compare the results with analytical profiles. A more
realistic test case in Section 4.1.4 demonstrates the ability of the method to compute free energy
profiles in presence of a free energy barrier.

Our aim in this section is not to compare the numerical efficiency of the thermodynamic
integration method presented (or any other method) with nonequilibrium computations, since it
is difficult to draw general conclusions about such comparisons. However, we compare on a simple
example in Section 4.1.4, the numerical efficiency of out-of-equilibrium computations using a few
long trajectories or many short trajectories, at a fixed computational cost.

A two-dimensional toy problem
We consider the two-dimensional potential introduced in [365]:

V(x,y) = cos(2nz)(1 + dry) + day?, (4.47)
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0.005

Fig. 4.1. Plot of some probability densities corresponding to the potential (4.47) for 3 = 1, do = 272,
and di = 0 on the left or di = 10 on the right.

where d; and dy are two positive constants. Some corresponding Boltzmann-Gibbs probability
densities are depicted in Figure 4.1.

We want to compute the free energy difference profile between the initial state x = g = —0.5
and the transition state x = x7 = 0. Notice that the saddle point is (z1,y1) = (0,0) for d; = 0, but
is increasingly shifted toward lower values of y; as dy increases. We parameterize the transition
along the z-axis, either with the reaction coordinate

Tr — X

{(z,y) = (4.48)

T — o

or with the reaction coordinate (n > 2)

M (,) = 2n1_1 KH%)RJ}. (4.49)

For these reaction coordinates, the initial state (resp. the transition state) corresponds to a value of
the reaction coordinate z = 0 (resp. z = 1). The analytical expression of the free energy difference
that we consider here is, for a reaction coordinate v(x,y) (such as £ or 7, defined above)

Joz @ VDS )
ez 0 PV :

AF,(2)=—3""'In (

v(z,y)

where the distribution ¢, (, ) is defined in Remark 4.1 above. Notice that even though the initial
state Xy = {o = —0.5} and the final state Xy = {& = 0} are the same for the reaction coordinates
¢ and 7, the associated free energy differences differ. This is due to the fact that V& # Vn,,, and
therefore 0¢ (. y)—> # Oy, (x,y)—=- More precisely,

(dy)?
4dy

AFe(z) = — cos(2mxg) + cos(2mxe(z)) + (cos®(2mzg) — cos? (2mxe(2))),

with
ze(2) = mo + 2(x1 — 20),

and
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(d1)?

AF,
4ds

e (2) = — cos(2mag) + cos(2may, (2)) +

Loty <1+7‘T""(z)_$0>,

T1 — Zo

(cos?(2mxg) — cos? (27, (2)))

with
T, (2) = 20 + (2" = 1)z + DY — 1) (21 — 20).

Free energy profiles for the two reaction coordinates considered here can then be computed
using the discretization proposed in Section 4.1.3. Averaging over several realizations, error esti-
mates can be proposed: in particular, the standard deviation can be computed for all intermediate
points z € [0,1], so that, for all values z, a confidence interval around the empirical mean can
be proposed. We represent on Figure 4.2 the analytical profiles, and the lower and upper bounds
of the 95% confidence interval for M = 103 and M = 10%, using here and henceforth a linear
schedule: z(t) = t/T. The initial conditions are created by subsampling a trajectory constrained
to remain on the initial submanifold Xy. As announced above, the profiles obtained with 7,, and &
are not exactly the same, though the general shape is preserved. These figures also show that the
variance increases with z. Therefore, to further test the convergence of the method, it is enough
here to characterize the convergence of the value for the end point at z = 1.

Free energy difference A F(z)
©
T

Free energy difference A F(z)
®
s
.

. . . . . . . . . . . . . . . . . .
0 0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9 1 0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
Reaction parameter z Reaction parameter z

Fig. 4.2. Free energy profiles using the potential (4.47) with 3 = 1, di = 30 and d> = 27?, and the
reaction coordinate (4.48) on the left, or the reaction coordinate (4.49) with n = 5 on the right. Analytical
reference profiles are in dotted lines. The dashed lines (resp. the solid lines) represent the upper and lower
bound of the 95% confidence interval (obtained over 100 independent realizations) for nonequilibrium
computations with M = 10% replicas (resp. with M = 10* replicas). The switching time is 7' = 1 and the
time step is At = 0.005 on the left and A¢ = 0.0025 on the right.

We study the convergence of the end value AF (1) computed with the out-of-equilibrium dy-
namics with respect to the number of replicas M and the time step At, using the reaction coordi-
nate (4.48) as an example. The results are presented in Table 4.1. The time step At does not seem
to have any noticeable influence on the final result, as long as it remains in a reasonable range. As
expected, the error gets smaller as M increases.

In Table 4.1, we also show that, in this particular case, for a fixed computational cost and
provided that the switching time is large enough', computing many short trajectories is as efficient
as computing a few longer ones (the mean and the variance are essentially unchanged). This
conclusion also holds for the more realistic test case presented in next section. The computation
of many trajectories can be straightforwardly and very efficiently parallelized.

1 Of course, this threshold time depends on the system under study.
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We finally mention that we are able to exhibit the bias of the Jarzynski estimator in this
particular case (see Section 4.1.3 and [378]). We observe that the estimator E(Z(T)) is generally
greater than AF(z(T)). More precisely, averaging over 10* realizations, with the parameters T = 1
and At = 0.005, we obtain the following 95 % confidence intervals for ZF‘(Z(T)) for various values
of M: AF(2(T)) = 2.0576 £ 0.0059 for M = 103, AF(=(T)) = 2.0095 + 0.0026 for M = 10*, and
AF(2(T)) = 2.00075 4 0.0010 for M = 10°. As expected, the bias goes to zero when M — oco.

Table 4.1. Free energy differences AF(1) obtained by nonequilibrium computations for the reac-
tion coordinate (4.48) with 8 = 1, di = 1 and d2 = 30. The results are presented as follows:

E (E’(z(T))) ( Var (ﬁ(z(T)))) (the estimates of these quantities are obtained by averages over
100 independent runs). The exact value is AF (1) = 2.

At T M AF(x(T))

0.001 1 103 2.056 At T M AF(z(T))
0.0025 1 10% 2.033

(0250
4
0.005 1 103 2.076 ( . ) 0.005 1 103 2.014 (0.116)
( )
( )
(0.045)

0.005 100 10% 2.001 (0.025)

3
0.005 1107 2.076 0.005 1000 10" 1.997 (0.022)

0.005 1 10*2.014
0.005 1 10° 2.001

Model system for conformational changes influenced by solvation

We consider a system composed of N particles in a periodic box of side length [, interacting
through the purely repulsive WCA pair potential [79,329]:

Voroa (r) = 46[(%)12—(%)6%6 if r < 1o,

0 if > 1o,

where 7 denotes the distance between two particles, ¢ and o are two positive parameters and
ro = 2'/%0. Among these particles, two (numbered 1 and 2 in the following) are designated to
form a dimer while the others are solvent particles. Instead of the above WCA potential, the
interaction potential between the two particles of the dimer is a double-well potential

2

(r—ro —w)*1" (4.50)

Vs(r)=nh|1— .
where h and w are two positive parameters. The potential Vg exhibits two energy minima, one
corresponding to the compact state where the length of the dimer is » = ry, and one corresponding
to the stretched state where this length is r = r¢ + 2w. The energy barrier separating both states
is h. Figure 4.3 presents a schematic view of the system.

The reaction coordinate used is

§(q) _ |Q1 - (J2| —To

4.51
BT, (451)

where ¢; and ¢ are the positions of the particles forming the dimer. The compact state (resp. the
stretched state) corresponds to a value of the reaction coordinate z = 0 (resp. z = 1).

The parameters used for the simulations are: § = 1, ¢e =1, 0 =1, h = 1, w = 0.5 and
N = 16. We still use a linear schedule: z(t) = t/T. The side length [ of the simulation box
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Fig. 4.3. Schematic views of the system, when the dimer is in the compact state (Left), and in the
stretched state (Right). The interaction of the particles forming the dimer is described by a double well
potential. All the other interactions are of WCA form.

takes two values: [ = 1.3 (high density state) and [ = 3 (low density state). Figure 4.4 presents
some plots of the free energy difference profiles computed using nonequilibrium dynamics, as well
as thermodynamic integration reference profiles. The results show that nonequilibrium estimates
are consistent with thermodynamic integration. Qur experience on this particular example also
shows that it is computationally as efficient to simulate several short nonequilibrium trajectories
(provided the switching time is not too small, say, T ~ 1 in the units used here, so that the
diffusion process can take place), or one single long trajectory where the switching is done slowly
(as already observed in the previous example).

The free energy profiles highlight the relative stabilities of the two conformations of the dimer:
at low densities (Figure 4.4, Left) the stretched conformation has a lower free energy and is thus
expected to be more stable (this can indeed be verified by running long molecular dynamics
trajectories and monitoring the time spent in each conformation). When the density increases,
the compact conformation becomes more and more likely. At the density considered in Figure 4.4
(Right), the compact state already has a free energy slightly smaller than the stretched state.
Notice also that the free energy barrier increases as the density increases, so that spontaneous
transitions are less and less frequent. But since we know here a reaction coordinate, we can enforce
the transition. This prevents us from running and monitoring long trajectories to get sufficient
statistics to compare relative occurrences of both states.

4.2 Equilibration of the nonequilibrium computation of free energy
differences

We present in this section a complementary approach to the above nonequilibrium strategies in
the Jarzynski way, to prevent the degeneracy of weights. It is similar to the method of [174], known
as "population Monte-Carlo", in which multiple replicas are used to represent the distribution
under study. A weight is associated to each replica, and resamplings are performed at discrete
fixed times to avoid degeneracy of the weights. This methodology is widely used in the fields of
Quantum Monte Carlo [13,289] or Bayesian Statistics, where it is referred to as Sequential Monte
Carlo [84,85]. Note that in the probability and statistics fields, each simulation is called a *walker’
or 'particle’; we use here the name 'replica’, which is more apppropriate to the Molecular Dynamics
context.

The method used here extends the population Monte-Carlo method to the time-continuous
case. It consists in running M replicas of the system in parallel, resorting typically to a stochastic
dynamic, and considering exchanges between them, according to a certain probabilitic rule depen-
ding on the work done on each system. This procedure can be seen as automatic time continuous
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Free energy difference A F(z)
Free energy difference A F(z)

0.1 0.2 0.3 0.4

0.6 0.7 0.8 0.9 1 [ 0.1 0.2 03 0.4

05 0.5 0.6 0.7 0.8 0.9 1
Parameter z Parameter z

Fig. 4.4. Comparison of free energy difference profiles using the reaction coordinate (4.51), at low densities
(I = 3) on the left, and high densities (I = 1.3) on the right. The double well potential Vg is represented
in dashed line. The reference free energy difference profile computed with a very precise thermodynamic
integration is represented in dotted line. We used Ntr = 101 thermodynamic integration points (uniformly
distributed over (0,1)) and averaged the mean force over Mt = 107 configurations for each fixed value of
z. The upper and lower bounds of the 95 % confidence interval (obtained over 50 independent realizations)
for out-of-equilibrium computations are represented with solid lines. We used M = 1000 nonequilibrium
trajectories, a switching time 7" = 1, and a timestep At = 0.0005 (left) or At = 0.00025 (right).

resampling, and all replicas have the same weight at any time of the simulation. This method
drastically increases the number of significative transitions paths in nonequilibrium simulations.
The set of all replicas (or walkers) is called an ’Interacting Particle System’ (IPS) [248], and can
be seen as a genetic algorithm where the mutation step is the stochastic dynamics considered.

This method also allows to end up the simulation with a well distributed sample of configura-
tions. It is therefore a way to perform simulated annealing [193] rigorously: the idea is to switch
slowly from an initial simple sampling problem, to the target sampling problem, through a well
chosen interpolation. This allows to attain deeper local minima, but, due to its nonequilibrium
nature, is not efficient as such to sample accurately the target measure. We mention that varia-
tions have been proposed, especially tempering methods (see [180] for a review), the most famous
being parallel tempering [225]. These methods consider an additional parameter describing the
configuration system (e.g. the temperature), and sample those extended configurations according
to some stochastic rules. However, these methods asks for a prior distribution of the additional
parameters (for example a temperature ladder in parallel tempering method), which are usually
estimated through some preliminary runs [180].

We first present the IPS approximation (in the alchemical case for simplicity, though the
results can easily be extended to the reaction coordinate case), as well as convergence results of
the discretized measure to the target measure. A justification through a mean-field interpretation
is then proposed in Section 4.2.2. The numerical implementation of the IPS method is eventually
discussed.

4.2.1 The IPS and its statistical properties

We use here the notations and definitions of Section 4.1.1. Recall that the potential of mean
force defined in the alchemical case by

OH
Faw) :/6—;(1’) dpice) ()

is the average force applied to the system during an infinitely slow transformation. The first step is
to rewrite the Feynman-Kac formula (4.7) by introducing a dichotomy when a replica is receiving
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either excess or deficit work compared to the potential of mean force. To this end, we define
respectively the excess and deficit force, and the excess and deficit work as

x OHy) ' c OHy) )
re = (Tl - o) @ 7@ = (TR -A0) @)

WX = / t (XN (s) ds, Wie = / t fE(X N (s) ds, (4.52)
0 0

where 27 = max{z,0} and 2= = max{—z,0} (so that z = 2+ — 7). We then rewrite

E (w(Xt)e‘ﬁ Wﬁox_WSC))
MA(t)(SD) = E (e—ﬁ(Wf"—Wtde))

(4.53)

We now present the particle interpretation of (4.53) enabling a numerical computation through
the use of empirical distributions. Consider M Markovian systems described by variables X[
(1 <k < M). We approximate the virtual force and the Boltzmann distribution by their empirical
counterparts, which read respectively

aH}\t
Py = Mk 1 LX), Ay (@) stk da).

This naturally gives from definitions (4.52) empirical approximations of excess/deficit forces
ftM’ex/de and works 1/\/]C ex/de ppe replicas evolve according to a branching process with the follo-
wing stochastic rules (see [289,290] for further details):

INTERACTING PARTICLE SYSTEM PROCESS

Process 4.1. Consider an initial distribution (X{¢,..., X}¥) generated from djo(z). Generate
independent times Tf’b,le’d from an exponential law of mean 3~! (the upperscripts b and d
refer to ’birth’ and 'death’ respectively), and initialize the jump times T4 a5 T(f’d =0, Téc’b =
0.

For 0 <t <T,

(1) Between each jump time, evolve independently the replicas X} according to the dyna-
mics (4.2);
(2) At random times Tnle defined by
k, k e
W :); _W }ce,); = n+17

Tn +1 T

an index [ € {1,..., M} is picked at random, and the configuration of the k-th replica
is replaced by the conﬁgura‘rlon of the [-th replica. A time kf2 is generated from an
exponential law of mean 37!;

(3) At random times Tnle defined by

k,de k,de k,b
WT:+d1 - hed = = Th+t1s

an index [ € {1,..., M} is picked at random, and the configuration of the I-th replica
is replaced by the configuration of the k-th replica. A time T,Iff2 is generated from an
exponential law of mean 37!.




4.2 Equilibration of the nonequilibrium computation of free energy differences 141

The selection mechanism therefore favors replicas which are sampling values of the virtual work
W; lower than the empirical average. The system of replicas is ’self-organizing’ to keep closer to a
quasi-static transformation.

In [248,289], several convergence results and statistical properties of the replicas distribution
are proven. They are summarized in the following

Proposition 4.5. Assume that (t,z) — %(m) is a continuous bounded function on [0,T] X

T*M (or [0, T] x M in the case of overdamped Langevin dynamics), and that the dynamics (4.2)
is ergodic. Then for any t € [0,T],

(i) The estimator
t
exp (—6/ f/{‘{s))\’(s) ds> (4.54)
0

is an unbiased estimator of e~ PFA®)=F(0)).
(ii) For all test function @, the estimator fga duf‘\/{t) is an asymptotically normal estimator of
fcp dpux(ey, with bias and variance of order M1

The proof follows from Lemma 3.20, Proposition 3.25 and Theorem 3.28 of [248] (see also [289,
290] for further details). The unbiased estimation of un-normalized quantities is a very usual pro-
perty in particle system methods. It comes from the fundamental property that at each “time step”,
each replica may branch with a number of offsprings equal in average to its relative importance
weight.

Let us emphasize that the sample (XF);<k<as is in particular an empirical approximation of
the canonical measure dy () for all ¢, and that no exponential reweighting of the works needs to be
done at the end of the simulation to obtain the free energy differences. In the case of interacting
replicas, the exponential reweighting of the Jarzynski equality (4.5) is replaced by the simple
average

/ TBH)\ kY y/
AFps = / FatpN( Z / V(XN () dt,

which, by Proposition 4.5, is asymptotically normal with bias and variance of order M~ and the
estimator e~ #4F1Ps is unbiased estimator of e~ #4F . Defining the work along one trajectory as

Ton
W, = / 2O (X)X (t) dt,
0

it therefore holds in the limit M — +oo,

EW:) = F(A(t)) — F(0), (4.55)

which should be compared to (4.5). Notice however that the notion of a single trajectory is only
formal and has no meaning since all trajectories interact continuously. The above equality has
only a pedagogical purpose.

4.2.2 Counsistency through a mean-field limit

In order to prove the consistency of the IPS approximation, we consider the ideal setting where
the number of replicas goes to infinity (M — +o0). This point of view is equivalent to a mean-field
or Mc Kean interpretation of the IPS (denoted by the superscript 'mf’). In this limit, the behavior
of any single replica, denoted by X, is then independent from any finite number of other ones.
We shall consider the mean field distribution
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Law(X{™) = duf"! =y (a)da,

and the mean-field force

The associated mean field excess/deficit force ftmf’m(/dC and works Wflf’cx/dc are defined as
in (4.52). In view of Process 4.1, the stochastic process X™ is a jump-diffusion process which
evolves according to the following stochastic rules:

MEAN-FIELD JUMP-DIFFUSION PROCESS

Process 4.2. Generate X" from dpug(z). Generate idependent clocks (72,7%),>; from an

exponential law of mean 37!, and initialize the jump times 7%? as T¢ =0,T¢ = 0.
For0<t<T,

(1) Between each jump time, ¢ — X evolves according to the dynamics (4.2);

(2) At random times T4, | defined by

n

f.ex mf,ex d
Wi — Wi =
T, T n+1s

the process jumps to a configuration x, chosen according to the probability measure
dpxy (x);
n+1

(3) At random times T, | defined by
mf,d mf,d
E(OWV; e)|t:Tnb+1 -EW, e)|t:T}; = Tg+1=

the process jumps to a configuration x, chosen according to the probability measure
mf,de

proportional to ngH (x)duA(T3+1)(x).

Remark 4.4. Note that, in the treatment of the deficit work, we take in Process 4.2 the point of
view of the jumping replica; whereas in Process 4.1, we take the point of view of the attracting
replica which induces a branching.

From the above probabilistic description, we can derive the Markov generator of the mean-field
process, given by the sum of a diffusion and a jump generator:

LY = Ly + Jy e

where the jump generator Jt)#;nf is defined as

T @)a) = BN (0) [ (610) = @) (7 (a) + 170" o).

A straightforward integration gives the fundamental balance identity of the jump generator:

* mf m 8H>\ t m
Jt,u;"f(ﬂt j) =0 <-7:t - T()> N () d

which implies, by forward Kolmogorov,

at/i]tmf = LA(t)(Mt f) + 0 (-7:15 - —(t)) N (t) !
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so that finally

3H>\(t

/ Bfofmfds
B DN ()l

o, ( o Bl ds) = L}y (Mltmfe—ﬁ J&Fme ds) Y it U]

The latter is exactly the forward evolution equation of the Feynamn-Kac kernel pg, defined in (4.6),
and thus [ pg,(z,.)dpo(z) = prte=p F'ds Using (4.7), this gives the identities:

m m mf,ex/de ex/de
Ntf:NA(t)a ftfzf)\(t)u t / = A(t/) .

and proves the consistency of the IPS approximation scheme.

4.2.3 Numerical implementation

In the previous section, we discretized the measure by considering an empirical approxima-
tion. For a numerical implementation to be tractable, it remains to discretize the time evolution.
Notice already that the IPS method induces no extra computation of the forces, and is therefore
unexpensive to implement. However, although the IPS can be parallelized, the processors have to
exchange informations at the end of each time step, which can slow down the simulation.

For the discretization of the dynamics, we refer to the corresponding sections in Chapter 3. It
only remains to precise the discretization of the selection operation. We consider for example the
following discretization of the force exerted on the k-th replica on the time interval [iAt, (i + 1) At]:

k, At

OH, ., _ OH mt)( 4 OH )\ ((i+1)At) (210
o\ 2 o\ o\ '
The mean force is then approximated by
k At

MAt o Z : 1+1/2
)\1+1/2 M '

To get a time dicretization of the IPS, Process 4.1 is mimicked using the following rules:
the time integrals are changed into sums;
the selection times are defined as the first discrete times ezceeding the exponential clocks
rb/d,
Further details about the numerical implementation can be found in [291]. Note that one can find
more elaborate methods of discretization of the IPS (see [290]), but this one seems to be sufficient
in view of the intrinsic errors introduced by the discretization of the dynamics.

4.2.4 Applications of the IPS method
Computation of canonical averages

The most obvious application of the IPS method is the computation of phase-space integrals,
since an unweighted sample of all Boltzmann distributions (g )sefo, 77 is generated. The sample
obtained can of course be improved by some additional sampling process (according to a dynamics
leaving the target canonical measure invariant). This will decorrelate the replicas and may increase
the quality of the sample.

We consider for example a pentane molecule, and a cooling process from =1 to § = 2, in
the case when the Lennard-Jones interactions involve only extremal atoms in the chain, so that
ects-ciy, = 0.29 and ecm, cm, = 0 (see Section 3.4.1 for more precisions on the model). The
simulations are done as follows. We first generate an initial distribution of configurations from
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the canonical measure at inverse temperature § = 1 using a classical rejection method so that
no initial bias is introduced. We then first perform a bare simulated annealing from 3 = 1 to
[ = 2, using a Langevin dynamics. We then compare the resulting empirical distribution for the
dihedral angles with the one arising from an IPS simulation. Figure 4.5 presents the results for
M = 10,000, At = 0.01 and T' = 1, with a linear scheme \(t) = t/T.

Fig. 4.5. Empirical probability distribution of the dihedral angles (¢1,¢2) at 3 = 2 of the pentane
molecule generated from a sample at § = 1, using simulated annealing (Left), and IPS (Right), with
sample size M = 10,000. The reference distribution is drawn in Figure 3.1 (Right).

As can be seen in Figure 4.5, the distribution generated with IPS is much closer to the reference
distribution than the distribution generated with simulated annealing. Of course, as the time 7" is
increased, the difference between both methods is reduced. However, this simple application shows
the interest of TIPS for computing distributions at low temperature starting from distributions at
a higher temperature, even if the driving scheme is quite fast. This is indeed almost always the
case in practice when there are several important metastable states.

Initial guesses for path sampling

The problem of free energy estimation is deeply linked with the problem of sampling meaningful
transition paths (see also Section 4.3). In the IPS method, one can associate to each replica X} a
genealogical continuous path (Xf’ge“)se[oyt]. The latter is constructed recursively as follows for a
replica k (for 0 <t <T):

at each time ¢, set X" = Xk

— at each random time T,, when the replica jumps and adopts a new configuration (say of

replica 1), set (X58™) g 7 = (X&) (0 7,1
This path represents the ancestor line of the replica, and is composed of the past paths selected for
their low work values. For the study of the set of genealogical paths, see [247] for a discussion in the
discrete time case. However, let us mention that for a given ¢ € [0, T, the set of genealogical paths
is sampled, in the limit M — oo, according to the law of the non-equilibrium paths (Xs)se[o,4
weighted by the factor e™#"¢ (with statistical properties analogous to those of proposition 4.5).
These paths are thus typical among non-equilibrium dynamics of those with non-degenerate work.
Therefore, they might be fruitfully used as non-trivial initial conditions for more specialized path
sampling techniques (as e.g. [374]).
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A toy example of exploration abilities

Consider the following family of Hamiltonians (Hx)xe[o,1]:

2 2 3 4
with
-1 —4
Ql( )78:10274—1’ Q2(I):m,
Qs () 0 Qu(x) Lk

- 32(x—3/2)2+1° C 64(r —T/4)2+ 17

Some of those functions are plotted in Figure 4.6. This toy one-dimensional model is reminiscent
of the typical difficulties encountered when g is very different from p;. Notice indeed that several
transitional metastable states (denoted by A and B in Figure 4.6) occur in the canonical distri-
bution when going from A = 0 to A = 1. The probability of presence in the basins of attraction of
the main stable states of H; (C and D in Figure 4.6) is only effective when A is close to 1.

0 3/5

H4/5 Hl

Fig. 4.6. Plot of some Hamiltonian functions, as defined by (4.56).

Simulations were performed at = 13 with the overdamped Langevin dynamics, and the above
Hamiltonian family (4.56). The number of replicas was M = 1000, the time step At = 0.003, and
A is linear: A(t) = t/T. Figure 4.7 presents the distribution of replicas during a slow out of
equilibrium plain dynamic: T" = 30. Figure 4.8 presents the distribution of replicas during a faster
dynamics with interaction: 7" = 15.

When performing a plain out of equilibrium dynamics (even ’slow’) from A = 0 to A = 1,
almost all replicas are trapped by the energy barrier of these transitional metastable states (see
Figure 4.7). In the end, a very small (almost null) proportion of replicas have performed interesting
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A=4/5

Fig. 4.7. Empirical densities (in dots) obtained using independant replicas.

A\ \ L

A=4/5 A=1

Fig. 4.8. Empirical densities (in dots) obtained using interacting replicas.

paths associated with low values of virtual work WW. When using (4.7) to compute thermodynamical
quantities, these replicas bear almost all the weight of the degenerate sample, in view of the
exponential weighting. The quality of the result therefore depends crucially on these rare values.

On the contrary, in the interacting version, the replicas can perform jumps in the configuration
space thanks to the selection mechanism, and go from one metastable basin to another. In our
example, as new transition states appear, only few clever replicas are necessary to attract the
others in good areas (see Figure 4.8). In the end, all replicas have the same weight, and the sample
is not degenerate. Notice also that the final empirical distribution is fairly close to the theoretical
one.

We have also made a numerical estimation of the error of the free energy estimation, with 40
realizations of the above simulation. The results are presented in Table 4.2, and show an important,
reduction of standard deviation and bias up to a factor 2 when using the IPS method.

Table 4.2. Error in free energy estimation.

Method Bias Variance

Plain ~ +0.25 0.19
Interacting +0.15  0.10

Application to the computation of free energy differences

Our numerical comparisons using (4.55) often turned out to give similar free energy estimations
for the IPS method and the standard Jarzynski method. However, we have mostly considered the
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issue of pure energetic barriers, where the difficulty of sampling comes from overcoming a single
high barrier. The observed numerical equivalence may be explained by the fact that the selection
mechanism in the IPS method does not really help to ezplore those regions of high potential energy.

When the sampling difficulties also come from barriers of more entropic nature (e.g. a suc-
cession of very many transition states separated by low energy barriers), the IPS may improve
the estimation. Indeed, the selection mechanism helps keeping a statistical amount of replica in
the areas of high probability with respect to the local Boltzmann distribution p) throughout the
switching process (see the numerical example in testing the explotation ability). This relaxation
property may be crucial to ensure at each time a meaningful exploration ability.

Gradual Widom insertion

We present here an application to the computation of the chemical potential of a soft sphere
fluid. This example was considered in [156,261] for example. We consider a two-dimensional (2D)
fluid of volume |£2|, simulated with periodic boundary conditions, and formed of N particles
interacting via a pairwise potential V. The chemical potential is defined, in the NVT ensemble, as

oF

/L:W,

where F' is the free-energy of the system. Actually, the kinetic part of the partition function Z
can be straightforwardly computed, and accounts for the ideal gas contribution puiq. In the large
N limit, the chemical potential can be rewritten as [113]

M = Hid + Hex,

— 4 |£2|
pia = =8 "In (m) )

with

where A is the “thermal de Broglie wavelength” A = h(2xmB~')~/? (with h Planck’s constant).
The excess part flex iS

_ -1 anHeXP(—ﬁV(qNH))quH
prox == m( 2] [ exp(=BV(gN)) dgN )

where V(¢"V) is the potential energy of a fluid composed of N particles. We restrict ourselves to
pairwise interactions, with an interaction potential @. Then, V(¢V) = Yi<icien (g — 4j)-
Setting 7(¢") = Z ! exp(—BV(¢Y)) (with Z = fQN exp[—BV (¢V)]dg") and AV (¢V,q) =
VgVt = V(¢V) with ¢+ = (¢V, q), it follows

_ 1 _
Mex = —ﬁ L In (m /Q e ﬁAV(q’qN)dﬂ'(qN) dq) . (457)

The formula (4.57) can be used to compute the value of chemical potential using stochastic methods
such as the free energy perturbation (FEP) method [380]. In this case, we first generate a sample
of configurations of the system according to w, and then evaluate the integration in the remaining
q variable by drawing positions ¢ of the remaining variable uniformly in (2.

Another possibility is to use fast growth methods, resorting to the following parametrization

N+1 p2 N+1 p2
Hy(@" L pN ) = 30 SE 4+ A = Y o+ V(eY) +AAV(eY.g).

i=1 i=1
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In this case, the interactions of the remaining particle with the IV first ones are progressively
turned on.

As in [156,261], we use a smoothed Lennard-Jones potential in order to avoid the singularity at
the origin (Let us however note that, once the particle is inserted, it is still possible to change all
the potentials to Lennard-Jones potentials, and compute the correponding free-energy difference).
The Lennard Jones potential reads here

ouin =2 (5 (7)" - (2)').

and the modified potential is

a—br?, 0<r<08o0,
B(r) = PLy(r) +c(r—re) —d, 080 <r <r,
0, r>re.

The values a,b, ¢ are chosen so that the potential is C'. The distance 7. is a prescribed cut-off
radius. We consider the insertion of a particle in a 2D fluid of 25 particles, at a density po® = 0.8,
with ro = 2.50, fe = 1, At = 0.0005, and a schedule A(t) = t/T where T is the transition time.
The results are presented in Table 4.3, for different transitions times, but at a fixed computational
cost, since MT is constant. Some work distributions are also depicted in Figure 4.9. A reference
value was computed using FEP, with 10® insertions, done by running M = 103 independent
Langevins dynamics for the system composed of N particles, for a time tpgp = 50 (after an initial
thermalization time to decorrelate the systems), and inserting one particle at random after each
time-step. The reference value obtained is pex = 1.32 kgT (£0.01 kgT).

Table 4.3. Free energy estimation for one realization of each method, depending on the switching time 7'
and the number of replicas M used, keeping MT constant. The results are averaged over 10 realizations,
and are presented under the form < p > (y/Var(u)). The reference value obtained through FEP is
tex = 1.32 kT (£0.01 k7). Notice that the results are quite comparable.

Method M =10° M=5x10*M =2x10* M = 10*

T=1 T=2 T=5 T =10
Jarzynski 1.31 (0.015) 1.33 (0.017) 1.32 (0.023) 1.32 (0.038)
IPS  1.37 (0.025) 1.35 (0.040) 1.33 (0.033) 1.32 (0.037)

As can be seen from the results in Table 4.3, the IPS algorithm has a comparable accuracy to
Jarzynski’s estimates provided the switching time is long enough. However, the work distribution
is very different, and has a stable gaussian shape for all switching rates considered, whereas the
work distribution obtained through the fast growth method are much wider (see in particular
Figure 4.9, Left), so that the relevant part of the work distribution (the lower tail) is only of small
relative importance.

4.3 Path sampling techniques

The Transition Path Sampling (TPS) formalism, first proposed in [272] and further developped
in [80] (see also [34,81] for extensive reviews), is a strategy to sample only those paths that lead to
a transition between metastable states. It also gives some information on the transition kinetics,
such as the rate constant as a function of time or the activation energies [78]. Recent practical
and theoretical developments (such as Transition Interface Sampling [355,356]) are still aiming at
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Fig. 4.9. Left: Comparison of the work distribution for 7" = 1. Right: Comparison of the work distributions
for T = 10. The IPS results appear in darker colors. The target value is 1.32 k7. Notice that the IPS
work distribution is Gaussian with low variance even for the fast switching simulation.

increasing the power of the method. State of the art applications of path sampling, such as [189],
now involve as much as 3,000 atoms with paths about 3 ns long.

Recently, relying on the Jarzynski formula [186,187] (see also Section 4.1), path sampling
techniques have also been used to compute free energy differences more efficiently [261,331,374]
by precisely enhancing the paths that have the larger weights (which correspond to the unlikely
lower work values). More precisely,

/ eV drp (z)

/ drp () 7

where dry, is a measure on a discrete path of length L, and W(x) is the work along a given path .
In the case of the overdamped Langevin dynamics (3.38) with A\(t) = ¢/(LAt), the probability to
observe the path = = (qo,qat, .-, qrAt) 1S

o BAF _

L
1 B 2
drp(z) = ZL1 e #Volao) HeXp <—E ‘Q(H—l)At — giar — AtVVi/L(QiAt)’ dz,
i=1

and the work is approximated by

L
1
WAt(ﬂU) = Z Z —/\ ) (QiAt)-
; A=i/L

Importance sampling techniques can then be used, such as rewriting

/ oW/ 41T, (1)

o BAF _
/ AW/ T, ()

)

where the paths are sampled according to the modified measure dIT,(z) = e W@ /24, (2), which
enhances the paths with lower work values. Methods to sample paths can be found in [34,81,325].

Many path sampling studies (especially TPS studies) have used deterministic dynamics (Path
sampling in the NVE ensemble has already been thoroughly studied, see [81] for a review). However,
path sampling with stochastic dynamics is of great interest for nonequilibrium simulations [74].
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Besides, some models are stochastic by nature (see e.g [5] where the authors consider a model
system of protein pulling in implicit solvent, and a chemical reaction simulated with kinetic Monte
Carlo). Finally, we believe that there is room for improvement in the path sampling techniques
for stochastic dynamics. We therefore restrict ourselves to the stochastic setting in this section.

To this date, the usual equilibrium sampling of paths with stochastic dynamics is done either
with the usual shooting dynamics inspired from the corresponding algorithm for deterministic
paths [81]; or with the so-called "noise history" algorithm introduced in [74], which relies on the
description of paths as a starting point and the sequence of random numbers used to generate the
trajectory. It is one of our aims here to relate both strategies and generalize them by introducing
a new way to propose paths: namely by generating random numbers correlated with the ones
used to generate the previous path. When the correlation is zero, the usual shooting dynamics is
recovered. When the correlation is one everywhere except for some index along the path where it is
zero, the noise-history algorithm is recovered. This generalization may be useful for example when
the dynamics are too diffusive (Langevin dynamics in the high friction limit) since the shooting
dynamics are inefficient in this limit; or to enhance the decorrelation of the paths generated using
the noise history algorithm.

We also consider nonequilibrium sampling of paths, using some switching dynamics on
paths [122], inspired from the Jarzynski out-of-equilibrium switching in phase-space [186, 187].
This switching can be performed whatever the underlying dynamics on paths. It can be used to
transform a sample of unconstrained paths to reactive paths (ending up in some given region).
This approach was already followed in [122], and allows to compute rate constants. However, the
final sample of paths is very degenerate, and cannot be used as a reliable equilibrium sample of
reactive paths. In the same vein, one could imagine doing simulated annealing on paths (simulated
tempering on paths has already been investigated in [363]), in order to obtain typical transition
paths at temperatures where direct sampling is not feasible. However, unless the annealing process
is very slow, the final sample is usually not correctly distributed. We therefore also present the
application to path sampling of the IPS birth/death process of Section 4.2. The corresponding
reequilibration is of paramount importance for the end sample to be distributed according to the
canonical measure on paths. Besides, since the sample of paths follows the canonical distribution
at all times, the properties of interest can be computed in a single simulation for a whole range of
values. For example, the rate constant could be obtained for a whole range of temperatures, which
allows to compute the activation energy following the method presented in [78].

This section is organized as follows. We first present the path ensemble in Section 4.3.1, and turn
to equilibrium sampling of paths in Section 4.3.2. We introduce in particular in Section 4.3.2 the
"brownian tube" proposal function which generalizes the previous algorithms for path sampling
with stochastic dynamics, and compare this new proposal functions to the previous ones using
some two-level sampling indicators. Finally, we present in Section 4.3.3 the switching dynamics
on paths, with the IPS extension enabling a reequilibration of the paths distribution at all times,
even when the switching is done at a finite rate.

4.3.1 The path ensemble with stochastic dynamics
The canonical measure on discretized paths

We consider a system of N particles, with mass matrix M = Diag(my, ..., my), described by a
configuration variable ¢ = (q1, ..., qn), and a momentum variable p = (p1,...,pn). The dimension
of the space is denoted by d, so that ¢;,p; € R% for all 1 < i < N. We consider stochastic dynamics
of the form

dX; = b(X:) dt + XdWs, (4.58)
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where the variable X; represents either the configurational part ¢, or the full phase space variables
(qt,pt). The function b is the force field, the matrix X is the magnitude of the random forcing,
and W; is a standard Brownian motion (the dimension of W; depending on the dynamics used).

We restrict ourselves in this study to the most famous stochastic dynamics used in practice,
namely the Langevin dynamics

dg, = M~ p, dt,
dpy = —VV(q) dt —yM'p,dt + o dW,,

(4.59)

where W; denotes a standard dN-dimensional Brownian motion, and with the fluctuation-
dissipation relation 02 = 2v/3. In this case, the variable z = (g, p) describes the system and
the energy is given by the Hamiltonian E(x) = H(q,p) = V(q) + %pTMflp. Some studies (see
e.g. [374]) however resort to the overdamped Langevin dynamics

2
dqt = —VV(qt) dt + \/%th,

in which case * = ¢ and E(x) = V(q). The ideas presented in the sequel can of course be
straightforwardly extended to this case.

In practice, the dynamics have to be discretized. Considering a time step At and a trajectory
length T' = LA, a discrete trajectory is then defined through the sequence

x = (x0,...,2L).
Its weight is
L—1
m(x) = Z1 " p(xo) H p(Zi, Tig1), (4.60)
i=0

where p(zg) = Z(;le_ﬁE(wO) is the Boltzmann weight of the initial configuration, p(x;, z;41) is the
probability that the system is in the state x;11 conditionally that it starts from x;, and Zp is a
normalization constant. This conditional probability depends on the discretization of the dynamics
used.

Denoting by 14(x),1g(z) the indicator functions of some sets A, B defining respectively the
initial and the final states, the probability of a given reactive path between the sets A and B is

then
L—1

map(®) = Zyp1a(@o)p(xo) [ pwi, wi1)1s(2r). (4.61)
i=0
Transition Path Sampling [80,81] aims at sampling the measure? 74, using in particular Monte-
Carlo moves of Metropolis-Hastings type.

Discretization of the dynamics

We present here a possible discretization of the Langevin dynamics, and the corresponding
transition probability p(x;, x;41). This discretization, called “Langevin Impulse” [310], relies on an
operator splitting technique, and is more appealing from a theoretical viewpoint than previous
discretizations (such as the BBK algorithm [45], or schemes proposed in [4]). For particles of equal
masses (up to a rescaling of time, M = Id; the extension to the general case is straightforward),
the numerical scheme we use here reads [310]:

2 Notice that the measure Tap = ﬁi’BAt depends in fact explicitely on the length of the paths, and of
the time steps used in practice. See [147] for a continuous formulation using SPDEs. In this case, the
measure on paths is formulated at a continuous level.
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At
Dit1/2 = Di — TVV(%‘),
Gi+1 = qi +c1piy1/2 + Ui, (4.62)
t
Pit1 = CoDiy1/2 — 7VV(%'+1) + Ua,

with ) A
— exp(—yAt
co = exp(—yAt), ¢ = LZEP(1AY
Y
The centered gaussian random variables (U ;, Uz ;) with Uy ; = (u,lm-, . ,ugg) are such that
E [(ullz)2] = U%v E [(ulzz)z] = 0'%7 E [Ullz : UIQJ = €120102,

with

At 3 — e VAt e 2At 1 1

U%Z - (2— ¢ te ) s 0'52 —(1—6_2VAt), C120109 = — (1_e—wAt)2'
By vAt B By

In practice, the random vectors (Uj ;,Us ;) are computed from standard gaussian random vectors
(Gl,ia G2,i) with Gk,i = (gli,iﬂ ey gl(ijy)

ullz =01 gll,z'a Ulzl =02 (Cl2 glu +4/ 1- C%z géz) . (4.63)

We will always denote by G standard gaussian random vectors in the sequel, whereas the notation
U refers to non-standard gaussian random vectors.
Denoting by

di = di((giv1.Pit1), (@i, 0:)) =

3

At
Giv1 — ¢ —C1Di +C1 TVV(%')

At
Pit1 — copi + = (c0VV(q:) + V(git1))

d2 = da((gi+1,Pit1), (i pi)) = 9

)

the conditional probability p((¢it+1,pi+1), (¢i,pi)) to be in the state x;41 = (¢it1,pitr1) starting
from z; = (g;, p;) reads

prnnn = 2o gt (8 (2) -2 (2) (2))] wes

—dN
where the normalization constant is Z = (27r0102\/1 — c%2> .

4.3.2 Equilibrium sampling of the path ensemble

The most popular way to sample paths is to resort to a Metropolis-Hastings scheme [153,238|.
Other approaches may be considered in some cases , see [81] for a review of alternative approaches.
Those approaches however require some force evaluation (see e.g. [80] for a Langevin dynamics
in phase space in the case of a toy two-dimensional problem). But the force exerted on a path is
proportional to V(In), and is difficult to compute in general since it requires the evaluation of
second derivatives of the potential in conventional phase space.

We first precise some specifities of the Metropolis-Hastings algorithm, especially when sampling
reactive paths. We then recall a usual technique to propose paths in Section 4.3.2, and generalize
it in Section 4.3.2. We finally propose some benchmarks to compare the efficiencies of all these
proposal functions.
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Metropolis-Hastings sampling techniques for path sampling

For a general introduction to the Metropolis-Hastings scheme, we refer to Section 3.1.3. In the
case of reactive paths, a study of the acceptance rate asks to decompose the acceptance/rejection
procedure in two successive steps: (i) the proposition of a path starting from A and going to B;
(ii) the acceptance or rejection of such a path according to the Metropolis-Hastings scheme. The
difficult step is the first one, since paths bridging A and B are only a (small) subset of the whole
path space. In particular, diffusive dynamics such as the overdamped Langevin dynamics are
often not convenient to propose bridging paths; the situtation is however better for dynamics with
some inertia, such as the Langevin dynamics. When the paths are constructed using deterministic
dynamics (NVE case), some studies have shown that the optimal acceptance rate is about 40 %
for the cases under consideration [81].

For path sampling with stochastic dynamics, the "shooting" proposal function is classically
used [81]. However, even for moderate values of the friction coefficient « in the Langevin dynamics,
this proposal function may have low acceptance rates, especially if the dimension of the system is
high or/and the barriers to cross are large. An alternative way of proposing paths, relying on the
so-called “noise history” of the paths [74] (i.e. the sequence of random numbers used to generate
the trajectory from a given starting point) is to change only one of the random numbers used and
to keep the others. In this case, a high acceptance rate is expected, but the paths generated may
be very correlated.

A natural generalization of both approaches is to rely on the continuity of the dynamics with
respect to the random noise forcing, and to propose a new trajectory by generating new random
numbers correlated with the previous one. We call this approach the “brownian tube” proposal.
In this case, an arbitrary acceptance rate can be reached, and there is room for optimizing the
parameters in order to really tune the efficiency of the sampling.

The shooting proposal function

The acceptance rate of the Metropolis-Hastings algorithm is

7T(11)7’(11,1?))
m(x)P(z,y) )

The shooting technique described in [81, Section 3.1.5] consists in the three following steps, starting

r(z,y) = min (1,

from a path z™:

SHOOTING ALGORITHM FOR PATH SAMPLING

Algorithm 4.1. Starting from some initial path 2°, and for n > 0,

(1) select an index 0 < k < L according to discrete probabilities (w;)o<i<r (for example
a uniform probability distribution can be considered, unless one wants to increase trial
moves starting from certain regions, for example the assumed transition region);

(2) generate a new path (yg+1,...,yr) forward in time, using the stochastic dynamics (4.59),
with a new set of independently and identically distributed (i.i.d.) gaussian random
vectors (UinJrl)]H_lSjSL_l;

(3) generate a new path (yg_1,...,y0) backward in time, using a discretized "backward"
stochastic dynamics correponding to (4.59), with a new set of i.i.d. gaussian random

—nt1
vectors (U?Jr )0§j§k—1§

(4) set 2"*! =y with probability r(z",y), otherwise set z" ™1 = ™.
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It remains however to precise how the “backward” part of the trajectory is computed in Step (3),
which determines the conditional probability p(y,+1,¥;) to go to y; from y;44 in a backward man-
ner. The proposition density P(x,-) is then also determined. Indeed, The probability of generating
a path y = (yo,...,yr) from z, shooting forward and backward from the k-th index, is

k—1 L
P(z,y) =we [[ Wi, u) [ plyi-1,u)- (4.65)
=0 J=k+1

Notice that the previous path z is present only through the term y; = xi. It then follows

T("E7 y) = min (17 1A(y0)1B(yL)Cexact($7 y)) )

with

= yg+1, ZJJ) p(Tj, Tj+1)

Cexact (:E y

It is clear that, for reasonable discretizations, P2 (z,y) > 0 for all paths z,y of positive probability
(under mild assumptions on the potential) so that the correponding Markov chain is irreducible.
Since the measure (4.61) is left invariant by the dynamics (this is a classical property of Metropolis-
Hastings scheme), the corresponding Markov chain is ergodic [240]. Notice also that it is enough to
consider only the forward or the backward integration steps for the ergodicity to hold, as long as
both have a positive probability to occur (and that the possible asymmetry in the corresponding
probabilities is accounted for).

Backward integration of the trajectory

There are two ways to generate proposal paths backward in time (which are precised in specific
cases in the remainder of this section), using either

(i) a time reversal (linked to some detailed balance property): The forward dynamics are used
to generate the points y; from ;11 in a time-reversed manner. This means that variables
odd with respect to time reversal (such as momenta) are inverted, and variables even with
respect to time reversal (such as positions) are kept constant. Denoting by S the reversal
operator, Sy; = y; = ¢; for overdamped Langevin dynamics, and Sy; = (¢;, —p;) when
yi = (qi, p;) for Langevin dynamics. The usual one-step integrator @ a; is then considered
to integrate the corresponding trajectory, using S? = Id:

Yi = (S0 Par 0 S)yit
The time-reversed conditional probability prr(yi+1,¥:) to go from y; to y;11 is then
PR (Yi+1,Yi) = P(SYit1, SYi).
The detailed balance assumption reads

(i) PWi, yiv1) = p(Yiv1) D(SYiv1, Syi)-

When this condition is met with a good precision, some cancellations occur in the expres-
sion (4.66) of the acceptance rate [81]. In this case, the acceptance rate

Cexact (T, Y) =~ crr(T,y) = sz)) (4.67)

In the case when y; = z; (which is often the case in practice for path sampling on sto-
chastic paths), crr(z,y) = 1. However, as will be precised later in this section, numerical

b
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tests suggest that the detailed balance is not always met with a good precision when the
dynamics are discretized with large time steps (which is useful in order to avoid too long
paths), even if it is usually the case in some mean sense for usual regimes. However, even
in those cases, it may be the case that detailed balance is not fulfilled along a whole path
(especially since unlikely regions of high gradients are somewhat enhanced), so that the
cancellations mentionned above are not always strictly valid.

(ii) a backward integration: in this case, the change of variables ¢ — —t is done directly in the
numerical scheme, so that

Yi = P Ac(Yit1)-

The corresponding backward probability will be denoted by pPuek(Yit1,¥:). The backward
schemes are such that a reversibility condition is approximately met (since @ p;0®P_ A¢ =~ 1d)

P(Yis Yit1) = Poek (Vit1,Yi),

at least in some conditions that can be precised on a specific example.

Let us emphasize that the above approximations are used in some computations to obtain simpler
expression for the acceptance rate, but their validity should be carefully checked in any cases, as
we now do.

Backward overdamped Langevin dynamics.

The time reversed version of the overdamped Langevin dynamics is still the usual overdamped
Langevin dynamics for the Euler-Maruyama discretization

2At
Giy1 = ¢ — AtVV (q;) + \/ R R;, (4.68)

R; being i.i.d. dN-dimensional random vectors. It holds

dN/2 6
P(Qz, QZ+1) (47TAt) exp ( 4At|%+1 qi + Atvv(%)l ) ) (469)

and
prr(q2,q1) = P(g2, q1)- (4.70)
Therefore, time reversed paths are generated using the discretization (4.68), and a correction has

to be accounted according to (4.66). The validity of the reduced acceptance rate (4.67) can be
checked by monitoring

{ CTR chact}
RTR = max y ——
Cexact CTR

for the reactive paths generated. Notice that the ratio ¢Tr/Cexact 1S exactly 1 when the detailed
balance assumption is strictly fulfilled, so that Rtg = 1 in this case. Therefore, the validity of
this assumption along the whole path is related to the magnitude of the values of Rrr > 1 (since
Rrr > 1 in all cases).

The discretized backward stochastic dynamics are, for the overdamped Langevin dynamics
qi—1 = q; + At VV((]Z) + o R;, (471)

with 02 = 2At/3, and where the random variables (R;) are i.i.d. dN-dimensional standard Gaus-
sian random vectors. Note already that the scheme (4.71) is unstable in general (except near
saddle points of the energy landscape) since the sign of the force has to be changed in a backward
integration, so that only small time steps must be considered. The resulting backward conditional
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probability to be in ¢;—; starting from ¢; is therefore

dN/2 3
7). . . e - - . . 2
Dok (i, gi—1) (47rAt) exp ( 4Athz gi—1 + AtVV (q;)| ) - (4.72)

The reversibility assumption, made for example in [374], can also be checked here by computing

Chck  Cexact
Rb ck — mMax E—

)
Cexact  Cbck

for the reactive paths generated. The behavior of Ry, should be close to the behavior of Rrg.
To test the above assumptions, we consider the following one-dimensional double well potential:

V(x) = 0.5h(z — 1)%(z + 1)?,

where h is a factor allowing to modify the barrier height at the transition state x = 0.

We first test the detailed balance and reversibility assumptions, for a certain range of time
steps and barrier height (the inverse temperature is set to 3 = 1). To this end, we sample n
initial configurations (¢*)1<;<n of the system according to the canonical measure (using a rejection
algorithm, so that no additional bias is added to the intrinsic statistical bias arising from the
finite size of the sample) and perform a realization of the one step moves using the integration
scheme (4.68). We denote by ¢’ the outcome for a given initial configuration ¢/. We then compute
the quantities

1 < o 1 < o
<TDB> = g erDB(qjuq])u <Trev> — E ZlTreV(qjuq])u
j= j=

with
p(q1,q2)
Pbek (92, q1)°

p(q1) P(a1, g2)
p(q2) Prr (g2, 1)
where p,prr and Ppex are given by (4.69), (4.70) and (4.72) respectively. We also compute the

associated variances. We then turn to the path sampling algorithm, using the above mentio-
ned shooting algorithm with a forward and a backward shooting (the dynamics being either the
time reversed or the backward dynamics). The acceptance/rejection step is done using the exact
rate (4.66), and the values Rrr and Rycx are computed over reactive paths of size L = 200 At,
with the sets A = [-1—6,—1+0], B = [1—6,1+] with § = 0.2, and performing n = 10° iterations
of the path sampling algorithm. The canonical averages rpp and 7, are computed using n = 106
points. The results are presented in Table 4.4.

The reversibility assumption is verified for time steps and barrier heights small enough (which
is usually not the interesting range of study for path sampling). Moreover, we studied here this
property from an average point of view, and it is expected that the situation will get worse when
unlikely regions will be enhanced through the path sampling algorithm. Besides, even if the detailed

balance is almost verified for one integration step, it is likely that the precision will deteriorate

TDB(QlaQ2) = s Trev(q17q2) =

when considering successive integrations.

As can be seen from the results, the reversibility assumption along the whole path is hardly
valid, except for low barriers and small time steps. Besides, it may be the case that the reversibility
assumption can be considered to hold as a canonical average (i.e. 1y is indeed close to 1 with a
small variance), but not along a path?. The errors are somewhat magnified by the length of the
path, and the enhancement of the high gradient regions. However, the detailed balance assumption
is more easily verified in practice than the reversibility assumption. The acceptance results shows
that few paths bridging initial and final states are proposed. The overdamped Langevin dynamics
is too erratic to provide efficient proposals (the overall acceptance rates are 1-2% at most).

3 See for example the case At = 2.5 x 1072 with h = 20.
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Table 4.4. Results for the reversibility and detailed balance study for the discretization (4.68) of the
overdamped Langevin dynamics. All the results are presented under the form "(A) (y/Var(A))".

Parameters DB Trev Rrr Ry ex

At =0.001 h=0.51.000 (0.0003) 1.002 (0.0060) 1.001 (0.0007) 1.040 (0.0559)
At =0.001 h=1 1.000 (0.0005) 1.003 (0.0096) 1.002 (0.0015) 1.096 (0.1177)
At =0.001 h=2 1.000 (0.0011) 1.006 (0.0163) 1.003 (0.0027) 1.157 (0.1863)
At =0.001 h =10 1.000 (0.0075) 1.040 (0.0770) 1.017 (0.0149) 5.864 (6.777)
At =0.001 h =20 1.000 (0.0186) 1.094 (0.1838) 1.044 (0.0362) -

At =0.0025 h =1 1.000 (0.0021) 1.009 (0.0255) 1.006 (0.0056) 1.635 (1.640)
At =0.0025 h = 10 1.001 (0.0307) 1.121 (0.3174) 1.084 (0.0786) 1.584 x 10° (6.047 x 10°)
At = 0.0025 h =20 1.006 (0.0800)  1.471 (22.09)  1.244 (0.2809) -

At =0.005 h=1 1.000 (0.0059) 1.019 (0.0577) 1.021 (0.0230) 13.46 (153.0)
At =0.005 h =10 1.007 (0.0961) 1.573 (34.04)  1.363 (0.4454) -

At =0.005 h =20 1.053 (0.7521) 9431 (2.930 x 105) 2.107 (1.709) -

Langevin dynamics.

We present first a numerical study similar to the one done for the overdamped Langevin case.
We do not consider backward integration using negative time steps (which is even more unstable
than in the overdamped case), and limit ourselves to proposal functions for Langevin paths using
the time reversed dynamics. More precisely, we use the discretization (4.73), which is a classical
integration scheme [4], traditionally used in transition path sampling:

n+l _ n no_ 2 n n
{q = ¢" + a1 At p" — e APVV(¢") + WY, (4.73)

pitl = eT7ALn (c1 — ) AtVV (¢") — ca AtVV (¢ + w3,

where the random numbers are the same as in (4.62) (only the deterministic part of the dynamics is
modified). The time-reversing operation amounts to reverting the momenta, integrating forward in
time, and reverting the momenta again. We also test the validity of a detailed balance assumption,
both as a static property, and along paths. The computed variables rpg and Rrgr are defined as
for the overdamped case.

We consider as a toy example the two-dimensional (2D) potential

V(z,y) = % [401- 0% =22 42062 =22 + (@ +9)* = 1)+ (0 -p? - 1)), (@74

which was introduced in [80]. The numerical study is conducted in the same manner as for the
overdamped case, and the results are presented in Table 4.5. The detailed balance assumption is
indeed satisfied with a very good accuracy for a broad range of parameters regimes. The detailed
balance along paths is also satisfied with a good accuracy, though discrepancies of the static detai-
led balance study are still somewhat magnified, and it could be the case in some more complicated
situations (such as higher dimensional dynamics with constraints) that those discrepancies become
non negligible. Further numerical studies suggest that the most influential parameter is the time
step At.

We also tested those assumptions on the model system for conformational changes of Sec-
tion 4.1.4. The canonical averages rpg are computed using n = 10° iterations. The values Ryg are
computed over reactive paths of size L = 500 At, at 3 =1, using lp = 1.3, 0 =1, e =1, w = 0.5,
At = 0.0025, with the sets A = {r(¢) < ro + 0.60},B = {r(q) > 79 + 1.40}, and performing
n = 10% iterations of the path sampling algorithm.
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Table 4.5. Results for the detailed balance study for the discretization (4.73) of the Langevin dynamics.
The canonical averages rpp are computed using n = 10° points. The values Rrr are computed over
reactive paths of size L = 200 At, with the sets A = {|z + 1> + 4> < 6}, B = {|z — 1> + ¢* < §} with
§ = 0.6, and performing n = 10° iterations of the path sampling algorithm. All the results are presented

under the form "(A) (\/Var(A4))".

Parameters DB Rrr

At =0.02,6=1,3=1 1.000 (0.0002) 1.002 (0.0024)
At =0.01, ¢ =1, 8 =10 1.000 (0.0000) 1.001 (0.0014)
( ) ( )
( ) ( )

At =0.025, £ =5, § =5 1.000 (0.0004) 1.004 (0.0033
At =0.05, £ =2, =20 1.000 (0.0023) 1.022 (0.0180

Table 4.6. Results for the detailed balance study for the discretization (4.62) of the Langevin dynamics
in the WCA case. All the results are still presented under the form "(A) (y/Var(A))".

Parameters DB Rrtr

h=1 1.0000 (0.0031) 1.002 (0.0653)
h=2 1.0000 (0.0031) 1.002 (0.0721)
h=5  1.0000 (0.0032) 1.003 (0.0772)

Once again, as can be seen from the results of Table 4.6, the detailed balance assumption holds
in average with a very good accuracy, but there are noticeable deviations from the detailed balance
assumption along the paths.

Time-reversal as a backward integration scheme

In conclusion, the previous results show that it is more appropriate to resort to time reversal.
We will always denote in the sequel the random vectors used in this process by U. As also shown
in the previous computations, the microscopic reversibility ratio

P(?Ji) P(yi, yi+1)
p(Yi+1) P(Yit1,Yi)

Riev(Yiryiv1) =

is sometimes close to 1, so that cCexact(x,y) ~ 1 and the acceptance/rejection step is greatly
simplified. However, this assumption should always be checked carefully using some preliminary
runs since it is sometimes the case that, even if the reversibility ratio rpg is close to 1 pointwise
(with a good approximation), it may be false that cexact(z,y) =~ 1 along the path, especially if the
paths are long.

The brownian tube proposal function

A path can also be characterized uniquely by the initial point xy and the realization of the
brownian process W; in (4.58). When discretized, the paths are then uniquely determined by
the sequence of gaussian random vectors U = (Up,...,Ur_1) used to generate the trajectories
using (4.62) (or any discretization of another SDE). This was already noted in [74], where a new
trajectory was proposed selecting an index at random and changing only the gaussian random
number associated with this index.

Since the trajectory is continuous with respect to the realizations of the brownian motion, any
convenient small perturbation of the sequence of random vectors is expected to generate a path
close to the initial path. Still denoting by p(z;,x;11) the probability to generate a point z;4; in
phase-space starting from z;, using the gaussian random vectors U; and U; obtained from standard
gaussian random vectors G; and G}, the transition probabilities for all classical discretizations we
consider can be writtten as
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p(zi,xit1) = Z " exp —§Gi ra;),
and .
PrR(Tiv1, i) = Z texp <—§GiTFGi)

where Z is a normalization constant. In the case of the discretization (4.62) of the Langevin
equation for example, I' = VTV where the matrix V allows to recast the correlated gaussian
random vectors U; = (Uy 3, Us ;) (or U;) as standard and independent gaussian random vectors G;
(or G;) through the transformation U; = VG; (or U; = VG;) with (see Eq. (4.64))

oy M dagn 0
V= C12 1
——F——=Idavy —F—=1Idan
o1/ 1— e, oa/1 =3,

The idea is then to modify the standard gaussian vectors G; by an amount 0 < a; < 1 as

éi = o;G; + A/ 1-— OélzRi, (475)

where R; is a 2dN-dimensional standard gaussian random vector. A fraction «; is associated with
each configuration z; along the path. The usual shooting dynamics is recovered with «; = 0 for
all 7 (all the Brownian increments are uncorrelated with respect to the Brownian increments of
the modified path), whereas the so-called ’noise history’ algorithm proposed in [74] corresponds
to a; = 0 for all ¢ but one iy for which a;, = 1 (in this case, all the Brownian increments but one
are re-used).

The dynamics we propose looks like the shooting dynamics:

BROWNIAN TUBE PROPOSAL

Algorithm 4.2. Starting from some initial path 29, and for n > 0,

(1) select an index 0 < k < L according to discrete probabilities (w;)o<i<r (for example
a uniform probability distribution can be considered, unless one wants to increase trial
moves starting from certain regions, for example the assumed transition region);

(2) compute a new random gaussian vector starting from the previous one, using (4.75);

(3) generate a new path (yg41,...,yr) forward in time, using the stochastic dynamics (4.59),

with a new set of independently and identically distributed (i.i.d.) gaussian random
vectors (UinJrl)]H_lSjSL_l;

(4) generate a new path (yg—_1,...,y0) backward in time, using a discretized "backward"
stochastic dynamics correponding to (4.59), with a new set of i.i.d. gaussian random
—nt1
vectors (U?Jr )0§j§k—1§

(5) set 2! = y with probability (2", y), otherwise set "1 = z™.

It remains to precise the proposition function P(z,y). Denoting by (G¥)o<i<k—1, (GF)r<i<ri-1
the standard random gaussian vectors associated with the path = (the first ones arise from the
time reversed integration, the last ones from a usual foward integration), it follows

P(%y) = Wk H pai(éfv ley) H pai(va Gzy)v

0<i<k—1 k<i<L—1

where wy, still denotes the probability to choose k as a shooting index, and
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) 1 o (G — aQ)T(G - aG)
Pa(G,G) = (7)> exp (— > .

27r(1 — a? 2(1 —a?)

A tuning of the coefficients «; can then be performed in order to get the best trade-off between
acceptance (which tends to 1 in the limit «; = 1 for all i) and decorrelation (which arises in
the limit «; — 0). An interesting idea could be that « has to be close to 1 in regions where the
generating moves have a chaotic behavior (in the sense that even small perturbations to a path lead
to large changes to this path), and could be smaller in regions where the generating moves have
less impact on the paths (so as to increase the decorrelation). From a more practical point of view,
a possible approache to obtain such a trade-off to propose a functional form for the coefficients
«; and to perform short computations to optimize the parameters with respect to some objective
function. Some simple choices for the form of the coefficients «;, involving only one parameter (so
that the optimization procedure is easier), are:

(i) constant coefficients a; = «;

(ii) set a; = 1 far from the shooting index, and «; close to 0 near the shooting index. This can
be done by considering «; = min(1, K|i — k|) for some K > 0.
From our experience, the efficiency is robust enough with respect to the choice of the coefficients
a;. Notice also that the second functional form allows to recover both the usual shooting and the
noise-history algorithm, respectively in the regimes K — 0 and K > 1. It is therefore expected
that, optimizing the efficiency with respect to K € [0,1], both the shooting algorithm and the
noise-history algorithm should be outperformed.

Intrinsic measure of efficiency

Our aim here is to propose some abstract measure of decorrelation between the paths, so as to
measure some diffusion in path space. This approach complements the convergence tests based on
some observable of interest for the system. We refer to [81] for some examples of relevant quantities
to monitor (and applications to path sampling with deterministic dynamics).

The intrinsic decorrelation is related to the existence of some distance or norm on path space.
Given a distance function d(z,y), the quantity

Do) = ([ [ ) P arto)) v

(with p > 1) precises the average amount of decorrelation with respect to the distance d for the
measure 7 on the path ensemble. Notice that two averages are taken: one over the initial paths z,
and another over all the realizations of the Monte Carlo iterations starting from z (i.e. over all
the possible end paths y, weighted by the probability to end up in y starting from z). In practice,
assuming ergodicity, D,(n) is computed as

1 N 1/p
_ : - (. k+n .k
D,(n) N1—1>I-r|-loo (N ];d (" x )) .

Usual choices for p are p = 1 or p = 2. This last case is considered in [59] since a diffusive behavior
over the space is expected with stochastic dynamics, the most efficient algorithms having the
largest diffusion constants lim,,_ 4. \/D2(n)/n.

It then only remains to precise the distance d, which depends on the system of interest. Some
simple choices are to

(i) consider a (weighted) norm || - || on the whole underlying phase-space (for position or
position/momenta variables) and set
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1 L 1/10/
d(z,y) = <z ZwinEi — il [” )
i=0

with p’ > 1;
(ii) cousider only a projection of the configurations onto some submanifold, such as the level

sets of a given (not necessarily completely relevant) reaction coordinate or order parame-
ter &:

1 L / 1/p’
d(z,y) = <z Z%‘K(%) —f(yi)|p> ;
i=0

with p’ > 1.

(iii) align the paths projected onto some submanifold around a given value of the reaction
coordinate &:

2K +1

i=—K

1 K 1/p
d(z,y) = ( > wilb@ri) - g(yJ+i)|p,> ; (4.76)

with p’ > 1, and I,J such that &(z7) = &(ys) = &* where £* is fixed in advance (for
example, if A is characterized by £ = 0 and B by £ = 1, then £* could be 1/2). The integer
K represents some maximal window frame so that the distance is really restricted to a
region around the expected or assumed transition point. In the case when J— K, I — K <0
or J+ K, I+ K > L, the sum is accordingly restricted to less than 2K + 1 points.

The weights w; should be non-negative in all cases.

A reasonable choice for non-trivial systems is for example to use (4.76) with p’ = 1 and w; = 1.
This approach ensures that the decorrelations arising in the initial and final basins A and B are
discarded, and that only the decorrelation arising near the transition region are important. In
this sense, we term this decorrelation as ’local decorrelation’ since we measure how different the
transition mechanisms are. As a measure of ’global decorrelation’, we will consider the transition
times. A numerical study based on those lines is presented below.

Numerical results

We test the different proposal functions on the model system of conformational changes of
Section 4.1.4. We consider the distance (4.76) for reactive paths (7 = wap in this case), using
p=p =1land w; =1, &(q) = |@1 — q2|, & = ro + w. We use the parameters L = 500 At,
B8 =1, N = 16 particles of masses 1, [p = 1.3, 0 =1, e =1, w = 0.5, At = 0.0025, with the sets
A={&(q) <ro+0.6w}, B={&(q) >rp =10+ L.4w} and averaging over a total of n =5 x 10*
Monte Carlo moves. We set K = 30 since the typical length of the transitions is about 60 time
steps with the parameters used here.

We also consider the correlation in the transition times. We denote by 7(x) the transition index
of some path 2. Here, those indexes 7 are such that £(¢,a¢) = £*. The correlation function for this

observable is therefore, in the case of reactive paths,

. / / (r(9) — (Pmnn)(7(2) — (T)man) P™ (@, dy) dmas ()
C(n) =
/ (r(2) — (T)pan ) dmas ()

)

with (7)r,, = [ 7(z)dmap(z) This observable is in some sense complementary to the measure of
decorrelation in the transition zone defined above since it measures some global spatial decorrela-
tion of the paths. In practice, assuming ergodicity, C' is approximated as
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1 1Y 1Y
5 2@ () (N > T<x"+k>> (N > T<:v’“)>
. k=1 k=1 k=1
Cn) = NEIEOO L X L& 2
N ZT(,Tk)Q — (N ZT(l'k))
k=1 k=1

Figures 4.10 to 4.12 present some plots of D(n) and C(n) for h = 5,10,15, for the usual
shooting dynamics, the noise-history algorithm, and the brownian tube proposal (with «; = 0.8
for all 7). The average acceptance rates are also presented in Table 4.7. Notice that no shifting
moves [81] are used in order to compare the intrinsic efficiencies of the proposal functions. It is
likely that these moves would help improving the decorrelation rate of the sampling.
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Fig. 4.10. Comparison of efficiencies for different Metropolis-Hastings proposal moves for h = 5. Left:
Plot of the correlation of the transition times C(n) (related to some global sampling efficiency). Right:
Plot of D(n) (local sampling efficiency) for the brownian tube proposal with a = 0.8 (solid line), usual
shooting dynamics (dashed line), and noise history (dotted line).
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Fig. 4.11. Comparison of efficiencies for different Metropolis-Hastings proposal moves for h = 10.

For the shooting algorithm, many paths are rejected so that the local decorrelation (measured
by D(n)) is rather poor, especially at short algorithmic times and for high barriers (in any cases,
lower than for the brownian tube proposal). But when a path is accepted, it is already very
decorrelated from the previous one, so that the global decorrelation (measured by C(n)) is indeed
decreasing rapidly enough. For the noise-history algorithm, the picture is somewhat inverted:
since the acceptance rate is very high, even for high barriers, the local decorrelation is quite
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Fig. 4.12. Comparison of efficiencies for different Metropolis-Hastings proposal moves for h = 15.

Table 4.7. Acceptance rate (%) as a function of h for the three proposal functions considered.

h 5 10 15
Shooting 244 181 152
Noise history 96.7 85.7 81.2

Brownian tube (o; =0.8) 47.2 481 33.0

efficient, but the global decorrelation is not since small local changes make it difficult to change
the global features of the paths. The brownian tube approach tries to balance the local and global
decorrelations. This is also reflected by a more balanced acceptance/rejection rate.

In conclusion, the brownian tube proposal with the above correlation function is the most
efficient sampling scheme in the case considered here. The efficiency could be further increased
by a more systematic tuning of the parameters of the correlation factors «;, possibly depending
on the shooting index k. In general, since the usual proposal functions are specific cases of the
brownian tube proposal function, it is expected that there is always a parameter range such that
this new algorithm outperforms the previous ones.

4.3.3 (Non)equilibrium sampling of the path ensemble

The previous section was dealing with equilibrium sampling of paths. However, when (free)
energy barriers in path space are large, direct sampling of paths can be inefficient, since the
existence of metastable path sets may considerably slow down the numerical convergence. It is
therefore appealing to perform some kind of simulated annealing on paths. A regular simulated
annealing strategy would be to first sample paths at a higher temperature, and then to cool the
sample to the target temperature (see [363] for a simulated tempering version of such an idea).
Reactive paths can also be otained by constraining progressively the paths to end up in B. This
approach also has the nice feature that it does not ask for an initial guess to start sampling m45.
Finally, a byproduct of such a switching is the ratio of partition functions in path space

ZAB (LAt)

CLAN = 2

(4.77)

where Z 4, Zap are such that

L—-1

ma(r) = Za(LAY)  1a(z0)p(wo) [ [ pi wit1),
1=0
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and
L—1

7a8(7) = Zap(LAY) " 1a(z0)p(z0) [] ples, wis1)1p(or)
i=0
are probability measures. The function C in (4.77) has to be computed at least once to obtain rate
constants in practice [81]. The associated free-energy difference in path space is AF4_, ap(LAt) =
—In(C(LAY)).

We start this section by recalling the extension of the classical switching dynamics for nonequi-
librium dynamics in phase space to nonequilibrium switching between path ensembles [122]. This
method is convenient to compute free energy differences, but the final sample of paths obtained is
very degenerate. We therefore present the application to path sampling of a birth/death process
introduced in [289,292] (see also Section 4.2), which allows to keep the sample at equilibrium
at all times during the switching. This equilibration may be important in some cases to com-
pute the right free energy values [292], and allows in any cases to end up with a non-degenerate
sample of paths and reduce the empirical variance. We will focus in the sequel on switching from
constrained to unconstrained paths, but an extension to simulated annealing (cooling process) is
straightforward.

Switching between ensembles of paths

We present in this section the approach of [122], where the switching from unconstrained to
constrained path ensembles is done by enforcing progressively the constraint on the end point
of the path over a time interval [0,7]. The constraint is usually parametrized using some order
parameter. This order parameter is the same as the one used for usual computations of reaction
rates in the TPS framework (and even for more advanced techniques such as Transition Interface
Sampling (TIS) [355,356]). The point is that this approximate order parameter needs not to be a
“good” reaction coordinate (or a complete one) since the general path sampling approach should
help to get rid of some problems arising from a wrong choice of order parameter (see e.g [354] for
a recent study on this topic).

Assuming an order parameter is given, we can consider a switching schedule A = (\°,..., \")
such that A\ =0 and A" =1 and a family of functions hy such that

ho=1, hy =1g.

We also introduce the family of probability measures associated with the functions hjy:

L—-1

m(@) = Z; \1a(wo)p(wo) [ plas wig1)ha(er). (4.78)
i=0

We omit in the sequel the explicit dependence of the partition functions Z on L and At. An
energy &, (x) can then formally be associated to a path z as

m(z) = ZL_,lAefgk(:”).

The aim is to sample from 7 = 74 p, which is usually a difficult task, and sometimes not directly
feasible. It may be easier to use a sample of 7y = 74 (which is much easier to obtain), and to
transform it through some switching dynamics into a (weighted) sample of 7. Starting from a
path %9 the weight factor for a resulting path 2*" is of the form e~ where W™ is the work
exerted on an unconstrained path to constrain it to end in B. We now precise the way the work
is computed.

Consider an unconstrained initial path 2 = (z0,...,2%) sampled according to m, and a
discrete schedule (A%, ..., A"). The dynamics in path space is as follows:
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NONEQUILIBRIUM SWITCHING ON PATHS

Algorithm 4.3 (See Ref. [122]). Consider an initial configuration 2° generated from 7.
Starting from W° and m = 0,

(1) Replace A™ by A"+
(2) Update the work as WMt = W™ + Eymia (™) — Exm (z™);

(3) Do a Monte Carlo path sampling move using a Metropolis-Hastings scheme with the

mbl . . . .
measure 7 (using for example the usual shooting moves with a Langevin dynamics,

or the Monte Carlo move designed for path switching presented below), so that the

current path £™ is transformed into the new path 2™%1.

This procedure is repeated for independent initial conditions 2%, so that a sample of M end
1,n M,n. . . . . .
paths (zb7 ... 2™") with weights (e=" ",...,e™"W ") is obtained. Besides, an estimation of
the rate constant is given by the exponential average

M
1 kn
CM(LAt) =—1In (M E e_W ) 5

k=1

and it can be shown that C; — C when M — +o0.

Since the realizations of the switching procedure are independent provided the initial conditions
are independent, the random variables {e_Wk’n}k are i.i.d. A confidence interval can be obtained
for Cy; as

CJ\_4,UC < CM < C]\t[,dc’

with

=

M
1 kon
O:I: 1 _E —Wwe + ==
e n( k:le ’ )7

where the empirical variance is

1 M k 1Y 1 ’
VM—M_12<€W ’7l—MZeW’n> .

k=1 =1

A confidence interval on the free energy difference is then
—InCy;, <AFs.ap<—-InCy .

For example, the 95 % confidence interval corresponds to o. = 1.96.

Of course, as usual for nonequilibrium switchings, it may the case that the variance of the work
distribution is large, so that only very few paths are relevant (and the confidence interval for the
rate constant is large), so that an equilibration in the vein of Section 4.2 may be interesting.

Enhancing the number of relevant paths

We present here an extension of the IPS equilibration to the case of path sampling. Then,
each path has weight 1 in the end, and the final sample (z*",..., 2™ ") is distributed according
to m = wap (provided the switching is slow enough and the number of replicas is large enough;
therefore, MnAt should be large enough). More precisely, we consider the
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TIPS EQUILIBRATION OF THE NONEQUILIBRIUM PATH SWITCHING

Algorithm 4.4. Consider an initial distribution (210, .. 2% generated from my. Generate

independent times 7%° 7%¢ from an exponential law of mean 1. Consider two additional
variables X%t X%d per replica, initialized at 0.
(1) Replace A™ by A"+
(2) Update the works as Whm+l = Wwhm o Aghkm — yykm gy (gbm) — Eym (xFm),
and compute the mean work update A" = M~1Y, ., AEF™;
(3) (Diffusion step) Do a Monte Carlo path sampling move using a Metropolis-Hastings
scheme with the measure mym+1, so that «*™ is transformed into z*™+1.

(4) (Birth/death process) Update the variables X% and %9 as
okt = gkt 4 BAE™ — Agb™)~

and
ghd = ghd 4 B(AE™ — Agk™)T

(Death) If X% > 754 select an index m € {1,..., M} at random, and replace the k-th
path by the m-th path. Generate a new time 7% from an exponential law of mean 1,
and set 254 = (;
(Birth) If X** > 7%% gselect an index m € {1,..., M} at random, and replace the m-th
path by the k-th path. Generate a new time 7%° from an exponential law of mean 1,
and set X*b = 0;

In this case, an estimation of the rate constant is given by the simple average
Cur(LAY) Z whn,

and it can be shown that Cjpy — C when M — +o00. A confidence interval for the free energy
difference can be obtained as in Section 4.3.3 as

O]I\ESU* < CIPS < OIPS ,+

IPS,+ VIPS
Citor = 77 ZWk"j:Jc T

)

with

the empirical variance being

M 2

k=1

Specific Monte-Carlo moves for switching from unconstrained to constrained path
ensembles

When an interpolating function h) appearing in (4.78) (or, equivalently, some order parameter
€) is known, it is possible to increase the likeliness of the end point of the trajectory by performing
a move on the last configuration in the direction opposite to Vhy(¢) while keeping the random
vectors used for the transitions. These moves should of course be employed with other MC moves,
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especially MC moves relying on some trajectory generation, in order to relax the shift toward
higher values of hy or &.

More precisely, using for example an overdamped Langevin dynamics to update the end configu-
ration, the associated Metropolis-Hastings Monte-Carlo elementary step is, starting from a path x
for a parameter A\ (in the Langevin dynamics setting):

SPECIFIC MONTE-CARLO SWITCHING MOVE

Algorithm 4.5. Starting from a path = = (zo,...,21),

(1) Compute the sequence of 2dN-dimensional random vectors (U;)o<;<z 1 associated with
the backward (time-reversed) integration from xy, to zo;

(2) Compute a final configuration as ¢¢ = q¥ + 0\VE(gE) + (202/B)Y/% G where G is a
d-dimensional random gaussian vector;

(3) Integrate the path backward (time-reversed) starting from y, using the noises

(Ui)o<i<r—1 to obtain a path y = (yo,...,yr). The probabilty P(z,y) to obtain y
starting from x is therefore the probability to obtain y; from xj, so that

/2
P@,y) = powiten(@royz) = (5 ) oxp (= |qt — qF — xVE(@)P ) -
47r5§ 46y

(4) Accept the new path y with probability

— min w(y)P(y, ‘T) — min 1a (yo)p(yO) Pswitch (yLv :EL)
T(‘Tv y) B <1, ™ > (17 1A(£L‘Q)p($0) Pswitch (:ELv yL)> '

The magnitude ) can be made to depend a priori on \. It is then adjusted in pratice on the
fly by first computing the values of the gradient for the endpoint of each replica, in order to ensure
that the displacement is small enough.

Numerical results

We compute here free energy differences associated with constraining paths for the WCA model
system introduced in Section 4.1.4. This is done either with plain nonequilibrium switching, or
with the IPS equilibration. Let us notice that the energy is fixed in [122] while we rather have to
fix the temperature in the stochastic setting, so that a straightforward comparison of the results
is not possible. We set § = 1 in the sequel. The other parameters are the same as in [122]:
N = 9 particles, h = 6, 0 = 1, € = 1, the particle density p = 0.60 2, w = 0.25, and the sets
A ={&(q) < &s =130},B = {&(q) > & = 1.450}. The trajectory length is L = 320 At and
At = 0.0025, so that LAt = 0.8(mo?/e)'/2.

We perform a total of n MC moves (using the brownian tube proposal function (with «; =
a =028 for all 0 <i < L —1). The function h) is the one given in [122]:

ha(q) = e MK(O-15(0)(Es—£(@)

with K = 100. The switching schedule is A" = (i/n)?.

A typical free energy difference profile is presented in Figure 4.13 for M = 2000 and n = 10000,
as well as the associated weights for the plain nonequilibrium switching. These weights are the
Jarzynski weights renormalized by the total weight (in order to define a probability distribution):

_ k,n
e w

S — (4.79)
Zl]\il e Wi

Wi,
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Table 4.8. Free energy differences AF4_. ap computed for different switching lengths n, using a sample
of M = 2000 paths. The results are presented under the form "Cn (Cy; . — C;&yac)” with 0. = 1.96 (the
value corresponding to a 95 % confidence interval).

M n Backward Forward IPS (forward)

(

2000 2000 4.83 (4.61-5.02) 5.43 (5.28-5.61) 4.82 (4.78-5.85)

2000 5000 5.34 (5.04-5.58) 5.41 (5.32-5.50) 5.19 (5.16-5.23)

2000 10000 5.45 (5.32-5.58) 5.40 (5.34-5.46) 5.40 (5.36-5.43)
( ) ( ) ( )

2000 15000 5.42 (5.35-5.49) 5.40 (5.35-5.45) 5.45 (5.42-5.48

Notice that the sample is very degenerate since very many paths have negligible weights, and the
relevant paths are exponentially rare. Recall also that the paths all have weight 1 with the IPS
algorithm.

Some free energy differences are presented in Table 4.8 for different values of n (keeping M
fixed). The switchings are slow enough when the confidence intervals for free energy differences
computed by constraining paths ("forward’ switching) overlap with confidence intervals for free
energy differences obtained by starting from a sample of constrained paths and removing progres-
sively the constraint ("backward’ switching). This is the case here for n = 5000, 10000, 15000 (but
not when n = 2000). The results show that IPS agrees with the usual Jarzynski switching, the
confidence interval on the results being however lower.
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Fig. 4.13. Left: Free energy profile for a forward switching, computed for M = 2000 and n = 10*, using a
plain nonequilibrium switching. Right: Histogram of the weights wy, of the final sample as given by (4.79).

We also present in Figure 4.14 a final sample computed using a quite fast switching (n = 1000)
with a small sample of paths (M = 100). Notice that all the 100 paths generated with the IPS
switching are reactive, in contrast with the paths generated by a straightforward switching in
the Jarzynski way. Besides, as a consequence of the degeneracy of paths, only 8 paths in 100
have a significant weight (larger than 0.05 when normalized by the total weight, see (4.79)).
This simple example shows why it is difficult to compute averages over the final sample of paths
when performing plain nonequilibrium switching, and why it may be interesting to resort to some
selection process to prevent such a degeneracy.

In agreement with a previous study [292], the results show that the IPS algorithm allows to
reduce the variance on the estimates and to end up the simulation with a well-distributed and
non-degenerate sample, provided the switching is slow enough.
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Fig. 4.14. Comparison, for a nonequilibrium switching of paths for M = 100 systems in n = 1000 steps
without (Left) or with IPS (Right). Only the paths having a weight greater than 0.05 are plotted in solid
lines when plain nonequilibrium switching is used (the other paths are plotted in dotted lines).

4.4 Adaptive computation of free energy differences

Methods relying on nonequilibrium dynamics follow the pioneering work of Jarzynski [187],
or use some adaptive dynamics such as the Wang-Landau approach [368], the adaptive biasing
force (ABF) [75,76,157], or the nonequilibrium metadynamics [46]. These approaches use the
whole history of the exploration process to bias the current dynamics in order to force the escape
from metastable sets. This is done by simultaneously estimating the free energy from an evolving
ensemble of configurations of the dynamics, and using this estimate to bias the dynamics, so that
the effective free energy surface explored is flattened. In the long time limit, the bias exactly gives
the actual free energy profile. Adaptive methods could therefore be seen as umbrella sampling
with an evolving potential. This was already noticed in a previous study presenting an adaptive
dynamics as a ’self-healing umbrella sampling’ [227].

To present the adaptive methods mentioned above in a general and unifying framework, it
is convenient, as is done in [46], to consider ensemble of realizations (see Eq. (4.83)). The sys-
tem is then described by the distribution of the configurations of this ensemble in the limit of
an infinite number of replicas simulated in parallel. The key point is to reformulate the compu-
tation of the bias of adaptive dynamics, using conditional distributions (that is, distribution of
the configurations for a given value of the reaction coordinate) of the latter sample. This was
already proposed in [101] in the equilibrium case, and is somewhat implicit in [46]. This concept
clarifies the presentation of adaptive methods, allows mathematical proofs of convergence [207] or
at least, existence of a stationary state of the dynamics (still in the case of an infinite number
of replicas), and suggests natural numerical strategies: the discretization may be done through
a parallel implementation of several replicas of the system, which all contribute to construct the
free energy profile. Such a parallel implementation was already proposed in [275] in the case of
metadynamics. We show here how an additional selection process on the replicas can enhance the
sampling of the reaction coordinates in comparison with a straightforward parallel implementation.

This section is organized as follows. In Section 4.4.1, we describe the general formalism for
adaptive dynamics, using conditional probabilities, and show how to update the biasing potential
in order to compute the free energy profile in the longtime limit, using a fixed-point strategy. Some
applications of this formalism are then presented, which allow to recover the usual adaptive dy-
namics such as the nonequilibrium metadynamics, the Wang-Landau scheme or the ABF method.
We then discuss possible parallel implementation strategies. In particular, it is shown how a se-
lection process can enhance the straightforward parallel implementation. This is finally illustrated



170 4 Computation of free energy differences

by numerical results for a toy model of conformational changes. In Section 4.4.2, we then present
a rigorous proof of convergence for a specific adaptive dynamics in the ABF spirit, using entropy
estimates. The proof uses on a decomposition of the entropy into a macroscopic entropy (related
to the distribution of the values of the reaction coordinate) and a microscopic entropy (depending
on the distribution of the conditioned measures, for a fixed value of the reaction coordinate), and
relies on the assumption that the conditioned measure satisfy a logarithmic Sobolev inequality,
with a constant independent of the value of the reaction coordinate.

4.4.1 A general framework for adaptive methods

For a system described by a potential V(g), the Boltzmann measure in the canonical ensemble
is Z7lexp (—BV(q)) dgq (where Z is a normalization constant, the so-called partition function).
We consider in this section a reaction coordinate £, taking values in the one dimensional torus,
or in the interval [0, 1]. In the latter case, reflecting boundary conditions for the dynamics on the
two extremal values £(q) = 0, £(¢) = 1 are used. Recall that the free energy (or potential of mean
force (PMF)) to be computed is defined up to an additive constant by the normalization of a
Boltzmann average of the configurations restricted to a given value of the reaction coordinate (see
Section 4.1.2 for more details):

F(z)=—-3"'In /M exp(—pV(q)) d¢(q)—=- (4.80)

and the associated mean force is

/ 7Y (g) exp(—BV(0)) Be(ay—»
Fl(z) = 42

: (4.81)
[ exp(-pv@) 3
M
with the local force given by
vv.-ve o V¢
\% 1
YV Ve d1v< ) 182
I = e veP s

Here and in the sequel, we denote by F’ the derivative of F' with respect to z.

Adaptive dynamics are defined through the dynamics used, which dictates the distribution of
the configurations at equilibrium, a biasing potential, and the way this potential is updated (see
below for a heuristic derivation in the equilibrium case motivating the general setting).

Trajectories t — @ are computed according to some dynamics which are ergodic with respect
to the Boltzmann measure when the potential is time-independent. For instance, the Langevin
dynamics or the overdamped Langevin dynamics may be used. We will denote by v;(¢) the distri-
bution (or density) of configurations at time ¢. This distribution will be used to update the biasing
potential Fyias-

From a practical point of view, when M replicas (Qi’M)i:L...,M of the system are simulated
in parallel, the density of states 1:(q) is approximated by the instantaneous distribution of the
replicas

M
vilg) = lim o 2; Sgint_g- (4.83)
=
In some cases, the density of states can also be approximated using the distribution of configura-
tions along the trajectory, relying on some ergodic assumption.

The definition of adaptive methods requires the definition of two important quantities obtained

from the distribution ¢ (q). The first one is the distribution gbf of the reaction coordinate values,
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which is, from a mathematical perspective, the marginal law of ¢; with respect to &:

¥(z) = /M 1(q) Be(g) - (4.84)

This quantity will be useful to propose a biasing potential (see Eqs. (4.91)-(4.93)). Another im-
portant quantity is the conditional average of some function h for some fixed value of the reaction
coordinate:

/ h(q)¥:(q) O¢(q)—-

(h)i,. = =M (4.85)
| @
M
Such averages are used to propose biasing forces (see Eqs. (4.92)-(4.94)).
The biasing potential
In adaptive dynamics, the interaction potential is time-dependent:
Vi(q) = V(q) — Foias(t,£(q))- (4.86)

The biasing potential Fias, whose precise form varies according to the method under study,
depends only on ¢ through the reaction coordinate value £(¢q) and is updated using the history of
the configurations. It is expected that this biasing potential converges (up to an additive constant)
toward the free energy F given by (4.80) in the long-time limit, so that the equilibrium distribution
of the reaction coordinate is the uniform distribution.

The key idea common to all adaptive methods is to resort to a fixed point strategy, in order for
the observed free energy to converge to a constant or the mean force to vanish, and the dynamics
to reach equilibrium (see the updates (4.88) or (4.90) in the equilibrium case and (4.93) or (4.94)
in the nonequilibrium case).

Updating the biasing potential - The equilibrium case

To derive a possible form for the biasing potential, let us first assume that the system is
instantaneously at equilibrium with respect to the biased potential Vy, i.e. Q; has density ¥y (q) =
7t exp(—pV;(q)). In this case, resorting to (4.80), the observed free energy (see (4.91) for a general
definition) is

—p7! ln/ V:4(q) O¢(q)—» = F(2) — Fias(t, 2) + S~ n Z,. (4.87)
M

Thus, for a characteristic time 7 to be chosen, an update of Fj,.s of the form

-1
athias(ta Z) = _6— 111/ wfq(Q) 65((1)7,2 (488)
T M
is such that F{, (t) — F’ when t — 400 exponentially fast with rate 1/7. Notice that we stated
the convergence in terms of the mean force, because, in view of the constant term $~'In Z; in
Eq. (4.87), the potential of mean force only converges up to a constant to the true potential of
mean force.
Similar considerations hold for the mean force: replacing the potential V' with V; given by (4.86),
and resorting to (4.81)-(4.82), the observed mean force (see (4.92) for a general definition) is

/ th (Q) 1/),?(1((]) 5£(q)—z
M

= F'(2) = Fl;,(t, 2), (4.89)
/M Vi (q) O¢(q)—»




172 4 Computation of free energy differences

since fYt(q) = fV(q) — F,,.(t,€(g)). An update of F/,

1as

1 fo £ (@) Y5 (g) deiq)-(da)
T fM¢t 55((1) z( q)

(t) — F’" when t — 400 exponentially fast with rate 1/7.

(t) of the form

atFl;ias (t7 Z) =

(4.90)

is therefore such that FY.

bias

Updating the biasing potential - The nonequililibrium case

Now, in general, the system is not at equilibrium for the potential Vy: 1y # ¢7%. We use the
above procedure as a guideline to update the biasing potential Fias (¢, 2). To derive equations for
the biasing potential, let us first define two quantities. The first one is the observed free energy or
the observed potential of mean force, defined as

Fhotobs(t,z) = =47 In /M Y1(q) ¢ (g)—»- (4.91)

This quantity can be interpreted as the free energy associated with the ensemble of configurations
with density of states 1:(q) (see Eq. (4.80)). The observed free energy Fpotobs(t, 2) is high when
the number of visited states with reaction coordinate value z is small. In the long-time limit, the
distribution of the reaction coordinate is expected to be uniform, so that the observed free energy
is constant.

In the same way, the observed mean force is defined as the conditional average of the time-
dependent biasing force for a given value of the reaction coordinate:

/ (@) ¥i(@) Oe(q)—= / £V () ¥ (q) Se(g) =
Fforce obs t Z Flgias (tv Z)
/ Z/}t 55 /M 1/}15 q 5£(q)—z

This quantity can be interpreted as the mean force associated with 1,(q) (see Eqs. (4.81)-(4.82)),
minus the biasing force at time ¢. It is expected to vanish in the long-time limit, so that the
corresponding observed free energy is also constant.

The fixed point strategy relies on two different ways of updating the bias (the updating functions
g¢ and G are increasing functions such that G;(0) = 0):

(i) The first strategy, which may be called Adaptive Biasing Potential (ABP) method, is the
generalization of (4.88) to the nonequilibrium case. The bias is updated in its potential
form, preferably increased (resp. decreased) for reaction coordinate values such that the
observed free energy is high (resp. low):

(4.92)

(ABP) athias (tu Z) = gt(Fpot,obs (t7 Z))7 (493)

(ii) The second strategy, the usual ABF method, generalizes (4.90). The bias is updated
through the mean force: the biasing force is increased (resp. decreased) for reaction coor-
dinate values such that the observed mean force is positive (resp. negative):

(ABF) 8tF];ias (t’ Z) =Gy (Ff/orce,obs (tv Z)) (494)

Let us emphasize at this point that the ABF and the ABP methods yield very different biasing
dynamics, since the derivative of (4.91) with respect to z is different from (4.92) (This is not the
case when the system is at equilibrium: the derivative of (4.88) with respect to z is equal to (4.90)).
This difference becomes critical for multi-dimensional reaction coordinates, where the biasing force
no longer derives from a potential in general.



4.4 Adaptive computation of free energy differences 173
Consistency of the method

Let us show that within this formalism, any stationary state of the ABP or ABF methods
gives the true mean force F’ to be computed (and therefore the true PMF up to an additive
constant). For a stationary state where the biasing potential has converged to Fyias(00), the ergo-
dicity property of the dynamics ensures that samples of configurations of the system are distributed
according to e = Z ' exp[—B(V — Fhias(00,8))].

The observed free energy or mean force given by Eqs. (4.91) and (4.92) then both verify

EY obs(00,2) = FY o ons(00,2) = F'(2) — F;, (00, 2). The updating equations Eqgs. (4.93)
and (4.94) yield respectively
9oo (F(2) = Fiias(00,2)) = 0, (4.95)

so that (taking the derivative with respect to z in (4.95)) F,,.(c0o) = F’ in both cases thanks
to the strict monotonicity of the updating functions. Let us also notice that, at convergence, the
values of the reaction coordinate are distributed uniformly: fM Voo (q) O¢(q)—= = 1.

However, let us emphasize that we did not give any convergence result at this point. We
merely showed that, if the dynamics converges, then the limiting state is the correct one. To prove
convergence starting from an arbitrary initial distribution is a difficult task, and can only be done
for certain dynamics (see the corresponding results in Section 4.4.2).

Application to usual adaptive dynamics and convergence results

We present in this section some applications of the above formalism, and show that the usual
adaptive methods can indeed be recovered. This is summarized in Table 4.9, which gives a classi-
fication of adaptive methods.

Table 4.9. Classification of adaptive methods.

Adaptive Biasing Force (0.F},,,) Adaptive Biasing Potential (0; Fhas)

Dimension n (V) ABF [75,76,157] ABP [368]
Dimension n+ 1 (V#) m-ABF m-ABP [46,275]
Metadynamics

Adaptive strategies can be used with metadynamics. The configuration space is extended by
considering an additional variable z representing the reaction coordinate, and the dynamics is
denoted ¢ — (Q¢, Z;). The associated extended potential incorporates a coupling between this new
variable and the reaction coordinate &:

V*(g,2) = V(g) + 5 (= ~ £(0))’,

for some (large) > 0. In this case, the new reaction coordinate considered is &meta(q, 2) = z and
the free energy is thus given by:

Fi(z) = —6'n /M exp(—BV*(q, 2)) dg.

It is easy to check that, up to an additive constant, F'* — F as y — +o0o, with F given by (4.80).
The adaptive strategies presented above applied to this extended dynamics allow to recover the free
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energy F'*. The corresponding dynamics may be called meta-Adaptive Biasing Potential (m-ABP)
and meta-Adaptive Biasing Force (m-ABF) methods.

Strategies relying on biasing potentials are reminiscent of flooding strategies [140] such as the
nonequilibrium metadynamics [46]. The latter is an example of an m-ABP method, where the
biasing potential is applied to the extended variable. The updating function does not depend on
time and is given by g¢(z) = —v exp(—/fz) for some constant vy > 0. The ensemble of configuration
used in the adaptive update is obtained from M replicas (Qi’M, ZZ’M) running in parallel, so that

M
1
Ui@:2) = 57D Ggi 2y g ey
i=1

The resulting biasing potential at time t penalizes the values of the reaction coordinate already
visited according to (see (4.93)):

Fhias(t, 2) =~ FM (¢, 2) Z / 8y, ds. (4.97)

In the case of an overdamped Langevin dynamics with M = 1 for example, the resulting equations
of motion are therefore:

dQy = =VV(Q) dt + p(Z, — £(Qu))VE(Q) dt + /28T dW?,
A2y = —p(Zy = €(Q1)) dit + /25T AW/ — 4V, ( / 02, ds) dt,
0

where the processes WtQ, W# are independent standard Brownian motions. When in the last
equation and in (4.97) the Dirac masses dz,_, are discretized using Gaussian functions, the no-
nequilibrium metadynamics described in [46,275] are recovered. We also refer to [46] for an error
analysis.

The Wang-Landau algorithm

Another famous instance of an ABP dynamics, usually defined in discrete spaces, is the Wang-
Landau algorithm [368]. The biasing potential is constructed in a similar fashion to (4.97), without
extending the configuration space and with only one replica. The updating function is modified
during time as ¢:(z) = —(t) exp(—fx), so that

t
Fbias(t; Z) = —/0 ’Y(S) 55(@5)—2 dS (498)

If v(t) — 0 slowly enough, it is possible to prove the convergence of the dynamics, the rate of
convergence of y(t) being controlled by the nonuniformity of the histogram of the time distribution
of the reaction coordinate (see [14] for more precisions on the convergence results).

The ABF method

The usual ABF bias [157] is given by averaging the local force f¥ over the configurations
visited by the system. It is recovered in the formalism we propose by considering one replica of the
system, and an updating function of the form G;(z) = v in the limit v — oo. This gives indeed:

/fV 464(0) Begay
/'/’t 5&((1) z

Flia(t, 2) (4.99)
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Since there is only one replica, the density v, (s) is approximated by a trajectorial distribution,
for example

1 t
Yi(q) =~ T / 0Q.—qds (4.100)
t=T

for some averaging time 7' > 0 and ¢t > T.
For a rigorous convergence result of the ABF algorithm with the update (4.99) in the case of
an overdamped Langevin dynamics with an infinite number of replicas, see [207] and Section 4.4.2.

Practical implementation strategies

Relying on the definition (4.83) of the distribution of configurations, adaptive dynamics can
be easily parallelized by using a large number M of replicas that interact through the biasing
potential or the biasing force. We first show in this section how to discretize the dynamics and
the biasing potential, and then, how this implementation can be improved using some selection
process.

Discretization of the biasing potential

In order to compute in practice the conditional or marginal distributions needed to update
the biasing potential, there are basically two approaches, relying either on ergordic limits or on
ensemble averages. Both approaches may be combined in practice in order to obtain smooth
profiles. For example, when only a limited number of replicas M is used, the density ¥;(q) given
by (4.83) is not regular, and some local averaging is necessary (see e.g. Eq. (4.101)).

We detail the implementation in the ABF case for example. The ABP case can be treated in a
similar way (see also [275]). The instantaneous conditional average of some function h is typically

approximated by
M

> hQyM)IE@™)
(A)r,z ~ (W)t = = — _ :
> L@
=1

where Qi’M is the i-th replica at time t and 0¢ is some approximation of the Dirac distribution 4.,
such as a gaussian function with standard deviation € or the indicator function of an interval of
size €. In order to regularize these averages over the replicas, some time averagings may be used
(as in (4.100)) such as

+ M
JREEE l_z h(@@M)a,;(g(QiM»] ds

<h>t,z — P M
/0 K. (t—s) [z 62(5(@21‘4»] ds
1=1

, (4.101)

or

! >iz1 h(@i’”)@(&(@i’”))]
hYp . ~ K. (t—s - ds, 4.102
e / e l S s (6(@QE) 10

with a convolution kernel K, (t). For instance, K, (t) = 1,507 'e~*/7. Many other regularizations
relying on a (local) ergodicity property could of course be used.

Enhancing the sampling through a selection process

A general strategy to improve the straightforward parallel implementation (4.83) is to add a
selection step to duplicate "innovating" replicas (replicas located in regions where the sampling of
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the reaction coordinate is not sufficient), and kill "redundant" ones. One way to perform an efficient
selection is to consider an additional jump process quantified by a field S(¢, z) over the reaction
coordinate values. Each replica trajectory (Q%*) is then weighted by exp(fot S(s,£(Q4M)) ds),
which naturally gives birth/death probabilities for the selection mechanism, in the spirit of Se-
quential Monte Carlo (SMC) methods [84] or Quantum Monte Carlo methods (QMC) [13] (see
also Section 4.2, especially for a possible numerical implementation using birth and death times).
A possible choice is

8.5
=z
Py

where ¢ is a positive constant. This method thus enhances replicas in the convex areas of the

S = (4.103)

)

density wf7 where free energy barriers still need to be overcome. When convergence has occured,
wf is uniform and the selection mechanism vanishes.
Consider for example the modified overdamped Langevin dynamics

dQs = —V(V + 26" 1n [VE| = Fomms(t, €))(Q0) [VE]2(Qy) dt
V2B |VETH Q) AW, (4.104)

with the update (4.99): I, (t,z) = (f")¢.. The process W; is the standard Brownian motion.
This dynamics is the usual overdamped Langevin dynamics for the potential V; when |V¢| = 1.
Notice that in the case of a metadynamics-like implementation ('m-ABF’), the modified dynamics
is actually the usual overdamped Langevin dynamics since &meta(q, 2) = 2z and thus [Vmeta| = 1.
For the dynamics (4.104), the distribution ¢ of the reaction coordinate satisfies (see Section 4.4.2)

s = 71,5

When the selection step is used with the overdamped Langevin dynamics (4.104), it can be shown
that the distribution of the reaction coordinate values 1/)5 still satisfies a simple diffusion equation,
but with a higher diffusion constant:

A = (B + €)d..15.

This method thus enhances the diffusion in the reaction coordinate space, but the convergence
rate is still limited by the relaxation in each submanifold £(q) = 2.

Numerical results

We finally present an application of the selection strategy proposed above to the model sys-
tem of conformational change in solution of Section 4.1.4. In practice, the Dirac distribution are
approximated by indicator functions of intervals of size Az = 0.05. The parameters used for these
computations are N = 16 particles, at particle density p = N/I> =0.250 2, 0 =1, w = 0.7, e = 1
and h = 20, § = 5. We consider M = 2000 replicas evolving according to an overdamped Langevin
dynamics, with a time step At = 107%. The reference computation is done with M = 5000 repli-
cas and averaging the mean force profile on the time interval [5,10]. The profiles are regularized
in time by using (4.102) with 7/A¢ = 100. The initial conditions are such that the dimer bond
lengths of all replicas are close to rg. We consider in the sequel the interval [z, 2z1] = [1.1,2.55]
(since 1o ~ 1.122, rg + 2w ~ 2.522 and Az = 0.05), containing n = 30 bins.

We present in Figure 4.15 free energy difference profiles (averaged over K = 100 independent
realizations) obtained with the parallel ABF dynamics (4.99), with and without the birth/death
selection term (4.103) (with ¢ = 10), at a fixed time tggure = 0.1. The standard deviation of the
profiles (F7, ..., F}) for K independent realizations is
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K
1
op(z) = K_1 Z(F,;(z) = F'(2))%,
k=1
where F'(z) = % Zszl F/(z) is the mean force averaged over all the realizations. The associated
95% confidence intervals (or errors bars) are

1.96 1.96
]—"/z,]-"z—[f'z——afz,]:/z—k—a/z . 4.105
FL). Pl = |F2) = S2on (), F2) + =2or () (4105
The curves plotted in solid lines in Figure 4.15 are the averages F’, and the curves plotted in
dashed lines are 7’ and F'_. Notice that the mean force profile obtained when the selection
process is turned on is converged (since the curves 7', /| F! and the reference curve are almost
indistinguishable).

With selection
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Mean force
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Fig. 4.15. Free energy difference profiles obtained with the parallel ABF algorithm (in reduced units), for
a time tggure = 0.1 and averaged over K = 100 independent realizations: with birth/death process (¢ = 10)
and without birth/death process. The curve corresponding to the reference computation coincides with
the curve obtained when the selection is turned on. Solid line: average mean force; dashed lines: upper
and lower bounds of the 95% confidence intervals (see Eq. (4.105)).

The comparison with the reference profile shows that the selection process improves the rate
of convergence of the algorithm and accelerates the exploration process on the free energy surface.
Indeed, the profile obtained when the selection process is turned on is very quickly really close
to the reference profile. On the other hand, with a straightforward parallelization, only a small
fraction of replicas has escaped from the initial free energy metastable state at time fggure to
explore the free energy metastable set corresponding to bond lengths around rg + 2w.

To precise these qualitative features, we further perform two quantitative studies for several
values of c:

(i) Tables 4.10 and 4.11 make precise the convergence of the profiles to the reference profile
in a quantitative way. The measure of error we consider is

0F = max |F(z) — Fret(2)],

z0<z<21
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where Fiof is the reference profile, and F(z) = f;l F' is the averaged potential of mean
force, obtained as the integral of the mean force averaged over all the realizations. In
practice, we consider the following approximated deviation between PMF profiles:

dF, = max Z]—"(sj) — Fli(sj)| Az. (4.106)
j=1

0<i<n |4

A 95% confidence interval is obtained as [0~ F),, 01 F,], with

1.96
6tF, = Olél%xn ;]:/(Sj) + WUF'(SJ') + Flog(s5)| Az.

(ii) Figure 4.16 presents the fraction of replicas which have crossed the free-energy barrier
(averaged aver the K = 100 realizations), i.e. the instantaneous fraction of particles such
that » > 7o + w. Notice that we expect this fraction to converge to 0.5 (up to some errors
due to statistical fluctuations and to the binning of [zo, #1]).

Table 4.10. Deviation §F, from the reference PMF profile (given by Eq. (4.106)) as a function of the
selection parameter ¢ (¢ = 0 when the selection is turned off) and the simulation time fgmu. The 95%
confidence interval [§~ Fp, 5+Fn] is given in brackets.

¢ tgmu = 0.05 0.1 0.2 0.4

0 9.51(7.73-11.3)  18.0 (14.8-21.2) 19.5 (18.3-20.7)  0.066 (0.056-0.075)
2 204 (17.0-23.8)  5.69 (5.55-5.82)  0.020 (0.016-0.023) 0.034 (0.029-0.038)
5 229 (20.9-24.9)  0.22 (0.19-0.25)  0.027 (0.022(0.032) 0.026 (0.022-0.031)
10 10.4 (10.4-10.4) 0.035 (0.029-0.041) 0.028 (0.023-0.032) 0.032 (0.027-0.037)

Table 4.11. Deviation §F,, from the reference PMF profile (and associated error bars) when ¢ = 10 for
different number of replicas (K = 50 realizations).

number of replicas tsimu = 0.05 0.1 0.4
1000 23.3 (20.4-26.3) 0.45 (0.39-0.50) 0.064 (0.054-0.074)
2000 11.2 (11.2-11.2)  0.034 (0.025-0.042) 0.032 (0.024-0.039)
10,000 2.05 (1.54-2.56) 0.026 (0.019-0.033) 0.022 (0.016-0.028)

As can be seen from the different escaping profiles of Figure 4.16, the selection process really
accelerates the transition from one free energy metastable state to the other. This is due to the
fact that the birth and death jump process triggers non local moves, as opposed to the traditional
diffusive exploration of adaptive dynamics. The numerical results of Table 4.10 show that it is
very interesting to consider a selection process, especially at the early stages of the simulation.
This selection is even more efficient when the number of replicas increases (see Table 4.11). In
conclusion, the selection process seems to be an efficient tool to improve the exploration power of
the adaptive dynamics.
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Escape rate

T
0.0 0.1 0.2 0.3 0.4
Time

Fig. 4.16. Average fraction of the replicas in the region r > ro + w as a function of time, for ¢ = 0 (no
selection), ¢ =2, ¢ =5, ¢ = 10.

4.4.2 Rigorous convergence results for the Adaptive Biasing Force method

We present in this section a proof of convergence for the following dynamics, which is of ABF
type:

Qe = =V(V = Fhias(t,€) + 207 In(|VEN))(Q:) [VE[TH(Q) dt + /2671 VEITH(Qr)dWy, (4.107)

using the update (4.99) for the biasing force, that is

/fV 464(0) Begay
/'/’t 5&((1) z

We assume in this section that the density ; of the distribution of X; is well-defined at all times.
The proof presented here is actually restricted to the case

Fblas t Z

(4.108)

¢=(2qeM=TxR", &g =z

T denoting the one-dimensional torus R/Z. In this case, ¥, = {(2,4), § € R* "'}, and |V&(q)| = 1
so that the dynamics considered coincides with the usual overdamped dynamics when the biasing
term is added. The case of a general one-dimensional reaction coordinate £ : R™ — R is treated
in [Al], where a convergence result for higher dimensional reaction coordinates is also stated,
provided the temperature is large enough.

After a brief review on the most important results for convergence results relying on entropy
estimates, we present a mathematical convergence result in the simplified setting considered in
this section, and finally give the corresponding proof.

Some background on logarithmic Sobolev inequalities and their applications in
statistical physics

The aim of this preliminary section is to give some background on entropy techniques with a
focus on logarithmic Sobolev inequalities, which can be used to show the convergence to the equi-
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librium state. More material can be read in the review papers by Guionnet and Zegarlinski [143],
Ledoux [202] and Arnold, Markowich, Toscani and Unterreiter [10] (this last paper having rather
a PDE approach).

For simplicity, we will consider an invariant measure of Boltzmann-Gibbs type, having a density
with respect to the Lebesgue measure:

Yoolq)dg = Z71e PV @D dq 7= / V@ gy
M

and the overdamped Langevin dynamics on the configuration space M:

dQ, = —VV(Q,) dt + \/% AW, (4.109)

It can be assumed without loss of generality that 8 = 1 (replacing the potential V' by V). The
density ¥(t,-) = 1:(-) of the law of @; evolves according to the Fokker-Planck equation

s (o5 2)

Notice that ¢, is the density of a probability measure, so that fM 1y = 1. Since 1, is a stationary
solution of the above equation, it is expected that 1;(q) — ¥o(q) as t — +oo. This is indeed the
case when the dynamics is ergodic and an exponential rate of convergence can even be obtained
when a convenient Lyapounov function can be found (see Section 3.2.3). However, the Lyapounov
condition (3.45) may be difficult to check.

An alternative way to obtain exponential convergence of the density 1; to the target density
is to resort to entropy estimates. Consider the convex function

S(x) =zlnz—z+1,

and define the relative entropy of 1, with respect to ¥, as

H(@ o) = /M P (%) Yoo = /M In (%) Uy (4.110)

since : = 1. Jensen’s inequality shows that
fM (G q Yy

() ewo(f 2] oo

[e'e] M Yoo

H |v) = [

M

An alternative proof of the non-negativity of the entropy can be done by remarking that @ > 0.
Actually, @(z) > 0 if and only of = # 1, so that H = 0 if and only if ¢y = ¥, almost everywhere.
Straightforward computations also show that

d
G H Wt ldho) = —1(vhe |Ye0), (4.111)
where I is the Fisher information of 1; with respect to 1)o: Denoting fi = 1 /1eo,

IV fi|?
fi

Equality (4.111) therefore implies the decay of the relative entropy. An exponential decay rate can
be obtained when 1, satisfies a logarithmic Sobolev inequality (LSI) with constant p.

Yoo 2 0.

Ilvw) = [
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Definition 4.1. The probability measure 1V (q) dq satisfies a logarithmic Sobolev inequality with
constant p > 0 (in short: LSI(p)) if

2
Vf €L (¢Yoo), f20, /M fthoo =1, /M D(f) Yoo < 2—1p/M |VJ{| Voo (4.112)

In other words, for all probability measures absolutely continuous with respect to the Lebesgue
measure, with density ¢(q) dq,

1
P
Then, combining (4.111) and (4.112), it follows, using a Gronwall inequality:

0< H(@/he | ¢w) < H(¢0 | '@[100)672pt'

The convergence 1)y — 1, can be precised using the Csizar-Kullback inequality:

/M |wt_¢oo| §2VH(¢75|¢00)7

which implies an exponentially fast convergence of 1; to ¥ in L(M).
Obtaining logarithmic Sobolev inequalities

To prove convergence results for the density of the process such as (4.109), it therefore suffices
to show that a LSI of the form (4.112) holds for the target measure ¥ (¢) dg = Z = exp(—V (q)) dgq
(recall that we assumed 8 = 1 thoughout this section). A LSI can for instance be obtained in the
following cases:

(i) when the potential V satisfies a strict convexity condition of the form Hess(V') > pId with
p > 0, then a LSI with constant p holds, as first shown by Bakry and Emery [19];

(i) when o = []1, ¥ and each measure ¢ (q) dg satisifies a LSI with constant p;, then
oo satisfies a LSI with constant p = min{p1,...,pam} (see Gross [139]);

(iii) when a LSI with constant p is satisfied by Z‘;l e~V dg, then Z‘;}FW e~ V@+W(9) dg (with
W bounded) satisfies a LSI with constant p = p et W=suPW This property expresses some
stability with respect to bounded pertubations (see Holley and Stroock [169]);

(iv) there are also results on a global LSI for the measure when a marginal and the correspon-
ding conditional law satisfy a LSI (see Blower and Bolley [33]), or when all the marginals
satisfy a LSI under some weak coupling assumption (see Otto and Reznikoff [263]).

A PDE formulation and a precise statement of the result

Since only the law of the process Q; at a fixed time ¢ is used in (4.107)-(4.108), it is possible
to recast the dynamics in terms of a nonlinear partial differential equation (PDE) on the density

U(t,-) of @ (recall that £(q) = £(z,q) = 2):

Opp = div (V(V = Fhias(t, 2))0 + 67'VY)

/R V(U5 d (4.113)

ot 2,4) dq
Rn—1

Fl;ias(tv Z) =
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Measure of the convergence

Let us introduce the longtime limit of the distribution of X;:

Yoo = exp(=f(V = F o)),
and the longtime limit of the marginal and conditional laws:

o o Yso(2,G)dg
5 = Jo%s) 5 d = 17 d 00,2 - .
Vsol2) = | Yooz, 0)da oo, (d) o)

The “distance” between 1 (respectively 1¢) and 1, (respectively 1S ) is measured using the
relative entropy H (1[1s) defined in (4.110) (respectively H (¢¢|¢S,)). In the following, the “total”
entropy is denoted by

E(t) = H(p(t, ) [tos),
the “macroscopic entropy” by

En(t) = HW (L, )|vS,),

the “local entropy” at a fixed value z of the reaction coordinate by

d](t?Z? ~) wOO(Z7 N) w(t727 ~)d~
em(t,2) = H(pit 2| ploo,2) = /Rnil In < 1/)E(t,zq) ¢§o(z;l ) ¢g(t,qz) q’

and finally the “microscopic entropy” by

E(t) :/Tem(t,z)wg(t,z) dz.

It is straightforward to obtain the following result which can be seen as a property of extensivity
of the entropy:

Lemma 4.2 (Extensivity of the entropy). The total entropy can be decomposed as the sum of
the macroscopic and the microscopic entropies:

E(t) = Ex(t) + En(t).

Remark 4.5 (On the choice of the entropy). In the case of linear Fokker Planck equations, it
1s well known that one can obtain exponential decay to equilibrium by considering various entropies

of the form [ h (%) dp, where h is typically a strictly convex function such that h(1) =0 (see [10]

for more assumptions required on h). For ezample, the classical choice h(z) = 4(x — 1)? is linked

to Poincaré type inequalities and leads to L?-convergence, while the function h(z) = xlnz —x + 1
used here to build the entropy is linked to logarithmic Sobolev inequalities and leads to L'1n L'-
convergence. However, for the study of the non-linear Fokker Planck equation (4.113), it seems
that the choice h(x) = xlnx — x 4+ 1 is important to derive the estimates, since the extensivity
property of Lemma 4.2 is fundamental for the proof presented here.

Let us also introduce another way to compare two probability measures, namely the Wasserstein
distance with quadratic cost:

W(uv) =] inf / G- 7[2dn(@, @)
eIl (p,v) JrRn-1xRn—1

where IT(u,v) denotes the set of coupling probability measures, namely probability measures on
R"~! x R"~! such that their marginals are u and v. We need the following definition:




4.4 Adaptive computation of free energy differences 183

Definition 4.2. The probability measure v satisfies a Talagrand inequality with constant p > 0
(in short: T(p)) if for all probability measures p such that p < v (i.e. p is absolutely continuous
with respect to v),

W (,v) < %H(mw.

In the last definition, we implicitly assume that the probability measures have finite moments of
order 2, which will be always the case for all the probability measures we consider. We will need
the following important result (see [264, Theorem 1]).

Lemma 4.3. If v satisfies LSI(p), then v satisfies T(p).
Convergence results
Proposition 4.6. The marginal V¢ satisfies the following diffusion equation on T':
Dt = S0, .y (4.114)
3%
and

VE20,  I((t ) [Pee) < T(W(0,) [1hec) exp(—8m*B1). (4.115)

The proof of (4.114) is straightforward (by inegrating (4.113) with respect to ¢ € R"~!), and
implies the convergence of the marginals (see Lemma 4.4 for the complete proof of this proposition).
To prove the global convergence, we need some additional assumptions (on the potential V):

Theorem 4.3. Let (¢, F{, (t)) be a smooth solution to (4.113), and assume

(H1) The function V is such that |05V || p < M < oo;

(H2) There ezists p > 0 such that for all z € M, the conditional measure ji~ . satisfies LSI(p).
Then,

(i) the “microscopic entropy” E,, satisfies
En(t) < C? exp(—2)t) (4.116)
where C' = 2 max (\/Em(O), MB|p — 42|71,/ é—‘;}) with Iy = 1(¢(0,) | ¥s), and
A = B~ min(p, 47?).

In the special case p = 472, it holds \/Ep,(t) < (\/Em(O) + M,/ é—‘;} t) exp(—4n?p71t).

1) The mean force observed at time t Y. (t) converges to the mean force F' in the following
bias

sense:
2M?
vt >0, / |F () — F'2 ()8 (t, 2) dz < Epn(t). (4.117)
T
Therefore, there exist C,T > 0 such that
vt > t, / | Flias(t) — F'|(2) dz < Cexp(—At). (4.118)
T

This theorem therefore shows that Fy. (t) converges exponentially fast to F’ at a rate
A = B~ !'min(p,47?). The limitations on the rate A are linked to the rate of convergence at
the macroscopic level, on the equation (4.114) satisfied by ¢¢, and the rate of convergence at the
microscopic level, which depends on the constant p of the logarithmic Sobolev inequalities satisfied

by the conditional measures pt .. This constant depends of course on the choice of the reaction



184 4 Computation of free energy differences

coordinate. In our framework, we could state that a “good reaction coordinate” is such that p is
as large as possible.

Notice also that a consequence of (4.116), (4.115) and Lemma 4.2 is that the “total entropy” E
also decays exponentially fast to zero, with the same rate A. Therefore, by the Csiszar-Kullback
inequality, 1(t,-) converges exponentially fast to ¢ in L'(R™) norm.

Remark 4.6 (On the initial condition). If 15(0, ) is zero at some points or is not sufficiently
smooth, then I, .(0) may be not well defined or I()%(0,-)|S,) may be infinite. But since we
show that Y¢ satisfies a simple diffusion equation (see item 1 in Theorem 4.3), these difficulties
disappear as soon ast > 0. Therefore, up to considering the problem fort > t, > 0, we can suppose

that (0, -) > 0.

It can be checked that the assumptions (H1) and (H2) are satisfied in this context for a
potential V' of the following form:

V(Za q) = VO(Za q) + ‘/1(27 (j)
where o = infp ge-1 054V > 0, [|[Vi]lze < 00, [|0:,54(Vo + V1)||L~ < oo, with the choice M =
1025V Lo, p = (infrygrn-1 954V0) exp(—osc V1), where osc Vi = suppypn-1 Vi —infryge-1 V1. In
words, the potential V is a uniformly a-convex potential in the ¢ variable (therefore satisfying a
LSI thanks to the Bakry-Emery criterion), perturbed by some bounded potential. The (almost)

a-convexity in the variables orthogonal to the reaction coordinate is indeed natural enough since
it is expected that the metastable features of the potential are in the reaction coordinate variable.

Proofs of Proposition 4.6 and Theorem 4.3

To simplify the presentation of t~he proof, we assume § = 1, up to the following change of
variable: £ = 37't, ¥ (t,q) = ¥(t, q), V() = BV (q)-

Lemma 4.4 (Convergence of the Fisher information). Let ¢ be a positive function defined
fort >0 and z € T, satisfying

Op=0..¢ onT, /Tqﬁ =1. (4.119)
Denoting by ¢oo = 1 the longtime limit of ¢, it holds
VE>0,  I(B(t) | doo) < I((0,-) ] Poo) exp(—8m°t).
Proof. Denoting by u = /9, it follows
1616x) = [ 10.1m0Po =1 [ 0.0l

Moreover, from the diffusion equation (4.119),

2
atu — 6Z7zu + (a’z—u)
u

Therefore,
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d / 9 / / ((Bzu)2>
— o.u)*=210,..udu+2 | 0, o.u,
2
— —2/(8z)zu)2 — 2/ (0:u) 0...u,
T T U
92((9:u)?)
=-2 [ (0. .u)? -2 [ =22,
[0 =2 [ =

=2 /Tr (9..2u)? - /T (823)4,

Wl o

so that finally
d

a 2 - g2 2
p T(azu) < 87 /T(@Zu),

where we have used the Poincaré-Wirtinger inequality on T, applied to 0,u: For any function

fe HH(T), ,
/T<f—/Tf> <o [0

This Poincaré inequality is obtained by studying the spectral gap of the operator 9, , on [0,1]. [
We now turn to the proof of Theorem 4.3. One fundamental lemma for the following is

Lemma 4.5. The difference between the “current mean force” F,, (t) and the mean force F' can
be expressed in term of the densities as

3
Fliaslt) = F' = /RH d.1n (%) % 4G — 0. 1n (gz) |

Proof. This is a simple computation:

A ) o o E
O.In|—)—=dg—9.In| — | = 0, Iny— dq — 0, Ints—dg— 0,1 ,
Lo () gean “<¢£o [ o= [ omunzdi-o.my

0 v
= d 0.(V — F)—=dj — 8. Iny®,
/R e q+/RH V= F)yg di = 0:Inv

= Flia(t) - F,

which concludes the proof. U
We will also use the following estimates:

Lemma 4.6. Under the assumptions (H1) (H2), it holds, for all t > 0 and for all z € T,
/ / 2
[ Fias (£, 2) = F'(2)| < 02,6V [l ;6m(t72)-
Proof. For any coupling measure m € IT (i 2, fico,z ),
| Fiias(t, 2) — F'(2)] =

/ 0.V (2,0) — 0:V (2, 7) n(dd, dq)
Rr—1xRr—1

)

< (102 4V [l / 13— ¢'| 7(dd, d7')

<192,V [l o \//IC]— q'|* m(dg, dq’).
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Taking now the infimum over all m € IT(p 2, ftoo,») and using (2) together with Lemma 4.3, it
follows

2
[ Fias(t,2) = F'(2)] < 1102,V | oo W (1,25 proo,2) < 1102,V || e 5 H (2] proo 2),

which concludes the proof. u

P
0. 1n
()

Lemma 4.7. When (H2) is satisfied,

1
vt >0, E,.(t) < —/
TxR?»—1

Proof. Using (H2), it follows

Em_:/em¢ﬁh<:/, lénl aln(wg >‘ wgd g vt dz,

which yields the result since ¢ /1S, does not depend on §. U

We are now in position to prove the first assertion (4.116) of Theorem 4.3. The equation on 1)
can be rewritten as:

Y

Voo
[ (B - o (v [

Therefore, after integration by parts, using a Cauchy-Schwarz inequality and Lemma 4.5,
2
8 In < 4 >
Yoo

o =aiv (7 (1) ) + 0.0 = Flunl0)0).

d d d
Bl R o
dt dt at M

_ ‘vm(
8111(
¥ (Rnlam
[
L)

Using now Lemmata 4.6 and 4.7,

AYE
0, In <z/1_§o)
P

1 U Y
)z/qu) —dz _/M8Z1n(¢_§w)aln<¢m>w

wﬁ

- fom (w_go) U (Fanlt) — ).

d w
d_E < 2pE +\// |Fl;1as F/| ’lbg (9 ln —go)

< —2pE,, + ||3zqu||L°°\/ ;Em VI(* | 95).

With Lemma 4.4, it then follows

d T(4(0, ) | &%
VB < oV B+ 10:V e\ LG gt
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from which (4.116) is deduced.

Let us now turn to the proof of the second item of Theorem 4.3. Notice first that ||(¢,-) —
Yoo|lLe — 0 when t — +oco. This results from the exponentially fast H!(R3) convergence of
1/)5 — 9§ (which can be proved using Lemma 4.4) and the inequality

Jo- 1

applied to f = 1¢. Since 1§, = 1, it holds

2

< [(8,f)?
Wm_A(ﬂ

[ 1) = 1 = el Fla® = P08 = [ 1) = P15 = [ [Falt) = P10 = )
T T T
< [ 1) = PP 10— buelim [ 1) = P

Thus, for ¢ sufficiently large, [1.|F},.,(f) — F’| is bounded from above by ¢ [ |, (t) — F'[*¢* (for
some ¢ > 0), which yields (4.118) (using (4.117) and (4.116)).
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Multimillion atom simulations are nowadays common in molecular dynamics (MD) studies.
However, the time and space scales numerically tractable are still far from being macroscopic,
so that reduced models are of primary interest when multiscale phenomena are considered. In
particular, the simulation of shock waves is a challenging task, involving very small time and
space scales and large energies near the shock front, and much larger time and space scales and
lower energies for the relaxation of the shocked materials, including the evolution of dislocations
loops for example.

The situation is even worse for detonation waves (Roughly speaking, a detonation wave is
a shock wave combined with very exothermic chemical reactions, see [103] for a fundamental
reference). The simulation of detonation requires the description of a thin shock front, moving at
a high velocity, usually using a complicated empirical potential able to treat the chemical events
happening (dissociation, recombination). To this end, toy molecular models were proposed at the
early stages of the molecular simulation of detonation (see e.g. [269]), until the first all-atom
studies in the 90’s [38,39]. Such computations are nowadays common (see for example [327] for a
state of the art study), but are still limited in spatial and temporal sizes, so that a reduced model
for detonations is of interest.

Some reduced models for shock waves were proposed, for polycrystalline materials [163] or
resorting to mesoparticles with internal degrees of freedom [326] (see a brief overview of all those
methods in Section 5.2.1). The latter approach seems to be the most promising and the most
general one, and consists in replacing a complex molecule by a single particle. The introduction of
an internal degree of freedom describing in a mean way the behavior of several degrees of freedom
is reminiscent from Dissipative Particle Dynamics (DPD) models [98,170], which aim at describing
complex fluids through some mesodynamics with some additional variables.

We present in this chapter reduced model for shock and detonation waves described at the mi-
croscopic level. Starting in Section 5.1 from a very simple one-dimensional (1D) model where the
main features of shock waves are already present, we show how a model reduction of dimensionality
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can be performed under some decoupling or low-coupling assumptions. Though the initial model
is deterministic, the obtained model is stochastic: more precisely, the many-body interactions are
replaced by some generalized friction (with memory) depending on the relative velocities of neigh-
boring particles (which is reminiscent of DPD models), and the system is governed by a generalized
Langevin equation instead of the usual Hamiltonian dynamics. However, the temperature jumps
across the shock front are not reproduced correctly.

Building on this one-dimensional model, a simplified DPD dynamics preserving the total energy
of the system is proposed in Section 5.2. Within such a model, temperature jumps across the shock
front can be treated. It is also a convenient framework for an extension to chemically reactive shock
waves (detonations).

5.1 A simplified one-dimensional model

We begin in Section 5.1.1 with some introduction to 1D lattice motion, and briefly report on
some theoretical results and numerical experiments on piston-impacted shocks. It is shown that,
in the absence of a specific treatment, the shock profiles generated significantly differ from shock
waves. Especially, their thicknesses grow linearly with time [166,359], there is no usual equilibration
downstream the shock front [87,168,359], and relaxation waves do not behave as expected. Indeed,
one would expect the shock wave to be a self-similar jump separating two domains at local thermal
equilibrium at different temperatures. The relaxation waves should then catch up the shock front
and weaken the shock wave until it disappears. So, we have to introduce higher-dimensional effects,
at least in an averaged way. This is performed in Section 5.1.2. The connection of the chain with
a heat bath consisting of a large number of harmonic oscillators, seems to be a good remedy for
spurious 1D effects. The shocks generated have constant thicknesses and relaxation waves appear
to be properly modelled. We also present the stochastic limit of this model in Section 5.1.3, and
an extension to the reactive case in Section 5.1.4.

5.1.1 Shock waves in one-dimensional lattices

The aim of this section is to derive and assess the validity of a simplified microscopic model
of shock waves which can useful for a more general derivation. Shock waves are intrinsically
propagative phenomena. It is thus reasonable to describe them within a 1D macroscopic theory.
In some cases depending on the geometry, this approximation has proven to be correct [73].

A 1D lattice seems an appropriate model that could, in addition, allow for some mathematical
treatment and thus a better theoretical understanding of the phenomena and mechanisms at
play. Indeed, many mathematical results are known about the behavior of waves in 1D lattices,
concerning the existence of localized waves [117,315], the form of those waves in the high-energy
limit [115] or in the low-energy limit [116], or the behavior under shock [104]. There also exist
extended results for a particular interaction between sites, the Toda potential [344] : the structure
of a 1D shock is then precisely known, at least in some regime [359].

Description of the lattice model

Consider a one-dimensional chain of particles with nonlinear nearest-neighbor interactions,
described by a potential V. Initially, the particles are at rest at positions X,,(0) = nd, which is
an equilibrium state for the system. All the masses are set to 1. The normalized displacement
of the n-th particle from its equilibrium position is x,(t) = (X,(t) — X,,(0)). The following

normalization conditions [166] for the interaction potential V' can be used:

V(0)=0, V'(0)=0, V"(0)=1. (5.1)
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The first condition is more a shift on the energy reference, the second one expresses the fact that
x = 0 is the equilibrium position, and the last one amounts to a rescaling of time. The so-called
“reduced relative displacement” is defined as 62, (t) = @py1(t) — z,(¢).

The Hamiltonian of the system is:

HS({Qna pn}) = Z V(Qn-i—l - Qn) + 5]97217 (52)
where (¢n,pn) = (Zn,Zn). The Newton equations of motion read:
Zn =V (Tny1 — 2n) = V' (2p — 201). (5.3)

The potential taken here can either have a physical origin, like the 1D Lennard-Jones potential:

1 1 2

Vi = - — 5.4
LJ(:E) ) ((1—|—I)4 (1+I)2> ) ( )

or more mathematical motivations, like the one-parameter Toda potential [344]:

b 1 —bx

Vipda () = = (e —1+bx). (5.5)
Define b = —V"”(0). The parameter b measures at the first order the anharmonicity of the system.
For the Lennard-Jones potential b = 9, and for the Toda potential, the parameter b introduced in

d3vP
the definition (5.5) is indeed equal to — e (0).
x

Shock waves in the 1D lattice
A brief review of the existing mathematical and numerical results

A shock can be generated using a "piston" : the first particle is considered as being of infinite
mass and constantly moving at velocity u,. We refer to [90] for a pioneering study of those shocks
in 1D lattices, to [164,166,168] for careful numerical experiments and formal analysis, and to [359]
for a rigorous mathematical study in the Toda case. All of these studies identify the parameter
a = bu,, as critical. When a < 2, the velocity of the downstream particles converge to the piston
velocity, in analogy with the behavior of a harmonic lattice! (see Figure 5.1). When a > 2, the
particles behind the shock experience an oscillatory motion (see Figure 5.2). This behavior is quite
similar to what is happening in hard-rod fluids (see [168] for a more precise description of that
phenomenon), and has to be linked to the exchange of momenta happening when two particles
collide in a 1D setting. This was also noticed for other potentials such as the Lennard-Jones
potential, and can be used to define specific 1D thermodynamical averages [87].

In the case of a strong shock (a > 2) and in the Toda case, the displacement pattern is parti-
cularly well understood from a mathematical point of view [359]: the lattice can be decomposed in
three regions. In the first one, for n > c¢paxt, the particles have “almost” not felt the shock yet, and
their displacements are exponentially small. The second region, whose thickness grows linearly in
time (Cmint < N < Cmaxt), is composed of a train of solitons. Recall that solitons are particular
solutions of the Toda lattice model, and correspond to localized waves [344]. In the third region
(n < cmint), the lattice motion converges to an oscillatory pattern of period 2 (binary wave).
The motion behind the shock is asymptotically described by the evolution of a single oscillator
(see [87] for a precise description of this behavior). There is no local thermal equilibrium in the
usual sense (i.e. the distribution of the velocities is not of Boltzmann form). This was already
mentioned in [168].

! Note that we use b = 2 with the notation of [166].
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Fig. 5.1. Relative displacement (left) and velocity profiles (right) versus particle index for a weak shock
at a representative time: number of particles Npars = 500, Toda parameter b = 1, piston velocity u, = 0.2,
so that a = 0.2. The particle are taken initially at rest at their equilibrium positions.
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Fig. 5.2. Relative displacement (left) and velocity profiles (right) versus particle index for a strong shock
at time 7" = 100: b = 10, u, = 1, so that a = 10. The particles are initially at rest.

Density plots.

To get a better understanding of the shock patterns, it is convenient to represent the system in
terms of local density. This local density can be obtained as a function of the local average of the
interatomic distances, both in space and time. We restrict ourselves to a local average in space.
More precisely, the local averaged interatomic distance of the n-th length is denoted by dz,,, and
given by éx, = Z;;OSOO aj 0%y ;. The local density p,, is then defined as p,, = (1 + m)_l. The
weights {«;} are chosen in practice to be non negative and of sum equal to one. For example:

aj =C"1cos (ﬁw) for —M < j < M, a; = 0 otherwise, and with C = ij\ifM cos (QA/}TW)
The integer M is the local range of averaging. Figure 5.3 presents the densities corresponding to

the relative displacement patterns of Figures 5.1 and 5.2.
Simulation of piston compression

We first implement a preliminary thermalization. The particles are taken initially at rest at their
equilibrium positions. We then generate displacements x,, and velocities ,, from the probability
density

o0
dv= R 7 le 250+ dg, diy, (5.6)

n=—oo
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Fig. 5.3. Density patterns for the relative displacement pattern of the weak shock of Figure 5.1 (left)
and the strong shock of Figure 5.2 (right). The local averaging range is M = 50.

1
with Z = 27 /f3,. The initial displacements and velocities are then of order —. Notice that

we take small initial displacements, so we approximate the full potential V' (z) b; its harmonic
part %:102. This approximation is of course justified only at the beginning of the simulation, when
displacements are small enough. After this initial perturbation, we let the system free to evolve
during a typical time Ti,;y = 10. The simulations were performed using a Velocity Verlet scheme,

E
the time step being chosen to have a relative energy conservation B of about 1073, At time Tipni¢

the piston impact begins: the first particle is kept moving toward the right at constant velocity u,.

Let us emphasize that the shock patterns are robust, in the sense that they remain essentially
unchanged when initial thermal pertubations are supplied. This point was already noted in [168]
where the authors gave numerical evidence of that fact. While rigorously proven only in the Toda
lattice case for a lattice initially at rest at equilibrium, the above shock description seems then to
remain qualitatively valid for a quite general class of potentials and with random initial conditions.
A comparison of the different profiles is made in Figures 5.4 and 5.5. The profiles are indeed quite
conserved, especially the density profiles.

Relative displacement

-0.15 +

Relative displacement
I
o
s
(5

. . . . . . . .
0 100 200 300 400 500 0 100 200 300 400 500
Particle index Particle index

Fig. 5.4. Relative displacement profiles for a thermalized strong shock using a Toda potential with
b = 10, and comparison with the reference profile corresponding to a lattice initially at rest. The piston
speed is u, = 0.3 (so that a = 3), L\/T = 0.02.
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Fig. 5.5. Local density profiles corresponding to Figure 5.4 with M = 50. Dashed line: reference profile.
Solid line: Thermalized profile. Notice that both patterns almost coincide.
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Fig. 5.6. Relative displacement patterns for the same conditions as in Figure 5.4 (reference case).
Left: Snapshot at time 77 = 200. The shock front corresponds (roughly) to the zone between particle
Nmin = cminT1 = 60 and particle Nmax = cmaxZ1 = 350. Right: Snapshot at time 75 = 800. The shock
front corresponds to the zone between particle number Ny, = 250 and particle number Nyax = 1500.
Thus the shock front is indeed growing linearly in time.

For strong shocks (a > 2), the shock front thickens linearly with time as can be seen in
Figure 5.6. This is in contradiction with what is observed in shock propagation experiments as
well as in 3D numerical simulations. Moreover the velocity distribution behind the shock front
shows that the downstream particles experience a (quasi-)oscillatory motion in the range [0, 2u,)].
This is of course not the case for 3D simulations, where the particle velocities are much less
correlated, and appears to be a pure 1D effect.

We emphasize once again that initial thermal perturbations are not sufficient to remedy these
spurious 1D effects since the patterns obtained in Figures 5.4 and 5.5 are very similar. In the

sequel we are going to build a 1D model that enables us to get rid of these undesired effects.
Simulation of relazation waves

In order to study the relaxation waves, the piston is removed after a compression time tg, and
the systems evolves freely during time t; — to.

The results are once again not physically satisfactory. The soliton train of Figure 5.7, which
was less visible in Figure 5.4, is not destroyed by the relaxation waves. It travels on and widens
since the solitons move away from each others (the distance between the fastest ones, that is,
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Fig. 5.7. Relative displacement and speed profiles for the same parameters as for Figure 5.4. The
compression time is now tg = 50, and the relaxation time is t1 — to = 350.

the more energetic ones, and the slowest ones, increases). We emphasize that the energy remains
localized in those waves, so there is no damping of these solitons. Rarefaction is only observed in
the region behind the soliton train.

On the other hand, in 3D simulations or in experiments, one observes a progressive damping
of the whole compressive wave. This is a second spurious effect of the 1D model we would like to
get rid of and that the model of Sections 5.1.2 and 5.1.3 will be able to deal with.

5.1.2 An augmented one-dimensional model

The results of the previous Section indicate the need for a modeling of perturbations arising
from the transverse degrees of freedom existing in higher dimensional simulations. Such pertur-
bations will interfere with the shock front composed of a soliton train, and possibly damp this
soliton train. Perturbations in the longitudinal direction, such as thermal initialization for the z,,,
cannot do this, as shown by Figures 5.4 and 5.5.

Actually, some facts are already known about the influence of 3D effects on shock waves.
In [162,167] Holian et. al pointed out the fact that even a 1D shock considered in a 3D system (a
piston compression along a principal direction of a crystal for example) may not look like the typical
1D pattern of Figures 5.1 or 5.2. If the crystal is at zero temperature, then the compression pattern
in 3D is the same as the 1D one, with a soliton train at the front. But if positive temperature effects
are considered, the interactions of the particles with their neighbors - especially in the transverse
directions - lead to the destruction of the coherent soliton train at the front, and a steady-regime
can be reached (shock with constant thickness).

Therefore, 1D models are often supplemented with a postulated dissipation. The corresponding
damping term in the equations of motion usually accounts for radiative damping [160,313,314], or
may compensate thermal fluctuations [9] from an external heat bath for a system at equilibrium.
Let us point out that purely dissipative models may stabilize shock fronts. However, temperature
effects then completely disappear. In particular, no jump in kinetic temperature can be observed in
purely dissipative 1D simulations. Besides, we also aim here at motivating the usually postulated
dissipation and memory terms, and show that they arise naturally as effects of (conveniently
chosen) higher dimensional degrees of freedom.

There is no existing model (to our knowledge) that could both account for higher dimensional
effects in non equilibrium dynamics and be mathematically tractable. We introduce a classical
deterministic heat bath model, as an idealized way to couple the longitudinal modes of the atom
chain to other modes. This model is justified to some extent by heuristic considerations in Sec-
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tion 5.1.2. We are then able to derive a generalized Langevin equation describing the evolution of
the system, and recover a stochastic model in some limiting regime.

Form of the perturbations arising from higher dimensional degrees of freedom

Consider the system described in Figure 5.8, which is still a 1D atom chain, but where each
particle in the 1D chain also interacts with two particles outside the horizontal line. These particles
aim at mimicking some effects of transverse degrees of freedom. The transverse particles are placed
in the middle of the springs and have only one degree of freedom, namely their ordinates y,,. The
particles in the 1D chain are still assumed to have only one degree of freedom as well. This means
that we constrain them to remain on the horizontal line. The interactions between the particles
in the chain and the particles outside the chain are ruled by a pairwise interaction potential, for
example the same potential as for interactions in the 1D chain.

Fig. 5.8. Notations for the interaction of a transverse particle with particles on the 1D atom chain.

Consider small displacements around equilibrium positions. The pairwise interaction potentials
can therefore be taken harmonic. Up to a normalization, and for a displacement x from equilibrium
position, V(z) = $22.

We first turn to the case § = § corresponding to a 2D regular lattice. At first order,

1/2

2
1 2 3 1 3
dy = (5(1 + Tny1 — xn)) + <§ + yn> =1+ 2 (@nt1 = 20) + gyn

We now focus on the evolution of x,. All the equalities written below have to be understood
as equalities holding at first order in O(|x,|),O(|yi|). Considering only interactions with the
neighboring particles on the horizontal line, and the additional interaction with the particle v,

9 V3
Ty = g(:cn+1 -2z, +Tp_1) + T(y" — Yn—1)-

The equation governing the evolution of y,, is:
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. 3 V3
Yn = —3Yn — >

5 (Tpt1 — Tn)-

More generally, consider the system of Figure 5.8 with an arbitrary angle 6. The equilibrium

distance is now d° = 26(1)597 and the corresponding normalized harmonic potential is V(d) =

+(#& — 1)%. The normalized distance d,, = — is

dO
dyp =14 cos? O(xp 1 — ) + 2sinbcos b - y,.
The additional longitudinal force exerted on x,, by y, is then
fn = cos?0[cosO(xn 1 — ) + 2500 - y,].

Summing over N particles that do not interact with each other, each one being characterized by
an angle #;, the additional force on z,, is seen to be of the form

N

F, = AN(an =2z, + xnfl) + ZKl(y:z - yfz—l)a
i=1

with K; = 2cos?6;sin; and Ay = Zfil cos® 6;. So, the equation of motion for z,, is

N

Fn = (14 AN)(Tni1 — 220 + 2n1) + Kyl — yh ). (5.7)
i=1

The equations for the y can be obtained in the same way as before:

Uy, = —aiyy, — 2K;(Tnt1 — ). (5.8)

These linear perturbations are only valid for small displacements, i.e. when the approximation
of the full potential by its harmonic part is justified. Notice moreover that we discard any type of
interaction of the y particles with each others. However, this motivates an attempt to take into
account missing degrees of freedom by introducing a heat bath whose form will lead to equation
of motion similar to (5.7) - (5.8). We now turn to this task.

Description of the heat bath model

We consider the following Hamiltonian for a coupled system consisting of the system under
study (S) and a heat bath (B) described by bath variables {y/} (n € Z, j =1,...,N). To use a
heat bath is classical but was never done in the context of 1D chains. The full Hamiltonian reads:

H({qn, pns @, }) = Hs({qn, pn}) + Hsp({ans o, @, 55}), (5.9)

where (gn, pn, @,70%) = (Tn,@n,yl, m;y2), Hs is given by (5.2), and

o) N
s 1 . 1 _i12
Hsg({gn, pns @ L) = D 57— () + 5k [1i(@n1 — an) + @] (5.10)
J

n=-—oo j=1

The interpretation is as follows. Each spring length dx,, = x,11 — z, is thermostated by a heat
bath {yJ}, in the spirit of [108,379]. The parameter k; is the spring constant of the j-th oscillator,
my; its mass, ; weights the coupling between Az, and y. Note that although more general cases
can be considered [198,212], the coupling is taken bilinear in the variables, for it allows for an exact
mathematical treatment. Indeed, a generalized Langevin equation (GLE) can be easily recovered
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(see [108,379] for seminal examples). It is also the only case where the limit N — oo can be
rigorously justified. Other physical motivations may be presented, such as the representation of
extra variables in Fourier modes leading to a Hamiltonian similar to (5.9), see [44]. These extra
degrees of freedom allow for some "transverse” radiation of the energy.

Derivation of the generalized Langevin equation

General procedure

Up to a rescaling of yJ, we may assume that all masses m; are 1. The only parameters left for

the coupling are the coupling factors ;. Introducing the pulsations w; given by w; = kjl/2 the

3

equations of motion read:

N
in - gN(anLl - In) - gN(xn - -Infl) + Z’YJW?(ZJ% - yfz—l)v (511)
j=1
i = —w? [y + 7 (Tns1 — 7)) (5.12)
where
N
gn(z) =V'(@) + | D 7w | = (5.13)
j=1

Notice the structural similarities of (5.11) with (5.7) and of (5.12) with (5.8).

The solutions {yJ } of (5.12) are then integrated and inserted in (5.11) for {x,,}. This procedure
is the classical Mori-Zwanzig projection [250,379]. The integrability of the system is clear (once
initial conditions in velocities and displacements are set) when the force gy is globally Lipschitz.
This is for example the case when the sum Zjvzl szwjz is finite, and when V" is globally Lipschitz,
which is indeed true for the Toda potential (5.5). For the Lennard-Jones potential (5.4) it remains
true as long as the energy of the system is finite (since the potential diverges when x — —1, the
bound on the total energy implies x > x¢p > —1, and a bound on the Lipschitz constant can be
given by V'(z)). The computation gives:

1
1) = 1 (0) cos(iyt) + 222

t
sin(wjt) + / vjwj sin(w;$)(Tn41 — xn)(t — s) ds.
W 0

Integrating by parts and inserting in (5.11):

Zn(t) =V (xpe1 —xn) = V'(2p — p1)

+/tKN(s)(:tn+1 %y 4 )t — ) ds + 1Y (D), (5.14)
0

where
Kn(t) =Y ~jw? cos(w;t),
j=1
and
N ; . ; sin(w;t)
e (1) = > (WA (0) — i1 (0)y;w7 cos(w;t) + (4,(0) — yifl(O))w?T?
j=1 J

+77k;j cos(wjt) (#n 1 — 220 + 20-1)(0).

Formally, (5.14) looks like a generalized Langevin equation (GLE), provided 2 is a random forcing
term. The dissipation term involves a memory kernel K and an "inner” friction &, 11 — 2%, +Z,—1.
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The derivation made here shows that the usually postulated dissipation and memory arise naturally
as effects of higher dimensional degrees of freedom. The dissipation term, classical in elasticity
theory and postulated by some studies [160,314], is derived here, as memory effects, that were also
considered in [314], since the corresponding model was that of a viscoelastic material. So, we are
left with a description of the system only in terms of {x,}. To further specify the terms, we have
to describe the choice of the heat bath spectrum {w,;}, the coupling constant 7; and the initial
conditions for the bath variables.

Choice of the constants

We choose the values [199]:

2 1

R B 5.15
Pl (5.15)

Lk
o= 2 (L)) el = R Pw) Ly, £ =
where (Aw); = wjt1 —wj, a, A >0 and k£ > 0.

The function f? is defined this way for reasons that will be made clear in Section 5.1.3. The heat
bath spectrum {w,;} is more dense as N increases. The exponent k accounts for the repartition of
the pulsations. More general choices could be made, involving randomly chosen pulsations [199].
However, we restrict ourselves to the case of deterministic pulsations. We emphasize here once
again that the constants chosen and the form of the coupling are not new. A similar choice is
made in [199]. The novelty is in the application to a 1D chain, where independent heat baths are
considered, each heat bath corresponding to a spring length.

We now motivate (5.15). Notice that an upper bound to the heat bath spectrum is imposed.
This is related to the discreteness of the medium. Indeed, for a system at rest with particles distant
from 1, the higher pulsation allowed is 7, corresponding to an oscillatory motion of spatial period
2. When particles come closer (for example if the mean distance between particles is a < 1), the
higher pulsation increases to the value 7 since the lowest spatial period is now 2a. Taking then
lower bound d,, for the minimal distance between neighboring particles, we get an upper bound
for the spectrum, namely 2 = d’:n

The choice of the coupling constants between the system and the bath is an important issue. The
only purpose of the heat bath in a 1D shock simulation is to mimic some effects of dimensionality,
such as energy transfer to the tranverse modes. This energy transfer can be quantified using (5.12).
Indeed, the total energy transfer for a harmonic oscillator of pulsation w subjected to an external
forcing o is known [44]. More precisely, consider the following harmonic oscillator:

5+ w?z = h(t), (5.16)

where h is an external time-dependent forcing term. Then the total energy transfered by the
external forcing to the system (from ¢ = —oo to ¢ = 400 for a system at rest at ¢ = —o0) is
AE = %|ﬁ(w)|2 The energy transfer to the heat bath occurs as described by (5.12). This gives a
total energy transfer for a spring =, 11 — x,, considered initially at rest:

Zﬁ 4| Az (w)) 2. (5.17)

As a first approximation, a shock profile can be described as a self-similar jump: Az, (¢t) = 6H (n—
ctn), where § < 0 is the jump amplitude, ¢ the shock speed, and H is the Heaviside function.
Then, |Az, (w)| = w™!. The energy transfer (5.17) is therefore
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With the spectrum (5.15), the condition AE,, — C with 0 < C' < oo is satisfied:

242 242
5/\ Zf w;)(Aw); —>6—>\ ; f2:)\2520(9).

The last expression is bounded since f? is integrable (recall / f? =1). The function o is a C>®

0
function. Notice that the above convergence results from the convergence of the Riemann sum
appearing on the left.

Choice of the initial conditions.

We consider initial conditions {7 (0), % (0)} randomly drawn from a Gibbs distribution with
inverse temperature ,. This distribution is conditioned by the initial data {z,, &, }. More preci-
sely, set

Y2 (0) = = (@ns1 — 2)(0) + (B, k) ~/%¢], (5.18)

95,(0) = (B,) " *ny, (5.19)

where &7, 07 ~ N(0,1) are independently and identically distributed (i.i.d.) random Gaussian
variables. With these choices,

N

rn (t) = \/@ Zwﬂg cos(w;t) (&), — &) + wj; sin(w;t) (), — m,_4). (5.20)

The probability space is induced by the mutually independent sequences of i.i.d. random variables
7 n?. Denote D the linear operator acting on sequences Z = {z,} through DZ = {z,, — z,,-1}.
So,

A

New=

For fixed N, the above expressions give

rN(t) = Zf w;) cos(w;t) DEL + f(wy) sin(w;t) Dl (Aw)}/.

E(rN ) (N (s)T) = 6—yKN(t —s)DDT (5.21)

N = (...,rN ...) and the linear operator DD” acts on sequences Z as DDTz = {21 —

where r NP G

22 4 2n—1}. This relation is known as the fluctuation-dissipation relation, linking the random
forcing term and the memory kernel. Notice that the noise term is correlated both in time and in
space. The behavior of the system when NV — oo is then an interesting issue, that can help us to
get a better understanding of the phenomenas at play (see Section 5.1.3).

Numerical results

The equations of motion (5.11), (5.12) are integrated numerically for a given N, using a classical
velocity-Verlet scheme. The system is initialized with velocities and displacements generated from
(5.18) and (5.19) in the y-coordinates, and from (5.6) in the  coordinates. Note that the quantities

1

5_ and 5_ may differ. The system is then first let to evolve freely, so that the coupling between
k2 Yy

transverse and longitudinal directions starts.

Shock waves are generated using a piston in the same fashion as in Section 5.1.1, giving Fi-
gures 5.9 and 5.10. We then study relaxation waves (Figure 5.11). The time-step At is chosen
to ensure a relative energy conservation of 1072 in the absence of external forcing. Typically,
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At = 0.01. The spectrum density parameter k in (5.15) is taken to be k = 1. Other choices lead
to the same kind of simulation results. Notice that, if L represents the size of the 1D chain, the
algorithmic complexity scales as O(LN).

Sustained shock waves

Figures 5.9 and 5.10 show the different patterns obtained in the case of a system coupled to a
heat bath. Notice that the upper bound to the spectrum, (2, is of order 7 since the shock is not
too strong, and hence the medium is not too compressed. The parameter « is taken less or equal
to §2 so that K, and o({2) are sufficiently close from their limiting values.

The parameter A was varied in the range [0,5]. If A is too small, the coupling is too weak and
the profiles look like the pure 1D ones (Note that we recover the purely 1D model with Hamiltonian
(5.2) when XA = 0). If X is too high, the forcing may be too strong, leading to the collapse of two
neighboring particles if the time step is not small enough. A good choice of A involves a good rate
of energy transfer to the transverse modes. The choice of A is completely empirical, but it would
be desirable to estimate it from full 3D simulations.

The results show that the introduction of transverse degrees of freedom has important conse-
quences on the pure 1D pattern. The soliton train at the front is destroyed, and the shock thickness
is constant along time, instead of growing in time as in the pure 1D case. Thus a steady regime can
now be reached, and these simulations really seem to deserve the name “shock waves”. In contrast
to the pure 1D model results, these simulations have now the same qualitative behavior as 3D
simulations or experiments.

-0.15 -0.15
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Fig. 5.9. Relative displacement profiles for the system coupled to a heat bath (left), and comparison
with a thermalized shock (right). For the thermalized shock, the parameters are u, = 0.3, b = 10 and
1_ — 0.01. For the system coupled to a heat bath, the additional parameters are —— = 0.02, o = 5,

= By

2 =10, A = 0.5. The number of transverse oscillators is N = 25.

Rarefaction waves

As can be seen in Figure 5.11, a rarefaction wave develops and progressively weakens the
shock (notice that the velocities decrease and that the relative displacement increase compared
to Figures 5.9 and 5.10). This is indeed the expected physical behavior for a viscous fluid. This
dissipation can be interpreted as energy transfer to the transverse modes.

Besides, no soliton train survives, contrarily to the pure 1D case, where the solitons are not
destroyed and move on unperturbed. In the pure 1D case, there is no weakening of the initial wave,
only dispersion. Once again, to our knowledge, this is the first time a 1D discrete model behaves
as expected.
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Fig. 5.10. Same parameters as for Figure 5.9, except for the system coupled to a heat bath, N = 100.
Left: Relative displacement profile. Right: Local density as a function of the particle index.
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Fig. 5.11. Relative displacement profiles for the system coupled to a heat bath (left) and the thermalized
1D system (right). The parameters for the system coupled to a heat bath are —— = 0.04, « = 2, 2 =5,

=

A = 0.5. The system is compressed during to = 50. The relaxation time is t; — to = 350.

Generalizations of the system-bath interaction
Beyond nearest-neighbor interactions

The Hamiltonian of the system can be written in an abstract form as

1. 1. . 1
H(x, yy) = §|:c|2 + F(z) + inTMyN + §|Ax — Byn|? (5.22)
_ _ 1 N 1 N :
where © = (..., Zp—1,Tn, Tnt1,---) ADd YN = (-« o, Yp_1y- s Un—1:Yms -+ Yn 5 - -.). The matrix M
is a mass matrix (operator), A and B are general operators, F(z) = Y 2 V(zy41 — x,). We

chose previously B diagonal. But more generally, B could be considered as tridiagonal: this could
model the interaction of two neighboring heat baths linked to neighboring spring lengths.

Nonlinear coupling with the heat-bath

When the shock strength increases, the heuristic derivation performed in this section (relying
on small displacements) is no longer valid. The approach can however be generalized by considering
a nonlinear coupling between the transverse particles and the particles in the chain. It is hoped
that the thermalization will be more efficient this way, in particular, stronger shocks could be
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sustained with less transverse oscillatory degrees of freedom. We therefore consider the following
Hamiltonian:

H({Qn7 Pn, (jfw ﬁ%}) = HS({qnu pn}) + HNLB({Qnu Pn, ngp ]551})7 (523)
with (gn, pn, @, P2) = (Tn, Zn, ¥l , 92 ), Hs still given by (5.2), and

oS N
Hxig({gn, P, @ 1) = Y D 5P + kUL (gn41 — an) + @), (5.24)

n=—oo j=1

where U is a nonlinear function to be specified. The Hamiltonian (5.9) is recovered when U(x) =
$2?. Typically,
U(,T) = VLJ(]. + ,T),

so that the interactions with the transverse oscillators are similar than the interactions in the
chain. We still consider the distribution of stiffnesses k; and coupling constants ; given by (5.15).
Figure 5.12 presents numerical results obtained for a strong shock (u, = 1). Satisfactory shock
profiles are obtained with N = 8 additional degrees of freedom only.
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Fig. 5.12. Displacement profiles (Left) and velocity profiles (Right) for a strong shock (u, = 1) for the
deterministic model (5.9) using a nonlinear coupling, with N = 8, the parameters of the spectrum (5.15)
being k=1, 2 =10, « =5 and A = 0.2.

5.1.3 The stochastic limit

The model developed in the previous section shows how the introduction of a certain number
of transverse degrees of freedom leads to compression profiles very different from the purely one-
dimensional results. In particular, some energy relaxation is possible due to the heat bath formed
by the transverse oscillators. However, even when the heat bath is nonlinearly coupled, several
degrees of freedom have to be introduced and numerically resolved for each longitudinal degree of
freedom. Therefore, it is interesting to replace the deterministic heat bath with many oscillators
by its average action. Mathematically, this amounts to replacing the deterministic system (5.14)
by a stochastic differential equation (SDE) of lower dimension. The only remaining unknowns are
the positions of the particles (..., x,(t),...).
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Limit of the dynamics (5.14) when N — oo
Limit of the dissipation term

The memory kernel can be seen as a Riemann sum. The limit is then:
Ky(t) =X ZF w;) cos(w;t)(Aw); — )\2/ F2(w) cos(wt) dt = N2Ko(t) (5.25)
=1

when N — oo, the convergence holding in L[0, 7], T > 0.
The special choice (5.15) implies K(t) — e~ ** when 2 — oo in L>°(R, ). The memory kernel
is then exponentially decreasing.

Limit of the fluctuation term

The limit N — oo gives the convergence of the noise term in a weak sense in C[0,7T] toward a
stochastic integral:

N () — M2 (t) =

n

/ f(w) cos(wt)D dW™! + f(w)sin(wt)D dW ™2 (5.26)

VBy

where W1 W2 (n € Z) are independent standard Brownian motions.
Limit of the equation

Formally, a stochastic integro-differential equation (SIDE) is obtained in the limit N — oo :

Zn(t) = V' (zpia " Tn) — V' (xy — xp_1)

5.27
+/\2/ Ko(s)(dns1 — 280 + dn_1)(t — 8) ds + M (1), (5:27)
0
with
2
Kq(t) = f2(w) cos(wt) dw,
0
(¢ \/ﬁ_ / f(w)cos(wt) DAW™ + f(w)sin(wt) D dW ™2,
y
and the fluctuation-dissipation relation
1
E(r? @) (r?(s)T) = ﬁ—Kg(t —s)DDT, (5.28)
y
where 7% = (..., r$ ...). The way the solutions of (5.14) converge to the solutions of (5.27) can

be made rigorous by a direct adaptation of the results of [199]: the convergence of 2 solution of
(5.14) to m, solution of (5.27) is weak in C?[0,7T] (in the sense of continuous random processes,
see below).

The SIDE (5.27) can be rewritten as a stochastic differential equation (SDE). In the limiting
case {2 — oo, a Markovian limit can indeed be recovered when considering an additional variable
[199]. Notice that when 2 — oo, Ko(t) — K(t) = e *'. Denoting Q = (..., Tn—1,Tn, Tnt1,--- ),
P = ( . sznflajnajnJrl; RPN ), V(Q) = Z;.Lo:—oo V(.InJrl —.In) and R = ( . ,Rnfl, Rn, Rn+1, RPN ),
A = /a€, the previous SIDE (5.27) is equivalent to the following SDE:
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th - Pt dt,

dP, = (R, — VV(Qy)) dt, (5.29)
th = —Oé(Rt + &DDTPt) dt + v/ 2671§Dth,

where W is a standard Brownian motion, and with initial conditions r,,(0) ~ A3~/2 N(0, 1).

The limiting equation (5.26) shows the main effects of the heat-bath interaction: The pure 1D
equation (5.3) is supplemented by two terms, one dissipation term with an exponentially decreasing
memory, and a random forcing. Therefore the heat bath acts first as an energy trap, absorbing
some of the energy of the shock when it passes. This energy is then given back to the system
through the random forcing term to an amount precised by (5.28). This allows the equilibration
of the downstream domain.

Proof of convergence

The proof of the convergence of the solutions of (5.14) to the solutions of (5.27) can be done
as in [199], by a straightforward extension to the multi-dimensional case (in order to deal with
convergence of sequences). Denote by xY the solution of (5.14) for a given number N of transverse
variables. We set dz)) =z, ; — zY. The solution of (5.27) is noted z,,. We set A = 1 to simplify
notations. The extension to more general values of A is straightforward. The space of real sequences
in noted H = RY, and is equiped with the usual {*-norm. For a sequence z = {zn} € H:

|Z|l°° = sup |Zn|
nez

The space ‘H endowed with this norm is then a separable complete metric space.
Counsider the array of spring lenghts

and the array of random forcing terms

1 .
GN T‘N

=™

We similarly define @ and G for the sequence {x.,}.

Recall that the linear operator D, acting on sequences z = {z,} € H, is defined by Dz =
{Dz,} = {2z, — zn_1}. It follows | DD z|; < 4|2|;~. Equation (5.14) can be rewritten as (recall
A=1)

¢
Qn = DDTF(Qy) +/ Kn(s)DDTQn(t — s) ds + DGy (t).
0
Introducing Ky (t) = fot Kn(s) ds and integrating the convolution term by parts, (5.14) becomes
¢
QN — (DDTF(QN) +/ Kn(s)DDTQn(t — s) ds) = DGN(t) — DDTQN(0)KN ().  (5.30)
0

This equation can be rewritten under a fixed point form as

(Id + Ry)Qn(t) = b (t). (5.31)
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As F is Lipschitz, ||[Ry]|| is small for small 7. An usual Picard argument gives the existence
and uniqueness of Qn € C([0,T],’H) solving (5.31) for T small enough (see [148], Section 12,
for an analogous proof). Standard results also give the continuity of Qn on Ky € L'[0,T] and
Uy = DGx — DDTQn(0)Ky € C([0,T],H). The mapping (Ky,Ux) — Qu is then continuous
from L'[0,T] x C([0,T],H) to C([0,T],H) with the corresponding norms.

The convergence of Ky in L'[0,T] is straightforward, and implies the convergence of Ky in
L'[0,T]. The convergence of Uy results from the convergence of Ky € L[0,7] and from the
convergence of Gy to G (in a way to precise). We refer to [125], Section VI.4., Theorem 2.
Considering the collection of continuous real-valued stochastic processes G with values in ‘H
(which is a separable complete metric space), we have to show:

(i) The finite-dimensional distributions of G weakly converge to those of G, which is a
continuous process.

(ii) A tightness inequality of the form
Vi, t+ue[0,T], E[|Gn(t+u)—Gn®)ix] <Clul.

Then it follows Gy = G in C([0, T], H)-weak.

These two points are straightforward generalizations of the proof in [199] (in the case of non-
random pulsations w;) when extended to sequences with values in H, giving the convergence
Uy = U in C([0,T], H)-weak. The convergences of Ky to K in L'[0,T] and Uy to U in C([0, T], H)
in a weak sense then give the convergence of QN in C([0,T],H) in a weak sense. Therefore, Qn = Q
in C2([0, T], H)-weak. This implies the convergence in a weak sense for all the components of Q y
for T small enough.

For general t, consider e~7'Qy for ~ large enough, and rescale appopriately the operators
appearing in (5.31). The proof then follows the same lines.

Numerical implementation
The SDE (5.29) is of the form
dX; =Y (Xy) dt + XdWy, (5.32)
where W; is a standard Wiener process, with the notations

000
2
Xt = (Qt, Pt, Rt), Y(Xt) = (Pt, Rt — VV(Qt), —OéRt + afDDTPt), Z = —6 0 0 0

00Id
The integration is done using the following splitting of the vector field Y:
Y (X) = YNewton(X) + YPr(X) + Yrr(X) + Yrp(X),

with Yp(X) = (0,R,0), Yr(X) = (0,0, —aR + aéDDTP) and Yxewion(X) = (P,—VV(Q),0).

Denote also by ¢4 ion, @2t and ¢4 the associated numerical flows. When X = 0, a consistant

numerical scheme is
gAt _ §At/2 Q5IA3t/2 o PAt 0 BA/2 o A2

R Newton P R
The flow ¢&?.,,. 18 approximated by the Velocity-Verlet scheme @4 . . The flows ¢4t and ¢4t

can be analytically integrated, so that:
3" (Qo, Po, Ro) = (Qo, Po + RoAt, Ry).

PR (Qo, Po, Ro) = (Qo, Po,e "Ry — £(1 —e 2"\ DDT Ry) .
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The random noise is added at the beginning and at the end of the time step. Denoting by ¢ the
index of the particlesn and by n the integration index, the following scheme can be proposed:

n 1 — e—aAt
rl +1/2 _ e—aAt/QT;L _ 5(1 _ e_aAt/2)(DDTpn)i + ag( ﬁe )(DZn)“

n At At o,
pi +1/2 :pzz_ —VV(QH)‘F 77,7; +1/2,

gt =g+ AP (5.33)

n At At o,

p;ﬂrl = +1/2 7v‘/(cgn—i-l) + 77} -1-1/27

Pl qmadt/2, /2 gy _ gmadt/2) (DT pntly, 4 (1 — e—adt) Dz,

T 2 g ﬁ (2]

where {Z"} ey = {(..., 2 ... ) nen and (2])neniez are iid. standard random gaussian va-
riables.

Numerical results

Profiles obtained with a compression at fixed piston velocity u, for one realization of (5.29)
are presented in Figure 5.13, as well as averages obtained over 100 realizations (see Figure 5.14).
Although the profiles show sharp transitions, the temperature (given by fluctuations in velocities
or positions downtream the shock front) is not correct since it is the same as before the shock. This
is contrast with simulation results obtained with a few transverse oscillatory degrees of freedom.
We will see in Section 5.2 how to maintain changes in the temperature across the shock interface,
as observed in all-atom simulations.
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Fig. 5.13. Displacement profiles (Left) and velocity profiles (Right) for a single realization of a sustained
shock compression at u, = 1 for (5.29), the parameters being o = 10, 372 = 0.01 and £ = 1.

5.1.4 Extension to the reactive case

We extend here the one-dimensional stochastic model for shock waves to the reactive shock
waves, where chemical reactions are triggered when the shock passes. The exothermicity of these
reactions first enhances, then sustains the propagation of the shock. The physical theorey behind
these reactive waves is the ZND theory [103,343] of detonation waves, which decomposes the wave
into three regions: an upstream unperturbed region, a shock front (or reaction zone) of constant
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Fig. 5.14. Average over 100 realizations with the same conditions as for Figure 5.13.

width where chemical reactions happen, followed by an autosimilar rarefaction wave. To give some
orders of magintude for real materials, the width of the reaction zone ranges between several
micrometers to several millimeters, and the speed of the shock front may reach several km/s.

Modelling of reaction waves

We consider a reactive potential in the vein of [361]. To this end, an additional parameter r,,
is introduced for each interatomic bond Az, = z,11 — x,, and models the reaction rate of the
zone between x,41 and x,. The interaction potential is also a function of this additional variable,
and since the reaction is exothermic, the ground state of the reaction products is lower than the
ground state of the reactants. We therefore consider the following interaction potential:

Vi(z) = (1 + Kr)Viy(z) — Vii(de) = ! +8KT <(1 —1—1:5)4 @ fx)Q) — VL3(de). (5.34)
The potential stiffens as the reaction goes on. The reaction starts when enough energy has been
stored in the media, for example when the media is compressed enough (a less naive ignition of the
reaction is proposed in Section 5.2.3). For the bond Ax,,, this corresponds to the first time ¢* such
that Az, < d., where d. < 0 is a parameter (critical distance). By construction, the potential is
continous at x = d.. For t > t*, the kinetics of the reaction is assumed to be

drn
dt

dry,

=D if 0<r,()<1,  —2
(t) if 0<r,(t) < 7

(t) =0 otherwise ,

or possibly
dry,
—(t) = D(1 —r,(t
" () = D(L (1)
for a first-order kinetics. The bond Ax,(t) is then described by the potential V,. (), using (5.34).
The exothermicity of the reaction is ensured provided d. < 0, and is parametrized by K and d..
Figure 5.15 presents an example of modification of the potential when a reaction occurs.

Modification of the parameters in the generalized Langevin equation

The derivation of (5.29) uses parameters describing some absorption spectrum. However, as the
chemical reaction goes on, the mechanical properties of the media evolve, and so, the parameters
of the absorption spectrum should evolve as well. Since the interaction potentials get stiffer by
a factor 1+ Kr,, we arbitrarily modify the distribution of the pulsations {w}, and replace w?
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Fig. 5.15. Modification of the potential during the reaction (initial potential: upper curve, final potential:
lower curve). Note that the equilibrium position is preserved, but the ground state is lower.

par (1 + Kr,)w?. analogously, « is replaced by a+/1+ Kr, and X by \\/1 + Kr,, while keeping
the {7;} unchanged.

Numerical results
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Fig. 5.16. Sustained compression of reactive shock waves. Displacement profiles (Left) and velocity
profiles (Right) for a single realization of a sustained shock compression. The parameters are the same as
for Figure 5.13, with K =1, d. = —0.3, D = 0.025 and a first-order reaction kinetics.

Profiles reminiscent of classical ZND profiles are recovered, with shocks stronger than in the
non-reactive case and propagating faster (see Figure 5.16). The shock is also followed by a relaxa-
tion wave. When the piston is removed, a steady-state shock front is finally obtained, which is
not weakened by the downstream rarefactions (see Figure 5.17). However, the material returns to
equilibrium after some relaxation period, whereas a fluid behavior is expected when detonation
takes place (the order in the material being completely lost because of the large energy release).
Therefore, the 1D model, even augmented, is not convenient to model detonation of real materials.
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Fig. 5.17. Same parameters as for Figure 5.16, a compression time Tcomp = 20 and a relaxation

time Tielax = 1500.

5.2 A reduced model based on Dissipative Particle Dynamics

The reduced model (5.29) obtained in Section 5.1 is reminiscent of DPD models since the
friction depends on the relative velocities of the particles. However, the temperature effects are
not correctly taken into account. Let us emphasize at this point that keeping thermal fluctuations
in the microscopic models is of paramount importance to obtain the right relaxation profiles behind
the shock front [162, 323].

It is not possible to resort directly to the classical DPD models to simulate shock waves.
Indeed, the dissipative and random forces arising in DPD are linked through some fluctuation-
dissipation relation, using a local temperature. But when a shock wave passes, energy is transfered
to the material, and the local temperature changes. Therefore, it is necessary to consider DPD
models where the fluctuation-dissipation relation is not fixed a priori, but evolves depending on
the physical events that have happened. DPD with conserved energy [15,95] are such models.

DPD models, introduced in [170], have been put on firm thermodynamics ground in [98].
Some derivations from molecular dynamics where proposed in a simplified case in [94], the more
convincing general derivation being at the moment [106]. These studies motivate the modelling of
the mean action of the projected degrees of freedom through some dissipative forces (depending
on the relative velocities of the particles, so that the global momentum is conserved), balanced
by some random forces. Ergodicity of the dynamics can be shown in some simplified cases [307].
Therefore, DPD dynamics are well established and motivated reduced models.

Coarser models such as SPH (Smoothed particle hydrodynamics) [217,246] are routinely used to
simulate shock waves at the hydrodynamic level, and can also be formulated in a DPD framework
(the so-called Smoothed dissipative particle dynamics [96]). However, these models require the
knowledge of an equation of state Ei,; = Fint(S, P) giving the internal energy as a function of
entropy and pressure, for instance. Therefore, SPH-like models cannot be considered when the
coarse-grained model is still at the microscopic level.

We present in this section a dynamics strongly inspired by those models, and show that it
provides an interesting mesoscopic model for the simulation of shock waves (see Section 5.2.2
and [324]). It also opens the way for an extension to detonation waves, where exothermic chemical
reactions are triggered as the shock passes, with the shock sustained and enhanced through the
energy released (see Section 5.2.3 and [222]).

5.2.1 Previous mesoscopic models

We review here some mesoscopic models [163,326] for shock waves, obtained through a coarse-
graining from microscopic (all-atom) models. The model from [163] is more empirical and has been
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derived to recover certain properties of polycrystalline materials. One particle stand for a grain
in this case, and some assumptions are made on the mechanical behavior at grain boundaries.
The model from [326] considers the elementary coarse-graining, in which a complex molecule is
replaced by a single fictitious particle with internal degrees of freedom (internal energy).

In both [163,326], the dissipation forces acting on the i-th particle are of the form —v(v; — ;),
where v; is a local average of the velocities around the particle. We will focus in the sequel on
the model [326], in which the Hamiltonian equations of motions are then perturbed by additional
terms:

dg; Di
= =2\ VVL (q),
dp;

i _
=-VV,.(q) — —(v; — v;).
dt 4 (9) ml( i i)
It is assumed that the variations of mechanical energy are exactly compensated by the variations
of internal energy. Associating an internal energy ¢, to each particle (see Section 5.2.2), it follows

N N
1
dFot = dBmec + E._l de; = d [§pTMp + V(q)} + 2—1 de; = 0.
Therefore,

dEi

o ni(vi — ;) - vi + x:| VVq, (@) .

The authors of [326] then argue that this energy transfer is not Galilean invariant (in view of the
first term on the right hand side in the above equation: v; — v; is Galilean invariant, but v; is
not), even if the dynamics is. To remedy this problem, they restrain themselves to dissipation
on the position variable ¢ only, and do not consider dissipation in the momenta (n; = 0). A
stable dynamics is obtained by considering a coefficient y; depending on the difference between
the internal and the external (translational or mechanical temperature), and a Berendsen-like
feedback. The resulting dynamics is not completely satisfactory from a physical viewpoint since
it has a structure very different of Newton’s equation. It is also not clear whether an invariant
measure exists.

It is however possible to preserve the Galilean invariance by considering pair friction forces,
depending on the relative velocities of the particles as is done in DPD models. In this case,
the energy exchanges can indeed be symmetrized, and the resulting process is totally Galilean
invariant. The resulting dynamics, of DPD form, are physically more natural then the damped
dynamics of [326].

5.2.2 A reduced model in the inert case
Description of the model

All atom simulations are performed resorting to Newton’s equations of motion. The correspon-
ding microscopic systems are deterministic, Galilean invariant, and have some invariants, such as
the total energy. While stochastic models are natural models to describe systems with reduced
dynamics (since the information lost by the averaging process is modelled by some random pro-
cess), it is however not clear that such a stochastic model can reproduce, even in a mean way, a
deterministic dynamics with invariants.

It turns out however that DPD models are stochastic dynamics which are Galilean invariant
and preserve total momentum. Some refinements were also proposed in order to conserve the total
energy of the system, a model called 'DPD with conserved energy’ (DPDE [15,95]).

We consider a system of N particles in a space of dimension d, described by their positions

(g1,-..,qn) and momenta (p1,...,py), with associated mass matrix M = Diag(my,...,my),
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interacting through a potential V. We assume for simplicity that the interactions between the
particles are pairwise and depend only on the relative distances, so that V(q) = >_,_; V(|lg: — q;])-
Denoting by T the reference temperature and 3 = 1/(kgT), the DPD equations read [98,170]

o (5.35)
2 .
dpi = Z —VV(Tij) dt — ’yXQ(Tij)(’Uij . eij)eij + %X(Tij)dwij €ij,
i

with v >0, rij = |¢; — g5, €ij = (¢ — q5) /735, vij = B- — %7 x a weight function (with support in
[0, 7.] where r. is a cut-off radius), and where W;; are 1-dimensional independent Wiener processes
such that W;; = Wy;.

Notice that, since the dissipation term depends only on the relative velocities, the dynamics are
globally Galilean invariant. Besides, the total momentum is preserved. However, the total energy
fluctuates, so that some refinements in the model are required. Relying on the general DPD picture,
DPD with conserved energy were introduced in [15,95]. The idea is that the variations of the total
mechanical energy H(q,p) = %pTMp + V(¢) through the dissipative forces are compensated by
some reservoir energy variable attached to each particle. Introducing an internal energy ¢; for each
particle, the evolution of the internal energies are constructed such that

dH(q,p) + Zdei = 0.
i
An associated entropy s; = s(¢;) and an internal temperature can be also defined for each particle

aSi -1

For example, when the internal degrees of freedom are purely harmonic, T'(¢) = ¢/C,, where
C, is the specific heat at constant volume. More generally, this microscopic state law should be

as

computed using all-atom MD or ab initio simulations.

The model we counsider is strongly inspired from DPD models with conserved energy [15,95],
so that all the properties of the usual DPD models with conserved energy can be straightforwardly
transposed to this case. The derivation of the model is done as in [15,95]. The main differences
here is that (i) we present the dynamics for particles of unequal masses, and (ii) do not project
the dissipatives and random forces along the lines of center of the particles. The generalization
to particles of unequal masses is done by considering dissipation forces depending on the relative
velocities, and not on the relative momenta. This is important if mixtures composed of (say) two
molecules are simulated, and each molecule is replaced by a single particle, whose mass is the total
mass of the molecule. The dissipative and random forces could be projected as well to conserve
angular momentum, but we restrict ourselves to the simpler and more general case when these
forces are not projected, since we are only interested in Galilean invariance, and have in mind an
extension to reduced models for reactive shock waves, which do not necessarily preserve angular
momentum, even if the dissipative and random forces are projected. Such a model is also closer
to the Langevin picture of the previous reduced models for shock waves [163, 326].

We finally neglect the thermal conduction here, since the contribution to the evolution of the
internal energy arising from the dissipation forces is expected to be dominant in the nonequilibrium
zone near the shock front. Heat diffusion plays a role only after the relaxation towards equilibrium
in the shocked zone is achieved.

The equations of motion for the system read:
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dqi = dt
(5.36)
dp; = Z —VV (rig) dt = ~igx* (rij Joig dt + 03X (rig) AW,

J, J#i

where x is still a weight function (with support in [0, 7] where 7. is a cut-off radius), and W;; are
now d-dimensional independents Wiener processes such that W;; = —Wj;. The friction 7;; and
the fluctuation magnitude o;; will be precised below. As for DPD models with conserved energy,
the dynamics is postulated in a manner such that the total energy E(q,p,€) = H(q,p) + >, € is
preserved. The evolution of dH = — )", de; is inferred from (5.36) using It6 rule (see [95] for more
details). Therefore, we consider the following dynamics:

mg
dpi = Z —VV(TZ'J') dt — ’Yin2 (Tij)vij dt + Uin(Tij)dWij;
J, g (5.37)
1 do? (1 1
de; = 5 Z; (XQ(Tij)%’jUin - (E + m—J) Xz(Tij)> dt — oij x(rij)vij - dWij,
Js JFT

with the fluctuation-dissipation relation [15,95] :
Oij =0, Yij = U26ij/27 6;1 = QkB(T;—l + Tj_1)71

It is then easily checked that measures of the form

dp(q,p,€) = e PH(@P) oxpy (Z %61) — ﬁei> O0p—p, 0p=p, dqdpde (5.38)
B

ZpE -

are invariant [15]. This measure expresses the fact that the translational degrees of freedom are
distributed according to a classical Boltzmann statistics, whereas the internal energies are distri-
buted according to some free energy statistics. The total momentum P, = . p; and the total
energy Ey = E(q,p, €) are also preserved by construction.

If the dynamics is ergodic for the measure (5.38) and in the limit N — 400, it holds

kg (Tiin) = 71, k(T )t =871,

with

A N
Tkinzm;E, ; T

and (A) = [ A(q,p) p(q,p, €) dgdpde. Indeed, as T; ' = s'(e ) nd assuming s(e) — —oo when € —
s(e)/e — 0 when € — +oo (which is the case when s(e) = C, Ine),

oy [l )

ksT; +oo ;
b / exp <M — ﬂel) de;
0 ks

Notice that these relationships provide estimators for the local thermodynamic temperature
B~ 1/kp through the arithmetic average kinetic temperatures, and the harmonic average inter-

1nt

- 3.
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nal temperatures. Let us emphasize that a straightforward arithmetic average over the internal
temperatures would give wrong results (the corresponding estimator being biased).

A deterministic version of the model

We intend here to introduce a deterministic version of our model, which allows to bridge the
gap between a previous mesoscopic deterministic model [326] (see also Section 5.2.1) and the DPD
framework for shock waves. The model proposed in [326] introduces damping forces on the position
variables directly (and not on the momentum variables as would be expected) in order to preserve
the Galilean invariance. Indeed, the damping terms in the momentum variable are considered to
be of the form —v(v; — v;), where v, is a local average of the velocities around the particle, which
makes the Galilean invariance of the dissipated energy difficult to preserve. If on the other hand
the dissipation term in the momentum variable implies only pairwise velocity differences as for
DPD models, the Galilean invariance follows immediately. The following equations of motion then
mix the deterministic equations of motion of [326] and the DPD philosophy:

dqi dt
Tcxt T_ir_lt
dpi Z VV TU %w(rij)vzj dt,
J J#i . .
Tcx Tln
de; = = Z — (rw)v dt,
J J#

where Tfj"t is the average temperature in the kinetic degrees of freedom of particles ¢ and j (for
example, T = (TP 4+ T9) /2 with T = 2p?/kpdm; the kinetic temperature associated
with particle 7) and Ti’“t is the average internal temperatures of particles 7 and j (for example,
Tlnt (Tint —|—T”’t)/2) The function w is still a weighting function, and ~ determines the strength
of the coupling.

Notice that the dissipation term is in fact a dissipation term only when Tf;"t > Tiij’f‘t, and an
anti-dissipation term otherwise (and so, is a Nosé-like feedback). This ensures that the internal
and external (kinetic thus potential terms) energies equilibriate in all cases. However, the thermo-
dynamic properties of such a model are less clear to state than for the previous stochastic model,
and so, we stick to the model (5.37).

Numerical discretization

We use splitting formulas inspired from [305,306]. Recall that the integration of the equation of
motion (5.37) is not straightforward since the dissipation terms depend on the relative velocities.
We decompose (5.37) into elementary SDEs, and denote by ¢a: the (stochastic) flow map for a
time At. The elementary SDEs are the usual deterministic Newton part and the dissipation part,
which read respectively

dp; = —vij x> (rij)vij dt + ox(ri;) dWi;,
dg= M"pdt, o dp; = —dpi,
{ q p 2 )
277'Lj )

and Vi < j,

dp = —VV(q) dt 7 dei= —4d (&
dﬁj = dei.

Denoting by ¢Newton,ar and qﬁé’ijss A (1 <4 < j < N) the associated stochastic flow maps, an

approximation of ¢, is

o ¢N71,N

1,2
bar ~ ¢diss,At © diss, At © d)Ncwton,At-



5.2 A reduced model based on Dissipative Particle Dynamics 217

The Newton flow ¢newton, At is approximated using a Velocity-Verlet scheme. For an approximation
Gl A (1< j) of the dissipation part, we first update the velocities at fixed internal temperatures
using a Verlet-like algorithm as proposed in [306]. The energy is then updated as

n n—+1 n n
ntl _ n_ ntl_ o _ L <(Pi+1)2+(pj+ 2 ()? (pj)2>

¢ 2m1 ij 27’)’LZ ij

i € =€ € = 5

so that the total energy is indeed conserved by this step. Of course, this integration scheme could
be refined, especially the dissipation part.

Application to shock waves

Some numerical simulations of DPD models with conserved energy where proposed in [16,
282], but were concerned only with the computation of thermal conductivities. The corresponding
nonequilibrium states were stabilized using steady temperature gradients. The dissipation terms
in the DPDE equations of motions were discarded, and only the diffusive part was retained. We
present in this section profiles obtained from simulations of shock waves, for which the diffusive
part of the dynamics can be discarded, but the dissipative part is of paramount importance to
reproduce qualitative and quantitative features of all-atom shock waves. This situation is somehow
complementary to the cases studied in [16,282], and, to our knowledge, was never considered before
for some physical application.

We consider the crystalline polymer (PVDF) system of [326], the corresponding reduced system
being modeled by a two-dimensional (2D) triangular lattice of mesoparticles. Results for the all-
atom model can also be found in [326].

The effective interaction potential between mesoparticles is a pairwise Rydberg potential of
the form [326] V(r) = VR (A(r/ro) — 1)) with Vi(d) = —¢ (1 + d + ad®) e~¢. The parameters given
by [326] were fitted to reproduce the stress in an uniaxial compression: A = 7.90, « = 0.185,
ro = 5.07T A, e = 1.612 x 10720 J, m = 64.03 x 1073 kg/mol. We also choose a cut-off radius
Rewt = 15 A for the pairwise interactions. The microscopic state law is obtained by assuming that
C, is independent of the temperature: e = C, T, with here C, = 16 kp since we represent a three-
dimensional molecule formed of 6 atoms by a 2D mesoparticle. In general, the heat capacity is a
function of the temperature C,, = C,(T'), and should be parametrized by equilibrium simulations.

We use the simple weight function x(r) = (1 — 7/Reu)? if r > Reut, x(r) = 0 otherwise,
the cut-off radius R.y; being the same as the one used for the potential. Of course, many other
weight functions could be used. We also set v = 1.5 x 107 kg/s and At = 10~ s. In these
preliminary tests of the model, the parameter v was varied to obtain a good agreement with the
all-atom results. However, it is expected that v is linked to some physical quantity, such as the
decay rate of the relative velocities autocorrelation in an all-atom simulation, and could therefore
be estimated using some preliminary small equilibrium simulations.

We first prepare an initial state according to the invariant measure (5.38). To this end, we
sample independently the internal energies according to the measure Z ! exp(—03e + s(€)/kp) =
Ze_lec“/kB exp(—p¢), and the initial configuration in phase-space by thermalizing a lattice initially
at rest, using a Langevin dynamics. In this study, the initial temperature is Ty = 300 K, and the
edge of the triangles in the triangular lattice is a = 5.13 A.

We then produce a shock using a piston at velocity u, = 3000 m/s. Figure 5.18 presents
the relaxation behind the shock front for the 2D triangular lattice of mesoparticles subjected
to the dynamics (5.37). The results are in good agreement with the all-atom results of [326].
In particular, the final temperature is very close to the all-atom value (whereas it is of course
greatly overestimated by the mesoscopic dynamics without coupling), and the time required for
the internal temperatures and kinetic temperatures to equilibriate is almost the time needed in
all-atom studies.
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Fig. 5.18. Temporal evolution of the temperature of a thin slab of material as the shock runs trough
it: mean kinetic temperature Tiin in the direction of the shock (intermediate curve, red), mean internal
temperature Ting (lower curve, blue). The corresponding results when the coupling with the internal degress
of freedom is turned off are also shown (upper curve, black), and a cartoon representation of the all-atom
result from [326] for the kinetic temperature Tiin is also plotted (dark dash dotted line).

5.2.3 The reactive case

In the reactive case, exothermic chemical reactions are triggered when the shock passes, and
the energy liberated sustains the shock. To model detonation at the mesoscopic level, we introduce
an additional variable per mesoparticle, namely a progress variable. The dynamics can then be
split into three elementary physical processes:

(i) the translational dynamics of the particles, given by the dynamics of inert materials (see
Eq. (5.37));

(ii) the evolution of the chemical reaction through some kinetics;

(iii) the exothermicity of the reaction: energy transfers between chemical energy and mechanical
and internal energies have to be precised.

Treating the exothermicity

In the reactive case, chemical reactions are triggered when the shock passes. To model the
progress of the reaction, an additional degree of freedom, a progress variable \;, is attached to
each particle. For the model reaction

2AB = A, + By, (5.39)
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the state A = 0 corresponds to a molecule AB, whereas the state A = 1 corresponds to As + Ba.

Representing the progress of the chemical reaction by a real-value parameter makes sense when the

mesoparticle represent a blob of material, but seems questionable when a mesoparticle stands for

a single molecule. Therefore, the progress variable should be seen as some dissociation probability,
or progress along some free energy profile.

Since the model reaction (5.39) involves two species on each side, we postulate for example a

reversible evolution of order 2:

dX;

pr ;wr(ﬁj) (K1 (T5) (1 = Aa) (1 = Aj) + Ka(Ti5)Aidg] (5.40)

Ve

the function w, being a weight function (with support in [0, 7eac]), and the mean temperature T;; =
(T; +1T;)/2. The reaction constants Ky, Ky are assumed to depend only on internal temperatures
of the particles. For example, a possible form in the Arrhénius spirit is:

Kl (T) == Al e_El/kBT, K2(T) = A2 e_Ez/kBT. (5.41)

The total increment of the progress variable is therefore the sum of all elementary pair increments,
which is very much in the DPD spirit. Other kinetics (for example, using some local averaged
internal temperatures (T); and local averaged progress variables (\);) are of course possible.

For very exothermic reactions, Fy > Ej, and both energies are large since the activation energy
is usually large for energetic materials. The increment of a given progress variable is non-negligible
only if the material is locally heated enough. In practice, this can be achieved when a strong shock
is initiated in the system. If this shock is not strong enough, chemical reactions do not occur
fast enough, and since the energy released is not sufficient, the shock wave is weakened until it
disappears. On the contrary, if the shock wave is strong enough, the chemical reactions happen
close enough from the detonation front, and the energy released sustains the shock wave.

The progress of the reaction also modifies the mechanical properties of the material. In particu-
lar, reaction products usually have a larger specific volume than reactants (at fixed thermodynamic
conditions). Therefore, some expansion is expected. The changes in the nature of the molecules are
taken into account by introducing two additional parameters k., kg and using some mixing rule
such as Berthelot’s rule. When the interaction potential is of Lennard-Jones form, the interaction
between the mesoparticles 7 and j separated by a distance r;; is then given by

12 6
V(T‘ij, )\i,)\j) =4E;; ((ii) — (:i) ) , (5.42)
i ij

with E;; = E\/(l +kgA)(1+Ekg);), aij =a (1 + ka%) When the reaction is complete, the
material initially described by a Lennard-Jones potential of parameters a, E' is then described by
a Lennard-Jones of parameters a’ = a(1 + k,) and E' = E(1 + kg).

We denote by AFEexthm the exothermicity of the reaction (5.39). It is expected that AFEexthm =
Fy — F1. We assume that the energy is liberated progressively during the reaction, in a manner
that the total energy of the system (chemical, mechanical, internal) is preserved:

P2
L =+ €; + (1 — Ai)AEcxthm = 0
m;

N
dHtot(q;pvea A) =d Z V(Tiijia/\j) +Z 2
1=1

1<i<j<N

In order to propose a dynamics satisfying this condition, we have to make an additional assumption
about the evolution of the system. Negelecting diffusive processes, we require that, during the
elementary step corresponding to exothermicity, the total energy of a given mesoparticle does not
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change?:

1 2
d B Z V(Tij, iy )\j) +d (p—l> + de; — AEoyxinmdA; = 0. (5.43)

i#]
We then consider evolutions of momenta and internal energies balancing the variations in the
total energy due to the variations of A (exothermicity, changes in the potential energies). This is
analogous to the fact that the variations of kinetic energy in (5.37) are compensated by variations

of internal energies. The variations in total energy are distributed between internal energies and
kinetic energies following some predetermined ratio 0 < ¢ < 1. For the internal energies,

1
dEi =—c|d 5 ;V(Tij, Ai7)\j) - AEcxthmd)\i
i#]

For the momenta, we consider a process Z” such that dp; = dZ? with

2

pi 1

I (2m> - _(1 B C) d 5 ; V(Tij’ /\i’ )\J) - AEcxthmd)\i
i#£]

We explain in the next section how this is done in practice (see Eq. (5.46)).

Let us emphasize at this point that there are many other possible ways to treat the exother-
micity. For instance, it would be possible to consider instantaneous reactions (jump processes for
which A changes from 0 to 1) occuring at random times, the probability of reaction depending
on the progress variable. However, it is not clear whether such a dynamics is reversible, since the
reverse reaction requires particles to have large kinetic and internal energies. In comparison, the
process described here is progressive and therefore, much more reversible.

Finally, we propose the following dynamics to describe reactive shock waves:

m;
dpi = Z —tiV(’l”ij, )\1‘, /\J) dt — ’YinQ(Tij)’Uij dt + ax(rij)dWij + lep,
J, 374
1 9 9 do? 1 1 9
de; = 5 Z; (X (righvigvi — =~ (o F m; ) X (rij) | dt (5.44)
Jy JF

—0 X(’I‘ij)’vij -dWi; +dZ5,

dhi =Y wi(ry) [K(Tiy) (1= M) (1= X)) + Ea(Ty) Aoy dt,
JFi

where dZ¥, dZf are such that (5.43) holds, i.e. the total energy is conserved. The fluctuation-
dissipation relation relating ;; and o is the same as for (5.37). Notice also that the inert dyna-
mics (5.37) is recovered when A; = Ay = 0, starting from A\; = 0 for all 4.

Numerical implementation

The numerical integration of (5.44) is done using a decomposition of the dynamics into ele-
mentary stochastic differential equations. We denote by ¢! .. the flow associated with the dyna-

mics (5.37), and by ¢!, the flow associated with the remaining part of the dynamics (5.44):

reac

2 Of course, during the elementary step corresponding to the dynamics (5.37), the total energy changes.



5.2 A reduced model based on Dissipative Particle Dynamics 221

dhi = wr(rig) [K(Ty) (1= \)(1 = Ay) + Ka(Tij) i A] dt,

j#i
V1 <i<N, - (5.45)
déi = de

A one-step integrator for a time-step At is constructed as (¢"t!,pnTl entl ANty = @4 o
PAat (g, p",€", A\"). A possible numerical flow ®4L | is given in Section 5.2.3.

Let us now construct a numerical flow #2!  approximating the flow ¢2?

reac reac"

@ﬁ’ért( , P, €", \), we first integrate the evolution equation on the progress variables \; using a

first-order explicit integration:

=M+ D wp (Y EL(T) (1 = AP = A7) + Ko(TH)NIN | At
J#i

We then set AP™! = min(max(0, \"1),1) in order to ensure that the progress variable remains
between 0 and 1. Once all progress variables are updated, the variation JE} in the total energy
of particle ¢ due to the variations of {);} is computed as

SE} = (X' = A1) ABexnm + 22 PP NPT S V(AR AT)
JFi

The conservation of total energy is then ensured through variations of internal and kinetic energies.
The internal energies are updated as e"+1 = €' + c/E!. The update of p"Jrl is done by adding
to pi* a vector with random direction, so that the final momentum is such that the kinetic energy
is correct. More precisely, when the dimension of the physical space is d = 2 for example, an
angle 0 is chosen at random in the interval [0,27], the angles (07);,, being idependent and

identically distributed (i.i.d.) random variables. The new momentum p"+1 is then constructed
such that i o
Pt = + a™(cos 0", sin O™), AR = B +(1—c)0E". (5.46)

Solving this equation in a™ gives the desired result.

Numerical results

We present in this section numerical results obtained for the dynamics (5.44) for a two-
dimensional fluid. A shock is initiated using a piston of velocity wu, during a time ¢,. The initial
conditions for the positions ¢;, momenta p; and internal energies ¢; are sampled as proposed in
Section 5.2.2.

We consider the following parameters, inspired by the nitromethane example, where the mo-
lecule CH3NOs is replaced by a mesoparticle in a space of 2 dimensions. The parameters can be
classified in four main categories, the ones describing the mechanical properties of the material, the
parameters used to characterize the inert dynamics and the chemical kinetics, and the parameters
related to the exothermicity. We consider here a system with

(i) (Material parameters) a molar mass m = 80 g/mol, described by a Lennard-Jones potential
of parameter Fry = 3 x 1072! J (melting temperature around 220 K) and a = 5 A, with a
cut-off radius rqy = 15 A for the computation of forces. The changes in the parameters of
the Lennard-Jones material during the reaction follow (5.42), using kg = 0 and k, = 0.2
(pure expansion).

Denoting (¢, p", &,

A™)
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(ii) (Parameters of the inert dynamics) The microscopic state law is e = C, T with C, = 10 kp
(i.e., 20 degrees of freedom are not represented). The friction is v = 1071° kg/s, and the
dissipation weighting function x(r) = (1 — r/rc), with re = reys.

(iii) (Chemical kinetics) For the chemical reaction (5.40), reaction constants are computed
using (5.41) with Z; = Z; = 107 s7!, Ey;/kg = 15000 K, the exothermicity being
AFEexthm = 6.25 €V. The reaction weighting function w(r) = x(r);

(iv) (Exothermicity) we choose ¢ = 0.5.

The intial density of the system is p = 1.06 g/cm?, and the initial temperature T = 300 K.
The time-step used is At = 2 x 107!° s. Figure 5.19 presents velocity profiles averaged in thin
slices of the material in the direction of the skock, for a compression time ¢, = 2 ps at a velocity

= 5000 m/s. We tested the independence of the resulting profiles for the initial loadings
(tp,up) = (1 ps, 6000 m/s), (tp,up) = (2 ps,6000 m/s), (tp,up) = (3 ps, 6000 m/s) and (tp, up) =
(3 ps, 5000 m/s) .
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Fig. 5.19. Velocity profiles in the material as a function of the distance to the shock front (in pm) at
different times (lower curve (red): t = 1.2 x 107 s; middle curve (black): ¢t = 1.6 x 107" s; upper curve
(blue): t =2 x 10710 s).

The velocity of the shock front is constant, and approximately equal to us = 3060 m/s. Notice
that the wave can be divided into three regions: the upstream region is unperturbed; the region
around the shock front where chemical reactions happen is of constant width (approximately 300-
400 A, which is consistent with all-atoms studies, see for instance [154]); the downstream region
is an autosimilar rarefaction wave. This profile is therefore reminiscent from ZND profiles [103]
encountered in hydrodynamic simulations of detonation waves.



5.2 A reduced model based on Dissipative Particle Dynamics

Temperature (K)

T
0.0e+00

I
5.0e-11

— T T
1.0e-10 1.5e-10

Time (s)

L —
2.0e-10

T
2.5e-10

223

Progress variable

0

T
115

T
120

T
125

T
130

T
135

Time (ps)

T
140

T
145

T
150

T
155

Fig. 5.20. Left: variations of internal (lower curve, black) and kinetic (upper curve, red) temperatures
in the direction of the shock, as a function of time in a slice of material. Right: evolution of the progress
variable averaged in a slice of material as a function of time (upper curve, blue). For comparison, a rescaled

internal temperature profile is also presented (lower curve, black).

Figure 5.20 presents the evolution of internal and kinetic temperatures averaged in a slice
of material in the direction of the shock as a function of time (Left), as well as the evolution
of the average progress variables (Right). In particular, the reaction does not start immedialely
at the shock front: the ignition asks first for a sufficient heating of the material (through an
increasing internal energy), since the reaction constant are too low at temperatures lower than a

few thousands Kelvins with the values chosen here.
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Most quantities of interest in quantum physics and chemistry are expectation values of the
form

(v, )
where O is the self-adjoint operator (the observable) associated with a physical quantity O and ¥
a given wave function. For N-body systems in the position representation, v is a function of 3N

5 [04](z) () dw
<1/)7O¢> _ /]R?’N ) (6.2)

W[ P e

High-dimensional integrals are very difficult to evaluate numerically by standard integration rules.
For specific operators O and specific wave functions ¥, e.g. for electronic Hamiltonians and Slater
determinants built from Gaussian atomic orbitals, the above integrals can be calculated analyti-
cally. In some other special cases, (6.2) can be rewritten in terms of integrals on lower-dimensional
spaces (typically R3 or RS).

In the general case however, the only possible way to evaluate (6.2) is to resort to stochastic
techniques. The VMC method [40] consists in remarking that

real variables and

sy L Or@ @) do
<¢7¢> T 2 T
IR

with O (z) = [Oy](z)/¢(x). The above expectation value is reminiscent of expectations values
computed in Chapter 3, for the measure

(6.3)
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@)

/R P

This measure can be formally interpreted as a Boltzmann measure Z~' e~ #V(*) dz with the choice
G =1 and

dr(z) = dx. (6.4)

V(z)=-In (|w(:1c)|2) ) (6.5)

Hence, sampling configurations (z"),>1 € R3" from the measure (6.4), the expectation value (6.3)
can be approximated as

W00 1y
NURTY Z (6.6)

The VMC algorithms described below are generic, in the sense that they can be used to compute
the expectation value of any observable, for any N-body system. In the numerical example, we will

however focus on the important case of the calculation of electronic energies of molecular systems.
In this particular case, the expectation value to be computed reads

(W, HY) _ /RSN By (x) [¢(x)|* do
) e
/RSN ()" d

where the scalar field Ey(z) = [H)(x)/¢(x) is called the local energy. Remark that if ¢ is an
eigenfunction of H associated with the eigenvalue E, Ep(z) = E for all . Most often, VMC
calculations are performed with trial wave functions v that are good approximations of some
ground state wave function 1y. These trial wavefunctions are sums of single determinantal wave
functions built upon Slater-type atomic orbitals, multiplied by a Jastrow factor. More precisely,
for a system of N electrons (omitting spin variables and electron-nucleus correlations, see e.g. [105]
for more general expressions), a typical expression of the wavefunction is

(6.7)

Net

(z1,...,aN) = ZanDet( ?,...,q%)(;vl,...,x]v)]- H exp(w), (6.8)

1<i<j<N L+ clzi — ]

where the functions ¢ are atomic-like orbitals

n n X
O (x) = 2 en g 1217 €Y <m> '
In this last expression, the notation x/|z| is a formal notation for the angles (6, ¢) associated with
x € R? in spherical coordinates, and the functions Y, are spherical harmonics.

Since the trial wave functions are good approximations of some ground state wave function,
Ep(x) usually is a function of low variance (with respect to the probability density m(x)). This is
the reason why, in practice, the approximation formula

L
(¥, Hy) b
(6.9)
T TT g

is fairly accurate, even for relatively small values of L (in practical applications on realistic mole-
cular systems L ranges typically between 10° and 109).

Of course, the quality of the above approximation formula depends on the way the points (z™),,>1
are generated. In Section 6.1.1, we describe the standard sampling method currently used for VMC
calculations. It consists in a biased random walk (overdamped Langevin dynamics) in the confi-
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guration space R3V corrected by a Metropolis-Hastings acceptance/rejection procedure. However,
the numerical results of Chapter 3 suggest that Langevin dynamics have better sampling pro-
perties than overdamped Langevin dynamics. Therefore, in Section 6.1.2, we introduce fictitious
masses, and consider a sampling scheme in which the points (2™),>1 are the projections on the
configuration space of one realization of some Markov chain on the phase space R* x R3V. This
Markov chain is obtained by a modified Langevin dynamics, corrected by a Metropolis-Hastings
acceptance/rejection procedure.

Another advantage of such a dynamics on an extended configuration space is a better behavior
close to singularities of the formal potential V' (as given by (6.5). Those singularities arise at
those points where ¢ (x) = 0. The set ¢»~1(0) is called the nodal surface, and has its origin in the
antisymmetric property of the wavefunction. Recall indeed that

7/1(3317332733&- "aIN) = _1/}(‘I27$15I35' ..,.IN),

so that ¥(x) = 0 whenever x; = x9 for example. A specific problem encountered in VMC calcu-
lations on fermionic systems is that the standard discretization of the biased random walk (Euler
scheme) does not behave properly close to the nodal surface of the trial wave function . This is
due to the fact that the drift term blows up as the inverse of the distance to the nodal surface:
if a random walker gets close to the nodal surface, the drift term repulses it far apart in a single
time step. In some studies [47,352], this difficulty is partially circumvented by resorting to more
clever discretization schemes. Using here a Langevin dynamics, the walkers have a mass (hence
some inertia) and the singular drift does not directly act on the position variables (as it is the case
for the biased random walk), but indirectly via the momentum variables. The undesirable effects
of the singularities are thus expected to be damped down.

Numerical results were performed by Anthony Scemama when he was a post-doc at CERMICS.
These results, presented in Section 6.2, confirm these intuitions and demonstrate on a bench of
representative examples that the algorithm based on the modified Langevin dynamics is the most
efficient one of the algorithms studied here (the mathematical criteria for measuring the efficiency
will be made precise below).

6.1 Description of the algorithms

6.1.1 Random walks in the configuration space

In this section, the state space is the configuration space RV, so that the Metropolis-Hastings
algorithm actually samples the probability density m(x) (see Section 3.1.3 for a general presenta-
tion of the Metropolis-Hastings algorithm). Recall that the Metropolis-Hastings algorithm has a
transition kernel given by

Plady) = r(e)Play) dy-+ (1= [ e )Pl ) o

where the density r(x,-) is given by
(@) = min (1,2
r(z,y) =min { 1, -

The function P is the proposal function. In words, the configuration y is proposed with probability
P(z,y) from z, and accepted with probability r(x,y), rejected otherwise.

Simple random walk

In the original paper [238] of Metropolis et al., the Markov chain is a simple random walk:
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T =g U

where 0 is the step size and U™ are independent and identically distributed (i.i.d.) random vectors
drawn uniformly in the 3 N-dimensional cube K = [—1,1]>. The corresponding transition density
is

Pl = 20 i (52,

where x g is the characteristic function of the cube K. Notice that in this particular case, P(z,y) =
P(y,z) so that the acceptance rate r(z,y) only depends on the ratio 7(y)/7(z).

Biased random walk

The simple random walk is far from being the optimal choice: it induces a high rejection rate,
hence a large variance. A variance reduction technique consists in considering the overdamped
Langevin dynamics [58]:

dxy = Vn ||| (xy)dt + dWr, (6.10)

where W, is a 3N-dimensional Wiener process. Note that [¢|? is an invariant measure of the
Markov process (6.10), and, better, that the dynamics (6.10) is in fact ergodic (see the results in
Chapter 3) and satisfies a detailed balance property:

[(2)[* Par(z,y) = [©)]* Par(y, )

for any At > 0, where Pat(x,y) is the probability density that the Markov process (6.10) is at y
at time ¢t + At starting from x at time ¢. These above results are classical for regular, positive
functions 1, and have been recently proven for fermionic wave functions [50] (in the latter case,
the dynamics is ergodic in each nodal pocket of the wave function ).

Notice that if one uses the Markov chain of density Pa:(z,y) in the Metropolis-Hastings
algorithm, the acceptance/rejection step is useless, since (thanks to the detailed balance property)
the acceptance rate always equals one. The exact value of Pa¢(x,y) is however unknown, so that
a discretization of equation (6.10) with a simple Euler-Maruyama scheme is generally used

"t =" 4+ At V[In [¢]](z") + AW (6.11)

where AW™ are i.i.d. Gaussian random vectors with zero mean and covariance matrix At Isy (I3
is the identity matrix). The Euler scheme leads to the approximated transition density

pEes (5 ) |y —x— At V[in [¢]](2) |2> |

(27 At)3N/2 P < 2At

The time discretization introduces the so-called time-step error, whose consequence is that (6.11)
samples dm only approximately. This error is however corrected by the Metropolis-Hastings accep-
tance/rejection procedure, which ensures that dr is exactly sampled.

This sampling method is much more efficient than the Metropolis-Hastings algorithm based on
the simple random walk, since the Markov chain (6.11) does a large part of the work (it samples
a short time-step approximation of dr), which is clearly not the case for the simple random walk.
The standard method in VMC computations currently is the Metropolis-Hastings algorithm based
on the Markov chain defined by (6.11) (for refinements of this method, see [41,332, 350]).
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6.1.2 Random walks in the phase space

In this section, the state space is the phase space R3Y x R3Y . Let us emphasize that the intro-
duction of momentum variables is nothing but a numerical artifice. The phase space trajectories
that will be dealt with in this section do not have any physical meaning.

Langevin dynamics

We consider here the following Langevin dynamics of a system of N particles of mass m evolving
in an external potential V:

de, = 2 at,
m (6.12)
dpt —_ —VV(ZEt) dt — YDt dt + O'th.

The magnitudes o and 7 of the random forces cW; and of the drag term —vyp; dt are related here
through the fluctuation-dissipation formula

_ amy (6.13)

with 0 =1 in the VMC framework. Since, for regular potentials, the canonical distribution
_ 71 p?
dIl(x,p) = Z " exp | -0 [ V(x) + Y dx dp (6.14)
m

is an invariant probability measure for the system (Z being a normalization constant), the projec-
tion on the position space of the Langevin dynamics samples d7w. On the other hand, the Langevin
dynamics does not satisfy the detailed balance property. We will come back to this important
point in the forthcoming section.

In this context, the parameters m and + (¢ being then obtained through (6.13)) should be
seen as numerical parameters to be optimized to get the best sampling. We now describe how
to discretize and apply a Metropolis-Hastings algorithm to the Langevin dynamics (6.12), in the
context of VMC.

Time discretization of the Langevin dynamics

Many discretization schemes exist for Langevin dynamics (see Section 3.2.4). In order to choose
which algorithm is best for VMC, we have tested four different schemes available in the literature [4,
45,183,280], with parameters 5 = 1, v = 1 and m = 1. The benchmark system is a Lithium atom,
and 1) is a single determinantal wave function built upon Slater-type atomic orbitals, multiplied by
a Jastrow factor'. We turn off the acceptance/rejection step in these preliminary tests, since our
purpose is to compare the time-step errors for the various algorithms. From the results displayed
in Table 6.1, one can see that the Ricci-Ciccotti algorithm [280] is the method which generates
the smallest time-step error. This algorithm reads

" At
gl = g A oAz 20 [—VV (™) At + U] e 744,
m 2m
A (6.15)
At _

2

n

prt =pTe [(VV (") + VV (a"t)] e 7412 4 Ure a2,

! For all the numerical computations presented in this chapter, the interested reader should ask Anthony
Scemama for details of the computations, in particular the values of the parameters for ¢ given by (6.8).



232 6 Variational Monte-Carlo

where U™ are i.i.d. Gaussian random vectors with zero mean and variance o2 I3y with 2 = 2VT’"At.
It can be seen from Table 6.1 that the Ricci-Ciccotti algorithm also outperforms the biased random
walk (6.11), as far as sampling issues are concerned. In the following, we shall therefore use the
Ricci-Ciccotti algorithm.

Table 6.1. Comparison of the energies computed with different discretization schemes for Langevin
dynamics. The reference energy is -7.47198(4) a.u.

At BRW BBK [45] Force interpolation [4] Splitting [183] Ricci & Ciccotti [280]

0.05 -7.3758(316) -7.4395(246) -7.4386(188) -7.4467(137) -7.4576(07)
0.005 -7.4644(069) -7.4698(015) -7.4723(015) -7.4723(015) -7.4701(20)
0.001 -7.4740(007) -7.4728(013) -7.4708(017) -7.4708(017) -7.4696(17)
0.0005 -7.4732(010) -7.4700(023) -7.4709(022) -7.4708(022) -7.4755(26)

Metropolized Langevin dynamics

The discretized Langevin dynamics does not exactly sample the target distribution I7, but
rather some approximation IT; of I1. It is therefore tempting to introduce a Metropolis-Hastings
acceptance/rejection step to further improve the quality of the sampling. Unfortunately, this idea
cannot be straightforwardly implemented for two reasons:

(i) first, this is not technically feasible, since the Markov chain defined by (6.15) does not have
a transition density. Indeed, as the same Gaussian random vectors U™ are used to update
both the positions and the momenta, the conditional measure p((z™,p"),) is supported
on a 3N-dimensional submanifold of the phase space R3 x R3V;

(ii) second, leaving apart the above mentioned technical difficulty, which is specific to the Ricci-
Ciccotti scheme, the Langevin dynamics is a priori not an efficient Markov chain for the
Metropolis-Hastings algorithm because it does not satisfy the detailed balance property.

Let us now explain how to tackle these two issues, starting with the first one. To make it com-
patible with the Metropolis-Hastings framework, one needs to slightly modify the Ricci-Ciccotti
algorithm. Following [4,62] (see also the derivation in Section 3.2.4), we thus introduce i.i.d. cor-
related Gaussian vectors (G7,;, G5 ;) (1 <4 < 3N) such that:

(Gr)D) = o2 = AL (y_ 3ol e ®
Lyg L Bmy v At ’
n m —
(G3,)%) =03 = 3 (1—e7212),
(GT.,Gy ;) (1 — e 74%)2
— =g = —".
0102 6'70'10'2

Setting GT = (G7;)1<i<sn and Gy = (G4 ;)1<i<3n, the modified Ricci-Ciccotti algorithm reads

At At?
el — pn + _pne—'yAt/2 _ _vv(xn)e—'yAt/4 + G7117

m A m (6.16)
prtl = pre AL _ > [VV(z™) + VV (2" Th)] e 742 4+ G5

The above scheme is a consistent discretization of (6.12) and the corresponding Markov chain does
have a transition density, which reads (see Section 4.3.1 for example)
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1 di\? da| \? dy d
ng/[tl:{(]((g[;n’pn)7 (q;n+1’pn+1)) g1 exp |—s——5~ (ﬂ) + (M) _ 2012_1 .22 ,
2(1 = cty)

01 02 g1 02
(6.17)
with

At?

dl = ZE"+1 —z" - Atp—ne_’yAt/2 + —VV(.In)e_’YAt/Ll
m m '

1
dy = p™tt — ple A 4 54t [VV(a™) + VV (2" Th)] e 7412,

Unfortunately, inserting directly the transition density (6.17) in the Metropolis-Hastings algorithm
leads to a high rejection rate. Indeed, if (2™,p") and (z"*!,p"*1) are related through (6.16),
PYRC (2, pm), (27T, pn 1)) usually is much greater than PYRC((zn 1 pntl), (27, p™)), since the
probability that the random forces are strong enough to make the particle go back in one step
from where it comes, is very low in general. This is related to the fact that the Langevin dynamics
does not satisfy the detailed balance relation.

Fig. 6.1. Left: Usual Langevin dynamics; in this case, it is very unlikely to re-obtain the initial configu-
ration starting from the final one. Right: Momentum reversal after integration time A¢; in this case, the
dynamics is reversible.

It is however possible to further modify the overall algorithm by ensuring some microscopic
reversibility, in order to finally obtain low rejection rates. For this purpose, we introduce momen-
tum reversions. Such a procedure was already considered for Hybrid Monte Carlo algorithms (see
for instance [2]). Denoting by P5"#"™ the transition density of the Markov chain obtained by
integrating (6.12) ezactly on the time interval [t,t + At], it is indeed not difficult to check (under
convenient assumptions on V = —1In [|?), that the Markov chain defined by the transition density

,ﬁzezngcvin ((x,p), (I/,p/)) _ rpiingcvin ((x,p), (I/, _p/)) (6.18)

is ergodic with respect to IT and satisfies the detailed balance property (see Figure 6.1)

I (x,p) P, (2,p), (' p) = H (@', ") PL™ (@), (2, p)). (6.19)
Replacing the exact transition density ’Pi?“gevm by the approximation PXEC we now consider

the transition density

PARC ((z,p), (', p) = PATC ((z,p), (', =) (6.20)

These considerations are summarized in Algorithm 6.1. Note that a momentum reversion is
systematically performed just after the Metropolis-Hastings step. As the invariant measure I7 is
left unchanged by this operation, the global algorithm (Metropolis-Hastings step based on the
transition density ’ﬁXtRC plus momentum reversion) actually samples II. The role of the final
momentum reversion is to preserve the underlying Langevin dynamics: while the proposals are

accepted, the above algorithm generates Langevin trajectories, that are known to efficiently sample
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an approximation of the target density II. Numerical tests seem to show that, in addition, the
momentum reversion also plays a role when the proposal is rejected: it seems to increase the
acceptance rate of the next step, preventing the walkers from being trapped in the vicinity of the
nodal surface 1 ~1(0).

As the points (2™, p™) of the phase space generated by the above algorithm form a sampling
of II, the positions (z™) sample dr and can therefore be used for VMC calculations.

LANGEVIN METROPOLIZED VMC ALGORITHM

Algorithm 6.1. Starting from some initial configuration (z%, p°)

3

(1) Propose a move from (z7,p") to (z"*1,p"*1!) using the transition density 73%?0. In

other words, perform one step of the modified Ricci-Ciccotti algorithm (6.16)
At At?
ZE:}+1 ="+ _pnef'yAt/2 _ —VV(I") + ef'yAt/4 + G?,
m 2m
+1 n, —yAt At n n+1 —yAt/2 n
pith =ple™? —7[VV(JJ)+VV(JJ )}eV + G5,

and set (z"*, prtl) = (a7t —potl);

(2) Compute the acceptance rate

I7 ~n+1 sn+1 SMRC ~n+1 ~n+1 n ,n
an — min (I y P jl\fRA(; ((.I ap~ ),EI D )), 1 :
I (zm, pm) PRC((@m, pn), (@, prtt))

(3) Draw a random variable U™ ~ U/(0,1):
if U™ < o™, accept the proposal and set (z"H1,p" 1) = (z7+!, pntl);
—if U™ > o™, reject the proposal, and set (Z""!,p" ") = (2™, p");

(4) Reverse the momenta: (z"+1 pntl) = (0! —pntl).

A Hybrid Monte Carlo VMC algorithm

Generalized Hybrid Monte Carlo (HMC) algorithms could also be used (see Section 3.2.2 for
more precisions on the HMC algorithm), relying in particular on the idea of using correlated

momenta from one HMC step to the other [173]. For i.i.d. standard Gaussian random vectors G™,
the momenta may be updated as

Pt = /1 = 29Atp" + /27AL G =~ (1 — yAL) p" + /27 AL G"

when YA < 1. Therefore, using a very strong correlation from one step to another, and combining
this momentum update in a HMC algorithm results in an approximation of Langevin dynamics.
The interesting point in HMC algorithms is that the integration scheme to be used is a discretiza-
tion of the Hamiltonian dynamics, and often the Stérmer-Verlet algorithm is the most convenient
scheme to use. Only some tuning of the parameters v, m, At (and possibly the number of HMC
steps before the acceptance/rejection step) has to be made.

6.2 Numerical experiments and applications

6.2.1 Measuring the efficiency

A major drawback of samplers based on Markov processes is that they generate sequentially
correlated data. For a trajectory of L steps, the effective number of independent observations is
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in fact Legr = L/Ncorr, where Neopy is the correlation length, namely the number of successive
correlated moves. In the following applications, we provide estimators for the correlation length
Neorr and for the so-called inefficiency 7 (see below), which are relevant indicators of the quality of
the sampling. In this section, following Stedman et al. [322], we describe the way these quantities
are defined and computed.

The sequence of samples is split into Ng blocks of Lg steps, where the number Lpg is chosen
such that it is a few orders of magnitude higher than Neorr. The mean energy is (Ef )|y 2 and the

variance is 02 = ((Ep, — (EL)|¢|2)2)|¢|2. These quantities are defined independently on the VMC
algorithm used. The empirical mean of the local energy reads

Np,Lp 1 e i
<EL>W2 = NpLg E Er(z*). (6.21)
=1

The empirical variance over all the individual steps is given by

1 NpLp ) N L 2
[V = Z (L) - (ED)E"") (6.22)

and the empirical variance over the blocks by

N
CACETI S o (Bpi— (B >NB’LB)2 (6.23)
B - NB -t B,i L |2 s .

where E'p; is the average energy over block i:

1 iLp )
Ep,;= In Z Ep(x9). (6.24)
j=(—1)Lp+1

Following [322], we define the correlation length as

gB7LB]2
Ncorr = N;lglgloo L;lglgloo LBmv (625)
and the inefficiency 7n of the run as:
n= lim lim Lplon®"?]% (6.26)
Np—oo Lg—o00
[UgB!LB 2

On the numerical examples presented below, the relative fluctuations of the quantities Lp oNETEE

and LB[ogB’LBP become small for Ly > 50 and Np > 50.

The definition of these two quantities can be understood as follows. Since Lg > N¢o and
only Lg/Neorr are independent samples among the samples in the block, the central limit theorem
yields
oGt

\V4 LB/Ncorr

where G* are i.i.d. normal random variables. Thus, in the limit Ng — oo and L — oo, we obtain

Ep i ~ (EL)y2 +

0.2

( NB>LB)2 — )
LB/NCOrr

Op
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Since limy, oo imy, ;oo [0VELE]2 = 62 we obtain (6.25). The inefficiency 7 is thus equal to
Neorro? and is large if the variance is large, or if the number of correlated steps is large.

Using this measure of efficiency, we can now compare the sampling algorithms (the simple
random walk, the biased random walk and the Langevin algorithm) for various systems. In any
case, a Metropolis-Hastings acceptance/rejection step is used. We found empirically from several
tests that convenient values for the parameters of the Langevin algorithm are v = 1 and m = Z3/2
where Z is the highest nuclear charge among all the nuclei. For each algorithm, we compare
the efficiency for various values of the step length, namely the increment § in the case of the
simple random walk, and the time-step At for the other two schemes. For a given algorithm,
simple arguments corroborated by numerical tests show that there exists an optimal value of
this increment: for smaller (resp. for larger increments), the correlation between two successive
positions increases since the displacement of the particle is small (resp. since many moves are
rejected), and this increases the number of correlated steps Neopr-

One can notice on the results (see tables 6.2, 6.3, 6.4, 6.5) that a large error bar corresponds
to large values for N¢or and 7. The quantities Neorr and 7 are a way to refine the measure of
efficiency, since the same length of error bar may be obtained for different values of the numerical
parameters.

6.2.2 Numerical results

Some numerical tests based on the above estimators of (in)efficiency are presented in this
section. We compare the algorithms and parameters at a fixed computational cost. The reference
values are obtained by ten times longer VMC simulations. The error bars given in parenthesis are
60% confidence intervals. We also provide the acceptance rate (denoted by A in the tables) and,
when it is relevant, the mean of the length of the increment 2" — 2™ over one time-step (denoted
by (|Az|) in the tables) for the biased random walk and the Langevin dynamics. These tests were
performed by Anthony Scemama using the QMC=Chem program?.

Lithium.

The Lithium atom was chosen as a first simple example. The wave function is the same as for
the benchmark system used for the comparison of the various Langevin schemes, namely a single
Slater determinant of Slater-type basis functions improved by a Jastrow factor to take account of
the electron correlation. The reference energy associated with this wave function is —7.47198(4)
a.u., and the comparison of the algorithms is given in Table 6.2. The runs were made of 100 random
walks composed of 50 blocks of 1000 steps. For the simple random walk, the lowest values of the
correlation length and of the inefficiency are respectively 11.4 and 1.40. The biased random walk
is much more efficient, since the optimal correlation length and inefficiency are more than twice
smaller, i.e. 4.74 and 0.55. The proposed algorithm is even more efficient: the optimal correlation
length is 3.75 and the optimal inefficiency is 0.44.

Fluorine.

The Fluorine atom was chosen for its relatively “high” nuclear charge (Z = 9), leading to a
timescale separation of the core and valence electrons. The wave function is a Slater-determinant
with Gaussian-type basis functions where the 1s orbital was substituted by a Slater-type orbital,
with a reference energy of —99.397(2) a.u. The runs were made of 100 random walks composed of
100 blocks of 100 steps. The results are given in Table 6.3. For the simple random walk, the lowest
values of the correlation length and of the inefficiency are respectively 15.6 and 282. The biased
random walk, for which the optimal correlation length and inefficiency are 7.4 and 137, is again

2 Chem is a Quantum Monte Carlo program written by M. Caffarel, IRSAMC, Université Paul Sabatier —
CNRS, Toulouse, France. The wave functions are available upon request.
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Table 6.2. The Lithium atom: Comparison of the Simple random walk, the Biased random walk and
the proposed Langevin algorithm. The runs were carried out with 100 walkers, each realizing 50 blocks of
1000 steps. The reference energy is -7.47198(4) a.u., and A is the average acceptance rate.

AR (EL) Neorr n A
Simple random walk
0.05 -7.47126(183) 94.5 + 3.3 11.72(42)  0.91
0.10 -7.47239(97) 35.2 + 1.2 4.08(14)  0.82
0.15 -7.47189(75) 20.5(5) 2.30(06) 0.74
0.20 -7.47157(56) 14.3(4) 1.62(04) 0.66
0.25 -7.47182(56) 12.1(3) 1.40(05)  0.59
0.30 -7.47189(56) 11.4(3) 1.57(17)  0.52
0.35 -7.47275(59) 12.4(3) 1.57(17)  0.46
0.40 7.47130(63) 14.4(5) 1.93(22)  0.40
At (EL) Neorr n (|[Az]y A
Biased random walk
0.01 -7.47198(53) 10.31(29) 1.23(3) 0.284(09) 0.98
0.03 -7.47156(39) 5.26(14) 0.73(7) 0.444(21) 0.92
0.04 -7.47195(35) 4.82(12) 0.57(3) 0.486(26) 0.88
0.05 7.47219(32) 4.74(11)  0.55(2) 0.514(31) 0.85
0.06 -7.47204(38) 4.95(11) 0.58(3) 0.533(36) 0.81
0.07 -7.47251(32) 5.39(14) 0.61(3) 0.546(40) 0.78
0.10 -7.47249(42) 7.56(25) 0.87(5) 0.555(50) 0.68
Langevin
0.20 -7.47233(34) 5.07(10) 0.60(1) 0.236(08) 0.97
0.30 -7.47207(34) 4.14(09) 0.47(1) 0.328(15) 0.93
0.35 -7.47180(31) 3.96(08) 0.45(1) 0.366(18) 0.91
0.40 -7.47185(29) 3.75(08) 0.44(2) 0.399(22) 0.89
0.45 -7.47264(29) 3.88(08) 0.45(2) 0.426(25) 0.86
0.50 -7.47191(29) 4.07(14) 0.46(2) 0.426(25) 0.84
0.60 -7.47258(32) 4.78(16) 0.52(2) 0.481(36) 0.78

twice more efficient than the simple random walk. The Langevin algorithm is more efficient than
the biased random walk: the optimal correlation length is 5.3 and the optimal inefficiency is 102.

Copper.

We can go even further in the timescale separation and take the Copper atom (Z = 29) as an
example. The wave function is a Slater determinant with a basis of Slater-type atomic orbitals,
improved by a Jastrow factor to take account of the electron correlation. The reference energy is
—1639.2539(24). The runs were made of 40 random walks composed of 500 blocks of 500 steps.
From Table 6.4, one can remark that the Langevin algorithm is again more efficient than the
biased random walk, since the optimal correlation length and inefficiency are respectively 28.7 and
4027, whereas using the biased random walk, these values are 51.0 and 5953.

The phenol molecule.

The Phenol molecule was chosen to test the proposed algorithm because it contains three
different types of atoms (H, C and O). The wave function here is a single Slater determinant with
Gaussian-type basis functions. The core molecular orbitals of the Oxygen and Carbon atoms were
substituted by the corresponding atomic 1s orbitals. The comparison of the biased random walk
with the Langevin algorithm is given in Table 6.5. The optimal correlation length using the biased
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Table 6.3. The Fluorine atom : Comparison of the Simple random walk, the Biased random walk and
the proposed Langevin algorithm. The runs were carried out with 100 walkers, each realizing 100 blocks
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of 100 steps. The reference energy is -99.397(2) a.u.

AR (EL) Neorr n A
Simple random walk

0.02 -99.398(72) 38.9(7) 823(31)  0.87

0.05 -99.426(39) 20.3(4) 405(11)  0.69

0.08 -99.406(28) 15.6(4) 326(17) 0.53

0.10 -99.437(23) 15.8(3) 282(07) 0.44

0.12 -99.402(24) 16.6(4) 341(24)  0.36

0.15 -99.398(25) 19.4(5) 412(41)  0.27

At (ErL) Neorr n (|Az]) A

Biased random walk
0.002 -99.411(21) 9.9(2) 206(04) 0.211(08) 0.94
0.003 -99.424(17) 8.8(2) 173(04) 0.242(11) 0.90
0.004 -99.430(15) 7.6(2) 147(03) 0.263(16) 0.86
0.005 -99.399(14) 7.3(2) 142(03) 0.275(17) 0.82
0.006 -99.406(14) 7.4(1) 137(03) 0.282(19) 0.79
0.007 -99.430(14) 7.4(2) 142(08) 0.286(21) 0.75
0.008 -99.421(13) 7.6(2) 141(05) 0.287(23) 0.71
0.009 -99.406(13) 7.8(2) 177(19) 0.285(25) 0.67
0.010 -99.419(15) 7.8(2) 162(10) 0.281(27) 0.64
0.011 -99.416(14) 8.3(2) 147(05) 0.276(28) 0.60
0.012 -99.420(15) 9.1(3) 205(34) 0.270(29) 0.57
0.013 -99.425(17) 10.2(4) 224(38) 0.263(30) 0.54
Langeuvin

0.10 -99.402(16) 8.9(2) 199(04) 0.095(02) 0.98
0.20 -99.403(12) 6.0(1) 123(02) 0.174(06) 0.94
0.25 -99.402(12) 5.4(1) 108(02) 0.204(09) 0.91
0.30 -99.395(11) 5.3(1) 104(02) 0.228(10) 0.87
0.35 -99.409(12) 5.4(1) 108(06) 0.245(15) 0.83
0.40 -99.402(11) 5.5(1) 102(03) 0.256(18) 0.78
0.45 -99.406(11) 5.9(1) 114(06) 0.261(21) 0.73
0.50 -99.408(12) 6.6(2) 124(07) 0.262(24) 0.68
0.55 -99.407(14) 7.9(4) 149(10) 0.257(26) 0.62
0.60 -99.405(15) 9.2(4) 178(13) 0.250(42) 0.56

random walk is 10.17, whereas it is 8.23 with our Langevin algorithm. The optimal inefficiency is
again lower with the Langevin algorithm (1 = 544) than with the biased random walk (n = 653).

6.2.3 Discussion of the results

In conclusion, the numerical tests show that the Langevin dynamics is always more efficient
than the biased random walk. Indeed,

(i) The error bar (or Neorr, or 1) obtained with the Langevin dynamics for an optimal set of
numerical parameters is always smaller than the error bar obtained with other algorithms
(for which we also optimize the numerical parameters);

(ii) The size of the error bar does not seem to be as sensitive to the choice of the numerical
parameters as for other methods. In particular, we observe on our numerical tests that the
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Table 6.4. The Copper atom: Comparison of the Biased random walk with the proposed Langevin
algorithm. The runs were carried out with 40 walkers, each realizing 500 blocks of 500 steps. The reference
energy is -1639.2539(24) a.u.

At <EL> Ncorr n <|A:C|> A
Biased random walk
0.0003 -1639.2679( 78) 79.1 + 2.7 10682(420) 0.1311(108) 0.86
0.0004 -1639.2681( 98) 70.4 + 1.3 8682(204) 0.1385(137) 0.81
0.0005 -1639.2499( 96) 61.3 £ 2.5 7770(297) 0.1414(162) 0.75
0.0006 -1639.2629( 96) 56.0 + 1.2 6834( 88) 0.1414(183) 0.70
0.0007 -1639.2575( 73) 53.8 £ 0.8 6420( 81) 0.1393(201) 0.65
0.00075 -1639.2518( 85) 53.1 = 0.9 6330( 91) 0.1377(209) 0.62
0.0008 -1639.2370( 86) 55.7 + 3.6 6612(405) 0.1357(216) 0.60
0.00105 -1639.2694( 85) 51.0 £ 0.8 5953( 90) 0.1228(241) 0.48
0.0011 -1639.2563(110) 54.3 £ 1.8 6513(221) 0.1198(245) 0.46
0.0012 -1639.2523( 72) 59.9 £ 5.5 7266(658) 0.1136(251) 0.43
Langewvin
0.05 -1639.2553( 92) 61.3 + 1.7 8256( 89) 0.0371( 1) 0.99
0.10 -1639.2583( 76) 40.6 + 3.1 5319( 383) 0.0705( 30) 0.97
0.15 -1639.2496( 65) 30.1 £ 0.8 4042( 103) 0.0978( 60) 0.93
0.20 -1639.2521( 71) 28.7 £ 0.9 4027( 403) 0.1173( 96) 0.87
0.30 -1639.2510( 67) 35.2 £ 2.5 4157( 291) 0.1326(170) 0.71
0.40 -1639.2524( 78) 50.5 + 3.7 5922( 455) 0.1210(225) 0.52

Table 6.5. The Phenol molecule : Comparison of the Biased random walk with the proposed Langevin
algorithm. The runs were carried out with 100 walkers,; each realizing 100 blocks of 100 steps. The reference
energy is -305.647(2) a.u.

At (Er) Neorr n (|Ax]) A
Biased random walk
0.003 -305.6308(83) 18.71(24) 1368(12) 0522(29) 0.85
0.004 -305.6471(78) 16.00(28) 1193(30) 0.547(36) 0.80
0.005 -305.6457(65) 15.29(20) 1077(14) 0.555(43) 0.74
0.006 -305.6412(79) 15.00(17) 1018(11) 0.552(48) 0.69
0.007 -305.6391(67) 14.52(26) 1051(53) 0.540(52) 0.63
0.008 -305.6530(65) 14.72(19) 980(10) 0.523(56) 0.58
0.009 -305.6555(82) 15.28(28) 1272(163) 0.502(59) 0.54
Langevin
0.05 -305.6417(101) 23.13(41) 1932(41) 0.126(02) 0.99
0.1 -305.6416(68) 13.97(22) 1189(23) 0.240(06) 0.97
0.2 -305.6496(57) 9.70(13) 812(12) 0.408(20) 0.89
0.3 -305.6493(56) 9.36(16) 817(36) 0.487(36) 0.78
0.4 -305.6473(58) 12.21(22) 834(20) 0.485(50) 0.61
0.5 -305.6497(80) 17.51(44) 1237(52) 0.425(58) 0.43

value At = 0.2 seems to be convenient to obtain good results with the Langevin dynamics,
whatever the atom or molecule.






7

Second-order reduced density matrices

7.1 The electronic structure problem in terms of second order

reduced density matrices . ..........oii ittt ittt 242
7.1.1 The ensemble of N-repsentable second-order density matrices ........ 242
7.1.2 The energy minimization problem in terms of second order
reduced-density matrices ........ ... . 243
7.2 The N-representability problem ................ ... ... .. ...... 244
7.2.1 Some necessary IN-representability conditions for 2-RDMs ... ........ 244
7.2.2  An explicit (counter)example ........... ... i 246
7.3 A dual formulation of the optimization problem ................. 247
7.3.1 Dual Formulation of the RDM Minimization Problem ............... 247
7.3.2  Algorithm for solving the dual problem ........................... 248
7.3.3 Numerical results ........ ... . 250

As early as in 1951, it was noticed by Coleman that the electronic N-body ground-state energy
could be obtained by minimizing over the set of N-representable two-body reduced density ma-
trices (2-RDM), and Mayer definitely opened the field in 1955 with his pioneering article [232]. At
a conference in 1959, Coulson then proposed to completely eliminate wavefunctions from Quantum
Chemisty, since all the electronic ground-state properties of molecular systems can be computed
from the 2-RDM [72,220,232]. Unfortunately, the set of N-representable 2-RDM is not known ex-
plicitly. Some mathematical characterizations were provided [70,71,197] but they could not be used
to derive a numerical method with a complexity of a lower order than the usual N-body problem.
In practice, only approximate RDM minimization problems, in which only a few necessary N-
representability conditions are imposed (for example the so-called P,Q,G conditions [69,121]), can
be considered. The first numerical studies relying on this strategy gave encouraging results [120].

Recently a new interest in the Reduced Density Matrix (RDM) approach arose. Very good
numerical results have been obtained by two different strategies issued from semidefinite pro-
gramming: primal-dual interior point methods [118,233,253,376] on the one hand, augmented
Lagrangian formulations using matrix factorizations of the 2-RDM [234 236] on the other hand.
These results use a small number of known necessary conditions of N-representability. Yet, the so-
obtained ground-state energies are as accurate as the ones obtained with coupled-cluster methods,
see e.g. [234,235]. In addition, these energies provide lower bounds of the Full CI energies, whereas
the variational post Hartree-Fock methods, such as CI or MCSCF, all provide upper bounds.

Since the RDM method is a linear minimization problem over a convex set of complicated
structure, it is natural to use the concept of duality to mathematically characterize and numerically
compute the minimum. Duality is an underlying issue in all the RDM studies [70,71,92,93,121,197],
but surprisingly, the specific form of the dual formulation of the RDM problem has not yet been
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used to derive an efficient algorithm. The current methods (see, e.g. [118,234,235,253,376]) all
use general duality considerations in their algorithms, but none of them solves directly (and only)
the dual RDM problem. As will be shown below, the associated dual optimization problem boils
down to the search of the zero of a one-dimensional convex function.

This chapter is organized as follows. We first present the reformulation of the electronic problem
in terms of 2-RDMs in Section 7.1, and recall the N-representability problem in Section 7.2.
We then propose a dual formulation of the electronic problem in Section 7.3, and illustrate this
approach with some numerical results.

7.1 The electronic structure problem in terms of second order reduced
density matrices

7.1.1 The ensemble of N-repsentable second-order density matrices

We denote by x = (x,0) the vector containing both the space variable x € R? and the
spin variable o € {|1),]])}. The summation on the spin variable will sometimes be denoted as an
integral to simplify notations. For an antisymmetric N-body wavefunctions ¢ (a1, ..., zx) € /\7]2[:1 b,
the second-order reduced density matrix I is

I(z1,72;91,y2) = N(N — 1)/ (w1, 22,23, ..., aN)V(Y1, y2, T3, . .., an) das . . dan,
(R3x {+1})N—2
(7.1)
while the first-order reduced density matrix -y is
@) =5 [ Twsped
Y(z,y) = —— x, 23y, 2) dz
N =1 Jroxq+1y
=N E(x7x27x37"'7$N)w(y7x27x37"'7$1\7)dx2"'d:EN'

(R3x {+1})N-1

For a basis (¢;)ien~of the space L2(R? x {|1),|1)},C),

Pz, zaiynye) = Y TP26, (1), (02)d), (1) 5, (12),  Y(@,y) = ¥ 6:(2)¢;(y).
0

11,82,J1,j2 EN*

In the case of fermions, the matrix I7"/* is antisymmetric, which means that I3 = —I7/!7* =
r;}27t. This ensures that I'(1, x2;y1,y2) = —I'(w2,21;91,y2) for instance.

For any vector space X, we denote by S(X) the space of self-adjoint matrices acting on X, and
by P(X) C S(X) the cone of positive semi-definite matrices. We also use the simplified notation

Pn =P (/\iv b) and Sy = S (/\iv h). The cone of ensemble representable N-order density

matrices is the convex envelope

“+o00 N
PN—{ZTLH‘/%‘H‘/H, 1/11'6/\[)},
i=1 n=1

where |v;) (1;] is the projector onto span(v;) :

IRAE ( Loy, T dx> v

Therefore, the cone of 2-RDM arising from an ensemble representable N-order density matrix is
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Cy = L%(Py) C Co.

In this expression, the Kummer contraction operator L% [71,197] is the linear operator [¢) (¢ | —
I defined by (7.1). The corresponding I" € Cx are said to be N-representable. Of course the 2-
RDMs of physical interest are the elements I" € Cy which arise from a normalized N-body density
matrix 7 € Py (satisfying Tr(Y) = 1), so that I' = L%,(Y) satisfies Tr(I") = N(N — 1).

7.1.2 The energy minimization problem in terms of second order reduced-density

matrices

The electronic Hamiltonian Hy acting on the N-body fermionic space /\7]:’:1 b of antisymmetric
N-body wavefunctions ¥ (z1, ..., zn) is formally defined as

a 1

1<i<j<N 7

where h = —A/2 + V and V is the external Coulomb potential generated by the nuclei. It holds

E= inf U, HyV) = _inf Tr(HpNT). 7.2
‘”?Q?i”’< W= T (72)

The second equality holds true since the minimum of a linear function over a convex set is attained
on an extremal point of the convex set (on a point I" = | ) (g |, which is a rank 1 projector
on Span{vy})). The physical interpretation is that the infimum of the energy over the set of mixed
states coincides with the infimum of the energy over the set of pure states.

Since the Hamiltonian Hy only contains two-body interactions, the energy of the system can
be expressed in terms of the two-body density matrix I" only (see, e.g. [71,233]). By linearity, this
property has to be shown only for extremal points I’y = |4 ) (¢ |. Let us then show that

(v || v)=m(xD),

where the two-body operator K is defined as

1 1
K —_— m(h(l)l + h(l)z) + m-
It holds:
A~ N —
(v]i]e)=3 ] B((1,00), - (o, o) (1) (1, 00), o (v, 0)
i=1 (R3x{£1}H)N
+ / [Y((z1,01),..., (N, 0N))]?
1<i<j<N Y (RIX{E£IHN Ix; — x;] ’
S / h(1) - 2((21, 1), (s 01)) |t o ity
orefx1) /R?
1 I'((z1,01), (x2,02); (21,01), (72,02))
_|_2 Z /]RS |x1 — X2| dCCl dCCQ.

(01,02)€{£1}2

Therefore,
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E= inf  T(KI). (7.4)
reCy,
Tr(I)=N(N—1)

Notice that we did not impose any constraint on the spin state in (7.4), but such constraints can
be easily taken into account.

The Galerkin approximation

In practice, finite-dimensional spaces are used:

h:=span(x;, i =1,...,7),

where (y;)i>1 is a Hilbert basis of the one-body space L?(R3 x {|1),]])},C). The 2-RDM I asso-
ciated with an N-body density matrix 7" € Py is still defined by means of Kummer’s contraction

operator L% as
T

[ = Ry = NV -1) Y xiikey (7.5)

01,02 1,02 i1i2k3...kN
k3,....,kn=1

The 2-RDM I" is now completely characterized by the matrix (Fijll’j2)l-l<i27 1 <ja-

Ji2

7.2 The N-representability problem

The electronic ground state problem reformulated as (7.4) is not tractable since the set Cy =
L%, (PY) over which the minimization is performed is unknown. This set is the set of 2-RDM
obtained from a wavefunction (or an ensemble of wavefunctions) through the Kummer contraction.
Characterizing this set is the so-called N-representability problem. No necessary and sufficient
conditions of N-representability are known for 2-RDM (or higher order RDMs). This is in contrast
with first-order reduced density matrices [69], which are N-representable as soon as 0 <~y <1 (as
an operator) and Tr(y) = N.

Only necessary conditions are known for 2-RDM. The most famous ones are the so-called P,
Q, G conditions [69,121], and we will focus on them in the sequel. Additional conditions T} et
T5 [92] can also be considered. Imposing only this necessary conditions results in minimizing the
energy on too large a variational space. Therefore, only lower bounds to the true energy are found
this way.

7.2.1 Some necessary N-representability conditions for 2-RDMs
Origin of the P, Q, G conditions

An operator I € §(h A b) is non-negative if and only if, for any g € h A b, (g,I"g) > 0. The P,
Q, G conditions are obtained by requiring

(v [ATA] 9) >0,

for certain operators A. In the formalism of second quantization (see [71] for more precisions), the
Tal 0 >, the condition Q to

" > and G to the positivijuly :f <¢ " >

P condition correspond to the positivity of the matrix <1/1 ’ a

Aj, Ajy

the positivity of <1/1 ‘ ajlaj2aT al a;‘l aj2a;fzaj1

11 12
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Explicit formulation of the P,Q,G conditions
The P, Q, G conditions are linear equalities of the form

The above operators are

Lp(I) =T, (7.6)
LoDl = T2 — 102 — 10t 4+ 672400 + 61047 + (67612 — 6]2671) Te(DD), (7.7)
La(D)2 =Tz 4 57y, (7.8)

The first order reduced density matrix is still obtained by means of the Kummer contraction

1 N
J o _ g,k
Vi = N —1 ];sz

Notice that the operators Lp and L defined on S(h A h) have values in S(h A h), so that
Lp = Lp, L = Lq (where the notation * refers to the adjoint operator). Therefore, the constraints
Lp(I'),Lo(I") > 0 must be understood as

VB e S(hAY), Te(BLp(I)) >0, Tr(BLg(I)) > 0.

The operator L is also defined on S(hAh) but has values in a space larger than S(hAh), a priori
the whole set S(h ® b). Therefore, L& (I") > 0 means

VB e S(heh), Tr(BLa(I)) > 0.

Relationship with the N-representability of the first-order RDM

We verify here that the necessary N-representability conditions for the 2-RDM imply the V-
representability of the first-order RDM. It is straightforward that the P condition ensures v > 0.
It then remains to check v < 1 [69]. The proof we present here is suited for finite-dimensional
spaces (which is the case of interest in practice), with r spatial basis functions (2r basis functions
when considering the spin variable).

Up to an orthogonal transformation, the first-order reduced density matrix can be chosen
diagonal. It is then enough to show that 7} <1 for any 1 < i < 2r. Since the diagonal elements of
Lq(I'N) are positive, if follows o

il =i =i +1=0.

Summing over iy # i and dividing by N — 1,

1 e =1, 1 L 2r—1
E [t i T _ A0

N-1 4k T N1 Nog ) ) g 20
12F 11

since ;i 7:22 = Tr(y) — 7:11 The first term of the above inequality being 71111 (by contraction of
the 2-RDM) and using Tr(vy) = N, it finally holds

>0
N-1 —7

i 2r 2r—1-—-N
71'1 1_N_1

so that, when 2r —1 — N > 0 (as in the case in practice), 71111 <1.
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7.2.2 An explicit (counter)example

The aim of this section is to show on an example that the set of N-representable 2-RDM has
a very complicated topology. In particular, there exist N-representable 2-RDM that are no longer
N-representable after an arbitrary small perturbation.

Consider N = 3 electrons, and an orthonoral system (¢1, ..., ¢s) in L?(R?). We denote 7 the
density matrix of order N = 3 associated with the wavefunction v, and Iy, the 2-RDM obtained
from 7, through the Kummer operator L = L3. A basis of the 3-body space H* C h? is given by
the Slater determinants { | ¢;¢;¢r ) }1<i<j<k<s, where

Lo
|¢Z¢j¢k>(xvyaz) = = (]5](.’1,') ¢J J .
V3l or(x) or(y) on(2)

5) = 10. We will use in the sequel the short-hand notations

The space Hjz is of dimension (3

U1 = |[p19203), V2 = |p10ads), V3 = |p20ads), Ya = |P3dads), s = [P2d305).

The remaining basis functions g, -+ ,119 are chosen arbitrarily among the remaining Slater
determinants, so that B3 = (¥, ...,¥10) is a basis of H>. The space of 2-body functions Hs is also
of dimension 10. A basis of this space is given by the Slater determinants {|¢;¢;)}1<i<j<5, where
for example

|p1d2)(2,y) = —= 91

This basis is ordered as

B? = {|¢1 ¢2), |1 @3), |1 Pa), |1 P5), |2 d3), [d2 da), [d2 d5), |d3 Ba), D3 B5), |da d5) ).

Let us first compute the matrices 7; associated with the 22RDM Iy, in the basis B?. For
example,

L(Ty,) = 3(1612) (6162] + 9165) (9165 + [6203) (6205]),
so that, in the ordered basis B2,
1.
m1 = 3 Diag(1,1,0,0,1,0,0.0,0,0).
Analogously,
Ty = %Diag(0,0, 1,1,0,0,0,0,0,1),

1
T3 = ngag(Ov 05 07 05 07 15 17 05 07 1)5

1
71 = 3Diag(0,0,0,0,0,0,0,1,1,1).

The 3-order density matrix

1
T:Z(F¢1+F¢2+F¢3+Fw4) (7.9)

is therefore in P3 since it is a convex combination of elements of P2. The matrix 7 associated with

the corresponding 2-RDM is
B 1D'a 1 13
T=gDiag| 1,.... 07
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The 2-RDM I' = L(Y) is then such that I" > 0, and 7" defined by (7.9) is in fact the unique element
in B2 such that I' = L(Y) (because L is one-to-one in the specific case we consider). Notice that
T is non-negative but not positive, since its kernel is of dimension 6.

Consider now an arbitrary small perturbation of I" of the form

Fe(zy; a'sy) =T,y 2, y') + % {|104) (2, y) (62851(2", 1)) + |d203) (. y) (Dr6al (@', )}

The matrix 7. corresponding to I, reads in the B2 basis
€
Te =T+ 5(63)5 =+ 65)3).

Therefore, for € small enough, the symmetric matrix 7. still verifies 7. > 0 and tr(7.) = 3. However,
T. is not 3-representable! Indeed, since L is one-to-one, 7, is obtained by contraction of

Te=T7+ §{|¢1¢4¢5><¢2¢3¢5| + |p2305) (D1 0405]}
= I+ S {15) (] + [} (%51}

In the basis {t;}i=1,... m, the matrix 7¢ corresponding to 7. is

0,0,0,0,0,0) + = (02,5 + 05.2),

€
2

which has a negative eigenvalue —e¢, so that the operator I is not positive semi-definite.

7.3 A dual formulation of the optimization problem
7.3.1 Dual Formulation of the RDM Minimization Problem

We now present the dual formulation of the minimization (7.4). We recall that the polar cone
C* of a cone C in any Hermitian space is defined as C* = {z | Yy € C,(z,y) > 0}, where (-, )
denotes the considered scalar product (here, the Frobenius scalar product). The dual method then
consists in formulating (7.4) in terms of (Cn)* instead of Cp:

E=N(N-1)sup{u | K —ue (Cn)"}. (7.10)

Formula (7.10) can be easily derived from (7.4). Introducing the Lagrangian
LI, B, ) = Te(KT) — Te(BT) — p{Te(I') — N(N — 1)},

it follows
E = inf sup L(I', B, ). (7.11)
I'eS2 Be(en)*, per
As usual when using Lagrangian, the constraints are not stated explicitely, but penalized using
some Lagrange parameter: u is used to ensure that Tr(I") = N(N — 1), and B € (Cy)* ensures
that I' € Cy. It then suffices to exchange the inf and the sup in (7.11) to obtain (7.10).

We therefore obtain an optimization problem in dimension 1 over p € R which is the variable
dual to the constraint Tr(I') = N(N — 1). Of course characterizing the polar cone (Cy)* is as
difficult as characterizing Cp, this issue is called the N -representability problem. Indeed Cny =
(Cn)**. Even if the dual formulation (7.10) does not simplify the theoretical N-representability
problem, it turns out to be more convenient for numerical purposes.
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Since both (Cy)* and Cy are unknown and difficult to characterize, it is necessary to ap-
proximate (7.10) by a variational problem that can be carried out numerically. To this end, some
necessary conditions for N-representability are selected. We consider L conditions of the following
general form

Ve=1..L, LoI)>0 (7.12)

where for any ¢, Ly : So — S(X/) is a linear map and X, is some vector space. Here, we restrict
ourselves to the P, Q, G conditions, with associated operators Lp, Lp and L given respectively
by (7.6), (7.7) an (7.8), and associated vector spaces Xp = Xg =hAhand Xg=h®bh.

Imposing only the necessary conditions (7.12) means that Cy is replaced by the approximate
cone Capp O Cn defined as

Capp = {F (S 52 | Vi = 1...L, Eg(F) > 0}
Its polar cone can easily be shown to be

L
(Capp)™ = {Z(ﬁz)*Bz | Be € S(X¢), Be > 0} : (7.13)

{=1

and the associated approximate energy is then, in view of (7.10),

Eap = inf  Te(KT) (7.14)
Te(I)=N(N—1)
=N(N —1)sup{p | K —p € (Capp)*}- (7.15)

Let us emphasize again that, since Copp O Civ, the energy E,pp, is a lower bound to the full CI energy
in the chosen basis, Eapp, < E. We present in Section 7.3.2 an algorithm for solving problem (7.15).
Notice that we obtain only the ground-state energy (and not the ground state density matrix), but,
resorting to first order perturbation theory, any observable including at most two-body interaction
terms can be obtained by a finite difference of energies.

7.3.2 Algorithm for solving the dual problem

Let us introduce the distance to the dual cone (Capp)*

§(p) = dist (K — p, (Capp)”) -

Denoting p};,, = Eapp/(N(N — 1)), the function ¢ satisfies the following properties:
(1) 6 =0 on (—o0, uy,,] and is increasing on [uy,,, 00);
(2) ¢ is convex on R;

(3) 0% is continuously differentiable on R, thus ¢ is continuously differentiable on R\ {z%,,} and

Te(K —p—Ay)

e TR e (7.16)
| K —p— Ayl

Vi > popps /() =

where A,, denotes the projection of K — p onto the polar cone (Capp)*.

Proofs for (ii) — (7i) can be found in [249]. To prove (i), one notices that when u < pz.
K—p=K—p"+(p* —p) belongs to (Capp)* since p* — p € Pa C (Capp)*. To illustrate the above
properties, we provide a plot of §(u) for No in a STO-6G basis set (see Figure 7.1).

In order to compute py,,. we use a Newton-like scheme that strongly exploits the above
mentioned properties in a natural way: starting from an initial energy above pg,, (such as the
Hartree-Fock energy for instance) and using the convexity of the function 4, the Newton algorithm
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Fig. 7.1. Left: Distance §(p) of K — p to the cone (Capp)” as a function of p for N2 in a STO-6G
basis set. The tangent at the estimated value for u7,, is also displayed (dashed line). Right: Zoom near
the FCI reference value. The Hartree-Fock value is uur = —1.4435153 while the reference FCI value is
pner = —1.4453909.

ensures that the energy u decreases at each step of the optimization process and converges to ;.
The right derivative of § at u;,,, being always positive, the convergence rate is guaranteed to be
at least superlinear.

Of course, the most difficult part of the algorithm is the computation of the distance §(u) to
the cone, and of the projection A, of K — u. To this end, we chose to minimize, for a given p, the

objective function
2

1
Ju(Bi,...,Br) = 3

)

L
‘K — =Y (Lo)* B
=1

under the constraints B, > 0 (¢ = 1...L), according to the definition (7.13) of the polar cone (Capp)*.
The above minimization is performed using a classical limited-memory BFGS algorithm [36],
keeping the last m = 3 descent directions. The positivity constraints were parametrized by B, =
(Cy)? with C, symmetric, as suggested by Mazziotti in [234,235].

Computing 0(x) with sufficient accuracy when p is close to pj,, can be difficult because the
minimization of J,(B) then is ill-conditioned. We therefore consider a “truncated" version of the
Newton algorithm where p is updated by a fraction 0 < a < 1 of the Newton step. We then use
the linearity of ¢ for values close to pu;,, to devise a stopping criterion limiting the number of
iterations. The algorithm is as follows:

Duar, RDM OPTIMIZATION

Algorithm 7.1. Consider an initial value u° (for example the Hartree-Fock value pupr), and

0 < a < 1. Compute the projection A0 of K — % on (Capp)* and the distance d° = §(u°),

5(p°

()

(1) Compute the projection A,n = ZEL:1(£€)* [(C1)?] of K — ™ on (Capp)*, the associated
distance d" = 6(u") = ||K — p™ — A,n|| and the derivative ¢’ (p™);

and consider pt = 0 — .Forn > 1, and € > 0 small,

(2) Compute the interpolation slope p™ = Z::%zz;

(3) If p™ < (1 + €)0’(u™), then the linear assumption is satisfied and the final value is
extrapolated from the current position as p* = u™ — LICIOR

(4) Otherwise, set p"*tt = " — a% and start again from (1) using as initial guess
Cf"’l =Cp forany ¢ =1...L.
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In practice, the above algorithm converges in a few iterations. The only time consuming step
is the projection performed in Step (1). As described above, this projection is done iteratively by
minimizing the objective function J,, by a limited-memory BFGS algorithm. The cost of one BFGS
iteration scales as O(r®). We did not observe a clear scaling of the number of BFGS iterations
with respect to the basis set size. The memory requirements scale as O(r*). Both computational
time and memory requirements are comparable to those of [234].

7.3.3 Numerical results

We have tested the method on several molecules at equilibrium geometries using data from
the EMSL Computational Results DataBase,! for STO-6G and 6-31G basis sets. The results are
reported in Table 7.1 and 7.2 respectively.

Table 7.1. Correlation energies in a STO-6G basis set.

System FCI energy Correlation energy Dual RDM energy (% of the correlation energy)

Be  -14.556086 -0.0527274 -14.556123 (100.07)
LiH  -7.972557 -0.0190867 -7.9727078 (100.79)
BH -25.058806 -0.0569044 -25.061771 (105.21)
Lip  -14.837571 -0.0286889 -14.839066 (105.21)
BeH, -15.759498 -0.0335151 -15.761284 (105.33)
H,O -75.735839 -0.0546392 -75.738582 (105.02)
NHsz -56.0586005 -0.0693410 -56.074805 (123.37)

Table 7.2. Correlation energies in a 6-31G basis set.

System FCI energy Correlation energy Dual RDM energy (% of the correlation energy)

Be -14.613545 -0.0467812 -14.613653 (100.23)
LiH  -7.995678 -0.0185565 -7.9959693 (101.57)
BH -25.171730 -0.0630461 -25.176736 (107.94)
Lip -14.893607 -0.0277581 -14.895389 (106.42)
BeHs, -15.798440 -0.0402691 -15.801066 (106.52)
H,O -76.120220 -0.1401501 -76.142125 (115.63)
NHs; -56.291315 -0.1336141 -56.318065 (120.02)

The reference Full CI (FCI) energies have been computed using GAMESS [300]. The correlation
energies are recovered with a good accuracy. This is consistent with previous results already
obtained with different RDM methods [118,234, 235,253, 376].

In general, we have observed that the function § is almost linear in quite large a right neigh-
borhood of ji,, (see Figure 7.1). Usually, only 3 or 4 Newton iterations are necessary to achieve
convergence. Therefore, the only limiting step of the method is the computation of the distance
d(u) and of the projection A, of K — p on the polar cone. The method is very robust with respect
to initial choices of the energy u° and the matrices C7. However, we have observed that the com-
putational time needed for finding the projection A, highly depends on the quality of the initial
guess. The choice of genuine initial conditions is not obvious since we are manipulating abstract
objects (dual elements of 2-RDM). Some CPU times are reported in Table 7.3 for very crude initial
conditions C? = Id and u°® ~ 0.9upy.

! See the web site http://www.emsl.pnl.gov/proj/crdb/
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Table 7.3. CPU time (s) in a STO-6G basis using very crude initial guesses (C; = I).

System Spatial basis size r CPU time (s) Newton iterations

Be ) 25.7 2
LiH 6 240.9 3
H,O 7 958.8 4
BeHs 7 1143.3 3

We would like to underline that our projection algorithm is far from being optimal. There is
clearly much room for improvement here. Let us also mention that the curve g — 6(p) can be
easily sampled using parallel computing (one value of u per processor).

-107.4¢ \ I
E Hartree—Fock

- - —Full CI
—— Dual RDM method

-107.6F

-107.8f
108}

-108.2}

Energy (Hartree)

~108.4

~108.6

_108.8E | | | | | | | |
0.8 1 1.2 14 1.6 1.8 2 2.2 2.4 2.6 2.8

N-N distance (Angstrom)
Fig. 7.2. Dissociation curve for N2 in a STO-6G basis set.
We finally present in Figure 7.2 dissociation curves for N3 in a STO-6G basis set. This example

was already studied in several works [124,188,252]. The agreement of our results with the reference
Full CI is excellent, and the dissociation energy is therefore recovered with a very good accuracy.
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This chapter presents a work on progress with E. CANCES, E. DAVIDSON, A. IzZMAYLOV,
G. SCUSERIA and V. STAROVEROV, on the mathematical understanding of the optimized effec-
tive potential (OEP) and other local potentials mathematically motivated by some minimization
procedure. We seek here a local potential accounting for the exchange part of the electronic inter-
actions (of course, eletronic correlations should ultimately be handled as well), and reproducing
as accurately as possible the Hartree-Fock exchange, also called ’exact exchange’ in the physics
and chemistry literature.

The Hartree-Fock method, presented in Section 2.1.4, is a variational wavefunction method
restricting the variational space to single Slater determinants:

1
JEN) = Val Det(¢i(x;)), (8.1)

with ¢; € HY(R?) )s Jgs @i(x)dj(x) do = b;5. In the sequel,

o, ...

Xy = {qs = (¢i)1<icn € (H'®3)Y

Gidj = 0ij } .
RS

The Hartree-Fock energy functional of a system of IV spin-less electrons reads

N
1 pqs |%z>
EH¥ () = = /vﬂ/vmu // // dd,
) 2; IVéd ey R3 JR3 |:17—y| R3 JRS Ix—yI Y

(8.2)
where the density pg and the density matrix vy are defined respectively by

N

N
= Z 0:(@))% va(z,y) = > dil@)di(y)- (8.3)

i=1
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The potential created by the nuclei is, for a molecule with K atoms of charge z; at positions Ty,

K o
Vane @) = = > =77
b1 k

For simplicity, we will consider in the sequel the Coulombic atomic potential

Z

||

Ve ({E) =

for Z > 0. A minimizer of (8.2) satisfies the Hatree-Fock equations, which are the Euler-Lagrange
equations associated with (8.2) (up to a unitary transformation):

Fai =~ A6+ Vuci + (pqs N %) 6 + Ko = cidh. (8.4)

In this expression, the exchange operator K¢ is defined as

Kogla) = = [ 2258 o)y (55)

It is therefore a non-local operator depending on the orbitals @ = {¢;}i=1,... n-

Mathematical setting

We consider here a given N-tuple ® = {¢;}1<i<n of functions defined on R?, orthogonal
for the L?(R3) inner product and belonging to the Sobolev space H?(R3) (notice that the latter
two conditions are automatically satisfied for any solution of the Hartree-Fock or Kohn-Sham
equations). The corresponding density and density matrix are defined as in (8.3). As the {¢; }1<i<n
are assumed to be in H?(R?), it follows from Sobolev embedding theorems that the density pg
is a continuous function going to zero at infinity. We also assume that pe does not vanish on R?
(this condition is automatically satisfied if the {¢;}1<i<n are the lowest N eigenfunctions of a
Kohn-Sham operator).

The exchange operator (8.5) associated with the N-tuple {¢;}1<i<n is the Hilbert-Schmidt
operator on L2(R?) defined for all ¢ € L2(R?) as

(Kap)(x) = —/ M</>(y) dy.

rs |7 =l

Note that the right hand side of the above definition actually makes sense as a L?(R?) function.
This is a consequence of Cauchy-Schwarz and Hardy inequalities (for the Hardy inequality, see
e.g. [52, Theorem 2.12]), since, for fixed = € R3,

/ "Y@(ZE,ZJ) ( duyl < al .
Ty ? y)dy _;|¢1(I)|||90||L2(R3)

s o=yl

’¢i

|- —l

L2(R?)
N

<2 Z 19 (@) ||z sy | Vil L2 (ms) -
i=1

Recall that a Hilbert-Schmidt operator on L?(R?) is a linear operator on L?(R?) for which there
exists g € L2(R? x R?) such that

VP ELA®), (GH@) = [ ae.nil)dy
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The function g (which is unique) is called the kernel of G. The set of Hilbert-Schmidt operators
on L2(R?) is denoted by o2(L?(R?)). Endoved with the inner product defined by

G.ttys = [ [ ate.hteg)dedy

(where g and h are the kernels of G and H respectively), o2(L%(R?)) is a Hilbert space. The
corresponding norm is thus defined by

1/2
Gllns = </ / |g(x,y)|2d3:dy> )
R3 JR3

Here, the kernel kg of K¢ reads
_Ya(z,y)
v —yl’

and, making use once again of Cauchy-Schwarz and Hardy inequalities,

|’Y<15 z,y)| / 2
| K. / / d dy < E oi(x)|* dx
| 45||HS R |,’E _y|2 Y | |

ko(z,y) =

N 2

é;
—

L2(R3)

< 4NZ IVl 2 sy < +oc.

j=1

The one-body density matrix g is also the kernel of a Hilbert-Schmidt operator on L?(R?),
denoted by v (abusing notations) and defined as

VFELARY), (@) = [ emaf( dy—z@ [ o

8.1 The Slater exchange potential

The exchange operator (8.5) is not a local operator (see Section 8.2.1 for a tentative definition of
local operators). In order to reduce the complexity of the Hartree-Fock equations, Slater proposed
to replace the non-local exchange operator by some local operator [312]. This local operator is
obtained by some averaging procedure (but can also be defined in terms of some variational
procedure, see Remark 8.3), and can be expressed in terms of the density matrix of the system as

D _ 1 |’795(x7y)|2
s = LR (8.7)

Nowadays, the complexity of the Hartree-Fock equations is no more an obstacle for ground-state
computations. However, it is still very interesting to find approximate local exchange operators for
the purpose of interpretation, or to improve the exchange part of exchange-correlation functionals
in Density Functional Theory. The local exchange potentials can also be used as an input in other
approaches, especially time-dependent methods.

The existence of a radial solution to the self-consistent Kohn-Sham equations with the Slater
exchange potential as an exchange-correlation potential is given by the following theorem. Recall
that a function ¢ is said to be radial if there exists a function ¢ such that ¢(z) = ¢(|x|). We will
denote by L2(R?) (resp. H}(R?)) the set of radial L?(R3) (resp. radial H'(R?)) functions, and set

Xy = {95 = (pi)1<i<n € (H}(R*)N

Gi; = 0ij } .
]R3
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Theorem 8.1. In the case of a single nucleus of charge Z > N, the nonlinear eigenvalue problem

1 A 1 1 2
1<i<N, <——A — e — — / ha(z,y)l dy) ¢ = eidi,  (8.8)
2 || lz]  po(z) Jrs |z —yl

with €1 < -+ < exy < 0 and pp, Yo defined as in (8.3), has a solution' & = (¢;) € X% and the
corresponding exchange potential Uf,s is globally Lipschitz in R?, C* away from the nucleus, and
satisfies, for all n > 0,

? (2) = _ﬁ to(em@VTER-le).
x
Besides, the minimum of the Hartree-Fock energy over the set of the radial solutions to (8.8) is
attained.

The proof of Theorem 8.1 can be read in Section 8.4.

Remark 8.1 (Practical computation through an iterative procedure). To compute in
practice a solution (8.8), it is possible to consider the following iterative procedure:

Algorithm 8.1. Starting from some set of N orbitals #° = {¢9,..., 6%},

1) compute the local Slater exchange potential v®'y given by (8.7) using the orbitals d" =
x,S
{(b;l}i:lym,N;
(2) compute the first N eigenvectors of the operator

1 Z 1 n
(——A — — 4 pen * — + Uis) pitt = e tlntt, (8.9)
2 | |z]

When there are degeneracies in the highest energy levels, some arbitrary choice is made;
(8) replace n by n+ 1 and go back to Step 1.

In some case, we will restrict ourselves to radial eigenvectors. Recall that, when the orbitals are
radial, the eigenvalues of the operators appearing in Algorithm 8.1 are non-degenerate, and the
radial i-th eigenvector ¢; has exactly i — 1 nodal spheres.

The well-posedness of this iterative procedure is ensured provided the operator in (8.9) has at
least N negative eigenvalues, its essential spectrum still being [0,+00). This is easier to check
when the orbitals are radial, or when the nuclear charge satisfies Z > N. In the general case, some
exponential decay of the initial orbitals has to be assumed. The well-posedness of the iterative
procedure is precised in the following propositions:

Proposition 8.1. Assume Z > N — 1. For initial radial orbitals (¢9,...,¢%) € [H2(R®)|N, and
when ( ?H,..., ’]@H) are the first N radial orbitals in the diagonalization (8.9), the iterative
procedure of Algorithm 8.1 is well-defined.

Proposition 8.2. Assume Z > N. For initial orbitals (¢9,...,6%) € [H2(R3)]N, the iterative
procedure of Algorithm 8.1 is well-defined.

Proposition 8.3. Assume Z = N. For initial orbitals (¢9,...,9%) € [H2(R®)]V exponentially
decreasing, i.e. such that there exists C°,~%, R® > 0 with

V1<i<N, V|z|>R", 180(z)| < CPe "Il

the iterative procedure of Algorithm 8.1 is well-defined.

However, we were not able to show that this numerical procedure indeed converges to a solution
of the self-consistent Kohn-Sham equations with Slater exchange potential.

' In the Aufbau condition (e1 < --- < en are the lowest N eigenvalues of (—%A + Vaue + pao * 2 + vis)),

[

the mean-field Hamiltonian is here considered as an operator on LZ(R3).
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8.2 The Optimized Effective Potential problem

8.2.1 Usual formulation of the OEP problem

In order to generalize and improve Slater’s approach, Sharp and Horton [308] proposed a syste-
matic way to obtain local potentials approximating the non local exchange operator. They suggest
to minimize the energy of the Slater determinant constructed with the lowest N eigenfunctions
of some one-electron Schrodinger operator —%A + W, W being a ’local potential’. This track
was further explored by Talman and Shadwick [338]. Note that what is precisely meant by ’local
potential’ is not clear.

Leaving this issue aside until next section, we introduce the set of admissible ’local potentials’

1
W= {W 'local potential’ | Hy = —§A + W is a self-adjoint operator on L?*(R?),
bounded from below, with at least N eigenvalues below its essential spectrum}7

and the OEP minimization set

X ={®={d}1cicn | 6 € H'(R?), (8.11) and (3.12) hold for some W e W}, (8.10)

where conditions (8.11) and (8.12) are defined as

1
<—§A + W> i = €i¢i, /}R3 Gid; = iy, (8.11)

and
1
€1 < --- < en are the lowest N eigenvalues of Hy = _EA + W. (8.12)

The optimized effective potential problem then reads

: HF
qﬁueleE (D). (8.13)

POFP 3 minimizer to (8.13), an optimal effective potential is a ’local potential’

Denoting by ,
WOEP ¢ W which allows to generate #°FF through (8.11)-(8.12). It is convenient to decompose
WOEP as
WOEP (4} = Vie () + / paorr (y) dy + vx.0Ep(2).
r |z =yl
In order to emphasize the mathematical issues arising from the above formulation of the OEP pro-
blem, it is worth recalling the general method for proving existence of solutions to a minimization
problem such as (8.13). The first step consists in considering a so-called minimizing sequence, that
is a sequence (P"),en of elements of X' such that
lim E"F (") = inf EMF(d).
n—-+00 PeX

It is easy to check that the sequence (@"),cn is bounded in (H*(R?))", hence weakly converges, up
to extraction, toward some @ € (H*(R?))V. It is then standard to show (see [211] for instance)
that

EF (%) < inf EUF (). 14

(@) < inf E"(@) (3.14)

The difficult step of the proof is to show that &> € X (if #>° € X, we can immediately conclude,
using (8.14), that & is a solution to (8.13)). For this purpose, we need to introduce a sequence
(Wh)nen of ’local potentials’ such that @™ can be generated by W,, via (8.11)-(8.12). If (W},)nen
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was bounded in some convenient functional space Y, (W,,)nen would converge (up to extraction
and in some weak sense) to some potential W, € ). We could then try to pass to the limit in the
system

1

/ o7 B = bij,
R3
1
el <--- <€l are the lowest N eigenvalues of Hyy, = _EA + Wh,

using more or less sophisticated functional analysis arguments, in order to prove that @ satisfies
1 o0 o0 o0 OO
—§A¢i + Weedi™ = €767,

/ 60 = 5,
R3

1
€70 < - <€y are the lowest N eigenvalues of Hy_ = §A + Weo,

hence belongs to A’

To make this strategy of proof work, we therefore need to find a functional space ) in which
the sequence (W), )nen is bounded. This will allow us in addition to clarify the notion of local
potential in this setting (a local potential will be defined as an element of )). Unfortunately, we
have not been able to find any non trivial? functional space W satisfying the above request. This
mathematical difficulty has well-known numerical counterparts [321]:

(i) it is easy to construct dramatic modifications of the (computed) optimized effective po-
tential that are “almost solutions” of the OEP problem;

(ii) variational approximations of the OEP problem in which the molecular orbitals and the

trial effective potentials are discretized in independent basis sets lead to unphysical results.

8.2.2 A well-posed reformulation of the OEP problem

A way to circumvent the issue raised in the above discussion is to replace (8.11)-(8.12) with
formally equivalent conditions that do not explicitly refer to a "local potential” W' [25].

Let us first deal with (8.11). Consider some operator W such that (W) = ¢(We) for all
(p,9) € HY(R?) x HY(R3) (which is the least we can demand to a ’local potential’). It is then
clear that if & = {¢1,...,¢n} € (HY(R?))"N satisfies (8.11), we also have

div (¢; V1 — 91V ;) = cid1¢,

/ Gij = 0ij, (8.15)
RS

with ¢; = 2(e; — €1). Conversely, if & = {¢;} € (H*(R?))" satisfies (8.15), then at least formally,
& satisfies (8.11) with, for instance,

N N
Z i Adi + Z cig;
W =L i=2

; 8.16
o (8.16)

€1 =0, and ¢; = ¢;/2 for 2 <i < N. We are therefore now in position to rigorously define a set of
admissible local potentials

2 It is of course possible to construct finite dimensional functional spaces W for which (8.13), with X
defined by (8.10), has a solution. Reducing artificially the class of admissible potentials is however not
a very satisfactory way to tackle the OEP problem.
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1
W = {W operator on L?(R3) | Hy = _EA + W is a self-adjoint operator on L*(R?)

with domain D(W) C H} _(R?),
bounded from below with at least N eigenvalues below its essential spectrum,

1
and such that  ¥(g, ) € D(W) x D(W), (Hw o) — (Hwi)o = 5div (670 — W¢>}.
In order to account for condition (8.12), we remark that for any & € X, it holds for all 1 < ¢ < N,
1
weCE®), 5 [ GIVUE = e (i - o) s
RS

It follows from the above equality (see [25] for details) that conditions (8.11)-(8.12) are rigorously
equivalent to

1
<—§A+W> O = €:i, /R3 bidj = dij,

Vi € Cg°(R3), V1 <i< N —1,

i 2 [ 2
2 2 L b X _ 2 2_ .
[ #ve 22330 el>(43w¢z¢]) s -a) | [ 06 Z(/Rs@b@%)

Jj=1

Combining the above result with the formal equivalence between (8.11) and (8.15) with ¢; =
2(€; — €1), it is natural to introduce the optimization problem

inf EHF (). (8.17)
deX

where

f={¢={¢i}1<i<zv ‘ ¢ € H'(R?), /¢i¢j:5ijv
R3
W=c1<ca<---<eny<oo, V2<i<N, div(¢;Ve1 —p1Ve;) = cip1¢y,
V1<i<N-—1, Vi € C(R3),
7 2 7 2
2 V|2 i i Q4 i 27 — i Dy
[, at1vel z;q(/ﬂ{swm) e | [ v ;(/MMJ

We have therefore eliminated any explicit reference to a 'local potential’. The connection between
the original OEP problem (8.13) and its reformulation (8.17) can be stated as follows:

(i) if #OFF is solution to (8.13), then #OFF is solution to (8.17);

(ii) if POEP = {g?EP} is solution to (8.17), and if the reconstructed potential
1<i<N
N N N o
> ORT AOEP 4 3 ORT
WOEP _ i=1 i=2 8.18
2pgorr ( )

defines an element of W, then ®°FF is solution to (8.13) and WOEP is an optimized
effective potential.
It is proved in [25] that for a neutral or positively charged two electron system, problem (8.17) has
at least one global minimizer #°FF . Unfortunately, we have not been able to establish whether or
not the reconstructed potential formally defined by (8.18) is in W.
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8.3 The effective local potential minimization problem

As shown in Section 8.2, the OEP problem in its original formulation is not well posed. We
consider here an alternative way of obtaining an effective local potential (ELP), relying on some
variance minimization. We show that the corresponding minimization problem is well-posed in
the sense that the ELP is uniquely defined up to a uniform constant. We also provide an explicit
analytical expression for it.

The effective local potential associated with a given @ € X'y was originally defined as the local
potential minimizing the function [185]

N
vl—>S¢ Z Z (251 U_K¢)|¢a>| ;
i=1 a=N+1

(¢a)a>nN+1 being a Hilbert basis of the orthogonal of the vector space generated by (¢;)1<i<n. A
simple calculation shows that Sg(v) = JEXF(v) where

1
Iz (v) = 5l = Ko, vallfs,

[A, B] = AB — BA denoting the commutator of the operators A and B. An intrinsic formulation
of the ELP problem therefore reads

inf {JEP(v), v € L3(R3) + L°(R?)}. (8.19)
Proposition 8.4. Let & = (¢;)1<i<n € Xn. Any solution vnyLP to (8.19) satisfies
@ _ e (z, y)* d @ 4 NKlh:)) b 4 2
p‘P(‘T)Um,ELP(‘T) s + Z ¢z|vz,ELP|¢J> — (i ¢|¢J>) bi(z) (o (z) (8.20)

R et

and the symmetric matriv M?® = [<¢i|vf,ELP|¢j>] is solution to the linear system
(I - A"YM? =G* (8.21)
with

= [ end g [ oo > A6kl

7,7=1

kl k¥

Besides, if the orbitals ¢; are continuous and if the open set R3 \ pgl(O) 1s connected, then the
solutions to (8.21) form a one-dimensional affine set of the form

M + Rly,

so that Uf,ELP is uniquely defined, up to an additive constant, on the set where pg > 0, and can
be given arbitrary values on the set where pg = 0.

Remark 8.2 (ELP for systems with spin states). We denote the spin variables by «, 3,
and the number of electrons of spin o by N,. The Euler-Lagrange equations associated with the
Unrestricted Hartree-Fock problem read

1

1
_§A¢a +Vnuc¢ + (p@* | |> ¢ +K¢0‘¢a = 6 7

1
=500 4 Vi) + (o ) o 4 Kol = el
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where pe is the total density pe(x) = poo(x) + pes (), with pes(x) = vaz"l |67 (2)|?, and Kgo
and Kgs the exchange operators defined by

(Kanp)a) = - | 122 @Y) oy, (Kasp)(a) = - / 222(2:9) 0y g,

R3 |:c—y| R3 |:c—y|

with vgo (x,y) = 211\51 7 (2)¢? (y). The effective local potentials v* and v° are then obtained by
solving

inf {Jg-(v7), 07 € L3(R?) +L>(R?) }, (8.22)
where Jpo : L3(R3) + L>°(R?) — R? is defined as

g 1 g
oo (v7) = 5I[v7 = Kor, v is-
The results obtained in the spinless case straightforwardly apply.

Remark 8.3 (Variational definition of the Slater potential). There is also an alternative
definition of the Slater potential in terms of some minimization procedure in Hilbert-Schmidt norm,
namely

Vs = arginf [v7e — Kaolls-
vEL? (R?)+L (R?)

This wvariational characterization is reminiscent of the definition of the effective local potential
(ELP) through the minimization (8.19). Actually, as will be seen below, the ELP can be decomposed
as a Slater part, plus correction terms. The Slater potentiel is believed to represent the long-range
part of the exchange potential (decaying as —1/|x| when |x| — +00), whereas the remaining terms
are believed to be exponentially decreasing.

8.4 Mathematical proofs

8.4.1 Some useful preliminary results

Recall that the set L32(R?) 4 (L°(R?)), is the set of all function ¢ which can be written,
for all € > 0, as a sum ¢ = ¢3/3 + oo With ¢3/5 € L?/2(R3) and |pocllroe sy < €. When W €
L3/2(R3) + (L>°(R?))., the essential spectrum of the operator —2 A + W is still [0,400) [52,277].

Lemma 8.1 (Exponential decay of the orbitals). Consider an orbital ¢ € H?(R?) satisfying
an equation of the form

A6+ W= —po, (5.28)

where the potential W € L3/2(R3)+(L>(R?)). is such that W (x) — 0 when |z| — +oc, and yu > 0.
Then, for any n > 0, there exists M, > 0 and R, > 0 such that

Vo] = Ry, [g(@)] < Myem V2l (8.24)

Proof of Lemma 8.1. Kato’s inequality —A|¢| < —sgn(¢) A¢ implies
—Alg| <2(u+ W)é sgn(¢) = —2(u + W)lg|.
For 0 < n < 2p, there exists R,, > 0 such that 2|7 (z)| <7 when |z| > R,. Then,

—Alg| + (2p —n)|o| < 2W —n)|9].
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Using the elementary solution of —A + (2u — ), namely u(x) = (4n|z|) ™t exp(—+v/21 — n|z|), it
follows

@)l = [ ule=n)n+ 2y < [ ule—g)n+ 20 @) Io(w)] dy

ly|<Ry,

since —n + 2W (y) < 0 when |z| > R, and |¢| > 0. Finally, the last integral in the above equality
can be bounded by M, exp(—+/2u — n|z|) for some M, > 0 and for |z| > R, > 0, so that (8.24)
follows. U

Lemma 8.2 (Asymptotic behavior of the Slater potential for exponentially decreasing
orbitals). Consider &* = (¢%,...,¢%) € [H2(R*)]N and assume that there exists R, > 0 such
that, for |z| > R,

VISi<N,  |¢j(z)] < Cs exp (—lz]), (8.25)

for some v, Cy > 0. Then the Slater potential vf; defined by (8.7) is such that

@* 1

XS( )N__

||

when |z| — +o0.
Proof of Lemma 8.2. First, for any R > R,,

1/2 1/2
(bf(b;(y) |¢f(y)|2 * 2 2 7R
/yzR |z =yl W= </yzR |z = 3/|2> </|y|2R i) = (820

for some C' > 0, using Hardy’s inequality to bound the first term on the right hand-side, and the
exponential fall-off of the j-th orbital for the second term. Second,

W), Juen 193 ) dy vl —la
50 gy - Ansn BT [ sl
|y|<zz |$ y| |z| ly|<R 2] |y — =
so that
¢*¢* f <R¢:¢*(y) dy 1 . 1
/ dy— M [ 10065 ) .
lyl<R |l’—y| || | Jiy1<r ly — x|
Using a Hélder inequality,
[ W6t )= dy 0
Yei\y)e;\y)ly—7 a4y —
ly|<R ! ly — 2
when |z| — 400, which concludes the proof. O

8.4.2 Proofs for the Slater potential

Proof of Theorem 8.1. The strategy of proof is based on a fixed-point argument. Notice that
variational methods cannot be used since (8.8) seems to have no variational interpretation.

For all n > 0, we consider the problem
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1 Z + 1

(58 25 o gy #4207 1 =t

/ S8 = b, (8.27)
]RS

€] <--- <€}l are the lowest N eigenvalues of ( ia— Z+n + pgn * le + U ) (on L2(R3))

where )
1
o) = — / e 9l
pa(x) +1 Jrs |z —yl

The proof of existence of a solution to (8.27) for n = 0 follows the lines of the proof of Theorem III.3
in [214]. We first construct, for > 0, a continuous application 7" whose fixed points are solutions
to (8.27) in X%, We then prove the existence of a fixed point of T using Schauder Theorem. The
existence of a solution to (8.27) in the case when n = 0 is finally obtained using some limiting
procedure. Note that we have introduced the parameter 7 both in the nucleus-electron interaction
and in the Slater potential. In the former term, 7 plays the same role as in [214] (i.e. it enables us
to control the decay of the orbitals at infinity). The role of 7 in the latter term is to ensure the
continuity of the nonlinear application T for n > 0.

First step. Construction of the application 7.

Let n > 0 and
K = {y'/ = (Yi)1<i<n € (HHR¥)N ‘ [/ ¢i¢;} <Iy }7
RS
I denoting the identity matrix of rank N. The semidefinite constraint URS gbl-(bj] < Iy means

N

vz € RY, Z (/R'f ¢i¢j) vy < |z)?.

i,7=1

It is easy to see that K is a nonempty, closed, bounded, convex subset of the Hilbert space
(H}(R?))N, containing X%. For ¥ € K, we denote by vy (x,y) = Zfil i(2)i(y), pw(z) =
o (z, x) and

1 Z+n 1 o,

Fl=—-A-2"1 — 0,
v 2 |$| +p‘1/* |$| +vx,5

As the potential V] = —ZH1 4 py « | i vl°d belongs to

[]
L*(R®)4+LP(R?) = {W | Ve > 0, I(Wa, Wao) € L*(R?) x L®(R?), [Weo|lLe <€, W =Wa+ W},

it is a compact perturbation of the kinetic energy operator. By Weyl Theorem [277], acss(ﬁ”)
chs(_%A) = [0, 00). Besides, using Gauss theorem and the inequalities —‘—N‘ < —pw*ﬁ <P < 0,

x,S =
one has —% <Vg < —%. Hence,

GZt = —ZA -

<F)<@Ghi=—-A—-—. (8.28)

As the hydrogen-like Hamiltonian G, considered as an operator on L2(R?), has infinitely many
negative eigenvalues, so does FVW (this is a straightforward consequence of Courant-Fischer min-
max principle). Besides, the eigenvalues of the radial Schrodinger operator ﬁg being simple, the
spectral problem
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ﬁg@ = €;Pi,
/ bij = dij,
R3

€1 < --- < ey are the lowest N eigenvalues of Fvg (on L2(R3)),

has a unique solution & = (¢;) in XY, C K up to the signs of the orbitals ¢;. We can therefore
define a nonlinear application 7" from K to K which associates with any ¥ € K the unique
solution ¢ = (¢;) € Xy C K to (8.27), for which ¢; > 0 in a neighborhood of x = 0, for all

1 <i < N (by the strong maximum principle, ¢; cannot vanish on an open set of R3).
Second step. Existence of a solution to (8.27) for n > 0.

By standard perturbation theory, it is not difficult to prove that 7" is continuous (for the H!
norm topology). Let us prove that 7" is compact. Let (¢™) be a bounded sequence in K, and let
@™ = T"P", There is no restriction in assuming that (¥") converges to some ¥ ¢ (H'(R3))V,
weakly in (H'(R3))Y, strongly in (L .(R?))" and almost everywhere. This implies in particular
that the sequence (pgn» * ‘—i‘ + Uzg’”) is bounded in L*° and converges almost everywhere to

Pwn * |916—| + vfgn when n goes to infinity. Using again (8.28) and denoting by €} the i-th eigenvalue

of Fjl,., one obtains

N

N N
1 n 1 n Z+n n
32 (V6 — 22+ ~ 22+ <33 [ varp = [ 2o <3 e <o
i=1 =1

i=1

Thus, for all 1 < i < N, the sequence (¢I')nen- is uniformly bounded in H'(R?) (independently
of (¥™)), and therefore converges, up to extraction, to some ¢; € H}!(R3), weakly in H*(R?)
strongly in L2 _
one obtains

3

(R?) and almost everywhere. Besides, using (8.28) and Courant-Fischer formula,

(Z+n)?
22

n*

<e < - a2

[\

Z+n)?® 0
22 022

Up to extraction, (e!') therefore converges to some €] € [— ]. Next, by Kato inequa-

lity [277],
— A7 < —sgn(e]) Ady = 2(ef" — Vyh)|o7|

Z + n 772
<2 — = | o} 8.29
= < |£L'| ) | % | ( )

As, moreover, (¢") and (") are bounded for the H' norm topology, (V. ¢!") is bounded in
L?(R3), so that (¢7) is bounded in H?(R?), hence in L (R?). Consequently, it follows from (8.29)
and the maximum principle that there exists 6 > 0 small enough and M > 0 independent of ¢
and n, such that

or ()] < e (F)lel

This implies that (¢7),en+ converges (up to extraction) to ¢ strongly in L?(R?). In particular,

Q" = (¢]) € XY. It is therefore possible to check, using the convergence of (™) to ¥” and the
convergence - up to extraction - of (™) to " and of (ef') to €/, that

1

and then, using the positivity of pgn x |916—| + vfg’" and Fatou lemma on the one hand, and the

lower semi-continuity of the functional ¢ — [5, [V¢|? on the other hand, that
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liminf—/ |Vol'|? = liminf2/ (Vg — €M1 ?
n—-+4oo R3 n—-+0o0o R3
>2 [ (- el =- [ var.
R3 R3

As on the other hand,
[ 1ere < it [ vorP,
R3 n—-+oo [p3
(W™) converges to ¥ strongly in (H'(R3))Y, which proves that 7" is compact. It then follows

from Schauder fixed point theorem [375] that 7" has a fixed point ¢" € X}, which is solution to
(8.27).

Third step. Existence of a solution to (8.27) for n = 0.

Let (n,) be a sequence of positive real numbers converging to zero. As the sequence of correspon-
ding fixed points (#"") is uniformly bounded in (H*(R?))" and as —% < e™ <0, there is
no restriction in assuming that (@) converges to some * € (H'(R?))V weakly in (H'(R?))%V,
strongly in (L2 _(R3))Y and almost everywhere, and that (¢/") converges to € < 0. Besides, the
sequence (@) is bounded in (H?(R3))Y, hence in (L>°(R3))N.

Passing to the limit in the equation .%g’;n olm =e" ¢l yields

1 Z 1
—_AdF — — _
A,

]

o+ (p@ . ) R

||
Assume that [ps pe« < N. As

~ 1 A 1
]‘—an S __A_ _+p¢77n *_,
25 |« ||

one has, using Courant-Fischer formula, and denoting by A;(A) the i-th eigenvalue of A,

e/ = lim ¢
n—-+oo
= hm )\1 (j':q}nn)
n—-+4oo
1 Z 1
< 1 Ni| —=A - — ok —
< JHm ( 22 T *|x|>
1 7 1
:)\i(——A——+p¢**—)
2 2| 2|

N_ 3 *
<\ <_%A_M)

||
_ _ (N - fRB» p@*)2

o <0.

It follows that for n large enough, the sequence (€]™) is isolated from zero. As (@) is bounded
in (L>°(R3))Y, we conclude, reasoning as above, that there exists M € Ry and o > 0 such that

for n large enough
|6 ()] < M eI,

This implies that (@) converges to &* € (H'(R3))"Y strongly in (L?(R?))", and consequently
that [, pg» = N. We reach a contradiction. This means that [, pg+ = N and therefore that
T € A,
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This proves that (¢}) are orthonormal eigenvectors of FY,. The fact that € < --- < €y are the
lowest eigenvalues of Fg, follows from Courant-Fischer formula.

In view of the proof of Proposition 8.1, the Slater potential Uf)*s is equivalent to —%‘ at infinity.

This proves that €] < --- < ey < 0, from which it follows that the orbitals ¢; enjoy exponential
decay: For all > 0, there exists M € R? such that

|65 (z)] < M e~ (V2eh—n/3)lal,

so that

Tolw) =~ o (VIR I,

Ux,S €z |I|

Lastly, the same arguments as above can be used to prove that the minimum of the Hartree-Fock
energy over the set of solutions to (8.8) is attained. 0

Proof of Proposition 8.1. The well-posedness of the iterative procedure is granted provided the
aufbau principle associated with the Hamiltonian
A 1 n

1
——A— ot pon k00 (8.30)

H@n -
2 |z ||

is well-posed for all n > 0. This in turn is guaranteed provided the lowest N negative eigen-
values of Hgn can be computed unambiguously (Notice that the essential spectrum of Hgn is
still [0, +00)).
When the orbitals @ = {¢; }i=1,... .~ are radial, the asymptotic behavior of the Slater potential
can be precised. Gauss’s theorem shows that
i—|—0(i> when ¢ = 7,

¢i¢j(y)d _ Gid;(y) du — || ||
wo |7 — Y] / max(Ja], [y]) *Y (1) o
o|— when i # j.

||

Indeed,
_ b)) g (s ° 2195 W) ,
/R3 max(jzl, [y]) ¥~ Ta] (” /y>x¢l¢3 +/|y|>|m| 1]

The second integral on the right hand side converges to 0 when || — 400, and the rate of
convergence can be precised as

6i6;(y) 1 . - !
‘/|y|2|w| vl y‘ : || </|y|2|w|¢z> </IyIZIwI¢J> "\

since the functions ¢; are in L2(R?). The first term is handled in a similar manner. Finally,

£ ()5 o(3)

when |z| — +o0.

A classical scaling argument (as for in proof of Lemma II.1 in [214] for instance) then shows
that, for all n > 0, Hgn» has infinitely many single negative eigenvalues. Therefore, the new orbitals
can be uniquely constructed. u

Proof of Proposition 8.2. Using a Cauchy-Schwarz inequality, the following bound is obtained:
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Z ~ 1 Z 1
<H¢n§H¢n: —A———Fp@n*

1
—A-Z < - —. (8.31)
2z 2 || ||

It is not sufficient to obtain the existence of infinitely many negtive eigenvalues when Z = N and
the orbitals are not required to be radial. This is however the case when Z = N + g (for some
n > 0), using again a scaling argument as in [214, Lemma II.1]. The proof of Proposition 8.2 is
therefore analogous to the proof of Proposition 8.1, and we skip it. t

Proof of Proposition 8.3. When Z = N and the orbitals are not radial but have an initial expo-
nential decay, we show that

(i) the Hamiltonian Hgn defined by (8.30) has infinitely many eigenvalues below 0;
(ii) the corresponding eigenvectors are still exponentially decreasing.

The proof of well-posedness of the iterative procedure is done using the following recurrence
assumption:

Recurrence assumption 8.1. There ezists R™ > 0 such that, for |z| > R™,
VI<i<N, ¢} (x)] <C" exp(—"|z]), (8.32)
for some 4™, C™ > 0.

This assumption is verified for n = 0. If it is verified for n > 0, then, by Lemma 8.2, the Slater
potential behaves as —1/|x| at infinity. A classical scaling argument then shows that there are infi-
nitely many negatives eigenvalues. The exponential fall-off of the associated orbitals {(b;”rl}i:l _____ N
can then be shown using Lemma 8.1, so that the recurrence assumption (8.1) is satisfied for n+ 1.

O

8.4.3 Proof of Proposition 8.4

For all v € L3(R3) + L>=(R?), the operator B¥v = [v,7g] is Hilbert-Schmidt. One can therefore
define on L3(R3) + L>°(R3) the functional

1 1
Jp " (0) = Sl = Ko, vallltis = 511B™v = [Ko, vallEs:
For all v and h in L3(R3) + L>(R3),
1
Jp " (v 4 h) = Jg T (v) + (Bv = [Ka, 0], B hjus + 5| B ki
and

(B*v — K4, 78], B*h)us

= [ potar+ | DD 4 S~ (o - Ko 63)0x(@)05(@) | bia)da.
R3 R T =yl =1 ! ’

The global minimizers v of (8.19) are therefore exactly the solutions to the equation

N
[ya (2, y)|?
pa(x)v(z) = — /}R3 ey dy + Z (pilv — Kolgj)di(x)¢;(z). (8.33)
i,j=1
Multiplying the above equation by % and integrating over R3, one then observes that a function

v satisfying
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po(@)o(z) = — /R 'VTZ% Byt S (M = (6Kl ()6 @)
i,j=1

is solution to (8.33) if and only if the matrix M is solution to the linear system
(I — A")M = G?. (8.34)

Let us now prove that, if the orbitals ¢; are continuous and if R3 \ pqgl(O) is connected, then
Ker(I—A?) = RIy and G? € Ran(I—A?). For this purpose, let us consider a matrix M € Mg(N)
such that (I — qu) M = 0. As M is symmetric, it can be diagonalized in an orthonormal basis set
as

M =UT Diag(\1,--- , ) U

where U is a unitary matrix. Denoting by (¢1,...,%x)T = U(¢1,...,¢n)T, a simple calculation
leads to
N 2 d
=((I-A")M,M)p = A?—/ ii(x)? =
(1= a%) M 0)e =300 - @ o

where (-,-)p is the Frobenius inner product on Mg(N). As U is a unitary transform, the ;
N

are orthonormal for the L2(R?) inner product and Zwi (x)? = pg(x). Therefore, using Cauchy-
i=1
Schwarz inequality,

2

ii(z)?

< (Z ¢i($)2> <Z A?¢i($)2> = pa(x) > Ai(x)?,

i=1 i=1

with equality if and only if there exists C'(z) such that \;ip;(x) = C(2);(z) for all 1 < i < N.

Hence,
2

abi(z)?

N N
Z 2
i=1 R? =1

with equality if and only if for almost all # € R?, there exists C'(z) such that \;¢;(z) = C(x)y; ()
forall 1 <i<N.

If the orbitals ¢; are continuous, so are the functions ;. Let us consider the open sets 2, =
R3\ ¢;1(0) and 2 = UN,02; = R?\ p;*(0). On £, one has C(x) = \;. This implies that the
function C'(z) is constant on each connected component of 2. If (2 is connected, one therefore has
Al = Ay =+ = Ay, i.e. M is proportional to the identity matrix.

In summary, under the assumptions that the orbitals ¢; are continuous and that R3 \ p(;l(O)

is connected,

(1) the linear equation (8.34) has a solution if and only if G® € Ran (I — A?). Note that
Ran (I — AQ) = Ker (I — (/145)*)L = Ker (I — Aé)l, since A? is self-adjoint for the Fro-
benius inner product. It then follows Ran (I — A®) = Span(Iy)*. Since (Iy,G%)p =
Tr(G?) =0, G* € Ran (I — A?) and (8.34) has at least one solution M?;

(2) if M? is a solution to (8.34), then the set of the solutions of (8.34) is { M + Mg~, X € R}.
Note that replacing M? with M®+ X~ in (8.34) amounts to replacing vf py p with vf gy p+A. O
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