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µX¶�·�¸!¹�º�»�¼|½¿¾0·�ÀkÁ�Â�»´Â�ÃQÄDÁ'Â�·�Å
n ÆFÇ=ÈÊÉ�Ë<ÌYÍDÌYÎ�ÏMËlÏMÈ�ÐKÑ<Ë<Ì_Ò�ÍDÌTÓGÇ=Ë6È�Ì
p ÆFÇ=ÈÊÉ�Ë<ÌYÍDÌXÔ_Ç=Õ$Ñ6ËVÏMÖ0Õ$Ñ<Ì_Ò
D ×TÇIÈuÏMÖ0Õ�ÌYÍDÌXÔ_Ç=Õ�ÔQÌKÎDÑ6Ö?ÇIÕ´Ø ⊂ Ù Ú n Û
α Ü¿Ì_ÔKÑ<Ì_ÝDË�Í�Ì_ÒhÎ�ÏMËVÏ=È�ÐKÑ6ËVÌ_Ò�ÍDÌFÓGÇIË6È�Ì
J Þ�Ç=Õ�ÔKÑ6Ö?ÇIÕ�Ç=É*ß6Ì_ÔKÑ6ÖaÓ�àáÈ�Ö0ÕDÖ0È8Ö:Ò6Ì_Ë
Gk Þ�Ç=Õ�ÔKÑ6Ö?ÇIÕ�Ô_Ç=Õ$Ñ6ËVÏMÖ0Õ$Ñ<ÌXà8Ò<Ï=Ñ6Ö?ÒyÓâÏMÖ0Ë<ÌuØ 1 ≤ k ≤ p ÛFã Gk(α) ≤ 0

ä�·�ÁQÄDÁ'Â�·�Å�Ã8å�æ$Åkæ�¶�Ä�¹�¼�Ã
O çFË6Ö0èIÖ?Õ�ÌYÍ*Ý�Ë<ÌKÎ,ÐKË<ÌYÍDÖ0Ë<Ì_ÔKÑ
(x, y, z) ÚmÌ_Î&ÐKË<ÌYèIé?Ç=É�Ï=ékÏ=Ò<Ò<Ç�ÔKÖ?ê�ÏMÝrÈuÇ�ÍDÐ_é?Ì�Ø�épëìÏ�í*Ì x Î&ÇIÖ0Õ�Ñ<ÌYÍ�ÏMÕ�Ò

é"ÏîÍ*Ö0ËVÌ_ÔKÑ6Ö?ÇIÕ�Í*ÝrÓ�Ý�Ò<ÌKé:Ï=èRÌTïRÌ_Ë<Òhépë^ÏMË<Ë6Ö?ÐKË<ÌXÍDÌTépëìÏQï�Ö?Ç=Õkð*épë^ÏMí*Ì y
ÌQÒyÑmÍ�ÏMÕ�Òhé?ÌTÎDé"ÏMÕ�ÍDÌYépë^ÏQï$Ö?Ç=Õ�Ì_ÑhÎ&ÇIÖ0Õ�Ñ<ÌXàîé:ÏîÍDË<Ç=Ö0Ñ<ÌXÍ*Ý�ÎDÖ0é?Ç=ÑVÌIð
Ì_Ñhépë^ÏMí*Ì z Ô_Ç=Ë<Ë<Ì_Ò6Î&Ç=Õ�ÍBàáé:ÏîïRÌKË<Ñ6Ö?ÔQÏMé?Ì�Ï=Ò<Ô_ÌKÕ�Í�ÏMÕ�ÑVÌ Û

F ñòÏMÖ0é0é"ÏMèRÌYÍDÝ�ÍDÇIÈuÏMÖ0Õ�ÌYÇ�Ô_Ô_ÝDÎ&êYÎ�ÏMËhé:ÌFó�ÝDÖ:ÍDÌ
FI ñòÏMÖ0é0é"ÏMèRÌYÍ�ÌTépë Ö0Õ$Ñ<ÌKËyÓpÏ=Ô_ÌFó�ÝDÖ?ÍDÌ�ô	ÒyÑ<Ë6Ý�ÔKÑ<ÝDË<ÌTÖ0Õ�ÔKé0Ý�Ò<ÌXÍ�ÏMÕ�Ò

é:ÌTÈuÏ=Ö0é0é:ÏMè�Ì F
S ñòÏMÖ0é0é"ÏMèRÌYÍ�ÌTé:Ï8ÒyÑ<Ë6Ý�ÔKÑ6Ý�Ë<Ì
SI ñòÏMÖ0é0é"ÏMèRÌYÍ�ÌTépë Ö0Õ$Ñ<ÌKËyÓpÏ=Ô_ÌFó�ÝDÖ?ÍDÌ�ô	ÒyÑ<Ë6Ý�ÔKÑ<ÝDË<ÌTÖ0Õ�ÔKé0Ý�Ò<ÌXÍ�ÏMÕ�Ò

é:ÌTÈuÏ=Ö0é0é:ÏMè�Ì S
õ�·�½�º$¹�¼|Ã_ÁQ¶Mök÷RÁ'ö�¶�¼
np ÆFÇ=ÈÊÉ�Ë<ÌYÍ�ÌTÕ�Ç�Ì_Ý�ÍDÒ�Í*Ý�ÈuÏMÖ?é0é:ÏMèRÌXÍDÌTé:ÏîÎ&Ç=Ý�Ñ6Ë<Ì
Rs ø$ù Ò6Ñ<ÐKÈuÌYÍ�ëqêQú�Ý�ÏMÑ6Ö:Ç=Õ�Ò�Í*Ö:Ò6Ô_Ë<ÐKÑ<Ì_Ò�ê_Ô_Ë6Ö0Ñ<Ì_Ò�Ò<Ç=Ý�ÒbÓGÇ=Ë6ÈuÌYÍDÌYË<ê_Ò6Ö?Í*ÝÎ,Ç=ÝDË�é:ÏáÈuê_ÔQÏMÕDÖ:ú�Ý�ÌYÍ�Ì_Ò�Ò6Ñ6Ë6Ý�Ô_Ñ6ÝDË<Ì_Ò
D û�ü�ÏMÈ�Î�ÍDÌQÒ�ÍDêKÎDé:ÏIÔ_ÌKÈ�Ì_Õ�Ñ<Ò
ωp û�ü�ÏMÈ�Î�ÍDÌTó�Ì�í*Ö?Ç=Õ�Ò6ÝDË�é:ÏîÍ*Ö:Ò6Ô_Ë<êKÑ6Ö?ÒVÏMÑ<Ö?Ç=Õ�Í�ÌTé:ÏîÎ&Ç=ÝDÑ<Ë<Ì
θp û�ü�ÏMÈ�Î�ÍDÌYÑ<Ç=Ë<Ò6Ö?ÇIÕ�Ò6ÝDËhé"ÏîÍ*Ö?Ò<ÔKË<ê_Ñ6Ö?ÒVÏMÑ6Ö:Ç=Õ�ÍDÌYé:ÏáÎ,Ç=ÝDÑ6ËVÌ
Z ñòÏMÖ0é0é"ÏMèRÌYÔQÇ=Ë6Ë<Ì_Ò6Î&ÇIÕ�Í�ÏMÕ$ÑmàáÝ�Õ�ÌYÍDÖ?Ò<ÔKË<êKÑ6Ö:Ò<Ï=Ñ6Ö?Ç=ÕBÍDÌ

é"ÏîÒ6Ñ6Ë6Ý�ÔKÑ6ÝDË<ÌuØ�Î&Ç=Ý�Ñ6Ë<Ì Û
Zrig ñòÏMÖ0é0é"ÏMèRÌYÔQÇ=Ë6Ë<Ì_Ò6Î&ÇIÕ�Í�ÏMÕ$ÑmàáÝ�Õ�ÌYÍDÖ?Ò<ÔKË<êKÑ6Ö:Ò<Ï=Ñ6Ö?Ç=ÕBÍDÌ

é"ÏîÒ6Ñ6Ë6Ý�ÔKÑ6ÝDË<ÌuØ�Î&Ç=Ý�Ñ6Ë<Ì Û ÏQï=ÏMÕ$Ñ�ÍDê�ÓâÇ=Ë6ÈuÏ=Ñ6Ö?Ç=ÕBÍ*Ý�ÌXÏ=Ý*í�ÌKý,ÌKÑ<Ò
ÏIêKË<Ç�ê_é:Ï=Ò6Ñ6Ö?ú�Ý�Ì_Ò

Pi ÆFÇ�ÌKÝ�Í�Ò i ÍDÝrÈuÏ=Ö0é0é:ÏMè�ÌYÍDÌYé:ÏáÎ,Ç=ÝDÑ6Ë<Ì
(xi, yi, zi) ûbÇ�Ç=ËVÍDÇ=ÕDÕ�êQÌ_Ò�Í*Ý�Õ�Ç�ÌKÝ�Í Pi Í�ÏMÕ�Òhé?ÌTÈþÏMÖ0é0é:Ï=èRÌ Z Ì�í$ÎDË<Ö0È�ê_Ì_Ò

Í�ÏMÕ�Òhé?ÌYË<ÌKÎ&Ð_Ë<ÌTèIé:Ç=É�ÏMé (x, y, z)
(xrigi, yrigi, zrigi) ûbÇ�Ç=ËVÍDÇ=ÕDÕ�êQÌ_Ò�Í*Ý�Õ�Ç�ÌKÝ�Í Pi Í�ÏMÕ�Òhé?ÌTÈþÏMÖ0é0é:Ï=èRÌ Zrig ÌKí$ÎDË6Ö0Èuê_Ì_ÒÍ�ÏMÕ�Òhé?ÌYË<ÌKÎ&Ð_Ë<ÌTèIé:Ç=É�ÏMé (x, y, z)
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ω = (ωx, ωy, ωz) ���� ����
	������������� �"!$#%���&�"! � ��#'� � ���(��)*������� �,+ ����-.�%��/0�(� (x, y, z)
θ = (θx, θy, θz) ���� ����
	���������������1��)�#%���&�"! � ��#%� � �0�(��)*�%�2��� �3+ �4��-1�%�1/0�(� (x, y, z)
ωpi ���� ����
	������������� �"!$#%���5�(�6�0����0�

Pi
θpi ���� ����
	���������������1��)�#%���5�(�6���$����

Pi
δωpi ���� ����
	������������� �"!$#%���87�#'��������9�1�:�;#%)�)�#'/����2�:�8������0�

Pi
δθpi ���� ����
	���������������1��)�#%���87�#'�����0��9�����;#%)�)�#'/��%�<�:�6�0������

Pi
F = �(����#%
>�2�����0�"!$#%/�#'�'#'� �
Fij

zz ���� ����
	��������)��	�%��� z ���-.������ � �(� � ��#'�$� Pi � ���*���&�"?,���������#'�4�(#%���2)���%���
z
�(� � ��#'��� Pj

Fij
zθy ���� ����
	��������)��	�%��� z ���-.������ � �(� � ��#'�$� Pi � ���*���8��������������#'�4�(#%���2)���%�1�

y
�(� � �1#'��� Pj

Fij
zθx ���� ����
	��������)��	�%��� z ���-.������ � �(� � ��#'�$� Pi � ���*���8��������������#'�4�(#%���2)���%�1�

x
��� � �1#'��� Pj

Fij
θyz ���� ����
	���������(��-1�����(#'���@�(�����1���A��� y �	��-.��0�:� � ��� � �1#'��� Pi� �(�*���&�"?,�1���*����#'�4�(#'�4�2)���%���

z
�(� � �1#'��� Pj

Fij
θyθy ���� ����
	���������(��-1�����(#'���@�(�����1���A��� y �	��-.��0�:� � ��� � �1#'��� Pi� �(�*���8����������A����#'�B�(#'���2)�������

y
�(� � ��#'��� Pj

Fij
θyθx ���� ����
	���������(��-1�����(#'���@�(�����1���A��� y �	��-.��0�:� � ��� � �1#'��� Pi� �(�*���8����������A����#'�B�(#'���2)�������

x
�(� � ��#'��� Pj

(Fx, Fy, Fz) C ?,�1���A�EDF����#'-1#%���<� � �����:G$�0�(�;#�HI���<�"! � ��#%� � �0�(��)*�%�2��� �3+ �4�-.�%��/0�(�
(x, y, z)

(Mx,My,Mz) = �����	���A�EDF����#'-1#%���<� � �����:G$�0�(�;#�HI���2�! � ��#'� � �0�(��)*�%�2��� �3+ �4�-.�%��/0�(�
(x, y, z)

(Xi, Yi, Zi) J � �,+ ��������
>�(�K��)�)��$
# �<L ���M)��	
	��#%��� Pi−1Pi
�������;�:#%)�
� � ��#%)4�(��#%�1�������� � ���������

(FXi
, FYi

, FZi
) C ?,�1���A�EDF����#'-1#%���<� � �����:G$�0�(�;#�HI���<�"! � ��#%� � �0�(��)*�%�2��� �3+ �4��%�$
>�(�

(Xi, Yi, Zi)
(MXi

,MYi
,MZi

) = �����	���A�EDF����#'-1#%���<� � �����:G$�0�(�;#�HI���2�! � ��#'� � �0�(��)*�%�2��� �3+ �4��%�$
>�(�
(Xi, Yi, Zi)

ω = (ωXi
, ωYi

, ωZi
) ���� ����
	������������� �"!$#%���&�"! � ��#'� � ���(��)*������� �,+ �����%�$
>�(� (Xi, Yi, Zi)

θ = (θXi
, θYi

, θZi
) ���� ����
	���������������1��)�#%���&�"! � ��#%� � �0�(��)*�%�2��� �3+ �4���%��
N�(� (Xi, Yi, Zi)

E = ���:�����2�ED OP������-��:�8���(� � ��#��(�
I = �����	���AHI� ���:�4����#%HI���@�(�����1���A�����QDF�R!��2�����0�"!:#%���
G = ���:�����2�ED � ����)���#%
#'� � ���2-1�'#%)�)�����	���
J = �����	���AHI� ���:�4����#%HI���<�ED ���0�2)��	
��#%���6���B�(��)�7.��4)��<�����S� � ��������������������A���<)��1�&�R!:�2����������
LS TVU �(��-I�����$��� � �4���:G�� �(�;#%H���� � HI��#'7����%������ ��� �'#�HI� �@L ���;)W������
�������
δDS ���� ����
	�������A7�#'�����0��X������:��#%)�)W#%/��%�2�����QD #'�$����WYZ�1
	� SI
δWS [ �4�>7��(#%�X���	)A�?,������) LS �%����)A���8� �	� ����
	�	������ δDS

Vi \ ���'�����2�ED #%�:�����	��
	�2���6���$����
Pi−→Fi ] ����
>�<� ��� �'#%HI� � �<�(�8�����	���

Pi−→Mi = �����	����� ��� �'#%HI� � �(�8������0�
Pi−→F S ^ ���;���2���	)A�?,�����4)A� ��� �'#%H�� � )��(��!_���$�����)A���6����#'�'���(-I� SI−→MS ^ ���;���2���	)*�������	����)�� ��� �'#%HI� � )��(�:!`������0��)A�:�6�a�(#'�'�S�(-.� SI

bdcEeKf$gih&j�k�lRcEe9m9n9j0oqpirXs9h
nf

�����t/��4�2���2������0��)A�:�8���(#'�%���(-.�2���8���1���(#'�0������#%���
ncell

�����t/��4�2���<
	��'�'���%�	)A�:�8���(#'�%���(-.�<�:�8�������(#%�����0��#%���
Rf ^ G$)�� + ���<�ED � H��0�(��#%�1��)A�:#%)�
� + ���	) � 
	��#'���	)A)����0)VYZ�������<����� � )�#%�:�� � 
��#'71�(���*���2
	��� � ����������	���A�:�6����#%���
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m�`�Yts�Z�uh^+a�c4v�]'cO`�Uc,wX^�x

s9Z�u^+a'c,wX^	y�S�z�{!|V}�~t`�U�c�n+a�]�`�[hY:a�mhn�\�c�m�`�Y,W,^�]b\hn�^+a'Y�[ha�n���Z�mhW,^�lg^+cO`�W,^+Z�Ug`�ebY:Z9ebn�`�c,W,^+oX\a���]'a�]�`�n+]'\hn�Ue']�a'c:c4^+W:a�n�`
Y:e'c:Z�n+\hW,^+Z�U�[	� \Uqc,j9c,W:kblqa�]�Z�l7mhn�a���a�[	��e'oP\�`�W,^+Z�U�c#]'Z�\hmn+e'a'c���\h^+[habxVc,W,Y,\]bW:\hY:a�`�mhm�abn�e����P�<�X�������b�:��,���<�V�������
�'���X�9�<�<�����M �¡9¢�£,¤gabU¥`�U _ n�`�^+c�}�¦�aqc,j9c,W:kblqaq[	��e'oX\�`�W,^+Z�Uc§]�Z�Y,Y:a'c,mBZ�U[¨abU¨Y:e�`�n�^�W:e�`�\©c,j9c,W:kblqaq[	��e'oX\�`!x
W,^+Z�U�c�]'Z�\hmhn+e'a�c�oP\^ª`�mhm�`�Y«`�^�W�n+Z�Y:c:oP\�aJn�`¬lgebW,�ZX[hat[haJn���e�oP\�`�W,^�Z�U@n�^�Ue�`�Y,^+c:e'ata'c,W�`�mhmn�^+oP\e�at`�\®c4j�c4WOkblga
`�ebYOZXebn�`�c,W,^�oP\a�`!¯Ug[ha�]�`�n+]b\hn�abY�n+a�c _ YO`�[h^+abUXW:c�U�e']'a'c:cO`�^�YOa'c°`�\7mhY:ZX]�a'c:c4\�c�[	��Z�mW,^�l7^+cO`�W:^+Z�Uª}�±ªa�]�`�n�]b\hn`�U�`!xn�jXW:^+oP\a§[a'c�[hebY,^+r�e'a'c�Y:a�oP\h^+c:a'c�m�`�Y�\hU²mhY:ZX]'a�c,c,\�c�[ª��Z�mhW:^�l7^+cO`�W,^�Z�Ui`�e'Y:ZXebn�`�c4W:^+oP\aHZ�\%m�`�Y�\hU²mhY:ZX]'a�c,c,\�c
[	��Z�mhW,^�lg^+c:`�W,^+Z�U²]'Z�\hmn+e'aFa'U _ e'UebYO`�n�c���`�mhmh\jP`�UXW�c,\hY�\hU�atlgZ9[hebn�^+cO`�W,^+Z�U%�`�\hWOaJ¯�[he'n�^�W:eF[a'c�[�^+c:]b^+mhn�^�Ua�c]'Z�U�]'abY,U�e'a'c���]'Z�U�c,W,^�W,\a���abU]'Z�Y:a�`�\�³4Z�\hY:[ª� X\h^���\hU7YOe'abn[heb¯´}�~t`�Uc�n�a�[hZ�l�`�^�Ua�[ha�n���`�ebY:ZXe'n�`�c,W,^+]b^�WOe���n�`Jlge�x
W,Z9[ha�[�^�Y:a�]bW:a�[he'r�abn+Z�mm�e'a�m�`�Y�s�Z�uh^+a'c,v�]�cO`�Uc,wX^�xMs�Z�uh^+a'c,w9^�`§e'W:e�\hW,^�n+^+c:e'a��9`�r�a']�[a'c#lqZX[hebn+^+cO`�W,^+Z�U�c#�`�\hW:a
¯�[he'n�^�W:e��°c,\hYq[ha'c7mY:Z�uhn�kblga'cguh^+[�^�lqabUc,^+Z�UUabn+c%y¶µ�·���Rb¸P{!|¹��mh\^+cgc,\hYq[ha'cgmhY:Z�un+kblga'cgW,Y,^+[h^�lgabU�c4^+Z�UhUabn�c
y�R�R�z���R�º�·!|V}P±�`tlqebW,�ZX[ha�[a�n���e�oP\�`�W:^+Z�U»`�[�³4Z�^�U9W:a��Pl7^+ab\h�q`�[`�mhW:e'ad`�\�]�`�c?Z�¼�n+a�UZ�lHuhY:a�[ha�m�`�YO`�lqkbW,Y:a�c
[ha�½<Z�Y,lqa�a�c4W°n�`�Y _ ablga'UXW#c4\m�ebY,^+a'\hY#`�\7U�Z�lHuhYOa�[a�½<Z�U]bW,^+Z�Uc#ft[hebY,^+r�abY��P`t[heM³,ftebW:e�`�mhmn�^+oP\e�a�`�\q]�`�n+]b\hn[ha _ YO`�[h^+abUXW:c�abUHW,a'Y,lgZXe'n�`�c,W,^+]b^�WOe°m�Z�\hY�[ha�c´mhY:Z�uhn�kblga'c�c,WO`�W,^+Z�UhU�`�^�Y:a�c#y+Rb¸Pº��XRb¸�¸�|V�!abU§W:abY,lqZXebn�`�c4WOZ�mhn�`�c4xW,^+]b^+W:etmBZ�\hY�[a'c�mhY:Z�uhn+kblqa'c�c,WO`�W,^+Z�UhU�`�^+Y:a'c�abW�W,YO`�U�c4^�WOZ�^�Y:a'cHy�Rb¸P¾��´Rb¸Xµ�|�abW�abU®l�` _ Ue'W:Z�Xj9[hY:ZX[�j9U�`�l7^�oP\ay�Rb¸X¿!|V}�~t`�U�cdn+ap[hZ�lq`�^�Uap[haHn��¶`�ebY:ZXe'n�`�c,W,^+]b^+W:e���c:ab\n+cJÀi`�Y,W,^�UcgÁ'Â�Ã�Ä+Å�y�R�º�¸��R�º�¿!|°Z�UXWJ\hW,^�n�^�c,e¬n�`�lgebW,�ZX[ha
`�[�³,Z�^�UXW:adabU@`�c:c:ZX]b^�`�W:^+Z�U@`�r�a']�\hUa�lgZX[ebn�^+cO`�W,^�Z�U»e'n+eblga'UXW:c#¯U^+c�c,^�l7mhn+^�¯�e'a�m�Z�\Y�c,^�lH\n+abY�n+a�]'Z�l7m�Z�Y,W:a�x
lga'UXW�[ha§n�`qc4W:Y,\]bW,\Y:a§a'W�n+a�c�e'oP\�`�W:^+Z�Uc�[ª��Æ°\hn+abY�m�Z�\hYdc,^�lH\hn�abY�n+aH]'Z�lgm�Z�Y,WOablgabU9W�[�\%�\^+[ha�Ç<lq`�^�n+n�` _ ar�Z�n�\l7^+oX\aJc,W,Y:\]bW,\hYOe�È�É�n+a'c _ YO`�[�^+abU9W:c�ebr�`�n�\e'c�Z�UXW�c:abY:rX^ªf¬n���Z�mW,^�l7^+cO`�W,^+Z�U®[	� \hU%`�rX^�Z�U@[ª��`!Ê	`�^�Y:aJc,\hmBabY4xc:Z�Uh^+oX\a�}�Ài`�\hW:atÁ'Â´Ã�Ä+Å�y�R�º�{�|�Z�UXW�m�`�Y�`�^+n�n+ab\hYOc�\hW:^�n�^+c:e?n�`�lgebW:ZX[ha�[ha?nV��e'oP\�`�W,^+Z�U7`�[�³4Z�^�U9W:a�abU7`�c:c:ZX]b^�`�W:^+Z�U
`�r�a�]�\hUa�lqZX[hebn+^+c:`�W,^+Z�Uge'n+eblga'UXW:c�¯Uh^�c�[he'WO`�^�n�n�e'a�m�Z�\Y°c,^�lH\hn+a'Y�n+a�]'Z�lgm�Z�Y:W:ablga'UXW°[ha�n�`Jc,W,Y:\]bW,\Y:a�abW�n+a�c
e'oP\�`�W,^+Z�U�c´[	��Æ°\hn+abY´m�Z�\Y´c,^�lH\hn�abYªn+a#]'Z�l7mBZ�Y,W:a'lgabUXW�[�\t��\h^+[ha�ÇËlq`�^+n�n�` _ a°r�Z�n�\hlg^+oP\a°UZ�UHc,W,Y,\]bW:\hY:e�Èª`!¯U[ha�]�`�n+]b\n+abY�n+a�c _ YO`�[�^+a'UXW:c�abW�Z�mhW,^�lg^+c:abY�\hU�a?r�Z�^+n�\hY:a?W:YO`�Uc:c:Z�Uh^�oP\a?W:e'Z�Y,^�oP\a�[ebr�abn�Z�mhm�e'a�m�`�Y�n�`�Ì�Íts9ÍH}

2. ÎÐÏBÑ#Ò?Ñ�ÓOÔ@Õ¬ÖØ×�Ù¬Ú�Û�ÖÜÖ�×�Ý�Þ�ß�×�ÏBÓ:à¬á§×�ÓOÞ�ß¬Û
±#��Z�uh³4a']bW,^�½�[haJ]�abW,W:atebW,\[hatebWO`�^+W�[hadmY:Z�m�Z�c:abY�abW�[	��ebW,\[h^+abY�\U@]�`�[hY:aJ[hat]�`�n+]b\nBm�`�Y�n�`Hlge'W,ZX[aJ[ha

n���e'oX\�`�W,^�Z�Ug`�[�³4Z�^�UXW:a�[a'c _ YO`�[�^�abUXW:c�Ue']�a'c:c:`�^�Y:a'c°f�n���Z�mW,^�l7^�c:`�W,^+Z�U7[ha�½<Z�Y,lqa�[	� \hU7c,j9c,W:k'lga�`�ebYOZXebn�`�c,W:^+oP\ac,WO`�W,^+oX\a�}¦�adW,YO`�r�`�^�n	c'��a'c,W�`�mmh\hj�eJc,\hY�n+aJ]�`�[�YOad[haJ]�`�n+]b\hnBm�`�Y�n�`HlgebW,�ZX[hat`�[�³,Z�^�UXW:aJ[ha�c _ YO`�[h^+abUXWOc�`�e�xY:ZX[hjXU�`�lg^+oP\a�c�`�c,c:ZX]'^+e'c�f¬\hUatlgZX[ebn�^+cO`�W,^�Z�U®[�\®]�Z�l7m�Z�Y,W:ablqabUXW�[h\Ð�\h^�[haJm�`�Y�n+a'c�e'oP\�`�W,^+Z�U�c�[ª��Æ°\hn+abY
Z�\©m�`�YHn+a'c¬e'oX\�`�W,^�Z�Uc¬[ha�Ìd`�rX^+abY4x4sXW:Z�wPa'cHlgZ�j�a'UhUe'a�c�y+R�¾�¸�|�a'W¬[hebr�a'n+Z�mhmBe�[`�UcHn+aqn�Z _ ^+]b^�abn�abn+c:Íây�¸Pz!|V}
Í�¯�UãoP\a¬n�ap]�`�n+]'\hn�[ha�c _ YO`�[�^+a'UXW:ctc:Z�^�WJmY:e']b^+cJlq`�^+cJUª��`�^�Wtm�`�cJm�Z�\YF`�\hW«`�UXWJ\hUä]'Z�åhWtmhY:Z�^�uh^�W,^�½,��UZ�\�c`�r�Z�Ucd]«Z�^+c,^�[	� \W,^�n�^+c:abYdn�`qW,�e'Z�Y,^+a¬[a'c�mBZ�\hW,Y:a�cd[	��Æ�\n+abY4xVæ�abY,U�Z�\hn�n+^�mBZ�\hYdlgZ9[hebn�^+c:abYdn+a¬]�Z�l7m�Z�Y,W:ablqabUXW
[ha7n.`@c,W,Y,\]bW:\hY:a�}ª±´ag]«�`�lgm¨[ha'c§[hebmn�`�]'a'lgabUXWOcF[a7n�`@c,W,Y,\�]bW,\hY:aqc,Z�\hl7^+c:aq`�\¨]O�`�Y _ ablqabUXWH`�ebY:ZX[�j9U�`!xl7^+oX\aFa'c,W�ebr�`�n�\�eta'U@\W,^�n�^+cO`�U9W�n.`¬l�`�W,Y,^+]�at[ad��a��9^�u^�n�^�W:e§`�c:c:ZX]b^�e'a§`�\®lgZX[hk'n+agy�S�¸�|V}�¦�a'W,W:aF[habY:Uh^+kbY:aFa'c,W
]'Z�U�c4W:Y,\h^�W:ad^�WOebYO`�W,^+r�ablga'UXW�abU@`�mhmhn�^�oP\�`�U9W�\UÐ]«�`�Y _ a'lgabUXW�\hU^�WO`�^�YOaJf¬]O�`�]b\hU@[ha�c�UZXa'\[hc�[�\Ðlq`�^�n�n.` _ a[haqn.`%c,W,Y,\]'W,\hY:a»abW¬abUçebr�`�n�\�`�UXWHn�a�[hebmn�`�]'ablqabUXWH^+U[�\h^+W¬c,\hYHn���abUc:ablHun+a�[ha'cp`�\hW,Y:a'cHU�ZXab\[c'}�±ªa»[he�x
mhn�`�]'ablga'UXWp^�U[�\h^+W¬m�`�Yp\hUè]O�`�Y _ ablga'UXW7oP\abn�]'Z�UoX\a»c,\Y¬n�`ic,W,Y,\�]bW,\hYOa»a�c4Wg`�n�Z�Y:cpe _ `�n�`�\çmhY:ZX[h\h^�W7[ha
n�`»lq`�W,Y:^+]'ap[aH��a��9^�uh^+n�^�W:e7abWt[ap]'a7]O�`�Y _ ablga'UXW�}´¦�abW,WOa¬lgZ9[hebn�^+cO`�W:^+Z�Uª�Buh^+abUäoP\a¬½é`�^�un+ablga'UXWd¯�[hkbn+a7abUW:Z�\W:a _ ebUebYO`�n�^�W:e���mhY:e�[�^�Wg]'Z�Y,Y:a�]bW:ablqabUXW7n+aÐ]«�`�lgmè[ha@[he'mhn�`�]'a'lgabUXWg[ha�cg`�^�n+a'cqf _ Y«`�U[ê`�n�n+Z�U _ ablqabUXWy�¿�R���R�¾�S!|¹}�±´aH]'Z�lgm�Z�Y,WOablgabU9Wd[�\²�\h^+[a§m�ab\hW���oP\�`�UXWJfgn+\h^���ë'W,Y:a§lqZX[hebn�^�c,eHm�`�Y�n�a'cde'oP\�`�W,^+Z�Ucd[ª��Æ°\hn+abY
Z�\²[a§Ìd`�r9^+abY4xMs9W:Z�w�a�c�lqZ�j�abUUe'a'c�}�±´a§]�`�n+]b\hn�`�U�`�n+jXW,^+oP\�aFm�`�Y�n�`7lge'W,ZX[a§[haFn���e'oP\�`�W,^+Z�Ui`�[�³4Z�^�U9W:a§[ha�c
_ YO`�[�^+abUXWOcH`�c:c:ZX]b^�e'cHf@\hU¨W:a'n#c,j�c4WOkblga�`�e'Y:ZXebn�`�c,W,^�oP\agUª��`p³:`�lq`�^�c§ebW:eqa�Ê	a']bW,\�e�}´TVn?a'c,WH]'abm�abU�[`�UXWHc,\c4x]'abmW,^�uhn+ap[haH½<Z�\hY,Uh^�Yt[a'cdY:e�c4\n�WO`�W:cJm�abY,W:^�UabUXWOcdm�Z�\hYJ\hUa¬mh�`�c,ap[a¬]�Z�U]'abmW,^+Z�Uã[�\ìW¹j9m�a7`�r�`�U9W4x�mhY:Z�³4abW
m�`�Y¬ab��ablgmhn+a�}�±�`%[hebl�`�Y:]O�a»`%]'Z�Uc,^+c,W:e�[ª� \hUaqm�`�Y,Wpf®lga'W,W,Y:a�abU©mn�`�]'aqn�`®YOe'c:Z�n�\hW:^+Z�U¥[haqn���e�oP\h^�n+^�uhY:a
c,WO`�W,^+oX\ad[�\Ðc4j�c4WOkblgaJ`�ebYOZXebn�`�c,W,^+oX\ad[he']bY:^�W?mY:e']'e�[habl7lqabUXW��9abW�[	��`�\W,Y:a�m�`�Y,W�fH[hebr�a'n+Z�mhmBabY�n+a�]�`�[�Y:ad[ha
]�`�n�]b\hn�[ha�c _ YO`�[�^+a'UXW:ct`�c:c:ZX]b^+e'ctf�]'apc4j�c4WOkblgap`�ebY:ZXe'n�`�c,W,^+oP\�aHm�`�Ydn�`�lgebW,�ZX[ha¬[aHn���e'oX\�`�W,^+Z�Uin�^�Ue�`�Y,^+c:e'amh\h^�c�m�`�Y�n.`¬lge'W,ZX[haF[hatn���e'oP\�`�W,^+Z�U²`�[�³4Z�^�UXW:a�}

¦�a'c�W,YO`�r�`�\��@Z�UXW�½�`�^�W�n���Z�u�³4abW�[haJm\huhn�^�]�`�W,^+Z�UcFí
− î }�ï�abW:a'Y���À©}�Ài`�Y:]'abn+a'W´a'W�s�}�æ?\Y _ \hu\hY,\ª�b�¹T¹UXW,Y:Z9[�\]bW,^�Z�U¬f�n���Z�mW,^�l7^+cO`�W:^+Z�UH[ha�½<Z�Y,lga#abU¬`�e'Y:ZX[�j9U�`!x
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ê × Ð�ë Í Ð Ì Ð ß�Ë\Ì�áVÜ Ð â�ÊTà	ÌNÍ�Ï;Éâ�Ó{Ë�Í�Ê�Ü�Ñ�ËxÓ�ÉEÏ;ß�Ï®âÒAÉEÏ®Ë�È�ìÙ	×¨í 2/11576

ã�æ"×1Þ�îAã�í'Ç[Ý0ÙRÌ�àVÎ Ð ßiï�Ê Ð 2006
Ú

ð Ð ÎMèKÒAÓ�Ï®ÉEÊ Ð 1 Ð âEÉ$ÎVË�È�âÒ�ÎVÊTà(ñ�ÜYÒQÓ�ÊTàVâ Ð È\ÉÒ�ÉEÏ®Ë�È«ÌNÍ«ÎVË�È\É Ð�ò É Ð Ì Ð Ü�Ñ�ËxÓ�ÉEÏ;ß�Ï®âÒAÉEÏ®Ë�È ßiÍ�Ü;ÉEÏ®ÌNÏ®âTÎ�Ï®Ó�Ü;Ï;ÈKÒ�Ï;Ê Ð Úã7ÒAÈ�â$Í�È«Ó�Ê Ð ß�Ï Ð Ê$É Ð ßLÓ�â	Ù�Ü Ð Ó�ÊTË�ï�ÜYá�ß Ð Ì�Ñ�Ë�Ó�ÉEÏ®ßLÏ®âÒAÉEÏ®ËxÈ�ñLÊTà	âEËxÍ�ÌNÊ ÐiÐ âEÉ é Ë�ÊEßQÍ�Ü®à(ßZÒAÉEè�àVß±ÒAÉEÏ®ó\Í Ð ß Ð È\É	Ú
ã7ÒAÈ�â�Í�ÈôÌ Ð Í ò Ï®áVß Ð É Ð ßLÓKâVÙõÜ Ð â�Ó�ÊEÏ;È�Î�Ï®ÓKÒAÍ ò ÒAÜ;öcË�ÊEÏ;ÉEè�ß Ð â7Ì�Ñ�Ë�Ó�ÉEÏ;ß�Ï®âÒAÉEÏ®ËxÈôÌ ÐQé Ë�ÊTß Ð Ü®Ë\Î	ÒAÜ Ð�Ð É7öxÜ®Ë�ï?ÒAÜ Ð
âTË�È\É±Ó�ÊTàVâ Ð È\ÉàVâ	Ù"ÒAÏ;ÈKâ�ÏlócÍ Ð Ü Ð â�ß�Ë,Ì�á�Ü Ð âLÊàVÌNÍ�Ï®ÉTâ�È�Ë�È÷Ó�è\ä,âEÏ®ó\Í Ð âZÒAÍ ò ócÍ Ð Ü®â±Î Ð â±Ì Ð ÊEÈ�Ï Ð ÊTâ±ËxÈ\É�Ü Ð Ó�Ü;ÍKâ
âTË�Í ë�Ð È\ÉWÊ Ð ÎVË�Í�ÊTâ Ð È0Ó�ÊÒAÉEÏYócÍ Ð ÚkÖdÈNø�È�Ù�Ü Ð âWÓ�ÊEÏ;È�Î�Ï;Ó?ÒAÜ Ð âWß±à�ÉEè�Ë,Ì�Ë�Ü®ËxöxÏ Ð âiÌ�Ñ�Ë�Ó�ÉEÏ;ß�Ï®âÒAÉEÏ®ËxÈjÍ�ÉTÏ;Ü;Ï®âTà Ð âWÓõË�Í�Ê
ÊTàVâTË�ÍKÌNÊ Ð Í�ÈaÓ�ÊË�ï�Ü®á�ß Ð Ì�Ñ�Ë�Ó�ÉEÏ;ß�Ï®âÒAÉEÏ®ËxÈaßiÍ�Ü;ÉEÏ®ÌNÏ®âTÎ�Ï®Ó�Ü;Ï;ÈKÒ�Ï;Ê Ð âTË�È,É9Ì�àVÉÒAÏ;Ü;Ü®à Ð â	Úð Ð ÎMèKÒAÓ�Ï;ÉTÊ Ð 2

Ó�ÊTàVâ Ð È,É Ð Ü Ð Î	ÒAÜ®Î�Í�ÜcÌ Ð Ü�Ñ�àVócÍ�Ï;Ü;Ï;ï�Ê Ð Ò�à�ÊË\à�ÜYÒ�âEÉEÏ®ó\Í Ð âEÉÒAÉTÏ®ócÍ Ð Ú ð Ð ß�Ë,Ì�á�Ü ÐUù Í�Ï®Ì Ð ê âEÉEÊEÍ�Î�ÉTÍ�Ê ÐÍ�ÉEÏ®Ü;Ï®âTà Ð â�ÉWÉTË�Í�ÉWÌ�Ñ�ÒAï{ËxÊTÌ5Ó�ÊTàVâ Ð È,ÉTàxÚ�ædÍ�Ï®â(Ü Ð âWâTË�Ü ë�Ð Í�ÊTâ Ð ßLÓ�Ü®ËOä�àVâ(ÓõË�Í�ÊiâEÏ;ßiÍ�Ü Ð Ê(Ü Ð Î	Ë�ßLÓ{ËxÊEÉ Ð ß Ð È\ÉiÌNÍ
ù Í�ÏYÌ Ð±Ð ÉiÌ Ð ÜYÒaâEÉEÊTÍ�Î�ÉEÍ�Ê Ð âEËxÈ\ÉWÌ�àVÎ�ÊEÏ®ÉTâVÚ ð Òaß�à�ÉTè�Ë\Ì Ð Ì Ð ÎVËxÍ�Ó�ÜYÒAö Ð ÒxÌ�Ë�Ó�Éà Ð±Ð âEÉiÒ�Ü®Ë�ÊTâ Ð�ò Ó{ËxâTà Ð Ú�ædÜ;ÍKâ
Ó�ÊTà	Î�Ï®âTà�ß Ð È\É	Ù,Ü Ð â^ß�à�ÉEèKË\Ì Ð â'Ì Ð ÉEÊÒ�È�â é�Ð ÊEÉ9ÌNÍaÎMèKÒAÊEö Ð ß Ð È,É9Ò�à�ÊË\ÌNä\È?ÒAßLÏ®ó\Í Ð ñQÜYÒQâEÉEÊTÍ�Î�ÉEÍ�Ê Ð Ì�Ñ Í�È Ð Ó?ÒAÊEÉ	Ù
Ð ÉQÌ Ð ÉTÊÒAÈ�â é�Ð ÊTÉiÌNÍ»ÎèKÒAß�Ó0Ì Ð âiÌ�à�Ó�ÜYÒ�Î Ð ß Ð È\ÉâiÌ Ð ÜYÒ«âEÉEÊEÍ�ÎVÉEÍ�Ê Ð ÒAÍ0ß±ÒAÏ;Ü;ÜoÒAö Ð Ì�Í0Ì�Ë�ß±ÒAÏ®È ÐLù Í�Ï®Ì Ð ócÍ�Ï
Ë�È\É^àVÉTàlÊ Ð É Ð È\Í Ð âVÙ,âTË�È,É^Ì�àVÎ�ÊTÏ;É Ð â Ð Ékç[Í�âEÉEÏ;øKà Ð â'ÒAÍBÊ Ð öcÒAÊTÌfÌ Ð â^ÎVË�È�Ì�Ï;ÉEÏ®Ë�ÈKâ�ÎVËxßLßiÍ�È�à�ß Ð È\É�Ï;ß�Ó{ËxâTà Ð â�Ü®Ë�Êâ
Ì�Ñ Í�È Ð Ò�ÈKÒAÜ;ä,â Ð Ò�à�ÊTË,à�ÜYÒ�âEÉEÏ®ó\Í Ð Ú ð Ò±ß�àVÉEè�Ë\Ì Ð Ï;ÉTàVÊÒAÉEÏ ëcÐ ÎèKË�Ï®âEÏ Ð ÓõË�Í�Ê�ÊTàVâTË�ÍKÌNÊ Ð Ü Ð âEä,âEÉTá�ß Ð Ì�Ñ�àVócÍKÒ�ÉEÏ®Ë�ÈKâ
ÎVË�Í�Ó�Ü®à Ð â(Ì�àVÎ�ÊEÏ ë ÒAÈ\É7Ü�Ñ�à�ÉÒ�É7ÌNÍ5âEä,âEÉTá�ß ÐLÐ âEÉ Ð È�âEÍ�Ï;É Ð Ó�ÊTàVâ Ð È,ÉTà Ð Ú�ÖUÈ�ø�È¼Ü Ð â7ÌNÏ¾ú�à�Ê Ð È\Éâ7Î	Ò�â�É Ð â�Éâ�Í�ÉEÏ;Ü;Ï®âTà	â
Ì�ÒAÈKâ'Ü Ð Î	ÒxÌNÊ Ð Ì Ð Î Ð ÉEÉ Ð à�ÉTÍ�Ì Ð âEËxÈ\É9Ì�àVÎ�ÊEÏ;ÉTâ	Úð Ð Îè?ÒAÓ�Ï;ÉTÊ Ð 3 Ð âEÉ'ÎVË�ÈKâTÒxÎ�ÊTà7ÒAÍ Î	ÒAÜ®ÎVÍ�Ü�Ì Ð â^öxÊMÒ�ÌNÏ Ð È\ÉTâ9Ò�âTâTË\Î�Ï®àVâ9ÒAÍ âEä,âEÉTá�ß Ð Ò�à�ÊTË,à�ÜYÒ�âEÉEÏ®ó\Í Ð Ó�ÊTà	â Ð È\ÉTàÌ�ÒAÈKâlÜ Ð ÎèKÒAÓ�Ï;ÉEÊ Ð 2

Ú{ã7ÒAÈ�â1Í�È�Ó�Ê Ð ßLÏ Ð Ê1É Ð ßLÓKâVÙ{Ü Ð ÎVË�È\É Ð�ò É Ð Ì Ð Ü�Ñ�Ë�Ó�ÉEÏ;ßLÏ®âÒAÉTÏ®Ë�ÈôÒ�àVÊTË\à�ÜYÒxâ�ÉTÏ®ócÍ ÐQÐ â�É�ÊÒAÓ êÓ Ð ÜYàxÚdã7ÒAÈ�â�Í�ÈGÌ Ð Í ò Ï®á�ß Ð É Ð ßLÓKâVÙdÜ Ð â±ÌNÏ¾úõàVÊ Ð È\É Ð â�ß�à�ÉEèKË\Ì Ð â�È\Í�ß�à�ÊEÏYócÍ Ð â Ð ÉBÒAÈKÒAÜ;ä,ÉEÏ®ócÍ Ð â±ÌNÍ÷Î	Ò�Ü®Î�Í�Ü
Ì Ð âWöxÊÒ�Ì�Ï Ð È\ÉTâiÌ�Ñ Í�È0âEä,âEÉTá�ß Ð ÎVËxÍ�Ó�Ü®à±âTË�È\ÉWÓ�ÊTàVâ Ð È,ÉTà Ð â	ÙkÒAÏ;È�âEÏ`ócÍ Ð ÜYÒaß�à�ÉEèKË\Ì Ð Ï;ÉTà�ÊMÒAÉEÏ ë�Ð Îè�ËxÏ®âEÏ Ð ÓõË�Í�Ê
ÊTàVâTË�ÍKÌNÊ Ð Ü Ð â9âEä,âEÉTáVß Ð â9Ì�Ñ�àVócÍKÒ�ÉEÏ®Ë�È�â$ÎVË�Í�Ó�Ü®à Ð â9ó\Í�Ï�Ó Ð Í ë�Ð È\É9Ü Ð Í�Ê$û�ÉEÊ Ð Ò�âTâTË\Î�Ï®à Ð â	Ú ð Ð â$Ì�à�Ó Ð ÈKÌ�ÒAÈ�Î Ð â9Ì Ð â
é Ë�ÈKÎ�ÉEÏ®Ë�ÈKâ7Ì�Ñ Ï;È\Éà�ÊTû�ÉWÒAÏ;È�âEÏUó\Í Ð Ü Ð Î	ÒAÜYÎ�Í�ÜUÌ Ð â7Ì�à�ÊEÏ ë à Ð â�Ó?ÒAÊEÉEÏ Ð Ü®Ü Ð â7âTË�È\É(Ì�à�ÉÒ�Ï;Ü;Ü®àVâ	ÚõÖdÈNøKÈ�ÙõÎ Ð â�ß�à�ÉTè�Ë\Ì Ð â
âTË�È\ÉlÒAÓ�Ó�Ü;ÏYócÍ�à Ð â9Ò�Í ò ÎRÒ�â'É Ð âEÉTâ'Ó�ÊàVâ Ð È\ÉTàVâ9ÌKÒAÈ�â'Ü Ð ÎèKÒAÓ�Ï;ÉEÊ Ð 2

Ú
ð Ð Îè?ÒAÓ�Ï;ÉTÊ Ð 4 Ð â�É(ó\ÍKÒAÈ\ÉiñBÜ;Í�ÏdÎVËxÈ�âÒ�Î�ÊTà�ñfÜYÒBÓ�ÊTà	â Ð È\ÉÒAÉTÏ®Ë�È5Ì Ð â�ß±Ë\Ì�á�Ü Ð â7ÊTàVÌNÍ�Ï®ÉTâ�ÈKË�ÈôÓ�è,ä,âEÏ®ócÍ Ð âà�ÉEÍKÌNÏ®àVâlÒ�Ï;È�âEÏkócÍ�Ñ�ñLÜYÒ ë ÒAÜ;ÏYÌ�ÒAÉEÏ®ËxÈ«Ì Ð Ü�Ñ�Í�ÉEÏ;Ü;Ï®âÒ�ÉEÏ®Ë�È¯Ì Ð É Ð Ü®â$ß�Ë\Ì�áVÜ Ð âlÒ�Ó�Ó�ÊTË\ÎMè�àVâ9ÓõË�Í�Ê$Ü�Ñ�Ë�Ó�ÉEÏ;ßLÏYâTÒ�ÉEÏ®Ë�È¯Ì Ð

é Ë�ÊTß Ð öxÜYË�ïKÒAÜ Ð Ì�Ñ Í�È Ð ÎVËxÈNø�öxÍ�ÊÒAÉEÏ®ËxÈ 2
ãDÌ Ð ÉTÍ�ÊEï{Ëxß±Ò�Îè�Ï;È Ð Ú
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.0/1. 243057698;:<698=8;6?>A@<BC3D69>FE�GH8�G
IKJ	LNMHOQPSRUTWVXJYOZP\[^]SV_[a`cbdJeLfTWRhgKijOZPkVXlnmXJfopT1OaTWRU[aoqirOZPSis]km_mW]kLnLfRsoHLfTXJ	JfTtPkVXlnLfRUmXJ	up]kJvP\[^mXmWRs`SiUJ	wkJnm

wSRhxylfVXJnopTXJnmDok[aTWRU[^okmKVXJfirOQTWRsz{Jem}|~i���OQoHOais��mXJAJnTKi���[aPSTWRs�YRUm1OQTWRU[ao�w���]So�md�cmdT1�f�YJA�~]SiUTWRUwcRUmXLfRsPkisRsoHOaRsVXJ^�cL^��JnmWTd��|Q�
wSRsVXJtw�� ]So�mW��mWTX�n�YJ<��JfTWT1OaopT0Jfo	bdJf]�wSJ<�COQoSRU�nVXJtLn[^]SPSiUlnJtPSis]HmdRUJn]SVXm0wcRUmXLfRUPSisRsokJemn�

� O_Ln[aokLeJfPSTWRU[^o�w�� ]kokJDg�[^VW�YJ�O^lfVX[aoHOa]STWRUup]kJ}P\Jf]kT�ok[^T1OQ�	��JfopT��fTXVXJ}zp]HJ0Ln[a�Y�YJ}]koYPSVX[a`kiU�f�YJ�w���[aPS�TXRs�	RUm1OQTWRj[aoZ�~]SiUTWRUwcRUmXLfRUPSisRsoHOaRsVXJALn[aoHmWRUmdTNOQopT}|~wSlnTXJfVW�YRsokJfVKiUJem�zaOaiUJf]SV1mKw���]So�JfokmXJf�F`SiUJAwkJ7PHOQV1OQ���fTWVXJemKwkJ
g�[aVW�YJvVXJfokwHOQopT<]kokJv[a]qPSis]HmdRUJn]SVXmAg�[aoHLfTWRU[aoHmt[a`cbdJeLfTWRhg�mt[aPkTWRs��OaiUJnmY��TWV1OaRsoklnJv�	RsoSRU��OQiUJ{�\V1Oe�{[^oqw���O^LfTWRU[ao
�CO���Rs�COQi��cP\[^RUwSm}�	RsoSRU��OQi��s�s����TX[a]ST0Jno�mXOaTWRUmdg�OQRUm1OQo�T}]So�JfokmXJf�F`SiUJtwkJtLn[aopTXV1OQRsopT1Jnm_��Ln[aopTWVNOQRsopTXJemD� ln[a�Ylf�
TXVWRUu ]kJemn�SP\[aVWTNOQokLnJt�	RsoSRU��OQiUJ{�cP\[aRjwSm}��O��cRs��OQi��s�s�¡�¢�

IKJfTWT1J�lfTW]kwSJ�me� Rso�TXlfVXJnmXmXJ£OQ]S�¤PkVX[a`Sij�f�YJnmCw���[aPkTWRs�	RjmXOaTWRU[ao¥Ln[^�	P\[^VWT1OQopT�]kokJ�g�[aokLnTWRU[ao¥[a`SbdJnLfTWRsgtJnT
Pkis]kmWRUJf]SV1mDg�[^okLfTWRU[^okm0Le[aopTWV1OaRsopTXJnme�k¦�o��{lnoklfV1OQi§�SiU[aVXmXu ]kJtijJ<PkVX[a`Sij�f�YJ_w���[^PSTWRs�YRUm1OQTWRU[ao�wk[aRsT0�{lnVXJfV�mWRs�~]kih�
TNOQoklf��JfopTAPSis]kmWRUJn]SVXm�g�[aokLfTWRj[aokmA[^`cbdJnLfTXRhg�me�9mX[aRUT7Rsi�mXJ~V1OQ�Y�nokJv|Y]kokJFmWJn]SiUJ�g�[aokLnTWRU[ao,[a`SbdJnLfTWRhg�lf�pOQiUJv|YirO
mX[a�Y�YJKP\[aoHwSlfVXlnJDwSJem¨g�[aokLnTWRU[aoHm�[a`cbdJeLfTWRhg�m�wc]vPSVX[a`kiU�f�YJt��ijO7zaOQiUJn]SV�wSJnm;Py[aRUwSm�wSlfTXJfVX�	RsokJ}OQiU[^VXm;i�� RU�	P\[aVW�
TNOQokLnJ�wS[aoSoHlnJ�|tLNMHOaLf]kokJ0wSJ�LnJnm�g�[^okLfTWRU[^okme�^iUJ}PkVX[pLnJnmXmW]km�w���[aPSTWRs�YRUm1OQTWRU[^o�me��JfoYTXVX[a]Sz J�OQiU[aV1m�Jfo�u ]HJfiUu ]HJ
mX[aVXTXJ}`SRjOQRjmWl��¢�{mX[aRsT�RsikTWVNOaLnJ}iUJDg�V1[aopT�wSJ�©�OQV1JfTX[S�{L{��JnmWTd��|��§wSRsVXJ^�^Py[a]SV�]SoYPkVX[a`Sij�f�YJ0wkJD�YRsoSRs�YRUm1OQTWRU[^o��^i���JfoS�
mXJf�F`SiUJ7wSJem�mX[ais]STXRU[aokm�ok[aoc��wS[a�YRsoklnJnmK[a]ZJfoHLn[aVXJ7wSJem�mX[ais]STXRU[aokm�PHOQVX�	R9iUJnmXu ]kJnisiUJnmK[aoCokJ�P\Jf]kTKwSlnLfRUwkJfVKmWR
]kokJ�mW[^is]STWRU[^o£JnmWT0��JfRsisiUJf]kVXJ�u ]�� ]kokJ~OQ]STWV1J^�HOa]kLf]SoHJto+��lfT1OaopT7md�cmdT1lf��OQTXRUu ]kJf��JfopT�Rsocg�lfVWRUJf]kVXJ~OQ]c��OQ]STXVXJnm
mW]SV0TX[a]km}ijJnm0[a`cbdJeLfTWRhg�me�

ª7o�mW]SPSPy[^mXJfV1OvwkOQoHmDTX[a]kTXJ<ijOFmW]kRsTXJtwSJ<i���lfTW]HwSJtw�� ]SoHJ<PHOQVWT0u ]kJ<i���[ao�L1MkJfVXLNMkJ_|F�	RsoSRs�YRUmXJfV}ijO~g�[aokLf�
TXRU[ao'[^`cbdJnLnTWRhg0Le[aokmWRUwSlnVXlnJ�PHOQV~iUJYPkVX[a`SiU�n�YJCw���[aPSTXRs�	RUm1OQTWRj[ao'JnT~w��¡OQ]STWVXJ�PHOaVWT~up]kJYi���[ao'me��JemdTvO�x\VNOQokL1MkR
wkJ7T1[a]STXJ<Ln[ao�TWV1OQRUopTXJ<w���lf�pOQisRsTXl{�SIDJfTWTXJ<wSJfVXoSRU�fVXJAMp��P\[aTWMH�nmXJ7V1JfzpRUJfo�T}|FmW]SPkP\[^mXJfV}u ]kJAiUJnmDPHOQVNOQ�Y�fTXVXJnmDwkJ
Le[aokLnJfPkTWRU[ao«mXlfijJnLfTWRU[^oSoklnmFmX[aopT~RsoHwSlfPyJfokwkOQo�TXme�¨u ]�� Rsijm�oHJCmW[^opT~isRUlem�PHOaVvOQ]kLf]kokJ�VXJfirOQTWRU[ao«Rs�	PSiURULfRsTXJC[^]
Jf��PSisRULnRsTXJ~��Le[aopTWV1OaRsopTXJnm�w���lf� OQisRUTXlnmN�¢��ª7oZmd]kPSP\[^mXJfVNO_lf� OaiUJf�YJfo�T�u ]kJ�iUJnm�Ln[aopTXV1OQRsopT1Jnm�w�� Rsokln� OQisRsT1lnm�[aopT�lfT1l
V1J¢g�[aVW�F]SiUlnJnm�Jfo'Ln[aopTXV1OQRsopT1Jnm�w�� Rsocg�lfVWRU[aVXRsTXl^�¨ªAoqg�OQRsT�wkJ	PSis]Hmti§� Mp�pP\[^TWMk�nmXJ	Py[a]SV_i���JfokmXJf�~`kiUJYwSJ	i§��lfTW]kwkJ
up]kJ	ijOZg�[aokLnTWRU[ao�[a`SbdJnLfTWRhg}JfT_iUJem<g�[aoHLfTWRU[aoHm_Ln[^opTWV1OQRUopTXJnm�mW[^opT~OQ](�Y[aRUokm_wkJ	LnijOamXmWJ

C1 ��¬�ko�w���OamXmW]SVXJnVi���J¢��RUmWTXJfoHLnJ�wSJ��	RsoSRs�CO£iU[pL®OQ]c�y��[^o«g�JfVNO¯wSJZPSis]Hmvi�� Mp�pPy[aTWMk�nmXJZPy[a]SVvijJZVXJnmWTXJ�wkJ�LnJfTWTXJ�lfTW]kwkJ�u ]kJZirO
g�[aokLfTWRj[ao�[a`SbdJnLfTXRhg�JnmWT�Oa]��Y[^Rsokm}iU[pL®OQiUJf��JfopT0Le[aopz{Jf�cJ^�

° [aTX[^okm_±
• n

iUJ<ok[^�~`SV1JtwSJtPHOQV1Oa�Y�fTWV1Jnm0wSJtLe[aokLnJfPkTWRU[ao���²Q³S´NµW¶h·{¸(¹nº�»W¶rºc¼a½�´1µd¾<Jfo£OQoS�{ijOQRUm�¿
•• p

iUJtok[a�F`SVXJtwkJtLn[ao�TWV1OQRso�TXJnm���w�� Rsocg�lfVXRU[aVWRsT1l®�D|	mXOaTWRUmdg�OQRsVXJ�¿
• α

ijJ<z{JnLnTXJf]SV}g�[aVW��l<PHOaV}i���JfoHmWJn�~`SiUJ_wSJtLeJnm}PHOQV1Oa�Y�fTWV1Jnm�¿
• D ��mW[^]kmd�§JfokmXJf�F`SiUJCwkJCÀ Á n �tijJCwS[a�COQRsokJZwSJCLe[aokLnJnPSTWRU[ao¤wkOQokm~ijJnu ]kJniKLnJnm~PHOaV1OQ�Y�nTWVXJnm~P\Jn]Sz{Jfo�Tlfz{[^is]kJfV+¿

ÂeÃ



ÄeÅ Æ¨Ç�È¢É9Ê�Ë�ÌXÍvÎ{Ï�ÐKÌ¢ÊrÑ9ÒnÊ�ÉSÈaÓUÍ¢ÔtÕYÖnË�Ç�×®Ø Í¢Ô�Ø+Ù ×NÉ\Ë�ÊrÕvÊjÔfÈ{Ë�Ê�×aÑ¯ÕFÚ�ÓhË�Ê�ØaÊrÔ�É9ÓÛÊrÑ9ÈaÊrÌ1Í

• J ÜjÝ~Þ�ßaàkáfâWãjßaà�ßaäSådænáfâXãhÞ}ç�èvé	ãsàSãséYãUêXæfëNì\í
• (Gk)1≤k≤p Ü�î�æfàkêXæféFäSÜUætïkænê0ánßaà�âWë1ÝQãsà�âXænê�ç�ï�î�ãsàcÞ�ðfëXãUßaëWãsâXð�ìDèvê1ÝQâXãUêdÞ�ÝQãsëXæ{ñ
ò à�âWëXßpïSóSãUêXßaàkê0ïSætôSÜsóHêtõ
• R ÜUæ	êWö�êWâX÷fé�ævï�î�ðnø ó9ÝQâWãUßaàHêtïcãUêXáfë1÷fâXænêtàkßaàcù§ÜsãsàkðeÝaãsëXænê_ðnáfëWãsâ1ænêtêXßaóHêAÞ�ßaëXéYæ	ïSævëXðnêWãUïcó(ænâtïkðnáfëWãsú^ÝQàpâ
Ü�î�ðfâ1Ýaâ0ïcó�êdöcêdâ1÷féYæté~óSÜsâXãUïcãUêXáfãsôkÜsãsàHÝQãsë1ætðfâWóHïcãUð�í

•• M ÜUæ<ú{æeáfâXæfóSë�ánßaàkêWâWãUâWókðtïkænê0ánßpß^ëXïSßaàkàkðnænê0ïcó�é�ÝQãUÜsÜjÝQû{æ_ïcó�ïkßaé�ÝaãsàkætðnâWókïcãUð�í
• Y Üjæ<ú{ænánâXæfóSë0ãsàkánßaàkàpó�ß^ó�ÜjÝvúaÝQëWãjÝaäSÜUætï�î�ðfâ1ÝQâ�ïcó�êWöcêdâ1÷féYæ�ç�ïSæ<âNÝQãsÜsÜUæ ns ì
ü î�ðnøpóHÝQâWãjßaà�ï�î�ðfâ1ÝQâ�ïcó�êWö�êWâX÷fé�æ<éFóSÜsâWãUïSãUêXáfãsôSÜsãsà9ÝQãsëXæ_ênî�ðnáfëWãsâ7ÝQÜUßaë1ê_õ

R (M,Y ) = 0

ý à�êWóSôkô\ß^êXæfë1Ý,ïkÝQàHêvâXßaóSâ1æZÜjÝ,êWóSãsâXæ�ïSæ�Ü�î�ðfâWóHïSæ�øpókæ R æeêdâYïSæ�áfÜjÝaêXêXæ C1 ñ ü Ý�Þ�ßaëWéYæ�ïSæ�Ü�î�æfà�âWãsâXð
Ýaðfë1ßpïcöpà9ÝQé	ãUøpókæAðfâWókïSãUðnæAænêWâ�ô9ÝQëDïSð¢þkàkãsâWãUßaàZóSàHæ0Þ�ßaàkáfâXãUßaà�ánßaàpâXãsàpókæAæfâKëXðfû{óSÜsãU÷fë1æ7ïSóCú ænáfâXæfókëKïkænê�ôHÝaë1Ý�ù
éY÷nâWëXænêKïSæ�Þ�ßaëXéYæ α ÿpïSæ7âXæfÜUÜUæ7êXßaëWâ1æ7ø óHæ�ÜUæ7é�ÝaãsÜsÜjÝQû{æAïcó�ïSßaéCÝQãsàkæAánßaàHêdãUïkðfëXð<ÝQóSâXß^óSëKïkæ7áeæfâWâXæAæfàpâWãsâ1ð7ænêWâ
ðfû ÝaÜUæféYænàpâ}óSàHæAÞ�ßaàHáfâWãUßaà�ánßaà�âWãsàpókæ_æfâ}ë1ðfû^óSÜsãj÷fëXætïkæ α õ

M(α).

ü î�ðnøpóHÝQâWãjßaàZôSëXðnánðeïSæfàpâ1æ7ïkð¢þkàSãUâKïkßaàká7óSà�êWö�êWâX÷fé�æ�àHßaàcù�ÜsãUàkðeÝQãsë1æ7ænà Y ïSæ ns ðnø ó9ÝQâWãUßaàHêDè ns ãsàkáeßaàcùàpókæeênñ� ßaàkêWãUïSðnëXßaàkê}ÜUænê}ú ænáfâXænóSëXê (M0, Y0) âXænÜUê0ø ókæYõ






R (M0, Y0) = 0

det

[(
∂R

∂Y

)

(M0, Y0)

]

6= 0
.

ü æ�â��kðeßaëX÷fé�æ�ïkænê�Þ�ß^àkáfâWãjßaàkê�ãUé	ôSÜsãUánãsâXænê�ô\æfëWé�æfâDÝQÜUßaëXêKïSæ7ïSð¢þHàSãsë Y ánß^é	éYæ�óSàHæ0Þ�ßaàkáfâXãUßaà C1 ïSæ M
êWóSëAóSà¯ú{ßaãUêWãsà9ÝQû{æFïSæ M0 ñ���ÝQë<ánßaàpâWãUàpóSãsâXðFæfâAëXðnû^óSÜjÝQëXãsâXðFïSæ M(α) ÿHãsÜ�ænêWâ<ïSßaàHá�ôyß^êXêdãUäSÜUæFïSæFïSð¢þHàSãsë Y
ánßaéYéYæ�óSàkæ0Þ�ßaàHáfâWãUßaà C1 ïSæ α ïkÝaàkê�óSàCú{ßaãUêWãUàHÝQû{æ7ïSæ α0 ñ ý àCêWóSôkô\ß^êXæfë1Ý�ïkÝaàkê�ÜjÝ�êWóSãsâXæ7ïSæ7ánæfâWâ1æ�ðfâXókïSæø ókæ_ánæfâWâ1æ<ôSëXß^ôSëWãUðnâXðtænêWâ}ú�ë1ÝQãUæ_êdókë D ñü æ�ôSëXßaäkÜU÷féYæCï�î�ß^ôSâWãséYãUê1ÝQâWãUßaà'é~ókÜsâWãUïcãjêWánãsôSÜsãsà9ÝQãsëXæ^ÿ¨ïSßaà�â�ókàkæ�êXßaÜUóSâWãUßaà«ænêWâ~àkßaâXðeæ α∗ ÿ+êeî�ðeáfëWãsâvÝQÜUßaë1ê
êXßaókêDÞ�ß^ëWéYæ_áeÝQàkßaàkãUø ókæ_ïSæ<ÜrÝFé�ÝaàSãU÷fëXæ_êWóSãsúaÝQà�âXæ	õ

Ë�ÌW×aÚ��aÍfÌ
α ∈ D ⊂ �	� n Ë§Í¢Ó�
nÚkÍ J(α)

Ôf×^Ê�Ë�ÕvÊrÑkÊrÕYÈaÓUÍtÔNÚcÌ D ÍnË�
nÚkÍ ∀k ∈ [1, p] Gk(α) ≤ 0 
ü æ�ú{ænáfâXænóSëFïSænê~ôHÝQë1ÝaéY÷fâWë1ænê~ïkæ	Þ�ßaëWéYæ α ænêWâFïcãsâ~ú{æeáfâXæfókëFÝ^ïcé	ãUêXêWãsäSÜjæ�êWã�Ü�î�ænàkêXæfé~äSÜjæCïSænê~áeßaàpâWë1ÝaãsàpâXæeê
ï�î ãsàSÞ�ðfëWãUß^ëWãsâXð_êWß^àpâ0ê1ÝQâWãjê Þ�ÝQãsâXænêeÿSænà�ï�î¡ÝQóSâWëXæeê}âXæfëWé�ænê0êWã�õ

∀k ∈ [1, p] Gk(α) ≤ 0.

��ßaókë;óSàvôSëXß^äSÜU÷fé�æ�àkß^àvánß^àpâWë1Ýaãsàpâ�ænâ�æfà	êWóSôSôyß^ê1ÝQàpâ�æfàvß^óSâWëXæDø ókæKÜjÝ�Þ�ßaàkánâWãUßaà	ßaäcådæeáfâWãhÞ\ænêWâ�ïSæDáfÜjÝ^êWêXæ
C2 ÿ�ÜUæeê�áeßaàkïcãsâXãUßaàkê~ï�î�æ���ãUêWâXæfàHánæ�ï�î ókà'ßaôSâXãsé~óSé ÜUßpáeÝaÜ�ßaó�û{ÜUßaäHÝQÜ�êXß^àpâ�äSãUænà'ánßaàkàpókænêeñ���à'æ���æfâeÿ�ôyßaóSë
ø ókæ α∗ êXßaãsâ}óSà�ßaôSâWãséFóSé)ÜUß�áeÝQÜ�ïSæ J ÿcãUÜ�êdó��Yâ0øpókæ<ÜUæ<û^ëNÝaïcãUæfà�â0ïSæ J êXßaãsâ}àpókÜ�æfà α∗ ç ∇J(α∗) = 0 ìKæfâ
ø ókæFÜjÝCé�ÝQâWëXãUánæ��kænêXêWãUæfàSàHæFïSæ J æfà α∗ ç ∇2J(α∗) ì�êXßaãsâtïSð¢þHàSãUæFô\ß^êWãsâWãsú æ�í\ænà¯ëXænúaÝQàká��Hæ^ÿ9ôyßaóSëtø ókæ α∗

êXßaãsâDóSà�ßaôSâWãséFóSé=û^ÜUßaä9ÝQÜyïkæ J ÿ�ãsÜyêWó���âDøpókæAÜUæ7û^ëNÝaïcãUænàpâDïkæ J êWß^ãsâKà�óSÜyænà α∗ ç ∇J(α∗) = 0 ì�æfâ}ø ókæAÜjÝ
é�ÝaâWëWãUánæ��kænêXêWãUæfàSàHætïSæ J ç ∇2J(α) ìDêWß^ãsâ0ïSðfþkàSãUætô\ß^êWãsâWãsú ætêWóSë D ñ

��à'ëXæfúaÝaàká��Hæ^ÿ�ôyßaóSë~óSà'ôSë1ßaäSÜU÷fé�æCánßaàpâWëNÝQãsàpâeÿ+ÜjÝ�ánß^àkïcãsâWãjßaà«ï�î�ßaôkâWãsé�ÝaÜsãsâXðCænêWâ~ôSÜsókêFánßaé	ôkÜUæ��cæ{ñ���à
æ��yænâeÿ;êWãKôHÝQë	æ��cæféYôSÜUæCÜ�î�ßaôSâWãséFóSé êXæZêWãsâXókæZêWóSëFóSàHæ�Þ�ëXßaà�âWãU÷fëXæ�ïSæZánß^àpâWë1ÝQãUàpâXæ^ÿ;á{î�ænêWâdù�è�ù�ïcãsëXæZêeî ãsÜ}æ���ãUêWâXæ
k ∈ [1, p] âXænÜKø óHæ Gk(α∗) = 0 ÿ¨ÜjÝ£ánßaàpâXë1ÝQãsàpâ1æ k ænêWâvÝaÜUßaëXêFïSãsâXæ�ÝaáfâWãsú æ^ÿ;ÝaÜUßaëXê~ÜUæCû^ë1Ý^ïcãUæfà�âFá^î�æeêdâFôHÝ^ê
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D+E>F>G>H(H�IKJ�L(G>MNG�DPOQDPR�STI1RUMVJWD�J�MXRYM[Z]\�I^F`_1DYa�J�O(JW_1DUD+E>F>G>H(H�IKJ�L(Gba c3_1dYO�J�M7I1S�J�O(Eea�RUd�L(G>MVJWG�Lf_1L(a�L�G?g]a�J�O�G
F`_1DYa�J�O(JW_1D[aYG�hiRYj�D�kml�RYF�noG>L`g�H`c3E�DY_?DYF>G"F>_1MVM7G�H�R�J�O/p

• α∗ G>H�OqR�D[roG>F�O(G>R�LsI?a�MVJWH(H�J�t�S=GVp ∀k ∈ [1, p] Gk(α
∗) ≤ 0

• J�SuG�v�JWH�O(G p M�R�S�O�J�dYS�JWF`I1O(G�R�L(H λk O�G�SWHxw�RYGNp







∀k ∈ [1, p], λk ≥ 0

∀k ∈ [1, p], λkGk(α
∗) = 0

∇J(α∗) +

p
∑

k=1

λk∇Gk(α∗) = 0

y J+I1RYF�R�D+GqF>_?DPO�L�I1J�DPO(GqDuc3G>H�O�IKO�O(G�JWDPO(GxG�D α∗ g1SzIiF>_?DYa�J�O�J=_1DVD+E>F>G>H(H�IKJ�L(Gxa c3_?d�O�J�MQIKS�J�O(ExG>H�O ∇J(α∗) = 0{ _1D|L(G>O�L(_1R�r�G}t�JWG>D|S=I~F>_1DYa�J�O�JW_1D�DYE>F>G`H�H�IKJWL(G�a c	G�v�JWH�O(G�D+F>G�a c3R�D�_?d�O�J�MXRYM�d<_1R�L�RYD|d�L(_?t�SW��M7G}DY_1D
F`_1DPO�L�I1J�DPO8��Zu��D�L�G�r1IKDYF8jYG?guH�J�R�D+GV_1R^d�S�R+H�J=G�R�L(H"F`_1DPO�L8IKJ�DPO(G`H"H(_1DPOXI1F�O�J�r�G>H { ∃k ∈ [1, p], Gk(α

∗) = 0 �I1SW_1L(H�SWGq�?L8I1a�JWG�D�O ∇J(α∗) G>H�O�R�D+GxF>_1MXtYJ�D+IKJ=H�_?DNS�J�DYE`I1J�L(Gs��F`_PG��7F>JWG�DPO�H�DYE>��IKO�J���H�_?RNDPR�SWH]a�G`H��oL�I1a�JWG>DPO(HaYG�F>G>HxF`_1DPO�L�I1J�DPO(G`H>Z
\�I�F`_1DYa�J�O(JW_1D[a�G�hiR�jYD�kml�R+F�noG�LxG>H�OqR�DYG�F>_?DYa�J�O�J=_1D[H�R��7H�IKDPO�Giauc3_1d�O�JWM7IKS�J�O�EiH�J S=IX�@_1D+F�O�JW_1D[_1t���G>F�O(J��

G>OqSWG>H��@_?DYF�O�JW_?DYHxF>_1D�O�L�IKJ�D�O(G>HxH(_1DPOsF>_1DPr�G�v�G>H`Z

�x��� �����f���<���% �¡£¢x¤�¥x¦q�<�� ¨§�©ª��¡¬«f®¦q¯X ¨�8©ª��¡¨¢° ���¦q�

\�G>HNF`IKS=F�R�SWHNa�G±�?L�I1a�JWG�DPO�HVG�²<G>F�O(RYE>HNaYI1DYHVSWG±F`_1DPO(G�v�O(G±aYG±F>G�O(O(G³O�j+�>H(G³O�JWG�DYDYG�DPO7F>_1MNd�O(G±aYG>H
aYE��@_1L�MQIKO�JW_?DYH�I1E�L�_PE�S=I1H�O�J=w�RYG>HiH�RYt�JWG>HTd¨IKLTSWG`HiG�DPO�JWO(E>H�I1E>L(_Pa�´�D+IKMNJWw�RYG>H�w�RYG�S®c3_1D�F�jYG�L�F�jYGV�Q_1dYO�J�MVJ=H�G>L
MQIKJWH³H(_1DPO³aYG>H�O�J�DYE>H±�µSmc3_1d�O�JWMVJWH�IKO�JW_?D¶a�Ge��_1L�MNG�I1E�L(_Pa�´PD+IKMNJWw�R+G?g°H(_1RYH�kma�_?M7IKJ�D+G�a�GbS®c	_1d�O�J�MNJWH�IKO�JW_1D
M�R�S�O�JWa�JWH(F�J�d�S�JWD+IKJ�L(GoZ· DPO�L(_�a�R�JWH(_1D+HqSWG>HqDY_1O8IKO�JW_1D+HxH�RYJ�r1IKD�O(G>Hqd�L(_?d�L(G>HsIKReF`IKS=F�R�S�I?E�L(_PE�SzI1H�O�JWw�RYGNp

• Rf
L(G�d�L�E>H(G�DPO(G%SWGTH�´�H�O���MNGTa c3E>wPR+IKO�JW_?DYH°a�JWH(F�L���O(G>H�D+_1D�k®S�JWDYE`IKJWL(G>H°E>F>L�J�O(G>H°H(_1R+H]�@_1L�M7G%aYGsL(E`H�J=a�RfG>O

a�E`F�L�J�r1I1DPOqSWG"F>_1MNd�_1L�O(G>MNG�DPOsa�R±¸YR�JWa�G�¹
•• W G>H�O]SWGxroG`F�O(G�R�L�aYG>H�JWDYF>_1DYDPRYG>H°I1H(H(_PF�JWE>G`H�IKR�vNE>w�R¨IKO�JW_1D+H]a�GxSzI�MNE>F`I1D�JWw�R+GxaYG>H�¸+R�JWa�G`H { F�j+IKMNd
F>_?DYH(G�L�r1IKO(J��8��¹

• X G>H�OxSWGiM7I1J�S�S=IK��G�F>_1L(L(G>H�d�_1D+aYIKDPO%��R�D+G�a�JWH(F�L�E�O�JWH�IKO�J=_1D[a�Rea�_1MQIKJ�DYGi¸YR�JWaYG�¹
• Rs

L(G�dYL(E>H(G�DPO�G�SWG°H�´�H�O(��M7G°a c3E`w�R+IKO(JW_1DYHºa�JWH(F�L���O(G>H { S�JWDYE`IKJ�L�G>Hº_1R�DY_?D�k®S�J�D+E`IKJ�L(G`H���E>F�L�J�O�G>HºH�_?RYH��@_1L�M7G
a�G�L(E>H�JWa�ReG�OxaYE>F�L�J�r?IKDPOqS=G�F>_1MNd�_1L�O�G�MNG�D�Oxa�G�S=I�H�O�L�R+F�O�R�L�G�¹

• D G>H�OTSWGXroG>F�O�G�R�Lia�G>Hia�E�d�S=I?F>G�M7G�DPO(Hia�GXS=I7H�O(L�RYF�O�RYL(G�_1R�roG>F�O�G�R�Lia�G>HTJ�DYF>_1DYDPRYG>H�I1H(H(_PF�JWE>G`HiIKR�v
E>wPR+IKO�JW_?DYHxa�GiSzI�MNE`F`IKD�JWwPRYG�aYG>HxH�O�L�RYF�O(R�L(G>Hu¹

• Z G>H�OqSWGiMQIKJ�S�S=I1�oG�F`_1L�L(G>H�d�_?DYaYIKD�Os��RYDYG�a�JWH(F�L(E�O�J=H(I1O�JW_1D[aYGiS=IVH�O�L�RYF�O(R�L(G?Z
��DXR�O�J�S�J=H(I1DPO�F>G>H�DY_?O�IKO�JW_?DYH�G�O�SWG>H�DY_?O�IKO�JW_?DYH�J�DPO�L(_�a�R�J�O�G>H�a+IKDYH�S=IxH(G>F>O�JW_1D/dYL(E>F>E>aYG�DPO(Gog`SWG�roG`F�O(G�R�L�aYG>H

J�D+F>_1D�D�RYG>H { r1IKL(J=IKt�SWG`H%a c3E>O�IKO8�xa�R�H�´�H�O(�>MNG�I1E�L�_PE�S=I1H�O�JWwPRYGXG>H�O%SWG/roG>F>O(G�R�L Y = (W,D) g+SWG/r�G>F�O(G�RYLTa�G>HF`_P_1L(a�_?D�DYE>G`Hsa�ReM7IKJ�S�SzIK�oG/a�RbH�´�H�O(�>MNG/E�O�R+a�JWE/G>H�O M = (X,Z) g+G�OsSWG/H�´�H�O(�>MNG/a c3E>wPR+IKO�J=_1Dba�E>F>L�J�r1IKD�OS®c	E�O�IKOsa�R[H�´�H�O(�>MNG"I?E�L(_PE�SzI1H�O�JWw�RYG"G>H�O"p

R(M,Y ) =





Rf (W,X(D,Z)) = 0

Rs(D,Z,W ) = 0



 = 0.

\�I��@_1DYF�O(JW_1D[_?t���G>F�O(J��ºG�OqSWG>H��@_?DYF�O�JW_?DYHxF>_1DPO�L8IKJ�DPO�G>HqF`_1DYH�JWa�E>L(E>G>HxaYIKD+HqF`G�O�O(G�E>O�RYa�G�H(_1D�Oxa�_1D+FT�@_1DYF�k
O(JW_1DYHQa�RUr�G>F�O(G�RYLQaYG>H7d+IKL8IKMN��O(L(G>HQaYG±�@_?L�MNG α G�OQa�R»F8j+IKMVd¶I1E>L(_Pa�´�D+IKMVJ=w�RYG W G�Ofa�R»M7I1J�S�S=IK��G
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Õ1Ö�×�ØPÙ�ÚPÛ¨ÕKÜVÝWÞPßYà X á






J(α) = J(α,X(α),W (α))

∀k ∈ [1, p], Gk(α) = Gk(α,X(α),W (α))
,

â>à>ãXÙ�à>×�Û�ÝWä�×�à>ãXÖ�å�ÕKÛPå�â`ÕKæWâ�ßYæWÖ>à>ãXà�Ûµ×�Ö>ã(Ø1æ�ç1ÕKÛ�å/æWà7ã�Ú�ã�å(ä�Ü7à7Ù è3Ö`Þ�ß+ÕKå(ÝWØ1ÛYãXÙ�Ö>â>×�Ý�ç1ÕKÛ�å/æ®è3Ö>ÞPß�Ý�æ�Ý�éY×(àQÕ1Ö�×�ØPÖ�æ=Õ1ã�ê
å�ÝWÞPßYàVë







Rf (W,X(D,Z)) = 0

Rs(D,Z,W ) = 0
.

ì è	ÕKÜ7Ö�æ�ÝWØ?×�ÕKå�ÝWØ?ÛíÙ�à>ã�î@Ø?×�ÜNà>ã7Õ?Ö�×(ØPÙ�ÚPÛ+ÕKÜNÝWÞ�ßYà>ãVï<à�ß�åNã(à³î�ÕKÝ�×(à[Ù�à³ÜQÕKÛ�ÝWä�×�à±à�ð�ï<Ö�×�Ý�Ü7à�ÛPå�Õ1æWà±Ø1ßíÛPß�ê
ÜNÖ>×�ÝWÞ�ßYàoñ¨ò%ß�ï�Ø1Ý�ÛPåiÙ�à/çPßYà�Ù�ßbÛPß�Ü7Ö�×�ÝWâ�Ý=à�Û á â>à>æ=Õ7â>Ø1Û+ã�ÝWã�å(à�ó7ã(Ö�æWà>â�å�Ý=Ø1Û�ÛYà>×%ß�ÛYà"î@Ø?×�ÜNàXã(Ø1æWÝWÙ�àXÙ�ÝWã(â�×�ä�å(à áÙ�Ö�ô+Û�ÝWà�ï+ÕK×�ã(Ø1ÛVÜQÕKÝ�æ�æ=Õ1õoàqÙ�àqã�ß�×�î�Õ?â>à á ï+ÕK×�ÜNÝ�ß�ÛNà�ÛYã(à�Ü�é�æWàqÙ�à°î@Ø1×(ÜNà>ã�Ù�ÝWã(â�×(ä>å(à>ãºï¨ÕK×�ÕKÜ7Ö�å�×(Ö`à>ã�êuæ=Õ%î@Ø?×�ÜNàã(Ö�æWà>â>å�ÝWØ1Û�Û+Ö>à�Ø?ï�å�Ý�ÜNÝWã(Õ1ÛPå�ß�ÛYà�î@Ø1ÛYâ�å(ÝWØ1ÛXØ1é�ö�à>â>å�Ý�î�å(Ø1ß�å�à�ÛXã(Õ1å�ÝWã�î�ÕKÝWã�ÕKÛ�åuß�ÛXâ>à�×(å�ÕKÝ�Û/ÛYØ1Ü�é�×(à]Ù�à�â`Ø1ÛPå�×�Õ1Ý�ÛPå(à`ã
Ù�Ø1Û�åiæWà>ãiç?ÕKæWà�ß�×�ã�Ù�Ö�ï�à>ÛYÙ�à�Û�å�Ù�Ý�×�à>â�å(à�Ü7à�ÛPå"Ø1ß÷Ý�Û+Ù�Ý�×(à`â�å(à�Ü7à�ÛPå�ÙYà�æ=ÕfõoÖ>Ø1Ü7Ö�å�×�ÝWàVà�å"Ù�ß�â�ø¨ÕKÜVïµÕ1Ö�×(Ø�Ù�Ú�ê
Û+ÕKÜNÝWÞ�ßYàoñ

òià�Ü7ÕKÛ�Ý=ä�×(à�õoÖ�ÛYÖ�×8ÕKæWà á Ø1Û�Ù�ÝWã�å�Ý�Û�õoßYà�ÙYà�ß�ð�åùÚPï�à>ã"Ù è	ÕKæ�õ�Ø1×�Ý�å�øYÜNà>ã�Ù è	Ø1ï�å�Ý�ÜNÝWã�ÕKå�ÝWØ?Ûúë Ù è ß�ÛYà�ï+Õ1×�åiæWà`ã
ÕKæ�õ�Ø1×�Ý�å�øYÜNà>ãxÙ è3Ø?ï�å�Ý�ÜNÝWã�ÕKå�ÝWØ1Û[õ?æWØ1é¨ÕKæWà�à>åxÙ è	Õ1ß�å�×(à�ï+ÕK×�åxæWà>ãsÕKæ�õ�Ø1×�Ý�å�øYÜNà>ãxÙ è3Ø?ï�å�Ý�ÜNÝWã�ÕKå�ÝWØ1Û[æWØPâ`Õ1æWà?ñ�ûTØ1å(Ø1Û+ã
Þ�ßYàQÞ�ßYà>æWÞ�ßYàQã(Ø1Ý�å/æWà7åùÚPï<à7Ù è	Õ1æ�õoØ1×�ÝWå�ø�ÜNàQâ�øYØ?ÝWã�Ý á ó[â8ø+Õ1Þ�ß+àNçoà`â�å(à�ß�× α à>ã�å�Õ1ã(ã�Ø�â�ÝWÖ7ß�ÛµÜQÕKÝ�æ�æ=Õ1õoà7ÙYàNæ=Õ
î@Ø1×(ÜNàiã(Ø1æ�Ý=Ù�à á Õ1ßYÞ�ßYà>æ à>ã�åxÕ1ã(ã(ØPâ�ÝWÖiß�Û³ÜQÕKÝ�æ�æzÕKõoàiÙ�ß±Ù�Ø1ÜQÕKÝ�Û+àiØPâ>â�ßYï�ÖTï¨ÕK×�æWàTüYß�ÝWÙYàiÞ�ß�Ý æ®è3à�ÛPå�Ø1ß�×(àoñ�ý¨ÕKÝ�×(àç1ÕK×(ÝWà�×�æWàsçoà>â�å�à�ß�×°Ù�à>ã�ï+ÕK×8ÕKÜNä�å(×(à>ã�ÙYàxî@Ø1×�Ü7à%Õ1ßfâ>Ø1ß�×�ã�Ù�ßQï�×�ØPâ>à>ã(ã�ßYã°Ù è3Ø1ï�å(Ý�ÜVÝWã�ÕKå�Ý=Ø1Ûfà�ÛPå�×8ÕKÝ�ÛYà%Ù�Ø?ÛYâsß�Û
×(à�ÜQÕKÝ�æ�æ=Õ1õoà�Ù�ßeÙ�Ø1ÜQÕKÝ�ÛYàiüYß�ÝWÙYà?ñì à>ãqÕKæWõoØ1×�Ý�å(ø�ÜNà>ã�Ùuè3Ø1ï�å�ÝWÜVÝWã�ÕKå�ÝWØ?Ûfõ?æWØ?é+ÕKæWàT×(à>â�øYà>×(â�øYà�Û�å°ß�Û±Ø1ï�å�ÝWÜXß�ÜþõoæWØ1é+Õ1æ<ã�ß�×°æ®è3à>ÛYã(à�ÜXéYæWàTÙ�ß±Ù�ØKê
Ü7Õ1Ý�ÛYà/Ù�à"â`Ø1ÛYâ>à>ï�å�ÝWØ1Û D ñ+ÿmæWãxå(×�Õ`ç1ÕKÝWæ�æWà�ÛPå%Ù�Ý�×(à`â�å(à�Ü7à�ÛPå%ã�ß�×xßYÛeà>ÛYã(à�ÜXé�æ=à"Ùuè3Ö�ç1ÕKæ�ß¨ÕKå�ÝWØ1Û+ãsÙ�à"æ=Õ�î@Ø1ÛYâ>å�ÝWØ1ÛØ1é�ö�à>â�å�Ý�î�à>å�æWà>ãiî@Ø1ÛYâ>å�ÝWØ1ÛYã"â>Ø?ÛPå�×�ÕKÝWÛPå(à>ã"â>Ø1×(×(à>ã�ï�Ø1Û+ÙYÕKÛPå/ó³ß�Û^à�ÛYã(à�Ü�é�æWàVÙYà�ï+ÕK×�Õ1ÜNä�å�×�à>ã�ÙYà�î@Ø1×�Ü7à?ñ��°à`ã
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Ï ½/À�À�¾;½�Ç�È�½8½�Ð�Å ÂIÆ�¾;Ã�À�»IÆ�È Ï ÃkÐ�» Ï Ã�ÂI½8º ½HÂ-ËE½*¿�ÅaÃ�Ê�½ D Ñ Ò Æ�¾�¿5º ÇJÊ*Æ�º�Ã�Ó#½8º�½�Â-ËC½�¿�Å+Ã�Ê�½ D É>Ç È�½8¿�À�¾�Ç+Ê/À�Ç ¾;½Hº�½
º�Æ�È È�Á*½�¿�ÔfÃ�Å Å�½/ÂIÁ�½�Ê�Õ ¾�Æ Ï Æ�¿�Æ Ï ½}ÖH½�¿�À0Ã�¿�¿�Æ�Ê/»IÁ*½6ÍAÊ;ÕaÃ�Ê/Ç ÈPº ½�¿8¼#½�Ê/À;½/Ç ¾�¿

α Ñ'Ò ½*¿HÅ�¾�½ Ï »�½/¾�¿0Ã�Â�Ó#Æ�¾�»�À�Õ Ï ½�¿
Ó�Á/È�Á/À�»�×�Ç�½�¿6Ô ¹*Ø�Ù�Ú ÖiÇ À�»�Â�»�¿;Ã�»I½/È�ÀHÇ ÈFÊ*Æ�º�Ã�Ó�½XÛ�»�È+Ã�»I¾�½AÜ ¹*Ý�Þ�ß ÑjÒ ½�¿8Ê�Æ�º+Ã�Ó#½�¿HÂI½�¿HÅ Â�Ç�¿HÇ À�»�ÂI»I¿�Á*¿8Ã�Ê�À�Ç�½/Â�Â�½ Ï ½/È�À
¿�Æ�È�À@ÂI½�Ê*Æ�º�Ã�Ó#½�Û »�È+Ã�»�¾�½�½/À=Â�Ã0Û+Ã�¿�½Hº>»�Ð�Ü Ø�àkß Ñ�Ò Ë Ç+¿�Ã�Ó#½�½�¿�À=º�½�Ê�Æ�È+Ê*Ã�À�Á�È�½/¾@ÂI½*¿@Ê*Æ�º�Ã�Ó�½�¿=º ½�¿=Ê�Æ Ï ÅjÆ�¿;Ã�È�À�½�¿
º�½�¿i¼#½*Ê/À�½/Ç ¾;¿.º ½0Å+Ã�¾;Ã Ï6á À�¾�½�¿.º ½2â_Æ�¾ Ï ½0ÅjÆ�Ç ¾�Ê�Æ�È�¿�À�»�À�Ç�½�¾iÇ�È�½0¾�½/Å ¾�Á*¿�½�È�À;Ã�À�»�Æ�È�Ó#Á/È�Á/À�»I×�Ç�½X½/È�Ç È�½X¿�½/Ç Â�½
Ê�Õ+Ã�»�È�½ Ñ�Ò ËE»�È�À�Á/¾�ã�À@º ½.Ê�½iÀnä�Å�½.º ½.Ê�Æ�º+Ã�Ó#½.½�¿�À@º ½iÅj½�¾ Ï ½/À�À�¾�½iÂ�Ã0Ê/¾;Á*Ã�À�»IÆ�È!ºBËEÆ�ÅjÁ�¾;Ã�À�½�Ç ¾�¿@º ½.Ê/¾�Æ�»�¿�½ Ï ½/È�À@½�À
º�½ Ï Ç À;Ã�À�»IÆ�Èå¿�» Ï Å ÂI½ ÑBæ ½XÀnä�Å�½Xº�½XÊ�Æ�º�Ã�Ó#½XÅ ¾�Á*¿�½/È�À�½XÀ�Æ�Ç À;½�â_Æ�»I¿�Â-Ë »�È�Ê*Æ�È�¼#Á/È�»I½/È�ÀHº ½XÈ�½XÅ+Ã�¿�Ê*Æ�È�¿�½/¾�¼�½/¾.ÂÄÃÀ;Æ�ÅjÆ�ÂIÆ�Ó�»I½0º ½8Â-ËC½�¿�Å+Ã�Ê�½ D Ñ+ç È�½�è�½�À*É�º�½/Ç>ÐJ¼#½�Ê/À�½�Ç ¾�¿

α
Å ¾�Æ�Ê�Õ�½�¿iº�Ã�È�¿SÂ-ËE½�¿�ÅaÃ�Ê�½ D È�½0¿�½8¾�½/À�¾�Æ�Ç ¼�½/È�ÀSÅaÃ�¿

È+Á�Ê�½�¿�¿;Ã�»�¾�½ Ï ½/È�À5Å ¾�Æ�Ê�Õ�½�¿SÃ�Å ¾ á ¿=Ê*Æ�º�Ã�Ó�½ Ñ>Ò ½�¿5Ê�Æ�º�Ã�Ó#½�¿5×�Ç »�È+½HÊ�Æ�È+¿�½�¾�¼#½/È�À5Å+Ã�¿=Â�ÃXÀ�Æ�ÅjÆ�ÂIÆ�Ó�»I½Hº ½HÂ-ËE½�¿�Å+Ã�Ê*½º�½A¾;½�Ê;Õ�½/¾;Ê;Õ�½ D Æ�È�À6À�½/È�º+Ã�È�Ê�½�ÍMâfÃ*¼#Æ�¾�»I¿�½/¾6Â-ËE½�Ð�Å�ÂIÆ�¾;Ã�À�»IÆ�Èéº ½KÊ�½/À�½�¿�Å+Ã�Ê*½AÅ�Ç »I¿�×�Ç�½JÂI½KÊ/¾�Æ�»I¿�½ Ï ½/È�À6º�½
º�½/Ç>ÐA¼#½�Ê/À�½�Ç ¾�¿5Å+Ã�¾�½/È�À�¿5Å�½/Ç ÀSÓ#Á/È�Á�¾�½/¾Sº�½�¿5¼#½�Ê�À�½/Ç ¾�¿S½�È>âfÃ�È�À�¿5À�¾ á ¿SÁ�ÂIÆ�»�Ó�È+Á�¿Sº�Ã�È+¿5Â-ËE½�¿�Å+Ã�Ê*½8º ½8¾�½�Ê;Õ+½/¾�Ê;Õ+½
D ÑBê Â]Ë »�È�¼#½�¾�¿�½�É�ÂI½�¿2Ê*Æ�º�Ã�Ó�½�¿2Ê�Æ�È�¿�½/¾�¼�Ã�È�À2Â�Ã!À;Æ�ÅjÆ�ÂIÆ�Ó�»I½�º�½	Â-ËE½*¿�ÅaÃ�Ê�½ D âfÃ*¼�Æ�¾�»I¿�½/È�À2Â-ËE½�Ð>Å ÂIÆ�»�À;Ã�À�»IÆ�ÈPº ½	ÂÄÃ
Å�Æ�Å Ç Â�Ã�À�»IÆ�È Å Ç »I¿�×�Ç+½6Â-ËCÃ�Å Å Â�»�Ê*Ã�À�»IÆ�Èëº ½*¿0Æ�ÅjÁ/¾;Ã�À�½/Ç ¾�¿DÃ�Ç ¾;ÃKÀ�½/È�º�Ã�È�Ê�½!Í�Ã Ï Á/Â�»IÆ�¾;½/¾0Â�ÃKÅj½/¾�âfÆ�¾ Ï Ã�È�Ê�½�º�½�¿
»�È+º>»�¼�»�º>Ç�¿*É�Ê�ËE½�¿�À�ÌnÍ�Ì]º>»�¾�½=Íi¾�Á�º Ç »�¾�½9Â�ÃSâ_Æ�È+Ê/À�»IÆ�È

J Ñ�Ò Ë Ç À�»IÂ�»I¿;Ã�À�»IÆ�È	º ÇDÊ*Æ�º�Ã�Ó�½zìn¾�Á�í+Á�Ê�Õ »�î9Æ�Ç	Ê�Æ�º+Ã�Ó#½@º ½5ï�¾;Ã}äÜ ¹}à#Ù}ß Åj½/¾ Ï ½/ÀSº ½2Ê�Æ�È�¿�½/¾�¼#½/¾SÇ È�½8º »I¿�À;Ã�È�Ê�½2Ê�Æ�È+¿�À�Ã�È�À�½0Ã�Å ¾ á ¿SÊ*Æ�º�Ã�Ó#½8º ½2º ½/Ç>ÐA¼#½�Ê/À;½/Ç ¾�¿
α
¿�Ç�Ê�Ê�½�¿�¿�»�â_¿ Ñ

Ò ËCÆ�ÅjÁ/¾�Ã�À�½/Ç ¾�º ½0¿�Á/Â�½�Ê/À�»IÆ�È�Åj½/¾ Ï ½/À.º�½0Ê;Õ+Æ�»I¿�»�¾.º+Ã�È�¿iÂ-ËE½/È+¿�½ Ï Û Â�½0Ê�Æ�Ç�¾;Ã�È�À�º ½�¿i¼#½�Ê�À�½/Ç ¾�¿ α É�Ç ÈM¿�Æ�Ç�¿�Ì
½�È�¿�½ Ï Û Â�½6º�½6¼#½�Ê/À�½�Ç ¾�¿0º�½�¿�À�»�È�Á*¿XÍJÓ#Á/È+Á/¾�½/¾0ÂI½6È�Æ�Ç�¼#½/Â9½/È�¿�½ Ï Û ÂI½�É:Ê�ËC½�¿�ÀXÍKº »�¾�½�º ½6È�Æ�Ç�¼#½*Ã�Ç Ðå¼�½�Ê/À�½�Ç ¾�¿
º'ËEÁ/¼�Ã�ÂIÇ+Ã�À�»IÆ�È�º ½@Â�Ãiâ_Æ�È+Ê/À�»IÆ�È�Æ�Û>ð�½�Ê/À�»�â

J(α) Ñ�ñ ¾;Á�Ê/»I¿�Á Ï ½/È�À*É�Ê�½�Â�Ç »�Ì]Ê�» Ã.Å�Æ�Ç ¾Z¾�ò�Â�½=ºBË »Iº ½�È�À�»�ó+½�¾ZÂI½�¿Z¼#½�Ê/À�½�Ç ¾�¿
α
Å�Æ�Ç ¾:Â�½�¿�×�Ç�½/ÂI¿:ÂI½�¿:¼�Ã�ÂI½/Ç ¾;¿

J(α)
¿�Æ�È�À�ÂI½�¿:Å Â�Ç�¿'âfÃ�»�Û ÂI½�¿:ÅjÆ#¿�¿�»�Û�ÂI½�¿�½/À�ºBËEÁ�Â�» Ï »�È+½/¾:Å+Ã�¾�À�»I½/Â�Â�½ Ï ½/È�À:ÂI½�¿dÃ�Ç À�¾�½�¿

¼�½�Ê/À�½/Ç�¾�¿ Ñ+ô Â�½*¿�À.» Ï ÅjÆ�¾�À;Ã�È�À.º ½2¾;½ Ï Ã�¾;×�Ç�½/¾�×�Ç�½0À�Æ�Ç�¿iÂI½�¿5ì Ï Ã�Ç ¼�Ã�»I¿�î8¼#½*Ê/À�½/Ç ¾;¿iÈ�½0º Æ�»�¼#½/È�À.Å+Ã�¿.ã/À�¾�½0Á/Â�»�Ì
Ï »�È�Á�¿ Ñ õ È�½HÀ�½/ÂIÂI½HÀ�½�Ê�Õ È »I×�Ç�½HÈ'ËCÃ�¿�¿�Ç�¾�½/¾;Ã�»IÀ5Å+Ã�¿5Ç È+½8½�Ð�Å�ÂIÆ�¾;Ã�À�»IÆ�ÈK¿�Ç>ö�¿;Ã Ï�Ï ½/È�ÀS½�Ð>Õ+Ã�Ç�¿�À�»I¼#½8º ½HÂ]ËE½�¿�Å+Ã�Ê*½
D ½/À5¿�½.ÂÄÃ�»I¿�¿�½/¾;Ã�»�À@âfÃ�Ê�»�ÂI½ Ï ½/È�À5½ Ï Å ¾�»I¿�Æ�È È�½�¾=º+Ã�È�¿@Â�½.¼#Æ�»I¿�»�È+Ã�Ó#½HºBËCÆ�Å À�» Ï ÃXÂIÆ�Ê*Ã�Ç Ð Ñ>Ò ÃD¿�Á/ÂI½�Ê�À�»IÆ�ÈAÈ�½Hº Æ�»IÀ
º�Æ�È�Ê5ã/À�¾�½=È » À�¾�Æ�Å6¿�Á/¼ á ¾�½=È » À�¾;Æ�Å�Â�÷�Ê;Õ�½=ÅjÆ�Ç ¾zÈ�½=ÅaÃ�¿z¾;Ã�ÂI½/È�À�»�¾zÂ�ÃHÊ*Æ�È�¼#½�¾�Ó#½/È�Ê*½ Ñ�Ò ËCÃ�Â�Ó�Æ�¾�»�À�Õ Ï ½=Õ »�¿�À;Æ�¾�»I×�Ç+½
Ç�À�»�Â�»I¿�Á@Å+Ã�¾zø�Æ�Â�Â�Ã�È+º	Ê�Æ�È�¿�»I¿�À;Ã�»IÀOÍ�Ã�Ê�Ê�Æ�¾;º ½/¾OÃ�Ç	¼#½*Ê/À�½/Ç ¾

α
Ç È+½@Å ¾�Æ�ÛaÃ�Û »�Â�»�À;Á=º ½=¿�Ç ¾�¼�»I½9Ì'Ê�ËE½*¿�À�ÌnÍkÌ]º »�¾�½=ºBËCÃ�Å Ì

ÅaÃ�¾�À�½/ÈaÃ�È�Ê�½2Ã�ÇAÈ�Æ�Ç�¼#½/ÂB½/È+¿�½ Ï Û ÂI½8º ½HÊ*Ã�È+º>»Iº�Ã�À;¿9ÌzÅ�¾�Æ�ÅjÆ�¾�À�»IÆ�È�È�½/Â�ÂI½2ÍD¿;ÃXÅj½/¾�â_Æ�¾ Ï Ã�È+Ê�½HÆ�ÇKÃ�º�Ã�Å À�Ã�À�»IÆ�ÈAÌ
ì�ù'ú_û�ü�ý�ý�î2½�ÈMÃ�È Ó#Â�Ã�»I¿*É+Ê*½/À�À�½0º�½/¾�È » á ¾�½0Á/À�Ã�È�ÀiÇ�È�½8â_Æ�È�Ê/À�»IÆ�È Ï Æ�È�Æ�À�Æ�È�½0º Á*Ê/¾�Æ�»I¿�¿;Ã�È�À�½0º ½

J(α) Ñ+Ò ½�¿.º ½/Ç ÐÅ�¾�»�È�Ê/»IÅj½�¿�Üÿþ Ù}ß º ½�¿�Á/ÂI½�Ê�À�»IÆ�ÈFÂI½*¿HÅ Â�Ç+¿8Ê�Æ�È�È�Ç�¿0Ã�Ê/À�Ç+½/Â�ÂI½ Ï ½/È�À2¿�Æ�È�À8Â�ÃA¿�Á/ÂI½�Ê�À�»IÆ�ÈFÅ+Ã�¾H¾;Æ�Ç ÂI½/À�À�½�º ½�Ê*Ã�¿�»�È+Æ
Ì%ì��������_ü}ú�ú�ü��
	�ü*ü���ý/ü��_ü�kú����*û î2½/ÈåÃ�È Ó�ÂÄÃ�»I¿SÌ@½�ÀiÂ�Ã6¿�À�¾�Ã�À�Á/Ó#»I½0º>Ç�¾�½�¿�À�½X¿�À;Æ�Ê;Õ+Ã�¿�À�»I×�Ç�½X¿�Ã�È�¿i¾�½ Ï Å Â�Ã�Ê*½ Ï ½/È�À
Ì9ì*ý�ú�����	���ý*ú������/ü�������û�� ü������-ú�	���� ú��/ü! ��"����ü��Jü�ûjú@ý/ü��_ü�kú����*û î0½�ÈFÃ�È Ó�ÂÄÃ�»I¿ ÑjÒ ½XÅ ¾�½ Ï »I½/¾8Ã�¿�¿�Æ�Ê/»I½	Í�Ê�Õ+Ã�Ê/Ç È
º�½�¿H¼�½�Ê/À�½/Ç�¾�¿

α
Ç�È�¿�½�Ó Ï ½/È�À2º Æ�È�À8ÂÄÃ�Â�Æ�È Ó�Ç+½/Ç ¾2½�¿�À8Å ¾�Æ�ÅjÆ�¾�À�»IÆ�È�½/ÂIÂI½6Í!Â�Ã!Åj½/¾�âfÆ�¾ Ï Ã�È�Ê�½ ÑBÒ ½�¿2¿�½/Ó Ï ½�È�À�¿

¿�Æ�È�À Ï »I¿OÛjÆ�Ç�À9Í8ÛjÆ�Ç�À%½/À%ÂI½i¿�½/Ó Ï ½�È�ÀOÀ;Æ�À;Ã�Âa½�¿�ÀOÈ+Æ�¾ Ï Ã�Â�»I¿�ÁS½�È�À�¾�½ Ý ½/À ¹ Ñ#õ È�Ê�½/¾�À;Ã�»�È�È�Æ Ï Û ¾�½iº ½S¼�Ã�ÂI½�Ç ¾�¿¿�Æ�È�À8Ê;Õ+Æ�»I¿�»I½�¿2Ã�ÂIÁ*Ã�À�Æ�»�¾�½ Ï ½/È�À8½�È�À�¾�½ Ý ½/À ¹ Ñ�Ò ½�¿H¼#½*Ê/À�½/Ç ¾;¿ α Ã�¿�¿�Æ�Ê�»IÁ�¿2Ã�Ç ÐM¿�½/Ó Ï ½/È�À;¿2Ã�Ç>Ð>×�Ç�½/ÂI¿2Ã�Å Å+Ã�¾�Ì
À�»I½/È È�½�È�ÀHÊ�½*¿�¼�Ã�ÂI½/Ç�¾�¿H¿�Æ�È�ÀH¿�Á/ÂI½*Ê/À�»IÆ�È�È�Á�¿ Ñjõ È Ï ã Ï ½X¼#½*Ê/À�½/Ç ¾

α
Åj½�Ç À8Ã�»�È+¿�»Zã/À�¾�½	¿�Á�ÂI½�Ê/À�»�Æ�È È�ÁDÅ Â�Ç�¿�»I½�Ç ¾�¿

âfÆ�»I¿ Ñ�Ò ½iº ½�Ç>Ð�» á/Ï ½SÅ ¾�»�È�Ê/»�Å�½iº ½i¿�Á/Â�½�Ê/À�»IÆ�È�Ê�Æ Ï6Ï ½/È+Ê�½SÅ+Ã�¾%Ç È�½.¿�Á/ÂI½�Ê/À�»�Æ�È�º�Á/À�½/¾ Ï »�È »I¿�À�½.º ½�¿%¼#½�Ê�À�½/Ç ¾�¿
α #Å�Æ�Ç ¾DÊ�Õ+Ã�×�Ç+½�¼#½�Ê/À;½/Ç ¾D½*¿�À	Ê*Ã�ÂIÊ�Ç ÂIÁ�½�ÂÄÃKÅ+Ã�¾�À�»I½�½/È�À�» á ¾�½!º>Çë×�Ç�Æ�À�»I½�È�À

r
Á�Ó�Ã�Â=Í�Â�ÃKÅj½�¾�â_Æ�¾ Ï Ã�È�Ê�½!º>»�¼�»�¿�Á*½

ÅaÃ�¾9ÂÄÃ2Å�½/¾�â_Æ�¾ Ï Ã�È�Ê*½ Ï Æ}ä#½/È È+½�É�Ê*½/Â�ÂI½�ÌnÊ/»j¿�½/¾�À=ÍXº Á/À�½�¾ Ï »�È+½/¾9Â�½iÈ�Æ Ï Û ¾�½�º ½iâ_Æ�»I¿=Æ%$AÊ�½i¼�½�Ê/À�½/Ç�¾@½�¿�À@Ç À�»�ÂI»I¿�Á
Å�Æ�Ç ¾�Ó#Á�È�Á/¾�½/¾Hº�½XÈ�Æ�Ç ¼�½*Ã�Ç>Ð�¼�½�Ê/À�½/Ç�¾�¿ Ñaê ó�Èåº ½XÈ+½XÅ+Ã�¿HÁ/Â�» Ï »�È�½/¾�À�Æ�Ç�¿.Â�½�¿Sì Ï Ã�Ç ¼�Ã�»I¿�î0¼#½�Ê/À;½/Ç ¾�¿*ÉjÊ�½D×�Ç�»
¿�½/¾�Ã�»�ÀiÂI½0Ê*Ã�¿.Ã*¼�½�Ê0Ê�½/À�À�½0¿�Á/ÂI½�Ê�À�»IÆ�È�º Á�À�½/¾ Ï »�È »I¿�À�½�É�Ç�È�½0¿�Á/ÂI½�Ê�À�»IÆ�ÈMÃ�ÂIÁ*Ã�À�Æ�»�¾�½0º>Ç�Ànä�Åj½2¾�Æ�Ç�ÂI½/À�À�½Xº ½0Ê*Ã�¿�»�È+Æ
ÛaÃ�¿�Á�½�¿�Ç�¾9Â�Ã0Åj½/¾�â_Æ�¾ Ï Ã�È�Ê�½

r−E(r)
½�¿�À=½�è�½�Ê�À�Ç�Á�½	Ô

E(r)
¾;½/Å ¾�Á*¿�½�È�À�½.Â�Ã2ÅaÃ�¾�À�»I½�½/È�À�» á ¾�½�º>ÇA×�Ç�Æ�À�»I½/È�À

r
Ö Ñ

æ ½�¿Hº ½�Ç>Ð�Å ¾�»�È�Ê/»IÅj½�¿Hº�½D¿�Á/ÂI½*Ê/À�»IÆ�ÈF¿�Æ�È�À8½/ÈåÓ#Á/È+Á/¾;Ã�ÂzÊ�Æ Ï Û »�È�Á�¿2Ã*¼#½�ÊDÇ ÈåÅ ¾�»�È+Ê/»�Åj½	º ½	¿�Á/ÂI½�Ê/À�»�Æ�ÈFÁ/Â�»�À�»I¿�À�½ Ñ
æ ½/Â�Ç »�ÌnÊ/»�Ê�Æ�È�¿�½/¾�¼#½DÃ�Ç À;Æ Ï Ã�À�»I×�Ç�½ Ï ½/È�À.ÂI½�¿ Ï ½/»�Â�ÂI½�Ç ¾�¿i»�È�º »�¼�»Iº Ç�¿.¿;Ã�È�¿iÂI½�Ç ¾Sâ-Ã�»�¾�½X¿�Ç�Û »�¾.È »�Ê/¾;Æ�»I¿�½ Ï ½�È�ÀiÈ�»
Ï Ç À;Ã�À�»IÆ�È Ñ

Ò ËCÁ/À;Ã�Å�½Sº ½iÊ/¾�Æ�»I¿�½ Ï ½/È�À9Æ�Ç6¾;½/Å ¾�Æ�º>Ç�Ê/À�»�Æ�È�Ê*Æ�È�¿�»I¿�À�½iÍ2Ê/¾�Æ�»�¿�½�¾OÂI½�¿O¼�½�Ê/À�½/Ç�¾�¿
α
Ü ¹}Ù�à É ¸>¹�¹�ß Ñ�ç Â�ÂI½iÃ8ÅjÆ�Ç�¾Û�Ç À=ºBËCÃ�¿�¿�Ç ¾�½�¾@Â�ÃXº>»�¼#½�¾�¿�»�À�Á�º ½.Â�Ã0ÅjÆ�Å Ç Â�Ã�À�»IÆ�È'É�Â-ËE»Iº Á�½�¿�Æ�Ç�¿�Ì�ð�Ã�Ê�½/È�À;½�Á/À;Ã�È�À=º�½.¾�½�Ê�Æ Ï Û »�È�½�¾=º ½�¿=¿�Á*×�Ç�½/È+Ê�½�¿»�È�À�Á/¾�½*¿�¿;Ã�È�À�½�¿Hº ½�¿�Å+Ã�¾�Ã Ï6á À�¾�½�¿Hº ½0â_Æ�¾ Ï ½ ÑjÒ ½	Ê/¾�Æ�»I¿�½ Ï ½/È�À�Å�½/Ç ÀHã/À�¾�½DÊ�Æ�È�º>»�À�»�Æ�È È�ÁXÅaÃ�¾�Ç ÈåÀ�»�¾;Ã�Ó�½	Ã�ÂIÁ*Ã�Ì
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QSR�T�UWV�XYX�V7Z�[�\%]_^�`_XYQ6a ]_bBc�T%UWb�V�Q;XY^T%]_c;];R�X4d4eHXfgV�X^�`;b_U=h�]_Xfi];VjUWkWUKfjlmXf�\%^Vj]_X�kWkKX�nBX�b�Vif�T%b�V�X�bo[4l�bpl�R�\�kpk=X
q!fjkWU=^�U=b;[�^R�T�f�f�TEr4X�RtsFT%]uk=X@qwv�xOc�T%UWb�Vyftk=U=^�UWb;[z^�R�T4fjf�TEr�X�Rtso{_k=Xfy^�`;R�T�nBT�f�T%noXf|Q;Xf|cp\�R�X�b�V�f|f�T%b�VyQ;l^mT%];cJlmf
X�b
k
f�T%]pf�x!^�`p\~}=bpXf7X�V�^X�kWkKXftxw^�UJf�T�b�V7Xb_fj];UWV�Xyl^�`p\%b;[4lXmf�cJT%];R�Q;T�b;b_X�R7bp\�U=f�f�\�bp^Xy\%]S�Br�X^�V�X�]_R�f7X�b;��\�b�V�fmd
eia�l�VI\�cJX�Q;X�n�];V�\�V�U=T%b�c�X�RjnBXV�Q6a�\�nBl�kWUKT%R�X�R�kK\u^E\�cp\%^UWV�lzQ_Xf�\�kW[4T�RjUWVj`_nBXf�[4lb_l�VjU=h�]_Xf�ZLX,��c;k=T�R�X�R

kOa�X�bpfjXn��;k=X@QS]�Q;T�no\�UWbpX D X�V�Q�a:\�nol�kWU=T%R�XR�\�UWb_fjU�k"\�c;R�T%��\��;UWk=UWV�l�Q;Xykwa:\�kW[4T�RjUWVj`;noX�Q;X�VjR�T%];r�X�R�];bpX�f�T%kW]Sx
VjU=T%b�T%c;VjU=no\�k=X4dJ�gkWk=X�\zX�b�X,�6X�Vyc�T%];R�T%�;�tX^�V�UN��Q6a U=b�VjR�T�Q;];UWR�X�T%]�Q;X�R�l,xOU=b�VjR�T�Q;];UWR�X�Q;Xf�^m\�R�\�^�V�l�R�U=ftV�U=h�]_Xmf
[4l�bpl�VjU=h�]pXfHXbFnBT�QSUW��\�b�V�kKXi^T�Q_\�[�XiQ;Xih�]_Xk=h�]_Xf)^m\�bpQSU=Q_\%V�fHQ;]Fb_T%];r�X�k�X�b_f�X�n��;k=XiQ;Xgr�X^�V�X�]_R�f

α
fj];UWr�\�b�V

];b_X�^X�R�V�\�UWb_Xyc;R�T%�p\��_UWkWUWV�l�Q;Xyn�];VI\�VjU=T%bHd��gkWk=XycJX�R�nBX�V�l�[�\�kKX�nBX�b�V�Q�a�l�r�UWV�XR7kK\�^T�b�r4X�Rj[�X�b_^Xyc;R�lno\�Vj]_R�lX
Q;X�kOa:\�kW[�T%RjUWVj`_nBX�r�X�R�fg];bon�UWb;U=n�];n�k=T�^m\%kOd4eia�T%c�l�R�\�V�X];RiQ_X�n�]_V�\�VjU=T�bBVjUWR�XY\�k=lE\�V�T%UWR�X�nBX�b�Vg];b_XYf�lh�]_Xb_^X
Q_\�bpf|k=X�^�`;R�T�nBT�f�T%noX�\�fjf�T�^U=l�Zo];bLr4Xm^�V�X�];R

α
f�l�k=X^�V�U=T%b;b_l�X�Vyk=X�R�X�nBc;kK\%^X�cp\%R|]_b_X�f�lh�]_X�b_^mX�^I`_T%U=fjU=X

\�k=lE\�V�T%UWR�X�nBX�b�Vmd�e)\oc;R�T%�p\��_UWkWUWV�l�Q;X�n�]_V�\�VjUKT%bLk=T%R�f�Q;Xfy^I`p\�b;[�X�nBX�b�V�fyQ;X�c�T%c;];kK\%VjU=T%bLb_X�Q;T�UWVycp\%fy�VjR�X
VjR�T�c�l�k=X�r�lX�c�T%];R�lr�UWV�X�RYQ;X�R�X�b_QSR�X�kK\�R�X^�`_XR�^�`_XF\�k=lm\%V�T%UWR�X4d

� T%]_R@l�r�UWV�XRy]_b_X�^T%b�r4X�Rj[4Xb_^X�VjR�T�c�R�\�c;U=Q_X�r4X�R�f@Q;Xf��mT%bpXf�Q;X�nBUWb;UWn�\�k=T�^m\�];����Q;X�];�uV�X^�`;b_U=h�]_Xf
f�T%b�V7]_fj]_X�k=k=X�nBXb�V�X�n�c;kKTE�4lXfmd�e)\Fc;R�X�nBU=��R�X�\�c;c�X�k=lX|nBU=fjX�ZFkOa�lm^�`_X�kWkKX�x)q���,�~�=�W S¡�s|X�b�\�b_[�kK\�U=f�x�^T%b_fjU=fjV�X
ZynBT�Q;UN�pX�R�kK\|��T%b_^�V�U=T%bBQ6a:\%Qp\�c;V�\%VjU=T%b�c�T%];Rgh�]�a:X�kWk=X�c;R�lmfjXb�V�X�];b�[4R�\%QSU=Xb�V�nBT�Q_l�R�l�d�e)\�f�X^T%bpQ;X�\�c;c�X�k=lX
cp\�R�V�\�[4XYxHqm�t¢J�~£j�W S¡4sYXb�\�b_[�kK\�U=f�x
^T�b_fjU=fjV�XyZFcJl�b�\�kWU=f�X�R7kK\@��T%b_^�V�U=T%b�Q6a:\%Q_\%c;V�\�V�U=T%b�X�bo��T%b_^�V�U=T%bzQ;]�VI\�]S�
Q6a:\%[�R�l�[�\%VjU=T%b�Q_XykK\�cJT%c_];kK\�VjUKT%b�Q_\�bpf7kKXyr4T%U=fjUWbp\%[4X�Q6a ]_b�r4X^�V�X];R

α
cJT%]_R�l�r�UWV�X�R�k=XyR�\%f�f�X�n��;k=X�noX�b�V�Q;Xmf

r4X^V�X�];R�f
α
Q_\�bpf�]_b�c;]_UWV�fmd

eHXf�\%kW[4T%RjU=Vj`;nBXmf�[4l�bpl�VjU=h�]pXf�f�T%b�V�cp\�RjV�U=^�];kWUKl�R�X�noX�b�V�R�T%�;]_fjV�Xmf�X�V�cJX�RjnoX�VjV�X�b�V�Q_X�nBUWb;UWn�UKfjXR�Q;Xf
��T%bp^�VjU=T%bpfFbpXoc;R�lmfjXb�V�\�b�V�\�]_^�]_b_Xoc;R�T%c;RjU=lV�l�Q;X�^mT%b�VjU=b�];UWV�lzT%]�Q;XzQ;l�RjUWr�\��;UWkWU=V�l�d)eHXoVj`plT%R���noXB��T%bpQ_\~x
nBXb�V�\�kyQ;Xf�\�kW[4T%R�UWVj`;noXfo[4lb_l�VjU=h�]_Xfu¤�¥�¦~§yUWb_QSUKh�]_Xuh�]_XuQ;XfzfjT�]_ftxwf�lh�]_Xb_^Xfz^T%];R�V�Xf�Q;]¨cp\%R�\�nB�VjR�X
T%c;V�UWno\�kgT%b�V�];bpX�c_R�T%�p\%�;UWkWUWV�l���T�RjV�X�Q6a���VjR�X�f�l�kKX^�VjU=T�b;b_lXmf@Q;X�[4l�bpl�R�\�VjUKT%b©X�b�[4l�b_l�RI\�VjU=T%bHd�ªylm\�b;noT%UWb_fm�
UWk=f7R�XfjV�X�b�V�nBT�UWb_f�X�«o^m\%^mXf7cJT�];R�];b�c;R�T%�_k=��nBX�Q;T�b;b_l�h�]�a ]_b�\%kW[4T%R�UWVj`;noXyQ_l�V�X�RjnBUWb;U=fjV�X�fjcJl^UN�ph�]_X4d�¬�X
c;kW]pf�_k=Xf�b_T%n��_R�X�]S��cp\�R�\�no��VjR�Xmf�Q_X^T%b�V�R�®%k=X��pX�b�cp\�R�VjU=^�];k=U=X�R�c;R�T%�p\��;U=kWUWV�lQ;XF^�R�T%U=f�X�noX�b�VYXVYQ;X@n�];V�\~x
VjU=T%bH�%f�T%b�V�Q_l�kWU=^m\%V�fgZyR�l�[4k=X�Rmd��gbS�_bH��]_b�[4R�\�b_Q�b_T�n��;R�X�Q�a�l�r%\�k=]p\�VjU=T�b_f�Q;X�kK\|��T�b_^�VjU=T�b�¯�cJT%];R�k=X�^m\%k=^�];k_Q;X
kK\|��T�b_^�VjUKT%bBQ6a:\�Q_\�c;VI\�VjU=T%bJ°±XfjV�b_l^mXf�f�\%UWR�X�c�T%];Ri\%f�fj];R�XR�];b���T%b�b;U=r4Xm\�]oQ;X�R�T%�_]_fjV�Xf�f�X�X�Vg^XVgX�b_f�X�n��;k=X
Q6a�lr%\�kW]p\%VjU=T%b²cJX];V���VjR�XBVjR��mfF^T%³_V�X�]S�6d�ªyT%V�T%bpfFl�[�\%k=X�nBXb�V�h�]_XBk=Xf�\�kW[4T�RjUWVj`;noXf[�l�b_l�VjUKh�]_XfFcJX�];r�X�b�V
l�c;R�T%];r4XR�Q;Xf�Q;UN«o^�]_kWV�lfYZ�[4l�R�X�RYQ;X�bpT%n��_R�X�]_f�Xf�^T�b�VjR�\�U=b�V�Xfmd

´zµ/¶p·p¸�¹"ºE»±¼�½�¾B¿�½�¾º~¹/¼©À;ºE¹/·�Á¨Â)½uÂ±¹/¾ºm¸�¹/Ã±ÄHºE¹/·�Á

e�Xmf@\�kW[�T%RjUWVj`_nBXf@ZzXfjVjU=no\�VjUKT%b�Q_X�Q;U=fjVjRjUW�;]_VjU=T%bLx7qÅi�Æ��WÇ���Æ���Èm �ÈmÉ�Êy�=�Æ�£j�wËSÌ_Æ���Èm �ÍY�N¡_Èm£j�OÆ�¢_ÇB�@Î
ÅiÊ�ÍYs�X�bÏ\�b_[�kK\�U=f�xiT%b�V�l�V�l�UWb�VjR�T�Q;];UWV�f�cp\�R�Ðu];`;k=Xb��JX�UWbÏX�b©ÑmÒ�Ò4¥�¤WÑ�Ó�Ô;�6ÑmÕ�ÖS�_¥ & §w�SUWk=f�R�lf�T%kWr�X�b�V�k=X@c;R�T�x
�;k=�nBXiQ6a:T%c;VjUWnBU=f�\�VjU=T�bFr�UK\�];b�l^�`�\�b�VjU=kWk=T%b;b�\�[4XiQ_XgkK\���T%b_^�VjUKT%b

J(α)
dE×!k=f)fjT�b�VHUWV�lR�\�VjUN��fHXVHVjR�\Er%\�UWkWk=Xb�V)fj];R

];bBX�b_f�X�n��;k=X�Q_X7r4Xm^�V�X�];R�f
α
d%�gb�R�X�r%\%b_^�`_X4��ZykOa UWb�r4XR�f�X�Q;Xmfg\�kW[4T%R�UWVj`;noXf�l�r4T�kW];VjU=T�b;bp\�U=R�Xf�^�kK\�fjfjU=h�]_Xfm��UWkKf

b�a ]_VjUWkWU=f�X�b�V�b;U�T%cJlR�\�V�X�]_R�Q;XY^�R�T%U=f�X�nBX�b�Vm�4b;U�T%c�l�R�\�V�X�];R�Q;X�n�];V�\%VjU=T%bocJT�];Ri[4l�bpl�R�X�RikKX�b_T%];r�X�k�X�b_f�X�n��;k=X
Q;Xr4X^�V�X�];R�f

α
Z�V�XmftV�X�RmdJØ7XfYQ;XRjb;U=X�R�fYfjT�b�VY^I`_T%U=fjU=fYfj];UWr�\�b�VY];b_XFQSU=fjVjRjUW�_];VjU=T�bÏQ;Xc;R�T%��\��;UWk=UWV�l@UKfjfj]_XFQ;X

kK\���T%bp^�VjU=T%b
J
d_¬@\�b_f�k=Xf�Q_X�]S��^m\%fm�;k=Xf|\�kW[4T�RjUWVj`;noXf�V�R�\mr%\�U=kWk=X�b�V|\mr�X^@];bÏX�b_f�X�n��;k=XQ;X^m\�bpQSU=Q_\%V�f

α
X�V

k=Xf�c�T%UWb�V�f\m��\�b�V�]_b_X���T%b;b_X�cJX�Rt��T%Rjno\%b_^X�¯"q�Ù�Æ� 6Ú�����st°|f�T%b�V�]_VjUWkWU=f�lf@f�T%UWV@cp\�R@k=Xf@T%cJlR�\�V�X�]_R�f@Q;X�^R�T%UNx
f�X�nBXb�VyX�VyQ;XFn�];V�\%VjU=T%bucJT�];R|[4l�b_lR�X�R|kK\Bb_T%]_r4X�kWk=XFcJT�c;];kK\�V�U=T%bLQ;X�^m\�bpQSU=Q_\%V�fm�pf�T%U=VYc�T%];RyXfjVjUWnoX�R|];b_X
b_T%]_r4X�kWk=X�Q;U=fjVjRjUW�;]_VjU=T%b�Q;X7c_R�T%�p\%�;UWkWUWV�l7c�T%];R
kK\|R�Xm^�`_X�R�^I`_X�fj];UWr%\�b�V�X�d%eHX�^T%nBcJT%RjV�XnBX�b�V�Q_Xf�\%kW[4T%RjU=Vj`;nBXmf
Z�XfjVjUWno\%VjU=T%bÛQ;XoQSU=fjVjRjUW�_];VjU=T%b²R�X�c�T�f�X�c_RjUWb_^�UWc�\�k=X�noX�b�V�fj];RkKXB^�`pT%UN�©QS]©noT�Q;�k=XBQ_XBQSU=fjVjR�UW�;];V�U=T%b²];VjUNx
kWU=f�l@cJT%]_RYQ;l^�RjU=R�X@k=X^T%nBcJT%RjV�X�nBX�b�V�Q_X@kK\���T%b_^VjU=T%b

J(α)
d�Ø7X�k=];UNxw^�U�c�X�];VY��VjR�X@f�\�bpf�Q_l�cJX�b_Qp\�b_^X4�_\Er4X^

];b_X�Q;l�cJXb_Q_\�bp^X��;UWxOr%\�RjU"\�b�V�X�T�]Ü];bpX�Q;l�cJXb_Q_\�bp^X�n�];kWVjUNxOr�\�RjUK\%b�V�X�d�e)\�Q;U=fjVjRjUW�;]_VjU=T%b¨Q;X�c;R�T%�p\��_UWkWUWV�l
];VjU=kWU=f�lX�cp\�Ry]_bLnBT�Q_��k=X�f�\�b_f�Q;lcJX�b_Q_\%b_^X�bpX�Q;l�cJXb_QLh�]_X�Q6a ];b_X�f�X];k=X�r%\�R�UK\��;k=X�XV�XfjVyUWb_Q;lcJX�b_Qp\�b�V
fj];R^�`p\�h�]_X�r%\�RjU"\��;k=X�d6eHXf@nBT�Q;�k=Xf@f�\�bpf@Q;lcJX�b_Qp\�b_^Xmf@f�T%b�VfjUWn�c_k=XfZzno\%b;UWc;]_k=X�R@no\�UKf�b_X�f�T%b�V@cp\�f
R�X�c_R�lf�X�b�V�\%VjUN��f�Q_Xf7c;R�T��;k=��noXf�^T%nBc;k=X,�;Xf7cJT%]_R7k=Xf�h�]_X�k=f7k=Xmf�Q;l�cJXb_Q_\�bp^Xf�f�T%b�V�b_T�n��;R�X�]pf�Xfmd � T%];R�];b
nBT�Q;��k=X|Q;X|Q;l�cJX�bpQ_\�bp^X�n�];kWVjUNxwr%\�RjUK\%b�V�XYV�T%];V�Xmfik=Xf�Q_l�cJX�bpQ_\�b_^mXficJT�f�fjUW�;kKXf�f�T%b�V�c;RjU=f�Xf�Xb�^mT%n�c;V�X�d�e)\
k=T%U
Q_X�QSU=fjVjRjU=�;];VjU=T�bLkK\oc;k=]_f|]_VjUWkWU=f�lX�XfjVykK\ok=T%U±bpT%Rjno\%k=X�\mr4Xm^�T%]�f�\�b_f�^T~r%\�RjUK\%b_^X�dJeHXf@\�k=[4T%RjUWV�`;nBXf@Z
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MON3PRQ N3S�TVUWNHX1Y
J(α) Z�[W\ S [3] SVUWNHX�^�Q U [ UH_�N3`a`AN3bcPR^ed ] Q1_fU>g�b�T�Q1_fN.b�d ]�h N \i]fj ^ed�T�bcPkXR_,l�U h�\ S ]�\ PmTVd	b α n�o S \UHP Up^fQ d ]fh U!qsr	tvufw ] NpSxl \ S�yLd�QmTVPmzf`�N{_fNHX [ d�SGd�bfTVNHX�_�N}|Id ] Q `aTVX [ d�b h N3Qmy(N \ T�P�NHb ] bFb�d�`�~�Q N}g�b�T�_,l T�P UHQ \ PmTVd	b�X

h N3Q X�Sxl<d�^�PmT�` ] `�y	SGd�~ \ S#_fN�S \ |Id�b [ PmTVd�b J n
• ���8�����i�����������D���A�c�W�����I���a���f���v���c�D�8���8�v�c�
� N3P \ S�yLd�Q T�Pmzf`AN \ ^�^eN3SVU�� ���v���I�I� �I $¡H¢$�v�m£¥¤����I�V£a��¦v���I�I¤W§�¨pN3b \ bfy	S \ TVX \ U3PkU}^fQ d	^ed	X U}^ \ Q�© nvª ~%N3Qmz \ Q PNHP¬« nc N3b�b�NH_�®¯q�° J °3u n � d	`a`�N1Sxl \ S�yLd	QmT�Pmz�`�N1_�NHX [ d�SVd�b�TVNHX¬_fNR|Id ] Qm`�TVXW±(T�S ] PmT�S�TVX NRS \�[ d�S�S \ ~ed�Q \ PmTVd�b²N3bcPmQkN
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] PmT�S�TVX \ bcP ] bµNHX X \ T�`¶|Id	Qm`�Ua_�N·^ \ QmPmT [3] SVNHX.w ] l<T�S�| \ TVP.U h d�S ] N3Q \i]�[ d ] Q X._ ] P N3`a^�X n�¸¥[ z \�[3] b�Na_fN [ NHX^ \ QmPmT [H] SVNHX¬NWXmP \ X X d [ TGUHN ] b�N h T�P NHX X N n � N3S�SGN>¹ [ Te^eN3Q `�N3P{_,l<U h	\ S ] N3Q¬S \ ^ed	XmT�P TVd�b²_fN1S \ ^ \ QmPmT [H] SVN \i] ^ \ X¬_�N
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^%d ] Q.Pkd ] P N�Y²Sxl T�b�T�PmT \ S�TGX \ PmTVd�b n � N�_�N3QmbfTVNHQ�NHXmP.SVN�^fS ] X ] P T�S�TVX U [W\ Q�T�S}NHXmP.^�S ] X�XmT�`a^fSGNAY²^fQkd�y	Q \ `�`�N3Q�±
`Ad�T�b�X [ d	ÌfP N ]fj N3bFPkN3`a^�X�_�N [W\ S [3] S�N3P$N3b [�\ X�_fN [ d	b h N3Q yLN3b [ N	±vT�S*PkN3b�_ h N3Q X�SVN h d�TVXmT�b \ y(NpyLUHd	y	Q \ ^�zfTVw ] N n
º l \ S�yLd�QmT�P zf`�N�| \ T�PDNHb�X ] T�P NpU h d�S ] N3Q#Sxl<NWXmX \ TV`ÍN3b \ S�P N3Q b \ bcP [�\ S [3] Sc_fNHX#b�d ]fh N3S�SGNHX#^ed	XmT�PmTVd	b�XD_fNHX#^ \ QmPmT [3] SVNHXMIy	QkÎ [ N \i]�j�h TVP NHX X NHX \ XmX d [ TVUHNHX$Y [ NWX�_fNHQmbfT ´ QkNHX ZD\i] PmQkN3`�N3b*P�_�T�P [ z�d�T j _fN¬b�d ]fh N \i]�j�h N [ P N ] Q X α YRP NHXmP N3Q�±
NHP [W\ S [3] S�_fNHX$b�d ]fh NHS�SVNHX h T�P NHX X NHX \ X X d [ TVUHNHX \i]fj ^ \ QmPmT [H] SVNHX nLº N [W\ S [3] S�_fN [ N3PmP N h T�PkNHX XmN�PmTVNHbcP [ d�`a^�P N�_�N
P Q d�TVX�P N3b�_ \ b [ NWX n�º#\ P N3b�_ \ b [ N.YaX ] T h Q N¿X \ ^�Q d�^fQ N h d�TVN	± [ l<NHXmP¼¹ÉYv¹É_�T�Q N¿X \Fh T�P NHX X N \�[ P ] N3S�SVN	±fS \ P N3b�_ \ b [ N
[ d�b�X N3Q h	\ PmQmT [ N�Y�X ] T h Q N�X \ `�N3T�S�SGN ] Q N�^eNHQ¼|Id�Qm` \ b [ N \ T�b�XmT{w ] N�S \ P NHb�_ \ b [ N�^ \ b ] Qmy	TVN3b�b�N²Y�X ] T h Q N�S \`AN3T�S�SVN ] Q N�^eNHQ¼|Id�Qm` \ b [ NR_�NRXmNWX h d	TVXmT�b�X n � z \ w ] N�^ \ QmPmT [3] SVNR_fd�T�Pp_�d�b [ y \ Q _fN3QpN3b�`�U3`Ad�T�Q NRX \ `�N3TVS�SVN ] QkN^%N3Q¼|Id�Q ` \ b [ N	± [ l<NHXmP¼¹ÉYv¹Â_fT�Q N¾SGN h N [ P N ] Q α [ d	QmQ NHXm^ed	b�_ \ b*P�Y�S \�h�\ SVN ] Q J(α)

`aT�b�T�` ] `Ï_fNHX h N [ P N ] Q X
\�]�j w ] N3SVX�N3SVSVN�NWX¼P�^ \ X XmUWN n Æ d ] Q [W\ S [3] SGN3Q$S \!h T�P NHX X N�_�N{S \ ^ \ QmPmT [H] SVN \i] ^ \ X�_�N{PkN3`a^�X}X ] T h�\ b*P N v(t+1)

±
Sxl \ S�yLd�Q T�Pmzf`AN�Q N [ d	`�~fT�b�NRX \.h T�P NHX X N \�[ P ] N3S�SVNFM

v(t) Z ±LS \ ^%d	XmT�PmTVd�b
αi

Y¿S \ w ] N3S�SVN�S \ ^ \ QmP T [3] SVN \�\ PmP N3T�b*PpX \`AN3T�S�SVN ] Q NR^%N3Q¼|Id	Qm` \ b [ N \ TVb�XmTew ] N1S \ ^%d	XmT�PmTVd�b
αg

Y.S \ w ] N3SVSVN ] b�NR^ \ QmPmT [3] SVN1_fN!X d�b h d	TVXmT�b \ y(N \�\ PmP N3T�b*PX \ `AN3T�S�SVN ] Q N{^%N3Q¼|Id�Q ` \ b [ N n	ºD\ b�d ]fh N3S�SGN h T�P NWXmX N�_�N{S \ ^ \ QmPmT [3] SVN�NHXmP \ SVd�Q X [W\ S [H] SVUHN�^ \ Q$S \¿[ d�`�~�T�b \ TGXmd�bS�TVb�U \ T�QkN¿X ] T h�\ bcP N�Ð
v(t+ 1) = c1v(t) + c2(αi − x(t)) + c3(αg − x(t))

º N [ dcN>Ñ [ TVN3bcP c1 NHXmP�g j U._fN¿` \ bfT ´ Q N \ Qm~fT�PmQ \ T�Q N	±�N3P�SVNWX [ dcN>Ñ [ TVN3b*P X c2 NHP
c3

X d�bcP [�\ S [3] SGUHX \ SVU \ P d�T�Q N3¹`AN3bcP n�º#\ ^ed	XmT�P TVd�b¾_�N�S \ ^ \ QmPmT [H] SVN \i] ^ \ X�_fN�P NH`a^�X�X ] T h	\ bcPRNHXmP [W\ S [3] SVUHN¿^ \ Q�S \ |Id	Qm` ] SVN�Ð
α(t+ 1) = α(t) + v(t+ 1)

¸Dh�\ bcP�_fN�P Q d ]fh N3Q·Sxl�d�^fPmT�` ] `Òy	SVd�~ \ Sx±�T�S�NHXmP·^edLXmXmT�~�SVN²w ] N�Sxl<NWXmX \ TV`ÒX N²_�U [ d�`�^ed	X N²NHbÓX d ] X¼¹ÂNWXmX \ TV`�X
\�] P d ] Q�_,l<d�^�PmT�` ] `�SVd [W\i]�j,n

º NWX�^ed�TVbcP XR_fUHS�T [W\ PkXR_fN.S \ `�U3Pmz�dc_fN�X d�bcPRS \ _fU>g�b�T�PmTVd�b�_fN.S \ P \ T�S�SGN._�N¿Sxl<NWXmX \ TV`¾±�_ ]¯h d�TVXmT�b \ yLN�_fNHX
^ \ QmPmT [H] SVNHX1N3P!_ ]�[ d*N>Ñ [ TVN3bcP1_�N [ d�bfg \ b [ N c1 _fN.S \ ^ed�b�_�U3Q \ PmTGd�b¯S�TVb�U \ T�QkN n�Ô b�N h T�P NWXmX N�` \vj TV` \ SVN�NHXmP
UHy \ SVN3`AN3bcP}X d ]fh NHbcP$TV`a^edLXmUWN \ g�b�_�l<U h T�PkN3Q}w ] N�SVN�Xm®�X¼P ´ `�N¬�ÉN j ^�SVd	X N>¨ nLÔ bAN3b�X N3`F~fSVN�_fN�Q ´ y	SVNWX \ X X ] Q \ b*PS \�[ d	b h N3Q yLN3b [ N h N3QkX}Sxl<d�^�PmT�` ] `ÕyLSVd�~ \ S�_fNRSxl \ S�yLd�QmTVPmzf`�N1_,l<d	^fPmT�`�TVX \ PmTVd�b�^ \ QpNHX X \ T�`Ö_fNR^ \ Q PmT [3] SGNHXpd�b*P
UHP U�`aTGXmNWX�N3b¾U h TV_fN3b [ Naq J °W×�± J °Wrvu n
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αl
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Ψ =
[
ψ0 ψ1 ψ2 . . . ψn ψ1,1 . . . ψn,n ψ1,2 ψ1,3 . . . ψn−1,n

]T

Js =
[
J(α1) . . . J(αns)

]T
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ß1Ó;æ0Ú�Ô+Õ#Ñ�Ð0ÑTß
àFÑ�Ô�Ô+Ñ$ã�ÔjèYã&Ó�Ð�Ô�Ó/×�å è(ã0Ñ5%�687:90;=<?>8@�AB;=C89D9ECEC8F�CHG�IKJML�NPO�Ñ$æGÓ�æ�óß1Ó/å1ØD,

QKRM3
(Ψ) =
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i=1

(J̃(αi) − J(αi))
2 = ||XΨ − Js||22 = ΨTXTXΨ − 2ΨTXTJs + JTs Js
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1 + exp(−x) .
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√
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(
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¸ ��¨«¯��S¦'�h§«�M§¢�'���·�S�h¤�¦'�D�M§S�����e�£�w¦'¤2¯$¨���´-¦5�o�
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�³»��$¨S¨���¦'¨¢����¯o�M§«���h¨��*²5�M¦'§�¨��$¤2���=§·�'�h§o²��h�X�o��§¢�'¯�§��$¨S¤����'���S§��* ¸ ��¨«���������'�5��¤2�$�=§·¦'§��h�h����¯¼±o���5�S���S§��1±��$¥9���5�5�M�w§
µ�±��*�5�S���'¯$¨«�$¨��S�o�·¨�¯$¥����5�����

J(α)
±o��¤�¤2�z¯�§«�M�=§¢�����¢¨�¯o���h���«�M§S�����e�¢�X»�¦'�(¥'¨��=±o������¦e���M��¯;�M§����h¨«� J (α)

�5�¼�D�
 ���¨S¤2�2½

J (α) = µ(α) + z(α)
�1�M�5�3±��$§�§��\��ªw¥5¨������S�����

µ(α)
¦5�5�2 ����e±$§S�����¾�'�f¨«¯$�*¨������S�����¾�'¯$§���¨S¤��h�5����§«�\±$���*�S�S��´=¦5�®�F¥����h�=�5¿*¤����M���

¥G�M¨1��ª'�$¤�¥'���;¬�§«�M�e�����1´-¦e�
z(α)

���S§¼¦'�À¥5¨��=±��o�S�S¦5�1�S§��w±«°e���S§S��´=¦5�3¨���¥'¨�¯����$�=§n�M�=§¼�l»��$¨S¨���¦'¨1�'�Á¥'¨�¯��'��±$§S���*�
�'¦Z¤2�=�5Â$���_�'�_¨�¯$�*¨��o�S�S���*�

µ(α)
9Ãb� ±o���� ����e��¨«�����(Ä5�5�z�����b¯�±«°e�M�w§S�h�h���*�5�

Js
�$§
Js
¨����S¥9��±�§S�hºg�$¤f�$�=§b�'¦

¥5¨��=±������S¦5�
J
�$§¢�'�1���� ����5±$§S�����(�'¯�§��$¨S¤2�h�'���S§��

J
´-¦5�1��»����Z±«°5�$¨�±n°5�zµ2�M¥'¥'¨«�=±«°5�$¨;

¸ �¢¥5¨��=±������S¦5�£�M��¯o��§����h¨��
z(α)

�o��§Å�S¦'¥'¥��*��¯b�oºg���h¨¶¦5�5�¢¤2�;�g���'�5������¦\�o��¥�¯$¨«�M�5±o�;¬Æ�=¦'�h���
E(z(α)) = 0

²
¦5�5��º��M¨S�����5±��2±����=§n�M�=§��g²��5�*§�¯��

σ2
�
σ2 = E(z(α)2)

¬�²X��§1�D�Ç±��?º��M¨S�����5±��2�$�=§�¨����5�$¦�ªq�$¨S¨���¦'¨��
z(α1)

��§
z(α2)

���S§¢¯��-�M���_µÇ½

E(z(α1)z(α2)) = Cov(z(α1)z(α2)) = σ2Cor(α1, α2)
�*È

Cor(α1, α2)
¨��$¥'¨�¯o�S���=§��2���Ç ����e±$§S���*���5�f±���¨S¨�¯����M§S���*�����=§S¨��2���o�z¥9�����=§��

α1
��§
α2
É¡
���z°w�=¥9��§�°5Â������
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º-¯$¨S�%Äe�

Cor(α1, α2) = φθ,p(α1 −α2)
²=�$§
¯$�-�M���¼�M¦K¥'¨��=�'¦'�h§
�'���¶ ����e±$§S�����e�£�'��±���¨S¨�¯����M§S���*�

1D
�S¦'�hº*�M�=§¼½

Cor(α1, α2) = φθ,p(α1 − α2) =

n∏

i=1

e−θi|α1i−α2i|
pi

�*È
θi > 0

�$§
0 < pi ≤ 2

 ¸ �2 ����5±$§S�����
φθ,p

���S§�¦'�e�_ ����5±�§S�����À�5¯�±$¨������S�«�M�w§��3�'�����\�5��¨S¤f�3��¦®ºg�o±$§��$¦5¨
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z
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¥5¨��=±«°e���o'¡
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α1
�$§
α2
�M¦'�*¤f�$�=§��g ¸ » ����Í5¦5���5±��¼�X» ¦5�

¥����h�=§��'�z±o�M��±$¦'�
αi
�S¦'¨¢���Áº��M����¦'¨��$�

α
�'�h¤��h�w¦5�z�'���5±_µÁ¤2�o��¦5¨��z´-¦5�

α
��»"¯$�����h�*�e�z�'�

αi
 ¸ �3º*�M���$¦5¨¢�5�

θ
¥9�$¨�¤2�$§·�'��±o���=§S¨«¿����$¨
���_Îo�*�5�¼�X» �h��Íe¦5�$�5±��Á½=¥���¦'¨
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θ
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§��$�e�Ëºg��¨����'����¥'��±��Á¥G���������=§Á¥G�M¨Á�����Á¥9�����=§��
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pi
²
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µ(α)
½
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µ
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µ(α) = m
¬
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µ(α) = µ
¬£���(¥e�M¨����1�'�zÕ¼¨S�h�g�h�'�2�*¨����h�G�M�h¨��*²
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�1�M�5�����3±o�*��¨��3�'¦ÀÕ¼¨S���*�h�'�e²G���2 ����e±$§S�����
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J̃(α) = cT (α)Js
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c(α) = [c1(α)...cns(α)]T
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¸ »"���S§S�h¤f��§��$¦'¨�±«°5�*���S�
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1
¬S¬¼½

E(J̃(α)) = E(J (α)) (
ï ¸OðbÔ

1)
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?�":!�R�9��;8)4*� 9��;! fj , 1 ≤ j ≤ k ")4Q��0>R�9�(*�7"K1�"7��0`RS9��,8)4#� 9��p8:9<(*(#L)��0�4*� 9��pL:4305�N4�8nq,9�� !*� ":!Mf����h(#":!*4#" _
1�L)43")(*��� �,")($� ":!$O;0�(305��g:4*(#":! E σ2 f θ = [θ1 ... θns ] f p = [p1 ... pns ] fj")4 β = [β1 ... βk] ZjBr9�+�(�8nq,9�� !*��(
8:":!.O�05(305�7g)4*(#":!Mf G 0�83s2!:f,tu")� 8nq�f F ��4#83q,")� ��")4mtHdN���wv�xMyky{z�O�(39�OP9<!#")�	4.��0|43":83q��,� -/+,"�12��4#"�12+>�K0{V	����+��
1�"CYN(30�� !#")�QX���05�,8:"m�U})~K�{�	��~��<~������5�M���3�M����~��	�����M~����b���r�#�C")�`05��\<��0�� !MZ J 9����;0�� !#!#0��N4h+��e")�,!#")��X�� "T1�"
(#LM0���� !3054*� 9��;!.1�"$��0�R�9��;8)4*� 9�� J f2����!:%�05\<��4m1�"$4*(39�+�Yk":(�� ":!�O�05(305�7g)4*(#":!.1�+`O�(39�X�� g)�7":!.-/+,�W�70{V2����� !#")�	4���0
O�(#9<X;05X�� ����4#L�1W%'9�X�43")����(�8:":!�Y�05� ")+,(#!MZ��m+,4*(#")�7")�N4�12��4Mf����,!:%o0�\<��4�1W%'9�O,4*����� !#")(���0TO�(#9�X�05X���� ��4#L@8M9��,12� 4*� 9����;")��� "
P (J1, ...,Jns |σ2, θ, p, β) Z I ��\/L)�,L)(n05�afP� ":!TO�05(305�7g)4*(#"M! pi, 1 ≤ i ≤ ns !*9<�N4�83q,9�� !*� !�L)\/05+�V _

2 ")4$� "M!
O;05(n05��g)4#(#":! σ2, θ, β !#9���+,4*� 9��,!i12+7O�(#9<X�� g)�7".1,"��K0{V	����� !3054*� 9<�b6 F ? I D Zk?U0���L:4*q,9N1�"m1�+��K0{V	����+���1�"
YN(30�� !#")�QX���0��,8:"l")4���0|��L)4#q,9N1�"76�=@?�ATB D 8:9��;12+�� !#")�	4m05+>��^)�7" β ZI �[(#L:!*+���Lkf�OP9<+�($1,L�],����(�8:9���O�� L)43")��")�	4T��07R�9��,8:4*� 9��H1�"�8M9�Y�05(#��05�,8:" Cov 6�83q,9<� !���"�!#9�+,!$��0�R�9<(*��"
σ2
∏n
i=1 e

−θi|α1i−α2i|
pi D f/� ":!iO;0�(305�7g)4*(#":! σ2 f θ = [θ1 ... θns ] ")4 p = [p1 ... pns ] 1�9�� Yk")�N4h^:4*(#"mO,(#L:8)� !#L:!MZ

?�%o05O�O,(#9N83q;"�6�=@?�ACB D �,"�OP")(*�7")4eO;0�!e1,"�8M0�� 8)+�� ":(e8M":!�O;0�(305��g:4*(#":!Mf@8:")+2V	�&8)��1�9���Yk":�N4`^)4*(#"b]�V2LM!`05+
O�(#L�05��05X���"<Z I ��(#")Y�05�;83q,"<f��a%o0�O�O�(#9	83q,"�RS05��!#0��N4�05O�OP":�h05+��70{V2���Q+���1,"�YN(305� !#")��X���05�;8:"�OP")(*�7")4Q1�"�� "M!
8M05��8)+�� ")(Q6���"$Y/":8)4#":+�( p ":!*4m8:")Oj")�,1;05�N4m!#9�+�Yk":�N4�]�V2L�0|O�(*��9�(*� D Z,?U0|��L:4*q,9N1�"76S=h?�ACB D �,"�OP":(*��")4m1,9��,8
1�"K8M05� 8:+�� ")(�-/+,"7� ":!�8:9N"��K8)� ")�	4#!Q1�"7�a%o0�O�O�(#9MV2���7054#� 9��w�����,L�05��(#" J̃ f���":!�O;05(n05��g:4*(#":! θ ")4 p L)4n05�N4�]�V2LM!� 05�;12� !�-/+,"7��0c��L)4*q;9N1�"�6 F ? I D 8M9��,12+,��4 _ +��,"K")V	O�(#"M!*!*� 9���1�"7�a%o05O,O�(#9MV2���7054#� 9��w�����;LM05��(#"7��1�")�N4*��-/+,"
")4mOP")(*�7")4m")�b9�+�4#(#"l1�"�8M05��8)+�� ")(m� ":!.O;0�(305��g:4*(#":! θ ")4 p Z;?�0�Y�05(#��05�,8:" σ2 f;8M05� 8:+���05X,� "�05��05��dN4*��-/+,")�7")�N4
\<(3�<8:" _ ��0���L)4#q,9N1�"K6 F ? I D f���%'���N4#")(#YN� ")�N4C-/+,"l1;05�,!.�a%'")V	O�(#"M!*!*� 9��b1�"��a%o")(*(#")+,( F[G2I �K05� !.O;0�!m1;05�,!.� "
8M05��8)+���1,"$�a%o05O,O�(#9MV2���7054#� 9��`� ���,LM05� (#" J̃ Z� +,"�� ":!$O;05(30���g)4*(3":! θ ")4 p 05� ")�	4�L)4#L|83q,9<� !*� !$9�+H8M0�� 8)+�� LM!TO;0�($��0K��L)4*q;9N1�"`6 F ? I D fP�a%o":!*4*���70�4#")+�(
�����,L�05��(#" J̃ 1�"$��0QR�9��;8)4*� 9�� J 8M05��8)+�� L�O;05(���0���L:4*q,9N1,"�12+c $(*��\k����\�"M!�4mL)\/05� _ ∗ E

J̃(α) = fTα β̂ +KT
αC

−1(Js − F β̂)

9�¡






• β̂ = (F TC−1F )−1F TC−1J̃s

• fα = [f1(α) f2(α) . . . fk(α)]T

• Kα = [φθ,p(α− α1) ... φ
θ,p(α− αns)]

T

• F =






f1(α1) f2(α1) . . . fk(α1)ZZZ ZZZ ZZZ ZZZ
f1(αns) f2(αns) . . . fk(αns)






• C =






φθ,p(α1 − α1) φθ,p(α2 − α1) . . . φθ,p(αns − α1)ZZZ ZZZ ZZZ ZZZ
φθ,p(α1 − αns) φθ,p(α2 − αns) . . . φθ,p(αns − αns)
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Þ�ß:àlá7â)ã*ä,å	æ�ß:à�æWçoå�è�ã*é�á�é à3ê5ã*é å<ëuì å	íMê5ì ß7í3ä,ß:î#í3ä,ß)ë	ãlìaç'å<è�ã*é�á�ï�á�æ�ß�ì�ê�ðSå�ë,í)ã*é�å�ë�å<ñ2ò�ß:í:ã*éóð�æ;ê5ë,àlì�ß

ô å�é à*é�ë;ê5õ/ß$æWç ï�ë,ß ô ê�ì ß)ï�î@é�ë,é�ã*é�ê5ì ßkö�÷@ß:àhá7â)ã*ä,å	æ�ß:àhð�å�ë,í)ã#é å�ë�ë;ß)ëNã�æ,ê5ë;àhì ß$íMê�à�å�øeì�ê�ð�å�ë;í)ã*é å�ë`å<ñ2ò�ß:í)ã#éóðÏß:à*ã
ì å	íMê5ì ß:á�ß)ëNã�í:å�ë ô ß�ù2ß<ú2ß)ì�ì ß:àhèjß)î*á�ß:ã*ã#ß)ëNã.ê5ì å�î3à@æ�ßCã*î3å�ï ô ß:îhï�ëeá�é�ë�é�á�ï�áûæ,ê5ë,à@íMßTæ�å�áKê5é�ë;ß<ö	Þ�çoê ô ê�ëNã3ê5õ/ß
æ,ß:àlê�ì�õkå�î*é ã*ä�á�ßMà�æWçoå�è�ã*é�á�é à3ê5ã*é å�ëuì åNíMê5ì ß|î3â:à*é æ�ß�æ,ê�ë,à$ì ß:ï�î�î3ê5è,é æ2é�ã#âköjÞ�ß)ï,î�é�ë,í:å�ë ô â)ë�é�ß)ëNã�è�î*é ë,í)é�è;ê�ì�ß:à*ã
ì ß:ï�î|é�ë,íMê�è;ê�í)é�ã3âeübã*î3å�ï ô ß:î�ì ß�á7ß)é�ì�ì ß:ï�î|å<è�ã*é�á�ï�áþý�ìaç'å<è�ã*é�á�ï�áÿõ<ì å�ñ�ê5ì���ö�÷hß:ã*ã#ßeà*ßMí)ã*é å�ë ê�â)ã3âKî#âMæ2é�õkâMß
è,î*é�ë,í)é è;ê5ì ß)á7ß)ëNãCü�è;ê5î#ã*é�î.æ,ß:à.í:å�ï,î#à�� � Ë ú����&ö

	�
��������������������������� �!���#"$�%�&���('*)+	,�(-.�/����01
2���������!�3�54�6&01���&�27
÷hß:ã*ã#ß$á7â)ã*ä,åNæ,ß�ß:à*ã.æ�â:ã#ß)î*á�é�ë�é à*ã#ß�ß:ã.æ2é�î#ßMí)ã#ß�æ,ê�ë,à�ì ß�à#ß)ë,à.å�øcß)ì�ì ß$ë�ç ï�ã*é�ì é à*ß�è;ê�à.æWç é ë2ð�å�î*áKê5ã*é å<ë

à*ï�î$ì ßMà$æ�â)î#é ô â:ß:à�æ�ß�ì�ê7ð�å�ë;í)ã*é å�ëHå�ñ�ò�ß:í)ã*é�ð�ö�8�ì�ì�ß|ê�â)ã3âQé ëNã*î#åNæ�ï�é�ã#ß|ß)ë:9*;<=�Kè;ê5î?>Cß:ì æ�ß)î�ß)ã?@bß�ê�æA�B9*�=C�� ö
8�ì�ì ß�ê|ìaçoê ô ê5ëNãnê5õkßlæWçED:ã*î#ß�ü|ì�ê�ð�å�é à.î#å�ñ�ï,à*ã3ß�ß)ãmà*é�á�è�ì ß�ü|è�î#å�õkî3ê5á�á7ß)îMú,ß)ãmæWçoê ô å�é�îmæ�ßMà�ã#ß)á�è,à.æ,ßlíMê5ì í)ï,ì
ðaê5é�ñ�ì ßMà:ö%8�ë�è;ê5î*ã#é í)ï�ì�é ß:îMú	ß)ì�ì ßTß:à*ãhèPß)ïeà#ß)ë,à*é�ñ,ì ß$ê5ï�ñ�î*ï�é ãMöNÞUêlð�å�ë;í)ã*é å<ë�å<ñ2ò�ß:í)ã#éóð�èPß)ï�ã@æ�å<ë,íFD)ã*î#ßTíMê�ì í)ï�ì âMß
æ,ß|áKê5ë�é�G)î#ß7ê5è�è�î3åMù	é�áKê5ã*é ô ß7ê�ïuíMå�ï�î#à�æ�ß�ìaçoê5ì õkå�î*é�ã#ä�á�ß�æ�ß�î#ßMí3ä,ß)î#ínä,ß�æ�ß�ìaç'å�è,ã*é�áQï,á>öIH�ì�ê`æ2éKJjâ:î#ß)ë,íMß
æ,ß:à|ê5ï,ã*î#ß:à|ê�ì�õkå�î*é ã*ä�á�ßMà�æWç'å<è�ã*é�á�é à#ê�ã*é å�ëpì åNí�ê5ì ß<úÏí:ß)ã*ã3ß7á7â)ã*ä,å	æ�ßKë,ß7è�ê5î*ã�è;ê�à|æWç ï�ëpèPå�é ëNã�æ,ßKæ,â)è;ê5î#ã
áKê5é àmæWç ï,ë>èPå�ìBL	ã#å�èPß<ú;í<ç'ß:à*ãCü�æ�é�î#ßlæWç ï,ë,ßNM,õkï�î#ß�õ/â:å�á�â:ã*î*éPO/ï;ßlæ�ß

n+ 1
èPå�é�ëNã3à:öP÷hß)ì�ï,éKQ&í)é�ß:à*ãmí:å<ë,à*ã*î*ï�é ã

è�ê5î$ã*é�înê5õkß�ê�ì âMê5ã#å<é�î#ß|æ�ç ï�ë[èjå�é�ëNãMújë,å�ã#â
α1

újæ,ê5ë;àTì&ç'ß:à*è;ê�í:ß�æ�ß�î#ßMí3ä,ß)î3í3ä,ß<öjÞ�ß:à
n

èPå�é�ë	ã#à$î#ß:à*ã3ê5ë	ã#à�ý
i =

2, ..., n+ 1
�@à*å<ëNã.æ�å<ë�ë,â:à�è�ê5î�ì�ê|î#ß)ì�ê�ã*é å�ë1R

αi = α1 + λiei

å<ø�ì�ß:à ô ßMí)ã#ß)ï�î3à
ei

ú
(i = 2, ..., n+ 1)

úNð�å<î*á�ß)ë	ãhï,ë,ßTñ;ê�à#ß$æ�ßTìaç'ß:à*è;ê�íMß$æ�ßCî3ß:í3ä,ß:î#í3ä,ß$ß)ã@ì ß:à�à*í�ê5ì�ê5é�î3ß:à
λi

ú
(i = 2, ..., n+ 1)

à#å�ëNã�æ,ß:à@íMå�ë,à*ã3ê5ë	ã#ß:àlý�ß)ëeõkâ)ë;â)î3ê5ìaú2ß:ì�ì ß:à�à#å�ëNã@ã#å�ï,ã#ß:à@è�î*é à#ß:à�â)õ/ê5ì�ß:à�üQì�êQáSD)á7ß ô ê5ì ß)ï,î
λ
��ö,Þ�çoê�ì�õkå�î#é�ã*ä�á�ßlæ�ß$î3ß:í3ä,ß:î#í3ä,ßlæ2ï`á�é�ë�é�á�ï�áûè,î#åNíTG:æ,ß�æ�ß�ì�ê�áKê5ë�éPG:î#ß�à*ï�é ô ê�ëNã#ßSR
9<öVU&ì�å�î#æ�å�ë,ë,ß$ì�ß:à�èPå�é�ë	ã#à.í:å�ë,à*ã*é ã*ï;ê5ëNã.ì ß$èjå�ìBLNã3å�èPß�æ,ß$á7ê�ë�éPG)î#ß�ü�ê ô å�é�î�R

J(α1) ≤ J(α2) ≤ ... ≤ J(αn+1)

Þ�ß$èjå�é�ëNã
αn+1

ß:à*ã.æ�å<ë,í�ì ß$è�ì ï,à�á7ê�ï ô ê5é�à�èPå�é�ë	ã.ß)ë>ã#ß)î#á�ßlæ�ß$á�é�ë�é�á�é à3ê5ã*é å�ëcæ�ß�ì�ê�ð�å�ë,í)ã#é å�ë�ö,Þ�ß
èPå<ìBLNã#å�èjß�ß:à*ãmê�ì å�î#à�ë,å<ã#â

P =< α1, α2, ..., αn+1 > WC2öVU&ì�íMê5ì í)ï,ì ß$ì ßlí:ß)ëNã#î#ß�æ�ß�õ<î3ê ô é�ã#â
α

æ2ï`èjå�ìBLNã3å�èPß
P =< α1, α2, ..., αn+1 > WË öVU&ì�ßXJjß:í)ã#ï,ß�ì�ê�î#âZY;ß�ù2é å�ëHæ�ï[è�ì�ï;à$á7ê5ï ô ê5é à$èPå�é ëNã�ý
αn+1

�mè;ê5î�î3ê5è�èjå�î*ãlê�ïHí:ß)ë	ã*î#ß|æ�ß|õ<î3ê ô é�ã#â|æ2ï
èPå<ìBLNã#å�èjß$è;ê5î.ì�ê|î#ß)ì�ê5ã*é�å�ë1R

αr = (1 + a)α− aαn+1å�ø
a > 0

ß:à*ãmê5è�èjß)ì â�íMåNßZ[Kí)é ß)ëNãmæ�ß$î3âZY;ß�ù2é å�ë>æ�ï`èPå<ìBLNã#å�èjß
ýSê�]\Né

J(αr) < J(α1)
ú�í:ß�èjå�é�ëNã|ê>æ2ï�èjå�ã#ß)ë	ã*é ß)ìiß:ë�ã#ß)î#á�ß7æ�ß7á�é�ë,é�á�é à3ê5ã*é�å�ëwæ�ß7ì�êeð�å<ë,í)ã*é å<ë

å�ñ�ò�ß:í)ã*é�ð�ö{Þ�çoê�ì�õkå�î*é ã*ä�á�ßiã#ß)ë	ã#ßiï�ë,ßhß�ù	è�ê5ë,à*é å�ë|æ,ê�ë,àUì�êCæ2é î#ß:í)ã*é å<ë�æ,ß
αr

ß:ë�í�ê5ì í)ï�ì�ê5ëNãÏì ßièPå�é�ë	ã

αe = bαr + (1 − b)α

å�ø
b > 0

ß:à*ã|ê5è�èjß)ì âKí:å	ßZ[7í)é�ß)ëNã�æWçoß�ù	è;ê�ë,à*é å�ëpæ2ïpèPå�ìBL	ã#å�èPß<ö�\Né
J(αe) < J(αr)

ê5ì å�î3à�ì�ß
èPå<é�ëNã

αe
ß:à*ã@ê<í:í:ß)è,ã#âTß)ãhî#ß)á�è�ì�ê�í:ß

αn+1
ö	Þ�çoê�ì�õkå�î#é�ã*ä�á�ßCî3ß)ã#å�ï�î#ë,ß$ü�ìaç'â)ã3ê�èPß

1
ö.\Né ë,å�ë�ú	í<çoß:à*ã

ì ß7èPå�é�ë	ã
αr

ONï�éißMà�ã^M,ë;ê5ì�ß)á�ß)ë	ã�ê�íMí:ß)è�ã#âkú�é�ì�î3ß)á�è,ì�ê�í:ß
αn+1

ú�ß)ãQìaçoê5ì õkå�î*é�ã#ä�á�ß7î#ß)ã#å�ï,î*ë,ß�ü
ìaç'â:ã3ê5èPß

1
ö

ý�ñ_�]\Né
J(α1) ≤ J(αr) < J(αn)

ê5ì å<î#àTì ß�èPå�é�ëNã
αr

ß:à*ã�ê�íMí:ß)è�ã#â|ß)ã$î#ß)á�è�ì�ê�í:ß
αn+1

újß)ãTì&çoê5ì�õkå`Q
î*é�ã#ä�á�ß�î#ß)ã#å�ï,î*ë,ß�ü�ìaç'â)ãnê5èPß

1
ö
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�k���]�(�
J(αn) ≤ J(αr) < J(αn+1) �c�P�=�m�����u�c�P��`� �B�m�.�S���m�X�(�+�!�.����� � �(� �+� �X��� � ���Z�%�+� � ���#�X�� �c� �X� ��� �(� � �N� � �B�(�

αc = cα+ (1 − c)αr

�`� c � � � � �^� � �Z���X���X�(�����^� � �%� �+� �X�m� � ���.�!� �`�P� � � ��� ��(� J(αc) < J(αr) �c�P�`�m�¡� �^� � �B�%� αc� � � � �T�T�X�.�+¢?�X� � �T�£� ��� �T� αn+1
 .¤ �u�c�P��`� �B�m�.�S� � �X� � � � ���^¥ ��� ¢X� � ��� 1

 _�(�B� � �I¦.� � � � � � �N� � �B�(�
αr § ���I� � �©¨�� �c� �X���X�(� � �T�T�T�.�m¢=¦.� ��� �X�S� ��� �*� αn+1

¦��X� ���ª�c�B��`� �B���.��� � �X� � � � ����¥ ��� ¢X� � ��� 1
 

�«���]�(�
J(αn+1) ≤ J(αr)

¦¬�*�F� � �B�(�V� � �©� �m*� � � ��® � � � �X�$�m� � �S�N� �E� �.���P�£� �+� ��� � �$�.� ���°¯k� ���T��� � �
�`±¬² �*�X��� ¯  �¤ �ª�c�B��`� �B���.���N�m�X�%�m�N�.���?� � �%� �+� �T��� � �]�B�(�m� � ���?�X�!� �c� �T� ��� �%� � �N� � �B�(�

αc = cα+ (1 − c)αn+1

�(�
J(αc) < J(αn+1) �c�P�`�m��� �!� � �B�%� αc � � � � �T�T�X���m¢��X� � �X�£� ��� �T� αn+1

 ³¤ �u�c�P��`� �B�m�.�S�
� �X� � � � ���´¥ ��� ¢X� � ��� 1

 ��(�B� � �I¦ � ��� �`�P� � � ����� � �.���X�(���P� � � � � � ¢T� � ¢T�X�µ T¶ � � ��� � � αi, i = 2, ..., n+1
��� �(� �`�P�`�m�·� �X�S� ��� �*¢ � � �c�

αi = dαi + (1 − d)α1

�`� d � � � � �?� � �Z���T�P�X�(�¡�.� � ¢X� � ¢T�X� �m� �X���X�(�V�.�$� �=�B� � � �¸�= ¤ �u�c�B��=� �B���.��� �*�u�c���+¹ �m� �P�`�+� § ��� � �£��¢X� ��� �T�X�S�X�%���¬�º� �`�B� � � ���£� � �����o�B�m¢ �+� ��� � �»¥ ���u� ��� � �]�k� � � � �½¼¾¥�¼¾�¬� � ��X�(� � �����X�¬��¢X� � ��� � 1
�.� �µ�u�c�B��=� �B���.�����T�K¼µ�.� �m� � � � � � � � �¬� �+� �S�S�X�%� ¯«� � ±.� �= %¿ �À� �ª� �.� � � � �m� � ��� �³���u�`�B�� ¼

� �B�����S� �T�u�`���m¹ �m� �P�`�m� § ���
1

n

n∑

i=1

||αk+1
i − αki ||2 < ε

�`� αk+1
i

� � � � � � �X�S� ���`Á�� �(�o�¬� �m� �£�S�X� αki ¥ �µ� �B�m¢ �+� ��� � � k + 1
�X�
ε
� � � � ��� � �B� X� �À� �u�`���m¹ �°¨.�¬¢ � �� � ¢ �c���c±.� �= �¤�� � ® �c� �T� �m�¡� � � ��� �c� � � �.� � � � � � � � �(�+� � �.� � ¢XÂ��Z�%� � �Ã� a �Z¦�� � �Z�%� � � � � � �Ã� b �Z¦������ � �%� �+� �T��� � ��

c
�©�X�V��� � ¢X� � ¢T�X� �m� �X�S�T�(�^� d � ��� �(��Ä







a = 1
b = 2
c = 1/2
d = 1/2

Å,Æ2Ç�È�É�Ê�Ë(ÌSÊ�Ë!Í�ÎcÏ.Ê�Ð&Ë%Ñ�Ç!Ò½Î�Ë(ÌTÇ�Î�Ë%ÐkÑ_Ç�Ë(Ì£Ï�ÓIÔ5ÕÏ�Ì£Ê³ÖKÉ_×�Ç�ÐkØ»Ð�Ì*Ï.Ç�Ð�É_Ñ�Ì*Ï�Ñ�ÌSÕÉ�Ñ_Ç�Î�Ï�Ð&Ñ�Ç*Ë�Ù
Ú � � �S¢X�m� � �.� � � �E� �.���B�S� �+� ��� � � �m� �(���.�B�m� � �S¢X�m� � �.� � �.�´�.� � �*�X�(�m�= �ÛN� � � �.� X� � � ¢X��¢ �}�c� �=¦ ���u�`�B�� ¼

� �B�����S�¡� �c� �r� � �.��®2�T�X�m�T� � �B�.�P��� �c� α0
¦(�X�³�+�X�(�m�F�X� � �.�B�m�F�.��� � �(®� ��� � � �P�m¢ �+� �m�B®�X���X�(�³®2� �m� �.� � �.���B���.�

�P� � �c� �X� � �.�B® � �%�·�.��� � ¢ � �P���.�N®�*�X�m�X� �m� �.¢Z¨��.� � �.� ��� � � �.� X� � � �.�B® � �%�m�£Ä

αi+1 = αi + hi+1ui+1

�`� hi+1
�X�
ui+1 � �X� � ¢ � �X�(�m�X�%� � � � �¸�T�X���P®�X�S�T�(� � ��� �=� �X� ��� �.� � �T�X�m� � �1�.�o��� � �T�X�(�+�=¦ i + 1 ��� �B�m¢ �+� ��� � ��X�Ã� � � �+� �T� i ��� �B�+¢ �+� ��� � �1� � ¢T�T¢T���X�(�m�= �Ü¡��� ¯k� � ����� �¬� � �T�X��� � �»�.���.� � �T�T�(�m�S�}� � � � �P�=¦ ���u�c�B�2�`� �B�����S��� � �B�� �c� �X� � � �?� �o� �`� �.� ��� �.� � �T�X�(�+��� �c� �.���o�S¢X�m� � �.�£� �E� �.���B�S� �+� ��� � �º� � � � �.� � �T�X�m� � �.��� �B� �= �¤��o�+� � �K�Ý�.�

��� �.� � �T�X�m� � �#���°�.� � �T�T�(�m�°�T� ���£¯��`ÁT� �Ý�.�°�+� � � � � ��� �°� �`� �¬� � �m�B� � ���T�(� � � � �.�KÞ¸¢ � �X�(� �N�c�P��`� �B�m�.�S� � �X�%� � ��X�¬�� .¤��N� �=� hi+1
� � � § � �`� �K¨�¢�� �E� �����B� �`���P�`�m� § ���£Ä

hi+1 = argmin
h
J(αi + hui+1).

¿ �/� �+� ��� § ���=¦ ���u�c�B�2�`� �B�����S������® � � �`�^² � � § � � ¥»� �m� �.®� �À� ���£�B�.�P�°�.� �=�P�=±��c� � � � �À��� �¬� � �T�T��� � ���.�
�.� � �T�T�(�m�^� � � ��� �°� � �(�m�X�%�m�°�¬��� � �T�£�P� �F� �.���B���.�ß� �m� �.®¢= _¿ �#� �u� �.� � � � �m� � �S� ���P�`�m� § ��� ���u�c�P��`� �B�m�.�S��+��� � �+��� � �N� � �B�(� § �.���S�B�.�B�S� � �?�ZÞ¸�*�X���B®�T�S�X�(� ���°¯k� ���X��� � � �`±.² �T�X�m� ¯ � � � �·��� �¬� � �T�X��� � �]� � � �+� �%�m� ui+1
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• ÷Àø&ù�ú�ûcü�ý�þ�ÿ�� � ��ù�û�� � ü�����ý	��
���	�ú����Tý�����ý
�������������! #"��#$%	�'&(�*),+*��-(&.&���-()��/�0&1"� ,�*+��#"/�!-2�!334�5),6*�870+*�*�9���'&1:.�� ;�!&1"��*-<��=�>?-2�A@4�*�B),�!"9�����DC���+��,��:( 

α − ∇J(α)h E h ≥ 0)
)#"9�#:�6F)G:( '�/�H&��%	"JIK&1 ;�!"9�,�03��5)#);�!-<�'3��� 

α
�*�8&1"9 #"9�L6*�03��! '�NMO�!334�5),6F&1:P�5 ;�5&1"���-��

�*-
α
=�Q��! ,),RL:(�

h
�*)#��)#:1SH);��%T%U��-<�WVX��"9Y(���5ZL���'&6*C������!3(3���%	�*-<�W��"9%T"9�,6'&�D�/�[VX�!-(+��#"/�!-

J
��-.+��\3��5"9-<�B�*)#�

6*�L����7^]
J(α− h∇J(α)) = J(α) − (∇J(α)|∇J(α))h+O(h2)

= J(α)−||∇J(α)||2h+O(h2)
︸ ︷︷ ︸

≤ 0
≤ J(α)_ -`&6*3�/�!+���%	��-��H&(�!-()U�/�a&1"9 ,�*+*�#"��!-b�!334�5),6*�c�!:d�5 e�!&1"���-��H+��!-(&1:"��H&�5-(+c7f:-(�c&1"9%	"9-<:�,"��!-b&�g���

VX�!-(+��#"/�!-2�5Y1hG�*+��,"JVG=�Qi�0&"9 ,�*+��,"��!-^&1:.�� ;�!&1"��*-<�B��)G��&�!-(+':-(�'Y��!-(-(�'&"9 ,�*+��,"��!-2&(�'&��)#+���-<�,�'���! ,),RL:��D�NMO�5-
+e$(�� ,+;$��j78 ,6*&1:("9 ,���/�DVk�5-(+��#"��5-	�5Y1hG�*+��,"JV4���?���B3( ,�<+*��)#)#:�)l"9�,6� ;�!�#"JV4+e$(�!"�)#"(3��� l�/�*)m���9�L�! #"9�#$(%	�*)?&(�B�5 ;�5&1"���-��
)�MO6�+� #"9�j&(�!-(+	]

αi+1 = αi − hi+1∇J(αi).Q?Mn���9���! ,"9�#$%U�T&(�o�� ;�!&1"��*-<�07.3p�!)q+*�5-()#�;��-<�r+;$(�5"�)#"9�[���T3p�!)q&�T�/�^&�*),+*�*-<�,�	&�T%U��-"/s� ,�U�� #Y"��# ;��"9 ;�
�*�B+*�!-�)G�e��-<�,�[��:2+*�5: ,)B&�'�NMt�������! #"9�,$%	�8&�D ,��+;$(�� ,+e$(�'&1:2%T"9-("9%0:%u�!:^6�C��!�9:(�#"9C�� E �,��-(&���-<�B3 ,�!�� ,�*),)G"9ICL��%	��-��\C��� ,)\v�6* ,�LwA=�xK�i��)G�D�,�!:�,��Vk�!"�)\"9-<�,6* ,�*),);��-<�D&(�q ,��%U�! ,RL:(�* DRL:(�r)#"����q3p�!)\3 ,��-�&y&�*)\C!�����*: ,)\�# ,�53
VN��"9Y����)\�����! ,)��/�T+*�!-<CL�� #���*-(+*�[&(�8�NMt�!�9���! #"��#$%	�q),�� ;�F���*-<�,�5=

• ÷Àø&ù�ú�ûcü�ý�þ�ÿ�� � ��ù�û�� � ü�����ý	��
���Sú�
�ý�ükÿ���ø³úpzd��ø�ù_ú�ûcü�ý�þ�ÿ�� � �c
�ø{zi�£ù_û��(� � � � �<��������ý��
���������9�L�! #"9�#$(%	�D3 ,�<+�s*&�'&�D�/�q%U|�%	�D%U�!-"�s� ,�'RL:��\�NMn���9���! ,"9�#$%U�D&(�\�5 e�!&1"��*-<�B7r3��5)�+*�!-�)G�e��-<��7q���

&"J@46� ,�*-(+*�\3 ;s*)WR<:}M "9��+;$(�5"�)#"9�W���\3��!)�&�\�/�r&��)#+���-<�,�D&�\�,�*�9���D),�! #�,�DR<:(�\�/�r&�*),+*��-��,�D),�!"9�W�/�q3�9:�)W�ASH+��!+��
&���-()��/�T&1"9 ,�*+*�#"��!-g���<+����/�[&1:g�5 ;�!&"���-<��~��-g&}Mt��:�, ,�*)��,�� ,%	�*)

hi+1
�*)#�\&6A�(-"}3��� r]

hi+1 = argmin
h
J(αi − h∇J(αi))

�B���q���9���! ,"9�#$%U�5Z4�!33����/6q�*���������l�;���D��;���*�;���{�F��-f��-�5����"�)8�*)#�8�NMt�������! #"9�,$%	�o&�o&�*),+*�*-<�,�F���F3�9:()83��!3:I
�/�!"9 ,�5=�>?-�3 ;�!�#"�RL:(��Z�+*�o-}MO�*)#�[3��!)[���o%T"�-"9%0:%��5���!Y��!�l&���-()[�/�2&1"9 ,��+��#"��!-f&(�T&�*),+*��-<�;�TRL:"?�*)#�[:�#"9��"�),6
%H��"�)����[3 ,��%	"��� �%	"9-"9%F:%u�, ,�!:CL65=

� �5: ���33��"�RL:(�� B+*���,�,�\%U6��#$(��&�5Z<"9����)G��"9-(&"�)#3���-();��Y(���D&(�D);��C��5"9 ��# ,�!:CL�� W�/�\3��5)W$ E h > 0
wl%	"9-"9%T"9I

);��-��\�/�oVk�!-�+��#"��!-
J(α − hu)

Z��5�
J
Z
α
���
u
),�!-<�D+��!--<:�)*=��B���#�,�q ;�*+;$(�� ;+;$(�r�*)#�jVX��"��,�07	+;$��5RL:(�q3��5)\&(�

�NMn���9���! ,"9�#$%U�[&�q&�*),+*��-��,�5=>?-y&6A�(-("�)#);�!-<���/�FVk�!-(+*�#"��!-
q(h)

&�[�/�F%H��-"�s* ,�[)#:"9C!�!-<�,�	]
q(h) = J(α− hu) − J(α)

���	3 ,�!Y(��s�%	�	 ,��C<"/��-<�0�!���! ,)072�, ,�!:CL�� 
h
�,���WRL:(�

q′(h) = 0
= � �!:( r+*���/�^"9�m�A�1"�)#�,�T3��:()#"���: ,)[VX�5�*�!-()r&(�

3( ,�<+*6*&(�� j&(6*+� #"9�;�*)�3��� j�m��-(&(�� #3�/�����,)q�t�1�����K=
Q��T%U6��#$(�<&(�[���o3��:()j3��� #Vk�! #%H��-<�,�0�!+��,:(���9���*%	��-<�D�*)#�\�/�o%U6��#$��<&�r&�q�f�!�JVk��=(Q��q3��!)

h
�*)#�\�5Y�,��-<:

�*-�%	"9-"9%	"�),�!-<�q:-�34�!�9�<-��!%	�	&1:f�# ,�!"/)G"�s*%	�	&���5 ;6o�;�!-����-��r��:f�5 e��3$(�	&�T�/�.Vk�!-(+��,"��!-
q
��:1��3��!"�-<�,)

&}Mt��Y(),+�"�),),�*)
h−

���
h+ =��8�*)lVk�! #%F:���*)m�A�13�9"�+�"9�;�*)m&�!--���-<� h ��-	Vk�!-(+��,"��!-U&(�j+*�*)?3��!"�-<�,)�=<�����,�,��%	6*�#$(�<&(�+e$(�!"�)#"9��&(��:1�	 ,6�����)
m1

���
m2

&�\�,�������D),�! #�,�'RL:(�
0 < m1 < m2 < 1

ZL���\34�!"9-<�
h
��)G�B��-()#:"9�;�D&6��,�* #%T"9-�6

&(�8%U�!-"�s� ,�["9�,6� e���#"9C��q),�����!-g���83 ;�<+*�*),)#:()j)#:"9C!�!-<� E +AVi�(��: ,�T��= õ w']
Io)#"

q(h) ≤ q(h−) + hm1q
′(h−)

���
m2q

′(h−) ≤ q′(h)
Z����/�! ,)U�/�y3��!"9-��

h
�*)#�2�!+�+*��3�;6c���H���y3 ,�!I

+��*),)G:�)�"9�,6� ;�!�#"JV�&�q+����/+�:�}&(�
h
)�Mt�� # ,|*�,�5Z

IW)#"
q(h) ≤ q(h−) + hm1q

′(h−)
�*�
m2q

′(h−) > q′(h)
Z(���/�! ,)

h = h−
Z
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¶m·#¸ q(h) > q(h−) + hm1q
′(h−) ¹(º�»�¼5½ · h = h+ ¾¿?ÀÂÁ ½;º�Ã ¸/ÄLÅ(Æ ¹BÇ Æ*·2È	É Ã,Ê(¼<Ë Æ*· Ë Æ Ç�º�»�Ç Å »[Ë Å Á º ·2Ì¸�Æ À ÄLÅ(Æ Á » Å(· Á ½ É Ç ¸�·,Æ*·^· ¼ À Ã Ì�Æ º Å Ç�¼ Å Á Ã,½,¼ Á

h

q(h)

région d’acceptation de h

droite de pente m1q
′(0)

tangente à q en 0 (pente q′(0))

droite de pente m2q
′(0)

Í�Î�ÏBÐiÑ ¾ �rÒ^Ó ¼ À · Ã,½ Å Ç�Ã ¸ ¼ À Ë Æ »NÔ ¸ À Ã Æ ½#Õ!º!»9» Æ Ë}Ôtº!Ç*Ç Æ Á Ã;º�Ã ¸ ¼ À Ë Å Á º · h Á º�½�»/º È	É Ã#Ê(¼<Ë Æ Ë Æ8Ö ¼!»J× Æ ¾
Ç*¼!Ø(Ã Æ�Å(·,Æ*· ¾ ¿ »�» Æ*·0· ¼ À ÃFË¼ À Ç	½ Æ*È Á »/º5Ç É*Æ*· Á º�½0Ë Æ*·rÈ	É Ã#Ê(¼<Ë Æ*·0·#¸9È Á » ¸JÙ�É*Æ�· ¾iÚ Æ Á º · h Æ*· Ã Á º�½ ÆAÛ1Æ�È Á » Æ
Ë É Ã Æ ½ ÈT¸ À É\Æ À É Õ5º�» Å º À Ãm»/º8×k¼ À Ç*Ã ¸ ¼ À J Æ À Ã,½,¼ ¸�· Á ¼ ¸ À Ã ·W·G¸ Ã Å(É*·W·GÅ ½m»/ºqË Æ�È	¸J¶ Ë1½;¼ ¸ Ã Æ Ë Æ Ë ¸ ½ Æ Ç*Ã ¸ ¼ À ¼ Á(Á ¼ ·,É*Æ
º ÅUÜ ½eº!Ë ¸�Æ À Ã ∇J(α) ¹ Æ Ã Æ ÀUÁ ½ Æ À º À Ãm» Æ\ÈT¸ À ¸9ÈFÅÈ Ë Æ »�º Á º�½;º Ì ¼!» Æ Á º ·#· º À Ã Á º�½WÇ Æ�· Ã#½,¼ ¸�· Á ¼ ¸ À Ã · ¾LÚ Æ Á º ·
Ë Æ »/ºoË Æ�· Ç Æ À Ã ÆqÆ*· Ã\º�»�¼5½ · »NÔtº Ì�· Ç ¸�·,·#Æ h Ë Æ Ç Æ8ÈT¸ À ¸9È0ÅÈ ¾

• Ý.Þ{ß�àpá�â/ã�äiåfæyç�æ<èTßpá�éç�â�æ�ê�ã�è	ë�à�ê1ì*í�ß�í�î<è
Ú º ÈUÉ Ã#Ê(¼�Ë Æ Ë Æ Ë Æ*· Ç Æ À Ã Æ Ë Æ*·�Ü ½;º!Ë ¸�Æ À Ã · Ç�¼ À!ï Å(Ü5Å(É*· À Ô Æ*· Ã Á º · ¼5½ ¸9Ü5¸ À Æ »9» Æ�ÈUÆ À Ã Å À Æ�ÈUÉ Ã#Ê(¼�Ë Æ Ë�Ôt¼ Á Ã ¸9È	¸J¶· º�Ã ¸ ¼ À È º ¸�·�Å À ÆBÈ	É Ã#Ê(¼<Ë Æ Ë Æ ½ É*· ¼!» Å Ã ¸ ¼ À Ë Æ*·l·#ð�· Ã,ñ È	Æ*· » ¸ À É º ¸ ½ Æ*· ¾!ò » · Ônº Ü5¸ Ã?Ë�Ô Å À Æ�È	É Ã#Ê(¼<Ë Æ Ë Æ Ë Æ*· Ç Æ À Ã ÆÁ Æ ½ È	Æ Ã#Ãeº À Ã�Ë Æ Ã,½,¼ Å Õ Æ ½�» ÆWÈ	¸ À ¸9È0Å(ÈóÆ À Å ÀFÀ ¼ ÈFÌ ½ Æ Ë�Ô ¸ Ã É ½;º!Ã ¸ ¼ À ·�È º ï ¼!½ É Á º�½�»/ºDË ¸�È	Æ À ·#¸ ¼ À Ë Æ »NÔ Æ�· Á º!Ç Æ

D ¹5ôD»/º'Ë ¸Jõ4É ½ Æ À Ç Æ Ë Æ »/º È	É Ã,Ê(¼<Ë Æmö�· Ã Æ*Æ Á Æ�· ÃlË Æ*· Ç Æ À Ã#÷ ÄLÅ¸ Á Æ*Å Ã À É Ç Æ�·#·#¸ Ã Æ ½ Æ À Ã#Ê É ¼!½ ¸�Æ�Å ÀoÀ ¼ ÈFÌ ½ Æ�¸ À Ù À ¸
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||∇J(αi−1)||2

ui
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»NÔO¼ Ì ï Æ ÃBË�Ô É Ã Å Ë Æ*· Ã#Ê É ¼5½ ¸�ÄLÅ(Æ�·W¸ » ð º Å À Æ'ÄLÅ¸ À
	 º ¸ À Æ Ë}Ôtº ÀÀ É�Æ*·'ø Ñ�ÿ�� ú ¹<»/º È º�Ã,½ ¸ Ç Æ Ê Æ*·,·#¸�Æ À(À Æ'É Ã;º ¸ Ã ï Å�·#Ä<Å Ôtô
½ É Ç Æ�ÈTÈUÆ À Ã ¸ À º!Ç*Ç Æ�·#·#¸9Ì » Æ Ë Æ ×Xº�*¼ ÀgÀ ÅÈ	É ½ ¸�ÄLÅ(Æ ¼ Å º À º�» ð Ã ¸/ÄLÅ(Æ Á ¼ Å ½j» Æ*· Á ½,¼ Ì »/ñ È	Æ*· Ë�Ôt¼ Á Ã ¸9È	¸�· º�Ã ¸ ¼ À Ë Æ
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Ü�ÙRÜ�õPä�Þ&ì
ÙRû�ï�Ü®à76�Þ&õPè?ù�ï�ùRÛNÚFè?ùRÞ�ß Ü[Û�èBÝ6Þ�ßHè?äNÚFùRßHè[æ�ÙRÜ6ÛBÚ&Ù98�Þ&ä?ùRè?éPï�Ü[Û-àPÜ®àPÜ6Û�Ý6Ü6ßHè�Ü®Û�Ü�ÙRÞ&ß Ù5Ú

àaù�äNÜ6Ý�è?ùRÞ�ß$àaá�8�äNÚ�àaùRÜ�ß�è�õkÜ�áPü�Ü�ßHè�üHù5Þ&ÙRÜ�ä�áPß Ü�Þ&á$àPÜ[Û�Ý6Þ�ßHè?äNÚFùRßHè�Ü6ÛWàaá�õ
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L(α∗, λ∗1, ..., λ
∗
p) = minα∈

A D n L(α, λ∗1, ..., λ
∗
p)

L(α∗, λ∗1, ..., λ
∗
p) = max(λ1≥0,...,λp≥0) L(α∗, λ1, ..., λp)



e&f9g�f7h�i jVk0l5m0n�o�prq=sut&v=l@i�o�w&x�myprz#{ vy|}o�i�x~i.p,q-o?i?v=n �S�

�.�*���0�����;�0���!�9���,�&���9�9�I�!���5���)�;�0�)�a���9�*���.�0�R�0�����P�������9�a�&���*�

L(α∗, λ∗1, ..., λ
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≥0
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∗)

︸ ︷︷ ︸
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= L(α∗, λ1, ..., λp).
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dk = −Gk(αi) + ∇Gk(αi).(αi+1 − αi)
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r ≤ dk ∀k ∈ [1, p]

f M$lmT�N`Q@��l%N`QhP r
� [:UWQ u kaO�lmT:S3Z:QhTVl2M$]}XaO�P2Q�N*S3TVUWMGX"O(XaO f [!O3]�TVZ�O f ^�lmP�vxQhk"T�X"M$]a[(TVZ�M_k"{�O3Z

δα
O3T
r
T�O3P f�u kWOI�







Z�N`Q@��l%N`QhP

∇J(αi).δα+ |∇J(αi)|r ≤ 0

∇Gk(αi).δα+ |∇Gk(αi)|r ≤ −Gk(αi)
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αi+1 = αi + hi+1ui+1



�®m¯�®�°�± ²�³3´�µ3¶W·�¸.¹$ºp»�¼$´�±�·�½�¾`µ0¸.¿�À ¼0Á�·�±�¾6±2¸!¹_·�±�¼$¶ ÂWÃ

Ä_Å}Æ2Ç*È�ÉmÊ:Ë!Ì3ÍVÉ%Ä_ÎDÈaË�È"Ë\ÏVÌ\Ë3ÎGÍ�Ë ui+1 Ð Æ8ÑpÉmÍ�Ò3Ê:Ç$ÍVÉ%Ä$Î i+ 1 È�ÓDÔ"Ê�Ä�Ì!Ë!Ï�ÏVÓaÏ�ÉmÍ:Ò3Ê:ÇhÍVÉmÕ�Ë!ÏVÍ�Ì:ÖaÄ$É%ÏVÉ%Ë.È"Ë�Í�Ë3ÆmÆ2Ë�Ï�Ä$ÊVÍ:Ë× ÓaË(È�ÑpÓ"ÎaË(ÔWÇhÊVÍ�Æ2Ç�Õ�Ä_ÎaÌ3ÍVÉ%Ä_Î}Ä$Ø�ÙVË!Ì3ÍVÉmÕ¦Ï�Ä$ÉmÍÚÊ:Ò!È�Ó"ÉmÍ:Ë Ð ÆÛÑpÄ$Ê�È�Ê:Ë�Ó"Î§Ü
∇J(αi).ui+1 ≤ 0

Ë!Í�È~Ñ�ÇhÓ"ÍVÊ:Ë�ÔWÇhÊVÍ × ÓWË�Æ%Ë!ÏtÕ�Ä_ÎaÌ3ÍVÉ2Ä$ÎaÏ�Ì\Ä$ÎGÍVÊ0ÇhÉmÎGÍ�Ë\Ï�Ç$Ì!ÍVÉmÝ�Ë!Ï\ÞGÌ_ÑpË\Ï�ÍVß Ð ßÛÈ�É%Ê�Ë�Æ%Ë!ÏtÕxÄ$ÎaÌ3ÍVÉ2Ä$ÎaÏ Gk, k ∈ [1, p], Í�Ë3Æ%Æ%Ë!Ï× ÓaË Gk(αi) = 0 Þ"Ï�Ä$É%Ë3Î�ÍÚÊ�Ò!È"Ó"ÉmÍ�Ë!Ï Ð Æ8ÑpÄ$Ê:È�Ê�Ë�ÓaÎ�Ü
∇Gk(αi).ui+1 ≤ 0.

à ÎaË�Õ�Ä$É%Ï�Æ2Ç�È"ÉmÊ�Ë!Ì!ÍVÉ%Ä$Î§È"Ë*È"Ë!Ï�Ì!Ë!ÎGÍ�Ë*Ì:ÖaÄ_É%Ï�É2Ë_Þ�Æ%Ë�Ô�Ç$Ï�ÈaË�Æ2ÇcÈaË!Ï�Ì!Ë3ÎGÍ�Ë*Ë!ÏVÍ.È"Ò3Í:Ë3ÊVáIÉmÎWÒ�Ô�ÇhÊ�Ó"ÎaËIá*Ò!ÍVÖaÄGÈaË
È~ÑpÄ$Ô"ÍVÉ%áIÉ%Ï:ÇhÍVÉ%Ä_Îcá*Ä_ÎaÄGÈ"Émá*Ë3ÎWÏ�É%Ä_Î"ÎaË3Æ%Æ%Ë_âã Ä_Ó"Êtä3ÍVÊ�ËÚÏVå"ÊtÈ"Ë�ÍVÊ0Ç\Ý$ÇhÉmÆ%Æ%Ë3ÊgÇ\Ý�Ë!ÌÚÈ"Ë\Ï¦Ý�Ë\Ì3Í�Ë3Ó"Ê:ÏtÇ$È�á*É%Ï�ÏVÉmØ"Æ%Ë!Ï\Þ$Ó"Î*Ì!Ä�Ë�æ`Ì3É2Ë3ÎGÍtÈ"ËÚÏ�Ò!Ì3Ó"Ê�ÉmÍ�ÒÚÏVÍVÊVÉ%Ì3Í:Ë3á*Ë3Î�Í
Ô�Ä_ÏVÉmÍVÉ7Õ θk Ë!ÏVÍ�ÇhÙ�Ä$Ó"Í:Ò_â"ç�Ç�ÈaË3Ó�è�É%é!á*Ë(Ì\Ä$ÎaÈ�ÉmÍ�É%Ä$Î}ÈaË(Ì\Ç$Æ%Ì3Ó"Æ�È"Ë�Æ2ÇIÈ�ÉmÊ�Ë\Ì3ÍVÉ%Ä$ÎDÈ"Ë(ÈaË!Ï�Ì!Ë3ÎGÍ�Ë�È"Ë3Ý�É%Ë3ÎGÍ�ÈaÄ$ÎaÌ*Ü

∇Gk(αi).ui+1 + θk
︸︷︷︸

>0

≤ 0

Ô�Ä$Ó"Ê�Í�Ä_Ó"Í�Ë!Ï�Æ%Ë!Ï�Õ�Ä$ÎWÌ3ÍVÉ%Ä$ÎWÏ�Ì\Ä$ÎGÍVÊ:Ç$ÉmÎGÍ�Ë!Ï�Ç$Ì3Í�ÉmÝ�Ë!Ï\âWç�Ä$Ê�Ï × ÓWË�Æ%Ë!Ï�Ì!Ä$ÎGÍ�Ê:ÇhÉmÎGÍ:Ë!Ï�ÏVÄ_ÎGÍ�ÆmÉmÎaÒ-ÇhÉmÊ�Ë!Ï\ÞaÉmÆ�Ë\Ï�Í�É%ÎGÓ"ÍVÉmÆ2Ë
È~Ñ�Ç@Ù�Ä$ÓaÍ�Ë3ÊÚÌ!Ë�Ì!ÄGË�æ�Ì3É%Ë3Î�Í(ê θk = 0 ë â�ì�íaÎcÈ"Ë�î�ÇhÊ0ÇhÎGÍVÉmÊ�Ó"ÎWË�Ê�Ò\È�ÓaÌ3Í�É%Ä$ÎcÄ$Ô"ÍVÉ%á`ÇhÆ%Ë�È"Ë�Æ2Ç.Õ�Ä$ÎaÌ!ÍVÉ%Ä$ÎcÄ$Ø"Ù�Ë!Ì3ÍVÉ7ÕVÞÓaÎ}Ì!ÄGË3æ`Ì3É2Ë3ÎGÍ β Ë!ÏVÍ�Ò!î�ÇhÆ%Ë3á`Ë3ÎGÍ�ÉmÎGÍVÊ�Ä�È�Ó"ÉmÍ\âaç�Ë�Ô"Ê�Ä_Ø"Æ%é3á`Ë Ð Ê:Ò!Ï�Ä$ÓaÈ�Ê:Ë(Ë!ÏVÍ�ÇhÆ2Ä$Ê�Ï

Í�Ê�Ä$Ó"Ý�Ë!Ê β Ë3Í ui+1
Í�Ë3Æ%Ï × ÓaË







β Ë!ÏVÍÚá�Ç@è�Émá�ÇhÆ
∇J(αi).ui+1 + β ≤ 0

∇Gk(αi).ui+1 + θk ≤ 0

ã Ä$ÓaÊ�Ï�Ë.Ô"Ê�Ò!á�Ó"Î"É%Ê�ÈaË!Ï�Ï�Ä$ÆmÓ"Í�É%Ä$ÎaÏ�ÉmÎ�íaÎaÉ%Ë!Ï�Ç$Ô"ÔWÇhÊ:Ç$É%Ï�Ï:ÇhÎGÍ�Õ�Ê�Ò × ÓWË3áIá`Ë3ÎGÍ�ÈaÇhÎWÏ�Æ%Ë!Ï�Ô"Ê�Ä$ØaÆ%é3á*Ë\Ï�È�ÑpÄ_Ô"ÍVÉmáIÉmß
Ï:ÇhÍ�É%Ä$ÎcÆ%ÉmÎaÒ\ÇhÉ%Ê�Ë!Ï\Þ�Æ2Ç�ÎaÄ$ÊVá`Ë(È"Ë ui+1

Ë\Ï�Í�Ø1Ä$ÊVÎWÒ!Ë_â

ï�ðhñWòWð@óWô§ô�ó"õ@ö�ñ�÷yø~ù�óaú�ð@ó"õ-ö�ø~ù�ûDü\ýGø~ù�û�÷1õ@ö�û�þ�þ�û
ÿ Ë!ÍVÍ�Ëgá*Ò3Í�ÖaÄGÈ"Ë�������Þ�� Â Þ��	��
ÛÞhÇhÔ"Ô�Ë3Æ%Ò!Ë���������������������������! 	"#������$&%�"�'�(!"#��)*)+�,��(.-�/&021�354gË3Î�ÇhÎ"î_Æ2Ç$É%Ï\Þ

Ô�Ë3Ó"Í�ä3ÍVÊ�Ë�ÝGÓaË�Ì!Ä$á*á*Ë�Ó"ÎaË�î�Ò3ÎaÒ!Ê:ÇhÆmÉ%Ï:ÇhÍ�É%Ä$ÎRÈ"Ë�Æ�Ç(á`Ò3ÍVÖaÄGÈaË�ÈaË76�Ë�8ÚÍ�Ä$Î�ÇhÓ"èIÔ"Ê:Ä$Ø"Æ%é3á`Ë!Ï�È�Ñ�Ä$Ô"ÍVÉmá*É%Ï:ÇhÍVÉ%Ä_Î
Ì\Ä$ÎGÍVÊ:Ç$ÉmÎGÍ�Ï\â�9tÎDË;:�Ë3Í-Þ"Ë!ÆmÆ%Ë(Ê�Ë3áIÔaÆ2Ç$Ì!Ë(Æ2Ç6Õ�Ä_ÎaÌ3ÍVÉ2Ä$ÎDÄ$Ø�Ù�Ë\Ì3ÍVÉ7Õ¦ÔWÇhÊ�ÓaÎaË.ÇhÔ"Ô"Ê:Ä\è�Émá�ÇhÍVÉ%Ä$Î × ÓWÇ$È�Ê0ÇhÍVÉ × ÓWË(Ë!Í�Æ%Ë!Ï
ÕxÄ$ÎaÌ3ÍVÉ2Ä$ÎaÏ�Ì!Ä_ÎGÍVÊ:ÇhÉ%ÎGÍ�Ë!ÏgÔ�ÇhÊ�ÈaË!Ï�ÇhÔaÔ"Ê�Ä\è�É%á`ÇhÍVÉ2Ä$ÎaÏgÆmÉmÎWÒ\ÇhÉmÊ�Ë\Ï!â�9tÆmÆ%Ë�Ï�ÓaØaÏVÍVÉmÍVÓaË�ÇhÆ%Ä_Ê�ÏgÆ%Ë�Ô"Ê�Ä$ØaÆ%é3á*Ë�È�ÑpÄ$ÔaÍVÉmáIÉmß
Ï:ÇhÍ�É%Ä$Î§ÇhÉmÎaÏVÉtÌ!Ä$ÎaÏVÍVÊ�Ó"ÉmÍ.ÇhÓ�Ô"Ê�Ä$ØaÆ%é3á*ËIÈ�ÑpÄ_ÊVÉmî_ÉmÎWË_â=< Æ�Ï\Ñ�Çhî�ÉmÍ(È~Ñ Ó"ÎaË�á*Ò!ÍVÖaÄGÈ"ËIÈ�Ñ�Ä$Ô"ÍVÉmá*É%Ï:ÇhÍVÉ%Ä$Î�Æ%Ä�Ì\ÇhÆ%Ë_Þ�Ë3ÆmÆ2Ë
Ô�ÇhÊVÍ�È"Ä_ÎaÌRÈ�ÑpÓ"Î Ý�Ë\Ì3Í�Ë3Ó"Ê�ÉmÎ"ÉmÍVÉ2Ç$Æ�Ë3Í�Ì!Ä_ÎaÏVÍVÊVÓ"É%Í6Ó"ÎaËRÏVÓ"É%Í�ËRÈ"ËRÝ�Ë!Ì3Í�Ë!Ó"Ê�Ï αi Í:Ë3ÎGÍ:ÇhÎ�Í�È"ËRÌ\Ä$ÎGÝ�Ë3Ê�î�Ë3Ê6Ý�Ë3Ê�ÏÆ8Ñ�Ä$Ô"ÍVÉmá6Ó"á È"ÓzÔ"Ê�Ä_Ø"Æ%é3á`Ë�È�ÑpÄ_Ô"ÍVÉmá*É%Ï�Ç$ÍVÉ%Ä$Î�ÎaÄ$ÎzÆmÉ%ÎaÒ\ÇhÉmÊ:Ë_â�ì ÆÛÑ ÉmÍ�Ò3Ê:Ç$ÍVÉ%Ä$Î i + 1 È"ÓzÔ"Ê�Ä�Ì!Ë!Ï�ÏVÓaÏ�ÉmÍ�Ò3Ê:Ç$ÍVÉ7Õ�Þ1Æ2Ë
Ý�Ë!Ì3Í�Ë3ÓaÊ αi+1

Ë!ÏVÍÚÆ�Ç�Ï�Ä$ÆmÓ"Í�É%Ä$Î}È"ÓcÔ"Ê:Ä$Ø"Æ%é3á`Ë(È�Ñ�Ä$Ô"ÍVÉmá*É%Ï:ÇhÍVÉ%Ä$Î
·�´V¼?>A@$µ3´

α ∈ D ⊂ BDC n ·Ûµ3ºFE�>aµ






J(αi) + ∇J(αi).(α− αi) + 1
2(α− αi)

TH(α− αi)
µ�¸�·g¾�±�¶a±�¾I¹_ºmµ

∀k ∈ [1, p], Gk(αi) + ∇Gk(αi).(α− αi) ≤ 0

Ä_ÅcÆ2Ç�á`ÇhÍVÊ�É%Ì!Ë H Ë!ÏVÍÚÓaÎaË�á�ÇhÍVÊVÉ%Ì\Ë(È"Ò�íWÎ"É%Ë(Ô1Ä_ÏVÉmÍVÉmÝ�Ë�ÇhÔ"ÔaÊ�ÄGÌ:Ö�ÇhÎGÍÚÆ�Ç6á`Ç$ÍVÊVÉ%Ì!ËHG�Ë!Ï�ÏVÉ%Ë3Î"ÎWË*ê ∇2J(αi) ë âÿ Ä$á*á*Ë�Ô�Ä$Ó"Ê�Æ2Ç�á*Ò!ÍVÖaÄGÈaË�È"Ë�Ô"Ê�Ä$î�Ê:ÇháIá�ÇhÍVÉ%Ä_Î�ÆmÉmÎWÒ\ÇhÉmÊ�Ë�Ï�Ò × ÓaË!ÎGÍVÉ%Ë3Æ%Æ%Ë_ÞGÌ!Ë!ÍVÍ�Ë�á`Ò3ÍVÖaÄ�È"Ë�Î�Ñ�Ç$Ï�ÏVÓ"Ê�Ë�Ô�Ç$Ï
Æ8Ñ Ç$È�á*É%ÏVÏVÉmØaÉmÆmÉmÍ�Ò�ÈaË!ÏEÔ�Ä$ÉmÎGÍ�Ï�È"Ë�Æ2Ç�ÏVÓ"É%Í�Ë�È"Ë�Ý�Ë!Ì!Í�Ë3Ó"Ê:Ï αi â?9�Æ%Æ%Ë�Ô1Ë3ÓaÍEÔ�Ç$Ï�ÏVË!ÊtÇhÓIÌ!Ä$ÓaÊ�Ï�È�Ó�Ô"Ê�ÄGÌ\Ë!Ï�Ï�ÓWÏEÉmÍ:Ò3Ê:ÇhÍ�É7ÕÔ�ÇhÊ�Ó"ÎWË*Ï�Ò3ÊVÉ%Ë*ÈaËIÔ1Ä$ÉmÎ�Í�Ï�ÎaÄ$Î Ç_È�áIÉ%Ï�ÏVÉmØ"Æ2Ë!Ï\â à ÎaË*Ý�Ë3Ê�ÏVÉ%Ä$Î È"ËIÆ8Ñ�Ç$Æmî�Ä$ÊVÉ%ÍVÖ"á*Ë × Ó"ÉtÎWËIÔWÇ$Ï�Ï�Ë × ÓWËIÔWÇhÊ�È"Ë!Ï
Ò!Í:ÇhÍ�Ï�Ç$È"áIÉ%Ï�ÏVÉmØ"Æ%Ë!Ï�ÇIÌ!Ë3Ô�Ë3ÎaÈaÇ$ÎGÍ�Ò3Í:Ò(È"Ò3Ý�Ë3Æ%Ä$ÔaÔ1Ò!Ë*����I�
Ûâ
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?�î)å*INêWî'í`ì'é:x3E'ã!î)ã%âyA	êWî)ã7ì_ä�âÃ÷'ã%âyA�ã%è7ç�ã%ì'ä�â α ú αpi ú 1 ≤ i ≤ r ú�÷'ã%ây?�ä>êWæN÷'ã7ì'ä�âÃè%å	ì_ë'î6êWæ�ç�ã%â yij ú 1 ≤ i, j ≤ r
ã%ç£÷'ã%â[éSæNè%å	æ'æ�ì_ã%â Zi ú 1 ≤ i ≤ r ê	â�â�å`è%é)ï%ã%â>\�è4ûNê	è7ì_æb÷'ã%â£â�å�ì_â�ñvâ\ð�â\ç�ò7ó.ã}â SSi Zi ú 1 ≤ i ≤ r ô] å	ó.ó.ãmë5å�ì'ä�î6ê�óJï7ç\û_å�÷'ã�u"b�d�ú�ë5å	ì'ä{ê	â�â�ì_ä�ã7ä�î6ê:è}å	æ_â\é)â\ç>êWæNè%ãx÷�ì�â\ð�â\ç�ò%ó.ãmó�ì_îSç\é)÷�é6â\è%éSë'îSéSæ�êWéSä�ãz\�î#ê
xNæ�÷�ì2ë'ä�å`è}ã%â�â�ìNâ�÷�öQå�ë'ç\éSó.é)â�ê	ç\é)å	æ�ú%éSî`ã%â\ç�æ_ï%è}ã%â�â�ê	éSä�ã�÷�ö éSó.ë5å�â�ã7ä�ì'æ�ã7æNâ\ã%óqI'î6ã¥÷_ã¥è}å	æ`ç\ä>ê	éSæ`ç�ã%â�â\ì'ë'ë'î6ï7ó.ã7æ'ñ
ç4êWéSä�ã%â!â\ç\éSë_ì'î6êWæ`ç�÷�ö ì'æNã{ëNêWä�ç�î<öQï�?`êWîSéSç�ïmã7æ`ç\ä�ã�î)ã%âw?�ä>ê	æ_÷'ã7ì_ä�â!è%å	ì'ë_î6êWæ`ç>ã%â!ï�A	êWîSìNï%ã%â�ëNêWä!î)ã%â!â�å	ì_â�ñvâ\ð�â\ç�ò7óJã%â
ã%ç!è%ã7îSî)ã}âtx_E�ï%ã%â�ëNê	ä�î<öQå	ë_ç\éSóTé)â�ã7ì_ä�W�ï%í�ì_éSîSé�I'ä>ã�÷�ì�â\ð�â\ç�ò7óJã S X¥ã%ç!÷�ö&êWì_ç\ä�ã{ëNê	ä\ç�î6ê¢æ�ì'îSîSéSç>ï�÷'ã%â�ä�ï%â\é)÷'ì_â!÷'ã%â
ï}í�ìNêWç�é)å	æ_â!ê	â�â�å`è7é)ï%ã}âw\¢è>û�ê	è7ì'æ�÷_ã%â�â\å�ì_â�ñvâ\ð�â\ç�ò7ó.ã}â SSi ú 1 ≤ i ≤ r W�ï%í`ì'éSîSé�I_ä�ã{÷'ã%â�â�å	ì_â�ñvâ\ð�â\ç�ò7óJã%â SSi X7ô
õ�ã[ë'ä>å`è%ã%â�â\ì_â�÷�öQå	ë_ç\éSóTé6â�ê	ç\é)å	æ.éSæNè7îSì'ç�÷_å	æ_è[î)ã£è1êWî)è7ì_îN÷'ã[î<öQï7ç4êWç�÷�öQï}í�ì'éSîSé�I_ä�ã{x_æ�êWîN÷�ìJâ\ð�â\ç�ò7óJã[ó�ì_îSç\é)÷�é)â�è7éSñ
ë_îSéSæNêWé)ä�ã�ú�÷_ãmâ�å	ä\ç�ãxí�ì_ãxè%ã7ç\ç�ãmó.ï7ç\ûNå`÷'ãxã%â\ç[êWë'ësã7î)ï%ã{ü-.>	�	|5=.z+�5�}!þ��-�~ |./.4}w#�$�å	ì�ü-���Sþ<6�	=��5�%:.;/�z5�%:./;�/$
ã%ç[ëNêWä�U�å	é)â{êWìNâ\â\ésü&%'��(!��	�+���þ��-,�����.�þ0��	213�����/�Wþsÿ��q�����76�þ8 9%:.;/�/#�$xã%æ�êWæ_?�î6êWé)â}ô] å	ó.ó.ãTëså	ì'ä2î6ê�ó.ï%ç\û_å`÷_ãKu"b�d�úYâ\é¥î6ãTë'ä�å�è%ã%â�â\ì_â2÷�öQå	ë_ç\éSóTé6â>êWç\é)å	æ ã%â\ç¢éSæ�ç�ã7ä\ä�å�óTë'ìYúYæ'é¥î6ã.â\ð�â\ç�ò7óJã
?�î)å*INêWî S æ'é!î)ã}â�â�å	ì_â�ñvâ\ð�â\ç�ò7óJã%â SSi ú 1 ≤ i ≤ r ú·æYöQå	æ`çT÷'ã�ä>êWé)â�å	æµ÷�öQø%ç\ä�ã�÷_êWæ_â�ì'æ´ï%ç>êWç�÷YöQï%í�ì_éSîSé�I'ä>ã
ë_ì'é)â�í�ì_ã�ã7ç�î)ã%âY?�ä>êWæ_÷_ã7ì'ä�âTè%å	ì'ë_î6êWæ`ç�ã}â yij ú 1 ≤ i, j ≤ r ú�ã7ç�î)ã%â�ä�ï%â\é)÷�ì_âT÷'ã%â�ï}í�ìNêWç�é)å	æ_âTê�â\â�å�è7é)ï%ã%âC\
è4ûNê	è7ì'æ8÷'ã%â{â�å	ìNâ~ñ¬â�ð�â�ç>ò7ó.ã%â SSi ú 1 ≤ i ≤ r å	æ`ç�ï7ç>ï2ê
V�å	ì'ç�ï}ã%â�ê	ì<E�éSæ_è%å�æ'æ`ì_ã}â{÷�ì�ë_ä�å*I'î)ò%ó.ã2÷�öQå�ë'ç\éSóTéSñ
â>êWç�é)å	æYô] ã7ç\ç>ãxó.ï%ç\û_å`÷_ãxë'ä�å�è%ò%÷'ã¢÷'ãxî6ê�óJê	æ'é)ò7ä�ã¢â�ì_é�A	êWæ�ç�ãCBD ô£è>ûNå	é7E ÷Yö ì'æ�A�ã}è7ç�ã7ì_ä α0 éSæ'é)ç\é6êWî<ú�÷_ã%âz?�ä>êWæN÷'ã7ì'ä>â¢è%å	ì'ë'î#êWæ`ç�ã}â yij0 ú 1 ≤ i, j ≤ r ú�éSæ'éSç\é#êWî)ã%â¢ã7ç2÷'ã%â

éSæ_è}å	æ'æ`ìNã%â£÷�é)â�è7éSë_îSéSæNê	éSä�ã%â Zi0 ú 1 ≤ i ≤ r ú'éSæ'éSç\é6ê	î)ã%â}úH ô£è}ê	î)è7ì'î�÷'ã%â[ä�ï%â\é)÷'ì_â£÷'ã%â£ï%í`ìNêWç\é)å�æ_â{ê	â�â�å`è7é)ï}ã%â>\�è>û�ê	è7ì'æ�÷'ã%â£â�å	ì_â�ñvâ\ð�â\ç�ò%ó.ã%â SSi ú 1 ≤ i ≤ r úJ ô£è}ê	î)è7ì'î�÷'ã%â�A	ê	î)ã7ì'ä�â[÷'ã%â�?�ä4êWæ_÷'ã%ì'ä�â�è%å�ì'ë'î6ê	æ`ç�ã%â yij0 ú 1 ≤ i, j ≤ r ú�÷'ã%âwU�å�æ_è7ç\é)å�æ_â�å*I3V�ã%è7ç\é7U�â�ã7ç�÷_ã%â
è%å�æ`ç\ä>êWé)æ`ç�ã%â4W Ji ú Gi ú 1 ≤ i, j ≤ r X�úà ô£è}ê	î)è7ì'î�÷'ãxî6êYU�å	æ_è%ç\é)å	æ�å*I<V�ã%è%ç\é7U J ã%ç£÷'ã%â£è}å	æ`ç\ä4êWéSæ`ç�ã}â Gk ú 1 ≤ k ≤ p ú
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²'©3°/¨_¦*µ_¶�°�£�£�°§¡

¸ ·�¤
¨�©3°�µ3·�¡�¥-¦*µ_3£|¤
¨'ª�°-¡ yij0 ² 1 ≤ i, j ≤ r
²:©3°/¨_¦�µ3¶�°�£�£�°§¡w¢�¨_¥§¦*¨3¨'µ�°-¡�©3¢�¡�¥-¢�3£�¢�¨0¤
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1 ≤ i ≤ r°�ªG·�°-ª�¦*µ3·/¹Y£�«P¯-ª�¤
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ª�¢�¦*¨s©3°-¡�ª�Â�¥�³_°-¡§  º ¦�·�¡�Á'µ_°~£�°Yª�·�¤
¨_¡O±�°�·�ªz°�ªz£�«P¯-¥�³0¤
¨ ¸ °C©3°C©3¦*¨_¨_¯-°-¡z¡§«v¤§¶�¾�·�°©3¯�£�¢�¥§¤
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®K¾-ª�·�°-¡�©3°z£�«P¦*_ª�¢�®C¢�¡�°�µ_·§²3°�¨a�¤
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ÝÝ ©<µF0¤*¡�©3°-¡�©<¢�ß�¯�·�°-¨_¥-°-¡{à_¨_¢�°-¡G£�¦*·�¡�Á'µ_°z¥§°�·�ª�¤
¢�¨�¡ ¸ ·�¤*©3¢�°�¨'ª�¡�¡�¦�¨'ª�¥§¤*£�¥�µ3£�¯§°-¡G�¤
·>¥-°�ª�ª�°zª�°-¥�³_¨3¢�Á�µ_°tÞ
Ý ©3°-¡C¥-¦'°�¿[¥�¢�°�¨:ª�¡C©3°!�¯�¨0¤
£�¢�ª�¯§¡Yµ_ª�¢�£�¢�¡�¯-¡~�¦*µ_·~ª�·�¤
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¢�¨'ª�°-¡~¯ ¸ ¤
£�¢�ª�¯-¡Y¢�¨'ª�·�¦'©3µ3¢�ª�°§¡â ¯ ¸ ¤*£�¢�ª�¯�°�¨:ª�·�°K£�°§¡ ¸ ·�¤
¨_©_°�µ3·�¡q¥-¦*µ_3£|¤
¨:ª�°-¡q¯�¶*¤
£�µ_¯-°-¡4�¤*·4£�°-¡q¡�¦*µ_¡ Ý ¡�ã:¡�ª�¾�®�°-¡q°�ªq¥-°-£�£�°-¡rà3´<¯§°-¡4�¤
·£�«P¦*3ª�¢�®C¢�¡�°�µ_·ä�¦�µ3·ä£|¤�®K¯�ª�³_¦'©3°�å"æ�çè¦*µ�¯ ¸ ¤
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¨'ª�°-¡t¯�¶*¤
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�¦*µ3·G£|¤Y®K¯-ª�³_¦'©_°�»»>¼zê
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Ý ©<µF¨�¦*®qÀ3·�°z©�« ¢�ª�¯�·�¤
ª�¢�¦*¨_¡>¤
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º ¤�¡�¦�£�µ3ª�¢�¦�¨~3·�¦��¦�¡�¯-°{�¤
·ä£|¤/®�¯�ª�³_¦:©3°{ëcæ�çc°-¡�ªyª�¦�µ*ìO¦*µ3·�¡ä¥-°�£�£�°GÁ�µ3¢3·�¯��¦*¨_©~£�°�®K¢�°�µ<´C¤
µ~_·�¦*À3£|¾�®K°

©�«P¦�3ª�¢�®K¢�¡�¤*ª�¢�¦*¨l �ít£�£�°>¤r¥-°��°-¨_©_¤
¨:ªt£�°�©_¯-¡�¤§¶*¤
¨:ª�¤ ¸ °>©�«Pî�ª�·�°GÀ�°&¤
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®K¦�¢�¨_¡G¢�®C�¦*·�ª�¤*¨'ª�Á�µ�°z¥-°�£�µ3¢¬°�´<¢ ¸ ¯�0¤
·G£|¤~®K¯�ª�³_¦'©3°rëeæ�ç{ ô ¨_°Y¥-¦*®C0¤
·�¤
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¯�ª�¯·�¯§¤
£�¢|¡�¯§°/�¤
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¢�ª{¡�µ3·�£|¤Y¥-¦*¨_¥§°�3ª�¢�¦�¨)©�« µ_¨)¥§¤
¨0¤
£�µ3¨_¢�©<¢�·�°§¥�ª�¢�¦*¨_¨_°�£�©_¦*¨'ª�£�°§¡w0¤
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ª�¡>µ_ª�¢�£�°-¡¡O¢�£�°43·�¦:¥-°-¡�¡�µ_¡/©¬«P¦*3ª�¢�®C¢�¡�¤
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��Yý$�Lø�ù4%b)�0�û����,������ù�	��;ù�����	C8$�_�$��8$�;ù*ú�ù���þ�ù��?7Oú[ù\ø��J����ÿ����$��8�ù4þ@ûbü�üCù*ú�
4ùeþC���.ÿ������8�ù4þ%ÿ���7Oú[ùeþQ"

d�m�h�k2��q.m|p�h�k�nih:j�goqL�2y�ù��£û��$5�úGû��[þa"�ü.û�	�úGû@þ�8�����ùnÿ4ù��uù��.þYù��=7Oú[ùnþYù�	?ûB�$���L

t = (t1, ..., tr)

*����
ti
ÿ���	�	�ùeþ{ü�����ø

�nú��Vù���þ�ù��=7OúGùzÿ���7Oú[ù�ûIþ�þ��8ÿ���
jû�83þ���8.þ�"�þ2-fþ2�L3��3ù
SSi
��Ma�Vù��.þYù��=7Oú[ùzø�ù4þ�ü.û�	?û��!3���	?ù4þ�ø�ùzÿ�����ÿeù*ü��������\ü.û�	��?û�5/


αpi
û�����þ��6HI8�ùFú[ù4þC5/	?û���ø�ù�8�	�þ%ÿ���8Oü�úGû�����ùeþ2ù�����	?û�����ùeþ

yji
*
1 ≤ j ≤ r

*#ù��%þ���	��?û����ù4þ
yij
*
1 ≤ j ≤ r

ø:8
þ���8�þ2"�þ�-8þ���3��vù

SSi
þ������uû�þYþ��Lÿ���
4ù4þ~�%ø�ù4þ6��ûbú[ù�8$	�þ�ÿ���7Oú[ùeþ�ø.û���þ�ú[ù(��ù4ÿ���ù�8$	

ti
�IM�ù(�;ùeÿ���ù�8�	

t
ÿ�������	��IúGù(û�����þ��

ú[ù4þC�����ù�	?ûIÿ���������þ2ù�����	�ùFú[ù4þ2þ���8�þ2"�þ�-8þ���3��vù4þ���M�ù4þC�Iû�	��Gû�7Oú[ùeþ2øOùFÿ�����ÿ4ù*ü$�������
αi
*sü�	��Iü$	�ù4þ2ù#9fÿ4ú�8�þ����;ù��vù����

û�8 þ���8�þ2"�þ�-8þ���3��vù
SSi
*6���J�����vü.ûIþvø�ùO��ûbú[ù�8$	�þvÿ���7�ú[ù4þvø.û���þ3úGùO��ù4ÿ���ù�8$	

ti
�|%~ù4ÿ���üCù�	��vù���øOù�5�û�	?û�������	

ú��!û�8$�����$�����[ù�ø�ù4þvþ���8�þ2"�þ�-8þ���3��vù4þvù��!����û;�2��8��?ù�ü.ûIþvø�ù�ÿ�������	?û������ù4þvþ�8OüOüOú�
��3ù���?û���	�ùeþ�*|�¢úGû©ø�����
�	�ù���ÿ4ù
øOù4þ!�!
��YýP�LøOù4þ!��� � ù��!�Q��)?�|%uù4þ!�Iû�	��Gû�7Oú[ù4þ3ø�ù�ÿ�����ÿ4ù*ü$�����������:>P8�ù���ÿ4ù����vÿ4ù*üCù���ø�û����

ti
ü�8��[þ�HI8.ù£ú[ùeþ

5�	?û���øOù�8$	�þwÿ���8OüOúGû�����ù4þ
yij
*
1 ≤ i, j ≤ r

*sþ������2ù#9füOú��[ÿ�����ù��3ù����,��8S���\ü�ú��[ÿ�����ù��3ù����Q0o����ÿ���������þwø�ù?����8���ù4þ
ú[ù4þE�Iû�	��Gû�7Oú[ùeþ�ø�ù�ÿ����.ÿ4ù*ü����������~� ÿ?ý.û�H�8�ù�
��?ûIüCù�ø:8 ü�	��Lÿ4ùeþYþ�8�þ£ø��R�Iü������!�[þ?û���������*�ú��J��ü������!�[þYù�8�	E5�ú���7.ûbú
ûIþ�þ��Lÿ��[ùO��ÿ?ý.û�ÿ�8��¤ø�ù4þFþ���8�þ2"�þ�-8þ���3��vù4þ?8����;ùeÿ���ù�8$	Fÿ���7�ú[ù�þ���8Oý.û�����
�*]�P����


t̂ =
(
t̂1, ..., t̂r

) �T%~ù�øOù�	����[ù�	
üCù�	��3ù��qø�ù�ø�
�G$����	O<6ü���8$	qÿ?ý.û�ÿ�8��¡ø�ù4þqþ���8�þ2"�þ�-8þ���3��vù4þlD,8��.ù4�$��8$�;ù*úrú[ù40o����ÿ�����������7:�{ù4ÿ�����0(�vù4þ�8�	?û����úGû
ø:����
�	�ù��.ÿ4ùqù����	�ù�úGù4þQ�Iûbú[ù�8$	�þwÿ���7�ú[ù4þwþ���8Oý.û�����
4ù4þnü	û�	nú[ùFþ2-fþ���3��3ùFù��wÿ4ù4úrú[ù4þwù#�#ù4ÿ�������ù��3ù���wÿeûbúGÿ�8Oú�
4ùeþnü.û�	
ú[ù2þ���8�þ2"�þ�-8þ���3��3ù/*fü.û�	�ù#9fù��3üOú[ù2ü.û�	zúEû?�$��	��3ù

L2
øOù2úGûFø�����
�	�ù���ÿ4ù��

J̃i(αi, αpi, yij , yji) = ||ti − t̂i||22
M�ù4þ�ÿ������	?û������ù4þ�þ�������þ�8�7sø:�����[þ�
4ùeþjù���ÿ�������	?û������?ù4þjú��LÿeûbúGù4þzü$	��Iü�	?ù4þ&�+8���þ���8�þ2"�þ�-8þ���3��3ù2ü.û�	����[ÿ�8�ú��[ù�	

ù��(0o����ÿ���������þ�8�����HI8.ù��3ù�����ø�ù
αi
*
yij

ù��
yji
*
1 ≤ j ≤ r

*.ù���ù���ÿ�������	?û�������ù4þ�5�ú���7	ûbú[ù4þb0o����ÿ���������þ�øOù
αpi
*

1 ≤ i ≤ r
*sù��,
���ù�����8�ù4úrú[ù��vù����2øOù4þC����ÿ�������8�ùeþ

Zi
*
1 ≤ i ≤ r

��M�ù4þ2ÿ�������	?û������?ù4þQ5;ú���7.ûbúGù4þwþ�����C
eÿ�	�����ùeþ
ÿ����!�3ù2ø�ù4þ10o���.ÿ��������.þjø:8O�;ùeÿ���ù�8$	jÿ���7�ú[ù

t
�

�wù�8�9�ü�	���7Oú�3��vù4þjø��J��ü��������Gþ�û���������ø�������ù�����ûIú���	�þ(@���	?ùC	�
eþ���ú�8�þB�
���zú[ùwü�	?ù����[ù�	�*$�Fú��J
4ÿ?ý�ù4úrú[ùwú��Lÿeûbú[ù%øOù2ÿ�ý.ûIÿ�8���øOù4þjþ���8.þ�"�þ2-fþ2�L3��3ù4þB�

çDèYóIö�Ié*è
αi ∈ Di

ç�é*ïF�4ö�é
J̃i(αi) = ||ti − t̂i||22

ð*óIæDç�ñFæEí�æEñ\ä�ïréFé4ç|�4ö�é
Gi(αi) < 0 ∗

�:�zú[ù2þ�ù4ÿ�����ø�*$�Fú��J
4ÿ�ý�ù*úrú[ù,5�ú���7	ûbú[ù2ø�8�þ�-8þ���3��vù��
çDèYó�ö�bé*è

t ∈ Dt
ç�é*ïF�4ö�é

J(t)
ð*óIæ6ç�ñqæ6í�æEñ\ä�ïréFé4ç|�4ö�é { G(t) < 0∗

∀i ∈ [1, r], J̃i = 0†

∗ �� �¡.¢F¡;£Q¤#¥2¦�§K¥2¡;¢ ~v ¨�©«ª £; l§ ª §�¬« #£ ~v < 0  ¬«®#£;¬R¯�¥6°�¡�¥t¦²± ª ¦2¡;£;¥6³.¥  ¥  ¦2 #´1��  �ª £�§�¥  ¥  §  §K¢�¬R¦�§�¥2´1¥2£�§�¬«£.µ�¶�¢�¬«¥2¡.¢�¥T· 0
† ¦2¥�§K§K¥C¦2 #£�§K¢ ª ¬R£�§�¥C¶2® ªl© ¬J§�¶C¥  §b¢�¥2´1� ©¸ª ¦2¶2¥C¥2£��.¢ ª §�¬«°�¡;¥C� ª ¢(¡�£;¥C¦2 #£�§K¢ ª ¬«£�§�¥C¬«£;¶2® ªl© ¬J§�¶ ¨ ´~ �¹�¥2£;£ ª £�§ © ¥C¦²±; #¬Rº4³/» ¡;£;¥§�  © ¶�¢ ª £�¦2¥
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Optimiseur Global

J1

- J1(α1) soit minimale

- G1(α1) < 0 - Gr(αr) < 0

- Jr(αr) soit minimale

trouver α1 tel que: trouver αr tel que:

t̂r
t̂1

Jr

trouver t tel que :

- J(t) minimale

- Gk(t) < 0, 1 ≤ k ≤ p

- Ji(t) = 0, 1 ≤ i ≤ r

Optimiseur local à SS1 Optimiseur local à SSr

Ô1ÕiÖ1× Ó�ØRÙNÚOÛ&Ü�ÝIÞ�ß�à�áLÞ�â�à�ã�ß�á�äLå$æ�ç4Þ�â�à�á�æ�è,é�ê ë$ß�á�ìá�â�í�ç4èCë�â�à�î�à�áLÞ�ß�â(î�Þ?ç4æ�â�å$ã�é$èNïbÛ

ð è�á&æ�äLåPÞ�ß$Ý/è�á&è�ßâ�Ü�èBî�êRã�ñ�â�à�ç!à�á�è�ë�Ü&Ý�î�ã�òAÞ�î]è�â&î�è�á&ã�ñ�â�à�ç�à�á�è�ë�Ü�á�î�ãä�Þ�ë:óôá�êRè#õ�è�ä�â�ë$è�ßâQÞ�î�ã�Ü�á&é�èBîiÞ�ç�Þ�ß�à�í�ÜLè
á�ë�à�ö�Þ�ß�â�èø÷aî�êJã�ñ�â�à�ç!à�á�è�ë�Ü�Ý/î�ã�òPÞ�îQé$æ�â�è�Ü�ç!à�ß$èôë�ß�öIè�ä�â�è�ë$ÜEä�à�ò�î�è

t̂
ñ�è�Ü�ç4è�â�âLÞ�ß�âEé�èôç�à�ß�à�ç�à�á�è�Ü

J
è�âEé$è

áLÞ�â�à�á2ùKÞ�à�Ü�è
Gk < 0 ú 1 ≤ k ≤ p ú ñ�ë�à�á+â�ÜlÞ�ß$á�ç!è�â�î�è�á+ö/è�ä�âLè�ë�Ü�á ti û älåPÞ�ä�ë$ßüé�è�á�á�ã�ë$á2ý�á�ìá�â�í�ç4è�á SSi ú

1 ≤ i ≤ r
Øaï|åPÞ�þIë$èOã�ñ$â�à�ç�à�á�è�ë$Ü�î�ã�ä�Þ�î(ä�Þ�î�ä�ë�î�è�Þ�î�ã�Ü�á�î�è ö/è�ä�â�è�ë�Ü

αi
î�ë$à1ñ�è�Ü�ç!è�â�âLÞ�ßâ�é�êRÞ�â�â�è�à�ß$é:ÜLè

ti
Ø

ÿ ß_é�êRÞ�ë�â�Ü�è�áCâ�è�Ü�ç4è�á ú à�îtäLåPè�Ü�äLåPè û ç�à�ß�à�ç�à�á�è�ÜQî�êJæ�ä�Þ�Ü�â,è�ßâ�Ü�è?î�è�áQö�Þ�î�è�ë�ÜLáQñ�Ü�à�á�è�áQñPÞ�ÜCî�è?ö/è�ä�â�è�ë�Ü,ä�à�ò$î�è ûî�êJà�ß�â�æ�Ü�à�è�ë�Ü~é�ëEá�ã�ë$á2ý�á�ìá�â�í�ç4è&è�â~ä�è�î�ë�àAÜ�è�þ�ë�à�á|ñPÞ�Ü|î�è&á�ìá�â�í�ç!è&ä�ã�ç�ñ�î�è�â ú â�ã�ë$â~è�ßEáLÞ�â�à�á2ùKÞ�à�á�Þ�ß�â|î�êJè�ß$á�è�ç=ò�î�èé$è�áCä�ã�ß�â�ÜLÞ�à�ß�â�è�á,Þ�â�â�Ü�à�ò�ëPæ�è�áBÞ�ë_á�ã�ë$á2ý�á�ìá�â�í�ç4è�Ø�ï~è�á,ã�ñ$â�à�ç�à�áLÞ�â�à�ã�ß$áCñ�è�ë$ö/è�ß�â���â�Ü�è+è#õ�è�ä�â�ë$æ�è�áCè�ßSñPÞ�ÜLÞ�î�ý
î�í�î�è�Ø�� älåPÞ�þIëPèQæ�âLÞ�ñ�èQé:ëEñ$Ü�ã�ä�è�á�á�ë$á1é�êJã�ñ�â�à�ç!à�á�Þ�â�à�ã�ßEÝ/î�ã�òPÞ�î ú äLåPÞ�ä�ë�ß é�è�á~á�ã�ëPá2ý�á2ì:á�â�í�ç!è�á~é�ã�à�â1è#õ�è�ä�â�ë$è�Üë$ß$è+ã�ñ�â�à�ç!à�áLÞ�â�à�ã�ß ä�ã�ç!ñ�î�í�âLè�Ø ð è�á2ì:á�â�í�ç!è

S
ßFêRÞ�â�â�è�à�ß�â,ë�ß_æ�âLÞ�âBé�êJæ�þIë$à�î�à�ò�ÜLè+þIëFê û îiÞ��Pß_é:ë_ñ�Ü�ãä�è�á�á�ë$áé�êJã�ñ�â�à�ç�à�áLÞ�â�à�ã�ß�ä�ã�ç�ñ$î�è�â�Ø ð Þ!ä�ã�å$æ�Ü�è�ß$ä�èBé�ë�á2ì:á2âLí�ç!èBß�êJè�á�â(ñAÞ�á&Þ�á�á�ë�ÜLæ�è=Þ�ë�ä�ã�ë�ÜLá�é:ëôñ$Ü�ã�ä�è�á�á�ë$á&é�êJã�ñ�ý

â�à�ç�à�áLÞ�â�à�ã�ß�Øzï1è!ß�êJè�á�â=þ�ë�ê û î�Þôä�ã�ß�öIè�Ü�Ý/è�ß$ä�è4é$è4ä�è4é�è�Ü�ß�à�è�Ü=þIë$è!î�è4á�ìá�â�í�ç!è4Ý�î�ã�òPÞ�î|è�á�â=ä�ã�å$æ�Ü�è�ßâ��ÊñPÞ�Üè�ó:è�ç�ñ$î�è ú ä�ã�åPæ�Ü�è�ß$ä�è?è�ß�â�Ü�è?î�è+älåPÞ�Ü�Ý/è�ç!è�ß�âBÞ�æ�Ü�ã�é:ìßPÞ�ç!à�þIë$è+è�âCî�è+é�æ�ñ�î�Þ�ä�è�ç!è�ßâCé$è?î�ÞEá2â�Ü�ë$ä�â�ë$Ü�è?ñ�ã�ë$Üë$ß4á�ìá�â�í�ç!è�Þ�æ�Ü�ã�æ�î�Þ�á�â�à�þIëPè	�#Ø�
�è�ç4Þ�Ü�þIë$ã�ß$áaþIë$èbî�è�á6á�ã�ë$á2ý�á�ìá�â�í�ç!è�á6ß$è(ä�ã�ç�ç=ë$ß�à�þIëPè�ß�â6ñPÞ�á6é�à�Ü�è�ä�â�è�ç!è�ßâ
è�ß�â�Ü�è=è�ë�ó ú ç4Þ�à�á&ñPÞ�á&ë�ß$à�þIë$è�ç4è�ß�â&ñPÞ�Ü&î�ê à�ß�â�è�Ü�ç!æ�é�à�Þ�à�Ü�è=é$èNî�êJã�ñ�â�à�ç�à�á�è�ë$Ü�Ý/î�ã�òPÞ�î]þ�ë�à]Ý/í�Ü�èNî�è�á�ö�Þ�Ü�à�Þ�ò$î�è�áä�ã�ë�ñ�î�Þ�ß�â�è�á

yij ú 1 ≤ j ≤ r
Ø ð Þ��$Ý/ë�Ü�è!Ó�ØRÙ?à�î�î�ë$á�â�Ü�è,î�èCç!ãé�è,é$èQùoã�ßPä�â�à�ã�ß$ß$è�ç4è�ß�â(é$èCî�Þ+ç!æ�â�åPã�é�èNï(Û?Ø

����������������������
 ã�ë�â(ä�ã�ç!ç!èCî�è�á1ç4æ�â�å$ãé�è�ábñ�Ü�æ�ä�æ�é�è�ßâ�è�á ú î�Þ?ç!æ�â�å$ã�é$è�! ð�"$#%# ý'&)(+*-,/.10	230547698;:<0>=�?A@�:<0CB�D�EGFC:<0>HDIEJ8;:/K�05FL*MF<NNè�ßSÞ�ß�Ý/î�Þ�à�á(ý1á�èNé:à�á2â�à�ß�Ý�ëPèNé�èNî�Þ!ç!æ�â�åPã�é�ã�î�ã�Ý�à�è=é:ëO&�â�ã�ë�â&à�ßJPPë$è�ß$ä�èBâ�ã�ë�â$N=Þ�é�ã�ñ$â�æ�èNñPÞ�Ü&î�è�á

ç4æ�â�å$ãé�è�á û ë$ßøß�à�ö/è�Þ�ë ú è�â?é$ã�ß�ß$è û äLåAÞ�ä�ë�ß�é�è�á?á�ã�ë$á2ý�á�ìá�â�í�ç!è�á=ë�ßPè4Ý�ÜLÞ�ß$é�è�ñPÞ�Ü�â+é�êRÞ�ë�âLã�ß$ã�ç!à�è�Ø��älåPÞ�þIëPè?ñPÞ�á,é:ëSñ$Ü�ã�ä�è�á�á�ë$á,é�êRã�ñ�â�à�ç!à�áLÞ�â�à�ã�ß_ñPÞ�ÜCîiÞ�ç!æ�â�å$ã�é�è4ïbÛ ú î�è�áCá�ã�ëPá�ý²á2ì:á2âLí�ç!è�á SSi ú 1 ≤ i ≤ r úé$ã�à�ö/è�ßâ,ñ�Ü�ã�ä�æ�é�è�Ü û ë�ß ä�Þ�î�ä�ë�î6é�ê«Þ�ßPÞ�î�ì:á�è�è�âBé�êJã�ñ�â�à�ç�à�áLÞ�â�à�ã�ß�Ø ð ÞEç!æ�â�åPã�é�èQ! ð�"$#G# ñ�ÜLã�ñ�ã�á�è�é�êRÞ�î�î�æ�Ý/è�Üä�èCñ�Ü�ãä�è�á�á�ë$á(è�ß�ñ�Ü�ã�ä�æ�é$Þ�ß�â�é�èCîiÞ=ùKÞSR�ã�ß�á�ë�à�ö�Þ�ß�â�è!÷
ý�ä�Þ�î�ä�ë�î&é�è�î�êJæ�âLÞ�â�é�ë�á�ìá�â�í�ç!èôç=ë�î�â�à�é:à�á�ä�à�ñ$î�à�ßPÞ�à�ÜLè ú ä�êJè�á�â2ý û ý�é:à�ÜLèôé�è�á4à�ß$ä�ã�ß�ß�ë$è�á Zi ú 1 ≤ i ≤ rÞ�á�á�ã�ä�à�æ�è�á û äLåAÞ�ä�ë�ßøé$è�áNá�ã�ëPá�ý�á�ì:á2âLí�ç!è�á SSi ú 1 ≤ i ≤ r ú ñ�ë�à�á=é�è�áNÝ�ÜLÞ�ßPé�è�ë�ÜLáNä�ã�ë$ñ�î�Þ�ßâ�è�á yij ú

1 ≤ i, j ≤ r
Þ�á�á�ã�ä�à�æ�è�á�Þ�ë:óüö/è�ä�â�è�ë�Ü�á

αi ú αpi ú 1 ≤ i ≤ r ú Þ�à�ßPá2à&þIë$èôé�è�á!Ý�ÜlÞ�é:à�è�ßâ�á4é�èôä�è�áÝ�ÜlÞ�ß$é�è�ë$Ü�á~ñPÞ�Ü~ÜLÞ�ñ�ñ�ã�Ü�âbÞ�ë:ó4öIè�ä�â�è�ë$Ü�á
αi ú αpi ú 1 ≤ i ≤ r ú ñPÞ�Ü1Ü�æ�á�ã�î�ë�â�à�ã�ß é:ë á�ì:á2âLí�ç!èQä�ã�ß$á�â�à�â�ëPæé�è�áQæ�þIëPÞ�â�à�ã�ßPáQé:ëSá2ì:á2âLí�ç!è?ä�ã�ë$ñ�î�æ=ç=ë�î�â�à�ý�é:à�á�ä�à�ñ$î�à�ßPÞ�à�Ü�è=é$æ�Ü�à�ö/æ�è�á&ñPÞ�Ü&ÜLÞ�ñ�ñ�ã�Ü�âCÞ�ë�ó�öIè�ä�â�è�ë$Ü�á

αi ú
αpi ú 1 ≤ i ≤ r

è�â�é�ã�ß�â+î�è�á+à�ß$ä�ã�ß$ß�ë$è�á�á�ã�ßâ dZi
dα
ú 1 ≤ i ≤ r ú ä�è á�ìá�â�í�ç4èUTWVYX�Z�[(è�á�â!Þ�ñ�ñ�è�î�æ
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− ρ 2HMJ6NM�ECEL4WSQ0�2�)+6AD5^&)�4W:�)\R+)3D5:+4!³
−− V 2HM<S9D�8C4TELEC4!³
− T 2HM<8C4�6�?�,�B�M�8C)3BC4!³
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STRUCTURE

   

FLUIDE

Calcul du champ des 

grandeurs conservatives

Transfert du chargement aérodynamique

Transfert du champ de déplacements

Remaillage 
du domaine occupé par le fluide

Calcul du champ de 

     déplacement

Ë"ÌuÍ"Î�Ï�Ð�Ñ|ÒNÓsÔLÕ�Ö+×/Õ�Ø�ÙWÚ+ÙW×TÛ�ÜH×�Ý3Ü_Ú+ÙVÜ�ÞrßTà&Ý3Õ�Ü�Õ�á+ÔCÙ;Û1ß�ÔCâ9ß�ÜOÛ�ãLäLÕ5à&Ý+Ù

− p
ÜHÛJØ+ÔCÙ/ãCãLÕ5â�ÖZãLä�Û�äLÕ5à&Ý+Ùså

− H = e+
p

ρ

Ü�Þ�Ù�Ö9äLæ�Û�Ü�Ø3Õ5ÙWäCâ�ä�Û�Ü5Ù!å

− e = ei +
1

2
ρV 2 Ü�Þrß/Ö+Ù�ÔLç1ÕHÙVäCâ�äxÛ�Ü5Ù!å

− ei
Ü�Þrß�Ö+Ù�ÔCç1Õ5ÙVÕ5Ö9äCÙ�ÔLÖ�Ù!å

− τ
Ü5ÙVä�Ù�Ö+ãCÙ�Ý3ÔkÚ3Ù/ã`×/â1Ö9äLÔ�Û�Õ5Ö9äCÙ/ã[è9ÕHãLà9Ý+Ù�Ý+ãCÙ/ã_å

− s
Ü5ÙVé+Ý�êfÚ+ÙW×�æYÛ�Ü5Ù�Ý3Ô�å

− µ
Ü5ÙW×/â�Ùlë7×�ÕHÙ�Ö9ä`Ú+ÙVè9Õ5ãC×/âQãLÕ�äCßW×�Õ5Ö+ß�ì7Û�äLÕ5à&Ý+Ùså

− λ
ÜHÙW×/â9Ù�ë7×�Õ5Ù/Ö9ä`Ú+ÙVè9Õ5ãC×/âQãFÕ5äCßVèQâ1Ü�Ý3ìAÕ5à9Ý+Ù!å

− KT
ÜHÛ<×/â1Ö+Ú�Ý+×�äCÕ�è9Õ�äCßWäLæ+Ù�ÔCìAÕ5à&Ý�Ù!å

− γ
ÜHÙVÔ�Û�Ø+Ø�â�ÔLäkÚ3Ù/ã`×�æ�Û�Ü5Ù�Ý3Ô�ã`ãFØ@ß/×�Õîí�à9Ý+Ù/ã`Ú�Ý\é+Ý3ÕHÚ3Ù�ï

1.4
Ú+Û�Ö�ã[Ü5ÙW×TÛ1ã`Ú3ÙVÜ�Þ
Û�Õ�Ôxð�å

− Rg = 287Jkg−1K−1 ÜHÛ<×Tâ�Ö+ãLä�Û�Ö�äCÙWÚ3ÙTã[ç&Û�ñWØYÛ�ÔFòhÛ�Õ�äTÐ

ó�Ù/ã|ß/à&ÝYÛ�äLÕ5â�Ö�ãKÚpÞ�ô!Ý+Ü5Ù�ÔKì�â9Ú+ß�Ü�Õ5ãCÙ�Ö9äKÜ5Ù�×Tâ�ìAØ@â�ÔLäCÙ�ì7Ù�Ö9ä|ÚpÞ Ý+Ö é+Ý3Õ5Ú+Ù�Ø�Û�ÔFòhÛ�Õ�ä<ïuÖ+â�Ö�è�Õ5ãCà&Ý+Ù�Ý3êZÙ/äKÖ+â�Ö
×/â�Ö�Ú�Ý+×�ä�Ù�Ý3Ô�Ú3Ùs×�æ�Û�Ü5Ù�Ý3Ôxð@×/â1ìAØ3Ô�Ù/ãCãFÕ�á+Ü5Ù1ÐTôsÜ�Ü5Ù/ã�ãLâ1Ö9ä�Û�Ý;Ö+â�ìJá3ÔCÙsÚ3Ùs×�Õ5Ö+à|Ù�äpò%â�Ö9ä_Õ�Ö�äCÙ�ÔLèQÙ/Ö3Õ�Ô�ãLÕîêVÕ�Ö+×/â�Ö+Ö9Ý+Ù/ãTÐ







∂ρ

∂t
+ div(ρV ) = 0

∂ρV

∂t
+ div(ρV ⊗ V + pI) = 0

∂ρe

∂t
+ div(ρeV + pV ) = 0

ï�Ï�Ð�ÑUð

õ Ù/ã`ßTà&Ý�Û�äCÕ5â�Ö+ã`ãCâ�Ö9ä[ò%Ù�ÔLì7ß/Ù/ã[Ø�Û�Ô[ÜHÛJÔ�Ù�ÜHÛ�äLÕHâ�ÖZÚ_Þrß�ä�Û�äkÚ3Ù/ã[ç&Û�ñWØ�Û�ÔLòhÛ�Õ�äCã
p = ρRgT = (γ − 1)ρei

Ð
ó�Ù/ã�ßTà&Ý�Û�äCÕ5â�Ö+ã�Ú+Ù\ö|ÛUè9Õ5Ù�ÔL÷�ø9äCâ�ù&Ù/ãAì�â�Ú3ß�Ü�Õ5ãCÙ�Ö�äAÜ5ÙZ×/â�ì�Ø�â�ÔLä�Ù�ì�Ù�Ö�äAçQß/Ö+ß�Ô�Û�ÜkÚpÞ Ý+Ö£é�Ý3Õ5Ú3Ù\è9Õ5ãCà&Ý+Ù/Ý�ê@ú
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∂ρ

∂t
+ div(ρV ) = 0

∂ρV

∂t
+ div(ρV ⊗ V + pI − τ) = 0

∂ρe

∂t
+ div(ρeV + pV − τ · V + s) = 0

-A@B>3@�=

��C






τ = λ(divV )I + 2µ(∇V + ∇V T )

= −2

3
µ(divV )I + µ(∇V + ∇V T ) 6'D��!�E+10 F5G5#H���(F,I'&(�;J��LK�����M��!& 3λ+ 2µ = 0

s = −KT∇T
N �!&�+�����& JO0P2��Q6��R#H��%("S���(��������JT0P�?U�#,%(�*".��%�+1032��,��%(V����W�*�5����%��,��XB+Y6Z#�%��!&�&(�����[XB+Y6Z�'���,JB4����(�*D��*��2W�(F,��%�"$��\�4��W�!�+��;�!�5��]S�����!�5� J��;�!���,J�4,���(��D5�*��2;���_^���,���(�����`J��E+Y6Z���!"$#a2�%768�(4�%Q�$b







p = ρRgT = (γ − 1)ρei

µ(T ) = µ0

(
T

T0

)3/2 T0 + C0

T + C0

��C µ0 = µ(T0)
�!� C0 = 110.4 c >

d �!&W2!\54�68�(�����,&W&����5�W%�2!&���+*4,�'&!XHJ,68��&e+Y�Z�'6�J�%��ZJ,�Z�!�Z�(%Q6'D�6��*+1X:#�6�%f+��Z+���V����!����+g��+Y&(hji k�lnmoJ,68��&f+��!\�4,�!++Y6p�(4,%()�4�+Y���,�!�;�!&(� ".�5J,2�+*��&�2!�;���`4��(�*+���&�6��5� +Y6p".2��(F��5J��;qrhesWKt-Yuvqr��G��,��+�J,&xwvh[D���%768V��!J`sf6yD5����%zwxK�����M��'&x{z=�!�p^��%("|4�+Y2!�`&(��4,&$+10 F�G5#a����F,I!&��`J��`}
��4,&�&z���,�!&�\:>o~o��6�J���#��768�5�.+10368#,#�%��5�QF��<qrhfsWK����S����4,�(�*+*��&Q68���$+Y6"S�yG����,�,�oJ,�o�:6'D5%��e-��4L".�yG��!���,�o#a���,J,2�%�2!�o#�68%[+Y6R"S6�&�&(�n=?X!+��!&[2'\�4�68�������,&[J���sf6'D�����%zwxK�����M��'&[J���D5���!���,�����
∗ b







∂ρ̄

∂t
+ div(ρ̄ ¯̄V ) = 0

∂ρ̄ ¯̄V

∂t
+ div(ρ̄ ¯̄V ⊗ ¯̄V + p̄I) = div(τ + τR)

∂ρ̄¯̄e

∂t
+ div(ρ̄¯̄e ¯̄V + p̄ ¯̄V ) = div((τ + τR) ¯̄V + ¯̄s+ ¯̄st

-A@B>3��=

��C�+���������&(�!4�%<J��'&_�!���5�(%Q6��*�5���!&_�(4�%�)�4�+��!�5���!&`68#�#H��+�2t684�&(&(�W���!�,&���4�%<J,��qr��G5�,��+YJ�&<�!&(�<J�2?�,�,�W#�68%_+96%Q��+Y68�(����� τR = −ρV ′′ ⊗ V ′′ X���� +��;�����,&���4,%rJ��'&r�!���5�(%768�*�5���'& ".�yG������,�!& τ̄ �!&(� ".��J�2�+*�Y&(2;#�68%r+Y6p%��!+Y68�(�����
τ̄ = −2

3
µdiv( ¯̄V )I+µ(∇ ¯̄V +∇ ¯̄V T ) > N �R��4BU.J��r�QF�68+Y��4�%��(4�%(),4�+����5���!&(��2�V�68+a� ¯̄st = −pV ′′ −pe′′i V

′′ =

−λt∇ ¯̄T �!��+��f��4BU_J,�E�QF:68+���4�% +Y68".�*��68�*%Q�;� ¯̄s = −λ∇ ¯̄T >� ��4BUp"S�5J�I�+��'&oJ,���(4�%�)�4�+������!� ���5��2���2�4����*+*��&�2!&�J,68��&	+��r�'6�JB%Q� J�� �!� �(%Q6'D�6��*+[b�+���"S�5J�I�+��rJ��eK5#:68+Y68%(�(whe+*+*"S6�%Q6�&
wo�!�!+*4���w����O%�2!&���4���4��,�W\54�68�5���*��2f#�%Q��#a��%��(����������+*+��E� µt �|+�0368��J��EJO0 4����W2!\�4:68�(�����`J��f�(%768�,&(#a��%��

∗



















q̄ = lim
n→∞

1

n

n
∑

i=1

qi(x, y, z, t) �1�z�y�1�z�A�z�!�1�g���
�
�����z�n�n�	����Q�1����1���!�n�o y�	���R�!�8�7�!�1�P�1� q �7�3�7�1�[�z¡��7�3�o¢ q̄ + q′

¯̄q =
ρq

ρ̄
�1�z�n�1�z�A�z���1�	�����R�����z�n�n�o y�o£8��¤��1�o y�	���R�!�8�7�!�1�P�1� q �7�3�?�1�T�z¡��7�3�o¢ ¯̄q + q′′
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½¾�¿�À|Á�Â�Ã!ÄtÅ�Ä�½AÆ�Ç!¾�ÈÉÄ�À.Ê�Ë*¿(Ë�Ì5Á,ÄÎÍSÄ�Ï<Â�Ä�À.¾�Å�Ð�Â�Ä

k
Í
ω
Å�Ä�ÑÒË*ÂYÓ!¾'ÔÒÍSÓ!ÄtÅ�Ä�¿(È�ËYÄ�¿Õ½1Æ8Ë*Ï<Ë*È5Ï�Ä!¿(Ö�Ä�È�Ë�¿<Å,Ä�ÁBÔÃ!Ì�Á:Æ8Ï(Ë�¾�È�×Z×(Á�Ê�Ê,Â�Ã�À.Ä!È5ÏQÆ8Ë*¿QÄ!×LÍWÁ�È,ÄØÊa¾�Á�¿ZÂ1ÙPÃ�È,Ä�¿�Ú�Ë�ÄÕÓ�Ë*È,Ã!Ï(Ë�Ì�Á,ÄÕÅ,ÄSÂYÆ�Ï(Á,¿(Û�Á�Â�Ä!È,Ó!Ä

k
Ä�ÏZÂ1Ù3Æ8Á�Ï�¿�ÄØÊa¾�Á�¿ZÂ�ÄÏQÆ8Á�Ô_×(ÊaÃ!Ó!Ë�Ü�Ì�Á,Ä;Å�ÄEÅ�Ë�×�×zË�Ê�Æ8Ï(Ë�¾�È

ω = ρk/µt Ý*Þ'ß ¥nà�áâ Ä�Â�¾�Ú�ËYÓ�Ë�Ä�Â;Ä�Â�×�ãä×'Ù3Æ8Ê�Ê,Á�Ë�Ät×(Á�¿<Á�È,Ä�À.Ã�Ï�å,¾5Å�ÄtÅ�Ä�Ö�¾�Â*Á�À.Ä'×ÕÜ,È,Ë�×`Æ'Ö�Ä!Ó�Ö�Æ8Â�Ä�Á,¿�×`Æ8Á�ÔæÓ'Ä�È5Ï(¿QÄ!×<Å�Ä!×Ó!Ä�Â*Â�Á�Â�Ä!×RÊa¾�Á�¿RÂYÆ|¿�Ã!×�¾�Â*Á,Ï(Ë�¾�È<Å�Ä!×�Ã!Ì�Á�Æ�Ï(Ë�¾�È,×�Å�ÄfçWÆ'Ö5Ë�Ä!¿zÍxè5Ï�¾�é�Ä!× á â ÄfÖ�¾�Â�Á�À.ÄWÅ�ÄWÓ'Æ8Â�Ó!Á�ÂHÄ'×zÏ�ÅBË�×�Ó�¿QÃ�Ï(Ë�×�ÃfÊ�Æ8¿Å�Ä!×EÀSÆ8Ë*Â*Â9Æ8Ú�Ä!×E×(Ï(¿�Á,Ó�Ï(Á,¿�Ã!×WÀ|Á,Â*Ï(Ë*Û�ÂY¾5Ó!×EÄ�ÏEÂ�Ä!×WË*È�Ó!¾�È�È�Á,Ä!×E×�¾�È5ÏEÂ�Ä!×EÖ�Æ8Â�Ä�Á,¿�×WÀ.¾nê�Ä�È�È,Ä'×EÅ,Æ8È�×WÂ�Ä!×EÓ!Ä!Â*Â*Á�Â�Ä'×Å�Ä;ÅBË�×�Ó�¿�Ã�Ï�Ë�×QÆ8Ï(Ë�¾�È á â ÄE×�ÓQå,Ã!ÀSÆZÖ�¾�Â*Á�ÀSÄ!×RÜ,È�Ë�× ×'ÙPÃ'Ó�¿(Ë*Ï'ë,×(¾�Á,× ×QÆ|½¾�¿(À.ÄE×�Ä�À.Ë�Í�ÅBË�×�Ó�¿QÃ�Ï(Ë�×�Ã!Ä;Ä�È`Ä!×(Ê:Æ�Ó!Ä$ì

dWΩ

dt
+

1

V (Ω)

[
2×dim∑

l=1

FΓl
· −→n l

]

= 0 í1î á ï5ð

¾�ñ
dim

Å�Ä!×(Ë*Ú�È�Ä
ÂYÆWÅBË�À.Ä�È,×(Ë�¾�È$Ä!È$Ä'×zÊ:Æ�Ó!Ä�ë
W
Â�Ä�ÓQå�Æ8À.Ê.Æ�Ã�¿�¾5Å�ê5È�Æ8À.Ë�Ì�Á,Ä�ë

V (Ω)
Â�ÄRÖ�¾�Â*Á�À.Ä�Å�ÄRÂYÆWÓ!Ä�Â�Â*Á�Â�Ä

Ω
Ä�Ï
FΓl

Â�ÄZò�ÁBÔtó_Ï(¿QÆ'Ö�Ä�¿�×EÂ1Ù Ë*È�Ï�Ä�¿z½AÆ�Ó!Ä
Γl
Å�Ä$È,¾�¿(ÀØÆ8Â�Ä −→nl á¹ô Ä.Å�Ä�¿(È�ËYÄ�¿;Ä!×(ÏLÃ�Ú�Æ8Â�óÕÂYÆ<×(¾�À$À.Ä.ÅBÁtò,ÁBÔÓ!¾�È�Ö�Ä!Ó�Ï�Ë�½

Fc(W, s)
ë,¾�ñ

s
Å�Ã!×(Ë*Ú�È,ÄWÂYÆpÖ5Ë*ÏQÄ!×�×(ÄEÊ�Æ8¿ ¿QÆ8Ê,Êa¾�¿(ÏeóZÁ,È<¿�Ä�ÊHÐ�¿�ÄLÆ8Û,×�¾�Â*Á[ë�Ä�ÏrÅOÙ Á�È<ò,ÁBÔ_Ö5Ë�×�Ì�Á�Ä�ÁBÔ

Fv(W, grad W )
áOõ Æ�È,×EÂ�Ä.Ó'Æ�Å�¿�Ä.Å�Ä.Ó!Ä$Ï(¿QÆ'Ö�Æ�Ë*Â	ÂYÄZò�ÁBÔtÓ!¾�È5Ö�Ä!Ó�Ï(Ë�½�Ä!×(Ï;¿�Ã!×�¾�Â*ÁöÊ�Æ8¿;Â�Ä.×�ÓQå,Ã�ÀØÆ<Å�Ã!Ó!Ä�È�Ï(¿�ÃÅ�ÄL÷r¾5Ä Ý*Þ'ø�ß à ë�ÆyÖ�Ä!ÓLÓ!¾�¿(¿QÄ!Ó�Ï(Ë�¾�È�Å�ÄLùWÆ8¿(Ï�Ä�ÈÎÄ�ÏrÂ*Ë*À.Ë*Ï�Ä�Á�¿eÅ�Ä;ú�Æ�È�ãeÂ*Û�Æ�Å�Æ Ý î à�á â Ù Ë*È�Ï�Ã�Ú�¿7Æ8Ï(Ë�¾�È�Ï�Ä!À$Êa¾�¿QÄ�Â*Â�Ä×�Äp½1Æ8Ë*Ï|Å�Ä$½AÆ�Ç!¾�ÈöË�À$Ê�Â*Ë�Ó!Ë*Ï�ÄS×�Ä�Â�¾�ÈûÂ�ÄS×�ÓQå,Ã�ÀØÆ_Û:Æ�ÓQé5ü�Æ8¿�Å�Ívý	Á,Â�Ä�¿ í ¾�ÁþÌ�Á�Æ�×(Ë�Í�çeÄ�ü Ï�¾�È ð Ý*Þ ¥ ß à�ÿ ÂYÆ<ÀSÆ8Ï�¿(Ë�Ó!ÄË*À$Ê,Â*Ë�Ó�Ë*ÏQÄEÅ�Ã!Ó'Ä�È5Ï(¿�Ã'ÄEÄ�Ï ¿�Ã!×�¾�Â*Á,ÄEÊ�Æ8¿rÅ�Ã!Ó!¾�À$Êa¾�×(Ë*Ï�Ë�¾�È â�� á

����� �	��
�������������������������
ô Ä_×(¾�Â*Ö�Ä�Á,¿pÄ'×zÏ$ÓQå�Æ�¿(Ú�Ã_ÅOÙPÃ�Ö�Æ8Â*Á,Ä!¿ZÂ�Ä_ÓQå:Æ8À$Ê�Å�Ä_Å�Ã�Ê,ÂYÆ�Ó!Ä!À.Ä�È5Ï$Å�ÄÕÂYÆ�×(Ï(¿(Á,Ó!Ï(Á�¿�ÄÕË*È,Å�Á�Ë*ÏpÊ�Æ8¿pÂ�ÄÓQå�Æ�¿(Ú�Ä�ÀSÄ�È5ÏZÆ�Ã�¿�¾�ÅBê5È�Æ�À$Ë�Ì�Á�Ä á ýoÈþÅOÙ3Æ�Á�Ï(¿�Ä!×LÏ�Ä�¿(À.Ä'×!ëTË*Â�Å�¾�Ë*Ï|Ó'Æ8ÂYÓ�Á�Â�Ä�¿LÂ�Ä!×|Å�Ã�Ê�ÂYÆ�Ó!Ä�ÀSÄ�È5Ï�×LÅ,Ä$ÂYÆ<Êa¾�Á,Ï(¿�ÄÁ�Ï(Ë�Â*Ë�×�Ã!Ä`Êa¾�Á,¿Ø×(Ë*À|Á�ÂYÄ�¿SÂ�Ä�Ó!¾�À$Êa¾�¿(Ï�Ä�ÀSÄ�È5ÏØ×(Ï(¿(Á�Ó�Ï(Á�¿�Ä!ÂeÅ�Ä`Â1ÙPÄ!È5Ï(Ë*Ï�Ã�Æ�Ã�¿�¾5Å�ê5È�Æ8À.Ë�Ì�Á�Ä�Ó!¾�È,×(Ë�Å,Ã�¿�Ã!Ä`Ê:Æ8¿SÂ�ÄÊ�¿�¾�Ó!Ä!×�×(Á,× ÅOÙP¾�Ê,Ï(Ë*À$ËY×�Æ�Ï(Ë�¾�È�Å�Äf½¾�¿(À.Ä áâ Æ|×(Ï(¿(Á,Ó!Ï(Á�¿�ÄfÄ!×(Ï�Æ8Ë*È,×(Ëa¿�Ä!Ê�¿�Ã!×�Ä�È5ÏQÃ!ÄeÊ�Æ8¿
Á�È,ÄeÊH¾�Á�Ï(¿�ÄeÏ(¿�Ë�ÅBË*ÀSÄ�È,×(Ë�¾�È�È�Ä�Â*Â�Ä á ýoÈ<Æ�Å�¾�Ê�ÏQÆ8È�Ï�Â�Ù å5ê5Êa¾�Ï(å,Ð!×�ÄÌ�Á,Ä$ÂYÆ_×(Ï(¿(Á�Ó�Ï(Á�¿QÄ$×�Ä$Ó!¾�À$Êa¾�¿�Ï�Ä$Ó!¾�À$À.Ä$Á�È,ÄpÊH¾�Á�Ï(¿QÄ$ÅOÙPýoÁ�ÂYÄ�¿zÍ��RÄ�¿(È�¾�Á�Â*Â*Ë�ëHÂYÆÕÊH¾�Á�Ï(¿QÄpÊaÄ�Á,Ï���Ï(¿QÄp¿�Ã!Å�Á�Ë*Ï�Äó$Á�È,Ä;ÊH¾�Á�Ï(¿�Ä;Á,È�Ë�ÅBË�¿�Ä!Ó�Ï(Ë�¾�È�È,Ä�Â�Â�ÄLÅ�¾�È5ÏrÂ�Ù3ÆnÔBÄLÓ!¾�¿�¿�Ä!×(Êa¾�È�ÅÎó$Â1Ù3ÆnÔBÄ;È�Ä�Á�Ï(¿�ÄLÅ,Ä;ÂYÆ.×(Ï(¿(Á,Ó�Ï�Á�¿�Ä á�õ Ä;Ê�Â*Á,×'ë,Â�Ä'××�Ä!Ó�Ï(Ë�¾�È,×fÏ(¿7Æ8È,×(Ö�Ä�¿Q×(Ä'×!ëHÓ�ÙPÄ!×(ÏzÍxónÍ�ÅBË*¿QÄ|Â�Ä!×E×�Ä!Ó�Ï(Ë�¾�È,×fÊaÄ!¿(ÊaÄ�È,Å�Ë�Ó�Á�ÂYÆ�Ë*¿�Ä!×EóØÂ1Ù3Æ8ÔBÄ|È�Ä�Á�Ï(¿QÄpÆ'Ö�Æ8È5ÏEÅ�Ã?½¾�¿(ÀSÆ8Ï�Ë�¾�ÈTë¿�Ä!×(Ï�Ä!È5Ï|Ê�Â9Æ8È,Ä!×ZÄ!Ï|ÊaÄ�¿�ÊaÄ�È,Å�Ë�Ó�Á�Â9Æ8Ë*¿�Ä!×pó�Â1Ù3ÆnÔ�ÄSÈ,Ä!Á�Ï(¿�Ä_Æ8Ê�¿�Ð!×pÅ�Ã?½¾�¿�ÀSÆ8Ï(ËY¾�È á â Ä!×L½A¾�¿�Ó!Ä'×ZÅ�ÄØÓ�ËY×�Æ�Ë*Â*Â�Ä�ÀSÄ�È5ÏÊaÄ�¿�ÊaÄ�È,Å�Ë�Ó�Á�ÂYÆ�Ë*¿�Ä!×róZÂ1Ù3ÆnÔBÄWÈ�Ä�Á�Ï(¿�ÄE×�¾�È�Ï'ë�Å�ÄWÊ�Â*Á,×'ëBÈ,Ã!Ú�Â*Ë*Ú�Ã'Ä!×�Å,ÄWÏ�Ä�Â*Â�ÄE×�¾�¿(Ï�ÄEÌ5Á,ÄWÂ�Ä!× ×�Ä!Ó�Ï(Ë�¾�È,×RÏ(¿7Æ8È,×(Ö�Ä�¿Q×(Ä'××�Ä.Å�Ã�Ê�ÂYÆ�Ó!Ä�È5ÏLÓ!¾�À$À.Ä.Å,Ä!×;¾�Û��zÄ�Ï�×L×�¾�Â*Ë�Å�Ä'×.ìOÂYÆ<Å�Ã?ò:Ä!Ó�Ï(Ë�¾�ÈûÄ�Ï;ÂYÆ_¿�¾�ÏQÆ�Ï(Ë�¾�ÈûÅ�Ä.ÓQå:Æ�Ó�Á�ÈûÅ,Ä!×EÊH¾�Ë*È5Ï�×LÅ�Ä$ÂYÆ×�Ä!Ó�Ï(Ë�¾�ÈÕ×�¾�È5Ï
ÓyÆ8Â�Ó�Á�ÂYÃ!×RóLÊ�Æ8¿�Ï(Ë*¿RÅ�ÄeÂYÆLÅ,Ã?ò�Ä!Ó!Ï(Ë�¾�È_Ä�ÏRÅ�ÄeÂYÆL¿�¾�ÏQÆ�Ï(Ë�¾�È_Å�ÄeÂ1Ù3ÆnÔ�ÄrÈ�Ä�Á�Ï(¿�ÄeÊ�Æ�¿�Â�Ä'×�½¾�¿�À|Á�Â�Ä'×
Å�ÄÂYÆpÀ.Ã!Ó'Æ8È,Ë�Ì�Á,Ä;Å�Ä!× ×�¾�Â*ËYÅ�Ä!× áâ Ä`×�¾�Â*Ö�Ä�Á,¿.×(Ï(¿(Á�Ó�Ï(Á�¿QÄ<Å,Ã�Ö�Ä�Â�¾�Ê�ÊaÃ`Ä�Ï.Á�Ï(Ë*Â�Ë�×(Ã`Å,Æ�È,×$Â�Ä`Ó'Æ�Å�¿�Ä`Å�Ä`Ó!Ä<Ï(¿QÆ'Ö�Æ�Ë*Â Å,¾�Ë*ÏSÅ�¾�È�Ó<Ã�Ö�Æ8Â*Á,Ä!¿$Â�Ä!×ÓQå�Æ�À$Ê,×WÅ�ÄZÅ�Ã�ò�Ä!Ó�Ï�Ë�¾�ÈTë:È,¾�Ï�Ã

ω
ëaÄ�ÏWÅ�Ä|¿�¾�Ï7Æ8Ï(Ë�¾�È[ë:È,¾�Ï�Ã

θ
Ä!È�ÓQå�Æ�Ó!Á�È�Å�Ä!×fÊa¾�Ë�È5Ï�×WÅ�Ä|Â1Ù3ÆnÔ�Ä|È,Ä�Á�Ï(¿QÄZÅ�Ä|ÂYÆ×(Ï(¿(Á,Ó!Ï(Á�¿�Ä á fÈ`×(Á�Ê�ÊH¾�×�ÄEÅ,Æ8È�×�ÂYÆp×(Á�Ë�Ï�ÄEÅ�ÄEÂ1ÙPÄ?ÔBÊa¾�×�ÃEÌ�Á�ÄWÂYÆpÊa¾�Á�Ï�¿�ÄEÄ!×(Ï Ó'¾�È,×(Ï(Ë*Ï�Á,Ã!ÄEÅ,Ä

np
È�¾5Ä�Á,Å,× á

!#"%$#"�& ')(*(*+-,�.0/214365879+0:;.<1>=?1A@B1�C2:;D*:�E;:%7GF
â Ä�¿QÄ�ÊaÐ�¿�ÄrÆ�×(×�¾�Ó�Ë�ÃróWÂYÆE×(Ï(¿(Á,Ó!Ï(Á�¿�ÄrÆ�Ã!¿�¾5ÅBê�È�Æ8À$ËYÌ�Á,Ä Ä!×(Ï�×(Á�Ê�ÊH¾�×�Ã Å�Ã?Ü,È,Ë,Å,Ä�ÂYÆWÀSÆ8È,Ë�Ð�¿�Ä ×(Á�Ë*Ö�Æ8È5Ï�Ä;ìÂ1Ù3ÆnÔ�Ä

x
Ó!¾�¿�¿�Ä!×(Êa¾�È�ÅÕó;ÂYÆLÅBË*¿QÄ!Ó�Ï(Ë�¾�ÈÕÅBÁS½/Á�×(Ä!ÂYÆ8Ú�ÄeÄ!Ï�Êa¾�Ë*È5ÏQÄrÖ�Ä�¿�×�Â1Ù3Æ�¿(¿(Ë�Ð�¿QÄeÅ�ÄrÂ1Ù3Æ'Ö�Ë�¾�ÈTë�Â�Ù3ÆnÔBÄ

y
Ä!×(Ï
Å,Æ8È,×�Â�ÄÊ�ÂYÆ�È<Å�ÄfÂ1Ù3ÆyÖ5Ë�¾�È`Ä�ÏRÊa¾�Ë*È�Ï�ÄfÖ�Ä�¿Q×
Â9ÆZÅB¿�¾�Ë�Ï�ÄWÅBÁ_Ê,Ë*Â�¾�Ï�Ä�ëBÄ�ÏRÂ1Ù3ÆnÔ�Ä

z
Ó'¾�¿(¿�Ä!×(ÊH¾�È,Å<ó|ÂYÆZÖ�Ä�¿(Ï(ËYÓ'Æ8Â�ÄEÆ�×(Ó'Ä�È,Å,Æ�È5Ï�Ä áõ ÄRÀSÆ8È,Ë�Ð�¿�ÄRÚ�Ã�È,Ã�¿7Æ8Â�Ä�ë�È,¾�Ï�¾�È,×

ω = (ωx, ωy, ωz)
Â�Ä�ÓQå:Æ8À$Ê.Å,Ä�Å�Ã�Ê,ÂYÆ�Ó!Ä�ÀSÄ�È5ÏoÅ,Ä
ò�Ä?Ô�ËY¾�ÈTë

θ = (θx, θy, θz)Â�Ä�ÓQå�Æ�À$ÊZÅ�Ä�Å�Ã�Ê,ÂYÆ�Ó!Ä�ÀSÄ�È5Ï Å�Ä�Ï�¾�¿�×(Ë�¾�ÈTë
(Fx, Fy.Fz)

Ä�Ï
(Mx,My,Mz)

Â�Ä!×¹Ï(¿�¾�Ë�× Ó!¾�À.Êa¾�×QÆ8È5ÏQÄ!×¹Å,ÄoÂYÆ�½A¾�¿�Ó!ÄÄ�ÏrÅBÁ<ÀS¾�À.Ä�È�Ï ÅBÁ�ÓQå�Æ8¿�Ú�Ä�À.Ä!È5ÏrÆ�Ã!¿�¾5ÅBê�È�Æ8À$ËYÌ�Á,Ä;Æ�Ú�Ë�×�×QÆ8È5ÏrÄ�È<Á�È`Êa¾�Ë�È5Ï Å�ÄEÂ1ÙPÄ!×(Ê�Æ�Ó!Ä áçf¾�Á,×�È,¾�ÏQ¾�È,× Å�ÄEÊ�Â*Á,×
Pi
ë
1 ≤ i ≤ np

ëBÂ�Ä'×
np
È,¾5Ä�Á�Å�× Ó!¾�È�×(Ï(Ë*Ï(Á�Æ�È5Ï�ÂYÆpÚ�Ã!¾�ÀSÃ�Ï(¿(Ë�Ä;Å�ÄEÂYÆZÊa¾�Á�Ï(¿�Ä á



H<IKJLI�M8N9OQP9RTSVU�WYX%UYS�Z[X%SVUR \�]
^B_9`a`abdcfegihTjKkglc�egih[gim�bT`a`abTnLoqp#nf_9r�ksnf_9rfkscftvu9wi_GnfkxmfuynfkxtKblh[u9m�eblmfbdtvu)o{zfgi_9ejKblm�b[ksc8_9r�oebik

m}|�~2r�tKbTe����Bbie{nf_9r�tKt�j;�9��bik�mfgTc�tvu9h[bT`abTnVok�m�b�tvu�c�_9r�o{eb�mfuyn�k�tKbBc�t�uyn
(x, y) � `a_9rf�-bT`abinLo�m�rso��Vc8b�u[�GuynfhibT�e�bTo�uyema�}�T���Y�0�����q�����0�%�%�[����bTnluyn��-tvuyjKk2��bTo?`a_Gr��-bT` bTnLoBm¡|¢uyt�tv_9n��-bi`abTnLo�u¤£Vjvu9t�¥�k_9nLo�uyj�nfk{j�nfgT�Gt�jK�-gik?c�u9e

e¦uyc�c8_9eo§uyr�£�uyrfo{ebik�mfgTc�tvuGhibT`abinLok[pq¨�k�u[�-_9jKe}tKbik�`a_9r��0bT`abTnVok�m�b�©�bY£Vjv_9nªbio�m�b2o_9e�k�jv_9nªmfb�tvu�c8_9rfo{ebG�q~2n
c�uye{o{jKhir�t�jKbTeqpGtvbik?kbihio{jK_9n�k?m<e_Gj�obik?ebik{obTnVo*m<e_9jKobik*bTo?j�t�n}| �auªuyr�hTr�n�b�mfgY«%_9e` uyo{jK_Gn¬m<rfb�u9r¬hTjKk�uyj�t�tKbi`abTnLoq�
 j�nfk{j;pLbTndkb�e�gY«%gTe�u9nLo�uyr¬ebTc�®Teb¯c�eg[higim�bT`a`abTnVo*mfgY°fnfj;p0kbTrftKbik?tvbik*hi_G`xc8_-ku9nLobik

Fz
p
Mx � k{_Gt�t�jKhTjKo�uyo{jK_Gnmfbªtvu k{o{e{rfhTor�eb�bTn±©�bY£VjK_Gn�¥�bTo

My � k{_Gt�t�jKhTj�o¦uyo{jK_9n)mfbªtvu k{o{e{rfhio{r�eb�bTn²o�_9ek{jK_9n8¥�m<r²o_9e�k{bir�e³m�bik³bY´�_Ge{okuGgTe_Lm<�Vn�uy`ajKµ0rfbik¬k_9nVo c�e{jvk{b[k bin6hi_G`xc�ob±tK_9ek¬m<r¶h[uytKhir�t�m�b±t;|�giµ0rfj�t�j�·�e�b±m�b±tvu¸c8_Gr�o{ebGp*bTo¬kbTrftKk tKbik
mfgTc�tvu9h[bT`abTnVok

ωz � ` _9r��-bi`abTnVo*m�b�©�bT£VjK_9n¬mfb�tvu	c8_Gr�o{ebq¥2bTo θy � `a_Gr��-bT` bTnLo*m�b¯o_9ek{jK_9n¬mfb�tvu	c8_Gr�o{eb¤¥k_9nVo�hi_9n�k{jKm�gTeg[k�bio�c�u9e�hi_9n�k{g[µ0rfbTnVo�ebTc�_9e{og[k�k{r�e�tKb�`¬uyj�t�tvu9�-b	m�r¹m�_9`¬uyj�nfb�©fr�jvm�bG�
^Bbiksm�gTc�t�u9hibT` bTnLoksk_9nLosh[uytvhTr�tKgiksbTnºr�o{jKt�jKk�uynLo�tvu±` u9o{e{jKhibdm�b ©�bY£Vj�·fj�t�j�ogd_9rº`¬uyo{e{jKh[bdm¡| j�n<©�rfbTnfh[b»¢¼9½9¾ ���i����¿}À<���Ái�¬Ái�L�Â�Á�%��8�¯�¬�V�%Ã�ÅÄL�abinºuyn��-tvuyjKk[p}nf_Gogib

F
p�m�batvu¹c8_9r�oebG��Æ2egihijKkgT`abTnVo[p�hibTtKtKbY��hTjBbik{o

mfgY°fn�jvb	m�b	tvu�` u9n�jK®Teb�k{r�j��9u9nLobxÇ

F =





(F zz)1≤i,j≤np (F zθy)1≤i,j≤np (F zθx)1≤i,j≤np

(F θyz)1≤i,j≤np (F θyθy)1≤i,j≤np (F θyθx)1≤i,j≤np





~�tKtKb¹bik{o m�_9nfh¹mfb�m�j�`abTn�k{jK_9n
(2np ∗ 3np)

bTo kbikahi_VbYÈ hijKbTnLok hi_9eebik{c8_9nfmfbTnLoac�zV�Vk{jKµ0rfbi`abTnLo¬u9r
mfgTc�tvu9h[bT`abTnVo?j�nfm<rfj�o*bTn¬h�z�u9hTr�ndm�bik?c8_9jKnLok*m�b�tvu	c8_Gr�o{eb¯c�uye?r�n¬bT´�_9e{o*r�n�j�o�u9j�eb¯bTn¬h¦z�u9hTrfn¬m�bikBuyr�oebik
c�_9j�nLokBm�b¯t�u�c8_9r�oebG�LÉs|¢uycfe®ik*tKbik*zL�Lc8_Go{zf®ikbik?«�uyj�o�bik*c�egihig[m�bT`x` bTnLoqpLk{bir�tKk*tKbikBbY´�_9eok*bin ©�bY£<jK_9ndbToBbTn
o�_9ek{jK_9n k_9nVo2c�e{jKk?bTn¬hi_9`xcfobGp-m�b�`aÊT`ab-p-kbTr�tKk2tKbik?m�gTcftvu9hibi`abTnLo*bTnx©�bT£VjK_9n bTo*bTnao_Gek{jK_9n k_9nLo2e�bTobTnVrfk[�
É�b�«�u9wi_9n¹c�t�rfk�c�egihTjKkbaÇ

• tKb�hi_LbTÈ hTjKbinLo
Fij

zz e�bTc�eg[k{binLob¯tKb�m�gTc�t�u9hibT`abinLo*�-bTe{o{jvh[uyt ωz bTn��0bTnfm<e�g�u9r c�_9j�nLo Pi c�uye*r�ndbY´�_9eo�-bTeo{jKh[uyt
Fz

r�n�jKo�uyj�ebªuyr�c�_9j�nLo
Pj Ë

• tKb²h[_LbYÈ¬hTjKbTnLo
Fij

zθy
ebTc�e�gikbTnLob²tKb²m�gTcftvu9hibi`abTnLod�-bTe{o{jvh[uyt

ωz
bTn��0bTnfm<e�g)uyr6c�_9j�nLo

Pi
c�uye¬rfn

`a_G`abTnLo
My

r�n�j�o�u9j�eb�u9r�c8_Gj�nLo
Pj Ë

• tKb²h[_LbYÈ¬hTjKbTnLo
Fij

zθy
ebTc�e�gikbTnLob²tKb²m�gTcftvu9hibi`abTnLod�-bTe{o{jvh[uyt

ωz
bTn��0bTnfm<e�g)uyr6c�_9j�nLo

Pi
c�uye¬rfn

`a_G`abTnLo
Mx

r�n�j�o�u9j�eb�u9r�c8_9jKnLo
Pj Ë

• tKbdhi_VbYÈ hijKbTnLo
Fij

θyz
ebTc�e�gikbTnLob¬tKbdm�gic�tvu9h[bT`abTnVosu9n��Gr�t�uyj�eb

θy
bTn��-binfm<eglu9rºc8_9j�nLo

Pi
c�uye�rfn

bY´¡_9e{o��0bTe{o{jKhquyt
Fz

r�nfj�o�uyj�e�b�uyr¹c8_9j�nVo
Pj Ë

• tKbahi_LbTÈ hTjKbinLo
Fij

θyθy
ebTc�e�gikbTnLobxtKbam�gTcftvu9hibT` bTnLo�uyn��-r�tvuyj�e�b

θy
bTn��0bTnfm<eg uyrÌc8_Gj�nLo

Pi
c�u9e	r�n

`a_G`abTnLo
My

r�n�j�o�u9j�eb�u9r�c8_Gj�nLo
Pj Ë

• tKbahi_LbYÈ¬hTjKbinLo
Fij

θyθx
ebic�egikbTnLo�bstKbam�gTcftvu9hibi`abTnLo�uyn��-r�tvuyj�e�b

θy
bin��-bTn�m<eg uyr¸c�_9j�nLo

Pi
c�u9e	r�n

`a_G`abTnLo
Mx

r�n�j�o�u9j�eb�u9r�c8_9jKnLo
Pj
�

Í nLo{e_Lm�r�jKk_9nfk�tKb�m�gic�tvu9hibi`abTnLo³uyn��Grftvuyj�eb
θx

j�nfm�r�j�o�c�u9e�tvu�©�bY£<jK_9n � θx = ω′
z

¥�mfuynfk�tvuxm�gT°fn�j�ojK_9n±m�b	t�u
`¬uyo{e{jKh[b	m�b�©�bY£VjK·�j�t�j�o�gxÇ

F Î{Ï�ÐTÏ�Ñ�Ò�Ó Ô�Õ�Ï�Ö =











(F zz)1≤i,j≤np (F zθy)1≤i,j≤np (F zθx)1≤i,j≤np

(F θyz)1≤i,j≤np (F θyθy)1≤i,j≤np (F θyθx)1≤i,j≤np

(F θxz)1≤i,j≤np (F θxθy)1≤i,j≤np (F θxθx)1≤i,j≤np











^BbTo{o�bBn�_9r��-bit�tKb�` uyo{ejKhib
F Î{Ï�ÐTÏ;Ñ�Ò{Ó Ô�Õ�Ï�Ö bik{o?uytK_9ek2h[uye{e�gibG�0×�nxc8bTr�o?uyjKnfk{j<o{jKebTe�c�e_y°�o�mfb�k�u³c�e_Gc�e{jKgTo�g�mfbk{�L` gTo{e{jvb � `a_9nVo{egib¯c�uyeBbY£�bT`xc�tvb�mfuynfk »¢¼9½9¾ ¥�c8_Gr�e�uyt�tvgT�-bTe*tvb�h[uytKhir�t8m�b¯tvuª` uyo{ejKhib F pVu9tK_9ekBhi_9n�k{jKm�gTeg[bh[_9`x` b�r�nfb�k_9rfk�` u9o{e{jKhib�m�b�t�u�` u9o{e{jKhib�h[uye{e�gib

F ÎÏ;ÐTÏ�Ñ�Ò�Ó�Ô Õ�Ï;Ö � j�nfk{j;p



ØGÙ Ú�Û<Ü¦Ý�Þ%ß%àá�âVã�Ú�Ü9ä�åiæVä�ç0áªä�Ü	Ý<è9é¦Þ�ß%Þ%èGêëç§ì íîiæVÞ�äQÞ�ïTàá�ÜLíTà{èqíTä�ÜyéTß�Þ�îTæ�á

− ð{ñiò�óKñiðlóKñiðlô�õ9ö{÷{øKñið�ð{ò�ô8ùiö{øKñTò�ö�ñiðlú�öû9ø�÷�ñiðlúfñiðlü õy÷{öøKýiñið (F zz)1≤i,j≤np ñT÷ (F θyθy)1≤i,j≤np ðû9þL÷
ñYÿ�ñiýi÷{ø��-ñTü ñTþL÷¯ý[õyóKýTòfóKùiñið � óvñið�ô�õyö{÷øKñið�ø�þ��%ùiö{øKñTòföñið��0õyò�ý��fñið�ùT÷¦õyþL÷�úfùiú<ò�øK÷ñið�ô�õyö¯ð
	LüaùT÷ö{øKñ���

− ð{ñiò�óKñ�ò�þ�ñsú�ñið�ü õ9÷{ö{øKýiñið (F zθy)1≤i,j≤np ñT÷ (F θyz)1≤i,j≤np ú�ñ��Lö�õ��T÷öñsý[õyóKýiò�óKùiñ � ýiñið	ú�ñTò��)ü õ��
÷{ö{øKýiñ[ð�ùT÷�õyþL÷�øKú�ñTþV÷{ø��0ò�ñið���

− ñTþlöñ��9õyþfý���ñ�VóKñið�ü¬õy÷{ö{øKý[ñið (F zθx)1≤i,j≤np ñT÷ (F θyθx)1≤i,j≤np ú�ñ��Löû9þV÷��T÷{öñ	ñTþL÷{ø��iöñTüañiþL÷�ý[õ9óKýTò��
óKùiñið��

��� ���!� "$#&%('�)*%,+.-/%0#212#436587('9-:+;-=<>-@?;70A*7(%07B36CD#&E6EGFH'@70CI-DJ2)*K.-DL�FM);365N-/5�-O'93�70%(7BPMK.-
Q û9òfð§ð{ò�ô�ô8û-ð{ûGþfð�ú�õyþfð�ý[ñT÷{÷ñ2ô�õyö÷{øKñ.�0òfñ2óvõ�ð{÷{ö{òfýi÷{ò�öñ�[ô�õ9ö�ñR�<ñTüxôfóKñ2ò�þfñ*õyø�óKñ?ú<ö�û9ø�÷ñ?ð�õyþfð§ý[õ9ðð{ò�öñ

þ�ø�ú�ø��iú<öñN�ô8ñTòf÷S�T÷{ö�ñ	öñTô�ö�ùiðñTþL÷ù[ñ	ô�õyö¯ò�þfñ	ô�û9ò�÷{öñªú&TVU2ò�óKñiöW�(X�ñTö{þfûGò�ó�ó�ø}ö�ñiýT÷{ø�óKø��Gþfñ�ñi÷�õyó�ø��-þfùiñªõ��-ñiý	ó0T õ��<ñ
y ú<ò öñiô4�Töñ�ô�ö�ùiýiùiúfñTüxü ñTþL÷ ú�ù�Y�þ�ø0�;Z	õyþfð ýiñ¹ý[õ9ð��óKñiðaüaû9òI�-ñTüañiþL÷ð ú�ñ\[�ñ��<øKû9þ ñT÷ ú�ñ�÷ûGöð{øKû9þ ðû9þL÷
ú�ùiý[û9ò�ô�óvùið�<óKñið�÷ñiö{üañið F zθy  F θyz ñT÷ F θyθx ð{ûGþL÷�ú�ûGþfý�þVò�óKð��Q û9÷û9þ�ð^]

• E óKñ�ü ûLú<ò�óKñ�ú&T _*û9ò�þ@� ú<ò�ü¬õy÷ùTöøvõyòa`
• I óKñëüaûGüañTþL÷b�Lò�õ9ú<ö¦õy÷{ø��0ò�ñ¸ú&T ò�þ�ñëðñiýi÷{øKû9þ ú�öû9ø�÷ñ¸ú�ñëó�õºô8û9ò�÷öñÌõyò�÷ûGò�ö¹ú�ñëó0T¢õG�<ñ¸ú�ñc[�ñ��<øKû9þ�

I =
∫ d!e0f0g!h ikj

[dist(P, õ��<ñ�ú�ñ,[�ñ��VøKûGþ )]2dS �4`
• G óKñ�ü ûLú<ò�óKñ�ú&T�ùTó�õ9ð{÷{øKýTø�÷�ù	ú�ñ^�Gó�øKððñTüañTþV÷l`
• J óKñ¬üaûGüañTþL÷m�0ò�õ9ú�ö�õy÷{ø��Lòfñdú&T�ò�þfñdðñiýT÷øKû9þ>ú�öû9ø�÷ñdúfñ¬óvõ±ô�û9ò�÷{öñ�õyò�÷ûGò�ösú�ñlð{ûGþ4õ��<ñdô�ö{ø�þfýiø�ô�õyó�

J =
∫ dne(fBg!hVi
j

[dist(P, õG�<ñ�ô�öø�þfýTø�ô�õyó )]2dS �4`
• s óvõsýiûLûGöú�û9þfþfùiñ	ð�òfø��9õyþV÷�ó0T¢õG�<ñ�ô�ö{ø�þ�ýTø�ô�õyó}ú&T òfþlô8ûGø�þL÷�ú�ñ�óvõ�ô�û9ò�÷{ö�ñ	õyòo�0òfñTó}û9þ¹ùR�9õ9ó�òfñ³óvñið�ú�ùiô�óvõ��
ýiñTüañiþL÷ðl`

• η óvõ ýiûLûGöú�û9þ�þ�ùiñ²ð�òfø��9õyþL÷¬ó0T¢õ���ñ¹ôfö{ø�þfýTøKô�õyó�úlT ò�þ6ô8û9ø�þV÷¬ú�ñ±óvõÌô8û9òf÷{öñ²õ9òI�0òfñió�û9þ õyôfô�ó�ø��0ò�ñ¹óKñ[ð
ñYÿ�û9ö÷ðl`

• si óvõsý[ûLû9öú�ûGþ�þfùiñ�ð{ò�ø��9õyþV÷�ó0T¢õG�<ñ�ôfö{ø�þfýTøKô�õyó}ú�ò�ô8û9øKþL÷ Pi õyòo�0òfñTó�û9þ¹ù��9õyó�ò�ñ�óKñið�úfùTô�óvõ9ý[ñTüañTþV÷ðl`
• sj óvõsý[ûLû9öú�ûGþ�þfùiñ�ð{ò�ø��9õyþV÷�ó0T¢õG�<ñ�ôfö{ø�þfýTøKô�õyó}ú�ò�ô8û9øKþL÷ Pj õ9òI�0òfñTó�û9þ±õ9ô�ô�ó�øp�0òfñ�óvñið�ñYÿ�û9ö÷ðl`
• λ �Gõyö{øvõ6q�óKñ�ü�òfñT÷{÷�ñ	ðñTö
�9õ9þL÷�ú&T�ø�þL÷ùR�-ö�õy÷{øKûGþ¹ú�ñið�úfùTô�óvõGýiñTüañiþL÷ðl`
• M(s) óKñ�üaûGüañTþV÷�ú�ñr[�ñ��VøKûGþ±õyò¹ô8û9ø�þV÷�ú�ñ�ýiûLû9öúfû9þ�þ�ùiñ s `
• T (s) óKñ�ü û9üañTþV÷�ú�ñ	÷û9öð{øKû9þ²õyò¹ô8û9ø�þL÷¯ú�ñ	ý[ûLû9öúfû9þ�þfù[ñ s �

sutovnwyxzv*{z|
F zz} ñ�ú�ùiô�óvõ9ýiñiüañTþL÷³ø�þ�ú<ò�ø�÷	õyò)ô8û9øKþL÷³úlT¢õGqfðýTøKððñ�ýTò�ö
�Vø�ó�ø��Gþfñ s ú&T òfþfñªô�û9ò�÷{ö�ñ�ðû9òfüxøKðñ�~aò�þëñYÿ¡û9ö{÷�-ñTö÷{øKý[õyó}ò�þ�ø�÷¦õyø�öñ�õ9ò�ô8ûGø�þL÷�úlT¢õGqfðýTøKððñ η � ý���õ9ö
�-ñTü ñTþL÷�ñiþ\[�ñR�VøKû9þO��ð�õy÷{øKðW��õyøK÷�ó0T�ù��Lò�õy÷{øvû9þ¹ð{ò�ø��GõyþL÷ñ�]






ð{ø s ≤ η EI(s)
∂2ωz
∂s2

(s, η) = EI(s)
∂θx
∂s

(s, η) = M(s) = η − s

ð{ø s > η
∂2ωz
∂s2

(s, η) =
∂θx
∂s

(s, η) = 0

ñT÷��-ùTöø�Y�ñªóKñið³ýiû9þfú�ø�÷{øKû9þ�ð³õyò@��óKø�üxø�÷ñ[ð�ð{ò�ø��GõyþL÷ñið�õyò²ô8û9øKþL÷³ú&T�ñTþ�ý[õ9ð{÷{öñTü ñTþL÷�õ��-ñ[ýªóKña��òfðñTóvõG�0ñ � ð�øK÷{òfù�ñTþ
s = 0 �







ωz(0, η) = 0

∂ωz
∂s

(0, η) = θx(0, η) = 0
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�
�
s ≤ η θx(s, η) =

∫

0

s η − λ

EI(λ)
dλ

�
�
s > η θx(s, η) = θx(η, η) =

∫

0

η η − λ

EI(λ)
dλ

=⇒







�
�
s ≤ η F zz(s, η) = ωz(s, η) =

∫

0

s

θx(α, η)dα =

∫

0

s∫

0

α η − λ

EI(λ)
dλdα

�
�
s > η F zz(s, η) = ωz(s, η) =

∫

η

s

θx(α, η)dα+ ωz(η, η)

= (s− η)

∫

0

η η − λ

EI(λ)
dλ+ F zz(η, η)

® �6���S�k�6�I�¬© �6�k£�¤^�@���k¥R�k¢R�k¤¯§
s0 = 0

«r






�
�
i ≤ j θx(si) =

i∑

k=1

1

2

(
sj − sk
EI(sk)

+
sj − sk−1

EI(sk−1)

)

= θx(si−1) +
1

2

(
sj − si
EI(si)

+
sj − si−1

EI(si−1)

)

�
�
i ≥ j + 1 θx(si) = θx(sj)

=⇒







�
�
i ≤ j F zzij = ωz(si) =

i∑

l=1

1

2
(sl − sl−1)(θx(sl) + θx(sl−1))

= F zzi−1j +
1

2
(si − si−1)(θx(si) + θx(si−1))

�
�
i ≥ j + 1 F zzij = ωz(si) = F zzjj + (sj − si)θx(sj)°H���G�y�,�@�6�I�I��¤���±�¤��S²I�k�6²@�k���R�k���,�@¤ª�W¡9£��R�
�k��¤ª�@¤ F ³4´ j µ@¶ �$§

1 ≤ j ≤ np
«¨�k¤R�@±���±�¤����k¤R�
£¯¤��

θx(si)¤��
F zzij ³ 1 ≤ i ≤ j ³ �
���y�¨¥��6±�¥R�@±�����·

¸u¹oº!»8¼zº*½�¾
F zθx

�M¤^�@�R²@±n�6¥�¤R£�¤��y�����I���I���¨�6�¿²4�6���y�¨�&�À�6ÁI�k¥R���k�k¤^¥R�@�
Ây��±������I¤
s

�&� �@�o¤,²Ã�6�@�
��¤r�k�6�I£m���k¤ ´ �I�¿¥��6�@²@±p¤�I�@�����G���k¤��k¤R±p�6��±0�À� ¶ ¤
x

�G��²4�����y�¬�&�À�GÁo�
¥����
�k¤
η

§ ¥�Äo�G�k�N¤R£¯¤R�y�¬¤R�$Åo¤ ¶ �p�6�O«.���G�
���W©B�G���>±0�V��Æ8�o�G�k���6�\�
�@��Â6�G�9�k¤Ç






�
�
s ≤ η EI(s)

∂2ωz
∂s2

(s, η) = EI(s)
∂θx
∂s

(s, η) = M(s) = M(η) = 1

�
�
s > η

∂2ωz
∂s2

(s, η) =
∂θx
∂s

(s, η) = 0

¤��SÂ8�R�
� µ ¤u±p¤���¥����I�����
�p�6�I�r�G� ¶ ±���£����k¤����
�I��Â6�G�y��¤��,�G�È²Ã�6���y�,�&�V¤��I¥��6�
�
��¤R£�¤R�9�,��ÂN¤�¥u±�¤a©!�I�k¤R±n�G�N¤�§ �
���
�I�ª¤��
s = 0

«






ωz(0, η) = 0

∂ωz
∂s

(0, η) = θx(0, η) = 0
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á.â ã�ä9åkæRç�è�é6å
ã�ê6ä ë�ìbí
î9í
åkï�ð�ñ^ò�ã�ó(ë@ñ�íkí
ìIíuô íkê6ìoí¨íkéÇõ ê6è
ð¯ñ^ò�ê�äyå
ã�äyìoñ�ö>ëIê6ä@äIñ�÷







í
ã
s ≤ η θx(s, η) =

∫

0

s 1

EI(λ)
dλ

í
ã
s > η θx(s, η) = θx(η, η) =

∫

0

η 1

EI(λ)
dλ

=⇒







í
ã
s ≤ η F zθx(s, η) = ωz(s, η) =

∫

0

s

θx(α, η)dα =

∫

0

s∫

0

α 1

EI(λ)
dλdα

í
ã
s > η F zθx(s, η) = ωz(s, η) =

∫

η

s

θx(α, η)dα+ wz(η, η)

= (s− η)

∫

0

η 1

EI(λ)
dλ+ F zθx(η, η)

ø ê6ã�å¨íkê6ìoí¬õ ê6è
ð�ñaë�ã�íkòRè�ïRåkñ�ô
s0 = 0

ö,÷






íWã
i ≤ j θx(si) =

i∑

k=1

1

2
(sk − sk−1)

(
1

EI(sk)
+

1

EI(sk−1)

)

= θx(si−1) +
1

2
(si − si−1)

(
1

EI(si)
+

1

EI(si−1)

)

íWã
i ≥ j + 1 θx(si) = θx(sj)

=⇒







í
ã
i ≤ j F zθx

ij = ωz(si) =

i∑

l=1

1

2
(sl − sl−1)(θx(sl) + θx(sl−1))

= F zθx

i−1j +
1

2
(si − si−1)(θx(si) + θx(si−1))

í
ã
i ≥ j + 1 F zθx

ij = ωz(si) = F zθx

jj + (sj − si)θx(sj)

ùuúoûnüyýzû*þzÿ
F θyθy

álñ^ë@æ����pé6ò�ñ�ð�ñRä9å¬ã�äoë�ì@ã�åSéGì��4ê�ã�äyå¨ë&âÀé��oí
ò�ã�íkí
ñ^òRìIè��yã	��ã�çNäIñ
s

ëlâ ì@äIñ
�4ê6ìIå
èkñ^íkê6ì@ð�ã�íkñ��Çì@äbò�ê�ì�����ñì@ä@ã�å�éGã�èkñ�íkñ��ê�ä��0âÀé���ñ
y

éGì��4ê6ã�äyå>ë&âÀé��oí
ò�ã�íkí
ñ
η

ô ò��OéGè
çNñ�ð�ñRä9å*ñ�ä$åkê6èkí
ã�ê6ä4ö;íké6å
ã�íWõBéGã�å��0âÀæ��8ìoé6å
ã�ê6ä�í
ì@ã	��éGäyåkñª÷






íWã
s ≤ η GJ(s)

∂θy
∂s

(s, η) = T (s) = T (η) = 1

íWã
s > η

∂θy
∂s

(s, η) = 0

ñRå��NæRèkã��oñ���ñ�í,ò�ê6äIë@ã�å
ã�ê6äoí,éGì�����ã�ðmã�åkñ�í�í
ì@ã	��éGäyåkñ�íréGì��4ê6ã�äyå,ë&âVñRäoò�é6í
å
èkñRð¯ñRäyåré��Nñ�ò���ñaõ!ìIíkñ�péGç8ñ$ôBíWã�å
ìIæªñRä
s = 0

ö
θy(0, η) = 0á.â ã�ä9åkæRç�è�é6å
ã�ê6ä ë�ìbí
î9í
åkï�ð�ñ^ò�ã�ó(ë@ñ�íkí
ìIíuô íkê6ìoí¨íkéÇõ ê6è
ð¯ñ^ò�ê�äyå
ã�äyìoñ�ö>ëIê6ä@äIñ�÷







í
ã
s ≤ η F θyθy(s, η) = θy(s, η) =

∫

0

s dλ

GJ(λ)

í
ã
s > η F θyθy(s, η) = θy(s, η) = F θyθy(η, η)
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66778899 Pi−1

Pi

Yi

Xi

Zi

x

y

z

:<;>=<?$@�AB@�CEDGFH$IJ�F
K�L M�N&K"N&O2O2L MP�Q�RSKTNUO2F�MV�P�LXW
Pi−1Pi Y F�KTNSHZL&[�V�J�F

\ L&P	VGO2L&[]O<^0L&J2_`F Y P�O2MJ2IV2Fba
s0 = 0 c
d







O�P
i ≤ j F

θyθy

ij = θy(si, sj) =
i∑

k=1

1

2
(sk − sk−1)

(
1

GJ(sk)
+

1

GJ(sk−1)

)

= F
θyθy

i−1j +
1

2
(si − si−1)

(
1

GJ(si)
+

1

GJ(si−1)

)

O�P
i ≥ j + 1 F

θyθy

ij = θy(si, sj) = F
θyθy

jj

efVgN�W V Y LXW�W]Q�F�OhK�F�OhH]J2L&H�J�PTQV2Q�O Y F�O�i _`Q�V�J�P�F Y F F j R j k�l QEa
1 ≤ j ≤ np c O�F�[�K�OGK�F�OGV2FJ�_bF�O

F
θyθy

ij j
1 ≤ i ≤ j j O2L&W VGM�N�K�M[]K�Q�O�Am []FnKTNoH$L&[�V2J2FnO2L&P	VpO2L&[�_`P�O2F
Ro[�W]F�^0L&J2M�FnL&[q[�Wq_`LX_`FW V Y F�rsF l P�L&WqLX[�Ro[�Wq_`L&_bFW V Y FnV2L&J2O�P�L&W jK�F Y QH]KTN&M�F_bFW V Y FoO2F�O�W]L F�[ Y O�H$F[]VntV�J�FoM�N�K�M�[�K�Q Y F�_bN�W]P�IJ2FoP	V2QJ�N&V�P	u5FoF�W�HsN�J2V�N�W V Y F�KwvxF�_UH�KTN&W V�[�J�F
Y F
KwvBN&P	K�F`ayHZL&P	W V Y vxFWsM�N&O�V�J2F_bFW V Y F
KTNzH$L&[]V�J2F c F�VhFW�N�K	KTN�W,Vpu5F�J2OpK�F�O�N�[]_`L&W{A
|~}y��}0� ���{�w�����������w�����$�&�����,�������������������w�0�X�����&���f�����]���������� p�"���&�5���5�¡� �5�w�w�w¢"���� ��Z�

���{�����s�����¤£~���s�����"��£~���
¥"L&J2O2¦�[sFGKTN�rsI�Mg§]F�L&[�K�F Y P�I Y J2F Y FGKTN¨u5L&P	K�[�J2FGW]F�O2L&W,V�HsN&O�W [�K�O j KTN�O�V�J2[]MV�[�J�FGW]FGH$F[]V�H�K	[]O�tV�J�FNXO�O�P	_`P	K�Q�F¨Rz[�W]F
H$LX[�V�J2F
J�F�MV�P	K�P	©XW]FXA]¥"NS©�Q�L&_bQV�J�P�F Y F
KTNSH$LX[�V�J2F
W"vBN Y LXW]M
H�K	[sO<K	PTF[ Y F�O�[]P	u J2F
KwvªN l F y A«
F<H�K�[]OfO�P�KwvBN&P	K�F<H$LXO2O2I Y F Y F�OfH$L&P	W,V2O Y FpM�N&O2O�[�J2F�O j KTNn©5Q�L&_`QV2J�P�F<W]FpO2FJ�NnH]K	[]OfJ2F�MV�P�K	P	©XWsF<_bN�P�OfJ2F�MV2P	K	P	©XWsFH¡N�Jp_bL&J2M�F�N&[ l A]¥{F�Op_bL&[�u�F_`FW,V2O Y Fnr¡F l P�LXW¬FV Y F
V2LXJ2O�P�L&W¬O2L&W,VGN�K�LXJ2OhM�L&[�H]K�Q�O�A

®L&[�V�F/^0L&P�O j P	K]F�O¯V�H$LXO2O�P	°�KTF Y FhO2F<JgN�_`FWsFJfKTL M�N�K�F�_`FW V�N�[bM�N&O Y F<KTN
H$L&[]V�J2FpJ2F�MV�P�K	P	©XW]F5AX±~L&[�J�M�F<^�N�P	J�FY Q k W�PTO�O2L&WsO<KTF
J2FH$I�J2F
K�L M²N�K (Xi, Yi, Zi)
NXO�O2L,MP�Q¨RS[�WsF�O2F�MV�PTL&W

Pi−1Pi Y F
K>NS_bN�W]P�IJ2F�O�[�P	uXN�W V�F d KwvBN l F
Yi

M�L&J�J2F�O�H$LXW Y R�K>N Y P	J2F�MV�P�L&W³KTL M�N�KTF Y F`KTN�HZL&[�V�J�F
Pi−1Pi j KwvBN l F Zi F�O�V�KwvBN l F`K�F`H�K�[]O�H�J2L Mg§]F Y F`K>N

Y P	J2F�MV2P�L&Wqu�FJ�V�P�M²N�K�F�NXO�M�FW Y N&W V2F z j F�V<KwvBN l F Xi
M�L&_`H�K�IV2F
K�FnV2J�P�I Y F Y P	J�F�MV (Xi, Yi, Zi)

A�±fN�J Y Q k W]P	V�P�L&W jM�F
J2FHZIJ2F
uXN�J�P�F Y v [�WsF�O2F�MV�P�LXW´RSK�vBN�[�V�J�FXA«�N�W]OfM�F<M²N&O j KTN�_�N�V�J�P�M�F Y F�r¡F l P	°�P�K	P	V2Q<F�O�V�M�N�K�M[]K�Q�F<FW`O2F�J�N�_bFWsN�W,V�N�[UM�NXO Y F�KTN�HZL&[�V�J�F�J2F�MV2P	K	P	©XWsFH]J2Q�O2FW V2Q Y N�W]OGKTN`O�LX[]O¯µ�O2F�MV�P�LXW´H�J2Q�M�Q Y FW V�FXAs±�LX[�J�M�F�^�N�P	J2F j K�F�OGF¶ZL&J�V�O�N�H�H]K	P�¦�[sQ�O�RUKTNUH$LX[�V�J2F�a>r¡F l P�L&WF�V�V2L&J�O¯PTL&W c FVnF l H�J�P	_bQ�O Y N�WsO�K�F�J�FH$IJ2Fo©XK�LX°sN�K�O2L&W,V�H�J�L�·¯FV2Q�O Y N�W]OnK�F�J2F�H$IJ2FoK�L M�N&K~N&O2O2L MP�QzN�[¸H$L&P	W,V
N&[]¦�[]F�K�K�F�O Y Q�H�KTN&M�F�_`FW V�OSFW¹V2LXJ2O�P�L&WºFVzFW»rsF l P�L&WºO2L&W VSJ2F�Mg§]FJ2M�§sQ�O�A�¼GW]Fb^0L&PTOS¦�[]F�K�F Y Q�H�KTN&M�F_`FW,VP	W Y [�P	V
F�W½M�FoH$L&P	W,V
F�O�V
M�N�K�M[]K�Q Y N�WsO�K�FoJ2F�H$IJ2FoK�L,M�N�K j M�F�K	[�P�µ�MP~F�O¯VnH]J2L�·¯FV�QzRbW]L&[�u�F�N�[ Y N&W]O�KTF�J�FH$IJ�F
©5K�L&°sN�K�F�VoO�F�[�K�F�O�K�F�OoM�L&_`H$LXO�N�W V2F�O Y [ Y QH�KTNXM�F_`F�W V Y FUrsF l P�L&W»FV Y F`V2L&J2O�P�L&W»O2LXW VoM�L&W]O2FJ2u5Q�F�O�H$L&[]J^�L&J�_`F�JpKTNS_�N�V�J�PTM�F Y F
rsF l P	°�P	K	P	V�QXAm []F�KwvxF¶ZL&J�V
N�H]H�K	P�¦ []QSRUK>NUHZL&[�V�J�FoO�LXP	VG[]W¸F/¶ZL&J2V Y F�r¡F l P�LXW Fz L&[�[�W¸M�L&[�H�K�F Y F¨V�L&J2O�P�L&W My

LX[LX[q[�W�M�L&[�H�KTF Y F�r¡F l P�L&W Mx j K�F�O<M�L F/¾�MP�FW V�O Y v P	W�rs[]FW]M�F�O2L&W VpM�N&K�M[�K�Q�O�P�V2QJ�N�V2P	u5F_bFW V¨a Y FnH�J2L,M�§]F
F�WH]J2L M�§sF c FWoN�K	KTN&W V Y FfKwvBF_UH�KTN&W V�[�J�FGa0M�L&W Y P	V�P�L&W Y vxFW]M²N&O�V�J2F_bFW V c Y FfKwvBN�P	K�F�N&[�O2N&[�_`L&W"A�¿ k W Y vxF l H]K	P�¦�[]F�JM�FbM�N&K�M[�K j O¯[]H�H$LXO2LXW]Oo¦�[]FbK�F�O Y Q�H�KTN&M�F�_`FW,V2O Y FbKTN�H$LX[�V�J2FEN�P�FW,VoQV2Q�M�N�K�M�[�K�Q�Oh·À[sO�¦ [{vBN�[»H$L&P�W V
Pi

F�V
Y Q�MJ�P	u�L&W]OGN�K�LXJ2OpK�F�M²N�K�M[�K Y [ Y QH�KTNXM�F_`F�W V Y [¬H$L&P�W V

Pi+1
A¥�vBF/¶ZL&J2V�N�H]H�K	P�¦�[sQhN&[UH$LXP	W V

Pj
P	W Y [�P	V�[�W`_`L&_`F�W V�W]L&W`W [�KsFWbM�§sN&¦ []F<HZL&P	W V Y FpKTNnHZL&[�V2J2FpO�P	V�[sQpFW



ÁXÁ Â"Ã�ÄgÅ¡Æ0Ç0È2É¨Ê,Ë<ÂfÄ&Ì	Í�Î,Ì"Ï�É�Ì	Ä�Å�Ð&ÑgÆyÇ0Æ0ÐXÒ½Ï®Ó Ô2Õ�Î,Æ>Ì(Æ�ÖÈ2ÉoÄ ÔÈ�Ð²ÔÌ	Ä�ÑÇyÆ�ÕÎsÉ

×�ØbÙ&Ú Û�Ü�Ý´Þ$ÙXß	Ú Û Pj à i ≤ j á/â$ã�ä Û ä/å ÙXæ�ÛGÞ ä Ý]ÛGç�Û�æ ä Ý�Ú ä/å Ù&æ�ÛGÝ�Ú�ß	Ûg×�ß	æ ä Fz è ß"éwêxÙXë�ì ä�í Û�ß�î ä è Û�Ü ä�í ×�é í Ý�é ä æ
F zz ÙXÝ F θyz ï Ý�Ú í ÙXÝ�Þ�é ä Ý�Ú]ß	Û�×�ß	æ ä My è ßhé�êxÙ&ë�ì ä�í Û�ß�î ä è Û�Ü ä´í ×�é í Ý�é�ð F zθy ÙXÝ F θyθy ï Ù&Ý�Ý�Ú í Ù&Ý]Þ�é äÝ�Ú�ß�Û�×�ß	æ ä My è ß{éwêxÙ&ë�ì ä�í Û�ß�î ä è ÛhÜ ä¨í ×�é í Ý]é ä æ F zθx Ù&Ý F θyθx âñ ð í æ�ß	ò5Ù&Ú è é äGí ×&é í Ý�é$Ü ä è í Ù ä/óbí ß ä Ú Û è Ü�êxß	Ú�ô]Ý ä Ú í�ä�ä ÚbÚsÙ&Ý è Þ�éT×Xõ�×�Ú Û�Ü]×�Ú è é äGí × è�ö ðÚ]ðæg×�é â�÷"ä è í × è Ù&øé äGí�ù ×�æ ö ä Ø ä Ú Û�Ú"ê ä è Û í Ù&Ø`Þ$Ù è ðGú�Ý ä Ü�ê Ý�Ú äå Ù&æ�Û�Ü ä ô ä/û ßTÙ&Ú�Ù&Ý�ú Ý ä Ü�ê Ý]Ú í Ù&Ý�Þ]é ä Ü ä ô ä/û ß�Ù&Ú�ÙXÝ�ú�Ý ä Ü{ê Ý�Úí Ù&Ý]Þ�é ä Ü ä Û2Ù&æ è ß�ÙXÚ è Ù&Ú,ÛU×&é�Ù&æ è Ü ä è í × è Þ¡×�æ�Û�ß í Ý�é	ß ä æ è â~÷"ä è ígù ×�ØUÞ è Ü ä Ü�ð�Þ�éT× í�ä Ø ä Ú Û è í ÙXæ�æ ä è Þ$Ù&ÚsÜ]×�Ú Û èÞ ä Ý]ò ä Ú Ûh×�é�Ù&æ è ç�Û�æ ä Ü�ð�Ü�Ý�ß	Û è Ü�ÝqÜ�ðÞ]éT× í�ä Ø ä Ú Û ö ðÚ]ðæg×�é ä Ú¬×�Ú�Ú Ý]éT×�Ú Û<é ä è ×�Ý�Û�æ ä è<è ÙXÝ�æ í�ä è Ü äní�ù ×&æ ö ä Ø ä Ú ÛÜ]×�Ú è éT×Uî0Ù&æ�ØSÝ�é ä ö ðÚ]ðæg×�é äXâ ñ ×�Ú è é äoí × è�ö ðÚ]ðæg×�é"é ä Û ä Ú è ä Ý�ænÜ ä è ä/å Ù&æ�Û è ×�Þ�Þ�é	ßTú�Ý]ð è ä Ú´Ý]Ú´Þ$ÙXß	Ú Û Pj Ü äéT×zÞ$Ù&Ý�Û�æ ä�ä Û í Ù&Ú è ß�Ü�ð�æ2ð è Þs×&æpé ä�í ×�é í Ý]é{Ü ä éT×SÞ$Ù è ß�Û�ß�Ù&Ú¬Ü{êxð�ú�Ý]ß	é	ß	ë�æ ä¨ä è ÛhÜ ä éT×oî�Ù&æ�Ø ä`ü





0
0
Fz

︸︷︷︸ä/å Ù&æ2Û

Mx

My

0





︸︷︷︸Ø`ÙXØ ä Ú Û
÷"ä ØbÙ&Ø ä Ú ÛG×�Þ]Þ�é	ß�ú Ý]ð¨×�Ý¬Þ$Ù&ß�Ú Û Pi+1

Ü ä éT×zÞ$Ù&Ý�Û2æ ä�ä è ÛG×&é�Ù&æ è ü






−→M(Pi+1) =
−→M(Pj) +

−−−−→
Pi+1Pj ∧ Fz~z

= Pi+1

(

Mx~x+My~y +
−−−−→
Pi+1Pj ∧ Fz~z

)

= MXi+1
~Xi+1 +MYi+1

~Yi+1 +MZi+1
~Zi+1

Ù&ø Pi+1 ä è Û<éT×oØb×&Û�æ�ß í�ä Ü ä Þs× è2è × ö ä Ü�Ýqæ ä Þ$ýæ ä (x, y, z) ×&Ýqæ ä Þ$ýæ ä (Xi+1, Yi+1, Zi+1) â]ã�ä Ø`ÙXØ ä Ú Û è äÜ�ð í Ù&ØUÞ$Ù è ä Ü�Ù&Ú ízä Ú¸Ý�Ú½Ø`Ù&Ø ä Ú Û
Ü ä ô ä/û ßTÙ&Ú MXi+1 à í�ä é	Ý]ß�þ í ß~Ü�ð�Þ ä Ú]Ü½Ü�Ý¸ë�æg× è Ü ä é ä ò,ß ä æ PiPj è ß í�ä Ûä/å ÙXæ�Û ä è Û Fz ä ÛnÚ{ê ä Ú½Ü�ðÞ ä Ú]Ü´Þs× è�è ê ß	é è êª× ö ß	ÛnÜ ä Mx à í Ù&Ý�Þ]é ä²á�á ï ä Ú�Ý�Ú¸Ø`Ù&Ø ä Ú ÛnÜ ä Û2Ù&æ è ß�ÙXÚ MYi+1 à ß	é
è êB× ö ß	ÛoÚ]ð í�ä è2è ×�ß	æ ä Ø ä Ú ÛSÜ�ê Ý�Ú í ÙXÝ�Þ�é ä Þ�Ý�ß è ú Ý ä è ä Ý�é My ö ð�Ú]ýæ ä Ü ä éT×¬Û2Ù&æ è ß�Ù&Ú á�ä Û�Ý�Ú»Ø`ÙXØ ä Ú,Û MZi+1Ú]Ù&Ú¬Þ�æ�ß è ä Ú í Ù&Ø`Þ�Û äXâÿ é ä è Ûf×&é�Ù&æ è Þ$Ù è�è ß	ë]é ä Ü ä�í ×�é í Ý�é ä æ~é ä è Ü]ðÞ�éT× í�ä Ø ä Ú,Û è ωZi+1

ï θXi+1
ä Û θYi+1

ä ÚzÝ�Û�ß	é	ß è ×&Ú Û�é ä è ð�ú�Ýs×&Û�ß�Ù&Ú èÜ�ðæ2ß	ò5ð ä è Þ�æ2ð í ð�Ü ä ØUØ ä Ú,Û
Þ$Ù&Ý�æ
Ý]Ú ä Þ$Ù&Ý]Û�æ ä Ü�æ2ÙXß	Û ä æ ä�í Û2ß	é	ß ö Ú ä à éwêB× û�ä y Ü ä éT× è Ù&Ý è þ è ä�í Û�ß�Ù&Ú½Þ�æ�ð í ð�Ü ä Ú Û ä
ä è Û<×�é�Ù&æ è éwêB× û�ä Yi+1 á/â�� é�Ý è Þ�æ�ð í ß è ðØ ä Ú Û ï í�ä è Ü�ðÞ�é>× í�ä Ø ä Ú Û è�è ÙXÚ Û í ×�é í Ý�é�ð è ä Úq×�Þ�Þ�é	ßTú�Ýs×�Ú,Û�é ä è î0Ù&æ2ØoÝ�é ä èè Ý�ß	ò&×&Ú Û ä è ü

• è ß{é ä ÞZÙ&ß	Ú Û Pi+1 è ä è ß	Û�Ý ä¨ä Ú´×&Ø`Ù&Ú ÛGÜ�Ý¬Þ$Ù&ß	Ú Û Pj ï í ê ä è Û�þ���þ�Ü�ß�æ ä ú�Ý ä i+ 1 ≤ j ü






(θXi+1
)i+1 = (θXi+1

)i +
1

2

(
(MXi+1

)i+1

EIi+1
+

(MXi+1
)i

EIi

)

(ωZi+1
)i+1 = (ωZi+1

)i +
1

2
||Pi+1Pi||((θXi+1

)i+1 + (θXi+1
)i)

(θYi+1
)i+1 = (θYi+1

)i +
1

2

(
(MYi+1

)i+1

GJi+1
+

(MYi+1
)i

GJi

)

• è ß{é ä ÞZÙ&ß	Ú Û Pi+1 è ä è ß	Û�Ý ä è Û�æ�ß í Û ä Ø ä Ú Û ä Ú�×�ò&×�é{Ü�Ý�Þ$ÙXß	Ú Û Pj ï í ê ä è Û¯þ���þ�Ü�ß	æ ä ú�Ý ä i+ 1 > j ü






(θXi+1
)i+1 = (θXi+1

)j

(ωZi+1
)i+1 = (ωZi+1

)i − ||Pi+1Pi||(θXi+1
)j

(θYi+1
)i+1 = (θYi+1

)j

Ù&ø (θXi+1
)i+1 ä Û (θXi+1

)i
æ ä Þ]æ2ð è ä Ú Û ä Ú Ûfæ ä è Þ ä�í Û2ß	ò ä Ø ä Ú ÛféT×næ2Ù&Û�×�Û2ß�Ù&ÚUß	Ú]Ü�Ý]ß	Û ä Þs×�æfæ�×�Þ�ÞZÙ&æ�Û��néwêB× û�ä Xi+1×�Ý û Þ$Ù&ß	Ú Û è Pi+1 ä Û Pi ï (θYi+1

)i+1 ä Û (θYi+1
)i

æ ä Þ�æ�ð è ä Ú Û ä Ú,Û�æ ä è Þ ä�í Û�ß	ò ä Ø ä Ú Û�é>×`æ2Ù&Û�×&Û�ß�Ù&Ú�ß	ÚsÜ�Ý�ß	Û ä Þs×�æ
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"$#&%�� '�(

)+*-,.,0/1)32547698	*;:�< Yi+1
*1=�:>,?/1@$A�2�B Pi+1

<C2 Pi D <C2 (ωZi+1
)i+1

<C2 (ωZi+1
)i

)3<C,.)�E�B3<CA�23<CA�2F)3<�BG,?<�HC2G@$I�<CJK<CA�2
6L*M2G)�*1ANBG6L*-2G@O/ AP@$ANQ.=.@$23<RBS=N@$I1*-A�25698	*;:.< Zi+1

*-=�:T,0/1@$A�2�B Pi+1
<C2 Pi UV <&BWQ.E�,.6L*1H&<CJK<CA�23B (θXi+1

)i D (ωZi+1
)i

<C2 (θYi+1
)i

B3/1A�2XQ.E&Q�=.@$2�BWQ.<7698YE�2�*-,0<7@$2�EC)�*-2G@OIZ<7,.)3E�H&E�Q.<CA�23<\[
@$6LB]/1A�2REC23E^H&*-6OHC=N6OE�B]QN*1ANBX6O<M)3<C,0_�)3<�6O/�H&*-6 (Xi, Yi, Zi)

Q.<M698YEC6LECJK<CA�2]Q.<M,0/1=N2G)3< Pi−1Pi
,.=.@OBX,N)3/-`S<�23E�B

Qa*-ANB�6O<>)�<C,0_C)3<T* EC)3/�Q.b�Aa*-JK@Oc�=N<ed 6O/ fa*-6 (x, y, z) D <C2MB3/1A�2�,.)3/-`G<C23E�B^4gAa/1=.IZ<�*-=hQN*-AaB76O<e)3<C,?_C)3<e6O/�H&*16
H&/1=.)�*-A�2 (Xi+1, Yi+1, Zi+1)

* BGB3/�H�@OER4M698YEC6OECJ><CA�2iQ.<X,?/1=.2G)3< PiPi+1 UV <&B>QNEC,.6L*1H&<CJK<CA�23B (θXi+1
)i+1 D (ωZi+1

)i+1
<�2 (θYi+1

)i+1
BG/ A�2e<CANBG=.@O23<g,.)3/-`G<C23E�BeQN*-AaBK6O<j)3<C,0_C)�<

dZ6O/1fa*-6�6O@OEe4T6k8	*&I�@O/ A (x, y, z) D <C27B3<C=.6O<�B�6O<�B7H�/1JK,0/ B�*-A�2�<�B ωz <C2 θy B3/1A�27H�/1ANB3<C)GI�E�<�B�,0/1=.)Rlm/ )GJK<C)�6n*
Je*-2G)G@OH&<]Q.<Xoa<�:�@Of.@$6$@$2�E F U
prq�stqLu vewyx9z.{|xW}�~
�j}��a�|x9w�z�~a��~
��� �j�9�|}�{|�m�Z�g��w���x9~hz���w?�Z�y~
��~a���jw?�a�Z��}�����w����k�r{�~

� Aa<�lm/1@OB�6L*7Je*-2G)G@OH&<XQ.<�o
<�:�@$f.@O6$@$23EXH�/ ANBG2G)G=.@O23< D @$6�<�BG25BG@$JK,.6O<XQ.<]Q.E�Q�=.@O)3<XQ.<�B5<���/1)G23B�*-,N,.6$@Oc�=aE�B D6O<|IZ<&HC23<C=.)rQ.<&BtQ.EC,.6n*1H�<CJ><CA�23B D QN<�698Y<�ANB3<CJ7fN6O<|QN<�B�,0/ @$A�23BtQN<�6L*i,0/ =.2G)3< U � <�6$=.@��kH�@�<�BG2�*-6O/1)�BtBG@$J^,.6L<CJK<CA�2
H�*-6OHC=.6LEX,a*-)�6L*7l�/1)GJ7=N6O< D = FL D B3/1@$2�B3/1=aB�lm/1)GJ><]Q.ECI�<C6O/1,.,?E�<^[





(ωp)1≤i≤np

(θp)1≤i≤np



 =





(F zz)1≤i,j≤np (F zθy)1≤i,j≤np (F zθx)1≤i,j≤np

(F θyz)1≤i,j≤np (F θyθy)1≤i,j≤np (F θyθx)1≤i,j≤np













(Fz)1≤j≤np

(My)1≤j≤np

(Mx)1≤j≤np









/ � (ωp)1≤i≤np

<�2 (θp)1≤i≤np

)�<C,.)3E&BG<�A�23<CA�2�)�<�BG,0<�HC2G@OIZ<CJK<�A�2W6O<�BXH��a*-JK,NBXQ.<�Q.EC,.6n*1H�<CJ><CA�2X<CA�oa<C:�@O/1A DB3<C6L/1AT698�*;:�<XIZ<C)G2G@LH&*-6 z Q.=T)3<�,0_C)3<Xd 6O/1f
*-6 D <C25<CAP23/1)�BS@L/1A D *-=.23/ =.)5Q.<X6L*MQ�@$)3<&HC2G@O/1APJK/;bZ<CA.AN<]Q.<X698	*-@O6O<W)3<C�
,N)3E�B3<CA�23E&<�,a*1)F698	*;:.< y Q�=\)�<C,0_C)�<�d 6O/ fa*-6?Qa*-ANBFAN/ 2G)3<WH�*1B D <CAPH��a*1H�=.ATQN<�BF,0/1@$A�23B�Q.<�6n*�,0/ =.2G)3< U�  /123/ ANB
c�=N< D D F D <C2 L /1A�25)�<�BG,0<�HC2G@OIZ<CJK<�A�25,0/ =.)�Q.@$JK<CAaBS@L/1ANB (2np) D (2np ∗ 3np)

<C2 (3np) U

¡X¢9£ ¤¦¥t§
¨�©Xª�«�¬ª7«¯®t©�°�±M²�³�´5«
µ A¶B3<M,.6L* H�<^QN*-AaBX6O<^H&* BXdZECAaEC)�*-6�/1�·6O<&B]H�/�Q.<�B]QN<^H&*-6OHC=N6�)3E�B3/16$I1*1A�2]6O<�BRE�c�=a*-23@O/1ANBRQ.<M6L*\JKEC�

H�*-A.@Oc�=a<�Q.<�B�oa=.@OQ.<&Bi<�2�Q.<R6L*KJKE�H�*-A.@Oc�=a<�Q.<&BiBG2G)3=NHC2G=.)�<�B�B3/1A�2�Q.@OBS23@$ANHC23B�<�2�Q.<RA
*-2G=.)�<�Q�@���EC)3<CA�2�<e¸nlm/1)G�
J�=.6L*-23@O/1Aº¹�=N6OEC)G@O<�A.AN<e<C27IZ/16$=NJK<K»NA.@OB7,0/1=.)76O<KoN=N@OQ.< D <C2�lm/1)GJ�=.6L*-23@O/1A V *1d )�*-ANd @O<CA.Aa<><�2�Je*-2G)G@OH&<>QN<
o
<�:�@$fN@$6$@$23EW,0/1=.)�6L*7BG2G)G=aHC2G=.)�<�¼�<C25/1�T6O<�BFJ>*-@O6$6L*-dZ<&B�Q.<�698Y@$A�23<C)Gl�*1H�<W,.��b�BG@Oc�=N<W<CA�2G)3<W6O<WQ./ J>*-@$Aa<ioN=N@OQ.<W<�2
6L*^BG2G)G=NH�2G=.)3< D H�½123EXoN=.@LQ.<]Q�8Y=.AN<X,
*-)G2�<�2�H�½12�E]BG2G)G=NH�2G=.)3<RQ�8	*-=N2G)3<X,
*-)G2 D AN<]H�/ ¾�ANHC@OQN<CA�2�,a*1B U¿ E�B3/1=NQ�)3<�6O<7BGb�BG23_�JK<7H�/1=.,N6OERoN=.@OQN<��kBG2G)G=aHC2G=.)3<�)3<�I�@O<CA�2X4K)3E�B3/ =NQ�)3<�6O<�BWE�c�=
*-2G@O/1AaB�Q.E&HC)G@$I1*1A�2�698YEC2�*12
Q.=·oN=N@OQ.<><C2�698YEC2�*-27Q.<K6L*gBS23)G=NHC2G=N)3<^2�/1=.27<CA¶@$JK,0/ B�*-A�2R=.AÀ<CANB3<CJ�f.6O<>Q.<>H�/1ANQ.@$2G@O/1AaB7*-=�:·6$@$JK@$23<�B�H�/1�
�aEC)3<CA�2�<�B UNÁ ,.,a*1)�*-@$2�*-6L/1)3B�6O<],.)3/1f.6L_CJK<RQ�=g23)�*-ANBSlm<�)G2iQ.<]698 @$A.lm/1)GJ>*12G@O/1Aj<�A�2G)3<]6O<�BiQ.<C=.:PB3/1=NBS�kBGb�BG23_CJ><�B U¹�AÂQ�8	*-=N2G)3<�B�2�<C)GJK<&B D ,0/1=N)�)3E�B3/ =NQ�)3<\=.Ah23<C6F,N)3/1f.6L_CJK<\@$6|l9*-=.2^ÃC2G)3<TH&*-,a*1f.6O<TQ.<e23)�*-ANBGJK<�2G2G)3<\6O<�BM<�l��
l�/1)G23B�¸mQ�8Y/ )G@$d @$Aa<R*1EC)3/�Q�b�Aa*1J^@Oc�=a<]QN*-ANB5AN/ 2G)3<]H&* B�¼�*1=gH�/�Q.<RQ.<]BG@$J7=.6n*-2G@O/1AP)�E�B3/16$I1*1A�256O<�B�E�c�=
*-2G@O/1AaB5QN<
6L*PBS2G)3=NHC2G=N)3<^<C2])3E�H�@$,.)3/�c�=N<CJ><CA�2 D @$6rl�*1=.2RÃC2G)3<^H�*-,a*-fN6O<^Q.<M2G)�*-AaBGJK<C2G23)3<M6O<�BRH��a*-JK,NB]QN<MI�@$23<&BGB3<^<C2RQN<
QNEC,.6L*1H&<CJK<CA�2^Q.<\6L*�,a*-)3/ @�B3/ 6$@OQ.<\J>*-2�EC)G@L*-6O@OB�*-A�2M698 @$A�23<C)Sl�* H�<eoN=.@OQN<��kBG2G)G=NH�2G=.)3<P*-=ÂH�/�Q.<TQ.<TBG@$J7=N6L*-2G@O/1A
QNE�HC)G@$I *-A�2|698YEC2�*12|Q.=>oN=.@OQ.< U�� /1J^J><�,N)3E�HC@OB3EW*-=\Q.ECfN=.2FQ�=\H��a*-,N@$2G)3< D AN/ =NB�AN/ =NB�)3<&BS23)3<C@$d Aa/1ANB�*-=\H&*-6OHC=N6
QN<�698YE�2�*-2WQy8YE�c�=N@$6$@$f.)�<�*1EC)�/�EC6L* BS23@Oc�=N<�BS2+*-2G@Oc�=a< U
Á @$ANBG@tB3<C=N6OB�6O<�BWQNEC,.6L*1H&<CJK<CA�23BWQ.<76L*>BG2G)3=NHC2G=N)3<7Q./ @$IZ<CA�2
Ã�2G)3<X23)�*-ANBGJ^@LB�*1=gQ./ J>*-@$Aa<WoN=N@OQ.< U

Á »NA·Qy8	*-6$6OE�dZ<C)X6O<�B]<�:�,.6$@OH&*-23@O/1ANBXAN/1=aBWAa/123/1AaBXQ.E&BG/ )GJ>*-@LB F 6O<�Je*-@$6$6L*1dZ<MQ�=·QN/1J>*-@OAN<M/�H�H�=.,0E�,a*1)
6O<XoN=N@OQ.< D S 6O<XJe*-@$6$6L*1dZ<RQ.<X6n*MBG2G)G=aHC2G=.)�< D FI 6O<]J>*-@O6$6L*-dZ<RBG=.)Sl�* HC@Oc�=N<]J>*123EC)G@L*16$@OB�*-A�2�698 @$A�23<C)Sl�* H�<Woa=.@OQ.<C�
BG2G)3=NHC2G=.)�<�,0/1=N)F6O<�J>*1@$6$6L*-d�<WQ�=TQ./ J>*-@$Aa<ioN=.@OQN<M¸�J>*1@$6$6L*-d�<WQ.<�6L*7BG=.)Gl�*1H�<�J>/1=.@$6O6OE�<�,a*1)F6O<ioN=N@OQ.<�¼�<C2 SI6O<]J>*1@$6$6L*-dZ<]J>*-2�EC)G@L*-6O@OB3*1A�2�H&<C2G23<]@$A�23<C)Sl9*1H�<X,?/1=.)�6O<XJe*-@$6$6L*-d�<]Q.<]6L*MBG2G)G=aHC2G=.)�< UV <&B]Q.<C=�:�,N)G@$ANH�@$,a*-6O<&BXQ.@�Ä>HC=N6$23E�BR4\BG=.)GJ>/1A�23<�)]B3/1A�2]QN/1ANHMQy8 =.AN<�,
*-)G2]QN<�2G)�*-AaBSJ><C2G2G)3<M6O<�B]<��?/ )G23B
* EC)3/�Q�b�Aa*-JK@Oc�=N<�B�ECI1*-6O=NE�B7BG=.)76O<>J>*1@$6$6L*-d�<>Q.=ÀQN/1J>*1@$AN<KoN=.@OQN<>H&/1)G)3<�BG,0/ ANQN*-A�2M4P6L*g,a*1)3/1@FB3/16$@OQ.<�¸m<�A



Å Æ Ç�È�É+Ê
ËmÌmÍ3ÎRÏ�Ð�Ç�É1Ñ$Ò�Ó�Ñ�Ô�Î�Ñ$É]Ê�Õ1Ö+Ë�ÌmËmÕ ×�Ô�Ø Ù3Ú�Ó�ËnÑÛË�ÜCÍ3Î7É�ÙCÍGÕ�ÙCÑ$É-ÖCÌ�Ë�ÚCÓaÎ

Ý�Þ	ß1à.áGâ3ã�ä5á3ã�âGåKã�äiæ�çLßMäGà.âGè�ß1é�ãXå>ê1à.ë$ç$çLì�ã�íFãCá�ÝyÞ	ß-à.áGâ�ãXîaß-âGá�ÝNã]Ý.ì�èmê âGåKãCâ5çLãXå>ß-ë$çOçLß-ïZã]Ý�àjÝ.ê1å>ß1ë$ðNãWñNàNëOÝ.ã
ãCðgèmê1ðaéCáGëOê1ð�Ý.ã&äiÝ.ìCîNçLß1é�ãCå>ãCð�á3ä�é&ß-çOé�à.çOì�äiäGàNâ�çOãRå>ß1ë$ç$çLß-ï�ãRÝNã]çLßKäGáGâGàaéCáGà.â3ãZòNórê1àNâiÝ.ã&ä�ïZì�ê åKìCáGâ3ëOã�äié&ê1åMô
î.çOãCõ�ã�ä&ö.é�ãRÝ.ã�âGð.ëOãCâ�î0ê1ëOð�á�ã&äSá�â3ì�ä3ê1çOàPîaß1â�ìCá+ß-î0ã�ä&òN÷�ðjã�ø�ãCá&öNÝNß-ðNä5àNðPîNâ3ãCå^ëOã�â5á3ã�å^îNä5çLã�ä�Ý.ìCîNçLß1é�ãCå>ãCð�á�ä
ìCù1ß1ç$àNì�ä�äGà.â�çOãRå>ß1ë$ç$çLß-ïZã7Ý.ãRçnßKäGáGâGàNé�áGà.â3ã�ä3ê ð�áiáGâ�ß1ðNäGå^ëOäWß1à�õPðNê�ãCàNÝ.ä�Ý.àjå>ß-ëOç$çLß-ïZã7Ý�à�ÝNê1å>ß-ëOðNã]ñNàNëOÝ.ã
é�ê1â3â3ã�äGî0ê1ðNÝaß-ð�áWæ^çLß^î
ß-â3ê1ë�ä3ê1ç$ëOÝNã>úmå>ß-ë$çOçLß-ïZã�äGà.âSè9ß1éCëOû�àaã�í�öNî.àNëOä�öaÝaß-ðNäià.ð�Ý.ãCà.õ�ëOüCå>ã]á�ãCå^îNä&öaé�ã&äiÝ.ì�î.çLß;ô
é�ãCå>ãCð�á3ä�ä3ê1ð�á5î.â3ê îaß-ïZì&äiß-àPâ3ã&äSá�ã]Ý�àgå>ß-ë$çOçLß-ïZãRÝ�àgÝNê1å>ß-ë$ðaãWñNàNëOÝ.ãKúmå>ß-ë$çOçLß-ïZã]ùZê1ç$à.åKëOû�àNã;í�ò

ýtþLÿ�þ�� �������
	�����������	������
��������������	��� ����	!���#"
�$�%"&��'��"�()��*+�"&�
	��&'�
�,��*�-
. ê1àNägß&ùZê1ðaäTé0/Nê ëOäGëXÝ.ã�ðNã�ðNê1àaä\ë$ð�á�ìCâ3ã�ä3ä3ãCâPû�àyÞ	æÀçLßÀâ3ì�ä3ê1ç$àNáGëOê1ð îaß1âGáGë$áGëOê ð.ðNì�ã�Ý.ã&äTì�û�àaß1áGëOê1ðaä

é�ê1àNî.çOì�ã�äXß1ä3ä3ê�éCëOì&ã�äWß1à�ä21�äGá3ü�åKãRñNàNëOÝ.ã�ôkäGáGâ3àNéCáGà.â�ã ò,3FãCáGá�ã7ìCá�ß-î0ã7ã&äSá�ë$ðaÝ�ëOäGî0ãCðaä3ß�4.çOã7ãCá�ðNê ð�áGâGë$ù�ëLß1çOã7é&ß-â
çOã�äKðaê�ãCàNÝNä>Ý.ã�ä>å>ß-ë$ç$çnß-ïZã�äeÝ.ãPçnß·äGáGâGàaéCáGà.â3ãjãCáeÝ�à�Ý.ê1åeß-ë$ðNãPñNà.ëLÝ.ãPðaãgé&ê�5�ðNéCëLÝ.ãCð�á>îaß1ä\æ�ç9ÞYë$ð�á3ãCâGè�ß1é�ã
ñNà.ëLÝ.ã�ôkäGáGâGàaéCáGà.â�ã ò76�ß7Ý�ë98eéCà.ç$á�ì�ã&äSáFç$ëOì�ãXæ�çLß�ðaß-áGàNâ3ãWÝ�ëOäGáGë$ðNé�á3ãWÝ.ã�äFÝNãCà�õ>ï âGë$çOçOã�ä&ò�÷�ðTã�ø?ã�á&ö�ã�ç$çOã�äFê ð�áFà.ðNã
Ý.ãCðaäSëOá3ì�áGâ3ü�ä|Ý�ë�ø?ì�â3ãCð�á3ãZò#6yã�åeß-ë$ç$çLß-ï�ã5ñNà.ëOÝ.ãiÝ.ê ë$á�î0ãCâGå>ãCáGáGâ�ã5àNðNãiìCù1ß1ç$àaß-áGëLê1ð>î.â3ì�éCëLäGãiÝ�àKñaà�õ>ß-à.á�ê1à.â|Ý.ã
ç9Þ	ß&ù�ëOê1ðyòa÷�ð�é&ê1ðNä3ì�û�àNã�ðNé�ã öNë$ç�ã&äSá�áGâ3ü�äiâ�ß!8>ðNìRî.â3ü&äiÝNã�ä�î
ß-â3ê1ëLäiãCá�ã�ðjîaß-âGá3ëOéCà.ç$ëLãCâ�ÝNß-ðaä�çOã&ä;:&ê ðNã�ä�ê�<jçOã&ä
ï â�ß Ý�ëOãCð�á�ä�ÝNã�ä�ï â�ß-ðaÝ.ãCà.â�ä|é�ê1ðNä3ãCâGù ß-áGë$ùZã&ä|äGê ð�á�î0ê á3ãCð�áGëLãCç$çOãCå>ãCð�á|ì�çOãCùZì�ä&ò#=�àeé�ê ð�áGâ�ß-ëOâ3ã öZçOãiå>ß-ë$ç$çnß-ïZãiÝNã�çLß
äGáGâGàNé�áGà.â3ã�é�ê à.ù�â3ã|æ5çLß�èmê1ëLäyçLß5îaß-â�ê1ë�å>ß-ëOätß-àNä3äGë�ç9Þ ë$ð�á�ìCâGëOãCàNâ�Ý.ã�ç9Þ	ß&ù�ëLê1ðyò?>kç�ã�äGá�ãCð�ïZìCðNì�â�ß-ç#40ã&ß1àNé�ê1àNî�åKê1ë$ðaä
â�ß!8>ðNì ò�6�ãRáGâ�ß1ðNäSèmãCâGá�ÝNã�äiÝNìCî.çLß1é&ãCåKãCð�á3äiì�ù1ß-ç$àaì�äiäGà.âiçLãRå>ß-ë$ç$çnß-ïZã�Ý.ãRçnßKäSá3âGàNéCáGàNâ3ãRùZãCâ�ä�çOãRåeß-ë$ç$çLß1ïZã�Ý.ã
çLß]îaß-â�ê1ë
äGê ç$ëOÝ.ã�ë$ðNé�ç$àNä�Ýaß-ðNä�çOã�å>ß-ë$çOçLß-ïZãiÝ�àeÝ.ê å>ß-ë$ðaã5ñNà.ëOÝ.ã5è�ß1ë$á|Ý.ê1ðNé�æ]çLßXèmê ëOä|ß-îNî0ãCç0æRÝ.ã�ä�á3ã�é0/.ðNëOû�àNã&ä
Ý�Þ ë$ð�á3ãCâGî?ê1çLß-áGëLê1ðgãCáiÝ�ÞYã�õ�áGâ�ß-î0ê çLß-áGëOê ðyò@6�ÞYê�4@ASã�éCá3ë�èrÝ.ãRé�ãXáGâ+ß-ðNäSèmãCâ3á�ã�äGá�Ý�Þ�ß1ä3äSàNâ3ãCâ5çnßMé�ê1ðaÝ�ë$áGëOê ðCB

DSI = DFI

æ]ç9Þ ë$ð�á3ãCâSè9ß1é�ã5ñNàNëOÝ.ã�ôkäGáGâ3àNéCáGàNâ3ã ö�ê�<
D

â3ãCî.â3ì&äGã�ð�á3ãiÝ.ãiå>ß-ð.ëLüCâ3ã�ïZìCðaìCâGëOû�àNã�çOãié0/
ß-å^îeÝNãiÝ.ìCî.çnß1é�ãCå>ãCð�á|äGà.â
ç9Þ à.ðaã]ê1àgç9Þ	ß-àNáGâ3ã]ÝNã�ä5ë$ð�á3ã�âSè�ß1é�ã&ä SI ê1à FI ò
6�Þ ë$åKî0ê1âGá+ß-ðNé�ã�Ý�à>äSà%ASãCá�î?ê1à.â�çLßWîNâ3ì�éCëOäGëOê ðKÝ�à>é&ß-çLéCà.çNÝNã�ç9Þ	ìCá�ß-á�Ý�ÞYì�û�à.ë$ç$ëD4Nâ3ã�ßRß-ë$ðNäGëNÝNê1ð.ðaì�ç$ëOã�à>æ]Ý�ë�ènô

èmìCâ3ã�ð�á3ã�äiìCáGàNÝNã�äFEHG�INöKJ�L%M�ö�J%L Å!N é�ê å^îaß-â+ß-ð�á�çOã�äiÝ�ë�ø?ìCâ�ãCð�á3ã&ä5á3ã�éO/.ð.ëOû�àaã�ä�Ý�ÞYë$ð�á3ãCâ3î0ê1çLß-á3ëOê1ð�P1ã�õ�áGâ�ß1î0ê1çLß1áGëOê1ð
à.áGëOç$ëOä�ß�4.çOã�ä^ãCð ß1ìCâ�ê�ìCçLß1äGáGëLéCë$á3ì\ð�à.å>ìCâGëOû�àNã ò+6�ãQ4.à.á^ã�äGá^Ý.ê1ðNéZöté&ê1ð.ðaß1ëOä3ß1ð�áMçOãTé0/aß-åKîÂÝ.ãTÝ.ìCîNçLß1é�ãCå>ãCð�á
ãCð�à.ð¶ãCðNä3ãCåR4NçOãMÝ.ã�î?ê1ë$ð�á3äKú�ðNê�ãCàNÝ.ä]Ý�à�åeß-ë$ç$çLß1ïZãMÝ.ã�çnß\äSá3âGàNéCáGàNâ3ã�í�Ý�ÞYã�ð·Ý.ì�Ý.à.ë$â3ã�çOãMÝNìCî.çLß é�ãCåKã�ð�á]ãCð
ãCðNä3ãCåS4.çOãRÝ.ãXî0ê ë$ð�á3ä�Ý.ëOäTAGê1ë$ð�á7ú�ðNê�ãCàaÝ.ä�Ý.ã]ç9Þ ë$ð�á�ãCâSè�ß1é&ã FI í�ò

UKVXWZY\[+Y^]`_?a�bdc^eTf@_gaihgc^ej]TY�a7h�k2Wmlon^V
3FãCáGá�ãråKìCád/Nê�Ý.ã;Eqp%M N ã�äGá�çLßFîNç$àNä�â3ìCî
ß-ðNÝ.àNã�ãCð7ß1ìCâ3ê�ìCçLß1äGáGëOé�ë$á3ìrð�àNåKìCâGëLû�àNã�úmçOã�é�ê�Ý.ãsrut@3vP . =swvxy= .

ãCðgîaß-âGá3ëOéCà.ç$ëOã�â5ç9Þ àNáGë$ç$ëOä3ã�íCò.÷�ðgä&Þ	ß-îNî.à@1�ß1ð�á�äGà.â�çOã�ä�ä3ê1ç$àNáGëOê1ðNäiÝ.ãXç9ÞYì&û�à.ë$çOëD4.â3ãRÝ�Þ à.ðNã]î.çLß û�àNãXîNçLß-ðNã]ë$ð�zað.ëOã ö
é�ãCá3á3ãFå>ìCá2/Nê�Ý.ã�é�ß-çOéCà.çLãFçOã�ärèmê1â3é�ã&ä�û�à.ë9öZß-î.îNç$ëOû�àNì&ã�ä�ãCðKé0/aß1é�à.ð^ÝNã�ärðNê�ã�àNÝ.ä�Ý.àMå>ß1ë$ç$çLß-ï�ã�Ý.ã�çLßXäSá3âGàNéCáGàNâ3ã ö
Ý.ê1ðNðNãCâ�ß1ëOãCð�á5ç$ëOãCàjæ�à.ðPá3ãCçyé0/aß1å^îgÝ.ã]Ý.ìCî.çnß1é�ãCå>ãCð�á&ò@{iðaã�èmê ëOä5é�ã&äFèmê1â3é&ã�ä5Ý.ì�á3ãCâGåKë$ðNì�ã�ä&ö.ãCç$çOã&ä5ä3ê1ð�á�äGà@4�ô
äGáGë$áGàaì�ã�ä�ÝNß-ðaärçLßWä3ê1çOà.áGëOê1ð^î0ê1àNâ�ãCðKÝ.ì�Ý�àNë$â3ã�çOã�Ý.ì�î.çLß1é�ã�åKãCð�á�ß1ä3ä3ê�éCëOì�æWé0/
ß1éCà.ðKÝ.ã�ärî?ê1ë$ð�á3ä�ÝNãFç9Þ ëOð�á3ãCâGè�ß1é�ã
FI ò

|}VR~;]TY�]�_?a�bdc^eTf@_gaihgc^ej]TY�a7h�kd~�lon�V
3FãCáGá�ãTåKìCád/Nê�Ý.ãuE Æ ö�� Å!N è�ß-ë$á>ß1î.î0ãCçiß1à�õhìCçLìCåKãCð�á3äozNð.ëOäjúmìCçLìCåKãCð�á3äKû�àaß1Ý.âGë$çLß-á�üCâ3ãPãCáKáGâGëLß-ðNï çOã�í

î0ê1àNâ�Ý.ìmzað.ë$â7à.ðaãeäGà.âSè�ß1é&ã>îaß1ä3ä�ß-ð�á7î
ß-â7çOã�ä7î?ê1ë$ð�á3ä�Ý.ã>çkÞ ë$ð�á3ã�âSè�ß1é�ã>ñNà.ëOÝ.ãCôkäGáGâGàNéCá3à.â3ã\ß1î.îaß-âGá�ãCðaß-ð�áMægçLß
èmê1ëOäWß-àgåeß-ë$ç$çnß-ïZã�Ý.ã]çLßKäGáGâGàaéCáGà.â3ã�ãCáWß-àjå>ß-ë$ç$çnß-ïZã�Ý�àjÝNê1å>ß1ë$ðNãXñaà.ëOÝ.ãZòK{�ðNãXèmê ëOäié�ãCá3á3ãRäGà.âGè�ß1é�ã�Ý.ìmzað.ëOã ö
çOã�ä�Ý.ì�î.çLß1é�ã�åKãCð�á�ä�ÝNã5çLß]äGáGâGàaéCáGà.â3ãiäGê ð�á�ðaß-á3à.â3ãCç$çLãCåKãCð�á�â3ãCç$ëLì�ä�ß1à�õ^Ý.ì�î.çLß1é�ã�åKãCð�á�ä�ÝNã�ä�î0ê1ë$ð�á3ä�ÝNã5ç9Þ ë$ð�á3ãCâSô
è�ß1é&ã�ß-î.î
ß-âGá3ãCð
ß-ð�áFß1à>å>ß1ë$ç$çLß-ïZã�ñNà.ëOÝNã ò$3�ãCáGá3ã�å>ìCá2/Nê�Ý.ãiÝyÞ ë$ð�á3ãCâ3î0ê1çLß1áGëOê1ð>î?ê ä3ä3ü�Ý.ã�çOãiï â�ß-ðaÝeß&ù1ß1ð�á�ß-ï�ãiÝ.ã
é�ê1ðaäGã�âGùZãCâ]çOã^áGâ�ß&ù1ß1ë$ç�ã�ø?ã�é�áGàNìMîaß1â]çOã�äRã�ø?ê âGá3ä�ß1ìCâ3ê�Ý@1�ðaß-åKëOû�àNã&äXçOê â3ä3û�àyÞYã�ç$çOã^ã�äGá]à.áGëOç$ëOä3ì�ãMî0ê1àNâRé&ß-çOé�à.çOãCâ



���q�������Z�T�$�?�#�m�X�#�S�0�%�?���D�g�7� ���

�`�������2�2�d�D @¡@�2�`¢�£¤£K¢$�K����¥F��¦§¥m¨�¢��2�d�;©Zª7¡@�D«����`¥¬£7�d�y®��¯@¯@����ª#¡K¥¬�y�2¡@�v��¥±°²���D���`��³�¥F�@¥´�`���2�2�2¡KµZ�2¡@�d¥%¶

·�¸X¹»º�¼�½?¾T¿\º�À@Á^Â!À�½!¾�Ã%ÄdÅ+¾TÆ�ÀKÂ�ÇCÈ�É�¾TÃ#ÊÌË2¹ÎÍÏ¸
Ð ¢%°�°®¥R�d¢�£i£K¢%°Ñ��¦ �D£K���`ª#¡K¥%Ò�µZ¥¬�d�d¥X°®©¬�2Ó�¢7�@¥X¡@�2�D�����d¥F¡K£K¥R�@©ZµZ¢%°�¯}¢%�2�D�2�`¢�£��2¡@���`�® ����d¥R�@¥Z���2¡@�2Ô

Õ ��µZ¥Z�Ïª7¡������O���2��ª7¡K¥Z��Öjµ�¦§¥Z�2��Ô×!Ô×���D�d¥i�@©mØ�£@��¥�¯����Ï¡@£K¥i©Zª7¡����2��¢%£�ª7¡������O���2��ª#¡�¥?Ù�¯}¢�¡@�Q�@©¬ØK£@�D�Ï�`�Ú��¡K� Õ ��µg¥
�0¥¬�D�`��£7�Û��¥Z��¯}¢%�D£7�d�Û�@¥g�y��¦ �D£7�d¥Z� Õ ��µZ¥g� FI ¥¬� SI ¶}Ü�¥Z�Û��¡K� Õ ��µZ¥g����¥Z��¯@�D¡K��¡K�2�D�D���d©Z¥g���d¢�£$����¥Z��Ó$Ý7¯}¥¬�2 ,¢���¢�Þ��K¥Z���@¥¬¡�ßà£���¯K¯}¥Z�FáDâ%â � Ò �%��ã ¶

ä\¸RåXÆ^¾TÉ�Ä0æ^¼TÀ�½?ç�Ê?æ^¼j¾TÉ�ç'Ë2åXèoé�¸
Ð ¥Z�2�d¥�°²©¬�2ÓK¢7�K¥±á �%ê�ã ¥Z�2���d¥¬°R @���� @��¥;Û���Û°®©¬�dÓK¢7�@¥;ë�ìSÒ%¥Z�D��¥�¡@�d�D�D���d¥���¥Z���2¯@�D�D£�¥Z����¡K� Õ ��µZ¥g�^Ô�í%îjï@ðDñ�ò

ó,ô�õ î÷öyø ó}ô ðDñ�ö2ù´¥¬£���£@³��`������Ô�¯}¢�¡@�v�0¥ZµZ¢�£K�2�2�d¡@�D�d¥´�`�o�2¡@� Õ ��µZ¥´¯����d�0��£7�v¯����v��¥Z�v¯}¢��D£$�d�v�@¥g���D£$�d¥¬� Õ �%µZ¥Z� FI ¥Z�
SI ¶�Ü��´��¡K� Õ ��µg¥ú�d¥ZµZ¢%£K�2�2�2¡@�D�0¥v���`��¯K�d¢�¯@�d��©¬�d©��K¥ú°��D£@��°����d¥¬�+¡K£K¥ Õ ¢�£�µ¬�2��¢%£@£K¥¬�D�`¥�©¬£K¥¬�d³%��¥%¶�û�£��@�D°®¥¬£����`¢�£ 1

Ò
��¥g�v��¯K�D�D£K¥Z�vµ¬¡K @��ª#¡K¥g�ú¯,¥¬¡@«�¥Z£7�vü¬�d�d¥Û�D£7�d¥Z�2¯@�d©Z�d©Z¥Z��¯@Ó7Ý����`ª#¡K¥¬°²¥¬£7�vµg¢�°�°²¥Û�`�R¯}¢������2��¢�£¤�\¦§©Zª#¡K�D�D�D @�d¥±��¦ ¡@£�¥
¯,¢�¡@�2�d¥F¥¬£àý�¥mß$��¢%£\¶

þ,¸XÿXÄ0Êgæ^¼j¾TÉ�ç7Ê®É�È�É�º�É�¾���È�Â�ÇCç7Ê�Ë����àÿÏé�¸
Ð ¥Z�2�d¥S°²©¬�2ÓK¢$�@¥àá��	��
 ã ¡@�2�D�D���d¥o¡@£K¥o�K©ZµZ¢�°®¯}¢%�2�D�2�`¢�£u¥¬£�
Ô��2¯@�D�D£K¥ÌÖT¯}¢���Ý7£���°®�`����¥�¢�¡��O���2��¢�£K£K¥¬�D��¥!Ù

¯,¢�¡@�y�@©mØK£K�D�;�`�o�2¡@� Õ ��µZ¥±�d¥¬�D�`��£7�;��¥Z�v¯}¢%�D£7�d�;�K¥Z�;�@¥Z¡�ß Õ �d¢�£7�d���¬�d¥Z� FI ¥¬� SI ¶Kûs����¥±¥g���yµZ¥¬¯,¥¬£K�K��£7�;�K©ZµZ¢�£@Ô�d¥¬���D��©Z¥®�K¥�°²��£@���¬�d¥®³�©¬£�©¬�0����¥²µg���R¥¬�D��¥®¥g���R�2¡K�dµZ¥¬¯@�d�D @��¥²��¦ �D£7�2�0¢7��¡@���d¥®�@¥g�X¢%�dµ¬�D�D�`���d��¢�£K�X¥Z£7�2�d¥®��¥Z�F¯}¢��D£$�d�
�D£$�d¥¬�2¯,¢���©Z�g¶

��¸X¹��#½?Æ�È,Á^ç�Á�ç7Ê²ÇCÈ�Â?½!¾�ç7Â!Ê
� �`�Q���9¨�©¬�d¥¬£Kµg¥S�K¥Z�Û°²©¬�2ÓK¢7�K¥Z�´�\¦ �D£7�d¥¬�d¯}¢��`���d��¢�£K�´¯@�d©Zµg©Z�@¥¬£7�0¥Z�gÒ}µg¥¬�2�d¥S°®©¬�dÓK¢7�@¥RÔúí������gî õ ���àömò

î ï����%ù±¥¬£���£@³%�`���`�úÔ&£K¥±µOÓK¥¬�dµOÓK¥´¯����yS�D°®¯}¢%�d¥¬�y���D�d¥ZµZ�d¥¬°®¥Z£7�v�`��µZ¢�£K�@�D�2��¢�£

DSI = DFI .

ûs����¥±¥Z�d�0����¥F¥¬£¤�0¥¬«���£KµOÓK¥±�\¦q���d�2¡@�d¥¬�yµZ¥¬�2�d¥F©¬³#�����D�d©F��¡Ì�d¥¬£K� Õ ���D @��¥F¥¬£¤�D°®¯}¢%�0��£$�Fá �%� Ò ��� ã

∀ΨS ∈ ! " nSI , ΨF ∈ ! " nFI ,

∫

I
ΨSDSI − ΨFDFI = 0.

¢�#
nSI

¥¬�
nFI

�d¥¬¯K�d©Z�d¥¬£7�0¥´��¥´£�¢�°R K�d¥±�@¥±£K¢7¥Z¡K�@�;�@¥g����£7�d¥¬� Õ ��µZ¥Z� SI ¥¬� FI ¶
Ð ¥¬�2�0¥ÌµZ¢�£����D�2��¢%£ ¥Z�2�²�@���dµ¬�d©¬�2�`�2©g¥Ì¥¬£ Õ ¢�£Kµ¬�d��¢�£ �@¡ ¯@�0¢� @���¬°²¥%Òs�`�u�d©Z�d¢��D¡K�2��¢�£���¡ �2Ý$�2�$�Z°®¥¤�D�D£�©g���D�0¥

¢% @�d¥¬£7¡¤£�©ZµZ¥Z�d�2�D�d¥´��¦ �D£$«�¥¬�d�2��¢�£Ì��¦§¡@£K¥´°²���d�2��µZ¥±�@¢�£$���`�S�0���D�D��¥´¯}¥¬¡K�vüZ�2�d¥´¯@�d¢�ÓK�D @�D�2��«�¥´��¢��d�dª#¡K¥´��¥´°²���D�D�`��³#¥
�@¡Ì�@¢�°Ï���D£�¥ÛýK¡K���@¥±¥Z�2�;�2�2������°®¥¬£K�2��¢%£@£K¥¬�\¯����y¥mß�¥¬°®¯@��¥%¶

% ���2°�����¥Z�S°®©¬�dÓK¢7�@¥g�o��¦ �D£7�0¥¬�2¯}¢������2��¢�£'&�¥mß$�d�0��¯}¢������2��¢�£ ¥mß$���2�0��£7�d¥Z�gÒ+��¡Kµ¬¡@£�¥Ï£K¥Q¯}¢%�d�$�Z�@¥Q�d¢�¡@�d¥g�S��¥Z�
¯K�d¢�¯@�d��©¬�d©Z�o�2¢%¡@Ó������0�� @��¥g�Z¶^Ü��iª#¡����D�D�d©Q�@¥Z�S�D£7�d¥Z�2¯}¢��`���2��¢�£K�(&�¥¬ß$�2�0��¯}¢��`���2��¢�£K�o¢� @�d¥Z£7¡K¥Z�o�@©¬¯}¥Z£K�'��¡'¯@�d¢�Ô
 K���¬°®¥�¶vÜ�¥Z�����2�2��µZ��¥Z�Ì�@¥u�d¥¬«7¡K¥g�¤µZ�D�d©Z�Ìµ¬�9Ô×�@¥Z�d�2¡K�ÌµZ¢�£��2¥Z�D�D��¥¬£7���@¢�£�µu�@¥��0¥Z�2�d¥¬�Ì���D¨,©¬�d¥Z£7�d¥Z�¤°®©Z�2ÓK¢7�K¥Z�g¶
Ð ¥¬¯}¥¬£��K��£7�S��¥Z�R°²©¬�2ÓK¢7�K¥Z�Së�ìÑ¥¬�*) %,+ �d¢�£7�oµZ¥¬�D��¥g� Õ ¢�¡@�2£K���d�d��£7�R�`¥Z�R�d©Z�2¡@�D�0���d�R��¥Z�R¯K�D¡K�R¯@�d©gµ¬���S¥¬�S��¥Z�
�2¡@� Õ ��µZ¥Z�X�\¦ �D£7�d¥Z�2¯}¢��`���2��¢�£Ú��¥Z�F¯@�D¡��±�����d�2¥g�Z¶ Ð ¥®�d¢�£$�X©¬³#����¥¬°®¥Z£7�F��¥g�±°²©¬�2ÓK¢$�@¥Z�F��¥Z�F¯K�D¡K�F�d¢� K¡K�2�d¥Z�.-\¥Z�D��¥Z�
�d¢�£$�;¥¬£Ì¯����2�2�`µ¬¡@�D��¥Z�;µg��¯��� @��¥g�v�K¥´�d¥Z¯@�d¢7��¡K�D�d¥F�@¥ Õ ¢%�2�d¥Z�v�D�2�0©¬³%¡@�����2�D�d©Z�g¶

/ ¥à¯@�D¡��ZÒ�¥¬£ £�¢��0��£$�
hF
¡@£�¥à³%�0��£K�@¥¬¡K�®µg���0��µ¬�d©Z�2���2�2��ª#¡�¥¤��¡ °²���D�D����³�¥Ì��¡ �@¢%°²���D£�¥QýK¡K���@¥¤¥Z�

hS¡K£K¥�³%�0��£K�@¥¬¡K�Ìµg���0�%µ¬�d©¬�2�`���d��ª#¡K¥u�@¡ °²�����D�`��³�¥u�2�2�d¡Kµ¬�2¡@�0¥%Ò��D�X� ©Z�d©�¯@�d¢%¡@«�© á ���!ã ª#¡K¥u��¦§¥¬�2�d¥Z¡@�Ì�@¥u�@����Ô
µZ�d©¬�2���0���d��¢�£ �%�2�d¢7µZ��©Z¥²��¡Ú�2Ý$�2�$�Z°®¥®µg¢�¡@¯@��©�ýK¡@�`�@¥mÔ��2�2�2¡�µ¬�2¡@�0¥®µ¬�d¢%���d�d���D�R���2Ý7°®¯@�d¢%�2��ª#¡K¥Z°®¥¬£7�R¥¬£

O(
√
hF )



021 35476(8:9<;<=$>@?BAC3D62EGFIHBE5JK>LEG6M87N2O(9�;<9<N�PQJSR T$UIHB9VEW9YX�=$>Z6�T�=�N�T�EG6[O�;�9YU�H >

\�]2^$_$`�a�b@\�bZced�fe\Vg2hIb�ijb�k�lmc�b@\ngj_ol$^�a�h�l�a�^$bLd�l(g[pGlql$^rg[k�_�ispn_tg[auivg[pG\G\ng2w	bLc7axce]2ivg[pGk�b@y�aep�c�b@f g[^m\{z pGkBl$b�^o|
i}d~c7png[pG^$b�c�z a�k�bti}d�l�� ]�ceb�c�z pGkBl$b�^�f�]2\ng[l�p�]�k.�7�Dk�^$b���g[k�hr� bm\�]�^$_$`Ka�bt\�bI_Cc�d�fe\ng2h~b�i}b�kBl$_C_$]2k�lCfe^$]�f g[w	d~_�g[a
ijg2pG\G\ng[w	b�c7aQc�]2ijg2pGk�bLy aep�ceb�b�kxa�l�pG\Gp�_rg[kBlt\ngjijd�l���]Bceb*c�bI_ti}]2^$l�p�b�^$_~�:p�\�bI_�ltf�]�_$_opG��\�b*ceb*fe^$]�ae�	b�^M`Ka�b
\{z�b�^$^$b�ae^qc�b@c7p�_$h�^$dIl�p�_rg[l�p�]�k�g2_$_$]�h�p�dIbLg2au_��B_�l$��i}bLhI]2aef�\�d�y�aepnceb�|�_�l�^�a h�l�ae^rb@h�^$][��ltg2_���isfelr]2l�p�`Ka b�i}b�kBlqb�k
O(hF )+O(hS)

���,b�l�l$b�i}d�l$��]�ceb�bI_�l�ce]�k�h�b�k}l���dI]�^�p�bCf�\Ga�_Dfe^rdIh�p�_$b�`Ka bC\�bI_Dijd�l���]BcebI_�c�z p�k�l$b�^�f�]2\ng[l$p�]2k.�
�,b�f�b�k�c�g2k�l~�.hI]2i}i}bs\�bsijg[pG\�\ng[w	b}c7a�ce]�ijg[pGk b*y aep�ceb}bI_�lLb�kfe^rg2l�p�`Ka�bs��b~g[a�hI]�aeffe\Ga�_@^rg��jk�d}`Ka�bs\�b
ijg2pG\G\ng[w	bjcebs\ng�_ol$^�a�h�l$ae^$b���\{z�b�^�^$b�a�^Lceb}cep�_$h�^$d�l�pn_$g2l�p�]2k�g2_$_�]Bh�p�dIbj��\ng�i}dIl���]�c�b}cebI_@ij]2^�l�p�bI^$_@^$b�l�^$]�ae�	b
\{z�]2^rc7^$b�c�buw�^rg2k�ceb�a�^�cebI_vijd�l���]�c�bI_�c�z pGkBl$b�^�f']�\ng[l�p�]�k.��b�l�hI]2isijb�b�\G\nb�bI_�lv�'b�g[a�hI]�aef�fe\�a�_v\�]2ae^rcebx�
i}bIl�l�^$b@b�k�]�bIae��^$b@b�k�fe^(g[l�p�`�a�b��ebI\G\�bMb~_ol�f'b�a�a�l�pG\Gp�_$dIbMf']2a�^�\�bI_�fe^r]2�e\��Ii}bI_�c�z�g2d�^$]�dI\ng2_�l�p�h�pGlrdMh�\ng�_�_�p�`�a�b��

� g[k _�\�b@h~g�c7^$bLcebI_qh~g2\�h�ae\�_qh~]2aefe\ndI_�y�aepnceb�|�_�l�^�a h�l�ae^$b@ael�p�\Gp�_$dI_qc�g[k _qhIb�l�lrb@d�l�a ceb���\�bI_qced�f�\ng2hIb�ijb�k�lr_
cebM\ng�_�l�^$a�h�l�ae^rbM_$]2k�lqc7pG^$b~h�l$b�ijb�k�l�l�^rg[k�_�i}p�_qg[a�ijg[pG\G\Vg[w	b@c7a�c�]2ijg2pGk�bty aep�ceb@_rg[k�_�f g�_�_$b�^�f g[^�\{z�d�l(g[f'b
pGk�l$bI^�i}dIcepng[pG^$b�c�b�f�^$][�ob~h�l�p�]2k'��pGk�l$bI^�f']2\ng2l�p�]2k'�[b� Bl�^(g[f']2\ng2l�p�]2k¡_�ae^s\{z�bIk�_$b�iZ��\�b�cebI_�k ]�b�a�c�_sceb�\ngxf g2^$]2p
FI ��b�lMhIb~h�pDbIkQ^rg[pn_�]�k¢cea¢h~g[^(g2h�l$�I^$b�_�pGi}fe\Gp¤£ dsc7a¢i}]�c���\�b�ael�pG\Gp�_$d�f']2ae^Mfe^$d~c7pG^$b�\�bI_McedIfe\ng2h~b�i}b�kBl$_Mceb
\ng}_ol�^$a�h�l�a�^$b���¥5bLce]2ijg2pGk�b�y aep�cebLbI_�lqce]�k�hM^rb�ijg[p�\G\�d@_�aepG��g[k�l�a�k�fe^r]�hIbI_$_�a�_qb�kBl�p���^$bIi}b�k�ltg[k g[\���l�p�`Ka bL�
hr� g�`Ka�b}d�l(g[f'b}c7a�h�g[\�h�ae\¦c�bs\{z�dI`�aepG\GpG�e^rbjg2d�^$]Bd�\ng2_�l�p�`�a�b}_�lrg[l�p�`�a�b��S�,bIl�l$bsfe^$]BhIdIc7a�^$b}cebs^$bIijg[pG\�\ng[w	b}bI_�l
ce]2k hMced�l(g[pG\G\�d~bMc�g2k�_�\ng*f:g[^�l�p�bL§7� ¨���©e�

ª¬«n�«�ª ®j¯	°.±�²�³.²'´	µY°5¶¸·�¹¸·¦º�±,»Y²�¼7½:¾�½ ¶S´M·¦½:¿�¶¦°¬½:¹�·¦¿M·�½v»Y²�±�²�¯	°5µ.²�¹�¯	½ ¿�´�½j·�¹¸¾�²�µ�»{»Y²�³.½
·¦¹À·¦°5¾�²�µ�¶�½�Á,¹�µ{·¦½

Â k�bsÃ<]�p�_@\nbI_Lc�d�fe\ng2h~b�i}b�kBl$_Lc�b}\ng�_�l�^�a�hIl�ae^$bjh~g2\�h�ae\ndI_L_�ae^ SI bIlLl�^rg[k�_�i}p�_Z� FI �.\nb}ijg[pG\G\Vg[w	b�	]2\Ga�isp�`�a�b�hI]2^�^rbI_�f']2k�c g[k�l�g[a�c�]2ijg[p�k�bmy�aep�c�b�ce]2pGl�Ä�l�^rbt^$b�ijg2pG\G\�d��7Å�]2a�^Ch~b�\ngZpG\�b� Bpn_olrbtfe\Ga�_�p�b�a�^$_,l$b~hr�7|
kep�`�a�bI_�h�\ng�_�_�p�`�a�bI_~� �,b~_�ceb�^�k�p���^$bI_�_$]2kBl�fe^$d~_�bIk�l$dIbI_���^�p����	bIi}b�kBl�c�g[k _�hIb�l�l$b@_$bIh�l�p�]�k.�

Æ¦Ç�È}ÉÊKË�Ì5Í�ÎSÇ�È}Ï�Ð�Ñ Ê�ÒSÓ[Ô�Õ.Ö5Ç�È}Í:Ö�Ô<×:Ë�Ê�Ñ Ó�Ï ÐVÇ�È
¥.b~_5i}d�l$��]�ceb~_¬g[\Gw	dI�e^�p�`�a�bI_S]2aZpGk�lrd�w�^rg2\�bI_�ØGÙ�¨�§7��Ù~Ú 0�Û ce]2k�k�b�k�l¬b� Bf�\Gp�h�pGl$bIi}b�k�lS\�b�ced�f�\ng2hIb�ijb�k�l¬ceb

hr� g�`Ka�b�f']2pGkBl�c�bCivg[pG\G\ng2w	b���f:g[^�l�pG^¦c7ajced�f�\ng2hIb�ijb�k�l¦cebI_�f']2pGkBl$_�ceb�\ng�f g[^r]2p{�	�D\�\�bI_�Ã<]�k�lDp�k�l$b�^��Kb�kepG^¦_$]2pGl
aek�h~g[\�hIae\.g2\Gw	d��e^$p�`Ka�b	�7_$]2pGl�aek�h�g[\�h�a�\�pGkBl$d�w�^rg2\�ijg2p�_Ck�btÃ<]2k�l�f g2_Cp�k�l$b�^$�	b�kepG^�ceb�^$dI_$]2\Ga�l�p�]2k�cebM_o�7_olr��i}b
\GpGk�d�g[pG^$b�� � bQivg[kep���^rbQw	d�k�d�^(g[\�b��C\�b~_�ced�f�\ng2hIbIi}b�k�lr_�_$]2k�l�pGkBl$b�^�f']�\�dI_�b�k�l�^$bQ\Vg�f g[^$]2p@b�l�\Vg¸Ã�^$]2k�l$p���^$b
b� Blrd�^�p�b�a�^$b�c�]2k�l¦\�bqced�fe\Vg2hIb�ijb�k�l�bI_�lD£� 7dq�MÜ~d�^r]e�KÝ�\ _~z�g[w	pGl¦c.z aek�b�i}dIl���]�c�b�pGk c7a�_�l�^�pnb�\G\�bqb��jh�g2hIbqb�l���p�b�k
ijg2pGl�^�p�_$dIb@_oa�^�cebI_�h~]2k7£�w	ae^rg[l$p�]2k�_�hI]�isfe\�b� 7bI_~�

Þ ]2l$]2k _
X(a)

b�l
δX(a)

\Vguf']�_�pGl$p�]2kßb�l�\�b�cedIfe\ng2h~b�i}b�kBl*l�^rg[k _oi}p�_sg[a�k ]�b�a�c
a
cea�ijg2pG\G\ng[wKb�c7a

ce]2ivg[pGk�b�y�aep�c�b��
dS(b)

\�b�`Ka:g[^�l}ceb�\ngQ_$]2isijb�cebI_}_�ae^oÃ{g2hIbI_}ceb~_s`�a g[l�^rb�ijg[pG\�\�bI_}ce]2kBlsaek¡h~]2pGk¡bI_�l
\�bxk ]�b�a�c

b
�

Ψ
b�l
ν
ceb�a7 �ÃYg2h�l$bIae^$_�_rg[k�_�cepGi}b�k _opn]2kàceb~_ol$pGk�dI_��ßhI]2k�l$^$á2\�b�^�\{z�g[ij]2^�l�p�_$_$b�i}bIk�l�c�bx\ng

fe^$]�f g[wKg2l�p�]2kßceb~_*ced�f�\ng2hIb�ijb�k�l$_�â�\�]2^r_�`�a�b
Ψ

�2g2ael
1
\�b�ced�f�\ng2hIb�ijb�k�l�cebv\nguf g2^$]2pCbI_�l*fe^$]2f g2w	d�c�g[k _

l$]2a�lL\�b}ivg[pG\G\ng[wKb�ã��5¥5bI_@Ã<]�^�iZae\nbI_Zc�z pGk�lrb�^�f']�\ng[l�p�]2k _Zd�\�d�ijb�k�lrg[p�^$bI_Lf'b�a��	b�k�lZÄIl�^$b}ij]�c7p¤£:dIbI_Zcebj_$]�^�l$bv�
_~z�g�ä'^(g[k�hr��pG^tcebL\ng}l$]2f�]2\�]2w�pnbLc�bI_q\�pGw�k�bI_tcebLivg[pG\G\ng[wKb�âVÃ<]2^�i*ae\�b

(a)
ã�b�ltcebI_tb�ä�b�l$_tc7a _t�}\ngjcebIk�_�pGl$dZceb

ijg2pG\G\ng[w	bjâVÃ<]2^$iZae\�b
(b)

ã�ØGÙ~å 0�Û �

δX(a) =
∑

b∈FI

δX(b)

||X(a)X(b)||ν /



Ψ
∑

b∈FI

1

||X(a)X(b)||ν



 (a)

=
∑

b∈FI

δX(b)dS(b)

||X(a)X(b)||ν /



Ψ
∑

b∈FI

dS(b)

||X(a)X(b)||ν



 (b)

¥5bI_¦ijd�l���]BcebI_¦pGk�lrd�w�^rg2\�bI_�_$]2k�l,cebI_¦i}dIl���]�c�bI_�_�pGisfe\nbI_�b�l¦f�b�avh~]2æel$bIa�_$bI_~�K��\G\�bI_¦k dIhIbI_$_�pGl$b�kBl�hIb�f�b�k7|
c�g[kBlZaek¸^$d�w�\ng2w	bjfe^$d�g[\ng[�e\nb�g�£�k�c�z�ÄIl�^$b�g2c�g2fel$dIb~_*g[a7 �cep¤ä�d�^rb�k�l$_Zlç��f'b~_Zcebjivg[pG\G\ng2w	bI_~�S¥5g�lrbIhr�ekepn`Ka�b



è7é�ê:é5ëQìIí�îBï�ðKñ�òLðKñ*órï�ô�õ:öG÷~ø�ñ ù7ú

û�ü$ýIþ$ÿ����$ý~ÿ*û��2ü����	�
����2üMÿ������eÿ�� ú��	ù�� û'ÿ�ü��jÿ��Mÿ��������ü$ÿ ��û!��eü#"�ÿIþ#$��"%$���"�þ'&%��þ��(�
��&%� �����
&�ü$ÿIþ��)�+*,&-�sû!�	þ�ÿIü
����ÿ'.�&%�$ÿIþ$þ$ÿ'����"%"�ÿ��
�/��&-.Kÿ��
�/��ÿ'"0�21�ü3����3&%4�ü$ÿ@þ5��û'ý�ü�&�ÿ��eü$ÿ#���/��� �6�
&-� ÿ87���&%�eÿ 9

:<;>=>?A@CBED+FHGIFJG�KMLCG�K�K�D�L�@�K
N �8�}ý���������ÿO�eÿIþDü$ÿIþ$þ3�2ü��$þP�RQS � $��� þ5&nþ5�rÿPT�ÿ���.�&nþ3�U	ÿ�üV"�ÿO�6�
&-"-"W�
U	ÿO$�� �M�}ÿX���M��ü$ÿ�&%"-"-&�þY�eÿCü$ÿ~þ�þ3�2ü3�$þ��

$Z���[A� ÿ6�2ü3\��$ÿ}û!�2ü3�$ÿ]�
"%�2ü$þ�����ü$ÿIþ$þ3�2ü��^����_��&-"¦þ�*R�
U`&-�^�eÿ6�eý��$ÿ�ü3�M&-��ÿIü�"0��üZ�
&%�eÿ���ü�9 N �/��ýa1b�2ü��]�
��&%��c���
�]�
&-"-"0�U	ÿtÿIþ��d� e��$ÿ���� ÿmÿ��f$��
"%$���"0�
���d"0�Lû!��þ�&-��&%� �f���]�$ü$ÿ�&-"-"%&�þg"%�2ürþ�[��h* &-"�ÿIþ��Cþ�� ���M&�þO�
���eý�û�"W�$Iÿ��jÿ����g1b�2ü3$~ý
��ÿIþ�û!�&-�_�$þP�eÿ'"W��þ��eü51i� $Iÿ FI 9j ÿ����rÿk�}ý���������ÿk����&-"%&�þ$ÿk"�ÿ21l�
&-��[���ÿk"�ÿM��ü$ÿ�&%"-"-&�þ��eÿsü$ÿIþ$þ3�2ü��@ÿ~þ5�Lÿ��ý�[A��&-"-&-e�ü$ÿmTn$(���[���ÿk&-�rý�ü(�
��&0��>��ÿ
$���eû�"0�U	ÿZÿ�����ü$ÿ^"�ÿ�7���&%�eÿ*ÿ��8"0�jþ���ü���$����eü$ÿ`�	$ *�ÿIþ��5o�TCop�q&�ü$ÿ2T]$(��� [A��ÿ*ý��(�[û'ÿ2�eÿZûeü3�2û	�
UA�
�3&%��r��ÿIþ8�eý�û�"0�$Iÿ�o
�jÿ����$þLÿ��'1i�&-�#"l*,��s�û!� ����4Iþ$ÿm[A��ÿm$IÿIþ���ÿ��qtQû!��þ�&-��&%� ��þ��+*�ý�[A��&-"-&%eeü$ÿ}þ�� ���Mû�ÿ��>��&vu�ý�ürÿ����$ÿ~þMû!��eüLÿau�ÿ�$�����ÿIü
���w�eý�.	ÿ�"%�2ûeû�ÿ��}ÿ��_�2"-&-�M&-�rý�TI"l*,��ü3�7ü$ÿ 1 �eÿIþ�ÿau)��ü��$þM�[ûeû�"-&0[A��ýIþM�
�x�$ü$ÿ�&-"-"-&nþkTI"p* &-�$ý�ü(���&%��w$���eü(����$ÿvû��2ü
üZ�[ûeû!�2ü3��T�$Iÿ���ty�2ûeû�"-&%[���ýIþ�Tf"l* &%�$ý�ü(�
�3&%��¢ûeü$ý�$Iý��eÿ����rÿ�ÿ��@ÿat7ûeü�&-�jÿ�ü#$~ÿIþMÿau+�2ü��$þMÿ��r1b� ��$���&0�������$Z���
�sû
��ÿz�eý�û�"0�$Iÿ��}ÿ����X�eÿIþ,ÿatq��ü$ý��m&-�$ýIþd�eÿ~þ�ü$ÿIþ$þ���ü��$þ'{|����ÿ����eþd���]�6�&-"-"0�
UKÿz�q������6�&-��ÿP7���&%�eÿC}a9�~Y�]����&-"-&�þ(�
�_�
"�ÿ�1i�
&-�d[A�E*RT�"l* &-�$ýIü(�
��&%� �vûeü$ý�$Iý��eÿ����rÿz$���M�jÿ8T�"l* &-�$ýIü(�
��&%� �f$���eüZ�
���$ÿ�"0�Lþ3��m�}ÿz�eÿ~þ�ÿau+�2ü��$þX�[ûeû�"-&%[A� ýIþd��
�$ü$ÿ�&-"-"-&nþ�ÿIþ��O����"%"�ÿm{�û)��þ�&-��&%��I�+*�ý�[���&-"-&-eeürÿ�}a��$~ÿ�"0�k$�����q��&-��T�ü$ýIþ3����7ürÿ'"�ÿ@þ5s7þ5�(4��}ÿm� ú Q ù��g�

∑

b

Kab
−→nab.(

−−−→
δX(b) −

−−−−→
δX(a))−→nab =

−→
0

� � δX(a) ÿ�� δX(b) ü$ÿ�ûeürýIþ$ÿ����$ÿ��_�P"�ÿ~þ��eý�û�"W�$Iÿ��jÿ����$þzT6�[ûeû�"-&%[A� ÿ�üz�
��t����Bÿ����eþ a ÿ�� b ���/�]�
&-"-"0�U	ÿ����
����6�
&%��ÿX7���&%�eÿ � Kab

"0��ü(�&%�eÿ��eüg�q�}ürÿIþ$þ���ü��<��ÿO"l*R�[ü(\��$ÿ X(a)X(b) ÿ�� −→nab "�ÿO.Kÿ�$��$ÿ���üY����&-�(�
&Gü$ÿ�û!�2ü3�$ý�û��2ü$~ÿ�ü$ÿIþ$þ3�2ü���Tf"l* &-�rý�ü(�
��&0��¢ûeü$ý�$Iý��eÿ��_�$ÿ 9+~Y��U	ý�� ý�ü(�
"l�)"nÿIþ�ü(�&%�eÿ���ü$þMþ3��_���eýa����&�ÿIþ@ÿ�������&%"-&�þ(�
���#"0�]1b��ü��^��"nÿ
þ���&%.�
���$ÿ6{b�� ν .�
���PU	ý���ýIü(�
"�ÿ��jÿ���� 1 } �

Kab =
1

||X1
aX

1
b ||ν

.

N ÿ�$��
"0$���"E�eÿ#"0�k�����.	ÿ�"-"�ÿMû)��þ�&-��&%��I�+*�ý�[A��&-"%&-eeü$ÿ��q�/��ürÿ�&-"-"-&�þP��ý�$~ÿIþ$þ5&-�rÿ#�����$#"0��ü$ý~þ�� "-����&%� �/�h* ���uþ�sBþ��34��jÿ
"-&%��ý��
&GürÿM����_�'"nÿk����^e�ü$ÿM�+*�ý�[A���
�3&%���þ6{<þ3$��
"0�&Gü$ÿIþZ}tÿ����+*,&-��$��������ÿIþ6{<þ3$��
"W�
&Gü$ÿIþZ}tÿIþ��@ý�U��
"<Tf��ü3� &�þ81b� &�þ'"nÿ
����^eeürÿ#�eÿMû!�&-�_�$þP�q�n�]�
&-"-"0�U	ÿ#���/����]�
&-� ÿ87���&0�eÿ 9N ÿ~þMûeü3��ûeü�&�ý��$ýIþ���ÿ�ürý�U ��"0�2ü�&-�$ý}ÿ����+*,��ü������ U`����"-&-�$ým�q�>�6�
&%"-"0�
U	ÿsû'ÿ���.	ÿ��_��\���ü$ÿm$��� þ�ÿIü�.	ýIÿIþ�U�ü(� $Iÿ6T
"l*,����&-"-&nþ3���&%��I�eÿ'"0�k�$ÿ�$(����&%[A� ÿ�ûeü3��û!��þ$ýIÿ�û	�[üP�'�
��
�	�2þ���&.ÿ�����ÿ�&-�,ÿIü���� ú��eúa� 9

:<;>=>?A@CBED+FHGIFJGI�k;q@C�|�H;
N �/�}ý��������eÿ]�eÿ]�O�
�3&-����� ú��C� ÿ~þ5�*ÿ��¸ü$ý��
"-&-�$ý6����ÿvþ5&%�sû�"-&-��$��
��&0��x�eÿ6"0�/�}ý���������ÿ6��ÿIþLürÿIþ$þ���ü��$þ

û)��eüd"W�[A��ÿ�"-"�ÿ8$(�	�[A��ÿtü$ÿIþ$þ3�2ü��X�h*R�[ü3\��$ÿtÿIþ��,ü$ÿ��sû�"0� $Iýmû	�[üd��ü(�&�þ,ü$ÿIþ$þ3�2ü��$þX��ÿz�m\��jÿmü(�&%�eÿ���ü��_$(��� $�������ÿIþ
ürÿIþ$þ���ü��$þMÿ�t7ÿ�ü3������#����ÿ21b�2ü($Iÿ�ÿ�tq$�"-� þ5&%.	ÿ��}ÿ����#���
��þ#"�ÿIþ#��&Gü$ÿ�$��3&%���þ x � y �� z �q�¢ü$ÿ�û!4Iü$ÿ�û���sBþ�&%[A� ÿ 9+��ÿ
�rÿ�"-"�ÿ�þ���ü��$ÿk[A��ÿ^"p*�ý�$��[ü3��ÿ��_��ü$ÿ^"nÿIþz1b�2ü3$~ÿIþ#�[ûeû�"-&%[A� ýIÿIþ#�
�Qû!�&-�_� a ÿ��_��ü$ÿ2"�ÿIþ'�eÿ���tuû!�	þ�&-��&%�� þ'�+*�ý�[A��&-"-&-eeürÿ
��ÿ�.�&�ÿ��_� �

−→
f 1
ab =

−→
f 0
ab +Kab(

−−→
δXb −

−−→
δXa)

ÿ��O"�ÿMþ�sBþ��34��}ÿ'"%&-��ý��
&�ü$ÿ�T�ü$ýIþ3����eü$ÿ �
∑

b

Kab(
−−→
δXb −

−−→
δXa) =

−→
0 .

N ÿIþ�ý�[����
��&0���þ�û!��ü��(�
���qþ��eüO"�ÿ~þO$����2ü3�������ý~ÿIþ x � y ÿ�� z þ3��_���
"%��ü$þP�eý�$�� �eû�"�ý~ÿIþ�9



�� �E�q�Z�	�b�b�3���_�X�V��-���_�E�A���-�#�q��Z�|�b�b�  y�H¡ ¢3£��_�W�¤�i¥��3�^��¢�����¢��-�
���|�i£����

¦¨§A©CªE«+¬HI®p«!¯E¬H§�±°�²E³]´�¯E´�µ|«�¶	·|±¸>§�¹A´�¯J·Wºh²E
»E¼8½m¾�¿�À�Á�Â�ÃgÄbÁ Å�Â�¾�ÃOÆ�Ç�ÈVÉlÊR¼
Å�¼É%ÁË Ì%ÃP¼�ÍAÃ�ÎdÉpÊ,¾�É0¼Æ�¿�Ì%Î�Ì-¿3¾XÉ-Ì-Å�¾�¼Ì-È3ÃOÂ�Ã�ÆÏ½mÌ-É-Ì%Ã�Ç�Ð2Î�Á Å�¿�Ì-Å_Ç�ÆOÑ-Ò Ò��CÓ�Ç�¿�Ì-É-Ì%Æ3Ã

Ç�Å�ÃIÔ	¼Æ3Ã±Â�Ã/ÄbÁÅ�Î�¿�Ì%ÁÅ�ÆfÂ�¾�Î�È�Ì-Í¼
Å_¿]É0¼�Â�¾aÄbÁÈ3½6¼
¿�Ì0ÁÅÕÂ+Ê Ç�ÅÖÀ�¾aÐ�¼×�ÂqÈ3Ã±Â�ÃI½]¼
Ì-É-É0¼
ËAÃIØ!ÁÇ�ÈfÎ�¼É%Î�Ç�É%Ã�È]Ç�Å�Ã
½6¼¿�È�Ì%Î�Ã�Â�Ã]È�Ì%Ë Ì%ÂqÌ-¿(¾�¼Æ3Æ3Á�Î�Ì%¾�Ã�¼
Çx½]¼
Ì-É-É0¼Ë`Ã ÙHÍ_ÇwÎ�Á ½M½mÃfÇ�ÅwÆ3ÁÉ-Ì0Â�Ãf¾�ÉW¼Æ�¿�Ì%ÚAÇ�Ã`ÙJÃ�¿^Û�Å�¼
É%Ã�½mÃ�Å�¿kÈ3Ã�É-Ì%Ã�È2É%Ã
Â�¾�Ø�É0¼Î�Ã�½6Ã�Å�¿<Â�Ã�ÆVÅ�Á�Ã�Ç�Â�Æ<¼
ÇmÔ�Ì-É0¼
Å6Â�Ã�ÆYÃaÜ+ÁÈ�¿3Æ�Ý|Å�Á ¿3¾

f Þ Ã�ÅmÎ(À�¼ ÚAÇ�ÃOÅ�Á�Ã�Ç�Âhß àYÅmÂqÌ0Æ5¿3Ì-Å�Ë Ç�¼Å�¿VÉ%Ã�ÆVÅ�Á�Ã�Ç�Â�Æ
É-Ì-Ô�È(Ã�Æ6Ý|Å�Á_Ã�Ç�Â�Æ�Â�Ç�½6¼Ì-É-É0¼
Ë`ÃmÂqÇ�Â�Á½6¼Ì-Å�Ã2á�Ç�Ì%Â�ÃMÅ�ÃMÆ3ÃM¿�È3ÁÇ�Í ¼
Å�¿�Ø�¼Æ�Æ�Ç�È#ÉW¼�Æ�Ç�È5Äi¼ Î�Ãk½6ÁÇ�Ì-É-É0¾�ÃkØ�¼È#É%Ã
á�Ç�Ì0Â�Ã Þ Ø!ÁÇ�ÈdÉ%Ã�Æ�Ú�Ç�Ã�É%ÆXÉ%Ã8Â�¾�Ø�É0¼Î�Ã�½mÃ�Å�¿dÅEÊ,Ã�Æ�¿XØ�¼ÆgÛ�Ðq¾8Ø�¼
ÈXÉ0¼2Æ5¿3È�Ç�Î�¿�Ç�È3Ã'Ã�¿XÂ�ÁÌ-¿JâãÇ�Æ�¿3Ã�½6Ã�Å�¿Oä�¿�È(Ã8Ã�Æ�¿�Ì%½m¾ Ù
Â�Ã�ÆVÅ�Á�Ã�Ç�Â�ÆVÂ�Á Å�¿VÉ%ÃOÂ�¾�Ø�É0¼ Î�Ã�½6Ã�Å�¿YÃ�Æ�¿VÎ�ÁÅ�¿�È(¼Ì-Å�¿VØ�¼
ÈYÎ�Ã�É%Ç�Ì�Â�ÃdÉW¼8Æ�¿�È3Ç�Î�¿�Ç�È3Ã ÙÉ%ÃXÂ�¾�Ø�É0¼ Î�Ã�½mÃ�Å�¿YÂ�Ã�ÆÏÅ�Á�Ã�Ç�Â�Æ
ÂqÇ/½6¼
Ì-É-ÉW¼
Ë`Ã F Æ(¼
¿�Ì%Æ5Äi¼
Ì%¿�å

(
KF

\FI , F
\FI

KF
\FI , FI

KFI , F
\FI

KFI , FI

)(

δXF
\FI

δXFI

)(
0
fFI

)

Áæ
K

Ã�Æ�¿'Ç�Å�Ã2½]¼
¿�È�Ì0Î�ÃkÂ�Ã2È�Ì%Ë Ì%ÂqÌ-¿(¾Mç6Û�ÐqÃ�È'Ø�¼
È'É%ÃMÎ�ÁÅ�Î�Ã�Ø�¿3Ã�Ç�È#Ã�ÅrÄbÁÅ�Î�¿�Ì%ÁÅ>Â�Ã2ÉlÊR¼½mÁÈ�¿3Ì%Æ�Æ3Ã�½6Ã�Å�¿#Ú�ÇhÊ Ì-É
Æ3ÁÇ�À�¼Ì-¿3Ã8Â�Á Å�Å�Ã�ÈP¼
ÇqÐ]Â�¾�Ø�É0¼Î�Ã�½mÃ�Å_¿3ÆXÂ�ÃzÉ0¼^Æ�¿�È�Ç�Î�¿�Ç�È(Ã'ç�ÉlÊ Ì-Å�¿(¾�È�Ì%Ã�Ç�ÈXÂqÇf½]¼
Ì-É-É0¼Ë`Ã�á�Ç�Ì0Â�Ã ß_»EÃ8Æ�è_Æ�¿3×�½6Ã8Î�Ìvé
Â�Ã�Æ3Æ�Ç�Æ�Î�ÁÅ�ÂqÇ�Ì-¿8¼
ÇIÆ�è_Æ�¿3×�½6Ã#É-Ì-Å�¾�¼
Ì-È3Ã�Æ�Ç�Ì%Í¼
Å�¿^ÝiÂ�ÁÅ�¿�É0¼k½6¼¿�È�Ì%Î�Ã�Ã�Æ�¿�Æ�è�½m¾�¿3È�Ì%ÚAÇ�Ã�Â�¾aÛ�Å�Ì%Ã#Ø!Á Æ�Ì-¿3Ì-Í`Ã Þ Ú�ÇhÊ Ì-ÉÆ�Çqêm¿]Â�ÃnÈ(¾�Æ3ÁÇ�ÂqÈ(ÃnØ!ÁÇ�È6Î�Á Å�Å�¼
Ì-¿3È3ÃnÉ%ÃIÂ�¾�Ø�ÉW¼Î�Ã�½6Ã�Å�¿6Â�Ã/Î(À	¼Î�Ç�ÅÖÂ�Ã�ÆmØ!Á Ì-Å�¿3ÆmÌ-Å_¿3¾�È�Ì%Ã�Ç�È3Æ]¼
Çë½6¼
Ì-É%É0¼
Ë`Ã
á�Ç�Ì0Â�Ã ß

KF
\FI , F

\FI
δXF

\FI
= −KFI , FI δXFI

ìJí0îYí|ï ðzñ�òAógôgõlöÏ÷<ñùø<ñûú`ñ�üÖý+õpþlþiý+ÿhñùøg÷ ø � üÖýhõlô<ñ��d÷gõlø<ñù÷�� õpþlõ��	��ñùøYýhô
� þiñ ò_ýhøYú`ñùø<ñ
òqñ��	�ñ���� ÷gø<ñ

'¼Å�Æ�É%Ã�Î�¼ÂqÈ(Ã�Â�Ã�Î�Ã�¿�¿3Ã�¾�¿�Ç�Â�Ã`Ù�É0Ã�Æ�Â�¾�Ø�É0¼Î�Ã�½mÃ�Å_¿3Æ�Â�Ã�É0¼mÆ5¿3È�Ç�Î�¿�Ç�È3Ã�Æ3ÁÅ�¿�Ø�È(¾�ÂqÌ-¿3ÆzÂ�Ã�¿3Ã�É-É%Ã�Æ3ÁÈ�¿3Ã
ÚAÇhÊ,Ì-É�Ã�Æ�¿HØ!Á Æ3Æ�Ì-Ô�É%ÃgÂ�Ã<¿�È(¼
Å�Æ5½6Ã�¿�¿�È(Ã<ÂqÌ-È(Ã�Î�¿3Ã�½mÃ�Å�¿�Ù�Ø�¼ÈEÉlÊ Ì-Å_¿3Ã�È�½6¾�ÂqÌ0¼
Ì%È3Ã<ÂhÊ Ç�Å�ÃYÄbÁÈ�½2Ç�É%Ãd¼
Å�¼
É%è�¿�Ì%ÚAÇ�Ã<Æ�Ì-½mØ�É%Ã Ù
É%Ã�Æ�Â�¾�Ø�É0¼Î�Ã�½6Ã�Å�¿3Æ�Â�ÃkÉ0¼�Æ�¿�È3Ç�Î�¿�Ç�È3ÃM¾�Í¼
É-Ç�¾�Æ#Æ�Ç�È#É%Ãk½6¼
Ì-É%É0¼
Ë`ÃMÂ�ÃkÉ0¼fØ)ÁÇ�¿�È(Ã ÙhçfÉlÊ,Ã�Å�Æ�Ã�½^Ô�É%ÃMÂ�Ç�½6¼
Ì-É%É0¼
Ë`Ã
ÂqÇyÂ�Á ½6¼
Ì-Å�Ã�á�Ç�Ì%Â�Ã ß��XÃ�¿�¿3Ã^½m¾�¿�À�Á�Â�Ã^Â�ÌvÜ)¾�È3Ã2Â�Á Å�Î2Â�Ã�Æ8½m¾�¿�À�Á�Â�Ã�Æ'Î�É0¼Æ3Æ�Ì%ÚAÇ�Ã�Æ8ÂqÇr¿�è_Ø!Ã��p¿�È3Á Ì%Æ8Î(À�¼½MØ�Æ��
Ñ ����ÙXÒ����CÓPÚ�Ç�ÌP¼Câ�ÁÇ�¿3Ã�Å_¿kÉ%Ã�Î(À	¼
½MØ Â�Ã�ÆkÍ�Ì-¿3Ã�Æ3Æ3Ã�ÆMÁÇ Â�Ã�ÆMÂ�¾�Ø�ÉW¼Î�Ã�½6Ã�Å�¿3Æm¼
ÇqÐxÅ�Á�Ã�Ç�Â�ÆMÂqÇw½6¼Ì-É-É0¼
ËAÃ�ÂqÇ
Â�Á½]¼
Ì-Å�Ãfá�Ç�Ì%Â�Ã/¼ÇqÐxÌ-Å�Î�ÁÅ�Å�Å_Ç�Ã�ÆmÆ5¿Z¼
Å�Â�¼È3Â�ÆmÂqÇ Ø�È3Á Ô�É%×�½6Ã/¼¾�È3Á_¾�É0¼Æ�¿�Ì%Ú�Ç�Ã>Ý|Ë È(¼Å�Â�Ã�Ç�È3ÆMÎ�ÁÅ�Æ3Ã�È�Í ¼
¿�Ì-Í`Ã�Æ
¼¾�È(Á�Âqè�Å	¼
½MÌ%Ú�Ç�Ã�Æ�Ã�¿�ÎZÀ�¼
½MØcÂ�Ã6Â�¾�Ø�É0¼Î�Ã�½mÃ�Å�¿^Â�ÃmÉ0¼/Æ�¿�È�Ç�Î�¿�Ç�È3Ã Þ ½]¼
Ì%Æ�Ø)ÁÇ�È�É%Ã�Æ3ÚAÇ�Ã�É-É%Ã�Æ�É%Ã�Æ�Å�Á�Ã�Ç�Â�Æ�ÂqÇ
½6¼Ì-É-É0¼
Ë`ÃnÂqÇ Â�Á½]¼
Ì-Å�Ã]á�Ç�Ì%Â�ÃnÎ�ÁÅ�Æ3Ã�È3Í`Ã�Å�¿MÉ%Ã�Æk½6ä�½mÃ�ÆMÎ�Á�Á È3Â�ÁÅ�Å�¾�Ã�Æk¿(ÁÇ�¿6¼
Ç Î�ÁÇ�È(ÆMÂqÇ Ø�È3Á�Î�Ã�Æ3Æ5Ç�ÆMÂ�Ã
Î�¼
É0Î�Ç�ÉHÂ�Ã�ÉlÊR¾�ÚAÇ�Ì-É%Ì-Ô�È3Ã^¼¾�È3Á�¾�É0¼ Æ5¿3Ì%ÚAÇ�Ã ß�#¼
Å�ÆPÅ�Á¿�È3Ã�Î�¼ Æ�Ù�É0Ã�½6¼
Ì-É-ÉW¼
Ë`Ã�ÂqÇ±Â�Á½6¼Ì-Å�Ã#á�Ç�Ì0Â�Ã�ÅhÊ,Ã�Æ5¿zÂ�ÁÅ�Î�Ø�¼Æ
Î�ÁÅ�Æ5¿Z¼
Å�¿gØ	¼
ÈdÁØ�Ø!Á Æ�Ì-¿�Ì%Á Å�¼
ÇqÐ6½m¾�¿�À�Á�Â�Ã�ÆdÂ�Ãz¿�È(¼
Å�Æ5Ø�Ì-È(¼
¿�Ì0ÁÅhÙAÉ%Ã�ÆgÎ�Á�ÁÈ3Â�ÁÅ�Å�¾�Ã�ÆdÂ�Ã�ÆgÅ�Á�Ã�Ç�Â�ÆdÎ(À�¼Å�Ë`Ã�Å_¿X¼
Ç
Î�ÁÇ�È3ÆgÂ�Ã�É0¼�Ø�È(Á�Î�¾�ÂqÇ�È3ÃzÂ�ÃzÎ�¼
É%Î�Ç�É!Â�Ã�ÉlÊ,¾�ÚAÇ�Ì-É-Ì-Ô�È3Ã8¼¾�È3Á�¾�É0¼ Æ�¿�Ì%ÚAÇ�Ã`ßA»EÃ�Å�Á½2Ô�È3ÃzÂ�Ã�Å�Á�Ã�Ç�Â�ÆgÂ�Ç]½6¼
Ì-É-ÉW¼
Ë`ÃzÂqÇ
Â�Á½]¼
Ì-Å�Ãzá�Ç�Ì%Â�Ã8È3Ã�Æ�¿3Ã8Ì%Â�Ã�Å�¿�Ì%ÚAÇ�Ã Ù�½]¼
Ì%ÆOÎ(À�¼Î�Ç�Å�Â�Ã'Æ�Ã�ÆdÅ�Á�Ã�Ç�Â�ÆdÍAÁÌ-¿OÆ3Ã�ÆXÎ�Á�Á È3Â�ÁÅ�Å�¾�Ã�ÆO¾�Í`ÁÉ-Ç�Ã�ÈP¼
ÇnÎ�ÁÇ�È3Æ
ÂqÇ/Ø�È3Á�Î�Ã�Æ3Æ5Ç�ÆPÂ�Ã#Î�¼É%Î�Ç�ÉEÂ�Ã'ÉlÊ,¾�ÚAÇ�Ì-É%Ì-Ô�È3Ã�¼¾�È3Á�¾�É0¼Æ�¿�Ì%ÚAÇ�Ã ß

àYÅwÎ(À	¼Î�Ç�ÅwÂ�Ã�Æ^Ø)ÁÌ-Å�¿(Æ2Â�Ã]ÉW¼IØ!ÁÇ�¿3È3ÃfÆ3ÁÅ�¿kÎ�¼É%Î�Ç�É%¾�Æ�ÙHË È��Î�Ã�¼
ÇwÆ3Á É-Í`Ã�Ç�ÈkÆ�¿�È3Ç�Î�¿�Ç�È(Ã]Ø�È3¾�Æ3Ã�Å_¿3¾fÂ�¼
Å�Æ
É0¼/Æ�Ã�Î�¿�Ì%ÁÅx�qß��qÙhÇ�ÅcÂ�¾�Ø�ÉW¼Î�Ã�½6Ã�Å�¿�Ã�Å�á	ÃaÐ_Ì%ÁÅ>ézÂ�¾�Ø�É0¼Î�Ã�½mÃ�Å_¿�Í`Ã�È3¿�Ì%Î�¼
ÉgÆ3Ã�É%ÁÅ�ÉlÊR¼CÐ�Ã

z
ÂqÇ�È3Ã�Ø!×�È(ÃMË É%Á Ô�¼
É

(x, y, z)
édÅ�Á¿3¾

ωp
éO¼
Ì-Å�Æ�ÌJÚAÇhÊ Ç�ÅrÂ�¾�Ø�É0¼Î�Ã�½mÃ�Å�¿8Ã�ÅI¿(ÁÈ3Æ�Ì%ÁÅy¼
Ç�¿3Á Ç�ÈzÂ�Ã�É0¼6ÂqÌ-È3Ã�Î�¿�Ì%ÁÅ±½mÁ�è`Ã�Å�Å�Ã^Â�Ã�ÉlÊ ¼
Ì-É%Ã

È3Ã�Ø�È3¾�Æ3Ã�Å�¿3¾�Ã'Ø�¼ÈOÉlÊR¼CÐ�Ã
y
ÂqÇnÈ3Ã�Ø!×�È3Ã#Ë É%ÁÔ	¼
É

(x, y, z)
é<Å�Á¿3¾

θp
ß

»EÃ]Â�¾�Ø�É0¼Î�Ã�½mÃ�Å_¿2Â�Ã6ÉlÊR¼Ì-É%Ã ÙEØ�È(¾�ÂqÌ-¿^Ø	¼
È^É%Ã]Æ3ÁÉ-ÍAÃ�Ç�È2Æ�¿�È�Ç�Î�¿�Ç�È3Ã`ÙHÃ�Æ�¿^Ø�È3Á Ø�¼
Ë`¾f¼ÇcÈ3Ã�Æ�¿3Ã]ÂqÇwÂ�Á½]¼
Ì-Å�Ã
á�Ç�Ì0Â�Ã6Ã�Å>Ç�¿�Ì-É-Ì%Æ(¼
Å_¿�Ç�Å�Ã6¼Å�¼
É%ÁË`Ì%Ã]¼�Í`Ã�ÎmÉ0¼n½m¾�Î�¼
Å�Ì%ÚAÇ�ÃmÂqÇcÆ3ÁÉ-Ì0Â�Ã ßEàVÅcÃaÜ+Ã�¿�ÙEÂ�ÃM½]¼
Å�Ì%×�È3ÃmË`¾�Å�¾�ÈZ¼
É%Ã ÙEÃ�Å
Æ�Ç�Ø�Ø!Á`Æ3¼Å�¿gÎ�ÁÅ�Å�Ç�ÆYÉ0Ã�Â�¾�Ø�É0¼Î�Ã�½mÃ�Å�¿dÃ�Åmá	ÃaÐ_Ì%ÁÅ

ω(P )
Æ3Ã�É%ÁÅ]ÉlÊR¼CÐqÃ

z
Ã�¿<É%ÃzÂ�¾�Ø�É0¼ Î�Ã�½mÃ�Å�¿gÃ�Å]¿3ÁÈ(Æ5Ì%Á Å

θ(P )¼
Ç�¿(ÁÇ�ÈgÂ�ÃPÉ0¼�ÂqÌ-È(Ã�Î�¿�Ì%Á Å6½mÁ�èAÃ�Å�Å�Ã
y
ÙAÃ�Å]Ç�Å6Ø!ÁÌ%Å�¿

P
Ù`É%ÃzÂ�¾�Ø�ÉW¼Î�Ã�½6Ã�Å�¿gÂqÇ]Ø!ÁÌ-Å_¿

Q
Ù`Å�Á ¿3¾ −→

δQ
Ã�Æ�¿gÎ�¼
É0Î�Ç�É%¾

Â�Ã#É0¼2½6¼Å�Ì%×�È(Ã#Æ�Ç�Ì-Í¼Å�¿3ÃMå
−→
δQ = ω(P )~z

︸ ︷︷ ︸� � !�"$#&%�!'� (*)+",# -�%*)+"
~z

+
−−→
QP ∧ θ(P )~y
︸ ︷︷ ︸�&)+�.!'� ( )/"0!�12� )/1$�43$-�%65 !'72-

~y

.

8pÉJÈ(¾�Æ�Ç�É-¿3Ã2Â�Ã^ÉpÊR¼Â�ÂqÌ%¿�Ì%ÁÅyÂhÊ Ç�År½mÁ Ç�Í`Ã�½6Ã�Å�¿'Â�Ã^¿3È(¼
Å�Æ�É0¼
¿3Ì%ÁÅrÍ`Ã�È�¿�Ì%Î�¼ÉJÆ�Ç�Ì%Í¼
Å�¿8ÉlÊ ¼CÐqÃ
z
Ì%Å�ÂqÇ�Ì%¿8Ø�¼
È8É0¼

á�ÃaÐqÌ%ÁÅ/Â�Ã'ÉlÊR¼Ì-É%Ã#Ã�¿PÂ+Ê Ç�Ån½mÁ Ç�Í`Ã�½6Ã�Å�¿�Â�Ã'È3Á ¿(¼
¿�Ì%Á ÅnÌ-Å�Â�Ç�Ì-¿OØ	¼
ÈOÉ0¼k¿3ÁÈ3Æ�Ì%Á Å/Â�Ã#ÉlÊR¼
Ì-É0Ã�¼
Ç�¿(ÁÇ�ÈPÂ�Ã'ÉlÊR¼
ÐqÃ
y
ß
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y0

1

yi yi+1yi−1

fi(y)

Y[Z&\[]_^;` XLacb�d�e4f$g+hid�ekjml hTeVg/n$o/p_d�qir�g+hsd�ekt�g+hTqThsu/vCnwp_d�t4oxqsnwfHr	qsf$t4qmj�nCuyj4v$p�qir�f�n$z{n$eFg/u

| e}t�g/hTqThsuOr	eVgcfCn$g/g/nk~.d�o+z�t4qsn��
hTq�n�u�gcj�d�e�fkp�d�u/u+hT��qsn�j�n�j�v$g/nCo+z�hTe�n$o�qsn�j�vCp�qir�fCnCz{n$eFgc��r	p�p4qThs�Jt4nCo
nCe�fO��r�f$t�e�j4nCuwe4dVn$t�j�u�j;t�z�r	hTqTqir���n�j�t�j�d�z�r	hTe4n��4t�hsj4n{��f�d�e4j;hTg/hsd�e�jml�r���d�hso�j�v$gOn$o+z�hTe�v�qsn�p�d�hTeVg

Pr�t4�Jt4nCqxu/d�eFg�vC��r	qTt4v�u
ω(P )

nCg
θ(P )

`�� r	e�u�qsn�f�r�j�o/n�j�n�fCn�g+oOr���r�hTq���e4d�t4u�r���d�e�u�fO��d�hsu+hxjml t�g+hTqThiu/n$o�qin
p4o/d	��n$gOv{j;t�p�d�hTeVg

Q
�kfCdVd�oOj�d�e�e�vCnCuLfCd�e4u+gOr�eVg/nCuLu+t�hT��r�eVg�qir�j�hTo/nCf$g/hsd�e�z�dH��n$e�e�n{j�n�qirku�g/o+t4f$g+t4o/n�� h ` n

�
y

fCd�e�u�g�r	eVg�j�l�r	p�o/�CuLqirkj4v2�4e�hsg+hsd�e�j�t�o/n$p_�Co/n
(x, y, z) � u+t�oLqirk��vCd�z�v$g+o+hsn�j�n{qir�p�d�t�g+o/n `?  q,nCu+gLp_n$t

p4o/d���r���qsnx�Jt�nxfCn[p4o/d	��n$gOvxfCd�¡¢e�f$hsj�n£r���nCf[t4e{j�nCu¤e�dVn$t4j�u�j�t�z�r	hsqTqir	��nyj�n[qir¥p�d�t�g+oOn���p_d�hseVg/u
r	t;¦��Jt4n$qsu�d�e
f�d�e�e�r�hTg,qsnCu0fO��r�z�p4u0j�n¥j�v$p�qir�fCn$z{nCeVg/u0n$e��=n2¦Fhsd�e�n$g0n$ecg/d�o/u+hsd�e `V  q�~¢r	t4g0j�d�e�f�fO�4d�hsu+hTo,t�e4n�z{v$g+��dVj�n�j4n
fHr	qsf$t�q§�_f�l*nCu+g�¨©�	¨§j;hTo/nNjml hTeVg/nCo+p_d�qir�g+hsd�e?�_j�nCuªj�v$p�q&r�fCn$z�n$eVg/uwr	t«e4hT��n�r	t�j;t«p_d�hseVg¥p�o/d���n$g/v `_� r�e4u�qinNf�r�j;oOn
j4n�fCn$g/g/n�vCg+t4j�n�e4d�t�u�r���d�e�uwfO�4d�hsu�h�j�l t4g+hTqThsu/n$owt�e4n�u�hsz�p�qsn�hTeVg/nCo+p_d�q&r	g+hsd�e�qThTe4vHr	hTo/n���hTq�uCl�r	��hTg�j�d�e4f�j�l t4e
fHr�uxp�r	o+g/hsf$t�qThin$oyj�nwqirNz�v$g+�4dFj�nwb�¬0cj4vCf$o+hTgOnwj4r	e�uxqir�u/nCf$g/hsd�e ^�` ®4`T¯�`

� vCf$o/hT��d�e4u?nCeLj4v$gOr	hTqJqsn�p�o/dVfCn�u+u+t4u°j�n¤oOn$z�r	hsqTqir	��n `�± r	p�p�n$qTqsd�e�u?�Jt4n
X

j�v�u�hs��e4n�qsn¤z�r	hTqTqir	�Jn�u+g+o+t�f$g+t�oOv
f�d�o+o/nCu+p_d�e4j4r	eFg��At�e4nkj;hsu/f$o/vCg+hsuOr	g+hsd�e²j;t³j�d�z�r	hTe�nc�4t4hsj�n�r	t²f�d�t�o/u�j;t´p4o/dVfCnCu/u+t4u�j�n�oOvCu/d�qTt�g+hid�e²j4n
q�l�vC�Jt�hsqThT��o/nNr�vCo/dVv$qir�u�g/hs�Jt4n�n$g

Z
qsnLz�r�hTqTqir	�Jn�j�nLqir�u�g/o+t4f$g+t4o/nNr	t«fCd�t4o/u�j�t�p4o/dVfCn�u+u+t4u¥j�nLo/vCu/d�qst�g+hsd�e«j4n

q�l�vC�Jt�hsqThT��o/n�r�v$oOdVv$qir�u�g/hs�Jt4n���n$gxe4d�g/d�e4u
Xrig

qsnªz�r�hTqTqir	�Jnªu+g+o/t4f$g+t�oOvªf�d�o+o/n�u�p�d�e4j4r�eVg£��t4e4nwj;hsu/f$o/vCg+hsuOr	g+hsd�e
j�tLj�d�z�r�hTe4n��4t4hsj�n
r���r�eVgmg/d�t4g/n�j�v2~.d�o/z�r	g+hid�eLf�r	t�u+v�n¤p�r	omqsnCu?n2µ�nCg/u?r�v$o/dVv$qir�u+g+hs�Jt4n�uC�ChTqJu�l�r���hTg?j;t�z�r�hTqTqir	�Jn
j�t�j4d�z�r	hse4n{�4t�hsj�ncr	t4g/d�t�oNj�n�qir�~.d�o+z�n�j�n{�=r�u/n�j4n{q§l�r��Vhsd�e�d�t�~.d�o+z{ncr���r�eVgNj�v2~.d�o/z�r	g+hid�e¶n$e���d�q
¨
·§¸/¹»ºk¼+½=¾$¿¤À/Á nCe�r	e���q&r	hsu ` n$g

Zrig
qin�z�r	hTqTq&r	��n�j�nNqircu+g+o+t�f$g+t�o/n�r�u+u/dVfChsvCn���qir�~.d�o/z{n�j�nN��r�u+nNh ` n ` r���r	eFg

gOd�t�g/n�j�v2~.d�o/z�r	g+hid�e�j�t4n�r	t�¦«n2µ�n$g/u�r�v$oOdVv$qir�u�g/hs�Jt4nCu `�Â t�f�d�t�o/uwj�tAp�o/dFfCnCu/u+t4uwj�n�f�r	qsf$t4q¤j�n�q�l*vC�Jt4hTqThT��oOn
r�v$o/dVv$q&r�u+g+hs�Jt4n���qsn�u�j�v$p4qir�fCn$z�n$eVg/uLj�n�qir�u�g/o+t4f$g+t4o/n�u/d�eVgwg/oOr	e4u+z{hsuLr	t�j�d�z�r	hTe4n��4t4hsj�n ` ¬�d�t�oLfCn�~¢r	hTo/n��
j4n$t;¦�g/nCfO�4e�hs�Jt4n�u[u/d�eVg[p_d�u/u+hT��qsnCuwÃFu/d�hTg[qsn�z�r	hTqTqir���nªj;t�j4d�z�r	hse4n£��t�hsj�nªnCu+g[j4v2~.d�o+z�v��.o/n$z�r�hTqTqir	�Jn � �Fu/d�hsg
t4ecfO��r�z�p�j�n£�Vhsg/nCu/u/nªÄ�j4v$p�qir�fCn$z{nCeVg,hTe�j;t�hTg0p�r	o,qin�fO��r�z�p�j�n£�Vhsg/nCu/u/nªÄ�j4v$p�qir�f�n$z{n$eFg0j�n�qirLu+g+o+t�f$g+t�oOn
n�u�gªr�u/u/dVf$hiv���fO��r�f$t�e«j�nCu�e4dVn$t�j�u�j�t�z�r	hTqTqir���n `=Å d�t�u¥r���d�e4u�fO��d�hsu+h°j�r	e4u�qsnLfHr�j;o/n�j�n�fCn$g/g/n�v$g+t4j4nLj4n
p4o/dVfCvCj4n$o���t�e�o/n$z�r�hTqTqir	�Jn�j;t�j�d�z�r	hTe�nª�4t�hij�n `4Â hTe�u+h���qsnwe4d�z���o/nLj�nwe4dVnCt4j�u£fCd�e�u�g/hTg+t�r	eFgyqsnwz�r�hTqTqir	�Jn
oOnCu+g/nª��¦�n��4n$e�o/n$��r	e4fO��nwqsnCu£f�dVd�o/j�d�e�e4vCn�u£j�n�fO�=r�f$t�e�j�nCuye�dVn$t4j4u£v$��d�qTt�n$eVg£nCe�~.d�e4f$g+hsd�e�j;t�fO��r	z{p�j4n
j4v$p�qir�f�n$z{n$eFg�j4ncq�l�r�hTqsn `¤| e�p4oOr	g+hs�Vt4n���qsnce�d�t���nHr	t²fO��r	z{p´j�n�fCdVd�o/j�d�e4e4vCnCu{nCu+g�f�r�qsf$t�qsvk�«p�r	o+g/hTo�j;t
f���r	z�p�j�nyfCdVd�o/j�d�e�e�vCnCu
j;t{z�r�hTqTqir���nyj;t�j�d�z�r	hTe�n[�4t�hsj4n£r	t�g/d�t�o
j�nxqir¥~¢d�o+z{nyj4nx��r�u/n

Xrig
��j;t�fO��r	z{p

j4ncj�vCp�qir�f�n$z{n$eFg�j�ncqir«u+g+o+t4f$g/t�o/n
D

nCg�j�n�u�fCdVd�o/j�d�e4e4vCnCu�j�t¶z�r	hTqTqir���n�j�n�q&r�u+g+o+t�f$g+t�o/n
Z

`�� r	e4uNqin
fHr�j;o/n�j�n�fCn�g/oOr���r	hsq��°e4d�t4uNe4d�t4uNo/nCu+g+oOn$hT��e4d�e4uN��d�qid�eVgOr�hTo/n$z�n$eVg{r	t;¦¶fCd�e;����t�oOr	g/hsd�e4u�j4n��Jd�qx��~¢r	hT�4qsnCu
j4v$p�qir�f�n$z{n$eFg/u�j4n�qirAu+g+o+t4fCg+t�o/n `¤� n�g/nCqTqsn�u/d�o+g/n��Vt4n�q�l�Æ_ÇmÈ�É4ÊHÆ°ËVÌ�ÍÏÎ°ÍVÌ�È¤ÍJÊÑÐ&Ê�Ì�Î°ÒVÈ�Ó&Ô4Õ�ÍFÖ�ÍF×_Ê�Ì�ÍJÊ
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ï°ðVñ§ò=ó	ô�õ�öH÷ ò=ø°ù£ú_û$ü4ý,þ$ý+ÿOû������sý/û��+ü�ÿ	�
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• (x̃ijk, ỹijk, z̃ijk)

�sû��>���,��ÿ�#(�����Cû��>#;ü`��Vû$ü&#
Nijk

ûDGFú�ÿ�� �;�Cû)��#&������sû�ÿ/û$úC\$ÿOûZ"��.��2&���
(x, y, z)�	ú�ÿ�\)�[ý/ÿ7����a�.ûCÿ+ý�#�û)��#(�$ú(�!���Cû8�{û��Vý�#4ûQ�!�S�+ý+ÿ/ü�$ý+ü4ÿ/û��	üZ�����.� �!��"�û�����ü�ÿ^���Vý

X
�

• N ′
ijk

�sû�ú�ÿ7��b�û$ý��;#�üc��Vû$ü&#
Nrigijk

��ü4ÿ��!�V"��������$ý+ÿ-�sû;#4ûd�!��úC��ü4ý+ÿ/û�R_���/��ÿ�#(�����Cû��H�����&��ý^���Vý/û)�#����	�!�H#=�Tÿ/û��Cý-�.�������e:�û8��4û�#�û��!���+ý+ÿ+ü�Cý+ü�ÿ/ûNf���$*û��+ýaXgR�Xh#=�Tÿ/û<R
y

������+ý7���Vý�#%$1�	ú�ÿ�\)�i�
��#(�DF&�(�Tý-�.���>#;ü
ÿ/û$úC\Cÿ/û

(x, y, z) j �
• (x′ijk, y

′
ijk, z

′
ijk)

�sû������/��ÿ�#(���(��Cû���#�ü�ú�ÿ7��b�û$ý��
N ′
ijk

û8GFú�ÿ-�.�;�Cû���#������sûªÿOû$úC\$ÿOûQ"��.��2&���
(x, y, z)

�
• ω′ �sûK#(�Cú(�!���Cû��{û8�Fý�#�ûQB�ûDG/�.���_� �VýOû$ÿ+úC���.���	ükúC��� �Fý

N ′
ijk

�
• θ′

�sû�#(�$ú(�!���Cû8�{û��Vý�#4ûªý���ÿ7�a�.���_� �Fý/û$ÿ+úC���.���	ükúC���.�Vý
N ′
ijk

�
4?û�#�$ú(�!����û8�{û8�Fý�RH�	ú�ú� �.�Jü4ûCÿ��	ü���Fû$ü#

Nrigijk

û��+ý��)���.�Cü(�.�£û8�{ú4ÿ���b�ûCý7���Vý��Cû���Vû$ü&#;�+ü�ÿ	�sû������ �.�!��"�û�#�û�!�;�+ý+ÿ+ü�$ý/ü�ÿ/û�ú_û$ÿ+ú�û8�#(�.�$ü(�!���Tÿ/û8�{û��Vý@RS�
�d#=�sÿ/û��$ý-�!���I�;�e:�û��(�4ûH#�û��!�;�+ý+ÿ+ü�$ý/ü�ÿ/û>f��5G;û
y

#��������ý+ÿ/ûH�)��� j ��k��ü�ÿ<�0$*û��+ý-� �>�	ý-�.���l#4û��<#(�Cú(�!���Cû��{û8�Fý���û8�IB�ûDG=�.���«û$ý¥û8��ý���ÿ��-�.���P�	ü�úC��� �Vý
N ′
ijk

#�ûH�!�d"��������$ý+ÿ-�sûN#�ûH�!�
úC��ü4ý+ÿ/û��m�&��ü�d�)O�����+�^6���.�-�3#W$*ü�ý-� � �.�/û$ÿS�!�Z�E����Cý-�.���n#%$ � �Vý/ûCÿ+úC���!��ý-�.���¶ÿOû$ú�ÿ��)�+û��Vý��Cû�ú9�	ÿ+�!�ZF"�ü�ÿ/ûVo(�1p=� T ��)$1��"��Tý�#W$ ü��ú�ÿ7�,�Cû����+ü��#%$ � �Vý/û$ÿ/úC���!��ý-�.���_� � ��)���Tÿ/û��(4mû)��#(�$ú(�
���Cû8��û8�Vý��xû8�VB�û8G/�.���kû$ýxû���ý���ÿ��-�.���Z��ü�ú]��� �Vý
N ′
ijk

�-���Vý����!��ÿ����)���!�$ü(�.���xú9�	ÿ��!�+�E��ÿ-�Nü(�sû���ü� O����VýOûdU






ω′ = ω(yrigijk) =

np∑
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np∑
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ω′ = ω(yrigijk) =
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ωpi−1 +
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′)



�
��������� �"!$#&%('*)�%(',+�#.-&/�021435' 676







x̃ijk = xrigijk

−
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yi − yi−1
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)(
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x̃ijk = xrigijk

−
(

zrigijk −
yi − yrigijk
yi − yi−1

zi−1 +
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yi − yi−1
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)(
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yi − yi−1
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(
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Ï-Í�Ú�ÐJÎ�Ï�Ó�Ô�Ú	Ø�Û�Ó�ÜCÎ�Ý2Ô�×8Þ
(
δWS =

∫

SI L.δD = LS .δDS

)
=
(
δWF =

∫

FI L.δD = LF .δDF

)
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Î�Ú�Ò�Ñ2å/ç2Ý�Î�ÖGÓ�è2Û�×�Ø&é�Ï4Î+Ø�Ô�Ò�Û�ê�Ô�Û�Ò�× ×�Ø�Ô�ê�Ñ�Ý�Ø�×�Ò�Ü�Î�Ô�Ó�Ü:×	Ø�ÓV×�Ï�Ï�×	Ø�Î�Ô�Ó�ØAÙ(Î�Ó�Ô
ÏD×�Ø�å�×�Û/ë�ê�Ñ�Ý�å/Ó�Ô�Ó�ÑCÝ�Ø�Ø�Û�Ó�Ü�Î�Ý.Ô�×�Ø Þ

∫

FI L =
∫

SI L ì-íSî�ï
[
δWS =

∫

SI L.δD
]

=
[
δWF =

∫

FI L.δD
] ì-í�ð:ï
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Û�Ô�Ó�Ï�Ó�Ø�Î�Ý2Ô
ÏD×�Ø
Ý�Ñ�Ô�Î�Ô�Ó�Ñ�Ý�Ø
Ó�Ý2Ô�Ò�Ñ.å/Û�Ó�Ô�×�Ø�ê�Ó�ôjå�×�Ø�Ø�Û�Ø ä ê�×�Ø�ê�Ñ�Ý�å/Ó�Ô�Ó�ÑCÝ�Ø�Ø�Í�Ú�Ý�Ñ�Ý�ê�×�Ý2Ô&Ø�Ó�ÖGá�Ï�×�Ö8×�Ý.Ô�ê�Ñ�Ö8Ö8×	Ø�Û�Ó�Ô Þ
LS = LF ìjíSî�ï
LS .δDS = LF .δDF ìjí�ð:ï
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í ×�÷�Ñ�Ý�ê�Ñ�ÖGá�ÑCÒ�Ô�×�Ö%×�Ý2Ô	×�Ø�Ô Î�Ø�ØAÛ�Ò�Ú+×�ÝÆá�Ò�Î�Ô�Ó�èJÛ�×+Ø�ÓNÏ�×�ØSÖ?Î�Ó�Ï�ÏDÎ�Ð:×�Ø	é?Ï-Í Ó�Ý2Ô�×�ÒAÙ-Î�ê�×+å/Û�å�Ñ�Ö?Î�Ó�Ý�×3ø�Û�Ó�å�×+×�Ôå�×3ÏDÎ%Ø�Ô�Ò�Û�ê�Ô�Û�Ò�×3Ý�×�Ø�ÑCÝ2Ô*á�Î�Ø*Ô�Ò�Ñ�áÆå/Ó�æbÚ�Ò�×�Ý2Ô�Ø�×�ÔSØ�ÓyÏ�×�ØSê�Ñ�Ý�å�Ó�Ô�Ó�Ñ�Ý�Ø	Î�Ú�Ò�Ñ2å�ç2Ý�Î�Ö8Ó�èJÛ�×�Ø*Ý�×3Ø�Ñ�Ý.Ô*á�Î�Ø*Ô�Ò�Ñ�á
Ø�Ú�Ü:ò�Ò�×�Ø ì Î�÷�Ø�×�Ý�ê�×�å�×�êIÕ�Ñ2ê*ÙKÑCÒ�Ô ä å�×���Ñ�Ý�×	å�×SÔ�Ò�Î�Ý�Ø�Ó�Ô�Ó�Ñ�Ý�ÏDÎ�ÖGÓ�Ý�Î�Ó�Ò�×��rÔ�Û�Ò�÷�Û�Ï�×�Ý.Ô ï ó/ßPÝ�á�Î�Ò�Ô�Ó�ê�Û�Ï�Ó�×�Ò ä â�Î�Ò�Õ�Î�Ô¼�º�·C¿�ã Ñ�Ý2Ô�Ö8Ñ�Ý.Ô�Ò�Ú�û�üCýrþPØ�Û�Ò�å�×�Ø	Î�Ï�ÐJÑ�Ò�Ó�Ô�Õ�Ö8×�Ø	å�×3Ô�Ò�Î�Ý�ØAÙK×�Ò�Ô�å�×�Ø�×�æbÑCÒ�Ô�Ø	Î�Ú�Ò�Ñ2å/ç2Ý�Î�ÖGÓ�è2Û�×�ØSÛ�Ô�Ó�Ï�Ó�Ø�Î�Ý.Ô�å�×�Ø
Ó�Ý2Ô�×�Ò�á�Ñ�Ï4Î�Ô�Ó�Ñ�Ý�Ø+×�Ô8Î�ç2Î�Ý2Ô+ÏDÎ]á�Ò�ÑCá�Ò�Ó�Ú�Ô�Ú�åVÍ���Ô�Ò�×�ê�ÑCÝ�Ø�Ó�Ø�Ô�Î�Ý2Ô�Ø�Ö%Î�Ó�Ø�Ý�ÑCÝqê�Ñ�Ý�Ø�×�Ò�ÜCÎ�Ô�Ó�ÙKØG×�ÝpÔ�Õ�Ú�Ñ�Ò�Ó�× ä èJÛ6Í Û�Ý
Î�Ï�ÐJÑ�Ò�Ó�Ô�Õ�Ö8×�å�×3Ô�Ò�Î�Ý�ØAÙK×�Ò�Ô�á�×�Û�Ô���Ô�Ò�×�Ý2Û�Ö%Ú�Ò�Ó�èJÛ�×�Ö8×�Ý.Ô�ê�ÑCÝ�Ø�×�Ò�Ü�Î�Ô�Ó�Ù@á�ÑCÛ�ÒSÛ�ÝÆÚ�ê�ÑCÛ�Ï�×�Ö%×�Ý2Ô�Ø�Û�á�×�Ò�Ø�Ñ�Ý�ÓDèJÛ�×
Ø�Î�Ý�ØGê�Õ�Ñ2ê ä Ö?Î�Ó�Ø+Ý�Ñ�Ýqê�ÑCÝ�Ø�×�Ò�Ü�Î�Ô�Ó�Ù*á�Ñ�Û�Ò�Û�ÝqÚ�ê�Ñ�Û�Ï�×�Ö8×�Ý2Ô+Ô�Ò�Î�Ý�Ø�Ø�Ñ�Ý�Ó�èJÛ�×�Î�ÜJ×�ê�ê�Õ�Ñ.ê?ÙKÑ�Ò�Ô�óNú	Î�Ý�Ø�Ï�×�ê�ÎCØ
Ð:Ú�Ý�Ú�Ò�Î�Ï ä Ï�ÑCÒ�Ø�èJÛ�×8Ï�×�Ø Ö%Î�Ó�Ï�ÏDÎ�Ð:×�Ø�å/Û¢å�Ñ�Ö%Î�Ó�Ý�×Gø�Û�ÓDå�×%×�Ô3å�×8ÏDÎ^Ø�Ô�Ò�Û�ê�Ô�Û�Ò�×8á�Î�Ò�Ô�Î�Ð:×�Ý2Ô�Ï�×8Ö���Ö8×%Ø�Û�á�ábÑ�Ò�Ô
Ð:Ú�ÑCÖ8Ú�Ô�Ò�Ó�èJÛ�× ì Ö?Î�Ó�Ø&á�Î�Ø�ÙKÑCÒ�ê�Ú�Ö%×�Ý2Ô*ÏDÎ8Ö���Ö%×�å�Ó�Ø�ê�Ò�Ú�Ô�ÓDØ�Î�Ô�Ó�Ñ�Ý ï ×�ÔSèJÛ�× ÏD×�Ø*ê�ÑCÝ�å/Ó�Ô�ÓDÑ�Ý�ØSÎCÚ�Ò�Ñ2å�ç2Ý�Î�Ö8Ó�èJÛ�×�ØÝ�×
Ø�Ñ�Ý.Ôcá�Î�ØcÔ�Ò�ÑCá8Ø�Ú�Ü:ò�Ò�×�Ø ì Î�÷�Ø�×�Ý�ê�×�å�×
ê�Õ�Ñ.êFÙKÑ�Ò�Ô ä å�×	��Ñ�Ý�×
å�×�Ô�ÒIÎ�Ý�Ø�Ó�Ô�Ó�ÑCÝGÏDÎ�Ö8Ó�Ý�Î�Ó�Ò�×
�rÔ�Û�Ò�÷�Û�Ï�×�Ý2Ô ï ä ÏDÎSá�Ò�Ñ�ôá�Ò�ÓDÚ�Ô�ÚGå�×Gê�Ñ�Ý�Ø�×�Ò�Ü�Î�Ô�Ó�Ü2Ó�Ô�ÚGÝVÍ�×�Ø�Ô	á�Î�Ø ê�Ò�Ó�Ô�Ó�èJÛ�×Gá�Û�Ó�Ø�èJÛ�×Gå�×�Ø	Ö%Ú�Ô�Õ�Ñ.å�×�Ø å�×GÔ�Ò�Î�Ý�Ø±Ù(×�Ò�Ô ê�Ñ�Ý�Ø�Ó�Ø�Ô�Î�Ý2Ô�×�Ø	Ö%Î�ÓDØ
Ý�Ñ�Ý0ê�ÑCÝ�Ø�×�Ò�Ü�Î�Ô�Ó�Ü:×�Ø&×�Ý^Ô�Õ�Ú�ÑCÒ�Ó�×�ÙKÑ�Û�Ò�Ý�Ó�Ø�Ø�×�Ý2Ô&å�×	÷�Ñ�Ý�Ø�Ò�Ú�Ø�Û�Ï�Ô�Î�Ô�Ø�×�Ý^Ö?Î�Ô�Ó�ò�Ò�×	å�×	á�Ò�Ú�å/Ó�ê�Ô�Ó�Ñ�Ý0å�×�Ø&å�Ú�á�ÏDÎCê�×�ô
Ö8×�Ý2Ô�Ø&Î�Ú�Ò�Ñ2Ú�ÏDÎ�Ø�Ô�Ó�è2Û�×�Ø û�� ´/ä î ü:ý ä î�� þjó
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"
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4 ù�Ý0å�×	ÐJÎ�Ò�Î�Ý.Ô�Ó�Ò�ÏDÎGê�ÑCÝ�Ø�×�Ò�Ü�Î�Ô�Ó�Ü2Ó�Ô�Ú å/Û^Ô�Ò�Î�Ý�Ø±Ù(×�Ò�Ô&å�×�Ø&×�æfÑ�Ò�Ô�Ø*Î�Ú�Ò�Ñ.å/ç2Ý�Î�ÖGÓ�èJÛ�×�Ø&é+Ï4ÎGØ�Ô�Ò�Û�ê�Ô�Û�Ò�× ä

Ý�Ñ�Û�Ø�Î�Ü:Ñ�Ý�Ø�å�Ú�ê�Ó�å�Ú ä ê�ÑCÖGÖ8×Æê�Ñ�Ý�Ø�×�Ó�Ï�Ï�Ú=å�Î�Ý�ØÆû�üCý�þ�á�Î�Ò�×�ë/×�ÖGá�Ï�× ä å�×]ÏD×�Ø�Ú�Ü�Î�Ï�Û�×�Ò�ØAÛ�Ò�Ï-Í Û�Ý²å�×�Ø�å�×�Û/ë
Ø�Û�á�á�ÑCÒ�Ô�Ø ì FI Ñ�Û SI ï ó�Ì6×�Ö%Î�Ó�Ï�ÏDÎ�ÐJ×�å�Û^å�Ñ�Ö?Î�Ó�Ý�×Sø�Û�Ó�å�×	Ú�ÔIÎ�Ý2Ô
÷�×�Î�Û�ê�Ñ�Û�á�á�Ï�Û�Ø
Ò�Î�5%Ý�Ú	èJÛ�×SÏD×�Ö%Î�Ó�Ï�Ï4Î�Ð:×å�×3ÏDÎ?Ø�Ô�Ò�Û�ê�Ô�Û�Ò�× ä Ý�Ñ�Û�Ø*Ï-Í�Î�Ü:Ñ�Ý�ØSÒ�×�Ô�×�Ý.Û]ábÑ�Û�ÒSÏ-Í�Ú�ÜCÎ�Ï�Û�Î�Ô�Ó�Ñ�ÝÆå�×�Ø�×�æbÑ�Ò�Ô�Ø ä Î�Ü�Î�Ý.ÔSå�×�Ï�×�Ø*Ô�Ò�Î�Ý�Ø�Ö8×�Ô�Ô�Ò�×+Î�Û/ë
Ý�Ñ2×�Û�å�Ø�å/Û^Ö%Î�Ó�Ï�ÏDÎ�Ð:× å�×�Ï4Î+Ø�Ô�Ò�Û�ê�Ô�Û�Ò�×Có4 ù�Ý^å�×	å�Ú�ê�Ò�Ó�Ò�×	á�Ò�Ú�ê�ÓDØ�Ú�Ö8×�Ý2Ô&ê�×�Ô�Ò�Î�Ý�ØAÙK×�Ò�Ô ä Ó�Ý.Ô�Ò�Ñ2å/Û�Ó�Ø�Ñ�Ý�Ø
Ô�ÑCÛ�Ô�åfÍ�Î�÷�Ñ�Ò�å�Ï�×�Ø
Ý�ÑCÔ�Î�Ô�Ó�ÑCÝ�Ø�Ø�Û�Ó�Ü�Î�Ý2Ô�×�Ø Þ
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• nIf UWV�X2Y�ZJ[3\]V�^�_ `QX�a]V@\cbed�f@V�gh^3Y�X�aiV@gjahf@YMZlkmYMg]n@V�UWV�Zodp`QUQUqd�r�V�gjs3\cbtd�fu`Wv+s&V FI w
• Il U)_ `QX�a]Vu\jbed�f@V�X�s3Z�nu\]Y l ^3sxZ�dp`WUQUqdpr�Vygjs3\cbed�f@`Wv+s2V FI z 1 ≤ l ≤ nIf { w
• Sl Ut_�dp`Q\]Vy^3V�Ut_�`QX�a]Vu\jbed�f@V Il w
• Gl UWV�[&dp\j|8f@VuX�a]\]V�^3V�Ut_ `QX�aKVu\cbed�f�V Il w
• ~nl = (nlx, nly, nlz) UWV�}�V@f@a]Vus3\hs3X3`QaKd�`Q\]V�X&Y�\jZ�d�U�~JU)_ `QX�a]Vu\jbed�f@V Il �

� _�YM[8�cV@fua]`�b�V�gcai^3Vyf�dpUWf@s3UWVu\hUWV�aKVuX2g]Vus3\i^3V@giVG��Y�\]a]gi~�aj\KdpX2gjZ�Vuajaj\]VyVuX#fK�&dMfus3X#^3V@g�X&Y�Vus2^2gh^3V�UqdJk�Y�s3aj\KV
Pi � 1 ≤ i ≤ np ��� VuUQs3`���fu`	V@gjaJX2Y�a]n��

(−→Fi,
−→Mi

) � Y�� −→Fi Vua −→Mi g]Y�X�aJ\]V@gjkmV�fuaj`Q}�V@Z�VuXCa�U�d�b/Y�\]f@V�VuaJUqV
Z�Y�Z�V@X�a�`Wg]gjs2gh^8s#fK�&dp\]r�VuZ�V@X�aidMnu\]Y�^8|CX&dpZ�`Wv+s2Vyv+s3`�g�_:d�k3k3UQ`Wv�s2VuX�a�dpsxX&Y�Vus2^ Pi � 1 ≤ i ≤ np �� Y�a]YMX2g Vi � 1 ≤ i ≤ np � Uqdy�
Y�X2V�^3ViU)_�V@gjk&d�f@V�f@Y�Z�k3\j`Wg]V�VuX�aj\]V�UWV@g�^2Vus8��k3UqdpX2g�k&dp\KdpUWUW�uUWV@g	Vua�kmV@\jkmVuX3�^3`Wfus3Uqd�`Q\]V@g�~�Ut_:d��8Vy^3V�Uqd�k�Y�s3aj\]VyV@a�k;d�g]g]d�X�ahk&dp\hUWV�g�Zl`WUQ`WVus8�x^3V�ghg]VurMZ�VuX�a]g [Pi−1, Pi] V@a [Pi, Pi+1]

z f�V
g]Y�XCa�\]V�gck�V@fuaj`W}�VuZ�VuXCa�UWV�g�kmY�`WX�a]g Pi + Pi−1

2 Vua Pi+1 + Pi
2 { ��� Vuaja]Vl��YMX2V�dxnua]n�^3nu�2X3`WV�^2dpX&g�UWV�f�d�^8\KV

^2Vlf@V�aj\Kd�}Mdp`QU�f@YMZlZ�V�U�d���Y�X2Vl^�_ `QX8�2s&VuX2f@Vl^3s�X2Y�Vus&^ Pi � 1 ≤ i ≤ np � ^8s�Z�d�`QUQUqdpr+Vl^3V�Uqd�gjaj\js&fuajs3\]V �  dp\�^3nG�&X3`Qaj`WYMX � UqVhX2YCVus2^ P0 f�Y�\j\]V@gjk�Y�X2^�~�Ut_�V@Zlk3Uqd�X�ajs3\KVi^3ViUt_:dp`WUWV � � V�^3nuk3U�d�f@VuZ�VuX�a�^3Vif�VhkmYM`QX�a�nuaKdpXCaaKY�s��cY�s2\]g�X�s3U z f@YMX2^8`Qa]`WY�X2g�~iUqdiUQ`QZ�`Qa]V
{ � UWV@g�^3nuk3U�d�f@VuZ�VuX�a]g�^3V�Uqdik�Y�s3aj\]V	gjYMX�a�f�dpUWf@s3UWn@g�~ik&d�\jaj`Q\�^8s�X2Y�Vus2^
P1 �¡s2g]v+s�_:d�sxgKdps3Z�Y�Xx^3V�Ut_�dp`QUWV �8¢ U£V�gcaidpUWY�\]g	kmYMg]gj`Q[3UqV�^£_:d�g]g]Y�fu`qVu\h~JfK�&dMfus3Xx^2V@g�X&Y�Vus2^2g	^3s�Z�dp`QUWUqdpr�V�^2VUqd�gjaj\js2f@ajs3\]VyUqd��
Y�X2Vy^2V�Ut_�V�gck;d�f@VH^3nG�2X2`WV�k2\]n@f@n@^2VuZlZ�VuX�a �   YMs3\hUWVyX2Y�V@s2^ P1 `QU�g�_:d�rM`Qa�^3V�Uqdlk&dp\ja]`WVy^2VUt_:V@gjk&d�f@V�f@Y�Zlk2\j`Wg]V�VuX�a]\]V�UWV@g�^3V@s8�ok3Uqd�X2g	k&dp\Kd�UQUW�uUWV�g�k�Vu\jkmVuX&^8`Wfus2Uqdp`Q\]V@gh~JUt_:d��8V�^2V�Uqd�k�Y�s3aj\]V�Vua	k&dMgjgKdpXCa
k;dp\�UWV�g�kmY�`QX�aKg�Zl`QUQ`WV@s8��^3V�g�gjV@rMZ�VuXCa]g [P0, P1] Vua [P1, P2]

z f�V�g]Y�X�a�\]V@gjkmV@fua]`Q}�VuZ�VuX�a�UqV@g�kmY�`QXCa]g P1 + P0

2

V@a P2 + P1

2 { �&� V@g�X2Y�a¤dpaj`WY�X&ghgjYMX�a�`QUWUQs2gjaj\]n@V�g�k&dp\�U�d��2rMs2\]Vy¥ �:¦8�§ X8�&X � ^2nG�2X3`qgjg]Y�X&gHkmY�s2\�f¤�&d�fus3X&V�^2V@gH`QXCa]Vu\cbed�f�V@g Il � 1 ≤ l ≤ nIf � ^8s¨Zodp`QUQUqdpr+V�gjs3\jbed�fu`Wv�s2V FI �
Ut_�dp`Q\]V Sil nur+dpUqV�~oUt_�dp`Q\]V�^3VJUqd�gjs3\cbedMf@V�f@Y�\j\KV@gjkmY�X2^&dpX�ay~oUt_ `QX�aKVu\]g]V@fuaj`qY�X�VuX�aj\]VJUt_�`QX�a]Vu\jbed�f@V Il Vua�Uqdo��Y�X&V^�_ `QX8�2s&VuX2f@V Vi d�g]gjYCfu`Wn@VHdpsxX&Y�Vus2^ Pi � 1 ≤ i ≤ np � ^3sxZ�d�`QUQUqdpr+V�^3V�Uqd�gjaj\js&fuajs3\]V��

Sil = dp`Q\]V (Il ∩ Vi)© VuZ�dp\Kv+s2Y�X&g�v+s2V-U)_:dp`Q\]V Sil V@gja�nur+dpUqV�~ 0 UWY�\]g]v+s&V�U)_ `QX�a]Vu\jbed�f@V Il V@gja�VuXJ^3V@�2Y�\]g�^3V-Uqdh��Y�X&V-^�_ `QX8�&s2VuX2f�V
Vi dMgjg]YCfu`Wn@V�dps�X2Y�Vus&^ Pi � � dh^2nG�2X3`Qa]`WY�XJ^3V-Ut_:dp`Q\KV Sil V@gja�`QUQUWs2gjaj\]n@V-k&dp\�Uqd��2rMs2\]V�¥ ��ªC��« V�k3UWs2g � UWV-Z�d�`QUQUqdpr+V^2V�Uqd�gjaj\js&fuajs3\KVJV@gja�f@Y�X&gjaj\js3`Qa�^3VJa]VuUQUqVJg]Y�\]a]V�v+s2VJUqdoa]Y�aKd�UQ`Qa]n�^8s>Z�dp`WUQUqdpr�V�gjs3\cbedMfu`Wv+s&V FI V@gja�`QX2fuUQs&g]V^&dpX2g-U)_ s3X3`WYMXo^2V@g Vi FI ⊂ ∪np

i=1Vi � gj`;[3`WVuX�v�s2ViUt_:dp`Q\]V�^3ViUt_ `WX�a]Vu\jbed�f@V Il V@gja�n@r+dpUWV�~yUqdHg]Y�ZlZ�Vi^2V@g�dp`W\]V@g
Sil � 1 ≤ i ≤ np �

∀1 ≤ l ≤ nIf , Sl =

np∑

i=1

Sil .

� _:d�`Q\]V Sil kmVu\]Z�Vua�^3V�kmY�X2^2nu\]Vu\lUWV@glVG�£Y�\ja]g�d�nu\]Y�^3|�X&dpZ�`Wv+s&V@g�dprM`Wg]gKdpXCalgjs3\lUt_ `QXCa]Vu\cbed�f�V Il v+s3`hg]Vu\]Y�XCaa]\KdpX2gjZl`qgidpsxX2YCVus2^ Pi �« V-Z�dpX2`W�u\]V-r+nuX2nu\¤dpUWV�Vua�VuXJgj`QZlk2UQ`��;dpXCa�UWV-aKVuX2g]Vus3\�^3V@g�f@Y�X�a]\Kdp`QX�aKV@g�}�`Wg]v+s2V@s2g]V@g�^£_:dpk2\]�@g�Ut_ ��|CkmY�aj�&�@g]V
^2Vy¬Ca]Y��V@g � UWV@ghVG��YM\ja]g�Vu�8Vu\]f@n�g	k&dp\�s2Xxn�f@Y�s3UWV@Z�VuX�ah^3V�}C`Qa]V@g]g]V −→V z d
}�V@f�k3\]V@g]gj`WY�X�gjaKd�aj`Wv+s2V�`QX3�2X3`WV p∞ {gjs3\hs3X2Vygcs2\cbed�f�V S ^2V�X2Y�\]Z�dpUWV ~n g]Y�XCahnur�dps8�x~x�

−→F =

∫

S
(p− p∞) .~ndS

︸ ︷︷ ︸®e¯�°j±q²&³u´�µ�¶�·�¸u±�®)¹�¹�º�°j»
+

∫

S

(

−2

3
µdiv

−→
V
−→−→
I + µ

(−−→−−→
grad

−→
V +

−−→−−→
grad

−→
V T

))

.~ndS

︸ ︷︷ ︸®t¯
°j±q²;³u´�µ�¶:·�¼Gº�¹�½)°j¹�º ²0¾
  YMs3\hs3X!f�dpUWf@s3U�^8s#a�|�kmV § s3UWVu\ z ��|�kmYMaj�2�@g]V��&s3`W^3Vyk&dp\cbtdp`Qa¤{ � UWV@giVG��YM\ja]g�d�nu\KY�^8|�X;dpZl`Wv�s2V@g�dprM`qgjgKdpXCagjs3\hUqd�gjaj\js&fuajs3\KV�g]V�UQ`QZ�`QaKdpXCaidps3��VG��YM\ja]gh^3V�k3\]V@g]gj`WY�X¿�

−→F À�Á ¶ ®)± =

∫

S
(p− p∞)~ndS
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Pi

x

z

y

Pi+1 + Pi

2
Pi + Pi−1

2

Maillage de la poutre

Maillage de l’interface F I

Vi

Ú	Û�Ü	Ý Ã3Þ:ß#àâáCãKä&åuæ�ç�èGéCê2ëQìWã�çpí]ì�î�ï2è�ëqç�ï3åGð&ñ3ìQíjìqò�ñóï2è�ëqç>ô�òMñ2è Vi
çMõ]õjòCãuìWå@è#ö>ã¤ä&ç�ãu÷2ñóï3è�õlñ2ò�è@÷2ï3õ

Pi ø
1 ≤ i ≤ np

ï8÷�æ�çpìWëQëqçpù�èyï3è�ë�ç�õjíjúj÷2ã@íj÷3ú]è�Þ
y

Pi
Pi+1 + Pi

2

x

interface Il de surface Sl

Si
l = aire(Il

⋂Vi)

Pi−1

Pi+1

Pi + Pi−1

2

des plans délimitant Vi

Traces dans le plan (x, y)

Maillage de l’interface F I

Maillage
de la poutre

Ú�Û�Ü	Ý Ã8Þ�ûyàxáCãKä2å@æ�çlèGéCê3ëQìqã�çpíjì�î�ï8÷�ã
çpëWãu÷3ë�ï3è�ë)ü:çpìQú]è
Sil
Þ
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−→Fi =

nI
f∑

l=1

Sil (pl − p∞)~nl

−→Mi =

nI
f∑

l=1

−−→
PiGl ∧

(
Sil (pl − p∞)~nl

)
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τp = µ

(
∂Vt
∂np

)

���4�G�4� ,
1��

τp
,&" V ,&6�)&"('�$&"�EA5uH�13'	$4,�5:;�'	$&"�N�;>)&=+8"(+*)&"�$�5:'*F "('�$&;>"(E�E>"�bBEG5 V 5:,&1�; C Vt EA5BN	;�$&"�)&)&"�$�5:'*F "('�$4;A"(E�E>"�bBEA5
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S
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∫

S
µ

(
∂Vt
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)

~tdS
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• pl

EA5 V ,&"�)4)4;>1�'�)4$�5:$4;>=�+*"I"(gL"(,&H�6�" V 53,KE>"._8+/;>-/"M)4+/,KE�o�;�'�$&"(,4d�53H�"
Il

-L+�9r5:;�E�EG5:F "I)4+/,4d�53H(;>=�+*" FI C
• µl
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• V l
t
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Il C

• ~tl
E>"ON"�H($&"(+*,K$�5:'*F "('�$?b�E�o�;�'�$&"(,md�53H�"
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h
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−→Fi =

nI
f∑

l=1

Sil (pl − p∞)~nl + Silµl

(
∂V l
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∂nl

)

l
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−→Mi =

nI
f∑

l=1

−−→
PiGl ∧

(

Sil (pl − p∞)~nl + Silµl

(
∂V l

t

∂nl

)

l
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ρc C (ρu)c C (ρv)c C (ρw)c

"($
(ρe)c
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®°¯8±:²&³4´�²Iµ*¶P·�¶�¸I·(´�¹*º�»�²�±3¹*µ/¶(¼*²&¸I·�½3¹8¸4¶�²4¾3±:³4´>¾ ¶�¸�¿À´�Ác¶�¸4³O¯2½�¸&¸m´>Â/Á>¶Pµ*¶P·�±3Á>·(¼/Á>¶�²OÁA±�¯/²&¶�¸4¸4´>½3¹Ã¸4³�±:³&´>º¼*¶
pc

¶(³KÁA±P¾�´�³&¶�¸4¸&¶MµL¼�¸&½3¹
cc

±:¼�·�¶(¹�³4²&¶Mµ/¶OÁG±P·�¶(Á>Á�¼/Á>¶I¯8±:²KÁA±P²&¶(ÁA±3³4´>½3¹�µ/¶�¸K»±3ÄI¯8±:²4Å�±:´�³&¸MÆ






pc = (γ − 1)ρcec −
1

2

(ρcuc)
2 + (ρcvc)

2 + (ρcwc)
2

ρc

cc =

√

γ
pc
ρc

Ç ¶�¸<»�²v±:¹*µ/¶�¼/²&¸rÈ�ÁA±É¯8±:²&½�´e¸4½�¹�³DÊ(¾�±:Á�¼*Ê�¶�¸<»�²�Ë3·�¶B±:¼LÌt¾3±:Á>¶(¼*²&¸D·�±:Á>·(¼*Á>Ê�¶�¸r±:¼Í·�¶(¹�³&²&¶�µ/¶�ÁA±É·�¶(Á>Á�¼/Á>¶
±3µ:Î&±3·�¶(¹�³�¶�È�ÁA±P¯�±:²&½3´�Ï*ÐI±:¹8¸KÁ>¶M·�±3µ/²&¶Mµ/¶M·�¶I³4²�±�¾�±:´�Á�¿/Á>½3²&¸&º¼8¶IÁ>¶.Ñ8¼/´>µ/¶M¶�¸m³e¸4¼/¯/¯2½�¸&ÊI¯8±:²mÅ�±3´�³%ÒfÊ�º¼8±3³4´>½3¹8¸
µpÓ�Ôc¼/ÁA¶(²vÕ�¿/ÁA±P¯/²�¶�¸&¸m´A½3¹�¸4³�±:³4´>º�¼*¶

pl
¸m¼*²JÁ�Ó ´�¹�³�¶(²mÅ�±3·�¶

Il
¶�¸m³e·�±:Á>·(¼/ÁAÊ�¶Mµ/¶IÁA±PÖD±3¹/´>×(²�¶I¸4¼*´�¾3±:¹�³�¶DÒ�´>¸&¸m¼8¶Mµ/¶IÁA±

³4Ø*Ê�½3²4´>¶Iµ*¶�¸K²&¶(ÁG±:³4´>½3¹8¸J·�±:²�±3·�³&Ê(²4´>¸4³4´Aº¼*¶�¸MÙqÚ/Û �lÜ ÕOÆ

pl = pc − cc

(

ρ
−→
V
)

c
· ~nl = pc − cc

(
(ρu)c nlx + (ρv)c nly + (ρw)c nlz

)

Ç ½3²&¸&º�¼*¶KÁ>¶KÑ*¼/´Aµ/¶J¶�¸4³i¾�´>¸&º¼*¶�¼LÌ�Ò�Ê�º¼8±3³4´>½3¹*¸iµ*¶JÝ.±�¾�´>¶(²mÞmß�³&½3à¶�¸vÕW¶(³jº¼*¶JÁA±O¯�±:²&½3´�¶�¸4³j±3µ/´A±:Â8±:³&´>º¼*¶ ¿�ÁA±
¯/²&¶�¸4¸4´>½�¹B¸4³�±3³4´>º¼*¶ ¿*ÁG±<µ*¶(¹*¸4´�³&Ê%¶(³?ÁA±<³&¶(Ö<¯ÀÊ(²�±3³4¼/²&¶%¸4³�±:³4´>º�¼*¶�È@ÁG±@¯�±:²&½3´�¸&½3¹�³.¸4¼/¯/¯2½�¸&Ê�¶�¸?Ê�»±:Á>¶�¸.ÈD·�¶(Á�Á>¶�¸
µ/¶�·�¶(Á>Á�¼/Á>¶�±3µ:Î4±�·�¶(¹�³&¶�È�ÁA±�¯8±:²�½3´�Ï Ç ±�¯/²�¶�¸&¸m´A½3¹s¸4³�±3³4´>º¼8¶

pl
¸4¼/²<Á�Ó ´�¹�³�¶(²mÅ�±3·�¶

Il
¶�¸4³r±:Á>½3²&¸Dµ/½3¹/¹8Ê�¶�¯8±:²

Á�Ó�Ê(»�±:Á�´�³&Ê<Æ
pl = pcÐO¶P¯/Á�¼*¸�¿pµ*±:¹*¸I·�¶P·�±�¸�¿2´�Á�Å�±3¼/³IÊ�¾3±:Á�¼8¶(²OÁ>¶P³&¶(²4ÖD¶P·�½3²4²&¶�¸4¯À½�¹*µ*±:¹	³M±:¼/Ìu¶�áp½3²4³&¸O¾	´>¸&º¼*¶(¼/Ì�È�ÁA±r¯�±:²&½3´

µ*±:¹8¸.Á�Ó�¶�ÌL¯/²&¶�¸&¸4´>½3¹ÉµL¼É·�Ø8±:²&» ¶(Ö<¶�¹�³M±3Ê(²&½�µ/â�¹8±:Ö<´>º¼*¶P¸4¼/²OÁA±r¸4³4²&¼*·(³4¼/²�¶�Ïpãa¶%³&¶�²4Ö<¶@±rÊ�³&ÊP±3¯/¯/²&½	·�Ø*Ê�¯8±:²
ÁA±P²&¶(ÁA±:³&´>½3¹�¸4¼/´�¾�±:¹�³&¶<Æ

µl

(
∂V l

t

∂nl

)

l

~tl ≈ µc
V c
t

1

2

ä ½3Á
c

Sl

≈ µc
2Slä ½3Á

c

(

((ρu)c − (ρu)c nlx)

ρc
~x+

(
(ρv)c − (ρv)c nly

)

ρc
~y +

((ρw)c − (ρw)c nlz)

ρc
~z

)

µ*±:¹8¸�ÁA±�º¼*¶(Á>Á>¶ ä ½3Á
c
²&¶(¯*²&Ê�¸&¶(¹�³&¶.ÁA¶.¾ ½3Á�¼/ÖD¶Oµ/¶.ÁA±�·�¶(Á�Á�¼/Á>¶M±3µ:Î4±3·�¶(¹�³&¶IÈ%ÁA±�¯8±:²&½3´�±:¼�¹/´�¾ ¶�±:¼�µ/¶.Á�Ó�´�¹�³&¶(²4Å�±3·�¶

Il
¿
µc

ÁG±�¾�´>¸&·�½�¸4´�³&Ê.µ/â�¹8±3Ö@´>º¼8¶.µL¼rÑ*¼*´>µ/¶O±:¼�·�¶(¹�³4²&¶Oµ/¶?ÁA±%·�¶�Á�Á�¼/Á>¶O±�µ:Î4±3·�¶(¹�³&¶.¶(³
V c
t

ÁA±�¾	´�³&¶�¸&¸&¶.µL¼rÑ8¼/´>µ/¶
±:¼�·�¶(¹�³4²�¶Iµ/¶IÁA±P·�¶�Á�Á�¼/Á>¶�±3µ:Î4±�·�¶(¹�³&¶I¯/²&½3Îm¶(³&Ê�¶M¸m¼*²KÁ>¶I¾ ¶�·(³�¶(¼/²K¼*¹/´�³�±:´>²&¶O³�±3¹/» ¶(¹	³eÈ�Á�Ó�´�¹�³&¶(²4Å�±3·�¶

Il
Ï

å Áp¶�¸4³a¯À½�¸&¸4´�Â/Á>¶Oµ/¶.¾ Ê�²4´çæ8¶(²Kº¼8¶?ÁG±�ÖDÊ(³4Ø*½�µ*¶.·vØ*½3´>¸4´>¶.¯À½�¼/²�³&²�±:¹*¸mÅfÊ�²&¶(²aÁ>¶�¸a¶�áp½3²4³&¸J±3Ê(²&½	µLâ�¹8±3Ö@´>º¼8¶�¸KÈ
ÁA±�¸4³4²4¼8·(³4¼/²�¶?·�½3¹*¸&¶(²&¾ ¶eÁ>¶�¸�¶�áp½3²4³&¸jÖD±3´>¸i¹8¶?·�½3¹*¸&¶(²&¾ ¶e¯8±�¸iÁ�Ó�Ê(¹*¶(²&»�´>¶?µL¼�¸4âL¸m³&×�Ö<¶JÅf¶�²4Ö<ÊJÑ8¼/´>µ/¶(Þ�¸m³&²4¼*·(³&¼/²&¶�Ï
Ý?½3³�½3¹*¸ −→F F

¿ −→MF
¿ −→F S

¶�³ −→MS
²&¶�¸m¯2¶�·(³4´>¾ ¶(Ö<¶�¹�³rÁA±è¸&½3Ö@ÖD¶Bµ/¶�¸�¶�á2½�²4³&¸�¶(³�µ/¶�¸rÖ<½3ÖD¶(¹�³&¸�Ò�²&Ê�µL¼/´�³�¸

ÈéÁ�Ó�½3²4´�»�´>¹*¶�Õ�¸m¼*²�Á>¶�¸�Ör±:´�Á�ÁA±3» ¶�¸ FI ¶(³ SI ÏKêB½3¹	³4²&½3¹8¸�³&½3¼/³�µpÓq±:Â2½3²&µëº�¼*¶uÁG±ì¸&½3Ö@ÖD¶�µ*¶�¸�¶�á2½�²4³&¸�¶(³
µ/¶�¸DÖD½3Ö<¶(¹	³&¸�±3Ê(²&½	µLâ�¹8±3Ö@´>º¼8¶�¸rÊ(¾3±:Á�¼8Ê�¸r¸4¼/²DÁ>¶�Ör±:´�Á�ÁA±3» ¶�µ/¶�ÁA±Ã¸4¼/²mÅ�±�·�¶�ÖD½3¼/´�Á�Á>Ê�¶�¯8±:²rÁ>¶�Ñ*¼/´Aµ/¶ FI¸&½3¹�³M²&¶�¸m¯2¶�·(³4´�¾¶(Ö<¶(¹	³MÊ�»±:¼LÌÃÈ�ÁA±�¸&½3Ö<Ö<¶<µ/¶�¸M¶�áp½3²4³&¸�¶(³�µ/¶�¸MÖ<½3ÖD¶(¹�³&¸%±:¯/¯*Á�´>º¼*Ê�¸�±:¼ÃÖr±:´�Á�ÁA±3» ¶<µ/¶@ÁA±
¸4³4²4¼*·�³4¼/²&¶ SI Ï Ç ±�¸&½3Ö<Ö<¶rµ/¶�¸%¶�áp½3²4³&¸�±3Ê�²&½�µLâ	¹8±:Ö@´Aº¼*¶�¸�Ò�Åf½3²&·�¶�¸�¶(³�Ö<½�Ö<¶(¹	³&¸�²&Ê�µL¼*´�³&¸%¶(¹

O
ÕI¶�Ì/¶(²&·�Ê�¸

¯8±:²JÁ�Ó�Ê�·�½3¼/Á>¶(ÖD¶(¹�³e¸m¼*²KÁ>¶OÖr±:´�Á�ÁA±3» ¶ FI ¶�¸4³JÊ(»�±:Á>¶MÈ�Æ






−→F F =

nI
f∑

l=1

Slpl~nl

−→MF =

nI
f∑

l=1

−−→
OGl ∧ Slpl~nl

.
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−→F S =

np∑

i=1

nI
f∑

l=1

plS
i
l ~nl =

nI
f∑

l=1

( np∑

i=1

Sil

)

pl~nl =

nI
f∑

l=1

plSl~nl =
−→F F

−→MS =

np∑

i=1

(−→Mi +
−−→
OPi ∧

−→Fi
)

=

nI
f∑

l=1

np∑

i=1

Sil
−−→
PiGl ∧ pl~nl +

nI
f∑

l=1

np∑

i=1

Sil
−−→
OPi ∧ pl~nl

=

nI
f∑

l=1

( np∑

i=1

Sil

)

−−→
OGl ∧ pl~nl

=

nI
f∑

l=1

−−→
OGl ∧ plSl~nl =

−→MF
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(δωpi, δθpi)
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�
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−→
δGl =

np∑

i=1

fi(yl)
(

δωpi~z +
−−→
GlPi ∧ δθpi~y

)
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δWS =

np∑

i=1

(−→Fi · δωpi ~z +
−→Mi · δθpi ~y

)

=

np∑

i=1

nI
f∑

l=1

(

δωpi S
i
l pl (~nl · ~z) + δθpi S

i
l pl

(−−→
PiGl ∧ ~nl

)

· ~y
)

.
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δWF =

nI
f∑

l=1

−→
δGl · Slpl~nl =

nI
f∑

l=1

np∑

i=1

(

δωpi Slfi(yl) pl (~nl · ~z) + δθpi Slfi(yl) pl

(−−→
GlPi ∧ ~y

)

· ~nl
)

.

o��e!�8�32/�3�B�����%23
�&L���3�%�"!#

(−−→
GlPi ∧ ~y

)

· ~nl =
(

~nl ∧
−−→
GlPi

)

· ~y =
(−−→
PiGl ∧ ~nl

)

· ~y,
�=�U�8���=!VP
9��!#


δWF =

nI
f∑

l=1

−→
δGl · Slpl~nl =

nI
f∑

l=1

np∑

i=1

(

δωpi Slfi(yl) pl (~nl · ~z) + δθpi Slfi(yl) pl

(−−→
PiGl ∧ ~nl

)

· ~y
)

.



p=q r�s�tvuGw(x(y�zD{�|�r�t�}/~���}��"z>}/t9u����vw�x(w(�=�`�l� ������w'}�wL�,y�zCt��,y8���,}/t��,x�wL�,��z

�l�C���������/�8�3���@�#�R���=�#���,�8�����8�/���/������R�I�J���#�,�8�P�3�
δWF = δWS

���8���,�^�G���8�8� �,��/�3�,�F�������/�3�������8�G� �C�����������
�8�3���c�8��/���������9�*�7�<�B���8�3�7�L���3���

∀ 1 ≤ i ≤ np, Slfi(yl) = Sil => fi(yl) =
Sil
Sl
.

  �,�8���Y�����#��/�8�3���¡�g�J���8�K�����3���¢�¢	�,���C���=�K�����8�3�7�L���/���Y�#���#�C�����8���Y�*���*£l¤m�¥��¦��,�*§l�/¢-���P�/�#�����C�3�^�*�=�
�n� �#�#���/�������7�L�����6��=�����I� �/���B�,�������,�8� ���e�*�P����� �C¨*�=�#� Vi

�#�6�����/������������/� �=§�¢-���3�A©"��n���,�B���3���8��ª^�B��¢�¢-�,���
�,�8�/�B���	�a����C©"�#�-�����j���,���8�B�	��	�=�B�����/���

Gl
�����/�C�,�j��,«������>�� Vi

£g¬����C������/�8�3�=�
Sil 6= 0

���3�����C©"�#�
�#�����A�#���8���D�*���

fi(yl) = 0 ® �"���/�A�'�C#�=�#���D¯£O°P±�£
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�g�K����¢	�a�������,¢	��������É�8Ê��8��Ë�¢	�DÌ���3��,�Í�8�8�8�#�,������K���8���#���,�8�/�������R�3�K�8Ê��8��Ë,¢	�K�n�J�*©"�������3���#���*�����
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Rf (W,X) = 0

Rs(D,Z) = 0

��Ð






X(D,Z)

L(W,X)
® ¯�£ q ±

�����8Ê��8��Ë�¢	���n�O��©"�����8�3���#�
Rf

����,�8�3�������D�I�J�,�B���D���`Ì���3��	���8�9�#����I�/�/�#�����/���4�v���#���3�D©��#�4�3�	�7Ê��7�BË,¢	�
�n�J�*©"�����8� ���#��������8�/�������+�3����,�#� �����,¢-�,�����#�F� ���8�8�8���,�8����A���8�+�/�/�#�*���/���=£������8Ê��8��Ë�¢	���n�J�*©"�������3���#�������#��3���*�
������8�/�������D�I�J�,�B���>���i�8Ê��8��Ë,¢-�	�����#��3�	���8�>�#���#���#�=���I�/�/���*���/���P£gÑ9���#�D�3�	�*�=�����	��	�*�,�8���	���8�#��	���>�#�����
� �c�=�B������^¢-�ÓÒ7�=�8�/���Y����K�����Ô� Ë,¢	�������,�����,� ���8�8�3©��#���*§�� ���K��������K��Y�*���3�,��F��8�/�3�3�����C�a���#�C�B�������#�����^�3�*�
��©"�G���8�3���������������,�3���*��ÕÖ�v«����,�#�#�Y�#���4���3���,�3��/�/�#�*�4�8�=���4��3�8�8�/�#�,�B�4�,�4�3�Y�8Ê��8��Ë�¢	�@������� �Y���8�4���������/�×��
¢-����3Ë,���9�/���,�B���8�/�P�P£

Ñ9�����4�3�U�*������U��U���@�8�B�*�����/�I§+� �É�����B«#��3©"�#�@�/�B�,�B���8�3�P�U�B«#���3�8�3�U���8����#�@���*�B«��3©��#�U��@�a���/���K#Ø��=£
ÙR����a���3���#�>�*�=�����D�#�4� �@��*�,�8�/���	©"�#�4�I�J«�Ê��a�=�8«#Ë�������*�6���,�8�/�B�9�#�,�� ���*�,¢	�,�����D�,�9�a�,���/�����D����L���8¢-���8�3�����
�	�,�B�9�L���/�B�>��D�B�,�/�3�C�8�=�8���>©��#�D�3�>¢-���/�/�'���P�>�#�D� �	�8�8���#�,�8��B�D�g�J�*�7�R�����<¢	��������K���Ö���=����R���Ö��������*�8�8�#�
�/���,�v���8���������#���#�3�B�����RÕK�I�J��©���/�/�/Ô#���D���������,�'���8�8�3©"�#� ® Z = Zrig

±�£
¬m�������3�����#�A���#���8�G� ���F����a�,�#�����#���*�F���@�8Ê��8��Ë,¢-���F�*����� ���*£�Ñ4�O�����Ë��F� �C�����,�8�3�=�@¯£/Î=§��3������©"�����8�3���#�����

�8Ê��8��Ë,¢-�A�8�=�����/¢��#�/�3�,�/�B�,¢	�,���m������#�3�������������I�J�/�����,��¢	�����'���/���A��*���*��������=��#���*�����¢-���/�3� ���P�A��	���¢-���/�#�
Ì#�� ��

X
�,�C���i�B«G���8�P��¢	�,���K���,������Ê�����¢��3©"�����8�B���#�8¢��3�CÕ@� �e�8�8�8�#�,������

L
£gÑ4�O�����Ë*�D� �U�����,�8� ���j¯�£JÚ#£O°�§

� �`�����v«��3©��#�e��U���,¢^���/�/� ���P�e���8�	���,�/�3�e©��#�
X = X (Xrig, Z,D) = X (Xrig, Zrig, D)

£m�l�`�a�P�7�/���3���
�n�J�*©"��/�/�/Ô#�������������,� �=�8�8�3©"�#�����_�8Ê��8��Ë,¢-�4���=���3�CÌ���3��,�Í�8�8�8�#�,������4�*�7�D�*���3�,�#�3���4�#�K� �^¢^����3Ë����4�8��/���������
® �I�J�,Ø��a�=�B�����

(q)
���,��B�����,�����9�I� �/���,�v���8�3���e���¢-�,���

q
��U������������8�#�%��9���������/����3���G±6Ï

Î=£A�/��/�8�'���/�3�B���8�3�=�i��	� �@�#�������*������	�/���,�v���8�/�P�cÏn�3�-��,�#� �����,¢-�,���C����'�U�8�8�8�#���8����-���8�>�8��#�a�=�����3�#�,���
�8�3©"���,¢	�,���4����

D(0) = 0
�#�Y���,�A���������@©"���Y�3�Y¢^���/�/� ���"�@���×�#��¢-���3�#�^Ì#�#�3��@�*��ÛL�#�,� ��U�*�"���Y�3�

¢-���/�3� ���P�D��6� �K�(���8¢-�6�8�/�P�3��6�����e�#���(���8¢-���9�������A�3���%��¦n�,���<���,�����,� ���8�8� ©"�#���
X = Xrig

§
¯�£A�3���n�=�B���#��,�#���g�������8���8�����8�3�P�������������,�3�*����ÕF�I�O�������� �,¢	�,����Ì#�#�3��

W (q) �������g�*��� �,��3���*�g�7�#�n�3��¢-���/�/�'���P�
X(q)

(
Xrig, Zrig, D

(q)
) §

°�£A�3�j�B«����8�P�,¢-�,���`���,�B����Ê��G��¢��3©��#�
L(q) �*�7�É�����3�,�� �j�,�Ö�8�B�����7¢	�3�`Õ×�'�Ü�8�8�8�#�,������ ® �P�=�/�Ö� �Ü�������

�8�3���Ö¯�£ Ú#£ Ú�±�§
Ú#£A�3�Ö�B«���¢	�Ý�#�c�#�,�� ���*�,¢	�,���-�3�#����/�^�����-�3�Ö�B«G���8�P�,¢-�,���@���,�B����Ê��G��¢��3©��#�Ö�7�#�-� �i�8�8�8���,�8����Ö���8�

�*���3�,�#�3�
D(q+1) §

Þ £A�3�9¢-���/�/�'���P�D���c���¢^���/�#�6Ì#�#�3��D���8�%�#���(����¢	�=§�3���A������P���/�3���%�*�������#����#�*���%���e¢-���/�/� ���"�9�B�����3�7�(�����
X(q+1)

(
Xrig, Zrig, D

(q+1)
) ® �P���/�%� �4�������8�3���Ö¯�£ Ú#£O°"±�§

q £A�3���U�P�B���#�#�,����c�����#���,�������8�/�"���c�����������3�����ÖÕ¥�I�J�������#�3�,¢	�����UÌ#��3�#�
W (q+1) �������c�,�=���/�#���*�e�8��e�3�

¢-���/�3� ���P�
X(q+1) §
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ï�ðAñ3ò�ó-ô�õ8ö/÷�ø,õBò�ó-ùòeô*ú�û�üPò�õ8ýPò,û#ô*òeó�ú�û�÷^þ,ü�ÿ�ñ��#þ�ó��
εf

ò,÷
εs

ó�ú�û�÷-ùò����×ó�ò��ö3ñ3ó-ùòU÷Bú�ñ3þ,õBÿ�û#ô�ò�����þ�ó^ÿ	�

 õBþ*ÿ�ñ ÿ��#ñ3ò�







||Rf ||2 ≤ εf

||D(q+1) −D(q)||2 ≤ εs||D(q)||2
,

����ð ï�

î�ð%ó8ö�ñ3ò�óRô,õ�ö/÷�ø,õ�ò*ó<ù#ò>ô�ú�û�üPò,õ8ý"ò,û#ô�ò>ó�ú�û�÷RóBÿ�÷8ö3ó��Lÿ�ö/÷�ó<ñ ÿ��aú��#ô,ñ3ò>ö/÷�þ,õBÿ�÷8ö/üPò>ó��Oÿ�õ8õ��,÷�ò���ó8ö/û#ú�ûÖò�ñ/ñ3òDõ�ò 
 ÿ�õ8÷��
ñ��Jþ�÷Bÿ 
 ò

2
ð

���! "$#&%('*),+.-0/1-32546+879)(';:</6'=-3),'�-0'
>(?A@<?CB DFE�G�H�IKJMLON�H*G�P&QRHSJUT

V ò�ó4ù#þ,üPò,ñ3ú 
�
 òKW	ò,û�÷BóKõ�ò,ñ ÿ�÷8öX�(ó	ÿ��×ô*ÿ�ñ3ô��#ñ�ù#ò^ýPõBÿ�ù�ö3ò�û�÷�ù&� �û×óZY�ó8÷�øKW	ò@ô�ú	� 
 ñ3þ\[*�ö3ùò@ó8÷8õZ��ô,÷Z�õBò
�#÷8ö/ñ/ö3óBÿ�û�÷Fñ�� ]^Y 
 ú�÷�]#ø�ó�òRù#ò6[_�#ö3ùò 
 ÿ�õ��Lÿ�ö/÷��LþK`a��ÿ�÷�ö3ú�û#óFùR�cbM�ñ3ò,õdNú�û�÷Fþ,÷�þRü�ÿ�ñ3ö3ùþ�óhýPõ5e�ô�ò��Dñ ÿCô�ú�û��#ý��õvÿ�÷8ö3ú�û
ÿ�ö/ñ3ògf��A��ó8ò�ñ ÿ�ýPòihkj-ùþg��ûö3òDÿ	�ml Vonqpsr ï�îutkð

V òvW^ÿ�ö/ñ/ñ ÿ�ýPò�ùw�[ùú	W^ÿ�ö/û�òx[*�ö3ùò�ò�ó8÷>ÿ����`ù�ösW	ò�û#ó7ö ú�û#óDùò4ñ ÿyW-ÿ	`z�#ò,÷8÷Bò=ð&{Íñmò�ó8÷Dô�ú�û#ó8÷8ö/÷��#þ�ùò�ùò��w�
�#ñ3ú�ô�óYò,÷@ô�ú	W 
 ú�õ8÷�ò`ÿ��Ý÷Bú�÷Bÿ�ñ

313.650
û#ú�ò��#ùó*ð V ò*óYô�ú�û#ù�ö3÷8ö3ú�û#óYù#òcüPú�ñ6ó�ú�û�÷Yô*ò,ñ/ñ3ò�óYùòÖñ ÿiô�õ�ú�ö3ó8ö3ø,õ�òPð

V �Jþ�ô*ú	�ñ3òKW	ò,û�÷Nò�ó8÷Nò,û 
 ÿ�õ8÷�ö3ô��ñ/ö3ò�õmóZYzW-þ,÷8õ8ö�`z�#ò��PùòA÷�ò,ñ/ñ3ò%ó�ú�õ8÷�ò6`a��òAó�ò��#ññ3ò%ùú	W^ÿ�ö/û�ò|[_�#ö3ùò%ó8ö/÷Z�#þ}�9ù�õ�ú�ö/÷Bò
ù#ò6ñ ÿ9W-ÿ�`a�#ò,÷�÷�ò9ò�ó8÷%ù�ö3ó�ô,õ�þ�÷8ö3ó�þ=ð V ò�ó%ù�öX~�þ�õ�ò,û�÷�ò*óAô*ú�û#ù�ö/÷�ö3ú�û#ó%ùò6ü"ú�ñR`a�ögú=û�÷%þ,÷�þ9ô*ú�û#ó8ö3ùþ�õ�þ�ò�ó%ó�ú�û�÷Aõ�þ*ó���f
W-þ�ò�ó<ù�ÿ�û#ó%ñ3òD÷Bÿ��#ñ3ò*ÿ�����ð r ð*bmû 
 ÿ�õ8÷8ö3ôK�ñ/ö3ò,õ�� 
 ñ��#ó8ö3ò��õ�ó<ö/û#ô,ö3ù#ò,û#ô�ò�óRú�û�÷Rþ,÷�þ>ô�ú�û#ó8ö3ù#þ,õ�þ�ò�óRù#ÿ�û#ó<ñ3òU���#÷<ù#ò
ù#þ,÷�ò,õZW	ö/û#ò,õ�ñ�� ö3ûw[_�#ò�û#ô�òKùò 
 ÿ�õvÿ�W	ø,÷�õ�ò�ó�óZ�õ�ñ ÿ-ü�ö/÷Bò�ó�ó8òKò,÷�ñ ÿ�`a�Gÿ�ñ/ö/÷�þKùòCñ ÿ^ô�ú�û�üPò,õ8ý"ò,û#ô�òKùw� 
 õ�ú�ô�ò�ó�óZ�#ó
ö/÷Bþ,õBÿ�÷�öX�+ùòDô*ÿ�ñ3ô��#ñgùò9ñ ÿ 
 úPó7ö3÷8ö3ú�ûcù&�JþK`z�ö/ñ/ös�#õ�òDÿ�þ,õBú�þ,ñ ÿ=ó7÷�ö�`a�#ò=ð

V òKóZ� 
�
 ú�õ8÷6ùw��W^ÿ�ö/ñ/ñ ÿ�ýPòKùòCñ ÿ^ó8÷8õZ��ô,÷Z�õBòCò*ó7÷6ó8ö/÷��#þ4ÿ��`ô�ò,û�÷8õ�òKùòCñ�� ÿ�ö/ñ3òKò,÷6ò�ó8÷�ñ/ö/û�þ*ÿ�ö/õ�ò 
 ÿ�õ�W	ú�õZf
{kû#ô,ö3ùò�û#ô�ò −1◦

�
0.93◦

�
3◦l6ò,û�ó7ö3÷�þi�4ñ�� ö/ûw��ûö�ÿ�W-ú�û�÷

9.015 kg/m3� õ�ò*ó8ó8ö3ú=ûeó8÷Bÿ�÷8ö�`a�#òi�4ñ�� ö/û��#ûö�ÿ	W	ú�û�÷
6.977 · 104 N/m2� ú	Wx�#õ�ò9ùòi�Éÿ�ôd]��Kñ!� ö/ûw�#û#ö�ÿ�W-ú�û�÷
0.75

���<�k� ��ð r���� ú=û#ù�ö/÷�ö3ú�û#ó%ùò9üPú�ñ�ùò6ñ ÿ�ô�ú�û��#ý��õvÿ�÷8ö3ú�ûÖÿ�ö/ñ3ògf��A�#ó�ò,ñ ÿ�ý"òUh<j#ð

ô*ò*ÿ��w�nð�{Íñ�ò�ó8÷%ô*ú�û#ó8÷8ö/÷��#þ9ù#òi�����4û#ú�ò���ùó*ð V ò�ó%ô�ÿ�õBÿ�ô,÷Bþ,õ8ö3ó8÷8ö�`z�#ò�ó%ù#ò6ñ ÿ�ó8÷8õZ�#ô�÷Z�õ�òDó�ú�û�÷%õ�þ�óZ��W-þ�ò�ó%ù�ÿ�û#óAñ ò
÷vÿ��ñ3ò*ÿ	�v�ð���ð V ò�ó<W	ú	W-ò,û�÷�ó<`z��ÿ�ù�õvÿ�÷8ö�`a��ò�ó

I
ò,÷
J

õ�ò�ñ ÿ�÷8öX�(ó.õ�ò�ó 
 ò�ô�÷8ö/üPò�W-ò,û�÷�ÿ��w�Cùþ 
 ñ ÿ�ô�ò�W-ò,û�÷�ó.ò�û�[Gòg��ö3ú=û
ò�÷Rò,ûÖ÷�ú�õ�ó8ö3ú=ûÖùò>ñ ÿ 
 ú	�÷�õ�ò>ú=û�÷Rþ,÷Bþ>ô*ÿ�ñ3ô��ñ3þ*óRò,ûÉó�� 
�
 ú=óBÿ�û�÷.`a��òDñ3ò*óRó8ò*ô,÷8ö3ú�û�ó<÷8õBÿ�û�ó7ü"ò,õ�ó�ò�óRùò>ñ��Oÿ�ö3ñ3ò>ò�û
ò�û�üPò,õ8ý��õ�ò	þ,÷Bÿ�ö3ò,û�÷ 
 ñ3ò�ö/û#ò�ó>ò,÷>ô�ú�û#ó8÷8ö/÷��#þ�ò�ó>ù&� �û�W-ÿ�÷�þ,õ8ö ÿ	�_ö ó8ú=÷8õ�ú 
 òm�Iÿ�ñs��W	ö/ûös��Wy�ð V ò�ó9ü�ÿ�õ8ö ÿ�÷8ö3ú=û#óDù#ò
ô*ò�óiW	ú	W-ò,û�÷�ó>ò,ûjò,û�üPò�õ8ý��õBò	ó�ú�û�÷>ù#þ�ô,õ8ö/÷Bò�ó 
 ÿ�õDñ ò�óU�#ý��õBò�óx��ðOîUò�÷x��ð�����ñ��Jò,û�üPò,õ8ý��#õ�ò

y
ò�ó8÷Dû#ú�õ�W-ÿ�ñ/ö ó8þ*ò
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X = X(Xrig, Zrig, D).
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L = L(X(Xrig, Zrig, D), Zrig,W
b(W,X(Xrig, Zrig, D))).
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Xrig = Xrig(α).
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Rf (W,X(Xrig(α), Zrig, D)) = 0

Rs(D,Z) = D − FL(X(Xrig(α), Zrig, D), Zrig,W
b(W,X(Xrig(α), Zrig, D))) = 0
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Rf (W (α), X(Xrig(α), Zrig, D(α))) = 0

D(α) − FL(X(Xrig(α), Zrig, D(α)), Zrig,W
b(W (α), X(Xrig(α), Zrig, D(α)))) = 0
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X = X(Xrig(α), Zrig, D(α)) = X(α)

W = W (α)

W b = W b(W (α), X(α)) = W b(α)

. VXW # Y�Z
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J(X(α),W b(α),W (α))

Gk(X(α),W b(α),W (α)), ∀k ∈ [1, p]
,
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J(X(Xrig(α), Zrig, D(α)),W b(W (α), X(Xrig(α), Zrig, D(α))),W (α))

Gk(X(Xrig(α), Zrig, D(α)),W b(W (α), X(Xrig(α), Zrig, D(α))),W (α)), ∀k ∈ [1, p]
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Û Æ(Ô7Ð@ÑLÎ[Ñ?Ì3ÏFÐ@Ñ?Æ�É¤Ò?Æ�Ê¹ÏFÒdÔ,Ï(ËqÜ�Ë3Ï�Ö4Ñ?È=É�Ð�Ì Ù
Ú Ï¥Î[Õ=Ð Þ Æ�Ö7ÈcÖ7ÈBÒ Û Õ!é$Ç,Ï(Ð@Ñ?Æ(É�ÒLÑLÉJÕ¹ÏFË@Ñ?Ì�Õ!ÈcÖ4Ñ?Ì�Ê=Ë3á=Ð�ÈBÔpÈ=Ë�Î[È=ÐXÖ7Æ(É,ÊBÖ Û Ï(Ê!Ê!Õ�Ö7È=Ë§ÏFÇ4ë (p + 1) ∗ n Ö7Õ=Ë@ÑLß$Õ!È!ÌÉ,Õ!Ê!È!Ì�Ì3ÏFÑLË�È�Ì'ÏFÇ¤ÔJË�Æ�Ê!È!Ì�Ì@ÇJÌbÖ Û Æ(Ô7Ð@ÑLÎ[Ñ?Ì3ÏFÐ@Ñ?Æ�É¤Ò?Æ�Ê¹ÏFÒdÔ,Ï(ËqÜ�Ë3Ï�Ö4Ñ?È=É�Ð3ÌbÖ4ÇPÌ@à�Ì@Ð�á!Î[È6Ï�Õ=Ë�Æ�Õ=ÒçÏ(Ì@Ð@Ñ?é$ÇJÈ Ø

(

∂J

∂αi
,

(
∂Gk
∂αi

)

1≤k≤p

)

1≤i≤n



÷�÷=ø ù
ú�û�ü�ý�þ�ÿ�������ù�û��	��
���������(ÿ�û�(ý����,þ��

∂Rf/∂W

������� �"!
(5ncell ∗ 5ncell)

#�$&%(')!
(7ncell ∗ 7ncell)

∂Rf/∂X

������� �"!
(5ncell ∗ 3nf )

#�$&%(')!
(7ncell ∗ 3nf )

∂X/∂Xrig (3nf ∗ 3nf )

∂X/∂D (3nf ∗ 2np)

∂L/∂X (3np ∗ 3nf )

∂L/∂W b

������� �"!
(3np ∗ 5nIf )

#�$&%(')!
(3np ∗ 7nIf )

∂W b/∂W

������� �"!
(5nIf ∗ 5ncell)

#�$&%(')!
(7nIf ∗ 7ncell)

∂W b/∂X

������� �"!
(5nIf ∗ 3nf )

#�$&%(')!
(7nIf ∗ 3nf )

*,+.-./1032 ÷&46587:9 � ;=< 7�> ;?<A@���<CB�� � 9 ��< 7 ;�B�� �ED���;?FG;�B�@=FG;?<C��HJI�K��1FGB 7�> ;MLN032 ÷PO�Q 2

9R>PS � ;�;1FG;�B8�TFU��I�< > ����B 7�> ;?<8@��
n

< S <EB�V 9 ��<8� 7 ;=IPF 7 ����<(W > �=X���I�<(@ > ;�B8���Y< 7 ;=W > ;�;��?��<8< > ;�B (∂W
∂αi

,
∂D

∂αi

)

Z
i ∈ [1, n]

2
[�F���IY< > �:��B 7�> ;\@��]W��Y<.< S <EB�V 9 ��<^@_HJIYK��?FGB 7�> ;=<.� 7 ;=IPF 7 ����<^W > ��X���I�<.;=IYW���<�< 7 B��`��HaI DbFG�:�1FGB 7�> ;c@���<.d��eFb@ 7 � ;�Be<

7 ;=@ 7 K��=I�<�@=Fb;=<A���fBeFGg��T�YFG�h032 ÷ 2=[i��<�@�I � 7 D�I���<AX?FG�EB 7 � �:����<
∂Rf/∂W

� B
∂Rf/∂X

��� X=��I�<�� ;�B���;�BA����<EXj�YW B 7	k
D�� 9 � ;�B��TFR<�� ;=< 7 g 7 � 7 B�I ∗ @=��<�I�K��?FGB 7T> ;=<A; > ; k � 7 ;=IYF 7 ����<&@ 7 <�W ��V Be��<�I�W�� 7 B���<&< > �=<Al > � 9 �"@��m��I�< 7 @3�nX > �����TF
9 IYWYFG; 7 K��=�C@���<.o?� 7 @���<,FG�RWep?F 9 XR@���<^d��qFG;=@�������<�F�I � > @ S ;?F 9R7 K��=��<�W > ;=<�� ��DbFGB 7 D���<r� B,FG�3s\W >�> ��@ > ;�;=I��Y<
@3� 9 F 7 �:�tFGd���2�u]� �:���Y< k W 7 @�I Xv� ;=@=� ;�B�@��RW > @=�C@��A< 7�9 ���TFGB 7�> ;cX > �����TF 9 IYWYFG; 7 K��=�C@��Y<^o=� 7 @=��<r��B 7 � 7 <EI�F 7 ;=< 7
K��=�R@3� 9R> @�V ���c��B 7 � 7 <�I\X > ���"@�I�W � 7 ���c���cW >�9 X > �EB�� 9 � ;�B"@3�wo=� 7 @=�xLyIYK��?FGB 7�> ;=<m@zHJ������� � > �{I�K��?FbB 7�> ;?<

∗ |q}�~����a�����N���^�N�����z�P���a�����N����|q}��z�����P���C|q��}����P�r�:� ���P���a������|e������}(�P�^�	�q�����r�a���N�(�P�8���q��|q}�~���|q�a�_�T����}��N�a���a�Y�J�����r�P���N��~�}G|q}��
��|]�������a�����
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dW/dα

®�¯�°�± ²"³
(5ncell ∗ n)

´�µ&¶(·)³
(7ncell ∗ n)

dD/dα (2np ∗ n)

dXrig/dα (3nf ∗ n)

∂W/∂αi

®�¯�°�± ²"³
(5ncell)

´�µ&¶f·¸³
(7ncell)

∂D/∂αi (2np)

∂Xrig/∂αi (3nf )

¹,º.».¼1½3¾�¿"À6Á8Â:ÃU± Ä=ÅEÂ�ÆbÄ?ÅAÇ�±�ÅCÂ:Ä=ÈYÆbÄ�Ä�¯?±�ÅAÇ3¯xÅEÉ�ÅEÊ�Ë�ÃR±fÇzÌJÍ�Î�¯1ÏGÊEÂ�ÆbÄ?ÅC°:Â:Ä=ÍYÏb²EÂ�Å�Í�±�ÅY¾

´�µ&¶f·ÐÇ?ÏGÄ=År°T±CÈYÏ�Ç3²�±AÇ�±AÈ�± ÊEÊ�±AÍ ÊE¯?Ç�±PÑ�¾�Ò�Ï(Ç=Í ²EÂ:Ó�Í�±
∂Rf/∂W

±�ÅEÊ�ÈYÏb°�È ¯�°�ÍY±CÇ�±�ÔNÏbÕYÆbÄR± Ö�ÏbÈ Êe±�×1ÏG²�Ç=Í ²EÂ:ÓbÏGØ
Ê�Â�ÆbÄhÇ�±YÅ�ÍYÎ�¯?ÏGÊ�Â�ÆbÄ=Å�Ä=Æ�Ä3Ø�°:Â:Ä?ÍYÏGÂ:²�±�Å&Ç�Â�ÅEÈ�²�Ë Ê�±YÅ&Ùc°�Ì Â:Ä�Ê�Í�²EÂ�± ¯�²8Ç3¯hÈ�Æ�Ç�±"Ç�±"ÅEÂ:ÃÐ¯�°TÏbÊEÂ�ÆbÄn×vÆb¯�²�°TÏRÃRÍ�ÈYÏbÄ�Â�Î�¯?±
Ç=±�ÅAÚ?¯�Â�Ç�±�ÅY¾1Ò�ÏRÇ=Í ²EÂ:Ó�Í�±

∂Rf/∂X
ÄzÌJ±�ÅEÊ&×?Ï�Å8ÏbÈ�ÈY±�Å�Å�Â:Û=°�±�Ç�±mÔNÏbÕ�Æ�Äh± Ö�ÏbÈ Êe±"Ç?ÏGÄ=Å�°T±"ÈYÆ�Ç�±�Ç�±�ÅEÂ:Ã�¯=°TÏGÊEÂ�Æ�Ä

×vÆb¯�²8°TÏUÃRÍYÈYÏGÄ�ÂTÎ�¯=±ÐÇ�±�Å&Ú=¯�ÂTÇ�±�Å&¯=ÊEÂ:°:Â�Å�Í�¾jÒi±�Å8Ê�± ²EÃU±�Å ∂Rf
∂X

∂X

∂Xrig

dXrig

dα

± Ê ∂Rf
∂X

∂X

∂D

dD

dα

ÅEÆ�Ä�Ê(Í ÓbÏG°�¯=Í�Å
Ç=±8Ã6ÏGÄ�Â�Ë�²�±mÏG×�×�²eÆ�ÈeÜ=Í�±fÅE¯�Â:Ó�ÏGÄ�ÊAÇ�±�Å�ÔyÆb²EÃÐ¯�°�±�ÅC×?ÏG²AÇ3Â	Ý_Í ²�± Ä=ÈY±�Å]Þ=Ä=Â�±�ÅAÙÐ°�ÌaÆb²�Ç3²�±

2
ÙÐ°�Ì Â�Ä�Ê�Í ²EÂT± ¯�²AÇ3¯xÈ�Æ�Ç=±

Ç=±fÅEÂ:Ã�¯=°TÏGÊEÂ�Æ�Äß×jÆb¯=²C°TÏ\ÃRÍ�ÈYÏbÄ�Â�Î�¯?±fÇ�±�Å�Ú?¯�Â�Ç�±YÅ�¾
Òz±YÅ6Ç�Í�²EÂ:Ó�ÍY±�ÅU×1ÏG²EÊEÂ�±�°:°�±�Å

∂L/∂X
± Ê
∂L/∂W b ²�± ×=²�Í�Å�± Ä�Êe± Ä�Ê6²�±�ÅE×v±�È ÊEÂ:Ó�±�ÃR± Ä�ÊU°T±�Å6Å�± Ä?Å�Â�Û�Â:°:Â:ÊeÍ�Å6Ç�¯

ÈqÜ?ÏG²Eà�±�ÃR± Ä�ÊmÏbÍ�²�Æ�Ç3É�Ä1ÏGÃcÂ�Î�¯=±\ÊE²eÏGÄ=ÅEÃRÂ�ÅmÙá°TÏ6×vÆb¯�ÊE²�±cÅ�± °�ÆbÄw°�±\×�²�Æ�È�±�Å�ÅE¯=ÅfÇ�ÍYÈ ²EÂ:ÊmÇ=ÏGÄ=Åf°TÏáÅ�±�È�ÊEÂ�ÆbÄ{¿3¾ â=¾Jâ
×1ÏG²A²eÏG×=×jÆb²EÊ&Ïb¯3ÖßÈ�Æ�Æ�²�Ç�ÆbÄ=Ä=Í�±�Å�Ç3¯xÃ6ÏGÂ:°:°TÏbà�±mÇ3¯nÇ=ÆbÃUÏbÂ:Ä=±(Ú=¯=Â�Ç�±m± Ê&Ïb¯3ÖßÈeÜ1ÏGÃc×=Å�Ç�±YÅCà�²qÏGÄ=Ç�±�¯�²�Å&ÏbÍ ²�ÆbØ
Ç�É�Ä?ÏGÃRÂ�Î�¯=±YÅfÈYÆbÄ=Å�± ²EÓ�ÏGÊEÂ:Ó�±YÅmÙã°�Ì Â:Ä�Êe± ²�ÔNÏbÈY± FI ¾iä�±�ÅmÇ�Í ²EÂ:Ó�Í�±�Åf×j± ¯=Ó�± Ä�Ê"å ÊE²�±cÈPÏG°�È ¯�°TÍ�±�ÅmÇ�±ÐÔ�ÏbÕ�ÆbÄæ± Ö�ÏbÈ Êe±
×1ÏG²AÇ=Í ²EÂ:ÓbÏbÊEÂ�ÆbÄnÇ�±�ÅCÔyÆb²EÃÐ¯�°�±�ÅAÇzÌ Â:Ä�Ê�Í�à�²eÏGÊEÂTÆbÄxÇ=±�ÅA±�Ý_Æb²EÊ�Å"ç�ÙÐ°�ÌJÂ:Ä�Ê�Í ²�Â�± ¯�²�Ç3¯nÈ�Æ�Ç�±mÇ�±mÅEÂ:Ã�¯�°tÏGÊEÂ�ÆbÄx×jÆ�¯�²C°tÏ
ÃUÍ�ÈYÏGÄ=Â�Î�¯=±RÇ�±YÅ(Ú=¯�ÂTÇ�±�ÅqÑ(± Ê"Ç�±cÊE²eÏGÄ=Å�Ôy±�²EÊ"Ç3¯{ÈeÜ?ÏG²Eà�± ÃR±�Ä�Ê"Ï�Í ²�Æ�Ç�É�Ä?ÏGÃRÂ�Î�¯=±nçNÙã°�Ì Â�Ä�Ê�Í ²EÂT± ¯�²"Ç3¯{È�Æ�Ç=±cÇ=±
ÅEÂ:ÃÐ¯�°TÏGÊEÂTÆbÄß×vÆb¯�²C°tÏÐÃRÍYÈYÏGÄ�Â�Î�¯=±fÇ=±�ÅAÅ�Ê�²E¯=È Ê�¯�²�±�ÅqÑ�¾

è^é�è.éyè êìë�í�î,ïrð,ñòð,ñòóEôTë?õ^ö,÷jí�ø�ïiùú÷zð?ûGï�ø�ù�íbñòð`ø�ü�ý�þ�ÿ=íbñ
Òi±�ÅÐÍYÎ�¯?ÏGÊ�Â�ÆbÄ=Å\Ç�±6°TÏnÃRÍ ÊEÜ?Æ�Ç�±áÇ�±6°�ÌJÍ�Î�¯?ÏGÊEÂ�Æ�ÄòÏ�Ç���ÆbÂ�Ä�Ê�±áÇ3Â�Å�È ²�Ë�Ê�±6×j± ¯�Ó�± Ä�Ê\å ÊE²�±áÆbÛ=Ê�± Ä�¯?±�Å�×?Ïb²

Ç�Â	ÝvÍ ²�±�Ä�Ê�Å,ÔyÆ�²EÃUÏG°�Â�ÅEÃR±�Å]±�Ê`ÃUÏbÄ�Â:×�¯=°TÏGÊEÂ�ÆbÄ?Å�ÏG°:à�Í Û�²EÂ�Î�¯=±�Å�� ¬������ ¾
	r²eÍ�Å�± Ä�Ê�Æ�Ä=Å`Â�È Âj°TÏ"ÃRÍ ÊEÜ?Æ�Ç�±&°TÏm×=°:¯=Å]È °tÏbÅ�Ø
ÅEÂ�Î�¯=±ÐÈ�Æ�Ä=ÅEÂ�Å�ÊqÏGÄ�ÊfÙ6Â:Ä�ÊE²eÆ�Ç3¯�Â:²e±�¯�Ä)°TÏGà�²eÏbÄ�à�Â�± ÄæÏbÅ�Å�Æ�È Â�ÍcÙ6ÈeÜ?Ï�Î�¯=±"ÔyÆ�Ä=È ÊEÂTÆbÄ)Ç�Æ�Ä�Ê(ÆbÄwÅ�Æb¯�Ü?ÏbÂ:Ê�±ÐÈYÏb°�È ¯�°�±�²
°�±fà�²eÏ�Ç3Â�± Ä�ÊP¾�¶&Æb¯?ÅAÇ�Í�Þ=Ä=Â�Å�ÅEÆ�Ä=Å�ÏGÂ:Ä?Å�ÂzÂ�È Â

2 ∗ (1 + p)
°TÏGà�²qÏGÄ�à�Â�±�Ä=ÅAÆb¯ßÓ�±�È Ê�±�¯�²�Å�ÏbÇ���ÆbÂ:Ä�Ê�Åm³

• λf,i � °�±�Ó�±�È Êe± ¯�²�ÏbÇ���ÆbÂ:Ä�Ê�Ï�ÅEÅ�Æ�È�Â�Í8Ù
αi � 1 ≤ i ≤ n � ± Ê�Ùm°TÏfÔyÆ�Ä=È ÊEÂTÆbÄáÆbÛ�E±�È ÊEÂ	Ô

J
± Ê]È�Æ�²E²�±�ÅE×jÆ�Ä=Ç=ÏGÄ�Ê

ÏG¯)ÅEÉ�ÅEÊ�Ë ÃR±ÐÇ_ÌJÍ�Î�¯?ÏGÊEÂTÆbÄ=Å&Ä=Æ�Ä3Ø�°:Â:Ä?ÍYÏGÂ:²�±YÅ8Ç3Â�Å�È ²�Ë Êe±�Å&×jÆb¯=²&°TÏUÃRÍ�ÈYÏbÄ�Â�Î�¯?±�Ç�±YÅAÚ?¯�Â�Ç�±YÅ
Rf � Â�°.±�ÅEÊ8Ç=±
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465�79898;:
(5ncell) < 7�8=: <?>*@#A 5�4B7=C�D <?EGFIHJA 8=:*K < C�D#4 A 4B79897 <�> : <ML C A K < 79N A 8=:OKM8=:�P*C�N L C�KB4�:*NQ:OD#4 EASRTA 7 E :C A (7ncell) < 7UP*: < C�D#4V8=: <�>*@-A 5�4B7=C�D <�WYX�Z\[ 5 ETE 794B7=C�D]D > : <VE^F A D_NSC E]` 8=: E :a4 A K�b A 8=:*DTP*:dc E : Ae

>*@-A 5�4B7=C�D <YE :\4BK65�D <BL C�KB4�f
• λs,i

f-8=:Vg�:*PO46: A K$5 E�h C�79D
4$5 <�< C#PO7 > c αi f 1 ≤ i ≤ n
f#:O4icj8;5jk�C�DTPO4�7=C�DlC�b h :*PO4�7(k J :O4$P*C�KBK6: <BL C�D E 5�D#45 Am<Bn
< 4 ` NQ: E^FI>*@-A 5�4B7=C�D < 8979D > 5�79K�: <aE 7 < P*K ` 4�: <jL C A Ka8;5oN > P�5�D]7 @-A : E : <a< 4BK A PO4 A K�: < Rs fG798M: < 4 E :465�79898;:

2np
f

• λkf,i
f
1 ≤ k ≤ p

f�8=: < g�:*PO46: A K < 5 E�h C�79D#4 < 5 <�< C#PO7 >�< c αi f 1 ≤ i ≤ n
f�:*4J5 Ae k�C�DTPO4B7=C�D < P�C�D#4BKp5�79D#4�: <

Gk
f
1 ≤ k ≤ p

f,:O4qP*C�KBK6: <BL C�D E 5�D#4q5 Ar<Bn
< 4 ` NS: EGFs>*@-A 5�4�7=C�D < DTC�Dt18979D > 5�79K�: <dE 7 < POK ` 46: <!L C A K!8;5N > P�5�D]7 @-A : E : <$R3A 7 E : < Rf u 465�79898=:\7=D E 7 @#AT> :vP*7(t E : <�<BAT<pw f
• λks,i

f
1 ≤ k ≤ p

f$8=: < g�:*PO46: A K < 5 E�h C�79D#4 < 5 <B< C#P*7 >*< c αi f 1 ≤ i ≤ n
fi:O4x5 Ae k�C�DTP*4B7=C�D <P*C�D#4�K65�79D#46: < Gk f 1 ≤ k ≤ p

fy:O4QP*C�KBK�: <BL C�D E 5�D#4S5 Az<Bn
< 4 ` NQ: E^FI>*@-A 5�4B7=C�D < 8979D > 5�79K6: <{E 7 < POK ` 4�: <
L C A KY8;5dN > P�5�DT7 @-A : E : <Y< 4BK A P*4 A K�: < Rs u 465�79898;:\79D E 7 @-AT> :vPO7(t E : <�<|A3<pw f

} : L K�C#P*: <�<BAT<$E^F C L 4B7=N{7 < 5�4B7;C�D E :0k�C�KBNQ:�8=C#P�5�8=: L 5�K?~�K65 E 7=:*D#4?K6: @-A 7;:OKB4?8 FI> g�5�8 A 5�4B7=C�D E : < ~�K65 E 7=:OD#4 < ∂J
∂αi:O4 ∂Gk

∂αi

f
1 ≤ k ≤ p

f
1 ≤ i ≤ n

fG� H D A 4B79897 < 5�D#4Y8 FI>�@-A 5�4�7=C�D u�� �s� w f]P*: < ~�K65 E 7=:OD#4 <iL : A g�:OD#40�O4BK6:\K >�> POKB794 <
E :v8;5dNS5�D]7 ` K6: <BA 79g�5�D#4�: †







∂J

∂αi
=

∂J

∂αi
+ λTf,i

∂Rf
∂αi

+ λTs,i
∂Rs
∂αi

∂Gk
∂αi

=
∂Gk
∂αi

+ λk
T
f,i

∂Rf
∂αi

+ λk
T
s,i

∂Rs
∂αi

, 1 ≤ k ≤ p

u�� � � � w







∂J

∂αi
=

∂J

∂αi
+ λTf

∂Rf
∂αi

+ λTs
∂Rs
∂αi

∂Gk
∂αi

=
∂Gk
∂αi

+ λk
T
f

∂Rf
∂αi

+ λk
T
s

∂Rs
∂αi

, 1 ≤ k ≤ p

u�� � �O� w

� DQ5�g A{E 5�D < 8;5 < :*P*4B7=C�D � �s� @#A :?8;: < 4�:OKBNS: < 8=: <%L 8 AT<yE]> 8=7=P�5�4 < c\P�5�8=P A 8=:OK L C A K�5�P*P >�E :OKJ5 Ae g�5�8=: A K <
E : ∂J

∂αi

:O4 ∂Gk
∂αi

f
1 ≤ k ≤ p

f > 4p5�7=:OD#4�8=: < ~�K65 E 7=:OD#4 <VE : < 79DTP*C�D]D A : <VE^FI> 465�4 EA�<Bn
< 4 ` NS:d5 > K6C > 8;5 < 4�7 @-A :
L 5�KYK65 L]L C�KB405 A�L 5�K65�N ` 4BK�: αi f7��I:�� ∂W

∂αi

:*4 ∂D
∂αi

u g�C�79KY8=: <Y>*@#A 5�4B7=C�D < u�� � � w :O4 u�� ��� w�w �} F 7 ET> : A 4B79897 <B> : L 5�Ky8;5�N > 4B�TC E : E :$8 FI>*@-A 5�4B7=C�DQ5 E�h C�79D
4�:i: < 4 E :iP6�TC�7 < 7=Ky8=: < g-:*PO4�: A K < 5 E�h C�79D
4 <yET>�� D]7 <PO7(t E : <�<BAT<0E :j4�:*898=: < C�KB4�: @-A :aP*: < 4�:OKBNS: <0E 7 <BL 5�K65�7 <B< :OD
4 E : < : eL K�: <�< 7=C�D <0L :OK�NQ:O4B465�D#4 E :aP�5�8=P A 8=:OK ∂J

∂αi:O4 ∂Gk
∂αi

f
1 ≤ k ≤ p

�
[ : A 8�8=:SP�5�8=P A 8 E : < g�:*PO4�: A K < 5 E�h C�7=D#4 < 5 <B< C#P*7 >*< c�8�5lk�C�DTPO4B7;C�D�C�b h :�PO4B7(kY: < 4 E]> 4p5�79898 > f^8=:SP�5�8=P A 8 E : <g�:*P*4�: A K < 5 E�h C�79D
4 < 5 <�< C#PO7 >*< 5 A]e k�C�D3PO4B7=C�D < P*C�D#4�K65�79D#46: <!> 465�D
4 < 79N{798;5�79K�:�� } F : e
L K�: <B< 7=C�D E :S8 F :OD < :ONdb]8=:

E : < g�:*PO4�: A K < 5 E�h C�79D#4 < : < 4�P�: L :OD E 5�D#4 E C�DTD > :�� W0>*> POK�79g�C�D <\E 5�D <�A D L K�:ON{7;:OKV4�:*N LT< f < C AT< k�C�KBNQ: E]> t

† �9� �����������p�O� T � �|� �1� �1�|�O�1�y�9� ��� ��� �6�1�|� � � � �p���������� s�1 s���#¡



¢
£=¢#£�¤¦¥*§�¨
©�ª-«�¬aª�_®p¯�°(®*
°,ª-«�¬0±�²B¯�ª�³1«�´3§�¬ µ�µ�¶

·-¸O¹=º�»]»½¼*¸�¾¹�¿d»]À�¸*Á{Â=ÃOÀ6¸v¼*Ä-Å�¿�ÆBÂ=º�ÇxÈÅxÉ|ÊÉ|Æ6ÃOÁQ¸jÈGËI¼*Ä#Å3¿�ÆBÂ=º�ÇTÉaÌ�ÍÎ µ*Ï#Ð�Ñ

∂J

∂αi
=
∂J

∂X

(
∂X

∂Xrig

∂Xrig

∂αi
+
∂X

∂D

∂D

∂αi

)

+
∂J

∂W b

(
∂W b

∂W

∂W

∂αi
+
∂W b

∂X

(
∂X

∂Xrig

∂Xrig

∂αi
+
∂X

∂D

∂D

∂αi

))

+
∂J

∂W

∂W

∂αi

+λTf,i

(
∂Rf
∂W

∂W

∂αi
+
∂Rf
∂X

(
∂X

∂Xrig

∂Xrig

∂αi
+
∂X

∂D

∂D

∂αi

) )

+λTs,i

(
∂D

∂αi
− F

(
∂L

∂X

(
∂X

∂Xrig

∂Xrig

∂αi
+
∂X

∂D

∂D

∂αi

)

+
∂L

∂W b

(
∂W b

∂W

∂W

∂αi
+
∂W b

∂X

(
∂X

∂Xrig

∂Xrig

∂αi
+
∂X

∂D

∂D

∂αi

))) )
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∂J

∂αi
=
∂J

∂X

∂X

∂Xrig

∂Xrig

∂αi
+

∂J

∂W b

∂W b

∂X

∂X

∂Xrig

∂Xrig

∂αi

+ λTf,i
∂Rf
∂X

∂X

∂Xrig

∂Xrig

∂αi

− λTs,i F

(
∂L

∂X

∂X

∂Xrig

∂Xrig

∂αi
+

∂L

∂W b

∂W b

∂X

∂X

∂Xrig

∂Xrig

∂αi

)

+

(
∂J

∂X

∂X

∂D
+

∂J

∂W b

∂W b

∂X

∂X

∂D
+ λTf,i

∂Rf
∂X

∂X

∂D

+ λTs,i

(

I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

)))
∂D

∂αi

+

(
∂J

∂W b

∂W b

∂W
+

∂J

∂W
+ λTf,i

∂Rf
∂W

− λTs,i F
∂L

∂W b

∂W b

∂W

)
∂W

∂αi
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∂J

∂W b

∂W b

∂W
+

∂J

∂W
+ λTf,i

∂Rf
∂W

− λTs,i F
∂L

∂W b

∂W b

∂W
= 0

∂J

∂X

∂X

∂D
+

∂J

∂W b

∂W b

∂X

∂X

∂D
+ λTf,i

∂Rf
∂X

∂X

∂D
+ λTs,i

(

I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

))

= 0
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î�ï=ðYð�ñ�ò#ó0ô]ñ�ò3õvð�ñ�ï9ö]ó�÷=ñ�òTðYôöxðBø
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(
∂Rf
∂W

)T

λf,i −
(

F
∂L

∂W b

∂W b

∂W

)T

λs,i = −
(
∂J

∂W b

∂W b

∂W

)T

−
(
∂J

∂W

)T

(
∂Rf
∂X

∂X

∂D

)T

λf,i +

(

I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

))T

λs,i =

−
(
∂J

∂X

∂X

∂D
+

∂J

∂W b

∂W b

∂X

∂X

∂D

)T
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∂Rf
∂W

−F ∂L

∂W b

∂W b

∂W

∂Rf
∂X

∂X

∂D
I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

)









T





λf,i

λs,i





= −








∂J

∂W b

∂W b

∂W
+

∂J

∂W

∂J

∂X

∂X

∂D
+

∂J

∂W b

∂W b

∂X

∂X

∂D








T
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�\û�ú��OúSûoï=û�ð���û�õOó�ûOö]þ6ðSý�ô��|ñ�÷9ò#ó6ðSý�ð�ð�ñ#õO÷=ü�ðSý�ö����ñ�òTõOóB÷;ñ�òTðSõ*ñ�ò#óBþpý�÷9ò#ó�û�ðQð�ñ�ò#óSð�ñ�ï9öTóB÷=ñ�òTðSô]û*ðSðBø
ðBó�ùOúQû*ðï9÷9òTü�ý�÷9þ�û*ð �
1 ≤ k ≤ p
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(
∂Rf
∂W

)T

λkf,i −
(

F
∂L

∂W b

∂W b

∂W

)T

λks,i = −
(
∂Gk
∂W b

∂W b

∂W

)T

−
(
∂Gk
∂W

)T

(
∂Rf
∂X

∂X

∂D

)T

λkf,i +

(

I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

))T

λks,i =

−
(
∂Gk
∂X

∂X

∂D
+
∂Gk
∂W b

∂W b

∂X

∂X

∂D

)T
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∂Rf
∂W

−F ∂L

∂W b

∂W b

∂W

∂Rf
∂X

∂X

∂D
I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

)









T





λkf,i

λks,i





= −








∂Gk
∂W b

∂W b

∂W
+
∂Gk
∂W

∂Gk
∂X

∂X

∂D
+
∂Gk
∂W b

∂W b

∂X

∂X

∂D
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I�J KML�N�O'PRQ (λks,i, λks,i)(1≤k≤p , 1≤i≤n)
QRL�O(P�PRL�SFQTN"J�UVO'PBN"W4SXU�Q.Y�Z[U[\R].QBS�^"P_I P�` OXL�O�]Va(N"JXUVO(PbI@c�\BNdL�\BND`�QMN"e�O�N=fgU
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(
∂Rf
∂W

)T

λf −
(

F
∂L

∂W b

∂W b

∂W

)T

λs = −
(
∂J

∂W b

∂W b

∂W

)T

−
(
∂J

∂W

)T

(
∂Rf
∂X

∂X

∂D

)T

λf +

(

I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

))T

λs =

−
(
∂J

∂X

∂X

∂D
+

∂J

∂W b

∂W b

∂X

∂X

∂D

)T
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L�S�^"U.Q�a4U.jVPRUVSX\RQ@I�J KML�N�O(PRQ λkf UVP λks ` 1 ≤ k ≤ p `XQBL�^�S�PBN"L�OXQ$J�SzQB{'QBP s.q Ui^"N�OX]�I N"\RUlJ�NdQBj.\RUVP$j.L�S�c�^"]�|






(
∂Rf
∂W

)T

λkf −
(

F
∂L

∂W b

∂W b

∂W

)T

λks = −
(
∂Gk
∂W b

∂W b

∂W

)T

−
(
∂Gk
∂W

)T

(
∂Rf
∂X

∂X

∂D

)T

λkf +

(

I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

))T

λks =

−
(
∂Gk
∂X

∂X

∂D
+
∂Gk
∂W b

∂W b

∂X

∂X

∂D

)T
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dJ

dα
=
∂J

∂X

∂X

∂Xrig

dXrig

dα
+

∂J

∂W b

∂W b

∂X

∂X

∂Xrig

dXrig

dα

+ λTf
∂Rf
∂X

∂X

∂Xrig

dXrig

dα

− λTs F

(
∂L

∂X

∂X

∂Xrig

dXrig

dα
+

∂L

∂W b

∂W b

∂X

∂X

∂Xrig

dXrig

dα

)

dGk
dα

=
∂Gk
∂X

∂X

∂Xrig

dXrig

dα
+
∂Gk
∂W b

∂W b

∂X

∂X

∂Xrig

dXrig

dα

+ λk
T
f

∂Rf
∂X

∂X

∂Xrig

dXrig

dα

− λk
T
s F

(
∂L

∂X

∂X

∂Xrig

dXrig

dα
+

∂L

∂W b

∂W b

∂X

∂X

∂Xrig

dXrig

dα

)

, 1 ≤ k ≤ p
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� Ulc�\BN"OXjVN�c�UkJ�Ui^�I q ].PB�XL(J�UkJ�Ui^v��].W4SgI PBN"L�O9I�J KML�N�O(PRUkJ�N"QRjV\ s P_UlU.QBP$JXL�OXjl^"UlQBS�N�a�I�O(Pk|
G Y�\R].QRL�SXJ�\RU�^"U.Q 1+p QB{'QBP sVq U.Qp^�N�OX]
I N�\RU.Q*j.L�S�cX^"].Q�Jp��].W4SFI�PBN"L�OXQ�J�N"QRjV\ s PRU�Q }�~ Y�� G
� U.P }�~ Y���� � } 1 ≤ k ≤ p

�
c�L�S�\$j�I�^"jVS�^"U.\�^"U.Q�N�OFj.L�O�O'SXU.Q λf ` λs U.P λkf ` λks ` 1 ≤ k ≤ p
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��£�¤�¥�¦M§.¨.©R§Vª�«"§�¬��® «"§V¯XªR¬$°�§.¬��§.¨.©R§V¯�ªR¬@®�° ¦M±�¤�¥'©R¬$°X® ¥X¬�«"§k¬B²'¬B©R³V´�§¶µ�·�£���·4¸º¹�±�¯Xª$¨�® «d¨V¯�«"§Vª$«"§.¬�»�ª_®�°�¤"§V¥(©_¬
dJ

dα

§.© dGk
dα ¼ k ∈ [1, p] ¼

ª_§.½4¯�¤d¬�¹g® ª�«d§i¹�ªR±'¨.§.¬R¬B¯X¬$°p¾�±�¹X©B¤�´�¤d¬R®�©B¤"±�¥z«"±(¨�® «�¹F® ª$»�ª_®�°�¤d§V¥(©R¬�£

¿ ®k´�ÀV©BÁF±(°�§Â°�§@«v¾�À.½4¯F®�©B¤"±�¥Ã®�° ¦M±�¤�¥'©R§Â°�¤"¬R¨VªR³.©R§@¹�§VªB´¶§V©[°�±�¥X¨Â°p¾�®�¨�¨.À.°�§Vª�®�¯�Ä
(p+1) ∗n °XÀVªB¤��À�§.¬º¥XÀ.¨.§.¬MÅ

¬_® ¤�ªR§�¬@® ¯�¹�ª_±(¨.§.¬R¬B¯X¬$°p¾�±�¹�©B¤�´�¤"¬_® ©B¤"±�¥z«"±(¨�®�«p¹F®�ª�»�ª_®�°�¤"§V¥(©@°�¯z¬B²'¬B©_³V´�§k®�ÀVªR±(À.«d®�¬B©B¤"½4¯F§
¼
Æ ¬R®
�±�¤�ª�Ç

(

∂J

∂αi
,

(
∂Gk
∂αi

)

1≤k≤p

)

1≤i≤n´�±
²4§V¥�¥g® ¥(©r«d®�ªRÀ�¬B±�«�¯�©B¤"±�¥È°X§
1 + p

¬B²'¬B©R³.´�§.¬�«�¤"¥XÀ�® ¤�ª_§.¬r¨.±�¯X¹�«"À.¬r°X±�¥(©r«"§.¬�¤�¥F¨.±�¥�¥'¯X§.¬r¬R±�¥'©
λf ¼ λs

§V©
λkf ¼ λks ¼ i ∈ [1, p]

£
¿ ®,´�À.©BÁX±(°X§�°X§�«D¾�À.½4¯g® ©B¤"±�¥É®�° ¦M±�¤�¥'©R§z°�¤"¬R¨VªR³.©R§�¥�¾�®ÊÀV©RÀË®�¹�¹�«�¤"½(¯XÀ.§z½4¯X§�©RªR³.¬�ª_À.¨.§V´�´�§V¥(©�¹m±�¯�ª�«"§

¨�® «d¨V¯�«�°X§i»�ª_®�°�¤"§V¥(©@°�§l¬B²'¬B©R³.´�§.¬$¨.±�¯�¹�«"À�¬�ÌX¯�¤"°�§VÅv¬B©BªB¯X¨.©B¯�ªR§�Í���·�Î
¼
�VÏ4�

¼
��· Ï

¼
��·�Ð

¼
Ñ �6Òv£

Ó ® ¹X¹�§V«"±�¥X¬$½4¯X§l«d®h´�ÀV©RÁX±(°�§k°�§l«D¾�À.½(¯F® ©B¤d±�¥�«"¤�¥XÀ�® ªR¤"¬RÀ.§l°�¤"¬R¨VªR³V©R§l¹�§.ªB´�§V©@°p¾�®�¨.¨.À.°X§Vª@®�¯�Ä
(p+ 1) ∗ n»�ª_®�°�¤"§V¥(©_¬º¥XÀ�¨.§.¬R¬_® ¤�ªR§.¬�® ¯�¹�ª_±(¨.§.¬R¬B¯X¬�°p¾�±�¹X©B¤�´�¤"¬_® ©R¤"±�¥�«"±(¨
® «�¹F® ª[»�ª;®�°�¤"§V¥'©R¬º´¶±
²�§V¥X¥F® ¥(©[«�®kª_À.¬R±�«�¯�©R¤"±�¥Ã°�§

n
¬B²'¬B©R³V´�§�¬�«�¤�¥XÀ
® ¤�ªR§.¬$¨.±�¯�¹X«"À.¬

¼
©;® ¥X°�¤d¬�½4¯X§i«d®x´�ÀV©RÁX±(°�§l°�§i«D¾�À�½4¯F® ©B¤d±�¥z®�° ¦M±�¤"¥(©R§l°�¤"¬R¨VªR³.©R§o¥*¾�§V¥�ªR§.½4¯X¤"§VªB©

½4¯X§
1 + p

£[Ô�±�¯�ª�«"§�¬y¹XªR±�Õ�«"³.´�§.¬Ã°p¾�±�¹�©B¤�´�¤"¬_® ©B¤"±�¥Ö°�§Ë×t±�ªR´�§,®�²(® ¥(©�¯X¥Ø¤�¥(©RÀ.ªRÙV©�¤�¥F°�¯X¬B©BªB¤"§.«�µ0�±�¤"ª�¹F® ª
§6Ä�§.´�¹�«"§¶Í��
·�Ð�Ò0¸

¼
«"§k¥X±�´rÕ�ªR§�°�§k¹g® ª_® ´¶³V©BªR§.¬Â°�§l×t±�ªB´¶§.¬@§�¬M©@©RªR³.¬@¬B¯�¹mÀVªB¤"§V¯XªÂ®�¯�Ä�¥X±�´xÕ�ªR§.¬Â°�§l×t±�¥F¨V©B¤"±�¥X¬

¨.±�¥'©Bª_® ¤�¥'©R§.¬ Æ ¬_® ©B¤d¬Ú×D® ¤�ªR§�£pÛb¥Ê»�ÀV¥XÀ.ª_® «
n

§.¬B©k°�§h«D¾�±�ªR°�ªR§�°�§h¹�«�¯F¬M¤"§.¯�ªR¬l¨�§V¥(©_®�¤�¥X§.¬�® «"±�ªR¬k½4¯X§
p
¥�¾�§6Ä�¨�³.°�§

¹F®�¬Â«�®¶°�¤�Ü
® ¤�¥F§�£gÝi§r©R§V«�«"§x¬R±�ªB©R§x½4¯X§r«d®¶ªR§V«d® ©R¤"±�¥Þ¬B¯�¤"�® ¥(©_§�¹�§.¯�©oÙ.©BªR§r¨�±�¥X¬B¤"°�À.ªRÀ.§x¨.±�´�´¶§�'ª_® ¤"§r¹�±�¯�ªo«d®
½4¯F®�¬M¤�ÅD©R±�©_®�«�¤�©RÀk°�§.¬@® ¹�¹X«�¤"¨�® ©R¤"±�¥X¬�¤�¥F°�¯X¬B©BªB¤"§.«�«"§.¬kÇ

n >> 1 + p.
Ýl® ¥X¬�¨�§.¬�¨�®�¬

¼
¤�«�§.¬B©$® «"±�ªR¬�¹�ª_À6×tÀVª_®�Õ�«"§l°p¾ ¯�©B¤"«�¤"¬R§Vª�«d®r´¶ÀV©BÁX±(°X§i°X§o«D¾�À.½4¯F® ©R¤"±�¥Ë®�° ¦M±�¤�¥(©R§i¹�±�¯Xª�¨�®�«"¨V¯�«"§.ª�«"§�¬

»�ª_®�°�¤"§V¥(©_¬$°�§.¬�×t±�¥F¨V©B¤"±�¥F¬$±�Õ�¦M§�¨V©B¤=×�§V©$¨.±�¥'©Bª_® ¤�¥'©R§.¬�£

ßkàDá âäãTågæxçièxé�êìëBågã�ímî�ågëRï@é�êðèxéòñTî$ó_ñTôxóõèré�êìö�ímî$èrë_é�÷Âågêìô�ågë_ó_ë_êFã�é�êìèxî$÷rêìó_é
ñTî$èríméøèxéøñTéTåXå�éøãTågôxèxé

ùTúdûbúvü ýÿþ��������	�
�	����"þ��������������������bþ�������  þ����!�� #"$��%&�#�
¿ §l¨�®�«"¨V¯�«�°�§.¬�»�ª_®�°�¤"§V¥(©R¬$°�§.¬[×�±�¥X¨V©R¤"±�¥X¬�±�Õ�¦M§.¨.©B¤=×�§V©�¨�±�¥(©Bª;® ¤�¥(©R§�¬�¹F® ª�«d®x´�À.©BÁX±(°X§i°X§o«D¾�À.½4¯F®�©B¤"±�¥

«�¤�¥XÀ
® ªB¤"¬RÀ.§Ã°�¤"¬R¨VªR³.©R§y¥XÀ�¨.§.¬R¬B¤�©R§y«�®ËªRÀ.¬R±�«"¯�©B¤"±�¥ °�§.¬
n

¬B²'¬B©R³V´¶§.¬x«�¤�¥FÀ�® ¤�ªR§�¬x°�¾�À.½4¯g® ©B¤"±�¥F¬h°�¤"¬R¨VªR³.©R§.¬�µ�·�£"����¸6£
' ±�´�´�§$¹�±�¯�ª «"§$¨
® «"¨V¯�«g°�§$«d®l¹�±�¬M¤"©B¤"±�¥y°p¾�À�½4¯�¤�«�¤�ÕXªR§Â®�ÀVªR±'ÀV«d®�¬B©B¤"½(¯X§

¼
¨�¾�§.¬B©MÅ Æ Åv°�¤�ªR§$«"§@¨�®�«"¨V¯�«g°�§.¬ ¤�¥X¨.±�¥�¥(¯X§�¬

°p¾�À.©_® ©
W

§V©
D ¼

¬R±�«"¯�©B¤"±�¥F¬o°�¯,¬M²�¬M©_³V´�§x°p¾�À.½4¯F®�©B¤"±�¥X¬o¥X±�¥�ÅD«�¤�¥FÀ�® ¤�ªR§.¬i°�¤"¬R¨Vª_³V©R§.¬�µ���£)(4¸
¼
«"§.¬o»�ª_®�°�¤"§V¥(©R¬i°�§�¬

¤�¥X¨�±�¥�¥(¯F§.¬r°�¾�ÀV©_® ©r¹g® ªrª_® ¹�¹m±�ªB© Æ
α ¼

¬R±�¥'©r¨
® «"¨V¯X«"À.¬x¬M¯X¤��® ¥(©r¯X¥X§¶¹�ªR±'¨.À.°�¯XªR§¶¤�©RÀVª;® ©B¤��§y°�¯È© ²(¹�§¶¹m±�¤�¥(©* Ä�§�£+ * ¥�°�§o°XÀ.¨.±�¯X¹�«"§Vª�«"§o¬B²'¬B©R³.´�§o«"±�ªR¬�°X§Â«d®rªRÀ.¬R±�«"¯�©B¤"±�¥
¼
¯�¥F§Â¹XªR±(¨.À.°�¯�ªR§ Æ ª_§V©_® ªR°Ã§.¬B©�°�§Â¹X«�¯X¬[¯�©R¤�«�¤"¬RÀ.§

Í���·�Ï
¼
�
·�,�Òv£ ' §V«"«"§6Åv¨V¤T¨.±�¥F¬M¤"¬B©R§ Æ ªR§V©_®�ªR°�§VªÂ«D¾�®��® ¥X¨.À.§r°p¾�¯�¥X§r°�¤"¬R¨V¤�¹X«�¤�¥X§�¹F® ªÂª_® ¹X¹�±�ªB© Æ «v¾�® ¯�©Bª_§k«"±�ªR¬Â°�§�«d®

ªRÀ.¬R±�«"¯�©B¤"±�¥Ë°�¯z¬B²'¬B©R³.´�§�£XÛ�¥Ë°p¾�® ¯X©BªR§.¬�©_§VªB´�§.¬�¯X¥X§l°X§.¬$À.½4¯F®�©B¤"±�¥F¬�§�¬M©@¨_ÁX±�¤"¬M¤d§i¹�±�¯Xª$¨�®�«"¨V¯�«"§.ª
dW

dα
= lim

q−>∞

(
dW

dα

)(q)

.

Ûb¥ »4ÀV¥XÀVª;® «
¼
¤�«o¬.¾�®�»�¤�©�°�§Ë«D¾�À.½(¯F® ©B¤"±�¥ dRf

dα

µ0�±�¤�ª�À.½4¯F® ©R¤"±�¥ µ�·�£��
��¸B¸6£ ¿ §Ë»�ª_®�°�¤d§V¥(©�°�¯Ø¨_ÁF®�´�¹Ø°�§9°�À6Å
¹�«d®�¨.§V´�§.¥(©l¹F®�ªlª_®�¹�¹�±�ªR© Æ

α
½4¯�¤º® ¹�¹F®�ª_® ¤�©�°X® ¥X¬k¨�§V©B©R§�À.½4¯F®�©B¤"±�¥ §.¬B©�® «d±�ªR¬k¨.§V«"¯�¤bÀV�® «�¯XÀ Æ «D¾ ¤"©RÀVª_® ©R¤"±�¥

¹�ªRÀ�¨.À.°�§.¥(©R§lµ
q−1

¸>°�§[«d®Â¹�ªR±'¨.À.°�¯XªR§[¤�©RÀVª_®�©B¤��§�£ ¿ ¾�® ¯X©BªR§�À.½4¯g® ©B¤"±�¥h¹m§V¯�©b® «"±�ª_¬�ÙV©Bª_§º¯X©B¤�«�¤"¬RÀ.§[¹�±�¯�ª�¨�® «"¨.¯�«"§Vª

dD

dα
= lim

q−>∞

(
dD

dα

)(q)

.
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^`_�a]b)cFd�egf�hBijd�kBi�kBlKc#_�m&hn_�bok6p�q1cFfDeXr#i dRs
dα

s8t r#egl�k6p�q1cFfDeXr#i s�u$v [;w�xDx v�y hnd�lKc#m&eXhBiHf�m$q{zK|1cF}j~�m&h6a�d�lWcFi�m&h6q&l�a
z]r#i�a�hBl t cFfDe t h]a�~1cFl!lKcF~&~�r#lDf��

α
p�q&e�cF~�~�cFlKcFeXf�m�cFi�a�z6h6fDf�h�k6pHq�cFfDeXr�i�h6aDf�cF_Xr�l�a!z]hB_gq&e�k t cF_gq�k���_�b egf�k6lKcFfDeXr�i

z]r#q&lKcFi/f�h s
q
x m&h�_VcZ~&l�rHz]k6m$q&l�h@egf�kBlWcFfDe t h vy h]a�aD�/aDf��B}{h]a6�







∂Rf
∂W

∂W

∂αi
+
∂Rf
∂X

∂X

∂D

∂D

∂αi
= −∂Rf

∂X

∂X

∂Xrig

∂Xrig

∂αi

−F ∂L

∂W b

∂W b

∂W

∂W

∂αi
+

(

I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

))
∂D

∂αi
=

+F

(
∂L

∂X

∂X

∂Xrig

∂Xrig

∂αi
+

∂L

∂W b

∂W b

∂X

∂X

∂Xrig

∂Xrig

∂αi

)

, 1 ≤ i ≤ n
s�u$v \F�/x

a�r#i/f�lKk6a�r#_gq�anegf�kBlKc#fDe t hB}�hBiHf�m&h�_VcY}�cFi&eX�BlKh�aDq�e t cFiHfKh s _�boh>�/~�r�aKcFiHf
(q)

l�hB~�l�k6a�hBiHf�h�_�boegf�kBlKc#fDeXr#i�iHq�}{kBl�r
qm&q�~&l�r/z6h6a�aDq�a�m&h@l�k6a�r#_gq&f�eXr#i x��







∂Rf
∂W

(
∂W

∂αi

)(q)

= −∂Rf
∂X

∂X

∂D

(
∂D

∂αi

)(q)

− ∂Rf
∂X

∂X

∂Xrig

∂Xrig

∂αi

(

I − F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

))(
∂D

∂αi

)(q+1)

= F
∂L

∂W b

∂W b

∂W

(
∂W

∂αi

)(q)

+F

(
∂L

∂X

∂X

∂Xrig

∂Xrig

∂αi
+

∂L

∂W b

∂W b

∂X

∂X

∂Xrig

∂Xrig

∂αi

)

.
s�u$v \���x

��r#q�l!a]b)cF��lKcFi�zK|&egl�m&hQ_�b egi t hBl�aDeXr#i�m�h�_Vc�}�c#fDlDeXz6h
F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

) i�r#q�a�c t r#i�a�hBq�_�b eXm&k]h
m�b)cF~&~�_geXp�q�h6lQ_Vcj}��B}{hGf�h6zK|�i&eXp�q�hJm&h�lKhBfKcFl�m��j_Vc�aDh]z6r#i�m�hGk6p�q1cFfDeXr#i�m$q�a��$a�fK�B}{h s�u$v \���x v ~&_gq�aQ~&l�k6zBeVaDkB�
}�hBiHf]��m�b q&f�eg_geXa�hBl (∂D

∂αi

)(q) ~�r�q&l�k t cF_gq�h6ln_Xh�fKhBlD}{h

F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

)
∂D

∂αi

_Xr�l�a�m$q�z]cF_XzBq�_�m&h (∂D
∂αi

)(q+1) v
� _�b)kBfKcF~�h

(q)
m&q�~&lKrHz6h6a�aDq�anegf�k6lKcFfDeM��p�q&e�_Xh�l�k6a�r#q�f]�$_Xh�aD�/aDf��B}{h s�u$v \#�Hx a]bok6zBl�egf �







∂Rf
∂W

(
∂W

∂αi

)(q)

= −∂Rf
∂X

∂X

∂D

(
∂D

∂αi

)(q)

− ∂Rf
∂X

∂X

∂Xrig

∂Xrig

∂αi
(a)

(
∂D

∂αi

)(q+1)

= F

(
∂L

∂X

∂X

∂D
+

∂L

∂W b

∂W b

∂X

∂X

∂D

)(
∂D

∂αi

)(q)

+ F
∂L

∂W b

∂W b

∂W

(
∂W

∂αi

)(q)

+F

(
∂L

∂X

∂X

∂Xrig

∂Xrig

∂αi
+

∂L

∂W b

∂W b

∂X

∂X

∂Xrig

∂Xrig

∂αi

)

(b)

.

s�u$v \���x� h�~&l�r/z6h6a�aDq�anegf�k6lKcFfDeM��~&l�rHz]�6m&h@m�h�_VcZ}�cFi&eV�Bl�h@aDq&e t cFiHfKh �
[ v egi&eXfDeVcF_geXaKc#fDeXr#i�m&h�_VcZ~&l�rHz]k6m$q&lKh�egf�k6lKcFfDe t h �
r#iGa�h�~&_Tc#z6h���_Vc�~�r�a�eXfDeXr#iGm�b)k6p�q&eg_Xeg�&l�h�c#k6l�rHkB_Tc#aDfDeXp�q�h	z]r#lDl�h6aD~�r�i�m�cFi/fO�

α
s _Xh	zK|1cF}j~Gm&h]a�d�lWcFi�m&hBq�l�a
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²6³#´�µ�¶B·�¸#¹FºD»g¸�¶6µjµD¼&·Z½X¶¿¾�¹F»g½g½T¹FÀ�¶ X(α) = X(Xrig(α), Zrig, D(α)) ¶6µDº W (α) ¶BºZ½X¶�²KÁ�¹F¾{Â
Ã&¶]µ
Ã&ÄBÂ&½T¹#²6¶B¾�¶B´Hº�µj¹FÂ�Â&½g»XÅ�¼�Ä¿¹F¼�¾�¹F»g½X½V¹FÀ�¶ Z(α) = Zrig

¶6µDº D(α) Æ ¶BºZ½X¶�À�·W¹#Ã$»X¶B´/ºZÃ$¼
²KÁ�¹F¾{Â�Ã&¶]µ
Ã&ÄBÂ&½T¹#²6¶B¾�¶B´Hº�µÇÃ&¶4½V¹�µ�º�·D¼�²BºD¼�·�¶4Â�¹F·�·K¹FÂ�Â�³#·Dº�¹F¼È¸�¶]²Bº�¶B¼&· α ¶6µDºÇµD¼&Â&Â�³�µDÄ4»XÃ�¶B´HºD»XÅH¼�¶B¾{¶6´Hº�´H¼&½
(
∂D

∂αi

)(0)

= 0

 $É ½X¶�À�·W¹#Ã$»X¶B´/º�Ã$¼G²KÁ�¹F¾{Â�Ã&¶]µ�À�·K¹F´�Ã�¶B¼&·�µ�¹#Ä6·�³HÃ$Ê/´�¹F¾j»VÅ�¼�¶6µ�²6³�´�µ�¶B·D¸#¹#ºD»g¸�¶6µ�Â1¹F·�·K¹#Â&Â�³#·�º�Ë α Ì
(
∂W

∂αi

)(q) Ì
¶6µDº�²]¹#½X²B¼&½XÄGËYÂ�¹F·�ºD»g·�Ã&¼�À�·W¹#Ã$»X¶B´/º (∂D

∂αi

)(q) ¶B´�¼�ºD»g½g»XµK¹F´/ºn½�ÍoÄ6ÅH¼�¹FºD»X³�´ (a) Ã$¼�µ�Ê$µ�ºKÎB¾{¶�Ï�Ð É) �Ñ Æ
Ð É ½X¶@À�·K¹#Ã&»X¶B´HºQÃ$¼�²WÁ�¹F¾jÂ�Ã�¶6µ�Ã�ÄBÂ&½V¹�²6¶B¾{¶6´Hº�µ�Ã�¶@½V¹jµDºD·D¼�²Bº�¼&·�¶@Â�¹F·�·K¹#Â&Â�³�·Dº�¹F¼Ç¸�¶6²BºK¶B¼&· α ËZ½�Í »gºKÄB·K¹ÓÒ
ºD»X³#´ÇµD¼&»g¸�¹F´Hº�¶ Ì

(
∂D

∂αi

)(q+1) Ì ¶]µ�º�²;¹F½X²B¼&½VÄ�ËYÂ�¹F·Dº�»g·�Ã&¶6µnÀ�·K¹#Ã&»X¶B´Hº�µ
(
∂W

∂αi

)(q) ¶Bº (∂D
∂αi

)(q) ¶Bº�Ã&¶
½�ÍoÄ6Å�¼1¹FºD»X³#´ (b) Ã$¼ÇµDÊ/µDº�Î6¾{¶{Ï�Ð É) �Ñ ÆÔ É ½X¶6µ�²B·D»gºKÎB·�¶6µ�Ã&¶4²]³#´H¸�¶6·DÀ�¶B´�²]¶4µ�³#´Hº�Ä6¸#¹F½g¼�Ä]µ]Ï ε1 ¶Bº ε2 µ�³#´HºÇÃ&¶B¼$ÕÖµD¶6¼&»g½Xµ�Ã&¶�ºK³#½XÄB·K¹#´�²6¶Ø×�Õ$Ä6µÇ¹F¼
Â&·�Ä]¹#½V¹FÙ&½X¶ ÆÛÚ







∣
∣
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∣
∣
∣
∂Rf
∂αi

∣
∣
∣

∣
∣
∣
2
≤ ε1

∣
∣
∣

∣
∣
∣

(
∂D

∂αi

)(q+1)

−
(
∂D

∂αi

)(q) ∣
∣
∣

∣
∣
∣
2
≤ ε2

∣
∣
∣

∣
∣
∣

(
∂D

∂αi

)(q) ∣
∣
∣

∣
∣
∣
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Ï�Ð É) �Ü Æ

Ý$É µ�»O½X¶6µ�²B·D»gºKÎB·�¶6µ�Ã&¶J²6³#´H¸�¶B·DÀ�¶B´�²6¶Gµ�³#´HºÛµ�¹#ºD»Xµ�Þ�¹F»gº�µQ½V¹{Ù�³#¼�²6½X¶�»gº�Ä6·K¹FºD»g¸�¶Gµ]Í)¹F·D·�ß6º�¶ Ì µD»g´�³#´Ø¶B½g½X¶G·�¶BÂ�¹#·DºÛË½�ÍoÄBºK¹#Â�¶ 2
É

à ²KÁ�¹�Å�¼�¶ÇÂ�¹#µ�Ã&¶�²6¶ÇÂ&·�³/²6¶6µ�µD¼�µ{»gº�Ä6·K¹FºD»MÞ Ì ½�ÍoÄ6Å�¼�¹#ºD»X³#´ (a) Ã$¼áµDÊ/µDº�Î6¾{¶âÏ�Ð É) �Ñ Æ Ã&³#»gº�ßBºD·K¶�·KÄ6µ�³#½g¼�¶ É	ã ¹
¾�¹#ºD·D»X²6¶!äD¹#²]³#Ù&»X¶B´�´�¶ ∂Rf

∂W
Ã&¶]µ�Ä6Å�¼1¹FºD»X³#´�µ�Â�³#¼�·�½V¹J¾{Ä]²]¹F´&»VÅ�¼�¶�Ã&¶6µ!å�¼&»XÃ&¶]µ�Ä6²B·D»Xº�¶Ûµ�³�¼�µ!ÞS³#·�¾{¶�Ã&¶Û·�Ä6µD»XÃ$¼

Ã$»Xµ�²B·K¶Bº�¶]µ�º�¼&´�¶n¾�¹FºD·D»X²]¶�²6·�¶B¼�µ�¶�ºD·�Î6µ!Ã$»Mæ�²6»g½X¶�Ë�»g´/¸�¶B·�µ�¶B·�Â�¹#·	¼&´�¶n¾�ÄBºDÁ�³HÃ&¶QÃ$»g·�¶]²Bº�¶�Â�³#¼&·�½X¶6µ�Â&·�³#Ù�½XÎB¾{¶]µ
Ã&¶YÀ�·K¹#´�Ã&¶YºK¹F»g½g½V¶ É�ç »Mè�ÄB·�¶B´/º�¶6µÛ¾�ÄBºDÁ�³/Ã&¶6µÛ»gºKÄB·K¹FºD»X¸�¶6µ�³�´Hº@ÄBº�ÄZÃ&ÄB¸�¶6½X³#Â&Â�Ä]¶6µÛÂ�³�¼&·�·�Ä6µ�³#¼�Ã&·�¶Y²]¶YµDÊ/µDº�Î6¾{¶ ÌÂ�¹F·�¾j»é½V¶6µ�Å�¼�¶B½g½V¶6µÛ½V¹�¾�ÄBºDÁ�³/Ã&¶�êDë�¶B´�¶B·W¹F½g»gì]¶]ÃØ¾j»X´&»g¾�¹#½é·�¶6µD»XÃ$¼1¹F½é¾�¶BºDÁ�³/Ã�Ï�ë�í�îQï!ð Æ�ñ�ò �;ó�Ü;ô Å�¼&»é¼�ºD»g½g»Xµ�¶¼&´�¶ÇÂ�·�³Fä�¶6²6ºD»X³#´áµD¼&·�½�Ío¶6µDÂ�¹#²6¶�Ã�¶�õ�·DÊH½V³;¸
¶Bº�Ã&¶6µ�º�¶6²WÁ&´&»XÅH¼�¶6µ�Ã&¶Ç¾j»g´�»g¾j»XµK¹Fº�»X³#´áÃ$¼ö·�Ä]µ�»VÃ$¼ö¾{¶6µD¼&·W¹F´Hº
½�ÍoÄ6²;¹F·DºY¶B´/ºD·�¶�½�ÍoÄ6ÅH¼�¹FºD»X³�´�Ë�µ�¹#ºD»Xµ�Þ�¹F»g·K¶�¶6ºJ½�ÍoÄ6Å�¼1¹FºD»X³#´
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ó(ý�A[õ"ùIü�ò (λs)
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(q) ð�ò (λs)
(q)
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∣
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∣
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s�}Kx?w���|#��}�{�~"��s��:w>�>��|�{�x"��y9|#u��
����u#y"~.� � �nz��>x9u�u���y�� �>�Ky"����x�{���~%z(}�y9���K|#tv{4��}�tv|�x"���F}�u�����{������%{�x9z(�n�?}�w�u�x. D}�~9�>w>��y9|��
s�}�xPw�u���{�w���}�w�z���|��#s�}�w�u��
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λf
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∂W
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(

(λf )
(q)
(l) − (λf )

(q)
(l−1)

)

=

(

F
∂L

∂W b

∂W b

∂W

)T

(λs)
(q−1) −

(
∂J

∂W b

∂W b

∂W

)T

−
(
∂J

∂W

)T

= −RHS
(

(λf )
(q)
(l−1)

)
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z(}My"��y"~9��t:u����(�)� oG� ��ª«wU{:z(�2��|#x9u��K��u

zKuCwU{6t:|#~"�Ks�zKuDz�uCw���|#��}�{�~"�Us��vw>�>�K|G{�x"��y9|#u��F��u�~"~9uDzK|�tv{�x9���KuC�K|��#u#y9y"�>~9uC������wb{6~"x�{���y.��s�y"�>~"��s��¬z�uCwU{6t�{�~"x"����u
¤9{��#s����Uu����Ku4{�����x�s����K|�u ∂Rf

∂W
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�>��~9u�x"£���u����Ku#��~Cz�{��KyCz�u�y%�Kx9s�z(}K�>~9y���y9u�}�w�yD�#u#yCz�u�x9����u�x9yCy9s���~C��{�wU��}�w�|#y��¢{�xD{�y9y9u�t8��wU{���u�� � wb{8£�s�wU|#u* ��

Ê3ËfÌ7Ë�Í Î�Ï,Ð�Ñ�Ò!Ð�Ó<ÒÕÔ�ÖK×FØÙÖ
(∂X/∂Xrig)

rPu#~"~9u�y9u#��~"��s��Úy�� �>��~9|�x9u#y9y9uÛ{�}Å��{�w��#}�w6z�}Ú~9u�x"tvu ∂X

∂Xrig

��z�|�x"��£�|#uJ��{�x"~9��u�w>w�u�z(}Ú��x�s��#u#y9y"}Ky�zKu
x�u�tv{���w>wU{���uH��{�xDx�{��K�
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w�u�y+|��F}�{�~"�Us��Ky+w>�>�K|�{�x"��y9|#u#y7u�~3{�z�¤"s��>��~9u�y#� ¦ u<�Kx9s��#u#y9y"}Ky7z�u<x9u#tv{��>w>wb{���u!z(}8zKs�tv{����Ku?ÝK}��Uz�u!y���u*��u#�#~"}Ku!y9u�w�s��
w���|#�F}�{�~"��s��º� p � q�� ��Þ��7s��¥�Kui��s��Ky"��z���x�ui�F}KuiwU{vz�|#�
u��Kz�{��K�#u8z�u

X
u��

Xrig
��w�u#y��Ks�}�£�u�w>wUu#y��#s�s�x�z�s�����|#u#y

z�}&�Ks�u�}�z
Nijk

�Ku�z�|#�
u��KzKu���~?�F}�u�z�u#y?�#s�s�x9zKs����K|�u#y;zKu��#u%�Ks�u#}Kz&zK{���y3w�u%t�{��>w>wU{���u�z(}:z�s�tv{��>��uPÝK}���zKu
{�}�~9s�}KxCz�u6wU{i�es�x9t:uBx9�>����z�u

Xrig
�

¦ {�tv{�~9x"���#u ∂X

∂Xrig

u#y"~4zKs��K�:��x�u�}Ky9u:u�~iy"u#}�w�yHw�u#yH~9u�x9t:u#y ∂x̃ijk
∂xrigijk

� ∂x̃ijk
∂yrigijk

� ∂x̃ijk
∂zrigijk

� ∂ỹijk
∂yrigijk

�

∂z̃ijk
∂xrigijk

� ∂z̃ijk
∂yrigijk

u�~ ∂z̃ijk
∂zrigijk

y9s���~C�Ks��/��}�w�y��
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∂x̃ijk
∂xrigijk

= 1

∂x̃ijk
∂yrigijk

= −
(

zi−1

yi − yi−1
+

zi
yi − yi−1

)(
yi − yrigijk
yi − yi−1

ζθpi−1 +
yrigijk − yi−1

yi − yi−1
ζθpi

)

−
(

zrigijk −
yi − yrigijk
yi − yi−1

zi−1 +
yrigijk − yi−1

yi − yi−1
zi

)(

−
ζθpi−1

yi − yi−1
+

ζθpi
yi − yi−1

)

∂x̃ijk
∂zrigijk

= −
(
yi − yrigijk
yi − yi−1

ζθpi−1 +
yrigijk − yi−1

yi − yi−1
ζθpi

)

∂ỹijk
∂yrigijk

= 1 �����������






∂z̃ijk
∂xrigijk

=
yi − yrigijk
yi − yi−1

ζθpi−1 +
yrigijk − yi−1

yi − yi−1
ζθpi

∂z̃ijk
∂yrigijk

= −
ωpi−1

yi − yi−1
+

ωpi
yi − yi−1

+

+

(
xi−1

yi − yi−1
+

xi
yi − yi−1

)(
yi − yrigijk
yi − yi−1

ζθpi−1 +
yrigijk − yi−1

yi − yi−1
ζθpi

)

+

(

xrigijk −
yi − yrigijk
yi − yi−1

xi−1 +
yrigijk − yi−1

yi − yi−1
xi

)(

−
ζθpi−1

yi − yi−1
+

ζθpi
yi − yi−1

)

∂z̃ijk
∂zrigijk

= 1 �����������
���:ü���ÿ"ø"û�ú#ý ∂X

∂Xrig
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∂αi
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(∂X/∂D)
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∂D
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� T ý#öD÷l��û>þ�ÿ�ö

ö	��þ�ÿCþ=��ÿ9ù#ö
Pi−1

ý�ÿ
Pi

����þKö�ô'�&ö"ý�ú�ÿ"û%��þ à � �=��� ý�ÿDö`��þ�ÿ�ÿ9ý�ôUö�*FõKý
yi−1 ≤ yrigijk ≤ yi

�
�©ý�÷�ø	��ú#ý#ö9ö"õKö\�Ký�ø9ý�ü���û>ô>ô'��
Fý�ý�ö.ÿ%ÿ�ý�ô6*FõKýBö9ý�õ�ô�ö%ô�ý#ö%ÿ9ý�ø"üvý#ö ∂x̃ijk

∂θpi−1

� ∂x̃ijk
∂θpi

� ∂z̃ijk
∂ωpi−1

� ∂z̃ijk
∂ωpi

� ∂z̃ijk
∂θpi−1
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∂x̃ijk
∂θpi−1

= −
(

zrigijk −
yi − yrigijk
yi − yi−1

zi−1 +
yrigijk − yi−1

yi − yi−1
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)(
yi − yrigijk
yi − yi−1

ζ

)
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= −
(

zrigijk −
yi − yrigijk
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yi − yi−1
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)(
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=
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)
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yrigijk − yi−1

yi − yi−1
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)(
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ζ

)

��� � �����

� �-�$�$�<�Y�����Z�'�i�7���`�`�%�U� ∂X

∂Xrig � �'�i���-�`�`�%�+�
∂X

∂D
� �¡�+�`�Z���-���`�	���#¢�£+�����V�$£��$�����	�<�%���	�Z¤=�<�'�i�	£U�`�-¥

���=�`�%�-�b���	£��#���`��¦��&¤��+�~£U§������	�%�-�=�L���%�=£U���`�'�`£U�+�U��¨ ���(���`�$� ∂X
∂D

∂D

∂αi

�U���Z�-�	�	���)©��'£Zª1«5�'�;¦��-�%£+��¬ � �+�&§����l£�¦����(�¤=���`�	���(¢��������V�$£����-���	�����=�������	�`�%�+��¤=�<��#���=¤����(�������%�;¤��-�^�Z�'�®���°¯����`���	£�¤=�+�Z�	���`���+���	�-���������%�U�

±³²D´@²B± µ7¶!·e¸�¹L·&º»¹½¼-¾=¿�ÀS¾
(∂L/∂W b) ∗ (∂W b/∂W )

Á»ÂÄÃ�Å,ÆÈÇWÅ�É�Ê�Â^ÆÈÂ^Ë,Ê$Ì³ÍÏÎrÍ�ÐDÌ�ÂÑÂ�Ò+Ê�ÆÈÅ6Ì�Ó^ÔBÐDÒUÓÑÇ@Õ�ÉbÔkÂ�Ò$Ó�Ö!Í Õ�Ê�ÐDÅ,Ë Ò$Ì»×�Ø<Í�ÔkÂ�É
Ù �����=�	Ú+�<�'���	�+���	�%�-� � � Û=�¡Û��%�U���4Ül���`�	�<�	�(���=�`�2�'�;���Ý�=�^���=¤ Pi � 1 ≤ i ≤ np � ¤K�Ý���-�����'����®¤=�i�k��l�-���`�	�;�	�-����£�����KÞV«�ß







−→Fi =

nI
f∑

l=1

Sil (pl − p∞)~nl

−→Mi =

nI
f∑

l=1

−−→
PiGl ∧ Sil (pl − p∞~nl)

¨!�;�(à����$�Ñ��£��	��¤Ká^�����$�%§��=�;���=�Z�e� ���^�	����âe�-�+� Il �=��¤=£��Y����¤ � ���V�	���	�$��¤=���(à��-�2�Ä�-£��	�^¤Ká������$�%§��=� � §����¤=�+�)¦-���%�+���	�i¤��b�+�7¤��+�`���%���®¤=�����)�'�Ñ�+�+�������%���-¤�¯`�-�U�����	��«V�e� �%���	����â����+� � ¦��-���)�k�Xã=����	� � � � � ��¨ ���	�`§��=���'��U�-�2�Y���`�	���������®¤K�åä=���%¤=�7�+�`�i�$��¤=£����%�	£7�����i�%�+�i£+§������`�%���=�i¤6��ær�=�%��� � �'�Ñ���	�+�	�`�%�-�Ï«V�I� �����	�+��â��-�+� Il �+�`�£+����%�5«�ß
pl = pc − cc

(
(ρu)c nlx + (ρv)c nly + (ρw)c nlz

)

��ç pc = (γ − 1)

(

ρcec −
1

2

(ρu)2c + (ρv)2c + (ρw)2c
ρc

) �+� cc =

√

γ
pc
ρc

� ¨ �+�&¤�£+�`��¦�£+�U�a�����`�`�'�����%�+�<¤��+�
��Ül�-�`�	�)�	�(���=�`�2�'�i«Ñ�'�V�Y�����`�	���,���)�(�-���Y�-�	�®���è�#à����2�Ï�-£��	�^¤Ká����-�2�%§����7�+�-���`�+�`¦-���`��âa«V�e� �%���	£��`�%�+���i¤K�



éUê�ë ì í^î4ï,ðDñBò	ó)ô�õ\ì³î�ö9÷+ø^ö�ù�ó4ú�û-ò	î�ù-ðeó4ü�ñDú

Centre de la cellule adjacente
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/k�$)'ÿ����r�����Uÿ���)�þYwV�����mþ=��������%'�	�(�Mþ=���#�(y��	)�ÿg����))þ*)ryhþ��������mþhùhüF)�"#) ��jþÖÿ��
���$���$*��þ=���	�
����Wÿ���þ=�5þJ��������þJ/k)#�fÿ��
α3
/#þ*)���þ*)#�-��þY��)0þYy��	�����Eÿ��$��)��(�$)#�p�	�(��þ=�-�����	�5�(�T�#���5þ , �	��/w����#�mþ��0þ��=�����	"��$�=�jþ��$��)��S�5þ!�&%Áþ*)ryhþ��������mþ��5þ���%'�	�(�jþhù o þ��=���
�	"#�$�=���p���#�Uÿ
�	)'ÿO��% �#)0þ!y��	�����Eÿ��$��)��K�����Uÿ��(yhþ��5þ

α1 � α2 � þ(ÿ α3
����)'ÿ~�mþ*�#�����mþ*)'ÿ
���z�����z�jþp�z������"#�$�z��þ�����þ , ÿ��$yhþ*��þ�)'ÿ~w��jþ*� � �������hþWÿOþWÿ~yhþ*�mÿ~�����~����"#���#�mþ�áeùCúeùo þ��=����) , ÿ��$��)��O����)'ÿO��) , q0þ�� , q0þ��jþ��O���*���$y��(þ����������
�	���K���@ÿ�� , þ��¶ÿ��������=�P�	�
�	��Wÿ��mþ�����)�ÿ��jþ�� , ��þ0� /

, �jþ*)�ÿ������*�
�r�-sr)P�	� �$tr�0þ��=�5þiÿ��
���$)��(þ�/g)#�Sÿ�� Cd /|þWÿ=�0þn�V���mÿ
�	) , þn/�)#�fÿ�� Cl ù

���P�V�P�r���P�5�k����� ��¡{¢¤£¤¥u¦�§k��� �.�@��¡©¨�¥rªv«k¢�¦¬2�P�®¡�¬2� ¥r¢��	¬2¯p¥r�
° y��	)�ÿO�0þ , ��� , ���jþ����jþp��y��	�jþ������O�5þ , þp�����
�����jþ*)'ÿ�� � �������Wÿ�q��r�5þT�5þ���%���tu�P�Eÿ��$��)��(�()��p�	���$���(þT�*y��	�(�0þ�jþ��=���
�����jþ*)'ÿ����5þ��=�() , ��)�)r�0þp�=��%��(ÿ
�Eÿ��-�.��s5�@ÿ�*�)þ����*���r�������@ÿ��$tu��þ + W þ(ÿ

D
4~���	�=�
�	�#�V���@ÿO� , qP� , ��).�5þp�ÿ������$�����	���	��Wÿ��mþ��n�0þ��1������þp� , ��)����$�#�*����� + ��tu�P�Eÿ��$��) + á5ùCú�|�4�4WùV}X���#����� , ��)-"#���#�
�Eÿ�����)±���(�jþ0/1���#�mþ*���	�hþ�3�â ��jþ����
� , þ������#�O�Uÿ����
�Eÿ����z�5þ����������$�5ÿ��$��)a�-����s5�@ÿ�*�)þ�w���/&���$� , �(���(�$)��	�(�mþA��%���tr���Eÿ��$��)#� + áeùCú�|u4 , ��)5yhþ*���hþ¹þ*)�������Uÿ��*���Eÿ��$��)��=�5þ��=�����$yhþ*�����J�����$�5þÙþWÿ���ÿ���� , ÿ��#�mþ��py�þ , ε1 = 10−3 þ(ÿ ε2 = 10−4 + þ*)��5ÿ��(�(������)'ÿY�Mþ��Y)#�Sÿ
�Sÿ��$��)���5þ���%���tu�P�Eÿ��$��) + áeù¼ú�²�4�4[ù o þ�� , ���#��w�þ��bá5ùCá � á5ù'³ � á5ù´² � á5ù â � á5ù'|ÙþWÿOáeù'µ������p�@þ�)'ÿmþ*)'ÿz��%��*yu���(�5ÿ�����)S�0þ��g���
�����jþ*)'ÿ
�
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ÎJÏ{ÐJÑ Ì-Ò´ÌÔÓÖÕ~×�Ø5Ù�Ú*Û�Ü�Ú�Ø#Ý�ÚßÞ-àáÜ�Û
â�Þ-ã�Ú*ØräåÞ-à
Ý�æ�â	ç èåÞ#Úéä�×�Û�ê�ã$×�Øëè�â	Û�Û
â�è�èV×�Û�ä±ì

α1 í èV×�à#Ûî Úpênä�Û�×�ã$ênã(Ø�Ý*ã$Þ�Ú*Ø�Ý�Ú�ê�â	à±ê
â�à�ç�×�Ø í â	à±Ýp×�à�Û�ê!Þ-àè#Û�×rÝ�Ú�ê�ê�à#ê�ã(ä
ï*Û
â	ä�ã(ð�Þ�ÚñÛ�ï�ê�× î à#ä�ã$×�ØÔÞ�Ú î�ò ï�óuà�â�ô
ä�ã$×�Øöõ1Ì�Ò'÷	ørù!õ�Ý�×�Ø�ú#Ü�à�Û�â	ä�ã$×�Ø�â	ã î Ú*ô1ð2à#ê�Ú î â�Ü�Ú!û@ørù0Ò
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ÎJÏ{ÐJÑ Ì-Ò øüÓÖÕ~×�ØrÙuÚ*Û�Ü�Ú�Ø#Ý�ÚßÞ-àáÜ�Û
â�Þ-ã�Ú*ØräåÞ-à
Ý
æPâ	ç èlÞ�Ú�ý�Ú0þ5ã�×�ØéèPâ	ÛTÛ�â	è�èV×�Û�ä�ì

α1
â�à�ê
â	à-ô

ç�×�Ø í èK×�à�Û î Ú�ê�ä�Û�×�ã$ê�ã(Ø#Ý*ã$Þ#Ú*Ø#Ý�Ú�ê í â	àéÝ�×�à�Û�êTÞ-àè#Û�×rÝ�Ú�ê�ê�à#ê�ã(ä
ï*Û
â	ä�ã(ð�Þ�ÚñÛ�ï�ê�× î à�ä�ã$×�ØÔÞ�Ú î�ò ïpóuà�â�ô
ä�ã�×�Øöõ�Ì-Ò'÷	ørù!õ�Ý�×�Ø�ú#Ü�à�Û�â	ä�ã$×�Ø�â	ã î Ú*ô1ð2à#ê�Ú î â	ÜuÚ!û@ørù0Ò

Þ�à�Ý�æ�â	ç èaÞ#Ú�ä�×�Û�ê�ã$×�ØaÚ*änÞ-àaÝ
æ�â	ç�èaÞ�Ú�ý�Ú0þ5ã$×�Øaâ�àaê�â�à�ç�×�ØaÞ�Ú î�ò â�ã î Ú�â	àaÝ�×�à�Û
ê�Þ-à�è�Û�×5Ý�Ú�ê�ê�à#êOã(ä
ï*Û
â	ä�ã�ð
Þ#Ú�Û
ï�ê�× î à�ä�ã�×�ØvÒ�ÿvÚ!ê
â	à#ç�×�Ø.â�ï*ä�ï!Ý
æ#×�ã$ê�ãvÝpâ�ÛJã î ê ò â	Ü�ã(äYÞ�à�èK×�ã(Ørä=×�� î Ú�ê=Þ�ï*è î â�Ý�Ú*ç�Ú*Ørä�ê=Þ�Ú î�ò â	ã î Ú!Þ-à�ê=â	à�þ
Ú��KÚ*ä�ê�â�ï*Û
×rï î â�ê�ä�ã�óuà#Ú�ê=ê�×�Ørä î Ú�êYè î à�êJã(ç�èV×�Û�ä�â	Ørä�êpÒ�ÿkÚnØ#×�ç���Û�Ú!Þ�ÚnèPâ�ê=Þ-àxè�Û�×5Ý�Ú�ê�ê�à#êJã$ä�ï*Û
â	ä�ã�ðXÚ�ê�äJú�þ-ï�â�à
è#Û�ïpâ î â�� î ÚTÚ*ä�Þ�Ú�ð1â���×�Øaâ	Û���ã(ä�Û
â�ã(Û�Ú�õ2Ü�à#ã$Þ�ï�Ú�è�â�Û î�ò Ú0þ5èKï*Û�ã$Ú*Ø�Ý�Úù0ÒPÿkÚ�ê�Ý�×�à�Û��VÚ�ênÌ-Ò
	 í Ì-Ò�	�Ú�änÌ-Ò
	�è�Û�ïpê�Ú�Ørä�Ú*Ø5äî�ò ï*Ù�× î à#ä�ã$×�ØéÞ#Ú î âxØ#×�Û�ç�Ú

L2
Þ-àöç�Ú*ç���Û�Ú�Þ�Ú�Þ-Û
×�ã(ä�Ú�Þ#Ú î âxè�Û�Ú*ç�ã�*Û�Ú�ï�órà�â	ä�ã�×�ØéÞ�Ú î�ò ïpóuà�â	ä�ã�×�Ø

(a)
Þ�à

ê��5ê�ä���ç�Ú Þ ò ï�óuàPâ	ä�ã$×�Ø�ê�õ1Ì-Ò'÷��uù�õ�ï�órà�â	ä�ã�×�Ø¤Ýp×�Û�Û�Ú�ê�èV×�Ø#Þ#â	Ø5ä�ì î â�Þ�ï�Û�ã(Ù�ï�Ú�Þ�Ú î â�Û�Ú î â	ä�ã$×�ØöÞ�Ú�Ý�×�Ø#ê�Ú*Û�Ù�â	ä�ã$×�Ø
Þ#ÚTç�â�ê�ê�ÚTè�â	Û�Û�â	è�èK×�Û�ä!ì

α
ùOâ	à±Ý�×�à�Û
ê�Þ-àaè�Û�×rÝ�Úpê�ê�à�ê�Þ�ÚAÛ�ï�ê�× î à�ä�ã$×�ØaÞ-àaê��5ê�ä���ç�Ú�õ1Ì�Ò'÷���ù0Ò�ÕJÚ�ênÝ�×�à�Û��VÚ�ê

èKÚ*Û�ç�Ú�ä�ä�Ú*Ørä~Þ�Ú�Ùrã$ê�à�â î ã$ê�Ú*Û î â�Ýp×�ØrÙ�Ú*Û�Ü�Ú*Ø#ÝpÚ�Þ�ÚpêgÜ�Û
â�Þ-ã$Ú*Ørä
ê
∂W/∂αi

Ú�ä
∂D/∂αi í 1 ≤ i ≤ 3

â	à�Ý�×�à�Û�êzÞ�à
è#Û�×rÝ�Ú�ê�ê�à#ê=Þ#ÚnÛ�ï�ê�× î à�ä�ã$×�ØkÒ

ÿkÚ�Ýpâ î Ý*à î Þ#Ú�ê�Ü�Û
â�Þ-ã$Ú*Ørä
ê!ã$Ørä�Ú*Û�ç�ï�Þ-ã{â	ã(Û�Ú�ê
∂W/∂αi

Ú�ä
∂D/∂αi í 1 ≤ i ≤ 3

èVÚ�à�ä��*ä�Û�Ú�Ý�×�ç è�â	Û
ï
â�à�Ýpâ î Ý�à î è�â	Û�Þ�ã��Kï*Û�Ú�Ø#Ý�Ú�ê�ú#Ø#ã$Ú�êpÒPÿvÚpê=ú�Ü�à�Û�Úpê�Ì-Ò$Ë�� í Ì-Ò(Ë÷�Ú*änÌ-Ò(ËÌ�Ý�×�ç�è�â	Û�Ú*Ø5ä î Ú�êOÜ�Û
â�Þ�ã$Ú*Ørä�ê�Þ-à�Ý�æ�â	ç èÞ#Ú�ä�×�Û�ê�ã$×�Ø.â	àxê
â	à#ç�×�Ø�Þ�Ú î�ò â	ã î Ú�è�â�ÛJÛ
â�è�èV×�Û�ä=â	à�þSä�Û
×�ã$êJè�â�Û
â	ç���ä�Û�Ú�êYÞ#ÚOð�×�Û�ç�Ú!ï*ä�à#Þ�ã$ï�ê�õ2èK×�à�Û î Ú�êJä�Û
×�ã$ê
Ýp×�Ø#Þ-ã(ä�ã$×�Ø#ê�Þ�Ú!Ù�× î Ý�×�Ø�ê�ã$Þ�ï*Û�ïpÚ�ê�ù~Ýâ î Ý*à î ï�êYè�â�Û î âAç�ï*ä�æ�×rÞ�Ú�Þ�Ú î�ò ï�órà�â	ä�ã�×�Ø î ã(Ø#ïpâ�Û�ã$ê�ï�Ú�Þ ò à�Ø�Ú!è�â	Û�ä�Ú*ä=è�â�Û
Þ�ã��Kï*Û�Ú�Ø#Ý�Ú�êgú#Ø#ã$Ú�ê~Þ ò â	à#ä�Û�Ú�èPâ	Û�äpÒrÿkÚ�êgú#Ü�à�Û�Ú�êJÌ-Ò(Ë�� í Ì-Ò(Ë�øAÚ*äJÌ�Ò(ËpÍ�Ý�×�ç è�â	Û
Ú*Ørä~óuàPâ	ØräJìTÚ î(î Ú�ê î ÚpêgÜ�Û
â�Þ-ã$Ú�Ørä�êÞ�à±Ý
æ�â	ç�è±Þ�ÚTýPÚ0þ5ã$×�Ø¤â	à±ê
â	à#ç�×�Ø±Þ#Ú î�ò â	ã î ÚAè�â	ÛnÛ�â	è�èV×�Û�ä�â	à-þ�ä�Û�×�ã$ênè�â�Û
â	ç���ä�Û�Ú�ê!Þ�ÚTð�×�Û�ç�Ú�ï�ä�à#Þ-ã$ïpênÚ�ä
èK×�à�Û î ÚpêXä�Û
×�ã$ê�Ý�×�Ø#Þ�ã(ä�ã$×�Ø#ê�Þ�ÚYÙ�× î Ý�×�Ø�ê�ã$Þ�ï*Û�ï�Úpê í Ýâ î Ý*à î ï�êFè�â	Û î â�ç�ï*ä�æ#×5Þ�ÚYÞ�Ú î�ò ï�óuà�â�ä�ã$×�Ø î ã(Ø�ïpâ	Û�ã�ê�ïpÚYÞ ò à�Ø�ÚèPâ	Û�ägÚ�ä�è�â�ÛgÞ-ã���ï*Û�Ú*Ø#ÝpÚ�êFú#Ø�ã�Ú�êgÞ ò â	à#ä�Û�ÚYèPâ	Û�äpÒuÿkâ�Þ�Ú*ç�ã�ô&Ú*Ø5Ù�Ú*Û�Ü�à#Û�Ú=Þ�Ú î�ò â	ã î ÚYç�Úpê�à�Û�Ú

0.6m
Ò�ÿ ânè�â�Û�ä�ã$Ú�Þ�Ú�ê

Ýp×�à�Û��VÚpê!ê ò ï*ä�Ú*Ø�Þ#â	Ørä�Þ�Ú
y = 0.6m

ì
y = 1m

Ý�×�Û�Û�Úpê�èK×�Ø#Þ¤ì î�ò â	ç�×�Û�ä�ã$ê�ê�Ú*ç�Ú*Ø5ä!ê�è�â	ä�ã�â î Þ#Ú�Ý�ÚpênÙ�â î Ú�à�Û�êî ×�Û�êAÞ#Ú î â.ä�Û
â	Ø#ê�ç�ã$ê�ê�ã�×�ØlÞ-àlÝ
æ�â�ç è
(dD)/(dα)

â	à�ç�â�ã î(î â	ÜuÚSÞ�àlÞ�×�çSâ	ã(Ø#Ú F ×rÝ�Ý�à�èVïSè�â�Û î Ú�ý�à�ã$Þ�Ú�Ò
ÿ ò ï�Ýâ	Û�ä�â��#ê�× î àaç�â�þ5ã$ç�â î ×��#ê�Ú*Û�Ù�ï�Ú*Ørä�Û
Ú î Ú�ê�Û�ïpê�à î ä
â	ä�ê!Þ�×�Ø#Ø#ï�ênè�â	Û!Ý�Ú�ê!Þ�Ú*à-þ�ç�ï*ä�æ#×5Þ�Ú�ê!Þ�Ú�Ýpâ î Ý*à î Ú�ê�ä
Þ#Ú

10%
Ò�Õ~Ú*ä�ä
ÚOï*ä�â	èVÚOèVÚ*Û�ç�Ú*äJÞ�Ú�ê ò â�ê�ê�à#Û�Ú*ÛJÞ�Ú î â�Ý�×�æ#ï*Û�Ú�Ø#Ý�Ú�Þ�Ú�ê~Ýpâ î Ý*à î êJÞ�Ú�êzÜ�Û
â�Þ-ã$Ú�Ørä�êzã(Ø5ä�Ú*Û�ç�ï�Þ-ã�â	ã$Û�Ú�ê

èPâ	Û î â�ç�ï*ä�æ#×rÞ�Ú�Þ�Ú î&ò ï�óuà�â�ä�ã$×�Ø î ã(Ø#ïpâ�Û�ã$ê�ï�Ú�Ò
ÿ â�ú#Ü�à#Û�Ú�Ì-Ò(Ë���ç�Ú*ä�Ú*Ø ï*Ùrã�Þ�Ú*Ø#ÝpÚ í èK×�à�Û î Ú�è�â	Û
â�ç��*ä�Û
Ú�Þ#ÚSð1×�Û�ç�Ú α2 í à�Ø Þ�Ú�ê è�Û�×�� î �*ç�Ú�ê î ã$ï�ê�ìî âxç�ï*ä�æ#×rÞ�Ú�Þ�Ú�ê�Þ-ã���ï*Û�Ú*Ø�Ý�Ú�ê!ú#Ø#ã$Ú�ê�Ú*ä�ï�Ù�×róuà�ï�Þ#â	Ø�ê î âxê�Ú�Ý*ä�ã�×�ØéÌ-Ò'Ì�Ò(Ë�Ò���ØéÚ��KÚ*ä í î ×�Û�ê�óuà�Ú î Ú èPâ�ê�Þ�Ú î âÞ�ã��Kï*Û�Ú�Ø#Ý�ÚAú�Ø�ã$Ú Úpê�ä�ä�Û�×�è±Ü�Û
â	Ø#Þ í î â�è�Û�ïpÝ*ã$ê�ã$×�Ø¤Þ#Ú Ý�Ú*ä�ä�Ú Þ�Ú*Û�Ø�ã�*Û�Ú�Ú�ê�ä!ç�â	à#Ù�â	ã$ê�Ú í Ú�Ø±Û�Ú*Ù�â	Ø#Ý
æ#Ú î ×�Û�ê�óuà�ÚÝpÚ î à�ã�ô&Ý�ã�Úpê�ä�è î à#ênð1â�ã�� î Ú í î Ú�ê�Ù�â î Ú�à�Û�ê�×���ä�Ú*Ørà�Ú�ê!èPâ	Û�Þ-ã��Kï*Û
Ú*Ø#Ý�Ú�ú#Ø#ã$Ú�ê�ê�×�Ø5ä���Û�à�ã(ä�ï�Úpê�ÒvÿkÚ�Ý
æ#×�ã(þaÞ�à¤è�â�êâ�è�è�Û�×�è�Û�ã$ïnì î�ò ï�Ù�â î à�â�ä�ã$×�Ø�Þ ò à�Ø�ÚOÞ�ï�Û�ã(Ù�ï�ÚOè�â	ÛJÞ-ã��Kï�Û�Ú*Ø#ÝpÚ=ú#Ø#ã$ÚOê�Ú=ð�â	ã(ä~Ú�Ø î ×5Ýpâ î ã$ê
â	Ø5ä î â��p×�Ø#Ú�Þ�ÚOê�ä
â���ã î ã(ä
ï

ê�à�Û î âYÝp×�à�Û��VÚFÛ�Ú�è�Û�ï�ê�Ú*Ø5ä
â	Ørä î âJÙ�â î Ú*à�Û â	è#è�Û�×rÝ
æ�ï�Ú�Þ�Ú î âYÞ�ï*Û�ã(Ù�ï�Ú�Ýpâ î Ý*à î ïpÚXèPâ	ÛkÞ-ã��Kï�Û�Ú*Ø#ÝpÚ@ú�Ø�ã$Ú�Ú*Ø!ð�×�Ø�Ý*ä�ã$×�Ø
Þ�àAè�â�êXÞ#Ú î âOÞ-ã��Kï*Û�Ú�Ø#Ý�Úgú#Ø#ã$Ú�Ò	ÿ â=ú�Ü�à�Û�ÚYÌ-Ò(Ë���Û
Ú*è�Û�ïpê�Ú�Ørä�Ú î Úpê Ù�â î Ú*à�Û
êXâ�è�è�Û�×5Ý
æ#ï�Úpê@Þ#Ú�êXÞ�ï*Û�ã$Ù�ï�Ú�ê

dCd/dα3
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D4EGF4H !JI
KMLON4P�Q3R@S9T�U@S�QWV�SYXJZ[U�T]\�XJ^S�Q'_`XJZ
VbaC\�ced`XfSg_bP�T�h�^P�QidC\�TjTb\�dfdkP�T�_ml
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D4EGF4H !JI
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¶Y¼@¿/Äl¼qÂ$¸/¹"Ô�¼@ÊM¼$²=¸�ÅÑ»_Ï�¼@ÊxÄ�»�¼@²=¸/µ�¶9¼OÖ

y = 0.1m × Æ ÅÑÊM¹v½:¼$²=Ô*¼$¶/´.µ�¶9¼OÖ y = 0.3m × ¼$¸�·µØ¿9·µ�ÊM±�²ØÁ�¼i»_Ï�·¹"»�¼
Ö
y = 0.5m × ¬¢¯�¼@¿7¶YÍq¿kµ�»"¸9·¸Y¿�¿Y±�²=¸(Ä�¶YÍ@¿Y¼$²�¸YÍ@¿7Ä�·�¶7»a¼@¿Ù³�´�µ�¶Y¼@¿�ª�¬Kª�Ú Æ ª6¬Kª�Û Æ ª�¬Kª. Æ ª6¬ �=Ç Æ ª�¬ ��� Æ ª6¬ �=Ü Æ ª�¬ � ª Æª6¬ ��� Æ ¼$¸�ª6¬ �*Ý Äl±�µ�¶�»�¼@¿�¸/¶9±�¹�¿�Âq·�¿�Á�¼ÞÔ�±�»IÂ@±�²�¿/¹�Á�Í$¶YÍ@¿�¼$¸�»�¼@¿�¸/¶Y±.¹�¿�Ä�·¶e·ÊMß$¸Y¶Y¼@¿�Á�¼Þ¾8±�¶/Êi¼ÙÍ$¸/µ�Á6¹�Í@¿q¬

à(á>âlã>ä=å�æ>ä�âIç�äOè¢ä°é�êZëZì*í�îIá�è¢ä�è�äOéðïvì=ñ«òIê�í|ó;á>âôê�è�õ$á>ó8âlíqä
¯~±�ÊMÊM¼
Äl±�µ�¶c»a·�ÊMÍ$¸/É�±=Á�¼�Á�¼
»_Ï�Í@Ð*µ>·¸/¹�±�²Ø»"¹"²�Íq·¶/¹�¿YÍ@¼ Æ »�¼
Ä�¶Y±�Â@¼@¿Y¿/µ�¿�¹"¸YÍ@¶9·¸/¹v¾�Á�¼
¶YÍ@¿Y±�»"µ�¸/¹�±�²öÁ6µ

¿/÷�¿/¸Yß$Êi¼øÁ�Ï�ÍqÐ*µ�·¸Y¹�±�²�¿ÑÖ_ª6¬Kª � × Â@±�²=Ô*¼$¶/´�¼ø¶9·Ä�¹�Á�¼$Êi¼$²=¸ Ë ¹"»�²«ÏK·°ùl¼@¿Y±�¹"²úÐ*µ�¼ÓÁ�¼ø¿/¹vÒØ¹"¸YÍ@¶9·¸/¹�±.²�¿x¼$²=¸Y¶Y¼�»�¼q¿
¿Y±�»"Ô�¼@µ�¶Y¿iû�µ�¹�Á�¼O¼@¸�¿/¸/¶/µ�Â@¸/µ�¶Y¼OÄl±�µ�¶�Â@±�²�Ô�¼$¶/´*¼$¶
Ô*¼$¶Y¿
»�¼@¿
Ô.·»�¼$µ�¶9¿i³�²�·»a¼@¿�Á�¼@¿
Ô*¼@Â$¸Y¼$µ�¶Y¿ø·�Áü/±�¹"²=¸Y¿ø·|Ô�¼@Â
ε3 = 10−5 ¼@¸ ε4 = 10−4 Ö1¼$²Ùµ�¸Y¹"»"¹�¿9·²=¸«»�¼@¿�²�±�¸e·¸/¹�±�²�¿«Á�¼u»_ÏKÍ@Ð*µ�·¸Y¹�±�²iÖ_ª6¬Kª Ü ×Y× ¬@ý�²Ù¶9¼$Ô�·²�Â9É�¼ Æ Å�»a·�Á�¹vÕ�Í$¶Y¼@²�Â@¼Á�¼�Â@¼$¸Y¸Y¼�Á�¼$¶/²�¹aß$¶Y¼ Æ ¹"»¢²«Ï�¼q¿k¸�Ä�·.¿,Äl±�¿/¿/¹"ù�»a¼(Á�¼(Âq±�ÊxÄ>·¶Y¼$¶�»�¼@¿�Ô�¼@Â$¸9¼$µ�¶Y¿Þ·�Áük±.¹"²=¸Y¿ÞÅMÁ�¼@¿,Ô�¼qÂ$¸Y¼$µ�¶9¿þ·�Á�ük±�¹"²=¸Y¿Âq·»aÂ$µ�»�Í@¿�Ä�·¶uÁ�¹vÕ�Í$¶Y¼@²�Â@¼@¿¢³�²�¹a¼@¿q¬�Ì¢·�¿Y¼$µ�»�¼�Â@±�ÊxÄ>·¶9·¹�¿Y±�²cÄ�±.¿Y¿k¹�ù�»�¼�·qÔ�¼qÂ�»a·,ÊMÍ$¸/É�±=Á�¼~Á�¼q¿�Á6¹vÕ�Í$¶Y¼$²�Â@¼@¿¢³�²�¹�¼q¿
¶YÍ@¿/¹�Á�¼
Á�·�²�¿�»a·OÂ@±.ÊxÄ�·¶e·¹�¿Y±�²öÁ�¼@¿�Ô.·»�¼$µ�¶Y¿cÁ�¼q¿�´.¶9·.Á6¹�¼$²=¸9¿cÁ�¼@¿�¾8±�²�Â$¸Y¹�±�²�¿�Á�±�²=¸�±�²öÂ9É�¼@¶YÂ9É�¼øÅOÂq·»�Â@µ�»�¼$¶
»�¼@¿x´.¶e·�Á6¹�¼$²�¸Y¿q¬�ÿ:»�¼@¿/¸x¸Y±.µ�¸Y¼	¾1±�¹�¿xÄl±.¿Y¿/¹"ù�»�¼ÑÁ�¼ø¸/¶9·.Â@¼$¶x»_ÏKÍ$Ô�±�»"µ�¸/¹�±�²úÁ�¼@¿xÔ�¼@Â$¸9¼$µ�¶Y¿i·�Áü/±�¹"²=¸9¿xÍ@Ô�·»"µ�Íq¿�Ä�±�µ�¶
Ô=¹�¿/µ�·�»"¹�¿Y¼$¶�»a·ÎÂ@±�²=Ô*¼$¶/´�¼@²�Â@¼°Á6µ�Ä�¶Y±�Â@¼@¿Y¿/µ�¿
¹"¸9Í$¶9·¸/¹"¾k¬~ÌI·ÎÂ@±.²=Ô�¼$¶Y´�¼$²�Â@¼°Á�¼q¿
Ô�¼qÂ$¸Y¼$µ�¶9¿ø·�Á�ük±�¹"²=¸Y¿Ó·�¿Y¿Y±=Â$¹�Íq¿
·µ Â9É>·ÊxÄúÁ�¼
û�¼	Ò6¹�±�²ú·µú¿Y·�µ�ÊM±.² Á�¼�»_ÏK·�¹"»�¼ø¼$¸xÂq±�¶/¶Y¼@¿/Ä�±�²�Á�·�²=¸M·µ6ÒöÂ@±=¼	Ã
Â$¹�¼$²=¸9¿

Cd
¼$¸
Cl

·µúÂ@±�µ�¶9¿
Á6µ Ä�¶Y±=Â@¼q¿/¿/µ�¿x¹"¸YÍ@¶9·¸/¹v¾Ù¼@¿/¸x¶Y¼$Ä�¶9Í@¿Y¼$²=¸YÍ@¼ÓÄ�·¶x»�¼q¿c³�´.µ�¶Y¼@¿iª6¬ �  ¼$¸iª�¬ � 6¬�Ì¢· Âq±�²=Ô�¼@¶/´�¼$²�Âq¼ÓÁ�¼@¿xÔ�¼@Â@¸Y¼$µ�¶9¿
·�Áü/±�¹"²=¸Y¿�·�¿Y¿Y±=Â$¹aÍ@¿�·µiÂ9É>·ÊxÄ
Á�¼�¸Y±.¶Y¿/¹�±�²
·µ
¿9·µ�ÊM±.²iÁ�¼�»_ÏK·¹"»�¼,¼$¸oÂ@±�¶Y¶Y¼@¿/Äl±�²�Á�·²=¸~·µ6ÒxÂq±=¼	ÃiÂ@¹�¼$²=¸9¿

Cd
¼$¸

Cl
·µ�Â@±�µ�¶Y¿�Á�µÓÄ�¶Y±=Â@¼q¿/¿/µ�¿�¹"¸YÍ$¶e·¸/¹v¾�¼@¿/¸�¶Y¼$Ä�¶9Í@¿Y¼$²=¸YÍ@¼ÙÄ>·¶�»�¼@¿�³�´.µ�¶Y¼q¿,ª6¬ � Ú�¼$¸�ª6¬ � Ú�¬�Ì¢·xÂ@±�²�Ô�¼$¶/´*¼$²�Â@¼7Á�¼@¿
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4�5�6�798$: 201�;=<�>�?$@0A�BDC'E(FHGI>�?JE(G�KIL�MON*B0PHL�KQE(A�LSRT2UM
V CWE�X$GIL�?�FUX$BZY/>,L�[\Y�GIL/?,FUXDL^]DC'L/PHP_GI>�?

Cp
]!E(C

CWE(]D]`>�CHFTa
α2 b Y/>�BD]`LcL�? y = 0.3m

L/F9G�?0Y�GIX0L�?0Y/L
X0L

0.93◦
:
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4�5�6�798$: 2�de;=<�>�?$@0A�BDC'E(FHGI>�?JE(G�KIL�M�N&B0PHL�KQE(A�LSRT2fM
V CWE�X$GIL�?�FUX$BZY/>,L�[\Y�GIL/?,FUXDL^]DCHLgP�P�GI>�?

Cp
]!E(C

C'E�]D]`>�CHFTa
α2 b Y/>�B0]`LcL�? y = 0.5m

L/F9G�?0Y�GIX0L�?0Y/L
X0L

0.93◦
:

h L/Y�FHL�B0CHPiE�X�j_>�G�?,F'PiE�PHPH>,Y�GIkgPiE(BlY'm!E�no]pE�k�CH>�X$q,?!E�noGIr�B!L W L/P�FsG�K�K�B0P�F�C'k/L�A�C't�Y/LuE(BvF�C'E�Y/kSXDLwKQE\?0>�C�n\L
L2

XDBoneL�nwx0CHLyXDLyX$CH>�GIFHLyXDLzK�E{]0CHL�noGQ|�CHLyk/r�B-E(F�GI>�?eX$BeP�q�P�FH|�n\L
(a) } k�F'E(FcE�X�j_>�G�?,FcE�PHPH>,Y/GIkyasKQEsCHL/KQE(F�GI>�?X0LeY/>�?!P�L/C h E(FHGI>�?~X0LoKQE�n\E�PHPHL��iX$B�P�q�P�FH|�n\LeX���k/r,B!E(F�GQ>�? } 8D:�8 1���Y/>�C�CHLgP_]�>�?0X!E(?,Fwa Cl : <�LeXDL�CH?DGIL�CwL/P�FC'L�]DCHk/PHL�?�FHki]-E(CyKQES@0A�BDC'L 8$:����$:

���`�J���D���!�*�g�-�����,�o�D�0�*���9���e���=�!���0�T�����`���o�-�9�g�����9�,�e���0�f�*�,�e�T���¡ ,�����`�g�,�\�J ���¢������,�
£ L/PoA�C'E�X$GIL�?,F'PoX0L/PeY/>,L�[fY�GIL�?�FHPeXDL¤F�CWE�¥I?0k/L¦L�FeXDL�]`>�C�F'E�?0Y/L�PH>�?�F\E�PHPHL�nwx0KIk/PeL�?§B0F�G�K�GIP'E(?,FeKIL/P

X0k�C�G h kgL/P�]!E(C�FHGIL�K�KILgP ∂W/∂αi L�F ∂D/∂αi b i ∈ [1, 3] b P�BDG h E(?,F�K�E¤N&>�CHnwBDKIL } 8$:�¨ ��]`>�B0C�KQE�n\k�F�m0>�XDL\X0LKO��k/r�B!E�F�GI>�?©K�G�?0k�E(C�GIPHk/L=>�BZL�?©BDF�G�K�GIP'E�?,F\KILgP h L/Y�F'L�BDCHP¤E�X(j_>�GI?,FHP λf L�F
λs

E�PHPH>,Y�GIk/P¤aJY'm-E�r�B0L=P�q�P�FH|�n\L
Xª��k/r�B!E�F�GI>�?!P{L�FsY/>�CHCHL/P�]`>�?!X0E(?,Fia\Y'm!E�Y�BD?0LwXDLgP«N&>�?!Y�F�GI>�?!P{k�F�B!X$GIk/LgP } Y/>�L�[\Y�GQL�?,FHP Cd L�F Cl �«P�BDG h E(?�F�K�EN�>�C�nwB0KIL } 8$: d 8 �¬]`>�BDCyKQESn\k�F�m0>�XDL�XDLiK)��k/r�B!E�F�GI>�?=E�X(j_>�GI?,FHL : <�L/PyA�C'E�XDGIL�?,FHP«PH>�?,F�Y/>�no]-E(CHk/P�E(BD h E(KIL/BDCHPY�E(KIY�BDKQk/L/Ps]!E�CiX$G�®�k�CHL�?!Y/L/P{@0?0GIL/P�afKO��>�CHXDCHL

2
:�£ LgP h E(KIL�B0CHPi>�xDF'L�?,B0LgPs]`>�B0CsKIL/PsFHCH>�GIPiY/>�?0X$G�FHGI>�?0PiX0L h >�Kk/F�B0X$GIkgL/P�PH>�?�F¯E�PHP�L/nwxDKQk/L/P�X!E(?0P�KIL/P�F'E(xDKQLgE(B$ 8D:�8 b 8$: 2sL/F 8$:��$:�£ L/PTk/YgE(CHFHP9C'L�KQE(F�G°N�P } Y�E(KIY�BDKQk/P9]-E(C�CHk�N�k�CHL�?0YgLE�B$§X$G°®�k/CHL�?0YgL¤@0?DGIL/Pe]`>�B0CeKIL/Penek�F�m0>�XDL/P\XDL�KO��k/r,B!E(F�GI>�?±K�G�?0kgE�C�GIPHk/L¦L�FfE�X�j_>�G�?,F'L�L/Fe]!E(CeCHk�N�k�CHL�?0YgL^a

KQElnek�F�m!>,XDL�X0L¤KO��k/r,B!E(F�GI>�?§K�G�?0k�E(C�GIPHk/L�X!E(?0PoKIL�YgE�PoXDL�KO��k/r�B-E(F�GI>�?©E�X(j_>�G�?,FHL��uP�>�?,FoG�?0X$GQr�B0k/PeX0E�?0PoKIL/P
FWE(xDKILgE�B$ 8D:�¨ b 8$: 3SL�F 8$:�²$:£ L/PTn\k�F�m0>�XDL/P¯X$GIFHL/P9³´L�0E�Y�FHL/P_µzXDL¬K)��k/r�B!E�F�GI>�?uK�G�?0kgE�C�GIPHk/LzL/F¯XDLzKO��k/r�B-E(F�GI>�?eE�X(j�>�G�?,FHLz]`L�C�n\L�F�FHL/?,F¯X0L

dCd/dα1 dCd/dα2 dCd/dα3 dCl/dα1 dCl/dα2 dCl/dα3¶ k�F�m0>�XDLiK�G�?!kgE(C�GIPHkgL
3.14.10−3 3.18.10−2 0.12 0.0396 0.358 3.04¶ k�F�m0>�XDL%E�X�j_>�G�?,F'L
3.14.10−3 3.18.10−2 0.12 0.0396 0.358 3.04· G°®�k�CHL�?0YgL/P�@0?DGILgP
3.13.10−3 3.18.10−2 0.12 0.0396 0.359 3.06

¸¬¹�ºT7¬8D:�8 ; V C'E�X$GIL/?,FeXDL/PeYg>,L�[\Y/GIL�?,F'PeE�k�CH>,XDq,?!E(neGIr�B0L/PeX0L¤F�C'E�¥Q?0k/L�L/FeXDL¤]�>�C�F'E(?!Y/L } G�?!Y�GIXDL/?0Y/L�X0L
0.93◦

� } Y/>�?$@0A�B0C'E(F�GI>�?^E(G�KQL�M�N*B0PHL�K�E(A�L�RT2,� :

C'L�F�CH>�B h L�C¡KQL/P h E(KIL/BDCHP¡]DCHkgX$G�FHL/P¡]-E(CcXDG°®�k�CHL/?0Y/L/P
@!?DGIL/P¬a�ne>�G�?!PcXDL 1%
:�» F'E(?,F¬XD>�?0?0k/LyK�E�Y/>�ne]DKIL�$G�FHk«X0L

]0CH>�A�C'E�non\E�F�GI>�?wX0LcY/L/P9nek/F�m0>,X0L/P b Y/L/P9CHkgP_B0K�F'E(FHP9]`L/C�neL�FHFHL�?,F�X0L h E(K�GQXDL�C9KO��G�no]DKIk/neL�?�F'E(F�GI>�?wr�BDG,L/?SE«k�F'k
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Ð�Ñ�Ò�ÓªÔ$Õ ½ ÔoÖv×zØ�Ù$Ú0Û�Ü0Ý'Þ(ß�àIØ�ÙpÞ(àIáIâ�ã�ä*Ü!å�â/áQÞ(Û�âuæ ½ ã
ç Ý'Þ�èDàIâ�Ù,ßUè$Üêé/Ø,â�ëfé�àIâ�Ù,ßUè0â^ìDÝHâ/åHå�àIØ�Ù

Cp
ì!Þ(Ý

Ý'Þ(ì0ì`Ø�Ý�ßTí
α3 î é/Ø�ÜDì�âcâ�Ù y = 0.1m

â�ß9à�Ù!é�àIèDâ/Ù0é/â
èDâ

0.93◦
Õ
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Ð�Ñ�Ò�ÓªÔ$Õ ½�½ Öv×zØ�ÙDÚ0Û�ÜDÝWÞ(ß�àIØ�ÙpÞ(àIáIâ�ã�ä*Ü0åHâ�á�Þ(Û�âuæ ½ ã
ç Ý'Þ�èDàIâ�Ù,ßUè$ÜZégØ,â�ëfé�àIâ�Ù,ßUè0â^ìDÝHâ/åHå�àIØ�Ù

Cp
ì!Þ(Ý

Ý'Þ(ì0ì`Ø�Ý�ßTí
α3 î é/Ø�ÜDì�âcâ�Ù y = 0.3m

â�ß9à�Ù!é�àIèDâ�Ù!é/â
èDâ

0.93◦
Õ

dCd/dα1 dCd/dα2 dCd/dα3 dCl/dα1 dCl/dα2 dCl/dα3ïvð�ß�ñ0Ø�èDâiá�àIÙ0ðgÞ(Ý�àQå�ðgâ −7.79.10−4 1.20.10−2 0.10 −0.029 0.216 2.93ïvð�ß�ñ0Ø�èDâ%Þ�è(ò_Ø�à�Ù�ßHâ −7.79.10−4 1.20.10−2 0.10 −0.029 0.216 2.93ósà°ô�ð�ÝHâ�Ù!é/â/å�Ú0ÙDàQâ/å −7.78.10−4 1.20.10−2 0.10 −0.029 0.215 2.95

õcöT÷TÓ�ÔDÕ ½ Ö ç Ý'Þ�è$àQâ�Ù,ß¯è0â/å¯é/Ø,â�ë\é�àQâ�Ù,ßHå
Þ�ð/ÝHØ,è$ø�Ù!Þ(ùoàQú�Ü0â/å¯è0â¬ß�ÝWÞ�ûIÙ0ð/â�â�ß
èDâ¬ì`Ø�Ý�ß'Þ(Ù!é/âiü*àIÙ0é�àIèDâ/Ù0é/â�èDâ −1◦ ýü&é/Ø�Ù$Ú0Û�Ü0Ý'Þ(ß�àIØ�Ù^Þ(à�áQâ�ã�ä*Ü0åHâ�áQÞ�Û�â�æ ½ ý Õ

dCd/dα1 dCd/dα2 dCd/dα3 dCl/dα1 dCl/dα2 dCl/dα3ï=ð�ß�ñ!Ø,èDâ�á�à�Ù0ðgÞ�Ý�àIåHð/â −3.6.10−3 3.97.10−2 0.10 −0.028 0.351 2.75ï=ð�ß�ñ!Ø,èDâ�Þ�è(ò_Ø�àIÙ,ßHâ −3.6.10−3 3.97.10−2 0.10 −0.028 0.351 2.75ó{à�ô�ð�ÝHâ/Ù0é/â/å�Ú0Ù0àIâ/å −3.7.10−3 3.98.10−2 0.10 −0.028 0.353 2.76

õcöT÷TÓ0ÔDÕ�þ�Ö ç Ý'Þ�èDàIâ�Ù,ßyèDâ/å�égØ,â�ë\é/àIâ�Ù,ß'åyÞ�ð�ÝHØ,èDø,Ù!Þ�ùoàIú�Ü!â/å�èDâsß�Ý'Þ�ûIÙ!ð/âsâ/ß�èDâsì`Ø�ÝHß'Þ(Ù0égâuü*à�Ù!é�àIèDâ�Ù!é/âsè0â
3◦ ýü&é/Ø�Ù$Ú0Û�Ü0Ý'Þ(ß�àIØ�Ù^Þ(à�áQâ�ã�ä*Ü0åHâ�áQÞ�Û�â�æ ½ ý Õ

dCd/dα1 dCd/dα2 dCd/dα3 dCl/dα1 dCl/dα2 dCl/dα3ÿ è(ò�Ø�à�Ù,ß����ªà�Ù0ðgÞ(ÝHàIåHð
0% 0% 0% 0% 0% 0%�ªà�Ù0ðgÞ�Ý�àIåHð��(óiæ

0.3% 0% 0% 0% 0.2% 0.6%ÿ è(ò�Ø�à�Ù,ß��(óiæ
0.3% 0% 0% 0% 0.2% 0.6%

õcöT÷TÓ0Ô$Õ���Ö��cégÞ�Ý�ßzÝHâ�á�Þ(ß�à°äTâ�Ù,ß�ÝHâsáIâ/å�è$à°ô�ð�ÝHâ�Ù�ßHâ/åzùeð�ßHñ0Ø,èDâgå�è$Ü¤égÞ�áIé�ÜDá�èDâ{Û�ÝWÞ�è$àIâ�Ù�ß�ü*à�Ù!é�àIèDâ�Ù!é/âsè0â
0.93◦ ýü&é/Ø�Ù$Ú0Û�Ü0Ý'Þ(ß�àIØ�Ù^Þ(à�áQâ�ã�ä*Ü0åHâ�áQÞ�Û�â�æ ½ ý Õ

ä�Þ(à�ß'âsáIØ�ÝHåHú,Ü0âsáIâiégØ�ùoì�Ø�Ý�ßHâ�ù\â�Ù,ßyèDÜ
	0ÜDàQèDâiâ/å�ßyå�à�ùSÜDáIðsì-Þ(Ý�áIâ/åyð/ú,Ü!Þ(ß�àQØ�Ù0åyè���¡ÜDáIâ/Ý«Þ(à�Ù!å_àªú�Ü0âsáQÞwÚ-Þ��0à�á�à�ßHð
èDâ/åoùeð�ßHñ0Ø,èDâgåeÞ(Ù-Þ(á�ø,ß�àQú�Ü0â/å^ü*ùeð�ßHñ0Ø,èDâgåoèDâ¤á���ðgú�Ü!Þ(ßHàIØ�Ù§á�à�Ù!ðgÞ(Ý�àIåHð/â�â�ß\Þ�è(ò_Ø�à�Ù�ßHâ ý Õ��9â/å���Þ(áIâ�Ü0ÝHåoâ��0Þ�é�ßHâgåèDâ/åiÛ�Ý'Þ�è$àQâ�Ù,ßHåiÙ0âoåHØ�Ù,ßiì-Þ�å�é/â�áIáIâ/å�égÞ(áQé�ÜDáIð/âgåsì-Þ(Ý�èDà°ô�ð�Ý'â�Ù0é/â/åsÚ!ÙDàIâ/ågÕ��¡ÙJâ�ô�â�ß î Ø�ÙJâ/å�ßiì!Þ�Ý���â�Ù�ÜJí\äOÞ(à�ÝHâé/Ø�Ù���â�Ý�Û�â�Ý�áQÞ���Þ(áIâ/ÜDÝ{è0â/å�Û�Ý'Þ�è$àIâ�Ù,ß'å{â�Ù¦ä&Ø�Ù0é�ß�àIØ�Ù=èDÜ^ì!Þ�åsèDâ%áQÞ\è$à°ô�ð�ÝHâ�Ù!é/â�Ú!ÙDàIâ�åHâ�Ü0áIâ�ùeâ/Ù,ß�ì�Ø�ÜDÝ�áQâ�égÞ�å
èDâ���Ø�á�í%à�Ù!é�àIèDâ/Ù0é/â

0.93◦
â�ßzì`Ø�Ü0Ý¬áIâ{ì!Þ(Ý'Þ�ù���ßHÝHâ

α1
Õ���Ø�Ü0ßHâ/å¬áIâ/åyÞ(ÜDß�Ý'â/å���Þ(áIâ/ÜDÝHåzè0â�Û�Ý'Þ�è$àIâ�Ù�ßHåzégÞ(áQé�ÜDáIð/âgå
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I!J�K!LNM:O G.P�QSR!T$U:VEW�XZY=[�\^]_T$U`[�]&a_b�c�d?XEe^b(af[�W.bhgiG
c
j Yk[$l:]_b(U�\
l:XnmDTAb(opm(]_bDUA\
lZbrqZY=bDe^es]_T2U

Cp
q7[�Y

Yk[�qZqtT$Y^\iu
α3 v mDT2XZqtbwb(U y = 0.5m

bD\N]&UEm(]_lEb(UEmDb
lEb

0.93◦
O

dCd/dα1 dCd/dα2 dCd/dα3 dCl/dα1 dCl/dα2 dCl/dα3x l�ysT$]&U�\kz�{|]&UE}�[�Y�]_e^}
0% 0% 0% 0% 0% 0%{|]&U7}~[�Y�]_e^}�z$��g

0.1% 0% 0% 0% 0.4% 0.6%x l�ysT$]&U�\kz���g
0.1% 0% 0% 0% 0.4% 0.6%

�����iL�M:O*� Q���m�[�Y�\0Y^b(a�[�\�]�d�b(U�\�Y^b;a_bDe�l:]���}(Y^b(UA\=bDe��p}(\��ET�lZbDe�l:XSm~[�afm(XZa�lZb;W�Y=[$l:]_bDUA\h�?]&UEmD]_lZb(UEm~b,lZb −1◦ ��4mDT$U:V7W2XZY=[�\^]_T$Ur[$]&a_b�c4d<XEe^b(af[�W�b;giG � O

dCd/dα1 dCd/dα2 dCd/dα3 dCl/dα1 dCl/dα2 dCl/dα3x l�ysT$]&U�\kz�{|]&UE}�[�Y�]_e^}
0% 0% 0% 0% 0% 0%{|]&U7}~[�Y�]_e^}�z$��g
2% 0.3% 0% 0% 0.5% 0.4%x l�ysT$]&U�\kz���g
2% 0.3% 0% 0% 0.5% 0.4%

�����iL�M:O�� Q���m�[�Y�\,Y^b(af[�\^]�d�bDUA\�Y^b�a_bDe,lZ]���}(Y=b(UA\^bDe,��}(\��7TAlZbDe�l:X�m~[�a_m(XEawlZb�W2Yk[$l:]_b(U�\��?]_UEm(]_lZbDUEmDbplZb
3◦ ��4mDT$U:V7W2XZY=[�\^]_T$Ur[$]&a_b�c4d<XEe^b(af[�W�b;giG � O

qB[�Y�l:]���}(Y^b(U7mDbDe�VEUZ]_b~e�T2UA\�}(\=}�]&UA\^b(Y^qtT$a_}~bDe�e�XEY�XZUEb���T$UEb�lEb�e�\=[��Z]&a_]&\^}�lZb�af[Sd<T$U7m(\�]_T$U�Y^b(qZY^}~e�bDUA\=[�U�\
af[��$[�a_bDXZY�lEb af[¡l:]���}(Y=b(UEmDb¢b(Und<T2UEm(\�]_T2U£l:X£q7[$e O {w¤T2�:ysbDm(\^]�dhlZb~e�m~[�a_m(XEa_e�qZY^}De^b(U�\^}De�m(]�c¥lZbDe^e�XEe�}(\=[�]_\
[��$[�UA\�\^T$XE\�lEb,Y=b(\�Y^T$XE��b(Y v qtT$XEY�afbDe�W2Y=[2l:]_b(U�\^e v lEbDe��$[$a_b(XZY^e�qZY^TAmk�EbDe�lEb�mDbDa&a_bDe�d<T$XZY�UE]_bDe�qB[�Y�XZU�m~[�a_m(XEaqB[�Y�l:]&��}(Y^bDUEmDbDe�V7UZ]_bDe O§¦ b(��[�Y^¨.X7T$UEe
\^T2XZ\^b�d<T2]_e�¨.X|¤�b(UnqZ�B[$e^b lZb�m(Y^T$]fes]f©(Y^b¡�<m�[$e�lZb ��T$aªu�]&UEm(]flZb(UEm~b
0.93◦ � XZUEbr[$XZW2��bDUA\=[�\^]_T$U«l:X���Y�]&a&af[$W�b¬lZb�a>¤�[�]&a_b�Y�]_W2]_lZb v m�¤bDe�\sc¥uc¥l:]&Y^b�XEUEbr[�XEW2��b(U�\=[�\�]_T2U«lZb

α1 v T$XXEUEbp[�XZW2�pb(UA\=[$\�]_T$U®lZb�af[�m�[����EY�XZY^b�lZb�a�¤�[$]&a_b v m2¤b~es\�c¥uc>l:]_Y^b�XZUEbp[�XZW���b(U�\=[�\�]_T2U®lZb α3 v T$UA\;\^b(U7lE[�UEm~bu�[�XZW2�pb(UA\^bDYha_b
m=�B[�Y�W�bD��b(UA\�[$}(Y^TAlZ¯AU7[���]_¨.X7b
lZb�af[Sq7[�Y�\^]_b
b�°�\=b(Y�UEb�lZb�a�¤�[�]_a_b v mDb�¨.XZ]�[S\^b(UEl7[�UEmDb�u[$XZW2��bDUA\^b(Y�a_b~e�mDT�b�opm(]fb(UA\^e�lZb
qtT$Y^\=[�UEmDb�bD\�lEb
\�Y=[±fUE}Db v b(U¡q7[$Y�\�]_m(XEa&]_b(Y�u m~[�X7e^b
lEb
a�¤�[�XZW���b(U�\=[�\�]_T2U
lEb�af[r\^Y=[±_UE}~b�]&UElZXZ]&\^b O ��¤�[�XZ\�Y=b�q7[�Y^\ v XZU7b�[�XZW���b(UA\k[�\�]_T$U²lZb

α1
b(\
α3

Y^}~esXEa&\^b
}DW.[�a_b(�pb(UA\ v uSm~[$XEe^blZX`mDT$XEqZaf[�W.b�[$}(Y=TA}(af[$e�\�]f¨.XEb v b(U¢XEUEb�[�XEW2��bDUA\=[�\�]fT$U`lEb�af[�³Bb�°�]_T2U`lZb�a�¤�[�]&a_b�b(\ªXEUEb�lZ]&��]&U�XZ\�]_T$U®lZb�a�[\=T$Y^e�]_T$UrlZbªa�¤�[�]&a_b,u�a�¤}~¨.XZ]&a&]_�ZY^b,[$}(Y=TA}(af[$e�\�]f¨.XEb O R§bD\�\^bª\^b(U7lE[�UEm~b;es\k[��Z]&a&]fe^[$\�Y�]_mDbªqtbDXZ\0´(\�Y=bªb(°�qZa&]_¨AXE}Dbªq7[$Y
a_b�m~T$XZqZaf[$W�b,W�}DT$�p}(\�Y�]f¨.XEb�b(UA\^Y^b,a_bDe0�pT$XZ�.b(��b(U�\^e�lZb;³Bb�°�]_T$U bD\�lEb;\=T$Y^e�]_T$USqZY=T$qZY^bh[�XZ°S[�]&a_bDe�u�³7´Dm=�7b
q�T2e�]&\�]&��b O
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Ý$à^à^ÓAÙ(ß_árÝ�Û�Ù=âBÝ�ã�ä«ÚZÖ�Ü^Ó$×=àsßfÓ$Ô«Ý�Û«à^Ý$ÛZã�Ó2Ô�Ö(Ü
ÙDÓ$×^×^ÖDà�ätÓ$ÔEÚ7Ý�ÔAÜhå�æ�Ý
ç<Ó2ÔEÙ(Ü�ß_Ó2Ô

Cl
Ý�Û�ÙDÓ$ÛZ×=à,Ú:Û

äZ×^Ó�ÙDÖDà^à�ÛEà�ß&Ü^á(×kÝ�Ü�ß�ç ÚZÖè×^á~à�Ó2æ&ÛZÜ�ß_Ó2ÔéÚZÖnæ�êáDëAÛ7Ýì
Ü�ß_Ó$Ô�í4Í:Î�Í µ�î í4ÙDÓ$Ô:ï7Ø2ÛZ×=Ý�Ü^ß_Ó$ÔrÝ$ß&æ_Ö�ì4ç?Û7à^Ö(æfÝ�Ø�Ö;ðiÏ î Î
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É!Ê�Ë!Ì�Í:Î Ï�ñhÑSÒ§Ó$ÔAÕ.Ö(×�Ø�Ö(Ô7ÙDÖ�Ú:Û Õ�ÖDÙDÜ^Ö(ÛZ×ªÝ$Ú�ÞsÓ2ß&ÔAÜ
Ý$à^à^ÓAÙ(ß_árÝ�Û�Ù=âBÝ�ã�ä�ÚEÖ�Ü^Ó$×=àsß_Ó2Ô«Ý�Û«à^Ý$ÛZã�Ó2Ô�Ö(Ü
ÙDÓ$×�×=ÖDà�ätÓ$ÔEÚ7Ý�ÔAÜ;å�æ�Ýpç<Ó$ÔEÙDÜ�ß_Ó$Ô

Cd
Ý�Û¢ÙDÓ2ÛZ×^àªÚ:Û

äZ×^Ó�ÙDÖDà^à�ÛEà�ß&Ü^á(×kÝ�Ü�ß�ç ÚZÖè×^á~à�Ó2æ&ÛZÜ�ß_Ó2ÔéÚZÖnæ�êáDë.ÛBÝì
Ü�ß_Ó$Ô�í4Í:Î�Í µ�î í<Ù~Ó$Ô:ïEØ�ÛZ×=Ý�Ü^ß_Ó$ÔrÝ$ß&æ_Ö�ì4ç?Û7à�ÖDæfÝ�Ø�Ö;ðiÏ î Î

ò�Ô:ï7Ô|ó2ÝïEÔ�Ú�ê ß&æ&æ&Û7àsÜ^×^Ö(×�æ�ê ß&ã�ätÓ$×^Ü=Ý�ÔEÙDÖ�Ú:Û�ÙDÓ$ÛEäZæfÝ�Ø�Ö�Ö(ÔAÜ�×^Ö§æfÖ�ôEÛZß_ÚEÖ!Ö(Ü�æfÝ�à�Ü�×�Û7Ù(Ü�ÛZ×^Ö§æfÓ$×^à�Ú:Û�Ù~Ý$æ_Ù(ÛZæZÚZÖ~à
Ø2×=Ý2Ú:ß_Ö(ÔAÜ=à§ì�ãpõ(ã�ÖªÚZÖDà!ç<Ó$ÔEÙ(Ü^ß_Ó$ÔEà�äZÛZ×^Ö(ãpÖ(ÔAÜ0Ý$á(×^Ó�Ú:öAÔBÝ�ã�ß_ëAÛEÖDà�ÙDÓ2ã�ã�Ö�æ_ÖDà�ÙDÓAÖ�÷�Ù(ß_Ö(ÔAÜ=à�ÚZÖ�ätÓ$×�ÜkÝ�ÔEÙDÖªÖ(Ü
ÚZÖ§Ü^×=Ýø_ÔEá~Ö�ì�ÔEÓ2ÛEà�Ý~Õ�Ó$Ô7à�Ù~Ó$ã�ä7Ý$×^á2ó$ÖDÔ�äZâ7Ý2à�Ö�ÚZÖ!Ù(×^Ó2ß_à�ß_ù(×^Ö2ó$æ_ÖDà�Õ$Ý�æ_ÖDÛZ×^à�ÚZÖDà�Ø2×kÝ$Ú:ß_Ö(Ô�Ü^à�ÚZÖ!ÙDÖ~à�Ù~ÓAÖ�÷�Ù(ß_Ö(ÔAÜ^à
Ý~Õ�Ö~Ù0ÖDÜ�à=Ý�Ô7àwäZ×�ß_à^Ö�Ö(Ô
ÙDÓ$ã�äZÜ^Ö�Ú:Û
ÙDÓ$ÛEäZæfÝ�Ø.Ö�Ý$áD×^ÓAá(æ�Ý$à�Ü�ß_ë.ÛEÖ�Î.úNÖDà�Õ$Ý�æ_Ö(ÛE×^à�ÚZÖ�ÙDÖ~àwØ2×=Ý2Ú:ß_Ö(ÔAÜ=à§Ý�ß&Ô7àsßtë.ÛEÖ0æ_Ö~à
áDÙ~Ý$×�Ü^à|×^Ö(æfÝ$Ü�ß�ç<à�Ý�ûEà^Ó$æ_ÛEà�í?ä7Ý�×N×^á�ç<á(×=Ö(ÔEÙDÖwÝ$Û:üªÙ�Ý�æ_Ù(ÛZæfà�äE×^Ö(Ô7Ý�Ô�ÜNÖ(Ô,Ù~Ó$ã�äEÜ^Ö�æ_Ö�Ù~Ó$ÛZäZæfÝ$Ø�Ö î à^Ó$Ô�Ü|×^áDà�ÛZãpáDàNÚEÝ�Ô7à
æ_Ö�ÜkÝ�ûZæ_Ö�Ý�ÛrÍ:Î�ý:Î7Ò§Ö~à�áDÙ~Ý�×�Ü=à�ätÖ(ÛZÕ.Ö(ÔAÜ�õDÜ�×^Öªà�ß&Ø�ÔZß�ï7Ù~Ý$Ü�ß�ç<à�ÞþÛ7à�ëAÛ|ê�å

50%
ätÓ$ÛZ×�æfÝ�Ù~Ó$Ô:ïEØ�ÛZ×=Ý�Ü�ßfÓ$Ô¬Ö(Ô�ÕAß_à=Ý�Ø�á~Ö2Î

dCd/dα1 dCd/dα2 dCd/dα3 dCl/dα1 dCl/dα2 dCl/dα3ä7Ý2à�ÚZÖªÙDÓ2ÛZäZæfÝ$Ø�Ö
2.34.10−3 3.78.10−2 0.18 0.0402 0.327 4.25Ù~Ó$ÛZäZæ�Ý�Ø�Öªð�ÿ��
3.14.10−3 3.18.10−2 0.12 0.0396 0.358 3.04á~Ù~Ý�×�Ü�×^Ö(æfÝ�Ü^ß�ç

25% 19% 50% 1.5% 9% 40%

�����iÌ|Í:Î�ý�Ñ���×=Ý2Ú:ß_Ö(Ô�Ü^à�ÚZÖDà�ÙDÓAÖ(÷pÙ(ß_ÖDÔAÜ^àªÝ$á(×=ÓAÚ:öAÔBÝ�ã�ß_ëAÛEÖDà�Ù~Ý�æfÙ(ÛZæ_áDàªÝ�Õ�ÖDÙhÖDÜ�à=Ý�ÔEà�äZ×�ßfà�Ö�Ö(Ô�ÙDÓ2ã�äZÜ=ÖhÚ:Û
ÙDÓ$ÛEäZæfÝ�Ø.Ö;Ý$á(×^Ó�á(æfÝ$à�Ü�ßfë.ÛEÖ�í4ÙDÓ$Ô:ï7Ø2ÛZ×=Ý�Ü^ß_Ó$ÔSÝ�ß&æ_Ö�ì4ç<ÛEà^Ö(æfÝ�Ø.ÖªðiÏ î Î

	�
���
� �����������
ú|Ö~à|ãpá(Ü�âEÓAÚEÖDà�Ý$Ô7Ý�æ&ö�Ü�ß_ë.ÛEÖ~à|ätÓ2ÛZ×Næ_ÖwÙ~Ý�æfÙ(ÛZæAÚZÖDàNØ2×=Ý$ÚZß_Ö(ÔAÜ^àNÔEáDÙ~ÖDà^à=Ý�ß&×^ÖDàiå�æ�êÓ$äEÜ�ß&ã�ß_à=Ý�Ü^ß_Ó$Ô�ÚZÖ�ç<Ó2×�ã�Ö

ÚZÖpà�ö:àsÜ^ùDã�ÖDà�ÙDÓ2ÛZäZæ_á~àªô7ÛZß_ÚZÖ(ì>à�Ü�×�ÛEÙ(Ü^ÛZ×^ÖpÓ2ÔAÜ�Ö(Ô7àsÛEß&Ü^ÖpáDÜ^á�Ü^ÖDà�Ü^á~ÖDà�Ö(Ü,Õ2Ý�æ&ß_ÚZá~ÖDà�àsÛE×,æ_ÖpÙ�Ý$à,ã�Ó$Ô7Ó$ûZæ_Ó�ÙpÚZÖ
æ�ê�Ý�ß_æ_Ö���Ð�ß&ÔAÜ�×=ÓAÚ:ÛZß_ÜªÚEÝ�Ô7à�æfÝ
à^ÖDÙ(Ü^ß_Ó$Ô��ZÎ���ÏEÎ���Ó$ÛZ×ªÙ~Ö�Ù~Ý$à~ó�æ_Ö�ÙDÓ$ã�ätÓ$×^Ü^Ö(ã�ÖDÔAÜªÚ:Û�ôEÛZßfÚZÖ�ÖDà�Ü;àsß_ã�ÛZæ_á�ä7Ý�×
æ_ÖDà�á~ë.Û7Ý�Ü�ßfÓ$ÔEà! #"%$&��Ý~Õ�Ö~Ù�ätÓ$ÛE×�ã�Ó�ÚZù(æ_Ö;ÚZÖ�Ü�ÛE×�ûZÛZæfÖ(ÔEÙDÖªæ_Ö�ãpÓAÚZù(æ_Ö('.ì*),+èß&æ_Ù~Ó~ü�Î

-�Ö(ÛZü�ä7Ý�×kÝ�ã�ù(Ü^×^ÖDà�ÚZÖ�ç4Ó$×�ã�Ö�Ó$ÔAÜ�á(Ü^á�Ù=â7Ó$ß_à�ß_à~Î�úNÖ
äZ×=Ö(ã�ß_ÖD×hìªÔEÓ2Ü^á
α1

ì;ß&ÔAÜ�×^Ó�Ú:ÛZß&Ü�ÛZÔEÖ
Õ2Ý�×�ßfÝ$Ü�ß_Ó$Ô
æ&ß&ÔEá�Ý�ß&×^Ö�Ú:Û¡Õ�×�ß&æ&æfÝ�Ø.Ö�ÚZÖ
æfÝrç<Ó$×�ãpÖ�×^ß&Ø2ß_ÚZÖ�ÚEÖ�æ>ê�Ý�ß&æ_Ö�à�ÛZß&Õ2Ý�ÔAÜ�à^Ó$Ô²Ö(ÔAÕ�ÖD×�Ø2ÛZ×=Ö
ÖDÜhæfÖ
à^ÖDÙ~Ó$ÔEÚ�ìªÔEÓ$Ü=á

α2
ì

ß&ÔAÜ�×=ÓAÚ:ÛZß_ÜªÛZÔ7Ö�Õ$Ý$×�ßfÝ�Ü�ßfÓ$Ô¢æ&ß_ÔEá~Ý�ß&×=Ö�ÚZÖ�æfÝ�Ù~Ý�ã�ûE×�ÛZ×^Ö�ÚZÖ�æ�ê�Ý�ß&æ_Ö�à�ÛZß&Õ$Ý$ÔAÜ;à^Ó$Ô®Ö(ÔAÕ.Ö(×�Ø2ÛZ×=Ö2ÎNÒ!ÖDà;ÚZÖ(ÛZü ä7Ý$×=Ýì
ã�ùDÜ�×^ÖDà!ÚZÖ�ç<Ó$×�ãpÖ�ÔNêÓ$ÔAÜ!ä7Ý$à!Ú|ê ß&ã�ä7Ý2Ù(Ü!à�ÛZ×!æfÝ;ç4Ó$×�ã�Ö�Ö(Ô�äZæfÝ�Ô�ÚZÖ�æ�ê�Ý�ß&æ_Ö�ó�ÚZÖ�Ü^Ö(æ&æ_Ö�à^Ó$×�Ü^Ö�ë.Û|êÛZÔEÖ�Õ$Ý�×�ßfÝ�Ü^ß_Ó$Ô
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°i·®��������¸����������¡�¦�����q���1�b�������b���K�¥�����q���$��¹9���K���º���1���������q�������<�j�� 1»$����¹9�@���<���<�������	�����b��������������©*�(�����&¼����K����� ¶��¹9�@�������<���}½�¾�¿zÀ��¥�����}�����/�������/�������<�	�¥�<���q���	���$�}���ZÁ������������/�	�1��Â������������	���$�bÃ@���Ä�¥�<���}�����/����������K���<�	�¥�<���q���	���$�Å�������±�������@�������q��¬&°�¾�Ã������}�����@�����	�<���������q��¤������z�����Å���<¯����Å���K����������� ¶ �������<�}¤�������¼�<�����������Å�<�1� ¶ �����������z���}�	���������j�����b�<��������� 90 ¶ �K���Å���j��ª����1�z�Æ� ���1�����qÇ��Å���}�����	�����<�����z���@�}�@�<�������K�������ª<�����@�<�����<�@�®���±�	�$��Â��������<�	�������®�@���2�����®��ª<�<���@�������<���2�<�������$�q ������ ¶ ¤������º���&Ã�������� ¶ �����������®�¡� ���±���1��Â�����q���������3�����}�� 1»$����¹9�@��°=·®�2�������������i�����i¹9�@������Ã@�2���®�	���q�<�	�1��Â���� ¶ ���3�������&Ã@�������������È� �����	�1��Â��������������1�q @��È� �����}�������q�������b¨,�������������É�����z���@�����3�<���¥������������£=�����������<�È°(�"������ª������@�������<���z�<�����1���������z�	�����	�1���������q�������<����������@��������������� ¶ ����������������¤����b�¡�¢Ç����q�Å���<�@�������������z�¥�<�������²�����<¤���Â��	�b���<���@� ¶ ���<�$��¹9�@�<����Ã@�������¡�¢�&¼��<��������°Êz���������y�����Äª1����£��q�����@�Ä�È�¦����������� ¶ ���/£=�q�����/�����/¤����®���Ä����¤��������������<���8���q�����q�<�1�3���Ä�����	�����Ä���}�$����ª1�q����2�����®�¥����¨,�<�����������������z����Ë��������1���2�Ì»1�¥���������	���q�<�	�1��Â������2���1�®ª$�±���Ä´�������°$ÍÎ�

1994 ¶ ���§���q���������>�¦������q����������¨¥����¼b������ ��$�����y�������£������������<�/�(���"¨,�<�@�������<�@�"���<��»1�@Ï<�K���<����� ¶ �@���8¨,�<���������<���y������������� ¶ �@���"¨,�����������������¤@�����v�q����������� ¶ �@�<�Ä�������q��£9�z�b���Ð»9���º�<�±�@���2Ñz����£�����£§©Ò�<�������¡�����¥���������<���������������<�º���@�������<����¬Ä������������¤�������(����Ó������q�<�ÕÔ�«�ÖÐ×Æ°(ÍÎ�
2000 ¶(Ø ���FÙ�Ú�Û�Ü�Ý3Ô�«�«�ÞÐ×3�<�1������¤������}�������������<���������}�������������������<�����/�����v�	�1��Â�������������<�	�@��£��@���b�¡� �����b�����K�@���µ�������<�����Å���������&�����<�����q�z�q����������ª=�Å�����������2¨,�<�@�������<�@�������� ������<����¹9�@����°�ß���<�±�����@�Ä�µ����� ¶ À1���K�@���<�jÙ�ÚÛ<Ü�Ý�Ô¦à�á=âÐ×¡�<�$�®����¤������v���±�����������������K�������®�����ã������¨y�/�>� �����������q���������º�����	�1��Â�������<�������1�µ ����������<������¹9����� ¶ �@�<���K�Î������¹9�@�����Å�����b������¨>�<���������K�������<�����K�@���Å¨,�<�@�������<�@�Å�¥����»1��Ï<�	���������b�<�j�@�<�¨Ò�<���������<���	������������� ¶ �����K������������¼³���º���������<�����	���K���§Ñz����£�����£ ¶ �����q���1ª=�Ð»9���1�����¡�¦�<���������	���������������K�¥�<��������������������������<�g���	�	�1��Â������}���������1�q @���b���<���@�b�����@����������°"ß��g���µ���/���	�>�ä�����/���¥�����������������1�/�����������§�ã������� ��$�������ºÑÅ����£�����£K� ¶ ����������� ¶ ���q�v����¤���������� 2004

�(���®å�<�ºÓ2�������2���2Ñz����� ´�����Ô¦à�«�æ<×Ì°$Íi��Ã�� ¶�ç �������¥�Ù�ÚÄÛ<Ü�Ý¡Ô�«�ÞÐæ�×È�<�1�2���������K�����1�2����¤����������²�����������������q�<���q���1�������2�¥����¨Ò�<�����<�������������2�	�$��Â������2���z����£���������������(����������¨Ò�<�����K���������¥�<�����±�¥�<��»$��Ï<�K�ã������� ¶ �@����ÑÅ����£�����£����}�@�<�}���������<��¼g�������������<�@���}�¥�<��������Ë��������1��������������¡�¦�&¼$�¥�������������z��������������¼¡°è3�<����������������� ¶ ���é�������q�<���ê���<�}¤����²���§����¤��������������<���	���������1�����	���q�<�������1���������	�@����������������Â����������1������>�¦���K�����<�3���}�	�1��Â������Å���������1�µ ����z�����@�����}���������}���/�>�¢���������	�����<�����<������¨,�����	��°È·®���z���������������z�����1�z������¸���������Å�	¨,�<���������z�����z��ª<�����(�������<�@�z���������1�µ ������ ¶ �������q��� ¶ ���������¥��������¯������������ ¶ �����v¨,�<�@�������<�@���<¤�´���������¨������<�1���q�<���1���������Éª1�����¡�¢Ç����q�/�������������������@���������Å����£=�<������ ������z�¡�¢�<�������K���q�������<�É£=���<¤@�����/�K���z�����1����ª$���º©,���£9�������q�<�i�<��£=�<������ ��	�}£=���@������¹1����¬&°�Êz���	�������<���q�}���ÅèÎ�������q����Ôäë�àÐ×Î�<�1� ¶ �@���Å�&¼����K����� ¶ ����¤������}�����&¼����K������È�¦�������������������<���	�����q���1�Ä�����1����ª1���������q�����������������������<����������Ì»$�¥�2ìÆ�¥���q�����������<���/�����������<�@�q ��&í�������������È� ��������£=�<������ ��	��£9����������¹9���������������������<���v�>�¢���������	���q�������<���¡� ���@�}����¤��������������	���������������������/���/���<�K���q����¸
«�î=Þ
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:���o=�&��:F:;�[:;�[B.��*N� �	�-!���*,��$=!K/Z��t���5;/��n>�!���5;!u98���&M8���-$�>v�����u:;�D�4>.o?����!�5;��$&�4/wqrxK�&:;��� ` ñ	y d 2�zu�	:F5F$�5 ù�÷8ô��;< ` ï a�{id
��$=!u�)���K��5F:F:;���&���u��|p�DB�!��&>v:\qr����!�5F*N5;����!-5���$#9	:;��E)��:;�[/��v:��h'1�	�-*0�[/sq �&$&�n��5F:;�n���&!������4/��v:���o?�&��:;:;�v:;�[BD��*N�p���O}
!���*,��$=!6/��~t&�&5;/���>D!���5F!698����M8�D�-$&>������]:��D�6>Do?����!-5;��$&�6/wqrxm��:;���X���l/��#�6�.M@5;���O}T�@!���78�D�X��M8�DBk:\qrV=S=� �	!-V&+D���
/���BD�	�&B�V&�k*05F$&BD�m��5F:;�Y'���5;����5;�D$=!X�����p��:4"0��$H��:F98���-5F!�V�*0�k9?>�$&>�!-5�o?�&����!X"0�&$&�k��>�98���D���-5;��$g�����6�X�-5F985F$�9&2
365F��$@!�� ù�÷�ô��;< ` ñ�� d �	$=!6>D9?��:;��*,��$=!X>�!-�&/�5;>k:fq ��!-5F:F5�����!-5;��$H/��#�O�&�O'���BD�.�6/�����>�� ��$��-�.�6BD��$&�-!-����5F!��D�
"0�����-!-5F�
/��Y'1�	$&B�!-5;�	$&�v�p��:FS=$&�	*N5���:��D�[���R/&�Y'1��$&B�!�5;��$&�[����!-5;�	$�$&��:;:;�D�v�p�����[:\qr�	��!-5F*05;����!-5;��$R/&�h'����-*0�]9	:���E���:;�6/wq ��$
�.M=5���$R/��]!-����$&�-� ���-!n�-���p��������$�5;o=�&�]�����[������� �	�-!("�/����ZP,�)������*,+�!-���.�[/��Y'1�	�-*0�	2@xm$ 1999

e zK���&5F:�� ù�÷Îô	�F<` ï�ð�ï d ��$@![��!-5;:F5;��>6/��.�[��>�9	���.�-�-5;�	$&�[�����n��>D���.����P�/��6$&��������$&�D�n�D![�����(�-���O'��	BD�D�n/��6��>�� �	$&���]� �	:FS=$&��*05���:;�.�
� ���&�4:fqr����!-5;*N5;����!-5���$0/��['1���-*,�n/wq ��$N�������&:&��!m/sq ��$��h��5F:;�n�����K������� ����!m"X/��D�ZP#��������*0+�!-���D�K/&�v'����-*0�82����
BD��*0� ���-!���*0��$@!6/��~t���5;/��A����!������X/��#BD�D�Y'����-*0�.�X��>����=/ZS=$���*N5;o?���D�6>�!���5F!698����M?���-$&>������6:;�D�X>Do?����!-5;��$��
/Z�A�p��!���$=!�5;��:\2��]��5 ù�÷8ô��;< ` ï a	�id ��$=!4��>���:F5;��>[:\qr�	��!-5F*05;����!-5;��$N/&�v'1���-*,�[9	:;��E���:;�n/sq �&$A��������:ZE�5;/Z5F*,��$&�-5;�	$�$&��:
/sq�����E �(/��n!-����E�5F$&�n�����K������� ����!m"Xo?�&5F$��.�n��������*0+D!-���D�m/��['1���-*,�n�D$NB.��*�E�5;$���$=!K��>�98���D���-5;��$N�����K��>.�-�����ZP
/��0$&�D������$&�.�k��!k��>�9	���D���-5;��$��)�����-���O'���B.�D�k/��0��>�� ��$��-�82^�@5F*N���-�	$ ù�÷zô��;< `�{ y {id ��$=!�>�9?��:;��*0�D$=!k�����=B.>D/�>
"%:\qr����!�5F*N5;����!�5;��$�/sq ��$��0!���S8+����,�����k������� ����!#"~/��D�ZP���������*0+�!-���D��/��0'1����*0� e ��$������D$���$=!#��$�BD��*0��!��
/��D�
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���&� ��:m"�/&�D�6��>�98���D���-5;��$&�X�����
�O�&�O'���BD�.�X/��
��>��p��$&���X�p��:FS=$&�	*N5���:��D�h��!Y"N/��D�(��>�9	���D���-5;��$��(�����Y�X�-5F985F$�9&2&�w�jBD��*0� ���-!��D*0��$=!Y�-!-�-�&BD!-������:�/��X:��#!-�&S8+����
>�!���5F!n/�>DBD�-5F![�)���[��$R*0�=/&+�:;�6>�:�>�*0��$@!v�&$&5p��![:;�XBD��*0� ���-!��D*0��$=!(/Z��t���5;/�� e 98���&M8���-$&>6�����[:��D�n>Do?�)��!-5;��$��
/sqrxm��:����.2wzK:;�&�
��>.BD��*N*,��$=! ew� ����V)���&/ ù�÷vô	�F< ` ï�ï�ñ d ��$=!k/�>DB���5F!
:fqr����!-5;*N5;����!-5;�	$�9	:;��E���:;�0/sq ��$��������&:m�����
�����&� ���-!["
/�����PA��������*0+�!����D��/��n'����-*0�('���5;����$@!v�����p��:)"X��$��(��>�98���D���-5;��$0�)�����
�-5F9	5F$&9 e :;�hB.��*N� �	�-!���*,��$=!
/Z�Ct&��5;/&�j����!������h/��C�������&:w>D!���$=!h98����M?���-$&>
�����h:;�D�h>Do?�)��!-5;��$��h�h�6�X� 2

�6��!-���%��E�IO�DB�!-5F'X�D�-!,/sqr>DM���:F�&�D�0:;�D�N�p���O'1����*,��$&B.�D�0/��%o=����!-���C*,�=/�+�:��D�,���&�����=B�V�>D�N�)���-*N5h:;�.�N��:F���
��>��)��$&/Z���[�-���[��$RB����[/wqr����!�5F*N5;����!-5���$C��>����@/ZS=$)��*N5;o=�&�]������!�5;o?�&�	2@zm:F���v����>DB�5;��>�*,��$=![$&�����[B�V&����B�V�������$��
/&��$��(BD��!-!��6�����-!-5;�j"#/�>D!����-*05F$&���(:;�6*,�=/�+D:;�
���&�����=B�V&>6:;�X*N5����ZPC��/&���&!�>
"#:\qr���&!-5F*N5;����!�5;��$%/��]'����-*0�
��$
!-����E ��*,�	B�V�5F$��	2
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�]���&�h$����&�Y����*0*0�D�h5F$@!�>����D����>D�]"N:\qr����!�5F*N5;����!�5;��$~/&�X'1�	�-*0�k/sq ��$&������Ep�j/��k�-!���!����]/��j:��NBD�	$Z��}

9	������!-5;��$CÁ6x[3X� {R`�� ð d o?�&5s�D�-!(��$&�
BD��$Z��9	������!-5;��$%�O!���!����-}\����!��	�(/��X!-����E�5F$&�
B�:������-5;o?���	2Z��qr���&!-5F*N5;����!-5;��$
9	:;�	E���:;�j/wq ��$&�j!���:F:;�jB.��$Z�&98������!-5���$~�D�-!h!-��+D�YBD��Â�!����&���	2&�]�	�&�h$&���&�Y����*0*0�D�Y/��	$&B
���D�-!-����5F$=!]"N:\qr����!�5F*N5Ã}
����!-5;�	$%/��
:��#������IO�DB�!�5;��$C�&:���$&�j/sq ��$��
BD���&� �j���D5F*��&!���:;�k���C*,��S8����ÄÅ98>D�	*0>�!-�-5��XE�5;/�5F*0��$��-5;��$�$&�D:F:;��Æ�2

���(*���5F:F:���98�h/��,/��	*,��5F$��nt&�&5;/��h�D$=!����&����$=!�:;�(�&�����&:�E�5;/Z5F*,��$&�-5;��$&$&��:)�D�-!�BD��*0� �	��>h/&�ho?�)��!-���hE�:;�=B.�
�.M8�.BY����BDBD�	��/��[BD��Ç�$�B�5;/���$@!��.2ZÈ[�]/�����$�5;���[�D�-!v�����&��>D����$=!�>]�O�&�v:��
�&9	�&��� � 2 ï 2=�^�j:;��$&9	�&���&�[B.������BD!�>��-5;�-!-5�o?�&�
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:��N���&E �
�D�-! L = 90 mm 2
���k*,��5F:F:���98���D�-!]BD��$��-!-5F!-�&>�/�� 11816 $&�=����/��6���g!���!���:^��!]:��0B.��$&/Z5F!�5;��$l/��j�p>��-5;�=/�5;B�5F!�>��D�-!6������:F5;o=�&>D�
���ZP_'Å����$@!-5;+����.�(5F$Z'1>���5;�������j��!h�-���p>��-5;���&���	2

���#t&�ZPHo?�&5K�D$=!-���N/&��$��
BD�N/���*���5F$&�N�D�-!j�-��E&����$�5�o?�&�N��!j/Z5F�-5;98>N�O�&5FM���$=!
:\q���PZ� x 2��Z�_!���*0� >�����!������/sq����-��É�!,�.�O! Ti = 288.27 K ��!����H�����.�-�-5;�	$G/sq����-��É�!,M�����! pi = 101325 Pa 2m�^�H�����D���O5;�	$G�-!���!-5�o?�&�
��$������-!-5;���.�O!�5F*0� �	��>D�gJw:��0������� �	�-!��D$=!-���,:��%�����.�-�-5;�	$��-!���!-5;o?�&���D$�������!-5;����!�:��%�����D���-5;��$�/sq����-��É�!#��$
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Õ�ÖG×[Ø	Ù�Õ�Ú:ÛGÜxÝ�Þzß8Ø@à�×Bá~Ù:â�ÝoÝ�ã=áMäGÕaÙ@×=âoÝoÝ�Õ ns å Û-ÕaÝ�Þzã[á3Ø8ã[á-Ú:â�äGæ	Ü�ÕgÕ8Ú:Ùxß	ç~×BÝ�Õgè«é
êJë�ì
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ns∑
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(
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i
2) − J̃(αi1, α

i
2)
)2

ã=í αi = (αi1, α
i
2)

Ü�Õ	îGÜ�ß�Ú:Õ8á~Ù�ÕDÝ�Þzß8Ø@à�×Bá~Ù:âoÝ�Ý�ã=á i ï 1 ≤ i ≤ ns ð�ñ ÕDò�Õ�Ø	Ù�Õ	ÛGÜIäGÕ8Ú�ß8ò=×BÝoÛ�×BÙ:â�ã=áHÚ�Õ�ÖG×=Ø8Ù�Õ8Ú�Õ8Ú:Ù
×BÝ�ã[Ü�Úxß	ç�×BÝ©è
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ó5ô�õöô�÷ ø�ù-ú�û�üHý=ý=þNÿ������+ûJý��nû	�
����ü�nü û�ù��xÿ��sýFü���ÿ���������� þ�����ü����nü-úiû�ù�nü����
� ×=á-ÚIÝ�Õ�Ø8ã=á|Ù�Õ�Ö|Ù@Õ�äGÕUá-ã[Ù:Ü�Õ�Ø�×[Ú�Ù@Õ8Ú:Ù ï á-ã=ÛHÚK×�ò�ã=á-ÚKÕ���Õ8Ø	Ù:Û-ß�äGÕ8Ú1×BîGî-Ü�ã�Ö|â���×BÙ:â�ã[á-ÚKäGÕUÝ"× ��ã[á-Ø�!

Ù:â�ã=á¯Õ�ÖG×=Ø8Ù�Õ1îH×BÜgä-Õ8Ú�Ú:ÛGÜ"�N×=Ø8Õ8ÚgäGÕpÜ�ß	îqã=áHÚ:Õpîqã=Ý�#~á�$��U×BÝ"Õ8ÚgäGÕpäGÕ	ç�Ü�ß 2 ï 4 ï 6 Õ8Ù 8 ð�% ã[Û-Ú�á-Õ1îGÜ�ß�Ú:Õ8á~Ù�ã=áHÚ
Ø8Õ	î+Õ	á-ä-×=á~Ù ï î+ã=ÛGÜxäGÕ8Ú'Ü@×=â�Ú:ã[á-Ú�äGÕ�ÚWâ&�pîGÝoâ�Ø8âoÙ�ß ï å Û-ÕaÝ�Õ8Ú'��ã=Ü"�KÛGÝ�Õ8Úx×[Ú�Ú:ã~Ø8â�ß8Õ8ÚxèKÝ"×IÜ�ß8ç[Ü�Õ8Ú�Ú:â�ã=á«îqã=Ý&#~á�$��Dâ"×BÝ�Õ
äGÕgäGÕ	ç�Ü�ß 2 ðGñ ×(��ã=á-Ø8Ù:â�ã=áMÕ�ÖG×[Ø	Ù�Õ J Õ8Ú:Ù ï ä-×BáHÚxØ8ÕgØ�×=Ú ï ×=îGîGÜ�ã|Ø@à-ß8Õ�îH×BÜxÛGá-Õ)��ã=áHØ	Ù:â�ã=á å Û�×=ä�Ü@×=Ù:â å Û-ÕgäGÕ�Ý"×
��ã=Ü*�DÕ

J̃(α) = ψ0 + ψ1α1 + ψ2α2 + ψ11α
2
1 + ψ12α1α2 + ψ22α

2
2+ ã��,�DÕgáHã=Û-ÚlÝ�Þ/×�ò�ã=á-ÚRäGß8Ø8Ü:âoÙT×BÛ�Ø@àH×BîGâ�Ù:Ü�Õ » ï Ý"Õ8ÚRØ8ã~Õ�-�Ø	â�Õ	á|Ù�Úlä-Õ�Ø8Õgî+ã=Ý�#~á�$.�DÕ�Ú�ã=á~ÙTØ�×BÝ�Ø	Û-Ý�ß8ÚRÕ	á/�DâoáGâ0!

�pâ�Ú@×Bá|Ù�Ý�ÞzÕ8Ü:Ü�Õ	ÛGÜ êJë|ì Ú:ÛGÜxÝ�Þzß8ØàH×Bá~Ù:â�ÝoÝ�ã=áMØ8ã=á-Ú:â�äGß8Ü�ß ï ä-ÕaÙ�Õ	Ý�Ý�Õ�Ú�ã=Ü:Ù�Õ å Û-Õ
Ψ = (XTX)−1XTJs
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ñ ÕRîGÜ:âoáHØ	âoîqÕRç�ß	á-ß8Ü@×BÝqä-ÕlÝ"×gÜ@ß	ç[Ü�Õ�Ú:Ú:â�ã=á�äGÕ4��ã=á-Ø	Ù�â�ã=á-ÚsîH×=ÜsÜ�ß8Ú�Õ�×=Û�ÖUä-Õlá-Õ	Û-Ü�ã=á-Õ�Úsä-ÕlÙ5#|îqÕlÜ�ß�Ú:Õ�×BÛ�Ö

äGÕ6��ã=á-Ø	Ù�â�ã=á-Úxè(7H×=Ú�ÕTÜ×=ä�â"×BÝ"Õ98;:4<>=�?sã=Û«îqÕ	Ü�Ø�Õ	îGÙ:Ü�ã[á-Ú>�IÛ-ÝoÙ:â0!�Ø8ã[Û-Ø@à-Õ�Ú@8 êBA ?_×1äGßDC:è1ß	Ù�ß�Õ�Ö|îqã�Ú:ßg×BÛ«ØàH×E!
îGâoÙ�Ü�Õ » ð + ã��DîGÝ�ß	Ù�ã[á-Ú�Ý�Õ ï Ù�ã=ÛGÙlä�Þ/×F7qã[Ü�ä ï îH×BÜ å Û-Õ	Ý å ÛHÕ8Ú�Ü�ß8Ú:ÛGÝ�Ù@×BÙ�Ú�Ù:àHß8ã=Ü:â å Û-Õ8Ú ð
G ã=Ü:áGâ�HBI »KJ.L ï »KJ.M ï »KJ�¼ON ×IäGßP�Uã=á~Ù:Ü@ß å Û-Õ4Q�Ù�ã=ÛGÙ@Õ4��ã=áHØ	Ù:â�ã=áR7qã=Ü:á-ß�ÕTÚ:ÛS-UÚ@×F�,�DÕ	á|Ù_Ü�ß	ç�ÛGÝoâ�æ	Ü�ÕTîqã=Û-ò=×BâoÙT Ù:Ü@Õp×=îGîGÜ�ã|Ø@à-ß8Õ1ÛGá-â0��ã=Ü"�UßP�DÕ8á~Ù�Õ8Ù�×�ò�Õ8Ø1ÛGáHÕKî-Ü�ß8Ø	â�Ú:â�ã[á�×=Ü"7GâoÙ�Ü@×BâoÜ�Õpä-×=á-ÚaÛ-á�ä-ã��U×Bâ�á-Õ(U-áGâ5äGÕ1Ý�ÞzÕ�ÚWî�×=Ø8Õ

äGÕ8Úlò=×BÜ:â"×�7GÝ�Õ8ÚlîH×BÜlÛGáMÜ�ß8Ú�Õ�×BÛ�äGÕgá-Õ	Û-Ü�ã=á-Õ�ÚlØ8ã��Dîqã=Ü:Ù×Bá~ÙlÛGá-Õ�Ø8ã=Û-Øà-Õ�äGÕgá-Õ	ÛGÜ�ã[á-Õ8ÚlØ�×=Ø@à-ß8Ú ï Õ	áMá-ã��(7GÜ�Õ
U-áGâ ï îqã[Ú�Ú�ß8äH×Bá~ÙsÙ@ã=Û-ÚsÝ"×V� T �UÕW��ã[á-Ø	Ù:â�ã[á�ä�Þ/×[Ø	Ù:âoò=×=Ù:â�ã=á�Õ	ÙsÛ-á�á-Õ8ÛGÜ�ã=á-ÕTäGÕTÚ:ã[Ü:Ù:â�ÕRÝoâoá-ß�×=âoÜ�Õ�X ð + ÕlÙ�à-ß8ã=Ü@æP�DÕ
×=Ú�Ú:ÛGÜ�Õ�Ý"×KÜ�ß�×BÝoâ�Ú@×F7GâoÝ�âoÙ�ß�ä-ÕaÝ"×1Ü�ß	ç[Ü�Õ�Ú:Ú:â�ã[á3ä�Þ Û-á-Õ6�Nã=á-Ø	Ù:â"ã=á«á-ã[áGÝoâoá-ß�×BâoÜ�Õ�îH×BÜxÜ�ß8Ú�Õ�×BÛ�Ö«äGÕaáHÕ	ÛGÜ�ã[á-Õ8Ú ð+ ã��9�UÕDã=á¯Ý�Þ/×�ò|Û ×BÛ Ø@àH×=îGâoÙ:Ü�Õ » ï Ý"×«Ü�Õ8Ø@àHÕ	Ü�Ø@àHÕDäGÕDÝ"×Y��ã[á-Ø	Ù:â�ã[á ×Bî-îGÜ�ã~Ø@àHß8ÕDÕ�ÚWÙ�Ü�ß�×BÝ�â�Ú:ß�Õpá-ã[á�îH×[Ú
îH×BÜ�âoá~Ù�Õ8Ü:îqã=Ý ×BÙ:â�ã=á3ä�âoÜ�Õ�Ø	Ù�Õ6��×Bâ�Ú'î�×BÜ>�DâoáGâ��pâ"Ú�×=Ù:â�ã=á3äGÕTÝ�ÞzÕ	Ü:Ü�Õ8ÛGÜx×BÛ3Ú�Õ	á-Ú�ä-Õ8Ú>�Dã=â�á-ä�Ü�Õ8ÚxØ�×BÜ:Ü�ß�Ú'îH×BÜ�Ü@×BîS!
îqã=Ü�Ù�×BÛGÖMî�×BÜ@×F�Uæ	Ù:Ü�Õ8Ú�äGß�U-á-â�Ú�Ú�×=á~ÙTÝ"ÕIÜ�ß�Ú:Õ�×BÛ ð + ÕKîGÜ�ã~Ø�ß8äGß1Õ8Ú:ÙaäiÞ/×BÛGÙ@×=á~ÙTî-ÝoÛ-Ú�CjÛHÚWÙ�â0UHß å Û-ÕKÝ"×Z��ã=á-Ø8Ù:â�ã=á
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���Z���P�~�*�.�����(�K|��������K��¾©�����������w�
���£���P}]�P����|F�_�¡}m|��¡�������"�"���Z|��"�&���Ã�"�������"�w�e���Z}]�P�*�,�P�"�i|F�_�(�~�Z}~���P�	�����¡�w�
�����¡ ~��� �~� ���P�~���������,�O|������K�9���������*��|F�������9}]�����,�� ~���P�~���,�~��� }~�*���P�w�
�&�.�Ä�~���*�P�"�,�������§�P��¥������P�"�w���Ä�S�
�����¡ ~���r�����K����|F���"�����&�����W�S�&�"}]������ ~�&���K�
Å ���"�~}~}��.��|F�_�¦�e���£�&�£�5´_}]�Y�P�(�&�£�����( ~�*�Y�~�£���P�~���������(�O|��������9|F�&�P���(�P���£�~�P®��~�&�K�����������"�*�Y{B�~�P¹

���P�"�9�����P�¨��������*�P�¡ ~�w�r�~���¨}�|F��|��,�P�"�����W|F¼D���"��|F ��&���W�S� �*���*�K|�����Æ'���W�~���"�~�&�P���¨�*�����W�������&�"�&�W�~�)���P���&�r�*���"���
�_���¦������"�*�P���@�e��|��~��|F�"�w�e���9ÁÈÇ Å

(Ψ)
�"�.���r�9�&�~���Z|��&�.���P�°���µ|F���"�*���r�*�P�*�,���K���P�É�*���*�����.|F�_�r���È}~�*�. ~�&�P�Z�

������}~�"�&�9�&��|F�"�&�.����º¯�.�~�(���P�w|S�����'�����&�"�*�£�~���S�É�,�P�"���_�~���K���&���V�Z�P�"�����~���V�����S¹5|.��|F}~�i|F�"���	�K�¡�e�~���"�&���~���P���
�K���9}~���W�
���(�~����|����P�Z�P�_�¿�~�¨�*�����*�����&������|F�&�P���*�����i��|F�_�*�����&�������S�w�
}����~�� ~�w���K�	�P���&�����Z�P�"���_�~����|���|�}~��|F�"�&�	���
�_�~�m���������*}]���*���_�'�~�4�������	�P���&�K�¿��|��&�P�~�*�'�����m|F�_�"�����w�����>|F�Y�����~�����S�£}��*�_�����*�"���'���µ|F}�}~�*�P���"�&�*�*|�¤	�.�_Ê��.���¿���
�����P�"���e�����¨�&�P���e���r�&���¨�,�P�*���_�����W���µ|F}�}~�*�P���"�&�*�*|�¤	�)�����S¹5|���|F}~��|��"���	���K�
Æ'�����
�&���P�*�����¦�*���~�,���µ|� ]���*���~�Ë�*���*�K|F�Ä�~�R���P�~���������9���Y�D´_}]�É�;±4²'³����»�&���9�����_�"�*�K�9�P�¦�&�K�¦��|K´	�.���

|O´e|F�_�>�P�*���i�����&�"�&�>|V}~�"�&���*�»�;�P¤_|F�S�Z�.�£����� |F�S�Z}]�������*�'�����m|F�_�"�����w�����i���_À����*���*�K|F�R�~�4���P�~�*�������'���"�>|F�w���*�
���&���K|F�����£}m|F�(�i|F}~}]�.�"�,|F�S�Ã}�|F��|��,�P�"�����9|E¼D���
�i|F ~�&�K�

Ψ
�P�¦�w|/¥;�������"�&���ËÁÌÇ Å

(Ψ)
���"�¦�e�m|��S��|��"�&�e���Y}�|��

�i|F}~}]���*�¿{
Ψ
� Å �9�*�P}��*�P��|��_���&�K��������|��"�&�������~�,���m|F}~���"��� x �	�P�9}m|F�"�"�&���~���&�P�¿�e���

n1
�*�P}~�����*�P�_�*�¨�&�>�����¡ ~���

���6¥;�����P�"�&�����4{( �|.�"�r��|��S�u|F�&�r�~� �*���*�K|��S���S�u|¡¥;�����P�"�&���/�~�@�"�.�"�"�&�r�~� �����~�*�����r���"�W��¤e|F�&�V{Rª

J̃(α,Ψ) =

n1∑

i=1

ψi gR(α, ci, ri) .

Å �/�~��®����&�"��|��_�

H =










gR(α1, c1, r1) gR(α1, c2, r2) . . . gR(α1, cn1
, rn1

)

��� ��� ��� ���

gR(αns , c1, r1) gR(αns , c2, r2) . . . gR(αns , cn1
, rn1

)










,



ÍOÎEÏ Ð�ÑSÒiÓmÔ;Õ;Ö*×4ØmÙ�ÚbÛOÜ_Ý�Þ&×�ßVÒiÓ	Ó]Ö"ÛOà�Ñ~áiß'Ó~Û.â�ÖrÞ*ã ÛiÓ�Õ;Ôuä(Ôwß�Ò.Õ;Ô;Û.åÌÜe×¿æPÛ�Ö�äZ×

Js =






J(α1)ççç
J(αns)




 et Ψ =






ψ1ççç
ψn1




 ,

èé�êPë*ë*êPì~ë�í�é�îPï�ð�è�ì�ðFñ*ò&ó�ô/õ"ì~ëWèwê�õ4í~ó�ô~ô�î�ê�õ4í�é�ê�ô_ñ"ë*î�êVê�õ"ñ4öÌ÷Sø
(Ψ) = ||Js −HΨ||2 ç�ù êKõWí�îPë"ò�ï	îKê�õ4í~ê@úKêPñ"ñ*êêPë"ë�êPì~ë¨ûmðFë¨ë�ð�û~û]ó�ë*ñ4ðFìSüRû�ðFëiðFý,þPñ*ë*ê�õ4ðEÿDì�õ
ñið��~è&ê�õWõ*ó�ô�ñWí~ó�ô�úrî��_ðFè&ê�õ����

1 ≤ j ≤ n1 ,
∂
öÌ÷�ø
∂ψj

(Ψ) = 2

ns∑

i=1

(

J̃(αi,Ψ) − J(αi)
) ∂J̃

∂ψj
(αi,Ψ)

= 2

ns∑

i=1

(

J̃(αi,Ψ) − J(αi)
)

gR(αi, cj , rj)

.

ù ê@ïeê�úPñ*êPì�ë�í�ê�õ4û�ðFëiðFý,þ�ñ"ë*ê�õ6ðFÿDì�õ"ñ�ð��~èwê�õ4ý9ò�ô�ò�ý9ò&õ�ðFô�ñ4èuð	�;ó.ô�úPñ"ò&ó.ôBêPë*ë*êPì~ë6öÌ÷Sø í~ó�ò�ñ6í~ó�ô�úVõ�ð�ñ"ò&õ
��ðFò�ë*êVèwð
ú�ó�ô�íSò�ñ"ò&ó.ô ô�î�úKê�õ*õ*ð�ò�ë*êrõ"ì�ò�ï�ðFô_ñ�ê��

∂
öÈ÷�ø
∂ψj

(Ψ) = 0 ⇒
ns∑

i=1

J(αi)gR(αi, cj , rj) =

ns∑

i=1

J̃(αi,Ψ)gR(αi, cj , rj)

=

ns∑

i=1

n1∑

p=1

ψp gR(αi, cp, rp)gR(αi, cj , rj) .

÷�ó�ò&ñWõ*ó�ì�õ��;ó.ë"ý,êrýZðFñ"ë"òwúPò&êPè�èwê
HTHΨ = HTJs

ù ê)ï	êKúPñ*êPì~ë4í~ê�õ¨û�ð�ë�ðFýZþPñ"ë*ê�õ4ðEÿ
ì�õ"ñ�ð��~èwê�õWí~ó�ò�ñ4í~ó�ô�ú@õ�ðFñ"ò&õ
��ðFò&ë*ê)èwð9ú�ó�ô�í~ò�ñ"ò&ó�ô§ô�î�ú�êKõ"õ�ð�ò�ë*êrõ"ì~ò�ï.ðFô_ñ*ê�
Ψ = (HTH)−1HTJs .

� ó�ì�ë¨èwê�õ���ó�ô�úPñ"òwó�ô�õ��;ó�ë"ñ*ê�ý,êPô�ñWï�ðFë"òwð���è&ê�õ4ó�ì��~ë"ì�ò�ñ*î�ê�õ��~ò�è�ê�õ"ñWô�îKú�ê�õ*õ�ðFò�ë*ê@í~êrû�îPô�ðFè&ò&õ*êPëWèwð¦ô�ó�ë*ý,ê@íSì
ï	ê�ú�ñ*êPì~ë4í~ê)ñ�ð�ò�è�è&ê

n1
í�ê�õ¨û�ðFëiðFý,þPñ*ë*ê�õ4ðEÿDì�õ
ñið��~è&ê�õ�� Í��	Î � Í������ ç�ù ð��;ó�ô�úPñ"ò&ó�ô��(ý,ò�ô~ò�ý,ò&õ"ê�ëWê�õ"ñ4ð�è&ó�ë*õ��
öÈ÷�ø

(Ψ) =

ns∑

i=1

(

J̃(αi,Ψ) − J(αi)
)2

+

n1∑

j=1

λjψ
2
j .

ù ê)ï	êKúPñ*êPì~ë4í~ê�õ¨û�ð�ë�ðFýZþPñ"ë*ê�õ4ðEÿ
ì�õ"ñ�ð��~èwê�õWí~ó�ò�ñ�ðFè&ó�ë�õWõ*ð�ñ"ò&õ
��ðFò�ë*êrèwð(ô�ó�ì~ï	ê�è�è&êrú�ó.ô�íSò�ñ*ò&ó�ô ô�î�ú�ê�õ*õ�ðFò�ë*ê�

Ψ = (HTH − Λ)−1HTJs
�~ó��

Λ =






λ1ççç
λn1




 .

� ó�ô�õ"ò&í~î�ë*ó�ô�õ�ýZðFò�ô_ñ�êPô�ðFô�ñ¿ì�ôZë�î�õ*êKðFìYí~ê4ô�êPì�ë*ó�ô�êKõ�í~ê4ñ �_û�ê�!;ö �#" ç � êWë�î�õ*êKðFìYí~ê4ô�êPì�ë*ó�ô�êKõ�í~îPû�êPô�íô�ó�ô¦è&ò�ô�îKðFò&ë*êPý,ê�ô_ñ�í~ê�õ»û�ð�ë�ðFý,þ�ñ"ë*ê�õ�ðEÿDì�õ"ñ�ð$�~è&ê�õ ç�ù ð�û~ë*ó�ú�î�íSì�ë*ê>í~ê>úKð�è&úPì~è~íSì9ý9ò�ô~ò�ý(ì~ý í~ê'è©é�êPë"ë*ê�ì~ë�öÌ÷Søõ*ê���ðFò&ñ6í~ê¡ýZðFô~òwþPë*êVò&ñ*îPë�ðFñ*ò�ï	êVûmðFë6úOðFè&úPì~è»íSì��	ë�ð�íSò&ê�ô_ñ6í~ê(ú�êPñ"ñ�ê��;ó�ô�úPñ"ò&ó.ô çmù êVïeê�úPñ*êPì�ë6í~ê�õ�ûmðFë�ðFýZþPñ"ë*êKõðEÿDì�õ
ñið��~è&ê�õ��¦èé ò�ñ*î�ë�ðFñ"ò&ó.ô
(p+ 1)

í~êrúKêPñ"ñ*êrû~ë*ó_úKî�íSì~ë*êrò�ñ*îPëiðFñ"ò�ï	ê@ê�õ"ñWí~î�%�ô~ò�í~ê)èwð¦ýZðFô�ò&þPë*ê@õ
ì�ò�ï�ðFô_ñ�ê��
Ψ(p+1) = Ψ(p) + µp∇ öÌ÷Sø (Ψ(p)) .

ù ê&�ð�úPñ*êPì�ë
µp
ê�õ"ñ¨úKð�è&úPì~è&î)ûmðFë¨ì~ô�êró�û~ñ*ò�ý9ò&õ�ðFñ*ò&ó�ô ì~ô~ò&í~ò�ë*ê�úPñ*ò&ó�ô~ô�êPè�è&êrí�ðFô�õ>èwð¦íSò�ë�ê�úPñ"ò&ó.ô í~ì��.ë�ð�íSòwêPô_ñ ç(' èõKéµð��.ò�ñ4í�é ì�ô�ê)ýZîPñ*)�ó_í�êrí~ê@í~ê�õ*ú�êPô�ñ*êrúPèuð�õ*õ
ò,+eì�ê ç

ù êYû]ó�ò&ô_ñ¦ò�ý9û]ó.ë"ñ�ðFô�ñ9ê�õ"ñ(èwêYúOðFè&úPì~è¨í~ì-�	ë�ð�íSòwêPô_ñ ∇ öÌ÷�ø ç.' è>û]ê�ì~ñ¦ô�ó�ñ�ð�ý9ý,ê�ô_ñ9õ*ê/�ðFò�ë*êRí~ê0��ð�1�ó�ô
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Y(Z\[J]_^�`a]cb$d�]�e�d(`*Z\f\Z6gah�ei`9d(ejh$f\kGb$[*Z6`*l(m]nY(]o[Jp�`*[ab$q([Jb�qrh�k?h$`*Z6b$e�p_sGb7t?drpcYuh�eug9f6]c^Clrh�q(Z6`*[J] V�v�w ]�`*`J]ng*]�^_b$euYu]m/p�`*lubiY(]P]_g*`xf,hjq(f6dug�[ah�quZ6Y(] v(y h�g*b�[*`*Z6]

yj,k
YNd�eu]�d([ab$eu]

j
Y(]zfTh	gJb$dug
{|^�b$du^alu]

k
]�g
`

yj,k = gP (ψ0 +

nk−1∑

i=1

ψi,j,kyi,k−1) = gP (xj,k)

b�}
nk−1

[J]_q([Jp_gJ]�e7`a]xf6]�eub$mj~([J]�Yu]xeu]_d([Jb$eu]�gnY(]xfTh�gJb$dug
{|^_b�du^alu]
k−1 � yi,k−1 � 1 ≤ i ≤ nk−1 � fTh�gJb$[*`*Z,]Y(d�eu]_d([Jb$er]

i
Y(]f,h�gJb$dug
{|^_b�du^alu]

k − 1 � ψ0, 0 ≤ i ≤ nk−1
f6]_g�^_b7]F�0^�Z6]�ei`Jg�h$gJgJb7^�Z6p�g�h�d�eu]�d([ab$eu]

j

� 1 ≤ j ≤ nk � ]�`
xj,k

[J]�qu[Jp_gJ]�e7`J]/f���]_e7`*[Jp_]0Y(d�er]�d([Jb�eu]
j

Yu]fTh�gJb$drg�{ ^_b$du^Clu]
k
v�y h��Sb�eu^�`*Z6b�e�]_[*[J]�du[

[a]�f,h�`*Z\s?]���f���b$~rgJ]�[*s$h�`JZ6b$e
o ∈ [1, ns] � YupF�ue(Z,]�qrh$[�f,h�[J]�fTh�`*Z6b$e����N�

o =
(

J̃(αo,Ψ) − J(αo)
)2 � er]

Yup�q4]�erY�Y(]
ψi,j,k

t?d9���j`*[ah=sG]�[Jg
xj,k

v(� ��b$}
∂
���N�

o

∂ψi,j,k
=
∂
���i�

o

∂xj,k

∂xj,k
∂ψi,j,k

= δoj,ky
o
i,k−1

b�}
yoi,k−1

^_b$[J[J]_g*q4b$erY��f,h/gJb$[*`*Z6]�YNd�eu]�du[Jb$eu]
i

Y(]�f,h/gJb$dug
{|^_b$dr^alu]
k − 1

f,b$[JgJt?du]�f���]�ei`*[Jp_]�YNd�[Jp_gJ]�h$d]�g
`xf���b$~rg*]_[*s$h�`*Z6b�e
o � ]_`

δoj,k =
∂
���i�

o

∂xj,k
= 2J̃(αo,Ψ)

∂J̃(αo,Ψ)

∂xj,k
.

�iZ.f,]jer]�d([Jb�eu]�^_b$eug*Z6Y(p_[Jp�]_g*`Pf6]	eu]�d([ab$eu]�Y(]�gJb$[*`*Z6]�Y(d�[ap_gJ]�h�d � h�f6b�[Jg
J̃(αo,Ψ) = yj,k = gP (xj,k) � ]_`Yub$eu^

δoj,k = 2J̃(αo,Ψ)g′P (xoj,k)b�}
xoj,k

^_b$[*[J]�g
q�b$euY�&f���]_e7`*[Jp_]�YNd�eu]�d([ab$eu]
j

Y(]�f,h�gJb$drg�{ ^_b$du^alr]
k

f6b$[JgJt?du]�f6]_g�]_e7`*[Jp_]�g�YNd	[ap_gJ]�h�d	kGf6b$~rh$fgJb$ei`�^_]�f\f,]_g�Yu]�f���b$~rgJ]�[*s$h�`JZ6b$e
o
vN� h�erg#f6]P^�h$g�qrh�[*`JZ6^�d(f\Z,]�[�b$}�f,]�eu]�du[Jb$eu]zYu]zgJb$[*`*Z6]P]F��]_^�`Jdu]�d(er]zgJb$m�m/]q�b$euY(p_[Jp_]Yu]_g�gJb$[*`JZ6]_g�Y(]�g�eu]�d([ab$eu]_g�t7d(Zof\duZcgJb$e7`�^_b$eueu]_^�`ap_g � b$e-h

yj,k = xj,k
]�`
δoj,k = 2J̃(αo,Ψ)

v�oe�[a]�s$h�er^alu] � f,b$[JgJt?du]Pf6]zeu]�du[Jb$eu]�^_b$eug*Z6Yup�[Jpze���]_g*`�qrh$g�f6]Peu]�d([ab$eu]PYu]PgJb$[*`*Z6] � ^_]PYu]�[*e(Z6]_[x]_g*`�[J]�f6Z6p�h�dN�
nk+1

er]�d([Jb�eu]_gxY(]Pf,h	gJb$dug
{|^�b$du^alr]
k + 1

vr� e�h�Y(b$eu^

δoj,k =
∂
���i�

o

∂xj,k
=

nk+1∑

q=1

∂
���N�

o

∂xq,k+1

∂xq,k+1

∂xj,k

b�}
xq,k+1

[J]�qu[Jp_gJ]�e7`J]�f���]�e7`J[Jp_]�YNd�eu]�du[Jb$eu]
q

Y(]�f,h�gJb$dug
{|^�b$du^alr]
k + 1

v9w b�m�m]�f6]	eu]_d([Jb$eu]
j

Y(]	fThgJb$drg�{ ^_b$du^alr]
k

]_g*`�d(eu]�]�e7`*[ap_]PY(d�eu]�du[Jb$eu]
q

Y(]zf,h�gJb$dug
{|^_b$dr^alu]
k + 1  

xq,k+1 = ψ0 +

nk∑

j=1

ψj,q,k+1yj,k = ψ0 +

nk∑

j=1

ψj,q,k+1gP (xj,k) ,

^�]Pt?d(Z�Z\m�quf\Z6t?du]�t?du]
∂xq,k+1

∂xj,k
= ψj,q,k+1g

′
P (xj,k)

]_`��uerh$f6]�m]_e7`

δoj,k =

nk+1∑

q=1

∂
���N�

o

∂xq,k+1
ψj,q,k+1g

′
P (xj,k) = g′P (xoj,k)

nk+1∑

q=1

δoq,k+1ψj,q,k+1 .

y ]_gc`J]�[*m/]_g
δoj,k

q4]�d(s?]�e7`nY(b�eu^�¡�`*[J]�^=h�f6^�d(f,p_go[ap_^�d([Jg*Z\s?]�m]�ei`n]�e/qrh�[a^_b$d([ah$e7`cf6]_gn^_b$eueu]F�iZ6b�eugn�Pf|��]�e7sG]_[Jg v¢ b$du[�d(e�[Jp_gJ]�h�d;Y(]�eu]�d([Jb�eu]_g��/Y(p�q4]_euYuh�er^_]�eub�e�f\Z6eup�h�Z\[a] � eub�`Jb$eug&Yub$eu^�t?du]�f,]�^�h$f6^�d(f�Y(d�sG]�^�`J]�d([
ΨYup�q4]�erY�Y(]Pf�� Z\e(Z6`*Z,h�f\Z6gah�`JZ6b$e v
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Id
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.
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tanh

tanh

ψ0,1

ψ2,n1

J̃(α1, α2)α1

α2

ψ0,n1

ψ1,1

ψ1,n1

ψ1

ψ0
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=
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√
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Ê�Ü?ÔwÜ?Í}Ë�ÐXÙ-ÕTákÛ?Ê�ÌOÐ�Ê�Ô+ÕTÌ{Ë<Ê<ÌQÝ�Ð�Ê<Ö+Í&%0Ê<Ë�Í[Ô@Ò¦Ù[ÕTÌQÔ@Ê�ÜQÝ Ö+Ý}Ù-ÕTá�áPÍ}Ü?Ý ÒRÍ Ö@á�Ê�Ì?Ê�Ô@Ò+Í}ÜOÐ�ÌQÔ¥Ë�Í-Ô
Ù-Ð�Ë�Ù Ñ?Ë�Ô¦Ü�ØqÍ[Ô@Ó�Ý ÖRÐ�ÌOÙ[Í2×�ÑQÊ�Ó�Í[Ö@áLÍ Ò+Ò+Í Ì�ÒbÜ?Í}Ë�ÍiÙ-Ð�Ë�Ù ÑQË�Í Ö

ã
ÿ Í2ß(Í[Ù[Ò+Í Ñ?Ö

Zs =








z(α1)
z(α2)

ãããz(αns)








Í[Ô@ÒwË�Í2ß(Í[Ù ÒRÍ Ñ?ÖbÜ?Í[Ô¦Ý ßTÐTË<ÑOÐ�Ò@Ê�ÕTÌQÔ¦Ü?Í2ËYØZÝ[ÙRÚ*Ð�Ì�Ò@Ê<Ë�Ë�ÕTÌ
ã' Ð�ÌOÔiÙ[Í�Ù-Ð
Ü0Ö+Í
ÞpÕTÌ�Ù-ÕTá�ÓQÖ+Í ÌQÜ_Ê<á�áLÝ-Ü0Ê�Ð�ÒRÍ áLÍ Ì�Òi×�ÑQÍ�Ë�Ð{Ù[ÕTÌQÜ0Ê�Ò@Ê�ÕTÌ)(�* ÿ,+-�

1 . Í[Ô@ÒiÔRÐ�Ò@Ê�ÔrÎ�Ð�Ê�Ò+ÍLÐTÑ?Ò+Õ/�
áPÐTÒ@Ê�×�ÑQÍ[áLÍ Ì�Ò10

E(z(α)) =

ns∑

i=1

ζi(α)E(z(αi)) = 0.
ä ÌWÔ@Ñ?Ó?Ó�Õ(ÔRÐ�Ì�Ò%×�ÑpØ ÑQÌQÍ�Ë�ÕTÊ�ÜQÍ�Ù-Õ�ßTÐ�Ö@Ê6Ð�ÌQÙ[ÍLÜ?Í�Ë�Ð

Î5ÕTÌOÙ Ò@Ê�ÕTÌ
z

ÐLÝ Ò+Ý%Ù#ÚQÕTÊ�Ô@Ê�Í
ÞOË�Í[ÔhÙ[Õ�Í�!DÙ Ê�Í Ì�ÒRÔbÜQÍiË�ÐLÙ[ÕTáXÛ?Ê<ÌOÐTÊ�Ô@Õ
Ì�Ë<Ê<ÌQÝ�Ð�Ê<Ö+Í%Ô+ÕTÌ�ÒÏÙRÚQÕTÊ�Ô@Ê�ÔhÜ?ÍiÒRÍ Ë<Ë�Í%Ô+ÕTÖ@ÒRÍ%×�ÑQÍ
ËYØZÍ Ö+Ö+Í Ñ?Öbçoè ä Ô+ÕTÊ<Ò¦á�Ê<ÌQÊ<áPÐ�Ë�Í1(5Ù[ÕTÌOÜ0Ê<Ò@Ê�Õ
Ì�(�* ÿ�+2�

2 .3.
çoè ä

(α) = E((z(α) − z(α))2) = E((z(α) −
ns∑

i=1

ζi(α)z(αi))
2)

ÿ ØZÍ Ö@Ö+Í[Ñ?ÖwÓ�Í Ñ?Ò54[Ò@Ö+Í}ÖRÝ[Ý[Ù Ö@Ê�Ò+Í2Ô+ÕTÑQÔ¥Î5Õ
Ö@áLÍiÜ?Ý ß(Í[Ë�ÕTÓ?Ó�Ý-Í60
çoè ä

(α) =

ns∑

i=1

ns∑

j=1

ζi(α)ζj(α)E(z(αi)z(αj)) − 2

ns∑

i=1

ζi(α)E(z(αi)z(α)) + E(z(α)2)
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\&]/^`_<acb9d�ef_hgji#kIimln^`o;kpbq^#d<rNkji#imlhi`ife#d<rs_�]�ifeft;uBlhk
E(z(α)2) = σ2 vhw kpxKkjrDeskDlq^ ζ y d�tze y d�{hrIi#]�eft;im|}]/tz^#kpoW]rNd�{ y tze#t;d�{{h~jrjkji#is]/tz^#kpiflqtzx�]�{<e#k

∀i ∈ [1, . . . , ns]
∂ ���c� (α)

∂ζi
= 2

ns∑

j=1

ζj(α)E(z(αi)z(αj)) − 2

ns∑

i=1

E(z(αi)z(α)) = 0

\�d�ln^�]/��d�lqeft;^�]/lq��~ju<lh]/eft;d[{ni�lniflnkjozo;kD�1kD{<e�bq^#~ji#kD{<es~jkjiN��t;o�rjd�{cx<t;kD{ce y k y tzxct;i#kD^�rs_�]�uBlhk�~ju<lh]/eft;d[{ y lifacife#gj��k�ozt;{n~N]/tz^sk�bq^#~jrN~ y kD{ce-bh]/^�o;k�rN]/^#^#~ y k�o���~jrN]�^fe-e�a<b�k y l?bn^#d<rjkNififlni�ifes]/e#t;ifeft;uBlnk σ2 v�� {?^s]�bqb9kDozoWku<lnk�o;kNi y ~��h{qtzeft;d[{niN� y d�{n{n~jkji�]/l�rG_h]/bqtze#^#k X � y koW]?��]/ef^ftWrjk C y d�{<e6oWkji�rjd���b9d[is]/{<eskji�i#d�{<e Cij =
E(z(αi), z(αj)/σ

2 = Cov(z(αi), z(αj))/σ
2 kDe y l�xKkjrDeskDlq^

Kα y d�{<e�o;kji�rjd���b9d[is]/{<eskji�i#d�{<e Kα i
=

E(z(αi), z(α))/σ2 = Cov(z(αi), z(α))/σ2 � y k�e#kDo;o;kSi#d�^feskSuBlnk
Cζ = Kα ⇒ ζ = C−1Kα z(α) = (C−1Kα)TZs = Kα

T (C−1)TZs = Kα
TC−1Zs� d��6�1k-tz{ y t;uBln~-bn^#~jrj~ y kD�6�1kD{<eN�qd�{iflq�nifeftze#lnk�kD{bq^s]/eftWuBlnk-ln{�xKkjrje#kDlq^ y ��~Dx�]/o;lh]/eft;d[{ y � ln{nk2|�d�{hrDeft;d[{

y ~De#kD^f��tz{qt;ife#k Zs = Js −m
]/lxBkjrDe#kDln^ Zs v� kji�e#kj^f��kji5]�bqbh]/^s]/�;ef^#d�{ce y ]�{ni y kji3rN]/oWrDlqo;i�bqo;lni3rjd���bqo;k��QkNij�Q�1]/t;i y d�{<e�oWk-bq^ftz{hrDtzb9kSkjife�o;k-�1�D��kK�b�d�lq^3oWkS��^#tz�[tz{q�1rjd���bqo;kDe`kDe3o;kp��^ftz�Ktz{q��d[^ y tz{h]�tz^#k v

�S]/{ni�o;k?rN] y ^#k y k {nd�e#^#k r�]�i�e#kNime��¡{hd�lni�]�xKd�{ni�rjd�{nift y ~D^#~?uBlnk oW]�x�]/oWkDlq^ y k oW]�|�d�{nrDe#t;d�{
J
]�l

rNkD{<ef^#k y k�o���kjifb�]�rjk y k�rNd�{nrjkjbqeft;d�{ D ~Des]/t;e�lq{hk���d�{q{nk�]/bnbq^#dN�ct;�1]/eftWd�{ y k�oW]¢x�]�o;kDlq^S��d�aBkD{q{nk m y krNkDefe#k�|�d�{nrDe#t;d�{£iflq^5o���kD{hifkj���qo;k y k�o¤��kjifbh]�rjk vqw ]�|�d[{nrDeft;d[{ y kprjd�x�]�^ftW]/{nrNkSrs_nd[t;ift;kSkjife

Cov(z(αi), z(αj)) = exp(−θ||αi−αj ||) = exp

(

−θ
√
(

(αi1 − αj1)
2 + (αi2 − αj2)

2
)
)

, 1 ≤ i, j ≤ ns .

w k5bh]�^s]/��gjef^#k θ kjife y ~DeskD^f�6t;{n~`i#kDo;d�{1ln{nk5_nkDln^ft;ifeft;uBlnk`rjoW]�i#ift;uBlnkI¥ X[XN¦�§ v � ]Sx�]/o;kDln^¨kjife¨rs_nd�t;ift;k5eskDozo;k`uBlhko;kNi3e#kD^f�1kji
exp(−θ||αi − αj ||)

�
1 ≤ i, j ≤ ns

i#d�tWkD{<e3esd�lni5iflqb9~j^ft;kDlq^si5©
0.2 v

ª£«/¬��¬�®�°¯±®±¬�²�³<«�´N³cµ
w kS�S^ftz�[tz{n�6lq{qt;xKkD^#i#kDo,lqeftzozt;i#kSlq{bn^#d<rjkji#iflni5ife#dcrs_h]�ifeft;u<lnk J (α) y k�oW]�|�d�^f�1k6¶

J (α) =
k∑

j=1

βjfj(α) + z(α) = fTα β + z(α)

d[·°o;kNi�xKkjrje#kDlq^#i
fα

kDe
β
i#d�{<e�~D�B]�lQ�¸©

fα = [f1(α) f2(α) . . . fk(α)]T
kDe
β = [β1 β2 . . . βk]

T �±kjerG_nkD^#rs_hk�lq{hk-|�d�{hrDeft;d�{ ]/bqbn^#d<rs_n~Nk y kSoW]�|�d[^f��k J̃(α) = cT (α)Js v� {?^s]/bnb9kDozo;k�o;kNi y ~��h{qtzeftWd�{ni y l?xKkjrDe#kjlq^ Kα = [φθ,p(α − α1) ... φ
θ,p(α − αns)]

T y kIeG]/tzozo;k ns kjey ~Db9kD{ y ]/{<e y l¹b�d�tz{<e y ��~Dx�]�ozlh]/eftWd�{ α �9]/tz{nift±u<lnk y kji`�1]/e#^ft;rjkji F y kpeG]/tzozo;k�º ns � k » kDe C º�ifa<��~De#^ft;uBlnk »
y k�es]/t;ozo;k�º ns � ns » k�¼�kjrDeflh~jkp]/l¹rs_h]�bqtzef^#k X

F =










f1(α1) f2(α1) . . . fk(α1)

vvv vvv vvv vvv
f1(αns) f2(αns) . . . fk(αns)










C =










φθ,p(α1 − α1) φθ,p(α2 − α1) . . . φθ,p(αns − α1)

vvv vvv vvv vvv
φθ,p(α1 − αns) φθ,p(α2 − αns) . . . φθ,p(αns − αns)










.



½N¾[¿ À�ÁQÂGÃ�Ä�Å�Æ#Ç`È�É�Ê?Ë�Ì<Í�Î;Ç�ÏIÂGÃKÃ9ÆfË�Ð�ÁqÑGÏ�ÃqË[ÒcÆSÎ#Ó ËGÃ�Å�Ä�Ô�ÄWÏjÂ[Å�Ä�Ë[Õ�ÌBÇ¡ÖDË�Æ�Ô1Ç

×�ØjÙ�ÚNÛ<Ø�Ü1ÚjÝ;ØDÞ<ß#Ù�àqØ�á�âäã/ånåqæ#ÛNçQÝzè1ã/ß#Ý;Û�Þ¸ázÝzÞné�ã/Ýzæ#Ø
J̃
ÙfÛ[Þ<ß�ÚNã/á;ÚDêná;éjÙ�àqØ�ß#ØDázá;Ø¢Ù#Û�æfßsØ�ë<ê,â Ýzá;Ù�Ùsã/ßfÝ;Ùmì}ã�Ù#Ù#ØDÞ<ß�á;ØNÙ

ÚjÛ�ÞhàQÝzßfÝ;Û[ÞnÙpí}î�×�ï-ð
1 ñ ØDßIí�î�×�ï2ð 2 ñDòQó Þêqß#ÝzázÝ;Ùsã/Þ<ß3áWØ2ì�ã/Ýzß5ëBênØ E(Zs) = 0 = E(z(α))

ØDß5ØDÞ£Ùfêqåqå�Û[Ùsã/Þ<ß
ëBênØSá;Ø�ôBØjÚDß#ØDênæ5àqØNÙ3ÚNÛ<Ø�Ü�ÚDÝ;ØDÞ<ßsÙ

c(α)
ØjÙfß5ànéDß#ØDæfè�ÝzÞqÝ;Ùfß#Ø[õnÛ�Þ ã�ö

E(J̃(α)) = E(cT (α)Js) = E(cT (α)(Fβ + Zs)) = E(cT (α)Fβ) + cT (α)E(Zs) = E(cT (α)Fβ)

E(J (α)) = E(fTα β + z(α)) = E(fTα β) + E(z(α)) = E(fTα β)×±ã�ÚjÛ[ÞnàQÝzßfÝWÛ�Þ�í�î�×�ï2ð
1 ñ Ýzè�å9Û[Ù#ØSàqÛ[ÞnÚ�á�âäéD÷Bã/ázÝ;ß#éSÙfêqÝzô[ã/Þ<ß#Ø�ö

F T c(α) = fαø±Û�ê[ùmÛ�êqæsÙ1ØDÞúÙfêqåqå�Û[Ùsã/Þ<ß�ëBênØáWØôKØjÚjß#ØDêqæ�àqØjÙ1ÚjÛcØ�Ü1ÚDÝWØDÞ<ß#Ù
c(α)

ØjÙfß1àqéDßsØDæfè6Ý;ÞqÝ;Ùfß#Ø£ØDß�ØDÞ�ênßfÝzázÝ;Ùsã/Þcß�áWã
ÚjÛ�ÞhàQÝzßfÝ;Û[Þ�í�î�×�ï2ð

1 ñ õQá�â�ØDæ#æ#ØDêqæ`û�ü ó (α)
ã[ÙfÙ#Û<ÚjÝ;éjØpã�ê£ý�æ#Ýz÷[ÝzÞq÷�êqÞqÝzôBØDæ#Ù#ØDá,ØNÙmß`éD÷Bã/áWØpþ�ö

û�ü ó (α) = E((J̃(α) − J (α))2) = E((cT (α)(Fβ + Zs) − (fTα β + z(α)))2)

= E(((cT (α)F − fTα )β + cT (α)Zs − z(α))2)

= E((cT (α)Zs − z(α))2)

= E((

ns∑

i=1

ci(α)z(αi) − z(α))2)

= E(
∑

1≤i,j≤ns

ci(α)cj(α)z(αi)z(αj) − 2

ns∑

i=1

ci(α)z(αi)z(α) + z(α)2)

=
∑

1≤i,j≤ns

ci(α)cj(α)E(z(αi)z(αj)) − 2

ns∑

i=1

ci(α)E(z(αi)z(α)) + E(z(α)2)

= σ2(1 − 2cT (α)Kα + cT (α)Cc(α))

,

åqêqÝWÙfë<ênØ¢åhã/æ�ÿ��<å�Û�ßfÿ��NÙfØ
E(z(α)2) = σ2 ò�� ÿnÛ�ÝWÙmÝ;æ�á�âäØjÙfßfÝzè1ã�ß#ØDêqæ�ázÝzÞhéNã/Ýzæ#Ø�Ùsã/ßfÝ;Ùmì}ã�Ý;Ùsã/Þ<ß�á;ØjÙ6ÚjÛ�ÞnàqÝzßfÝ;Û�ÞhÙí�î�×�ï2ð

1 ñ ØDßIí�î�×�ï2ð 2 ñ æ#ØDôcÝ;ØDÞ<ß2þ�æ#éjÙ#Û[ênàQæ#ØSá;Ø�åqæsÛ��qá��Dè1ØSà�âäÛ�åqßfÝzè�Ý;Ùsã/ßfÝ;Û[Þ£ÙfêqÝzô�ã�Þ<ßpö
α
ÑDÅ�Â[ÕhÅ�	�
<Ñ�¡Å�ÆfË�Ò���ÇDÆ

c(α)
Å¤ÇDÎ��jÒnÇpÊ����

(α) = σ2(1 − 2cT (α)Kα + cT (α)Cc(α))
ÏDË�Ä�Å Ô�Ä�ÕnÄ�Ô�Â�Î;Ç

ÏDË�Ò<ÏSÎzÂ¢ÐsË[ÕhÅ�Â�Ä�ÕhÅ¤Ç
F T c(α) = fα �

� ØSåqæ#Û��ná��Dè�Øpà�â�Û�ånßfÝzè6Ý;Ùsã/ß#Ý;Û�Þ£Ù#Û�êhÙ5ÚjÛ�Þ<ß#æsã/ÝzÞ<ßsØ�å9Øjêqß��DßfæsØ�æ#éNÙfÛ[ázê£ØDÞ£ÝzÞ<ßfæsÛ<àQêqÝ;Ùsã/Þcß3á;ØSáWã/÷[æsã�Þq÷[Ý;ØDÞ�ö
L(λ, c) =

û�ü ó (α)+2σ2λT (F T c(α)−fα) = σ2(1−2cT (α)Kα+cT (α)Cc(α)+2λT (F T c(α)−fα))

×�ØjÙSôKØjÚDßsØDêqæ#Ù
c
ØDß
λ
Ù#Û�ázêqßfÝWÛ�ÞnÙpàQê�åqæ#Û��ná��Dè�Ø�à�â�Û�åqß#Ýzè6Ý;Ùsã/ßfÝWÛ�Þ�Ùsã/ßfÝWÙ�ì}Û�Þ<ß1í}Û�Þ êqß#ÝzázÝ;Ù#Ø�á;Ø�ì}ã/Ýzßpë<ênØ

C
ØjÙfß

êqÞnØSè1ã/ß#æfÝ;ÚjØpÙ��cè�éDßfæ#Ý;ëBênØ ñ






∂L
∂λ

= 2σ2(F T c(α) − fα) = 0

∂L
∂c

= 2σ2(−Kα + Cc(α) + Fλ) = 0

×�Ø�ôKØNÚDß#ØDêqæ
[c(α) λ(α)]T

ÙfÛ[ázêqßfÝ;Û[ÞôKéjæfÝ��hØpàqÛ�ÞnÚ




C F

F T 0









c(α)

λ(α)



 =





Kα

fα







���������! #"%$'&�(*),+-.-0/1 32'465)8769;:<&=:>)35*) ?3@A?

BDC�E3F�G�E'HAG�IKJMLNFPORQ�S1J
λ T

c(α) = C−1(Kα − Fλ) => F T c(α) = fα = F TC−1Kα − F TC−1Fλ

⇒ λ = (F TC−1F )−1(F TC−1Kα − fα)U HAV>W�I'CXS1YZV[C�\�IZEZ]^FPC�]_J�FPC�W`G>FbaAS1IZcdV�e'S1IKYZf%H0FP]gV�Q�C�hAQ�C�]gS1Q�HAi%I T
c(α) = C−1(Kα − Fλ) = C−1(Kα − F (F TC−1F )−1(F TC−1Kα − fα))

j CkJMLNFPHA]1S1IZW`]1I'S1clIZW3h




c(α)

λ(α)



 =





C−1 − C−1F (F TC−1F )−1F TC−1 C−1F (F TC−1F )−1

(F TC−1F )−1F TC−1 −(F TC−1F )−1









Kα

fα





=





C−1 − (F TC−1)T (F TC−1F )−1(F TC−1) (F TC−1)T (F TC−1F )−1

(F TC−1F )−1(F TC−1) −(F TC−1F )−1









Kα

fα





=





C F

F T 0





−1 



Kα

fα





m LNFPa�aAS1Q3n6V[coFP]1V�Q�CXG�V[C�Y3FPV�S1I
J̃
I3W�]_JAQ�C�EKY'p%F�G�IKq T

J̃(α) = fTα (F TC−1F )−1F TC−1Js +KT
αC

−1(Js − F (F TC−1F )−1F TC−1Js) .r GRI3W�]`FPG>Q�S1Wsa�QtW1WgV[OAG�IDJAIuS1Y3YZE'SgV[S^I
J̃
h�E*v�I'S1E^vwYDWgQtH�WxG>FKyzQ�SgclI

cT (α)J h�WgQtH�WxH�C�I_y;Q�SgcoIDWgIZc{OAG>F�OAG�I|q J T
J̃(α) = fTα β̂ +KT

αC
−1(Js − F β̂)

U FPSdFPCwFPG>Q�ptV�Ith�G�Ioi.I3E']1I'H�S
β̂ = (F TC−1F )−1F TC−1Js

IZWg]bF�aAa�I'G�Y}IZWg]gV[c~FP]1I'HASbJAI
β ��� I'c~FPS1f%H�QtC�Wf�H�I8G�L�Y3E3FPSg]�]���a�I

σ2 C�L�V[C�]1I'S1i�V�I'C�]_awF�W_J�FPCwW�G�L�In�a�S1IZW1WgV�Q�CkJ�I8G�LNFPa�aAS1Q3n6V[coFP]gV>Q�C J̃ J�I8G>F�y;QtC�E']gV�QtC
J
awF�S

� SgV[ptV[C�p ��� Q�clclI�V[C�JAV�f%H�Y�a�S1YZEZYZJ�I'cdcoI'C�]3h�G�L�Y3E^vwFPC�]gV[G[G�Q�C�J�I�G>Foy;Q�C�EZ]gV�Q�C�JAYZ]1I'SgclV[CAV�Wg]1I
Js

I3W�] :��l����(
WgHAOwW�V�]gH�YKq Js

J�F�C�W`G�IZW�y;QtSgc{HAG�I3W`aAS1YZE3YZJAI'C�]^IZW �� a0FPSg]gV[S_JML H�C�Y3E^vwFPC�]1V[G[G�Q�CkJAI8]^FPV[G�G�I
ns
hAV[G�EZQtC�i�V�IZC�]�J�Q�C�EKJAIKE3FPG�E'H�G�I'S�G�IZW`c~FP]gSgV�EZI3W

F
h
C
I']
C−1 ha�HAV�WDG�I�i.IZE']1IZHAS

β̂
JAI�]^FPV[G[G>I

k � U QtHAS|E^v0F�f%H�IbY'i�F�G[HwFP]gV>Q�C�h0V�G�yzFPH�]|E3FPG>E'HAG�I'S|G�IZWDi.I3E']1I'H�S1W Kα
I']
fα � m Fy;QtSgc{H�G�I8JAI8S1Y'ptS^IZW1W�V�QtCkFPV�C�WgV�JAY�wCAV�I8I3W�]�G[V[C�Y#FPV[S1IKI'CXG�I3W�EZQ�cdaRQtW^FPC�]1I3W`J�I

Js
coF�V�W`C�Q�C�G[V[C�Y3F�V[S1I8IZC

α �m Ibi.I3E']1I'HAS
c(α)

Y']^F�C�]8J�YZW1Q�SgcoF�V�W8EZQtCAC�H�hMQ�C�a�I'H�]8E#FPG�E'HAG>I'S8I'n�aAG[V�EZV[]1I'coI'C�]8G>F}i�FPG�I'H�S8J�I�G�L�IZSgS1I'H�S
f�HwF�J6S*FP]gV�f%HwI8��� j

(α)
J�FPC�W`G�IKE3F�JAS1I8Wg]^FP]1V�W�]1V�f%H�IKJ6H � SgV[ptV�CAp T��� j

(α) = σ2(1 − 2cT (α)Kα + cT (α)Cc(α))

= σ2(1 − 2cT (α)Kα + cT (α)(Kα − Fλ))

= σ2(1 − cT (α)Kα − cT (α)Fλ))

= σ2(1 − cT (α)Kα − fTα λ))

= σ2(1 −KT
α c(α) − fTα λ))

= σ2

(

1 − [KT
α fTα ]

[
c(α)
λ

])

= σ2

(

1 − [KT
α fTα ]

[
C F
F T 0

]−1 [
Kα

fα

])
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®X¯�°<±0°;²�±´³0¯¶µ·°�²�¸�°�¯¶¹
º_»�¼A¼�½'¾>¿�À�Á_Â%Ã�½,Ä�»PÀ�Á_ÅZ½'Æ1Æ1½,»P¼A¼�Ç1¿�Å^Èw½8¾>»�É;¿�ÀwÅ'ÆgÊ�¿tÀ

µ
Á1½8Ç^ËZÄ6ÃAÊ[ÆDÌbÃAÀ�½KÅ3¿�À�ÁgÆ^»PÀ�Æ1½,ÌdÄAËZÆ1½'ÇgÍlÊ[À�½'Ç

½'Æ{¾<»XÉ;¿�À�ÅZÆgÊ�¿�À
z
½ZÁgÆ{¾�Î�Ë3Å3»PÇgÆ�½ZÀ�ÆgÇ1½~¾>»XÉ;¿�ÀwÅ'ÆgÊ�¿�ÀÏ»P¼A¼AÇ^¿�Å^È�Ë3½~½'Æ�ÅZ½ZÆgÆ1½~ÅZ¿tÀ�ÁgÆ^»PÀ�Æ^½tÐ�ÑÒ¾sÁgÃ6ÓoÆ�ÄMÎN»�¼A¼A¾[Ê�Â�Ã�½'Ç

Ä�»PÀwÁÔ¾�½ZÁÕÉ;¿tÇgÍ{ÃA¾�½3Á�Ä6ÃoÖ|ÇgÊ[×tÊ�ÀA×8Ã�ÀAÊ[Ø.½'Ç^Ág½Z¾A¾�½ZÁ�ÁgÊ[Íl¼A¾[Ê�Ù0Å3»PÆgÊ�¿tÀ�Á
k = 1

½ZÆ
f1 = 1

¼�¿tÃAÇ�¿tÚAÆ1½'ÀAÊ�Ç�Ä6ÃoÖ|ÇgÊ[×.Ê[ÀA×
¿�Ç1ÄAÊ[Àw»PÊ[Ç^½tÐAÛ�»�Ío»�ÆgÇgÊ�ÅZ½8Ç1½ZÅ'Æ*»PÀA×t¾�½

F
ÄA½ZØ�Ê�½'À�Æ�ÃAÀXØ.½3Å'Æ1½'Ã�Ç�ÅZ¿�¾�¿tÀAÀ�½KÌ

ns
¾�Ê[×tÀ�½ZÁ�¿tÜ�Å^Èw»tÂ%Ã�½8Å3¿�Íd¼�¿.Á1»�À�Æ1½

Ø�»PÃ�Æ �ÔÝ ÅZ½|Ø.½3Å'Æ1½'Ã�Ç�½ZÁgÆ`Àw¿�Æ1Ë
1
ÐwÞ6¿�Ê[Æ�ÙwÀw»P¾�½'Ío½'À�Æ

β =
1TC−1Js
1TC−11

J̃(α) = β +KT
αC

−1(Js − 1β)

ß'²�à#¹�¯¶áÔ³�â<¸Aà#°�³0²
ãDË'ÇgÊ[Ùw¿�À�ÁDÂ%Ãw½,¾�½{Ö8ÇgÊ[×tÊ[À�×}½ZÁgÆuÃ�Àä¼AÇ1¿�ÅZ½ZÁ1ÁgÃ�ÁD½åA»�ÅZÆDÄMÎ Ê[À�Æ1½'Çg¼R¿�¾>»PÆgÊ>¿�À�æ0ÅtÎN½ZÁgÆ|ÌoÄ6Ê�Ç1½{Â%Ãw½

J̃(αi) =
J(αi)

¼�¿�ÃAÇ
1 ≤ i ≤ ns

Ð�Û�»�É;¿�À�ÅZÆgÊ�¿�Àä»P¼A¼AÇ^¿�Å^È�ËZ½
J̃(α)

½ZÁgÆ_ÄAËÙ�ÀAÊ>½|¼w»�ÇKç

J̃(α) = cT (α)Js
¿�Ü

c(α)
Á^»PÆgÊ�Á�Éz»�Ê[Æ`¾�½ZÁ�Ä�½'Ã6åXÅZ¿�À�ÄAÊ[ÆgÊ�¿�ÀwÁ`ÁgÃAÊ�Ø�»PÀ�Æ^½ZÁKç







F T c(α) = fα ⇐⇒














f1(α1) f1(α2) . . . f1(αns)

f2(α1) f2(α2) . . . f2(αns)

ÐÐÐ ÐÐÐ ÐÐÐ ÐÐÐ

fk(α1) fk(α2) . . . fk(αns)



























c1(α)

c2(α)

ÐÐÐ

cns(α)














=














f1(α)

f2(α)

ÐÐÐ

fk(α)














è�Þ�é
(α) = c(α)TCc(α)T − 2c(α)TKα + 1 ≥ 0

½ZÁgÆ�ÍdÊ[ÀAÊ�Ío»P¾
Û�¿�Ç1Á1Â%Ã�½

α
¼AÇ^½'À�Ä�ÃAÀ�½KØt»P¾�½'ÃAÇ_¼0»PÇgÆgÊ�ÅZÃA¾[Ê�ê'Ç1½

αi
æ�¾�½KØ.½ZÅ'Æ^½'ÃAÇ

δi = [0 . . . 1 . . . 0]T
»3ë�»PÀ�Æ_Æ1¿�Ã�Æ1½ZÁuÁg½3Á

ÅZ¿�Íl¼�¿tÁ^»PÀ�Æ1½ZÁlÀ�ÃA¾�¾�½ZÁoÁ^»PÃ6É8¾>»
i ì í<î6ï ÅZ¿tÍd¼�¿.Á1»�À�Æ1½�Â�ÃAÊ_½3Á�Æ~Ë'×%»�¾�½kÌ 1

Á^»PÆ1Ê�Á�Éz»PÊ[Æo¾>»�¼AÇ^½'ÍdÊ�êZÇ1½�ÅZ¿tÀ�Ä6Ê[Æ1Ê�¿�À�Ð
ãDË'Ç1Ê�Ùw¿�ÀwÁ`Â�Ã�Î Ê[¾�Ø.Ë'ÇgÊ�Ù0½8Ë'×�»P¾�½'Ío½'À�Æ`¾<»bÄA½'ÃAå�Ê�ê'Ío½dç

δTi Cδ
T
i − 2δTi Kαi

+ 1 = Cor(αi, αi) − 2Cor(αi, αi) + 1 = 0

¼AÃAÊ>ÁgÂ�Ã�½
Cor(αi, αi) = 1

ÐAðbÎ�¿�Ü�¾>»�¼AÇ^¿�¼AÇgÊ>Ë'Æ1Ë|Ç1½3Å^È�½'Ç1Å*È�ËZ½

J̃(αi) = δiJs = J (αi) = J(αi)

ñ ¸wâ<ò�ó�âxµ�¹�ôlá�¸�¯¶¸�õ÷ö%à#¯¶¹�ô
θ ø σ ø p µ�¹äâ�¸�ùÒ³�²�òtà¶°<³�²úµ·¹kò.³�ûA¸�¯P°<¸w²�ò%¹kµ�¹!âýü�þ�ò%¸A¯#à

Û�½3Á�É;¿tÀ�Å'ÆgÊ�¿tÀ�Á
fj , 1 ≤ j ≤ k

½'Æ�¾>»�É;¿tÇgÍl½KÄA½8¾<»�É;¿�À�Å'Æ1Ê�¿�ÀkÅZ¿�Ç1Ç1Ë'¾>»PÆ1Ê�¿�ÀkË'Æ^»�À�Æ_Å^È�¿tÊ�ÁgÊ�½ZÁ3æAÊ[¾�Ç1½ZÁgÆ1½,Ì
ÄAË'Æ^½'ÇgÍdÊ�À�½'Ç�¾�½ZÁ�¼w»PÇ^»PÍoê'ÆgÇ1½3ÁKç

σ2 æ θ = [θ1 ... θns ]
æ
p = [p1 ... pns ]

æA½'Æ
β = [β1 ... βk]

Ð�Û�½8¼AÇgÊ[À�ÅZÊ[¼�½KÄA½
ÅZ½8Å*È�¿�Ê�å�»bÄAË�ÿgÌbË'Æ^Ë8ÄA¿tÀAÀ�ËK»�Ã�Å^È0»P¼AÊ[ÆgÇ^½ � Ð��D¿�Ã�Á`¾�½KÄAËZÅ'Ç1Ê[Ø.¿�À�Á�Ê�Å'Ê�½'ÀkÄAË'Æ^»�Ê[¾�Á3Ð

�Õ¿�Ã�ÇÕÅ*È�¿�Ê�ÁgÊ[ÇÔÅZ½ZÁÕ¼w»PÇ*»PÍlê'Æ1Ç1½ZÁ3ætÞA»�Å���Á3æ��÷½Z¾�Å^È�æ�èkÊ�Æ1Å^È�½'¾[¾A½'Æ��÷ë�ÀAÀ	� �3�.��
 ¼AÇ1¿�¼R¿tÁ1½'À�ÆÕ¾>»uÆ1½ZÅ^È�ÀAÊ�Â%Ãw½sÄAÊ[Æ1½
Ä6Ã~Ío»¶å6Ê[Í{ÃAÍ ÄA½_Ø�Ç*»PÊ�Á1½'Í{Ú�¾>»PÀ�ÅZ½������������������� �!��"$#&%'"�#(���)�*#(�,+$-��.��% /�½'À »PÀ�×t¾>»PÊ�Á3Ð�0s¿�ÀAÀ0»PÊ�Á1Á^»PÀ�ÆxÃAÀ
½'À�Á1½'Í�ÚA¾�½bÄ�½�Ç1Ë3»P¾[Ê>Á1»�ÆgÊ�¿�À�Á8ÄA½�¾<»oÉ;¿�À�ÅZÆgÊ�¿�À J æ�Ê�¾ÔÁZÎ »P×tÊ[Æ8ÄA½bÆgÇ1¿�ÃAØ%½'Ç|¾�½ZÁ|¼w»PÇ*»PÍlêZÆgÇ1½ZÁ8Ä6Ã�¼AÇ^¿�ÚA¾�ê'Ío½ZÁ8Â%ÃAÊ
Ío»På�Ê[ÍdÊ�Á1½'À�ÆÕ¾>»D¼AÇ1¿tÚw»PÚAÊ�¾[Ê[Æ1Ë`ÄMÎ�¿�Ú�Æ1½'ÀAÊ[Ç�ÅZ½ZÁÔØ�»P¾�½'Ã�Ç1Á3Ð�1uÃAÆgÇ1½'Ío½'À�Æ�Ä6Ê[Æ#æPÊ[¾�Á3ÎN»P×tÊ[Æ�ÄMÎ�¿t¼AÆgÊ[ÍlÊ�Ág½ZÇÕ¾>»D¼AÇ^¿�Úw»PÚAÊ�¾[Ê[Æ1Ë
ÅZ¿�ÀwÄ6Ê[ÆgÊ�¿tÀAÀ�½'¾[¾>½

P (J1, ...,Jns |σ2, θ, p, β)
Ðwé�ÀäÁgÃA¼A¼R¿tÁ^»PÀ�ÆuÂ%Ãw½K¾�½ZÁu¿�Ú�Á1½'Ç1Ø�»PÆgÊ�¿tÀ�Á J1, ...,Jns

Á1¿�À�Æ_Ê[ÀwÄAË!�
¼�½'ÀwÄ�»PÀ�Æ^½ZÁ`½'Æ�Â%Ã�½|¾�½|¼AÇ^¿�ÅZ½ZÁ1ÁgÃ�Á`ÁgÆ1¿�Å*Èw»�ÁgÆgÊ�Â�Ã�½|ÍdÊ�Á`½ZÀ�ÿg½'ÃX½3Á�Æ328»PÃwÁ1Á�Ê�½ZÀ�æAÅZ½'ÆgÆ1½|¼AÇ^¿�Úw»PÚ�Ê[¾[Ê[Æ1Ë8½ZÁgÆ�Ë'×%»P¾�½KÌ
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`.a�b
= P (J1, ...,Jns |σ2, θ, p, β) =

ns∏

i=1

P (Ji|σ2, θ, p, β)

=
1

(2πσ2det(C))ns/2
exp(

−(Js − Fβ)TC−1(Js − Fβ)

2σ2
)

bdc)e?fAcgfAh�i�jlk?m6n�oghqp�r�s_h�i�tUsun\cgsqp�r3sut�vwmgj�t8xAt�yKfHk9n�c)c{z|n�m�yut�v}t8sKr~m�i�sqx�rAyKyKr�,n�c�xAyut8n�c�k?v�i�tUs_sKn�c�j8n�e?i�hKt�yu��v�r
i�m�m6rAj8f��,n�c�xAyut8n�c�j8n�e��l�*h�i�t8sKrAv���jUi�c�x�rPrAy~fAe?i�jUr�� ^

ln(
`<a{b

) =
−1

2

(

ns ln(σ2) + ln(det(C)) +
(Js − Fβ)TC−1(Js − Fβ)

σ2

)

bdc�e?fAcgfAh�i�jlk�j8r�s�m�i�hDi�v}�AyKhKr�s
pi, 1 ≤ i ≤ ns

sKn�c9yFx���n�t8sut8sFfAe?i�o����
2 � a{r$sPm�i�h�i�v��AyuhKr�s σ2, θ, β

sKn�j�o��
yKt8n�cgsqp�o)m�hKn\��j8�Av�r3p�r3v�i���t�vwt8s�i�yKt8n�c�pgr~jUi��,n�cgx�yut8n�c

ln(
`.a�b

)
p�n�t��?rAc9yqs�i�yKt8s��(i�t�hKr3j8r�s_yuh�n�t8sqx�n\cgp�t�yutUn�cgs

suo�t8��i�c9yKr$s ^

(1)
∂

∂β
(ln(

`.a�b
)) =

∂

∂β
((Js − Fβ)TC−1(Js − Fβ)) = 0

⇒ βmax = β̂ = (F TC−1F )−1F TC−1Js

(2)
∂

∂σ2
(ln(

`.a�b
)) =

∂

∂σ2
(ns ln(σ2) +

(Js − Fβ)TC−1(Js − Fβ)

σ2
) = 0

⇒ σ2
max =

1

ns
((Js − Fβ)TC−1(Js − Fβ))

(3)
∂

∂θ
(ln(

`<a�b
)) = 0

� c<hKrAv)i�hK�?o�r�yKn�o�y�p{z|i��6n�h�p<�?ogr�j8r$s3m�i�h�i�v��AyuhKr�s
β
r�y
σ2 sKn�c9y�pgf�x�n�o�mgj8f�s�rAy3�,n�c�xAyut8n�c�p�r θ � a�r�m�hKn���gj8�Av}rFp�z�n�m�yKt�vwt8s�i�yKt8n�c�hKr��9t8rAc9y3p�n�cgx���yuhKn�og�HrAhj8rPmJi�h�i�v��AyuhKr

θ
x�n�cgp�o�t8s�i�c9y���jUi���i�j8rAo�hv)i��*t�v)i�j8r�pgr

jUiF�,n\cgxAyutUn�c�jUn�e��l�*h�i�t8sKrAv���jUi�cgx$r ��� r�v�i�hK�9ogn�cgs�fAe?i�jUrAv}rAc*y��9ogr�jUi�v}fAyu��n9p�r�p�o�v�i���t�v�o�v�pgr3�*h�i�t8sKrAvw�
�gjUi�cgx�r~rAydjUiPv}fAyK�gn9p�r��,��a{�� q¡�x�n�c�p�o�t8sKrAc*y_i�o}v�¢Av}r

β � � c}yuh�n�o��HrHkHrAc}t8c�£�r�xAyDi�c9y βmax rAy σ2
max

pgi�cgs
jUi��,n�c�xAyut8n�c

ln(
`.a�b

)
�?ogr�jSi���i�j8rAo�h

θ
��xD�gn�t8sut�hr$suy ^

θ = ¤ hue\v)i��
[−1

2

(
ns ln(σ2

max) + ln(det(C))
)
]

= ¤ hue\v}t�c



det(C)

1

ns σ2






 �n�ogh�j8rP¥Phut�e\t8c�e}n�h�p�t�c�i�t�hKr�j8r$sp�rAo���m�hKrAv}t8�AhKr�s��,n�huv�ogj8r�ssKn�c9y��t8rAc¦s�§gh~��h�rAvwmgjUi�x�rAhm�i�h

σ2 =
1

ns
(Js − 1β)TC−1(Js − 1β) β =

1TC−1Js
1TC−11

a&i	v)i�yuhut8x$r�p�r�x$n���i�hutSi�cgx�r
C
yKr�cgp¨��¢�yuhKr�pgr}v}n�t�c�s�rAc©v}n\t�cgsF��t8rAcªx�n�cgp�t�yut8n�cgcgf�r)i�o��«o�h�r�y��	v}rA�

suo�h�r��?o�r�j8r$s�m6n�t�c9y�s
αi
k
1 ≤ i ≤ n

k¬sur�h�i�mgm�hKn9xD�grAc9yPp�r�jz�n�m�yut8v�o�v Y V$Z�V!] � �3cgr�v)i�c�tU�AhKr�p{z|i�v}f�j�t8n�hKr�hj8r}x$n�cgp�t�yKt8n�c�cgr�v}rAc*y�pgrwx$rAyuyKrwv�i�yuhut8x�r}r�suyFp�z�f��9t�yKrAh�jUi���i�j8rAo�h [ k�m©r�suy�i�j8n�h�s�x��gn\t8sutdp�i�cgs�jlz t�c9yKr�hu��i�j�jUr
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[0, 1.99] È
ÉdÊ�ËKÌ�ÍuÎ�Ï}ÌHÐJÑ6Ò\Î�Ë�ÓgÌ!ÔgÊ�Õ�ËPÖ�Ò�Ï}Ñ�×8ÌAØ�ÙAÏ}ÙAÊ*Ø�×UÚ�Û,Ò�ÊgÖ�ØuÕ8Ò�Ê�Ó�Ù�Ö$Ò�Ü�Ú�ËKÕUÚ�ÊgÖ�Ù

Cov Ý Ö�ÞgÒ\Õ8Í�ÕUÙ�ÍKÒ�ÎgÍ�×UÚ}Û,Ò\ËuÏ}Ù
σ2

nf∏

i=1

e−θi|α1i−α2i|
pi ß Ð6×8Ù$Í�Ñ�Ú�Ë�Ú�Ï}àAØuË�Ù�Í σ2 Ð θ = [θ1 ... θns ]

Ù�Ø
p = [p1 ... pns ]

ÓgÒ�Õ�ÜHÙAÊ*ØPáAØKËKÙ�ÑgËKÌ�ÖAÕ8ÍKÌ�Í È
â'ã|Ú�Ñ�ÑgËKÒ9Ö�Þ�Ù Ý,ä â�å3æ ß ÊgÙÑ6ÙAËuÏ�ÙAØ'Ñ�Ú�Í'ÓgÙÖ�Ú�×8ÖAÎg×8ÙAË_Ö�Ù�ÍdÑJÚ�Ë�Ú�Ï�àAØuËKÙ�Í$Ð?Ö�ÙAÎ�ç9èÖAÕJÓ�Ò�Õ8ÜHÙAÊ9Ø_áAØuËKÙ�Ô�ç�Ì�Í_Ú�Î}ÑgËKÌ$Ú�è×UÚ�ég×8Ù È ÉdÊ�ËKÙAÜ�Ú�ÊgÖ�ÞgÙHÐ�×lã|Ú�Ñ�Ñ�ËKÒ9ÖDÞgÙ'ÛlÚ�Õ8Í�Ú�Ê9ØdÚ�Ñ�Ñ¬ÙA×�Ú�Î�Ï�Ú�ç*Õ�Ï�ÎgÏêÓ�ÙqÜ9Ë�Ú�Õ8ÍKÙAÏ�é�×SÚ�ÊgÖ�ÙqÑ6ÙAËuÏ�ÙAØ Ó�Ù_×8Ù$Í�Ö$Ú�×8Ö�Î�×8ÙAË
Ý ×8Ù}ÜHÙ�ÖAØ�ÙAÎ�Ë p Ù�ÍuØFÖ�Ù�Ñ6ÙAÊgÓ�Ú�Ê9Ø�ÍuÒ\Î�ÜHÙAÊ*ØPÔ�ç�Ì)Ú�ÑgËuÕ8Ò�ËuÕ ß È{ë Ò�ØKÒ�Ê�Í�ØKÒ�Î�ØKÙAÛ,Ò�Õ8ÍFì9ÎgÙw×UÚ	Ü�Ú�ËKÕUÚ�ÊgÖ�Ù σ2 Ê{ã Õ�Ê*ØKÙAË�èÜ9Õ8Ù�Ê9Ø�ì?ÎgÙ�Ó�Ú�ÊgÍ3×lã�Ù!ç*ÑgËKÙ�ÍKÍuÕ8Ò�Ê<Ó�Ù�×lã�ÙAËuËKÙ�Î�Ë�í�î�ÉïÏ)Ú�Õ8Í3Ñ�Ú�Í�ÓgÚ�ÊgÍ3×8Ù�Ö$Ú�×8ÖAÎ�×ðÓgÙF×lã|Ú�Ñ�ÑgËKÒ$ç*Õ�Ï)Ú�ØuÕ8Ò\Ê.×�Õ�ÊgÌ�Ú�Õ�ËKÙ
J̃ È9ñ Õ�Ê�Ú�×UÙAÏ}ÙAÊ*Ø$Ð?×UÚ�Ï�ÌAØuÞgÒ*Ó�Ù Ý,ä â�å3æ ß ÊgÙ~Ñ¬ÙAËuÏ}Ù�ØqÓ�Ù3Ö�Ú�×8ÖAÎ�×UÙAËqì?ÎgÙ3×8Ù�ÍqÖ�Ò9Ù!ò)ÖAÕ8ÙAÊ*ØKÍqÓ�Ù~×lã|Ú�Ñ�Ñ�ËKÒ�ç*Õ�Ï�Ú�ØuÕ8Ò�Ê×�Õ�ÊgÌ�Ú�Õ�ËKÙ
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2 ¬x ® ¬x ® ¬x ® 2.3 10−3¦9�8�;§^�4¨8©`�ª�7���*�s«��{�
4 ¬x ® ¬x ® ¬x ® 2.1 10−3¦9�8�;§^�4¨8©`�ª�7���*�s«��{�
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∑
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(
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100 ¾

Ù¡Ú�ÛdÜ^Ý�ÞUÝ�ß.ÛIà�Û�áYâ%Ú[ãUÜ^ä`Ý�ß^äIåUæWÛdà7Ûdä
çÏË µ7�¹��� � � � �7��Å^µ*��«��s�*�¡�@�b� Î ���Ä�{�d���I�bµ¹�*�Ä�*�sµ*�{�8�*�d�Á£�´M¶Ä· ¥ £��BÀ Õ «�µ7�{� °*¾ ��¥ � � ��� ¬ � � « � �7«ª� � ©¹�7���£��BÀ Õ «�µ7�{� °4¾Ô³ ¥ �¡�8�*�7µ � �{�s� � �bµ7ÉÏ©¸� � �;���¡µ7�{�
�@�¡��µ7� � � � � ¾ ���¡���7�¡µ�É¹©`�^�*�s���¡�Ä�b�7�7�@�^�@�*�¡�!�@� ��� �,À��8� � ���Á�¡� �;� �s�@�

C2
�s�Q�I§.�b� � �@�¡�¡�8µ*�{��Æªµ7�>�*�8©�Ð*�{�M�@� � �{�8�7�4�8Ð7���F�0ËÔ�sÅ8�b�;µ%� ��� ���*�Ä�BÉ7�8� � �¡� ¾ ¢
�Ã�{�sÅ��b�*�@�4� Î �{�sµ7�������M�{�¡�{�d�8µ�*�Ã�*�sµ7�{���*�¡�Ò£�´M¶�· ¥ � � �W���,µ*�,À��8�¡�>�*�Ã�{�s�����*�{�Ã���8�;§^�4¨8© � �8���>�7�>�7�s«��{�

8
�{�¡µ*�{� � ���{�s� � Æ��{� ��� �,À�� � �{�Ã���

�¡� �;� �s�{�
C3

�IÅ��¡�¯µ*�Ò�*��©�Ð7�{���@� � �{�8�*�4�bÐ7�����0ËÌ�¡Å8�b�;µ4� ��� �8�4�(�sÉ7�8� � �¡� ¾Â��¡�¯Å�µ*�¡���s�è�¡��µ7���¹�7�Ï���¸À����*� ��� �8�é�sÉ7�8� � �'£��d�8µ7���d�
α1 =

�¡�8�4� � �b� � �¹�8µ
α2 =

�¡�8�*� � �8� � �¹��µ7�¯�W�
Õ «�µ7�{� °*¾   ¥ ��� � µ7�*��À��8�{©`�(Ð��d�bµ4�¡�8µ7�`�7��µ*�
�¡�8©`�7� � Ê^µ*�¡�ÁÊ.µ*�Á�7�Á� � ©¹�*���¡�2�%�b�@�bÐD�8���¡� ¾ Â��²À����*� ��� ���`�sÉ7�8� � ��4�Ã���sµ � �7���*�Ã�4���Ïê � �{�Ò�b�7�7�{���@�*�¡�Q�7�Ã©Ã�b� � �¡�{�>��µ Ö �{�8©¹©`�¡� � �7�@�¡� � �{�Ã�%�b�Çµ*�ë���8��§^�*¨8©¸�>��µì�7�s«��@�
�*�sµ�É ¾ Â�ËÌ��Ð*�{�s��Å8� �{� �8�Ò�7�d���d�8µ7��ÐD�¡���d�8���{�¡���D�8�*�*�8� � �bµ�ÉQ�,µ*�,À��8�¡�d���*�²�{�s�����*�{�²���8�;§��*¨8© � �b���¡�(�7�¯�*�s«��{� 4� �

6
�¡�8�*��µ �;� Æª����©¸ês©`�F�¡���*�s�;µ4� � �8� ¾ � �4À��bµ � �bµÃ©¸� � �*�!µ7�Ã���8�;§��*¨8©¸�M�*�M�*�s«��{� 8

�D�8µ7�!�4�b�{Å��s� � ��Æªµ7�4�
�*�{�¡� � � � ���'��µ Ö �@�b� � � ¾Â��¯À��8�*� �{� �8�Ã�b�*�7�{�^�v�*�¡�Á�d�8���sµ7���d�(�4�b�
���(�{�¡�{�d�bµ¸�*�(�*�sµ*�{�8�*�¡�F£�´M¶�· ¥ �*�Á�7�¡���s�*�¸Ê.µ*��À�� � Ð7���s©¸�s� � �*�
��ËÔ�¡�@�4�8� ��� �;�����7�4�b«.� � � ����� �b� ¾ ç²�¡µ�É¸�@�¡�{�d�bµ�É>�7�F�4�sµ7�{�8�4�¡��£���¦ ¥ �8� � � � �²�¡���*� � �7�s�{�d� Î ���F�7�@�s© � �¡�(�dÅ��d�Fµ7�4�
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l'm,n�o8p%qsr)t�t�u�m,v[w�x y i z|{ x"u[r {$} m�~�� y�� z|{ x"u+r {$} m�~�� y�� z|{ x"u+r {$} m�~�� ��� i0�J�J�
�1u }D��} ~ � � }D� t�p%q ���

25
���

62
�1�

170 3.7 10−4

�1u }D��} ~ � m�u�n } ~�r } u�q ���
25

���
62

�1�
170 3.7 10−4

�1u }D��} ~ ��� ~ }D� q"u+�$q8p��
f1
α

� ���
28

���
65

�1�
65 3.6 10−4

�1u }D��} ~ ��� ~ }D� q"u+�$q8p��
f2
α

� ���
28

���
65

�1�
65 3.6 10−4

������������������q"uB�gm�u � r)~�v8q8�=n�q8� � m,n�o8p%q8�=n�q1u+x � u�q0�$� } m�~7t�r)uH�1u }D�J} ~ � �

l'm�n�o"p%q�r)t�t�u+m,v+w�x y i z { x"u+r {�} m�~�� y�� z|{ x"u[r {$} m�~�� y�� z|{ x8u+r {$} m�~�� ��� i0���J�
�?~�u } v[w } ����q � q"~ {

B2
�1�

28
���

65
���

65 3.6 10−4

�?~�u } v[w } ����q � q"~ {
B2′

�1�
28

���
57

���
57 4.1 10−4

�������������1��¡Hx � u�q0�$� } m�~�t�r)u@�1u }D��} ~ �¢� ~ }D� q8u���q"p£r � q0v=�gm�~�v {�} m�~�n�qHu+x � u�q0�$� } m�~�tOm�pD¤,~�¥ ��} r�p%q�n�q�n�q � u�x
1
�

v0m � v+w�q5v0r�v+w�x8q1v8m � tOm�u { r)~ { v } ~�¦K~�q � u�m�~�q8��q { p%q5n�q �c§c} o � q5r � q8v � ~�q1v8m � v+w�q1v�r�v+w�x0q1v8m � tOm�u { r�~ { n }¨§
~�q � u�m�~�q8�0�W©Rq=t�u�q �K} q"u@rs¦ � r�� }D� q8~ {�ª q8��m } ~�n�q=pFr { m { r)p }D{ xHn�q=pFrsn } ��v"u�x {$} ��r {$} m�~

21×21
n � n�m � r } ~�q Dt£m � u��+r {$} �«�;r } u�q�p%q�v8u }D{ o"u+q

C1 ¬ q { p%q���q8v0m�~�n�u+q8¦ ��} q8u {�«� ��¦ �R®�¯ 200
x � r)p � r {$} m�~���q § r�v { q8�0��° } v8q8�@u�x8��q0r �c§

t_r)u �,} q8~�~�q"~ {�¯ p%m,v�r)p } ��q"usp%q8�sm�t {$}D� r � p%m ª r ��§ r �±ª m ��{ n�q
42

x � r)p � r {$} m�~���q § r�v { q8� ¬ } p²~�q³u�x � ��� } �$��q"~ {t_r��=q"~7u�q � r�~�v+w�q ¯ p%m�v0r)p } ��q"u=p%q8�=m�t {$}D� r´p%m�v0r �c§ ��µ1q1t�p � � ¬ p ® q8u$u�q � u � m�¤Wq"~�~�q1~�q � r)u } q1t�p � � ª q0r � v8m � tn�q1pFr � r)p%q � u
2.4 10−3 ¯ t_r)u {$} uHn ® � ~�q ª r��$qsn ® x8v[w�r)~ {�} pDp%m�~��=n�q { r } pDp%q 50

�
y ® q8� { pFr � x { w�m�n�q5n � �1u }D��} ~ � � }D� t�p%q5¦ ��} ¬ r)t�u�o8� � ~6~�m �¢ª u+q�¶ § x5n ® }%{ x"u+r {�} m�~�� ¬ v8m�~�n ��}D{H¯ pFr´t�p � ��·r }Dª p%q�q"u�u�q � u � m¸¤Jq"~�~�qJ��y�q"tOq8~�n�r)~ { ¬ q8pDp%q�~�q�v8m�~�n ��}D{ t�r���r �¹� m,n�o"p%qºr)t�t�u�m,v+w�x�p%q�t�p � �´q»�v0r�v8q�q8~

� r {$} o8u�q5n�q5p%m,v0r�p } �+r {$} m�~7n�q8�=n�q �c§�� r §�}D� rc�

¼¾½J¿¸ÀRÁÃÂ�Ä,ÅKÂ�ÄTÆ6Ç)ÈÊÉ_ÈgËRÉÍÌ�ÎgÏRÅKÐWÑ�Ð�Ë�ÒJ½,Ä
Ó�m � �´x {�� n } m�~��´n�r)~��´v0q {${ q�t�r�u {$} q�p%q ª x"~�x¶�v8q�¦ � q�p ® m�~¹tOq ��{ r � m } u ¯Ô��{$} p } ��q"u � ~�q � x { w�m,n�q

n�q´�1u }D�J} ~ � m�u�n } ~�r } u�q´m � n�q´�1u }D��} ~ �º� ~ }D� q"u���q"p ¯ pFr�t�pFr�v8q³n � �1u }D��} ~ � � }D� t�p%qJ�O��m � u�pFr � x { w�m,n�q´n�q
�5u }D��} ~ � m�u�n } ~�r } u�q

fα = [1]
�cµ1q �c§ �gm�~�v {$} m�~���n�q�u�x � u+q8��� } m�~ºm�~ { x { x1v8m�~�� } n�x"u�x8q8��tOm � u�p%q1�1u }%��} ~ �³� ~ }DÕ

� q"u���q"p ¬ pFrKt�u�q ��} o"u�q¢q0� {�� ~�qs�gm�~�v {$} m�~'tOm�pD¤,~�¥ ��} r)pFq¢n�q´n�q � u�x 1 ¬ m�~Ör�r)p%m�u+� fα = f1
α = [1, α1, α2] ¬

p	r
��q8v0m�~�n�qsq8� {=� ~�q1�gm�~�v {$} m�~7tOm�pD¤,~�¥ �K} r)p%qsn�qsn�q � u�x

2 ¬ n�r)~��Hv8q5v�r�� fα = f2
α = [1, α1, α2, α

2
1, α1α2, α

2
2]
�

©�r5�;r�×8m�~�n�m�~ { v0q8� � m,n�o8p%q8�@�+r {$} �B�gm�~ { p%q8�@v8m�~�n }D{$} m�~��
C1 ¬ C2

q {
C3

q8� { u�x0� ��� x8q�n�r)~���p%q { r ª p%q0r � �������
©Øq0��tOq"u$�gm�u � r)~�v8q0�Kn�q7v0q8� � x { w�m�n�q8�Ùn�q7�1u }D�J} ~ � t�p � �Kx"p	r ª m�u+x8q8�K��m�~ { �$q �¢ª pFr ª p%q8� ¯ v8q"pDpFq8�Kn�q

pFr � x { w�m,n�q³pFr�t�p � �s� }%� t�p%q7�;�1u }D��} ~ � � }D� t�pFq � n�r)~��1p%q�v�r�ncu�q�n�q³~�m { u�q�v�r�� { q8� { ¬ ¯ p ® q § v8q"t {�} m�~Ún�q³p	r
v�r)t�r�v }D{ x ¯ p%m,v�r)p } ��q"u5n�q��·r�×8m�~Öt�u�x8v } ��q¢p%q0�1n�q �c§'� r §�}D� r ¬ tOm � u�pFr�¦ � q"p%p%q´v8q0� � m,n�o"p%q8�1��m�~ { t�p � ��tOq"u Õ�;m�u � r�~ { �0�

©Øq�v0r�p%v � p£n�q�p ® q"u$u�q � u@l±°��¹t£q ��{�Û"{ u�q ��{$} p } ��xHtOm � u�x"pFr ª m�u�q"u � ~�q�� { u+r { x �J} q�n ® q"~�u } v+w } ����q � q8~ { n�qHp	r
ª r���qsn ® x8v+w�r�~ {$} pDpFm�~��H��q"~�� }%ª p%q � q"~ { n }¨Ü x8u�q"~ { q����?~'q Ü q { ¬ p ® x { r�tOq B2

tOq ��{�Û"{ u�qsu�q � t�pFr�v8x8qst�r�u=p ® x { r)t£q
B2′ Ý
B2′

Õ � } ~�m�~¹¦ � r { u�qÙt£m } ~ { ���gn�qÙp ® x8v+w_r)~ {$} p%p%m�~�~�r � q�v8m � t�p%q {
21 × 21

n � n�m � r } ~�q D � tOm � u¢p%q8��¦ � q"p%�p ® q"u$u�q � u=lÖ°c�Þq8� {�� r §�}D� r�p%q5��m�~ { r  m ��{ x8� ¯ p	r ª r��$qsn ® x8v[w�r)~ {$} pDp%m�~��0�
y@q {${ qÙ� { u+r { x ��} q�r7x { x { q8� { x8q�r � q8vKp	r � x { w�m,n�qÙn�qÙ�1u }%��} ~ �Ô� ~ }D� q"u+�$q8p ��{$} p } ��r�~ {�� ~�qK�gm�~�v {$} m�~ßn�q

u+x � u�q8��� } m�~Ùt£m�pD¤,~�¥ ��} r)pFqHn�qHn�q � u�x
1
�
f1
α

� �W©�rsv8m � t�r)u+r } ��m�~�r � q8v=p	rs� { u+r { x �J} q
B2

q8� { u�x0v0r)t }D{�� p%x8qHn�r�~��
p%q { r ª p%q0r � ����������m � u � ~�q�u+r } ��m�~à~�m�~ } n�q8~ {$} ¶_x8q ¬ p	r'� { u+r { x ��} q B2′

v8m�~�n ��}D{K¯Ô� ~�q�q8u$u�q � u � m¸¤Jq"~�~�q
r�t�u�o8�

100
x � r)p � r {$} m�~��´q § r�v { q8�´� � tOx"u } q � u�q ¯ v8q"pDp%q�n�m�~�~�x0qÙt�r)u¢p	rÔ� { u+r { x ��} q

B2
���?~ßu�q � r)~�v+w�q ¬ q"pDpFqt£q"u � q { n�q5p%m,v0r)p } ��q"u�t�p � ��u+r)t } n�q � q8~ { p%q0� � r §�}%� rc�

�?~c¶�~ ¬ n�q8� { q8� { ��m�~ { x { x=q Ü q0v {$� x0�?¦ � r)~ {@¯ p ® } ~cá � q8~�v8q=n�q�pFr � r)p%q � u�n � v0m,q»Ùv } q"~ { θ r)t�t_r)u+r } �$�+r)~ {n�r)~��²p	r��;m�~�v {$} m�~Ùn�q=v8m�u$u+x"pFr {$} m�~Ø�J��m � u?p%q8�?u�x8� � p { r { �²t�u+x8��q"~ { x8��v }¨Õ n�q8��� � � ¬ pFr � r�p%q � u 2.84
r1x { x ��{$} p } ��x8qJ�
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θ ; �����%ü&)�� ��²ý�� �1����ü�� ; ��ýDý%ü [2 10−5, 5]
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Ñ × Õ1ÛPã Ø�× Ð�Ï'Û × Ú�Ñ Ø'Ù3× Ú
Ù ÚPÑ Ø Ò�Ñ�Ó�Ò Ù ÚQÒ æ Ü
ß�Ó�Õ1Ò1Õ1Þ × Ú Ø Ü × Ï�Ü�Ò Ø Ô�Û�Õ�ß$Ó�ÚPÔ�Û Ø Û�Õ�ß$Ó�Ú'Ý:Ð æ Ú
Ô�ÛRã Ø ÔRÒ Ø ã�ë Ø Ô�Ú × Ü
Ú�Ò1Ò�Ú�à,Ú�Ð�Û Ù Õ1à,Ú
Ð�Ô�Õ�Ï Ð�Ð Ø Ð$Û�ÚQã�Ï Ó ×Ò Ø Ô�Û × Ó�Ñ�Û�Ó × Ú'Ý Ù Ï'Ð$ÛPÒ�Ú�ÔPÑ Ø�×#Ø Ñ
Û�Ü × Õ�Ô�Û�Õ�ß$Ó�Ú
ÔVÔ�Ï Ð$ÛVÚ
Ð × Ú�â Ø Ð�Ñ#ë!Ú Ù Ü�Û#Ú × à8Õ1Ð!Ü
Ú
ÔPã Ø × Ò�Ú
ÔPã�ë Ø Ô�Ú
Ô Ù Ú Ù Ü�Ñ
Ï Ò1Ò Ø Ö Ú'Ý
Ù�æ�Ø Û�Û�Ú ×�× Õ�Ô�Ô Ø Ö ÚKÚ
Û Ù Ú Ù Ú
Ô�Ñ
Ú�Ð$Û#Ú Ù(æ Ó ×�Ö Ú
Ð�Ñ
Ú'Ý!Õ1ÒJã-Ï Ó ×�×#Ø Õ1Û*Ô æ�Ø â:Ü × Ú × Õ1Ð$Û�Ü × Ú
Ô�Ô Ø Ð$Û�Ý-ê Ù Ú
ÔPä�Ð�Ô Ù Ú Ö Ü�Ð�Ü ×UØ Ò1Õ�Ô Ø ñÛ�Õ�Ï Ð¨Ý Ù�æ Ú�Ð$â$Õ�Ô Ø�Ö Ú × Ò�Ú�Ñ Ø Ò�Ñ
Ó�Ò Ù Ú�Ô Ö'×#Ø Ù Õ�Ú�Ð$Û�Ô Ù Ú å Ï Ð�Ñ
Û�Õ�Ï Ð!Ô&ã × Ï ã × Ú
ÔPêGÒ Ø Ô�Û × Ó�Ñ�Û�Ó × Ú'ç÷.Ð3ä!Ð(Ý'Ò�Ú
Ô Ù Ü�â:Ú
Ò�Ï ã�ã�Ú�à,Ú�Ð�Û�Ôjã × Ü
Ô�Ú�Ð$Û#Ü
Ô Ù!Ø Ð�ÔRÑ
Ú&à Ø Ð$Ó�Ô�Ñ × Õ1ÛRÔ�Ï Ð�Û Ø ã�ã�Ò�Õ�Ñ Ø Þ�Ò�Ú
Ô.Ú
Ð,ã�ë Ø Ô�Ú Ù�æZØ â Ø Ð$ÛRã × Ï�ñø"Ú�Û�ç'ùQä�Ð Ù Ú�Ò�Ú
Ô × Ú�Ð Ù3× Ú Ø Ù Ü
ß�Ó Ø Û�Ô.ê Ù Ú
ÔjÔ�Û Ø Ù Ú
Ô Ù ÚBÑ
Ï Ð!Ñ
Ú�ã�Û�Õ�Ï Ð�ã�Ò1Ó!Ô Ø â Ø Ð�Ñ�Ü
Ô�Ý�Õ1Ò3ã-Ï Ó ×�×#Ø Õ1Û.ô�Û × Ú�Þ�Ü�Ð�Ü`äHß�Ó�Ú
Ù�æ�Ø à,Ü�Ò1Õ�Ï × Ú × Ò�Ú*Ð�Õ�â:Ú Ø Ó Ù ÚVä Ù Ü�Ò1Õ�Û�Ü Ù Ú*Ò Ø�× Ú
ã × Ü
Ô�Ú�Ð$Û Ø Û�Õ�Ï Ð Ù Ú*Ò Ø Ô�Û × Ó�Ñ
Û�Ó × Ú'Ý3Ú�ÐLÑ�Ï Ð�Ô�Õ Ù Ü ×#Ø Ð$ÛBã Ø�× Ú`ï3Ú�à,ã�Ò�Ú
Ó�Ð�ÚTà,Ï Ù Ü�Ò1Õ�Ô Ø Û�Õ�Ï Ð Ù ÚTÛ ì$ã�ÚTÜ�Ò�Ü�à0Ú�Ð$Û#Ô�ä!Ð�Õ�Ô Ù Ú�Ñ
Ú�Û�Û#Ú Ù Ú × Ð�Õ�é × Ú'ç
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Ô>Ú�Ô"Û>Ó�Ð!Ú Ù Õ�Ô�Ñ
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Ô�Ñ
Ò�Ü
Ô Ù Ú
Ô�Ü
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ÔTã Ø�×�Ö'×#Ø Ù Õ�Ú�Ð$Û#Ô
Ý(Ñ
Ï à8à0Ú Ø Ó�ïFã × Ü
à8Õ�Ñ
Ú�Ô
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Ô Ö Ò�Ï Þ Ø Ò�Ú
Ô�Ý-Ñ
Ú�Ò�Ò�Ú
Ô"ñ�Ñ�ÕÔ�Ú × Ï Ð�Û�Ý3ê�Ò æ�Ø â:Ú�Ð�Õ × Ý Ù ÚVã�Ò1Ó!Ô�Ú�ÐDã�Ò�Ó�Ô�Ñ
Ï'Ó�ã�Ò�Ü�Ú
ÔBê Ù Ú�Ô5Û�Ú
ÑUë�Ð�Õ�ß$Ó�Ú
Ô Ù(æ Ï ã�Û�Õ1à8Õ�Ô Ø Û�Õ�Ï ÐDÒ�Ï$Ñ Ø Ò�Ú
Ô5ã�Ï Ó × Ò æ�Ø Ð Ø Ò1ì�Ô�Úä�Ð�Ú Ù Ú
Ô�ý�Ï'Ð�Ú
Ô�ã-Ï'Û�Ú�Ð$Û�Õ�Ú
Ò1Ò�Ú
Ô Ù�æ Ï ã�Û�Õ1àGÓ�à�çjõ>ÚDã�Ò1Ó!Ô
Ý[Ò�Ú
Ô�à,Ï Ù é�Ò�Ú
Ô Ø ã�ã × Ï$ÑUë�Ü
Ô Ø Ó3ï�ß�Ó�Ú�Ò�Ô�Ñ�Ú
Ô8Ï ã�Û�Õ�à8Õ�Ô Ø ñÛ�Õ�Ï Ð!Ô Ö Ò�Ï Þ Ø Ò�Ú
Ô�Ï Ð$Û × Ú
Ñ
Ï Ó × Ô>ã�Ï Ó ×�Ù Õ1à8Õ1Ð�Ó�Ú × Ò�Ú
Ó × Ô�Ñ
Ï þ�Û�Ô Ù Ú8Ñ Ø Ò�Ñ�Ó�Ò�Ý�Ñ#ë!Ú × Ñ#ë!Ú�Ð$Û Ø Ñ�Û�Ó�Ú�Ò�Ò�Ú�à,Ú
Ð$ÛKê�Ü�Ò�Ú�â:Ú ×Ò�Ú�Ó × Ð�Õ1â:Ú Ø Ó Ù Ú0ã × Ü�Ñ�Õ�Ô�Õ�Ï Ð}Ú�ÐÆÛ�Ú�Ð Ø Ð$ÛGÑ
Ï à8ã�Û�Ú0Ð�Ï Ð}Ô�Ú�Ó�Ò�Ú�à0Ú�Ð$Û Ù Ú Ù Ï Ð�Ð�Ü
Ú
ÔGÔ"Ó × Ò Ø å Ï Ð!Ñ�Û�Õ�Ï'Ð}ê Ø ã�ã × Ï�ñÑ#ë�Ú × Ý�à Ø Õ�Ô Ø Ó�Ô�Ô"Õ Ù Ú Ù Ï Ð�Ð�Ü
Ú
Ô�Ô�Ó × Ô�Ï Ð Ö:×#Ø Ù Õ�Ú
Ð$Û�ç$÷.ÐDÏ Ó�Û × Ú'Ý Ù Ú
ã�Ó�Õ�Ô�ß�Ó!Ú�Ò�ß�Ó�Ú�Ô Ø Ð�Ð�Ü
Ú�Ô Ù Ü�ø�ê3Ý�Ò Ø Û�Ú�Ð Ù�Ø Ð�Ñ
ÚÐ æ Ú�Ô"ÛKã�Ò�Ó�Ô�êLÒ æ Ï'ã�Û�Õ1à,Õ�Ô Ø Û�Õ�Ï ÐÕ�Ô�Ï Ò�Ü�Ú Ù ÓÆÑ × Õ1Û�é × Ú Ù�æ Ó�Ð!Ú,Ô�Ú�Ó�Ò�Ú Ù Õ�Ô�Ñ�Õ1ã�Ò�Õ1Ð�Ú0Ô Ø Ð�Ô�ã × Õ�Ô�Ú0Ú�ÐÆÑ
Ï à,ã�Û�Ú Ù Ú
ÔKÕ1Ð3ñ
Û�Ú ×UØ Ñ�Û�Õ�Ï'Ð�Ô Ø â�Ú
ÑTÒ�Ú
Ô Ø Ó�Û × Ú
Ô Ù Õ�Ô�Ñ�Õ1ã�Ò�Õ1Ð�Ú
Ô�Ý�à Ø Õ�ÔQã�Ò1Ó�Û#î ÛVêGÒ æ Ï ã�Û�Õ�à8Õ�Ô Ø Û�Õ�Ï'ÐLàGÓ�Ò1Û�Õ Ù Õ�Ô�Ñ�Õ1ã�Ò1Õ�Ð Ø Õ × Ú:Ý�Ñ æ Ú
Ô�Û"ñ ê�ñ Ù Õ × ÚêFÒ æ Ï ã�Û�Õ1à8Õ�Ô Ø Û�Õ�Ï Ð³Ñ
Ï Ð'ø"Ï Õ1Ð$Û#Ú Ù Ú
Ô8Ñ × Õ1Û�é × Ú
Ô Ù Ú�Ô Ù Õ�Ô�Ñ�Õ�ã�Ò1Õ1Ð�Ú�Ô�ã-Ú × Û�Õ1Ð�Ú
Ð$Û�Ú
Ô,Ï ÓÈêFÒ Ø ã × Õ�Ô�ÚLÚ�Ð³Ñ
Ï à,ã�Û�Ú Ù Ú�ÔÕ1Ð$Û�Ú ×#Ø Ñ�Û�Õ�Ï Ð�Ô*à�Ó�Ò1Û�Õ Ù Õ�Ô�Ñ
Õ1ã�Ò1Õ1Ð Ø Õ × Ú
Ô*Ò�Ï × Ô Ù Ú�Ò æ Ï'ã�Û�Õ1à,Õ�Ô Ø Û�Õ�Ï Ð Ù�æ Ó�Ð!Ú Ù Õ�Ô�Ñ�Õ1ã�Ò1Õ1Ð�ÚGã Ø�× Û�Õ�Ñ�Ó�Ò1Õ�é × Ú'ç-ÿ æ Õ1Ð�Û�Ú ×#Ø Ñ
Û�Õ�Ï Ð� Ó�Õ Ù Ú`ñ�Ô�Û × Ó!Ñ�Û�Ó × Ú�Ü�Û Ø Ð�ÛQÓ�Ð�Ú Ù Ú
ÔQÕ1Ð$Û#Ú ×#Ø Ñ�Û�Õ�Ï Ð�ÔQã × Ü
ã-Ï Ð Ù Ü ×#Ø Ð�Û�Ú
ÔPÔ�Ó × Ò�Ú�Ñ�Ï à8ã�Ï × Û�Ú�à0Ú�Ð$Û Ù(æ Ó�Ð Ø Ü × Ï Ð�Ú å Ý�Ò�ÚÑ Ø Ò�Ñ�Ó�Ò Ù Ú
Ô Ö'×UØ Ù Õ�Ú�Ð�Û�Ô Ø Ü × Ï$Ü
Ò Ø Ô�Û�Õ�ß�Ó!Ú
Ô�Û × Ï Ó�â�ÚVÛ�Ï Ó�Û#Ú*Ô Ø Ò�Ü Ö Õ1Û�Õ1à8Õ1Û�Ü Ù�Ø Ð�ÔBÑ
Ú*Ñ�Ï Ð$Û�Ú`ï3Û�Ú Ù Ú Ù Ü�â:Ú�Ò�Ï'ã�ã-Ú�à0Ú�Ð$Û
å Ó�Û�Ó × ç�÷.Ð�ä�Ð(Ý�ã�Ò1Ó�ÔBÚ
Ð�Ñ
Ï × Ú>ß�Ó æ êKÒ æ Õ1Ð�Ñ�Ò1Ó!Ô"Õ�Ï Ð Ù Ú
Ô�Õ1Ð$Û#Ú ×#Ø Ñ�Û�Õ�Ï Ð�Ô�Õ1Ð�Û�Ú ×�Ù Õ�Ô�Ñ�Õ1ã�Ò1Õ�Ð Ø Õ × Ú�Ô
Ý�Ò Ø Û#Ú�Ð Ù�Ø Ð�Ñ
Ú Ø Ñ�Û�Ó!Ú�Ò1Ò�ÚÚ
Ô�Û>ê,Ò æ Ï ã�Û�Õ1à8Õ�Ô Ø Û�Õ�Ï Ð × Ï Þ�Ó�Ô�Û�Ú'ÝHÚ�Ð Ù�æZØ Ó�Û × Ú�ÔPÛ�Ú × à,Ú
Ô>ê,Ò Ø ã × Õ�Ô�Ú�Ú�ÐFÑ�Ï à8ã�Û#Ú'Ý!Ò�Ï × Ô Ù ÚKÒ Ø Ñ
Ï Ð!Ñ
Ú�ã�Û�Õ�Ï Ð(Ý Ù Ú�ÔÕ1Ð�Ñ�Ú × Û�Õ1Û�Ó Ù Ú
Ô&ã-Ï:Ô�Ô�Õ1Þ�Ò�Ú
ÔQÔ�Ó × Ò�Ú
Ô&ã Ø�×#Ø à,é�Û × Ú
Ô Ù Ó�ã × Ï Þ�Ò�é�à,Ú'ç
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ETUDE ET MISE EN ŒUVRE D’UNE METHODE D’OPTIMISATION 
DE FORME COUPLANT SIMULATION NUMERIQUE EN 
AERODYNAMIQUE ET EN CALCUL DE STRUCTURE 

 
RESUME: L’objet de ce travail a consisté en l’étude et la mise en œuvre d’une méthode 
de calcul des dérivées des fonctions d’intérêt d’un problème d’optimisation de forme par 
rapport aux paramètres géométriques décrivant la forme solide, appelées de façon 
générique ‘’gradients’’, pour un système aéroélastique soumis à un écoulement lointain 
stationnaire.  Une méthodologie de calcul de l’équilibre aéroélastique statique a tout 
d’abord été développée dans le cadre de laquelle le comportement du fluide peut être 
modélisé par les équations d’Euler ou de Navier-Stokes moyennées (RANS), résolues 
numériquement par elsA, code de simulation numérique pour la mécanique des fluides 
développé à l’ONERA, et le comportement de la structure est prédit par la théorie des 
poutres (équations d’Euler-Bernoulli écrites en formulation matrice de flexibilité). Un cadre 
de calcul des gradients relatifs à ce système a ensuite pu être mis en place.  Ceux-ci sont 
calculés de manière analytique en utilisant, soit la méthode de l’équation linéarisée 
discrète, soit la méthode du vecteur adjoint discret. Ces méthodes impliquent la résolution 
de systèmes linéaires couplés effectuée, dans le cadre de cette étude, par un processus 
itératif doublement retardé. Enfin, ces développements ont été appliqués au calcul des 
gradients des coefficients aérodynamiques de traînée et de portance par rapport à un 
ensemble de paramètres de forme pour trois configurations de complexité croissante, et 
validés par comparaison aux valeurs des gradients calculés par différences finies. Une 
dernière partie de ce travail a été consacrée à l’évaluation des performances de quatre 
modèles réduits non physiques dans le cadre d’un processus d’optimisation de forme 
d’une configuration bidimensionnelle de turbomachine. 
 
Mots-clés: optimisation de forme, aéroélasticité, paramètre de forme, gradient, méthode de 
l’équation linéarisée discrète, méthode du vecteur adjoint discret, modèle réduit    

 
SHAPE OPTIMIZATION OF A FLUID-STRUCTURE SYSTEM  

 
ABSTRACT: This work is mainly dedicated to the sensitivity analysis of a static aeroelastic 
system with respect to design parameters governing its jig-shape, in order to proceed to its shape 
optimization. First, a framework able to predict static aeroelastic equilibrium has been set up. The 
fluid behavior can be governed either by the nonlinear Euler equations or by the nonlinear 
averaged Navier-Stokes equations (RANS), which are numerically solved by the ONERA CFD 
solver elsA. The structural behavior is governed by the Euler-Bernoulli equations (beam theory) 
formulated using the flexibility matrix approach. Then, a framework computing the sensitivities of 
the shape optimization functions of interest to the set of design parameters related to the jig-shape 
of the aeroelastic system previously depicted, has been raised. These gradients can be evaluated 
either by the discrete direct differentiation method or by the discrete adjoint vector method. In both 
cases, a coupled linear system has to be solved, which is carried out using a doubly lagged 
iterative process. Finally, this framework has been applied to the computation of the drag and lift 
aerodynamic coefficient sensitivities with respect to different shape parameters for three 
configurations of growing complexity and validated by comparison with the finite difference gradient 
values. A last part of this work has been dedicated to the evaluation of the performance of four 
surrogate models within the shape optimization of a bidimensional turbomachinery configuration.  
 
Keywords: shape optimization, aeroelasticity, design parameter, gradient, discrete direct 
differentiation method, discrete adjoint vector method, surrogate model 


