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µX¶�·�¸!¹�º�»�¼|½¿¾0·�ÀkÁ�Â�»´Â�ÃQÄDÁ'Â�·�Å
n ÆFÇ=ÈÊÉ�Ë<ÌYÍDÌYÎ�ÏMËlÏMÈ�ÐKÑ<Ë<Ì_Ò�ÍDÌTÓGÇ=Ë6È�Ì
p ÆFÇ=ÈÊÉ�Ë<ÌYÍDÌXÔ_Ç=Õ$Ñ6ËVÏMÖ0Õ$Ñ<Ì_Ò
D ×TÇIÈuÏMÖ0Õ�ÌYÍDÌXÔ_Ç=Õ�ÔQÌKÎDÑ6Ö?ÇIÕ´Ø ⊂ Ù Ú n Û
α Ü¿Ì_ÔKÑ<Ì_ÝDË�Í�Ì_ÒhÎ�ÏMËVÏ=È�ÐKÑ6ËVÌ_Ò�ÍDÌFÓGÇIË6È�Ì
J Þ�Ç=Õ�ÔKÑ6Ö?ÇIÕ�Ç=É*ß6Ì_ÔKÑ6ÖaÓ�àáÈ�Ö0ÕDÖ0È8Ö:Ò6Ì_Ë
Gk Þ�Ç=Õ�ÔKÑ6Ö?ÇIÕ�Ô_Ç=Õ$Ñ6ËVÏMÖ0Õ$Ñ<ÌXà8Ò<Ï=Ñ6Ö?ÒyÓâÏMÖ0Ë<ÌuØ 1 ≤ k ≤ p ÛFã Gk(α) ≤ 0

ä�·�ÁQÄDÁ'Â�·�Å�Ã8å�æ$Åkæ�¶�Ä�¹�¼�Ã
O çFË6Ö0èIÖ?Õ�ÌYÍ*Ý�Ë<ÌKÎ,ÐKË<ÌYÍDÖ0Ë<Ì_ÔKÑ
(x, y, z) ÚmÌ_Î&ÐKË<ÌYèIé?Ç=É�Ï=ékÏ=Ò<Ò<Ç�ÔKÖ?ê�ÏMÝrÈuÇ�ÍDÐ_é?Ì�Ø�épëìÏ�í*Ì x Î&ÇIÖ0Õ�Ñ<ÌYÍ�ÏMÕ�Ò

é"ÏîÍ*Ö0ËVÌ_ÔKÑ6Ö?ÇIÕ�Í*ÝrÓ�Ý�Ò<ÌKé:Ï=èRÌTïRÌ_Ë<Òhépë^ÏMË<Ë6Ö?ÐKË<ÌXÍDÌTépëìÏQï�Ö?Ç=Õkð*épë^ÏMí*Ì y
ÌQÒyÑmÍ�ÏMÕ�Òhé?ÌTÎDé"ÏMÕ�ÍDÌYépë^ÏQï$Ö?Ç=Õ�Ì_ÑhÎ&ÇIÖ0Õ�Ñ<ÌXàîé:ÏîÍDË<Ç=Ö0Ñ<ÌXÍ*Ý�ÎDÖ0é?Ç=ÑVÌIð
Ì_Ñhépë^ÏMí*Ì z Ô_Ç=Ë<Ë<Ì_Ò6Î&Ç=Õ�ÍBàáé:ÏîïRÌKË<Ñ6Ö?ÔQÏMé?Ì�Ï=Ò<Ô_ÌKÕ�Í�ÏMÕ�ÑVÌ Û

F ñòÏMÖ0é0é"ÏMèRÌYÍDÝ�ÍDÇIÈuÏMÖ0Õ�ÌYÇ�Ô_Ô_ÝDÎ&êYÎ�ÏMËhé:ÌFó�ÝDÖ:ÍDÌ
FI ñòÏMÖ0é0é"ÏMèRÌYÍ�ÌTépë Ö0Õ$Ñ<ÌKËyÓpÏ=Ô_ÌFó�ÝDÖ?ÍDÌ�ô	ÒyÑ<Ë6Ý�ÔKÑ<ÝDË<ÌTÖ0Õ�ÔKé0Ý�Ò<ÌXÍ�ÏMÕ�Ò

é:ÌTÈuÏ=Ö0é0é:ÏMè�Ì F
S ñòÏMÖ0é0é"ÏMèRÌYÍ�ÌTé:Ï8ÒyÑ<Ë6Ý�ÔKÑ6Ý�Ë<Ì
SI ñòÏMÖ0é0é"ÏMèRÌYÍ�ÌTépë Ö0Õ$Ñ<ÌKËyÓpÏ=Ô_ÌFó�ÝDÖ?ÍDÌ�ô	ÒyÑ<Ë6Ý�ÔKÑ<ÝDË<ÌTÖ0Õ�ÔKé0Ý�Ò<ÌXÍ�ÏMÕ�Ò

é:ÌTÈuÏ=Ö0é0é:ÏMè�Ì S
õ�·�½�º$¹�¼|Ã_ÁQ¶Mök÷RÁ'ö�¶�¼
np ÆFÇ=ÈÊÉ�Ë<ÌYÍ�ÌTÕ�Ç�Ì_Ý�ÍDÒ�Í*Ý�ÈuÏMÖ?é0é:ÏMèRÌXÍDÌTé:ÏîÎ&Ç=Ý�Ñ6Ë<Ì
Rs ø$ù Ò6Ñ<ÐKÈuÌYÍ�ëqêQú�Ý�ÏMÑ6Ö:Ç=Õ�Ò�Í*Ö:Ò6Ô_Ë<ÐKÑ<Ì_Ò�ê_Ô_Ë6Ö0Ñ<Ì_Ò�Ò<Ç=Ý�ÒbÓGÇ=Ë6ÈuÌYÍDÌYË<ê_Ò6Ö?Í*ÝÎ,Ç=ÝDË�é:ÏáÈuê_ÔQÏMÕDÖ:ú�Ý�ÌYÍ�Ì_Ò�Ò6Ñ6Ë6Ý�Ô_Ñ6ÝDË<Ì_Ò
D û�ü�ÏMÈ�Î�ÍDÌQÒ�ÍDêKÎDé:ÏIÔ_ÌKÈ�Ì_Õ�Ñ<Ò
ωp û�ü�ÏMÈ�Î�ÍDÌTó�Ì�í*Ö?Ç=Õ�Ò6ÝDË�é:ÏîÍ*Ö:Ò6Ô_Ë<êKÑ6Ö?ÒVÏMÑ<Ö?Ç=Õ�Í�ÌTé:ÏîÎ&Ç=ÝDÑ<Ë<Ì
θp û�ü�ÏMÈ�Î�ÍDÌYÑ<Ç=Ë<Ò6Ö?ÇIÕ�Ò6ÝDËhé"ÏîÍ*Ö?Ò<ÔKË<ê_Ñ6Ö?ÒVÏMÑ6Ö:Ç=Õ�ÍDÌYé:ÏáÎ,Ç=ÝDÑ6ËVÌ
Z ñòÏMÖ0é0é"ÏMèRÌYÔQÇ=Ë6Ë<Ì_Ò6Î&ÇIÕ�Í�ÏMÕ$ÑmàáÝ�Õ�ÌYÍDÖ?Ò<ÔKË<êKÑ6Ö:Ò<Ï=Ñ6Ö?Ç=ÕBÍDÌ

é"ÏîÒ6Ñ6Ë6Ý�ÔKÑ6ÝDË<ÌuØ�Î&Ç=Ý�Ñ6Ë<Ì Û
Zrig ñòÏMÖ0é0é"ÏMèRÌYÔQÇ=Ë6Ë<Ì_Ò6Î&ÇIÕ�Í�ÏMÕ$ÑmàáÝ�Õ�ÌYÍDÖ?Ò<ÔKË<êKÑ6Ö:Ò<Ï=Ñ6Ö?Ç=ÕBÍDÌ

é"ÏîÒ6Ñ6Ë6Ý�ÔKÑ6ÝDË<ÌuØ�Î&Ç=Ý�Ñ6Ë<Ì Û ÏQï=ÏMÕ$Ñ�ÍDê�ÓâÇ=Ë6ÈuÏ=Ñ6Ö?Ç=ÕBÍ*Ý�ÌXÏ=Ý*í�ÌKý,ÌKÑ<Ò
ÏIêKË<Ç�ê_é:Ï=Ò6Ñ6Ö?ú�Ý�Ì_Ò

Pi ÆFÇ�ÌKÝ�Í�Ò i ÍDÝrÈuÏ=Ö0é0é:ÏMè�ÌYÍDÌYé:ÏáÎ,Ç=ÝDÑ6Ë<Ì
(xi, yi, zi) ûbÇ�Ç=ËVÍDÇ=ÕDÕ�êQÌ_Ò�Í*Ý�Õ�Ç�ÌKÝ�Í Pi Í�ÏMÕ�Òhé?ÌTÈþÏMÖ0é0é:Ï=èRÌ Z Ì�í$ÎDË<Ö0È�ê_Ì_Ò

Í�ÏMÕ�Òhé?ÌYË<ÌKÎ&Ð_Ë<ÌTèIé:Ç=É�ÏMé (x, y, z)
(xrigi, yrigi, zrigi) ûbÇ�Ç=ËVÍDÇ=ÕDÕ�êQÌ_Ò�Í*Ý�Õ�Ç�ÌKÝ�Í Pi Í�ÏMÕ�Òhé?ÌTÈþÏMÖ0é0é:Ï=èRÌ Zrig ÌKí$ÎDË6Ö0Èuê_Ì_ÒÍ�ÏMÕ�Òhé?ÌYË<ÌKÎ&Ð_Ë<ÌTèIé:Ç=É�ÏMé (x, y, z)

ÿ



� �������	��

�����������
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Pi
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Pi
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Fij
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� ����
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���
����)��	�%��� z �
��-.�
����� � �(� � ��#'�$� Pi � ���*���&�"?,���������#'�4�(#%���2)��
�%���
z
�(� � ��#'��� Pj

Fij
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y
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Fij
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Fij
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x
�(� � ��#'��� Pj

(Fx, Fy, Fz) C ?,�1���A�EDF����#'-1#%���<� � �����:G$�0�(�;#�HI���<�"! � ��#%� � �0�(��)*�%�2��� �3+ �4�-.�%��/0�(�
(x, y, z)

(Mx,My,Mz) = �����	���A�EDF����#'-1#%���<� � �����:G$�0�(�;#�HI���2�
! � ��#'� � �0�(��)*�%�2��� �3+ �4�-.�%��/0�(�
(x, y, z)

(Xi, Yi, Zi) J � �,+ ��������
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ù Í�ÏYÌ Ð±Ð ÉiÌ Ð ÜYÒaâEÉEÊTÍ�Î�ÉEÍ�Ê Ð âEËxÈ\ÉWÌ�àVÎ�ÊEÏ®ÉTâVÚ ð Òaß�à�ÉTè�Ë\Ì Ð Ì Ð ÎVËxÍ�Ó�ÜYÒAö Ð ÒxÌ�Ë�Ó�É
à Ð±Ð âEÉiÒ�Ü®Ë�ÊTâ Ð�ò Ó{ËxâTà Ð Ú�ædÜ;ÍKâ
Ó�ÊTà	Î�Ï®âTà�ß Ð È\É	Ù,Ü Ð â^ß�à�ÉEèKË\Ì Ð â'Ì Ð ÉEÊ
Ò�È�â é�Ð ÊEÉ9ÌNÍaÎMèKÒAÊEö Ð ß Ð È,É9Ò�à�Ê
Ë\ÌNä\È?ÒAßLÏ®ó\Í Ð ñQÜYÒQâEÉEÊTÍ�Î�ÉEÍ�Ê Ð Ì�Ñ Í�È Ð Ó?ÒAÊEÉ	Ù
Ð ÉQÌ Ð ÉTÊ
ÒAÈ�â é�Ð ÊTÉiÌNÍ»Î
èKÒAß�Ó0Ì Ð âiÌ�à�Ó�ÜYÒ�Î Ð ß Ð È\É
âiÌ Ð ÜYÒ«âEÉEÊEÍ�ÎVÉEÍ�Ê Ð ÒAÍ0ß±ÒAÏ;Ü;ÜoÒAö Ð Ì�Í0Ì�Ë�ß±ÒAÏ®È ÐLù Í�Ï®Ì Ð ócÍ�Ï
Ë�È\É^àVÉTàlÊ Ð É Ð È\Í Ð âVÙ,âTË�È,É^Ì�àVÎ�ÊTÏ;É Ð â Ð Ékç[Í�âEÉEÏ;øKà Ð â'ÒAÍBÊ Ð öcÒAÊTÌfÌ Ð â^ÎVË�È�Ì�Ï;ÉEÏ®Ë�ÈKâ�ÎVËxßLßiÍ�È�à�ß Ð È\É�Ï;ß�Ó{ËxâTà Ð â�Ü®Ë�Ê
â
Ì�Ñ Í�È Ð Ò�ÈKÒAÜ;ä,â Ð Ò�à�ÊTË,à�ÜYÒ�âEÉEÏ®ó\Í Ð Ú ð Ò±ß�àVÉEè�Ë\Ì Ð Ï;ÉTàVÊ
ÒAÉEÏ ëcÐ Î
èKË�Ï®âEÏ Ð ÓõË�Í�Ê�ÊTàVâTË�ÍKÌNÊ Ð Ü Ð âEä,âEÉTá�ß Ð Ì�Ñ�àVócÍKÒ�ÉEÏ®Ë�ÈKâ
ÎVË�Í�Ó�Ü®à Ð â(Ì�àVÎ�ÊEÏ ë ÒAÈ\É7Ü�Ñ�à�É
Ò�É7ÌNÍ5âEä,âEÉTá�ß ÐLÐ âEÉ Ð È�âEÍ�Ï;É Ð Ó�ÊTàVâ Ð È,ÉTà Ð Ú�ÖUÈ�ø�È¼Ü Ð â7ÌNÏ¾ú�à�Ê Ð È\É
â7Î	Ò�â�É Ð â�É
â�Í�ÉEÏ;Ü;Ï®âTà	â
Ì�ÒAÈKâ'Ü Ð Î	ÒxÌNÊ Ð Ì Ð Î Ð ÉEÉ Ð à�ÉTÍ�Ì Ð âEËxÈ\É9Ì�àVÎ�ÊEÏ;ÉTâ	Úð Ð Î
è?ÒAÓ�Ï;ÉTÊ Ð 3 Ð âEÉ'ÎVË�ÈKâTÒxÎ�ÊTà7ÒAÍ Î	ÒAÜ®ÎVÍ�Ü�Ì Ð â^öxÊMÒ�ÌNÏ Ð È\ÉTâ9Ò�âTâTË\Î�Ï®àVâ9ÒAÍ âEä,âEÉTá�ß Ð Ò�à�ÊTË,à�ÜYÒ�âEÉEÏ®ó\Í Ð Ó�ÊTà	â Ð È\ÉTàÌ�ÒAÈKâlÜ Ð Î
èKÒAÓ�Ï;ÉEÊ Ð 2

Ú{ã7ÒAÈ�â1Í�È�Ó�Ê Ð ßLÏ Ð Ê1É Ð ßLÓKâVÙ{Ü Ð ÎVË�È\É Ð�ò É Ð Ì Ð Ü�Ñ�Ë�Ó�ÉEÏ;ßLÏ®â
ÒAÉTÏ®Ë�ÈôÒ�àVÊTË\à�ÜYÒxâ�ÉTÏ®ócÍ ÐQÐ â�É�Ê
ÒAÓ êÓ Ð ÜYàxÚdã7ÒAÈ�â�Í�ÈGÌ Ð Í ò Ï®á�ß Ð É Ð ßLÓKâVÙdÜ Ð â±ÌNÏ¾úõàVÊ Ð È\É Ð â�ß�à�ÉEèKË\Ì Ð â�È\Í�ß�à�ÊEÏYócÍ Ð â Ð ÉBÒAÈKÒAÜ;ä,ÉEÏ®ócÍ Ð â±ÌNÍ÷Î	Ò�Ü®Î�Í�Ü
Ì Ð âWöxÊ
Ò�Ì�Ï Ð È\ÉTâiÌ�Ñ Í�È0âEä,âEÉTá�ß Ð ÎVËxÍ�Ó�Ü®à±âTË�È\ÉWÓ�ÊTàVâ Ð È,ÉTà Ð â	ÙkÒAÏ;È�âEÏ`ócÍ Ð ÜYÒaß�à�ÉEèKË\Ì Ð Ï;ÉTà�ÊMÒAÉEÏ ë�Ð Î
è�ËxÏ®âEÏ Ð ÓõË�Í�Ê
ÊTàVâTË�ÍKÌNÊ Ð Ü Ð â9âEä,âEÉTáVß Ð â9Ì�Ñ�àVócÍKÒ�ÉEÏ®Ë�È�â$ÎVË�Í�Ó�Ü®à Ð â9ó\Í�Ï�Ó Ð Í ë�Ð È\É9Ü Ð Í�Ê$û�ÉEÊ Ð Ò�âTâTË\Î�Ï®à Ð â	Ú ð Ð â$Ì�à�Ó Ð ÈKÌ�ÒAÈ�Î Ð â9Ì Ð â
é Ë�ÈKÎ�ÉEÏ®Ë�ÈKâ7Ì�Ñ Ï;È\É
à�ÊTû�ÉWÒAÏ;È�âEÏUó\Í Ð Ü Ð Î	ÒAÜYÎ�Í�ÜUÌ Ð â7Ì�à�ÊEÏ ë à Ð â�Ó?ÒAÊEÉEÏ Ð Ü®Ü Ð â7âTË�È\É(Ì�à�É
Ò�Ï;Ü;Ü®àVâ	ÚõÖdÈNøKÈ�ÙõÎ Ð â�ß�à�ÉTè�Ë\Ì Ð â
âTË�È\ÉlÒAÓ�Ó�Ü;ÏYócÍ�à Ð â9Ò�Í ò ÎRÒ�â'É Ð âEÉTâ'Ó�Ê
àVâ Ð È\ÉTàVâ9ÌKÒAÈ�â'Ü Ð Î
èKÒAÓ�Ï;ÉEÊ Ð 2

Ú
ð Ð Î
è?ÒAÓ�Ï;ÉTÊ Ð 4 Ð â�É(ó\ÍKÒAÈ\ÉiñBÜ;Í�ÏdÎVËxÈ�â
Ò�Î�ÊTà�ñfÜYÒBÓ�ÊTà	â Ð È\É
ÒAÉTÏ®Ë�È5Ì Ð â�ß±Ë\Ì�á�Ü Ð â7ÊTàVÌNÍ�Ï®ÉTâ�ÈKË�ÈôÓ�è,ä,âEÏ®ócÍ Ð âà�ÉEÍKÌNÏ®àVâlÒ�Ï;È�âEÏkócÍ�Ñ�ñLÜYÒ ë ÒAÜ;ÏYÌ�ÒAÉEÏ®ËxÈ«Ì Ð Ü�Ñ�Í�ÉEÏ;Ü;Ï®â
Ò�ÉEÏ®Ë�È¯Ì Ð É Ð Ü®â$ß�Ë\Ì�áVÜ Ð âlÒ�Ó�Ó�ÊTË\ÎMè�àVâ9ÓõË�Í�Ê$Ü�Ñ�Ë�Ó�ÉEÏ;ßLÏYâTÒ�ÉEÏ®Ë�È¯Ì Ð

é Ë�ÊTß Ð öxÜYË�ïKÒAÜ Ð Ì�Ñ Í�È Ð ÎVËxÈNø�öxÍ�Ê
ÒAÉEÏ®ËxÈ 2
ãDÌ Ð ÉTÍ�ÊEï{Ëxß±Ò�Î
è�Ï;È Ð Ú
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.0/1. 243057698;:<698=8;6?>A@<BC3D69>FE�GH8�G
IKJ	LNMHOQPSRUTWVXJYOZP\[^]SV_[a`cbdJeLfTWRhgKijOZPkVXlnmXJfopT1OaTWRU[aoqirOZPSis]km_mW]kLnLfRsoHLfTXJ	JfTtPkVXlnLfRUmXJ	up]kJvP\[^mXmWRs`SiUJ	wkJnm

wSRhxylfVXJnopTXJnmDok[aTWRU[^okmKVXJfirOQTWRsz{Jem}|~i���OQoHOais��mXJAJnTKi���[aPSTWRs�YRUm1OQTWRU[ao�w���]So�md�cmdT1�f�YJA�~]SiUTWRUwcRUmXLfRsPkisRsoHOaRsVXJ^�cL^��JnmWTd��|Q�
wSRsVXJtw�� ]So�mW��mWTX�n�YJ<��JfTWT1OaopT0Jfo	bdJf]�wSJ<�COQoSRU�nVXJtLn[^]SPSiUlnJtPSis]HmdRUJn]SVXm0wcRUmXLfRUPSisRsokJemn�

� O_Ln[aokLeJfPSTWRU[^o�w�� ]kokJDg�[^VW�YJ�O^lfVX[aoHOa]STWRUup]kJ}P\Jf]kT�ok[^T1OQ�	��JfopT��fTXVXJ}zp]HJ0Ln[a�Y�YJ}]koYPSVX[a`kiU�f�YJ�w���[aPS�TXRs�	RUm1OQTWRj[aoZ�~]SiUTWRUwcRUmXLfRUPSisRsoHOaRsVXJALn[aoHmWRUmdTNOQopT}|~wSlnTXJfVW�YRsokJfVKiUJem�zaOaiUJf]SV1mKw���]So�JfokmXJf�F`SiUJAwkJ7PHOQV1OQ���fTWVXJemKwkJ
g�[aVW�YJvVXJfokwHOQopT<]kokJv[a]qPSis]HmdRUJn]SVXmAg�[aoHLfTWRU[aoHmt[a`cbdJeLfTWRhg�mt[aPkTWRs��OaiUJnmY��TWV1OaRsoklnJv�	RsoSRU��OQiUJ{�\V1Oe�{[^oqw���O^LfTWRU[ao
�CO���Rs�COQi��cP\[^RUwSm}�	RsoSRU��OQi��s�s����TX[a]ST0Jno�mXOaTWRUmdg�OQRUm1OQo�T}]So�JfokmXJf�F`SiUJtwkJtLn[aopTXV1OQRsopT1Jnm_��Ln[aopTWVNOQRsopTXJemD� ln[a�Ylf�
TXVWRUu ]kJemn�SP\[aVWTNOQokLnJt�	RsoSRU��OQiUJ{�cP\[aRjwSm}��O��cRs��OQi��s�s�¡�¢�

IKJfTWT1J�lfTW]kwSJ�me� Rso�TXlfVXJnmXmXJ£OQ]S�¤PkVX[a`Sij�f�YJnmCw���[aPkTWRs�	RjmXOaTWRU[ao¥Ln[^�	P\[^VWT1OQopT�]kokJ�g�[aokLnTWRU[ao¥[a`SbdJnLfTWRsgtJnT
Pkis]kmWRUJf]SV1mDg�[^okLfTWRU[^okm0Le[aopTWV1OaRsopTXJnme�k¦�o��{lnoklfV1OQi§�SiU[aVXmXu ]kJtijJ<PkVX[a`Sij�f�YJ_w���[^PSTWRs�YRUm1OQTWRU[ao�wk[aRsT0�{lnVXJfV�mWRs�~]kih�
TNOQoklf��JfopTAPSis]kmWRUJn]SVXm�g�[aokLfTWRj[aokmA[^`cbdJnLfTXRhg�me�9mX[aRUT7Rsi�mXJ~V1OQ�Y�nokJv|Y]kokJFmWJn]SiUJ�g�[aokLnTWRU[ao,[a`SbdJnLfTWRhg�lf�pOQiUJv|YirO
mX[a�Y�YJKP\[aoHwSlfVXlnJDwSJem¨g�[aokLnTWRU[aoHm�[a`cbdJeLfTWRhg�m�wc]vPSVX[a`kiU�f�YJt��ijO7zaOQiUJn]SV�wSJnm;Py[aRUwSm�wSlfTXJfVX�	RsokJ}OQiU[^VXm;i�� RU�	P\[aVW�
TNOQokLnJ�wS[aoSoHlnJ�|tLNMHOaLf]kokJ0wSJ�LnJnm�g�[^okLfTWRU[^okme�^iUJ}PkVX[pLnJnmXmW]km�w���[aPSTWRs�YRUm1OQTWRU[^o�me��JfoYTXVX[a]Sz J�OQiU[aV1m�Jfo�u ]HJfiUu ]HJ
mX[aVXTXJ}`SRjOQRjmWl��¢�{mX[aRsT�RsikTWVNOaLnJ}iUJDg�V1[aopT�wSJ�©�OQV1JfTX[S�{L{��JnmWTd��|��§wSRsVXJ^�^Py[a]SV�]SoYPkVX[a`Sij�f�YJ0wkJD�YRsoSRs�YRUm1OQTWRU[^o��^i���JfoS�
mXJf�F`SiUJ7wSJem�mX[ais]STXRU[aokm�ok[aoc��wS[a�YRsoklnJnmK[a]ZJfoHLn[aVXJ7wSJem�mX[ais]STXRU[aokm�PHOQVX�	R9iUJnmXu ]kJnisiUJnmK[aoCokJ�P\Jf]kTKwSlnLfRUwkJfVKmWR
]kokJ�mW[^is]STWRU[^o£JnmWT0��JfRsisiUJf]kVXJ�u ]�� ]kokJ~OQ]STWV1J^�HOa]kLf]SoHJto+��lfT1OaopT7md�cmdT1lf��OQTXRUu ]kJf��JfopT�Rsocg�lfVWRUJf]kVXJ~OQ]c��OQ]STXVXJnm
mW]SV0TX[a]km}ijJnm0[a`cbdJeLfTWRhg�me�

ª7o�mW]SPSPy[^mXJfV1OvwkOQoHmDTX[a]kTXJ<ijOFmW]kRsTXJtwSJ<i���lfTW]HwSJtw�� ]SoHJ<PHOQVWT0u ]kJ<i���[ao�L1MkJfVXLNMkJ_|F�	RsoSRs�YRUmXJfV}ijO~g�[aokLf�
TXRU[ao'[^`cbdJnLnTWRhg0Le[aokmWRUwSlnVXlnJ�PHOQV~iUJYPkVX[a`SiU�n�YJCw���[aPSTXRs�	RUm1OQTWRj[ao'JnT~w��¡OQ]STWVXJ�PHOaVWT~up]kJYi���[ao'me��JemdTvO�x\VNOQokL1MkR
wkJ7T1[a]STXJ<Ln[ao�TWV1OQRUopTXJ<w���lf�pOQisRsTXl{�SIDJfTWTXJ<wSJfVXoSRU�fVXJAMp��P\[aTWMH�nmXJ7V1JfzpRUJfo�T}|FmW]SPkP\[^mXJfV}u ]kJAiUJnmDPHOQVNOQ�Y�fTXVXJnmDwkJ
Le[aokLnJfPkTWRU[ao«mXlfijJnLfTWRU[^oSoklnmFmX[aopT~RsoHwSlfPyJfokwkOQo�TXme�¨u ]�� Rsijm�oHJCmW[^opT~isRUlem�PHOaVvOQ]kLf]kokJ�VXJfirOQTWRU[ao«Rs�	PSiURULfRsTXJC[^]
Jf��PSisRULnRsTXJ~��Le[aopTWV1OaRsopTXJnm�w���lf� OQisRUTXlnmN�¢��ª7oZmd]kPSP\[^mXJfVNO_lf� OaiUJf�YJfo�T�u ]kJ�iUJnm�Ln[aopTXV1OQRsopT1Jnm�w�� Rsokln� OQisRsT1lnm�[aopT�lfT1l
V1J¢g�[aVW�F]SiUlnJnm�Jfo'Ln[aopTXV1OQRsopT1Jnm�w�� Rsocg�lfVWRU[aVXRsTXl^�¨ªAoqg�OQRsT�wkJ	PSis]Hmti§� Mp�pP\[^TWMk�nmXJ	Py[a]SV_i���JfokmXJf�~`kiUJYwSJ	i§��lfTW]kwkJ
up]kJ	ijOZg�[aokLnTWRU[ao�[a`SbdJnLfTWRhg}JfT_iUJem<g�[aoHLfTWRU[aoHm_Ln[^opTWV1OQRUopTXJnm�mW[^opT~OQ](�Y[aRUokm_wkJ	LnijOamXmWJ

C1 ��¬�­ko�w���OamXmW]SVXJnVi���J¢��RUmWTXJfoHLnJ�wSJ��	RsoSRs�CO£iU[pL®OQ]c�y��[^o«g�JfVNO¯wSJZPSis]Hmvi�� Mp�pPy[aTWMk�nmXJZPy[a]SVvijJZVXJnmWTXJ�wkJ�LnJfTWTXJ�lfTW]kwkJ�u ]kJZirO
g�[aokLfTWRj[ao�[a`SbdJnLfTXRhg�JnmWT�Oa]��Y[^Rsokm}iU[pL®OQiUJf��JfopT0Le[aopz{Jf�cJ^�

° [aTX[^okm_±
• n

iUJ<ok[^�~`SV1JtwSJtPHOQV1Oa�Y�fTWV1Jnm0wSJtLe[aokLnJfPkTWRU[ao���²Q³S´NµW¶h·{¸(¹nº�»W¶rºc¼a½�´1µd¾<Jfo£OQoS�{ijOQRUm�¿
•• p

iUJtok[a�F`SVXJtwkJtLn[ao�TWV1OQRso�TXJnm���w�� Rsocg�lfVXRU[aVWRsT1l®�D|	mXOaTWRUmdg�OQRsVXJ�¿
• α

ijJ<z{JnLnTXJf]SV}g�[aVW��l<PHOaV}i���JfoHmWJn�~`SiUJ_wSJtLeJnm}PHOQV1Oa�Y�fTWV1Jnm�¿
• D ��mW[^]kmd�§JfokmXJf�F`SiUJCwkJCÀ Á n �tijJCwS[a�COQRsokJZwSJCLe[aokLnJnPSTWRU[ao¤wkOQokm~ijJnu ]kJniKLnJnm~PHOaV1OQ�Y�nTWVXJnm~P\Jn]Sz{Jfo�Tlfz{[^is]kJfV+¿

ÂeÃ



ÄeÅ Æ¨Ç�È¢É9Ê�Ë�ÌXÍvÎ{Ï�ÐKÌ¢ÊrÑ9ÒnÊ�ÉSÈaÓUÍ¢ÔtÕYÖnË�Ç�×®Ø Í¢Ô�Ø+Ù ×NÉ\Ë�ÊrÕvÊjÔfÈ{Ë�Ê�×aÑ¯ÕFÚ�ÓhË�Ê�ØaÊrÔ�É9ÓÛÊrÑ9ÈaÊrÌ1Í

• J ÜjÝ~Þ�ßaàkáfâWãjßaà�ßaäSådænáfâXãhÞ}ç�èvé	ãsàSãséYãUêXæfëNì\í
• (Gk)1≤k≤p Ü�î�æfàkêXæféFäSÜUætïkænê0ánßaà�âWë1ÝQãsà�âXænê�ç�ï�î�ãsàcÞ�ðfëXãUßaëWãsâXð�ìDèvê1ÝQâXãUêdÞ�ÝQãsëXæ{ñ
ò à�âWëXßpïSóSãUêXßaàkê0ïSætôSÜsóHêtõ
• R ÜUæ	êWö�êWâX÷fé�ævï�î�ðnø ó9ÝQâWãUßaàHêtïcãUêXáfë1÷fâXænêtàkßaàcù§ÜsãsàkðeÝaãsëXænê_ðnáfëWãsâ1ænêtêXßaóHêAÞ�ßaëXéYæ	ïSævëXðnêWãUïcó(ænâtïkðnáfëWãsú^ÝQàpâ
Ü�î�ðfâ1Ýaâ0ïcó�êdöcêdâ1÷féYæté~óSÜsâXãUïcãUêXáfãsôkÜsãsàHÝQãsë1ætðfâWóHïcãUð�í

•• M ÜUæ<ú{æeáfâXæfóSë�ánßaàkêWâWãUâWókðtïkænê0ánßpß^ëXïSßaàkàkðnænê0ïcó�é�ÝQãUÜsÜjÝQû{æ_ïcó�ïkßaé�ÝaãsàkætðnâWókïcãUð�í
• Y Üjæ<ú{ænánâXæfóSë0ãsàkánßaàkàpó�ß^ó�ÜjÝvúaÝQëWãjÝaäSÜUætï�î�ðfâ1ÝQâ�ïcó�êWöcêdâ1÷féYæ�ç�ïSæ<âNÝQãsÜsÜUæ ns ì
ü î�ðnøpóHÝQâWãjßaà�ï�î�ðfâ1ÝQâ�ïcó�êWö�êWâX÷fé�æ<éFóSÜsâWãUïSãUêXáfãsôSÜsãsà9ÝQãsëXæ_ênî�ðnáfëWãsâ7ÝQÜUßaë1ê_õ

R (M,Y ) = 0

ý à�êWóSôkô\ß^êXæfë1Ý,ïkÝQàHêvâXßaóSâ1æZÜjÝ,êWóSãsâXæ�ïSæ�Ü�î�ðfâWóHïSæ�øpókæ R æeêdâYïSæ�áfÜjÝaêXêXæ C1 ñ ü Ý�Þ�ßaëWéYæ�ïSæ�Ü�î�æfà�âWãsâXð
Ýaðfë1ßpïcöpà9ÝQé	ãUøpókæAðfâWókïSãUðnæAænêWâ�ô9ÝQëDïSð¢þkàkãsâWãUßaàZóSàHæ0Þ�ßaàkáfâXãUßaà�ánßaàpâXãsàpókæAæfâKëXðfû{óSÜsãU÷fë1æ7ïSóCú ænáfâXæfókëKïkænê�ôHÝaë1Ý�ù
éY÷nâWëXænêKïSæ�Þ�ßaëXéYæ α ÿpïSæ7âXæfÜUÜUæ7êXßaëWâ1æ7ø óHæ�ÜUæ7é�ÝaãsÜsÜjÝQû{æAïcó�ïSßaéCÝQãsàkæAánßaàHêdãUïkðfëXð<ÝQóSâXß^óSëKïkæ7áeæfâWâXæAæfàpâWãsâ1ð7ænêWâ
ðfû ÝaÜUæféYænàpâ}óSàHæAÞ�ßaàHáfâWãUßaà�ánßaà�âWãsàpókæ_æfâ}ë1ðfû^óSÜsãj÷fëXætïkæ α õ

M(α).

ü î�ðnøpóHÝQâWãjßaàZôSëXðnánðeïSæfàpâ1æ7ïkð¢þkàSãUâKïkßaàká7óSà�êWö�êWâX÷fé�æ�àHßaàcù�ÜsãUàkðeÝQãsë1æ7ænà Y ïSæ ns ðnø ó9ÝQâWãUßaàHêDè ns ãsàkáeßaàcùàpókæeênñ� ßaàkêWãUïSðnëXßaàkê}ÜUænê}ú ænáfâXænóSëXê (M0, Y0) âXænÜUê0ø ókæYõ






R (M0, Y0) = 0

det

[(
∂R

∂Y

)

(M0, Y0)

]

6= 0
.

ü æ�â��kðeßaëX÷fé�æ�ïkænê�Þ�ß^àkáfâWãjßaàkê�ãUé	ôSÜsãUánãsâXænê�ô\æfëWé�æfâDÝQÜUßaëXêKïSæ7ïSð¢þHàSãsë Y ánß^é	éYæ�óSàHæ0Þ�ßaàkáfâXãUßaà C1 ïSæ M
êWóSëAóSà¯ú{ßaãUêWãsà9ÝQû{æFïSæ M0 ñ���ÝQë<ánßaàpâWãUàpóSãsâXðFæfâAëXðnû^óSÜjÝQëXãsâXðFïSæ M(α) ÿHãsÜ�ænêWâ<ïSßaàHá�ôyß^êXêdãUäSÜUæFïSæFïSð¢þHàSãsë Y
ánßaéYéYæ�óSàkæ0Þ�ßaàHáfâWãUßaà C1 ïSæ α ïkÝaàkê�óSàCú{ßaãUêWãUàHÝQû{æ7ïSæ α0 ñ ý àCêWóSôkô\ß^êXæfë1Ý�ïkÝaàkê�ÜjÝ�êWóSãsâXæ7ïSæ7ánæfâWâ1æ�ðfâXókïSæø ókæ_ánæfâWâ1æ<ôSëXß^ôSëWãUðnâXðtænêWâ}ú�ë1ÝQãUæ_êdókë D ñü æ�ôSëXßaäkÜU÷féYæCï�î�ß^ôSâWãséYãUê1ÝQâWãUßaà'é~ókÜsâWãUïcãjêWánãsôSÜsãsà9ÝQãsëXæ^ÿ¨ïSßaà�â�ókàkæ�êXßaÜUóSâWãUßaà«ænêWâ~àkßaâXðeæ α∗ ÿ+êeî�ðeáfëWãsâvÝQÜUßaë1ê
êXßaókêDÞ�ß^ëWéYæ_áeÝQàkßaàkãUø ókæ_ïSæ<ÜrÝFé�ÝaàSãU÷fëXæ_êWóSãsúaÝQà�âXæ	õ

Ë�ÌW×aÚ��aÍfÌ
α ∈ D ⊂ �	� n Ë§Í¢Ó�
nÚkÍ J(α)

Ôf×^Ê�Ë�ÕvÊrÑkÊrÕYÈaÓUÍtÔNÚcÌ D ÍnË�
nÚkÍ ∀k ∈ [1, p] Gk(α) ≤ 0 

ü æ�ú{ænáfâXænóSëFïSænê~ôHÝQë1ÝaéY÷fâWë1ænê~ïkæ	Þ�ßaëWéYæ α ænêWâFïcãsâ~ú{æeáfâXæfókëFÝ^ïcé	ãUêXêWãsäSÜjæ�êWã�Ü�î�ænàkêXæfé~äSÜjæCïSænê~áeßaàpâWë1ÝaãsàpâXæeê
ï�î ãsàSÞ�ðfëWãUß^ëWãsâXð_êWß^àpâ0ê1ÝQâWãjê Þ�ÝQãsâXænêeÿSænà�ï�î¡ÝQóSâWëXæeê}âXæfëWé�ænê0êWã�õ

∀k ∈ [1, p] Gk(α) ≤ 0.

��ßaókë;óSàvôSëXß^äSÜU÷fé�æ�àkß^àvánß^àpâWë1Ýaãsàpâ�ænâ�æfà	êWóSôSôyß^ê1ÝQàpâ�æfàvß^óSâWëXæDø ókæKÜjÝ�Þ�ßaàkánâWãUßaà	ßaäcådæeáfâWãhÞ\ænêWâ�ïSæDáfÜjÝ^êWêXæ
C2 ÿ�ÜUæeê�áeßaàkïcãsâXãUßaàkê~ï�î�æ���ãUêWâXæfàHánæ�ï�î ókà'ßaôSâXãsé~óSé ÜUßpáeÝaÜ�ßaó�û{ÜUßaäHÝQÜ�êXß^àpâ�äSãUænà'ánßaàkàpókænêeñ���à'æ���æfâeÿ�ôyßaóSë
ø ókæ α∗ êXßaãsâ}óSà�ßaôSâWãséFóSé)ÜUß�áeÝQÜ�ïSæ J ÿcãUÜ�êdó��Yâ0øpókæ<ÜUæ<û^ëNÝaïcãUæfà�â0ïSæ J êXßaãsâ}àpókÜ�æfà α∗ ç ∇J(α∗) = 0 ìKæfâ
ø ókæFÜjÝCé�ÝQâWëXãUánæ��kænêXêWãUæfàSàHæFïSæ J æfà α∗ ç ∇2J(α∗) ì�êXßaãsâtïSð¢þHàSãUæFô\ß^êWãsâWãsú æ�í\ænà¯ëXænúaÝQàká��Hæ^ÿ9ôyßaóSëtø ókæ α∗

êXßaãsâDóSà�ßaôSâWãséFóSé=û^ÜUßaä9ÝQÜyïkæ J ÿ�ãsÜyêWó���âDøpókæAÜUæ7û^ëNÝaïcãUænàpâDïkæ J êWß^ãsâKà�óSÜyænà α∗ ç ∇J(α∗) = 0 ì�æfâ}ø ókæAÜjÝ
é�ÝaâWëWãUánæ��kænêXêWãUæfàSàHætïSæ J ç ∇2J(α) ìDêWß^ãsâ0ïSðfþkàSãUætô\ß^êWãsâWãsú ætêWóSë D ñ

��à'ëXæfúaÝaàká��Hæ^ÿ�ôyßaóSë~óSà'ôSë1ßaäSÜU÷fé�æCánßaàpâWëNÝQãsàpâeÿ+ÜjÝ�ánß^àkïcãsâWãjßaà«ï�î�ßaôkâWãsé�ÝaÜsãsâXðCænêWâ~ôSÜsókêFánßaé	ôkÜUæ��cæ{ñ���à
æ��yænâeÿ;êWãKôHÝQë	æ��cæféYôSÜUæCÜ�î�ßaôSâWãséFóSé êXæZêWãsâXókæZêWóSëFóSàHæ�Þ�ëXßaà�âWãU÷fëXæ�ïSæZánß^àpâWë1ÝQãUàpâXæ^ÿ;á{î�ænêWâdù�è�ù�ïcãsëXæZêeî ãsÜ}æ���ãUêWâXæ
k ∈ [1, p] âXænÜKø óHæ Gk(α∗) = 0 ÿ¨ÜjÝ£ánßaàpâXë1ÝQãsàpâ1æ k ænêWâvÝaÜUßaëXêFïSãsâXæ�ÝaáfâWãsú æ^ÿ;ÝaÜUßaëXê~ÜUæCû^ë1Ý^ïcãUæfà�âFá^î�æeêdâFôHÝ^ê



������� �"! #%$�&('�)+*-,/.1032�41&�!-*-5�67'8,/9�: 48;<*-!-6�!=,>.?*@!@41) ACB

D+E>F>G>H(H�IKJ�L(G>MNG�DPOQDPR�STI1RUMVJWD�J�MXRYM[Z]\�I^F`_1DYa�J�O(JW_1DUD+E>F>G>H(H�IKJ�L(Gba c3_1dYO�J�M7I1S�J�O(Eea�RUd�L(G>MVJWG�Lf_1L(a�L�G?g]a�J�O�G
F`_1DYa�J�O(JW_1D[aYG�hiRYj�D�kml�RYF�noG>L`g�H`c3E�DY_?DYF>G"F>_1MVM7G�H�R�J�O/p

• α∗ G>H�OqR�D[roG>F�O(G>R�LsI?a�MVJWH(H�J�t�S=GVp ∀k ∈ [1, p] Gk(α
∗) ≤ 0

• J�SuG�v�JWH�O(G p M�R�S�O�J�dYS�JWF`I1O(G�R�L(H λk O�G�SWHxw�RYGNp







∀k ∈ [1, p], λk ≥ 0

∀k ∈ [1, p], λkGk(α
∗) = 0

∇J(α∗) +

p
∑

k=1

λk∇Gk(α∗) = 0

y J+I1RYF�R�D+GqF>_?DPO�L�I1J�DPO(GqDuc3G>H�O�IKO�O(G�JWDPO(GxG�D α∗ g1SzIiF>_?DYa�J�O�J=_1DVD+E>F>G>H(H�IKJ�L(Gxa c3_?d�O�J�MQIKS�J�O(ExG>H�O ∇J(α∗) = 0{ _1D|L(G>O�L(_1R�r�G}t�JWG>D|S=I~F>_1DYa�J�O�JW_1D�DYE>F>G`H�H�IKJWL(G�a c	G�v�JWH�O(G�D+F>G�a c3R�D�_?d�O�J�MXRYM�d<_1R�L�RYD|d�L(_?t�SW��M7G}DY_1D
F`_1DPO�L�I1J�DPO8��Zu��D�L�G�r1IKDYF8jYG?guH�J�R�D+GV_1R^d�S�R+H�J=G�R�L(H"F`_1DPO�L8IKJ�DPO(G`H"H(_1DPOXI1F�O�J�r�G>H { ∃k ∈ [1, p], Gk(α

∗) = 0 �I1SW_1L(H�SWGq�?L8I1a�JWG�D�O ∇J(α∗) G>H�O�R�D+GxF>_1MXtYJ�D+IKJ=H�_?DNS�J�DYE`I1J�L(Gs��F`_PG��7F>JWG�DPO�H�DYE>��IKO�J���H�_?RNDPR�SWH]a�G`H��oL�I1a�JWG>DPO(HaYG�F>G>HxF`_1DPO�L�I1J�DPO(G`H>Z
\�I�F`_1DYa�J�O(JW_1D[a�G�hiR�jYD�kml�R+F�noG�LxG>H�OqR�DYG�F>_?DYa�J�O�J=_1D[H�R��7H�IKDPO�Giauc3_1d�O�JWM7IKS�J�O�EiH�J S=IX�@_1D+F�O�JW_1D[_1t���G>F�O(J��

G>OqSWG>H��@_?DYF�O�JW_?DYHxF>_1D�O�L�IKJ�D�O(G>HxH(_1DPOsF>_1DPr�G�v�G>H`Z

�x��� �����f���<���% �¡£¢x¤�¥x¦q�<�� ¨§�©ª��¡¬«f­®¦q¯X ¨�8©ª��¡¨¢° ���¦q�

\�G>HNF`IKS=F�R�SWHNa�G±�?L�I1a�JWG�DPO�HVG�²<G>F�O(RYE>HNaYI1DYHVSWG±F`_1DPO(G�v�O(G±aYG±F>G�O(O(G³O�j+�>H(G³O�JWG�DYDYG�DPO7F>_1MNd�O(G±aYG>H
aYE��@_1L�MQIKO�JW_?DYH�I1E�L�_PE�S=I1H�O�J=w�RYG>HiH�RYt�JWG>HTd¨IKLTSWG`HiG�DPO�JWO(E>H�I1E>L(_Pa�´�D+IKMNJWw�RYG>H�w�RYG�S®c3_1D�F�jYG�L�F�jYGV�Q_1dYO�J�MVJ=H�G>L
MQIKJWH³H(_1DPO³aYG>H�O�J�DYE>H±�µSmc3_1d�O�JWMVJWH�IKO�JW_?D¶a�Ge��_1L�MNG�I1E�L(_Pa�´PD+IKMNJWw�R+G?g°H(_1RYH�kma�_?M7IKJ�D+G�a�GbS®c	_1d�O�J�MNJWH�IKO�JW_1D
M�R�S�O�JWa�JWH(F�J�d�S�JWD+IKJ�L(GoZ· DPO�L(_�a�R�JWH(_1D+HqSWG>HqDY_1O8IKO�JW_1D+HxH�RYJ�r1IKD�O(G>Hqd�L(_?d�L(G>HsIKReF`IKS=F�R�S�I?E�L(_PE�SzI1H�O�JWw�RYGNp

• Rf
L(G�d�L�E>H(G�DPO(G%SWGTH�´�H�O���MNGTa c3E>wPR+IKO�JW_?DYH°a�JWH(F�L���O(G>H�D+_1D�k®S�JWDYE`IKJWL(G>H°E>F>L�J�O(G>H°H(_1R+H]�@_1L�M7G%aYGsL(E`H�J=a�RfG>O

a�E`F�L�J�r1I1DPOqSWG"F>_1MNd�_1L�O(G>MNG�DPOsa�R±¸YR�JWa�G�¹
•• W G>H�O]SWGxroG`F�O(G�R�L�aYG>H�JWDYF>_1DYDPRYG>H°I1H(H(_PF�JWE>G`H�IKR�vNE>w�R¨IKO�JW_1D+H]a�GxSzI�MNE>F`I1D�JWw�R+GxaYG>H�¸+R�JWa�G`H { F�j+IKMNd
F>_?DYH(G�L�r1IKO(J��8��¹

• X G>H�OxSWGiM7I1J�S�S=IK��G�F>_1L(L(G>H�d�_1D+aYIKDPO%��R�D+G�a�JWH(F�L�E�O�JWH�IKO�J=_1D[a�Rea�_1MQIKJ�DYGi¸YR�JWaYG�¹
• Rs

L(G�dYL(E>H(G�DPO�G�SWG°H�´�H�O(��M7G°a c3E`w�R+IKO(JW_1DYHºa�JWH(F�L���O(G>H { S�JWDYE`IKJ�L�G>Hº_1R�DY_?D�k®S�J�D+E`IKJ�L(G`H���E>F�L�J�O�G>HºH�_?RYH��@_1L�M7G
a�G�L(E>H�JWa�ReG�OxaYE>F�L�J�r?IKDPOqS=G�F>_1MNd�_1L�O�G�MNG�D�Oxa�G�S=I�H�O�L�R+F�O�R�L�G�¹

• D G>H�OTSWGXroG>F�O�G�R�Lia�G>Hia�E�d�S=I?F>G�M7G�DPO(Hia�GXS=I7H�O(L�RYF�O�RYL(G�_1R�roG>F�O�G�R�Lia�G>HTJ�DYF>_1DYDPRYG>H�I1H(H(_PF�JWE>G`HiIKR�v
E>wPR+IKO�JW_?DYHxa�GiSzI�MNE`F`IKD�JWwPRYG�aYG>HxH�O�L�RYF�O(R�L(G>Hu¹

• Z G>H�OqSWGiMQIKJ�S�S=I1�oG�F`_1L�L(G>H�d�_?DYaYIKD�Os��RYDYG�a�JWH(F�L(E�O�J=H(I1O�JW_1D[aYGiS=IVH�O�L�RYF�O(R�L(G?Z
��DXR�O�J�S�J=H(I1DPO�F>G>H�DY_?O�IKO�JW_?DYH�G�O�SWG>H�DY_?O�IKO�JW_?DYH�J�DPO�L(_�a�R�J�O�G>H�a+IKDYH�S=IxH(G>F>O�JW_1D/dYL(E>F>E>aYG�DPO(Gog`SWG�roG`F�O(G�R�L�aYG>H

J�D+F>_1D�D�RYG>H { r1IKL(J=IKt�SWG`H%a c3E>O�IKO8�xa�R�H�´�H�O(�>MNG�I1E�L�_PE�S=I1H�O�JWwPRYGXG>H�O%SWG/roG>F>O(G�R�L Y = (W,D) g+SWG/r�G>F�O(G�RYLTa�G>HF`_P_1L(a�_?D�DYE>G`Hsa�ReM7IKJ�S�SzIK�oG/a�RbH�´�H�O(�>MNG/E�O�R+a�JWE/G>H�O M = (X,Z) g+G�OsSWG/H�´�H�O(�>MNG/a c3E>wPR+IKO�J=_1Dba�E>F>L�J�r1IKD�OS®c	E�O�IKOsa�R[H�´�H�O(�>MNG"I?E�L(_PE�SzI1H�O�JWw�RYG"G>H�O"p

R(M,Y ) =





Rf (W,X(D,Z)) = 0

Rs(D,Z,W ) = 0



 = 0.

\�I��@_1DYF�O(JW_1D[_?t���G>F�O(J��ºG�OqSWG>H��@_?DYF�O�JW_?DYHxF>_1DPO�L8IKJ�DPO�G>HqF`_1DYH�JWa�E>L(E>G>HxaYIKD+HqF`G�O�O(G�E>O�RYa�G�H(_1D�Oxa�_1D+FT�@_1DYF�k
O(JW_1DYHQa�RUr�G>F�O(G�RYLQaYG>H7d+IKL8IKMN��O(L(G>HQaYG±�@_?L�MNG α G�OQa�R»F8j+IKMVd¶I1E>L(_Pa�´�D+IKMVJ=w�RYG W G�Ofa�R»M7I1J�S�S=IK��G



¼`½ ¾�¿�À�Á¨Â-Ã@Ä(Å�ÆoÇ È°Ä�ÂzÉ¨Ê>Â	Á�À1ËWÅ�Ì�ÍNÎ>Ã-¿�ÏÑÐ�Å�Ì/Ð�Ò Ï8Á�Ã@ÂzÍ�Â=Ì�ÀoÃ@Â@Ï1É�Í�Ó�Ë�Ã@Â@Ð1ÂzÌ®Á¨ËÔÂzÉ¨À1ÂzÄ�Å

Õ1Ö�×�ØPÙ�ÚPÛ¨ÕKÜVÝWÞPßYà X á






J(α) = J(α,X(α),W (α))

∀k ∈ [1, p], Gk(α) = Gk(α,X(α),W (α))
,

â>à>ãXÙ�à>×�Û�ÝWä�×�à>ãXÖ�å�ÕKÛPå�â`ÕKæWâ�ßYæWÖ>à>ãXà�Ûµ×�Ö>ã(Ø1æ�ç1ÕKÛ�å/æWà7ã�Ú�ã�å(ä�Ü7à7Ù è3Ö`Þ�ß+ÕKå(ÝWØ1ÛYãXÙ�Ö>â>×�Ý�ç1ÕKÛ�å/æ®è3Ö>ÞPß�Ý�æ�Ý�éY×(àQÕ1Ö�×�ØPÖ�æ=Õ1ã�ê
å�ÝWÞPßYàVë







Rf (W,X(D,Z)) = 0

Rs(D,Z,W ) = 0
.

ì è	ÕKÜ7Ö�æ�ÝWØ?×�ÕKå�ÝWØ?ÛíÙ�à>ã�î@Ø?×�ÜNà>ã7Õ?Ö�×(ØPÙ�ÚPÛ+ÕKÜNÝWÞ�ßYà>ãVï<à�ß�åNã(à³î�ÕKÝ�×(à[Ù�à³ÜQÕKÛ�ÝWä�×�à±à�ð�ï<Ö�×�Ý�Ü7à�ÛPå�Õ1æWà±Ø1ßíÛPß�ê
ÜNÖ>×�ÝWÞ�ßYàoñ¨ò%ß�ï�Ø1Ý�ÛPåiÙ�à/çPßYà�Ù�ßbÛPß�Ü7Ö�×�ÝWâ�Ý=à�Û á â>à>æ=Õ7â>Ø1Û+ã�ÝWã�å(à�ó7ã(Ö�æWà>â�å�Ý=Ø1Û�ÛYà>×%ß�ÛYà"î@Ø?×�ÜNàXã(Ø1æWÝWÙ�àXÙ�ÝWã(â�×�ä�å(à áÙ�Ö�ô+Û�ÝWà�ï+ÕK×�ã(Ø1ÛVÜQÕKÝ�æ�æ=Õ1õoàqÙ�àqã�ß�×�î�Õ?â>à á ï+ÕK×�ÜNÝ�ß�ÛNà�ÛYã(à�Ü�é�æWàqÙ�à°î@Ø1×(ÜNà>ã�Ù�ÝWã(â�×(ä>å(à>ãºï¨ÕK×�ÕKÜ7Ö�å�×(Ö`à>ã�êuæ=Õ%î@Ø?×�ÜNàã(Ö�æWà>â>å�ÝWØ1Û�Û+Ö>à�Ø?ï�å�Ý�ÜNÝWã(Õ1ÛPå�ß�ÛYà�î@Ø1ÛYâ�å(ÝWØ1ÛXØ1é�ö�à>â>å�Ý�î�å(Ø1ß�å�à�ÛXã(Õ1å�ÝWã�î�ÕKÝWã�ÕKÛ�åuß�ÛXâ>à�×(å�ÕKÝ�Û/ÛYØ1Ü�é�×(à]Ù�à�â`Ø1ÛPå�×�Õ1Ý�ÛPå(à`ã
Ù�Ø1Û�åiæWà>ãiç?ÕKæWà�ß�×�ã�Ù�Ö�ï�à>ÛYÙ�à�Û�å�Ù�Ý�×�à>â�å(à�Ü7à�ÛPå"Ø1ß÷Ý�Û+Ù�Ý�×(à`â�å(à�Ü7à�ÛPå�ÙYà�æ=ÕfõoÖ>Ø1Ü7Ö�å�×�ÝWàVà�å"Ù�ß�â�ø¨ÕKÜVïµÕ1Ö�×(Ø�Ù�Ú�ê
Û+ÕKÜNÝWÞ�ßYàoñ

òià�Ü7ÕKÛ�Ý=ä�×(à�õoÖ�ÛYÖ�×8ÕKæWà á Ø1Û�Ù�ÝWã�å�Ý�Û�õoßYà�ÙYà�ß�ð�åùÚPï�à>ã"Ù è	ÕKæ�õ�Ø1×�Ý�å�øYÜNà>ã�Ù è	Ø1ï�å�Ý�ÜNÝWã�ÕKå�ÝWØ?Ûúë Ù è ß�ÛYà�ï+Õ1×�åiæWà`ã
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º »�¼#½/¾�¿�»�À�ÁAº�½�ÂÄÃ�ÅjÆ�Å Ç�Â�Ã�À�»IÆ�È:ÉZÊ�ËE½�¿�À�ÌnÍ�Ì]º>»�¾�½!Â�Ã�¾�Á/ÅaÃ�¾�À�»�À�»IÆ�ÈÎº ½�¿	¼#½�Ê�À�½/Ç ¾�¿
α

¿�Ç�¾DÂ]ËE½�¿�Å+Ã�Ê*½ D É�Å�Æ�Ç ¾	Åj½/¾�Ì
Ï ½/À�À�¾;½�Ç�È�½8½�Ð�Å ÂIÆ�¾;Ã�À�»IÆ�È Ï ÃkÐ�» Ï Ã�ÂI½8º ½HÂ-ËE½*¿�ÅaÃ�Ê�½ D Ñ Ò Æ�¾�¿5º ÇJÊ*Æ�º�Ã�Ó#½8º�½�Â-ËC½�¿�Å+Ã�Ê�½ D É>Ç È�½8¿�À�¾�Ç+Ê/À�Ç ¾;½Hº�½
º�Æ�È È�Á*½�¿�ÔfÃ�Å Å�½/ÂIÁ�½�Ê�Õ ¾�Æ Ï Æ�¿�Æ Ï ½}ÖH½�¿�À0Ã�¿�¿�Æ�Ê/»IÁ*½6ÍAÊ;ÕaÃ�Ê/Ç ÈPº ½�¿8¼#½�Ê/À;½/Ç ¾�¿

α Ñ'Ò ½*¿HÅ�¾�½ Ï »�½/¾�¿0Ã�Â�Ó#Æ�¾�»�À�Õ Ï ½�¿
Ó�Á/È�Á/À�»�×�Ç�½�¿6Ô ¹*Ø�Ù�Ú ÖiÇ À�»�Â�»�¿;Ã�»I½/È�ÀHÇ ÈFÊ*Æ�º�Ã�Ó�½XÛ�»�È+Ã�»I¾�½AÜ ¹*Ý�Þ�ß ÑjÒ ½�¿8Ê�Æ�º+Ã�Ó#½�¿HÂI½�¿HÅ Â�Ç�¿HÇ À�»�ÂI»I¿�Á*¿8Ã�Ê�À�Ç�½/Â�Â�½ Ï ½/È�À
¿�Æ�È�À@ÂI½�Ê*Æ�º�Ã�Ó#½�Û »�È+Ã�»�¾�½�½/À=Â�Ã0Û+Ã�¿�½Hº>»�Ð�Ü Ø�àkß Ñ�Ò Ë Ç+¿�Ã�Ó#½�½�¿�À=º�½�Ê�Æ�È+Ê*Ã�À�Á�È�½/¾@ÂI½*¿@Ê*Æ�º�Ã�Ó�½�¿=º ½�¿=Ê�Æ Ï ÅjÆ�¿;Ã�È�À�½�¿
º�½�¿i¼#½*Ê/À�½/Ç ¾;¿.º ½0Å+Ã�¾;Ã Ï6á À�¾�½�¿.º ½2â_Æ�¾ Ï ½0ÅjÆ�Ç ¾�Ê�Æ�È�¿�À�»�À�Ç�½�¾iÇ�È�½0¾�½/Å ¾�Á*¿�½�È�À;Ã�À�»�Æ�È�Ó#Á/È�Á/À�»I×�Ç�½X½/È�Ç È�½X¿�½/Ç Â�½
Ê�Õ+Ã�»�È�½ Ñ�Ò ËE»�È�À�Á/¾�ã�À@º ½.Ê�½iÀnä�Å�½.º ½.Ê�Æ�º+Ã�Ó#½.½�¿�À@º ½iÅj½�¾ Ï ½/À�À�¾�½iÂ�Ã0Ê/¾;Á*Ã�À�»IÆ�È!ºBËEÆ�ÅjÁ�¾;Ã�À�½�Ç ¾�¿@º ½.Ê/¾�Æ�»�¿�½ Ï ½/È�À@½�À
º�½ Ï Ç À;Ã�À�»IÆ�Èå¿�» Ï Å ÂI½ ÑBæ ½XÀnä�Å�½Xº�½XÊ�Æ�º�Ã�Ó#½XÅ ¾�Á*¿�½/È�À�½XÀ�Æ�Ç À;½�â_Æ�»I¿�Â-Ë »�È�Ê*Æ�È�¼#Á/È�»I½/È�ÀHº ½XÈ�½XÅ+Ã�¿�Ê*Æ�È�¿�½/¾�¼�½/¾.ÂÄÃÀ;Æ�ÅjÆ�ÂIÆ�Ó�»I½0º ½8Â-ËC½�¿�Å+Ã�Ê�½ D Ñ+ç È�½�è�½�À*É�º�½/Ç>ÐJ¼#½�Ê/À�½�Ç ¾�¿

α
Å ¾�Æ�Ê�Õ�½�¿iº�Ã�È�¿SÂ-ËE½�¿�ÅaÃ�Ê�½ D È�½0¿�½8¾�½/À�¾�Æ�Ç ¼�½/È�ÀSÅaÃ�¿

È+Á�Ê�½�¿�¿;Ã�»�¾�½ Ï ½/È�À5Å ¾�Æ�Ê�Õ�½�¿SÃ�Å ¾ á ¿=Ê*Æ�º�Ã�Ó�½ Ñ>Ò ½�¿5Ê�Æ�º�Ã�Ó#½�¿5×�Ç »�È+½HÊ�Æ�È+¿�½�¾�¼#½/È�À5Å+Ã�¿=Â�ÃXÀ�Æ�ÅjÆ�ÂIÆ�Ó�»I½Hº ½HÂ-ËE½�¿�Å+Ã�Ê*½º�½A¾;½�Ê;Õ�½/¾;Ê;Õ�½ D Æ�È�À6À�½/È�º+Ã�È�Ê�½�ÍMâfÃ*¼#Æ�¾�»I¿�½/¾6Â-ËE½�Ð�Å�ÂIÆ�¾;Ã�À�»IÆ�Èéº ½KÊ�½/À�½�¿�Å+Ã�Ê*½AÅ�Ç »I¿�×�Ç�½JÂI½KÊ/¾�Æ�»I¿�½ Ï ½/È�À6º�½
º�½/Ç>ÐA¼#½�Ê/À�½�Ç ¾�¿5Å+Ã�¾�½/È�À�¿5Å�½/Ç ÀSÓ#Á/È�Á�¾�½/¾Sº�½�¿5¼#½�Ê�À�½/Ç ¾�¿S½�È>âfÃ�È�À�¿5À�¾ á ¿SÁ�ÂIÆ�»�Ó�È+Á�¿Sº�Ã�È+¿5Â-ËE½�¿�Å+Ã�Ê*½8º ½8¾�½�Ê;Õ+½/¾�Ê;Õ+½
D ÑBê Â]Ë »�È�¼#½�¾�¿�½�É�ÂI½�¿2Ê*Æ�º�Ã�Ó�½�¿2Ê�Æ�È�¿�½/¾�¼�Ã�È�À2Â�Ã!À;Æ�ÅjÆ�ÂIÆ�Ó�»I½�º�½	Â-ËE½*¿�ÅaÃ�Ê�½ D âfÃ*¼�Æ�¾�»I¿�½/È�À2Â-ËE½�Ð>Å ÂIÆ�»�À;Ã�À�»IÆ�ÈPº ½	ÂÄÃ
Å�Æ�Å Ç Â�Ã�À�»IÆ�È Å Ç »I¿�×�Ç+½6Â-ËCÃ�Å Å Â�»�Ê*Ã�À�»IÆ�Èëº ½*¿0Æ�ÅjÁ/¾;Ã�À�½/Ç ¾�¿DÃ�Ç ¾;ÃKÀ�½/È�º�Ã�È�Ê�½!Í�Ã Ï Á/Â�»IÆ�¾;½/¾0Â�ÃKÅj½/¾�âfÆ�¾ Ï Ã�È�Ê�½�º�½�¿
»�È+º>»�¼�»�º>Ç�¿*É�Ê�ËE½�¿�À�ÌnÍ�Ì]º>»�¾�½=Íi¾�Á�º Ç »�¾�½9Â�ÃSâ_Æ�È+Ê/À�»IÆ�È

J Ñ�Ò Ë Ç À�»IÂ�»I¿;Ã�À�»IÆ�È	º ÇDÊ*Æ�º�Ã�Ó�½zìn¾�Á�í+Á�Ê�Õ »�î9Æ�Ç	Ê�Æ�º+Ã�Ó#½@º ½5ï�¾;Ã}äÜ ¹}à#Ù}ß Åj½/¾ Ï ½/ÀSº ½2Ê�Æ�È�¿�½/¾�¼#½/¾SÇ È�½8º »I¿�À;Ã�È�Ê�½2Ê�Æ�È+¿�À�Ã�È�À�½0Ã�Å ¾ á ¿SÊ*Æ�º�Ã�Ó#½8º ½2º ½/Ç>ÐA¼#½�Ê/À;½/Ç ¾�¿
α
¿�Ç�Ê�Ê�½�¿�¿�»�â_¿ Ñ

Ò ËCÆ�ÅjÁ/¾�Ã�À�½/Ç ¾�º ½0¿�Á/Â�½�Ê/À�»IÆ�È�Åj½/¾ Ï ½/À.º�½0Ê;Õ+Æ�»I¿�»�¾.º+Ã�È�¿iÂ-ËE½/È+¿�½ Ï Û Â�½0Ê�Æ�Ç�¾;Ã�È�À�º ½�¿i¼#½�Ê�À�½/Ç ¾�¿ α É�Ç ÈM¿�Æ�Ç�¿�Ì
½�È�¿�½ Ï Û Â�½6º�½6¼#½�Ê/À�½�Ç ¾�¿0º�½�¿�À�»�È�Á*¿XÍJÓ#Á/È+Á/¾�½/¾0ÂI½6È�Æ�Ç�¼#½/Â9½/È�¿�½ Ï Û ÂI½�É:Ê�ËC½�¿�ÀXÍKº »�¾�½�º ½6È�Æ�Ç�¼#½*Ã�Ç Ðå¼�½�Ê/À�½�Ç ¾�¿
º'ËEÁ/¼�Ã�ÂIÇ+Ã�À�»IÆ�È�º ½@Â�Ãiâ_Æ�È+Ê/À�»IÆ�È�Æ�Û>ð�½�Ê/À�»�â

J(α) Ñ�ñ ¾;Á�Ê/»I¿�Á Ï ½/È�À*É�Ê�½�Â�Ç »�Ì]Ê�» Ã.Å�Æ�Ç ¾Z¾�ò�Â�½=ºBË »Iº ½�È�À�»�ó+½�¾ZÂI½�¿Z¼#½�Ê/À�½�Ç ¾�¿
α
Å�Æ�Ç ¾:Â�½�¿�×�Ç�½/ÂI¿:ÂI½�¿:¼�Ã�ÂI½/Ç ¾;¿

J(α)
¿�Æ�È�À�ÂI½�¿:Å Â�Ç�¿'âfÃ�»�Û ÂI½�¿:ÅjÆ#¿�¿�»�Û�ÂI½�¿�½/À�ºBËEÁ�Â�» Ï »�È+½/¾:Å+Ã�¾�À�»I½/Â�Â�½ Ï ½/È�À:ÂI½�¿dÃ�Ç À�¾�½�¿

¼�½�Ê/À�½/Ç�¾�¿ Ñ+ô Â�½*¿�À.» Ï ÅjÆ�¾�À;Ã�È�À.º ½2¾;½ Ï Ã�¾;×�Ç�½/¾�×�Ç�½0À�Æ�Ç�¿iÂI½�¿5ì Ï Ã�Ç ¼�Ã�»I¿�î8¼#½*Ê/À�½/Ç ¾;¿iÈ�½0º Æ�»�¼#½/È�À.Å+Ã�¿.ã/À�¾�½0Á/Â�»�Ì
Ï »�È�Á�¿ Ñ õ È�½HÀ�½/ÂIÂI½HÀ�½�Ê�Õ È »I×�Ç�½HÈ'ËCÃ�¿�¿�Ç�¾�½/¾;Ã�»IÀ5Å+Ã�¿5Ç È+½8½�Ð�Å�ÂIÆ�¾;Ã�À�»IÆ�ÈK¿�Ç>ö�¿;Ã Ï�Ï ½/È�ÀS½�Ð>Õ+Ã�Ç�¿�À�»I¼#½8º ½HÂ]ËE½�¿�Å+Ã�Ê*½
D ½/À5¿�½.ÂÄÃ�»I¿�¿�½/¾;Ã�»�À@âfÃ�Ê�»�ÂI½ Ï ½/È�À5½ Ï Å ¾�»I¿�Æ�È È�½�¾=º+Ã�È�¿@Â�½.¼#Æ�»I¿�»�È+Ã�Ó#½HºBËCÆ�Å À�» Ï ÃXÂIÆ�Ê*Ã�Ç Ð Ñ>Ò ÃD¿�Á/ÂI½�Ê�À�»IÆ�ÈAÈ�½Hº Æ�»IÀ
º�Æ�È�Ê5ã/À�¾�½=È » À�¾�Æ�Å6¿�Á/¼ á ¾�½=È » À�¾;Æ�Å�Â�÷�Ê;Õ�½=ÅjÆ�Ç ¾zÈ�½=ÅaÃ�¿z¾;Ã�ÂI½/È�À�»�¾zÂ�ÃHÊ*Æ�È�¼#½�¾�Ó#½/È�Ê*½ Ñ�Ò ËCÃ�Â�Ó�Æ�¾�»�À�Õ Ï ½=Õ »�¿�À;Æ�¾�»I×�Ç+½
Ç�À�»�Â�»I¿�Á@Å+Ã�¾zø�Æ�Â�Â�Ã�È+º	Ê�Æ�È�¿�»I¿�À;Ã�»IÀOÍ�Ã�Ê�Ê�Æ�¾;º ½/¾OÃ�Ç	¼#½*Ê/À�½/Ç ¾

α
Ç È+½@Å ¾�Æ�ÛaÃ�Û »�Â�»�À;Á=º ½=¿�Ç ¾�¼�»I½9Ì'Ê�ËE½*¿�À�ÌnÍkÌ]º »�¾�½=ºBËCÃ�Å Ì

ÅaÃ�¾�À�½/ÈaÃ�È�Ê�½2Ã�ÇAÈ�Æ�Ç�¼#½/ÂB½/È+¿�½ Ï Û ÂI½8º ½HÊ*Ã�È+º>»Iº�Ã�À;¿9ÌzÅ�¾�Æ�ÅjÆ�¾�À�»IÆ�È�È�½/Â�ÂI½2ÍD¿;ÃXÅj½/¾�â_Æ�¾ Ï Ã�È+Ê�½HÆ�ÇKÃ�º�Ã�Å À�Ã�À�»IÆ�ÈAÌ
ì�ù'ú_û�ü�ý�ý�î2½�ÈMÃ�È Ó#Â�Ã�»I¿*É+Ê*½/À�À�½0º�½/¾�È » á ¾�½0Á/À�Ã�È�ÀiÇ�È�½8â_Æ�È�Ê/À�»IÆ�È Ï Æ�È�Æ�À�Æ�È�½0º Á*Ê/¾�Æ�»I¿�¿;Ã�È�À�½0º ½

J(α) Ñ+Ò ½�¿.º ½/Ç ÐÅ�¾�»�È�Ê/»IÅj½�¿�Üÿþ Ù}ß º ½�¿�Á/ÂI½�Ê�À�»IÆ�ÈFÂI½*¿HÅ Â�Ç+¿8Ê�Æ�È�È�Ç�¿0Ã�Ê/À�Ç+½/Â�ÂI½ Ï ½/È�À2¿�Æ�È�À8Â�ÃA¿�Á/ÂI½�Ê�À�»IÆ�ÈFÅ+Ã�¾H¾;Æ�Ç ÂI½/À�À�½�º ½�Ê*Ã�¿�»�È+Æ
Ì%ì��������_ü}ú�ú�ü��
	�ü*ü���ý/ü��_ü
�kú����*û î2½/ÈåÃ�È Ó�ÂÄÃ�»I¿SÌ@½�ÀiÂ�Ã6¿�À�¾�Ã�À�Á/Ó#»I½0º>Ç�¾�½�¿�À�½X¿�À;Æ�Ê;Õ+Ã�¿�À�»I×�Ç�½X¿�Ã�È�¿i¾�½ Ï Å Â�Ã�Ê*½ Ï ½/È�À
Ì9ì*ý�ú�����	���ý*ú������/ü�������û�� ü������-ú�	���� ú��/ü! ��"����ü��Jü�ûjú@ý/ü��_ü
�kú����*û î0½�ÈFÃ�È Ó�ÂÄÃ�»I¿ ÑjÒ ½XÅ ¾�½ Ï »I½/¾8Ã�¿�¿�Æ�Ê/»I½	Í�Ê�Õ+Ã�Ê/Ç È
º�½�¿H¼�½�Ê/À�½/Ç�¾�¿

α
Ç�È�¿�½�Ó Ï ½/È�À2º Æ�È�À8ÂÄÃ�Â�Æ�È Ó�Ç+½/Ç ¾2½�¿�À8Å ¾�Æ�ÅjÆ�¾�À�»IÆ�È�½/ÂIÂI½6Í!Â�Ã!Åj½/¾�âfÆ�¾ Ï Ã�È�Ê�½ ÑBÒ ½�¿2¿�½/Ó Ï ½�È�À�¿

¿�Æ�È�À Ï »I¿OÛjÆ�Ç�À9Í8ÛjÆ�Ç�À%½/À%ÂI½i¿�½/Ó Ï ½�È�ÀOÀ;Æ�À;Ã�Âa½�¿�ÀOÈ+Æ�¾ Ï Ã�Â�»I¿�ÁS½�È�À�¾�½ Ý ½/À ¹ Ñ#õ È�Ê�½/¾�À;Ã�»�È�È�Æ Ï Û ¾�½iº ½S¼�Ã�ÂI½�Ç ¾�¿¿�Æ�È�À8Ê;Õ+Æ�»I¿�»I½�¿2Ã�ÂIÁ*Ã�À�Æ�»�¾�½ Ï ½/È�À8½�È�À�¾�½ Ý ½/À ¹ Ñ�Ò ½�¿H¼#½*Ê/À�½/Ç ¾;¿ α Ã�¿�¿�Æ�Ê�»IÁ�¿2Ã�Ç ÐM¿�½/Ó Ï ½/È�À;¿2Ã�Ç>Ð>×�Ç�½/ÂI¿2Ã�Å Å+Ã�¾�Ì
À�»I½/È È�½�È�ÀHÊ�½*¿�¼�Ã�ÂI½/Ç�¾�¿H¿�Æ�È�ÀH¿�Á/ÂI½*Ê/À�»IÆ�È�È�Á�¿ Ñjõ È Ï ã Ï ½X¼#½*Ê/À�½/Ç ¾

α
Åj½�Ç À8Ã�»�È+¿�»Zã/À�¾�½	¿�Á�ÂI½�Ê/À�»�Æ�È È�ÁDÅ Â�Ç�¿�»I½�Ç ¾�¿

âfÆ�»I¿ Ñ�Ò ½iº ½�Ç>Ð�» á/Ï ½SÅ ¾�»�È�Ê/»�Å�½iº ½i¿�Á/Â�½�Ê/À�»IÆ�È�Ê�Æ Ï6Ï ½/È+Ê�½SÅ+Ã�¾%Ç È�½.¿�Á/ÂI½�Ê/À�»�Æ�È�º�Á/À�½/¾ Ï »�È »I¿�À�½.º ½�¿%¼#½�Ê�À�½/Ç ¾�¿
α #Å�Æ�Ç ¾DÊ�Õ+Ã�×�Ç+½�¼#½�Ê/À;½/Ç ¾D½*¿�À	Ê*Ã�ÂIÊ�Ç ÂIÁ�½�ÂÄÃKÅ+Ã�¾�À�»I½�½/È�À�» á ¾�½!º>Çë×�Ç�Æ�À�»I½�È�À

r
Á�Ó�Ã�Â=Í�Â�ÃKÅj½�¾�â_Æ�¾ Ï Ã�È�Ê�½!º>»�¼�»�¿�Á*½

ÅaÃ�¾9ÂÄÃ2Å�½/¾�â_Æ�¾ Ï Ã�È�Ê*½ Ï Æ}ä#½/È È+½�É�Ê*½/Â�ÂI½�ÌnÊ/»j¿�½/¾�À=ÍXº Á/À�½�¾ Ï »�È+½/¾9Â�½iÈ�Æ Ï Û ¾�½�º ½iâ_Æ�»I¿=Æ%$AÊ�½i¼�½�Ê/À�½/Ç�¾@½�¿�À@Ç À�»�ÂI»I¿�Á
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• ���8�����i�����������D���A�c�W�����I���a���f���v���c�D�8���8�v�c�
� N3P \ S�yLd�Q T�Pmzf`AN \ ^�^eN3SVU�� ���v���I�I� �I $¡H¢$�v�m£¥¤����I�V£a��¦v���I�I¤W§�¨pN3b \ bfy	S \ TVX \ U3PkU}^fQ d	^ed	X U}^ \ Q�© nvª ~%N3Qmz \ Q PNHP¬« nc­ N3b�b�NH_�®¯q�° J °3u n � d	`a`�N1Sxl \ S�yLd	QmT�Pmz�`�N1_�NHX [ d�SVd�b�TVNHX¬_fNR|Id ] Qm`�TVXW±(T�S ] PmT�S�TVX NRS \�[ d�S�S \ ~ed�Q \ PmTVd�b²N3bcPmQkN

\ yLN3bcP X \ ® \ bcP ] b�N [ d	bfb \ TGXmX \ b [ N¯S�T�`�T�P UHN¯^%d ] Q�PmQ d ]fh N3Q�S \ X d�S ] PmTVd�b³d�^fPmTV` \ SVN npo S1^fQkd [H´ _fN \ T�b�XmT!NHb
] PmT�S�TVX \ bcP ] bµNHX X \ T�`¶|Id	Qm`�Ua_�N·^ \ QmPmT [3] SVNHX.w ] l<T�S�| \ TVP.U h d�S ] N3Q \i]�[ d ] Q X._ ] P N3`a^�X n�¸¥[ z \�[3] b�Na_fN [ NHX^ \ QmPmT [H] SVNHX¬NWXmP \ X X d [ TGUHN ] b�N h T�P NHX X N n � N3S�SGN>¹ [ Te^eN3Q `�N3P{_,l<U h	\ S ] N3Q¬S \ ^ed	XmT�P TVd�b²_fN1S \ ^ \ QmPmT [H] SVN \i] ^ \ X¬_�N
PkN3`a^�X�X ] T h	\ bcP n�º l<d�~�»¼N [ PmT½|�NWX¼PR_fN!| \ T�Q N [ d�b h NHQmyLN3Q�Sxl<NHX X \ T�` h N3Q X�S \ X d�S ] P TVd�b¾d	^fPmT�` \ SVN¿_ ] ^fQ d	~fS ´ `AN nÀ \ b�X¬b�d	PmQ N [W\ XW±cSGNHX¬^ \ Q PmT [3] SGNHXp|Id�Q ` \ bcP{Sxl<NWXmX \ T�`�X N�_fU3^fS \	[ N3bcP�_ \ b�X¬Sxl<NHXm^ \	[ N D n*¸Á[ z \ w ] N�U3P \ ^%N
_ ] ^fQ d [ NHX X ] X�_,l<d	^fPmT�`aTGX \ PmTVd�b#± [ z \�[H] b�NA_fNHX.^ \ Q PmT [3] SGNHX�_fU>g�b�T�P�M8^ \ Q.S \ ^ed	XmT�PmTVd	bµw ] l<N3S�SVN�d [H[3] ^%N Z!] b
h N [ P N ] Q α n%º l<d�~f»¼N [ PmT½|{_fNFSxl \ SVyLd�QmT�P zf`�N·NWX¼P¿_�N�| \ T�QkN·U h d�S ] N3Q [ NWX!^ \ QmPmT [H] SVNHX¿_ \ b�X!SÂl<NHXm^ \�[ N D » ] X w ] lsY
[ N¿w ] l<N3S�SVNWX�XWl \ y	yLSVd�` ´ Q N3bcPRN3b ] b�N [ N3Q P \ T�b�N¿^edLX¼TVPmTVd�b

α
w ] T#_fd�T�PRÃ3PmQkN ] bÄ`�T�bfT�` ] `Å_fN¿S \ |Id�b [ P TVd�b J nÆ d ] Q [ N3S \ ±�SÂl \ S�yLd	QmT�Pmzf`AN [ d�`�`�N3b [ NF^ \ Q�T�b�T�PmT \ SVTVXmNHQ�Sxl<NHX X \ T�`Ç_�NFQ N [ z�N3Q [ z�NaN3b�_fU>g�bfTVX X \ bcP�SVNFb�d�`�~fQkN

_�N¾^ \ QmP T [3] SVNWXAw ] TRSVN [ d�b�XmPmT�P ] N \ T�b�XmT1w ] N¾SVN ] QA^ed	XmT�P TVd�bÈ_fN�_fU3^ \ QmPW± [ l�NHXmP¼¹ÉYv¹Â_fT�Q N¾SVN h N [ P N ] Q α w ] N
[ z \�[3] b�N�Q N3^�Q UHX N3bcP N nfº N [ z�d�T j _�N [ NHX h N [ P N ] Q X�NHXmP{| \ T�P�_fN!| \	Ê d�b \ SGU \ P d�TVQ N¿d ] _�N!| \�Ê d�b¯_fU3P N3Q `aT�bfTGX¼PkN
NHP$Q U3y ] S�T ´ Q N nLº l \ S�yLd�QmTVPmzf`�N�_fd�T�P�U3y \ SVN3`AN3bcP \ X X d [ TGN3Q ] b�N h T�P NHX X N{T�bfTVPmT \ SVN�Y [ z \�[3] b�N�_fNHX$^ \ QmPmT [3] SVNHX n	º N
[ z \ `a^�T�b�T�PmT \ Sc_fN h T�P NWXmX N}NHXmP [ z�d�TVXmTc_fN�` \ b�T ´ Q N \ SVU \ P d�T�Q N nWª b�g�b�±WSxl \ S�yLd	QmT�Pmzf`AN}_fd�T�PD_fU>g�bfT�Q#S \ b�d�PmTVd	b�_�N
h d�TVXmT�b \ y(N1^ed ] Q [ z \�[3] b�N!_fNWXp^ \ QmPmT [H] SVNHX n À N ]�j PË®c^eNHX{_fN h d�TVXmT�b \ y(N1^eN ]�h N3bcP{ÃHPmQ N!_fU3g�bfTVXW±cSVN h d	TVXmT�b \ y(Ny(UHd�y	Q \ ^fzfTVw ] N�w ] T�_fd�TVP}Ã3PmQ N�Q N [W\ S [3] SVU1Y [ z \ w ] N�^ \ X}_fN�PkN3`a^�XH±(N3P�SVN h d�TVXmT�b \ yLN¬�ÉX d [ T \ S½¨�_�U>g�bfT ] b�N{|Od�TVX
^%d ] Q.Pkd ] P N�Y²Sxl T�b�T�PmT \ S�TGX \ PmTVd�b n � N�_�N3QmbfTVNHQ�NHXmP.SVN�^fS ] X ] P T�S�TVX U [W\ Q�T�S}NHXmP.^�S ] X�XmT�`a^fSGNAY²^fQkd�y	Q \ `�`�N3Q�±
`Ad�T�b�X [ d	ÌfP N ]fj N3bFPkN3`a^�X�_�N [W\ S [3] S�N3P$N3b [�\ X�_fN [ d	b h N3Q yLN3b [ N	±vT�S*PkN3b�_ h N3Q X�SVN h d�TVXmT�b \ y(NpyLUHd	y	Q \ ^�zfTVw ] N n
º l \ S�yLd�QmT�P zf`�N�| \ T�PDNHb�X ] T�P NpU h d�S ] N3Q#Sxl<NWXmX \ TV`ÍN3b \ S�P N3Q b \ bcP [�\ S [3] Sc_fNHX#b�d ]fh N3S�SGNHX#^ed	XmT�PmTVd	b�XD_fNHX#^ \ QmPmT [3] SVNHXMIy	QkÎ [ N \i]�j�h TVP NHX X NHX \ XmX d [ TVUHNHX$Y [ NWX�_fNHQmbfT ´ QkNHX ZD\i] PmQkN3`�N3b*P�_�T�P [ z�d�T j _fN¬b�d ]fh N \i]�j�h N [ P N ] Q X α YRP NHXmP N3Q�±
NHP [W\ S [3] S�_fNHX$b�d ]fh NHS�SVNHX h T�P NHX X NHX \ X X d [ TVUHNHX \i]fj ^ \ QmPmT [H] SVNHX nLº N [W\ S [3] S�_fN [ N3PmP N h T�PkNHX XmN�PmTVNHbcP [ d�`a^�P N�_�N
P Q d�TVX�P N3b�_ \ b [ NWX n�º#\ P N3b�_ \ b [ N.YaX ] T h Q N¿X \ ^�Q d�^fQ N h d�TVN	± [ l<NHXmP¼¹ÉYv¹É_�T�Q N¿X \Fh T�P NHX X N \�[ P ] N3S�SVN	±fS \ P N3b�_ \ b [ N
[ d�b�X N3Q h	\ PmQmT [ N�Y�X ] T h Q N�X \ `�N3T�S�SGN ] Q N�^eNHQ¼|Id�Qm` \ b [ N \ T�b�XmT{w ] N�S \ P NHb�_ \ b [ N�^ \ b ] Qmy	TVN3b�b�N²Y�X ] T h Q N�S \`AN3T�S�SVN ] Q N�^eNHQ¼|Id�Qm` \ b [ NR_�NRXmNWX h d	TVXmT�b�X n � z \ w ] N�^ \ QmPmT [3] SVNR_fd�T�Pp_�d�b [ y \ Q _fN3QpN3b�`�U3`Ad�T�Q NRX \ `�N3TVS�SVN ] QkN^%N3Q¼|Id�Q ` \ b [ N	± [ l<NHXmP¼¹ÉYv¹Â_fT�Q N¾SGN h N [ P N ] Q α [ d	QmQ NHXm^ed	b�_ \ b*P�Y�S \�h�\ SVN ] Q J(α)

`aT�b�T�` ] `Ï_fNHX h N [ P N ] Q X
\�]�j w ] N3SVX�N3SVSVN�NWX¼P�^ \ X XmUWN n Æ d ] Q [W\ S [3] SGN3Q$S \!h T�P NHX X N�_�N{S \ ^ \ QmPmT [H] SVN \i] ^ \ X�_�N{PkN3`a^�X}X ] T h�\ b*P N v(t+1)

±
Sxl \ S�yLd�Q T�Pmzf`AN�Q N [ d	`�~fT�b�NRX \.h T�P NHX X N \�[ P ] N3S�SVNFM

v(t) Z ±LS \ ^%d	XmT�PmTVd�b
αi

Y¿S \ w ] N3S�SVN�S \ ^ \ QmP T [3] SVN \�\ PmP N3T�b*PpX \`AN3T�S�SVN ] Q NR^%N3Q¼|Id	Qm` \ b [ N \ TVb�XmTew ] N1S \ ^%d	XmT�PmTVd�b
αg

Y.S \ w ] N3SVSVN ] b�NR^ \ QmPmT [3] SVN1_fN!X d�b h d	TVXmT�b \ y(N \�\ PmP N3T�b*PX \ `AN3T�S�SVN ] Q N{^%N3Q¼|Id�Q ` \ b [ N n	ºD\ b�d ]fh N3S�SGN h T�P NWXmX N�_�N{S \ ^ \ QmPmT [3] SVN�NHXmP \ SVd�Q X [W\ S [H] SVUHN�^ \ Q$S \¿[ d�`�~�T�b \ TGXmd�bS�TVb�U \ T�QkN¿X ] T h�\ bcP N�Ð
v(t+ 1) = c1v(t) + c2(αi − x(t)) + c3(αg − x(t))

º N [ dcN>Ñ [ TVN3bcP c1 NHXmP�g j U._fN¿` \ bfT ´ Q N \ Qm~fT�PmQ \ T�Q N	±�N3P�SVNWX [ dcN>Ñ [ TVN3b*P X c2 NHP
c3

X d�bcP [�\ S [3] SGUHX \ SVU \ P d�T�Q N3¹`AN3bcP n�º#\ ^ed	XmT�P TVd�b¾_�N�S \ ^ \ QmPmT [H] SVN \i] ^ \ X�_fN�P NH`a^�X�X ] T h	\ bcPRNHXmP [W\ S [3] SVUHN¿^ \ Q�S \ |Id	Qm` ] SVN�Ð
α(t+ 1) = α(t) + v(t+ 1)

¸Dh�\ bcP�_fN�P Q d ]fh N3Q·Sxl�d�^fPmT�` ] `Òy	SVd�~ \ Sx±�T�S�NHXmP·^edLXmXmT�~�SVN²w ] N�Sxl<NWXmX \ TV`ÒX N²_�U [ d�`�^ed	X N²NHbÓX d ] X¼¹ÂNWXmX \ TV`�X
\�] P d ] Q�_,l<d�^�PmT�` ] `�SVd [W\i]�j,n

º NWX�^ed�TVbcP XR_fUHS�T [W\ PkXR_fN.S \ `�U3Pmz�dc_fN�X d�bcPRS \ _fU>g�b�T�PmTVd�b�_fN.S \ P \ T�S�SGN._�N¿Sxl<NWXmX \ TV`¾±�_ ]¯h d�TVXmT�b \ yLN�_fNHX
^ \ QmPmT [H] SVNHX1N3P!_ ]�[ d*N>Ñ [ TVN3bcP1_�N [ d�bfg \ b [ N c1 _fN.S \ ^ed�b�_�U3Q \ PmTGd�b¯S�TVb�U \ T�QkN n�Ô b�N h T�P NWXmX N�` \vj TV` \ SVN�NHXmP
UHy \ SVN3`AN3bcP}X d ]fh NHbcP$TV`a^edLXmUWN \ g�b�_�l<U h T�PkN3Q}w ] N�SVN�Xm®�X¼P ´ `�N¬�ÉN j ^�SVd	X N>¨ nLÔ bAN3b�X N3`F~fSVN�_fN�Q ´ y	SVNWX \ X X ] Q \ b*PS \�[ d	b h N3Q yLN3b [ N h N3QkX}Sxl<d�^�PmT�` ] `ÕyLSVd�~ \ S�_fNRSxl \ S�yLd�QmTVPmzf`�N1_,l<d	^fPmT�`�TVX \ PmTVd�b�^ \ QpNHX X \ T�`Ö_fNR^ \ Q PmT [3] SGNHXpd�b*P
UHP U�`aTGXmNWX�N3b¾U h TV_fN3b [ Naq J °W×�± J °Wrvu n
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è(ã0ÑTß1Ó;ÕrÓ/×+Ô�å â�ÑUïBå:æ é Ñ$Ô+Ø+Ñ$ÔJÐ&Ó/æ0Øsß1Ó;Ô+Ý$ó
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æ�Ñ�Ø�×TØ�Ú
æ�ÙlÓ/å:ä0ß ÑBâ�Ú"!�×TÑ�×[ß ÑBâ-Ó/ÔuÓ�â$×+Ö$Ô�ÑBÑIò6Ò�ß å â$å:×+ÑBÐ0Ñ
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
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
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gP (x) =
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1 + exp(−x) .

P 9C-�,7/B6B3%@
Q.=�38<&/2G4=%,REB0'/B6B38<�:4QS9�<
Q./�0�9�< j T 1 ≤ j ≤ n1 U :A<>=%,V-./�<
5I38W
/�<�@&0�QA@XF�<Y<&EB6�O

yj,1 = gP (ψ0 +
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çbì ∇ψ ÷ Ünøúè�â7ëBìBï%Þ
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æ.ërÚ
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æ.î8ï8ê
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ìiî8ê;çAí�á õ ë�êmã.ê;çAê
æ.ëXí�çAê&òví�çbìvà
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ù+à
ç�û
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ã.êYá�â7ìBë�ï8Þ&ê��

ψ = argmin
ψ

(
ns∑

i=1

(J̃(αi) − J(αi))
2

)

= argmin
ψ





ns∑

i=1

(

ns∑

j=1

ψj exp(−
||αi − αj ||2

r2j
) − J(αi))

2





= H−1Js

í��
H =

(

exp(− ||αi−αj ||
2

r2j
)

)

1≤i,j≤ns
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ì�à�ã.à
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ì�ï�ö�â7ìBï%í�ç;ê
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�5¯�±$¨S�h§«���o²o±o���³§«��±«°'�'��´-¦5���I�'¯$§���¨S¤��h�e�$�=§O¦'�5�A ��*�5±$§S�����3�M¥'¥'¨«�=±«°5¯o�¶µ·¥G�M¨S§S�h¨I�5�A¨n�M�������'�5��¤2�$�w§��O�S§«�M§��h§S��´-¦e���o­
¸ ��¨«¯��S¦'�h§«�M§¢�'���·�S�h¤�¦'�D�M§S�����e�£�w¦'¤2¯$¨���´-¦5�o�
�o��§;²'µ����3�'�%¹�¯$¨«�$�5±����·�'�o�·��ªw¥9¯$¨����$�5±��o�£¥5°=�w�S��´-¦e���o²��'¯$¥���¦'¨Sºw¦
�³»��$¨S¨���¦'¨¢����¯o�M§«���h¨��*²5�M¦'§�¨��$¤2���=§·�'�h§o²��h�X�o��§¢�'¯�§��$¨S¤����'���S§��*­ ¸ ��¨«���������'�5��¤2�$�=§·¦'§��h�h����¯¼±o���5�S���S§��1±��$¥9���5�5�M�w§
µ�±��*�5�S���'¯$¨«�$¨��S�o�·¨�¯$¥����5�����

J(α)
±o��¤�¤2�z¯�§«�M�=§¢�����¢¨�¯o���h���«�M§S�����e�¢�X»�¦'�(¥'¨��=±o������¦e���M��¯;�M§����h¨«� J (α)

�5�¼�D�
 ���¨S¤2�2½

J (α) = µ(α) + z(α)
�1�M�5�3±��$§�§��\��ªw¥5¨������S�����

µ(α)
¦5�5�2 ����e±$§S�����¾�'�f¨«¯$�*¨������S�����¾�'¯$§���¨S¤��h�5����§«�\±$���*�S�S��´=¦5�®�F¥����h�=�5¿*¤����M���

¥G�M¨1��ª'�$¤�¥'���;¬�§«�M�e�����1´-¦e�
z(α)

���S§¼¦'�À¥5¨��=±��o�S�S¦5�1�S§��w±«°e���S§S��´=¦5�3¨���¥'¨�¯����$�=§n�M�=§¼�l»��$¨S¨���¦'¨1�'�Á¥'¨�¯��'��±$§S���*�
�'¦Z¤2�=�5Â$���_�'�_¨�¯$�*¨��o�S�S���*�

µ(α)
­9Ãb� ±o���� ����e��¨«�����(Ä5�5�z�����b¯�±«°e�M�w§S�h�h���*�5�

Js
�$§
Js
¨����S¥9��±�§S�hºg�$¤f�$�=§b�'¦

¥5¨��=±������S¦5�
J
�$§¢�'�1���� ����5±$§S�����(�'¯�§��$¨S¤2�h�'���S§��

J
´-¦5�1��»����Z±«°5�$¨�±n°5�zµ2�M¥'¥'¨«�=±«°5�$¨;­

¸ �¢¥5¨��=±������S¦5�£�M��¯o��§����h¨��
z(α)

�o��§Å�S¦'¥'¥��*��¯b�oºg���h¨¶¦5�5�¢¤2�;�g���'�5������¦\�o��¥�¯$¨«�M�5±o�;¬Æ�=¦'�h���
E(z(α)) = 0

²
¦5�5��º��M¨S�����5±��2±����=§n�M�=§��g²��5�*§�¯��

σ2
�
σ2 = E(z(α)2)

¬�²X��§1�D�Ç±��?º��M¨S�����5±��2�$�=§�¨����5�$¦�ªq�$¨S¨���¦'¨��
z(α1)

��§
z(α2)

���S§¢¯��-�M���_µÇ½

E(z(α1)z(α2)) = Cov(z(α1)z(α2)) = σ2Cor(α1, α2)
�*È

Cor(α1, α2)
¨��$¥'¨�¯o�S���=§��2���Ç ����e±$§S���*���5�f±���¨S¨�¯����M§S���*�����=§S¨��2���o�z¥9�����=§��

α1
��§
α2
­É¡
���z°w�=¥9��§�°5Â������

¯�§«�M�=§¼¥9�*��¯��o��²9�h�A���S§¼�5¯�±��o�S�«�M�h¨«�3�5��¥5¨�¯�±$�����$¨¼���f ����e±$§S�����q�'�Á±��*¨S¨�¯$����§S�����À¦'§S�h������¯��*­�©A�À�g¯��5¯$¨«�M�l²9±o�$�h����Êl±��
º-¯$¨S�%Äe�

Cor(α1, α2) = φθ,p(α1 −α2)
²=�$§
¯$�-�M���¼�M¦K¥'¨��=�'¦'�h§
�'���¶ ����e±$§S�����e�£�'��±���¨S¨�¯����M§S���*�

1D
�S¦'�hº*�M�=§¼½

Cor(α1, α2) = φθ,p(α1 − α2) =

n∏

i=1

e−θi|α1i−α2i|
pi

�*È
θi > 0

�$§
0 < pi ≤ 2

­ ¸ �2 ����5±$§S�����
φθ,p

���S§�¦'�e�_ ����5±�§S�����À�5¯�±$¨������S�«�M�w§��3�'�����\�5��¨S¤f�3��¦®ºg�o±$§��$¦5¨
�'�%¹�¯$¨����5±��*­w¡£�$���z�S�h�*�'�%ÄG�¢´-¦5�g²*����¨��¶�³» ¦'�5�¢¨�¯o�M�h������§S�����\�'�·���¼ ����5±�§S����� J ���$§¶�5���5±¢�5�·���¼ ����5±$§������f¯o±o�M¨S§n¬$²���o�zº*�M¨S����§S�����5���'�f���Ç ����e±$§S�����Ë¯�±o�M¨�§

z
�����w§��X»"��¦'§«�M�=§�¥'�h¦5�z ���¨�§��$¤2���=§�±��*¨S¨�¯$��¯��o��´-¦5�2���o�z¥����h�=§«�_�����w§

¥5¨��=±«°e���o­'¡
�$§S§��b ����e±$§S�����Ç§«�$�5�Kºg�$¨��¢Ì3´-¦e���5�K���3�����S§«�M�e±��¼�$�=§S¨��
α1
�$§
α2
�M¦'�*¤f�$�=§��g­ ¸ » ����Í5¦5���5±��¼�X» ¦5�

¥����h�=§��'�z±o�M��±$¦'�
αi
�S¦'¨¢���Áº��M����¦'¨��$�

α
�'�h¤��h�w¦5�z�'���5±_µÁ¤2�o��¦5¨��z´-¦5�

α
��»"¯$�����h�*�e�z�'�

αi
­ ¸ �3º*�M���$¦5¨¢�5�

θ
¥9�$¨�¤2�$§·�'��±o���=§S¨«¿����$¨
���_Îo�*�5�¼�X» �h��Íe¦5�$�5±��Á½=¥���¦'¨
�����Å ��*¨S§����£º*�M���$¦'¨«�
�'�

θ
²w���$¦'���o�£�����£º������$¦'¨«�£¥'¨��=±«°e���

�����w§ÁÏ'���$�Ð±o��¨S¨�¯$��¯����(����� � �Ñ���Z ��*�5±$§S���*� J (α) − µ(α)
§��$�e�Ëºg��¨����'����¥'��±��Á¥G���������=§Á¥G�M¨Á�����Á¥9�����=§��

�5�2��»�¯o±«°e�M�w§S�h�h�����Ë�$§3�o»"�M¥'¥'¦5�-�M�=§3�S¦'¨_�D�(��¨«���h§��
y = 0

¬$­ ¸ �2¥G�M¨«�M¤fÂ$§S¨��f¥�¤f���S¦'¨��f���L¨«¯$�*¦'����¨S�h§�¯\�'�2�D�
 ����5±$§S�����L�'�1±���¨S¨�¯����M§S���*�³­ ¸ ���
º��M����¦'¨��

pi
²
1 ≤ i ≤ n

²������w§·�$�Ç�-¯$�5¯$¨«����¥'¨S�������·¯$�=�M�����¢µÁÒ'²��'��§����h���¼����¨S§«�
´=¦5�¼���1¥'¨��w±������S¦5���M��¯o��§����h¨��z���S§·¦'�(¥'¨��=±o������¦e�bÓ1�M¦5���S���$�O­
Ô ��¦5�S���$¦'¨«�
 ���¨S¤2�o�¢�'�1Õ1¨S�h�*�h�5�2�����=§��'¯�Ä5�5�����¢�S¦'�hº����=§·���1§Ö�=¥9�z�'�¼�D�� ����e±$§S�����

µ(α)
½

Ê¶����¨���´-¦e�
µ
���S§·¦'�e�1±��*�5�S§«�M�=§��z±����5�=¦5�_�3¥'¨S���*¨S�¶�

µ(α) = m
¬
���L¥G�M¨S���z�'�1Õ1¨S�h�*�h�5�2�S�h¤�¥5���A×

Ê¶����¨���´-¦e�
µ
���S§·¦'�e�1±��*�5�S§«�M�=§��_µÁ�5¯$§��$¨S¤2�h�5�$¨��

µ(α) = µ
¬£���(¥e�M¨����1�'�zÕ¼¨S�h�g�h�'�2�*¨����h�G�M�h¨��*²
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• fα = [f1(α) f2(α) . . . fk(α)]T
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J(α1) ≤ J(α2) ≤ ... ≤ J(αn+1)

Þ�ß$èjå�é�ëNã
αn+1

ß:à*ã.æ�å<ë,í�ì ß$è�ì ï,à�á7ê�ï ô ê5é�à�èPå�é�ë	ã.ß)ë>ã#ß)î#á�ßlæ�ß$á�é�ë�é�á�é à3ê5ã*é å�ëcæ�ß�ì�ê�ð�å�ë,í)ã#é å�ë�ö,Þ�ß
èPå<ìBLNã#å�èjß�ß:à*ãmê�ì å�î#à�ë,å<ã#â

P =< α1, α2, ..., αn+1 > WC2öVU&ì�íMê5ì í)ï,ì ß$ì ßlí:ß)ëNã#î#ß�æ�ß�õ<î3ê ô é�ã#â
α

æ2ï`èjå�ìBLNã3å�èPß
P =< α1, α2, ..., αn+1 > WË öVU&ì�ßXJjß:í)ã#ï,ß�ì�ê�î#âZY;ß�ù2é å�ëHæ�ï[è�ì�ï;à$á7ê5ï ô ê5é à$èPå�é ëNã�ý
αn+1

�mè;ê5î�î3ê5è�èjå�î*ãlê�ïHí:ß)ë	ã*î#ß|æ�ß|õ<î3ê ô é�ã#â|æ2ï
èPå<ìBLNã#å�èjß$è;ê5î.ì�ê|î#ß)ì�ê5ã*é�å�ë1R

αr = (1 + a)α− aαn+1å�ø
a > 0

ß:à*ãmê5è�èjß)ì â�íMåNßZ[Kí)é ß)ëNãmæ�ß$î3âZY;ß�ù2é å�ë>æ�ï`èPå<ìBLNã#å�èjß
ýSê
�]\Né

J(αr) < J(α1)
ú�í:ß�èjå�é�ëNã|ê>æ2ï�èjå�ã#ß)ë	ã*é ß)ìiß:ë�ã#ß)î#á�ß7æ�ß7á�é�ë,é�á�é à3ê5ã*é�å�ëwæ�ß7ì�êeð�å<ë,í)ã*é å<ë

å�ñ�ò�ß:í)ã*é�ð�ö{Þ�çoê�ì�õkå�î*é ã*ä�á�ßiã#ß)ë	ã#ßiï�ë,ßhß�ù	è�ê5ë,à*é å�ë|æ,ê�ë,àUì�êCæ2é î#ß:í)ã*é å<ë�æ,ß
αr

ß:ë�í�ê5ì í)ï�ì�ê5ëNãÏì ßièPå�é�ë	ã

αe = bαr + (1 − b)α

å�ø
b > 0

ß:à*ã|ê5è�èjß)ì âKí:å	ßZ[7í)é�ß)ëNã�æWçoß�ù	è;ê�ë,à*é å�ëpæ2ïpèPå�ìBL	ã#å�èPß<ö�\Né
J(αe) < J(αr)

ê5ì å�î3à�ì�ß
èPå<é�ëNã

αe
ß:à*ã@ê<í:í:ß)è,ã#âTß)ãhî#ß)á�è�ì�ê�í:ß

αn+1
ö	Þ�çoê�ì�õkå�î#é�ã*ä�á�ßCî3ß)ã#å�ï�î#ë,ß$ü�ìaç'â)ã3ê�èPß

1
ö.\Né ë,å�ë�ú	í<çoß:à*ã

ì ß7èPå�é�ë	ã
αr

ONï�éißMà�ã^M,ë;ê5ì�ß)á�ß)ë	ã�ê�íMí:ß)è�ã#âkú�é�ì�î3ß)á�è,ì�ê�í:ß
αn+1

ú�ß)ãQìaçoê5ì õkå�î*é�ã#ä�á�ß7î#ß)ã#å�ï,î*ë,ß�ü
ìaç'â:ã3ê5èPß
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ö

ý�ñ_�]\Né
J(α1) ≤ J(αr) < J(αn)

ê5ì å<î#àTì ß�èPå�é�ëNã
αr

ß:à*ã�ê�íMí:ß)è�ã#â|ß)ã$î#ß)á�è�ì�ê�í:ß
αn+1

újß)ãTì&çoê5ì�õkå`Q
î*é�ã#ä�á�ß�î#ß)ã#å�ï,î*ë,ß�ü�ìaç'â)ãnê5èPß
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�k���]�(�
J(αn) ≤ J(αr) < J(αn+1) �c�P�=�m�����u�c�P�
�`� �B�m�.�S���m�X�(�+�!�.����� � �(� �+� �X��� � ���Z�%�+� � ���#�X�� �c� �X� ��� �(� � �N� � �B�(�

αc = cα+ (1 − c)αr

�`� c � � � � �^� � �Z���X���X�(�����^� � �%� �+� �X�m� � ���.�!� �`�P� � � ���
 ��(� J(αc) < J(αr) �c�P�`�m�¡� �^� � �B�%� αc� � � � �T�T�X�.�+¢?�X� � �T�£� ��� �T� αn+1
 .¤ �u�c�P�
�`� �B�m�.�S� � �X� � � � ���^¥ ��� ¢X� � ��� 1

 _�(�B� � �I¦.� � � � � � �N� � �B�(�
αr § ���I� � �©¨�� �c� �X���X�(� � �T�T�T�.�m¢=¦.� ��� �X�S� ��� �*� αn+1

¦��X� ���ª�c�B�
�`� �B���.��� � �X� � � � ����¥ ��� ¢X� � ��� 1
 

�«���]�(�
J(αn+1) ≤ J(αr)

¦¬�*�F� � �B�(�V� � �©� �m­*� � � ��® � � � �X�$�m� � �S�N� �E� �.���P�£� �+� ��� � �$�.� ���°¯k� ���T��� � �
�`±¬² �*�X��� ¯  �¤ �ª�c�B�
�`� �B���.���N�m�X�%�m�N�.���?� � �%� �+� �T��� � �]�B�(�m� � ���?�X�!� �c� �T� ��� �%� � �N� � �B�(�

αc = cα+ (1 − c)αn+1

�(�
J(αc) < J(αn+1) �c�P�`�m��� �!� � �B�%� αc � � � � �T�T�X���m¢��X� � �X�£� ��� �T� αn+1

 ³¤ �u�c�P�
�`� �B�m�.�S�
� �X� � � � ���´¥ ��� ¢X� � ��� 1

 ��(�B� � �I¦ � ��� �`�P� � � ����� � �.���X�(���P� � � � � � ¢T� � ¢T�X�µ T¶ � � ��� � � αi, i = 2, ..., n+1
��� �(� �`�P�`�m�·� �X�S� ��� �*¢ � � �c�

αi = dαi + (1 − d)α1

�`� d � � � � �?� � �Z���T�P�X�(�¡�.� � ¢X� � ¢T�X� �m� �X���X�(�V�.�$� �=�B� � � �¸�= ¤ �u�c�B�
�=� �B���.��� �*�u�c���+¹ �m� �P�`�+� § ��� � �£��¢X� ��� �T�X�S�X�%���¬�º� �`�B� � � ���£� � �����o�B�m¢ �+� ��� � �»¥ ���u� ��� � �]�k� � � � �½¼¾¥�¼¾�¬� � ��X�(� � �����X�¬��¢X� � ��� � 1
�.� �µ�u�c�B�
�=� �B���.�����T�K¼µ�.� �m� � � � � � � � �¬� �+� �S�S�X�%� ¯«� � ±.� �= %¿ �À� �ª� �.� � � � �m� � ��� �³���u�`�B�
� ¼

� �B�����S� �T�u�`���m¹ �m� �P�`�m� § ���
1

n

n∑

i=1

||αk+1
i − αki ||2 < ε

�`� αk+1
i

� � � � � � �X�S� ���`Á�� �(�o�¬� �m� �£�S�X� αki ¥ �µ� �B�m¢ �+� ��� � � k + 1
�X�
ε
� � � � ��� � �B� ­X� �À� �u�`���m¹ �°¨.�¬¢ � �� � ¢ �c���c±.� �= �¤�� � ® �c� �T� �m�¡� � � ��� �c� � � �.� � � � � � � � �(�+� � �.� � ¢XÂ��Z�%� � �Ã� a �Z¦�� � �Z�%� � � � � � �Ã� b �Z¦������ � �%� �+� �T��� � ��

c
�©�X�V��� � ¢X� � ¢T�X� �m� �X�S�T�(�^� d � ��� �(��Ä







a = 1
b = 2
c = 1/2
d = 1/2
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Ï�Ì£Ê³ÖKÉ_×�Ç�ÐkØ»Ð�Ì*Ï.Ç�Ð�É_Ñ�Ì*Ï�Ñ�ÌSÕ
É�Ñ_Ç�Î�Ï�Ð&Ñ�Ç*Ë�Ù
Ú � � �S¢X�m� � �.� � � �E� �.���B�S� �+� ��� � � �m� �(���.�B�m� � �S¢X�m� � �.� � �.�´�.� � �*�X�(�m�= �ÛN� � � �.� ­X� � � ¢X��¢ �}�c� �=¦ ���u�`�B�
� ¼

� �B�����S�¡� �c� �r� � �.��®2�T�X�m�T� � �B�.�P��� �c� α0
¦(�X�³�+�X�(�m�F�X� � �.�B�m�F�.��� � �(®
� ��� � � �P�m¢ �+� �m�B®
�X���X�(�³®2� �m� �.� � �.���B���.�

�P� � �c� �X� � �.�B® � �%�·�.��� � ¢ � �P���.�N®
�*�X�m�X� �m� �.¢Z¨��.� � �.� ��� � � �.� ­X� � � �.�B® � �%�m�£Ä

αi+1 = αi + hi+1ui+1

�`� hi+1
�X�
ui+1 � �X� � ¢ � �X�(�m�X�%� � � � �¸�T�X���P®
�X�S�T�(� � ��� �=� �X� ��� �.� � �T�X�m� � �1�.�o��� � �T�X�(�+�=¦ i + 1 ��� �B�m¢ �+� ��� � ��X�Ã� � � �+� �T� i ��� �B�+¢ �+� ��� � �1� � ¢T�T¢T���X�(�m�= �Ü¡��� ¯k� � ����� �¬� � �T�X��� � �»�.���.� � �T�T�(�m�S�}� � � � �P�=¦ ���u�c�B�2�`� �B�����S��� � �B�� �c� �X� � � �?� �o� �`� �.� ��� �.� � �T�X�(�+��� �c� �.���o�S¢X�m� � �.�£� �E� �.���B�S� �+� ��� � �º� � � � �.� � �T�X�m� � �.��� �B� �= �¤��o�+� � �K�Ý�.�

��� �.� � �T�X�m� � �#���°�.� � �T�T�(�m�°�T� ���£¯��`ÁT� �Ý�.�°�+� � � � � ��� �°� �`� �¬� � �m�B� � ���T�(� � � � �.�KÞ¸¢ � �X�(� �N�c�P�
�`� �B�m�.�S� � �X�%� � ��X�¬�� .¤��N� �=� hi+1
� � � § � �`� �K¨�¢�� �E� �����B� �`���P�`�m� § ���£Ä

hi+1 = argmin
h
J(αi + hui+1).

¿ �/� �+� ��� § ���=¦ ���u�c�B�2�`� �B�����S������® � � �`�^² � � § � � ¥»� �m� �.®
� �À� ���£�B�.�P�°�.� �=�P�=±��c� � � � �À��� �¬� � �T�T��� � ���.�
�.� � �T�T�(�m�^� � � ��� �°� � �(�m�X�%�m�°�¬��� � �T�£�P� �F� �.���B���.�ß� �m� �.®
¢= _¿ �#� �u� �.� � � � �m� � �S� ���P�`�m� § ��� ���u�c�P�
�`� �B�m�.�S��+��� � �+��� � �N� � �B�(� § �.���S�B�.�B�S� � �?�ZÞ¸�*�X���B®
�T�S�X�(� ���°¯k� ���X��� � � �`±.² �T�X�m� ¯ � � � �·��� �¬� � �T�X��� � �]� � � �+� �%�m� ui+1
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hi+1 = argmin
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J(αi − h∇J(αi))
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L(α∗, λ∗1, ..., λ
∗
p) = max(λ1≥0,...,λp≥0) L(α∗, λ1, ..., λp)
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= L(α∗, λ1, ..., λp).
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L�M$N*N*O�P2QRN*S3TVUWMGX"O�Y"Z�S\[!S!X"O3]�T�O_^�[!O3TVT:O6N`S3TVUaM�X"Ocb ��d@egf O�Z:QhN*i!]aOIjRka]aO f kalmT�OIX"O�Y"Z�M$naP%i3N*O f

X�opM_Y"TVlmN*l f Q$TVl%M$]qPmlm]aS-QhlmZ�O f\rts M_Z f�u kaOcP2QwvxM$]a[3T�l%M$]yjzNIlm]almNIl f O3Z*]aOc{$QhZVl%OcYWQ f X"ORv8Q$|!M$]qTVZ�M$Yqn"ZVk fVu kaO_^
[!O3T�T�O}N`S3TVUaM�X"O}]WO}TVZ0Q\{$QhlmP%P%O u k~o�Q\{�O\[DX"O f S3T:Q$T f Q$X�N*l f�f l%n"P%O f Q$k f O3] f X�k�Y"Z�M$n"P2i3N*OwX�opM$YaTVlmNIl f Q$TVl%M$]
]aM$]zPmlm]aS\Q$lmZ�OR��P2Q f kalmT�O6X"O�{�O![3T�O3kaZ

αi
u k~opO3PmP2O6[!M$] f TVZ�k"lmT�Y1M_k"Z(QhY"YaZ�MG[:UWO3Z�P8opM$YaTVlmN�kaN�O f T f lmTVkaS\O6XaQh] f

P2Q��\M$]WOIXaO f S3T0QhT f Q_X�NIl f�f lmn"P2O f X"k�YaZ�M$n"P%i!N*O*X�opM$YaTVlmNIl f Q$TVl%M$]�]aM$]�Pml%]aS\Qhl%Z�O r~� P f o�Q$�_lmT.X�o ka]aOIN*S3TVUWMGX"O
X�opM_Y"TVlmN*l f Q$TVl%M$]RP2MG[\QhP%O���O3PmP%O�YWQ$ZVT�X�o ka]R{�O![3T:O3k"Z�lm]"l%TVl2QhP

α0
O3T�j.P8o lmT�S3Z0QhTVl%M$]

i+ 1
X�kRY"Z�M�[!O f�f k f lmT�S3Z0QhTVl7v�^

P%O6{�O![3T�O3kaZ
αi+1

O f T([0UaM$l f l�[\M$NIN*OIS3T:Q$]GT�P%OI[!O3]GTVZ:O�X"O�P2Q�Y"P%k f �_Z:Qh]WX"O f Y"UWi3Z�O6lm]W[3Pmk f O�XWQh] f P8opO f Y�Q$[!O
X"O f

α
X"S��a]al f YWQhZ.�






∇J(αi)(α− αi) ≤ 0 � Z�S!X"ka[3TVl%M_]DQhk}Y"Z�O3N*l%O3Z�M_Z�X�Z�O�X"O�P2Q6v�M$]W[3TVl%M$]DM$n���O\[3TVl7v0�

Gk(αi) + ∇Gk(αi)(α− αi) ≤ 0 � f Q$TVl f vxQ$[3T�l%M$]}XaO f [!M$]GT�Z:Qhlm]�T�O f Qhk}Y"Z�O3N*l%O3Z�M_Z�X�Z�O-�
s Q�X�l f T:Qh]W[!O�X�k�[!O!]GTVZ�O�XaO�P2Q f Y"Uai3Z:O � αi+1

��j�P8o UG��Y1O3ZVY"P�Qh]6Z�O3YaZ�S f O3]GT:Q$]GTEP2Q�Pmlm]WS\QhZVl f QhT�l%M$]�X"O�P�Q�v�M$]a[!TVl%M$]
M$n��VO![3TVl7vtQhkcY�M$lm]GT

αi
O f T.b����\� e �

d = −∇J(αi).(αi+1 − αi)

|∇J(αi)|O3TgP2Q�X"l f T:Qh]a[\O�X�k�[!O3]�TVZ�O�X"O�P2Q f Y"Uai3Z�O � αi+1
�tj�[:UWQ$[!k"]�X"O f UG��Y1O3ZVY"P�Qh] f Z�O3Y"Z:S f O3]GT:Q$]GTgP2Q(Pmlm]WS\QhZVl f QhT�l%M$]

X"O f [\M$]GTVZ:Q$lm]GT�O f Q$kcY1M_lm]GT
αi

O f T.b����\� e �

dk = −Gk(αi) + ∇Gk(αi).(αi+1 − αi)

|∇Gk(αi)|
.

s o lm]a[3Z:S3N*O3]�T
δα = αi+1 − αi

O f T�[:UaO3Z�[0UaS(XaO�T�O3P f M_ZVT�O u kaO�P2O�Z:Q\��M$] � ]WM$T�S r ��X"O(P2Q f Y"UWi3Z�O�l%] f [3ZVlmT�O
{
r ≤ d
r ≤ dk ∀k ∈ [1, p]

f M$lmT�N`Q@��l%N`QhP r
� [:UWQ u kaO�lmT:S3Z:QhTVl2M$]}XaO�P2Q�N*S3TVUWMGX"O(XaO f [!O3]�TVZ�O f ^�lmP�vxQhk"T�X"M$]a[(TVZ�M_k"{�O3Z

δα
O3T
r
T�O3P f�u kWOI�







Z�N`Q@��l%N`QhP

∇J(αi).δα+ |∇J(αi)|r ≤ 0

∇Gk(αi).δα+ |∇Gk(αi)|r ≤ −Gk(αi)
  ]aO.v�M$l f [!O f � f T�i3N`O6X�opM$YaTVlmNIl f Q$TVl%M$]4Pmlm]WS\QhlmZ�O6Z�S f M$Pmk~^�P%O�]WM$k"{�O-Qhk4{�O![!T�O3k"Z

αi+1
Y1O3kaT�¡!TVZ�O6X"S!T�O3Z�¢

NIlm]WS_^1O3T�P%O�Y"Z:MG[!O f�f k f lmT�S3Z:Q$TVl7v�X"O6[!M_] f TVZVka[3T�l%M$]zX"O f
αi

Y�O3k"T�Z�O!Y"Z�O3]WX�Z�O f M$]z[!M$kaZ f ��k f�u k~o�j�[\O u kaO�P2Q
[!M$]WX�lmTVl%M_]}X�o�Q$ZVZ�¡3T�X"O�P2Q�Z�O![:UWO3Z�[:UWO f M$lmT f Q$TVl f vxQhlmT�O r

;=<�>@?�A�B�CDBECGFIBE£�K@CGH_>@£�A�J�F*¤"B¦¥§£�F\F-£�¨E©�CGF
� P2QRX�l7ª�S3Z�O3]W[!O6XaO f X"O!k��DN`S3TVUaM�X"O f YaZ�S![!S!XaO3]GT�O f ^�[!O3TVT:O�N`S3TVUaMGXaORb����_«�^���¬�^ � ��^ � ¬ e TVZ:Q\{$Q$lmPmP%O

X�lmZ:O![3T�O3N`O3]GT f k"ZgP%O�Y"Z�M$naP%i3N*O�X~opM$Y"TVl%NIl f QhTVl%M_]*]WM$]`Pmlm]aS-QhlmZ�O r�� P f o�Qh�_l%TgX~o k"]aO�N*S!TVUaMGXaO�XaO�X"O f [!O3]GT:O_^�O3PmP%O
[!M$] f T�ZVk"lmT�X"M$]a[(k"]aO f kalmT�O(XaO�{�O\[3T�O3k"Z f

αi+1 = αi + hi+1ui+1



­�®m¯�®�°�± ²�³3´�µ3¶W·�¸.¹$ºp»�¼$´�±�·�½�¾`µ0¸.¿�À ¼0Á�·�±�¾6±2¸!¹_·�±�¼$¶ ÂWÃ

Ä_Å}Æ2Ç*È�ÉmÊ:Ë!Ì3ÍVÉ%Ä_ÎDÈaË�È"Ë\ÏVÌ\Ë3ÎGÍ�Ë ui+1 Ð Æ8ÑpÉmÍ�Ò3Ê:Ç$ÍVÉ%Ä$Î i+ 1 È�ÓDÔ"Ê�Ä�Ì!Ë!Ï�ÏVÓaÏ�ÉmÍ:Ò3Ê:ÇhÍVÉmÕ�Ë!ÏVÍ�Ì:ÖaÄ$É%ÏVÉ%Ë.È"Ë�Í�Ë3ÆmÆ2Ë�Ï�Ä$ÊVÍ:Ë× ÓaË(È�ÑpÓ"ÎaË(ÔWÇhÊVÍ�Æ2Ç�Õ�Ä_ÎaÌ3ÍVÉ%Ä_Î}Ä$Ø�ÙVË!Ì3ÍVÉmÕ¦Ï�Ä$ÉmÍÚÊ:Ò!È�Ó"ÉmÍ:Ë Ð ÆÛÑpÄ$Ê�È�Ê:Ë�Ó"Î§Ü
∇J(αi).ui+1 ≤ 0

Ë!Í�È~Ñ�ÇhÓ"ÍVÊ:Ë�ÔWÇhÊVÍ × ÓWË�Æ%Ë!ÏtÕ�Ä_ÎaÌ3ÍVÉ2Ä$ÎaÏ�Ì\Ä$ÎGÍVÊ0ÇhÉmÎGÍ�Ë\Ï�Ç$Ì!ÍVÉmÝ�Ë!Ï\ÞGÌ_ÑpË\Ï�ÍVß Ð ßÛÈ�É%Ê�Ë�Æ%Ë!ÏtÕxÄ$ÎaÌ3ÍVÉ2Ä$ÎaÏ Gk, k ∈ [1, p], Í�Ë3Æ%Æ%Ë!Ï× ÓaË Gk(αi) = 0 Þ"Ï�Ä$É%Ë3Î�ÍÚÊ�Ò!È"Ó"ÉmÍ�Ë!Ï Ð Æ8ÑpÄ$Ê:È�Ê�Ë�ÓaÎ�Ü
∇Gk(αi).ui+1 ≤ 0.

à ÎaË�Õ�Ä$É%Ï�Æ2Ç�È"ÉmÊ�Ë!Ì!ÍVÉ%Ä$Î§È"Ë*È"Ë!Ï�Ì!Ë!ÎGÍ�Ë*Ì:ÖaÄ_É%Ï�É2Ë_Þ�Æ%Ë�Ô�Ç$Ï�ÈaË�Æ2ÇcÈaË!Ï�Ì!Ë3ÎGÍ�Ë*Ë!ÏVÍ.È"Ò3Í:Ë3ÊVáIÉmÎWÒ�Ô�ÇhÊ�Ó"ÎaËIá*Ò!ÍVÖaÄGÈaË
È~ÑpÄ$Ô"ÍVÉ%áIÉ%Ï:ÇhÍVÉ%Ä_Îcá*Ä_ÎaÄGÈ"Émá*Ë3ÎWÏ�É%Ä_Î"ÎaË3Æ%Æ%Ë_âã Ä_Ó"Êtä3ÍVÊ�ËÚÏVå"ÊtÈ"Ë�ÍVÊ0Ç\Ý$ÇhÉmÆ%Æ%Ë3ÊgÇ\Ý�Ë!ÌÚÈ"Ë\Ï¦Ý�Ë\Ì3Í�Ë3Ó"Ê:ÏtÇ$È�á*É%Ï�ÏVÉmØ"Æ%Ë!Ï\Þ$Ó"Î*Ì!Ä�Ë�æ`Ì3É2Ë3ÎGÍtÈ"ËÚÏ�Ò!Ì3Ó"Ê�ÉmÍ�ÒÚÏVÍVÊVÉ%Ì3Í:Ë3á*Ë3Î�Í
Ô�Ä_ÏVÉmÍVÉ7Õ θk Ë!ÏVÍ�ÇhÙ�Ä$Ó"Í:Ò_â"ç�Ç�ÈaË3Ó�è�É%é!á*Ë(Ì\Ä$ÎaÈ�ÉmÍ�É%Ä$Î}ÈaË(Ì\Ç$Æ%Ì3Ó"Æ�È"Ë�Æ2ÇIÈ�ÉmÊ�Ë\Ì3ÍVÉ%Ä$ÎDÈ"Ë(ÈaË!Ï�Ì!Ë3ÎGÍ�Ë�È"Ë3Ý�É%Ë3ÎGÍ�ÈaÄ$ÎaÌ*Ü

∇Gk(αi).ui+1 + θk
︸︷︷︸

>0

≤ 0

Ô�Ä$Ó"Ê�Í�Ä_Ó"Í�Ë!Ï�Æ%Ë!Ï�Õ�Ä$ÎWÌ3ÍVÉ%Ä$ÎWÏ�Ì\Ä$ÎGÍVÊ:Ç$ÉmÎGÍ�Ë!Ï�Ç$Ì3Í�ÉmÝ�Ë!Ï\âWç�Ä$Ê�Ï × ÓWË�Æ%Ë!Ï�Ì!Ä$ÎGÍ�Ê:ÇhÉmÎGÍ:Ë!Ï�ÏVÄ_ÎGÍ�ÆmÉmÎaÒ-ÇhÉmÊ�Ë!Ï\ÞaÉmÆ�Ë\Ï�Í�É%ÎGÓ"ÍVÉmÆ2Ë
È~Ñ�Ç@Ù�Ä$ÓaÍ�Ë3ÊÚÌ!Ë�Ì!ÄGË�æ�Ì3É%Ë3Î�Í(ê θk = 0 ë â�ì�íaÎcÈ"Ë�î�ÇhÊ0ÇhÎGÍVÉmÊ�Ó"ÎWË�Ê�Ò\È�ÓaÌ3Í�É%Ä$ÎcÄ$Ô"ÍVÉ%á`ÇhÆ%Ë�È"Ë�Æ2Ç.Õ�Ä$ÎaÌ!ÍVÉ%Ä$ÎcÄ$Ø"Ù�Ë!Ì3ÍVÉ7ÕVÞÓaÎ}Ì!ÄGË3æ`Ì3É2Ë3ÎGÍ β Ë!ÏVÍ�Ò!î�ÇhÆ%Ë3á`Ë3ÎGÍ�ÉmÎGÍVÊ�Ä�È�Ó"ÉmÍ\âaç�Ë�Ô"Ê�Ä_Ø"Æ%é3á`Ë Ð Ê:Ò!Ï�Ä$ÓaÈ�Ê:Ë(Ë!ÏVÍ�ÇhÆ2Ä$Ê�Ï

Í�Ê�Ä$Ó"Ý�Ë!Ê β Ë3Í ui+1
Í�Ë3Æ%Ï × ÓaË







β Ë!ÏVÍÚá�Ç@è�Émá�ÇhÆ
∇J(αi).ui+1 + β ≤ 0

∇Gk(αi).ui+1 + θk ≤ 0

ã Ä$ÓaÊ�Ï�Ë.Ô"Ê�Ò!á�Ó"Î"É%Ê�ÈaË!Ï�Ï�Ä$ÆmÓ"Í�É%Ä$ÎaÏ�ÉmÎ�íaÎaÉ%Ë!Ï�Ç$Ô"ÔWÇhÊ:Ç$É%Ï�Ï:ÇhÎGÍ�Õ�Ê�Ò × ÓWË3áIá`Ë3ÎGÍ�ÈaÇhÎWÏ�Æ%Ë!Ï�Ô"Ê�Ä$ØaÆ%é3á*Ë\Ï�È�ÑpÄ_Ô"ÍVÉmáIÉmß
Ï:ÇhÍ�É%Ä$ÎcÆ%ÉmÎaÒ\ÇhÉ%Ê�Ë!Ï\Þ�Æ2Ç�ÎaÄ$ÊVá`Ë(È"Ë ui+1

Ë\Ï�Í�Ø1Ä$ÊVÎWÒ!Ë_â

ï�ðhñWòWð@óWô§ô�ó"õ@ö�ñ�÷yø~ù�óaú�ð@ó"õ-ö�ø~ù�ûDü\ýGø~ù�û�÷1õ@ö�û�þ�þ�û
ÿ Ë!ÍVÍ�Ëgá*Ò3Í�ÖaÄGÈ"Ë�������Þ�� Â Þ��	��
ÛÞhÇhÔ"Ô�Ë3Æ%Ò!Ë���
������������������������! 	"#������$&%�"�'�(!"#��)*)+�,��(.-�/&021�354gË3Î�ÇhÎ"î_Æ2Ç$É%Ï\Þ

Ô�Ë3Ó"Í�ä3ÍVÊ�Ë�ÝGÓaË�Ì!Ä$á*á*Ë�Ó"ÎaË�î�Ò3ÎaÒ!Ê:ÇhÆmÉ%Ï:ÇhÍ�É%Ä$ÎRÈ"Ë�Æ�Ç(á`Ò3ÍVÖaÄGÈaË�ÈaË76�Ë�8ÚÍ�Ä$Î�ÇhÓ"èIÔ"Ê:Ä$Ø"Æ%é3á`Ë!Ï�È�Ñ�Ä$Ô"ÍVÉmá*É%Ï:ÇhÍVÉ%Ä_Î
Ì\Ä$ÎGÍVÊ:Ç$ÉmÎGÍ�Ï\â�9tÎDË;:�Ë3Í-Þ"Ë!ÆmÆ%Ë(Ê�Ë3áIÔaÆ2Ç$Ì!Ë(Æ2Ç6Õ�Ä_ÎaÌ3ÍVÉ2Ä$ÎDÄ$Ø�Ù�Ë\Ì3ÍVÉ7Õ¦ÔWÇhÊ�ÓaÎaË.ÇhÔ"Ô"Ê:Ä\è�Émá�ÇhÍVÉ%Ä$Î × ÓWÇ$È�Ê0ÇhÍVÉ × ÓWË(Ë!Í�Æ%Ë!Ï
ÕxÄ$ÎaÌ3ÍVÉ2Ä$ÎaÏ�Ì!Ä_ÎGÍVÊ:ÇhÉ%ÎGÍ�Ë!ÏgÔ�ÇhÊ�ÈaË!Ï�ÇhÔaÔ"Ê�Ä\è�É%á`ÇhÍVÉ2Ä$ÎaÏgÆmÉmÎWÒ\ÇhÉmÊ�Ë\Ï!â�9tÆmÆ%Ë�Ï�ÓaØaÏVÍVÉmÍVÓaË�ÇhÆ%Ä_Ê�ÏgÆ%Ë�Ô"Ê�Ä$ØaÆ%é3á*Ë�È�ÑpÄ$ÔaÍVÉmáIÉmß
Ï:ÇhÍ�É%Ä$Î§ÇhÉmÎaÏVÉtÌ!Ä$ÎaÏVÍVÊ�Ó"ÉmÍ.ÇhÓ�Ô"Ê�Ä$ØaÆ%é3á*ËIÈ�ÑpÄ_ÊVÉmî_ÉmÎWË_â=< Æ�Ï\Ñ�Çhî�ÉmÍ(È~Ñ Ó"ÎaË�á*Ò!ÍVÖaÄGÈ"ËIÈ�Ñ�Ä$Ô"ÍVÉmá*É%Ï:ÇhÍVÉ%Ä$Î�Æ%Ä�Ì\ÇhÆ%Ë_Þ�Ë3ÆmÆ2Ë
Ô�ÇhÊVÍ�È"Ä_ÎaÌRÈ�ÑpÓ"Î Ý�Ë\Ì3Í�Ë3Ó"Ê�ÉmÎ"ÉmÍVÉ2Ç$Æ�Ë3Í�Ì!Ä_ÎaÏVÍVÊVÓ"É%Í6Ó"ÎaËRÏVÓ"É%Í�ËRÈ"ËRÝ�Ë!Ì3Í�Ë!Ó"Ê�Ï αi Í:Ë3ÎGÍ:ÇhÎ�Í�È"ËRÌ\Ä$ÎGÝ�Ë3Ê�î�Ë3Ê6Ý�Ë3Ê�ÏÆ8Ñ�Ä$Ô"ÍVÉmá6Ó"á È"ÓzÔ"Ê�Ä_Ø"Æ%é3á`Ë�È�ÑpÄ_Ô"ÍVÉmá*É%Ï�Ç$ÍVÉ%Ä$Î�ÎaÄ$ÎzÆmÉ%ÎaÒ\ÇhÉmÊ:Ë_â�ì ÆÛÑ ÉmÍ�Ò3Ê:Ç$ÍVÉ%Ä$Î i + 1 È"ÓzÔ"Ê�Ä�Ì!Ë!Ï�ÏVÓaÏ�ÉmÍ�Ò3Ê:Ç$ÍVÉ7Õ�Þ1Æ2Ë
Ý�Ë!Ì3Í�Ë3ÓaÊ αi+1

Ë!ÏVÍÚÆ�Ç�Ï�Ä$ÆmÓ"Í�É%Ä$Î}È"ÓcÔ"Ê:Ä$Ø"Æ%é3á`Ë(È�Ñ�Ä$Ô"ÍVÉmá*É%Ï:ÇhÍVÉ%Ä$Î
·�´V¼?>A@$µ3´

α ∈ D ⊂ BDC n ·Ûµ3ºFE�>aµ






J(αi) + ∇J(αi).(α− αi) + 1
2(α− αi)

TH(α− αi)
µ�¸�·g¾�±�¶a±�¾I¹_ºmµ

∀k ∈ [1, p], Gk(αi) + ∇Gk(αi).(α− αi) ≤ 0

Ä_ÅcÆ2Ç�á`ÇhÍVÊ�É%Ì!Ë H Ë!ÏVÍÚÓaÎaË�á�ÇhÍVÊVÉ%Ì\Ë(È"Ò�íWÎ"É%Ë(Ô1Ä_ÏVÉmÍVÉmÝ�Ë�ÇhÔ"ÔaÊ�ÄGÌ:Ö�ÇhÎGÍÚÆ�Ç6á`Ç$ÍVÊVÉ%Ì!ËHG�Ë!Ï�ÏVÉ%Ë3Î"ÎWË*ê ∇2J(αi) ë âÿ Ä$á*á*Ë�Ô�Ä$Ó"Ê�Æ2Ç�á*Ò!ÍVÖaÄGÈaË�È"Ë�Ô"Ê�Ä$î�Ê:ÇháIá�ÇhÍVÉ%Ä_Î�ÆmÉmÎWÒ\ÇhÉmÊ�Ë�Ï�Ò × ÓaË!ÎGÍVÉ%Ë3Æ%Æ%Ë_ÞGÌ!Ë!ÍVÍ�Ë�á`Ò3ÍVÖaÄ�È"Ë�Î�Ñ�Ç$Ï�ÏVÓ"Ê�Ë�Ô�Ç$Ï
Æ8Ñ Ç$È�á*É%ÏVÏVÉmØaÉmÆmÉmÍ�Ò�ÈaË!ÏEÔ�Ä$ÉmÎGÍ�Ï�È"Ë�Æ2Ç�ÏVÓ"É%Í�Ë�È"Ë�Ý�Ë!Ì!Í�Ë3Ó"Ê:Ï αi â?9�Æ%Æ%Ë�Ô1Ë3ÓaÍEÔ�Ç$Ï�ÏVË!ÊtÇhÓIÌ!Ä$ÓaÊ�Ï�È�Ó�Ô"Ê�ÄGÌ\Ë!Ï�Ï�ÓWÏEÉmÍ:Ò3Ê:ÇhÍ�É7ÕÔ�ÇhÊ�Ó"ÎWË*Ï�Ò3ÊVÉ%Ë*ÈaËIÔ1Ä$ÉmÎ�Í�Ï�ÎaÄ$Î Ç_È�áIÉ%Ï�ÏVÉmØ"Æ2Ë!Ï\â à ÎaË*Ý�Ë3Ê�ÏVÉ%Ä$Î È"ËIÆ8Ñ�Ç$Æmî�Ä$ÊVÉ%ÍVÖ"á*Ë × Ó"ÉtÎWËIÔWÇ$Ï�Ï�Ë × ÓWËIÔWÇhÊ�È"Ë!Ï
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J2, G2

Z2 SS2

Jr, Gr

Zr SSr

y12

yir

J(J1, ..., Jr)

{Gk(G1, ..., Gr), 1 ≤ k ≤ p}

α = (α1, ..., αr, αp1, ..., αpr)
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α1, αp1

αr, αpr

F<G%H<I
J*K D�LNM�OQPBR:S)TVUXW�Y�Z)[]\^[:_`W�Y2a�bcU
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1 ≤ i ≤ r, â�ã7ä�å	æ`ç�è}å	æ_â\é)â\ç>êWæ�ç�â¢ë_ì'é)â�í�ì_ã.î)ã%ì'ä�ï7ç>ê	ç:êbï7ç�ïJè}êWî6è7ì'î)ï.ëNê	ä2ì'æeêWæNê	îSð�â�ã7ì'ä2î6å`è}êWî�ë'ä>å	ë'ä�ã�ê	ì
â�å	ìNâ~ñ¬â�ð�â�ç>ò7ó.ã�ô�õ�ãxâ\ð�â\ç�ò%ó.ã S æYö&ê�ê�ë_ä\é)å	ä\éYê	ì_è7ì'æNãmä>êWé)â�å	æ�÷YöQø7ç\ä�ãxè}å	æ_â\é)â\ç>êWæ�ç}ô�ù·å�ì'ä[è%ã%ç\ç�ãmä>êWé)â�å�æYú�è%ã7ç\ç>ã
óJï7ç\û_å�÷'ã�ã%â\çmê	ë'ë5ã7î)ï}ãxü}ývþsÿ�������ÿ����
	��
����������	��Sþ��������
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;/�/#�$xå�ìbã7æNè%å	ä�ãmü-���Sþ<6�	���5�%:./;
��5=;/./;
�>$,ã7æ�ê	æ3?�î6êWé6â%ô@ î)î)ãxë'ä>å`è%ò%÷_ã,÷'ã,î6ê:ó�êWæ'é)ò7ä>ã,â\ì'é�A	ê	æ`ç�ãCBD ô£è>ûNå	é7E�÷Yö ì'æFA�ã%è7ç�ã%ì'ä α0 é)æ'éSç\é6ê	îYã7ç£÷_ã%âG?�ä>ê	æ_÷'ã7ì'ä>â£è%å	ì'ë_î6êWæ`ç�ã}â yij0 ú 1 ≤ i, j ≤ r ú'éSæ'éSç\é#êWî)ã%â}úH ô£è}ê	î)è7ì'îY÷_ãxî<öQï%ç>êWç£÷YöQï%í�ì'é)îSé�I'ä�ã¢÷'ã,è4ûNê	í�ìNã,â�å	ì_â�ñvâ\ð�â\ç�ò7óJã SSi ú 1 ≤ i ≤ r úJ ô£è}ê	î)è7ì'î{÷_ã%âKA	êWî)ã7ì_ä�âJ÷'ã%âK?�ä>ê	æ_÷'ã7ì_ä�âJè%å	ì'ë'î#êWæ`ç�ã}â yij L"MONPL�Q�N R�S-MOT SSi

ú 1 ≤ i, j ≤ r ú¥÷'ã%âCU�å�æ_è7ç\é6å	æ_â
å*I3V�ã%è7ç\é�U�â£ã7ç£÷'ã}â£è%å	æ`ç�ä>êWéSæ`ç>ã%â4W Ji ú Gi ú 1 ≤ i, j ≤ r X7úà ô£è}ê	î)è7ì'îY÷_ãxî6êYU�å	æ_è7ç�é)å	æ�å*I<V�ã%è%ç\é7U J ã%ç£÷'ã}â[è}å	æ`ç\ä4êWéSæ`ç�ã}â Gk ú 1 ≤ k ≤ p úZ ô£â\é�î6ê�è%å	æ_÷'éSç\é)å	æ�÷�öQå	ë_ç\éSóJê	îSéSç�ï�æYöQã%â\ç�ë�ê	â!â>êWç\é)âOU�êWéSç>ã�ú`è>ûNå	é7E�÷�ö ì'æ�æ_å	ì3A�ã}êWì[A�ã%è7ç�ã%ì'ä α ú�÷'ã{æNå	ì3A�ã7î)î)ã%â
?�ä4êWæ_÷'ã7ì_ä�â£è%å	ì_ë'î6êWæ�ç�ã%â yij0 ú 1 ≤ i, j ≤ r ã7ç[ä>ã7ç�å	ì'ä/\:î<ö&ï7ç>êWë5ã 2 ô

] ã7ç\ç�ã:ó.ï7ç�û_å`÷'ã:ë5ã7ä�ó.ã7çxî6êJë�êWä>êWîSî6ï7îSé)â>êWç\é6å	æ ÷_ã%âx÷�é7^�ï7ä�ã7æ`ç>âxè}êWî)è%ì'î)âx÷�ö&ê	æNêWîSð�â\ã�÷'ã%â,â\å�ì_â�ñvâ\ð�â\ç�ò7ó.ã}â SSi ú
1 ≤ i ≤ r ú5í`ì'é·ë5ã7ì_A�ã7æ`ç,ê	î)å	ä�âxø7ç\ä�ã:ã�^sã%è7ç�ì_ï%âxâ�é)ó�ì'îSç4êWæ_ï7óJã7æ`ç}ô ] ã7ç\ç�ã�óJï7ç\û_å�÷'ã�ê�è%ã7ësã7æ_÷_ê	æ`çmì'æ8ë_îSì_â
U�å	ä\çJæ'é�A�ã1êWì ÷'ã�è%ã7æ`ç�ä>êWîSé)â>êWç�é)å	æ í�ì_ãbî6ê ó.ï%ç\û_å`÷_ãa`cb�d ã7çJë5ã7ì_ç.ë�êWä�è%å	æ_â�ï%í`ì_ã7æ`ç�ø7ç�ä�ãbéSóTë5å�â\â\é�I_î)ãe\
óJã7ç\ç\ä>ã,ã7æ�å`ã7ì3A`ä>ã,ã7æbë'ä>êWç�é)í�ì_ã�ô

fhg�i�jlk�m�nco!o[p
] å�óTó.ãJî)ã}â�÷'ã7ì3E óJï7ç\ûNå`÷'ã%â�ë'ä�ï%è%ï}÷'ã7æ`ç>ã%â}ú�è}ã7ç\ç�ãJó.ï%ç\û_å`÷'ãJæNãCU<êWéSç�êWë'ë5ã%î�í`ìYö&êWì3E¸ê	æNêWîSð�â\ã%ì'ä�â

î)å�è}êWì<E ã7çq\�î<ö&å	ë'ç\éSó.é)â�ã7ì'är?�î)å*INê	î<ô ] ã7ë5ã7æN÷_êWæ`ç1úsî)ã%â�êWæNêWîSð�â\ã%ì'ä�â,î)å�è}êWì<E æ_ã.â\å�æ`ç,ë�ê	â,ì'ç\é)îSé)â�ï%â,ë5å	ì_ä¢÷'ï7ñ
ç>ã7ä\óTéSæNã7äTì'æ ï7ç>êWç.÷�ö&ï%í�ì'éSî)é�I'ä�ã�÷�ì â\ð�â\ç�ò7óJã�ó:ì'îSç\é6÷�é)â�è7éSë'îSé)æNêWéSä�ãsW�óJï7ç\û_å�÷'ãF`eb�dtX�å�ì ÷'ã�è>ûNê	è7ì_æ ÷'ã%â
â�å	ìNâ~ñ¬â�ð�â�ç>ò7ó.ã%â
W�ó.ï7ç\ûNå`÷'ã/u"b
dtX�ô'uvî)â�æ_ã�â�ã7ä�A�ã7æ�ç�í�ì�öv\¢ï�A�êWîSì_ã7ä�î)ã£ä>ï%â\é)÷�ì�÷_ã%â�ï%í�ì�êWç\é)å	æNâ!ê	â�â\å�è7é)ï%ã}âw\2è>ûNêWñ
è%ì'æ�÷'ã%â{â�å	ì_â�ñvâ\ð�â\ç�ò7óJã%â SSi ú 1 ≤ i ≤ r ã7ç�ê1ð�êWæ`ç£ëså	ì'ä�ü¬â�å	îSì_ç\é)å	æ_âO$ Zi ú 1 ≤ i ≤ r ô ] öQã%â\ç£î<öQå	ë'ç�éSóTé)â�ã7ì_ä
?�î)å*INêWî'í`ì'é:x3E'ã!î)ã%âyA	êWî)ã7ì_ä�âÃ÷'ã%âyA�ã%è7ç�ã%ì'ä�â α ú αpi ú 1 ≤ i ≤ r ú�÷'ã%ây?�ä>êWæN÷'ã7ì'ä�âÃè%å	ì_ë'î6êWæ�ç�ã%â yij ú 1 ≤ i, j ≤ r
ã%ç£÷'ã%â[éSæNè%å	æ'æ�ì_ã%â Zi ú 1 ≤ i ≤ r ê	â�â�å`è%é)ï%ã%â>\�è4ûNê	è7ì_æb÷'ã%â£â�å�ì_â�ñvâ\ð�â\ç�ò7ó.ã}â SSi Zi ú 1 ≤ i ≤ r ô] å	ó.ó.ãmë5å�ì'ä�î6ê�óJï7ç\û_å�÷'ã�u"b�d�ú�ë5å	ì'ä{ê	â�â�ì_ä�ã7ä�î6ê:è}å	æ_â\é)â\ç>êWæNè%ãx÷�ì�â\ð�â\ç�ò%ó.ãmó�ì_îSç\é)÷�é6â\è%éSë'îSéSæ�êWéSä�ãz\�î#ê
xNæ�÷�ì2ë'ä�å`è}ã%â�â�ìNâ�÷�öQå�ë'ç\éSó.é)â�ê	ç\é)å	æ�ú%éSî`ã%â\ç�æ_ï%è}ã%â�â�ê	éSä�ã�÷�ö éSó.ë5å�â�ã7ä�ì'æ�ã7æNâ\ã%óqI'î6ã¥÷_ã¥è}å	æ`ç\ä>ê	éSæ`ç�ã%â�â\ì'ë'ë'î6ï7ó.ã7æ'ñ
ç4êWéSä�ã%â!â\ç\éSë_ì'î6êWæ`ç�÷�ö ì'æNã{ëNêWä�ç�î<öQï�?`êWîSéSç�ïmã7æ`ç\ä�ã�î)ã%âw?�ä>ê	æ_÷'ã7ì_ä�â!è%å	ì'ë_î6êWæ`ç>ã%â!ï�A	êWîSìNï%ã%â�ëNêWä!î)ã%â!â�å	ì_â�ñvâ\ð�â\ç�ò7óJã%â
ã%ç!è%ã7îSî)ã}âtx_E�ï%ã%â�ëNê	ä�î<öQå	ë_ç\éSóTé)â�ã7ì_ä�W�ï%í�ì_éSîSé�I'ä>ã�÷�ì�â\ð�â\ç�ò7óJã S X¥ã%ç!÷�ö&êWì_ç\ä�ã{ëNê	ä\ç�î6ê¢æ�ì'îSîSéSç>ï�÷'ã%â�ä�ï%â\é)÷'ì_â!÷'ã%â
ï}í�ìNêWç�é)å	æ_â!ê	â�â�å`è7é)ï%ã}âw\¢è>û�ê	è7ì'æ�÷_ã%â�â\å�ì_â�ñvâ\ð�â\ç�ò7ó.ã}â SSi ú 1 ≤ i ≤ r W�ï%í`ì'éSîSé�I_ä�ã{÷'ã%â�â�å	ì_â�ñvâ\ð�â\ç�ò7óJã%â SSi X7ô
õ�ã[ë'ä>å`è%ã%â�â\ì_â�÷�öQå	ë_ç\éSóTé6â�ê	ç\é)å	æ.éSæNè7îSì'ç�÷_å	æ_è[î)ã£è1êWî)è7ì_îN÷'ã[î<öQï7ç4êWç�÷�öQï}í�ì'éSîSé�I_ä�ã{x_æ�êWîN÷�ìJâ\ð�â\ç�ò7óJã[ó�ì_îSç\é)÷�é)â�è7éSñ
ë_îSéSæNêWé)ä�ã�ú�÷_ãmâ�å	ä\ç�ãxí�ì_ãxè%ã7ç\ç�ãmó.ï7ç\ûNå`÷'ãxã%â\ç[êWë'ësã7î)ï%ã{ü-.>	�	|5=.z+�5�}!þ��-�~ |./.4}w#�$�å	ì�ü-���Sþ<6�	=��5�%:.
;/�z5�%:./;
�/$
ã%ç[ëNêWä�U�å	é)â{êWìNâ\â\ésü&%'��(!��	�+���þ��-,�����.�þ0��	213�����/�Wþsÿ��q�����76�þ8 9%:.
;/�/#�$xã%æ�êWæ_?�î6êWé)â}ô] å	ó.ó.ãTëså	ì'ä2î6ê�ó.ï%ç\û_å`÷_ãKu"b�d�úYâ\é¥î6ãTë'ä�å�è%ã%â�â\ì_â2÷�öQå	ë_ç\éSóTé6â>êWç\é)å	æ ã%â\ç¢éSæ�ç�ã7ä\ä�å�óTë'ìYúYæ'é¥î6ã.â\ð�â\ç�ò7óJã
?�î)å*INêWî S æ'é!î)ã}â�â�å	ì_â�ñvâ\ð�â\ç�ò7óJã%â SSi ú 1 ≤ i ≤ r ú·æYöQå	æ`çT÷'ã�ä>êWé)â�å	æµ÷�öQø%ç\ä�ã�÷_êWæ_â�ì'æ´ï%ç>êWç�÷YöQï%í�ì_éSîSé�I'ä>ã
ë_ì'é)â�í�ì_ã�ã7ç�î)ã%âY?�ä>êWæ_÷_ã7ì'ä�âTè%å	ì'ë_î6êWæ`ç�ã}â yij ú 1 ≤ i, j ≤ r ú�ã7ç�î)ã%â�ä�ï%â\é)÷�ì_âT÷'ã%â�ï}í�ìNêWç�é)å	æ_âTê�â\â�å�è7é)ï%ã%âC\
è4ûNê	è7ì'æ8÷'ã%â{â�å	ìNâ~ñ¬â�ð�â�ç>ò7ó.ã%â SSi ú 1 ≤ i ≤ r å	æ`ç�ï7ç>ï2ê
V�å	ì'ç�ï}ã%â�ê	ì<E�éSæ_è%å�æ'æ`ì_ã}â{÷�ì�ë_ä�å*I'î)ò%ó.ã2÷�öQå�ë'ç\éSóTéSñ
â>êWç�é)å	æYô] ã7ç\ç>ãxó.ï%ç\û_å`÷_ãxë'ä�å�è%ò%÷'ã¢÷'ãxî6ê�óJê	æ'é)ò7ä�ã¢â�ì_é�A	êWæ�ç�ãCBD ô£è>ûNå	é7E ÷Yö ì'æ�A�ã}è7ç�ã7ì_ä α0 éSæ'é)ç\é6êWî<ú�÷_ã%âz?�ä>êWæN÷'ã7ì'ä>â¢è%å	ì'ë'î#êWæ`ç�ã}â yij0 ú 1 ≤ i, j ≤ r ú�éSæ'éSç\é#êWî)ã%â¢ã7ç2÷'ã%â

éSæ_è}å	æ'æ`ìNã%â£÷�é)â�è7éSë_îSéSæNê	éSä�ã%â Zi0 ú 1 ≤ i ≤ r ú'éSæ'éSç\é6ê	î)ã%â}úH ô£è}ê	î)è7ì'î�÷'ã%â[ä�ï%â\é)÷'ì_â£÷'ã%â£ï%í`ìNêWç\é)å�æ_â{ê	â�â�å`è7é)ï}ã%â>\�è>û�ê	è7ì'æ�÷'ã%â£â�å	ì_â�ñvâ\ð�â\ç�ò%ó.ã%â SSi ú 1 ≤ i ≤ r úJ ô£è}ê	î)è7ì'î�÷'ã%â�A	ê	î)ã7ì'ä�â[÷'ã%â�?�ä4êWæ_÷'ã%ì'ä�â�è%å�ì'ë'î6ê	æ`ç�ã%â yij0 ú 1 ≤ i, j ≤ r ú�÷'ã%âwU�å�æ_è7ç\é)å�æ_â�å*I3V�ã%è7ç\é7U�â�ã7ç�÷_ã%â
è%å�æ`ç\ä>êWé)æ`ç�ã%â4W Ji ú Gi ú 1 ≤ i, j ≤ r X�úà ô£è}ê	î)è7ì'î�÷'ãxî6êYU�å	æ_è%ç\é)å	æ�å*I<V�ã%è%ç\é7U J ã%ç£÷'ã%â£è}å	æ`ç\ä4êWéSæ`ç�ã}â Gk ú 1 ≤ k ≤ p ú
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¢�ª�°�²:¥�³_¦�¢7´�©�«Pµ3¨[¨_¦�µ3¶�°§¤*µ[¶�°-¥-ª�°�µ3·
α
²'©3°/¨_¦*µ_¶�°�£�£�°§¡

¸ ·�¤
¨�©3°�µ3·�¡�¥-¦*µ_­3£|¤
¨'ª�°-¡ yij0 ² 1 ≤ i, j ≤ r
²:©3°/¨_¦�µ3¶�°�£�£�°§¡w¢�¨_¥§¦*¨3¨'µ�°-¡�©3¢�¡�¥-¢�­3£�¢�¨0¤
¢�·�°-¡

Zi0
²
1 ≤ i ≤ r°�ªG·�°-ª�¦*µ3·/¹Y£�«P¯-ª�¤
­�°

2

º ¤C®�¯�ª�³_¦:©3°q»/»>¼½°-¡�ª/ª�·�¾-¡
°�¿�¥§¤�¥-°4®�¤
¢�¡/­�°�µ3ª/­�¦�¡�°-·/©3°§¡>­3·�¦�À3£�¾�®�°-¡/©3°4®C¢|¡�°q°�¨c¦'°-µ3¶'·�°4­3·�¤*ª�¢�Á�µ_°Y¹
¥§¤
µ�¡�°C©3°~£|¤�±=¦*·�ª�°C¥-°�¨'ª�·�¤
£�¢�¡�¤
ª�¢�¦*¨s©3°-¡�ª�Â�¥�³_°-¡§  º ¦�·�¡�Á'µ_°~£�°Yª�·�¤
¨_¡O±�°�·�ªz°�ªz£�«P¯-¥�³0¤
¨ ¸ °C©3°C©3¦*¨_¨_¯-°-¡z¡§«v¤§¶�¾�·�°©3¯�£�¢�¥§¤
ª§²3¢�£¬°-¡�ª�­�¦�¡�¡�¢�À3£�°r©3°�·�°§¥-¦*µ3·�¢�·>¹~©_°-¡�¡�ª�·�¤
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®K¾-ª�·�°-¡�©3°z£�«P¦*­_ª�¢�®C¢�¡�°�µ_·§²3°�¨a­�¤
·�ª�¢�¥�µ3£�¢|°�·rÜ
Ý ©<µa©_¦*®�¤
¢�¨_° D ¥�³_¦*¢�¡�¢�Þ
ÝÝ ©<µF­0¤*¡�©3°-¡�©<¢�ß�¯�·�°-¨_¥-°-¡{à_¨_¢�°-¡G£�¦*·�¡�Á'µ_°z¥§°�·�ª�¤
¢�¨�¡ ¸ ·�¤*©3¢�°�¨'ª�¡�¡�¦�¨'ª�¥§¤*£�¥�µ3£�¯§°-¡G­�¤
·>¥-°�ª�ª�°zª�°-¥�³_¨3¢�Á�µ_°tÞ
Ý ©3°-¡C¥-¦'°�¿[¥�¢�°�¨:ª�¡C©3°!­�¯�¨0¤
£�¢�ª�¯§¡Yµ_ª�¢�£�¢�¡�¯-¡~­�¦*µ_·~ª�·�¤
¨�¡á±=¦*·�®K°-·~£�°-¡C¥-¦*¨'ª�·�¤
¢�¨'ª�°-¡~¯ ¸ ¤
£�¢�ª�¯-¡Y¢�¨'ª�·�¦'©3µ3¢�ª�°§¡â ¯ ¸ ¤*£�¢�ª�¯�°�¨:ª�·�°K£�°§¡ ¸ ·�¤
¨_©_°�µ3·�¡q¥-¦*µ_­3£|¤
¨:ª�°-¡q¯�¶*¤
£�µ_¯-°-¡4­�¤*·4£�°-¡q¡�¦*µ_¡ Ý ¡�ã:¡�ª�¾�®�°-¡q°�ªq¥-°-£�£�°-¡rà3´<¯§°-¡4­�¤
·£�«P¦*­3ª�¢�®C¢�¡�°�µ_·ä­�¦�µ3·ä£|¤�®K¯�ª�³_¦'©3°�å"æ�çè¦*µ�¯ ¸ ¤
£�¢�ª�¯G°�¨:ª�·�°{£|°-¡ ¸ ·�¤*¨_©3°�µ3·�¡t¥-¦*µ3­_£|¤
¨'ª�°-¡t¯�¶*¤
£�µ_¯-°-¡ä­0¤
·ä£�°§¡¡�¦�µ_¡ Ý ¡�ã:¡�ª�¾�®�°-¡�°�ªz¥-°-£�£�°-¡
à3´<¯-°§¡
­�¤*·
£�«P¦*­3ª�¢�®C¢�¡�°�µ3·�­�¦�µ3·�£|¤[®K¯�ª�³_¦'©3°~å"æ�çé°�ª�¨'µ3£�£�¢�ª�¯~©3°-¡�·�¯-¡�¢�©<µ�¡
©3°-¡G¯§Á�µ�¤
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Optimiseur Global

J1

- J1(α1) soit minimale

- G1(α1) < 0 - Gr(αr) < 0

- Jr(αr) soit minimale

trouver α1 tel que: trouver αr tel que:

t̂r
t̂1

Jr

trouver t tel que :

- J(t) minimale

- Gk(t) < 0, 1 ≤ k ≤ p

- Ji(t) = 0, 1 ≤ i ≤ r

Optimiseur local à SS1 Optimiseur local à SSr
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¸�·$Ê�·EÚIÃ�Õ�Ã�¼�Ã�Â�Äaµ3¿�¿�¹&¶�Ã�Ä�·uÍ�¼"µt¿�Â�À�º�¶�Â�º�À�·a·�Â
L
¼�·,É.·�¶�Â�·�º�À�¸Iºý¶�Ð�µ�À�½.·�Ç(·�Æ*Âbµ/Ä�À�¹&¸IÅ*Æ�µ/Ç2Ã�È:º�·�ÑL´Z¹/À�¶�·5¿(·�Â

Ç(¹3Ç(·�Æ*Â�¿�Ò(µ�»�»�¼�Ã�È*º�ÄoÍt¼"µ�¿<Â�À�º�¶�Â�º�À�·3Î{Ö{¾ Ð*Å&»0¹/Â�Ð�×5¿�·u¸�·�¿(»F·�Â�Ã�Â�·5¿�¸�Ä�´Z¹/À�Çbµ�Â�Ã�¹/Æ�¿bµ5Å*µ�Æ*ÂbÄ�Â�ÄuÄ�½*µ�¼�·�Ç�·�Æ*Â
´hµ�Ã�Â�·bË!¶�·$È*º�ÃS·�¿�Â(µ/¶�¶5·�»�Â�µ/Õ�¼�·c»0¹3º�À>¼�·�¿>»0·�Â�Ã�Â�·�¿2¸�Ä�´Z¹/À�Ç�µ/Â�Ã�¹/Æ�¿TÐUµ�Õ�Ã�Â�º�·�¼�¼�·�Ç�·�Æ*Â2·�Ú&»0Ä�À�Ã�Ç(·�Æ*Â�Ä�·�¿2¸�µ�Æ�¿
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)+*-,/./01)3254�674�*98;:+4<8>=9?@4A.�BC01D5EFDHG�BC4JIKEL4/)32!254<6NM�D�2�2OM�PQ4A:3)-:30�6NM�D�*+4<R+)3DH:34A,�S&0�2�)+4A4/*-./0�BCBC4/EL?�0�*�:+M�*+.T4
MUSQ4/.V254W.�XYM�6A?Z:+4W:3,�?32OM�./4�674�*98[?3B�,�S9)\?�M�B[2HM<EL8LBL)+./8L)3BC41]�2H4V67M�D�252HM�PQ4W:34W2HM<EL8LBL)+.�8C)3BC4WEL)3B[254T^&)+4�2_EC0�*�8
.UM�25.�)32H,/E`./4/E`:3,/?32HM�./4/6�4�*98�E`:34�674�)3B�M�*�8ba3c341de 4TEW,/^9)�M�8LDH0�*+E;:34<2HMfEL8LBL)�.�8L)3BC4AEC01*98;:34JghM�iT0�*j?3B�M�8LD5^&)�4<BC,/EC0�2�)+4TEV?�M�BW)3*+4<?3B�09./,/:3)3BC4<?9=98CX+0�*_]@2H4
6709:3G�2H4V?�01)38LBC4;MU=&M�*98k,�8C,;:3,la+*+D_./0�6�6�4V)+*+4W./2HM�ECEC41de 4<.T0�6A?@0�BL8C4�674�*98W:�)mR�)3D5:34J?�4/)38Wn�8LBC4<:+,/.�BLD�8V?YM�BV254/EV,T^&)�M�8CD50�*+EW:porqs)3254/B�tu*+0�*v2�D�*�,TM�D�B�4/Exwk01)v254/E
,T^&)�M�8CD50�*+E�y`z|{V}~t%yk4�=9*+0125:3EAz�SQ4�B�M�PQ4/:�{|MTS�D54�BFI�}�8C0��Q4TE�wld��b4/EA,/^9)�M�8LD501*+EAEC0�*�8<BC,TEL012�)+4/EA?�M�BA254\./09:+4
4/25ECz����1�3]��&����:3,/.�BCD�8`:+M�*+E[2HM<EC4/./8LD50�*���d���de 4TE|D�*�./0�*3*�)+4/EW:�)jEL=�EL8CG�674AM�,�BC0�,�2HM�EL8LD5^9)+4<EC0�*98V254<.xX�M�6A?j:+4<:3,�?32OM�./4�674�*98W:34J2HMfEF8CBL)+.�8L)+BC4J*+0�8�,
D 4�8�.TM�25.�)325,kEL)3B�254`67M�D52�2HM�PQ4k:34`2HM;EL8LBL)�.�8L)3BC4k4�8�254/E�P1B�M�*�:34�)3B�E�./0�*�EL4/BLS�M�8CD�SQ4/E�M1,�BC09:3=9*�M�6�D5^&)+4/E�*+0�8�,/4/E
W 4�8J.UM�25.�)32H,/4/EJEF)+B�254�6NM�D�2�2OM�PQ4N:�)�:30167M�D�*�4�R+)3D5:+41d�{K0�8C01*+E Rf 2H4NEF=�EF8�G�6�4N:por,T^&)�M�8CD50�*+EJ:�D5EC.�BCG/8C4/E*�0�*�I�2�D5*+,TM�D�B�4/Es,/.�BCD�8C4/E�EL01)+E�g%0�BC6�4`:34[BC,/ELD5:�)7:3,T.�BLD�S�M�*98s254[.T0�6A?�01BL8C4�674�*98�:�)AR+)3D5:+4�t%,/^&)�M�8LD50�*�Es:porqs)3254/B
2501BCEC^&)+4K254KR+)3D5:+4|4/EL8bEF)+?3?�01EC,K?YM�BFghM�D58b4�8b,/^&)YM�8LD50�*�E":+4|{|MTS9DH4�BFI�}98�0��Q4/E"6�0�=Q4�*3*+,T4/EVthy`z|{V}3w�250�BCEC^&)+4K2H4
R�)3D5:34;4/EL8[S9D5EC^&)�4�)�c\4�8`^&)�4V2�or,T./0�)3254/6�4�*�8`4/EL8[8L)+BL�3)32H4�*98xwV�

Rf (W,X) = 0,

01� X BC4�?3BC,TEL4/*98C4J254J6NM�D�2�2HM�PQ4<EL8LBL)+./8L)3BC,<.T0�BLBC4/EL?�01*+:+M�*�8;�N)3*+4<:3D5EC.�BC,�8LDHECM�8LD50�*j:�)-:30�6NM�D�*+4�R�)3D5:34AM�)
.T0�)3BCE_:3)W?3B�09./4/ECEL)+E_:34!BC,/EC0�25)38LD50�*�:34!2�or,/^&)+D�2�D��3B�4sM�,�B�09,�2HM1EF8CD5^&)+41]T4�8 Rs 254!EL=�EL8CG/6�4!:_or,/^&)YM�8LD50�*�E_:�D5EC.�BCG/8C4/E2�D5*+,TM�D�B�4V��BC,/EC0�)+:3BC4K?�0�)3Bb.T0�*3*�M�D�8LBC4K254|.�XYM�6A?f:34|:+,�?32HM1./4�6�4/*98b:34K2HM�EL8LBL)+./8L)3BC4Qd��b4|:34�BL*+D54�BT]&g%01*+.�8LD501*
:+4 Z 254V67M�D52�2HM�PQ4W:34V2HM<EF8CBL)+.�8L)+BC4;M�)Z./0�)3BCE`:�)\?3BC09.T4/ECEF)�E[:34VBC,/EC0�2�)+8LD50�*Z:34V2�or,/^&)+D�2�D��3B�4WM1,�BC09,�2OM�EL8LD5^&)+4Q]
4/8 D ]�ghM�D�8`4/*Z0�)+8LBC4VD5*98C4�BLS&4�*3D�B L 254;.�X�M�BLP&4�6�4�*�8kM�,/BC09:�=9*YM�6AD5^9)+4;M�?3?32�D5^9)+,;�<2HM<EL8LBL)�.�8L)3B�4A�

Rs(D,Z) = D − FL = 0.

�b4/E�:34�)3cWEL=�EL8CG�674/E�:por,T^&)�M�8LDH0�*+E�EC0�*98�./0�)+?325,/E_D�6�?32�D5.�D58C4�6�4/*98��[8LB�MTS&4�BCE_254/E_8�4�BL6�4TE X 4�8 L dTqs*�4��@4�8T]T254/E.T090�BC:301*3*+,/4TE":�)�67M�D�252HM�PQ4|:�)f:30�6NM�D�*+4kR+)3D5:+4 X EL01*98�gh0�*+.�8CD50�*+E":+4 D 4�8 L :+,�?�4�*+:�4lc�?32�D5.�D�8�4�6�4�*�8":+4
W 4�8 X d e 4`EL=�EL8CG�6�4`:_or,/^&)�M�8LD50�*+E�./0�)+?325,/4/E�:3,/./BLD�S�M�*�8s254`./0�6A?@0�BL8C4/6�4�*98�:3)�EL=�EL8CG/6�4bR+)3DH:34lI�EL8LBL)�.�8L)3B�4
.T0�*+ELD5:3,�B�,W4/EL8kM�250�BCE;�







Rf (W,X) = 0

Rs(D,Z) = 0

0��






X(D,Z)

L(W,X)
e Mv?3BC09.T,/:�)3B�4\:34\.UM�25.�)32k:34f2�or,T^&)3D�2�D��+BC4ZM�,/BC09,�2HM1EF8CD5^&)+4Z4/EL8APQ,�*+,/B�M�254�674�*98AD58C,�B�M�8CD�SQ41d e Mv?�01ELD�8LD501*

:_or,/^&)3D52�D��3BC4v4/EL8f:30�*+.m.UM�25.�)+25,/4m4�*�M�2�8C4�BL*YM�*98f.TM�25.�)32V:3)~.�X�M�BLPQ4�674�*98\M�,/BC09:�=�*�M�6ADH^&)+4mEL)3B�2HM�g%0�BL674
M1,�BC09:�=�*�M�6�D5^&)+4\./0�)+B�M�*98C4fP1Bx��./4ZM�)�./09:34\:34\ELD�6�)32HM�8LD50�*�?�0�)+B<2HMm6�,T.TM�*3DH^&)+4\:34/EJR�)3D5:34/E�4�8�.TM�25.�)+2
:3)�.�X�M�6A?�:34 :3,�?32HM1./4�674�*98�D�*�:�)3D�87EL)3B72HMjEL8LBL)+./8L)3BC4\PQB���./4�M�)�./0�:34Z:34ZELD�6J)32HM�8CD50�*�4�*�6�,/.TM�*3D5^&)�4
:+4/EfEL8LBC)+.�8L)+BC4/ETdbqs*98LBC4v./4TEf:+4�)�c¡,�8xM�?�4/Ef?3D�S&0�8\:�)�.TM�25.�)32W:+4m2�or,/^&)+D�2�D��3BC4jM1,�BC09,/2HM�EL8LD5^&)�41]"254/E\4l�@01BL8CE
M1,�BC09:�=�*�M�6�D5^&)+4/E�4�8A254\.�X�M�6A?�:34\:3,�?+2HM�./4�674�*98�:34f2HMvEL8LBL)+./8L)3BC4\:301D�SQ4�*98�n/8LBC4f8LB�M�*�EF6�D5EA:_o )3*�./09:+4
��2�o�M�)38LB�41d e MZa+PQ)3BC4f�3d�¢�:3,/./BLD�8<:34NghM�i/0�*£PQ,�*+,/B�M�254N2H4�EL.xX+,�6NM�:34�.TM�25.�)32b:+4N2HM ?@01ELD�8LD50�*�:por,/^&)+D�2�D��3B�4
M1,�BC09,�2OM�EL8LD5^&)+4Qd

¤V¥�¤ ¦V§`¨C©kª!«�¬®­<«�¯�°Jª
± M�*+EW254A.TM�:3BC4A:34A./4/8L8C4A,�8L)�:341]@*+0�)�EV*�0�)+EW?32HM�i/01*+EWEC0�)�EV2�orX9=9?�018LX+G/EC4A:po )+*jP&M�²A?�M�BFghM�D�8;4�8W2H4

.T0�6A?�01BL8C4�674�*98`:3)fR+)3D5:+4V?�4�)+8`n�8LB�4WEC0�D�8[6�0�:3,�2�D5EC,V?YM�B[254/E`,/^9)�M�8LDH0�*+E`:porqs)3254/BT]3EC0�D�8[?YM�B[254/E`,/^9)�M�8LDH0�*+E
:+4W{|MUS9D54�BFIF}98C0��Q4TE[6�0U=Q4/*3*+,/4TE/dY�"4/E`,/^9)�M�8LD501*+Ebg%0�*�8[D�*98�4�BLSQ4�*+D�B[254TE[S�M�BLDHM��+254/E`EL)3D�S1M�*98C4/E;�

− ρ 2HMJ6NM�ECEL4WSQ0�2�)+6AD5^&)�4W:�)\R+)3D5:+4!³
−− V 2HM<S9D�8C4TELEC4!³
− T 2HM<8C4�6�?�,�B�M�8C)3BC4!³
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STRUCTURE

   

FLUIDE

Calcul du champ des 

grandeurs conservatives

Transfert du chargement aérodynamique

Transfert du champ de déplacements

Remaillage 
du domaine occupé par le fluide

Calcul du champ de 

     déplacement

Ë"ÌuÍ"Î�Ï�Ð�Ñ|ÒNÓsÔLÕ�Ö+×/Õ�Ø�ÙWÚ+ÙW×TÛ�ÜH×�Ý3Ü_Ú+ÙVÜ�ÞrßTà&Ý3Õ�Ü�Õ�á+ÔCÙ;Û1ß�ÔCâ9ß�ÜOÛ�ãLäLÕ5à&Ý+Ù

− p
ÜHÛJØ+ÔCÙ/ãCãLÕ5â�ÖZãLä�Û�äLÕ5à&Ý+Ùså

− H = e+
p

ρ

Ü�Þ�Ù�Ö9äLæ�Û�Ü�Ø3Õ5ÙWäCâ�ä�Û�Ü5Ù!å

− e = ei +
1

2
ρV 2 Ü�Þrß/Ö+Ù�ÔLç1ÕHÙVäCâ�äxÛ�Ü5Ù!å

− ei
Ü�Þrß�Ö+Ù�ÔCç1Õ5ÙVÕ5Ö9äCÙ�ÔLÖ�Ù!å

− τ
Ü5ÙVä�Ù�Ö+ãCÙ�Ý3ÔkÚ3Ù/ã`×/â1Ö9äLÔ�Û�Õ5Ö9äCÙ/ã[è9ÕHãLà9Ý+Ù�Ý+ãCÙ/ã_å

− s
Ü5ÙVé+Ý�êfÚ+ÙW×�æYÛ�Ü5Ù�Ý3Ô�å

− µ
Ü5ÙW×/â�Ùlë7×�ÕHÙ�Ö9ä`Ú+ÙVè9Õ5ãC×/âQãLÕ�äCßW×�Õ5Ö+ß�ì7Û�äLÕ5à&Ý+Ùså

− λ
ÜHÙW×/â9Ù�ë7×�Õ5Ù/Ö9ä`Ú+ÙVè9Õ5ãC×/âQãFÕ5äCßVèQâ1Ü�Ý3ìAÕ5à9Ý+Ù!å

− KT
ÜHÛ<×/â1Ö+Ú�Ý+×�äCÕ�è9Õ�äCßWäLæ+Ù�ÔCìAÕ5à&Ý�Ù!å

− γ
ÜHÙVÔ�Û�Ø+Ø�â�ÔLäkÚ3Ù/ã`×�æ�Û�Ü5Ù�Ý3Ô�ã`ãFØ@ß/×�Õîí�à9Ý+Ù/ã`Ú�Ý\é+Ý3ÕHÚ3Ù�ï

1.4
Ú+Û�Ö�ã[Ü5ÙW×TÛ1ã`Ú3ÙVÜ�Þ
Û�Õ�Ôxð�å

− Rg = 287Jkg−1K−1 ÜHÛ<×Tâ�Ö+ãLä�Û�Ö�äCÙWÚ3ÙTã[ç&Û�ñWØYÛ�ÔFòhÛ�Õ�äTÐ

ó�Ù/ã|ß/à&ÝYÛ�äLÕ5â�Ö�ãKÚpÞ�ô!Ý+Ü5Ù�ÔKì�â9Ú+ß�Ü�Õ5ãCÙ�Ö9äKÜ5Ù�×Tâ�ìAØ@â�ÔLäCÙ�ì7Ù�Ö9ä|ÚpÞ Ý+Ö é+Ý3Õ5Ú+Ù�Ø�Û�ÔFòhÛ�Õ�ä<ïuÖ+â�Ö�è�Õ5ãCà&Ý+Ù�Ý3êZÙ/äKÖ+â�Ö
×/â�Ö�Ú�Ý+×�ä�Ù�Ý3Ô�Ú3Ùs×�æ�Û�Ü5Ù�Ý3Ôxð@×/â1ìAØ3Ô�Ù/ãCãFÕ�á+Ü5Ù1ÐTôsÜ�Ü5Ù/ã�ãLâ1Ö9ä�Û�Ý;Ö+â�ìJá3ÔCÙsÚ3Ùs×�Õ5Ö+à|Ù�äpò%â�Ö9ä_Õ�Ö�äCÙ�ÔLèQÙ/Ö3Õ�Ô�ãLÕîêVÕ�Ö+×/â�Ö+Ö9Ý+Ù/ãTÐ







∂ρ

∂t
+ div(ρV ) = 0

∂ρV

∂t
+ div(ρV ⊗ V + pI) = 0

∂ρe

∂t
+ div(ρeV + pV ) = 0

ï�Ï�Ð�ÑUð

õ Ù/ã`ßTà&Ý�Û�äCÕ5â�Ö+ã`ãCâ�Ö9ä[ò%Ù�ÔLì7ß/Ù/ã[Ø�Û�Ô[ÜHÛJÔ�Ù�ÜHÛ�äLÕHâ�ÖZÚ_Þrß�ä�Û�äkÚ3Ù/ã[ç&Û�ñWØ�Û�ÔLòhÛ�Õ�äCã
p = ρRgT = (γ − 1)ρei

Ð
ó�Ù/ã�ßTà&Ý�Û�äCÕ5â�Ö+ã�Ú+Ù\ö|ÛUè9Õ5Ù�ÔL÷�ø9äCâ�ù&Ù/ãAì�â�Ú3ß�Ü�Õ5ãCÙ�Ö�äAÜ5ÙZ×/â�ì�Ø�â�ÔLä�Ù�ì�Ù�Ö�äAçQß/Ö+ß�Ô�Û�ÜkÚpÞ Ý+Ö£é�Ý3Õ5Ú3Ù\è9Õ5ãCà&Ý+Ù/Ý�ê@ú
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





∂ρ

∂t
+ div(ρV ) = 0

∂ρV

∂t
+ div(ρV ⊗ V + pI − τ) = 0

∂ρe

∂t
+ div(ρeV + pV − τ · V + s) = 0

-A@B>3@�=

��C






τ = λ(divV )I + 2µ(∇V + ∇V T )

= −2

3
µ(divV )I + µ(∇V + ∇V T ) 6'D��!�E+10 F5G5#H���(F,I'&(�;J��LK�����M��!& 3λ+ 2µ = 0

s = −KT∇T
N �!&�+�����& JO0P2��Q6��R#H��%("S���(��������JT0P�?U�#,%(�*".��%�+1032��,��%(V����W�*�5����%��,��XB+Y6Z#�%��!&�&(�����[XB+Y6Z�'���,JB4����(�*D��*��2W�(F,��%�"$��\�4��W�!�+��;�!�5��]S�����!�5� J��;�!���,J�4,���(��D5�*��2;���_^
���,���(�����`J��E+Y6Z���!"$#a2�%768�(4�%Q�$b







p = ρRgT = (γ − 1)ρei

µ(T ) = µ0

(
T

T0

)3/2 T0 + C0

T + C0

��C µ0 = µ(T0)
�!� C0 = 110.4 c >

d �!&W2!\54�68�(�����,&W&����5�W%�2!&���+*4,�'&!XHJ,68��&e+Y�Z�'6�J�%��ZJ,�Z�!�Z�(%Q6'D�6��*+1X:#�6�%f+��Z+���V����!����+g��+Y&(hji k�lnmoJ,68��&f+��!\�4,�!++Y6p�(4,%()�4�+Y���,�!�;�!&(� ".�5J,2�+*��&�2!�;���`4��(�*+���&�6��5� +Y6p".2��(F��5J��;qrhesWKt-Yuvqr��G��,��+�J,&xwvh[D���%768V��!J`sf6yD5����%zwxK�����M��'&x{z=�!�p^
��%("|4�+Y2!�`&(��4,&$+10 F�G5#a����F,I!&��`J��`}
��4,&�&z���,�!&�\:>o~o��6�J���#��768�5�.+10368#,#�%��5�QF��<qrhfsWK����S����4,�(�*+*��&Q68���$+Y6"S�yG����,�,�oJ,�o�:6'D5%��e-
��4L".�yG��!���,�o#a���,J,2�%�2!�o#�68%[+Y6R"S6�&�&(�n=?X!+��!&[2'\�4�68�������,&[J���sf6'D�����%zwxK�����M��'&[J���D5���!���,�����
∗ b







∂ρ̄

∂t
+ div(ρ̄ ¯̄V ) = 0

∂ρ̄ ¯̄V

∂t
+ div(ρ̄ ¯̄V ⊗ ¯̄V + p̄I) = div(τ + τR)

∂ρ̄¯̄e

∂t
+ div(ρ̄¯̄e ¯̄V + p̄ ¯̄V ) = div((τ + τR) ¯̄V + ¯̄s+ ¯̄st

-A@B>3��=

��C�+���������&(�!4�%<J��'&_�!���5�(%Q6��*�5���!&_�(4�%�)�4�+��!�5���!&`68#�#H��+�2t684�&(&(�W���!�,&���4�%<J,��qr��G5�,��+YJ�&<�!&(�<J�2?�,�,�W#�68%_+96%Q��+Y68�(����� τR = −ρV ′′ ⊗ V ′′ X���� +��;�����,&���4,%rJ��'&r�!���5�(%768�*�5���'& ".�yG������,�!& τ̄ �!&(� ".��J�2�+*�Y&(2;#�68%r+Y6p%��!+Y68�(�����
τ̄ = −2

3
µdiv( ¯̄V )I+µ(∇ ¯̄V +∇ ¯̄V T ) > N �R��4BU.J��r�QF�68+Y��4�%��(4�%(),4�+����5���!&(��2�V�68+a� ¯̄st = −pV ′′ −pe′′i V

′′ =

−λt∇ ¯̄T �!��+��f��4BU_J,�E�QF:68+���4�% +Y68".�*��68�*%Q�;� ¯̄s = −λ∇ ¯̄T >� ��4BUp"S�5J�I�+��'&oJ,���(4�%�)�4�+������!� ���5��2���2�4����*+*��&�2!&�J,68��&	+��r�'6�JB%Q� J�� �!� �(%Q6'D�6��*+[b�+���"S�5J�I�+��rJ��eK5#:68+Y68%(�(whe+*+*"S6�%Q6�&
wo�!�!+*4���w����O%�2!&���4���4��,�W\54�68�5���*��2f#�%Q��#a��%��(����������+*+��E� µt �|+�0368��J��EJO0 4����W2!\�4:68�(�����`J��f�(%768�,&(#a��%��
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q̄ = lim
n→∞

1

n

n
∑

i=1

qi(x, y, z, t) �1�z�y�1�z�A�z�!�1�g���
�
�����z�n�n�	�
���Q�1���
�1���!�n�o y�	���R�!�8�7�!�1�P�1� q �7�3�7�1�[�z¡��7�3�o¢ q̄ + q′

¯̄q =
ρq

ρ̄
�1�z�n�1�z�A�z���1�	�����R�����z�n�n�o y�o£8��¤��1�o y�	���R�!�8�7�!�1�P�1� q �7�3�?�1�T�z¡��7�3�o¢ ¯̄q + q′′
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ω
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· −→n l
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Å�Ä!×(Ë*Ú�È�Ä
ÂYÆWÅBË�À.Ä�È,×(Ë�¾�È$Ä!È$Ä'×zÊ:Æ�Ó!Ä�ë
W
Â�Ä�ÓQå�Æ8À.Ê.Æ�Ã�¿�¾5Å�ê5È�Æ8À.Ë�Ì�Á,Ä�ë

V (Ω)
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¾�¿(À.Ä áâ Æ|×(Ï(¿(Á,Ó!Ï(Á�¿�ÄfÄ!×(Ï�Æ8Ë*È,×(Ëa¿�Ä!Ê�¿�Ã!×�Ä�È5ÏQÃ!ÄeÊ�Æ8¿
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ûGò�ö¹ú�ñëó0T¢õG�<ñ¸ú�ñc[�ñ��<øKû9þ�

I =
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ýTøKð
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





ð{ø s ≤ η EI(s)
∂2ωz
∂s2

(s, η) = EI(s)
∂θx
∂s

(s, η) = M(s) = η − s

ð{ø s > η
∂2ωz
∂s2

(s, η) =
∂θx
∂s

(s, η) = 0

ñT÷��-ùTö
ø�Y�ñªóKñið³ýiû9þfú�ø�÷{øKû9þ�ð³õyò@��óKø�üxø�÷
ñ[ð�ð{ò�ø��GõyþL÷
ñið�õyò²ô8û9øKþL÷³ú&T�ñTþ�ý[õ9ð{÷{ö
ñTü ñTþL÷�õ��-ñ[ýªóKña��òfð
ñTóvõG�0ñ � ð�øK÷{òfù�ñTþ
s = 0 �







ωz(0, η) = 0

∂ωz
∂s

(0, η) = θx(0, η) = 0
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





�
�
s ≤ η θx(s, η) =

∫

0

s η − λ

EI(λ)
dλ

�
�
s > η θx(s, η) = θx(η, η) =

∫

0

η η − λ

EI(λ)
dλ

=⇒







�
�
s ≤ η F zz(s, η) = ωz(s, η) =

∫

0

s

θx(α, η)dα =

∫

0

s∫

0

α η − λ

EI(λ)
dλdα

�
�
s > η F zz(s, η) = ωz(s, η) =

∫

η

s

θx(α, η)dα+ ωz(η, η)

= (s− η)

∫

0

η η − λ

EI(λ)
dλ+ F zz(η, η)
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



�
�
i ≤ j θx(si) =

i∑

k=1

1

2

(
sj − sk
EI(sk)

+
sj − sk−1

EI(sk−1)

)

= θx(si−1) +
1

2

(
sj − si
EI(si)

+
sj − si−1

EI(si−1)

)

�
�
i ≥ j + 1 θx(si) = θx(sj)

=⇒







�
�
i ≤ j F zzij = ωz(si) =

i∑

l=1

1

2
(sl − sl−1)(θx(sl) + θx(sl−1))

= F zzi−1j +
1

2
(si − si−1)(θx(si) + θx(si−1))

�
�
i ≥ j + 1 F zzij = ωz(si) = F zzjj + (sj − si)θx(sj)°H���G�y�,�@�6�I�I��¤���±�¤��S²I�k�6²@�k���R�k���,�@¤ª�W¡9£��R�
�k��¤ª�@¤ F ³4´ j µ@¶ �$§

1 ≤ j ≤ np
«¨�k¤R�@±���±�¤����k¤R�
£¯¤��

θx(si)¤��
F zzij ³ 1 ≤ i ≤ j ³ �
���y�¨¥��6±�¥R�@±�����·

¸u¹oº!»8¼zº*½�¾
F zθx

�M¤^�@�R²@±n�6¥�¤R£�¤��y�����I���I���¨�6�¿²4�6���y�¨�&�À�6ÁI�k¥R���k�k¤^¥R�@�
Ây��±������I¤
s

�&� �@�o¤,²Ã�6�@�
��¤r�k�6�I£m���k¤ ´ �I�¿¥��6�@²@±p¤�I�@�����G���k¤��k¤R±p�6��±0�À� ¶ ¤
x

�G��²4�����y�¬�&�À�GÁo�
¥����
�k¤
η

§ ¥�Äo�G�k�N¤R£¯¤R�y�¬¤R�$Åo¤ ¶ �p�6�O«.���G�
���W©B�G���>±0�V��Æ8�o�G�k���6�\�
�@��Â6�G�9�k¤Ç­






�
�
s ≤ η EI(s)

∂2ωz
∂s2

(s, η) = EI(s)
∂θx
∂s

(s, η) = M(s) = M(η) = 1

�
�
s > η

∂2ωz
∂s2

(s, η) =
∂θx
∂s

(s, η) = 0

¤��SÂ8�R�
� µ ¤u±p¤���¥����I�����
�p�6�I�r�G� ¶ ±���£����k¤����
�I��Â6�G�y��¤��,�G�È²Ã�6���y�,�&�V¤��I¥��6�
�
��¤R£�¤R�9�,��ÂN¤�¥u±�¤a©!�I�k¤R±n�G�N¤�§ �
���
�I�ª¤��
s = 0

«






ωz(0, η) = 0

∂ωz
∂s

(0, η) = θx(0, η) = 0
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á.â ã�ä9åkæRç�è�é6å
ã�ê6ä ë�ìbí
î9í
åkï�ð�ñ^ò�ã�ó(ë@ñ�íkí
ìIíuô íkê6ìoí¨íkéÇõ ê6è
ð¯ñ^ò�ê�äyå
ã�äyìoñ�ö>ëIê6ä@äIñ�÷







í
ã
s ≤ η θx(s, η) =

∫

0

s 1

EI(λ)
dλ

í
ã
s > η θx(s, η) = θx(η, η) =

∫

0

η 1

EI(λ)
dλ

=⇒







í
ã
s ≤ η F zθx(s, η) = ωz(s, η) =

∫

0

s

θx(α, η)dα =

∫

0

s∫

0

α 1

EI(λ)
dλdα

í
ã
s > η F zθx(s, η) = ωz(s, η) =

∫

η

s

θx(α, η)dα+ wz(η, η)

= (s− η)

∫

0

η 1

EI(λ)
dλ+ F zθx(η, η)

ø ê6ã�å¨íkê6ìoí¬õ ê6è
ð�ñaë�ã�íkòRè�ïRåkñ�ô
s0 = 0

ö,÷






íWã
i ≤ j θx(si) =

i∑

k=1

1

2
(sk − sk−1)

(
1

EI(sk)
+

1

EI(sk−1)

)

= θx(si−1) +
1

2
(si − si−1)

(
1

EI(si)
+

1

EI(si−1)

)

íWã
i ≥ j + 1 θx(si) = θx(sj)

=⇒







í
ã
i ≤ j F zθx

ij = ωz(si) =

i∑

l=1

1

2
(sl − sl−1)(θx(sl) + θx(sl−1))

= F zθx

i−1j +
1

2
(si − si−1)(θx(si) + θx(si−1))

í
ã
i ≥ j + 1 F zθx

ij = ωz(si) = F zθx

jj + (sj − si)θx(sj)

ùuúoûnüyýzû*þzÿ
F θyθy

álñ^ë@æ����pé6ò�ñ�ð�ñRä9å¬ã�äoë�ì@ã�åSéGì��4ê�ã�äyå¨ë&âÀé��oí
ò�ã�íkí
ñ^òRìIè��yã	��ã�çNäIñ
s

ëlâ ì@äIñ
�4ê6ìIå
èkñ^íkê6ì@ð�ã�íkñ��Çì@äbò�ê�ì�����ñì@ä@ã�å�éGã�èkñ�íkñ
��ê�ä��0âÀé���ñ
y

éGì��4ê6ã�äyå>ë&âÀé��oí
ò�ã�íkí
ñ
η

ô ò��OéGè
çNñ�ð�ñRä9å*ñ�ä$åkê6èkí
ã�ê6ä4ö;íké6å
ã�íWõBéGã�å��0âÀæ��8ìoé6å
ã�ê6ä�í
ì@ã	��éGäyåkñª÷






íWã
s ≤ η GJ(s)

∂θy
∂s

(s, η) = T (s) = T (η) = 1

íWã
s > η

∂θy
∂s

(s, η) = 0

ñRå��NæRèkã��oñ���ñ�í,ò�ê6äIë@ã�å
ã�ê6äoí,éGì�����ã�ðmã�åkñ�í�í
ì@ã	��éGäyåkñ�íréGì��4ê6ã�äyå,ë&âVñRäoò�é6í
å
èkñRð¯ñRäyåré��Nñ�ò���ñaõ!ìIíkñ
�péGç8ñ$ôBíWã�å
ìIæªñRä
s = 0

ö
θy(0, η) = 0á.â ã�ä9åkæRç�è�é6å
ã�ê6ä ë�ìbí
î9í
åkï�ð�ñ^ò�ã�ó(ë@ñ�íkí
ìIíuô íkê6ìoí¨íkéÇõ ê6è
ð¯ñ^ò�ê�äyå
ã�äyìoñ�ö>ëIê6ä@äIñ�÷







í
ã
s ≤ η F θyθy(s, η) = θy(s, η) =

∫

0

s dλ

GJ(λ)

í
ã
s > η F θyθy(s, η) = θy(s, η) = F θyθy(η, η)
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66778899 Pi−1

Pi

Yi

Xi

Zi

x

y

z

:<;>=<?$@�AB@�CEDGF
H$I
J�F
K�L M�N&K"N&O2O2L M
P�Q�RSKTNUO2F�M
V�P�LXW
Pi−1Pi Y F�KTNSHZL&[�V�J�F

\ L&P	VGO2L&[]O<^0L&J2_`F Y P�O2M
J2I
V2Fba
s0 = 0 c
d







O�P
i ≤ j F

θyθy

ij = θy(si, sj) =
i∑

k=1

1

2
(sk − sk−1)

(
1

GJ(sk)
+

1

GJ(sk−1)

)

= F
θyθy

i−1j +
1

2
(si − si−1)

(
1

GJ(si)
+

1

GJ(si−1)

)

O�P
i ≥ j + 1 F

θyθy

ij = θy(si, sj) = F
θyθy

jj

efVgN�W V Y LXW�W]Q�F�OhK�F�OhH]J2L&H�J�PTQ
V2Q�O Y F�O�i _`Q�V�J�P�F Y F F j R j k�l QEa
1 ≤ j ≤ np c O�F�[�K�OGK�F�OGV2F
J�_bF�O

F
θyθy

ij j
1 ≤ i ≤ j j O2L&W VGM�N�K�M
[]K�Q�O�Am []FnKTNoH$L&[�V2J2FnO2L&P	VpO2L&[�_`P�O2F
Ro[�W]F�^0L&J2M�FnL&[q[�Wq_`LX_`F
W V Y F�rsF l P�L&WqLX[�Ro[�Wq_`L&_bF
W V Y FnV2L&J2O�P�L&W jK�F Y Q
H]KTN&M�F
_bF
W V Y FoO2F�O�W]L F�[ Y O�H$F
[]Vnt
V�J�FoM�N�K�M�[�K�Q Y F�_bN�W]P�I
J2FoP	V2Q
J�N&V�P	u5FoF�W�HsN�J2V�N�W V Y F�KwvxF�_UH�KTN&W V�[�J�F
Y F
KwvBN&P	K�F`ayHZL&P	W V Y vxF
WsM�N&O�V�J2F
_bF
W V Y F
KTNzH$L&[]V�J2F c F�VhF
W�N�K	KTN�W,Vpu5F�J2OpK�F�O�N�[]_`L&W{A
|~}y��}0� ���{�w�����������w�����$�&�����,�������������������w�0�X�����&���f�����]���������� p�"���&�5���5�¡� �5�w�w�w¢"���� ��Z�

���{�����s�����¤£~���s�����"��£~���
¥"L&J2O2¦�[sFGKTN�rsI�Mg§]F�L&[�K�F Y P�I Y J2F Y FGKTN¨u5L&P	K�[�J2FGW]F�O2L&W,V�HsN&O�W [�K�O j KTN�O�V�J2[]M
V�[�J�FGW]FGH$F
[]V�H�K	[]O�t
V�J�FNXO�O�P	_`P	K�Q�F¨Rz[�W]F
H$LX[�V�J2F
J�F�M
V�P	K�P	©XW]FXA]¥"NS©�Q�L&_bQ
V�J�P�F Y F
KTNSH$LX[�V�J2F
W"vBN Y LXW]M
H�K	[sO<K	PTF
[ Y F�O�[]P	u J2F
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_`F
W,V2O Y Fnr¡F l P�LXW¬F
V Y F
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WsF
JfKTL M�N�K�F�_`F
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J2F
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NXO�O2L,M
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Pi−1Pi Y F
K>NS_bN�W]P�I
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Yi
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J�V�P�M²N�K�F�NXO�M�F
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×�ØbÙ&Ú Û�Ü�Ý´Þ$ÙXß	Ú Û Pj à i ≤ j á/â$ã�ä Û ä/å ÙXæ�ÛGÞ ä Ý]ÛGç�Û�æ ä Ý�Ú ä/å Ù&æ�ÛGÝ�Ú�ß	Ûg×�ß	æ ä Fz è ß"éwêxÙXë�ì ä�í Û�ß�î ä è Û�Ü ä�í ×�é í Ý�é ä æ
F zz ÙXÝ F θyz ï Ý�Ú í ÙXÝ�Þ�é ä Ý�Ú]ß	Û�×�ß	æ ä My è ßhé�êxÙ&ë�ì ä�í Û�ß�î ä è Û�Ü ä´í ×�é í Ý�é�ð F zθy ÙXÝ F θyθy ï Ù&Ý�Ý�Ú í Ù&Ý]Þ�é äÝ�Ú�ß�Û�×�ß	æ ä My è ß{éwêxÙ&ë�ì ä�í Û�ß�î ä è ÛhÜ ä¨í ×�é í Ý]é ä æ F zθx Ù&Ý F θyθx âñ ð í æ�ß	ò5Ù&Ú è é äGí ×&é í Ý�é$Ü ä è í Ù ä/óbí ß ä Ú Û è Ü�êxß	Ú�ô]Ý ä Ú í�ä�ä ÚbÚsÙ&Ý è Þ�éT×Xõ�×�Ú Û�Ü]×�Ú è é äGí × è�ö ð
Ú]ð
æg×�é â�÷"ä è í × è Ù&øé äGí�ù ×�æ ö ä Ø ä Ú Û�Ú"ê ä è Û í Ù&Ø`Þ$Ù è ðGú�Ý ä Ü�ê Ý�Ú ä
å Ù&æ�Û�Ü ä ô ä/û ßTÙ&Ú�Ù&Ý�ú Ý ä Ü�ê Ý]Ú í Ù&Ý�Þ]é ä Ü ä ô ä/û ß�Ù&Ú�ÙXÝ�ú�Ý ä Ü{ê Ý�Úí Ù&Ý]Þ�é ä Ü ä Û2Ù&æ è ß�ÙXÚ è Ù&Ú,ÛU×&é�Ù&æ è Ü ä è í × è Þ¡×�æ�Û�ß í Ý�é	ß ä æ è â~÷"ä è ígù ×�ØUÞ è Ü ä Ü�ð�Þ�éT× í�ä Ø ä Ú Û è í ÙXæ�æ ä è Þ$Ù&ÚsÜ]×�Ú Û èÞ ä Ý]ò ä Ú Ûh×�é�Ù&æ è ç�Û�æ ä Ü�ð�Ü�Ý�ß	Û è Ü�ÝqÜ�ð
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Ú]ð
æg×�é ä Ú¬×�Ú�Ú Ý]éT×�Ú Û<é ä è ×�Ý�Û�æ ä è<è ÙXÝ�æ í�ä è Ü äní�ù ×&æ ö ä Ø ä Ú ÛÜ]×�Ú è éT×Uî0Ù&æ�ØSÝ�é ä ö ð
Ú]ð
æg×�é äXâ ñ ×�Ú è é äoí × è�ö ð
Ú]ð
æg×�é"é ä Û ä Ú è ä Ý�ænÜ ä è ä/å Ù&æ�Û è ×�Þ�Þ�é	ßTú�Ý]ð è ä Ú´Ý]Ú´Þ$ÙXß	Ú Û Pj Ü äéT×zÞ$Ù&Ý�Û�æ ä�ä Û í Ù&Ú è ß�Ü�ð�æ2ð è Þs×&æpé ä�í ×�é í Ý]é{Ü ä éT×SÞ$Ù è ß�Û�ß�Ù&Ú¬Ü{êxð�ú�Ý]ß	é	ß	ë�æ ä¨ä è ÛhÜ ä éT×oî�Ù&æ�Ø ä`ü





0
0
Fz

︸︷︷︸ä/å Ù&æ2Û

Mx

My

0





︸︷︷︸Ø`ÙXØ ä Ú Û
÷"ä ØbÙ&Ø ä Ú ÛG×�Þ]Þ�é	ß�ú Ý]ð¨×�Ý¬Þ$Ù&ß�Ú Û Pi+1

Ü ä éT×zÞ$Ù&Ý�Û2æ ä�ä è ÛG×&é�Ù&æ è ü






−→M(Pi+1) =
−→M(Pj) +

−−−−→
Pi+1Pj ∧ Fz~z

= Pi+1

(

Mx~x+My~y +
−−−−→
Pi+1Pj ∧ Fz~z

)

= MXi+1
~Xi+1 +MYi+1

~Yi+1 +MZi+1
~Zi+1

Ù&ø Pi+1 ä è Û<éT×oØb×&Û�æ�ß í�ä Ü ä Þs× è2è × ö ä Ü�Ýqæ ä Þ$ý
æ ä (x, y, z) ×&Ýqæ ä Þ$ý
æ ä (Xi+1, Yi+1, Zi+1) â]ã�ä Ø`ÙXØ ä Ú Û è äÜ�ð í Ù&ØUÞ$Ù è ä Ü�Ù&Ú ízä Ú¸Ý�Ú½Ø`Ù&Ø ä Ú Û
Ü ä ô ä/û ßTÙ&Ú MXi+1 à í�ä é	Ý]ß�þ í ß~Ü�ð�Þ ä Ú]Ü½Ü�Ý¸ë�æg× è Ü ä é ä ò,ß ä æ PiPj è ß í�ä Ûä/å ÙXæ�Û ä è Û Fz ä ÛnÚ{ê ä Ú½Ü�ð
Þ ä Ú]Ü´Þs× è�è ê ß	é è êª× ö ß	ÛnÜ ä Mx à í Ù&Ý�Þ]é ä²á�á ï ä Ú�Ý�Ú¸Ø`Ù&Ø ä Ú ÛnÜ ä Û2Ù&æ è ß�ÙXÚ MYi+1 à ß	é
è êB× ö ß	ÛoÚ]ð í�ä è2è ×�ß	æ ä Ø ä Ú ÛSÜ�ê Ý�Ú í ÙXÝ�Þ�é ä Þ�Ý�ß è ú Ý ä è ä Ý�é My ö ð�Ú]ý
æ ä Ü ä éT×¬Û2Ù&æ è ß�Ù&Ú á�ä Û�Ý�Ú»Ø`ÙXØ ä Ú,Û MZi+1Ú]Ù&Ú¬Þ�æ�ß è ä Ú í Ù&Ø`Þ�Û äXâÿ é ä è Ûf×&é�Ù&æ è Þ$Ù è�è ß	ë]é ä Ü ä�í ×�é í Ý�é ä æ~é ä è Ü]ð
Þ�éT× í�ä Ø ä Ú,Û è ωZi+1

ï θXi+1
ä Û θYi+1

ä ÚzÝ�Û�ß	é	ß è ×&Ú Û�é ä è ð�ú�Ýs×&Û�ß�Ù&Ú èÜ�ð
æ2ß	ò5ð ä è Þ�æ2ð í ð�Ü ä ØUØ ä Ú,Û
Þ$Ù&Ý�æ
Ý]Ú ä Þ$Ù&Ý]Û�æ ä Ü�æ2ÙXß	Û ä æ ä�í Û2ß	é	ß ö Ú ä à éwêB× û�ä y Ü ä éT× è Ù&Ý è þ è ä�í Û�ß�Ù&Ú½Þ�æ�ð í ð�Ü ä Ú Û ä
ä è Û<×�é�Ù&æ è éwêB× û�ä Yi+1 á/â�� é�Ý è Þ�æ�ð í ß è ð
Ø ä Ú Û ï í�ä è Ü�ð
Þ�é>× í�ä Ø ä Ú Û è�è ÙXÚ Û í ×�é í Ý�é�ð è ä Úq×�Þ�Þ�é	ßTú�Ýs×�Ú,Û�é ä è î0Ù&æ2ØoÝ�é ä èè Ý�ß	ò&×&Ú Û ä è ü

• è ß{é ä ÞZÙ&ß	Ú Û Pi+1 è ä è ß	Û�Ý ä¨ä Ú´×&Ø`Ù&Ú ÛGÜ�Ý¬Þ$Ù&ß	Ú Û Pj ï í ê ä è Û�þ���þ�Ü�ß�æ ä ú�Ý ä i+ 1 ≤ j ü






(θXi+1
)i+1 = (θXi+1

)i +
1

2

(
(MXi+1

)i+1

EIi+1
+

(MXi+1
)i

EIi

)

(ωZi+1
)i+1 = (ωZi+1

)i +
1

2
||Pi+1Pi||((θXi+1

)i+1 + (θXi+1
)i)

(θYi+1
)i+1 = (θYi+1

)i +
1

2

(
(MYi+1

)i+1

GJi+1
+

(MYi+1
)i

GJi

)

• è ß{é ä ÞZÙ&ß	Ú Û Pi+1 è ä è ß	Û�Ý ä è Û�æ�ß í Û ä Ø ä Ú Û ä Ú�×�ò&×�é{Ü�Ý�Þ$ÙXß	Ú Û Pj ï í ê ä è Û¯þ���þ�Ü�ß	æ ä ú�Ý ä i+ 1 > j ü






(θXi+1
)i+1 = (θXi+1

)j

(ωZi+1
)i+1 = (ωZi+1

)i − ||Pi+1Pi||(θXi+1
)j

(θYi+1
)i+1 = (θYi+1

)j

Ù&ø (θXi+1
)i+1 ä Û (θXi+1

)i
æ ä Þ]æ2ð è ä Ú Û ä Ú Ûfæ ä è Þ ä�í Û2ß	ò ä Ø ä Ú ÛféT×næ2Ù&Û�×�Û2ß�Ù&ÚUß	Ú]Ü�Ý]ß	Û ä Þs×�æfæ�×�Þ�ÞZÙ&æ�Û��néwêB× û�ä Xi+1×�Ý û Þ$Ù&ß	Ú Û è Pi+1 ä Û Pi ï (θYi+1

)i+1 ä Û (θYi+1
)i

æ ä Þ�æ�ð è ä Ú Û ä Ú,Û�æ ä è Þ ä�í Û�ß	ò ä Ø ä Ú Û�é>×`æ2Ù&Û�×&Û�ß�Ù&Ú�ß	ÚsÜ�Ý�ß	Û ä Þs×�æ
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)+*-,.,0/1)32547698	*;:�< Yi+1
*1=�:>,?/1@$A�2�B Pi+1

<C2 Pi D <C2 (ωZi+1
)i+1

<C2 (ωZi+1
)i

)3<C,.)�E�B3<CA�23<CA�2F)3<�BG,?<�HC2G@$I�<CJK<CA�2
6L*M2G)�*1ANBG6L*-2G@O/ AP@$ANQ.=.@$23<RBS=N@$I1*-A�25698	*;:.< Zi+1

*-=�:T,0/1@$A�2�B Pi+1
<C2 Pi UV <&BWQ.E�,.6L*1H&<CJK<CA�23B (θXi+1

)i D (ωZi+1
)i

<C2 (θYi+1
)i

B3/1A�2XQ.E&Q�=.@$2�BWQ.<7698YE�2�*-,0<7@$2�EC)�*-2G@OIZ<7,.)3E�H&E�Q.<CA�23<\[
@$6LB]/1A�2REC23E^H&*-6OHC=N6OE�B]QN*1ANBX6O<M)3<C,0_�)3<�6O/�H&*-6 (Xi, Yi, Zi)

Q.<M698YEC6LECJK<CA�2]Q.<M,0/1=N2G)3< Pi−1Pi
,.=.@OBX,N)3/-`S<�23E�B

Qa*-ANB�6O<>)�<C,0_C)3<T* EC)3/�Q.b�Aa*-JK@Oc�=N<ed 6O/ fa*-6 (x, y, z) D <C2MB3/1A�2�,.)3/-`G<C23E�B^4gAa/1=.IZ<�*-=hQN*-AaB76O<e)3<C,?_C)3<e6O/�H&*16
H&/1=.)�*-A�2 (Xi+1, Yi+1, Zi+1)

* BGB3/�H�@OER4M698YEC6OECJ><CA�2iQ.<X,?/1=.2G)3< PiPi+1 UV <&B>QNEC,.6L*1H&<CJK<CA�23B (θXi+1
)i+1 D (ωZi+1

)i+1
<�2 (θYi+1

)i+1
BG/ A�2e<CANBG=.@O23<g,.)3/-`G<C23E�BeQN*-AaBK6O<j)3<C,0_C)�<

dZ6O/1fa*-6�6O@OEe4T6k8	*&I�@O/ A (x, y, z) D <C27B3<C=.6O<�B�6O<�B7H�/1JK,0/ B�*-A�2�<�B ωz <C2 θy B3/1A�27H�/1ANB3<C)GI�E�<�B�,0/1=.)Rlm/ )GJK<C)�6n*
Je*-2G)G@OH&<]Q.<Xoa<�:�@Of.@$6$@$2�E F U
prq�stqLu vewyx9z.{|xW}�~
�j}��a�|x9w�z�~a��~
��� �j�9�|}�{|�m�Z�g��w���x9~hz���w?�Z�y~
��~a���jw?�a�Z��}�����w����k�r{�~

� Aa<�lm/1@OB�6L*7Je*-2G)G@OH&<XQ.<�o
<�:�@$f.@O6$@$23EXH�/ ANBG2G)G=.@O23< D @$6�<�BG25BG@$JK,.6O<XQ.<]Q.E�Q�=.@O)3<XQ.<�B5<���/1)G23B�*-,N,.6$@Oc�=aE�B D6O<|IZ<&HC23<C=.)rQ.<&BtQ.EC,.6n*1H�<CJ><CA�23B D QN<�698Y<�ANB3<CJ7fN6O<|QN<�B�,0/ @$A�23BtQN<�6L*i,0/ =.2G)3< U � <�6$=.@��kH�@�<�BG2�*-6O/1)�BtBG@$J^,.6L<CJK<CA�2
H�*-6OHC=.6LEX,a*-)�6L*7l�/1)GJ7=N6O< D = FL D B3/1@$2�B3/1=aB�lm/1)GJ><]Q.ECI�<C6O/1,.,?E�<^[





(ωp)1≤i≤np

(θp)1≤i≤np



 =





(F zz)1≤i,j≤np (F zθy)1≤i,j≤np (F zθx)1≤i,j≤np

(F θyz)1≤i,j≤np (F θyθy)1≤i,j≤np (F θyθx)1≤i,j≤np













(Fz)1≤j≤np

(My)1≤j≤np

(Mx)1≤j≤np









/ � (ωp)1≤i≤np

<�2 (θp)1≤i≤np

)�<C,.)3E&BG<�A�23<CA�2�)�<�BG,0<�HC2G@OIZ<CJK<�A�2W6O<�BXH��a*-JK,NBXQ.<�Q.EC,.6n*1H�<CJ><CA�2X<CA�oa<C:�@O/1A DB3<C6L/1AT698�*;:�<XIZ<C)G2G@LH&*-6 z Q.=T)3<�,0_C)3<Xd 6O/1f
*-6 D <C25<CAP23/1)�BS@L/1A D *-=.23/ =.)5Q.<X6L*MQ�@$)3<&HC2G@O/1APJK/;bZ<CA.AN<]Q.<X698	*-@O6O<W)3<C�
,N)3E�B3<CA�23E&<�,a*1)F698	*;:.< y Q�=\)�<C,0_C)�<�d 6O/ fa*-6?Qa*-ANBFAN/ 2G)3<WH�*1B D <CAPH��a*1H�=.ATQN<�BF,0/1@$A�23B�Q.<�6n*�,0/ =.2G)3< U�  /123/ ANB
c�=N< D D F D <C2 L /1A�25)�<�BG,0<�HC2G@OIZ<CJK<�A�25,0/ =.)�Q.@$JK<CAaBS@L/1ANB (2np) D (2np ∗ 3np)

<C2 (3np) U

¡X¢9£ ¤¦¥t§
¨�©Xª�«�¬­ª7«¯®t©�°�±M²�³�´5«
µ A¶B3<M,.6L* H�<^QN*-AaBX6O<^H&* BXdZECAaEC)�*-6�/1�·6O<&B]H�/�Q.<�B]QN<^H&*-6OHC=N6�)3E�B3/16$I1*1A�2]6O<�BRE�c�=a*-23@O/1ANBRQ.<M6L*\JKEC�

H�*-A.@Oc�=a<�Q.<�B�oa=.@OQ.<&Bi<�2�Q.<R6L*KJKE�H�*-A.@Oc�=a<�Q.<&BiBG2G)3=NHC2G=.)�<�B�B3/1A�2�Q.@OBS23@$ANHC23B�<�2�Q.<RA
*-2G=.)�<�Q�@���EC)3<CA�2�<e¸nlm/1)G�
J�=.6L*-23@O/1Aº¹�=N6OEC)G@O<�A.AN<e<C27IZ/16$=NJK<K»NA.@OB7,0/1=.)76O<KoN=N@OQ.< D <C2�lm/1)GJ�=.6L*-23@O/1A V *1d )�*-ANd @O<CA.Aa<><�2�Je*-2G)G@OH&<>QN<
o
<�:�@$fN@$6$@$23EW,0/1=.)�6L*7BG2G)G=aHC2G=.)�<�¼�<C25/1�T6O<�BFJ>*-@O6$6L*-dZ<&B�Q.<�698Y@$A�23<C)Gl�*1H�<W,.��b�BG@Oc�=N<W<CA�2G)3<W6O<WQ./ J>*-@$Aa<ioN=N@OQ.<W<�2
6L*^BG2G)G=NH�2G=.)3< D H�½123EXoN=.@LQ.<]Q�8Y=.AN<X,
*-)G2�<�2�H�½12�E]BG2G)G=NH�2G=.)3<RQ�8	*-=N2G)3<X,
*-)G2 D AN<]H�/ ¾�ANHC@OQN<CA�2�,a*1B U¿ E�B3/1=NQ�)3<�6O<7BGb�BG23_�JK<7H�/1=.,N6OERoN=.@OQN<��kBG2G)G=aHC2G=.)3<�)3<�I�@O<CA�2X4K)3E�B3/ =NQ�)3<�6O<�BWE�c�=
*-2G@O/1AaB�Q.E&HC)G@$I1*1A�2�698YEC2�*12
Q.=·oN=N@OQ.<><C2�698YEC2�*-27Q.<K6L*gBS23)G=NHC2G=N)3<^2�/1=.27<CA¶@$JK,0/ B�*-A�2R=.AÀ<CANB3<CJ�f.6O<>Q.<>H�/1ANQ.@$2G@O/1AaB7*-=�:·6$@$JK@$23<�B�H�/1�
�aEC)3<CA�2�<�B UNÁ ,.,a*1)�*-@$2�*-6L/1)3B�6O<],.)3/1f.6L_CJK<RQ�=g23)�*-ANBSlm<�)G2iQ.<]698 @$A.lm/1)GJ>*12G@O/1Aj<�A�2G)3<]6O<�BiQ.<C=.:PB3/1=NBS�kBGb�BG23_CJ><�B U¹�AÂQ�8	*-=N2G)3<�B�2�<C)GJK<&B D ,0/1=N)�)3E�B3/ =NQ�)3<\=.Ah23<C6F,N)3/1f.6L_CJK<\@$6|l9*-=.2^ÃC2G)3<TH&*-,a*1f.6O<TQ.<e23)�*-ANBGJK<�2G2G)3<\6O<�BM<�l��
l�/1)G23B�¸mQ�8Y/ )G@$d @$Aa<R*1EC)3/�Q�b�Aa*1J^@Oc�=a<]QN*-ANB5AN/ 2G)3<]H&* B�¼�*1=gH�/�Q.<RQ.<]BG@$J7=.6n*-2G@O/1AP)�E�B3/16$I1*1A�256O<�B�E�c�=
*-2G@O/1AaB5QN<
6L*PBS2G)3=NHC2G=N)3<^<C2])3E�H�@$,.)3/�c�=N<CJ><CA�2 D @$6rl�*1=.2RÃC2G)3<^H�*-,a*-fN6O<^Q.<M2G)�*-AaBGJK<C2G23)3<M6O<�BRH��a*-JK,NB]QN<MI�@$23<&BGB3<^<C2RQN<
QNEC,.6L*1H&<CJK<CA�2^Q.<\6L*�,a*-)3/ @�B3/ 6$@OQ.<\J>*-2�EC)G@L*-6O@OB�*-A�2M698 @$A�23<C)Sl�* H�<eoN=.@OQN<��kBG2G)G=NH�2G=.)3<P*-=ÂH�/�Q.<TQ.<TBG@$J7=N6L*-2G@O/1A
QNE�HC)G@$I *-A�2|698YEC2�*12|Q.=>oN=.@OQ.< U�� /1J^J><�,N)3E�HC@OB3EW*-=\Q.ECfN=.2FQ�=\H��a*-,N@$2G)3< D AN/ =NB�AN/ =NB�)3<&BS23)3<C@$d Aa/1ANB�*-=\H&*-6OHC=N6
QN<�698YE�2�*-2WQy8YE�c�=N@$6$@$f.)�<�*1EC)�/�EC6L* BS23@Oc�=N<�BS2+*-2G@Oc�=a< U
Á @$ANBG@tB3<C=N6OB�6O<�BWQNEC,.6L*1H&<CJK<CA�23BWQ.<76L*>BG2G)3=NHC2G=N)3<7Q./ @$IZ<CA�2
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ijg2pGl�^�p�_$dIb@_oa�^�cebI_�h~]2k7£�w	ae^rg[l$p�]2k�_�hI]�isfe\�b� 7bI_~�

Þ ]2l$]2k _
X(a)

b�l
δX(a)

\Vguf']�_�pGl$p�]2kßb�l�\�b�cedIfe\ng2h~b�i}b�kBl*l�^rg[k _oi}p�_sg[a�k ]�b�a�c
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_~z�g�ä'^(g[k�hr��pG^tcebL\ng}l$]2f�]2\�]2w�pnbLc�bI_q\�pGw�k�bI_tcebLivg[pG\G\ng[wKb�âVÃ<]2^�i*ae\�b

(a)
ã�b�ltcebI_tb�ä�b�l$_tc7a _t�}\ngjcebIk�_�pGl$dZceb
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Ì-É%Ã ÙEØ�È(¾�ÂqÌ-¿^Ø	¼
È^É%Ã]Æ3Á
É-ÍAÃ�Ç�È2Æ�¿�È�Ç�Î�¿�Ç�È3Ã`ÙHÃ�Æ�¿^Ø�È3Á Ø�¼
Ë`¾f¼
ÇcÈ3Ã�Æ�¿3Ã]ÂqÇwÂ�Á
½]¼
Ì-Å�Ã
á�Ç�Ì0Â�Ã6Ã�Å>Ç�¿�Ì-É-Ì%Æ(¼
Å_¿�Ç�Å�Ã6¼
Å�¼
É%Á
Ë`Ì%Ã]¼�Í`Ã�ÎmÉ0¼n½m¾�Î�¼
Å�Ì%ÚAÇ�ÃmÂqÇcÆ3Á
É-Ì0Â�Ã ßEàVÅcÃaÜ+Ã�¿�ÙEÂ�ÃM½]¼
Å�Ì%×�È3ÃmË`¾�Å�¾�ÈZ¼
É%Ã ÙEÃ�Å
Æ�Ç�Ø�Ø!Á`Æ3¼
Å�¿gÎ�Á
Å�Å�Ç�ÆYÉ0Ã�Â�¾�Ø�É0¼
Î�Ã�½mÃ�Å�¿dÃ�Åmá	ÃaÐ_Ì%Á
Å

ω(P )
Æ3Ã�É%Á
Å]ÉlÊR¼CÐqÃ

z
Ã�¿<É%ÃzÂ�¾�Ø�É0¼ Î�Ã�½mÃ�Å�¿gÃ�Å]¿3Á
È(Æ5Ì%Á Å

θ(P )¼
Ç�¿(Á
Ç�ÈgÂ�ÃPÉ0¼�ÂqÌ-È(Ã�Î�¿�Ì%Á Å6½mÁ�èAÃ�Å�Å�Ã
y
ÙAÃ�Å]Ç�Å6Ø!Á
Ì%Å�¿

P
Ù`É%ÃzÂ�¾�Ø�ÉW¼
Î�Ã�½6Ã�Å�¿gÂqÇ]Ø!Á
Ì-Å_¿

Q
Ù`Å�Á ¿3¾ −→

δQ
Ã�Æ�¿gÎ�¼
É0Î�Ç�É%¾

Â�Ã#É0¼2½6¼
Å�Ì%×�È(Ã#Æ�Ç�Ì-Í
¼
Å�¿3ÃMå
−→
δQ = ω(P )~z

︸ ︷︷ ︸� � !�"$#&%�!'� (*)+",# -�%*)+"
~z

+
−−→
QP ∧ θ(P )~y
︸ ︷︷ ︸�&)+�.!'� ( )/"0!�12� )/1$�43$-�%65 !'72-

~y

.

8pÉJÈ(¾�Æ�Ç�É-¿3Ã2Â�Ã^ÉpÊR¼
Â�ÂqÌ%¿�Ì%Á
ÅyÂhÊ Ç�År½mÁ Ç�Í`Ã�½6Ã�Å�¿'Â�Ã^¿3È(¼
Å�Æ�É0¼
¿3Ì%Á
ÅrÍ`Ã�È�¿�Ì%Î�¼
ÉJÆ�Ç�Ì%Í
¼
Å�¿8ÉlÊ ¼CÐqÃ
z
Ì%Å�ÂqÇ�Ì%¿8Ø�¼
È8É0¼

á�ÃaÐqÌ%Á
Å/Â�Ã'ÉlÊR¼
Ì-É%Ã#Ã�¿PÂ+Ê Ç�Ån½mÁ Ç�Í`Ã�½6Ã�Å�¿�Â�Ã'È3Á ¿(¼
¿�Ì%Á ÅnÌ-Å�Â�Ç�Ì-¿OØ	¼
ÈOÉ0¼k¿3Á
È3Æ�Ì%Á Å/Â�Ã#ÉlÊR¼
Ì-É0Ã�¼
Ç�¿(Á
Ç�ÈPÂ�Ã'ÉlÊR¼
ÐqÃ
y
ß
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y0

1

yi yi+1yi−1

fi(y)

Y[Z&\[]_^;` XLacb�d�e4f$g+hid�ekjml hTeVg/n$o/p_d�qir�g+hsd�ekt�g+hTqThsu/vCnwp_d�t4oxqsnwfHr	qsf$t4qmj�nCuyj4v$p�qir�f�n$z{n$eFg/u

| e}t�g/hTqThsuOr	eVgcfCn$g/g/nk~.d�o+z�t4qsn��
hTq�n�u�gcj�d�e�fkp�d�u/u+hT��qsn�j�n�j�v$g/nCo+z�hTe�n$o�qsn�j�vCp�qir�fCnCz{n$eFgc��r	p�p4qThs�Jt4nCo
nCe�fO��r�f$t�e�j4nCuwe4dVn$t�j�u�j;t�z�r	hTqTqir���n�j�t�j�d�z�r	hTe4n��4t�hsj4n{��f�d�e4j;hTg/hsd�e�jml�r���d�hso�j�v$gOn$o+z�hTe�v�qsn�p�d�hTeVg

Pr�t4�Jt4nCqxu/d�eFg�vC��r	qTt4v�u
ω(P )

nCg
θ(P )

`�� r	e�u�qsn�f�r�j�o/n�j�n�fCn�g+oOr���r�hTq���e4d�t4u�r���d�e�u�fO��d�hsu+hxjml t�g+hTqThiu/n$o�qin
p4o/d	��n$gOv{j;t�p�d�hTeVg

Q
�kfCdVd�oOj�d�e�e�vCnCuLfCd�e4u+gOr�eVg/nCuLu+t�hT��r�eVg�qir�j�hTo/nCf$g/hsd�e�z�dH��n$e�e�n{j�n�qirku�g/o+t4f$g+t4o/n�� h ` n

�
y

fCd�e�u�g�r	eVg�j�l�r	p�o/�CuLqirkj4v2�4e�hsg+hsd�e�j�t�o/n$p_�Co/n
(x, y, z) � u+t�oLqirk��vCd�z�v$g+o+hsn�j�n{qir�p�d�t�g+o/n `?  q,nCu+gLp_n$t

p4o/d���r���qsnx�Jt�nxfCn[p4o/d	��n$gOvxfCd�¡¢e�f$hsj�n£r���nCf[t4e{j�nCu¤e�dVn$t4j�u�j�t�z�r	hsqTqir	��nyj�n[qir¥p�d�t�g+oOn���p_d�hseVg/u
r	t;¦��Jt4n$qsu�d�e
f�d�e�e�r�hTg,qsnCu0fO��r�z�p4u0j�n¥j�v$p�qir�fCn$z{nCeVg/u0n$e��=n2¦Fhsd�e�n$g0n$ecg/d�o/u+hsd�e `V  q�~¢r	t4g0j�d�e�f�fO�4d�hsu+hTo,t�e4n�z{v$g+��dVj�n�j4n
fHr	qsf$t�q§�_f�l*nCu+g�¨©�	¨§j;hTo/nNjml hTeVg/nCo+p_d�qir�g+hsd�e?�_j�nCuªj�v$p�q&r�fCn$z�n$eVg/uwr	t«e4hT��n�r	t�j;t«p_d�hseVg¥p�o/d���n$g/v `_� r�e4u�qinNf�r�j;oOn
j4n�fCn$g/g/n�vCg+t4j�n�e4d�t�u�r���d�e�uwfO�4d�hsu�h�j�l t4g+hTqThsu/n$owt�e4n�u�hsz�p�qsn�hTeVg/nCo+p_d�q&r	g+hsd�e�qThTe4vHr	hTo/n���hTq�uCl�r	��hTg�j�d�e4f�j�l t4e
fHr�uxp�r	o+g/hsf$t�qThin$oyj�nwqirNz�v$g+�4dFj�nwb�¬0­cj4vCf$o+hTgOnwj4r	e�uxqir�u/nCf$g/hsd�e ^�` ®4`T¯�`

� vCf$o/hT��d�e4u?nCeLj4v$gOr	hTqJqsn�p�o/dVfCn�u+u+t4u°j�n¤oOn$z�r	hsqTqir	��n `�± r	p�p�n$qTqsd�e�u?�Jt4n
X

j�v�u�hs��e4n�qsn¤z�r	hTqTqir	�Jn�u+g+o+t�f$g+t�oOv
f�d�o+o/nCu+p_d�e4j4r	eFg��At�e4nkj;hsu/f$o/vCg+hsuOr	g+hsd�e²j;t³j�d�z�r	hTe�nc�4t4hsj�n�r	t²f�d�t�o/u�j;t´p4o/dVfCnCu/u+t4u�j�n�oOvCu/d�qTt�g+hid�e²j4n
q�l�vC�Jt�hsqThT��o/nNr�vCo/dVv$qir�u�g/hs�Jt4n�n$g

Z
qsnLz�r�hTqTqir	�Jn�j�nLqir�u�g/o+t4f$g+t4o/nNr	t«fCd�t4o/u�j�t�p4o/dVfCn�u+u+t4u¥j�nLo/vCu/d�qst�g+hsd�e«j4n

q�l�vC�Jt�hsqThT��o/n�r�v$oOdVv$qir�u�g/hs�Jt4n���n$gxe4d�g/d�e4u
Xrig

qsnªz�r�hTqTqir	�Jnªu+g+o/t4f$g+t�oOvªf�d�o+o/n�u�p�d�e4j4r�eVg£��t4e4nwj;hsu/f$o/vCg+hsuOr	g+hsd�e
j�tLj�d�z�r�hTe4n��4t4hsj�n
r���r�eVgmg/d�t4g/n�j�v2~.d�o/z�r	g+hid�eLf�r	t�u+v�n¤p�r	omqsnCu?n2µ�nCg/u?r�v$o/dVv$qir�u+g+hs�Jt4n�uC�ChTqJu�l�r���hTg?j;t�z�r�hTqTqir	�Jn
j�t�j4d�z�r	hse4n{�4t�hsj�ncr	t4g/d�t�oNj�n�qir�~.d�o+z�n�j�n{�=r�u/n�j4n{q§l�r��Vhsd�e�d�t�~.d�o+z{ncr���r�eVgNj�v2~.d�o/z�r	g+hid�e¶n$e���d�q
¨
·§¸/¹»ºk¼+½=¾$¿¤À/Á nCe�r	e���q&r	hsu ` n$g

Zrig
qin�z�r	hTqTq&r	��n�j�nNqircu+g+o+t�f$g+t�o/n�r�u+u/dVfChsvCn���qir�~.d�o/z{n�j�nN��r�u+nNh ` n ` r���r	eFg

gOd�t�g/n�j�v2~.d�o/z�r	g+hid�e�j�t4n�r	t�¦«n2µ�n$g/u�r�v$oOdVv$qir�u�g/hs�Jt4nCu `�Â t�f�d�t�o/uwj�tAp�o/dFfCnCu/u+t4uwj�n�f�r	qsf$t4q¤j�n�q�l*vC�Jt4hTqThT��oOn
r�v$o/dVv$q&r�u+g+hs�Jt4n���qsn�u�j�v$p4qir�fCn$z�n$eVg/uLj�n�qir�u�g/o+t4f$g+t4o/n�u/d�eVgwg/oOr	e4u+z{hsuLr	t�j�d�z�r	hTe4n��4t4hsj�n ` ¬�d�t�oLfCn�~¢r	hTo/n��
j4n$t;¦�g/nCfO�4e�hs�Jt4n�u[u/d�eVg[p_d�u/u+hT��qsnCuwÃFu/d�hTg[qsn�z�r	hTqTqir���nªj;t�j4d�z�r	hse4n£��t�hsj�nªnCu+g[j4v2~.d�o+z�v��.o/n$z�r�hTqTqir	�Jn � �Fu/d�hsg
t4ecfO��r�z�p�j�n£�Vhsg/nCu/u/nªÄ�j4v$p�qir�fCn$z{nCeVg,hTe�j;t�hTg0p�r	o,qin�fO��r�z�p�j�n£�Vhsg/nCu/u/nªÄ�j4v$p�qir�f�n$z{n$eFg0j�n�qirLu+g+o+t�f$g+t�oOn
n�u�gªr�u/u/dVf$hiv���fO��r�f$t�e«j�nCu�e4dVn$t�j�u�j�t�z�r	hTqTqir���n `=Å d�t�u¥r���d�e4u�fO��d�hsu+h°j�r	e4u�qsnLfHr�j;o/n�j�n�fCn$g/g/n�v$g+t4j4nLj4n
p4o/dVfCvCj4n$o���t�e�o/n$z�r�hTqTqir	�Jn�j;t�j�d�z�r	hTe�nª�4t�hij�n `4Â hTe�u+h���qsnwe4d�z���o/nLj�nwe4dVnCt4j�u£fCd�e�u�g/hTg+t�r	eFgyqsnwz�r�hTqTqir	�Jn
oOnCu+g/nª��¦�n��4n$e�o/n$��r	e4fO��nwqsnCu£f�dVd�o/j�d�e�e4vCn�u£j�n�fO�=r�f$t�e�j�nCuye�dVn$t4j4u£v$��d�qTt�n$eVg£nCe�~.d�e4f$g+hsd�e�j;t�fO��r	z{p�j4n
j4v$p�qir�f�n$z{n$eFg�j4ncq�l�r�hTqsn `¤| e�p4oOr	g+hs�Vt4n���qsnce�d�t���nHr	t²fO��r	z{p´j�n�fCdVd�o/j�d�e4e4vCnCu{nCu+g�f�r�qsf$t�qsvk�«p�r	o+g/hTo�j;t
f���r	z�p�j�nyfCdVd�o/j�d�e�e�vCnCu
j;t{z�r�hTqTqir���nyj;t�j�d�z�r	hTe�n[�4t�hsj4n£r	t�g/d�t�o
j�nxqir¥~¢d�o+z{nyj4nx��r�u/n

Xrig
��j;t�fO��r	z{p

j4ncj�vCp�qir�f�n$z{n$eFg�j�ncqir«u+g+o+t4f$g/t�o/n
D

nCg�j�n�u�fCdVd�o/j�d�e4e4vCnCu�j�t¶z�r	hTqTqir���n�j�n�q&r�u+g+o+t�f$g+t�o/n
Z

`�� r	e4uNqin
fHr�j;o/n�j�n�fCn�g/oOr���r	hsq��°e4d�t4uNe4d�t4uNo/nCu+g+oOn$hT��e4d�e4uN��d�qid�eVgOr�hTo/n$z�n$eVg{r	t;¦¶fCd�e;����t�oOr	g/hsd�e4u�j4n��Jd�qx��~¢r	hT�4qsnCu
j4v$p�qir�f�n$z{n$eFg/u�j4n�qirAu+g+o+t4fCg+t�o/n `¤� n�g/nCqTqsn�u/d�o+g/n��Vt4n�q�l�Æ_ÇmÈ�É4ÊHÆ°ËVÌ�ÍÏÎ°ÍVÌ�È¤ÍJÊÑÐ&Ê�Ì�Î°ÒVÈ�Ó&Ô4Õ�ÍFÖ�ÍF×_Ê�Ì�ÍJÊ
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ï°ðVñ§ò=ó	ô�õ�öH÷ ò=ø°ù£ú_û$ü4ý,þ$ý+ÿOû������sý/û��+ü�ÿ	�
���+ý+ÿ+ü
�Cý+ü�ÿ/û������	ÿ������
�����Jü4û��
�Cû����sû������ � �!��"Jû�#�û��!���+ý+ÿ+ü
�Cý+ü�ÿ/û��%$*û��+ý
ú&���'#(�Cú(�!���)�*�	ü+����ü�ÿ��'#;ü�ú4ÿ��,�Cû)�-�+ü
�'#�û*�)���.�$ü
�/#�û	�0$1���Jü(� �.� 2�ÿ/û3���$ÿ��,���!���+ý-�.�Jü�û��54?û��76&����ú+#4û�#(�$ú
�!���Cû8��û8�Vý� �
#�ü(�Tý ú&��ÿ'�sû*�769�	ÿ-"�û8��û8�Vý����$ÿ��,#(:,�&���;�.�Jü4û*�+ü4ÿ'�!�<�+ý+ÿ+ü&�$ý+ü�ÿ/û[û��+ý���� �
�-�=�)���.�$ü(�.�3��ü4ÿ'�sû��>��� � �!��"Jû

Zrig
��?0û)�#(�$ú
�!���Cû8��û8�Vý��*�����Vý0ý+ÿ7���
�-�;�.�3�	ü>����� � �!��"�û@#;üA#(������� ��û�B4ü(�.#4û<�Jü(�C�/û<#
�D�E��ÿ-��û��������.���sû������ � �!��"�û@#�û��!��+ý+ÿ+ü
�Cý+ü�ÿ/ûwÿ/û��+ý/û��=�sü(�0�=F(G;ûH�	üI����ü�ÿ���#�ü�ú4ÿ��,�Cû)�-�+ü
��#�û��)���!�$ü(�J#�ûK�0$L���Jü
� � � 2�ÿOû����$ÿ��,���!���+ý-�.�Jü�û��
M��kÿ��)��ü
�;����sûN�
��ü
O�û)�	üP�769����úP#�û+���/��ÿ�#(���
�
�Cû��

X
û��+ýQ�)���!�$ü(�.�SR�ú&�	ÿ+ý��TÿQ#�û

Xrig
�9#4û

D
û$ýQ#�û

Zrig
�C#(�$ú�û8�
#
���
�Cû�Jü4ûK�0$L���I���$ÿ-�sÿ7�

X(Xrig, Zrig, D)T �Fý+ÿ��,#�ü(�.�����
���sû)���
��ý7�	ý��.���
���+ü(� O����Vý/û)��U
• Nrigijk

�iû@�
�Vû$ü&#V#W$ � �
#(�.�Cû��
(i, j, k)

#�üV����� �.�!��"�ûQ�+ý+ÿ+ü&�$ý+ü�ÿ��
Xrig

����ÿ+ÿ/û��+úC���&#
���Fý�R�ü
�4ûQ#=�.���$ÿ7�$ý-�YX����ý-�.���I#;üZ#
�������.�4û@B�ü(�.#�ûH�	ü�ý���ü�ÿ�#�ûK�!�N�E��ÿ-�{ûwÿ-� "��.#4û��
• (xrigijk, yrigijk, zrigijk)

�sû��N���,��ÿ�#(���
�
�Cû��N#;ü[�
�Fû$ü
#
Nrigijk

ûDG;ú�ÿ-� ���Cû��H#&���
�H�sû{ÿ/û$ú]\$ÿ/û;"��.��2&���
(x, y, z)

�
• Nijk

�sû<�
�Vû$ü&#>#W$ � �&#=�.�Cû��
(i, j, k)

#;üA����� � �
��"�û<�+ý+ÿ+ü&�$ý+ü�ÿ7�
X

����ÿ+ÿOû��+úC���
#&���Vý3RLü(�4û<#(�.�-�Cÿ��$ý-�.�7�	ý��.���#;üZ#
�������.�4û@B�ü(�.#�ûH�	ü�ý���ü4ÿ�#�ûK�!�N�E��ÿ-�{û�����ü�ÿ^���Vý/û��
• (xijk, yijk, zijk)

�sû������/��ÿ�#(���(�
�Cû���#�ü_�
�Fû$ü
#
Nijk

ûDG;ú�ÿ-� ���Cû���#
���&���sûªÿ/ûCúC\$ÿ/ûK"��.��29���
(x, y, z)

�
• (x̃ijk, ỹijk, z̃ijk)

�sû��>���,��ÿ�#(���
�
�Cû��>#;ü`�
�Vû$ü&#
Nijk

ûDGFú�ÿ�� �;�Cû)��#&���
���sû�ÿ/û$úC\$ÿOûZ"��.��2&���
(x, y, z)�	ú�ÿ�\)�[ý/ÿ7���
�a�.ûCÿ+ý�#�û)��#(�$ú(�!���Cû8�{û��Vý�#4ûQ�!�S�+ý+ÿ/ü
�$ý+ü4ÿ/û��	üZ�����.� �!��"�û�����ü�ÿ^���Vý

X
�

• N ′
ijk

�sû�ú�ÿ7��b�û$ý��;#�üc�
�Vû$ü&#
Nrigijk

��ü4ÿ��!�V"��������$ý+ÿ-�sû;#4ûd�!��úC��ü4ý+ÿ/û�R_���/��ÿ�#(���
�
�Cû��H�����&��ý^���Vý/û)�#
���
�	�!�H#=�Tÿ/û��Cý-�.�������e:�û8�
�4û�#�û��!���+ý+ÿ+ü
�Cý+ü�ÿ/ûNf���$*û��+ýaXgR�Xh#=�Tÿ/û<R
y

�����
�+ý7���Vý�#%$1�	ú�ÿ�\)�i�
��#(�DF&�(�Tý-�.���>#;ü
ÿ/û$úC\Cÿ/û

(x, y, z) j �
• (x′ijk, y

′
ijk, z

′
ijk)

�sû������/��ÿ�#(���(�
�Cû���#�ü�ú�ÿ7��b�û$ý��
N ′
ijk

û8GFú�ÿ-�.�;�Cû���#
���
���sûªÿOû$úC\$ÿOûQ"��.��2&���
(x, y, z)

�
• ω′ �sûK#(�Cú(�!���Cû��{û8�Fý�#�ûQB�ûDG/�.���_� �VýOû$ÿ+úC���.���	ükúC��� �Fý

N ′
ijk

�
• θ′

�sû�#(�$ú(�!���Cû8�{û��Vý�#4ûªý���ÿ7�a�.���_� �Fý/û$ÿ+úC���.���	ükúC���.�Vý
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Ì@Í�Î�Ï�Ð:ÑCÒ�Ó�Ô�Õ�Ö%×	Ø�Î�Ô�ÓDØ±Ù-Î�Ó�Ô
Ï-Í�Ú�ÐJÎ�Ï�Ó�Ô�Ú	Ø�Û�Ó�ÜCÎ�Ý2Ô�×8Þ
(
δWS =

∫

SI L.δD = LS .δDS

)
=
(
δWF =

∫

FI L.δD = LF .δDF

)

ßPÝhÛ�Ô�Ó�Ï�Ó�Ø�Î�Ý.Ô�ÏDÎàØ�ÑCÏ�Û�Ô�Ó�ÑCÝhá�Ò�ÑCá�ÑCØ�Ú�×=á�Î�Ò�â�Î�Ò�Õ�Î�Ô ¼�º8·�¿�ã�ä Û�Ý�×]Ö8Ú�Ô�Õ�Ñ2å�×Æå�×]Ô�Ò�Î�Ý�ØAÙK×�Ò�Ô�å�×�Ø�×�æbÑ�Ò�Ô�Ø
Î�Ú�Ò�Ñ2å/ç2Ý�Î�ÖGÓ�è2Û�×�Ø&é�Ï4Î+Ø�Ô�Ò�Û�ê�Ô�Û�Ò�× ×�Ø�Ô�ê�Ñ�Ý�Ø�×�Ò�Ü�Î�Ô�Ó�Ü:×	Ø�ÓV×�Ï�Ï�×	Ø�Î�Ô�Ó�ØAÙ(Î�Ó�Ô
ÏD×�Ø�å�×�Û/ë�ê�Ñ�Ý�å/Ó�Ô�Ó�ÑCÝ�Ø�Ø�Û�Ó�Ü�Î�Ý.Ô�×�Ø Þ

∫

FI L =
∫

SI L ì-íSî�ï
[
δWS =

∫

SI L.δD
]

=
[
δWF =

∫

FI L.δD
] ì-í�ð:ï

Ñ�ñ
L
Ò�×�á�Ò�Ú�Ø�×�Ý.Ô�×	å�×�Ö?Î�Ý�Ó�ò�Ò�×�Ð:Ú�Ý�Ú�Ò�Ó�è2Û�×�ÏD×	ê�Õ�Î�ÖGá0å�×�Ø�×�æbÑ�Ò�Ô�Ø*Î�á�á�Ï�ÓDèJÛ�Ú�Ø&é+ÏDÎGØAÛ�ÒAÙ(Î�ê�×	ê�ÑCÝ�Ø�Ó�å�Ú�Ò�Ú�×Có�ßPÝ

Û�Ô�Ó�Ï�Ó�Ø�Î�Ý2Ô
ÏD×�Ø
Ý�Ñ�Ô�Î�Ô�Ó�Ñ�Ý�Ø
Ó�Ý2Ô�Ò�Ñ.å/Û�Ó�Ô�×�Ø�ê�Ó�ôjå�×�Ø�Ø�Û�Ø ä ê�×�Ø�ê�Ñ�Ý�å/Ó�Ô�Ó�ÑCÝ�Ø�Ø�Í�Ú�Ý�Ñ�Ý�ê�×�Ý2Ô&Ø�Ó�ÖGá�Ï�×�Ö8×�Ý.Ô�ê�Ñ�Ö8Ö8×	Ø�Û�Ó�Ô Þ
LS = LF ìjíSî�ï
LS .δDS = LF .δDF ìjí�ð:ï
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Ð:Ú�Ý�Ú�Ò�Î�Ï ä Ï�ÑCÒ�Ø�èJÛ�×8Ï�×�Ø Ö%Î�Ó�Ï�ÏDÎ�Ð:×�Ø�å/Û¢å�Ñ�Ö%Î�Ó�Ý�×Gø�Û�ÓDå�×%×�Ô3å�×8ÏDÎ^Ø�Ô�Ò�Û�ê�Ô�Û�Ò�×8á�Î�Ò�Ô�Î�Ð:×�Ý2Ô�Ï�×8Ö���Ö8×%Ø�Û�á�ábÑ�Ò�Ô
Ð:Ú�ÑCÖ8Ú�Ô�Ò�Ó�èJÛ�× ì Ö?Î�Ó�Ø&á�Î�Ø�ÙKÑCÒ�ê�Ú�Ö%×�Ý2Ô*ÏDÎ8Ö���Ö%×�å�Ó�Ø�ê�Ò�Ú�Ô�ÓDØ�Î�Ô�Ó�Ñ�Ý ï ×�ÔSèJÛ�× ÏD×�Ø*ê�ÑCÝ�å/Ó�Ô�ÓDÑ�Ý�ØSÎCÚ�Ò�Ñ2å�ç2Ý�Î�Ö8Ó�èJÛ�×�ØÝ�×
Ø�Ñ�Ý.Ôcá�Î�ØcÔ�Ò�ÑCá8Ø�Ú�Ü:ò�Ò�×�Ø ì Î�÷�Ø�×�Ý�ê�×�å�×
ê�Õ�Ñ.êFÙKÑ�Ò�Ô ä å�×	��Ñ�Ý�×
å�×�Ô�ÒIÎ�Ý�Ø�Ó�Ô�Ó�ÑCÝGÏDÎ�Ö8Ó�Ý�Î�Ó�Ò�×
�rÔ�Û�Ò�÷�Û�Ï�×�Ý2Ô ï ä ÏDÎSá�Ò�Ñ�ôá�Ò�ÓDÚ�Ô�ÚGå�×Gê�Ñ�Ý�Ø�×�Ò�Ü�Î�Ô�Ó�Ü2Ó�Ô�ÚGÝVÍ�×�Ø�Ô	á�Î�Ø ê�Ò�Ó�Ô�Ó�èJÛ�×Gá�Û�Ó�Ø�èJÛ�×Gå�×�Ø	Ö%Ú�Ô�Õ�Ñ.å�×�Ø å�×GÔ�Ò�Î�Ý�Ø±Ù(×�Ò�Ô ê�Ñ�Ý�Ø�Ó�Ø�Ô�Î�Ý2Ô�×�Ø	Ö%Î�ÓDØ
Ý�Ñ�Ý0ê�ÑCÝ�Ø�×�Ò�Ü�Î�Ô�Ó�Ü:×�Ø&×�Ý^Ô�Õ�Ú�ÑCÒ�Ó�×�ÙKÑ�Û�Ò�Ý�Ó�Ø�Ø�×�Ý2Ô&å�×	÷�Ñ�Ý�Ø�Ò�Ú�Ø�Û�Ï�Ô�Î�Ô�Ø�×�Ý^Ö?Î�Ô�Ó�ò�Ò�×	å�×	á�Ò�Ú�å/Ó�ê�Ô�Ó�Ñ�Ý0å�×�Ø&å�Ú�á�ÏDÎCê�×�ô
Ö8×�Ý2Ô�Ø&Î�Ú�Ò�Ñ2Ú�ÏDÎ�Ø�Ô�Ó�è2Û�×�Ø û�� ´/ä î ü:ý ä î�
�
 þjó

�����������������! ��#"�$�%&��'�()��$
"� ���'��+*-,&$
"
'���"
�/.0�0'�1��! �%2��'�.0�#�+%3 �$��# ��!���+"�"��!1+"
�� ��
4 ù�Ý0å�×	ÐJÎ�Ò�Î�Ý.Ô�Ó�Ò�ÏDÎGê�ÑCÝ�Ø�×�Ò�Ü�Î�Ô�Ó�Ü2Ó�Ô�Ú å/Û^Ô�Ò�Î�Ý�Ø±Ù(×�Ò�Ô&å�×�Ø&×�æfÑ�Ò�Ô�Ø*Î�Ú�Ò�Ñ.å/ç2Ý�Î�ÖGÓ�èJÛ�×�Ø&é+Ï4ÎGØ�Ô�Ò�Û�ê�Ô�Û�Ò�× ä

Ý�Ñ�Û�Ø�Î�Ü:Ñ�Ý�Ø�å�Ú�ê�Ó�å�Ú ä ê�ÑCÖGÖ8×Æê�Ñ�Ý�Ø�×�Ó�Ï�Ï�Ú=å�Î�Ý�ØÆû�üCý�þ�á�Î�Ò�×�ë/×�ÖGá�Ï�× ä å�×]ÏD×�Ø�Ú�Ü�Î�Ï�Û�×�Ò�ØAÛ�Ò�Ï-Í Û�Ý²å�×�Ø�å�×�Û/ë
Ø�Û�á�á�ÑCÒ�Ô�Ø ì FI Ñ�Û SI ï ó�Ì6×�Ö%Î�Ó�Ï�ÏDÎ�ÐJ×�å�Û^å�Ñ�Ö?Î�Ó�Ý�×Sø�Û�Ó�å�×	Ú�ÔIÎ�Ý2Ô
÷�×�Î�Û�ê�Ñ�Û�á�á�Ï�Û�Ø
Ò�Î�5%Ý�Ú	èJÛ�×SÏD×�Ö%Î�Ó�Ï�Ï4Î�Ð:×å�×3ÏDÎ?Ø�Ô�Ò�Û�ê�Ô�Û�Ò�× ä Ý�Ñ�Û�Ø*Ï-Í�Î�Ü:Ñ�Ý�ØSÒ�×�Ô�×�Ý.Û]ábÑ�Û�ÒSÏ-Í�Ú�ÜCÎ�Ï�Û�Î�Ô�Ó�Ñ�ÝÆå�×�Ø�×�æbÑ�Ò�Ô�Ø ä Î�Ü�Î�Ý.ÔSå�×�Ï�×�Ø*Ô�Ò�Î�Ý�Ø�Ö8×�Ô�Ô�Ò�×+Î�Û/ë
Ý�Ñ2×�Û�å�Ø�å/Û^Ö%Î�Ó�Ï�ÏDÎ�Ð:× å�×�Ï4Î+Ø�Ô�Ò�Û�ê�Ô�Û�Ò�×Có4 ù�Ý^å�×	å�Ú�ê�Ò�Ó�Ò�×	á�Ò�Ú�ê�ÓDØ�Ú�Ö8×�Ý2Ô&ê�×�Ô�Ò�Î�Ý�ØAÙK×�Ò�Ô ä Ó�Ý.Ô�Ò�Ñ2å/Û�Ó�Ø�Ñ�Ý�Ø
Ô�ÑCÛ�Ô�åfÍ�Î�÷�Ñ�Ò�å�Ï�×�Ø
Ý�ÑCÔ�Î�Ô�Ó�ÑCÝ�Ø�Ø�Û�Ó�Ü�Î�Ý2Ô�×�Ø Þ
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• nIf UWV�X2Y�ZJ[3\]V�^�_ `QX�a]V@\cbed�f@V�gh^3Y�X�aiV@gjahf@YMZlkmYMg]n@V�UWV�Zodp`QUQUqd�r�V�gjs3\cbtd�fu`Wv+s&V FI w
• Il U)_ `QX�a]Vu\jbed�f@V�X�s3Z�nu\]Y l ^3sxZ�dp`WUQUqdpr�Vygjs3\cbed�f@`Wv+s2V FI z 1 ≤ l ≤ nIf { w
• Sl Ut_�dp`Q\]Vy^3V�Ut_�`QX�a]Vu\jbed�f@V Il w
• Gl UWV�[&dp\j|8f@VuX�a]\]V�^3V�Ut_ `QX�aKVu\cbed�f�V Il w
• ~nl = (nlx, nly, nlz) UWV�}�V@f@a]Vus3\hs3X3`QaKd�`Q\]V�X&Y�\jZ�d�U�~JU)_ `QX�a]Vu\jbed�f@V Il �

� _�YM[8�cV@fua]`�b�V�gcai^3Vyf�dpUWf@s3UWVu\hUWV�aKVuX2g]Vus3\i^3V@giVG��Y�\]a]gi~�aj\KdpX2gjZ�Vuajaj\]VyVuX#fK�&dMfus3X#^3V@g�X&Y�Vus2^2gh^3V�UqdJk�Y�s3aj\KV
Pi � 1 ≤ i ≤ np ��� VuUQs3`���fu`	V@gjaJX2Y�a]n��

(−→Fi,
−→Mi

) � Y�� −→Fi Vua −→Mi g]Y�X�aJ\]V@gjkmV�fuaj`Q}�V@Z�VuXCa�U�d�b/Y�\]f@V�VuaJUqV
Z�Y�Z�V@X�a�`Wg]gjs2gh^8s#fK�&dp\]r�VuZ�V@X�aidMnu\]Y�^8|CX&dpZ�`Wv+s2Vyv+s3`�g�_:d�k3k3UQ`Wv�s2VuX�a�dpsxX&Y�Vus2^ Pi � 1 ≤ i ≤ np �� Y�a]YMX2g Vi � 1 ≤ i ≤ np � Uqdy�
Y�X2V�^3ViU)_�V@gjk&d�f@V�f@Y�Z�k3\j`Wg]V�VuX�aj\]V�UWV@g�^2Vus8��k3UqdpX2g�k&dp\KdpUWUW�uUWV@g	Vua�kmV@\jkmVuX3�^3`Wfus3Uqd�`Q\]V@g�~�Ut_:d��8Vy^3V�Uqd�k�Y�s3aj\]VyV@a�k;d�g]g]d�X�ahk&dp\hUWV�g�Zl`WUQ`WVus8�x^3V�ghg]VurMZ�VuX�a]g [Pi−1, Pi] V@a [Pi, Pi+1]

z f�V
g]Y�XCa�\]V�gck�V@fuaj`W}�VuZ�VuXCa�UWV�g�kmY�`WX�a]g Pi + Pi−1

2 Vua Pi+1 + Pi
2 { ��� Vuaja]Vl��YMX2V�dxnua]n�^3nu�2X3`WV�^2dpX&g�UWV�f�d�^8\KV

^2Vlf@V�aj\Kd�}Mdp`QU�f@YMZlZ�V�U�d���Y�X2Vl^�_ `QX8�2s&VuX2f@Vl^3s�X2Y�Vus&^ Pi � 1 ≤ i ≤ np � ^8s�Z�d�`QUQUqdpr+Vl^3V�Uqd�gjaj\js&fuajs3\]V �  dp\�^3nG�&X3`Qaj`WYMX � UqVhX2YCVus2^ P0 f�Y�\j\]V@gjk�Y�X2^�~�Ut_�V@Zlk3Uqd�X�ajs3\KVi^3ViUt_:dp`WUWV � � V�^3nuk3U�d�f@VuZ�VuX�a�^3Vif�VhkmYM`QX�a�nuaKdpXCaaKY�s��cY�s2\]g�X�s3U z f@YMX2^8`Qa]`WY�X2g�~iUqdiUQ`QZ�`Qa]V
{ � UWV@g�^3nuk3U�d�f@VuZ�VuX�a]g�^3V�Uqdik�Y�s3aj\]V	gjYMX�a�f�dpUWf@s3UWn@g�~ik&d�\jaj`Q\�^8s�X2Y�Vus2^
P1 �¡s2g]v+s�_:d�sxgKdps3Z�Y�Xx^3V�Ut_�dp`QUWV �8¢ U£V�gcaidpUWY�\]g	kmYMg]gj`Q[3UqV�^£_:d�g]g]Y�fu`qVu\h~JfK�&dMfus3Xx^2V@g�X&Y�Vus2^2g	^3s�Z�dp`QUWUqdpr�V�^2VUqd�gjaj\js2f@ajs3\]VyUqd��
Y�X2Vy^2V�Ut_�V�gck;d�f@VH^3nG�2X2`WV�k2\]n@f@n@^2VuZlZ�VuX�a �   YMs3\hUWVyX2Y�V@s2^ P1 `QU�g�_:d�rM`Qa�^3V�Uqdlk&dp\ja]`WVy^2VUt_:V@gjk&d�f@V�f@Y�Zlk2\j`Wg]V�VuX�a]\]V�UWV@g�^3V@s8�ok3Uqd�X2g	k&dp\Kd�UQUW�uUWV�g�k�Vu\jkmVuX&^8`Wfus2Uqdp`Q\]V@gh~JUt_:d��8V�^2V�Uqd�k�Y�s3aj\]V�Vua	k&dMgjgKdpXCa
k;dp\�UWV�g�kmY�`QX�aKg�Zl`QUQ`WV@s8��^3V�g�gjV@rMZ�VuXCa]g [P0, P1] Vua [P1, P2]

z f�V�g]Y�X�a�\]V@gjkmV@fua]`Q}�VuZ�VuX�a�UqV@g�kmY�`QXCa]g P1 + P0

2

V@a P2 + P1

2 { �&� V@g�X2Y�a¤dpaj`WY�X&ghgjYMX�a�`QUWUQs2gjaj\]n@V�g�k&dp\�U�d��2rMs2\]Vy¥ �:¦8�§ X8�&X � ^2nG�2X3`qgjg]Y�X&gHkmY�s2\�f¤�&d�fus3X&V�^2V@gH`QXCa]Vu\cbed�f�V@g Il � 1 ≤ l ≤ nIf � ^8s¨Zodp`QUQUqdpr+V�gjs3\jbed�fu`Wv�s2V FI �
Ut_�dp`Q\]V Sil nur+dpUqV�~oUt_�dp`Q\]V�^3VJUqd�gjs3\cbedMf@V�f@Y�\j\KV@gjkmY�X2^&dpX�ay~oUt_ `QX�aKVu\]g]V@fuaj`qY�X�VuX�aj\]VJUt_�`QX�a]Vu\jbed�f@V Il Vua�Uqdo��Y�X&V^�_ `QX8�2s&VuX2f@V Vi d�g]gjYCfu`Wn@VHdpsxX&Y�Vus2^ Pi � 1 ≤ i ≤ np � ^3sxZ�d�`QUQUqdpr+V�^3V�Uqd�gjaj\js&fuajs3\]V��

Sil = dp`Q\]V (Il ∩ Vi)© VuZ�dp\Kv+s2Y�X&g�v+s2V-U)_:dp`Q\]V Sil V@gja�nur+dpUqV�~ 0 UWY�\]g]v+s&V�U)_ `QX�a]Vu\jbed�f@V Il V@gja�VuXJ^3V@�2Y�\]g�^3V-Uqdh��Y�X&V-^�_ `QX8�&s2VuX2f�V
Vi dMgjg]YCfu`Wn@V�dps�X2Y�Vus&^ Pi � � dh^2nG�2X3`Qa]`WY�XJ^3V-Ut_:dp`Q\KV Sil V@gja�`QUQUWs2gjaj\]n@V-k&dp\�Uqd��2rMs2\]V�¥ ��ªC��« V�k3UWs2g � UWV-Z�d�`QUQUqdpr+V^2V�Uqd�gjaj\js&fuajs3\KVJV@gja�f@Y�X&gjaj\js3`Qa�^3VJa]VuUQUqVJg]Y�\]a]V�v+s2VJUqdoa]Y�aKd�UQ`Qa]n�^8s>Z�dp`WUQUqdpr�V�gjs3\cbedMfu`Wv+s&V FI V@gja�`QX2fuUQs&g]V^&dpX2g-U)_ s3X3`WYMXo^2V@g Vi FI ⊂ ∪np

i=1Vi � gj`;[3`WVuX�v�s2ViUt_:dp`Q\]V�^3ViUt_ `WX�a]Vu\jbed�f@V Il V@gja�n@r+dpUWV�~yUqdHg]Y�ZlZ�Vi^2V@g�dp`W\]V@g
Sil � 1 ≤ i ≤ np �

∀1 ≤ l ≤ nIf , Sl =

np∑

i=1

Sil .

� _:d�`Q\]V Sil kmVu\]Z�Vua�^3V�kmY�X2^2nu\]Vu\lUWV@glVG�£Y�\ja]g�d�nu\]Y�^3|�X&dpZ�`Wv+s&V@g�dprM`Wg]gKdpXCalgjs3\lUt_ `QXCa]Vu\cbed�f�V Il v+s3`hg]Vu\]Y�XCaa]\KdpX2gjZl`qgidpsxX2YCVus2^ Pi �« V-Z�dpX2`W�u\]V-r+nuX2nu\¤dpUWV�Vua�VuXJgj`QZlk2UQ`��;dpXCa�UWV-aKVuX2g]Vus3\�^3V@g�f@Y�X�a]\Kdp`QX�aKV@g�}�`Wg]v+s2V@s2g]V@g�^£_:dpk2\]�@g�Ut_ ��|CkmY�aj�&�@g]V
^2Vy¬Ca]Y�­�V@g � UWV@ghVG��YM\ja]g�Vu�8Vu\]f@n�g	k&dp\�s2Xxn�f@Y�s3UWV@Z�VuX�ah^3V�}C`Qa]V@g]g]V −→V z d
}�V@f�k3\]V@g]gj`WY�X�gjaKd�aj`Wv+s2V�`QX3�2X3`WV p∞ {gjs3\hs3X2Vygcs2\cbed�f�V S ^2V�X2Y�\]Z�dpUWV ~n g]Y�XCahnur�dps8�x~x�

−→F =

∫

S
(p− p∞) .~ndS

︸ ︷︷ ︸®e¯�°j±q²&³u´�µ�¶�·�¸u±�®)¹�¹�º�°j»
+

∫

S

(

−2

3
µdiv

−→
V
−→−→
I + µ

(−−→−−→
grad

−→
V +

−−→−−→
grad

−→
V T

))

.~ndS

︸ ︷︷ ︸®t¯
°j±q²;³u´�µ�¶:·�¼Gº�¹�½)°j¹�º ²0¾
  YMs3\hs3X!f�dpUWf@s3U�^8s#a�|�kmV § s3UWVu\ z ��|�kmYMaj�2�@g]V��&s3`W^3Vyk&dp\cbtdp`Qa¤{ � UWV@giVG��YM\ja]g�d�nu\KY�^8|�X;dpZl`Wv�s2V@g�dprM`qgjgKdpXCagjs3\hUqd�gjaj\js&fuajs3\KV�g]V�UQ`QZ�`QaKdpXCaidps3��VG��YM\ja]gh^3V�k3\]V@g]gj`WY�X¿�

−→F À�Á ¶ ®)± =

∫

S
(p− p∞)~ndS
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Pi

x

z

y

Pi+1 + Pi

2
Pi + Pi−1

2

Maillage de la poutre

Maillage de l’interface F I

Vi

Ú	Û�Ü	Ý Ã3Þ:ß#àâáCãKä&åuæ�ç�èGéCê2ëQìWã�çpí]ì�î�ï2è�ëqç�ï3åGð&ñ3ìQíjìqò�ñóï2è�ëqç>ô�òMñ2è Vi
çMõ]õjòCãuìWå@è#ö>ã¤ä&ç�ãu÷2ñóï3è�õlñ2ò�è@÷2ï3õ

Pi ø
1 ≤ i ≤ np

ï8÷�æ�çpìWëQëqçpù�èyï3è�ë�ç�õjíjúj÷2ã@íj÷3ú]è�Þ
y

Pi
Pi+1 + Pi

2

x

interface Il de surface Sl

Si
l = aire(Il

⋂Vi)

Pi−1

Pi+1

Pi + Pi−1

2

des plans délimitant Vi

Traces dans le plan (x, y)

Maillage de l’interface F I

Maillage
de la poutre

Ú�Û�Ü	Ý Ã8Þ�ûyàxáCãKä2å@æ�çlèGéCê3ëQìqã�çpíjì�î�ï8÷�ã
çpëWãu÷3ë�ï3è�ë)ü:çpìQú]è
Sil
Þ
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!#"%$&"('*)&"(+*,.-/"�)."(0213,4$�).5�6(,&1�-/7�'85:9<;>=
+*"�)?$&,�5:'*)49@;A).53+B'*1	"(+*-
Pi C 1 ≤ i ≤ np C -/+B9D53;�E�EA5:F
"%-/"�EG5

)4$4,&+*H($4+/,�"I)&13'�$?5:E>13,&)JH�5:E>H(+*E>6�) C -*5:'8)KE>"IH�5�-L,&"M-/"IH�"I$4,�5�N�5:;�E C -*"OEA5P9D5:'*;>Q(,&"I)4+/;>N35:'�$&"<R






−→Fi =

nI
f∑

l=1

Sil (pl − p∞)~nl

−→Mi =

nI
f∑

l=1

−−→
PiGl ∧

(
Sil (pl − p∞)~nl

)

ST'�,&"�N35:'*H�U8" C�V 13+/,O+/'�H�5:E>H(+*EW-L+�$X7 V "�Y.5�N�;>"(,4Z\[�$&13]
"�)@^G_*+*;>-/"�,&6�"(EG` C E>"�)I"�0213,&$&)I536(,�1�-L7�'8539@;>=
+8"�)
53F�;>)&)�5:'�$T)4+/,WEA5.)4$4,4+8H($4+/,�"a)41�'�$TH�139 V 1�)&6�)cb?EA5edf13;>)T-/"�)T"�021�,4$&)T-/" V ,&"�)4)4;>1�'@"($T-/"�)T"�021�,4$&)WN�;>)&=
+*"(+/g2h3!�"�)
"(0213,4$&)iN�;A)4=�+*"(+Lg<)&13'	$i'*6(F E�;�F 6�)j-*5:'8)cEA5M9D5lkm1�,4;�$&6e-*"�) V ,&13n/EAQ(9<"�)j-poq5�6(,&1�6�EA53)4$4;>H(;�$�6�h
Sc'r"�02"�$ C E>"�)j"�021�,4$&)-*" V ,&"�)&)4;>13's)&13'	$<"('tF 6('*6�,�5:E V ,&6�-/139@;>'85:'�$�)@-*53'*)PEG5uF 6('*6(,v5:$4;>13's-*"�)<-/6 V EA5�H�"(9<"�'�$&)D536(,&1�6�EA53)4$4;>=
+8"�)
w�x�y � C ��� C8z�{LC x�| } C } zLC � yl~ h/!�5PH�1�'�$4,�5:;�'	$&"ON	;>)&=
+*"(+8)4"I$�5:'/F
"('�$4;>"�E�E>"MbPEA5 V 53,&13;#"�)4$J6(F
5:EA"Mb�R

τp = µ

(
∂Vt
∂np

)

���4�G�4� ,
1��

τp
,&" V ,&6�)&"('�$&"�EA5uH�13'	$4,�5:;�'	$&"�N�;>)&=
+8"(+*)&"�$�5:'*F "('�$&;>"(E�E>"�bBEG5 V 5:,&1�; C Vt EA5BN	;�$&"�)&)&"�$�5:'*F "('�$4;A"(E�E>"�bBEA5

V 5:,&13;�"($ np EA5D-L;>,&"�H($4;>1�'B'*13,49r5:E>"�b<EA5 V 5:,�13;�h2��"($&$&"%H�13'�$&,�5:;�'�$�"%"�)4$ V 13,4$&6�" V 5:,?E>"�N "�H�$&"(+/,
~t
$�53'/F "('	$

bPEA5 V 5:,&13;�h!#"�)�"�0p13,4$&)�5�6(,&1�-/7�'85:9<;>=
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f∑

l=1

−→
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ß�Ä(µ\µ	¼�Ãbµ	¸�¸b»(½D·UÃ�½D·�¸bµ�½ ¶bÃ�·UÃ�¶�Íu¾	¹�Â�ÂÁ¾�ÕY½%Ã�½2ÂÁ¾C·�º�¼�¶bÄDº�¶�¼�½Q¾(Ï	¾�¸�º
ºaµ	¶�ºTÃ�» ÆbÂÁ¾	ÄD½ Íu½ ¸\ºTÃ�âã¾	¶6¿ä½�×H½ º�·T¾=» ¼�µ\»DÂÁ¾	·�º�¹{ÀO¶)½D·áåeÅ\Ë\Æ¤µ=º�ÅbÌD·�½àÃ�½D·�Æ¤½ º�¹�º�·TÃ�» Æ�ÂÁ¾=ÄD½ Í;½D¸\º�·T½ º�Æ¤½ º�¹{º�½D·
Ãb»�Ñeµ	¼�ÍN¾�º�¹{µ=¸b·Sæ�Ú�½ º>Ã�½

D
ß"ÄaÅv¾�Í�ÆÛÃ�½D·MÃ�»DÆ�ÂÁ¾	Ä(½ Í;½ ¸�º�·MÃ�½2ÂÁ¾�·�º�¼�¶bÄDº�¶�¼�½;Ò

X = X(Xrig, Zrig, D).
å*Ý6È � æ

É.½"ÄaÅv¾�¼�ÕY½DÍ;½ ¸\º®¾=» ¼�µ\Ã�Ë\¸)¾�Í;¹{ÀO¶b½Ê¾�Æ�Æ�Â�¹ÁÀO¶b»xØUÂÁ¾>·Kº�¼�¶bÄ º�¶b¼�½"½D·�ºsÑeµ=¸bÄ º�¹{µ=¸�Ã�½D·AÄDµ\µ=¼�Ã�µ	¸b¸b»D½D·
X

½ º
Z = Zrig½DºNÃ6¶äÄaÅ)¾	Í�ÆçÃb½D·uÏ	¾	¼�¹Á¾�è�Â{½(·NÄDµ	¸)·�½D¼�Ï	¾�º�¹�ÏO½D·;Öb¶b¹{Ã�½D·

W
¾�¶ç¸�¹�ÏY½(¾	¶çÃ�½ÛÂ�Î ¹�¸�º�½ ¼KÑ*¾=ÄD½ FI È Ó ½éÃ�½ ¼�¸�¹{½ ¼uß

¸)µ	º�»
W b ßUÃ�» Æ¤½D¸bÃiÃ�½�ÂÁ¾�åeÃb½D·SæMÄ(µ	¸bÃ6¹�º�¹{µ	¸.å*·aæ?ØuÂÁ¾�å�¾�¶6¿bæMÂ�¹�Í;¹�º�½Yå*·aæ>Ä(¾	¼a¾	Ä º�»D¼�¹{·a¾�¸\ºÔÂ�Î ¹�¸�º�½ ¼KÑ�¾	ÄD½ FI å/Æ)¾�¼�µ=¹

¾=Ã6¹Á¾�è)¾	º�¹{ÀO¶)½"·a¾�¸b·.Õ=Â�¹Á·�·�½ Íu½ ¸\º(Ú<Æ)¾�¼�µ	¹\¹{·�µ	º�Åb½D¼�Í;½x¾<ÏY½DÄ�ÕYÂ�¹{·�·�½ Í;½ ¸�ºA½ º�Ä<æ È<êgÂ\½(·Kº®Ã�½�Ñ*¾=ëDµ	¸EÕO» ¸b» ¼a¾	Â{½�Ñeµ	¸)Ä º�¹{µ=¸
Ãb½
W

½DºMÃ�½
X

Ò

L = L(X(Xrig, Zrig, D), Zrig,W
b(W,X(Xrig, Zrig, D))).

å*Ý6È#ÇOæ
Ù�¼a»DÄ ¹{·�» Íu½ ¸\º(Ú)Â{½EÏY½DÄDº�½ ¶�¼ÔÃ�½(·>Æ)¾�¼S¾�Í;Ì º�¼�½D·?Ãb½%Ñ*µ	¼�Í;½E¶�º�¹�Â�¹{·�»C¾�¶i·�½ ¹�¸iÃ6¶éÆ�¼�µ�ÄD½D·�·�¶b·?ÃHÎ#µ	Æ�º�¹�Í;¹{·a¾�º�¹{µ	¸

Ãb½MÑ*µ	¼�Í;½ÔÃ�» ìb¸�¹�º�Ã�½>Ñ*¾=ëDµ	¸rÆ)¾�¼S¾�Í;» º�¼�»D½?Â{½?Íu¾�¹{Â�ÂÁ¾�ÕY½ÔÃ6¶�Ãbµ	Íu¾�¹{¸b½>Öb¶�¹{Ãb½
Xrig

¾(Ï	¾	¸\ºÊº�µ	¶�º�Ã�»DÆ�ÂÁ¾	Ä(½ Í;½ ¸�º
Ã�âÛ¾�¶6¿T½�×�½Dº�·>¾	» ¼�µ�» ÂÁ¾	·�º�¹{À\¶b½�Ò

Xrig = Xrig(α).
í�¸îÑ*¾�¹{·a¾�¸�º�¾�ÆbÆ)¾�¼a¾�¹{º�¼�½uÂÁ½D·CÃ�» Æ¤½D¸bÃb¾�¸)ÄD½D·CÃb¾	¸b·�Â{½N·�Ë�·�º�Ì Íu½NÃHÎ#»DÀO¶)¾	º�¹{µ	¸b·CÃ6¹�×�» ¼�½D¸\º�¹{½ Â{Â{½D·CÃ�»DÄD¼�¹�Ï	¾�¸�º

Â�Î#» ºa¾�º>Ã6¶Ð·�Ë�·�º�ÌDÍ;½=ÚbÄD½ Â�¶�¹ïß�Ä ¹sÃ�½DÏ\¹{½ ¸\ºEÒ






Rf (W,X(Xrig(α), Zrig, D)) = 0

Rs(D,Z) = D − FL(X(Xrig(α), Zrig, D), Zrig,W
b(W,X(Xrig(α), Zrig, D))) = 0

ð?¾�Æ�Æ¤½DÂ{µ	¸b·®ÀO¶b½x·�µ	¶)·.¶b¸b½"Å\Ë�Æ¤µ	º�ÅbÌ(·�½xÂ{» Õ=¹�º�¹�Í;½x·�¹�Õ=¸b¹ïìv¾�¸\º5ÀO¶sÎ ¹�Â\Ë�¾MÂ{µ\Ä(¾	Â{½ Í;½D¸\ºA¶�¸�¹ÁÄ ¹�º�»xÃ�½(·.Ï=¾�¼�¹Á¾�èbÂ{½D·
ÃsÎ�» ºa¾�ºÔåe»(ÄDµ	¶�Â{½DÍ;½ ¸\ºx½ ºxÃ�»DÆ�ÂÁ¾	ÄD½DÍ;½ ¸\ºa·aæ�¾	·�·�µ\Ä ¹{»(½D·xØ%¶�¸uÍu¾	¹�Â�ÂÁ¾�ÕO½MÃb» º�½ ¼�Í;¹�¸b»

Xrig(α)
Ú=ÂÁ½D·�¹�¸)ÄDµ	¸�¸\¶)½D·"Ã�¶

·�Ë�·�º�ÌDÍ;½Ê¾	» ¼aµ\» ÂÁ¾=·Kº�¹{ÀO¶b½"Æ�½ ¶�ÏY½ ¸�º®ñ º�¼�½ÊÄDµ	¸b·�¹{Ã�»D¼�»D½D·®ÄDµ	Í;Í;½xÃ�½(·sÑ*µ	¸bÄ º�¹Áµ	¸b·®Ã�½
Xrig(α)

½ ºAÆv¾�¼®ÄDµ	¸)·�»(ÀO¶b½ ¸�º
Ãb½
α

Ò
W (α)

Ú
D(α)

È	É.½U·�Ë�·�º�Ì Íu½UÃHÎ�»DÀO¶v¾�º�¹{µ	¸)·�Ã6¹�×�» ¼�½ ¸�º�¹{½ Â�ÂÁ½D·�Ãb»DÄ ¼�¹�Ï	¾	¸\º�Â�Î�» ºS¾�º�Ã6¶;·�Ë�·�º�Ì Í;½U·(Î�»DÄD¼�¹�º�Ã�µ	¸)Ä
Ãb½2Íu¾	¸�¹{Ì ¼�½QÄDµ	Í;Æ�Â{Ì º�½;Ò






Rf (W (α), X(Xrig(α), Zrig, D(α))) = 0

D(α) − FL(X(Xrig(α), Zrig, D(α)), Zrig,W
b(W (α), X(Xrig(α), Zrig, D(α)))) = 0

å*Ý6È#ÝOæ

És½(·xÑeµ	¸bÄ º�¹{µ	¸b·�µ	è�òK½DÄ º�¹ïÑ®½ º�ÄDµ=¸\º�¼a¾	¹�¸\º�½D·�ÄDµ=¸b·�¹{Ã�» ¼�»(½D·ÊÆ)¾�¼�Â{½?Æ�¼�µ�ÄD½D·�·�¶b·�ÃHÎ�µ	Æbº�¹�Í�¹{·a¾�º�¹{µ	¸�Ãb½>Ñeµ	¼�Í;½ÔÃ�» ß
Æ�½ ¸bÃ�½D¸\ºxÕY» ¸)» ¼a¾�Â{½DÍ;½ ¸\º�Ã6¶NÍu¾	¹�Â�ÂÁ¾�ÕO½

X
½ ºÊÃ6¶rÄSÅ)¾�Í�ÆT¾	» ¼�µ\Ã�Ë\¸)¾�Í;¹{ÀO¶b½Ô·K¶b¼xÂ�Î ¹�¸\ºa½ ¼KÑ*¾	Ä(½ F i Ú W b(W,X)

È
í�Â�Â{½(·CÆ¤½D¶�ÏY½ ¸\º�» Õ\¾�Â{½ Íu½ ¸\º�Ã�» Æ�½ ¸bÃ6¼a½rÃ�¹�¼�½DÄ ºa½ Í;½ ¸�º�Ã�¶�ÄaÅ)¾�Í;Æ�¾=» ¼�µ\Ã�Ë\¸)¾�Í;¹{ÀO¶b½

W
Ãb¾�¸)·CÂ{½�Ã�µ=Íu¾�¹�¸)½
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-6�*TNO
-6 �8*+!@
-6 )�"�� α U







X = X(Xrig(α), Zrig, D(α)) = X(α)

W = W (α)

W b = W b(W (α), X(α)) = W b(α)

. VXW # Y�Z
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J(X(α),W b(α),W (α))

Gk(X(α),W b(α),W (α)), ∀k ∈ [1, p]
,

)3
-!K* S






J(X(Xrig(α), Zrig, D(α)),W b(W (α), X(Xrig(α), Zrig, D(α))),W (α))

Gk(X(Xrig(α), Zrig, D(α)),W b(W (α), X(Xrig(α), Zrig, D(α))),W (α)), ∀k ∈ [1, p]
. VXW #^g
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∂αi

Ä
i ∈ [1, n]

Ä�¢�£Q¯�«$®2·�«
¤3¨-¬�©,Ä�«$¬R¯,¨�¢@¯8§�¢�£\ý
∂J

∂αi
≈ 1

δαi

(

J(X(α+ δαiδ
i
j),W

b(α+ δαiδ
i
j),W (α+ δαiδ

i
j)) − J(X(α),W b(α),W (α))

)

≈ 1

δαi

(

J(X(Xrig(α+ δαiδ
i
j), Zrig, D(α+ δαiδ

i
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W b(W (α+ δαiδ
i
j), X(Xrig(α+ δαiδ

i
j), Zrig, D(α+ δαiδ

i
j))),W (α+ δαiδ

i
j))

− J(X(Xrig(α), Zrig, D(α)),W b(W (α), X(Xrig(α), Zrig, D(α))),W (α))
)
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W (α + δαiδ
i
j)

£8©
D(α + δαiδ

i
j)
Ät¤3«-¢K§�©3ª�«-¬ ¤�­�§ ¤+Í_¤+©3Ã8®D£

¯,«-§�·�¢�¥Q¬ «-¬�¸X¢KªK¬ ¥,¨-ªKº3£\ý






Rf (W (α+ δαiδ
i
j), X(Xrig(α+ δαiδ

i
j), Zrig, D(α+ δαiδ

i
j))) = 0

D(α+ δαiδ
i
j) − FL(X(Xrig(α+ δαiδ

i
j), Zrig, D(α+ δαiδ

i
j)), Zrig,

W b(W (α+ δαiδ
i
j), X(Xrig(α+ δαiδ

i
j), Zrig, D(α+ δαiδ

i
j)))) = 0

.
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(W (α), D(α))
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∀α ∈ D,







dRf
dα

(α) = 0

dRs
dα

(α) = 0
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





∂Rf
∂W

dW

dα
+
∂Rf
∂X

(
∂X

∂Xrig

dXrig

dα
+
∂X

∂D

dD

dα

)

= 0

dD

dα
− F

(
∂L

∂X

(
∂X

∂Xrig

dXrig

dα
+
∂X

∂D

dD

dα

)

(

+
∂L

∂W b

(
∂W b

∂W

dW

dα
+
∂W b

∂X

(
∂X

∂Xrig

dXrig

dα
+
∂X

∂D

dD

dα

)))

= 0
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
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

∂Rf
∂W

dW

dα
+
∂Rf
∂X

∂X

∂D

dD

dα
= −∂Rf

∂X

∂X

∂Xrig

dXrig

dα

−F ∂L

∂W b

∂W b

∂W

dW

dα
+

(

I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

))
dD

dα
=

F

(
∂L

∂X

∂X

∂Xrig

dXrig

dα
+

∂L

∂W b

∂W b

∂X

∂X

∂Xrig

dXrig

dα

)
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






∂Rf
∂W

∂Rf
∂X

∂X

∂D

−F ∂L

∂W b

∂W b

∂W

(

I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

))















dW

dα

dD

dα








=









−∂Rf
∂X
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∂Xrig

dXrig

dα
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∂L

∂X

∂X

∂Xrig

dXrig

dα
+

∂L
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)
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∂D
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dW

dα
È=Ð dD

dα òâ4Ù ÑLÉ(ó@È!Ê=Ð�È=Ë'ÒNÈ!Ìbß�ÏFÒ?È=Ç7Ë3Ì'Ö7È`Ê�È!ÌbÜ)Ë3Ï(Ö4Ñ?È!É�Ð�ÌuÖJÏFÉJÌ'Ò?È!ÌuÕ!é$Ç�ÏFÐ@Ñ?Æ(É,Ì�Ó Å7ÙYô × È=ÐKÓ Å7Ùöõ × ÔpÆ(ÇJËuÊ�ÏFÒ?Ê=ÇJÒ?È=Ë'Ò?È!Ì'Ü�Ë3ÏFìÖ4Ñ?È!É�Ð�Ì dJ
dα

È=Ð dGk
dα ò k ∈ [1, p] ò Ë�È!é�Ç7Ñ?ÌqÔ,ÏFËbÒ?È9ÔJË�Æ�Ê!È!Ì�Ì@ÇJÌbÖ

Û Æ(Ô7Ð@ÑLÎ[Ñ?Ì3ÏFÐ@Ñ?Æ�É¤Ò?Æ�Ê¹ÏFÒdÔ,Ï(ËqÜ�Ë3Ï�Ö4Ñ?È=É�Ð�Ì Ù
Ú Ï¥Î[Õ=Ð Þ Æ�Ö7ÈcÖ7ÈBÒ Û Õ!é$Ç,Ï(Ð@Ñ?Æ(É�ÒLÑLÉJÕ¹ÏFË@Ñ?Ì�Õ!ÈcÖ4Ñ?Ì�Ê=Ë3á=Ð�ÈBÔpÈ=Ë�Î[È=ÐXÖ7Æ(É,ÊBÖ Û Ï(Ê!Ê!Õ�Ö7È=Ë§ÏFÇ4ë (p + 1) ∗ n Ö7Õ=Ë@ÑLß$Õ!È!ÌÉ,Õ!Ê!È!Ì�Ì3ÏFÑLË�È�Ì'ÏFÇ¤ÔJË�Æ�Ê!È!Ì�Ì@ÇJÌbÖ Û Æ(Ô7Ð@ÑLÎ[Ñ?Ì3ÏFÐ@Ñ?Æ�É¤Ò?Æ�Ê¹ÏFÒdÔ,Ï(ËqÜ�Ë3Ï�Ö4Ñ?È=É�Ð3ÌbÖ4ÇPÌ@à�Ì@Ð�á!Î[È6Ï�Õ=Ë�Æ�Õ=ÒçÏ(Ì@Ð@Ñ?é$ÇJÈ Ø

(

∂J

∂αi
,

(
∂Gk
∂αi

)

1≤k≤p

)

1≤i≤n
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∂Rf/∂W

������� �"!
(5ncell ∗ 5ncell)

#�$&%(')!
(7ncell ∗ 7ncell)

∂Rf/∂X

������� �"!
(5ncell ∗ 3nf )

#�$&%(')!
(7ncell ∗ 3nf )

∂X/∂Xrig (3nf ∗ 3nf )

∂X/∂D (3nf ∗ 2np)

∂L/∂X (3np ∗ 3nf )

∂L/∂W b

������� �"!
(3np ∗ 5nIf )

#�$&%(')!
(3np ∗ 7nIf )

∂W b/∂W

������� �"!
(5nIf ∗ 5ncell)

#�$&%(')!
(7nIf ∗ 7ncell)

∂W b/∂X

������� �"!
(5nIf ∗ 3nf )

#�$&%(')!
(7nIf ∗ 3nf )

*,+.-./1032 ÷&46587:9 � ;=< 7�> ;?<A@���<CB�� � 9 ��< 7 ;�B�� �ED���;?FG;�B�@=FG;?<C��HJI�K��1FGB 7�> ;MLN032 ÷PO�Q 2

9R>PS � ;�;1FG;�B8�TFU��I�< > ����B 7�> ;?<8@��
n

< S <EB�V 9 ��<8� 7 ;=IPF 7 ����<(W > �=X���I�<(@ > ;�B8���Y< 7 ;=W > ;�;��?��<8< > ;�B (∂W
∂αi

,
∂D

∂αi

)

Z
i ∈ [1, n]

2
[�F���IY< > �:��B 7�> ;\@��]W��Y<.< S <EB�V 9 ��<^@_HJIYK��?FGB 7�> ;=<.� 7 ;=IPF 7 ����<^W > ��X���I�<.;=IYW���<�< 7 B��`��HaI DbFG�:�1FGB 7�> ;c@���<.d��eFb@ 7 � ;�Be<

7 ;=@ 7 K��=I�<�@=Fb;=<A���fBeFGg��T�YFG�h032 ÷ 2=[i��<�@�I � 7 D�I���<AX?FG�EB 7 � �:����<
∂Rf/∂W

� B
∂Rf/∂X

��� X=��I�<�� ;�B���;�BA����<EXj�YW B 7	k
D�� 9 � ;�B��TFR<�� ;=< 7 g 7 � 7 B�I ∗ @=��<�I�K��?FGB 7T> ;=<A; > ; k � 7 ;=IYF 7 ����<&@ 7 <�W ��V Be��<�I�W�� 7 B���<&< > �=<Al > � 9 �"@��m��I�< 7 @3�nX > �����TF
9 IYWYFG; 7 K��=�C@���<.o?� 7 @���<,FG�RWep?F 9 XR@���<^d��qFG;=@�������<�F�I � > @ S ;?F 9R7 K��=��<�W > ;=<�� ��DbFGB 7 D���<r� B,FG�3s\W >�> ��@ > ;�;=I��Y<
@3� 9 F 7 �:�tFGd���2�u]� �:���Y< k W 7 @�I Xv� ;=@=� ;�B�@��RW > @=�C@��A< 7�9 ���TFGB 7�> ;cX > �����TF 9 IYWYFG; 7 K��=�C@��Y<^o=� 7 @=��<r��B 7 � 7 <EI�F 7 ;=< 7
K��=�R@3� 9R> @�V ���c��B 7 � 7 <�I\X > ���"@�I�W � 7 ���c���cW >�9 X > �EB�� 9 � ;�B"@3�wo=� 7 @=�xLyIYK��?FGB 7�> ;=<m@zHJ������� � > �{I�K��?FbB 7�> ;?<

∗ |q}�~����a�����N���^�N�����z�P���a�����N����|q}��z�����P���C|q��}����P�r�:� ���P���a������|e������}(�P�^�	�q�����r�a���N�(�P�8���q��|q}�~���|q�a�_�T����}��N�a���a�Y�J�����r�P���N��~�}G|q}��
��|]�������a�����
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dW/dα

®�¯�°�± ²"³
(5ncell ∗ n)

´�µ&¶(·)³
(7ncell ∗ n)

dD/dα (2np ∗ n)

dXrig/dα (3nf ∗ n)

∂W/∂αi

®�¯�°�± ²"³
(5ncell)

´�µ&¶f·¸³
(7ncell)

∂D/∂αi (2np)

∂Xrig/∂αi (3nf )

¹,º.».¼1½3¾�¿"À6Á8Â:ÃU± Ä=ÅEÂ�ÆbÄ?ÅAÇ�±�ÅCÂ:Ä=ÈYÆbÄ�Ä�¯?±�ÅAÇ3¯xÅEÉ�ÅEÊ�Ë�ÃR±fÇzÌJÍ�Î�¯1ÏGÊEÂ�ÆbÄ?ÅC°:Â:Ä=ÍYÏb²EÂ�Å�Í�±�ÅY¾

´�µ&¶f·ÐÇ?ÏGÄ=År°T±CÈYÏ�Ç3²�±AÇ�±AÈ�± ÊEÊ�±AÍ ÊE¯?Ç�±PÑ�¾�Ò�Ï(Ç=Í ²EÂ:Ó�Í�±
∂Rf/∂W

±�ÅEÊ�ÈYÏb°�È ¯�°�ÍY±CÇ�±�ÔNÏbÕYÆbÄR± Ö�ÏbÈ Êe±�×1ÏG²�Ç=Í ²EÂ:ÓbÏGØ
Ê�Â�ÆbÄhÇ�±YÅ�ÍYÎ�¯?ÏGÊ�Â�ÆbÄ=Å�Ä=Æ�Ä3Ø�°:Â:Ä?ÍYÏGÂ:²�±�Å&Ç�Â�ÅEÈ�²�Ë Ê�±YÅ&Ùc°�Ì Â:Ä�Ê�Í�²EÂ�± ¯�²8Ç3¯hÈ�Æ�Ç�±"Ç�±"ÅEÂ:ÃÐ¯�°TÏbÊEÂ�ÆbÄn×vÆb¯�²�°TÏRÃRÍ�ÈYÏbÄ�Â�Î�¯?±
Ç=±�ÅAÚ?¯�Â�Ç�±�ÅY¾1Ò�ÏRÇ=Í ²EÂ:Ó�Í�±

∂Rf/∂X
ÄzÌJ±�ÅEÊ&×?Ï�Å8ÏbÈ�ÈY±�Å�Å�Â:Û=°�±�Ç�±mÔNÏbÕ�Æ�Äh± Ö�ÏbÈ Êe±"Ç?ÏGÄ=Å�°T±"ÈYÆ�Ç�±�Ç�±�ÅEÂ:Ã�¯=°TÏGÊEÂ�Æ�Ä

×vÆb¯�²8°TÏUÃRÍYÈYÏGÄ�ÂTÎ�¯=±ÐÇ�±�Å&Ú=¯�ÂTÇ�±�Å&¯=ÊEÂ:°:Â�Å�Í�¾jÒi±�Å8Ê�± ²EÃU±�Å ∂Rf
∂X

∂X

∂Xrig

dXrig

dα

± Ê ∂Rf
∂X

∂X

∂D

dD

dα

ÅEÆ�Ä�Ê(Í ÓbÏG°�¯=Í�Å
Ç=±8Ã6ÏGÄ�Â�Ë�²�±mÏG×�×�²eÆ�ÈeÜ=Í�±fÅE¯�Â:Ó�ÏGÄ�ÊAÇ�±�Å�ÔyÆb²EÃÐ¯�°�±�ÅC×?ÏG²AÇ3Â	Ý_Í ²�± Ä=ÈY±�Å]Þ=Ä=Â�±�ÅAÙÐ°�ÌaÆb²�Ç3²�±

2
ÙÐ°�Ì Â�Ä�Ê�Í ²EÂT± ¯�²AÇ3¯xÈ�Æ�Ç=±

Ç=±fÅEÂ:Ã�¯=°TÏGÊEÂ�Æ�Äß×jÆb¯=²C°TÏ\ÃRÍ�ÈYÏbÄ�Â�Î�¯?±fÇ�±�Å�Ú?¯�Â�Ç�±YÅ�¾
Òz±YÅ6Ç�Í�²EÂ:Ó�ÍY±�ÅU×1ÏG²EÊEÂ�±�°:°�±�Å

∂L/∂X
± Ê
∂L/∂W b ²�± ×=²�Í�Å�± Ä�Êe± Ä�Ê6²�±�ÅE×v±�È ÊEÂ:Ó�±�ÃR± Ä�ÊU°T±�Å6Å�± Ä?Å�Â�Û�Â:°:Â:ÊeÍ�Å6Ç�¯

ÈqÜ?ÏG²Eà�±�ÃR± Ä�ÊmÏbÍ�²�Æ�Ç3É�Ä1ÏGÃcÂ�Î�¯=±\ÊE²eÏGÄ=ÅEÃRÂ�ÅmÙá°TÏ6×vÆb¯�ÊE²�±cÅ�± °�ÆbÄw°�±\×�²�Æ�È�±�Å�ÅE¯=ÅfÇ�ÍYÈ ²EÂ:ÊmÇ=ÏGÄ=Åf°TÏáÅ�±�È�ÊEÂ�ÆbÄ{¿3¾ â=¾Jâ
×1ÏG²A²eÏG×=×jÆb²EÊ&Ïb¯3ÖßÈ�Æ�Æ�²�Ç�ÆbÄ=Ä=Í�±�Å�Ç3¯xÃ6ÏGÂ:°:°TÏbà�±mÇ3¯nÇ=ÆbÃUÏbÂ:Ä=±(Ú=¯=Â�Ç�±m± Ê&Ïb¯3ÖßÈeÜ1ÏGÃc×=Å�Ç�±YÅCà�²qÏGÄ=Ç�±�¯�²�Å&ÏbÍ ²�ÆbØ
Ç�É�Ä?ÏGÃRÂ�Î�¯=±YÅfÈYÆbÄ=Å�± ²EÓ�ÏGÊEÂ:Ó�±YÅmÙã°�Ì Â:Ä�Êe± ²�ÔNÏbÈY± FI ¾iä�±�ÅmÇ�Í ²EÂ:Ó�Í�±�Åf×j± ¯=Ó�± Ä�Ê"å ÊE²�±cÈPÏG°�È ¯�°TÍ�±�ÅmÇ�±ÐÔ�ÏbÕ�ÆbÄæ± Ö�ÏbÈ Êe±
×1ÏG²AÇ=Í ²EÂ:ÓbÏbÊEÂ�ÆbÄnÇ�±�ÅCÔyÆb²EÃÐ¯�°�±�ÅAÇzÌ Â:Ä�Ê�Í�à�²eÏGÊEÂTÆbÄxÇ=±�ÅA±�Ý_Æb²EÊ�Å"ç�ÙÐ°�ÌJÂ:Ä�Ê�Í ²�Â�± ¯�²�Ç3¯nÈ�Æ�Ç�±mÇ�±mÅEÂ:Ã�¯�°tÏGÊEÂ�ÆbÄx×jÆ�¯�²C°tÏ
ÃUÍ�ÈYÏGÄ=Â�Î�¯=±RÇ�±YÅ(Ú=¯�ÂTÇ�±�ÅqÑ(± Ê"Ç�±cÊE²eÏGÄ=Å�Ôy±�²EÊ"Ç3¯{ÈeÜ?ÏG²Eà�± ÃR±�Ä�Ê"Ï�Í ²�Æ�Ç�É�Ä?ÏGÃRÂ�Î�¯=±nçNÙã°�Ì Â�Ä�Ê�Í ²EÂT± ¯�²"Ç3¯{È�Æ�Ç=±cÇ=±
ÅEÂ:ÃÐ¯�°TÏGÊEÂTÆbÄß×vÆb¯�²C°tÏÐÃRÍYÈYÏGÄ�Â�Î�¯=±fÇ=±�ÅAÅ�Ê�²E¯=È Ê�¯�²�±�ÅqÑ�¾

è^é�è.éyè êìë�í�î,ïrð,ñòð,ñòóEôTë?õ^ö,÷jí�ø�ïiùú÷zð?ûGï�ø�ù�íbñòð`ø�ü�ý�þ�ÿ=íbñ
Òi±�ÅÐÍYÎ�¯?ÏGÊ�Â�ÆbÄ=Å\Ç�±6°TÏnÃRÍ ÊEÜ?Æ�Ç�±áÇ�±6°�ÌJÍ�Î�¯?ÏGÊEÂ�Æ�ÄòÏ�Ç���ÆbÂ�Ä�Ê�±áÇ3Â�Å�È ²�Ë�Ê�±6×j± ¯�Ó�± Ä�Ê\å ÊE²�±áÆbÛ=Ê�± Ä�¯?±�Å�×?Ïb²

Ç�Â	ÝvÍ ²�±�Ä�Ê�Å,ÔyÆ�²EÃUÏG°�Â�ÅEÃR±�Å]±�Ê`ÃUÏbÄ�Â:×�¯=°TÏGÊEÂ�ÆbÄ?Å�ÏG°:à�Í Û�²EÂ�Î�¯=±�Å�� ¬������ ¾
	r²eÍ�Å�± Ä�Ê�Æ�Ä=Å`Â�È Âj°TÏ"ÃRÍ ÊEÜ?Æ�Ç�±&°TÏm×=°:¯=Å]È °tÏbÅ�Ø
ÅEÂ�Î�¯=±ÐÈ�Æ�Ä=ÅEÂ�Å�ÊqÏGÄ�ÊfÙ6Â:Ä�ÊE²eÆ�Ç3¯�Â:²e±�¯�Ä)°TÏGà�²eÏbÄ�à�Â�± ÄæÏbÅ�Å�Æ�È Â�ÍcÙ6ÈeÜ?Ï�Î�¯=±"ÔyÆ�Ä=È ÊEÂTÆbÄ)Ç�Æ�Ä�Ê(ÆbÄwÅ�Æb¯�Ü?ÏbÂ:Ê�±ÐÈYÏb°�È ¯�°�±�²
°�±fà�²eÏ�Ç3Â�± Ä�ÊP¾�¶&Æb¯?ÅAÇ�Í�Þ=Ä=Â�Å�ÅEÆ�Ä=Å�ÏGÂ:Ä?Å�ÂzÂ�È Â

2 ∗ (1 + p)
°TÏGà�²qÏGÄ�à�Â�±�Ä=ÅAÆb¯ßÓ�±�È Ê�±�¯�²�Å�ÏbÇ���ÆbÂ:Ä�Ê�Åm³

• λf,i � °�±�Ó�±�È Êe± ¯�²�ÏbÇ���ÆbÂ:Ä�Ê�Ï�ÅEÅ�Æ�È�Â�Í8Ù
αi � 1 ≤ i ≤ n � ± Ê�Ùm°TÏfÔyÆ�Ä=È ÊEÂTÆbÄáÆbÛ
�E±�È ÊEÂ	Ô

J
± Ê]È�Æ�²E²�±�ÅE×jÆ�Ä=Ç=ÏGÄ�Ê

ÏG¯)ÅEÉ�ÅEÊ�Ë ÃR±ÐÇ_ÌJÍ�Î�¯?ÏGÊEÂTÆbÄ=Å&Ä=Æ�Ä3Ø�°:Â:Ä?ÍYÏGÂ:²�±YÅ8Ç3Â�Å�È ²�Ë Êe±�Å&×jÆb¯=²&°TÏUÃRÍ�ÈYÏbÄ�Â�Î�¯?±�Ç�±YÅAÚ?¯�Â�Ç�±YÅ
Rf � Â�°.±�ÅEÊ8Ç=±
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465�79898;:
(5ncell) < 7�8=: <?>*@#A 5�4B7=C�D <?EGFIHJA 8=:*K < C�D#4 A 4B79897 <�> : <ML C A K < 79N A 8=:OKM8=:�P*C�N L C�KB4�:*NQ:OD#4 E
ASRTA 7 E :C A (7ncell) < 7UP*: < C�D#4V8=: <�>*@-A 5�4B7=C�D <�WYX�Z\[ 5 ETE 794B7=C�D]D > : <VE^F A D_NSC E]` 8=: E :a4 A K�b A 8=:*DTP*:dc E : A
e

>*@-A 5�4B7=C�D <YE :\4BK65�D <BL C�KB4�f
• λs,i

f-8=:Vg�:*PO46: A K$5 E�h C�79D
4$5 <�< C#PO7 > c αi f 1 ≤ i ≤ n
f#:O4icj8;5jk�C�DTPO4�7=C�DlC�b h :*PO4�7(k J :O4$P*C�KBK6: <BL C�D E 5�D#45 Am<Bn
< 4 ` NQ: E^FI>*@-A 5�4B7=C�D < 8979D > 5�79K�: <aE 7 < P*K ` 4�: <jL C A Ka8;5oN > P�5�D]7 @-A : E : <a< 4BK A PO4 A K�: < Rs fG798M: < 4 E :465�79898;:

2np
f

• λkf,i
f
1 ≤ k ≤ p

f�8=: < g�:*PO46: A K < 5 E�h C�79D#4 < 5 <�< C#PO7 >�< c αi f 1 ≤ i ≤ n
f�:*4J5 A
e k�C�DTPO4B7=C�D < P�C�D#4BKp5�79D#4�: <

Gk
f
1 ≤ k ≤ p

f,:O4qP*C�KBK6: <BL C�D E 5�D#4q5 Ar<Bn
< 4 ` NS: EGFs>*@-A 5�4�7=C�D < DTC�D
t18979D > 5�79K�: <dE 7 < POK ` 46: <!L C A K!8;5N > P�5�D]7 @-A : E : <$R3A 7 E : < Rf u 465�79898=:\7=D E 7 @#AT> :vP*7(t E : <�<BAT<pw f
• λks,i

f
1 ≤ k ≤ p

f$8=: < g�:*PO46: A K < 5 E�h C�79D#4 < 5 <B< C#P*7 >*< c αi f 1 ≤ i ≤ n
fi:O4x5 A
e k�C�DTP*4B7=C�D <P*C�D#4�K65�79D#46: < Gk f 1 ≤ k ≤ p

fy:O4QP*C�KBK�: <BL C�D E 5�D#4S5 Az<Bn
< 4 ` NQ: E^FI>*@-A 5�4B7=C�D < 8979D > 5�79K6: <{E 7 < POK ` 4�: <
L C A KY8;5dN > P�5�DT7 @-A : E : <Y< 4BK A P*4 A K�: < Rs u 465�79898;:\79D E 7 @-AT> :vPO7(t E : <�<|A3<pw f

} : L K�C#P*: <�<BAT<$E^F C L 4B7=N{7 < 5�4B7;C�D E :0k�C�KBNQ:�8=C#P�5�8=: L 5�K?~�K65 E 7=:*D#4?K6: @-A 7;:OKB4?8 FI> g�5�8 A 5�4B7=C�D E : < ~�K65 E 7=:OD#4 < ∂J
∂αi:O4 ∂Gk

∂αi

f
1 ≤ k ≤ p

f
1 ≤ i ≤ n

fG� H D A 4B79897 < 5�D#4Y8 FI>�@-A 5�4�7=C�D u�� �s� w f]P*: < ~�K65 E 7=:OD#4 <iL : A g�:OD#40�O4BK6:\K >�> POKB794 <
E :v8;5dNS5�D]7 ` K6: <BA 79g�5�D#4�: †







∂J

∂αi
=

∂J

∂αi
+ λTf,i

∂Rf
∂αi

+ λTs,i
∂Rs
∂αi

∂Gk
∂αi

=
∂Gk
∂αi

+ λk
T
f,i

∂Rf
∂αi

+ λk
T
s,i

∂Rs
∂αi

, 1 ≤ k ≤ p

u�� � � � w







∂J

∂αi
=

∂J

∂αi
+ λTf

∂Rf
∂αi

+ λTs
∂Rs
∂αi

∂Gk
∂αi

=
∂Gk
∂αi

+ λk
T
f

∂Rf
∂αi

+ λk
T
s

∂Rs
∂αi

, 1 ≤ k ≤ p

u�� � �O� w

� DQ5�g A{E 5�D < 8;5 < :*P*4B7=C�D � �s� @#A :?8;: < 4�:OKBNS: < 8=: <%L 8 AT<yE]> 8=7=P�5�4 < c\P�5�8=P A 8=:OK L C A K�5�P*P >�E :OKJ5 A
e g�5�8=: A K <
E : ∂J

∂αi

:O4 ∂Gk
∂αi

f
1 ≤ k ≤ p

f > 4p5�7=:OD#4�8=: < ~�K65 E 7=:OD#4 <VE : < 79DTP*C�D]D A : <VE^FI> 465�4 E
A�<Bn
< 4 ` NS:d5 > K6C > 8;5 < 4�7 @-A :
L 5�KYK65 L]L C�KB405 A�L 5�K65�N ` 4BK�: αi f
7��I:�� ∂W

∂αi

:*4 ∂D
∂αi

u g�C�79KY8=: <Y>*@#A 5�4B7=C�D < u�� � � w :O4 u�� ��� w�w �} F 7 ET> : A 4B79897 <B> : L 5�Ky8;5�N > 4B�TC E : E :$8 FI>*@-A 5�4B7=C�DQ5 E�h C�79D
4�:i: < 4 E :iP6�TC�7 < 7=Ky8=: < g-:*PO4�: A K < 5 E�h C�79D
4 <yET>�� D]7 <PO7(t E : <�<BAT<0E :j4�:*898=: < C�KB4�: @-A :aP*: < 4�:OKBNS: <0E 7 <BL 5�K65�7 <B< :OD
4 E : < : e
L K�: <�< 7=C�D <0L :OK�NQ:O4B465�D#4 E :aP�5�8=P A 8=:OK ∂J

∂αi:O4 ∂Gk
∂αi

f
1 ≤ k ≤ p

�
[ : A 8�8=:SP�5�8=P A 8 E : < g�:*PO4�: A K < 5 E�h C�7=D#4 < 5 <B< C#P*7 >*< c�8�5lk�C�DTPO4B7;C�D�C�b h :�PO4B7(kY: < 4 E]> 4p5�79898 > f^8=:SP�5�8=P A 8 E : <g�:*P*4�: A K < 5 E�h C�79D
4 < 5 <�< C#PO7 >*< 5 A]e k�C�D3PO4B7=C�D < P*C�D#4�K65�79D#46: <!> 465�D
4 < 79N{798;5�79K�:�� } F : e
L K�: <B< 7=C�D E :S8 F :OD < :ONdb]8=:

E : < g�:*PO4�: A K < 5 E�h C�79D#4 < : < 4�P�: L :OD E 5�D#4 E C�DTD > :�� W0>*> POK�79g�C�D <\E 5�D <�A D L K�:ON{7;:OKV4�:*N LT< f < C AT< k�C�KBNQ: E]> t

† �9� �����������p�O� T � �|� �1� �1�|�O�1�y�9� ��� ��� �6�1�|� � � � �p���������� s�1 s���#¡
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·-¸O¹=º�»]»½¼*¸�¾
¹�¿d»]À�¸*Á{Â=ÃOÀ6¸v¼*Ä-Å�¿�ÆBÂ=º�ÇxÈ
ÅxÉ|Ê
É|Æ6ÃOÁQ¸jÈGËI¼*Ä#Å3¿�ÆBÂ=º�ÇTÉaÌ�Í
Î µ*Ï#Ð�Ñ

∂J

∂αi
=
∂J

∂X

(
∂X

∂Xrig

∂Xrig

∂αi
+
∂X

∂D

∂D

∂αi

)

+
∂J

∂W b

(
∂W b

∂W

∂W

∂αi
+
∂W b

∂X

(
∂X

∂Xrig

∂Xrig

∂αi
+
∂X

∂D

∂D

∂αi

))

+
∂J

∂W

∂W

∂αi

+λTf,i

(
∂Rf
∂W

∂W

∂αi
+
∂Rf
∂X

(
∂X

∂Xrig

∂Xrig

∂αi
+
∂X

∂D

∂D

∂αi

) )

+λTs,i

(
∂D

∂αi
− F

(
∂L

∂X

(
∂X

∂Xrig

∂Xrig

∂αi
+
∂X

∂D

∂D

∂αi

)

+
∂L

∂W b

(
∂W b

∂W

∂W

∂αi
+
∂W b

∂X

(
∂X

∂Xrig

∂Xrig

∂αi
+
∂X

∂D

∂D

∂αi

))) )

Ò º�Â9Æ�¾]¸OÇoÓ1¿�ÔOÆ�º�ÀBÂ=É6¿�Ç#ÆY»3¿�ÀYÈT¼OÀBÂ9·�¼�¸*ÉYÈ]¸*Éi·�¿�ÀBÂ;¿�ÕT¹=¸*ÉYÈGËI¼OÆp¿�Æ Ñ

∂J

∂αi
=
∂J

∂X

∂X

∂Xrig

∂Xrig

∂αi
+

∂J

∂W b

∂W b

∂X

∂X

∂Xrig

∂Xrig

∂αi

+ λTf,i
∂Rf
∂X

∂X

∂Xrig

∂Xrig

∂αi

− λTs,i F

(
∂L

∂X

∂X

∂Xrig

∂Xrig

∂αi
+

∂L

∂W b

∂W b

∂X

∂X

∂Xrig

∂Xrig

∂αi

)

+

(
∂J

∂X

∂X

∂D
+

∂J

∂W b

∂W b

∂X

∂X

∂D
+ λTf,i

∂Rf
∂X

∂X

∂D

+ λTs,i

(

I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

)))
∂D

∂αi

+

(
∂J

∂W b

∂W b

∂W
+

∂J

∂W
+ λTf,i

∂Rf
∂W

− λTs,i F
∂L

∂W b

∂W b

∂W

)
∂W

∂αi

Ì�Í
Î µ�Ö-Ð

× ¸�Éi·�¸*ÔOÆ6¸OÅ]À�É0¿�È�Ø|º�Â9Ç#Æ6É λf,i ¸*Æ λs,i É�º�Ç
ÆYÔ6ÙTº�Â=ÉBÂ=ÉYÈ]¸\Æ6¸O¹9¹=¸vÉ�º�ÀBÆ�¸vÄ-Å3¸







∂J

∂W b

∂W b

∂W
+

∂J

∂W
+ λTf,i

∂Rf
∂W

− λTs,i F
∂L

∂W b

∂W b

∂W
= 0

∂J

∂X

∂X

∂D
+

∂J

∂W b

∂W b

∂X

∂X

∂D
+ λTf,i

∂Rf
∂X

∂X

∂D
+ λTs,i

(

I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

))

= 0

Ì�Í
Î µ�Ú-Ð
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ß�à�á�â�ã�ä!å#æ$Ý%ß�ç(è*é
ç,ê-ä�ë0ì�ã�ß�ê�á1ä�í3â�ë

î�ï=ðYð�ñ�ò#ó0ô]ñ�ò3õvð�ñ�ï9ö]ó�÷=ñ�òTðYô
öxðBø
ðBó�ùOúSû\ï9÷9òTü�ý�÷9þ�ûjô
÷=ð�õOþ�ûOó0õ*ñ�ö]ÿTï=üvðBö]÷���ý�ò#ó��






(
∂Rf
∂W

)T

λf,i −
(

F
∂L

∂W b

∂W b

∂W

)T

λs,i = −
(
∂J

∂W b

∂W b

∂W

)T

−
(
∂J

∂W

)T

(
∂Rf
∂X

∂X

∂D

)T

λf,i +

(

I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

))T

λs,i =

−
(
∂J

∂X

∂X

∂D
+

∂J

∂W b

∂W b

∂X

∂X

∂D

)T

����� Û
	��

ð�ñ�÷9ó0ðBñ�öTð�
�ñ�þBúSû\úSý�óBþB÷=õO÷;ûOï9ï=û��








∂Rf
∂W

−F ∂L

∂W b

∂W b

∂W

∂Rf
∂X

∂X

∂D
I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

)









T





λf,i

λs,i





= −








∂J

∂W b

∂W b

∂W
+

∂J

∂W

∂J

∂X

∂X

∂D
+

∂J

∂W b

∂W b

∂X

∂X

∂D








T

����� Û�Ü��

�\û�ú��OúSûoï=û�ð���û�õOó�ûOö]þ6ðSý�ô��|ñ�÷9ò#ó6ðSý�ð�ð�ñ#õO÷=ü�ðSý�ö���
�ñ�òTõOóB÷;ñ�òTðSõ*ñ�ò#óBþpý�÷9ò#ó�û�ðQð�ñ�ò#óSð�ñ�ï9öTóB÷=ñ�òTðSô]û*ðSðBø
ðBó�ùOúQû*ðï9÷9òTü�ý�÷9þ�û*ð �
1 ≤ k ≤ p

� �






(
∂Rf
∂W

)T

λkf,i −
(

F
∂L

∂W b

∂W b

∂W

)T

λks,i = −
(
∂Gk
∂W b

∂W b

∂W

)T

−
(
∂Gk
∂W

)T

(
∂Rf
∂X

∂X

∂D

)T

λkf,i +

(

I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

))T

λks,i =

−
(
∂Gk
∂X

∂X

∂D
+
∂Gk
∂W b

∂W b

∂X

∂X

∂D

)T

����� Û����

ñ�öxðBñ�öTð�
�ñ�þBúSû\úSý�óBþB÷=õO÷;ûOï9ï=û��








∂Rf
∂W

−F ∂L

∂W b

∂W b

∂W

∂Rf
∂X

∂X

∂D
I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

)









T





λkf,i

λks,i





= −








∂Gk
∂W b

∂W b

∂W
+
∂Gk
∂W

∂Gk
∂X

∂X

∂D
+
∂Gk
∂W b

∂W b

∂X

∂X

∂D








T

��������� �

��û*ðyðBø#ó�ù*úQû*ð%ï9÷9ò3ü�ý�÷9þ�û�ðyô
÷=ð�õOþ�ûOó6ðyõ*ñ�ö]ÿTï=ü*ðyô]ñ�ò
óyð�ñ�ò#óJðBñ�ï9ö]óB÷=ñ�òTð%ï=û*ð���û�õOó�ûOö]þ6ðyý�ô �|ñ�÷=ò#ó�ð
(λf,i, λs,i)1≤i≤nð�ñ�ò#óY÷=ôTûOò#óB÷"!#öTû*ð � �\ûvú��OúSû�#]ï=û*ð0ðBø#ó�ùOúSû*ðiï=÷9òTü�ý�÷=þ�û*ð0ô
÷=ð�õOþ�ûOó6ðYõ*ñ�ö]ÿ]ï=ü�ðYô]ñ�ò#ó0ð�ñ�ò#ó0ð�ñ�ï9öTóB÷=ñ�òTðYï=û*ð$��û*õ*ó�ûOö]þ6ð
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H

I�J KML�N�O'PRQ (λks,i, λks,i)(1≤k≤p , 1≤i≤n)
QRL�O(P�PRL�SFQTN"J�UVO'PBN"W4SXU�Q.Y�Z[U[\R].QBS�^"P_I P�` OXL�O�]Va(N"JXUVO(PbI@c�\BNdL�\BND`�QMN"e�O�N=fgU

W(SXUh^"U.Qia4U.jVPRUVSX\RQkI�J�KML�N�O(P_QlJ�]VcmUVOXJ�U.O(PkJ�U.Qon�L�OXjVPBNdL�OXQlJXL�O(PkQRL�O(Pkj�I ^"j.S�^"].Ql^"U.Qie�\_I�J�N"U.O(PRQ�`pJ�U Rf U.PlJXU
Rs q I N"QrcFI�QrJXU.Q�cFI \;I q�s PR\RU.QrJ�U�ntL�\ q U�Y>uv^[QMS�w�PxJ�L�OXjyJ�Uyj�I ^"j.S�^"UV\r^"U.Q�a4U.jVPRUVSX\RQxI�J�KML�N�O(P_Q λf UVP λsQRL�^"S�PBN"L�OFQ$J�SzQB{'QBP s.q Ui^�N"OX]�I N�\_UlJ�N"QRjV\_UVP$j.L�S�c�^"]�|







(
∂Rf
∂W

)T

λf −
(

F
∂L

∂W b

∂W b

∂W

)T

λs = −
(
∂J

∂W b

∂W b

∂W

)T

−
(
∂J

∂W

)T

(
∂Rf
∂X

∂X

∂D

)T

λf +

(

I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

))T

λs =

−
(
∂J

∂X

∂X

∂D
+

∂J

∂W b

∂W b

∂X

∂X

∂D

)T

}�~ Y�� G��

L�S�^"U.Q�a4U.jVPRUVSX\RQ@I�J KML�N�O(PRQ λkf UVP λks ` 1 ≤ k ≤ p `XQBL�^�S�PBN"L�OXQ$J�SzQB{'QBP s.q Ui^"N�OX]�I N"\RUlJ�NdQBj.\RUVP$j.L�S�c�^"]�|






(
∂Rf
∂W

)T

λkf −
(

F
∂L

∂W b

∂W b

∂W

)T

λks = −
(
∂Gk
∂W b

∂W b

∂W

)T

−
(
∂Gk
∂W

)T

(
∂Rf
∂X

∂X

∂D

)T

λkf +

(

I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

))T

λks =

−
(
∂Gk
∂X

∂X

∂D
+
∂Gk
∂W b

∂W b

∂X

∂X

∂D

)T

}�~ Y���� �

cmL�S�\@I�j.j�].J�UV\@I�S���e�\_I�J�N"UVO(P_Q�J�U�Q[ntL�OXjVPBN"L�OXQ�L���KMU.j.PBN=n�UVP$j.L�O'PB\_I N�O'PRU.Q�YFZ[U.Q$J�UV\RO�N"UV\RQ$QRL�O(P@I ^dL�\RQ$j�I ^"jVSX^"].Q
JXUi^dI q I O�N s \RUlQBS�N"a�I O(PRU�|







dJ

dα
=
∂J

∂X

∂X

∂Xrig

dXrig

dα
+

∂J

∂W b

∂W b

∂X

∂X

∂Xrig

dXrig

dα

+ λTf
∂Rf
∂X

∂X

∂Xrig

dXrig

dα

− λTs F

(
∂L

∂X

∂X

∂Xrig

dXrig

dα
+

∂L

∂W b

∂W b

∂X

∂X

∂Xrig

dXrig

dα

)

dGk
dα

=
∂Gk
∂X

∂X

∂Xrig

dXrig

dα
+
∂Gk
∂W b

∂W b

∂X

∂X

∂Xrig

dXrig

dα

+ λk
T
f

∂Rf
∂X

∂X

∂Xrig

dXrig

dα

− λk
T
s F

(
∂L

∂X

∂X

∂Xrig

dXrig

dα
+

∂L

∂W b

∂W b

∂X

∂X

∂Xrig

dXrig

dα

)

, 1 ≤ k ≤ p

}�~ Y�� ~ �

� Ulc�\BN"OXjVN�c�UkJ�Ui^�I q ].PB�XL(J�UkJ�Ui^v��].W4SgI PBN"L�O9I�J KML�N�O(PRUkJ�N"QRjV\ s P_UlU.QBP$JXL�OXjl^"UlQBS�N�a�I�O(Pk|
G Y�\R].QRL�SXJ�\RU�^"U.Q 1+p QB{'QBP sVq U.Qp^�N�OX]
I N�\RU.Q*j.L�S�cX^"].Q�Jp��].W4SFI�PBN"L�OXQ�J�N"QRjV\ s PRU�Q }�~ Y�� G
� U.P }�~ Y���� � } 1 ≤ k ≤ p

�
c�L�S�\$j�I�^"jVS�^"U.\�^"U.Q�N�OFj.L�O�O'SXU.Q λf ` λs U.P λkf ` λks ` 1 ≤ k ≤ p
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��£�¤�¥�¦M§.¨.©R§Vª�«"§�¬�­�® «"§V¯XªR¬$°�§.¬�­�§.¨.©R§V¯�ªR¬@®�° ¦M±�¤�¥'©R¬$°X® ¥X¬�«"§k¬B²'¬B©R³V´�§¶µ�·�£���·4¸º¹�±�¯Xª$¨�® «d¨V¯�«"§Vª$«"§.¬�»�ª_®�°�¤"§V¥(©_¬
dJ

dα

§.© dGk
dα ¼ k ∈ [1, p] ¼

ª_§.½4¯�¤d¬�¹g® ª�«d§i¹�ªR±'¨.§.¬R¬B¯X¬$°p¾�±�¹X©B¤�´�¤d¬R®�©B¤"±�¥z«"±(¨�® «�¹F® ª$»�ª_®�°�¤d§V¥(©R¬�£

¿ ®k´�ÀV©BÁF±(°�§Â°�§@«v¾�À.½4¯F®�©B¤"±�¥Ã®�° ¦M±�¤�¥'©R§Â°�¤"¬R¨VªR³.©R§@¹�§VªB´¶§V©[°�±�¥X¨Â°p¾�®�¨�¨.À.°�§Vª�®�¯�Ä
(p+1) ∗n °XÀVªB¤�­�À�§.¬º¥XÀ.¨.§.¬MÅ

¬_® ¤�ªR§�¬@® ¯�¹�ª_±(¨.§.¬R¬B¯X¬$°p¾�±�¹�©B¤�´�¤"¬_® ©B¤"±�¥z«"±(¨�®�«p¹F®�ª�»�ª_®�°�¤"§V¥(©@°�¯z¬B²'¬B©_³V´�§k®�ÀVªR±(À.«d®�¬B©B¤"½4¯F§
¼
Æ ¬R®
­�±�¤�ª�Ç

(

∂J

∂αi
,

(
∂Gk
∂αi

)

1≤k≤p

)

1≤i≤n´�±
²4§V¥�¥g® ¥(©r«d®�ªRÀ�¬B±�«�¯�©B¤"±�¥È°X§
1 + p

¬B²'¬B©R³.´�§.¬�«�¤"¥XÀ�® ¤�ª_§.¬r¨.±�¯X¹�«"À.¬r°X±�¥(©r«"§.¬�¤�¥F¨.±�¥�¥'¯X§.¬r¬R±�¥'©
λf ¼ λs

§V©
λkf ¼ λks ¼ i ∈ [1, p]

£
¿ ®,´�À.©BÁX±(°X§�°X§�«D¾�À.½4¯g® ©B¤"±�¥É®�° ¦M±�¤�¥'©R§z°�¤"¬R¨VªR³.©R§�¥�¾�®ÊÀV©RÀË®�¹�¹�«�¤"½(¯XÀ.§z½4¯X§�©RªR³.¬�ª_À.¨.§V´�´�§V¥(©�¹m±�¯�ª�«"§

¨�® «d¨V¯�«�°X§i»�ª_®�°�¤"§V¥(©@°�§l¬B²'¬B©R³.´�§.¬$¨.±�¯�¹�«"À�¬�ÌX¯�¤"°�§VÅv¬B©BªB¯X¨.©B¯�ªR§�Í���·�Î
¼
�VÏ4�

¼
��· Ï

¼
��·�Ð

¼
Ñ �6Òv£

Ó ® ¹X¹�§V«"±�¥X¬$½4¯X§l«d®h´�ÀV©RÁX±(°�§k°�§l«D¾�À.½(¯F® ©B¤d±�¥�«"¤�¥XÀ�® ªR¤"¬RÀ.§l°�¤"¬R¨VªR³V©R§l¹�§.ªB´�§V©@°p¾�®�¨.¨.À.°X§Vª@®�¯�Ä
(p+ 1) ∗ n»�ª_®�°�¤"§V¥(©_¬º¥XÀ�¨.§.¬R¬_® ¤�ªR§.¬�® ¯�¹�ª_±(¨.§.¬R¬B¯X¬�°p¾�±�¹X©B¤�´�¤"¬_® ©R¤"±�¥�«"±(¨
® «�¹F® ª[»�ª;®�°�¤"§V¥'©R¬º´¶±
²�§V¥X¥F® ¥(©[«�®kª_À.¬R±�«�¯�©R¤"±�¥Ã°�§

n
¬B²'¬B©R³V´�§�¬�«�¤�¥XÀ
® ¤�ªR§.¬$¨.±�¯�¹X«"À.¬

¼
©;® ¥X°�¤d¬�½4¯X§i«d®x´�ÀV©RÁX±(°�§l°�§i«D¾�À�½4¯F® ©B¤d±�¥z®�° ¦M±�¤"¥(©R§l°�¤"¬R¨VªR³.©R§o¥*¾�§V¥�ªR§.½4¯X¤"§VªB©

½4¯X§
1 + p

£[Ô�±�¯�ª�«"§�¬y¹XªR±�Õ�«"³.´�§.¬Ã°p¾�±�¹�©B¤�´�¤"¬_® ©B¤"±�¥Ö°�§Ë×t±�ªR´�§,®�²(® ¥(©�¯X¥Ø¤�¥(©RÀ.ªRÙV©�¤�¥F°�¯X¬B©BªB¤"§.«�µ0­�±�¤"ª�¹F® ª
§6Ä�§.´�¹�«"§¶Í��
·�Ð�Ò0¸

¼
«"§k¥X±�´rÕ�ªR§�°�§k¹g® ª_® ´¶³V©BªR§.¬Â°�§l×t±�ªB´¶§.¬@§�¬M©@©RªR³.¬@¬B¯�¹mÀVªB¤"§V¯XªÂ®�¯�Ä�¥X±�´xÕ�ªR§.¬Â°�§l×t±�¥F¨V©B¤"±�¥X¬

¨.±�¥'©Bª_® ¤�¥'©R§.¬ Æ ¬_® ©B¤d¬Ú×D® ¤�ªR§�£pÛb¥Ê»�ÀV¥XÀ.ª_® «
n

§.¬B©k°�§h«D¾�±�ªR°�ªR§�°�§h¹�«�¯F¬M¤"§.¯�ªR¬l¨�§V¥(©_®�¤�¥X§.¬�® «"±�ªR¬k½4¯X§
p
¥�¾�§6Ä�¨�³.°�§

¹F®�¬Â«�®¶°�¤�Ü
® ¤�¥F§�£gÝi§r©R§V«�«"§x¬R±�ªB©R§x½4¯X§r«d®¶ªR§V«d® ©R¤"±�¥Þ¬B¯�¤"­�® ¥(©_§�¹�§.¯�©oÙ.©BªR§r¨�±�¥X¬B¤"°�À.ªRÀ.§x¨.±�´�´¶§�­'ª_® ¤"§r¹�±�¯�ªo«d®
½4¯F®�¬M¤�ÅD©R±�©_®�«�¤�©RÀk°�§.¬@® ¹�¹X«�¤"¨�® ©R¤"±�¥X¬�¤�¥F°�¯X¬B©BªB¤"§.«�«"§.¬kÇ

n >> 1 + p.
Ýl® ¥X¬�¨�§.¬�¨�®�¬

¼
¤�«�§.¬B©$® «"±�ªR¬�¹�ª_À6×tÀVª_®�Õ�«"§l°p¾ ¯�©B¤"«�¤"¬R§Vª�«d®r´¶ÀV©BÁX±(°X§i°X§o«D¾�À.½4¯F® ©R¤"±�¥Ë®�° ¦M±�¤�¥(©R§i¹�±�¯Xª�¨�®�«"¨V¯�«"§.ª�«"§�¬

»�ª_®�°�¤"§V¥(©_¬$°�§.¬�×t±�¥F¨V©B¤"±�¥F¬$±�Õ�¦M§�¨V©B¤=×�§V©$¨.±�¥'©Bª_® ¤�¥'©R§.¬�£

ßkàDá âäãTågæxçièxé�êìëBågã�ímî�ågëRï@é�êðèxéòñTî$ó_ñTôxóõèré�êìö�ímî$èrë_é�÷Âågêìô�ågë_ó_ë_êFã�é�êìèxî$÷rêìó_é
ñTî$èríméøèxéøñTéTåXå�éøãTågôxèxé

ùTúdûbúvü ýÿþ��������	�
�	����
"þ��������������������bþ�������  þ����!�� #"$��%&�#�
¿ §l¨�®�«"¨V¯�«�°�§.¬�»�ª_®�°�¤"§V¥(©R¬$°�§.¬[×�±�¥X¨V©R¤"±�¥X¬�±�Õ�¦M§.¨.©B¤=×�§V©�¨�±�¥(©Bª;® ¤�¥(©R§�¬�¹F® ª�«d®x´�À.©BÁX±(°X§i°X§o«D¾�À.½4¯F®�©B¤"±�¥

«�¤�¥XÀ
® ªB¤"¬RÀ.§Ã°�¤"¬R¨VªR³.©R§y¥XÀ�¨.§.¬R¬B¤�©R§y«�®ËªRÀ.¬R±�«"¯�©B¤"±�¥ °�§.¬
n

¬B²'¬B©R³V´¶§.¬x«�¤�¥FÀ�® ¤�ªR§�¬x°�¾�À.½4¯g® ©B¤"±�¥F¬h°�¤"¬R¨VªR³.©R§.¬�µ�·�£"����¸6£
' ±�´�´�§$¹�±�¯�ª «"§$¨
® «"¨V¯�«g°�§$«d®l¹�±�¬M¤"©B¤"±�¥y°p¾�À�½4¯�¤�«�¤�ÕXªR§Â®�ÀVªR±'ÀV«d®�¬B©B¤"½(¯X§

¼
¨�¾�§.¬B©MÅ Æ Åv°�¤�ªR§$«"§@¨�®�«"¨V¯�«g°�§.¬ ¤�¥X¨.±�¥�¥(¯X§�¬

°p¾�À.©_® ©
W

§V©
D ¼

¬R±�«"¯�©B¤"±�¥F¬o°�¯,¬M²�¬M©_³V´�§x°p¾�À.½4¯F®�©B¤"±�¥X¬o¥X±�¥�ÅD«�¤�¥FÀ�® ¤�ªR§.¬i°�¤"¬R¨Vª_³V©R§.¬�µ���£)(4¸
¼
«"§.¬o»�ª_®�°�¤"§V¥(©R¬i°�§�¬

¤�¥X¨�±�¥�¥(¯F§.¬r°�¾�ÀV©_® ©r¹g® ªrª_® ¹�¹m±�ªB© Æ
α ¼

¬R±�¥'©r¨
® «"¨V¯X«"À.¬x¬M¯X¤�­�® ¥(©r¯X¥X§¶¹�ªR±'¨.À.°�¯XªR§¶¤�©RÀVª;® ©B¤�­�§y°�¯È© ²(¹�§¶¹m±�¤�¥(©* Ä�§�£+ * ¥�°�§o°XÀ.¨.±�¯X¹�«"§Vª�«"§o¬B²'¬B©R³.´�§o«"±�ªR¬�°X§Â«d®rªRÀ.¬R±�«"¯�©B¤"±�¥
¼
¯�¥F§Â¹XªR±(¨.À.°�¯�ªR§ Æ ª_§V©_® ªR°Ã§.¬B©�°�§Â¹X«�¯X¬[¯�©R¤�«�¤"¬RÀ.§

Í���·�Ï
¼
�
·�,�Òv£ ' §V«"«"§6Åv¨V¤T¨.±�¥F¬M¤"¬B©R§ Æ ªR§V©_®�ªR°�§VªÂ«D¾�®�­�® ¥X¨.À.§r°p¾�¯�¥X§r°�¤"¬R¨V¤�¹X«�¤�¥X§�¹F® ªÂª_® ¹X¹�±�ªB© Æ «v¾�® ¯�©Bª_§k«"±�ªR¬Â°�§�«d®

ªRÀ.¬R±�«"¯�©B¤"±�¥Ë°�¯z¬B²'¬B©R³.´�§�£XÛ�¥Ë°p¾�® ¯X©BªR§.¬�©_§VªB´�§.¬�¯X¥X§l°X§.¬$À.½4¯F®�©B¤"±�¥F¬�§�¬M©@¨_ÁX±�¤"¬M¤d§i¹�±�¯Xª$¨�®�«"¨V¯�«"§.ª
dW

dα
= lim

q−>∞

(
dW

dα

)(q)

.

Ûb¥ »4ÀV¥XÀVª;® «
¼
¤�«o¬.¾�®�»�¤�©�°�§Ë«D¾�À.½(¯F® ©B¤"±�¥ dRf

dα

µ0­�±�¤�ª�À.½4¯F® ©R¤"±�¥ µ�·�£��
��¸B¸6£ ¿ §Ë»�ª_®�°�¤d§V¥(©�°�¯Ø¨_ÁF®�´�¹Ø°�§9°�À6Å
¹�«d®�¨.§V´�§.¥(©l¹F®�ªlª_®�¹�¹�±�ªR© Æ

α
½4¯�¤º® ¹�¹F®�ª_® ¤�©�°X® ¥X¬k¨�§V©B©R§�À.½4¯F®�©B¤"±�¥ §.¬B©�® «d±�ªR¬k¨.§V«"¯�¤bÀV­�® «�¯XÀ Æ «D¾ ¤"©RÀVª_® ©R¤"±�¥

¹�ªRÀ�¨.À.°�§.¥(©R§lµ
q−1

¸>°�§[«d®Â¹�ªR±'¨.À.°�¯XªR§[¤�©RÀVª_®�©B¤�­�§�£ ¿ ¾�® ¯X©BªR§�À.½4¯g® ©B¤"±�¥h¹m§V¯�©b® «"±�ª_¬�ÙV©Bª_§º¯X©B¤�«�¤"¬RÀ.§[¹�±�¯�ª�¨�® «"¨.¯�«"§Vª

dD

dα
= lim

q−>∞

(
dD

dα

)(q)

.
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^`_�a]b)cFd�egf�hBijd�kBi�kBlKc#_�m&hn_�bok6p�q1cFfDeXr#i dRs
dα

s8t r#egl�k6p�q1cFfDeXr#i s�u$v [;w�xDx v�y hnd�lKc#m&eXhBiHf�m$q{zK|1cF}j~�m&h6a�d�lWcFi�m&h6q&l�a
z]r#i�a�hBl t cFfDe t h]a�~1cFl!lKcF~&~�r#lDf��

α
p�q&e�cF~�~�cFlKcFeXf�m�cFi�a�z6h6fDf�h�k6pHq�cFfDeXr�i�h6aDf�cF_Xr�l�a!z]hB_gq&e�k t cF_gq�k���_�b egf�k6lKcFfDeXr�i

z]r#q&lKcFi/f�h s
q
x m&h�_VcZ~&l�rHz]k6m$q&l�h@egf�kBlWcFfDe t h vy h]a�aD�/aDf��B}{h]a6�







∂Rf
∂W

∂W

∂αi
+
∂Rf
∂X

∂X

∂D

∂D

∂αi
= −∂Rf

∂X

∂X

∂Xrig

∂Xrig

∂αi

−F ∂L

∂W b

∂W b

∂W

∂W

∂αi
+

(

I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

))
∂D

∂αi
=

+F

(
∂L

∂X

∂X

∂Xrig

∂Xrig

∂αi
+

∂L

∂W b

∂W b

∂X

∂X

∂Xrig

∂Xrig

∂αi

)

, 1 ≤ i ≤ n
s�u$v \F�/x

a�r#i/f�lKk6a�r#_gq�anegf�kBlKc#fDe t hB}�hBiHf�m&h�_VcY}�cFi&eX�BlKh�aDq�e t cFiHfKh s _�boh>�/~�r�aKcFiHf
(q)

l�hB~�l�k6a�hBiHf�h�_�boegf�kBlKc#fDeXr#i�iHq�}{kBl�r
qm&q�~&l�r/z6h6a�aDq�a�m&h@l�k6a�r#_gq&f�eXr#i x��







∂Rf
∂W

(
∂W

∂αi

)(q)

= −∂Rf
∂X

∂X

∂D

(
∂D

∂αi

)(q)

− ∂Rf
∂X

∂X

∂Xrig

∂Xrig

∂αi

(

I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

))(
∂D

∂αi

)(q+1)

= F
∂L

∂W b

∂W b

∂W

(
∂W

∂αi

)(q)

+F

(
∂L

∂X

∂X

∂Xrig

∂Xrig

∂αi
+

∂L

∂W b

∂W b

∂X

∂X

∂Xrig

∂Xrig

∂αi

)

.
s�u$v \���x

��r#q�l!a]b)cF��lKcFi�zK|&egl�m&hQ_�b egi t hBl�aDeXr#i�m�h�_Vc�}�c#fDlDeXz6h
F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

) i�r#q�a�c t r#i�a�hBq�_�b eXm&k]h
m�b)cF~&~�_geXp�q�h6lQ_Vcj}��B}{hGf�h6zK|�i&eXp�q�hJm&h�lKhBfKcFl�m��j_Vc�aDh]z6r#i�m�hGk6p�q1cFfDeXr#i�m$q�a��$a�fK�B}{h s�u$v \���x v ~&_gq�aQ~&l�k6zBeVaDkB�
}�hBiHf]��m�b q&f�eg_geXa�hBl (∂D

∂αi

)(q) ~�r�q&l�k t cF_gq�h6ln_Xh�fKhBlD}{h

F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

)
∂D

∂αi

_Xr�l�a�m$q�z]cF_XzBq�_�m&h (∂D
∂αi

)(q+1) v
� _�b)kBfKcF~�h

(q)
m&q�~&lKrHz6h6a�aDq�anegf�k6lKcFfDeM��p�q&e�_Xh�l�k6a�r#q�f]�$_Xh�aD�/aDf��B}{h s�u$v \#�Hx a]bok6zBl�egf �







∂Rf
∂W

(
∂W

∂αi

)(q)

= −∂Rf
∂X

∂X

∂D

(
∂D

∂αi

)(q)

− ∂Rf
∂X

∂X

∂Xrig

∂Xrig

∂αi
(a)

(
∂D

∂αi

)(q+1)

= F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

)(
∂D

∂αi

)(q)

+ F
∂L

∂W b

∂W b

∂W

(
∂W

∂αi

)(q)

+F

(
∂L

∂X

∂X

∂Xrig

∂Xrig

∂αi
+

∂L

∂W b

∂W b

∂X

∂X

∂Xrig

∂Xrig

∂αi

)

(b)

.

s�u$v \���x� h�~&l�r/z6h6a�aDq�anegf�k6lKcFfDeM��~&l�rHz]�6m&h@m�h�_VcZ}�cFi&eV�Bl�h@aDq&e t cFiHfKh �
[ v egi&eXfDeVcF_geXaKc#fDeXr#i�m&h�_VcZ~&l�rHz]k6m$q&lKh�egf�k6lKcFfDe t h �
r#iGa�h�~&_Tc#z6h���_Vc�~�r�a�eXfDeXr#iGm�b)k6p�q&eg_Xeg�&l�h�c#k6l�rHkB_Tc#aDfDeXp�q�h	z]r#lDl�h6aD~�r�i�m�cFi/fO�

α
s _Xh	zK|1cF}j~Gm&h]a�d�lWcFi�m&hBq�l�a
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²6³#´�µ�¶B·�¸#¹FºD»g¸�¶6µjµD¼&·Z½X¶¿¾�¹F»g½g½T¹FÀ�¶ X(α) = X(Xrig(α), Zrig, D(α)) ¶6µDº W (α) ¶BºZ½X¶�²KÁ�¹F¾{Â
Ã&¶]µ
Ã&ÄBÂ&½T¹#²6¶B¾�¶B´Hº�µj¹FÂ�Â&½g»XÅ�¼�Ä¿¹F¼�¾�¹F»g½X½V¹FÀ�¶ Z(α) = Zrig

¶6µDº D(α) Æ ¶BºZ½X¶�À�·W¹#Ã$»X¶B´/ºZÃ$¼
²KÁ�¹F¾{Â�Ã&¶]µ
Ã&ÄBÂ&½T¹#²6¶B¾�¶B´Hº�µÇÃ&¶4½V¹�µ�º�·D¼�²BºD¼�·�¶4Â�¹F·�·K¹FÂ�Â�³#·Dº�¹F¼È¸�¶]²Bº�¶B¼&· α ¶6µDºÇµD¼&Â&Â�³�µDÄ4»XÃ�¶B´HºD»XÅH¼�¶B¾{¶6´Hº�´H¼&½
(
∂D

∂αi

)(0)

= 0

 $É ½X¶�À�·W¹#Ã$»X¶B´/º�Ã$¼G²KÁ�¹F¾{Â�Ã&¶]µ�À�·K¹F´�Ã�¶B¼&·�µ�¹#Ä6·�³HÃ$Ê/´�¹F¾j»VÅ�¼�¶6µ�²6³�´�µ�¶B·D¸#¹#ºD»g¸�¶6µ�Â1¹F·�·K¹#Â&Â�³#·�º�Ë α Ì
(
∂W

∂αi

)(q) Ì
¶6µDº�²]¹#½X²B¼&½XÄGËYÂ�¹F·�ºD»g·�Ã&¼�À�·W¹#Ã$»X¶B´/º (∂D

∂αi

)(q) ¶B´�¼�ºD»g½g»XµK¹F´/ºn½�ÍoÄ6ÅH¼�¹FºD»X³�´ (a) Ã$¼�µ�Ê$µ�ºKÎB¾{¶�Ï�Ð É) �Ñ Æ
Ð É ½X¶@À�·K¹#Ã&»X¶B´HºQÃ$¼�²WÁ�¹F¾jÂ�Ã�¶6µ�Ã�ÄBÂ&½V¹�²6¶B¾{¶6´Hº�µ�Ã�¶@½V¹jµDºD·D¼�²Bº�¼&·�¶@Â�¹F·�·K¹#Â&Â�³�·Dº�¹F¼Ç¸�¶6²BºK¶B¼&· α ËZ½�Í »gºKÄB·K¹ÓÒ
ºD»X³#´ÇµD¼&»g¸�¹F´Hº�¶ Ì
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∂D

∂αi
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∂W

∂αi

)(q) ¶Bº (∂D
∂αi

)(q) ¶Bº�Ã&¶
½�ÍoÄ6Å�¼1¹FºD»X³#´ (b) Ã$¼ÇµDÊ/µDº�Î6¾{¶{Ï�Ð É) �Ñ ÆÔ É ½X¶6µ�²B·D»gºKÎB·�¶6µ�Ã&¶4²]³#´H¸�¶6·DÀ�¶B´�²]¶4µ�³#´Hº�Ä6¸#¹F½g¼�Ä]µ]Ï ε1 ¶Bº ε2 µ�³#´HºÇÃ&¶B¼$ÕÖµD¶6¼&»g½Xµ�Ã&¶�ºK³#½XÄB·K¹#´�²6¶Ø×�Õ$Ä6µÇ¹F¼
Â&·�Ä]¹#½V¹FÙ&½X¶ ÆÛÚ







∣
∣
∣

∣
∣
∣
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∂αi

∣
∣
∣

∣
∣
∣
2
≤ ε1

∣
∣
∣

∣
∣
∣

(
∂D

∂αi

)(q+1)

−
(
∂D

∂αi

)(q) ∣
∣
∣

∣
∣
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≤ ε2

∣
∣
∣

∣
∣
∣

(
∂D

∂αi

)(q) ∣
∣
∣

∣
∣
∣
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Ï�Ð É) �Ü Æ

Ý$É µ�»O½X¶6µ�²B·D»gºKÎB·�¶6µ�Ã&¶J²6³#´H¸�¶B·DÀ�¶B´�²6¶Gµ�³#´HºÛµ�¹#ºD»Xµ�Þ�¹F»gº�µQ½V¹{Ù�³#¼�²6½X¶�»gº�Ä6·K¹FºD»g¸�¶Gµ]Í)¹F·D·�ß6º�¶ Ì µD»g´�³#´Ø¶B½g½X¶G·�¶BÂ�¹#·DºÛË½�ÍoÄBºK¹#Â�¶ 2
É

à ²KÁ�¹�Å�¼�¶ÇÂ�¹#µ�Ã&¶�²6¶ÇÂ&·�³/²6¶6µ�µD¼�µ{»gº�Ä6·K¹FºD»MÞ Ì ½�ÍoÄ6Å�¼�¹#ºD»X³#´ (a) Ã$¼áµDÊ/µDº�Î6¾{¶âÏ�Ð É) �Ñ Æ Ã&³#»gº�ßBºD·K¶�·KÄ6µ�³#½g¼�¶ É	ã ¹
¾�¹#ºD·D»X²6¶!äD¹#²]³#Ù&»X¶B´�´�¶ ∂Rf

∂W
Ã&¶]µ�Ä6Å�¼1¹FºD»X³#´�µ�Â�³#¼�·�½V¹J¾{Ä]²]¹F´&»VÅ�¼�¶�Ã&¶6µ!å�¼&»XÃ&¶]µ�Ä6²B·D»Xº�¶Ûµ�³�¼�µ!ÞS³#·�¾{¶�Ã&¶Û·�Ä6µD»XÃ$¼

Ã$»Xµ�²B·K¶Bº�¶]µ�º�¼&´�¶n¾�¹FºD·D»X²]¶�²6·�¶B¼�µ�¶�ºD·�Î6µ!Ã$»Mæ�²6»g½X¶�Ë�»g´/¸�¶B·�µ�¶B·�Â�¹#·	¼&´�¶n¾�ÄBºDÁ�³HÃ&¶QÃ$»g·�¶]²Bº�¶�Â�³#¼&·�½X¶6µ�Â&·�³#Ù�½XÎB¾{¶]µ
Ã&¶YÀ�·K¹#´�Ã&¶YºK¹F»g½g½V¶ É�ç »Mè�ÄB·�¶B´/º�¶6µÛ¾�ÄBºDÁ�³/Ã&¶6µÛ»gºKÄB·K¹FºD»X¸�¶6µ�³�´Hº@ÄBº�ÄZÃ&ÄB¸�¶6½X³#Â&Â�Ä]¶6µÛÂ�³�¼&·�·�Ä6µ�³#¼�Ã&·�¶Y²]¶YµDÊ/µDº�Î6¾{¶ ÌÂ�¹F·�¾j»é½V¶6µ�Å�¼�¶B½g½V¶6µÛ½V¹�¾�ÄBºDÁ�³/Ã&¶�êDë�¶B´�¶B·W¹F½g»gì]¶]ÃØ¾j»X´&»g¾�¹#½é·�¶6µD»XÃ$¼1¹F½é¾�¶BºDÁ�³/Ã�Ï�ë�í�îQï!ð Æ�ñ�ò �;ó�Ü;ô Å�¼&»é¼�ºD»g½g»Xµ�¶¼&´�¶ÇÂ�·�³Fä�¶6²6ºD»X³#´áµD¼&·�½�Ío¶6µDÂ�¹#²6¶�Ã�¶�õ�·DÊH½V³;¸
¶Bº�Ã&¶6µ�º�¶6²WÁ&´&»XÅH¼�¶6µ�Ã&¶Ç¾j»g´�»g¾j»XµK¹Fº�»X³#´áÃ$¼ö·�Ä]µ�»VÃ$¼ö¾{¶6µD¼&·W¹F´Hº
½�ÍoÄ6²;¹F·DºY¶B´/ºD·�¶�½�ÍoÄ6ÅH¼�¹FºD»X³�´�Ë�µ�¹#ºD»Xµ�Þ�¹F»g·K¶�¶6ºJ½�ÍoÄ6Å�¼1¹FºD»X³#´
Ë�½�Í »gº�ÄB·W¹FºD»X³#´÷²]³#¼&·K¹F´/º�¶�Ã$¼âÂ&·K³H²6¶6µ�µD¼�µJ»gº�ÄB·K¹#ºD»MÞQÃ&¶
·�Ä6µ�³#½X¼&ºD»X³#´ Ì ¶Bº�Ã�¶6µ	¾{Ä6ºDÁ�³HÃ&¶]µ	»g´�µDÂ&»g·�Ä]¶6µ�Ã&¶6µ	º�¶]²KÁ&´&»XÅH¼�¶6µ�Ã&¶QµD»g¾J¼&½V¹#ºD»X³#´�Ã&¶6µ�Ä6²6³�¼&½X¶B¾�¶B´Hº�µ�µDºK¹#ºD»X³#´&´1¹F»g·�¶6µ Éø Ío¶]µ�ºQ¼&´�¶@¾�ÄBºDÁ�³/Ã&¶�Ã&¶G²6¶@º`Ê/Â�¶�Å�¼�»�¶6µDº�¼&ºD»X½g»Xµ�Ä6¶�Ã�¹#´�µ�½X¶�²6³/Ã&¶�Ã&¶Gµ�»X¾J¼&½V¹#ºD»X³#´ÇÂ�³#¼&·�½T¹Z¾{Ä]²]¹F´&»XÅH¼�¶�Ã&¶]µ
å�¼&»VÃ&¶6µ�¶B¾jÂ�½X³;Ê�Ä�Ã�¹F´�µ�½X¶Û²;¹#Ã$·�¶ÛÃ�¶Û²6¶Bº�º�¶ÛÄBºD¼�Ã&¶ É/ç Ä6²6·D»g¸�³#´�µ!½TËGÂ&½g¼�µ�Â&·KÄ6²B»Xµ�ÄB¾�¶B´Hº É/ã ¹G¾�¹FºD·D»V²6¶ ∂Rf

∂W
¶6µDº

¹FÂ&Â�·�³H²KÁ�Ä6¶�Â�¹F·�¼&´�¶!¾�¹FºD·D»V²6¶ ∂Rf
∂W

(APP ) É#ã ÍoÄ6Å�¼1¹FºD»X³#´ (a) ¶6µDº�¹#½X³#·�µ�·�Ä6µ�³#½g¼�¶�µ�¶6½X³#´Z½�Í)¹F½XÀ�³#·D»gº�Á&¾{¶�»gº�Ä6·K¹FºD»MÞ Ú
∂Rf
∂W

(APP )
((

∂W

∂αi

)(q)

(l)

−
(
∂W

∂αi

)(q)

(l−1)

)

= −∂Rf
∂W

(
∂W

∂αi

)(q)

(l−1)

−∂Rf
∂X

∂X

∂D

(
∂D

∂αi

)(q−1)

− ∂Rf
∂X

∂X

∂Xrig

∂Xrig

∂αi

Ï�Ð É) �ó Æ

³#ùÇ½�Í »g´�Ã$»V²6¶ (l) ·�¶BÂ�·�Ä6µ�¶B´Hº�¶@½�Í »gºKÄB·K¹FºD»V³#´�´H¼�¾{ÄB·�³ l Ã$¼�Â�·�³H²6¶]µDµD¼�µ�Ã�¶�·�Ä6µ�³#½X¼&ºD»X³#´ Éã ¶Y²6³HÃ�¶JÃ�¶JµD»g¾Y¼&½V¹FºD»V³#´�¼&ºD»g½g»Xµ�Ä Ì ²6³�¾j¾{¶YÃ&¶J´�³#¾YÙ&·�¶6¼$ÕØ²6³HÃ&¶6µÛÂ�³#¼�·�½V¹�µD»g¾J¼�½V¹FºD»X³�´Ø´/¼&¾{ÄB·�»XÅ�¼�¶YÃ&¶]µÄ6Å�¼1¹FºD»X³#´�µ@Ã&¶Z½V¹�¾{Ä]²]¹F´&»XÅH¼�¶jÃ&¶6µ�å�¼&»XÃ�¶6µ Ì ¼&º�»g½g»Xµ�¶Z½X¶Zµ�²WÁ�ÄB¾�¹�´H¼�¾{ÄB·D»VÅ�¼�¶Jê�Ù�¹#²WúHû�¹F·KÃ/Ò�ï	¼&½X¶6· ñ ³�¼üÅH¼�¹#µD»MÒý ¶Bû�º�³#´ Ì ²6³#´�´H¼�Â�³#¼&·!µ�¶6µ	Ù�³�´&´�¶6µ	Â�·�³#Â&·�»XÄBº�Ä6µ�Ã�¶�²]³#´H¸�¶B·�À�¶B´�²]¶�¶Bº!Ã&¶QµDºK¹FÙ&»g½X»gº�Ä Ì Â�³#¼&·�·�Ä6µ�³#¼�Ã$·�¶�½X¶6µ�Ä6²]³#¼$Ò½X¶B¾�¶B´Hº�µ�µDºK¹Fº�»X³#´&´�¹#»g·�¶6µ É ø ¶B½g¼&»MÒ`²B»�²]¹F½V²B¼&½X¶Q½V¶�²KÁ�¹#¾jÂ�Ã�¶6µ!À�·K¹F´�Ã&¶B¼&·�µ�²]³#´�µ�¶B·D¸#¹#ºD»g¸�¶6µ�Ã�¶Q¾�¹F´�»XÎB·�¶�»gº�ÄB·K¹#ºD»g¸�¶
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(

I

∆t
+
∂Rf
∂W

(APP )
)

(
W(l) −W(l−1)

)
= −Rf (W(l−1)) = RHS(W(l−1)) .
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A(E-`]_�T�E,A�J)F4>(?G;raG<v=1A�D]_ Q A�?3F1T�EG<'a3<�;¤x,E3F4a3<9;r<�Joa3<v=/AwDV_ Q A�?GF4T�EG<'a3<�;o;[J�C)E Q J�EGC)<�;r;)>(?�J Q A(= Q E3=4_9;r;�E3FIH(A�?�J
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(λf )
(q) .

u <rH�< Q J <�E3C λs T�E3F-A�U3UWA�C A�FIJ�aGA(?G; Q <�J)J)<r_9T�E,A�J)F4>(?5<�;�J�A(=4>(C); Q <�=IE3F�_�H(A�=4EG_o¸g=�� FIJ _�C A�J�F1>(?�U3C)_ Q _9a3<�?�J < L q−1
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Ñ[Ét¾�ÈyÌ¶É�Å Ç�Ì�¾�É
Á�Â�Å2À�Ì�Ö1Ò%ÃqÓ�Ç�¾�É

§ ½4Ë Å2×�×
¿�Ñ[Ê�ÌÔÅ Ç�Ì¶¾�É RHS ÆtÑqÀ�Ì�Ø�É�Ã¤Æ
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Ã�½4Ë Ñ�Á�Â�Å2Ç*Ì¶¾�ÉwÚo¿�Ñ[À*¾�Â�Æ9¿�Ã2Û
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∂ρc

(
(ρu)c nlx + (ρv)c nly + (ρw)c nlz

)

∂pl
∂(ρu)c

=
∂pc

∂(ρu)c
− ∂cc
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∂
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â	ä�ã�ðXÚ�ê�äJú�þ-ï�â�à
è#Û�ïpâ î â�� î ÚTÚ*ä�Þ�Ú�ð1â���×�Øaâ	Û���ã(ä�Û
â�ã(Û�Ú�õ2Ü�à#ã$Þ�ï�Ú�è�â�Û î�ò Ú0þ5èKï*Û�ã$Ú*Ø�Ý�Ú­ù0ÒPÿkÚ�ê�Ý�×�à�Û��VÚ�ênÌ-Ò
	 í Ì-Ò�	�Ú�änÌ-Ò
	�è�Û�ïpê�Ú�Ørä�Ú*Ø5äî�ò ï*Ù�× î à#ä�ã$×�ØéÞ#Ú î âxØ#×�Û�ç�Ú

L2
Þ-àöç�Ú*ç���Û�Ú�Þ�Ú�Þ-Û
×�ã(ä�Ú�Þ#Ú î âxè�Û�Ú*ç�ã
�*Û�Ú�ï�órà�â	ä�ã�×�ØéÞ�Ú î�ò ïpóuà�â	ä�ã�×�Ø

(a)
Þ�à

ê��5ê�ä���ç�Ú Þ ò ï�óuàPâ	ä�ã$×�Ø�ê�õ1Ì-Ò'÷��uù�õ�ï�órà�â	ä�ã�×�Ø¤Ýp×�Û�Û�Ú�ê�èV×�Ø#Þ#â	Ø5ä�ì î â�Þ�ï�Û�ã(Ù�ï�Ú�Þ�Ú î â�Û�Ú î â	ä�ã$×�ØöÞ�Ú�Ý�×�Ø#ê�Ú*Û�Ù�â	ä�ã$×�Ø
Þ#ÚTç�â�ê�ê�ÚTè�â	Û�Û�â	è�èK×�Û�ä!ì

α
ùOâ	à±Ý�×�à�Û
ê�Þ-àaè�Û�×rÝ�Úpê�ê�à�ê�Þ�ÚAÛ�ï�ê�× î à�ä�ã$×�ØaÞ-àaê��5ê�ä���ç�Ú�õ1Ì�Ò'÷���ù0Ò�ÕJÚ�ênÝ�×�à�Û��VÚ�ê

èKÚ*Û�ç�Ú�ä�ä�Ú*Ørä~Þ�Ú�Ùrã$ê�à�â î ã$ê�Ú*Û î â�Ýp×�ØrÙ�Ú*Û�Ü�Ú*Ø#ÝpÚ�Þ�ÚpêgÜ�Û
â�Þ-ã$Ú*Ørä
ê
∂W/∂αi

Ú�ä
∂D/∂αi í 1 ≤ i ≤ 3

â	à�Ý�×�à�Û�êzÞ�à
è#Û�×rÝ�Ú�ê�ê�à#ê=Þ#ÚnÛ�ï�ê�× î à�ä�ã$×�ØkÒ

ÿkÚ�Ýpâ î Ý*à î Þ#Ú�ê�Ü�Û
â�Þ-ã$Ú*Ørä
ê!ã$Ørä�Ú*Û�ç�ï�Þ-ã{â	ã(Û�Ú�ê
∂W/∂αi

Ú�ä
∂D/∂αi í 1 ≤ i ≤ 3

èVÚ�à�ä��*ä�Û�Ú�Ý�×�ç è�â	Û
ï
â�à�Ýpâ î Ý�à î è�â	Û�Þ�ã��Kï*Û�Ú�Ø#Ý�Ú�ê�ú#Ø#ã$Ú�êpÒPÿvÚpê=ú�Ü�à�Û�Úpê�Ì-Ò$Ë�� í Ì-Ò(Ë­÷�Ú*änÌ-Ò(Ë­Ì�Ý�×�ç�è�â	Û�Ú*Ø5ä î Ú�êOÜ�Û
â�Þ�ã$Ú*Ørä�ê�Þ-à�Ý�æ�â	ç èÞ#Ú�ä�×�Û�ê�ã$×�Ø.â	àxê
â	à#ç�×�Ø�Þ�Ú î�ò â	ã î Ú�è�â�ÛJÛ
â�è�èV×�Û�ä=â	à�þSä�Û
×�ã$êJè�â�Û
â	ç���ä�Û�Ú�êYÞ#ÚOð�×�Û�ç�Ú!ï*ä�à#Þ�ã$ï�ê�õ2èK×�à�Û î Ú�êJä�Û
×�ã$ê
Ýp×�Ø#Þ-ã(ä�ã$×�Ø#ê�Þ�Ú!Ù�× î Ý�×�Ø�ê�ã$Þ�ï*Û�ïpÚ�ê�ù~Ý­â î Ý*à î ï�êYè�â�Û î âAç�ï*ä�æ�×rÞ�Ú�Þ�Ú î�ò ï�órà�â	ä�ã�×�Ø î ã(Ø#ïpâ�Û�ã$ê�ï�Ú�Þ ò à�Ø�Ú!è�â	Û�ä�Ú*ä=è�â�Û
Þ�ã��Kï*Û�Ú�Ø#Ý�Ú�êgú#Ø#ã$Ú�ê~Þ ò â	à#ä�Û�Ú�èPâ	Û�äpÒrÿkÚ�êgú#Ü�à�Û�Ú�êJÌ-Ò(Ë�� í Ì-Ò(Ë�øAÚ*äJÌ�Ò(ËpÍ�Ý�×�ç è�â	Û
Ú*Ørä~óuàPâ	ØräJìTÚ î(î Ú�ê î ÚpêgÜ�Û
â�Þ-ã$Ú�Ørä�êÞ�à±Ý
æ�â	ç�è±Þ�ÚTýPÚ0þ5ã$×�Ø¤â	à±ê
â	à#ç�×�Ø±Þ#Ú î�ò â	ã î ÚAè�â	ÛnÛ�â	è�èV×�Û�ä�â	à-þ�ä�Û�×�ã$ênè�â�Û
â	ç���ä�Û�Ú�ê!Þ�ÚTð�×�Û�ç�Ú�ï�ä�à#Þ-ã$ïpênÚ�ä
èK×�à�Û î ÚpêXä�Û
×�ã$ê�Ý�×�Ø#Þ�ã(ä�ã$×�Ø#ê�Þ�ÚYÙ�× î Ý�×�Ø�ê�ã$Þ�ï*Û�ï�Úpê í Ý­â î Ý*à î ï�êFè�â	Û î â�ç�ï*ä�æ#×5Þ�ÚYÞ�Ú î�ò ï�óuà�â�ä�ã$×�Ø î ã(Ø�ïpâ	Û�ã�ê�ïpÚYÞ ò à�Ø�ÚèPâ	Û�ägÚ�ä�è�â�ÛgÞ-ã���ï*Û�Ú*Ø#ÝpÚ�êFú#Ø�ã�Ú�êgÞ ò â	à#ä�Û�ÚYèPâ	Û�äpÒuÿkâ�Þ�Ú*ç�ã�ô&Ú*Ø5Ù�Ú*Û�Ü�à#Û�Ú=Þ�Ú î�ò â	ã î ÚYç�Úpê�à�Û�Ú

0.6m
Ò�ÿ ânè�â�Û�ä�ã$Ú�Þ�Ú�ê

Ýp×�à�Û��VÚpê!ê ò ï*ä�Ú*Ø�Þ#â	Ørä�Þ�Ú
y = 0.6m

ì
y = 1m

Ý�×�Û�Û�Úpê�èK×�Ø#Þ¤ì î�ò â	ç�×�Û�ä�ã$ê�ê�Ú*ç�Ú*Ø5ä!ê�è�â	ä�ã�â î Þ#Ú�Ý�ÚpênÙ�â î Ú�à�Û�êî ×�Û�êAÞ#Ú î â.ä�Û
â	Ø#ê�ç�ã$ê�ê�ã�×�ØlÞ-àlÝ
æ�â�ç è
(dD)/(dα)

â	à�ç�â�ã î(î â	ÜuÚSÞ�àlÞ�×�çSâ	ã(Ø#Ú F ×rÝ�Ý�à�èVïSè�â�Û î Ú�ý�à�ã$Þ�Ú�Ò
ÿ ò ï�Ý­â	Û�ä�â��#ê�× î àaç�â�þ5ã$ç�â î ×��#ê�Ú*Û�Ù�ï�Ú*Ørä�Û
Ú î Ú�ê�Û�ïpê�à î ä
â	ä�ê!Þ�×�Ø#Ø#ï�ênè�â	Û!Ý�Ú�ê!Þ�Ú*à-þ�ç�ï*ä�æ#×5Þ�Ú�ê!Þ�Ú�Ýpâ î Ý*à î Ú�ê�ä
Þ#Ú

10%
Ò�Õ~Ú*ä�ä
ÚOï*ä�â	èVÚOèVÚ*Û�ç�Ú*äJÞ�Ú�ê ò â�ê�ê�à#Û�Ú*ÛJÞ�Ú î â�Ý�×�æ#ï*Û�Ú�Ø#Ý�Ú�Þ�Ú�ê~Ýpâ î Ý*à î êJÞ�Ú�êzÜ�Û
â�Þ-ã$Ú�Ørä�êzã(Ø5ä�Ú*Û�ç�ï�Þ-ã�â	ã$Û�Ú�ê

èPâ	Û î â�ç�ï*ä�æ#×rÞ�Ú�Þ�Ú î&ò ï�óuà�â�ä�ã$×�Ø î ã(Ø#ïpâ�Û�ã$ê�ï�Ú�Ò
ÿ â�ú#Ü�à#Û�Ú�Ì-Ò(Ë���ç�Ú*ä�Ú*Ø ï*Ùrã�Þ�Ú*Ø#ÝpÚ í èK×�à�Û î Ú�è�â	Û
â�ç��*ä�Û
Ú�Þ#ÚSð1×�Û�ç�Ú α2 í à�Ø Þ�Ú�ê è�Û�×�� î �*ç�Ú�ê î ã$ï�ê�ìî âxç�ï*ä�æ#×rÞ�Ú�Þ�Ú�ê�Þ-ã���ï*Û�Ú*Ø�Ý�Ú�ê!ú#Ø#ã$Ú�ê�Ú*ä�ï�Ù�×róuà�ï�Þ#â	Ø�ê î âxê�Ú�Ý*ä�ã�×�ØéÌ-Ò'Ì�Ò(Ë�Ò���ØéÚ��KÚ*ä í î ×�Û�ê�óuà�Ú î Ú èPâ�ê�Þ�Ú î âÞ�ã��Kï*Û�Ú�Ø#Ý�ÚAú�Ø�ã$Ú Úpê�ä�ä�Û�×�è±Ü�Û
â	Ø#Þ í î â�è�Û�ïpÝ*ã$ê�ã$×�Ø¤Þ#Ú Ý�Ú*ä�ä�Ú Þ�Ú*Û�Ø�ã
�*Û�Ú�Ú�ê�ä!ç�â	à#Ù�â	ã$ê�Ú í Ú�Ø±Û�Ú*Ù�â	Ø#Ý
æ#Ú î ×�Û�ê�óuà�ÚÝpÚ î à�ã�ô&Ý�ã�Úpê�ä�è î à#ênð1â�ã�� î Ú í î Ú�ê�Ù�â î Ú�à�Û�ê�×���ä�Ú*Ørà�Ú�ê!èPâ	Û�Þ-ã��Kï*Û
Ú*Ø#Ý�Ú�ú#Ø#ã$Ú�ê�ê�×�Ø5ä���Û�à�ã(ä�ï�Úpê�ÒvÿkÚ�Ý
æ#×�ã(þaÞ�à¤è�â�êâ�è�è�Û�×�è�Û�ã$ïnì î�ò ï�Ù�â î à�â�ä�ã$×�Ø�Þ ò à�Ø�ÚOÞ�ï�Û�ã(Ù�ï�ÚOè�â	ÛJÞ-ã��Kï�Û�Ú*Ø#ÝpÚ=ú#Ø#ã$ÚOê�Ú=ð�â	ã(ä~Ú�Ø î ×5Ýpâ î ã$ê
â	Ø5ä î â��p×�Ø#Ú�Þ�ÚOê�ä
â���ã î ã(ä
ï

ê�à�Û î âYÝp×�à�Û��VÚFÛ�Ú�è�Û�ï�ê�Ú*Ø5ä
â	Ørä î âJÙ�â î Ú*à�Û â	è#è�Û�×rÝ
æ�ï�Ú�Þ�Ú î âYÞ�ï*Û�ã(Ù�ï�Ú�Ýpâ î Ý*à î ïpÚXèPâ	ÛkÞ-ã��Kï�Û�Ú*Ø#ÝpÚ@ú�Ø�ã$Ú�Ú*Ø!ð�×�Ø�Ý*ä�ã$×�Ø
Þ�àAè�â�êXÞ#Ú î âOÞ-ã��Kï*Û�Ú�Ø#Ý�Úgú#Ø#ã$Ú�Ò	ÿ â=ú�Ü�à�Û�ÚYÌ-Ò(Ë���Û
Ú*è�Û�ïpê�Ú�Ørä�Ú î Úpê Ù�â î Ú*à�Û
êXâ�è�è�Û�×5Ý
æ#ï�Úpê@Þ#Ú�êXÞ�ï*Û�ã$Ù�ï�Ú�ê

dCd/dα3
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D4EGF4H !JI
KMLON4P�Q3R@S9T�U@S�QWV�SYXJZ[U�T]\�XJ^
S�Q'_`XJZ
VbaC\�ced`XfSg_bP�T�h�^
P�QidC\�TjTb\�dfdkP�T�_ml

α2 n dkP�ZfTo S9hp_�T�P�^
hp^�QWV�^qXfS�QWV9S�hr\�Zmhb\�ZfcsP�Q n \�ZmV9P�ZWT�h�XJZdfT�P'V9S9h�h�ZWht^�_�u�T]\�_�^�vjXfSwT�u�h�P o Zf_�^
P�QxXfS oAy u9z3ZC\�{
_�^
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D4EGF4H !JI
"1L
N�P�Q3R<S�T�U@S�QCV9S�XfZ�U�Tb\�XJ^
S�Q'_�XJZ�VbaC\�c�d�XfS

� S��'^
P�Q�dC\�T�Tb\�dWd�P�T�_�l
α2

\�Z�hb\�ZfcsP�Q n d�P�ZfTo S9h�_�T�P�^
h�^�QWV9^
XfS�QCV9S9h n \�Z�V9P�ZfTbh�XJZ�dWT�P3V9S9h�h�ZWh^
_�u�Tb\�_�^�v5XfS�T�u9h�P o ZW_�^
P�Q�XfS oAy u�z<ZC\�_�^
P�Q�|A!JI
~��3�
|.V9P�QJ�CU�ZfTb\�_�^
P�Q�\�^ o S�{Av,ZWh�S o \�U<S����3��I

S�_
dCl/dα3

S�Q�v.P�QWV�_�^
P�QeXJZ�dC\�h�XfS o \�XJ^���u�T�S�QWV�S��WQf^
S@I���\�QCh5V9S4V�\�h n
o S�d*\�h�TbS�_�S�Q3ZeS�h�_

δα3 = 0.0025m
I
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¾]ÅCÂ�ÆeÇ`¿W»gÄ�¸�¼�È�Ã
¸�¹iÇCÂ�¼j¼bÂ�ÇfÇ�¸�¼�ÄmÉ

α3 Ê Ç�¸�ÀW¼Ë »�ÈpÄ�¼�¸�Ã
ÈpÃ�¹C¾�Ã
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¸�¹M¿f» ËAÏ Ì9Ð<ÀCÂ�Ñ
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¾bÅ*Â�ÆeÇÚ¿f»sÛC»�Ü'Ãq¸�¹gÇ*Â�¼1¼]Â�ÇfÇ�¸�¼�Ä�É

α3
Â�ÀtÈbÂ�ÀJÑ
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Ë »9È�Ä�¼�¸�Ã
È�Ã�¹W¾�Ã
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a.o.a = 0.93 degree

a.o.a = -1 degree

a.o.a = 3 degrees

±4²G³4´ ¯Jµ
ÝÞ¶ß·4¸�¹3º@»�¼�½@»�¹W¾�»s¿f» Ë Â�¹W¸�¼�Æs»
L2

¿JÀ
¼bÌ9È�Ã
¿JÀm¿f» ËAÏ Ì9Ð<À*Â�Ä�Ã
¸�¹

(a)
¿JÀmÈ�à'È�Ä�á9Æ�»�¿ Ï Ì9Ð<ÀCÂ�Ñ

Ä�Ã
¸�¹WÈ�Ò}¯fµ
Ó�Ô3Õ�Ò.¾9¸�¼�¼b»9È�Ç�¸�¹W¿CÂ�¹3ÄâÉ Ë Âm¿fÌ�¼�Ã�º<Ì9»�¿W»
Ë Â�¼�» Ë Â�Ä�Ã
¸�¹Ú¿f»â¾9¸�¹WÈ�»�¼�º�Â�Ä�Ã
¸�¹t¿W» Ë Â�ÆâÂ�È�È�»ãÕ�Â�À
¾�¸�Àf¼�Èä¿JÀåÇf¼�¸3¾�»9È�È�ÀCÈwÃ�Ä�Ì�¼]Â�Ä�Ã�Íg¿f»æ¼�Ì9È�¸ Ë ÀWÄ�Ã
¸�¹ ÊÇk¸�Àf¼ Ë »�ÈçÄ�¼�¸�Ã
ÈçÃ�¹C¾�Ã
¿f»�¹C¾9»9Èè»�Ä

α1
Ò.¾9¸�¹fÖW½�Àf¼]Â�Ä�Ã
¸�¹
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a.o.a = 0.93 degree

a.o.a = -1 degree
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±4²G³4´ ¯Jµ�®�é�¶�·�¸�¹3º@»�¼�½<»�¹W¾9»�¿f» Ë Âe¹W¸�¼�Æ�»
L2

¿JÀ
¼�Ì�È�Ãq¿JÀm¿f» Ë«Ï Ì9Ð<ÀCÂ�Ä�Ã
¸�¹

(a)
¿JÀmÈ�à'È�Ä�á9Æ�»�¿ Ï Ì�Ð<ÀCÂ�Ñ

Ä�Ãq¸�¹WÈ�Ò}¯fµ
Ó�Ô3Õ�Ò.¾9¸�¼�¼b»9È�Ç�¸�¹W¿CÂ�¹3ÄsÉ Ë Âm¿fÌ�¼�Ã�º<Ì9»�¿f»
Ë Â�¼�» Ë Â�Ä�Ã
¸�¹Ú¿f»â¾9¸�¹CÈ�»�¼�º�Â�Ä�Ã
¸�¹t¿W» Ë Â�ÆâÂ�È�È�»ãÕ�Â�À
¾9¸�Àf¼�ÈÎ¿fÀêÇW¼�¸3¾9»�È�È�ÀCÈwÃ�Ä�Ì�¼]Â�Ä�Ã�Íg¿f»æ¼�Ì9È�¸ Ë ÀWÄ�Ã
¸�¹ ÊÇk¸�Àf¼ Ë »�ÈçÄ�¼�¸�Ã
ÈçÃ�¹C¾�Ã
¿f»�¹C¾9»9Èè»�Ä

α2
Ò.¾9¸�¹fÖW½�Àf¼]Â�Ä�Ã
¸�¹
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X0L

0.93◦
:
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4�5�6�798$: 2�de;=<�>�?$@0A�BDC'E(FHGI>�?JE(G�KIL�M�N&B0PHL�KQE(A�LSRT2fM
V CWE�X$GIL�?�FUX$BZY/>,L�[\Y�GIL/?,FUXDL^]DCHLgP�P�GI>�?

Cp
]!E(C

C'E�]D]`>�CHFTa
α2 b Y/>�B0]`LcL�? y = 0.5m

L/F9G�?0Y�GIX0L�?0Y/L
X0L

0.93◦
:

h L/Y�FHL�B0CHPiE�X�j_>�G�?,F'PiE�PHPH>,Y�GIkgPiE(BlY'm!E�no]pE�k�CH>�X$q,?!E�noGIr�B!L W L/P�FsG�K�K�B0P�F�C'k/L�A�C't�Y/LuE(BvF�C'E�Y/kSXDLwKQE\?0>�C�n\L
L2

XDBoneL�nwx0CHLyXDLyX$CH>�GIFHLyXDLzK�E{]0CHL�noGQ|�CHLyk/r�B-E(F�GI>�?eX$BeP�q�P�FH|�n\L
(a) } k�F'E(FcE�X�j_>�G�?,FcE�PHPH>,Y/GIkyasKQEsCHL/KQE(F�GI>�?X0LeY/>�?!P�L/C h E(FHGI>�?~X0LoKQE�n\E�PHPHL��iX$B�P�q�P�FH|�n\LeX���k/r,B!E(F�GQ>�? } 8D:�8 1���Y/>�C�CHLgP_]�>�?0X!E(?,Fwa Cl : <�LeXDL�CH?DGIL�CwL/P�FC'L�]DCHk/PHL�?�FHki]-E(CyKQES@0A�BDC'L 8$:����$:

���`�J���D���!�*�g�-�����,�o�D�0�*���9���e���=�!���0�T�����`���o�-�9�g�����9�,�e���0�f�*�,�e�T���¡ ,�����`�g�,�\�J ���¢������,�
£ L/PoA�C'E�X$GIL�?,F'PoX0L/PeY/>,L�[fY�GIL�?�FHPeXDL¤F�CWE�¥I?0k/L¦L�FeXDL�]`>�C�F'E�?0Y/L�PH>�?�F\E�PHPHL�nwx0KIk/PeL�?§B0F�G�K�GIP'E(?,FeKIL/P

X0k�C�G h kgL/P�]!E(C�FHGIL�K�KILgP ∂W/∂αi L�F ∂D/∂αi b i ∈ [1, 3] b P�BDG h E(?,F�K�E¤N&>�CHnwBDKIL } 8$:�¨ ��]`>�B0C�KQE�n\k�F�m0>�XDL\X0LKO��k/r�B!E�F�GI>�?©K�G�?0k�E(C�GIPHk/L=>�BZL�?©BDF�G�K�GIP'E�?,F\KILgP h L/Y�F'L�BDCHP¤E�X(j_>�GI?,FHP λf L�F
λs

E�PHPH>,Y�GIk/P¤aJY'm-E�r�B0L=P�q�P�FH|�n\L
Xª��k/r�B!E�F�GI>�?!P{L�FsY/>�CHCHL/P�]`>�?!X0E(?,Fia\Y'm!E�Y�BD?0LwXDLgP«N&>�?!Y�F�GI>�?!P{k�F�B!X$GIk/LgP } Y/>�L�[\Y�GQL�?,FHP Cd L�F Cl �«P�BDG h E(?�F�K�EN�>�C�nwB0KIL } 8$: d 8 �¬]`>�BDCyKQESn\k�F�m0>�XDL�XDLiK)��k/r�B!E�F�GI>�?=E�X(j_>�GI?,FHL : <�L/PyA�C'E�XDGIL�?,FHP«PH>�?,F�Y/>�no]-E(CHk/P�E(BD­ h E(KIL/BDCHPY�E(KIY�BDKQk/L/Ps]!E�CiX$G�®�k�CHL�?!Y/L/P{@0?0GIL/P�afKO��>�CHXDCHL

2
:�£ LgP h E(KIL�B0CHPi>�xDF'L�?,B0LgPs]`>�B0CsKIL/PsFHCH>�GIPiY/>�?0X$G�FHGI>�?0PiX0L h >�Kk/F�B0X$GIkgL/P�PH>�?�F¯E�PHP�L/nwxDKQk/L/P�X!E(?0P�KIL/P�F'E(xDKQLgE(B$­ 8D:�8 b 8$: 2sL/F 8$:��$:�£ L/PTk/YgE(CHFHP9C'L�KQE(F�G°N�P } Y�E(KIY�BDKQk/P9]-E(C�CHk�N�k�CHL�?0YgLE�B$­§X$G°®�k/CHL�?0YgL¤@0?DGIL/Pe]`>�B0CeKIL/Penek�F�m0>�XDL/P\XDL�KO��k/r,B!E(F�GI>�?±K�G�?0kgE�C�GIPHk/L¦L�FfE�X�j_>�G�?,F'L�L/Fe]!E(CeCHk�N�k�CHL�?0YgL^a

KQElnek�F�m!>,XDL�X0L¤KO��k/r,B!E(F�GI>�?§K�G�?0k�E(C�GIPHk/L�X!E(?0PoKIL�YgE�PoXDL�KO��k/r�B-E(F�GI>�?©E�X(j_>�G�?,FHL��uP�>�?,FoG�?0X$GQr�B0k/PeX0E�?0PoKIL/P
FWE(xDKILgE�B$­ 8D:�¨ b 8$: 3SL�F 8$:�²$:£ L/PTn\k�F�m0>�XDL/P¯X$GIFHL/P9³´L�­0E�Y�FHL/P_µzXDL¬K)��k/r�B!E�F�GI>�?uK�G�?0kgE�C�GIPHk/LzL/F¯XDLzKO��k/r�B-E(F�GI>�?eE�X(j�>�G�?,FHLz]`L�C�n\L�F�FHL/?,F¯X0L

dCd/dα1 dCd/dα2 dCd/dα3 dCl/dα1 dCl/dα2 dCl/dα3¶ k�F�m0>�XDLiK�G�?!kgE(C�GIPHkgL
3.14.10−3 3.18.10−2 0.12 0.0396 0.358 3.04¶ k�F�m0>�XDL%E�X�j_>�G�?,F'L
3.14.10−3 3.18.10−2 0.12 0.0396 0.358 3.04· G°®�k�CHL�?0YgL/P�@0?DGILgP
3.13.10−3 3.18.10−2 0.12 0.0396 0.359 3.06

¸¬¹�ºT7¬8D:�8 ; V C'E�X$GIL/?,FeXDL/PeYg>,L�[\Y/GIL�?,F'PeE�k�CH>,XDq,?!E(neGIr�B0L/PeX0L¤F�C'E�¥Q?0k/L�L/FeXDL¤]�>�C�F'E(?!Y/L } G�?!Y�GIXDL/?0Y/L�X0L
0.93◦

� } Y/>�?$@0A�B0C'E(F�GI>�?^E(G�KQL�M�N*B0PHL�K�E(A�L�RT2,� :

C'L�F�CH>�B h L�C¡KQL/P h E(KIL/BDCHP¡]DCHkgX$G�FHL/P¡]-E(CcXDG°®�k�CHL/?0Y/L/P
@!?DGIL/P¬a�ne>�G�?!PcXDL 1%
:�» F'E(?,F¬XD>�?0?0k/LyK�E�Y/>�ne]DKIL�­$G�FHk«X0L

]0CH>�A�C'E�non\E�F�GI>�?wX0LcY/L/P9nek/F�m0>,X0L/P b Y/L/P9CHkgP_B0K�F'E(FHP9]`L/C�neL�FHFHL�?,F�X0L h E(K�GQXDL�C9KO��G�no]DKIk/neL�?�F'E(F�GI>�?wr�BDG,L/?SE«k�F'k
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Ð�Ñ�Ò�ÓªÔ$Õ ½ ÔoÖv×zØ�Ù$Ú0Û�Ü0Ý'Þ(ß�àIØ�ÙpÞ(àIáIâ�ã�ä*Ü!å�â/áQÞ(Û�âuæ ½ ã
ç Ý'Þ�èDàIâ�Ù,ßUè$Üêé/Ø,â�ëfé�àIâ�Ù,ßUè0â^ìDÝHâ/åHå�àIØ�Ù

Cp
ì!Þ(Ý

Ý'Þ(ì0ì`Ø�Ý�ßTí
α3 î é/Ø�ÜDì�âcâ�Ù y = 0.1m

â�ß9à�Ù!é�àIèDâ/Ù0é/â
èDâ

0.93◦
Õ
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Ð�Ñ�Ò�ÓªÔ$Õ ½�½ Öv×zØ�ÙDÚ0Û�ÜDÝWÞ(ß�àIØ�ÙpÞ(àIáIâ�ã�ä*Ü0åHâ�á�Þ(Û�âuæ ½ ã
ç Ý'Þ�èDàIâ�Ù,ßUè$ÜZégØ,â�ëfé�àIâ�Ù,ßUè0â^ìDÝHâ/åHå�àIØ�Ù

Cp
ì!Þ(Ý

Ý'Þ(ì0ì`Ø�Ý�ßTí
α3 î é/Ø�ÜDì�âcâ�Ù y = 0.3m

â�ß9à�Ù!é�àIèDâ�Ù!é/â
èDâ

0.93◦
Õ

dCd/dα1 dCd/dα2 dCd/dα3 dCl/dα1 dCl/dα2 dCl/dα3ïvð�ß�ñ0Ø�èDâiá�àIÙ0ðgÞ(Ý�àQå�ðgâ −7.79.10−4 1.20.10−2 0.10 −0.029 0.216 2.93ïvð�ß�ñ0Ø�èDâ%Þ�è(ò_Ø�à�Ù�ßHâ −7.79.10−4 1.20.10−2 0.10 −0.029 0.216 2.93ósà°ô�ð�ÝHâ�Ù!é/â/å�Ú0ÙDàQâ/å −7.78.10−4 1.20.10−2 0.10 −0.029 0.215 2.95

õcöT÷TÓ�ÔDÕ ½ Ö ç Ý'Þ�è$àQâ�Ù,ß¯è0â/å¯é/Ø,â�ë\é�àQâ�Ù,ßHå
Þ�ð/ÝHØ,è$ø�Ù!Þ(ùoàQú�Ü0â/å¯è0â¬ß�ÝWÞ�ûIÙ0ð/â�â�ß
èDâ¬ì`Ø�Ý�ß'Þ(Ù!é/âiü*àIÙ0é�àIèDâ/Ù0é/â�èDâ −1◦ ýü&é/Ø�Ù$Ú0Û�Ü0Ý'Þ(ß�àIØ�Ù^Þ(à�áQâ�ã�ä*Ü0åHâ�áQÞ�Û�â�æ ½ ý Õ

dCd/dα1 dCd/dα2 dCd/dα3 dCl/dα1 dCl/dα2 dCl/dα3ï=ð�ß�ñ!Ø,èDâ�á�à�Ù0ðgÞ�Ý�àIåHð/â −3.6.10−3 3.97.10−2 0.10 −0.028 0.351 2.75ï=ð�ß�ñ!Ø,èDâ�Þ�è(ò_Ø�àIÙ,ßHâ −3.6.10−3 3.97.10−2 0.10 −0.028 0.351 2.75ó{à�ô�ð�ÝHâ/Ù0é/â/å�Ú0Ù0àIâ/å −3.7.10−3 3.98.10−2 0.10 −0.028 0.353 2.76

õcöT÷TÓ0ÔDÕ�þ�Ö ç Ý'Þ�èDàIâ�Ù,ßyèDâ/å�égØ,â�ë\é/àIâ�Ù,ß'åyÞ�ð�ÝHØ,èDø,Ù!Þ�ùoàIú�Ü!â/å�èDâsß�Ý'Þ�ûIÙ!ð/âsâ/ß�èDâsì`Ø�ÝHß'Þ(Ù0égâuü*à�Ù!é�àIèDâ�Ù!é/âsè0â
3◦ ýü&é/Ø�Ù$Ú0Û�Ü0Ý'Þ(ß�àIØ�Ù^Þ(à�áQâ�ã�ä*Ü0åHâ�áQÞ�Û�â�æ ½ ý Õ

dCd/dα1 dCd/dα2 dCd/dα3 dCl/dα1 dCl/dα2 dCl/dα3ÿ è(ò�Ø�à�Ù,ß����ªà�Ù0ðgÞ(ÝHàIåHð
0% 0% 0% 0% 0% 0%�ªà�Ù0ðgÞ�Ý�àIåHð��(óiæ

0.3% 0% 0% 0% 0.2% 0.6%ÿ è(ò�Ø�à�Ù,ß��(óiæ
0.3% 0% 0% 0% 0.2% 0.6%

õcöT÷TÓ0Ô$Õ���Ö��cégÞ�Ý�ßzÝHâ�á�Þ(ß�à°äTâ�Ù,ß�ÝHâsáIâ/å�è$à°ô�ð�ÝHâ�Ù�ßHâ/åzùeð�ßHñ0Ø,èDâgå�è$Ü¤égÞ�áIé�ÜDá�èDâ{Û�ÝWÞ�è$àIâ�Ù�ß�ü*à�Ù!é�àIèDâ�Ù!é/âsè0â
0.93◦ ýü&é/Ø�Ù$Ú0Û�Ü0Ý'Þ(ß�àIØ�Ù^Þ(à�áQâ�ã�ä*Ü0åHâ�áQÞ�Û�â�æ ½ ý Õ

ä�Þ(à�ß'âsáIØ�ÝHåHú,Ü0âsáIâiégØ�ùoì�Ø�Ý�ßHâ�ù\â�Ù,ßyèDÜ
	0ÜDàQèDâiâ/å�ßyå�à�ùSÜDáIðsì-Þ(Ý�áIâ/åyð/ú,Ü!Þ(ß�àQØ�Ù0åyè��
�¡ÜDáIâ/Ý«Þ(à�Ù!å_àªú�Ü0âsáQÞwÚ-Þ��0à�á�à�ßHð
èDâ/åoùeð�ßHñ0Ø,èDâgåeÞ(Ù-Þ(á�ø,ß�àQú�Ü0â/å^ü*ùeð�ßHñ0Ø,èDâgåoèDâ¤á���ðgú�Ü!Þ(ßHàIØ�Ù§á�à�Ù!ðgÞ(Ý�àIåHð/â�â�ß\Þ�è(ò_Ø�à�Ù�ßHâ ý Õ��9â/å���Þ(áIâ�Ü0ÝHåoâ��0Þ�é�ßHâgåèDâ/åiÛ�Ý'Þ�è$àQâ�Ù,ßHåiÙ0âoåHØ�Ù,ßiì-Þ�å�é/â�áIáIâ/å�égÞ(áQé�ÜDáIð/âgåsì-Þ(Ý�èDà°ô�ð�Ý'â�Ù0é/â/åsÚ!ÙDàIâ/ågÕ��¡ÙJâ�ô�â�ß î Ø�ÙJâ/å�ßiì!Þ�Ý���â�Ù�ÜJí\äOÞ(à�ÝHâé/Ø�Ù���â�Ý�Û�â�Ý�áQÞ���Þ(áIâ/ÜDÝ{è0â/å�Û�Ý'Þ�è$àIâ�Ù,ß'å{â�Ù¦ä&Ø�Ù0é�ß�àIØ�Ù=èDÜ^ì!Þ�åsèDâ%áQÞ\è$à°ô�ð�ÝHâ�Ù!é/â�Ú!ÙDàIâ�åHâ�Ü0áIâ�ùeâ/Ù,ß�ì�Ø�ÜDÝ�áQâ�égÞ�å
èDâ���Ø�á�í%à�Ù!é�àIèDâ/Ù0é/â

0.93◦
â�ßzì`Ø�Ü0Ý¬áIâ{ì!Þ(Ý'Þ�ù���ßHÝHâ

α1
Õ���Ø�Ü0ßHâ/å¬áIâ/åyÞ(ÜDß�Ý'â/å���Þ(áIâ/ÜDÝHåzè0â�Û�Ý'Þ�è$àIâ�Ù�ßHåzégÞ(áQé�ÜDáIð/âgå
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I!J�K!LNM:O G.P�QSR!T$U:VEW�XZY=[�\^]_T$U`[�]&a_b�c�d?XEe^b(af[�W.bhgiG
c
j Yk[$l:]_b(U�\
l:XnmDTAb(opm(]_bDUA\
lZbrqZY=bDe^es]_T2U

Cp
q7[�Y

Yk[�qZqtT$Y^\iu
α3 v mDT2XZqtbwb(U y = 0.5m

bD\N]&UEm(]_lEb(UEmDb
lEb

0.93◦
O

dCd/dα1 dCd/dα2 dCd/dα3 dCl/dα1 dCl/dα2 dCl/dα3x l�ysT$]&U�\kz�{|]&UE}�[�Y�]_e^}
0% 0% 0% 0% 0% 0%{|]&U7}~[�Y�]_e^}�z$��g

0.1% 0% 0% 0% 0.4% 0.6%x l�ysT$]&U�\kz���g
0.1% 0% 0% 0% 0.4% 0.6%

�����iL�M:O*� Q���m�[�Y�\0Y^b(a�[�\�]�d�b(U�\�Y^b;a_bDe�l:]���}(Y^b(UA\=bDe��p}(\��ET�lZbDe�l:XSm~[�afm(XZa�lZb;W�Y=[$l:]_bDUA\h�?]&UEmD]_lZb(UEm~b,lZb −1◦ ��4mDT$U:V7W2XZY=[�\^]_T$Ur[$]&a_b�c4d<XEe^b(af[�W�b;giG � O

dCd/dα1 dCd/dα2 dCd/dα3 dCl/dα1 dCl/dα2 dCl/dα3x l�ysT$]&U�\kz�{|]&UE}�[�Y�]_e^}
0% 0% 0% 0% 0% 0%{|]&U7}~[�Y�]_e^}�z$��g
2% 0.3% 0% 0% 0.5% 0.4%x l�ysT$]&U�\kz���g
2% 0.3% 0% 0% 0.5% 0.4%

�����iL�M:O�� Q���m�[�Y�\,Y^b(af[�\^]�d�bDUA\�Y^b�a_bDe,lZ]���}(Y=b(UA\^bDe,��}(\��7TAlZbDe�l:X�m~[�a_m(XEawlZb�W2Yk[$l:]_b(U�\��?]_UEm(]_lZbDUEmDbplZb
3◦ ��4mDT$U:V7W2XZY=[�\^]_T$Ur[$]&a_b�c4d<XEe^b(af[�W�b;giG � O

qB[�Y�l:]���}(Y^b(U7mDbDe�VEUZ]_b~e�T2UA\�}(\=}�]&UA\^b(Y^qtT$a_}~bDe�e�XEY�XZUEb���T$UEb�lEb�e�\=[��Z]&a_]&\^}�lZb�af[Sd<T$U7m(\�]_T$U�Y^b(qZY^}~e�bDUA\=[�U�\
af[��$[�a_bDXZY�lEb af[¡l:]���}(Y=b(UEmDb¢b(Und<T2UEm(\�]_T2U£l:X£q7[$e O {w¤
T2�:ysbDm(\^]�dhlZb~e�m~[�a_m(XEa_e�qZY^}De^b(U�\^}De�m(]�c¥lZbDe^e�XEe�}(\=[�]_\
[��$[�UA\�\^T$XE\�lEb,Y=b(\�Y^T$XE��b(Y v qtT$XEY�afbDe�W2Y=[2l:]_b(U�\^e v lEbDe��$[$a_b(XZY^e�qZY^TAmk�EbDe�lEb�mDbDa&a_bDe�d<T$XZY�UE]_bDe�qB[�Y�XZU�m~[�a_m(XEaqB[�Y�l:]&��}(Y^bDUEmDbDe�V7UZ]_bDe O§¦ b(��[�Y^¨.X7T$UEe
\^T2XZ\^b�d<T2]_e�¨.X|¤�b(UnqZ�B[$e^b lZb�m(Y^T$]fes]f©(Y^b¡�<m�[$e�lZb ��T$aªu�]&UEm(]flZb(UEm~b
0.93◦ � XZUEbr[$XZW2��bDUA\=[�\^]_T$U«l:X���Y�]&a&af[$W�b¬lZb�a>¤�[�]&a_b�Y�]_W2]_lZb v m�¤
bDe�\sc¥u­c¥l:]&Y^b�XEUEbr[�XEW2��b(U�\=[�\�]_T2U«lZb

α1 v T$XXEUEbp[�XZW2�pb(UA\=[$\�]_T$U®lZb�af[�m�[����EY�XZY^b�lZb�a�¤�[$]&a_b v m2¤
b~es\�c¥u­c>l:]_Y^b�XZUEbp[�XZW���b(U�\=[�\�]_T2U®lZb α3 v T$UA\;\^b(U7lE[�UEm~bu�[�XZW2�pb(UA\^bDYha_b
m=�B[�Y�W�bD��b(UA\�[$}(Y^TAlZ¯AU7[���]_¨.X7b
lZb�af[Sq7[�Y�\^]_b
b�°�\=b(Y�UEb�lZb�a�¤�[�]_a_b v mDb�¨.XZ]�[S\^b(UEl7[�UEmDb�u[$XZW2��bDUA\^b(Y�a_b~e�mDT�b�opm(]fb(UA\^e�lZb
qtT$Y^\=[�UEmDb�bD\�lEb
\�Y=[­±fUE}Db v b(U¡q7[$Y�\�]_m(XEa&]_b(Y�u m~[�X7e^b
lEb
a�¤�[�XZW���b(U�\=[�\�]_T2U
lEb�af[r\^Y=[­±_UE}~b�]&UElZXZ]&\^b O ��¤�[�XZ\�Y=b�q7[�Y^\ v XZU7b�[�XZW���b(UA\k[�\�]_T$U²lZb

α1
b(\
α3

Y^}~esXEa&\^b
}DW.[�a_b(�pb(UA\ v uSm~[$XEe^blZX`mDT$XEqZaf[�W.b�[$}(Y=TA}(af[$e�\�]f¨.XEb v b(U¢XEUEb�[�XEW2��bDUA\=[�\�]fT$U`lEb�af[�³Bb�°�]_T2U`lZb�a�¤�[�]&a_b�b(\ªXEUEb�lZ]&��]&U�XZ\�]_T$U®lZb�a�[\=T$Y^e�]_T$UrlZbªa�¤�[�]&a_b,u�a�¤
}~¨.XZ]&a&]_�ZY^b,[$}(Y=TA}(af[$e�\�]f¨.XEb O R§bD\�\^bª\^b(U7lE[�UEm~b;es\k[��Z]&a&]fe^[$\�Y�]_mDbªqtbDXZ\0´(\�Y=bªb(°�qZa&]_¨AXE}Dbªq7[$Y
a_b�m~T$XZqZaf[$W�b,W�}DT$�p}(\�Y�]f¨.XEb�b(UA\^Y^b,a_bDe0�pT$XZ�.b(��b(U�\^e�lZb;³Bb�°�]_T$U bD\�lEb;\=T$Y^e�]_T$USqZY=T$qZY^bh[�XZ°S[�]&a_bDe�u�³7´Dm=�7b
q�T2e�]&\�]&��b O
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Ý$à^à^ÓAÙ(ß_árÝ�Û�Ù=âBÝ�ã�ä«ÚZÖ�Ü^Ó$×=àsßfÓ$Ô«Ý�Û«à^Ý$ÛZã�Ó2Ô�Ö(Ü
ÙDÓ$×^×^ÖDà�ätÓ$ÔEÚ7Ý�ÔAÜhå�æ�Ý
ç<Ó2ÔEÙ(Ü�ß_Ó2Ô
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Ý�Û�ÙDÓ$ÛZ×=à,Ú:Û

äZ×^Ó�ÙDÖDà^à�ÛEà�ß&Ü^á(×kÝ�Ü�ß�ç ÚZÖè×^á~à�Ó2æ&ÛZÜ�ß_Ó2ÔéÚZÖnæ�ê
áDëAÛ7Ý­ì
Ü�ß_Ó$Ô�í4Í:Î�Í µ�î í4ÙDÓ$Ô:ï7Ø2ÛZ×=Ý�Ü^ß_Ó$ÔrÝ$ß&æ_Ö�ì4ç?Û7à^Ö(æfÝ�Ø�Ö;ðiÏ î Î
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É!Ê�Ë!Ì�Í:Î Ï�ñhÑSÒ§Ó$ÔAÕ.Ö(×�Ø�Ö(Ô7ÙDÖ�Ú:Û Õ�ÖDÙDÜ^Ö(ÛZ×ªÝ$Ú�ÞsÓ2ß&ÔAÜ
Ý$à^à^ÓAÙ(ß_árÝ�Û�Ù=âBÝ�ã�ä�ÚEÖ�Ü^Ó$×=àsß_Ó2Ô«Ý�Û«à^Ý$ÛZã�Ó2Ô�Ö(Ü
ÙDÓ$×�×=ÖDà�ätÓ$ÔEÚ7Ý�ÔAÜ;å�æ�Ýpç<Ó$ÔEÙDÜ�ß_Ó$Ô

Cd
Ý�Û¢ÙDÓ2ÛZ×^àªÚ:Û

äZ×^Ó�ÙDÖDà^à�ÛEà�ß&Ü^á(×kÝ�Ü�ß�ç ÚZÖè×^á~à�Ó2æ&ÛZÜ�ß_Ó2ÔéÚZÖnæ�ê
áDë.ÛBÝ­ì
Ü�ß_Ó$Ô�í4Í:Î�Í µ�î í<Ù~Ó$Ô:ïEØ�ÛZ×=Ý�Ü^ß_Ó$ÔrÝ$ß&æ_Ö�ì4ç?Û7à�ÖDæfÝ�Ø�Ö;ðiÏ î Î

ò�Ô:ï7Ô|ó2Ý­ïEÔ�Ú�ê ß&æ&æ&Û7àsÜ^×^Ö(×�æ�ê ß&ã�ätÓ$×^Ü=Ý�ÔEÙDÖ�Ú:Û�ÙDÓ$ÛEäZæfÝ�Ø�Ö�Ö(ÔAÜ�×^Ö§æfÖ�ôEÛZß_ÚEÖ!Ö(Ü�æfÝ�à�Ü�×�Û7Ù(Ü�ÛZ×^Ö§æfÓ$×^à�Ú:Û�Ù~Ý$æ_Ù(ÛZæZÚZÖ~à
Ø2×=Ý2Ú:ß_Ö(ÔAÜ=à§ì�ãpõ(ã�ÖªÚZÖDà!ç<Ó$ÔEÙ(Ü^ß_Ó$ÔEà�äZÛZ×^Ö(ãpÖ(ÔAÜ0Ý$á(×^Ó�Ú:öAÔBÝ�ã�ß_ëAÛEÖDà�ÙDÓ2ã�ã�Ö�æ_ÖDà�ÙDÓAÖ�÷�Ù(ß_Ö(ÔAÜ=à�ÚZÖ�ätÓ$×�ÜkÝ�ÔEÙDÖªÖ(Ü
ÚZÖ§Ü^×=Ý­ø_ÔEá~Ö�ì�ÔEÓ2ÛEà�Ý~Õ�Ó$Ô7à�Ù~Ó$ã�ä7Ý$×^á2ó$ÖDÔ�äZâ7Ý2à�Ö�ÚZÖ!Ù(×^Ó2ß_à�ß_ù(×^Ö2ó$æ_ÖDà�Õ$Ý�æ_ÖDÛZ×^à�ÚZÖDà�Ø2×kÝ$Ú:ß_Ö(Ô�Ü^à�ÚZÖ!ÙDÖ~à�Ù~ÓAÖ�÷�Ù(ß_Ö(ÔAÜ^à
Ý~Õ�Ö~Ù0ÖDÜ�à=Ý�Ô7àwäZ×�ß_à^Ö�Ö(Ô
ÙDÓ$ã�äZÜ^Ö�Ú:Û
ÙDÓ$ÛEäZæfÝ�Ø.Ö�Ý$áD×^ÓAá(æ�Ý$à�Ü�ß_ë.ÛEÖ�Î.úNÖDà�Õ$Ý�æ_Ö(ÛE×^à�ÚZÖ�ÙDÖ~àwØ2×=Ý2Ú:ß_Ö(ÔAÜ=à§Ý�ß&Ô7àsßtë.ÛEÖ0æ_Ö~à
áDÙ~Ý$×�Ü^à|×^Ö(æfÝ$Ü�ß�ç<à�Ý�ûEà^Ó$æ_ÛEà�í?ä7Ý�×N×^á�ç<á(×=Ö(ÔEÙDÖwÝ$Û:üªÙ�Ý�æ_Ù(ÛZæfà�äE×^Ö(Ô7Ý�Ô�ÜNÖ(Ô,Ù~Ó$ã�äEÜ^Ö�æ_Ö�Ù~Ó$ÛZäZæfÝ$Ø�Ö î à^Ó$Ô�Ü|×^áDà�ÛZãpáDàNÚEÝ�Ô7à
æ_Ö�ÜkÝ�ûZæ_Ö�Ý�ÛrÍ:Î�ý:Î7Ò§Ö~à�áDÙ~Ý�×�Ü=à�ätÖ(ÛZÕ.Ö(ÔAÜ�õDÜ�×^Öªà�ß&Ø�ÔZß�ï7Ù~Ý$Ü�ß�ç<à�ÞþÛ7à�ëAÛ|ê�å

50%
ätÓ$ÛZ×�æfÝ�Ù~Ó$Ô:ïEØ�ÛZ×=Ý�Ü�ßfÓ$Ô¬Ö(Ô�ÕAß_à=Ý�Ø�á~Ö2Î

dCd/dα1 dCd/dα2 dCd/dα3 dCl/dα1 dCl/dα2 dCl/dα3ä7Ý2à�ÚZÖªÙDÓ2ÛZäZæfÝ$Ø�Ö
2.34.10−3 3.78.10−2 0.18 0.0402 0.327 4.25Ù~Ó$ÛZäZæ�Ý�Ø�Öªð�ÿ��
3.14.10−3 3.18.10−2 0.12 0.0396 0.358 3.04á~Ù~Ý�×�Ü�×^Ö(æfÝ�Ü^ß�ç

25% 19% 50% 1.5% 9% 40%

�����iÌ|Í:Î�ý�Ñ���×=Ý2Ú:ß_Ö(Ô�Ü^à�ÚZÖDà�ÙDÓAÖ(÷pÙ(ß_ÖDÔAÜ^àªÝ$á(×=ÓAÚ:öAÔBÝ�ã�ß_ëAÛEÖDà�Ù~Ý�æfÙ(ÛZæ_áDàªÝ�Õ�ÖDÙhÖDÜ�à=Ý�ÔEà�äZ×�ßfà�Ö�Ö(Ô�ÙDÓ2ã�äZÜ=ÖhÚ:Û
ÙDÓ$ÛEäZæfÝ�Ø.Ö;Ý$á(×^Ó�á(æfÝ$à�Ü�ßfë.ÛEÖ�í4ÙDÓ$Ô:ï7Ø2ÛZ×=Ý�Ü^ß_Ó$ÔSÝ�ß&æ_Ö�ì4ç<ÛEà^Ö(æfÝ�Ø.ÖªðiÏ î Î
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 �����������
ú|Ö~à|ãpá(Ü�âEÓAÚEÖDà�Ý$Ô7Ý�æ&ö�Ü�ß_ë.ÛEÖ~à|ätÓ2ÛZ×Næ_ÖwÙ~Ý�æfÙ(ÛZæAÚZÖDàNØ2×=Ý$ÚZß_Ö(ÔAÜ^àNÔEáDÙ~ÖDà^à=Ý�ß&×^ÖDàiå�æ�ê
Ó$äEÜ�ß&ã�ß_à=Ý�Ü^ß_Ó$Ô�ÚZÖ�ç<Ó2×�ã�Ö

ÚZÖpà�ö:àsÜ^ùDã�ÖDà�ÙDÓ2ÛZäZæ_á~àªô7ÛZß_ÚZÖ(ì>à�Ü�×�ÛEÙ(Ü^ÛZ×^ÖpÓ2ÔAÜ�Ö(Ô7àsÛEß&Ü^ÖpáDÜ^á�Ü^ÖDà�Ü^á~ÖDà�Ö(Ü,Õ2Ý�æ&ß_ÚZá~ÖDà�àsÛE×,æ_ÖpÙ�Ý$à,ã�Ó$Ô7Ó$ûZæ_Ó�ÙpÚZÖ
æ�ê�Ý�ß_æ_Ö���Ð�ß&ÔAÜ�×=ÓAÚ:ÛZß_ÜªÚEÝ�Ô7à�æfÝ
à^ÖDÙ(Ü^ß_Ó$Ô��ZÎ���ÏEÎ���Ó$ÛZ×ªÙ~Ö�Ù~Ý$à~ó�æ_Ö�ÙDÓ$ã�ätÓ$×^Ü^Ö(ã�ÖDÔAÜªÚ:Û�ôEÛZßfÚZÖ�ÖDà�Ü;àsß_ã�ÛZæ_á�ä7Ý�×
æ_ÖDà�á~ë.Û7Ý�Ü�ßfÓ$ÔEà! #"%$&��Ý~Õ�Ö~Ù�ätÓ$ÛE×�ã�Ó�ÚZù(æ_Ö;ÚZÖ�Ü�ÛE×�ûZÛZæfÖ(ÔEÙDÖªæ_Ö�ãpÓAÚZù(æ_Ö('.ì*),+èß&æ_Ù~Ó~ü�Î

-�Ö(ÛZü�ä7Ý�×kÝ�ã�ù(Ü^×^ÖDà�ÚZÖ�ç4Ó$×�ã�Ö�Ó$ÔAÜ�á(Ü^á�Ù=â7Ó$ß_à�ß_à~Î�úNÖ
äZ×=Ö(ã�ß_ÖD×hìªÔEÓ2Ü^á
α1

ì;ß&ÔAÜ�×^Ó�Ú:ÛZß&Ü�ÛZÔEÖ
Õ2Ý�×�ßfÝ$Ü�ß_Ó$Ô
æ&ß&ÔEá�Ý�ß&×^Ö�Ú:Û¡Õ�×�ß&æ&æfÝ�Ø.Ö�ÚZÖ
æfÝrç<Ó$×�ãpÖ�×^ß&Ø2ß_ÚZÖ�ÚEÖ�æ>ê�Ý�ß&æ_Ö�à�ÛZß&Õ2Ý�ÔAÜ�à^Ó$Ô²Ö(ÔAÕ�ÖD×�Ø2ÛZ×=Ö
ÖDÜhæfÖ
à^ÖDÙ~Ó$ÔEÚ�ìªÔEÓ$Ü=á

α2
ì

ß&ÔAÜ�×=ÓAÚ:ÛZß_ÜªÛZÔ7Ö�Õ$Ý$×�ßfÝ�Ü�ßfÓ$Ô¢æ&ß_ÔEá~Ý�ß&×=Ö�ÚZÖ�æfÝ�Ù~Ý�ã�ûE×�ÛZ×^Ö�ÚZÖ�æ�ê�Ý�ß&æ_Ö�à�ÛZß&Õ$Ý$ÔAÜ;à^Ó$Ô®Ö(ÔAÕ.Ö(×�Ø2ÛZ×=Ö2ÎNÒ!ÖDà;ÚZÖ(ÛZü ä7Ý$×=Ý­ì
ã�ùDÜ�×^ÖDà!ÚZÖ�ç<Ó$×�ãpÖ�ÔNê
Ó$ÔAÜ!ä7Ý$à!Ú|ê ß&ã�ä7Ý2Ù(Ü!à�ÛZ×!æfÝ;ç4Ó$×�ã�Ö�Ö(Ô�äZæfÝ�Ô�ÚZÖ�æ�ê�Ý�ß&æ_Ö�ó�ÚZÖ�Ü^Ö(æ&æ_Ö�à^Ó$×�Ü^Ö�ë.Û|ê
ÛZÔEÖ�Õ$Ý�×�ßfÝ�Ü^ß_Ó$Ô
ÚZÖªÙDÖDà�ÚZÖ(×^ÔZß_Ö(×^à!Ô7Ö�Ù=âBÝ�ÔZØ�Ö�ä7Ý$à!æ_Ö~à!Ù�Ý�×=Ý$ÙDÜ^á(×�ß_à�Ü�ß_ëAÛEÖDà�ÚZÖ�æfÝhà�Ü�×�Û7Ù(Ü�ÛZ×=Ö2Î/.>æ_à!ä�Ö(×�ã�ÖDÜ�Ü^Ö(ÔAÜ�ÚZÖ�×^ÖDà�ätÖDÙ(Ü=Ö(×!æ_Ö~à
âAöAä�Ó$Ü�âEù~à�Ö~à�ÚZÖªÙDÖDÜ�Ü^ÖªáDÜ�ÛEÚZÖ�Î
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x�|I|wjTqW{~}�xRt�qQ�UxR�g��r\n��UnF�2{~j�l�xRt�|QxRt\��j;l�n?v
q[j;oIownW|I��j�lXrXxRl2v�����x���j;lXq?vw{~j;l

Cl
xRt�qWj;tXow|Cr/t

�XowjTqWnW|w|ItX|�{=vQ}?oQxRvI{=��r\n�ow}W|wj;�=tXvI{~j;l�r\n��*��}W�EtMx��
vw{~j;l��*a/c�a Y�� ��qWj;l\�Xp�t\o�xRvI{~j;l�xR{=�~n?����tX|wn?��x;p5n(��d � c
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]7^4_7`�a\c dE��f�hkj�lTm5n?oIpEn?lXqWnsr/t�mEnWq?vwn?tXo&x;r;yzj;{=lTv
x�|I|wjTqW{~}�xRt�qQ�Mx;�g��r\n��UnF�2{~j;l�xRt�|QxRt\��j�l�n?v
qWj�oIownW|I��j�lXrXxRl2vP� ��x���j;lMq?vI{~j�l

Cd
xRt�qWj;t\ow|(r/t

�XowjTqWnW|w|ItX|�{=vQ}?oQxRvI{=��r\n�ow}W|wj;�=t\vw{~j;l�r\n��*�¡}[�EtMx��
vI{�j;l��*a/c�a Y�� ��qWj;l\�Xp�t\o�xRvI{~j;l�xR{=�~n?����tX|wn?��xRpEn(��d � c

hkj;����n��\ow}WqW}[r\n?�g��n?lTv�¢£�~nW|¤��j;lXq?vw{~j;lX|iq[j;lX|I{~r\}Wow}WnW|i|wj;l2vir���j;oI{=p�{=lMn¥�Xt\own?��n?lTvux;}?owj2r/¦TlMx;�g{~�EtMn
�Xt\{~|w�Etb� {~�b|[��xRp�{~v!r\nW|!q[jTnF§�qW{~n?lTvw|!rXn&vIoQxR¨~lX}Wn[n(n?v!rXn&��j�oIvQxRlMqWn�c

©Cª�«U¬�­T®�¯M­2«±°E­i²³­u´�µ�¶�·E¸�¹±ª�²³­�²³­u´�º=·T»b¼±µ/¸�½4ª�«�´�½�«±·TµX®R½4¾[·T­
hkj��g��n(��j;tXo£��xgqWj;l/�Mp�t\oQx;vI{~j;l�xR{=�~nF�*��tX|wn?��xRpEn�¢/�~n(�\owj2qWnW|w|ItX|£{=vw}?o�xRvI{¿�9r\n&ow}[|Ij��=t\vI{~j�l¤r/ti|I¦2|IvwÀ?��n

rb�¡}W�EtMx;vI{~j;lÁ��a/cÃÂ�Ä � qWj;lTmEn?oIp5n�oQxR�X{~r\n?��n?lTv[¢kÅÆ�MxRoIvw{=oÇrXn�|I{¿�È{=vw}WoQxRvI{~j�lX|Çn?l2vIown��~nW|Ç|wj;�~m5n?t\ow| �Xt\{~rXn�nWv
|IvIowtXq?vIt\oQn�¢��~nW|Ém;xR�~nWt\ow|�r\nW|Ép�oQx;r\{~n?lTvw|

∂W/∂αi
n?v
∂D/∂αi

¢
i = 1, 2

¢���nWt\m5n?lTv�ÊWvIown!qWj�lX|I{~r\}?ow}[nW|Éq[j;�g��n
q[j;lTm5nWoIp5}WnW|���x[m5n[q

ε1 = 10−6 nWv ε2 = 10−7 ¢MnWlitXvI{=�={~|QxRl2v#�~n[|#lXj;v�xRvI{~j;lM|%r\nC�*�¡}[�EtMxRvw{~j;l���a/c�ÂEË �I� cUÌ��¡}?m5j;�
�=tXvI{~j;l�r\n[|kp�oQx�r/{~n?l2vw|7r/t�qQ�UxR�g��r\n%�Mn?�2{~j;l¤xRt�|QxRt\��j;l��MxRo7oQxR�X��j;oIv!xRt\���UxRoQxR��À?vIown[|7r\n%��j;ow��n

α1
nWv

α2
xRtuq[j;t\ow|Ír/t��\owj2qWnW|w|ItX|#{~vw}?oQxRvw{¿�ÉrXnCow}W|wj;�=tXvI{~j;lunW|Iv%{=�=�=tM|zvwow}C�MxRo%��xg�Xp5t\ownsa/c Z Â/¢UqWn?�=�~n�rXnW|#p�o�x;r/{~nWlTvw|

r\t�q��MxR����rXn£vwj;ow|I{~j;l xRt�|QxRtX��j;l��MxRoÉo�xR�\��j;owvÎxRt/���MxRo�xR��À?vwownW|ÉrXnk��j;oI��n
α1

n?v
α2

�MxRoÉ��xÍ�Xp�tXown#a/c Z/Y c
ÏÉl/�Ml���x¤qWj;lTmEn?oIp5n?lMqWn�r\n

∂W/∂α1
nWv
∂W/∂α2

nW|IvC{=�=�=tX|IvIoQ}Wng�Xp�tXown a/c Z a��Mx;oP��n�vIoQx;qW}�rXng�4x�lXj;oI��n
L2

r/t ��n?��Ð\oQn%r\n%r\owj;{=vwn%rXn#��xP�\oQn?�g{~À?oQn%}W�EtUxRvI{~j;l�r\n#�*�¡}[�EtMxRvI{�j;l
(a)

r\tÇ|I¦2|IvwÀ?��n%r��¡}W�TtMxRvI{~j�lX|&��a/c�Â�Ä �
��}W�EtMx;vI{~j;l�qWj�oIownW|I��j;lMrXxRl2vP����x�r\}?oI{=mE}Wngr\n���xÇoQn?��xRvI{�j;l�r\ngqWj�lX|wn?oIm;xRvw{~j;l�r\n�� x;|w|In��UxRo(oQxR�X��j;oIvC�

α
�
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α1 å Ü�à�Ù(æ7ã
ÛBçÔ^Õ�Ú5×Fà�ÙkÕM×]âFØ;èoé�ê Ð

í9î&ï�ð&ñ�òSó�ñ�ïcô�ñUõ�ñoö�÷ùøùú�û�ücîQõ�ñkõ�ñoö�ý]ú�þuÿc÷Bû��#î&ï ö���ïcú�÷7ò����Kú�ñ
� ØPß(Ô�à�ÜKØ�á�ábÛ�áx×]Ú��3Ô^Õ�Ú5×
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3Þ�Ø>Ö�������Û�ÕMÚ5×Fà
Ù å ÏBÐ�� é�ê�Ü�à
Ù���Ø3Ô�ã�Ø*Û(ÙGß&Ø3Û\Þ@à�×]Ù7áxÔ^ÕMçß7×FÖ(Ø3Þ@Ø3Ù�Ú���Û7Øaß&à
Û(Ô*âFØKá*ÜKà�ÙBæ7ã�Û(Ô^ÕMÚ�×Fà�Ù7á*ß(Ô���Ü���Ö7Ø3Ù�Ú�Ø�á���×Fâ~Õ��fØ�á�à�×]Ù�Ö�� ÕMÛ_Þ@à�×]Ù7á*Ý�Û7×]Ú*×]Ú���Ô^ÕMÚ5×Fà
Ù7á*ß&à�Û7ÔÜKà�Ù���Ø�Ô5ã�Ø3Ô å Õ���Ø�Ü ε1 = 10−3 Ø�Ú ε2 = 10−3 �7Ø3Ù�Û7Ú5×]â]×Fá^ÕMÙ�Ú~âFØ�áiÙ7à�Ú^ÕMÚ�×Fà�Ù7áiÖ7Øxâ�������Û�ÕMÚ�×Fà�Ù å ÏBÐ���� ê5ê Ð � ������à�â]Û(çÚ�×Fà�Ù@Ö(ØKá¥ã�Ô^Õ�ÖB×FØ�Ù�Ú�ágÖBÛ@ÜsÝ�ÕMÞ>ßaÖ(Ø!ë�Ø3ì�×Fà�ÙaÕ�Û@á^ÕMÛ(Þ�à
Ù�ß�ÕMÔgÔ^ÕMß(ßfà�Ô5ÚhÕMÛ(ìPß�ÕMÔ^Õ�Þ!
3Ú5Ô^Ø�ágÖ(Ø"	�à
Ô5Þ�Ø

α1
Ø�Ú
α2Õ�Û�Ü�à
Û(Ô�á!ÖBÛ�ß(Ô^à�Ü�Ø�á�á5Û7á.×]Ú���Ô^ÕMÚ5×
	|Ö(Ø�Ô���á�à�â]Û7Ú5×Fà�Ù�Ø�á5Ú.×]âFâ]Û7á5Ú5Ô���Ø�ß�ÕMÔ!â=Õ9æ7ã
Û(Ô^Ø ÏBÐ#�%$"& Ü�Ø3â]âFØxÖ(Ø�á.ã�Ô^Õ�ÖB×=Ø3Ù�Ú�á!Ö(Û

ÜsÝ�ÕMÞ>ß\Ö(Ø	Ú�à
Ô�á5×Fà�ÙGÕMÛ\á�Õ�Û(Þ�à
Ùkß�ÕMÔ�ÔsÕMß(ßfà�Ô5ÚmÕMÛBìUß�ÕMÔsÕMÞ!
3Ú�Ô�Ø�á�Ö7Ø'	�à
Ô5Þ�Ø
α1

Ø3Ú
α2

ß�Õ�Ô�â=Õ�æ7ã�Û(Ô�Ø ÏBÐ é)( Ð* ÙBæ�Ùkâ=Õ@Ü�à�Ù���Ø3Ô5ã�Ø3Ù�Ü�Ø	Ö(Ø�á�Ö+�3Ô5×,����Ø�á
∂W/∂α1

Ø3Ú
∂W/∂α2

ØKábÚ�×]â]âFÛ7á5Ú5Ô���Ø9ß�Õ�Ô�â=Ø;Ú�Ô^Õ�Ü��	Ö(Ø9â=Õ�Ù�à�Ô5Þ�Ø
L2Ö(Û Þ�Ø3Þ-�(Ô�Ø@Ö7Ø@ÖBÔ�à
×]Ú�Ø@Ö(Ø�â#Õ�ß(Ô�Ø3Þ�×,
3Ô�Ø.����Û�Õ�Ú5×Fà�Ù�Ö7Ø�â�������Û�ÕMÚ5×Fà
Ù

(a)
Ö(Û�á���á5Ú�
3Þ�ØaÖ�������Û�ÕMÚ5×Fà
Ù7á å ÏBÐ�� é�êå ����Û�Õ�Ú5×Fà�ÙùÜ�à
Ô5Ô�Ø�á5ß&à�Ù�Ö7ÕMÙ�Ú;ä�â=Õ�Ö+�3Ô5×/�0��Ø>Ö(ØPâ=Õ`Ô^Ø3â=ÕMÚ5×=à�ÙùÖ(Ø>Ü�à
Ù7á�Ø3Ô���ÕMÚ�×Fà�ÙùÖ(ØPÞaÕ�á�á5ØPß�ÕMÔmÔ^ÕMß7ß&à�Ô5Ú9ä
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Õ�Û,Ü�à�Û7Ô�áiÖBÛ,ß(Ô�à�Ü�ØKá5á5Û�á~Ö7ØxÔ��Ká5à
â]Û(Ú5×Fà
Ù,ÖBÛUá1�Bá5Ú�
3Þ�Ø å ÏBÐ�� é�ê2��æ�ã
Û(Ô�Ø ÏBÐ3� É Ð� ØKá'�
ÕMâFØ3Û(Ô^á9Ö7Ø�á9ã
Ô^Õ�ÖB×=Ø3Ù�Ú�á9×]Ù�Ú^Ø3Ô5Þ!�KÖB×=ÕM×]Ô�ØKá
∂W/∂αi

Ø3Ú
∂D/∂αi
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i = 1, 2

�cá�à�Ù�Ú	ÜKà�Þ>ß�Õ�Ô���Ø�á*ÕMÛ(ì
����ÕMâ]Û�Õ�Ú5×Fà�Ù�á�ß�ÕMÔxÖB×/45�3Ô�Ø�Ù7Ü�Ø�á�æ7Ù(×FØKá Ð6� Ø�á�æ7ã
Û7Ô�Ø�á Ï(Ð3��Ï Ø3Ú ÏBÐ3� Ê@ÜKà�Þ>ß�Õ�Ô�Ø3Ù�Ú�âFØKá�ã
Ô^Õ
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α1
Ø3Ú
α2

ÜKÕMâ=Ü3Û(â,��á~ß�ÕMÔ~â=Õ*Þ!��Ú5Ý7à�Ö7ØmÖ(Øxâ�������Û�ÕMÚ5×Fà�Ù�â]×FÙ �KÕMÔ�×�ç
á���ØxÖ�� Û7Ù7Ø�ß�ÕMÔ5Ú~Ø3Ú!ß�ÕMÔ~ÖB×
45��Ô�Ø3Ù7Ü�ØKáhæ7Ù(×=Ø�á!Ö��XÕ�Û(Ú5Ô�Ø�ß�ÕMÔ5Ú Ð98 Ø�Þ!:3Þ@Ø)��â=Ø�áhæ7ã�Û(Ô�Ø�á Ï(Ð3�%� Ø3Ú Ï(Ð3� Ñ>Ü�à�Þ>ß�ÕMÔ�Ø3Ù�ÚâFØKá	ã
Ô^Õ�ÖB×=Ø3Ù�Ú�á*ÖBÛ�Ü^Ý�Õ�Þ>ß_Ö7Ø@Ú�à�Ô^áb×Fà
Ù�ÕMÛ�á�Õ�Û(Þ�à�Ù�Ö(Ø@â7�XÕM×]âFØaß�ÕMÔ	ÔsÕMß(ß&à
Ô5ÚPä

α1
Ø3Ú
α2

Ü�ÕMâFÜ3Û(â;��á	ß�ÕMÔ	â#Õ
Þ<�3Ú5Ý7à�Ö(ØiÖ(Ø~â�������Û�ÕMÚ�×Fà�Ù�â]×]Ù=�KÕMÔ5×Fá���ØiÖ>� Û(Ù7Ø~ß�ÕMÔ5ÚgØ3Úeß�Õ�ÔgÖB×
45�3Ô^Ø3Ù7Ü�ØKá�æ7Ù7×FØ�ágÖ��XÕMÛ7Ú5Ô�Ø~ß�ÕMÔ�Ú Ð�� ÕmÜ�à�Þ>ß�ÕMÔ^ÕM×Fá�à�ÙÖ7Ø�ámÜsÝ�ÕMÞ>ß�á

∂W/∂α1
�
i = 1, 2

�uÕMÛBì?��Õ�âFØ3Û(Ô�á;ÜKÕMâFÜ�Û(â,��Ø�ámß�ÕMÔ;Ö(×
45�3Ô�Ø�Ù7Ü�Ø�áxæ7Ù(×FØKámá�Ø-	VÕM×]Úmß�ÕMÔmâ�� ×]Ù�Ú^Ø3Ô5Þ!�3ç
Ö(×=ÕM×]Ô�ØmÖ(Øxâ=Õ*ÜKà�Þ>ß�Õ�Ô^ÕM×Fá�à�Ù,ÖBÛ�ã
Ô^Õ�Ö(×FØ3Ù�ÚiÖBÛ,Ü�à�Ø2@aÜ3×FØ3Ù�Ú~Ö(Øxß(Ô�ØKá5á5×Fà�ÙUä*â=Õ	ß�ÕMÔ�à�×uÖ(Øxâ��XÕM×]âFØ ÐA� Ø�á!ã
ÔsÕ�ÖB×FØ3Ù�Ú�á
∂Cp/∂αi

�
i = 1, 2

ÜKÕ�âFÜ3Û(â,�Ká�Ø�ÙoÛ(Ú5×]âF×Fá�Õ�Ù�Ú�âFØ�á�ã
ÔsÕ�ÖB×FØ3Ù�Ú�áxÖ(à�Ù(Ù=��á�ß�ÕMÔ�â=ÕaÞ!�3Ú5Ý7à�Ö(Ø*Ö(Ø*â�������Û�ÕMÚ5×Fà�Ù\â]×]Ù �KÕMç
Ô�×Fá��KØmØ3ÚiÜ�Ø3ÛBìB�C�
ÕMâ]Û �Ká!ß�ÕMÔiÖ(×
45�3Ô�Ø�Ù7Ü�Ø�á!æ7Ù(×=Ø�á~á�à�Ù�Ú~ÜKà�Þ>ß�Õ�Ô���á~ß&à�Û(Ô~Ú5Ô^à�×Fá!ß7Ô�àMæ7â=á~á5×]Ú5Û �Ká!Ô�ØKábßfØ�Ü3Ú5×/��Ø3Þ�Ø3Ù�Úä�â��IØ3Þ�ß(âFØ3Ù�Ú�Û(Ô�Ø å y = 0.2m

êC��ä>Þ�×�ç�Ø3Ù���Ø3Ô5ã
Û(Ô^Ø å y = 0.45m
êiØ3Ú�Õ�Ûká^ÕMÛ(Þ@à�ÙkÖ(Ø9â��XÕM×FâFØ å y = 0.7m

ê Ð6D Ø�á
ÜKà�Þ>ß�Õ�Ô^ÕM×Fá�à�Ù�áeá5à
Ù�Ú¥Ô^Ø3ß(Ô���á�Ø3Ù�Ú���Ø�á¥ß�ÕMÔ¥â=Ø�á�æ7ã
Û7Ô�Ø�á ÏBÐ#� éA� Ï(Ð3�%E Ø3Ú Ï(Ð�E)$ ßfà�Û(ÔeâFØ!ß�ÕMÔ^ÕMÞ<
3Ú5Ô�ØiÖ(ØF	Và�Ô5Þ�Ø

α1
Ø�Úß�ÕMÔ~âFØ�á!æ7ã�Û(Ô�Ø�á ÏBÐ#�)� � ÏBÐ#� (PØ3Ú ÏBÐ�E Éxßfà�Û(Ô~âFØmß�ÕMÔ^Õ�Þ!
3Ú5Ô^ØmÖ(ØG	Và�Ô5Þ�Ø

α2
Ð+� Ø�á~ß�Õ�á~Û(Ú5×]âF×Fá���á~ß&à�Û(ÔiâFØ�áiÜKÕMâFÜ�Û(âFá

ß�ÕMÔ�ÖB×
4��3Ô�Ø3Ù�Ü�Ø�áPæ7Ù(×=Ø�á�á5à
Ù�Ú�Ü�Ø3Û(ì_Û(Ú5×Fâ]×Fá���á>ß�ÕMÔ>â#Õ\á5Û(×]Ú�Ø�ßfà�Û(Ô!����ÕMâ]Û7Ø�Ô>âFØ�á>ã
Ô^Õ
ÖB×FØ3Ù�Ú�á�Ö(Ø�á�Ü�à�Ø2@aÜ3×FØ�Ù�Ú�áÕ)�3Ô�à�ÖA��Ù�ÕMÞ�×,��Û7Ø�á�Ö(Ø9Ú�Ô^Õ�HFÙ �KØ	Ø3Ú�Ö(Ø9ßfà�Ô5Ú^ÕMÙ�Ü�Ø Ð Ó�âFà)��ÕMâFØ3Þ@Ø3Ù�Ú���â=Ø�áI�
ÕMâFØ3Û(Ô^á�Ö7Ø�á�ã�Ô^Õ�ÖB×=Ø3Ù�Ú�á�ÜKÕMâFÜ�Û(â,��Ø�á�ß�Õ�Ô
â=ÕoÞ!�3Ú5Ý�à�Ö(Ø�Ö7Ø`â�������Û�ÕMÚ5×Fà
Ù�â]×]Ù ��ÕMÔ5×Fá���Ø�á5Û(×,��Ø3Ù�ÚPâ=Ø�á*Þ<:3Þ�ØKá*Ú^Ø3Ù7Ö7ÕMÙ�Ü�Ø�áJ��Û7Ø�âFØ�á���ÕMâFØ�Û(Ô�á>ÜKÕMâFÜ3Û7â,��Ø�áPß�Õ�ÔÖ(×
45�3Ô�Ø�Ù7Ü�Ø�æ�Ù(×FØ�á Ð+* â]â=Ø�á~ß&Ø3Û+��Ø3Ù�ÚiÜKØ3ß&Ø3Ù7Ö�ÕMÙ�ÚI:3Ú5Ô�ØmâFà�ÜKÕMâFØ�Þ�Ø3Ù�Ú~Ú5Ô�
�áiÖ(×
45�3Ô�Ø�Ù�Ú�Ø�á��(Ø�Ù�ß�ÕMÔ�Ú5×FÜ3Û(âF×FØ3ÔiØ3ÙK�&à�Û7Ú
Ö>�XÕM×]âFØ ÐLD Ø�áM��ÜKÕ�Ô5Ú�á��(ÖBÛ7á�äPâ=Õ*Ù7à
Ù�Þ�à�Ö �3â]×Fá^ÕMÚ5×Fà
Ù,Ö(Øxâ#Õ*Ú5Û(Ô��7Û(âFØ3Ù�Ü�ØmÖ7Õ�Ù7á~âFØxÚ�Ø3Ô�Þ�Ø ∂Rf

∂W
å Ý���ß&à
Ú5Ý 
�á�ØmÖ(Û

µt
æ7ã��Sê�Ø3Úeä�â�� Ý���ßfà�Ú5Ý 
Ká5Ø~Ö(Ø!ÜKà�Û7Ü^Ý7Ø!Þ>×]Ù�Ü�Ø)�MÙ�Ø!á�Ø.Ú5Ô^Õ
ÖBÛ(×Fá�Ø3Ù�Ú¥Ü�Ø3ßfØ3Ù7Ö7ÕMÙ�Ú�ß�Õ
á�Ø�Ù>ÖB×
4��3Ô�Ø3Ù�Ü�Ø�á¥Ø�ìBÜKØ�á�áb×,��Ø�á
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g"h�i"jAk+l O)Pnm<oGp�q%r+s,tCu�vFrAwyx�zLq�{J|yr+tIv�})p�~�s,}%u.�,t
�,}%u �Jr+tn�;q\|5}%w+v�p�tn|=q�p�p�q�|+|5}%p�vI�

α2 � x�}%uA�=�)wA�p�q�v�s,}%u�q%s/�,t���P�� l
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g"h�i"j k+l O���myoGp�q%rAs;tCu�v�rAw�x�z=q%{J|�r+t��=t2�As,}%uB�,t
�,}%u+�!r+tn�;q\|5}%w+v�p�tn|=q�p�p�q�|+|5}%p�vI�

α2 � x�}%uA�=�)wA�p�q�v�s;}%u�q�s,�,t���P�� l

~�w+p��;t�~��)p�q%r+s,tCu�v�~Mr t�~��%q��,t�w+p�~�s/u�v��C�)p���t�~M�0w t'~�})u�v��,t�~Mx�}�t2�.xCs,tCu�v�~Mr+tnv�p�q��,u ��t�tCvMr tn|6})p�v�q�u x�t l

���L�6�L�����L�9�S�����c�? �¡£¢£¤0¥�¦S���c���§�� ©¨
¤�ª>«S¡+¥­¬��L�®¡ �+¯C�L¬Y�6¥��
° t!| p�}�x�t�~�~�w ~�s/v��Cp�q�v�s/±Mr+t!p���~�}%�/w+v�s;}%u²rAw³~�´9~�v�µC{<t<r�¶�����w=q�v�s;}%u � k+l�k N­��x�}%u���t�p���t<���0q��,tC{<tCu�v\{!}%s/u=~

p�q�| s,r+tC{<tCu�vG�0w t�|5}%w+p��,t�~Gx�}%u+� �)w+p�q�v�s,}%u=~I|+p���x���r+t�u�v�t�~�·=s/�^q!¸6t�~�}%s,u�r>¶�q�w�{!})s/u ~Iz9w+s/v�s/v���p�q�v�s,})u ~I|5}%w+px�}%u9��tCp��0tCp � q���t�x ε1 = 10−3 t�v ε2 = 10−4 ·�tCu-w+v�s,�/s,~�q�u�v§�,t�~cu })v�q�v�s,})u ~§r+t¹��¶�����w=q�v�s;}%u � kAl�k)º ��� l�° q�x�}%u��0tCp1���tCu=x�t�r+t�x�t�~M��t�xCv�tCw p�~It�~1vIs,�/�/w ~�v�p���t�|=q�pI�,t�~M� ��w+p�t�~�~�w+s/�%q%u�v�t�~\» �,t�~M� �)w p�t�~ kAl�¼)k tCv kAl�¼)º p�t�|+p���~�tCu�v�tCu�v��¶��C�0}%�/w+v�s;}%u�r+wB�0t�xCv�tCw pMq%r%½1}%s/u�vIq%~�~�}�xCs,�'q�wKx�z=q�{!|�r tGv�})p�~�s,}%u�q�w�~�q�w {!}%uKr+tn��¶�q�s/�,t�tCvMx�}%p�p�t�~�|6}%u r=q�u�v
p�t�~�|6t�xCv�s/��t�{!tCu�vIq%wA�Bx�}9t2�<x�s,tCu�v�~

Cd
t�v
Cl
·A�,t�~"� ��w+p�t�~ kAl�¼ O�tCv kAl�¼%¾ p�tC| p���~�tCu�v�t�u�v���¶��C�0}%�/w+v�s;}%uKrAwK��t�x2�v�tCw p-q%r�½1})s/u�v-q%~�~�}�xCs,�.q%w²x�z=q�{!|²r+tJ�Lt2�9s,}%u³q%w²~�q�w+{!})u²r+t!��¶�q%s/�,t<tCv\x�})p�p�t�~�|6})u r q�u9v�p�t�~�|6t�xCv�s/��tC{<tCu�v

q�wA�Bx�}�t2�.xCs,tCu9v�~
Cd

tCv
Cl
lA° q��=�)w+p�t k+l�¼ P\{!})u�v�p�tG�7¶��C��}%�,w+v�s,}%uKr+tG�;q\u=}%p�{!t

L2
rAwB{<tC{\¸+p�tnr+tnrAp�}%s/v�tr+t��;q�|+p�tC{!s,µCp�tG���0w=q%v�s,}%uBr+t���¶����0wLq�v�s,})u

(a) � �Cv�q�v"q)r�½1}%s,u�v"q)~�~�}�x�s,�G���;q�p�tC�;q�v�s,}%uBr+tGx�}%u ~�tCp��)q�v�s,}%uBr+t��;q
{<q)~�~�t­�"rAwK~�´9~�v�µ�{!t�r>¶����0w=q%v�s,}%u � kAl�k N­�Fx�})p�p�t�~�|6}%u=r q�u�v�� Cl l

���L¢£¿c¡ ��¡=¬�À��6�Á�§��À��+¡= ��9«c��ÀJ�§���=��¡+�§¬��9�6¥�À!�=ÂS¥­�9��«S��À!¿c¡+�y ���ÀJ�^¬;ÃÄ¤����9�6¥���À<¢£¤0¥­¦S���c��À
° t�~���p�q%rAs;tCu�v�~!r+t�~Jx�}�t2�<x�s,tCu�v�~!r+t�v�p�q��,u=��t�tCv<r+tB|6})p�v�q�u x�t�~�}%u�v<q)~�~�t�{\¸+�,��~!t�uÅw+v�s/�,s,~�q�u�vJ�,t�~

r+�Cp�s/����t�~�|Lq�p�v�s,t��/�,t�~
∂W/∂αi

t�v
∂D/∂αi

·
i ∈ [1, 3]

·c~�w+s/�%q�u9v��;q�±Y}%p�{\w �,t � k+l P��n|5}%w+p���q�{!��v�z }�r t<r+t��¶�����w=q�v�s;}%u®�,s/u ��q�p�s,~���t�})wÆtCuÆw+v�s/�/s,~�q�u�v.�,t�~<�0t�xCv�tCw p�~yq%r%½1}%s/u�v�~
λf

tCv
λs

q%~�~�}�x�s,��~y�Çx�z=q%��w t�~1´A~1v�µC{!t
r�¶����0w=q�v�s;}%u ~'tCv'x�})p�p�t�~�|6}%u=r q�u�v���x�z=q%xCw u tJr+t�~G±Y})u xCv�s,})u£�Cv�w=rAs,��t�~ � x�}9t2�<x�s,tCu�v�~

Cd
t�v
Cl
�G~�w+s/�%q%u�v��;q±Y}%p�{\w+�,t � kAl�º�k ��|5}%w+p.�;q£{!�Cv�z=}�r+t�r+t���¶����0wLq�v�s,}%uÈq%r�½�}%s/u�v�t lFÉ t�~<�)p�q)rAs,tCu�v�~.~�}%u�vyx�}%{!|=q�p���~Bq�wA�Á�%q��

�,tCw p�~Jx�q%�,xCw+�,��t�~�|=q%pJr+s
Ê5�Cp�t�u x�t�~�� u+s,t�~!�?��¶�}%p�rAp�t
2
lË° t�~J�%q��,tCw p�~J}%¸ v�tCu�w=t�~J~�}%u9v!q)~�~�tC{-¸+�,��t�~!r q�u=~��,tv�q�¸ �,t�q�w k+l N ºAl�° t�~F��x­q�p�v�~¹p�tC��q�v�s
±Y~ � x�q%�,xCw+�,��~Ä|Lq�p¹p��C±Y�Cp�tCu=x�tGq�wA�.rAs
Ê5��p�tCu x�tI� u+s,t�~Ä|5}%w+p¹�,t�~Ä{<�Cv�z }9r+t�~Fr+t

��¶�����w=q�v�s;}%u.�,s/u ��q�p�s,~���t�t�v"q%r%½1}%s/u�v�t�tCvF|=q%p¹p��C±Y�Cp�tCu=x�tn�'�;q�{!�Cv�z }�r+tGr+t���¶�����w=q�v�s;}%u.�,s/u ��q�p�s,~���t�r=q�u ~¹�,tGx�q)~r+t���¶����0wLq�v�s,}%u�q%r�½1})s/u�v�t­�"~�}%u�vMs/u rAs,��w ��~Mr q�u=~��,tnv�q%¸+�,t�q%w kAl N kAl° t�~M��x�q�p�v�~MtCu9v�p�tn�;t�~��%q��,t�w+p�~M}%¸+v�tCu�w t�~�~�}%u9vMx�}%{!|=q�p�q�¸+�,t�~I�Jx�tCwA��}%¸+v�t�u�w ~Iq��0t�xn�;qJx�}%uA�=�)w+p�q%v�s,}%uq�s/�,tn�?P\t�vFp�t�~�v�t�u�v"�C��q��,tC{<tCu�v�q)x�x�tC|+v�q�¸+�,t�~¹|5}%w+pFw uBx�q%�,xCw+�5tCÊ5t�xCv�w=�G~�w+p"w+u tGx�}%uA� ��w+p�q�v�s;}%uy��s;~���w tCw ~�t
tCvcv�w+p�¸ w+�,tCu�v�t � ~�}%w=~S�,t�~Sz9´�|6}%v�z µ�~�t�~cr tÄx�})w x�z tÄ{Js/u=x�tÄt�vcr+tÄ��s,~�x�}�~1s,v��Ìv�w+p�¸+w �,tCu�v�t¹x�}%u=~1v�q�u�v�t­� l­Í u t¹q%w+�%�{!t�u�v�q�v�s,})u�r+t�~Ix�}�}%p�r+}%u+u=��t�~I~1w s/�%q�u�v

z
r+t�~Mr tCwA�B|6})s/u�v�~Ir+t'x�}%u9v�p�Î%�,t'x�}%u ~�s,r+�Cp���~ � w u���{Js
�7t�u���tCp���w+p�t
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ç"è�é"ê>ëAì å)íJî�ïGð�ñ%òAó;ôCõ�önòA÷�ø�ù�ô2ú.øCó,ôCõ9öGò+ô\û+ð�ô�üþý
ü�ó,ù)õ

Cp
ü�÷+ð�ÿ,ô!û+ð�ù�� ÿ¹ü�ó/ö�÷��<ô�õ

y = 0.2m
û=ñ�ðð�ñ�û+û6ù%ð�ö��

α1
� ø�ù%õ����)÷+ð�ñ�ö�ó,ù%õ�ñ�ó/ÿ,ô
	���
 ì
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ç"è�é"ê>ëAì å��Jî�ïGð�ñ%òAó;ôCõ�önòA÷�ø�ù�ô2ú.øCó,ôCõ9öGò+ô\û+ð�ô�üþý
ü�ó,ù%õ

Cp
ü�÷+ð�ÿ,ô!û+ð�ù�� ÿ¹ü�ó/ö�÷��<ô�õ

y = 0.2m
û=ñ�ðð�ñ%û+û6ù%ð�ö��

α2
� ø�ù%õ����)÷+ð�ñ�ö�ó,ù%õ�ñ�ó/ÿ,ô
	���
 ì

dCd/dα1 dCd/dα2 dCl/dα1 dCl/dα2	��Cö�� ù�ò+ô�ÿ/ó/õ���ñ%ð�ó,ü���ô −5.69.10−2 −1.146 −1.267 −20.171	��Cö�� ù�ò+ô�ñ%ò��1ù)ó/õ�ö�ô −5.71.10−2 −1.146 −1.267 −20.128� ó����Cð�ô�õ ø�ô�ü��=õ+ó,ô�ü −6.87.10−2 −0.991 −1.327 −20.750

�����§êSë+ì ä �!î�ïGð�ñ%òAó,ô�õ�ö�ò+ô�ünø�ù�ô2ú<ø�ó,ôCõ�ö�ü'ñ��Cð�ù�ò"!9õ=ñ�#!ó%$0÷ ô�ü�ò+ô�ö�ð�ñ'&,õ(��ô�ôCö'ò+ô-û6ù)ð�ö�ñ�õ ø�ô � ø�ù)õ"���)÷+ð�ñ�ö�ó,ù%õ
ñ%ó/ÿ,ô2ý*)�÷=ü�ô�ÿ;ñ���ô
+Ió%,Iô.-/-�
 ì

dCd/dα1 dCd/dα2 dCl/dα1 dCl/dα20 ò1�1ù%ó/õ�ö32�4>ó/õ���ñ�ð�ó,ü��
0.3% 0% 0% 0.2%4>ó/õ���ñ%ð�ó,ü��52 �76
17% 15% 4.5% 3%0 ò1�1ù%ó/õ�ö32 �76
17% 15% 4.5% 3%

�����§ê�ë+ì ä ë î98Ìø­ñ�ð�ö.ð�ô�ÿ;ñ�ö�ó�)�ô�õ�ö�ð�ô�ÿ,ô�üyòAó�����ð�ôCõ�ö�ô�ü:#:�Cö;� ù9ò+ô�üyòA÷ ø­ñ�ÿ,øC÷ ÿGò+ô<�)ð�ñ%òAó,ôCõ9ö � ø�ù%õ����)÷+ð�ñ�ö�ó,ù%õñ%ó/ÿ,ô2ý*)�÷=ü�ô�ÿ;ñ���ô
+Ió%,Iô.-/-�
 ì

ô�ö"ÿ>=�ñ%÷+ö�ð�ô�ôCõ@?6ù%÷+öMòA=�ñ�ó,ÿ,ô5
¹ô�õ�ö�ð�ñ�ó,õ ôCõ�ö�÷+õ ô�òAóB#!ó/õ�÷+ö�ó;ù%õ�ò ô�ü�ø�ù�ôCú<øCó,ô�õ�ö�ü�ò ôGû6ù)ð�ö�ñ�õ ø�ônôCöMò+ônö�ð�ñ'&,õ(��ônò ôÿ>=3ñ�ó/ÿ,ô � ø�ù%õ=ü;� $0÷ ôCõ=ø�ô<ô�õÇû=ñ%ð�ö�ó,øC÷ ÿ/ó,ôCð-òA= ÷+õ ô<ð���ò+÷ øCö�ó,ù)õ²ò+ô<ÿ;ñKö�ð�ñ'&,õ(��ô!ó,õ òA÷+ó/ö�ô5
 ì 8Ëÿ,ÿ,ô!ó/õ=òA÷+ó/öC�D�0ñ�ÿ;ôD#!ôCõ9ö
÷ õ ôFò+óB#Jó/õ�÷ ö�ó,ù%õJò+ôFÿ;ñ/ELô3F9ó,ù%õJôCö^÷+õ ô�ñ�÷���#<ôCõ�ö�ñ%ö�ó,ù%õJò+ô¹ÿ�ñIö�ù%ð�ü1ó;ù%õ�ò ô¹ÿ>=�ñ%ó/ÿ,ô���ÿ>=G�.$�÷+ó/ÿ/óB? ð�ô"ñ��Cð�ùH�Cÿ�ñ%ü�ö�ó%$0÷ ô�Iø�ô�ø�ù1#!û6ù%ð�ö�ô.#!ôCõ9ö�ô�ü�önÿ;ñyø�ù%õ ü��.$0÷=ôCõ ø�ôJòA÷ ø�ù)÷+û+ÿ;ñ��0ôC����ù�#J�Cö�ð�ó%$0÷ ôJôCõ�ö�ð�ô�ÿ,ô�ü7#!ù%÷�K�ôD#!ô�õ�ö�ü�ò+ôLELô3F9ó,ù)õ
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y = 0.7m
T#D*BB)D�TST`O�BVJba
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�8���������������@�������������������q���<�����1�����������>� �����������q�������<���������	���� ��1�����z�¡�¢���������	���q�������<��£�����¤@�����}�¥�<����>�¦�<�������	���q���������§���v¨,�����	�K©*ª9�<�����q (���������q��«�¬­�����������z�����@�®���z���<¯�����������ª<�����@�����������2�����������q�����q���2�>°¢��°��@��������±����¯��}���������������2�������²¨,�<���������<�³�<¤�´���������¨

J
���������/¨,�<���������<�������<�1���µ�����1�����

Gk ¶ 1 ≤ k ≤ p
°i·®��������¸���­�������¡�¦�����q���1�b�������b���K�¥�����q���$��¹9���K���º���1���������q�������<�j�� 1»$����¹9�@���<���<�������	�����b��������������©*�(�����&¼����K����� ¶��¹9�@�������<���}½�¾�¿zÀ��¥�����}�����/�������/�������<�	�¥�<���q���	���$�}���ZÁ������������/�	�1��Â������������	���$�bÃ@���Ä�¥�<���}�����/����������K���<�	�¥�<���q���	���$�Å�������±�������@�������q��¬&°�¾�Ã������}�����@�����	�<���������q��¤������z�����Å���<¯����Å���K����������� ¶ �������<�}¤�������¼�<�����������Å�<�1� ¶ �����������z���}�	���������j�����b�<��������� 90 ¶ �K���Å���j��ª����1�z�Æ� ���1�����qÇ��Å���}�����	�����<�����z���@�}�@�<�������K�������ª<�����@�<�����<�@�®���±�	�$��Â��������<�	�������®�@���2�����®��ª<�<���@�������<���2�<�������$�q ������ ¶ ¤������º���&Ã�������� ¶ �����������®�¡� ���±���1��Â�����q���������3�����}�� 1»$����¹9�@��°=·®�2�������������i�����i¹9�@������Ã@�2���®�	���q�<�	�1��Â���� ¶ ���3�������&Ã@�������������È� �����	�1��Â��������������1�q @��È� �����}�������q�������b¨,�������������É�����z���@�����3�<���¥������������£=�����������<�È°(�"������ª������@�������<���z�<�����1���������z�	�����	�1���������q�������<����������@��������������� ¶ ����������������¤����b�¡�¢Ç����q�Å���<�@�������������z�¥�<�������²�����<¤���Â��	�b���<���@� ¶ ���<�$��¹9�@�<����Ã@�������¡�¢�&¼��<��������°Êz���������y�����Äª1����£��q�����@�Ä�È�¦����������� ¶ ���/£=�q�����/�����/¤����®���Ä����¤��������������<���8���q�����q�<�1�3���Ä�����	�����Ä���}�$����ª1�q����2�����®�¥����¨,�<�����������������z����Ë��������1���2�Ì»1�¥���������	���q�<�	�1��Â������2���1�®ª$�±���Ä´�������°$ÍÎ�

1994 ¶ ���§���q���������>�¦������q����������¨¥����¼b������ ��$�����y���­����£������������<�/�(���"¨,�<�@�������<�@�"���<��»1�@Ï<�K���<����� ¶ �@���8¨,�<���������<���y������������� ¶ �@���"¨,�����������������¤@�����v�q����������� ¶ �@�<�Ä�������q��£9�z�b���Ð»9���º�<�±�@���2Ñz����£�����£§©Ò�<�������¡�����¥���������<���������������<�º���@�������<����¬Ä������������¤�������(����Ó������q�<�ÕÔ�«�ÖÐ×Æ°(ÍÎ�
2000 ¶(Ø ���FÙ�Ú�Û�Ü�Ý3Ô�«�«�ÞÐ×3�<�1������¤������}�������������<���������}�������������������<�����/�����v�	�1��Â�������������<�	�@��£��@���b�¡� �����b�����K�@���µ�������<�����Å���������&�����<�����q�z�q����������ª=�Å�����������2¨,�<�@�������<�@�������� ������<����¹9�@����°�ß���<�±�����@�Ä�µ����� ¶ À1���K�@���<�jÙ�Ú­Û<Ü�Ý�Ô¦à�á=âÐ×¡�<�$�®����¤������v���±�����������������K�������®�����ã������¨y�/�>� �����������q���������º�����	�1��Â�������<�������1�µ ����������<������¹9����� ¶ �@�<���K�Î������¹9�@�����Å�����b������¨>�<���������K�������<�����K�@���Å¨,�<�@�������<�@�Å�¥����»1��Ï<�	���������b�<�j�@�<�¨Ò�<���������<���	������������� ¶ �����K������������¼³���º���������<�����	���K���§Ñz����£�����£ ¶ �����q���1ª=�Ð»9���1�����¡�¦�<���������	���������������K�¥�<��������������������������<�g���	�	�1��Â������}���������1�q @���b���<���@�b�����@����������°"ß��g���µ���/���	�>�ä�����/���¥�����������������1�/�����������§�ã������� ��$�������ºÑÅ����£�����£K� ¶ ����������� ¶ ���q�v����¤���������� 2004

�(���®å­�<�ºÓ2�������2���2Ñz����� ´�����Ô¦à�«�æ<×Ì°$Íi��Ã�� ¶�ç �������¥�Ù�ÚÄÛ<Ü�Ý¡Ô�«�ÞÐæ�×È�<�1�2���������K�����1�2����¤����������²�����������������q�<���q���1�������2�¥����¨Ò�<�����<�������������2�	�$��Â������2���z����£���������������(����������¨Ò�<�����K���������¥�<�����±�¥�<��»$��Ï<�K�ã������� ¶ �@����ÑÅ����£�����£����}�@�<�}���������<��¼g�������������<�@���}�¥�<��������Ë��������1��������������¡�¦�&¼$�¥�������������z��������������¼¡°è3�<����������������� ¶ ���é�������q�<���ê���<�}¤����²���§����¤��������������<���	���������1�����	���q�<�������1���������	�@����������������Â����������1������>�¦���K�����<�3���}�	�1��Â������Å���������1�µ ����z�����@�����}���������}���/�>�¢���������	�����<�����<������¨,�����	��°È·®���z���������������z�����1�z������¸���������Å�	¨,�<���������z�����z��ª<�����(�������<�@�z���������1�µ ������ ¶ �������q��� ¶ ���������¥��������¯������������ ¶ �����v¨,�<�@�������<�@���<¤�´���������¨­������<�1���q�<���1���������Éª1�����¡�¢Ç����q�/�������������������@���������Å����£=�<������ ������z�¡�¢�<�������K���q�������<�É£=���<¤@�����/�K���z�����1����ª$���º©,���£9�������q�<�i�<��£=�<������ ��	�}£=���@������¹1����¬&°�Êz���	�������<���q�}���ÅèÎ�������q����Ôäë�àÐ×Î�<�1� ¶ �@���Å�&¼����K����� ¶ ����¤������}�����&¼����K������È�¦�������������������<���	�����q���1�Ä�����1����ª1���������q�����������������������<�����­�����Ì»$�¥�2ìÆ�¥���q�����������<���/�����������<�@�q ��&í�������������È� ��������£=�<������ ��	��£9����������¹9���������������������<���v�>�¢���������	���q�������<���¡� ���@�}����¤��������������	���������������������/���/���<�K���q����¸
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Ö ¨.ªN· ¦z¨4³�×q´�©Dª�ª�©]µ�¯�¨�ªx¶1©]°N¯�µ�´�©]µ�©]°N©$Ø�´�«�¸�¶1ÙqÚB©�Û|¶_¯|ÚB«4µr¦eº7°i¯c³Q¦1«�¨Sµ�©$¶_¯<Ü�«f´QÚB©]µ�©$¶_¯l°D«f²�Øv©

¸�¦1µ�¦zÚB©q¨7ªÝ¦_«�¨�¨�©D¶z¶1©Bµ�©\¶(·T¯�²�¸v©\¶1«f´�ª�Þa²�©\¶1©\¸X«�´�µßµ�©YÜ�²�¦z³�©BªQ²�¸�¦z³�²�¨àµ�×DØ�¶_¯�°D©DÚB©q¨^³HªQ²�¦zá�¯c¨^³�¶_©DªH¯câr©Dª
x

©q³
y ã ¶1©H¸v«�´�µlµd·T¯�³Q³b¯�Þ^²�©�´b©DªQ³b¯c¨^³�ÛB²�¨�©HØv«fªQ¦z³Q¦1«f¨<º�âr©f¢2¥�¯@µ�×qÜ�«�´QÚ$¯c³Q¦1«�¨�ª�©�Ü�¯c¦z³�µ�©HÚ@¯c¨�¦_Ùq´�©E°D«�¨^³Q¦1¨^²�© ã µ�©
³�©q¶z¶_©]ª�«�´Q³�©nÞa²�©]¶_¯�µ�×�Ü�«�´�ÚB×D©nµ�©$¶_¯lØ�´�«�äÝ©D°q³Q¦_«�¨j¸�¦1µr¦zÚ@©q¨�ªQ¦1«�¨�¨7©q¶z¶1©nµ�©$¶®·T¯c²�¸v©n°D«�¨7ªÝ³�¦z³Q²�©]²�¨�©$Ü�«�¨�°D³Q¦1«�¨
¯c¶z§a×q¸�´Q¦1Þ^²�©x°D«f¨^³Q¦z¨^²7©x©q³�´�×D§f²�¶z¦1ÙD´�©x©q¨å°D«^«�´�µ�«�¨�¨7×D©Dª�°q²�´Qá4¦z¶z¦z§f¨7©DªN¢væI¨�©EÜ�«�´QÚ@©EØ7¯c´�³Q¦1°q²�¶1¦1Ùq´�©x©NªÝ³M¯fªQª�«4°q¦1×D©
ÛY°}±7¯�Þa²7©�Øv«fªQ¦z³�¦1«�¨<µ�²�¸v«f´�µ�µ�©�Ü ²�¦z³b© ã °f·h©NªÝ³Q¬�Û�¬®µr¦1´�©�Û\°b±7¯�°q²�¨�©Mµ�©Dª�á�¯c¶1©D²�´�ª~µ�©�ª�©Dª~°D«^«�´bµ�«�¨�¨7×D©Dª

(x, y)
¢

¥5¯�µ�×�Ü�«�´�Ú@¯c³Q¦_«�¨àµ�©B¶_¯nÜ�«�´QÚ@©Bµ�©B¶(·T¯c²�¸X©\¦z¨7µr²�¦z³H²�¨�©@µ�×�Ü�«�´�Ú@¯c³Q¦_«�¨àµ�²àµ�«fÚ@¯c¦z¨7©Yç�²�¦1µ�©B©D¨^³�«�²�´}¯c¨^³
µr¦z´b©D°q³�©qÚ@©q¨^³M¶(·T¯c²�¸X©�¹ áa«�¦z´�º7§f²�´�©Y¡�¢zèiÀ�¢�é	©q³�³�©Yµ�×�Ü�«�´QÚ$¯c³Q¦1«�¨ß©DªQ³�¯�ÚB«�´Q³�¦1©Yµ�©\ª�«�´Q³�©\Þa²&·h©D¶z¶1©Yª�«�¦1³�¨^²�¶1¶1©\Û
¶(·h©�âr³�×q´Q¦1©D²�´~µ�©�°D©�µ�«�Ú@¯�¦z¨�© ã °f·h©DªQ³Ý¬�Û�¬�µr¦z´�©�µ�¯c¨�ª�¶_©DªI¯c²�³Q´b©Dª~µ�«�Ú$¯c¦z¨�©DªN¢

¥�©Kµ�×qØ�¶_¯�°N©qÚB©q¨4³*Ú@¯câ4¦zÚ@¯�¶vµr²$¸X«�´�µ$µ�©~Ü ²�¦z³b©�¯c²�³b«�´Q¦1ª�×Kª�©q¶1«f¨$¶1©Dª=¯�â�©Dª
x

«�²
y

©DªQ³	µ�©
+/− 0.4 mm

¢
¥�©Mµ�«fÚ@¯c¦z¨7©Mµ�©�°D«�¨�°D©DØ�³Q¦1«f¨<©DªQ³~µ�«�¨�°�µ�×�º�¨�¦&µ�©M¶_¯xÚ@¯�¨�¦1Ùq´�©�ªQ²�¦zá�¯c¨4³�©\ê

D = {(x, y) ëNì�í�î*îqïXðòñqó ô ï ∈ [−0.4;+0.4] × [−0.4;+0.4]} .

¥�©Yµ�×qØ�¶�¯�°D©qÚ@©q¨^³Mµr²�¸X«�´�µ�µ�©EÜ�²�¦z³�©Yª�©q¶1«f¨�¶(·T¯�âr©
x

©NªÝ³Mµ�×�º�¨�¦t°N«�Ú\Ú@©Y×q³b¯c¨4³�¶1©xØ�´�©qÚB¦1©q´�Ø7¯c´}¯cÚBÙq³�´�©Yµ�©
Ü�«�´�ÚB©

α1 ã ©D³x¶1©nµ�×qØ�¶_¯�°N©qÚB©q¨4³Yµ�²j¸X«�´�µ.µ�©$Ü ²�¦z³b©]ª�©q¶_«�¨.¶(·T¯�âr©
y

°D«�ÚBÚB©]¶1©nµ�©q²�â4¦1ÙqÚ@©$Ø7¯�´b¯cÚ@Ùq³Q´�©nµ�©
Ü�«�´�ÚB©

α2 ã µd·h«�õ<¶_¯Yµ�×�º�¨�¦z³�¦1«�¨<µ�²<µ�«fÚ@¯c¦z¨7©Mµ�©�°D«�¨�°N©qØ�³Q¦1«f¨ßê

D = {(α1, α2) ∈ [−0.4;+0.4] × [−0.4;+0.4]} .

¥5¯YØv©q´ÝÜ�«�´QÚ@¯�¨�°D©�µ�©�°b±7¯�°q²�¨�©�µ�©Dª~µ�×�Ü�«�´QÚ@×D©Dª~µ�©�¶(·ö¯c²�¸v©�©DªQ³~ÚB©DªQ²�´�×N©�Ø7¯�´�¶_¯Yá�¯�¶1©q²�´Iµ�©M¶_¯xØ�´�©Dª�ªQ¦1«�¨
³�«�³}¯c¶1©�©q¨lª�«�´Q³Q¦1©V¢�¥�·h«�¸räÝ©N°q³Q¦eÜ-µr²<Ø�´b«�¸�¶1ÙqÚ@©�µd·T«�Ø�³Q¦zÚB¦1ªb¯c³Q¦1«�¨l©DªQ³Iµ�©�Ú\¦z¨�¦1Ú\¦1ª�©q´I¶_¯YØv©q´�³�©�µ�©�Ø�´�©Dª�ªQ¦1«�¨|³�«c¬
³b¯c¶1© ã °V·h©DªQ³Ý¬�Û�¬�µr¦z´�©~¶1©~´b¯cØ�ØX«�´Q³

1−p ô ìÝô�÷Ýøhï , ù ìQí_ô ó ï /p ô ìQô ÷Qø ï , ï®úbô í�û(ï ã
¶1«�´�ª*µr²@Ø7¯�ª�ªb¯c§V©Iµ�¯c¨7ª-¶1©I°N¯c¨2¯c¶7µ�×q¶z¦zÚB¦z³�×~Ø7¯c´

µ�©q²�â\¯c²�¸X©DªN¢fü®¶�ªN·T¯c§f¦1³-µd· ²�¨BØ�´�«�¸�¶_ÙqÚB©�µ&·h«�Ø�³�¦zÚ\¦1ªb¯c³Q¦_«�¨Bµ�©	Ü�«�´QÚB©~°q¶_¯�ª�ªQ¦1Þa²�©�Øv«�²�´t¶_©Dªt³Q²�´Q¸v«fÚ@¯�°}±�¦z¨�©DªN¢f¥�©
´b¯cØ�Øv«�´Q³

p ô ìÝô�÷Ýøhï , ù ì�í_ô ó ï /p ô ìÝô�÷Qø ï , ï®úbô�í�û®ï
á�¯�´Q¦1©	©D¨^³Q´�©

0.918
©q³

0.924
ªQ²�´s¶1©	µ�«�Ú@¯c¦1¨�©	µ�©	°D«f¨�°D©qØ�³Q¦1«�¨ D ¢c¥�·h×N°N¯c´Q³
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1

2

ns∑

i=1

(

J(αi1, α
i
2) − J̃(αi1, α

i
2)
)2

ã=í αi = (αi1, α
i
2)

Ü�Õ	îGÜ�ß�Ú:Õ8á~Ù�ÕDÝ�Þzß8Ø@à�×Bá~Ù:âoÝ�Ý�ã=á i ï 1 ≤ i ≤ ns ð�ñ ÕDò�Õ�Ø	Ù�Õ	ÛGÜIäGÕ8Ú�ß8ò=×BÝoÛ�×BÙ:â�ã=áHÚ�Õ�ÖG×=Ø8Ù�Õ8Ú�Õ8Ú:Ù
×BÝ�ã[Ü�Úxß	ç�×BÝ©è
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




J(α1)ððð
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
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 .
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Ø8Õ	î+Õ	á-ä-×=á~Ù ï î+ã=ÛGÜxäGÕ8Ú'Ü@×=â�Ú:ã[á-Ú�äGÕ�ÚWâ&�pîGÝoâ�Ø8âoÙ�ß ï å Û-ÕaÝ�Õ8Ú'��ã=Ü"�KÛGÝ�Õ8Úx×[Ú�Ú:ã~Ø8â�ß8Õ8ÚxèKÝ"×IÜ�ß8ç[Ü�Õ8Ú�Ú:â�ã=á«îqã=Ý&#~á�$��Dâ"×BÝ�Õ
äGÕgäGÕ	ç�Ü�ß 2 ðGñ ×(��ã=á-Ø8Ù:â�ã=áMÕ�ÖG×[Ø	Ù�Õ J Õ8Ú:Ù ï ä-×BáHÚxØ8ÕgØ�×=Ú ï ×=îGîGÜ�ã|Ø@à-ß8Õ�îH×BÜxÛGá-Õ)��ã=áHØ	Ù:â�ã=á å Û�×=ä�Ü@×=Ù:â å Û-ÕgäGÕ�Ý"×
��ã=Ü*�DÕ

J̃(α) = ψ0 + ψ1α1 + ψ2α2 + ψ11α
2
1 + ψ12α1α2 + ψ22α

2
2+ ã��,�DÕgáHã=Û-ÚlÝ�Þ/×�ò�ã=á-ÚRäGß8Ø8Ü:âoÙT×BÛ�Ø@àH×BîGâ�Ù:Ü�Õ » ï Ý"Õ8ÚRØ8ã~Õ�-�Ø	â�Õ	á|Ù�Úlä-Õ�Ø8Õgî+ã=Ý�#~á�$.�DÕ�Ú�ã=á~ÙTØ�×BÝ�Ø	Û-Ý�ß8ÚRÕ	á/�DâoáGâ0!

�pâ�Ú@×Bá|Ù�Ý�ÞzÕ8Ü:Ü�Õ	ÛGÜ êJë|ì Ú:ÛGÜxÝ�Þzß8Ø
àH×Bá~Ù:â�ÝoÝ�ã=áMØ8ã=á-Ú:â�äGß8Ü�ß ï ä-ÕaÙ�Õ	Ý�Ý�Õ�Ú�ã=Ü:Ù�Õ å Û-Õ
Ψ = (XTX)−1XTJs

ã=í

Ψ =






















ψ0

ψ1

ψ2

ψ11

ψ12

ψ22






















et X =














1 α1
1 α1

2 (α1
1)

2 α1
1α

1
2 (α1

2)
2

1 α2
1 α2

2 (α2
1)

2 α2
1α

2
2 (α2

2)
2

ððð ððð ððð ððð ððð ððð
1 αns

1 αns

2 (αns

1 )2 αns

1 αns

2 (αns

2 )2














.

ó5ô�õöô21 ø�ù-ú�û�üHý=ý=þNÿ������+û�û�ùHýBü������3
nü��nü��nû�ÿ��nüHý
ñ ÕRîGÜ:âoáHØ	âoîqÕRç�ß	á-ß8Ü@×BÝqä-ÕlÝ"×gÜ@ß	ç[Ü�Õ�Ú:Ú:â�ã=á�äGÕ4��ã=á-Ø	Ù�â�ã=á-ÚsîH×=ÜsÜ�ß8Ú�Õ�×=Û�ÖUä-Õlá-Õ	Û-Ü�ã=á-Õ�Úsä-ÕlÙ5#|îqÕlÜ�ß�Ú:Õ�×BÛ�Ö

äGÕ6��ã=á-Ø	Ù�â�ã=á-Úxè(7H×=Ú�ÕTÜ
×=ä�â"×BÝ"Õ98;:4<>=�?sã=Û«îqÕ	Ü�Ø�Õ	îGÙ:Ü�ã[á-Ú>�IÛ-ÝoÙ:â0!�Ø8ã[Û-Ø@à-Õ�Ú@8 êBA ?_×1äGßDC:è1ß	Ù�ß�Õ�Ö|îqã�Ú:ßg×BÛ«Ø
àH×E!
îGâoÙ�Ü�Õ » ð + ã��DîGÝ�ß	Ù�ã[á-Ú�Ý�Õ ï Ù�ã=ÛGÙlä�Þ/×F7qã[Ü�ä ï îH×BÜ å Û-Õ	Ý å ÛHÕ8Ú�Ü�ß8Ú:ÛGÝ�Ù@×BÙ�Ú�Ù:àHß8ã=Ü:â å Û-Õ8Ú ð
G ã=Ü:áGâ�HBI »KJ.L ï »KJ.M ï »KJ�¼ON ×IäGßP�Uã=á~Ù:Ü@ß å Û-Õ4Q�Ù�ã=ÛGÙ@Õ4��ã=áHØ	Ù:â�ã=áR7qã=Ü:á-ß�ÕTÚ:ÛS-UÚ@×F�,�DÕ	á|Ù_Ü�ß	ç�ÛGÝoâ�æ	Ü�ÕTîqã=Û-ò=×BâoÙT Ù:Ü@Õp×=îGîGÜ�ã|Ø@à-ß8Õ1ÛGá-â0��ã=Ü"�UßP�DÕ8á~Ù�Õ8Ù�×�ò�Õ8Ø1ÛGáHÕKî-Ü�ß8Ø	â�Ú:â�ã[á�×=Ü"7GâoÙ�Ü@×BâoÜ�Õpä-×=á-ÚaÛ-á�ä-ã��U×Bâ�á-Õ(U-áGâ5äGÕ1Ý�ÞzÕ�ÚWî�×=Ø8Õ

äGÕ8Úlò=×BÜ:â"×�7GÝ�Õ8ÚlîH×BÜlÛGáMÜ�ß8Ú�Õ�×BÛ�äGÕgá-Õ	Û-Ü�ã=á-Õ�ÚlØ8ã��Dîqã=Ü:Ù
×Bá~ÙlÛGá-Õ�Ø8ã=Û-Ø
à-Õ�äGÕgá-Õ	ÛGÜ�ã[á-Õ8ÚlØ�×=Ø@à-ß8Ú ï Õ	áMá-ã��(7GÜ�Õ
U-áGâ ï îqã[Ú�Ú�ß8äH×Bá~ÙsÙ@ã=Û-ÚsÝ"×V� T �UÕW��ã[á-Ø	Ù:â�ã[á�ä�Þ/×[Ø	Ù:âoò=×=Ù:â�ã=á�Õ	ÙsÛ-á�á-Õ8ÛGÜ�ã=á-ÕTäGÕTÚ:ã[Ü:Ù:â�ÕRÝoâoá-ß�×=âoÜ�Õ�X ð + ÕlÙ�à-ß8ã=Ü@æP�DÕ
×=Ú�Ú:ÛGÜ�Õ�Ý"×KÜ�ß�×BÝoâ�Ú@×F7GâoÝ�âoÙ�ß�ä-ÕaÝ"×1Ü�ß	ç[Ü�Õ�Ú:Ú:â�ã[á3ä�Þ Û-á-Õ6�Nã=á-Ø	Ù:â"ã=á«á-ã[áGÝoâoá-ß�×BâoÜ�Õ�îH×BÜxÜ�ß8Ú�Õ�×BÛ�Ö«äGÕaáHÕ	ÛGÜ�ã[á-Õ8Ú ð+ ã��9�UÕDã=á¯Ý�Þ/×�ò|Û ×BÛ Ø@àH×=îGâoÙ:Ü�Õ » ï Ý"×«Ü�Õ8Ø@àHÕ	Ü�Ø@àHÕDäGÕDÝ"×Y��ã[á-Ø	Ù:â�ã[á ×Bî-îGÜ�ã~Ø@àHß8ÕDÕ�ÚWÙ�Ü�ß�×BÝ�â�Ú:ß�Õpá-ã[á�îH×[Ú
îH×BÜ�âoá~Ù�Õ8Ü:îqã=Ý ×BÙ:â�ã=á3ä�âoÜ�Õ�Ø	Ù�Õ6��×Bâ�Ú'î�×BÜ>�DâoáGâ��pâ"Ú�×=Ù:â�ã=á3äGÕTÝ�ÞzÕ	Ü:Ü�Õ8ÛGÜx×BÛ3Ú�Õ	á-Ú�ä-Õ8Ú>�Dã=â�á-ä�Ü�Õ8ÚxØ�×BÜ:Ü�ß�Ú'îH×BÜ�Ü@×BîS!
îqã=Ü�Ù�×BÛGÖMî�×BÜ@×F�Uæ	Ù:Ü�Õ8Ú�äGß�U-á-â�Ú�Ú�×=á~ÙTÝ"ÕIÜ�ß�Ú:Õ�×BÛ ð + ÕKîGÜ�ã~Ø�ß8äGß1Õ8Ú:ÙaäiÞ/×BÛGÙ@×=á~ÙTî-ÝoÛ-Ú�CjÛHÚWÙ�â0UHß å Û-ÕKÝ"×Z��ã=á-Ø8Ù:â�ã=á
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�_���¦�­�����"�*�P���@�e��|��~��|F�"�w�e���9ÁÈÇ Å

(Ψ)
�"�.���r�9�&�~���Z|��&�.���P�°���µ|F���"�*���r�*�P�*�,���K���P�É�*���*�����.|F�_�r���È}~�*�. ~�&�P�Z�

������}~�"�&�9�&��|F�"�&�.����º¯�.�~�(���P�w|S�����'�����&�"�*�£�~���S�É�,�P�"���_�~���K���&���V�Z�P�"�����~���V�����S¹5|.��|F}~�i|F�"���	�K�¡�e�~���"�&���~���P���
�K���9}~���W�
���(�~����|����P�Z�P�_�¿�~�¨�*�����*�����&������|F�&�P���*�����i��|F�_�*�����&�������S�w�
}����~�� ~�w���K�	�P���&�����Z�P�"���_�~����|���|�}~��|F�"�&�	���
�_�~�m���������*}]���*���_�'�~�4�������	�P���&�K�¿��|��&�P�~�*�'�����m|F�_�"�����w�����>|F�Y�����~�����S�£}��*�_�����*�"���'���µ|F}�}~�*�P���"�&�*�*|�¤	�.�_Ê��.���¿���
�����P�"���e�����¨�&�P���e���r�&���¨�,�P�*���_�����W���µ|F}�}~�*�P���"�&�*�*|�¤	�)�����S¹5|���|F}~��|��"���	���K�
Æ'�����
�&���P�*�����¦�*���~�,���µ|� ]���*���~�Ë�*���*�K|F�Ä�~�R���P�~���������9���Y�D´_}]�É�;±4²'³����»�&���9�����_�"�*�K�9�P�¦�&�K�¦��|K´	�.���

|O´e|F�_�>�P�*���i�����&�"�&�>|V}~�"�&���*�»�;�P¤_|F�S�Z�.�£����� |F�S�Z}]�������*�'�����m|F�_�"�����w�����i���_À����*���*�K|F�R�~�4���P�~�*�������'���"�>|F�w���*�
���&���K|F�����£}m|F�(�i|F}~}]�.�"�,|F�S�Ã}�|F��|��,�P�"�����9|E¼D���
�i|F ~�&�K�

Ψ
�P�¦�w|/¥;�������"�&���ËÁÌÇ Å

(Ψ)
���"�¦�e�m|��S��|��"�&�e���Y}�|��

�i|F}~}]���*�¿{
Ψ
� Å �9�*�P}��*�P��|��_���&�K��������|��"�&�������~�,���m|F}~���"��� x �	�P�9}m|F�"�"�&���~���&�P�¿�e���

n1
�*�P}~�����*�P�_�*�¨�&�>�����¡ ~���

���6¥;�����P�"�&�����4{( �|.�"�r��|��S�u|F�&�r�~� �*���*�K|��S���S�u|¡¥;�����P�"�&���/�~�@�"�.�"�"�&�r�~� �����~�*�����r���"�W��¤e|F�&�V{Rª

J̃(α,Ψ) =

n1∑

i=1

ψi gR(α, ci, ri) .

Å �/�~��®����&�"��|��_�

H =










gR(α1, c1, r1) gR(α1, c2, r2) . . . gR(α1, cn1
, rn1

)

��� ��� ��� ���

gR(αns , c1, r1) gR(αns , c2, r2) . . . gR(αns , cn1
, rn1

)










,
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Js =






J(α1)ççç
J(αns)




 et Ψ =






ψ1ççç
ψn1




 ,

è­é�êPë*ë*êPì~ë�í�é�îPï�ð�è�ì�ðFñ*ò&ó�ô/õ"ì~ëWèwê�õ4í~ó�ô~ô�î�ê�õ4í�é�ê�ô_ñ"ë*î�êVê�õ"ñ4öÌ÷Sø
(Ψ) = ||Js −HΨ||2 ç�ù êKõWí�îPë"ò�ï	îKê�õ4í~ê@úKêPñ"ñ*êêPë"ë�êPì~ë¨ûmðFë¨ë�ð�û~û]ó�ë*ñ4ðFìSüRû�ðFëiðFý,þPñ*ë*ê�õ4ðEÿDì�õ
ñið��~è&ê�õWõ*ó�ô�ñWí~ó�ô�úrî��_ðFè&ê�õ����

1 ≤ j ≤ n1 ,
∂
öÌ÷�ø
∂ψj

(Ψ) = 2

ns∑

i=1

(

J̃(αi,Ψ) − J(αi)
) ∂J̃

∂ψj
(αi,Ψ)

= 2

ns∑

i=1

(

J̃(αi,Ψ) − J(αi)
)

gR(αi, cj , rj)

.

ù ê@ïeê�úPñ*êPì�ë�í�ê�õ4û�ðFëiðFý,þ�ñ"ë*ê�õ6ðFÿDì�õ"ñ�ð��~èwê�õ4ý9ò�ô�ò�ý9ò&õ�ðFô�ñ4èuð	�;ó.ô�úPñ"ò&ó.ôBêPë*ë*êPì~ë6öÌ÷Sø í~ó�ò�ñ6í~ó�ô�úVõ�ð�ñ"ò&õ
��ðFò�ë*êVèwð
ú�ó�ô�íSò�ñ"ò&ó.ô ô�î�úKê�õ*õ*ð�ò�ë*êrõ"ì�ò�ï�ðFô_ñ�ê��

∂
öÈ÷�ø
∂ψj

(Ψ) = 0 ⇒
ns∑

i=1

J(αi)gR(αi, cj , rj) =

ns∑

i=1

J̃(αi,Ψ)gR(αi, cj , rj)

=

ns∑

i=1

n1∑

p=1

ψp gR(αi, cp, rp)gR(αi, cj , rj) .

÷�ó�ò&ñWõ*ó�ì�õ��;ó.ë"ý,êrýZðFñ"ë"òwúPò&êPè�èwê
HTHΨ = HTJs

ù ê)ï	êKúPñ*êPì~ë4í~ê�õ¨û�ð�ë�ðFýZþPñ"ë*ê�õ4ðEÿ
ì�õ"ñ�ð��~èwê�õWí~ó�ò�ñ4í~ó�ô�ú@õ�ðFñ"ò&õ
��ðFò&ë*ê)èwð9ú�ó�ô�í~ò�ñ"ò&ó�ô§ô�î�ú�êKõ"õ�ð�ò�ë*êrõ"ì~ò�ï.ðFô_ñ*ê
�
Ψ = (HTH)−1HTJs .

� ó�ì�ë¨èwê�õ���ó�ô�úPñ"òwó�ô�õ��;ó�ë"ñ*ê�ý,êPô�ñWï�ðFë"òwð���è&ê�õ4ó�ì��~ë"ì�ò�ñ*î�ê�õ��~ò�è�ê�õ"ñWô�îKú�ê�õ*õ�ðFò�ë*ê@í~êrû�îPô�ðFè&ò&õ*êPëWèwð¦ô�ó�ë*ý,ê@íSì
ï	ê�ú�ñ*êPì~ë4í~ê)ñ�ð�ò�è�è&ê

n1
í�ê�õ¨û�ðFëiðFý,þPñ*ë*ê�õ4ðEÿDì�õ
ñið��~è&ê�õ�� Í��	Î � Í������ ç�ù ð��;ó�ô�úPñ"ò&ó�ô��(ý,ò�ô~ò�ý,ò&õ"ê�ëWê�õ"ñ4ð�è&ó�ë*õ��
öÈ÷�ø

(Ψ) =

ns∑

i=1

(

J̃(αi,Ψ) − J(αi)
)2

+

n1∑

j=1

λjψ
2
j .

ù ê)ï	êKúPñ*êPì~ë4í~ê�õ¨û�ð�ë�ðFýZþPñ"ë*ê�õ4ðEÿ
ì�õ"ñ�ð��~èwê�õWí~ó�ò�ñ�ðFè&ó�ë�õWõ*ð�ñ"ò&õ
��ðFò�ë*êrèwð(ô�ó�ì~ï	ê�è�è&êrú�ó.ô�íSò�ñ*ò&ó�ô ô�î�ú�ê�õ*õ�ðFò�ë*ê
�

Ψ = (HTH − Λ)−1HTJs
�~ó��

Λ =






λ1ççç
λn1




 .

� ó�ô�õ"ò&í~î�ë*ó�ô�õ�ýZðFò�ô_ñ�êPô�ðFô�ñ¿ì�ôZë�î�õ*êKðFìYí~ê4ô�êPì�ë*ó�ô�êKõ�í~ê4ñ �_û�ê�!;ö �#" ç � êWë�î�õ*êKðFìYí~ê4ô�êPì�ë*ó�ô�êKõ�í~îPû�êPô�íô�ó�ô¦è&ò�ô�îKðFò&ë*êPý,ê�ô_ñ�í~ê�õ»û�ð�ë�ðFý,þ�ñ"ë*ê�õ�ðEÿDì�õ"ñ�ð$�~è&ê�õ ç�ù ð�û~ë*ó�ú�î�íSì�ë*ê>í~ê>úKð�è&úPì~è~íSì9ý9ò�ô~ò�ý(ì~ý í~ê'è©é�êPë"ë*ê�ì~ë�öÌ÷Søõ*ê���ðFò&ñ6í~ê¡ýZðFô~òwþPë*êVò&ñ*îPë�ðFñ*ò�ï	êVûmðFë6úOðFè&úPì~è»íSì��	ë�ð�íSò&ê�ô_ñ6í~ê(ú�êPñ"ñ�ê��;ó�ô�úPñ"ò&ó.ô çmù êVïeê�úPñ*êPì�ë6í~ê�õ�ûmðFë�ðFýZþPñ"ë*êKõðEÿDì�õ
ñið��~è&ê�õ��¦è­é ò�ñ*î�ë�ðFñ"ò&ó.ô
(p+ 1)

í~êrúKêPñ"ñ*êrû~ë*ó_úKî�íSì~ë*êrò�ñ*îPëiðFñ"ò�ï	ê@ê�õ"ñWí~î�%�ô~ò�í~ê)èwð¦ýZðFô�ò&þPë*ê@õ
ì�ò�ï�ðFô_ñ�ê��
Ψ(p+1) = Ψ(p) + µp∇ öÌ÷Sø (Ψ(p)) .

ù ê&�­ð�úPñ*êPì�ë
µp
ê�õ"ñ¨úKð�è&úPì~è&î)ûmðFë¨ì~ô�êró�û~ñ*ò�ý9ò&õ�ðFñ*ò&ó�ô ì~ô~ò&í~ò�ë*ê�úPñ*ò&ó�ô~ô�êPè�è&êrí�ðFô�õ>èwð¦íSò�ë�ê�úPñ"ò&ó.ô í~ì��.ë�ð�íSòwêPô_ñ ç(' èõKéµð��.ò�ñ4í�é ì�ô�ê)ýZîPñ*)�ó_í�êrí~ê@í~ê�õ*ú�êPô�ñ*êrúPèuð�õ*õ
ò,+eì�ê ç

ù êYû]ó�ò&ô_ñ¦ò�ý9û]ó.ë"ñ�ðFô�ñ9ê�õ"ñ(èwêYúOðFè&úPì~è¨í~ì-�	ë�ð�íSòwêPô_ñ ∇ öÌ÷�ø ç.' è>û]ê�ì~ñ¦ô�ó�ñ�ð�ý9ý,ê�ô_ñ9õ*ê/�­ðFò�ë*êRí~ê0��ð�1�ó�ô
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Y(Z\[J]_^�`a]cb$d�]�e�d(`*Z\f\Z6gah�ei`9d(ejh$f\kGb$[*Z6`*l(m
]nY(]o[Jp�`*[ab$q([Jb�qrh�k?h$`*Z6b$e�p_sGb7t?drpcYuh�eug9f6]c^Clrh�q(Z6`*[J] V�v�w ]�`*`J]ng*]�^_b$euYu]m/p�`*lubiY(]P]_g*`xf,hjq(f6dug�[ah�quZ6Y(] v(y h�g*b�[*`*Z6]

yj,k
YNd�eu]�d([ab$eu]

j
Y(]zfTh	gJb$dug
{|^�b$du^alu]

k
]�g
`

yj,k = gP (ψ0 +

nk−1∑

i=1

ψi,j,kyi,k−1) = gP (xj,k)

b�}
nk−1

[J]_q([Jp_gJ]�e7`a]xf6]�eub$mj~([J]�Yu]xeu]_d([Jb$eu]�gnY(]xfTh�gJb$dug
{|^_b�du^alu]
k−1 � yi,k−1 � 1 ≤ i ≤ nk−1 � fTh�gJb$[*`*Z,]Y(d�eu]_d([Jb$er]

i
Y(]
f,h�gJb$dug
{|^_b�du^alu]

k − 1 � ψ0, 0 ≤ i ≤ nk−1
f6]_g�^_b7]F�0^�Z6]�ei`Jg�h$gJgJb7^�Z6p�g�h�d�eu]�d([ab$eu]

j

� 1 ≤ j ≤ nk � ]�`
xj,k

[J]�qu[Jp_gJ]�e7`J]/f���]_e7`*[Jp_]0Y(d�er]�d([Jb�eu]
j

Yu]
fTh�gJb$drg�{ ^_b$du^Clu]
k
v�y h��Sb�eu^�`*Z6b�e�]_[*[J]�du[

[a]�f,h�`*Z\s?]���f���b$~rgJ]�[*s$h�`JZ6b$e
o ∈ [1, ns] � YupF�ue(Z,]�qrh$[�f,h�[J]�fTh�`*Z6b$e����N�

o =
(

J̃(αo,Ψ) − J(αo)
)2 � er]

Yup�q4]�erY�Y(]
ψi,j,k

t?d9���j`*[ah=sG]�[Jg
xj,k

v(� ��b$}
∂
���N�

o

∂ψi,j,k
=
∂
���i�

o

∂xj,k

∂xj,k
∂ψi,j,k

= δoj,ky
o
i,k−1

b�}
yoi,k−1

^_b$[J[J]_g*q4b$erY��
f,h/gJb$[*`*Z6]�YNd�eu]�du[Jb$eu]
i

Y(]�f,h/gJb$dug
{|^_b$dr^alu]
k − 1

f,b$[JgJt?du]�f���]�ei`*[Jp_]�YNd�[Jp_gJ]�h$d]�g
`xf���b$~rg*]_[*s$h�`*Z6b�e
o � ]_`

δoj,k =
∂
���i�

o

∂xj,k
= 2J̃(αo,Ψ)

∂J̃(αo,Ψ)

∂xj,k
.

�iZ.f,]jer]�d([Jb�eu]�^_b$eug*Z6Y(p_[Jp�]_g*`Pf6]	eu]�d([ab$eu]�Y(]�gJb$[*`*Z6]�Y(d�[ap_gJ]�h�d � h�f6b�[Jg
J̃(αo,Ψ) = yj,k = gP (xj,k) � ]_`Yub$eu^

δoj,k = 2J̃(αo,Ψ)g′P (xoj,k)b�}
xoj,k

^_b$[*[J]�g
q�b$euY
�&f���]_e7`*[Jp_]�YNd�eu]�d([ab$eu]
j

Y(]�f,h�gJb$drg�{ ^_b$du^alr]
k

f6b$[JgJt?du]�f6]_g�]_e7`*[Jp_]�g�YNd	[ap_gJ]�h�d	kGf6b$~rh$fgJb$ei`�^_]�f\f,]_g�Yu]�f���b$~rgJ]�[*s$h�`JZ6b$e
o
vN� h�erg#f6]P^�h$g�qrh�[*`JZ6^�d(f\Z,]�[�b$}�f,]�eu]�du[Jb$eu]zYu]zgJb$[*`*Z6]P]F��]_^�`Jdu]�d(er]zgJb$m�m/]q�b$euY(p_[Jp_]
Yu]_g�gJb$[*`JZ6]_g�Y(]�g�eu]�d([ab$eu]_g�t7d(Zof\duZcgJb$e7`�^_b$eueu]_^�`ap_g � b$e-h

yj,k = xj,k
]�`
δoj,k = 2J̃(αo,Ψ)

v�oe�[a]�s$h�er^alu] � f,b$[JgJt?du]Pf6]zeu]�du[Jb$eu]�^_b$eug*Z6Yup�[Jpze���]_g*`�qrh$g�f6]Peu]�d([ab$eu]PYu]PgJb$[*`*Z6] � ^_]PYu]�[*e(Z6]_[x]_g*`�[J]�f6Z6p�h�dN�
nk+1

er]�d([Jb�eu]_gxY(]Pf,h	gJb$dug
{|^�b$du^alr]
k + 1

vr� e�h�Y(b$eu^

δoj,k =
∂
���i�

o

∂xj,k
=

nk+1∑

q=1

∂
���N�

o

∂xq,k+1

∂xq,k+1

∂xj,k

b�}
xq,k+1

[J]�qu[Jp_gJ]�e7`J]�f���]�e7`J[Jp_]�YNd�eu]�du[Jb$eu]
q

Y(]�f,h�gJb$dug
{|^�b$du^alr]
k + 1

v9w b�m�m
]�f6]	eu]_d([Jb$eu]
j

Y(]	fThgJb$drg�{ ^_b$du^alr]
k

]_g*`�d(eu]�]�e7`*[ap_]PY(d�eu]�du[Jb$eu]
q

Y(]zf,h�gJb$dug
{|^_b$dr^alu]
k + 1  

xq,k+1 = ψ0 +

nk∑

j=1

ψj,q,k+1yj,k = ψ0 +

nk∑

j=1

ψj,q,k+1gP (xj,k) ,

^�]Pt?d(Z�Z\m�quf\Z6t?du]�t?du]
∂xq,k+1

∂xj,k
= ψj,q,k+1g

′
P (xj,k)

]_`��uerh$f6]�m
]_e7`

δoj,k =

nk+1∑

q=1

∂
���N�

o

∂xq,k+1
ψj,q,k+1g

′
P (xj,k) = g′P (xoj,k)

nk+1∑

q=1

δoq,k+1ψj,q,k+1 .

y ]_gc`J]�[*m/]_g
δoj,k

q4]�d(s?]�e7`nY(b�eu^�¡�`*[J]�^=h�f6^�d(f,p_go[ap_^�d([Jg*Z\s?]�m
]�ei`n]�e/qrh�[a^_b$d([ah$e7`cf6]_gn^_b$eueu]F�iZ6b�eugn�Pf|��]�e7sG]_[Jg v¢ b$du[�d(e�[Jp_gJ]�h�d;Y(]�eu]�d([Jb�eu]_g��/Y(p�q4]_euYuh�er^_]�eub�e�f\Z6eup�h�Z\[a] � eub�`Jb$eug&Yub$eu^�t?du]�f,]�^�h$f6^�d(f�Y(d�sG]�^�`J]�d([
ΨYup�q4]�erY�Y(]Pf�� Z\e(Z6`*Z,h�f\Z6gah�`JZ6b$e v
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.
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.
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tanh

tanh

ψ0,1

ψ2,n1

J̃(α1, α2)α1

α2

ψ0,n1

ψ1,1

ψ1,n1

ψ1

ψ0

ψ2,1

ψn1

½�¾T¿�À�ÁuÂ Á�Ã�Ä�Å_ÆJÇ�È$É�Ê(Ç	ËuÇ�ÉuÌJÍ$ËuÇ_Æ�Ê(Ç	Î�Ï7Ð4Ç�ÑSÒ;ÓnÔPÕ�É(ËuÇ�Ö_Í�ÉuÖa×uÇ�Ö=È$Öa×uÅ_Ç�É(Î*Ø\Ù\Ø6ÆJÅ�ÊuÈ$ËuÆPÙ6Ç�Ö�È$Ê(ÌJÇ�ÊNÉ�Ö�È�ÆÎJÇ_Æ*Î�Â
Ú9ÇjÛ/Í7Ê(Ü�Ù6Ç	ÊuÇjÌJÅ�ÝGÌJÇ_ÆJÆ*Ø6Í$Ë�Öa×uÍ�Ø6Æ*Ø�Ê(Í$Ø\ÎPÞ_Î*ÌJÇ	Êàß�É(ËuÇ	Ö_Í�Û�Ð(Ù6Ç�áiØ\ÎJÅ	Æ*ÉNâ0ÆaÈ�Ë7ÎJÇjÐ�Í$É(ÌzÌJÇ_ËuÊNÌJÇ�Ö_Í$Û�ÐuÎJÇ	Ê(ÇÙ,ÈjÌJÇ�ÙTÈ�Î*Ø6Í$Ë�Ê(Å�ÎJÇ�ÌJÛ�Ø\Ë(Ø6Æ*ÎJÇ�Ç�Ë7Î*ÌJÇzÙ,Ç_Æ#ã�È$Ö�ÎJÇ�ÉuÌJÆ�ÆJÇ�Ù,Ç_Ö�Î*Ø6Í�Ë(ËuÅ_ÆxÆaÈ�ËuÆ�ÎJÍ$ÉuÎJÇFãSÍ$Ø6ÆxÞ�ÎJÌJÇzÎ*ÌJÍ$Ð�Ö�Í$Û�Ð(Ù,ÇFáNÇzÐ4Í�É(Ì�ËuÇÐrÈ$ÆnÈ�äGÍ$Ø6Ì�ÉuËuÇ�ä$È�Ì*Ø,È$ËuÖ_Ç�Î*ÌJÍ$Ð�ãSÍ�Ì*ÎJÇ�å�Ù6Ç�Û
ÍiÊ(Ü�Ù6ÇxÆJÇ�ÌaÈ�Ø6ÎcÈ$Ù6Í$ÌJÆoÆ*ÉuÌaÈ�æ�ÉuÆ*ÎJÅGÂ�çoË/Êàß�È$É(Î*ÌJÇ_ÆoÎJÇ�Ì*Û/Ç_Æ�Ù6ÇxÖa×rÍ$Øèá�ÊNÉÛ
ÍiÊ(Ü�Ù6Ç#Ö_Í�ËuÆ*Ø6Æ*ÎJÇ�Õ�ÌJÅ_ÆJÍ$ÉrÊNÌJÇnÙ6ÇnÐ(ÌaÍ$é(Ù6Ü_Û
Çné(Ø,È$Ø6Æ
ê�ä$È�Ì*ØTÈ�ËuÖ_Ç�Â$ÓëÍ$ÉuÌ.Ê(Å�ÎJÇ_Ì*Û�Ø\ËrÇ�Ì.Æ*ØiÉ(ËjÛ
ÍiÊ(Ü�Ù6Ç#Ç_Æ*Î.Æ*É(ÌaÈ�æ�ÉuÆ*ÎJÅÍ$Ë;Ð�Ç�É(Î�ÐrÈ$ÌzÇFáNÇ�Û
Ð(Ù6ÇjÖ=È�Ù6Ö�É(Ù,Ç�Ì�Ù,È/Û0È�Î*Ì*Ø6Ö�Ç�æ*È$Ö_Í�é(Ø6Ç�Ë(ËrÇjÊ(Ç�Ù,È/ãSÍ$ËuÖ�ÎJØ6Í$Ë�Ö_Í�ì(Î

∂
Ò�íNç

/∂Ψ
Âàí7Ø.ÆJÍ$Ë;ÌCÈ�Ë(ÝË�ß�Ç�Æ
Î�ÐrÈ$ÆxÅ�Ý?È$Ù�È�É�ËuÍ�Û�é(ÌJÇPÊuÇ�ÐrÈ$ÌaÈ�Û
Ü_Î*ÌJÇ_Æ�ÑSÊNØ\Û/Ç�ËuÆ*Ø6Í$Ë�ÊNÉ�äGÇ_Ö_ÎJÇ�É(Ì

Ψ
ÔFîuÈ�Ù6Í$ÌaÆ�Ö_Ç�ÌJÎaÈ�Ø\ËuÆxÊàß�Ç�ËiÎ*ÌJÇPÇ�ÉNá�ËuÇÆJÍ$Ë7Î�ÐIÈ$Æ#Ø6ËuÊ(Å�Ð�Ç�ËuÊuÈ$Ë7ÎJÆ�åiÙ6Ç�Û/Í7Ê(Ü�Ù6ÇPÇ_Æ*Î�Æ
ÉuÌaÈ�æ�ÉrÆ
ÎaÅzÇ�Î�ÆaÈ�ä$È�ÌJØ,È�ËuÖ_ÇPÇ_Æ*Î�Ö_Ç�Ì*ÎaÈ$Ø\ËuÇ�Û/Ç�Ë7Î�Î*ÌaÍ$Ð�Ø\Û�Ð�Í$Ì*ÎaÈ$Ë7ÎJÇ�Â

ï0ð7ñ�ò7órôöõ�ò�÷�ò7ô�ø�ùI÷9ò7ñ
õ�ò�úCûàüoò�ü�ò7ø�ý?ò7ü9ú=ø�ùI÷ÿþ;ô��Tú����aýGùIô�ý���ò
Ú�Ç�ÌJÅ_ÆJÇ�È$É
ÊuÇ�ËrÇ�É(ÌJÍ�ËuÇxÊ(Ç�Î�Ï7Ð4Ç�ÑSÒ�Ó#Ô.Ö_Í$ËrÆ
Ø6ÊuÅ�ÌJÅxÊuÈ�ËrÆ�Ù6ÇxÖ�È$ÊNÌaÇ�Ê(Ç�ËuÍ�Î*ÌJÇxÖ�È$Æ�ÎaÇ_Æ*Î�î$ËrÇ�Ö�Í$Û�Ð�Í$Ì*ÎJÇ

� É�ß�É(ËuÇ�Ö_Í$ÉuÖC×uÇ�Ö�È$Öa×rÅ_Ç�ÂrÚ9È	ãSÍ$ËrÖ�Î*Ø6Í$Ë�Êàß È$Ö�Î*Ø\ä�È�Î*Ø6Í$Ë�Ê(Ç�ÆxËuÇ�ÉuÌJÍ$ËuÇ_Æ&Ê(Ç�Ù,È�Ö�Í$ÉuÖa×rÇ�Ö=È$Öa×uÅ_Ç�Ç_Æ*Î�Ù,È	ãSÍ$ËuÖ�ÎJØ6Í$ËÆ*Ø\Ý�Û
Í
	�Ê(Ç�îàÇ�ÎzÙTÈ/ãSÍ$ËrÖ�Î*Ø6Í$Ë�Êàß�È�Ö�Î*Ø\ä$È$Î*Ø6Í$Ë�ÊNÉ�ËrÇ�É(ÌJÍ�ËuÇ	ÊuÇ	ÆJÍ$Ì*Î*Ø,Ç	Ç_Æ*ÎPÙ,È/ãSÍ�ËuÖ�Î*Ø6Í�Ë�Ø6Ê(Ç_Ë7Î*Ø\ÎJÅGî�Ê(Ç�ÆJÍ$Ì*ÎJÇ � ÉuÇÙ,ÈjÆ*Í�Ì*Î*Ø6ÇzÊNÉ�ÌJÅ�Æ*Ç=È�É�Ç�Æ
Î�Ù,ÈjÆ*Í�Û�Û
Ç�Ð4Í$ËuÊuÅ�ÌJÅ_ÇzÊ(Ç_Æ�ÆJÍ$ÌJÎ*Ø6Ç_Æ�Ê(Ç�Æ#ËuÇ�É(ÌaÍ$ËuÇ_Æ�ÊuÇ&Ù,ÈjÖ_Í$ÉuÖC×uÇ�Ö�È�Öa×uÅ_ÇGÂ���Ë�é(Ø,È�Ø,ÆÇ_Æ*Î	Ê(Ç0Ð(Ù6ÉuÆ�È�æ
Í$É(ÎaÅ�È�ÉNá�Ç�ËiÎ*ÌJÅ_Ç_Æ	Ç�Î�È$ÉNá�ÆJÍ$Ì*Î*Ø6Ç�ÆjÊ(Ç�Ù,È�Ö_Í$ÉuÖC×uÇ�Ö�È$ÖC×uÅ_Ç�Â�
�Ç0ÌJÅ_ÆJÇ�È�É Ç�Æ
Î	ÊuÅ_Ö�Ì*Ø\ÎjÐIÈ�ÌjÙ,È
� Ý�ÉuÌJÇzÁuÂ�ÁuÂÚ�È�ãSÍ�ËuÖ�Î*Ø6Í�Ë�Ê(Ç�ÆJÍ$Ì*Î*Ø6Ç�ÊNÉ�ËrÇ�É(ÌJÍ�ËuÇPÇ_Æ*Î�Ê(Í$Ë(ËrÅ_ÇPÊ(ÇPÛ/È�ËuØ6Ü�ÌJÇ�ÇFáiÐ(Ù6Ø6Ö�Ø\ÎJÇPÐrÈ�Ì�ÙTÈ�ãSÍ$ÌJÛ�É(Ù6Ç

J̃(α) = ψ0 +

n1∑

i=1

ψi
ÎaÈ�Ëu×

(ψ0,i + ψ1,iα1 + ψ2,iα2)

�PÈ�ËuÆxÖ_Ç�Ö�È$Æ�îNÙ,ÇzäGÇ_Ö_ÎJÇ�É(Ì
Ψ

Ê(Ç_Æ�ÐrÈ�ÌCÈ�Û
Ü�ÎJÌJÇ_Æ�È�æ
ÉuÆ*ÎaÈ�é(Ù6Ç�ÆxÊNÉ�ÌJÅ�Æ*Ç=È�É�Ç�Æ
Î
Ψ = [ψ0 ψ1 . . . ψn1

ψ0,1 ψ1,1 ψ2,1 . . . ψ0,n1
ψ1,n1

ψ2,n1
]T .


#Ç	äGÇ_Ö_ÎJÇ�É(Ì�Ç_Æ*Î�Öa×uÍ�Ø6Æ
ØoÊ(Ç	Û/È$Ë(Ø6Ü�ÌaÇ�Õ�Û�Ø\ËuØ\Û�Ø6ÆJÇ�ÌPÙ�ß�Ç_Ì*ÌJÇ�ÉuÌPÒ�íiç�Â�Ú�È�Û
Å�ÎJ×uÍ7Ê(Ç�Êàß�Í$Ð(Î*Ø\Û
Ø6ÆaÈ�Î*Ø6Í�Ë�ÖC×uÍ$Ø6Æ*Ø6ÇÐ4Í$ÉuÌzÛ
Ø\Ë(Ø\Û�Ø,Æ*Ç_ÌPÖ_Ç�ÎJÎJÇ	Ç_Ì*ÌJÇ�É(Ì�Ç_Æ*ÎzÙ,È�Û
Å�ÎJ×uÍ7Ê(Ç�Ê(Ç	Ð(Ù\ÉuÆzÝGÌaÈ�ËuÊuÇ	Ê(Ç_ÆJÖ_Ç_Ë7ÎJÇ�Â��PÈ�ËuÆPÖ_Ç�Ö�È$ÆPÆ*Ø\Û
Ð(Ù6Ç�î�Ø\Ù�Ç_Æ*Î
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:<;�=?>@:<A�BDC�E =?>+:<A<:�F+B G%A�HJILK >@MON�C?BPCQBLG+K >@GRNTS?G+N
SOH�U�HT>@:�NT;VC?=WU
GRH
C0:�B ;�>XC?BLAYEZB[G@G+B =QG%S�NT=?GX\-H�A�\ =QA�B G ∇ ]_^�`bac B A<=?:edf\ :�S�B =Q>hg >@GRB%\-H�A�\[=?A�K%CQBiIPHT;?:�j G+BkC0:<G+B[\[>+B aOl Bim�B[\ >+B =QG
Ψ

S�NT=QGbA�B[n�=OB A ∇ ]o^0` (Ψ) = 0
B[F@>hC?NT;O\

\�H�A�\ =?A�KDC?BPIPHT;?:�j G+BP:�>+K GRH�>+:<m(B a�l BD\ G@:�>+j G+BDCpEqH�G@G+g[>XC0=VS?G+N�\[B[F+F@=QFkB-Fr>%sQt0KPSOHTGkAYE =?>@:<A�:�FRH�>+B =?G a�u :<;QF@:Yv�A�B
SQG+N�\[B[F+F@=QFw:<>RK GRH�>@:<xyS?G+B[;QCzsO;{A�NTGRF@n�=QB

|∇ ]o^�` (Ψ)| < ε .

l Bkm(B[\ >RB =?G
Ψ | AYE :<>+K G#H�>@:�NT;

(p + 1)
B-Fr>}\-HTA�\ =?A�KXB ;~x5NT;Q\[>@:�NT;oC0=�m(B[\ >RB =?G

Ψ | AYE :<>+K G#H�>@:�NT;
(p)

F+B A�N
;~A6H
x�NTG@Ik=QA�B

Ψ(p+1) = Ψ(p+1) − H�G@U
min
h

(

]o^�` (Ψ(p)) − h
d ]_^�`
dΨ

(Ψ(p))

)
d ]o^0`
dΨ

(Ψ(p))

l HXILK >@MON�C?B2C?B}��NTA<x5B�� �����pB-Fr>w=?>@:�A<:�F+K[B}S�NT=?GwI�:<;Q:<I�:�F+B GwAYEZB G+G+B =?G ]o^�` CQH�;QFwA�HXC?:<G+B[\ >+:�NT;JNTS?S�N(F@K-B2HT=
U(GRHTC0:�B[;�>-v?\(EZB[F@>rd | dfC0:<G+B}S�NT=?Gb\-H�A�\ =QA�B G

HTG@U
min
h

(

]_^�` (Ψ(p)) − h
d ]o^0`
dΨ

(Ψ(p))

)

�D�������Q���������������*�������y�J�#�p���������-���O�������f�*���(�����*���L�_���Q�-�����?�y���O 6�

l B[F¡\[B ;�>@GRB[F¢CQB[F�x�NT;Q\ >+:�NT;QF |i£ HTF+BbGRHTC?:�H�A�Bh\[N
;QF@:�C?K G+K-B[F¢\-NT¤�;Q\ :�C?B ;�>¡B'tQHT\ >+B[ILB ;�>¥H�m(B[\bA�B[F¢S�NT:�;�>+F
K-\RMOH�;�>@:<A<A�NT;OF[vQB ;JCpEqH�=?>+G+B[Fw>+B G@IPB[F

n1 = ns a?l Hkx�NT;Q\ >@:�NT;JC?BiF+NTG@>@:�BiC0={GRK[F+B-H�=�B[F@>bH�A�N
G+F¦K U�H�A�B |

J̃(α) =

n1∑

i=1

ψigR(α, αi, ri)

=

n1∑

i=1

ψiexp

(

−1

2

(α1 − αi1)
2 + (α2 − αi2)

2

r2i

)

l B}m�B[\ >+B[=?G
Ψ

C?B-FwSOH�GRHTILj >@G+B-FbH�§¨=QF@>RH £ A�B[F¦C0=JG+K[F+B-HT=JB[F@>

Ψ =






ψ0aaa
ψn1




 .

© H�;OF¦\[B2\-H
F[v?A�B}m�B[\ >+B =QG
Ψ

I�:�;?:<I�:�FRH�;�>¦C?B2AYEZB G@GRB =?G ]_^�` B[F@>¦K[U�H�A |
Ψ = (XTX)−1XTJs

N
ª{A�H�IPH�>@G+:�\[B
X

B-Fr>bC?K'sQ;Q:�B2CQB}A�H�IPH�;?:�j G+B2F@=?:�mTH�;�>+B

X =










gR(α1, α1, r1) . . . gR(α1, αn1
, rn1

)

aaa aaa aaa
gR(αn1

, α1, r1) . . . gR(αn1
, αn1

, rn1
)










.

l B}G#H-«(NT;~HTF+F+N�\ :�K%H�=0tzx5NT;Q\ >+:�NT;QF |�£ HTF+B}G#HTC0:�H�A�B2B[F@>¦K U�H�A |{¬

r =
1√
n1

max
1≤i,j≤ns

√
(

(αi1 − αj1)
2 + (αi2 − αj2)

2
)

.

c BbGRH-«�NT;zB[F@>¡A�BbILg[ILBbS�NT=?G¢>RNT=?>+B[F¢A�B-F­x5NT;Q\ >+:�NT;QF |i£ HTF+BbGRH
C0:�H�A�B a�® A�B[F@>¡\#MQNT:�F@:�CQBh\[B >+>+BbIPHT;?:�j GRBbS�NT=QG
A�H�GRH�:�F@N
;JF@=?:<mTHT;�>+B ¬ :<IPH�U(:<;QNT;OF¦n�=QB}A�B};QN
I £ G+BiC�EZK[\#MOH�;�>@:�A<A�NT;QF¦F+NT:�>¦F@=0¯PFRH�ILILB ;�>¦K A�B[m(K}S�N
=?G¦n�=QB

∫

J̃(α) =

n1∑

i=1

ψi

∫

gR(α, αi, ri) ≈
∫

J(α) ,
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Å�¹2Á+Æ ¾#¶�¸5·6ÇX·�Â[µ
¸5·5¾
Èo¿�º­É ¾T¹'ÇPº

Ê<Ë�ÌOÍÏÎ�Ð�ÑQÒwÓOÐTÔbÐTË�ÕTÖ+Ô¦×�Ñ�ØZÍ ÌJÍ[Ì?Ö@Ê�ÙRÚQÊ�Ô+Ô+ÐTÌ�ÒwË�Ð�ÛOÐTÔ+Í2ÜpØZÝ[ÙRÚOÐTÌ�Ò@Ê<Ë<Ë�Õ
ÌQÔ-Þ?ÕTÌ�Ü?Ý Ò+Ý[Ö@Ê�ÕTÖ+Í2Ë�ÐXßTÐTË�Í Ñ?ÖbÜ?Í}ËYØZÊ<Ì�Ò+Ý à(ÖRÐ�Ë�Í
∫
J̃
Þ?Ó�ÕTÑ?ÖhÙ[Í Ë�ÐLÕTÌJÎ�Ð�Ê<ÒhÍ Ì~Ô+ÕTÖ@Ò+Í%×�ÑQÍ ∫

gR(α, αi, ri) ∼
1

n1

ÞOÙ[Í%×�Ñ?Ê�Í Ì~Ü0Ê<áLÍ[ÌQÔ@Ê�ÕTÌ
2
ÞQÖ+Í ß�Ê�Í Ì�ÒÏâ�Ù#ÚQÕTÊ�Ô@Ê<Ö

r ∼ 1√
n1 ãä Ì0åOÌpÞ0Ù-ÕTá�áPÍÏË�Í-ÔwÙ[Í Ì�Ò+Ö+Í[ÔwÜQÍ[Ô¡Î5ÕTÌOÙ Ò@Ê�Õ
ÌQÔ¦âXÛOÐTÔ+ÍÏÖ#ÐTÜ0Ê�ÐTË�Í}Ù-ÕTæ�ÌQÙ Ê�Ü?Í Ì�ÒbÐ-ß(Í-ÙÏË�Í-Ô¥Ó�ÕTÊ�Ì�Ò+ÔwÝ[Ù#ÚOÐ�Ì�Ò@Ê�Ë<Ë�ÕTÌQÔ-Þ

Ë�Í}ß�Í[Ù Ò+Í[Ñ?Ö
Ψ

áLÊ<Ì?Ê<á�Ê�Ô+ÐTÌ�Ò¦ÜQÍ}ËYØZÍ Ö+Ö+Í Ñ?Öbçoè ä Í[Ô@ÒbÝ à�Ð�Ë�â

Ψ = X−1Js .

é�ê5ëyê�ë ì�íQî�ï(ðOñTñTò�ó�ôöõ¢÷�ïoøùí?ú(û�ó�ü­ðýü­ðýþWï�òYî�òYô­î
ÿ ÍLÓ?Ö@Ê<ÌQÙ[Ê<Ó�Í�à(Ý ÌOÝ ÖRÐ�Ë­ÜQÍ�Ë�Ð Ö+Ý à(Ö+Í[Ô+Ô@Ê�ÕTÌWÜ?Í�Î5ÕTÌQÙ Ò+Ê�ÕTÌQÔiÓOÐ�Ö � Ö@Ê<à
Ê<ÌQà~Ð{Ü?Ý��+â{Ý Ò+ÝLÍ��0Ó�Õ
Ô+ÝPÐ�ÑVÙRÚOÐ��

Ó?Ê<Ò+Ö+Í{°
ã
ä Ì�ÓOÐ�Ö@Ò@Ê�Ù Ñ?Ë<Ê�Í[Ö-Þ�Ó?Ë<ÑOÔrÊ�Í Ñ?Ö+Ô}Î5Õ
Ö@áLÍ[ÔiÜ?Í � Ö@Ê<à(Ê<Ì?àJÕ
Ì�ÒiÝ ÒRÝ�Ü?Ý'åOÌ?Ê�Í[Ô

ã
� Ö+Ý[Ù[Ê�Ô+ÕTÌQÔ2Ê�Ù Ê�Ë�Í[Ô2áLÝ Ò+ÚQÕ�Ü?Í-Ô

Ü?Í2á�Ê�Ô+Í2Í Ì�Õ�Í ÑQß�Ö+Í}ÓQÖRÐ�Ò@Ê�×�ÑQÍ2ÜQÍ2Ù[Í[Ô¦Ü?Ê
	�Ý ÖRÍ Ì�Ò+Í[Ô¥Î�ÕTÖ@áLÍ-Ô
ã

�
�����������������������
ä Ò#Ð�Ì�ÒzÜ?ÕTÌ?ÌOÝ[Í�Ñ?ÌQÍ�áLÕ� (Í[Ì?ÌQÍ

m
Í[Ô@Ò@Ê<áPÝ[Í~Ð�Ó?Ö@Ê�ÕTÖ@ÊÏÜ?Í J Þ¢ÕTÌùÊ<Ì�Ò+Í[Ö@Ó�ÕTË�ÍJÑ?ÌOÍ{Î5Õ
ÌQÙ Ò@Ê�Õ
ÌùÝ[Ù�Ð�Ö@Ò

z(α) = J (α) −m
ÓOÐ�Ö � Ö@Ê<à
Ê<ÌQàzÔ@Ê<áLÓ?Ë�ÍXÍ Ì�Ö+Ý-ÐTË<Ê�ÔRÐ�Ì�ÒÏÑ?ÌOÍkÙ-ÕTákÛ?Ê�ÌOÐ�Ê�Ô+ÕTÌ�Ë<Ê<ÌOÝ-Ð�Ê<Ö+ÍXÜQÍ

ns
ßTÐ�Ë�Í ÑQÖ+Ô-Þ*ÜQÕTÌ�Ò

Ë�Í[Ô¦Ù-Õ�Í�!PÙ[Ê�Í Ì�Ò+Ô¦Ô+Í ÖRÕTÌ�Ò¦Õ
Û?Ò+Í Ì�ÑQÔwÓOÐ�Ö¦Ñ?ÌJÙ[Ö@Ê<Ò#" Ö+ÍiÔ@Ñ?ÖwËYØqÍ Ö@Ö+Í ÑQÖ¦×�ÑOÐ
Ü0ÖRÐ�Ò+Ê�×�ÑQÍ2áLÕ� (Í[Ì?ÌQÍ
ãè0ÕTÊ<Ò

z(α) =

ns∑

i=1

ζi(α)z(αi)
Õ�$

z(α) = ζT (α)Zs
Ë�ÐkÎ5Õ
ÌQÙ Ò@Ê�ÕTÌJÜ?Í2Ö+Ý à
ÖRÍ[Ô+ÔrÊ�ÕTÌ

ã
ÿ Í2ß(Í[Ù Ò+Í[Ñ?Ö

ζ =








ζ1(α)
ζ2(α)

ãããζns(α)








Í[Ô@Ò¥Ë�Í}ß(Í[Ù[Ò+Í Ñ?Ö¦Ü?Í[Ô¥Ó�Õ
Ê�Ü?ÔwÜ?Í}Ë�ÐXÙ-ÕTákÛ?Ê�ÌOÐ�Ê�Ô+ÕTÌ{Ë<Ê<ÌQÝ�Ð�Ê<Ö+Í&%0Ê<Ë�Í[Ô@Ò¦Ù[ÕTÌQÔ@Ê�ÜQÝ Ö+Ý}Ù-ÕTá�áPÍ}Ü?Ý ÒRÍ Ö@á�Ê�Ì?Ê�Ô@Ò+Í}ÜOÐ�ÌQÔ¥Ë�Í-Ô
Ù-Ð�Ë�Ù Ñ?Ë�Ô¦Ü�ØqÍ[Ô@Ó�Ý ÖRÐ�ÌOÙ[Í2×�ÑQÊ�Ó�Í[Ö@áLÍ Ò+Ò+Í Ì�ÒbÜ?Í}Ë�ÍiÙ-Ð�Ë�Ù ÑQË�Í Ö

ã
ÿ Í2ß(Í[Ù[Ò+Í Ñ?Ö

Zs =








z(α1)
z(α2)

ãããz(αns)








Í[Ô@ÒwË�Í2ß(Í[Ù ÒRÍ Ñ?ÖbÜ?Í[Ô¦Ý ßTÐTË<ÑOÐ�Ò@Ê�ÕTÌQÔ¦Ü?Í2ËYØZÝ[ÙRÚ*Ð�Ì�Ò@Ê<Ë�Ë�ÕTÌ
ã' Ð�ÌOÔiÙ[Í�Ù-Ð
Ü0Ö+Í
ÞpÕTÌ�Ù-ÕTá�ÓQÖ+Í ÌQÜ_Ê<á�áLÝ-Ü0Ê�Ð�ÒRÍ áLÍ Ì�Òi×�ÑQÍ�Ë�Ð{Ù[ÕTÌQÜ0Ê�Ò@Ê�ÕTÌ)(�* ÿ,+-�

1 . Í[Ô@ÒiÔRÐ�Ò@Ê�ÔrÎ�Ð�Ê�Ò+ÍLÐTÑ?Ò+Õ/�
áPÐTÒ@Ê�×�ÑQÍ[áLÍ Ì�Ò10

E(z(α)) =

ns∑

i=1

ζi(α)E(z(αi)) = 0.
ä ÌWÔ@Ñ?Ó?Ó�Õ(ÔRÐ�Ì�Ò%×�ÑpØ ÑQÌQÍ�Ë�ÕTÊ�ÜQÍ�Ù-Õ�ßTÐ�Ö@Ê6Ð�ÌQÙ[ÍLÜ?Í�Ë�Ð

Î5ÕTÌOÙ Ò@Ê�ÕTÌ
z

ÐLÝ Ò+Ý%Ù#ÚQÕTÊ�Ô@Ê�Í
ÞOË�Í[ÔhÙ[Õ�Í�!DÙ Ê�Í Ì�ÒRÔbÜQÍiË�ÐLÙ[ÕTáXÛ?Ê<ÌOÐTÊ�Ô@Õ
Ì�Ë<Ê<ÌQÝ�Ð�Ê<Ö+Í%Ô+ÕTÌ�ÒÏÙRÚQÕTÊ�Ô@Ê�ÔhÜ?ÍiÒRÍ Ë<Ë�Í%Ô+ÕTÖ@ÒRÍ%×�ÑQÍ
ËYØZÍ Ö+Ö+Í Ñ?Öbçoè ä Ô+ÕTÊ<Ò¦á�Ê<ÌQÊ<áPÐ�Ë�Í1(5Ù[ÕTÌOÜ0Ê<Ò@Ê�Õ
Ì�(�* ÿ�+2�

2 .3.
çoè ä

(α) = E((z(α) − z(α))2) = E((z(α) −
ns∑

i=1

ζi(α)z(αi))
2)

ÿ ØZÍ Ö@Ö+Í[Ñ?ÖwÓ�Í Ñ?Ò54[Ò@Ö+Í}ÖRÝ[Ý[Ù Ö@Ê�Ò+Í2Ô+ÕTÑQÔ¥Î5Õ
Ö@áLÍiÜ?Ý ß(Í[Ë�ÕTÓ?Ó�Ý-Í60
çoè ä

(α) =

ns∑

i=1

ns∑

j=1

ζi(α)ζj(α)E(z(αi)z(αj)) − 2

ns∑

i=1

ζi(α)E(z(αi)z(α)) + E(z(α)2)
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\&]/^`_<acb9d�ef_hgji#kIimln^`o;kpbq^#d<rNkji#imlhi`ife#d<rs_�]�ifeft;uBlhk
E(z(α)2) = σ2 vhw kpxKkjrDeskDlq^ ζ y d�tze y d�{hrIi#]�eft;im|}]/tz^#kpoW]rNd�{ y tze#t;d�{
{h~jrjkji#is]/tz^#kpiflqtzx�]�{<e#k

∀i ∈ [1, . . . , ns]
∂ ���c� (α)

∂ζi
= 2

ns∑

j=1

ζj(α)E(z(αi)z(αj)) − 2

ns∑

i=1

E(z(αi)z(α)) = 0

\�d�ln^�]/��d�lqeft;^�]/lq��~ju<lh]/eft;d[{ni�lniflnkjozo;kD�1kD{<e�bq^#~ji#kD{<es~jkjiN��t;o�rjd�{cx<t;kD{ce y k y tzxct;i#kD^�rs_�]�uBlhk�~ju<lh]/eft;d[{ y lifacife#gj��k�ozt;{n~N]/tz^sk�bq^#~jrN~ y kD{ce-bh]/^�o;k�rN]/^#^#~ y k�o���~jrN]�^fe-e�a<b�k y l?bn^#d<rjkNififlni�ifes]/e#t;ifeft;uBlnk σ2 v�� {?^s]�bqb9kDozoWku<lnk�o;kNi y ~��h{qtzeft;d[{niN� y d�{n{n~jkji�]/l�rG_h]/bqtze#^#k X � y k
oW]?��]/ef^ftWrjk C y d�{<e6oWkji�rjd���b9d[is]/{<eskji�i#d�{<e Cij =
E(z(αi), z(αj)/σ

2 = Cov(z(αi), z(αj))/σ
2 kDe y l�xKkjrDeskDlq^

Kα y d�{<e�o;kji�rjd���b9d[is]/{<eskji�i#d�{<e Kα i
=

E(z(αi), z(α))/σ2 = Cov(z(αi), z(α))/σ2 � y k�e#kDo;o;kSi#d�^feskSuBlnk
Cζ = Kα ⇒ ζ = C−1Kα z(α) = (C−1Kα)TZs = Kα

T (C−1)TZs = Kα
TC−1Zs� d��6�1k-tz{ y t;uBln~-bn^#~jrj~ y kD�6�1kD{<eN�qd�{
iflq�nifeftze#lnk�kD{
bq^s]/eftWuBlnk-ln{�xKkjrje#kDlq^ y ��~Dx�]/o;lh]/eft;d[{ y � ln{nk2|�d�{hrDeft;d[{

y ~De#kD^f��tz{qt;ife#k Zs = Js −m
]/l
xBkjrDe#kDln^ Zs v� kji�e#kj^f��kji5]�bqbh]/^s]/�;ef^#d�{ce y ]�{ni y kji3rN]/oWrDlqo;i�bqo;lni3rjd���bqo;k��QkNij�Q�1]/t;i y d�{<e�oWk-bq^ftz{hrDtzb9kSkjife�o;k-�1�D��kK�b�d�lq^3oWkS��^#tz�[tz{q�1rjd���bqo;kDe`kDe3o;kp��^ftz�Ktz{q��d[^ y tz{h]�tz^#k v

�S]/{ni�o;k?rN] y ^#k y k {nd�e#^#k r�]�i�e#kNime��¡{hd�lni�]�xKd�{ni�rjd�{nift y ~D^#~?uBlnk oW]�x�]/oWkDlq^ y k oW]�|�d�{nrDe#t;d�{
J
]�l

rNkD{<ef^#k y k�o���kjifb�]�rjk y k�rNd�{nrjkjbqeft;d�{ D ~Des]/t;e�lq{hk���d�{q{nk�]/bnbq^#dN�ct;�1]/eftWd�{ y k�oW]¢x�]�o;kDlq^S��d�aBkD{q{nk m y krNkDefe#k�|�d�{nrDe#t;d�{£iflq^5o���kD{hifkj���qo;k y k�o¤��kjifbh]�rjk vqw ]�|�d[{nrDeft;d[{ y kprjd�x�]�^ftW]/{nrNkSrs_nd[t;ift;kSkjife

Cov(z(αi), z(αj)) = exp(−θ||αi−αj ||) = exp

(

−θ
√
(

(αi1 − αj1)
2 + (αi2 − αj2)

2
)
)

, 1 ≤ i, j ≤ ns .

w k5bh]�^s]/��gjef^#k θ kjife y ~DeskD^f�6t;{n~`i#kDo;d�{1ln{nk5_nkDln^ft;ifeft;uBlnk`rjoW]�i#ift;uBlnkI¥ X[XN¦�§ v � ]Sx�]/o;kDln^¨kjife¨rs_nd�t;ift;k5eskDozo;k`uBlhko;kNi3e#kD^f�1kji
exp(−θ||αi − αj ||)

�
1 ≤ i, j ≤ ns

i#d�tWkD{<e3esd�lni5iflqb9~j^ft;kDlq^si5©
0.2 v

ª£«/¬�­�¬�®�­°¯±®±¬�²�³<«�´N³cµ
w kS�S^ftz�[tz{n�6lq{qt;xKkD^#i#kDo,lqeftzozt;i#kSlq{
bn^#d<rjkji#iflni5ife#dcrs_h]�ifeft;u<lnk J (α) y k�oW]�|�d�^f�1k6¶

J (α) =
k∑

j=1

βjfj(α) + z(α) = fTα β + z(α)

d[·°o;kNi�xKkjrje#kDlq^#i
fα

kDe
β
i#d�{<e�~D�B]�lQ�¸©

fα = [f1(α) f2(α) . . . fk(α)]T
kDe
β = [β1 β2 . . . βk]

T �±kjerG_nkD^#rs_hk�lq{hk-|�d�{hrDeft;d�{ ]/bqbn^#d<rs_n~Nk y kSoW]�|�d[^f��k J̃(α) = cT (α)Js v� {?^s]/bnb9kDozo;k�o;kNi y ~��h{qtzeftWd�{ni y l?xKkjrDe#kjlq^ Kα = [φθ,p(α − α1) ... φ
θ,p(α − αns)]

T y kIeG]/tzozo;k ns kjey ~Db9kD{ y ]/{<e y l¹b�d�tz{<e y ��~Dx�]�ozlh]/eftWd�{ α �9]/tz{nift±u<lnk y kji`�1]/e#^ft;rjkji F y kpeG]/tzozo;k�º ns � k » kDe C º�ifa<��~De#^ft;uBlnk »
y k�es]/t;ozo;k�º ns � ns » k�¼�kjrDeflh~jkp]/l¹rs_h]�bqtzef^#k X

F =










f1(α1) f2(α1) . . . fk(α1)

vvv vvv vvv vvv
f1(αns) f2(αns) . . . fk(αns)










C =










φθ,p(α1 − α1) φθ,p(α2 − α1) . . . φθ,p(αns − α1)

vvv vvv vvv vvv
φθ,p(α1 − αns) φθ,p(α2 − αns) . . . φθ,p(αns − αns)










.
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×�ØjÙ�ÚNÛ<Ø�Ü1ÚjÝ;ØDÞ<ß#Ù�àqØ�á�âäã/ånåqæ#ÛNçQÝzè1ã/ß#Ý;Û�Þ¸ázÝzÞné�ã/Ýzæ#Ø
J̃
ÙfÛ[Þ<ß�ÚNã/á;ÚDêná;éjÙ�àqØ�ß#ØDázá;Ø¢Ù#Û�æfßsØ�ë<ê,â Ýzá;Ù�Ùsã/ßfÝ;Ùmì}ã�Ù#Ù#ØDÞ<ß�á;ØNÙ

ÚjÛ�ÞhàQÝzßfÝ;Û[ÞnÙpí}î�×�ï-ð
1 ñ ØDßIí�î�×�ï2ð 2 ñDòQó Þ
êqß#ÝzázÝ;Ùsã/Þ<ß3áWØ2ì�ã/Ýzß5ëBênØ E(Zs) = 0 = E(z(α))

ØDß5ØDÞ£Ùfêqåqå�Û[Ùsã/Þ<ß
ëBênØSá;Ø�ôBØjÚDß#ØDênæ5àqØNÙ3ÚNÛ<Ø�Ü�ÚDÝ;ØDÞ<ßsÙ

c(α)
ØjÙfß5ànéDß#ØDæfè�ÝzÞqÝ;Ùfß#Ø[õnÛ�Þ ã�ö

E(J̃(α)) = E(cT (α)Js) = E(cT (α)(Fβ + Zs)) = E(cT (α)Fβ) + cT (α)E(Zs) = E(cT (α)Fβ)

E(J (α)) = E(fTα β + z(α)) = E(fTα β) + E(z(α)) = E(fTα β)×±ã�ÚjÛ[ÞnàQÝzßfÝWÛ�Þ�í�î�×�ï2ð
1 ñ Ýzè�å9Û[Ù#ØSàqÛ[ÞnÚ�á�âäéD÷Bã/ázÝ;ß#éSÙfêqÝzô[ã/Þ<ß#Ø�ö

F T c(α) = fαø±Û�ê[ùmÛ�êqæsÙ1ØDÞúÙfêqåqå�Û[Ùsã/Þ<ß�ëBênØ
áWØ
ôKØjÚjß#ØDêqæ�àqØjÙ1ÚjÛcØ�Ü1ÚDÝWØDÞ<ß#Ù
c(α)

ØjÙfß1àqéDßsØDæfè6Ý;ÞqÝ;Ùfß#Ø£ØDß�ØDÞ�ênßfÝzázÝ;Ùsã/Þcß�áWã
ÚjÛ�ÞhàQÝzßfÝ;Û[Þ�í�î�×�ï2ð

1 ñ õQá�â�ØDæ#æ#ØDêqæ`û�ü ó (α)
ã[ÙfÙ#Û<ÚjÝ;éjØpã�ê£ý�æ#Ýz÷[ÝzÞq÷�êqÞqÝzôBØDæ#Ù#ØDá,ØNÙmß`éD÷Bã/áWØpþ�ö

û�ü ó (α) = E((J̃(α) − J (α))2) = E((cT (α)(Fβ + Zs) − (fTα β + z(α)))2)

= E(((cT (α)F − fTα )β + cT (α)Zs − z(α))2)

= E((cT (α)Zs − z(α))2)

= E((

ns∑

i=1

ci(α)z(αi) − z(α))2)

= E(
∑

1≤i,j≤ns

ci(α)cj(α)z(αi)z(αj) − 2

ns∑

i=1

ci(α)z(αi)z(α) + z(α)2)

=
∑

1≤i,j≤ns

ci(α)cj(α)E(z(αi)z(αj)) − 2

ns∑

i=1

ci(α)E(z(αi)z(α)) + E(z(α)2)

= σ2(1 − 2cT (α)Kα + cT (α)Cc(α))

,

åqêqÝWÙfë<ênØ¢åhã/æ�ÿ��<å�Û�ßfÿ��NÙfØ
E(z(α)2) = σ2 ò�� ÿnÛ�ÝWÙmÝ;æ�á�âäØjÙfßfÝzè1ã�ß#ØDêqæ�ázÝzÞhéNã/Ýzæ#Ø�Ùsã/ßfÝ;Ùmì}ã�Ý;Ùsã/Þ<ß�á;ØjÙ6ÚjÛ�ÞnàqÝzßfÝ;Û�ÞhÙí�î�×�ï2ð

1 ñ ØDßIí�î�×�ï2ð 2 ñ æ#ØDôcÝ;ØDÞ<ß2þ�æ#éjÙ#Û[ênàQæ#ØSá;Ø�åqæsÛ��qá��Dè1ØSà�âäÛ�åqßfÝzè�Ý;Ùsã/ßfÝ;Û[Þ£ÙfêqÝzô�ã�Þ<ßpö
α
ÑDÅ�Â[ÕhÅ�	�
<Ñ
�¡Å�ÆfË�Ò���ÇDÆ

c(α)
Å¤ÇDÎ��jÒnÇpÊ����

(α) = σ2(1 − 2cT (α)Kα + cT (α)Cc(α))
ÏDË�Ä�Å Ô�Ä�ÕnÄ�Ô�Â�Î;Ç

ÏDË�Ò<ÏSÎzÂ¢ÐsË[ÕhÅ�Â�Ä�ÕhÅ¤Ç
F T c(α) = fα �

� ØSåqæ#Û��ná��Dè�Øpà�â�Û�ånßfÝzè6Ý;Ùsã/ß#Ý;Û�Þ£Ù#Û�êhÙ5ÚjÛ�Þ<ß#æsã/ÝzÞ<ßsØ�å9Øjêqß��DßfæsØ�æ#éNÙfÛ[ázê£ØDÞ£ÝzÞ<ßfæsÛ<àQêqÝ;Ùsã/Þcß3á;ØSáWã/÷[æsã�Þq÷[Ý;ØDÞ�ö
L(λ, c) =

û�ü ó (α)+2σ2λT (F T c(α)−fα) = σ2(1−2cT (α)Kα+cT (α)Cc(α)+2λT (F T c(α)−fα))

×�ØjÙSôKØjÚDßsØDêqæ#Ù
c
ØDß
λ
Ù#Û�ázêqßfÝWÛ�ÞnÙpàQê�åqæ#Û��ná��Dè�Ø�à�â�Û�åqß#Ýzè6Ý;Ùsã/ßfÝWÛ�Þ�Ùsã/ßfÝWÙ�ì}Û�Þ<ß1í}Û�Þ êqß#ÝzázÝ;Ù#Ø�á;Ø�ì}ã/Ýzßpë<ênØ

C
ØjÙfß

êqÞnØSè1ã/ß#æfÝ;ÚjØpÙ��cè�éDßfæ#Ý;ëBênØ ñ






∂L
∂λ

= 2σ2(F T c(α) − fα) = 0

∂L
∂c

= 2σ2(−Kα + Cc(α) + Fλ) = 0

×�Ø�ôKØNÚDß#ØDêqæ
[c(α) λ(α)]T

ÙfÛ[ázêqßfÝ;Û[Þ
ôKéjæfÝ��hØpàqÛ�ÞnÚ




C F

F T 0









c(α)

λ(α)



 =





Kα

fα




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BDC�E3F�G�E'HAG�IKJMLNFPORQ�S1J
λ T

c(α) = C−1(Kα − Fλ) => F T c(α) = fα = F TC−1Kα − F TC−1Fλ

⇒ λ = (F TC−1F )−1(F TC−1Kα − fα)U HAV>W�I'CXS1YZV[C�\�IZEZ]^FPC�]_J�FPC�W`G>FbaAS1IZcdV�e'S1IKYZf%H0FP]gV�Q�C�hAQ�C�]gS1Q�HAi%I T
c(α) = C−1(Kα − Fλ) = C−1(Kα − F (F TC−1F )−1(F TC−1Kα − fα))

j CkJMLNFPHA]1S1IZW`]1I'S1clIZW3h




c(α)

λ(α)



 =





C−1 − C−1F (F TC−1F )−1F TC−1 C−1F (F TC−1F )−1

(F TC−1F )−1F TC−1 −(F TC−1F )−1









Kα

fα





=





C−1 − (F TC−1)T (F TC−1F )−1(F TC−1) (F TC−1)T (F TC−1F )−1

(F TC−1F )−1(F TC−1) −(F TC−1F )−1









Kα

fα





=





C F

F T 0





−1 



Kα

fα





m LNFPa�aAS1Q3n6V[coFP]1V�Q�CXG�V[C�Y3FPV�S1I
J̃
I3W�]_JAQ�C�EKY'p%F�G�IKq T

J̃(α) = fTα (F TC−1F )−1F TC−1Js +KT
αC

−1(Js − F (F TC−1F )−1F TC−1Js) .r GRI3W�]`FPG>Q�S1Wsa�QtW1WgV[OAG�IDJAIuS1Y3YZE'SgV[S^I
J̃
h�E*v�I'S1E^vwYDWgQtH�WxG>FKyzQ�SgclI

cT (α)J h�WgQtH�WxH�C�I_y;Q�SgcoIDWgIZc{OAG>F�OAG�I|q J T
J̃(α) = fTα β̂ +KT

αC
−1(Js − F β̂)

U FPSdFPCwFPG>Q�ptV�Ith�G�Ioi.I3E']1I'H�S
β̂ = (F TC−1F )−1F TC−1Js

IZWg]bF�aAa�I'G�Y}IZWg]gV[c~FP]1I'HASbJAI
β ��� I'c~FPS1f%H�QtC�Wf�H�I8G�L�Y3E3FPSg]�]���a�I

σ2 C�L�V[C�]1I'S1i�V�I'C�]_awF�W_J�FPCwW�G�L�I
n�a�S1IZW1WgV�Q�CkJ�I8G�LNFPa�aAS1Q3n6V[coFP]gV>Q�C J̃ J�I8G>F�y;QtC�E']gV�QtC
J
awF�S

� SgV[ptV[C�p ��� Q�clclI�V[C�JAV�f%H�Y�a�S1YZEZYZJ�I'cdcoI'C�]3h�G�L�Y3E^vwFPC�]gV[G[G�Q�C�J�I�G>Foy;Q�C�EZ]gV�Q�C�JAYZ]1I'SgclV[CAV�Wg]1I
Js

I3W�] :��l����(
WgHAOwW�V�]gH�YKq Js

J�F�C�W`G�IZW�y;QtSgc{HAG�I3W`aAS1YZE3YZJAI'C�]^IZW �� a0FPSg]gV[S_JML H�C�Y3E^vwFPC�]1V[G[G�Q�CkJAI8]^FPV[G�G�I
ns
hAV[G�EZQtC�i�V�IZC�]�J�Q�C�EKJAIKE3FPG�E'H�G�I'S�G�IZW`c~FP]gSgV�EZI3W

F
h
C
I']
C−1 ha�HAV�WDG�I�i.IZE']1IZHAS

β̂
JAI�]^FPV[G[G>I

k � U QtHAS|E^v0F�f%H�IbY'i�F�G[HwFP]gV>Q�C�h0V�G�yzFPH�]|E3FPG>E'HAG�I'S|G�IZWDi.I3E']1I'H�S1W Kα
I']
fα � m Fy;QtSgc{H�G�I8JAI8S1Y'ptS^IZW1W�V�QtCkFPV�C�WgV�JAY
�wCAV�I8I3W�]�G[V[C�Y#FPV[S1IKI'CXG�I3W�EZQ�cdaRQtW^FPC�]1I3W`J�I

Js
coF�V�W`C�Q�C�G[V[C�Y3F�V[S1I8IZC

α �m Ibi.I3E']1I'HAS
c(α)

Y']^F�C�]8J�YZW1Q�SgcoF�V�W8EZQtCAC�H�hMQ�C�a�I'H�]8E#FPG�E'HAG>I'S8I'n�aAG[V�EZV[]1I'coI'C�]8G>F}i�FPG�I'H�S8J�I�G�L�IZSgS1I'H�S
f�HwF�J6S*FP]gV�f%HwI8��� j

(α)
J�FPC�W`G�IKE3F�JAS1I8Wg]^FP]1V�W�]1V�f%H�IKJ6H � SgV[ptV�CAp T��� j

(α) = σ2(1 − 2cT (α)Kα + cT (α)Cc(α))

= σ2(1 − 2cT (α)Kα + cT (α)(Kα − Fλ))

= σ2(1 − cT (α)Kα − cT (α)Fλ))

= σ2(1 − cT (α)Kα − fTα λ))

= σ2(1 −KT
α c(α) − fTα λ))

= σ2

(

1 − [KT
α fTα ]

[
c(α)
λ

])

= σ2

(

1 − [KT
α fTα ]

[
C F
F T 0

]−1 [
Kα

fα

])
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º_»�¼A¼�½'¾>¿�À�Á_Â%Ã�½,Ä�»PÀ�Á_ÅZ½'Æ1Æ1½,»P¼A¼�Ç1¿�Å^Èw½8¾>»�É;¿�ÀwÅ'ÆgÊ�¿tÀ

µ
Á1½8Ç^ËZÄ6ÃAÊ[ÆDÌbÃAÀ�½KÅ3¿�À�ÁgÆ^»PÀ�Æ1½,ÌdÄAËZÆ1½'ÇgÍlÊ[À�½'Ç

½'Æ{¾<»XÉ;¿�À�ÅZÆgÊ�¿�À
z
½ZÁgÆ{¾�Î�Ë3Å3»PÇgÆ�½ZÀ�ÆgÇ1½~¾>»XÉ;¿�ÀwÅ'ÆgÊ�¿�ÀÏ»P¼A¼AÇ^¿�Å^È�Ë3½~½'Æ�ÅZ½ZÆgÆ1½~ÅZ¿tÀ�ÁgÆ^»PÀ�Æ^½tÐ�ÑÒ¾sÁgÃ6ÓoÆ�ÄMÎN»�¼A¼A¾[Ê�Â�Ã�½'Ç

Ä�»PÀwÁÔ¾�½ZÁÕÉ;¿tÇgÍ{ÃA¾�½3Á�Ä6ÃoÖ|ÇgÊ[×tÊ�ÀA×8Ã�ÀAÊ[Ø.½'Ç^Ág½Z¾A¾�½ZÁ�ÁgÊ[Íl¼A¾[Ê�Ù0Å3»PÆgÊ�¿tÀ�Á
k = 1

½ZÆ
f1 = 1

¼�¿tÃAÇ�¿tÚAÆ1½'ÀAÊ�Ç�Ä6ÃoÖ|ÇgÊ[×.Ê[ÀA×
¿�Ç1ÄAÊ[Àw»PÊ[Ç^½tÐAÛ�»�Ío»�ÆgÇgÊ�ÅZ½8Ç1½ZÅ'Æ*»PÀA×t¾�½

F
ÄA½ZØ�Ê�½'À�Æ�ÃAÀXØ.½3Å'Æ1½'Ã�Ç�ÅZ¿�¾�¿tÀAÀ�½KÌ

ns
¾�Ê[×tÀ�½ZÁ�¿tÜ�Å^Èw»tÂ%Ã�½8Å3¿�Íd¼�¿.Á1»�À�Æ1½

Ø�»PÃ�Æ �ÔÝ ÅZ½|Ø.½3Å'Æ1½'Ã�Ç�½ZÁgÆ`Àw¿�Æ1Ë
1
ÐwÞ6¿�Ê[Æ�ÙwÀw»P¾�½'Ío½'À�Æ

β =
1TC−1Js
1TC−11

J̃(α) = β +KT
αC

−1(Js − 1β)

ß'²�à#¹�¯¶áÔ³�â<¸Aà#°�³0²
ãDË'ÇgÊ[Ùw¿�À�ÁDÂ%Ãw½,¾�½{Ö8ÇgÊ[×tÊ[À�×}½ZÁgÆuÃ�Àä¼AÇ1¿�ÅZ½ZÁ1ÁgÃ�ÁD½
åA»�ÅZÆDÄMÎ Ê[À�Æ1½'Çg¼R¿�¾>»PÆgÊ>¿�À�æ0ÅtÎN½ZÁgÆ|ÌoÄ6Ê�Ç1½{Â%Ãw½

J̃(αi) =
J(αi)

¼�¿�ÃAÇ
1 ≤ i ≤ ns

Ð�Û�»�É;¿�À�ÅZÆgÊ�¿�Àä»P¼A¼AÇ^¿�Å^È�ËZ½
J̃(α)

½ZÁgÆ_ÄAË
Ù�ÀAÊ>½|¼w»�ÇKç

J̃(α) = cT (α)Js
¿�Ü

c(α)
Á^»PÆgÊ�Á�Éz»�Ê[Æ`¾�½ZÁ�Ä�½'Ã6åXÅZ¿�À�ÄAÊ[ÆgÊ�¿�ÀwÁ`ÁgÃAÊ�Ø�»PÀ�Æ^½ZÁKç







F T c(α) = fα ⇐⇒














f1(α1) f1(α2) . . . f1(αns)

f2(α1) f2(α2) . . . f2(αns)

ÐÐÐ ÐÐÐ ÐÐÐ ÐÐÐ

fk(α1) fk(α2) . . . fk(αns)



























c1(α)

c2(α)

ÐÐÐ

cns(α)














=














f1(α)

f2(α)

ÐÐÐ

fk(α)














è�Þ�é
(α) = c(α)TCc(α)T − 2c(α)TKα + 1 ≥ 0

½ZÁgÆ�ÍdÊ[ÀAÊ�Ío»P¾
Û�¿�Ç1Á1Â%Ã�½

α
¼AÇ^½'À�Ä�ÃAÀ�½KØt»P¾�½'ÃAÇ_¼0»PÇgÆgÊ�ÅZÃA¾[Ê�ê'Ç1½

αi
æ�¾�½KØ.½ZÅ'Æ^½'ÃAÇ

δi = [0 . . . 1 . . . 0]T
»3ë�»PÀ�Æ_Æ1¿�Ã�Æ1½ZÁuÁg½3Á

ÅZ¿�Íl¼�¿tÁ^»PÀ�Æ1½ZÁlÀ�ÃA¾�¾�½ZÁoÁ^»PÃ6É8¾>»
i ì í<î6ï ÅZ¿tÍd¼�¿.Á1»�À�Æ1½�Â�ÃAÊ_½3Á�Æ~Ë'×%»�¾�½kÌ 1

Á^»PÆ1Ê�Á�Éz»PÊ[Æo¾>»�¼AÇ^½'ÍdÊ�êZÇ1½�ÅZ¿tÀ�Ä6Ê[Æ1Ê�¿�À�Ð
ãDË'Ç1Ê�Ùw¿�ÀwÁ`Â�Ã�Î Ê[¾�Ø.Ë'ÇgÊ�Ù0½8Ë'×�»P¾�½'Ío½'À�Æ`¾<»bÄA½'ÃAå�Ê�ê'Ío½dç

δTi Cδ
T
i − 2δTi Kαi

+ 1 = Cor(αi, αi) − 2Cor(αi, αi) + 1 = 0

¼AÃAÊ>ÁgÂ�Ã�½
Cor(αi, αi) = 1

ÐAðbÎ�¿�Ü�¾>»�¼AÇ^¿�¼AÇgÊ>Ë'Æ1Ë|Ç1½3Å^È�½'Ç1Å*È�ËZ½

J̃(αi) = δiJs = J (αi) = J(αi)

ñ ¸wâ<ò�ó�âxµ�¹�ôlá�¸�¯¶¸�õ÷ö%à#¯¶¹�ô
θ ø σ ø p µ�¹äâ�¸�ùÒ³�²�òtà¶°<³�²úµ·¹kò.³�ûA¸�¯P°<¸w²�ò%¹kµ�¹!âýü�þ�ò%¸A¯#à

Û�½3Á�É;¿tÀ�Å'ÆgÊ�¿tÀ�Á
fj , 1 ≤ j ≤ k

½'Æ�¾>»�É;¿tÇgÍl½KÄA½8¾<»�É;¿�À�Å'Æ1Ê�¿�ÀkÅZ¿�Ç1Ç1Ë'¾>»PÆ1Ê�¿�ÀkË'Æ^»�À�Æ_Å^È�¿tÊ�ÁgÊ�½ZÁ3æAÊ[¾�Ç1½ZÁgÆ1½,Ì
ÄAË'Æ^½'ÇgÍdÊ�À�½'Ç�¾�½ZÁ�¼w»PÇ^»PÍoê'ÆgÇ1½3ÁKç

σ2 æ θ = [θ1 ... θns ]
æ
p = [p1 ... pns ]

æA½'Æ
β = [β1 ... βk]

Ð�Û�½8¼AÇgÊ[À�ÅZÊ[¼�½KÄA½
ÅZ½8Å*È�¿�Ê�å�»bÄAË�ÿgÌbË'Æ^Ë8ÄA¿tÀAÀ�ËK»�Ã�Å^È0»P¼AÊ[ÆgÇ^½ � Ð��D¿�Ã�Á`¾�½KÄAËZÅ'Ç1Ê[Ø.¿�À�Á�Ê�Å'Ê�½'ÀkÄAË'Æ^»�Ê[¾�Á3Ð

�Õ¿�Ã�ÇÕÅ*È�¿�Ê�ÁgÊ[ÇÔÅZ½ZÁÕ¼w»PÇ*»PÍlê'Æ1Ç1½ZÁ3ætÞA»�Å���Á3æ��÷½Z¾�Å^È�æ�èkÊ�Æ1Å^È�½'¾[¾A½'Æ��÷ë�ÀAÀ	� �3�.��
 ¼AÇ1¿�¼R¿tÁ1½'À�ÆÕ¾>»uÆ1½ZÅ^È�ÀAÊ�Â%Ãw½sÄAÊ[Æ1½
Ä6Ã~Ío»¶å6Ê[Í{ÃAÍ ÄA½_Ø�Ç*»PÊ�Á1½'Í{Ú�¾>»PÀ�ÅZ½
������������������� �!��"$#&%'"�#(���)�*#(�,+$-��.��% /�½'À »PÀ�×t¾>»PÊ�Á3Ð�0s¿�ÀAÀ0»PÊ�Á1Á^»PÀ�ÆxÃAÀ
½'À�Á1½'Í�ÚA¾�½bÄ�½�Ç1Ë3»P¾[Ê>Á1»�ÆgÊ�¿�À�Á8ÄA½�¾<»oÉ;¿�À�ÅZÆgÊ�¿�À J æ�Ê�¾ÔÁZÎ »P×tÊ[Æ8ÄA½bÆgÇ1¿�ÃAØ%½'Ç|¾�½ZÁ|¼w»PÇ*»PÍlêZÆgÇ1½ZÁ8Ä6Ã�¼AÇ^¿�ÚA¾�ê'Ío½ZÁ8Â%ÃAÊ
Ío»På�Ê[ÍdÊ�Á1½'À�ÆÕ¾>»D¼AÇ1¿tÚw»PÚAÊ�¾[Ê[Æ1Ë`ÄMÎ�¿�Ú�Æ1½'ÀAÊ[Ç�ÅZ½ZÁÔØ�»P¾�½'Ã�Ç1Á3Ð�1uÃAÆgÇ1½'Ío½'À�Æ�Ä6Ê[Æ#æPÊ[¾�Á3ÎN»P×tÊ[Æ�ÄMÎ�¿t¼AÆgÊ[ÍlÊ�Ág½ZÇÕ¾>»D¼AÇ^¿�Úw»PÚAÊ�¾[Ê[Æ1Ë
ÅZ¿�ÀwÄ6Ê[ÆgÊ�¿tÀAÀ�½'¾[¾>½

P (J1, ...,Jns |σ2, θ, p, β)
Ðwé�ÀäÁgÃA¼A¼R¿tÁ^»PÀ�ÆuÂ%Ãw½K¾�½ZÁu¿�Ú�Á1½'Ç1Ø�»PÆgÊ�¿tÀ�Á J1, ...,Jns

Á1¿�À�Æ_Ê[ÀwÄAË!�
¼�½'ÀwÄ�»PÀ�Æ^½ZÁ`½'Æ�Â%Ã�½|¾�½|¼AÇ^¿�ÅZ½ZÁ1ÁgÃ�Á`ÁgÆ1¿�Å*Èw»�ÁgÆgÊ�Â�Ã�½|ÍdÊ�Á`½ZÀ�ÿg½'ÃX½3Á�Æ328»PÃwÁ1Á�Ê�½ZÀ�æAÅZ½'ÆgÆ1½|¼AÇ^¿�Úw»PÚ�Ê[¾[Ê[Æ1Ë8½ZÁgÆ�Ë'×%»P¾�½KÌ
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Y V�Z\[�]_^

`.a�b
= P (J1, ...,Jns |σ2, θ, p, β) =

ns∏

i=1

P (Ji|σ2, θ, p, β)

=
1

(2πσ2det(C))ns/2
exp(

−(Js − Fβ)TC−1(Js − Fβ)

2σ2
)

bdc)e?fAcgfAh�i�jlk?m6n�oghqp�r�s_h�i�tUsun\cgsqp�r3sut�vwmgj�t8xAt�yKfHk9n�c)c{z|n�m�yut�v}t8sKr~m�i�sqx�rAyKyKr
�,n�c�xAyut8n�c�k?v�i�tUs_sKn�c�j8n�e?i�hKt�yu��v�r
i�m�m6rAj8f��,n�c�xAyut8n�c�j8n�e��l�*h�i�t8sKrAv���jUi�c�x�rPrAy~fAe?i�jUr�� ^

ln(
`<a{b

) =
−1

2

(

ns ln(σ2) + ln(det(C)) +
(Js − Fβ)TC−1(Js − Fβ)

σ2

)

bdc�e?fAcgfAh�i�jlk�j8r�s�m�i�hDi�v}�AyKhKr�s
pi, 1 ≤ i ≤ ns

sKn�c9yFx���n�t8sut8sFfAe?i�o����
2 � a{r$sPm�i�h�i�v��AyuhKr�s σ2, θ, β

sKn�j�o��
yKt8n�cgsqp�o)m�hKn\��j8�Av�r3p�r3v�i���t�vwt8s�i�yKt8n�c�pgr~jUi��,n�cgx�yut8n�c

ln(
`.a�b

)
p�n�t��?rAc9yqs�i�yKt8s��(i�t�hKr3j8r�s_yuh�n�t8sqx�n\cgp�t�yutUn�cgs

suo�t8��i�c9yKr$s ^

(1)
∂

∂β
(ln(

`.a�b
)) =

∂

∂β
((Js − Fβ)TC−1(Js − Fβ)) = 0

⇒ βmax = β̂ = (F TC−1F )−1F TC−1Js

(2)
∂

∂σ2
(ln(

`.a�b
)) =

∂

∂σ2
(ns ln(σ2) +

(Js − Fβ)TC−1(Js − Fβ)

σ2
) = 0

⇒ σ2
max =

1

ns
((Js − Fβ)TC−1(Js − Fβ))

(3)
∂

∂θ
(ln(

`<a�b
)) = 0

� c<hKrAv)i�hK�?o�r�yKn�o�y�p{z|i��6n�h�p<�?ogr�j8r$s3m�i�h�i�v��AyuhKr�s
β
r�y
σ2 sKn�c9y�pgf�x�n�o�mgj8f�s�rAy3�,n�c�xAyut8n�c�p�r θ � a�r�m�hKn���gj8�Av}rFp�z�n�m�yKt�vwt8s�i�yKt8n�c�hKr��9t8rAc9y3p�n�cgx���yuhKn�og�HrAh
j8rPmJi�h�i�v��AyuhKr

θ
x�n�cgp�o�t8s�i�c9y���jUi���i�j8rAo�h
v)i��*t�v)i�j8r�pgr

jUiF�,n\cgxAyutUn�c�jUn�e��l�*h�i�t8sKrAv���jUi�cgx$r ��� r�v�i�hK�9ogn�cgs�fAe?i�jUrAv}rAc*y��9ogr�jUi�v}fAyu��n9p�r�p�o�v�i���t�v�o�v�pgr3�*h�i�t8sKrAvw�
�gjUi�cgx�r~rAydjUiPv}fAyK�gn9p�r��,��a{�� q¡�x�n�c�p�o�t8sKrAc*y_i�o}v�¢Av}r

β � � c}yuh�n�o��HrHkHrAc}t8c�£�r�xAyDi�c9y βmax rAy σ2
max

pgi�cgs
jUi��,n�c�xAyut8n�c

ln(
`.a�b

)
�?ogr�jSi���i�j8rAo�h

θ
��xD�gn�t8sut�h
r$suy ^

θ = ¤ hue\v)i��
[−1

2

(
ns ln(σ2

max) + ln(det(C))
)
]

= ¤ hue\v}t�c



det(C)

1

ns σ2






 �n�ogh�j8rP¥Phut�e\t8c�e}n�h�p�t�c�i�t�hKr�j8r$s
p�rAo���m�hKrAv}t8�AhKr�s��,n�huv�ogj8r�s
sKn�c9y
��t8rAc¦s�§gh~��h�rAvwmgjUi�x�rAh
m�i�h

σ2 =
1

ns
(Js − 1β)TC−1(Js − 1β) β =

1TC−1Js
1TC−11

a&i	v)i�yuhut8x$r�p�r�x$n���i�hutSi�cgx�r
C
yKr�cgp¨��¢�yuhKr�pgr}v}n�t�c�s�rAc©v}n\t�cgsF��t8rAcªx�n�cgp�t�yut8n�cgcgf�r)i�o��«o�h�r�y��	v}rA�

suo�h�r��?o�r�j8r$s�m6n�t�c9y�s
αi
k
1 ≤ i ≤ n

k¬sur�h�i�mgm�hKn9xD�grAc9yPp�r�j­z�n�m�yut8v�o�v Y V$Z�V!] � �3cgr�v)i�c�tU�AhKr�p{z|i�v}f�j�t8n�hKr�hj8r}x$n�cgp�t�yKt8n�c�cgr�v}rAc*y�pgrwx$rAyuyKrwv�i�yuhut8x�r}r�suyFp�z�f��9t�yKrAh�jUi���i�j8rAo�h [ k�m©r�suy�i�j8n�h�s�x��gn\t8sutdp�i�cgs�jlz t�c9yKr�hu��i�j�jUr
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[0, 1.99] È
ÉdÊ�ËKÌ�ÍuÎ�Ï}ÌHÐJÑ6Ò\Î�Ë�ÓgÌ!ÔgÊ�Õ�ËPÖ�Ò�Ï}Ñ�×8ÌAØ�ÙAÏ}ÙAÊ*Ø�×UÚ�Û,Ò�ÊgÖ�ØuÕ8Ò�Ê�Ó�Ù�Ö$Ò�Ü�Ú�ËKÕUÚ�ÊgÖ�Ù

Cov Ý Ö�ÞgÒ\Õ8Í�ÕUÙ�ÍKÒ�ÎgÍ�×UÚ}Û,Ò\ËuÏ}Ù
σ2

nf∏

i=1

e−θi|α1i−α2i|
pi ß Ð6×8Ù$Í�Ñ�Ú�Ë�Ú�Ï}àAØuË�Ù�Í σ2 Ð θ = [θ1 ... θns ]

Ù�Ø
p = [p1 ... pns ]

ÓgÒ�Õ�ÜHÙAÊ*ØPáAØKËKÙ�ÑgËKÌ�ÖAÕ8ÍKÌ�Í È
â'ã|Ú�Ñ�ÑgËKÒ9Ö�Þ�Ù Ý,ä â�å3æ ß ÊgÙ
Ñ6ÙAËuÏ�ÙAØ'Ñ�Ú�Í'ÓgÙ
Ö�Ú�×8ÖAÎg×8ÙAË_Ö�Ù�ÍdÑJÚ�Ë�Ú�Ï�àAØuËKÙ�Í$Ð?Ö�ÙAÎ�ç9è­ÖAÕJÓ�Ò�Õ8ÜHÙAÊ9Ø_áAØuËKÙ�Ô�ç�Ì�Í_Ú�Î}ÑgËKÌ$Ú�è×UÚ�ég×8Ù È ÉdÊ�ËKÙAÜ�Ú�ÊgÖ�ÞgÙHÐ�×lã|Ú�Ñ�Ñ�ËKÒ9ÖDÞgÙ'ÛlÚ�Õ8Í�Ú�Ê9ØdÚ�Ñ�Ñ¬ÙA×�Ú�Î�Ï�Ú�ç*Õ�Ï�ÎgÏêÓ�ÙqÜ9Ë�Ú�Õ8ÍKÙAÏ�é�×SÚ�ÊgÖ�ÙqÑ6ÙAËuÏ�ÙAØ Ó�Ù_×8Ù$Í�Ö$Ú�×8Ö�Î�×8ÙAË
Ý ×8Ù}ÜHÙ�ÖAØ�ÙAÎ�Ë p Ù�ÍuØFÖ�Ù�Ñ6ÙAÊgÓ�Ú�Ê9Ø�ÍuÒ\Î�ÜHÙAÊ*ØPÔ�ç�Ì)Ú�ÑgËuÕ8Ò�ËuÕ ß È{ë Ò�ØKÒ�Ê�Í�ØKÒ�Î�ØKÙAÛ,Ò�Õ8ÍFì9ÎgÙw×UÚ	Ü�Ú�ËKÕUÚ�ÊgÖ�Ù σ2 Ê{ã Õ�Ê*ØKÙAË�èÜ9Õ8Ù�Ê9Ø�ì?ÎgÙ�Ó�Ú�ÊgÍ3×lã�Ù!ç*ÑgËKÙ�ÍKÍuÕ8Ò�Ê<Ó�Ù�×lã�ÙAËuËKÙ�Î�Ë�í�î�ÉïÏ)Ú�Õ8Í3Ñ�Ú�Í�ÓgÚ�ÊgÍ3×8Ù�Ö$Ú�×8ÖAÎ�×ðÓgÙF×lã|Ú�Ñ�ÑgËKÒ$ç*Õ�Ï)Ú�ØuÕ8Ò\Ê.×�Õ�ÊgÌ�Ú�Õ�ËKÙ
J̃ È9ñ Õ�Ê�Ú�×UÙAÏ}ÙAÊ*Ø$Ð?×UÚ�Ï�ÌAØuÞgÒ*Ó�Ù Ý,ä â�å3æ ß ÊgÙ~Ñ¬ÙAËuÏ}Ù�ØqÓ�Ù3Ö�Ú�×8ÖAÎ�×UÙAËqì?ÎgÙ3×8Ù�ÍqÖ�Ò9Ù!ò)ÖAÕ8ÙAÊ*ØKÍqÓ�Ù~×lã|Ú�Ñ�Ñ�ËKÒ�ç*Õ�Ï�Ú�ØuÕ8Ò�Ê×�Õ�ÊgÌ�Ú�Õ�ËKÙ

J̃
Ð\×8Ù�ÍdÑ�Ú�Ë�Ú�Ï�àAØuËKÙ$Í

θ
ÙAØ
p
ÌAØDÚ�Ê9Ø Ô�ç�Ì�Í$ÐHÚ�×UÒ�ËKÍdì9ÎgÙ�×UÚ�Ï}ÌAØuÞ�Ò9Ó�Ù
Ó�Î}Ï�Ú�ç*Õ�Ï�ÎgÏóÓ�Ù�Ü9Ë�Ú�Õ8ÍKÙAÏ�é�×UÚ�ÊgÖ�Ù\Ð

Ö�Ò�Ê�Ó�Î�Õ�Ø�ô�Î�Ê�Ù3Ù!ç�Ñ�ËKÙ�ÍKÍuÕ8Ò�Ê�Ó�Ù3×lã|Ú�Ñ�ÑgËKÒ$ç*Õ�Ï)Ú�ØuÕ8Ò\Ê)×�Õ�Ê�Ì$Ú�Õ�ËKÙ3Õ8Ó�Ù�Ê9ØuÕ8ì?Î�Ù3ÙAØqÑ6ÙAËuÏ�ÙAØqÙ�Ê�Ò�ÎgØuËKÙ�Ó�Ù3Ö�Ú�×8ÖAÎ�×UÙAË_×8Ù�Í
Ñ�Ú�ËDÚ�Ï}àAØKËKÙ�Í

θ
Ù�Ø
p È

õ~ÙAÏ)Ú�ËKì?Î�Ù	ö¬Ö$Ò�ÏwÏ�Ù�×lã�Ù!ç*Ñg×�Õ8ì?ÎgÙ�Ê9Ø�Ó�ÙAÊ�÷3Ù�ËuØKÒ�øgÐ�ùP×8ÙAÕ úûÊ�ÙAÊ�ÙAØ�î9Õ8ÙAÏýüÿþ����­Ð¬×lã Þ��9Ñ6Ò�ØKÞgà�ÍKÙwÍuÎ�ËP×UÚ�ì?Î�ÙA×�×8Ù
ËKÙAÑ¬Ò\ÍKÙ~×­ã�Ù!ç*Ñ�Ë�Ù�ÍKÍ�ÕUÒ�Ê�Ó�Ù3×UÚFÜ�Ú�ËuÕSÚ�ÊgÖ�Ù�Ó�Î�Ï}Ò*Ó�àA×8Ù�Ó�Ù�ù�ËKÕ�ø\Õ�Ê�ø�Ù�ÍuØ_Û(Ú�Î�ÍKÍuÙ�ö

c(α)
Ó�ÌAÑ6Ù�ÊgÓ�Ó�Ù

Cor
ÓgÒ�ÊgÖ�Ó�Ù

θ
Ð6Ó�Ì�ØKÙAËuÏ}Õ�ÊgÌ�ÑJÚ�Ë�×8Ù�Ö�ËuÕ�ØKàAË�Ù�ÖAÕ è­Ó�Ù$ÍuÍuÎgÍ$Ð6Ù�Ø�Ö$Ú�×8Ö�Î�×8Ì�ÙAÊ�Î�ØuÕ�×�ÕUÍKÚ�Ê9Ø�×8Ù�Ü?Ù�ÖAØKÙAÎgË Js È â�Ù�ÜHÙ�Ö�ØKÙAÎ�Ë c(α)

Ê{ã�Ù�ÍuØ
Ó�Ò�Ê�Ö3Ñ�Ú\ÍqÕ�ÊgÓ�Ì�Ñ6ÙAÊgÓ�Ú�Ê9Ø�Ó�Ù Js È�� ×�Ù�ÍuØqÑ�ËKÒ\Î�ÜHÌ�ÓgÚ�Ê�Í�ü|þ����{ì?ÎgÙ�×lã�Ù!ç*ÑgËKÙ�ÍKÍuÕ8Ò�Ê	Ó�Ò�Ê�Ê�Ì�Ù�Ö�Õ è­Ó�Ù�ÍKÍuÎgÍ�Ù$Í�Ø�ÙAÊ�Û(Ú�Õ�ØÎ�ÊgÙPé6Ò�ËKÊgÙ�Õ�Ê�Û,ÌAËuÕ8ÙAÎgËKÙPÓgÙ�×lã�Ù�ËuËKÙAÎ�Ë
ËKÌ�ÙA×�×UÙ È
�
	��
	�� �������������������! #"
$% '&($*)�+,��).-/�0�!1�$% #"
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ÍKÒ�Ê9Ø~Ú�ú�Ò�Î�ØKÌ$Í~ô�Ö�ÙAØKØKÙ�éJÚ�ÍKÙ2N
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è�ÍuÕ�Ê�Ò�Ê�ì?ÎJÚ�ØuËKÙqÑ6Ò�Õ�Ê*ØKÍ�Ó�Ùq×lã�Ù�ÍuÑ�Ú�Ö$ÙqÓ�Ù�Ö�Ò�ÊgÖ$ÙAÑ�ØuÕ8Ò\Ê D ÙAØ�ÍuÕ�ØuÎ�Ì�Í ô~ÎgÊgÙqÓ�Õ8Í�ØDÚ�ÊgÖ�ÙqÏ�Ú�ç�Õ�Ï�Ú�×UÙqÓ�Ù�Í�Ñ6Ò�Õ�Ê9Ø�Í
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OQP.R2SUTWVITYX%S[ZU\^]`_�abTWVdc^a�\^]`Z�e;P.f7g*h�i�g7VITYX%S
î9Î�Ë�×lã�Ì�ÖDÞ�Ú�Ê9ØKÕ�×�×8Ò�ÊgÊ�Ú�øHÙ�Ö�Ò\ÏwÑ�×8Ù�Ø�Ó�Î	Ó�Ò�Ï�Ú�Õ�ÊgÙ�Ó�Ù�Ö�Ò�Ê�Ö�ÙAÑ�ØKÕ8Ò�Ê D ÍuÙ�×8Ò�Ê�Î�Ê	ÙAÊgÍKÙAÏ�é�×8Ù�Ó�Ù

21× 21Ñ6Ò�Õ8Ê9ØKÍ$Ð*×UÚ�Û,Ò�Ê�ÖAØuÕ8Ò�Ê�Ù!ç�Ú\ÖAØKÙ
J
Ñ6Ò\ÍKÍKà�Ó�Ù�Î�ÊgÙ�Ï�Ú�ç�Õ�Ï�Î�Ï�ø\×8Ò\é�Ú�×{Í�Õ8ØuÎgÌ�Ù�Ê

(−0.4, 0.4)
Ð�Î�Ê�Ï}Õ�Ê�Õ�Ï�Î�Ï�ø\×8Ò�è

é�Ú�×�ÍuÕ�ØKÎgÌ�ÙAÊ
(0.4,−0.4)

Î�Ê�Ï�Ú�ç*Õ8Ï�Î�Ï ×UÒ9Ö$Ú�×�ÍuÕ�ØuÎ�Ì�ÙAÊ
(0.04, 0.4)

ÙAØ�Ó�Ù�Î�ç¦ÏwÕ�ÊgÕ�Ï�Ú�×UÒ9Ö$Ú�Î�ç<Í�Õ8ØuÎgÌ�Í�ÙAÊ
(−0.2,−0.2)

ÙAØ~ÙAÊ
(0.4, 0.08) È
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�����7�s���x�b�7�7�@�^�@�*� � � ��� �s�@� �{� �8�*� ��� ��� �s�v� ��� �8�4� ��  ��� �¡�@� ��� ���*� ¢F£ �d¤�¤�¥
¦9�8�;§^�4¨8©`�ª�7���*�s«��{�

2 ¬x­ ® ¬x­ ® ¬x­ ® 2.3 10−3¦9�8�;§^�4¨8©`�ª�7���*�s«��{�
4 ¬x­ ® ¬x­ ® ¬x­ ® 2.1 10−3¦9�8�;§^�4¨8©`�ª�7���*�s«��{�
6 ­¯¬ °^± ¬x­ ® ¬x­ ® 1.2 10−3¦9�8�;§^�4¨8©`�ª�7���*�s«��{�
8 ­¯¬ �   ­²¬ ³ � ­²¬ ±   4.9 10−4

´M�¡�{�d�bµ#�7�¯�4�sµ7�{�8�4�¡�x£���¦ ¥ ­¯¬   ¤�¤ ¬x­ ® ¬x­ ® 2.5 10−3´M�¡�{�d�bµ#�7�¯�4�sµ7�{�8�4�¡�x£�´M¶�· ¥ ­¯¬   ± ­²¬   � ­²¬ °.³ 1.6 10−3

¬ � � « � �7«¸� � ©¹�7��� ­¯¬ � � ­²¬ ³ � ­²¬ � ± ¤ 3.7 10−4

º!»U¼
½ °*¾ �F¿ ¦9�s�,À��8�{©¸�b�*�d�¡�Á�7�¡�(©¸�^�7�s���¡�M�b�7�7�@�^�@�*�d�Á� � µ*� � �¡� ¾

Â������s��À��8��©Ã�b�*�¡�¯�7�¡�Ä©¸�^�7�s���d�(�b�7�7�@�^�@�*�¡�(�¡� � �sÅ8�8�;µ*�¡�¯���¡���8�>���sµ7�(�d�b�4��� �;� �¯ÆÇ�@� ��� �,À�� � �{�F���d���s� �;� �¡�{�¡�
��µ � Å8�b� � �ªÈ
C1 ® ���sµ7�(�d�b�4��� �;� ��Æx�{�d�¡�8�*� � �{µ � �{�²µ7�*���b�7�*�{�dÉ � ©Ã� ��� �8� � �¡�;���²Ê^µ*�F��ËÌ�s���{�¡µ7�Ä©¸�I§��s�*�*�²��µ*�Ä��ËÌ�¡�v�4�b� �{� �;���8� ®�%�b«��

21 × 21
��µÍ�7�8©Ã� � �*�>�*�Ã�d�8�*�¡�¡� ��� �8� D �{� �;�Ç� ��À��s� � �sµ*�{�QÆ

2.10−3 Î �d� ��� �>�s�{�{�sµ7� Î �*� � �¡� E Î �¡� ���� � ©`�¡�*� � �8�7�4�¡�ª�4�b�M�W�¹Å8�b� � � ��� �8� � � � �b���x�*�ª���ÏÀ��8�4� ��� �8�
J
��µ7�M���x�7�8©¸� � �*� D ¾ ¢
�;�����¡� � �7�8�7�4�¡�ª�4�b�M�W�À��8��©�µ*���

E =
1

212(Jmax − Jmin)

√
∑

1≤i,j≤21

(

J(αi,j1 , αi,j2 ) − J̃(αi,j1 , αi,j2 )
)2

;

C2 ® ���sµ*�¹�I�b�4�8� �;� �'Æo���^�d�b� � �{�s�¹���¡�Ï©Ã��É � ©Ã�o«����8Ð4�8µ�ÉÍ� � ���^�d�8µ�ÉÍ��µ7�¹��ËÌ�¡�@�%�b� ��� �����8�7�4�8«��
21 × 21

�7µ
�*�8©¸� � �*� D £Yµ7�*� � �8���s�v�b�*�¡�ª���4� ��� �8����� � ���¡�{� � �ª�¡� � �7�{�d� � �{�¡� ¥�Ñ
C3 ® ���¡µ7�M�d�8�4�8� ��� �xÆ � �{�8µ7Å.�s�Á���d�Á© � � � ©¸�Ï«����8Ð4�8µ�ÉÒ� � ���^�d�8µ�ÉÒ�*�¯À��8Ód�8�#�sÉ7�8� � �x��µ7�Á��ËÔ�¡�@�4�b� ��� �;�����7�4�b«.�
21 × 21

��µo�7�8©Ã� � �*� D £Yµ*�*� � �8���s�v�b�*�¡�����4� �{� �b����� � �{�s�@� � � Î � � «�� �;Õ �d� �{� Å��s©`�¡� � �7�;µ*�MÀ�� � Ð*����Ê.µ*�x���`�7�{� ®�d�¡�7�s� � � Î �¡� � �7�{�¡� � ���d� ¥ ¾
­ �Ã�*�F�@�*�s�@�@�*�M�4�8�ÄÆª�����d�b� � �{�s�!���¡�!©¸��É � ©¸���dÅ��¡�Mµ7�*�M�7�@�¡� � � � �8�Q�bµ4��� �%� ©¹����� � �b� � �MÊ^µ*�M���¡��© � � � ©Ã��I�b�M���¹�*�s� � Å��d�x���d�¡�8�*�7�ª�7�@�s�*�#�7�¡�MÅ8�b���¡µ7�{�(À�� � Ð7���¡�F�*�b�4�Á���ªÅ�� � � � �%�b«��x�7�¡�M©¸��É � ©¸� Î �7�x�{�8� � �xÊ.µ�Ë � �U�¡� �� �×Ö � � �����7�����^�d�8� � �{�s�Á�¡�d�Á�7�s��� � �s�{� ¾Â��d�9�{�¡��µ*� � � � �
�8Ð � �s��µ*�
�IÅ��¡�����¡�2� �×Ø �s�@�s� � �2©`�^�7�¡���¡�2�*�Ä�@�s«��{�¡�{� � �8�`�¡���*� � �7�s�{�d�2�{�8� � �{�¡��µ7©¸�¡�2�4�b�*�9���

� �bÐ7���d�8µ °*¾ � ¾ Â��Á�4�8©�Ð7�@�M�0Ë �;� �s�@� ��� �8�*� � �*� � Ê^µ*�M�¡�����{�¡�����8�4�Ã�bµ¸�*��©�Ð7�@�M�0ËÌ�sÅ��b�;µ4� �{� �8�*�!�BÉ7��� � �¡���{�¡Ê^µ � �{�¡��D�8µ7�2�{� ��� �,À�� � �@�!µ7�¹�7�¡�9�s� �;� �s�{�d�
C1 Î C2

�8µ
C3 ¾ Â
ËÔ�s���{�sµ*� E � �*� � Ê.µ*�d�Ä�¡�����{�¡�����8�4�ÏÆF��ËÌ�s���@�sµ7�2��µÇ©¸�^�7�s���

�8�7�7�{�^�v�*�¯�����{�{Ê.µ*����� � � � �;�����*�¯���ÏÐ4�8�{����ËÌ�¡�@�4�8� ��� �;�����*�M�¹� ��� � � � � ���ÏÅ8�b���sµ*�
100 ¾

Ù¡Ú�ÛdÜ^Ý�ÞUÝ�ß.ÛIà�Û�áYâ%Ú[ãUÜ^ä`Ý�ß^äIåUæWÛdà7Ûdä
çÏË µ7�¹��� � � � �7��Å^µ*��«��s�*�¡�@�b� Î ���Ä�{�d���I�bµ¹�*�Ä�*�sµ*�{�8�*�d�Á£�´M¶Ä· ¥ £��BÀ Õ «�µ7�{� °*¾ ��¥ � � ��� ¬ � � « � �7«ª� � ©¹�7���£��BÀ Õ «�µ7�{� °4¾Ô³ ¥ �¡�8�*�7µ � �{�s� � �bµ7ÉÏ©¸� � �;���¡µ7�{�
�@�¡��µ7� � � � � ¾ ���¡���7�¡µ�É¹©`�^�*�s���¡�Ä�b�7�7�@�^�@�*�¡�!�@� ��� �,À��8� � ���Á�¡� �;� �s�@�

C2
�s�Q�I§.�b� � �@�¡�¡�8µ*�{��Æªµ7�>�*�8©�Ð*�{�M�@� � �{�8�7�4�8Ð7���F�0ËÔ�sÅ8�b�;µ%� ��� ���*�Ä�BÉ7�8� � �¡� ¾ ¢
�Ã�{�sÅ��b�*�@�4� Î �{�sµ7�������M�{�¡�{�d�8µ�*�Ã�*�sµ7�{���*�¡�Ò£�´M¶�· ¥ � � �W���,µ*�,À��8�¡�>�*�Ã�{�s�����*�{�Ã���8�;§^�4¨8© � �8���>�7�>�7�s«��{�

8
�{�¡µ*�{� � ���{�s� � Æ��{� ��� �,À�� � �{�Ã���

�¡� �;� �s�{�
C3

�IÅ��¡�¯µ*�Ò�*��©�Ð7�{���@� � �{�8�*�4�bÐ7�����0ËÌ�¡Å8�b�;µ4� ��� �8�4�(�sÉ7�8� � �¡� ¾Â��¡�¯Å�µ*�¡���s�è�¡��µ7���¹�7�Ï���¸À����*� ��� �8�é�sÉ7�8� � �'£��d�8µ7���d�
α1 =

�¡�8�4� � �b� � �¹�8µ
α2 =

�¡�8�*� � �8� � �¹��µ7�¯�W�
Õ «�µ7�{� °*¾   ¥ ��� � µ7�*��À��8�{©`�(Ð��d�bµ4�¡�8µ7�`�7��µ*�
�¡�8©`�7� � Ê^µ*�¡�ÁÊ.µ*�Á�7�Á� � ©¹�*���¡�2�%�b�@�bÐD�8���¡� ¾ Â��²À����*� ��� ���`�sÉ7�8� � ��4�Ã���sµ � �7���*�Ã�4���Ïê � �{�Ò�b�7�7�{���@�*�¡�Q�7�Ã©Ã�b� � �¡�{�>��µ Ö �{�8©¹©`�¡� � �7�@�¡� � �{�Ã�%�b�Çµ*�ë���8��§^�*¨8©¸�>��µì�7�s«��@�
�*�sµ�É ¾ Â�ËÌ��Ð*�{�s��Å8� �{� �8�Ò�7�d���d�8µ7��ÐD�¡���d�8���{�¡���D�8�*�*�8� � �bµ�ÉQ�,µ*�,À��8�¡�d���*�²�{�s�����*�{�²���8�;§��*¨8© � �b���¡�(�7�¯�*�s«��{� 4� �
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�¡�8�*��µ �;� Æª����©¸ês©`�F�¡���*�s�;µ4� � �8� ¾ � �4À��bµ � �bµÃ©¸� � �*�!µ7�Ã���8�;§��*¨8©¸�M�*�M�*�s«��{� 8

�D�8µ7�!�4�b�{Å��s� � ��Æªµ7�4�
�*�{�¡� � � � ���'��µ Ö �@�b� � � ¾Â��¯À��8�*� �{� �8�Ã�b�*�7�{�^�v�*�¡�Á�d�8���sµ7���d�(�4�b�
���(�{�¡�{�d�bµ¸�*�(�*�sµ*�{�8�*�¡�F£�´M¶�· ¥ �*�Á�7�¡���s�*�¸Ê.µ*��À�� � Ð7���s©¸�s� � �*�
��ËÔ�¡�@�4�8� ��� �;�����7�4�b«.� � � ����� �b� ¾ ç²�¡µ�É¸�@�¡�{�d�bµ�É>�7�F�4�sµ7�{�8�4�¡��£���¦ ¥ �8� � � � �²�¡���*� � �7�s�{�d� Î ���F�7�@�s© � �¡�(�dÅ��d�Fµ7�4�
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l'm,n�o8p%qsr)t�t�u�m,v[w�x y i z|{ x"u[r {$} m�~�� y�� z|{ x"u+r {$} m�~�� y�� z|{ x"u+r {$} m�~�� ��� i0�J�J�
�1u }D��} ~ � � }D� t�p%q ���

25
���

62
�1�

170 3.7 10−4

�1u }D��} ~ � m�u�n } ~�r } u�q ���
25

���
62

�1�
170 3.7 10−4

�1u }D��} ~ ��� ~ }D� q"u+�$q8p��
f1
α

� ���
28

���
65

�1�
65 3.6 10−4

�1u }D��} ~ ��� ~ }D� q"u+�$q8p��
f2
α

� ���
28

���
65

�1�
65 3.6 10−4

������������������q"uB�gm�u � r)~�v8q8�=n�q8� � m,n�o8p%q8�=n�q1u+x � u�q0�$� } m�~7t�r)uH�1u }D�J} ~ � �

l'm�n�o"p%q�r)t�t�u+m,v+w�x y i z { x"u+r {�} m�~�� y�� z|{ x"u[r {$} m�~�� y�� z|{ x8u+r {$} m�~�� ��� i0���J�
�?~�u } v[w } ����q � q"~ {

B2
�1�

28
���

65
���

65 3.6 10−4

�?~�u } v[w } ����q � q"~ {
B2′

�1�
28

���
57

���
57 4.1 10−4

�������������1��¡Hx � u�q0�$� } m�~�t�r)u@�1u }D��} ~ �¢� ~ }D� q8u���q"p£r � q0v=�gm�~�v {�} m�~�n�qHu+x � u�q0�$� } m�~�tOm�pD¤,~�¥ ��} r�p%q�n�q�n�q � u�x
1
�

v0m � v+w�q5v0r�v+w�x8q1v8m � tOm�u { r)~ { v } ~�¦K~�q � u�m�~�q8��q { p%q5n�q �c§c} o � q5r � q8v � ~�q1v8m � v+w�q1v�r�v+w�x0q1v8m � tOm�u { r�~ { n }¨§
~�q � u�m�~�q8�0�W©Rq=t�u�q �K} q"u@rs¦ � r�� }D� q8~ {�ª q8��m } ~�n�q=pFr { m { r)p }D{ xHn�q=pFrsn } ��v"u�x {$} ��r {$} m�~

21×21
n � n�m � r } ~�q Dt£m � u��+r {$} �«�;r } u�q�p%q�v8u }D{ o"u+q

C1 ¬ q { p%q���q8v0m�~�n�u+q8¦ ��} q8u {�­«� ��¦ �R®�¯ 200
x � r)p � r {$} m�~���q § r�v { q8�0��° } v8q8�@u�x8��q0r �c§

t_r)u �,} q8~�~�q"~ {�¯ p%m,v�r)p } ��q"usp%q8�sm�t {$}D� r � p%m ª r ��§ r �±ª m ��{ n�q
42

x � r)p � r {$} m�~���q § r�v { q8� ¬ } p²~�q³u�x � ��� } �$��q"~ {t_r��=q"~7u�q � r�~�v+w�q ¯ p%m�v0r)p } ��q"u=p%q8�=m�t {$}D� r´p%m�v0r �c§ ��µ1q1t�p � � ¬ p ® q8u$u�q � u � m�¤Wq"~�~�q1~�q � r)u } q1t�p � � ª q0r � v8m � tn�q1pFr � r)p%q � u
2.4 10−3 ¯ t_r)u {$} uHn ® � ~�q ª r��$qsn ® x8v[w�r)~ {�} pDp%m�~��=n�q { r } pDp%q 50

�
y ® q8� { pFr � x { w�m�n�q5n � �1u }D��} ~ � � }D� t�p%q5¦ ��} ¬ r)t�u�o8� � ~6~�m �¢ª u+q�¶ § x5n ® }%{ x"u+r {�} m�~�� ¬ v8m�~�n ��}D{H¯ pFr´t�p � ��·r }Dª p%q�q"u�u�q � u � m¸¤Jq"~�~�qJ��y�q"tOq8~�n�r)~ { ¬ q8pDp%q�~�q�v8m�~�n ��}D{ t�r���r �¹� m,n�o"p%qºr)t�t�u�m,v+w�x�p%q�t�p � �´q
»�v0r�v8q�q8~

� r {$} o8u�q5n�q5p%m,v0r�p } �+r {$} m�~7n�q8�=n�q �c§�� r §�}D� rc�

¼¾½J¿¸ÀRÁÃÂ�Ä,ÅKÂ�ÄTÆ6Ç)ÈÊÉ_ÈgËRÉÍÌ�ÎgÏRÅKÐWÑ�Ð�Ë�ÒJ½,Ä
Ó�m � �´x {�� n } m�~��´n�r)~��´v0q {${ q�t�r�u {$} q�p%q ª x"~�x
¶�v8q�¦ � q�p ® m�~¹tOq ��{ r � m } u ¯Ô��{$} p } ��q"u � ~�q � x { w�m,n�q

n�q´�1u }D�J} ~ � m�u�n } ~�r } u�q´m � n�q´�1u }D��} ~ �º� ~ }D� q"u���q"p ¯ pFr�t�pFr�v8q³n � �1u }D��} ~ � � }D� t�p%qJ�O��m � u�pFr � x { w�m,n�q´n�q
�5u }D��} ~ � m�u�n } ~�r } u�q

fα = [1]
�cµ1q �c§ �gm�~�v {$} m�~���n�q�u�x � u+q8��� } m�~ºm�~ { x { x1v8m�~�� } n�x"u�x8q8��tOm � u�p%q1�1u }%��} ~ �³� ~ }DÕ

� q"u���q"p ¬ pFrKt�u�q ��} o"u�q¢q0� {�� ~�qs�gm�~�v {$} m�~'tOm�pD¤,~�¥ ��} r)pFq¢n�q´n�q � u�x 1 ¬ m�~Ör�r)p%m�u+� fα = f1
α = [1, α1, α2] ¬

p	r
��q8v0m�~�n�qsq8� {=� ~�q1�gm�~�v {$} m�~7tOm�pD¤,~�¥ �K} r)p%qsn�qsn�q � u�x

2 ¬ n�r)~��Hv8q5v�r�� fα = f2
α = [1, α1, α2, α

2
1, α1α2, α

2
2]
�

©�r5�;r�×8m�~�n�m�~ { v0q8� � m,n�o8p%q8�@�+r {$} �B�gm�~ { p%q8�@v8m�~�n }D{$} m�~��
C1 ¬ C2

q {
C3

q8� { u�x0� ��� x8q�n�r)~���p%q { r ª p%q0r � �������
©Øq0��tOq"u$�gm�u � r)~�v8q0�Kn�q7v0q8� � x { w�m�n�q8�Ùn�q7�1u }D�J} ~ � t�p � �Kx"p	r ª m�u+x8q8�K��m�~ { �$q �¢ª pFr ª p%q8� ¯ v8q"pDpFq8�Kn�q

pFr � x { w�m,n�q³pFr�t�p � �s� }%� t�p%q7�;�1u }D��} ~ � � }D� t�pFq � n�r)~��1p%q�v�r�ncu�q�n�q³~�m { u�q�v�r�� { q8� { ¬ ¯ p ® q § v8q"t {�} m�~Ún�q³p	r
v�r)t�r�v }D{ x ¯ p%m,v�r)p } ��q"u5n�q��·r�×8m�~Öt�u�x8v } ��q¢p%q0�1n�q �c§'� r §�}D� r ¬ tOm � u�pFr�¦ � q"p%p%q´v8q0� � m,n�o"p%q8�1��m�~ { t�p � ��tOq"u Õ�;m�u � r�~ { �0�

©Øq�v0r�p%v � p£n�q�p ® q"u$u�q � u@l±°��¹t£q ��{�Û"{ u�q ��{$} p } ��xHtOm � u�x"pFr ª m�u�q"u � ~�q�� { u+r { x �J} q�n ® q"~�u } v+w } ����q � q8~ { n�qHp	r
ª r���qsn ® x8v+w�r�~ {$} pDpFm�~��H��q"~�� }%ª p%q � q"~ { n }¨Ü x8u�q"~ { q����?~'q Ü q { ¬ p ® x { r�tOq B2

tOq ��{�Û"{ u�qsu�q � t�pFr�v8x8qst�r�u=p ® x { r)t£q
B2′ Ý
B2′

Õ � } ~�m�~¹¦ � r { u�qÙt£m } ~ { ���gn�qÙp ® x8v+w_r)~ {$} p%p%m�~�~�r � q�v8m � t�p%q {
21 × 21

n � n�m � r } ~�q D � tOm � u¢p%q8��¦ � q"p%�p ® q"u$u�q � u=lÖ°c�Þq8� {�� r §�}D� r�p%q5��m�~ { r ­ m ��{ x8� ¯ p	r ª r��$qsn ® x8v[w�r)~ {$} pDp%m�~��0�
y@q {${ qÙ� { u+r { x ��} q�r7x { x { q8� { x8q�r � q8vKp	r � x { w�m,n�qÙn�qÙ�1u }%��} ~ �Ô� ~ }D� q"u+�$q8p ��{$} p } ��r�~ {�� ~�qK�gm�~�v {$} m�~ßn�q

u+x � u�q8��� } m�~Ùt£m�pD¤,~�¥ ��} r)pFqHn�qHn�q � u�x
1
�
f1
α

� �W©�rsv8m � t�r)u+r } ��m�~�r � q8v=p	rs� { u+r { x �J} q
B2

q8� { u�x0v0r)t }D{�� p%x8qHn�r�~��
p%q { r ª p%q0r � ����������m � u � ~�q�u+r } ��m�~à~�m�~ } n�q8~ {$} ¶_x8q ¬ p	r'� { u+r { x ��} q B2′

v8m�~�n ��}D{K¯Ô� ~�q�q8u$u�q � u � m¸¤Jq"~�~�q
r�t�u�o8�

100
x � r)p � r {$} m�~��´q § r�v { q8�´� � tOx"u } q � u�q ¯ v8q"pDp%q�n�m�~�~�x0qÙt�r)u¢p	rÔ� { u+r { x ��} q

B2
���?~ßu�q � r)~�v+w�q ¬ q"pDpFqt£q"u � q { n�q5p%m,v0r)p } ��q"u�t�p � ��u+r)t } n�q � q8~ { p%q0� � r §�}%� rc�

�?~c¶�~ ¬ n�q8� { q8� { ��m�~ { x { x=q Ü q0v {$� x0�?¦ � r)~ {@¯ p ® } ~cá � q8~�v8q=n�q�pFr � r)p%q � u�n � v0m,q
»Ùv } q"~ { θ r)t�t_r)u+r } �$�+r)~ {n�r)~��²p	r��;m�~�v {$} m�~Ùn�q=v8m�u$u+x"pFr {$} m�~Ø�J��m � u?p%q8�?u�x8� � p { r { �²t�u+x8��q"~ { x8��v }¨Õ n�q8��� � � ¬ pFr � r�p%q � u 2.84
r1x { x ��{$} p } ��x8qJ�
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Ú�Û�Û#Ú Ù Ú × Ð�Õ�é × Ú'ç

ÎBÚ>Û ×#Ø â Ø Õ1Ò(Ï á × ÚTÓ�ÐLÐ!Ï à�Þ × Ú Ù ÚTã-Ú × Ô�ã-Ú�Ñ�Û�Õ1â:Ú�Ô&Õ1Ð$Û�Ü × Ú�Ô�Ô Ø Ð$Û�Ú
Ô�ç�ú.Ò1Ó�Ô&ã Ø�× Û�Õ�Ñ�Ó�Ò1Õ�é × Ú�à,Ú�Ð�Û�Ý3Ò�Ú�Ñ Ø Ò�Ñ
Ó�Ò Ù Ú�Ô
Ö'×#Ø'Ù Õ�Ú�Ð$Û#Ô Ø Ü × Ï$Ü�Ò Ø Ô�Û�Õ�ß$Ó�Ú
Ô>Ú�Ô"Û>Ó�Ð!Ú Ù Õ�Ô�Ñ
Õ1ã�Ò1Õ1Ð�ÚGã Ø × Û�Õ�Ñ�Ó�Ò1Õ�é × Ú Ù�æ Ó�Ð Ù Ï'à Ø Õ1Ð!Ú�ã�Ò1Ó�Ô*â Ø Ô"Û#ÚDû-Ò æ Ï ã�Û�Õ1à8Õ�Ô Ø Û�Õ�Ï Ð
Ù Ú å Ï × à0Ú'ÝJà Ø Õ�ÔGÕ1ÒBÔ�Ú ×UØ Ó�Ð!Ú Ù Ú
Ô�Ñ
Ò�Ü
Ô Ù Ú
Ô�Ü
â:Ï Ò1Ó�Û�Õ�Ï Ð�Ô Ø Ü × Ï Ù ì$Ð Ø à,Õ�ß�Ó�Ú�Ô å Ó�Û�Ó × Ú
Ô�ç_÷.ÐMÚ`á�Ú�Û�Ý_Þ�Õ�Ú�Ðüß�Ó�Ú
Ò Ø Û#Ú�Ð Ù�Ø Ð�Ñ
Ú Ø Ñ�Û�Ó�Ú
Ò1Ò�Ú�Ð�Ú,Ô�Ï Õ1ÛTã�Ò�Ó�Ô Ø Ó3ï�Ï ã�Û�Õ�à8Õ�Ô Ø Û�Õ�Ï'Ð�ÔTÒ�Ï$Ñ Ø Ò�Ú
ÔTã Ø�×�Ö'×#Ø Ù Õ�Ú�Ð$Û#Ô
Ý(Ñ
Ï à8à0Ú Ø Ó�ïFã × Ü
à8Õ�Ñ
Ú�Ô
Ù Ú�Ò æ Ï ã�Û�Õ1à,Õ�Ô Ø Û�Õ�Ï'Ð Ù Ú å Ï × à,Ú Ø Ü × Ï Ù ì�Ð Ø à8Õ�ß�Ó�Ú'ÝHà Ø Õ�Ô Ø Ó3ïFÏ ã�Û�Õ1à,Õ�Ô Ø Û�Õ�Ï'Ð�Ô Ù Ú å Ï × à0Ú
Ô Ö Ò�Ï Þ Ø Ò�Ú
Ô�Ý-Ñ
Ú�Ò�Ò�Ú
Ô"ñ�Ñ�ÕÔ�Ú × Ï Ð�Û�Ý3ê�Ò æ�Ø â:Ú�Ð�Õ × Ý Ù ÚVã�Ò1Ó!Ô�Ú�ÐDã�Ò�Ó�Ô�Ñ
Ï'Ó�ã�Ò�Ü�Ú
ÔBê Ù Ú�Ô5Û�Ú
ÑUë�Ð�Õ�ß$Ó�Ú
Ô Ù(æ Ï ã�Û�Õ1à8Õ�Ô Ø Û�Õ�Ï ÐDÒ�Ï$Ñ Ø Ò�Ú
Ô5ã�Ï Ó × Ò æ�Ø Ð Ø Ò1ì�Ô�Úä�Ð�Ú Ù Ú
Ô�ý�Ï'Ð�Ú
Ô�ã-Ï'Û�Ú�Ð$Û�Õ�Ú
Ò1Ò�Ú
Ô Ù�æ Ï ã�Û�Õ1àGÓ�à�çjõ>ÚDã�Ò1Ó!Ô
Ý[Ò�Ú
Ô�à,Ï Ù é�Ò�Ú
Ô Ø ã�ã × Ï$ÑUë�Ü
Ô Ø Ó3ï�ß�Ó�Ú�Ò�Ô�Ñ�Ú
Ô8Ï ã�Û�Õ�à8Õ�Ô Ø ñÛ�Õ�Ï Ð!Ô Ö Ò�Ï Þ Ø Ò�Ú
Ô�Ï Ð$Û × Ú
Ñ
Ï Ó × Ô>ã�Ï Ó ×�Ù Õ1à8Õ1Ð�Ó�Ú × Ò�Ú
Ó × Ô�Ñ
Ï þ�Û�Ô Ù Ú8Ñ Ø Ò�Ñ�Ó�Ò�Ý�Ñ#ë!Ú × Ñ#ë!Ú�Ð$Û Ø Ñ�Û�Ó�Ú�Ò�Ò�Ú�à,Ú
Ð$ÛKê�Ü�Ò�Ú�â:Ú ×Ò�Ú�Ó × Ð�Õ1â:Ú Ø Ó Ù Ú0ã × Ü�Ñ�Õ�Ô�Õ�Ï Ð}Ú�ÐÆÛ�Ú�Ð Ø Ð$ÛGÑ
Ï à8ã�Û�Ú0Ð�Ï Ð}Ô�Ú�Ó�Ò�Ú�à0Ú�Ð$Û Ù Ú Ù Ï Ð�Ð�Ü
Ú
ÔGÔ"Ó × Ò Ø å Ï Ð!Ñ�Û�Õ�Ï'Ð}ê Ø ã�ã × Ï�ñÑ#ë�Ú × Ý�à Ø Õ�Ô Ø Ó�Ô�Ô"Õ Ù Ú Ù Ï Ð�Ð�Ü
Ú
Ô�Ô�Ó × Ô�Ï Ð Ö:×#Ø Ù Õ�Ú
Ð$Û�ç$÷.ÐDÏ Ó�Û × Ú'Ý Ù Ú
ã�Ó�Õ�Ô�ß�Ó!Ú�Ò�ß�Ó�Ú�Ô Ø Ð�Ð�Ü
Ú�Ô Ù Ü�ø�ê3Ý�Ò Ø Û�Ú�Ð Ù�Ø Ð�Ñ
ÚÐ æ Ú�Ô"ÛKã�Ò�Ó�Ô�êLÒ æ Ï'ã�Û�Õ1à,Õ�Ô Ø Û�Õ�Ï Ð­Õ�Ô�Ï Ò�Ü�Ú Ù ÓÆÑ × Õ1Û�é × Ú Ù�æ Ó�Ð!Ú,Ô�Ú�Ó�Ò�Ú Ù Õ�Ô�Ñ�Õ1ã�Ò�Õ1Ð�Ú0Ô Ø Ð�Ô�ã × Õ�Ô�Ú0Ú�ÐÆÑ
Ï à,ã�Û�Ú Ù Ú
ÔKÕ1Ð3ñ
Û�Ú ×UØ Ñ�Û�Õ�Ï'Ð�Ô Ø â�Ú
ÑTÒ�Ú
Ô Ø Ó�Û × Ú
Ô Ù Õ�Ô�Ñ�Õ1ã�Ò�Õ1Ð�Ú
Ô�Ý�à Ø Õ�ÔQã�Ò1Ó�Û#î ÛVêGÒ æ Ï ã�Û�Õ�à8Õ�Ô Ø Û�Õ�Ï'ÐLàGÓ�Ò1Û�Õ Ù Õ�Ô�Ñ�Õ1ã�Ò1Õ�Ð Ø Õ × Ú:Ý�Ñ æ Ú
Ô�Û"ñ ê�ñ Ù Õ × ÚêFÒ æ Ï ã�Û�Õ1à8Õ�Ô Ø Û�Õ�Ï Ð³Ñ
Ï Ð'ø"Ï Õ1Ð$Û#Ú Ù Ú
Ô8Ñ × Õ1Û�é × Ú
Ô Ù Ú�Ô Ù Õ�Ô�Ñ�Õ�ã�Ò1Õ1Ð�Ú�Ô�ã-Ú × Û�Õ1Ð�Ú
Ð$Û�Ú
Ô,Ï ÓÈêFÒ Ø ã × Õ�Ô�ÚLÚ�Ð³Ñ
Ï à,ã�Û�Ú Ù Ú�ÔÕ1Ð$Û�Ú ×#Ø Ñ�Û�Õ�Ï Ð�Ô*à�Ó�Ò1Û�Õ Ù Õ�Ô�Ñ
Õ1ã�Ò1Õ1Ð Ø Õ × Ú
Ô*Ò�Ï × Ô Ù Ú�Ò æ Ï'ã�Û�Õ1à,Õ�Ô Ø Û�Õ�Ï Ð Ù�æ Ó�Ð!Ú Ù Õ�Ô�Ñ�Õ1ã�Ò1Õ1Ð�ÚGã Ø�× Û�Õ�Ñ�Ó�Ò1Õ�é × Ú'ç-ÿ æ Õ1Ð�Û�Ú ×#Ø Ñ
Û�Õ�Ï Ð� Ó�Õ Ù Ú`ñ�Ô�Û × Ó!Ñ�Û�Ó × Ú�Ü�Û Ø Ð�ÛQÓ�Ð�Ú Ù Ú
ÔQÕ1Ð$Û#Ú ×#Ø Ñ�Û�Õ�Ï Ð�ÔQã × Ü
ã-Ï Ð Ù Ü ×#Ø Ð�Û�Ú
ÔPÔ�Ó × Ò�Ú�Ñ�Ï à8ã�Ï × Û�Ú�à0Ú�Ð$Û Ù(æ Ó�Ð Ø Ü × Ï Ð�Ú å Ý�Ò�ÚÑ Ø Ò�Ñ�Ó�Ò Ù Ú
Ô Ö'×UØ Ù Õ�Ú�Ð�Û�Ô Ø Ü × Ï$Ü
Ò Ø Ô�Û�Õ�ß�Ó!Ú
Ô�Û × Ï Ó�â�ÚVÛ�Ï Ó�Û#Ú*Ô Ø Ò�Ü Ö Õ1Û�Õ1à8Õ1Û�Ü Ù�Ø Ð�ÔBÑ
Ú*Ñ�Ï Ð$Û�Ú`ï3Û�Ú Ù Ú Ù Ü�â:Ú�Ò�Ï'ã�ã-Ú�à0Ú�Ð$Û
å Ó�Û�Ó × ç�÷.Ð�ä�Ð(Ý�ã�Ò1Ó�ÔBÚ
Ð�Ñ
Ï × Ú>ß�Ó æ êKÒ æ Õ1Ð�Ñ�Ò1Ó!Ô"Õ�Ï Ð Ù Ú
Ô�Õ1Ð$Û#Ú ×#Ø Ñ�Û�Õ�Ï Ð�Ô�Õ1Ð�Û�Ú ×�Ù Õ�Ô�Ñ�Õ1ã�Ò1Õ�Ð Ø Õ × Ú�Ô
Ý�Ò Ø Û#Ú�Ð Ù�Ø Ð�Ñ
Ú Ø Ñ�Û�Ó!Ú�Ò1Ò�ÚÚ
Ô�Û>ê,Ò æ Ï ã�Û�Õ1à8Õ�Ô Ø Û�Õ�Ï Ð × Ï Þ�Ó�Ô�Û�Ú'ÝHÚ�Ð Ù�æZØ Ó�Û × Ú�ÔPÛ�Ú × à,Ú
Ô>ê,Ò Ø ã × Õ�Ô�Ú�Ú�ÐFÑ�Ï à8ã�Û#Ú'Ý!Ò�Ï × Ô Ù ÚKÒ Ø Ñ
Ï Ð!Ñ
Ú�ã�Û�Õ�Ï Ð(Ý Ù Ú�ÔÕ1Ð�Ñ�Ú × Û�Õ1Û�Ó Ù Ú
Ô&ã-Ï:Ô�Ô�Õ1Þ�Ò�Ú
ÔQÔ�Ó × Ò�Ú
Ô&ã Ø�×#Ø à,é�Û × Ú
Ô Ù Ó�ã × Ï Þ�Ò�é�à,Ú'ç
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� �J�J�w�M!+#�%�9�;"��v�kurJoCdfkikiqxb/r�p$l�,)j^vO,)p$.�lJdJj^g�dfohku,�y{,).`j^gub�dfkivOrJj^gi.^chy{m	�HrJj�v�,/ph,)jRdJk�phrJpEkiguph,�dfj�ehj`rJv�j]dfy�2
y{gipEv{eEj`rJohku,)y{m�!��Z?JBtS]ICFJK'?�[��'AQDHGP@�Gi��F�DHGH?JI��\YEL`?JST��FJIC���>A�ACK�GH�]F�DHGH?JIEVTa+���t;�����|�~Z�����ta�����|�|Z!
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ETUDE ET MISE EN ŒUVRE D’UNE METHODE D’OPTIMISATION 
DE FORME COUPLANT SIMULATION NUMERIQUE EN 
AERODYNAMIQUE ET EN CALCUL DE STRUCTURE 

 
RESUME: L’objet de ce travail a consisté en l’étude et la mise en œuvre d’une méthode 
de calcul des dérivées des fonctions d’intérêt d’un problème d’optimisation de forme par 
rapport aux paramètres géométriques décrivant la forme solide, appelées de façon 
générique ‘’gradients’’, pour un système aéroélastique soumis à un écoulement lointain 
stationnaire.  Une méthodologie de calcul de l’équilibre aéroélastique statique a tout 
d’abord été développée dans le cadre de laquelle le comportement du fluide peut être 
modélisé par les équations d’Euler ou de Navier-Stokes moyennées (RANS), résolues 
numériquement par elsA, code de simulation numérique pour la mécanique des fluides 
développé à l’ONERA, et le comportement de la structure est prédit par la théorie des 
poutres (équations d’Euler-Bernoulli écrites en formulation matrice de flexibilité). Un cadre 
de calcul des gradients relatifs à ce système a ensuite pu être mis en place.  Ceux-ci sont 
calculés de manière analytique en utilisant, soit la méthode de l’équation linéarisée 
discrète, soit la méthode du vecteur adjoint discret. Ces méthodes impliquent la résolution 
de systèmes linéaires couplés effectuée, dans le cadre de cette étude, par un processus 
itératif doublement retardé. Enfin, ces développements ont été appliqués au calcul des 
gradients des coefficients aérodynamiques de traînée et de portance par rapport à un 
ensemble de paramètres de forme pour trois configurations de complexité croissante, et 
validés par comparaison aux valeurs des gradients calculés par différences finies. Une 
dernière partie de ce travail a été consacrée à l’évaluation des performances de quatre 
modèles réduits non physiques dans le cadre d’un processus d’optimisation de forme 
d’une configuration bidimensionnelle de turbomachine. 
 
Mots-clés: optimisation de forme, aéroélasticité, paramètre de forme, gradient, méthode de 
l’équation linéarisée discrète, méthode du vecteur adjoint discret, modèle réduit    

 
SHAPE OPTIMIZATION OF A FLUID-STRUCTURE SYSTEM  

 
ABSTRACT: This work is mainly dedicated to the sensitivity analysis of a static aeroelastic 
system with respect to design parameters governing its jig-shape, in order to proceed to its shape 
optimization. First, a framework able to predict static aeroelastic equilibrium has been set up. The 
fluid behavior can be governed either by the nonlinear Euler equations or by the nonlinear 
averaged Navier-Stokes equations (RANS), which are numerically solved by the ONERA CFD 
solver elsA. The structural behavior is governed by the Euler-Bernoulli equations (beam theory) 
formulated using the flexibility matrix approach. Then, a framework computing the sensitivities of 
the shape optimization functions of interest to the set of design parameters related to the jig-shape 
of the aeroelastic system previously depicted, has been raised. These gradients can be evaluated 
either by the discrete direct differentiation method or by the discrete adjoint vector method. In both 
cases, a coupled linear system has to be solved, which is carried out using a doubly lagged 
iterative process. Finally, this framework has been applied to the computation of the drag and lift 
aerodynamic coefficient sensitivities with respect to different shape parameters for three 
configurations of growing complexity and validated by comparison with the finite difference gradient 
values. A last part of this work has been dedicated to the evaluation of the performance of four 
surrogate models within the shape optimization of a bidimensional turbomachinery configuration.  
 
Keywords: shape optimization, aeroelasticity, design parameter, gradient, discrete direct 
differentiation method, discrete adjoint vector method, surrogate model 


