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ABCDEFCE GE HI J CKGGED IHHL MENOFD GE J CPQ RBSTBUV ME W
XPVUKMEFD W YEFPK ZEPEUDQR[K
\OTTBPDECPU W ]EOF^_ KR`EG \BaCEJ BbPE_EDE ABFEP
cdOS KFODECPU W e GKN KEP f GNOPEghCQ ZOPGEUiCKU jObOPEGGKX KEPPE jOPMOGKOkCED
l KPERDECP ME D`mUE W \VkKU _BFFEOC





n op oqrsop otuv

_EU PES EPRKES EFDU U wOMPEUUEFD EF DBCD TPES KEP GKEC x \VkKU _BFFEOC aCK O UCkCKMEP S EU DPONOCd ONER RBSTVDEFRE y MQFOS KUS E ED kEFDKGGEUUE z {PONOKGGEP ONER GC K|CD CF kPOFM `BFFECP ED CFE BRROUKBF ME TPB}DEP ME UO kPOFME RCGDCPE URKEFDK}aCE yME UBF KFDCKDKBF y ME UO PKkCECP S OD`VSODKaCE y S OKU OCUUK ME UEU aCOGKDVU `CS OKFEU ze GKN KEP f GNOPEg S wO KFDPBMCKD x GO D`VBPKE MEU UBGCDKBFU ME N KURBUKDV ONER ~ EOCRBCTME TVMOkBkKE z �G S wO VkOGES EFD T EPS KU ME PEFRBFDPEP \VkKU ED O UCKN K S EU DPONOCdMCPOFD REU DPBKU OFFVEU z �G S E |OKD VkOGES EFD GE kPOFM `BFFECP ME TOPDKRKT EP x S BFJ CPQz XBCP DBCD REGO y J E GE PES EPRKE N KNES EFD z]EOF^_ KR`EG \BaCEJ BbPE O ORRETDV GO GBCPME D�R`E ME POTTBPDEP UCP RE DPONOKG zAEU PES OPaCEU DPmU J CMKRKECUEU ED RBFUDPCRDKNEU BFD T EPS KU M wOS VGKBPEP RE DPONOKG EDJ E G wEF PES EPRKE z_ EDE ABFEP O VkOGES EFD ORRETDV GO D�R`E KFkPODE ME POTTBPDECP ED J E GE PES EPRKEME U w�DPE KFDVPEUUV x S BF DPONOKG z]E DKEFU x EdTPKS EP S O TGCU TPB|BFME PERBFFOKUUOFRE x hCQ ZOPGEU ED XKEPPEjOPMOGKOkCED aCK BFD ORRETDV M w�DPE S ES~PE MC J CPQz ]E DKEFU VkOGES EFD x GEU PE^S EPRKEP TBCP GEU RBFUEKGU J CMKRKECd aC wKGU BFD UC SE MBFFEP ED TBCP GO MKUTBFK~KGKDVMBFD KGU BFD |OKD TPECNE DBCD OC GBFk ME S O D`mUE zYEFPK ZEPEUDQR[K ED iCKU jObOPEGGK S E |BFD GE kPOFM `BFFECP ME |OKPE TOPDKE MERE J CPQz ]E GECP EF UCKU TPB|BFMVS EFD PERBFFOKUUOFD z
]E UOGCE �POFREURO lO iKB y _ OCPKgKB �OGRBFE ED cS KGKOFB jPKUDKOFK ONER aCK J wOKEC ~ EOCRBCT ME TGOKUKP x DPONOKGGEP z
] wOMPEUUE SBF OS KDKV x cGKUO~ EDDO jOPGKF K y f`SOM cG YOJJ y jQPKG �S~EPD y j`PKU^DKOF hBCD y jOPBGE iE hCQOMEP ED fCPVGKEF _BFDEKGGED ONER aCK J wOK FBCV MEU RBGGO~B^PODKBFU |PCRDCECUEU ED aCK y J E GE UBC`OKDE y UE TBCPUCKNPBFD z
XOPDKRKT EP OCd fj� �MQFOS KaCE MEU MKUGB RODKBFU� ED �_BCNESEFDU M wKFDEP|OREUONER DEPS EU FBF^GB ROCd� O VDV CF DPmU kPOFM TGOKUKP ED S wO T EPS KU ME PEFRBFDPEPME FBS~PECUEU T EPUBFFEU aCK BFD UC SE RBFUEKGGEP MOFU S EU PER`EPR`EU z ]E DKEFUx PES EPRKEP DBCU GEU S ES~PEU ME REU MECd fj� y �OD`OEG f GK~OCM y hCQ ZOPGEU y X KEPPEjOPMOGKOkCED y AV~OUDKEF jBGGKF y j`PKUDKFE hEBPkEGKF y X`KGKTT E YBR` y jQPKG �S~EPD ye GKN KEP iEQy fCPVGKEF _BFDEKGGED y c GKUO~ ED` \BCQ ED f GK APBCP z]E DKEFU VkOGES EFD x PES EPRKEP GEU T`QRKUKEFU �OFF iE ZBCOP y ZEFB�D lENKFRPE y
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fGT`BFUE �KFEG ED _ OD`KU XGOTT TBCP GEU FBS~PECUEU MKURCUUKBFU aCE FBCU ONBFU TCONBKP ED aCK S wBFD T EPS KU ME S KECd RBSTPEFMPE GO D`VBPKE MEU MKUGB RODKBFU z
iE jc\_�jA EUD CF EFMPBKD EdRETDKBFFEG TBCP S EFEP x ~KEF CF DPONOKG ME D`mUE EDJ E DKEFU x PES EPRKEP DBCU GEU S ES~PEU TBCP GO ~BFFE OS~KOFRE aC wKGU RPVEFD z �F SEPRKTOPDKRCGKEP OCd S ES~PEU �ED OFRKEFU S ES~PEU� ME G wVaCKT E �clX ED _ODVPKOCd � WfMPKEF ZGOFR`ED y f PKEGO ZPKOFK y c GKUO~DDO jOPGKF K y f`SOM cG YOJJ y fS KF h`BP~ EG yYOUUOF �~PO`KS y jQPKG �S~EPD ED _B`OSSEM cG \`O~K z
� KEFD S OKFDEFOFD GE DBCP ME S O |OS KGGE aCK O J BCV CF P�GE EUUEFDKEG MCPOFD REUDPBKU OFFVEU z _EPRK x S EU TOPEFDU TBCP S wONBKP DBCJ BCPU GOKUUV GE R`BKd MOFU S EUMVRKUKBFU ED S wONBKP UBCDEFC MOFU DBCDEU GEU EFDPETPKUEU OCdaCEGGEU J wOK NBCGC SEPKUaCEP z _ EPRK VkOGES EFD x SBF |PmPE ED x UO |ESSE z ]E }FKU TOP REGGE aCK O CFETGORE DBCDE TOPDKRCGKmPE W S O |ESSE y _OPJ BPKE z _ EPRK ME S wONBKP DBCJ BCPU UBCDEFC EDM wONBKP VDV Gx aCOFM KG GE |OGGOKD z _ EPRK VkOGES EFD TBCP DBCD RE aCE DC S wOTTBPDEU z
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������ � jE DPONOKG T BPDE UCP GO S BMVGKUODKBF y G wOFOGQUE ED G wOFOGQUE FCSVPKaCEME GO MQFOS KaCE MEU MKUGB RODKBFU OKFUK aCE UCP GEU GKEFU DPmU |BPDU aCK Ed KUDEFD ONERGEU S BCNESEFDU ME DQT E SBCNES EFD TOP RBCP~CPE S BQEFFE z iEU MKUGB RODKBFU UBFDMEU MV|OCDU GKFVOKPEU aCK UE MVTGOREFD MOFU GEU RPKUDOCd GBPUaCE RECd^RK UBFD UBCS KUx MEU RBFDPOKFDEU EdDVPKECPEU z l wCFE SOFKmPE kVFVPOGE y GO MQFOS KaCE M wCFE GKkFE MEMKUGB RODKBF EUD MVRPKDE TOP CFE VaCODKBF EK[BFOGE B� GO NKDEUUE MVT EFM ME S OFKmPEFBF GBROGE ME G wEFUES~GE ME GO GKkFE z �G EUD VkOGES EFD TBUUK~ GE M wOJ BCDEP CF DEPS E MERBCP~CPE SBQEFFE MOFU GO S BMVGKUODKBF ziO TPES KmPE TOPDKE ME RE S VSBKPE EUD RBFUORPVE OCd TPBTPKVDVU aCOGKDODKNEU ME GOMQFOS KaCE M wCFE GKkFE ME MKUGB RODKBF �Ed KUDEFRE y CFKRKDV y RBSTBPDES EFD OUQSTDB^DKaCE zzz� z jEDDE VDCME PETBUE EF kPOFME TOPDKE UCP GO D`VBPKE MEU UBGCDKBFU ME NKURBUKDV zeF TPBTBUE VkOGES EFD TGCUKECPU UR`VS OU FCSVPKaCEU TBCP REDDE MQFOS KaCE ED BFSBFDPE GECP RBFNEPkEFRE OKFUK aCE MEU EUDKS ODKBFU M wEPPECPU EFDPE GO UBGCDKBF ED UBFOTTPBd KS ODKBF FCSVPKaCE zlOFU CFE UERBFME TOPDKE FBCU |OKUBFU GE GKEF EFDPE GO MQFOS KaCE M wCF FBS~PE }FKME MKUGB RODKBFU ED GO MQFOS KaCE ME MEFUKDV ME MKUGB RODKBFU EF SBFDPOFD MEU PVUCGDODUM w`BSBkVFVKUODKBF z �BCU VDCMKBFU VkOGES EFD y ME S OFKmPE D`VBPKaCE ED FCSVPKaCE yCF SBMmGE TBCP GO MQFOS KaCE ME MEFUKDV ME MKUGB RODKBFU z
�������� � {`KU �BP[ MEOGU � KD` D`E SBMEGKFk y D`E OFOGQUKU OFM D`E FCS EPKROGOFOGQUKU B| D`E MKUGB RODKBF MQFOS KRU OFM � KD` D`E NEPQ UDPBFk GKF[U �`KR` Ed KUDU� KD` SEOF RCPNODCPE DQT E S BDKBF z l KUGB RODKBFU OPE GKFEOP ME|ERDU �`KR` SBNE KFRPQUDOGU �`EF D`BUE OPE UC~J ERDEM DB EdDEPKBP UDPEUU z _BPE TPERKUEGQy D`E MQFOS KRU B|O MKUGB RODKBF GKFE KU MEURPK~ EM ~Q OF EK[BFOG EaCODKBF �`EPE D`E UT EEM METEFMU KF OFBFGBROG �OQ BF D`E �`BGE GKFE z �F D`E S BMEGKFk y KD KU OGUB TBUUK~ GE DB OMM O S EOFRCPNODCPE DEPS z{`E }PUD TOPD B| D`KU �BP[ KU MENBDEM DB D`E UDCMQ B| D`E aCOGKDODKNE TPBT EPDKEU B|MQFOS KRU B| O MKUGB RODKBF GKFE �Ed KUDEFRE y CFKaCEFEUU y OUQSTDBDKR ~ E`ONKBCP zzz� z {`KUUDCMQ PEGKEU EUUEFDKOGGQ BF D`E D`EBPQ B| N KURBUKDQ UBGCDKBFU z �E OGUB TPBTBUE UENEPOGFCSEPKROG UR`ES E |BP D`KU MQFOS KRU OFM �E U`B� D`EKP RBFNEPkEFRE OU �EGG OU EPPBPEUDKS ODEU z�F O UERBFM TOPD y �E EUDO~GKU` D`E GKF[ ~ED�EEF D`E MQFOS KRU B| O }FKDE FCS~EPB| MKUGB RODKBFU OFM D`E MQFOS KRU B| MKUGB RODKBF MEFUKDQ ~Q U`B� KFk `BSBkEFKgODKBFPEUCGDU z �E OGUB UDCMQy KF O D`EBPEDKROG OFM FCSEPKROG �OQy O SBMEG |BP D`E MQFOS KRUB| MKUGB RODKBF MEFUKDQz
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¨©ª«¬®¯ °¬¬®±ª²¯
³ �ONER � z lO iKB ED \ z _BFFEOC� ´µ¶·¸¹º ¸¶ »¸ µ¼ ½ ¶ µ¶¾¿µ»½¿ ¸ÀÁ µ¶½¿ ¸ÂÃ½ÄÀµ¶Äµ ½¶ÀÅ µÄ¹µÆ À» Ç ¸½¶ »Ã¹·½ÄÃ¹¸ Ç µÄÀµ¶ È ÉÆÆ ¿À»½ÄÀµ¶ Äµ ÊÀÅ ¿µ»½ÄÀµ¶Å ÊË¶½Ç À»ÅyORRETDV OC ]BCPFOG B| D`E cCPBTEOF _OD`ESODKROG ABRKEDQz
³ �ONER f z cG YOJJ � É »µ¶·¸¹º ¸¶Ä Å »Ì ¸Ç ¸ ¼ µ¹ ½ ¶µ¶¾¿µ»½¿ »µÃÆ ¿¸Ê ÅËÅÄ¸Ç Ç µÊ¸¿ ¿À¶ºÊÀÅ ¿µ»½ÄÀµ¶Å Ê¸¶ÅÀÄÀ¸Å ÊË¶½Ç À»Åy ORRETDV x _OD`ES ODKRU B| jBSTCDODKBF z

¨ ©ª«¬®¯ ¯ÍÎÏ «¯ ®ª Ð©®±©«Ñª
³ Ò ÀÅ¿µ»½ÄÀµ¶Å ÊË¶½Ç À»Å Ó ÀÄÌ ½ Ç ¸½¶ »Ã¹·½ÄÃ¹¸ Ä¸¹Ç Ô ÅÌ µ¹Ä ÄÀÇ ¸ ¸Õ ÀÅÄ¸¶ »¸ ½¶ÊÃ¶ÀÂÃ ¸¶ ¸ÅÅy UBCS KU x l KbEPEFDKOG OFM �FDEkPOG caCODKBFU z \OTTBPD ME PER`EPR`EMC jEPS KRU ÖIHH×^ILØÙ z
³ �ONER c z jOPGKF K y _ z �OGRBFE ED \ z _BFFEOC� ´µ¶·¸¹º ¸¶ »¸ µ¼ ½ Ú¸¶ ¸¹½¿ÀÛ ¸Ê Ü½ÅÄÝ ½¹»Ì À¶º Ý ¸ÄÌ µÊ ¼ µ¹ ½ ¶µ¶¾»µ¶·¸Õ ¸ÀÁ µ¶½¿ ¸ÂÃ½ÄÀµ¶y UBCS KU x A�f_ JBCPFOGBF �CSEPKROG fFOGQUKU z \OTTBPD ME PER`EPR`E MC jEPS KRU ÖIHHÞ^ØI×Ù z
³ É¶ ¸¹¹µ¹ ¸ÅÄÀÇ ½Ä¸ ¼ µ¹ ½ ¶ ¸Ó Å »Ì ¸Ç ¸ ¼ µ¹ Ç ¸½¶ »Ã¹·½ÄÃ¹¸ Ç µÄÀµ¶y UBCS KU xA�f_ JBCPFOG BF �CS EPKROG fFOGQUKU z \OTTBPD ME PER`EPR`E MC jEPS KRU ÖIHHÞ^ØØßÙ z
³ �ONER j z �S~EPD ED \ z _BFFEOC� à µÇ µº ¸¶ÀÛ ½ÄÀµ¶ µ¼ ÄÌ ¸ ÊË¶½Ç À»Å µ¼ ÊÀÅ ¿µ»½¾ÄÀµ¶Å ½¶Ê µ¼ Å µÇ ¸ ÅËÅÄ¸ÇÅ µ¼ Æ½¹ÄÀ»Ã¿¸Å Ó ÀÄÌ ÄÓ µ¾áµÊË À¶Ä¸¹½»ÄÀµ¶Åy UBCS KU xlC[E _OD`ESODKROG J BCPFOG z XPETPKFD MVTBUV UCP Yfi z
³ �ONER f z _BFDEKGGED� Ý À¶ÀÇ ÀÛ À¶º Ç µ·¸Ç ¸¶ÄÅ ¼ µ¹ ÊÀÅ ¿µ»½ÄÀµ¶ ÊË¶½Ç À»Å Ó ÀÄÌ ½Ç ¸½¶ »Ã¹·½ÄÃ¹¸ Ä¸¹Ç y UBCS KU x jBFDPBG y eTDKS KUODKBF OFM jOGRCGCU B| �OPKO^DKBFU zz XPETPKFD MVTBUV UCP Yfi z
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Ð©Í¬®®â«Ñã¯
³ �ONER Xz jOPMOGKOkCED y � z lO iKB ED \ z _BFFEOC� Ò ÀÅ¿µ»½ÄÀµ¶ ÊË¶½Ç À»Å Ô ½ ¶ µ¶¾¿µ»½¿ Ç µ·À¶º áµÃ¶Ê½¹Ëy TPBREEMKFkU MC RBFkPEU �ZX IHH× y jBKS~PO y XBPDCkOG y�FDEPFODKBFOG AEPKEU B| �CSEPKROG _ OD`ESODKRU y �BG z ä×ß y Z KP[`OåUEP �EPGOkZOUEGæA� KDgEPGOFM y äI×^ äØ× y �IHHÞ� z
³ �ONER c z jOPGKFK ED c z jPKUDKOFK� É ¶µ¶¾Ç µ¶µÄµ¶ ¸ Ü½ÅÄ Ý ½¹»Ì À¶º Å »Ì ¸Ç ¸ ¼ µ¹½ à ½Ç À¿Äµ¶¾ç½»µáÀ ¸ÂÃ½ÄÀµ¶ Ç µÊ¸¿À¶º ÊÀÅ ¿µ»½ÄÀµ¶ ÊË¶½Ç À»Åy �CSEPKROG _ OD`E^S ODKRU OFM fMNOFREM fTTGKRODKBFU XPBREEMKFkU B| c��_f{Y IHH× D`E ÞD`cCPBTEOF jBF|EPEFRE BF �CSEPKROG _OD`ESODKRU OFM fMNOFREM fTTGKRODKBFU yAOFDKOkB ME jBSTBUDEGO y ATOKF y ]CGQ IHH× ZEPSMEg ME jOUDPB y f z è hSEg y l z èéCKFDEGO y Xz è AOGkOMB y Xz �cMU z� z

¨ ©ª«¬® ®Ñ ¬ÍÎ©¯ â® ©²â°¬ª«ÍÑ
³ �ONER \ z _BFFEOC� êÕ ÀÅÄ¸¶ »¸ µ¼ Å µ¿ÃÄÀµ¶Å ¼ µ¹ ½ Ç µÊ¸¿ Ê¸Å »¹ÀáÀ¶º ÄÌ ¸ ÊË¶½Ç À»Åµ¼ ë Ã¶ »ÄÀµ¶Å á¸ÄÓ ¸¸¶ ÊÀÅ ¿µ»½ÄÀµ¶Åz
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íÑª©ÍâÎ¬ª«ÍÑ ã²Ñ²©°® î
ä _BDKNODKBFU T`QUKaCEU z z z z z z z z z z z z z z z z z z z z z z z z z z ä
I cFBFRVU MEU PVUCGDODU z z z z z z z z z z z z z z z z z z z z z z z z z z z II zä lQFOS KaCE M wCFE GKkFE ME MKUGB RODKBF z z z z z z z z z z z z z z II zäzä _BMVGKUODKBF UCRRKFDE z z z z z z z z z z z z z z z z z II zäzI \VUCGDODU M wEd KUDEFRE ED M wCFKRKDV EF DESTU RBCPD z z ßI zäzØ \VUCGDODU M wEd KUDEFRE ED M wCFKRKDV EF DESTU GBFk z z z LI zäzß jBSTBPDES EFD x kPOFME VR`EGGE z z z z z z z z z z z z äHI zäz× fFOGQUE FCS VPKaCE ME GO MQFOS KaCE M wCFE GKkFE MEMKUGB RODKBF z z z z z z z z z z z z z z z z z z z z z z z äßI zI lQFOS KaCE ME J BFRDKBFU EFDPE MKUGB RODKBFU z z z z z z z z z z z I×I zI zä _BMVGKUODKBF ME GO MQFOS KaCE ME J BFRDKBFU EFDPE MKU^GB RODKBFU z z z z z z z z z z z z z z z z z z z z z z z z z I×I zI zI \VUCGDOD M wEd KUDEFRE TBCP GO MQFOS KaCE ME J BFRDKBFUEFDPE MKUGB RODKBFU z z z z z z z z z z z z z z z z z z z z ILI zØ YBSBkVFVKUODKBF ME GO MQFOS KaCE ME MKUGB RODKBFU z z z z z z z IïI zß lQFOS KaCE ME MEFUKDVU ME MKUGB RODKBFU z z z z z z z z z z z z z ØØ

ð ñòó�ô�����òõ óö ô� ó÷õ�� �øö ó ù�õö ô�úõö óö ó��ôò ����òõ ûüä XPBTPKVDVU MEU MKUGB RODKBFU z z z z z z z z z z z z z z z z z z z z z z z z ØL
I _BMVGKUODKBF ME GO MQFOS KaCE M wCFE GKkFE ME MKUGB RODKBF z z z z z z z ß ä

ý þ÷õ�� �ø�ö óö� ó��ôò ����òõ� ��ö� �ö��ö óö �ò�����ö �ò÷öõõö � öÿ ����öõ�ö ö� �õ����� öõ �ö��� �ò��� ��ä �FDPBMCRDKBF z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z ßÞI XPEUEFDODKBF B| D`E SBMEG z z z z z z z z z z z z z z z z z z z z z z z z ßïØ _OKF PEUCGD z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z ×Hß XPEGKS KFOPQ PEUCGDU |BP O GB ROG TPB~GES z z z z z z z z z z z z z z z z z ×Iß zä cdKUDEFRE OFM CFKaCEFEUU |BP D`E TPB~GES �I zäL� z z z z z z z z ×Øß zI \EkCGOPKDQ PEUCGDU |BP D`E GB ROG TPB~GES z z z z z z z z z z z z z Þ×× {`E FBF GBROG TPB~GES W TPBB| B| {`EBPES Ø zI z z z z z z z z z z z z z Þ�Þ fTTEFMKd W TPBB| B| D`E TOPO~BGKR NEPUKBF B| �U`KK wU �¸ÇÇ½ z z z z z z LØ
�ÿ
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û ñò��ö�öõ�� � �õ�� ���õ�� �ò�� ô� ó÷õ�� �ø�ö óö� ó��ôò ����òõ� ��ö��ö��ö óö �ò�����ö �ò÷öõõö üü

ä �FDPBMCRDKBF z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z Lï
I cdKUDEFRE B| S KFKS KgKFk SBNESEFDU z z z z z z z z z z z z z z z z z z z ïß

I zä F ^S KFKS KgEPU z z z z z z z z z z z z z z z z z z z z z z z z z z z ïß
I zI _ KFKS KgKFk SBNES EFDU z z z z z z z z z z z z z z z z z z z z z z ïï

Ø \EkCGOPKDQ |BP F ^S KFKS KgEPU z z z z z z z z z z z z z z z z z z z z z z z �I
Ø zä cdKUDEFRE B| DOFkEFD RBFEU z z z z z z z z z z z z z z z z z z z z �I
Ø zI \EkCGOPKDQ B| F ^S KFKS KgEPU z z z z z z z z z z z z z z z z z z z �ß

ß {`E CTTEP OFM GB�EP GKS KDU z z z z z z z z z z z z z z z z z z z z z z z z �L
ß zä �EGBRKDQ B|

E∗ OFM
E∗

z z z z z z z z z z z z z z z z z z z z z z �ï
ß zI \EkCGOPKDQ B|

E∗ OFM
E∗

z z z z z z z z z z z z z z z z z z z z z äHH
ß zØ jBSTOPKUBF OD KF KDKOG DKS E z z z z z z z z z z z z z z z z z z z z äHß

× _ KFKS KgKFk SBNESEFDU OFM �EO[ UBGCDKBFU z z z z z z z z z z z z z z z äHß
Þ jBSTOPKUBF � KD` D`E USBBD` 
B� z z z z z z z z z z z z z z z z z z z z äHÞ
L cdKUDEFRE B| USBBD` UBGCDKBFU z z z z z z z z z z z z z z z z z z z z z z äHï

L zä cdKUDEFRE B| US BBD` UBGCDKBFU |BP D`E GB ROG TPB~GES z z z z z z äHï
L zI cdKUDEFRE B| US BBD` UBGCDKBF |BP D`E FBF^GB ROG TPB~GES z z z z äää

� �òõ�ö�úöõ�ö ó ù�õö �ø����òõ ö��òõ�ôö õòõ� ôò ��ôö �ö�� ôö �ò��ö�öõ�
��� �ò�����ö �ò÷öõõö �õ��ò��ò� ö  ��� ô�����òõ� � ô� ó÷õ�� �ø�ö óö�ó��ôò ����òõ� ðð�
ä �FDPBMCRDKBF z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z äIH

äzä X`QUKROG SBDKNODKBF z z z z z z z z z z z z z z z z z z z z z z z z äIH
äzI _OD`ES ODKROG UEDDKFk B| D`E TPB~GES z z z z z z z z z z z z z z äII
äzØ _OKF PEUCGDU z z z z z z z z z z z z z z z z z z z z z z z z z z z z äIØ
äzß ePkOFKUODKBF B| D`E TOTEP z z z z z z z z z z z z z z z z z z z z äIL

I cdKUDEFRE OFM CFKaCEFEUU |BP D`E
ε
^TPB~GES z z z z z z z z z z z z z z äIL

Ø {`E GKS KD TPB~GES z z z z z z z z z z z z z z z z z z z z z z z z z z z z z äØÞ
ß jBFNEPkEFRE B| D`E NEGB RKDQ |BP O DEUD |CFRDKBF z z z z z z z z z z z z z äØL

ß zä iKF[ � KD` BD`EP �BP[U z z z z z z z z z z z z z z z z z z z z z z äØL
ß zI XPBB| B| RBFNEPkEFRE z z z z z z z z z z z z z z z z z z z z z z z äØ�

× É Æ ¹Àµ¹À EUDKS ODE OD KF KDKOG DKS E z z z z z z z z z z z z z z z z z z z z z äßï
Þ XPBB| B| D`E RBFNEPkEFRE {`EBPES z z z z z z z z z z z z z z z z z z z z ä×ä
L XPBB| B| {`EBPES äzL z z z z z z z z z z z z z z z z z z z z z z z z z z z ä×ß
ï YECPKUDKROG RBFNEPkEFRE OFM UBSE TPBTEPDKEU B| D`E EFEPkKEU z z z z z z äÞß

ï zä _BFBDBFKRKDQ B| D`E EFEPkQ z z z z z z z z z z z z z z z z z z z z äÞß
ï zI �BPS OG RBFNEPkEFRE B| D`E EFEPkQ z z z z z z z z z z z z z z z z äÞ×

� fTTEFMKd W UBS E ¿¸ÇÇ½Ä½ BF �BCPKEP DPOFU|BPS z z z z z z z z z z z z äÞÞ
ÿ
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� �õö ö�������òõ ó ùö��ö�� � ò�� �õ õò��ö�� ������ �ò�� ôö �ò��ö��öõ� ��� �ò�����ö �ò÷öõõö ðüðä �FDPBMCRDKBF z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z äLI

I _OKF \EUCGDU z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z äLß
I zä cPPBP EUDKS ODE |BP _EOF jCPNODCPE _BDKBF z z z z z z z z z z z äLß
I zI l KURPEDE^RBFDKFCBCU EPPBP EUDKS ODE |BP MKUGB RODKBFU MQFOS KRU z äL×
I zØ l KURPEDE RBFDKFCBCU EPPBP EUDKS ODE |BP _EOF jCPNODCPE _BDKBF äLL

Ø �CS EPKROG UR`ES E |BP S EOF RCPNODCPE S BDKBF z z z z z z z z z z z z z äL�
Ø zä XPBB| B| {`EBPES I zß z z z z z z z z z z z z z z z z z z z z z z z äL�
Ø zI XPBB| B| {`EBPES I zL z z z z z z z z z z z z z z z z z z z z z z z äïH
Ø zØ � `OD `OTTEFU K| �E R`OFkE D`E [EPFEG � z z z z z z z z z z z z z äï ä

ß XPBB| B| {`EBPES I zä z z z z z z z z z z z z z z z z z z z z z z z z z z z äïI
× �CS EPKROG UR`ES E |BP MKUGB RODKBFU MQFOS KRU z z z z z z z z z z z z z z äïÞ

× zä lE}FKDKBFU OFM TPEGKS KFOPQ PEUCGDU z z z z z z z z z z z z z z z äïÞ
Þ �CS EPKROG AKSCGODKBFU z z z z z z z z z z z z z z z z z z z z z z z z z z ä��

Þ zä YB� DB UBGNE D`E KSTGKRKD UR`ES E � z z z z z z z z z z z z z z z z ä��
Þ zI f RBGGOTUKFk RKPRGE z z z z z z z z z z z z z z z z z z z z z z z z z ä��
Þ zØ �ODDEFKFk T`EFBSEFO z z z z z z z z z z z z z z z z z z z z z z z IHH

� �òõ�ö�úöõ�ö ó ù�õö ����òóö ���� ñ ���� �õú ú�õ���ô���ö �ò�� �õö�ø����òõ ö��òõ�ôö õòõ �òõ�öÿö ý�ûä �FDPBMCRDKBF z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z IHß
I {`E h�__ OGkBPKD`S OFM D`E S OKF PEUCGD z z z z z z z z z z z z z z z IHL

I zä {`E OGkBPKD`S UDET^~Q^UDET z z z z z z z z z z z z z z z z z z z z IHï
I zI {`E S OKF PEUCGD z z z z z z z z z z z z z z z z z z z z z z z z z z I äH

Ø ]CUDK}RODKBFU OFM EdOSTGEU z z z z z z z z z z z z z z z z z z z z z z z I ää
Ø zä �FDPBMCRDKBF B| D`E FCS EPKROG UT EEM

ĉnI
z z z z z z z z z z z z z I ää

Ø zI �FDPBMCRDKBF B| D`E DKS E UDET z z z z z z z z z z z z z z z z z z I äØ
Ø zØ � `Q �E CTMODE D`E |PBFD CUKFk

t
KFUDEOM B|

t̂
z z z z z z z z z I äØ

ß jBSTOPKUBF TPKFRKT GEU |BP D`E h�__ OGkBPKD`S z z z z z z z z z z z z I ä×
ß zä AQSSEDPQ B| D`E OGkBPKD`S z z z z z z z z z z z z z z z z z z z z I äÞ
ß zI jBSTOPKUBF TPKFRKT GEU z z z z z z z z z z z z z z z z z z z z z z I äÞ

ß zI zä jBCFDEP^EdOSTGE |BP D`E RBSTOPKUBF TPKFRKT GE KF kE^FEPOG z z z z z z z z z z z z z z z z z z z z z z z z z z z IIH
× XPEGKS KFOPQ PEUCGDU BF D`E MKURPEDE DKS E OFM BF D`E GENEG UEDU B| DEUD|CFRDKBFU z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z IIä

× zä XPEGKS KFOPQ PEUCGDU BF D`E MKURPEDE DKS E z z z z z z z z z z z z z IIä
× zI XPEGKS KFOPQ PEUCGDU BF D`E GENEG UEDU B| DEUD |CFRDKBFU z z z z z IIß

Þ XPBB| B| {`EBPES I z× z z z z z z z z z z z z z z z z z z z z z z z z z z z IØH
L �CS EPKROG DEUDU z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z IØ�

ÿ �
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ü 	ÿ ���öõ�ö óö �òô���òõ � ò�� �õ �òó� ôö ó������õ� ô� ó÷õ�� �ø�ö óö� òõ���òõ� öõ��ö ó��ôò ����òõ� ý��ä �FDPBMCRDKBF z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z IßÞäzä X`QUKROG SBDKNODKBF z z z z z z z z z z z z z z z z z z z z z z z z IßÞ

äzI f T`OUE }EGM SBMEG |BP D`E MQFOS KRU B| J CFRDKBFU z z z z z z z IßL
äzØ _OKF PEUCGD z z z z z z z z z z z z z z z z z z z z z z z z z z z z Ißï
äzß ePkOFKUODKBF B| D`E TOTEP z z z z z z z z z z z z z z z z z z z z Iß�äz× �BDODKBF z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z I×H

I XPEGKS KFOPQ PES OP[U BF D`E S BMEGGKFk z z z z z z z z z z z z z z z z z z I×H
I zä lQFOS KRU B| O UKFkGE MKUGB RODKBF z z z z z z z z z z z z z z z z z I×HI zI cdTGKRKD EdTPEUUKBF B|

Ĉ0
|BP KUBDPBTKR S ODEPKOGU z z z z z z z z I×H

Ø fF OTTPBd KS ODE TPB~GES z z z z z z z z z z z z z z z z z z z z z z z z z I×äØ zä XPEGKS KFOPQ PEUCGDU z z z z z z z z z z z z z z z z z z z z z z z z I×IØ zI XPBB| B| {`EBPES Ø zä z z z z z z z z z z z z z z z z z z z z z z z I××ß f TPKBPK EUDKS ODEU OFM TPBB| B| {`EBPES äzä z z z z z z z z z z z z z z I×Lß zä f TPKBPK EUDKS ODEU z z z z z z z z z z z z z z z z z z z z z z z z z I×Lß zI XPBB| B| {`EBPES äzä z z z z z z z z z z z z z z z z z z z z z z z IÞI× fTTEFMKd z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z IÞß
� �ò�òú�õ������òõ óö ô� ó÷õ�� �ø�ö óö� ó��ôò ����òõ� ö� óö �ö����õ��÷����ö� óö ������� ôö� ��ö� �õ�ö�����òõ� ��� ����ö� ý�üä �FDPBMCRDKBF z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z IÞïI _OKF PEUCGDU z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z ILII zä hEFEPOG `BSBkEFKgODKBF PEUCGDU z z z z z z z z z z z z z z z z z ILII zI fTTGKRODKBF DB D`E `BSBkEFKgODKBF B| TOPDKRGE UQUDES U � KD`D�B^~BMQ KFDEPORDKBFU z z z z z z z z z z z z z z z z z z z z z z z ILÞØ X`QUKROG MEPKNODKBF B| D`E S BMEG |BP MKUGB RODKBF MQFOS KRU z z z z z z z ILïß � KURBUKDQ UBGCDKBFU |BP FBF^GB ROG EaCODKBFU �ï zä� OFM �ï zäI� z z z z z z IïHß zä lE}FKDKBF B| N KURBUKDQ UBGCDKBFU z z z z z z z z z z z z z z z z z Iï äß zI ADO~KGKDQ PEUCGDU |BP �ï zä�� z z z z z z z z z z z z z z z z z z z z Iï äß zØ jBSTOPKUBF TPKFRKT GEU z z z z z z z z z z z z z z z z z z z z z z IïØß zß cdKUDEFRE PEUCGDU z z z z z z z z z z z z z z z z z z z z z z z z z IïÞ

ß z× jBFUKUDEFRQ B| D`E ME}FKDKBF B| D`E kEBSEDPKR SBDKBF z z z z z IïL× cPkBMKRKDQ z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z Iï�× zä XPBB| B| {`EBPES × zä OFM jBPBGGOPQ × zß z z z z z z z z z z z z z I�ä× zI XPBB| B| {`EBPES × zä KF D`E ROUE
N = 1

z z z z z z z z z z z z I�ßÞ {`E TPBB| B| RBFNEPkEFRE z z z z z z z z z z z z z z z z z z z z z z z z z I�×L éCOGKDODKNE TPBT EPDKEU B| D`E EbERDKNE YOS KGDBFKOF z z z z z z z z z z z ØHHL zä hPOMKEFD EUDKS ODEU z z z z z z z z z z z z z z z z z z z z z z z z ØHHL zI AC~^ OFM UCTEPRBPPERDBPU z z z z z z z z z z z z z z z z z z z z z ØH äL zØ XPBB| B| {`EBPES I zÞ z z z z z z z z z z z z z z z z z z z z z z z ØHØ
ÿ ��
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ï fTTGKRODKBF W `BSBkEFKgODKBF B| O TOPDKRGE UQUDES z z z z z z z z z z z Ø äHï zä {`E kEFEPOG ROUE z z z z z z z z z z z z z z z z z z z z z z z z z Ø äHï zI cdDEFUKBF DB D`E MKUGB RODKBF ROUE

V (x) = − ln |x| z z z z z z z z Ø äß
� �òõ�ö�úöõ�ö ó ù�õ ������ �ò�� �õ �÷����ö �ò�� ô� õòõ� ôò ��ô �òó��ô���õ� ô� ó÷õ�� �ø�ö óö óöõ���� óö ó��ôò ����òõ� ûð�ä �FDPBMCRDKBF z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z ØIHäzä XPEUEFDODKBF OFM T`QUKROG SBDKNODKBFU z z z z z z z z z z z z z ØIHäzI _OKF \EUCGDU z z z z z z z z z z z z z z z z z z z z z z z z z z z ØIäI �BDODKBF z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z ØI×Ø _BMEGGKFk z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z z ØI×ß {`E RBFDKFCBCU TPB~GES z z z z z z z z z z z z z z z z z z z z z z z z z ØI�ß zä {`E GB ROG TPB~GES z z z z z z z z z z z z z z z z z z z z z z z z z ØI�ß zI {`E FBF^GB ROG TPB~GES z z z z z z z z z z z z z z z z z z z z z z ØØï× �CS EPKROG UR`ES E z z z z z z z z z z z z z z z z z z z z z z z z z z z z z ØßH× zä fTTPBd KS ODKBF B| D`E GB ROG UQUDES z z z z z z z z z z z z z z z ØßH× zI fTTPBd KS ODKBF B| D`E FBF^GB ROG UQUDES z z z z z z z z z z z z z ØßÞÞ �CS EPKROG PEUCGDU z z z z z z z z z z z z z z z z z z z z z z z z z z z z z Ø×äÞ zä �CSEPKROG EPPBP EUDKS ODE z z z z z z z z z z z z z z z z z z z z z Ø×äÞ zI l KUGB RODKBF MEFUKDQ MQFOS KRU z z z z z z z z z z z z z z z z z z Ø×ä
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jEDDE D`mUE TBPDE UCP GO S BMVGKUODKBF ED G wVDCME S OD`VSODKaCE ME GO ÊË¶½Ç ÀÂÃ¸Ê¸Å ÊÀÅ ¿µ»½ÄÀµ¶Å OFUK aCE UCP GEU GKEFU DPmU |BPDU aCK Ed KUDEFD ONER GEU SBCNES EFDU MEDQT E Ç µÃ·¸Ç ¸¶Ä Æ½¹ »µÃ¹áÃ¹¸ Ç µË¸¶¶¸z

! ! ���"����
� �"#��$	�
�FE MKUGB RODKBF EUD CF MV|OCD GKFVOKPE aCK RBPPEUTBFM x CFE MKURBFDKFCKDV MOFUG wBPkOFKUODKBF ME GO UDPCRDCPE RPKUDOGGKFE z iEU MKUGB RODKBFU y MBFD G wBPMPE ME GBFkCECPDQTKaCE MOFU GEU S ODVPKOCd EUD

10−6m
ED G wVTOKUUECP

10−9m
y BFD VDV KFDPBMCKDEU TOPePB�OF Öä×HÙ y XBGOFQK Öä××Ù ED {OQGBP ÖäLÞÙ MOFU GEU OFFVEU ä�ØH RBSSE G wCFE MEUTPKFRKTOGEU EdTGKRODKBFU x G wVR`EGGE S KRPBURBTKaCE MEU MV|BPS ODKBFU TGOUDKaCEU S O^RPBURBTKaCEU MEU RPKUDOCd z jE RBFRETD |CD RBF}PS V MOFU GEU OFFVEU ä�×H TOP GEUTPES KmPEU B~UEPNODKBFU MKPERDEU ME MKUGB RODKBFU TOP Y KPU` y YBPFE y � `EOF ÖäH×Ù EDZBGGS OF ÖØïÙ kP�RE x GO S KRPBURBTKE VGERDPBFKaCE �NBKP � KkCPE ä TBCP CF EdESTGEM wB~UEPNODKBF ME MKUGB RODKBFU� z lOFU GO UDPCRDCPE x |ORE RC~KaCE REFDPVE y GEU MKUGB^RODKBFU UE MVTGOREFD y OC SBKFU x ~OUUE DESTVPODCPE TOP POTTBPD x GO DESTVPODCPEME |CUKBF y MOFU MEU TGOFU RPKUDOGGBkPOT`KaCEU ~KEF MV}FKU �GEU TGOFU ME kGKUUES EFD�x MEU NKDEUUEU ME G wBPMPE ME

10 ms−1
�GEU N KDEUUEU T ECNEFD �DPE NOPKO~GEU UCKNOFD GEUS ODVPKOCd � z �BCU PEFNBQBFU x YKPD` y iBD`E ÖäHÞÙ TBCP CFE MEURPKTDKBF TGCU MVDOKGGVEMEU MKUGB RODKBFU z

i wVDCME D`VBPKaCE MEU MKUGB RODKBFU OKFUK aCE GE MVNEGBTTESEFD ME SBQEFU M wKF^NEUDKkODKBF RBSSE GO S KRPBURBTKE VGVRDPBFKaCE BFD T EPS KU ME S KECd RBSTPEFMPE GEUS VROFKUS EU VGVS EFDOKPEU x G wBPKkKFE ME GO MV|BPS ODKBF TGOUDKaCE MEU S ODVPKOCd RPKU^DOGGKFU z jETEFMOFD y RBSTDE DEFC ME GO RBSTGEd KDV ED MC kPOFM FBS~PE ME T`VFBSmFEUT`QUKaCEU S KU EF J EC y GO PEGODKBF EFDPE GEU TPBTPKVDVU S KRPBURBTKaCEU MEU MKUGB RODKBFUED GE RBSTBPDES EFD TGOUDKaCE MEU S ODVPKOCd EUD EFRBPE x S KECd RBSTPEFMPE z
lETCKU GE MV~CD MEU OFFVEU ä��H y GO PER`EPR`E MOFU GE MBSOKFE MEU MKUGB RODKBFU EUDEF TGEKF EUUBP y FBDOSSEFD kP�RE x GO TCKUUOFRE MEU BPMKFODECPU aCK T EPS ED MVUBPS OKUME UKSCGEP CF kPOFM FBS~PE ME MKUGB RODKBFU MOFU CF MBS OKFE Øl z XGCU PVRESSEFD y
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$%& ' ä ³ l KUGB RODKBFU MOFU CF SODVPKOC f G^_k �KUUC ME ÖäïIÙ�
CFE FBCNEGGE OTTPBR`E O VDV KFDPBMCKDE W Ç µÊ(¿¸ Ê¸ »Ì½ÇÆ Å Ê¸ Æ Ì½Å ¸ Æ µÃ¹ ¿¸Å ÊÀÅ ¿µ¾»½ÄÀµ¶Å �NBKP TOP EdESTGE \BMFEQy iE ZBCOP y � KFEG Öä×ïÙ� z �F MEU ONOFDOkEU ME REDDES VD`BME EUD aC wEGGE T EPS ED ME kVPEP ME S OFKmPE OCDBS ODKaCE GEU R`OFkES EFDU MEDBTBGBkKE MCPOFD GE MVTGORES EFD z lOFU RE SBMmGE y GO GKkFE ME MKUGB RODKBF UE MVTGOREMOFU UBF TGOF ME kGKUUES EFD ONER CFE NKDEUUE FBPS OGE aCK EUD TPBTBPDKBFFEGGE x GO|BPRE ME XEOR`^)BEGGEP PVUBGCE U wEdEP*OFD UCP GO GKkFE z lOFU GE ROU B� KG F wQ O TOUME RBFDPOKFDEU EdDVPKECPEU y REDDE |BPRE EUD UKSTGES EFD GO |BPRE RPVVE TOP GE R`OSTVGOUDKaCE kVFVPV TOP GO GKkFE ME MKUGB RODKBF EGGE^S �SE z

lOFU ÖäHÙ y f GNOPEg y YBR` y iE ZBCOP ED _BFFEOC BFD TPBTBUV ME PVVRPKPE RE S B^MmGE RBSSE CFE VaCODKBF ME YOS KGDBF^]ORB~K z jEDDE VaCODKBF EUD UKSTGES EFD CFEVaCODKBF EK[BFOGE B� GO NKDEUUE FBPS OGE EUD FBF^GB ROGE ED MVT EFM ME G wEFUES~GE ME GOGKkFE ME MKUGB RODKBF z �BCU POTTEGBFU REDDE VaCODKBF OKFUK aCE UO S BMVGKUODKBF ME S O^FKmPE UCRRKFDE MOFU GO UERDKBF UCKNOFDE ED ME S OFKmPE TGCU MVDOKGGVE MOFU GE R`OTKDPEäz

+ �
�
��� �	� ��������
iEU `QTBD`mUEU CDKGKUVEU MOFU GEU D`VBPmS EU aCK UCKNEFD FE UBFD TOU BTDKS OGEU z�BCU PEFNBQBFU OCd R`OTKDPEU RBPPEUTBFMOFDU TBCP MEU PVUCGDODU TGCU kVFVPOCd y EFTOPDKRCGKEP EF MKS EFUKBF

N
aCEGRBFaCE ED ONER MEU `QTBD`mUEU ME PVkCGOPKDV SBKFUPEUDPKRDKNEU z

, -î ./Ñ°Ï «0Î® â 1ÎÑ® «ãÑ® â® â«¯Í ¬°ª«ÍÑ
ý ð ð ñòó�ô�����òõ �����õ�ö

lOFU REDDE UBCU^UERDKBF y FBCU EdTGKaCBFU ME S OFKmPE DPmU UKSTGE GO SBMVGKUODKBFME GO MQFOS KaCE M wCFE GKkFE ME MKUGB RODKBF ED FBCU MBFFBFU GEU VaCODKBFU aCE FBCU
ý



ý  	õòõ��� óö� ����ô����
OGGBFU VDCMKEP TOP GO UCKDE z �BCU PEFNBQBFU x GO AERDKBF I MC R`OTKDPE ä TBCP CFEMVPKNODKBF TGCU MVDOKGGVE MEU VaCODKBFU TPVUEFDVEU KRK z

�FE KMVOGKUODKBF M wCFE GKkFE ME MKUGB RODKBF RBFUKUDE x RBFUKMVPEP aCE G wVTOKUUECPME GO GKkFE EUD FCGGE ED y MOFU GE ROU M wCFE UECGE GKkFE y x UCTTBUEP aC wEGGE EUD RBFDEFCEED aC wEGGE UE MVTGORE MOFU GE TGOF
(x1, x2)

z iO MKUGB RODKBF TECD OGBPU �DPE PETPVUEFDVETOP GE ~BPM M wCF MBS OKFE
Ωt

�B� G wKFMKRE
t
PETPVUEFDE GE DESTU� aCE G wBF FBDE

Γt

z iEMVTGORES EFD ME GO GKkFE
Γt

EUD OGBPU UKSTGES EFD MBFFV TOP GO NKDEUUE FBPS OGE
c
z

2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 22 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 22 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 22 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 22 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 22 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 22 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 22 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 22 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 22 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 22 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 22 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 22 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 22 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 22 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 22 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 22 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 22 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
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t

Γt

Γt+ ∆t

Ω

$%& ' I ³ cNBGCDKBF UR`VS ODKaCE M wCFE GKkFE ME MKUGB RODKBF
Γt

x GO NKDEUUE FBPS OGE
cEFDPE GEU DESTU

t
ED
t+ ∆t

ONER GO FBPS OGE CFKDOKPE
nΓt

z
iO NKDEUUE FBPS OGE

c
MVTEFM MC R`OST VGOUDKaCE kVFVPV TOP GO GKkFE ME MKUGB RO^DKBF �TGCU TPVRKUESSEFD y EGGE EUD TPBTBPDKBFFEGGE x GO |BPRE ME XEOR`^)BEGGEP PVUBGCEROGRCGVE x TOPDKP MC R`OST VGOUDKaCE� z fCDPES EFD MKD y G wVaCODKBF MC SBCNES EFD EUDMBFFVE TOP

dΓt

dt
= cnΓtB�

c = c(Γ)
EUD GO |BPRE ME XEOR`^)BEGGEP PVUBGCE z lOFU GE ROU M wCFE UECGE GKkFE MEMKUGB RODKBF y f GNOPEg y YBR` y iE ZBCOP ED _BFFEOC BFD SBFDPV MOFU ÖäHÙ aCE GO NKDEUUE

c
TBCNOKD UE PVVRPKPE RBSSE CFE aCOFDKDV FBF GBROGE MVT EFMOFD ME GO |BPS E RBSTGmDEME GO GKkFE ME MKUGB RODKBF W

c(x, t) = (c0 ? ρ(·, t)) (x) + c1(x, t)
�ä�

B�
c0(x)

EUD CF FBQOC MBFFV y UQS VDPKaCE ED MVT EFMOFD MC SODVPKOC ED
ρ

EUD GO|BFRDKBF ROPORDVPKUDKaCE ME G wBCNEPD
Ωt ⊂ R2

W
ρ(x, t) = 1Ωt :=

{
1 si x ∈ Ωt

0 si x ∈ R2\Ωt.

�I�
�RK y GO RBFNBGCDKBF O GKEC EF EUTORE CFKaCES EFD z lOFU G wEdTPEUUKBF �ä� y GE DEPS E MERBFNBGCDKBF

c0 ? ρ
PETPVUEFDE GO |BPRE RPVE TOP GE R`OST VGOUDKaCE kVFVPV TOP GO GKkFEME MKUGB RODKBF OGBPU aCE GO |BFRDKBF

c1
PETPVUEFDE GEU RBFDPOKFDEU EdDVPKECPEU z

û



�õ��òó����òõ ú�õ���ôö
eF NVPK}E OGBPU |ORKGES EFD �OC SBKFU |BPS EGGES EFD� aCE G wVNBGCDKBF UCP G wKFDEP^NOGGE ME DESTU

(0, T )
ME GO GKkFE ME MKUGB RODKBF

Γt

EUD MVRPKDE TOP G wVaCODKBF ME GOMQFOS KaCE MEU MKUGB RODKBFU W





∂ρ

∂t
= (c0 ? ρ+ c1)|Dρ| dans R2 × (0, T )

ρ(·, 0) = ρ0(·) = 1Ω0 sur R2

�Ø�

B�
Dρ

PETPVUEFDE GE kPOMKEFD ME
ρ

EF EUTORE ED
Ω0

EUD CF EFUES~GE BCNEPD MBFD GO|PBFDKmPE
Γ0 = ∂Ω0

PETPVUEFDE GO TBUKDKBF ME GO GKkFE ME MKUGB RODKBF OC DESTU KFKDKOG
t = 0

z
iE TPB~GmS E �Ø� EUD OUUBRKV |BPS EGGES EFD x G wVFEPkKE

E(ρ) =

∫

4
2

−1

2
(c0 ? ρ+ c1)ρ.

�ß�
�G EUD VkOGES EFD TBUUK~ GE MOFU GO SBMVGKUODKBF M wOJ BCDEP CF DEPS E ME DEFUKBF ME GKkFEME GO |BPS E ∫

Γt
γ(nΓt)

z l OFU RE ROU y GO |BPRE ME XEOR`^)BEGGEP PVUBGCE EUD OGBPU MBFFVETOP
c = (c0 ? ρ) + c1 + λ(nΓt)Hx,t

�×�
B�

Hx,t

EUD GO RBCP~CPE SBQEFFE ED
λ = γ+γ′′

z eF TECD OGBPU PE|BPSCGEP GE TPB~GmS ETOP CFE VaCODKBF �GENEG UED� UCP G wEFUES~GE ME FKNEOC {u ≤ 0} M wCFE |BFRDKBF PVkCGKmPE
u

aCK NVPK}E OGBPU W
∂u

∂t
= (c0 ? [u] + λ(nΓt)Hx,t)|Du|

�Þ�
ONER






ρ = [u] =

{
1 si u > 0
0 si u ≤ 0

nΓt = Du
|Du|

Hx,t =
MKN ( Du

|Du|

)
�L�

ý ð ý ����ô���� ó ùöÿ ���öõ�ö ö� ó ù�õ����� öõ �ö�� � �ò���
iEU VaCODKBFU aCE FBCU RBFUKMVPBFU ��Ø� ED �Þ�^ �L�� UBFD MEU VaCODKBFU ME YOS KG^DBF^]ORB~K FBF^GB ROGEU z iO TPES KmPE TOPDKE ME RE DPONOKG EUD MEUDKFVE x VDCMKEP REUVaCODKBFU �Ed KUDEFRE y CFKRKDV y RBSTBPDES EFD OUQSTDBDKaCE zzz� z iE ROMPE GE S KECdOMOTDV TBCP GEU PVUBCMPE EUD GO D`VBPKE MEU UBGCDKBFU ME NKURBUKDV KFDPBMCKDE TOPjPOFMOGG ED iKBFU ÖÞØÙ �TBCP CFE ~BFFE KFDPBMCRDKBF x REDDE D`VBPKE y FBCU PEFNBQBFUx ZOPGEU ÖäïÙ y Öä�Ù y ZOPMK y jOTCggB^lBGREDDO ÖäLÙ ED jPOFMOGG y �U` KK y i KBFU ÖÞ äÙ ED TBCPCFE KFDPBMCRDKBF OCd UBGCDKBFU ME NKURBUKDV TBCP G wVNBGCDKBF ME |PBFDU y FBCU PEFNBQBFU

�



ý  	õòõ��� óö� ����ô����
x fS~PBUKB ÖäØÙ y ZOPGEU y ABFEP y ABCkOFKMKU ÖILÙ y j`EF y h KkO y hBDB Ö×ïÙ y cNOFU ÖïHÙ ycNOFU y ATPCR[ ÖïØÙ ED ABCkOFKMKU ÖäLßÙ� z

�FE PES OPaCE KSTBPDOFDE EUD aCE y M wCF TBKFD ME NCE T`QUKaCE y U wKG F wQ O TOUME RBFDPOKFDEU EdDVPKECPEU �ÀÈ¸
c1 ≡ 0

� y BF U wODDEFM x RE aCE GEU MPBKDEU FE ~BCkEFDTOU z jERK KS TGKaCE EF TOPDKRCGKEP aCE
c0

EUD x S BQEFFE FCGGE ED MBFR aCE
c0

R`OFkEME UKkFE z f ROCUE ME REGO y BF TECD SBFDPEP aC wKG F wQ O TOU ME TPKFRKT E M wKFRGCUKBF yR wEUD x MKPE aCE UK G wBF RBFUKMmPE MECd EFUES~GEU KFRGCU G wCF MOFU G wOCDPE OC DESTUKFKDKOG y OGBPU REDDE KFRGCUKBF FE TEPMCPE TOU MCPOFD G wVNBGCDKBF z eP y GE TPKFRKT E MERBSTOPOKUBF EUD CF VGVS EFD EUUEFDKEG MOFU GO D`VBPKE MEU UBGCDKBFU ME NKURBUKDV z jERKEdTGKaCE EF TOPDKRCGKEP GO MK5 RCGDV TBCP B~DEFKP MEU PVUCGDODU M wEd KUDEFRE ED M wCFKRKDVEF DESTU GBFk z
iE TPES KEP PVUCGDOD M wEd KUDEFRE ED M wCFKRKDV RBFREPFOFD GEU VaCODKBFU ME GO MQ^FOS KaCE MEU MKUGB RODKBFU O VDV B~DEFC TOP f GNOPEg ¸Ä ½¿È MOFU Ö� y äHÙ z �G U wOkKD M wCFPVUCGDOD M wEd KUDEFRE ED M wCFKRKDV EF DESTU RBCPD TBCP GO UBGCDKBF ME NKURBUKDV MKURBF^DKFCE ME G wVaCODKBF �Ø� z �F PVUCGDOD UKS KGOKPE MOFU GE ROU B� GO MBFFVE KFKDKOGE EUDCF kPOT`E O VDV B~DEFC TOP f GNOPEg y jOPGKF K y _BFFEOC ED \BCQ MOFU ÖïÙ TBCP GO|BPSCGODKBF GENEG UED ME �Ø� z
iE TPES KEP PVUCGDOD ME RE DPONOKG EUD CF PVUCGDOD UKS KGOKPE TBCP G wVaCODKBF �Þ�^ �L� W

6��ò���ö ý ð  7	ÿ ���öõ�ö ö� �õ����� öõ �ö�� � �ò��� �ò�� �Þ�� �L� 8 9�ü 86��ò���ö û ð:;< µÀÄ
u0 : R2 → R

Ã¶ ¸ ¼ µ¶ »ÄÀµ¶ ¿ÀÆ Å »Ì ÀÄÛ À¸¶¶ ¸ »µ¶ÄÀ¶Ã¸ ÅÃ¹
R2

Ä¸¿ ¿¸ ÂÃ ¸
|Du0| ≤ B0 dans R

2 �ï�
¸Ä

∂u0

∂x2

≥ b0 > 0 dans R
2.

���
=¶ ÅÃÆÆ µÅ ¸ ÂÃ ¸

c0 ∈ C∞
c (R2) >À¶? ¶ÀÇ ¸¶Ä ÊÀ@ A¹¸¶ÄÀ½á¿¸ ¸Ä B ÅÃÆÆ µ¹Ä »µÇÆ½»ÄC ¸ÄÂÃ ¸

c1 ≡ 0
È É ¿µ¹ÅD À¿ ¸Õ ÀÅÄ¸ Ã¶ Ä¸ÇÆ Å

T ∗ > 0
Ä¸¿ ÂÃ EÀ¿ ¸Õ ÀÅÄ¸ Ã¶ ¸ Ã¶ÀÂÃ ¸ Å µ¿ÃÄÀµ¶ Ê¸·ÀÅ »µÅÀÄA ½Ã Æ ¹µá¿(Ç ¸ �Þ�¾�L� Ê½¶Å

R2×[0, T ∗)
È Ò ¸ Æ ¿ÃÅD ¿½ Å µ¿ÃÄÀµ¶ ¸ÅÄ Ã¶À¼ µ¹Ç AÇ ¸¶Ä»µ¶ÄÀ¶Ã¸ ¸¶ Ä¸ÇÆ Å ¸Ä ·A¹À? ¸ Aº ½¿¸Ç ¸¶Ä Ô

|Du(x, t)| ≤ 2B0

ÅÃ¹
R

2 × [0, T ∗),
�äH�

∂u

∂x2

(x, t) ≥ b0/2 > 0
ÅÃ¹

R
2 × [0, T ∗).

�ää�
i w`QTBD`mUE

c1 ≡ 0
EUD CDKGKUVE UECGES EFD TBCP UKS TGK}EP G wVRPKDCPE MEU TPECNEUS OKU EGGE T ECD �DPE |ORKGES EFD PESTGORVE TOP

c1
iKTURDKRDg CFK|BPS VSEFD EF

(x, t)
zi wKMVE kVFVPOGE ME GO MVSBFUDPODKBF EUD ME kEGEP GO N KDEUUE FBF^GB ROGE MOFU G wVaCODKBF
�



�õ��òó����òõ ú�õ���ôö
ED M wCDKGKUEP CF OPkCS EFD ME DQT E TBKFD }dE z iO MK5 RCGDV S OJ ECPE EUD M wB~DEFKP MEU~BFFEU EUDKS ODKBFU UCP GE kPOMKEFD EF EUTORE ED UCP GE S BMCGE ME RBFDKFCKDV EF DESTUME GO UBGCDKBF MC TPB~GmS E GBROG �REGC K B� GO NKDEUUE EUD kEGVE� z

lOFU GE ROU ME GO GBK M wVNBGCDKBF �×� y UK BF UCTTBUE aCE
γ

EUD RBFUDOFD �
γ ≡ 1TBCP UKSTGK}EP� y OGBPU y EF CDKGKUOFD G wEbED PVkCGOPKUOFD ME GO RBCP~CPE S BQEFFE y BFTECD EF |OKD B~DEFKP ME S EKGGECPU PVUCGDODU z lE SOFKmPE TGCU TPVRKUE y UK G wEFUES~GEKF KDKOG EUD UC5 UOS EFD PVkCGKEP y OGBPU FBCU ONBFU Ed KUDEFRE ED CFKRKDV M wCFE VNBGCDKBFPVkCGKmPE EF DESTU RBCPD z fNOFD M wVFBFREP RE PVUCGDOD y FBCU ONBFU ~ EUBKF ME aCEGaCEUFBDODKBFU ED MV}FKDKBFU z

þ �Fõ���òõ ý ý  7	�òô���òõ ��ú�ô���ö ;
• =¶ ¶µÄ¸ P ¿ Ȩ ¶Å ¸Ç á¿¸ Ê¸ ÄµÃÅ ¿¸Å Å µÃÅ¾¸¶Å ¸Ç á¿¸Å áµ¹¶ AÅ Ê¸

R2
½Ë½¶Ä Ã¶ Æ A¹ÀÇ (Ä¹¸? ¶ÀÈ

• G µÃ¹ Ã¶ ÅµÃÅ¾¸¶Å ¸Ç á¿¸
E

Ê¸
[0, T ] × R2

D µ¶ Æ µÅ ¸
E(t) = {x ∈ R2; (t, x) ∈ E} ÈÉ ¿ EµÆÆ µÅ AD Ã¶ ¸ ½ÆÆ ¿À»½ÄÀµ¶

t ∈ [0, T ] 7→ E(t) ∈ P Æ ¸ÃÄ HÄ¹¸ ·Ã ¸ »µÇÇ ¸ Ã¶ ÅµÃÅ¾¸¶Å ¸Ç á¿¸ Ê¸
[0, T ] × R2

¸¶ ÀÊ¸¶ÄÀ? ½¶Ä
E

½·¸» Å µ¶ º¹½Æ Ì ¸ ∪t∈[0,T ]{t} × E(t)
È

• =¶ ½ÆÆ ¸¿ ¿¸ ÄÃá¸ Ã¶ ÅµÃÅ¾¸¶Å ¸Ç á¿¸
E

Ê¸
[0, T ]×R2

Ä¸¿ ÂÃ ¸
E(t)

¸ÅÄ áµ¹¶ A Æ µÃ¹ ÄµÃÄ
t ∈ [0, T ]

È=¶ ½ÆÆ ¸¿ ¿¸ ÄÃá¸ ¹AºÃ¿À¸¹ Ã¶ ÄÃá¸
E

Êµ¶Ä ¿¸ áµ¹Ê ¸ÅÄ
C1

Ê½¶Å
(0, T )×R2

Ä¸¿ ÂÃ ¸ Æ µÃ¹ÄµÃÄ
(x, t) ∈ ∂E

D ¿½ ¶ µ¹Ç ½¿¸ ¸Õ ÄA¹À¸Ã¹¸
(νt, νx)

B
E

½Ã Æ µÀ¶Ä
(t, x)

Å½ÄÀÅ¼ ½ÀÄ
νx 6= 0

È
• Ü À¶½¿¸Ç ¸¶ÄD Ã¶ ¸ ½ÆÆ ¿À»½ÄÀµ¶

t ∈ [0, T ] 7→ Er(t)
¸ÅÄ ½ÆÆ ¸¿A¸ Ã¶ ¸ A·µ¿ÃÄÀµ¶ ¹AºÃ¿À(¹¸Êµ¶Ä ¿¸ áµ¹Ê ¸ÅÄ

C2+α
ÅÀ
Er

¸ÅÄ Ã¶ ÄÃá¸ ¹AºÃ¿À¸¹ »µÇÆ½»Ä Ä¸¿ ÂÃ ¸
Er(t)

½ Ã¶ áµ¹Ê
C2+αÆ µÃ¹ ÄµÃÄ

t ∈ [0, T ]
È

6��ò���ö ý û  7	ÿ ���öõ�ö ó ù�õö �òô���òõ ��ú�ô���ö 8 9�ð 8 6��ò���ö ð �:;< µÀÄ
Ω0 >Êµ¶Ä ¿¸ áµ¹Ê ¹¸Æ ¹AÅ ¸¶Ä¸ ¿½ ¿Àº¶ ¸ Ê¸ ÊÀÅ ¿µ»½ÄÀµ¶ ½Ã Ä¸ÇÆ Å À¶ÀÄÀ½¿C Ã¶ ÊµÇ ½À¶ ¸»µÇÆ½»Ä Êµ¶Ä ¿¸ áµ¹Ê ¸ÅÄ Ã¶À¼ µ¹Ç AÇ ¸¶Ä

C3+α
È =¶ ÅÃÆÆ µÅ¸ ÂÃ ¸

c0 ∈ C∞
c (R2)

¸Ä
c1 ∈ C∞

c (R2 × [0,∞))
È É ¿µ¹ÅD À¿ ¸Õ ÀÅÄ¸ Ã¶ Ä¸ÇÆ Å

t0 > 0
¸Ä Ã¶ ¸ A·µ¿ÃÄÀµ¶ ¹AºÃ¿À(¹¸

{Ωr(t)}0≤t≤t0

Êµ¶Ä ¿¸ áµ¹Ê ¸ÅÄ
C2+α

D Æ½¹Ä½¶Ä Ê¸
Ω0

½·¸» Ã¶ ¸ ·ÀÄ¸ÅÅ ¸ ¶ µ¹Ç ½¿¸
Vx,t = Hx,t + c0 ? 1Ωr(t)(x) + c1(x, t),

�äI�
µI
Hx,t

¸ÅÄ ¿½ »µÃ¹áÃ¹¸ Ç µË¸¶¶ ¸ Ê¸
∂Ωr(t)

B
x
È

i wKMVE ME GO TPECNE EUD KFUTKPVE ME cNOFU ED ATPCR[ ÖïßÙ TBCP GE SBCNESEFD TOPRBCP~CPE S BQEFFE �NBKP OCUUK h KkO Ö��Ù y iCFOPMK ÖäßHÙ y _ OE[O�O Öäß äÙ� z �G U wOkKD MEUCTTBUEP aCE G wBF O CFE VNBGCDKBF PVkCGKmPE ED ME RBFUKMVPEP GO |BFRDKBF MKUDOFREUKkFVE OC ~BPM z eF TECD OGBPU S BFDPEP aCE REDDE |BFRDKBF NVPK}E CFE VaCODKBF CFK^|BPS VSEFD TOPO~BGKaCE z iE ~CD EUD EFUCKDE ME RBFUDPCKPE MKPERDES EFD CFE UBGCDKBFME REDDE VaCODKBF ED ME NVPK}EP x TBUDEPKBPK aCE GO GKkFE ME FKNEOC gVPB ME GO UBGCDKBFDPBCNVE MV}FKD ~KEF CFE VNBGCDKBF PVkCGKmPE ONER GO ~BFFE NKDEUUE FBPS OGE z

�



ý  	õòõ��� óö� ����ô����
ý ð û ����ô���� ó ùöÿ ���öõ�ö ö� ó ù�õ����� öõ �ö�� � ôòõú

jBSSE FBCU G wONBFU MVJ x S EFDKBFFV y GEU D`VBPmS EU EF DESTU GBFk TBCP GEU VaCO^DKBFU ME GO MQFOS KaCE M wCFE GKkFE ME MKUGB RODKBF UBFD ~ EOCRBCT TGCU MK5 RKGEU xB~DEFKP z ]CUaC wx TPVUEFD y G wEd KUDEFRE ED G wCFKRKDV EF DESTU GBFk ONER MEU `QTBD`mUEUkVFVPOGEU EUD EFRBPE CFE aCEUDKBF BCNEPDE z �G Ed KUDE RET EFMOFD MEU PVUCGDODU TOPDKEGU z{BCD M wO~BPM y UBCU REPDOKFEU `QTBD`mUEU ME S BFBDBFKE UCP GO NKDEUUE y f GNOPEg y jOPMO^GKOkCED y _BFFEOC ÖÞÙ TCKU ZOPGEU y iEQ ÖI×Ù BFD SBFDPV y ONER MEU S VD`BMEU MKbVPEFDEU yaC wKG Ed KUDOKD CFE CFKaCE UBGCDKBF ME NKURBUKDV ME �Ø� TBCP DBCD DESTU �FBCU PEFNBQBFUVkOGES EFD x jOPMOGKOkCED y _ OPR`K Ö×IÙ� z ZOPGEU y jOPMOGKOkCED y iEQy _BFFEOC ÖI äÙ BFDVkOGES EFD SBFDPV G wEd KUDEFRE kGB~OGE EF DESTU M wCFE UBGCDKBF |OK~ GE z jEDDE FBDKBFME UBGCDKBF |OK~ GE PETBUE UCP GEU UBGCDKBFU ME NKUBUKDV
L1

KFDPBMCKDEU TOP �U`KK ÖääØÙ�NBKP OCUUK �CFgKOFDE ÖäßL y äßïÙ y ZBCPkBKFk Öß äy ßIÙ� ED UCP GE PVUCGDOD ME UDO~KGKDV MEZOPGEU ÖIHÙ z
�FE OCDPE `QTBD`mUE aCK UEPO UBCNEFD CDKGKUVE MOFU GO UCKDE EUD aCE

c0 = J ≥
0
z l OFU RE ROU y T BCP aCE GEU MPBKDEU FE ~BCkEFD TOU U wKG F wQ O TOU ME RBFDPOKFDEEdDVPKECPE y KG |OCD R`BKUKP

c1 = −1
2

∫
J
z jEGO PEN KEFD ME S OFKmPE |BPS EGGE x RBFREFDPEPGO TOPDKE FVkODKNE MC FBQOC x G wBPKkKFE z XBCP RE DQT E M wVaCODKBF y AGET JEN ÖäÞ�Ù OS BFDPV aCE GO |BPSCGODKBF GENEG UED x CDKGKUEP EUD GO UCKNOFDE






ut(x, t) =

(
(J ? 1{u(·,t)>u(x,t)})(x) −

1

2

∫

4
2

J

)
|Du(x, t)| MOFU

R2 × (0, T ),

u(·, 0) = u0(·)
UCP

R2 �äØ�jEDDE |BPSCGODKBF EUD EF |OKD ~ EOCRBCT TGCU UDO~GE ED T EPS ED M wB~DEFKP CF PVUCGDODM wEd KUDEFRE ED M wCFKRKDV EF DESTU GBFk z �RK GO GKkFE ME MKUGB RODKBF EUD PETPVUEFDVE TOPF wKS TBPDE aCEGGE GKkFE ME FKNEOC ME GO |BFRDKBF
u
z fNOFD M wVFBFREP FBDPE D`VBPmS EM wEd KUDEFRE y FBCU POTTEGBFU GO MV}FKDKBF ME UBGCDKBF ME NKURBUKDV aCE FBCU CDKGKUBFUED aCK F wEUD TOU UDOFMOPM z jEDDE MV}FKDKBF O VDV TPBTBUVE TOP AGET JEN ÖäÞ�Ù �NBKPOCUUK lO iKB y ) KS y AGET JEN ÖÞ�Ù� W

þ �Fõ���òõ ý �  7�ò��K���K�ò ô���òõ óö ����ò���� �ò�� �äØ�;L¶ ¸ ¼ µ¶ »ÄÀµ¶
u : R2 × R+ → R

Å ¸Ç À¾»µ¶ÄÀ¶Ã¸ ÅÃÆ A¹À¸Ã¹¸Ç ¸¶Ä >¹¸ÅÆ È Å ¸Ç À¾»µ¶ÄÀ¶Ã¸À¶¼ A¹À¸Ã¹¸Ç ¸¶ÄC ¸ÅÄ Ã¶ ¸ ÅµÃÅ¾Å µ¿ÃÄÀµ¶ Ê¸ ·ÀÅ »µÅÀÄA >¹¸ÅÆ È ÅÃ¹¾Å µ¿ÃÄÀµ¶C Ê¸ �äØ� ÅÀ
u(0, x) ≤ u0(x)

Ê½¶Å
R2 >¹¸ÅÆ È

u(0, x) ≥ u0(x)
C ¸Ä Æ µÃ¹ ÄµÃÄ

(x, t) ∈ R2 × (0,∞)
¸Ä

Æ µÃ¹ ÄµÃÄ¸ ¼ µ¶ »ÄÀµ¶ Ä¸ÅÄ
φ ∈ C2(R2 ×R+)

Ä¸¿ ¿¸ ÂÃ ¸
u−φ

½ÄÄ¸À¶Ä Ã¶ Ç ½Õ ÀÇÃÇ >¹¸ÅÆ ÈÃ¶ Ç À¶ÀÇÃÇC ½Ã Æ µÀ¶Ä
(x, t)

D ½¿µ¹Å µ¶ ½

φt(x, t) ≤
(

(J ? 1{u(·,t0)≥u(x,t)})(x) −
1

2

∫

4
2

J

)
|Dφ(x, t)|

ü



�õ��òó����òõ ú�õ���ôö
(

resp. φt(x, t) ≥
(

(J ? 1{u(·,t0)>u(x,t)})(x) −
1

2

∫

4
2

J

)
|Dφ(x, t)|

)
.

L¶ ¸ ¼ µ¶ »ÄÀµ¶ »µ¶ÄÀ¶Ã¸ ¸ÅÄ Ã¶ ¸ Åµ¿ÃÄÀµ¶ Ê¸ ·ÀÅ »µÅÀÄA Ê¸ �äØ� ÅÀ ¸Ä Å ¸Ã¿¸Ç ¸¶Ä ÅÀ » Ȩ ÅÄÃ¶ ¸ ÅµÃÅ ¸Ä Ã¶ ¸ ÅÃ¹¾Å µ¿ÃÄÀµ¶ Ê¸ ·ÀÅ »µÅÀÄAÈ
6��ò���ö ý �  7	ÿ ���öõ�ö ö� �õ����� öõ �ö�� � ôòõú �ò�� �äØ� 8 9�ü 8 6��ò����ö ð ð: ;=¶ ÅÃÆÆ µÅ ¸ ÂÃ ¸

u0 ∈ Lip(R2)
¸Ä ÂÃ ¸

J ∈ W 1,1(R2)
È É ¿µ¹ÅD À¿ ¸Õ ÀÅÄ¸ Ã¶ ¸ Ã¶ÀÂÃ ¸Å µ¿ÃÄÀµ¶ Ê¸ ·ÀÅ »µÅÀÄA Ê¸ �äØ� È

lOFU GE ROU ME G wVaCODKBF M wVNBGCDKBF �×� �UOFU RBFMKDKBF ME UKkFE UCP
c0

� y KG EUDEFRBPE TBUUK~GE M wCDKGKUEP G wEbED PVkCGOPKUOFD ME GO RBCP~CPE SBQEFFE TBCP RBFUDPCKPECFE UBGCDKBF |OK~ GE EF DESTU GBFk z iO RBFUDPCRDKBF ME REDDE UBGCDKBF CDKGKUE GEU SBCNE^S EFDU S KFKS KUOFDU KFDPBMCKDU TOP f GSkPES y {OQGBP ED �OFk MOFU ÖØÙ TBCP G wVaCODKBFTOP RBCP~CPE SBQEFFE �FBCU PEFNBQBFU VkOGES EFD x fS~PBUKB ÖäIÙ TBCP CFE TPVUEF^DODKBF UKS TGK}VE� z
iO FBDKBF ME UBGCDKBF |OK~ GE aCE FBCU CDKGKUBFU EUD GO S �S E aCE REGGE MV}FKE TOPZOPGEU y jOPMOGKOkCED y iEQ ED _BFFEOC ÖI äÙ TBCP G wVaCODKBF GENEG UED OUUBRKVE x �Ø� z�F RBFRETD UKS KGOKPE ME UBGCDKBF OTTOPO�D VkOGES EFD MOFU ABPONKO y ABCkOFKMKU ÖäLäÙTBCP MEU UQUDmS EU ME DQT E �KDg`Ck`^�OkCSB z�FE UBGCDKBF |OK~ GE EUD MV}FKE ME GO S OFKmPE UCKNOFDE W

þ �Fõ���òõ ý �  =¶ ÅÃÆÆ µÅ ¸ ÂÃ ¸
c0 ∈ C∞

c (R2)
¸Ä
c1 ∈ C∞

c (R2 × [0, T ))
È < µÀÄ

Ω :
[0, T ] → P(R2)

Ã¶ ¸ ½ÆÆ ¿À»½ÄÀµ¶ Ä¸¿ ¿¸ ÂÃ ¸
t 7→ 1Ω(t)

½ÆÆ½¹ÄÀ¸¶Ä B
C0([0, T ], L1(R2))

È< µÀÄ
u

¿ EÃ¶ÀÂÃ ¸ Å µ¿ÃÄÀµ¶ Ê¸ ·ÀÅ »µÅÀÄA Ã¶À¼ µ¹Ç AÇ ¸¶Ä »µ¶ÄÀ¶Ã¸ Ê¸





ut(x, t) =
[ÊÀ·( Du(x,t)

|Du(x,t)|

)
+ c0(·, t) ? 1Ω(t)(x) + c1(x, t)

]
|Du(x, t)|Ê½¶Å

R2 × (0, T )
u(x, 0) = u0(x)

ÅÃ¹
R2,

�äß�

µI
u0

¸ÅÄ Ã¶ ¸ ¼ µ¶ »ÄÀµ¶ Ã¶À¼ µ¹Ç AÇ ¸¶Ä »µ¶ÄÀ¶Ã¸ ·A¹À? ½¶Ä

Ω0 = {u0 ≥ 0} et
◦
Ω0= {u0 > 0}.

=¶ ÊÀÄ ÂÃ ¸
Ω

¸ÅÄ Ã¶ ¸ Åµ¿ÃÄÀµ¶ ¼ ½Àá¿¸ Ê¸ ¿½ ¿µÀ Ê EA·µ¿ÃÄÀµ¶ Êµ¶¶ A¸ Æ½¹ ¿½ ·ÀÄ¸ÅÅ ¸¶ µ¹Ç ½¿¸
Vx,t = Hx,t + c0 ? 1Ω(t)(x) + c1(x, t)

�ä×�
ÅÀ Æ µÃ¹ ÄµÃÄ

t ∈ [0, T ]
¸Ä Æ ¹¸ÅÂÃ ¸ Æ½¹ÄµÃÄ Ê½¶Å

R2
D µ¶ ½

{u(·, t) > 0} ⊂ Ω(t) ⊂ {u(·, t) ≥ 0}.

�



ý  	õòõ��� óö� ����ô����
jBSSE FBCU G wONBFU KFMKaCV TPVRVMESSEFD y GO RBFUDPCRDKBF M wCFE UBGCDKBF |OK~ GEPETBUE UCP GO FBDKBF ME SBCNESEFDU S KFKS KUOFDU z lE SOFKmPE TGCU TPVRKUE y FBCU S BF^DPEPBFU aCE DBCD SBCNES EFD S KFKS KUOFD EUD CFE UBGCDKBF |OK~GE z �BCU RBSSEF*BFUTOP KFDPBMCKPE ME S OFKmPE MVDOKGGVE GO FBDKBF ME SBCNESEFD S KFKS KUOFD z eF }dE

T > 0
ED TBCP

h > 0
�GE TOU ME DESTU� y

k ∈ N
DEGU aCE

kh ≤ T
y
E

ED
F

MOFU P y BFMV}FKD GO |BFRDKBFFEGGE

F(h, k, E, F ) = P (E)+
1

h

∫

E∆F

d∂F (x) dx−
∫

E

(
1

2
c0 ? 1E(x) + c1(x, kh)

)
dx,

�äÞ�
B�

dC

EUD GO |BFRDKBF MKUDOFRE x G wEFUES~GE |EPS V
C

ED
P (E)

EUD GE T VPKS mDPE MEG wEFUES~GE
E

z
MDOFD MBFFV CF TOU ME DESTU

h
y GE TPKFRKT E MEU SBCNES EFDU S KFKS KUOFDU EUDME RBFUDPCKPE KDVPODKNES EFD CFE UCKDE

Ωh(k)
EF S KFKS KUOFD GO |BFRDKBFFEGGE

E 7→
F(h, k, E,Ωh(k))

z iE ~CD EUD EFUCKDE ME TOUUEP x GO GKS KDE
h→ 0

z
�BCU MBFFBFU S OKFDEFOFD GO MV}FKDKBF PKkBCPECUE ME S BCNESEFD S KFKS KUOFD W

þ �Fõ���òõ ý ü  7ñò��ö�öõ� � �õ�� ���õ� 9û:;< µÀÄ
T > 0

¸Ä
Ω0 ∈ P È =¶ ÊÀÄ ÂÃ ¸

Ω : [0, T ] → P ¸ÅÄ Ã¶ Ç µÃ·¸Ç ¸¶Ä Ç À¶ÀÇ ÀÅ½¶Ä½ÅÅ µ»ÀA B ¿½ ¼ µ¶ »ÄÀµ¶¶ ¸¿ ¿¸ F ½·¸»
Ω0

»µÇÇ ¸ »µ¶ÊÀÄÀµ¶ À¶ÀÄÀ½¿¸ Å EÀ¿ ¸Õ ÀÅÄ¸ Ã¶ ¸ ÅÃÀÄ¸
(hn), hn → 0+

¸Ä Ê¸Å ¸¶Å ¸Ç á¿¸Å
Ωhn(k) ∈ P Æ µÃ¹ ÄµÃÄ

k ∈ N
½·¸»

khn ≤ T
D Ä¸¿ÅÂÃ ¸ Ô

N È
Ωhn(0) = Ω0

D
O È G µÃ¹ ÄµÃÄ

n, k ∈ N
½·¸»

(k + 1)hn ≤ T
D

Ωhn(k + 1)
ÇÀ¶ÀÇ ÀÅ ¸ ¿½ ¼ µ¶ »ÄÀµ¶¶ ¸¿ ¿¸

E → F(hn, k, E,Ωhn(k))
�äL�

Æ½¹Ç À ÄµÃÅ ¿¸Å
E ∈ P DP È G µÃ¹ ÄµÃÄ

t ∈ [0, T ]
D
Ωhn([t/hn]) → Ω(t)

Ê½¶Å
L1(RN)

ÂÃ½¶Ê
n → +∞D » Ȩ ÅÄB ÊÀ¹¸ ÂÃ ¸

1Ωhn ([t/hn]) → 1Ω

Ê½¶Å
L1(R2)

È
µI

[·] ¸ÅÄ ¿½ ¼ µ¶ »ÄÀµ¶ Æ½¹ÄÀ¸ ¸¶ÄÀ(¹¸È
iE TPES KEP PVUCGDOD RBFREPFOFD GEU SBCNES EFDU S KFKS KUOFDU EUD CF PVUCGDODM wEd KUDEFRE W

6��ò���ö ý �  7	ÿ ���öõ�ö óö �ò��ö�öõ�� � �õ�� ���õ�� 8 9�ð 8 6��ò���öð û:;< µÀÄ
Ω0 ∈ P Ä¸¿ ÂÃ ¸ L2(∂Ω0) = 0

È =¶ ÅÃÆÆ µÅ ¸ ÂÃ ¸
c0 ∈ C∞

c (R2)
¸Ä
c1 ∈ C∞

c (R2 ×
[0, T ))

È É ¿µ¹ÅD À¿ ¸Õ ÀÅÄ¸ Ã¶ Ç µÃ·¸Ç ¸¶Ä Ç À¶ÀÇ ÀÅ½¶Ä
Ω

½ÅÅ µ»ÀA B F ½·¸»
Ω0

»µÇÇ ¸»µ¶ÊÀÄÀµ¶ À¶ÀÄÀ½¿¸È
�



�õ��òó����òõ ú�õ���ôö
iE PVUCGDOD UCKNOFD J CUDK}E GE GKEF EFDPE REU SBCNESEFDU S KFKS KUOFDU ED G wVaCODKBFM wVNBGCDKBF MBFFVE TOP �×� z �G S BFDPE aCE DBCD SBCNES EFD S KFKS KUOFD RBPPEUTBFMEF |OKD x G wVNBGCDKBF PVkCGKmPE MBFFVE TOP GE {`VBPmS E I zØ DOFD aCE REDDE MEPFKmPEEd KUDE z

6��ò���ö ý �  7�ò��ö�� òõó�õ�ö ��ö� ôö Qò� ��ú�ô�ö� 8 9�ð 8 6��ò���ö ð �:;< µÀÄ
Ω0

Ã¶ ÊµÇ ½À¶ ¸ »µÇÆ½»Ä Êµ¶Ä ¿¸ áµ¹Ê ¸ÅÄ
C3+α

È =¶ ÅÃÆÆ µÅ ¸ ÂÃ ¸
c0

¸ÅÄ ÅËÇ AÄ¹ÀÂÃ ¸DÂÃ ¸
c0 ∈ C∞

c (R2)
¸Ä ÂÃ ¸

c1 ∈ C∞
c (R2 × [0, T ))

È < µÀÄ
Ωr

¿¸ R µÄ ¹AºÃ¿À¸¹ Êµ¶¶ A Æ½¹¿¸ SÌ Aµ¹(Ç ¸ O ÈP È É ¿µ¹ÅD ÄµÃÄ Ç µÃ·¸Ç ¸¶Ä Ç À¶ÀÇ ÀÅ½¶Ä ½ÅÅ µ»ÀA B F ½·¸»
Ω0

»µÇÇ ¸»µ¶ÊÀÄÀµ¶ À¶ÀÄÀ½¿¸ ·A¹À? ¸
Ω(t) = Ωr(t)

Æ µÃ¹ ÄµÃÄ
t ∈ [0, t0)

¸Ä Æ ¹¸ÅÂÃ ¸ Æ½¹ÄµÃÄ Ê½¶Å
R2

È
iO TPECNE ME RE D`VBPmS E PETBUE UCP GEU UBCUæUCP TOKPEU ME UBGCDKBFU KFDPBMCKDEUTOP jOPMOGKOkCED ED XOUaCKkFBF Ö×ØÙ z
�BCU OGGBFU S OKFDEFOFD EdTGKaCEP TBCPaCBK GEU S BCNESEFDU S KFKS KUOFDU UBFDMEU UBGCDKBFU |OK~ GEU z XBCP DBCDE UCKDE

(hn)n

DEFMOFD NEPU
0

ED DEGGE aCE
Ωhn([·/hn])RBFNEPkE NEPU CF SBCNESEFD S KFKS KUOFD

Ω
y BF T ECD RBFUKMVPEP GEU UBCU ED UCP GKS KDEUMEU

Ωhn(k)
aCOFM

n → ∞ y
Ω∗

ED
Ω∗ z �BCU UEPBFU OGBPU ROTO~GEU y kP�RE x G wVaCODKBFM wcCGEP RBPPEUTBFMOFDE x GO S KFKS KUODKBF ME GO |BFRDKBFFEGGE F y ME ROGRCGEP GO NKDEUUE�OC UEFU ME N KURBUKDV� ME

Ω∗
ED

Ω∗ EF |BFRDKBF ME
Ω

z jEGO T EPS ED ME RBSTOPEP
Ω∗

ED
Ω∗ ONER G wEFUES~GE ME FKNEOC

0
ME GO UBGCDKBF ME NKURBUKDV

u
CDKGKUVE MOFU GO lV}FKDKBFI zÞ z jBSSE

Ω∗ ⊂ Ω ⊂ Ω∗ y BF TBCPPO OGBPU MVMCKPE aCE
Ω

EUD CFE UBGCDKBF |OK~ GE ME�ä×� W
6��ò���ö ý ð�  7Tö� �ò��ö�öõ�� � �õ�� ���õ�� �òõ� óö� �òô���òõ� U��� ôö� 89�ð 8 6��ò���ö ð �:;;< µÀÄ

Ω0 ∈ P Ä¸¿ ÂÃ ¸ L2(∂Ω0) = 0
È < µÀÄ

Ω
Ã¶ Ç µÃ·¸Ç ¸¶Ä Ç À¶ÀÇ ÀÅ½¶Ä ½ÅÅ µ»ÀA B F ½·¸»

Ω0

»µÇÇ ¸ »µ¶ÊÀÄÀµ¶ À¶ÀÄÀ½¿¸È =¶ ÅÃÆÆ µÅ ¸ ÂÃ ¸
c0

¸ÅÄ ÅËÇ AÄ¹ÀÂÃ ¸D ÂÃ ¸
c0 ∈ C∞

c (R2)
¸ÄÂÃ ¸

c1 ∈ C∞
c (R2 × [0, T ))

ÈÉ ¿µ¹Å
Ω

¸ÅÄ Ã¶ ¸ Åµ¿ÃÄÀµ¶ ¼ ½Àá¿¸ Ê¸ �ä×� È ê¶ Æ½¹ÄÀ»Ã¿À¸¹D Å EÀ¿ ¶ EË ½ Æ½Å Ê¸ ¼ ½ÄÄ¸¶À¶º DÀÈ¸È ÅÀ {u(·, t) = 0} ¸ÅÄ Ê¸ Ç ¸ÅÃ¹¸ Ê¸ �¸á¸ÅºÃ ¸ ¶Ã¿ ¿¸D ½¿µ¹Å
u

¸ÅÄ Ã¶ ¸ Åµ¿ÃÄÀµ¶ Ê¸·ÀÅ »µÅÀÄA Ê¸ �Þ�¾�L� ½·¸»
u0

»µÇÇ ¸ »µ¶ÊÀÄÀµ¶ À¶ÀÄÀ½¿¸È
ý ð � �ò�� ò��ö�öõ� � ú��õóö ���öôôö

�BCU OGGBFU S OKFDEFOFD TPVUEFDEP CF PVUCGDOD KSTBPDOFD RBFREPFOFD GO MQFOS KaCEM wCFE GKkFE ME MKUGB RODKBF z �G U wOkKD ME S BFDPEP GO RBFNEPkEFRE x kPOFME VR`EGGE MEREDDE MQFOS KaCE NEPU MEU S BCNESEFDU ME DQT E S BCNESEFD TOP RBCP~CPE S BQEFFE zjE PVUCGDOD J CUDK}E ME S OFKmPE PKkBCPECUE GEU ROGRCGU ED GEU OTTPBd KS ODKBFU |OKDU TOPGEU T`QUKRKEFU z
jBSSE FBCU NBCGBFU PEkOPMEP GO MQFOS KaCE x kPOFME VR`EGGE y FBCU ONBFU ~ EUBKFME PEkOPMEP RE aCK UE TOUUE EF DESTU GBFk z �BCU OGGBFU MBFR CDKGKUEP G wVaCODKBF �äØ�

ð�



ý  	õòõ��� óö� ����ô����
MOFU GOaCEGGE GE FBQOC

J
EUD TBUKDK| ED G wBF RBFUKMmPE GEU FBQOCd NVPK}OFD VkOGES EFD





J(x) =
1

|x|3 g
(
x

|x|

)
si |x| ≥ 1,

J(−x) = J(x) ≥ 0 ∀ x ∈ R2

�äï�

B�
g ∈ C∞(S1)

EUD CFE |BFRDKBF MV}FKE UCP GE REPRGE
S1

ME
R2

z
eF U wKFDVPEUUE x GO MQFOS KaCE ME GKkFEU ME MKUGB RODKBFU ME DOKGGE ME G wBPMPE

1/ε
EDx GO GKS KDE aCOFM

ε → 0
z XBCP RE |OKPE y BF MV}FKD TBCP

ε > 0
GO |BFRDKBF �PEUROGGVE�UCKNOFDE W

uε(x, t) = u

(
x

ε
,

t

ε2| ln ε|

)

aCK UODKU|OKD G wVaCODKBF





∂uε

∂t
=

((
Jε ? 1{uε(,·,t)≥uε(x,t)}

)
(x) − 1

2

∫

4
2

Jε

)
|Duε| dans R2 × (0, T )

uε(·, 0) = uε
0 sur R2

�ä��

B�
Jε

EUD GE FBQOC �PEUROGGV� MV}FKD TOP

Jε(x) =
1

ε3| ln ε|J
(x
ε

)
.

�IH�
iE UROGKFk CDKGKUV TBCP

uε
�ED MBFR TBCP

Jε
� EUD TPEUaCE GE UROGKFk TOPO~BGKaCE ziE DEPS E | ln ε| EUD CF |ORDECP ~KEF RBFFC EF T`QUKaCE �FBCU PEFNBQBFU TOP EdESTGEx ZOPFEDD y hONOggO ÖØ äÙ y ZPB�F Öß×Ù ED Y KPD` y iBD`E ÖäHÞÙ� z l wCF TBKFD ME NCE S O^

D`VS ODKaCE y KG N KEFD ME GO S OCNOKUE MVRPBKUUOFRE x G wKF}FK MC FBQOC �EF 1

|x|3
� aCK FE

NVPK}E TOU G w`QTBD`mUE RGOUUKaCE �NBKP ZOPGEU y hEBPkEGKF ÖIIÙ y �U` KK y X KPEU y ABCkOFKMKUÖäIHÙ BC �U`KK ÖääÞÙ�
∫

{(x,p)=0}
c0(x)|x|2 <∞ ∀ p ∈ S1.

�BCU PEFNBQBFU x GO AERDKBF ß zä MC j`OTKDPE ß TBCP CFE MKURCUUKBF MVDOKGGVE UCP REDDERBFMKDKBF z
lOFU GO GKS KDE

ε→ 0
y REDDE MQFOS KaCE EUD ~KEF OTTPBR`VE TOP GE SBCNESEFD TOPRBCP~CPE SBQEFFE OFKUBDPBT E UCKNOFD W






∂u0

∂t
+ F (D2u0, Du0) = 0 dans R2 × (0, T )

u0(·, 0) = u0 sur R2

�I ä�

ðð
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ONER

F (M, p) = −g
(
p⊥

|p|

)
trace

(
M ·

(
Id− p

|p| ⊗
p

|p|

)) �II�
B�

p⊥
EUD G wKS OkE MC NERDECP

p
TOP CFE PBDODKBF M wOFkGE

π/2
z cF TOPDKRCGKEP y BF NBKDaCE G wVaCODKBF �Iä� MVRPKD GE S BCNESEFD TOP RBCP~CPE SBQEFFE OFKUBDPBT E ONER GON KDEUUE

g(τ)κB�
κ

EUD GO RBCP~CPE ME GO GKkFE ME FKNEOC ME
u0

ED
τ

EUD GE NERDECP CFKDOKPE DOFkEFDx GO GKkFE ME FKNEOC ME
u0

z
iE PVUCGDOD TPKFRKTOG ME REDDE UBCU^UERDKBF EUD GE UCKNOFD W

6��ò���ö ý ðð  7�òõ�ö�úöõ�ö óö ô� ó÷õ�� �ø�ö óö� ó��ôò ����òõ� �ö�� ôö�ò��ö�öõ� ��� �ò�����ö �ò÷öõõö 8 9�ü 8 6��ò���ö ð �: ö� 9�� 8 6��ò���öý ð:;=¶ ÅÃÆÆ µÅ ¸ ÂÃ ¸
u0 ∈ Lip(R2)

D ¸Ä
J ∈W 1,1(R2)

È É ¿µ¹Å ¿½ Å µ¿ÃÄÀµ¶
uε

Ê¸ ¿½ ÊË¶½Ç ÀÂÃ¸Ê¸Å ÊÀÅ ¿µ»½ÄÀµ¶Å �ä�� »µ¶·¸¹º ¸ ¿µ»½¿¸Ç ¸¶Ä Ã¶À¼ µ¹Ç AÇ ¸¶Ä ÅÃ¹ ¿¸Å »µÇÆ½»ÄÅ Ê¸
R2 ×

[0,∞)
·¸¹Å ¿ EÃ¶ÀÂÃ ¸ Å µ¿ÃÄÀµ¶

u0
ÊÃ Ç µÃ·¸Ç ¸¶Ä Æ½¹ »µÃ¹áÃ¹¸ Ç µË¸¶¶ ¸ ½¶ÀÅ µÄ¹µÆ ¸�Iä� È Ò ¸ Æ ¿ÃÅD À¿ ¸Õ ÀÅÄ¸ Ã¶ ¸ »µ¶ÅÄ½¶Ä¸
K1

ÊAÆ ¸¶Ê½¶Ä Å ¸Ã¿¸Ç ¸¶Ä Ê¸
sup42 J, |Dg|L∞(S1)¸Ä |Du0|L∞(

4
2)

Ä¸¿ ¿¸ ÂÃ ¸ ¿½ ÊÀ@ A¹¸¶ »¸ ¸¶Ä¹¸
uε

¸Ä
u0

¸ÅÄ Êµ¶¶ A¸ Æ½¹

sup4
2×(0,T )

|uε − u0| ≤ K1

(
T

| ln ε|

) 1
6

+ sup4
2

|uε
0 − u0|

Æ µÃ¹
T ≤ 1

È
� ö���ø�ö ý ðý  Ò ¸Å ¹AÅÃ ¿Ä½ÄÅ ÅÀÇ À¿½À¹¸Å >Å½¶Å ¸ÅÄÀÇ ½ÄÀµ¶ Ê Ȩ ¹¹¸Ã¹C µ¶Ä AÄA Æ ¹µÃ·AÅ
Æ µÃ¹ Ê¸Å ¶ µË½ÃÕ º A¶ A¹½ÃÕ ¸¶ ¹¸¿½ÄÀµ¶ ½·¸» ¿ E½¿º µ¹ÀÄÌÇ ¸ Ê¸ Ý ¸¹¹ÀÇ ½¶ D V ¸¶ »¸D =Å »Ì ¸¹
Æ µÃ¹ ¿½ »µÃ¹áÃ¹¸ Ç µË¸¶¶ ¸ W NX PY È Z µÃÅ ¹¸¶·µËµ¶Å Æ½¹ ¸Õ ¸ÇÆ ¿¸ B V ½¹¿¸ÅD Ú¸µ¹º ¸¿À¶WOOY D ê·½¶Å W [\Y D ]ÅÌ ÀÀ W NN Ŷ ¸Ä ]ÅÌ ÀÀD G À¹¸ÅD < µÃº ½¶ÀÊÀÅ W NO_Y Æ µÃ¹ Ê¸ Ä¸¿Å ¹AÅÃ¿Ä½ÄÅ ÈZ A½¶Ç µÀ¶ÅD »µÇÇ ¸ ¶µÃÅ ¿ E½·µ¶Å À¶ÊÀÂÃ A Æ ¹A»AÊ¸ÇÇ ¸¶ÄD ¶µÄ¹¸ ¶ µË½Ã ¶ ¸ Å½ÄÀÅ¼ ½ÀÄ Æ ½Å¿¸Å ÌËÆ µÄÌ (Å ¸Å Ê¸ »¸Å Æ½Æ À¸¹Å È
` TOPDKP ME G wVaCODKBF �II� y BF FE NBKD TOU UK GE SBCNES EFD TOP RBCP~CPE SBQEFFEOFKUBDPBT E �Iä� EUD ME DQT E NOPKODKBFFEG BC FBF z iE {`VBPmS E I zäß RK^MEUUBCU NOPVTBFMPE x REDDE aCEUDKBF EF SBFDPOFD aC wKG EUD EbERDKNES EFD ME DQT E NOPKODKBFFEG zXBCP VFBFREP RE PVUCGDOD ME S OFKmPE TPVRKUE y FBCU ONBFU ~ EUBKF ME GO MV}FKDKBFUCKNOFDE W

þ �Fõ���òõ ý ðû  < µÀÄ
g ∈ C∞(R2\{0}) Ä¸¿ ÂÃ ¸

g(λp) =
g(p)

|λ|3 , ∀λ ∈ R\{0} ½¶Ê
p ∈

R2\{0} È =¶ ½ÅÅ µ»À¸ ½¿µ¹Å B
g

Ã¶ ¸ ÊÀÅÄ¹ÀáÃÄÀµ¶ Ä¸ÇÆ A¹A¸ Lg

ÊA? ¶À¸ Æ½¹
〈Lg, ϕ〉 =

∫

4
2

dx g(x)
(
ϕ(x) − ϕ(0) − x ·Dϕ(0) 1B1(0)(x)

)

ðý



ý  	õòõ��� óö� ����ô����

Æ µÃ¹
ϕ ∈ S(R2)

D µI S(R2)
¸ÅÄ ¿ Ȩ ÅÆ½»¸ Ê¸Å ¼ µ¶ »ÄÀµ¶Å Ä¸ÅÄÅ Ê¸ < »ÌÓ½¹ÄÛ ¸Ä

B1(0)
¸ÅÄ¿½ áµÃ¿¸ Ã¶ÀÄA »¸¶Ä¹A¸ ¸¶ Û A¹µÈ=¶ ÊA? ¶ÀÄ Aº ½¿¸Ç ¸¶Ä ¿½ Ä¹½¶Å¼ µ¹Ç A¸ Ê¸ ÜµÃ¹À¸¹ Ê¸

ϕ ∈ S(R2) Æ½¹

F(ϕ)(ξ) =

∫

4
2

dx ϕ(x)e−iξ·x.

eF O OGBPU GE D`VBPmS E UCKNOFD W
6��ò���ö ý ð�  7���ú �õö �������òõõöôôö ó� �ò��ö�öõ� ��� �ò�����ö �ò÷�öõõö �õ��ò��ò� ö 8 9�ü 8 6��ò���ö ð ü:;
< µÀÄ

g ∈ C∞(R2\ {0}) Ä¸¿ ÂÃ ¸
g(λp) =

g(p)

|λ|3 , ∀λ ∈ R\{0}, ∀p ∈ R
2 È < µÀÄ

G := − 1

2π
F(Lg)

�IØ�
µI F(Lg)

¸ÅÄ ¿½ Ä¹½¶Å¼ µ¹Ç A¸ Ê¸ ÜµÃ¹À¸¹ Ê¸
Lg

È É ¿µ¹Å
G(λp) = |λ|G(p)

D ∀λ ∈ R\ {0}D
∀p ∈ R2

D ¸Ä
g

(
p⊥

|p|

)
p⊥

|p| ⊗
p⊥

|p| = D2G

(
p

|p|

) �Iß�
cF TOPDKRCGKEP y BF NBKD aCE

G
EUD RBFNEdE UK ED UECGES EFD UK

g ≥ 0
z lE TGCU y �Iß�UKkFK}E aCE MOFU G wVaCODKBF �Iä� y BF O

−F (D2u0, Du0) =
MKN (∇G

(
Du0

|Du0|

))
|Du0|,

R wEUD x MKPE aCE GE SBCNES EFD TOP RBCP~CPE S BQEFFE OFKUBDPBT E MVPKNE M wCFE VFEPkKERBFNEdE ∫
G (Du0)

z
� ö���ø�ö ý ð�  GÌËÅÀÂÃ ¸Ç ¸¶ÄD ¿½ ÂÃ½¶ÄÀÄA F(Lg)

¸ÅÄ ¶½ÄÃ¹¸¿ ¿¸Ç ¸¶Ä Êµ¶¶ A¸ ¸Ä¿½ ¼ µ¶ »ÄÀµ¶
g Æ ¸ÃÄ ½¿µ¹Å HÄ¹¸ »½¿»Ã ¿A¸ ¸¶ ÃÄÀ¿ÀÅ½¶Ä >OPC ¾ >OXC µI ¿ Eµ¶ Æ ¸ÃÄ Aº ½¿¸Ç ¸¶Ä·A¹À? ¸¹ ÅÀ
g

¸ÅÄ Æ µÅÀÄÀ· ¸ µÃ ¶µ¶ È
Ò ½¶Å ¿¸ »½Å ¿¸ Æ ¿ÃÅ ÅÀÇÆ ¿¸ Ê E½ÆÆ ¿À»½ÄÀµ¶ Æ µÃ¹ ¿½ ÊË¶½Ç ÀÂÃ¸ Ê¸Å ÊÀÅ ¿µ»½ÄÀµ¶ÅD ¿¸»¹ÀÅÄ½¿ ¸ÅÄ ÊA»¹ÀÄ Æ ½¹ ¿ EA¿½ÅÄÀ»ÀÄA ÀÅ µÄ¹µÆ ¸È aÃ½¶Ê ¿¸ ·¸»Ä¸Ã¹ Ê¸ V Ã¹º ¸¹Å ¸ÅÄ Æ ½¹½¿ ¿(¿¸B ¿ E½Õ ¸

x1

D µ¶ ½ ½¿µ¹Å

G(p) =
p2

2 + 1
1−ν

p2
1

|p|
½·¸»

ν ∈ (−1,
1

2
)

µI
ν

¸ÅÄ ¿¸ »µ¸b »À¸¶Ä Ê¸ G µÀÅÅ µ¶ ÊÃ Ç ½ÄA¹À½Ã ¸Ä

g(θ) =
(2γ − 1)(θ1)

2 + (2 − γ)(θ2)
2

|θ|5 ≥ 0
½·¸»

γ =
1

1 − ν
∈ (

1

2
, 2).

ðû



�õ��òó����òõ ú�õ���ôö
�BDPE {`VBPmS E I zäß T ECD VkOGES EFD �DPE kVFVPOGKUV x MEU FBQOCd TGCU kVFVPOCd z�G O VDV MVSBFDPV aCE G wBF TBCNOKD OTTPBR`EP MEU SBCNESEFDU TOP RBCP~CPE SBQEFFEkVFVPOCd EF CDKGKUOFD GE UR`VS O ME _EPPKS OF ZEFRE eU`EP ÖäßØÙ ONER MEU FBQOCdkVFVPOCd

K0

UODKU|OKUOFD
K0(−x) = K0(x)

ED TBCP DBCD
p ∈ S1

∫

{x, 〈x,p〉=0}
K0(x)|x|2 <∞ �I×�

ED ONER GE �UROGKFk TOPO~BGKaCE�
Kε

0 =
1

ε3
K0

(x
ε

) z �BCU PEFNBQBFU TOP EdESTGE x
ZOPGEU hEBPkEGKF ÖIIÙ y cNOFU ÖL�Ù y �U` KK ÖääÞÙ ED �U`KK y X KPEU y ABCkOFKMKU ÖäIHÙ ��BCUPEFNBQBFU VkOGES EFD x GO AERDKBF ß zä MC j`OTKDPE ß TBCP CFE TPECNE |BPS EGGE� z

lE SOFKmPE TGCU TPVRKUE y UBCU G w`QTBD`mUE UCTTGVS EFDOKPE aCE ∫
{x, 〈x,p〉=0}K0(x) =

1
TBCP DBCD

p ∈ S1
y GE S BCNESEFD GKS KDE DPBCNV MOFU ÖäIHÙ y AERDKBF Ø ONER GE UECKG

θ = 1/2
y EUD �I ä�^ �II� y ONER

g
PESTGORV TOP

g(θ) =

∫

(0,+∞)

dr r2K0(rθ)
�IÞ�

` FBDPE RBFFOKUUOFRE y MOFU RE ROMPE kVFVPOG y BF FE UONOKD TOU UK GE S BCNESEFD TOPRBCP~CPE SBQEFFE GKS KDE VDOKD ME DQT E NOPKODKBFFEG BC FBF z �G U wONmPE aCE REGO EUDJ CUDE CFE RBFUVaCEFRE ME FBDPE {`VBPmS E I zäß z
ý ð � �õ�ô÷�ö õ�����ø�ö óö ô� ó÷õ�� �ø�ö ó ù�õö ô�úõö óö ó��ôò ����òõ

lOFU REDDE UBCU^UERDKBF y FBCU OGGBFU MBFFEP aCEGaCEU UR`VS OU FCS VPKaCEU TBCPGO MQFOS KaCE M wCFE GKkFE ME MKUGB RODKBF z �BCU RBSSEF*BFU TOP GE ROU B� GE FBQOCEUD TBUKDK| y ÀÈ¸È G wVaCODKBF �äØ� z
������ õ�����ø�ö �ò�� �äØ�cDOFD MBFFV CFE DOKGGE ME MKURPVDKUODKBF

∆x,∆t
ED CFE kPKGGE

Q∆
T = Q∆ × {0, ..., (∆t)NT}

B�
Q∆ = {(i1∆x, i2∆x), I = (i1, i2) ∈ Z2} ED

NT

EUD GO TOPDKE EFDKmPE ME
T/∆t

y BFFBDE
(xi1 , xi2 , tn) = (xI , tn)

GE FBECM
(i1∆x, i2∆x, n∆t)

ED
vn

I

GO NOGECP ME G wOTTPBd K^S ODKBF FCS VPKaCE ME GO UBGCDKBF EdORDE
u(xI , tn)

ME �äØ� z
iO UBGCDKBF MKURPmDE

v
EUD ROGRCGVE ME S OFKmPE KDVPODKNE EF PVUBGNOFD GE UR`VS OKSTGKRKDE UCKNOFD

v0
I = ũ0(xI),

vn+1
I − vn

I

∆t
= c∆[v]n+1

I G(vn+1)I

�IL�
ð�



ý  	õòõ��� óö� ����ô����
B�

ũ0

EUD CFE OTTPBd KS ODKBF ME
u0

ED
G(vn+1)I

EUD CFE OTTPBd KS ODKBF OTTPBTPKVE MCkPOMKEFD ME
vn+1

TPKU OC TBKFD
xI

z iO N KDEUUE FBF^GB ROGE EUD MBFFVE TOP RBFNBGCDKBFMKURPmDE
c∆[v]n+1

I = c∆[v](xI , tn+1) =
∑

K∈c2 J̄I−K1{vn+1
K ≥vn+1

I }(∆x)
2 − 1

2

∑

K∈c2 J̄K(∆x)2 �Iï�
ONER

J̄I =
1

|QI |

∫

QI

J(x) dx
�I��

B�
QI

EUD GE RC~E CFKDV REFDPV EF
xI

QI = [xi1 − ∆x/2, xi1 + ∆x/2] × [xi2 − ∆x/2, xi2 + ∆x/2].
�ØH�

XBCP }FKP y BF MV}FKD
v#(y, tn) =

∑

I

v(xI , tn)χQI
(y)

�Ø ä�
B�

χQI

EUD GO |BFRDKBF KFMKRODPKRE ME
QI

zi wOTTPBd KS ODKBF MC kPOMKEFD EUD B~DEFCE EF CDKGKUOFD GE UR`VS O M weU`EP y AED`KOFÖä×ßÙ �eF TECD VkOGES EFD CDKGKUEP REGCK TPBTBUV TOP \BCQy {BCPKF Öä×�Ù� z c GGE EUDS BFBDBFE y RBFUKUDOFDE ED MVT EFM MC UKkFE ME GO N KDEUUE FBF^GB ROGE z �BCU PEFNBQBFUx GO AERDKBF × zä MC j`OTKDPE × TBCP CFE MV}FKDKBF TPVRKUE zjBSSE GO N KDEUUE
c∆

EUD FBF^GB ROGE ED S �SE FBF RBFDKFCE y BF MBKD MBFFEP CFUEFU x G wVkOGKDV MOFU GE UR`VS O �IL� z cF |OKD y FBCU OGGBFU CDKGKUEP G wOFOGBkCE ME GE|BPSCGODKBF AGET JEN ÖäÞ�Ù EF CDKGKUOFD GO FBDKBF ME UBCU ED UCP^UBGCDKBF MKURPmDE EDFBCU CDKGKUEPBFU CFE NEPUKBF MKURPmDE ME GO S VD`BME ME XEPPBF TBCP RBFUDPCKPE CFEUBGCDKBF MKURPmDE z XBCP MBFFEP CFE MV}FKDKBF TPVRKUE MEU UBGCDKBFU MKURPmDEU y FBCUONBFU ~ EUBKF ME GO FBDODKBF UCKNOFDE W
c̃∆[v]n+1

I =
∑

K∈c2 J̄I−K1{vn+1
K >vn+1

I }(∆x)
2 − 1

2

∑

K∈c2 J̄K(∆x)2,
�ØI�

B�
J̄

EUD MV}FK TOP �I�� z eF FBDE VkOGES EFD
G̃

G wOTTPBd KS ODKBF MC kPOMKEFD aCKMVT EFM MC UKkFE ME GO NKDEUUE
c̃
z

þ öFõ���òõ ý ð�  7�ò��K���K�òô���òõ ó������ö ó� ������ ;=¶ ÊÀÄ ÂÃ ¸
v

¸ÅÄ Ã¶ ¸ ÅµÃÅ¾Å µ¿ÃÄÀµ¶ ÊÀÅ »¹(Ä¸ >¹¸ÅÆ ÅÃ¹¾Å µ¿ÃÄÀµ¶C ÊÃ Å »Ì AÇ½ >O [C ÅÀ
Æ µÃ¹ ÄµÃÄ

I ∈ Z2, n ∈ N
D µ¶ ½
vn+1

I ≤ vn
I + ∆t c∆[v]n+1

I G(vn+1)I

(
resp. vn+1

I ≥ vn
I + ∆t c̃∆[v]n+1

I G̃(vn+1)I

)
.Ü À¶½¿¸Ç ¸¶ÄD µ¶ ÊÀÄ ÂÃ ¸

v
¸ÅÄ Ã¶ ¸ Åµ¿ÃÄÀµ¶ ÊÀÅ »¹(Ä¸ ÅÀ ¸Ä Å ¸Ã¿¸Ç ¸¶Ä ÅÀ » Ȩ ÅÄ Ã¶ ¸ ÅµÃÅ¸Ä Ã¶ ¸ ÅÃ¹¾Å µ¿ÃÄÀµ¶ È

ð�



�õ��òó����òõ ú�õ���ôö
�FE MEU TPBTPKVDVU KS TBPDOFDEU ME RE UR`VS O EUD aC wKG F wEUD TOU S BFBDBFE �xROCUE ME GO NKDEUUE FBF^GB ROGE y NBKP XPBTBUKDKBF × zï MC j`OTKDPE ×� z �VOFSBKFU y GOS BFBDBFKE ME G wOTTPBd KS ODKBF MC kPOMKEFD

G
UC5 D TBCP S BFDPEP aCE TBCP DBCDEUGEU UBGCDKBFU MC UR`VS O y FBCU ONBFU CFE EUDKS ODKBF M wEPPECP ME DQT E jPOFMOGG^iKBFUÖÞØÙ W

6��ò���ö ý ðü  7	 �������òõ ó ùö��ö�� ó����ö���òõ��õ�ö �ò�� 7ðû;89�� 8 6��ò���ö ý ý:;< µÀÄ
T ≤ 1

È =¶ ÅÃÆÆ µÅ ¸ ÂÃ ¸
u0, ũ0 ∈ W 1,∞(R2)

¸Ä ÂÃ ¸
J

Êµ¶¶ A Æ½¹ >NdC Å½ÄÀÅ¼ ½ÀÄ
J ∈ W 1,1(R2)

È =¶ ÅÃÆÆ µÅ ¸ ÂÃ ¸
∆x+ ∆t ≤ 1

È É ¿µ¹ÅD À¿ ¸Õ ÀÅÄ¸ Ã¶ ¸ »µ¶ÅÄ½¶Ä¸
K2 > 0ÊAÆ ¸¶Ê½¶Ä Å ¸Ã¿¸Ç ¸¶Ä Ê¸ |J |W 1,1(

4
2)

D |Du0|L∞(
4

2)

¸Ä |Dũ0|L∞(
4

2)

Ä¸¿ ¿¸ ÂÃ ¸ ¿ Ȩ ÅÄÀÇ ½ÄÀµ¶Ê Ȩ ¹¹¸Ã¹ ¸¶Ä¹¸ ¿½ Å µ¿ÃÄÀµ¶ »µ¶ÄÀ¶Ã ¸
u

Ê¸ >NPC ¸Ä ¶ EÀÇÆ µ¹Ä¸ ÂÃ ¸¿ ¿¸ Å µ¿ÃÄÀµ¶ ÊÀÅ »¹(Ä¸
vÊÃ Å »Ì AÇ½ ½ÃÕ ÊÀ@ A¹¸¶»¸Å ? ¶À¸Å >O [C ¸ÅÄ Êµ¶¶ A¸ Æ½¹

sup4
2×{0,...,tNT

}
|u− v#| ≤ K2

√
T (∆x+ ∆t)1/2 + sup4

2

|u0 − (ũ0)#|

Å µÃÅ ¿ EÌËÆ µÄÌ (Å ¸ »µÇÆ ¿AÇ ¸¶Ä½À¹¸
∆x+ ∆t ≤ 1

K2
2

È
� ö���ø�ö ý ð�  ] ¿ ¸ÅÄ Aº ½¿¸Ç ¸¶Ä Æ µÅÅÀá¿¸ Ê Ȩ ÕÆ ¿À»ÀÄ¸¹ ¿¸ »½¿»Ã¿ ÊÃ º¹½ÊÀ¸¶ÄD » Ȩ ÅÄB ÊÀ¹¸ Ê¸ ¹¸ÇÆ ¿½»¸¹ ¿¸ Ä¸¹Ç ¸

G(vn+1)I
Æ½¹ G(vn)I

Ê½¶Å ¿¸ Å »Ì AÇ½ >O [C ¸Ä ½À¶ÅÀ Ê¸»µ¶ÅÀÊA¹¸¹ ¿½ Å µ¿ÃÄÀµ¶
v

Ê¸

v0
I = ũ0(xI),

vn+1
I − vn

I

∆t
= c∆[v]n+1

I G(vn)I .
�ØØ�

Ò ½¶Å »¸ »½ÅD »µÇÇ ¸ Ê EÌ½áÀÄÃÊ¸D µ¶ ÊµÀÄ ¹½ë µÃÄ¸¹ Ã¶ ¸ »µ¶ÊÀÄÀµ¶ ´Ü�D Æ½¹ ¸Õ ¸ÇÆ ¿¸Ê¸ ¿½ ¼ µ¹Ç ¸
∆t ≤ ∆x

2|J |L1(
4

2)Æ µÃ¹ ¿½ ÊÀÅ »¹AÄÀÅ½ÄÀµ¶ ÊÃ º¹½ÊÀ¸¶Ä Æ ¹µÆ µÅ A¸ Æ½¹ =ÅÌ ¸¹ ¸Ä < ¸ÄÌ À½¶ È < µÃÅ »¸ÄÄ¸ ÌËÆ µÄÌ (Å ¸ÅÃÆÆ ¿AÇ ¸¶Ä½À¹¸D ¿¸ SÌ Aµ¹(Ç ¸ O ÈN[ ¹¸ÅÄ¸ ·¹½À ½·¸»
v

¿½ Å µ¿ÃÄÀµ¶ ÊÃ Å »Ì AÇ½ >PPC È
�G EUD VkOGES EFD TBUUK~ GE M wEdTGKRKDEP GE ROGRCG ME GO N KDEUUE MOFU GE UR`VS O �IL�ED ME RBFUKMVPEP

v0
I = ũ0(xI),

vn+1
I − vn

I

∆t
= c∆[v]nIG(vn)I .

�Øß�
lOFU RE ROU y KG EUD TBUUK~ GE ME SBFDPEP GO RBFNEPkEFRE MC UR`VS O �NBKP GE {`VB^PmS E I zä� RK^MEUUBCU� UBCU GO RBFMKDKBF j�i UCKNOFDE

∆t ≤ ∆x

2|J |L1(
4

2)

.
�Ø×�

ð�
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XOP RBFDPE y MOFU RE ROU y FBCU FE UBSSEU TOU ROTO~GEU ME SBFDPEP CFE EUDKS ODKBFM wEPPECP z iO MKbVPEFRE NKEFD MC |OKD aCE GBPUaCE G wBF KSTGKRKDE GO NKDEUUE y REGO GO�kmGE� ED BF TECD OGBPU CDKGKUEP G wEPPECP ME RBFUKUDOFRE MC UR`VS O B� GO NKDEUUE EUDMBFFVE z fC RBFDPOKPE y T BCP GE UR`VS O EdTGKRKDE y FBCU MENBFU RBFDP�GEP G wEUDKS ODKBFME RBFUKUDOFRE ME GO NKDEUUE y RE aCK F wEUD TOU TBUUK~ GE RBSSE FBCU GE SBFDPBFU MOFUGO XPBTBUKDKBF × zÞ MC j`OTKDPE × z

XBCP VFBFREP GE D`VBPmS E ME RBFNEPkEFRE MC UR`VS O �Øß� y BF MV}FKD
vδ(x, t) = v(xI , tn) si x ∈ QI , t ∈ [tn, tn+1)

B�
δ = (∆x,∆t)

ED
v

EUD GO UBGCDKBF MC UR`VS O �Øß�^ �Iï�^ �I�� z iE PVUCGDOD ME RBFNEP^kEFRE EUD OGBPU GE UCKNOFD W
6��ò���ö ý ð�  7�òõ�ö�úöõ�ö ó� ������ öÿ� ô�� ��ö �Øß� 8 9�� 8 6��ò���öý ü:;=¶ ÅÃÆÆ µÅ ¸ ÂÃ ¸ ¿½ »µ¶ÊÀÄÀµ¶ ´Ü� �Ø×� ¸ÅÄ ·A¹À? A¸È É ¿µ¹ÅD Å µÃÅ ¿¸Å ÌËÆ µÄÌ (Å ¸Å ÊÃSÌ Aµ¹(Ç ¸ O ÈN[D ¿½ ¼ µ¶ »ÄÀµ¶

vδ
»µ¶·¸¹º ¸ ¿µ»½¿¸Ç ¸¶Ä Ã¶À¼ µ¹Ç AÇ ¸¶Ä ÅÃ¹ ¿¸Å »µÇÆ½»ÄÅÂÃ½¶Ê

δ → 0
·¸¹Å ¿½ Å µ¿ÃÄÀµ¶

u
Ê¸ �äØ� È

� ö���ø�ö ý ý�  Ò ½¶Å ¿¸ Å »Ì AÇ½ �Øß�D À¿ ¸ÅÄ Aº ½¿¸Ç ¸¶Ä Æ µÅÅÀá¿¸ Ê EÀÇÆ ¿À»ÀÄ¸¹ ¿¸»½¿»Ã ¿ ÊÃ º¹½ÊÀ¸¶Ä ¸Ä ½À¶ÅÀ Ê Ȩ ¶¿¸·¸¹ ¿½ »µ¶ÊÀÄÀµ¶ ´Ü� �Ø×� Æ µÃ¹ µáÄ¸¶À¹ ¿¸ Ç HÇ ¸¹AÅÃ¿Ä½Ä Ê¸ »µ¶·¸¹º ¸¶ »¸ ÂÃ¸ ¿¸ SÌ Aµ¹(Ç ¸ O ÈN\ È
������ õ�����ø�ö �ò�� ôö �ò��ö�öõ� ��� �ò�����ö �ò÷öõõöiE PVUCGDOD ME RBFNEPkEFRE ME GO MQFOS KaCE MEU MKUGB RODKBFU NEPU GE S BCNESEFD TOPRBCP~CPE S BQEFFE UCkkmPE EF |OKD CF OGkBPKD`S E TBCP OTTPBd KS EP GO UBGCDKBF MCSBCNESEFD TOP RBCP~CPE SBQEFFE OFKUBDPBT E z XBCP REGO y KG UC5 D ME RBFUKMVPEP GOUBGCDKBF

vε
MC UR`VS O FCSVPKaCE �IL�^ �Iï�^ �I�� ONER

Jε
x GO TGORE ME

J
MOFU GOMV}FKDKBF ME

J̄
z cF RBS~KFOFD G wEUDKS ODKBF M wEPPECP MC {`VBPmS E I zää ED REGGE MC{`VBPmS E I zäL y BF TBCPPO OGBPU S BFDPEP CFE EUDKS ODKBF M wEPPECP EFDPE GO UBGCDKBFMC SBCNESEFD TOP RBCP~CPE SBQEFFE �Iä� ED UBF OTTPBd KS ODKBF FCSVPKaCE z

jE kEFPE ME PVUCGDOD EUD KSTBPDOFD M wCF TBKFD ME NCE OFOGQUE FCSVPKaCE z cFEbED y KG Q O CF kPOFM FBS~PE M wOTTGKRODKBFU TBCP GEU S BCNESEFDU TOP RBCP~CPES BQEFFE y RBSSE GO TPBTOkODKBF ME |PBFDU y GE DPOKDES EFD M wKS OkE y GO MQFOS KaCE MEU
CKMEU �FBCU PEFNBQBFU x AED`KOF ÖäÞØÙ ED eU`EP y XOPOkKBU Öä×ØÙ TBCP MEU EdESTGEUM wOTTGKRODKBFU� z l wCF TBKFD ME NCE FCSVPKaCE y G wOFOGQUE ME RE kEFPE M wVaCODKBF EUDOUUEg MK5 RKGE z �G Q O RET EFMOFD TGCUKECPU DPONOCd UCP REDDE aCEUDKBF z iE TPES KEP EUDREGC K M weU`EP y AED`KOF Öä×ßÙ z iECP S VD`BME FCSVPKaCE EUD DPmU CDKGKUVE EF TPODKaCES OKU KG F wEd KUDE TOU y x FBDPE RBFFOKUUOFRE y ME TPECNE ME RBFNEPkEFRE z �F OCDPE OG^kBPKD`S E EUD REGC K ME _EPPKS OF y ZEFRE y eU`EP ÖäßØÙ MOFU GEaCEG GE SBCNES EFD TOPRBCP~CPE SBQEFFE EUD NC RBSSE GO GKS KDE UKFkCGKmPE M wCFE VaCODKBF ME MKbCUKBF z iO
ðü



�õ��òó����òõ ú�õ���ôö
RBFNEPkEFRE ME RE UR`VS O O VDV SBFDPV TOP ZOPGEU y hEBPkEGKF ÖIIÙ ED cNOFU ÖL�Ù �NBKPOCUUK �U` KK ÖääÞÙ y �U` KK y X KPEU y ABCkOFKMKU ÖäIHÙ ED j`OS~BGGE y �BNOkO Ö×ÞÙ� z jPOFMOGGED iKBFU ÖÞ×Ù BFD VkOGES EFD TPBTBUV CFE RGOUUE ME UR`VS O FCSVPKaCE RBFNEPkEFDTBCP MEU VaCODKBFU TOPO~BGKaCEU FBF^GKFVOKPEU KFRGCOFD GE SBCNESEFD TOP RBCP~CPES BQEFFE z �F OCDPE OGkBPKD`SE RBFNEPkEFD O VDV TPBTBUV TOP e~EPS OF Öäß�Ù z l OFUREU MECd MEPFKEPU DPONOCd y GEU OCDECPU CDKGKUEFD MECd VR`EGGEU MKbVPEFDEU z iO TPES KmPEEUD ~KEF UCP GE TOU M wEUTORE

∆x
z iO UERBFME EUD GO DOKGGE MC UDEFRKG UCP GEaCEG BF NO|OKPE MEU ROGRCGU z jBSSE jPOFMOGG ED iKBFU G wBFD KFMKaCV MOFU ÖÞ×Ù y REU MECd VR`EGGEUUBFD DPmU KSTBPDOFDEU TBCP OTTPBd KS EP MEU VaCODKBFU MVkVFVPVEU RBSSE G wVaCODKBFTOP RBCP~CPE SBQEFFE z

lOFU FBDPE UR`VS O y FBCU PEDPBCNBFU REU MECd VR`EGGEU y
ε

VDOFD KRK GKV x GO DOKGGEMC UDEFRKG UCP GEaCEG BF ROGRCGE GO RBFNBGCDKBF z i wEUDKS ODKBF M wEPPECP TBCP GE SBCNE^S EFD TOP RBCP~CPE SBQEFFE aCE FBCU OGGBFU VFBFREP F wEUD TOU BTDKS OGE �KG EUD TOPEdESTGE TBUUK~ GE ME R`OFkEP GE FBQOC y NBKP AERDKBF Ø zØ MC j`OTKDPE ×� y S OKU x FBDPERBFFOKUUOFRE y R wEUD GO TPES KmPE EUDKS ODKBF TBCP CF UR`VS O RBSTGmDES EFD MKURPVDKUV z
6��ò���ö ý ýð  7	 �������òõ ó ùö��ö�� ó����ö���òõ��õ�ö �ò�� ôö �ò��ö�öõ�
��� �ò�����ö �ò÷öõõö 8 9�� 8 6��ò���ö ý �:;< µÀÄ

T ≤ 1
È =¶ ¶µÄ¸

vε
¿½ Å µ¿ÃÄÀµ¶ Ê¸ >O [C ¾ >OdC ¾ >O\C ½·¸»

Jε
B ¿½ Æ ¿½»¸ Ê¸

J
È =¶ÅÃÆÆ µÅ ¸ ÂÃ ¸

u0, ũ0 ∈ W 1,∞(R2)
D
g ∈ C∞(S1)

¸Ä ÂÃ ¸
J

Êµ¶¶ A¸ Æ½¹ >NdC Å½ÄÀÅ¼ ½ÀÄ
J ∈W 1,1(R2)

È =¶ ÅÃÆÆ µÅ ¸ Aº ½¿¸Ç ¸¶Ä ÂÃ ¸
∆x+∆t ≤ 1

È É ¿µ¹Å À¿ ¸Õ ÀÅÄ¸ Ã¶ ¸ »µ¶ÅÄ½¶Ä¸
K3 > 0

ÊAÆ ¸¶Ê½¶Ä Å ¸Ã¿¸Ç ¸¶Ä Ê¸
sup42 J, |Dg|L∞(S1), |J |W 1,1(

4
2)

D |Du0|L∞(
4

2)

¸Ä
|Dũ0|L∞(

4
2)

Ä¸¿ ¿¸ ÂÃ ¸ ¿ Ȩ ÅÄÀÇ ½ÄÀµ¶ Ê Ȩ ¹¹¸Ã¹ ¸¶Ä¹¸ ¿½ Å µ¿ÃÄÀµ¶ »µ¶ÄÀ¶Ã¸
u0

ÊÃ Ç µÃ·¸¾Ç ¸¶Ä Æ½¹ »µÃ¹áÃ¹¸ Ç µË¸¶¶ ¸ ½¶ÀÅ µÄ¹µÆ ¸ �Iä� ¸Ä Å µ¶ ½ÆÆ ¹µÕ ÀÇ ½ÄÀµ¶ ¶ÃÇ A¹ÀÂÃ ¸
vε

¸ÅÄÊµ¶¶ A¸ Æ½¹

sup4
2×{0,..,tNT

}
|u0 − vε

#| ≤ K3

(
T

| ln ε|

)1/6

+ sup4
2

|u0 − (ũε
0)#|

µI
ε ≥ K3(∆x+

√
∆t)

È
� ö���ø�ö ý ýý  ´µÇÇ ¸ Æ µÃ¹ ¿ EAÂÃ½ÄÀµ¶ �äØ�D À¿ ¸ÅÄ Aº ½¿¸Ç ¸¶Ä Æ µÅÅÀá¿¸ Ê Ȩ ÕÆ ¿À»À¾Ä¸¹ ¿¸ Å »Ì AÇ½ ¸¶ ½ë µÃÄ½¶Ä Ã¶ ¸ »µ¶ÊÀÄÀµ¶ ´Ü� È Ò ½¶Å »¸ »½ÅD ¶µÃÅ Å µÇÇ ¸Å ÄµÃë µÃ¹Å»½Æ ½á¿¸Å Ê¸ Ç µ¶Ä¹¸¹ ¿½ »µ¶·¸¹º ¸¶ »¸ ÊÃ Å »Ì AÇ½È G ½¹ »µ¶Ä¹¸ ¿ Ȩ ÅÄÀÇ ½ÄÀµ¶ Ê Ȩ ¹¹¸Ã¹ ¸ÅÄ¸¶ »µ¹¸ Ã¶ Æ ¹µá¿(Ç ¸ µÃ·¸¹ÄÈ
� ö���ø�ö ý ýû  ] ¿ ¸ÅÄ Æ µÅÅÀá¿¸ Ê¸ Ä¹µ¶ÂÃ¸¹ ¿¸ ¶ µË½Ã

J
B ¿ EÀ¶? ¶À ¸Ä Ê¸ »µ¶ÅÀÊA¹¸¹

J̃R(x) =

{
J(x) si |x| ≤ R,
0 sinon

Ò ½¶Å »¸ »½ÅD ¶µÃÅ ¼ ½ÀÅ µ¶Å Ã¶ ¸ ¸¹¹¸Ã¹ Ê¸ ¿ Eµ¹Ê¹¸ Ê¸ ∫4
2\BR(0)

J ≤ K

R

¸Ä À¿ ¸ÅÄ Æ µÅÅÀá¿¸
Ê¸ ¼ ½À¹¸ ¿¸ »½¿»Ã¿ Ê¸ ¿½ »µ¶·µ¿ÃÄÀµ¶ ÅÃ¹ Ã¶ ÅÄ¸¶ »À¿ Ê¸ Ä½À¿ ¿¸ ? ¶ÀD Ç HÇ ¸ ÅÀ

∆x
Ä¸¶Ê

ð�
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·¸¹Å Û A¹µÈ ´¸¿½ ¸ÅÄ Æ µÅÅÀá¿¸ ÅÀ µ¶ »Ì µÀÅÀÄ

ε
ÊÃ Ç HÇ ¸ µ¹Ê¹¸ ÂÃ¸

∆x
È �½ »µ¶ÊÀÄÀµ¶

ε ≥ K(∆x+
√

∆t)
Ê½¶Å ¿¸ SÌ Aµ¹(Ç ¸ O ÈON ÀÇÆ ¿ÀÂÃ ¸ ½¿µ¹Å ÂÃ ¸ ¿ Eµ¶ ÊµÀÄ ÀÇÆ µÅ ¸¹ Ã¶ ¸»µ¶ÊÀÄÀµ¶ ´Ü�

∆t ≤ K∆x2 >»¸ ÂÃÀ ¸ÅÄ »¿½ÅÅÀÂÃ ¸ Æ µÃ¹ ¿¸Å AÂÃ½ÄÀµ¶Å ÊÃ Å ¸»µ¶Ê µ¹Ê¹¸C È
É ¿ EÀ¶·¸¹Å ¸D ÅÀ ¿ Eµ¶ ÀÇÆ µÅ ¸ ½Ã»Ã¶ ¸ »µ¶ÊÀÄÀµ¶ ´Ü�D µ¶ Æ ¸ÃÄ »Ì µÀÅÀ¹

∆t
á¸½Ã »µÃÆÆ ¿ÃÅ º ¹½¶Ê ÂÃ¸

∆x2
D Ç½ÀÅ µ¶ ÊµÀÄ »Ì µÀÅÀ¹

ε
ÊÃ Ç HÇ ¸ µ¹Ê¹¸ ÂÃ¸ √

∆t
¸Ä Êµ¶ »D µ¶ ÊµÀÄ¼ ½À¹¸ ¿½ »µ¶·µ¿ÃÄÀµ¶ ÅÃ¹ Ê¸Å ÅÄ¸¶ »À¿Å Ê¸ Æ ¿ÃÅ ¸¶ Æ ¿ÃÅ º ¹½¶ÊÅ ÂÃ½¶Ê

∆x
Ä¸¶Ê ·¸¹Å Û A¹µÈ

������ õ�����ø�ö �ò�� �Ø��BCU RBFUKMVPBFU S OKFDEFOFD G wVaCODKBF �Ø� z �F UR`VS O FCSVPKaCE TBCP G wVaCODKBFGENEG UED OUUBRKV x REDDE VaCODKBF O VDV TPBTBUV TOP f GNOPEg y jOPGKF K y _BFFEOC ED\BCQ MOFU Öï y LÙ z �FE EUDKS ODKBF M wEPPECP O VkOGES EFD VDV SBFDPVE EF DESTU RBCPD�DOFD aCE GO UBGCDKBF ME N KURBUKDV RBFDKFCE Ed KUDE� z iE TPB~GmS E ME REDDE OTTPBR`E EUDaCE GO MKUGB RODKBF EUD PETPVUEFDVE TOP GO GKkFE ME FKNEOC gVPB M wCFE |BFRDKBF RBFDKFCE
u
z �CS VPKaCESEFD y TBCP PERBFUDPCKPE REDDE GKkFE y KG |OCD MBFR aCE GE kPOMKEFD ME

uFE U wOFFCGE TOU z iE TPB~GmS E EUD aCE RE kPOMKEFD MVRPBKD DPmU N KDE UCP GO GKkFE MEMKUGB RODKBF ED FCSVPKaCES EFD y KG |OCD MBFR PEGENEP GE kPOMKEFD DPmU UBCNEFD z eF T ECDOGBPU UE MES OFMEP aCEG UEFU O NPOKS EFD GO UBGCDKBF ROGRCGVE ED UK BF PVUBCM DBCJ BCPU~KEF G wVaCODKBF RBFUKMVPVE z
XBCP VNKDEP RE kEFPE ME MK5 RCGDVU y FBCU OGGBFU EUUOQEP M wCDKGKUEP CFE S VD`BME MEDQTE ��OUD _OPR`KFk _ED`BM� ��__ y NBKP AED`KOF ÖäÞ äÙ ED {UKDUK[GKU ÖäL�Ù� z i wONOF^DOkE ME RE DQT E ME SVD`BME EUD aC wEGGE UCKD NPOKS EFD GE |PBFD ED KG F wQ O MBFR TOUME TPB~GmS E TBCP GE GB ROGKUEP z XOP RBFDPE y GO �__ RGOUUKaCE FE S OPR`E aCE TBCPGEU N KDEUUEU MBFFVEU

c(x)
aCK UBFD UDPKRDES EFD TBUKDKNEU z �FE NEPUKBF TGCU PVREFDEO VDV TPBTBUVE TOP � GOMKS KPU[Q ÖäïHÙ TBCP GEU N KDEUUEU TBUKDKNEU S OKU MVT EFMOFDEUVkOGES EFD MC DESTU z iO TPES KmPE VDOT E EUD MBFR ME kVFVPOGKUEP REDDE S VD`BME TBCPMEU N KDEUUEU MBFFVEU

c(x, t)
aCK T ECNEFD U wOFFCGEP ED R`OFkEP ME UKkFE z iO UERBFMEVDOT E �aCK EUD EFRBPE CF DPONOKG EF RBCPU� UEPO OGBPU M wOMOTDEP REDDE S VD`BME OC ROUME GO MQFOS KaCE M wCFE GKkFE ME MKUGB RODKBF z

�BCU RBSSEF*BFU TOP POTTEGEP GO S VD`BME �OUD _OPR`KFk TPBTBUVE TOP AED`KOFEF ä��Þ ÖäÞ äÙ MOFU GE ROU RGOUUKaCE y R wEUD x MKPE aCOFM GO NKDEUUE
c

EUD TBUKDKNE ED FEMVT EFM TOU MC DESTU z jEDDE S VD`BME PETBUE UCP G wVaCODKBF GENEG UED TBCP G wVNBGCDKBFM wCF |PBFD ONER CFE N KDEUUE FBPS OGE
c(x)

z iE |PBFD NO OGBPU �DPE PETPVUEFDV TOP GOGKkFE ME FKNEOC gVPB M wCFE |BFRDKBF RBFDKFCE
u

UBGCDKBF ME G wVaCODKBF
{

∂u

∂t
(x, t) = c(x)|Du(x, t)| dans R2 × (0, T )

u(·, t) = u0 sur R2

iO |BFRDKBF
u0

EUD R`BKUKE ME DEGGE UBPDE aCE GE |PBFD KF KDKOG EUD PETPVUEFDV TOP GO GKkFE MEFKNEOC gVPB ME
u0

z eF TECD OGBPU R`EPR`EP MEU UBGCDKBFU ME GO |BPS E
u(x, t) = t−T (x)

ð�



�õ��òó����òõ ú�õ���ôö
B�

T
EUD UBGCDKBF ME

|DT (x)| =
1

c(x)
.

�ØÞ�
eF UE POS mFE MBFR x CF TPB~GmS E UDODKBFFOKPE aCK EUD EF |OKD CF TPB~GmS E ME DESTUS KFKS OG z lOFU REDDE |PBSCGODKBF y GE |PBFD x G wKFUDOFD

t
EUD PETPVUEFDV TOP GO GKkFE MEFKNEOC

t
ME

T
z i wVaCODKBF �ØÞ� T ECD �DPE MKURPVDKUVE EF CDKGKUOFD GE UR`VS O ME \BCQy{BCPKF Öä×�Ù z eF B~DKEFD OGBPU GE UR`VS O UCKNOFD TBCP G wVaCODKBF �ØÞ�

max(Ti,j−Ti−1,j, Ti,j−Ti+1,j, 0)2+max(Ti,j−Ti,j−1, Ti,j−Ti,j+1, 0)2 =

(
∆x

ci,j

)2 �ØL�
B�

∆x
EUD GE TOU M wEUTORE y

Ti,j

EUD G wOTTPBd KS ODKBF ME
T

OC TBKFD MC SOKGGOkE
(xi, xj) = (i∆x, j∆x)

ED
ci,j = c(i∆x, j∆x)

z
i wKMVE KFDPBMCKDE TOP AED`KOF MOFU ÖäÞ äÙ EUD DPmU UKSTGE z �G U wOkKD ME PVUBCMPE GEUR`VS O �ØL� UECGES EFD MOFU CF NBKUKFOkE MC |PBFD z �G MV}FKD OGBPU DPBKU gBFEU �NBKP� KkCPE Ø� W
äz iEU TBKFDU ½»»¸Æ ÄAÅ aCK UBFD RECd UCP GEUaCEGU GE |PBFD EUD MVJ x TOUUV ED TBCPGEUaCEGU BF RBFFOKD GO NOGECP ME

T
z

I z iEU TBKFDU ME GO Z ½¹¹µÓ V ½¶Ê ��Z� aCK UBFD RECd aCK BFD CF NBKUKF ORRETDV zjE UBFD GEU TPBR`OKFU TBKFDU TBDEFDKEGGES EFD ODDEKFDU TOP GE |PBFD z jE UBFD GEUUECGU TBKFDU TBCP GEUaCEGU BF NO PVUBCMPE GE UR`VS O �ØL� z
Ø z iEU TBKFDU Ü½¹ ÉÓ½Ë aCK UBFD GEU OCDPEU TBKFDU z �GU PETPVUEFDEFD EF |OKD GEUTBKFDU aCK FE T ECNEFD TOU �DPE ODDEKFD TOP GE |PBFD MOFU G wKSSVMKOD z

Accepted Points

Narrow Band

Far Away

$%& ' Ø ³ AR`VSO ME GO �OPPB� ZOFM
ý�
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XOPS K GEU TBKFDU ME GO �OPPB� ZOFM y O}F ME PVUBCMPE �ØL� y G wKMVE EUD ME TPEFMPETBCP GEU NOGECPU ME

T
CFKaCESEFD MEU TBKFDU NBKUKFU aCK UBFD MVJ x ORRETDVU z i wOGkB^PKD`S E EUD OGBPU DPmU UKSTGE W]¶ÀÄÀ½¿ÀÅ½ÄÀµ¶ Ô

Ti,j = 0 ∀(i, j)
DEGU aCE

(i∆x, j∆x) ∈ Ω0

zV µÃ »¿¸ Ô
äz XBCP DBCU GEU TBKFDU

(i, j)
ME GO �OPPB� ZOFM y BF ROGRCGE

Ti,j

EF PVUBGNOFD �ØL� z
I z iE �U� TBKFD �U�

(i, j)
ME GO �OPPB� ZOFM OQOFD GO NOGECP S KFKSOGE TBCP

Ti,jEUD �UBFD� ORRETDV �U� z
Ø z iO �OPPB� ZOFM EUD PEMV}FKE RBSSE GE ~BPM ME GO FBCNEGGE PVkKBF ORRETDVE z
cF CDKGKUOFD REDDE |BPSCGODKBF y GE DESTU EUD MBFFV MKPERDES EFD TOP G wOGkBPKD`S E z` G wVDOT E

n
ME G wOGkBPKD`S E y BF MV}FKD GE DESTU

tn
RBSSE GO NOGECP S KFKSOGE TBCP

Ti,j

MEU TBKFDU ME GO �OPPB� ZOFM z
�BCU OGGBFU S OKFDEFOFD VFBFREP FBDPE PVUCGDOD ME RBFNEPkEFRE TBCP GE ROU ME GO�OUD _OPR`KFk RGOUUKaCE z XBCP REGO y FBCU UCTTBUBFU aCE GE |PBFD KF KDKOG EUD GE ~BPMM wCF MBSOKFE BCNEPD

Ω0

aCK EUD PETPVUEFDV TOP GO |BFRDKBF ROPORDVPKUDKaCE
1Ω0 − 1Ωc

0aCK NOCD
1

MOFU
Ω0

ED −1
MOFU UBF RBSTGVS EFDOKPE z eF RBFUKMmPE OGBPU GO UBGCDKBFME N KURBUKDV MKURBFDKFCE

θ(x, t)
ME G wVaCODKBF






∂θ

∂t
(x, t) = c(x)|Dθ(x, t)| dans R2 × (0, T )

θ(·, 0) = 1Ω0 − 1Ωc
0

sur R2.

�Øï�

�RK GE |PBFD EUD PETPVUEFDV TOP GE UCTTBPD MEU MKURBFDKFCKDVU ME GO |BFRDKBF
θ
zeF MV}FKD OGBPU

θn
i,j

aCK NOCD
1

UK GE TBKFD
(i, j)

EUD ORRETDV OC DESTU
tn

ED −1
UKFBFED BF VDEFM REDDE |BFRDKBF UCP

R2 × (0, T )
EF CFE |BFRDKBF RBFDKFCE TOP SBPREOCd MEGO S OFKmPE UCKNOFDE W

θε(x, t) = θn
i,j si t ∈ [tn, tn+1) et x ∈ [xi, xi + ∆x) × [xj, xj + ∆x),B�

ε = (∆x,∆t)
z

�BDPE PVUCGDOD ME RBFNEPkEFRE U wVFBFRE OGBPU UCP GEU UES K^GKS KDEU PEGOdVEU ME GO|BFRDKBF
θε

W
θ

0
(x, t) = lim sup

ε→0,y→x,s→t
θε(y, s), θ0(x, t) = lim inf

ε→0,y→x,s→t
θε(y, s).

�Ø��
6��ò���ö ý ý�  7����ô��� óö �òõ�ö�úöõ�ö 8 9�� 8 6��ò���ö ý �:;=¶ ÅÃÆÆ µÅ ¸ ÂÃ ¸

c ∈ C∞(R2)
¸Ä ÂÃ ¸

Ω0

¸ÅÄ Ã¶ ¸¶Å¸Ç á¿¸ Ê¸ »¿½ÅÅ ¸
C2

½·¸» Ã¶ áµ¹Ê
∂Ω0áµ¹¶ AÈ É ¿µ¹Å

θ
0 >¹¸ÅÆ È

θ0C ¸ÅÄ Ã¶ ¸ ÅµÃÅ Å µ¿ÃÄÀµ¶ >¹¸ÅÆ È Ã¶ ¸ ÅÃ¹ Å µ¿ÃÄÀµ¶C Ê¸ ·ÀÅ »µÅÀÄAÊ¸ >PdC È
ý ð
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�ö���ø�ö ý ý�  ´¸ ÄÌ Aµ¹(Ç ¸ ¸ÅÄ ¸¶ ¼ ½ÀÄ Ã¶ ¸ Æ ¹¸Ã·¸ Ê¸ »µ¶·¸¹º ¸¶ »¸ ½¿Ä¸¹¶½ÄÀ· ¸ B»¸¿ ¿¸ Æ ¹µÆ µÅ A¸ Æ½¹ ´¹ÀÅÄÀ½¶À ¸Ä Ü½¿»µ¶ ¸ W ^ Ŷ >ÂÃÀ ÃÄÀ¿ÀÅ ¸ ¿¸ ¿À¸¶ ½·¸» ¿¸Å �¸·¸¿ < ¸ÄC È ] »ÀD¶µÃÅ Æ ¹µÆ µÅµ¶Å Ã¶ ¸ Æ ¹¸Ã·¸ ÊÀ¹¸»Ä¸ ÂÃÀ ÃÄÀ¿ÀÅ ¸ ¿½ ÄÌ Aµ¹À¸ Ê¸Å Å µ¿ÃÄÀµ¶Å Ê¸ ·ÀÅ »µÅÀÄA ¸ÄÂÃÀ Æ µÃ¹¹½ Å E½Ê½Æ Ä¸¹ ½Ã »½Å µI ¿½ ·ÀÄ¸ÅÅ ¸ »Ì½¶º ¸ Ê¸ ÅÀº¶ ¸ ¸Ä ÊAÆ ¸¶Ê ÊÃ Ä¸ÇÆ Å È

�BCU OGGBFU EdTGKaCEP S OKFDEFOFD GEU MKbVPEFREU aCE FBCU ONBFU Me KFDPBMCKPETBCP kVFVPOGKUEP RED OGkBPKD`SE MOFU GE ROU ME NKDEUUEU kVFVPOGEU
c(x, t)

z �G Q O EF |OKDMECd MK5 RCGDVU OUUEg MKbVPEFDEU z
iO TPES KmPE EUD GO MVT EFMOFRE EF DESTU z jBSSE FBCU G wONBFU KFMKaCV TBCP GO�__ y GE DESTU EUD MBFFV TOP GO NOGECP ME

T
MC MEPFKEP TBKFD ORRETDV z f G wVDOT E

n
ME G wOGkBPKD`S E y KG UC5 D MBFR ME PVUBCMPE GE UR`VS O �ØL� EF PESTGO*OFD

ci,j
TOP

cn−1
i,j = c(xi, xj, tn−1)

z �G Q O TOP RBFDPE aCEGaCEU TPVROCDKBFU x TPEFMPE z {BCD M wO~BPM yGE S KFKSCF MEU
Ti,j

ROGRCGVU x G wVDOT E
n

TECD �DPE TGCU T EDKD aCE GE DESTU
tn−1

�TOPEdESTGE UK GO NKDEUUE RPB�D EF DESTU� z lOFU RE ROU y T BCP kOPMEP CFE UCKDE ME DESTURPBKUUOFDE y KG FE |OCD TOU MV}FKP
tn

RBSSE GE S KFKSCS MEU
Ti,j

SOKU TBUEP
tn := tn−1

zcFUCKDE y GE S KFKSCS MEU
Ti,j

ROGRCGVU T ECD �DPE DPmU kPOFM �TOP EdESTGE UK GO NK^DEUUE EUD DPmU T EDKDE� z lOFU RE ROU y UK BF FE |OKD PKEF y G wOGkBPKD`S E ONOFREPOKD ~ EOCRBCTDPBT NKDE ED FE NEPPOKD TOU GEU R`OFkESEFDU ME GO N KDEUUE OC RBCPU MC DESTU z XBCPREDDE POKUBF y FBCU MENBFU KFDPBMCKPE CF TOU ME DESTU
∆t

OUUEg T EDKD z AK GE DESTUROFMKMOD ROGRCGV �R wEUD x MKPE GE S KFKSCF MEU
Ti,j

� EUD TGCU kPOFM aCE
tn−1 + ∆tOGBPU KG FE |OCD ORRETDEP OCRCF TBKFD ED UECGES EFD |OKPE VNBGCEP GE DESTU EF TBUOFD

tn := tn−1 + ∆t
z

iO MECd KmS E MK5 RCGDV NKEFD MC |OKD aCE GO NKDEUUE T ECD R`OFkEP ME UKkFE EF EUTOREDESTU z iE |PBFD T ECD MBFR ONOFREP MOFU CF UEFU BC MOFU G wOCDPE ED FBCU ONBFU MBFR~EUBKF ME RBFFO�DPE GE DESTU ME R`OaCE R�DV MC |PBFD z iO TPES KmPE R`BUE x |OKPEEUD ME PVkCGOPKUEP GO NKDEUUE FCS VPKaCE EF EUTORE EF OJ BCDOFD CFE ~OFME ME gVPBTBCP UVTOPEP GEU PVkKBFU B� EGGE EUD TBUKDKNE ME REGGEU B� EGGE EUD FVkODKNE z eF MV}FKDVkOGES EFD CF R`OST
θ

aCK NOCMPO
1

MOFU
Ω

ED −1
MOFU UBF RBSTGVS EFDOKPE z i wKMVEEUD OGBPU y x R`OaCE VDOT E y ME PVUBCMPE MECd �OUD _OPR`KFk MKbVPEFDEU UCKNOFD GE UKkFEME GO NKDEUUE ED EFUCKDE ME TPEFMPE GE S KFKSCS MEU
Ti,j

UCP GEU MECd gBFEU z lOFU GOgBFE B� GO NKDEUUE EUD TBUKDKNE y R wEUD EF |OKD G wEFUES~GE {θ = 1} aCK NO kPBUUKP OGBPUaCE MOFU GO gBFE B� GO NKDEUUE EUD FVkODKNE R wEUD GO gBFE {θ = −1} aCK NO kPBUUKP z
XBCP VN KDEP ME PEFMPE REDDE KFDPBMCRDKBF DPBT DER`FKaCE y FBCU FE MBFFBFU TOUG wOGkBPKD`S E EF MVDOKG ED FBCU PEFNBQBFU x GO AERDKBF I zä MC j`OTKDPE Þ TBCP TGCU METPVRKUKBFU z
�BCU OGGBFU S OKFDEFOFD VFBFREP FBDPE PVUCGDOD ME RBFNEPkEFRE z {BCD M wO~BPM y GOUCKDE {tn, n ∈ N} y MV}FKE TOP G wOGkBPKD`S E EUD UECGES EFD RPBKUUOFDE z eF TECD OGBPUEdDPOKPE CFE UBCU^UCKDE {tnk

, k ∈ N} UDPKRDES EFD RPBKUUOFDE DEGGE aCE
tnk

= tnk+1 = ... = tnk+1−1 < tnk+1
.

ýý
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Narrow Band

θ = 1

c = 0
c > 0

θ = −1

c < 0

$%& ' ß ³ AR`VSO ME GO �OUD _OPR`KFk hVPFVPOGKUVE
eF MV}FKD OGBPU GO |BFRDKBF

θε
TOP

θε(x, t) = θ
nk+1−1
I si (x, t) ∈ [xi1 , xi1 + ∆x) × [xi2 , xi2 + ∆x) × [tnk

, tnk+1
[

�ßH�
ED BF RBFUKMmPE UEU UES K^GKS KDEU PEGOdVEU MV}FKEU TOP �Ø�� z
6��ò���ö ý ý�  7����ô��� óö �òõ�ö�úöõ�ö 8 9�� 8 6��ò���ö ý �:;=¶ ÅÃÆÆ µÅ ¸ ÂÃ ¸

c ∈ C∞(R2 × [0, T ))
¸Ä ÂÃ ¸

Ω0

¸ÅÄ Ã¶ ¸¶Å ¸Ç á¿¸ Ê¸ »¿½ÅÅ ¸
C2

½·¸»
Ã¶ áµ¹Ê

∂Ω0

áµ¹¶ AÈ É ¿µ¹Å
θ

0 >¹¸ÅÆ È
θ0C ¸ÅÄ Ã¶ ¸ ÅµÃÅ¾Å µ¿ÃÄÀµ¶ Ê¸ ·ÀÅ »µÅÀÄA >¹¸ÅÆ È ÅÃ¹¾Å µ¿ÃÄÀµ¶C Ê¸ >PdC >½·¸» c(x, t) B ¿½ Æ ¿½»¸ Ê¸

c(x)
C È ê¶ Æ½¹ÄÀ»Ã¿À¸¹D ÅÀ >PdC Å½ÄÀÅ¼ ½ÀÄ

Ã¶ Æ ¹À¶ »ÀÆ ¸ Ê¸ »µÇÆ½¹½ÀÅ µ¶ D ½¿µ¹Å
θ

0
= (θ0)∗

¸Ä
(θ

0
)∗ = θ0 ¸ÅÄ ¿ EÃ¶ÀÂÃ ¸ Å µ¿ÃÄÀµ¶ Ê¸·ÀÅ »µÅÀÄA ÊÀÅ »µ¶ÄÀ¶Ã¸ Ê¸ >PdC È

� ö���ø�ö ý ýü  aÃ½¶Ê ¿ EÃ¶À»ÀÄA ½ ¿À¸ÃD » Ȩ ÅÄ ½ÃÕ ¸¶·¸¿µÆÆ ¸Å Å ¸Ç À¾»µ¶ÄÀ¶Ã¸Å Æ ¹(Å È
iE ~CD EUD EFUCKDE M wOMOTDEP RED OGkBPKD`S E OC ROU MEU MKUGB RODKBFU z i wKMVE EUDJ CUDE ME PESTGOREP GO NKDEUUE

c(xI , tn)
TOP CFE OTTPBd KS ODKBF ME GO NKDEUUE ME GO GKkFEME MKUGB RODKBF MBFFVE TOP RBFNBGCDKBF z iO MK5 RCGDV S OJ ECPE N KEFD MC |OKD aCE GON KDEUUE FBF^GB ROGE MVT EFM |BPDES EFD ME GO kVBS VDPKE ME G wEFUES~GE

Ω
ED MBFR aCOFMBF ORRETDE CF UECG TBKFD y GO kVBSVDPKE GB ROGE R`OFkE ~ EOCRBCT ED KF
CE UCP GO NKDEUUE z�G |OCD MBFR KFDPBMCKPE CF TOU ME DESTU

∆̃t
ED }dEP GO N KDEUUE T EFMOFD CF DESTU

∆̃t
zjE DPONOKG EUD EF RBCPU ED FBCU TPVUEFDBFU UECGES EFD aCEGaCEU UKSCGODKBFU PVOGKUVEUS OKU UOFU OCRCF PVUCGDOD D`VBPKaCE z

�BCU TPVUEFDBFU CFE UKSCGODKBF RBFREPFOFD GO TPBTOkODKBF M wCFE GKkFE OC DPONEPUM wCF B~UDORGE z iO N KDEUUE EUD MBFFVE TOP
c(x, t) = c0 ? 1θ(x, t) + c1(x, t)

ONER

c1(x, t) =

{
−0.5

UK |x|2 < 0.3

2
UKFBF

.

ýû
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iE ROGRCG ME GO UBGCDKBF MKURPmDE EUD |OKDE UCP GE MBSOKFE FCSVPKaCE

[−3, 3]× [−3, 3]
yONER äI� FBECMU UCP R`OaCE |ORE ED GO N KDEUUE EUD PES KUE x J BCP DBCU GEU

∆t = 0.01
zjBSSE FBCU ONBFU POJ BCDV CFE RBFDPOKFDE EdDVPKECPE y GO GKkFE MBKD RBSSEFREP x UEMVTGOREP z iO TOPDKE FVkODKNE ME GO RBFDPOKFDE EdDVPKECPE T ECD �DPE KFDEPTPVDVE RBSSECF B~UDORGE MOFU GE MBSOKFE z éCOFM GO GKkFE PEFRBFDPE G wB~UDORGE y CFE TOPDKE ME GOGKkFE NO �DPE ROTDCPVE TOP G wB~UDORGE z �G Q O OGBPU CF R`OFkESEFD ME DBTBGBkKE ED CFETOPDKE ME GO GKkFE RBFDKFCE UBF MVTGORES EFD EF OQOFD TOUUV G wB~UDORGE z

lOFU GO �KkCPE × FBCU SBFDPBFU G wVNBGCDKBF ME GO GKkFE EF PBCkE ED G wB~UDORGE EF ~GECOCd KDVPODKBFU
0, 40, 90, 120, 160, 200

z

−3 −2 −1 0 1 2 3

−3

−2

−1

0

1

2

3

−3 −2 −1 0 1 2 3

−3

−2

−1

0

1

2

3

−3 −2 −1 0 1 2 3

−3

−2

−1

0

1

2

3

−3 −2 −1 0 1 2 3

−3

−2

−1

0

1

2

3

−3 −2 −1 0 1 2 3

−3

−2

−1

0

1

2

3

−3 −2 −1 0 1 2 3

−3

−2

−1

0

1

2

3

$%& ' × ³ cNBGCDKBF M wCFE GKkFE ME MKUGB RODKBF x DPONEPU CF B~UDORGE z

ý�
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lOFU GO UERDKBF TPVRVMEFDE y FBCU ONBFU VDCMKV MEU SBMmGEU UKS TGK}VU B� G wBF VDOKDEF TPVUEFRE M wCFE UECGE GKkFE ME MKUGB RODKBF z iO PVOGKDV EUD ~KEF UeP ~ EOCRBCT TGCURBSTGKaCVE z eF B~UEPNE TOP EdESTGE MOFU GEU RPKUDOCd MEU UDPCRDCPEU OCDB^BPkOFKUVEU yRBSSE MEU PVUEOCd ME �POF[ y R wEUD x MKPE MEU PVUEOCd ME MKUGB RODKBFU PEGKVEU TOP MEUJ BFRDKBFU �NBKP YCGG y ZORBF ÖäH� y T äïï^ ä�HÙ TBCP ME DEGGEU B~UEPNODKBFU� z lOFU REDDEUERDKBF y FBCU OGGBFU RBFUKMVPEP CF ROU TOPDKRCGKEP B� GE PVUEOC EUD RBFDEFC MOFU CFUECG TGOF ME kGKUUES EFD y B� GEU MKUGB RODKBFU T ECNEFD ~BCkEP z �BCU OGGBFU VDCMKEPCFE NEPUKBF MQFOS KaCE M wCF SBMmGE ME R`OSTU ME T`OUE ME )BUGB� U[K ED ePDKg ÖäILÙTBCP GEU PVUEOCd ME MKUGB RODKBFU z eF NO U wKFDVPEUUEP EF TOPDKRCGKEP OC MVTGORES EFD MEUJ BFRDKBFU EFDPE MKUGB RODKBFU y aCK PEUDE CF TPB~GmS E OUUEg BCNEPD y OCDOFD MC TBKFD MENCE ME GO SBMVGKUODKBF aCE ME G wOFOGQUE S OD`VSODKaCE �FBCU PEFNBQBFU x hOPPBFK Ö�IÙTBCP GE ROU UDODKBFFOKPE� z �BDPE ~CD EUD ME TPBTBUEP y MOFU CF ROU UKSTGE y CF SBMmGETBCP GO MQFOS KaCE ME J BFRDKBFU ME MKUGB RODKBFU ED ME G wVDCMKEP S OD`VSODKaCES EFD z
iO aCEUDKBF ME G wVDCME S OD`VSODKaCE MEU J BFRDKBFU O ~ EOCRBCT M wOCDPEU OTTGKRO^DKBFU EF T`QUKaCEU ED KG Q O ~ EOCRBCT ME GKDDVPODCPE UCP RE UCJ ED z �BCU S EFDKBFFBFU yTOP EdESTGE y GE TPB~GmS E ME RPBKUUOFRE ME RPKUDOG �NBKP {OQGBP ÖäLL y äLïÙ ED ZPBF^UOPM y \EKDKR` ÖßßÙ� z �BCU PEFNBQBFU VkOGES EFD x ZBFFED ÖßHÙ TBCP MEU TPB~GmS EURBFREPFOFD GO S KFKS KUODKBF ME GO |BFRDKBFFEGGE ME _CS|BPM^A`O` z

ý ý ð ñòó�ô�����òõ óö ô� ó÷õ�� �ø�ö óö � òõ���òõ� öõ��ö ó��ôò ����òõ�
�BCU OGGBFU RBFUKMVPEP CF SBMmGE ME R`OSTU ME T`OUE B� GO MKUGB RODKBF EUD PETPV^UEFDVE TOP GO DPOFUKDKBF ME T`OUE M wCF TOPOSmDPE ME T`OUE

ρ(x) = ρ1(x)e
1+ρ2(x)e

2 ∈
R2

MV}FK TBCP
x = x1e

1 + x2e
2

MOFU GE TGOF
R2

ONER
(e1, e2)

CFE ~OUE BPD`BFBPS OGE z)BUGB� U[K ED ePDKg ÖäILÙ BFD TPBTBUV CF SBMmGE B� G wVFEPkKE VGOUDKaCE MEU MKUGB^RODKBFU y EF TPVUEFRE M wCFE RBFDPOKFDE OTTGKaCVE EdDVPKECPE RBFUDOFDE
σ0 ∈ R2

y EUDMBFFVE TOP
E(ρ) =

∫

4
2

−1

2
(C0 ? ρ) · ρ− σ0 · ρ+W (ρ).

iE FBQOC
C0(x)

EUD CFE S ODPKRE UQS VDPKaCE
2×2

aCK TPEFM EF RBSTDE GEU KFDEPORDKBFUGBFkCE MKUDOFRE EFDPE GEU MKUGB RODKBFU ED

(C0 ? ρ)i =
∑

j=1,2

C0
ij ? ρj,

TBCP
i = 1, 2

B�
?

EUD GO RBFNBGCDKBF CUCEGGE z
XBCP R`OaCE DPOFUKDKBF ME T`OUE EFDPE MECd VDODU

A
ED
B

y GO MKbVPEFRE
B−A MBKD

�DPE y T`QUKaCESEFD y GE NERDECP ME ZCPkEP ME GO MKUGB RODKBF y R wEUD x MKPE CF NERDECPMC PVUEOC RPKUDOGGKF
Λ = Za1 + Za2

aCE FBCU RBFUKMVPBFU y ONER CFE ~OUE kVFVPOGE
ý�
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(a1, a2)
z jEDDE KF|BPS ODKBF EUD RBFDEFCE MOFU GE TBDEFDKEG

W : R2 −→ R+

aCK NO �DPES KFKS OG UCP
Λ

ED aCK NO ONBKP GO T VPKBMKRKDV MC PVUEOC RPKUDOGGKF
Λ

W
W (ρ+ a) = W (ρ)

TBCP DBCD
a ∈ Λ.

�ß ä�
lOFU RE SBMmGE y CFE J BFRDKBF EFDPE DPBKU MKUGB RODKBFU ME NERDECP ME ZCPkEP

b1, b2, b3 ∈
Λ

ONER
b1 + b2 + b3 = 0

EUD TBUUK~ GE y ED T ECD �DPE PETPVUEFDVE y TOP EdESTGE y TOP GEUDPOFUKDKBFU ME T`OUEU EFDPE GEU VDODU
0, b1,−b3 �NBKP � KkCPE Þ� z

b3

ρ ∼ 0

ρ ∼ b1

b2
b1

ρ ∼ b1 + b2 = −b3

$%& ' Þ ³ �FE J BFRDKBF EFDPE DPBKU MKUGB RODKBFU RBSSE GEU DPOFUKDKBFU ME T`OUEU ME
ρ
z

iO RBFDPOKFDE PVUBGCE
σ[ρ]

RPVVE TOP DBCDEU GEU MKUGB RODKBFU EUD MBFFVE y ME S OFKmPE|BPS EGGE y TOP G wBTTBUV MC kPOMKEFD ME G wVFEPkKE −E ′(ρ)
ED T ECD �DPE EdTPKS VE TOP GOaCOFDKDV FBF GBROGE UCKNOFDE W

σ[ρ] = σ0 + C0 ? ρ−W ′
ρ(ρ).

iE TOPOSmDPE ME T`OUE
ρ(t, x) ∈ R2

EUD OGBPU UCTTBUV UODKU|OKPE G wVaCODKBF UCKNOFDETBCP
k = 1, 2






(ρk)t = |∇ρ|−1
∑

i=1,2

∑

j=1,2

(σ[ρ])i∇jρi∇jρk + ε∆ρk, dans (0, T ) × T2,

ρ(0, x) = ρ0(x) sur T2,

�ßI�

B�
|∇ρ|2 =

∑

i=1,2

∑

j=1,2

|∇jρi|2.

iE TOPOS mDPE
0 < ε < 1

EUD CFE T EDKDE NKURBUKDV KFDPBMCKDE MOFU GE SBMmGE TBCPPVkCGOPKUEP G wVaCODKBF SOKU F wO TOU NPOKS EFD ME UEFU T`QUKaCE z i wVaCODKBF �ßI� EUDCFKaCES EFD TBUVE UCP GE DBPE
T2 = R2\Z2

TBCP UKSTGK}EP G wOFOGQUE z jE kEFPE ME
ý�



ý  	õòõ��� óö� ����ô����
RBFMKDKBFU T VPKBMKaCEU O VkOGES EFD CF UEFU T`QUKaCE UK BF NECD MVRPKPE MEU PVUEOCdME MKUGB RODKBFU T VPKBMKaCEU z

� KFOGES EFD y FBCU S EFDKBFFBFU VkOGES EFD aCE FBDPE S BMmGE O aCEGaCEU UKS KGK^DCMEU ONER GE SBMmGE M wf GGEF y jO`F ÖIÙ MOFU GEaCEG KGU RBFUKMmPEFD MEU 
BDU ME kPO^MKEFDU OUUBRKVU x CFE |BFRDKBFFEGGE M wVFEPkKE GK~PE z jEGO RBFMCKD x G wVDCME M wVaCODKBFME MKbCUKBF UROGOKPE ME DQT E hKFg~CPk^iOFMOC ME GO |BPS E

ut = ∆u−W ′(u).

ý ý ý ����ô��� ó ùöÿ ���öõ�ö � ò�� ô� ó÷õ�� �ø�ö óö � òõ���òõ� öõ��ö ó��ôò�����òõ�
�BCU OGGBFU TPVUEFDEP CF PVUCGDOD M wEd KUDEFRE TBCP GO MQFOS KaCE ME J BFRDKBFUEFDPE MKUGB RODKBFU z XBCP REGO y FBCU ONBFU ~ EUBKF ME G w`QTBD`mUE UCKNOFDE UCP GE FBQOC

C0 : T2 −→ R2×2
sym

�f � eF UCTTBUE aC wKG Ed KUDE CFE RBFUDOFDE
m > 0

y DEGGE aCE TBCP DBCD
k ∈ R2

y GEU
RBE5 RKEFDU ME �BCPKEP MC FBQOC

Ĉ0(k) =
∫g

2 dx e
−2iπk·xC0(x)

UODKU|OUUEFD
Ĉ0(k) =

M(k)
y T BCP DBCD

ξ = (ξ1, ξ2) ∈ R2
ED TBCP DBCD

p = (p1, p2) ∈ R2






M ∈ C∞(R2\ {0} ; R2×2
sym), M(−ξ) = M(ξ), M(ξ) = |ξ|M

(
ξ

|ξ|

)

|ξ| |p|2
m

≥ −
∑

i=1,2

∑

j=1,2

pi ·Mij(ξ) · pj ≥ m|ξ| |p|2 ONER |p|2 =
∑

i=1,2

|pi|2
�ßØ�

jEDDE `QTBD`mUE EUD UODKU|OKDE FODCPEGGES EFD TOP GE FBQOC T`QUKaCE �NBKP AERDKBFI MC j`OT�DPE L� z
eF O OGBPU GE D`VBPmS E M wEd KUDEFRE UCKNOFD W

6��ò���ö ý ý�  7	ÿ ���öõ�ö ó ù�õö �òô���òõ �ò�� ô� ó÷õ�� �ø�ö óö � òõ���òõ�
öõ��ö ó��ôò ����òõ� 8 9�� 8 6��ò���ö ð ð:;=¶ ÅÃÆÆ µÅ ¸ ÂÃ ¸

C0
·A¹À? ¸ ¿ EÌËÆ µÄÌ (Å ¸ >ÉC ¸Ä ÂÃ ¸

W ∈ C2(T2,R+)
·A¹À? ¸ �ß ä� È=¶ ÅÃÆÆ µÅ ¸ Aº ½¿¸Ç ¸¶Ä ÂÃ ¸

ρ0 ∈ (H2(T2))
2 È É ¿µ¹Å Æ µÃ¹ ÄµÃÄ¸ »µ¶Ä¹½À¶Ä¸ »µ¶ÅÄ½¶Ä¸

σ0 ∈ R2
¸Ä Æ µÃ¹ ÄµÃÄ Ä¸ÇÆ Å

T > 0
D À¿ ¸Õ ÀÅÄ¸ Ã¶ ¸ Åµ¿ÃÄÀµ¶

ρ
µ¼ >X OC ½·¸»

ρ ∈
C0

(
[0, T );

(
L

4
3 (T2)

)2
) È

ýü
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i wCFKRKDV ME GO UBGCDKBF F wEUD TOU RBFFCE y FK G wEd KUDEFRE M wCFE UBGCDKBF aCOFM

ε = 0
z �BCU S EFDKBFFBFU VkOGES EFD aCE G wVaCODKBF �ßI� EUD CF UQUDmS E FBF GBROGM wVaCODKBFU UROGOKPEU ED T ECD �DPE RBSTOPVE x G wVaCODKBF UCKNOFDE

vt = |∇v|2 + ∆v
�ßß�

cF EbED y REGO N KEFD ME G w`QTBD`mUE �f � aCK KS TGKaCE aCE GO RBFNBGCDKBF ONER GE FBQOC
C0

UE RBSTBPDE RBSSE CF BTVPODECP MC TPES KEP BPMPE z ZEOCRBCT ME DPONOCd BFD VDV|OKDU UCP MEU VaCODKBFU UKS KGOKPEU x G wVaCODKBF �ßß� z �BCU PEFNBQBFU TOP EdESTGE OCdDPONOCd ME ZBRROPMB y _CPOD y XCEG ÖØ× y ØÞ y ØLÙ MOFU GEUaCEGU KGU BFD S BFDPV G wEd KUDEFREME UBGCDKBFU TBCP MEU VaCODKBFU kVFVPOGEU KFRGCOFD G wVaCODKBF �ßß� z
i wVaCODKBF �ßß� EUD VkOGES EFD UKS KGOKPE x G wVaCODKBF ME �ONKEP^ADB[EU VRPKDE TBCPGE T BDEFDKEG

A
DEG aCE GO NKDEUUE MC 
CKME EUD MBFFVE TOP

u =
RCPG

A
�NBKP iEPOQÖäØÞÙ� z

, -� h ÍÏÍã²Ñ²«¯°ª«ÍÑ â® ° â/Ñ°Ï «0Î® â® â«¯Í ¬°ª«ÍÑ¯
lOFU REDDE UERDKBF y FBCU OGGBFU TPVUEFDEP MEU PVUCGDODU M w`BSBkVFVKUODKBF TBCPGO MQFOS KaCE ME GKkFEU ME MKUGB RODKBFU EF KFDEPORDKBFU z i wB~J ERDK| EUD ME |OKPE GE GKEFEFDPE GO MQFOS KaCE M wCF FBS~PE }FK ME MKUGB RODKBFU ED GO MQFOS KaCE ME MEFUKDV MEMKUGB RODKBFU z
�BCU OGGBFU RBSSEFREP TOP CF PVUCGDOD aCK T ECD TOPO�DPE UCPTPEFOFD ED aCK EUDG w`BSBkVFVKUODKBF M wCF UQUDmS E MQFOS KaCE ME TOPDKRCGEU �PETPVUEFDOFD GEU GKkFEU MEMKUGB RODKBFU� z lE S OFKmPE TGCU TPVRKUE y BF NECD MVRPKPE GO MQFOS KaCE EbERDKNE TBCPGE S BCNESEFD RBGGERDK| ME GKkFEU ME MKUGB RODKBFU OQOFD DBCDEU GE S �SE NERDECP MEZCPkEPU ED DBCDEU RBFDEFCEU MOFU GE S �SE TGOF ME kGKUUES EFD ED UE MVTGO*OFD MOFUCF S KGKEC T VPKBMKaCE �NBKP �KkCPE L� zeF UCTTBUE VkOGES EFD aCE DBCDEU GEU GKkFEU ME MKUGB RODKBFU UBFD TOPOGGmGEU z eFEUD MBFR POS EFV x CF TPB~GmS E EF MKS EFUKBF

N = 1
B� GEU GKkFEU ME MKUGB RODKBFUUBFD PETPVUEFDVEU TOP MEU TBKFDU z �G U wOkKD OGBPU M wVDCMKEP GE SBCNES EFD M wCF FBS~PE}FK

Nε

ME TOPDKRCGEU
yi(τ)

�PETPVUEFDOFD GO TBUKDKBF ME GO MKUGB RODKBF
i
OC DESTU

τ
�aCK UODKU|BFD G wVaCODKBF MKbVPEFDKEGGE BPMKFOKPE UCKNOFDE W

ẏi = F − V ′
0(yi) −

∑

j∈{1,...,Nε}\{i}
V ′(yi − yj)

TBCP
i = 1, . . . , Nε

�ß×�
B�

F
EUD CFE |BPRE RBFUDOFDE MBFFVE y

V0

EUD CF TBDEFDKEG
1−TVPKBMKaCE ED

V (z) = − ln |z|PETPVUEFDE GEU KFDEPORDKBFU TOP TOKPEU �NBKP � KkCPE ï TBCP CFE PETPVUEFDODKBF UR`V^S ODKaCE MEU KFDEPORDKBFU è TBCP �DPE TGCU TPBR`E ME GO PVOGKDV y FBCU MENPKBFU OJ BCDEPCF PEUUBPD EFDPE R`OaCE TOKPE ME MKUGB RODKBFU� z
ý�
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Motion

$%& ' L ³ iEU MKUGB RODKBFU MOFU CF TGOF ME kGKUUES EFD z

Dislocations

Motion

Potential

$%& ' ï ³ \ETPVUEFDODKBF UR`VS ODKaCE M wCF SBMmGE äl TBCP MEU MKUGB RODKBFU PEGKVEUTOP MEU PEUUBPDU
jE UQUDmS E M wcle O MEU UKS KGKDCMEU ONER GE SBMmGE ME �PEF[EG^)BFDBPBNO UCP^OS BPDK ÖäIÞÙ y UOC| aCE MOFU GE SBMmGE ME �PEF[EG^)BFDBPBNO RGOUUKaCE y UECGEU GEUKFDEPORDKBFU OCd TGCU TPBR`EU NBKUKFU UBFD RBFUKMVPVEU �NBKP YC y é KF y i`EFk ÖäHïÙED OCUUK GEU DPONOCd PEGKVU ME fC~PQ Öä×Ù y fC~PQy iE lOEPBF ÖäÞÙ TBCP GEU UBGCDKBFUUDODKBFFOKPEU� z
XBCP VFBFREP FBDPE PVUCGDOD M w`BSBkVFVKUODKBF y FBCU ONBFU ~ EUBKF ME MV}FKP GO|BFRDKBF ME PVTOPDKDKBF RBFUDOFDE TOP SBPREOCd

ρ
ME GO S OFKmPE UCKNOFDE W

ρ(y, τ) = −1

2
+

Nε∑

i=1

H(y − yi(τ))
�ßÞ�

ý�
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B�

H
EUD GO |BFRDKBF ME YEON KUKME MV}FKE TOP

H(r) =

{
1 si r ≥ 0,
0 si r < 0.

eF MV}FKD VkOGES EFD
ρε(y, τ) = ερ

(y
ε
,
τ

ε

)
.

�ßL�
iE ~CD EUD ME SBFDPEP CF PVUCGDOD M w`BSBkVFVKUODKBF y R wEUD x MKPE ME SBFDPEPaCE GO GKS KDE

u0
ME

ρε
aCOFM

ε → 0
Ed KUDE ED aC wEGGE EUD G wCFKaCE UBGCDKBF M wCFEVaCODKBF `BSBkVFVKUVE z f GO GKS KDE y BF U wODDEFM x B~DEFKP CFE VaCODKBF UODKU|OKDETOP GO �|BFRDKBF ME PVTOPDKDKBF ME MKUGB RODKBFU�

u0
MBFD GE kPOMKEFD PETPVUEFDE GOMEFUKDV ME MKUGB RODKBFU z X GCU TPVRKUES EFD y G wVaCODKBF EbERDKNE O GO |BPS E UCKNOFDE W






∂u0

∂t
= H(I1[u

0(·, t)], Du0) dans R × (0,∞)

u0(·, 0) = u0 sur R

�ßï�

B�
H

EUD CFE |BFRDKBF RBFDKFCE aCK UEPO MV}FKE TGCU GBKF �NBKP �×Ø�� y
u0 ∈ W 2,∞(R)ED I1

EUD CF BTVPODECP ME iVNQ M wBPMPE
1

MV}FK TBCP CFE |BFRDKBF
U ∈ C2

b (R)
TOP

I1[U ](x) =

∫

|z|≤r

(U(x+ z) − U(x) −∇xU(x) · z) 1

|z|2dz

+

∫

|z|≥r

(U(x+ z) − U(x))
1

|z|2dz,

TBCP DBCD
r > 0

ED B� G wEdTPEUUKBF EUD KFMVT EFMOFDE ME
r
z

iE PVUCGDOD M w`BSBkVFVKUODKBF TBCP GE UQUDmS E ME TOPDKRCGEU EUD OGBPU GE UCKNOFD W
6��ò���ö ý ý�  7�ò�òú�õ������òõ ó� �÷����ö óö �������ôö� 8 9�� 8 6��ò����ö ý ð�:;=¶ ÅÃÆÆ µÅ ¸ ÂÃ ¸

V0

¸ÅÄ
1−Æ A¹ÀµÊÀÂÃ ¸ ¸Ä ÂÃ ¸

V ′
0

¸ÅÄ � ÀÆ Å »Ì ÀÄÛ È =¶ ÅÃÆÆ µÅ ¸ Aº ½¿¸¾Ç ¸¶Ä ÂÃ ¸
y1(0) < ... < yNε(0)

Å µ¶Ä Êµ¶¶ A¸Å Æ½¹ ¿¸Å ÊÀÅ »µ¶ÄÀ¶ÃÀÄAÅ Ê EÃ¶ ¸ ¼ µ¶ »ÄÀµ¶
ρε

0 = εE

(
u0(x)

ε

) ½·¸»
u0 ∈W 2,∞(R)

D
u0

»¹µÀÅÅ½¶Ä¸ ÅÃ¹
R

¸Ä
E

Ã¶ ¸ Ç µÊÀ? »½ÄÀµ¶ Ê¸
¿½ Æ½¹ÄÀ¸ ¸¶ÄÀ(¹¸ ÊA? ¶À¸ Æ ½¹

E(α) = k +
1

2
si k ≤ α < k + 1.

�ß��
É ¿µ¹Å

ρε
ÊA? ¶À¸ Æ½¹ �ßL� »µ¶·¸¹º ¸ ·¸¹Å ¿½ Å µ¿ÃÄÀµ¶

u0
Ê¸ �ßï� È

û�
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lOFU G wVaCODKBF �ßï� y G wBT VPODECP KFDVkPOG kOPME EF S VSBKPE GEU KFDVPORDKBFUGBFkCE MKUDOFRE OGBPU aCE GO FBF^GKFVOPKDV kOPME EF SVSBKPE GEU KFDEPORDKBFU x RBCPDEMKUDOFRE z �BCU PEFNBQBFU x �S~EPD y _BFFEOC y \BCQ ÖääIÙ TBCP CFE KFDEPTPVDODKBFS VROFKaCE MC TPB~GmS E `BSBkVFVKUV z
�BCU ONBFU VkOGES EFD GEU TPBTPKVDVU aCOGKDODKNEU UCKNOFDEU TBCP G wYOS KGDBFKEFEbERDK|

H
y ONER GEU FBDODKBFU

c(y) = V ′
0(y) − F

ED
J = V ′′ sur R\{0}. �×H�

6��ò���ö ý û�  7j �ò������� ø��ô������ö� óö
H
8 9�� 8 6��ò���ö ý �:;

< µÃÅ ¿ EÌËÆ µÄÌ (Å ¸ ∫
(0,1)

c = 0
D ¿½ ¼ µ¶ »ÄÀµ¶

H
0
(L, p)

¸ÅÄ »µ¶ÄÀ¶Ã¸ ¸Ä Å½ÄÀÅ¼ ½ÀÄ ¿¸Å Æ ¹µ¾
Æ ¹ÀAÄAÅ ÅÃÀ·½¶Ä¸Å Ô
N È < À

c ≡ 0
D ½¿µ¹Å

H(L, p) = L|p| ÈO È 7kò�õö ; ] ¿ ¸Õ ÀÅÄ¸ Ã¶ ¸ »µ¶ÅÄ½¶Ä¸
C

Ä¸¿ ¿¸ ÂÃ ¸ Ô
∣∣∣∣
H(L, p)

|p| − L

∣∣∣∣ ≤ C Æ µÃ¹
(L, p) ∈ R × R.

P È 7��úõö óö ô ù� �� �ô�òõ�öõ ;
H(L, p)L ≥ 0 Æ µÃ¹

(L, p) ∈ R × R.

X È 7ñòó�ôö óö �òõ��õ���� öõ
L
; ] ¿ ¸Õ ÀÅÄ¸ Ã¶ ¸ »µ¶ÅÄ½¶Ä¸

C = |p|C1

½·¸»
C1ÊAÆ ¸¶Ê½¶Ä Å ¸Ã¿¸Ç ¸¶Ä Ê¸ ‖∇c‖∞ Ä¸¿ ¿¸ ÂÃ ¸

0 ≤ H(L+ L′, p) −H(L, p) ≤ C

| lnL′| pour 0 < L′ ≤ 1

2
.

l È 7�õ���÷�����ö öõ
L
; < EÀ¿ ¸Õ ÀÅÄ¸

a ∈ R
Ä¸¿ ÂÃ ¸ −c(y) = c(y + a)

D ½¿µ¹Å Ô
H(−L,−p) = −H(L, p).

^È 7�÷�����ö öõ
p
; < EÀ¿ ¸Õ ÀÅÄ¸

a ∈ R
Ä¸¿ ÂÃ ¸

c(−y) = c(y + a)
D ½¿µ¹Å Ô

H(L,−p) = H(L, p).

[È 7
0
�� ô��ö�� ; < À

c 6≡ 0
D ½¿µ¹Å À¿ ¸Õ ÀÅÄ¸

r0 > 0 >ÊAÆ ¸¶Ê½¶Ä Å ¸Ã ¿¸Ç ¸¶Ä Ê¸ ‖c‖∞ ¸ÄÊ¸
J|4\[−1,1]

C Ä¸¿ ÂÃ ¸ Ô
H(L, p) = 0 Æ µÃ¹

(L, p) ∈ Br0(0) ⊂ R
2.

ûð
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H
0

= 0

H
0

> 0

H
0

< 0

L

p

$%& ' � ³ \ETPVUEFDODKBF UR`VS ODKaCE ME G wYOS KGDBFKEF EbERDK|
lOFU GO �KkCPE � y FBCU ONBFU PETPVUEFDV GE TPB}G DQTKaCE ME

H
0 z �BCU PEFNBQBFUVkOGES EFD x h`BP~ EG Ö�ÞÙ ED h`BP~ EG y YBR` y _BFFEOC Ö�LÙ TBCP MEU UKSCGODKBFU z

i wKMVE aCK |OKD S OPR`EP REU MECd PVUCGDODU EUD aCE G wBF TECD KFJ ERDEP FBDPE UQUDmS EME TOPDKRCGEU MOFU CFE VaCODKBF OCd MVPKNVEU TOPDKEGGEU z lE SOFKmPE TGCU TPVRKUE y BFTECD S BFDPEP aCE
ρε

EUD UBGCDKBF ME





∂uε

∂t
=

(
c
(x
ε

)
+M ε

[
uε(·, t)
ε

]
(x)

)
|Duε| MOFU

(0,+∞) × R,

uε(·, 0) = u0

UCP
R

�× ä�

B�
M ε

EUD CF BTVPODECP FBF GBROG M wBPMPE
0

MV}FK TOP

M ε [U ] (x) =

∫

4 dz J(z)E (U(x+ εz) − U(x))
�×I�

ONER
E

MV}FKE TOP �ß�� z
i wYOS KGDBFKEF EbERDK| EUD OGBPU MVDEPS KFV TOP G wCFKaCE RBFUDOFDE

λ
DEGGE aCE TBCP

L, p ∈ R
y KG Ed KUDE CFE UBGCDKBF

1−TVPKBMKaCE
v

MC TPB~GmS E MOFU GO REGGC GE UCKNOFD

λ+ ∂τv =

(
c(τ, y) + L+Mp[v(τ, ·)](y)

)
|p+ ∇v| MOFU

(0,+∞) × R
N �×Ø�

B�
Mp[U ](y) =

∫
dz J(z) {E (U(y + z) − U(y) + p · z) − p · z} .

lE TGCU y BF O GE PVUCGDOD ME RBFNEPkEFRE UCKNOFD �OKFUK aCE GE {`VBPmS E I zØH� W
ûý
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6��ò���ö ý ûð  7�òõ�ö�úöõ�ö 8 9�� 8 6��ò���ö ý �:;=¶ ÅÃÆÆ µÅ ¸ ÂÃ ¸

c
¸ÅÄ � ÀÆ Å »Ì ÀÄÛ ¸Ä

1−Æ A¹ÀµÊÀÂÃ ¸ ¸Ä ÂÃ ¸
u0 ∈W 2,∞(R)

È É ¿µ¹Å ¿ EÃ¶ÀÂÃ ¸Å µ¿ÃÄÀµ¶ Ê¸ ·ÀÅ »µÅÀÄA áµ¹¶ A¸
uε

Ê¸ �×ä� »µ¶·¸¹º ¸ ÂÃ½¶Ê
ε → 0

¿µ»½¿¸Ç ¸¶Ä Ã¶À¼ µ¹Ç A¾Ç ¸¶Ä ¸¶
(t, x)

·¸¹Å ¿ EÃ¶ÀÂÃ ¸ Å µ¿ÃÄÀµ¶ Ê¸ ·ÀÅ »µÅÀÄA áµ¹¶ A¸
u0

Ê¸ �ßï� È
jE PVUCGDOD UCKD GEU DPONOCd ME �S~EPD y _BFFEOC ÖäääÙ ED �S~EPD y _BFFEOC ED\BCQ ÖääIÙ �FBCU PEFNBQBFU VkOGES EFD x f GNOPEg y ZOPMK Öß y ×Ù y cNOFU ÖLL y LïÙ ED iKBFU y

XOTOFKRBGOBC ED �OPOM`OF ÖäØïÙ TBCP CFE ~BFFE KFDPBMCRDKBF x G w`BSBkVFVKUODKBFMEU VaCODKBFU ME YOS KGDBF^]ORB~K� z iO MKbVPEFRE S OJ ECPE EUD aC wKRK BF TPBTBUE CFSBMmGE aCK MVRPKD S KECd GO MQFOS KaCE M wCF FBS~PE }FK ME GKkFEU ME MKUGB RODKBFU EFKFDEPORDKBFU z iO MK5 RCGDV DER`FKaCE EUD M wOPPKNEP x DPOKDEP GO TOPDKE EFDKmPE
E

aCK EUDMKURBFDKFCE z lOFU ÖääIÙ y GEU OCDECPU BFD RBFUKMVPV CF SBMmGE MKbVPEFD B� GO TOPDKEEFDKmPE O VDV EF aCEGaCE UBPDE PVkCGOPKUVE z �RK y OC RBFDPOKPE y BF NECD kOPMEP GE S BMmGEONER GO TOPDKE EFDKmPE z XBCP UCPSBFDEP GO MK5 RCGDV RPVVE TOP GO MKURBFDKFCKDV y KG |OCDCDKGKUEP GO |BPSCGODKBF GENEG UED TPBTBUVE TOP AGET JEN ÖäÞ�Ù T BCP GEU VaCODKBFU FBF^GB ROGEU z i wONOFDOkE ME REDDE |BPSCGODKBF EUD aC wEGGE T EPS ED M wONBKP ME GO UDO~KGKDVMOFU GO MV}FKDKBF MEU UBGCDKBFU ME NKURBUKDV y RE aCK EUD RPCRKOG TBCP REDDE D`VBPKE z

, -m ./Ñ°Ï «0Î® â® â®Ñ¯«ª²¯ â® â«¯Í ¬°ª«ÍÑ¯
fTPmU ONBKP VDCMKV GO MQFOS KaCE M wCFE GKkFE ME MKUGB RODKBF ED |OKD GE GKEF EFDPE GOMQFOS KaCE ME TGCUKECPU GKkFEU ED GO MQFOS KaCE ME MEFUKDVU ME MKUGB RODKBFU y FBCU FBCUKFDVPEUUBFU S OKFDEFOFD x CF SBMmGE ME MQFOS KaCE ME MEFUKDVU ME MKUGB RODKBFU z �BCUTPVUEFDBFU CF SBMmGE UKSTGK}V TBCP GEaCEG FBCU OGGBFU S BFDPEP aCE GE TPB~GmS E EUD~KEF TBUV z �BCU VDCMKEPBFU VkOGES EFD G wOUT ERD FCS VPKaCE ME RE TPB~GmS E z
lE SOFKmPE TGCU TPVRKUE y FBCU FBCU KFDVPEUUBFU x MEU MKUGB RODKBFU RBKFU y EF TOP^DKRCGKEP GE NERDECP ME ZCPkEPU ED GEU MKUGB RODKBFU UBFD RBFDEFCU MOFU GE S �S E TGOF zeF RBFUKMmPE MECd DQTEU ME MKUGB RODKBFU ~BCkEOFD PEUT ERDKNES EFD ONER GE NERDECP MEZCPkEPU ±~b z jE SBMmGE O VDV KFDPBMCKD TOP hPBSO ED ZOGBk` MOFU ÖäHØÙ RBSSE CFUQUDmS E RBCTGV y x UONBKP CF TPB~GmS E ME DPOFUTBPD MOFU GEaCEG GO NKDEUUE EUD MBFFVETOP GEU VaCODKBFU ME G wVGOUDKRKDV MOFU GE ROU I^l z
cF |OKD y MOFU CF ROU TOPDKRCGKEP y RE SBMmGE T ECD �DPE UKS TGK}V z cF EbED y UK G wBFUCTTBUE aCE GE MBS OKFE I^l EUD

1−TVPKBMKaCE EF
x1

ED
x2

�RE aCK PENKEFD x RBFUKMVPEPCF MBSOKFE KF}FK ED VNKDE GEU TPB~GmS EU MCU OCd RBFMKDKBFU OCd ~BPMU� ED UK GEUMEFUKDVU ME MKUGB RODKBFU MVT EFMEFD UECGES EFD ME GO NOPKO~GE
x = x1 + x2

�B�
(x1, x2)UBFD GEU RBBPMBFFVEU M wCF TBKFD ME

R2
� OGBPU aCOFM ~b = (1, 0)

y GE UQUDmS E I^l ME ÖäHØÙT ECD UE PVMCKPE x CF UQUDmS E RBCTGV M wVaCODKBFU ME YOS KGDBF^]ORB~K ä^l FBF^GB ROGEU�BF PEFNBKD x GO AERDKBF Ø MC j`OTKDPE � TBCP CFE SBMVGKUODKBF T`QUKaCE�
ûû
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dislocation de type −

dislocation de type + >

>⊥

⊥

⊥

−~b

x2

x1

~b

$%& ' äH ³ AERDKBF DPOFUNEPUOGE MEU GKkFEU ME MKUGB RODKBFU z






(ρ+)t = −
(
ρ+ − ρ− +

∫ 1

0

(ρ+(x, t) − ρ−(x, t)) dx+ L(t)

)
|Dρ+|

dans R × (0, T )

(ρ−)t =

(
ρ+ − ρ− +

∫ 1

0

(ρ+(x, t) − ρ−(x, t)) dx+ L(t)

)
|Dρ−|

dans R × (0, T )

�×ß�

B�
L(t)

PETPVUEFDE GE R`OST ME RBFDPOKFDEU ME RKUOKGGES EFD y
ρ+, ρ−

UBFD GEU KFRBFFCEUUROGOKPEU DEGGEU aCE
(ρ+ − ρ−)

PETPVUEFDE GO MV|BPS ODKBF TGOUDKaCE ED GECPU MVPKNVEU
EF EUTORE

Dρ± :=
∂ρ±
∂x

UBFD GEU MEFUKDVU ME MKUGB RODKBFU ME DQT E
+

ED − z jE UQUDmS E
EUD RBSTGVDV TOP GEU RBFMKDKBFU KF KDKOGEU UCKNOFDEU W

ρ±(x, 0) = ρ0
±(x) = P 0

±(x) + L0x sur R
�××�

B�
P 0
±

UBFD T VPKBMKaCEU ME T VPKBME ä ED iKTUR`KDg ED
L0

EUD CFE RBFUDOFDE MBFFVEaCK PETPVUEFDE GO MEFUKDV DBDOGE ME MKUGB RODKBFU ME DQT E ± y R wEUD x MKPE aC wx G wKFUDOFDKF KDKOG y BF UCTTBUE aCE G wBF O GO S �SE MEFUKDV ME DQT E
+

ED − z
iE TPES KEP PVUCGDOD RBFREPFOFD RE UQUDmS E EUD CF PVUCGDOD M wEd KUDEFRE ED M wCFK^RKDV z �F ROMPE FODCPEG TBCP REDDE VDCME EUD GO D`VBPKE MEU UBGCDKBFU ME NKURBUKDV zjEDDE D`VBPKE O VDV |BPS OGKUVE TBCP GEU UQUDmS EU TOP �U`KK y )BK[E ÖääLÙ ED �U`KK Öää×Ù z�BCU PEFNBQBFU VkOGES EFD x cFkGEP y iEF`OPD ÖLÞÙ y �U` KK y )BK[E ÖääïÙ y iEF`OPD ÖäØØÙ yiEF`OPD y ZEG~OU ÖäØßÙ y iEF`OPD y �OSOMO ÖäØ×Ù ED �OSOMO ÖäïßÙ TBCP M wOCDPEU OTTGK^RODKBFU z

6��ò���ö ý ûý  7	ÿ ���öõ�ö ö� �õ����� �ò�� ôö �÷����ö �×ß�� �××� 8 9ü� 8 6��ò����ö ð ð: ;< µÀÄ
T ≥ 0

¸Ä
L0 ∈ R

È =¶ ÅÃÆÆ µÅ ¸ ÂÃ ¸
ρ0
± ∈ Lip(R)

¸Ä ÂÃ ¸
L ∈ W 1,∞(R+)

È É ¿µ¹Å
û�
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¿¸ ÅËÅÄ(Ç ¸ �×ß�¾�××� ½ÊÇ ¸Ä Ã¶ ¸ Ã¶ÀÂÃ ¸ Å µ¿ÃÄÀµ¶ Ê¸ ·ÀÅ »µÅÀÄA

ρ = (ρ+, ρ−)
È Ò ¸ Æ ¿ÃÅD»¸ÄÄ¸ Å µ¿ÃÄÀµ¶ ¸ÅÄ Ã¶À¼ µ¹Ç AÇ ¸¶Ä � ÀÆ Å »Ì ÀÄÛ ¸¶ ¸ÅÆ½»¸¾Ä¸ÇÆ Å È

iO MK5 RCGDV TPKFRKTOGE TBCP SBFDPEP RE PVUCGDOD NKEFD MC |OKD aC wKG F wQ O TOU METPKFRKT E ME RBSTOPOKUBF z jERK N KEFD ME GO TPVUEFRE MC DEPS E FBF^GB ROG z XBCP PVUBCMPEREDDE MK5 RCGDV y G wKMVE EUD M wCDKGKUEP y ME S OFKmPE RGOUUKaCE y CF D`VBPmS E ME TBKFD }dE zéCOFM GE DEPS E FBF^GB ROG EUD kEGV y GE UQUDmS E MENKEFD aCOUK^S BFBDBFE OC UEFU MEÖääLÙ ED FBCU ONBFU MBFR Ed KUDEFRE ED CFKRKDV ME GO UBGCDKBF z �G UC5 D EFUCKDE M wCDKGKUEPCFE EUDKS ODKBF UCP GO FBPS E MC kPOMKEFD EF EUTORE TBCP B~DEFKP GE PVUCGDOD TBCP GEUQUDmS E FBF^GB ROG z
�F PVUCGDOD UKS KGOKPE O VDV S BFDPV TOP cG YOJJ ÖLßÙ TBCP MEU UBGCDKBFU |OK~ GEUMOFU
H1

Loc

z �BCU PEFNBQBFU VkOGES EFD x jOFBFE y c G YOJJ y _BFFEOC y \ K~OCM Öß�ÙT BCP G wVDCME MC ROU kVFVPOG EF Il z
eF U wKFDVPEUUE S OKFDEFOFD x G wOTTPBd KS ODKBF FCS VPKaCE ME GO UBGCDKBF MC UQUDmS E�×ß�^ �××� z cDOFD MBFFV CFE DOKGGE ME MKURPVDKUODKBF

∆x, ∆t
ED CFE kPKGGE

Q∆
T = Q∆ ×

{0, ..., (∆t)NT}
B�

Q∆ = {i∆x, i ∈ Z} ED
NT

EUD GO TOPDKE EFDKmPE ME
T/∆t

y BF FBDE
vn

k,i

GO NOGECP ME G wOTTPBd KS ODKBF FCSVPKaCE ME GO UBGCDKBF EdORDE
ρk

OC TBKFD
(xi, tn)

z
�BCU OGGBFU S OKFDEFOFD KFDPBMCKPE GE UR`VS O FCSVPKaCE z iO MK5 RCGDV TPKFRKTOGEN KEFD MC DEPS E FBF^GB ROG aCK FVREUUKDE GO RBFFOKUUOFRE ME GO UBGCDKBF aCE G wBF EUD EFDPOKF ME ROGRCGEP z XBCP PVUBCMPE RE TPB~GmS E y BF }dE GO UBGCDKBF

vn
i = (vn

+,i, v
n
−,i)

UCPR`OaCE KFDEPNOGGE ME DESTU
[tn, tn+1)

ED BF OTTGKaCE GE UR`VS O SBFBDBFE UCKNOFD W

v0
i = ρ̃0(xi),

vn+1
k,i − vn

k,i

∆t
= c∆k [v]ni G(vn

k )i, ∀k ∈ {+,−} �×Þ�
B�

c∆k [v]ni = −k(vn
+,i − vn

−,i + a∆[v](tn))ED GE DEPS E FBF^GB ROG
a∆[v](tn)

EUD MBFFV TOP

a∆[v](tn) =
Nx−1∑

i=0

∆x (v+(xi, tn) − v−(xi, tn)) + L(tn)

B�
Nx

EUD GO TOPDKE EFDKmPE ME
1/∆x

z jBSSE MOFU GO AERDKBF I zäz× y GE DEPS E
G(vn

k )iEUD CFE OTTPBd KS ODKBF OTTPBTPKVE MC kPOMKEFD ME
vn

k

TPKU OC TBKFD
xi

z jEDDE OTTPBd K^S ODKBF EUD TOP EdESTGE REGGE MBFFVE TOP eU`EP ED AED`KOF Öä×ßÙ ED MVT EFM MC UKkFEME GO NKDEUUE z� KFOGES EFD y BF UCTTBUE aCE GO RBFMKDKBF j�i UCKNOFDE EUD NVPK}VE

∆t ≤ 1

2M
∆x

�×L�
û�
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B�

M = 2‖P 0
+ − P 0

−‖L∞(
4

) + 2.eF O OGBPU G wEUDKS ODKBF M wEPPECP UCKNOFDE
6��ò���ö ý ûû  7	 �������òõ ó ùö��ö�� õ�����ø�ö ó����ö���òõ��õ�ö 8 9ü� 86��ò���ö ð û:;< µÀÄ

T ≥ 0
È =¶ ÅÃÆÆ µÅ ¸ ÂÃ ¸

∆x + ∆t ≤ 1
D
L ∈ W 1,∞([0, T ))

¸Ä ÂÃ ¸ ¿½ »µ¶ÊÀÄÀµ¶´Ü� >l [C ¸ÅÄ ·A¹À? A¸ÈÉ ¿µ¹ÅD À¿ ¸Õ ÀÅÄ¸ Ã¶ ¸ »µ¶ÅÄ½¶Ä¸
K4 > 0

ÊAÆ ¸¶Ê½¶Ä Å ¸Ã ¿¸Ç ¸¶Ä Ê¸ ‖P 0
+ − P 0

−‖L∞(
4

)

D
‖L‖W 1,∞(0,T )

¸Ä
maxk∈{+,−} ‖Dρ0

k‖L∞(
4

)

Ä¸¿ ¿¸ ÂÃ ¸ ¿ Ȩ ÅÄÀÇ ½ÄÀµ¶ Ê Ȩ ¹¹¸Ã¹ ¸¶Ä¹¸ ¿½ Å µ¾¿ÃÄÀµ¶ »µ¶ÄÀ¶Ã¸
ρ

ÊÃ ÅËÅÄ(Ç ¸ �×ß� ¸Ä Å µ¶ ½ÆÆ ¹µÕ ÀÇ ½ÄÀµ¶ ¶ÃÇ A¹ÀÂÃ ¸
v
D Å µ¿ÃÄÀµ¶ ÊÃÅ »Ì AÇ½ ½ÃÕ ÊÀ@ A¹¸¶ »¸Å ? ¶À¸Å �×Þ� ¸ÅÄ Êµ¶¶ A¸ Æ½¹

max
k∈{+,−}

sup
Q∆

T

|ρk − vk| ≤ K4

(
(T +

√
T ) (∆x+ ∆t)1/2 + max

k∈{+,−}
sup
Q∆

|ρ0
k − v0

k|
)

Å µÃÅ ¿ EÌËÆ µÄÌ (Å ¸ »µÇÆ ¿AÇ ¸¶Ä½À¹¸

K4

(
(T +

√
T )(∆x+ ∆t)

1
2 + max

k∈{+,−}
sup
Q∆

(ρ0
k − v0

k)

)
≤ 1.

XBCP SBFDPEP RE D`VBPmS E y BF CDKGKUE GO S �S E S VD`BME aCE TBCP GE ROU RBFDKFC yR wEUD x MKPE aCE G wBF RBFUKMmPE GO UBGCDKBF OTTPBd KS VE MC UQUDmS E �×ß� RBSSE CFTBKFD }dE M wCF UQUDmS E GBROG z jEDDE TPECNE EUD KFUTKPVE ME GO TPECNE ME f GNOPEg ¸Ä½¿È ÖLÙ T BCP SBFDPEP CFE EUDKS ODKBF M wEPPECP ME DQT E jPOFMOGG^iKBFU ÖÞØÙ EFDPE GOUBGCDKBF RBFDKFCE ED UBF OTTPBd KS ODKBF FCSVPKaCE z

û�
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�BCU RBSSEF*BFU RE R`OTKDPE EF POTTEGOFD GEU TPBTPKVDVU RGOUUKaCEU MEU MKUGB^RODKBFU z jEDDE TPVUEFDODKBF EUD GOPkES EFD KFUTKPVE ME t KOFk ÖäïØÙ ED Y KPD` y iBD`EÖäHÞÙ z XBCP TGCU ME PV|VPEFREU UCP GEU MKUGB RODKBFU y FBCU PEFNBQBFU VkOGES EFD x �O^~OPPB ÖäßÞÙ y YCGG y ZORBF ÖäH�Ù y �EEPDS OF y �EEPDS OF Öäï äÙ y iOPMFEP ÖäØIÙ ED iOFMOC yi K|U` KDg ÖäØ äÙ z
jBSSE FBCU G wONBFU MVJ x KFMKaCV y GEU MKUGB RODKBFU UBFD MEU MV|OCDU GKFVOKPEU MOFUGEU RPKUDOCd z �G Ed KUDE MECd DQTEU ME MKUGB RODKBFU MPBKDEU W GEU ÊÀÅ ¿µ»½ÄÀµ¶Å »µÀ¶Å ED GEUÊÀÅ ¿µ»½ÄÀµ¶Å ·ÀÅ z
�FE |O*BF M wKS OkKFEP CFE MKUGB RODKBF RBKF MOFU CFE UDPCRDCPE RC~KaCE UKSTGE EUDM wKFUVPEP CF MES K^TGOF UCTTGVS EFDOKPE M wODBS EU MOFU CF RPKUDOG TOP|OKD �NBKP � KkCPEäzä�~ �� z iO MKUGB RODKBF RBKF EUD OGBPU GO |PBFDKmPE MC MES K^TGOF UCTTGVS EFDOKPE y Gx B�GO UDPCRDCPE RPKUDOGGKFE EUD |BPDES EFD MV|BPS VE z iO kVBSVDPKE M wCFE MKUGB RODKBF RBKFEUD PETPVUEFDV MOFU GO �KkCPE äzä�O� y B� GO MKUDPK~CDKBF MEU ODBS EU EUD CFK|BPS E MOFUGO MKPERDKBF TEPT EFMKRCGOKPE OC TOTKEP z
iE UERBFM DQTE ME MKUGB RODKBF EUD GO MKUGB RODKBF NKU MBFD GO kVBSVDPKE EUD PETPV^UEFDVE TBCP CF RPKUDOG RC~KaCE UKSTGE MOFU GO �KkCPE äzI z �FE SOFKmPE M wKS OkKFEPCFE MKUGB RODKBF NKU EUD ME |OKPE CFE RBCTCPE UCP CF MES K^TGOF M wCF RPKUDOG TOP|OKDED ME DPOFUGODEP GE aCOPD M wEUTORE UCTVPKECP MOFU CFE MKPERDKBF TOPOGGmGE OC ~BPMMC MES K^TGOF ME RBCTCPE ED GE MES K^EUTORE KF|VPKECP MOFU GO MKPERDKBF BTTBUVE z iOMKUGB RODKBF N KU EUD OGBPU PETPVUEFDVE TOP GE ~BPM MC MES K^TGOF ME RBCTCPE z
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$%& ' äzä ³ hVBSVDPKE M wCFE MKUGB RODKBF RBKF

$%& ' äzI ³ hVBSVDPKE M wCFE MKUGB RODKBF NKU

�BCU OGGBFU S OKFDEFOFD EdTGKaCEP RBSSEFD GE SBCNESEFD ME MKUGB RODKBFU T ECDEFDPOKFEP MEU MV|BPS ODKBFU TGOUDKaCEU MOFU CF RPKUDOG z éCOFM CF RPKUDOG EUD UBCS KU xCFE RBFDPOKFDE EdDVPKECPE UC5 UOS EFD |BPDE y KG T ECD UC~KP MEU MV|BPS ODKBFU TGOUDKaCEU z�VOFSBKFU y GO RBFDPOKFDE RPKDKaCE MOFU CF SODVPKOC PVEG EUD ~ EOCRBCT SBKFU VGENVEaCE GO RBFDPOKFDPE D`VBPKaCE TBCP RKUOKGGEP CF RPKUDOG TOP|OKD z jE UBFD {OQ GBP ÖäLÞÙ ye PB�OF Öä×HÙ ED XBGOFQK Öä××Ù GEU TPES KEPU x ONBKP S KU EF VNKMEFRE aCE GEU MKUGB RODKBFUVDOKEFD PEUTBFUO~GEU ME REDDE |OK~ GE RBFDPOKFDE RPKDKaCE z XBCP S KECd RBSTPEFMPE RE|OKD y KG UC5 D ME PEkOPMEP ME TGCU TPmU GE MVTGORES EFD M wCFE MKUGB RODKBF RBKF MOFU CFRPKUDOG TOP|OKD y RBSSE KFMKaCV MOFU GO �KkCPE äzØ z lOFU RE ROU y GO MKUGB RODKBF RBKFEUD MOFU GE TGOF TEPT EFMKRCGOKPE OC TOTKEP ED GO MKUDPK~CDKBF MEU ODBS EU EUD CFK|BPS EMOFU REDDE MKPERDKBF z iBKF ME GO MKUGB RODKBF y GO MKUDPK~CDKBF MEU ODBS EU EUD TPBR`E MEREGGE M wCF RPKUDOG TOP|OKD OGBPU aCE TPmU ME GO MKUGB RODKBF y GO UDPCRDCPE ODBS KaCE EUD|BPDES EFD MV|BPS VE z iE MVTGORES EFD ME GO MKUGB RODKBF UE |OKD OGBPU ME S OFKmPE DPmUUKSTGE z iO GKOKUBF ODBS KaCE EFDPE GEU TBKFDU
B

ED
C

NO UE ~PKUEP OGBPU aC wCFE GKOKUBF NO
û�
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UE RPVEP EFDPE

A
ED
C

�NBKP � KkCPE äzØ �O�^ �~�� z iO MKUGB RODKBF U wEUD OGBPU MVTGORVE NEPUGO MPBKDE M wCFE MKUDOFRE ODBS KaCE z ABCU G wOTTGKRODKBF M wCFE RBFDPOKFDE y RE TPBREUUCUNO UE PVT VDEP ED GO MKUGB RODKBF NO RBFDKFCEP ME UE MVTGOREP z éCOFM EGGE OCPO ODDEKFDGE ~BPM MC RPKUDOG y REGC K^RK OCPO UC~K CFE MV|BPS ODKBF TGOUDKaCE T EPS OFEFDE �NBKP� KkCPE äzØ �R�� z cF |OKD y GO RBFDPOKFDE ME RKUOKGGES EFD FVREUUOKPE TBCP RE TPBREUUCU EUD~ EOCRBCT TGCU |OK~ GE aCE REGGE TBCP RKUOKGGEP CF RPKUDOG TOP|OKD z

$%& ' äzØ ³ lVTGORES EFD M wCFE MKUGB RODKBF RBKF
�G Q O EUUEFDKEGGES EFD MECd KFNOPKOFDU TBCP GEU MKUGB RODKBFU z iE TPES KEP VGVS EFD aCKROPORDVPKUE CFE MKUGB RODKBF EUD GE NERDECP ME ZCPkEPU ÖßLÙ z XBCP GE MV}FKP y KG |OCD R`BKUKPG wBPKEFDODKBF ME GO MKUGB RODKBF aCK EUD MBFFVE TOP GO MKPERDKBF MC NERDECP CFKDOKPEDOFkEFD x GO MKUGB RODKBF z eF RBFUKMmPE OGBPU CF R`ES KF |EPS V EFDBCPOFD GO MKUGB RODKBF yRBSSE KFMKaCV UCP GO �KkCPE äzß z jE R`ES KF y OTTEGV RKPRCKD ME ZCPkEPU y EUD BPKEFDVMOFU GE UEFU �PKk`D^`OFM� z XOP EdESTGE y UK GE NERDECP DOFkEFD M wCFE MKUGB RODKBF RBKFTBKFDE EF ME`BPU MC TOTKEP NEPU GE GERDECP y OGBPU GE RKPRCKD EUD BPKEFDV MOFU GE UEFUKFNEPUE MEU OKkCKGGEU M wCFE SBFDPE z lOFU G wOCDPE ROU y KG EUD BPKEFDV MOFU GE UEFU MEUOKkCKGGEU M wCFE S BFDPE z XBCP B~DEFKP GE NERDECP ME ZCPkEPU y KG UC5 D OGBPU ME PETPBMCKPEGE S �SE R`ES KF MOFU CF RPKUDOG TOP|OKD z iE TBKFD ME MVTOPD

(A)
EUD OGBPU MKbVPEFD

MC TBKFD M wOPPKNVE
(B)

z iE NERDECP ME ZCPkEPU EUD OGBPU GE NERDECP
b = ~BA

�NBKP� KkCPE äzß �~ �� z eF TECD PES OPaCEP aCE UK G wBF R`OFkE GE UKkFE ME G wBPKEFDODKBF ME GOMKUGB RODKBF RBKF y REGO R`OFkE GO MKPERDKBF MC NERDECP ME ZCPkEPU z
jBSSE FBCU G wONBFU NC MOFU GO �KkCPE äzß y TBCP CFE MKUGB RODKBF RBKF y GE NERDECPME ZCPkEPU EUD T EPT EFMKRCGOKPE x GO GKkFE ME MKUGB RODKBF z lOFU GE ROU MEU MKUGB RODKBFUN KU y KG EUD TOPOGGmGE x GO GKkFE ME MKUGB RODKBF z lOFU GE ROU kVFVPOG y GO GKkFE ME MKUGB^RODKBF |BPS E CF OFkGE OP~KDPOKPE ONER GE NERDECP ME ZCPkEPU ED FBCU ONBFU MBFR CFEMKUGB RODKBF S KdDE z iO �KkCPE äz× S BFDPE CFE ~BCRGE ME MKUGB RODKBF RKPRCGOKPE MOFUCF TGOF OKFUK aCE UBF NERDECP ME ZCPkEPU z fCd TBKFDU

A
ED
B

y GO MKUGB RODKBF EUD TC^
û�
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$%& ' äzß ³ jKPRCKD ME ZCPkEPU

PES EFD RBKF y OCd TBKFDU
C

ED
D

GO MKUGB RODKBF EUD TCPES EFD NKU ED x DBCU GEU OCDPEUTBKFDU �
E

TOP EdESTGE� EGGE EUD S KdDE z

$%& ' äz× ³ ZBCRGE ME MKUGB RODKBF RKPRCGOKPE

iE MECd KmS E VGVS EFD aCK ROPORDVPKUE CFE MKUGB RODKBF EUD GE NERDECP FBPS OG xUBF TGOF ME kGKUUES EFD z cF EbED y OC SBKFU x |OK~ GE DESTVPODCPE y CFE MKUGB RODKBFUE MVTGORE MOFU MEU TGOFU RPKUDOGGKFU ~KEF MV}FKU z XOP EdESTGE y MOFU GE ROU ME GOMKUGB RODKBF RBKF y GE TGOF ME kGKUUES EFD EUD REGCK aCK RBFDKEFD GE NERDECP ME ZCPkEPU
bED GE NERDECP DOFkEFD x GO MKUGB RODKBF z ACP GO �KkCPE äzØ y KG EUD PETPVUEFDV TOP GO GKkFEEF TBKFDKGGV ED EUD T EPT EFMKRCGOKPE OC TGOF MC TOTKEP z

��
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�BCU OGGBFU S OKFDEFOFD MVRPKPE GO MQFOS KaCE M wCFE GKkFE ME MKUGB RODKBF z jEDDETOPDKE EUD KFUTKPVE ME f GNOPEg ¸Ä ½¿È ÖäHÙ y S OKU GO TPVUEFDODKBF ME GO SBMVGKUODKBFEUD |OKDE ME S OFKmPE CF TEC MKbVPEFDE z iE ~CD ME REDDE UERDKBF EUD ME S BMVGKUEP GOMQFOS KaCE M wCFE GKkFE ME MKUGB RODKBF MOFU GE ROU B� GEU RBFDPOKFDEU EdDVPKECPEU UBFDFCGGEU z �BCU PEFNBQBFU x f GNOPEg ¸Ä ½¿È ÖäH y AERDKBF I zÞÙ TBCP NBKP RBSSEFD TPEFMPEEF RBSTDE GEU RBFDPOKFDEU EdDVPKECPEU z
eF UE MBFFE CFE ~OUE

(e1, e2, e3)
ME

R3
z �FE KMVOGKUODKBF TBCP CFE GKkFE ME MKUGB RO^DKBF RBFUKUDE x UCTTBUEP aCE G wVTOKUUECP ME GO GKkFE EUD FCGGE ED aC wEGGE EUD PETPVUEFDVETOP GE ~BPM M wCF MBSOKFE BCNEPD

Ωt

RBFDEFC MOFU GE TGOF
(x1, x2)

�B� G wKFMKRE
t

PE^TPVUEFDE GE DESTU� ED BF FBDE
Γt

GE ~BPM ME
Ωt

�R wEUD x MKPE GO GKkFE ME MKUGB RODKBF� zlE TGCU y OC SBKFU x |OK~ GE DESTVPODCPE y GEU MKUGB RODKBFU ~BCkEFD MOFU MEU TGOFU ~KEFMV}FKU �ROP R wEUD DPmU RBeDECd VFEPkVDKaCESEFD TBCP CFE MKUGB RODKBF ME R`OFkEP METGOF RPKUDOGGKF � z eF UCTTBUE OGBPU y T BCP UKS TGK}EP y aCE GO GKkFE ME MKUGB RODKBF EUDRBFDEFCE ED UE MVTGORE MOFU GE TGOF `BPKgBFDOG ED BF FBDE
n = e3

GE NERDECP FBPS OGx RE TGOF z eF MV}FKD VkOGES EFD GO S ODPKRE ME RKUOKGGES EFD

e0 =
1

2
(b⊗ n+ n⊗ b)

�äzä�
B�

b
EUD GE NERDECP ME ZCPkEPU ME GO MKUGB RODKBF z

iO MQFOS KaCE M wCFE GKkFE ME MKUGB RODKBF GO TGCU UKSTGE TBCP CFE RBCP~ E
t 7→ ΓtEUD ME UCTTBUEP aCE GO NKDEUUE FBPS OGE x GO RBCP~ E EUD TPBTBPDKBFFEGGE x GO |BPRE MEXEOR`^)BEGGEP PVUBGCE

c
W

dΓ

dt
=

1

B
c(Γ)nΓ

B�
nΓ

EUD GO FBPS OGE EdDVPKECPE OC MBS OKFE
Ωt

ED
B

EUD CFE RBFUDOFDE y OTTEGVE �N KU^RBCU MPOk RBE5 RKEFD� �NBKP Y KPD` ED iBD`E ÖäHÞ y TOkEIHïÙ� z jEDDE RBFUDOFDE MVT EFMMEU TPBTPKVDVU T`QUKaCEU MC SODVPKOC SOKU y aCKDDE x PEUROGEP G wVaCODKBF EF DESTU y BFTECD UCTTBUEP aCE
B = 1

z
�BCU OGGBFU S OKFDEFOFD MV}FKP G wVFEPkKE VGOUDKaCE OUUBRKVE x GO GKkFE ME MKUGB^RODKBF z XBCP REGO BF RBFUKMmPE CF S ODVPKOC PETPVUEFDV TOP G wEUTORE DBCD EFDKEP yUBCS KU x G wVGOUDKRKDV GKFVOKPE ED MBFD GEU RBE5 RKEFDU M wVGOUDKRKDV UBFD MBFFVU TOP

Λ = (Λijkl) ∈ R3×3×3×3
z eF UCTTBUE aCE REU RBE5 RKEFDU UODKU|BFD GO TPBTPKVDV MEUQS VDPKE UCKNOFDE

Λijkl = Λjikl = Λijlk = Λklij

� ð
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ED G w`QTBD`mUE ME RBEPRKDKN KDV UCKNOFDE TBCP CF

m > 0

3∑

i,j,k,l=1

Λijkleijekl ≥ m
3∑

i,j=1

(eij)
2

TBCP DBCDEU GEU S ODPKREU RBFUDOFDEU
e = (eij) ∈ R3×3

sym

y R wEUD x MKPE DEGGEU aCE
eij = ejiTBCP

i, j = 1, 2, 3
z

eF FBDE
u : R3 7→ R3

GE MVTGORES EFD ED BF MV}FKD GO MV|BPS ODKBF TOP

eij(u) =
1

2

(
∂

∂xi

uj +
∂

∂xj

ui

)
.

i wVFEPkKE VGOUDKaCE EUD OGBPU MV}FKE TOP

Eel(eel) =

∫

4
3

1

2
Λ eel eel

B�
e(u) = eel + epl

ONER
eel

GO MV|BPS ODKBF VGOUDKaCE ED
epl

GO MV|BPS ODKBF TGOUDKaCEMBFFVE TOP
epl = e0δΩ = e0ρδ0(x3)B�

e0
EUD MV}FK TOP �äzä� ED

ρ(x) = ρ(x1, x2)
EUD GO |BFRDKBF ROPORDVPKUDKUaCE ME

ΩaCK NOCD
1

MOFU
Ω

ED
0

MOFU UBF RBSTGVS EFDOKPE z � KFOGGES EFD y BF FBDE
σij(x) i, j =

1, 2, 3; x ∈ R3
y GEU RBFDPOKFDEU VGOUDKaCEU aCK UBFD MBFFVEU TOP

σij = (Λ eel)ij =
∑

kl

Λijkle
el
kl.

l wOTPmU GEU VaCODKBFU ME cCGEP^iOkPOFkE y BF O MBFR �TOP S KFKS KUODKBF ME G wVFEPkKEVGOUDKaCE UCP
u
� aCE MKN

(σ) = 0.
�äzI�

�BCU OGGBFU S OKFDEFOFD ROGRCGEP GO |BPRE ME XEOR`^)BEGGEP PVUBGCE EF ROGRCGOFD GOTPES KmPE NOPKODKBF ME G wVFEPkKE z eF FBDE
s

G wO~URKUUE RCPNKGKkFE ME
Γ

ED
Γ(s)

GE TBKFDRBCPOFD UCP
Γ
z ABKD

nΓ(s)
GE NERDECP FBPS OG EdDVPKECP OC MBSOKFE BCNEPD

Ω0

MOFU GETGOF
(e1, e2)

z XBCP CFE |BFRDKBF MBFFVE
h(s)

y BF MV}FKD OGBPU GO T EPDCP~ODKBF TGOFOKPE
Γε

ME
Γ

TOP
Γε(s) = Γ(s) + εh(s)nΓ(s).

iE ~CD EUD S OKFDEFOFD ME ROGRCGEP d

dε
E(Γε)|ε=0

B� E(Γ) = Eel(eel(Γ))
z eF SBF^

DPEPO OGBPU aCE
− d

dε
E(Γε)|ε=0 =

∫

Γ

ds h(s)c(Γ(s))

�ý
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B� GO |BFRDKBF

c
EUD GO |BPRE ME XEOR`^)BEGGEP PVUBGCE z lE S OFKmPE |BPS EGGE y BF O

dE(Γε)

dε
=

∫

4
3

σ

(
e

(
duΓε

dε

)
− e0

d

dε
δΩΓε

)

= −
∫

4
3

(σe0)
d

dε
δΩΓε

=

∫

Γ

−(σe0)h

B� G wBF O CDKGKUV GE |OKD aCE MKN
(σ) = 0

TBCP GO MECd KmS E GKkFE z iO |BPRE XEOR`^)BEGGEPEUD MBFR MBFFVE TOP
c = σe0 = (σb) · nB�

σ = Λe(u) − Λe0ρδ0(x3)
ONER

{ MKN
(Λe(u)) =

MKN
(Λe0ρδ0(x3))

e(u) = 1
2

(
∂

∂xj
ui + ∂

∂xi
uj

)

cF CDKGKUOFD GO DPOFU|BPS VE ME �BCPKEP ED CF ROGRCG EdTGKRKDE ME GO |BFRDKBF MEhPEEF TBCP G wVGOUDKRKDV GKFVOKPE y BF TECD NBKP aC wKG Ed KUDE CF DEFUECP M wBPMPE aCODPE
R

DEG aCE
σ = (ΛRe0) ? ρδ0(x3).eF TECD MBFR PVVRPKPE GO |BPRE
c

ME GO S OFKmPE UCKNOFDE W
c = c0 ? ρ

ONER
c0(x1, x2) = C0(x1, x2, 0)

B�
C0

MVTEFM ME
Λ, R, e0

z �BCU PEFNBQBFU x f GNOPEg¸Ä ½¿È ÖäH y AERDKBF I zÞÙ TBCP TGCU ME MVDOKGU UCP GE ROGRCG MC FBQOC
C0

ED UCP UEUTPBTPKVDVU z

� ö���ø�ö ý ð  �¸Å »½¿»Ã¿Å Æ ¹AÅ ¸¶ÄAÅ À»À Å µ¶Ä ¼ ½ÀÄÅ Ê¸ Ç ½¶À(¹¸ ¼ µ¹Ç ¸¿ ¿¸È ê¶ Æ½¹ÄÀ¾»Ã ¿À¸¹D ÅÃ¹ ¿¸ »µ¸Ã¹ Ê¸ ¿½ ÊÀÅ ¿µ»½ÄÀµ¶ D ¿ EA¶ ¸¹º À¸ A¿½ÅÄÀÂÃ ¸ ¶ E½ Æ½Å Ê¸ Å ¸¶Å ¸Ä ¸ÅÄ Ç HÇ ¸À¶? ¶À¸ »½¹ ¿½ »µ¶Ä¹½À¶Ä¸ A¿½ÅÄÀÂÃ ¸ Å ¸ »µÇÆ µ¹Ä¸ ¸¶
1/r

µI
r

¸ÅÄ ¿½ ÊÀÅÄ½¶ »¸ B ¿½ ÊÀÅ¾¿µ»½ÄÀµ¶ È V À¸¶ Åw¹D »¸¿½ ¶ E½ Æ½Å Ê¸ Å ¸¶Å Æ ÌËÅÀÂÃ ¸ Ç ½ÀÅ ·À¸¶Ä ÊÃ ¼ ½ÀÄ ÂÃ ¸ ¿½ ÄÌ Aµ¹À¸Ê¸ ¿ EA¿½ÅÄÀ»ÀÄA ¿À¶ A½À¹¸ ¶ Ȩ ÅÄ Æ ¿ÃÅ ·½¿ÀÊ¸ Æ ¹µ»Ì ¸ Ê¸ ¿½ ÊÀÅ ¿µ»½ÄÀµ¶ È G µÃ¹ »µ¶ÄµÃ¹¶ ¸¹»¸ÄÄ¸ ÊÀb »Ã¿ÄAD À¿ ¼ ½ÃÄ ¹AºÃ¿½¹ÀÅ ¸¹ ¿¸Å »µ¶Ä¹½À¶Ä¸Å ¸¶ ÃÄÀ¿ÀÅ½¶Ä Ã¶ Ä¸¶Å ¸Ã¹ Ê¸ »µ¸Ã¹¹AºÃ¿½¹ÀÅ½¶ÄÈ G µÃ¹ Æ ¿ÃÅ Ê¸ ÊAÄ½À¿ÅD ¶µÃÅ ¹¸¶·µËµ¶Å B É ¿·½¹¸Û ¸Ä ½¿È W N_Y

lOFU ÖïLÙ y FBCU ONBFU TPBTBUV ME POJ BCDEP CF DEPS E ME DEFUKBF ME GKkFE x G wVFEPkKEVGOUDKaCE TBCP S KECd SBMVGKUEP RE aCK UE TOUUE TPmU ME GO MKUGB RODKBF z jE DEPS E ME
�û
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DEFUKBF GKkFE OTTOPOKD EF TOPDKRCGKEP MOFU GEU DPONOCd ME ZPB�F Öß×Ù ED ZOPFEDD yhONOggO ÖØ äÙ z i wVFEPkKE EUD MBFR MBFFVE TOP

Eel(eel) =

∫

4
3

1

2
Λ eel eel + η

∫

Γ

γ(nΓ)

B�
γ

EUD CFE VFEPkKE ME DEFUKBF ME GKkFE ED
η

EUD CF TPV|ORDECP z cF ROGRCGOFD GO TPE^S KmPE NOPKODKBF ME G wVFEPkKE y BF B~DKEFD y RBSSE TPVREMESSEFD y CFE NKDEUUE FBPS OGEMBFFVE TOP
c = c0 ? ρ+ c1 + λ(nΓt)Hx,tB�

Hx,t

EUD GO RBCP~CPE SBQEFFE ED
λ = γ + γ′′

z

��
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jE R`OTKDPE EUD CFE NEPUKBF POGGBFkVE ME ÖïLÙ zlOFU RE DPONOKG y FBCU VDCMKBFU CF FBCNEOC SBMmGE TBCP GO MQFOS KaCE ME GKkFEUME MKUGB RODKBFU ONER CF DEPS E ME RBCP~CPE SBQEFFE z iE SBMmGE EUD CFE VaCODKBFM wYOS KGDBF^]ORB~K FBF^GB ROGE z �BCU SBFDPBFU G wEd KUDEFRE ED G wCFKRKDV M wCFE UBGCDKBFME NKURBUKDV EF DESTU RBCPD TBCP REDDE VaCODKBF z �BCU B~DEFBFU VkOGES EFD CFE EU^DKS ODKBF iKTUR`KDg EF EUTORE ED CFE EUDKS ODKBF MC SBMCGE ME RBFDKFCKDV EF DESTUTBCP GO UBGCDKBF z
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XGOUDKR ME|BPS ODKBF KU S OKFGQ MCE DB D`E SBNESEFD B| GKFEOP ME|ERDU ROGGEM MKUGB^RODKBFU y �`BUE DQTKROG GEFkD` KF SEDOGGKR OGGBQU KU B| D`E BPMEP B|

10−6m
OFM D`KR[FEUUB| D`E BPMEP B|

10−9m
z AKFRE D`E ~ EkKFFKFk B| D`E �H wU y D`E PEUEOPR` }EGM B| MKUGB RODKBFKU EFJ BQ KFk O FE� ~BBS y KF TOPDKRCGOP D`OF[U DB D`E TB�EP B| RBSTCDEPU �`KR` FB�SO[EU TBUUK~ GE DB UKSCGODE MKUGB RODKBFU KF O Øl MBSOKF z {`E RBFRETD B| MKUGB RODKBFUKF RPQUDOGU �OU TCD |BP�OPM KF D`E tt D` REFDCPQ OU D`E S OKF S KRPBURBTKR EdTGOFO^DKBF B| D`E S ORPBURBTKR ~ E`ONKBCP B| S EDOGGKR RPQUDOGU �UEE D`E T`QUKROG S BFBkPOT`Y KPD` OFM iBD`E ÖäHÞÙ� z_BPE PEREFDGQy O FE� OTTPBOR` `OU ~ EEF KFDPBMCREM W Æ Ì½Å ¸ ? ¸¿Ê Ç µÊ¸¿ µ¼ ÊÀÅ ¿µ¾»½ÄÀµ¶Å �UEE |BP EdOSTGE \BMFEQy iE ZBCOP y � KFEG Öä×ïÙ� z eFE B| D`E OMNOFDOkE B|D`KU S ED`BM KU D`OD D`E TBUUK~ GE DBTBGBkKROG R`OFkEU MCPKFk D`E MKUGB RODKBF SBNE^S EFD OPE OCDBSODKROGGQ DO[EF KFDB ORRBCFD z �F D`E |ORE REFDEPEM RC~KR UDPCRDCPE y D`EMKUGB RODKBF GKFE KF D`E RPQUDOG S BNEU KF KD UGKT TGOFE � KD` O FBPS OG NEGB RKDQ �`KR` KUTPBTBPDKBFOG DB D`E XEOR`^)BEGGEP |BPRE ORDKFk BF D`E GKFE z {`KU |BPRE KU D`E UEG| |BPRERPEODEM ~Q D`E EGOUDKR }EGM kEFEPODEM ~Q D`E MKUGB RODKBF KDUEG| z �F ÖäHÙ OFM Ö�Ù y CUKFkO GENEG UED |BPSCGODKBF y f GNOPEg y YBR` y iE ZBCOP OFM _BFFEOC TPBTBUEM O FBF^GB ROGYOS KGDBF ]ORB~K EaCODKBF DB SBMEG D`KU OTTPBOR` z YONKFk UCR` OF EaCODKBF OGGB� UKF TOPDKRCGOP DB UDCMQ S OD`ES ODKROGGQ OFM FCSEPKROGGQ MKUGB RODKBFU MQFOS KRU z AKFRED`E EaCODKBF KU FBFGKFEOP y O FODCPOG |POS E�BP[ DB UDCMQ D`KU [KFM B| EaCODKBF KU D`ED`EBPQ B| N KURBUKDQ UBGCDKBFU �UEE |BP KFUDOFRE D`E SBFBkPOT`U B| ZOPGEU ÖäïÙ OFMZOPMK OFM jOTCggB^lBGREDDO ÖäLÙ |BP O TPEUEFDODKBF B| }PUD BPMEP EaCODKBFU OFM D`EOPDKRGE B| jPOFMOGG y �U`KK OFM iKBFU ÖÞ äÙ |BP D`E UERBFM BPMEP ROUE� z {`E D`EBPQ B|N KURBUKDQ UBGCDKBFU `OU ~ EEF }PUD KFDPBMCREM ~Q jPOFMOGG OFM iKBFU ÖÞIÙ z {`E SOKF

��



ð  �õ��òó����òõ
MK5 RCGDQ B| D`KU EaCODKBFU KU D`OD D`E RBSTOPKUBF TPKFRKT GE y �`KR` KU O RPCRKOG OPkC^S EFD KF D`KU D`EBPQy MBEU FBD `BGM z �ENEPD`EGEUU y CUKFk D`E kEBS EDPKR TPBT EPDQ B| D`EEaCODKBF ��E PE|EP DB ZOPGEU y ABFEP y ABCkOFKMKU ÖILÙ |BP O MEDOKGEM TPEUEFDODKBF B| D`KUD`EBPQ � f GNOPEg ¸Ä ½¿È TPBNE U`BPD DKS E Ed KUDEFRE OFM CFKaCEFEUU |BP D`KU EaCODKBF z{`EF f GNOPEg y jOPMOGKOkCED OFM _BFFEOC ÖÞÙ OFM ZOPGEU OFM iEQ ÖI×Ù TPBNE O GBFkDKS E Ed KUDEFRE OFM CFKaCEFEUU PEUCGD CFMEP REPDOKF OUUCSTDKBFU BF D`E S BFBDBFK^RKDQ B| D`E NEGB RKDQz {`KU SBMEG �OU OGUB FCS EPKROGGQ UDCMKEM ~Q f GNOPEg y jOPGKF K y_BFFEOC OFM \BCQ ÖL y ïÙ z

YEPE y �E RBFUKMEP O FE� SBMEG KF �`KR` D`E EFEPkQ OGUB RBFDOKFU O GKFE DEFUKBFDEPS �`KR` OTTPBd KS ODEU ~ EDDEP �`OD `OTTEF FEOP D`E MKUGB RODKBF z {`OD OSBCFDUDB OMMKFk O S EOF RCPNODCPE DEPS KF D`E EaCODKBF z {`KU GKFE DEFUKBF DEPS OTTEOPU KFO GBD B| T`QUKROG SBMEGU �UEE |BP KFUDOFRE hONOggO y ZOPFEDD ÖØ äÙ OFM ZPB�F Öß×Ù� z �EOGUB PE|EP DB hOPPBFK y _åGGEP Ö�ØÙ |BP O S OD`ESODKROG PE|EPEFRE z �BF^GB ROG EaCODKBF� KD` SEOF RCPNODCPE DEPS `ONE OGUB ~ EEF UDCMKEM ~Q j`EF y Y KG`BPUD OFM iBkO[ Ö×LÙ z�BP D`KU S BMEG �E U`B� O U`BPD DKS E Ed KUDEFRE OFM CFKaCEFEUU PEUCGD z AKFRE D`ERBSTOPKUBF TPKFRKT GE MBEU FBD `BGM y D`E UDPODEkQ B| D`E TPBB| KU D`E UOS E OU D`EBFE CUEM ~Q f GNOPEg ¸Ä ½¿È KF ÖäHÙ y ÀÈ¸È KU DB CUE O }d TBKFD S ED`BM ~Q |PEEgKFk D`EFBFGBROG DEPS z YEPE y D`E S OKF MK5 RCGDKEU RBS E |PBS D`E |ORD D`OD D`E EaCODKBF KU OUERBFM BPMEP BFE OFM UB D`E PEkCGOPKDQ EUDKS ODEU OPE PEOGGQ S BPE MK5 RCGD DB B~DOKF z�FMEEM y |BP D`E }d TBKFD DB �BP[ y �E FEEM }FEU EUDKS ODEU BF D`E iKTUR`KDg RBFUDOFDKF UTORE OFM BF D`E SBMCGCU B| RBFDKFCKDQ KF DKS E B| D`E UBGCDKBF z {B kED PBCFM D`EUEMK5 RCGDKEU y �E CUE O PEkCGOPKUODKBF B| D`E KF KDKOG RBFMKDKBF DB B~DOKF OF EUDKS ODE B|D`E SBMCGCU B| RBFDKFCKDQ KF DKS E B| D`E UBGCDKBF |BP O RGOUU B| BT EPODBPU z �UKFk D`EkEBSEDPKR TPBT EPDQ B| D`E EaCODKBF y �E OGUB TPBNE D`OD D`E EUDKS ODE �E kED KU GK[E
√
t
z �E OGUB TPBNE O iKTUR`KDg EUDKS ODE KF UTORE |BP D`E UBGCDKBF z {`E EUDKS ODE �EB~DOKF KU D`E UOS E OU KF D`E }PUD BPMEP ROUE �ÀÈ¸Èy � KD`BCD D`E S EOF RCPNODCPE DEPS � z{`E GBFk DKS E Ed KUDEFRE OFM CFKaCEFEUU PEUCGD |BP D`KU FBF^GB ROG EaCODKBF KUPEOGGQ S BPE MK5 RCGD DB B~DOKF z �FMEEM y MCE DB D`E FBF NOGKMKDQ B| D`E RBSTOPKUBFTPKFRKT GE y ME}FKFk O GOPkE DKS E UBGCDKBF KU POD`EP MK5 RCGD OFM D`KU TPB~GES KU UDKGGBT EF z _BPEBNEP y ENEF KF D`E D`E }PUD BPMEP ROUE y D`E TPB~GES KU UDKGG BT EF |BP kEFEPOGNEGB RKDKEU z �E PE|EP DB f GNOPEg y jOPMOGKOkCED OFM _BFFEOC ÖÞÙ OFM ZOPGEU OFM iEQÖI×Ù |BP UCR` PEUCGDU � KD` SBFBDBFKRKDQ OUUCSTDKBFU BF D`E NEGB RKDQz
iED CU FB� EdTGOKF `B� D`KU TOTEP KU BPkOFKUEM W KF AERDKBF I y �E TPEUEFD D`ES BMEG z {`E SOKF PEUCGD KU UDODE KF AERDKBF Ø z �F AERDKBF ß y �E kKNE UBS E TPEGKS KFOPQPEUCGDU BF O GB ROG TPB~GES z �KPUD y KF AC~UERDKBF ß zäy �E PEROGG D`E ME}FKDKBF B| N KURBUKDQUBGCDKBFU OFM �E kKNE OF Ed KUDEFRE OFM CFKaCEFEUU PEUCGD |BP D`E GB ROG TPB~GES z {`EF yKF AC~UERDKBF ß zI y �E kKNE UBS E PEUCGDU BF D`E PEkCGOPKDQ B| D`E UBGCDKBF B| D`E GB ROGTPB~GES z �F UERDKBF × y �E TPBNE {`EBPES Ø zI |BP D`E FBF^GB ROG TPB~GES z �KFOGGQy �EkKNE y KF fTTEFMKd y D`E TPBB| B| D`E TOPO~BGKR NEPUKBF B| �U`KK wU �¸ÇÇ½ CUEM KF UERDKBFß z

�ü
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�E MEURPK~ E D`E S BMEG KF OF `ECPKUDKR �OQz iED CU RBFUKMEP OF BPD`BFBPS OG ~OUKU
(e1, e2, e3)

B|
R3

OFM MEFBDE ~Q
x = (x1, x2, x3)

D`E RBBPMKFODEU z {`E EFEPkQ B| D`EMKUGB RODKBF OGBFk D`E GKFE KU UKFkCGOP z {B UBGNE D`KU TPB~GES y ZPB�F Öß×Ù y ÖßÞÙ D`EFZOPFEDD ÖØHÙ OFM hONOggO y ZOPFEDD ÖØ äÙ TPBTBUE DB UCPPBCFM D`E MKUGB RODKBF
Γ

~Q ODC~E
Tε

B| UKgE
ε

OFM DB RBFUKMEP D`E EFEPkQ B| D`E |BPS W

E =

∫

4
3\Tε

1

2
Λeclass.eclass +

∫

Tε

γ0(~n),
�I zä�

�`EPE
Λ

PETPEUEFDU D`E EGOUDKR RBE5 RKEFDU y
γ0

KU OF EFEPkQ B| DEFUKBF GKFE y
~n

KU D`EBCD�OPM FBPS OG DB D`E RCPNE OFM
eclass

KU O ME|BPS ODKBF OFM KU UBGCDKBF B| W





MKN
(Λeclass) = 0,KFR
(eclass) = −KFR

(ρδ0(x3)e
0)

�`EPE
e0 = 1

2
(b⊗ e3 + e3 ⊗ b),

eclass(x) → 0
�`EF |x| → ∞.

�I zI�

YEPE y
Γ

~EGBFkU DB D`E TGOFE
(e1, e2)

y D`E NERDBP
e3

KU D`E NERDBP FBPS OG DB D`E TGOFE y
b ∈ R3

KU O RBFUDOFD NERDBP �ROGGEM ZCPkEPU w NERDBP� OUUBRKODEM � KD` D`E MKUGB RODKBFGKFE OFM D`E BTEPODBP B| KFRBSTODK~KGKDQ �KFR � KU ME}FEM |BP O }EGM
e = (eij) ∈ S3

yD`E UED B| UQSSEDPKR
3 × 3

SODPKd y ~Q W

(
KFR

(e))ij =
3∑

i1,j1=1

εii1i2εjj1j2∂i1∂j1ei2j2 , i, j = 1, 2, 3

�`EPE �E FBDE OU CUCOG

εijk =






1
K|

(ijk)
KU O TBUKDKNE T EPSCDODKBF B|

(123),
−1

K|
(ijk)

KU O FEkODKNE T EPSCDODKBF B|
(123),

0
K| D�B KFMKREU OPE D`E UOS E z

{`E UBGCDKBF
eclass

B| �I zI� UODKU}EU
eclass ∼ 1

r

y |BP
r

US OGG y �`EPE
r

KU D`E MKUDOFREDB D`E MKUGB RODKBF �R| f GNOPEg ¸Ä ½¿È ÖäHÙ |BP O MEURPKTDKBF B| D`E T`QUKROG SBMEG� z� KFOGGQy D`E RCDBb DC~E KU PETPEUEFDEM ~Q �KkCPE I zäz �E RBFUKMEP OF OTTPBd KS ODES BMEG B| D`KU BFE �`EPE D`E }EGM
e

KU kKNEF ~Q
e = χ ? eclass

y � KD`
χ

O PEkCGOPKUKFkRBPE |CFRDKBF �RBFFERDEM DB
ε
� DB ~ E OMJ CUDEM y OFM D`E EFEPkQ �I zä� KU PETGOREM ~QD`E |BGGB� KFk BFE W

E =

∫

4
3

1

2
Λe.e+ η

∫

Γ

γ0(~n),

�`EPE
η

KU DB ~ E OMJ CUDEM OFM RBFFERDEM DB
ε
z �E UED

γ(~n) = ηγ0(~n)
z �F BPMEP DBS BMEG D`E SBNESEFD B| O MKUGB RODKBF

Γ
KF KDU RPQUDOGGBkPOT`KR TGOFE y �E OUUCSE D`OD

��
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ε

$%& ' I zä ³ {`E RCDBb DC~E B| POMKCU
ε
z

Γ
KU D`E EMkE B| O US BBD` ~BCFMEM UED

Ω ⊂ R2
OFM �E RBSTCDE D`E }PUD NOPKODKBFB| D`E EFEPkQ �UEE f GNOPEg ¸Ä ½¿È ÖäHÙ� z �E ME}FE
Γδ(s) = Γ(s) + δh(s).~nΓ(s)

z {`EF yD`E |BGGB� KFk `BGMU
−dE(Γδ)

dδ

∣∣∣∣
δ=0

=

∫

Γ

c.h,

� KD`
c = c0 ? ρ+ λ(~n)κ

y �`EPE
λ(~n) = (γ(~n) + γ′′(~n))

D`E [EPFEG
c0 = c0(x1, x2)

BFGQMET EFMU BF
Λ

OFM
χ
y
?

MEFBDEU D`E RBFNBGCDKBF KF UTORE OFM
ρ

KU ME}FEM OU |BGGB� U W

ρ =

{
1

KF
Ω,

0
KF

R2/Ω.

�I zØ�
{`CU y D`E ENBGCDKBF KU TBUDCGODEM DB ~ E ∂ρ

∂t
= c|Dρ| z �E ROF D`EF PE|BPSCGODE D`ETPB~GES ~Q O �GENEG UED� EaCODKBF BF D`E UED {u ≤ 0} B| O USBBD` |CFRDKBF

u
�`KR`D`EF UODKU}EU W

ut = (c0 ? [u] + λ(~n)κ)|Du|, �I zß�
� KD` W






ρ = [u] =

{
1

K|
u > 0

0
K|

u ≤ 0
,

~n = Du
|Du| ,

κ =
MKN ( Du

|Du|

)
.

�I z×�

� ö���� ý ð  7	ÿ� ô���� öÿ��� ôö Uò�
c0

�õó
γ
;]¼

b = |b|e1
D ÄÌ ¸¶ D ¼ µ¹ ÄÌ ¸ ÀÅ µÄ¹µÆ À» ¸¿½ÅÄÀ»ÀÄËD µ¶ ¸ »½¶ º À·¸ ÄÌ ¸ ·½¿Ã ¸ µ¼

c0
Ô

ĉ0(ξ) =
−µb2

2
e−ζ

√
ξ2
1+ξ2

2

(
ξ2
1 + 1

1−ν
ξ2
2√

ξ2
1 + ξ2

2

)

½¶Ê ÄÌ ¸ ¼ µ¹Ç µ¼
γ

Ô
γ(~n) = C

(
n2

1 +
1

1 − ν
n2

2

)
,

ÓÌ ¸¹¸
~n = (n1, n2)

ÀÅ ÄÌ ¸ ¶ µ¹Ç ½¿ ·¸»Äµ¹ Äµ ÄÌ ¸ »Ã¹·¸D
C

ÀÅ ½ Æ ¹ ¼̧ ½»Äµ¹ >ÓÌÀ»Ì Ê¸Æ ¸¶ÊÅµ¶ ÄÌ ¸ VÃ¹º ¸¹Å ·¸»Äµ¹ ½¶Ê ¸¿½ÅÄÀ»ÀÄË »µ¸b »À¸¶ÄÅC D
ζ > 0

ÀÅ ½ Æ ÌËÅÀ»½¿ Æ ½¹½Ç ¸Ä¸¹
��
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>Ê¸Æ ¸¶ÊÀ¶º µ¶ ÄÌ ¸ Ç ½Ä¸¹À½¿C D
ν

ÀÅ ÄÌ ¸ G µÀÅÅ µ¶ ¹½ÄÀµ ½¶Ê
µ

ÀÅ ÄÌ ¸ �½Ç A »µ¸b »À¸¶ÄÈÀ¸ ¹ ¼̧ ¸¹ Äµ É ¿·½¹¸Û ¸Ä ½¿È W N_D < ¸»ÄÀµ¶ Ŷ ¼ µ¹ ÄÌ ¸ ¸ÕÆ ¹¸ÅÅÀµ¶ µ¼
c0

½¶Ê Äµ à À¹ÄÌ D �µÄÌ ¸W N_^D ´Ì½Æ Ä¸¹ ^ ½¶Ê [Y ¼ µ¹ ÄÌ ¸ ¼ µ¹Ç µ¼
γ
È

� ö���� ý ý  Üµ¹Ç ½¿ ¿ËD Ó ¸ Ì½·¸ Ô
dE
dt

=

∫

Γ

−c2 ≤ 0.

Á ! ��
 �	���
{`E kBOG B| D`E TOTEP KU DB TPBNE U`BPD DKS E Ed KUDEFRE OFM CFKaCEFEUU |BP D`ETPB~GES �I zß� z YEPE �E RBFUKMEP S BPE kEFEPOG UERBFM BPMEP DEPS OFM �E UDCMQ D`EF^MKS EFUKBFOG ROUE �UEE �I zÞ�� z AKFRE D`E YOS KGDBFKOF KFDEPNEFKFk KF D`E EaCODKBFKU FBD RBFDKFCBCU OFM UKFkCGOP y O FODCPOG |POS E�BP[ |BP D`E UDCMQ KU D`E D`EBPQ B|N KURBUKDQ UBGCDKBFU �|BP O kBBM KFDPBMCRDKBF DB D`KU D`EBPQy �E PE|EP DB ZOPGEU ÖäïÙ yÖä�Ù y jPOFMOGG y �U` KK y i KBFU ÖÞ äÙ y jPOFMOGG y iKBFU ÖÞØÙ y ÖÞßÙ y �U` KK ÖääßÙ OFM �U`KK y iKBFUÖää�Ù OFM |BP OF KFDPBMCRDKBF DB NKURBUKDQ UBGCDKBF |BP ENBGN KFk |PBFDU y �E PE|EP DBfS~PBUKB ÖäØÙ y ZOPGEU y ABFEP y ABCkOFKMKU ÖILÙ y j`EF y h KkO y hBDB Ö×ïÙ y cNOFU ÖïHÙ ycNOFU y ATPCR[ ÖïØÙ OFM ABCkOFKMKU ÖäLßÙ� z �E RBFUKMEP D`E |BGGB� KFk TPB~GES W }FM

u(x, t)
UBGCDKBF B|

{
ut = (c0 ? [u])|Du| − F (Du,D2u)

KF
R

n × (0, T ),

u(x, t = 0) = u0(x)
KF

Rn,

�I zÞ�

�`EPE
[u]

KU D`E R`OPORDEPKUDKR |CFRDKBF B| D`E UED {u > 0} �UEE �I z×�� z _BPEBNEP y �EOUUCS E D`OD
c0 ∈ L∞ÂÃÄ(Rn) ∩BV (Rn),

�I zL�
�`EPE

BV (Rn)
KU D`E UTORE B| ~BCFMEM NOPKODKBFU |CFRDKBFU OFM

L∞ÂÃÄ(Rn) = {f : R
n → R : ‖f‖L∞ÅÆÇ(4n) <∞}

� KD`
‖f‖L∞ÅÆÇ(4n) =

∫

4
n

‖f‖L∞(Q(x))

OFM
Q(x)

KU D`E CFKD UaCOPE REFDEPEM OD
x

W

Q(x) =

{
x′ ∈ R

n : |xi − x′i| ≤
1

2

}
.

�I zï�
{`E OUUCSTDKBFU

(HF )
BF D`E BTEPODBP

F
OPE D`E |BGGB� KFk BFEU W

��



û  ñ��õ �ö��ô�
�K� {`E BTEPODBP

F
KU EGGKTDKR y ÀÈ¸Èy ∀X, Y ∈ Sn

y ∀p ∈ Rn
y

K|
X ≤ Y

D`EF
F (p,X) ≥ F (p, Y ),

�I z��
�`EPE

Sn
�D`E UED B| UQSSEDPKR

n × n
SODPKREU� KU EaCKTT EM � KD` KDU FODCPOGTOPDKOG BPMEP z

�KK�
F

KU GB ROGGQ ~BCFMEM BF
Rn × Sn

y RBFDKFCBCU BF
Rn\{0} × Sn

OFM
F ∗(0, 0) = F∗(0, 0) = 0,

�I zäH�
�`EPE

F ∗ �PEUT z
F∗

� KU D`E CTTEP^UES KRBFDKFBCU �CUR� EFNEGBT E �PEUT z GB�EPUES KRBFDKFCBCU �GUR� EFNEGBT E� B|
F

y ÀÈ¸È D`E US OGGEUD CUR |CFRDKBF kPEODEP D`OF
F

�PEUT z D`E kPEODEUD GUR |CFRDKBF US OGGEP D`OF
F

� z
�KKK�

F
KU kEBS EDPKR y ÀÈ¸È

F (νp, νA+ µp⊗ p) = νF (p,A), ∀ν > 0, µ ∈ R, A ∈ Sn.
�I zää�

iED CU PEROGG D`E ME}FKDKBF B| N KURBUKDQ UBGCDKBF |BP D`KU TPB~GES W
þöFõ���òõ û ð  7È ���ò���÷ ����ò ô���òõ 8 ��� ö��òô���òõ �õó �òô���òõ ;É¶ ÃÆÆ ¸¹ Å ¸Ç À¾»µ¶ÄÀ¶Ã µÃÅ >¹¸ÅÆ È ¿µÓ ¸¹ Å ¸Ç À¾»µ¶ÄÀ¶ÃµÃÅC ¼ Ã¶ »ÄÀµ¶

u : Rn × [0, T ) 7→
R

ÀÅ ½ ·ÀÅ »µÅÀÄË ÅÃá¾Å µ¿ÃÄÀµ¶ >¹¸ÅÆ È ÅÃÆ ¸¹¾Å µ¿ÃÄÀµ¶C µ¼ >O È^C À¼ ÀÄ Å½ÄÀÅ? ¸Å Ô
>ÀC u(x, t = 0) ≤ u0(x) >¹¸ÅÆ È

u(x, t = 0) ≥ u0(x)
C À¶

Rn
D

>ÀÀC ¼ µ¹ ¸·¸¹Ë
(x0, t0) ∈ Rn × (0, T )

½¶Ê ¼ µ¹ ¸·¸¹Ë Ä¸ÅÄ ¼ Ã¶ »ÄÀµ¶
Φ : (Rn × (0, T )) →

R
D
C1

À¶ ÄÀÇ ¸ ½¶Ê
C2

À¶ ÅÆ½»¸D ÄÌ ½Ä ÀÅ Ä½¶º ¸¶Ä ¼ ¹µÇ ½áµ·¸ >¹¸ÅÆ È á¸¿µÓC Äµ
u½Ä

(x0, t0)
D ÄÌ ¸ ¼ µ¿ ¿µÓ À¶º Ì µ¿ÊÅ Ô

∂Φ

∂t
(x0, t0) +G∗

(
x0, t0, DΦ, D2Φ

)
≤ 0

(
resp.

∂Φ

∂t
(x0, t0) +G∗ (x0, t0, DΦ, D2Φ

)
≥ 0

)
.

É ¼ Ã¶ »ÄÀµ¶
u ∈ C0(Rn × [0, T ))

ÀÅ ½ ·ÀÅ »µÅÀÄË Å µ¿ÃÄÀµ¶ µ¼ >O È^C À¼ D ½¶Ê µ¶¿Ë À¼ D ÀÄ ÀÅ ½ÅÃá ½¶Ê ½ ÅÃÆ ¸¹¾Å µ¿ÃÄÀµ¶ µ¼ >O È^C È{`E SOKF PEUCGD KU W
6�öò�ö� û ý  7��ò�� ��� ö öÿ ���öõ�ö �õó �õ�ø�öõö��;�¸Ä

u0 : Rn → R
á¸ ½ � ÀÆ Å »Ì ÀÄÛ »µ¶ÄÀ¶ÃµÃÅ ¼ Ã¶ »ÄÀµ¶ µ¶

Rn
ÅÃ »Ì ÄÌ½Ä

|Du0| < B0 in R
n �I zäI�

½¶Ê
∂u0

∂xn

> b0 > 0 in R
n.

�I zäØ�
�ð
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�¸Ä

c0
Å½ÄÀÅ¼ ËÀ¶º >O È[C È SÌ ¸¶ D Ã¶Ê¸¹ ½ÅÅÃÇÆ ÄÀµ¶Å

(HF )
D ÄÌ ¸¹¸ ¸Õ ÀÅÄÅ ½ Ã¶ÀÂÃ ¸ ·ÀÅ »µ¾ÅÀÄË Åµ¿ÃÄÀµ¶ µ¼ ÄÌ ¸ Æ ¹µá¿¸Ç >O È^C À¶

Rn × [0, T ∗)
ÓÀÄÌ

T ∗ = inf

{
1

|c0|BV (
4

n)

ln

(
1 +

b0
2B0

)
,

b0
B0

1

16‖c0‖L∞ÅÆÇ(4n)

,

1

|c0|BV (
4

n)

ln

(
1 +

b0
B0

|c0|BV (
4

n)

8‖c0‖L∞ÅÆÇ
)}

.

Ý µ¹¸µ·¸¹D ÄÌ ¸ Å µ¿ÃÄÀµ¶ Å½ÄÀÅ? ¸Å
|Du(x, t)| < 2B0

µ¶
R

n × [0, T ∗),
�I zäß�

∂u

∂xn

(x, t) > b0/2 > 0
µ¶

R
n × [0, T ∗).

�I zä×�
½¶Ê

u
ÀÅ Ã¶À¼ µ¹Ç ¿Ë »µ¶ÄÀ¶ÃµÃÅ À¶ ÄÀÇ ¸ ½¶Ê ÀÄÅ Ç µÊÃ¿ÃÅ µ¼ »µ¶ÄÀ¶ÃÀÄË á¸Ì½·¸Å ¿ÀÁ ¸ √

t
È

� ö���� û û  SÌÀÅ ÄÌ ¸µ¹¸Ç º À·¸ÅD À¶ Æ½¹ÄÀ»Ã¿½¹D À¶ ÄÌ ¸ ÄÓ µ ÊÀÇ ¸¶ÅÀµ¶½¿ »½Å ¸D ½¶Ê¼ µ¹
F (p,X) = −Ä¹((

I − p⊗ p

|p|2
)
X

)(
λ

(
p

|p|

))
,

�I zäÞ�
Ó ÀÄÌ

λ > 0
½¶Ê ÅÇ µµÄÌ D ÅÌ µ¹Ä ÄÀÇ ¸ ¸Õ ÀÅÄ¸¶ »¸ ½¶Ê Ã¶ÀÂÃ ¸¶ ¸ÅÅ ¼ µ¹ ÊÀÅ ¿µ»½ÄÀµ¶ ÊË¶½Ç À»ÅÓ ÀÄÌ ½ Ç ¸½¶ »Ã¹·½ÄÃ¹¸ Ä¸¹Ç È

�ö���� û �  ÒÃ¸ Äµ ÄÌ ¸ ¶ µ¶ ·½¿ÀÊÀÄË µ¼ ÄÌ ¸ »µÇÆ½¹ÀÅ µ¶ Æ ¹À¶ »ÀÆ ¿¸D Ê¸? ¶À¶º ½ ¿½¹º ¸ÄÀÇ ¸ Åµ¿ÃÄÀµ¶ ÀÅ ¹½ÄÌ ¸¹ ÊÀb »Ã¿Ä ½¶Ê ÄÌ ÀÅ Æ ¹µá¿¸Ç ÀÅ ÅÄÀ¿ ¿ µÆ ¸¶ È ê ·¸¶ À¶ ÄÌ ¸ µ¶ ¸ µ¹Ê¸¹»½Å ¸ ÄÌ ÀÅ Æ ¹µá¿¸Ç ÀÅ ÅÄÀ¿ ¿ µÆ ¸¶ ¼ µ¹ º ¸¶ ¸¹½¿ · ¸¿µ»ÀÄË È
É ��	��# �
��# �	���� %�� � �� ��� �����	#

hKNEF
T > 0

y �E RBFUKMEP D`E |BGGB� KFk TPB~GES W
{
ut +G(x, t,Du,D2u) = 0

KF
(0, T ) × Rn,

u(x, t = 0) = u0(x)
KF

Rn,

�I zäL�
� KD` D`E |BGGB� KFk OUUCSTDKBFU

(H0)
W

�K�
G(x, t, p,X) = −c(x, t)|p| + F (p,X)

OFM
F

UODKU}EU D`E OUUCSTDKBFU
(HF )

y
�KK�

c : Rn×(0, T ) → R
KU ~ BCFMEM y iKTUR`KDg RBFDKFCBCU KF UTORE ��E MEFBDE ~Q

LcKDU iKTUR`KDg RBFUDOFD� OFM CFK|BPS GQ RBFDKFCBCU KF DKS E ��E MEFBDE ~Q
ωc

KDUSBMCGCU B| RBFDKFCKDQy ME}FEM ~Q W ∀x ∈ Rn, ∀s, t ∈ [0, T ), |c(x, t)−c(x, s)| ≤
ωc(|t− s|)� y�KKK�
u0

KU iKTUR`KDg RBFDKFCBCU ��E MEFBDE ~Q
B0

KDU iKTUR`KDg RBFUDOFD� z
�ý



�  j �öô�� �õ��÷ �ö��ô�� Uò� � ôò ��ô ��ò�ôö�
m -î Ê� «¯ª®Ñ¬® °Ñâ ÎÑ«0Î®Ñ®¯¯ ËÍ© ª~® ±©ÍÌ ®Ï Í, -îÎÏ

�E ME}FE D`E |BGGB� KFk UEDU W
USC(Rn × [0, T )) = {u : R

n × [0, T ) → R
GB ROGGQ ~BCFMEM y CTTEP UES KRBFDKFCBCU}

LSC(Rn × [0, T )) = {u : R
n × [0, T ) → R

GB ROGGQ ~BCFMEM y GB�EP UES KRBFDKFCBCU}�E D`EF ME}FE D`E UBGCDKBFU B| �I zäL� KF D`E |BGGB� KFk �OQ W
þöFõ���òõ � ð  7È ���ò���÷ ����ò ô���òõ 8 ��� ö��òô���òõ �õó �òô���òõ ;É ¼ Ã¶ »ÄÀµ¶

u ∈ L<´(Rn × [0, T ))
ÀÅ ½ ·ÀÅ »µÅÀÄË ÅÃáÅ µ¿ÃÄÀµ¶ µ¼ >O ÈN[C À¼ ÀÄ Å½ÄÀÅ? ¸Å Ô

>ÀC u(x, t = 0) ≤ u0(x)
À¶

Rn
D

>ÀÀC ¼ µ¹ ¸·¸¹Ë
(x0, t0) ∈ Rn × (0, T )

½¶Ê ¼ µ¹ ¸·¸¹Ë Ä¸ÅÄ ¼ Ã¶ »ÄÀµ¶
Φ : (Rn × (0, T )) →

R
D
C1

À¶ ÄÀÇ ¸ ½¶Ê
C2

À¶ ÅÆ½»¸D ÄÌ ½Ä ÀÅ Ä½¶º ¸¶Ä ¼ ¹µÇ ½áµ·¸ Äµ
u

½Ä
(x0, t0)

D ÄÌ ¸¼ µ¿ ¿µÓ À¶º Ì µ¿ÊÅ Ô
∂Φ

∂t
(x0, t0) +G∗

(
x0, t0, DΦ, D2Φ

)
≤ 0.

É ¼ Ã¶ »ÄÀµ¶
v ∈ �<´(Rn × [0, T ))

ÀÅ ½ ·ÀÅ »µÅÀÄË ÅÃÆ ¸¹Å µ¿ÃÄÀµ¶ µ¼ >O ÈN[C À¼ ÀÄ Å½ÄÀÅ? ¸Å Ô
>ÀC v(x, t = 0) ≥ u0(x)

À¶
Rn
D

>ÀÀC ¼ µ¹ ¸·¸¹Ë
(x0, t0) ∈ Rn × (0, T )

½¶Ê ¼ µ¹ ¸·¸¹Ë Ä¸ÅÄ ¼ Ã¶ »ÄÀµ¶
Φ : (Rn × [0, T )) →

R
D
C1

À¶ ÄÀÇ ¸ ½¶Ê
C2

À¶ ÅÆ½»¸D ÄÌ ½Ä ÀÅ Ä½¶º ¸¶Ä ¼ ¹µÇ á¸¿µÓ Äµ
v

½Ä
(x0, t0)

D ÄÌ ¸¼ µ¿ ¿µÓ À¶º Ì µ¿ÊÅ Ô
∂Φ

∂t
(x0, t0) +G∗ (x0, t0, DΦ, D2Φ

)
≥ 0.

É ¼ Ã¶ »ÄÀµ¶
u ∈ C0(Rn × [0, T ))

ÀÅ ½ ·ÀÅ »µÅÀÄË Å µ¿ÃÄÀµ¶ µ¼ >O ÈN[C À¼ D ½¶Ê µ¶¿Ë À¼ D ÀÄ ÀÅ½ ÅÃá ½¶Ê ½ ÅÃÆ ¸¹Å µ¿ÃÄÀµ¶ µ¼ >O ÈN[C È
� ö���� � ý  SÌ ¸ »µ¶ÊÀÄÀµ¶

φ
ÀÅ
C1

À¶ ÄÀÇ ¸ ½¶Ê
C2

À¶ ÅÆ½»¸ Ç ¸½¶Å ÄÌ½Ä
φ

ÀÅ ÊÀ¼ ¾¼ ¸¹¸¶ÄÀ½á¿¸ À¶ ÄÀÇ ¸D ÄÓ À»¸ ÊÀ@ ¸¹¸¶ÄÀ½á¿¸ À¶ ÅÆ½»¸ ½¶Ê
φ, φt, Dxφ,D

2
xφ

½¹¸ »µ¶ÄÀ¶ÃµÃÅÀ¶ ÅÆ½»¸ ½¶Ê ÄÀÇ ¸È
�E kKNE OFBD`EP EaCKNOGEFD ME}FKDKBF z �F BPMEP DB MB D`OD y �E ME}FE TOPO~BGKRUC~ OFM UCTEPMKbEPEFDKOGU B| UES K^RBFDKFCBCU |CFRDKBFU z �|

u : Rn × (0, T ) → R
y D`EF

P+u
KU ME}FEM ~Q

(a, p,X) ∈ R×Rn ×Sn
~EGBFkU DB P+u(x, t)

K|
(x, t) ∈ R× (0, T )OFM

u(y, s) ≤ u(x, t) + a(s− t) + 〈p, y − x〉 +
1

2
〈X(y − x), y − x〉 + o

(
|s− t| + |y − x|2

)

�û



þ÷õ�� �ø�ö óö� ó��ôò ����òõ� ��ö� �ö��ö óö �ò�����ö �ò÷öõõö
OU

R × (0, T ) 3 (y, s) → (x, t)
z AKS KGOPGQy P−u = −P+(−u) z �E OGUB ME}FE D`E D�B|BGGB� KFk UEDU W

P̄+u(x, t) =






(a, p,X) ∈ R × Rn × Sn,
∃ (xn, tn, an, pn, Xn) ∈ Rn × R × R × Rn × SnUCR` D`OD

(an, pn, Xn) ∈ P+u(xn, tn)OFM
(xn, tn, u(xn, tn), an, pn, Xn) → (x, t, u(x, t), a, p,X)






{`E UED P̄−u(x, t)
KU ME}FEM KF O UKS KGOP �OQz �E D`EF `ONE D`E |BGGB� KFk ME}FKDKBF|BP D`E UBGCDKBFU B| �I zäL� y �`KR` KU EaCKNOGEFD DB lE}FKDKBF ß zä �UEE jPOFMOGG ¸Ä ½¿ÈÖÞ äÙ� W

þ öFõ���òõ � û  7	ø����ôöõ� óöFõ���òõ Uò� � ���ò���÷ �ò ô���òõ�;É ¼ Ã¶ »ÄÀµ¶
u ∈ L<´(Rn × [0, T ))

ÀÅ ½ ·ÀÅ »µÅÀÄË ÅÃáÅ µ¿ÃÄÀµ¶ µ¼ >O ÈN[C À¼ ÀÄ Å½ÄÀÅ? ¸Å Ô
>ÀC u(x, t = 0) ≤ u0(x)

À¶
Rn
D

>ÀÀC ¼ µ¹ ¸·¸¹Ë
(x, t) ∈ Rn × (0, T )

½¶Ê ¼ µ¹ ¸·¸¹Ë
(a, p,X) ∈ P+u(x, t)

D Ó ¸ Ì½·¸ Ô
a+G∗ (x, t, p,X) ≤ 0.

É ¼ Ã¶ »ÄÀµ¶
v ∈ �<´(Rn × [0, T ))

ÀÅ ½ ·ÀÅ »µÅÀÄË ÅÃÆ ¸¹Å µ¿ÃÄÀµ¶ µ¼ >O ÈN[C À¼ ÀÄ Å½ÄÀÅ? ¸Å Ô
>ÀC v(x, t = 0) ≥ u0(x)

À¶
Rn
D

>ÀÀC ¼ µ¹ ¸·¸¹Ë
(x, t) ∈ Rn × (0, T )

½¶Ê ¼ µ¹ ¸·¸¹Ë
(a, p,X) ∈ P−v(x, t)

D Ó ¸ Ì½·¸ Ô
a+G∗ (x, t, p,X) ≥ 0.

É ¼ Ã¶ »ÄÀµ¶
u ∈ C0(Rn × [0, T ))

ÀÅ ½ ·ÀÅ »µÅÀÄË Å µ¿ÃÄÀµ¶ µ¼ >O ÈN[C À¼ D ½¶Ê µ¶¿Ë À¼ D ÀÄ ÀÅ½ ÅÃá ½¶Ê ½ ÅÃÆ ¸¹Å µ¿ÃÄÀµ¶ µ¼ >O ÈN[C È
� �������òõ 7� ; �E UOQ D`OD O CUR |CFRDKBF

w
UODKU}EU D`E RBSTORDFEUU OU^UCSTDKBF

(C)
K| |BP ENEPQ

(z, s) ∈ Rn × R+
∗
y D`EPE Ed KUDU

r > 0
UCR` D`OD y |BP ENEPQ

M > 0
y D`EPE Ed KUDU

C
UCR` D`OD y

|(x, t) − (z, s)| ≤ r
(τ, p,X) ∈ P̄+w(x, t)

|w(x, t)| + |p| + |X| ≤M




⇒ τ ≤ C.

�E PEROGG D`E TOPO~BGKR NEPUKBF B| �U`KK wU ¿¸ÇÇ ½y TPBNEM KF fTTEFMKd �AERDKBF ß� W
Tö��� � �  7j����òô�� �ö���òõ ò U ��� �� ù� ÐÑÒÒÓ ;�¸Ä

U
½¶Ê

V
á¸ µÆ ¸¶ Å ¸ÄÅ µ¼

Rn
D
u ∈ USC(U × R+)

½¶Ê
v ∈ LSC(V × R+)

È �¸Ä
φ : U ×V ×R+ → R

µ¼ »¿½ÅÅ
C2

È É ÅÅÃÇ ¸ ÄÌ½Ä
(x, y, t) 7→ u(x, t)− v(y, t)−φ(x, y, t)¹¸½»Ì ¸Å ½ ¿µ»½¿ Ç ½Õ ÀÇÃÇ À¶

(x̄, ȳ, t̄) ∈ U × V × R+
∗
È À¸ Å ¸Ä

τ = ∂tφ(x̄, ȳ, t̄)
D
p1 =

Dxφ(x̄, ȳ, t̄)
D
p2 = −Dyφ(x̄, ȳ, t̄)

½¶Ê
A = D2φ(x̄, ȳ, t̄)

È É ÅÅÃÇ ¸ ½¿Å µ ÄÌ½Ä
u

½¶Ê −v
��



�  j �öô�� �õ��÷ �ö��ô�� Uò� � ôò ��ô ��ò�ôö�
Å½ÄÀÅ¼ Ë ½ÅÅÃÇÆ ÄÀµ¶

(C)
È SÌ ¸¶ D ¼ µ¹ ¸·¸¹Ë

α > 0
ÅÃ »Ì ÄÌ½Ä

αA < I
D ÄÌ ¸¹¸ ¸Õ ÀÅÄÅ

τ1
D

τ2 ∈ R
½¶Ê

X
D
Y ∈ Sn

ÅÃ »Ì ÄÌ½Ä Ô
τ = τ1 − τ2,

(τ1, p1, X) ∈ P̄+u(x̄, t̄), (τ2, p2, Y ) ∈ P̄−v(ȳ, t̄),

−1
α

(
I 0
0 I

)
≤
(
X 0
0 −Y

)
≤ (I − αA)−1A.

�ö���� � �  SÌ ¸ ½ÅÅÃÇÆ ÄÀµ¶
(C)

ÀÅ Å½ÄÀÅ? ¸Ê áË
u

½¶Ê −v ½Å Å µµ¶ ½Å
u

ÀÅ ½ ÅÃá¾Å µ¿ÃÄÀµ¶ ½¶Ê
v

ÀÅ ½ ÅÃÆ ¸¹Å µ¿ÃÄÀµ¶ µ¼ ½ Æ½¹½áµ¿À» ¸ÂÃ½ÄÀµ¶ È
�E OGUB PEROGG D`E |CFMOSEFDOG TPBT EPDQ B| kEBS EDPKR EaCODKBFU W

Tö��� � �  7��õó��öõ��ô ��ò� ö��÷ ò U úöò�ö���� öø����òõ�;�¸Ä
θ : R → R

á¸ ½ »µ¶ÄÀ¶ÃµÃÅD ¶µ¶ Ê¸»¹¸½ÅÀ¶º Å »½¿½¹ ¼ Ã¶ »ÄÀµ¶ ½¶Ê
u

á¸ ½ ÅÃáÅ µ¿Ã¾ÄÀµ¶ >¹¸ÅÆ ¸»ÄÀ· ¸¿Ë ½ ÅÃÆ ¸¹Å µ¿ÃÄÀµ¶C µ¼ >O ÈN[C D ÄÌ ¸¶
θ(u)

ÀÅ ½¿Å µ ½ ÅÃáÅ µ¿ÃÄÀµ¶ >¹¸ÅÆ È ½ÅÃÆ ¸¹Å µ¿ÃÄÀµ¶C È
�BP D`E TPBB| B| D`KU �¸ÇÇ½y �E PE|EP DB ABFEP ÖäLHÙ �{`EBPES äzää� z�E `ONE D`E |BGGB� KFk RBSTOPKUBF TPKFRKTGE W

6�öò�ö� � ü  7�ò������òõ ���õ��� ôö ;�¸Ä
u
D ½ ¿µ»½¿ ¿Ë áµÃ¶Ê¸Ê ÃÅ » ¼ Ã¶»ÄÀµ¶D á¸ ½ ÅÃáÅµ¿ÃÄÀµ¶ ½¶Ê

v
D ½ ¿µ»½¿ ¿Ë áµÃ¶Ê¸Ê ¿Å »¼ Ã¶ »ÄÀµ¶ D á¸ ½ ÅÃÆ ¸¹Å µ¿ÃÄÀµ¶ µ¼ >O ÈN[C È É ÅÅÃÇ ¸ ÄÌ½Ä

u0(x) = u(0, x) ≤ v(0, x) = v0(x)À¶
Rn
D ÄÌ ¸¶ D Ã¶Ê¸¹ ÄÌ ¸ ½ÅÅÃÇÆ ÄÀµ¶Å

(H0)
D
u ≤ v

À¶
Rn × [0, T )

È
j �òò U ò U ��öò�ö� � ü{`E TPBB| B| D`KU D`EBPES KU POD`EP RGOUUKROG �`EF D`E |CFRDKBFU

u
OFM

v
OPE ~BCFMEM�UEE |BP KFUDOFRE j`EF y h KkO y hBDB Ö×ïÙ� y ~CD |BP D`E PEOMEP wU RBFNEFKEFRE y �E kKNE D`EMEDOKGEM TPBB| z iED CU RBFUKMEP |BP D`E SBSEFD D`OD

u
OFM

v
OPE ~BCFMEM z _BPEBNEP y�E PES OP[ D`OD |BP

γ > 0
y
ũ = u− γ

T−t

KU O UC~UBGCDKBF B| �I zäL� OFM UODKU}EU y KF D`EN KURBUKDQ UEFUE W
ũt +G∗(x, t,Dũ,D

2ũ) ≤ −γ
(T − t)2

≤ −γ
T 2

.

�FMEEM y
Dũ = Du

y
D2ũ = D2u

OFM
ũt = ut − γ

(T−t)2

z AB W

ũt +G∗(x, t,Dũ,D
2ũ) = − γ

(T − t)2
+ ut +G∗(x, t,Du,D

2u) ≤ −γ
(T − t)2

.

{`KU KU � PKDDEF KF O |BPS OG �OQ ~CD KD KU EOUQ DB U`B� KD ~Q CUKFk DEUD |CFRDKBFU zAKFRE
u ≤ v

|BGGB� U |PBS
ũ ≤ v

KF D`E GKS KD
γ → 0

y KD � KGG UKS TGQ UC5 RE DB TPBNE D`ERBSTOPKUBF TPKFRKTGE CFMEP D`E OMMKDKBFOG OUUCSTDKBFU W




ut +G∗(x, t,Du,D

2u) ≤ −γ
T 2

< 0,

lim
t→T

u(t, x) = −∞.

�I zäï�

��



þ÷õ�� �ø�ö óö� ó��ôò ����òõ� ��ö� �ö��ö óö �ò�����ö �ò÷öõõö
�E UED W

M = sup
(x,t)∈4n×[0,T )

{u(x, t) − v(x, t)} .
�E �OFD DB U`B� D`OD

M ≤ 0
z �E OPkCE ~Q RBFDPOMKRDKBF z f UUCS E

M > 0
z AB y D`EPEEd KUDU

(x∗, t∗)
UCR` D`OD

u(x∗, t∗)− v(x∗, t∗) > 0
z {`EF y �E MCTGKRODE D`E NOPKO~GEU KFUTORE ~Q RBFUKMEPKFk W

M̄ = sup
(x,y,t)∈4n×4n×[0,T )

{
u(x, t) − v(y, t) − |x− y|4

4ε
− α

2

(
|x|2 + |y|2

)}
.

�E PES OP[ D`OD
M̄ ≥ u(x∗, t∗)−v(x∗, t∗)−α|x∗|2 y OFM UB

M̄ > 0
|BP

α
US OGG EFBCk` z{`OF[U DB D`E DEPS α

2
(|x|2 + |y|2) y D` KU UCTPESCS KU PEOR`EM �~ EROCUE

u
OFM

v
OPE~BCFMEM� z �E D`EF MEFBDE ~Q

(x̄, ȳ, t̄)
O TBKFD B| S OdKSCS z �E � KGG CUE D`E |BGGB� KFk¿¸ÇÇ½ W

Tö��� � �  7j����õú �ò ��ö ô�� �� �õ
α

�õó
ε
;À¸ Å ¸Ä

M ′ = lim
h→0

sup
|y−x|≤h, t∈[0,T )

(u(x, t) − v(y, t))
È SÌ ¸¶ D ÄÌ ¸ ¼ µ¿ ¿µÓ À¶º Ì µ¿ÊÅ Ô

N È
lim
α→0

αx̄ = lim
α→0

αȳ = 0
D

O È
lim
ε→0

|x̄− ȳ|4 = 0
D

P È
lim
ε→0

lim
α→0

M̄ = M ′ D
X È

lim
ε→0

lim
α→0

1

ε
|x̄− ȳ|4 = 0

D
l È

lim
ε→0

lim
α→0

α(|x̄|2 + |ȳ|2) = 0
È

{`E TPBB| B| D`E ¿¸ÇÇ ½ KU TBUDTBFEM z�E D`EF MKUDKFkCKU` D�B ROUEU W
äÔÄ ROUE W ∀ε > 0,∃α ∈ (0, ε)

UCR` D`OD
t̄ = 0

z {`EF y D`EPE Ed KUDU UEaCEFREU
εn → 0OFM

αn → 0
UCR` D`OD

t̄n = 0
OFM W

0 < M̄ ≤ u(x̄n, 0) − v(ȳn, 0) ≤ u0(x̄n) − u0(ȳn) ≤ B0(|x̄n − ȳn|),
�`EPE

B0

KU D`E iKTUR`KDg RBFUDOFD B|
u0

z �E D`EF B~DOKF O RBFDPOMKRDKBF~EROCUE |x̄n − ȳn| → 0
�UEE �¸ÇÇ½ ß zï� zIÃÕ ROUE W f UUCSE D`OD D`EPE Ed KUDU

ε > 0
UCR` D`OD |BP ENEPQ

α ∈ (0, ε)
y �E `ONE

t̄ > 0
z �E ROF R`BBUE

ε
US OGG EFBCk` �EGUE y �E OTTGQ D`E OPkCSEFD B| D`E }PUDROUE� y ÀÈ¸Èy UB D`OD W

|x̄− ȳ|4
ε

≤ γ

2T 2Lc

.
�I zä��

��



�  j �öô�� �õ��÷ �ö��ô�� Uò� � ôò ��ô ��ò�ôö�
�E UED

ũ(x, t) = u(x, t) − α
2
|x|2 OFM

ṽ(x, t) = v(x, t) + α
2
|x|2 z {`EF y �E `ONE W

M̄ = sup
(x,y,t)∈4n×4n×[0,T )

{
ũ(x, t) − ṽ(y, t) − |x− y|4

4ε

}
.

{`EF y �E RBFUKMEP D`E DEUD |CFRDKBF
ψ(x, y, t) = |x−y|4

4ε

OFM �E UED
p̄ = x̄ − ȳ

z�E CUE D`E TOPO~BGKR NEPUKBF B| �U`KK wU �¸ÇÇ½z � KD` D`E UOS E FBDODKBFU y D`E|BGGB� KFk `BGMU W
τ = 0,

p1 =
|p̄|2p̄
ε

= p2,

A =
2

ε
|p̄|2

(
Z −Z
−Z Z

) y � KD`
Z =

I

2
+
p̄⊗ p̄

|p̄|2 .

OFM |BP ENEPQ
β

UCR` D`OD
βA < I

y D`EPE Ed KUDU
X

y
Y ∈ Sn

OFM D�B PEOGU
τ1OFM

τ2
UCR` D`OD W

τ1 − τ2 = 0,
(
τ1,

|p̄|2p̄
ε
,X

)
∈ P̄+ũ(x̄, t̄),

(
τ2,

|p̄|2p̄
ε
, Y

)
∈ P̄−ṽ(ȳ, t̄),

−1

β

(
I 0
0 I

)
≤
(
X 0
0 −Y

)
≤ (I − βA)−1A.

{`E GOUD KFEaCOGKDQ KSTGKEU D`OD
X ≤ Y

z �E CUE D`E |BGGB� KFk ¿¸ÇÇ½ WTö��� � �  7ñ����ÿ ö������ö�;À¸ Ì½·¸ ÄÌ ¸ ¼ µ¿ ¿µÓ À¶º ¸ÅÄÀÇ ½Ä¸Å µ¶ ÄÌ ¸ Ç ½Ä¹ÀÕ
A






1

2‖A‖A < I,

‖A‖ ≤ 6|p̄|2
ε
,

À¼
δ =

1

2‖A‖
D ÄÌ ¸¶

(I − δA)−1A ≤ 2‖A‖I ≤ 12

ε
|p̄|2I,

ÓÌ ¸¹¸ ‖A‖ = sup
ζ∈42n

|Aζ.ζ|
ζ.ζ

È
{`E TPBB| B| D`E ¿¸ÇÇ ½ KU TBUDTBFEM z�UKFk �¸ÇÇ½ ß z� � KD`

β = 1
2‖A‖

y �E ROF PE� PKDE D`E S ODPKd KFEaCOGKDQ KF D`E|BGGB� KFk |BPS W
−12|p̄|2

ε

(
I 0
0 I

)
≤
(
X 0
0 −Y

)
≤ 12|p̄|2

ε

(
I 0
0 I

)
.

�ü
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{`CU

X
OFM

Y
OPE ~BCFMEM KFMETEFMEFDGQ B|

α
�KD KU OGPEOMQ D`E ROUE |BP

p̄
ORRBPMKFk DB �I zä��� z �F TOPDKRCGOP y −12|p̄|2

ε
I ≤ X ≤ 12|p̄|2

ε
I
z AB D`EPE Ed KUDU

αn → 0
UCR` D`OD

t̄→ t∞
y
p̄→ p∞

OFM
(X,Y ) → (X∞, Y∞)

z _BPEBNEP y UKFRE
uKU O UC~UBGCDKBF OFM

v
KU O UCTEPUBGCDKBF y ~Q CUKFk jBFMKDKBF �I zäï� y BFE }FMU W

τ1 +G∗

(
x̄, t̄,

|p̄|2p̄
ε

+ αnx̄, X + αnI

)
≤ −γ
T 2

,

τ2 +G∗
(
ȳ, t̄,

|p̄|2p̄
ε

− αnȳ, Y − αnI

)
≥ 0.

{`EF y ~Q CUKFk D`E EGGKTDKRKDQ B| D`E EaCODKBF OFM D`E S ODPKd KFEaCOGKDQ
X ≤ Y

y�E B~DOKF W
τ2 +G∗

(
ȳ, t̄,

|p̄|2p̄
ε

− αnȳ, X − αnI

)
≥ 0.

AC~DPORDKFk D`E D�B TPENKBCU KFEaCOGKDKEU y Q KEGMU W
γ

T 2
+G∗(x̄, t̄,

|p̄|2p̄
ε

+ αnx̄, X + αnI) ≤ G∗(ȳ, t̄,
|p̄|2p̄
ε

− αnȳ, X − αnI).

ÀÈ¸È W
c(x̄, t̄)

∣∣∣∣
|p̄|2p̄
ε

+ αnx̄

∣∣∣∣− c(ȳ, t̄)

∣∣∣∣
|p̄|2p̄
ε

− αnȳ

∣∣∣∣

−F∗

( |p̄|2p̄
ε

+ αnx̄, X + αnI

)
+ F ∗

( |p̄|2p̄
ε

− αnȳ, X − αnI

)
≥ γ

T 2
.

�E UEFM
α

DB
0
z ZQ CUKFk KDES

(i)
B| �¸ÇÇ½ ß zï OFM D`E |ORD D`OD

c
KU ~ BCFMEM y�E B~DOKF W

(c(x̄, t̄) − c(ȳ, t̄))
|p∞|3
ε

− F∗

( |p∞|2p∞
ε

,X∞

)
+ F ∗

( |p∞|2p∞
ε

,X∞

)
≥ γ

T 2
.

_BPEBNEP y
(c(x̄, t̄) − c(ȳ, t̄))

|p∞|3
ε

≤ Lc|p∞|4
ε

,�`EPE
Lc

KU D`E iKTUR`KDg RBFUDOFD B|
c
z {`KU KS TGKEU W

Lc|p∞|4
ε

− F∗

( |p∞|2p∞
ε

,X∞

)
+ F ∗

( |p∞|2p∞
ε

,X∞

)
≥ γ

T 2
.

ZQ CUKFk �I zä�� y �E B~DOKF W
γ

2T 2
− F∗

( |p∞|2p∞
ε

,X∞

)
+ F ∗

( |p∞|2p∞
ε

,X∞

)
≥ γ

T 2
.

�E D`EF MKUDKFkCKU` D�B ROUEU W
��



�  j �öô�� �õ��÷ �ö��ô�� Uò� � ôò ��ô ��ò�ôö�
äÔÄ ROUE W

p∞ = 0
z �F D`KU ROUE y �E `ONE

X∞ = 0
OFM

F∗(0, 0) = F ∗(0, 0) = 0
zAB y �E B~DOKF W

0 ≥ γ

2T 2
.

{`KU KU O~UCPM zIÃÕ ROUE W
p∞ 6= 0

z �F D`KU ROUE
F∗ = F ∗ = F

z AB y �E `ONE W
0 ≥ γ

2T 2
.

{`KU KU O~UCPM z{B OR`KENE D`E TPBB| KF D`E ROUE �`EPE D`E |CFRDKBFU OPE FBD ~BCFMEM y KD UC5 REUDB CUE D`E |CFMOSEFDOG TPBT EPDQ B| kEBSEDPKR EaCODKBFU z �E D`EF RBFUKMEP D`E DPCF^RODCPE |CFRDKBFU
Tk

�UEE �KkCPE I zI� z �BP ENEPQ
k
y �E D`EF `ONE

Tk(u) ≤ Tk(v)
OFM

−k

−k

k

k

$%& ' I zI ³ f DPCFRODCPE |CFRDKBF
Tk

z
~Q UEFMKFk

k
DB KF}FKDQy �E B~DOKF D`E PEUCGD z

�

�E FB� TPBNE �¸ÇÇ½ ß zï z
j �òò U ò U ÖÑÒÒÓ � �{`E |CFRDKBF

(x, y) 7→ u(x, t) − v(y, t)
KU ~ BCFMEM �~ EROCUE

u
OFM

v
OPE ~ BCFMEM� z_BPEBNEP y �E `ONE OUUCS EM D`OD

M̄ > 0
z �E D`EF `ONE W

|x̄− ȳ|4
4ε

+
α

2
(|x̄|2 + |ȳ|2) ≤ C.

�PBS �`KR` y �E kED
α

2
(|x̄|2 + |ȳ|2) ≤ C,

OFM
|x̄− ȳ|4 ≤ Cε,OFM UB

lim
ε→0

|x̄− ȳ| = 0
OFM

lim
α→0

αx̄ = lim
α→0

αȳ = 0
z

��
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�E UED

Mh = sup
|x−y|≤h, t∈[0,T )

(u(x, t) − v(y, t)).

iED
(xh

n, y
h
n, t

h
n)

~E UCR` D`OD
u(xh

n, t
h
n) − v(yh

n, t
h
n) ≥ Mh − 1

n

� KD` |xh
n − yh

n| ≤ h
�
xh

nOFM
yh

n

MB FBD MET EFM BF
α
� z �E D`EF `ONE

Mh −
1

n
− h4

4ε
− α

2

(
|xh

n|2 + |yh
n|2
)

≤u(xh
n, t

h
n) − v(yh

n, t
h
n) − |xh

n − yh
n|4

4ε
− α

2

(
|xh

n|2 + |yh
n|2
)

≤M̄
≤u(x̄, t̄) − v(ȳ, t̄).

AEFMKFk
α→ 0

y �E kED

Mh −
1

n
− h4

4ε
≤ lim inf

α→0
(u(x̄, t̄) − v(ȳ, t̄))

≤ lim sup
α→0

(u(x̄, t̄) − v(ȳ, t̄))

��E `ONE CUEM D`E |ORD D`OD
xh

n

OFM
yh

n

MB FBD MET EFM BF
α
� z �E UEFM

h
DB

0
OFM �EB~DOKF W

M ′ − 1

n
≤ lim inf

α→0
(u(x̄, t̄) − v(ȳ, t̄))

≤ lim sup
α→0

(u(x̄, t̄) − v(ȳ, t̄)).

AEFMKFk
ε→ 0

y �E kED
M ′ − 1

n
≤ lim inf

ε→0
lim inf

α→0
(u(x̄, t̄) − v(ȳ, t̄))

≤ lim sup
ε→0

lim sup
α→0

(u(x̄, t̄) − v(ȳ, t̄))

≤ lim sup
ε→0

lim sup
α→0



 sup
|x−y|≤cε

1
4 , t∈[0,T ]

(u(x, t) − v(y, t))





≤ lim sup
h→0

sup
|x−y|≤h, t∈[0,T ]

(u(x, t) − v(y, t))

=M ′

UB
lim
ε→0

lim
α→0

u(x̄, ȳ) − v(ȳ, t̄) = M ′ z �F D`E UOS E �OQy �E `ONE
lim
ε→0

lim
α→0

M̄ = M ′ z {`EPE^
|BPE y

lim
ε→0

lim
α→0

( |x̄− ȳ|4
4ε

+
α

2
(|x̄|2 + |ȳ|2)

)
= lim

ε→0
lim
α→0

(
u(x̄, ȳ) − v(ȳ, t̄) − M̄

)
= 0.

��
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AB y





lim
ε→0

lim
α→0

|x̄− ȳ|4
4ε

= 0,

lim
ε→0

lim
α→0

α

2
(|x̄|2 + |ȳ|2) = 0�`OD OR`KENEU D`E TPBB| B| �¸ÇÇ½ ß zï z

�

�E FB� TPBNE �¸ÇÇ½ ß z� z
j �òò U ò U ÖÑÒÒÓ � �ZQ ME}FKDKBF B| D`E FBPS B|

A
y �E `ONE W Aζ.ζ

ζ.ζ
≤ ‖A‖ y UB Aζ.ζ

‖A‖ ≤ Iζ.ζ
y �`OD kKNEU D`E}PUD PEUCGD B| D`E ¿¸ÇÇ ½z

iED
ζ =

(
ζ1
ζ2

)
∈ R2n

z �E D`EF `ONE W

Aζ.ζ =
2

ε
|p̄|2Z(ζ1 − ζ2).(ζ1 − ζ2)

≤4

ε
|p̄|2Z(ζ1.ζ1 + ζ2.ζ2)

≤4

ε
|p̄|2‖Z‖|ζ|2.

AB y KD UC5 REU DB U`B� D`OD ‖Z‖ ≤ 3
2

W

Zξ.ξ =
ξ2

2
+
p̄ξ ⊗ p̄ξ

|p̄|2

≤ξ
2

2
+ ξ2

≤3

2
ξ2.

�BP D`E GOUD KDES y KD UC5 REU DB FBDKRE D`OD K|
B ≥ 0

OFM
C ≥ 0

� KD`
B,C ∈ SnUCR` D`OD

BC = CB
y D`EF

CB ≥ 0
z �FMEEM y

CBξ.ξ = CB
1
2 ξ.B

1
2 ξ ≥ 0

��E `ONECUEM D`E |ORD D`OD
B

KU T BUKDKNE y D`EF UQSSEDPKR OFM }FOGGQ D`OD
C

KU T BUKDKNE� z AB yK|
B ≥ C

OFM
D ≥ 0

� KD`
D(B−C) = (B−C)D

y D`EF
DB ≥ DC

z AB y KD UC5 REU DBU`B� D`OD
A ≤ 2‖A‖(I−δA) = 2‖A‖I−A y ÀÈ¸È

A ≤ ‖A‖I �`OD KU DPCE ~Q ME}FKDKBFB| D`E FBPS B|
A

z{`KU OR`KENEU D`E TPBB| B| �¸ÇÇ½ ß z� z
�

�E FB� kKNE OF Ed KUDEFRE PEUCGD ~Q CUKFk D`E RGOUUKROG XEPPBF wU S ED`BM �|BP D`ETPBB| y �E PE|EP DB jPOFMOGG y �U` KK y i KBFU ÖÞ äÙ� W
6�öò�ö� � ð�  7	ÿ ���öõ�ö �õó �õ�ø�öõö��;É ÅÅÃÇ ¸ ÄÌ½Ä ÄÌ ¸¹¸ ¸Õ ÀÅÄÅ ½ ÅÃáÅ µ¿ÃÄÀµ¶

U− ∈ USC(Rn × [0, T ))
½¶Ê ½ ÅÃÆ ¸¹Å µ¿ÃÄÀµ¶

U+ ∈ LSC(Rn× [0, T ))
µ¼ >O ÈN[C ÅÃ »Ì ÄÌ½Ä

U−(x, 0) ≤ u0(x) ≤ U+(x, 0)
D ÄÌ ¸¶ D ÄÌ ¸¹¸¸Õ ÀÅÄÅ ½ Ã¶ÀÂÃ ¸ »µ¶ÄÀ¶ÃµÃÅ Å µ¿ÃÄÀµ¶ µ¼ >O ÈN[C È

�ð



þ÷õ�� �ø�ö óö� ó��ôò ����òõ� ��ö� �ö��ö óö �ò�����ö �ò÷öõõö
�E FB� RBFUDPCRD O UC~ OFM O UCTEPUBGCDKBF �`KR` UODKU|Q D`E KFKDKOG RBFMKDKBF z�E ~EkKF � KD` UDCMQKFk D`E TPB~GES

ut + F (Du,D2u) = 0
z �E `ONE D`E |BGGB� KFk�¸ÇÇ½ W

Tö��� � ðð  7	ÿ ���öõ�ö �õó �õ�ø�öõö�� 8 ���ö
c = 0

;SÌ ¸¹¸ ¸Õ ÀÅÄÅ ½ Ã¶ÀÂÃ ¸ Å µ¿ÃÄÀµ¶
u

µ¼ ÄÌ ¸ Æ ¹µá¿¸Ç
{
ut + F (Du,D2u) = 0,

u(x, 0) = u0(x).

�I zIH�

Ý µ¹¸µ·¸¹D
u

ÀÅ Ã¶À¼ µ¹Ç ¿Ë »µ¶ÄÀ¶ÃµÃÅ À¶ ÄÀÇ ¸ ½¶Ê ÀÄÅ Ç µÊÃ¿ÃÅ µ¼ »µ¶ÄÀ¶ÃÀÄËD
ωF

DÊ¸Æ ¸¶ÊÅ µ¶¿Ë µ¶ ÄÌ ¸ � ÀÆ Å »Ì ÀÄÛ »µ¶ÅÄ½¶Ä µ¼
u0

D
B0

½¶Ê á¸Ì½·¸Å ¿ÀÁ ¸ √
t
È < µD

u
Å½ÄÀÅ? ¸Å Ô

∀t, s ∈ [0, T ), ∀x ∈ R
n |u(x, t) − u(x, s)| ≤ ωF (|t− s|).

j �òò U ò U ÖÑÒÒÓ � ðð�E OUUCSE y KF O }PUD DKS E y D`OD
u0 ∈ C2

b = {u C2,∃ C, ||Du||L∞ , ||D2u||L∞ ≤ C} z�E UED
u± = u0 ± C1t

� KD`
C1 = infx∈Rn{−F ∗(Du0, D

2u0), F∗(Du0, D
2u0)}

�
C1METEFMU BFGQ BF D`E ~BCFMU B|

Du0

OFM
D2u0

� z �D D`EF EOUQ DB R`ER[ D`OD
u+

KU OUCTEPUBGCDKBF OFM
u−

KU O UC~UBGCDKBF z {`EF y D`EPE Ed KUDU O CFKaCE UBGCDKBF B| �I zIH��{`EBPES ß zäH� OFM y ~Q D`E RBSTOPKUBF TPKFRKT GE y D`E |BGGB� KFk `BGMU W

∀t ∈ [0, T ), ∀x ∈ R
n, |u(x, t) − u0(x)| ≤ C1t.

�I zI ä�
�E D`EF UED

v(x, t) = u(x, t + h)
z AB

v
KU UBGCDKBF B| �I zIH� OFM y ~Q D`E RBSTOPKUBFTPKFRKT GE y �E B~DOKF W

u(x, t+ h) − u(x, t) ≤ sup(u(·, h) − u0) ≤ C1h.

AKS KGOPGQy �E `ONE W

u(x, t) − u(x, t+ h) ≤ sup(u(·, h) − u0) ≤ C1h,

OFM UB W
|u(x, t+ h) − u(x, t)| ≤ sup(u(·, h) − u0) ≤ C1h.�E FB� OUUCSE D`OD

u0

KU BFGQ iKTUR`KDg RBFDKFCBCU z �E UED
u0

ε = u0 ? ρε

�`EPE
ρεKU O PEkCGOPKUKFk UEaCEFRE y ÀÈ¸È

ρε = 1
εnρ(

·
ε
)

�`EPE
ρ ∈ C∞

c (Rn,R)
OFM UODKU}EU W

ρ ≥ 0,
UCTT

(ρ) ⊂ B̄(0, 1),

∫

4
n

ρ(x)dx = 1.

�ý



�  j �öô�� �õ��÷ �ö��ô�� Uò� � ôò ��ô ��ò�ôö�
{`EF

u0
ε ∈ C2

b

OFM ‖Du0
ε‖L∞(

4
n), ‖D2u0

ε‖L∞(
4

n) ≤ B0C2

ε

z �FMEEM W
|Du0

ε(x)| =|Du0 ? ρε(x)|

=

∣∣∣∣
∫

4
n

Du0(x− y)ρε(y)dy

∣∣∣∣

≤
∫

4
n

|Du0(x− y)| ρε(y)dy

≤B0

∫

4
n

ρε(y)dy

=B0OFM
|D2u0

ε(x)| =|Du0 ? Dρε(x)|

=

∫

4
n

|Du0(x− y)| |Dρε(y)|dy

≤B0
1

ε

∫

4
n

1

εn

∣∣∣Dρ
(y
ε

)∣∣∣ dy

=B0
1

ε
‖Dρ‖L1(

4
n).

_BPEBNEP y ‖u0 − u0
ε‖L∞(

4
n) ≤ B0ε

z �FMEEM y UKFRE ∫4
n ρε(x)dx = 1

|u0 − u0
ε(x)| ≤

∫

4
n

|u0(x) − u0(x− y)|ρε(y)dy

≤B0

∫

B̄(0,ε)

|y|ρε(y)dy

≤εB0

∫

B̄(0,ε)

ρε(y)dy = εB0.

�E FBDE
uε

D`E UBGCDKBF � KD` KFKDKOG RBFMKDKBF
u0

ε

z {`EF y ~Q D`E RBSTOPKUBF TPKFRKTGE y
‖uε′(·, t) − uε(·, t)‖L∞(

4
n) ≤ ‖u0

ε′ − u0
ε‖L∞(

4
n)

y OFM UB
uε

RBFNEPkE CFK|BPS GQ �UKFRE
u0

ε

RBFNEPkE CFK|BPS GQ � DB
u

�`KR` KU y ~Q UDO~KGKDQ �UEE |BP KFUDOFRE {`EBPES I zØ B|ZOPGEU ÖäïÙ� y D`E UBGCDKBF B| �I zIH� � KD` KFKDKOG RBFMKDKBF
u0

z �E D`EF `ONE y ~Q D`ERBSTOPKUBF TPKFRKTGE y ‖uε(·, t) − u(·, t)‖L∞(
4

n) ≤ ‖u0
ε − u0‖L∞(

4
n)

z �E D`EF MEMCRE W
‖u(·, t+ h) − u(·, t)‖L∞(

4
n) ≤2‖u0 − u0

ε‖L∞(
4

n) + ‖uε(·, t+ h) − uε(·, t)‖L∞(
4

n)

≤2B0ε+ C1

(
B0,

B0C2

ε

)
h.

ZQ DO[KFk D`E S KFKSCS BF
ε
y �E B~DOKF D`E SBMCGCU B| RBFDKFCKDQ B|

u
y
ωF

y �`KR`METEFMU BFGQ BF
B0

z _BPEBNEP y CUKFk D`E kEBSEDPKR TPBT EPDQ B| D`E EaCODKBF y BFEMEMCREU D`OD
C1

(
B0,

B0C2

ε

)
∼ 1

ε

OFM UB
ωF (h)

~E`ONEU GK[E √
h
z

�

�û
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�ö���� � ðý  ]¶ ÄÌ ¸ »½Å ¸ µ¼ ÊÀÅ ¿µ»½ÄÀµ¶ ÊË¶½Ç À»ÅD ÀÈ¸È Ó ÀÄÌ ÄÌ ¸ ¼ Ã¶ »ÄÀµ¶

F º À· ¸¶áË >O ÈN^C D ½¶ ½¿Ä¸¹¶½ÄÀ· ¸ Æ ¹µµ¼ »½¶ á¸ ¼ µÃ¶Ê À¶ ´Ì ¸¶D ÚÀº ½D ÚµÄµ W ldY D á½Å ¸Ê µ¶Å ¸¿¼ ¾ÅÀÇ À¿½¹ Å µ¿ÃÄÀµ¶Å >ÀÃ¿@ <Ì½Æ ¸C µ¼ ÄÌ ¸ Ç ¸½¶ »Ã¹·½ÄÃ¹¸ Ç µÄÀµ¶ È
Tö��� � ðû  7	ÿ ���öõ�ö ò U ��� �õó ��� ö��òô���òõ� 8 úöõö��ô ���ö ;SÌ ¸¹¸ ¸Õ ÀÅÄÅ

U+ >¹¸ÅÆ ¸»ÄÀ· ¸¿Ë
U−C ÅÃÆ ¸¹Å µ¿ÃÄÀµ¶ >¹¸ÅÆ ¸»ÄÀ· ¸¿Ë ÅÃáÅ µ¿ÃÄÀµ¶C µ¼ >O ÈN[CÅÃ »Ì ÄÌ½Ä Ô

u0(x) − ωF (t) − ‖c‖L∞(
4

n×[0,T ))B0t ≤U−(x, t)

≤U+(x, t) ≤ u0(x) + ωF (t) + ‖c‖L∞(
4

n×[0,T ))B0t.¼ µ¹ ¸·¸¹Ë
(x, t) ∈ Rn × (0, T )

È
j �òò U ò U ÖÑÒÒÓ � ðû�KPUD y �E UDCMQ D`E TPB~GES �I zIH� z fRRBPMKFk DB �¸ÇÇ½ ß zääy D`KU TPB~GES `OU OCFKaCE RBFDKFCBCU UBGCDKBF

u
�`KR` UODKU}EU W

u0(x) − ωF (t) ≤ u(t, x) ≤ u0(x) + ωF (t).

�E TPBNE D`OD ‖Du‖L∞(
4

n×(0,T )) ≤ ‖Du0‖L∞(
4

n)

z �FMEEM y GED CU RBFUKMEP D`E |CFRDKBF
uh(x, t) = u(x+h, t)+‖Du0‖L∞(

4
n) |h|

z {`EF
uh

KU UDKGG UBGCDKBF B| �I zIH� z {`EPE|BPE y
uh(x, 0) = u0(x+h)+ ‖Du0‖L∞(

4
n) |h| ≥ u0(x)

z AB y ~Q D`E RBSTOPKUBF TPKFRKT GE y �E`ONE
uh ≥ u

z �E MEMCRE D`OD y |BP ENEPQ
h ∈ Rn

y
u(x, t) − u(x+ h, t) ≤ ‖Du0‖L∞(

4
n) |h|,OFM UB

‖Du‖L∞(
4

n×(0,T )) ≤ ‖Du0‖L∞(
4

n)�E D`EF UED
U+(x, t) = u(x, t) + ‖c‖L∞(

4
n×[0,T ))B0t

z {`EF y ‖DU+‖L∞(
4

n×(0,T )) ≤
‖Du‖L∞(

4
n×(0,T )) ≤ B0

OFM
U+

KU UBGCDKBF B| W
{
vt − ‖c‖L∞(

4
n×[0,T ))B0 + F (Dv,D2v) = 0,

v(x, 0) = u0,

OFM UB
U+

KU UCT EPUBGCDKBF B| �I zäL� OFM UODKU}EU W
U+(x, t) =u(x, t) + ‖c‖L∞(

4
n×[0,T ))B0t

≤u0(x) + ωF (t) + ‖c‖L∞(
4

n×[0,T ))B0t.AKS KGOPGQy �E RBFUDPCRD O UC~UBGCDKBF
U− UCR` D`OD

U−(x, t) ≥ u0(x) − ωF (t) −
‖c‖L∞(

4
n×[0,T ))B0t

~Q UEDDKFk
U−(x, t) = u(x, t)− ‖c‖L∞(

4
n×[0,T ))B0t

z {B OR`KENE D`ETPBB| y KD UC5 REU DB OTTGQ D`E RBSTOPKUBF TPKFRKT GE DB
U− OFM

U+
z

�

�KFOGGQy �E TPBNEM D`E |BGGB� KFk {`EBPES W
��



�  j �öô�� �õ��÷ �ö��ô�� Uò� � ôò ��ô ��ò�ôö�
6�öò�ö� � ð�  7	ÿ ���öõ�ö �õó �õ�ø�öõö�� Uò� ��ö ôò ��ô ��ò�ôö� ;�¸Ä

T > 0
È SÌ ¸¶ D Ã¶Ê¸¹ ÄÌ ¸ ½ÅÅÃÇÆ ÄÀµ¶Å

(H0)
D ÄÌ ¸¹¸ ¸Õ ÀÅÄÅ ½ Ã¶ÀÂÃ ¸ ·ÀÅ »µÅÀÄË Å µ¿ÃÄÀµ¶µ¼ ÄÌ ¸ Æ ¹µá¿¸Ç >O ÈN[C À¶

Rn×[0, T )
È Ý µ¹¸µ·¸¹D ÄÌ ¸ Å µ¿ÃÄÀµ¶ Å½ÄÀÅ? ¸ÅD ¼ µ¹ ¸·¸¹Ë

(x, t) ∈
Rn × (0, T )

Ô
u0(x) − ωF (t) − ‖c‖L∞(

4
n×[0,T ))B0t ≤ u(x, t) ≤ u0(x) + ωF (t) + ‖c‖L∞(

4
n×[0,T ))B0t.

ÓÌ ¸¹¸
ωF

ÀÅ ÄÌ ¸ Ç µÊÃ¿ÃÅ µ¼ »µ¶ÄÀ¶ÃÀÄË µ¼ ÄÌ ¸ Å µ¿ÃÄÀµ¶ µ¼ >O ÈO_C ½¶Ê á¸Ì½·¸Å ¿ÀÁ ¸ √
t
È

m -, × ®ãÎ°©«ª/ ©®¯Îª¯ ËÍ© ª~® Í¬° ±©ÍÌ ®Ï
Tö��� � ð�  7�öú�ô����÷ �ö�� ô�� Uò� ��ö ôò ��ô ��ò� ôö� ;É ÅÅÃÇ ¸ ÄÌ½Ä ‖Du0‖L∞(

4
n) ≤ B0

½¶Ê ∂u0

∂xn
≥ b0

D ÓÀÄÌ
B0 > 0

½¶Ê
b0 > 0

È SÌ ¸¶ D ÄÌ ¸Å µ¿ÃÄÀµ¶ µ¼ >O ÈN[C º À· ¸¶ áË SÌ ¸µ¹¸Ç X ÈNX Å½ÄÀÅ? ¸Å

‖Du(·, t)‖L∞(
4

n) ≤ B(t)
½¶Ê ∂u

∂xn

≥ b(t),

ÓÀÄÌ
B(t) = B0e

Lct
½¶Ê

b(t) = b0−B0(e
Lct−1)

È Ý µ¹¸µ·¸¹D
u

ÀÅ Ã¶À¼ µ¹Ç ¿Ë »µ¶ÄÀ¶ÃµÃÅÀ¶ ÄÀÇ ¸ ½¶Ê ÀÄÅ Ç µÊÃ¿ÃÅ µ¼ »µ¶ÄÀ¶ÃÀÄË À¶ ÄÀÇ ¸
ωu

D Ê¸? ¶ ¸Ê áË Ô
∀x ∈ R

n, ∀s, t ∈ [0, T ), |u(x, t) − u(x, s)| ≤ ωu(|t− s|),
Å½ÄÀÅ? ¸Å Ô

ωu(δ) ≤ ωF (δ) + ‖c‖L∞B0δ + ωc(δ)

∫ T

0

B(s)ds,

ÓÌ ¸¹¸
ωc

ÀÅ ÄÌ ¸ Ç µÊÃ¿ÃÅ µ¼ »µ¶ÄÀ¶ÃÀÄË À¶ ÄÀÇ ¸ µ¼
c
D ½¶Ê

ωF

ÀÅ ÄÌ ¸ Ç µÊÃ¿ÃÅ µ¼ »µ¶ÄÀ¶ÃÀÄËÀ¶ ÄÀÇ ¸ µ¼ ÄÌ ¸ Å µ¿ÃÄÀµ¶ µ¼ >O ÈO_C ½¶Ê á¸Ì½·¸Å ¿ÀÁ ¸ √
t
È

j �òò U ò U ÖÑÒÒÓ � ð� �BP D`E TPBB| B| D`E iKTUR`KDg EUDKS ODE KF UTORE y �E
OUUCS E KF O }PUD DKS E D`OD

u
KU ~ BCFMEM z �E UED

φε(x, y, t) = B(t) (|x− y|2 + ε2)
1/2 z�E TPBNE D`OD

u(x, t) − u(y, t) ≤ φε
z �E UED W

M = sup
(x,y,t)∈4n×4n×[0,T )

{u(x, t) − u(y, t) − φε(x, y, t)} ,

fUUCSE D`OD
M > 0

z {`EF �E UED W

M̄ = sup
(x,y,t)∈4n×4n×[0,T )

{
u(x, t) − u(y, t) − φε(x, y, t) − α

2
(|x|2 + |y|2) − γ

T − t

}
.

�BP
α > 0, γ > 0

US OGG EFBCk` y �E `ONE
M̄ > 0

z _BPEBNEP
u

KU ~ BCFMEM y UB D`EUCTPESCS KU PEOR`EM KF
(x̄, ȳ, t̄)

�� KD`
x̄ 6= ȳ

� OFM
α

2
(|x̄|2 + |ȳ|2) ≤ C

��
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OFM UB

αx̄ → 0
OFM

αȳ → 0
z �E TPBNE D`OD

t̄ > 0
z �FMEEM y OUUCSE D`E RBFDPOPQz{`EF y �E `ONE

u0(x̄) − u0(ȳ) − φε(x̄, ȳ, 0) > 0,ÀÈ¸È
u0(x̄) − u0(ȳ) > B0

(
|x̄− ȳ|2 + ε2

) 1
2 > B0|x̄− ȳ|,�`OD KU O~UCPM UKFRE ‖Du0‖L∞(

4
n) ≤ B0

z �E UED
p̄ = Dxφ

ε =
(
|x̄− ȳ|2 + ε2

)−1/2
(x̄− ȳ)B(t) = −Dyφ

ε 6= 0
�~ EROCUE

x̄ 6= ȳ
�
,

Z =D2
xφ

ε =
((

|x̄− ȳ|2 + ε2
)−1/2

I −
(
|x̄− ȳ|2 + ε2

)−3/2
(x̄− ȳ) ⊗ (x̄− ȳ)

)
B(t)

=D2
yφ

ε,

A = D2φε =

(
Z −Z
−Z Z

)
.

{`EF y ~Q TOPO~BGKR NEPUKBF B| �U`KK wU �¸ÇÇ½ OTTGKEM DB
ũ = u(x, t)− α

2
|x|2, ṽ(y, t) =

v(y, t) + α
2
|y|2 OFM

φ(x, y, t) = φε(x, y, t) + γ
T−t

y |BP ENEPQ
β

UCR` D`OD
βA < I

y D`EPEEd KUDU
τ1, τ2 ∈ R

OFM
X, Y ∈ Sn

UCR` D`OD W
τ1 − τ2 =

γ

(T − t̄)2
+ LcB(t)

(
|x̄− ȳ|2 + ε2

) 1
2 ,

(τ1, p+ αx̄,X + αI) ∈ P̄+u(x̄, t̄),

(τ2, p− αȳ, Y − αI) ∈ P̄−v(ȳ, t̄),

−1

β

(
I 0
0 I

)
≤
(
X 0
0 −Y

)
≤ (I − βA)−1A.

AB y D`E |BGGB� KFk `BGMU
τ1 − c(x̄, t̄)|p̄+ αx̄| + F∗(p̄+ αx̄,X + αI) ≤ 0,

τ2 − c(ȳ, t̄)|p̄− αȳ| + F ∗(p̄− αȳ, Y − αI) ≥ 0.{`E S ODPKd KFEaCOGKDQ KSTGKEU KF TOPDKRCGOP D`OD
X ≤ Y

y UB ~Q CUKFk D`E EGGKTDKRKDQB|
F

y �E MEMCRE W
τ2 − c(ȳ, t̄)|p̄− αȳ| + F ∗(p̄− αȳ,X − αI) ≥ 0.

�PBS D`OD y ~Q UC~DPORDKFk W
γ

(T − t̄)2
+ LcB(t)

(
|x̄− ȳ|2 + ε2

) 1
2 − c(x̄, t̄)|p̄+ αx̄| + c(ȳ, t̄)|p̄− αȳ|

+F∗(p̄+ αx̄,X + αI) − F ∗(p̄− αȳ,X − αI) ≤ 0.

��



�  j �öô�� �õ��÷ �ö��ô�� Uò� � ôò ��ô ��ò�ôö�
�E GED

α
kB DB

0
�
p̄

OFM
X

OPE ~BCFMEM UB �E ROF EdDPORD O RBFNEPkKFk UC~UEaCEFREOFM �E UDKGG FBDE
p̄

OFM
X

D`EKP GKS KD� W
γ

(T − t̄)2
+ lim

α→0

(
LcB(t)

(
|x̄− ȳ|2 + ε2

) 1
2 + (−c(x̄, t̄) + c(ȳ, t̄)) |p̄|

)

+ F∗(p̄, X) − F ∗(p̄, X) ≤ 0.

�B� y
p̄ 6= 0

y D`EPE|BPE
F∗(p̄, X) = F ∗(p̄, X)

z _BPEBNEP y
LcB(t)

(
|x− y|2 + ε2

)1/2 − c(x, t)|p̄| + c(y, t)|p̄|

=
(
|x− y|2 + ε2

)1/2
(
LcB(t) − |x− y|B(t)

|x− y|2 + ε2
(c(x, t) − c(y, t))

)

≥
(
|x− y|2 + ε2

)1/2
(
LcB(t) − |x− y|2LcB(t)

|x− y|2 + ε2

)

≥
(
|x− y|2 + ε2

)1/2
(LcB(t) − LcB(t))

≥0,

UB
γ

(T − t̄)2
≤ 0,

�`OD KU O~UCPM z AB
u(x, t) − u(y, t) ≤ φε

z ZQ GEDDKFk
ε

kB DB
0
y �E B~DOKF W

u(x, t) − u(y, t) ≤ B(t)|x− y|.
cdR`OFkKFk

x
OFM

y
y Q KEGMU

|u(x, t) − u(y, t)| ≤ B(t)|x− y|,
�`OD kKNEU D`E }PUD PEUCGD KF D`E ROUE �`EPE

u
KU ~ BCFMEM z �|

u
KU FBD ~BCFMEM y �ERBFUKMEP D`E DPCFRODCPE |CFRDKBFU

Tk = max(min(x, k),−k) z {`EF
Tk(u)

KU ~ BCFMEMOFM UBGCDKBF B| D`E TPB~GES y OFM UB W
|Tk(u(x, t)) − Tk(u(y, t))| ≤ B(t)|x− y|.

iEDDKFk
k

kB DB KF}FKDQy Q KEGMU W
|u(x, t) − u(y, t)| ≤ B(t)|x− y|,

OFM �E B~DOKF D`E }PUD EUDKS ODE z�BP D`E UERBFM EUDKS ODE y �E UED y |BP
x = (x′, xn)

y
uλ(x, t) = u(x′, xn+λ, t)−λb(t) z�E `ONE

uλ(x′, xn, 0) =u(x′, xn + λ) − λb0

≥u(x′, xn, 0).

�ü



þ÷õ�� �ø�ö óö� ó��ôò ����òõ� ��ö� �ö��ö óö �ò�����ö �ò÷öõõö
_BPEBNEP y

uλ
t +G∗ (x′, xn, t, Du

λ, D2uλ
)

=ut − λb′(t) − c(x′, xn, t)|Du| + F ∗ (Du,D2u
)

=ut + λB0Lce
Lct − c(x′, xn, t)|Du| + F ∗ (Du,D2u

)

≥ut + λB0Lce
Lct − (c(x′, xn + λ, t) + λLc) |Du| + F ∗ (Du,D2u

)

≥λB0Lce
Lct − λB0Lce

Lct + ut +G∗ (x′, xn + λ, t,Du,D2u
)

≥0,

�`EPE
ut, Du, D

2u
OPE DO[EF OD D`E TBKFD

(x′, xn, t)
z {`KU KU � PKDDEF KF O |BPS OG�OQ OFM KD ROF ~E J CUDK}EM ~Q CUKFk O DEUD |CFRDKBF z AB y �E B~DOKF D`OD

uλ
KU OUCTEPUBGCDKBF z ZQ D`E RBSTOPKUBF TPKFRKT GE y �E MEMCRE

uλ ≥ u
y OFM UB

u(x′, xn + λ, t) − u(x′, xn, t) ≥ λb(t).

�`OD TPBNEU D`E UERBFM EUDKS ODE z�D D`CU PES OKFU DB ~ E U`B�F D`OD
u

KU CFK|BPS GQ RBFDKFCBCU KF DKS E z �E UED
δ > 0

z�BP ENEPQ
(x, t) ∈ Rn × (0, T )

UCR` D`OD
t+ δ ≤ T

y �E UED
v(x, t) = u(x, t+ δ)

z {`EF y
v

KU O UC~UBGCDKBF B|
wt − ωc(δ)B(t+ δ) − c(x, t)|Dw| + F

(
Dw,D2w

)
= 0

BF
Rn × (0, T − δ)

KF D`E UEFUE B| ME}FKDKBF ß zä
(ii)

z �FMEEM y �E `ONE
vt − c (x, t+ δ) |Dv| + F

(
Dv,D2v

)
= 0,

OFM
−c (x, t+ δ) |Dv| ≥ −ωc(δ)B(t+ δ) − c(x, t)|Dv|,�`OD kKNEU KF O |BPS OG �OQ W
vt − ωc(δ)B(t+ δ) − c(x, t)|Dv| + F

(
Dv,D2v

)
≤ 0.

_BPEBNEP y
u+ ωc(δ)

∫ t+δ

0

B(s)ds
KU UBGCDKBF B| D`E UOS E TPB~GES z �E D`EF MEMCRE

D`OD
ũ = u + supx∈4n (u(x, δ) − u0(x))

+ + ωc(δ)
∫ t+δ

0
B(s)ds

KU O UCTEPUBGCDKBF OFM
v(x, 0) ≤ ũ(x, 0)

z ZQ {`EBPES ß zäß OFM D`E RBSTOPKUBF TPKFRKT GE y �E D`EF `ONE W

u(x, t+ δ) − u(x, t) ≤ sup
x∈4n

(u(x, δ) − u0(x))
+ + ωc(δ)

∫ t+δ

0

B(s)ds

≤ωF (δ) + ‖c‖L∞B0δ + ωc(δ)

∫ T

0

B(s)ds.

��



�  6�ö õòõ ôò ��ô ��ò�ôö� � ��òò U ò U 6�öò�ö� û ý
AKS KGOPGQy

v
KU O UCTEPUBGCDKBF B|
wt + ωc(δ)B(t+ δ) − c(x, t)|Dw| + F

(
Dw,D2w

)
= 0

OFM
ũ = u − supx∈4n (u(x, δ) − u0(x))

− − ωc(δ)
∫ t+δ

0
B(s)ds

KU UC~UBGCDKBF z AB y ~QD`E RBSTOPKUBF TPKFRKT GE y �E `ONE

u(x, t) − u(x, t+ δ) ≤ωF (δ) + ‖c‖L∞Bδ + ωc(δ)

∫ t+δ

0

B(s)ds

≤ωF (δ) + ‖c‖L∞B0δ + ωc(δ)

∫ T

0

B(s)ds,

ÀÈ¸È
|u(x, t) − u(x, t+ δ)| ≤ ωF (δ) + ‖c‖L∞B0δ + ωc(δ)

∫ T

0

B(s)ds,

�`OD OR`KENEU D`E TPBB| B| D`E ¿¸ÇÇ ½z
�

Ø �"	 
�
 �� ��� �����	#  ����% �% �"	��	# Á Ù+
�BP D`E TPBB| B| {`EBPES Ø zI y �E � KGG FEEM D`E D`PEE |BGGB� KFk ¿¸ÇÇ½Ä½ OFM �E`ONE DB KFDBMCRE D`E |BGGB� KFk UTORE W

L1
unif(R

n) = {f : R
n → R : ‖f‖L1

unif(
4

n) <∞}
�`EPE

‖f‖L1
unif(
4

n) = sup
x∈4n

∫

Q(x)

|u|
OFM

Q
KU ME}FEM KF �I zï� z

Tö��� � ð  7	 ������ö òõ ��ö �������ö������ U�õ���òõ�;�¸Ä
u1 ∈ C(Rn)

Å½ÄÀÅ¼ ËÀ¶º
∂u1

∂xn

≥ b

À¶ ÄÌ ¸ ÊÀÅÄ¹ÀáÃÄÀµ¶Å Å ¸¶Å ¸ ¼ µ¹ Å µÇ ¸
b > 0

½¶Ê
u2 ∈ L∞ÚÛ Ü(Rn)

Å½ÄÀÅ¼ ËÀ¶º ÄÌ ¸ Å½Ç ¸»µ¶ÊÀÄÀµ¶ È SÌ ¸¶ D Ó ¸ Ì½·¸ ÄÌ ¸ ¼ µ¿ ¿µÓ À¶º ¸ÅÄÀÇ ½Ä¸ Ô
∥∥[u2] − [u1]

∥∥
L1ÝÆÅÞ ≤ 2

b

∥∥u2 − u1
∥∥

L∞ .
�I zII�

�BP D`E TPBB| B| D`KU �¸ÇÇ½y �E PE|EP DB D`E TPBB| B| f GNOPEg ¸Ä ½¿È ÖïÙ KF D`E ROUE
n = 2

y �`KR` OMOTDU � KD`BCD MK5 RCGDQ DB D`E ROUE B| OFQ MKS EFUKBF z
��
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Tö��� � ý  7�òõ�òô���òõ �õöø��ô��÷ ;Üµ¹ ¸·¸¹Ë

f ∈ L1ßÃÂà(Rn)
½¶Ê

g ∈ L∞ÂÃÄ(Rn)
D ÄÌ ¸ »µ¶·µ¿ÃÄÀµ¶ Æ ¹µÊÃ »Ä

f ? g
ÀÅ áµÃ¶Ê¸Ê½¶Ê Å½ÄÀÅ? ¸Å

‖f ? g‖L∞(
4

n) ≤ ‖f‖L1ÝÆÅÞ(4n)‖g‖L∞ÅÆÇ(4n).�BP D`E TPBB| y �E PE|EP DB f GNOPEg ¸Ä ½¿È ÖäHÙ z
Tö��� � û  7�����ô��÷ ò U ��ö �òô���òõ á ��� �ö�� ö�� �ò ��ö �öôò ���÷ ;�¸Ä

T > 0
È À¸ »µ¶ÅÀÊ¸¹ ¼ µ¹

i = 1, 2
ÄÓ µ ÊÀ@ ¸¹¸¶Ä ¸ÂÃ½ÄÀµ¶Å Ô

{
ui

t = ci(x, t)|Dui| − F (Dui, D2ui)
À¶

Rn × (0, T ),

ui(x, 0) = u0(x),

�I zIØ�
ÓÌ ¸¹¸

ci
Å½ÄÀÅ¼ Ë ÄÌ ¸ ½ÅÅÃÇÆ ÄÀµ¶

(H0)(ii)
D
u0

Å½ÄÀÅ? ¸Å
(H0)(iii)

½¶Ê
F

Å½ÄÀÅ? ¸Å ÄÌ ¸½ÅÅÃÇÆ ÄÀµ¶Å
(HF )

È SÌ ¸¶ D ¼ µ¹ ¸·¸¹Ë
t ∈ [0, T )

D Ó ¸ Ì½·¸

‖u1(·, t) − u2(·, t)‖L∞(
4

n) ≤ ‖c1 − c2‖L∞(
4

n×(0,T ))

∫ t

0

B(s)ds,

ÓÌ ¸¹¸
ui

½¹¸ ÄÌ ¸ Å µ¿ÃÄÀµ¶Å µ¼ >O ÈOPC >Å ¸¸ SÌ ¸µ¹¸Ç X ÈNXC D
B(t) = B0e

Lct
ÓÀÄÌ

Lc =
supi Lci >Lci

ÀÅ ÄÌ ¸ � ÀÆ »ÅÌ ÀÄÛ »µ¶ÅÄ½¶Ä µ¼
ci
C È

j �òò U ò U ÖÑÒÒÓ � û�E UED
K = ‖c1 − c2‖L∞(

4
n×(0,T ))

z �E PES OP[ D`OD
u1

KU UC~UBGCDKBF B|
ut − c2(x, t)|Du| + F

(
Du,D2u

)
−KB(t) = 0.

�FMEEM y �E `ONE W
u1

t − c2(x, t)|Du1| + F
(
Du1, D2u1

)
≤c1(x, t)|Du1| − F

(
Du1, D2u1

)

− c2(x, t)|Du1| + F
(
Du1, D2u1

)

≤‖c1 − c2‖L∞(
4

n×(0,T ))B(t)

≤KB(t).

�D KU O PBCDKFE EdEPRKUE DB R`ER[ D`OD D`E MKbEPEFDKOG KFEaCOGKDQ ORDCOGGQ `BGMU KF D`EN KURBUKDQ UEFUE z _BPEBNEP y
u2 +K

∫ t

0
B(s)ds

KU UBGCDKBF B| D`E UOS E TPB~GES z ZQ D`ERBSTOPKUBF TPKFRKTGE �{`EBPES ß zL� y �E MEMCRE

u1 ≤ u2 +K

∫ t

0

B(s)ds.

�PBS �`OD

‖u1(·, t) − u2(·, t)‖L∞(
4

n) ≤ ‖c1 − c2‖L∞(
4

n×(0,T ))

∫ t

0

B(s)ds.

ü�



�  6�ö õòõ ôò ��ô ��ò�ôö� � ��òò U ò U 6�öò�ö� û ý

�

�E FB� TPBNE {`EBPES Ø zI z
j �òò U ò U 6�öò�ö� û ý�E UED

ω(δ) = ωF (δ) + ‖c0‖L1B0δ
y �`EPE

ωF

KU D`E SBMCGCU B| RBFDKFCKDQ B| �I zIH�OFM ~E`ONEU GK[E √
t
z �E ME}FE D`E UTORE

E =






u ∈ L∞
loc(R

n × [0, T ∗)), s.t.

∣∣∣∣∣∣∣∣∣∣

|Du(x, t)| ≤ 2B0,
∂u

∂xn

(x, t) ≥ b0
2

u
KU CFK|BPS GQ RBFDKFCBCU KF DKS EOFM

ωu(δ) ≤ 2ω(δ)






�`EPE
ωu

KU D`E SBMCGCU B| RBFDKFCKDQ KF DKS E B|
u
z�BP

u ∈ E
y �E UED

c(x, t) = (c0 ? [u(·, t)]) (x)
z �E UEE D`OD

c
KU ~ BCFMEM y iKT^UR`KDg RBFDKFCBCU KF UTORE �� KD`

Lc = |c0|BV

OU iKTUR`KDg RBFUDOFD� OFM CFK|BPS GQRBFDKFCBCU KF DKS E z �FMEEM y
‖c‖L∞(

4
n×[0,T ∗)) ≤ sup

t∈4 ‖c0‖L1‖[u(·, t)]‖L∞(
4

n)

≤‖c0‖L1(
4

n).

_BPEBNEP y |BP ENEPQ
t

‖Dc(·, t)‖L∞(
4

n) =‖Dc0 ? [u(·, t)‖L∞(
4

n)

≤|c0|BV ‖[u(·, t)]‖L∞(
4

n)

≤|c0|BV .

�KFOGGQy |BP
0 < t, s < T ∗ W
|c(x, t) − c(x, s)| = |(c0 ? [u(·, t)]) (x) − (c0 ? [u(·, s)]) (x)|

= |c0 ? ([u(·, t)] − [u(·, s)]) (x)|
≤‖c0‖L∞ÅÆÇ‖[u(·, t)] − [u(·, s)]‖L1ÝÆÅÞ(4n)

≤4‖c0‖L∞ÅÆÇ
b0

‖u(·, t) − u(·, s)‖L∞(
4

n)

≤4‖c0‖L∞ÅÆÇ
b0

ωu(|t− s|)

≤8‖c0‖L∞ÅÆÇ
b0

ω(|t− s|),

UB
c

KU CFK|BPS GQ RBFDKFCBCU KF DKS E OFM
ωc(δ) ≤

8‖c0‖L∞ÅÆÇ
b0

ω(δ)
z

üð
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�BP

u ∈ E
y �E D`EF ME}FE

v = Φ(u)
OU D`E CFKaCE NKURBUKDQ UBGCDKBF �UEE {`EBPESß zäß� B|

{
vt = (c0 ? [u])|Dv| − F (Dv,D2v)

KF
R

n × (0, T ∗),

v(x, t = 0) = u0(x)
KF

Rn.

�I zIß�
�E U`B� D`OD

Φ : E → E
KU O RBFDPORDKBF z �KPUD y �E U`B� D`OD

Φ
KU �EGG ME}FEM z�E `ONE ‖Dv(·, t)‖ ≤ B(t) ≤ B0e

LcT ∗ ≤ 2B0

y ~Q ME}FKDKBF B|
T ∗ �UEE �¸ÇÇ½ ß zä×� z_BPEBNEP y ∂v

∂xn
≥ b(t) = b0 −B0(e

Lct − 1)
�UEE �¸ÇÇ½ ß zä×� y OFM �E �OFD ∂v

∂xn
≥ b0

2

yUB KD UC5 REU DB EFUCPE D`OD
B0(e

Lct − 1) ≤ b0
2

eLct ≤ b0
2B0

+ 1

t ≤
ln
(

b0
2B0

+ 1
)

Lc

,

�`KR` KU DPCE ORRBPMKFk DB D`E R`BKRE B|
T ∗ z �D D`CU PES OKFU DB ~ E U`B�F D`OD

v
KUCFK|BPS GQ RBFDKFCBCU � KD`

ωv(δ) ≤ 2ω(δ)
z �B� y ~Q D`E EUDKS ODE B| �¸ÇÇ½ ß zä× BFD`E SBMCGCU B| RBFDKFCKDQ KF DKS E B| D`E UBGCDKBF y �E `ONE W

ωv(δ) ≤ ωF (δ) + ‖c‖L∞B0δ + ωc(δ)

∫ T ∗

0

B(s)ds.

AKFRE ‖c‖L∞(
4

n×[0,T ∗)) ≤ ‖c0‖L1

y KD UC5 REU DB U`B� D`OD
ωc(δ)

∫ T ∗

0
B(s)ds ≤ ω(δ)

y ÀÈ¸È

8‖c0‖L∞ÅÆÇ
b0

ω(δ)

∫ T ∗

0

B(s)ds ≤ ω(δ)

∫ T ∗

0

B(s)ds ≤ b0
8‖c0‖L∞ÅÆÇ

1

L c

(
eLcT ∗ − 1

)
≤ b0

8B0‖c0‖L∞ÅÆÇ

T ∗ ≤
ln

(
Lcb0

8B0‖c0‖L∞ÅÆÇ + 1

)

Lc

,

�`KR` KU DPCE ORRBPMKFk DB D`E R`BKRE B|
T ∗ OFM UB

v ∈ E
z

üý
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�D D`CU PES OKFU DB ~ E U`B�F D`OD

Φ
KU O RBFDPORDKBF z �BP

vi = Φ(ui)
y ORRBPMKFkDB D`E �¸ÇÇ½Ä½ × zØ y × zI OFM × zäy �E `ONE

‖v2 − v1‖L∞(
4

n×(0,T ∗)) ≤2B0T
∗‖c0 ? [u2] − c0 ? [u1]‖L∞(

4
n×(0,T ∗))

≤2B0T
∗‖c0‖L∞ÅÆÇ(4n) sup

t∈(0,T ∗)

‖[u2(·, t)] − [u1(·, t)]‖L1ÝÆÅÞ(4n)

≤8B0T
∗

b0
‖c0‖L∞ÅÆÇ(4n)‖u2 − u1‖L∞(

4
n×(0,T ∗))

≤1

2
‖u2 − u1‖L∞(

4
n×(0,T ∗)).

fFM UB
Φ

KU O RBFDPORDKBF BF
E

�`KR` KU O RGBUEM UED |BP D`E
L∞ DBTBGBkQz AB y D`EPEEd KUDU O CFKaCE N KURBUKDQ UBGCDKBF B| �I zÞ� KF

E
BF

(0, T ∗)
z

�

�ö���� � �  Sµ á¸ ¹Àº µÃ¹µÃÅD Ó ¸ ÅÌ µÃ¿Ê »µ¶ÅÀÊ¸¹ ÄÌ ¸ À¶Ä¸¹Å ¸»ÄÀµ¶ µ¼
E

ÓÀÄÌ ½ á½¿ ¿µ¼ »¸¶Ä¸¹
u0

½¶Ê Ó¹ÀÄ¸ ÄÌ ¸ ¸¿¸Ç ¸¶ÄÅ µ¼
E

½Å
u = ũ + u0

ÓÀÄÌ
ũ

áµÃ¶Ê¸ÊÈ SÌ ¸¶ Ó ¸»µÃ¿Ê Ç ½Á ¸ ÄÌ ¸ Å½Ç ¸ »µÇÆ ÃÄ½ÄÀµ¶Å µ¶
ũ

½¶Ê Ó ¸ ÓÀ¿ ¿ µáÄ½À¶ ÄÌ ¸ Å½Ç ¸ ¹¸ÅÃ ¿ÄÈ

â � �� 	
��ã  ����% �% �"	 ����� ���� "	����
 �% ��"�� ��
äåææ ç

�E OPE kBKFk DB TPBNE TOPO~BGKR NEPUKBF B| �U`KK wU �¸ÇÇ ½ �UEE jPOFMOGG �U` KK ÖÞHÙ� z{`E PEUCGD KU RGOUUKR y ~CD �E kKNE D`E TPBB| |BP PEOMEP wU RBFNEFKEFRE z {B MB D`OD y �E� KGG CUE OF EGGKTDKR �U`KK �¸ÇÇ½z �KPUD y �E kKNE UBS E ME}FKDKBFU W
þ öFõ���òõ � ð  7��� �õó ��� ö�ó�èö�öõ��� ô ò U ò�óö� �áò ;]¼
u : Rn → R

D ÄÌ ¸¶ ÄÌ ¸ ÅÃÆ ¸¹ÊÀ@ ¸¹¸¶ÄÀ½¿ µ¼ µ¹Ê¸¹ ÄÓ µ µ¼
u
D D2,+u

D ÀÅ Ê¸? ¶ ¸Ê áË
(p,X) ∈ Rn × Sn

á¸¿µ¶ºÅ Äµ D2,+u(x, t)
À¼
x ∈ R

½¶Ê

u(y) ≤ u(x) + 〈p, y − x〉 +
1

2
〈X(y − x), y − x〉 + o

(
|y − x|2

)

½Å
R 3 y → x

È ]¶ ½ ÅÀÇ À¿½¹ Ó½ËD Ó ¸ Ê¸? ¶ ¸Ê ÄÌ ¸ ÅÃáÊÀ@ ¸¹¸¶ÄÀ½¿ µ¼ µ¹Ê¸¹ ÄÓ µ áË
D2,−u = −D2,+(−u) È À¸ ½¿Å µ Ê¸? ¶ ¸Ê ÄÌ ¸ ÄÓ µ ¼ µ¿ ¿µÓ À¶º Å ¸ÄÅ Ô

D̄2,+u(x, t) =






(p,X) ∈ Rn × Sn, ∃ (xn, pn, Xn) ∈ Rn × Rn × SnÅÃ »Ì ÄÌ½Ä
(pn, Xn) ∈ D2,+u(xn)½¶Ê

(xn, u(xn), pn, Xn) → (x, u(x), p,X)




 .

SÌ ¸ Å ¸Ä D̄2,−u(x, t)
ÀÅ Ê¸? ¶ ¸Ê À¶ ½ ÅÀÇ À¿½¹ Ó½ËÈ �½ÅÄ¿ËD Ó ¸ Ê¸? ¶ ¸Ê

D̄2u(x) = D̄2,+u(x) ∩ D̄2,−u(x).

üû
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Tö��� � ý  7öôô����� �ö���òõ ò U ��� �� ù� ÖÑÒÒÓ ;�¸Ä

U
½¶Ê

V
á¸ ÄÓ µ µÆ ¸¶ Å ¸ÄÅ µ¼

Rn
D
u : U → R

ÃÅ » ½¶Ê
v : V → R

¿Å »È �¸Ä
φ : U × V → R

á¸ µ¼ »¿½ÅÅ
C2

È É ÅÅÃÇ ¸ ÄÌ½Ä
(x, y) → u(x) − v(y) − φ(x, y)

¹¸½»Ì ¸Å½ ¿µ»½¿ Ç ½Õ ÀÇÃÇ À¶
(x̄, ȳ) ∈ U × V

È À¸ ¶ µÄ¸
p1 = Dxφ(x̄, ȳ)

D
p2 = −Dyφ(x̄, ȳ)

½¶Ê
A = D2φ(x̄, ȳ)

È SÌ ¸¶ D ¼ µ¹ ¸·¸¹Ë
α > 0

ÅÃ »Ì ÄÌ½Ä
αA < I

D ÄÌ ¸¹¸ ¸Õ ÀÅÄÅ
X
D
Y ∈ SnÅÃ »Ì ÄÌ½Ä Ô

(p1, X) ∈ D̄2,+u(x̄), (p2, Y ) ∈ D̄2,−v(ȳ),

−1
α

(
I 0
0 I

)
≤
(
X 0
0 −Y

)
≤ (I − αA)−1A.

�BP D`E TPBB| y �E PE|EP DB lPBFKBC y �S~EPD ÖLØÙ z �E FB� TPBNE TOPO~BGKR NEPUKBFB| �U`KK wU �¸ÇÇ½ W
j �òò U ò U ÖÑÒÒÓ � �{`E TPKFRKT GE B| D`KU TPBB| KU DB MCTGKRODE D`E NOPKO~GEU KF DKS E OFM D`EF DB TOUU DBD`E GKS KD ~Q CUKFk D`E RBSTORDFEUU OUUCSTDKBF

(C)
z {`E [EQ TBKFD KU DB PEkCGOPKUE~Q UCT^RBFNBGCDKBF CUKFk D�B MKbEPEFD TOPOS EDEPU |BP UTORE OFM DKS E z�E MCTGKRODE D`E NOPKO~GEU ~Q RBFUKMEPKFk W

u(x, t) − v(y, s) − φ(x, y, t) − |t− s|2
2ε

.

{`KU |CFRDKBF OMS KDU O GB ROG S OdKSCS KF
(xε, yε, tε, sε)

� KD`
(xε, yε, tε, sε) → (x̄, ȳ, t̄, t̄)

�~ EROCUE
u

OFM
v

OPE GB ROGGQ ~BCFMEM� z �E FBDE
Ãε = D2

(
φ(x, y, t) + |t−s|2

2ε

) z ZQ
EGGKTDKR �U`KK �¸ÇÇ½y �E `ONE W |BP ENEPQ

α
OFM

α′ UCR` D`OD W

Ãε <




I
α

1
α′

I
α

1
α′


 ,

�{`KU OUUCSTDKBF `BGMU |BP
α

UCR` D`OD
αA < I

OFM
α′ US OGG EFBCk`� D`EPE Ed KUDU

Xε, Yε ∈ Sn
y
C

y
D ∈ Rn

OFM
λ
y
σ ∈ R

UCR` D`OD W
((

pε
1, φt +

t− s

ε

)
,

(
Xε C
tC λ

))
∈ D̄2,+u(xε, tε),

�I zI×�
((

pε
2,
t− s

ε

)
,

(
Yε D
tD σ

))
∈ D̄2,−v(yε, sε),

�I zIÞ�
OFM




−I
α

0 0 0
0 −1

α′ 0 0
0 0 −I

α
0

0 0 0 −1
α′


 ≤




Xε C
tC λ

0

0
−Yε −D
−tD −σ


 ≤ Bα,α′

ε ,
�I zIL�

ü�
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�`EPE

pε
1 = Dxφ(·), pε

2 = Dyφ(·) OFM
Bα,α′

ε

KU D`E PEkCGOPKUEM ~Q UCT^RBFNBGCDKBF KFD`E UEFUE B| aCOMPODKR |BPS B| TOPOSEDEPU
α

OFM
α′ B| W

Ãε =




D2
xφ v1 Dxyφ 0

tv1 φtt + 1
ε

tv2 −1
ε

Dxyφ v2 D2
yφ 0

0 −1
ε

0 1
ε


 ,

�`EPE
v1 = φxt(·)

OFM
v2 = φyt(·)

z AB y |BP
ξ = (ξ′, ξn+1), η = (η′, ηn+1) ∈ Rn+1

y �E`ONE W

Bα,α′
ε (ξ, η).(ξ, η) = sup

(ζ,Γ)∈4n+1×4n+1

{
Ãε(ζ,Γ).(ζ,Γ) − 1

α
(|ξ′ − ζ ′|2 + |Γ′ − η′|2)

− 1
α′ (|ξn+1 − ζn+1|2 + |Γn+1 − ηn+1|2)

}
.

_BPEBNEP y �E ROF UEE
Bα,α′

ε

OU D`E PEkCGOPKUEM ~Q UCTRBFNBGCDKBF B| D`E PEkCGOPKUEM~Q UCTRBFNBGCDKBF B| O aCOMPODKR |BPS y UB
Bα,α′

ε

KU UDKGG O aCOMPODKR |BPS �UEE D`ETPBB| B| c GGKTDKR �U`KK KF lPBFKBC y �S~ EPD ÖLØÙ�� z caCODKBFU �I zI×� OFM �I zIÞ� KSTGQKF TOPDKRCGOP W
(
φt(xε, yε, tε) +

tε − sε

ε
, pε

1, Xε

)
∈ P̄+u(xε, tε),

(
tε − sε

ε
, pε

2, Yε

)
∈ P̄−v(yε, sε),

�E FBDE
ρε = φt(xε, yε, tε) + tε−sε

ε

OFM
γε = tε−sε

ε

z �E PES OP[ D`OD
φt(xε, yε, tε) =

ρε − γε

z fTTGQKFk D`E NERDBP
(ξ′, 0, η′, 0)

DB D`E S ODPKd KFEaCOGKDQ �I zIL� y Q KEGMU W
−1

α

(
I 0
0 I

)
(ξ′, η′).(ξ′, η′) ≤

(
Xε 0
0 −Yε

)
(ξ′, η′).(ξ′, η′)

≤Bα,α′
ε (ξ′, 0, η′, 0).(ξ′, 0, η′, 0).

�I zIï�
�E U`B� D`OD D`E PKk`D `OFM kB DB

Aα(ξ′, η′).(ξ′, η′)
OU
α′ → 0

y �`EPE
Aα

KU D`EPEkCGOPKUEM ~Q UCT^RBFNBGCDKBF B|
A = D2φ

z �FMEEM y
Bα,α′

ε = (Bα
ε )α′ z AB

Bα,α′
ε (ξ′, 0, η′, 0).(ξ′, 0, η′, 0) →Bα

ε (ξ′, 0, η′, 0).(ξ′, 0, η′, 0)
�`EF

α′ → 0

OFM
Bα

ε (ξ′, 0, η′, 0).(ξ′, 0, η′, 0)

= sup
(ζ′,Γ′)∈4n×4n

{
Ãε(ζ

′, 0,Γ′, 0).(ζ ′, 0,Γ′, 0) − 1

α

(
|ξ′ − ζ ′|2 + |η′ − Γ′|2

)}

= sup
(ζ′,Γ′)∈4n×4n

{
A(ζ ′,Γ′).(ζ ′,Γ′) − 1

α

(
|ξ′ − ζ ′|2 + |η′ − Γ′|2

)}

=Aα(ξ′, η′).(ξ′, η′),

ü�
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�`OD kKNEU

−1

α

(
I 0
0 I

)
≤
(
Xε 0
0 −Yε

)
≤ Aα = (I − αA)−1A.

�E D`EF `ONE y |BP O UC~UEaCEFRE y
pε

1 → p1

y
pε

2 → p2

OFM
(Xε, Yε) → (X,Y )

�~ E^ROCUE
pε

1, pε
2, Xε

OFM
Yε

OPE ~BCFMEM� z �E R`BBUE
ε

US OGG EFBCk` UCR` D`OD
|(x̄, t̄) − (xε, tε)| ≤ r

�`EPE
r

KU ME}FEM KF D`E OUUCSTDKBF
(C)

z {`EF
(ρε, p

ε
1, Xε) ∈

P̄2,+u(xε, tε)
z _BPEBNEP y

u(xε, tε)
y
pε

1

OFM
Xε

OPE ~BCFMEM �~ EROCUE
u

KU GB ROGGQ ~BCF^MEM OFM ~Q D`E GOUD S ODPKd KFEaCOGKDQ |BP
Xε

� y UB y ~Q D`E RBSTORDFEUU OUUCSTDKBF
(C)

y
ρε

KU ~ BCFMEM |PBS O~BNE z AKS KGOPGQy ~Q CUKFk D`E |ORD D`OD
(−γε,−pε

2,−Yε) ∈
P̄+(−v)(yε, sε)

y
γε

KU ~ BCFMEM |PBS ~EGB� z AB y
ρε = φt + γε

OFM
γε

OPE ~BCFMEM z AB y|BP O UC~UEaCEFRE y �E `ONE W
ρε → ρ

OFM
γε → γ

z XOUUKFk DB D`E GKS KD y Q KEGMU W
τ = ρ− γ,

(ρ, p1, X) ∈ P̄+u(x̄, t̄),

(γ, p2, Y ) ∈ P̄−v(ȳ, t̄),

−1

α

(
I 0
0 I

)
≤
(
X 0
0 −Y

)
≤ Aα = (I − αA)−1A,

�`OD OR`KENEU D`E TPBB| z
�

���õòá ôöóúö�öõ��{`E OCD`BP �BCGM GK[E DB D`OF[ h z ZOPGEU y Xz jOPMOGKOkCED y Z z lEN KFRPE y j z �S~EPDOFM e z iEQ |BP |PCKD|CG MKURCUUKBFU KF D`E TPETOPODKBF B| D`KU OPDKRGE z {`E OCD`BP OGUB�BCGM GK[E DB D`OF[ e z f GNOPEg |BP KFDPBMCRKFk `KS DB D`E D`EBPQ B| N KURBUKDQ UBGCDKBFUOFM |BP S OFQ EFGKk`DKFk MKURCUUKBFU OFM \ z _BFFEOC |BP UDKSCGODKFk OFM EFPKR`KFkMKURCUUKBFU z {`KU �BP[ �OU UCTTBPDEM ~Q D`E RBFDPORD ]j äHI× ROGGEM �fj� J ECFEUR`EPR`ECUEU ED J ECFEU R`EPR`ECPU� B| D`E �PEFR` _ KFKUDPQ B| \EUEOPR` �IHHØ^IHH×� z

ü�
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jE R`OTKDPE EUD CF DPONOKG EF RBGGO~BPODKBF ONER f z _BFDEKGGED Ö� äÙ z�BCU SBFDPBFU G wEd KUDEFRE ME S BCNESEFDU S KFKS KUOFDU TBCP GO GBK M wVNBGCDKBF MEGO MQFOS KaCE MEU MKUGB RODKBFU ONER CF DEPS E ME RBCP~CPE SBQEFFE z eF SBFDPEaC wCF SBCNESEFD S KFKS KUOFD EUD CFE UBGCDKBF |OK~ GE ME REDDE GBK M wVNBGCDKBF y MOFUCF UEFU PEGKV x GO UBGCDKBF ME N KURBUKDV ME G wVaCODKBF GENEG^UED RBPPEUTBFMOFDE z eFTPBCNE VkOGES EFD GO RBFUKUDOFRE ME G wOTTPBR`E y EF SBFDPOFD aCE DBCD SBCNES EFDS KFKS KUOFD RBêFRKME ONER G wVNBGCDKBF PVkCGKmPE DOFD aCE REDDE MEPFKmPE Ed KUDE z cFPEGODKBF ONER REGO y BF SBFDPE }FOGES EFD G wEd KUDEFRE EF DESTU RBCPD M wCFE VNBGCDKBFPVkCGKmPE y x RBFMKDKBF aCE GO |BPS E KFKDKOGE UBKD UC5 UOS EFD PVkCGKmPE z
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� z �BPROMEG y f z _BFDEKGGED
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ð ö÷ áò�ó� �õó �����ö� � �PBFD TPBTOkODKBF y FBF^GB ROG EaCODKBFU yS KFKS KgKFk SBNES EFDU y UEDU B| }FKDE T EPKS EDEP y RCPPEFDU y N KURBUKDQUBGCDKBFU y M KUGB RODKBF MQFOS KRU z
! �
��������


�F D`KU TOTEP y �E KFNEUDKkODE D`E Ed KUDEFRE B| S KFKS KgKFk SBNESEFDU �UEE f GS^kPES y {OQGBP y �OFk ÖØÙ OFM fS~PBUKB ÖäIÙ� |BP O FBF^GB ROG kEBSEDPKR GO� kBNEPFKFkD`E SBNES EFD B| O |OS KGQ {K(t)}0≤t≤T

B| RBSTORD UC~UEDU B|
RN

W
Vx,t = Hx,t + c0(·, t) ? 1K(t)(x) + c1(x, t),

�Ø zä�
�`EPE

Vx,t

MEFBDEU D`E FBPS OG NEGB RKDQ OD DKS E
t
B| O TBKFD

x
B|
∂K(t)

y
Hx,t

D`E S EOFRCPNODCPE B|
∂K(t)

OD
x

�� KD` FEkODKNE UKkF |BP RBFNEd UEDU� y
?

KU D`E RBFNBGCDKBF KFUTORE y
1K(t)

KU D`E KFMKRODBP |CFRDKBF B| D`E UED
K(t)

OFM
c0, c1 : RN × [0, T ] → R

OPEkKNEF |CFRDKBFU z{`E FBF^GB ROG MET EFMEFRE
c0(·, t) ? 1K(t)

KF D`E EdTPEUUKBF B|
Vx,t

KU DQTKROG B|S BMEGU |BP MKUGB RODKBF MQFOS KRU �UEE f GNOPEg y YBR` y iE ZBCOP OFM _BFFEOC ÖäHÙ� z_BPEBNEP �E D`KF[ B| D`E DEPS
c1

OU O TPEURPK~ EM MPKN KFk |BPRE z caCODKBF �Ø zä� � KD`BFGQ D`EUE D�B DEPS U �OFM � KD`BCD O S EOF RCPNODCPE DEPS � KU RCPPEFDGQ OGUB O REFDEPB| KFDEPEUD W KF D`E RBFDEdD B| N KURBUKDQ UBGCDKBFU y KDU GENEG^UED |BPSCGODKBF y FOSEGQ
ut(x, t) = [c0(·, t) ? 1{u(·,t)≥0}(x) + c1(x, t)]|Du(x, t)|,

�Ø zI�
`OU ~ EEF KFKDKOGGQ KFNEUDKkODEM ~Q f GNOPEg y YBR` y iE ZBCOP OFM _BFFEOC ÖäHÙ y �`BTPBNEM U`BPD DKS E Ed KUDEFRE OFM CFKaCEFEUU B| O N KURBUKDQ UBGCDKBF B| �Ø zI� y OFM
ü�
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D`EF ~Q f GNOPEg y jOPMOGKOkCED OFM _BFFEOC ÖÞÙ y OFM ~Q ZOPGEU OFM iEQ ÖI×Ù y �`BTPBNEM y ~Q MKbEPEFD S ED`BMU y GBFk DKS E Ed KUDEFRE OFM CFKaCEFEUU CFMEP UCKDO~GES BFBDBFKRKDQ OUUCSTDKBFU z �F �Ø zI� OFM D`PBCk`BCD D`E TOTEP y

ut

MEFBDEU D`E DKS EMEPKNODKNE B|
u
y
Du

MEFBDEU D`E UTORE kPOMKEFD B|
u
y OFM |·| KU D`E UDOFMOPM cCRGKMEOFFBPS z {`E S EOF RCPNODCPE DEPS KF �Ø zä� RBPPEUTBFMU DB OF OMMKDKBFOG GKFE DEFUKBFDEPS KF D`E EGOUDKR EFEPkQ B| D`E MKUGB RODKBF �`KR` ~EDDEP OTTPBd KS ODEU �`OD `OTTEFUFEOP D`E MKUGB RODKBF �UEE D`E KFDPBMCRDKBF B| ÖïLÙ |BP O MKURCUUKBF BF D`E S BMEG� z {`EGENEG^UED |BPSCGODKBF B| D`E kEBS EDPKR GO� �Ø zä� y

ut(x, t) =

[MKN ( Du(x, t)

|Du(x, t)|

)
+ c0(·, t) ? 1{u(·,t)≥0}(x) + c1(x, t)

]
|Du(x, t)|, �Ø zØ�

`OU ~ EEF UDCMKEM ~Q D`E }PUD OCD`BP KF ÖïLÙ z YE TPBNEM U`BPD DKS E Ed KUDEFRE OFMCFKaCEFEUU B| O NKURBUKDQ UBGCDKBF DB �Ø zØ� z
�F ~BD` ROUEU y D`E UBCPRE B| S OJ BP MK5 RCGDKEU KU D`E FBF^GB ROG MET EFMEFRE B| D`ENEGB RKDQy

c0(·, t)?1K(t)

y �`KR` TPENEFDU RBSTOPKUBF TPKFRKTGE DB `BGM z �FMEEM y
c0

KU FBDFEREUUOPKGQ FBF^FEkODKNE y O UKDCODKBF D`OD ROF FBD ~ E ONBKMEM y OU U`B�F ~Q T`QUKROGS BMEGU z {`E TPB~GES B| Ed KUDEFRE OFM CFKaCEFEUU B| O NKURBUKDQ UBGCDKBF DB D`E GENEG^UED EaCODKBFU �Ø zI� OFM �Ø zØ� |BP kEFEPOG [EPFEGU
c0

KU D`EPE|BPE UDKGG BT EF z {`E GBFkDKS E Ed KUDEFRE OFM CFKaCEFEUU PEUCGDU S EFDKBFEM O~BNE �EPE B~DOKFEM CFMEP D`EOUUCSTDKBF D`OD
c0(·, t) ? 1E + c1(x, t) ≥ 0

|BP OFQ UED
E

y �`KR` kCOPOFDEEU D`OD D`EMKUGB RODKBF KU EdTOFMKFk y OFM O PEkCGOPKDQ OUUCSTDKBF BF D`E KFKDKOG U`OTE
K(0)

z {`EU`BPD DKS E Ed KUDEFRE OFM CFKaCEFEUU |BP �Ø zØ� �OU B~DOKFEM KF D`E ROUE �`EPE D`EKF KDKOG U`OTE KU O kPOT` BP O iKTUR`KDg RCPNE y � KD`BCD OUUCSTDKBF BF D`E UKkF B| D`EFBF^GB ROG DEPS z �D KU �BPD` SEFDKBFKFk `B�ENEP D`OD D`KU EaCODKBF ~EFE}DU |PBS D`EPEkCGOPKUKFk EbERD B| D`E S EOF RCPNODCPE DEPS z
{B BNEPRBSE D`KU MK5 RCGDQy ZOPGEU y jOPMOGKOkCED y iEQ OFM _BFFEOC ME}FEM KFÖI äÙ O FBDKBF B| �EO[ UBGCDKBF |BP �Ø zI� y OFM TPBNEM Ed KUDEFRE B| UCR` �EO[ UBGCDKBFUCFMEP kEFEPOG OUUCSTDKBFU BF

c0
OFM

c1
z f UKS KGOP RBFRETD B| UBGCDKBF OGPEOMQ OTTEOPUKF ÖäLäÙ |BP � KDg`Ck`^�OkCSB UQUDES U z �F D`KU �BP[ y �E � KU` DB TPBNKME UCR` �EO[UBGCDKBFU |BP �Ø zä� z �E � KGG �BP[ � KD` UED^NOGCEM S OTTKFkU

E : [0, T ] → P(RN)
� KD`~BCFMEM KS OkEU �`KR` OPE RBFDKFCBCU KF D`E

L1
DBTBGBkQy D`OD KU DB UOQy

t 7→ ð
E(t)~EGBFkU DB

C0([0, T ], L1(RN))
z �E OUUCSE D`OD

c0
OFM

c1
UODKU|Q UBS E PEkCGOPKDQOUUCSTDKBFU �DB ~ E TPERKUEM GODEP� y �`KR` kCOPOFDEE D`OD

(x, t) 7→ c0(·, t) ? 1E(t)(x)+
c1(x, t)

KU USBBD` EFBCk` |BP UCR` O S OTTKFk
E

z iED CU FB� EdTGOKF �`OD �E ROGG O�EO[ UBGCDKBF B| �Ø zä� W
þ öFõ���òõ ð ð  �¸Ä

E : [0, T ] → P(RN)
á¸ ½ Å ¸Ä¾·½¿Ã ¸Ê Ç ½ÆÆ À¶º ÅÃ »Ì ÄÌ½Ä

t 7→ ñE(t)á¸¿µ¶ºÅ Äµ
C0([0, T ], L1(RN))

È �¸Ä
u

á¸ ÄÌ ¸ Ã¶ÀÂÃ ¸ Ã¶À¼ µ¹Ç ¿Ë »µ¶ÄÀ¶Ã µÃÅ ·ÀÅ »µÅÀÄË
ü�
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ut(x, t) =
[ÊÀ·( Du(x,t)

|Du(x,t)|

)
+ c0(·, t) ? 1E(t)(x) + c1(x, t)

]
|Du(x, t)|¼ µ¹

(x, t) ∈ RN × (0, T )
u(x, 0) = u0(x)

¼ µ¹
x ∈ RN ,

�Ø zß�

ÓÌ ¸¹¸
u0

ÀÅ ½ Ã¶À¼ µ¹Ç ¿Ë »µ¶ÄÀ¶ÃµÃÅ ¼ Ã¶ »ÄÀµ¶ ÅÃ »Ì ÄÌ½Ä
E0 = {u0 ≥ 0}D ◦

E0= {u0 > 0} È
À¸ Å½Ë ÄÌ½Ä

E
ÀÅ ½ Ó ¸½Á Åµ¿ÃÄÀµ¶ µ¼ �Ø zä� À¼ Ó ¸ Ì½·¸D ¼ µ¹ ½¿ ¿

t ∈ [0, T ]
D ½¶Ê ½¿Ç µÅÄ¸·¸¹ËÓÌ ¸¹¸ À¶

RN
D

{u(·, t) > 0} ⊂ E(t) ⊂ {u(·, t) ≥ 0}.
{`E kBOG B| D`KU TOTEP KU DB RBFUDPCRD O �EO[ UBGCDKBF DB D`E kEBSEDPKR GO� �Ø zä� z{B MB D`KU y �E � KU` DB OMOTD D`E OTTPBOR` B| f GS kPES y {OQGBP OFM �OFk ÖØÙ �OGUBMKURBNEPEM KFMET EFMEFDGQ ~Q iCR[`OCU OFM ADCPgEF`ER[EP ÖäØ�Ù�^ KFKDKOGGQ TPBTB^UEM |BP D`E S EOF RCPNODCPE SBDKBF ^ DB D`E kEBSEDPKR GO� �Ø zä� � KD` KDU OMMKDKBFOGFBF^GB ROG DEPS OFM MPKN KFk |BPRE z {`E [EQ TBKFD KF D`KU OTTPBOR` KU D`OD D`E S EOFRCPNODCPE DEPS KU D`E MBS KFODKFk DEPS OFM D`E FBF^GB ROG DEPS KU J CUD O T EPDCP~ODKBFOFM UB �E ROF OMOTD D`E TPBB| B| f GSkPES y {OQGBP y �OFk ÖØÙ z {`E KMEO B| S KFK^S KgKFk SBNESEFDU KU y |BP O kKNEF KFKDKOG UED

E0

y DB UEGERD O UEaCEFRE B| UEDU
Eh(k)OUUBRKODEM � KD` DKS E^UDETU B| UKgE

h
~Q S KFKS KgKFk O UCKDO~GE |CFRDKBFOG y UB D`OD D`ERBPPEUTBFMKFk cCGEP EaCODKBF KU O MKURPEDKgODKBF B| BCP ENBGCDKBF GO� z f RBSTORDFEUUPEUCGD |BP UEDU B| }FKDE T EPKS EDEP kCOPOFDEEU D`E Ed KUDEFRE B| O UC~UEaCEFRE

(hn)
OFMB| O UED^NOGCEM SOTTKFk

E : [0, T ] 7→ P(RN)
UCR` D`OD

Ehn([t/hn])
RBFNEPkEU DB

E(t)KF
L1(RN)

|BP OGG
t
z ACR` O

E
KU ROGGEM O S KFKS KgKFk SBNESEFD OUUBRKODEM DB D`EkEBSEDPKR GO� z _BPEBNEP y �E TPBNE ½ Æ ¹Àµ¹À EUDKS ODEU |BP D`E MKURPEDE ENBGCDKBF

Eh

y�`KR` KSTGQ D`E Yò GMEP RBFDKFCKDQ B| D`E GKS KD
E

KF D`E OTTPBTPKODE S EDPKR z {`KUkCOPOFDEEU D`OD D`E UEDU
E(t)

ROFFBD NOPQ KF O � KGM GQ MKURBFDKFCBCU �OQz
iED CU FB� EdTGOKF D`E KFDEPEUD B| D`KU OTTPBOR` KF D`E T EPUT ERDKNE B| TPBNKFk Ed KU^DEFRE B| �EO[ UBGCDKBFU z �BP OFQ UEaCEFRE

(hn)
kBKFk DB H OFM UCR` D`OD

Ehn([·/hn])RBFNEPkEU DB O S KFKS KgKFk SBNES EFD
E

y �E OPE O~GE y D`OF[U DB D`E cCGEP EaCODKBFRBPPEUTBFMKFk DB BCP S KFKS KgODKBF TPBREMCPE y DB RBSTCDE D`E NEGB RKDQ �KF D`E NKU^RBUKDQ UEFUE� B| D`E CTTEP OFM GB�EP GKS KD B| D`E
Ehn(k)

wU OU
n → ∞ y

E∗ OFM
E∗

yKF |CFRDKBF B|
E

z {`KU EFO~GEU CU DB RBSTOPE
E∗

OFM
E∗ � KD` D`E H GENEG UED B| D`EN KURBUKDQ UBGCDKBF

u
OTTEOPKFk KF lE}FKDKBF äzäz AKFRE

E∗ ⊂ E ⊂ E∗ y �E � KGG MEMCRED`OD
E

KU O �EO[ UBGCDKBF B| �Ø zä� z �F ROUE FB |ODDEFKFk BRRCPU |BP
u
y �E PES OP[ D`OD

u
KU O NKURBUKDQ UBGCDKBF B| �Ø zØ� z
�E |CPD`EP U`B� D`OD K|

∂E0

KU O USBBD` `QTEPUCP|ORE y D`EF D`EPE KU O US BBD`UBGCDKBF |BP US OGG DKS EU B| D`E ENBGCDKBF GO� �Ø zä� OFM D`OD OFQ S KFKS KgKFk SBNESEFD
��
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E
RBKFRKMEU � KD` D`E USBBD` ENBGCDKBF OU GBFk OU D`E GODDEP Ed KUDU z {`KU CUEU D`EFBDKBFU B| GB�EPæCTTEP GKS KDU S EFDKBFEM O~BNE OFM B| UC~æUCTEP TOKPU B| UBGCDKBFUB| jOPMOGKOkCED OFM XOUaCKkFBF Ö×ØÙ z
{B UDODE BCP PEUCGDU KF SBPE MEDOKGU ~ EGB� y �E }PUD FEEM DB }d O |E� FBDODKBF OFMOUUCSTDKBFU D`OD � KGG ~ E CUEM D`PBCk`BCD D`E TOTEP z
ó ò����òõ�

• �F D`E UEaCEG y
Bk

r (x)
�PEUT z

B
k

r(x)
� MEFBDEU D`E BTEF �PEUT z RGBUEM � ~OGG B| POMKCU

r
REFDPEM OD

x ∈ Rk
y OFM Lk

KU D`E iE~EUkCE S EOUCPE BF
Rk

y
k ∈ N

z �|
k

KU FBDUT ERK}EM y �E S EOF D`OD
k = N

z �E UED
ωk = Lk(Bk

1 (0))
z {`E YOCUMBPb SEOUCPE B|MKS EFUKBF

k
BF

RN
KU MEFBDEM ~Q Hk

z
• {`E FBDODKBF

SymN

PETPEUEFDU D`E UED B| PEOG UaCOPE UQSSEDPKR S ODPKREU B| UKgE
N

z
• �E UOQ D`OD O UEaCEFRE

(En)
B| UC~UEDU B|

RN
RBFNEPkEU DB

E
KF
L1(RN)

K|
1En → 1EKF

L1(RN)
OU
n→ +∞ z

• iED P ~E D`E UED B| OGG ~ BCFMEM UC~UEDU B|
RN

`ONKFk }FKDE T EPKS EDEP �UEE ÖïIÙ|BP D`E ME}FKDKBF OFM TPBTEPDKEU B| UEDU B| }FKDE T EPKS EDEP� z �E MEFBDE ~Q
P (E)

D`ET EPKS EDEP B|
E ∈ P y ~Q

P (E,U)
D`E T EPKS EDEP B|

E
KF
U

UC~UED B|
RN

y OFM �EEFMB� P � KD` D`E S EDPKR
δ(E,F ) = ‖1E − 1F‖L1(

4
N ) = LN(E∆F ),

�`EPE
E∆F

KU D`E UQSSEDPKR MKbEPEFRE B|
E

OFM
F

y ÀÈ¸Èy
E∆F = (E∪F )\ (E∩F )

z_BPEBNEP
∂∗E

MEFBDEU D`E PEMCREM ~BCFMOPQ B|
E ∈ P z �E OGUB ME}FE O FBDKBF B|~BCFMOPQ |BP

E ∈ P D`OD KU KFNOPKOFD KF D`E RGOUU B|
E

|BPS EM ~Q D`E UEDU MKbEPKFk|PBS
E

~Q O gEPB^S EOUCPE UED W
∂E = {x ∈ R

N ; 0 < LN(E ∩Br(x)) < LN(Br(x))
|BP OGG

r > 0}.
{`EF

∂E
KU RGBUEM y OFM KF |ORD

∂E = ∂∗E
z

þöFõ���òõ� ò U ���ö� 7�öö 9��:;
• �BP OFQ UC~UED

E
B|

[0, T ] × RN
y �E UED

E(t) = {x ∈ RN ; (t, x) ∈ E} z jBFNEPUEGQO S OTTKFk
t ∈ [0, T ] 7→ E(t) ∈ P(RN)

ROF ~E UEEF OU O UC~UED B|
[0, T ] × RN

~QKMEFDK|Q KFk
E

� KD` KDU kPOT` ∪t∈[0,T ]{t} × E(t)
z

• �E ROGG ÄÃá¸ O ~BCFMEM UC~UED
E

B|
[0, T ] × RN

z�E ROGG ¹¸ºÃ ¿½¹ ÄÃá¸ O DC~E
E

� KD`
C1

~BCFMOPQ EdRETD T BUUK~ GQ OD TBKFDU B|
∂E(0)BP

∂E(T )
UCR` D`OD |BP OFQ PEkCGOP TBKFD

(t, x) ∈ ∂E
y D`E CFKD BCDEP FBPS OG

(νt, νx)DB
E

OD
(t, x)

UODKU}EU
νx 6= 0

z �F D`KU ROUE y D`E ¶ µ¹Ç ½¿ ·¸¿µ»ÀÄË B|
E

OD
(t, x)

KU
−νt/|νx|

z
�ð
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• �KFOGGQ O S OTTKFk
t ∈ [0, T ] 7→ Er(t)

KU UOKM DB ~ E O US BBD` ENBGCDKBF � KD`
C2+α~BCFMOPQ K|

Er

KU O RBSTORD PEkCGOP DC~E UCR` D`OD
Er(t)

`OU
C2+α

~BCFMOPQ |BP OGG
t ∈ [0, T ]

z
� �������òõ� òõ

c0
�õó

c1{`PBCk`BCD D`E TOTEP y
c0

OFM
c1

OPE OUUCS EM DB UODKU|Q D`E |BGGB� KFk PEkCGOPKDQOUUCSTDKBF W
7� ;

c0 ∈ Lip
(
[0, T ], L1(RN)

) y
c1 ∈ Lip

(
[0, T ], L∞(RN)

) z
�F TOPDKRCGOP y �E UED

K0 = Lip(c0)
y OFM

K1 = Lip(c1)
y UB D`OD |BP OGG

t, s ∈ [0, T ]
y

‖c0(·, t) − c0(·, s)‖1 ≤ K0|t− s| OFM ‖c1(·, t) − c1(·, s)‖∞ ≤ K1|t− s|.
�E }FOGGQ UED

L0 = ‖c0‖L∞([0,T ],L1(
4

N )), L1 = ‖c1‖L∞([0,T ],L∞(
4

N ))

OFM
L = L0 + L1.

�Ø z×�
�E � KGG UBS EDKS EU FEEM OMMKDKBFOG PEkCGOPKDQ |BP

c0
OFM

c1
z � `EF D`KU `OTTEFU y�E � KGG UT ERK|Q �`KR` OUUCSTDKBFU OPE S OME KF EOR` B| D`E UDODES EFDU B| D`EBPES U z�F TOPDKRCGOP �E � KGG UBS EDKS EU FEEM DB PEaCKPE D`OD

c0
~E UQSSEDPKR y UB D`OD D`EkPOMKEFD 
B� B| BCP |CFRDKBFOG KU y OD GEOUD |BPS OGGQy O UBGCDKBF B| �Ø zä� W

7�÷��ö��÷ ò U
c0
; �E UOQ D`OD

c0
KU UQSSEDPKR K|

c0(−(·), t) = c0(·, t)
|BP OGG

t ∈ [0, T ]
z

ñ ��õ �ö��ô��
�BP

h > 0
�D`E DKS E UDET � y

k ∈ N
UCR` D`OD

kh ≤ T
y
E

OFM
F

KF P y �E ME}FE y|BGGB� KFk D`E BPKkKFOG KMEO B| f GS kPEF y {OQGBP OFM �OFk ÖØÙ y D`E |CFRDKBFOG

F(h, k, E, F ) = P (E)+
1

h

∫

E∆F

d∂F (x) dx−
∫

E

(
1

2
c0(·, kh) ? 1E(x) + c1(x, kh)

)
dx,�Ø zÞ��`EPE

dC

KU D`E MKUDOFRE |CFRDKBF DB O RGBUEM UED
C

z
iED CU FB� ME}FE O S KFKS KgKFk SBNES EFD W

þ öFõ���òõ ð ý �_ KFKS KgKFk SBNESEFD ÖØÙ�  �¸Ä
T > 0

½¶Ê
E0 ∈ P È À¸ Å½Ë ÄÌ½Ä

E : [0, T ] → P ÀÅ ½ Ç À¶ÀÇ ÀÛ À¶º Ç µ·¸Ç ¸¶Ä ½ÅÅ µ»À½Ä¸Ê Äµ F ÓÀÄÌ À¶ÀÄÀ½¿ »µ¶ÊÀÄÀµ¶
E0À¼ ÄÌ ¸¹¸ ¸Õ ÀÅÄ ½ Å ¸ÂÃ ¸¶ »¸

(hn), hn → 0+
½¶Ê Å ¸ÄÅ

Ehn(k) ∈ P ¼ µ¹ ½¿ ¿
k ∈ N

·¸¹À¼ ËÀ¶º
khn ≤ T

D ÅÃ »Ì ÄÌ½Ä Ô
N È
Ehn(0) = E0

È
�ý



ð  �õ��òó����òõ
O È Üµ¹ ½¶Ë

n, k ∈ N
ÓÀÄÌ

(k + 1)hn ≤ T
D

Ehn(k + 1)
ÇÀ¶ÀÇ ÀÛ ¸Å ÄÌ ¸ ¼ Ã¶ »ÄÀµ¶½¿

E → F(hn, k, E,Ehn(k))
�Ø zL�

½Ç µ¶º ½¿ ¿
E ′s

À¶ P È
P È Üµ¹ ½¶Ë

t ∈ [0, T ]
D
Ehn([t/hn]) → E(t)

À¶
L1(RN)

½Å
n→ +∞ È

{`E }PUD PEUCGD B| D`E TOTEP KU D`E Ed KUDEFRE B| S KFKS KgKFk SBNES EFDU OUUBRKODEMDB BCP |CFRDKBFOG F W
6�öò�ö� ð û �cdKUDEFRE B| S KFKS KgKFk SBNESEFDU�  É ÅÅÃÇ ¸ ÄÌ½Ä

c0
½¶Ê

c1
Å½ÄÀÅ¼ Ëôõö È �¸Ä

E0 ∈ P ÓÀÄÌ LN(∂E0) = 0
È SÌ ¸¶ D ÄÌ ¸¹¸ ¸Õ ÀÅÄÅ ½ Ç À¶ÀÇ ÀÛ À¶º Ç µ·¸Ç ¸¶Ä

E½ÅÅ µ»À½Ä¸Ê Äµ F ÓÀÄÌ À¶ÀÄÀ½¿ »µ¶ÊÀÄÀµ¶
E0

ÅÃ »Ì ÄÌ½Ä ¼ µ¹ ½¿ ¿
t, s

·¸¹À¼ ËÀ¶º t ≤ T
½¶Ê

0 ≤ s ≤ t < s+ 1
D Ó ¸ Ì½·¸

δ(E(t), E(s)) ≤ γ (t− s)
1

N+1 ,
�Ø zï�

ÓÌ ¸¹¸
γ = γ(N, T,E0, K0, K1, L0, L1)

ÀÅ ½ »µ¶ÅÄ½¶ÄÈ
�E D`EF TPBNE D`OD OFQ UCR` S KFKS KgKFk SBNES EFD KU O �EO[ UBGCDKBF B| �Ø zä� W

6�öò�ö� ð � �_ KFKS KgKFk SBNESEFDU OPE �EO[ UBGCDKBFU�  ÉÅÅÃÇ ¸ ÄÌ½Ä
c0

ÀÅ ÅËÇ ¾Ç ¸Ä¹À»D ÄÌ ½Ä
c0

½¶Ê
c1

Å½ÄÀÅ¼ Ë ôõö ½¶Ê ½¹¸ � ÀÆ Å »Ì ÀÄÛ »µ¶ÄÀ¶ÃµÃÅ µ¶
RN × [0, T ]

È �¸Ä
E0 ∈ P ÓÀÄÌ LN(∂E0) = 0

È �¸Ä
E

á¸ ½¶Ë Ç À¶ÀÇ ÀÛ À¶º Ç µ·¸Ç ¸¶Ä ½ÅÅ µ»À½Ä¸Ê Äµ FÓÀÄÌ À¶ÀÄÀ½¿ »µ¶ÊÀÄÀµ¶
E0

È
SÌ ¸¶

E
ÀÅ ½ Ó ¸½Á Åµ¿ÃÄÀµ¶ µ¼ �Ø zä� À¶ ÄÌ ¸ Å ¸¶Å ¸ µ¼ Ò ¸? ¶ÀÄÀµ¶ N ÈN È ]¶ Æ½¹ÄÀ»Ã¿½¹À¼ ¶ µ ¼ ½ÄÄ¸¶À¶º µ»»Ã¹ÅD ÀÈ¸È À¼ {u(·, t) = 0} Ì½Å Û ¸¹µ LN

Ç ¸½ÅÃ¹¸D ÄÌ ¸¶
u

ÀÅ ½ ·ÀÅ »µÅÀÄËÅ µ¿ÃÄÀµ¶ µ¼ �Ø zØ� Ó ÀÄÌ À¶ÀÄÀ½¿ Ê½Ä½
u0

È
eCP D`KPM PEUCGD UDODEU D`OD OFQ S KFKS KgKFk SBNESEFD

E
RBKFRKMEU � KD` D`EUSBBD` ENBGCDKBF

Er

OU GBFk OU D`E GODDEP Ed KUDU W
6�öò�ö� ð � �fkPEES EFD � KD` OFQ USBBD` 
B� �  É ÅÅÃÇ ¸ ÄÌ½Ä

c0
ÀÅ ÅËÇÇ ¸Ä¹À»DÄÌ ½Ä

c0
½¶Ê

c1
Å½ÄÀÅ¼ Ë ôõö ½¶Ê ½¹¸ � ÀÆ Å »Ì ÀÄÛ »µ¶ÄÀ¶ÃµÃÅ µ¶

RN × [0, T ]
È �¸Ä

E0

á¸½ »µÇÆ½»Ä ÊµÇ ½À¶ ÓÀÄÌ Ã¶À¼ µ¹Ç ¿Ë
C3+α

áµÃ¶Ê½¹Ë È ]¼
Er

ÀÅ ½ ÅÇ µµÄÌ ¸·µ¿ÃÄÀµ¶ ÓÀÄÌ
C2+α

áµÃ¶Ê½¹Ë Ê¸? ¶ ¸Ê µ¶
[0, T ]

D ÅÄ½¹ÄÀ¶º ¼ ¹µÇ
E0

ÓÀÄÌ ¶ µ¹Ç ½¿ ·¸¿µ»ÀÄË º À· ¸¶ áË�Ø zää�D ÄÌ ¸¶ ½¶Ë Ç À¶ÀÇ ÀÛ À¶º Ç µ·¸Ç ¸¶Ä
E

½ÅÅ µ»À½Ä¸Ê Äµ F ÓÀÄÌ À¶ÀÄÀ½¿ »µ¶ÊÀÄÀµ¶
E0·¸¹À? ¸Å

E(t) = Er(t)
¼ µ¹ ½¿ ¿

t ∈ [0, T ]
½¶Ê ½¿Ç µÅÄ ¸·¸¹ËÓÌ ¸¹¸ À¶

RN
È

�F PEGODKBF � KD` D`KU y �E }FOGGQ TPBNE U`BPD DKS E Ed KUDEFRE B| O US BBD` UBGCDKBF
Er

DB �Ø zä� y �`EF
E0

KU UC5 RKEFDGQ USBBD` z {`E PEkCGOPKDQ OUUCSTDKBFU BF
c0

OFM
c1

OPE D`E |BGGB� KFk BFEU W
c0 ∈ L∞([0, T ];W 2,∞(RN)) ∩W 1,∞([0, T ], L∞(RN))

�Ø z��
�û
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OFM

c1 ∈ W 2,1;∞(RN × [0, T ]),
�Ø zäH�

�`EPE
f ∈ W 1,∞([0, T ], L∞(RN))

SEOFU D`OD
f

KU iKTUR`KDg RBFDKFCBCU � KD` PEUT ERDDB
t ∈ [0, T ]

y CFK|BPS GQ � KD` PEUT ERD DB
x ∈ RN

y OFM

W n,1;∞(RN × (0, T )) =

{
f ∈ L∞(RN × (0, T )); ft,

∂αf
∂xα ∈ L∞(RN × (0, T ))

for α ∈ NN s.t.
∑N

i=0 αi ≤ n

}
.

6�öò�ö� ð � �cd KUDEFRE B| O USBBD` UBGCDKBF�  É ÅÅÃÇ ¸ ÄÌ ¸ ¹¸ºÃ¿½¹ÀÄË �Ø z�� ¾�Ø zäH� È�¸Ä
E0

á¸ ½ »µÇÆ½»Ä ÊµÇ ½À¶ ÓÀÄÌ Ã¶À¼ µ¹Ç ¿Ë
C3+α

áµÃ¶Ê½¹ËÈ SÌ ¸¶ ÄÌ ¸¹¸ ¸Õ ÀÅÄÅ ½ ÅÇ ½¿ ¿ÄÀÇ ¸
t0 > 0

½¶Ê ½ ÅÇ µµÄÌ ¸·µ¿ÃÄÀµ¶ {Er(t)}0≤t≤t0

ÓÀÄÌ
C2+α

áµÃ¶Ê½¹ËD ÅÄ½¹ÄÀ¶º ¼ ¹µÇ
E0

ÓÀÄÌ ¶ µ¹Ç ½¿ ·¸¿µ»ÀÄË

Vx,t = Hx,t + c0(·, t) ? 1Er(t)(x) + c1(x, t),
�Ø zää�

ÓÌ ¸¹¸
Hx,t

ÀÅ ÄÌ ¸ Ç ¸½¶ »Ã¹·½ÄÃ¹¸ µ¼
∂Er(t)

½Ä
x
È

iED CU FB� EdTGOKF `B� D`KU TOTEP KU BPkOFKUEM z � KPUD y KF AERDKBF I y �E TPBNE D`EEd KUDEFRE B| S KFKS KgKFk SBNESEFDU OFM D`E Yò GMEP EUDKS ODE {`EBPES äzØ z AERDKBFØ KU MENBDEM DB TPBNKFk O PEkCGOPKDQ PEUCGD |BP F ^S KFKS KgEPU D`OD �E CUE KF AERDKBF ßDB TPETOPE D`E TPBB|U B| {`EBPES U äzß OFM äz× y PEUT ERDKNEGQ kKNEF KF AERDKBFU × OFMÞ z � KFOGGQy KF AERDKBF L y �E TPBNE {`EBPES äzÞ z

+ �ã ���	
�	 �% # �
�# �÷ �
u # �"	# 	
��
{`KU UERDKBF KU RBFREPFEM � KD` D`E Ed KUDEFRE B| S KFKS KgKFk SBNESEFDU OUUBRKODEMDB F �{`EBPES äzØ� z iED CU UDOPD � KD` Ed KUDEFRE OFM ~OUKR TPBT EPDKEU B| F ^S KFKS KgEPU z

, -î F øÏ«Ñ«Ï «ì®©¯
{`E }PUD TBKFD DB R`ER[ KU D`E Ed KUDEFRE B| F ^S KFKS KgEPU W

j �ò�ò����òõ ý ð �cd KUDEFRE B| F ^S KFKS KgEPU�  Üµ¹ ½¿ ¿
h > 0

D
k ∈ N

ÓÀÄÌ
kn ≤ T

D½¶Ê
F ∈ P D ÄÌ ¸¹¸ ¸Õ ÀÅÄÅ ½ Ç À¶ÀÇ ÀÛ ¸¹ µ¼

E 7→ F(h, k, E, F )
µ¶ P ÈÝ µ¹¸µ·¸¹D À¼

L
ÀÅ Ê¸? ¶ ¸Ê áË �Ø z×�D ÄÌ ¸¶

F ⊂ BR(0) ⇒ E ⊂ BR+Lh(0)

ÓÌ ¸¶ ¸·¸¹
E

ÀÅ ½ Ç À¶ÀÇ ÀÛ ¸¹ È
��
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G ¹µµ¼ È iED
F ∈ P y

F ⊂ BR(0)
y OFM

B = BR+Lh(0)
z iED

(En)
~E O S KFKS KgKFkUEaCEFRE |BP F(h, k, ·, F )

z �E �OFD DB TPBNE D`OD |BP OGG
n ∈ N

y
F(h, k, En ∩B,F ) ≤ F(h, k, En, F ).

�Ø zäI�
�KPUD y UKFRE

B
KU BT EF OFM RBFNEd y �E [FB� D`OD

P (En ∩B) ≤ P (En).
�Ø zäØ�

iED CU RBSTOPE ∫
En
c0(·, kh) ? 1En(x) dx

OFM ∫
En∩B

c0(·, kh) ? 1En∩B(x) dx
W |BP OGG

x ∈ RN
y

c0(·, kh) ? 1En(x) =

∫

En

c0(x− y, kh) dy

= c0(·, kh) ? 1En∩B(x) +

∫

En\B
c0(x− y, kh) dy.

{`EPE|BPE
∫

En

c0(·, kh) ? 1En(x) dx =

∫

En∩B

c0(·, kh) ? 1En∩B(x) dx

+

∫

En\B
c0(·, kh) ? 1En∩B(x) dx+

∫

En

∫

En\B
c0(x− y, kh) dydx.

AKFRE |c0(·, kh) ? 1A(x)| ≤ L0

|BP OGG S EOUCPO~GE UED
A

y KD |BGGB� U D`OD
∫

En

(
1

2
c0(·, kh) ? 1En(x) + c1(x, kh)

)
dx

≥
∫

En∩B

(
1

2
c0(·, kh) ? 1En∩B(x) + c1(x, kh)

)
dx− LLN(En \B)

�Ø zäß�

D`OF[U DB D`E ME}FKDKBF B|
L

z _BPEBNEP y
F ⊂ B

y UB D`OD
En∆F = (En ∩B)∆F ∪ (En \B),

�`EFRE
1

h

∫

En∆F

d∂F (x) dx =
1

h

∫

(En∩B)∆F

d∂F (x) dx+
1

h

∫

En\B
d∂F (x) dx

≥ 1

h

∫

(En∩B)∆F

d∂F (x) dx+ LLN(En \B),

�Ø zä×�

UKFRE
d∂F (x) ≥ Lh

|BP OGG
x ∈ En \ B ~Q ME}FKDKBF B|

B
z XCDDKFk �Ø zäØ� y �Ø zäß�OFM �Ø zä×� DBkED`EP TPBNEU �Ø zäI� z {`EPE|BPE �E ROF PETGORE
(En)

~Q
(En ∩ B)

OU O
��
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S KFKS KgKFk UEaCEFRE y OFM KF TOPDKRCGOP �E ROF OUUCSE D`OD

En ⊂ B
|BP OGG

n
z {`EF

F(h, k, En, F ) ≥ −
∫

En

(
1

2
c0(·, kh) ? 1En(x) + c1(x, kh)

)
dx

≥ −
(

1

2
L0 + L1

)
LN(B),

UB D`OD
inf
E∈P

F(h, k, E, F ) > −∞ z ZEUKMEU y |BP
n

GOPkE EFBCk` y

F(h, k, En, F ) ≤ inf
E∈P

F(h, k, E, F ) + 1.

{`KU KS TGKEU D`OD

P (En) ≤ inf
E∈P

F(h, k, E, F ) + 1 +

(
1

2
L0 + L1

)
LN(B),

OFM kKNEU O CFK|BPS ~BCFM BF D`E T EPKS EDEP B| D`E
En

wU z AKFRE D`EQ OPE OGUB CFK|BPS GQ~BCFMEM y KD |BGGB� U |PBS D`E RBSTORDFEUU D`EBPES |BP UEDU B| }FKDE T EPKS EDEP ÖïI yUERDKBF × zI zØÙ D`OD �E ROF EdDPORD O RBFNEPkKFk UC~UEaCEFRE
(Enk

)
B|

(En)
KF D`E UEFUED`OD D`EPE Ed KUDU

E∞ ∈ P y
E∞ ⊂ B

y UCR` D`OD
Enk

→ E∞
KF
L1(RN)

z {`EPE|BPE
F(h, k, E∞, F ) ≤ lim inf

k→∞
F(h, k, Enk

, F ) = inf
E∈P

F(h, k, E, F ),
�Ø zäÞ�

~ EROCUE OGG DEPS U KF D`E EdTPEUUKBF B| F OPE OD GEOUD GB�EP UES K^RBFDKFCBCU KF D`E
E

NOPKO~GE |BP D`E
L1

DBTBGBkQz {`CU
E∞

KU O S KFKS KgEP B|
E 7→ F(h, k, E, F )

BF
P z �KFOGGQy K|

E
KU OFQ BD`EP S KFKS KgEP y D`EF D`E TPENKBCU RBSTOPKUBFU U`B� D`OD

P (E ∩B) = P (E)
y �`EFRE

E ⊂ B
OGSBUD ENEPQ�`EPE �UEE D`E RBSTOPKUBF D`EBPESÖäI y T z I äÞÙ� z

� ö���� ý ý  SÌÀÅ ¿¸ÇÇ ½ ÅÌ µÓÅ ÄÌ½Ä ÄÌ ¸
Eh(k)

EÅ ½¹¸ Ã¶À¼ µ¹Ç ¿Ë áµÃ¶Ê¸Ê ¼ µ¹ ½¿ ¿
h½¶Ê

k
D À¼

E0 ∈ P Ô Ç µ¹¸ Æ ¹¸»ÀÅ ¸¿ËD À¼
E0 ⊂ BR(0)

D ÄÌ ¸¶ ÅÀ¶ »¸
kh ≤ T

D Ó ¸ Ì½·¸
Eh(k) ⊂ BR+LT (0)

À¶Ê¸Æ ¸¶Ê¸¶Ä¿Ë µ¼
h
D
k
È SÌ ¸¹ ¼̧ µ¹¸ Ó ¸ »½¶ »Ì µµÅ ¸

Ω = BR+LT+1(0)Å µ ÄÌ½Ä
Eh(k) b Ω

¼ µ¹ ½¿ ¿
k
D
h
È À¸ Ó À¿ ¿ ½¿Ó ½ËÅ Êµ Åµ À¶ ÄÌ ¸ Å ¸ÂÃ ¸¿D ½¶Ê Å ¸Ä

D =
R + LT + 1

È
\ESOP[ I zI kKNEU O CFK|BPS ~BCFM

Ω
|BP

Eh(k)
y KFMET EFMEFDGQ B|

h, k
y TPBNKMEMD`OD

E0

KU ~ BCFMEM z �F BPMEP DB `ONE RBSTORDFEUU KF P y UB OU DB RBFUDPCRD BCPS KFKS KgKFk SBNES EFD y �E OGUB �OFD O CFK|BPS ~BCFM BF D`E T EPKS EDEP B|
Eh(k)

z
j �ò�ò����òõ ý û ��FK|BPS ~BCFM BF D`E T EPKS EDEP�  �¸Ä

E0 ∈ P ÓÀÄÌ
E0 ⊂ BR(0)

ÈSÌ ¸¶ D ÄÌ ¸¹¸ ¸Õ ÀÅÄÅ ½ »µ¶ÅÄ½¶Ä
c = c(E0,Ω, T,K0, K1, L0, L1) > 0

À¶Ê¸Æ ¸¶Ê¸¶Ä µ¼
h½¶Ê

k
ÅÃ »Ì ÄÌ½Ä À¼

Eh

ÀÅ Ê¸? ¶ ¸Ê áË ÄÌ ¸ Æ ¹µ»¸ÊÃ¹¸ �Ø zL�D Ó ¸ Ì½·¸
P (Eh(k)) ≤ c ∀h, k ÅÃ »Ì ÄÌ½Ä

kh ≤ T.

��
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G ¹µµ¼ È ZQ ME}FKDKBF B|
Eh

y �E `ONE |BP OGG
j

UCR` D`OD
jh ≤ T

y
F(h, j, Eh(j), Eh(j − 1)) ≤ F(h, j, Eh(j − 1), Eh(j − 1)),

OFM KF TOPDKRCGOP y

P (Eh(j)) −
∫

Eh(j)

(
1

2
c0(·, jh) ? 1Eh(j)(x) + c1(x, jh)

)
dx

≤ P (Eh(j − 1)) −
∫

Eh(j−1)

(
1

2
c0(·, jh) ? 1Eh(j−1)(x) + c1(x, jh)

)
dx

fMMKFk D`EUE KFEaCOGKDKEU |BP
j = 1, . . . , k

� KD`
kh ≤ T

y �E }FM y � KD` D`E FBDODKBF

Jh(i, j) =

∫

Eh(i)

(
1

2
c0(·, jh) ? 1Eh(i)(x) + c1(x, jh)

)
dx,

�Ø zäL�

P (Eh(k)) − P (E0) ≤
k∑

j=1

Jh(j, j) − Jh(j − 1, j)

=
k∑

j=1

∫

Ω

c1(·, jh)1Eh(j) − c1(·, jh)1Eh(j−1)

+
1

2

k∑

j=1

∫

Ω

(c0(·, jh) ? 1Eh(j))1Eh(j) − (c0(·, jh) ? 1Eh(j−1))1Eh(j−1).

�Ø zäï�

lBKFk OF f~EG DPOFU|BPS ODKBF BF D`E }PUD UCS B| D`E GOUD S ES~EP B| �Ø zäï� Q KEGMU
k∑

j=1

∫

Ω

c1(·, jh)1Eh(j) − c1(·, jh)1Eh(j−1)

=

∫

Ω

c1(·, kh)1Eh(k) −
∫

Ω

c1(·, h)1E0 +
k−1∑

j=1

∫

Ω

[c1(·, jh) − c1(·, (j + 1)h)]1Eh(j)

≤ 2L1 LN(Ω) + (k − 1)K1 hLN(Ω)

≤ (2L1 +K1 T )LN(Ω).

{`E UOS E S OFKTCGODKBF � KD` D`E UERBFM UCS kKNEU
k∑

j=1

∫

Ω

(c0(·, jh) ? 1Eh(j))1Eh(j) − (c0(·, jh) ? 1Eh(j−1))1Eh(j−1)

≤(2L0 +K0 T )LN(Ω).

�ü
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{`KU TPBNEU D`OD |BP OGG

k
UCR` D`OD

kh ≤ T
y

k∑

j=1

Jh(j, j) − Jh(j − 1, j) ≤ (2L1 + L0 +
1

2
K0 T +K1 T )LN(Ω)

�Ø zä��

OFM kKNEU D`E PEUCGD y � KD`
c = P (E0) + (2L1 + L0 + 1

2
K0 T +K1 T )LN(Ω)

z
, -, ë «Ñ «Ï «ì «Ñã ÏÍ�®Ï®Ñª¯

�E OPE FB� PEOMQ DB OMMPEUU D`E TPB~GES B| D`E Ed KUDEFRE B| S KFKS KgKFk SBNE^S EFDU z XPBB|U KF D`KU UERDKBF RGBUEGQ |BGGB� D`E KMEOU B| f GSkPEF y {OQGBP OFM �OFkÖØÙ y OFM OPE OMOTDODKBFU B| fS~PBUKB wU UKSTGK}EM TPEUEFDODKBF B| D`EUE KMEOU �UEEÖäIÙ� z
{`E S OKF PEUCGD KF D`E T EPUT ERDKNE B| D`E TPBB| B| Ed KUDEFRE B| S KFKS KgKFk SB^NES EFDU KU D`E |BGGB� KFk D`EBPES BF D`E ~ E`ON KBCP B| D`E UBGCDKBFU B| TPBREMCPE�Ø zL� W

6�öò�ö� ý � �l KURPEDE Yò GMEP EUDKS ODE�  �¸Ä
E0 ∈ P ÓÀÄÌ

E0 ⊂ BR(0)
È SÌ ¸¹¸¸Õ ÀÅÄÅ ½ »µ¶ÅÄ½¶Ä

γ = γ(N,D) > 0 >ÓÌ ¸¹¸
D

ÀÅ Ê¸? ¶ ¸Ê À¶ ¹¸Ç ½¹Á O ÈOC ½¶Ê
h0 > 0ÅÃ »Ì ÄÌ½Ä ¼ µ¹ ½¿ ¿

h ∈ (0, h0)
D ¼ µ¹ ½¿ ¿

m, l ∈ N
·¸¹À¼ ËÀ¶º mh ≤ T

½¶Ê
0 < l < m < l+ 1

h

DÓ ¸ Ì½·¸ Ô
δ(Eh(m), Eh(l)) ≤ γ c [h(m− l)]

1
N+1 ,

�Ø zIH�
ÓÌ ¸¹¸

c
ÀÅ ÄÌ ¸ Ã¶À¼ µ¹Ç áµÃ¶Ê µ¶

P (Eh(k))
º À· ¸¶ áË G ¹µÆ µÅÀÄÀµ¶ O ÈP È

{`EBPES äzØ KU O RBPBGGOPQ B| D`KU PEUCGD y OFM D`E TPBB| B| D`KU |ORD ROF ~E |BCFMKF ÖäI y TT z IØ ä^IØIÙ z YB�ENEP D`E OPkCSEFDU B| ÖØ y {`EBPES ß zßÙ BP ÖäI y {`EBPESØ zØÙ |BP D`E TPBB| B| {`EBPES I zß FEEM O |E� OMOTDODKBFU MCE DB D`E TOPDKRCGOP |BPSB| F z {`KU KU �`OD D`E PEUD B| D`KU UERDKBF KU MENBDEM DB z �E ~EkKF ~Q kKN KFk UBS ETPEGKS KFOPQ PEUCGDU �`KR` � KGG ~ E FEREUUOPQ KF D`E TPBB| B| {`EBPES I zß z
Tòáö� óöõ���÷ �ò�õó Uò� F �� �õ�� �ùö��

6�öò�ö� ý � �lEFUKDQ ~BCFM |BP F ^S KFKS KgEPU�  SÌ ¸¹¸ ¸Õ ÀÅÄ ÄÓ µ »µ¶ÅÄ½¶ÄÅ
α

½¶Ê
β>Ê¸Æ ¸¶ÊÀ¶º µ¶¿Ë µ¶

N
C ½¶Ê

h0 > 0
ÅÃ »Ì ÄÌ½Ä À¼

E ∈ P ÀÅ ½ Ç À¶ÀÇ ÀÛ ¸¹ µ¼ F(h, k, ·, F )ÓÀÄÌ
F ∈ P D E ∪ F ⊂ BD−1(0)

D ½¶Ê
h ∈ (0, h0)

D ÄÌ ¸¶

∀x ∈ ∂E, ∀ρ ∈ (0,
αh

D
), P (E,Bρ(x)) ≥ βρN−1.

�Ø zI ä�

G ¹µµ¼ È {`E TPBB| PEGKEU BF D`E |BGGB� KFk GESSO PEGODKFk D`E T EPKS EDEP B|
E ∈ P OFMD`E T EPKS EDEP B|

E
PETGOREM ~Q O RBFE KF O US OGG ~OGG W

��



ý  	ÿ ���öõ�ö ò U ��õ�� �ù �õú �ò�ö�öõ��
Tö��� ý � �ÖäIÙ y iESSO Ø z×�  �¸Ä

E ∈ P D x ∈ RN
½¶Ê

f(ρ) = P (E,Bρ(x))
È < ¸Ä

Eρ = (E ∩ (RN \Bρ(x))) ∪
{
y ∈ Bρ(x); x+ ρ

y − x

|y − x| ∈ E

}
.

SÌ ¸¶ ¼ µ¹ ½¿Ç µÅÄ ½¿ ¿
ρ > 0 >½¿ ¿ ρ ÅÃ »Ì ÄÌ½Ä

f
ÀÅ ÊÀ@ ¸¹¸¶ÄÀ½á¿¸ ½Ä

ρ
C D Ó ¸ Ì½·¸

P (Eρ, Bρ(x)) ≤ ρ
f ′(ρ)

N − 1
.

iED CU FB� TPBNE {`EBPES I z× z � Kd
x ∈ ∂∗E

OFM
ρ > 0

UCR` D`OD
f

KU M KbEPEFDKO~GEOD
ρ
z ZQ ME}FKDKBF B|

E
y �E [FB� D`OD F(h, k, E, F ) ≤ F(h, k, Eρ, F )

y D`OD KU DB UOQ

P (E) ≤P (Eρ) +
1

h

{∫

Eρ∆F

d∂F (x) dx−
∫

E∆F

d∂F (x) dx

}

+

∫

E

(
1

2
c0(·, kh) ? 1E(x) + c1(x, kh)

)
dx

−
∫

Eρ

(
1

2
c0(·, kh) ? 1Eρ(x) + c1(x, kh)

)
dx.

�Ø zII�

ZCD UKFRE
E

RBKFRKMEU � KD`
Eρ

KF
RN \Bρ

y �E `ONE
P (E,RN \Bρ(x)) = P (Eρ,R

N \Bρ(x)).

_BPEBNEP
f

KU RBFDKFCBCU OD
ρ
y �`KR` DBkED`EP � KD` �Ø zII� KSTGKEU D`OD

P (E,Bρ(x)) = P (E,Bρ(x)) ≤ P (Eρ, Bρ(x)) +
2D

h
ωNρ

N + 2LωNρ
N ,

MCE DB D`E |ORD D`OD
d∂F (y) ≤ 2D

|BP OGG
y ∈ Bρ(x)

y TPBNKMEM
ρ < 1

z �B� iESSOI zÞ KSTGKEU D`OD |BP OGSBUD OGG
ρ ∈ (0, 1)

y

f(ρ) ≤ ρ
f ′(ρ)

N − 1
+

(
2D

h
+ 2L

)
ωNρ

N .
�Ø zIØ�

{`EPE|BPE y D`E |CFRDKBF

g : ρ 7→ f(ρ)

ρN−1
+

(
2D

h
+ 2L

)
(N − 1)ωN ρ

KU FBFMERPEOUKFk BF
(0, 1)

z �F TOPDKRCGOP K|
x ∈ ∂∗E

OFM
ρ ∈ (0, 1)

y
g(ρ) ≥ lim inf

ρ→0+
g(ρ) ≥ ωN−1

�Ø zIß�
��



ñò��ö�öõ�� � �õ�� ���õ�� �ò�� ô� ó÷õ�� �ø�ö óö� ó��ôò ����òõ�
~EROCUE B| ÖïI y RBPBGGOPQ ä �KK� TOkE IHØÙ z f U O RBFUEaCEFRE y |BP OGG

ρ ∈ (0, 1)
y

f(ρ) ≥ ωN−1ρ
N−1 −

(
2D

h
+ 2L

)
(N − 1)ωN ρ

N .
�Ø zI×�

iED CU UED
α = ωN−1

8(N−1)ωN

OFM
β = ωN−1

2

z {`EF y TPBNKMEM
h < min{D

L
, D

α
} =: h0

y �E
MEMCRE |PBS �Ø zI×� D`OD |BP OGG

ρ ∈ (0, αh
D

)
y

P (E,Bρ(x)) = f(ρ) ≥ β ρN−1.

AKFRE
∂∗E

KU MEFUE KF
∂E

y D` KU OGUB `BGMU |BP OGG
x ∈ ∂E

z
�ò�òôô��÷ ý ü �ÖäIÙ y jBPBGGOPQ Ø zÞ�  �¸Ä

E ∈ P á¸ ½ Ç À¶ÀÇ ÀÛ ¸¹ µ¼ F(h, k, ·, F )
ÓÀÄÌ

F ∈ P D E ∪ F ⊂ BD−1(0)
D ½¶Ê

h ∈ (0, h0)
È SÌ ¸¶

HN−1(∂E \ ∂∗E) = 0.

þ����õ�ö�Èòô��ö �ò������òõ
�E PEROGG `EPE O kEFEPOG PEUCGD �`KR` SO[EU KD TBUUK~ GE DB RBSTOPE LN(A \ C)

OFM
∫

A
d∂C

CFMEP RBFMKDKBFU B| MEFUKDQ B|
C

UKS KGOP DB �Ø zIä� z ACR` RBSTOPKUBF � KGG ~ EEUUEFDKOG |BP TPBNKFk {`EBPES I zß z
6�öò�ö� ý � �l KUDOFRE^�BGCS E RBSTOPKUBF y ÖäIÙ y T z IØH�  �¸Ä

C
á¸ ½ »µÇÆ½»ÄÅÃáÅ ¸Ä µ¼

RN
ÅÃ »Ì ÄÌ½Ä ÄÌ ¸¹¸ ¸Õ ÀÅÄÅ

β > 0
D
τ > 0

ÓÀÄÌ
HN−1(C ∩Bρ(x)) ≥ βρN−1 ∀x ∈ ∂C, ∀ ρ ∈ (0, τ).

SÌ ¸¶ ÄÌ ¸¹¸ ¸Õ ÀÅÄÅ ½ »µ¶ÅÄ½¶Ä
Γ = Γ(N) > 0

ÅÃ »Ì ÄÌ½Ä ¼ µ¹ ½¿ ¿
R > τ

D ¼ µ¹ ½¿ ¿ V µ¹¸¿ Å ¸Ä
A ⊂ RN

D Ó ¸ Ì½·¸

LN(A \ C) ≤
[
2Γ

(
R

τ

)N−1

HN−1(C)

] 1
2 [∫

A

dC(x) dx

] 1
2

+
1

R

∫

A

dC(x) dx.
�Ø zIÞ�

�E OPE FB� O~GE DB TPBNE {`EBPES I zß z
j �òò U ò U 6�öò�ö� ý �iED CU }d

h ∈ (0, h0)
z ZQ ME}FKDKBF B|

Eh

y �E `ONE |BP OGG
j

UCR` D`OD
jh ≤ T

y
F(h, j, Eh(j), Eh(j − 1)) ≤ F(h, j, Eh(j − 1), Eh(j − 1)),

D`OD KU DB UOQy
∫

Eh(j)∆Eh(j−1)

d∂Eh(j−1)(x) dx

≤ h [P (Eh(j − 1)) − P (Eh(j))] + h [Jh(j, j) − Jh(j − 1, j)],

��



ý  	ÿ ���öõ�ö ò U ��õ�� �ù �õú �ò�ö�öõ��
�`EPE

Jh(i, j)
KU ME}FEM ~Q �Ø zäL� z iED CU UED

Ih(j) = {[P (Eh(j − 1)) − P (Eh(j))] + [Jh(j, j) − Jh(j − 1, j)]} 1
2 .

�E FB� CUE {`EBPES I zï � KD`
C = ∂Eh(j−1)

y
A = Eh(j)∆Eh(j−1)

y
τ = αh

D

y �`KR`KU J CUDK}EM |BP
j ≥ 2

~EROCUE B| D`E MEFUKDQ EUDKS ODE �Ø zI ä� z {`OF[U DB jBPBGGOPQ I zL y�E [FB� D`OD LN(C) = 0
y UB D`OD |BP OGG

R > αh
D

y

LN(Eh(j)∆Eh(j − 1)) ≤
[
2Γ

(
R

τ

)N−1

HN−1(∂Eh(j − 1))

] 1
2 √

h Ih(j) +
1

R
h Ih(j)

2.

�Ø zIL�
\EROGG D`OD XPBTBUKDKBF I zØ kKNEU O CFK|BPS ~BCFM

c
BF D`E T EPKS EDEP B| F ^S KFKS K^gEPU y UB D`OD HN−1(∂Eh(j − 1)) ≤ c

z
iED

m, l ∈ N
NEPK|Q

mh ≤ T
OFM

0 < l < m < l + 1
h

z �E DO[E

R =
αh

D
[h(m− l)]

−1
N+1 >

αh

D
,

OFM OMM CT KFEaCOGKDKEU �Ø zIL� |BP
j = l + 1, . . . ,m

z \EROGG D`OD �Ø zäï� OFM �Ø zä��U`B� D`OD
m∑

j=l+1

Ih(j)
2 ≤P (Eh(l)) +

m∑

j=l+1

Jh(j, j) − Jh(j − 1, j)

≤P (E0) +
m∑

j=1

Jh(j, j) − Jh(j − 1, j) ≤ c,

_BPEBNEP y D`E jOCR`Q^AR`�OPDg KFEaCOGKDQ U`B� U D`OD

m∑

j=l+1

Ih(j) ≤
√
m− l

{
m∑

j=l+1

Ih(j)
2

} 1
2

≤
√
m− l

√
c.

�KFOGGQy �E }FM D`OD

LN(Eh(m)∆Eh(l))

≤
[
2Γ[h(m− l)]−

N−1
N+1 c

] 1
2
√
h(m− l)

√
c+

D

αh
[h(m− l)]

1
N+1 h c

=

(√
2Γ +

D

α

)
c [h(m− l)]

1
N+1 .

�ð
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eFE KFDEPEUD B| D`E NOPKODKBFOG OTTPBOR` CUEM KF ÖØÙ KU D`OD KD EFO~GEU DB CUED`E PEkCGOPKDQ D`EBPQ |BP OPEO^S KFKS KgKFk RCPPEFDU MEURPK~ EM |BP KFUDOFRE KF ÖØ� y ïÞ yäßß y äÞïÙ z {`KU KU D`E KMEO �E |BGGB� KF D`KU UERDKBF z �E CUE D`E FBDODKBFU B| ÖØÙ z�F TOPDKRCGOP y D`E FBDODKBF
M

OFM
S

UDOFM PEUT ERDKNEGQ |BP D`E S OUU OFM UKgE B| OFKFDEkPOG RCPPEFD z
� -î Ê� «¯ª®Ñ¬® Í Ë ª°Ñã®Ñª ¬ÍÑ®¯

�E ~EkKF ~Q PEROGGKFk D`E ME}FKDKBF B| O RCPPEFD W
þ öFõ���òõ û ð �jCPPEFDU�  �¸Ä ÃÅ Ê¸¶µÄ¸ áË Dm

ÄÌ ¸ Å ¸Ä µ¼
C∞ ÊÀ@ ¸¹¸¶ÄÀ½¿

m
¾¼ µ¹ÇÓÀÄÌ »µÇÆ½»Ä ÅÃÆÆ µ¹ÄÈ SÌ ¸¶ D ÄÌ ¸ ÊÃ½¿ ÅÆ½»¸D Dm

D ÀÅ ÄÌ ¸ ÅÆ½»¸ µ¼
m

¾ÊÀÇ ¸¶ÅÀµ¶½¿»Ã¹¹¸¶ÄÅ È
þ öFõ���òõ û ý  �¸Ä

fp,R : x 7→ R(x − p)
D ¼ µ¹

p ∈ RN
D
R > 0

È É ¿µ»½¿ ¿Ë À¶Ä¸º ¹½¿»Ã¹¹¸¶Ä
[J ]

ÀÅ »½¿ ¿¸Ê ½ Ä½¶º ¸¶Ä »Ã¹¹¸¶Ä Äµ
∂E

½Ä
p

À¼ ÄÌ ¸¹¸ ¸Õ ÀÅÄÅ ½ Å ¸ÂÃ ¸¶ »¸
(Ri) →

+∞ ÅÃ »Ì ÄÌ½Ä À¼ Ó ¸ Å ¸Ä
E(R) = fp,R(E)

D ÄÌ ¸¶
[E(Ri)] → [J ]

½Å
i→ ∞D À¶ ÄÌ ¸ Å ¸¶Å ¸ÄÌ½Ä LN((J∆E(Ri)) ∩Br(x)) → 0

¼ µ¹ ¸½»Ì
x ∈ RN

½¶Ê
r > 0

È
Tö��� û û �cdKUDEFRE B| DOFkEFD RBFEU�  �¸Ä

F ∈ P ½¶Ê ¿¸Ä
E

á¸ ½ Ç À¶ÀÇ ÀÛ ¸¹¼ µ¹ F(h, k, ·, F )
µ¶ P È Üµ¹ ¸½»Ì

p ∈ ∂E
D ÄÌ ¸¹¸ ¸Õ ÀÅÄÅ ½ Ä½¶º ¸¶Ä »Ã¹¹¸¶Ä

[J ]
Äµ
∂E

½Ä
p
È ê ½»Ì ÅÃ »Ì Ä½¶º ¸¶Ä »Ã¹¹¸¶Ä

[J ]
ÀÅ ½ »µ¶ ¸ ½¶Ê ¿µ»½¿ ¿Ë Ç À¶ÀÇ ÀÅ¸Å ÄÌ ¸ Æ ¸¹ÀÇ ¸Ä¸¹

P
ÈÝ µ¹¸µ·¸¹

0 ∈ ∂J
È

G ¹µµ¼ È {`E TPBB| KU KFUTKPEM ~Q D`OD B| ÖØ y {`EBPES Ø z�Ù z �E EOUKGQ R`ER[ D`OD |BPOGG
R > 0

y
P (E(R)) = RN−1P (E),

1

h

∫

E(R)∆F (R)

d∂F (R)(x) dx = RN+1 1

h

∫

E∆F

d∂F (x) dx,

∫

E(R)

1

2
c0(·, kh) ? 1E(R)(x) dx = R2N

∫

E

1

2
c0(R(·), kh) ? 1E(x) dx

∫

E(R)

c1(x, kh) dx = RN

∫

E

c1(R(x− p), kh) dx

UB D`OD
E(R)

S KFKS KUEU

E 7→P (E) +
1

R2h

∫

E∆F (R)

d∂F (R)(x) dx−
1

RN+1

∫

E

1

2
cR0 (·, kh) ? 1E(x) dx

− 1

R

∫

E

cR1 (x, kh) dx,
�Ø zIï�

�ý



û  �öú�ô����÷ Uò� F ���õ�� �ùö��
�`EPE �E `ONE UED

cR0 (x, t) = c0(x/R, t)
y
cR1 (x, t) = c1(p + x/R, t)

z iED CU D`EPE|BPERBSTOPE
E(R)

OFM
E(R) \ B(q, r)

|BP }dEM
q ∈ RN

OFM
r > 0

y � KD` PEUT ERD DBD`KU GOUD |CFRDKBFOG z �D |BGGB� U |PBS SOFKTCGODKBFU UKS KGOP DB D`BUE B| D`E TPBB| B|
XPBTBUKDKBF I zä D`OD |BP OGS BUD OGG

r > 0
y

P (E(R), B(q, r)) ≤ P (B(q, r)) +
1

R2h

∫

B(q,r)

d∂F (R)(x) dx+
L

R
LN(B(q, r)).

�`EPE
L

KU ME}FEM ~Q �Ø z×� z ZCD
diamF (R) = RdiamF

y UB D`OD
1

R2h

∫

B(q,r)

d∂F (R)(x) dx

KU ~ BCFMEM OU O |CFRDKBF B|
R

�OFM ENEF DEFMU DB
0

OU
R

kBEU DB KF}FKDQ � z {`KUTPBN KMEU D`E ~BCFM BF D`E T EPKS EDEP B|
E(R)

KF ~OGGU UC5 RKEFD DB KF|EP D`E Ed KUDEFREB| O DOFkEFD RCPPEFD
[J ]

�CUKFk D`E RBSTORDFEUU PEUCGD ÖäÞH y {`EBPES äzä T z II×Ù� z
iED CU TPBNE D`OD

[J ]
GB ROGGQ S KFKS KUEU D`E T EPKS EDEP z {`KU S EOFU D`OD |BP OGG

x ∈ RN
y OGG

r > 0
y OFM OGG

(N − 1)
KFDEkPOG RCPPEFD

X
� KD`

∂X = 0
OFM `ONKFkUCTTBPD KF

C = Br(x)
y D`EF

M(∂[J ]bC) ≤ M(∂[J ]bC+X)
z �E }PUD PEROGG |PBS ÖØ yAERDKBF Ø zäzÞÙ D`OD D`EPE Ed KUDU OF

N
KFDEkPOG RCPPEFD

Q
� KD` RBSTORD UCTTBPD KF

CUCR` D`OD
∂Q = X

OFM
S(Q) ≤ M(Q) ≤ r

N
M(X).

{`EF ORRBPMKFk DB ÖïÞ y AERDKBF ß z× zäLÙ y �E ROF � PKDE
Q

OU

Q =
+∞∑

i=0

[Qi] −
+∞∑

i=0

[Pi],

�`EPE
Qi, Pi ∈ P OFM

(Qi)
y
(Pi)

OPE FEUDEM |OS KGKEU UCR` D`OD
P1 ∪ Q1 ⊂ Supp(Q)OFM

P1 ∩Q1 = ∅ z iED CU UED
K = (E(R) \ P1) ∪Q1

OFM RBSTOPE
E(R)

OFM
K

� KD`PEUT ERD DB D`E |CFRDKBFOG ME}FEM ~Q �Ø zIï� W

P (E(R)) ≤ P (K) +
1

R2h

∫

P1∪Q1

d∂F (R)(x) dx+
L

R
LN(P1 ∪Q1)

≤ M(∂[E(R)] + ∂Q) +
1

R2h

∫

C

d∂F (R)(x) dx+
L

R
S(Q).

AKFRE
Q

OFM
∂Q = X

`ONE RBSTORD UCTTBPD KF
C

y OFM UKFRE
P (E(R), C) = M(∂[E(R)]bC),

�E MEMCRE D`OD
M(∂[E(R)]bC) ≤ M(∂[E(R)]bC+X) +

1

R2h

∫

C

d∂F (R)(x) dx+
L

R
LN(C).

�û
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)FB� KFk D`KU y �E ROF OMOTD ÖäÞï y {`EBPES Øß z×Ù DB U`B� D`OD

[J ]
GB ROGGQ S KFKS KUEUD`E T EPKS EDEP OFM OGUB D`OD

P (E(Ri), Bρ(x)) → P (J,Bρ(x))
OU
i→ ∞ y |BP OGG

x
OFMOGSBUD OGG

ρ > 0
y �`EPE

Ri

KU UCR` D`OD
[E(Ri)] → [J ]

OU
i→ ∞ z

� KFOGGQ �E R`ER[ D`OD
[J ]

KU O RBFE y ÀÈ¸È D`OD
J

KU KFNOPKOFD CFMEP OGG `BSBD`EDKREdTOFUKBFU
x 7→ λx

|BP
λ > 0

z {B UEE D`KU �E PEROGG |PBS �Ø zIØ� OFM �Ø zIß� D`OD |BPOGG
x ∈ ∂E

y D`E |CFRDKBF
g : ρ 7→ P (E,Bρ(x))

ρN−1
+ cρ

KU FBFMERPEOUKFk BF
(0, 1)

y �`EPE
c

KU O RBFUDOFD y OFM D`OD |BP OGG
ρ ∈ (0, 1)

y
P (E,Bρ(x))

ρN−1
+ cρ ≥ ωN−1.

�D |BGGB� U D`OD
∂E

`OU O MEFUKDQ
θ(∂E, x)

OD
x

� KD`
θ(∂E, x) ≥ 1

z �BP OGG
ρ > 0

y
P (E(R), Bρ(0))

ρN−1
=
P (E,Bρ/R(p))

(ρ/R)N−1
−→
R→∞

θ(∂E, p)ωN−1.

_BPEBNEP |BP OGSBUD OGG
ρ > 0

y
P (E(Ri), Bρ(0))

ρN−1
−→
i→∞

P (J,Bρ(0))

ρN−1
.

{`KU U`B� U D`OD D`E PODKB
ρ1−NP (J,Bρ(0))

KU KFMET EFMEFD B|
ρ
y �`KR` KU [FB�F DBKSTGQ D`OD

J
KU O RBFE �UEE ÖäHH y TPBB| B| {`EBPES � zØÙ� z _BPEBNEP

ρ1−NP (J,Bρ(0)) =
θ(∂E, p)ωN−1 > 0

y UB D`OD
0 ∈ ∂J

z �E }FOGGQ B~UEPNE D`OD
θ(∂J, 0) = θ(∂E, p)

z
� -, × ®ãÎ°©«ª/ Í Ë F øÏ«Ñ«Ï «ì®©¯

{`E Ed KUDEFRE B| DOFkEFD RBFEU EFO~GEU DB TPBNE PEkCGOPKDQ PEUCGDU |BP F ^S KFKS K^gEPU y OU KF ÖØ y AERDKBF Ø z× OFM Ø zLÙ z
6�öò�ö� û � �

C1
^PEkCGOPKDQ |BP F ^S KFKS KgEPU�  �¸Ä

F ∈ P D F ⊂ BD−1(0)
D ½¶Ê ¿¸Ä

E ⊂ BD−1(0)
á¸ ½ Ç À¶ÀÇ ÀÛ ¸¹ ¼ µ¹ F(h, k, ·, F )

µ¶ P È SÌ ¸¶
∂E

ÀÅ ½
C1

¾ÌËÆ ¸¹ÅÃ¹¼ ½»¸D¸Õ »¸Æ Ä ¼ µ¹ ½ Å ¸Ä µ¼ à ½ÃÅÊµ¹@ ÊÀÇ ¸¶ÅÀµ¶ ¿¸ÅÅ ÄÌ ½¶
N − 8 >¸ÇÆ ÄË À¼

N ≤ 7
C È

G ¹µµ¼ È �E NEPK|Q D`OD
E

KU OF OGSBUD S KFKSOG RCPPEFD KF D`E UEFUE B| ZBS~KEPK y D`ODKU y |BP UBS E
δ > 0

y |BP OGG
(N − 1)

KFDEkPOG RCPPEFD
X

� KD`
∂X = 0

OFM `ONKFkRBSTORD UCTTBPD KF
C

y
diam(C) = r ≤ δ

y D`EF
M(∂[E]bC) ≤ (1 + ω(r))M(∂[E]bC+X)

�Ø zI��
��



û  �öú�ô����÷ Uò� F ���õ�� �ùö��
|BP UBS E |CFRDKBF

ω
UCR` D`OD

ω(r) → 0
OU
r → 0+

z {B MB UB �E TPBREEM OU KF D`ETPEN KBCU TPBB| y � PKDE
X = ∂Q

� KD`

Q =
+∞∑

i=0

[Qi] −
+∞∑

i=0

[Pi],

UED
K = (E \ P1) ∪Q1

OFM RBSTOPE
E

OFM
K

� KD` PEUT ERD DB F W

P (E,C) ≤ P (K) +
1

h

∫

P1∪Q1

d∂F (x) dx+ LLN(P1 ∪Q1),

�`KR` QKEGMU K|
BD−1(0) ∩ C 6= ∅ �BD`EP� KUE �Ø zI�� KU B~NKBCU� y OFM

δ ≤ 1
W

M(∂[E]bC) ≤ M(∂[E]bC+∂Q) +

(
2D

h
+ L

)
S(Q)

≤ M(∂[E]bC+X) +

(
2D

h
+ L

)
r

N
M(X)

≤ M(∂[E]bC+X) +

(
2D

h
+ L

)
r

N
(M(∂[E]bC+X) + M(∂[E]bC)).

{`KU EOUKGQ KSTGKEU D`E PEUCGD � KD`
ω(r) = 3

(
2D
h

+ L
)

r
N

OFM
δ = N

3

(
2D
h

+ L
)−1 z

�F OMMKDKBF y OD OFQ TBKFD
p

B|
∂E

D`EPE Ed KUDU O DOFkEFD RBFE
[J ]

D`OD S KFKS KUEUD`E T EPKS EDEP �iESSO Ø zØ� z ACR` O RBFE SCUD ~ E O `QTEP^TGOFE |BP
N ≤ 7

�ÖäÞï yfTTEFMKd ZÙ� y UB D`OD KF TOPDKRCGOP
θ(E, p) = θ(J, 0) = 1

z �E D`EF MEMCRE D`EPEUCGD |PBS D`E }FOG PES OP[ KF ÖØ�Ù z �F ROUE
N ≥ 8

y �E CUE D`E MKS EFUKBF PEMCRDKBFOPkCS EFD B| �EMEPEP �ÖäHH y {`EBPES ääzïÙ� z
�B� y �E TPBNE D`OD S KFKS KgEPU OPE USBBD` OD RBFDORD TBKFDU � KD` USBBD` `Q^T EPUCP|OREU W

6�öò�ö� û �  �¸Ä
F ∈ P D F ⊂ BD−1(0)

D ½¶Ê ¿¸Ä
E ⊂ BD−1(0)

á¸ ½ Ç À¶ÀÇ ÀÛ ¸¹ ¼ µ¹
F(h, k, ·, F )

µ¶ P È É ÅÅÃÇ ¸ ÄÌ½Ä ÄÌ ¸¹¸ ¸Õ ÀÅÄÅ
K ⊂ RN

»¿µÅ ¸Ê ÅÃ »Ì ÄÌ½Ä
∂K

ÀÅ ½
C1ÌËÆ ¸¹ÅÃ¹¼ ½»¸ ½¶Ê

∂E ∩K = {p} È SÌ ¸¶
∂E

ÀÅ ½
C1

ÌËÆ ¸¹ÅÃ¹¼ ½»¸ ¶ ¸½¹
p
È

G ¹µµ¼ È iED
[J ]

~E OFQ DOFkEFD RBFE DB
∂E

OD
p
z {`E OUUCSTDKBF D`OD

∂E ∩K = {p}kCOPOFDEEU D`OD
∂J

KU RBFDOKFEM KF D`E BTEF `OG|^UTORE BPD`BkBFOG DB D`E BCDEP CFKDFBPS OG
n

DB
K

OD
p

OFM RBFDOKFKFk
n
z AKFRE

0 ∈ ∂J
y ÖäHH y {`EBPES ä× z× T z äLßÙKSTGKEU D`OD

∂J
KU PEkCGOP OD

0
y OFM D`EPE|BPE KU O `QTEPTGOFE z {`E PEUCGD |BGGB� U OUKF D`E TPBB| B| {`EBPES Ø zß z

fRDCOGGQy �E ROF MEMCRE `Kk`EP PEkCGOPKDQ |BP F ^S KFKS KgEPU OD EOR` TBKFD �`EPED`EQ OPE
C1

`QTEPUCP|OREU W
��
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6�öò�ö� û � �Y Kk`EP PEkCGOPKDQ |BP F ^S KFKS KgEPU�  É ÅÅÃÇ ¸ ÄÌ½Ä

c0
ÀÅ ÅËÇÇ ¸Ä¹À»DÄÌ ½Ä

c0
½¶Ê

c1
Å½ÄÀÅ¼ Ë ôõö ½¶Ê ½¹¸ � ÀÆ Å »Ì ÀÄÛ »µ¶ÄÀ¶ÃµÃÅ À¶ ÅÆ ½»¸È �¸Ä

F ∈ P D F ⊂
BD−1(0)

D ½¶Ê ¿¸Ä
E ⊂ BD−1(0)

á¸ ½ Ç À¶ÀÇ ÀÛ ¸¹ µ¼ F(h, k, ·, F )
µ¶ P È < ¸Ä

g(p) =
±d∂F (p)

D ÓÌ ¸¹¸ Ó ¸ Ä½Á ¸ ÄÌ ¸ − ÅÀº¶ À¼
p ∈ F

D ½¶Ê ÄÌ ¸
+

ÅÀº¶ µÄÌ ¸¹Ó ÀÅ ¸È
�¸Ä

p ∈ ∂E
ÅÃ »Ì ÄÌ½Ä

∂E
ÀÅ ½

C1
ÌËÆ ¸¹ÅÃ¹¼ ½»¸ ¶ ¸½¹

p
Ô ÄÌ ¸¹¸ ¸Õ ÀÅÄ

R > 0
D
M > 0½¶Ê ½

C1
¼ Ã¶ »ÄÀµ¶

f : BN−1
R (p) → (−M,M)

ÅÃ »Ì ÄÌ½Ä ÃÆ Äµ ¹µÄ½ÄÀ¶º ½¶Ê ¹¸¿½á¸¿ ¿À¶º DÓ ¸ Ì½·¸
E ∩ (BN−1

R (p) × (−M,M)) = {(x, y); x ∈ BN−1
R (p),−M < y < f(x)}.

SÌ ¸¶
f

ÀÅ
C2,α

À¶
BN−1

R (p)
¼ µ¹ Å µÇ ¸

0 < α < 1
½¶Ê Å½ÄÀÅ? ¸Å

1

h
g((x, f(x))) = ∆f(x) + c0(·, kh) ? 1E((x, f(x))) + c1((x, f(x)), kh).

�Ø zØH�
SÌ ¸¹ ¼̧ µ¹¸ ÄÌ ¸ Ç ¸½¶ »Ã¹·½ÄÃ¹¸

Hp

µ¼ ½ Æ µÀ¶Ä
p

µ¼
∂E

·¸¹À? ¸Å
1

h
g(p) = Hp + c0(·, kh) ? 1E(p) + c1(p, kh).

�Ø zØ ä�

G ¹µµ¼ È �E ~EkKF ~Q TPBNKFk D`OD
f

UODKU}EU �Ø zØH� KF D`E UEFUE B| MKUDPK~CDKBFU z {`KUKU UKSTGQ D`E cCGEP^iOkPOFkE EaCODKBF |BP F y OFM D`E TPBB| KU D`E UOS E OU D`OD B|fS~PBUKB �ÖäIÙ y O|DEP UDODES EFD B| {`EBPES Ø zØ� y � KD` D`E OMMKDKBFOG B~UEPNODKBFD`OD D`E }PUD NOPKODKBF B|

K 7→ 1

2

∫

K

c0(·, kh) ? 1K(x) dx, K 7→
∫

K

c1(x, kh) dx

KF D`E MKPERDKBF B| O
C2

NERDBP }EGM
Φ

KU PEUT ERDKNEGQ

K 7→
∫

∂K

c0(·, kh) ? 1K(x) 〈Φ(x), νx〉 dHN−1(x),

K 7→
∫

∂K

c1(x, kh) 〈Φ(x), νx〉 dHN−1(x),

�`EPE
νx

KU D`E BCDEP CFKD FBPS OG DB
K

OD
x ∈ ∂K

z {`E UQSSEDPQ B|
c0

KU CUEM `EPE yOGBFk � KD` D`E RBFDKFCKDQ B|
c1

OFM
c0 ?1K

KF UTORE z �BP D`E PEOMEP wU RBFNEFKEFRE y GEDCU S O[E |BPS OGGQ D`E RBSTCDODKBF |BP D`E FBF^GB ROG DEPS z {B MB D`KU y GED CU ME}FE
Kt := (Id+tΦ)(K)

|BP
t
US OGG EFBCk` UCR` D`OD

x 7→ (x+tΦ(x))
KU O MKbEBSBPT`KUSOFM GED CU MEFBDE

G(K) =
1

2

∫

K

c0(·, kh) ? 1K(x) dx.

��



�  6�ö ��� ö� �õó ôòáö� ô�� ���
{`EF y D`E |BGGB� KFk `BGMU

G(Kt) =

∫

Kt

(∫

Kt

c0(x− y, kh) dy

)
dx

=

∫

Kt

(∫

K

c0(z + tΦ(z) − x, kh)|det(Id− tΦ′(z))| dz
)
dx

=

∫

Kt

(∫

K

c0(z − x, kh) + t (c0(z − x)
MKN

Φ(z) + 〈Dc0(z − x),Φ(z)〉)

+ o(t) dz

)
dx

=

∫

Kt

(∫

K

c0(z − x, kh) + t (
MKN

(c0(z − x)Φ(z)) + o(t) dz

)
dx

=

∫

Kt

(∫

K

c0(z − x, kh) dz

+ t

∫

∂K

c0(z − x, kh)〈Φ(z), νz〉 dHN−1(z) + o(t)

)
dx

�`EPE �E `ONE CUEM D`E |ORD D`OD
|det(Id− tΦ′(z))| = 1 + t

MKN
Φ(z) + o(t)

OFM
c0(z + tΦ(z) − x, kh) = c0(z − x) + t〈Dc0(z − x),Φ(z)〉 + o(t)|BP D`E D`KPM GKFE OFM D`E ADB[E wU {`EBPES |BP D`E GOUD GKFE z � KD` D`E UOS E [KFM B|RBSTCDODKBF y �E }FOGGQ kED

G(Kt) =

∫

K

c0(·, kh) ? 1K(x) dx+ t

∫

∂K

c0(·, kh) ? 1K(x) 〈Φ(x), νx〉 dHN−1(x) + o(t)

�`KR` kKNEU D`E PEUCGD z
)FB� KFk D`KU y �E OTTGQ Ö�ï y {`EBPES äzI TOkE Iä�Ù DB

f
OFM DB EOR` B| D`E ∂f

∂xi

y DB
RBFRGCME D`OD

f
KU
C2,α

KF
BN−1

R (p)
z {`KU GOUD OUUEPDKBF CUEU D`E iKTUR`KDg RBFDKFCKDQB|

c1
OFM

c0 ? 1K

KF UTORE z ZBD` RBFRGCUKBFU KSSEMKODEGQ |BGGB� z

É �"	 �� 	� �
� ��ú	� ��# ���
�F D`KU UERDKBF �E OPE kBKFk DB TPETOPE D`E TPBB|U B| {`EBPES U äzß OFM äz× z iED

E~E O S KFKS KgKFk SBNESEFD � KD` KFKDKOG RBFMKDKBF
E0

OFM GED
(hn)

~E O UEaCEFRE UCR`D`OD
Ehn([t/hn])

RBFNEPkEU DB
E(t)

KF
L1(RN)

|BP OGG
t ∈ [0, T ]

OU
n

kBEU DB KF}FKDQz
�ü



ñò��ö�öõ�� � �õ�� ���õ�� �ò�� ô� ó÷õ�� �ø�ö óö� ó��ôò ����òõ�
�E ME}FE D`E CTTEP OFM GB�EP GKS KDU B| D`E UEDU

Ehn(k)
|BP

n → ∞ OFM
k ∈ N

OU|BGGB� U W

E∗(t) =

{
x ∈ RN ;∃(hn′) ⊂ (hn), kn′ → +∞ OFM

xn′ ∈ Ehn′ (kn′)� KD`
kn′hn′ → t

OFM
xn′ → x

}
,

E∗(t) = R
N \

{
x ∈ RN ;∃(hn′) ⊂ (hn), kn′ → +∞ OFM

xn′ /∈ Ehn′ (kn′)� KD`
kn′hn′ → t

OFM
xn′ → x

}
.

ZQ RBFUDPCRDKBF y
E∗ KU RGBUEM �`KGE

E∗
KU BT EF y OFM

E∗(t) ⊂ E(t) ⊂ E∗(t)
|BPOGG

t ∈ [0, T ]
OFM OGSBUD ENEPQ�`EPE KF

RN
z �FMEEM

E∗(t)
OFM

E∗(t)
�EPE ME}FEMPEUT ERDKNEGQ OU D`E UEDU B| RGCUDEP TBKFDU B| UEDU

Ehn(k)
OFM

RN \ Ehn(k)
|BP ½¿ ¿

k → +∞ UCR` D`OD
khn → t

y OFM y CT DB O UC~UEaCEFRE OFM O UED B| H LN
SEOUCPE yBCP S KFKS KgKFk SBNESEFD

E(t)
�OU RBFUDPCRDEM OU D`E TBKFD� KUE GKS KD B| UEDU

Ehn(k)|BP Å µÇ ¸ UCR`
k = [t/hn]

z
�E � KGG CUE D`E PEkCGOPKDQ PEUCGD {`EBPES Ø zÞ DB RBSTCDE D`E FBPS OG NEGB RKDQ B|D`E ENBGCDKBFU

t 7→ E∗(t)
OFM

t 7→ E∗(t)
z {`EF �E � KGG TPBNE O PEkCGOPKDQ PEUCGD |BP

E∗ OFM
E∗

y OFM RBSTOPE D`E KF KDKOG UEDU
E∗(0)

y
E∗(0)

OFM
E0

z
�F BPMEP D`OD BCP S KFKS KgKFk TPBREMCPE ~ E RBFUKUDEFD � KD` D`E ENBGCDKBF GO� �Ø zä�OU EFUCPEM ~Q {`EBPES Ø zÞ y �E � KGG OUUCS E KF TOPDKRCGOP D`PBCk`BCD D`KU UERDKBF D`OD

c0
KU UQSSEDPKR z

m -î û®Í¬«ª/ Í Ë
E∗ °Ñâ

E∗YEPE �E OPE kBKFk DB TPBNE O PKkBPBCU NEPUKBF B| D`E `ECPKUDKR |ORD D`OD
E∗ SBNEU� KD` NEGB RKDQ

Vx,t ≤ Hx,t + c0(·, t) ? 1E(t)(x) + c1(x, t),�`KGE
E∗

SBNEU � KD` NEGB RKDQ
Vx,t ≥ Hx,t + c0(·, t) ? 1E(t)(x) + c1(x, t).

�BGGB� KFk jOPMOGKOkCED Ö×HÙ y �E |BPSCGODE D`KU UDODES EFD KF DEPS U B| DEUD |CFR^DKBFU W GED CU }PUD ME}FE D`E RGOUUKROG S EOF RCPNODCPE BT EPODBP

h(p,X) = Trace(X) − 〈Xp, p〉
|p|2 ,

|BP
X ∈ SymN

OFM
p ∈ RN

y OFM GED CU ME}FE y |BP OFQ UC~UED
A

B|
RN

y
Â = RN \ A y

OFM |BP OFQ UC~UED
B

B|
RN × [0, T ]

y
B̂ = (RN × [0, T ]) \B z

j �ò�ò����òõ � ð  ÉÅÅÃÇ ¸ ÄÌ½Ä
c0

½¶Ê
c1

½¹¸ � ÀÆ Å »Ì ÀÄÛ »µ¶ÄÀ¶ÃµÃÅ µ¶
RN × [0, T ]

ÈSÌ ¸¶ Ô
��



�  6�ö ��� ö� �õó ôòáö� ô�� ���
N È Üµ¹ ½¶Ë

t ∈ (0, T )
D À¼ ½ Ä¸ÅÄ ¼ Ã¶ »ÄÀµ¶

φ
µ¼ »¿½ÅÅ

C2
Ì½Å ½ ¿µ»½¿ Ç ½Õ ÀÇÃÇ µ¶

E∗ ½ÄÅ µÇ ¸ Æ µÀ¶Ä
(x, t) ∈ ∂E∗ D ÓÀÄÌ

Dφ(x, t) 6= 0
D ÄÌ ¸¶

φt(x, t) ≥ h(Dφ(x, t), D2φ(x, t)) −
[
c0(·, t) ? 1E(t)(x) + c1(x, t)

]
|Dφ(x, t)|.

O È Üµ¹ ½¶Ë
t ∈ (0, T )

D À¼ ½ Ä¸ÅÄ ¼ Ã¶ »ÄÀµ¶
φ

µ¼ »¿½ÅÅ
C2

Ì½Å ½ ¿µ»½¿ Ç À¶ÀÇÃÇ µ¶
Ê∗

½Ä
Å µÇ ¸ Æ µÀ¶Ä

(x, t) ∈ ∂Ê∗
D ÓÀÄÌ

Dφ(x, t) 6= 0
D ÄÌ ¸¶

φt(x, t) ≤ h(Dφ(x, t), D2φ(x, t)) −
[
c0(·, t) ? 1E(t)(x) + c1(x, t)

]
|Dφ(x, t)|.

G ¹µµ¼ È �E BFGQ TPBNE D`E }PUD TBKFD y D`E TPBB| B| D`E UERBFM ~EKFk UKS KGOP z iED
t ∈ (0, T )

OFM
φ

B| RGOUU
C2

`ONE O GB ROG S Od KSCS BF
E∗ OD UBS E TBKFD

(x, t) ∈ ∂E∗ y� KD`
Dφ(x, t) 6= 0

z �E ROF OUUCSE � KD`BCD GBUU B| kEFEPOGKDQ D`OD KD KU O UDPKRDS OdKSCS z ZQ ME}FKDKBF B|
E∗ y D`EPE Ed KUD UEaCEFREU

kn → ∞ OFM
xn ∈ ∂Ehn(kn)� KD`

knhn → t
OFM

xn → x
y UCR` D`OD

φ
`OU O GB ROG S OdKSCS �D`OD �E ROF OUUCSEDB ~E UDPKRD� BF

Ehn = ∪knEhn(kn) × {knhn}
OD

(xn, knhn)
y � KD`

Dφ(xn, knhn) 6= 0
z�D |BGGB� U D`OD

Γhn(kn) = {x ∈ RN ;φ(x, knhn) = φ(xn, knhn)} KU O USBBD` EdDEPKBPRBFDORD UCP|ORE DB
Ehn(kn)

OD
xn

y OFM D`EPE|BPE {`EBPES U Ø z× OFM Ø zÞ KSTGQ D`OD
Ehn(kn)

KU
C2,α

FEOP
xn

z �E FB� KF|EP |PBS D`E GB ROG PEGODKNE TBUKDKBF B|
Γ

OFM
∂Ehn(kn)

D`OD D`E RCPNODCPE B|
∂Ehn(kn)

OD
xn

y
Hn

xn

y KU GEUU D`OF D`E RCPNODCPE B|
ΓOD

xn

W
Hk

xn
≤ − 1

|Dφ(xn, knhn)|h(Dφ(xn, knhn), D2φ(xn, knhn)).

�B� �Ø zØ ä� KS TGKEU y K|
kn ≥ 1

y D`OD
± 1

hn

d∂Ehn (kn−1)(xn) = Hk
xn

+ c0(·, knhn) ? 1Ehn(kn)(xn) + c1(xn, knhn),

�`EPE �E DO[E D`E − UKkF K|
xn ∈ Ehn(kn − 1)

y OFM D`E
+

UKkF BD`EP� KUE z � KD` D`KURBFNEFDKBF y
± 1

hn

d∂Ehn(kn−1)(xn) ≥ ± 1

hn

dΓhn(kn−1)(xn) = − φt(xn, knhn)

|Dφ(xn, knhn)| + o(1).

XCDDKFk DBkED`EP D`E GOUD D`PEE EaCODKBFU QKEGMU
φt(xn, knhn) + o(1) ≥ h(Dφ(xn, knhn), D2φ(xn, knhn))

−
[
c0(·, knhn) ? 1Ehn (kn)(xn) + c1(xn, knhn)

]
|Dφ(xn, knhn)|.

�Ø zØI�
{`OF[U DB D`E MKURPEDE Yò GMEP EUDKS ODE {`EBPES I zß y �E [FB� y UKFRE

knhn → t
y D`OD

Ehn(kn) → E(t)
KF
L1(RN)

z �T DB O UC~UEaCEFRE y �E ROF OUUCS E D`OD
Ehn(kn) →

E(t)
OGSBUD ENEPQ�`EPE z f U O RBFUEaCEFRE y UEFMKFk

n
DB

+∞ y �E kED D`E PEUCGD yFOSEGQ W
φt(x, t) ≥ h(Dφ(x, t), D2φ(x, t)) −

[
c0(·, t) ? 1E(t)(x) + c1(x, t)

]
|Dφ(x, t)|.

��
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m -, × ®ãÎ°©«ª/ Í Ë

E∗ °Ñâ
E∗�B� �E OPE kBKFk DB TPBNE O PEkCGOPKDQ PEUCGD |BP D`E DC~EU

E∗ OFM
E∗

�`KR`OGGB� U KF TOPDKRCGOP DB DPEOD D`E MEkEFEPODE ROUE
Dφ(x, t) = 0

KF XPBTBUKDKBF ß zä W
j �ò�ò����òõ � ý  Üµ¹ ½¿ ¿

x
À¶

RN
D ÄÌ ¸ Ç ½Æ Å

t 7→ dE∗(t)(x)
½¶Ê

t 7→ dcE∗(t)(x)
½¹¸

¿ ¼̧ Ä¾»µ¶ÄÀ¶Ã µÃÅ µ¶
(0, T ]

È
{B TPBNE D`KU �E }PUD FEEM DB EUDKS ODE KF O }FEP �OQ D`OF �`OD �E `ONE MBFEKF AERDKBF I `B�

Eh(k)
ROF EdTOFM BP U`PKF[ OD SBUD OD EOR` KDEPODKBF z {`KU KUD`E EaCKNOGEFD B| ÖØ y {`EBPES × zßÙ z iED CU }PUD ME}FE |BP UKSTGKRKDQ B| |BPD`RBS KFkEUDKS ODEU D`E UROGEM ~OGG
WR = BR/(ωN )1/N (0) = BR/ω∗(0)

y UB D`OD LN(WR) = RN
z

{`EF
WR

SKFKS KUEU D`E T EPKS EDEP OSBFk OGG UEDU
E ∈ P UCR` D`OD LN(E) = RN

z{`KU TPBT EPDQ � KGG TPBNKME D`E FEREUUOPQ EUDKS ODEU ziED CU OGUB ME}FE y |BP OFQ UC~UEDU
A

OFM
B

B|
RN

y
A−B = RN \ ((RN \A)+B)

z
Tö��� � û  �¸Ä

F ∈ P ½¶Ê ¿¸Ä
E

á¸ ½ Ç À¶ÀÇ ÀÛ ¸¹ ¼ µ¹ F(h, k, ·, F )
µ¶ P È �¸Ä

L
á¸Ê¸? ¶ ¸Ê ½Å À¶ �Ø z×� È �¸Ä

R(h) = 2Lω∗h+ 2
√
L2ω2

∗h
2 + 2ω∗hP (W1)

È SÌ ¸¶
F −WR(h) ⊂ E ⊂ F +WR(h).

G ¹µµ¼ È �E ~EkKF ~Q TPBNKFk D`E GE|D^`OFM UKME KFRGCUKBF y OFM �E � KGG UEE D`OD D`EBD`EP KFRGCUKBF KSSEMKODEGQ |BGGB� U z �E OMOTD D`E TPBB|U B| ÖØ y AERDKBF ×Ù z��ö� ð � iED CU }PUD TPBNE D`OD K|
0 < R < S

y
WS ⊂ F

OFM
0 < 2LN(WR \E) ≤

RN
y D`EF

S −R

ω∗h
R− 2LR ≤ N − 1

N
P (W1) +

21/N(N − 1)

N2
P (W1)

LN(WR \ E)

RN
.

�E RBSTOPE
E

OFM
E ∪WR

� KD` PEUT ERD DB D`E |CFRDKBFOG F(h, k, ·, F )
W

P (E) +
1

h

∫

E∆F

d∂F (x) dx−
∫

E

(
1

2
c0(·, kh) ? 1E(x) + c1(x, kh)

)
dx

≤ P (E ∪WR) +
1

h

∫

(E∪WR)∆F

d∂F (x) dx

−
∫

E∪WR

(
1

2
c0(·, kh) ? 1E∪WR

(x) + c1(x, kh)

)
dx.

AKFRE
WR ⊂ F

y �E R`ER[ D`OD
E∆F = ((E ∪WR)∆F ) ∪ (WR \ E)

z {`KU y DBkED`EP� KD` SOFKTCGODKBFU UKS KGOP DB D`BUE B| TPENKBCU TPBB|U y KSTGKEU D`OD

P (E ∪WR) − P (E) ≥ 1

h

∫

WR\E
d∂F (x) dx− 2LLN(WR \ E)

≥
(
S −R

ω∗h
− 2L

)
LN(WR \ E),

�Ø zØØ�

ð��
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UKFRE D`E KFRGCUKBF

WS ⊂ F
KSTGKEU D`OD

d∂F (x) ≥ (S−R)/ω∗
|BP EOR`

x ∈ WR

z ZCDRBFRGCUKBF �ß� B| ÖØ y XPBTBUKDKBF × z�Ù KS TGKEU D`OD
P (E ∪WR) − P (E)

≤RN−1P (W1)

{
N − 1

N

LN(WR \ E)

RN
+

21/N(N − 1)

N2

(LN(WR \ E)

RN

)2
}
,

OFM D`E PEUCGD |BGGB� U |PBS D`E GOUD D�B KFEaCOGKDKEU z��ö� ý � �B� GED CU OUUCSE D`OD D`E RBFRGCUKBF B| D`E GESSO MBEU FBD `BGM yÀÈ¸È D`OD
(F −WR(h)) \ E

RBFDOKFU UBS E TBKFD
p
z �E ROF OUUCSE CT DB OTTGQ KFk ODPOFUGODKBF D`OD

p = 0
z {`EPE|BPE

WR(h) ⊂ F
OFM LN(WR(h)/2 \ E) > 0

z _BPEBNEP
�E OGUB `ONE

2LN(WR(h)/2 \ E) ≤
(

R(h)
2

)N y BD`EP� KUE �E �BCGM B~DOKF OU KF ADET ä
� KD`

S = R(h)
OFM

R = R(h)/2
D`OD

P (E ∪WR(h)/2) − P (E) ≥
(
R(h)

2ω∗h
− 2L

)
LN(WR(h)/2 \ E)

>

(
R(h)

2ω∗h
− 2L

)
1

2

(
R(h)

2

)N

,

~EROCUE R(h)
2ω∗h

− 2L > 0
z ZCD

P (E ∪WR(h)/2) ≤ P (E) + P (WR(h)/2)
y �`EFRE

(
R(h)

2h
− 2L

)
1

2

(
R(h)

2

)N

< P (WR(h)/2) =

(
R(h)

2

)N−1

P (W1),

BP EaCKNOGEFDGQ
1

h

(
R(h)

2

)2

− LR(h) < 2P (W1),

�`KR` KU RBFDPOMKRDBPQ � KD` D`E R`BKRE B|
R(h)

y UKFRE EaCOGKDQ U`BCGM `BGM KFUDEOMB| D`E GOUD KFEaCOGKDQz {`EF �E ROF OTTGQ ADET ä � KD`
S = R(h)

OFM
R = R(h)/2

DBKF|EP D`OD
1

ω∗h

(
R(h)

2

)2

− LR(h) ≤ N − 1

N
P (W1) +

21/N(N − 1)

N2
P (W1)

LN(WR(h)/2 \ E)

(R(h)/2)N
,

BP D`OF[U DB D`E R`BKRE B|
R(h)

W

2 ≤ N − 1

N
+

21/N(N − 1)

N2

1

2
,

�`KR` KU |OGUE z {`KU TPBNEU D`E GE|D^`OFM UKME KFRGCUKBF B| iESSO ß zØ z��ö� û � iED CU FB� EdTGOKF �`Q D`E GE|D^`OFM UKME KFRGCUKBF KU UC5 RKEFD DBMEMCRE D`E PKk`D^`OFM UKME BFE z iED
B = BD(0)

~E O GOPkE ~OGG z �D KU EOUQ DB R`ER[
ð� ð
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D`OD K|

F ∈ P � KD`
F ⊂ BD−1(0)

y OFM K|
E ∈ P � KD`

E ⊂ BD−1(0)
KU O S KFKS KgEP B|

F(h, k, ·, F )
BF P y D`EF

B \ E KU O S KFKS KgEP B|
E 7→ P (E) +

1

h

∫

E∆(B\F )

d∂F (x) dx−
∫

E

(
1

2
c0(·, kh) ? 1E(x) + c1(x, kh)

)
dx

OSBFk OGG UEDU KF P OFM KFRGCMEM KF
B

y �`EPE
c1(x, kh) = −c1(x, kh)+c0(·, kh)?1B(x)

z{`EPE|BPE y CT DB DO[KFk
h

US OGG EFBCk` UB D`OD
R < 1

y D`E OPkCS EFDU BF
E

OFM
FKF D`E TPENKBCU UDETU DPOFU|BPS KFDB D`E UOS E OPkCSEFDU |BP

B \E OFM
B \F y UKFREKF TOPDKRCGOP D`E DEPS

2L
OTTEOPKFk KF �Ø zØØ� �OU DO[EF UB GOPkE �� KD` D`E ½ Æ ¹Àµ¹ÀCUEGEUU |ORDBP

2
� OU DB kED D`E GB�EP ~ BCFM D`EPE OGUB � KD`

c1
KF TGORE B|

c1
z {`ERBFRGCUKBF

F −WR ⊂ E
DPOFU|BPS U KFDB

(B \ F ) −WR ⊂ B \ E y D`OD KU EdORDGQ
E ⊂ F +WR

z
{`E GOUD GESSO TPBNKMEU O ~BCFM BF D`E kPB�D` B| F ^S KFKS KgEPU OD EOR` KDEPODKBFEaCOG DB

2Lω∗h+ 2
√
L2ω2

∗h
2 + 2ω∗hP (W1)

y OFM B| D`E BPMEP B| √
h
z {`KU KU FBD }FE

EFBCk` DB RBFRGCME D`E GE|D RBFDKFCKDQy S OKFGQ ~ EROCUE K|
kh→ s

y D`EF
k
√
h→ +∞OFM D`E ~BCFM KU GBUD KF D`E GKS KD SBNES EFD z {`E |BGGB� KFk GESSO PE}FEU D`E ~BCFMDB D`E BPMEP

h
z

Tö��� � �  �¸Ä ÃÅ Å ¸Ä
δ = 2N−1

N
ω∗P (W1)

½¶Ê
R(h) = 2Lω∗h+ 2

√
L2ω2

∗h
2 + 2ω∗hP (W1).

N È É ÅÅÃÇ ¸ ÄÌ½Ä
p +WS ⊂ Eh(k)

¼ µ¹ Å µÇ ¸
p ∈ RN

½¶Ê
k
D
h

ÅÃ »Ì ÄÌ½Ä
kh ≤ T

È ]¼
h½¶Ê

j
½¹¸ ÅÇ ½¿ ¿ ¸¶ µÃºÌ Åµ ÄÌ½Ä

R(h) < S
4

½¶Ê
jh ≤ min{ S2

4(δ+2LS)
, T − kh}D ÄÌ ¸¶

p+WS−( δ
S

+2L)jh ⊂ Eh(k + j).

O È É ÅÅÃÇ ¸ ÄÌ½Ä
p+WS ⊂ RN \Eh(k)

¼ µ¹ Å µÇ ¸
p ∈ RN

½¶Ê
k
D
h

ÅÃ »Ì ÄÌ½Ä
kh ≤ T

È]¼
h

½¶Ê
j

½¹¸ ÅÇ ½¿ ¿ ¸¶ µÃºÌ Åµ ÄÌ½Ä
R(h) < S

4

½¶Ê
jh ≤ min{ S2

4(δ+2LS)
, T − kh}D ÄÌ ¸¶

p+WS−( δ
S

+2L)jh ⊂ R
N \ Eh(k + j).

G ¹µµ¼ È iED CU TPBNE D`E }PUD OUUEPDKBF z �BP UKS TGKRKDQ �E OUUCSE � KD`BCD GBUU B|kEFEPOGKDQ D`OD
p = 0

z �E TPBNE D`E PEUCGD ~Q KFMCRDKBF BF
j
z {`E PEUCGD |BP

j = 0
KUD`E OUUCSTDKBF z iED CU OUUCS E D`OD D`E PEUCGD `BGMU |BP UBS E

j
UCR` D`OD

(j+1)h <
min{ S2

4(δ+2LS)
, T − kh} z �E [FB� D`OF[U DB iESSO ß zØ D`OD

Eh(k + j) −WR(h) ⊂ Eh(k + j + 1).
�Ø zØß�

AKFRE D`E KFMCRDKBF OUUCSTDKBF UDODEU D`OD
WS−( δ

S
+2L)jh ⊂ Eh(k + j)

y OFM UKFRE D`E
OUUCSTDKBFU BF

j
OFM

h
KSTGQ D`OD

R(h) < S
2
− ( δ

S
+ 2L)jh

y �E MEMCRE |PBS �Ø zØß�D`OD
WS/2 ⊂ Eh(k + j + 1)

z iED CU UED
rmax = sup{r;Wr ⊂ Eh(k + j + 1)} ≥ S

2
.

ð�ý
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ADET ä B| iESSO ß zØ y ~Q UEFMKFk

R
DB
r+
max

y U`B� U D`OD
1

ω∗h

({
S −

(
cδ

S
+ 2L

)
jh

}
− rmax

)
rmax − 2Lrmax ≤ N − 1

N
P (W1) =

δ

2ω∗
,

|PBS �`KR` �E KF|EP D`OD
{
S −

(
δ

S
+ 2L

)
jh

}
− rmax ≤

(
δ

2rmax

+ 2L

)
h ≤

(
δ

S
+ 2L

)
h,

OFM D`E PEUCGD |BP
Eh(k + j + 1)

|BGGB� U y UB D`OD D`E TPBB| ~Q KFMCRDKBF KU RBSTGEDE z{`E TPBB| B| D`E UERBFM TBKFD KU EFDKPEGQ KMEFDKROG y ORRBPMKFk DB D`E PES OP[ KF ADETØ B| D`E TPBB| B| iESSO ß zØ z
�E OPE FB� PEOMQ DB TPBNE XPBTBUKDKBF ß zI z {`KU TPBB| KU KFUTKPEM ~Q D`E TPBB|B| Ö× äy iESSO ß zLÙ z

G ¹µµ¼ µ¼ G ¹µÆ µÅÀÄÀµ¶ X ÈO È iED CU UDOPD � KD`
E∗ z f UUCSE BF D`E RBFDPOPQ B| BCP RGOKSD`OD D`EPE Ed KUD

x ∈ RN
OFM

t ∈ (0, T ]
UCR` D`OD

s 7→ dE∗(t)(x)
KU FBD GE|D RBFDKFCBCUOD

t
z AKFRE D`KU S OT KU GB�EP UES K^RBFDKFCBCU D`OF[U DB D`E RGBUEMFEUU B|

E∗ y �EMEMCRE D`OD D`EPE Ed KUD
ε > 0

OFM O UEaCEFRE
tp → t−

UCR` D`OD |BP OGG
p ∈ N

y
dE∗(tp)(x) > dE∗(t)(x) + ε.

iED
S = εω∗

y UB D`OD
WS

KU D`E RGBUEM ~OGG B| POMKCU
ε

REFDPEM OD
0
z �T DB RBFUKMEPKFkO TPBJ ERDKBF B|

x
BF

E∗(t)
y �E ROF OUUCSE D`OD

x ∈ E∗(t)
OFM |BP OGG

p ∈ N
y

dE∗(tp)(x) > ε.

AED |BP O }dEM
p
y
kn = [tp/hn]

y UB D`OD
knhn → t−p

z ZQ ME}FKDKBF B|
E∗(tp)

y D`EPEEd KUDU
n0

GOPkE EFBCk` METEFMKFk BF
p

UB D`OD |BP OGG
n ≥ n0

y
dEhn(kn)(x) > ε

z iED CUUED
M =

(
δ

S
+ 2L

)
/ω∗.

{`EF �E ROF OTTGQ OUUEPDKBF I B| iESSO ß zß DB MEMCRE D`OD |BP OGG
n ≥ n0

UCR` D`OD
R(hn) < S

4

OFM |BP OGG
j

UCR` D`OD
jhn ≤ min{ S2

4(δ+2LS)
, T − knhn}

dEhn(kn+j)(x) ≥ ε−Mjhn.
�Ø zØ×�

�FMEEM �E `ONE
WS−( δ

S
+2L)jhn

(x) ⊂ RN \ Ehn(kn + j)
z iED CU UED

τ = min{ ε

2M
,

S2

4(δ + 2LS)
}

ð�û
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OFM }d

s ∈ (0, τ)
� KD`

s ≤ T−tp
z �E UED

jn = [s/hn]
UB D`OD

jnhn → s−
OU
n→ +∞ z

{`EF
jnhn ≤ min{ S2

4(δ+2LS)
, T − knhn}

|BP
n

GOPkE EFBCk` y UB D`OD UEFMKFk
n

DB
+∞KF �Ø zØ×� QKEGMU y ~Q ME}FKDKBF B|

E∗(tp + s)
y

dE∗(tp+s)(x) ≥ ε−Ms ≥ ε

2
.

{O[KFk
s = t − tp

|BP
p

~Kk EFBCk` UB D`OD
0 < s < τ

y �E kED
dE∗(t)(x) ≥ ε

2

y �`KR`RBFDPOMKRDU D`E |ORD D`OD
x ∈ E∗(t)

z
{`E TPBB| |BP

dcE∗

KU B~DOKFEM KF D`E UOS E �OQ ~Q CUKFk OUUEPDKBF ä B| iESSO ß zß z

m -� �ÍÏ±°©«¯ÍÑ °ª «Ñ«ª«° ª «Ï ®
�E }FKU` ~Q kKN KFk O RBFUEaCEFRE B| TPENKBCU kPB�D` PEUCGDU BF D`E RBSTOPKUBFB| KF KDKOG UEDU

E∗(0)
OFM

E∗(0)
� KD`

E0

z {`KU PEUCGD � KGG ~ E EUUEFDKOG |BP RBSTOPKUBFOD GODEP DKS EU W
Tö��� � �  À¸ Ì½·¸ ◦

E0⊂ E∗(0) ⊂ E∗(0) ⊂ E0

È
G ¹µµ¼ È �E BFGQ TPBNE D`OD

E∗(0) ⊂ E0

y D`E GE|D^`OFM UKME KFRGCUKBF KU B~DOKFEM ~QUKS KGOP OPkCS EFDU z ACTTBUE BF D`E RBFDPOPQ D`OD D`EPE Ed KUDU
x ∈ E∗(0) \ E0

z {`EF�E ROF }FM UBSE
ε > 0

UCR` D`OD
Bε(x) ⊂ RN \ E0

z ZQ ME}FKDKBF B|
E∗(0)

y D`EPEEd KUD UEaCEFREU
kn → +∞ OFM

xn → x
� KD`

knhn → 0
OFM

xn ∈ Ehn(kn)
z {`OF[UDB iESSO ß zß OFM D`E |ORDU D`OD

Ehn(0) = E0

OFM
knhn → 0

y �E [FB� D`OD D`EPEEd KUDU
M > 0

METEFMKFk BFGQ BF
ε
y
L

OFM
N

UCR` D`OD K|
k

KU GOPkE EFBCk` y D`EF
Bε−Mknhn(x) ⊂ R

N \ Ehn(kn).

ZCD
xn → x

OFM
ε−Mknhn → ε

y UB D`OD
xn ∈ Bε−Mknhn(x)

|BP
n

GOPkE EFBCk` z {`KUKU O RBFDPOMKRDKBF UKFRE
xn ∈ Ehn(kn)

y OFM D`KU TPBNEU D`E GESSO z

Ø ! �
�# �÷ �
u # �"	# 	
�� �
� ú	�ü ������
�
�E OPE FB� PEOMQ DB TPBNE {`EBPES äzß z AKFRE

E∗(t) ⊂ E(t) ⊂ E∗(t)
|BP OGG

t ∈ [0, T ]
OFM OGSBUD ENEPQ�`EPE KF

RN
y KD UC5 REU DB TPBNE D`OD |BP OGG

t ∈ [0, T ]
y

{u(·, t) > 0} ⊂ E∗(t)
OFM

E∗(t) ⊂ {u(·, t) ≥ 0}.
{B D`KU EFM y �E � KGG CUE O RBSTOPKUBF TPKFRKT GE |BP MKURBFDKFCBCU NKURBUKDQ UBGC^DKBFU z �E D`EPE|BPE UDOPD ~Q kKN KFk EaCODKBFU UODKU}EM ~Q

1E∗

OFM
1E∗

KF D`E NKURBUKDQUEFUE y KF PEGODKBF � KD` {`EBPES ß zä W
ð��
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6�öò�ö� � ð  É ÅÅÃÇ ¸ ÄÌ½Ä

c0
½¶Ê

c1
½¹¸ � ÀÆ Å »Ì ÀÄÛ »µ¶ÄÀ¶Ã µÃÅ µ¶

RN × [0, T ]
ÈSÌ ¸¶ Ô

N È Üµ¹ ½¶Ë
(x, t) ∈ RN × (0, T )

D À¼ ½ Ä¸ÅÄ ¼ Ã¶ »ÄÀµ¶
φ

µ¼ »¿½ÅÅ
C2

ÀÅ ÅÃ »Ì ÄÌ½Ä
1E∗ − φÌ½Å ½ ¿µ»½¿ Ç ½Õ ÀÇÃÇ ½Ä

(x, t)
D ÄÌ ¸¶ Ô

• À¼
Dφ(x, t) 6= 0

D Ó ¸ Ì½·¸
φt(x, t) ≤ h(Dφ(x, t), D2φ(x, t)) +

[
c0(·, t) ? 1E(t)(x) + c1(x, t)

]
|Dφ(x, t)|.

• À¼
Dφ(x, t) = 0

½¶Ê
D2φ(x, t) = 0

D Ó ¸ Ì½·¸
φt(x, t) ≤ 0.O È Üµ¹ ½¶Ë

(x, t) ∈ RN × (0, T )
D À¼ ½ Ä¸ÅÄ ¼ Ã¶ »ÄÀµ¶

φ
µ¼ »¿½ÅÅ

C2
ÀÅ ÅÃ »Ì ÄÌ ½Ä

1E∗ − φÌ½Å ½ ¿µ»½¿ Ç À¶ÀÇÃÇ ½Ä
(x, t)

D ÄÌ ¸¶ Ô
• À¼

Dφ(x, t) 6= 0
D Ó ¸ Ì½·¸

φt(x, t) ≥ h(Dφ(x, t), D2φ(x, t)) +
[
c0(·, t) ? 1E(t)(x) + c1(x, t)

]
|Dφ(x, t)|.

• À¼
Dφ(x, t) = 0

½¶Ê
D2φ(x, t) = 0

D Ó ¸ Ì½·¸
φt(x, t) ≥ 0.

G ¹µµ¼ È �E BFGQ TPBNE D`E }PUD TBKFD y UKFRE D`E UERBFM TBKFD CUEU D`E UOS E OPkCS EFDU z�E BFGQ FEEM DB RBFUKMEP D`E ROUE �`EPE
(x, t) ∈ ∂E∗ y UKFRE BD`EP� KUE OGG MEPKNODKNEUB|

φ
OD

(x, t)
NOFKU` OFM D`E EaCODKBF KU DPKN KOGGQ UODKU}EM z

� ���� ���ö �
Dφ(x, t) 6= 0

z �F D`KU ROUE KD KU UDPOKk`D|BP�OPM DB R`ER[ D`OD −φ `OUO GB ROG S OdKSCS BF
E∗ OD

(x, t)
z {`EPE|BPE y D`E }PUD TBKFD B| XPBTBUKDKBF ß zä kKNEUD`E PEUCGD z

�ö�òõó ���ö �
Dφ(x, t) = 0

OFM
D2φ(x, t) = 0

z �E ROF OG�OQU OUUCSE D`OD BCPS OdKSCS KU EaCOG DB H y ÀÈ¸È
φ(x, t) = 1E∗(x, t) = 1

z iED CU OGUB OUUCSE D`OD
φt(x, t) >

0
z {`EF O {OQGBP EdTOFUKBF B|

φ
OD

(x, t)
U`B� U D`OD D`EPE Ed KUD

δ > 0
OFM

k > 0UCR` D`OD |BP OGG
(y, s)

NEPK|Q KFk
s ∈ (t− δ, t)

OFM |y − x| < 2k(t− s)1/3
y
1E∗(y, s) ≤

φ(y, s) < φ(x, t) = 1
y `EFRE

y /∈ E∗(s)
z f U O RBFUEaCEFRE |BP OGG

s ∈ (t− δ, t)
y

dE∗(s)(x) > k(t− s)1/3.�B� �E ROF TPBREEM OU KF D`E TPBB| B| XPBTBUKDKBF ß zI y CUKFk D`E kPB�D` RBFDPBGkKNEF ~Q iESSO ß zß y DB TPBNE D`OD D`EPE OPE TBUKDKNE RBFUDOFDU
k1

OFM
k2

UCR` D`OD|BP OGG
s < t

RGBUE EFBCk` DB
t
y

dE∗(t)(x) > k(t− s)1/3 −
(

k1

(t− s)1/3
+ k2

)
(t− s) > 0,

�`KR` RBFDPOMKRDU D`E |ORD D`OD
x ∈ E∗(t)

z
ð��
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G ¹µµ¼ µ¼ SÌ ¸µ¹¸Ç N ÈX È {`E TPENKBCU D`EBPES U`B� U D`OD
1E∗

KU O UC~UBGCDKBF B| D`EGENEG^UED EaCODKBF �Ø zß� y �`KGE
1E∗

KU O UCTEPUBGCDKBF z �FMEEM y OF OPkCSEFD B| ZOPGEUOFM hEBPkEGKF ÖII y XPBTBUKDKBF äÙ U`B� U D`OD CFMEP D`E RBFRGCUKBFU B| {`EBPES× zä D`EPE KU FB TPBT EPDQ DB R`ER[ �`EF D`E DEUD |CFRDKBF UODKU}EU
Dφ(x, t) = 0OFM

D2φ(x, t) 6= 0
z {B RBFRGCME �E CUE O SED`BM KFKDKODEM ~Q ZOPGEU y ABFEP OFMABCkOFKMKU ÖIL y {`EBPES I zäÙ W GED

(Φn)
~E O UEaCEFRE B| US BBD` |CFRDKBFU UCR`D`OD

Φn ≡ 1
BF

[0,+∞)
y
Φ′

n ≥ 0
KF

R
y
Φn(R) ⊂ [0, 1]

OFM
infn Φn = 0

BF
(−∞, 0)

z{`OF[U DB iESSO ß z× y �E [FB� D`OD
1E∗(0) ≤ Φn(u0)

KF
RN

z AKFRE �Ø zß� KU O kEBS EDPKREaCODKBF y
Φn(u)

KU O CFK|BPS GQ RBFDKFCBCU UBGCDKBF B| D`KU EaCODKBF z {`E RBSTOPKUBFTPKFRKT GE ÖIL y {`EBPES äzØÙ KS TGKEU D`OD |BP OGG
t ∈ [0, T )

y
1E∗(t) ≤ Φn(u(·, t)).

�|
x ∈ {u(·, t) < 0} y �E D`EPE|BPE `ONE

1E∗(t)(x) ≤ inf
n

Φn(u(x, t)) = 0,

�`KR` SEOFU D`OD
x /∈ E∗(t)

z f U O RBFUEaCEFRE
E∗(t) ⊂ {u(·, t) ≥ 0} |BP OGG

t ∈ [0, T )
y�`KR` OGUB `BGMU |BP

t = T
~Q RBFDKFCKDQ B|

u
OFM D`OF[U DB XPBTBUKDKBF ß zI z {`EOPkCS EFD DB TPBNE D`OD {u(·, t) > 0} ⊂ E∗(t)

KU UKS KGOP z
�F ROUE D`EPE KU FB |ODDEFKFk y �E MEMCRE D`OD |BP OGG

t ∈ [0, T ]
y
E(t) = {u(·, t) ≥ 0}OGSBUD ENEPQ�`EPE y OFM �E ROF PETGORE {u(·, t) ≥ 0} ~Q

E(t)
KF �Ø zß� DB MEMCRE D`OD

u
KU O NKURBUKDQ UBGCDKBF B| �Ø zß� z

â ��# ������
 ú ��" �"	 �# ���" ý�ú
�E FB� DCPF DB D`E TPBB| B| {`EBPES äz× z �BGGB� KFk jOPMOGKOkCED OFM XOUaCK^kFBF Ö×ØÙ y �E ME}FE O UC~æUCTEP TOKP B| UBGCDKBFU |BP BCP FBF^GB ROG SBDKBF z \BCk`GQUT EO[KFk y KD KU O TOKP

(K1,K2)
B| DC~ EU y �`EPE K1

SBNEU � KD` NEGB RKDQ
Vx,t ≤ Hx,t + inf

K1(t)⊂K⊂K2(t)
{c0(·, t) ? 1K(x)} + c1(x, t),

�`KGE K2

SBNEU � KD` NEGB RKDQ
Vx,t ≥ Hx,t + sup

K1(t)⊂K⊂K2(t)

{c0(·, t) ? 1K(x)} + c1(x, t).

fU OD D`E ~ EkKFFKFk B| UERDKBF ß zäy �E |BPSCGODE D`KU KF DEPS U B| DEUD |CFRDKBFU W
þ öFõ���òõ � ð �Ö×ØÙ y lE}FKDKBF I z×�  �¸Ä

K1

½¶Ê
K2

á¸ »µÇÆ½»Ä ÅÃáÅ ¸ÄÅ µ¼
RN

ÅÃ »Ì ÄÌ½Ä
K1 ⊂

◦
K2

È É ÅÃáþ ÅÃÆ ¸¹ Æ½À¹ µ¼ Å µ¿ÃÄÀµ¶Å Ó ÀÄÌ À¶ÀÄÀ½¿ Ê½Ä½
(K1, K2)

ÀÅ ½ Æ½À¹
(K1,K2)

µ¼ ÄÃá¸Å ÅÃ »Ì ÄÌ½Ä
ð��



�  �ò������òõ á ��� ��ö ��òò�� Qòá
N È K1 ⊂ K2

ÈO È K1(0) = K1

½¶Ê K̂2(0) ⊂ K̂2

ÈP È Üµ¹ ½¶Ë
t ∈ (0, T )

D À¼ ½ Ä¸ÅÄ ¼ Ã¶ »ÄÀµ¶
φ

µ¼ »¿½ÅÅ
C2

Ì½Å ½ ¿µ»½¿ Ç ½Õ ÀÇÃÇ µ¶ K1

½ÄÅ µÇ ¸ Æ µÀ¶Ä
(x, t) ∈ ∂K1

D ÄÌ ¸¶
φt(x, t)

≥h(Dφ(x, t), D2φ(x, t)) −
[

inf
K1(t)⊂K⊂K2(t)

{c0(·, t) ? 1K(x)} + c1(x, t)

]
|Dφ(x, t)|.

X È Üµ¹ ½¶Ë
t ∈ (0, T )

D À¼ ½ Ä¸ÅÄ ¼ Ã¶ »ÄÀµ¶
φ

µ¼ »¿½ÅÅ
C2

Ì½Å ½ ¿µ»½¿ Ç À¶ÀÇÃÇ µ¶ K̂2

½Ä
Å µÇ ¸ Æ µÀ¶Ä

(x, t) ∈ ∂K̂2

D ÄÌ ¸¶
φt(x, t)

≤h(Dφ(x, t), D2φ(x, t)) −
[

sup
K1(t)⊂K⊂K2(t)

{c0(·, t) ? 1K(x)} + c1(x, t)

]
|Dφ(x, t)|.

ACR` UC~æUCTEP TOKPU B| UBGCDKBFU Ed KUD OFM �E ROF ME}FE y |BGGB� KFk jOPMOGKOkCEDOFM XOUaCKkFBF y ¸Õ Ä¹¸Ç ½¿ UC~æUCTEP TOKPU B| UBGCDKBFU
(Kε

1,Kε
2)

� KD` KFKDKOG MODO
(E0 − εB1(0), E0 + εB1(0))

z {`E EdDPES OGKDQ `BGMU � KD` PEUT ERD DB D`E KFRGCUKBF z_BPEBNEP y K|
E0

KU RBSTORD � KD` CFK|BPS GQ
C2+α

~BCFMOPQy OFM K|
Er

KU O US BBD`ENBGCDKBF � KD`
C2+α

~BCFMOPQy UDOPDKFk |PBS
E0

� KD` FBPS OG NEGB RKDQ kKNEF ~Q �Ø zää� yD`EF Kε
1 ⊂ Er ⊂ Kε

2

OFM ~BD` Kε
1

OFM Kε
2

RBFNEPkE DB
Er

KF D`E YOCUMBPb MKUDOFREOU
ε→ 0

y OU TPBNEM ~Q jOPMOGKOkCED Ö×HÙ z
�B� y B� KFk DB D`E PEUT ERDKNE NEGB RKDKEU B| Kε

1

y
E∗

y
E∗ OFM Kε

2

y �E �OFD DB RBSTOPED`EUE UEDU z hBKFk D`PBCk` D`E RBPPEUT BFMKFk TPBB|U KF Ö×ØÙ OFM Ö×HÙ y �E R`ER[ D`ODD`E EUDKS ODKBF BF D`E NEGB RKDKEU B|
E∗ OFM

E∗
�XPBTBUKDKBF ß zä� y D`EKP PEkCGOPKDQTPBT EPDQ �XPBTBUKDKBF ß zI� OFM D`EKP KFKDKOG T BUKDKBF PEGODKNEGQ DB

E0

�iESSO ß z×�kKNE D`E |BGGB� KFk PEUCGD W
6�öò�ö� � ý �Ö×ØÙ y {`EBPES I zää�  L¶Ê¸¹ ÄÌ ¸ ½ÅÅÃÇÆ ÄÀµ¶Å µ¼ SÌ ¸µ¹¸Ç N ÈlD ¿¸Ä
(Kε

1,Kε
2)

á¸ ½¶ ¸Õ Ä¹¸Ç ½¿ ÅÃáþ ÅÃÆ ¸¹ Æ½À¹ µ¼ Å µ¿ÃÄÀµ¶Å Ó ÀÄÌ À¶ÀÄÀ½¿ Ê½Ä½
(E0 − εB1(0), E0 + εB1(0)).]¼ Kε

1(t)
½¶Ê Kε

2(t)
½¹¸ ¶ µ¶¾¸ÇÆ ÄË ¼ µ¹ ½¿ ¿

t ∈ [0, T ]
D ÄÌ ¸¶

Kε
1(t) ⊂ E∗(t) ⊂ E∗(t) ⊂ Kε

2(t) ∀t ∈ [0, T ).�E OPE }FOGGQ PEOMQ DB TPBNE {`EBPES äz× z
G ¹µµ¼ µ¼ SÌ ¸µ¹¸Ç N Èl È AKFRE Kε

1

OFM Kε
2

RBFNEPkE DB D`E USBBD` ENBGCDKBF
Er

UDOP^DKFk |PBS
E0

KF D`E YOCUMBPb MKUDOFRE K| D`E GODDEP Ed KUDU y �E MEMCRE D`OD |BP OGG
t ∈ [0, T )

y
E∗(t) = E∗(t) = Er(t)

z {`KU OGUB `BGMU |BP
t = T

D`OF[U DB XPBTBUK^DKBF ß zI z _BPEBNEP �E [FB� D`OD |BP OGG
t ∈ [0, T ]

OFM OGSBUD ENEPQ�`EPE KF
RN

y
E∗(t) ⊂ E(t) ⊂ E∗(t)

y UB D`E PEUCGD |BGGB� U z
ð�ü
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ÿ �ã ���	
�	 �% �# ���" ������
�

{B TPBNE {`EBPES äzÞ y �E � KGG CUE O }dEM TBKFD S ED`BM z �E ~ EkKF ~Q RBFUDPCRDKFkO US BBD` UBGCDKBF |BP D`E GB ROG TPB~GES �� KD` TPEURPK~ EM NEGB RKDQ � z
Î -î Ê� «¯ª®Ñ¬® Í Ë ¯ÏÍÍª~ ¯ÍÎª«ÍÑ¯ ËÍ© ª~® Í ¬° ±©ÍÌ ®Ï
6�öò�ö� ü ð �cdKUDEFRE B| O US BBD` UBGCDKBF |BP D`E GB ROG TPB~GES �  ÉÅÅÃÇ ¸ ÄÌ½Ä
E0

ÀÅ ½ »µÇÆ½»Ä ÊµÇ ½À¶ ÓÀÄÌ Ã¶À¼ µ¹Ç ¿Ë
C3+α

áµÃ¶Ê½¹Ë ½¶Ê ÄÌ½Ä
c ∈ W 2,1;∞(RN ×

[0, T ])
È SÌ ¸¶ ÄÌ ¸¹¸ ¸Õ ÀÅÄ ½ ÅÇ ½¿ ¿ ÄÀÇ ¸

t0 > 0
Ê¸Æ ¸¶ÊÀ¶º µ¶¿Ë µ¶

E0

½¶Ê µ¶ ½¶ÃÆÆ ¸¹ áµÃ¶Ê µ¶ ‖c‖W 2,1;∞(
4

N×[0,T ])

½¶Ê ½ ÅÇ µµÄÌ ¸·µ¿ÃÄÀµ¶ {Er(t)}0≤t≤t0

ÓÀÄÌ
C2+αáµÃ¶Ê½¹ËD ÅÄ½¹ÄÀ¶º ¼ ¹µÇ

E0

ÓÀÄÌ ¶ µ¹Ç ½¿ ·¸¿µ»ÀÄË
Vx,t = Hx,t + c(x, t),

�Ø zØÞ�
ÓÌ ¸¹¸

Hx,t

ÀÅ ÄÌ ¸ Ç ¸½¶ »Ã¹·½ÄÃ¹¸ µ¼
Γ(t) = ∂Er(t)

½Ä
x
È

{`E TPBB| KU OF OMOTDODKBF B| D`E BFE TPBTBUEM ~Q cNOFU OFM ATPCR[ ÖïßÙ |BPD`E RGOUUKROG S EOF RCPNODCPE SBDKBF �UEE OGUB hKkO y hBDB Ö��Ù OFM _OE[O�O Öäß äÙ|BP SBPE kEFEPOG EaCODKBFU� z �BP D`E PEOMEP wU RBFNEFKEFRE y �E kKNE D`E UDETU B| D`ETPBB| DB EdTGOKF `B� DB DPEOD D`E MET EFMEFRE KF D`E UTORE NOPKO~GE B| D`E NEGB RKDQ
c
zf UUCSE �E OPE kKNEF D`E USBBD` `QTEPUCP|ORE

Γ0 = ∂E0

y O DKS E
t0 > 0

OFM OUSBBD` ENBGCDKBF {Γ(t)}0≤t≤t0 = {∂E(t)}0≤t≤t0

B| UCP|OREU MENEGBTKFk |PBS
Γ0

� KD`FBPS OG NEGB RKDQ
Vx,t

z YECPKUDKROGGQy BFE ROF U`B� �UEE ÖïßÙ� D`OD D`E UKkFEM MKUDOFRE|CFRDKBF
d

DB
Γ(t)

ME}FEM ~Q

d(x, t) =

{
dist(x,Γ(t)) x ∈ RN \ E(t)
−dist(x,Γ(t)) x ∈ E(t)

KU O UBGCDKBF B|
vt = F (D2v, v) + c(x− v(x, t)Dv(x, t), t)

�Ø zØL�
� KD`

F (R, z) = f(λ1(R), ..., λn(R), z) =
n∑

i=1

λi(R)

1 − λi(R)z
,

�Ø zØï�
�`EPE

λ1(R) ≤ λ2(R) ≤ ... ≤ λn(R)
OPE D`E EKkEFNOGCEU B|

R
z
F

KU ½ Æ ¹Àµ¹À ME}FEMOFM US BBD` |BP |R| OFM |z| US OGG EFBCk` y ~CD �E EdDEFM KD DB ~ E USBBD` BF OGG B|
SymN × R

� KD` |F |, |DF | OFM |D2F | ~BCFMEM OU KF ÖïßÙ z
{`E KMEO KU DB UDCMQ MKPERDGQ D`E Xlc �Ø zØL� z �BP D`KU y UED

Γ0 = ∂E0

OFM GED

g(x) =

{
dist(x,Γ0) x ∈ RN\E0

−dist(x,Γ0) x ∈ E0

�Ø zØ��
ð��
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~E D`E UKkFEM MKUDOFRE |CFRDKBF DB

Γ0

z �E }d
δ0

UB US OGG D`OD
g

KU US BBD` � KD`KF

V = {x ∈ R
N , −δ0 < g(x) < δ0}

OFM �E UED y |BP
t0 > 0

DB ~ E MEDEPS KFEM y

Q = V × (0, t0), Σ = ∂V × [0, t0].

{`E TGOF KU DB RBFUKMEP O UBGCDKBF DB D`E Xlc





vt = F (D2v, v) + c(x− vDv, t) in Q
|Dv|2 = 1 on Σ
v = g on V × {t = 0}

�Ø zßH�

OFM DB TPBNE D`OD D`E gEPB GENEG UEDU B|
v(·, t) OPE US BBD` `QTEPUCP|OREU ENBGN KFk � KD`FBPS OG NEGB RKDQ kKNEF ~Q �Ø zØÞ� z

� KPUD y �E `ONE D`E |BGGB� KFk Ed KUDEFRE PEUCGD |BP D`KU FBF^GKFEOP Xlc �UEE iCFOPMKÖäßH y {`EBPES ï z× zß OFM XPBTBUKDKBF ï z× zÞÙ W
6�öò�ö� ü ý �cdKUDEFRE |BP D`E FBF^GKFEOP Xlc� SÌ ¸¹¸ ¸Õ ÀÅÄ

δ0, t0 > 0
Ê¸Æ ¸¶ÊÀ¶º µ¶¿Ë µ¶

E0

½¶Ê µ¶ ½¶ ÃÆÆ ¸¹ áµÃ¶Ê µ¶
‖c‖W 2,1;∞(

4
N×[0,T ])

ÅÃ »Ì ÄÌ½Ä ÄÌ ¸¹¸ ¸Õ ÀÅÄÅ ½ Ã¶ÀÂÃ ¸ Å µ¿ÃÄÀµ¶
v ∈ C2+α, 2+α

2 (Q)
µ¼ ÄÌ ¸

GÒê �Ø zßH� È Ý µ¹¸µ·¸¹D À¼
g ∈ C3+α(V )

D ÄÌ ¸¶ ÄÌ ¸ ? ¹ÅÄ µ¹Ê¸¹ ÅÆ½»¸ Ê¸¹À·½ÄÀ· ¸Å
vxk

D
¼ µ¹

1 ≤ k ≤ N
D á¸¿µ¶º Äµ

C2+α, 2+α
2 (Q)

È
	�òô���òõ ò U ��ö ùö�ò ôö�öô �ö� ò U

v

{`E PEUD B| D`E TPBB| KU MENBDEM DB TPBNKFk D`OD D`E UEDU

Γ(t) = {x ∈ V, v(x, t) = 0} (
|BP

t ∈ [0, t0])
�Ø zß ä�

OPE KF |ORD US BBD` `QTEPUCP|OREU ENBGN KFk � KD` FBPS OG NEGB RKDQ

Vx,t = Hx,t + c(x, t),

�`EPE
Hx,t

KU D`E S EOF RCPNODCPE B|
Γ(t)

OD
x
z

6�öò�ö� ü û �lKUDOFRE TPBT EPDQ B|
v
� �¸Ä

v
á¸ ÄÌ ¸ Å µ¿ÃÄÀµ¶ µ¼ �Ø zßH� º À· ¸¶ áË SÌ ¸µ¹¸Ç [ÈO È SÌ ¸¶ Ó ¸ Ì½·¸

|Dv|2 = 1 in Q.
�Ø zßI�

ð��
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G ¹µµ¼ È �E OMOTD D`E TPBB| B| cNOFU OFM ATPCR[ Öïß y {`EBPES Ø zäÙ z
äz iED

w = |Dv|2 − 1
z ZQ D`E PEkCGOPKDQ OUUCSTDKBF BF

E0

y �E `ONE D`OD
w ∈

C2+α, 2+α
2 (Q)

z _BPEBNEP y CUKFk D`E Xlc �Ø zßH� OFM D`E ME}FKDKBF B|
g

kKNEF ~Q �Ø zØ�� y�E kED D`OD
w = 0 on Σ,

�Ø zßØ�
OFM

w = 0 on V × {t = 0}. �Ø zßß�
I z l KbEPEFDKODKFk �Ø zßH� y �E RBSTCDE �D`E UCSSODKBFU OPE KSTGKRKD�

vtxk
=

∂F

∂rij

(D2v, v)vxixjxk
+
∂F

∂z
(D2v, v)vxk

+
∂

∂xk

c(x− vDv, t).

{`EPE|BPE

wt =2vxk
vxkt

=2
∂F

∂rij

(D2v, v)vxk
vxkxixj

+ 2
∂F

∂z
(D2v, v)|Dv|2 + 2

∂

∂xk

(c(x− vDv, t))vxk

=
∂F

∂rij

(D2v, v)wxixj
− 2

∂F

∂rij

(D2v, v)vxkxi
vxkxj

+ 2
∂F

∂z
(D2v, v)|Dv|2 �Ø zß×�

+ 2
∂

∂xk

(c(x− vDv, t))vxk
.

�Ø zßÞ�
�B�

2
∂

∂xk

(c(x− vDv, t))vxk
=2

N∑

i,k=1

∂c

∂xi

(x− vDv, t)(δik − vxk
vxi

− vvxkxi
) vxk

= − 2(|Dv|2 − 1)
N∑

i=1

∂c

∂xi

(x− vDv, t) vxi

−
N∑

i=1

∂c

∂xi

(x− vDv, t) v wxi

= − w l1(x, t) − wxi
l2,i(x, t),�`EPE

l1(t, x) = 2
N∑

i=1

∂c

∂xi

(x− vDv, t) vxi

OFM
l2,i(x, t) =

∂c

∂xi

(x− vDv) v.

ðð�
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_BPEBNEP

F (D2v, v) = f(..., λi(D
2v), ..., v) in Q.{`CU

∂F

∂z
(D2v, v) =

∂f

∂z
(..., λi(D

2v), ..., v) =
n∑

i=1

λi(D
2v)2

(1 − λi(D2v)v)2
.

eF D`E BD`EP `OFM
∂F

∂rij

(D2v)vxkxi
vxkxj

=
n∑

i=1

∂f

∂λi

(..., λi(D
2v), ..., v)λi(D

2v)2

=
n∑

i=1

λi(D
2v)2

(1 − λi(D2v)v)2
=
∂F

∂z
(D2v, v).

fU O RBFUEaCEFRE �Ø zß×� ~ ERBS EU

wt =
∂F

∂rij

(D2v, v)wxixj
+

(
2
∂F

∂z
(D2v, v) − l1(x, t)

)
w − l2,i(x, t)wxi

.

�F NKE� B| D`E CFK|BPS EGGKTDKRKDQ B|
F

�UEE Öïß y iESSO I zäÙ� y �E kED D`OD D`KU KU OCFK|BPS GQ TOPO~BGKR EaCODKBF z �UKFk D`E |ORD D`OD
w = 0

BF D`E TOPO~BGKR ~BCFMOPQB|
Q

y �E MEMCRE D`OD
w = 0

KF
Q

z {`KU EFMU D`E TPBB| B| D`E D`EBPES z
�B� y CUKFk �Ø zßI� y �E kED D`OD

Γ = {(x, t) ∈ Q, v = 0}KU O US BBD` `QTEPUCP|ORE KF
Rn+1 ∩Q OFM EOR` UGKRE

Γ(t) = {x ∈ V, v(x, t) = 0} KU OUSBBD` `QTEPUCP|ORE KF
V

z _BPEBNEP �E `ONE D`E EaCKNOGEFD B| Öïß y {`EBPES Ø zIÙ W
6�öò�ö� ü � �cd KUDEFRE B| O RGOUUKROG ENBGCDKBF� SÌ ¸ ÅÃ¹¼ ½»¸Å {Γ(t)}0≤t≤t0

»µÇÆ ¹ÀÅ ¸ ½ »¿½ÅÅÀ»½¿ Ç µÄÀµ¶ ÅÄ½¹ÄÀ¶º ¼ ¹µÇ
Γ0

ÓÀÄÌ ¶ µ¹¾Ç ½¿ ·¸¿µ»ÀÄË
Vx,t = Hx,t + c(x, t).

Î -, Ê� «¯ª®Ñ¬® Í Ë ¯ÏÍÍª~ ¯ÍÎª«ÍÑ ËÍ© ª~® ÑÍÑø Í ¬° ±©ÍÌ ®Ï
{`KU UC~UERDKBF KU MENBDEM DB TPBNKFk {`EBPES äzÞ z {B D`KU TCPTBUE y �E � KGGCUE O }dEM TBKFD S ED`BM z �E CUE D`E UOS E FBDODKBFU OU KF D`E TPENKBCU UERDKBF y KFTOPDKRCGOP

F
y
Q

y
Σ

OFM
V

y |BP UBS E
t0

DB ~ E MEDEPS KFEM z �UKFk D`E UOS E SED`BM OUKF AERDKBF L zäy BCP kBOG KU DB RBFUDPCRD O UBGCDKBF DB D`E Xlc





vt = F (D2v, v) + (c0(·, t) ?V 1{v(·,t)≤0})(x− vDv, t) + c̃(x− vDv, t) in Q
|Dv|2 = 1 on Σ
v = g on V × {t = 0} �Ø zßL�

ððð
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�`EPE

?V

MEFBDEU D`E RBFNBGCDKBF PEUDPKRDEM DB
V

y ÀÈ¸È
c0(·, t) ?V 1{v(·,t)≤0}(x) =

∫

V

c0(x− y, t)1{v(·,t)≤0}(y) dy

OFM
c̃(x, t) =

∫

E0\V
c0(x− y, t)dy + c1(x, t).

�E ME}FE D`E UED

E =





v ∈ C2+α, 2+α

2 (Q)

∣∣∣∣∣∣∣∣

||v − g||
C2+α, 2+α

2 (Q)
≤ R0

|Dv|2 = 1 in Q
v = g on V × {t = 0}
vt|t=0 = h0 on V × {t = 0}





�`EPE

g
KU ME}FEM ~Q �Ø zØ�� y

R0

KU O US OGG RBFUDOFD �`KR` � KGG ~ E TPERKUEM GODEP OFM
h0 = F (D2g, g) + c0 ? 1E0(x− gDg, 0) + c1(x− gDg, 0).�BP

w ∈ E
y �E UED

cw(x, t) = c0(·, t) ?V 1{w(·,t)≤0}(x) + c̃(x, t).�FMEP D`E OUUCSTDKBFU BF
c0

OFM
c1

KD KU EOUQ DB R`ER[ D`OD
cw ∈ W 2,1;∞(RN × [0, T ])�UEE D`E ME}FKDKBF B|

W 2,1;∞(RN × [0, T ])
O|DEP �Ø zäH�� z �FMEEM y D`E BFGQ MK5 RCGDQ KUDB R`ER[ D`OD

cw
KU i KTUR`KDg KF DKS E z {B MB D`KU y GED CU UDODE D`E |BGGB� KFk GESSO W

Tö��� ü � �cUDKS ODE BF R`OPORDEPKUDKR |CFRDKBFU� SÌ ¸¹¸ ¸Õ ÀÅÄÅ ½ »µ¶ÅÄ½¶Ä
C

ÓÌÀ»Ì Êµ¸Å ¶ µÄ Ê¸Æ ¸¶Ê µ¶
t0
D ÅÃ »Ì ÄÌ½Ä À¼

u1, u2 ∈
C1(V )

Å½ÄÀÅ¼ Ë
Dui ·Dg ≥ 1

2

À¶
V

¼ µ¹
i = 1, 2

D ÄÌ ¸¶
‖1{u1≤0} − 1{u2≤0}‖L1(V ) ≤ C‖u1 − u2‖L∞(V ).{`E TPBB| KU OF EOUQ OMOTDODKBF B| Öï y iESSO ßIÙ �CUKFk GB ROG ROPMU OFM O TOP^DKDKBF B| CFKDQ � y UB �E U[KT KD z

�BP OFQ
u ∈ E

y
Du

UODKU}EU
Du(·, 0) = Dg

OFM KU Yò GMEP KF DKS E z f U O RBFUE^aCEFRE y |BP
t0

US OGG EFBCk` METEFMKFk BFGQ BF OF CTTEP ~BCFM BF ‖u‖
C2+α, 2+α

2 (Q)
≤

R0 + ‖g‖C2+α(V )

y �E `ONE
Du(·, t) · Dg ≥ 1

2

KF
V

|BP OFQ
u ∈ E

OFM
t ∈ [0, t0]

z{`EPE|BPE y CUKFk D`E TPENKBCU GESSO y �E ROF RBSTCDE
|cw(x, t) − cw(x, s)| =|c0(·, t) ?V 1{w(·,t)≤0}(x) − c0(·, s) ?V 1{w(·,s)≤0}(x)

+ c̃(x, t) − c̃(x, s)|
≤|c0(·, t) ?V 1{w(·,t)≤0}(x) − c0(·, t) ?V 1{w(·,s)≤0}(x)|

+ |c0(·, t) ?V 1{w(·,s)≤0}(x) − c0(·, s) ?V 1{w(·,s)≤0}(x)|
+ |c̃(x, t) − c̃(x, s)|

≤Cw|t− s|,

ððý
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�`EPE

Cw =C‖c0‖L∞(
4

N×[0,T ])‖w‖C2+α, 2+α
2 (Q)

+ 2‖c0‖W 1,∞([0,T ];L∞(
4

N ))LN(E0)

+ ‖c1‖W 2,1;∞(
4

N×(0,T )).{`E |ORDBP I OTTEOPU K| �E OUUCS E D`OD LN(V \ E0) ≤ LN(E0)
y �`KR` KU OG�OQUTBUUK~ GE z �E PES OP[ D`OD D`KU RBFUDOFD

Cw

ROF ~E R`BUEF KFMET EFMEFDGQ B|
w

UKFRE�E `ONE ‖w‖
C2+α, 2+α

2 (Q)
≤ R0 + ‖g‖C2+α(V )

z {`KU y DBkED`EP � KD` UKS KGOP EUDKS ODEU BF
UTORE MEPKNODKNEU y KSTGKEU D`OD |BP OFQ

w ∈ E
y

‖cw‖W 2,1;∞(Q) ≤ C(1 +R0),�`EPE D`E RBFUDOFD
C

MBEU FBD MET EFM BF
t0

y
R0

z
f U O RBFUEaCEFRE y |BP

t0
US OGG EFBCk` �MET EFMKFk BFGQ BF

R0

� y �E ROF D`EPE|BPEME}FE |BP OFQ
w ∈ E

y
v = Φ(w)

OU D`E CFKaCE UBGCDKBF B|





vt = F (D2v, v) + cw(x− vDv, t) in Q
|Dv|2 = 1 on Σ
v = g on V × {t = 0}._BPEBNEP D`E TPBB| B| {`EBPES L zI U`B� U D`OD TPBNKMEM

t0
KU US OGG EFBCk` �ME^T EFMKFk BFGQ BF

R0

� y D`EF
v ∈ E

|BP OFQ
w ∈ E

z iED CU FB� TPBNE D`OD
Φ

KU ORBFDPORDKBF z
iED

w1, w2 ∈ E
y
v1 = Φ(w1), v2 = Φ(w2)

OFM
v = v2 − v1

z {`EF
v

KU O UBGCDKBFB|





vt − aijvxixj
+ fivxi

+ ev = δ + A(D2v,Dv, v, x, t) in Q
∂v

∂ν
= a(Dv, x, t) on Σ

v = 0 on V × {t = 0},�`EPE
aij =

∂F

∂rij

(D2v1, v1)vij, fi =
∂c

∂xi

v1, e = Dcw1 ·Dv1 −
∂F

∂z
(D2v1, v1),

δ = cw2(x− v2Dv2, t) − cw1(x− v2Dv2, t),

A(R, p, z, x, t) =F (D2v1 +R, v1 + z) − F (D2v1, v1)

− ∂F

∂z
(D2v1, v1)z −

∂F

∂rij

(D2v1, v1)rij

+ cw1(x− (v1 + z)(Dv1 + p), t) − cw1(x− v1Dv1, t)

+ (Dcw1(x− v1Dv1, t) ·Dv1)z +
∂cw1(x− v1Dv1, t)

∂xi

v1pi

ððû
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OFM

a(p, x, t) =






−1

2

(
2p · (Dv1 −Dg) + |p|2

)
on {g = δ0}

1

2

(
2p · (Dv1 −Dg) + |p|2

)
on {g = −δ0},�`EPE �E `ONE CUEM D`E |ORD D`OD

Dg
KU FBPS OG DB

∂V
z � UKFk D`E UOS E OPkCS EFDU OUD`BUE B| cNOFU OFM ATPCR[ Öïß y iESSO × zØÙ �ÀÈ¸È O {OQGBP EdTOFUKBF � OFM D`E |ORDD`OD ||v||

C2+α, 2+α
2 (Q)

≤ 2R0

y �E kED D`OD

||A||
Cα, α

2 (Q)
, ||a||

C1+α, 1+α
2 (Σ)

≤ CR0||v||
C2+α, 2+α

2 (Q)
,

�`EPE
C

MBEU FBD MET EFM BF
t0, R0

z �UKFk Öïß y iESSO I zIÙ y �E D`EF MEMCRE D`OD W
‖v1 − v2‖

C2+α, 2+α
2 (Q)

=||v||
C2+α, 2+α

2 (Q)

≤C
(
‖δ‖

Cα, α
2 (Q)

+ ‖A‖
Cα, α

2 (Q)
+ ‖a‖

C1+α, 1+α
2 (Σ)

)
,

|PBS �`KR` �E MEMCRE D`OD
‖v‖

C2+α, 2+α
2 (Q)

≤ C‖δ‖
Cα, α

2 (Q)

|BP
R0

US OGG EFBCk` z �E FB� CUE D`E |BGGB� KFk GESSO y D`E TPBB| B| �`KR` KU TBUD^TBFEM W
Tö��� ü � �cUDKS ODE BF D`E NEGB RKDKEU� ÀÀÄÌ ÄÌ ¸ Æ ¹¸·ÀµÃÅ ¶ µÄ½ÄÀµ¶ D Ó ¸ Ì½·¸ ¼ µ¹

t0
ÅÇ ½¿ ¿ ¸¶ µÃºÌ >Ê¸Æ ¸¶ÊÀ¶º µ¶¿Ë µ¶

R0

C
||δ||W 1,1;∞(Q) ≤ C||w||W 1,1;∞(Q)

ÓÌ ¸¹¸
w = w1 − w2

½¶Ê
C

Êµ¸Å ¶ µÄ Ê¸Æ ¸¶Ê µ¶
t0

È
{`KU KSTGKEU KF TOPDKRCGOP y OGUB CUKFk D`E Yò GMEP PEkCGOPKDQ B|

w
OFM D`E |ORD D`OD

wt|t=0 = 0 = Dw(·, 0)
y D`OD

‖δ‖
Cα, α

2 (Q)
≤ ||δ||W 1,1;∞(Q) ≤ C||w1 − w2||W 1,1;∞(Q) ≤ Ct

α
2
0 ‖w1 − w2‖

C2+α, 2+α
2 (Q)

UB D`OD |BP
t0

US OGG EFBCk`

‖v1 − v2‖
C2+α, 2+α

2 (Q)
≤ 1

2
‖w1 − w2‖

C2+α, 2+α
2 (Q)

.

{`KU KSTGKEU D`OD
Φ

KU O RBFDPORDKBF OFM UB D`OD y CUKFk D`E ZOFOR` }dEM TBKFD{`EBPES y �E MEMCRE D`OD D`EPE Ed KUDU O CFKaCE UBGCDKBF
v

B| �Ø zßL� z
ðð�
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�UKFk {`EBPES L zß y �E MEMCRE D`OD

Er(t) = {x ∈ V, v(x, t) ≤ 0} ME}FEU OUSBBD` ENBGCDKBF � KD`
C2+α

~BCFMOPQ UDOPDKFk |PBS
E0

� KD` FBPS OG NEGB RKDQ
Vx,t = Hx,t + c0(·, t) ? 1Er(t)(x) + c1(x, t).

{`KU EFMU D`E TPBB| B| {`EBPES äzÞ z
�E FB� TPBNE iESSO L zÞ W

G ¹µµ¼ µ¼ �¸ÇÇ½ [È^È �E ~EkKF ~Q RBSTCDKFk D`E MEPKNODKNE B|
δ

KF DKS E z �E `ONE yCUKFk YOMOS OPM wU |BPSCGO W
∂δ

∂t
(x+ v2Dv2, t) =

∫

V

(c0)t(x− y, t)(1{w1(·,t)≤0}(y) − 1{w2(·,t)≤0})(y) dy
�Ø zßï�

−
∫

{w1(·,t)=0}
(w1)t(y, t)c0(x− y, t)dHn−1 �Ø zß��

+

∫

{w2(·,t)=0}
(w2)t(y, t)c0(x− y, t)dHn−1

�KPUD y CUKFk iESSO L z× y �E `ONE D`OD
∣∣∣∣
∫

V

(c0)t(x− y, t)(1{w1(y,t)≤0} − 1{w2(y,t)≤0})dy

∣∣∣∣ ≤ C‖c0‖W 1,∞([0,T ];L∞(
4

N ))‖w‖L∞(Q).�Ø z×H��BP D`E UERBFM DEPS y �E � PKDE
∫

{w2(·,t)=0}
(w2)t(y, t)c0(x− y, t)dHn−1 −

∫

{w1(·,t)=0}
(w1)t(y, t)c0(x− y, t)dHn−1

= I1 + I2

�`EPE

I1 =

∫

{w2(·,t)=0}
(w2)t(y, t)c0(x− y, t)dHn−1 −

∫

{w2(·,t)=0}
(w1)t(y, t)c0(x− y, t)dHn−1

OFM

I2 =

∫

{w2(·,t)=0}
(w1)t(y, t)c0(x− y, t)dHn−1 −

∫

{w1(·,t)=0}
(w1)t(y, t)c0(x− y, t)dHn−1

�E PESOP[ D`OD
|I1| ≤ C‖c0‖L∞(Q)‖wt‖L∞(Q)

�Ø z× ä�
�`EPE D`E RBFUDOFD

C
KU O ~BCFM BF D`E T EPKS EDEP B| {u(·, t) = 0} y CFK|BPS |BP

u ∈ EOFM
t ∈ [0, t0]

z
ðð�
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�E FB� DPEOD I2

y OFM DB D`KU OKS �E CUE O GB ROG TOPOS EDPKUODKBF z �E R`BBUE
GB ROG RBBPMKFODEU OFM

r
US OGG EFBCk` UCR` D`OD ∂g

∂xn

≥ 3

4

KF
Br ⊂ RN−1

z �B� y |BP
t0

US OGG EFBCk` y PEROGGKFk D`OD
wi(·, 0) = g

OFM ‖wi‖
C2+α, 2+α

2 (Q)
≤ R0 + ‖g‖C2+α(V )

y
�E kED D`OD ∂wi

∂xn

≥ 1

2

KF
Br

z �E }d
t ≤ t0

OFM �E OUUCS E D`OD {wi(·, t) = 0} =

{(x′, fi(x
′)), x′ ∈ Br}

z �UKFk O TOPDKDKBF B| CFKDQy �E � KGG D`EF PERBNEP D`E RBSTGEDEEUDKS ODE z �E ME}FE
ε(x′) = f2(x

′)− f1(x
′)
z �BP

t0
US OGG EFBCk` �MET EFMKFk BFGQ BF

R0

OFM
g
� �E ROF OUUCSE D`OD

|ε(x′)| ≤ 1

2(R0 + ‖g‖C2+α(V ))

�Ø z×I�
�E D`EF `ONE
|I2| ≤ C

∫

x′∈Br

∣∣∣
√

1 + |Df1|2 c0(x′ − y′, xn − f1(y
′), t)

−
√

1 + |Df1 +Dε|2 c0(x′ − y′, xn − f1(y
′) − ε(y′), t)

∣∣∣ dy′

≤C‖ε‖W 1,∞(Br)�`EPE �E `ONE CUEM D`E |ORD D`OD
c0 ∈ L∞([0, T ];W 1,∞(RN))

OFM �`EPE D`E RBFUDOFD
C

METEFMU BFGQ BF
R0, g

OFM
c0

zeCP kBOG FB� KU J CUD DB EUDKS ODE ‖ε‖W 1,∞(Br)

� KD` PEUT ERD DB ‖w‖L∞([0,t0],W 1,∞(V ))

z�BP UKSTGKRKDQ B| FBDODKBF y �E |BPkED D`E MET EFMEFRE KF DKS E B|
w, w1

OFM
w2

z �EPEROGG D`OD
w1(x

′, f1(x
′)) = 0 =w2(x

′, f1(x
′) + ε(x′))

�Ø z×Ø�
=w1(x

′, f1(x
′) + ε(x′)) − w(x′, f1(x

′) + ε(x′)).�UKFk O {OQGBP EdTOFUKBF y �E kED D`OD
w1(x

′, f1(x
′) + ε(x′)) =w1(x

′, f(x′)) +
∂w1

∂xn

(x′, f(x′)) · ε(x′) + o(ε).

_BPEBNEP y

‖o(ε)‖L∞ ≤1

2

∣∣∣∣
∂2w1

∂x2
n

∣∣∣∣ ‖ε‖2
L∞

≤1

4
‖ε‖L∞

�`EPE �E `ONE CUEM �Ø z×I� OFM D`E |ORD D`OD ∣∣∣∣∂
2w1

∂x2
n

∣∣∣∣ ≤ R0 + ‖g‖C2+α(V )

z �FJ ERDKFk
D`KU KF �Ø z×Ø�y �E kED

‖ε‖L∞ ≤ 4‖w‖L∞(Q).
�Ø z×ß�

ðð�



ü  	ÿ ���öõ�ö ò U ��òò�� �òô���òõ�
�`EPE �E `ONE CUEM D`OD |∂w1

∂xn
| ≥ 1

2

z l KbEPEFDKODKFk �Ø z×Ø� � KD` PEUT ERD DB
xi

OFMCUKFk O {OQGBP EdTOFUKBF y �E kED OU O~BNE

‖εxi
‖L∞ ≤ C

‖w‖L∞([0,t0],W 1,∞(V ))

|∂w2

∂xn
| ≤ C‖w‖L∞([0,t0],W 1,∞(V )).

jBS~KFKFk D`E GOUD KFEaCOGKDQ � KD` �Ø z×ß� y �E kED
|I2| ≤ C‖w‖L∞((0,t0);W 1,∞(V )).

�Ø z××�
�UKFk �Ø z×H� y �Ø z× ä� OFM �Ø z××�y �E kED D`OD

‖∂δ
∂t

‖L∞(Q) ≤ C‖w‖W 1,1,∞(Q).

{`E EUDKS ODEU BF ‖δ‖L∞(Q)

OFM ‖Dδ‖L∞(Q)

OPE EOUKEP �D`EQ CUE D`E PEkCGOPKDQ B|
c0

� yUB �E U[KT D`EKP TPBB|U z {`KU EFMU D`E TPBB| B| D`E iESSO z
���õòá ôöóúö�öõ��{`E OCD`BPU �BCGM GK[E DB D`OF[ Xz jOPMOGKOkCED OFM \ z _BFFEOC |BP |PCKD|C G MKU^RCUUKBFU MCPKFk D`E TPETOPODKBF B| D`KU TOTEP y OU �EGG OU � z h KkO |BP UEFMKFk CUUBS E PE|EPEFREU z {`E }PUD OCD`BP �OU UCTTBPDEM ~Q D`E RBFDPORD ]j äHI× ROGGEM�fj� J ECFEU R`EPR`ECUEU ED J ECFEU R`EPR`ECPU� B| D`E �PEFR` _ KFKUDPQ B| \EUEOPR`�IHHØ^IHH×� z
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°a° ±²d^«¬X  `R] «TX] «RS

³� ���� �e��g , ´� ���0Q ��� e�Q-�� ��� ! ��eµ� �g  6 e� �3�e�� � - 0�����. 0��4� �e�� �� 0Q�e- ��� # ' g� �g������Q, ´� �� ´ ��e� ,  � e �eg.� ��e�� , 0 ��� �e�� ��0Q�e- ��� �� .�µ�� !Q e - �e� ��gµe��g� - �� � ¶´� g�6�g � ·�!����� � ¸#¹ 6 g ����:e�� ������.  6 ��� g�����º # $ ��� �e�� �� eg� ���� 0�6���� �� �gQ��e�� ´� �� �Q���e����.�� �� -��e���� e�� Q� ��  6 ���  g0�g  6
10−6m

e�0 ����5����  6 ���  g0�g  6
10−9m

#»�� � �����  6 0��� �e�� �� �� �gQ ��e�� ´e� ��� 6 g´eg0 �� ��� ¼¼�� �����gQ, e� ���- e�� - ��g �� ��� �:��e�e�� �  6 ��� - e�g �� ��� ��e���� ! ��eµ� �g  6 - ��e���� �gQ�4�e�� ¶��� ��� ��Q���e� - � .ge�� ½�g�� , % ��� (¸¾)+º # ·���� ��� ! �.�����.  6 ���¿¾ 2� , ��� g���eg�� À��0  6 0��� �e�� �� �� ��Á  Q ��. e ��´ 0�µ�� �-��� , �� �eg�����eg��e�5� � ��� � ´�g  6 � -����g� ´���� e�� ´� ��-��e�� �� ´ ��� e �eg.� ��-!�g  60��� �e�� �� #&������Q & 0��Q, %� Â �eg , " ���� ���g 0���0 �� (¸ÃÄ+ e ��´ - 0�� �e���0 ÅÆ Ç
È ÆÉÊ Ç Ë ÇÌÍ Î ÏÍÇÌ ÏÐ ÍÑÊ ÌÏÒÉÅÑÏÓ# ³� ���� - 0�� , ��� 0��� �e�� � ���� �� ��� �gQ��e�-  µ�� �� ��� ���� ��e�� ´ ��� e � g- e� µ�� ���Q ´���� �� �g � g�� �e� � ��� Ô�e��4Õ ����g 6 g�� e����.  � ���� ���� # ³� ��� �e�� ´��g� ���g� eg� � �:��g� g ��g��� , �� ��6 g�� �� ��-��Q ��� ���646 g�� �g�e��0 !Q ��� ��e���� À��0 .���ge��0 !Q ��� 0��� �e�� ����� �����6 # ³� (¸¾+ , (¿+ , Ö �µeg�× , ½ �� , %� Â �eg e�0 ' ���e� �g � ��0 � g�´ g���
ØÙÚ
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���� -  0�� e� e � �4� �e� ½e- ��� �4Ýe� !� �3�e�� � # Þ ���. µ��� ���Q � ���� �� ¶´�g�6�g � ��� - � .ge���  6 Âeg��� (¸Ä+ e�0 Âeg0� e�0 �e��×× 4$ �����e (¸*+ e�0 � ��� �e��g  6 �ge�0e�� , ³�� �� e�0 %� �� () ¸+ 6 g e .  0 ���g 0���� � � ���� ��� gQ º ,Ö �µeg�× ÇÅ ÉÌß (¸¾+ , (¿+ �g µ�0 e �� g� ��- � �: ������� e�0 ���3������ g����� # »��� ,Ö �µeg�× , �eg0e��e.��� e�0 ' ���e� ()+ e�0 Âeg��� e�0 %�Q (;Ã+ �g µ�0 e � �. ��- �g����� ��0�g ��g�e�� e���-��� �� # à� e�� g�6�g � " g�e0�� (Ä*+ 6 g e ���3������e�0 �: ������� g����� 6 g 0��� �e�� �� 0Q�e- ��� ´ ��� e - �e� ��gµe��g� ��g- # »����3�e�� � ´e� e�� ��- �g��e��Q ���0��0 !Q Ö�µeg�× , �eg��� � , ' ���e� , & �Q (*+ , (Ä+ #' e���-e���e��Q, e 0��� �e�� � ���� �� g��g������0 !Q ��� ! ��0egQ  6 e ! ��0�00 -e��

Ω ⊂ R2
´���� - µ�� ´ ��� � g- e� �� ��0 .�µ�� !Q

Vn = c0 ? ρ´��g� ��� 5�g���
c0 = c0(x)

0����0�  ��Q  � ��� ��e�� µeg�e!��� ,
?

0�� ��� ���� �µ ���� � �� ��e�� e�0
ρ

�� ��� ��ege���g����� 6����� �  6 ��� ���
Ω
, ÑßÇß

ρ(x) =

{
1

�6
x ∈ Ω

0
�6

x 6∈ Ω.

³� ���� �e��g , ´� � ���0�g e ��-���À�0 - 0��  6 ���  �� �g � ��0 !Q Ö�µeg�× ÇÅÉÌß (¸¾+ , (¿+ # ½�g� , ´� e���-� ��e� ��� ��.e��µ� �eg�  6 ��� 5�g���
c0

�� � �����ge��0 �  �� � ��� , ÑßÇß,
c0 = c0 −

(∫á
2 c0
)
δ0

´��g�
c0

�� � ´ e � ����µ� 5�g��� # Â��e���  6��� 6 g- e� �e�6 � ��g�!��� �  6 ��� $ �ge� - e�� � 
c0 ? ρ

 � ��� 0��� �e�� � ����
∂Ω

,´� �e� g�´ g��� ¶6 g- e��Q  � ��� 0��� �e�� � ����º
Vn = c0 ? ρ−

1

2

∫á
2

c0.

" g ���� - 0�� , ´� ´ ��� ! � e!�� � �g µ� , �� ��� 6ge- �´ g5  6 ��� ·��� â�µ ��µ�� ���6 g-��e�� � ¶��� (¸)¿+º , e � �. ��- � �: ������� e�0 ���3������ g����� 6 g ��� � ���� � 6 ���� �3�e�� � ¶��� ·���� � ;º #Ô�Q���e��Q, ��� 5�g���
c0

�� e���- �0 � !��eµ� ��5� 1
|x|3

e� ��À���Q# à� g�6�g � ·���� � ã #¸ 6 g - g� 0��e��� e�0 � �� ��e� ��� 0��eQ  6  �g 5�g��� - ����� ��� �e��4ge� ����.ge!����Q � �0��� � ¶ã #¹ãº # " g ���� g�e� � , ´� �e� g���e�� ��� ��ege���g�����6����� �
ρ
, 0�À���.

ρε(x, t) = ρ

(
x

ε
,

t

ε2| ln ε|

)
.

»��� �� e�- �� ��� �ege! ��� ��e���. # ½�g� ��� �g������  6 ��� � .eg���- �� e ´���45� ´� 6e�� g �� ��Q���� ¶��� 6 g ����e��� Âeg��� äeµe××e (¹ ¸+ , Âg ´� (ãÃ+  g ½ �g��e�0 % ��� (¸¾)+º # à� ���� �� ´ ��e� �� e �eg.� ��e�� ¶ÑßÇß
ε→ 0

º , ��� � g- e� �� ��0  6��� 0��� �e�� � ���� e�� ��e��0 � 
ρε

�� .�µ�� !Q e��� �g ��� - �e� ��gµe��g�  6 ��� ���� #' g� �g������Q, ´� �� ´ ��e� ��� � ���� �  6 ��� � �4� �e� ½e- ��� �4Ýe� !� �3�e�� �- 0�����. 0��� �e�� �� 0Q�e- ��� � �µ�g.�� , e� e �eg.� ��e�� , � ��� � ���� �  6 e - �e�
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��gµe��g� - �� � # à� e�� ���0Q ��� ���5 !��´��� ��� ���g.Q  6 0��� �e�� �� e�0 ������g.Q e�� ��e��0 � ��� - �e� ��gµe��g� - �� � e�0 ´� �g µ� e 6 g- e� � �µ�g.���� 6 ��� ���g.��� # à� �� ´ ��e� ��� - �e� ��gµe��g� - �� � ´� �e� e��g e�� ´ ��� �����Q��  6 � �4� �e� ��5 �e� �3�e�� �� �� e�´eQ �  6 µeg�e�� �e� �Q�� # " ��e��Q, ´� �� ´��e� �� ��� �´ 0�- ���� �e� �e�� , �������e��Q e�� - �e� ��gµe��g� - �� �  6 µeg�e�� �e��Q�� �e� !� e��g : �- e��0 , ´���� �� � � �g�� �� ��.��g 0�- ���� �� #»��� g����� �� µ�gQ �e��ge� 6 g 0��� �e�� � 0Q�e- ��� # ³�0��0 , �� - e�Q g�6�g����� ����Q���� , ��� e��� g� 0���g�! �� 0��� �e�� �� 0Q�e- ��� !Q ���� ����� � ��g- � 0�g�µ ��.6g - e� ���g.Q e�� ��e��0 � ��� 0��� �e�� � ���� # ·�� 6 g ����e��� Âg ´� (ãÃ+ e�0Âeg��� äeµe××e (¹ ¸+ 6 g ��Q���e� g�6�g����� e�0 äegg �� , 'å���g (¿¹+ , (¿ã+ 6 g eµeg�e�� �e� e��g e�� # Ö � 6eg e� ´� 5� ´ ,  �g g����� �� ��� Àg�� g�. g �� �g  6 6 g ���� �µ�g.����  6 0��� �e�� � 0Q�e- ��� � - �e� ��gµe��g� - �� � #·�- ��eg g������ �eµ� e�g�e0Q !��� �g µ�0 6 g .���ge� 5�g���� �� g��e�� � ´ ��� ���'�gg�- e� , Â���� , 9���g e�. g���- 6 g � -�����. -�e� ��gµe��g� - �� � (¸ã¹+ # à�g�6�g � Âeg��� , ä� g.���� (;;+ æµe�� (*¿+ , ³�� �� (¸¸)+ e�0 ³���� , Ô �g�� , · �.e��0��(¸;¾+ 6 g ���� 5��0  6 g������ # à� e�� g�6�g � · �.e��0�� (¸*;+ 6 g �:e-��� ´��g���� 5�g���� eg� 6ge��� �e� �e��e��e� # f�µ�g������� ,  �g 5�g��� 0 �� � � �e���6Q ���e���-��� ��  6 ����� �e��g� # à� g�6�g � ·�!����� � ã #¸ 6 g e � -�eg�� � ´ ���  ���gg��e��0 ´ g5� # ' g� µ�g , ´� �� ´ �� ·���� � * ��e� ��� ��- �� - �e� ��gµe��g� - �� � !�e���0 !Q � �µ ���� � ��  6 µeg�e�� �e� �Q�� #
° aç è X]²é`X]êëXì ^é]]êSV RW ]²é _URí ìé`

ä�µ�� e 6����� �
g

0�À��0  � ��� ���� ����g�
Sn−1

 6
Rn

!Q
g ∈ C0(Sn−1), g(−θ) = g(θ) ≥ 0, ∀θ ∈ Sn−1 ¶ã #¸º

´� � ���0�g 5�g����
c0 ∈ L∞(Rn)

�e���6Q ��.





c0(x) =
1

|x|n+1
g

(
x

|x|

) �6 |x| ≥ 1,

c0(−x) = c0(x) ≥ 0, ∀x ∈ Rn.

¶ã #;º

à� ´e�� � �  5 ´�e� �e���� 6 g �eg.� 0��� �e�� � , ÑßÇß, �� e �eg.� ��e�� # Þ� � e��e�.�  6 µeg�e!�� , �� �� �� �3��µe���� � � �����ge�� ��� 5�g��� # ·����
c0

!��eµ����5� 1
|x|n+1

e� ��À���Q ¶��� ¶ã #;ºº , ��� î�e��ge� ��e���.ï �� ���� ��� 6 �� ´ ��.  �� 6 g
0 < ε < 1

cε0(x) =
1

εn+1| ln ε| c0
(x
ε

)
.

¶ã #¹º
»�� �g������  6 ��� � .eg���- � - ��  �� �e��ge��Q �� ��� �g  6� ¶��� ·�!����� � ã #¸º!�� �� e�� �:�����0 6g - e ��Q���e� � ���  6 µ ��´ #
ØÙÙ
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à� ´ ��� ��� ��� ��µ�� ��� 6 g-��e�� � �� ��� ����� ��e� ��� 0��� �e�� � ���� ¶��g��� e�Q 0�- ���� �

n ≥ 1
º �� g��g������0 !Q e�Q ��µ�� ���  6 e � ����� �� 6����� �

uε
,� �µ ��. ��� 6 �� ´ ��. �3�e�� � ¶�� ��� �����  6 $�À���� � ; #¸º






uε
t(x, t) =

(
(cε0 ? 1{uε(·,t)>uε(x,t)})(x) −

1

2

∫á
n

cε0

)
|Duε(x, t)| ��

Rn × (0, T ),

uε(·, 0) = u0(·)
��

Rn ¶ã #ãº´��g�
Duε

��0��e��� ��� .ge0����  6
uε

´ ��� g��� ��� � ��� ��e�� µeg�e!��� , ���� �µ ���� � �� 0 �� �� ��e��  ��Q e�0
1{uε(·,t)>uε(x,t)}

�� ��� ��ege���g����� 6����� �  6��� ��� {uε(·, t) > uε(x, t)} # ½ �g� , ´� � ���0�g ��� ��-���e�� �� �µ ���� ��  6 e�� �����µ�� ����  6 ��� 6����� �
uε

# »��� e��g e�� �e� ! ��� ���g 0���0 !Q ·��� â�µ (¸)¿+¶��� e�� $e %� , Õ �- , ·��� â�µ ()¿+º #à� ´ ��� �g µ� ��e� ��� ���3�� µ��� ���Q � ���� �  6 ¶ã #ãº � �µ�g.�� � ��� ���3��� ���� �  6 e - �e� ��gµe��g�4�Q�� �3�e�� � #
° að è XêS Ué^\ì]^

à� 0�� �� !Q
C

1,1/2
x,t (Rn × [0, T ])

��� ���  6 � ����� �� 6����� �� �e���6Q ��. e%�������× � �0��� � ��
x

e�0 e ½ñ�0�g � �0��� � ��
t
 6 �:� ����

1/2
e�0 !Q

Lip(Rn)��� ���  6 %�������× � ����� �� 6����� �� #
òP@=A@H ØÛØÛ óôõ ILM@>C@ ö K>IJK@>@LL F>D A@BKEFAIMG ÷=A MP@

εøùA=úE@H ûüÇÅ
n ≥ 1

ß ý ÊÊþÎ Ç ÅÆÉÅ ÅÆ Ç ÑÓÑÅÑÉÌ ÍÉÅÉ
u0 ∈ Lip(Rn)

ÉÓÍ ÅÆÉÅ
c0 ∈ W 1,1(Rn)

ß ÿÆ ÇÓÐ Ï� ÉÌ Ì
ε ∈ (0, 1)� ÅÆ Ç�Ç Ç� ÑÊÅÊ É þÓÑ�þÇ �ÑÊ ÒÏÊÑÅ� ÊÏÌþÅÑÏÓ

uε
ÏÐ �� ß�� ÑÓ ÅÆ Ç Ê ÇÓÊ Ç

ÏÐ 	 ÇË ÓÑÅÑÏÓ 
 ß� ß � Ï�ÇÏ�Ç�� uε
ÑÊ
C

1,1/2
x,t (Rn × [0, T ])

þÓÑÐ Ï�Î Ì� ÑÓ
ε
Ð Ï�

ε ∈ (0, 1
2
)
ß

 ÉÎ ÇÌ�� � Ç ÆÉ�Ç ÅÆ Ç Ð ÏÌ ÌÏ� ÑÓ� ÇÊÅÑÎ ÉÅÇÊ Ð Ï�
ε ∈ (0, 1

2
) �

|Duε(·, t)|L∞(

á
n) ≤ |Du0|L∞(

á
n), ∀t ≥ 0

ÉÓÍ
|uε(x, t+ h) − uε(x, t)| ≤ C|Du0|L∞(

á
n)

√
h, ∀x ∈ R

n, ∀t ≥ 0, h ∈ [0, 1],

�Æ Ç�Ç ÅÆ Ç ÒÏÓÊÅÉÓÅ
C

ÍÇÈ ÇÓÍÊ ÏÓÌ� ÏÓ
n

ÉÓÍ
supá

n

c0
ß

à� eg� ����g����0 �� ��� ��- �� �g !��- �e���À�0 !Q ��� ��- ��
u0

 6
uε

e�
ε
. �� � ×�g # » ���� ��g� �� , ´� � ���0�g ��� 6 �� ´ ��. �g !��-






u0
t (x, t) + F (D2u0, Du0) = 0

��
Rn × (0, T )

u0(·, 0) = u0(·)
��

Rn

¶ã #Ãº

ØÙ�
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´ ���

F (M, p) = −�ge�� (
M · A

(
p

|p|

)) ¶ã #)º
´ ���

A

(
p

|p|

)
=

∫

θ∈Sn−2 =Sn−1∩{〈x, p
|p| 〉=0}

(
1

2
g(θ)θ ⊗ θ

)
dθ

¶ã #*º
½�g�e6��g

M ·A e�0 〈·, ·〉 0�� �� g��� ����µ��Q ��� �g 0��� ! ��´��� ��� �´ -e�g����e�0 ��� ���e� ��e�eg �g 0��� #

� @HFA� ØÛÙ Û �Ó ÈÉ�ÅÑÒþÌÉ� F ÑÊ � ÇÏÎ ÇÅ�ÑÒ �Ê ÇÇ � É� ÌÇÊ� � ÏÓ Ç�� � Ïþ�ÉÓÑÍÑÊ �
 ���
�ÇÒÉþÊ Ç

M 7→ F (M, p)
ÑÊ ÌÑÓ ÇÉ� ÉÓÍ

F (M, p) = F

((
Id− p

|p| ⊗
p

|p|

)
·M,

p

|p|

)

� @HFA� ØÛ� Û �Ó ÅÆ Ç ÈÉ�ÅÑÒþ ÌÉ� ÒÉÊ Ç �Æ Ç�Ç
g ≡ 1� � Ç � ÇÅ

A =
|Sn−2|

2(n− 1)
Id{x, <x,p>=0}

�Æ Ç�Ç |Sn−2| ÑÊ ÅÆ Ç üÇ�ÇÊ�þÇ Î ÇÉÊþ�Ç ÏÐ
Sn−2 � ÉÓÍ ÅÆ ÇÓ

F (M, p) =
−|Sn−2|
2(n− 1)

trace

((
Id− p

|p| ⊗
p

|p|

)
·M
)

�Ç �ÇÒÏ�Ç� ÅÆ Ç ÒÌÉÊÊÑÒÉÌ Î ÇÉÓ Òþ��ÉÅþ�Ç Î ÏÅÑÏÓ þÈ ÅÏ ÅÆ Ç Ð ÉÒÅÏ� |Sn−2|/2(n− 1)
ß

à� �g µ� ��� 6 �� ´ ��. g�����
òP@=A@H ØÛ� Û ó<=>?@AB@>C@ =÷ D ILE= CFMI=>L DG>FH ICL M= H@F> CKA?FMKA@H=MI=> ûüÇÅ

n ≥ 1
ß �Ñ�ÇÓ

u0 ∈ Lip(Rn)
ÉÓÍ

c0 ∈ W 1,1(Rn)� � Ç ÒÏÓÊÑÍÇ� ÅÆ Ç Ê ÏÌþÅÑÏÓ
uε

ÏÐ
È �Ï�ÌÇÎ �� ß�� � ÑÅÆ ÅÆ Ç � Ç�Ó ÇÌ

cε0
ÍÇË ÓÇÍ ÑÓ �� ß�� � �� ß
� � �� ß � ß ÿÆ ÇÓ ÅÆ Ç Ê ÏÌþÅÑÏÓ

uεÒÏÓ�Ç�� ÇÊ ÌÏÒÉÌ Ì� þÓÑÐ Ï�Î Ì� ÏÓ ÒÏÎÈÉÒÅ Ê ÇÅÊ ÏÐ
Rn × [0,+∞)

ÅÏ ÅÆ Ç þÓÑ�þÇ �ÑÊ ÒÏÊÑÅ�Ê ÏÌþÅÑÏÓ
u0

ÏÐ �� ß!� � �� ß"� � �� ß�� ß
� @HFA� ØÛ# Û ÿÆÑÊ �ÇÊþÌÅ ÉÌÊ Ï Êþ�� ÇÊÅÊ É ÓÉÅþ�ÉÌ Ê ÒÆ ÇÎ Ç ÅÏ ÒÏÎÈ þÅÇ ÓþÎ Ç�ÑÒÉÌ Ì�Î ÇÉÓ Òþ��ÉÅþ�Ç Î ÏÅÑÏÓ ß ÿÆÑÊ ÑÊ ÅÆ Ç Êþ�$ ÇÒÅ ÏÐ É È ÉÈ Ç� ÑÓ È �ÇÈ É�ÉÅÑÏÓ � "%� ß

"g - �:�g���� � ¶ã #)º4 ¶ã #*º �� �� � � ���eg �6 ��� e��� �g ��� - �e� ��gµe��g� -  4�� � ¶ã #Ãº ��  6 e µeg�e�� �e� �Q��  g � � # »�� g�- ¸#* ! �� ´ ´ ��� �� ´ ��e� ����- �e� ��gµe��g� - �� � �� ��0��0  6 µeg�e�� �e� �Q�� # Â�6 g� � ��e�� »�� g�- ¸#* ,´� ���0 ��� 6 �� ´ ��. 0�À���� � &
ØÙ�



ØÛ Ü>MA=DKCMI=>

' @(>IMI=> ØÛ) Û üÇÅ
g ∈ C0(Rn\{0}) ÊÉÅÑÊÐ �

g(λp) =
g(p)

|λ|n+1
, ∀λ ∈ R\{0} ÉÓÍ

p ∈
Rn\{0} ß �Ç ÅÆ ÇÓ ÉÊÊ ÏÒÑÉÅÇ ÅÏ

g
É ÅÇÎÈ Ç�ÉÅÇ ÍÑÊÅ�Ñ�þÅÑÏÓ

Lg

ÍÇË Ó ÇÍ ��

〈Lg, ϕ〉 =

∫á
n

dx g(x)
(
ϕ(x) − ϕ(0) − x ·Dϕ(0) 1B1(0)(x)

)

Ð Ï�
ϕ ∈ S(Rn)� �Æ Ç�Ç S(Rn)

ÑÊ ÅÆ Ç � ÒÆ�É�Å* ÊÈÉÒÇ ÏÐ ÅÇÊÅ Ð þÓ ÒÅÑÏÓÊ� ÉÓÍ
B1(0)ÍÇÓÏÅÇÊ ÅÆ Ç þÓÑÅ �ÉÌ Ì ÒÇÓÅÇ�ÇÍ ÑÓ * Ç�Ïß

�Ç ÍÇË Ó Ç ÅÆ Ç +Ïþ�ÑÇ� Å�ÉÓÊÐ Ï�Î ÏÐ
ϕ ∈ S(Rn)

ÉÊ

F(ϕ)(ξ) =

∫á
n

dx ϕ(x)e−iξ·x.

à� �eµ� ��� 6 �� ´ ��. ��� g�- &
òP@=A@H ØÛ, Û ó-FAIFMI=>FE =AIBI> =÷ MP@ F>IL=MA=ùIC H@F> CKA?FMKA@ H=øMI=> û
üÇÅ

n ≥ 2
ß üÇÅ

g ∈ C0(Rn\{0}) ÊÉÅÑÊÐ �
g(λp) =

g(p)

|λ|n+1
, ∀λ ∈ R\{0}, ∀p ∈ R

n\{0} ß�Ç ÆÉ�Ç
∫

Sn−1∩{〈x, p
|p| 〉=0}

1

2
g(θ)θ ⊗ θdθ = D2G

(
p

|p|

)
with G := − 1

2π
F(Lg)

¶ã #Äº

�Æ Ç�Ç F(Lg)
ÑÊ ÅÆ Ç +Ïþ�ÑÇ� Å�ÉÓÊÐ Ï�Î ÏÐ

Lg

ß � Ï�ÇÏ�Ç�
G(λp) = |λ|G(p), ∀λ ∈

R\{0}, ∀p ∈ Rn
ÉÓÍ� � ÑÅÆ

A
ÍÇË Ó ÇÍ ÑÓ �� ß�� � ÑÐ

u0 ∈ C2(Rn) � ÑÅÆ |Du0| 6= 0� ÅÆ ÇÓÅÆ Ç Ð ÏÌ ÌÏ� ÑÓ� Æ ÏÌÍÊ �
1

|Du0|
Å�ÉÒÇ (

A

(
Du0

|Du0|

)
·D2u0

)
=

ÍÑ�(∇G
(
Du0

|Du0|

))
,

¶ã #¿º

�ÆÑÒÆ Î ÇÉÓÊ ÅÆÉÅ ÅÆ Ç Î ÇÉÓ Òþ��ÉÅþ�Ç Î ÏÅÑÏÓ ÍÇ�Ñ�ÇÊ Ð �ÏÎ ÅÆ Ç Ð ÏÌ ÌÏ� ÑÓ� ÇÓ Ç��� �∫
G(Du0)

ß
� Ï�ÇÏ�Ç�� ÑÐ

g ≥ 0� ÅÆ ÇÓ
G

ÑÊ ÒÏÓ�Ç� ßÿÆ Ç ÒÏÓ�Ç�Ê Ç ÑÊ Å�þÇ ÑÓ ÅÆ Ç Å� Ï ÍÑÎ ÇÓÊÑÏÓÉÌ ÒÉÊ Ç� ÓÉÎ ÇÌ�� ÑÐ
G ∈ C0(R2) ∩

C2(R2\{0}) ÑÊ ÒÏÓ�Ç� ÉÓÍ ÊÉÅÑÊË ÇÊ
G(λp) = |λ|G(p) ∀λ ∈ R\{0}, p ∈ R2 � ÅÆ ÇÓÅÆ Ç�Ç Ç� ÑÊÅÊ É Ó ÏÓ �Ó Ç�ÉÅÑ�Ç Ð þÓ ÒÅÑÏÓ
g

Êþ ÒÆ ÅÆÉÅ
Lg := −2πF(G)

ß
Ö 0�.�g��� � �4� �e� �3�e�� � 6 g e - �e� À��0 -  0�� 0���g�!��. e ���� / �� 0Q 4�e- ��� �e� ! ��� ���0��0 �� $� 'e�� , 9g�e�0� , Ôg������ , »g� � (*¸+ , Õe�� ��e5�� ,· �.e��0�� (¸;ã+ e�0 Âeg��� , · �.e��0�� (;¿+ # ³� (¹;+ , Â�������� � , Â���/ e�0 Ôg�������eµ� �g µ�0 ��e� ��� ��- �� 0Q�e- ��� �� g��e��0 � ��� ½����e�  6 e� ���g.Q#

ØÙ#



<=>?@AB@>C@ D@ EF DG>FH IJK@ D@L DILE= CFMI=>L N BAF>D@ OCP@EE@
0 A=ù=LIMI=> ØÛ1 Û ó<=K>M@Aø@õFHùE@ûÿÆ Ç ÒÏÓ�Ç�Ê Ç ÏÐ ÿÆ ÇÏ�ÇÎ � ß� ÑÊ Ð ÉÌÊ Ç ÑÓ ÍÑÎ ÇÓÊÑÏÓ

n ≥ 3� ÑßÇß� ÅÆ Ç�Ç Ç� ÑÊÅÊ
g �ÆÑÒÆÒÆÉÓ� ÇÊ ÑÅÊ ÊÑ�Ó ÊþÒÆ ÅÆÉÅ

A(p) = D2G(p) ≥ 0
ß

� @HFA� ØÛ2 Û �Ð
g

ÑÊ É È ÏÊÑÅÑ�Ç Î ÇÉÊþ�Ç� � Ç ÒÉÓ Ð Ï�ÎÉÌ Ì� ÉÈÈ �Ï� ÑÎ ÉÅÇ Ò��ÊÅÉÌ ÌÑÓ ÇÒþ��ÉÅþ�Ç �� Ïþ� ÓÏÓ �ÌÏÒÉÌ ÇÑ�ÏÓÉÌ Ç�þÉÅÑÏÓ ß
� @HFA� ØÛØÚ Û 3Æ�ÊÑÒÉÌ Ì�� ÏÓÌ� F(Lg)

ÑÊ �ÓÏ�Ó ß �Ç ÊÇÇ ÅÆÉÅ Ð Ï�ÎþÌÉ �� ß%� ÉÌ ÌÏ�ÊÇÉÊÑÌ� ÅÏ ÒÏÎÈ þÅÇ g ÑÓ ÍÑÎ ÇÓÊÑÏÓ
n = 2

ÉÓÍ ÅÆ ÇÓ ÅÏ ÒÆ ÇÒ� ÅÆ ÉÅ
g ≥ 0

Ï� ÓÏÅß � ÇÇ4 Ñ�ÅÆ ÉÓÍ üÏÅÆ Ç � �5"� 6ÆÉÈ ÅÇ� � �% Ð Ï� ÉÓ Ç� ÉÎÈ ÌÇ �Æ Ç�Ç
g

ÑÊ Ó ÏÅ Ó ÏÓ �Ó Ç�ÉÅÑ�Ç� ÉÓÍ
4 ÇÉÍ � �5�� Ð Ï� Ç� ÉÎÈ ÌÇÊ ÑÓ Òþ�ÑÒ ÇÌÉÊÅÑÒÑÅ� ß

�Ó ÅÆ Ç ÊÑÎÈ ÌÇÊÅ ÒÉÊ Ç ÏÐ ÉÈÈ ÌÑÒÉÅÑÏÓÊ Ð Ï� ÍÑÊ ÌÏÒÉÅÑÏÓÊ Í�ÓÉÎ ÑÒÊ� ÅÆ Ç Ò��ÊÅÉÌ ÑÊ ÍÇÊ�Ò�Ñ�ÇÍ �� ÑÊ ÏÅ�ÏÈ ÑÒ ÇÌÉÊÅÑÒÑÅ� �Ê ÇÇ � �5"�� ß �Æ ÇÓ ÅÆ Ç � þ�� Ç�Ê �ÇÒÅÏ� ÑÊ ÉÌÏÓ� ÅÆ Ç
x1ÍÑ�ÇÒÅÑÏÓ � � Ç ÆÉ�Ç

G(p) =
p2

2 + 1
1−ν

p2
1

|p| � ÑÅÆ
ν ∈ (−1,

1

2
)

�Æ Ç�Ç
ν

ÑÊ ÅÆ Ç 3 ÏÑÊÊ ÏÓ �ÉÅÑÏ ÏÐ ÅÆ Ç Î ÉÅÇ�ÑÉÌ� ÉÓÍ
g(θ) =

(2γ − 1)(θ1)
2 + (2 − γ)(θ2)

2

|θ|5 ≥ 0 � ÑÅÆ
γ =

1

1 − ν
∈ (

1

2
, 2).

³� �� ´���45� ´� ��e� ´� �e� e��g e�� .���ge��×�0 -�e� ��gµe��g� - �� � ´ ���'�gg�- e� Â���� 9���g (¸ã¹+ � ���g���� � ´ ��� e .���ge� 5�g���
K0

�e���6Q ��.
K0(−x) = K0(x)e�0 6 g �µ�gQ

p ∈ Sn−1 ∫

p⊥
K0(x)|x|2 <∞ ¶ã #¸¾º

´��g�
p⊥ =

{
x, 〈x, p

|p|〉 = 0
} e�0 ´ ��� ��� 7�ege! ��� ��e���. 7

Kε
0 =

1

εn+1
K0

(x
ε

) #
à� g�6�g , 6 g ����e��� � Âeg��� ä� g.���� (;;+ , æµe�� (*¿+ , ³�� �� (¸¸)+ e�0 ³���� , Ô �g�� ,· �.e��0�� (¸;¾+ ¶´� e�� g�6�g � ·�!����� � ã #¸ 6 g e 6 g- e� �g  6 º #' g� �g������Q, ��0�g ��� e00��� �e� e���-��� � ��e� ∫

p⊥ K0(x) = 1
6 g e�Q

p ∈ Sn−1
, ��� ��- �� - �� � 6 ��0 �� (¸;¾+ , ·���� � ¹ ´ ��� ��� ��g��� �0

θ = 1/2
, ��¶ã #Ãº4 ¶ã #)º , ´ ��� ¶ã #*º g���e��0 !Q

A

(
p

|p|

)
=

∫

x∈
á

n−1 =

á
n∩{x, 〈x, p

|p| 〉=0}

(
1

2
K0(x) · x⊗ x

)
dx

¶ã #¸¸º
Þ� �  �g 5� ´ ��0.� , �� ´e� � � 5� ´� �� ���� .���ge� ������. �6 ��� ��- �� - �e���gµe��g� - �� � e�� ��e��0 � ¶ã #¸¸º ��  6 µeg�e�� �e� �Q�� ¶ÒÐ ¶ã #¿ºº # ³� ��g��  ����e� ���� �� e ��-��� � ���3�����  6  �g »�� g�- ¸#* &
ØÙ)



Ù Û ôõ ILM@>C@ F>D K>IJK@>@LL ÷=A MP@
εøùA=ú E@H

òP@=A@H ØÛØØÛ ó-FAIFMI=>FE ùA=ù@AMG =÷ MP@ EIH IM H=MI=> û
8�Ç�� Î ÇÉÓ Òþ��ÉÅþ�Ç Î ÏÅÑÏÓ ÏÐ ÅÆ Ç Ð Ï�Î ÏÐ �� ß!� � �� ß"� � ÑÅÆ

A
ÍÇË Ó ÇÍ ÑÓ �� ß��� ÑÊÏÐ �É�ÑÉÅÑÏÓÉÌ Å�È Çß

»�� �g !��- ´� � ���0�g �� 6 g- e��Q e�� ��e��0 � ��� 6 �� ´ ��. ���g.Q &

Eε(uε) =

∫

λ

Eε(λ)dλ
¶ã #¸;º

´��g�
Eε(λ) =

∫á
n

−1

2
(c0

ε ? ρε
λ) ρ

ε
λ´ ���

ρε
λ = 1{uε>λ}, c0

ε = cε0 −
(∫á

n

cε0

)
δ0.

à� ´ ��� �� ´ 6 g- e��Q �� ·���� � Ä ��e� ���� ���g.Q �� � � ���g�e���. �� ��- � e�0��e� ���g� �� e � �µ�: 6����� �
G

���� ��e� Eε(uε) →
∫
G(Du0)

´���� �� ��� ���g.Qe�� ��e��0 � e - �e� ��gµe��g� - �� �  6 ��� ��- �� � ���� �
u0

#
° a9 :UVXSê^X]êRS RW ]²é _X_ éU

%�� �� � ´ �:��e�� � ´ ���� �e��g ��  g.e����0 & ·���� � ; �� 0�µ ��0 � ��� ���0Q 6 ���
ε
4�g !��- # ³� ·���� � ¹ , ´� g��e�� � - � 5� ´� g������  � ��� ��- �� �g !��- #»��� , ´� .�µ� , �� ·���� � ã , e g�����  � ��� � �µ�g.����  6 ��� µ�� ���Q 6 g e ����6����� � # »�� g�.��eg��Q g�����  6 »�� g�- ¸#¸ �� �g µ�0 �� ·���� � Ã ¶��� � g ��egQÃ #¹º e� ´��� e� ����- e��� e� �� ���e� ��- � # »�� � �µ�g.���� g����� »�� g�- ¸#ã �� �g µ�0�� ·���� � ) # »�� µeg�e�� �e� �g � �g�Q  6 ��� ��- �� -  �� � »�� g�- ¸#* e�0 »�� g�-¸#¸¸ e�0 ��� � ����g4�:e-��� Ôg � ���� � ¸#Ä eg� �g µ�0 �� ·���� � * # ³� ·���� � Ä ,´� ���0Q µ�gQ 6 g- e��Q ��� ���5 !��´��� ���g.Q e�0 -�e� ��gµe��g� - �� � # " ��e��Q,�� e� e����0�: , ´� .�µ� � - � �������e� ÌÇÎÎ ÉÅÉ  � " �g��g �ge��6 g- #

; <= ¯>©?¨®? @¨¬ ¨¯A?¨?>> B«ª ©C?
εDEª«FG?H

³� ��� ��3��� ´� ´ ��� 0�� �� !Q
BlocUSC(Rn × [0, T ])

e�0
BlocLSC(Rn × [0, T ])g��� ����µ��Q ��� ���  6 � �e��Q ! ��0�0 ����g ��- �� ����� �� e�0 � ´�g ��- �� ���4�� �� 6����� �� ��

Rn × [0, T ] .

' @(>IMI=> Ù ÛØÛ ó- ILC=LIMG LKú ILKù@AIL=EKMI=> ÷=A MP@ >=>øE= CFE @I�=>FE@JKFMI=> ûý Ð þÓ ÒÅÑÏÓ
uε ∈ BlocUSC(Rn×[0, T ])

ÑÊ É �ÑÊ ÒÏÊÑÅ� Êþ�Ê ÏÌþÅÑÏÓ ÏÐ �� ß�� ÑÐ ÑÅ ÊÉÅÑÊË ÇÊ ��Ñ�
uε(x, 0) ≤ u0(x)

ÑÓ
Rn �

ØÙ,



<=>?@AB@>C@ D@ EF DG>FH IJK@ D@L DILE= CFMI=>L N BAF>D@ OCP@EE@
�ÑÑ� Ð Ï� Ç�Ç��

(x0, t0) ∈ Rn×(0, T )
ÉÓÍ Ð Ï� Ç�Ç�� ÅÇÊÅ Ð þÓ ÒÅÑÏÓ

Φ ∈ C∞ (Rn × [0, T ))Êþ ÒÆ ÅÆÉÅ
uε − Φ

ÆÉÊ É Î É� ÑÎþÎ ÉÅ
(x0, t0)� ÅÆ Ç Ð ÏÌ ÌÏ� ÑÓ� Æ ÏÌÍÊ �

Φt(x0, t0) ≤
(

(cε0 ? 1{uε(·,t0)≥uε(x0,t0)})(x0) −
1

2

∫á
n

cε0

)
|DΦ(x0, t0)|.

¶ã #¸¹º
ý Ð þÓ ÒÅÑÏÓ

uε ∈ BlocLSC(Rn × [0, T ])
ÑÊ É �ÑÊ ÒÏÊÑÅ� ÊþÈ Ç�Ê ÏÌþÅÑÏÓ ÏÐ �� ß�� ÑÐ ÑÅÊÉÅÑÊË ÇÊ ��Ñ�

uε(x, 0) ≥ u0(x)
ÑÓ

Rn ��ÑÑ� Ð Ï� Ç�Ç��
(x0, t0) ∈ Rn×(0, T )

ÉÓÍ Ð Ï� Ç�Ç�� ÅÇÊÅ Ð þÓ ÒÅÑÏÓ
Φ ∈ C∞ (Rn × [0, T ))Êþ ÒÆ ÅÆÉÅ

uε − Φ
ÆÉÊ É Î ÑÓÑÎþÎ ÉÅ

(x0, t0)� ÅÆ Ç Ð ÏÌ ÌÏ� ÑÓ� Æ ÏÌÍÊ �
Φt(x0, t0) ≥

(
(cε0 ? 1{uε(·,t0)>uε(x0,t0)})(x0) −

1

2

∫á
n

cε0

)
|DΦ(x0, t0)|.

¶ã #¸ãº
ý ÒÏÓÅÑÓþÏþÊ Ð þÓ ÒÅÑÏÓ

uε
ÑÊ É �ÑÊ ÒÏÊÑÅ� Ê ÏÌþÅÑÏÓ ÏÐ �� ß�� ÑÐ � ÉÓÍ ÏÓÌ� ÑÐ � ÑÅ ÑÊ É Êþ�ÉÓÍ É ÊþÈ Ç�Ê ÏÌþÅÑÏÓ ÏÐ �� ß�� ß

»��� 0�À���� � � -�� 6g - ��� 0�À���� �  6 µ ��� ���Q � ���� � 6 g � �� �e� �3�e4�� � .�µ�� !Q ·��� â�µ (¸)¿+ ¶��� e�� $e %� , Õ �- , ·��� â�µ ()¿+º e�0 �� � �g- ��� � �:���0 � � �4� �e� �3�e�� �� e�� �g � �g���� ��Á  Q�0 !Q µ��� ���Q � ���� ��  6 � �e��3�e�� �� #
f �� ��� 0�.�g���� �� ��� �� ���  6 ��� ��� �� ��� ��0��e�g��� 6����� � �� ���0�À���� �  6 e ��!� ���� � e�0 e ����g� ���� � # »��� �� �g���e� � �:���0 e�� ��� �g 4� �g����  6 µ ��� ���Q � ���� �� � � �� �e� , .� - ��g�� �ege! ��� �3�e�� �� ¶��� ·��� â�µ(¸)¿+º , �� �eg�����eg 6 g ��� ��e!����Q  6 ��� � ���� � , ÑßÇß, ���

lim sup
 6 ��!� ���� ��� e ��!� ���� � ¶e�0 � ��� �: ������� !Q Ô�gg � 2� - ��� 0º #f�:� ´� �g µ� e � -�eg�� � g����� ! ��´��� � �e��Q ! ��0�0 ��- �� ����� �� µ��4� ���Q ��! e�0 ����g� ���� �� � ��� �3�e�� � ¶ã #ãº #

òP@=A@H Ù ÛÙ Û ó<=HùFAIL=> ùAI>CIù E@ ÷=A MP@
εøùA=ú E@H ûý ÊÊþÎ Ç

c0 ∈ W 1,1(Rn)
ß üÇÅ

u ∈ BlocUSC(Rn × [0, T ])� v ∈ BlocLSC(Rn × [0, T ])
�Ç

�ÇÊÈ ÇÒÅÑ�ÇÌ� �ÑÊ ÒÏÊÑÅ� Êþ� ÉÓÍ ÊþÈ Ç�Ê ÏÌþÅÑÏÓ ÏÐ �� ß�� ß �Ð
u(x, 0) ≤ u0(x) ≤ v(x, 0)

Ð Ï�ÉÌ Ì
x ∈ Rn

ÅÆ ÇÓ
u(x, t) ≤ v(x, t)

Ð Ï� ÉÌ Ì
(x, t) ∈ Rn × [0, T ]

ß
» �g µ� ���� g����� , ´� ���0 ��� e�e� . ��  6 ��� ³���� 2� üÇÎÎÉ 6 g � �4� �e��3�e�� �� # à� Àg�� g��e�� ��� 0�À���� �  6 ��� ��- �� ��! e�0 ����g40�. �g����e�� &

P̄+u(x, t) =






(p, a) ∈ Rn × R, ∃ (xn, tn, pn, an) ∈ Rn × R × Rn × R���� ��e�
(pn, an) ∈ P+u(xn, tn)e�0

(xn, tn, u(xn, tn), pn, an) → (x, t, u(x, t), p, a)






ØÙ1



Ù Û ôõ ILM@>C@ F>D K>IJK@>@LL ÷=A MP@
εøùA=ú E@H

´��g� P+
�� ��� ��e����e� ��� �g40�. �g����e�� # »�� ��� P̄−u(x, t)

�� 0�À��0 �� e ��- ��eg´eQ# ³� �� ´��� 5� ´� ��e� ´� �eµ� e� �3��µe���� 0�À���� � 6 g µ��� ���Q � ���� � !Q����. ��! e�0 ����g40�. �g����e�� ¶�6 �ge�0e�� , ³���� , % � �� () ¸+º # à� ��e�- ��e� ���0�À���� � g�- e��� �3��µe���� �6 ´� g���e�� ��� ��e����e� ��! e�0 ��� �g40�.�g����e��!Q ��� ��- ��  ��� # ³�0��0 , ���
u ∈ BlocUSC(Rn × [0, T ])

!� e µ��� ���Q ��!� ���� � 6 ¶ã #ãº # à� ´ ��� �� ´ ��e�
(p, a) ∈ P̄+u(x, t) ⇒ a ≤

(
cε0 ? 1{u(·,t)≥u(x,t)}(x) −

1

2

∫
cε0

)
|p|. ¶ã #¸Ãº

%��
(xn, tn, pn, an) ∈ Rn × R × Rn × R

���� ��e�
(pn, an) ∈ P+u(xn, tn)

e�0 ������e�
(xn, tn, u(xn, tn), pn, an) → (x, t, u(x, t), p, a)

# à� ���� �eµ� , !Q 0�À���� � ,
an ≤

(
cε0 ? 1{u(·,tn)≥u(xn,tn)}(xn) − 1

2

∫
cε0

)
|pn|

≤
(
cε0 ? 1{u(·,tn)≥u(xn,tn)}∪{u(·,t)≥u(x,t)}(xn) − 1

2

∫
cε0

)
|pn|.

à� Á��� �eµ� � �� ´ ��e�
cε0 ? 1{u(·,tn)≥u(xn,tn)}∪{u(·,t)≥u(x,t)}(xn) → cε0 ? 1{u(·,t)≥u(x,t)}(x).» 0 ���� , ´� ��� ��� 6 �� ´ ��. 0�� -� ���� � &

cε0 ? 1{u(·,tn)≥u(xn,tn)}∪{u(·,t)≥u(x,t)}(xn) − cε0 ? 1{u(·,t)≥u(x,t)}(x)

=cε0 ? 1{u(·,tn)≥u(xn,tn)}∪{u(·,t)≥u(x,t)}(xn) − cε0 ? 1{u(·,tn)≥u(xn,tn)}∪{u(·,t)≥u(x,t)}(x)

+ cε0 ? 1{u(·,tn)≥u(xn,tn)}∪{u(·,t)≥u(x,t)}\{u(·,t)≥u(x,t)}(x).»�� Àg�� �eg� ���eg�Q . �� � ×�g e�
n

. �� � ��À���Q# " g ��� ��� �0 �eg� , ´� ���0��� 6 �� ´ ��. ÌÇÎÎÉ &
J@HHF Ù Û� Û üÇÅ

fn

�Ç É ÊÇ�þÇÓ ÒÇ ÏÐ Î ÇÉÊþ�É�ÌÇ Ð þÓ ÒÅÑÏÓÊ ÏÓ
Rn

ÉÓÍ
f ≥ lim sup ∗fn(x) := sup

{
lim sup

n→0
fn(y) : y → x

}
.

üÇÅ
an

�Ç É Ê Ç�þÇÓ ÒÇ ÒÏÓ�Ç�� ÑÓ� ÅÏ * Ç�Ïß ÿÆ ÇÓ
L ({fn ≥ an}\{f ≥ 0}) → 0 as n → ∞.

�Æ Ç�Ç� Ð Ï� ÉÓ� Î ÇÉÊþ�É�ÌÇ Ê ÇÅ
A� L(A)

ÍÇÓÏÅÇÊ ÅÆ Ç üÇ�ÇÊ�þÇ Î ÇÉÊþ�Ç ÏÐ
A

ß
" g ��� �g  6  6 ���� ÌÇÎÎ É, ´� g�6�g � ·���â�µ (¸)¿+ #Ö���Q ��. ���� ÌÇÎÎ É ´ ���

fn = u(·, tn) − u(x, t), an = u(xn, tn) − u(x, t)
e�0

f = u(·, t) − u(x, t)
Q ���0� ��� g����� # »�� �g  6 6 g ��� �g� ���� � �� e�e� . �� #Þ ���. ¶ã #¸Ãº , ´� �e� g�´ g��� ��� ³���� 2� üÇÎÎÉ ¶��� �ge�0e�� , ³�� �� , % � �� () ¸+üÇÎÎÉ Ä #¹º 6 g � �4� �e� �3�e�� �� &
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U
ÉÓÍ

V
�Ç ÏÈ ÇÓ Ê ÇÅÊ ÏÐ

Rn � ÉÓÍ Ð Ï�
T > 0� u ∈ BlocUSC(U × (0, T ))

ÉÓÍ
v ∈ BlocLSC(V × (0, T ))

�Ç �ÇÊÈ ÇÒÅÑ�ÇÌ� Êþ�Ê ÏÌþÅÑÏÓ ÉÓÍ ÊþÈ Ç�Ê ÏÌþÅÑÏÓ ÏÐ �� ß�� ß üÇÅ
φ : U × V × (0, T ) → (0,∞)

ÏÐ ÒÌÉÊÊ
C∞ ß ý ÊÊþÎ Ç ÅÆÉÅ

(x, y, t) 7→ u(x, t)− v(y, t)−
φ(x, y, t)

�ÇÉÒÆ ÇÊ É ÌÏÒÉÌ Î É� ÑÎþÎ ÑÓ
(x̄, ȳ, t̄) ∈ U×V×(0, T )

ß �Ç Ê ÇÅ
τ = ∂tφ(x̄, ȳ, t̄)�

p1 = Dxφ(x̄, ȳ, t̄)� ÉÓÍ
p2 = −Dyφ(x̄, ȳ, t̄)

ÿÆ ÇÓ � ÅÆ Ç�Ç Ç� ÑÊÅÊ
τ1 � τ2 ∈ R

Êþ ÒÆ ÅÆÉÅ �
τ = τ1 − τ2,

(p1, τ1) ∈ P̄+u(x̄, t̄), (p2, τ2) ∈ P̄−v(ȳ, t̄),

ÉÓÍ ÅÆ ÇÓ
τ1 ≤

(
cε0 ? 1{u(·,t̄)≥u(x̄,t̄)}(x̄) −

1

2

∫
cε0

)
|p1|

ÉÓÍ
τ2 ≥

(
cε0 ? 1{v(·,t̄)>v(ȳ,t̄)}(ȳ) −

1

2

∫
cε0

)
|p2|.

0 A==÷ =÷ òP@=A@H Ù ÛÙ»�� �g  6  6 ���� ��� g�- �� �����g�0 !Q Âeg��� , �eg0e��e.��� , %�Q e�0 ' ���e�(; ¸+ #%��
u ∈ BlocUSC(Rn×[0, T ])

,
v ∈ BlocLSC(Rn×[0, T ])

!� g��� ����µ��Q µ��� ���Q ��!e�0 ����g� ���� �  6 ¶ã #ãº # ·���� ��� �3�e�� � �� .� -��g�� ´� - eQ e���- � ´ ��� ��� ��  6 .���ge���Q ��e�
u

e�0
v

eg� ! ��0�0 ¶��� ·��� â�µ (¸)¿+ , �g � �g�Q ¶Ô ¸ºº #·��� �� !Q � ��ge0���� � ��e�
M = sup

á
n×[0,T ](u(x, t) − v(x, t)) > 0

# »��� 6 g
η ∈

(0, 1)
�- e�� �� �.� ´� �eµ�

Mη = supt∈[0,T ] lim sup|x−y|→0(u(x, t) − v(y, t) − ηt) > 0e� ´��� #" g e��
γ > 0

e�0
α > 0

´ ���
α � γ

, ´� ���g 0��� ��� e�: ���egQ 6����� �
Φγ,α : Rn × Rn × [0, T ] → R

0�À��0 !Q

Φγ,α(x, y, t) = u(x, t) − v(y, t) − ηt− |x− y|2
γ2

− α(|x|2 + |y|2). ¶ã #¸)º
à�  !��gµ� ��e�

lim sup|x|,|y|→+∞ Φγ,α(x, y, t) = −∞ , ����
Φγ,α(x, y, t)

g�e���� ���- e:�-�- e� e � ���
(xγ,α, yγ,α, tγ,α) ∈ Rn × Rn × [0, T ]

# ·�e�0eg0 eg.�- ���� �� ´��e�
α(|xγ,α|2 + |yγ,α|2),

|xγ,α − yγ,α|2
γ2

≤ C0,
¶ã #¸*º

´ ���
C0 > 0

0����0��.  � ||u||∞, ||v||∞ .
³� �eg�����eg ´� .�� ��e�

lim
γ→0

lim sup
α→0

|xγ,α − yγ,α| = 0 .

Ø�Ú
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»��� , ��� 6 �� ´ ��. ����- e�� � �0�
lim sup

γ→0
lim sup

α→0
Φγ,α(xγ,α, yγ,α, tγ,α)

≤ lim sup
γ→0

lim sup
α→0

(u(xγ,α, tγ,α) − v(yγ,α, tγ,α) − ηtγ,α)

≤Mη .
¶ã #¸Äº

à� e�� �eµ�
lim inf

γ→0
lim inf

α→0
Φγ,α(xγ,α, yγ,α, tγ,α) ≥Mη .

¶ã #¸¿º
³�0��0 , !Q 0�À���� � , ´� �eµ� 6 g e��

(x, y, t) ∈ Rn × Rn × [0, T ]

u(x, t) − v(y, t) − ηt− |x− y|2
γ2

− α(|x|2 + |y|2) ≤Φγ,α(xγ,α, yγ,α, tγ,α)

≤u(xγ,α, tγ,α) − v(yγ,α, tγ,α) − ηtγ,α.

à� Àg�� �e5�
lim inf

α→0

# à� .��

u(x, t) − v(y, t) − ηt− |x− y|2
γ2

≤ lim inf
α→0

Φγ,α(xγ,α, yγ,α, tγ,α)

≤ lim inf
α→0

(u(xγ,α, tγ,α) − v(yγ,α, tγ,α) − ηtγ,α).¶ã #;¾º
à� ���� �e5�

lim sup
|x−y|→0

e�0 .��

sup
t∈[0,T ]

lim sup
|x−y|→0

(u(x, t) − v(y, t) − ηt) ≤ lim inf
α→0

Φγ,α(xγ,α, yγ,α, tγ,α),

e�0 À�e��Q �e5�
lim inf

γ→0

e�0 .�� ¶ã #¸¿º #
ÂQ � -!����. ¶ã #¸¿º e�0 ¶ã #¸Äº ´� .��

Mη ≤ lim inf
γ→0

lim inf
α→0

Φγ,α(xγ,α, yγ,α, tγ,α)

≤ lim sup
γ→0

lim sup
α→0

Φγ,α(xγ,α, yγ,α, tγ,α)

≤Mη .

»��g�6 g�
lim
γ→0

lim inf
α→0

Φγ,α(xγ,α, yγ,α, tγ,α) = lim
γ→0

lim sup
α→0

Φγ,α(xγ,α, yγ,α, tγ,α) = Mη.

Ø�Ø
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³� e e�e� . �� ´eQ, ´� �e� 0�0��� ��e� ¶����. ¶ã #¸Äº e�0 ¶ã #;¾ºº

Mη = lim
γ→0

lim inf
α→0

(u(xγ,α, tγ,α) − v(yγ,α, tγ,α) − ηtγ,α)

= lim
γ→0

lim sup
α→0

(u(xγ,α, tγ,α) − v(yγ,α, tγ,α) − ηtγ,α) .

à� ���� .��
lim
γ→0

lim sup
α→0

( |xγ,α − yγ,α|2
γ2

+ α(|xγ,α|2 + |yγ,α|2)
)

= 0 .
¶ã #; ¸º

%�� �� À:
γ0 > 0

���� ��e� 6 g e��
γ ≤ γ0,

e�0 6 g e��
α

�- e�� �� �.� ´� �eµ�
Mγ,α = Φγ,α(xγ,α, yγ,α, tγ,α) >

Mη

2e�0
lim sup

α→0

(
‖Dcε0‖1

(
2
|xγ,α − yγ,α|2

γ2
+ α|yγ,α|2|xγ,α − yγ,α| + α|xγ,α − yγ,α|

) ¶ã #;;º

+
3

2
‖c0‖1α

(
2 + |xγ,α|2 + |yγ,α|2

))
≤ η

3
.

à� ��e�- ��e� ���g� ��
γ ≤ γ0

���� ��e� 6 g e��
α

�- e�� �� �.�
tγ,α > 0

# ³�0��0 �6 ,6 g e��
γ ≤ γ0

, ���g� ��
α ∈ (0, γ)

���� ��e�
tγ,α = 0

, ���� ��� 6 �� ´ ��. ����- e��� �0�
Mη

2
< Mγ,α ≤u(xγ,α, 0) − v(yγ,α, 0)

≤u0(xγ,α) − u0(yγ,α)

≤‖Du0‖|xγ,α − yγ,α|
≤C‖Du0‖γ,´��g� ´� �eµ� ��� ¶ã #¸*º # »��� ´� .�� e � ��ge0���� � �6

γ
�� �- e�� �� �.� e�0 ´��g µ� ��� ��e�- # ½���� , !Q üÇÎÎÉ ; #ã ¶�6

tγ,α = T
, ´� ��� ��� 6e�� ��e�

u
¶g��� #

v
º �� ��!� ���� � ¶g��� # ��� �g� ���� � º ��

(0, T ]
, ��� üÇÎÎÉ ; #Ä  6 Âeg��� (¸Ä+º , ���g�eg�

(a, p) ∈ D̄+u(xγ,α, tγ,α)
e�0

(b, q) ∈ D̄−v(yγ,α, tγ,α)
���� ��e�

a− b = η ;

p = 2
(xγ,α − yγ,α)

γ2
+ 2αxγ,α ;

q = 2
(xγ,α − yγ,α)

γ2
− 2αyγ,α ;

a−
(

(cε0 ? 1{u(·,tγ,α)≥u(xγ,α,tγ,α)})(xγ,α) − 1

2

∫á
n

cε0

)
|p| ≤ 0 ;

¶ã #;¹º

b−
(

(cε0 ? 1{v(·,tγ,α)>v(yγ,α,tγ,α)})(yγ,α) − 1

2

∫á
n

cε0

)
|q| ≥ 0 .

¶ã #;ãº
Ø�Ù
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ÂQ ��!�ge����. ¶ã #;ãº � ¶ã #;¹º ´� .��

η +

(
(cε0 ? 1{v(·,tγ,α)>v(yγ,α,tγ,α)})(yγ,α) − 1

2

∫á
n

cε0

)
|q|

−
(

(cε0 ? 1{u(·,tγ,α)≥u(xγ,α,tγ,α)})(xγ,α) − 1

2

∫á
n

cε0

)
|p| ≤ 0 .

¶ã #;Ãº
"g - ��� 6e�� ��e�

Φγ,α(xγ,α, yγ,α, tγ,α) ≥ Φγ,α(x, x, tγ,α)
�� 6 �� ´ � ��e�

v(x, tγ,α) − v(yγ,α, tγ,α) ≥ u(x, tγ,α) − u(xγ,α, tγ,α) − 2α|x|2

+
|xγ,α − yγ,α|2

γ2
+ α(|xγ,α|2 + |yγ,α|2) .

³� �eg�����eg 6g - ��� e! µ� ���3�e���Q ´� 0�0��� ��e�
{u(·, tγ,α) ≥ u(xγ,α, tγ,α)} ∩ {v(·, tγ,α) ≤ v(yγ,α, tγ,α)} ⊂ {|x|2 ≥ R2

α,γ} ,

´��g�
R2

α,γ =
1

2α

( |xγ,α − yγ,α|2
γ2

+ α(|xγ,α|2 + |yγ,α|2)
) #

»���
{u(·, tγ,α) ≥ u(xγ,α, tγ,α)} ⊂ {v(·, tγ,α) > v(yγ,α, tγ,α)} ∪ {|x|2 ≥ R2

α,γ} .
¶ã #;)º

ä �µ��
γ ≤ γ0

��� 6 �� ´ ��. �´ �e��� - eQ  ���g #<FL@ ØÛ " g e��
α

�- e�� e�0 6 g � - �
C̃γ > 0

´� �eµ�
|xγ,α − yγ,α|2

γ2
≥ C̃2

γ .

³� ���� �e�� ´� �eµ�
{|x− xα,γ| ≥ Rα,γ} ⊂ {|x| ≥ R̃α,γ},

¶ã #;*º
´��g�

R̃α,γ = −|xα,γ| +Rα,γ

�e���À�� ��� 6 �� ´ ��. ÌÇÎÎÉ ´���� �g  6 �� � ��� ��0
J@HHF Ù Û# Û �Ç ÆÉ�Ç ÅÆ Ç Ð ÏÌ ÌÏ� ÑÓ� ÇÊÅÑÎ ÉÅÇ ÏÓ

R̃α,γ

R̃α,γ = Rα,γ − |xα,γ| ≥
C̃2

γ

8
√
C0

√
α
.

f ´ ��� �� ��  ��
δ > 0

���� ��e�
δCγ ≤ η

3

,
Cγ > 0

!���. e� ����g ! ��0  6
|p|, |q| 0����0��.  �

γ
e�0 ��0����0���  6

α
�- e�� �� �.� # ·����

cε0 ∈W 1,1(Rn)
, ´��eµ� 6 g

α
�- e��

∫

Bc(0,R̃α,γ)

cε0(x) dx ≤ δ .

Ø��
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e�0

|(cε0 ? 1{v(·,tγ,α)>v(yγ,α,tγ,α)})(xγ,α) − (cε0 ? 1{v(·,tγ,α)>v(yγ,α,tγ,α)})(yγ,α)|
≤||Dcε0||1|xγ,α − yγ,α|.

ÂQ ����. ��� ������� �� ¶ã #;)º e�0 ¶ã #;*º 6g - ¶ã #;Ãº ´� .��
0 ≥ η + |q|cε0 ? 1{v(·,tγ,α)>v(yγ,α,tγ,α)}(yγ,α) − |p|cε0 ? 1{u(·,tγ,α)≥u(xγ,α,tγ,α)}(xγ,α)

− 1

2

∫
cε0(x)dx(|q| − |p|)

≥ η + |q|cε0 ? 1{v(·,tγ,α)>v(yγ,α,tγ,α)}(yγ,α) − |p|cε0 ? 1{v(·,tγ,α)>v(yγ,α,tγ,α)}(xγ,α)

− |p|cε0 ? 1Bc(0,Rα,γ)(xγ,α) − 1

2
||cε0||1(|p− q|) ¶ã #;Äº

≥ η − ||Dcε0||1|xγ,α − yγ,α|(2
|xγ,α − yγ,α|

γ2
+ α+ α|yγ,α|2)

− 3

2
||c0||1{2α+ α(|xγ,α|2 + |yγ,α|2)} − |p|

∫

Bc(0,R̃α,γ)

cε0(x) dx

≥ η − ||Dcε0||1|xγ,α − yγ,α|(2
|xγ,α − yγ,α|

γ2
+ α+ α|yγ,α|2)

− 3

2
||c0||1{2α+ α(|xγ,α|2 + |yγ,α|2)} − δCγ .

ÂQ �e5��. �� ¶ã #;Äº ���
lim sup

α→0

e�0 ����. ¶ã #;;º ´� .�� e � ��ge0���� � e�0 ´� �e�
� ����0� #<FL@ Ù Û »��g� �� e ��!��3�����

αn > 0
´���� ´� ����� 0�� �� !Q

α
���� ��e�

|xγ,α − yγ,α|2
γ2

→ 0,
e�
α→ 0 .

³� ���� �e�� ´� �eµ�
limα→0 |p| = 0

e�0
limα→0 |q| = 0

# 9� ���  ���g �e�0 , 6g -¶ã #;Ãº ´� �eµ� ��� 6 �� ´ ��. ����- e��

0 ≥ η − 1

2
‖cε0‖L1(|p| + |q|). ¶ã #;¿º

ÂQ ������. �� ¶ã #;¿º
α→ 0

, ´� .�� e � ��ge0���� � e�0 ´� �e� � ����0� #
0 A==÷ =÷ LMNNO Ù Û#ÂQ e���-��� �� , ´� �eµ�

|xγ,α − yγ,α|2
γ2

≥ C̃2
γ .
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à� ���� 0�0���
R2

γ,α − |xγ,α|2 ≥
C̃2

γ

2α
− 1

2
(|xγ,α|2 − |yγ,α|2)

≥C̃
2
γ

2α
− 1

2
(|xγ,α − yγ,α|(|xγ,α| + |yγ,α|))

≥C̃
2
γ

2α
− γC0√

α

≥C̃
2
γ

4α
if α

�� �- e�� �� �.�
´��g� ´� �eµ� ���0 ¶ã #¸*º 6 g ��� ���g0 ���� # ' g� µ�g , ����. ¶ã #¸*º , ´� 0�0���

Rγ,α ≤
√
C0

α� 
R̃γ,α = Rγ,α − |xγ,α| =

R2
γ,α − |xγ,α|2
Rγ,α + |xγ,α|

≥ C̃2
γ

4α

1

2
√

C0

α

≥ C̃2
γ

8
√
C0

√
α
.

»��� ��0� ��� �g  6  6 ��� ÌÇÎÎ É#
òP@=A@H Ù Û) Û óôõ ILM@>C@ F>D K>IJK@>@LL ÷=A MP@

εøùA=úE@H ûüÇÅ
u0 ∈ Lip(Rn)

Êþ ÒÆ ÅÆÉÅ
|Du0| < B0 in R

n ¶ã #¹¾º
ÅÆ ÇÓ ÅÆ Ç�Ç ÑÊ É þÓÑ�þ Ç ÊÏÌþÅÑÏÓ ÏÐ �� ß�� ß
0 A==÷ =÷ òP@=A@H Ù Û)»�� ���3������ � - �� 6g - ��� � -�eg�� � �g����� �� e�0 ��� �: ������� �� e ��ge�.��46 g´eg0 � ���3�����  6 Ô�gg � 2� - ��� 0 ¶��� $e %� , Õ �- , ·��� â�µ ()¿+ »�� g�-¸#;º # ³�0��0 , �� ��P ��� � g�- eg5 ��e�

u±(x, t) = u0(x) ± ‖cε0‖1B0t
eg� g��� ����µ��Q��� �g e�0 ��!� ���� �  6 ¶ã #ãº #

0 A=ù=LIMI=> Ù Û, Û óJ Iù LCPIMQ @LMIH FM@L I> LùFC@ûÿÆ Ç þÓÑ�þÇ ÊÏÌþÅÑÏÓ ÏÐ �� ß�� ÑÊ ü ÑÈ Ê ÒÆ ÑÅ* ÒÏÓÅÑÓþÏþÊ �
|Duε(·, t)|L∞(

á
n) ≤ |Duε(·, 0)|L∞(

á
n)

¶ã #¹ ¸º
0 A==÷ =÷ 0 A=ù=LIMI=> Ù Û,»�� ����- e�� ¶ã #¹ ¸º 6 �� ´ � 6g - ��� 6e�� ��e� ��� �3�e�� � �� ��µeg�e�� !Q ��e���ge���e�� � # ³�0��0 , �6 ´� ���

v(x, t) = uε(x+h, t)+ |Du0|L∞(

á
n)|h|

, ���� �� �� �e�Q � ����5 ��e�
v
�� ����� e ��� �g� ���� � � ��� �g !��- ¶ã #ãº # ' g� µ�g ,

v(x, 0) ≥ u(x, 0)
,� , !Q � -�eg�� � �g����� �� ,

v(x, t) ≥ u(x, t)
6 g e��

t ∈ [0,∞)
ÑßÇß

u(x, t) − u(x +
h, t) ≤ |Du0|L∞(

á
n)|h|

# Þ���. ��- ��eg�Q e ��!� ���� � , ´� 0�0��� ��� g����� #
Ø�#
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R SC? G¯H ¯© Eª«FG?H
' @(>IMI=> � ÛØÛ ó- ILC=LIMG LKúILKù@AIL=EKMI=> ÷=A H@F> CKA?FMKA@ MGù@H=MI=>Lûý Ð þÓ ÒÅÑÏÓ

u0 ∈ BlocUSC(Rn × [0, T ])
ÑÊ É �ÑÊ ÒÏÊÑÅ� Êþ�Ê ÏÌþÅÑÏÓ ÏÐ �� ß!� � �� ß"� � �� ß��ÑÐ ÑÅ ÊÉÅÑÊË ÇÊ ��Ñ�

u0(x, 0) ≤ u0(x)
ÑÓ

Rn ��ÑÑ� Ð Ï� Ç�Ç��
(x0, t0) ∈ Rn × (0,∞)

ÉÓÍ Ð Ï� Ç�Ç�� Ð þÓ ÒÅÑÏÓ
Φ ∈ C∞ (Rn × [0,∞))Êþ ÒÆ ÅÆÉÅ

u0 − Φ
ÆÉÊ É Î É� ÑÎþÎ ÉÅ

(x0, t0)� ÅÆ Ç Ð ÏÌ ÌÏ� ÑÓ� Æ ÏÌÍÊ �
∂Φ

∂t
(x0, t0) + F∗

(
DΦ, D2Φ

)
≤ 0.

¶ã #¹;º
ý Ð þÓ ÒÅÑÏÓ

u0 ∈ BlocLSC(Rn×[0, T ])
ÑÊ É �ÑÊ ÒÏÊÑÅ� ÊþÈ Ç�Ê ÏÌþÅÑÏÓ ÏÐ �� ß!� � �� ß"� � �� ß��ÑÐ ÑÅ ÊÉÅÑÊË ÇÊ ��Ñ�

u0(x, 0) ≥ u0(x)
ÑÓ

Rn ��ÑÑ� Ð Ï� Ç�Ç��
(x0, t0) ∈ Rn × (0,∞)

ÉÓÍ Ð Ï� Ç�Ç�� Ð þÓ ÒÅÑÏÓ
Φ ∈ C∞ (Rn × [0,∞))Êþ ÒÆ ÅÆÉÅ

u0 − Φ
ÆÉÊ É Î ÑÓÑÎþÎ ÉÅ

(x0, t0)� ÅÆ Ç Ð ÏÌ ÌÏ� ÑÓ� Æ ÏÌÍÊ �
∂Φ

∂t
(x0, t0) + F ∗ (DΦ, D2Φ

)
≥ 0.

¶ã #¹¹º
ý ÒÏÓÅÑÓþÏþÊ Ð þÓ ÒÅÑÏÓ

u0
ÑÊ É �ÑÊ ÒÏÊÑÅ� Ê ÏÌþÅÑÏÓ ÏÐ �� ß!� � �� ß"� � �� ß�� ÑÐ � ÉÓÍ ÏÓÌ� ÑÐ �ÑÅ ÑÊ É Êþ� ÉÓÍ É ÊþÈ Ç�Ê ÏÌþÅÑÏÓ ÏÐ �� ß!� � �� ß"� � �� ß�� ß

»��� 0�À���� � � -�� 6g - ��� .���ge� 0�À���� �  6 µ ��� ���Q � ���� � 6 g 0��� �4���� �� ½e- ��� ��e�� Àg�� .�µ�� !Q ³���� (¸¸¹+ ¶��� e�� �ge�0e�� , ³�� �� , % � �� () ¸+º #à� ���0 e� �3��µe���� 0�À���� � ´���� ���- ��e��� , e� ��e�� �eg��e��Q, ��� 0�P ����Qg��e��0 � ��� 6e�� ��e�
DΦ

-eQ !� �3�e� � ×�g #
òP@=A@H � ÛÙ Û óôJKI?FE@>M D@(>IMI=> ÷=A H@F> CKA?FMKA@ MGù@ H=MI=>Lû
�Ç ÒÉÓ �ÇÈ ÌÉÒÇ ÑÓ 	 ÇË ÓÑÅÑÏÓ  ß� 6ÏÓÍÑÅÑÏÓ �� ß 
� ��

∂Φ

∂t
(x0, t0) + F

(
DΦ, D2Φ

)
≤ 0

ÑÐ
DΦ(x0, t0) 6= 0Ï�

∂Φ

∂t
(x0, t0) ≤ 0

ÑÐ
DΦ(x0, t0) = 0

ÉÓÍ
D2Φ(x0, t0) = 0ÉÓÍ 6ÏÓÍÑÅÑÏÓ �� ß  � ��

∂Φ

∂t
(x0, t0) + F

(
DΦ, D2Φ

)
≥ 0.

ÑÐ
DΦ(x0, t0) 6= 0Ï�

∂Φ

∂t
(x0, t0) ≤ 0

ÑÐ
DΦ(x0, t0) = 0

ÉÓÍ
D2Φ(x0, t0) = 0ÉÓÍ ÅÆ Ç ÍÇË ÓÑÅÑÏÓ �ÇÎ ÉÑÓÊ Ç�þÑ�ÉÌÇÓÅß

Ø�)



� Û <=>?@AB@>C@ =÷ MP@ ?@E= CIMG ÷=A F M@LM ÷K>CMI=>
»�� �3��µe����� ! ��´��� ����� �´ 0�À���� �� ´e� Àg�� �g µ�0 !Q Âeg��� , ä� g.�4��� (;;+ 6 g ��� �� �g ��� - �e� ��gµe��g� - �� � e�0 ����g �g  6 e0e��� ��g� ´ ��� ��e�Q 0�P ����Q#
³� �� ´��� 5� ´� ��e� ���� �g !��- e0- ��� e ���3�� µ��� ���Q � ���� � # ·�� 6 g����e��� Â�������� � , f µe.e (¹¹+ (¹ã+ , ���� , ä �.e , ä � (ÃÄ+ e�0 æµe�� , ·�g��5 (Ä¹+ #' g� µ�g , ´� �eµ� ��� 6 �� ´ ��. � -�eg�� � �g������� &

òP@=A@H � Û� Û ó<=HùFAIL=> ùAI>CIù E@ ÷=A MP@ EIH IM ùA=ú E@H û
�Ð
u ∈ BlocUSC(Rn × [0, T ])

ÑÊ É Êþ�Ê ÏÌþÅÑÏÓ ÏÐ �� ß!� ÉÓÍ
v ∈ BlocLSC(Rn × [0, T ])ÑÊ É ÊþÈ Ç�Ê ÏÌþÅÑÏÓ ÏÐ �� ß!� ÊÉÅÑÊÐ � ÑÓ�

u(x, 0) ≤ v(x, 0) ∀x ∈ Rn � ÅÆ ÇÓ
u(x, t) ≤

v(x, t) ∀(x, t) ∈ Rn × (0, T )
ß

³� ���� »�� g�- , ´� 0 � � ���0 e�Q e���-��� �  � ��� ! ��eµ� �g  6 ��� � ���� �e� ��À���Q, ����� ��� �3�e�� � �� .� - ��g�� #

T U«¨V?ªW?¨®? « B ©C? V?G«®¯©X B«ª @ ©?>© B¨®©¯«¨
9 a° Y êSZ Z ê]² R]²éU ZRUZ^

³� ���� ��!����� � , ´� �� ´ �� e� ���g����� ´eQ ��� ���5� e�0 ��� 0�. �g�����! ��´���  �g g����� e�0 �g�µ� �� ��g �.�Q g��e��0 ´ g5� ���� e� Âeg��� , ä� g.����(;;+ , ��e-! ��� , f µe.e (Ã)+ , æµe�� (*¿+ , ³�� �� (¸¸)+ e�0 ³���� , Ô �g�� , · �.e��0�� (¸;¾+ #³� �eg�����eg , ´� �:��e�� ��� ��g-
1/|ln ε| ��  �g ��e���. # à� -e5� ��� � -���e�� �6 g- e��Q 6 g e .���ge� 5�g���

K0

´ ��� ��� �ege! ��� ��e���. , ÑßÇß

Kε
0(x) =

1

εn+1
K0

(x
ε

)
.

à� e���- � ��e�
K0

�� �Q--��g�� , ÑßÇß,
K0(−x) = K0(x)

e�0 e0- ��� e - -���  6 g0�g �´ 6 g �µ�gQ ����� � , ÑßÇß, 6 g �µ�gQ
p ∈ Sn−1

∫

p⊥
K0(x)|x|2 <∞ ¶ã #¹ãº

à� ´e�� � �� ´ 6 g- e��Q ��e� 6 g �µ�gQ g�.��eg 6����� �
ϕ
, ��� µ�� ���Q

cε = Kε
0 ? 1{ϕ≥0}(0) − 1

2

∫
Kε

0

� �µ�g.�� � e��� �g ��� - �e� ��gµe��g� # » ��-���6Q ��� � -���e�� � , ´� À�e��Qe���- � ��e� ��� ×�g ��µ�� ���  6
ϕ

�� ��� .ge��  6 e 6����� �
h
, ÑßÇß, -  g� �g������Q

Ø�,
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��e�

ϕ(x′, xn) = h(x′)− xn

´��g�
x = (x′, xn)

,
x′ ∈ Rn−1

e�0
Dx′h(0) = 0

# à� �eµ�

cε =

∫

{xn≤h(x′)}
Kε

0 −
∫

{xn≤0}
Kε

0

=
1

ε

∫

{0≤xn≤h(εx′)
ε

}
K0(x)dx

'
∫

x′∈
á

n−1

(
1

ε

∫ ε
2
D2h(0)(x′,x′)

0

K0(x
′, xn) dxn

)
dx′

'
∫

x′∈
á

n−1

1

2
K0(x

′, 0)D2h(0)(x′, x′) dx′

=trace
(
A(p)(Id− p⊗ p)(D2ϕ)

) ´ ��� |Dϕ(0)| = 1
,

´��g�
p =

Dϕ

|Dϕ|
e�0

A(p) =
∫

x∈p⊥'
á

n−1
1
2
K0(x) x⊗x dx

# · , 6 g- e��Q, �6 ¶ã #¹ãº � �0� ,
���� ��� µ�� ���Q

cε
� �µ�g.�� � e��� �g ��� - �e� ��gµe��g� # Âeg��� , ä� g.���� (;;+e�0 æµe�� (*¿+ ���0 ���� g����� � �g µ� ��� � �µ�g.����  6 ��� '�gg�- e� , Â���� ,9���g ����- � (¸ã¹+ # " g ��� �g  6 , ���Q ���0 ��� 5�g���

K0(x) =
1

(4π)n/2
e−

x2

4

´���� �e���À�0 ��� e���-��� �� # »��� g����� ´e� ���� .���ge����0 6 g e ��g��� �00Q�e- ��� !Q ³���� (¸¸)+ e�0 ³���� , Ô �g�� , · �.e��0�� (¸;¾+ � - g� .���ge� 5�g����e���- ��. e�� ��� �Q--��gQ  6 ��� 5�g��� e�0 ¶ã #¹ãº # Ö !Q4�g 0���  6  �g ´ g5�� ´ � ��e� 6 g .���ge� 5�g���� ,  �g ��- �� - �e� ��gµe��g� - �� � ��  6 µeg�e�� �e��Q�� ¶��� »�� g�- ¸#¸¸º #
»�� -e�� 0�.�g���� ��  �g �e�� �� ��e�

c0
!��eµ�� ��5� 1

|x|n+1

e�0 � ¶ã #¹ãº 0 ��
� � � �0 # »��� �:��e�� ��� �g������  6 ��� �- e�� ��g- 1

|lnε|
��  �g ��e���. ´����

´ ��� � -����e�� ��� !e0 0��eQ  6  �g 5�g��� # ³�0��0 � - e5� e g�� g- e��×e�� �
 6 ��� ����.ge� ∫

x′∈
á

n−1

1

2
K0(x

′, 0)D2h(0)(x′, x′) dx′
À���� , ´� �eµ� � -����� �Q !Q

e ��g- . ��. � ×�g 6e���g # à� 0�� �� !Q
J(ε)

���� ��g- ¶ÑßÇß, ´� ��� ��� ��e���.
cε0(x) = J(ε)

εn+1 c0
(

x
ε

)º # Þ ���. ��� �e- � � -���e�� � e� e! µ� , ´�  !�e�� &

cε =J(ε)
1

ε

∫

{0≤xn≤h(εx′)
ε

}∩{|x′|≤δ/ε}
c0(x)dx+ J(ε)I1

'J(ε)

∫

{|x′|≤δ/ε}

1

2
c0(x

′, 0)D2h(0)(x′, x′) dx′ + J(ε)I1

Ø�1



� Û <=>?@AB@>C@ =÷ MP@ ?@E= CIMG ÷=A F M@LM ÷K>CMI=>
´��g�

I1 =
1

ε

∫

{0≤xn≤h(εx′)
ε

}∩{|x′|≥δ/ε}
c0(x)dx ≤ 1

ε

∫

(Bδ/ε(0))
c
c0(x)dx

Þ���. ��� �eg�����eg 6 g-  6
c0

6 g |x| ≥ 1
, ´� 0�0��� ��e�

I1 ≤
1

ε

∫ ∞

δ/ε

dr
1

r2

∫

θ∈Sn−1

dθ g(θ)

e�0 � I1

�� À���� # »��� �-����� ��e� ��� �e�� ��g-
J(ε)I1

. �� � ×�g e�
ε→ 0

# à����� 0�� -� �� ��� Àg�� ����.ge� �� �´ ��g- � &

J(ε)

∫

{|x′|≤δ/ε}

1

2
c0(x

′, 0)D2h(0)(x′, x′) dx′

=J(ε)

∫

|x′|≤1

1

2
c0(x

′, 0)D2h(0)(x′, x′) dx′

+ J(ε)

∫

|x′|∈(1,δ/ε)

1

2
c0(x

′, 0)D2h(0)(x′, x′) dx′.

·����
c0

�� !  ��0�0 , ´� g�- eg5 ��e� ��� Àg�� ��g- . �� � ×�g e�
ε

. �� � ×�g #»��� , ���  ��Q ����g�����. ��g- �� ��� ��� �0  �� # Þ���. e.e�� ��� �eg�����eg 6 g- 6
c0

6 g |x| ≥ 1
, ´� 0�0��� ��e�

J(ε)

∫

|x′|∈(1,δ/ε)

1

2
c0(x

′, 0)D2h(0)(x′, x′) dx′

=J(ε)

∫

θ∈Sn−2

dθ
1

2
D2h(0)(θ, θ)g(θ)

∫ δ/ε

1

1

r
dr

=J(ε)(ln
δ

ε
)

∫

θ∈Sn−2

1

2
g(θ)D2h(0)(θ, θ)dθ

=J(ε)(ln
δ

ε
) trace

(
A(p)D2ϕ

)
.

· ��� � gg��� ��e���. �� � �e5�
J(ε) = |ln ε| e�0 ´� À�e��Q  !�e��

cε → trace
(
A(p)D2ϕ

)
when |Dϕ(0)| = 1.

9 aç ±URRW RW ëRSTéUVéSëé
³� ���� ����� � , ´� �g µ� g�. g ���Q ��� � �µ�g.���� g����� 6 g ���� 6����� �� #
%�� �� 0�À�� ¶6 g

M = D2ϕ
,
p = Dϕ

º
G(M, p) =

−1

|p| F (M, p).

Ø�2
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" g e

n× n
-e�g�:

M
´� ��� ��� � g-

|M | = sup
ξ∈B1(0)

|M · ξ|. ¶ã #¹Ãº
à� 0�À�� ��� -  0����  6 � �������Q  6 ��� 6����� �

g
!Q

ωg(r) = sup
|θ′−θ|≤r, θ,θ′∈Sn−1

|g(θ′) − g(θ)|.
»��� ´� �eµ� ��� 6 �� ´ ��. 6��0e-���e� ����- e�� 6 g ���� 6����� � ��0�� ��0��� � ��- � &

0 A=ù=LIMI=> � ÛØÛ óôAA=A @LMIH FM@ => MP@ ?@E= CIMG ÷=A F M@LM ÷K>CMI=> û
üÇÅ þÊ ÉÊÊþÎ Ç ÅÆÉÅ

ϕ ∈ C2(Rn)
ÉÓÍ ÅÆÉÅ

Dϕ(x0) 6= 0
ß +Ï�

cε0(·) =
1

εn+1| ln ε| c0
( ·
ε

)�ÌÇÅ þÊ ÍÇË Ó Ç
cε = (cε0 ? 1{ϕ(·)>ϕ(x0)})(x0) −

1

2

∫á
n

cε0.üÇÅ þÊ ÒÉÌ Ì
b = |Dϕ(x0)|� ÉÓÍ Ð Ï� ÉÓ�

a ≥ |D2ϕ|L∞(B1(x0)) � ÌÇÅ þÊ ÑÓÅ�ÏÍþÒÇ ÅÆ Ç
�ÇÌÉÅÑ�Ç Î ÏÍþÌþÊ ÏÐ ÒÏÓÅÑÓþÑÅ� ÏÐ

D2ϕ
ÉÅ
x0 � ÍÇË Ó ÇÍ Ð Ï�

0 < r < 1
��

ω(r) =






sup
x∈Br(x0)

|D2ϕ(x) −D2ϕ(x0)|
a

ÑÐ
a 6= 0

0
ÑÐ

a = 0.�Ç Ë �
δ1 ≤ 1

Êþ ÒÆ ÅÆÉÅ
ω(δ1) ≤ 1.

�Ç ÍÇË Ó Ç
δ0 = min(1,

b

3a
, δ1)

ß ÿÆ Ç�Ç Ç� ÑÊÅÊ É ÒÏÓÊÅÉÓÅ
C = C(n, sup

á
n c0) > 0

Êþ ÒÆ
ÅÆÉÅ Ð Ï�

0 < ε < δ � ÑÅÆ
0 < δ ≤ δ0/2� � Ç Æ É�Ç

|cε −G(D2ϕ(x0), Dϕ(x0))| ≤ C · e (ε, δ, δ0)

� ÑÅÆ
e (ε, δ, δ0) =

1

| ln ε|

(
1

δ
+

1

δ0
| ln δ|

)
+

1

δ0

(
ωg

(
δ

δ0

)
+ ω(2δ) +

δ

δ0

)
.

Â�6 g� � �g µ� �g � ���� � ã #¸, ��� �� .�µ� e � g ��egQ#
<=A=EEFAG � ÛÙ Û ó<=>?@AB@>C@ =÷ MP@ ?@E= CIMG ÷=A F M@LM ÷K>CMI=> ûüÇÅ þÊ ÉÊÊþÎ Ç ÅÆÉÅ

ϕ ∈ C2(Rn × (0,+∞))
ÉÓÍ ÅÆÉÅ

Dϕ(x0, t0) 6= 0
ß �Ð

(xε, tε) −→
(x0, t0)� ÅÆ ÇÓ
cε :=

(
(cε0 ? 1{ϕ(·,tε)>ϕ(xε,tε)})(xε, tε) −

1

2

∫á
n

cε0

)
−→ G(D2ϕ(x0, t0), Dϕ(x0, t0))

Ø�Ú



� Û <=>?@AB@>C@ =÷ MP@ ?@E= CIMG ÷=A F M@LM ÷K>CMI=>
0 A==÷ =÷ <=A=EEFAG � ÛÙ»��� �� e ��ge�.��6 g´eg0 � ���3�����  6 ��� 6e�� ��e� ´� �e� ��  �� ��� g��e��µ�-  0����  6 � �������Q

ω
���6 g- �Q �� e ���.�! �g�  0  6

(x0, t0)
e�0 ���� ����- e��

cε−G(D2ϕ(xε, tε), Dϕ(xε, tε))
����. Ôg � ���� � ã #¸# à� � ����0� ��  ���. e ����e!����3�����

δ = δ(ε) = 1√
| ln ε|

#
0 A==÷ =÷ 0 A=ù=LIMI=> � ÛØÞ� � ��e�.� ��� �  g0��e��� , ´� �e� e���-� ��e�

x0 = 0
,
ϕ(x0) = 0

,
Dϕ(x0) = ben´ ���

b > 0
# à� 0�� ��

x′ = (x1, ..., xn−1)
e � ���  6

Rn−1
e�0

x = (x′, xn) ∈
Rn

# »��� ����. ��� �-������ 6����� � »�� g�- , ´� �e� e���- � ��e� ���g� �: ���� e���.�! �g�  0
Qδ = Bn−1

δ × (−δ, δ) ⊂ R
n 6 ���  g�.�� ���� ��e� ��� ��µ�� ��� {ϕ = 0} �e� !� ´ g�����

{ϕ = 0} ∩Qδ = {(x′, xn) ∈ Qδ, xn = h(x′)}6 g e ����e!�� 6����� �
h ∈ C2(Bn−1

δ ; (−δ, δ)) #»��� ´� �eµ� ��� 6 �� ´ ��. g����� ´���� ´ ��� ! � �g µ�0 �e��g &
J@HHF � Û� Û üÇÅ

δ0
ÉÊ ÍÇË Ó ÇÍ ÑÓ 3�ÏÈ ÏÊÑÅÑÏÓ � ß� ß +Ï�

0 < δ ≤ δ0/2� � Ç ÆÉ�Ç
∀x′ ∈ Bn−1

δ , (x′, h(x′)) ∈ QδÉÓÍ
∣∣∣∣∣∣∣

h(x′) − 1

2
D2h(0) · (x′, x′)
|x′|2

∣∣∣∣∣∣∣
≤ a

b

(
ω(2δ) + 8

δ

δ0

)
.

� Ï�ÇÏ�Ç�
∂2h

∂xi∂xj

(0) = − 1

|Dϕ(0)|
∂2ϕ

∂xi∂xj

(0), i, j = 1, ..., n− 1

ÉÓÍ
|h(x′)| ≤ 6

a

b
|x′|2 for x′ ∈ Bn−1

δ .à� �eµ�
cε = (cε0 ? 1{ϕ(·)>0})(0) − 1

2

∫á
n

cε0

= (cε0 ? 1{ϕ(·)>0})(0) − (cε0 ? 1{xn>0})(0)

= −(cε0 ? 1{ϕ(·)≤0}∩{xn>0})(0) + (cε0 ? 1{ϕ(·)>0}∩{xn<0})(0)

= −{(I)ε + (II)ε}
Ø� Ø
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´��g�

(I)ε = (cε0 ? 1Qδ∩{ϕ(·)≤0}∩{xn>0})(0) − (cε0 ? 1Qδ∩{ϕ(·)>0}∩{xn<0})(0)

e�0
(II)ε = (cε0 ? 1(

á
n\Qδ)∩{ϕ(·)≤0}∩{xn>0})(0) − (cε0 ? 1(

á
n\Qδ)∩{ϕ(·)>0}∩{xn<0})(0).

à� �eµ� 6 g
δ > ε

|(II)ε| ≤
∫á

n\Qδ

cε0

=
1

ε| ln ε|

∫á
n\Q δ

ε

c0

≤ C

δ| ln ε| .%�� �� � ´ � -���� ��� ��g-
(I)ε

# à� �eµ� 6 g
δ ≤ δ0/2

(I)ε =

∫

Bn−1
δ

dx′
∫ h(x′)

0

dxn
1

εn+1| ln ε| c0
(x
ε

)
.

%�� �� 0�À�� ¶´ ���
x = (x′, xn) = |x|θº

(I)′ε =

∫

Bn−1
δ \Bn−1

ε

dx′
∫ h(x′)

0

dxn
1

| ln ε|
g(θ)

(|x′|2 + |xn|2)
n+1

2

.

»���
|(I)ε − (I)′ε| ≤

∫

Bn−1
ε

dx′
∫ |h(x′)|

0

dxn
1

εn+1| ln ε| c0
(x
ε

)

≤
∫

Bn−1
ε

dx′
∫ 6a

b
|x′|2

0

dxn
1

εn+1| ln ε|

(
supá

n

c0

)

≤ 6a

b| ln ε|

(
sup

á
n c0

n+ 1

)

´��g� ´� �eµ� ���0 ��� 6e�� ��e� |h(x′)| ≤ 6a
b
|x′|2 6 g |x′| ≤ δ ≤ δ0/2

# à� � ´� -����
(I)′ε

Ø�Ù
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(I)′ε =

∫

Bn−1
δ \Bn−1

ε

dx′
∫ h(x′)

|x′|2

0

dζ
|x′|2
| ln ε|

g

(
(x′,|x′|2ζ)√
|x′|2+(|x′|2ζ)2

)

(
|x′|2 + (|x′|2ζ)2)n+1

2

=

∫

Bn−1
δ \Bn−1

ε

1

| ln ε|
dx′

|x′|n−1



∫ h(x′)

|x′|2

0

dζ

g

( “
x′
|x′| ,|x

′|ζ
”

√
1+|x′|2ζ2

)

(1 + |x′|2ζ2)
n+1

2


.

%�� �� 0�À��

(I)′′ε =

∫

Bn−1
δ \Bn−1

ε

1

| ln ε|
dx′

|x′|n−1

(∫ 1
2
D2h(0)·

“
x′
|x′| ,

x′
|x′|

”

0

dζ g

(
x′

|x′|

))

=
ln (δ/ε)

| ln ε|

(∫

θ∈Sn−2⊂{xn=0}
dθ

1

2
g (θ) ·D2h(0) · (θ, θ)

)
.

à� 0�À��

(I)′′0 =

∫

θ∈Sn−2⊂{xn=0}
dθ

(
1

2
g (θ) ·D2h(0) · (θ, θ)

)

ÑßÇß ´� �eµ� 6g - %�--e ã #¹

−(I)′′0 =

∫

θ∈Sn−2⊂{xn=0}
dθ

(
1

2
g (θ) · 1

|Dϕ(0)|D
2ϕ(0) · (θ, θ)

)

=
1

|Dϕ(0)|
�ge�� (

D2ϕ(0) · A
(
Dϕ(0)

|Dϕ(0)|

))

= G(D2ϕ(0), Dϕ(0))

´��g�
A

�� 0�À��0 �� ¶ã #*º #»��� ´� �eµ�

|(I)′′ε − (I)′′0| ≤ | ln δ|
| ln ε|

(∫

θ∈Sn−2

dθ

) (
sup
Sn−1

g

)
1

2
|D2h(0)|

≤ | ln δ|
| ln ε|(n− 1)|Bn−1

1 |
(

sup
Sn−1

g

)
a

2b
.

¶ã #¹)º

Ø��
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à� � ´ ´e�� � ����- e�� ��� 0�.�g���� ! ��´���

(I)′ε
e�0

(I)′′ε
# » ���� ��0 , ´�

Àg�� ���
v = ( x′

|x′| , |x′|ζ)
,
θ =

(
x′

|x′| , 0
) # »��� ����.  ��Q ��� 6e�� ��e� |θ| = 1

e�0
��� �0�����Q 〈v − θ, θ〉 = 0

6 g ��� ��e�eg �g 0��� , ´� .��
0 ≤ |v| − 1 ≤ |v − θ| , e�0∣∣∣∣

v

|v| − θ

∣∣∣∣ ≤ 2|v − θ| # à� ���� ����- e��
∣∣∣∣∣∣∣∣

g

(
v

|v|

)

|v|n+1
− g(θ)

∣∣∣∣∣∣∣∣
≤
∣∣∣∣g
(
v

|v|

)
− g(θ)

∣∣∣∣+ g(θ)
(
|v|n+1 − 1

)

≤ ωg

(∣∣∣∣
v

|v| − θ

∣∣∣∣
)

+

(
sup
Sn−1

g

)
(n+ 1)|v|n (|v| − 1)

≤ ωg(2|v − θ|) +

(
sup
Sn−1

g

)
(n+ 1) (1 + |v − θ|)n |v − θ|

≤ ωg(2|v − θ|) +

(
sup
Sn−1

g

)
(n+ 1)2n|v − θ|

´��g� 6 g ��� �e�� ���� , ´� �eµ� - g� µ�g ���0 ��� 6e�� ��e� |v−θ| ≤ 1
´��� |x′| ≤ δ

,
|ζ| ≤ 1

2

∣∣D2h(0) · (θ, θ)
∣∣ ≤ a

2b

, e�0
δ ≤ δ0/2

#
Þ ���. |v − θ| ≤ δa

2b

, ´� !  ��0 ��� �e�� ��g- !Q ��� 3�e����Q

e1 = ωg

(
δa

b

)
+

(
sup
Sn−1

g

)
(n+ 1)2n−1 δa

b
.

Þ���. %�--e ã #¹ ´ ���
e2 =

a

b

(
ω(2δ) + 8

δ

δ0

)

´� ���� ����- e��
|(I)′′ε − (I)′ε| ≤

∫

Bn−1
δ \Bn−1

ε

1

| ln ε|
dx′

|x′|n−1

{
e2 ·
(

sup
Sn−1

g

)
+

a

2b
· e1
}

≤ ln (δ/ε)

| ln ε|

(∫

θ∈Sn−2

dθ

) {
e2 ·
(

sup
Sn−1

g

)
+

a

2b
· e1
}

≤ (n− 1)|Bn−1
1 |

{
e2 ·
(

sup
Sn−1

g

)
+

a

2b
· e1
}
.

Ø��
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"��e��Q ´� .�� ¶����. 3a

b
≤ 1

δ0
, δ ≤ δ0

2
≤ 1

2

º ,

|cε + (I)′′0| ≤ |(II)ε| + |(I)ε − (I)′ε| + |(I)′ε − (I)′′ε | + |(I)′′ε − (I)′′0|

≤ C

| ln ε|

(
1

δ
+
a

b
| ln δ|

)
+ C

(
a

b
ωg

(
δa

b

)
+
a

b
ω(2δ) +

a

b

δ

δ0

)

≤ C

| ln ε|

(
1

δ
+

1

δ0
| ln δ|

)
+ C

1

δ0

(
ωg

(
δ

δ0

)
+ ω(2δ) +

δ

δ0

)

´��g� ��� � ���e��
C

 ��Q 0����0�  � ��� 0�- ���� �
n

e�0
c0

# ' g� �g������Q ´�
�eµ�

C = C
(
n,
∫á

n\B1
c0, sup

á
n c0, supSn−1 g

)
= C(n, sup

á
n c0)

# »��� ��0� ���
�g  6  6 Ôg � ���� � ã #¸#
0 A==÷ =÷ LMNNO � Û�
Þ���. ��� � �e�� ��

ϕi =
∂ϕ

∂xi

, e�0
ϕij =

∂2ϕ

∂xi∂xj

, e�0 �e5��. ��� 0�g�µe��µ��  6 ���
g��e�� �

ϕ(x′, h(x′)) = 0
, ´� .��






hi = − ϕi

ϕn

, i = 1, ..., n− 1

hij = − 1

ϕn

(ϕij + ϕinhj + ϕjnhi + ϕnnhihj) , i, j = 1, ..., n− 1.

f ´ , !Q 0�À���� �  6
a
, ´� �eµ� |D2ϕ(x)| ≤ a

6 g
x ∈ B1

# »��g�6 g� 6 g
0 < δ ≤ 1

,´� .��
|Dϕ(x) −Dϕ(0)| ≤ aδ

6 g
x ∈ Bδ.%�� �� 0�À��

δ′′0 ∈ (0,+∞]
���� ��e�

aδ′′0 =
1

2
|Dϕ(0)| e�0 δ′0 = min(1, δ′′0)

# »��� 6 g
b = |Dϕ(0)| = ϕn(0)

e�0
0 < δ ≤ δ′0

´� .��

aδ0 ≤ aδ′0 ≤
b

2
≤ ϕn(x) ≤ |Dϕ(x)| 6 g

x ∈ Bδ.

Þ���. ��� ���- ���egQ ����- e�� & ∀x ∈ Bδ,
∣∣∣∣
f(x)

g(x)
− f(0)

g(0)

∣∣∣∣ ≤ 1

g(0)(infBδ
g)

(|f(x) − f(0)| g(0) + |f(0)| |g(x) − g(0)|)¶ã #¹*ºe�0 ����. ��� 6e�� ��e�
ϕi(0) = 0

6 g
i = 1, ..., n− 1

, ´� .��

Dh(0) = 0
e�0 |Dh(x′)| ≤ δ

δ0

6 g
(x′, h(x′)) ∈ Bδ.

Ø�#
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·���� ����. ¶ã #¹*º , ´� .�� 6 g

(x′, h(x′)) ∈ Bδ

e�0
0 < δ ≤ δ0

|D2h(x′) −D2h(0)| ≤ 2

b2
((a ω(δ)) · b+ a · (aδ)) +

2

b

(
2a

δ

δ0
+ a

(
δ

δ0

)2
)

≤ 2a

b

(
ω(δ) + 4

δ

δ0

)

´��g� ´� �eµ� ���0 ��� 6e�� ��e� a
b
≤ 1

2δ0

#
Þ ���. ��� »eQ � g 6 g-��e ´ ���

h(0) = 0 = Dh(0)
, ´� .��

∣∣∣∣h(x
′) − 1

2
D2h(0) · (x′, x′)

∣∣∣∣ ≤
∫ 1

0

dt

∫ t

0

ds
∣∣D2h(sx′) −D2h(0)

∣∣ · |x′|2

e�0 ���� 6 g
(x′, h(x′)) ∈ Bδ

∣∣∣∣
h(x′) − 1

2
D2h(0) · (x′, x′)
|x′|2

∣∣∣∣ ≤
a

b

(
ω(δ) + 4

δ

δ0

)
=: J(δ).

%�� �� � ´ e���-� ��e�
0 < 2δ ≤ δ0

# »���
Qδ = Bn−1

δ × (−δ, δ) ⊂ B2δ

, e�0 6 g
x′ ∈ Bn−1

δ

´� �eµ� ¶����. |D2h(0)| ≤ a/b
º

|h(x′)| ≤ δ2

(
1

2

a

b
+ J(2δ)

)
< δ

´����
ω(2δ) ≤ 1

e�0 6aδ

b
≤ 1

# »��g�6 g� 6 g
0 < 2δ ≤ δ0

, ´� .�� ��e�
(x′, h(x′)) ∈

Qδ ⊂ B2δ

�6
x′ ∈ Bn−1

δ

, e�0 ����
∣∣∣∣
h(x′) − 1

2
D2h(0) · (x′, x′)
|x′|2

∣∣∣∣ ≤
a

b

(
ω(2δ) + 8

δ

δ0

)
.

à� ���� 0�0���
|h(x′)| ≤ |x′|2a

b

(
ω(2δ) + 8

δ

δ0
+

1

2

)
≤ 6

a

b
|x′|2,

´���� ��0� ��� �g  6  6 %�--e ã #¹ #" ��e��Q, ´� .�µ� ��� 6 �� ´ ��. � g ��egQ ´���� ´ ��� ! � ���6� �� � .�� É È �ÑÏ�Ñ����- e�� e� �� ���e� ��- � &
<=A=EEFAG � Û� Û óôAA=A @LMIH FM@ ÷=A F ùFAMICKEFA M@LM ÷K>CMI=> û
+Ï�

B, η > 0� � Ç ÒÏÓÊÑÍÇ� ÅÆ Ç Ð þÓ ÒÅÑÏÓ
ϕ(x) = B

√
η2 + |x|2.

Ø�)
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ÿÆ ÇÓ� ÅÆ Ç�Ç Ç� ÑÊÅÊ É ÒÏÓÊÅÉÓÅ

C ′ = C ′(n, sup
á

n c0) > 0
Êþ ÒÆ ÅÆÉÅ Ð Ï�

cε(x) = (cε0 ? 1{ϕ(·)>ϕ(x)})(x) −
1

2

∫á
n

cε0

� Ç ÆÉ�Ç È ÏÑÓÅ� ÑÊ Ç� Ð Ï� |x0| ≥ 6
√

2 ε
ÉÓÍ

3 ≥ η ≥ 6
√

2 ε �
|cε(x0)|Dϕ(x0)| + F (D2ϕ(x0), Dϕ(x0))| ≤ C ′ · B

η
.

0 A==÷ =÷ <=A=EEFAG � Û�%�� �� Àg�� g�- eg5 ��e� ´� 0 � � ��e�.� ��� g����� �6 ´� 0�µ �0�
ϕ

!Q
B

¶! ��e���
F

�� .� - ��g��º , � ´� �e� e���-� ��e�
B = 1

#" g e��
x
, ´� �eµ�

Dϕ(x) =
x√

η2 + |x|2
, D2ϕ(x) =

1√
η2 + |x|2

(Id− p(x) ⊗ p(x))

´��g�
p(x) = Dϕ(x), |p(x)| ≤ 1, ∀x #à� �eµ� , 6 g e��

x, x0

&
D2ϕ(x) −D2ϕ(x0)

=

(
1√

η2 + |x|2
− 1√

η2 + |x0|2

)
(Id− p(x) ⊗ p(x))

− 1√
η2 + |x0|2

(p(x) ⊗ (p(x) − p(x0)) + (p(x) − p(x0)) ⊗ p(x0)).

' g� µ�g , ��� 6 �� ´ ��. � �0�
∣∣∣∣∣

1√
η2 + |x|2

− 1√
η2 + |x0|2

∣∣∣∣∣ ≤

∣∣∣
√
η2 + |x|2 −

√
η2 + |x0|2

∣∣∣
η2

≤ ||x|2 − |x0|2|
η2
(√

η2 + |x|2 +
√
η2 + |x0|2

)

≤||x| − |x0|| (|x| + |x0|)
η2(|x| + |x0|)

≤|x− x0|
η2

e�0 , ����. ��� ! ��0 |D2ϕ| ≤ 1
η

, ´� .��

|p(x) − p(x0)| = |Dϕ(x) −Dϕ(x0)| ≤
|x− x0|

η
.

Ø�,



<=>?@AB@>C@ D@ EF DG>FH IJK@ D@L DILE= CFMI=>L N BAF>D@ OCP@EE@
à� ���

a = 1
η
≥ |D2ϕ| # à� ���� .�� , ´ ��� ��� � �e�� �  6 Ôg � ���� � ã #¸ &

|D2ϕ(x) −D2ϕ(x0)|
a

≤ 3|x− x0|
η

, ω(r) ≤ 3r

η
.

»��� ´� �e� e���Q Ôg � ���� � ã #¸ ´ ���
a =

1

η

,
b = |Dϕ(x0)| > 0

,
δ1 = η

3

,
2δ = δ0 = min

(
b

3a
, δ1

)
=

b

3a

¶! ��e���
b ≤ 1

º #
à� 0�0��� ��e� ���g� �: ���� e � ���e��

C ′ = C ′(n, sup
á

n c0) > 0
���� ��e� 6 g

δ > ε > 0
&

|cε(x0)|Dϕ(x0)| + F (D2ϕ(x0), Dϕ(x0))| ≤ C ′
(

1

η
+

1

η| ln ε|

)
≤ C ′

η
.

' g� µ�g , ��� � �0��� �
δ > ε

�� �3��µe���� � 
b >

6ε

η

# à� ���� 0�0��� � �0��� ��
 � |x0|

e�0
η

&
¸# ³6 |x0| ≤ η

, ����
b ≥ |x0|√

2η

e�0 �� ��P ��� � �e5� |x0| > 6
√

2ε
#

; # ³6 |x0| ≥ η
, ����

b ≥ 1√
2

e�0 �� ��P ��� � �e5�
η > 6

√
2ε

#

[ \ ] ^_`^_ ?>©¯H @©? @© ¯¨ ¯©¯@G ©¯H?
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C ′′ = C ′′(n, sup
á

n c0) > 0
Êþ ÒÆ ÅÆÉÅ Ð Ï� Ç�Ç��

x0 ∈ Rn
ÉÓÍ

t > 0
� Ç ÆÉ�Ç� Ð Ï� η > 6

√
2ε� ÉÓÍ

ε ∈ (0, 1/2)

|uε(x0, t) − u0(x0)| ≤ |Du0|L∞(

á
n) ·
{
η + t · C

′′

η

}
.

� @HFA� # ÛÙ Û � ÑÓ ÒÇ |Duε(·, t)|L∞(

á
n) ≤ |Du0|L∞(

á
n)

�Ê ÇÇ 3�ÏÈ ÏÊÑÅÑÏÓ 
 ß�� � � Ç ÉÌÊ ÏÆÉ�Ç� Ð Ï� ε ∈ (0, 1/2)
ÉÓÍ ∀η > 6

√
2ε

|uε(x0, t+ s) − uε(x0, s)| ≤ |Du0|L∞(

á
n) ·
{
η + t · C

′′

η

}
.

0 A==÷ =÷ 0 A=ù=LIMI=> # ÛØà� � ���0�g ��� 6 �� ´ ��. 6����� �
ϕ(x, t) = B0

√
η2 + |x|2 + u0(x0) −B0|x0| + L · t

Ø�1



# Û b c defde @LMIH FM@ FM I>IMIF E MIH @
´ ���

B0 = |Du0|L∞(

á
n)

e�0
L

��e� ´ ��� ! � �g�����0 �e��g # » �g µ� ��� g����� , ����P ��� � �� ´ ��e� 6 g
L = C ′′ B0

η

e�0
C ′′ �eg.� �� �.� , ����

ϕ
�� e ����g� ���� � 6 ¶ã #ãº # ³�0��0 , !Q � -�eg�� � �g����� �� ¶»�� g�- ; #;º , ´� ´ ��� ���� �eµ�

uε(x0, t) ≤ ϕ(x0, t) ≤ B0

(
η + t · C

′′

η

)
+ u0(x0).

%��
(x, t) ∈ Rn × (0,∞)

# » �g µ� ��e�
ϕ

�� e ����g� ���� �  6 ¶ã #ãº e�
(x, t)

, �����
ϕ��

C∞(Rn × (0,∞))
, �� ��P ��� � �� ´ ��e�

ϕ
�e���À�� ��� �3�e�� � � ���´ ��� , ÑßÇß

ϕt(x, t) ≥ cε|Dϕ(x, t)|.
»�� �g  6 �� � ´ 0�� -� ��0 ��� �´ �e��� &
¸# |x| ≤ 6

√
2 ε

# ³� ���� �e�� , ´� �eµ�

cε|Dϕ(x, t)| ≤ ‖c0‖L1

ε| ln ε|
B0|x|
η

≤ 6
√

2‖c0‖L1B0

| ln ε|η .

· �� ��P ��� � �e5�
L ≥ 6

√
2‖c0‖L1∣∣ln 1

2

∣∣
B0

η

#
; # |x| ≥ 6

√
2 ε

# ³� ���� �e�� ´� ´ ��� �� ´ ��e�
ϕ

�� e ����g� ���� �  6
ϕt + F (D2ϕ,Dϕ) ≥ L− L0

¶ã #¹Äº
6 g

L0 =
B0

η
sup

q∈Sn−1

trace

(
A

(
q

|q|

)) e�0 ���� ´� ´ ��� ��� � g ��egQ ã #ã #
à� ���

M = D2ϕ
# à� �e� ��  �� e !e��� ���� ��e�

A

(
p

|p|

)
=

(
An−1

(
p
|p|

)
0

0 0

)
,

´��g� ��� �e�� µ��� g  6 ��� !e��� �� p
|p|

, ´ ���
p = Dϕ

# à� ���

M = B0

(
Mn−1 Mn
tMn Mnn

)
,

´��g�
Mn−1 =

1√
η2 + |x|2

Id
,
Mn

�� e µ��� g e�0
Mnn =

η2

(η2 + |x|2) 3
2

# à�
���� 0�0��� ��e�

�ge��(
M.A

(
p

|p|

))
=

B0√
η2 + |x|2

�ge��
(An−1) ≤

B0

η
trace

(
A

(
p

|p|

))
.

Ø�2
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à� ���� 0�0��� ��e�

ϕt(x, t) + F (D2ϕ,Dϕ) =L− trace

(
MA

(
p

|p|

))

≥L− B0

η
sup
Sn−1

trace

(
A

(
p

|p|

))

=L− L0.

à� � ´ �g µ� ��e�
ϕ

�� e ����g� ���� �  6 ¶ã #ãº , ÑßÇß
ϕt(x, t) ≥ cε|Dϕ(x, t)|,

´��g�
cε = (cε0 ? 1{ϕ(·,t)>ϕ(x,t)})(x, t) − 1

2

∫á
n c

ε
0

# à� �eµ� � ���´ ���
ϕt ≥− F (D2ϕ,Dϕ) + L− L0

≥ cε|Dϕ| + L− L0 − F (D2ϕ,Dϕ) − cε|Dϕ|

≥ cε|Dϕ| + L− L0 − C ′ · B0

η
,

´��g� ´� �eµ� ���0 � g ��egQ ã #ã # ³� �� ��P ����� � �e5�
L ≥ B0C

′′

η´ ���
C ′′ = sup

q∈Sn−1

trace

(
A

(
q

|q|

))
+ C ′ +

6
√

2|c0|L1

ln 1
2

.
¶ã #¹¿º

' g� µ�g ,
trace(A)

�� !  ��0�0 !Q |g|L∞
´���� �� � ��g ���0 !Q |c0|L∞

¶�����
c0(x) = g(x)

�6 |x| = 1
º # · , !Q � g ��egQ ã #ã ,

C ′′ = C ′′(n, sup
á

n c0)
#

Þ ���. ��- ��eg�Q e ��!� ���� � , ´� 0�0��� ��� g����� # »��� ��0� ��� �g  6  6 ����g � ���� � #
<=A=EEFAG # Û� Û ÿÆ Ç�Ç Ç� ÑÊÅÊ É ÒÏÓÊÅÉÓÅ

C > 0
Êþ ÒÆ ÅÆÉÅ Ð Ï� ÉÓ�

ε ≤ 1/2� ÅÆ ÇÊ ÏÌþÅÑÏÓ
uε

ÏÐ �� ß�� ÊÉÅÑÊË ÇÊ �
|uε(x, t+ h) − uε(x, t)| ≤ C|Du0|L∞(

á
n)

√
h, ∀x ∈ R

n, ∀t ≥ 0, h ∈ [0, h0],

� ÑÅÆ
h0 = h0(n, sup

á
n C0) > 0

ß
0 A==÷ =÷ <=A=EEFAG # Û�à� �e�  ���- ��� ��� ����- e��  6 &�-eg5 Ã #; �  !�e�� , �6

η =
√
tC ′′ ≤ 3

&

|uε(x0, t+ s) − uε(x0, s)| ≤ 2|Du0|L∞(

á
n) ·

√
C ′′

√
t

�6 √
t >

6
√

2ε√
C ′′

.

Ø#Ú
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' g� µ�g , 6 g e��

ε
, ´� �eµ� &

|uε(x0, t+ s) − uε(x0, s)| ≤
t

ε| ln ε| |c0|L1|Du0|L∞(

á
n).

Â�� , 6 g √
t ≤ 6

√
2ε√

C′′

e�0
ε ≤ 1

2

, ��� 6 �� ´ ��. � �0� ¶����. ¶ã #¹¿ºº
t

ε| ln ε| |c0|L1 |Du0|L∞(

á
n) ≤ |Du0|L∞(

á
n)

√
t
6
√

2√
C ′′

|c0|L1

| ln 1
2
| ≤ |Du0|L∞(

á
n)

√
t
√
C ′′,

� , ∀t ≤ 9

C ′′ , s
, ´� �eµ�

|uε(x0, t+ s) − uε(x0, s)| ≤ 2|Du0|L∞(

á
n)

√
C ′′

√
t.

³��ge���. ��� ����- e��  � ��- � ����gµe��  6 ���.��
T

�e���6Q ��. √
TC ′′ ≤ 3

, ´� .����� g����� # »��� ��0� ��� �g  6  6 ��� � g ��egQ#
g h ª«« B « B ©C? ®«¨V?ªW?¨®? SC?«ª?H
0 A==÷ =÷ òP@=A@H ØÛ�à� ��� ��� �e�64g��e:�0 ��- ��� ���g 0���0 !Q Âeg��� , Ô�g��e- � (;)+ , e�0 0�À��0 !Q &

u(x, t) = lim sup
ε→0, y→x, s→t

uε(y, s)

e�0
u(x, t) = lim inf

ε→0, y→x, s→t
uε(y, s).

à� ´ ��� �� ´ ��e�
u

¶g��� #
u
º �� e µ ��� ���Q ��!� ���� � ¶g��� # ��� �g� ���� � º  6¶ã #Ãº4 ¶ã #)º4 ¶ã #*º #à� eg.�� !Q � ��ge0���� � # Ö ���-� ��e� ���g� �: ����

φ ∈ C2
���� ��e�

u − φg�e���� e .� !e� ��g��� - e:�-�- e�
(x0, t0)

e�0 ���� ��e�
φt(x0, t0) + F∗(D

2φ,Dφ) = θ > 0.
¶ã #ã¾º

»´ �e��� - eQ  ���g &¸# |Dφ(x0, t0)| 6= 0
#à� ���� 0�0��� ��e� ���g� �: ����

(xε, tε) → (x0, t0)
���� ��e�

uε − φ
g�e���� e- e:�-�- e�

(xε, tε)
# Þ���. ��� 6e�� ��e�

uε
�e� ����eg .g ´�� , ´� �e� e���-�¶!Q e00��. e ��g- ��5� |x−x0|4 + |t− t0|2

� 
φ

�6 ������egQ º ��e� ���� - e: �-�-�� .� !e� # ·����
uε

�� e � ���� �  6 ¶ã #ãº , ��� 6 �� ´ ��. � �0� &

φt(xε, tε) ≤
(

(cε0 ? 1{uε(·,tε)≥uε(xε,tε)})(xε) −
1

2

∫á
n

cε0

)
|Dφ(xε, tε)|.

Ø#Ø
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' g� µ�g , ∀x 6= xε

, ´� �eµ�
uε(x, tε) − φ(x, tε) < uε(xε, tε) − φ(xε, tε)

# · 
{uε(·, tε) ≥ uε(xε, tε)} ⊂ {φ(·, tε) > φ(xε, tε)} ∪ {xε}

# à� ���� 0�0��� &

φt(xε, tε) ≤
(

(cε0 ? 1{φ(·,tε)>φ(xε,tε)})(xε) −
1

2

∫á
n

cε0

)
|Dφ(xε, tε)|.

à� �e� ��� � g ��egQ ã #; e�0 �e�� � ��� ��- �� ��
ε
# »�� 6 �� ´ ��. � �0� &

φt(x0, t0) ≤G(D2φ(x0, t0), Dφ(x0, t0))|Dφ(x0, t0)|
= − F (D2φ(x0, t0), Dφ(x0, t0)),´�e� � ��ge0���� ¶ã #ã¾º ¶�����

F (M, p) = F∗(M, p)
6 g

p 6= 0
º #; # |Dφ(x0, t0)| = 0

e�0 |D2φ(x0, t0)| = 0
# Ö � �� ��� Àg�� �e�� , ���g� �: ���

(xε, tε) → (x0, t0)
���� ��e�

uε − φ
g�e���� e .� !e� - e:�-�- e�

(xε, tε)
¶��� e00 e ��g- ��5� |x− x0|4 + |t− t0|2

� 
φ

�6 ������egQ º # à� ���

cε[φ](xε, tε) =

(
(cε0 ? 1{φ(·,tε)>φ(xε,tε)})(xε) −

1

2

∫á
n

cε0

)
.

ÂQ e���-��� �� , 6 g e��
η > 0

, ���g� �: ����
r > 0

���� ��e�
|D2φ(x, t)| ≤ η if (x, t) ∈ Q2r(x0, t0)´��g�

Qr(x0, t0) = Br(x0) × (t0 − r, t0 + r)
#·�!�e�� Ö & |Dφ(xε, tε)| > 12εηr

#à� ���
I(x, t) = cε[φ](x, t)|Dφ| + F∗(D

2φ,Dφ)e�0
φr(x, t) =

1

r2
φ(x0 + rx, t0 + rt).

·�ge�.��6 g´eg0 � -���e�� �� .�µ� ´ ���
x̄ε =

xε

r
, t̄ε =

tε
r

I(xε, tε) =F∗(D
2φr, Dφr) +

| ln ε
r
|

| ln ε| |Dφ
r|cε/r[φr](x̄ε, t̄ε)

=F∗(D
2φr, Dφr) +

(
1 − | ln r|

| ln ε|

)
|Dφr|cε/r[φr](x̄ε, t̄ε)

=

(
1 − | ln r|

| ln ε|

)
I1 + I2

´��g�
I1 = F∗(D

2φr, Dφr)+|Dφr|cε/r[φr](x̄ε, t̄ε) and I2 =
| ln r|
| ln ε|F∗(D

2φr, Dφr).

Ø#Ù
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à� �e� ���� e���Q Ôg � ���� � ã #¸ � I1

´ ���
a = 2η ≥ |D2φr|, b = |Dφr(x̄ε, t̄ε)| → 0, 2δ = δ0 =

b

6ηe�0 .�� ¶´ ��� e� e!���  6 � �e�� � 6 g e .���g�� � ���e��
C
º

|I1| ≤Cb
{

1

δ0
+

1

δ0

| ln δ|
| ln ε| +

1

δ0| ln ε|

}

≤C
{
η + η +

η

| ln ε|

}

≤Cη
6 g

ε
�- e�� �� �.� � .��

b
�- e�� �� �.� # à� ���� 0�0��� ��e� 6 g

ε
�- e���� �.� ´� �eµ�

|I(xε, tε)| ≤ Cηe�0 � 
φt(xε, tε) + F∗(D

2φ,Dφ) =φt(xε, tε) − cε[φ](xε, tε) + F∗(D
2φ,Dφ) + cε[φ](xε, tε)

≤|I(xε, tε)|
≤Cη.

·�!�e�� Â & |Dφ(xε, tε)| ≤ 12εηr
#»��� ´� �eµ�

cε[φ](xε, tε)|Dφ| ≤
|c0|L1

ε| ln ε| |Dφ| ≤
12ηr

| ln ε| |c0|L1

e�0 ����.
F∗(D

2φ,Dφ) = 0
��

(x0, t0)
, ´� e�� 0�0��� ��e� 6 g

ε
�- e���� �.� ´� �eµ�

φt(xε, tε) + F∗(D
2φ,Dφ) ≤ Cη.·��0��.

ε→ 0
, ´� .��

φ(x0, t0) + F∗(D
2φ,Dφ) ≤ Cη

e�0 � 
θ ≤ Cη´���� �� e � ��ge0���� � 6 g

η
�- e�� �� �.� #" ��e��Q, ´� �eµ� �� ´� ��e�

u
�� e ��!� ���� � # »�� �g  6 � �� ´ ��e�

u
�� e����g� ���� � �� �:e���Q ��� �e- � #' g� µ�g , !Q � g ��egQ Ã #¹ , ´� �eµ� &

|uε(·, t) − u0(·)| ≤ C|t| 12 , for 0 ≤ t ≤ 1

Ø#�
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´��g�

C
�� e � ���e�� ´���� 0����0�  ��Q  �

n
,
sup

á
n c0

e�0 |Du0|L∞
# · 

u(·, 0) =
u(·, 0) = u0(·)

# ·����
u

�� e ��!� ���� � e�0
u

�� e ����g� ���� � , ´� 0�0��� !Q ���� -�eg�� � �g������� ¶»�� g�- ¹ #¹º ��e�
u(x, t) ≤ u(x, t) ∀(x, t)e�0 � 

u = u = u0
, ÑßÇß

uε
� �µ�g.�� � �e��Q ���6 g- �Q  � � -�e�� ����  6

Rn×[0,∞)� 
u0

´���� �� ��� ���3�� � ���� �  6 ¶ã #Ãº4 ¶ã #)º4 ¶ã #*º # »��� ��0� ��� �g  6  6 ���»�� g�- #

i h ª«« B « B SC?«ª?H ¦ ji
à� � ´ �g µ� »�� g�- ¸#* # à� ���0 ��� 6 �� ´ ��. �g � ���� � &

0 A=ù=LIMI=> , ÛØÛ óòP@ HFMAIõ
A

IL F> P@LLIF> û
üÇÅ

n ≥ 2
ß üÇÅ

g ∈ C0(Rn\{0}) Êþ ÒÆ ÅÆÉÅ
g(λp) =

g(p)

|λ|n+1

ß �Ç Ê ÇÅ

A

(
p

|p|

)
=

∫

θ∈Sn−2 =Sn−1∩{〈x, p
|p| 〉=0}

(
1

2
g(θ)θ ⊗ θ

)
dθ

� ÑÅÆ
A(λp) =

1

|λ|A(p)
Ð Ï�

λ 6= 0
ß ÿÆ ÇÓ � ÅÆ Ç Ð þÓ ÒÅÑÏÓ G := − 1

2π
F(Lg)

��Æ Ç�Ç
Lg

ÉÓÍ
ÅÆ Ç +Ïþ�ÑÇ� Å�ÉÓÊÐ Ï�Î É�Ç � Ñ�ÇÓ ÑÓ 	 ÇË ÓÑÅÑÏÓ � ß"� ÑÊ Êþ ÒÆ ÅÆ ÉÅ

G(λp) = |λ|G(p)
ÉÓÍÊÉÅÑÊË ÇÊ

A(p) = D2G(p)." g ��� �g  6  6 ���� �g �  ���� � , ´� ´ ��� ���0 ��� 6 �� ´ ��. ÌÇÎÎÉ
J@HHF , ÛÙ Û óòP@ <KAE =÷ MP@ HFMAIõ

A
û

kÓÍÇ� ÅÆ Ç ÉÊÊþÎÈ ÅÑÏÓÊ ÏÐ 3�ÏÈ ÏÊÑÅÑÏÓ �ß�� ÅÆ Ç 6þ� Ì ÏÐ
A� ÍÇË Ó ÇÍ ��

Curl(A) = (∂kAij − ∂iAkj)i,j,kÑÊ * Ç�Ï� ÉÓÍ ÅÆ Ç�Ç Ç� ÑÊÅÊ É ÍÑÊÅ�Ñ�þÅÑÏÓ
Φ

Êþ ÒÆ ÅÆÉÅ
A(p) = D2Φ(p)

ß � Ï�ÇÏ�Ç�� Φ ∈
C0(Rn) ∩ C2(Rn\{0})� ÉÓÍ

Φ
ÑÊ þÓÑ�þÇ ÑÐ � Ç ÉÊÊþÎ Ç

Φ(−p) = Φ(p)
ÉÓÍ

Φ(0) = 0
ß

�Ç ÅÆ ÇÓ ÆÉ�Ç
Φ(λp) = |λ|Φ(p), ∀λ ∈ R\{0}, ∀p ∈ Rn

ß
0 A==÷ =÷ LMNNO , ÛÙ³� ���� �g  6 , ´� 0�� �� !Q

e · f ��� ��e�eg �g 0��� ! ��´���
e
e�0

f
#" �g�� , ´� � -����

∂kAij(p)
6 g

p 6= 0
e�0 ´��g�

g ∈ C1(Rn\{0}) e�0
∂k

��0��e������ 0�g�µe�� � �� ��� 0�g���� �
ek

# Â��e��� ´� ´ ��� � -���� ��� ��g�  6 ��� g ´µ��� g�  6 ��� - e�g�: , �� �� ��P ����� � ��  �� e�  g�� � g- e� !e���
(e1, ..., en)

������e�
e1

�� �ege���� � 
p
# »´ �e��� - eQ  ���g &

Ø#�
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¸#
ek

�� �ege����� � 
p

¶
ek ‖ pº # »��� ,

∂kAij(p) = −p · ek

|p|2 Aij(p).

; #
ek

�� � �g� ��0����eg � 
p

¶
ek ⊥ p

º # ³� ���� �e�� ¶��� "�.�g� ã #¸º , ´� �eµ� � � ���0�g µeg�e�� �� e� ��� Àg��  g0�g  6 ��� ����.ge� 0�À���.
A(p)

6 g
θ ∈

p⊥ ∩ Sn−1
� 
θ ∈ (p + εek)

⊥ ∩ Sn−1
6 g

ε
eg!��geg��Q �- e�� # %�� �� � ���0�g e���� µ��� g

θ ∈ p⊥ ∩ Sn−1
��e� ´� ´ g���
θ = (cosα)e′ + (sinα)ek

´ ���
sinα = θ · ek

e�0
e′ ⊥ p, e′ ⊥ ek

# Ö� ��� Àg��  g0�g , �� �� µ��� g ! �� -��¶!Q ��À������- e� g �e�� �º
(cosα)e′ + (sinα)(ek + εq) ∈ (p+ εek)

⊥ ∩ Sn−1,

´��g� ´� 0�À��
q =

−p
|p| , ḡ(θ) = g(θ)θ ⊗ θ.

»��� ��� 6 �� ´ ��. � �0�

∂kAij(p) =
1

|p|2
∫

Sn−1∩p⊥
dθ

1

2
q · ∇ḡ(θ)(θ · ek)(ei, ej).

lmn o ã #¸ p � -���e�� � e� ��� Àg��  g0�g  6
∂kAij(p)

, �e�� |p| = 1
#

Ø##
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' g� µ�g ,

q · ∇ḡ(θ)(θ · ek)(ei, ej))

=(q · ∇g(θ))(θ · ek)(θ · ei)(θ · ej) + g(θ)(θ · ek) (q · ei(θ · ej) + (θ · ei)q · ej)

=q · ∇g(θ)(θ · ek)(θ · ei)(θ · ej) + (q · ei)ḡ(θ)(ek, ej) + (q · ej)ḡ(θ)(ek, ei).

à� eg� � ´ e!�� � � -���� ��� ��g�  6
A
# » 0 ���� ´� ���ege�� �� ��µ�ge��e��� &

¸#
ek, ei, ej ‖ p

# »��� ,
Aij(p) = Akj(p) = 0

e�0 � 
∂kAij − ∂iAkj = 0

#
; #
ek, ei ‖ p, ej ⊥ p

# ³� ��� �e- � ´eQ,
∂kAij − ∂iAkj = 0¹ #

ek, ej ‖ p, ei ⊥ p
# »���

∂kAij = 0
e�0

∂iAkj = 0
¶�����

θ · ej = θ · ek = 0
º #

ã #
ek ⊥ p, ei, ej ‖ p

# ³� �� ��� �e- � �e�� e� ¹ #
Ã #
ek ‖ p, ei, ej ⊥ p

# »���
∂kAij = − 1

|p|Aij

¶�6
ek = p

|p|
ºe�0

∂iAkj =
1

|p|2
∫

Sn−1∩p⊥
dθ

1

2
q · ekḡ(θ)(ei, ej)

= − 1

|p|2
∫

Sn−1∩p⊥
dθ

1

2
ḡ(θ)(ei, ej)

= − 1

|p|Aij(p).

à� �eµ� ���0 ��� 6e�� ��e�
q · ek = −p

|p| ·
p
|p| = −1

# · 
∂kAij − ∂iAkj = 0

#
) #
ek, ej ⊥ p, ei ‖ p

# ³� �� ��� �e- � �e�� e� ã #
* #
ek, ei ⊥ p, ej ‖ p

# »���

∂kAij(p) =
1

|p|2
∫

Sn−1∩p⊥
dθ (q · ej)ḡ(θ)(ek, ei) = ∂iAkj(p).

Ä #
ek, ei, ej ⊥ p

# »���

∂kAij(p) =
1

|p|2
∫

Sn−1∩p⊥
dθ

1

2
(q · ∇g(θ))(θ · ek)(θ · ei)(θ · ej) = ∂iAkj(p).

à� �eµ� ���0 ��� 6e�� ��e�
q · ei = q · ej = q · ek = 0

#
Ø#)



, Û 0 A==÷ =÷ òP@=A@H ØÛ,
à� ���� 0�0��� ��e� ��g�

(A) = 0
 �

Rn\{0} # à� � ´ g�- eg5 ��e�
〈−(CurlA)i,j,k, ϕ〉 =

∫á
n

Aij∂kϕ− Akj∂iϕ

= lim
ε→0

∫á
n\Bε

Aij∂kϕ− Akj∂iϕ

= lim
ε→0

(∫á
n\Bε

−(∂kAij − ∂iAkj)ϕ+

∫

∂Bε

(Aijnk − Akjni)ϕ

)

= lim
ε→0

εn−2

∫

∂B1

(Aij(θ)θk − Akj(θ)θi)ϕ(εθ)dθ

=

{
ϕ(0)

∫
S1(Aij(θ)θk − Akj(θ)θi)dθ

�6
n = 2

0
�6

n 6= 2³� �eg�����eg , ´� �eµ� ���0 ��� 6e�� ��e� 6 g
n = 1

,
A ≡ 0

# f ´ , ����. ��� �Q--��gQ 6
g
, ´� 0�0��� ��e�

A(−θ) = A(θ)
e�0 ���� !Q e����Q--��gQ ��� �e�� ����.ge�  �

S1
µe������ # »��g�6 g� ��g�

(A) = 0
 �

R
n.ÂQ e �e��e.� � ��� ��- �� , �� �� �� ����� �g�� �6

g ∈ C0
¶e�0 � �  ��Q

g ∈ C1
º #» 0�0��� ��e� ���g� �: ����

Φ
���� ��e�

A = D2Φ
, ´� ��� ��� 6 �� ´ ��. ÌÇÎÎÉ &

J@HHF , Û� Û ó-@CM=AL (@EDL q IMP Q@A= <KAE FA@ BAFDI@>MLûüÇÅ
f = (f1, ..., fn)(x) ∈ D′(Rn)

�Ç Êþ ÒÆ ÅÆÉÅ
Curl(f) = (∂kfi − ∂ifk)i,k = 0� ÅÆ ÇÓÅÆ Ç�Ç ÑÊ

h ∈ D′(Rn)
Êþ ÒÆ ÅÆÉÅ

fi = ∂ih
ß

" g ��� �g  6  6 ���� ÌÇÎÎ É, ´� g�6�g � ·��´eg�× (¸))+ ��e���g ³³ , Ôege.ge�� ) ,»�� g�- r ³ �Ã¿ #
à� 0�� �� !Q

fj = (fj1, ..., fjn) = (Aj1, ..., Ajn)
# Þ���. ��� 6e�� ��e�

Curl(A) = 0
,´� 0�0��� ��e� 6 g e��

j ∈ {1, .., n} , Curl(fj) = 0
# »��� , !Q üÇÎÎÉ * #¹ ���g�eg�

hj

���� ��e�
fj = ∇hj

# Þ���. ��� 6e�� ��e�
A

�� �Q--��g�� , ´� 0�0��� ��e�
∂jhi − ∂ihj = 0

# Ö���Q ��. e.e�� üÇÎÎÉ * #¹ , ´� 0�0��� ��e� ���g� ��
Φ

���� ��e�
h = ∇Φ

e�0 � 
A = D2Φ

# %�� �� g�- eg5 ��e�
Φ

�� ���3�� �� � e � �Q� - �e�  60�.g�� ¸# %��
Φs(p) = 1

2
(Φ(p) + Φ(−p)) # »���

A = D2Φs
e�0 ����

Φs
�� ���3�� ��� e � ���e�� # ' g� µ�g ,

D2Φ(p)
!��eµ�� ��5� 1

|p|
6 g �- e��

p
e�0 ����

D2Φ ∈ Ln−ε6 g �µ�gQ
ε > 0

# »��g�6 g�
Φ ∈ W 2,n−ε

Loc

e�0 !Q · ! ��µ ��Á ���� ��
Φ ∈ C0(Rn)

# à�0�0��� ��e� ���g� �� e ���3��
Φ

���� ��e�
Φ(−p) = Φ(p)

e�0
Φ(0) = 0.

¶ã #ã ¸º
"��e��Q, ´� g�- eg5 ��e�

D2

(
Φ(λp)

|λ|

)
= |λ|(D2Φ)(λp) = |λ|A(λp) = A(p) = D2Φ(p)

Ø#,
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»��g�6 g�

Φ(λp) = |λ|Φ(p)
�6

Φ
�e���À�� ¶ã #ã ¸º #

0 A==÷ =÷ 0 A=ù=LIMI=> , ÛØ
à� �� ´ ��e�

Φ = − 1

2π
F(Lg)

¶´��g�
Φ

�� 0�À��0 �� üÇÎÎÉ * #;º # %��
ϕ ∈ S # »��

6 �� ´ ��. � �0� &

〈−D2
ξξF(Lg)(ξ), ϕ〉(ζ, ζ) =〈F(−ix⊗ ixLg(x)), ϕ〉(ζ, ζ)

=〈Lg, (x⊗ x)F(ϕ)〉(ζ, ζ)
=〈Lg, (x · ζ)2F(ϕ)(x)〉

=

∫á
n

dx
g
(

x
|x|

)

|x|n+1
(x · ζ)2F(ϕ)(x)

=〈F




g
(

x
|x|

)

|x|n+1
(x · ζ)2



, ϕ〉.

à� ���� �eµ� ��� 6 �� ´ ��. ��--e

J@HHF , Û� Û üÇÅ
n ≥ 2

ß üÇÅ
g ∈ C0(Rn\{0}) Êþ ÒÆ ÅÆÉÅ

g(λp) =
g(p)

|λ|n+1

ß ÿÆ ÇÓ � ÅÆ Ç
Ð ÏÌ ÌÏ� ÑÓ� Æ ÏÌÍÊ

F




g
(

x
|x|

)

|x|n+1
(x · ζ)2



 (ξ) = 2πA(ξ)(ζ, ζ).

à� Á��� .�µ� ��g� e 6 g- e� �g  6 # »�� � -����� �g  6 �� .�µ�� �� Ö����0�: #

ÂQ 0�À���� �  6 " �g��g �ge��6 g- , ´� �eµ� 6 g- e��Q 6 g
ξ 6= 0

, ´ ���
θ =

Ø#1



, Û 0 A==÷ =÷ òP@=A@H ØÛ,
x

|x| , r = |x|

F




g
(

x
|x|

)

|x|n+1
(x · ζ)2



 =

∫á
n

g
(

x
|x|

)
(x · ζ)2e−iξ·x

|x|n+1
dx

=

∫á
n

g (θ) (θ · ζ)2e−iξ·x

|x|n−1
dx

=

∫

Sn−1×(0,∞)

g (θ) (θ · ζ)2e−iξ·θrdθdr

=

∫

Sn−1

dθ g(θ)(θ · ζ)2

∫ ∞

0

dr

(
eiξ·θr + e−iξ·θr

2

)

=

∫

Sn−1

dθg(θ)(θ · ζ)2

∫ ∞

−∞
dr
eiξ·θr

2

=
2π

|ξ|

∫

Sn−1∩ξ⊥
dθ

1

2
g(θ)(θ · ζ)2

=2πA(ξ)(ζ, ζ),

´��g� ´� �eµ� ���0 ��� 6e�� ��e� F(1) = 2πδ0
�� ¸$ , ��e� 6 g- e��Q .�µ��

∫ +∞

−∞
dr eiξ·θr = 2πδ0(ξ · θ) =

2π

|ξ|δ0
(
ξ

|ξ| · θ
)
.

»��� e����µ�� ��� 6 g- e� �g  6  6 %�--e * #ã #
à� ���� .��

−D2F(Lg)(ξ) = 2πA(ξ) = 2πD2Φ.

' g� µ�g F(Lg)(−ξ) = F(Lg)(ξ)
e�0 F(Lg)(0) = 0

# »��g�6 g� , !Q üÇÎÎÉ * #; ´�0�0��� ��e�
Φ = − 1

2π
F(Lg)

e�0
Φ(λp) = |λ|Φ(p)

# »��� e����µ�� ��� �g  6  6 ��� �g � ���� � #
à� � ´ �g µ� »�� g�- ¸#* &

0 A==÷ =÷ òP@=A@H ØÛ,
Ø#2
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%�� �� Àg�� � -���� 0�µ∇G( Du

|Du|

) # à� ���
p = Du

# »�� 6 �� ´ ��. � �0� &
0�µ∇G

(
Du

|Du|

)
=
∑

i

∂

∂xi

(
∂G

∂xi

(
p

|p|

))

=
∑

i,j

∂2G

∂xi∂xj

(
p

|p|

)
∂

∂xi

(
Dju

|Du|

)

=
1

|p|
∑

i,j

∂2G

∂xi∂xj

(
p

|p|

)(
D2

iju−
D2

·iu · p⊗ pj

|p|2
)

=
1

|p|
�ge��(

D2G

(
p

|p|

)(
I − p⊗ p

|p|2
)
D2u

)
.

' g� µ�g , 6 g
λ > 0

, ´� �eµ�
G(λp) = λG(p)

# »��� !Q 0�g�µe�� � ´� .��
p · ∇G(λp) = G(p).»e5��. ��� .ge0���� , ´� .��

∇G(p) = ∇G(λp) + p ·D2G(λp)λ´���� �-����� 6 g
λ = 1

p ·D2G(P ) = 0.

»��� �- ����� ��e�
D2G

(
p

|p|

)(
I − p⊗ p

p2

)
= D2G

(
p

|p|

) # à� ���� 0�0��� &

0�µ∇G
(
Du

|Du|

)
=

1

|p|
�ge��(

A

(
p

|p|

)
·D2u

)
.

»��� �� ´ ��� Àg�� �eg�  6 ��� »�� g�- #³� ��� �´ 0�- ���� �e� �e�� , ´� ��-��Q g�- eg5 ��e� ´� �eµ�
g(θ)θ ⊗ θ = D2G(θ⊥)´���� �-����� ��� g����� # »��� ��0� ��� �g  6  6 »�� g�- ¸#*

0 A==÷ =÷ òP@=A@H ØÛØØà� �e� ���� g�´ g���
A(p)

e�
A(p) =

∫

x∈p⊥

1

2
K0(x) x⊗ x dx

=

∫

θ∈p⊥∩Sn−1

dθ
1

2

(∫

(0,+∞)

dr rnK0(rθ)

)
θ ⊗ θ

=

∫

θ∈p⊥∩Sn−1

dθ
1

2
g(θ) θ ⊗ θ

Ø)Ú



, Û 0 A==÷ =÷ òP@=A@H ØÛ,
´ ���

g(θ) =
∫
(0,+∞)

dr rnK0(rθ)
# · , !Q e���Q ��. »�� g�- ¸#* , ´� ��� ��e� ��� - �e�

��gµe��g� - �� � 0�À��0 !Q ¶ã #Ãº4 ¶ã #)º ����. ��� - e�g�:
A(p)

, ��  6 µeg�e�� �e� �Q�� #
0 A==÷ =÷ 0 A=ù=LIMI=> ØÛ1»�� �0�e � !���0 e 6����� �

g
´���� ��e�.�� ��� ��.� , ���� ��e�

∫

Sn−1∩p⊥
dθ

1

2
g(θ) θ ⊗ θ ≥ 0

6 g e��
p ∈ Rn\{0} �� ��-��� # " �g�� , ´� � ���0�g ��� ���

S = ∪n
i=1(S

n−1 ∩ {xi = 0})
e�0 ´� g�- eg5 ��e� e�Q �Q��g��e��

Π
´���� � ��e��� ���  g�.��� ����g����

S
´ ���e� e�.��

α ≥ α0

´ ���
α0 > 0

��0�� ��0e��  6
Π
# à� ���� 0�À��

g
 �

Sn−1
e� e-  ���À�e�� �  6

δS − η
6 g

η
�- e�� �� �.� ´��g�

δS
�� e $ �ge� - e��  �

Sn−1
´ ������� g� ��� ���

S
#

à� � ´ -e5� ��� g�. g �� � ���g���� � # à� 0�� �� !Q
(ei)i=1,...,n

e  g�� � g- e�!e���  6
Rn

# à� ��� ��� 6 �� ´ ��. ÌÇÎÎÉ
J@HHF , Û# Û +Ï�

ε ∈ (0, 1]� ÅÆ Ç�Ç Ç� ÑÊÅ
gε

i ∈ C∞(Sn−1)� Ð Ï� i = 1, ..., n� Êþ ÒÆ ÅÆÉÅÐ Ï� ÉÌ Ì
Ψε ∈ C∞(Sn−1), ∀pε ∈ Sn−1 � ÑÐ

pε → p0, ‖Ψε − Ψ0‖L∞(Sn−1) → 0

∫

Sn−1∩p⊥ε 'Sn−2

dθ gε
i (θ)Ψ

ε(θ) −→ 1

sin(̂p0, ei)

∫

Sn−1∩p⊥0 ∩e⊥i 'Sn−3

dθ Ψ0(θ) as ε→ 0

È �Ï�ÑÍÇÍ p0

ÑÊ Ó ÏÅ ÈÉ�ÉÌ ÌÇÌ ÅÏ ei

ÉÓÍ �Æ Ç�Ç
(̂p0, ei) ∈ [0, π

2
]
ÍÇÓÏÅÇÊ ÅÆ Ç ÉÓ� ÌÇ �ÇÅ� ÇÇÓ

p0

ÉÓÍ
ei

ß � Ï�ÇÏ�Ç��
gε

i (θ) = 0 if |〈θ, ei〉| ≥ ε.
¶ã #ã;º

»�� �g  6 �� � ��� ��0 #
à� ���

gε =
n∑

i=1

gε
i − η

´ ���
η

e �- e�� �ege- ���g � ! � �g�����0 # à� g�- eg5 ��e� !Q ¶ã #ã;º 6 g
ε

�- e���� �.� ,
gε

�� � � � ���.e��µ� # à� ´e�� � �� ´ ��e� ���g� �: ����
ε0

���� ��e� 6 ge��
0 < ε < ε0

, 6 g e��
p, ξ ∈ Sn−1

∫

Sn−1∩p⊥'Sn−2

dθ gε(θ) 〈θ, ξ〉2 ≥ 0.
¶ã #ã¹º

à� ´ ��� �g µ� ¶ã #ã¹º !Q � ��ge0���� � , ����. ��� 6 �� ´ ��. ÌÇÎÎÉ &
Ø)Ø



<=>?@AB@>C@ D@ EF DG>FH IJK@ D@L DILE= CFMI=>L N BAF>D@ OCP@EE@
J@HHF , Û) Û ÿÆ Ç�Ç Ç� ÑÊÅÊ

C0 > 0
Êþ ÒÆ ÅÆÉÅ ∀p ∈ Sn−1, ∀ξ ∈ Sn−1 ∩ p⊥ � ∃ i0 ∈

{1, ..., n} Êþ ÒÆ ÅÆÉÅ
∫

Sn−1∩p⊥∩e⊥i0'Sn−3

dθ 〈θ, ξ〉2 ≥ C0

ÉÓÍ
(̂p, ei0) ≥ C0

�Æ Ç�Ç
(̂p, ei0) ∈ [0, π

2
]
ÍÇÓÏÅÇÊ ÅÆ Ç ÉÓ� ÌÇ �ÇÅ� ÇÇÓ

p
ÉÓÍ

ei0

ß
»�� �g  6 �� � ��� ��0 #
à� � ´ �g µ� ¶ã #ã¹º !Q � ��ge0���� � e���- ��. ��e� ���g� �: ���� e ��!��3�����

εk → 0
���� ��e� ���g� �: ����

pk ∈ Sn−1, ξk ∈ Sn−1 ∩ p⊥k
���� ��e�

∫

Sn−1∩p⊥k 'Sn−2

dθ gεk(θ) 〈θ, ξk〉2 ≤ 0.

Þ� � �:�ge�� e ��!��3����� , ´� �e� e���- � ��e�
pk → p∞

e�0
ξk → ξ∞

´ ���
p∞, ξ∞ ∈ Sn−1

# à� ���� �eµ� ´ ��� ��� ��0�:
i0

.�µ�� !Q üÇÎÎÉ * #) 6 g
p =

p∞, ξ = ξ∞

0 ≥
∫

Sn−1∩p⊥k

dθ gεk(θ) 〈θ, ξk〉2 ≥
∫

Sn−1∩p⊥k

dθ gεk
i0

(θ) 〈θ, ξk〉2 − η

∫

Sn−1∩p⊥k

dθ

≥
∫

Sn−1∩p⊥k

dθ gεk
i0

(θ) 〈θ, ξk〉2 − η|Sn−2|.

ÂQ �e����. � ��� ��- �� , ����. üÇÎÎÉ * #Ã , ´� ����  !�e��
0 ≥ 1

sin ̂(p∞, ei0)

∫

Sn−1∩p⊥∞∩e⊥i0

dθ 〈θ, ξ∞〉2 − η|Sn−2| ≥ C0

sinC0

− η|Sn−2|

´��g�
C0

�� .�µ�� �� üÇÎÎÉ * #) # »��� �� e � ��ge0���� � 6 g
η

�- e�� �� �.� #
à� � ´ �g µ� üÇÎÎÉ * #)

0 A==÷ =÷ LMNNO , Û)à� ��g6 g- ��� �g  6 !Q � ��ge0���� � # ³6 ��� g����� �� 6e��� , ���� ∃ Ck → 0, ∃ pk ∈
Sn−1, ∃ ξk ∈ Sn−1 ∩ p⊥k

���� ��e� 6 g e��
i ∈ {1, ..., n}

0 ≤ (̂pk, ei) ≤ Ck

¶ã #ããº
 g

∫

Sn−1∩p⊥k ∩e⊥i

dθ (ξk · θ)2 ≤ Ck if (̂pk, ei) 6= 0.
¶ã #ãÃº

à� 0�����.���� �´ �e��� &
Ø)Ù



, Û 0 A==÷ =÷ òP@=A@H ØÛ,
�e�� ¸# »��g� �: ��� �´ ��0����

i
���� ��e� ¶ã #ããº � �0� # Þ� � g� g.e���� ��� ��0���� ,´� �e� e���-� ��e� ¶ã #ããº � �0� 6 g

i = 1, 2
# à� 0�0��� !Q �:�ge����. e��!��3����� e�0 �e����. � ��� ��- �� ��e� ���g� �: ����

p∞ = lim pk

���� ��e�
̂(p∞, ei) = 0

6 g
i = 1, 2

, ´���� �� e � ��ge0���� � #
�e�� ; # »��g� �: ���� �´ ��0����

i
���� ��e� ¶ã #ãÃº � �0� # Þ� � g� g.e���� ��� ��0���� ,´� �e� e���- � ��e� ¶ã #ãÃº � �0� 6 g

i = 1, 2
# ³� ���� �e�� , !Q �e����. � �����- �� , �� � �:�ge�� e ��!��3����� , ´�  !�e��

∫

Sn−1∩p⊥∞∩e⊥i

dθ (ξ∞ · θ)2 = 0 ∀i = 1, 2.

à� ���� 0�0��� ��e�
ξ∞ ∈ Sn−1 ∩ p⊥∞

�� �ege���� � 
ei,

6 g
i = 1, 2

´���� �� e� ��ge0���� � #
" ��e��Q, �� 0�- ���� �

n ≥ 3
, ´� eg� �����g �� �e�� ¸  g �e�� ; , � ´�  !�e���0 e� ��ge0���� � #

0 A==÷ =÷ LMNNO , Û#à� ���
g̃ε

i (x) = 1
ε
ρ
(

x·ei

ε

) ´��g�
ρ ∈ C∞

c (R,R)
e�0 �e���À�� &

ρ ≥ 0, supp(ρ) ⊂ [−1, 1],

∫á ρ(x)dx = 1.

à� ���� ���
gε

i (θ) =

∫ ∞

0

rn−1g̃ε
i (rθ)f(r) dr

´ ���
f ∈ C∞

c ((0,∞),R)
�e���6Q ��. ∫∞

0
f(r)rn−2 dr = 1

# " g e��
Ψε ∈ C∞(Sn−1)

e�0
pε ∈ Sn−1

, ��� �� 0�À��

Iε =

∫

Sn−1∩p⊥ε 'Sn−2

dθ gε
i (θ)Ψ

ε(θ).

» ��-���6Q ��� � �e�� �� , ��� �� ���
Ψ = Ψε

e�0
p = pε

# à� ���� �eµ� , �6
p

�� � ��ege���� � 
ei

Iε =

∫

Sn−1∩p⊥'Sn−2

dθ Ψ(θ)

∫ ∞

0

dr rn−1g̃ε
i (rθ)f(r)

=

∫

p⊥
dx g̃ε

i (x)Ψ̃(x)

´��g�
Ψ̃(x) = f(|x|)Ψ

(
x

|x|

)
|x|.

Ø)�
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Þ���. ��� 0�À���� �  6

g̃ε
i

, ´� ���� �eµ� , !Q 0�� ���.
αi = (̂p, ei)

��� e�.�� ! ��´���
p

e�0
ei

e�0 ����. ��� ��e�.�  6 �  g0��e���
x = (y′, yn)

´ ���
y′ ∈ p⊥

e�0
yn ∈ R

,��e�
Iε =

∫

p⊥
dx

1

ε
ρ
(x · ei

ε

)
Ψ̃(x)

=

∫

p⊥
dy′

1

sinαi

(
sinαi

ε

)
ρ



 y′.e′i(
ε

sin αi

)
sinαi



 Ψ̃(y′, 0)

=
1

sinαi

∫

p⊥
dy′

1

ε′
ρ




y′ · e′i

|e′i|

ε′



 Ψ̃(y′, 0)

´��g�
ε′ =

ε

sin θ̂i

e�0
e′i

�� ���  g�� . �e� �g Á ���� �  6
ei

 �� ��� �Q��g��e��
p⊥

# ³� �eg�����eg ,
e′i

�e���À�� |e′i| = sinαi

# Ôe����. � ��� ��- �� ��
ε
, ´ ���

pε →
p0, Ψε → Ψ0, αi = αε

i = (̂pε, ei) → α0
i = (̂p0, ei)

e�0
Ψ̃ε = f(|x|)Ψε

(
x

|x|

)
|x| →

Ψ̃0 = f(|x|)Ψ0

(
x

|x|

)
|x| , Q ���0�

Iε −→ 1

sinα0
i

∫

p⊥∩e
′⊥
i

dy′ Ψ̃0(y′, 0)

=
1

sinα0
i

∫

p⊥∩e⊥i

dy′ Ψ̃0(y′, 0)

=
1

sinα0
i

∫

Sn−3'Sn−1∩p⊥∩e⊥i

dθ

(∫ ∞

0

dr rn−3f(r)r

)
Ψ0(θ)

=
1

sinα0
i

∫

Sn−3'Sn−1∩p⊥∩e⊥i

dθ Ψ0(θ).

»��� ��0� ��� �g  6  6 ��� ÌÇÎÎ É#
s t?ª¯>©¯®@G ®«¨V?ªW?¨®? @¨¬ >«H? Eª«E?ª©¯?> « B

©C? ?¨?ªW ¯?>
u a° è RSR]RSêëê]d RW ]²é éSéUVd

à� !�.�� ���� ����� � !Q �� ´ ��. ��e� ��� ���g.Q e�� ��e��0 � ¶ã #ãº �� � ���4�g�e���. �� ��- � # à� g��e�� ��e� ¶ã #ãº �� 6 g- e��Q e�� ��e��0 � ��� 6 �� ´ ��. ���g.Q &

Eε(uε) =

∫

λ

Eε(λ)dλ
¶ã #ã)º

Ø)�



1 Û v @KAILMICFE C=>?@AB@>C@ F>D L=H@ ùA=ù@AMI@L =÷ MP@ @>@ABI@L
´��g�

Eε(λ) =

∫á
n

−1

2
(c0

ε ? ρε
λ) ρ

ε
λ´ ���

ρε
λ = 1{uε>λ}, c0

ε = cε0 −
(∫á

n

cε0

)
δ0.

" g-e��Q, ´� �eµ� &
dEε(λ)

dt
=

∫á
n

− (c0
ε ? ρε

λ) (ρε
λ)t

´���� �� 0�À��0  ��Q  � ��� ���� g�  6 |Dρε
λ|

¶����� ¶ã #ãº 6 g- e��Q �- �����
(ρε

λ)t =
(c0

ε?ρε
λ)|Dρε

λ|
º # ' g� µ�g ,

c0
ε?ρε

λ = cε0?ρ
ε
λ−
(∫

cε0
)
δ0?ρ

ε
λ

# ³6 ´� ���
ηn

e g�.��eg��e�� � 6 ��� $ �ge� - e�� , ´� ���� �eµ�
ηn ?ρ

ε
λ = 1

2

 � ��� ���� g�  6 |Dρε
λ|

¶��� "�.�g� ã #;º #

ρε
λ

x

1

0

ηn

lmn o ã #; p »�� � �µ ���� �  6
ρε

λ

´ ��� ��� $ �ge� #
· , ´� �e� e���- � ��e�

c0
ε ? ρε

λ = cε0 ? ρ
ε
λ − 1

2

∫á
n c

ε
0

 � ��� ���� g�  6 |Dρε
λ|
# à����� 0�0��� ��e�

dEε(λ)

dt
=

∫á
n

−
(
cε0 ? ρ

ε
λ −

1

2

∫á
n

cε0

)2

|Dρε
λ|.

»��� �- ����� &
dEε(uε)

dt
=

∫
dλ

∫á
n

−
(
cε0 ? ρ

ε
λ −

1

2

∫á
n

cε0

)2

|Dρε
λ| ≤ 0.

· ��� ���g.Q �� � ����g�e���. �� ��- � #
u aç wRU`Xì ëRSTéUVéSëé RW ]²é éSéUVd

à� ��� E(u0) =
∫
G(Du0)

, ��� ���g.Q e�� ��e��0 � ��� - �e� ��gµe��g� -  �� � #à� �eµ� 6 g- e��Q
d

dt
E(u0) =

∫
∇G

(
Du0

|Du0|

)
·Du0

t =

∫
−
(0�µ∇G

(
Du0

|Du0|

))2

|Du0|.

Ø)#
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' g� µ�g , ����� 6 g- e��Q ´� �eµ�

d
dt
Eε(uε) =

∫
dλ
∫
−
(
cε0 ? ρ

ε
λ − 1

2

∫
cε0
)2 |Dρε

λ|
→

∫
dλ
∫
−
(
trace

(
A
(

Du0

|Du0|

)
D2u0

))2

|Dρ0
λ|

=
∫
dλ
∫
−
(0�µ (∇G( Du0

|Du0|

)))2

|Dρ0
λ|

=
∫
−
(0�µ (∇G( Du0

|Du0|

)))2

|Du0|.
· , 6 g- e��Q,

d

dt
Eε(uε) → d

dt
E(u0).

»�� ´ g5  6 äegg �� , 'å���g (¿ã+ , ��..���� ��e� ´� �� ��0 �eµ� ∫
x,λ

1
2
(cε0 ? ρ

ε
λ)ρ

ε
λ →

∫
dλ
∫
Γλ
G
(

Du0

|Du0|

) , ´��g�
Γλ

�� ���
λ

��µ�� ���  6
u0

# à� 0�0��� ��e� ¶����. 6 g- e��Q
��� � eg�e 6 g-��e 6 g Âr 6����� ��º

∫
x,λ

1
2
(cε0 ? ρ

ε
λ)ρ

ε
λ →

∫
dλ
∫

x
G
(

Du0

|Du0|

)
|Dρ0

λ|
=

∫
x
G
(

Du0

|Du0|

)
|Du0|

=
∫
G(Du0)

e�0 � , 6 g- e��Q
Eε(uε) → E(u0).

x yEE?¨¬¯= z >«H? {|} } ~�~ «¨ �«ª¯?ª ©ª@¨>B«ªH
J@HHF 2 ÛØÛ ÿÆ Ç ÍÑÊÅ�Ñ�þÅÑÏÓ

Lg

ÉÊÊ ÏÒÑÉÅÇÍ ÅÏ
g

�Ê ÇÇ ÍÇË ÓÑÅÑÏÓ � ß"� ÊÉÅÑÊË ÇÊ ÅÆ ÇÐ ÏÌ ÌÏ� ÑÓ� È �ÏÈ Ç�ÅÑÇÊ �
Lg(λ·) =

1

λn+1
Lg ∀λ > 0,

¶ã #ã*º
F(Lg)(λ·) = λF(Lg) ∀λ > 0,

¶ã #ãÄº
�Æ Ç�Ç F(Lg)

ÑÊ ÅÆ Ç +Ïþ�ÑÇ� Å�ÉÓÊÐ Ï�Î ÏÐ
Lg

ÍÇË Ó ÇÍ ��
∀ϕ ∈ S, 〈F(Lg), ϕ〉 = 〈Lg,F(ϕ)〉.

0 A==÷ =÷ LMNNO 2 ÛØæ3�e�� � ¶ã #ã*º g������ 6g - ��� 0�À���� �  6
Lg

´���� !Q � ���g���� � ��  6 � - 4.�����Q  6 0�.g�� −(n+1)
# »��� �e� !� g�. g ���Q �� ´� ����. ��� .���ge� 0�À���� �6 g e 0���g�!��� �

u ∈ D′(Rn)

∀ϕ ∈ C∞
c (Rn), 〈u(λ·, ϕ〉 :=

1

λn
〈u, ϕ

( ·
λ

)
〉. ¶ã #ã¿º

Ø))
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à� � ´ �g µ� ¶ã #ãÄº # Ö ��ge�.��6 g´eg0 � -���e�� � 6 g

ϕ ∈ S .�µ��
F(ϕ)(λ·) = F

(
1

λn
ϕ
( ·
λ

))
(·). ¶ã #Ã¾º

Þ���. ��� 0�À���� � ¶ã #ã¿º ,  �� �e� �� ´ ��e� ¶ã #Ã¾º �� ����� �g�� 6 g ���- ���  6 S ′ #½ ���� , ´� �eµ�
F(Lg)(λ·) =F

(
1

λn
Lg

( ·
λ

))
(·)

=F
(
λn+1

λn
Lg(·)

)
(·)

=λF(Lg(·))(·)´��g� ´� �eµ� ��� ¶ã #ã*º # »��� ��0� ��� �g  6  6 ��� ÌÇÎÎ É#
0 A==÷ =÷ LMNNO , Û�%��

R0 > r0 > 0
e�0

ϕ ∈ C∞(Rn)
´ ���

Supp ϕ ⊂ BR0(0)\Br0(0)
# %��

Ψλ(y) = Ψ(λy)6 g
y ∈ R

´ ���
Ψ ∈ C∞

c (R)
���� ��e�

Supp Ψ ⊂ [−1, 1], Ψ ≡ 1 on [−1

2
,
1

2
], 0 ≤ Ψ ≤ 1, Ψ(−y) = Ψ(y).%�� �� � ���0�g

f ∈ C∞
c ([0,+∞))

´ ���
Supp f ⊂ [r0, R0]

e�0 ���� ��e�
∫ ∞

0

f(r̄)r̄ndr̄ = 1.

%�� �� e���-� Àg�� ��e�
g ∈ C∞(Sn−1)

# %�� �� � -���� 6 g
ϕ ∈ S(Rn)

I =

〈
F




g
(

x
|x|

)

|x|n+1
(x · ζ)2



 , ϕ

〉

=

〈
g
(

x
|x|

)

|x|n+1
(x · ζ)2,F(ϕ)

〉

=

∫á
n

dx
g
(

x
|x|

)

|x|n+1
(x · ζ)2

(∫á
n

dξ e−iξ·xϕ(ξ)

)(∫ ∞

0

f(r̄)r̄ndr̄

)

·���� ∣∣∣Ψλ

(
|x|
r̄

)∣∣∣ ≤ 1
e�0

Ψλ

(
|x|
r̄

)
→ 1

e�
λ→ 0

, ´� 0�0��� !Q $ - ��e��0 � �µ�g4
.���� »�� g�- ��e�

I = lim
λ→0

∫á
n×

á
n×

á
+

dx dξ dr̄
g
(

x
|x|

)

|x|n+1
(x · ζ)2Ψλ

( |x|
r̄

)
e−iξ·xf(r̄)r̄nϕ(ξ)

= lim
λ→0

∫

Sn−1×
á

n×
á

+×
á

+

dθ dξ dr̄ dr g(θ)(θ · ζ)2Ψλ

(r
r̄

)
e−iξ·θrf(r̄)r̄nϕ(ξ)

Ø),
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´��g�

θ =
x

|x| , r = |x| # à� ���
r = r̄s, x̄ = θr̄, s̄ = |ξ|s e�0 ´� .��

I = lim
λ→0

∫

Sn−1×
á

n×
á

+×
á

+

dθ dξ dr̄ r̄ds g(θ)(θ · ζ)2Ψλ (s) e−iξ·θr̄sf(r̄)r̄nϕ(ξ)

= lim
λ→0

∫á
n×

á
n×

á
+

dx̄ dξ ds f(|x̄|)g
(
x̄

|x̄|

)
(x̄ · ζ)2Ψλ(s)e

−iξ·x̄sϕ(ξ)

= lim
λ→0

∫á
n×

á
n×

á
+

dx̄ dξ ds̄ f(|x̄|) g
(
x̄

|x̄|

)
(x̄ · ζ)2Ψ λ

|ξ|
(s̄) e−i ξ

|ξ| ·x̄s̄ ϕ(ξ)

|ξ|

= lim
λ→0

∫á
n

dξ
ϕ(ξ)

|ξ|

∫á
n

dx̄ Φ(x̄)

∫

R+

ds̄ Ψ λ
|ξ|

(s̄) e−i ξ
|ξ| ·x̄s̄

´��g�
Φ(x̄) = f(|x̄|)g

(
x̄

|x̄|

)
(x̄ · ζ)2 ∈ C∞

c (R)
e�0

Supp Φ ⊂ BR0(0)\Br0(0)
# Þ ���.

��� 6e�� ��e�
Φ(−x̄) = Φ(x̄)

, ´� 0�0���

I = lim
λ→0

∫á
n

dξ
ϕ(ξ)

|ξ|

∫á
n

dx̄ Φ(x̄)

∫

R+

ds̄ Ψ λ
|ξ|

(s̄)
e−i ξ

|ξ| ·x̄s̄ + ei ξ
|ξ| ·x̄s̄

2

= lim
λ→0

∫á
n

dξ
ϕ(ξ)

2|ξ|

∫á
n

dx̄ Φ(x̄)

∫

R

ds̄ Ψ λ
|ξ|

(s̄) e−i ξ
|ξ| ·x̄s̄

à� ���
x̄ = x̄′ + ȳeξ

´ ���
x̄′ ∈ e⊥ξ , ȳ ∈ R

e�0
eξ =

ξ

|ξ|
e�0 .��

I = lim
λ→0

∫á
n

dξ
ϕ(ξ)

2|ξ|

∫á
n−1

dx̄′
∫á dȳ Φ(x̄′, ȳ)

∫á ds̄ Ψ λ
|ξ|

(s̄) e−iȳs̄

I = lim
λ→0

∫á
n

dξ
ϕ(ξ)

2|ξ|

∫á
n−1

dx̄′ J λ
|ξ|

(x̄′)

´��g�
J λ

|ξ|
(x̄′) =

∫

R

dȳ Φ(x̄′, ȳ)F
(
Ψ λ

|ξ|

)
(ȳ)

=
〈
F
(
Ψ λ

|ξ|

)
,Φ(x̄′, ·)

〉

à� ��e�- ��� 6 �� ´ ��. ´� �� �g  6 �� � ��� ��0
J@HHF 2 ÛÙ Û �Ç ÆÉ�Ç

F (Ψµ) → 2πδ0ÑÓ S ′(R)
ÉÊ
µ→ 0.

Ø)1
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Þ���. ���� g����� e�0 ��� 6e�� ��e� ∣∣∣J λ

|ξ|
(x̄′)
∣∣∣ ≤ |F(Φ(x′, ·))|L1(

á
)

, ´� 0�0��� ��e�

I =2π

∫

R

dξ
ϕ(ξ)

2|ξ|

∫á
n−1

dx̄′ Φ(x̄′, 0)

=2π

∫

R

dξ
ϕ(ξ)

2|ξ|

∫á
n−1

dx̄′ f(|x̄|)g
(
x̄

|x̄|

)
(x̄ · ζ)2

=2π

∫

R

dξ
ϕ(ξ)

2|ξ|

∫

Sn−1∩ξ⊥
dθ g(θ)(θ · ζ)2

∫

R+

dr̄ f(r̄)r̄n

=2π

∫

R

dξ
ϕ(ξ)

|ξ| A
(
ξ

|ξ|

)
(ζ, ζ)

2π

∫

R

dξ ϕ(ξ)A(ξ)(ζ, ζ)

=2π〈A(ξ)(ζ, ζ), ϕ〉à� ���� �eµ� �� ´� ��e�
〈
F




g
(

x
|x|

)

|x|n+1
(x · ζ)2



 , ϕ

〉
= 2π〈A(ξ)(ζ, ζ), ϕ〉.

ÂQ e �e��e.� � ��� ��- �� , ���� �� ����� �g�� �6
g ∈ C0

¶e�0 � �  ��Q
C∞º e�0 6 g e��

ϕ ∈ C∞
c (Rn\{0}) # à� ���� 0�0��� ��e�

F




g
(

x
|x|

)

|x|n+1
(x · ζ)2



− 2πA(ξ)(ζ, ζ) = T

´ ���
Supp T ⊂ {0} , e�0 ���� ��� 0���g�!��� �

T
�� e À���� ��-  6 0�g�µe��µ��

 6 $ �ge� - e�� &
T =

∑
aαδ

(α)
0

# Þ ���. ��� 6e�� ��e�
δ
(α)
0 (λξ) = 1

λn+|α| δ
(α)
0 (ξ)

´ ���
|α| = α1 + ...+ αn

, e�0 ��� � - .�����Q  6 0�.g�� −1
 6
D2F(Lg)

, ´� 0�0��� ��e�6 g
n ≥ 2

,
T = 0

e�0

F




g
(

x
|x|

)

|x|n+1
(x · ζ)2



 = 2πA(ξ)(ζ, ζ).

»��� ��0� ��� �g  6  6 ��� ÌÇÎÎ É#
0 A==÷ =÷ LMNNO 2 ÛÙ%��

ϕ1 ∈ S(R)
# »�� 6 �� ´ ��. � �0�

〈F (Ψµ) − 2πδ0, ϕ1〉 =〈F (Ψµ) −F(1), ϕ1〉
=〈Ψµ − 1,F(ϕ1)〉.

Ø)2
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· , �� Á ��� g�- e��� � �� ´ ��e�

Ψµ → 1
�� S ′(R)

e�
µ → 0

# %��
ϕ ∈ S(R)

# »��6 �� ´ ��. � �0�

〈Ψµ − 1, ϕ〉 =

∫á dx (Ψµ(x) − 1)ϕ(x)

=

∫á dx (Ψ(µx) − 1)ϕ(x)

=

∫

|x|≥ 1
2µ

dx (Ψ(µx) − 1)ϕ(x)

≤
∫

|x|≥ 1
2µ

dx |ϕ(x)|

≤CN2(ϕ)

∫

|x|≥ 1
2λ

dx
1

1 + x2

→0 as µ→ 0

´��g� ´� �eµ� ���0 ��� 0�À���� �  6 Np(ϕ) = sup|α|,|β|≤p

∣∣∣|x|α dβϕ(x)
dxβ

∣∣∣
e�0 ��� 6e��

��e�
(1 + x2)|ϕ(x)| ≤ CN2(ϕ).»��� ��0� ��� �g  6  6 ��� ÌÇÎÎ É#

�C�>=q E@DB@H@>ML»�� e��� g� ´ ��0 ��5� � ��e�5� ä # Âeg��� , ä # Â�������� � , Ö # Â ��eµ�� , Ö # ��e-! ��� ,Â # $�µ���g� , � # ³-!�g� , Ö # "���� , � # %� Â �eg , ' # f µe.e , " # '�ge� e�0 Ô#æ #· �.e��0�� 6 g 6g� ��6� �� 0 ������� �� �� ��� �g��ege�� �  6 ���� �e��g # »�� e��� g�e�� ��e�5 e� ��5� ´� g�6�g�� 6 g ��� ��..���� �� e�0 6 g � gg�����. e - ���e5� �� e�g�µ � �� µ�g�� �  6 ��� �e��g # »�� �´ �e�� e��� g� ´�g� ���� g��0 !Q ��� � ��ge��Ý� ¸¾;Ã �e���0 îÖ�³ Á ����� ���g������� �� Á ����� ���g����g�ï  6 ��� "g���� ' �����gQ 6 &���eg�� ¶;¾¾¹4;¾¾Ãº #
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�� ��e���g� ��� ���� 0� (ÄÄ+ #$e�� �� �geµe�� , � �� �g � � �� �� � �µ�e� ���1- e ��-1g�3�� � �g �� - �µ�- ����eg � �g!�g� -  Q���� e��� �g � � # %e � ���� � 0� ���1- e � 2��� �e� ���3�� - e�� � �g� ���� ��� � ���� �� ��-1g�3��� , � �� 0 �� �� ��� ����- e�� � 0 2�gg��g ���g� �e � ��4�� � � ������ �� � � e��g : �- e�� � ��-1g�3�� # ����� ����- e�� � 0 2�gg��g � 2��� �e� ���- e�� - e�� , / � �g� � ��e���e��� , � 2��� �e �g�- ��g� ����- e�� � � �g 0�� 13�e�� ��0� �Q�� - �µ�- ��� �eg � �g!�g� -  Q���� # %� ���1- e ��� 1.e��- ��� ������e!�� � �g�e�����g �e � ���� � 0� � 213�e�� � 0� �e 0Q�e- �3�� 0�� 0��� �e�� �� #
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f # " g�e0��
h��ijklimn op qr wxv� � wu svxs xru t nuw n�� uvqzt| rzpu� u }xv opu tnqrxovxsqz � utnz�vyto�vu u��toqxn � �pu rx|�oqxn x} opu rzpu� u qr nxo �nq��u � ��o }xv t||n�� uvqzt| rx|�oqxnr � wu svxyq�u tn uvvxv uroq� tou � uowuun opu zxnoqn�x�rrx|�oqxn tn� opu n�� uvqzt| tssvx� q� toqxn � �pqr uvvxv uroq� tou qr nxoxsoq� t| � ��o tr }tv tr wu �nxw � opqr qr opu �vro xnu }xv � utn z�vyto�vuo�s u u��toqxn � ��v rzpu� u qr t|rx tss|qzt�|u ox zx�s�ou opu rx|�oqxn ox�qr|x ztoqxnr ��nt� qzr u��toqxn �h� � ��k�� ��lki��� � ��� �� � ��� �� � ��� �� � �� �� � ����� �¡¢£¤�j¥� � � utn z�vyto�vu � xoqxn � uvvxv uroq� tou � n�� uvqzt| rzpu� u ��qr|x ztoqxnr ��nt� qzr �

¦ §¨©ª«¬®©¯«¨
'�e� ��gµe��g� - �� � �e� ! ��� �eg.��Q ���0��0 �� ��g- �  6 ! �� ��� gQ e�0� -���e�� � , �� �eg�����eg 0�� � ��� �eg.� ��-!�g  6 e�����e�� �� ��5� 6g �� �g �e4.e�� � , �- e.� �g ������. , /��0 0Q�e- ��� ###¶��� 6 g ����e��� ·����e� (¸)¹+ e�0 9���g ,Ôege.� � (¸Ã¹+º #»�� ��µ�� ��� 6ge- �´ g5 �e� ! ��� ���0 �� ! �� ��� g����e� e�0 ��- �g��e� �g 4!��- � # »�� g����e��Q, ��� - �e� ��gµe��g� �3�e�� � �e� ! ��� ´��� ��0�g��  0 ����.��� 6ge- �´ g5  6 µ ��� ���Q � ���� �� !Q ���� , ä�.e , ä � (ÃÄ+ e�0 æµe�� , ·�g��5(Ä¹+ # ½ ´�µ�g , �� �� �3�e�� � �e� ��g� �� �g !��- � 6 g ��� 3����� �  6 ��-�g��e� e�4�g : �- e�� �� # f�µ�g������� , ���g� eg� ��µ�ge� ´ g5�  � ���� 3����� � # " �g�� , ��� ��- ���� � ��� ��-�g��e� - ��� 0  6 9���g , ·����e� (¸Ãã+ # »��� - ��� 0 �� µ�gQ ���0 ���ge����� !�� , e� 6eg e� ´� 5� ´ , ���g� �� � � �µ�g.���� g����� # Ö� ���g e�. g���-�� ��� '�gg�- e� , Â���� , 9���g ����- � (¸ã¹+ �� ´���� - �� � !Q -�e� ��gµe��g��� µ ��´�0 e� ���.��eg ��- ��  6 e 0�.��� � �3�e�� � ´ ��� ��g��� �0 # »�� � �µ�g.���� 6 ���� ����- � �e� ! ��� �g µ�0 !Q Âeg��� , ä� g.���� (;;+ e�0 æµe�� (*¿+ ¶��� e�� ³���� (¸¸)+ , ³���� , Ô �g�� , · �.e��0�� (¸;¾+ , e�0 ��e-! ��� , f µe.e (Ã)+º # Ö ��e��  6� �µ�g.��� ����- �� 6 g � �����eg �ege! ��� �3�e�� �� �����0��. -�e� ��gµe��g� -  4�� � �eµ� !��� �g � ��0 !Q �ge�0e�� , %� �� ()Ã+ # %�� �� - ���� � e�� ��� g����� ´ g5 6 9!�g- e� (¸ã¿+ # ³� ����� �e�� �´ ´ g5� , �´ 0�. �g��� ��e��� eg� ���0 # »�� Àg�� �� �� ��� ��e�� ����

∆x
e�0 ��� ��� �0  �� �� ��� ��×�  6 ��� �������

ε
# Ö � �� ´e�� ����0  �� �� ()Ã+ , ����� �´ ��e��� eg� µ�gQ �- � g�e�� � e��g : �- e�� 0�.���ge���3�e�� �� ��5� - �e� ��gµe��g� �3�e�� � #
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»�� . e�  6  �g ´ g5 �� � �g �  �� e ��´ ����- � 6 g - �e� ��gµe��g� - �� �e�0 � �g µ� e� �gg g ����- e�� ! ��´��� ��� � ����� �� � ���� � e�0 ��� ��- �g��e�e��g : �- e�� � # »��� �gg g ����- e�� �� � �  ���- e�, !�� e� 6eg e� ´� 5� ´ , ���� �� ���Àg��  �� 6 g � -����� 0���g���×�0 ����-� 6 g - �e� ��gµe��g� �Q�� - �� � #
»�� �0�e �� � ��� e g����� ´ g5  6 $e %� , ' ���e� e�0 ��� e��� g ()*+ � ���g4���. ��� � �µ�g.����  6 0��� �e�� �� 0Q�e- ��� � - �e� ��gµe��g� - �� � # $ ��� �e4�� �� eg� ����eg 0�6���� ´���� - µ� �� �gQ��e�� # »���g 0Q�e- ��� �e� !� g��g������0!Q e � �4� �e� Àg��  g0�g ½e- ��� �4Ýe� !� �3�e�� � ¶��� Ö �µeg�× , ½ �� , %� Â �ege�0 ' ���e� (¸¾+º # »�� Àg�� . e�  6 ���� ´ g5 �� � �g µ� e� �gg g ����- e�� ! ��´������ � ���� �  6 0��� �e�� �� 0Q�e- ��� e�0 ��� � ���� �  6 - �e� ��gµe��g� -  �� � #» 0 ���� , ´� ´ ��� ��� �� e - g� 3�e����e��µ� ´eQ ��� 0�À���� �  6 µ ��� ���Q � ��4�� �� 6 g - �e� ��gµe��g� - �� � �g � ��0 !Q Âeg��� , ä� g.���� (;;+ !Q � ���0�g��.e g�.��eg�×e�� � ´ ��� 3�eg���� #
»�� ��� �0 . e�  6 ���� ´ g5 �� � �g � �� e ��-�g��e� ����- � 6 g 0��� �e�� ��0Q�e- ��� # »�� - e�� �g ��g����  6 ���� ����- � �� ��e� �� �� �-������ ¶� ���g� �� � �"% � �0��� �º e�0 ���� �´ 0�.�g��� ��e��� # ' g� µ�g , �� �� ����- � �� � � - � � ��e�0 0 �� � � e0- �� e ���3�� � ���� � # ³� ��  ��Q îe�- �� - � � ��ï ¶��� %�--e Ã #;º #f�µ�g������� , ��� 6e�� ��e� �� �� �-������ e�0 ��� - � � �����Q  6 ��� µ�� ���Q, e�� ´ ��� � î6g��×�ï ��� µ�� ���Q e�0 � �g µ� e �ge�0e�� %� �� �Q�� ()¹+ �gg g ����- e��6 g e�Q � ���� �� ¶´� g�6�g � Ö �µeg�× , �eg��� � , ' ���e� e�0 & �Q (* , Ä+ 6 g �gg g����- e�� 6 g 0��� �e�� �� 0Q�e- ��� �� ��� � � - � � �� �e��º # ³� �� e�� � ���! �� � �:������ ��� ����- � # ³� ���� �e�� , ´� eg� e!�� � �g µ� ��� � �µ�g.����  6 ��� ����- ���0�g e �"% � �0��� � , !�� �gg g ����- e��� �� ���� �e�� eg� �����  � �� # »��� � - ��6g - ��� 6e�� ��e� ���g� �� � � ��������Q �gg g 6 g ��� ����- � ¶��� Ôg � ���� � Ã #)º #

" ��e��Q, ��� �� - ���� � � -� ´ g5�  � �gg g ����- e�� 6 g ��-�g��e� ����- � 6 g½e- ��� �4Ýe� !� �3�e�� �� # " g ��� Àg��  g0�g �e�� , ´� g�6�g � · �.e��0�� (¸*¹+ # " g��� ��� �0  g0�g �e�� , ´��� ��� ½e- ��� ��e� �� � �µ�: , ´� g�6�g � ÕgQ � µ (¸;Ä , ¸;¿+e�0 Âeg��� , Ýe5 !��� (;¹ , ;ã+ # à ��� ��� ½e- ��� ��e� �� ���6 g- �Q �������� , ´� g�6�g� �e.eg���� , · �.e��0�� (ãÄ+ #

%�� �� � ´ �:��e�� � ´ ���� �e��g ��  g.e��×�0 # ³� ·���� � ; , ´� ��e�� ��� - e��g������  6 ���� ´ g5 # ³� ·���� � ¹ , ´� �g µ� ��� - e�� g����� � ���g���. - �e� ��gµe��g��Q�� - �� � # ·���� � ã �� 0�µ ��0 � �g µ� ��� �gg g ����- e�� ! ��´��� ��� � ���� � 6 0��� �e�� �� 0Q�e- ��� e�0 ���  ��  6 - �e� ��gµe��g� - �� � # ³� ·���� � Ã , ´����0Q ��� ��- �g��e� ����- � 6 g 0��� �e�� �� 0Q�e- ��� e�0 ´� �g µ� e� �gg g ����- e��! ��´��� ��� � ����� �� � ���� � e�0 ��� ��- �g��e� e��g : �- e�� � # · -� ��- �g��e���-��e�� �� eg� �g µ�0�0 �� ·���� � ) #
Ø,�
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³�  g0�g � �g � �� e ��-�g��e� ����- � 6 g e��� �g ��� - �e� ��gµe��g� -  �� � ,´� ´ ��� ��� ��� ´ g5  6 $e %� ÇÅ ÉÌß ()*+ ��e� ´� !g��/Q g��e�� ��g� # ä �µ�� e 6����� �
g

0�À��0  � ��� ���� ����g�
SN−1

 6
RN

!Q
g ∈ %��

(SN−1), g(−θ) = g(θ) ≥ 0, ∀θ ∈ SN−1 ¶Ã #¸º
´� � ���0�g 5�g����

c0 ∈ L∞(RN) ∩W 1,1(RN)
�e���6Q ��.






c0(x) =
1

|x|N+1
g

(
x

|x|

) �6 |x| ≥ 1,

c0(−x) = c0(x) ≥ 0, ∀x ∈ RN

¶Ã #;º

e�0 ´� ��� ��� 6 �� ´ ��. ��e���. 6 g
0 < ε < e−1

cε0(x) =
1

εN+1| ln ε| c0
(x
ε

)
.

¶Ã #¹º
»�� ��g- | ln ε| � -�� 6g - ��� !e0 0��eQ e� ��À���Q  6 ��� 5�g���

c0
¶��� ()* , ·���� �ã #¸+º #à� ���� � ���0�g ��� 6 �� ´ ��. e�: ���egQ �g !��-






uε
t(x, t) =

(
(cε0 ? 1{uε(·,t)≥uε(x,t)})(x) −

1

2

∫á
N

cε0

)
|Duε(x, t)| ��

RN × (0, T ),

uε(·, 0) = uε
0

��
RN ¶Ã #ãº´��g�

uε
t

0�� ��� ��� 0�g�µe��µ� ´ ��� g��� ��� � ��� ��- � µeg�e!�� ,
Duε

��0��e��� ���.ge0����  6
uε

´ ��� g��� ��� � ��� ��e�� µeg�e!��� , ��� � �µ ���� � �� 0 �� �� ��e�� ��Q e�0
1{uε(·,t)≥uε(x,t)}

�� ��� ��ege���g����� 6����� �  6 ��� ��� {uε(·, t) ≥ uε(x, t)}¶´���� �� �3�e� � 
1

 � ��� ��� e�0
0

 ����0�º # »��� �3�e�� � eg���� �� ��� ��� gQ  60��� �e�� �� 0Q�e- ��� ¶��� Ö �µeg�× , ½ �� , %� Â �eg e�0 ' ���e� (¸¾+º e�0 ���� ���·��� â�µ 6 g-��e�� � (¸)¿+ � � ���0�g ��� ��-���e�� �� �µ ���� ��  6 e�� ��� ��µ�� ���� 6 ��� 6����� �
uε

# à� g�6�g � $e %� ÇÅ ÉÌß ()*+ 6 g ��� ���0Q  6 ���� - 0�� e�0 ���eg�����eg � ()* , $�À���� � ; #¸+ 6 g ��� 0�À���� �  6 µ ��� ���Q � ���� �� 6 g Ôg !��-¶Ã #ãº # ³� �eg�����eg , ´� g��e�� ��e� ´� �e5� ��� ��0��e�g���  6 {uε(·, t) ≥ uε(x, t)} 6 g��!4� ���� � e�0 ��� ��0��e�g���  6 {uε(·, t) > uε(x, t)} 6 g ��� �g4� ���� � #»�� -e�� g�����  6 ()*+ �� ��e� , �6
uε

0 = u0

, ���� ��� ���3�� � ���� �
uε

 6 ¶Ã #ãº� �µ�g.�� � �e��Q ���6 g- �Q  � � -�e�� ���� � ��� � ���� �
u0

 6 ��� 6 �� ´ ��. ��- ��
Ø,�
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u0
t −

�ge�� (
D2u0 · A

(
Du0

|Du0|

))
= 0

��
RN × (0, T )

u0(·, 0) = u0

��
RN

¶Ã #Ãº

´ ���
A

(
p

|p|

)
=

∫

θ∈SN−2 =SN−1∩{〈x, p
|p| 〉=0}

(
1

2
g(θ) θ ⊗ θ

)
dθ

¶Ã #)º
e�0 ´��g�

M ·A e�0 〈·, ·〉 0�� �� g��� ����µ��Q ��� �g 0��� ! ��´��� ��� �´ -e�g����e�0 ��� ���e� ��e�eg �g 0��� # 9�g Àg�� - e�� g����� �� e� �gg g ����- e�� ! ��´���
uεe�0

u0
&
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N ≥ 1

ÉÓÍ
T ≤ 1

ß ý ÊÊþÎ Ç ÅÆÉÅ
u0, u

ε
0 ∈ Lip(RN)� g ∈ Lip(SN−1)

ÉÓÍ ÅÆÉÅ
c0� Ñ�ÇÓ ÑÓ �! ß
� ÊÉÅÑÊË ÇÊ

c0 ∈ W 1,1(RN)
ß ÿÆ ÇÓ � ÅÆ Ç�Ç Ç� ÑÊÅÊ É ÒÏÓÊÅÉÓÅ

K1

ÍÇÈ ÇÓÍÑÓ�ÏÓ
N, sup

á
N c0, |Dg|L∞(SN−1)

ÉÓÍ |Du0|L∞(

á
N )

Êþ ÒÆ ÅÆÉÅ ÅÆ Ç ÍÑ� Ç�ÇÓ ÒÇ �ÇÅ� ÇÇÓ ÅÆ ÇÊ ÏÌþÅÑÏÓ
uε

ÏÐ �! ß�� ÉÓÍ ÅÆ Ç Ê ÏÌþÅÑÏÓ
u0

ÏÐ �! ß!� ÑÊ � Ñ�ÇÓ ��

supá
N×(0,T )

|uε − u0| ≤ K1

(
T

| ln ε|

) 1
6

+ supá
N

|uε
0 − u0|.

¶Ã #*º

ç aç � ê^ëUé]éYëRS]êS\R\^ éUURU é^]ê`X]é WRU cê^ìR ëX]êRS^ cdSXY
` êë^

» e��g : �- e�� ��� � ���� �
u0

 6 ¶Ã #Ãº , ´� ���� �eµ� � e��g : �- e�� ��� � ���� �
uε

 6 ¶Ã #ãº # Þ� � e ��e�.�  6 µeg�e!�� ¶��� � g ��egQ ¹ #¸º , �� ��P ��� � e��g : �- e����� � ���� �
u

 6





ut(x, t) =

(
(c0 ? 1{u(·,t)≥u(x,t)})(x) −

1

2

∫
c0

)
|Du(x, t)| ��

RN × (0, T ),

u(·, 0) = ū0

��
RN . ¶Ã #Äºä�µ�� e - ��� ��×�

∆x1, ...,∆xN ,∆t
e�0 e �e�����

Q∆
T = Q∆ × {0, ..., (∆t)NT}´��g�

Q∆ = {(i1∆x1, ..., iN∆xN), I = (i1, ..., iN ) ∈ ZN} e�0
NT

�� ��� ����.�g�eg�  6
T/∆t

, ´� ´ ��� 0�� �� !Q
(x1, ..., xN , tn) = (xI , tn)

��� � 0�  6 ��� �e�����
(i1∆x1, ..., iN∆xN , n∆t)

e�0 !Q
vn

I

��� µe���  6 e ��-�g��e� e��g : �- e�� �  6 ����:e�� � ���� �
u(xI , tn)

# à� ���
∆x =

√
∆x2

1 + ...+ ∆x2
N

��� ��e�� - ��� ��×� # à���e�� e���-� ��g �.� �� ��e�
∆x+ ∆t ≤ 1

#
Ø,#



ôLMIHFMI=> D K@AA@KA ù =KA E@ H=K?@H@>M ùFA C=KAúKA@ H=G@>>@
»�� 0���g��� � ���� �

v
�� � -����0 ���ge��µ��Q !Q � �µ ��. ��� �-������ ����- �

v0
I = ũ0(xI),

vn+1
I − vn

I

∆t
= c∆[v]n+1

I G(vn+1)I

¶Ã #¿º
´��g�

ũ0

�� e� e��g : �- e�� �  6
ū0

e�0
G(vn+1)I

�� e ����e!�� e��g : �- e�� �  6 ���.ge0����  6
vn+1

�e5�� e� � ���
xI

# »�� � �4� �e� µ�� ���Q �� ��� 0���g��� � �µ ���� �
c∆[v]n+1

I = c∆[v](xI , tn+1) =
∑

J∈�N

c̄0I−J1{vn+1
J ≥vn+1

I }∆x1...∆xN − 1

2

∑

J∈�N

c̄0J∆x1...∆xN

¶Ã #¸¾º´ ���
c̄0I =

1

|QI |

∫

QI

c0(x) dx
¶Ã #¸¸º

´��g�
QI

�� ��� �3�eg� ���� ����g�0 ��
xI

QI = [xi1 − ∆x1/2, xi1 + ∆x1/2] × ...× [xiN − ∆xN/2, xiN + ∆xN/2].
¶Ã #¸;º

"��e��Q, ��� �� 0�À��
v#(y, tn) =

∑

I

v(xI , tn)χQI
(y)

¶Ã #¸¹º
´��g�

χQI

�� ��� ��0��e� g 6����� �  6
QI

#»�� e��g : �- e�� �  6 ��� .ge0���� ��  !�e���0 ����. ��� 9���g , ·����e� ����- �(¸Ãã+ ¶´� �e� e�� ��� ���  �� �g � ��0 !Q & �Q, » �g�� (¸Ã¿+º # ³� �� -  � � �� ,� �������� e�0 0����0�  � ��� ��.�  6 ��� � �4� �e� µ�� ���Q# ³�� �g�����0 0�À���� ��� g��e���0 �� ·���� � Ã #·���� ��� µ�� ���Q
c∆

�� � �4� �e� e�0 � � � ����� �� , ´� �eµ� � .�µ� e ������ ��� �3�e���Q �� ��� ����- � ¶Ã #¿º # ³� 6e�� , ´� ´ ��� ��� ��� e�e� .��  6 ��� ·��� â�µ6 g-��e�� � (¸)¿+ 6 g 0���g��� ��! e�0 ����g4� ���� � ¶��� $�À���� � Ã #¸º e�0 ´� ´ ������ e 0���g��� µ�g�� �  6 ��� Ô�gg � 2� - ��� 0 � � ���g��� e 0���g��� � ���� � # »��� ���� �  6 ��� ����- � �� � � ���3�� !�� , 6 g e�Q � ���� �� , ´� �eµ� ��� 6 �� ´ ��.�ge�0e��4%� �� �Q�� ()¹+ �gg g ����- e�� &
òP@=A@H Ù ÛÙ Û ó' ILCA@M@øC=>MI>K=KL @AA=A @LMIH FM@ ÷=A ó# Û1ûûüÇÅ

N ≥ 1
ÉÓÍ

T ≤ 1
ß ý ÊÊþÎ Ç ÅÆÉÅ

ū0, ũ0 ∈ W 1,∞(RN)
ÉÓÍ ÅÆÉÅ

c0
� Ñ�ÇÓ ÑÓ �! ß
�ÊÉÅÑÊË ÇÊ

c0 ∈ W 1,1(RN)
ß ý ÊÊþÎ Ç ÅÆÉÅ

∆x + ∆t ≤ 1
ß ÿÆ ÇÓ ÅÆ Ç�Ç Ç� ÑÊÅÊ É ÒÏÓÊÅÉÓÅ

K2 > 0
ÍÇÈ ÇÓÍÑÓ� ÏÓÌ� ÏÓ

N � |c0|W 1,1(

á
N ) � |Dū0|L∞(

á
N )

ÉÓÍ |Dũ0|L∞(

á
N )

Êþ ÒÆ ÅÆÉÅ ÅÆ ÇÇ��Ï� ÇÊÅÑÎ ÉÅÇ �ÇÅ� ÇÇÓ ÅÆ Ç ÒÏÓÅÑÓþ ÏþÊ Ê ÏÌþÅÑÏÓ
u

ÏÐ �! ß%� ÉÓÍ ÉÓ� ÍÑÊ Ò�ÇÅÇ Ê ÏÌþÅÑÏÓ
v

ÏÐ ÅÆ Ç Ë ÓÑÅÇ ÍÑ� Ç�ÇÓ ÒÇ Ê ÒÆ ÇÎ Ç �! ß�� ÑÊ � Ñ�ÇÓ ��
supá

N×{0,...,tNT
}
|u− v#| ≤ K2

√
T (∆x+ ∆t)1/2 + supá

N

|ū0 − (ũ0)#|

È �Ï�ÑÍÇÍ ∆x+ ∆t ≤ 1

K2
2

ß
Ø,)



Ù Û a FI> � @LKEML
� @HFA� Ù Û� Û � Å ÑÊ È ÏÊÊÑ�ÌÇ ÅÏ Ç�È ÌÑÒÑÅ ÅÆ Ç ÒÏÎÈ þÅÉÅÑÏÓ ÏÐ ÅÆ Ç � �ÉÍÑÇÓÅ� ÑßÇß� ÅÏ �ÇÈ ÌÉÒÇÅÆ Ç ÅÇ�Î

G(vn+1)I

��
G(vn)I

ÑÓ ÅÆ Ç Ê ÒÆ ÇÎ Ç �! ß�� ÉÓÍ ÅÏ ÒÏÓÊÑÍÇ� ÅÆ Ç Ê ÏÌþÅÑÏÓ
v

ÏÐ

v0
I = ũ0(xI),

vn+1
I − vn

I

∆t
= c∆[v]n+1

I G(vn)I .
¶Ã #¸ãº

�Ó ÅÆ ÑÊ ÒÉÊ Ç� ÉÊ þÊþÉÌ� � Ç ÆÉ�Ç ÅÏ ÊÉÅÑÊÐ � É 6+ü ÒÏÓÍÑÅÑÏÓ ÌÑ� Ç Ð Ï� ÑÓÊÅÉÓ ÒÇ
∆t ≤ ∆x

2|c0|L1(

á
N )Ð Ï� ÅÆ Ç �ÊÆ Ç� � ÇÅÆ ÑÉÓ ÍÑÊ Ò�ÇÅÑÊÉÅÑÏÓ ÏÐ ÅÆ Ç � �ÉÍÑÇÓÅß kÓÍÇ� ÅÆ ÑÊ ÉÍÍÑÅÑÏÓÉÌ ÉÊÊþÎÈ �ÅÑÏÓ � ÿÆ ÇÏ�ÇÎ 
 ß
 �ÇÎ ÉÑÓÊ Å�þ Ç � ÑÅÆ

v
Ê ÏÌþÅÑÏÓ ÏÐ ÅÆ Ç Ê ÒÆ ÇÎ Ç �! ß��� ß

ç að � ê^ëUé]é ëRS]êS\R\^ éUURU é^]ê`X]é WRU è éXS Q\UTX]\Ué
è R]êRS

Þ���. ��� e! µ� g������ , ´� ´ ��� �g µ� �� ·���� � ¹ ��� 6 �� ´ ��. ��� g�- &
òP@=A@H Ù Û� Û ó' ILCA@M@øC=>MI>K=KL @AA=A @LMIH FM@ ÷=A MP@ H@F> CKA?FMKA@H=MI=> ûüÇÅ

N ≥ 1
ÉÓÍ

T ≤ 1
ß üÇÅ þÊ ÍÇÓÏÅÇ ��

vε
É ÊÏÌþÅÑÏÓ ÏÐ �! ß�� � �! ß�5� � �! ß��� � ÑÅÆÑÓÑÅÑÉÌ ÒÏÓÍÑÅÑÏÓ

ũε
0

��ÆÑÒÆ ÑÊ ÉÓ ÉÈÈ �Ï� ÑÎ ÉÅÑÏÓ ÏÐ
u0

� ÉÓÍ � ÑÅÆ
cε0

ÑÓ ÅÆ Ç È ÌÉÒÇ ÏÐ
c0

ß ý ÊÊþÎ Ç ÅÆÉÅ
u0, ũ

ε
0 ∈ W 1,∞(RN)� g ∈ Lip(SN−1)

ÉÓÍ ÅÆÉÅ
c0

� Ñ�ÇÓ ÑÓ �! ß
�ÊÉÅÑÊË ÇÊ
c0 ∈W 1,1(RN)

ß ý ÊÊþÎ Ç ÉÌÊ Ï ÅÆÉÅ
∆x+∆t ≤ 1

ß ÿÆ ÇÓ ÅÆ Ç�Ç Ç� ÑÊÅÊ É ÒÏÓÊÅÉÓÅ
K3 > 0

ÍÇÈ ÇÓÍÑÓ� ÏÓÌ� ÏÓ
N, sup

á
N c0, |Dg|L∞(SN−1), |c0|W 1,1(

á
N ) � |Du0|L∞(

á
N )

ÉÓÍ
|Dũε

0|L∞(

á
N )

Êþ ÒÆ ÅÆÉÅ ÅÆ Ç Ç��Ï� ÇÊÅÑÎ ÉÅÇ �ÇÅ� ÇÇÓ ÅÆ Ç ÒÏÓÅÑÓþÏþÊ Ê ÏÌþÅÑÏÓ
u0

ÏÐ �! ß!�ÉÓÍ ÑÅÊ ÓþÎ Ç�ÑÒÉÌ ÉÈÈ �Ï� ÑÎ ÉÅÑÏÓ
vε

ÑÊ � Ñ�ÇÓ ��

supá
N×{0,..,tNT

}
|u0 − vε

#| ≤ K3

(
T

| ln ε|

)1/6

+ supá
N

|u0 − (ũε
0)#|

�Æ Ç�Ç
ε ≥ K3(∆x+

√
∆t)

ß
� @HFA� Ù Û# Û �Ð

T ≥ 1� ÊÑÓ ÒÇ |Du0|L∞(

á
N×(0,T )) ≤ |Du0|L∞(

á
N )

ÉÓÍ �|Dvε|L∞(

á
N )

�≤
|Dũε

0|L∞(

á
N )

�Ê ÇÇ 3�ÏÈ ÏÊÑÅÑÏÓ ! ß� Ð Ï� ÅÆ Ç Ç� ÉÒÅ Ê ÇÅÅÑÓ�� � � Ç ÒÉÓ ÑÅÇ�ÉÅÇ ÅÆ Ç È �ÏÒÇÊÊÉÓÍ � ÇÅ É ÌÑÓ ÇÉ� ÇÊÅÑÎ ÉÅÇ ÑÓ
T � ÑßÇ

supá
N×{0,..,tNT

}
|u0 − vε

#| ≤
K3

| ln ε|1/6
T + supá

N

|u0 − (ũε
0)#|.

� @HFA� Ù Û) Û �Ç ÒÉÓ Å�þÓ ÒÉÅÇ ÅÆ Ç � Ç�Ó ÇÌ
c0

ÉÅ ÑÓË ÓÑÅ� ÉÓÍ ÒÏÓÊÑÍÇ�
c̃R0 (x) =

{
c0(x) if |x| ≤ R,
0 else.

Ø,,



ôLMIHFMI=> D K@AA@KA ù =KA E@ H=K?@H@>M ùFA C=KAúKA@ H=G@>>@

�Ó ÅÆ ÑÊ ÒÉÊÇ� � Ç Î É� Ç ÉÓ Ç��Ï� ÏÐ Ï�ÍÇ� ∫á
N\BR(0)

c0 ≤
K

R

ÉÓÍ � Ç ÒÉÓ Î É� Ç ÅÆ Ç
ÒÏÎÈ þÅÉÅÑÏÓ ÏÓ É Ë ÓÑÅÇ ÊÅÇÓ ÒÑÌ� Ç�ÇÓ ÑÐ

∆x
� ÏÇÊ ÅÏ * Ç�Ïß ÿÆÑÊ ÑÊ È ÏÊÊÑ�ÌÇ� ÑÐ � ÇÒÆ ÏÏÊ Ç

ε
ÏÐ ÅÆ Ç ÊÉÎ Ç Ï�ÍÇ� ÏÐ

∆x
ß ÿÆ Ç ÒÏÓÍÑÅÑÏÓ

ε ≥ K(∆x+
√

∆t)
ÑÓ ÿÆ ÇÏ�ÇÎ 
 ß�ÅÆ ÇÓ ÑÎÈ ÌÑÇÊ ÅÆ ÉÅ � Ç Ó ÇÇÍ ÅÏ ÑÎÈ ÏÊ Ç É 6+ü ÒÏÓÍÑÅÑÏÓ

∆t ≤ K∆x2
��ÆÑÒÆ ÑÊ ÒÌÉÊÊÑÒÉÌÐ Ï� Ê ÇÒÏÓÍ Ï�ÍÇ� Ç�þÉÅÑÏÓ� ßý Å ÅÆ Ç ÏÈÈ ÏÊÑÅÇ� ÑÐ � Ç ÍÏ ÓÏÅ ÑÎÈ ÏÊ Ç ÉÓ� 6+ü ÒÏÓÍÑÅÑÏÓ � � Ç ÒÉÓ ÒÆ ÏÏÊ Ç

∆t
ÌÉ�� Ç�ÅÆ ÉÓ

∆x2 � �þÅ � Ç ÆÉ�Ç ÅÏ ÒÆ ÏÏÊ Ç
ε

ÏÐ ÅÆ Ç ÊÉÎ Ç Ï�ÍÇ� ÏÐ √
∆t

ÉÓÍ ÊÏ ÅÏ Î É� Ç ÅÆ ÇÒÏÓ�ÏÌþÅÑÏÓ ÏÓ ÌÉ�� Ç� ÉÓÍ ÌÉ�� Ç� ÊÅÇÓ ÒÑÌÊ ÉÊ
∆x

� ÏÇÊ ÅÏ * Ç�Ïß
Ö � ´� - ���� � �� ��� ���g 0���� � , �� �� e�� � ���! �� � �:������ ��� � -���e�� � 6 ��� µ�� ���Q �� ��� ����- � ¶Ã #¿º e�0 � � ���0�g

v0
I = ũ0(xI),

vn+1
I − vn

I

∆t
= c∆[v]nIG(vn)I ,

¶Ã #¸Ãº
´ ���

cε0
�� ��� ��e��  6

c0
�� ��� 0�À���� �  6

c∆
#à� �e� �g µ� ��� � �µ�g.����  6 ��� ����- � ¶��� »�� g�- ; #*º ��0�g ��� �"%� �0��� �

∆t ≤ ε| ln ε|
2|c0|L1(

á
N )

∆x.
¶Ã #¸)º

Â�� , �� ���� �e�� , ´� eg� � � e!�� � �g µ� e� �gg g ����- e�� # »�� g�e� � �� ��e� ´���´� �-������ ��� µ�� ���Q, �� î6g��×��ï �� , e�0 ���� ´� �e� ��� ��� � ��������Q �gg g  ���� ����- � ´ ��� .�µ�� µ�� ���Q# Ö� ���  �� ���� , 6 g ��� �:������ ����- � , ´� �eµ� � � ��g � ��� � ��������Q �gg g  6 ��� µ�� ���Q ´���� �� � � � ���! �� e� ´� � ���  �� ��Ôg � ���� � Ã #) #à� 0�À��
vε,δ(x, t) = vε(xI , tn) if x ∈ QI , t ∈ [tn, tn+1)´��g�

δ = (∆x,∆t)
e�0

vε
�� ��� � ���� �  6 ��� ����- � ¶Ã #¸Ãº4 ¶Ã #¸¾º4 ¶Ã #¸¸º ´ ������ 5�g���

cε0
�� ��� ��e��  6

c0
# »��� ´� �eµ� ��� 6 �� ´ ��. � �µ�g.���� g����� &

òP@=A@H Ù Û, Û ó<=>?@AB@>C@ =÷ MP@ @õùEICIM LCP@H@ûý ÊÊþÎ Ç ¶Ã #¸)º ß kÓÍÇ� ÅÆ Ç ÉÊÊþÎÈ ÅÑÏÓÊ ÏÐ ÿÆ ÇÏ�ÇÎ 
 ß� � ÅÆ Ç Ð þÓ ÒÅÑÏÓ
vε,δ

ÒÏÓ�Ç�� ÇÊÌÏÒÉÌ Ì� þÓÑÐ Ï�Î Ì� ÏÓ ÒÏÎÈÉÒÅ Ê ÇÅÊ ÉÊ
δ → 0

ÅÏ
uε

Ê ÏÌþÅÑÏÓ ÏÐ ¶Ã #ãº ß
� @HFA� Ù Û1 Û �Ó ÿÆ ÇÏ�ÇÎ 
 ß�� ÑÐ � Ç ÅÉ� Ç ÅÆ Ç ÌÑÎ ÑÅ

δ → 0
ÉÓÍ

ε→ 0 � ÑÅÆ
δ � ε� � Ç

� ÑÌ Ì ÉÈÈ �ÏÉÒÆ ÅÆ Ç Ê ÏÌþÅÑÏÓ ÏÐ ¶Ã #Ãº ß ÿÆ Ç ÒÏÓÍÑÅÑÏÓ
δ � ε

ÑÎÈ ÌÑÇÊ ÅÆ ÉÅ� ÑÓ È �ÉÒÅÑÒÇ�
� Ç ÆÉ�Ç ÅÏ Î É� Ç ÅÆ Ç ÒÏÓ�ÏÌþÅÑÏÓ ÑÓ ÌÉ�� Ç� ÉÓÍ ÌÉ�� Ç� ÊÅÇÓ ÒÑÌ ÉÊ

δ → 0
ß

� @HFA� Ù Û2 Û �Ó ÅÆ Ç Ê ÒÆ ÇÎ Ç ¶Ã #¸Ãº� ÑÅ ÑÊ È ÏÊÊÑ�ÌÇ ÅÏ ÑÎÈ ÌÑÒÑÅ ÅÆ Ç ÒÏÎÈ þÅÉÅÑÏÓ ÏÐ ÅÆ Ç
� �ÉÍÑÇÓÅ ÉÓÍ ÅÆþÊ ÅÏ � ÑÅÆ Í�É� ÅÆ Ç 6+ü ÒÏÓÍÑÅÑÏÓ ¶Ã #¸)º ÅÏ � ÇÅ ÅÆ Ç ÊÉÎ Ç �ÇÊþÌÅ ÉÊÿÆ ÇÏ�ÇÎ 
 ß�ß
� =MFMI=> ³� ´�e� 6 �� ´ � , ´� ´ ��� 0�� �� !Q

K
e .���g�� � ���e�� , ´���� ´ ��� �����e���6Q

K +K = K
,
K ·K = K

, e�0 �  � #
Ø,1



� Û �KH@AICFE LCP@H@ ÷=A H@F> CKA?FMKA@ H=MI=>
R  H?ª¯®@G >®C?H? B«ª H?@¨ ®ªV@©ª? H «©¯«¨
ð a° ±URRW RW ¡²éRUé` ç a9

Þ���. e g���e���. eg.�-��� , ´� ´ ��� �g µ� ��� 6 �� ´ ��. � g ��egQ  6 »�� g�-; #; &
<=A=EEFAG � ÛØÛ ó' ILCA@M@øC=>MI>K=KL @AA=A @LMIH FM@ ÷=A ó# Û� ûûüÇÅ þÊ ÍÇÓÏÅÇ ��

vε
É ÊÏÌþÅÑÏÓ ÏÐ �! ß�� � �! ß�5� � �! ß��� � ÑÅÆ ÑÓÑÅÑÉÌ ÒÏÓÍÑÅÑÏÓ

ũε
0

��ÆÑÒÆÑÊ ÉÓ ÉÈÈ �Ï� ÑÎ ÉÅÑÏÓ ÏÐ
uε

0

� ÉÓÍ � ÑÅÆ
cε0

ÑÓ ÅÆ Ç È ÌÉÒÇ ÏÐ
c0

ß kÓÍÇ� ÅÆ Ç ÉÊÊþÎÈ ÅÑÏÓÊÏÐ ÿÆ ÇÏ�ÇÎ 
 ß
� ÅÆ Ç�Ç Ç� ÑÊÅÊ É ÒÏÓÊÅÉÓÅ
K > 0

ÍÇÈ ÇÓÍÑÓ� ÏÓÌ� ÏÓ |c0|W 1,1(

á
N ) �

|Duε
0|L∞(

á
N )

ÉÓÍ |Dũε
0|L∞(

á
N )

Êþ ÒÆ ÅÆÉÅ ÅÆ Ç Ç��Ï� ÇÊÅÑÎ ÉÅÇ �ÇÅ� ÇÇÓ ÅÆ Ç ÒÏÓÅÑÓþÏþÊÊ ÏÌþÅÑÏÓ
uε

ÏÐ �! ß�� ÉÓÍ ÑÅÊ ÓþÎ Ç�ÑÒÉÌ ÉÈÈ �Ï� ÑÎ ÉÅÑÏÓ
vε

ÑÊ � Ñ�ÇÓ ��

supá
N×{0,...,tNT

}
|uε − vε

#| ≤ K
1

ε

√
T

| ln ε|

√
ε∆x+

∆t

| ln ε| + supá
N

|uε
0 − (ũε

0)#|

È �Ï�ÑÍÇÍ ε∆x+
∆t

| ln ε| ≤
ε2

K2

ß
0 A==÷ =÷ <=A=EEFAG � ÛØ"�g�� ´� g�- eg5 ��e� e ��- ��� ��e�.�  6 µeg�e!�� .�µ�� ¶6 g

u
e�0

v
� ���� �� g��� ��4��µ��Q  6 ¶Ã #Äº e�0 ¶Ã #¿ºº

uε(y, τ) = εu

(
y

ε
,

τ

ε2| ln ε|

)
, uε

0(y) = εū0

(y
ε

)

vε(y, τ) = εv

(
y

ε
,

τ

ε2| ln ε|

)
, ũε

0(y) = εũ0

(y
ε

)
.

%�� �� 0�� �� !Q
x =

y

ε
, t =

τ

ε2| ln ε| , ∆x =
∆y

ε
, ∆t =

∆τ

ε2| ln ε| , T =
Γ

ε2| ln ε|
,

sn = n∆τ
e�0 !Q

NΓ

��� ����.�g �eg�  6
Γ/∆τ

# »��� , ��� 6 �� ´ ��. ���3�e���Q� �0� &

sup
RN×{0,...,sNΓ

}
|uε − vε

#| =ε sup
RN×{0,...,tNT

}
|u− v#|

≤K
√

Γ√
| ln ε|

√
∆y

ε
+

∆τ

ε2| ln ε| + ε supá
N

|ū0 − (ũ0)#|

≤K
√

Γ

ε
√
| ln ε|

√
ε∆y +

∆τ

| ln ε| + supá
N

|uε
0 − (ũε

0)#|
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�g µ �0�0 ��e�

∆y

ε
+

∆τ

ε2| ln ε| ≤
1

K2
,ÑßÇß

ε∆y +
∆τ

| ln ε| ≤
ε2

K2
.

»��� ��0� ��� �g  6  6 ��� � g ��egQ#
0 A==÷ =÷ òP@=A@H Ù Û�»�� �g  6  6 »�� g�- ; #ã �� � ´ µ�gQ �e�Q# ³�0��0 , ����. »�� g�- ; #¸ e�0 � g ��egQ¹ #¸, ´� 0�0��� ��e�

|u0 − vε| ≤|u0 − uε| + |uε − vε|

≤K
(

T

| ln ε|

) 1
6

+
K

ε
√

|lnε|
√
T
√
ε∆x+ ∆t

+ supá
N

|uε
0 − (ũε

0)#| + supá
N

|uε
0 − u0|.

»e5��.
ε ≥ K(∆x+

√
∆t)

�- ����� ��� �g�µe�����  6 ��� Àg�� ��g- ´ ��� g��� ��� � ������ �0  �� e�0 � ���� �-����� ��� 0���g�0 ����- e�� 6 g ��� �� ���  6 �� ���e� � �0��� �
uε

0 = u0

#
ð aç ±URRW RW ¡²éRUé` ç a¢

»�� �0�e  6 ��� �g  6 �� ! gg ´�0 6g - Âeg��� , · �.e��0�� (;Ä+ # %�� �� ���
vε = lim sup

δ→0

∗ vε,δ, vε = lim inf
δ→0

∗ v
ε,δ.

à� � ´ �g µ� ��e�
vε e�0

vε
eg� g��� ����µ��Q ��! e�0 ����g4� ���� �  6 ¶Ã #ãº # %��

ϕ ∈ C∞(RN × [0, T ))
���� ��e�

vε−ϕ g�e���� e ��g��� - e:�-�- e� ��� � ���
(x0, t0)´ ���

t0 ∈ (0, T )
# »��� , ���g� �: ����

δ → 0
,
(xδ, tδ) → (x0, t0)

���� ��e�
vε,δ − ϕg�e���� e - e:�-�- e�

(xδ, tδ)
# à� 0�� �� !Q

(xδ
I , t

δ
n) ∈ Q∆

T

��� � 0� ���� ��e�
vε,δ(xδ, tδ) = vε,δ(xδ

I , t
δ
n)

# »��� �-����� ��e� , 6 g e��
(x, t)

&
vε,δ(x, t) ≤ vε,δ(xδ

I , t
δ
n) − ϕ(xδ, tδ) + ϕ(x, t).Þ���. ��� -  � � �Q  6 ��� ����- � 6 g .�µ�� µ�� ���Q e�0 ��� 6e�� ��e�

v
�� � ���� � 6 ��� ����- � , ´� .��

ϕ(xδ, tδ) − ϕ(xδ, tδ − ∆t)

∆t

≤cε[vε,δ](xδ
I , t

δ − ∆t)






G+(D+ϕ(xδ, tδ − ∆t), D−ϕ(xδ, tδ − ∆t))
if c[vε,δ](xδ

I , t
δ − ∆t) ≥ 0

G−(D+ϕ(xδ, tδ − ∆t), D−ϕ(xδ, tδ − ∆t))
if c[vε,δ](xδ

I , t
δ − ∆t) ≤ 0

Ø1£
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´ ���

cε[u](x, t) = cε0 ? 1{u(·,t)≥u(x,t)}(x) −
1

2

∫á
N

cε0e�0 ´��g� ´� �eµ� ���0 %�--e Ã #Ã �  !�e�� ��� µ�� ���Q# ·��0��.
δ → 0

, ����.·��� â�µ %�--e (¸)¿ , �3�e�� � ¶Ãº+ e�0 ��� � ��������Q  6 ��� ����- � 6 g .�µ��µ�� ���Q, ´� .��
ϕt(x0, t0) ≤

(
cε0 ? 1{vε(·,t0)≥vε(x0,t0)}(x0) −

1

2

∫á
N

cε0

)
|Dϕ(x0, t0)|.

»��� �g µ�� ��e�
vε

�� e ��!4� ���� �  6 ¶Ã #ãº # »�� �g  6 6 g
vε

�� ��� �e- � e�0 ´��5�� �� # ' g� µ�g , ����. e !egg��g eg.�-��� ¶����. ��� �3��µe����  6 Ôg � ���� � Ã #ãº´� .�� ��e�
vε(·, 0) = vε(·, 0) = uε

0

# »��� ´� �eµ� ��e�
vε = vε = vε

�� � ���� �  6¶Ã #ãº # »��� ��0� ��� �g  6  6 ��� ��� g�- #
� @HFA� � ÛÙ Û �Ó ÅÆ Ç ÊÒÆ ÇÎ Ç ¶Ã #¸Ãº� � Ç ÆÉ�Ç Î ÉÍÇ ÅÆ Ç ÒÆ ÏÑÒÇ ÅÏ ÅÉ� Ç ÅÆ Ç �ÇÌÏÒÑÅ�
c∆[v]nI

ß ý Ó ÉÓÏÅÆ Ç� È ÏÊÊÑ�ÑÌÑÅ� ÑÊ ÅÏ ÅÉ� Ç
c̃∆[v]n+1

I =
∑

J∈�N

c̄0I−J1{vn+1
J >vn+1

I }∆x1...∆xN − 1

2

∑

J∈�N

c̄0J∆x1...∆xN .

ÿÆÑÊ ÒÏÓÊÅ�þÒÅ Å� Ï ÍÑÊ Ò�ÇÅÇ Ê ÏÌþÅÑÏÓ
v

ÉÓÍ
ṽ
ß � Ï� � Ç ÒÉÓ ÅÉ� Ç ÉÓ� ÍÑÊ Ò�ÇÅÇ Ð þÓ ÒÅÑÏÓÒÏÎÈ �ÑÊ ÇÍ �ÇÅ� ÇÇÓ

ṽ
ÉÓÍ

v
ß �Ó Ð ÉÒÅ� ÅÆ ÑÊ ÑÊ Ç�þÑ�ÉÌÇÓÅ ÅÏ ÍÇË Ó Ç É ÍÑÊ Ò�ÇÅÇ Ê ÏÌþÅÑÏÓÉÊ É Êþ� ÉÓÍ É ÊþÈ Ç��Ê ÏÌþÅÑÏÓ ÉÊ ÑÓ 	 ÇË ÓÑÅÑÏÓ ! ß� ß �ÑÅÆ ÅÆ ÑÊ ÍÇË ÓÑÅÑÏÓ � v � ÑÌ Ì �Ç ÅÆ Ç

� �ÇÉÅÇ� Êþ��Ê ÏÌþÅÑÏÓ ÉÓÍ
ṽ � ÑÌ Ì �Ç ÅÆ Ç ÌÏ� Ç� ÊþÈ Ç��Ê ÏÌþÅÑÏÓ ÉÓÍ ÿÆ ÇÏ�ÇÎ 
 ß� � ÑÌ Ì �ÇÅ�þÇ Ð Ï� Ç�Ç�� Ê ÏÌþÅÑÏÓÊ ß

ð að ¤ ²X] ²X__ éS^ êW Zé ë²XSVé ]²é ZéUSéì ¥
Ö �e��ge� 3����� � �� ´�e� �e����� �6 ´� ��e�.� ��� 5�g��� e�0 �6 ´� �e5� e 5�g���´���� 0��g�e�� - g� 3���5�Q e� ��À���Q# " g ���� 5 ��0  6 5�g���

K0

, ��� �e��ge� ��e���.�� ��� 6 �� ´ ��.  �� ¶��� ()* , ·���� � ã #¸+º
Kε

0(x) =
1

εn+1
K0

(x
ε

)
.

³� 6e�� , ����. ��� �e- � eg.�-���� e� ���  �� ´� ��� 6 g ��� �g  6  6 »�� g�-
; #¸, ´� �e� �g µ� ��� �e- � 5��0  6 �gg g ����- e�� # " g �:e-��� 6 g

K0(x) =
1

|x|n+p6 g |x| ≥ 1
, ´ ���

p ≥ 3
, ´� .��

|uε − u0| ≤ K
√
εT 1/4.

»��� �� ��� ! ��� ����- e�� 6 g
ε
�- e�� ��e� ´� �e�  !�e�� 6 g .���ge� 5�g��� , e� ´� �e���� �� ·��� ¹ , �e�� ¸  6 ��� �g  6  6 »�� g�- ; #¸#
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»�� -e�� 0�.�g���� �� ��e� ��� ����- e��  6 � g ��egQ ¹ #¸ �� g���e��0 !Q

supá
N×{0,...,tNT

}
|uε − vε

#| ≤ K

√
T

ε

√
ε∆x+ ∆t+ supá

N

|uε
0 − (ũε

0)#|
6 g

ε∆x+ ∆t ≤ ε2

K2
.

"��e��Q, ´�  !�e�� 6 g ��� �� ���
uε

0 = u0

supá
N×{0,...,tNT

}
|u0 − (vε)#| ≤ K

√
εT

1
4 + supá

N

|u0 − ũε
0|

�6
ε ≥ K

(√
∆x+ (∆t)

1
3

) # »��� �- ����� ��e� ∆x

ε
→ 0

e�
∆x→ 0

# · , ´���
∆x

. ��
� ×�g , ´� �eµ� � - e5� ��� � �µ ���� �  � e�� ��� ��e�� ´���� �e� !� µ�gQ �:�����µ��� �ge����� # »��� e��g e�� �e� e�� ! � ���0 6 g äe����e� 5�g��� e�0 �� ��0 .�µ� ����e- � ����- e��� # ³� �eg�����eg , ���� � ��0 .�µ� e� �gg g ����- e�� 6 g ��� �3��µe����µ�g�� �  6 ��� ��e����e� Â���� , ' �gg�- e� , 9���g (¸ã¹+ e�. g���- #
T h ª«« B « B SC?«ª?H ; j¦

Â�6 g� � �g µ� »�� g�- ; #¸, ´� ���0 � -� � �e�� � # %�� �� 0�À��

F (M, p) = trace

(
M · A

(
p

|p|

))
and G(M, p) =

−1

|p| F (M, p)

´��g� ´� g��e�� ��e�
A(p) · p = 0 ∀p ∈ SN−1

#»��� ´� �eµ� ��� 6 �� ´ ��. 6��0e-���e� ����- e�� 6 g !e��� &
J@HHF � ÛØÛ óôAA=A @LMIH FM@ ÷=A F úFEEûüÇÅ

ϕ ∈ C2(Rn) � ÑÅÆ
Dϕ(x0) 6= 0� �Ç Êþ ÒÆ ÅÆÉÅ ÅÆ Ç Ê ÇÅ {ϕ(x) ≥ ϕ(x0)}

ÑÊ É �ÉÌ Ì ÏÐ
�ÉÍÑþÊ

R
ß +Ï�

cε0(·) =
1

εn+1| ln ε| c0
( ·
ε

)� ÌÇÅ þÊ ÍÇË Ó Ç

cε = (cε0 ? 1{ϕ(·)>ϕ(x0)})(x0) −
1

2

∫á
n

cε0.

ÿÆ ÇÓ� ÅÆ Ç�Ç Ç� ÑÊÅÊ É ÒÏÓÊÅÉÓÅ
K = K(N, sup

á
n c0, |Dg|L∞(SN−1)) > 0

Êþ ÒÆ ÅÆÉÅ Ð Ï�
0 < ε < δ � ÑÅÆ

0 < δ ≤ R/2� � Ç ÆÉ�Ç
|cε +G(D2ϕ(x0), Dϕ(x0))| ≤ K · e (ε, δ, R)

� ÑÅÆ
e (ε, δ, R) =

1

| ln ε|

(
1

δ
+

1

R
| ln δ|

)
+

δ

R2
.

Ø1Ù
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»��� �� e ��ge�.��6 g´eg0 � ���3�����  6 $e %� ÇÅ ÉÌß ()* , Ôg � ���� � ã #¸+ ´��g�����g %�--e ã #¹ �� g���e��0 !Q e 0�g��� ����- e�� 6 g e� �:������ 6����� �

h(x′) =
R−

√
R2 − |x′|2 ´ ���

x′ ∈ RN−1
e�0 |x′| ≤ R

#
0 A==÷ =÷ òP@=A@H Ù ÛØ%��

u0
!� ��� � ���� �  6 ��� - �e� ��gµe��g� -  �� � ¶Ã #Ãº # »�� �0�e  6 ��� �g  6 �� � g�.��eg��� ��� 6����� �

u0
!Q e 5��0  6 ���4� �µ ���� � !�� ����. 3�eg��� � ��e��×e�� �e�0 ���� � ���. ��� g�.��eg���0 6����� �

u0,α
��� ¶Ã #ãº # »��� g�.��eg��e�� � e�� ´ ��� � � ��g � 3�e����e��µ��Q ��� Àg�� e�0 ��� ��� �0 0�g�µe��µ�� �� ��e��  6

u0,α
# »����� e 3�e����e��µ� µ�g�� �  6 ��� 0�À���� �  6 Âeg��� e�0 ä� g.���� (;;+ 6 g µ ��� ���Q� ���� ��  6 - �e� ��gµe��g� - �� � ´��g� ���Q ���0 ���� 5��0  6 g�.��eg��e�� � � �g µ� ��e�  �� �e� �e5� ���� 6����� �� ���� ��e�

Dϕ 6= 0
 g
Dϕ = 0

e�0
D2ϕ = 0

����� 0�À���� �  6 µ ��� ���Q � ���� �� # »��� 5 ��0  6 eg.�-���� �� e�� ���0 �  !�e���0��� � -�eg�� � �g����� �� 6 g - �e� ��gµe��g� �Q�� �3�e�� �� #
»�� �g  6 �� 0�� -� ��0 ��� Àµ� ����� &
¦M@ù ØÛ � @BKEFAILFMI=> =÷

u0ÂQ ��e����e� ����- e��� 6 g - �e� ��gµe��g� �Q�� �3�e�� �� , ´� �eµ�
‖Du0‖L∞(

á
N×(0,T )) ≤ ‖Du0‖L∞(

á
N ).

¶Ã #¸*º
à� g�.��eg���

u0
!Q � ���0�g��. e ��e��e� ���4� �µ ���� � !Q 3�eg����
u0,α(x, t) = sup

y∈
á

n

{
u0(x− y, t) − 1

4α
|y|4
} ¶Ã #¸Äº

= sup
z∈

á
n

{
u0(z, t) − 1

4α
|z − x|4

}
.

¶Ã #¸¿º
·����

u0
�� %�������× � ����� �� , ��� ���g�-�- �� g�e���0 #

¦M@ù Ù Û ô LMIHFM@ ú@Mq@@>
u0 F>D

u0§̈" g
x ∈ RN

e�0
t ∈ (0, T )

, ´� 0�� �� !Q
x̄ = x̄(x, t)

e � ��� ´��g� ���- e:�-�- �� g�e���0 �� ¶Ã #¸¿º # »���
u0,α(x, t) = u0(x̄, t) − 1

4α
|x̄− x|4 ≥ u0(x, t).

¶Ã #;¾º
»��g�6 g�

1

4α
|x̄− x|4 ≤ u0(x̄, t) − u0(x, t) ≤ K|x̄− x| ¶Ã #; ¸º

e�0 � 
|x̄− x| ≤ Kα1/3.

¶Ã #;;º
' g� µ�g , !Q ¶Ã #;¾º , ´� .��

0 ≤ u0,α(x, t) − u0(x, t) ≤ u0(x̄, t) − u0(x, t) ≤ K|x̄− x|. ¶Ã #;¹º
Ø1�
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Þ���. ¶Ã #;;º e�0 ¶Ã #;¹º , ´� ���� 0�0��� 6 g

x ∈ RN
e�0

t ∈ (0, T )

|u0,α(x, t) − u0(x, t)| ≤ Kα1/3 ¶Ã #;ãº
Â�6 g� � � ������ ��� �g  6 , ´� ���0 � -� � �e�� � # à� � ´ ´e�� � � -�eg�

uεe�0
u0,α

# » 0 ��e� , ´� ´ ��� �g µ� ��e�
u0,α ± (f(ε, α)t + Kα

1
3 + sup

á
N |uε

0 − u0|)eg� g��� ����µ��Q ��� �g e�0 ��!4� ���� ��  6 Ôg !��- ¶Ã #ãº 6 g

f(ε, α) = K

(
1√
| ln ε|

+
ln | ln ε|
α1/3| ln ε| +

1

α2/3

(
1√
| ln ε|

+ ε

))
.

%��
ψ ∈ C∞(Rn × (0, T ))

���� ��e�
u0,α − ψ

g�e���� e .� !e� ��g��� - e:�-�- e�
(x0, t0) ∈ RN × (0, T )

# ·����
u0,α

�� ��- �4� �µ�: �� ��� ��e�� µeg�e!�� , ��� 6����� ��
u0,α

�� 0 �. �g����e!�� ´ ��� g��� ��� � 
x

e� ��� � ���
(x0, t0)

#%�� �� 0�� �� !Q
ϕz(x) = u0(z, t0) −

1

4α
|z − x|4.»���

u0,α(x, t0) = sup
z∈

á
N

ϕz(x).

à� 0�� �� !Q
x̄0

e � ��� ´��g� ��� - e: �-�- �� g�e���0 6 g
x = x0

e�0 !Q
ϕ = ϕx̄0

#à� ���� 0�0��� ��e�
ψ(x, t0) ≥ u0,α(x, t0) ≥ ϕ(x)

¶Ã #;Ãº
´ ��� �3�e���Q 6 g

x = x0

# »��� �- ����� ��e�
Dϕ(x0) = Du0,α(x0, t0) = Dψ(x0, t0)

¶Ã #;)º
e�0

D2ϕ(x0) ≤ D2ψ(x0, t0).
¶Ã #;*º

' g� µ�g , ´ ���
h = |x̄0 − x0|

, ´� �eµ� ¶!Q ¶Ã #;;ºº
h ≤ Kα

1
3 ,

¶Ã #;Äº

|Dϕ(x0)| =
h3

α

¶Ã #;¿º
e�0 ��� ��� {ϕ(x) ≥ ϕ(x0)}

�� e !e��  6 ge0���
R = h

# %�� �� 0�À�� ��� �gg g
e(ϕ) = |cε[ϕ](x0)|Dϕ(x0)| − F (D2ϕ(x0), Dϕ(x0))|´��g�
cε[ϕ](x0) =

(
cε0 ? 1{ϕ(·)≥ϕ(x0)}

)
(x0) −

1

2

∫á
n

cε0.
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e(ϕ) ≤ f(ε, α)à� 0�����.���� ��g�� �e��� &
6ÉÊ Ç � ß

h ≤ 2ε
# ³� ���� �e�� , ´� 0�g����Q �eµ� ��� ����- e�� ¶����. ¶Ã #;¿ºº

|cε[ϕ](x0)|Dϕ(x0)|| ≤ |cε0|L1(

á
n)

h3

α
≤ h2|c0|L1(

á
n)

ε| ln ε|
h

α
≤ K

α2/3

ε

| ln ε|´��g� ´� �eµ� e�� ���0 ¶Ã #;Äº # Þ ���. - g� µ�g ��� 6e�� ��e�

|F (D2ϕ(x0), Dϕ(x0))| ≤
K

h
|Dϕ(x0)| ≤ K

h2

α
,

´� ���� 0�0��� ��e�
e(ϕ) ≤ K

α2/3
ε ≤ f(ε, α).

6ÉÊ Ç 
 ß
2ε < h ≤ 2√

| ln ε|
# Þ���. ¶Ã #;¿º e�0 %�--e ã #¸, ´ ���

δ = h/2
, ´� ����

0�0��� ��e�
e(ϕ) ≤Kh

3

α

(
1

| ln ε|

(
1

h
+

1

h
| ln δ|

)
+

1

h

)
≤ Kh

α2/3
≤ K

α2/3

1√
| ln ε|

≤f(ε, α).

6ÉÊ Ç  ß
h >

2√
| ln ε|

# à� ���
δ =

1√
| ln ε|

# à� ���� �eµ�
ε < δ < h/2

# · !Q
%�--e ã #¸, ´� 0�0��� ��e�

e(ϕ) ≤Kh
3

α

(
1√
| ln ε|

+
1

h

ln | ln ε|
| ln ε| +

1

h2

1√
| ln ε|

)

≤K
(

1√
| ln ε|

+
1

α1/3

ln | ln ε|
| ln ε| +

1

α2/3

1√
| ln ε|

)

≤f(ε, α).

¦M@ù � Û ô LMIHFM@ ú@Mq@@>
u0§¨ F>D

u©ÂQ � ���g���� � , ´� �eµ� , �����
u0,α

�� e ��!4� ���� �  6 ¶Ã #Ãº ¶!�� 0 �� � ��e���6Q ��� �����e� � �0��� �º
ψt(x0, t0) ≤F (D2ψ(x0, t0), Dψ(x0, t0))

≤cε[ϕ](x0)|Dψ(x0, t0)| + F (D2ϕ(x0), Dϕ(x0)) − cε[ϕ](x0)|Dϕ(x0)|
≤cε[u0,α(·, t0)](x0)|Dψ(x0, t0)| + f(ε, α)

Ø1#



ôLMIHFMI=> D K@AA@KA ù =KA E@ H=K?@H@>M ùFA C=KAúKA@ H=G@>>@
´��g� ´� �eµ� ���0 ¶Ã #;Ãº 6 g ��� �e�� ���� # 9� ���  ���g �e�0 , ´� �eµ�

u0,α(·, 0) −Kα1/3 − supá
N

|uε
0 − u0| ≤ uε

0

´��g� ´� �eµ� ���0 ¶Ã #;ãº e� ��� ��- ��
t = 0

# à� ���� 0�0��� ��e�
ũ0,α(x, t) =

u0,α(x, t) − f(ε, α)t − Kα1/3 − sup
á

N |uε
0 − u0|

�� ��!4� ���� �  6 ¶Ã #ãº # »����-����� ��e�
ũ0,α ≤ uε

e�0 � 
u0,α − uε ≤ f(ε, α)t+Kα1/3 + supá

N

|uε
0 − u0|.

¶Ã #¹¾º
¦M@ù # Û ô LMIHFM@ ú@Mq@@>

u0 F>D
u©Þ���. ¶Ã #;ãº e�0 ¶Ã #¹¾º , ´� ���� .��

u0 − uε =u0 − u0,α + u0,α − uε ≤ f(ε, α)t+Kα1/3 + supá
N

|uε
0 − u0|.

Â��

f(ε, α)t+Kα1/3 =K

(
1√
| ln ε|

+
ln | ln ε|
α1/3| ln ε| +

1

α2/3

(
1√
| ln ε|

+ ε

))
t+Kα1/3

≤K
(

T√
| ln ε|

) 1
3

6 g
α =

Kt√
| ln ε|

e�0
t ≤ T ≤ 1

# à� ���� .��

u0 − uε ≤ K

(
T√
| ln ε|

) 1
3

+ supá
N

|uε
0 − u0|.

Ö � ´�g !  ��0 �� �g µ�0 ��- ��eg�Q ¶����. ��� �e- � g����� e� %�--e ã #¸ ´��g���� ��� {ϕ(x) ≥ ϕ(x0)}
�� g���e��0 !Q {ϕ(x) > ϕ(x0)}

º # »��� �-����� ¶Ã #*º 6 g
T ≤ 1

# »��� ��0� ��� �g  6  6 ��� ��� g�- #
[  H?ª¯®@G >®C?H? B«ª ¬¯>G« ®@©¯«¨> ¬X¨@H ¯®>
ª a° � é«Sê]êRS^ XSc _Uéìê` êSXUd Ué^\ì]^

à� g��e�� ��g� ��� � �e�� � ���0 �� ��� ����- � # »�� 0���g��� � ���� �
v

�� � -4����0 ���ge��µ��Q !Q � �µ ��. ��� �-������ ����- �

v0
I = ũ0(xI),

vn+1
I − vn

I

∆t
= c∆[v]n+1

I G(vn+1)I

¶Ã #¹ ¸º
Ø1)



# Û �KH@AICFE LCP@H@ ÷=A DILE= CFMI=>L DG>FH ICL
´��g� ��� � �4� �e� µ�� ���Q �� 0�À��0 �� ¶Ã #¸¾º # »�� e��g : �- e�� �  6 ��� .ge0���� 6
vn+1

e� ��� � ���
xI

�� .�µ�� !Q
G(vn+1)I =

{
G+(D+vn+1

I , D−vn+1
I ) if c∆[v]n+1

I ≥ 0,
G−(D+vn+1

I , D−vn+1
I ) if c∆[v]n+1

I < 0

´��g�
G± �� e ����e!�� e��g : �- e�� �  6 ��� æ����0�e� � g- e�0

D±vn(xI) =
(D±

x1
vn(xI), ..., D

±
xN
vn(xI))

eg� ��� 0���g��� .ge0����� # »�� ��g- �
D±

xi
vn(xI)

eg� �����e�0eg0 6 g´eg0 e�0 !e�5´eg0 Àg��  g0�g 0�.�g����� , ÑßÇß 6 g e .���ge� 6����� �
f(xI)

&
D+

xi
f(xI) =

f(xIi,+) − f(xI)

∆xi

,

D−
xi
f(xI) =

f(xI) − f(xIi,−)

∆xi

,

´��g�
Ik,± = (i1, ..., ik−1, ik ± 1, ik+1, ..., iN).

¶Ã #¹;º
»�� e��g : �- e�� ��  6 ��� æ����0�e� � g-

G± eg� �� �� �g � ��0 !Q 9���g e�0·����e� (¸Ãã+ ¶´� �e� e�� ��� ���  ��� �g � ��0 !Q & �Q, » �g�� (¸Ã¿+º &

G+(P,Q) =

(
∑

i=1,..,N

max(Pi, 0)2 +
∑

i=1,..,N

min(Qi, 0)2

) 1
2

,
¶Ã #¹¹º

G−(P,Q) =

(
∑

i=1,..,N

min(Pi, 0)2 +
∑

i=1,..,N

max(Qi, 0)2

) 1
2

.

à� g��e�� ��e� ��� 6����� ��
G± eg� %�������× � ����� �� ´ ��� g��� ��� � ��� 0���g���.ge0����� , ÑßÇß

|G±(P1, P2) −G±(P ′
1, P

′
2)| ≤ (|P1 − P ′

1| + |P2 − P ′
2|).

¶Ã #¹ãº
»��Q eg� � �������� ´ ��� ��� æ����0�e� � g-

G±(P, P ) = |P |, ¶Ã #¹Ãº
e�0

G± = G±(P+
1 , ..., P

+
N , P

−
1 , ..., P

−
N )

��Á  Q ����e!�� - � � �����Q ´ ��� g��� ��� � �e�� µeg�e!��
∂G+

∂p+
i

≥ 0,
∂G+

∂p−i
≤ 0,

∂G−

∂p+
i

≤ 0,
∂G−

∂p−i
≥ 0.

¶Ã #¹)º
» 0�À�� 0���g��� � ���� �� , ´� ���0 ��� 6 �� ´ ��. � �e�� �
c̃∆[v]n+1

I =
∑

J∈�N

c̄0I−J1{vn+1
J >vn+1

I }∆x1...∆xN − 1

2

∑

J∈�N

c̄0J∆x1...∆xN ,
¶Ã #¹*º

Ø1,



ôLMIHFMI=> D K@AA@KA ù =KA E@ H=K?@H@>M ùFA C=KAúKA@ H=G@>>@

G̃(vn+1)I =

{
G+(D+vn+1

I , D−vn+1
I ) if c̃∆[v]n+1

I ≥ 0,
G−(D+vn+1

I , D−vn+1
I ) if c̃∆[v]n+1

I < 0´��g�
c̄0

�� 0�À��0 �� ¶Ã #¸¸º # " ��e��Q, 6 g ��-������Q  6 �g�����e�� � , ��� �� 0�� �� !Q
s[v]n+1

I = Sign(c∆[v]n+1
I ), s̃[v]n+1

I = Sign(c̃∆[v]n+1
I ).

' @(>IMI=> # ÛØÛ ó�KH@AICFE LKú ö LKù@A F>D L= EKMI=> =÷ MP@ LCP@H@û
�Ç ÊÉ� ÅÆ ÉÅ

v
ÑÊ É ÍÑÊ Ò�ÇÅÇ Êþ��Ê ÏÌþÅÑÏÓ ��ÇÊÈ ÊþÈ Ç��Ê ÏÌþÅÑÏÓ� ÏÐ ÅÆ Ç Ê ÒÆ ÇÎ Ç �! ß�� ÑÐÐ Ï� ÉÌ Ì

I ∈ ZN , n ∈ N� � Ç ÆÉ�Ç
vn+1

I ≤ vn
I + ∆t c∆[v]n+1

I G(vn+1)I

(
resp. vn+1

I ≥ vn
I + ∆t c̃∆[v]n+1

I G̃(vn+1)I

)
.

�Ç ÊÉ� ÅÆ ÉÅ � ÑÊ É ÍÑÊ Ò�ÇÅÇ ÊÏÌþÅÑÏÓ ÑÐ ÉÓÍ ÏÓÌ� ÑÐ ÑÅ ÑÊ É Êþ� ÉÓÍ É ÊþÈ Ç��Ê ÏÌþÅÑÏÓ ß
J@HHF # ÛÙ Û ó� EH=LM H=>=M=>ICIMG =÷ MP@ LCP@H@ûÿÆ Ç ÊÒÆ ÇÎ Ç ¶Ã #¿º ÑÊ ÉÌÎ ÏÊÅ Î ÏÓÏÅÏÓ Ç ÑÓ ÅÆ Ç Ð ÏÌ ÌÏ� ÑÓ� Ê ÇÓÊ Çß üÇÅ

v, w
�Ç Å� Ï ÍÑÊ Ò�ÇÅÇÐ þÓ ÒÅÑÏÓÊ ÉÓÍ ÉÊÊþÎ Ç ÅÆÉÅ ÅÆ Ç�Ç ÑÊ

I
Êþ ÒÆ ÅÆÉÅ

wI = vI

ÉÓÍ
wJ ≥ vJ

Ð Ï�
J 6= I

ßÿÆ ÇÓ
c∆[v]IG(v)I ≤ c∆[w]IG(w)IÉÓÍ
c̃∆[v]IG(v)I ≤ c̃∆[w]IG(w)I .

0 A==÷ =÷ J@HHF # ÛÙ"�g�� , ´� g�- eg5 ��e�
c∆[v]I ≤ c∆[w]I

# »��� , ���g� �� ��g�� �e��� &
¸#
c∆[v]I ≤ 0 ≤ c∆[w]I

# ³� ���� �e�� , ��� g����� �� �g�µ �e� #
; #

0 ≤ c∆[v]I ≤ c∆[w]I
# Þ ���. ��� - � � �����Q  6

G
, ´� .�� ��e�

G(v)I ≤ G(w)I

#»��� �-����� ��� g����� #
¹ #
c∆[v]I ≤ c∆[w]I ≤ 0

# Þ ���. ��� - � � �����Q  6
G

, ´� .�� ��e�
G(v)I ≥ G(w)I

#»��� �-����� ��� g����� #
»�� �g  6 6 g

c̃∆
�� ��� �e- � e�0 ´� �5�� �� # »��� ��0� ��� �g  6  6 ��� ��--e #

»�� �: �������  6 e � ���� � 6 g ��� ����- � �� � � �g�µ �e� ¶����� �� �� �-������ e�0� �4� �e�º # »��� �� ��� ��!Á ���  6 ��� 6 �� ´ ��. �g � ���� � &
0 A=ù=LIMI=> # Û� Û óôõ ILM@>C@ =÷ L=EKMI=> ÷=A MP@ LCP@H@ ó# Û2ûûÿÆ Ç�Ç Ç� ÑÊÅÊ� ÉÅ ÌÇÉÊÅ� ÏÓ Ç ÍÑÊ Ò�ÇÅÇ Ê ÏÌþÅÑÏÓ

v
ÏÐ ÅÆ Ç Ê ÒÆ ÇÎ Ç �! ß�� ÑÓ ÅÆ Ç Ê ÇÓÊ Ç ÏÐ

	 ÇË ÓÑÅÑÏÓ ! ß� ß
Ø11



# Û �KH@AICFE LCP@H@ ÷=A DILE= CFMI=>L DG>FH ICL
0 A==÷ =÷ 0 A=ù=LIMI=> # Û�à� e���-� ��e� ���g� �: ���� e � ���� �

vn
e� ����

n
e�0 ´� ´ ��� � ���g��� e � ���� �

vn+1
e� ����

n + 1
# "�g�� , ´� g�- eg5 ��e� �6

(vn+1,i)i

�� e 6e- ��Q ��0�:�0 !Q
i
 60���g��� ��!4� ���� � e� ����

n + 1
, ����

vn+1 = max vn+1,i
�� ����� e ��!4� ���� �¶�� ��P ��� � ��� %�--e Ã #;º # ' g� µ�g ,

w+ = supQ∆ |vn| e�0
w− = − supQ∆ |vn|eg� g��� ����µ��Q 0���g��� ����g e�0 ��!4� ���� �� � ��� ����- � ¶Ã #¿º # »��� , ��� ��0�À��

vn+1 = max{w ��!� ���� � e� ����
n+ 1

� #�
w ≤ w+}.»���

vn+1
�� e 0���g��� ��!4� ���� � e� ����

n + 1
# f ´ ��� �� �g µ� ��e�

vn+1
�� e����g4� ���� � # ÂQ � ��ge0���� � , e���-� ��e� ���g� ��

I
���� ��e�

vn+1
I − vn

I

∆t
< c̃[v]n+1

I Gs̃[v]nI (D+vn+1
I , D−vn+1

I ).

»��� �-����� �� �eg�����eg ��e�
vn+1

I < w+
# f ´ , ��� �� � ���0�g , ��� � ���� �

wI

¶��e ����� ��- ��eg � $�À���� � Ã #¸º  6
wI − vn

I

∆t
= c∆vn+1 [w]I

{
G+(D+

vn+1wI , D
−
vn+1wI) if c∆vn+1 [w]I ≥ 0

G−(D+
vn+1wI , D

−
vn+1wI) if c∆vn+1 [w]I < 0

,

´��g�
c∆vn+1 [w]I =

∑

J∈�N

c̄0I−J1{vn+1
J ≥wI}∆x1...∆xN − 1

2

∑

J∈�N

c̄0J∆x1...∆xN

e�0
D±

vn+1wI = (D±
x1,vn+1wI , ..., D

±
xN ,vn+1wI)

´ ���

D+
xi,vn+1wI =

vn+1
Ii,+ − wI

∆xi

,

D−
xi,vn+1wI =

wI − vn+1
Ii,−

∆xi

,

´��g�
Ik,± �� 0�À��0 �� ¶Ã #¹;º # »�� �: �������  6 ���� e � ���� � � - �� 6g - ���6e�� ��e� ��� ��6� �e�0 ��0� �� � �40��g�e���. ��

wI

e�0 ��� g�.�� �e�0 ��0� �� � �4���g�e���. # »��� , �� �� �e�Q � �g µ� ¶����. %�--e Ã #;º ��e�
wI > vn+1

I

e�0 ��e�
w0�À��0 !Q

wJ =

{
wI if J = I
vn+1

J otherwise�� e 0���g��� ��!4� ���� �  6 ¶Ã #¿º e� ����
n + 1

# »��� � ��ge0���� ��� 0�À���� �  6
vn+1

e�0 ��0� ��� �g  6  6 ��� �g � ���� � #
Ø12



ôLMIHFMI=> D K@AA@KA ù =KA E@ H=K?@H@>M ùFA C=KAúKA@ H=G@>>@
0 A=ù=LIMI=> # Û� Û ó0 A=ù @AMI@L =÷ MP@ DILCA@M@ L= EKMI=>Lûý ÊÊþÎ Ç ÅÆÉÅ

ũ0 ∈W 1,∞(RN)
ß üÇÅ þÊ ÍÇÓÏÅÇ ��

L = |Dũ0|L∞(

á
N )

ÉÓÍ
v = sup{v Êþ�Ê ÏÌþÅÑÏÓ ÏÐ ¶Ã #¿º � ÑÅÆ ÑÓÑÅÑÉÌ ÒÏÓÍÑÅÑÏÓ

v0 = ũ0, v ≤ |ũ0|L∞(

á
N )}.¶Ã #¹Äº

+Ï�
k ∈ ZN\{0}� � Ç ÍÇÓÏÅÇ ��

k∆X = (k1∆x1, ..., kN∆xN)
ß ÿÆ ÇÓ � ÅÆ Ç Ð ÏÌ ÌÏ� ÑÓ�ÇÊÅÑÎ ÉÅÇÊ Æ ÏÌÍ

v(xI , tn) − v(xI + k∆X, tn)

|k∆X| ≤ L,
¶Ã #¹¿º

v(xI , tn) − v(xI + k∆X, tn)

|k∆X| ≥ −L, ¶Ã #ã¾º
∣∣∣∣
vn+1

I − vn
I

∆t

∣∣∣∣ ≤
√
N

2
|c0|L1(

á
N ) L.

¶Ã #ã ¸º
ÿÆ Ç ÊÉÎ Ç ÇÊÅÑÎ ÉÅÇÊ Æ ÏÌÍ Ð Ï�
v = inf{v ÊþÈ Ç�Ê ÏÌþÅÑÏÓ ÏÐ ¶Ã #¿º � ÑÅÆ ÑÓÑÅÑÉÌ ÒÏÓÍÑÅÑÏÓ

v0 = ũ0, v ≥ −|u0|L∞(

á
N )}.¶Ã #ã;º

0 A==÷ =÷ 0 A=ù=LIMI=> # Û�" g
k ∈ ZN\{0} , ��� �� 0�� �� !Q

ũ0,k(xI) = ũ0(xI + k∆X) + L|k∆X| ≥ ũ0(xI)

e�0 !Q
vk

��� .g�e��g ��!4� ���� � , ´ ��� �����e� � �0��� �
ũ0,k

, ÑßÇß
vk = sup{vk

��!� ���� �  6 ¶Ã #¿º ´ ��� �����e� � �0��� �
v0

k = ũ0,k, vk ≤ |u0|L∞(

á
N )}."�g�� , ����� ��� �3�e�� � 0 �� � � ��� ��� � ���e��� , ´� g�- eg5 ��e�

v−L|k∆X|�� e ��!4� ���� �  6 ¶Ã #¿º ´ ��� �����e� � �0��� �
v0−L|k∆X| ≤ ũ0,k

# · , !Q 0�À���� � 6
vk

, ´� �eµ�
v − L|k∆X| ≤ vk.' g� µ�g , ����. ��� 6e�� ��e� ��� ����- � �� ��µeg�e�� !Q �ge���e�� � �� ��e�� , ´�0�0��� ��e�

v(xI +k∆X, tn)
�� ��� .g�e��g ��!4� ���� � ´ ��� �����e� � �0��� �

v(xI +
k∆X, 0) = ũ0,k(xI)

# à� ���� 0�0��� ��e�
vk(xI , tn) = v(xI + k∆X, tn).

»��� �- ����� ��e�
v(xI , tn) − v(xI + k∆X, tn)

|k∆X| ≤ L.

»�� �g  6  6 ¶Ã #ã¾º �� ��- ��eg e�0 ´� �5�� �� #
Ø2£



# Û �KH@AICFE LCP@H@ ÷=A DILE= CFMI=>L DG>FH ICL
» �g µ� ¶Ã #ã ¸º , ´� ��� ��� 6e�� ��e�

v
�� e � ���� � e�0 ��� �´ �g�µ� �� ����4- e��� # »��� �- �����

−
√
N

2
|c0|L1(

á
N )L ≤ vn+1

I − vn
I

∆t
≤

√
N

2
|c0|L1(

á
N )L

´���� �� ��� 0���g�0 g����� #
Â�6 g� � �g µ� »�� g�- ; #; , ´� ���0 ��� 6 �� ´ ��. ��--e &

J@HHF # Û# Û óôJKI?FE@>M ÷=AHKEFMI=> ÷=A MP@ DILCA@M@ ?@E= CIMG ûÿÆ Ç ÍÑÊ Ò�ÇÅÇ �ÇÌÏÒÑÅ�
c∆[v]

ÒÉÓ �Ç �Ç��ÑÅÅÇÓ ÉÊ

c∆[v]nI =
(
c0 ? 1{v#(.,tn)≥v#(xI ,tn)}

)
(xI) −

1

2
|c0|L1(

á
N )

�Æ Ç�Ç
v#

ÑÊ ÍÇË Ó ÇÍ ÑÓ �! ß� � ß
0 A==÷ =÷ J@HHF # Û#»�� �0�e  6 ��� �g  6 �� ! gg ´�0 6g - Ö�µeg�× ÇÅ ÉÌß (Ä+ # Þ���. ��� 0�À���� �  6 ���0���g��� µ�� ���Q e�0

c̄0
, ´� .��

c∆[v]nI =
∑

J∈�N

c̄0I−J1{vn
J≥vn

I }∆x1...∆xN − 1

2

∑

J∈�N

c̄0J∆x1...∆xN

=
∑

J∈�N

∫

QJ−I

c0(y) dy 1{vn
J≥vn

I } −
1

2

∑

J∈�N

∫

QJ

c0(y) dy

=
∑

J∈�N

∫

QJ

c0(xI − y) 1{vn
J≥vn

I } dy − 1

2
|c0|L1(

á
N )

=
∑

J∈�N

∫

QJ

c0(xI − y) 1{v#(y,tn)≥v#(xI ,tn)} dy − 1

2
|c0|L1(

á
N )

=
(
c0 ? 1{v#(·,tn)≥v#(xI ,tn)}

)
(xI) −

1

2
|c0|L1(

á
N ).

»��� ��0� ��� �g  6  6 ��� ��--e #
à� � ´ �g µ� »�� g�- ; #; &

0 A==÷ =÷ òP@=A@H Ù ÛÙ»�� �g  6 �� e� e0e��e�� �  6 ���  ��  6 �ge�0e�� %� �� ()¹+ , g�µ �����0 !Q Ö�µeg�× ÇÅÉÌß (*+ # f�µ�g������� , 6 g ��� g�e0�g 2� � �µ������� , ´� .�µ� ��� - e�� ����� ��  g0�g � �� ´ ��� ��´ 0�P ������� 0�� � ��� � �4� �e� ��g- # »�� -e�� �0�e  6 ��� �g  6 �� ����e- � e� ���  ��  6 � -�eg�� � �g����� ��� , ÑßÇß � � ���0�g ��� - e:�-�-  6
u − v#

,� 0�����e�� ��� µeg�e!�� e�0 � ��� ��� µ ��� ���Q ���3�e������ � .�� ��� g����� #
Ø2Ø



ôLMIHFMI=> D K@AA@KA ù =KA E@ H=K?@H@>M ùFA C=KAúKA@ H=G@>>@
»�� �g  6 ������ ��� 6 �g ����� #à� Àg�� e���-� ��e�

ū0(xI) ≥ (ũ0(xI))#,
6 g e��

I ∈ Z
N .

¶Ã #ã¹º
e�0 ´� ���

µ0 = supá
N

(ū0 − (ũ0)#) ≥ 0.
¶Ã #ããº

à� 0�� �� ��g �.� �� !Q
K

µeg� �� � ���e�� 0�� ��0��.  ��Q  �
N

, |c0|W 1,1(

á
N )

,
|Dū0|L∞(

á
N )

, |Dũ0|L∞(

á
N )

e�0
µ0

#
¦M@ù Ø � ôLMIHFM@ =>

và� �eµ� ��� 6 �� ´ ��. ����- e�� 6 g ��� 0���g��� � ���� �
−Ktn ≤ ū0(x) − v#(x, tn) ≤ Ktn + µ0.

¶Ã #ãÃº
» �� ´ ���� , �� ��P ��� � ��� ��� ����- e�� ¶Ã #ã ¸º  6 Ôg � ���� � Ã #ã # »����-����� ��e� , 6 g

x ∈ QI

¶´ ��� ��� � �e�� �
v

e�0
v
0�À��0 �� Ôg � ���� � Ã #ãº

(ũ0)#(x) −Ktn = v0
I −Ktn ≤ vn

I ≤vn
I = v#(x, tn)

≤vn
I ≤ Ktn + v0

I = Ktn + (ũ0)#(x).

»��� �-����� ��� 0���g�0 ����- e�� #
Â�6 g� � �������. ��� �g  6 , ´� ���0 e 6�´ � �e�� �� # à� ���

µ = supá
N×[0,T ]

(u− v#).

à� ´e�� � ! ��0 6g - e! µ�
µ

!Q
µ0

���� e � ���e�� # " g �µ�gQ
0 < α ≤ 1, 0 <

γ ≤ 1
e�0

0 < η ≤ 1
, ´� ���
Mα,γ

η = supá
N×

á
N×(0,T )×{0,...,tNT

}
Ψα,γ

η (x, y, t, tn)

´ ���
Ψα,γ

η (x, y, t, tn) = u(x, t) − v#(y, tn) − |x− y|2
2γ

− |t− tn|2
2γ

− ηt− α(|x|2 + |y|2).

à� ��e�� 0g � ��� ����g e�0 ��!��g����  �
Ψ

´��� � e-!�.���Q eg���� e� � ���g���.��� µe���  6 ��� �ege-���g #»�� -e�� 0�. �g���� ´ ��� ��� ��e����e� �ge�0e�� %� �� �g  6 , �� � � ���0�g ���6����� �
v#

�� ��� ��e��  6
v

�� ��� ���ege�� �  6 µeg�e!��� # »��� e�� ´ � �� � �g�e���� � �4� �e� µ�� ���Q#
Ø2Ù



# Û �KH@AICFE LCP@H@ ÷=A DILE= CFMI=>L DG>FH ICL
·����

u
�� %�������× � ����� �� e�0

T ≤ 1
, ´� �eµ�

|u(x, t)| ≤ K(1 + |x|). ¶Ã #ã)º
' g� µ�g !Q ·��� ¸, ´� �eµ�

|v(xi, tn)| ≤|v(xi, tn) − ū0(xi)| + |ū0(xi)|
≤Ktn +K(1 + |xi|)
≤K(1 + |xi|).

à� ���� 0�0��� ��e�
Ψ

e����µ�� ��� - e:�-�- e� � - � � ��� ��e� ´� 0�� �� !Q
(x∗, y∗, t∗, t∗n)

#
¦M@ù Ù � ôLMIHFM@L ÷=A MP@ HFõIHKH ù=I>M =÷

Ψ»�� -e:�-�- � ���  6
Ψ

��Á  Q� ��� 6 �� ´ ��. ����- e���
α|x∗| + α|y∗| ≤ K

¶Ã #ã*º
e�0

|x∗ − y∗| ≤ Kγ, |t∗ − t∗n| ≤ (K + 2η)γ.
¶Ã #ãÄº

³�0��0 , !Q ���3�e���Q
Ψ(x∗, y∗, t∗, t∗n) ≥ Ψ(0, 0, 0, 0) ≥ 0

, ´�  !�e��
α|x∗|2 + α|y∗|2 ≤u(x∗, t∗) − v#(y∗, t∗n) ≤ K(1 + |x∗| + |y∗|)

≤K +
K2

α
+
α

2
|x∗|2 +

α

2
|y∗|2.

»��� �-����� ¶Ã #ã*º , �����
α ≤ 1

#
»�� Àg�� ! ��0  6 ¶Ã #ãÄº 6 �� ´ � 6g - ��� %�������× g�.��eg��Q �� ��e��  6

u
,6g - ��� ���3�e���Q

Ψ(x∗, y∗, t∗, t∗n) ≥ Ψ(y∗, y∗, t∗, t∗n)
e�0 6g - ¶Ã #ã*º # »����� �0 ! ��0  6 ¶Ã #ãÄº ��  !�e���0 �� ��� �e- � ´eQ, ����. ��� ���3�e���Q

Ψ(x∗, y∗, t∗, t∗n) ≥ Ψ(x∗, y∗, t∗n, t
∗
n)

#
¦M@ù � � � ú @MM@A @LMIH FM@ ÷=A MP@ HFõIHKH ù=I>M =÷

Ψ³��3�e���Q ¶Ã #ã*º �e� !� ��g��.�����0 � 
α|x∗|2 + α|y∗|2 ≤ K.

¶Ã #ã¿º
³�0��0 , ����. ��� %�������× g�.��eg��Q  6

u
, ��� ���3�e���Q

Ψ(x∗, y∗, t∗, t∗n) ≥
Ψ(0, 0, 0, 0)

, ·��� ¸ e�0 �3�e�� � ¶Ã #ãÄº , Q ���0�
α|x∗|2 + α|x∗i |2 ≤u(x∗, t∗) − v#(y∗, t∗n) + u0(y

∗) − u0(y
∗)

≤K(|x∗ − y∗| + t∗) +Kt∗n + µ0 ≤ K.

Ø2�



ôLMIHFMI=> D K@AA@KA ù =KA E@ H=K?@H@>M ùFA C=KAúKA@ H=G@>>@
¦M@ù � � ¬ùù@A ú=K>D =÷

µà� �eµ� ��� ! ��0
µ ≤ K

√
T (∆x+ ∆t)

1
2 + µ0

�6
∆x+ ∆t ≤ 1

K2

#
" �g�� , ´� ��e�- ��e� 6 g

η
�eg.� �� �.� , ´� �eµ� �����g

t∗ = 0
 g
t∗n = 0

# à�eg.�� !Q � ��ge0���� � # »��� ��� 6����� �
(x, t) 7→ Ψ(x, y∗, t, t∗n)

e����µ�� ���- e:�-�- e� e � ���  6
RN×(0, T )

# »��� , ����. ��� 6e�� ��e�
u
�� e ��!4� ���� � 6 ¶Ã #Äº , ´� 0�0��� ��e�

η + p∗t ≤ c[u](x∗, t∗)|p∗x + 2αx∗| ¶Ã #Ã¾º
´��g�

c[u](x, t) = c0 ? 1{u(·,t)≥u(x,t)}(x) −
1

2

∫á
N

c0

e�0
p∗t =

t∗ − t∗n
γ

, p∗x =
x∗ − y∗

γ
.

·����
t∗n > 0

, ´� e�� �eµ�
Ψ(x∗, y∗, t∗, t∗n) ≥ Ψ(x∗, y, t∗, tn)

6 g
tn ≥ t∗n − ∆t

#»��� �-�����
v#(y∗, t∗n) − v#(y, tn) ≤ ϕ(y∗, t∗n) − ϕ(y, tn) for tn ≥ t∗n − ∆t

¶Ã #Ã ¸º
6 g

ϕ(y, tn) = −
(

|x∗−y|2
2γ

+ |t∗−tn|2
2γ

+ α|y|2
) # à� 0�� �� !Q

x∗I
��� � 0� ����

��e�
y∗ ∈ QI∗

¶��� ���� ��!� ����g�0 ��
x∗I

º # à� ���� 0�0���
ϕ(y∗, t∗n) − ϕ(y∗, t∗n − ∆t)

∆t
≥v#(y∗, t∗n) − v#(y∗, t∗n − ∆t)

∆t

=
v(x∗I , t

∗
n) − v(x∗I , t

∗
n − ∆t)

∆t
≥c̃∆[v](x∗I , t

∗
n)Gs[v](x∗

I ,t∗n)(D+v(x∗I , t
∗
n), D−v(x∗I , t

∗
n))

≥c̃∆[v](x∗I , t
∗
n)Gs[v](x∗

I ,t∗n)(D+ϕ(y∗, t∗n), D−ϕ(y∗, t∗n))

´��g� ´� �eµ� ��� ��� - � � �����Q  6
G± e�0 ¶Ã #Ã ¸º ´ ���

tn = t∗n
6 g ����e�� ���� # à� 0�� �� !Q

s∗ = s[v](x∗I , t
∗
n)

# ·�ge�.��6 g´eg0 � -���e�� ��  6 ���0���g��� 0�g�µe��µ�  6
ϕ

Q ���0

p∗t +
∆t

2γ

≥c̃∆[v](x∗I , t
∗
n)Gs∗

(
p∗x −

∆x

2γ
− α(2y∗ + ∆x), p∗x +

∆x

2γ
− α(2y∗ − ∆x)

)
.¶Ã #Ã;º

Ø2�



# Û �KH@AICFE LCP@H@ ÷=A DILE= CFMI=>L DG>FH ICL
·�!�ge����. ��� e! µ� ���3�e���Q � ¶Ã #Ã¾º Q ���0�

η ≤∆t

2γ
+ c[u](x∗, t∗)|p∗x + 2αx∗|

− c̃∆[v](x∗I , t
∗
n)Gs∗

(
p∗x −

∆x

2γ
− α(2y∗ + ∆x), p∗x +

∆x

2γ
− α(2y∗ − ∆x)

)

≤∆t

2γ
+ (c[u](x∗, t∗) − c̃∆[v](x∗I , t

∗
n))|p∗x| + αK|x∗|

+ c̃∆[v](x∗I , t
∗
n)

∣∣∣∣∣G
s∗
(
p∗x −

∆x

2γ
− α(2y∗ + ∆x), p∗x +

∆x

2γ
− α(2y∗ − ∆x)

)

−Gs∗(p∗x, p
∗
x)

∣∣∣∣∣

≤∆t

2γ
+ (c[u](x∗, t∗) − c̃∆[v](x∗I , t

∗
n))|p∗x| + αK|x∗| +K

(
∆x

γ
+ 2α|y∗| + 2α∆x

)
.

à� � ´ �eµ� � ! ��0 ��� ��g-
I =(c[u](x∗, t∗) − c̃∆[v](x∗I , t

∗
n))|p∗x|

=(c0 ? 1{u(·,t∗)≥u(x∗,t∗)}(x
∗) − c0 ? 1{v#(·,t∗n)>v#(y∗,t∗n)}(x

∗
I))|p∗x|.

à� �eµ� � 0�����.���� �´ �e��� &
6ÉÊ Ç � ß Ö ���- � ��e� 6 g

γ > 0
À:�0 , |x∗ − y∗|2

γ
≥ C2

γ

6 g � - � � ���e��
Cγ > 0e�0 6 g e��

α
�- e�� #

ÂQ ���3�e���Q
Ψ(x∗, y∗, t∗, t∗n) ≥ Ψ(x, x, t∗, t∗n)

, ´� 0�0��� ��e�
u(x, t∗) − u(x∗, t∗)

≤v#(x, t∗n) − v#(y∗, t∗n) − |x∗ − y∗|2
2γ

− α(|x∗|2 + |y∗|2) + 2α|x|2.

à� ���� .�� ��� ������� �
{u(·, t∗) ≥ u(x∗, t∗)} ∩ {v#(·, t∗n) ≤ v#(y∗, t∗n)} ⊂ {|x|2 ≥ R2

α,γ}

´��g�
R2

α,γ = 1
2α

(
|x∗−y∗|2

2γ
+ α(|x∗|2 + |y∗|2)

) # à� e�� �eµ�

{|x− x∗| ≥ Rα,γ} ⊂ {|x| ≥ R̃α,γ}
Ø2#



ôLMIHFMI=> D K@AA@KA ù =KA E@ H=K?@H@>M ùFA C=KAúKA@ H=G@>>@
´��g�

R̃α,γ = Rα,γ − |x∗| → ∞ e�
α → 0

¶��� $e %� ÇÅ ÉÌß ()* , %�--e; #Ã+º # à� ����  !�e��
I ≤(c0 ? 1{v#(·,t∗n)>v#(y∗,t∗n)}(x

∗) − c0 ? 1{v#(·,t∗n)>v#(y∗,t∗n)}(x
∗
I) + c0 ? 1Bc(0,Rα,γ)(x

∗))|p∗x|

≤K
(
|Dc0|L1(

á
N )|x∗ − x∗I | +

∫

Bc(0,R̃α,γ)

c0(x)dx

)

<K(γ + ∆x) + oα(1)´��g� ´� �eµ� ���0 ¶Ã #ãÄº � ! ��0 |p∗x|
�� ��� ��� �0 ���� #

6ÉÊ Ç 
 ß Ö ���- � ��e� ���g� �: ���� e ��!��3�����
αn > 0

´���� ´� ����� 0�� �� !Q
α

���� ��e�
|x∗ − y∗|2

γ
→ 0 as α→ 0.

à� ���� .�� ��e�
p∗x → 0

e�
α → 0

# ·���� ��� µ�� ������ eg� ! ��0�0 , ´�.�� ��e� I = oα(1)
#

» ��- �� , ´� �eµ� �� ´� ��e�
I < K(γ + ∆x) + oα(1).à� ���� .�� ��e�

η < K

(
∆x+ ∆t

γ
+ γ

)
+ oα(1).

Ô�����.
η∗ = K

(
∆x+ ∆t

γ
+ γ

)
+ oα(1)

, ´� ���� � ����0� ��e� �����g
t∗ = 0 g

t∗n = 0
6 g

η ≥ η∗
#à ����µ�g

t∗ = 0
, ´� .�� 6 g

η∗ ≤ η ≤ 1

M =Ψ(x∗, y∗, 0, t∗n) ≤ u0(x
∗) − v#(y∗, t∗n)

≤K|x∗ − y∗| +Kt∗n + µ0

≤Kγ + µ0

»�� �e- � g����� � �0� ´����µ�g
t∗n = 0

# à� ���� 0�0��� ��e� 6 g
η = η∗

e�0
(x, tn) ∈ RN × {0, ..., tNT

}
u(x, tn) − v#(x, tn) − η∗T − 2α|xI |2 ≤M ≤ Kγ + µ0.·��0��.

α→ 0
, �e5��. ��� ���g�-�-  µ�g

(x, tn)
e�0 ��  ���.

γ = T 1/2(∆x+
∆t)1/2

, ´� .��
µ ≤ K(∆x+ ∆t)1/2

√
T + µ0

�g µ�0�0
∆x+ ∆t ≤ 1

K2

# Þ ���. ��� �e- � eg.�-����  6 Ö �µeg�× ÇÅ ÉÌß(* , »�� 4
g�- ;+ , ´� �e���Q 0�0��� ��� g����� �� ��� .���ge� �e�� # »��� ��0� ��� �g  6  6»�� g�- ; #; #

Ø2)



# Û �KH@AICFE LCP@H@ ÷=A DILE= CFMI=>L DG>FH ICL
à� � ´ � ���  �� ��e� ���g� �� � � ��������Q �gg g 6 g ��� ����- � ¶Ã #¸Ãº # ³6���g� �� e � ��������Q �gg g , ���� ���g� ´ ��� ! � e � ��������Q �gg g 6 g ��� µ�� ������ ,ÑßÇß 6 g e��

ϕ ∈ C1(RN × (0, T ))
´ ��� ‖ϕ‖C1(

á
N×(0,T )) ≤ C

����
c∆[ϕ|Q∆

T
]nI − c[ϕ](xI , tn) ≤ f(∆x,∆t)

¶Ã #Ã¹º
´ ���

f(∆x,∆t) → 0
e�

(∆x,∆t) → 0
#

0 A=ù=LIMI=> # Û) Û ó�= C=>LILM@>CG @AA=AûÿÆ Ç�Ç ÑÊ Ó Ï ÒÏÓÊÑÊÅÇÓ Ò� Ç��Ï� Ð Ï� ÅÆ Ç Ê ÒÆ ÇÎ Ç ¶Ã #¸Ãº� ÑßÇß Ç�þÉÅÑÏÓ ¶Ã #Ã¹º ÍÏÇÊ Ó ÏÅÆ ÏÌÍß
0 A==÷ =÷ 0 A=ù=LIMI=> # Û)à� �eµ� � �g µ� ��e� ���g� �: ���� e � ���e��

C0 > 0
���� ��e� 6 g e��

∆x,∆t > 0���g� �: ���� e 6����� �
ϕ

���� ��e�
c∆[ϕ|Q∆

T
]nI − c[ϕ](xI , tn) ≥ C0 and |ϕ|C1(

á
N×(0,T )) ≤ C.

» ��� ���� , �� ��P ��� � �e5� e 6����� �
ϕ

´����  �����e��� e� �� ´� �� "�.�g� Ã #¸#

∆x

xI

lmn o Ã #¸ p äge��  6 ��� 6����� �
ϕ

0�À��0 ��
R
#

� @HFA� # Û, Û ÿÆ Ç�Ç ÑÊ Ó Ï ÒÏÓÊÑÊÅÇÓ Ò� Ç��Ï�� �þÅ ÅÆ Ç Ê ÒÆ ÇÎ Ç ÑÊ ÒÏÓÊÑÊÅÇÓÅß �ÓÍÇÇÍ� ÑÐ
� Ç Ë � ÅÆ Ç Ð þÓ ÒÅÑÏÓ

ϕ
ÑÓ ÅÆ Ç È �Ç�ÑÏþÊ È �ÏÏÐ � ÅÆ ÇÓ þÊÑÓ� � ÌÇÈ Ç� üÇÎÎÉ � �"�� Ç�þÉÅÑÏÓ

�!�� � � Ç � ÇÅ
lim

∆x→0
c∆[ϕ|Q∆

T
]nI − c[ϕ](xI , tn) = 0.

à� � ´ � ���  �� ��e� ��� �´ ����- � ¶Ã #¿º e�0 ¶Ã #¸Ãº eg� � � - � � �� &
0 A=ù=LIMI=> # Û1 Û ó�=> H=>=M=>ICIMG =÷ MP@ LCP@H@ûÿÆ Ç Å� Ï Ê ÒÆ ÇÎ Ç ¶Ã #¿º ÉÓÍ ¶Ã #¸Ãº É�Ç Ó ÏÅ Î ÏÓÏÅÏÓ Ç Ð Ï� � ÇÓ Ç�ÉÌ

c̄0
ß

0 A==÷ =÷ 0 A=ù=LIMI=> # Û1
Ø2,



ôLMIHFMI=> D K@AA@KA ù =KA E@ H=K?@H@>M ùFA C=KAúKA@ H=G@>>@
¸# òP@ IHùEICIM LCP@H@ ¶Ã #¿ºà� .�µ� e ��- ��� � ����g4�:e-��� �� ���  �� 0�- ���� �e� �e�� # à� �e5�

ũn
i =

vn
i = i∆x

# »�� . e� �� � � ���g��� e ��!4� ���� �
un+1

e�0 e ����g4� ���� �
vn+1

���� ��e�
un+1

i = i∆x+ c1

vn+1
i = i∆x+ c2.Ö ��-��� � -���e�� � .�µ��

c1 = ∆t
∑

j≥0

c̄0j and c2 = ∆t
∑

j>0

c̄0j .

à� ���� 0�0��� ��e�
c1 − c2 = ∆tc̄00 > 0

¶�6
c̄00 > 0

º # »��� �-����� ��e�´� �e� � ���g��� �´ 0�. �g��� � ���� �� ¶��� ���g�-�-  6 ��!4� ���� �� e�0��� ��À-�-  6 ����g4� ���� ��º # »��� �- ����� ��e� ��� ����- � ¶Ã #¿º �� � �- � � �� #
; # òP@ @õù EICIM LCP@H@ ¶Ã #¸Ãºà� e�� .�µ� e � ����g4�:e-��� �� ���  �� 0�- ���� �e� �e�� # à� �e5�

un
i =






−δ if i = 0
1 − δ if i = −1
0 otherwise

and vn
i =






δ if i = 0
1 − δ if i = −1
0 otherwise

à� ���� �eµ�
un

i ≤ vn
i

6 g e��
i ∈ Z

# à� ���� �g µ� ��e�
un+1

0 > vn+1
0

6 g
δ

�- e�� �� �.� # "�g�� ´� g�- eg5 ��e�
c∆[vn]0 ≤ 0

¶�6 ∑
i6=0,−1

c̄0j ≥ c̄00 + c̄0−1

º , � 
vn+1

0 ≤ δ
# ' g� µ�g ,

un+1
0 = − δ +

∆t

∆x

(
∑

j

c̄0j −
1

2

∑

j

c̄0j

)
√

1 + δ2

≥− δ +
∆t

∆x

(
1

2
|c0|L1(

á
)

)

>δ

�6
δ <

∆t

2∆x

(
1

2
|c0|L1(

á
)

)
.

»��� � ��ge0���� ��� - � � �����Q  6 ��� ����- � #
»��� ��0� ��� �g  6  6 ��� Ôg � ���� � #
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g  H?ª¯®@G ®¯H G@©¯«¨>

³� ���� ����� � , ´� �g µ�0� � - � ��-�g��e� ��-��e�� �� # ³� e Àg�� ��!����� � , ´��:��e�� e - ��� 0 � � �µ� ��- �g��e��Q ��� �-������ ����- � ¶Ã #¿º4 ¶Ã #¸¾º4 ¶Ã #¸¸º# »���´� �g µ�0� e ��- ��� ��-��e�� � � ���g���. e � ��e����. ��g��� , ´ ��� ��� �-����������- � e�0 e� e� ���g  �� , � ��.���.�� ��� 6e������. ���� -��e , ´ ��� ��� �:����������- � #
¯ a° ° RZ ]R ^RìTé ]²é ê`_ìêëê] ^ë²é`é ¥

» � �µ� ¶Ã #¿º4 ¶Ã #¸¾º4 ¶Ã #¸¸º , ´� ´ ��� ��� e� ���ge��µ� �g ���� # Ö ���-� ��e� ´� �eµ�e � ���� �
vn

e� ����
n
# à� � ´ ´e�� � � -���� e � ���� �

vn+1
e� ����

n+ 1
# » 0 ���� , 6 g

w̃ ∈ RQ∆ , ´� 0�� �� !Q
w = Φ(w̃)

��� � ���� �  6 ��� 6 �� ´ ��. e�: ���egQ����- � &
wI − vn

I

∆t
= c∆w̃ [w]I

{
G+(D+

w̃wI , D
−
w̃wI) if c∆w̃ [w]I ≥ 0

G−(D+
w̃wI , D

−
w̃wI) if c∆w̃ [w]I < 0

¶Ã #Ããº
´��g�

c∆w̃ [w]I =
∑

J∈�N

c̄0I−J1{w̃J≥wI}∆x1...∆xN − 1

2

∑

J∈�N

c̄0J∆x1...∆xN

e�0
D±

w̃wI = (D±
x1,w̃wI , ..., D

±
xN ,w̃wI)

´ ���

D+
xi,w̃

wI =
w̃Ii,+ − wI

∆xi

,

D−
xi,w̃

wI =
wI − w̃Ii,−

∆xi

,

´��g�
Ik,± �� 0�À��0 �� ¶Ã #¹;º # ·���� ��� ��6� �e�0 ��0�  6 ¶Ã #Ããº �� � �40��g�e���.��

wI

e�0 ��� g�.�� �e�0 ��0� �� � �4���g�e���. , ���g� �: ���� e ���3�� � ���� � ¶�� e����� ��- ��eg  6 $�À���� � Ã #¸º ´���� �e� !� � -����0 ����. e 0��� � -Q �g ���� #»�� �-� g�e�� � ��� �� ��e� �6
w̃

�� e ��!4� ���� � ¶g��� # ��� �g4� ���� �º ����
w = (wI)I

�� ����� e ��!4� ���� � ¶g��� # ��� �g4� ���� � º e�0 �e���À��
wI ≥ w̃I

¶g��� #
wI ≤ w̃I

º ¶��� ��� �g  6  6 Ôg � ���� � Ã #¹º #»�� �0�e �� ���� � 0�À��
w0 = vn − C

´��g� ��� � ���e��
C

�� ���� ��e�
w0�� e ��!4� ���� �  6 ¶Ã #¿º e�0 ���� � � ���g��� ���ge��µ��Q

wk+1 = Φ(wk)
# ·�����.

vn+1 = limk→∞wk
, ´� �eµ� ��e�

vn+1
�� e � ���� �  6 ¶Ã #¿º #

¯ aç b ëRììX_^êSV ëêUëìé
³� ���� ��!����� � , ´� �g µ �0� e ��-��� ���� ´ ��� ��� �-������ ����- � � ���g���.��� �µ ���� �  6 e ��g��� # »�� . e�  6 ���� ��-��� ��-��e�� � �� Á ��� � ����5 ��e� ���
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��g��� ´ ��� 0��e���eg ´ ��� ��� .  0 ��- � # à� �e5� e ��g���  6 ge0���

1
# »�� �ege-���g�eg�

∆x = 0, 05
,
∆t = 0, 01

e�0
ε = 0, 3

# ' g� µ�g , ´� �e5� ��� 5�g���

cε0 =






1 if |x| ≤ 0, 05
1

| ln ε||x|3 if 0, 05 ≤ |x| ≤ 2

0 if |x| ≥ 2

»�� �����e� � �0��� � �� ��� 0���e��� � ��� ��g��� # »�� g����� �� �� ´� �� "�.�g� Ã #; #

lmn o Ã #; p æµ ���� �  6 e ��g���  6 ge0���
1

e� ��- �
0, 0.1, 0.2, 0.3, 0.4

e�0
0.49

f�-�g��e��Q, ��� 0��e���eg��. ��- � �� � -�g��� ! ��´���
0.49

e�0
0.50

´����� gg��� �0 � ´�e� ´� �:���� ��� g����e��Q ¶��� g�e� ��- � ��
0.50

º #
¯ að wX]]éSêSV _²éSR`éSX

»�� ��� �0 ���� �� � ���g���. ´ ��� ��� �µ ���� �  6 ���
8

� � ���  �� ��� 6e�4�����. ���� -��e # »��� ���� �e� ! ��� -e0� ´ ��� ��� �:������ ����- � # à� �e5� �´ ��g����  6 ge0���
0, 58

���� ��e� ���Q eg� �e�.��� ��  �� � ��� e�0 ´� �  5 e� ����µ ���� �  6 ��� ��µ�� ���
0

e�0 −0, 06
# »�� �ege-���g� eg�

∆x1 = ∆x2 = 0, 01
,

∆t = 0, 0001
e�0

ε = 0, 1
# ' g� µ�g , ´� �e5� ��� 5�g���

cε0(x) =






0 if |x| ≤ 0, 3
1

| ln ε||x|3 if 0, 05 ≤ |x| ≤ 10
3

0 if |x| ≥ 10
3

Ù££



) Û �KH@AICFE ¦IHKEFMI=>L
»�� g������ eg� �g µ�0�0 �� "�.�g� Ã #¹ #

lmn o Ã #¹ p æµ ���� �  6 ���
8

e� ��- �
0, 0.05, 0.1

e�0
0.15

#
�C�>=q E@DB@H@>ML»�� e��� g ´ ��0 ��5� � ��e�5� & # ' ���e� 6 g �g � ���. ��- ��� �g !��- e�06 g 6g���6�� 0������� �� �� ��� �g��ege�� �  6 ���� �e��g e�0 æ # �eg��� � 6 g ����.����.0������� �� e! �� ��- �g��e� ��-��e�� �� # »�� e��� g ´e� ���� g��0 !Q ��� � ��ge��Ý� ¸¾;Ã �e���0 îÖ�³ Á ����� ���g������� �� Á ����� ���g����g�ï  6 ��� "g���� ' �����gQ 6 &���eg�� ¶;¾¾¹4;¾¾)º #
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� �	� �
�� ±

� �����²���� � ���� � �
�� �� ³	

	��� ��² ²����	���� � ��� ���

���	
��� ��´��	�� ��� �����µ �

�� ��e���g� ��� ���� 0 2�� �geµe�� �� � ��e! ge�� � eµ�� æ # �eg���� , ' # "e�� �� ��& # ' ���e� (ÃÃ+ #$e�� �� �geµe�� , � �� �g1���� �� �� � �µ�� e�. g���-� 0� �Q�� "e�� 'eg����. � �g��� 13�e�� � ��5 �e�� � �4� �µ�:� -  01���e�� � 21µ ���� � 0 2�� 6g �� 0e�� �e 0�g��4�� � � g- e�� # % 2e�. g���-� ��� ��� �:����� � 0� �e "e�� 'eg����. '��� 0 ¶�g � �1��eg ·����e�º 0e�� �� ����  ¶ �� � �µ�e� ���1- e ���� 1.e��- ��� �g��0g� �� � -���0�� µ������� 01� ��0e���� 0� ��-�� , �e�� e����� g���g���� � 0� ��.�� # f �� e�e�Q� ����� �g �g�1�1� 0� � 2e�. g���-� �� � �� -  ��g �� �e � �µ�g.���� 0e�� �e ��e��� 0�� � 4���� �� 0� µ��� ���1� 0��� ������� # f �� �g1���� �� 1.e��- ��� 3���3��� ��-��e�� ����-1g�3��� � �g 0�� 6g ��� �� �g �e.�e�� 0e��
R2

#



a OMP=D@ �FLM a FACPI>B ·O>OAFEILO@
QRSTéUVéSëé RW X ¸éSéUXìê¹éc wX^] è XUë²êSV è é]²Rc

WRU X SRSYëRSTéº éêZRSXì é[\X]êRS

æ # �eg���� , ' # "e�� �� , f # " g�e0�� , & # ' ���e�
h»�ijkli�u svuruno t nuw �tro � tvzpqn{ t|{xvqop� }xv t nxn~zxnyu� uq�xnt|u��toqxn � x�u|qn{ }vxno uyx|�oqxnr qn opu nxv� t| �qvuzoqxn � �pu t|{x~vqop� qr tn u�ounrqxn x} opu �tro � tvzpqn{ � uopx� rqnzu opu nuw rzpu� uztn �ut| w qop t ¼½¾ ¿ÀÁ¿Â ¿ÃÁ¿Ã¼ yu|x zqo� w qopx�o ÄÃÅ Æ¿Ç¼Æ½È¼½ÉÃ ÉÃ ½¼Ç

Ç½ÊÃ � �u tnt|�Ëu opu svxs uvoqur x} opu t|{xvqop� tn� wu svxyu qor zxnyuv~{unzu qn opu z|trr x} �qrzxnoqn�x�r yqrzxrqo� rx|�oqxnr � � qnt||�� wu svurunorx� u n�� uvqzt| rq��|toqxnr x} }vxnor svxst{toqn{ qn
R2 �h� � ��k�� ��lki��� � ��� �� � ��� �� � �� �� �¡¢£¤�j¥� � Ì t� q|oxn Ítzx�q u��toqxnr � }tro � tvzpqn{ rzpu� u � zxnyuv~{unzu � y qrzxrqo� rx|�oqxnr �

¦ §¨©ª«¬®©¯«¨
»�� . e�  6 ���� �e��g �� � �g � �� e�0 e�e�Q×� e ��-�g��e� ����- � � � -������� �µ ���� �  6 e 6g �� 0g�µ�� !Q ��� � g- e� µ�� ���Q

c(x, t)
��0�g µ�gQ .���ge�e���-��� ��  �

c
# ³� �eg�����eg , ´� ´ ��� g�- µ� ��� ���e� e���-��� � ´���� e���.��� 

c
e � ���e�� ��.� 0�g��. ��� �µ ���� � # »��� - �e�� ��e� ��� 6g �� �e�  �����e�� e�0�e�� ��µ�ge� ��- ��  µ�g ��� �e- � � ���� # »�� �����e� 6g �� �� ��� ! ��0egQ  6 e�  ������
Ω0

, ´���� �� g��g������0 !Q e ��ege���g����� 6����� �
1Ω0 − 1Ωc

0

, 0�À��0 �3�e� � 
1

 �
Ω0

e�0 −1
 � ��� � -���- ���egQ ��� # ' e���-e���e��Q, ´� eg� ����g����0 �� ���0��� ����� �� µ��� ���Q � ���� �

θ(x, t)
 6 ��� 6 �� ´ ��. �3�e�� �

{
θt(x, t) = c(x, t)|Dθ(x, t)|  �

RN × (0, T )
θ(·, 0) = 1Ω0 − 1Ωc

0
.

¶) #¸º
½�g� ��� ���� g�  6 ��� 0��� ����������  6 ��� 6����� �

θ
� �e��×�� ��� 6g �� ´� eg�����g����0 �� # »��� ´ g5 �� -  ��µe��0 !Q ��� ��-�g��e� � -���e�� �  6 0��� �e�� ��0Q�e- ��� ´��g� ��� µ�� ���Q  6 ��� 6g �� �e� ��e�.� ��.� ¶��� & 0��Q, %� Â �eg ," ���� (¸ÃÄ+º #

Ö µ�gQ � ���eg - ��� 0 � 0���g�! � ��� �µ ���� �  6 e 6g �� �� ��� %�µ�� ·��� - �4�� 0 ¶��� ��� ��- ��e� �e��g !Q 9���g e�0 ·����e� (¸Ãã+ e� ´��� e� ��� - � .ge�����(¸); , ¸)¹+ , (¸Ã;+º , ´��g� ��� 0��� ����� �� � ���� �
θ

�� g���e��0 !Q e � ����� ��6����� � , e�0 ��� �3�e�� � �� 0���g���×�0 ����. À���� 0�.�g���� - ��� 0 ´ ��� e �"%
Ù£�
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� �0��� �  6 ��� �Q��

∆t‖c‖∞ ≤ ∆x
6 g �:������ ����- �� , ´��g�

∆x
�� ��� ��e�� ����e�0

∆t
�� ��� ��- � ���� #

Ö� ���g ´���45� ´� -��� 0 �� ��� "e�� 'eg����. '��� 0 ¶"'' º ¶��� ·����e�(¸)¸, ¸)¹+º , ´��g� ��� ��5� ´�  6 ��� �g !��- �� ��� ��- �
t(x)

��� 6g �� g�e���� ���� ���
x
# »��� - ��� 0 ´ g5� 6 g � � ��.e��µ� ¶� � � ����µ�º µ�� ������ e�0 �g µ �0�� eµ�gQ �P ����� ����- � ´���� � �����ge��� ��� � -���e�� �e� �. g�  � e ���.�! g�  0 6 ��� 6g �� # » !� - g� �g����� , 5�����. �� - ��0 ��� µ��´� ���  6 0��� ����� �� � 4���� �� , �� ��� ���e� "'' ´� 0�À�� ��� Ö������0 g�.� � ¶ÖÎ º e� ��� 0���g���×e�� � 6 ��� g�.� � {θ = 1} e�0 ��� fegg ´ Âe�0 ¶fÂ4º e� ��� 0���g���×e�� �  6 ��� ! ��40egQ

∂ {θ = 1} , ´���� �� e� ��� 0���g��� ��µ�� � ��e���0 �� ��� g�.� � {θ = −1} # »��e�. g���- � -����� ��� ��´ µe����  ��Q e� ��� � 0�� ! �� �.��. � ��� �egg ´ !e�0e�0 e������ Á ���  ��  6 ���- , ���  �� � gg��� �0��. � ��� - ���-�- µe��� ¶��� Õ �-(¸;Ã+ 6 g e 6e���g �-���- ���e�� � º # ³� ��� �e�� ´���
c
�e�� � ��e�.� ��.� ´� �eµ�e - � � �� ¶���g�e���.  g 0��g�e���.º �µ ���� � e�0 ��� 6g �� �e���� Á ���  �� ��- � � �µ�gQ � ���  6 ��� � -���e�� �e� 0 - e�� # »�� � gg��� �0��. egg�µe� ��- �  6 ���6g �� �� ���µe���0 � ��e� ��� �µ ����µ� �g !��- g�0���� � e ��e�� �egQ �g !��- ¶�����5 �e� �3�e�� � º # f �� ��e� �� ���� - ��� 0 , ���g� �� � ��- � ���� , ! ��e��� ��� ��- ��� �����6 ��� ��5� ´�  6 ��� �g !��- � ��e� ���  g�.��e� �µ ����µ� �g !��- ¶) #¸ºg�0���� � e ��e�� �egQ �g !��- e� g�- eg5�0 �� (ÄÃ+ e�0 (¸Ã¸+ #» ��� ���� �e��g ��� � �g�� ����µ� , ��� �� g��e�� ��e� ��� "'' ´e� �����e��Q0�µ�� � �0 6 g ¶) #¸º ´ ��� ��- � ��0����0��� µ�� ������

c(x) > 0
¶��� ·����e� (¸)¹+ e�0»�����5��� (¸*¿+ 6 g ��� - ��� 0 �g�µ � ���Q 0�µ�� � �0  � .ge���º # »��� "'' ����- ��e� ! ��� �g µ�0 � ! � � �µ�g.��� , ����. e g��e�� � !��´��� ��� "'' � ���� � e�0��� ��- �g��e� � ���� � � À���� 0�.�g���� ����- �� 6 g ��� %�µ�� ·��� 6 g-��e�� � ,6 g ´���� �� �� 5� ´� ��e� ����� ����- �� eg� � �µ�g.��� ¶��� �g����e�� e�0 "e�� ��())+º # ' g� g������Q, ��� - ��� 0 �e� ! ��� �:���0�0 � -  g� .���ge� ½e- ��� �4Ýe� !��3�e�� � !Q ·����e� e�0 r �e0�- �g�5Q (¸)ã , ¸)Ã+ e�0 �� �e� ! ��� e�� e0e���0 � ����e��  6 ��- �40�� ��0��� � �4��.e��µ� µ�� ������

c(x, t) ≥ 0
!Q r �e0�- �g�5Q (¸Ä¾+ #½ ´�µ�g , �� �  �g 5� ´ ��0.� , � �g  6  6 � �µ�g.���� �e� ! ��� .�µ�� 6 g ���µeg�e!�� ��.� µ�� ���Q �e�� #

»�� . e�  6 ���� �e��g �� � �g � �� e ��´ ä���ge��×�0 "e�� 'eg����. '��� 0¶ä"''º ´���� ´ g5� 6 g .���ge� µ�� ������
c(x, t)

´ ��� �� ��.� g���g���� �� # »����-����� ��e� ��� �µ ���� � �� � � ������eg��Q - � � �� e�0 ��e� ��� ��- �  6 egg�µe� 6 ��� 6g �� �e� !� -����µe���0 # »��� , ��  �g ä"'' �� �� �e��ge� � ���g 0��� �´ Ö������0 g�.� �� ¶
A+

º e�0 ¶
A−

º , e�0 �´ fegg ´ !e�0� ¶
F+

º e�0 ¶
F−

º ��  g0�g � ! � e!�� � �e5� ��� e�� ��� ��� ��e�.��  6 ��.�  6 ��� µ�� ���Q# »�� �Q���e� �����g��� " �. # ) #¸# ³� � - � ����� ´� �ge�5 �´ 6g ��� &  �� - µ��. ´ ��� � ����µ� µ�� ���Qe�0  �� - µ��. ´ ��� ��.e��µ� µ�� ���Q# Ö �g���- ��egQ µ�g�� �  6 ���� ��´ ����- ��e� ! ��� �g � ��0 �� (Ãã+ , � ´�µ�g �� ��e� Àg�� µ�g�� � � �g  6 ´e� .�µ�� e�0 � - ��- e�� !�� µ�gQ �- � g�e�� 0��e��� , ´���� - e5� ��� ����- � ´ g5 �� ��� .���ge� �e�� ,
Ù£#
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´�g� - �����. #

ÏÏÐÐ ÑÑÒÒ
ÓÓÔÔ ÕÕÖÖ
× ×× ×ØØÙ
ÙÚÚÛÛÜÜÝÝÞÞß ßß ßààááââã

ãääå
åææç
çèè ééêê

F+

A−
F−

A+

lmn o ) #¸ p »�� �egg ´ !e�0�
F+

e�0
F−

#
9�g ä"'' �e� e .g�e� � �����e� 6 g ��µ�ge� 6���g� 0�µ�� �-���� # %�� ��  ��Q-���� � ��� e�����e�� � � 0��� �e�� �� 0Q�e- ��� ��e� ´� ´ ��� ���0Q �� e 6���g� ´ g5 #
à� ���g 0��� �� ·���� � ; ��� ä"'' ����-� # %�� ��  !��gµ� ��e� ���g� eg���µ�ge� ��!�������� , ��e� 0 � � e���eg �� ��� ���e� "'' 6 g

c(x) > 0
# »���� ��´6�e��g�� ���- ������egQ � - e5� ��� ����- � ´ g5 6 g .���ge�

c(x, t)
# %�� �� ���� e6�´  6 ���- # "�g�� , ´��g� ��� µ�� ���Q ��e�.�� ��.� �� ��e�� , ´� ���0 � -�� ´ � g�.��eg�×� �� � eµ �0 ����e!������� ¶�� ��- �º  6 ��� 6g �� # ·�� �0 , ! ��e��� ��� ��- ����� �� � - �� ´ ��� 0�. �g����

∆tn = tn+1 − tn
!��´��� �´ � -����0 ��- �� , ´����0  �g e�. g���- � ����g� ��e� ���� ��- � ���� g�- e��� ! ��0�0 6g - e! µ� !Q e.�µ�� ��- � ����

∆t
# ³� 6e�� , �� �� �� ������egQ ����� ��� � �µ�g.���� g����� �� ´ � ��e�� �-�g µ�  �g e��g : �- e�� �  6 ��� � ���� � ��� 0���g���×e�� � �ege- ���g�

∆t
e�0

∆x
-��� . � ¾ e�0 ´��� ��� µ�� ���Q �� µ�gQ �� �� � ×�g , �6 ��e� ! ��0 �� � �g��� ����0 , ��� e�. g���- -eQ .���ge�� e ��3�����  6 ��- � �����

∆tn
� � � �µ�g.���� ×�g # »��g0 , ´� -eQ .�� � -����0 ��- ��

t̃n+1

´���� �e���6Q
t̃n+1 < tn

, �6 6 g����e��� ��� µ�� ���Q �� e�´eQ� �3�e� � ×�g �:���� e� ��- �
tn

# ³� ���� �e�� , �� ��������egQ � ��0e�� ��� ��- � ´ ��� ��� µe���
tn

e�0 � �
t̃n

# " �g�� , ´��� ��� 6g ���� �� �� � e .�µ�� � ��� ´� �eµ� � ��  �� �eg�6� ��Q �6 ´� ��0e��  g � � ��� µe��� 6 ��� ��- � e� ���� .�µ�� � ��� # »��� g�e��Q 0����0�  � ��� � ���� �  6 ��� 0���g���6g �� e� ��- �
tn

e�0 e� ��- �
tn+1

e�0  � ��� 0�À���� �  6 ��� ��´ e������0 � ���� #
»�� -e�� g�����  6 ���� �e��g �� »�� g�- ; #Ã ´���� �� ´ � ��� � �µ�g.����  6  �gä"'' e�. g���- # à ��� ��� 0��� ����� �� � ���� � �� ���3�� , ���� g����� ��e��� ��e���� ��- �g��e� � ���� � � �µ�g.�� � ��� 0��� ����� �� µ��� ���Q � ���� � e�

∆x,∆t
. 

Ù£)



Ù Û òP@ ·�aa FEB=AIMPH F>D MP@ HFI> A@LKEM
� ×�g # ³� ��� �e�� ´��g� ��� 0��� ����� �� µ��� ���Q � ���� � �� � � ���3�� , ��� g����� ��Q ��e�- � ��e� ��� ����g ��- �� ����� �� ��µ�� � � ¶ !�e���0 !Q e

limsup∗
, ��� ¶) #Äº6 g e 0�À���� � º  6 ��� ��- �g��e� � ���� � �� e 0��� ����� �� µ��� ���Q ��!� ���� �e�0 , � �µ�g���Q, ��e� ��� � ´�g ��- �� ����� �� ��µ�� � � ¶ !�e���0 !Q ���
liminf∗

º�� e ����g� ���� � #
Ö� ���g � µ���Q �� ��� �g  6  6 � �µ�g.����  6 ���� ä"'' e�. g���- # ³� 6e�� ,´� �e� � � ��� ��� g��e�� � ´ ��� ��� ���e� ����- �� 6 g ��� ��5 �e� �3�e�� � e� �� ����e��  6 � �4��.e��µ� µ�� ������

c(x) > 0
e�0 ´� ���0 e ÍÑ�ÇÒÅ È �ÏÏÐ # ³� �� ����g�����.� g�- eg5 ��e� , �µ�� �� ��� �e��  6 � �4��.e��µ� µ�� ���Q,  �g �g  6 �� ��´ # ½ ´�µ�g ,��� �0�e  6  �g �g  6 �� �����g�0 !Q ��� �e��g !Q Âeg��� e�0 ä� g.���� (;;+  �6g ��� 0g�µ�� !Q '�e� ��gµe��g� ´��g� ���Q �g µ� � �µ�g.���� 6 g e ����- � �� ���6ge- �´ g5  6 0��� ����� �� µ��� ���Q � ���� �� ¶´� e�� g�6�g � Âeg��� , · �.e��0��(;Ä+ 6 g � �µ�g.���� �� ��� 6ge- �´ g5  6 � ����� �� µ��� ���Q � ���� ��º # Âe���e��Q, ���� ��P ����� � � ���0�g e ���� 6����� � � �����. ��� ����g ��- �� ����� �� ��µ�� � �  6��� ��-�g��e� � ���� � ¶ !�e���0 e�

∆x,∆t
. � ×�g º ´���� µ� �e��� ��� ��!� ���� ��g ��g�Q e�0 � 0�g�µ� 6g - ���� � - � �g ��g����  6 ��� 0���g��� � ���� � 6 g � �4×�g 

∆x,∆t
# »��� � gg��� �0� � � ���0�g ���� 6����� �� � �����. ��� 0���g��� e�e� .��  6��� 0��� ����� �� 6����� �

θ
��  g0�g � .�� e � ��ge0���� � ´ ��� ��� !e��� �g � �g���� 6 ��� e�. g���- #

»�� �e��g ��  g.e��×�0 e� 6 �� ´ � # ³� ·���� � ; ´� ���g 0���  �g � �e�� � , �g����� �g ä"'' e�. g���- e�0 ��� - e�� g�����  6 ���� �e��g , ÑßÇß ��� � �µ�g.����  6 ���e�. g���- ¶»�� g�- ; #Ãº # ·�µ�ge� � --���� e�0 ��� �:��e�e�� �  6 ��� ��!�������  6��� e�. g���- eg� 0�������0 �� ·���� � ¹ # ·���� � ã �� 0�µ ��0 � �g µ� � -�eg�� ��g����� ��� e�0 �Q--��gQ 6 g ä"'' # ³� ·���� � Ã , ��µ�ge� �g���- ��egQ g������ eg��g������0 , 6 �����.  � �g ��g����  6 0���g��� ��- �� e�0  � ��� .� -��gQ  6 ��� ��µ������  6 ���� 6����� �� # ³� ·���� � ) , ´� ��� ��� g������  6 ·���� � Ã � �g µ� �����!� ���� � �g ��g�Q  6 ���
limsup∗

��µ�� � �  6 ��� ��-�g��e� � ���� � , ´���� ���� -�eg�� � �g�������  6 ·���� � ã �� ���0 � �g µ� ���� ��!� ���� � �g ��g�Q e� ����� ���e� ��- � # »�� -e�� g�����  6 ·���� � ) �� ��� �g  6  6  �g - e�� »�� g�- ¶»�� g�-; #Ãº # " ��e��Q, �� ·���� � * ´� �g����� � - � ��-�g��e� ��-��e�� �� e�0 � --��� �����g������ �� � ������ � ´ ���  �g ��� g����e� g������ #
; SC? ë�� � @GW«ª¯©CH @¨¬ ©C? H @ ¯¨ ª?> G©

³� ���� ����� � ´� .�µ� 0��e��� 6 g  �g ä"'' e�. g���- 6 g ����.��0 µ�� ���Q#%�� �� ��eg� ���g 0����.  �g 0�À���� �� e�0 � �e�� � #%�� �� � ���0�g e �e�����
Q ≡ {xI = (xi1 , .., xiN ) = (i1∆x, .., iN∆x), I =

(i1, .., iN) ∈ ZN} ´ ��� ��e�� ����
∆x > 0

# à� ´ ��� e�� ��� e ��- � ����
∆t > 0

#
»�� 6 �� ´ ��. 0�À���� �� ´ ��� ! � ���6� � �� ��� 6 �� ´ ��. #

Ù£,
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' @(>IMI=> Ù ÛØÛ ÿÆ Ç >@IBPú=AP==D =÷ MP@ >=D@

I ∈ ZN
ÑÊ ÅÆ Ç Ê ÇÅ

V (I) ≡ {J ∈ ZN : |J − I| ≤ 1} ß
' @(>IMI=> Ù ÛÙ Û �Ñ�ÇÓ ÅÆ Ç ÊÈ ÇÇÍ cnI ≡ c(xI , tn) � Ç ÍÇË Ó Ç ÅÆ Ç Ð þÓ ÒÅÑÏÓ

ĉnI ≡
{

0 if there exists J ∈ V (I) such that (cnI c
n
J < 0 and |cnI | ≤ |cnJ |),

cnI otherwise.

' @(>IMI=> Ù Û� Û ÿÆ Ç >KH@AICFE ú=K>DFAG
∂E

ÏÐ É Ê ÇÅ
E ⊂ ZN

ÑÊ
∂E ≡ V (E)\E

� ÑÅÆ
V (E) =

{
J ∈ Z

N , ∃I ∈ E, J ∈ V (I)
}

' @(>IMI=> Ù Û� Û �Ñ�ÇÓ É Ë ÇÌÍ
θn

I � ÑÅÆ �ÉÌþ ÇÊ
+1

ÉÓÍ −1� � Ç ÍÇË Ó Ç ÅÆ Ç Å� Ï È ÆÉÊ ÇÊ
Θn

± ≡ {I : θn
I = ±1},

ÉÓÍ ÅÆ Ç Ð �ÏÓÅÊ
F n
± ≡ ∂Θn

∓, F n ≡ F n
+ ∪ F n

−.³� ��� 0���g���� �  6 ��� e�. g���- ´� ´ ��� ��� ��� 6 �� ´ ��. � �e�� �� &
±g ≥ 0

6 g
I ∈ F±

¶) #;º
- �e��

+g ≥ 0
6 g

I ∈ F+

e�0 − g ≥ 0
6 g

I ∈ F−.
¶) #¹º

' g� µ�g ,
min
±

{0, g±} ≡ min{0, g+, g−}
e�0

max
±

{0, g±} ≡ max{0, g+, g−}.
¶) #ãº

ç a° ¡²é XìVRUê]²` ^]é_YídY^]é_
à� 0���g�! � � ´  �g ä"'' e�. g���- 6 g ����.��0 µ�� ���Q# Ö �  �� �e� ��� ,� �ge�5 � gg����Q ��� �µ ���� � ´� ���0 � ���g 0��� e 0���g��� 6����� �

un
I ∈ R+0�À��0 6 g

I ∈ F n
� g��g������ ��� e��g : �- e��0 ��Q���e� ��- � 6 g ��� 6g �� �g �e4.e�� � e� ��� � 0��
I = (i1, .., iN)

 6 ��� 6g ��� e� ���
n
4�� ���ge�� �  6 ��� e�. g���- #

Ü> IMIF EIQFMI=>
¸# ·��

n = 1; # �ÓÑÅÑÉÌÑ* Ç ÅÆ Ç Ë ÇÌÍ
θ0

e�
θ0

I =

{
1

6 g
xI ∈ Ω0

−1
����´��g�

Ù£1
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¹ # �ÓÑÅÑÉÌÑ* Ç ÅÆ Ç ÅÑÎ Ç ÏÓ

F 0

u0
I = 0

6 g e��
I ∈ F 0a FI> CGCE@

ã # �ÓÑÅÑÉÌÑ* Ç
ûn−1

Ç�Ç���Æ Ç�Ç ÏÓ ÅÆ Ç � �ÑÍ

ûn−1
±,J =

{
un−1

J for J ∈ F n−1
±

∞ elsewhere.Ã # 6ÏÎÈ þÅÇ ũn−1
ÏÓ

F n−1
ÉÊ%��

I ∈ F n−1
±

, ����
¶eº �6 ±ĉn−1

I ≥ 0
,
ũn−1

I = ∞ ,
¶!º �6 ±ĉn−1

I < 0
, ´� � -����

ũn−1
I

e� ��� � ���� �  6 ��� 6 �� ´ ��. ��� �0 g0�g �3�e�� � &
N∑

k=1

(
max
±

(
0, ũn−1

I − ûn−1
+,Ik,±

))2

=
(∆x)2

|ĉn−1
I |2 if I ∈ F n−1

− ,

¶) #Ãº
N∑

k=1

(
max
±

(
0, ũn−1

I − ûn−1
−,Ik,±

))2

=
(∆x)2

|ĉn−1
I |2 if I ∈ F n−1

+ ,

´��g�
Ik,± = (i1, .., ik−1, ik ± 1, ik+1, .., iN).) #

t̃n = min
{
ũn−1

I , I ∈ F n−1
} #

* #
t̂n = min{t̃n, tn−1 + ∆t} #Ä #
tn = max(tn−1, t̂n)¿ # �6
tn = tn−1 + ∆t

e�0
tn < t̃n

. � ã ´ ���
n := n+ 1

#
¸¾ # �ÓÑÅÑÉÌÑ* Ç ÅÆ Ç ÓÇ� ÉÒÒÇÈ ÅÇÍ È ÏÑÓÅ

NAn
± = {I ∈ F n−1

± , ũn−1
I = t̃n}

,
NAn = NAn

+ ∪NAn
+¸¸# ì ÇÑÓÑÅÑÉÌÑ* Ç

θn

θn
I =






−1 for I ∈ NAn
+

1 for I ∈ NAn
−

θn−1
I elsewhere¸; # ì ÇÑÓÑÅÑÉÌÑ* Ç

un
ÏÓ

F n¶eº ³6
I ∈ F n\V (NAn)

, ����
un

I = un−1
I

#
¶!º ³6

I ∈ NAn
����

un
I = tn

#
¶�º ³6

I ∈ (F n−1 ∩ V (NAn))\NAn
, ����

un
I = un−1

I

#
Ù£2
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¶0º ³6

I ∈ V (NAn)\F n−1
����

un
I = tn¸¹ # ·��

n := n+ 1
e�0 . � ã

%�� �� 0���g�! � e 6�´ 6�e��g��  6 ���� ��´ e�. g���- &
¸# à� 5� ´ , e� �e�� ��- � ���� , ��� ��- �  � ��� 6g ��� , ÑßÇß  � ! �� ��0�  6 ���6g �� # »��� �� ������egQ � e�� ´ ��� ��e�.��  6 ��� µ�� ���Q ��.� �� ��- � #
; # ³� ÊÅÇÈ !, ´� ��� ��� g�.��eg�×�0 µ�� ���Q

ĉ
e�0 � �

c
��  g0�g � ��e!���×� ���6g �� #

¹ # ÊÅÇÈ � eµ �0� �eg.� Á �-�� �� ��- � e�0 .�ege����� ��e�
tn − tn−1 ≤ ∆t

´ ���
∆t�- e�� �� �.� #

ã # ÊÅÇÈ � e�� ´ � � ���g�e�� ��� ��- � # " g �:e-��� , �6 e� ��- � ����
n
, ´� �eµ�

ĉn−1
I = 0 ∀I ∈ F n−1

, ���� ���g� ´ ��� � � ! � ��´ e������0 � ���� e�0 ��� ��- �´ ��� � � ��e�.� e�0 ��� e�. g���- ´ ��� ! � !� �5�0 ´ ��� �� ����� * e�0 ¿ #
Ã # ÊÅÇÈ % .�ege����� ��e� ��� ��Q���e� ��- �

tn
0 �� � � 0��g�e�� #

) # ³� ÊÅÇÈ �
 , 6 g ��� g��� ���e��×e�� �  6
un

I

, ´� ��e�.� ��� µe���  ��Q �6 e � ��� 6 ��� ���.�! g�  0  6 ��� � ���
I

�e� ! ��� e������0 # ' g� µ�g ´���
un

I

����0e��0 , ´� ��� ��� ��Q���e� ��- �
tn

e�0 � �
t̃n

 g
t̂n

#
»���� �� ���� , ´���� �e� e���eg ��ge�.� ´ ��� g��� ��� � ��� ��e����e� "''����-� , ´ ��� ! � - ��µe��0 �� ·���� � ¹ , .�µ ��. e�� � - � �:e-���� ´���� Á ����6Q �����´ 0�À���� � #

ç aç ¡²é `XêS Ué^\ì]
»�� ����-� e��g : �- e��� ��� �µ ���� �  6 ��� 6g ��� !Q e 0 �!��  É��Ï� �ÉÓÍe�0 ��� ��Q���e� ��- � !Q ��� ��3����� {tk, k ∈ N} , 0�À��0 e� ��� ���� Ä �� ��� e�. 4g���- # ·��� ��3����� �� � �0��g�e���. e�0 ´� �e� �:�ge�� e ��!��3����� {tkn , n ∈ N}��g����Q ���g�e���. ���� ��e�

tkn = tkn+1 = ... = tkn+1−1 < tkn+1 .à� 0�� �� !Q
Sn

I

��� �3�eg� ����
Sn

I = [xI , xI + ∆x[×[tkn , tkn+1 [
´ ���

[xI , xI + ∆x[= ΠN
α=1[xiα , xiα + ∆x[e�0 !Q

ε
��� � ����

ε = (∆x,∆t).%�� �� 0�À�� ��� 6 �� ´ ��. 6����� �� &

θε(x, t) =






sup{θm
I : kn ≤ m ≤ kn+1 − 1} if (x, t) ∈ Sn

I and c(xI , tkn) > 0
inf{θm

I : kn ≤ m ≤ kn+1 − 1} if (x, t) ∈ Sn
I and c(xI , tkn) < 0

θm
I , ∀m : kn ≤ m ≤ kn+1 − 1 if (x, t) ∈ Sn

I and c(xI , tkn) = 0.¶) #)º
Ù Ø£



� Û íKLMI(CFMI=>L F>D @õFHùE@L
»��� 0�À���� � �� �3��µe���� � ��� 6 �� ´ ��.

θε(x, t) = θ
kn+1−1
I if (x, t) ∈ Sn

I .
¶) #*º

à� 0�À�� ��� �e�64g��e:�0 ��- ���
θ

0
(x, t) = lim sup

ε→0,y→x,s→t
θε(y, s), θ0(x, t) = lim inf

ε→0,y→x,s→t
θε(y, s).

¶) #Äº
à� -e5� ��� 6 �� ´ ��. e���-��� �
¶Ö º »�� µ�� ���Q

c ∈ W 1,∞(RN × [0, T ])
, 6 g � - � � ���e��

L > 0
´� �eµ� |c(x′, t′)−

c(x, t)| ≤ L(|x′−x|+ |t′− t|) , e�0 Ω0

�� e
C2

 ��� ��� , ´ ��� ! ��0�0 ! ��0egQ
∂Ω0

#
òP@=A@H Ù Û# Û ó<=>?@AB@>C@ � @LKEM û
kÓÍÇ� ÉÊÊþÎÈ ÅÑÏÓ �ý� � θ0 ��ÇÊÈ ß θ0� ÑÊ É �ÑÊ ÒÏÊÑÅ� Êþ��Ê ÏÌþÅÑÏÓ ��ÇÊÈ ß ÊþÈ Ç��Ê ÏÌþÅÑÏÓ�ÏÐ �"ß�� ß �Ó ÈÉ�ÅÑÒþÌÉ�� ÑÐ �"ß�� ÊÉÅÑÊË ÇÊ É ÒÏÎÈÉ�ÑÊ ÏÓ È �ÑÓ ÒÑÈ ÌÇ� ÅÆ ÇÓ

θ
0

= (θ0)∗
ÉÓÍ

(θ
0
)∗ = θ0 ÑÊ ÅÆ Ç þÓÑ�þ Ç �ÑÊ ÒÏÊÑÅ� Ê ÏÌþÅÑÏÓ ÏÐ �"ß�� ß

� @HFA� Ù Û) Û �Æ ÇÓ ÅÆ Ç þÓÑ�þÇÓ ÇÊÊ Æ ÏÌÍÊ� ÅÆ ÑÊ ÑÊ þÈ ÅÏ ÅÆ Ç þÈÈ Ç� ÉÓÍ ÌÏ� Ç� Ê ÇÎ Ñ�ÒÏÓÅÑÓþÏþÊ ÇÓ�ÇÌÏÈ ÇÊ ß
� @HFA� Ù Û, Û  ÏÅÇ ÅÆÉÅ �Æ ÇÓ

c > 0� Ïþ� �+�� ÉÌ� Ï�ÑÅÆÎ ÑÊ É Î ÏÍÑË ÇÍ +��ÉÌ� Ï�ÑÅÆÎ �Æ Ç�Ç ÅÆ Ç ÅÑÎ Ç ÏÓ ÅÆ Ç ÓÉ��Ï� �ÉÓÍ ÑÊ ÒÏÎÈ þÅÇÍ þÊÑÓ� ÏÓÌ� ÅÆ Ç ÉÒÒÇÈ ÅÇÍÈ ÏÑÓÅÊ ß �Ó ÅÆ ÑÊ Î ÏÓÏÅÏÓ Ç ÒÉÊ Ç ÅÆ Ç �ÑÊ ÒÏÊÑÅ� Ê ÏÌþÅÑÏÓ ÏÐ �"ß�� ÑÊ þÓÑ�þ Ç ÉÓÍ Ïþ� �ÇÊþ ÌÅ
È �Ï�ÑÍÇÊ É ÒÏÓ�Ç�� ÇÓ ÒÇ �ÇÊþÌÅ �Ê ÇÇ ÉÌÊ Ï ÿÇÊÅ  ÑÓ ÅÆ Ç ÌÉÊÅ Ê ÇÒÅÑÏÓ� ß
� @HFA� Ù Û1 Û ÿÆ Ç ü ÑÈ Ê ÒÆ ÑÅ* �ÒÏÓÅÑÓþÑÅ� ÑÓ ÅÑÎ Ç ÏÐ ÅÆ Ç �ÇÌÏÒÑÅ� ÒÏþÌÍ �Ç �ÇÌÉ� ÇÍ ÅÏÒÏÓÅÑÓþÑÅ�� �þÅ ÑÊ ÉÊÊþÎ ÇÍ Æ Ç�Ç ÅÏ ÊÑÎÈ ÌÑÐ � ÅÆ Ç È �ÇÊ ÇÓÅÉÅÑÏÓ ÏÐ ÅÆ Ç È �ÏÏÐ Ê� �ÆÑÒÆ É�ÇÉÌ�ÇÉÍ� �þÑÅÇ ÒÏÎÈ ÌÑÒÉÅÇÍß
R î>©¯ï®@©¯«¨> @¨¬ ?=@H EG?>

³� ���� ����� � ´� ´ ��� �� ´ ��e� �� ��� µeg�e!�� ��.� ����-� �� �� ������egQ � ���g 0��� ��´ µeg�e!��� � �ge�5 � gg����Q ��� �µ ���� �  6 ��� 6g �� #
ð a° ðS]URc\ë]êRS RW ]²é S\`éUêëXì ^_ ééc

ĉnI%�� �� �� ´ !Q e� �:e-��� �� 0�- ���� �
N = 1

´�e� ´ ��0 �e���� ��  ���.
cnI�����e0 ��e�

ĉnI
#� ���0�g ��� �� ��0

c(x) =

{
−δ if x < xI

δ if x ≥ xI

,

Ù ØØ



a OMP=D@ �FLM a FACPI>B ·O>OAFEILO@

lmn o ) #; p »�� µ�� ���Q
cn

#

x

tn

∆x

t3

t2

t1

xI

θ = 1 θ = −1

θ = −1 θ = 1

lmn o ) #¹ p æµ ���� � ´ ��� ��� µ�� ���Q
cn

#
e� �� ���0 �� "�. #) #; #·��� �� ∆x

δ
= ∆t

, e�0
θ0

J = 1
6 g

J ≤ I
,
θ0

J = −1
6 g

J > I
# »��� ��� � 0��

I
,

I + 1
´ ��� ! � e������0 e� ��� ���ge�� �

1
, ´ ���

t1 = ∆t
e�0 ��� 6g �� ´ ��� 0�����e�� ,��� "�. # ) #¹ #%�� �� � ´ � ���0�g ��� �e- � �:e-��� !�� ´ ��� ��� ��-�g��e� �� ��0

ĉnI
, e� �� ���0�� "�. #) #ã # ³� ���� �e�� ��� � 0��  � ��� 6g �� �eµ� e�´eQ� �� ��0 ×�g , e�0 ��� 6g ��0 �� � � -  µ� e�  �� ´ ��0 �:���� #

lmn o ) #ã p »�� µ�� ���Q
ĉn

#

x

θ = 1 θ = −1

∆x

t

lmn o ) #Ã p æµ ���� � ´ ��� ��� µ�� ���Q
ĉn

#

Ù ØÙ
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ð aç ðS]URc\ë]êRS RW ]²é ]ê` é ^]é_

³� ��� �e��  6 -  � � �� �µ ���� � ´ ��� �� ��0 0����0��.  ��Q  � ��� ��e�� µe4g�e!��� , ��� "'' e�. g���- e��g : �- e��� ��� � gg��� �0��. ��e�� �egQ �3�e�� �  6¶) #¸º e�0 ���� � ��- � ����
∆t

�� g�3��g�0 # ³�  �g - g� .���ge� �e�� , ��� 0�� ��0���� 6 ��� �� ��0 �� ��- � -e5�� ������egQ � ���g 0��� e ��- � ����
∆t

�� ��� e�. g���- #à� �� ´ ��� ���0 !Q e� �:e-��� # à� �g µ�0� 6 g ��-������Q ��� �:e-��� �� 0�- ���� �
N = 1

#%�� �� �e5� e� �� ��0 e ����eg 6����� � �� ��- � &
c(t) = T − t

, ´��g�
T

�� e À:�0� ����µ� � ���e�� # ³� ���� �e�� ��� ��3�����  6 ��� 0���g��� ��- � {tn}n∈ñ �� .�µ�� !Q &

tn+1 = tn +
∆x

|c(tn)| .

%�� �� 0�À�� ��� ��3�����
τn = T − tn

# ·��� e ��3����� µ�g�À�� &
τn = f(τn−1)

´��g�
f(τ) = τ − ∆x

τ

# ·����
f

�� ��µ�g��! �� 6 g e�Q
τ > 0

, ´� ���� 0�À��
τn = ∆x

e�0 ´��µe��e��
τk

!Q
τk = f−1(τk+1)

6 g e�Q
k < n

, ����
τk < τk−1

#»��� ´� �eµ� 0�À��0
{
tm = T − τm, m = n, n− 1, ..., n0

n0 = min{m, tm ≥ 0}.
³� g������

tn = T − ∆x
e�0 ����

tn+1 = T + 1 − ∆x
, � #� #

tn+1 − tn = 1
# à� ´e�� � eµ �0 ���� ����e�� �� , ����� e !�. ���g�- ��� �� ��� ��3�����  6 ��� 0���g��� ��- � �����e� !g��. e � ��  6 ��6 g- e�� �� e�0 �� .���ge� ��� e�. g���- ´ ��0 � � � �µ�g.�� ��� � gg��� �µ ���� �  6 ��� 6g ��� # à� �� ´ ���� e 0���g�!��� �  6 0���g��� ��- �� .����g ´ ��� ��� ����eg �� ��0 �� "�. #) #) e�0 ´� �� ´ ��� ´ g �. �µ ���� �  6 e 6g ���� ���� �e�� �� "�. #) #* #³6 �����e0 ´� ���g 0��� e ��g��� �0

∆t
e� �� ��� ä"'' e�. g���- ���� * , ���� ��g������

tn+1 = tn + ∆t
, e�0 ´� .�� ��� � gg��� �µ ���� � 6 g

∆t
�- e�� �� �.� ¶���"�. # ) #Äº #

ð að ¤ ²d Zé \_cX]é ]²é WURS] \^êSV
t

êS^]éXc RW
t̂à� �:��e�� !Q e� �:e-��� �� 0�- ���� �

N = 1
, ´�Q �� �� � gg��� � e���.� ���µe���

tn
�����e0  6

t̂n
 � ��� 6g ��

F n
�� ��� ·��� ¸;  6 ��� e�. g���- #"�:�0

p ∈ N
, ´� 0�À��

∆s = p∆t
e�0

δ = ∆x
∆t

e�0 ´� � ���0�g e �����´ ��� � ���e���� ��0 6 g
t ≥ 0

&

c(t) =

{
δ

�6
t ∈ [(2k − 1)∆s, 2k∆s) for some k ∈ N\{0},

0 otherwise

Ù Ø�
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1

t

t1

c(t) = T − t

T

tn+1

T − ∆x = tn
tn−1

tn

lmn o ) #) p Ý�-� �� ��� 0���g��� ��- � ´ ��� �� ��g��� �0
∆t

�� ��� �e��  6 e ����eg ����- � µ�� ���Q

1

T

tn−1

t1

θ = −1

tn+1

tn

θ = 1

x

tn = T − ∆x

lmn o ) #* p "g �� �µ ���� � ´ ��� �� �����g��� �0
∆t

tn

tn+1

t1

θ = 1 θ = −1

x

tn+2

tn+1

tn−1

tn = T − ∆x

lmn o ) #Ä p "g �� �µ ���� � ´ ��� �����g��� �0
∆t

e� �� "�. #) #¿  � ��� ��6� #
³6 ´� ��0e�� ��� 6g �� ����.

t̂
�����e0  6

t
, ��� � gg��� �0��. �µ ���� � ´ ��� ! ����  �� �� ���0  � ��� g�.��  6 " �. #) #¿ # ³� 6e�� ��� 6g �� ´ ��� ��eg� � -  µ� ����.��� µ�� ���Q .�µ�� e� ��- �

tp = p∆t
e�0 �����

t̃p+1 = 0 + ∆x
c(tp)

= ∆x
c(tp)

= ∆t
, ����

t̂p+1 = min{t̃p+1, tp + ∆t} = min{∆t,∆s + ∆t} = ∆t
e�0

tp+1 = max(tp, t̂p+1) =
max(∆s,∆t) = ∆s = tp

# · ��� 6g �� ´ ��� �g �e.e��  � ��� g�.�� e� ��� ���ge�� �
p, ..., 2p− 1

!�� e� � ���e�� ��- �
t = tp

¶" �. #) #¿º #9� ��� � ��gegQ, �6 ´� ��0e�� ��� 6g �� ����.
t
, ��� 6g �� ´ ��� ��eg� � - µ� ����.��� µ�� ���Q .�µ�� e� ��- �

tp = p∆t
e�0 ��� ���ge�� �

p + 1
´ ��� ! � e� ! �6 g� # Â�������

t̃p+2 = tp+1 + ∆x
c(tp)

= ∆s+ ∆x
c(tp)

= ∆s+ ∆t
, ����

t̂p+2 = min{t̃p+2, tp+1 + ∆t} =

ÙØ�
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t

c = c(t)δ

∆t∆s

t

x

θ = 1

θ = −1

∆x → 0

t

x

θ = 1

θ = −1

lmn o ) #¿ p àg �. �µ ���� � ´��� ��� ��- � �� ��0e��0 ´ ���
t̂
#

min{∆t+∆s,∆t+∆s} e�0
tp+2 = max(tp+1, t̂p+1) = max(∆s+∆t,∆t) = ∆s+∆t

#· ��� 6g �� ´ ��� �g �e.e��  � ��� g�.�� e� ��� ���ge�� �
p, ..., 2p − 1

!�� e� ����eg��- ��
tm = m∆t

¶"�. #) #¸¾º #
t

x

t

x

θ = 1

θ = −1

θ = 1

θ = −1

∆x → 0

lmn o ) #¸¾ p � gg��� �µ ���� � ´��� ��� ��- � �� ��0e��0 ´ ���
t
#

T U«HE@ª¯>«¨ Eª¯¨®¯EG?> B«ª ©C? ë�� � @GW«ª¯©CH
Ö� ´� �e�0 �� ��� ���g 0���� � ,  �g � �µ�g.���� g����� ´ ��� ! � �g µ�0 �� ���6ge- �´ g5  6 0��� ����� �� µ��� ���Q � ���� �� # » ���� ��0 ��� g ��  6 � -�eg�� ��g����� ��� �� �g���e� #³� ���� ·���� � , ´� Àg�� �g����� e �g � �g�Q  6 �Q--��gQ  6 ��� e�. g���- , �����g����� � - � � -�eg�� � �g����� ��� �� � - � �� ���e� �e��� e�0 À�e��Q e � ����g4�:e-��� � e .���ge� � -�eg�� � �g������� #»��� ·���� � �� ´ � �� �eg�����eg ��e� ��e��- ����  �  �g ä"'' e�. g���- eg���.��Q � �4�g�µ �e� �� .���ge� #

Ù Ø#
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9 a° òd``é]Ud RW ]²é XìVRUê]²`

»�� 6 �� ´ ��. ��--e ��e�- � ��e� �6 ´� ��e�.� ��� ��.�  6 ��� µ�� ���Q e�0 �����.�  6 ��� �´ ��e��� e� ��� �� ���e� ��- � , ���� ��� ä"'' e�. g���- � -����� ����e- � 6g �� #
J@HHF � ÛØÛ ó¦GHH@MAG =÷ MP@ ·�aa FEB=AIMPH û
�Ç ÍÇÓÏÅÇ ��

θ
0
[θ0, c]

ÉÓÍ
θ0[θ0, c]

ÅÆ Ç Ð þÓ ÒÅÑÏÓÊ ÒÏÓÊÅ�þÒÅÇÍ �� ÅÆ Ç �+�� ÉÌ� Ï�ÑÅÆÎ
� ÑÅÆ ÑÓÑÅÑÉÌ ÒÏÓÍÑÅÑÏÓ

θ0
ÉÓÍ �ÇÌÏÒÑÅ�

c
ß ÿÆ ÇÓ � Ç ÆÉ�Ç

θ0[θ0, c] = −θ0
[−θ0,−c].

0 A==÷ =÷ J@HHF � ÛØà ��� ��� �e- � 5��0  6 � �e�� � , ´� g�- eg5 ��e�
θn

I [−θ0,−c] = −θn
I [θ0, c].

à� ���� �eµ� , 6 g
x ∈ [xI , xI + ∆x[, t ∈ [tkn , tkn+1 [

e�0
c(xI , tkn) > 0

θε[θ0, c](x, t) = sup{θk
I [θ

0, c], kn ≤ k ≤ kn+1 − 1}
= − inf{−θk

I [θ
0, c], kn ≤ k ≤ kn+1 − 1}

= − inf{θk
I [−θ0,−c], kn ≤ k ≤ kn+1 − 1}

= − θε[−θ0,−c].
»�� g����� �� ��- ��eg 6 g

c(xI , tkn) ≤ 0
# »��g�6 g�

θ0[θ0, c] = −θ0
[−θ0,−c].

9 aç QR`_XUê^RS _UêSëê_ ìé^
0 A=ù=LIMI=> � ÛÙ Û ó<=HùFAIL=> ùAI>CIù E@ ÷=A MP@ MIH @û
�Ç ÍÇÓÏÅÇ ��

un
I

��ÇÊÈ ß vn
I

� ÅÆ Ç ÓþÎ Ç�ÑÒÉÌ Ê ÏÌþÅÑÏÓ ÉÅ ÅÆ Ç È ÏÑÓÅ (xI , tn)
ÏÐ ÅÆ Ç �+��ÉÌ� Ï�ÑÅÆÎ � ÑÅÆ �ÇÌÏÒÑÅ�

cu
��ÇÊÈ ß cv� ß �Ç ÉÊÊþÎ Ç ÅÆÉÅ ÅÆ Ç�Ç Ç� ÑÊÅÊ

T > 0
Êþ ÒÆ ÅÆÉÅÐ Ï� ÉÌ Ì

(x, t) ∈ RN × [0, T ]

inf
s∈[t−∆t,t], s≥0

cv(x, s) ≥ sup
s∈[t−∆t,t], s≥0

(cu(x, s))
+

�Æ Ç�Ç
(f)+

ÑÊ ÅÆ Ç È ÏÊÑÅÑ�Ç ÈÉ�Å ÏÐ
f
ß �Ç ÉÊÊþÎ Ç ÅÆÉÅ

{θ0
u = 1} ⊂ {θ0

v = 1} and v0 = u0 = 0.

ÙØ)
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�Ç ÍÇË Ó Ç

m̄
ÉÓÍ

k̄
Êþ ÒÆ ÅÆÉÅ

{
tm̄ ≤ T < tm̄+1

sk̄ ≤ T < sk̄+1

�Æ Ç�Ç
(tm)m

ÉÓÍ
(sm)m

É�Ç �ÇÊÈ ÇÒÅÑ�ÇÌ� ÅÆ Ç Ê Ç�þ ÇÓ ÒÇ ÏÐ ÅÑÎ Ç ÒÏÓÊÅ�þ ÒÅÇÍ �� ÅÆ Ç
�+�� ÉÌ� Ï�ÑÅÆÎ � ÑÅÆ �ÇÌÏÒÑÅ�

cu
ÉÓÍ

cv
ß �Ç ÅÆ ÇÓ ÒÏÓÊÑÍÇ�

vI =






v0
I

ÑÐ
θ0

v,I = 1
vk

I

ÑÐ
I ∈ NAk

v

Ð Ï� Ê ÏÎ Ç
k ≤ k̄ + 1

sk̄+1

ÑÐ
θk̄

v,I = −1

ÿÆ ÇÓ� ∀l ≤ m̄� ∀I ∈ NAl
u � � Ç ÆÉ�Ç

vI ≤ ul
I .

� @HFA� � Û� Û 4 Ç�Ç ÅÆ Ç Ó ÏÅÉÅÑÏÓ Ð Ï�
θu, θv, NA

l
u

ÉÓÍ Ð þ�ÅÆ Ç� ÓÏÅÉÅÑÏÓ ÑÓ ÅÆ Ç ÊÇ�þÇÌÉ�Ç Ï��ÑÏþÊ ÉÓÍ É�Ç Ó ÏÅ Ç�È ÌÉÑÓ ÇÍß � Ï�ÇÏ�Ç� � Ç ÉÌÊ Ï �ÇÎ É�� ÅÆ ÉÅ ÅÆ Ç Ð �ÏÓÅ Ð Ï�
vÈÉÊÊ ÇÊ ÉÅ Î ÏÊÅ ÏÓ Ç ÅÑÎ Ç ÉÅ É � Ñ�ÇÓ È ÏÑÓÅ �ÇÒÉþÊÇ

cv ≥ 0
ß

0 A==÷ =÷ 0 A=ù=LIMI=> � ÛÙà� eg.�� !Q � ��ge0���� � # à� 0�� �� !Q
m(u)

��� Àg�� ��0�: ���� ��e� ���g� �: ����
I ∈ NA

m(u)
u

���� ��e�
u

m(u)
I < vI

¶) #¿º
à� 0�À��

k(v)
���� ��e�

I ∈ NAk(v)
v´ ��� ��� � �µ���� � ��e�

k(v) = k̄ + 1
�6
θk̄

v,I = −1
# »��� �-����� ��e�

tm(u) = u
m(u)
I < vI = sk(v)

»�� �g  6 0�����.������ �´ �e��� #
¸#

I ∈ NAó(ô)õ§ô ⊂ Fó(ô)õ1õ§ô .à� ��e�- ��e� 6 g e��
J ∈ V (I)\ {I} , ´� �eµ�

û
m(u)−1
+,J ≥ v̂

k(v)−1
+,J

¶) #¸¾º
³�0��0 e���-� ��e�

û
m(u)−1
+,J < ∞ ¶�6

û
m(u)−1
+,J = ∞ , ���� ¶) #¸¾º � �0�º , ����

J ∈ F
m(u)−1
+,u

e�0 ´� �eµ�
tm(u) ≥ û

m(u)−1
+,J ≥ vJ .

Ù Ø,



a OMP=D@ �FLM a FACPI>B ·O>OAFEILO@
³� Á ��� g�- e��� � �� ´ ��e�

vJ = v̂
k(v)−1
+,J

# à� eg.�� !Q � ��ge0���� � # Ö ���- �
��e�

v̂
k(v)−1
+,J = ∞ , ÑßÇ

J ∈ {θk(v)−1
v = −1} # »���

vJ ≥ sk(v)

# »��� � ��ge0������� 6e�� ��e�
vJ ≤ tm(u) < sk(v)

e�0 �g µ�� ¶) #¸¾º #
à� 0�À��

k∗ := sup{k, sk ≤ tm(u)} < k(v).³� �eg�����eg , ´� �eµ�
tm(u)−∆t ≤ sk∗ ≤ tm(u)

# ·���� 6 g e��
J ∈ V (I)∩Fm(u)−1

+,u

tm(u) ≥ û
m(u)−1
+,J ≥ v̂

k(v)−1
+,J´� 0�0��� ��e�

sk∗ ≥ v̂
k(v)−1
+,J .

¶) #¸¸º
³�0��0 ,

+∞ > v̂
k(v)−1
+,J > sk∗

´ ��0 �-��Q ��e� ���g� �: ����
k′ > k∗

���� ��e�
tm(u) ≥ v̂

k(v)−1
+,J = sk′

´���� � ��ge0���� ��� 0�À���� �  6
k∗

#
»��� ´� ��e�- ��e� 6 g e��

J ∈ V (I) ∩ Fm(u)−1
+,u

v̂
k(v)−1
+,J = v̂k∗

+,J .
¶) #¸;º

à� � ´ �g µ� ��� ��e�- ¶) #¸;º # " �g�� , ! ��e��� ´� �eµ�
v̂

k(v)−1
+,J < +∞ , ´�

0�0��� ��e�
θ

k(v)−1
v,J = 1

e�0 ���� ���g� �: ����
k ≤ k(v) − 1

���� ��e� �6
k ≥ 1

,
����

J ∈ NAk
v

e�0
v̂

k(v)−1
+,J = vk

J = sk

, e�0 �6
k = 0

, ����
θ0

v,J = 1
e�0

v̂
k(v)−1
+,J = v0

J = 0
#Ö ���-� !Q � ��ge0���� � ��e�

k > k∗
# »���

v̂
k(v)−1
+,J = vk

J = sk ≥ sk∗+1 > sk∗

� ��ge0���� � ´ ��� ¶) #¸¸º # »��g�6 g�
k ≤ k∗

# f ´ ´� �eµ�
θ

k(v)
v,I = 1

e�0
θm

v,I = −1
6 g

m ≤ k(v) − 1
# »��g�6 g�

J ∈ F k∗
+,v

e�0
v̂

k(v)−1
+,J = vk

J = v̂k∗
+,J´���� ��0� ��� �g  6  6 ��� ��e�- ¶) #¸;º # à� 0�0��� ��e�

v̂
k(v)−1
+,J = v̂k∗

+,J ≤ û
m(u)−1
+,J ,

´��g� ´� �eµ� ���0 ¶) #¸¾º # à� 0�À�� ��� 6 �� ´ ��. 6����� �

f 2
bum(t) =

N∑

k=1

(
max
±

(
0, t− ûm

+,Ik,±
))2

.
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� Û <=HùFAIL=> ùAI>CIù E@L ÷=A MP@ ·�aa FEB=AIMPH
à� ���� �eµ� , ����. ��� 6e�� ��e�

ṽk∗
I ≥ sk∗+1 > sk∗

fbvk∗ (sk∗+1) ≤ fbvk∗ (ṽk∗
I ) =

∣∣∣∣∣
∆x

ĉk
∗

I,v

∣∣∣∣∣ ≤
∣∣∣∣∣

∆x

ĉ
m(u)−1
I,u

∣∣∣∣∣ = fbum(u)−1(ũ
m(u)−1
I ) ≤ fbvk∗ (ũ

m(u)−1
I )

à� ���� 0�0��� ��e�
sk∗+1 ≤ ũ

m(u)−1
I ≤ u

m(u)
I = tm(u).»��� �� e!��g0 #

; #
I ∈ NAó(ô)

+§ô ⊂ Fó(ô)õ1
+§ô .à� � ���0�g ��� 6 �� ´ ��. ��! �e���

¶eº
I ∈ {θ0

v = 1} # »���
vI = v0

I = 0 = u0
I ≤ u

m(u)
I

# »��� �� e!��g0 #
¶!º

I ∈ {θ0
v = −1} # »���

θ0
u,I = −1

e�0 � ���g� �: ����
n < m(u)

���� ��e�
θn−1

u,I = −1 and θn
u,I = 1.»��� �- ����� ��e�

un
I ≥ vI > u

m(u)
I ≥ un

I .»��� �� e!��g0 #
� @HFA� � Û� Û �Ð � Ç ÑÎÈ ÌÑÒÑÅ ÅÆ Ç ÒÏÎÈ þÅÉÅÑÏÓ ÏÐ ÅÆ Ç � �ÉÍÑÇÓÅ� ÑßÇß ÅÆ Ç ÒÏÎÈ þÅÉÅÑÏÓÏÐ
ũ

ÑÓ ÊÅÇÈ !� ÅÆ Ç ÊÑÅþÉÅÑÏÓ ÊÇÇÎÊ �ÇÅÅÇ� ÉÓÍ ÏÓ Ç ÒÏþÌÍ Ç�È ÇÒÅ ÅÏ È �Ï�Ç É � ÇÓ Ç�ÉÌÒÏÎÈÉ�ÑÊ ÏÓ È �ÑÓ ÒÑÈ ÌÇ � ÑÅÆ ÏþÅ �ÇÊÅ�ÑÒÅÑÏÓ ÏÓ ÅÆ Ç �ÇÌÏÒÑÅ� ß
à� � ´ g���ge�� ���� � -�eg�� � �g������� 6 g ��� 6����� ��

θε
e�0 �g µ� �� #

<=A=EEFAG � Û# Û ó<=HùFAIL=> ùAI>CIù E@ q IMP F >=>>@BFMI?@ ?@E= CIMG û
kÓÍÇ� ÅÆ Ç ÉÊÊþÎÈ ÅÑÏÓÊ ÏÐ 3�ÏÈ ÏÊÑÅÑÏÓ � ß
� � Ç ÆÉ�Ç Ð Ï� ÉÌ Ì

(x, t) ∈ RN × [0, T ]

θε
u(x, t) ≤ θε

v(x, t).0 A==÷ =÷ <=A=EEFAG � Û#ÂQ � ��ge0���� � , e���- � ��e� ���g� �: ���
xI

e�0
t
���� ��e�

θε
u(xI , t) = 1 and θε

v(xI , t) = −1.
¶) #¸¹º

à� 0�� �� !Q
t
��� Àg�� ��- � ���� ��e� ¶) #¸¹º � �0� # à� ���� �eµ� , �����

cv ≥ 0
,

θε
u(xI , s) = −1 if s < t.

à� ���� 0�0��� ��e� ���g� �: ����
m(u)

���� ��e�
t = tm(u)

,
I ∈ NA

m(u)
u

e�0
u

m(u)
I =

tm(u) = t
# ' g� µ�g , ����� ��� ��0�:

I
�e� � � ! ��� e�g�e0Q e������0 6 g

v
, ´� �eµ�

vI > t = u
m(u)
I

# »��� �� e!��g0 #
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<=A=EEFAG � Û) Û ó<=HùFAIL=> ùAI>CIù E@ ÷=A F >=>ù=LIMI?@ ?@E= CIMG û
�Ç ÍÇÓÏÅÇ ��

un
I

��ÇÊÈ ß vn
I

� ÅÆ Ç ÓþÎ Ç�ÑÒÉÌ Ê ÏÌþÅÑÏÓ ÉÅ ÅÆ Ç È ÏÑÓÅ (xI , tn)
ÏÐ ÅÆ Ç �+��ÉÌ� Ï�ÑÅÆÎ � ÑÅÆ �ÇÌÏÒÑÅ�

cu
��ÇÊÈ ß cv� ß �Ç ÉÊÊþÎ Ç ÅÆÉÅ ÅÆ Ç�Ç Ç� ÑÊÅÊ

T > 0
Êþ ÒÆ ÅÆÉÅÐ Ï� ÉÌ Ì

(x, t) ∈ RN × [0, T ]

sup
s∈[t−∆t,t], s≥0

cu(x, s) ≤ inf
s∈[t−∆t,t], s≥0

−(cv(x, s))
−

�Æ Ç�Ç
(f)− ≥ 0

ÑÊ ÅÆ Ç Ó Ç�ÉÅÑ�Ç ÈÉ�Å ÏÐ
f
ß �Ç ÉÊÊþÎ Ç ÅÆÉÅ

{θ0
v = −1} ⊂ {θ0

u = −1} and v0 = u0 = 0.ÿÆ ÇÓ� Ð Ï� ÉÌ Ì
(x, t) ∈ RN × [0, T ]� � Ç ÆÉ�Ç

θε
u(x, t) ≤ θε

v(x, t).0 A==÷ =÷ <=A=EEFAG � Û)»��� �� e ��ge�.��6 g´eg0 � ���3�����  6 � g ��egQ ã #Ã e�0 ��� 6e�� ��e�
θε[−θ0,−c] =

−θε[θ0, c]
¶´ ��� ��� � �e�� �  6 %�--e ã #¸º #

� ÛÙ ÛØ <=K>M@Aø@õFHùE@ ÷=A MP@ C=HùFAIL=> ùAI>CIù E@ I> B@>@AFE
à� � ´ .�µ� e � ����g4�:e-��� 6 g e - g� .���ge� � -�eg�� � �g����� �� 6 g ´������� �´ µ�� ������ �e� ��e�.� ����g ��.�� #

0 A=ù=LIMI=> � Û, Û ó<=K>M@Aø@õFHùE@ûüÇÅ
N = 1

ß �Ç ÉÊÊþÎ Ç ÅÆÉÅ ÅÆ Ç �ÇÌÏÒÑÅ�
cu

ÉÓÍ
cv

É�Ç ÓþÌ Ì Ç�Ç���Æ Ç�Ç Ç� ÒÇÈ Å ÏÓ ÉÓÏÍÇ
I

Ð Ï� �ÆÑÒÆ
cu(xI , ·) ≥ cv(xI , ·)

É�Ç � Ñ�ÇÓ ÑÓ + Ñ�þ�Ç "ß�� ÉÓÍ "ß�
 �ÇÊÈ ÇÒÅÑ�ÇÌ�
� ÑÅÆ ∆x

δ
= k∆t

ß �Ç ÉÌÊ Ï ÊþÈÈ ÏÊ Ç ÅÆÉÅ
θ0

u,J = 1
ÑÐ ÉÓÍ ÏÓÌ� ÑÐ

J ≤ I and θ0
v,J = 1

ÑÐ ÉÓÍ ÏÓÌ� ÑÐ
J < I.ÿÆ ÇÓ

θk+3
u,I = −1 and θk+3

v,I = 1.0 A==÷ =÷ 0 A=ù=LIMI=> � Û,
¸# " g ��� ä"'' e�� ��e��0 � 

u
#»�� � 0�

I
´ ��� ! � e������0 ´ ��� e ��- �

uk
I = tk = k∆t

e�0 ´� ´ ��� e.��� ���µe���
tk = k∆t

� 
uk

I

# »��� ��� µ�� ���Q ´ ��� ��e�.�  6 ��.� e�0 ��� � 0�
I´ ��� ! � e������0 e.e�� ´ ��� e ��- �

2k∆t
¶��� "�.�g� ) #¸¸º #

; # " g ��� ä"'' e�� ��e��0 � 
v
#·���� ��� µ�� ���Q �� � �� ����µ� , � ����. ´ ��� -  µ� # »�� ��gg��� ��- �

tn
´ ���� ������ � ���g�e�� e�0 ´� ´ ��� �eµ�

tk+2 = (k + 2)∆t
e�0 ���� ��� µ�� ���Q´ ��� ! �� -� � ����µ� # »�� � 0�

I
´ ��� ���� !� e������0 ´ ��� e ��- �

vk+3
I =

tk+2 = (k + 2)∆t
¶��� "�.�g� ) #¸;º #

à� ���� � ����0� ��e� ��� � 0�
I

´ ��� ! � e������0 6 g
v

!�6 g� � ! � e������0 6 g
u

e�0 � � � -�eg�� � �g����� �� �e� � �0 �� .���ge� #
ÙÙ£
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δ−δ ĉu(xI , ·)

t

I

∆x

δ
= k∆t

θu = −1θu = 1

x

t

2k∆t

k∆t

J

∆t

lmn o ) #¸¸ p r�� ���Q e�0 �µ ���� �  6��� 6g �� 6 g
u
#

δ−δ ĉv(xI , ·)

t

I
x

t

k∆t∆x

δ
= k∆t

J

(k + 2)∆t

θv = 1 θv = −1

(k + 2)∆t
∆t

lmn o ) #¸; p r�� ���Q e�0 �µ ���� �  6��� 6g �� 6 g
v
#

[ h ª?G¯H ¯¨@ªX ª?> G©> «¨ ©C? ¬¯>®ª?©? ©¯H? @¨¬ «¨
©C? G?V?G >?©> « B ©?>© B¨®©¯«¨>

»�� ä"'' e�. g���- 0���g�! �0 �� ·���� � ; �e� ��µ�ge� �g � �g���� ´���� À� �����Q����  6 ��� �g !��- ´� ´e�� � � �µ� # à� �g����� �� ���� ·���� � ��µ�ge� g��������e� ´ ��� ! � ���0 �� ��� �g  6  6 Ôg � ���� � ) #¸ ´���� �� �g���e� 6 g ��� �g  6  6  �g- e�� g�����  6 � �µ�g.���� #³� e Àg�� ��!����� � , ´� �g����� � - � �g ��g����  6 ��� µeg� �� ��- ��
û, t, t̃

e�4� �eg��. ��  �g e�. g���- , e�0 �� e ��� �0 ��!����� � ´� .�µ� � - � .� - ��g��e�� ���3������  6 ��� �: �������  6 ���� 6����� �� �e�.��� 6g - e! µ� �  �g 6����� �
θε

#
ª a° ±Uéìê` êSXUd Ué^\ì]^ RS ]²é cê^ëUé]é ]ê` é
J@HHF # ÛØÛ óò IH@ CPFAFCM@A =÷ MP@

û
ûý ÊÊþÎ Ç ÅÆ Ç�Ç Ç� ÑÊÅÊ

δ > 0
ÉÓÍ

(I, n) ∈ ZN × N
Êþ ÒÆ ÅÆÉÅ

c(xI , tn) ≥ δ > 0�
θn−1

I = −1
ÉÓÍ

θn
I = 1

��ÇÊÈ ß c(xI , tn) ≤ −δ < 0� θn−1
I = 1

ÉÓÍ
θn

I = −1
� � ÅÆ ÇÓ Ð Ï�

ÉÓ�
J ∈ V (I) ∩ F n−1

+

��ÇÊÈ ß J ∈ V (I) ∩ F n−1
−

� � � Ç ÆÉ�Ç Ð Ï�
∆x ≤ δ2

16L

ûn−1
+,J = sup{tm ≤ tn−1, θ

m−1
J = −1, θp

J = 1,
Ð Ï�

m ≤ p ≤ n− 1} > tn − 4∆x

δ

� ÑÅÆ ÅÆ Ç ÒÏÓ�ÇÓÅÑÏÓ ÅÆÉÅ
ûn−1

+,J = 0
ÑÐ
θp

J = 1
Ð Ï�

0 ≤ p ≤ n− 1

(
�ÇÊÈ ß ûn−1

−,J = sup{tm ≤ tn−1, θ
m−1
J = 1, θp

J = −1,
Ð Ï�

m ≤ p ≤ n− 1} > tn − 4∆x

δ
.

� ÑÅÆ ÅÆ Ç ÒÏÓ�ÇÓÅÑÏÓ ÅÆÉÅ
ûn−1

+,J = 0
ÑÐ
θp

J = −1
Ð Ï�

0 ≤ p ≤ n− 1
� ß
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a OMP=D@ �FLM a FACPI>B ·O>OAFEILO@
»��� ��--e ��e�- � �� 6e�� ��e� ���

ûn−1
+,J

�� 0�À��0 e� ��� �e�� ��- � e� ´���� ���6g �� �e���0 ��g �.�
J
# ³������µ��Q, �� �� � - �� 6g - ��� 6e�� ��e� , ����� ��� µ�� ���Q�� � �e��Q � �4��.e��µ� e�0 ����� ��� 6g �� �e� �g ���0 ��� � 0�

xI

e� ��- �
tn

, �� �e��g ���0 ��� � 0�
xJ

e� e ��- � �� ��0 � 
tn

#
0 A==÷ =÷ J@HHF # ÛØà�  ��Q 0 ��� �g  6 �� ��� �e��

c > 0
¶��� �e��

c < 0
�� ��- ��egº # ÂQ e���-��� �� ,

c
�� %�������×4� ����� �� ´ ��� � ���e��

L
, e�0 ���g� �: ����

δ0 ≤ δ/(4L)
���� ��e�6 g e��

(xJ , tm) ∈ Bδ0(xI) × [tn − δ0, tn + δ0]
, ´� �eµ�

ĉmJ ≥ δ

2
.

»��� �- ����� ��e�
θm

I = −1
6 g e��

m
���� ��e�

tn − δ0 ≤ tm ≤ tn−1.
¶) #¸ãº

%��
J ∈ V (I) ∩ F n−1

+

# à� 0�À��
mJ = sup{m ≤ n− 1, θm−1

J = −1, θm
J = 1}.

à� ��e�- ��e� 6 g e��
J ∈ V (I)∩ F n−1

+

, ´� �eµ�
tmJ

> tn − δ0
6 g

∆x
�- e�� �� �.� #³�0��0 , !Q � ��ge0���� � , e���-� ��e� ���g� �: ����

J ∈ V (I)∩F n−1
+

���� ��e�
tmJ

≤
tn − δ0

# %�� �� 0�À��
p ≥ 0

���� ��e�
tn = ... = tn−p > tn−p−1.

à� ���� �eµ�
ûn−p−1

+,J ≤ tn − δ0
e�0

ũn−p−1
I ≥ tn−p = tn

# Þ���. ��� 6e�� ��e�
N∑

k=1

(
max
±

(
0, ũn−p−1

I − ûn−p−1
+,Ik,±

))2

=

(
∆x

ĉn−p−1
I

)2

´� ���� 0�0��� ��e�
δ0 = tn−p − (tn − δ0) ≤ ũn−p−1

I − ûn−p−1
J ≤ 2∆x

δ
.

»��� �� e!��g0 6 g ��� �� ���
δ0 =

4∆x

δ
≤ δ

4L

´���� �� µe��0 6 g
∆x

�- e�� �� �.� #
' g� µ�g , ����. ¶) #¸ãº , ´� 0�0��� ��e�

J ∈ Fm
6 g e��

mJ ≤ m ≤ n−1
# »��� �-�������e�

ûn−1
+,J = un−1

J = umJ
J = tmJ

#
»�� 6 �� ´ ��. ��--e �� � ���g��0 ´ ��� ��� 6e�� ��e� ´� �e� � ��g � ��� 0��eQ  6��� ��- �

t̃n
.�µ�� !Q ��� ä"'' e�. g���- , !Q ��� µeg�e�� �� �� ��- �  6 ��� µ�� ���Q#
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J@HHF # ÛÙ Û óôAA=A @LMIH FM@ ú@Mq@@>

tn
F>D

t̃n
ûý ÊÊþÎ Ç ÅÆÉÅ ÅÆ Ç�Ç Ç� ÑÊÅÊ

I ∈ NAn
Êþ ÒÆ ÅÆÉÅ |ĉn−1

I | ≥ δ > 0
ß ÿÆ ÇÓ � ÅÆ Ç Ð ÏÌ ÌÏ� ÑÓ�ÇÊÅÑÎ ÉÅÇ Æ ÏÌÍÊ

(
tn − t̃n

)+ ≤ 2L

δ2
∆x∆t

ÑÐ
∆t ≤ δ

2L0 A==÷ =÷ J@HHF # ÛÙà�  ��Q �g�e� ��� �e��
cn−1
I ≥ δ > 0

¶���  ���g �e�� �� ��- ��egº # Ö ���- � ��e�
t̃n < tn

,���� ������eg��Q
tn = tn−1

# à� 0�À��
p > 0

���� ��e�
tn−p−1 < tn−p = ... = tn−1 = tn.³� �eg�����eg , ´� �eµ�

tn−p ≤ t̃n−p ≤ ũn−p−1
J ∀J ∈ F n−p−1

e�0
t̃n = ũn−1

I ≤ ũn−1
J ∀J ∈ F n−1.à� ��e�- ��e�

I ∈ F n−p−1
−

# ³�0��0 , e���-� ��e�
I 6∈ F n−p−1

−
# Þ ���. ��� 6e�� ��e�

θn−p−1
I = −1

¶�����
ĉI > 0

º , ´� 0�0��� ��e� 6 g e��
J ∈ V (I) ∩ F n−1

+

, ´� �eµ�
θn−p−1

J = −1
e�0 � 

ûn−1
+,J = tn

, �� �� - �e�� ��e� e�� ��� � 0�
J

�e� ! ��� e������0
e� ��� ��Q ���e� ��- �

tn
# »��� �-����� ��e�

ũn−1
I > tn

e�0 ���� �� e!��g0 #
' g� µ�g , ! ��e���

tn−p − tn−p−1 ≤ ∆t
, ´� �eµ�

ĉn−p−1
I ≥ δ

2

6 g
∆t ≤ δ

2L

# à�
���� �eµ�

N∑

k=1

(
max
±

(
0, ũn−p−1

I − ûn−p−1
+,Ik,±

))2

=

(
∆x

ĉn−p−1
I

)2 ¶) #¸Ãº
e�0

N∑

k=1

(
max
±

(
0, ũn−1

I − ûn−1
+,Ik,±

))2

=

(
∆x

ĉn−1
I

)2

.
¶) #¸)º

%�� �� � -�eg�
ûn−1

+,J

e�0
ûn−p−1

+,J

6 g
J ∈ V (I) ∩ F n−1

+

# ³6
J 6∈ F n−p−1

+

, ����
uJ��e�.�� µe���� 0�g��. ��� ���ge�� ��

n − p ≤ m ≤ n − 1
, e�0 6 g ����

m
´� �eµ�

ûn−1
+,J = um

J = tm = tn
# ·����

t̃n < tn
, ���� ���� � 0�

J ∈ V (I)
0 �� � � � ��g�!���� ��� �µe��e�� �  6 ¶) #¸)º e�0

N∑

k=1

(
max
±

(
0, t̃n − ûn−p−1

+,Ik,±

))2

=
N∑

k=1

(
max
±

(
0, t̃n − ûn−1

+,Ik,±

))2

.
¶) #¸*º

%�� �� 0�� �� !Q

fq(v) =

{
N∑

k=1

(
max
±

(
0, v − ûq

+,Ik,±

))2
}1/2

.

ÙÙ�



a OMP=D@ �FLM a FACPI>B ·O>OAFEILO@
»�� 6����� �

fq

µ�g�À�� 6 g e�Q
q ∈ N

���� ��e�
I ∈ F q

−
&

fq(ũ
q
I) =

∆x

|ĉqI |
, f ′

q(v) ≥ 1.

»���
tn − t̃n ≤ ũn−p−1

I − t̃n ≤ fn−p−1(ũ
n−p−1
I ) − fn−p−1(t̃n)

= fn−p−1(ũ
n−p−1
I ) − fn−1(t̃n) = ∆x

(
1

|ĉn−p−1
I |

− 1

|ĉn−1
I |

)

≤ ∆x
|ĉn−p−1

I − ĉn−p
I |

|ĉn−p−1
I ||ĉn−p

I |

≤ ∆x|∂tc|L∞|tn−p − tn−p−1|
|ĉn−p−1

I ||ĉn−p
I |

≤ 2∆x|∂tc|L∞∆t

δ2
.

ª aç ±Uéìê` êSXUd Ué^\ì]^ RS ]²é ìéTéì ^é]^ RW ]é^] W\Së]êRS^

xI x

θ = −1

θ = 1

ν

t = Ψε(x)

t

tkn

lmn o ) #¸¹ p »��� 6����� � 6g - !�� ´

θ = 1

x

t

xI

tkn

ν
θ = −1

t = Ψε(x)

lmn o ) #¸ã p »��� 6����� � 6g - e! µ�
J@HHF # Û� Û ó¦@ùFAFMI=> =÷ MP@ ùPFL@L =÷

θε úG MP@ E@?@E L@M =÷ F M@LM÷K>CMI=> ûüÇÅ
ϕ ∈ C2

ÑÓ É Ó ÇÑ�Æ �Ï�Æ ÏÏÍ
V

ÏÐ
(x0, t0)

Êþ ÒÆ ÅÆÉÅ
ϕt(x0, t0) > 0

��ÇÊÈ ß ϕt(x0, t0) <
0
� ß ÿÆ Ç�Ç Ç� ÑÊÅ

δ0 > 0, r > 0, τ > 0
Êþ ÒÆ ÅÆÉÅ ÑÐ

max
V̄

((θε)∗ − ϕ)
ÑÊ �ÇÉÒÆ ÇÍ ÉÅ

Ê ÏÎ Ç È ÏÑÓÅ (xε, tε) ∈ Bδ0(x0, t0) ⊂ V � ÑÅÆ
(θε)∗(xε, tε) = 1� ÅÆ ÇÓ ÅÆ Ç�Ç Ç� ÑÊÅÊ

Ψε ∈
C2(Br(x0), (t0 − τ, t0 + τ))

Êþ ÒÆ ÅÆÉÅ
ÙÙ�



# Û 0 A@EIH I>FAG A@LKEML => MP@ DILCA@M@ MIH @ F>D => MP@ E@?@E L@ML =÷ M@LM÷K>CMI=>L
�Ñ� +Ï� ÉÌ Ì

(xJ , tm) ∈ Qr,τ (x0, t0) = Br(x0) × (t0 − τ, t0 + τ)

θε(xJ , tm) = 1 =⇒ tm ≥ Ψε(xJ) (
�ÇÊÈ ß tm ≤ Ψε(xJ)).

�ÑÑ� ÿÆ Ç�Ç Ç� ÑÊÅÊ
(I, n) ∈ ZN × N

Êþ ÒÆ ÅÆÉÅ
(xε, tε) ∈ Q̄n

I = [xI , xI + ∆x] × [tkn , tkn+1 ], (θε)∗(xI , tkn) = 1, tkn = Ψε(xI)ÉÓÍ
θn

I = 1, θm
I = −1 m0 ≤ m ≤ n− 1

(�ÇÊÈ ß θn
I = −1, θm

I = 1 m0 ≤ m ≤ n− 1
)

�Æ Ç�Ç
n = inf

{
k, kn ≤ k ≤ kn+1 − 1, θk

I = 1 (
�ÇÊÈ ß θk

I = −1)
}

ÉÓÍ
m0 = inf{m, tm ≥ t0 − τ} ß�ÑÑÑ� ÿÆ Ç Ð ÏÌ ÌÏ� ÑÓ� ÿÉ� ÌÏ� Ç�ÈÉÓÊÑÏÓ Æ ÏÌÍÊ

Ψε(xJ) = Ψε(xI)−
Dϕ(x0, t0)

ϕt(x0, t0)
(xJ −xI)+(∆x) O (∆x+ |xI − x0| + |tkn − t0|) .

�Ñ�� �Ð
ϕt(x0, t0) < 0� ÅÆ ÇÓ Ð Ï� ÉÌ Ì

(xJ , tkn) ∈ Qr,τ (x0, t0) = Br(x0)× (t0 − τ, t0 + τ)

θε(xJ , tkn−1) = 1
ÉÓÍ

θε(xJ , tkn) = −1 =⇒ tkn ≤ Ψε(xJ).
0 A==÷ =÷ J@HHF # Û�à� � ���0�g ��� �e��

ϕt(x0, t0) > 0
# »��  ���g �e�� �e� !� �g�e��0 �� e ��- ��eg´eQ# à� 0�À��

ϕε = ϕ+ ((θε)∗ − ϕ)(xε, tε)
# ³� �eg�����eg , ´� �eµ�

(θε)∗ ≤ ϕε

e�0
(θε)∗(xε, tε) = ϕε(xε, tε) = 1

# à� ��eg� !Q �g µ��.
(i)

e�0
(ii)

# »�� �g  6 �� 0�� -4� ��0 �� ��µ�ge� ����� #
¦M@ù ØÛ ö@ PF?@

t© = t÷ø Û³�0��0 , e���-� ��e�
tε ∈ (tkn , tkn+1)

# Þ���. ��� 6e�� ��e�
(θε)∗(xε, tε) = 1

, ´�0�0��� ��e�
(θε)∗(xε, t) = 1

6 g
tkn ≤ t ≤ tkn+1

e�0 � 
ϕt(xε, tε) = 0

# »��� ��e!��g0 6 g
δ0

�- e�� �� �.� �����
ϕt(x0, t0) > 0

#
¦M@ù Ù Û ö@ PF?@

(θ©)ù = −1
=> FEE

Qúõ1û =]xû , xû + ∆x[×]t÷øü1 , t÷ø [
LKCP

MPFM
(x©, t÷ø ) ∈ Q̄úõ1û .³�0��0 , �����

ϕε(xε, tkn) = 1
e�0

(ϕε)t > 0
, ´� 0�0��� ��e�

ϕε(xε, t) < 1
�6

t < tkn

# Þ���. ��� 6e�� ��e�
(θε)∗ − ϕε

g�e���� e - e: �-�- ��
(xε, tkn)

, Q ���0�
(θε)∗(xε, t) ≤ ϕε(xε, t) < 1 if t < tkne�0 � 

(θε)∗(xε, t) = −1 if t < tkn .Þ���. ��� ��- �4� �������Q  6
(θε)∗

,  �� 0�0��� ��e�
(θε)∗ = −1

 � e��
Qn−1

J such that (xε, tkn) ∈ Q̄n−1
J .

ÙÙ#



a OMP=D@ �FLM a FACPI>B ·O>OAFEILO@
¦M@ù � Û òP@A@ @õ ILML

I ∈ Zý ö LKCP MPFM
(x©, t÷ø ) ∈ Q̄úþ F>D

(θ©)ù = 1
=>

Qúþ ÛÂQ � ��ge0���� � , e���-� ��e�  � e�� ��! ��
Qn

J

���� ��e�
(xε, tkn) ∈ Q̄n

J

, ´� �eµ�
(θε)∗ = −1

# »��� , ����. � ÅÇÈ 
 , ´� 0�0��� ��e�
(θε)∗ = −1

�� e ���.�! g�  0 6
(xε, tkn)

# »��� �� e!��g0 �����
(θε)∗(xε, tkn) = 1

#
Â�6 g� � �������. ��� �g  6 , ´� ���0 e 6�´ � �e�� � # à� ���

n = inf{k, kn ≤ k ≤ kn+1 − 1, θk
I = 1}.

³� �eg�����eg , ´� �eµ�
θn

I = 1
e�0

θn−1
I = −1

#·����
(ϕε)t(xε, tkn) > 0

6 g
ε
�- e�� �� �.� , !Q ³-������ "����� � »�� g�- , ���g��: ���� e ���.�! g�  0

Vε

 6
(xε, tε)

e�0 e 6����� �
Ψ̄ε

���� ��e�
{ϕε(x, t) < 1} ⇔ {t < Ψ̄ε(x)}

��
Vε

# Þ���. ��� 6e�� ��e�
(θε)∗ ≤ ϕε

Q ���0�
{(θε)∗ = 1} ⊂ {t ≥ Ψ̄ε(x)}.

¶) #¸Äº
' g� µ�g , 6 g

δ0
�- e�� �� �.� , ÑßÇß 6 g

(xε, tε)
�� ��0 �� �.� � 

(x0, t0)
, ´� �e� e���-���e�

Vε ⊃ Qr,τ (x0, t0) = Br(x0) × (t0 − τ, t0 + τ)
# à� 0�À��

ν = xε − xI ∈ [0,∆x)Ne�0
Ψε(x) = Ψ̄ε(x+ ν)

# ³� �eg�����eg , ´� �eµ�
Ψε(xI) = tkn

#
¦M@ù � Û �=A FEE

(xû , t÷ÿ ) ∈ Q�§� (x0, t0) = B� (x0) × (t0 − τ, t0 + τ )

θ©(xû , t÷ÿ ) = 1 =⇒ t÷ÿ ≥ Ψ©(xû ).
» �g µ� ���� , ´� � ���0�g ��� � ������ �  6 � 0��

C = {(xJ , tkm) ∈ Qr,τ (x0, t0) ∩ {θε = 1}} .
ÂQ ������� � ¶) #¸Äº , ´� ���� �eµ�

tkm ≥ Ψ̄ε(xJ), ∀(xJ , tkm) ∈ C # à� 0�0���
∀(xJ , tkm) ∈ C

Q̄m
J = [xJ , xJ + ∆x] × [tkm , tkm+1 ] ⊂ {t ≥ Ψ̄ε(x)}.

»��� �-����� ��e�
(xJ + (xε − xI), tkm) ∈ {t ≥ Ψ̄ε(x)}

e�0 � 
(xJ , tkm) ∈ {t ≥ Ψε(x)}´���� �-����� �º ! ��e��� e�Q
tm′

�e� !� ´ g�����
tkm

6 g e ����e!��
m

#
ÙÙ)



# Û 0 A@EIH I>FAG A@LKEML => MP@ DILCA@M@ MIH @ F>D => MP@ E@?@E L@ML =÷ M@LM÷K>CMI=>L
¦M@ù # Û ö@ PF?@

θóþ = −1
÷=A

m0 ≤ m ≤ n − 1
qP@A@

m0 = inf{m, tó ≥ t0 − τ}
ÛÂQ � ��ge0���� � , ���� �� ��e� ���g� �: ����

m0 ≤ m ≤ n−1
���� ��e�

θm
I = 1

#à� ���� 0�À��
m1

e�
m1 = sup{m ≤ n− 1, θm

I = 1}.
³� �eg�����eg , ´� �eµ�

θm1+1
I = −1

¶�����
θn−1

I = −1
º # »´ �e��� - eQ  ���g &

¶eº
tm1 = tkn = tn

#³� ���� �e�� , ´� �eµ�
ĉm1
I = ĉn−1

I > 0
¶�����

θn−1
I = −1

e�0
θn

I = 1
º # »���� ��ge0���� ��� 6e�� ��e�

θm1
I = 1

e�0
θm1+1

I = −1
#

¶!º
tm1 < tkn = tn

#³� ���� �e�� , ´� �eµ�
θε(xI , tm1) = 1

e�0
tm1 < tkn = Ψε(xI)

# »���� ��ge0���� � ÅÇÈ � #
à� � ´ �g µ� �ÑÑÑ� #ÂQ ³-������ "����� �� »�� g�- , ´� �eµ�

ϕε(x, Ψ̄ε(x)) = 1
# $�g�µ ��. Q ���0�

ϕt(x, Ψ̄ε(x))DΨ̄ε(x) +Dϕ(x, Ψ̄(x)) = 0.

»e5��.
x = xε

Q ���0�

DΨε(xI) = −Dϕ(xε, Ψ̄ε(xε))

ϕt(xε, Ψ̄ε(xε))
= −Dϕ(xI , tkn)

ϕt(xI , tkn)
+O(∆x)

e�0 � 
DΨε(xI) = −Dϕ(x0, t0)

ϕt(x0, t0)
+O(|xI − x0| + |tkn − t0| + ∆x).

' g� µ�g , !Q »eQ � g �:�e��� � , ´� .�� , �6 |ϕ(xε, tε) − 1| �� �- e�� �� �.� , 6 g e��
J ∈ V (I)

Ψε(xJ) =Ψε(xI) + (xJ − xI) ·DΨε(xI) +O(|∆x|2)

=Ψε(xI) −
Dϕ(x0, t0)

ϕt(x0, t0)
· (xJ − xI) + (∆x) O (∆x+ |xI − x0| + |tkn − t0|) .

´��g� î���
O

�� ���6 g- ��
ε
ï # »��� ��0� ��� �g  6  6

(iii)
#³� Á ��� g�- e��� � �� ´ ��e� �6

ϕt(x0, t0) < 0
, ���� 6 g e��

(xJ , tkn) ∈ Qr,τ (x0, t0) =
Br(x0) × (t0 − τ, t0 + τ)

θε(xJ , tkn−1) = 1
e�0

θε(xJ , tkn) = −1 =⇒ tkn ≤ Ψε(xJ).

³� ���� �e�� , ������� � ¶) #¸Äº �� g���e��0 !Q
{(θε)∗ = 1} ⊂ {t ≤ Ψ̄ε(x)}.

ÙÙ,



a OMP=D@ �FLM a FACPI>B ·O>OAFEILO@
ÂQ 0�À���� �  6

θε
, 6 g e��

y ∈ [xJ , xJ + ∆x]
, ´� �eµ�

(θε)∗(y, tkn) = 1
# »e5��.

y = xJ + ν
, ´� ���� 0�0��� ��e�

tkn ≤ Ψ̄ε(y) = Ψ̄ε(xJ + ν) = Ψε(xJ).

J@HHF # Û� Û ó�ùùA=õ IHFM@ P=AIQ=>MFE E@?@E L@M I> MP@
iøDIA@CMI=> ÷=A >@øBFMI?@ ?@E= CIMG û

kÓÍÇ� ÅÆ Ç Ó ÏÅÉÅÑÏÓ ÉÓÍ ÉÊÊþÎÈ ÅÑÏÓÊ ÏÐ üÇÎÎÉ ! ß � ÑÅÆ
ϕt(x0, t0) < 0� ÌÇÅ þÊ ÊþÈ �È ÏÊÇ ÅÆÉÅ ÅÆ Ç�Ç Ç� ÑÊÅÊ

δ0 > 0
Êþ ÒÆ ÅÆÉÅ

c < −δ < 0
ÏÓ

Bδ0(x0, t0)
ßüÇÅ þÊ ÉÊÊþÎ Ç Î Ï�ÇÏ�Ç� ÅÆ ÉÅ

(xI , tn) ∈ Bδ0(x0, t0)� θn−1
I = 1

ÉÓÍ
θn

I = −1
ß �Ð Ð Ï�Ê ÏÎ Ç Ë � ÇÍ

i ∈ {1, ..., N} � Ç ÆÉ�Ç
ũn−1

I − ûn−1
−,Ii,+ < 0 and ũn−1

I − ûn−1
−,Ii,− < 0ÅÆ ÇÓ

∣∣∣∣
Dϕ(x0, t0)

ϕt(x0, t0)
· ei

∣∣∣∣ ≤ o(1).

0 A==÷à� Àg�� �g µ� ��e� �6
ũn−1

I − ûn−1
−,J < 0

6 g � - �
J ∈ V (I)\ {I} , ����

Ψε(xI) − Ψε(xJ) ≤ o(∆x).»��g� eg� �´ �e��� &
ûn−1
−,J = ∞  g

ûn−1
−,J <∞ #

³6
ûn−1
−,J <∞ ����

J ∈ F n−1
−

# ÂQ %�--e Ã #¸ �� g������
ûn−1
−,J = sup{tm ≤ tn−1, θ

m−1
J = 1, θp

J = −1,
6 g

m ≤ p ≤ n− 1}e�0 !Q %�--e Ã #¹
(iv)

´� �eµ�
ûn−1
−,J ≤ Ψε(xJ)

#à� ���� 0�0��� ��e�
0 > ũn−1

I − ûn−1
−,J ≥ t̃n − Ψε(xJ) = Ψε(xI) − Ψε(xJ) − (tn − t̃n).à� e���Q %�--e Ã #; e�0 ´�  !�e��

Ψε(xI) − Ψε(xJ) ≤ o(∆x).³6
ûn−1
−,J = ∞ ���� ������eg��Q

θn−1
J = 1

, � ´ �����g
θn

J = 1
, g��� ����µ��Q �����g

θn
J =

−1
# »��� ´� �e� e���Q %�--e Ã #¹

(i)
, g��� ����µ��Q

(iv)
, e�0 ´� .��

tn ≤ Ψε(xJ)
#à� 0�0��� ����

Ψε(xI) − Ψε(xJ) ≤ tn − tn ≤ 0.Þ���. %�--e Ã #¹
(iii)

6 g
J = I i,± , ´� 0�0��� ��e�
±∆x

Dϕ(x0, t0)

ϕt(x0, t0)
· ei ≤ o(∆x).

ÙÙ1
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J@HHF # Û# Û ó' @CFG =÷

θε I> MP@ BAFDI@>M DIA@CMI=> =÷ F M@LM ÷K>CMI=> ûüÇÅ
ϕ

�Ç
C2

ÑÓ É Ó ÇÑ�Æ �Ï�Æ ÏÏÍ
V

ÏÐ
(x0, t0)

ÉÓÍ ÌÇÅ þÊ ÊþÈÈ ÏÊ Ç ÅÆ Ç�Ç Ç� ÑÊÅ
δ0 > 0Êþ ÒÆ ÅÆÉÅ

max
V

((θε)∗ − ϕ) = (θε)∗(xε, tε) − ϕ(xε, tε) � ÑÅÆ
(xε, tε) ∈ Bδ0(x0, t0) ⊂ VÉÓÍ

(θε)∗(xε, tε) = 1
ß ÿÆ ÇÓ� ÅÆ Ç�Ç Ç� ÑÊÅÊ É Ó ÏÍÇ

(I, n) ∈ ZN ×N
Êþ ÒÆ ÅÆÉÅ

θ
kn+1−1
I = 1

� ÑÅÆ
(xε, tε) ∈ ∂Qn

I = ∂(]xI , xI + ∆x[×]tkn , tkn+1 [)
Êþ ÒÆ ÅÆÉÅ ÑÐ ∓ei ·Dϕ(x0, t0) > 0ÅÆ ÇÓ

θε(x, t) = −1 in Qn
Ii,± =]xIi,± , xIi,± + ∆x[×]tkn , tkn+1 [.0 A==÷ =÷ J@HHF # Û#·����

(θε)∗(xε, tε) = 1
, ���g� �: ���� e � 0�

(I, n) ∈ ZN × N
���� ��e�

θ
kn+1−1
I = 1´ ���

(xε, tε) ∈ ∂Qn
I = ∂(]xI , xI + ∆x[×]tkn , tkn+1 [)

#Ö ���-� 6 g �:e-��� ��e�
ei ·Dϕ(x0, t0) < 0e�0 ��� �� ���� �� !Q � ��ge0���� � ��e�

θε = 1
��

Qn
Ii,+ =]xIi,+ , xIi,+ + ∆x[×]tkn , tkn+1 [.à� 0�À��

ϕε = ϕ+ ((θε)∗ − ϕ)(xε, tε)
# ³� �eg�����eg , ´� �eµ�

(θε)∗ ≤ ϕε and (θε)∗(xε, tε) = ϕε(xε, tε) = 1.·����
(θε)∗ ≤ ϕε

, ��� 6 �� ´ ��. ������� � � �0�
{(θε)∗ = 1} ⊂ {ϕε ≥ 1}.à� 0�À��

xi,λ
ε = xε + λei

´ ���
0 ≤ λ ≤ ∆x

���� ��e�
(θε)∗(xi,λ

ε , tε) = 1
# »���

ϕε(x
i,λ
ε , tε) ≥ 1

e�0
ϕε(x

i,λ
ε , tε) − ϕε(xε, tε)

λ
≥ 0.»e5��. ��� ��- �� 6 g

λ→ 0
, ´�  !�e��

ei ·Dϕ(xε, tε) = ei ·Dϕε(xε, tε) ≥ 0.»��� ��0� ��� �g  6 , ����� �� � ��ge0���� ��� e���-��� � #
J@HHF # Û) Û ó�=K>D => |tε − tm0 |

÷=A >@BFMI?@ ?@E= CIMG û
kÓÍÇ� ÅÆ Ç Ó ÏÅÉÅÑÏÓ ÉÓÍ ÉÊÊþÎÈ ÅÑÏÓÊ ÏÐ üÇÎÎÉ ! ß!� ÑÐ � Ç ÊþÈÈ ÏÊ Ç ÅÆ Ç�Ç Ç� ÑÊÅÊ

δ > 0ÉÓÍ
δ0 > 0

Êþ ÒÆ ÅÆÉÅ
c(x, t) < −δ < 0

ÑÓ
(x, t) ∈ B2δ0(x0, t0) ⊂ V

ÅÆ ÇÓ ÅÆ Ç Ð ÏÌ ÌÏ� ÑÓ�ÇÊÅÑÎ ÉÅÇ Æ ÏÌÍÊ
|tε − tm0 | ≤

∆x

δ� ÑÅÆ
tm0 = sup{tm ≤ tkn : θm−1

Ii,+ = 1, θm
Ii,+ = −1} ÑÐ − ei ·Dϕ(x0, t0) > 0

(
�ÇÊÈ ß tm0 = sup{tm ≤ tkn : θm−1

Ii,− = 1, θm
Ii,− = −1} ÑÐ

+ ei ·Dϕ(x0, t0) > 0)

�Æ Ç�Ç
I

ÑÊ ÍÇË Ó ÇÍ ÑÓ üÇÎÎÉ ! ß! ß
ÙÙ2
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0 A==÷ =÷ J@HHF # Û)%�� �� 0�À��

m0 = sup{ m ≤ kn+1 − 1, θm−1
Ii,± = 1, θm

Ii,± = −1}.
" g

∆x,∆t
�- e�� �� �.� , ´� �e� e���-� ��e�

(xK , tm) ∈ B2δ0(x0, t0)
6 g

K = I, I i,±e�0
m0 ≤ m ≤ kn+1

# ·����
c < 0

��
B2δ0(x0, t0)

,
θ

kn+1−1
I = 1

�-�����
θm

I = 1
6 g e��

m0 ≤ m ≤ kn+1 − 1
, e�0 !Q 0�À���� �  6

m0

,
θm

Ii,± = −1
6 g e��

m0 ≤ m ≤ kn+1 − 1
#»��� - �e�� ��e�

I i,± ∈ Fm
−

6 g e��
m0 ≤ m ≤ kn+1 − 1

e�0 � 
ûm
−,Ii,± = tm0 for m0 ≤ m ≤ kn+1 − 1.

¶) #¸¿º
³� �eg�����eg ,

û
kn+1−1

−,Ii,± = tm0

e�0 !Q ��� 0�À���� �  6 ���
t̂kn+1

�� g������
ũ

kn+1−1
I ≥

t̂kn+1

´ ���
t̂kn+1 = tkn+1

, �����
tkn+1 > tkn

#ÂQ ��� �3�e�� �
N∑

k=1

(
max
±

(
0, ũ

kn+1−1
I − û

kn+1−1

−,Ik,±

))2

=

(
∆x

ĉ
kn+1−1
I

)2

,

´� � ����0� ��e�

tε − tm0 ≤ tkn+1 − tm0 ≤ ũ
kn+1−1
I − û

kn+1−1

−,Ii,± ≤ (∆x)

|ĉkn+1−1
I |

≤ ∆x

δ
.

g h ª«« B « B SC?«ª?H ; j[
»��� ����� � �� 0�0��e��0 � ��� �g  6  6 ��� - e�� ��� g�- , ´���� �� �g���0�0 !Q�´ �-� g�e�� �g � ���� �� #
»�� Àg�� �g � ���� � ´ ��� �� ´ ��e� ��� ��- �� 6����� �

θ
0 �� e ��!4� ���� � �� e����� 0 - e�� �:�����0 6 g ��� �� ���e� ��- � , ´��g�e� ��� ��� �0 �g � ���� � ´ ��� �� ´

��e� ��� ��- �� 6����� �
θ

0 �� e ��!4� ���� � e� ��� �����e� ��- � # »�� g�e� � ´�Q ´� ���0� �g�e� e �eg� ��� �����e� � �0��� � �� ��e� ��� �g  6  6 ��� Àg�� �g � ���� � �� !e��0  ���� 0�À���� �  6 0��� ����� �� µ��� ���Q ��!4� ���� � ¶��� Âeg��� (¸Ä+ e�0 �ge�0e�� ,³�� �� , % � �� () ¸+º � �������. �� ������. ��� �3�e�� � !Q �-  �� 6����� �� , !�� ����0�À���� � 0 �� � � � �0 e� ��� �� ���e� ��- � # »��� ´� �g�e� ��� �� ���e� � �0��� � ����.��� ������3��  6 !egg��g� #Ö� ��� ��0  6 ���� ����� � , ´� .�µ� ��� - e�� �g  6 ����. ! �� g������ #

Ù�£



) Û 0 A==÷ =÷ òP@=A@H Ù Û#
0 A=ù=LIMI=> ) ÛØÛ ó¦KúøL=EKMI=> ùA=ù@AMG =÷ MP@ EIH IM û
ÿÆ Ç Ð þÓ ÒÅÑÏÓ

θ
0 ÑÊ É Êþ��Ê ÏÌþÅÑÏÓ ÏÐ ÅÆ Ç Ç�þÉÅÑÏÓ

θt(x, t) = c(x, t)|Dθ(x, t)|
ÏÓ

RN × (0, T )
ß

0 A==÷ =÷ 0 A=ù=LIMI=> ) ÛØÂQ � ��ge0���� � , e���- � ��e� ���g� eg�
(x0, t0)

e�0
ϕ ∈ C2

���� ��e�
θ

0−ϕ g�e����
e ��g��� - e:�-�- e�

(x0, t0)
´ ���

θ
0
(x0, t0) = ϕ(x0, t0)

e�0
ϕt(x0, t0) = α+ c(x0, t0)|Dϕ(x0, t0)|

¶) #;¾º
´ ���

α > 0
# ·���� ��� - e: �-�-  6

θ
0 − ϕ

�� ��g��� , ���g� �: ����
(xε, tε) → (x0, t0)

e�
∆x→ 0

���� ��e�
max((θε)∗ − ϕ) = ((θε)∗ − ϕ)(xε, tε).³� �eg�����eg , ´� �eµ�
(θε)∗(xε, tε) = 1

6 g
∆x,∆t

�- e�� �� �.� # ³�0��0 , !Q � ��ge40���� � , ���� �� ��e�
(θε)∗(xε, tε) = −1

# Þ ���. ��� 6e�� ��e�
(θε)∗

�� ����g ��- �4� ����� �� , ´�  !�e��
(θε)∗ = −1

e ���.�! g�  0  6
(xε, tε)

# à� ���� 0�0��� ��e�
ϕt(xε, tε) = Dϕ(xε, tε) = 0

e�0 � 
0 = ϕt(xε, tε) − c(xε, tε)|Dϕ(xε, tε)| → ϕt(x0, t0) − c(x0, t0)|Dϕ(x0, t0)| = α

»��� �� e!��g0 #³6 |Dϕ(x0, t0)| 6= 0
, ´� � �� ��e� ´� �e� g�´ g��� ���3�e���Q ¶) #;¾º e�
ϕt(x0, t0) = c̄|Dϕ(x0, t0)| with c̄ > c(x0, t0)

¶) #; ¸º
à� 0�� �� !Q

~n0 =
Dϕ(x0, t0)

|Dϕ(x0, t0)|
.

¶) #;;º
» � ������ ��� �g  6 , ´� �eµ� � 0�����.���� ��µ�ge� �e��� &

¸#
c(x0, t0) > 0.³� ���� �e�� , ´� �eµ� �� �eg�����eg ,

ϕt(x0, t0) > 0
# »��� ´� �e� e���Q %�--eÃ #¹ e�0 ´� 0�0��� ��e� ���g� �: ���

Ψε ∈ C2
e�0

(I, n) ∈ ZN × N
���� ��e�

(xI , tkn) → (x0, t0)
e�
ε = (∆x,∆t) → 0

,
(θε)∗(xI , tkn) = 1, tkn = Ψε(xI)

e�0
θn

I = 1, θn−1
I = −1,

Ù�Ø
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´��g�

n̄
�� 0�À��0 �� %�--e Ã #¹ # Þ���. %�--e Ã #¸ e�0 %�--e Ã #¹

(i)
, ´�0�0��� e�� ��e� 6 g e��

J ∈ V (I)\ {I} ���� ��e�
θn−1

J = 1
, ´� �eµ�

ûn−1
+,J ≥ Ψε(xJ).

»��� �- ����� 6 g e��
J ∈ V (I)∩F n−1

+

, ����. e�� ��� ¶.���ge�º 6e�� ��e�
ũn−1

I ≤
tn = tkn

,
ũn−1

I − ûn−1
+,J ≤ tn − ûn−1

+,J = Ψε(xI) − ûn−1
+,J ≤ Ψε(xI) − Ψε(xJ).

¶) #;¹º
ÂQ ��� ä"'' e�. g���- ¶·��� Ãº ,

ũn−1
I

�� � ���� �  6 ��� �3�e�� �
(

∆x

c(xI , tn−1)

)2

=
N∑

i=1

(
max
±

(
0, ũn−1

I − ûn−1
+,Ii,±

))2

³6 |Dϕ(x0, t0)| 6= 0
, !Q e00��. ¶) #;¹º 6 g

J = I i,±  � e�� 0 �g���� �
i ∈ C ⊂

{1, .., N} ���� ��e�
ũn−1

I − ûn−1
+,Ii,+ ≥ 0 or ũn−1

I − ûn−1
+,Ii,− ≥ 0

e�0 !Q ����. %�--e Ã #¹ �ÑÑÑ� , ´� �e� ����- e��
(

∆x

c(xI , tn−1)

)2

=
∑

i∈C

(
max
±

(
ũn−1

I − ûn−1
+,Ii,±

))2

≤
∑

i∈C
max
±

(Ψε(xI) − Ψε(xIi,±))2

≤(∆x)2

c̄2

∑

i∈C
( ~n0 · ei)

2 + (∆x)2O(∆x+ |xI − x0| + |tkn − t0|)

≤(∆x)2

c̄2
+ (∆x)2O(∆x+ |xI − x0| + |tkn − t0|)

´��g�
c̄
e�0

~n0

eg� 0�À��0 �� ¶) #; ¸º e�0 ¶) #;;º g��� ����µ��Q#
³� 6 �� ´ � ��e�

1

c2(xI , tn−1)
− 1

c̄2
≤ O(∆x+ |xI − x0| + |tkn − t0|).

»e5��. ��� ��- ��
ε = (∆x,∆t) → 0

, ´�  !�e�� e � ��ge0���� � #
³6
Dϕ(x0, t0) = 0

, ´� .�� �� ��� �e- � ´eQ
1

c2(xI , tn−1)
≤ O(∆x+ |xI − x0| + |tkn − t0|).

»e5��. ��� ��- ��
ε → 0

, ����� ´� �eµ� e���- �0
c(x0, t0) > 0

, ´�  !�e�� e� ��ge0���� � #
Ù�Ù
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; #

c(x0, t0) < 0.³� ���� �e�� , ´� �eµ� � ��6 g- e�� ��  � ��� ��.�  6
ϕt

, � ´� �eµ� � 0�����.������µ�ge� �e��� &
¶eº

ϕ�(x0, t0) < 0.f �� ��e� , �� ���� �e�� , |Dϕ(x0, t0)| 6= 0
e�0 ¶) #; ¸º � �0� ´ ���

0 > c̄ >
c(x0, t0)

#»��� ´� �e� e���Q %�--e Ã #¹ e�0 ´� 0�0��� ��e� ���g� �: ���
Ψε ∈ C2e�0

(I, n) ∈ ZN × N
���� ��e�

(θε)∗(xI , tkn) = 1, tkn = Ψε(xI)

e�0
θn

I = −1, θn−1
I = 1,

´��g�
n̄

�� 0�À��0 �� %�--e Ã #¹ # Þ ���. %�--e Ã #¸ e�0 %�--e Ã #¹
(iv)

,´� 0�0��� e�� ��e� 6 g e��
J ∈ V (I)\ {I} ���� ��e�

θn−1
J = −1

, ´� �eµ�

ûn−1
−,J ≤ Ψε(xJ).

»��� �- ����� ��e� 6 g e��
J ∈ V (I) ∩ F n−1

−

ũn−1
I − ûn−1

−,J ≥t̃n − Ψε(xJ)

=tn − Ψε(xJ) + (t̃n − tn) = Ψε(xI) − Ψε(xJ) + (t̃n − tn)

·����
c(x0, t0) 6= 0

, ���g� �: ����
δ, δ0 > 0

���� ��e� |c| ≥ δ > 0
 �

Bδ0(x0, t0)
e�0 ´� �e� e���Q %�--e Ã #; � .��

ũn−1
I − ûn−1

−,J ≥ Ψε(xI) − Ψε(xJ) + o(∆x).

Þ���. %�--e Ã #¹
(iii)

Q ���0�

ũn−1
I − ûn−1

−,J ≥ 1

c̄
~n0 ·(xJ −xI)+(∆x) O(∆x+ |xI −x0|+ |tkn −t0|)+o(∆x).

ÂQ e00��. ��� �g�µ� �� �3�e�� � 6 g
J = I i,±  � e�� 0 �g���� �

i ∈ C ⊂
{1, .., N} ���� ��e�

ũn−1
I − ûn−1

−,Ii,+ ≥ 0 or ũn−1
I − ûn−1

−,Ii,− ≥ 0

Ù��
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´�  !�e�� , ����� |Dϕ(x0, t0)| 6= 0

(
∆x

c(xI , tn−1)

)2

=
N∑

i=1

(
max
±

(
0, ũn−1

I − ûn−1
−,Ii,±

))2

=
∑

i∈C

(
ũn−1

I − ûn−1
−,Ii,±

)2

≥(∆x)2

c̄2

∑

i∈C
( ~n0 · ei)

2

+ (∆x)2 O(∆x+ |xI − x0| + |tkn − t0|) + o(∆x)2¶) #;ãº
³6
i 6∈ C ¶ÑßÇß

ũn−1
I − ûn−1

−,Ii,+ < 0
e�0

ũn−1
I − ûn−1

−,Ii,− < 0
º , ���� !Q %�--eÃ #ã , ´� 0�0��� ��e�

∣∣∣∣
1

c̄
∆x ~n0 · ei

∣∣∣∣ = o(∆x).
¶) #;Ãº

ÂQ � -!����. ¶) #;ãº e�0 ¶) #;Ãº , ´� .��
(

∆x

c(xI , tn−1)

)2

≥(∆x)2

c̄2

N∑

i=1

( ~n0 · ei)
2

+ (∆x)2 O(∆x+ |xI − x0| + |tkn − t0|) + o(∆x2)

=
(∆x)2

c̄2
+ (∆x)2 O(∆x+ |xI − x0| + |tkn − t0|) + o(∆x2)

»��� �- �����
1

c2(xI , tn−1)
− 1

c̄2
≥ O(∆x+ |xI − x0| + |tkn − t0|) + o(1).

»e5��. ��� ��- ��
ε = (∆x,∆t) → 0

, ´� .�� ��� � ��ge0���� � �����
|c(x0, t0)| > |c̄| #¶!º
ϕ�(x0, t0) > 0.·����

c(x0, t0) < 0
, ´� �eµ� !Q ��� e�. g���- ��e� ∂(θε)∗

∂t
≤ 0

# à� 0�À��
ϕε = ϕ+ ((θε)∗ − ϕ)(xε, tε)

# ³� �eg�����eg , ´� �eµ�
(θε)∗ ≤ ϕε

e�0
(θε)∗(xε, tε) = ϕε(xε, tε) = 1.à� �eµ�

tε = tkn

# ³�0��0 , e���-� ��e�
tε ∈ (tkn , tkn+1)

# Þ ���. ��� 6e�� ��e�
(θε)∗(xε, tε) = 1

, ´� 0�0��� ��e�
(θε)∗(xε, t) = 1

6 g
tkn ≤ t ≤ tkn+1

e�0� 
ϕt(xε, tε) = 0

# »��� �� e!��g0 6 g
ε
�- e�� �� �.� �����

ϕt(x0, t0) > 0
#

Þ���. ��� 6e�� ��e�
(ϕε)t > 0

, ´� 0�0��� ��e�
(θε)∗(xε, t) ≤ ϕε(xε, t) < 16 g

t < tkn

# »��� �� e!��g0 ����� ∂(θε)∗

∂t
≤ 0

#
Ù��
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¶�º

ϕ�(x0, t0) = 0.·���� ��� �3�e�� � ¶) #;¾º � �0� ´ ���
α > 0

, ´� �eµ� , �� �eg�����eg ,
|Dϕ(x0, t0)| 6= 0

# »��� , ���g� �: ���� e 0�g���� � ±ei

���� ��e� ∓ei ·
Dϕ(x0, t0) > 0

# Þ ���. %�--e Ã #Ã , ´� 0�0��� ��e� ���g� �: ����
(I, n) ∈

ZN × N
���� ��e�

θ
kn+1−1
I = 1

e�0
θε = −1

 �
Qn

Ii,± =]xIi,± , xIi,± +
∆x[×]tkn , tkn+1 [

# à� 0�À��
tm0

���� ��e�
m0 = sup{m : tm ≤ tkn , θ

m−1
Ii,± = 1, θm

Ii,± = −1}.
³� �eg�����eg ,

(θε)∗(x, tm0) = 1
6 g e��

x ∈ [xIi,± , xIi,± + ∆x]
#à� 0�À��

ϕε = ϕ+ ((θε)∗ − ϕ)(xε, tε)
# ³� �eg�����eg , ´� �eµ�

(θε)∗ ≤ ϕεe�0
(θε)∗(xε, tε) = ϕε(xε, tε) = 1.·���� ��� 6 �� ´ ��. ������� � {(θε)∗ = 1} ⊂ {ϕε ≥ 1} � �0� ,

ϕε(x, tm0) ≥ 16 g e��
x ∈ [xIi,± , xIi,± + ∆x]

#%��
ν ∈ [0,∆x]N

!� ���� ��e�
xε = xI + ν

e�0 ��� �� 0�À��
y ≡ xIi,± + νe�0

ϕ(·, ·) ≡ ϕε(· + ν, ·) # »��� �� Q ���0�
ϕ(xI , tε) = ϕε(xε, tε) = 1

, e�0
ϕ(xIi,± , tm0) = ϕε(y, tm0) ≥ 1

#
»  !�e�� ��� � ��ge0���� � , ´� � ���0�g ��� �:�e��� �  6

ϕ
�� � ���Àg��  g0�g

0 ≤ϕ(xIi,± , tm0) − ϕ(xI , tε)

≤(xIi,± − xI) ·Dϕ(xI , tε) + (tm0 − tε)∂tϕ(xI , tε) +O((∆x)2 + |tε − tm0 |2).f ´ !Q %�--e Ã #) e�0 ����. ��� 6e�� ��e�
∂tϕ(x0, t0) = 0

´�  !�e��
±ei ·Dϕ(xI , tε)∆x+ o(∆x) ≥ 0,

��e� �� e!��g0 , ����� !Q e���-��� � ±ei ·Dϕ(x0, t0) < 0
#

¹ #
c(x0, t0) = 0.³� ���� �e�� , ´� �eµ�

ϕt = α > 0e�0 ´� �e� e���Q %�--e Ã #¹ # ½���� , ���g� �: ����
r, τ > 0

, e 6����� �
Ψε ∈

C2(Br(x0), (t0 − τ, t0 + τ))
e�0 e � 0�

(I, n) ∈ ZN × N
���� ��e�

(θε)∗(xI , tkn) = 1, tkn = Ψε(xI)e�0 6 g e��
J ∈ V (I), tm ∈ (t0 − τ, t0 + τ)

, ´� �eµ�
θε(xJ , tm) = 1 =⇒ tm ≥ Ψε(xJ)

¶) #;)º
Ù�#
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à� 0�À��

m0

���� ��e�
tm0−1 < t0 − τ ≤ tm0 .

" g e��
J ∈ (V (I)\ {I})∩{θn−1 = 1} ¶´ ���

n̄
0�À��0 �� %�--e Ã #¹º , ´� 0�À��

mJ = sup{k ≤ n, θk−1
J = −1}

à� 0�����.���� �´ �e��� &
¶eº »��g� �: ����

J ∈ (V (I)\ {I}) ∩ {θn−1 = 1} ���� ��e�
mJ < m0

#
Þ���. ��� 6e�� ��e�

θk
I = −1

6 g
m0 ≤ k ≤ n− 1

¶��� %�--e Ã #¹ �ÑÑ� º , ´��eµ� ��e�
J ∈ F k

+, ∀ m0 ≤ k ≤ n− 1
e�0 ´� 0�0��� ��e�

ûn−1
+,J = un−1

J ≤ tm0 and θε(xJ , tm0) = 1.

ÂQ ¶) #;)º , ´� ���� �eµ�
tm0 ≥ Ψε(xJ)

#
à� � ´ e���-� ��e� |Dϕ| 6= 0

¶��� �e�� |Dϕ| = 0
�e� !� �g�e��0 �� e��- ��eg ´eQ º # Þ ���. %�--e Ã #¹ , ´� 0�0��� ��e�

tm0 ≥ Ψε(xJ) = tkn −
1

c̄
~n0 · (xJ −xI)+(∆x) O(∆x+ |xI −x0|+ |tkn − t0|),

e�0 � 
tkn − tm0 ≤

1

c̄
~n0 · (xJ − xI) + (∆x) O(∆x+ |xI − x0| + |tkn − t0|)

≤∆x

c̄
+ (∆x) O(∆x+ |xI − x0| + |tkn − t0|).

·��0��.
∆x,∆t

� 
0
, Q ���0�

t0 − (t0 − τ) = τ ≤ 0.

»��� �� e!��g0 #
¶!º " g e��

J ∈ (V (I)\ {I}) ∩ {θn−1 = 1} , mJ ≥ m0

#à� ���� �eµ�
θε(xJ , tmJ

) = 1
e�0 � !Q ¶) #;)º ´� �eµ�

ûn−1
+,J = tmJ

≥
Ψ(xJ)

#
à� � ´ e���-� ��e� |Dϕ| 6= 0

¶��� �e�� |Dϕ| = 0
�e� !� �g�e��0 �� e��- ��eg ´eQ º # Þ ���. %�--e Ã #¹ , ´� 0�0��� ��e�

ûn−1
+,J ≥ Ψ(xJ) = tkn −

1

c̄
~n0 · (xJ −xI)+(∆x) O(∆x+ |xI −x0|+ |tkn − t0|),

Ù�)
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e�0 � 
ũn−1

I − ûn−1
+,J ≤ tkn − ûn−1

+,J ≤1

c̄
~n0 · (xJ − xI) + (∆x) O(∆x+ |xI − x0| + |tkn − t0|)

ÂQ e00��. 6 g
J = I i,±  � e�� 0 �g���� ��

i ∈ C ⊂ {1, .., N} ���� ��e�
ũn−1

I − ûn−1
+,Ii = max(ũn−1

I − ûn−1
+,Ii,+ , ũ

n−1
I − ûn−1

+,Ii,−) ≥ 0,

´� 0�0��� ��e�
(

∆x

ĉn−1
I

)2

=
∑

i∈C

(
ũn

I − ûn−1
+,Ii

)2

≤
(

∆x

c̄

)2

+ (∆x)2 O(∆x+ |xI − x0| + |tkn − t0|).

� #� #
1

|ĉn−1
I |2 ≤ 1

c̄2
+O(∆x+ |xI − x0| + |tkn − t0|)

·��0��.
∆x,∆t

� 
0
, Q ���0� e � ��ge0���� � �����

c̄ > c(x0, t0) = 0
#

à� � ���g��� e !egg��g ��!4� ���� � e�0 ´� �g µ� ��e�
θ

0 0�À��0 !Q ¶) #Äº �e���À����� �� ���e� � �0��� �  6 ¶) #¸º &
0 A=ù=LIMI=> ) ÛÙ Û óÜ>IMIF E C=>DIMI=> û
�Ç ÆÉ�Ç ÅÆ Ç Ð ÏÌ ÌÏ� ÑÓ� ÑÓ Ç�þÉÌÑÅ� �

θ
0
(·, 0) ≤

(
1Ω0 − 1Ωc

0

)∗
.

¶) #;*º
0 A==÷ =÷ 0 A=ù=LIMI=> ) ÛÙ" g

α > 0
´���� ´ ��� ! � �g�����0 �e��g , ´� � ���0�g ��� 6 �� ´ ��. 6����� �

v(x) = α dist(x,Ω0).
¶) #;Äº

e�0 ´� 0�À�� , 6 g e��
I ∈ ZN

vI = v(xI).à� ���� 0�À�� 6 g
xI ∈ Ωc

0

e µ�� ���Q ∞ > cv,I > 0
!Q � �µ ��.

N∑

k=1

(max
±

(0, vI − v̂Ik,±))2 =

(
∆x

cv,I

)2

,

´��g�
v̂J =

{
vJ if vJ ≤ vI

∞ if vJ > vI .

Ù�,
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»��� 0�À�� e ä"'' ´��� µ�� ���Q

cv,I

e�0 ´� �� � ���� � ��
vI

# 9� ���  �� �e�0 ,����. ��� 6e�� ��e� |vI − vJ | ≤ α∆x
, Q ���0� 6 g

J ∈ V (I)

cv,I ≥
1

α
√
N

¶) #;¿º
9� ���  ���g �e�0 , ���

C2
g�.��eg��Q  6

∂Ω0

�-����� ��e�
cv,I

�� ���6 g- �Q ! ��0�0e�
∆x→ 0

�� e ���.�! g�  0  6
∂Ω0

#' g� µ�g , ´� �e� 0�À��
θε

v

�� ��� 6 �� ´ ��. ´eQ

θε
v(x, t) =

{
1 if x ∈ [xI , xI + ∆x[

e�0
t ≥ vI

−1 if x ∈ [xI , xI + ∆x[
e�0

t < vI .

à� 0�� �� !Q
u

��� � ���� �  6 ��� ä"'' e�. g���- ´ ��� µ�� ���Q
c(x, t)

# à� �����eµ�
θ0

u,I = 1 ⇒ xI ∈ Ω0 ⇒ vI = 0 ⇒ θ0
v,I = 1.e�0 � 

{θ0
u = 1} ⊂ {θ0

v = 1}.' g� µ�g , ����. ¶) #;¿º , ´� 0�0��� ��e� 6 g
α

�- e�� �� �.� , ´� �eµ� , 6 g e��
t ≥ 0

cv,I ≥ (c(xI , t))
+.

Þ���. ��� � -�eg�� � �g����� �� � g ��egQ ã #Ã , ´� 0�0��� ��e�
θε

v(x, t) ≥ θε(x, t).

à� 0�� �� !Q
vε(x) = sup

y∈[x−∆x,x]

v(y)
e�0

θvε(x, t) = 1{vε(x)≥t} − 1{vε(x)<t}
# ³� �� �e�Q

� ����5 ��e�
(θvε)∗(x, t) ≥ (θε

v)
∗(x, t) ≥ (θε)∗(x, t).Ôe����. � ��� ��- ��

ε→ 0
, ´� ����  !�e�� 6 g

t > 0

1{v(x)≥t} − 1{v(x)<t} = θv(x, t) ≥ θ
0
(x, t)

e�0 � 
(
1Ω0 − 1Ωc

0

)∗ ≥ θ
0
(x, 0).

»��� �- ����� ��e�
θ

0 �e���À�� ��� �� ���e� � �0��� � ¶) #;*º #
0 A==÷ =÷ òP@=A@H Ù Û# »�� �g  6  6 »�� g�- ; #Ã �� � ´ 3���� ��-��� # ³�0��0 ,����. »�� g�- ) #¸ e�0 Ôg � ���� � ) #; , ´� .�� ��e�

θ
0 �� e µ ��� ���Q ��!4� ���� �  6¶) #¸º #

Ù�1
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" g ��� ����g4� ���� � �g ��g�Q  6

θ0 , �� ��P ��� � ��� ��� �Q--��gQ  6
θ

0 e�0
θ0 ¶��� %�--e ã #¸º # ³�0��0 , !Q � ��ge0���� � , e���- � ��e� ���g� eg�

(x0, t0)
e�0

ϕ ∈ C2
���� ��e�

θ0 − ϕ
g�e���� e ��g��� - ���-�- e�

(x0, t0)
´ ���

ϕt(x0, t0) = −α+ c(x0, t0)|Dϕ(x0, t0)|
´ ���

α > 0
e�0

t0 > 0
# %�� �� 0�À��

c1 = −c , ϕ1 = −ϕ e�0
θ

0

1 = θ
0
[−θ0,−c] # »��� ,

����. %�--e ã #¸, ´� .�� ��e�
θ

0

1 − ϕ1

g�e���� e ��g��� - e:�-�- e�
(x0, t0)

´ ���
θ

0

1(x0, t0) = ϕ1(x0, t0)
e�0
(ϕ1)t(x0, t0) = α+ c1(x0, t0)|Dϕ(x0, t0)|.

»��� � ��ge0���� ��� ��!4� ���� � �g ��g�Q  6
θ

0

1

# " g ��� �� ���e� � �0��� � , ´� ������ �e- � eg.�-����  6 �� ��  6 Ôg � ���� � ) #; #
' g� µ�g , �6 ¶) #¸º �e���À�� e � -�eg�� � �g������� , ����

θ
0 ≤ (θ0)∗

e�0
(θ

0
)∗ ≤ θ0 #·���� , !Q 0�À���� � ,

θ
0 ≥ θ0 , ´� .�� ��e�

θ
0

= (θ0)∗
e�0

(θ
0
)∗ = θ0 �� e � ���� �  6

¶) #¸º # »��� �:e���Q -�e�� ��e�
θ

0 e�0
θ0 eg� � ���� �� , ´���� �� ���� ���3�� ¶´������ � -�eg�� � �g����� �� � �0� 6 g e �� ���e� �� ���  6 ��� �� ���e� 0e�eº , �� � �������g e�0 ��� � ´�g ��- �4� ����� �� ��µ�� � �� #

i  H?ª¯®@G ©?>©>
à� eg� . ��. � µ�g�6Q  �g e�. g���- !Q � - � ��- �g��e� ����� �� 0�- ���� �

N = 2
#" �g�� ´� ´ ��� .�µ� �� �´ �e��� ��� g��g�����e�� � 6 g-��e  6 ��� � ���� � � ��e� ´�´ ��� ! � e!�� �  !�e�� ��- �g��e� �gg g� � -�eg��. �� ´ ��� ��� ��-�g��e� � ���� � !�e���0 !Q ��� ä"'' e�. g���- #

� @ùA@L@>MFMI=> ÷=AHKEFL ÷=A PGù@Aù EF>@L F>D LùP@A@L ùA=ùFBFMI>B q IMPEI>@FA Lù @@Dà� µ�g�6Q ��e� �Q��g��e��� e�0 ����g�� ��
RN

, ��e� �g �e.e�� ´ ��� e ����eg �� ��0e� �. ��� � g- e� 0�g���� � , 5��� ����g ��e��� 0�g��. ��� �µ ���� � g�- e����. g��4� ����µ��Q �Q��g��e��� e�0 ����g�� #»���� - e��6 �0� �e� !� ��ege���g�×�0 !Q ��� ��µ�� ���  6 e � �Q� - �e�
P (x) : RN → R 6 0�.g�� ¸ e�0 ; # à� 0�� �� !Q

P (x, t)
��� � �Q� - �e�� ´ ��� � �P ������ 0�� ��0��. �

t
#æe�� � ���

x
� #� #

P (x, t0) = 0
µ�g�À�� ��� 6 �� ´ ��. 0Q�e- ��� &

{
ẏ(t) = −c(y(t), t) DP (y(t),t)

|DP (y(t),t)| ,

y(t0) = x

Ù�2
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����� ���Q �g �e.e�� ´ ��� �� ��0

c
e� �. ��� ���� � g- e� � ��� - e��6 �0 # »���� �ge4Á ��� g��� eg� 5� ´� e� ÒÆÉ�ÉÒÅÇ�ÑÊÅÑÒÊ # »��� ´� Á ��� ���0 � ����5 ��e� ��� �µ ���� � 6 �e�� � ���  6 ��� - e��6 �0 µ�g�À�� ��� �3�e�� �

P (y(t), t) = 0
, � #� # 0�g�µ ��. ´ ���g��� ��� � 

t

Pt(y(t), t) − |DP (y(t), t)|c(y(t), t) = 0,
¶) #¹¾º

6 g e�Q ����eg �� ��0
c(x, t) = a(t)x+b(t)

e�0 6 g e�Q
P (x, t)

g��g�������. �Q��g��e��� g ����g�� #
4�È Ç�È ÌÉÓ ÇÊ � P (x, t) = α(t)x+ β(t)³� g������

Pt(x, t) = α̇(t)x+β̇(t)
e�0 |DP (x(t), t)| = |α(t)| ���� P (x, t)

µ�g�À�� ¶) #¹¾º´ ��� � �P ������ ���� ��e� &
{

α̇(t) = |α(t)|a(t)
β̇(t) = |α(t)|b(t)

�È Æ Ç�ÇÊ � P (x, t) = R(t)2 − |x− x0(t)|2³� g������
Pt(x, t) = 2(x − x0(t))ẋ0(t) + 2R(t)Ṙ(t)

e�0 |DP (x(t), t)| = 2|x − x0(t)|����
P (x, t)

µ�g�À�� ¶) #¹¾º ´ ��� � �P ������ ���� ��e� &
{

ẋ0(t) = a(t)R(t)

Ṙ(t) = x0(t)a(t) + b(t)

ò@LM Ø � F A=MFMI>B EI>@à� ��  �� e� �����e� 0e�e e ����
P (x, 0) = x2 + 1.5x1

e�0 ���� e� g��g�������.6����� � &
θ(x, 0) =

{
1

�6
x2 + 1.5x1 > 0

−1 otherwise.

¶) #¹ ¸º
à� ��  �� e� µ�� ���Q

c(x, t) = x1

# à� �eµ� �g µ�0 ��e� e ���� �g �e.e���. ´ �������eg �� ��0 ��eQ� e ���� # Ö���Q ��. ��� g�����  6 ��� �g�µ� �� ����� � , ´�  !�e�� ��e�
P (x, t) = α(t)x+ β(t)

�e� � �P ������ � �µ ��. ��� 6 �� ´ ��.  #0 #� #
{
α̇1(t) =

√
1 + α1(t)2

α1(0) = 1.5,

{
α̇2(t) = 0

α2(0) = 1.

· �µ��. , ´�  !�e��
P (x, t) = sinh(t+ arcsinh(α1(0)))x1 + x2

#à� � -���� ��� 0���g��� � ���� � �� ��� ��-�g��e� 0 -e��
D = [−1, 1]× [−1, 1]

e�0´� �µe��e�� ��� �gg g e� À�e� ��- � »�¾ #Ã # à� ��� ��� 0���g���
L1

4� g-
‖θ(xI , T ) − θm

I ‖1 =
∑

{I:xI∈D}
|θ(xI , T ) − θm

I |∆x2,

Ù�£
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´ ���

m
��� ��-!�g  6 ���ge�� �� � gg��� �0��. � g�e�� ��� À�e� ��- �

T
# »�� �e!��) #¸ �� ´ � ��� �gg g 6 g ��� ����� g�� ´ ���

26, 51, 101, 201
��-!�g  6 � 0�� 6 g �e����0�  6 ��� �3�eg� 0 - e�� # »�� � �µ�g.���� �� e��g : �- e���Q  6  g0�g ¸#" �. #) #¸Ã �� ´ � ��� ¾4��µ�� ���  6 ��� 0���g��� � ���� � e� �e�� ��- � ����gµe� ¾ #¸# »������ �� g �e���. �� �5´ ��� e�0 �� ´ ��� g�e�� �� ��À���Q ��- � ���

x2

e:� # »�� �e�� ������ �� ���0 ´ ��� ��� �:e�� � ���� � �� ����5�g ���� #
∆x L1

4�gg g
0.08 0.102
0.04 0.0576
0.02 0.0304
0.01 0.0160��� o ) #¸ p f�-�g��e� �gg g� 6 g ���� ¸

−1 −0.5 0 0.5 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

lmn o ) #¸Ã p Ö g �e���. ����
ò@LM Ù � ùA=ùFBFMI=> =÷ F CIACE@à� ��  �� e� �� ���e� 0e�e e ��g���

P (x, 0) = x2
1 + x2

2 − 1
e�0 ���� e� g��g�������.6����� � &

θ(x, 0) =

{
1 x2

1 + x2
2 − 1 < 0

−1 otherwise.

¶) #¹;º
Ù� Ø
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à� ��  �� e� µ�� ���Q

c(x, t) = 0.1t− x1

# à� �eµ� �g µ�0 ��e� e ��g��� �g �e.e���.´ ��� ����eg �� ��0 ��eQ� e ��g��� # Ö���Q ��. ��� g�����  6 ��� �g�µ� �� ����� � , ´�  !�e����e�
P (x, t) = (x1 − x0,1(t))

2 + (x2 − x0,2(t))
2 − R(t)2

�e� � �P ������ � �µ ��. ���6 �� ´ ��.  #0 #� #
{
ẋ0,1(t) = −R(t)

x0,1(0) = 0

{
ẋ0,2(t) = 0

x0,2(0) = 0

{
Ṙ(t) = −x0,1(t) + 0.1t

R(0) = 1

· �µ��. , ´�  !�e��
x0,1(t) = 1/20(2t+11(exp(−t)−exp(t))

e�0
R(t) = 1/20(−2+

11(exp(t) + exp(−t))) #à� � -���� ��� 0���g��� � ���� � �� ��� ��-�g��e� 0 -e��
D = [−2, 2]× [−2, 2]

e�0´� �µe��e�� ��� �gg g e� À�e� ��- � »�¾ #Ã #à� ��� ��� 0���g���
L1

4� g- , 0�À��0 �� ��� �g�µ� �� ���� #»�� �e!�� ) #; �� ´ � ��� �gg g 6 g ��� ����� g�� ´ ���
51, 101, 201, 401

��-!�g  6 � 0��6 g �e�� ��0�  6 ��� �3�eg� 0 -e�� # »�� � �µ�g.���� �� e��g : �- e���Q  6  g0�g ¸#" �. #) #¸) �� ´ � ��� ¾4��µ�� ���  6 ��� 0���g��� � ���� � e�0 e� �e�� ��- � ����gµe� ¾ #¸,��� ��g��� �� �:�e�0��. e0 ��� ����g� �� �g �e.e���.  � ��� ��6� #
∆x L1

4�gg g
0.08 0.4992
0.04 0.2784
0.02 0.1288
0.01 0.0582��� o ) #; p f�-�g��e� �gg g� 6 g ���� ;

ò@LM � � C=HùFAIL=> ú@Mq@@> MP@ �aa F>D ·�aa FEB=AIMPHà��� ��� �µ ���� � �� -  � � �� , � #� #
c(x) > 0

, ���g� �: ���� e ���5 !��´��� ����µ ����µ� e�0 ��� ��e�� �egQ �3�e�� � ¶��� (ÄÃ+ e�0 (¸Ã¸+º &
{
c(x)|DT (x)| = 1 x ∈ Ω,

T (x) = 0 x ∈ ∂Ω.

³� ���� �e�� ��� 0���g��� 6����� �
un

I

, � -����0 !Q ��� ä"'' e�. g���- , e��g : �4- e��� ��� � ���� �
T (x)

 ����0� ��� ���
Ω
#»�� �´ ����-�� , ��� "'' e�0 ��� ä"'' , eg� g�� �� ��� �e�� ��� �� ��0 ��

c(x, t) = 1
´ ��� �����e� ���

Ω
e ��g��� ����g�0 �� ���  g�.�� ´ ��� ge0���

0.5
#" g ���� �� ���  6 �� ��0 , ��� � ���� �

T (x)
� gg��� �0� e� ��� 0���e��� 6����� �  6��� � ���

x
6g - ��� ���

Ω
#à� � -�eg� ��� �´ ����-�� � -�����. ��� �gg g� �� ��� || · ||∞

0���g��� � g- &
‖|T (xI) − uI‖∞ ≡ sup

{I:xI∈D}
|T (xI) − uI |.

Ù�Ù
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u

 6 e �g �e.e���. ��g��� ´ ��� � ����µ� � ���e�� �� ��0
Ö �  �� �e� ��� , ��� ä"'' ����- � �g 0���� �� ���� �eg�����eg �e�� e�-  �� ����e- � g������  6 ��� "'' ����-� ¶e� �-���- ����0 �� ��� ½Ý�e�5 ��!gegQ (¸¾*+º # »��

Ù��



a OMP=D@ �FLM a FACPI>B ·O>OAFEILO@
g������ eg� ���.���Q 0�.�g��� �� �eg�����eg ! ��e��� ��� ��- � � -����0 �� ��� �egg ´!e�0 �� ��� ��e����e� "'' ���� � �  ��Q ��� e������0 � ���� !�� e�� ��� �  ����  6��� �egg ´ !e�0 #

ò@LM � � Mq= C=EEFùLI>B CIACE@Là� ��  �� e� �����e� 0e�e �´ ��g���� e�0 e� µ�� ���Q
c(x, t) = 1 − t

# »�� �´ ��g����.g ´ e� 6eg e� ��� �� ��0 �� � ����µ� # Ö�
t = 1

, ´��� ��� µ�� ���Q ��e�.�� ��.� , ���Q��eg� � 0��g�e�� # " �. #) #¸Ä  � ��� ��6� �� ´ � ��� ¾4��µ�� ���  6 ��� 0���g��� � ���� �e� �e�� ��- � ����gµe�
0.2

�����
t = 1

e�0 "�. #) #¸Ä  � ��� g�.�� �� ´ � ��� ¾4��µ�� ��� 6 ��� 0���g��� � ���� � e� �e�� ��- � ����gµe� ¾ #; 6 g ��� ��- � ����gµe�
[1.2, 2.4]

#
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lmn o ) #¸Ä p »´ �g �e.e���. ��g����
�C�>=q E@DB@H@>ML»��� ´ g5 ´e� ���� g��0 !Q ��� �g Á ��� Ö�³ � # ¸¾;Ã ¶;¾¾¹4;¾¾*º 6g - ��� 6g����- �����gQ  6 g���eg�� e�0 !Q ��� ³�e��e� ' ³Þ& ;¾¾Ã Ôg Á ��� 7' 0��������e ��-�g��e� �g �� �e�� � �������À� �0 e�����e×� �� eµe�×e�� 7# »�� Àg�� e��� g �e� ! ��� ���� g4��0 !Q ³�0e- ¶³������ fe×� �e�� 0� Ö ��e 'e��- e���eº # »�� e��� g� ´ ��� � ��e�5
� # %� Â �eg e�0 Ö # "���� 6 g 6g� ��6� � 0 ������� �� #
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�� ��e���g� ��� ���� 0 2�� �geµe�� �� � �g� eµ�� & # ' ���e� (¿¾+ #9� 1��0�� ��� µ�g�� � 0Q�e- �3�� 0 2�� - 0��� 0� ��e-� 0� ��e�� 0� Õ �� ´ �5��� 9g��× � �g 0�� g1��e�: 0� 0��� �e�� �� ��e�e�g�� # 9� � ���0�g� �� ��e-� 0� µ��4���g� !�40�-���� ���� 3�� 01�g�� ��� �ge����� �� 0� ��e��� ���g� 0�� ��e��� � ���e���� #��e3�� �ge����� � 0� ��e��� � gg��� �0 / ��� ��.�� 0� 0��� �e�� � �� ����� 0���g��4�� � ��g- �� �e 6 g- e�� � 0� Á  ���� �� ���g� ��� 0��� �e�� �� # �� ��e-� 0� µ�����g��� ���� �1 �e���6e�g� ��� 13�e�� � 0� ½e- ��� �4Ýe� !� � � � �e�� eµ�� ��� µ��� ���1� � ����� # Ô �g �� - 0� �� , � �� - ��g �� � 2�: ������� 0 2��� � ���� � 6e�! �� .� !e���� ��-�� #
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�º ê^]éSëé RW ^Rì\]êRS^ WRU X `Rcéì cé^ëUêí êSV

]²é cdSX` êë^ RW \Së]êRS^ í é]ZééS cê^ìR ëX]êRS^

f # " g�e0�� , & # ' ���e�
h»�ijkli �u ro��� t ��nt� qzt| yuvrqxn x} t ��|oq~sptru �u|� � x~�u| x} �xr|xw r�q tn� � voqË }xv s|tntv �qr|x ztoqxn nuowxv�r � �u zxnrq�uvt owx~�q� unrqxnt| yuzoxv �u|� wpqzp �urzvq� ur sptru ovtnrqoqxnr � uowuunzxnrotno sptrur � �tzp sptru ovtnrqoqxn zxvvurs xn�r ox t �qr|x ztoqxn |qnu �tn� opu yuzoxvqt| �u|� �urzvqsoqxn t||xw r opu }xv� toqxn x} ��nzoqxnr � uo~wuun �qr|x ztoqxnr � �pqr yuzoxv �u|� qr trr�� u� ox rtoqr}� t nxn~|x zt| yuz~oxvqt| Ì t� q|oxn~Ítzx� q u��toqxn w qop nxn~Ëuvx yqrzxrqo�� �xv opqr � x�u| �wu svxyu opu u�qrounzu }xv t|| oq� u x} t wut� rx|�oqxn �h� � ��k�� ��lki��� � ��� �� � ��� �� �¡¢£¤�j¥� � � qr|x ztoqxn ��nt� qzr � nxn~|x zt| u��toqxnr � ��nzoqxnr �Ì t� q|oxn~Ítzx�q �

¦ §¨©ª«¬®©¯«¨
°a° ±²d^êëXì `R]êTX]êRS

$��� �e�� �� eg� ���� 0�6���� �� �gQ��e� , e�0 ����g -  �� � �� e� ���  g�.��  6 ��e�����g � �g����  6 - ��e�� # ³� ����� �gQ��e�� , ´� �e�  !��gµ� ���64 g.e����0 ��g����g�� , ��5�"ge�5 ���´ g5� , ÑßÇß ���´ g5�  6 0��� �e�� �� g��e��0 !Q Á ����� �� # ·�� 6 g ����e����e.� ¸¿¾ �� ½��� , Âe� � (¸¾¿+ 6 g ���� ���´ g5� �� Â�� �g � ,  g �e.� ¸ÄÄ 6 g ��:e4. �e� ���´ g5� �� "�� �gQ��e�� # ³� ��� �g����� �e��g , ´� � ���0�g e �� ���e� �e��  6e ���´ g5 � ��e���0 �� e ���.�� ���� ��e�� , ´��g� ��� 0��� �e�� �� �e� - µ� # à� eg�����g����0 �� �eg�����eg �� ��� - �� �  6 ��� Á ����� �� ! ��´��� 0��� �e�� �� , ´����g�- e��� e 3����  � �� 3����� � , ! �� 6g - ��� - 0�����. � ���  6 µ ��´ , e�0 6g - ���- e���-e���e� e�e�Q��� � ���  6 µ ��´ ¶��� 6 g ����e��� ��� ´ g5  6 & 0��Q, %� Â �eg ," ���� (¸ÃÄ+º # %�� �� - ���� � , 6 g ��� ��e�� �egQ �e�� , ��� ´ g5  6 äegg �� (¿;+ # »��. e�  6 ��� �g����� �e��g �� � �g � �� e�0 � ���0Q e - 0�� 6 g ��� 0Q�e- ���  6Á ����� ��  6 0��� �e�� �� #
»�� 3����� �  6 Á ����� �� �e� ��µ�ge�  ���g ��Q���e� e�����e�� �� e�0 ���g� ��µeg� �� ����ge��g�  � ���� ��!Á ��� # %�� �� - ���� � 6 g ����e��� ��� �g !��-  6 �gQ��e�.g ´��  g .ge�� .g ´�� ¶��� »eQ � g (¸** , ¸*Ä+ e�0 Âg ��eg0 , &������ (ãã+º # à� e�� g�6�g � Â ���� (ã¾+ 6 g �g !��- � � ���g���. ��� - ���- ��e�� �  6 ��� '�-6 g04·�e�6����� �e� #
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ØÛ Ü>MA=DKCMI=>
°aç b _²X^é «éìc `Rcéì WRU ]²é cdSX` êë^ RW \Së]êRS^

³� e ��e�� À��0 - 0�� , ��� 0��� �e�� � �e� !� g��g������0 e� ��� ��e�� �ge����� � 6 e ��e�� �ege- ���g
ρ(x) = ρ1(x)e

1 + ρ2(x)e
2 ∈ R2

0�À��0 6 g
x = x1e

1 + x2e
2�� ��� ��e��

R2
´ ���

(e1, e2)
e�  g�� � g- e� !e��� # »�� ���g.Q  6 ��� 0��� �e�� �� ,�� ��� �g������  6 e � ���e�� �:��g� g e�����0 ��g���

σ0 ∈ R2
, �� ���� .�µ�� ¶��� ���-  0��  6 Õ �� ´ �5� e�0 9g��× (¸;*+º !Q

E(ρ) =

∫á
2

−1

2
(C0 ? ρ) · ρ− σ0 · ρ+W (ρ),

¶* #¸º
´��g� ��� �g����� - �e���.  6 ���� �:�g���� � ´ ��� ! � .�µ�� �e��g #" g e�Q ��e�� �ge����� � !��´��� �´ ��e���

A
e�0

B
, ��� 0�.�g����

B − A
���0���Q���e��Q � ! � ��� Â�g.�g� µ��� g  6 ��� 0��� �e�� � , ÑßÇß e µ��� g  6 ��� �e�����

Λ = Za1 + Za2
 6 ��� �gQ ��e� ´� eg� � ���0�g��. , ´ ��� .���ge� !e���

(a1, a2)
# »�����6 g- e�� � �� ��� 0�0 �� ��� � �����e�

W : R2 −→ R+

´���� �� �� e���-�0 � !�- ���- e�  �
Λ

e�0 � �eµ� ��� � �g� 0����Q  6 ��� �e�����
Λ

&

W (ρ+ a) = W (ρ)
6 g e�Q

a ∈ Λ.
¶* #;º

³� ���� - 0�� , Á ����� ��  6 ��g�� 0��� �e�� ��  6 Â�g.�g� µ��� g�
b1, b2, b3 ∈ Λ

´ ���
b1 + b2 + b3 = 0

�� �:� ����0 , ��5� 6 g ����e��� e� ��� ��e�� �ge����� �� ! ��´��� �����e���
0, b1,−b3 ¶��� "�.�g� * #¸º #

b3

ρ ∼ 0

ρ ∼ b1

b2
b1

ρ ∼ b1 + b2 = −b3

lmn o * #¸ p »�� Á ����� �  6 ��g�� 0��� �e�� �� e� ��e�� �ge����� ��  6
ρ
#

à ��� ��� - e��g�e� �� ��!- ����0 � e� �:��g� g ���eg ��g��� , �� - e5�� ��� 0��� �e4�� �� -  µ� # »�� 0Q�e- ���  6 e .�µ�� 0��� �e�� � ���� �� ��Q���e��Q .�µ�� !Q ��� � g- e�µ�� ���Q, ´���� �� �e���0 ��� g�� �µ�0 Ô�e��4Õ ����g 6 g�� # »��� 6 g�� �� ��� ��-  6��� g�� �µ�0 �:��g� g ���eg ��g��� e�0 ��� ��g��� �g�e��0 !Q e�� ��� 0��� �e�� �� ����� ,�����0��. ��� ���� �����6 #³� ��� �:�g���� � .�µ ��. ��� ���g.Q ¶* #¸º , ��� 5�g���
C0(x)

�� e
2× 2

�Q--��g�� - e4�g�: ´���� �e5�� ��� e�� ��� ��� � �. ge�.� ��e���� ����ge��� �� ! ��´��� 0��� �e�� ��
Ù�,
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e�0

(C0 ? ρ)i =
∑

j=1,2

C0
ij ? ρj,

6 g
i = 1, 2

´��g�
?
0�� ��� ��� ���e� � �µ ���� � # ³� ¶* #¸º e�0 ��g �.� �� ��� �e��g , ´� 0�� ��!Q

A ·B ��� ��e�eg �g 0��� ! ��´��� �´ µ��� g�
A,B ∈ R2

#»�� g�� �µ�0 ��g���
σ[ρ]

�g�e��0 !Q e�� ��� 0��� �e�� �� �� ���� 6 g- e��Q .�µ�� !Q ��� �� ����  6 ��� .ge0����  6 ��� ���g.Q −E ′(ρ)
, e�0 �e� !� �:�g����0 e� ��� 6 �� ´ ��.� �4� �e� 3�e����Q

σ[ρ] = σ0 + C0 ? ρ−W ′
ρ(ρ).

¶* #¹º
»�� ��e�� �ege- ���g

ρ(t, x) ∈ R2
�� ���� e���-�0 � �e���6Q ��� 6 �� ´ ��. �3�e�� �






(ρk)t = |∇ρ|−1
∑

i=1,2

∑

j=1,2

(σ[ρ])i∇jρi∇jρk + ε∆ρk,
6 g

k = 1, 2
��

(0, T ) × T2,

ρ(0, x) = ρ0(x)
 �

T2, ¶* #ãº
´��g�

σ
�� .�µ�� �� ¶* #¹º ,

ρt =
∂ρ

∂t

e�0 ∇jρ =
∂ρ

∂xj

6 g
j = 1, 2

, e�0

|∇ρ|2 =
∑

i=1,2

∑

j=1,2

|∇jρi|2.

½�g� ��� �ege- ���g
1 > ε > 0

�� e �- e�� µ ��� ���Q ���g 0���0 �� ��� -  0�� , �� g0�g � g�.��eg��� ��� �3�e�� � , !�� ´���� �e� � g�e� ��Q���e� - �e���. # ä �µ��e�Q ��- �
T > 0

, ´� ´ ��� ���0Q ���� �3�e�� � , � �  � ��� ��� ´� �� ��e�� , !��  ���� �eg�����eg � g��
T2 = R2\Z2

, ��  g0�g � ��- ���6Q ��� e�e�Q ��� # »��� 5��0  6� �g� 0�� � �0��� �� �� e�� - �e���.6�� ��Q ���e��Q, �6 ´� ´e�� � 0���g�! � � �g� 0�����´ g5�  6 0��� �e�� �� # »��� - �e�� �� �eg�����eg ��e�
σ[ρ]

�� .�µ�� !Q ¶* #¹º ´��g���� � �µ ���� � �� 0 ��  � ��� � g�� #" ��e��Q, ��� �� - ���� � ��e�  �g -  0�� ¶* #ã º �e� � - � ��- ��eg����� ´ ��� ��� -  0�� 6 Ö ���� , �e�� (;+  � ��� - �� �  6 ��gµ�0 e���4��e�� ! ��0eg��� �� ´���� ���Q� ���0�g .ge0���� / ´ e�� ��e��0 ´ ��� e 6g��4���g.Q 6����� �e� # »��� ��0 � ��� ���0Q 6 ��e�eg ä��×!�g.4%e�0e� �Q�� 0�.��� � �3�e�� � ��5�
ut = ∆u−W ′(u).

°að è XêS Ué^\ì]
à� - e5� ��� 6 �� ´ ��. e���-��� �  � ��� 5�g���

C0 : T2 −→ R2×2
sym¶Ö º à� e���-� ��e� ���g� �: ���� e � ���e��

m > 0
, ���� ��e� 6 g e�Q

k ∈ R2
, ���" �g��g � �P ������  6 ��� 5�g���

Ĉ0(k) =
∫�

2 dx e
−2iπk·xC0(x)

�e���6Q
Ĉ0(k) = M(k)

,
Ù�1
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´��g� 6 g e�Q

ξ = (ξ1, ξ2) ∈ R2
e�0 e�Q

p = (p1, p2) ∈ R2






M ∈ C∞(R2\ {0} ; R2×2
sym), M(−ξ) = M(ξ), M(ξ) = |ξ|M

(
ξ

|ξ|

)

|ξ| |p|2
m

≥ −
∑

i=1,2

∑

j=1,2

pi ·Mij(ξ) · pj ≥ m|ξ| |p|2 ´ ��� |p|2 =
∑

i=1,2

|pi|2
¶* #Ãº

à� e�� - e5� ��� 6 �� ´ ��. e���-��� �  � ��� � �����e�
W : T2 −→ R+¶Â º à� e���-� ��e�

W ∈ C2
e�0

W
�e���À�� ¶* #;º #

»��� ´� �eµ� ��� 6 �� ´ ��. g����� 6 g ��� - 0��  6 0Q�e- ���  6 Á ����� �� ! ��´���0��� �e�� �� &
òP@=A@H ØÛØÛ óôõ ILM@>C@ =÷ F L=EKMI=> û
kÓÍÇ� ÉÊÊþÎÈ ÅÑÏÓÊ �ý� ÉÓÍ ��� � ÑÐ

ρ0 ∈ (H2(T2))
2 � ÅÆ ÇÓ Ð Ï� ÉÓ� ÒÏÓÊÅÉÓÅ ÉÈÈ ÌÑÇÍÊÅ�ÇÊÊ

σ0 ∈ R2
ÉÓÍ Ð Ï� ÉÓ� ÅÑÎ Ç

T > 0� ÅÆ Ç�Ç Ç� ÑÊÅÊ É Ê ÏÌþÅÑÏÓ
ρ

ÏÐ ��ß�� � ÑÅÆ
ρ ∈ C0

(
[0, T );

(
L

4
3 (T2)

)2
) ß

»�� ���3������  6 ��� � ���� � �� � � 5� ´� , ������g ��� �: �������  6 e � ���� �´���
ε = 0

# %�� �� - ���� � ��e� �3�e�� � ¶* #ãº �� e � �4� �e� �Q���-  6 ��e�eg�3�e�� �� , e�0 �e� !� �5�����0 e� ��� 6 �� ´ ��. �3�e�� �
vt = |∇v|2 + ∆v

¶* #)º
³�0��0 , ���� � - �� 6g -  �g e���-��� � ¶Ö º ��e� ��� � �µ ���� � ´ ��� ��� 5�g���! ��eµ�� ��5� e Àg��  g0�g  � �ge� g # Ö � �  6 ´ g5 �e� ! ��� 0 ��  � �3�e�� �� ¶ g�Q���- �º ��5� �3�e�� � ¶* #)º # %�� �� - ���� � 6 g ����e��� ��� ´ g5�  6 Â ��eg0 ,'�ge� , Ô��� (¹Ã , ¹) , ¹*+ �� ´���� ���Q ���0Q .���ge� �3�e�� �� �����0��. �3�e�� �¶* #)º e�0 �g µ� �: ������� g������ #æ3�e�� � ¶* #)º �� e�� ��- ��eg � ��� feµ��g4·� 5�� �3�e�� �� ´ g����� 6 g ���� �����e�

A
���� ��e� ��� µ�� ���Q  6 ��� /��0 �� .�µ�� !Q

u =
��g�

A
¶��� 6 g����e��� %�geQ (¸¹)+º #

° a9 :UVXSê^X]êRS RW ]²é _X_ éU
³� ·���� � ; , ´� .�µ� � - � g�- eg5�  � ��� - 0�����. # ³� ·���� � ¹ , ´� ���0Q e�e��g : �- e�� �g !��-  6 �3�e�� � ¶* #ãº ´��g� ��� g�.�� �e�0 ��0� �� e��g e���0 !Q� - � ��g- e� - �� ����eg �� ��� � ���� � # »�� -e�� g����� �� �g µ�0 �� ·���� � ã # ³� eÀg�� ��!����� � , ´� .�µ� � - � É È �ÑÏ�Ñ ����- e��� 6 g ��� � ���� �  6 ��� e��g : �- e���g !��- e�0 ���� �� e ��� �0 ��!����� � ´� �e�� � ��� ��- �� �� ��� e��g : �- e���g !��- #
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°aª � R]X]êRS

³� ´�e� 6 �� ´ � , ´� ´ ��� 0�� �� !Q
C

e .���g�� � ���e�� , ´���� ´ ��� ���� �e���6Q
C + C = C

,
C · C = C

, e�0 �  � # à� e�� ��� ��� 6 �� ´ ��. ��� &

W 2,1;p(QT ) =

{
u ∈ Lp(QT ); ut ∈ Lp(QT ) and

∂2u

∂xi, ∂xj

∈ Lp(QT ) for i, j = 1, 2

}

´��g�
QT = (0, T ) × T2

#
; h ª?G¯H ¯¨@ªX ª?H @ª�> «¨ ©C? H «¬?GG¯¨W
ç a° �dSX` êë^ RW X ^êSVìé cê^ìR ëX]êRS

³� ���� ����� � , ´� � ���0�g e �� ���e� �e�� ´��g� e 0��� �e�� �  6 Â�g.�g� µ��� g
b1 ∈ Λ

�� 0���g�! �0 !Q ��� ��e�� �ge����� �  6 e ��e�eg �ege-���g
ρ̄

���� ��e�
ρ = ρ̄ b1»��� ��� g�� �µ�0 ���eg ��g��� ��e� - e5�� ��� 0��� �e�� � - µ� , �� .�µ�� !Q

σ̄[ρ̄] = b1 · σ[ρ̄ b1]e�0 ��� 0��� �e�� � ���� ¶0���g�! �0 !Q ��� ��e�� �ege-���g
ρ̄
º -  µ�� ´ ��� � g- e� µ�4� ���Q �g � g�� �e� � ���� ���eg ��g��� # ' g� �g������Q,

ρ̄
� �µ�� ��� 6 �� ´ ��. ��5 �e��3�e�� � ´��g� e ��g- ´ ��� �- e�� µ ��� ���Q

ε > 0
�e� ! ��� e00�0

ρ̄t = |b1|−1 σ̄[ρ̄]|∇ρ̄| + ε∆ρ̄

´ ��� µ ��� ���Q
ε = 0

, ´��g�
ρ̄t =

∂ρ̄

∂t

e�0 ∇ρ̄ =
∂ρ̄

∂x1

e1 +
∂ρ̄

∂x1

e2
# ³�  g0�g � ��-���6Q

��� e�e�Q��� e�0 .�� e� �: ������� g����� , ´�  ��Q � ���0�g ��� �e�� ´ ��� e00��� �e�µ�� ���Q
ε > 0

# »��� , ´� �e���Q ����5 ��e�
ρ = ρ̄ b1

�e���À�� ¶* #ãº #
ç aç �º_ìêëê] éº_Ué^^êRS RW

Ĉ0 WRU ê^R]UR_ êë `X]éUêXì^
ä�µ�� e �eg�����eg Â�g.�g� µ��� g

b1
, ��� �� � ���0�g

c̄0 = (b1)T · C0 · b1.³� ��� �� ���e� �e��  6 �� �g ��� ����eg ��e������Q ´ ��� � ���e�� � �P ������ , ´� g��e��¶��� 6 g ����e��� e ��- �� �e��  6 ��� Ô���g��4fe!egg -  0�� �� Ö �µeg�× ÇÅ ÉÌß (¸¾+º ��e�´� �eµ� 6 g
k = (k1, k2)

̂̄c0(k) = −µ|b
1|2

2

(
1

1−ν
(k · e)2 +

(
k⊥ · e

)2

|k|

) ´ ���
e =

b1

|b1|
Ù#£
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´��g�

k⊥ = (−k2, k1)
�� ��� µ��� g  !�e���0 !Q e g �e�� �  6

k
 6 e�.��

π/2
# ½ �g�

µ > 0
�� e %e-1 � �P ����� e�0

ν ∈ (−1, 1/2)
�� ��� Ô ��� � ge�� #à� 0�0��� ��e�

Ĉ0(k) = − µ

2|k|

(
1

1 − ν
k ⊗ k + k⊥ ⊗ k⊥

)

´���� �e���À�� e���-��� � ¶Ö º #
R y¨ @EEª«= ¯H @©? Eª«FG?H

à� Àg�� ��eg� � e��g : �- e�� ��� g�.�� �e�0 ��0�  6 �3�e�� � ¶* #ãº !Q � - � ��g-e� -  �� ����eg �� ��� � ���� � # » ���� ��0 , ´� ���g 0��� e 6����� �
hn

0�À��0 !Q
hn(r) = h0(r − n)

´ ���

h0(r) =






1
�6

r ≤ 0

1 − r
�6

0 ≤ r ≤ 1

0
�6

r ≥ 1à� ���� �  5 e� ��� 6 �� ´ ��. e��g : �- e�� �g !��- &





ρt − ε∆ρ = fn[ρ]
 �

QT := (0, T ) × T2

ρ(0, ·) = ρ0
 �

T2

¶* #*º
´��g�

fn[ρ] = hn(|∇ρ|) |∇ρ|−1 (∇ρ)T · ∇ρ · σ[ρ]e�0
σ[ρ]

�� .�µ�� �� ¶* #¹º , e�0 �� e� -  �� ����eg ��
ρ
#

»�� �e��ge� �0�e � À�0 e � ���� � � �3�e�� � ¶* #*º , �� � 0�À�� ��� - e�
Φ´���� e�� ��e��� � e�Q 6����� �

u
, ��� � ���� �

ρ = Φ(u)
 6






ρt − ε∆ρ = fn[u]
 �

QT := (0, T ) × T2

ρ(0, ·) = ρ0
 �

T2

¶* #Äº
e�0 � �g µ� ��e�

Φ
�e� e À:�0 � ��� �� e ����e!�� ��e�� # »��� ´eQ, ´� ´ ��� �g µ���� 6 �� ´ ��. g�����

òP@=A@H � ÛØÛ óôõ ILM@>C@ =÷ F L=EKMI=> ÷=A MP@ FùùA=õ IHFM@ ùA=úE@H û
�Ð
ρ0 ∈ (H1(T2))

2 � ÅÆ ÇÓ Ð Ï� ÉÓ�
n ≥ 1

ÉÓÍ ÉÓ�
T > 0� ÅÆ Ç�Ç Ç� ÑÊÅÊ É Ê ÏÌþÅÑÏÓ

ρn
ÏÐ

��ß�� � ÑÅÆ
ρn ∈ L2((0, T ); (H2(T2))

2
) ∩ C0([0, T ); (L2(T2))

2
)
ß

Ù#Ø
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³� ���� ����� � , ´� ´ ��� - e5� ��� �g  6  6 ���� ��� g�- # ³� e Àg�� ��!����� � , ´�´ ��� � ����� � - � �g���- ��egQ g������ , e�0 �� e ��� �0 ��!����� � ´� ´ ��� �g µ� ��e�

Φ
�e� e À:�0 � ��� #

ð a° ±Uéìê` êSXUd Ué^\ì]^
»�� 6 �� ´ ��. ����- e��  � ��� ��g��� ´ ��� ! � �-� g�e�� #

J@HHF � ÛÙ Û óôLMIHFM@ =>
σ[ρ]

û
+Ï� ÉÓ�

p ∈ (1,+∞)� ÅÆ Ç�Ç Ç� ÑÊÅÊ É ÒÏÓÊÅÉÓÅ
C

�ÍÇÈ ÇÓÍÑÓ� ÏÓ
p� ÏÓ ÅÆ Ç ÒÏÓÊÅÉÓÅ

σ0 � ÏÓ ÅÆ Ç È ÏÅÇÓÅÑÉÌ W ÉÓÍ ÏÓ ÅÆ Ç ÒÏÓÊÅÉÓÅ
m

ÍÇË Ó ÇÍ ÑÓ ÉÊÊþÎÈ ÅÑÏÓ �ý�� � Êþ ÒÆ ÅÆÉÅÐ Ï� ÉÓ�
ρ ∈ (W 1,p(T2))

2 � � Ç ÆÉ�Ç
‖σ[ρ]‖(Lp(

�
2))2 ≤ C

(
1 + ‖∇ρ‖(Lp(

�
2))2×2

)
.

¶* #¿º
0FAMIF E ùA==÷ =÷ J@HHF � ÛÙ%�� �� - e5� ��� �g  6 6 g

p = 2
# à� �eµ� ´ ���

σ = σ[ρ]

|σ − σ0 +W ′(ρ)|2(L2(

�
2))2 =

∑

k∈�2

| ̂(C0 ? ρ)(k)|2

=
∑

k∈�2

|Ĉ0(k) · ρ̂(k)|2

≤ 1

m2

∑

k∈�2

|k|2|ρ̂(k)|2

≤ 1

(2πm)2

∑

k∈�2

|∇̂ρ(k)|2

=
1

(2πm)2
|∇ρ|2(L2(

�
2))2×2

»��g�6 g�
|σ[ρ]|(L2(

�
2))2 ≤ |σ0| + |W ′|(L∞(

�
2))2 +

1

2πm
|∇ρ|(L2(

�
2))2×2

´���� �g µ�0�� ��� g����� �� ��� �e��
p = 2

#»�� �g  6 6 g ��� .���ge� �e��
p ∈ (1,+∞)

�� .�µ�� �� Ö����0�: #
�à� ´ ��� e�� ���0 ��� 6 �� ´ ��. g����� #

J@HHF � Û� Û óô LMIHFM@ =>
fn[u]

û
�Ð
u ∈ (H1(T2))2 � ÅÆ ÇÓ

fn[u] ∈ (L2(T2))2 � ÑÅÆ ÅÆ Ç Ð ÏÌ ÌÏ� ÑÓ� ÇÊÅÑÎ ÉÅÇ �
‖fn[u]‖(L2(

�
2))2 ≤ C(n+ 1)

(
1 + ‖∇u‖L2(

�
2)2×2

)

�Æ Ç�Ç ÅÆ Ç ÒÏÓÊÅÉÓÅ
C

ÍÇÈ ÇÓÍÊ ÏÓ
σ0 � ÏÓ ÅÆ Ç È ÏÅÇÓÅÑÉÌ W ÉÓÍ ÏÓ ÅÆ Ç ÒÏÓÊÅÉÓÅ

mÍÇË Ó ÇÍ ÑÓ ÉÊÊþÎÈ ÅÑÏÓ �ý� ß
Ù#Ù
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0 A==÷ =÷ J@HHF � Û�·���� ����

(hn) ⊂ [0, n+ 1]
, ��� 6 �� ´ ��. � �0�

|fn[u]| ≤ (n+ 1)|σ[u]|, ¶* #¸¾º
´��g� ´� �eµ� ���0 ��� 6e�� ��e� |BT · B · p| ≤ |B|2|p| 6 g

B ∈ R2×2
e�0

p ∈ R2
#»���

‖fn[u]‖(L2(

�
2))2 ≤(n+ 1)‖σ[u]‖(L2(

�
2))2

≤C(n+ 1)
(
1 + ‖∇u‖L2(

�
2)2×2

)

´��g� ´� �eµ� ���0 %�--e ¹ #;
�

à� � ´ g��e�� � - � ��e����e� g������ # à� ��eg� ´ ��� ��� 6 �� ´ ��. ��e����e� �ege4! ��� ����- e��� 6 g ��� 6 �� ´ ��. �3�e�� �





gt − ε∆g = f
 �

QT := (0, T ) × T2

g(0, ·) = g0
 �

T2

¶* #¸¸º
0 A=ù=LIMI=> � Û� Û ó0FAFú=EIC @LMIH FM@L ÷=A MP@ P@FM @JKFMI=> ûüÇÅ

g0 ∈ H1(T2)
ÉÓÍ

f ∈ L2(QT )
ß ÿÆ ÇÓ ÅÆ Ç�Ç Ç� ÑÊÅÊ É þÓÑ�þÇ ÊÏÌþÅÑÏÓ

g
ÅÏ ��ß���

� ÑÅÆ
g ∈ L2((0, T );H2(T2)) ∩ L∞((0, T );H1(T2)), gt ∈ L2(QT ).

¶* #¸;º
�Ç ÆÉ�Ç ÅÆ Ç Ð ÏÌ ÌÏ� ÑÓ� ÇÊÅÑÎ ÉÅÇ

sup
0≤t≤T

‖g(t)‖H1(

�
2) + ‖g‖L2((0,T );H2(

�
2)) + ‖gt‖L2((0,T );L2(

�
2))

≤CT

(
‖f‖L2(QT ) + ‖g0‖H1(

�
2)

)
,

¶* #¸¹º
�Æ Ç�Ç ÅÆ Ç ÒÏÓÊÅÉÓÅ

CT

ÏÓÌ� ÍÇÈ ÇÓÍÊ ÏÓ
T

ÉÓÍ
ε
ß

� Ï�ÇÏ�Ç� � Ç ÆÉ�Ç
sup

0≤t≤T

∫�
2

g2(t) + 4ε

∫ T

0

∫�
2

|∇g|2 ≤ 2

∫�
2

(g0)2 + 4T

∫ T

0

∫�
2

f 2 ¶* #¸ãº
0 A==÷ =÷ 0 A=ù=LIMI=> � Û�" g ��� �g  6  6 ¶* #¸;º4 ¶* #¸¹º , ´� g�6�g � æµe�� (Ä ¸, »�� g�- Ã �e.� ¹)¾+ #» �g µ� ¶* #¸ãº , ´� ��- ��Q -����� �Q �3�e�� � ¶* #¸¸º !Q

g
e�0 ����.ge��  µ�g

(0, t)
����- � , �e5��. ��� ���g�-�- 6 g

0 ≤ t ≤ T
# à� .��

sup
0≤t≤T

∫�
2

g2(t)

2
+ ε

∫ T

0

∫�
2

|∇g|2 ≤
∫�

2

(g0)2

2
+

∫ T

0

∫�
2

|g f |

Ù#�
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à� � ´ ��� ��� 6e�� ��e�

∫ T

0

∫�
2

|g f | ≤
(∫ T

0

∫�
2

g2

) 1
2

·
(∫ T

0

∫�
2

f 2

) 1
2

≤
(
T sup

0≤t≤T

∫�
2

g2(t)

) 1
2

·
(∫ T

0

∫�
2

f 2

) 1
2

≤ 1

4
sup

0≤t≤T

∫�
2

g2(t) + T

∫ T

0

∫�
2

f 2

´���� �-����� ��� g����� #
�à� e�� g��e�� ���

òP@=A@H � Û# Û ó¦CPF@÷@A KL (õ@D ù=I>M MP@=A@H ûüÇÅ
X

�Ç É �ÇÉÌ � ÉÓÉÒÆ ÊÈÉÒÇß �þÈÈ ÏÊ Ç ÅÆÉÅ
Φ : X → XÑÊ É ÒÏÓÅÑÓþÏþÊ ÉÓÍ ÒÏÎÈÉÒÅ Î ÉÈÈ ÑÓ� ß ý ÊÊþÎ Ç Ð þ�ÅÆ Ç� ÅÆ ÉÅ ÅÆ Ç ÊÇÅ

{u ∈ X, u = λΦ(u)
Ð Ï� Ê ÏÎ Ç

λ ∈ [0, 1]}ÑÊ �ÏþÓÍÇÍß ÿÆ ÇÓ
Φ

ÆÉÊ É Ë � ÇÍ È ÏÑÓÅß" g ��� �g  6  6 ���� ��� g�- , ´� g�6�g � æµe�� (Ä ¸, »�� g�- ã �e.� Ã¾ã+ #
" ��e��Q, ´� ´ ��� ���0 � - � � -�e������ eg.�-��� e�0 e ´�e5 � �������Q �g ��g�Q� ��e���0 �� ��� 6 �� ´ ��. �´ ��e����e� g������ &

0 A=ù=LIMI=> � Û) Û ó<=HùFCM>@LLû
�Ç �ÇÒÉÌ Ì ÅÆ ÉÅ

W 2,1;2(QT ) =
{
g ∈ L2((0, T );H2(T2)), gt ∈ L2(QT )

}
.ÿÆ ÇÓ ÅÆ Ç ÑÓ$ ÇÒÅÑÏÓ

W 2,1;2(QT ) −→ L2((0, T );H1(T2))
ÑÊ ÒÏÎÈÉÒÅß

" g ��� �g  6  6 ���� g����� , ´� g�6�g � %� �� (¸¹* , »�� g�- Ã #¸ �e.� ÃÄ+ #
0 A=ù=LIMI=> � Û, Û ó<=>MI>KIMG û
�ÑÅÆ ÅÆ Ç Ó ÏÅÉÅÑÏÓ ÏÐ 3�ÏÈ ÏÊÑÅÑÏÓ  ß"� ÌÇÅ þÊ ÒÏÓÊÑÍÇ� É Ê Ç�þÇÓ ÒÇ

(gm)m

Êþ ÒÆ ÅÆÉÅ
gm ⇀ g � ÇÉ� Ì� ÑÓ

W 2,1;2(QT )�Ç ÉÊÊþÎ Ç ÉÌÊ Ï ÅÆÉÅ
gm
|t=0 = ρ0

ß ÿÆ ÇÓ
g|t=0 = ρ0.»��� g����� �� ��e����e� !�� 6 g ��� g�e0�g 2� � �µ������� ´� .�µ� ��� �g  6 ��Ö����0�: #

Ù#�
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ð aç ±URRW RW ¡²éRUé` ð a°

à� eg� � ´ g�e0Q � - e5� ��� �g  6  6 »�� g�- ¹ #¸# » ���� ��0 , 6 g e�Q
T > 0

,´� ���
XT = L2((0, T );H1(T2)).³� e�� ´�e� 6 �� ´ � ��� ��0�:
n

�� e���-�0 À:�0 # à� Àg�� g�- eg5 ��e� �6
u ∈ X2

T

,����
fn[u] ∈ (L2(QT ))2

, e�0 ���� ´� �e� � ���0�g ��� � ���� �
ρ

 6





ρt − ε∆ρ = fn[u]
 �

QT := (0, T ) × T2

ρ(0, ·) = ρ0
 �

T2

¶* #¸Ãº
´���� �e���À��

ρ ∈ X2
T

!��e���  6 ��� �ege! ��� ����- e��� Ôg � ���� � ¹ #ã # »��� ´����
Φ(u) = ρ

, e�0 ��� ��e�
Φ

-e��
X2

T

��� 
X2

T

# à� ´ ��� �g µ� ��e�
Φ

e0- ��� e À:�0� ��� ����. ·��e�6�g 2� À:�0 � ��� ��� g�- # à� 0 ��� �g  6 �� 6 �g ����� #
¦M@ù Ø � q@F� C=>MI>KIMG =÷

Φ%�� �� � ���0�g ��3������
(um)m, (ρ

m)m

���� ��e�





um ∈ X2
T , ρm = Φ(um)

um −→ u
��

X2
T"g - %�--e ¹ #¹ , ´� 0�0��� ��e�

||fn[um]||(L2(QT ))2 ≤ C(n+ 1)
(
1 + ||um||X2

T

) ¶* #¸)º
"g - ��� �ege! ��� ����- e��� ¶Ôg � ���� � ¹ #ãº , ´� 0�0��� ��e�

ρm
�� !  ��0�0 ��

(W 2,1;2(QT ))
2 , ÑßÇß ���g� �: ���� e � ���e��

C > 0
���� ��e�

||ρm||(W 2,1;2(QT ))2 ≤ C
¶* #¸*º

»��g�6 g� , �� � e ��!��3����� , ´� �eµ�
ρm ⇀ ρ

�� (
W 2,1;2(QT )

)2

e�0 6g - Ôg � ���� � ¹ #* , ´� 0�0��� ��e�
ρ|t=0 = ρ0  �

T
2

à� � ´ ��e�- ��e�
fn[um] −→ fn[u]

��
L1(QT )

¶* #¸Äº
³�0��0 , ´� �e� ´ g���

fn[u] = gn(∇u) · σ[u]
´ ���

gn(∇u) := hn(|∇u|) |∇u|−1 (∇u)T · ∇u
Ù##
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"g - ��� �g  6  6 %�--e ¹ #; , 6 g

p = 2
, ´� e�g�e0Q 0�0��� ��e�

σ[um] −→ σ[u]
��

L2(QT )
¶* #¸¿º

"g - ��� � �µ�g.����  6
um

� 
u

��
X2

T

, ´� 0�0��� ��e� �� � e ��!��3����� ´��eµ� ∇um −→ ∇u e #� # ��
QT

# f ´ 6g - ��� 6e�� ��e�
gn

�� � ����� �� e�0 ! ��0�0 ,´� 0�0��� �� �eg�����eg ��e�
gn(∇um) −→ gn(∇u) ��

L2(QT )
¶* #;¾º

»��� ��� � �µ�g.���� ¶* #¸Äº 6 �� ´ � 6g - ¶* #¸¿º e�0 ¶* #;¾º #»��g�6 g� ´� � ����0� ��e�
ρ
� �µ�� ¶* #¸Ãº # "��e��Q, !Q ���3������  6 ��� � ���� ��  6¶* #¸Ãº , ´� 0�0��� ��e� ��� ��- ��
ρ
0 �� � � 0�� ��0  � ��� �� ���  6 ��� ��!��3����� ,e�0 ���� ��e� ��� 6��� ��3����� � �µ�g.�� &

ρm ⇀ ρ
´�e5�Q �� (

W 2,1;2(QT )
)2
,

´ ���
ρ = Φ(u)

¦M@ù Ù � C=HùFCM>@LL =÷
Φ»�� � -�e������ ¶e�0 ��� ���e� � �������Q º  6

Φ
6 �� ´ � 6g - ��� � -�e������  6��� ��Á ���� �

(W 2,1;2(QT ))
2 −→ X2

T

¶��� Ôg � ���� � ¹ #)º #
¦M@ù � � F ùAI=AI ú=K>DL => MP@ L= EKMI=>L =÷

u = λΦ(u)
÷=A

T
LHFEE%�� �� � ���0�g e � ���� �

u
 6

u = λΦ(u)
6 g � - �

λ ∈ [0, 1]
¶* #; ¸º

»��� 6g - ��� �ege! ��� ����- e��� ¶* #¸ãº , ´� �eµ�

sup
0≤t≤T

∫�
2

|u(t)|2 + 4ε

∫ T

0

∫�
2

|∇u|2

≤ 2

∫�
2

|ρ0|2 + 4T

∫ T

0

∫�
2

|λfn[u]|2

≤ 2

∫�
2

|ρ0|2 + 8TC2(n+ 1)2

(
T +

∫ T

0

∫�
2

|∇u|2
)

´��g� �� ��� ���g0 ���� ´� �eµ� ���0 %�--e ¹ #¹ e�0 ��� 6e�� ��e� |λ| ≤ 1
# »��g�6 g�6 g

T ≤ T ∗ :=
(
4C2(n+ 1)2

)−1
ε

¶* #;;º
´� �eµ�

sup
0≤t≤T

∫�
2

|u(t)|2 + 2ε

∫ T

0

∫�
2

|∇u|2 ≤ 2

∫�
2

|ρ0|2 + 2εT

Ù#)
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´���� �g µ�� ��e� ���g� �: ���� e � ���e��

C > 0
���� ��e� e�Q � ���� �  6 ¶* #; ¸º�e���À��

||u||X2
T
≤ Cà� �e� ���� e���Q ��� ·��e�6�g 2� À:�0 � ��� »�� g�- ¶»�� g�- ¹ #Ãº , � 0�0�����e�

Φ
�e� e À:�0 � ���  �

X2
T

, e�0 ���g�6 g� ���g� �� e � ���� �
ρ

 6 ¶* #*º  � �����- � ����gµe�
(0, T )

�6
T

�e���À�� ¶* #;;º , ÑßÇß �6
T

�� �- e�� �� �.� ��0�� ��0����Q  ���� �����e� 0e�e
ρ0

#
¦M@ù � � L= EKMI=> ÷=A F>G MIH@%�� �� �e��

ρ (ρ0, t)
��� 6����� �

ρ(t, ·)  !�e���0 e� ·��� ¹ e� e � ���� �  6 ¶* #*º  � �����- � ����gµe�
[0, T ∗)

´ ��� �����e� 0e�e
ρ0

# "g - ��� �ege! ��� ����- e��� ¶Ôg � ���� �¹ #ãº , ´� e�� 5� ´ ��e�
ρ(t, ·) ∈ (H1(T2))2

6 g e�Q
t ∈ [0, T ∗)

# »��� ´� �e� 0�À��´ ���
τ = T ∗/2

u(0) = ρ0 e�0
u(t) = ρ (u(kτ), t)

�6
kτ ≤ t < (k + 1)τ

´ ���
k ∈ N.

Þ���. ��� 6e�� ��e�
ut ∈ L2

loc((0,+∞); (L2(T2)2)
, e�0 ��� 6e�� ��e� ��� �g !��- ����µeg�e�� !Q �ge���e�� � �� ��- � , ´� �e� �e���Q ����5 ��e�

u
� �µ�� ¶* #*º 6 g e�Q

T > 0e�0 �g µ�0�� ��� 0���g�0 � ���� �
ρn = u

 6 »�� g�- ¹ #¸#»��� ��0� ��� �g  6  6 »�� g�- ¹ #¸#

T y Eª¯«ª¯ ?>©¯H @©?> @¨¬ Eª«« B « B SC?«ª?H ¦ j¦
9 a° b _UêRUê é^]ê`X]é^

à� �eµ� ��� 6 �� ´ ��. É È �ÑÏ�Ñ ����- e��� &
J@HHF � ÛØÛ ób c defde @LMIHFM@LûÿÆ Ç�Ç Ç� ÑÊÅÊ É ÒÏÓÊÅÉÓÅ

C > 0
Êþ ÒÆ ÅÆÉÅ Ð Ï� ÉÌ Ì

T > 0, n ≥ 1
ÉÓÍ

0 < ε < 1� ÉÓ�Ê ÏÌþÅÑÏÓ
ρn

ÏÐ ��ß�� � Ñ�ÇÓ �� ÿÆ ÇÏ�ÇÎ  ß�� ÊÉÅÑÊË ÇÊ
‖ρn‖2

L∞((0,T );(H
1
2 (

�
2))2)

≤ Ce
CT
ε ,

¶* #;¹º

‖ρn‖2

L2((0,T );(H
3
2 (

�
))2)

≤ C

ε
e

CT
ε ,

¶* #;ãº
ÉÓÍ

∥∥∥hn(|∇ρn|)|∇ρn|− 1
2∇ρn · σ[ρn]

∥∥∥
2

(L2(QT ))2
≤ Ce

CT
ε .

¶* #;Ãº

Ù#,
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0 A==÷ =÷ J@HHF � ÛØ¦M@ù Ø � 0 A@EIH I>FAI@L => MP@ @>@ABGà� Àg�� g��e�� ��� �:�g���� �  6 ��� ���g.Q 6 g e .���ge�

Z2
4� �g� 0�� �-  �� 6����� �

ρ(x) = (ρ1(x), ρ2(x))

E(ρ) =

∫�
2

−1

2
(C0 ? ρ) · ρ− σ0 · ρ+W (ρ)

" g 6���g� ��� , ´� ��eg� � �µe��e�� 6g - !�� ´ ��� Àg�� ��g- �� ��� ���g.Q, ����." �g��g ��g���
∫�

2

−(C0 ? ρ) · ρ =
&�(∑

k∈�2

− ̂(C0 ? ρ)(k) · ρ̂∗(k)
)

=
&�(∑

k∈�2

−(Ĉ0(k) · ρ̂(k)) · ρ̂∗(k)
)

≥ m
∑

k∈�2

|k| |ρ̂(k)|2

´��g� ´� �eµ� ���0 �� ��� Àg�� ���� ��� 6e�� ��e�
ρ

e�0
C0

eg� g�e� , e�0 �� ��� �e������ ´� �eµ� ���0 e���-��� � ¶Ö º # »��� ´� 0�À��
||ρ||2

(Ḣ
1
2 (

�
2))2

:=
∑

k∈�2

|k| |ρ̂(k)|2.

·�- ��eg�Q, ´� � -����
∫�

2

−(C0 ? (∇ρ)T ) : ∇ρ =(2π)2&�(∑
k∈�2

−(Ĉ0(k) · ρ̂(k) ⊗ (ik)) : (ik)∗ ⊗ ρ̂∗(k)

)

=(2π)2&�(∑
k∈�2

−|k|2(Ĉ0(k) · ρ̂(k)) : ρ̂∗(k)

)

≥(2π)2m
∑

k∈�2

|k|3 |ρ̂(k)|2

´��g� ´� �eµ� ���0 e���-��� � ¶Ö º �� ��� �e�� ���� # »��� ´� 0�À��
||ρ||2

(Ḣ
3
2 (

�
2))2

:=
∑

k∈�2

|k|3 |ρ̂(k)|2.

Ù#1
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¦M@ù Ù � ôLMIHFM@ => MP@ MIH @øD@AI?FMI?@ =÷ MP@ @>@ABG%�� �� À:

T > 0
# à� 5� ´ ��e� e�Q � ���� �

ρn
.�µ�� !Q »�� g�- ¹ #¸ ! �� �.�� ��� ��e��

W 2,1;2(QT )
# ³� �eg�����eg , ����. ��� 6 �� ´ ��. .���ge� 6e�� ¶! ��e���  6e���-��� � ¶Ö ºº

∫�
2

−(C0 ? ρ) · ρ =
&�(∑

k∈�2

−|k|(Ĉ0

(
k

|k|

)
· ρ̂(k)) · ρ̂∗(k)

)

´� 0�0��� ��e� ��� ���g.Q E(ρn(t))
�� ´���40�À��0 6 g e�-  �� �µ�gQ

t ∈ [0, T )
, e�0��e� 6 g e�- �� �µ�gQ ��- �

t ∈ [0, T )
, ´� �eµ�

d

dt
E(ρn(t)) =

∫�
2

−σ[ρn] · ρn
t

=

∫�
2

−hn(|∇ρn|)|∇ρn|−1 |∇ρn · σ[ρn]|2 − εσ[ρn] · ∆ρn

=

∫�
2

−hn(|∇ρn|)|∇ρn|−1 |∇ρn · σ[ρn]|2

−
∫�

2

ε
{
W ′′(ρn) : ((∇ρn)T · ∇ρn) − (C0 ? (∇ρn)T ) : ∇ρn

}
.

»��g�6 g�
d

dt
E(ρn(t)) +

∫�
2

hn(|∇ρn|)|∇ρn|−1 |∇ρn · σ[ρn]|2

≤Cε
{∫�

2

|∇ρn|2 + C0 ? (∇ρn)T ) : ∇ρn

} ¶* #;)º
Â�� � ´ ¶�� � ��e�.� ��� � ���e�� ���� � ����º

‖∇ρn‖2
(L2(

�
2))2×2 ≤ C

∑

k∈�2

|k|2|ρ̂n(k)|2

≤ C
∑

k∈�2

|k| 32 |ρ̂n(k)| · |k| 12 |ρ̂n(k)|

≤ C

(
∑

k∈�2

1

2α
|k|3|ρ̂n(k)|2 +

α

2
|k||ρ̂n(k)|2

)

≤ C

(∫�
2

− 1

α
(C0 ? (∇ρn)T ) : ∇ρn +

∫�
2

−α(C0 ? ρn) · ρn

)
,

´��g�
ρ̂n(k)

eg� ��� " �g��g � �P ������  6
ρn

e�0
α

�� e � ���e�� ´���� ´ ��� ! �
Ù#2
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�g�����0 �e��g # à� ���� 0�0��� À�e��Q ��e� &

d

dt
E(ρn(t)) +

∫�
2

hn(|∇ρn|)|∇ρn|−1 |∇ρn · σ[ρn]|2

≤ −Cε
(

1 − 1

α

)∫�
2

−(C0 ? (∇ρn)T ) : ∇ρn + Cεα

∫�
2

−(C0 ? ρn) · ρn

≤ −Cε‖ρn(t)‖2

(Ḣ
3
2 (

�
2))2

+ Cε

(
1 + E(ρn(t)) + |σ0|

∣∣∣∣
∫�

2

ρn(t)

∣∣∣∣
)
.

¶* #;*º

6 g
α

�� ��� �eg.� �� �.� , ´ ���
C

e ����e!�� � ����µ� � ���e�� #
¦M@ù � � ôLMIHFM@ => MP@ MIH @øD@AI?FMI?@ =÷ MP@ H@F>ø?FEK@ =÷ MP@ L= EKMI=>³���.ge���. �� ��e�� �3�e�� � ¶* #*º , ´� .��

d

dt

∫�
2

ρn(t) =

∫�
2

hn(|∇ρn|)|∇ρn|−1 (∇ρn)T · ∇ρn · σ[ρn]

e�0 ����
d

dt

∣∣∣∣
∫�

2

ρn(t)

∣∣∣∣ ≤
∫�

2

(hn(|∇ρn|)|∇ρn|) 1
2 ·
(
(hn(|∇ρn|)|∇ρn|−1)

1
2 |∇ρn · σ[ρn]|

)

≤
∫�

2

(1 + |σ0|)hn(|∇ρn|)|∇ρn|
+ 1

4(1+|σ0|)h
n(|∇ρn|)|∇ρn|−1|∇ρn · σ[ρn]|2 ¶* #;Äº

¦M@ù � � ôLMIHFM@ => MP@ @>@ABG·�����.
F n(t) = 1 + E(ρn(t)) + (1 + |σ0|)

∣∣∣∣
∫�

2

ρn(t)

∣∣∣∣+ (1 + |σ0|)4,
¶* #;¿º

´� 0�0��� 6g - ¶* #;*º e�0 ¶* #;Äº ��e�
d

dt
F n(t) +

3

4

∫
hn(|∇ρn|)|∇ρn|−1|∇ρn · σ[ρn]|2

≤− Cε‖ρn(t)‖2

(Ḣ
3
2 (

�
2))2

+ Cε

(
1 + E(ρn(t)) + |σ0|

∣∣∣∣
∫�

2

ρn(t)

∣∣∣∣
)

+ (1 + |σ0|)2

∫�
2

hn(|∇ρn|)|∇ρn|.
f ´ ´� g�- eg5 ��e�

(1 + |σ0|)2

∫�
2

hn(|∇ρn|)|∇ρn| ≤(1 + |σ0|)2

∫�
2

|∇ρn|

≤Cε
2

∫�
2

|∇ρn|2 +
(1 + |σ0|)4

2Cε

Ù)£
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Þ���. ��� 6e�� ��e� ¶����� ��� 0 -e�� �� ! ��0�0º

∫�
2

|∇ρn|2 ≤ ‖ρn(t)‖2

(Ḣ
3
2 (

�
2))2
,

´� .��
d

dt
F n(t) +

3

4

∫�
2

hn(|∇ρn|)|∇ρn|−1|∇ρn · σ[ρn]|2 +
Cε

2
‖ρn(t)‖2

(Ḣ
3
2 (

�
2))2

¶* #¹¾º

≤ Cε

(
1 + E(ρn(t)) + |σ0|

∣∣∣∣
∫�

2

ρn(t)

∣∣∣∣
)

+
(1 + |σ0|)4

2Cε

≤ C

ε
F n(t).

»��� �- ����� , ����. äg �´e�� %�--e ,
F n(t) ≤ F n(0)e

C
ε

t.
¶* #¹ ¸º

¦M@ù # � ôLMIHFM@ =>
ρn%�� �� Àg�� g�- eg5 ��e�

E(ρn(t)) ≥
∫

−1

2
(C0 ? ρn) · ρn − |σ0|

∣∣∣∣
∫�

2

ρn(t)

∣∣∣∣ .
¶* #¹;º

Þ���. ¶* #¹ ¸º , ¶* #¹;º e�0 ��� 0�À���� �  6
F n(t)

, Q ���0�
∫�

2

−1

2
(C0 ? ρn) · ρn +

∣∣∣∣
∫�

2

ρn(t)

∣∣∣∣ ≤ Ce
C
ε

t.

Þ���. ·��� ¸, ´� ���� .��

‖ρn‖2

L∞((0,T );(Ḣ
1
2 (

�
2))2)

≤ Ce
C
ε

T and

∣∣∣∣
∫�

2

ρn(t)

∣∣∣∣ ≤ Ce
C
ε

T .

»��� �- ����� ¶* #;¹º # »e5��. ��� ����.ge� ∫ T

0

�� ¶* #¹¾º e�0 ����. ��� 6e�� ��e� ∀t ≤ T
,

F n(t) ≥ 0
, ´� .��

‖hn(|∇ρn|)|∇ρn|− 1
2 |∇ρn · σ[ρn]|‖2

(L2(QT ))2 + εC‖ρn‖2

L2((0,T );(Ḣ
3
2 (

�
2)))

≤ Ce
C
ε

T

´���� �-����� ¶* #;ãº e�0 ¶* #;Ãº #
�

Ù)Ø
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9 aç ±URRW RW ¡²éRUé` °a°

à� eg� � ´ e!�� � �g µ� »�� g�- ¸#¸# ³� ���� ����� � , ´� 0�� �� !Q
C

e .���g��� ���e�� ´���� �e� 0����0  �
ρ0, ε

e�0
T

!�� ´���� 0 � � 0�� ��0  �
n
#

0 A==÷ =÷ òP@=A@H ØÛØ%��
T > 0

# »�� �0�e  6 ��� �g  6 �� � �e�� � ��� ��- �� �� æ3�e�� � ¶* #*º # »��  ��Q0�P ����Q �� � �g µ� ��e� ��� � �4����eg ��g-
fn[ρn]

� �µ�g.�� �� e ��g�e�� ����� � 
|∇ρ|−1(∇ρ)T ·∇ρ ·σ[ρ]

, ´��g�
ρ
�� ��� ��- ��  6

ρn
�� e� e��g �g�e�� � g- # »�� �g  6�� 0�� -� ��0 ��� Àµ� ����� &

¦M@ù Ø � F ùAI=AI ú=K>D =>
fn[ρn]à� �eµ� ��� 6 �� ´ ��. ����- e��  �

fn[ρn]
&

‖fn[ρn]‖“
L

4
3 (QT )

”2 ≤ C.
¶* #¹¹º

» �g µ� ���� , ��� �� ´ g���
fn[ρn] =

(
|∇ρn|−1(∇ρn)T

)
·
(
|∇ρn| 12

)(
hn(|∇ρn|)|∇ρn|− 1

2∇ρn · σ[ρn]
)
.

Þ���. ¶* #;Ãº , ´� �eµ� ��e� ��� �e�� ��g- �� ! ��0�0 ��
(L2(QT ))2

!Q
C

# ' g� µ�g ,��� Àg�� ��g- �� ! ��0�0 !Q
1
��

(L∞(QT ))2×2
, ���� ´� Á ��� �eµ� � ! ��0 ��� ��g-

|∇ρn| 12 ��
L4(QT )

# Þ ���. ¶* #;ãº , ´� �eµ�

‖|∇ρn| 12‖L4(QT ) =

(∫

QT

|∇ρn|2
) 1

4

≤ ‖ρn‖
1
2

L2((0,T );(H
3
2 (

�
))2)

≤ C.
¶* #¹ãº

»��� �- ����� ¶* #¹¹º #
¦M@ù Ù � ¦MA=>B C=>?@AB@>C@ =÷ ∇ρn

I>
L2((0, T ); (L

4
3 (T2))2×2)Þ���. ��� �ege! ��� ����- e��� 6 g ��� ��e� �3�e�� � ¶��� (¸¹¾ , �� ã #¹ � Ä¾ e�0 �� ã #¿� ¹ã ¸+º e�0 ·��� ¸, ´� .��

‖∇ρn‖
W

1
2 ; 43 ((0,T );(L

4
3 (

�
2))2×2)

≤ C
¶* #¹Ãº

´��g� 6 g e Âe�e�� ��e��
B

W
1
2
;p((0, T );B) =

{
g ∈ Lp((0, T );B),

∫ T

0

∫ T

0

‖g(t) − g(s)‖p
B

|t− s| 12p+1
dt ds <∞

}
.

' g� µ�g , ����. ¶* #;ãº ´� .��
‖∇ρn‖

L2

„
(0,T );

“
H

1
2 (

�
2)

”2×2
« ≤ C.

¶* #¹)º
à� ���� ��� ��� 6 �� ´ ��. ��--e &
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(gn)n

�Ç É Ê Ç�þÇÓ ÒÇ þÓÑÐ Ï�Î Ì� �ÏþÓÍÇÍ ÑÓ
L2
(
(0, T );H

1
2 (T2)

)
∩W 1

2
; 4
3

(
(0, T );L

4
3 (T2)

)
,

ÅÆ ÇÓ � Ð Ï� É Êþ�Ê Ç�þÇÓ ÒÇ� gn → g
ÊÅ�ÏÓ� Ì� ÑÓ

L2((0, T );L
4
3 (T2))

ß
" g- e��Q, ��� �g  6 ���� ��� 6e�� ��e�

H
1
2 ⊂ L

4
3
´ ��� � -�e�� ��Á ���� � �� ��e��´���� ��� � -�e������ �� ��- � � - �� 6g - ¶* #¹Ãº # à� g�6�g � ·�-  � (¸)* , � g ��egQÃ , � #Ä)+ 6 g e - g� .���ge� g����� e�0 6 g ��� �g  6  6 ���� ��--e #

Þ���. ¶* #¹Ãº , ¶* #¹)º e�0 %�--e ã #; , ´� ���� 0�0��� ��e� , 6 g e ��!��3����� ,
∇ρn → ∇ρ ��g �.�Q ��

L2

(
(0, T );

(
L

4
3 (T2)

)2
) e�0 e�-  �� �µ�gQ´��g� #

¦M@ù � � ö@F� C=>?@AB@>C@ =÷
σ[ρn]

I>
L2
(
(0, T ); (L4(T2))

2
)

à� �eµ�
H

1
2 (T2) ⊂ L4(T2)

´ ��� � ����� �� ��Á ���� � ¶��� Ö0e- � (¸, »�� g�- * #Ã*�;¸*+º # · 
L2((0, T );H

1
2 (T2)) ⊂ L2((0, T );L4(T2))

´ ��� � ����� �� ��Á ���� � # à����� 0�0��� 6g - ¶* #;ãº ��e�
‖∇ρn‖L2((0,T );(L4(

�
2))2×2) ≤ C.

¶* #¹*º
Þ���. %�--e ¹ #; , ´� ���� .��

‖C0 ? ρn‖L2((0,T );(L4(

�
2))2) ≤ C.

¶* #¹Äº
Þ���. ��� 6e�� ��e� ��� e�����e�� �

W
2,1, 4

3
x,t (QT ) 7→ L

4
3 (QT )

�� � -�e�� e�0 ���� �µ�g��  6 %�! ��.�� »�� g�- , ´� 0�0��� ��e�
W ′(ρn) → W ′(ρ)

e�-  �� �µ�gQ´��g� #»��� �- ����� ��e�
σ[ρn] ⇀ σ[ρ]

��
L2((0, T ); (L4(T2))2

#
¦M@ù � � 0FLLI>B M= MP@ EIH IMÞ���. ·��� ; e�0 ·��� ¹ e�0 ��� 6e�� ��e� |∇ρn|−1∇ρn

�� !  ��0�0 !Q
1
, ´� 0�0�����e�

fn[ρn] → |∇ρ|−1(∇ρ)T · ∇ρ · σ[ρ]
�� ��� 0���g�!��� �� ����� #

ÂQ �e����. � ��� ��- �� �� ¶* #*º , ´�  !�e��
ρt − ε∆ρ = |∇ρ|−1(∇ρ)T · ∇ρ · σ[ρ]

�� D′((0, T ) × T
2).

¶* #¹¿º
¦M@ù # � Ü>IMIFE <=>DIMI=>Þ���. ��� 6e�� ��e�

ρn
t

eg� ! ��0�0 ���6 g- �Q ��
L

4
3 (QT )

¶!Q �ege! ��� ����- e��� 6 g��� ��e� �3�e�� � e�0 ·��� ¸º , ´� 0�0��� ��e� ¶���6 g- �Q ��
n
º

‖ρn(t+ h) − ρn(t)‖
(L

4
3 (

�
2))2

≤ Ch
1
4‖ρn

t ‖L
4
3 ((0,T );(L

4
3 (

�
2))2)e�0 ����

ρ ∈ C0((0, T ); (L
4
3 (T2))2)

e�0
ρ|t=0 = ρ0

#»��� e����µ�� ��� �g  6  6 »�� g�- ¸#¸#
�

Ù)�



'G>FH IJK@ D@ � =>CMI=>L D@ DILE= CFMI=>L
[ yEE?¨¬¯=
�KEE ùA==÷ =÷ J@HHF � ÛÙ½�g� ´� 0 ��� �g  6 6 g e�Q

p ∈ (1,+∞)
# Þ�0�g e���-��� � ¶Ö º, ���g� �: ���� e� ���e��

C > 0
 ��Q 0����0��.  �

p
, ���� ��e� ��� 6 �� ´ ��. g����� � �0� 6 g e�Q

ρ̃ ∈W 1,p(R2)

|C̃0 ?
á

2 ρ̃|(Lp(

á
2))2 ≤ C

m
|∇ρ̃|(Lp(

á
2))2×2

´��g� ��� " �g��g �ge��6 g-  6
C̃0

�e���À�� ̂̃C0

= M
´ ���

M
e� �� ¶* #Ãº #»��� g����� �e� !� 6 ��0 �� ��� ��e�eg �e��  �

Rn
�� ·���� (¸*Ã+ , ��� �g � ���� � Ã �e.�;Ã¸,  g � �6- e� , '�Q�g (Ã¿+ , »�� g�- ¿ �e.� ¹¿ e�0 Ôg � ���� � ; �e.� ã ¸# ·�� e�� �e�0�g �4�Q.-��0 ���3�e������ »�� g�- ; #* #; �� ' gg�Q (¸ãÃ+ # ½�g� ��� � �µ ���� �!Q

C̃0
�� e -����� ���g  � �ge� g �� ��� ��e��

S1
 6 ����0 40�.�g����e�  � �ge� g� # à����� .�� ��� g����� �� ��� µ��� g�e� �e�� , ��-- ��. ��� ��e�eg � -� ����� # ·�� e�� ��� !   5  6 äegg �� , ' ��e�0� (¿Ã+ 6 g � -���- ����  � ����.g 40�. �g����e�  � �ge� g� #»�� 6e�� ��e� ��� g����� � �0�  � ��� � g��

T2
�� ���� ��e����e� # à� �g µ� �� 6 g ���� �µ�������  6 ��� g�e0�g # » ���� ��0 , ´� � ���0�g e �-  �� 6����� �

ϕ
���� ��e�

ϕ(x) = 1
 �

[−1/3, 1/3]2,
e�0 ����

ϕ ⊂ [−2/3, 2/3]2,
e�0

0 ≤ ϕ ≤ 1

���� ��e�
∑

k∈�2

ϕ(x− k) = 1.

" g e�Q �-  �� 6����� �
ρ : R2 −→ R2

´���� ��
Z2

4� �g� 0�� , ´� ���� ��� 6 g
K > 0

(S2Kρ)(x) =
∑

|k|≤2K, k∈�2

ϕ(x− k)ρ(x).

»��g�6 g� ´� .�� 6 g
K > 0

�eg.� �� �.�
|BK |

{
|C̃0 ?

á
2 ρ|Lp((−1/2,1/2)2) + 0(1/K)

}

≤ |C̃0 ?
á

2 ρ|Lp(BK)

≤ |C̃0 ?
á

2 (S2Kρ)|Lp(

á
2) + |C̃0 ? (ρ− (S2Kρ))|Lp(BK)

≤ C

m
|∇(S2Kρ)|Lp(

á
2) + +|C̃0 ? (ρ− (S2Kρ))|Lp(BK)

≤ C

m
|B2K |

{
|∇ρ|(Lp(−1/2,1/2))2×2 + 0(1/K)

}
+ |ρ|(L∞(

á
2))2|BK |

∫

|z|≥K−1

|C̃0(z)|.

Ù)�
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Þ���. ��� 6e�� ��e� ∫

|z|≥K−1
|C̃0(z)| = O(1/K)

, 0 �µ �0 ��. !Q |BK | e�0 �e5��. �����- �� e�
K −→ +∞ , ´� .��

|C̃0 ?
á

2 ρ|(Lp(

�
2))2 ≤ C

m

|B2|
|B1|

|∇ρ|(Lp(

�
2))2×2

ÑßÇß
|C0 ?

�
2 ρ|(Lp(

�
2))2 ≤ 4C

m
|∇ρ|(Lp(

�
2))2×2´ ���

C0(x) =
∑

k∈�2

C̃0(x− k).

à� ���� .�� ��� À�e� g����� !Q 0�����Q  6 �-  �� 6����� �� ��
(W 1,p(T2))2

#
�

0 A==÷ =÷ J@HHF � Û," g ��- ������Q  6 � �e�� � , ´� 0�� �� !Q
g(t)

��� 6����� �
x 7→ g(t, x)

# à� �eµ�

‖gm(t) − ρ0‖(L2(

�
2))2 ≤

∫ t

0

ds ‖gm
t (s)‖(L2(

�
2))2

≤
√
t ‖gm

t ‖(L2(QT ))2 .Þ���. ��� 6e�� ��e�
gm

�� !  ��0�0 ���6 g- �Q ��
W 2,1;2(QT )

¶�����
gm ⇀ g

��
W 2,1;2(QT )

º , ´� .��
‖gm(t) − ρ0‖(L2(

�
2))2 ≤ C

√
t.

¶* #ã¾º
f ´ ���

ϕ ∈ C∞
c ([0,+∞),R)

!� ���� ��e�
ϕ ≥ 0

# Þ���. ¶* #ã¾º, ´� .�� ��e�
∫ t

0

ds ‖gm(s) − ρ0‖2
(L2(

�
2))2ϕ(s) ≤ C

∫ t

0

ds s ϕ(s).

Þ���. "e� � 2� %�--e , ´� 0�0��� ��e�
∫ t

0

(
‖g(s) − ρ0‖2

(L2(

�
2))2 − Cs

)
ϕ(s) ≤ 0.

Þ���. ��e�
ϕ ≥ 0

�� eg!��gegQ, ´� 0�0��� ��e� 6 g e�-  �� �µ�gQ
t
, ´� �eµ�

‖g(t) − ρ0‖2
(L2(

�
2))2 ≤

√
Ct.

»��� �- ����� ��� g����� #
�

�C�>=q E@DB@H@>M Û »�� e��� g� ��e�5 Ö # æ� ½eÁÁ 6 g 6g� ��6� � 0 ������� � �� ����g��ege�� �  6 ���� �e��g # »��� ´ g5 ´e� ���� g��0 !Q ��� Ö�³ Ý� ¸¾;Ã #
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óô õeiöajopifae
4,2 /003;/-. 0,3? 124 2; 6,4-31< , 45-. F,;?,231- ?;21;84 <L -;8416,318F / P58-21;8
u : R+ ×RN

45-. 2./2 R P;3 /8L S<52 WQ,6T
α ∈ [0, 1)

R 2., 614:; -/21;8 :18,
Γα

k

/2 21? ,
t
-;18-16,4 ä 12.

{x : u(t, x) = α+ k}P;3
k = 1, . . . , N.

æP2,3 3,4-/:18F 2., 03;<:,? R ä, 2.,3,P;3, ;<2/18 2., P;::;ä 18F,H5/21;8
{
∂tu

ε =
(
c
(

t
ε
, x

ε

)
+M ε

[
uε(t,·)

ε

]
(x)
)
|∇uε| 18

(0,+∞) × RN ,

uε(0, x) = u0(x)
;8

RN

SC =ìT
ä.,3,

M ε
14 /

0
;36,3 8;8J:; -/: ;0 ,3/2;3 6,W8,6 <L
M ε [U ] (x) =

∫÷
N

dz J(z)E (U(x+ εz) − U(x))
SC =øT

ä.,3,
E
14 / ? ;61W-/21;8 ;P 2., 182,F,3 0/32 ù

E(α) = k +
1

2

1P
k ≤ α < k + 1.

SC =úT
ï., 8;8J:; -/: ;0 ,3/2;3

M ε
6,4-31< ,4 2., 182,3/-21;84 < ,2ä,,8 614:; -/21;8 :18,4 = ï.,13182,3/-21;84 /3, 2.54 -;?0:,2,:L -./3/-2,31å,6 <L / ^,38,:

J
= î, /445?, 2./2

J ∈
W 1,1(RN)

14 /8 çûçü üýüü çþ éèÿû ç P58-21;8 ä 12. 2., P;::;ä 18F <,./91;53 /2 18W812L
∃ R0 > 0

/86 ∃ g ∈ C0(SN−1), g ≥ 0
4 =2 =

J(z) =
1

|z|N+1
g

(
z

|z|

) P;3 |z| ≥ R0.SC =�TN,2 54 ? ,821;8 2./2 45-. /8 /445?021;8 14 8/253/: P;3 614:; -/21;84 /86 -/8 <,S4:1F.2:L T F,8,3/:1å,6 = >8 2., 40 ,-1/: -/4, ä.,3,
J
./4 / <;586,6 4500;32 S-.;;4,

g = 0
T R ä, /:4; /445?,

inf
e∈[0,1)N

∫÷
N

dz min(J(z), J(z + e)) > 0 if N ≥ 2.
SC =�T

æ 4 P/3 /4 2., P;3-18F 2,3?
c
/86 2., 18121/: 6/25? /3, -;8-,38,6 R ä, /445?,

{
c(τ, y)

14 N104-.12å -;82185;54 /86
ZN+1

J0 ,31;61- ä =3 =2 =
(τ, y);

u0 ∈ W 2,∞(RN).

SC =�T
Z53 W342 /1? 14 2; 4/L ä./2 ./00,84 2; 2., 4;:521;8

uε
;P SC =ìT /4

ε→ 0
=ï.14 0/0,3 P;::;ä 4 BìììE /86 BììøE = ï., ? /18 61X,3,8-, :1,4 18 2., P/-2 2./2 2.,? ;6,: ä, 03;0;4, .,3, 6,4-31< ,4 < ,22,3 2., F,;?,231- ?;21;8 ;P 2., 614:; -/21;8 :18,4S4,, �,-21;8 úT = N,2 54 ,Q0:/18 2.14 <31,�L= >8 2., :,9,: 4,2 /003;/-. P;3 2., ?;21;8;P / 418F:, P3;82 R 2., 18121/: P3;82 14 6,4-31< ,6 /4 2.,

0
J:,9,: 4,2 ;P / P58-21;8

u0ðñ�



`abacdedfghifae jk lh jmehb fnok jkg jfgla phifaeg
2./2 14 54,6 /4 2., 18 121/: 6/25? ;P / +/5-.L 03;<:,? = ï., P3;82 /2 21? ,

t > 0
142.,8 6,W8,6 /4 2.,

0
J:,9,: 4,2 ;P 2., 4;:521;8

u
;P 2., +/5-.L 03;<:,? = >P 8;ä ;8,-;8416,34 2ä; P58-21;84

u0

/86
v0

ä 12. 2., 4/? ,
0
J:,9,: 4,2 R 2., F,;?,231- ?;21;8 14ä,:: 6,W8,6 1P 2., -;33,40;8618F

0
J:,9,: 4,24 ;P 2., 4;:521;84 ;P 2., +/5-.L 03;<:,?-;18-16, = +;8416,318F 8;ä 2., ?;21;8 ;P / W812, 85?<,3 ;P P3;824 R 2., ?;6,: 18 BììøE616 8;2 4/214PL 45-. / 03;0,32L= �52 12 6;,4 ä 12. 2., 8,ä ?;6,: ä, -;8416,3 18 2.140/0,3 S4,, ï.,;3,? � =�T = î, ä 1:: 3,P,3 2; 2.14 03;0 ,32L /4 2., -;84142,8-L ;P 2.,6,W8121;8 ;P 2., P3;824 =ï., 2,-.81-/: 6 1� -5:2L ä.,8 23L 18F 2; 4;:9, SC =ìT 14 ù .;ä 2; 6,/: ä 12. 2., 182,F,30/32

E
R 418-, 12 14 614-;82185;54 	 Z53 W342 23L 18 BììøE ä/4 2; 3,F5:/31å,

E
R ? /^, /-./8F, ;P 58^;ä8 P58-21;8 /86 0,3P;3? 2., .;?;F,81å/21;8 18 2.14 P3/? ,ä;3^ S4,,/:4; BìììE P;3 41? 1:/3 2,-.81H5,4 P;3 :; -/: ,H5/21;84T = I,3, R ;8 2., -;823/3LR ä, ä/822; ^,,0 2., ? ;6,: ä 12. 2., 182,F,3 0/32 18 ;36,3 2; F,2 -;84142,8-L ;P 2., 6,W8121;8 ;P2., P3;824 = î, 54, / 8;21;8 ;P 9 14-;412L 4;:521;84 P;3 8;8J:; -/: ,H5/21;84 1823;65-,6<L � :,0 
,9 Bì�DE = >2 -;841424 18 -;8416,318F 2., 41?5:2/8,;54 ,9;:521;8 ;P /:: 2., :,9,:4,24 ;P 2., P58-21;8

uε
S4,, [,W8121;8 � =ìT = �5-. / 6,W8121;8 ,8453,4 2., 42/<1:12L ;P4;:521;84 R / ^,L 03;0,32L 18 2., 914-;412L 4;:521;8 /003;/-. =ï., W342 /1? ;P 2.14 ä;3^ 14 2; 0/44 P3;? / 614-3,2, /86 ? 1-3;4-;01- ? ;6,:189;:9 18F 2., ,9;:521;8 ;P / W812, 85?<,3 ;P 614:; -/21;8 :18,4 2; / -;82185;54 /86? /-3;4-;01- ;8, 6,4-31< 18F 2., ,9;:521;8 ;P / 614:; -/21;8 6,8412L= ï; 6; 4; R ä, 03;9,/ .;?;F,81å/21;8 3,45:2 R ÿëçë ä, 03;9, 2./2 2., :1? 12

u0
;P
uε
/4
ε → 0

,Q 1424 /8614 2., S581H5,T 4;:521;8 ;P / .;?;F,81å,6 S;3 ,X,-219,T ,H5/21;8 = ï., P58-21;8
u0
14586,342;;6 /4 / �-5?5:/219, 614231<521;8 P58-21;8� /44;-1/2,6 ä 12. 614:; -/21;84 /86124 F3/61,82 3,03,4,824 2., 614:; -/21;8 6,8412L= æ 4 18 BììøE R 2., ,X,-219, ,H5/21;8 14

{
∂tu

0 = H
0
(I1[u

0(t, ·)],∇u0)
18

(0,+∞) × RN ,
u0(0, x) = u0(x)

;8
RN

SC =�T
ä.,3,

H
0 14 / -;82185;54 P58-21;8 /86 I1

14 /8 /814;23;01- NG9L ;0,3/2;3 ;P ;36,3
1
/44;-1/2,6 ä 12. 2., P58-21;8

g
/00,/318F 18 SC =� T = >2 14 6,W8,6 P;3 /8L P58-21;8

U ∈ C2
b (RN)

P;3
r > 0

<L
I1[U ](x) =

∫
|z|≤r

(U(x+ z) − U(x) −∇xU(x) · z) 1
|z|N+1 g

(
z
|z|

)
dz

+
∫
|z|≥r

(U(x+ z) − U(x)) 1
|z|N+1 g

(
z
|z|

)
dz

SC =CT
S8;21-, 2./2 2., :/22,3 ,Q03,441;8 14 186,0 ,86,82 ;P

r
418-,

J
14 ,9,8T = æ 4 ,Q0:/18,618 BììøE R 2. 14 NG9L ;0,3/2;3 I1

;8:L ^,,04 2., ? ,?;3L ;P 2., :;8F 3/8F, 182,3/-21;84< ,2ä,,8 614:; -/21;84 R /4 2., ,X,-219, I/? 1:2;81/8
H

0 ä 1:: ^,,0 2., ? ,?;3L ;P 2.,4.;32 3/8F, 182,3/-21;84 S4,, 2., 03;;P ;P N,??/ � =ì < ,:;ä T = æ 4 545/: 18 0 ,31;61- .;J? ;F,81å/21;8 R ;53 /1? 14 2ä;JP;:6 ù 2; 6,2,3? 18, 2., 4;J-/::,6 ç ç�èÿû ç � é� ÿêèýüÿéü
H

0 /86 2; 03;9, 2., -;89,3F,8-, ;P
uε
2;ä/364

u0
=

ð��



óô õeiöajopifae
ï., 4,-;86 /1? ;P 2.14 ä;3^ 14 2; /00:L 2.,4, 2,-.81H5,4 2; F,2 .;?;F,81å/21;83,45:24 P;3 2., P;::;ä 18F 4L42,? ;P Z[\4

ẏi = F − V ′
0(yi) −

∑

j∈{1,...,Nε}\{i}
V ′(yi − yj)

P;3
i = 1, . . . , Nε

SC =DT
ä.,3,

F
14 / -;842/82 F19,8 P;3-, R

V0

14 /
1
J0 ,31;61- 0;2,821/: /86

V
14 / 0;2,821/:2/^18F 182; /--;582 2ä;J<;6L 182,3/-21;84 = Z8, -/8 2.18^ ;P

yi

/4 2., �0;4121;8� ;P614:; -/21;8 423/1F.2 :18,4 = ï., ^,L P/-2 P;3 /00:L18F 2., 3,45:24 /<;52 2., 4;:521;8;P SC =ìT 14 2./2 R 586,3 03;0 ,3 /445?021;84 ;8
V0

/86
V
R 2., P58-21;8

ρε(t, x) = ε

(
−1

2
+

Nε∑

i=1

H(x− εyi(t/ε))

)

Sä.,3,
H
14 2., I,/91416, P58-21;8 � 4,, < ,:;ä P;3 / 6,W8121;8T 4/214W,4 SC =ìT P;34;? ,

c
/86

J
ä,:: -.;4,8 /86 4512/<:, 18 121/: 6/2/ = I,8-, R 2., 3,4-/:,6 �-5?5:/J219, 614231<521;8 P58-21;8�

ρε
;P 0/321-:,4 14 03;9,6 2; -;89,3F, 2;ä/364 2., 581H5,4;:521;8 ;P 2., -;33,40;8618F 8;8:18,/3 61X541;8 ,H5/21;8 SC =�T = �,, 18 0/321-5:/3Bì�øE P;3 182,3,4218F 3,45:24 -;8-,3818F .;?;F,81å/21;8 ;P 4;? , F3/61,82 4L42,? 4ä 12. ä 1FF:L ,8,3F1,4 =î, ä;5:6 :1^, 2; -;8-:56, 2.14 1823;65-21;8 <L ? ,821;818F 2./2 ;53 ä;3^ 14P; -54,6 ;8 / 0/321-5:/3 ,H5/21;8 ä 12. / 0/321-5:/3 4-/:18F 18

ε
R 613,-2:L 184013,6 P3;?2., 614:; -/21;8 6L8/? 1-4 = >2 ä;5:6 <, 182,3,4218F 2; -;8416,3 4,9,3/: ,Q2,841;84 ;P2.14 ?;6,: = æ W342 ,Q2,841;8 -;5:6 2/^, 182; /--;582 2., 03,4,8-, ;P ]3/8-^J@,/64;53-,4 ;3 ;P ? ,/8 -539/253, ? ;21;8 2,3? 4 = ï., 4256L ;P 61X,3,82 4-/:18F4 18

ε
/8661X,3,82 6,-/L4 /2 18W812L P;3 2., ^,38,:

J
14 /8;2.,3 182,3,4218F H5,421;8 = î, /:4;ä/82 2; 0;182 ;52 2./2 F,2218F 4;? , ,33;3 ,421? /2,4 R < ;2. P;3 2., .;?;F,81å/21;803;-,44 /86 P;3 2., 85? ,31-/: -;?052/21;8 ;P 2., ,X,-219, I/? 1:2;81/8 R ä;5:6 <,/:4; 9,3L 182,3,4218F = ï; W814. ä 12. R :,2 54 ? ,821;8 2./2 ä, ä 1:: 4256L 18 / P5253,ä;3^ 2., .;?;F,81å/21;8 ;P -:/441-/: ]3,8^,:J_;82;3;9/ ?;6,:4 ä.1-. /3, 4L42,? 4;P Z[\4 =

�öchef�hifae a � i�k höifplk ô ï., 0/0,3 14 ;3F/81å,6 /4 P;::;ä 4 = >8 �,-21;8 ø R ä,03,4,82 ;53 ? /18 3,45:24 = >8 �,-21;8 ú R ä, F19, / 0.L41-/: 6,319/21;8 ;P ,H5/21;8 SC =ìT =>8 �,-21;8 � R ä, 3,-/:: 2., 6,W8121;8 ;P 9 14-;412L 4;:521;84 P;3 ,H5/21;84 :1^, SC =ìT/86 SC =ìøTR ä, F19, / 42/<1:12L 3,45:2 R / -;?0/314;8 0318-10 :, /86 ,Q 142,8-, 3,45:24 =ï., 03;;P ;P 2., ,3F;61-12L ;P 2., 03;<:,? Sï.,;3,? ø =ìT 14 03,4,82,6 18 �,-21;8 � =�,-21;8 � 14 6,9;2,6 2; 2., 03;;P ;P 2., -;89,3F,8-, Sï.,;3,? ø =�T = >8 �,-21;8 � Rä, ,42/<:14. 2., H5/:12/219, 03;0 ,321,4 ;P 2., ,X,-219, I/? 1:2;81/8 6,4-31< ,6 18ï.,;3,? ø =� = ] 18/::LR 18 �,-21;8 C R ä, /00:L ;53 /003;/-. 2; 2., -/4, ;P 4L42,? 4 ;P0/321-:,4 Sï.,;3,? C =ì /86 ø =ììT =
ð�ó



`abacdedfghifae jk lh jmehb fnok jkg jfgla phifaeg
� aihifae ô ï., ;0,8 </:: ;P 3/6154

r
-,82,3,6 /2

x
14 -:/441-/::L 6,8;2,6

Br(x)
=î .,8

x
14 2., ;31F18 R

Br(0)
14 41? 0:L 6,8;2,6

Br

/86 2., 5812 </::
B1

14 6,8;2,6
B
= ï., -L:186,3

(t − τ, t + τ) × Br(x)
14 6,8;2,6

Qτ,r(t, x)
= ï., 1861-/2;3 P58-21;8;P / 45<4,2

A ⊂ C
14 6,8;2,6 <L

1A

ù 12 ,H5/:4
1
;8

A
/86

0
;8

C \ A =ï., H5/8212L bxc 6,8;2,4 2., �;;3 182,F,3 0/324 ;P / 3,/: 85?<,3
x
= N,2

H(x)6,8;2, 2., I,/91416, P58-21;8 ù
H(r) =

{
1
1P
r ≥ 0,

0
1P
r < 0.>2 14 -;89,81,82 2; 1823;65-, 2., 58<;586,6 ? ,/453, ;8

RN
6,W8,6 ;8

RN \ {0}<L ù
µ(dz) =

1

|z|N+1
g

(
z

|z|

)
dz

SC =ìíT
/86 45-. 2./2

µ({0}) = 0
= ];3 2., 3,/6,3 74 -;89,81,8-, R ä, 3,-/:: .,3, 2., W9,182,F3;J61X,3,821/: ;0 ,3/2;34 /00,/318F 18 2.14 ä;3^ ù

M ε [U ] (x) =

∫÷
N

E(U(x+ εz) − U(x))J(z) dz

Mα
p [U ] (x) =

∫÷
N

{E(U(x+ z) − U(x) + p · z + α) − p · z} J(z) dz,

Mp [U ] (x) =

∫÷
N

{E(U(x+ z) − U(x) + p · z) − p · z} J(z) dz,

M [U ] (x) =

∫÷
N

{E(U(x+ z) − U(x))} J(z) dz,

I1[U ](x) =

∫÷
N

(U(x+ z) − U(x) − 1Br(z)∇xU(x) · z) 1

|z|N+1
g

(
z

|z|

)
dz.

ï; ,/-. ;0,3/2;3
M
R ä, /44;-1/2,

M̃
ä.1-. 14 6,W8,6 18 2., 4/? , ä/L <52 ä.,3,

E
14 3,0:/-,6 ä 12.

E∗
6,W8,6 /4 P;::;ä 4
E∗(α) = k +

1

2
if k < α ≤ k + 1.

�,, �,-21;8 � P;3 P532.,3 6,2/1:4 =
� � � ãÜ Þ��á �Ý�
�  ! "uvu�y� |rsrtuvwxyzwrv �u~# �z~
î, ,Q0:/18,6 18 2., 1823;65-21;8 2./2 ;53 W342 /1? 14 2; F,2 .;?;F,81å/21;83,45:24 P;3 SC =ìT = >8 ;2.,3 ä;364 R ä, ä/82 2; 4/L ä./2 ./00,84 2; 2., 4;:521;8

uε
;P

ð�ð



ð ô $ hfe ökgolig
SC =ìT /4

ε→ 0
= î, -:/441-/::L 23L 2; 03;9, 2./2

uε
-;89,3F,4 2; 2., 4;:521;8

u0

;P /8,X,-219, ,H5/21;8 = >8 ;36,3 2; <;2. 6,2,3? 18, 2., ,X,-219, ,H5/21;8 /86 03;9, 2.,-;89,3F,8-, R 12 14 /:4; -:/441-/: 2; 0 ,3P;3? / P;3? /: ,Q0/841;8 R 2./2 14 2; ä 312,
uε
/4

u0+εv
= Z8, ?542 8,Q2 W86 /8 ,H5/21;8 S\ T 4;:9,6 <L

v
= ï., P58-21;8

v
14 -:/441-/::L-/::,6 / -;33,-2;3 /86 2., ,H5/21;8 12 4/214W,4 14 3,P,33,6 2; /4 2., -,:: ,H5/21;8 ;3-,:: 03;<:,? = >8 ;53 -/4, R 45-. / 03;<:,? 14 /44;-1/2,6 ä 12. /8L -;842/82
L ∈ R

/86/8L
p ∈ RN

ù
λ+ ∂τv =

(
c(τ, y) + L+Mp[v(τ, ·)](y)

)
|p+ ∇v| 18 (0,+∞) × R

N SC =ììT
ä.,3,

Mp[U ](y) =

∫
dz J(z) {E (U(y + z) − U(y) + p · z) − p · z} .ï., -;84235-21;8 ;P -;33,-2;34

v
4/214PL 18F SC =ììT 14 ;8, ;P 2., 1? 0;32/82 03;<:,?ä, ./9, 2; 4;:9, = >2 14 6;8, <L -;8416,318F 2., 4;:521;8

w
;P





∂τw =

(
c(τ, y) + L+Mp[w(τ, ·)](y)

)
|p+ ∇w| 18

(0,+∞) × RN ,

w(0, y) = 0
;8

RN .

SC =ìøT
/86 <L :;;^18F P;3 4;? ,

λ ∈ R
45-. 2./2

w − λτ
14 < ;586,6 = I,3, 14 2., 03,-14,3,45:2 =

%�daö&bk ð ôó S\3F;61-12L T ô 'ü(ç) è* ç é++,�- èÿýü+ SC =� T .SC =�T .SC =�T / 0 ý) éü1
L ∈

R
éü(

p ∈ RN
/ è* ç)ç ç2 ÿ+ è+ é ,üÿ3, ç

λ ∈ R
+, �* è*éè è* ç �ýüèÿü,ý,+ ûÿ+ �ý+ ÿè1+ýê, èÿýü ý0 SC =ìøT 4ÿü è* ç + çü+ ç ý0 5 ç6 üÿèÿýü 7 ë89 +éèÿ+6 ç+ : w(τ,y)

τ

�ýüûç)þ ç+ èý;é)(+
λ
é+
τ → +∞/ êý�éê ê1 ,üÿ0 ý)� ê1 ÿü

y
ë <* ç )çéê ü,� =ç)

λ
ÿ+ (çü ýèç( =1

H
0
(L, p)

ë
> ý)çýûç)/ è* ç 0 ,ü �èÿýü

H
0 +éèÿ+6 ç+

H
0 ÿ+ �ýüèÿü,ý,+ ÿü

(L, p)
éü( üýü(ç�)çé+ ÿüþ ÿü L ë SC =ìúT

? kbhö@ ð ôð ô Aýü(ÿèÿýü SC =�T ÿ+ )çêéèç( èý è* ç - ç)ÿý(ÿ�ÿè1 é++,�- èÿýü ýü è* ç ûç.êý�ÿè1 ë Bü(çç(/ é++,�- èÿýü SC =�T ÿ+ �), �ÿéê ÿü ý,) éüéê1+ ÿ+ éü( ; ç (ý üýè Cüý; ÿ0ç)þ ý(ÿ�ÿè1 * ýê(+ ý) üýè ÿ0 è* ÿ+ é++,�- èÿýü ÿ+ üýè 0 , ê ê6 ê êç( ÿü (ÿ� çü+ ÿýü
N ≥ 2

ë
? kbhö@ ð ôD ô Aýü(ÿèÿýü SC =ìúT çü+,)ç+ è* ç ç2 ÿ+ èçü �ç ý0 +ýê, èÿýü+ 0 ý) è* ç * ý� ýþ ç.üÿE ç( ç3,éèÿýü SC =�T 4+ çç <* çý)ç� 7 ëF9 ë
? kbhö@ ð ôG ô H +,- ç)+ �)ÿ- è

0
é-- çé)+ ÿü è* ç ç ç�èÿû ç � é� ÿêèýüÿéü ë <* ç )çé+ýü ÿ+ è* ç+é� ç é+ ÿü I 88JK : ; ç ; ÿê ê *éûç èý + è,(1 è* ç ç)þ ý(ÿ�ÿè1 ý0 é 0 é� ÿê1 ý0 � é� ÿêèýüÿéü+ ÿüý)(ç) èý - )ýûç è* ç �ýüûç)þ çü �çë Lÿè* è* ç ü ýèéèÿýü ý0 M ç�èÿýü N/ ; ç *éûç

H
0
(L, p) =

H(L, p, 0)
ë
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`abacdedfghifae jk lh jmehb fnok jkg jfgla phifaeg
î 12. -;33,-2;34 18 ./86 R ä, -/8 8;ä 03;9, 2., -;89,3F,8-, ;P 2., 4,H5,8-,

uε.ï., 4,-;86 ?/18 3,45:2 ;P 2.14 0/0,3 14 2., P;::;ä 18F -;89,3F,8-, 3,45:2 =
%�daö&bk ð ôO S+;89,3F,8-,T ô 'ü(ç) è* ç é++,�- èÿýü+ SC =�T .SC =�T .SC =�T / è* ç =ý,ü .(ç( �ýüèÿü,ý,+ ûÿ+ �ý+ÿè1 +ýê, èÿýü

uε
ý0 SC =ìT 4ÿü è* ç + çü+ ç ý0 5 ç6 üÿèÿýü 7 ë89 ; ÿè*ÿü ÿèÿéê (éèé

u0 ∈ W 2,∞(RN)
/ �ýüûç)þ ç+ é+ ε → 0

êý�éê ê1 ,üÿ0 ý)� ê1 ÿü
(t, x)

èý;é)(+è* ç ,üÿ3, ç =ý,ü(ç( ûÿ+ �ý+ ÿè1 +ýê, èÿýü
u0
ý0 SC =�T ë

@,-/:: 2./2 2., W342 .;?;F,81å/21;8 03;<:,? ä, /3, 23L 18F 2; 4;:9, -;?,4 P3;?614:; -/21;8 2.,;3L= î, 2.54 ä;5:6 :1^, 2; < , /<:, 2; F,2 /8 182,303,2/21;8 ;P 2.,.;?;F,81å/21;8 3,45:2 ä, ;<2/18 18 2,3? 4 ;P 614:; -/21;8 2.,;3L= ï.14 14 2., 3,/4;8ä.L ä, :;;^ P;3 H5/:12/219, 03;0 ,321,4 ;P
H

0 = +;8416,318F 2., ;8, 61? ,841;8/: 40 ,-1/:-/4, /86 / 6319 18F P;3-, 186,0 ,86,82 ;P 21? , R ä, ;<2/18 2., P;::;ä 18F
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vt = (c+ J ? E(v − v(x))) |∇v| SC =ìCT
ð��



`abacdedfghifae jk lh jmehb fnok jkg jfgla phifaeg
(J − δ0) ? 1{x∈R2, x1>0}

x1

_`a b C =ú c ïL01-/: 03;W:, P;3 2., o,/-.J_;,::,3 P;3-, -3,/2,6 <L / 614:; -/21;8 423/1F.2:18, =
ä.1-. 14 ,Q/-2:L SC =ìT ä 12.

ε = 1
=î, 3,P,3 18 0/321-5:/3 2; BììøE P;3 / ? ,-./81-/: 182,303,2/21;8 ;P 2., .;?;F,81å,6,H5/21;8 /86 2., 3,P,3,8-,4 2.,3,18 P;3 ;2.,3 42561,4 ;P ?;6,:4 ä 12. 614:; -/21;86,84121,4 = �,, 18 0/321-5:/3 Bì��E P;3 2., .;?;F,81å/21;8 ;P ;8,J61? ,841;8/: ? ;6,:4F19 18F 4;?, 3/2,J186,0 ,86,82 0:/421-12L ? /-3;4-;01- ? ;6,:4 =

r s ã�âß�ãÝk �ß �áÝãßÜ� mßÞ ÜßÜt�ß â�� �uá�ÝãßÜ� vw xyz
�Üà vw xy{z
>8 2.14 0/0,3 R ä, ./9, 2; 6,/: ä 12. I/? 1:2;8JK/-;<1 ,H5/21;84 189;:9 18F 182,F3;J61X,3,821/: ;0 ,3/2;34 = ];3 \H5/21;84 SC =ìT /86 SC =ìøTR ä, ä 1:: 54, / 6,W8121;8 ;P9 14-;412L 4;:521;84 W342 1823;65-,6 <L � :,0 
,9 Bì�DE = æ 4 P/3 /4 \H5/21;8 SC =�T 14-;8-,38,6 R 2., 3,/6,3 14 3,P,33,6 2; BììøE P;3 / 6,W8121;8 P;3 914-;412L 4;:521;8 /86P;3 2., 03;;P ;P / -;?0/314;8 0318-10 :, 18 2., -:/44 ;P <;586,6 P58-21;84 =N,2 54 W342 3,-/:: 2., 6,W8121;8 ;P 3,:/Q,6 :;ä,3 4,? 1J-;82185;54 S:4- P;3 4.;32T/86 500,3 4,? 1J-;82185;54 S54- P;3 4.;32T :1? 124 ;P / P/? 1:L ;P P58-21;84

uε
ä.1-. 14:; -/::L <;586,6 581P;3? :L ä =3 =2 =

ε
ù

lim sup∗uε(t, x) = lim sup
ε→0,s→t,y→x

uε(s, y)
/86

lim inf∗u
ε(t, x) = lim inf

ε→0,s→t,y→x
uε(s, y).>P 2., P/? 1:L -;82/184 ;8:L ;8, ,:,? ,82 R ä, 3,-;F81å, 2., 54- ,89,:;0 , /86 2., :4-,89,:;0 , ;P / :; -/::L <;586,6 P58-21;8

u
ù

u∗(t, x) = lim sup
s→t,y→x

u(s, y)
/86

u∗(t, x) = lim inf
s→t,y→x

u(s, y).

ðò�



G ô | fgpagfim galoifaeg �aö eaeY la phl knohifaeg SC =ìT hej SC =ìøT
}  ! ~ u�vwzwrv r{ � w~�r~wz� ~r�#zwrv~
>8 2.14 45<4,-21;8 R ä, ä 1:: F19, 2., 6,W8121;8 ;P 9 14-;412L 4;:521;8 P;3 2., P;::;ä 18F03;<:,?
{
∂tu =

(
c(t, x) +Mα

p [u(t, ·)](x)
)
|p+ ∇u| in (0,+∞) × RN ,

u(0, x) = u0(x) on RN

SC =ìDT
ä.,3,

Mα
p

14 6,W8,6 <L
Mα

p [U ](x) =

∫÷
N

dz J(z) {E(U(x+ z) − U(x) + p · z + α) − p · z} .

>2 ä 1:: < , -;89,81,82 2; 6,W8, 2., P;::;ä 18F /44;-1/2,6 ;0,3/2;3
M̃α

p [U ](x) =

∫÷
N

dz J(z) {E∗(U(x+ z) − U(x) + p · z + α) − p · z} .

ä.,3, ä, 3,-/:: 2./2
E∗(α) = k +

1

2
if k < α ≤ k + 1.

î, 8;ä 3,-/:: 2., 6,W8121;8 ;P 9 14-;412L 4;:521;84 1823;65-,6 <L � :,0 
,9 18 Bì�DE ù
� k�efifae G ôó S� 14-;412L 4;:521;84 P;3 SC =ìDTT ô H ,-- ç) + ç� ÿ.�ýüèÿü,ý,+ 4)ç+- ëêý; ç) + ç� ÿ.�ýüèÿü,ý,+9 0 ,ü �èÿýü

u : R+ × RN → R
ÿ+ é ûÿ+ �ý+ ÿè1 +,=+ýê, èÿýü 4)ç+- ë+,- ç)+ýê, èÿýü9 ý0 SC =ìDT ÿ0

u(0, x) ≤ u∗0(x)
ÿü

RN
4)ç+- ë

u(0, x) ≥ (u0)∗(x)
9 éü( 0 ý)éü1

(t, x) ∈ (0,∞) × RN
éü( éü1 èç+ è 0 ,ü �èÿýü

φ ∈ C2(R+ × RN)
+, �* è*éè

u − φéèèéÿü+ é � é2 ÿ�,� 4)ç+- ë é � ÿüÿ�,�9 éè è* ç - ýÿüè
(t, x) ∈ (0,+∞) × RN

/ è* çü ; ç*éûç
∂tφ(t, x) ≤

(
c(t, x) +Mα

p [u(t, ·)](x)
)
|p+ ∇φ|

(
resp. ∂tφ(t, x) ≥

(
c(t, x) + M̃α

p [u(t, ·)](x)
)
|p+ ∇φ|

)
.

H 0 ,ü �èÿýü
u
ÿ+ é ûÿ+ �ý+ ÿè1 +ýê, èÿýü ý0 SC =ìDT ÿ0

u∗
ÿ+ é ûÿ+ �ý+ ÿè1 +,=+ýê, èÿýü éü(

u∗ÿ+ é ûÿ+ �ý+ÿè1 +,- ç)+ýê, èÿýü ë
}  � �zy�w�wz� �u~# �z~ {r� �� ����
>8 2.14 45<4,-21;8 R ä, ä 1:: 03;9, / F,8,3/: 42/<1:12L 3,45:2 P;3 2., 8;8J:; -/: 2,3? =ï., P;::;ä 18F 03;0;4121;8 0,3? 124 2; 4.;ä /:: 2., -:/441-/: 42/<1:12L 3,45:24 P;3 914J-;412L 4;:521;84 ä, 8,,6 =

ðòó



`abacdedfghifae jk lh jmehb fnok jkg jfgla phifaeg
p öaZagfifae G ôð S�2/<1:12L ;P 2., 4;:521;84 ;P SC =ìDTT ô \çè

(un)n

=ç é + ç3, çü �ç ý0,üÿ0 ý)� ê1 =ý,ü(ç( ,+ � 0 ,ü �èÿýü+ 4)ç+- ë ê+ � 0 ,ü �èÿýü+9 éü( êçè
u

(çü ýèç
lim sup∗un4)ç+- ë

u = lim inf∗un
9 ë \çè

(tn, xn, pn, αn) → (t0, x0, p, α)
ÿü

R × RN × RN × R
=ç+, �* è*éè

un(tn, xn) → u(t0, x0)
4)ç+- ë

un(tn, xn) → u(t0, x0)
9 ë <* çü

lim sup
n→∞

Mαn
pn

[un(tn, ·)](xn) ≤Mα
p [u(t0, ·)](x0)

SC =øíT
()ç+- ë

lim inf
n→∞

M̃αn
pn

[un(tn, ·)](xn) ≥ M̃α
p [u(t0, ·)](x0)

)
.ï.14 3,45:2 14 / -;84,H5,8-, ;P 2., 42/<1:12L ;P 2., � :,0 
,9 6,W8121;8 /86 180/321-5:/3 ;P 2., P;::;ä 18F :,??/ Sä.;4, 03;;P 14 F19,8 18 Bì�DET ù

�kbbh G ôD ô \çè
(fn)n

=ç é + ç3, çü �ç ý0 � çé+,)é=êç 0 ,ü �èÿýü+ ýü
RN

/ éü( �ýü+ ÿ(ç)
f = lim sup∗fnéü(
f = lim inf∗fn.\çè

(an)n

=ç é + ç3, çü �ç ý0
R

�ýüûç)þ ÿüþ èý E ç)ýë <* çü
L({fn ≥ an}\{f ≥ 0}) → 0 as n→ ∞éü(
L({f > 0}\{fn > an}) → 0 as n→ ∞;* ç)ç L(A)

(çü ýèç+ è* ç \ç=ç+þ, ç � çé+,)ç ý0 � çé+,)é=êç + çè
A
ë

�)ýý0 ý0 � )ý- ý+ ÿèÿýü 7 ëJ ë î, O 542 03;9, 2., 3,45:2 P;3
u
= N,2

ε > 0
= V 418F 2., 423;8F6,-/L /2 18W812L ;P

J
/86 2., P/-2 2./2 |E(r)− r| ≤ 1

2

R ä, ^8;ä 2./2 2.,3, ,Q 1424
R45-. 2./2 P;3 /8L

n ∈ N

∣∣∣∣
∫

|z|≥R

J(z){E(un(tn, xn + z) − un(tn, xn) + pn · z + αn) − pn · z}
∣∣∣∣ ≤

ε

4
,

∣∣∣∣
∫

|z|≥R

J(z){E(u(t0, x0 + z) − u(t0, x0) + p · z + α) − p · z}
∣∣∣∣ ≤

ε

4
.

SC =ø ìT
A;3,;9,3 R 5418F 2., 581P;3? <;586 ;8 2., 4,H5,8-,

(un)n

R ä, 6,65-, 2./2 P;3 |z| ≤
R
R 2.,3, ,Q 1424

N0 ∈ N
R
N0 ≥ 1

R 45-. 2./2
|un(tn, xn + z) − un(tn, xn) + pn · z + αn| ≤ N0/86
|u(t0, x0 + z) − u(t0, x0) + p · z + α| ≤ N0.ðòð



G ô | fgpagfim galoifaeg �aö eaeY la phl knohifaeg SC =ìT hej SC =ìøT
î, 8;21-, 2./2

E(β) =
∑

k≥1

1{β≥k} −
∑

k≤0

1{β<k} +
1

2
.

SC =øøT
î, 2.,8 F,2 2./2
∫

|z|≤R

J(z){E(un(tn, xn + z) − un(tn, xn) + pn · z + αn) − pn · z}

−
∫

|z|≤R

J(z){E(u(t0, x0 + z) − u(t0, x0) + p · z + α) − p · z}

≤
∫

|z|≤R

J(z)

{ N0∑

k=1

(
1{un(tn,xn+z)−un(tn,xn)+pn·z+αn≥k} − 1{u(t0,x0+z)−u(t0,x0)+p·z+α≥k}

)

−
0∑

k=−N0

(
1{un(tn,xn+z)−un(tn,xn)+pn·z+αn<k} − 1{u(t0,x0+z)−u(t0,x0)+p·z+α<k}

)}

SC =øúT
� 18-, 2., 2ä; 45? 4 /3, W812, R ä, F,2 R 5418F N,??/ � =ú R 2./2 P;3

n
<1F ,8;5F.

N0∑

k=1

∫

|z|≤R

dz J(z)
(
1{un(tn,xn+z)−un(tn,xn)+pn·z+αn≥k} − 1{u(t0,x0+z)−u(t0,x0)+p·z+α≥k}

)

≤ ε

4

0∑

k=−N0

∫

|z|≤R

dz J(z)
(
1{u(t0,x0+z)−u(t0,x0)+p·z+α<k} − 1{un(tn,xn+z)−un(tn,xn)+pn·z+αn<k}

)

≤ ε

4
.SC =ø� T

V418F SC =ø ìT R SC =øúT /86 SC =ø� T ä, 6,65-, 2./2
Mα

p [un(tn, ·)](xn) ≤Mα
p [u(t0, ·)](x0) + εP;3

n
<1F ,8;5F. = ï.14 1?0:1,4 SC =øíT=

}  � �rs�y�w~rv ��wv�w� �u~
>8 2.14 45<4,-21;8 R ä, ä 1:: 03;9, / -;?0/314;8 0318-10 :, P;3 SC =ìDT=

ðòD



`abacdedfghifae jk lh jmehb fnok jkg jfgla phifaeg
%�daö&bk G ôG S+;?0/314;8 o 318-10 :,T ô \çè

T > 0
éü( é++,� ç è*éè

J ∈ W 1,1(RN)
ë

Aýü+ ÿ(ç) éü ÿüÿèÿéê (éè,�
u0 ∈ W 2,∞(RN)

éü( é 0 ý)�ÿüþ èç)� c ∈ W 1,∞([0,+∞) ×
RN)
ë \çè

u
=ç é =ý,ü(ç( ,-- ç) + ç� ÿ.�ýüèÿü,ý,+ +,=+ýê, èÿýü ý0 SC =ìDT éü(

v
=ç é=ý,ü(ç( êý; ç) + ç� ÿ.�ýüèÿü,ý,+ +,- ç)+ýê, èÿýü ë <* çü

u(t, x) ≤ v(t, x)
0 ý) éê ê

(t, x) ∈
[0, T ] × RN

ë
�)ýý0 ë �500;4, <L -;823/61-21;8 2./2

M0 = sup(0,T )×

÷
N (u(t, x) − v(t, x)) > 0

= ];3/::
0 < γ < 1, η > 0, β > 0

R ä, 6,W8,
Φη

γ,β(t, x, y) = u(t, x) − v(t, y) − ηt+ p · (x− y) − eK0t

( |x− y|2
2γ

+ β(|x|2 + |y|2)
)

ä.,3,
K0

14 / -;842/82 ä.1-. ä 1:: < , -.;4,8 :/22,3 = î, ;<4,39, 2./2
lim sup
|x|,|y|→∞

Φη
γ,β(t, x, y) = −∞

4;
Φη

γ,β

3,/-.,4 124 ? /Q1?5? /2 / 0;182
(t̄, x̄, ȳ) ∈ [0, T ] × RN × RN

= A;3,;9,3 R 2.,-;842/82
K0

<,18F WQ,6 R ä, ./9,
M0 = sup Φη

γ,β ≥ M0

2

P;3
η
/86

β
4? /:: ,8;5F. =�2/86/36 /3F5?,824 4.;ä 2./2

|x̄− ȳ|2 ≤ C0γ, β(|x̄|2 + |ȳ|2) ≤ C0

SC =ø�T
ä 12.

C0

6,0,8618F ;8 ‖u‖∞, ‖v‖∞ R p /86 K0

=î, -:/1? 2./2 2.,3, ,Q 1424
0 < γ < 1

45-. 2./2 P;3 /::
β
4? /:: ,8;5F. R ä, ./9,

t̄ > 0
= >86,,6 R 1P P;3 /::

0 < γ < 1
2.,3, ,Q 1424

β > 0
S4? /::T 45-. 2./2

t̄ = 0
R 2.,82., P;::;ä 18F ,421? /2,4 .;:64 ù

M0

2
≤M0 ≤u(0, x̄) − v(0, ȳ) + |p||x̄− ȳ|

≤(‖Du0‖∞ + |p|)|x̄− ȳ|.V418F SC =ø�T R ä, F,2 / -;823/61-21;8 1P
γ
14 4? /:: ,8;5F. /86 ä, 03;9, 2., -:/1? =V418F >4.11 74 N,??/ L1,:64 2./2 2.,3, /3,
a, b ∈ R

/86
p̄, q̄x, q̄y ∈ RN

45-. 2./2
a− b = η +K0e

K0 t̄

( |x̄− ȳ|2
2γ

+ β(|x̄|2 + |ȳ|2)
)
,

p̄ = eK0 t̄ x̄− ȳ

γ
, q̄x = 2βeK0 t̄x̄, q̄y = 2βeK0 t̄ȳ,

a−
(
c(t̄, x̄) +Mα

p [u(t̄, ·)](x̄)
)
|p̄+ q̄x| ≤ 0/86

b−
(
c(t̄, ȳ) + M̃α

p [v(t̄, ·)](ȳ)
)
|p̄− q̄y| ≥ 0.

ðòG



G ô | fgpagfim galoifaeg �aö eaeY la phl knohifaeg SC =ìT hej SC =ìøT
�5<23/-218F 2., 2ä; :/42 18,H5/:121,4 R ä, F,2

η +K0e
K0 t̄

( |x̄− ȳ|2
2γ

+ β(|x̄|2 + |ȳ|2)
)

≤
(
c(t̄, x̄) +Mα

p [u(t̄, ·)](x̄)
)
|p̄+ q̄x| −

(
c(t̄, ȳ) + M̃α

p [v(t̄, ·)](ȳ)
)
|p̄− q̄y|.

SC =ø�T
î, 6,W8,
A = {z : E(u(t̄, z)−u(t̄, x̄)+ p · (z− x̄)+α) ≤ E∗(v(t̄, z)− v(t̄, ȳ)+ p · (z− ȳ)+α)}.SC =ø�Tï., 18,H5/:12L

Φη
γ,β(t̄, x̄, ȳ) ≥ Φη

γ,β(t̄, x, x)
L1,:64

u(t̄, z) − u(t̄, x̄) + p · (z − x̄) + α

≤ v(t̄, z) − v(t̄, ȳ) + p · (z − ȳ) + α− eK0 t̄

( |x̄− ȳ|2
2γ

+ β(|x̄|2 + |ȳ|2) − 2β|z|2
)
.

ï.14 1? 0:1,4 2./2
Ac ⊂ {|z| ≥ Rγ,β},ä.,3,

(Rγ,β)2 =
1

2β

( |x̄− ȳ|2
2γ

+ β(|x̄|2 + |ȳ|2)
)
.î, 8;ä 614218F514. 2ä; -/4,4 =

���� �b ï.,3, ,Q 1424 / -;842/82
C̃γ > 0

45-. 2./2 P;3 /8L
β
4? /:: ,8;5F. ä, ./9,

|x̄− ȳ|
2γ

≥ C̃γ.

>8 2.14 -/4, R ä, ./9,
{|z − x̄| ≥ Rγ,β} ⊂ {|z| ≥ R̃γ,β}

SC =øCT
ä.,3,

R̃γ,β = −|x̄|+Rγ,β → +∞ /4 β → 0
S4,, [/ N1; çè éêë B�� R N,??/ ø =�ET = ï.141?0:1,4 2./2

Mα
p [u(t̄, ·)](x̄)

=

∫÷
N

dz J(x̄− z) {E(u(t̄, z) − u(t̄, x̄) + p · (z − x̄) + α) − p · (z − x̄)}

≤
∫÷

N

dz J(x̄− z) {E∗(v(t̄, z) − v(t̄, ȳ) + p · (z − ȳ) + α) − p · (z − x̄)} + oβ(1).

ðòO



`abacdedfghifae jk lh jmehb fnok jkg jfgla phifaeg
V418F SC =ø�T ä, 2.,8 F,2
η +K0e

K0 t̄

( |x̄− ȳ|2
2γ

+ β(|x̄|2 + |ȳ|2)
)

≤ (c(t̄, x̄) − c(t̄, ȳ)) |p̄+ q̄x| + c(t̄, ȳ) (|p̄+ q̄x| − |p̄− q̄y|)
+Mα

p [u(t̄, ·)](x̄) (|p̄+ q̄x| − |p̄− q̄y|)
+
(
Mα

p [u(t̄, ·)](x̄) − M̃α
p [v(t̄, ·)](ȳ)

)
|p̄− q̄y|

≤‖∇c‖∞|x̄− ȳ||p̄+ q̄x| + ‖c‖∞|q̄x + q̄y| +
(

2‖u‖∞ + α+
1

2

)
‖J‖L1(

÷
N )|q̄x + q̄y|

+

(∫÷
N

dz J(x̄− z) {E∗(v(t̄, z) − v(t̄, ȳ) + p · (z − ȳ) + α) − p · (z − ȳ)}+

+

∫÷
N

dz J(x̄− z)(p · (x̄− ȳ))

−
∫÷

N

dz J(ȳ − z) {E∗(v(t̄, z) − v(t̄, ȳ) + p · (z − ȳ) + α) − p · (z − ȳ)}
)
|p̄− q̄y|

+ oβ(1)|p̄− q̄y|

≤eK0 t̄ |x̄− ȳ|2
2γ

(
2‖∇c‖∞ + 2‖∇J‖L1(

÷
N )

(
2‖v‖∞ +

1

2
+ α

)
+ 2‖J‖L1(

÷
N )

)
+ oβ(1)

ä.,3, ä, ./9, 54,6 2., 6,W8121;8 ;P
p̄
/86 2./2 |q̄x|, |q̄y| = oβ(1)

= ï/^18F
K0 = 2‖Dc‖∞ + 2‖DJ‖L1(

÷
N )(2‖v‖∞ +

1

2
+ α) + 2‖J‖L1(

÷
N ),ä, F,2 / -;823/61-21;8 P;3

β
4? /:: ,8;5F. =

���� � b 2.,3, ,Q 1424 / 45<4,H5,8-,
βn

R 45-. 2./2
|x̄− ȳ|

2γ
→ 0 as n→ +∞.>8 2.14 -/4, R ä, ./9, |p̄+ q̄x| → 0
/86 |p̄− q̄y| → 0

/4
n → +∞ = �,8618F n → +∞18 SC =ø�T R ä, F,2 / -;823/61-21;8 =ï.14 ,864 2., 03;;P ;P 2., 2.,;3,? =

}  } �� w~zuv�u �u~# �z~
%�daö&bk G ôO ô Aýü+ ÿ(ç)

u0 ∈ W 2,∞(RN)
/
c ∈ W 1,∞([0,+∞) × RN)

éü(
J ∈

W 1,1(RN)
ë �ý)

ε > 0
/ è* ç)ç ç2 ÿ+ è+ é 4,üÿ3, ç9 =ý,ü(ç( �ýüèÿü ý,+ ûÿ+ �ý+ÿè1 +ýê, èÿýü

uε
ý0 SC =ìT ë > ý)çýûç)/ è* ç)ç ç2 ÿ+ è+ é �ýü+ èéüè

C
ÿü(ç- çü(çüè ýü

ε > 0
+, �* è*éè/

|uε(t, x) − u0(x)| ≤ Ct.
SC =øDT

ðòñ



G ô | fgpagfim galoifaeg �aö eaeY la phl knohifaeg SC =ìT hej SC =ìøT
�)ýý0 ë æ 4 14 ,Q0:/18,6 18 Bììø R o 3;;P ;P ï.,;3,? �E S4,, /:4; æ :9/3,å R ï;5318 BììE;3 >?< ,32 Bììí R ï.,;3,? úET R 2; /00:L 2., o,33;8 74 ? ,2.;6 P;3 8;8J:; -/: ,H5/21;84 R12 45� -,4 2; 03;9, 2./2 2.,3, ,Q 1424 / -;842/82

C > 0
S186,0 ,86,82 ;P

ε
T 45-. 2./2

u0 ± Ct
/3, 3,40 ,-219,:L / 450,3 /86 / 45<4;:521;8 = ï., ;8:L 61� -5:2L 14 2; <;586 RP;3 ,9,3L
C
R 2., 2,3? ∣∣∣M ε

[
u0(·)+Ct

ε

]∣∣∣
∞

<L / -;842/82
C1

186,0 ,86,82 ;P
C
/86

ε
=ï; 6; 2.14 R 12 45� -,4 2; 3,? /3^ 2./2

∣∣∣∣M
ε

[
u0(·) + Ct

ε

]∣∣∣∣
∞

≤1

2
‖J‖L1 +

∫÷
N

dz J(z)

∣∣∣∣
u0(x+ εz)

ε
− u0(x)

ε
−∇u0(x) ·

z

ε
1B(z)

∣∣∣∣/86 2; 54, Bììø R o 3;;P ;P ï.,;3,? �E 2; F,2 / -;842/82
C̃1 = C̃1(R0, N, ||u0||W 2,∞)45-. 2./2

∫÷
N

dz J(z)

∣∣∣∣
u0(x+ εz)

ε
− u0(x)

ε
−∇u0(x) ·

z

ε
1B(z)

∣∣∣∣ ≤ C̃1

Sä 12.
R0

/00,/318F 18 SC =� TT = ï.,8 2/^18F
C1 = 1

2
‖J‖L1 + C̃1

/86
C = (‖c‖∞ +

C1)‖∇u0‖
R ä, F,2 2./2

u0 ± Ct
/3, 3,40 ,-219,:L / 450,3 /86 / 45<4;:521;8 = ï.14/-.1,9,4 2., 03;;P ;P 2., 2.,;3,? =

î, 3,-/:: 2., ,Q 142,8-, /86 581H5,8,44 3,45:2 P;3 SC =�T =
%�daö&bk G ôñ SBììø R o 3;0;4121;8 úET ô H++,� ç è*éè

u0 ∈ W 2,∞(RN), g ≥ 0, g ∈
C0(SN−1)

éü(
H

0 ÿ+ �ýüèÿü,ý,+ ÿü
(L, p)

éü( üýü(ç�)çé+ ÿüþ ÿü L/ è* çü è* ç * ý� ýþ ç.üÿE ç( ç3,éèÿýü SC =�T *é+ é ,üÿ3, ç =ý,ü(ç( �ýüèÿü,ý,+ ûÿ+ �ý+ ÿè1 +ýê, èÿýü
u0
ë

}  � �rv~w~zuv�� r{ z|u }u�vwzwrv r{ z|u tursuz�w� srzwrv
æ4 ,Q0:/18,6 18 �,-21;84 ì /86 ú R \H = SC =ìT 14 2., 3,4-/:,6 :,9,: 4,2 ,H5/21;8-;33,40;8618F 2; 2., ?;21;8 ;P

N
P3;824 45<? 122,6 2; ?;8;2;8, 2ä;J<;6L 182,3J/-21;84 = ï., -:/441-/: :,9,: 4,2 /003;/-. 14 ä,:: /6/02,6 P;3 6,4-31<18F 2., ?;21;8;P P3;824 418-, 12 -/8 <, 03;9,6 S/2 :,/42 P;3 :; -/: ,H5/21;84T 2./2 1P SC =ìT 14 4;:9,6P;3 2ä; 18121/: 6/2/

u0

/86
v0

2./2 ./9, 2., 4/? ,
0
J:,9,: 4,2 R 2.,8 4; ./9, 2., 2ä;-;33,40;8618F 4;:521;84 = >2 25384 ;52 2./2 2., -:/441-/: 03;;P ;P Bø�E -/8 <, /6/02,62; ;53 P3/? ,ä;3^ = � ,P;3, ,Q0:/1818F 12 R :,2 54 42/2, 03,-14,:L 2., 3,45:2 =

%�daö&bk G ô� ô Aýü+ ÿ(ç) è; ý =ý,ü(ç( ,üÿ0 ý)� ê1 �ýüèÿü,ý,+ 0 ,ü �èÿýü+
u0, v0

éü(è; ý �ý))ç+- ýü(ÿüþ +ýê, èÿýü+
u
éü(

v
ý0 SC =ìT ; ÿè*

ε = 1
ë � ÿ2 éü1

α ∈ [0, 1)
/ éü(é++,� ç è*éè

u0

éü(
v0

+éèÿ+0 1 0 ý) éü1
k ∈ Z

{u0 < k + α} = {v0 < k + α} & {u0 > k + α} = {v0 > k + α}.
ðò�



`abacdedfghifae jk lh jmehb fnok jkg jfgla phifaeg
<* çü è* ç +ýê, èÿýü+

u
éü(

v
+éèÿ+0 1

{u(t, ·) < k+α} = {v(t, ·) < k+α} & {u(t, ·) > k+α} = {v(t, ·) > k+α}.ï., 03;;P ;P 2.14 2.,;3,? 3,:1,4 ;8 2., 189/31/8-, ;P 2., 4,2 ;P 45<�450 ,3 4;:521;84;P / :,9,: 4,2 ,H5/21;8 586,3 2., /-21;8 ;P ? ;8;2;8, 4,? 1-;82185;54 P58-21;84 = �5-./ 3,45:2 14 -:/441-/: 18 2., :,9,: 4,2 /003;/-. :12,3/253, =
p öaZagfifae G ôò ô H++,� ç è*éè

θ : R → R
ÿ+ üýü(ç�)çé+ ÿüþ éü( ,-- ç) + ç� ÿ�ýüèÿ.ü,ý,+ 4)ç+- ë êý; ç) + ç� ÿ�ýüèÿü,ý,+9 ë H++,� ç éê+ý è*éè

θ(v) − v
ÿ+

1 − - ç)ÿý(ÿ� ÿü
v.

SC =úíT
H ++,� ç è*éè

ε = 1
ÿü SC =ìT ë Aýü+ ÿ(ç) éê+ý é +,=+ýê, èÿýü 4)ç+- ë +,- ç)+ýê, èÿýü9

u
ý0SC =ìT ë <* çü

θ(u)
ÿ+ éê+ý é +,=+ýê, èÿýü 4)ç+- ë +,- ç)+ýê, èÿýü9 ý0 SC =ìT ë

ï., 03;;P ;P 2.14 03;0;4121;8 14 0 ;42;8,6 /86 ä, 8;ä ,Q0:/18 .;ä 2; 54, 12 2;03;9, ï.,;3,? � =� =
�)ýý0 ý0 <* çý)ç� 7 ëWë î, ;8:L 6; 2., 03;;P P;3 <;586,6 P3;824 418-, 2., F,8,3/:-/4, 1?0:L P532.,3 2,-.81-/:121,4 ä, ä/82 2; /9;16 R 4,, P;3 1842/8-, BìøìE = ï.14 14 2.,3,/4;8 ä.L ä, /445? , 2./2 P;3 /8L

k ∈ Z
S-/4,

α = 0
T

{u0 = k} = {v0 = k} 14 < ;586,6.î, 8;ä P;::;ä 2., :18,4 ;P 2., ;31F18/: 03;;P ;P Bø�E = I ,8-, R ä, 1823;65-, 2ä; 8;8J6,-3,/418F P58-21;84
φ
/86

ψ

φ(r) =

{
inf{v0(y) : u0(y) ≥ r} 1P

r ≤M
φ(M)

1P
r > M

ψ(r) =

{
sup{v0(y) : u0(y) < r} 1P

r ≥ m
ψ(m)

1P
r < mä.,3,

M = supu0

/86
m = inf u0

= >2 14 -:,/3 2./2
φ
14 500,3 4,? 1-;82185;54 /86

ψ
14 :;ä,3 4,? 1-;82185;54 = î, 8;ä -;8416,3 18-3,/418F ,Q2,841;8

φ̃, ψ̃
;P
φ
/86

ψ2./2 4/214PL
ψ̃(k) = k = φ̃(k)

P;3
k ∈ Z

/86 6,W8,




φ̄(v) = inf

k∈�{φ̃(v + k) − k}
ψ̄(v) = sup

k∈�{ψ̃(v + k) − k}

S18 P/-2 2., 18W?5? ;3 4503,?5? /3, ;8:L ;8 W812, 9/:5,4 ;P
k
<,-/54,

u0

/86
v0/3, <;586,6T = �L 8;21-18F 2./2

φ̄(u0) ≤ v0 ≤ ψ̄(u0)
S< ,-/54,

v0 ≤ Ψ(u0 + ε)
P;3 /8L

ε > 0
T /86 5418F o 3;0;4121;8 � =C R ä, -;8-:56, 2./2

φ̄(u) ≤ v ≤ ψ̄(u)
= >2 14 8;ä ,/4L2; -;8-:56, =

ðòò



O ô � öcajfpfim
>2 3,? /184 2; 03;9, o 3;0;4121;8 � =C =

�)ýý0 ý0 � )ý- ý+ ÿèÿýü 7 ëX ë î, O 542 8,,6 2; -.,-^ 2./2 2., 8;8J:; -/: 2,3? -/8 <,./86:,6 18 2., -:/441-/: 03;;P = î, ;8:L 23,/2 2., -/4, ;P 45<4;:521;84 = +;8416,3W342
θ ∈ C1(R)

45-. 2./2
θ′ > 0

= +;8416,3
ϕ
/ 2,42 P58-21;8 P3;? /<;9, 4/214PL 18F

θ(u) ≤ ϕ
ä 12. ,H5/:12L /2

(t0, x0)
= ï.,8

u ≤ θ−1(ϕ)
/86

∂t(θ
−1(ϕ)) ≤ c[u]|∇xθ

−1(ϕ)|ä 12.
c[u] = c(t0, x0) +M [u(t0, ·)](x0).� ,-/54, P3;? SC =øøT

E(u(t0, x0 + z) − u(t0, x0)) ≤ E(θ(u(t0, x0 + z)) − θ(u(t0, x0)))ä, 6,65-, 2./2
∂tϕ ≤ c[θ(u)]|∇xϕ|,ÿëçë

θ(u)
14 / 45<4;:521;8 18 2., 4,84, ;P [,W8121;8 � =ì =>8 2., F,8,3/: -/4, R 54, 2., P;::;ä 18F :,??/ ä.;4, 03;;P 14 :,P2 2; 2., 3,/6,3 =

�kbbh G ô� ô �ý) é ,+ � üýü(ç�)çé+ ÿüþ 0 ,ü �èÿýü
θ
/ è* ç)ç ç2 ÿ+ è+

θε ∈ C1
+, �* è*éè

(θε)′ > 0
/
θε ≥ θ

éü(
lim sup∗ θε = θ.Z8 ;8, ./86 R ;8, -/8 03;9, 2./2 45-. /8 /003;Q 1? /21;8 4/214W,4

lim sup∗ θε(u) =
θ(u)
= Z8 2., ;2.,3 ./86 R

θε
421:: 4/214W,4 SC =úíT = I,8-,

θε(u)
14 / 45<4;:521;8 ;P SC =ìT<L 2., 03,9 1;54 -/4, /86 ä, -;8-:56, 2./2 4; 14

θ(u)
<L 2., 42/<1:12L 3,45:2 =

� �Þ�ßàãâãÝk
æ4 ,Q0:/18,6 18 2., >823;65-21;8 R ä, ä 1:: 8,,6 18 2., 03;;P ;P -;89,3F,8-, 2; /66/ 0/3/?,2,3

α > 0
18 2., -,:: 03;<:,? = ];3 2., 4;:521;8

w
;P

{
∂τw =

(
c(τ, y) + L+Mα

p [w(τ, ·)](y)
)
|p+ ∇yw| in (0,+∞) × RN

w(0, y) = 0 on RN ,

SC =ú ìT
ä, 03;9, / 3,45:2 2./2 14 423;8F,3 2./8 ï.,;3,? ø =ì=
%�daö&bk O ôó S\421? /2,4 P;3 2., 18121/: 9/:5, 03;<:,? Tô <* ç)ç ç2 ÿ+ è+ é ,üÿ3, ç
λ = λ(L, p, α)

+, �* è*éè è* ç 4,üÿ3, ç9 =ý,ü(ç( �ýüèÿü,ý,+ ûÿ+ �ý+ ÿè1 +ýê, èÿýü
w ∈

C([0,+∞) × RN)
ý0 SC =ú ìT +éèÿ+6 ç+ :

|w(τ, y) − λτ | ≤ C3,
SC =úøT

|w(τ, y) − w(τ, z)| ≤ C1,
0 ý) éê ê

y, z ∈ R
N SC =úúT

|λ− (L+ α‖J‖L1)|p|| ≤ (‖c‖∞ +
1

2
‖J‖L1)|p| =: C2

SC =ú� T
ðò�



`abacdedfghifae jk lh jmehb fnok jkg jfgla phifaeg
;* ç)ç

C1 =
(2‖c‖∞ + ‖J‖L1)

c0
, C3 = 5C1 + 2C2,

c0 = inf
δ∈[0,1/2)N

∫÷
N

dz min (J(z − δ), J(z + δ)) > 0.
SC =ú�T

Bü è* ç �é+ ç
N = 1

/ ; ç �éü �* ýý+ ç :
C1 = |p|. SC =ú�T

ï.,;3,? ø =ì 14 / -;84,H5,8-, ;P SC =úøT= ï., ,Q 142,8-, ;P <;586,6 4;:521;84
v(τ, y) = w(τ, y) − λτ

;P
λ+ ∂τv =

(
c(τ, y) + L+Mα

p [v(τ, ·)](y)
)
|p+ ∇yv| on (0,+∞) × R

N SC =ú�T
14 / 423/1F.P;3ä/36 -;84,H5,8-, ;P 2., 03,91;54 2.,;3,? ù
�aöallhöm O ôð S\Q 142,8-, ;P <;586,6 -;33,-2;34T ô <* ç)ç ç2 ÿ+ è+ é +ýê, èÿýü

v
ý0 SC =ú�Tè*éè +éèÿ6 ç+ :

|v(τ, y)| ≤ C3,

|v(τ, y) − v(τ, z)| ≤ C1.

? kbhö@ O ôD ô <ý �ýü+è), �è - ç)ÿý(ÿ� +,= éü( +,- ç)+ýê, èÿýü ý0 SC =ììT ; ç �éü éê+ý�êé++ ÿ�éê ê1 �ýü+ ÿ(ç)
δvδ + vδ

τ =
(
c1(τ, y) + L+Mp[v

δ(τ, ·)](y)
)
|p+ ∇yv

δ|éü( èéC ç è* ç êÿ� ÿè
δ → 0

èý ý=èéÿü ç2 é�è �ý))ç�èý)+ ë
>8 ;36,3 2; 4;:9, 2., .;?;F,81å,6 ,H5/21;8 /86 2; 03;9, 2., -;89,3F,8-, 2.,;J3,? R P532.,3 03;0 ,321,4 ;P 2., 85?<,3

λ
F19,8 <L ï.,;3,? � =ì /3, 8,,6,6 =

�aöallhöm O ôG So 3;0 ,321,4 ;P 2., ,X,-219, I/? 1:2;81/8T ô <* ç )çéê ü,� =ç)
λ

(ç6 ü ç+é �ýüèÿü,ý,+ 0 ,ü �èÿýü
H : R × RN × R → R

è*éè +éèÿ+6 ç+ :
H(L, p, α) → ±∞ é+

L→ ±∞,
SC =úCT

H(L, p, α) → ±∞ é+
α→ ±∞.

SC =úDT
> ý)çýûç)/

H(L, p, α)
ÿ+ üýüÿü �)çé+ ÿüþ ÿü L éü( α ë>8 / W342 45<4,-21;8 R ä, 45--,4419,:L 03;9, ï.,;3,? � =ì 18 61? ,841;8

N ≥ 2
/86+;3;::/3L � =� = ï.,;3,? � =ì 18 2., -/4,

N = 1
ä 1:: < , 03;9,6 18 / 4,-;86 45<4,-21;8 =

ð��



O ô � öcajfpfim
�  !   �rr{ r{ ¡|ur�us �  ! yv} �r�r��y�� �  }
� )ýý0 ý0 <* çý)ç� N ë8 ÿü è* ç �é+ ç

N ≥ 2
ë î, 03;-,,6 18 4,9,3/: 42,04 =

¢£�¤ � ¥ ¦�§§§`�§� �¨© �ª `�£�¨«� ¬ � �¬®¯£`¬¨ bî, 03;-,,6 /4 18 2., 03;;P;P ï.,;3,? � =� = î, 3,? /3^ 2./2
w±(τ, y) = C±τ

ä 12.
C± = (L + α‖J‖L1)|p| ± C2Sä 12.

C2

6,W8,6 18 SC =ú� TT /3, 3,40 ,-219,:L / 450,3J /86 / 45<4;:521;8 ;P SC =ú ìT =I,8-, R 2.,3, ,Q 1424 / 581H5, <;586,6 -;82185;54 914-;412L 4;:521;8 ;P SC =ú ìT 2./24/214W,4 ù
|w(τ, y) − (L+ α‖J‖L1)|p|τ | ≤ (‖c‖∞ +

1

2
‖J‖L1)|p|τ. SC =�íT

@,? /3^ 2./2 <L 581H5,8,44 R
w
14

ZN
J0 ,31;61- ä 12. 3,40 ,-2 2;

y
=

¢£�¤ � ¥ «¬¨£§¬® ¬ £°� ¬�«`®®�£`¬¨� ± b§ b£ b �¤�«� ² ¯¨`¬§³®´ `¨ £`³� bî, 03;-,,6 /4 18 BììøE <L -;8416,318F 2., P58-21;84
M(τ)

R
m(τ)

/86
q(τ)

6,W8,6<L ù
M(τ) = sup

y∈

÷
N

w(τ, y), m(τ) = inf
y∈

÷
N
w(τ, y)

/86
q(τ) = M(τ) −m(τ) ≥ 0.

ï., 4503,?5? /86 18W?5? /3, /22/18,6 418-,
w
14

1
J0 ,31;61- ä 12. 3,40 ,-2 2;

y
= >80/321-5:/3 R ä, -/8 /445? , 2./2 ù

M(τ) = w(τ, Yτ )
/86

m(τ) = w(τ, yτ )
/86

Yτ − yτ ∈ [0, 1)N .�;ä
m
R
M
/86

q
4/214PL 18 2., 914-;412L 4,84, ù
dM

dτ
(τ) ≤

(
c(τ, Yτ ) + L+Mα

p [w(τ, ·)](Yτ )

)
|p|

≤(‖c‖∞ +
1

2
‖J‖L1 + L+ α‖J‖L1)|p|

+

∫
dz J(z)(w(τ, Yτ + z) − w(τ, Yτ ))|p|,

dm

dτ
(τ) ≥

(
c(τ, yτ ) + L+Mα

p [w(τ, ·)](yτ )

)
|p|

≥(−‖c‖∞ − 1

2
‖J‖L1 + L+ α‖J‖L1)|p|

+

∫
dz J(z)(w(τ, yτ + z) − w(τ, yτ ))|p|,

dq

dτ
(τ) ≤(2‖c‖∞ + ‖J‖L1)|p| + L(τ)|p|ä.,3,

L(τ) =

∫
dz J(z)(w(τ, Yτ + z) − w(τ, Yτ )) −

∫
dz J(z)(w(τ, yτ + z) − w(τ, yτ )).

ð�ó



`abacdedfghifae jk lh jmehb fnok jkg jfgla phifaeg
N,2 54 ,421? /2, L(τ)

P3;? /<;9, <L 5418F 2., 6,W8121;8 ;P
yτ

/86
Yτ

= ï; 6; 4; R :,254 1823;65-,
δτ = Yτ−yτ

2
∈ [0, 1

2
)N
/86

cτ = Yτ+yτ

2

/86 ä 312, ù
L(τ) =

∫
dz J(z − δτ )(w(τ, cτ + z) − w(τ, Yτ ))

−
∫
dz J(z + δτ )(w(τ, cτ + z) − w(τ, yτ ))

≤ min
δ∈[0, 1

2
)N

∫
dz min{J(z − δ), J(z + δ)}(w(τ, yτ ) − w(τ, Yτ )) = −c0q(τ).

î, -;8-:56, 2./2
q
4/214W,4 18 2., 914-;412L 4,84, ù
dq

dτ
(τ) ≤ (2‖c‖∞ + ‖J‖L1)|p| − c0|p|q(τ)ä 12.

q(0) = 0
P3;? ä.1-. ä, ;<2/18

q(τ) ≤ C1

P;3 /8L
τ ≥ 0

ä.1-. -/8 <, 3,ä 3122,8586,3 2., P;::;ä 18F P;3? ù
|w(τ, y) − w(τ, z)| ≤ C1

P;3 /8L
τ ≥ 0, y, z ∈ R

N .
SC =� ìT

¢£�¤ µ ¥ «¬¨£§¬® ¬ £°� ¬�«`®®�£`¬¨� ± b§ b£ b £ `³� b î, ^,,0 P;::;ä 18F 2.,-;84235-21;8 ;P 2., -;33,-2;34 ;P BììøE <L 1823;65-18F R 18 ;36,3 2; ,421? /2, ;4-1::/21;84ä =3 =2 = 21? , R 2., 2ä; H5/82121,4 ù
λ+(T ) = sup

τ≥0

w(τ + T, 0) − w(τ, 0)

T

/86
λ−(T ) = inf

τ≥0

w(τ + T, 0) − w(τ, 0)

T/86 03;918F 2./2 2.,L ./9, / -;??;8 :1? 12 /4
T → +∞ = >8 ;36,3 2; 6; 4; R ä,W342 ,421? /2,

λ+
P3;? /<;9, = ï.14 14 / -;84,H5,8-, ;P 2., -;?0/314;8 0318-10 :, P;3SC =ú ìT ;8 2., 21? , 182,39/:

[τ, τ + τ0]
P;3 ,9,3L

τ0 > 0
ù 418-,

w(τ, 0) +C1 +w+(t)
14/ 450,34;:521;8 R ä, F,2 P;3

t ∈ [0, τ0]
ù

w(τ + t, y) ≤ w(τ, 0) + C1 + C+t
SC =�øT

ä.,3,
C± = (L+ α‖J‖L1)|p| ± C2

= �1? 1:/3:LR ä, F,2
w(τ, 0) − C1 + C−t ≤ w(τ + t, y).

SC =�úT
î, 2.,8 ;<2/18 P;3

τ0 = t = T
ù

(L+ α‖J‖L1)|p| − C2 −
C1

T
≤ λ−(T ) ≤ λ+(T ) ≤ (L+ α‖J‖L1)|p| + C2 +

C1

T�L 6,W8121;8 ;P
λ±(T )

R P;3 /8L
δ > 0

R 2.,3, ,Q 1424
τ± ≥ 0

45-. 2./2
∣∣∣∣λ

±(T ) − w(τ± + T, 0) − w(τ±, 0)

T

∣∣∣∣ ≤ δ.

ð�ð



O ô � öcajfpfim
N,2 54 -;8416,3

β ∈ [0, 1)
45-. 2./2

τ+ − τ− − β = k
14 /8 182,F,3 = �,Q2 R -;8416,3

∆ = w(τ+, 0) − w(τ− + β, 0)
= ]3;? SC =� ìT R ä, F,2 ù

w(τ+, y) ≤ w(τ− + β, y) + 2C1 + ∆ = w(τ+ − k, y) + 2C1 + ∆.ï., -;?0/314;8 0318-10 :, P;3 SC =ú ìT ;8 2., 21? , 182,39/:
[τ+, τ+ +T ]

S5418F 2., P/-22./2
c(τ, y)

14
Z
J0 ,31;61- 18

τ
T 2.,3,P;3, 1?0:1,4 2./2 ù

w(τ+ + T, y) ≤ w(τ+ − k + T, y) + 2C1 + ∆

= w(τ− + β + T, y) + 2C1 + w(τ+, 0) − w(τ− + β, 0).+.;;418F
y = 0

18 2., 03,91;54 18,H5/:12L L 1,:64 ù
w(τ+ + T, 0) − w(τ+, 0) ≤ w(τ− + β + T, 0) − w(τ− + β, 0) + 2C1/86 4,2218F

t = β ≤ 1
/86

τ = τ− + T
18 SC =�øT /86

τ = τ−
18 SC =�úT W8/::L L1,:64 ù

Tλ+(T ) ≤ Tλ−(T ) + 2δ + 2(C1 + C2) + 2C1.� 18-, 2.14 14 235, P;3 /8L
δ > 0

R ä, -;8-:56, 2./2 ù
|λ+(T ) − λ−(T )| ≤ 4C1 + 2C2

T
.�;ä /3F518F /4 18 BìììR ììøE R ä, -;8-:56, 2./2

limT→+∞ λ±(T )
,Q 142 /86 /3, ,H5/:2;

λ
/86 ù

|λ±(T ) − λ| ≤ 4C1 + 2C2

T
.

SC =�� T
¢£�¤ ¶ ¥ «¬¨«®¯�`¬¨ b \421? /2, SC =�íT 1? 0:1,4 SC =ú�T = ]3;? SC =��T R ä, -;8-:56,2./2 ù

∣∣∣∣
w(τ + T, 0) − w(τ, 0)

T
− λ

∣∣∣∣ ≤
4C1 + 2C2

Tä.1-. 1?0:1,4 2./2 ù
|w(T, 0) − λT | ≤ 4C1 + 2C2/86 W8/::L SC =úøT 6,319,4 P3;? 2.14 18,H5/:12L /86 SC =� ìT = ï., 581H5,8,44 ;P

λ
P;::;ä 4P3;? SC =úøT P;3 1842/8-, =

�)ýý0 ý0 Aý)ýê êé)1 N ë7 ë ï., ;8:L 0 ;182 2; < , 03;9,6 14 2., -;8218512L ;P
H
418-,SC =ú� T 1?0:1,4 2., ;2.,3 03;0 ,321,4 = N,2 54 -;8416,3 / 4,H5,8-,

(Ln, pn, αn)
45-. 2./2

(Ln, pn, αn) → (L0, p0, α0)
/86 4,2

λn = λ(Ln, pn, αn)
= î, 3,? /3^ 2./2 <L SC =úøTR ä,./9, P;3 /8L

τ > 0 ∣∣∣∣λn − wn(τ, 0)

τ

∣∣∣∣ ≤
C3

τ ð�D
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P;3 4;? , -;842/82

C3

2./2 ä, -/8 -.;;4, 186,0 ,86,82 ;8
n
= �2/<1:12L ;P 9 14-;412L4;:521;84 P;3 SC =ú ìT 1? 0:1,4 2./2

wn → w0

:; -/::L 581P;3? :L ä =3 =2 =
(τ, y)

= ï.14 1? J0:1,4 2./2
lim supn→+∞ |λn − λ0| ≤ 2C3

τ

P;3 /8L
τ > 0

= I,8-, R ä, -;8-:56, 2./2
limn→+∞ λn = λ0

=] 18/::L 2., ? ;8;2;81-12L 18
L
/86

α
;P
H(L, p, α)

-;? ,4 P3;? 2., -;?0/314;80318 1-10 :, =
�  �   �rr{ r{ ¡|ur�us �  ! wv z|u �y~u

N = 1� ,P;3, 03;918F ï.,;3,? � =ì 18 2., ;8, 61? ,841;8/: -/4, R ä, 8,,6 2., P;::;ä 18F:,??/ ù
�kbbh O ôO ô \çè

w
=ç è* ç +ýê, èÿýü ý0 SC =ú ìT ÿü (ÿ� çü+ ÿýü

N = 1
ë <* çü è* ç 0 ,ü �èÿýü

y 7→ p(p · y + w(τ, y))
ÿ+ üýü(ç�)çé+ ÿüþ 0 ý) éü1

τ ≥ 0
/ ÿëçë/

p(p+ wy(τ, y)) ≥ 0.
�)ýý0 ë î, ;8:L 6; 2., 03;;P 18 2., -/4,

p > 0
R 418-, 2., -/4,

p < 0
14 41? 1:/3 /862., -/4,

p = 0
14 2319 1/: = î, ä/82 2; 03;9, 2./2

M0 = inf
ΩT

{w(τ, x) − w(τ, y) + p · (x− y)} ≥ 0ä.,3,
ΩT = {(τ, x, y), 0 ≤ τ ≤ T, y ≤ x}. �L -;823/61-21;8 R /445? , 2./2

M0 ≤
−δ < 0

= ];3
η > 0

R ä, -;8416,3
Φη(τ, x, y) = w(τ, x) − w(τ, y) + p · (x− y) +

η

T − τ/86
Mη = inf

ΩT

Φη(τ, x, y) ≤ −δ
2

SC =��T
P;3

η
4? /:: ,8;5F. =

�L 2., 40/-, 0 ,31;61-12L ;P
w
R ä, 3,? /3^ 2./2

{
Φη(τ, x+ 1, y + 1) = Φη(τ, x, y)
Φη(τ, x− 1, y) = Φη(τ, x, y) − p if x− 1 ≥ y4; 2., ? 181?5? 14 3,/-.,6 /2 / 0;182

(τ̄ , x̄, ȳ)
ä12.

0 ≤ x̄ − ȳ < 1
/86

τ̄ < TS< ,-/54,
w
14 < ;586,6 <L 2., </331,3 P58-21;84T = A;3,;9,3

x̄ > ȳ
/86

t̄ > 0
g 186,,6 R;2.,3ä 14, ä, -/8 -.,-^ ,/41:L 2./2 2., ? 181?5? ä;5:6 <, 8;88,F/219, = V 418F >4.11 74N,??/ S4,, +3/86/:: R >4.11 R N 1;84 B� ìR N,??/ C =úET R ä, 2.,8 F,2 2./2 2.,3, ,Q 142

(a,−p) ∈ D
+
w(τ̄ , ȳ)

/86
(b,−p) ∈ D

−
w(τ̄ , x̄)

ä 12.
a− b =

η

(T − τ̄)2

ð�G
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45-. 2./2 S4,, ,H5/21;8 SC =ú ìTT

a ≤ 0 and b ≥ 0.�5<23/-218F 2., 2ä; /<;9, 18,H5/:121,4 L 1,:64 / -;823/61-21;8 =
�)ýý0 ý0 <* çý)ç� N ë8 ÿü è* ç �é+ ç

N = 1
ë N,2 54 /445?, 2./2

p > 0
418-, 2., -/4,

p < 0
14 03;9,6 41? 1:/3:L /86 2., -/4,

p = 0
14 2319 1/: =+;8416,3 2., 4;:521;8

w
;P SC =ú ìT= N,??/ � =� ,8453,4 2./2

u(τ, y) = w(τ, y)+p·y14 8;86,-3,/418F ù
∇yu ≥ 0.ï; 41?0:1PL 2., 8;2/21;8 R :,2 54 63;0 2., 21? , 6,0,86,8-, = î, /:4; ^8;ä 2./2

w14
1
J0 ,31;61- 18

y
R 4; P;3 /::

0 ≤ y ≤ z ≤ 1
R ä, ./9,

py + w(y) ≤ pz + w(z) ≤ p(y + 1) + w(y).ï.14 1? 0:1,4 2./2
|w(y) − w(z)| ≤ p.ï., 3,42 ;P 2., 03;;P 18 2., 4/? , /4 18 2., -/4,

N ≥ 2
=

· ¸ j� ¹Þßß m ß m âßÜl�Þ��Üâ�
ï.14 �,-21;8 14 6,9;2,6 2; 2., 03;;P ;P ï.,;3,? ø =� =

�)ýý0 ý0 <* çý)ç� J ëN ë î, -;8416,3 2., 500,3 4,? 1-;82185;54 P58-21;8
u = lim sup ∗uε.�L ï.,;3,? � =� R 12 14 < ;586,6 P;3 <;586,6 21? ,4 /86

u(0, x) = u0(x)
= æ 4 545/: Rä, /3, F;18F 2; 03;9, 2./2 12 14 / 45<4;:521;8 ;P SC =�T = �1? 1:/3:LR ä, -/8 03;9,2./2

u = lim inf ∗u
ε
14 / <;586,6 450,34;:521;8 ;P SC =�T 45-. 2./2

u(0, x) = u0(x).ï.,;3,? � =� 2.54 L1,:6 2., 3,45:2 =N,2 54 03;9, 2./2
u
14 / 45<4;:521;8 ;P SC =�T = î, /3F5, S-:/441-/::L T <L -;823/J61-21;8 <L /445? 18F 2./2 2.,3, ,Q 1424 / 0;182

(t0, x0)
R
t0 > 0

R /86 / 2,42 P58-21;8
φ ∈ C2

45-. 2./2
u− φ

/22/184 / F:;</: å,3; 4231-2 ? /Q 1?5? /2
(t0, x0)

/86 ù
∂tφ(t0, x0) = H

0
(L0, p) + θ = H(L0, p, 0) + θä 12.

L0 =

∫

|z|≤2

{φ(t0, x0 + z) − φ(t0, x0) −∇φ(t0, x0) · z}µ(dz)

+

∫

|z|≥2

{u(t0, x0 + z) − u(t0, x0)}µ(dz)
SC =��T
ð�O
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/86

p = ∇φ(t0, x0)
/86

θ > 0
= �L +;3;::/3L � =� R 2.,3, ,Q 1424

α > 0
/86

β > 0
45-.2./2 ù

∂tφ(t0, x0) = H(L0 + β, p, α) +
θ

2
.

SC =��T
>8 2., P;::;ä 18F R

λ
6,8;2,4

H(L0 + β, p, α)
=î, 8;ä -;84235-2 / 450,34;:521;8

φε
;P SC =ìT ;8 / 4? /:: </:: -,82,3,6 /2

(t0, x0)<L 5418F 2., 0 ,3253< ,6 2,42 P58-21;8 ? ,2.;6 S4,, B�� R �CET = o 3,-14,:LR ä, -;8416,3 ù
φε(t, x) =

{
φ(t, x) + ε v

(
t
ε
, x

ε

)
− ηr

1P
(t, x) ∈ (t0/2, 2t0) ×B1(x0),

uε(t, x)
1P 8;2

ä.,3,
ηr

14 -.;4,8 :/2,3 /86 2., -;33,-2;3
v
14 / <;586,6 4;:521;8 ;P SC =ú�T /44;-1/2,6ä 12.

(L, p, α) = (L0 + β, p, α)
F19,8 <L +;3;::/3L � =ø = î, ä 1:: 03;9, 2./2

φε
14 /450,34;:521;8 ;P SC =ìT ;8

Br(t0, x0)
SP;3

r
/86

ε
4? /:: ,8;5F. c 2.14 14 ? /6, 03,-14,:/2,3T /86 2./2

φε ≥ uε
;52416, = >8 0/321-5:/3 R

r
14 -.;4,8 4? /:: ,8;5F. 4; 2./2

Br(t0, x0) ⊂ (t0/2, 2t0) ×B1(x0)
=N,2 54 W342 P; -54 ;8 �<;586/3L -;86121;84� = ];3

ε
4? /:: ,8;5F. Sÿëçë

0 < ε ≤
ε0(r) < r

T R 418-,
u− φ

/22/184 / 4231-2 ? /Q 1?5? /2
(t0, x0)

R ä, -/8 ,8453, 2./2 ù
uε(t, x) ≤ φ(t, x) + εv

(
t

ε
,
x

ε

)
− ηr

P;3
(t, x) ∈ (t0/3, 3t0) ×B3(x0) \Br(t0, x0)SC =�CTP;3 4;? ,

ηr = or(1) > 0
= I ,8-, R ä, -;8-:56, 2./2

φε ≥ uε
;52416, ;P

Br(t0, x0)
=î, 8;ä 2538 2; 2., ,H5/21;8 = +;8416,3 / 2,42 P58-21;8

ψ
45-. 2./2

φε−ψ /22/184 /:; -/: ? 181?5? /2
(t, x) ∈ Br(t0, x0)

= ï.14 1?0:1,4 2./2
v−Γ

/22/184 / :; -/: ? 181?5?/2
(τ , y)

ä.,3,
τ = t

ε
, y = x

ε

/86
Γ(τ, y) =

1

ε
(ψ − φ)(ετ, εy).

� 18-,
v
14 / 914-;412L 4;:521;8 ;P SC =ú�T R ä, -;8-:56, 2./2 ù

λ+ ∂τΓ(τ , y) ≥
(
c(τ , y) + L+ M̃α

p [v(τ , ·)](y)
)
|p+ ∇Γ(τ , y)|

P3;? ä.1-. ä, 6,65-, ù
(
∂tφ(t0, x0) −

θ

2

)
+ ∂tψ(t, x) − ∂tφ(t, x)

≥
(
c(τ , y) + L+ M̃α

p [v(τ , ·)](y)
) ∣∣∇ψ(t, x) − (∇φ(t, x) −∇φ(t0, x0))

∣∣ .

ð�ñ
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I,8-, R ä, F,2 ù
∂tψ(t, x) ≥

(
c

(
t

ε
,
x

ε

)
+L0+β+M̃α

p

[
v

(
t

ε
, ·
)](

x

ε

))
|∇ψ(t, x)+or(1)|+ θ

2
+or(1)

ä.,3,
or(1)

;8:L 6,0 ,864 ;8 :;-/: <;5864 ;P
φ
/86 124 6,319/219,4 = � 18-,

c
14 < ;586,6/86 ù

|M̃α
p [v(τ , ·)](y)| ≤ (osc v(τ, ·) + α‖J‖L1) +

1

2
‖J‖L1 ≤

(
C1 + α+

1

2

)
‖J‖L1 ,

ä.,3,
C1

14 F19,8 18 ï.,;3,? � =ìR ä, -;8-:56, 2./2 ù
∂tψ(t, x) ≥

(
c

(
t

ε
,
x

ε

)
+ L0 + β + M̃α

p

[
v

(
t

ε
, ·
)](

x

ε

))
|∇ψ(t, x)|. SC =�DT

�;ä 3,-/:: 2./2
L0

14 6,W8,6 <L SC =��T /86 54, 2., P;::;ä 18F :,??/ ù
�kbbh ñ ôóô <* ç)ç ç2 ÿ+ è+

ε0 > 0
+, �* è*éè 0 ý) éü1

ε ≤ ε0

/
r ≤ r0

éü(
(t, x) ∈

Br(t0, x0)
:

M̃ ε

[
φε(t, ·)
ε

]
(x) ≤ L0 + β + M̃α

p

[
v

(
t

ε
, ·
)](x

ε

)
.

SC =�íT
ï., 03;;P ;P 2.14 :,??/ 14 0;420;8,6 = +;?<1818F SC =�DT /86 SC =�íTR ä, -;8-:56,2./2 P;3 /8L

ε ≤ ε0

/86
r ≤ r0

ù
∂tψ(t, x) ≥

(
c

(
t

ε
,
x

ε

)
+ M̃ ε

[
φε(t, ·)(x)

ε

])
|∇ψ(t, x)|.

î, -;8-:56, 2./2
φε
14 / 450,34;:521;8 ;P SC =ìT ;8

Br(t0, x0)
/86

φε ≥ uε
;52J416, = V 418F 2., -;?0/314;8 0318-10 :, R 2. 14 1?0:1,4

φε(t, x) ≥ uε(t, x)
= o/4418F 2; 2.,4503,?5? :1? 12 /2 2., 0;182

(t0, x0)
R ä, ;<2/18 ù

φ(t0, x0) ≥ u(t0, x0) + ηr

ä.1-. 14/ -;823/61-21;8 = ï., 03;;P ;P ï.,;3,? ø =� 14 8;ä -;?0:,2, =
>2 3,? /184 2; 03;9, N,??/ � =ì =

�)ýý0 ý0 \ç�� é Fë8 ë >2 14 -;89,81,82 2; 54, 2., 8;2/21;8 ù
τ = t/ε

/86
y = x/ε

= î,41?0:L 619 16, 2., 6;?/18 ;P 182,F3/21;8 18 2ä; 0/324 ù 4.;32 3/8F, 182,3/-21;8 /86:;8F 3/8F, 182,3/-21;8 = o 3,-14,:L ù
M̃ ε

[
φε(t, ·)(x)

ε

]
=

∫
dz J(z)E∗

(
φε(t, x+ εz) − φε(t, x)

ε

)

=

∫

|z|≤rε

dz {. . .} +

∫

ε|z|≥εrε

dz {. . .} = T1 + T2

ð��
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/86 ä, -.;;4,

rε

45-. 2./2
rε → +∞ /86

εrε → 0
/4
ε → 0

= N,2 54 ,421? /2, P3;?/<;9, ,/-. 2,3? = ];3
(t, x) ∈ Br(t0, x0)

/86 |z| ≤ rε

R ä, /3, 453, 2./2
(t, x + εz) ∈

(t0/2, 2t0) ×B1(x0)
P;3

ε
4? /:: ,8;5F. R /86 ù

T1 =

∫

|z|≤rε

dz J(z)E∗

(
φε(t, x+ εz) − φε(t, x)

ε

)

=

∫

|z|≤rε

dz J(z)E∗

(
φ(t, x+ εz) − φ(t, x)

ε
+ v(τ, y + z) − v(τ, y)

)

=

∫

|z|≤rε

dz J(z)

{
E∗

(
∇φ(t, x) · z + v(τ, y + z) − v(τ, y)

+
φ(t, x+ εz) − φ(t, x) − ε∇φ(t, x) · z

ε

)
−∇φ(t, x) · z

}
.

ï; F,2 2., :/42 :18, ;P 2., 03,91;54 18,H5/:12LR ä, 54,6 2./2
J
14 ,9,8 = +.;;4, 8,Q2

ε
4? /:: ,8;5F. /86

rε

<1F ,8;5F. 4; 2./2
φ(t, x+ εz) − φ(t, x) − ε∇φ(t, x) · z

ε
≤ Cε(rε)2 ≤ α

2

∫

|z|≥rε

dz J(z)
{
E∗

(
v
(
·, x
ε

+ z
)
− v

(
·, x
ε

)
+
α

2
+ z · ∇φ(t, x)

)
− z · ∇φ(t, x)

}

≤ β

4
.I,8-, ä, ;<2/18

T1 ≤ M̃
α/2
∇φ(t,x)

[
v

(
t

ε
, ·
)](x

ε

)
+
β

4
.

SC =�ìT
î, 8;ä -:/1? 2./2 ù

M̃
α/2
∇φ(t,x)

[
v

(
t

ε
, ·
)](x

t

)
≤ M̃α

∇φ(t0,x0)

[
v

(
t

ε
, ·
)](x

t

)
+ β/4

SC =�øT
P;3

r
4? /:: ,8;5F. = ï; 4,, 2.14 R -;8416,3

Rβ > 0
45-. 2./2 ù

∫

|z|≥Rβ

dz J(z){E∗(∇φ(t, x) · z + v(τ, y + z) − v(τ, y)) −∇φ(t, x) · z} ≤ β/8,

∫

|z|≥Rβ

dz J(z){E∗(∇φ(t0, x0) · z + v(τ, y + z) − v(τ, y)) −∇φ(t0, x0) · z} ≤ β/8.�;ä P;3 |z| ≤ Rβ

/86
r
4? /:: ,8;5F. ù
|(∇φ(t, x) · z −∇φ(t0, x0)) · z| ≤ α/2

ð�ò
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/86 ä, F,2 SC =�øT= +;?<1818F 2.14 18,H5/:12L ä 12. SC =�ìT R ä, ;<2/18 ù

T1 ≤ M̃α
p

[
v

(
t

ε
, ·
)](x

t

)
+ β/2.

SC =�úT
î, 8;ä 2538 2;

T2

= î, -/8 -.;;4,
rε ≥ R0

ä.,3,
R0

/00,/34 18 SC =� T 4; 2./2
J(z) = g(z/|z|)|z|−N−1

P;3 |z| ≥ rε

= I,8-,
T2 =

∫

ε|z|≥εrε

dz J(z)E∗

(
φε(t, x+ εz) − φε(t, x)

ε

)

=

∫

|q|≥εrε

µ(dq)Eε
∗(φ

ε(t, x+ q) − φε(t, x))

ä 12.
µ
6,W8,6 <L SC =ìíT /86 ä.,3,

Eε
∗(α) = εE∗

(
α
ε

) = @ ,? /3^ 2./2 |Eε
∗(α)−α| ≤ ε

2/86 54, SC =�CT 2; F,2 ù
T2 ≤

∫

|q|≥εrε

µ(dq) (φε(t, x+ q) − φε(t, x)) +
ε

2
µ(RN \Bεrε)

≤
∫

εrε≤|q|≤2

µ(dq) {φ(t, x+ q) − φ(t, x) + ε osc v(τ, ·)}

+

∫

|q|≥2

µ(dq) {uε(t, x+ q) − φ(t, x)} +
C

rε

+ C ′ηr.

�;ä 54, 2./2
µ
14 ,9,8 /86 F,2

T2 ≤
∫

εrε≤|q|≤2

µ(dq) {φ(t, x+ q) − φ(t, x) −∇φ(t, x) · q}

+

∫

|q|≥2

µ(dq) {uε(t, x+ q) − φ(t, x)} + C ′
(

1

rε

+ ε+ ηr

)
.

�;ä 3,?/3^ 2./2 ù
∫

εrε≤|q|≤2

µ(dq) {φ(t, x+ q) − φ(t, x) −∇φ(t, x) · q}

≤
∫

|q|≤2

µ(dq) {φ(t0, x0 + q) − φ(t0, x0) −∇φ(t0, x0) · q} + Cεrε + or(1)

/86 ^,,018F 18 ? 186 2./2
φ(t0, x0) = u(t0, x0)

R ä, /:4; ./9,
∫

2≤|q|
µ(dq) {uε(t, x+ q) − φ(t, x)} ≤

∫

2≤|q|
µ(dq) {u(t0, x0 + q) − u(t0, x0)} + or(1).

ð��



`abacdedfghifae jk lh jmehb fnok jkg jfgla phifaeg
>86,,6 R 12 14 ,H519/:,82 2;
lim sup
y→x0,ε→0

∫

2≤|q|
µ(dq) {uε(t, y + q) − φ(t, y)} ≤

∫

2≤|q|
µ(dq) {u(t0, x0 + q) − u(t0, x0)}

/86 45-. /8 18,H5/:12L 14 / -;84,H5,8-, ;P ]/2;5 74 :,??/ =+;?<1818F /:: 2., ,421? /2,4 L1,:64 ù
T2 ≤

∫

|q|≤2

µ(dq) {φ(t0, x0 + q) − φ(t0, x0) −∇φ(t0, x0) · q}

+

∫

2≤|q|
µ(dq) {u(t0, x0 + q) − u(t0, x0)} + Cεrε + C ′

(
1

rε

+ ε

)
+ or(1) + β/4

≤L0 + β/2.
SC =�� T

+;?<1818F SC =�úT /86 SC =�� T L 1,:64 SC =�íT =
º »á��ãÝ�Ýãl� ¹Þß¹ �ÞÝã�� ß m Ýj� �¼ �âÝãl� ½ �n ã�Ýßt

Üã�Ü
>8 2.14 4,-21;8 R ä, -;8416,3 2., 40 ,-1/: -/4, ;P 2., ;8,J61? ,841;8/: 40/-, /86 ;P/ 6319 18F P;3-, 186,0 ,86,82 ;P 21? , ù

c(τ, y) = c(y)
= �,P;3, 03;918F ï.,;3,? ø =� 18�5<4,-21;8 � =ú R ä, ,42/<:14. F3/61,82 ,421? /2,4 18 �5<4,-21;8 � =ì /86 2.,8 -;84235-245<�450 ,3�-;33,-2;34 186,0 ,86,82 ;8 21? , 18 �5<4,-21;8 � =ø =

¾  ! "�y}wuvz u~zwsyzu~
î, 3,-/:: 2./2

w
6,8;2,4 2., 4;:521;8 ;P 2., P;::;ä 18F +/5-.L 03;<:,?





∂tw =

(
c(x) + L+Mp[w(t, ·)](x)

)
|p+ ∇w| 18

(0,+∞) × RN ,

w(0, x) = 0
;8

RN .

SC =��T
�kbbh � ôó SN104-.12å ,421? /2,4 ;8 2., 4;:521;8 T ô <* ç +ýê, èÿýü

w
ý0 SC =��T ÿ+\ ÿ- + �* ÿèE �ýüèÿü,ý,+ ; ë) ëèë

x
éü( +éèÿ+6 ç+ :

‖p+ ∇xw(t, ·)‖∞ ≤ |p|et‖∇c‖∞ .
SC =��T

�)ýý0 ë ï., P58-21;8
u(t, x) = p · x+ w(t, x)

14 / 4;:521;8 ;P
∂tu = (c(x) + L+M [u(t, ·)](x)) |∇u| on (0,+∞) × R.

SC =��T
D��



� ô ¿ohlfihifqk ZöaZ köifkg a � i�k kÀkpifqk `hb fliaefhe
+;8416,3 2., 450J-;89;:521;8 ;P

u
ù

uβ(t, x) = sup
y∈

÷
N

{
u(t, y) − eKt |x− y|2

2β

}
= u(t, xβ) − eKt |x− xβ|2

2β
.

SC =�CT
î, -:/1? 2./2

uβ
14 / 45<4;:521;8 ;P 2., ,H5/21;8 SC =��T P;3

K
:/3F, ,8;5F. = >86,,6 RP;3 /8L

(η, q) ∈ D1,+uβ(t, x)
R 12 14 -:/441-/: 2./2 (

η +KeKt |x−xβ |2
2β

, q
)
∈ D1,+u(t, xβ)

R
q = −eKt x−xβ

β

/86 |x− xβ| ≤ C
√
β
ä.,3,

C
6,0,864 ;8 ‖w‖∞ R 4; 2./2 ù

η +KeKt |x− xβ|2
2β

≤ (c(xβ) +Mp[w(t, ·)](xβ)) |q|

≤
(
c(x) +Mp[w

β(t, ·)](x)
)
|q| + ‖∇c‖∞eKt |x− xβ|2

βä.,3, ä, 54,6 2./2
w(t, xβ + z) − w(t, xβ) ≤ wβ(t, x+ z) − wβ(t, x) with wε(t, x) = u(t, x) − p · xS2.14 -;? ,4 P3;? SC =�CT /86 2., P/-2 2./2

u(t, xβ + z) − eKt |x−xβ |2
2β

≤ uβ(t, x + z)
T =+.;;418F 8;ä

K = 2‖∇c‖∞
0,3? 124 2; F,2 2./2

uβ
14 / 45<4;:521;8 = �,Q2 R 3,? /3^2./2 ù

uβ(0, x) ≤ u(0, x) + sup
r>0

{
‖ ∇u0‖∞r −

r2

2β

}
≤ u(0, x) + β

‖∇u0‖2

2
.

I,8-, R 2., -;?0/314;8 0318-10:, S4,, ï.,;3,? � =� /00:1,6 2;
uβ(t, x) − p · x /86

w(t, x)
T 1?0:1,4 2./2

uβ ≤ u+ β
‖∇u0‖2

2
.@,ä312, 2.14 18,H5/:12L /4 P;::;ä 4

u(t, y) ≤ u(t, x) + β
‖∇u0‖2

2
+ eKt |x− y|2

2β
.Z021? 1å18F ä 12. 3,40 ,-2 2;

β
0,3? 124 2; -;8-:56, =

¾  � �#�� yv} ~#� u��r��u�zr�~
î, F19, /8 /:2,38/219, -./3/-2,31å/21;8 ;P 2., ,3F;61-12L ;P SC =��T 2./2 -;?0:,J? ,824 ï.,;3,? ø =ì 18 2., 40 ,-1/: -/4,

c(τ, y) = c(y)
= î, ä 1:: 54, 12 3,0 ,/2,6:L 18 2.,03;;P ;P ï.,;3,? ø =� = A;3, 03,-14,:LR ä, /3, 182,3,42,6 18 2., P;::;ä 18F 42/21;88/3L,H5/21;8 ù

λ = (c(y) + L+Mp[v](y)) |p+ ∇yv| on R
N .

SC =�DT
D� ó



`abacdedfghifae jk lh jmehb fnok jkg jfgla phifaeg
�kbbh � ôð ô <* ç 0 ,ü �èÿýü

H
0 +éèÿ+6 ç+ :

H
0
(p, L) = max{λ :

è* ç)ç ç2 ÿ+ è+ é
1
.- ç)ÿý(ÿ� +,=+ýê, èÿýü ý0 SC =�DT}

= min{λ :
è* ç)ç ç2 ÿ+ è+ é

1
.- ç)ÿý(ÿ� +,- ç)+ýê, èÿýü ý0 SC =�DT}.SC =�íT

? kbhö@ � ôD ô M,�* é �*é)é�èç)ÿEéèÿýü ÿ+ �êé++ ÿ�éê ÿü è* ç �ýüèç2 è ý0 * ý� ýþ çüÿEéèÿýüý0 � é� ÿêèýü .hé�ý=ÿ ç3,éèÿýü ë M çç 0 ý) ÿü+ èéü �ç I 8TXK 0 ý) +, �* é �*é)é�èç)ÿEéèÿýü 0 ý)êý�éê � é� ÿêèýü .hé�ý=ÿ ç3,éèÿýü+ ë
�)ýý0 ë î, W342 3,? /3^ 2./2 ä, -/8 -;84235-2

λ−
/86

λ+
45-. 2./2

v = 0
14 3,40 ,-J219,:L / 45<J /86 / 450,34;:521;8 ;P SC =�DT 4; 2./2 2., 4,24 /2 42/^, 18 SC =�íT /3,8;2 ,?02L= N,2

λmin
/86

λmax
6,8;2, 3,40 ,-219,:L 2., ? /Q1?5? /86 2., ? 181?5?6,W8,6 18 SC =�íT = ï., P/-2 2./2 2., 18W?5? /86 2., 4503,?5? 6,W818F

λmin
/86

λmax
/3, /22/18,6 14 / -;84,H5,8-, ;P 2., 42/<1:12L ;P 9 14-;412L 4;:521;84 /86

L∞ /031;31 < ;5864 S2./2 /3, ,/4L 2; ;<2/18 T =N,2
w
<, 2., 4;:521;8 ;P SC =��T /86 -;8416,3 2., 500 ,3 3,:/Q,6 :1? 12

v∞
/4
nF;,4 2; 18W812L S3,40 = 2., :;ä,3 3,:/Q,6 :1? 12

v∞
T ;P

vn(τ, y) = v(τ + n, y)
ä 12.

v(τ, y) = w(τ, y) − H
0
(p, L)τ

= ï.,8 -;8416,3 2., 45003,?5? 18 21? , ;P
v∞
S3,40 =2., 18W?5? 18 21? , ;P

v∞
T = ï.14 /::;ä 4 54 2; -;84235-2 / 45<4;:521;8 S3,40 = /450,34;:521;8 T ;P SC =�DT = ï.14 1?0:1,4 2./2

H
0
(p, L) ≤ λmin

S3,40 =
λmax ≤ H

0
(p, L)

T =�;ä :,2
v−
<, / 0,31;61- 45<4;:521;8 ;P SC =�DT P;3

λmin
= �18-, SC =�DT 6;,4 8;2 4,,2., -;842/824 R ä, -/8 /445?, 2./2

v− ≤ 0
= î, ./9, 2./2

v− +λminτ
14 / 45<4;:521;8;P SC =��T = �L -;?0/314;8 0318-10:, R ä, 6,65-, 2./2

w ≥ v− + λminτä.,3,
w
14 2., 4;:521;8 ;P SC =��T = [ 191618F <L

τ
/86 4,8618F

τ → ∞ R ä, F,2 2./2
H

0
(p, L) ≥ λmin

= ï., 03;;P 2./2
λmax ≥ H

0
(p, L)

14 41? 1:/3 = ï.14 ,864 2., 03;;P ;P2., :,??/ =
ï., 4,-;86 2,-.81-/: :,??/ ä, 8,,6 18 2., 03;;P ;P ï.,;3,? ø =� 14 2., -;84235-J21;8 ;P 45<J /86 450,3-;33,-2;34 ;P SC =�DT ä 12. 4;?, ?;8;2;81-12L 03;0 ,321,4 /86ä 12. 03,-14, ,421? /2,4 ;8 2.,13 ;4-1::/21;84 =

�kbbh � ôG ô Q�Á fgikepk a � goÂ hej goZ köpaöökpiaögS �ý) éü1
p ∈ R

éü(
L ∈ R

/ è* ç)ç ç2 ÿ+ è+
λ ∈ R

/ é +,=�ý))ç�èý)
v(y)

éü( é +,- ç)�ý))ç�èý)
v(y)

;* ÿ�* é)ç
1
.- ç)ÿý(ÿ� ÿü

y
éü( +éèÿ+0 1

λ ≤ (c+ L+Mp[v]) |p+ ∇yv|,
; ÿè*

p(p+ ∇yv) ≥ 0
ýü

R,

λ ≥
(
c+ L+ M̃p[v]

)
|p+ ∇yv|,

; ÿè*
p(p+ ∇yv) ≥ 0

ýü
R

+, �* è*éè
max v − min v ≤ |p| éü( max v − min v ≤ |p|. SC =� ìT

D�ð
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<* ç)ç ç2 ÿ+ è+ é (ÿ+ �ýüèÿü,ý,+ �ý))ç�èý)

v
;* ÿ�* +éèÿ+6 ç+

λ = (c+ L+Mp[v]) |p+ ∇yv|
ýü

R,
SC =�øT

max v − min v ≤ 2|p| and |v|∞ ≤ |p|.<* ç ,üÿ3, ç +ýê, èÿýü
w
ý0 SC =��T +éèÿ+6 ç+ 0 ý) éê ê

τ ≥ 0

|w(τ, y) − λτ |∞ ≤ 2|p|. SC =�úT
�)ýý0 ë î .,8

p = 0
R ä, ;<4,39, 2./2 SC =�DT 14 4/214W,6 ä 12.

λ = 0
/86

v = 0
= I,8-,SC =� ìT 14 -:,/3:L 4/214W,6 = N,2 54 8;ä /445? , 2./2

p > 0
418-, 2., -/4,

p < 0
1441? 1:/3 =

¢£�¤ �b +;8416,3 2., 4;:521;8
w
;P SC =��T R ÿëçëR 2., 4;:521;8

w
;P SC =ú ìT ä 12.

α = 0
=ï., 03;;P ;P ï.,;3,? � =ì 18 2., -/4,

N = 1
1?0:1,4 2./2

ṽ(τ, y) = w(τ, y) − λτ4/214W,4
|ṽ(τ, y) − ṽ(τ, z)| ≤ |p| and p(p+ ∇yṽ) ≥ 0/86 4;

max
y
ṽ − min

y
ṽ ≤ |p|.

¢£�¤ � b +;8416,3 2., 500,3 3,:/Q,6 :1? 12
v∞
/4
n
F;,4 2; 18W812L S3,40 = 2., :;ä,33,:/Q,6 :1? 12

v∞
T ;P

vn(τ, y) = ṽ(τ + n, y)
ï.,8 -;8416,3 2., 4503,?5? 18 21? , ;P

v∞
S3,40 = 2., 18W?5? 18 21? , ;P

v∞
T = ï.14 /::;ä 4 54 2; <51:6 / 45<4;:521;8

v
S3,40 =/ 450,34;:521;8

v
T ;P SC =�øT 2./2 4/214W,4 2., ,Q0,-2,6 03;0,321,4 =

¢£�¤ µ b ]18/::LR ä, ./9,
v+osc v ≥ v

/86
v+osc v

14 421:: / 450 ,34;:521;8 ;P SC =�øT =ï.,8 2., o,33;8 74 ? ,2.;6 /::;ä 4 54 2; <51:6 / 614-;82185;54 0 ,31;61- -;33,-2;3
vä.1-. 4/214PL

osc v ≤ 2p
= A;3,;9,3 R 418-, 2., ,H5/21;8 6;,4 8;2 4,, -;842/824 R ä,./9, 2./2

v(y) −K
14 4;:521;8 ;P SC =�øT /86 4; ä, -/8 /445?, 2./2 |v|∞ ≤ |p| P;3 /F;;6 -.;1-, ;P 2., -;842/82

K
=ï; 03;9, 2./2 2., 4;:521;8
w
;P SC =��T 4/214W,4 |w − λτ |∞ ≤ 2|p| R 12 45� -,4 2;3,? /3^ 2./2

v+osc v+λτ
S3,40 =

v+osc v+λτ
T 14 450 ,34;:521;8 S3,40 = 45<4;:521;8 T;P SC =��T /86 2; 54, 2., -;?0/314;8 0318-10 :, P;3 ,H5/21;8 SC =��T = ï.14 ,864 2.,03;;P ;P 2., :,??/ =

¾  �   �rr{ r{ ¡|ur�us �  Ã
î, 8;ä 2538 2; 2., 03;;P 124,:P =

�)ýý0 ý0 <* çý)ç� J ëFë�b î.,8
c ≡ 0

R 8;21-, 2./2
λ = L|p| /86 v = 0

6; 4/214PL SC =�DT =
� b ï.14 14 / -;84,H5,8-, ;P SC =ú� T =

D�D
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µ b V418F 2., ?;8;2;81-12L ;P

H
0
(L, p)

18
L
S4,, +;3;::/3L � =� T ä, ;8:L 8,,6 2; 03;9,2./2

H
0
(0, p) = 0

= ï./8^4 2; N,??/ � =ø R 12 14 ,8;5F. 2; -;84235-2 / 45<J /86 /450,34;:521;8 ;P ù
0 = c+Mp[v].N,2 54 -;8416,3 2., 4;:521;8

v
;P ù






∂τv = c(y) +Mp,δ[v(τ, ·)](y)
18

R+ × R

v(0, y) = 0
18

Rä 12.
Mp,δ[v](y) =

∫÷
dz J(z)

{
Eδ (v(y + z) − v(y) + p · z) − p · z

}

ä.,3,
Eδ
14 / 4?;;2. /003;Q 1? /21;8 ;P

E
R 45-. 2./2

Eδ(z) − z
14

1
J0 ,31;61- R

Eδ(−z) = −Eδ(z)
/86

Eδ
14 18-3,/418F = ]3;? 2.,

1
J0 ,31;61-12L ;P

c1
R ä, 6,65-,2.,

1
J0 ,31;61-12L ;P

v
= >2 14 /:4; ,/4L 2; 03;9, S<L /6/0218F 2., 03;;P ;P N,??/ � =ìT2./2

v
14 N104-.12å -;82185;54 18 40/-, /86 21? , P;3 /:: W812, 21? , = N,2 54 -;8416,3

p = P/Q
ä 12.

P ∈ Z
R
Q ∈ N\ {0} /86 63;0018F P;3 / ä.1:, 2., 6,0 ,86,8-, ;8 τ Rä, 4,2

u(y) = v(y) + p · y = æ 445? 18F 2,?0;3/31:L 2./2 J 6,-/L4 2; å,3; /2 18W812L45� -1,82:L H51-^:LR 3,-/::18F 2./2
J
14 ,9,8 /86 5418F 2., P/-2 2./2

v(y)
14

1
J0 ,31;61-18

y
R ä, -;?052, ù

∫

(−Q/2,Q/2)

dy

∫÷
dz J(z)

{
Eδ (v(y + z) − v(y) + p · z) − p · z

}

=

∫

(−Q/2,Q/2)

dy
∑

k∈�
∫

((k−1/2)Q,(k+1/2)Q)

dz J(z)
{
Eδ (u(y + z) − u(y))

}

= K +

∫

(−Q/2,Q/2)

dy
∑

k∈�
∫

(−Q/2,Q/2)

dz J(z + kQ)
{
Eδ (u(y + z) − u(y))

}

ä.,3,
K =

∫

(−Q/2,Q/2)

dy

∫

(−Q/2,Q/2)

dz
∑

k∈� kQJ(z + kQ)

=P

(∫

(−Q/2,Q/2)

dz
∑

k∈�(z + kQ)J(z + kQ) −
∫

(−Q/2,Q/2)

dzJQ(z)

)

=P

∫÷
dz̄ z̄J(z̄)

=0.

D�G
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I,8-, R ä 12. 2., 8;2/21;8

JQ(z) =
∑

k∈� J(z + kQ) = JQ(−z),

ä, F,2
∫

(−Q/2,Q/2)

dy

∫÷
dz J(z)

{
Eδ (v(y + z) − v(y) + p · z) − p · z

}

=

∫

(−Q/2,Q/2)

dy

∫

(−Q/2,Q/2)

dz JQ(z)
{
Eδ (u(y + z) − u(y))

}

=

∫

(−Q/2,Q/2)

dz JQ(z)

∫

(z−Q/2,z+Q/2)

dx
{
Eδ (u(x) − u(x− z))

}

=

∫

(−Q/2,Q/2)

dz JQ(z)

∫

(−z−Q/2,−z+Q/2)

dx
{
Eδ (u(x) − u(x+ z))

}

= −
∫

(−Q/2,Q/2)

dz JQ(z)

∫

(−z−Q/2,−z+Q/2)

dx
{
Eδ (u(x+ z) − u(x))

}

= −
∫

(−Q/2,Q/2)

dz JQ(z)

∫

(−Q/2,Q/2)

dx
{
Eδ (u(x+ z) − u(x))

}

S2., :/42 :18, 14 ;<2/18,6 <L 5418F 2.,
1
J0 ,31;61-12L ;P

u(x+ z)− u(x)
18
x
T = ] 18/::L-;?0/318F 2., 4,-;86 :18, /86 2., :/42 ;8, ;P 2., 03,91;54 ,H5/:12LR ä, 6,65-, 2./2 ù

∫

(−Q/2,Q/2)

dy

∫÷
dz J(z)

{
Eδ (v(y + z) − v(y) + p · z) − p · z

}
= 0.

�L 2/^18F / :1? 12 R ä, 6,65-, 2./2 2.14 14 421:: 235, ä 12.;52 /445? 18F 2./2
J
./4423;8F 6,-/L /2 18W812L=V 418F 8;ä 2., P/-2 2./2 2., ,H5/21;8 14 4/214W,6 /:?;42 ,9,3Lä.,3, S< ,-/54, 2.,4;:521;8 14 N104-.12å -;82185;54T ä, F,2 <L 182,F3/21;8 ;P 2., ,H5/21;8 /86 2., P/-22./2 ∫

(0,1)
c = 0

ù
∂τ

(∫

(−Q/2,Q/2)

dy v(τ, y)

)
= 0.î, 6,65-, S<L 0,31;61-12L ;P

v
T 2./2

∫

(0,1)

dy v(τ, y) = 0
P;3 /8L

τ ≥ 0P;3 /8L 3/21;8/:
p
= î, -;8-:56, 2./2 2.14 14 235, P;3 /8L

p ∈ R
SO 542 <L 2/^18F /:1? 12T = Z8 2., ;2.,3 ./86 R ä, 6,65-, /4 18 2., 03;;P ;P ï.,;3,? � =ì 18 2., -/4,

N = 1
2./2

max
y
v(τ, y) − min

y
v(τ, y) ≤ |p|.

D�O
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/86 41? 1:/3:L 2./2

|v(τ, y)| ≤ C(p).+;8416,318F 2., 4,? 1J3,:/Q,6 :1? 124 ;P
v(τ, y)

ä 12. 2., 4503,?5? S3,40 = 2., 18W?5? T18 21? , R ä, <51:6 / 45<4;:521;8
v
S3,40 = / 450,34;:521;8

v
T ;P 2., P;::;ä 18F ,H5/21;8

0 = c+Mp,δ[v].ï/^18F 8;ä 2., :1? 12 /4
δ
F;,4 2; å,3; R ä, <51:6 / 45<4;:521;8

v
S3,40 = / 450,34;:521;8

v
T ;P 2., :1? 12 ,H5/21;8

0 = c+Mp[v]/86 2., 03;;P ;P
H

0
(0, p) = 0

14 -;?0:,2, =
¶ b ï., ?;8;2;81-12L ;P

H
0
(L, p)

18
L
14 / 423/1F.2P;3ä/36 -;84,H5,8-, ;P 2., -;?J0/314;8 0318-10:, =î, 8,Q2 -;8416,3

L2 > L1 > 0
ä 12.

λi = H
0
(Li, p)

P;3
i = 1, 2

/86
λ1 > 0/86

p 6= 0
= ï., ;2.,3 -/4,4 -/8 <, 23,/2,6 41? 1:/3:L= ]3;? N,??/ � =� R ä, F,2 /45<-;33,-2;3
v1

4/214PL 18F
0 < λ1 ≤ |p+ ∇yv1| (c+ L1 +Mp[v1])45-. 2./2 SC =�ìT .;:64 235, = ï.,3,P;3,

Mp[v1] ≤
∫÷
dz J(z)[E(|p| + p · z)) − p · z] ≤

(
|p| + 1

2

)
‖J‖L1

/86 ä, F,2 ù
0 ≤ c+ L1 +Mp[v1]

/86
0 < δ ≤ |p+ ∇yv1|P;3 4;? , -;842/82

δ ≥ λ1/(L1 + Cp) > 0
ä 12.

Cp = ‖c‖∞ +
(
|p| + 1

2

)
‖J‖L1

= æ862.,8
λ1 + δ(L2 − L1) ≤ |p+ ∇yv1| (c1 + L2 +Mp[v1])ä.1-. 1?0:1,4 <L N,??/ � =ø 2./2

λ2 ≥ λ1 + δ(L2 − L1)
R ÿëçë

λ2 − λ1

L2 − L1

≥ λ1

L1 + Cp

.

A;3, F,8,3/::LR ä, ./9, P;3
L2L1 > 0

R |L2| > |L1|
/86 P;3 4;? , 5819,34/: -;842/82

C > 0
H

0
(L2, p) −H

0
(L1, p)

L2 − L1

≥ |H0
(L1, p)|

|L1| + Cp

.

� 1? 1:/3:LR :,2 54 -;8416,3 / 450 ,3-;33,-2;3
v1

F19,8 <L N,??/ � =� ä.1-. 4/214W,4 ù
λ1 ≥ |p+ ∇yv1|

(
c+ L1 + M̃p[v1]

)
.

SC =�� T
D�ñ



� ô ¿ohlfihifqk ZöaZ köifkg a � i�k kÀkpifqk `hb fliaefhe
æ4 4;;8 /4

L1 > Cp

R ä, F,2 /F/18 2./2
c+ L1 + M̃p[v1] > 0P3;? ä.1-. ä, 6,65-,
λ1

L1 − Cp

≥ |p+ ∇yv1|.
SC =��T

�,Q2 R 5418F SC =�� T /86 SC =��T R ä 312, ù
λ1 + (L2 − L1)

λ1

L1 − Cp

≥ λ1 + (L2 − L1)|p+ ∇yv1|

≥ |p+ ∇yv1| (c1 + L2 +Mp[v1])/86 6,65-, P3;? N,??/ � =ø 2./2 ù
λ2 ≤ λ1 + (L2 − L1)

λ1

L1 − Cp

.ï.14 1? 0:1,4 2., 3,45:2 =
Ä b N,2

T > 0
= ï., P58-21;8

w
6,8;2,4 2., 4;:521;8 ;P SC =ìøT /86

w′ 6,8;2,4 2.,4;:521;8 ;P
{
∂τw

′ = (c(y) + L+ L′ +Mp[w
′(τ, ·)](y))|p+ ∇w′| in (0,+∞) × R

w(0, y) = 0 on R

SC =��T
î, 4,2

λ = H
0
(L, p)

/86
λ′ = H

0
(L+L′, p)

= � 18-, |p+∇yw(τ, ·)|∞ ≤ |p|eT‖∇c‖∞P;3
τ ∈ [0, T )

SN,??/ � =ìT R ä, F,2 2./2
w(τ, y) + τL′|p|eT |∇c|∞ 14 / 450,34;:521;8 ;PSC =��T ;8

(0, T ] × R
= I,8-, R 2., -;?0/314;8 0318-10 :, 1?0:1,4

w′(τ, y) ≤ w(τ, y) + L′|p|TeT‖∇c‖∞ on (0, T ) × R.V418F 2., P/-2 2./2 |w(τ, y) − λτ |, |w′(τ, y) − λ′τ | ≤ 2|p| /86 2./2 H0
(L, p)

148;86,-3,/418F 18
L
R ä, F,2 2./2

0 ≤ (λ′ − λ)T ≤ |p|
(
L′TeT |∇c|∞ + 4

)

/86 4;
|λ′ − λ| ≤ |p|

(
L′eT |∇c|∞ +

4

T

)
.ï/^18F

T = | ln L′|
2‖∇c‖∞

R ä, F,2 2., 3,45:2 P;3
0 ≤ L′ ≤ 1

2

=
Å b ï., P;::;ä 18F /3F5?,824 ?542 < , /6/02,6 <L 5418F 45< /86 450,3-;33,-2;34 18;36,3 2; 54, N,??/ � =ø = I;ä,9,3 R ä, /445?, P;3 2., 4/^, ;P -:/312L 2./2 2.,3, ,Q 142-;33,-2;34 P;3 /8L

(L, p)
= I ,8-, R ä, ./9, ä 12.

λ = H
0
(L, p)

ù
λ = |p+ ∇yv| (c+ L+Mp[v]) .

D��
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ï.,3,P;3,

v(y) = −v(y + a)
4/214W,4 ù

−λ = | − p+ ∇yv(y)|
(
−c(y + a) − L+ M̃−p[v](y)

)

/86 −c(y + a) = c(y)
<L /445?021;8 = I,8-,

H
0
(−L,−p) = −λ =Æ b î, ./9, ä 12.

λ = H
0
(L, p)

ù
λ = |p+ ∇yv| (c+ L+Mp[v]) .ï.,3,P;3,

v̌(y) = v(−y + a)
4/214W,4 S< ,-/54,

J(−z) = J(z)
T ù

λ = | − p+ ∇yv̌(y)| (c(−y + a) + L+M−p[v̌](y)) .

�L /445?021;8 R
c(−y + a) = c(y)

R .,8-, ù
H

0
(L,−p) = H

0
(L, p)

=
Ç b È¨�®´ �`� ¬§ �³�®®

p
b ]3;? 2., -;84235-21;8 ;P 45<�450 ,3�-;33,-2;34 4/214PL 18F

p(p + ∇yv) ≥ 0
S4,, N,??/ � =� T R ä, ^8;ä 2./2 ;8 ;8, 0,31;6 ä, ./9, P;3

p > 0S2., /8/:L414 14 41? 1:/3 P;3
p < 0

T
0 ≤ p · z + v(z + y) − v(y) ≤ p

P;3
z ∈ [0, 1].ï.,3,P;3,

max v(z)−min v(z) ≤ p
18 F,8,3/: = î, ä 1:: 8;ä ,421? /2,

Mp[v]
P;3 4? /::

p
=>P

0 < p < 1
/86 P;3 |z| < b1/pc− 1

R 5418F 2., 0 ,31;61-12L ;P
v
/86 2., ?;8;2;81-12L;P

v(y) + py
R ä, 6,65-, 2./2 |p · z + v(z + y) − v(y)| ≤ p(b1/pc − 1) < 1

/86 2.,8
Mp[v](y) =

∫

|z|>b1/pc−1

J(z) {E (v(y + z) − v(y) + p · z) − p · z}

=

∫

|z|>b1/pc−1

J(z) {E (v(y + z) − v(y) + p · z) − (v(y + z) − v(y) + p · z)}

+

∫

|z|>b1/pc−1

J(z) {v(y + z) − v(y)}

ä.1-. 1?0:1,4 2./2
|Mp[v]| ≤

(∫

|z|>b1/pc−1

J(z)

)(
1

2
+ max v − min v

)
−→ 0

/4
p→ 0.

ï.,3,P;3, P;3
L
/86

p
4? /:: ,8;5F. ä, 4,, 2./2

L+ c(y)+Mp[v](y)
-./8F,4 41F8 1P

c-./8F,4 41F8 = ï.14 F19,4 / -;823/61-21;8 P;3 2., ,Q 142,8-, ;P 45< /86 450,3-;33,-2;34ä 12. 8;8Jå,3;
λ
=

É b È¨�®´ �`� ¬§ ®�§a�
p
b î, W342 -;8416,3 2., 0 ,31;61- 4;:521;8

v
Sä 12. å,3;? ,/8 9/:5,T ;P

0 = c(y) +M∞[v](y)

D�ò
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ä 12.

M∞[v](y) =

∫÷
dz J(z)(v(y + z) − v(y))ä.1-. 4/214W,4

|v|∞ ≤ C|c|∞, |v′|∞ ≤ C|c′|∞, |v′′|∞ ≤ C|c′′|L∞ .ï; F,2 2.14 3,45:2 R 12 14 45� -1,82 2; 4256L 2., 0 ,31;61- 4;:521;84 ;P
αvα = c+M∞[vα]2./2 -/8 <, ;<2/18,6 <L 2., 545/: o,33;8 74 ? ,2.;6 = ï., -;?0/314;8 0318-10 :, S2;F,J2.,3 ä 12. 2., 03;0 ,321,4 ;P

J
T F19,4 2., <;5864 ;8 2., ;4-1::/21;84 ;P

vα
R 186,0 ,86,82;8

α
= ï.14 1? 0:1,4 41? 1:/3 <;5864 ;8 2., 6,319/219,4 ;P

vα
R ä.1-. F19,4 ,8;5F. -;?J0/-28,44 2; 0/44 2; 2., :1? 12 /4

α→ 0
=];3 -:/312LR ä, /445?, 2./2

y = 0
/86

v(y) = 0
= ï., ;2.,3 -/4,4 -/8 <, 23,/2,641? 1:/3:L= N,2 54 4,2

u(z) = v(z) + p · z/86 :,2 54 ,421? /2, P;3
p > 0

:/3F,
M0 =

∫÷
dzJ(z) (E(u(z)) − u(z)) .

� ,-/54,
u′(z) = v′(z) + p > 0

P;3
p > 0

:/3F, ,8;5F. R ä, -/8 6,W8,
u−1

<L
u−1(u(x)) = u(u−1(x)) = x

= î, -/8 2.,8 3,ä 312, ä 12.
ū = u(z)

M0 =

∫÷
dū

u′(u−1(ū))
J(u−1(ū)) (E(ū) − ū) .î, 4,2

G(ū) =
J(u−1(ū))

u′(u−1(ū))/86 ä 312,
M0 =

∑

k∈�
∫ k+1/2

k−1/2

dū G(ū) (E(ū) − ū)

/86 4,2
Ik = [u−1(k − 1/2), u−1(k + 1/2)].î, F,2 P;3

ū ∈ [k − 1/2, k + 1/2]

G(ū) = G(k) + gk(ū)ä 12.
|gk(ū)| ≤ sup

z∈Ik

∣∣∣∣
J ′(z)

u′(z)
− J(z)u′′(z)

u′2(z)

∣∣∣∣ · sup
ū∈[k−1/2,k+1/2]

|(u−1)′(ū)| · 1/2.

D��
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�L 6,W8121;8 ;P

u
R ä, /:4; ./9,

∣∣∣∣u
−1(k ± 1/2) − k ± 1/2

p

∣∣∣∣ ≤
|v|∞
p
.

ï.,3,P;3, P;3
p
:/3F, ,8;5F.
|gk(ū)| ≤ 1/2 ·

(
h1(k/p)

(p− |v′|∞)2
+ |v′′|∞

h0(k/p)

(p− |v′|∞)3

)

/86 2.,8 R 418-, ∫ k+1/2

k−1/2
dū(E(ū) − ū) = 0

/86 |E(ū) − ū| ≤ 1
2

R ä, F,2
|M0| ≤ 1/2

∑
k∈� ∫ k+1/2

k−1/2
du |gk(u)|

≤ 1/4
(

p
(p−|v′|∞)2

(∑
k∈� 1

p
h1(k/p)

)
+ p|v′′|∞

(p−|v′|∞)3

(∑
k∈� 1

p
h0(k/p)

))
.

ï.14 1? 0:1,4 2./2
|M0| ≤ C/p

P;3
p
:/3F, ,8;5F.

ä 12.
C
6,0,8618F ;8 ‖c‖W 2,∞ , ‖h0‖L1

/86 ‖h1‖L1

= A;3, F,8,3/::LR ä, F,2 2., 4/? ,,421? /2, P;3
M(y) =

∫÷
dz J(z) (E(v(y + z) − v(y) + p · z) − (v(y + z) − v(y) + p · z)) .

î, 8;ä -;?052,
(p+ ∇yv)(L+ c+Mp[v]) ≥ (p+ ∇yv)(L+ c+M∞[v] − C/p)

≥ (p− |v′|∞)(L− C/p).ï.14 1? 0:1,4 2./2
H

0
(L, p) ≥ (p− |v′|∞)(L− C/p) > 0P;3

p > 0
:/3F, ,8;5F. R 1P

L > C/p
= ï., -/4,

L < 0
-/8 <, 23,/2,6 41? 1:/3:L=

ï., 03;;P ;P ï.,;3,? ø =� 14 8;ä -;?0:,2, =
Ê Ë ¹¹�ãâ�ÝãßÜ Ì jßn ß��ÜãÍ�ÝãßÜ ß m � ¹ �ÞÝãâ �� �k�Ý�n
Î  ! ¡|u tuvu�y� �y~u
ï.14 4,-21;8 14 6,9;2,6 2; 2., 03;;P ;P ï.,;3,? ø =ìì= >2 14 / -;84,H5,8-, ;Pï.,;3,? ø =� /86 ;P 2., P;::;ä 18F 3,45:2 ù

Dó�
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%�daö&bk ò ôó SN18^ <,2ä,,8 2., 4L42,? ;P Z[\4 /86 2., o[\Tô H ++,� ç è*éè

V0ÿ+
1
.- ç)ÿý(ÿ�/ è*éè

V ′
0

ÿ+ \ ÿ- + �* ÿèE �ýüèÿü,ý,+ éü( è*éè
V

+éèÿ+6 ç+
(H)
ë B0 ; ç *éûç

y1(0) < ... < yNε(0)
éè è* ç ÿüÿèÿéê èÿ� ç/ è* çü è* ç �,�, êéèÿû ç (ÿ+ è)ÿ=, èÿýü 0 ,ü �èÿýü

ρ
(ç6 üç( ÿü SC =ì� T ÿ+ é (ÿ+ �ýüèÿü,ý,+ ûÿ+ �ý+ ÿè1 +ýê, èÿýü 4ÿü è* ç + çü+ ç ý0 5 ç6 üÿèÿýü7 ë89 ý0

∂τρ = (c (y) +M [ρ(τ, ·)] (y)) |∇ρ| ÿü
(0,+∞) × R,

SC =��T
; ÿè*

c(y) = V ′
0(y) − F

éü(
J = V ′′ on R\{0}. SC =�CT

Aýüûç)+ çê1/ ÿ0
u
ÿ+ é =ý,ü(ç( éü( �ýüèÿü,ý,+ ûÿ+ �ý+ ÿè1 +ýê, èÿýü ý0 SC =��T +éèÿ+0 1ÿüþ0 ý) +ý� ç èÿ� ç

T > 0
éü( 0 ý) éê ê

τ ∈ (0, T )

u(τ, y)
ÿ+ ÿü �)çé+ ÿüþ ÿü y,è* çü è* ç - ýÿüè+

yi(τ)
/ (ç6 ü ç( =1

u(τ, yi(τ)) = i− 1
2

0 ý)
i ∈ Z

/ +éèÿ+0 1 è* ç +1+ èç� SC =DTýü
(0, T )

ë
� ,P;3, 03,4,8218F 2., 03;;P ;P 2.14 2.,;3,? R :,2 54 ,Q0:/18 .;ä 2; 6,319, ï.,;J3,? ø =ìì=

�)ýý0 ý0 <* çý)ç� J ë88 ë �L -;84235-21;8 R ä, ./9,
(ρε

0)
∗(y) = ρε

0(y) ≤ u0(y) ≤ (ρε
0)∗(y) + ε.V418F 2., P/-2 2./2

ρε
14 / 614-;82185;54 914-;412L 4;:521;8 ;P SC =ìT S,Q-,02 P;3 2.,18 121/: -;86121;8 T /86 2., -;?0/314;8 0318-10 :, S4,, ï.,;3,? � =� T R ä, 6,65-, 2./2Sä 12.

uε
2., -;82185;54 4;:521;8 ;P SC =ìTT

ρε(τ, y) ≤ uε(τ, y) ≤ (ρε)∗(τ, y) + ε/86 4;
uε(τ, y) − ε ≤ ρε(τ, y) ≤ uε(τ, y).

SC =�DT
�,8618F

ε→ 0
R ä, F,2 2./2

ρε → u0
ä.1-. F19,4 2., 3,45:2 =

î, 8;ä 2538 2; 2., 03;;P ;P ï.,;3,? C =ì=@,?/3^ 2./2 586,3 æ445?021;8
(H)
R
V ′ 14 8;2 61X,3,821/<:, /2 0

/86 18 ;36,32; < , 453, 2./2 2., 4;:521;8 ;P SC =DT ,Q 1424 /86 14 581H5, R ä, 8,,6 2; 03;9, 2./2 2.,6142/8-, < ,2ä,,8 2ä; 0/321-:,4 14 <;586,6 P3;? <,:;ä = o 3,-14,:LR ä, 03;9, ù
�kbbh ò ôð SN;ä,3 <;586 ;8 2., 6142/8-, < ,2ä,,8 0/321-:,4T ô H++,� ç è*éè è* ç- ýèçüèÿéê

V ′
0

ÿ+ \ ÿ- + �* ÿèE �ýüèÿü,ý,+ éü(
V

+éèÿ+6 ç+
(H)
ë \çè

yi, i = 1, .., Nε

=ç è* ç+ýê, èÿýü ý0 SC =DT ë <* çü/ è* ç (ÿ+ èéü �ç
d(τ)

=çè; ççü è; ý -é)èÿ�êç+ ÿ+ =ý,ü(ç( 0 )ý�=çêý; =1
d(τ) := min{|yi(τ) − yj(τ)|, i 6= j} ≥ d0e

−‖V ′′
0 ‖∞τ ,;* ç)ç

d0

ÿ+ è* ç � ÿü ÿ� éê (ÿ+ èéü �ç =çè; ççü è; ý -é)èÿ�êç+ éè ÿüÿèÿéê èÿ� ç :
d0 = d(0)

ë
D óó
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�)ýý0 ý0 \ç�� é X ëJ ë N,2

di

<, 2., 6142/8-, < ,2ä,,8
yi

/86
yi+1

ù
di(τ) = yi+1(τ)−

yi(τ)
= æ2

τ = 0
R
d(0) > 0

= I,8-, -;8416,3 2., W342 21? ,
τ ∗
P;3 ä.1-.

d(τ ∗) = 0/86 -.;;4,
i
45-. 2./2

d(τ) = di(τ)
18 / 8,1F.<;53.;;6 ;P

τ ∗
= N,2 54 6,8;2, <L

d̄j−i = dj − di ≥ 0
= î, 2.,8 ./9,

ḋ = − (V ′
0(yi+1) − V ′

0(yi)) −
(
∑

j 6=i+1

V ′(yi+1 − yj) −
∑

j 6=i

V ′(yi − yj)

)

= − (V ′
0(yi+1) − V ′

0(yi))

−
{ i−1∑

k=0

V ′((1 + k)d+ d̄0 + ..+ d̄−k) −
Nε−i−2∑

k=0

V ′((1 + k)d+ d̄1 + ..+ d̄k+1)

−
i−2∑

k=0

V ′((1 + k)d+ d̄−1 + ..+ d̄−k−1) +
Nε−i−1∑

k=0

V ′((1 + k)d+ d̄0 + ..+ d̄k)

}
.

î, 4,2
a−k = (1 + k)d+ d̄0 + ..+ d̄−k ≥ 0, a+

k = (1 + k)d+ d̄0 + ..+ d̄k.î, 2.,8 F,2 S418-,
d̄0 = 0

T
ḋ = − (V ′

0(yi+1) − V ′
0(yi))

−
{ i−2∑

k=0

(V ′(a−k ) − V ′(a−k + d̄−k−1)) +
Nε−i−2∑

k=0

(V ′(a+
k ) − V ′(a+

k + d̄k+1))

+ V ′(a−i−1) + V ′(a+
Nε−i−1)

}
.

� 18-,
V ′ ≤ 0

/86
V ′ 14 8;86,-3,/418F R ä, 6,65-, 2./2

ḋ ≥ −d‖V ′′
0 ‖∞ä.1-. F19,4 2., 3,45:2 =

>2 3,? /184 2; 03;9, ï.,;3,? C =ì=
�)ýý0 ý0 <* çý)ç� X ë8 ë ï.,;3,? C =ì 14 / -;84,H5,8-, ;P 2., P;::;ä 18F :,??/ =
�kbbh ò ôD SN18^ <,2ä,,8 2., 9,:; -121,4T ô H++,� ç è*éè

V ′
0

ÿ+ \ ÿ- +�* ÿèE �ýüèÿü,ý,+éü(
V

+éèÿ+6 ç+
(H)
ë H++,� ç è*éè

(yi(τ))i=1,...,Nε

+ýêû ç+ è* ç +1+ èç� ý0 Ð5Ñ+ SC =DT; ÿè*
y1 < ... < yNε

éè è* ç ÿüÿèÿéê èÿ� çë <* çü 0 ý) éê ê
i = 1, ..., Nε

/ ; ç *éûç
−ẏi = c(yi) +M [u(τ, ·)](yi)

SC =�íT
Dóð
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;* ç)ç

c
éü(

J
é)ç (ç6 ü ç( =1 SC =ì�T éü(

u(τ, y)
ÿ+ é �ýüèÿü,ý,+ 0 ,ü �èÿýü +, �* è*éè :






u(τ, y) = ρ∗(τ, y)
0 ý)

y = yj(τ), j = 1, .., Nε

0 < u < Nε

u
ÿ+ ÿü �)çé+ ÿüþ ÿü y

SC =�ìT
;* ç)ç

ρ
ÿ+ (ç6 ü ç( =1 SC =ì� T ë

�)ýý0 ý0 \ç�� é X ëT ë ï; 41?0:1PL 2., 8;2/21;8 R :,2 54 63;0 2., 21? , 6,0 ,86,8-, =
M [u](yi0) =

∫
dzJ(z)E(u(yi0 + z) − u(yi0))

= −
(∫

dzJ(z)

)
(i0 − 1) +

∫
dzJ(z)ρ(yi0 + z)

= −(2V ′(0−))(i0 − 1) + J ? ρ(yi0).î, 8;ä -;?052,
J ? ρ

=
(J ? ρ)(yi0) = −1

2

∫÷
J(z)dz +

Nε∑

i=1

∫
J(z)H(yi0 − z − yi)dz

=
∑

i<i0

∫ +∞

yi−yi0

J(z)dz +
∑

i>i0

∫ +∞

yi−yi0

J(z)dz

= (i0 − 1)(V ′(0−) − V ′(0+)) −
∑

i6=i0

V ′(yi − yi0)

= 2(i0 − 1)V ′(0−) −
∑

i6=i0

V ′(yi − yi0).

ï.14 W8/::L F19,4
M [u](yi0) = −

∑

i6=i0

V ′(yi − yi0).ï., 03;;P 14 8;ä -;?0:,2, =
ï., P/-2 2./2

ρ
14 / 614-;82185;54 4;:521;8 ;P SC =��T 14 / 423/1F.P;3ä/36 -;84,JH5,8-, ;P N,??/ C =ú /86 ;P [,W8121;8 � =ì =î, 03;9, 2., -;89,34, = V4, o 3;0;4121;8 � =C /86 -;8-:56, 2./2

ρ = E∗(u)
S3,40 =

ρ∗ = E(u)
T 14 / 914-;412L 450,34;:521;8 S3,40 = 45<4;:521;8 T ;P

∂τρ = c̃(τ, y) ∂yρ with c̃(τ, y) = c(y) +M [u(τ, ·)](y) = c(y) + M̃ [u(τ, ·)](y)ä.,3,
c̃
14 18 P/-2 / 03,4-31< ,6 9,:; -12L P;3

ρ
= V418F 2., P/-2 2./2

u
14 18-3,/418F 18

y
R ä, 6,W8,

yi(τ) = inf{y, u(τ, y) ≥ i− 1/2} = (u(τ, ·))−1(i− 1/2)
/86 ä, -;8416,3

D óD



`abacdedfghifae jk lh jmehb fnok jkg jfgla phifaeg
2., P58-21;84

τ 7→ yi(τ)
= ï.,L /3, -;82185;54 < ,-/54,

u
14 18-3,/418F 18

y
/86 14-;82185;54 18

(τ, y)
=î, 8,Q2 4.;ä 2./2

yi

/3, 914-;412L 4;:521;84 ;P SC =DT = ï; 6; 4; R -;8416,3 / 2,42P58-21;8
ϕ
45-. 2./2

ϕ(τ) ≤ yi(τ)
/86

ϕ(τ0) = yi(τ0)
= [,W8, 8,Q2

ϕ̂(τ, y) = i −
1/2 + (y − ϕ(τ))

= >2 4/214W,4 ù
ϕ̂(τ0, yi(τ0)) = ρ∗(τ0, yi(τ0)) and ϕ̂(τ, y) ≥ ρ∗(τ, y) for yi(τ) − 1 < y.ï.14 1? 0:1,4 R ä 12.

c̄i = c̃(·, yi)
R 2./2

ϕτ (τ0) ≥ −c̄i(τ0) = F − V ′
0(yi) −

∑

j 6=i

V ′(yi − yj).

ï.14 03;9,4 2./2
yi

/3, 914-;412L 450,34;:521;84 ;P SC =DT = ï., 03;;P P;3 45<4;:521;8414 41? 1:/3 /86 ä, 4^10 12 = A;3,;9,3 R 418-,
c̄i
14 -;82185;54 R ä, 6,65-, 2./2

yi

14
C1/86 12 14 2.,3,P;3, / -:/441-/: 4;:521;8 ;P

ẏi(τ) = −c̄i(τ) = F − V ′
0(yi) −

∑

j 6=i

V ′(yi − yj).

ï.14 ,864 2., 03;;P ;P 2., 2.,;3,? =
? kbhö@ ò ôG ô Bü è* ç �é+ ç ý0 -é)èÿ�êç+/ ; ç *éûç 0 ý)� éê ê1 è* ç � ÿ�)ý+ �ý- ÿ� çü ç)þ1 0 ý)
ρ = ρmicro

Emicro =

∫÷
1

2
(V micro ? ρy)ρy + V micro

0 ρy

; ÿè*
V micro = V

éü(
V micro

0 = V0 − F · y ë H0 èç) é )ç+ �éêÿüþ / ; ç þ çè éè è* ç êÿ� ÿè é0 ý)� éê � é�)ý+ �ý- ÿ� çü ç)þ1 0 ý)
ρ = ρmacro

Emacro =

∫÷
1

2
(V macro ? ρx)ρx + V macro

0 ρx

;* ç)ç
V macro = −g0 ln |x| ýüê1 C çç- + è* ç � ç� ý)1 ý0 è* ç (ÿ+ êý�éèÿýü -é)è ý0

V micro4è* ç êýüþ )éüþ ç ÿüèç)é�èÿýü+9 / éü( V macro
0 = −F · x+

∫
÷

/� dyV0(y)
ë

Î  � ��zuv~wrv zr z|u }w~�r �yzwrv �y~u
V (x) = − ln |x|ï.14 45<4,-21;8 14 6,9;2,6 2; 2., 03;;P ;P ï.,;3,? ø =ì� =

�)ýý0 ý0 <* çý)ç� J ë87 ë¢£�¤ � ¥ �¤¤§¬ª `³�£`¬¨ ¬
V

b ];3
δ > 0

R :,2 2., 3,F5:/31å/21;8
Vδ

;P 2., 0;2,821/:
V (x) = − ln |x| <, 45-. 2./2 Vδ ∈ C0(R) ∩ C1(R\{0}) /86 6,W8,6 <L

Vδ =

{
− ln |x| if |x| > δ:18,/3 1P

x ∈ (−δ, δ)\{0}
DóG
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î, -/8 ,/41:L -.,-^ 2./2

Vδ

4/214W,4 /445?021;84
(H)

ä 12.
g0 = 1

= V 418F 2., P/-22./2 2., 6142/8-, < ,2ä,,8 2ä; 0/321-:,4 14 <;586,6 P3;? <,:;ä R ä, 6,65-, 2./2
ρ6,W8,6 18 SC =ì�T 4/214W,4

∂tu = (c(x) + L+M [u(t, ·)](x)) |∇u| on (0, T ) × R.
SC =�øT

ä 12.
c(y) = V ′

0(y) − F
/86

J = V ′′
δ on R\{0} SC =�úT/4 4;;8 /4

δ ≤ δ(T ) := d0e
−|V ′′

0 |∞T .
>86,,6 R � 18-, N,??/ C =ø 1?0:1,4 2./2 P;3 /::

t ∈ [0, T ]
R ä, ./9,

d(t) ≥ d0e
−|V ′′

0 |∞T
R ä, -/8 3,0:/-, 2., 0;2,821/:

V
ä 12.

Vδ

P;3
δ ≤ d0e

−|V ′′
0 |∞T

/86 2., Z[\4 4L42,? 3,? /184 ,H519/:,82 =>8 2., 4,H5,: R ä, 54, 2., P;::;ä 18F P58-21;84
Jδ(z) =

{
V ′′

δ (z) for z ∈ R\{0}
0 for z = 0

Mp,δ[U ](x) =

∫÷
dz Jδ(z) {E(U(x+ z) − U(x) + p · z) − p · z}

/86
H

0

δ

6,8;2,4 2., ,X,-219, I/? 1:2;81/8 /44;-1/2,6 ä 12.
Jδ

=
¢£�¤ � ¥ ��£ `³�£� ¬§ £°� �¤¤§¬ª `³�£� ��«£`Ò� Ó�³ `®£¬¨`�¨ b
�kbbh ò ôO SN104-.12å -;82185;54 45<�450 ,3-;33,-2;34T ô \çè

v
(çü ýèç è* ç +ýê, èÿýüý0

H
0

δ = (c(x) + L+Mp,δ[v]) |p+ ∇v| ÿü
Réü( �ýü+ÿ(ç)

vε(x) = sup
y

(
v(y) − |x− y|2

2ε

)
, vε(x) = inf

y

(
v(y) +

|x− y|2
2ε

)
.

<* ç)ç è* çü ç2 ÿ+ è+ é �ýü+ èéüè
C(p)

(ç- çü(ÿüþ ýüê1 ýü |p| +, �* è*éè 0 ý)
δ, η ∈

(0, C(p)
√
ε)

/ ; ç *éûç
H

0

δ(L, p) ≤
(
c(x) + L+ C(p)

√
ε‖∇c‖∞ +Mp,η[v

ε]
)
|p+ ∇vε|, SC =�� T

H
0

δ(L, p) ≥
(
c(x) + L− C(p)

√
ε‖∇c‖∞ + M̃p,η[vε]

)
|p+ ∇vε|.

SC =��T
�)ýý0 ë î, O 542 ? /^, 2., 03;;P P;3

vε
/86 ä, /445?, 2./2

vε(x) = v(xε) −
|x− xε|2

2ε
.

D óO
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>2 14 -:/441-/: 2./2

vε
14 N104-.12å -;82185;54 /86

‖∇vε‖∞ ≤ C√
ε

SC =��T
ä.,3, 2., -;842/82

C
6,0 ,864 ;8:L ;8 ‖v‖∞ ≤ 2|p| = I ,8-, C = C(p)

= A;3,;9,3 R P;3/8L
q ∈ D1,+vε(x)

R 12 14 -:/441-/: 2./2
q ∈ D1,+v(xε), q = x−xε

ε

/86 |x−xε| ≤ C(p)
√
ε
Rä.,3, 2., -;842/82

C
6,0,864 ;8 ‖v‖∞ = î, 2.54 6,65-, 2./2

H
0

δ(L, p) ≤ (c(xε) + L+Mp,δ[v](xε)) |p+ q|
≤
(
c(x) + L+ C(p)

√
ε‖∇c‖∞ +Mp,δ[v

ε](x)
)
|p+ q|ä.,3, ä, ./9, 54,6 2./2

v(xε + z) − v(xε) ≤ vε(x+ z) − vε(x).�;ä 5418F SC =��T R ä, -/8 3,0:/-,
Mp,δ[v

ε](x)
ä 12.

Mp,η[v
ε](x)

P;3
η, δ ∈ (0, C(p)

√
ε)
=>86,,6 R P;3 |z| ≤ δ

;3 |z| ≤ η
R ä, ./9,

|vε(x+ z) − vε(x) − p · z| ≤ (C(p)ε−1/2 + |p|) max(δ, η) < 1/4 4;;8 /4
max(δ, η) ≤ C̃(p)

√
ε
/86 ä, ;<2/18

∫

|z|≤max(δ,η)

dz Jδ(z)E∗(vε(x+ z) − vε(x) − p · z)

=

∫

|z|≤max(δ,η)

dz Jη(z)E∗(vε(x+ z) − vε(x) − p · z) = 0.

ï.14 1? 0:1,4 SC =�� T =
î, 6,319, P3;? 2., 03,91;54 :,??/ 2., -;89,3F,8-, ;P

H
0

δ

2;ä/364
H

0

0

= î, ,9,8F,2 /8 ,33;3 ,421? /2, ù
�kbbh ò ôñ SN1? 12 ;P

H
0

δ

T ô <* ç)ç ç2 ÿ+ è+
H

0

0(L, p)
+, �* è*éè

∣∣∣H0

δ(L, p) −H
0

0(L, p)
∣∣∣ ≤ C(p)

ln 1
δ

SC =��T
0 ý)

δ
+� éê ê çü ý,þ* ë

�)ýý0 ë î, 6,65-, P3;? N,??/ C =� 2./2
H

0

δ(L, p) ≤ H
0

η(L + L′, p)
P;3

η, δ ∈
(0, C(p)

√
ε)
/86 ä 12.

L′ = C
√
ε‖∇c‖∞

= �18-, 2., -;842/824 /3, 186,0 ,86,82 ;8
L, L′ R ä, 6,65-, 2./2

H
0

δ(L− L′, p) ≤ H
0

η(L, p) ≤ H
0

δ(L+ L′, p)
P;3 /::

η, δ ∈ (0, C(p)
√
ε).

�,2218F
H

0

0(L, p) = lim supη→0H
0

η(L, p)
/86 5418F ï.,;3,? ø =� R 0 ;182 � R ä, 2.,8 F,2SC =��T =

Dóñ
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Z8, -/8 8;ä -.,-^ 2./2

H
0

0

4/214W,4 ï.,;3,? ø =� ,Q-,02,6 2., 0;182 � /86 0;182D = î, 8;ä 2538 2; 2., 03;;P ;P -;89,3F,8-, 124,:P =
¢£�¤ µ ¥ £°� ¤§¬¬ ¬ «¬¨Ò�§a�¨«� b N,2 54 -;8416,3

T > 0
/86 23L 2; 03;9,2./2

ρε
-;89,3F,4 2;ä/364

u0
;8

(0, T ) × R
= >8 ;36,3 2; 6; 4; R -.;;4, P;3 /8L

ε > 0/
δ = δ(ε)

45-. 2./2
ρε
14 / S614-;82185;54T 4;:521;8 ;P SC =ìT ä 12.

J
3,0:/-,6 ä 12.

Jδ(ε)

= î, 421:: ./9, SC =�DT <52 8;ä
uε
14 /44;-1/2,6 ä 12.

Jδ(ε)

1842,/6 ;P / WQ,6
J
= î,8,,6 2; -.,-^ 2./2 2., -;89,3F,8-, 03;;P ;P ï.,;3,? ø =� -/8 <, /6/02,6 = ï.14 140;441< :, 2./8^4 2; SC =��T R 2./2 0 ,3? 124 2; 0/44 P3;? 2., ,Q/-2 ,X,-219, I/? 1:2;81/8

H
0 2; 2., /003;Q 1? /2, ;8,

H
0

δ(ε)

R /86 2./8^4 2; N,??/ C =� 2./2 0 ,3? 124 2; 03;9,2./2 N,??/ � =ì 14 421:: 4/214W,6 <L 5418F / 3,F5:/31å,6 450,3-;33,-2;3
vε

= N,2 54F19, ?;3, 6,2/1:4 = î, W342 03;9, 2./2 2., 18121/: -;86121;8 14 4/214W,6 = � 18-,
u0

14N 104-.12å -;82185;54 R ä, F,2 2./2
M ε

δ

[
u0(·) + Ct

ε

]
=

∫

|z|> 1
‖∇u0‖∞

dz Jδ(z)E

(
u0(x+ εz) − u0(x)

ε

)

14 186,0 ,86,82 ;P
δ
1P
δ ≤ 1

‖∇u0‖∞
R /86 4; SC =øDT 3,? /184 235, ä 12. / -;842/82

C186,0 ,86,82 ;P
ε
/86

δ
=î, 8;ä 2538 2; 2., ,H5/21;8 = ï., 16,/ 14 2; 54, N104-.12å -;82185;54 45<�450 ,3J-;33,-2;34 2; -;823;: 2., 6142/8-, < ,2ä,,8 0/321-:,4 = V 418F 8;2/21;8 ;P �,-21;8 � ä,8;ä 03;9, <L -;823/61-21;8 2./2

u
14 / 45<4;:521;8 ;P SC =�T = I,8-, ä, /445?, 2./2

∂tφ(t0, x0) = H
0

0(L0, p) + θ′ = H
0

δ(L0, p, 0) + θP;3
δ
4? /:: ,8;5F. /86 ä.,3, ä, ./9, 54,6 SC =��T = A;3,;9,3 R ä, -/8 3,0:/-, SC =��Tä 12.

∂tφ(t0, x0) = H
0

δ(L0 + 2β, p, α) +
θ

2
.î, 8;ä 3,0:/-, 2., <;586,6 -;33,-2;3 ;P �,-21;8 � ä 12. / N104-.12å -;82185;54450,3-;33,-2;3 = A;3, 03,-14,:LR ä, -;8416,3 2., 4;:521;8

v
;P

λ =
(
c(y) + L+Mα

p,δ[v](y)
)
|p+ ∇yv|/86 ä, 4,2

vε(x) = inf
y

(
v(y) +

|x− y|2
2ε

)
= v(xε) +

|x− xε|2
2εä.,3,

L = L0 + 2β
/86

λ = Hδ(L0, p, 0)
= �L N,??/ C =� R ä, 6,65-, 2./2

vε

14 /450,34;:521;8 ;P
λ ≥

(
c(y) + L− C

√
ε‖∇c‖∞ + M̃α

p,δ[vε](x)
)
|p+ ∇vε|
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P;3

δ ≤ C(p)
√
ε
= î, 8;ä -;8416,3

ε
45-. 2./2

C
√
ε‖∇c‖∞ ≤ β

/86 ä, F,2 2./2
vε14 / 450,34;:521;8 ;P

λ ≥
(
c(y) + L0 + β + M̃α

p,δ[vε](x)
)
|p+ ∇vε|.V418F 2., P/-2 2./2

vε

14 N104-.12å -;82185;54 R ä, F,2 2./2
M̃α

p,δ[vε]
14 186,0 ,86,82;P

δ
P;3

δ ≤ C(p)
√
ε
/86 4; 2., 3,42 ;P 2., 03;;P 14 ,Q/-2:L 2., 4/? , /4 2., ;8, ;Pï.,;3,? ø =� ä 12.

J
3,0:/-,6 ä 12.

Jδ

=
V@eaÔ lkjckbkei ô ï., /52.;34 2./8^ æ = ]18,: R Õ = N, �;5/3 /86 N = o 3;91::, P;3P35 12P5 : 6 14-5441;8 18 2., 03,0/3/21;8 ;P 2.14 0/0,3 = ï.14 ä;3^ ä/4 4500;32,6 <L 2.,æ+> K+ ìíø� /86 2., æ�@ A>+æ Søíí�JøííDT =

Dóò
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æ = \: I/OO R � = ];3-/6,:
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Ú ÛÜÝÞßàáâÝãßÜ
! !   �u~uvzyzwrv yv} �|�~w�y� s rzw�yzwrv~
æ 614:; -/21;8 14 / -3L42/: 6,P,-2 ä.1-. -;33,40;864 2; / 614-;8218512L 18 2.,-3L42/::18, 4235-253, ;3F/814/21;8 = ï.14 -;8-,02 ./4 < ,,8 1823;65-,6 <L o;:/8L1 Rï/L:;3 /86 Z3;ä/8 18 ìDú� /4 2., ? /18 ,Q0:/8/21;8 /2 2., ? 1-3;4-;01- 4-/:, ;P0:/421- 6,P;3? /21;8 = æ 614:; -/21;8 -3,/2,4 /3;586 12 / 0 ,3253</21;8 2./2 -/8 <,4,,8 /4 /8 ,:/421- W,:6 = V86,3 /8 ,Q2,31;3 423/18 R / 614:; -/21;8 ?;9,4 /--;3618F 2;124 �53F,34 9,-2;3 ä.1-. -/3/-2,31å, 2., 182,8412L /86 2., 613,-21;8 ;P 2., 6,P,-26140:/-,? ,82 S4,, I 132. /86 N;2., Bìí�E P;3 /8 1823;65-21;8 2; 614:; -/21;84T =I,3, R ä, /3, 182,3,42,6 18 614:; -/21;84 6,84121,4 6L8/? 1-4 = A;3, 03,-14,:LR ä,-;8416,3 ,6F, 614:; -/21;84 R ÿëç 2., �53F,34 9,-2;34 /86 614:; -/21;84 /3, 18 2., 4/? ,0:/8, = ï.,4, 614:; -/21;84 /3, ?;918F ä 12. 2., �53F,34 9,-2;34 ±~b S4,, WF53, D =ìT =ï.14 ?;6,: ./4 < ,,8 1823;65-,6 <L d 3;? / R �/:;F. /4 / -;50:,6 4L42,? R 8/?,:L /23/840;32 03;<:,? ä.,3, 2., 9,:; -12L 14 F19,8 <L 2., ,:/421-12L ,H5/21;84 18 2., øJ[-/4, S4,, BìíúET =>P 2., øJ[ 6;? /18 14 ìJ0 ,31;61- 18

x1

/86
x2

R /86 1P 2., 614:; -/21;84 6,84121,46,0 ,86 ;8:L ;8 2., 9/31/<:,
x = x1 + x2

Sä.,3,
(x1, x2)

/3, 2., -;;3618/2,4 ;P /0;182 18
R2
T R ä.,8 ~b = (1, 0)

R 2., øJ[ ?;6,: ;P BìíúE 3,65-,4 2; 2., 4L42,? ;P -;50:,6
Dð�



óô õeiöajopifae
dislocation of type +

dislocation of type −

>

>⊥

⊥

⊥

−~b

x2

x1

~b

_`a b D =ì c ï., -3;44J4,-21;8 ;P 2., 614:; -/21;84 :18,4 =
ìJ[ 8;8 :;-/: I/? 1:2;8JK/-;<1 ,H5/21;84 S4,, �,-21;8 úT






(ρ+)t = −
(
ρ+ − ρ− +

∫ 1

0

(ρ+(x, t) − ρ−(x, t)) dx+ L(t)

)
|Dρ+|

on R × (0, T )

(ρ−)t =

(
ρ+ − ρ− +

∫ 1

0

(ρ+(x, t) − ρ−(x, t)) dx+ L(t)

)
|Dρ−|

on R × (0, T )

SD =ìT

ä.,3,
ρ+, ρ−

/3, 2., 58^8;ä8 4-/:/34 45-. 2./2
(ρ+ − ρ−)

3,03,4,824 2., 0:/421-6,P;3? /21;8 R 2.,13 40/-, 6,319/219,4
Dρ± := ∂ρ±

∂x

/3, 2., 614:; -/21;84 6,84121,4 /86
L(t)

3,03,4,824 2., ,Q2,31;3 4.,/3 423,44 W,:6 = ]3;? / 0.L41-/: 9 1,ä0;182 R
Dρ± ≥

0
R .;ä,9,3 R .,3, ä, 6; 8;2 ? /^, 2.14 /445?021;8 2; 3,? /18 ;8 / ?;3, F,8,3/:P3/? ,ä;3^ = ï., 18121/: -;86121;84 P;3 2., 4L42,? SD =ìT /3, 6,W8,6 /4 P;::;ä 4 ù

ρ±(x, 0) = ρ0
±(x) = P 0

±(x) + L0x on R
SD =øT

ä.,3,
P 0
±
/3, 0 ,31;61- ;P 0 ,31;6

1
/86 N104-.12å -;82185;54 = >8 0/321-5:/3 R

ρ0
+ − ρ0

−14 / ìJ0 ,31;61- P58-21;8 =
L0

14 / F19,8 -;842/82 ä.1-. 14 2., 2;2/: 6,84121,4 ;P 2L0 ,
± R ÿëçë ä, 4500;4, 2./2 18 121/::LR ä, ./9, 2., 4/? , 2;2/: 6,8412L ;P 2L0 , +

/86 − =
! � è ywv é u~# �z~
ï., W342 F;/: ;P ;53 0/0,3 14 2; 03;9, 2., ,Q 142,8-, /86 581H5,8,44 P;3 2.,4;:521;8 ;P 2., 8;8J:; -/: 4L42,? SD =ìTJ SD =øT = æ 8/253/: P3/? ,ä;3^ P;3 ;53 4256L 142., 9 14-;412L 4;:521;8 2.,;3L= î, 3,P,3 2; �/3:,4 BìCE R �/361 R +/05åå;J6;:-,22/ Bì�E/86 +3/86/:: R >4. 11 R N 1;84 B� ìE P;3 / F;;6 1823;65-21;8 2; 2.14 2.,;3L 18 2., 4-/:/3

Dðó



�mehb fnok jk jkegfid jk jfgla phifaeg
-/4, = î, /:4; 3,P,3 2; >4.11 R _;1^, Bìì�E /86 >4.11 Bìì�E P;3 2., 9,-2;31/: -/4, /862; \8F:,3 R N,8./32 B��E R >4. 11 R _;1^, BììCE R N,8./32 BìúúE R N,8./32 R � ,:</4 Bìú�E RN,8./32 R Õ/? /6/ Bìú�E /86 Õ/? /6/ BìC�E P;3 4;? , /00:1-/21;84 =î, ./9, 2., P;::;ä 18F ,Q 142,8-, /86 581H5,8,44 3,45:2 P;3 2., 8;8 :;-/: 4L42,? ù
%�kaökb óôóô Q�Á fgikepk hej oefnokekgg �aö i�k eaeY la phl ZöaÂ lkb S �ý) éê ê
T > 0

/ 0 ý) éê ê
L0 ∈ R

/ +,-- ý+ ç è*éè
ρ0
± ∈ Lip(R)

+éèÿ+0 1 4[ ëJ9 éü(
L ∈ W 1,∞ (R+)

ë<* çü/ è* ç +1+ èç� 4[ ë89 . 4[ ëJ9 é(� ÿè+ é ,üÿ3, ç ûÿ+ �ý+ ÿè1 +ýê, èÿýü
ρ = (ρ+, ρ−)

ë > ý.)çýûç)/ è* ÿ+ +ýê, èÿýü ÿ+ ,üÿ0 ý)� ê1 \ ÿ- + �* ÿèE �ýüèÿü,ý,+ ÿü +-é�ç éü( èÿ� çë
? kbhö@ óôð ô B0 éè ÿüÿèÿéê èÿ� ç/ ; ç *éûç

Dρ0
± ≥ 0

/ è* çü è* ÿ+ )ç� éÿü+ è), ç 0 ý)
t ≥ 0

/ÿëçë/
Dρ±(x, t) ≥ 0

0 ý) éê ê
(x, t) ∈ R × [0, T ]

ë <* ÿ+ éê êý;+ èý è)çéè è* ç - *1+ ÿ�éê �é+ ç;* ç)ç
Dρ± ≥ 0

ë
ï., ?/18 61� -5:2L -;?,4 P3;? 2., P/-2 2./2 2., -;?0/314;8 0318-10 :, 6;,4 8;2.;:6 < ,-/54, ;P 2., 8;8J:; -/: 2,3? = >8 ;36,3 2; ;9,3-;?, 2.14 03;<:,? R ä, -:/441-/::L54, / WQ,6 0;182 ? ,2.;6 <L P3,,å18F 2., 8;8J:; -/: 2,3? = >8 / W342 21? , R ä, F19, /8,Q 142,8-, /86 581H5,8,44 3,45:2 P;3 2., :; -/: 03;<:,? S2.14 14 / 41? 0:, /6/02/21;8;P Bìì�ET = ï.,8 R ä, 54, N104-.12å ,421? /2,4 ;8 2., 4;:521;8 2; 03;9, 2., 4.;32 21? ,,Q 142,8-, /86 581H5,8,44 P;3 2., 8;8J:; -/: 4L42,? = >8 2., 2.136 42,0 R ä, ;<2/18,62., 3,45:2 P;3 /:: 21? , <L 12,3/218F 2., 03;-,44 =I,3, R ä, /3, 182,3,42,6 18 2., 614:; -/21;84 6,84121,4 6L8/? 1-4 = �;? , ;2.,34 ? ;J6,:4 ./9, < ,,8 03;0;4,6 2; 6,4-31< , 2., 6L8/? 1-4 ;P 614:; -/21;84 :18,4 = î, 3,-/::4;? , 3,-,82 3,45:24 = æ 8;8J:; -/: I/? 1:2;8JK/-;<1 ,H5/21;8 ./9, <,,8 03;0;4,6 <Læ :9/3,å R I;-. R N, �;5/3 /86 A;88,/5 BìíE BDE P;3 ?;6,::18F 614:; -/21;8 6L8/? 1-4 =ï.,L /:4; 03;9,6 / 4.;32 21? , ,Q 142,8-, /86 581H5,8,44 3,45:2 P;3 2.14 ? ;6,: = î,/:4; 3,P,3 2; æ :9/3,å R +/36/:1/F5,2 R A;88,/5 B�E /86 �/3:,4 R N,L Bø�E P;3 / :;8F 21? ,3,45:2 586,3 -,32/18 ?;8;2;8L /445?021;84 /86 2; ];3-/6,: BC�E P;3 / 4.;32 21? ,3,45:2 P;3 614:; -/21;84 6L8/? 1-4 ä 12. / ?,/8 -539/253, 2,3? =ï., 4,-;86 3,45:2 14 / 85? ,31-/: /8/:L414 ;P 2., 8;8J:; -/: 4L42,? SD =ìT = î, 03;J0;4, / 85? ,31-/: 4-.,? , P;3 ;53 8;8J:; -/: 4L42,? = ï.,8 R ä, F19, /8 ,33;3 ,421? /2,< ,2ä,,8 2., -;82185;54 4;:521;8 /86 2., 85?,31-/: ;8, =î, ä/82 2; /003;Q 1? /2, 2., 4;:521;8 ;P SD =ìTJ SD =øT = d 19,8 / ? ,4. 41å,

∆x, ∆t
Rä, 6,W8,

Ξ = {i∆x, i ∈ Z} ΞT = Ξ × {0, ..., (∆t)NT}ä.,3,
NT

14 2., 182,F,3 0/32 ;P
T/∆t

= î, 3,P,3 F,8,31-/::L 2; 2., :/221-, <L
∆
182., 4,H5,: = ï., 614-3,2, 358818F 0;182 14

(xi, tn)
ä 12.

xi = i(∆x), tn = n(∆t)
=î, /445?, 2./2

∆x + ∆t ≤ 1
= ï., /003;Q 1? /21;8 ;P 2., 4;:521;8

ρk

/2 2., 8;6,
(xi, tn)

14 ä 3122,8 1861X,3,82:L /4
vk(xi, tn)

;3
vn

k,i

/--;3618F 2; ä.,2.,3 ä, 91,ä 12/4 / P58-21;8 6,W8,6 ;8 2., :/221-, ;3 /4 / 4,H5,8-, =�;ä R ä, ä 1:: 1823;65-, 2., 85? ,31-/: 4-.,? , = ï., ?/18 61� -5:2L 14 65, 2; 2.,8;8J:; -/: 2,3? R ä.1-. 3,H513,4 2., /9/1:/<1:12L ;P 2., 4;:521;8 ä, /3, 182,8618F 2;
Dðð



óô õeiöajopifae
/003;Q 1? /2, = ï; 4;:9,4 2.14 03;<:,? R ä, WQ 2., 4;:521;8

vn
i = (vn

+,i, v
n
−,i)
/2 ,/-.21? , 42,0 ;8 2., 182,39/:

[tn, tn+1]
/86 ä, /00:L 2., P;::;ä 18F ?;8;2;8, 4-.,?, R

v0
i = (v0

+,i, v
0
−,i) = ρ̃0(xi) = (ρ̃0

+, ρ̃
0
−),

SD =úT
ä.,3,

ρ̃0
±(xi)

14 /8 /003;Q 1? /21;8 ;P
ρ0
±(xi)

g /86 ∀k ∈ {+,−}

vn+1
k,i = vn

k,i + ∆tC∆
k [v](xi, tn)

{
E+
(
D+vn

k,i, D
−vn

k,i

) 1P
C∆

k [v](xi, tn) ≥ 0
E− (D+vn

k,i, D
−vn

k,i

) 1P 8;2 SD =�T
ä.,3,

C∆
k [v](xi, tn) = −k

(
vn

+,i − vn
−,i + a∆[v](tn)

)

/86 2., 8;8J:; -/: 2,3?
a∆[v](tn)

14 F19,8 <L
a∆[v](tn) =

Nx−1∑

i=0

∆x (v+(xi, tn) − v−(xi, tn)) + L(tn)
SD =�T

ä.,3,
Nx

14 2., 182,F,3 0/32 ;P
1/∆x

=
E± /3, 2., /003;Q 1? /21;8 ;P 2., \5-:16,/88;3? 03;0;4,6 <L Z4.,3 /86 �,2.1/8 Bì�� E ù

E+(P,Q) =
(
max(P, 0)2 + min(Q, 0)2

) 1
2 ,

SD =�T
E−(P,Q) =

(
min(P, 0)2 + max(Q, 0)2

) 1
2/86

D+vn
k,i, D

−vn
k,i

/3, 2., 614-3,2, F3/61,82 P;3 /::
n ∈ {0, ..., NT}, i ∈ Z

/86
k ∈ {+,−} ù

D+vn
k,i =

vn
k,i+1 − vn

k,i

∆x
,

SD =�T
D−vn

k,i =
vn

k,i − vn
k,i−1

∆x
.]18/::LR ä, /445?, 2., P;::;ä 18F 581P;3? +]N -;86121;8 S4,, 2., < ,F18818F ;P�,-21;8 � =ø P;3 ? ;3, 6,2/1:4T

∆t ≤ 1

2L2

∆x
SD =CT

ä.,3,
L2 = 2M + 2ä 12.

M = ‖P 0
+ − P 0

−‖L∞(

÷
)

=î, 2.,8 ./9, 2., P;::;ä 18F ,33;3 ,421? /2, ù
DðD



�mehb fnok jk jkegfid jk jfgla phifaeg
%�kaökb óôD ô Q� fgpökikYpaeifeoaog kööaö kgifbhik S \çè

T ≥ 0
ë H++,� ç è*éè

∆x + ∆t ≤ 1
/
L ∈ W 1,∞(R × [0, T ))

éü( è*éè è* ç A�\ �ýü(ÿèÿýü 4[ ëX9 * ýê(+ ë <* çüè* ç)ç ç2 ÿ+ è+ é �ýü+ èéüè
K > 0

(ç- çü(ÿüþ ýüê1 ýü ‖P 0
+ − P 0

−‖L∞(

÷
), ‖L‖W 1,∞(0,T )

éü(
maxk∈{+,−} ‖Dρ0

k‖L∞(

÷
)

+, �* è*éè è* ç ç))ý) ç+ èÿ� éèç =çè; ççü è* ç �ýüèÿü,ý,+ +ýê, èÿýü
ρ
ý0 è* ç +1+ èç� 4[ ë89 . 4[ ëJ9 éü( è* ç (ÿ+ �)çèç +ýê, èÿýü

v
ý0 è* ç 6 üÿèç (ÿ ç)çü �ç + �* ç� ç4[ ëT9 . 4[ ë79 ÿ+ þ ÿû çü =1

max
k∈{+,−}

sup
ΞT

|ρk − vk| ≤ K

(
(T +

√
T ) (∆x+ ∆t)1/2 + max

k∈{+,−}
sup

Ξ
|ρ0

k − v0
k|
)

- )ýûÿ(ç(
K

(
(T +

√
T )(∆x+ ∆t)

1
2 + max

k∈{+,−}
sup

Ξ
(ρ0

k − v0
k)

)
≤ 1
ë

? kbhö@ óôG ô Bü è* ç �ýü(ÿèÿýü
K

(
(T +

√
T )(∆x+ ∆t)

1
2 + max

k∈{+,−}
sup

Ξ
(ρ0

k − v0
k)

)
≤

1
/ ; ç �éü )ç- êé�ç è* ç )ÿþ* è *éü( + ÿ(ç =1 éü1 - ý+ ÿèÿû ç �ýü+ èéüèë
>8 P/-2 18 2., 03;;P ;P 2.14 2.,;3,? R ä, ? 1? 1- 2., -;82185;54 03;<:,? <L -;841J6,318F 2., /003;Q 1? /2, 4;:521;8 ;P SD =ìT /4 / WQ,6 0;182 ;P / :; -/: 4L42,? = î, /3,184013,6 <L BCE 2; 03;9, / +3/86/::JN1;84 3/2, ;P -;89,3F,8-, B�úE R < ,2ä,,8 2., -;821J85;54 4;:521;8 ;P SD =ìT /86 2., 85?,31-/: ;8, = æ 4 P/3 /4 ä, ^8;ä R 2.14 14 2., W342,33;3 ,421? /2, ;P +3/86/::JN1;84 2L0 , P;3 I/? 1:2;8JK/-;<1 4L42,? 4 = î, /:4; 3,P,3 2;K/^;<4,8 R _/3:4,8 BìøøE /86 K/^;<4,8 R _ /3:4,8 R @ 14,<3; BìøúE ä.,3, 2.,L 03;9,6 /8,33;3 ,421? /2, P;3 / ä,/^:L -;50:,6 4L42,? ;P 2., P;3?

(ui)t +Hi(t, x, ui, Dui) = Gi(t, x, u) in R
N × (0, T )

SD =DT
P;3

i = 1, ...,M
= ï.,13 ,33;3 ,421? /2, 14 18

O(∆t)
P;3 / 4,? 1J614-3,2, 40:12218F /:F;J312.? 2./2 2.,L 03;0;4, 2; /003;/-. 2., 4;:521;8 ;P SD =DT = I;ä,9,3 R ä, ;<2/18 /8,33;3 ,421? /2, 18

O(
√

∆t+ ∆x)
<,-/54, ä, /:4; 614-3,21å, 18 40/-, =>8 2., 6L8/? 1-4 ;P 614:; -/21;84 :18,4 -/4, R 2., ?;6,: ./9, /:4; < ,,8 85?,31-/::L42561,6 <L æ :9/3,å R +/3:18 1 R A;88,/5 /86 @;5L B� R CE = >8 2.,13 0/0,3 R 2.,L 03;0;4,6/ 85? ,31-/: 4-.,? , P;3 2., 8;8J:; -/: I/? 1:2;8JK/-;<1 ,H5/21;8 /86 2.,L 03;9,6 /+3/86/::JN1;84 2L0 , 3/2, ;P -;89,3F,8-, =N,2 54 8;ä ,Q0:/18 .;ä 2., 0/0,3 14 ;3F/814,6 = >8 �,-21;8 ø R ä, WQ 4;?, 8;2/21;84 =î, 03,4,82 2., P;3? /: 6,319/21;8 ;P 2., ?;6,: 18 �,-21;8 ú = ï.,8 R 18 �,-21;8 � Rä, 4256L 2., -;82185;54 03;<:,? = ]1342 18 �5<4,-21;8 � =ìR ä, F19, /8 ,Q 142,8-, /86581H5,8,44 3,45:2 P;3 / :; -/: 4L42,? = ï.,8 R 18 �5<4,-21;8 � =ø R ä, 03;9, ï.,;3,?ì=ì <L 5418F / WQ,6 0;182 ? ,2.;6 = >8 �,-21;8 � R ä, 03;9, / +3/86/::JN1;84 2L0 ,,33;3 ,421? /2, P;3 2., :; -/: 03;<:,? /86 2.,8 ä, 03;9, ï.,;3,? ì=ú ;8 2., 8;8J:; -/: 03;<:,? = �;?, 85?,31-/: ,Q/?0:,4 /3, 6140:/L,6 18 �,-21;8 � ä.,3, ä, 4.;ä4;?, 2,424 1::5423/218F ;53 ,33;3 ,421? /2, /86 2.,8 /8 ,9;:521;8 /003;Q 1? /21;8 ;P614:; -/21;8 6,84121,4 =

DðG



ð ô � aihifae
� êßÝ�ÝãßÜ
];3 41?0:1-12L ;P 03,4,82/21;8 R ä, WQ 4;?, 8;2/21;84 ùì= Ð)(ç) )çêéèÿýü ù P;3

r = (r1, r2) , s = (s1, s2) ∈ R2
R ä, 4/L 2./2

r ≤ s
1P

rk ≤ sk

P;3
k ∈ {1, 2} =ø = H((ÿèÿýü ûç�èý).+ �éêé) ù P;3

r = (r1, r2) ∈ R2, λ ∈ R
R ä, 6,8;2, <L

r + λ
2.,9,-2;3

(r1 + λ, r2 + λ)
=ú =

P
.- ç)ÿý(ÿ� - ê,+

L0

. êÿü çé) 0 ,ü �èÿýü ù ä, 4/L 2./2
ρ
14
P−0,31;61- 0:54 L0−

:18,/31P 2.,3, ,Q 1424 / 9,-2;31/: 0 ,31;61- 18 40/-, P58-21;8
P ρ = (P ρ

+, P
ρ
−)
;P 0 ,31;6

P
/86 / -;842/82

L0

45-. 2./2
ρ(x, t) = P ρ(x, t) + L0x = (P ρ

+(x, t) + L0x, P
ρ
−(x, t) + L0x) .

ë � ßà���ãÜ�
î, 6,8;2, <L

X
2., 9,-2;3

X = (x1, x2)
= î, -;8416,3 / -3L42/: ä 12. 0 ,3J1;61- 6,P;3? /21;8 R 8/?,:L 2., -/4, ä.,3, 2., 2;2/: 6 140:/-,? ,82 ;P 2., -3L42/:

U = (U1, U2) : R × R+ → R2
-/8 <, 6,-;?0;4,6 18 / ìJ0 ,31;61- 6140:/-,? ,82

u = (u1, u2)
/86 / :18,/3 6140:/-,? ,82

A(t)tX
ä 12.

A(t)
/ F19,8

2× 2
?/231Q ä.1-.3,03,4,824 2., 4.,/3 423,44

A(t) =

(
A11(t) A12(t)
A21(t) A22(t)

)
.

ï., 6140:/-,? ,82
U
14 2.,8 F19,8 <L

U(X, t) = u(X, t) + A(t)tX/86 ä, 6,W8, 2., 2;2/: 423/18 <L
ε(U) =

1

2
(∇U + t∇U) =

1

2

(
∇u+ t∇u+ A(t) + tA(t)

)
.

ä.,3, 2., -;,� -1,824 ;P ∇u /3, (∇u)ij =
∂ui

∂xj

, i, j ∈ {1, 2} =ï.14 2;2/: 423/18 14 6,-;?0;4,6 18 2., P;3?
ε(U) = εe(U) + εp,ä.,3,

εe(U)
14 2., ,:/421- 6,P;3? /21;8 /86

εp
2., 0:/421- 6,P;3? /21;8 ä.1-. 14-;88,-2,6 2; 2., 6,84121,4 ;P 614:; -/21;84 <L

εp = ε0 (ρ+ − ρ−) ,
SD =ìíT

DðO
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ä.,3,

ρ±
3,03,4,82 2., ,6F, 614:; -/21;8 ;P 2L0 , ± R 45-. 2./2 ~b.∇ρ± ≥ 0

14 2.,6,8412L ;P 614:; -/21;8 ;P 2L0 , ± R ~b = (b1, b2)
14 2., �53F,34 9,-2;3 /86

ε0 =
1

2

(
~b⊗~b⊥ +~b⊥ ⊗~b

) SD =ììT
ä.,3, ~b⊥ 14 / 9,-2;3 ;32.;F;8/: 2; ~b /86 (~b⊗~b⊥)

ij
= bib

⊥
j

=ï., 423,44 14 2.,8 F19,8 <L
σ = Λ : εe(U),

SD =ìøT
ÿëçë 2., -;,� -1,824 ;P 2., ? /231Q

σ
/3, ù

σij =
∑

k,l∈{1,2}
Λijklε

e
kl(U) i, j ∈ {1, 2}

ä 12.
Λ = (Λijkl)ijkl

R
i, j, k, l = 1, 2

R
Λijkl

/3, 2., ,:/421- -;842/82 -;,� -1,824 ;P 2.,? /2,31/: R 4/214PL 18F P;3
m > 0

ù
∑

ijkl=1,2

Λijklεijεkl ≥ m
∑

ij=1,2

ε2
ij

SD =ìúT
P;3 /:: 4L??,231- ? /231Q

ε = (εij)ij

ÿëçë 45-. 2./2
εij = εji.

ï., P58-21;84
ρ±
/86

u
/3, 2.,8 4;:521;84 ;P 2., -;50:,6 4L42,? S4,, d 3;? / R�/:;F. BìíúE R BìíøE /86 d 3;? / BìíìET ù






619
σ = 0

18
R2 × (0 T ),

σ = Λ : (ε(U) − εp)
18

R2 × (0 T ),
ε(U) = 1

2
(∇u+ t∇u+ A(t) + tA(t))

18
R2 × (0 T ),

εp = ε0 (ρ+ − ρ−)
18

R2 × (0 T ),

(ρ±)t = ±(σ : ε0)~b.∇ρ±
18

R2 × (0 T ),

SD =ì� T

ÿëçë 18 2., -;;3618/2,4
Dðñ



D ô $ ajkllfec






∑

j=1,2

∂σij

∂xj

= 0
18

R2 × (0 T ),

σij =
∑

k,l∈{1,2}
Λijkl (εkl(U) − εp

kl)
18

R2 × (0 T ),

εij(U) = 1
2

(
(∇u)ij + (∇u)ij + Aij(t) + Aji(t)

) 18
R2 × (0 T ),

εp
ij = ε0

ij (ρ+ − ρ−)
18

R2 × (0 T ),

(ρ±)t = ±




∑

i,j∈{1,2}
σijε

0
ij



~b.∇ρ±
18

R2 × (0 T ),

SD =ì�T

ä.,3, 2., 58^8;ä84 ;P 2., 4L42,? /3,
ρ±
/86 2., 6140:/-,? ,82

u = (u1, u2)
/86ä 12.

ε0
6,W8,6 <L SD =ììT = ï., 41F8 ± -;? ,4 P3;? ± 18 ±~b =ï; 41?0:1PLR ä, -;8416,3 2., .;?;F,8,;54 -/4, = ï., -;,� -1,824

Λijkl

/3, 45-.2./2
σ = 2µεe(U) + λtr(εe(U))Id,

SD =ì�T
ä.,3,

µ > 0
/86

λ+ µ > 0
S-;84,H5,8-, ;P SD =ìúTT /3, 2., N/?G -;,� -1,824 /86

Id2., 16,8212L ? /231Q = ï.,8 R 2., P;::;ä 18F êç�� é .;:64 ù
�kbbh D ôóô Q�nofqhlkepk Â kiÔkke ðY� hej óY� bajklgS B0 ; ç é++,� ç è*éèè* ç ì,)þ ç)+ ûç�èý) ÿ+ ~b = (1, 0)

/ éü( è*éè è* ç (çü+ ÿèÿç+ ý0 (ÿ+ êý�éèÿýü+ éü(
u
ýüê1(ç- çü( ýü ýü ç ûé)ÿé=êç

x = x1 + x2

4é+ +* ý;ü ÿü � ÿþ,)ç [ ëJ9 / è* ç J.5 - )ý=êç�4[ ë879 / ; ÿè*
Λ

(ç6 ü ç( =1 4[ ë8F9 ÿ+ ç3, ÿûéêçüè èý è* ç 8.5 - )ý=êç�





(ρ+)t = −C1

(
(ρ+ − ρ−) + C2

∫ 1

0

(ρ+ − ρ−) + L(t)

)
Dρ+

ÿü
R × (0 T )

(ρ−)t = C1

(
(ρ+ − ρ−) + C2

∫ 1

0

(ρ+ − ρ−) + L(t)

)
Dρ−

ÿü
R × (0 T )SD =ì�T

;* ç)ç
L(t) = − (λ+2µ)

(λ+µ)
(A12(t) + A21(t))

/
C1 = (λ+µ)µ

λ+2µ

/ éü(
C2 = µ

(λ+µ)

ë
p öaa � a � lkbbh D ôóî, -/8 3,ä 312, 2., W342 ,H5/21;8 ;P SD =ì�T /86 SD =ì�T /4

619
(2µε(U) + λtr(ε(U))Id) =

619
(2µεp + λtr(εp)Id) .

Dð�
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x2

x1

⊥⊥
⊥⊥

⊥⊥
⊥⊥

⊥⊥
⊥
>>>>

>>>>>>>

_`a b D =ø c ì[ 45<J? ;6,: P;3 189/31/8-, <L 23/84:/21;8 18 2., 613,-21;8 SJ ìRìT
ï.14 1? 0:1,4 <L SD =ìíT

µ∆u+ (λ+ µ)∇(
619

u) = µ




∂(ρ+ − ρ−)

∂x2

∂(ρ+ − ρ−)

∂x1


 .

V418F 2., P/-2 2./2
x = x1 + x2

R L 1,:64

2µ




∂2u1

∂x2

∂2u2

∂x2


+ (λ+ µ)




∂2(u1 + u2)

∂x2

∂2(u1 + u2)

∂x2


 = µ




∂(ρ+ − ρ−)

∂x

∂(ρ+ − ρ−)

∂x


 .

�;ä R <L /6618F 2., 2ä; /<;9, ,H5/21;84 R ä, ;<2/18
∂2(u1 + u2)

∂x2
=

µ

λ+ 2µ

(
∂(ρ+ − ρ−)

∂x

)
.>82,F3/218F 2., /<;9, ,H5/21;8 L1,:64 R 418-,

u
14 ìJ0 ,31;61- ù

∂(u1 + u2)

∂x
=

µ

λ+ 2µ

(
(ρ+ − ρ−) −

∫ 1

0

(ρ+ − ρ−)

)
.

SD =ìCT
V418F 2., P/-2 2./2

(σ : ε0) = σ12 = 2µ(εe(U))12 = µ

(
∂(u1 + u2)

∂x
+ A12(t) + A21(t) − (ρ+ − ρ−)

)

/86 SD =ìCT L1,:64
(σ : ε0) = −(λ+ µ)µ

λ+ 2µ

(
(ρ+ − ρ−) +

µ

2(λ+ µ)

∫ 1

0

(ρ+ − ρ−) + L(t)

)

Dðò
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ä.,3,

L(t) = −(λ+ 2µ)

(λ+ µ)
(A12(t) + A21(t))

= î, 2.,8 6,65-, R 1P ~b = (1, 0)
R 2./2 2.,4L42,? SD =ì� T -/8 <, 3,ä 3122,8 /4 SD =ì�T = æ 4 2., -;842/82

C1, C2

/3, 0;41219, R 2;41?0:1PL 2., 8;2/21;84 R ä, -/8 052 2.,? 2;
1
18 2., P;::;ä 18F ä 12.;52 :;42 ;P F,8,J3/:12L ;8 2., 4L42,? SD =ìT =

r ¸ j� âßÜÝãÜáßá� ¹Þßí��n
ï; 03;9, 2., ,Q 142,8-, /86 581H5,8,44 3,45:2 P;3 2., 8;8J:; -/: 03;<:,? R ä, 54, /WQ,6 0;182 ? ,2.;6 = >8 ;36,3 2; 6; 2./2 ä, P3,,å, 2., 8;8J:; -/: 2,3? /86 ä, 4256L2., P;::;ä 18F :; -/: 03;<:,?






(ρ+)t = − (ρ+ − ρ− + a(t)) |Dρ+| on R × (0, T ),
(ρ−)t = (ρ+ − ρ− + a(t)) |Dρ−| on R × (0, T ),
ρ+(·, 0) = ρ0

+ on R,
ρ−(·, 0) = ρ0

− on R.

SD =ìDT
ï., /445?021;84 /3, 2., P;::;ä 18F ùSI ìT

a ∈ W 1,∞(R+)
RSIøT

ρ0 = (ρ0
+, ρ

0
−)
14

1−0,31;61- 0:54 L0−
:18,/3 R ÿëçëR

ρ0
±(x) = P 0

±(x) + L0x
ä.,3,

P 0
±
/3, 0 ,31;61- ;P 0 ,31;6

1
/86

L0

14 / -;842/82 =SIúT
P 0
± ∈ Lip(R)

=
}  ! ¡|u �r�y� ��r� �us
>8 2.14 45<4,-21;8 R ä, ä 1:: 4.;ä 4;? , ,Q 142,8-, /86 581H5,8,44 3,45:24 P;3 2.,:; -/: I/? 1:2;8JK/-;<1 4L42,? SD =ìDT ä 12.18 2., P3/? ,ä;3^ ;P 9 14-;412L 4;:521;8 = î,6,8;2, <L

USC(R×(0, T ))
S3,40 =

LSC(R×(0, T ))
T 2., 4,2 ;P :; -/::L <;586,6 500,3S3,40 = :;ä,3T 4,? 1J-;82185;54 P58-21;84 = ];3

k ∈ {+,−} R ä, 6,W8, 2., P;::;ä 18FI/? 1:2;81/8
Hk(t, ρ, p) = k(ρ+ − ρ− + a(t))|p|.î, 3,-/:: 2., 6,W8121;8 ;P 9 14-;412L 4;:521;8 P;3 o 3;<:,? SD =ìDT R 03;0;4,6 <L >4.11 R_;1^, Bìì�E =

� k�efifae G ôóô QUoÂ galoifaeg î goZ köga loifaeg î galoifaegS : H 0 ,ü �èÿýü
ρ ∈

USC(R×]0, T [)
ÿ+ é ûÿ+ �ý+ ÿè1 +,=+ýê, èÿýü ý0 4[ ë8[9 / ÿ0

ï ρ(·, t = 0) ≤ ρ0ï 0 ý) éê ê
k ∈ {+,−} éü( 0 ý) éü1 èç+ è.0 ,ü �èÿýü

φ ∈ C1(R×]0, T [)
+, �* è*éè

ρk−φ)çé�* ç+ é êý�éê � é2 ÿ�,� éè é - ýÿüè
(x0, t0) ∈ R×]0, T [

/ ; ç *éûç
φt(x0, t0) +Hk(t0, ρ(x0, t0), Dφ(x0, t0)) ≤ 0

Dð�
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Bü é + ÿ� ÿêé) ;é1/ é 0 ,ü �èÿýü

ρ ∈ LSC(R×]0, T [)
ÿ+ é ûÿ+ �ý+ ÿè1 +,- ç)+ýê, èÿýü ý0 4[ ë8[9ÿ0

ï ρ(·, t = 0) ≥ ρ0ï 0 ý) éê ê
k ∈ {+,−} éü( 0 ý) éü1 èç+ è.0 ,ü �èÿýü

φ ∈ C1(R×]0, T [)
+, �* è*éè

ρk−φ)çé�* ç+ é êý�éê � ÿü ÿ��,� éè é - ýÿüè
(x0, t0) ∈ R×]0, T [

/ ; ç *éûç
φt(x0, t0) +Hk(t0, ρ(x0, t0), Dφ(x0, t0)) ≥ 0

� ÿüéê ê1/
ρ
ÿ+ é ûÿ+ �ý+ÿè1 +ýê, èÿýü ý0 4[ ë8[9 ÿ0 éü( ýüê1 ÿ0

ρ
ÿ+ +,=. éü( +,- ç)+ýê, èÿýüý0 4[ ë8[9 ë

ï., ^,L 0;182 14 2./2 ;53 4L42,? 14 H5/41 ?;8;2;8, 18 2., 4,84, ;P >4.11 R _;1^,Bìì� R Sæ =ìTE R S4,, \ç�� é � =ø < ,:;ä T /86 4; ä, -/8 ,Q2,86 2.,13 3,45:24 2; ;53 4L42,?18 58<;586,6 6;?/18 /86 ä 12. 58<;586,6 18121/: -;86121;8 5418F 2., ä,::J^8;ä8/3F5? ,824 ;P 2., 4-/:/3 -/4, =
�kbbh G ôð ô Q¿ohgfYbaeaiaem a � i�k `hb fliaefhe S<* ç � é� ÿêèýüÿéü

H
ÿ+ 3,é+ ÿ.� ýüýèýü ç/ ÿëçë/ 0 ý) éê ê û ç�èý)+

r
éü(

s
+, �* è*éè

rj − sj = max
k∈{+,−}

(rk − sk) ≥ 0

è* çü
H1

j (t, r, p) −H1
j (t, s, p) ≥ 0.

SD =øíT
p öaa � a � �kbbh G ôð ùN,2

r
/86

s
<, 2ä; 9,-2;34 45-. 2./2

rj − sj = max
k∈{+,−}

(rk − sk) ≥ 0
= î, ./9,

Hj(t, r, p) −Hj(t, s, p) = j(r+ − r− + a(t))|p| − j(s+ − s− + a(t))|p|

= j|p|((r+ − s+) − (r− − s−))

= |p|sign((r+ − s+) − (r− − s−))((r+ − s+) − (r− − s−))

= |p||(r+ − s+) − (r− − s−)| ≥ 0.ï.14 ,864 2., 03;;P =
p öaZagfifae G ôD ô Q�abZhöfgae ZöfepfZ lk S\çè

ρ ∈ USC(Ω×]0, T [)
éü(

v ∈ LSC(Ω×]0, T [)
=ç )ç+- ç�èÿû çê1 +,= éü( +,- ç)+ýê,.èÿýü+ ý0 4[ ë89 ë Lç é++,� ç è*éè è* ç)ç ç2 ÿ+ è+

C > 0
+, �* è*éè

ρ0(x) − Ct ≤ ρ, v ≤ ρ0(x) + Ct.
SD =ø ìT

<* çü ÿ0
ρ(·, 0) ≤ v(·, 0) in R

è* çü
ρ ≤ v

ÿü
R×]0, T [

ë
DD�
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p öaa � a � p öaZagfifae G ôDN,2 54 6,8;2, <L

Msup = max
k

sup

÷
×[0,T ]

(ρk −vk)
= >2 14 45� -1,82 2; 03;9, 2./2 2.14 ? /Q1J

?5? 14 8;8 0;41219, = N,2 54 4500;4, <L -;823/61-21;8 2., 0;41219 12L ;P
Msup

= î,650:1-/2, 2., 9/31/<:,4 <L -;8416,318F R P;3 /::
ε
R
β
R
η
/86

α
0;41219,

ψ(x, y, t, s, k) = ρk(x, t) − vk(y, s) −
|x− y|2

2ε
− |t− s|2

2β
− η

T − t
− α(|x|2 + |y|2).

î, 8;2, 2./2
ψ(x, y, t, s, k)

14 V�+ 18
(R× [0, T [)2

R < ,-/54, ;P 2., 2,3? |x−y|2
2ε

+ |t−s|2
2β

=î, -/8 2.18^ 2./2 2., ? /Q1?5? ;P
ψ
8;2,6

M(ε, β, α, η) = sup
x,y,t,s,k

ψ(x, y, t, s, k)
R 1441? 1:/3 ä 12.

Msup

=ï.14 16,/ 14 O 5421PL <L 2., P;::;ä 18F :,??/
�kbbh G ôG ô : \çè

(x̄, ȳ, t̄, s̄, k̄)
=ç é � é2 ÿ�,� ý0

ψ
ë B0 ; ç (ç6 ü ç

M ′ = lim
h→0

Mh

/
;* ç)ç

Mh = sup
|x−y|≤h

|t−s|≤h

(ρ(x, t) − v(y, s))
<* çü è* ç 0 ýê êý; ÿüþ - )ý- ç)èÿç+ * ýê(

8 ë
lim
α→0

α|x̄| = lim
α→0

α|ȳ| = 0J ë
lim sup

(ε,β,α,η)→0

M(ε, β, α, η) = M ′

T ë
lim sup

(ε,β,α,η)→0

uk̄(x̄, t̄) − vk̄(ȳ, s̄) = M ′

7 ë |x̄−ȳ|2
2ε

→ 0
éü( |t̄−s̄|2

2β
→ 0

;* çü
(ε, β, α, η) → 0N ë

t̄, s̄
é)ç - ý+ÿèÿû ç ÿ0

ε
/
β

/
α
éü(

η
é)ç +,ð �ÿçüèê1 +� éê êë

ï., 03;;P 14 0;420;8,6 =î, 2/^,
ε
R
β
R
α
/86

η
4? /:: ,8;5F. 45-. 2./2

t̄ > 0
/86

s̄ > 0
S4,, N,??/ � =� T =V 418F 2., P/-2 2./2

ρ
/86

v
/3, 45<:18,/3 R ä, 6,65-, 2./2
lim inf
|x|,|y|→∞

ψ(x, y, t, s) = −∞

/86 4; 2., P58-21;8
ψ
3,/-.,4 / ? /Q1?5? /2 / 0;182

(x̄, ȳ, t̄, s̄, k̄)
= î, 2.,8 6,65-,2./2 2., P58-21;8

(x, t) → ρk̄(x, t) −
[
vk̄(ȳ, s̄) +

|x− ȳ|2
2ε

+
|t− s̄|2

2β
+

η

T − t
+ α(|x|2 + |ȳ|2)

]

3,/-.,4 / ? /Q1?5? /2
(x̄, t̄)

= �L 5418F 2., 2,42JP58-21;8
φ(x, t) = vk̄(ȳ, s̄) +

|x− ȳ|2
2ε

+
|t− s̄|2

2β
+

η

T − t
+ α(|x|2 + |ȳ|2)

DDó
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/86 2., P/-2 2./2

ρ
14 / 45<4;:521;8 ;P SD =ìDT R ä, 6,65-,

(t̄− s̄)

β
+

η

(T − t̄)2
+Hk̄

(
t̄, u(x̄, t̄),

(x̄− ȳ)

ε
+ 2αx̄

)
≤ 0.

SD =øøT
>8 2., 4/? , ä/LR ä, ./9,

(t̄− s̄)

β
+Hk̄

(
s̄, v(ȳ, s̄),

(x̄− ȳ)

ε
− 2αȳ

)
≥ 0.

SD =øúT
�L 45<23/-218F SD =øúT 2; SD =øøT R ä, 6,65-,

η

(T − t̄)2
+Hk̄

(
t̄, ρ(x̄, t̄),

(x̄− ȳ)

ε
+ 2αx̄

)
−Hk̄

(
s̄, v(ȳ, s̄),

(x̄− ȳ)

ε
− 2αȳ

)
≤ 0.SD =ø� T�L 5418F N,??/ � =� R ä, ./9, R 50 2; ,Q23/-21;8 ;P / 45<4,H5,8-,

lim
β→0

x̄ = x̃, lim
β→0

ȳ = ỹ,

lim
β→0

t̄ = lim
β→0

s̄ = τ.

�,8618F
β
2;

0
18 SD =ø� T R ä, 6,65-,

η

(T − τ)2
+Hk̃

(
τ, ρ(x̃, τ),

(x̃− ỹ)

ε
+ 2αx̃

)
−Hk̃

(
τ, v(ỹ, τ),

(x̃− ỹ)

ε
− 2αỹ

)
≤ 0.SD =ø�Tä 12.

k̃ = lim
β→0

k̄
=A;3,;9,3 R ä, ./9,

ρk̃(x̃, τ) − vk̃(ỹ, τ) ≥ ρk(x̃, τ) − vk(ỹ, τ) ≥ 0.

�L /6618F /86 <L 45<23/-218F 2., 2,3?
Hk̃

(
τ, ρ(x̃, τ),

(x̃− ỹ)

ε
− 2αỹ

) 18 2., 18J,H5/:12L SD =ø�T /86 <L 5418F N,??/ � =ø R ä, 6,65-, 2./2
η

(T − τ)2
+Hk̃

(
τ, ρ(x̃, τ),

(x̃− ỹ)

ε
+ 2αx̃

)
−Hk̃

(
τ, ρ(x̃, τ),

(x̃− ỹ)

ε
− 2αỹ

)
≤ 0/86 4;

η

(T − τ)2
+ k̃(ρ+(x̃, τ)− ρ−(x̃, τ) + a(τ))

(∣∣∣∣
(x̃− ỹ)

ε
+ 2αx̃

∣∣∣∣−
∣∣∣∣
(x̃− ỹ)

ε
− 2αỹ

∣∣∣∣
)

≤ 0.

V418F 2., P/-2 2./2
k̃((ρ+(x̃, τ)−ρ−(x̃, τ)+a(τ))

14 < ;586,6 S4,, SD =ø ìTT R /86 4,8618F
α→ 0

R ä, ;<2/18 5418F N,??/ � =�
η

(T − τ)2
≤ 0,

DDð
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2.14 -;823/61-21;8 ,864 2., 03;;P ;P 2., 03;0;4121;8 =
p öaa � a � lkbbh G ôGï./8^4 2; 2., 0;41219 12L ;P

Msup

R ä, ./9,
M(ε, β, α, η) > 0P;3

η
/86

α
4? /:: ,8;5F. = î, 2.,8 6,65-,
α(|x̄|2 + |ȳ2|) ≤ ρk̄(x̄, t̄) − vk̄(ȳ, s̄) −

|x̄− ȳ|2
2ε

≤ ρk̄,0(x̄) − ρk̄,0(ȳ) + C(t̄+ s̄) − |x̄− ȳ|2
2ε

≤ K(1 + |x̄− ȳ|) − |x̄− ȳ|2
2ε

≤ K + 1
2
(K2 + |x̄− ȳ|2) − |x̄− ȳ|2

2ε
≤ K1P;3

ε ≤ 1
R ä.,3, ä, ./9, 54,6 SD =ø ìT P;3 2., 4,-;86 :18, = A5:210 :L 18F 2., 03,91;5418,H5/:12L <L

α
R L 1,:64

lim
α→0

α|x̄| = lim
α→0

α|ȳ| = 0.
SD =ø�T

>8 2., 4/? , ä/LR ä, ./9,
|x̄− ȳ|2

4ε
+

|t̄− s̄|2
2β

≤ K1

SD =ø�T
/86 4;

lim
ε→0

|x̄− ȳ|2 = lim
β→0

|t̄− s̄|2 = 0.
SD =øCT

î, 3,-/:: 2./2
Mh = sup

|x−y|≤h

|t−s|≤h

(ρ(x, t) − v(y, s))
= N,2

(xh
n, y

h
n, t

h
n, s

h
n)
<, 45-. 2./2

ρ(xh
n, t

h
n) − v(yh

n, s
h
n) ≥Mh −

1

nä 12. |xh
n − yh

n| ≤ h
/86 |thn − sh

n| ≤ h
= î, 2.,8 ./9,

Mh −
1

n
− h2

2ε
− h2

2β
− α

(
|xh

n|2 + |yh
n|2
)

≤ρ(xh
n, t

h
n) − v(yh

n, s
h
n) − |xh

n − yh
n|2

2ε
− |thn − sh

n|2
2β

− α
(
|xh

n|2 + |yh
n|2
)

≤M(ε, β, α, η)

≤ρ(x̄, t̄) − v(ȳ, s̄).

DDD



�mehb fnok jk jkegfid jk jfgla phifaeg
î, 4,86

β → 0
/86 2.,8

α→ 0
/86 ä, ;<2/18

Mh −
1

n
− h2

2ε
− h2

2β
≤ lim inf

α→0
lim inf

β→0
ρ(x̄, t̄) − v(ȳ, s̄)

≤ lim sup
α→0

lim sup
β→0

ρ(x̄, t̄) − v(ȳ, s̄).

o/4418F 2; 2., :1? 12 18
h
R L 1,:64

M ′ − 1

n
≤ lim inf

α→0
lim inf

β→0
ρ(x̄, t̄) − v(ȳ, s̄)

≤ lim sup
α→0

lim sup
β→0

ρ(x̄, t̄) − v(ȳ, s̄).

î, 2.,8 2/^,
lim
ε→0

/86 F,2
M ′ − 1

n
≤ lim inf

ε→0
lim inf

α→0
lim inf

β→0
ρ(x̄, t̄) − v(ȳ, s̄)

≤ lim sup
ε→0

lim sup
α→0

lim sup
β→0

ρ(x̄, t̄) − v(ȳ, s̄)

≤ lim sup
ε→0

lim sup
α→0




sup
|x−y|≤K

√
ε

|t−s|≤K
√

β

ρ(x, t) − v(y, s)




≤ lim
h→0

sup
|x−y|≤h

|t−s|≤h

ρ(x, t) − v(y, s)

≤M ′.î, 2.,8 6,65-, 2./2
lim inf

ε→0
lim inf

α→0
lim inf

β→0
ρ(x̄, t̄) − v(ȳ, s̄) = lim sup

ε→0
lim sup

α→0
lim sup

β→0
ρ(x̄, t̄) − v(ȳ, s̄) = M ′.

>8 2., 4/? , ä/LR ä, F,2
lim inf

ε→0
lim inf

α→0
lim inf

β→0
M(ε, β, α, η) = lim sup

ε→0
lim sup

α→0
lim sup

β→0
M(ε, β, α, η) = M ′

/86 ä, 6,65-, 2./2
lim sup

ε→0
lim sup

α→0
lim sup

β→0

( |x̄− ȳ|2
2ε

+
|t̄− s̄|2

2β

)
= 0

DDG



G ô %�k paeifeoaog ZöaÂ lkb
]18/::LR :,2 54 4500;4, R P;3 ,Q/?0:, R 2./2

t̄ = 0
R 2.,8 R < ,-/54, ;P

u0 ≤ v0

R ä,./9,
uk̄(x̄, 0) − vk̄(ȳ, s̄) ≤ uk̄(x̄, 0) − vk̄(x̄, 0) + vk̄(x̄, 0) − vk̄(ȳ, s̄)

≤ vk̄(x̄, 0) − vk̄(ȳ, s̄).I;ä,9,3
M ′ > 0

/86 ä.,8
ε
R
β
R
α
/86

η
/3, 45� -1,82:L 4? /:: R ä, F,2 / -;823/J61-21;8 = î .,8

s̄ = 0
R / 41? 1:/3 03;;P -;5:6 < , F19,8 ä.1-. ,864 2., 03;;P ;P 2.,N,??/ � =� =

î, 8;ä 03;9, ,Q 142,8-, P;3 2., 03;<:,? SD =ìDT = î, 54, 2., o,33;8 74 ? ,2.;6 P;34L42,? 4 03;9,6 <L >4.11 /86 _;1^, 18 Bìì�E = î, 2.,8 ./9, 2., P;::;ä 18F 2.,;3,?
%�kaökb G ôO ô Q�Á fgikepk �aö i�k la phl ZöaÂ lkb S
H ++,� ç 4� 89 . 4� J9 . 4� T9 / è* çü è* ç)ç ç2 ÿ+ è+ é ,üÿ3, ç ûÿ+ �ý+ ÿè1 +ýê, èÿýü

ρ
ý0 - )ý=êç�4[ ë8[9 ë > ý)çýûç)/ è* ç +ýê, èÿýü +éèÿ+6 ç+

ρ±,0(x) − (M + ‖a‖L∞)B0t ≤ ρ±(x, t) ≤ ρ±,0(x) + (M + ‖a‖L∞)B0t,
SD =øDT

;* ç)ç
M = ‖P+,0 − P−,0‖L∞

éü(
B0 = ‖Dρ0‖L∞

ë
p öaa � a � %�kaökb G ôO�L o,33;8 74 ? ,2.;6 R 12 45� -,4 2; -;84235-2 914-;412L 45< /86 450,34;:521;8 ;P SD =ìDT =î, -:/1? 2./2

ρ = ρ0+(M+‖a‖L∞)B0t
/86

ρ = ρ0−(M+‖a‖L∞)B0t
/3, 3,40 ,-219,:L450,3 /86 45<4;:521;8 = >86,,6 R P;3? /::L

−k
(
ρ+ − ρ− + a(t)

)
|Dρk| ≤

∣∣P 0
+ − P 0

− + a(t)
∣∣ |Dρk,0|

≤
(
‖P 0

+ − P 0
−‖L∞ + ‖a‖L∞

)
‖Dρ0‖L∞

≤(M + ‖a‖L∞)B0 = (ρ̄k)t.ï., 03;;P P;3 2., 45<4;:521;8 14 ,Q/-2:L 2., 4/? , /86 ä, 4^10 12 = ï; /-.1,9, 2.,03;;P R 12 45� -,4 2; 54, 2., -;?0/314;8 0318-10 :, 2; ;<2/18 2., 581H5,8,44 =
p öaZagfifae G ôñ ô Q? kcolhöfim a � i�k galoifae S<* ç +ýê, èÿýü

ρ
ý0 4[ ë8[9 ÿ+ \ ÿ- + �* ÿèE �ýüèÿü,ý,+ ÿü +-é�ç éü( èÿ� çë > ý)ç - )ç�ÿ+ çê1/

ρ
+éèÿ+6 ç+ :

‖Dρ±‖L∞ ≤ B0

SD =úíT
éü(

‖(ρ±)t‖L∞ ≤ (LaT +M + ‖a‖L∞)B0,
SD =ú ìT

;* ç)ç
La

ÿ+ è* ç \ ÿ- + �* ÿèE �ýü+ èéüè ý0
a
/
B0 = ‖Dρ0‖L∞

éü(
M = ‖ρ+,0 − ρ−,0‖L∞

ë
DDO



�mehb fnok jk jkegfid jk jfgla phifaeg
p öaa � a � p öaZagfifae G ôñî, 4,2

ρh
±(x, t) = ρ±(x + h, t)

= �18-, o 3;<:,? SD =ìDT 14 189/31/82 18 40/-, R
ρh
/86

ρh + ‖ρ±,0(·)− ρ±,0(·+ h)‖L∞
/3, 421:: 4;:521;84 = V 418F -;?0/314;8 0318-10:, R L 1,:64

|ρ± − ρh
±| ≤‖ρ±,0(·) − ρ±,0(· + h)‖L∞

≤B0h.�; R
ρ
14 N104-.12å -;82185;54 18 40/-, =
];3 2., ,421? /2, 18 21? , R ä, -;8416,3

v(x, t) = ρ(x, t + h)
= >2 14 ,/4L 2; -.,-^2./2

v
14 / 450,34;:521;8 ;P

{
(v+)t = − (v+ − v− + a(t)) |Dv+| − LaB0h
(v−)t = (v+ − v− + a(t)) |Dv−| − LaB0h.

SD =úøT
>86,,6 R P;3? /::L

(vk)t(x, t) =(ρk)t(x, t+ h)

= − k (ρ+(x, t+ h) − ρ−(x, t+ h) + a(t+ h)) |Dρk(x, t+ h)|
= − k (v+(x, t) − v−(x, t) + a(t)) |Dvk(x, t)| + k(a(t) − a(t+ h)||Dvk|
≥ − k (v+(x, t) − v−(x, t) + a(t)) |Dvk(x, t)| − LahB0.A;3,;9,3 R
ρ̃ = ρ−LaB0ht− (M + ‖a‖L∞)B0h

14 / 4;:521;8 ;P 2., 4/? , ,H5/21;8/86 4/214W,4
v(·, 0) ≥ ρ̃(·, 0)

S4,, ï.,;3,? � =�T = �; R <L -;?0/314;8 0318-10:, P;3SD =úøT R ä, 6,65-, 2./2
ρ(x, t) − ρ(x, t+ h) ≤ (Lat+M + ‖a‖L∞)B0h ≤ (LaT +M + ‖a‖L∞)B0h.V418F 2., 4/? , /3F5? ,824 ä 12.

ρ(x, t− h)
R ä, 6,65-, 2./2

ρ
14 N104.12å -;82185;5418 21? , =

p öaZagfifae G ô� ô Q�höhpiköf�hifae a � i�k galoifae S<* ç +ýê, èÿýü
ρ
ÿ+

(1, L0)−
- ç)ÿý(ÿ� - ê,+ êÿü çé)/ ÿëçë

ρ =

(
P ρ

+ + L0x
P ρ
− + L0x

)
,

;* ç)ç è* ç êÿü çé) -é)è
L0

ÿ+ è* ç +é� ç ý0 è* ç ýü ç ý0
ρ0

éü( è* ç - ç)ÿý( ý0
P ρ
±
ÿ+

1
ë

p öaa � a � paZagfifae G ô�î, 4,2
P ρ

k = ρk − L0x
= >2 45� -,4 2; 4.;ä 2./2

P ρ
k

/3, 0 ,31;61- ;P 0 ,31;6
1
= ï.,9,-2;3 P58-21;8

P ρ
4/214W,4





(P ρ
+)t = − (P ρ

+ − P ρ
− + a(t)) |DP ρ

+ + L0|
(P ρ

−)t = (P ρ
+ − P ρ

− + a(t)) |DP ρ
− + L0|

P ρ
+(·, 0) = P 0

+

P ρ
−(·, 0) = P 0

−.

DDñ



G ô %�k paeifeoaog ZöaÂ lkb
î, 2.,8 4,2

v(x, t) = P ρ(x+1, t)
= �L 2., 0 ,31;61-12L ;P

P 0
±
R ä, ;<2/18 2./2

v
4/214W,42., 4/? , 03;<:,? /4

P ρ
/86 4; R <L 581H5,8,44 R

v = P ρ
= ï.14 /-.1,9,4 2., 03;;P ;P2., 03;0;4121;8 =] 18/::LR ä, 03;9,6 2., P;::;ä 18F 2.,;3,? ù

%�kaökb G ôò ô Q%�k la phl ZöaÂ lkb S \çè
T ≥ 0

ë H++,� ç 4� 89 . 4� J9 . 4� T9 ë Lç + çè
M = ‖P 0

+ − P 0
−‖L∞(

÷
)

éü(
B0 = max

k∈{+,−}
‖Dρ0

k‖L∞(

÷
)

ë <* çü/ è* ç 0 ýê êý; ÿüþ * ýê(+ :
4ÿ9 �abZhöfgae ZöfepfZ lk ô \çè ρ ∈ USC(R×(0, T ))

éü(
v ∈ LSC(R×(0, T ))

=ç)ç+- ç�èÿû çê1 +,= éü( +,- ç).+ýê, èÿýü ý0 4[ ë89 . 4[ ëJ9 ë Lç é++,� ç è*éè è* ç)ç ç2 ÿ+ è+é �ýü+ èéüè
C > 0

+, �* è*éè SD =ø ìT * ýê(+ ë B0
ρ(·, 0) ≤ v(·, 0) in R

è* çü
ρ ≤ v

ÿü
R × [0, T ]

ë
4ÿÿ9 �Á fgikepk ô <* ç)ç ç2 ÿ+ è+ é ,üÿ3, ç ûÿ+ �ý+ ÿè1 +ýê, èÿýü

ρ
ý0 - )ý=êç� 4[ ë8[9 +éèÿ+.0 1 ÿüþ SD =øDT ë > ý)çýûç)/ è* ç +ýê, èÿýü ÿ+

1−- ç)ÿý(ÿ� - ê,+
L0−
êÿü çé) ë

4ÿÿÿ9 ? kcolhöfimô <* ç +ýê, èÿýü
ρ
ý0 4[ ë8[9 ÿ+ \ ÿ- + �* ÿèE �ýüèÿü,ý,+ ÿü +-é�ç éü( èÿ� çéü( +éèÿ+6 ç+

max
k∈{+,−}

‖Dρk‖L∞(

÷
×(0,T )) ≤ B0,

max
k∈{+,−}

‖(ρk)t‖L∞(

÷
×(0,T )) ≤ B0(M + ‖a‖L∞(0,T )).

4ÿû9 � gifbhik ae i�k galoifae ô <* ç +ýê, èÿýü
ρ

+éèÿ+6 ç+
‖ρ+ − ρ−‖L∞(

÷
×(0,T )) ≤ ‖ρ0

+ − ρ0
−‖L∞(

÷
).

p öaa � a � %�kaökb G ôòï., -;?0/314;8 0318-10 :, 14 O 542 /8 ,Q2,841;8 ;P 2., ;8, ;P >4.11 R _;1^, Bìì� R ï.� =�E P;3 H5/41J?;8;2;8, I/? 1:2;81/84 = ];3 2., ,Q 142,8-, R 12 45� -,4 2; 54, o,33;8 74? ,2.;6 <L 3,? /3^18F 2./2
ρ± (M +‖a‖L∞(0,T ))B0t

/3, 3,40 = 450 ,3 /86 45<J4;:521;8;P SD =ìDT = ï., P/-2 2./2
ρ
14

1−0,31;61- 0:54 L0−
:18,/3 -;?,4 P3;? 2., P/-2 2./2

ρ(x+ 1, t) + L0

14 /:4; 4;:521;8 ;P
(iv)
=ï., N104-.12å ,421? /2, 18 40/-, -;?,4 P3;? 2., P/-2 2./2 o 3;<:,? SD =ìDT 14189/31/82 <L 40/-, 23/84:/21;8 = ï; ;<2/18 2., N104-.12å ,421? /2, 18 21? , R 12 14 45� -1,822; <;586 2., 9,:; -12L 5418F SD =øDT =î, 8;ä 03;9,

(iv)
= î, 4,2

m+(t) = sup
x∈(0,1)

ρ+(x, t) and m−(t) = inf
x∈(0,1)

ρ−(x, t).

>2 14 ,/4L 2; -.,-. 2./2
m+

S3,40 =
m−
T 14 45<4;:521;8 S3,40 = 450 ,34;:521;8 T ;P

ut = 0ä.1-. 1?0:1,4 2., 500,3 <;586 ;P
(iv)
= ï., :;ä,3 <;586 14 03;9,6 41? 1:/3:L= ï.14,864 2., 03;;P ;P 2., 2.,;3,? =

DD�



�mehb fnok jk jkegfid jk jfgla phifaeg
}  � ¡|u vrv��r�y� ��r� �us

� ,P;3, 2; 03;9, ï.,;3,? ì=ìR ä, 8,,6 2., P;::;ä 18F êç�� é ù
�kbbh G ô� ô QUihÂ flfim a � i�k galoifae Ô fi� ökgZ kpi ia i�k qkla pfim S \çè
T ≥ 0

ë Lç �ýü+ ÿ(ç) 0 ý)
i = 1, 2

è; ý (ÿ ç)çüè ç3,éèÿýü+
{

(ρi
k)t = −k

(
ρi

+ − ρi
− + ai(t)

)
|Dρi

k| for k ∈ {+,−}
ρi

k(·, 0) = ρ0
k for k ∈ {+,−}

SD =úúT
;* ç)ç è* ç �ýçð �ÿçüè+

ai

+éèÿ+0 1
(H1)

éü( è* ç ÿüÿèÿéê �ýü(ÿèÿýü+
ρ0 = (ρ0

+, ρ
0
−)

+éèÿ+0 14� J9 . 4� T9 ë <* çü/ ; ç *éûç
max

k∈{+,−}
‖ρ2

k − ρ1
k‖L∞(

÷
×(0,T )) ≤ B0T‖a2 − a1‖L∞(0,T ),

;* ç)ç
ρi

0 ý)
i = 1, 2

é)ç è* ç +ýê, èÿýü+ ý0 4[ ëTT9 þ ÿû çü =1 <* çý)ç� 7 ëX ë
p öaa � a � ñòóó ô G ô�î, 4,2

K = ‖a2 − a1‖L∞(0,T )

= î, 3,? /3^ 2./2
ρ2
14 / 45<J4;:521;8 ;P

(ρk)t + k (ρ+ − ρ− + a1(t)) |Dρk| −KB0 = 0.A;3,;9,3
ρ1 +KB0t

14 4;:521;8 ;P 2., 4/? , 03;<:,? = �L -;?0/314;8 0318-10 :, R ä,2.,8 6,65-,
max

k∈{+,−}
‖ρ2

k − ρ1
k‖L∞(

÷
×(0,T )) ≤ KB0T.ï.14 14 2., ,421? /2, ä, ä/82 =

î, ./9, 2., P;::;ä 18F êç�� é ä.;4, 03;;P 14 2319 1/: ù
�kbbh G ôó� ô QUihÂ flfim a � i�k qkla pfim h S \çè

ρ1, ρ2
=ç

1
.- ç)ÿý(ÿ� - ê,+

L0

.
êÿü çé) ë Lç + çè

a[ρi](t) =

∫ 1

0

ρi
+(x, t) − ρi

−(x, t)dx+ L(t)
ë <* çü è* ç 0 ýê êý; ÿüþ * ýê(+

‖a[ρ2] − a[ρ1]‖L∞(0,T ) ≤ 2 max
k∈{+,−}

‖ρ2
k − ρ1

k‖L∞(

÷
×(0,T )).î, 8;ä 03;9, ï.,;3,? ì=ì=

p öaa � a � %�kaökb óôóî, 6,W8, 2., 4,2 ù

UT =






ρ =

(
ρ+

ρ−

)
∈ (L∞

Loc)
2 , s.t.

∣∣∣∣∣∣∣∣∣∣

‖ρ+ − ρ−‖L∞ ≤M
ρ
14

1−0,31;61- 0:54 L0−
:18,/3

max
k∈{+,−}

‖Dρk‖L∞ ≤ B0

max
k∈{+,−}

‖(ρk)t‖L∞ ≤ B0(2M + ‖L‖L∞(0,T ))






,

DDò



G ô %�k paeifeoaog ZöaÂ lkb
ä.,3,

L0

14 6,W8,6 18
(H2)

R
B0 = max

k∈{+,−}
‖Dρ0

k‖L∞(

÷
)

/86
M = ‖P 0

+ − P 0
−‖L∞(

÷
)

=];3
ρ ∈ UT

R ä, 4,2
a[ρ](t) =

∫ 1

0

ρ+(x, t) − ρ−(x, t)dx+ L(t).
SD =ú� T

î, 4,, 2./2 P;3 /8L
ρ ∈ UT

R
a[ρ]
4/214W,4

(H1)
ä 12. ‖a[ρ]‖L∞(0,T ) ≤M +‖L‖L∞(0,T )

=];3
ρ ∈ UT

R ä, 2.,8 6,W8,
v = G(ρ) = (G+(ρ), G−(ρ))

/4 2., 581H5, 914-;412L4;:521;8 P;3
k = 1, 2

S4,, ï.,;3,? � =CT ;P
{

(vk)t = −k (v+ − v− + a[ρ](t)) |Dvk| on (0, T ) × R,
vk(·, 0) = ρ0

k on R.

SD =ú�T
î, ä 1:: 4.;ä 2./2

G : UT → UT

14 / 4231-2 -;823/-21;8 P;3
T
4? /:: ,8;5F. = ] 1342 R ä,ä 1:: 03;9, 2./2

G
14 ä,:: 6,W8,6 = �L ï.,;3,? � =C R ä, ^8;ä 2./2

v
14

1− 0,31;61-0:54
L0−
:18,/3 = A;3,;9,3 R ä, ./9,

max
k∈{+,−}

‖Dvk‖L∞(

÷
×(0,T )) ≤ B0,

max
k∈{+,−}

‖(v±)t‖L∞(

÷
×(0,T )) ≤B0(M + ‖a‖L∞(0,T )) ≤ B0(2M + ‖L‖L∞(0,T ))/86

‖v+ − v−‖L∞(

÷
×(0,T )) ≤M/86 4;

v ∈ UT

=>2 2.54 3,? /184 2; 4.;ä 2./2
G
14 / -;823/-21;8 = ];3

vi = G(ρi)
R /--;3618F 2;\ç�� é � =D /86 \ç�� é � =ìí R ä, ./9,

‖v2 − v1‖L∞(

÷
×(0,T )) = sup

{k∈{+,−}}
‖v2

k − v1
k‖L∞ ≤ B0T‖a[ρ2] − a[ρ1]‖L∞(0,T )

≤2B0T‖ρ1 − ρ2‖L∞(

÷
×(0,T )) ≤

1

2
‖ρ1 − ρ2‖L∞(

÷
×(0,T ))P;3

T ≤ T ∗ =
1

4B0

= æ86 4;
G
14 / -;823/-21;8 ;8

UT

ä.1-. 14 / -:;4,6 4,2 = �; R 2.,3,
,Q 1424 / 581H5, 914-;412L 4;:521;8 ;P SD =ìTJ SD =øT 18

UT

;8
(0, T ∗)

ä.,3,
T ∗ =

1

4B0

= �L12,3/218F 2.14 03;-,44 R ;8, -/8 -;84235-2 / 4;:521;8 P;3 /::
T > 0

= >86,,6 R
T ∗ 6,0,864;8:L ;8

B0

ä.1-. 6;,4 8;2 -./8F, ä 12. 21? , =
p öaZagfifae G ôóóô Q� gifbhik �aö i�k eaeY la phl ga loifae S \çè

T ≥ 0
ë <* ç+ýê, èÿýü

ρ
ý0 4[ ë89 . 4[ ëJ9 +éèÿ+6 ç+

‖ρ+ − ρ−‖L∞(

÷
×(0,T )) ≤M;* ç)ç

M = ‖P 0
+ − P 0

−‖L∞(

÷
)

ëï., 03;;P 14 2., 4/? , ;P 2., ;8, ;P 2., :; -/: -/4, R 4,, ï.,;3,? � =C
(iv)
=
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�mehb fnok jk jkegfid jk jfgla phifaeg
� êán �Þãâ�� �âj�n �
�  ! e���r� ws yzwrv r{ z|u �r�y� ~�~zus
>8 2.14 45<4,-21;8 R ä, 03;0;4, / W812, 61X,3,8-, 4-.,? , P;3 2., :; -/: 4L42,?SD =ìDT = d 19,8 / 614-3,2, 9,:; -12L

a∆
R ä, -;8416,3 2., 614-3,2, 4;:521;8

v
2./2 /0J03;Q 1? /2,4 2., 4;:521;8 ;P SD =ìDT R F19,8 <L 2., P;::;ä 18F ,Q0:1-12 4-.,? , P;3 /::

k ∈ {+,−}
v0

k,i = ρ̃0
k(xi),

SD =ú�T
vn+1

k,i = vn
k,i + ∆t

(
C∆,Loc

k [v](xi, tn)
){

E+
(
D+vn

k,i, D
−vn

k,i

) 1P
C∆,Loc

k [v](xi, tn) ≥ 0
E− (D+vn

k,i, D
−vn

k,i

) 1P 8;2 SD =ú�Tä.,3,
ρ̃0(xi)

/3, 6,W8,6 18 SD =úT R
E± /3, 2., /003;Q 1? /21;8 ;P 2., \5-:16,/8 8;3?03;0;4,6 <L Z4.,3 /86 �,2.1/8 Bì��E 6,W8,6 18 SD =�T Sä, /:4; -/8 54, 2., ;8,03;0;4,6 <L @;5LR ï;5318 Bì�DET R
D+vn

k , D
−vn

k

/3, 2., 614-3,2, F3/61,82 6,W8,6 18SD =�T /86
C∆,Loc

k [w](xi, tn) = −k(w+(xi, tn) − w−(xi, tn) + a∆(tn))
SD =úCTä.,3,

a∆
14 /8 /003;Q 1? /21;8 ;P

a
4/214PL 18F
a∆(tn) = a(tn).

SD =úDT>8 0/321-5:/3 R 2., P58-21;84
E± /3, N104-.12å -;82185;54 ä 12. 3,40 ,-2 2; 2., 614-3,2,F3/61,824 R ÿëçë

∣∣E±(P,Q) − E±(P ′, Q′)
∣∣ ≤ (|P − P ′| + |Q−Q′|) . SD =�íTï.,L /3, -;84142,82 ä 12. 2., \5-:16,/8 8;3?

E±(P, P ) = |P | SD =� ìT/86 ,8O ;L 4512/<:, ?;8;2;81-12L ä 12. 3,40 ,-2 2; ,/-. 9/31/<:,
∂E+

∂P+
≥ 0,

∂E+

∂P− ≤ 0,
∂E−

∂P+
≥ 0,

∂E−

∂P− ≤ 0.
SD =�øT

[,8;218F <L
Sk
2., ;0,3/2;3 ;8 2., 31F.2J./86 416, ;P SD =ú�T R ä, -/8 3,ä 312, 2.,4-.,? , ?;3, -;?0/-2:L /4

v0
k,i = ρ̃0

k(xi), vn+1
k = Skvn.]18/::LR ä, /:4; /445? , 2./2 2., ? ,4. 4/214W,4 2., P;::;ä 18F +]N -;86121;8 S-P@,? /3^ � =øT

∆t ≤ 1

2L1

∆x
SD =�úT

ä.,3,
L1 = ‖a‖L∞(0,T ) +M + 2.
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O ô �obköfphl gp�kbk
%�kaökb O ôóô Q�öhejhllY� faeg öhik a � paeqköckepk S \çè

T ≤ 1
ë H++,� çè*éè

∆x + ∆t ≤ 1
ë H ++,� ç è*éè

a ∈ W 1,∞(R × [0, T ))
éü( è*éè è* ç A�\ �ýü(ÿ.èÿýü 4[ ë7 T9 * ýê(+ ë <* çü è* ç)ç ç2 ÿ+ è+ é �ýü+ èéüè

K > 0
(ç- çü(ÿüþ ýüê1 ýü ‖P 0

+ −
P 0
−‖L∞(

÷
), ‖a‖W 1,∞(0,T )

éü(
maxk∈{+,−} ‖Dρ0

k‖L∞(

÷
)

+, �* è*éè è* ç ç))ý) ç+ èÿ� éèç =çè.; ççü è* ç �ýüèÿü,ý,+ +ýê, èÿýü
ρ
ý0 è* ç +1+ èç� 4[ ë8[9 éü( è* ç (ÿ+ �)çèç +ýê, èÿýü

v
ý0è* ç 6 üÿèç (ÿ ç)çü �ç + �* ç� ç 4[ ëTF9 . 4[ ëT W9 ÿ+ þ ÿû çü =1

max
k∈{+,−}

sup
ΞT

|ρk(xi, tn) − vn
k,i| ≤ K

√
T (∆x+ ∆t)1/2 + max

k∈{+,−}
sup

Ξ
|ρ0

k(xi) − v0
k,i|

- )ýûÿ(ç(
K(∆x+ ∆t)

1
2 + max

k∈{+,−}
sup

Ξ
(ρ0

k(xi) − v0
k,i) ≤ 1

ë
? kbhö@ O ôð ô Q$ aeaiaem a � i�k gp�kbk S 'ü(ç) è* ç é++,�- èÿýü+ ý0 <* çý)ç�N ë8/ ; ç *éûç

|vn
+,i − vn

−,i| ≤|vn
+,i − ρ+(xi, tn)| + |ρ+(xi, tn) − ρ−(xi, tn)| + |ρ−(xi, tn) − vn

−,i|
≤2 +M;* ç)ç ; ç *éûç ,+ ç( <* çý)ç� 7 ëX

(iv)
0 ý) è* ç + ç�ýü( èç)� ë Lç è* çü (ç(, �ç è*éè è* ç(ÿ+ �)çèç ûçêý�ÿè1 ÿ+ ,üÿ0 ý)� ê1 =ý,ü(ç( :

C∆,Loc
k [v] ≤ ‖a‖L∞(0,T ) +M + 2 = L1.<* çü/ ýüç �éü +* ý; è*éè è* ç + �* ç� ç ÿ+ � ýüýèýü ç ÿü è* ç 0 ýê êý; ÿüþ + çü+ç : êçè

v
éü(

w
=ç è; ý (ÿ+ �)çèç 0 ,ü �èÿýü+ +, �* è*éè

vn
i ≤ wn

i õ è* çü
Sk(vn)(xi) ≤ Sk(wn)(xi), for k ∈ {+,−}.];3 2., 03;;P ;P ï.,;3,? � =ì R ä, 8,,6 2., P;::;ä 18F êç�� é ù

�kbbh O ôD ô B0
vn

i

ÿ+ è* ç ü,� ç)ÿ�éê +ýê, èÿýü ý0 4[ ëTF9 . 4[ ëT W9 / è* çü
−Ktn − µ0 ≤ ρ0(xi) − v(xi, tn) ≤ Ktn + µ0 SD =�� T

;* ç)ç
K = 2(‖P 0

+ − P 0
−‖L∞(

÷
) + ‖a‖L∞(0,T )) maxk∈{+,−} ‖Dρ0

k‖L∞(

÷
)

éü(
µ0 = max

k∈{+,−}
sup

Ξ
|ρ0

k(xi) − v0
k,i| ≥ 0.

SD =��T
p öaa � a � �kbbh O ôDï; 03;9, 2.14 R ä, 4,2

w±(xi, tn) = ρ0
±(xi) −Ktn − µ0

/86 ä, 4.;ä 2./2 P;3
K
:/3F,,8;5F.

w
14 / 614-3,2, 45<J4;:521;8 = >86,,6 R ä, ./9,

wn+1
±,i − (S±wn)i

= −K∆t− ∆tC∆,Loc
± [ρ0](xi, tn)Esgn(C∆,Loc

± [ρ0](xi,tn))(D+ρ0
±(xi), D

−ρ0
±(xi))

= − ∆t
(
K ∓ (ρ0

+(xi) − ρ0
−(xi) + a∆(tn))Esgn(C∆,Loc

± [ρ0](xi,tn))(D+ρ0
±(xi), D

−ρ0
±(xi))

)

≤− ∆t

(
K − 2(‖P 0

+ − P 0
−‖L∞(

÷
) + ‖a‖L∞(0,T )) max

k∈{+,−}
‖Dρ0

k‖L∞(

÷
)

)

DG ó



�mehb fnok jk jkegfid jk jfgla phifaeg
ä.,3,

C∆,Loc
k [w](xi, tn)

14 6,W8,6 18 SD =úCT /86
sgn(f)

14 2., 41F8 ;P
f
=�; R P;3 ,9,3L

K ≥ 2(‖P 0
+ − P 0

−‖L∞(

÷
) + ‖a‖L∞(0,T )) maxk∈{+,−} ‖Dρ0

k‖L∞(

÷
)

R
w
14/ 614-3,2, 45<J4;:521;8 = A;3,;9,3

w0
±,i(xi) = ρ0

±(xi) − µ0 ≤ v0
±(xi).V418F 2., ?;8;2;8L ;P 2., 4-.,? , R ä, 6,65-,

wn
i ≤ vn

i

/86 4;
ρ0(xi) − vn

i ≤ Ktn + µ0.ï., :;ä,3 <;586 14 03;9,6 41? 1:/3:L=
î, 8;ä F19, 2., 03;;P ;P ï.,;3,? � =ì

p öaa � a � %�kaökb O ôóï., 03;;P 14 /8 /6/02/21;8 P;3 4L42,? 4 ;P 2., ;8, ;P +3/86/:: N 1;84 B�úE R 3,9 1412,6<L æ :9/3,å çè éêë B�E = ï., 03;;P 40:124 182; 2.3,, 42,04 = î, 6,8;2, 2.3;5F.;52 <L
K9/31;54 -;842/82 6,0 ,8618F ;8:L ;8 ‖P 0

+ − P 0
−‖L∞(

÷
), maxk∈{+,−} ‖Dρ0

k‖L∞(

÷
)

/86
‖a‖W 1,∞(0,T )

=î, W342 /445?, 2./2
ρ0(xi) ≥ v0

i

SD =��T/86 ä, 4,2
µ0 = max

k∈{+,−}
sup

Ξ
|ρ0

k(xi) − v0
k,i| ≥ 0.

SD =��T
î, 4,2 / P,ä 8;2/21;84 = î, 052

µ = max
k∈{+,−}

sup
ΞT

(ρk(xi, tn) − vn
k,i).

];3 ,9,3L
0 < α ≤ 1, 0 < ε ≤ 1

/86
σ > 0

R ä, 4,2
Mα,ε

σ = sup

÷
×[0,T ]×ΞT×{+,−}

Ψα,ε
σ (x, t, xi, tn, k),

ä 12.
Ψα,ε

σ (x, t, xi, tn, k) = ρk(x, t)− vk(xi, tn)− |x− xi|2
2ε

− |t− tn|2
2ε

− σt− α|x|2 − α|xi|2.î, 4./:: 63;0 2., 450,3 /86 45<4-31024 ;8
Ψ
ä.,8 8; /?<1F512L /314,4 /4 -;8-,3818F2., 9/:5, ;P 2., 0/3/?,2,3 =

� 18-,
ρ0
14 N104-.12å -;82185;54 /86

T ≤ 1
R ä, ./9, <L SD =øDT

|ρ±(x, t)| ≤ K(1 + |x|). SD =�CT
DGð
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A;3,;9,3 <L \ç�� é � =ú ä, ./9,

|v±(xi, tn)| ≤|v±(xi, tn) − ρ0
±(xi)| + |ρ0

±(xi)|
≤Ktn +K(1 + |xi|)
≤K(1 + |xi|).î, 2.,8 6,65-, 2./2

Ψ
/-.1,9,4 124 ? /Q1?5? /2 4;? , 0;182 2./2 ä, 6,8;2, <L

(x∗, t∗, x∗i , t
∗
n, k

∗)
=

UikZ ó Ï � gifbhikg �aö i�k bhÁ fbob Zafei a � Ψï., ?/Q1?5? 0;182 ;P
Ψ
,8O ;L4 2., P;::;ä 18F ,421? /2,4
α|x∗| + α|x∗i | ≤ K,

SD =�DT
/86

|x∗ − x∗i | ≤ Kε, |t∗ − t∗n| ≤ (K + 2σ)ε.
SD =�íT>86,,6 R <L 18,H5/:12L

Ψ(x∗, t∗, x∗i , t
∗
n, k

∗) ≥ Ψ(0, 0, 0, 0, k∗) ≥ 0
R ä, ;<2/18

α|x∗|2 + α|x∗i |2 ≤ρk∗(x∗, t∗) − vk∗(x∗i , t
∗
n) ≤ K(1 + |x∗| + |x∗i |)

≤K +
K2

α
+
α

2
|x∗|2 +

α

2
|x∗i |2.ï.14 1?0:1,4 SD =�DT R 418-,

α ≤ 1
=ï., W342 <;586 ;P SD =�íT P;::;ä 4 P3;? 2., N104-.12å 18 40/-, 3,F5:/312L ;P

ρ
S4,,ï.,;3,? � =C

(iii)
T R P3;? 2., 18,H5/:12L

Ψ(x∗, t∗, x∗i , t
∗
n, k

∗) ≥ Ψ(x∗i , t
∗, x∗i , t

∗
n, k

∗)/86 P3;? SD =�DT = >86,,6 R 2.14 1? 0:1,4
|x∗ − x∗i |2

2ε
≤ρk∗(x∗, t∗) − ρk∗(x∗i , t

∗) − α|x∗|2 + α|x∗i |2

≤K|x∗ − x∗i | + α|x∗ − x∗i |(|x∗| + |x∗i |) ≤ K|x∗ − x∗i |.ï., 4,-;86 <;586 ;P SD =�íT 14 ;<2/18,6 18 2., 4/? , ä/LR 5418F 2., 18,H5/:12L
Ψ(x∗, t∗, x∗i , t

∗
n, k

∗) ≥ Ψ(x∗, t∗n, x
∗
i , t

∗
n, k

∗)
/86 ï.,;3,? � =C

(iii)
=

UikZ ð Ï V Â kiikö kgifb hik �aö i�k bhÁ fbob Zafei a � Ψ>8,H5/:12L SD =�DT -/8 <, 423,8F2.,8,6 2;
α|x∗|2 + α|x∗i |2 ≤ K.

SD =�ìT
>86,,6 R 5418F 2., N104-.12å 3,F5:/312L ;P

ρ
R 2., 18,H5/:12L

Ψ(x∗, t∗, x∗i , t
∗
n, k

∗) ≥
Ψ(0, 0, 0, 0, k∗)

/86 ,H5/21;84 SD =øDT R SD =�� T /86 SD =�íT R L 1,:64
α|x∗|2 + α|x∗i |2 ≤ρk∗(x∗, t∗) − vk∗(x∗i , t

∗
n) + ρ(x∗i , 0) − ρ(x∗i , 0)

≤K(|x∗ − x∗i | + t∗) +Kt∗n + µ0 ≤ K.
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UikZ D Ï öZZ kö Âaoej a �

µî, ./9, 2., <;586
µ ≤ K

√
T (∆x+ ∆t)

1
2 + µ0

1P
∆x+ ∆t ≤ 1

K2

=] 1342 R ä, -:/1? 2./2 P;3
σ
:/3F, ,8;5F. R ä, ./9, ,12.,3

t∗ = 0
;3

t∗n = 0
=�500;4, 2., -;823/3L= ï.,8 2., P58-21;8

(x, t) 7→ Ψ(x, t, x∗i , t
∗
n, k

∗)
/-.1,9,4 124? /Q1?5? /2 / 0;182 ;P

R × (0, T ]
= V 418F 2., P/-2 2./2

ρ
14 / 45<J4;:521;8 ;P2., -;82185;54 03;<:,? R ä, ;<2/18 2., 18,H5/:12L

σ + p∗t ≤ −k∗(ρ+ − ρ− + a(t∗))|p∗x + 2αx∗| SD =�øT
ä 12.

p∗t = t∗−t∗n
ε
, p∗x =

x∗−x∗
i

ε

=
� 18-,

t∗n > 0
R ä, /:4; ./9,

Ψ(x∗, t∗, x∗i , t
∗
n, k

∗) ≥ Ψ(x∗, t∗, xi, t
∗
n − ∆t, k∗)

= ï.141?0:1,4
vk∗(·, t∗n − ∆t) ≥ ϕ(·, t∗n − ∆t) + vk∗(x∗i , t

∗
n) − ϕ(x∗i , t

∗
n)P;3

ϕ(xi, tn) = − |x∗−xi|2
2ε

− |t∗−tn|2
2ε

− α|xi|2
= V418F 2., P/-2 2./2 2., 4-.,? , 14?;8;2;8, /86 -;??52,4 ä 12. 2., /66121;8 ;P -;842/824 R L 1,:64

vk∗(x∗i , t
∗
n)

=Sk∗
(vk∗(·, t∗n − ∆t)) (x∗i )

≥ϕ(x∗i , t
∗
n − ∆t) + vk∗(x∗i , t

∗
n) − ϕ(x∗i , t

∗
n)

+ ∆t
(
c∆,Loc
k∗ [v](x∗i , t

∗
n)
)
El∗(D+ϕ(x∗i , t

∗
n − ∆t), D−ϕ(x∗i , t

∗
n − ∆t))ä.,3,

l∗ = sgn
(
c∆,Loc
k∗ [v](x∗i , t

∗
n)
) = î, 4,2

c[v] = −c∆,Loc
k∗ [v](x∗i , t

∗
n), c[ρ] = k∗ (ρ+(x∗, t∗) − ρ−(x∗, t∗) + a(t∗)) .î, 2.,8 ;<2/18 2., 450,3J4;:521;8 18,H5/:12L ù

ϕ(x∗i , t
∗
n) − ϕ(x∗i , t

∗
n − ∆t)

∆t
≥ −c[v]El∗(D+ϕ(x∗i , t

∗
n − ∆t), D−ϕ(x∗i , t

∗
n − ∆t)).

�23/1F.2P;3ä/36 -;?052/21;84 ;P 2., 614-3,2, 6,319/219, ;P
ϕ
L1,:6

p∗t +
∆t

2ε
≥ −c[v]El∗

(
p∗x −

∆x

2ε
− α(2x∗i + ∆x), p∗x +

∆x

2ε
− α(2x∗i − ∆x)

)
.

�5<23/-218F 2., /<;9, 18,H5/:12L 2; SD =�øT R ä, 6,65-,
σ ≤∆t

2ε
− c[ρ]|p∗x + 2αx∗| + c[v]El∗

(
p∗x − ∆x

2ε
− α(2x∗

i + ∆x), p∗x +
∆x

2ε
− α(2x∗

i − ∆x)

)

≤∆t

2ε
− (c[ρ] − c[v]) |p∗x| + αK|x∗|

+ |c[v]|
∣∣∣∣E

l∗
(

p∗x − ∆x

2ε
− α(2x∗

i + ∆x), p∗x +
∆x

2ε
− α(2x∗

i − ∆x)

)
− El∗ (p∗x, p∗x)

∣∣∣∣

≤∆t

2ε
− (c[ρ] − c[v]) |p∗x| + Kα|x∗| + K

∆x

ε
+ 2αK|x∗

i | + 2αK∆x
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ä.,3, ä, ./9, 54,6 R P;3 2., 4,-;86 :18, R 2., P/-2 2./2

c[ρ] ≤M + 2B0(M + ‖a‖L∞(0,T ))T ≤ Kä 12.
M = ‖P 0

+ − P 0
−‖L∞(

÷
)

/86
B0 = max

k∈{+,−}
‖Dρ0

k‖L∞(

÷
)

S4,, ï.,;3,? � =CT =�;ä R 418-,
ρk∗(x∗, t∗) − vk∗(x∗i , t

∗
n) = max

k∈{+,−}
(ρk(x

∗, t∗) − vk(x
∗
i , t

∗
n)) ≥ 0

R <L
\ç�� é � =ø R ä, ;<2/18

−(c[ρ] − c[v])|p∗x| = − k∗ (ρ+(x∗, t∗) − ρ−(x∗, t∗) + a(t∗)) |p∗x|
+ k∗ (v+(x∗i , t

∗
n) − v−(x∗i , t

∗
n) + a(t∗)) |p∗x|

+ k∗
(
a∆(t∗n) − a(t∗)

)
|p∗x|

≤
∣∣a∆(t∗n) − a(t∗)

∣∣ |p∗x| ≤ K|t∗n − t∗||p∗x|ä.,3, ä, ./9, 54,6 SD =úDT = ï.14 1?0:1,4
σ ≤∆t

2ε
+K|t∗ − t∗n||p∗x| +Kα|x∗| +K

∆x

ε
+ 2αK|x∗i | + 2αK∆x

≤K∆x+ ∆t

ε
+Kα1/2 +Kε.

o52218F
σ∗ = σ∗(∆x+ ∆t, ε, α) = K

∆x+ ∆t

ε
+K(α1/2 + ε),ä, 2.,3,P;3, -;8-:56, 2./2 ä, ?542 ./9,

t∗ = 0
;3
t∗n = 0

03;916,6
σ ≥ σ∗ =î .,8,9,3

t∗ = 0
R ä, 6,65-, P3;? \ç�� é � =ú /86 P3;? SD =�íT 2./2

Mα,ε
σ =Ψ(x∗, 0, x∗i , t

∗
n, k

∗) ≤ ρ0
k∗(x∗) − vk∗(x∗i , t

∗
n)

≤ρ0
k∗(x∗) − ρ0

k∗(x∗i ) +Kt∗n + µ0

≤K (|x∗ − x∗i | + t∗n) + µ0 ≤ K(1 + σ)ε+ µ0.� 1? 1:/3:LR ä.,8,9,3
t∗n = 0

R ä, 6,65-, P3;? 2., N104-.12å 3,F5:/312L ;P
ρ
/86P3;? SD =�íT 2./2

Mα,ε
σ =Ψ(x∗, t∗, x∗i , 0, k

∗) ≤ ρk∗(x∗, t∗) − vk∗(x∗i , 0)

≤K (|x∗ − x∗i | + t∗) + µ0 ≤ K(1 + σ)ε+ µ0.ï; 45? 50 R ä, ./9, 4.;ä8 2./2
Mα,ε

σ ≤ K(1 + σ)ε+ µ0 ≤ Kε+ µ003;916,6
σ∗ = K∆x+∆t

ε
+K(α1/2 + ε) ≤ σ ≤ 1

=î, 2.,8 6,65-, 2./2 R P;3 ,9,3L
(xi, tn)

/86 P;3 ,9,3L
k
R ä, ./9,

ρk(xi, tn) − vk(xi, tn) −
(
K

∆x+ ∆t

ε
+K(α1/2 + ε)

)
T − 2α|xi|2 ≤Mα,ε

σ

≤Kε+ µ0.

DGO
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�,8618F

α → 0
R 2/^18F 2., 4503,?5? ;9,3

(xi, tn)
R 2., ? /Q 1?5? ;9,3

k
/86-.;;418F

ε = T 1/2 (∆x+ ∆t)1/2 R ä, -;8-:56, 2./2
max

k∈{+,−}
sup
ΞT

(ρk(xi, tn) − vn
k,i) =µ

≤K (∆x+ ∆t)1/2
√
T + max

k∈{+,−}
sup

Ξ
(ρ0

k(xi) − v0
k,i),SD =�úT

03;916,6 2./2
∆x, ∆t

/3, 4? /:: ,8;5F.
T ≤ 1

R
µ0 ≤ 1

/86 SD =��T 14 /445? ,6 =>8 2., F,8,3/: -/4, R ä, -;8416,3
ρ = ρ + µ1

ä 12.
µ1 = max

k∈{+,−}
sup

Ξ
(v0

k,i − ρ0
k(xi))

=î, 3,? /3^ 2./2
ρ
14 4;:521;8 ;P SD =ìDT /86 4/214W,4

ρ0(xi) ≥ v0
i

= ï.,8 SD =�úT 14 235,ä 12.
ρ
18 0:/-, ;P

ρ
R ÿëçë

max
k∈{+,−}

sup
ΞT

(ρk(xi, tn)+µ1−vn
k,i) ≤ K (∆x+ ∆t)1/2

√
T+ max

k∈{+,−}
sup

Ξ
(ρ0

k(xi)+µ
1−v0

k,i),

ä.1-. 421:: 1?0:1,4 SD =�úT ä 12.
max

k∈{+,−}
sup

Ξ
|ρ0

k(xi) − v0
k,i|
=

ï., :;ä,3 <;586 P;3 2., ,33;3 ,421? /2, 14 ;<2/18,6 <L ,Q-./8F18F
ρ
/86

v
= æ 42., 03;;P 14 41? 1:/3 2; 2., /<;9, R ä, ;? 12 12 =

�  � e���r� ws yzwrv r{ z|u vrv��r�y� ~�~zus
ï; 4;:9, 85?,31-/::L 2., 8;8J:; -/: 4L42,? SD =ìTJ SD =øT R ä, 54, 2., W812, 61X,3,8-,4-.,? , SD =úTJ SD =� TJ SD =�T = î, /:4; /445? , 2., +]N -;86121;8 SD =CT = >8 0/321-5:/3 R5418F o 3;0;4121;8 � =ììR ä, 6,65-, 2./2 2., +]N -;86121;8 SD =�úT 14 4/214W,6 581JP;3? :L P;3 /::

a
6,W8,6 <L SD =�T < ,-/54,

‖a[ρ]‖L∞(0,T ) ≤M + ‖L‖L∞(0,T )/86 4;
L1 ≤ L2

=N,2
T̄ ≥ 0

ä.1-. ä 1:: < , -.;4,8 :/2,3 = ï; 03;9, ;53 -;89,3F,8-, 3,45:2 R ä, ? 1? 1-2., -;82185;54 -/4, /86 ä, 3,ä 312, 2., 4-.,? , SD =úTJ SD =� TJ SD =�T /4 / WQ,6 0;182 =� ,P;3, 03;918F ï.,;3,? ì=ú ä, 8,,6 2; 1823;65-, 4;? , 8;2/21;84 /86 êç�� éèé=[,W818F
X1,∆

T = R{0,...,NT } /86 X2,∆
T = (R2)�×{0,...,NT} R 2., 4,2 ;P 614-3,2, P58-21;846,W8,6 ;8 {0, ..., NT}

/86 ;8 2., ? ,4.
ΞT

3,40 ,-219,:LR ä, 6,8;2, <L
G∆ : X1,∆

T̄
→

X2,∆

T̄

2., ;0,3/2;3 2./2 F19,4 2., 614-3,2, 4;:521;8
v
;P 2., :; -/: o 3;<:,? SD =ú�T P;3/ F19,8 9,:; -12L

a∆ ∈ X1,∆

T̄

R ÿëçë
(G∆

+(a∆), G∆
−(a∆)) = G∆(a∆) = v.

DGñ



O ô �obköfphl gp�kbk
>8 0/321-5:/3 R 2., 4-.,? , SD =úTJ SD =� TJ SD =�T -/8 <, 3,ä 3122,8 /4 / WQ,6 0;182 ;P
G∆(a∆[·]) R ÿëçë

v = G∆(a∆[v])ä 12.
a∆[·] 6,W8,6 18 SD =�T = î, 4,2 R P;3 /:: T ≤ T̄

ù

U∆
T =





w ∈ X2,∆

T :

∣∣∣∣∣∣∣∣∣

sup
ΞT

|D+
x w±| ≤ B0,

sup
ΞT

|D+
t w±| ≤ 2B0(2M + ‖L‖L∞(0,T ) + 4),

sup
ΞT

|w+ − w−| ≤M + 2




/86
V ∆

T =
{
a∆ ∈ X1,∆

T :
∣∣∣ sup

{0,...,NT ∆t}
|a∆| ≤M + ‖L‖L∞ + 2

}

ä.,3,
M = ‖P 0

+ − P 0
−‖L∞(

÷
)

= Z8, -/8 ,/41:L -.,-^ 2./2
{(ρ)∆ | ρ ∈ UT} ⊂ U∆

T/86
{
(a)∆ :

∣∣ ‖a‖L∞(0,T ) ≤M + ‖L‖L∞(0,T )

}
⊂ V ∆

Tä.,3,
(f)∆

14 2., 3,4231-21;8 2;
ΞT

;P 2., -;82185;54 P58-21;8
f
= î, ./9, 2., P;::;Jä 18F \ç�� é ù

�kbbh O ôG ô H++,� ç è*éè 4[ ëX9 * ýê(+ ë <* çü 0 ý) éê ê
T ≤ T̄

/ è* ç 0 ýê êý; ÿüþ ÿü �ê,+ ÿýü* ýê(+
4ÿ9

a∆[U∆
T ] ⊂ V ∆

T ,4ÿÿ9
G∆(V ∆

T ) ⊂ U∆
T

ë
p öaa � a � ñòóó ô O ôGï., 03;;P ;P

(i)
14 O 542 / 41?0:, -;?052/21;8 = î, 03;9,

(ii)
=N,2

a∆ ∈ V ∆
T

/86
v = G∆(a∆)

= î, 4,2
w(xi, tn) = v(xi+1, tn)−∆xB0

= ï.,8
w
14421:: 4;:521;8 ;P 2., 614-3,2, 4-.,? , SD =ú�T /86 4/214W,4

w0 ≤ v0
= V 418F 2., ? ;8;2;8L;P 2., 4-.,? , L1,:64

v±(xi+1, tn) − v±(xi, tn)

∆x
≤ B0.V418F ï.,;3,? � =C R ä, 6,65-,

|v+ − v−| ≤M + 2.
SD =�� T];3 2., ,421? /2, 18 21? , R ä, ./9, R 5418F SD =�� T R

∣∣∣∣
vn+1

i − vn
i

∆t

∣∣∣∣ ≤2B0|C∆,Loc
k [v](xi, tn)|

≤2B0(M + 2 + sup
{0,...,NT ∆t}

|a∆|)

≤2B0(2M + ‖L‖L∞(0,T ) + 4).

DG�
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�;

G∆(V ∆
T ) ⊂ U∆

T

= ï.14 ,864 2., 03;;P ;P 2., êç�� é=
î, 8;ä ./9, 2; 03;9, 4;? , -;84142,8-L /86 42/<1:12L 3,45:24 P;3 2., 9,:; -12L

a∆/86 P;3 2., ;0,3/2;3
G∆
=

�kbbh O ôO ô Q�aegfgikepm �aö i�k jfgpökik qkla pfim
a∆[·]S <* ç)ç ÿ+ é �ýü+ èéüè

K = 2B0 +M
+, �* è*éè/ 0 ý) çûç)1 � ç+*

∆
/ 0 ý) çûç)1

0 ≤ T ≤ T̄
éü( 0 ý)

ρ ∈ UT

/; ç *éûç
sup

{0,...,NT ∆t}
| (a[ρ])∆ − a∆[(ρ)∆]| ≤ K∆x

;* ç)ç
(ρ)∆

ÿ+ è* ç )ç+ è)ÿ�èÿýü èý
ΞT

ý0 è* ç �ýüèÿü,ý,+ 0 ,ü �èÿýü
ρ
éü(

a[·] ÿ+ (ç6 ü ç(ÿü 4[ ëT79 ë
p öaa � a � ñòóó ô O ôOî, 4,2

ρ̃(x, t) = ρ+(x, t) − ρ−(x, t)
= ï., P;::;ä 18F .;:64 ù

∣∣a[ρ](tn) − a∆[(ρ)∆](tn)
∣∣ =

∣∣∣∣∣

∫ 1

0

ρ̃(x, tn)dx−
Nx−1∑

i=0

∆xρ̃(xi, tn)

∣∣∣∣∣

≤
Nx−1∑

i=0

∣∣∣∣∣

∫ (i+1)∆x

i∆x

ρ̃(x, tn)dx− ∆xρ̃(xi, tn)

∣∣∣∣∣

+

∫ 1

Nx∆x

ρ̃(x, tn)dx

≤∆x
Nx−1∑

i=0

sup
[i∆x,(i+1)∆x]

|ρ̃(·, tn) − ρ̃(xi, tn)| +M∆x

≤∆x(2B0 +M).î, ./9, 2., P;::;ä 18F êç�� é ä.1-. 03;;P 14 O 542 / 41?0:, -;?052/21;8
�kbbh O ôñ ô QUihÂ flfim ZöaZ köim a � i�k qkla pfim

a∆[·]S �ý) çûç)1 � ç+*
∆

/ 0 ý)çûç)1
0 ≤ T ≤ T̄

éü( çûç)1
v1, v2 ∈ U∆

T

/ è* ç 0 ýê êý; ÿüþ * ýê(+
sup

{0,...,NT ∆t}
|a∆[v2] − a∆[v1]| ≤ 2 max

k∈{+,−}
sup
ΞT

|v2 − v1|.

�kbbh O ô� ô QUihÂ flfim ZöaZ köim a � i�k aZ köhiaö G∆S <* ç)ç ÿ+ é �ýü+ èéüè
K = 2B0

+ý è*éè/ 0 ý) çûç)1 � ç+*
∆

+éèÿ+0 1ÿüþ è* ç ,üÿ0 ý)� A�\ �ýü(ÿèÿýü 4[ ëX9 / 0 ý)éê ê
0 ≤ T ≤ T̄

éü( éê ê
a∆

1 , a
∆
2 ∈ V ∆

T

max
k∈{+,−}

sup
ΞT

|G∆
k (a∆

2 ) −G∆
k (a∆

1 )| ≤ KT sup
{0,...,NT ∆t}

|a∆
2 − a∆

1 |.

DGò
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p öaa � a � ñòóó ô O ô�î, 4,2

vi = G∆
(
a∆

i

) = V 418F 2., P/-2 2./2
c1E

sgn(c1) − c2E
sgn(c2) ≤ |c1 − c2|max(E+, E−)L 1,:64

vn+1
2,k − vn

2,k + k∆t
(
vn

2,+ − vn
2,− + a∆

1 (tn)
)
Esgn(vn

2,+−vn
2,−+a∆

1 (tn))(D+vn
2 , D

−vn
2 )

≤∆t|a∆
2 (tn) − a∆

1 (tn)|max(E+(D+vn
2 , D

−vn
2 ), E−(D+vn

2 , D
−vn

2 ))

≤2B0∆t sup
{0,...,NT ∆t}

|a∆
1 − a∆

2 |.

A;3,;9,3
ṽ1(xi, tn) = v1(xi, tn) + 2B0 sup

{0,...,NT ∆t}
|a∆

1 − a∆
2 |tn

14 4;:521;8 ;P 2., 4/? ,
614-3,2, ,H5/21;8 = �18-, 2., 4-.,? , 14 ?;8;2;8, R ;8, 6,65-,4 2./2

max
k∈{+,−}

sup
ΞT

|G∆
k (a∆

2 ) −G∆
k (a∆

1 )| ≤ 2B0T sup
{0,...,NT ∆t}

|a∆
2 − a∆

1 |.

ï.14 /-.1,9,4 2., 03;;P =
î, 8;ä 03;9, ï.,;3,? ì=ú =

p öaa � a � %�kaökb óôDî, 54, 2., ? /18 16,/ ;P æ :9/3,å çè éêë B�E =î, W342 /445?, 2./2
T ≥ T̄

/86 ä, 4,2 R P;3 ,9,3L
l ≥ 1

ù
Q∆

l = ∆xZ × {∆tNl, ...,∆tNl+1}

ä.,3,
Nl

14 2., 182,F,3 0/32 ;P lT̄
∆t

= æ 4 18 2., -;82185;54 -/4, R ;8 ,/-. 182,39/:
(lT̄ , (l + 1)T̄ )

R ä, -/8 12,3/2, 2., 03;-,44 S418-,
T̄
6,0,864 ;8:L ;8

B0

ä.1-. 6;,48;2 -./8F, ä 12. 21? ,T /86 -;84235-2 R 5418F / WQ 0;182 ? ,2.;6 S6,8;218F <L
G
/86

G∆
T R
ρ
/86

v
3,40 ,-219,:L 4;:521;8 ;P SD =ìTJ SD =øT /86 SD =úTJ SD =� TJ SD =�T = î, 2.,8 ./9,2., 18,H5/:12L

max
k∈{+,−}

sup
Q∆

l

|ρk − vk| ≤ max
k∈{+,−}

sup
Q∆

l

|Gk,l(a[ρ]) −G∆
k,l(a

∆[v])|

≤ max
k∈{+,−}

sup
Q∆

l

∣∣Gk,l(a[ρ]) −G∆
k,l

(
(a[ρ])∆

)
)
∣∣

+ max
k∈{+,−}

sup
Q∆

l

∣∣G∆
k,l

(
(a[ρ])∆

)
−G∆

k,l

(
a∆[v]

)∣∣ ,

ä.,3, 2., P58-21;8
G∆

l

(
(a[ρ])∆

)
=
(
G∆

+,l

(
(a[ρ])∆

)
, G∆

−,l

(
(a[ρ])∆

)) S3,40 =
Gl(a[ρ])

T14 41? 0:L 2., 614-3,2, 4;:521;8 ;P SD =ú�T S3,40 = 2., -;82185;54 4;:521;8 ;P SD =ìTT ä 12.
DG�
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2., 9,:; -12L

a[ρ]
/86 18121/: -;86121;8

vNl
S3,40 =

ρ(·, Nl∆t)
T = ]3;? ï.,;3,? � =ì R ä,2.,8 6,65-,

max
k∈{+,−}

sup
Q∆

l

∣∣Gk,l(a[ρ]) −G∆
k,l

(
(a[ρ])∆

)
)
∣∣ ≤K

√
T̄∆x+ max

k∈{+,−}
sup

∆x�×Nl∆t
|ρk − vk|

≤lK
√
T̄∆x+ max

k∈{+,−}
sup

Ξ
|ρ0

k − v0
k|.
SD =��T

];3 2., 4,-;86 2,3? R ä, 54, \ç�� éèé � =� R � =� /86 � =� 2; ;<2/18
max

k∈{+,−}
sup
Q∆

l

∣∣G∆
k,l

(
(a[ρ])∆

)
−G∆

k,l

(
a∆[v]

)∣∣

≤KT̄ sup
{Nl∆t,...,Nl+1∆t}

∣∣∣(a[ρ])∆ − a∆[v]
∣∣∣

≤KT̄ sup
{Nl∆t,...,Nl+1∆t}

(
| (a[ρ])∆ − a∆

[
(ρ)∆

]
| + |a∆

[
(ρ)∆

]
− a∆[v]|

)

≤KT̄
(

∆x+ max
k∈{+,−}

sup
Q∆

l

|ρk − vk|
)
.

ï.14 1? 0:1,4 R P;3
T̄∆x ≤ 1

/86
KT̄ < 1

R
max

k∈{+,−}
sup
Q∆

l

|ρk − vk| ≤
lK

1 −KT̄

√
T̄∆x+

(
max

k∈{+,−}
sup

Ξ
|ρ0

k − v0
k|
)

1

1 −KT̄
.

î, 8;ä 2/^,
l̄ ≥ 1

45-. 2./2
l̄T̄ ≤ T ≤ (l̄ + 1)T̄ .ï.,8 2., P;::;ä 18F .;:64 ù

max
k∈{+,−}

sup
ΞT

|ρk − vk| ≤
l̄K

1 −KT̄

√
T̄∆x+

(
max

k∈{+,−}
sup

Ξ
|ρ0

k − v0
k|
)

1

1 −KT̄

≤KT
√

∆x+K

(
max

k∈{+,−}
sup

Ξ
|ρ0

k − v0
k|
)
,
1P
T ≥ T̄

=
ä.,3, ä, ./9, 54,6 2., P/-2 2./2

T̄
6,0,864 ;8:L ;8

B0

=�;21-, 2./2 R 18 2., -/4, ä.,3,
T ≤ T̄

R P3;? ï.,;3,? � =ìR SD =��T 14 3,0:/-,6 <L
max

k∈{+,−}
sup
ΞT

∣∣Gk(a[ρ]) −G∆
k

(
(a[ρ])∆

)
)
∣∣ ≤ K

√
T∆x+ max

k∈{+,−}
sup

Ξ
|ρ0

k − v0
k|

DO�
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/86 4; ä, ;<2/18

max
k∈{+,−}

sup
ΞT

|ρk − vk| ≤ K
√
T∆x+K

(
max

k∈{+,−}
sup

Ξ
|ρ0

k − v0
k|
)
,
1P
T ≤ T̄

=
ï.14 ,864 2., 03;;P ;P 2., 2.,;3,? =
· êán �Þãâ�� Þ��á �Ý�
>8 2.14 �,-21;8 R ä, 03,4,82 4;? , 85?,31-/: 41?5:/21;84 ;P 2., ìJ[ d 3;? /J�/:;F.03;<:,? SD =ìTJ SD =øT 614-3,21å,6 <L 2., 85? ,31-/: 4-.,? , SD =úTJ SD =�TJ SD =�T =

Ã  ! ÷ #su�w�y� u��r� u~zwsyzu
I,3, R ä, 4.;ä / 85?,31-/: 2,42 18 ;36,3 2; -;8W3? ;53 ,33;3 ,421? /2, P;3 :; -/:4L42,? = N,2 54 WQ

L(t) = 0
,9,8 1P 12 14 8;2 0.L41-/:L 3,:,9/82 R :,2 54 -.;;4, 2.,P;::;ä 18F 18121/: -;86121;84 ù
ρ0

+(x) = −|x − 1/2| + 1/2
R /86

ρ0
−(x) = −|2x − 1| + 1;8

[0, 1[
S/86 ,Q2,86 12 <L 0 ,31;61-12L ;8

R
T =

1.4 1.5 1.6 1.7 1.8 1.9 2
−5.1

−5.05

−5

−4.95

−4.9

−4.85

−4.8

−4.75

−4.7

−4.65

−4.6

 log(N
x
)

lo
g(

L∞
−

er
ro

r)

_`a b D =ú c
log(L∞ − error)

;P |uNT
− uNT−1|

9,3454
log(Nx)

/2
T = 1

2]1F53, SD =úT 4.;ä 2., <,./91;53 ;P 2.,
L∞J,33;3 9,3454 2., 614-3,21å/21;8 0/3/J? ,2,3

∆x
= ï., 3,F3,441;8 4:;0 , 14 -:;4, 2;

0.7
/86 2., 16,/: 3,F3,441;8 14 1

2

= I ,8-, R2., < ,./91;53 ;P 2.14 ,33;34 -;8W3? 4 2./2 ;53 ,33;3 4,,? 4 ;021? /:=
Ã  � ~ w~�r �yzwrv }uv~wz� }�vys w�~
>8 2.14 0/3/F3/0. R ä, /3, 182,3,42,6 <L 2., ,9;:521;8 ;P 614:; -/21;84 6,84121,4 P;32., ìJ[ d 3;? /J�/:;F. ?;6,: SD =ìTJ SD =øT 586,3 2., 581P;3? :L /00:1,6 4.,/3 423,44

L(t) = 3t
=

DOó
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>8 2.14 41?5:/21;84 R ä, -.;;4, /8 ,Q/?0:, ;P -;8-,823/2,6 614:; -/21;84 6,84121,4 Rÿëçë ä.,3, 614:; -/21;84 6,84121,4 /3, 18 121/::L 0 ,31;61- R /86 ,H5/: 2; å,3; ;8 4;? ,45<J182,39/:4 ;P

[0, 1[
S4,, ]1F53, D =� T =ï.14 18121/: -;86121;8 ?,/84 2./2 2.,3, ,Q 1424 4;? , 3,F1;84 ä 12.;52 614:; -/21;84 R/86 ;2.,34 ä 12. -;8-,823/2,6 614:; -/21;84 =>8251219,:LR 6 14:; -/21;84 /3, 182,86,6 2; < , 581P;3? :L 614231<52,6 18 2., ä.;:,-3L42/: /4 4.;ä8 18 S]1F53, D =�T ä.,3, W8/::L / 581P;3? 614231<521;8 18 /:: 2., -3L42/:14 ;<4,39,6 R ÿëçë 2., 6,8412L ;P 614:; -/21;84 < ,-;?,4 / -;842/82 =î, 3,? /3^ 2./2 ä.,8

L(t)
14 8;8J42/21;8/3LR ;53 4L42,? <,./9,4 /4 / 61X541;8,H5/21;8 S4,, B�úE P;3 P532.,3 6,2/1:4T = �52 ,916,82:L ä.,8

L(t) = 0
R ä 12. 2., 4/? ,18121/: -;86121;8 R 2., 4L42,? 6;,4 8;2 ,9;:9, =
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_`a b D =� c 614:; -/21;84 6,8412L S
Dρ+(., 3) = Dρ−(., 3)

T
Vp@eaÔ lkjckbkeigï., /52.;34 ä;5:6 :1^, 2; 2./8^4 Z = æ :9/3,å R A = \ : @./<1 R + = >?<,32 R /86 @ = A;8J8,/5 P;3 P3512P5 : 6 14-5441;84 18 2., 03,0/3/21;8 ;P 2.14 0/0,3 = ï.14 ä;3^ ä/4 4500;3J2,6 <L 2., -;823/-2 K+ ìíø� -/::,6 �æ+> O ,58,4 -.,3-.,54,4 ,2 O ,58,4 -.,3-.,534� ;P2., ]3,8-. A 181423L ;P @,4,/3-. SøííúJøíí�T =
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Ö Ù Ú&"%ßáÙ Ú !ø ù!'ß)!&ø á*!ß

N,4 61XG3,824 23/9/5Q 6, -,22, 2.M4, ;82 0 ,3? 14 6, 3G0;863, U 0:541,534 H5,421;841?0;32/82,4 0;53 :/ 6L8/? 1H5, 6, :1F8,4 6, 614:; -/21;84 /5441 < 1,8 65 0;182 6,95, 6, : 7/8/:L4, ? /2.G?/21H5, H5, 6, : 7/8/:L4, 85?G31H5, = o :541,534 23/9/5Q ;82GF/:,? ,82 ;59,32 6,4 0142,4 6, 3,-.,3-.,4 H5, O , 9;563/14 6G2/1::,3 1-1 ù
$ di�ajk úhgi $ höp� fecN/ FG8G3/:14/21;8 H5, 8;54 /9;84 03;0;4G, 6/84 B��E 6, :/ ? G2.;6, ]/42 A/3-.18F/ 6, 8;?<3,54,4 /00:1-/21;84 0;2,821,::,4 = N 7;<O ,-21P 0 ;533/12 Y23, R 0 ;53 :/ 03;0/JF/21;8 6, P3;824 R 6, 03;0;4,3 58, /:2,38/219, /5Q ?G2.;6,4 </4G,4 453 :,4 :,9,:J4,2H51 8, 0 ,3? ,22,82 0/4 58, <;88, :; -/:14/21;8 6,4 P3;824 H5/86 :, F3/61,82 6, :/P;8-21;8 ,42 23;0 P/1< :, = V8 ,Q,?0:, R -;??, 8;54 : 7/9;84 1861H5G 6/84 : 71823;65-J21;8 R ,42 6 7521:14,3 -,22, ? G2.;6, 0;53 3G4;563, 85?G31H5,? ,82 :/ 6L8/? 1H5, 6,4614:; -/21;84 =
V8, /523, /00:1-/21;8 ,42 :, 23/12,? ,82 6 71? /F,4 85? G31H5,4 = æ9,- + = d;52 ,2 + =N, d5L/6,3 R 8;54 4;??,4 ,8 23/18 6, 6G9,:;00,3 58, 8;59,::, ? G2.;6, 6, 4,F?,8J2/21;8 521:14/82 : 7/:F;312.? , 03;0;4G 6/84 B��E = +,22, ? G2.;6, 521:14, 58, P;8-21;8ç(þ ç.(çèç�èý) H51 9/ :; -/:14,3 :,4 -;82;534 6, : 71? /F, ,2 6;8- 6;88,3 58, 613,-21;86, 03;0/F/21;8 = +,22, ? G2.;6, 4,?<:, 23M4 3;<542, ,2 8;54 / 6GO U 0 ,3? 14 6 7;<2,8136,4 3G45:2/24 ,8-;53/F,/824 = �;54 03G4,82;84 6/84 :/ ]1F53, D =C 58 03,? 1,3 3G45:2/20;53 :/ 4,F? ,82/21;8 6 758, /32.M3, 65 -;,53 =
[/84 58 F3;50, 6, 23/9/1: /L/82 :1,5 /5 +\@A>+� R 8;54 ,44/L;84 GF/:,? ,826, 6G9,:;00,3 58, ?G2.;6, 6, 2L0 , ]/42 A/3-.18F 0;53 6,4 GH5/21;84 6, 23/840;32:18G/13, = N 7;<O ,-21P ,42 6, 3G54413 U ? ;823,3 58 3G45:2/2 6, -;89,3F,8-, 0;53 -,22,? G2.;6, = +,22, G256, / :1,5 6/84 :, -/63, 6 758 -;823/2 ,823, :, +\æ ,2 : 7\�o+ /9,-6,4 /00:1-/21;84 18654231,::,4 =
>: L / GF/:,? ,82 < ,/5-;50 6 7/523,4 -.;4,4 U ,Q0:;3,3 /52;53 6, -,22, ? G2.;6, R-;??, :/ FG8G3/:14/21;8 U 6,4 ? /1::/F,4 8;8 4235-253G4 R U 6,4 GH5/21;84 0:54 FG8GJ3/:,4 S/523, H5, : 7GH5/21;8 ,1^;8/:,T R ;5 ,8-;3, /5 ?;59,? ,82 0/3 -;53<53, ?;L,88,S,8 521:14/82 0/3 ,Q,?0:, :,4 23/9/5Q B��E ,2 BCCET = \8 ,X,2 R -,4 6,5Q 23/9/5Q 6;88,8258, P/û;8 6 7;<2,813 58, /003;Q 1? /21;8 6, :/ -;53<53, ? ;L,88, 6, ?/81M3, :; -/:14G, =
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_`a b D =C c @G45:2/2 W8/: =
K 7/1? ,3/14 521:14,3 -,:/ 0;53 03;0;4,3 58, ? G2.;6, 6, 2L0, ]/42 A/3-.18F 0;53 :,? ;59,?,82 0/3 -;53<53, ? ;L,88, =
`abacdedfghifae[/84 :/ 2.G;31, 6, :/ 6L8/? 1H5, 6,4 614:; -/21;84 R :, 3G4,/5 -3142/::18 9/ 18�5,8-,3:/ 6L8/? 1H5, 6,4 :1F8,4 6, 614:; -/21;84 = \8 521:14/82 6,4 ;521:4 6 7.;?;FG8G14/21;8 RO 7,44/1, 6, -;?03,863, : 718�5,8-, 6, -,4 3G4,/5Q 453 :/ 6L8/? 1H5, = +,:/ 3,91,82 U/O ;52,3 U :/ 912,44, 8;3? /:, 58 0;2,821,: 0 G31;61H5,

W (x/ε)
S3,03G4,82/82 :,4 9/::G,46, o,1,3:4T ,2 6, 0/44,3 U :/ :1? 12, H5/86

ε
2,86 9,34 åG3; = æ :/ :1? 12, ;8 4 7/22,86U 3G-50G3,3 58, GH5/21;8 8;8J:; -/:, /814;23;0 , ;ü : 7/814;23;01, 91,82 6, : 718�5,8-,65 3G4,/5 =

N,4 ? G2.;6,4 521:14G,4 6/84 BCDE 0 ,3? ,22,82 6 7;<2,813 6,4 3G45:2/24 6 7.;?;FGJ8G14/21;8 0;53 -,32/184 4L42M? ,4 6, 0/321-5:,4 = \8 521:14/82 -,4 ? G2.;6,4 R ;8 0 ,52,40 G3,3 ;<2,813 6,4 3G45:2/24 41? 1:/13,4 0;53 6 7/523,4 ?;6M:,4 ,2 ,8 0/321-5:1,3 0;536,4 4L42M? ,4 /9,- 182,3/-21;84 /5Q 0:54 03;-.,4 9;14184 -;??, :, ?;6M:, 6, ]3,8^,:J_;82;3;9/ =
V8 /523, /40 ,-2 182G3,44/82 ,42 : 7/8/:L4, 85? G31H5, 6,4 03;<:M? ,4 6 7.;?;FG8G1J4/21;8 ,2 ,8 0/321-5:1,3 :, -/:-5: 6, : 7I/? 1:2;81,8 ,X,-21P =

öefpfid ke ikbZg laec Zaoö lh jmehb fnok jkg jfgla phifaegV8, H5,421;8 1?0;32/82, H51 3,42, ;59,32, 0 ;53 :/ 6L8/? 1H5, 6,4 614:; -/21;84,42 :/ H5,421;8 6, : 7581-12G ,8 2,?04 :;8F = [/84 BD ìE R 8;54 /9;84 ?;823G : 7,Q 142,8-,6 758, 4;:521;8 P/1<:, ,8 2,?04 :;8F 0;53 :/ 6L8/? 1H5, 6,4 614:; -/21;84 /9,- 58 2,3? ,6, -;53<53, ?;L,88, = V8 -./::,8F, 182G3,44/82 S,2 23M4 61� -1:,T ,42 6, -;?03,863,:/ H5,421;8 6, : 7581-12G S;5 6, :/ 8;8J581-12GT 0 ;53 -,22, GH5/21;8 =
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BìE � b È b È©�³� R Mý=ýêçû +-é�ç+ R æ-/6,? 1- o 3,44 Bæ 45<416 1/3L ;P I/3-;532 � 3/-,K;9/8;91-. R o5<:14.,34E R �,ä Õ;3^JN;86;8 R ìD�� = o53, /86 æ00:1,6 A/2.,J? /21-4 R �;: = �� =BøE ¢ b È®®�¨ �¨© � b ��°¨ R H � ÿ�)ý+ �ý- ÿ� è* çý)1 0 ý) è* ç éüèÿ- *é+ ç =ý,ü(é)1� ýèÿýü éü( ÿè+ é-- êÿ�éèÿýü èý éüèÿ- *é+ ç (ý� éÿü �ýé)+ çüÿüþ R æ-2/ A,2/::53F1-/ Rø� SìD�DT R 00 = ìíC�c ìíD� =BúE _ b È®³a§�¨ ² � b � b ��´®¬§ ² �¨© � b ��¨a R A,)ûéè,)ç.()ÿû çü � ý;+ : éûé)ÿéèÿýüéê é-- )ýé�* R �>æA K = +;823;: Z021? =R ú ì SìDDúT R 00 = úC�c�úC =B� E � b È ®Ò�§�� �¨© 	 b 
�§©` R �ÿ+ �ý+ ÿè1 +ýê, èÿýü+ � çè* ý(+ 0 ý) + ÿüþ, êé) - ç)è,).=éèÿýü+ ÿü (çèç)� ÿü ÿ+ èÿ� éü( + èý�*é+ èÿ� �ýüè)ýêR �>æA K = +;823;: Z021? =R �íSøííì�íøT R 00 = ìì�Dc ììCC S,:,-23;81-T =B�E R M ÿüþ, êé) - ç)è,)=éèÿýü+ ý0 üýüêÿü çé) (çþ çü ç)éèç -é)é=ýêÿ� �5Ñ+ : é þ çü ç)éê�ýüûç)þ çü �ç )ç+, êèR æ 3-. = @/21;8 = A,-. = æ8/: =R ì�í SøííúT R 00 = ì�c� ì=B�E � b È ®Ò�§�� ² � b ��§©�®`�a¯�£ ² �¨© � b 	¬¨¨��¯ R Ñ2 ÿ+ èçü �ç éü( ,üÿ3, ç.ü ç++ 0 ý) (ÿ+ êý�éèÿýü (1üé� ÿ�+ ; ÿè* üýüü çþ éèÿû ç ûçêý�ÿè1 R >82,3P/-,4 /86 ]3,,�;586/31,4 R � Søíí�T R 00 = � ì�c�ú� =B�E � b È ®Ò�§�� ² � b ��§®`¨` ² � b 	¬¨¨��¯ ² �¨© � b �¬¯´ R Aýüûç)þ çü �ç ý0 é6 )+ è ý)(ç) + �* ç� ç 0 ý) é üýü êý�éê çÿCýüéê ç3,éèÿýüR >Aæ+� K;538/: æ00:1,6�5?,31-/: A /2.,? /21-4 R �� Søíí�T R 00 = ììú�c ìì�� =BCE R H �ýüûç)þ çüè + �* ç� ç 0 ý) é üýüêý�éê *é� ÿêèýü .� é�ý=ÿ ç3,éèÿýü / � ý(çêÿüþ(ÿ+ êý�éèÿýü (1üé� ÿ�+ R �5?,314-., A/2.,?/21^ R ìí� Søíí�T R 00 = � ìúc��ø =BDE � b È ®Ò�§�� ² � b Ó¬«° ² � b �� 
¬¯�§ ² �¨© � b 	¬¨¨��¯ R ��+ýê, èÿýü çüèç�- + �ý,)è ( �,ü ç �3,éèÿýü (ç � é� ÿêèýü .hé�ý=ÿ ü ýü êý�éêç (��)ÿûéüè êé (1üé.� ÿ3, ç ( �,ü ç (ÿ+ êý�éèÿýüR + = @ = A/2. = æ-/6 = �-1 = o/314 R úúC Søíí�T R 00 = ��Dc�C� =BìíE R 5 ÿ+ êý�éèÿýü (1üé� ÿ�+ : +* ý)è èÿ� ç ç2 ÿ+ èçü �ç éü( ,üÿ3, çü ç++ ý0 è* ç +ýê,.èÿýüR æ 3-.19, P;3 @/21;8/: A,-./81-4 /86 æ8/:L414 R C� Søíí�T R 00 = ú�ìc� ì� =BììE � b È ®Ò�§�� �¨© È b �¬¯§`¨ R �ÿ+ �ý+ ÿè1 +ýê, èÿýü+ ý0 üýüêÿü çé) ÿüèçþ )ý.(ÿ ç)çüèÿéê ç3,éèÿýü+ R æ88 = >842 = I = o;18-/3G æ8/: = �;8 N18G/13, R ìú SìDD�T R00 = øDúcú ì� =
DO�



R õR�õ��?Vp`õ�
BìøE � b È³¦§¬�`¬ R > ÿü ÿ� ÿE ÿüþ � ýûç� çüè+ R @ ,86 = æ--/6 = �/å = �-1 = �N A,? = A/2 =æ00: = S�T R ìD SìDD�T R 00 = ìD ìc ø�� =BìúE � b È³¦§¬�`¬ R �çý� çè)ÿ� çûýê, èÿýü - )ý=êç�+/ (ÿ+ èéü �ç 0 ,ü �èÿýü éü( ûÿ+ �ý+ ÿè1+ýê, èÿýü+ R 18 +/:-5:54 ;P 9/31/21;84 /86 0/321/: 61X,3,821/: ,H5/21;84 So 14/ RìDD�T R �0318F,3 R � ,3:18 R øííí R 00 = �cDú =Bì� E � b È³¦§¬�`¬ ² � b � b _§�¨�¬¨� ² �¨© � b ¢�Ò�§� R �é�� é.�ýüûç)þ çü �ç ý0é 0 é� ÿê1 ý0 éüÿ+ýè)ý- ÿ� 0 ,ü �èÿýüéê+ ; ÿè* êé�C ý0 �ýç)�ÿûÿè1 R >82,3P/-,4 /86 ]3,,�;586/31,4 R SøíííT R 00 = ø ìúcø�� =Bì�E ¢ b È¯¦§´ R <* ç è; ÿ+ è � é- / è* ç ç2 èçü(ç( � )çüC çê.� ýüèý)ýûé � ý(çê éü( è* ç(çûÿê �+ + èéÿ)�é+ çR o.L41-/ [ R � SìDCúT R 00 = ø�ícø�C =Bì�E ¢ b È¯¦§´ �¨© � b �� ���§¬¨ R <* ç (ÿ+ �)çèç �)çüC çê.� ýüèý)ýûé � ý(çê éü(ÿè+ ç2 èçü+ ÿýü+ R o.L41-/ [ R C SìDCúT R 00 = úC ìc�øø =Bì�E 	 b 
�§©` �¨© � b ��¤¯��¬��¬®«�££� R Ð- èÿ� éê �ýüè)ýê éü( ûÿ+ �ý+ ÿè1 +ýê,.èÿýü+ ý0 � é� ÿêèýü .hé�ý=ÿ.ì çê ê� éü ç3,éèÿýü+ R �L42,? 4 � +;823;: ù ];586/21;84

� æ00:1-/21;84 R � 13^.�54,3 �;42;8 >8- =R �;42;8 R Aæ R ìDD� = î 12. /00,861-,4<L A/531å1; ]/:-;8, /86 o 1,30/;:; �;3/91/ =BìCE � b 
�§®�� R M ýê, èÿýü+ (ç ûÿ+ �ý+ ÿè� (ç+ �3,éèÿýü+ (ç � é� ÿêèýü.hé�ý=ÿR 9;: = ì�;P A /2.G? /21H5,4 � æ00:1-/21;84 S�,3:18 T BA /2.,? /21-4 � æ00:1-/21;84E R�0318F,3J�,3:/F R o/314 R ìDD� =BìDE R M ýê, èÿýü+ (ç ûÿ+ �ý+ ÿè� çè �3,éèÿýü+ çê êÿ- èÿ3, ç+ (, (ç,2 ÿ�� ç ý)()çR +;5346, [\æ R SìDD�T =BøíE R H ü ç; + èé=ÿêÿè1 )ç+, êè 0 ý) ûÿ+ �ý+ ÿè1 +ýê, èÿýü+ ý0 üýüêÿü çé) -é)é=ýêÿ� ç3,é.èÿýü+ ; ÿè* ; çéC �ýüûç)þ çü �ç ÿü èÿ� çR + = @ = A/2. = æ-/6 = �-1 = o/314 R ú�ú Søíí�T R00 = ì�úc ì�C =Bø ìE � b 
�§®�� ² � b ��§©�®`�a¯�£ ² � b ��´ ² �¨© � b 	¬¨¨��¯ R �çü ç)éê )ç+, êè+0 ý) (ÿ+ êý�éèÿýü è1- ç ç3,éèÿýü+ = o 3,03182 =BøøE � b 
�§®�� �¨© � b ��¬§a�®`¨ R H + ÿ�- êç - )ýý0 ý0 �ýüûç)þ çü �ç 0 ý) éü é- .- )ý2 ÿ� éèÿýü + �* ç� ç 0 ý) �ý�- , èÿüþ � ýèÿýü+ =1 � çéü �,)ûéè,)çR �>æA K = �5J? ,3 = æ8/: =R úø SìDD�T R 00 = �C�c �íí =BøúE � b 
�§®�� �¨© � b � b ���¬¦��¨ R Ðü è* ç �ýüûç)þ çü �ç )éèç ý0 é-- )ý2 ÿ� éèÿýü+ �* ç� ç+ 0 ý) � é� ÿêèýü .hé�ý=ÿ.ì çê ê� éü ç3,éèÿýü+ R A øæ� A/2. = A;6,: = �5? ,3 =æ8/: =R ú� SøííøT R 00 = úúc �� =Bø� E R Ñ))ý) =ý,ü(+ 0 ý) � ýüýèýü ç é-- )ý2 ÿ� éèÿýü + �* ç� ç+ 0 ý) � é� ÿêèýü .hé�ý=ÿ.ì çê ê� éü ç3,éèÿýü+ R �>æA K = �5?,3 = æ8/: =R �ú Søíí�T R 00 = ��íc ��C S,:,-23;81-T =Bø�E � b 
�§®�� �¨© � b ��´ R ] ýüêý�éê 6 )+ è.ý)(ç) *é� ÿêèýü .� é�ý=ÿ ç3,éèÿýü+ � ý.(çê êÿüþ (ÿ+ êý�éèÿýü+ (1üé� ÿ�+ R ï; /00,/3 18 +;?? = o/321/: [ 1X,3,821/: \H5/J21;84 R Søíí�T =
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R õR�õ��?Vp`õ�
Bø�E � b 
�§®�� �¨© 
 b ��§£°�³� R Ñ2 ÿè èÿ� ç - )ý=êç�+ ÿü ý- èÿ� éê �ýüè)ýê éü(ûéüÿ+* ÿüþ ûÿ+ �ý+ ÿè1 � çè* ý(R �>æA K = +;823;: Z021? =R ø� SìDCCT R 00 = ììúúc ìì�C =Bø�E � b 
�§®�� ² Ó b 	 b ¢¬¨�§ ² �¨© � b � b ¢¬¯a�¨`©`� R �)ýüè - )ý-éþ éèÿýü éü(- * é+ ç 6 çê( è* çý)1 R �>æA K = +;823;: Z021? =R ú ì SìDDúT R 00 = �úDc��D =BøCE � b 
�§®�� �¨© � b � b ¢¬¯a�¨`©`� R Aýüûç)þ çü �ç ý0 é-- )ý2 ÿ� éèÿýü + �* ç� ç+0 ý) 0 , ê ê1 üýüêÿü çé) + ç�ýü( ý)(ç) ç3,éèÿýü+ R æ 4L?02;21- æ8/: =R � SìDD ìT R00 = ø�ìc øCú =BøDE R H ü ç; é-- )ýé�* èý 0 )ýüè - )ý-éþ éèÿýü - )ý=êç�+ : è* çý)1 éü( é-- êÿ�éèÿýü+ Ræ 3-. = @/21;8/: A,-. = æ8/: =R ì� ì SìDDCT R 00 = øú�cøD� =BúíE � b 	 b 
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BC�E 	 b _�®«¬¨� R <* ç � ÿü ÿ�,� èÿ� ç - )ý=êç� éü( ÿè+ é-- êÿ�éèÿýü+ èý 0 )ýüè - )ý.-éþ éèÿýüR 18 A;21;8 <L ?,/8 -539/253, /86 3,:/2,6 2;01-4 Sï3,82; R ìDDøT R 6,d 35L2,3 R � ,3:18 R ìDD� R 00 = �ícCC =BC�E Ó b _�©�§�§ R �çý� çè)ÿ� � çé+,)ç è* çý)1 R [ 1, d 3586:,.3,8 6,3 ? /2.,?/21J4-.,8 î 144,84-./P2,8 R �/86 ì�ú R �0318F,3J�,3:/F �,ä Õ;3^ >8- =R �,ä Õ;3^ RìD�D =BC�E ! b _¬§«�©�® R 5 ÿ+ êý�éèÿýü+ (1üé� ÿ�+ ; ÿè* é � çéü �,)ûéè,)ç èç)� : +* ý)è èÿ� çç2 ÿ+ èçü �ç éü( ,üÿ3, çü ç++ = o 3,03182 =BCCE R Hü ç))ý) ç+ èÿ� éèç 0 ý) é ü ç; +�* ç� ç 0 ý) � çéü �,)ûéè,)ç � ýèÿýü= o 3,J03182 =BCDE ! b _¬§«�©�® ² � b �³¦�§£ ² �¨© � b 	¬¨¨��¯ R � ý� ýþ çüÿEéèÿýü ý0 è* ç (1.üé� ÿ�+ ý0 (ÿ+ êý�éèÿýü+ éü( ý0 +ý� ç +1+èç�+ ý0 -é)èÿ�, êç+ ; ÿè* è; ý.=ý(1 ÿüèç).é�èÿýü+ = o 3,03182 =BDíE ! b _¬§«�©�® �¨© � b 	¬¨¨��¯ R Ñ2 ÿ+ èçü �ç ý0 +ýê, èÿýü+ 0 ý) é � ý(çê (ç+ �)ÿ.=ÿüþ è* ç (1üé� ÿ�+ ý0 � ,ü �èÿýü+ =çè; ççü (ÿ+ êý�éèÿýü+ = î;3^ 18 03,0/3/21;8 =BD ìE ! b _¬§«�©�® �¨© È b 	¬¨£�`®®�£ R > ÿü ÿ� ÿE ÿüþ � ýûç� çüè+ 0 ý) (ÿ+ êý�éèÿýü(1üé� ÿ�+ ; ÿè* é � çéü �,)ûéè,)ç èç)� = î;3^ 18 03,0/3/21;8 =BDøE È b ��§§¬¨` = o,34;88/: -;??581-/21;84 =BDúE È b ��§§¬¨` �¨© ¢ b 	(®®�§ R

γ
.êÿ� ÿè ý0 é - *é+ ç.6 çê( � ý(çê ý0 (ÿ+ êý�éèÿýü+ R03,03182 R Søíí� T =BD� E R H ûé)ÿéèÿýüéê � ý(çê 0 ý) (ÿ+ êý�éèÿýü+ ÿü è* ç êÿü ç èçü+ ÿýü êÿ� ÿèR 03,03182 RSøíí� T =BD�E 	 b � b ��§§¬¨` �¨© � b�� b 	 �¨�®©` R �)ççü 0 ,ü �èÿýü+ 0 ý) + ç�ýü( ý)(ç) -é.)é=ýêÿ� ÿüèçþ )ý.(ÿ ç)çüèÿéê - )ý=êç�+ R 9;: = ø�� ;P o 12? /8 @,4,/3-. �;2,4 18 A/J2.,? /21-4 �,31,4 R N;8F?/8 �-1,821W- � ï,-.81-/: R I/3:;ä R ìDDø =BD�E È b �°¬§¦�® R <* �+ ç (ç (ý�èý)éèR \-;:, �/21;88/:, 6,4 o;824 ,2 +./544G,4 RSøíí�T =BD�E È b �°¬§¦�® ² � b Ó¬«° ² �¨© � b 	¬¨¨��¯ R H ü,� ç)ÿ�éê + è,(1 0 ý) è* ç * ý.� ýþ çüÿEéèÿýü ý0 ýü ç.(ÿ� çü+ ÿýüéê � ý(çê+ (ç+ �)ÿ=ÿüþ è* ç � ýèÿýü ý0 (ÿ+ êý�éèÿýü+ =o 3,03182 =BDCE 	 b � `�$¯`¨£� R > , êèÿ- êç ÿüèçþ )éê+ ÿü è* ç �éê�, ê,+ ý0 ûé)ÿéèÿýü+ éü( üýüêÿü çé)çê êÿ- èÿ� +1+ èç�+ R 9;: = ìí� ;P æ88/:4 ;P A /2.,?/21-4 �2561,4 R o 318-,2;8 V819,3J412L o 3,44 R o 318-,2;8 R � K R ìDCú =BDDE � b � `a� �¨© ¢ b �¬£¬ R �çý� çè)ÿ� çûýê, èÿýü ý0 - *é+ ç.=ý,ü(é)ÿç+ R 18 Z8 2.,,9;:521;8 ;P 0./4, <;586/31,4 SA 188,/0;:14 R A� R ìDDícD ìT R 9;: = �ú ;P >Aæ�;: = A /2. = æ00: =R �0318F,3 R �,ä Õ;3^ R ìDDø R 00 = �ìc�� =BìííE � b � `¯�£ ` R > ÿü ÿ� éê +,)0 é�ç+ éü( 0 ,ü �èÿýü+ ý0 =ý,ü(ç( ûé)ÿéèÿýüR 9;: = Cí ;PA;8;F3/0.4 18 A/2.,?/21-4 R � 13^.�54,3 �,3:/F R �/4,: R ìDC� =
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R õR�õ��?Vp`õ�
Bìí ìE � b �§¬³� R \ ÿüC =çè; ççü è* ç � ÿ�)ý+ �ý- ÿ� éü( � ç+ý+ �ý- ÿ� êçüþ* è.+ �éêç (ç+ �)ÿ- .èÿýü ý0 è* ç �ýê êç�èÿû ç =ç*éûÿý,) ý0 (ÿ+ êý�éèÿýü+ R o.L4 =@,9 =� R �� SìDD�T R 0 = �Cí� =BìíøE � b �§¬³� �¨© � b 
�®¬a° R \ ÿüC =çè; ççü è* ç ÿü(ÿûÿ(,éê éü( �ýüèÿü,,� é- .- )ýé�* ç+ ý0 è* ç (ç+ �)ÿ- èÿýü ý0 è* ç �ýê êç�èÿû ç =ç*éûÿý) ý0 (ÿ+ êý�éèÿýü+ R A /2 = �-1 =\8F R æ øú�Jøú� SìDD�T R 00 = ø�Dc ø�ø =BìíúE R Büûç+ èÿþ éèÿýü ý0 (ÿ+ êý�éèÿýü -éèèç)ü 0 ý)� éèÿýü ÿü é è; ý.(ÿ� çü+ ÿýüéê + çê0 .�ýü+ÿ+ èçüè 6 çê( é-- )ý2 ÿ� éèÿýüR æ-2/ ? /2,3 R �� SìDDDT R 00 = ú���cú��� =Bìí� E È b Ó��© R 'ü+ èé=êç (ÿ+ êý�éèÿýü+ ÿü éüÿ+ýè)ý- ÿ� �)1+ èéê+ R o.L4 = 42/2 = 4;: =R ìDSìD��T R 00 = ìC�c ìDø =Bìí�E � b Ó `§�«° ² � b Ó¬§¨� ² �¨© 	 b � °�®�¨ = o.1: = A /F =R C SìT R SìD��T R 00���J�C� =Bìí�E � b � b Ó `§£° �¨© � b �¬£°� R <* çý)1 ý0 (ÿ+ êý�éèÿýü+/ M ç�ýü( ç(ÿèÿýüR _31,F,3 RA /:/</3 R ] :;316/ R ìDDø =Bìí�E Ó��È�& = .220 ù��äää =-/4053 =12�.O 0/-^� =BìíCE 
 b Ó¯ ² � b�% b ) `¨ ² �¨© * b *°�¨a R �ýèéèÿýü ü,� =ç) ý0 è* ç ýûç)(é�- ç(0 )çüC çê.C ýüèý)ýûé � ý(çê ; ÿè* é�.()ÿûÿüþ R o.L41-/ [ R øíC Søíí�T R 00 = ì�øc ìDí =BìíDE � b Ó¯®® �¨© � b 
�«¬¨ R Büè)ý(, �èÿýü èý (ÿ+ êý�éèÿýü+/ 7 è* ç( ëR �522,ä;32.JI,18,? /88 R ZQP;36 R øíí ì=BììíE � b �³¦�§£ R H üýü .êý�éê )çþ, êé)ÿEéèÿýü ý0 6 )+ è ý)(ç) *é� ÿêèýü .� é�ý=ÿ ç3,éèÿýü+ RK;538/: ;P [ 1X,3,821/: \H5/21;84 R øìì Søíí�T R 00 = ø ì�cø�� =BìììE � b �³¦�§£ �¨© � b 	¬¨¨��¯ R � ý� ýþ çü çÿ+éèÿýü ý0 6 )+ è ý)(ç) ç3,éèÿýü+ ; ÿè*

(u/ε)
.- ç)ÿý(ÿ� *é� ÿêèýüÿéü+ ë � é)è B : êý�éê ç3,éèÿýü+ = o 3,03182 =BììøE � b �³¦�§£ ² � b 	¬¨¨��¯ ² �¨© � b �¬¯´ R � ý� ýþ çü çÿ+éèÿýü ý0 6 )+ è ý)(ç)ç3,éèÿýü+ ; ÿè*

(u/ε)
.- ç)ÿý(ÿ� *é� ÿêèýüÿéü+ ë � é)è BB : é-- êÿ�éèÿýü èý (ÿ+ êý�éèÿýü(1üé� ÿ�+ = o 3,03182 =BììúE Ó b ��° `` R � é� ÿêèýü .hé�ý=ÿ ç3,éèÿýü+ ; ÿè* (ÿ+ �ýüèÿü,ý,+ � é� ÿêèýüÿéü+ ýü é).=ÿè)é)1 ý- çü + çè+ R �5:: = ]/- = �-1 = \8F3F = +.5; V819 =R øC SìDC�T R 00 = úúc �� =Bìì� E R Ñ2 ÿ+ èçü �ç éü( ,üÿ3, çü ç++ ý0 +ýê, èÿýü+ ý0 � é� ÿêèýü .hé�ý=ÿ ç3,éèÿýü+ R]58^-1/: = \^9/- =R øD SìDC�T R 00 = ì��c ìCC =Bìì�E R � ç))ýü �+ � çè* ý( 0 ý) � ýüýèýü ç +1+ èç�+ ý0 + ç�ýü(.ý)(ç) çê êÿ- èÿ� -é)èÿéê(ÿ ç)çüèÿéê ç3,éèÿýü+ R [ 1X,3,821/: >82,F3/: \H5/21;84 R � SìDDøT R 00 = ìc ø� =Bìì�E R H þ çü ç)éêÿEéèÿýü ý0 è* ç ì çü �ç/ > ç))ÿ� éü éü( Ð+* ç) éêþ ý)ÿè*� 0 ý) � ý.èÿýü =1 � çéü �,)ûéè,)çR 18 +539/253, �;ä 4 /86 3,:/2,6 2;01-4 SN,91-; R ìDD�T R9;: = � ;P dæ_VïZ >82,38/2 = �,3 = A/2. = �-1 = æ00: =R d/^^ +;2;4.; R ï;^L; R ìDD� R00 = ìììc ìø� =Bìì�E Ó b ��° `` �¨© ¢ b &¬`�� R �ÿ+ �ý+ ÿè1 +ýê, èÿýü+ 0 ý) � ýüýèýü ç +1+ èç�+ ý0+ ç�ýü(.ý)(ç) çê êÿ- èÿ� �5Ñ+ R +;?? = o/321/: [ 1X,3,821/: \H5/21;84 R ì� SìDD ìT R00 = ìíD�c ììøC =
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R õR�õ��?Vp`õ�
BììCE R �ÿ+ �ý+ ÿè1 +ýê, èÿýü+ ý0 é +1+ èç� ý0 üýüêÿü çé) + ç�ýü(.ý)(ç) çê êÿ- èÿ� �5Ñ+é)ÿ+ ÿüþ ÿü +; ÿè�* ÿüþ þ é� ç+ R ]58^-1/: = \^9/- =R ú� SìDD ìT R 00 = ì�úc ì�� =BììDE Ó b ��°`` �¨© � b�� b � `¬¨� R �ÿ+ �ý+ ÿè1 +ýê, èÿýü+ ý0 0 , ê ê1 üýüêÿü çé) + ç�ýü(.ý)(ç) çê êÿ- èÿ� -é)èÿéê (ÿ ç)çüèÿéê ç3,éèÿýü+ R K = [ 1X,3,821/: \H5/21;84 R Cú SìDDíT R00 = ø�c�C =BìøíE Ó b ��° `` ² � b � b � `§�� ² �¨© � b � b ¢¬¯a�¨`© `� R <*)ç+* ýê( (1üé� ÿ�+ è1- çé-- )ý2 ÿ� éèÿýü + �* ç� ç+ 0 ý) - )ý-éþ éèÿüþ 0 )ýüè+ R K = A /2. = �;- = K/0/8 R �ì SìDDDT R00 = ø��cúíC =BìøìE Ó b ��°`` �¨© � b ¢¬¯a�¨`©`� R �çü ç)éêÿE ç( � ýèÿýü ý0 üýü �ý�-é�è *1- ç)+,).0 é�ç+ ; ÿè* ûçêý�ÿè1 *éûÿüþ é)=ÿè)é)1 þ )ý; è* ýü è* ç �,)ûéè,)ç èçü+ý)R ï;.;^5A/2. = K = SøT R �� SìDD�T R 00 = øø�cø�í =BìøøE � b � b ���¬¦��¨ �¨© & b Ó b &�§®��¨ R Aýüûç)þ çü �ç )éèç+ 0 ý) + ç� ÿ.(ÿ+ �)çèç+- êÿèèÿüþ é-- )ý2 ÿ� éèÿýü+ 0 ý) (çþ çü ç)éèç -é)é=ýêÿ� ç3,éèÿýü+ ; ÿè* +ý,)�ç èç)�+ R� >ï R �� Søíí�T R 00 = ú�c�� =BìøúE � b � b ���¬¦��¨ ² & b Ó b &�§®��¨ ² �¨© ! b Ó b � `��¦§¬ R Ðü è* ç �ýüûç)þ çü �ç)éèç ý0 ý- ç)éèý) +- êÿèèÿüþ 0 ý) � é� ÿêèýü .hé�ý=ÿ ç3,éèÿýü+ ; ÿè* +ý,)�ç èç)�+ R�>æA K = �5?,3 = æ8/: =R úD SøííìT R 00 = �DDc �ìC S,:,-23;81-T =Bìø� E 	 b È b &�£�¬¯®�� `� �¨© � b � b ¢¬¯a�¨`©`� R M èý�*é+ èÿ� B+ ÿüþ � ý(çê+ éü(éüÿ+ýè)ý- ÿ� 0 )ýüè - )ý-éþ éèÿýüR K = �2/2142 = o.L4 =R C� SìDD�T R 00 = �úcCD =Bìø�E ¢ b & `³ R Hü

O(N)
êçû çê + çè � çè* ý( 0 ý) çÿCýüéê ç3,éèÿýü+ R �>æA K = �-1 = +;?J052 =R øø SøíííT R 00 = ø ì�Cc øìDú S,:,-23;81-T =Bìø�E � b &¬¨£¬§¬Ò� �¨© � b _§�¨��® = f. = \^40 = ï,;3 = ]1å = C SìDúCT CD R ìú�í Rìú�D =Bìø�E 	 b &¬�®¬± �� ` �¨© 	 b �§£`� R H �, êèÿ.- *é+ ç 6 çê( � ý(çê ý0 - êéüé) (ÿ+ êý�é.èÿýü ü çè; ý)C+ R A;6,::18F � 1?5: = ?2,3 = 4-1 = ,8F =R ìø Søíí� T R 00 = ìíC�c ìíD� =BìøCE ! b , b &§´®¬Ò R Ðü è* ç )éèç ý0 �ýüûç)þ çü �ç ý0 6 üÿèç.(ÿ ç)çü �ç é-- )ý2 ÿ� éèÿýü+0 ý) ì çê ê� éü �+ ç3,éèÿýü+ R æ :F,<3/ 1 æ8/:1å R D SìDD�T R 00 = ø��c ø�� =BìøDE R Ðü è* ç )éèç ý0 �ýüûç)þ çü �ç ý0 6 üÿèç.(ÿ ç)çü �ç é-- )ý2 ÿ� éèÿýü+ 0 ý) ì çê ê.� éü �+ ç3,éèÿýü+ ; ÿè* ûé)ÿé=êç �ýçð �ÿçüè+ R o 3;</< = ï.,;3L @,:/2,6 ]1,:64 R ìì�SøíííT R 00 = ìc ì� =BìúíE � b È b ��©´ -�¨��� #� ² , b È b ¢¬®¬¨¨`�¬Ò ² �¨© ! b ! b .§�®′«�Ò� R \ ÿ.ü çé) éü( 3,é+ ÿêÿü çé) ç3,éèÿýü+ ý0 -é)é=ýêÿ� è1- çR ï3/84:/2,6 P3;? 2., @5441/8<L � = �? 12. = ï3/84:/21;84 ;P A /2.,? /21-/: A;8;F3/0.4 R �;: = øú R æ?,31-/8A/2.,?/21-/: �;-1,2LR o 3;9 16,8-, R @ => =R ìD�� =Bìú ìE � b ��¨©�¯ �¨© � b � `�° `£� R <* çý)1 ý0 Ñ êé+ èÿ�ÿè1/ T)( Ñ ( ëR �522,3ä;32.JI,18,? /88 R ZQP;36 R ìDC� =BìúøE � b ��§©¨�§ R > éè* ç� éèÿ�éê <* çý)1 ý0 5 ÿ+ êý�éèÿýü+ éü( �)é�è,)çR V819,3412L;P ï;3;82; o 3,44 R ï;3;82; /86 �5X/:; R ìD�� =
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R õR�õ��?Vp`õ�
BìúúE ¢ b 	 b ��¨°�§£ R �ÿ+ �ý+ ÿè1 +ýê, èÿýü+ 0 ý) ; çéC ê1 �ý,- êç( +1+ èç�+ ý0 6 )+ è.ý)(ç)-é)èÿéê (ÿ ç)çüèÿéê ç3,éèÿýü+ R K = A /2. = æ8/: = æ00: =R ìú ì SìDCCT R 00 = ìCíc ìDú =Bìú� E ¢ b 	 b ��¨°�§£ �¨© ¢ b È b 
�®¦�� R H +1+ èç� ý0 üýüêÿü çé) -é)èÿéê (ÿ ç)çüèÿéêç3,éèÿýü+ é)ÿ+ ÿüþ ÿü è* ç ý- èÿ� éê �ýüè)ýê ý0 + èý�*é+ èÿ� +1+ èç�+ ; ÿè* +; ÿè�* ÿüþ�ý+ è+ R �>æA K = æ00: = A /2. =R �ú SìDCúT R 00 = ���c��� =Bìú�E ¢ b 	 b ��¨°�§£ �¨© ! b ��³�©� R �ÿ+ �ý+ ÿè1 +ýê, èÿýü+ é++ý�ÿéèç( ; ÿè* +; ÿè.�* ÿüþ þ é� ç 0 ý) - ÿç�ç; ÿ+ ç.(çèç)� ÿü ÿ+èÿ� - )ý�ç++ ç+ R �2; -./421-4 �2; -./421-4 @,0 =RúC SìDDøT R 00 = ø�c�� =Bìú�E � b ��§�´ R M,) êç � ý,ûç� çüè ( �,ü êÿ3, ÿ(ç ûÿ+3, ç,2 ç�- êÿ++éüè ê �ç+-é�çR æ-2/A/2. = K =R �ú SìDú� T R 00 = ìDúc ø�C =Bìú�E � b�� b � `¬¨� R /, çê3, ç+ � �è* ý(ç+ (ç )�+ýê, èÿýü (ç+ - )ý=ê�� ç+ é,2 êÿ� ÿèç+ üýüêÿü �éÿ)ç+ R [58;6 R ìD�D =BìúCE � b�� b � `¬¨� ² � b � b ��¤�¨`«¬®�¬¯ ² �¨© ¢ b � b ¢ b ,�§�©°�¨ R � ý� ýþ çü çÿ.Eéèÿýü ý0 � é� ÿêèýü .hé�ý=ÿ ç3,éèÿýü+ R 5805<:14.,6 R ìDC� =BìúDE ¢ b �¯«�°�¯� �¨© � b ¢£¯§��¨°�«��§ R B�- êÿ�ÿè èÿ� ç (ÿ+ �)çèÿEéèÿýü 0 ý) è* ç� çéü �,)ûéè,)ç � ý; ç3,éèÿýüR +/:- = �/3 = o/321/: [ 1X,3,821/: \H5/21;84 R úSìDD�T R 00 = ø�úc ø�ì=Bì�íE È b �¯¨�§©` R Hüéê1èÿ� + ç� ÿþ )ý,- + éü( ý- èÿ� éê )çþ, êé)ÿè1 ÿü -é)é=ýêÿ� - )ý.=êç�+ R o 3;F3,44 18 �;8:18,/3 [ 1X,3,821/: \H5/21;84 /86 2.,13 æ00:1-/21;84 Rì� R � 13^.�54,3 �,3:/F R �/4,: R ìDD� =Bì� ìE � b 	����±� R Ðü é 0 )çç =ý,ü(é)1 - )ý=êç� ý0 ûÿ+ �ý,+ ÿü �ý�- )ç++ ÿ=êç � ý;+ =o 3,03182 =Bì�øE � b 	 �¨¬¨ R �)é(ÿçüè +1+ èç�+ ; ÿè* ; ÿþþ ê1 çü ç)þ ÿç+ éü( )çêéèç( éûç)éþ ÿüþ - )ý.=êç�+ R æ 3-. = @/21;8 = A ,-. = æ8/: =R ì�ø SøííøT R 00 = ìDúcø�� =Bì�úE 
 b 	 �§§`³�¨ ² � b 
�¨«� ² �¨© ¢ b ��°�§ R 5 ÿ ,+ ÿýü þ çü ç)éèç( � ýèÿýü =1� çéü �,)ûéè,)çR 18 ù K = ï/L:;3 S\6 =T R o 3; -,,618F4 ;P 2., +;?052/21;8/: +3L42/:d 3;ä,34 î;3^4.;0 R æA � R o 3;9 16,8-, R @ > R SìDDøT R 00 = �úcCú =Bì�� E _ b 	¬§a�¨ R �çý� çè)ÿ� � çé+,)ç è* çý)1 R æ-/6,? 1- o 3,44 >8- =R �;42;8 R Aæ RìDCC = æ <,F188,3 74 F516, =Bì��E � b � b 
 b 	¬§§�´ R > , êèÿ- êç ÿüèçþ )éê+ ÿü è* ç �éê�, ê,+ ý0 ûé)ÿéèÿýü+ R [ 1, d 3586J:,.3,8 6,3 ? /2.,? /214-.,8 î 144,84-./P2,8 R �/86 ìúí R �0318F,3J�,3:/F �,äÕ;3^ R >8- =R �,ä Õ;3^ R ìD�� =Bì��E _ b !�¦�§§¬ R <* çý)1 ý0 A)1+ èéê 5 ÿ+ êý�éèÿýü+ R + :/3,86;8 o 3,44 R ZQP;36 R \8JF:/86 R ìD�� =Bì��E � b !¯¨� `�¨£� R 'üÿ3, çü ç++ ý0 ûÿ+ �ý+ ÿè1 +ýê, èÿýü+ ý0 0 , ê ê1 üýüêÿü çé) + ç�ýü(ý)(ç) -é)é=ýêÿ� ç3,éèÿýü+ ; ÿè* (ÿ+ �ýüèÿü,ý,+ èÿ� ç.(ç- çü(çü �çR [ 1X,3,821/: >8J2,F3/: \H5/21;84 R ú SìDDíT R 00 = ��cD ì=
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