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Titre : Modélisation mathématique et simulation numérique en science des matériaux.

Résumé : Dans une premiere partie, nous étudions des schémas numériques utilisant la méthode des éléments
finis pour discrétiser le systeme d’équations Oldroyd-B modélisant un fluide viscolélastique avec conditions de
collement dans un domaine borné, en dimension deux ou trois. Le but est d’obtenir des schémas stables au
sens ou ils dissipent une énergie libre, imitant ainsi des propriétés thermodynamiques de dissipation similaires
a celles identifiées pour des solutions régulieres du modele continu. Cette étude s’ajoute a de nombreux travaux
antérieurs sur les instabilités obervées dans les simulations numériques d’équations viscoélastiques (dont celles
connues comme étant des Problémes a Grand Nombre de Weissenberg). A notre connaissance, c’est la premiere
étude qui considere rigoureusement la stabilité numérique au sens de la dissipation d’une énergie pour des
discrétisations de type Galerkin.

Dans une seconde partie, nous adaptons et utilisons les idées d’une méthode numérique initialement dévelop-
pée dans des travaux de Y. Maday, A. T. Patera et al., la méthode des bases réduites, pour simuler efficacement
divers modeles multi-échelles. Le principe est d’approcher numériquement chaque élément d’'une collection pa-
ramétrée d’objets complexes dans un espace de Hilbert par la plus proche combinaison linéaire dans le meilleur
sous-espace vectoriel engendré par quelques éléments bien choisis au sein de la méme collection paramétrée.
Nous appliquons ce principe pour des problemes numériques liés :

— a I’homogénéisation numérique d’équations elliptiques scalaires du second-ordre, avec coefficients de diffu-

sion oscillant & deux échelles, puis

— & la propagation d’incertitudes (calculs de moyenne et de variance) dans un probleme elliptique avec

coefficients stochastiques (un champ aléatoire borné dans une condition de bord du troisiéme type), enfin

— au calcul Monte-Carlo de I'espérance de nombreuses variables aléatoires paramétrées, en particulier des

fonctionnelles de processus stochastiques d’Ito paramétrés proches de ce qu’on rencontre dans les modeéles
micro-macro de fluides polymériques, avec une variable de controle pour en réduire la variance.
Dans chaque application, le but de 'approche bases-réduites est d’accélérer les calculs sans perte de précision.

Mots-clefs : Fluides viscoélastiques, Méthode des éléments finis, Méthode des bases réduites, Homogénéi-
sation numérique, Propagation d’incertitudes, Réduction de Variance

Title : Mathematical modelling and numerical simulation in materials science.

Summary : In a first part, we study numerical schemes using the finite-element method to discretize the
Oldroyd-B system of equations, modelling a viscoelastic fluid under no flow boundary condition in a 2— or
3—dimensional bounded domain. The goal is to get schemes which are stable in the sense that they dissipate a
free-energy, mimicking that way thermodynamical properties of dissipation similar to those actually identified
for smooth solutions of the continuous model. This study adds to numerous previous ones about the instabilities
observed in the numerical simulations of viscoelastic fluids (in particular those known as High Weissenberg
Number Problems). To our knowledge, this is the first study that rigorously considers the numerical stability in
the sense of an energy dissipation for Galerkin discretizations.

In a second part, we adapt and use ideas of a numerical method initially developped in the works of Y.
Maday, A.T. Patera et al., the reduced-basis method, in order to efficiently simulate some multiscale models.
The principle is to numerically approximate each element of a parametrized family of complicate objects in a
Hilbert space through the closest linear combination within the best linear subspace spanned by a few elements
well chosen inside the same parametrized family. We apply this principle to numerical problems linked :

— to the numerical homogenization of second-order elliptic equations, with two-scale oscillating diffusion

coefficients, then

— to the propagation of uncertainty (computations of the mean and the variance) in an elliptic problem with

stochastic coefficients (a bounded stochastic field in a boundary condition of third type), last

— to the Monte-Carlo computation of the expectations of numerous parametrized random variables, in par-

ticular functionals of parametrized Itd stochastic processes close to what is encountered in micro-macro
models of polymeric fluids, with a control variate to reduce its variance.
In each application, the goal of the reduced-basis approach is to speed up the computations without any loss of
precision.

Keywords : Viscoelastic fluids, Finite-element method, Reduced-basis method, Numerical homogenization,
Uncertainty propagation, Variance reduction
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Chapitre 0

Introduction générale et
principales contributions de la these

Cette these a pour objet ’étude mathématique et la simulation numérique de quelques modeles de compor-
tement mécanique pour des matériaux complexes dotés d’une micro-structure. L’enjeu est de décrire numéri-
quement, & 1’échelle humaine (celle qui intéresse 'ingénieur), les propriétés mécaniques de matériaux complexes
en tenant compte des connaissances physiques sur la matiere a une échelle plus fine. Une telle description, dite
multi-échelle, fait 'hypothese d'une micro-structure sous-jacente a la description macroscopique de la matiere.
La simulation de modeles micro-macro intéresse en particulier les concepteurs, les producteurs et les utilisateurs
de matériaux complexes tels que, dans le cas fluide :

— le béton, les matériaux granulaires du type sable ou gravier, les pates et autres matériaux du génie civil,

— les polymeres plastiques de I'industrie automobile,

— les suspensions particulaires de I'industrie agroalimentaire...

Les résultats de la these sont regroupés dans deux parties et on donne, au début de chacune d’elles, une
introduction, respectivement

[Chap. 1] & la modélisation mathématique de quelques matériaux complexes dotés d’une micro-structure,

ceux au comportement mécanique de fluide viscoélastique, et

[Chap. 4] & une méthode de simulation numérique par réduction de bases pour des calculs intensifs, dite

méthode des bases réduites (certifiée), avec une synthese de son application a divers modéles multi-échelles
rencontrés en science des matériaux.

Dans une premiere partie, on étudie des schémas numériques utilisant la méthode des éléments finis pour
discrétiser des modeles mécaniques de fluides complexes viscoélastiques. Les modeles en question ne sont pas du
type micro-macro : ils s’écrivent uniquement avec des variables représentant directement les quantités intéres-
santes du probleme a 1’échelle macroscopique. Toutefois, notre étude concerne essentiellement les modeles qui
peuvent étre déduits d’une approche micro-macro (éventuellement apreés une suite d’approximations, souvent
appelée coarse-graining en anglais), pourvu que celle-ci soit formulée mathématiquement. L’objet de cette partie
est d’améliorer la simulation de phénomenes multi-échelles avec ces modeles.

De nombreuses équations constitutives ont en effet été proposées pour décrire le mouvement d’un fluide
comme un milieu continu sous 'effet de forces visqueuses et élastiques. Seules quelques-unes résultent de ’ad-
dition d’effets microscopiques — moléculaires — bien compris. En particulier, parmi les équations constitutives
qui peuvent étre obtenues par intégration d’un modele micro-macro, celles qui s’appuient sur une description
statistique rigoureuse de la matiere a 1’échelle microscopique permettent d’identifier (dans des écoulements
suffisamment simples) les bonnes quantités thermodynamiques & ’échelle macroscopique, par exemple ’éner-
gie libre [Lel04, JLBLOO6]. Partant de cette observation, nous avons proposé, pour une équation constitutive
prototypique (Oldroyd-B), des schémas numériques (par la méthode des éléments finis), qui respectent, apres
discrétisation, une loi de dissipation de I’énergie libre similaire & celle identifiée au niveau continu (dans un
écoulement simple avec conditions de bord de type Dirichlet homogene, dites aussi de “collement”).

A notre connaissance, aucune étude antérieure n’avait considéré ce critere comme condition de stabilité pour
un schéma numérique discrétisant une équation constitutive. (Dans [LO03, LX06], on considére une autre loi
d’énergie, qui n’est pas une loi de dissipation.) L’étude de ce critére apporte donc quelques réponses nouvelles
aux nombreuses questions soulevées par les instabilités observées dans la simulation numérique des équations



constitutives (voir, par exemple, la discussion sur le High Weissenberg Number Problem dans [OP02], et des
résultats numériques récents a ce sujet dans [FK05, HFKO05]). Plus précisément, pour les équations constitutives
et les écoulements tels que les deux questions suivantes sont (supposées) résolues, notre étude de la stabilité
des schémas numériques contribue a améliorer la compréhension des instabilités observées par les simulateurs
en répondant a la troisieme :

— le probleme avec conditions initiales et de bord possede-t-il un état stationnaire ?

— quelle régularité possede la solution du probleme avec conditions initiales et de bord ?

— comment approcher numériquement la solution du probléme avec conditions initiales et de bord 7

Elle n’est toutefois encore qu’un préalable a une réponse définitive sur 'origine des instabilités numériques
observées, et a une pratique totalement rigoureuse de la simulation numérique d’équations constitutives pour
un fluide viscoélastique. En effet, méme dans le cas particulierement simple du systeme d’équations Oldroyd-B,
on ne sait pas :

— ¢'il existe un état stationnaire pour un probléme avec conditions de bord générales (en particulier, dans
les cas-tests importants du flot autour d’un cylindre et de la contraction),

— ni en quel sens le probléme aux limites a éventuellement une solution (& moins de supposer les condi-
tions initiales voisines d'un état stationnaire supposé [LLZ05, LLZ08], ou le champ de vitesse co-
rotationnel [LMOO]).

Plus précisément, nous présentons les résultats suivants, qui restranscrivent respectivement [BLM09] et [BB09b)].

[Chap. 2] 11 est possible de construire (par la méthode des éléments finis) des schémas numériques, stables
au sens du critere de dissipation de l’énergie libre, pour simuler le probleme de Cauchy associé aux équa-
tions d’Oldroyd-B avec des conditions de type Dirichlet homogene au bord d’'un domaine régulier borné.
Toutefois, cela requiert :

— un traitement particulier des termes d’advection dans ’équation d’Oldroyd (utilisant par exemple la
méthode des caractéristiques, ou la méthode de Galerkin discontinue avec des termes de flux),

— un schéma implicite (résultant en un systeme d’équations algébrique non-linéaire), et

— une discrétisation en espace d’ordre faible pour le champ de variables associé a I’équation d’Oldroyd (dans
notre cas, un tenseur de conformation plutdét qu'un tenseur de contraintes), autorisant en particulier
Pemploi d’approximations constantes par morceaux pour ce champ (éléments finis de type Pyp).

On montre alors que le schéma numérique possede une unique solution stable, globale en temps si le pas de

temps utilisé pour la discrétisation temporelle, de type Euler rétrograde, est suffisamment petit (inférieur

a une limite fonction de la donnée initiale). Les difficultés rencontrées sont essentiellement liées & la non-

linéarité de la fonction test en le champ de variables inconnu, et & une contrainte de positivité sur ce

méme champ. Par ailleurs, on montre qu’il est facile d’adapter nos discrétisations a une reformulation de

Péquation d’Olrdoyd utilisant le logarithme des variables inconnues contraintes a la positivité, voir [FK04,

FKO05, HFKO05], et qu’alors, une solution stable existe sans condition sur le pas de temps. Pour cette

derniere reformulation, toute solution est nécessairement stable au sens du critere dissipatif.

[Chap. 3] Pour certains schémas numériques discrétisant I’équation d’Oldroyd-B et proposés au Chap. 2, on

peut construire des solutions stables, globales en temps, sans contrainte sur le pas de temps. Toutefois, il
n’y a alors plus unicité, et d’autres solutions éventuelles pourraient ne pas étre stables au sens du critere
dissipatif.
Par ailleurs, on peut aussi construire des schémas numériques stables pour ’équation d’Oldroyd-B avec
une technique de discrétisation différente de celles employées au Chap. 2 pour les termes d’advection.
Avec cette derniere technique, qui utilise des éléments finis continus et n’a pas recourt au calcul des lignes
caractéristiques, on montre qu’une sous-suite de solutions aux schémas numériques stables converge vers
une solution d’un probléme de Cauchy-Dirichlet pour des équations proches du systéme d’Oldroyd-B (avec
un terme additionnel de dissipation)!.

Le sujet de cette premiere partie comporte encore de nombreuses questions ouvertes. En particulier, il appelle

a de nouveaux tests numériques comparant les qualités des divers schémas que nous avons proposés : stabilité
numérique (également pour d’autres problémes que ceux de type Dirichlet homogene dans une géométrie simple),
simplicité de mise en ceuvre (en comparaison des nombreuses discrétisations déja employées par les praticiens
de la mécanique des fluides non-newtoniens). On peut aussi se demander 'effet des méthodes de résolution
algébriques pour le systeme non-linéaire résultant des schémas numériques stables implicites que ’on a proposés
ci-dessus (comme, par exemple, dans [Pro08] pour des schémas dissipatifs stables discrétisant les équations
de la magnétohydrodynamique incompressible), ou l'existence éventuelle de bifurcations en temps long pour

1Pour obtenir la bonne compacité, on a ajouté un terme de dissipation en espace dans 1’équation sur le champ de contraintes.
Ce terme régularisant existe effectivement [SB95], mais il est en général trés petit, donc habituellement négligé par les physiciens
dans le modele d’Oldroyd.



les solutions des schémas numériques. Enfin, il conviendrait encore de s’interroger sur la possibilité d’étendre
nos résultats a des conditions de bord plus générales, a d’autres classes d’approximations utilisées en pratique
(éléments finis quadrilateres [HFKO05], discrétisations temporelles d’ordre supérieur [EmmO08]), et & des équations
consitutives plus générales (les travaux [JLBLOO6] et [HLO7] sur les lois de dissipation généralisées au niveau
continu pourraient servir de base & des extensions ultérieures de nos discrétisations).

Dans une seconde partie, on étudie I'application a quelques modeles multi-échelles d’une méthode numérique
visant a réduire la complexité d’un grand nombre de calculs similaires entre eux. Cette méthode dite des bases
réduites (certifiée) est en effet trés générale dans son principe ; nous avons travaillé pour en étendre I’application
a quelques modeles multi-échelles particuliers, gourmands en calculs.

Le but de la méthode des bases réduites est de résoudre rigoureusement et efficacement (c’est-a-dire préci-
sément et rapidement) un grand nombre de problémes paramétrés, pour de nombreuses valeurs du parametre.
La méthode des bases réduites standard s’applique essentiellement au calcul de fonctionnelles linéaires en la
solution de problemes paramétrés, qui sont typiquement des problemes aux limites elliptiques admettant une
formulation variationnelle affine en des fonctions du parametre. La méthode est concue en deux étapes, dites
hors ligne puis en ligne. D’abord, hors ligne, on construit un espace vectoriel de petite dimension N servant a
approcher les solutions paramétrées des probléemes aux limites par la méthode de Galerkin. Pour un N donné,
il existe un espace vectoriel engendré par N solutions en N valeurs distinctes du parametre qui est optimal
au sens de la minimisation de la pire erreur commise par la méthode de Galerkin sur I’ensemble des solutions
paramétrées avec cet espace vectoriel?. En pratique, la méthode utilise un estimateur a posteriori rigoureux pour
évaluer 'erreur de Galerkin, et choisit les N valeurs du parameétre itérativement, en cherchant a minimiser la
pire erreur d’approximation a chaque étape. (On qualifie de glouton, greedy en anglais, ce type d’algorithmes qui
résolvent successivement une suite de problémes simples pour obtenir une solution (quasi-)optimale d’un pro-
bléme d’optimisation compliqué.) Ensuite, en ligne, on approche systématiquement toute solution du probleme
paramétré (pour n’importe quelle valeur du parametre) par une combinaison linéaire® bien choisie dans I'espace
vectoriel de petite dimension N, a savoir celle donnée par la méthode de Galerkin. L’erreur d’approximation
qui en résulte est alors rigoureusement évaluable par un estimateur a posteriori similaire a celui utilisé hors-
ligne pour construire I’espace d’approximation : on obtient donc une approximation certifiée. La méthode des
bases réduites économise ainsi de nombreux calculs par rapport & une approche directe (celle qui aurait résolu
aveuglément le probleme paramétré dans un espace de grande dimension pour chaque valeur du parametre,
typiquement avec des élements finis), dans la mesure o on a besoin de résoudre en ligne le probleme en de
suffisamment nombreuses valeurs du parametre pour compenser les calculs hors ligne.

Avec quelques adaptations de la méthode standard, on a pu appliquer la méthode des bases réduites a trois
probléemes numériques dépendant d’un parametre et rencontrés dans la simulation de modeles multi-échelles
en science des matériaux. On présente ces applications dans trois chapitres, correspondant respectivement aux
publications [Boy08, BBM ™09, BL09a).

[Chap. 5] Pour homogénéiser un probléme elliptique ou les coefficients de diffusion oscillent vite (mais ne
sont pas exactement périodiques) dans I’espace physique, il faut calculer les solutions de nombreux pro-
blémes intermédiaires, dits de cellule, en chaque point de I’espace physique (théoriquement , une infinité!).
Avec une méthode de discrétisation peu cotiteuse, on peut ensuite calculer une bonne approximation de
la solution du probeme elliptique homogénéisé, elle-méme bonne approximation — éventuellement apres
correction — de la solution oscillante du probleme elliptique initial (pour laquelle les méthodes d’approxi-
mation usuelles par discrétisation directe sont nécessairement coiiteuses en degrés de liberté). En pratique,
dans ’homogénéisation numérique, c’est le calcul des solutions a de nombreux problemes de cellule qui
reste cofiteux (le choix des — nombreux — points de lespace physique ou calculer ces solutions dépendant
de la technique de discrétisation qu’on choisira pour le probléeme homogénéisé final). Dans notre étude, on

2Cette pire erreur a une signification proche d’une épaisseur de Kolmogorov pour la sous-variété engendrée par la famille des
solutions paramétrées, concept utile en théorie de ’approximation [Pin85] qui est précisé au Chap. 4. Elle correspond & un critére
de type L°° sur le parametre, pourvu que 'on dote I’espace des parametres d’une topologie, et prend tout son sens dans certains
contextes précis, selon la nature de la fonctionnelle de sortie et son utilisation. D’autres méthodes de réduction sont différentes
par nature : par exemple, certaines cherchent & minimiser I’erreur en moyenne par rapport aux variations du parametres, ou
en moyenne quadratique. Elles correspondent alors respectivement & des critére de type L! et de type L? sur le parametre. En
particulier, le critére de type L? a déja donné naissance & de nombreuses méthodes de réduction, qui se sont avérées utiles dans
certaines applications précises : analyse en composantes principales (principal component analysis en anglais, également appelée
proper orthogonal decomposition ou POD) [KV02], la quantification (quantization en anglais) [PP05], la décomposition de Karhunen-
Loeve [New96] (que nous retrouverons au Chap. 6), la décomposition en valeurs singulieres [LBLMO08] (SVD pour singular value
decomposition en anglais, qui donne lieu & des méthodes dites low-rank approzimations)...

3Noter qu’une version non-linéaire est en cours de développement [EPR].



cherche a réduire ce cotit, dans le cadre de I’homogénéisation a deux échelles, ol les problemes de cellule
s’expriment simplement comme une famille de problemes elliptiques paramétrés, avec pour fonctionnelle
de sortie le tenseur des coeflicients de diffusion homogénéisés.
On utilise donc la méthode des bases réduites usuelle pour la famille (paramétrée) des solutions des pro-
blemes de cellule, modulo le fait que la sortie n’est pas une fonction scalaire des solutions paramétrées.
Les résultats numériques sont tres satisfaisants pour ’homogénéisation numérique d’une équation de dif-
fusion scalaire, avec un tenseur de diffusion oscillant, & deux échelles, ou les problemes de cellules sont
des problemes de diffusion scalaires périodiques, engendrés par la variation en taille, position et intensité
d’une inclusion homogene isotrope carrée au sein d’une matrice carrée de conductivité également homogene
isotrope.
Notre résolution de ce probleme est un paradigme pour de nombreux modeles multi-échelles autres que
Ihomogénéisation (on cherche & calculer une quantité “macro”, dite homogénéisée ici, qui nécessite de
résoudre de nombreux problemes “micro” paramétrés). Elle est aussi susceptible de nombreuses extensions
en théorie de ’homogénéisation elle-méme (y compris dans ses développements les plus récents [BLLOG6]).
[Chap. 6] Dans de nombreuses applications numériques, il est important de tenir compte de 'influence des
incertitudes de modélisation sur le résultat, qui sont par exemple des fluctuations dans les coefficients d’une
équation dont on cherche la solution. C’est en particulier le cas dans la simulation de nombreux modeles
multi-échelles, ou ’on calcule, typiquement avec des algorithmes ségrégés, les influences réciproques d’une
échelle sur l'autre, tandis que la modélisation a une échelle doit tenir compte de fluctuations (incertitudes)
a une autre échelle.
Quand des coefficients incertains dans une équation oscillent vite autour d’une valeur moyenne (hypothese
de séparation des échelles), on peut par exemple utiliser la théorie de ’homogénéisation (éventuellement
stochastique [BP04, BLL06]), qui donne comme solution moyenne la solution homogénéisée (et parfois une
variance pour sa fiabilité, voir le travail récent [GO09]). Sinon, la physique peut aussi mener & faire des
hypothéses sur la forme des variations en les coefficients incertains. (Par exemple, la théorie cinétique pour
les modeles micro-macro présentés au Chap. 1 suppose des variations gaussiennes.) Enfin, en absence de
modele précis, 'ingénieur peut aussi tenter de calibrer les incertitudes sur des mesures expérimentales,
par exemple en estimant la loi des variations en les coefficients incertains (voir par exemple [JZ08]). Dans
ce dernier cas, la solution moyenne choisie est typiquement la moyenne des solutions, et sa fiabilité est
directement donnée par la variance des solutions (selon le théoréme de la limite centrale). Les ingénieurs
ont par ailleurs développé diverses techniques numériques de propagation d’incertitudes, en vue de calculer
une solution moyenne et d’évaluer sa fiabilité.
Nous avons utilisé la méthode des bases réduites pour calculer efficacement et simplement la moyenne et
la variance d’une variable aléatoire qui est une fonction réguliere de la solution d’un probléeme elliptique
scalaire ol le coefficient dans une condition de bord du troisitme type (dite de Robin) est un champ
aléatoire borné*. Pour cela on utilise la méthode de Monte-Carlo, et on considére le probleme paramétré
par les réalisations du champ aléatoire (qui prend ici ses valeurs sur le bord du domaine physique). Le
champ aléatoire parametre appartient toutefois & un espace de dimension infinie (les fonctions bornées
sur le bord du domaine physique), et une forme variationnelle usuelle pour le probléme paramétré n’a pas
alors la bonne structure — affine en quelques coefficients du parametre —, nécessaire pour l'efficacité de
la méthode des bases réduites. On utilise donc une étape de discrétisation supplémentaire par rapport a
la méthode des bases réduites standard, qui consiste a tronquer la décomposition de Karhunen-Loeve du
champ aléatoire. Pour les champs aléatoires suffisamment corrélés en espace, le spectre des valeurs propres
dans la décomposition de Karhunen-Loeve décroit vite, et notre approche s’avere efficace et précise.
Ainsi, notre application de la méthode des bases réduites a un probléme de bord paramétré par des co-
efficients stochastiques suggere donc une approche numérique possible pour des problemes multi-échelles
invoquant un bruit coloré comme parameétre modélisant les fluctuations d’une échelle sur 'autre. Dans des
applications de type ingénieur, apres estimation empirique des variations (incertitudes) dans un coefficient,
notre méthode accélere vraisemblablement diverses approches numériques déja utilisées en propagation
d’incertitudes. (On peut d’ailleurs envisager diverses extensions de notre application numérique dans cette
direction, pour d’autres champs aléatoires coefficients, d’autres équations et d’autres techniques de dis-
crétisation dans l’espace des variations stochastiques.) Toutefois, pour certaines applications en science
de la matiere, qui supposent par exemple que des coefficients varient comme un bruit blanc gaussien (cas
des polymeres dilués modélisés comme des particules browniennes), la décroissance du spectre des valeurs

4Noter qu’on suggere aussi une méthode pour des problémes de fiabilité qui cherchent & calculer les quantiles d’une variable
aléatoire qui est une fonction réguliere de la solution paramétrée, mais qu’on n’a pas encore de résultat numérique a ce sujet.



propres dans la décomposition de Karhunen-Loeve est lente, et notre approche sera probablement peu
efficace. C’est pourquoi on propose dans le chapitre suivant une autre approche pour des calculs intensifs
avec les solutions d’équations différentielles stochastiques au sens d’It6 paramétrées.

[Chap. 7] On a déja évoqué ci-dessus le fait qu’en science de la matiére, de nombreux modeles multi-échelles
utilisent des algorithmes ségrégés pour évaluer les influences réciproques d’une échelle sur l'autre. En
particulier, quand des fluctuations a une échelle donnée sont modélisées avec des outils probabilistes, les
algorithmes ségrégés couplant les différentes échelles requierent typiquement 1’évaluation de I'espérance de
nombreuses variables aléatoires, qui sont par exemple des fonctionnelles d’un processus stochastique d’It6
(c’est le cas des modeles micro-macro pour les polmyeres).

On considere ici une famille paramétrée de variables aléatoires, solutions d’une équation différentielle
stochastique au sens d’It6 ou les coefficients de dérive et de diffusion sont paramétrés. Nous nous sommes
inspirés de la méthode des bases réduites usuelle pour calculer efficacement ’espérance d’un grand nombre
de ces variables aléatoires paramétrées. Nous proposons deux approches pratiques pour calculer par bases
réduites des variables de controle permettant de réduire la variance d’estimateurs Monte-Carlo pour ces
variables aléatoires paramétrées. Pour calculer efficacement de nombreuses variables de contréle, qui sont
simplement des variables aléatoires paramétrées de carré intégrable, on a modifié la méthode des bases
réduites standard. Dans 'une des deux approches, on substitue simplement un calcul par moindres carrés
a la méthode de Galerkin pour calculer les coefficients de la combinaison linéaire qui est I’approximation
par base réduite. Dans ’autre approche, quand la variable aléatoire est une fonctionnelle d’un processus
d’It6 et qu'une variable de controle s’écrit a I’aide d’une formule de Feynman-Kac, on construit en fait une
base réduite pour la collection des solutions de ’équation de Kolmogorov rétrograde, puis on procede de
méme par moindres carrés, en utilisant une combinaison linéaire de solutions bien choisies de ’équation
de Kolmogorov rétrograde comme approximation par bases réduites. Dans les deux cas, on a surtout
conservé 'idée d’utiliser (en ligne) un espace vectoriel d’approximation de petite dimension pour une
famille paramétrée d’éléments d’un espace de Hilbert, qui est construit en sélectionnant (hors ligne) N
valeurs du parametre avec un algorithme glouton.

Les résultats numériques obtenus sont prometteurs, pour accélérer la calibration de la volatilité dans un
modele de Black-Scholes (mathématiques financiéres), et pour accelérer la simulation de ’évolution en
temps d’une famille d’équations de Langevin ou les coefficients des équations évoluent aussi (typiquement,
de maniere couplée avec les calculs d’espérances, comme dans la dynamique moléculaire des modeles
micro-macro en rhéologie).

Les problemes numériques traités ci-dessus sont tous du type paramétré intensif, tels que la résolution d’une
méme équation paramétrée, cotiteuse numériquement, est nécessaire en de nombreuses valeurs du parametre.
Des modeles micro-macro pour des fluides viscoélastiques (les modeles statistiques de polymeres dilués) génerent
en particulier des problemes de ce type; ils nous ont servi de guide dans notre démarche. Les trois étapes
(Chapitres 5, 6 et 7) correspondent & extension progressive de la méthode des bases réduites :

(i) & un modele multi-échelle géneérant des problemes numériques stantards pour la méthode des bases

réduites usuelle, quoique avec une fonctionnelle de sortie tensorielle (non-scalaire), puis

(ii) & des modeles multi-échelles génerant des problémes numériques ol le parameétre a une structure sto-
chastique de dimension infinie (on a besoin d’une représentation spectrale tronquée, qui est une nouvelle
technique prolongeant la méthode des bases réduites usuelle & un certain type de problémes non-affines en
le parametre), enfin

(iii) & des modeles multi-échelles générant des problémes numériques non-standards pour la méthode des
bases réduites (calculs de Monte-Carlo plutét qu’éléments finis).

La derniere étape est donc une véritable généralisation des idées de la méthode des bases réduites a des calculs
paramétrés intensifs quelconques dans un espace de Hilbert, ce qui ouvre la voie a de futures investigations
(comparaison, et combinaison, avec d’autres méthodes d’approximation — éventuellement réduites —). De plus,
par dela les différents themes traités dans cette partie, le champ des applications de la méthode des bases
réduites semble encore tres ouvert et a explorer, en particulier pour des problemes de type multi-échelle, avec
autant d’adaptations et d’extensions possibles de la méthode pour chaque application spécifique.
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Premiere partie

Discrétisations d’une équation
constitutive dans un modele de fluide
viscoélastique par la méthode des
éléments finis






Chapitre 1

Introduction a la modélisation des
fluides viscoélastiques micro-structurés

1-I Problematique : rhéologie et modeles multi-échelles

La rhéologie cherche a décrire le comportement mécanique des matériaux complexes, en particulier les fluides
non-newtoniens [BHWB89]. Plus précisément, elle cherche & décrire quantitativement, pendant un intervalle de
temps t € (0,T), la déformation et ’écoulement, sous 'effet de forces extérieures, d’une portion de matiere
condensée modélisée comme un milieu continu, sans faire ni 'approximation newtonienne (pour les liquides) ni
lapproximation hookéenne (pour les solides).

La distinction de nature entre solides et liquides n’est pas évidente, elle se fait usuellement via leur compor-
tement rhéologique : quand ils sont soumis & un champ de forces extérieures, les solides (élastiques) se déforment
instantanément, puis adoptent une forme finale ol persiste une déformation (finie) apres un laps de temps fini,
par opposition aux liquides (visqueux) qui changent continuellement de forme dés qu’une force extérieure leur
est appliquée!. Mais les notions de temps et déformation finis dépendent naturellement de I’observateur, c’est-
a-dire d’un temps et d’une distance caractéristiques (en particulier, tout matériau peut étre liquide ou solide
selon ce point de vue). Aussi, la rhéologie tente-t-elle de dépasser cette limitation et de définir la nature des
matériaux complexes (en fait, tous les matériaux réels) par une formule mathématique de leur comportement.
Les fluides viscoélastiques sont ceux dont le comportement est intermédiaire entre les approximations extrémes
du solide hookéen et du liquide newtonien.

Nous nous intéressons ici au comportement non-newtonien en tant qu’écart au comportement newtonien
(idéal) des liquides, c’est pourquoi nous allons maintenant utiliser une description eulérienne des déplacements de
la matiére (par opposition & la description lagrangienne utilisée en mécanique des solides?). Si on repére 'espace
par la variable & € R? dans un référentiel galiléen (attaché au laboratoire), la portion de matieére considérée ici
dans la suite occupera typiquement un domaine ouvert régulier D C R?, borné connexe indépendant du temps
et de mesure de Lebesgue non-nulle®. La matiére sera considérée incompressible et isotherme (c’est évidemment
une grossiere approximation si on veut modéliser de nombreux procédés industriels, il s’agit donc d’une approche
simplifiée des liquides non-Newtoniens). Le champ (scalaire) de masse volumique, p: (t,x) € Dr:=(0,T) x D —
p(t,x) € R>p, est alors constant (un méme volume a toujours la méme masse dans un tel fluide) :

pt,z)=peRsg,V(t,x) €EDrp.

Dans la description eulérienne d’un fluide, on introduit ensuite la variable champ de vitesse, c’est-a-dire
un champ de vecteurs w: (t,x) € Dr — u(x) €R3. Le principe de conservation de la masse avec I'hypothese
d’incompressibilité impose au champ de vitesse d’étre solénoidal :

dive=0 dans D. (1-1.1)

1En particulier, sur Terre, on définit souvent les liquides par leur capacité & prendre spontanément la forme de leur récipient
(domaine dans lequel ils sont inclus et ne peuvent sortir) sous 'effet des forces de pesanteur.

2Toutefois, certains auteurs utilisent parfois une description lagrangienne, équivalente & notre description eulérienne pourvu que
les conditions d’écoulement permettent d’établir cette équivalence, en vue d’obtenir certains résultats mathématiques [LLZ05, LX06].

3Néanmoins, les problémes non-newtoniens & surface libre ne sont pas inintéressants, on consultera par exemple [SR94, LM95,
BPLO6].



Ensuite, le principe de conservation de la quantité de mouvement en présence d’un champ volumique de forces
extérieures par unité de masse f:(t,x) € Dy — f(t,x) €R? s’écrit (sous forme locale) :

p<681: +u~Vu> =divT' +pf dans Dr, (1-1.2)
ot T:(t,x) €Dy — T(t,x) €R3*3 est le tenseur champ de contraintes de Cauchy qui modélise les efforts inté-
rieurs au fluide. (Les forces internes, d’origine moléculaire, sont supposées transmises uniquement par contacts
surfaciques et localement dépendantes uniquement de l'orientation de la surface de contact.) Pour fermer le
systeme d’équations, en plus de conditions au bord de Dy, il manque une relation liant T' aux autres variables
du systeme telles u.

A chaque instant ¢ € (0,7") et en chaque point @ € D, la valeur de T'(¢,x) dépend théoriquement de la confi-
guration exacte des molécules au voisinage du point  dans le matériau, ce qui n’est a priori pas donné par les
valeurs instantanées des champs wu(t,-) et p(¢,-). De nombreuses expériences ont néanmoins montré que, pour
un grand nombre de matériaux, on pouvait exprimer T'(¢,-) comme une fonction de ces champs instantanés.
L’approximation newtonienne du comportement suppose ainsi que le tenseur T' s’exprime comme une fonction

affine du tenseur tauzr de déformation d= % (VquVuT),

T =—pI+2nd, (1-1.3)

ou l'on a introduit le champ (scalaire) de pression p: (t,x) € Dy — p(t,x) €R (le multiplicateur de Lagrange
associé & une contrainte isotrope permettant de satisfaire la condition d’incompressibilité (1-1.1)), le tenseur
identité I, le champ tensoriel gradient de vitesse Vu: (t,x) € Dy — Vu(t,x) € R3*3 A valeurs une matrice 3 x 3

Bui

de composantes (W , et la constante de viscosité n (un nombre propre au fluide newtonien en question).
J

>1<i, <3
Le systeme fermé d’équgtiz)ns (1-1.2-1-1.3) est connu sous le nom d’équations de Navier-Stokes incompressibles,
il décrit bien les comportements de ’eau et de la glycine (entres autres exemples) dans de nombreux régimes
d’écoulement.

Toutefois, il est nécessaire d’améliorer I’hypotheése du comportement newtonien pour décrire des phénomenes
qui ne sont pas le résultat d’un équilibre entre les forces visqueuses (la résistance & un cisaillement) et les forces
d’inertie (la résistance & une accélération), par exemple :

— la montée de liquide le long d’un axe tournant dans ce liquide (dit effet Weissenberg),

— le gonflement d’un jet de liquide a la sortie d’une extrusion,

— le siphonnage sans tube d’un liquide hors de son récipient,
qu’on observe en manipulant des fluides tels la peinture, la boue, le ciment, ou le yoghourt [BCAH87a, BHWS9,
Ren00].

Une interprétation physique des effets non-newtoniens suppose 'existence d’une micro-structure a 'inté-
rieur du fluide, qui atteint un état d’équilibre thermodynamique quand le fluide est dans un état stationnaire.
Dans ces liquides micro-structurés, les effets non-newtoniens se manifesteraient quand le temps de relaxation
microscopique (un temps caractéristique de 1’évolution spontanée des molécules vers le nouvel état d’équilibre
thermodynamique apres une sollicitation) ne serait pas négligeable par rapport au temps de relaxation ma-
croscopique (un temps caractéristique de I’évolution macroscopique du fluide vers le nouvel état stationnaire
a l’échelle du continu). Pour décrire cela, les modeéles mathématiques introduisent alors un nouveau nombre
adimensionnel : le nombre de Deborah De , (rapport entre les échelles de temps de la relaxation spontanée
locale de la micro-structure et de la relaxation globale du fluide sous sollicitation) ou le nombre de Weissenberg
Wi (rapport entre les échelles de temps de la relaxation spontanée locale de la micro-structure et un temps
caractéristique de lexpérience & ’échelle macroscopique). Les effets non-newtoniens apparaissent deés que ces
nombres (caractéristiques d’un fluide) sont de l'ordre de 1. (Noter que cette interprétation physique fait donc
I’hypotheése d’une séparation des échelles micro et macro en espace et en temps : reste a décrire précisément
chacune d’entre elles.) On appelle aussi liquides élastiques ou fluides a mémoire ces fluides non-newtoniens avec
une micro-structure qui se déforme élastiquement, tels que T'(¢,-) dépend de toute I'histoire des déformations
du matériau.

Pour améliorer (1-1.3) en vue de caractériser quantitativement le comportement de fluides non-newtoniens
micro-structurés, deux approches sont possibles :

— lapproche purement macroscopique, qui cherche & remplacer directement (1-1.3) par une équation consti-

tutive entre les variables macroscopiques u,p,T,... a ’échelle du continu, par exemple avec une équation
aux dérivées partielles (EDP) ou une formulation intégrale, ou

10



— Papproche micro-macro, qui cherche d’abord a décrire mathématiquement la micro-structure, puis somme
les effets microscopiques pour les intégrer & la description macroscopique via une relation définissant le
tenseur T', par exemple une moyenne statistique sur un ensemble de configurations aléatoires caractérisant
la micro-structure.

Dans les deux approches, des échelles de temps et d’espace différentes interviennent via De ou Wi : tous ces
modeles sont donc multi-échelles en ce sens. Néanmoins, seuls les modeles micro-macro figurent une description
mathématique précise des différentes échelles (en fait, de la micro-structure).

Il est & noter que les deux approches sont classiques en sciences des matériaux. Aussi, dans cette these, nous
traitons de quelques questions mathématiques (essentiellement numériques) qui sont communes & de nombreux
modeles multi-échelles. Les modeles de fluides non-newtoniens sont un paradigme mathématique pour une large
classe de modeles multi-échelles [LBO5].

En particulier, dans une approche purement macroscopique, de nombreuses approximations conduisent clas-
siquement & une réduction de la réalité. Il faut néanmoins prendre garde a ne pas perdre d’information dans
le processus d’approximation : si les principes d’invariance galiléenne sont en général respectés par les équa-
tions constitutives, il semble que les principes thermodynamiques soient parfois difficiles a concilier avec ces
approximations (c.f. [WH98b, Grm98, WH98a], ou plus récemment [O05]), alors qu’ils sont fondamentaux
pour comprendre les propriétés de stabilité du modeéle mathématique, notamment en temps long [JLBLOOG6].
D’ailleurs, nous montrons dans la premiére partie de cette these que cette notion de stabilité (existence d’une
loi de dissipation en vertu des principes thermodynamiques), qui n’est donc pas facilement identifiable pour une
équation constitutive, n’est pas non plus facilement imitable par les discrétisations d’une équation consitutive
dont on sait pourtant exprimer la loi de dissipation (voir les chapitres 2 et 3). Ceci pourrait expliquer certains
phénomenes d’instabilité observés dans la simulation numérique des équations constitutives (dont certains Pro-
blemes & Grand Nombre de Weissenberg, voir [OP02]), et montre en tout cas qu’il peut étre difficile d’utiliser
rigoureusement une équation constitutive pour décrire un fluide viscoélastique (en particulier pour la simulation
numérique d’écoulements complexes).

Quant & la seconde approche dite micro-macro, elle recourt & des équations pour la micro-structure qui sont
souvent posées sur un espace de grande dimension. Leur simulation numérique est donc généralement difficile et
il faut réfléchir & de nouvelles méthodes numériques pour ces simulations moléculaires en sciences de la matiere?.
C’est ce que nous ferons dans la deuxieme partie de cette these (voir le chapitre 7, auquel on est amené apres
les chapitres 5 et 6).

Chacune des deux approches est abordée par I’étude d’un seul modele : un modele d’Oldroyd pour la premiere
approche (partie I de cette these) et un modele d’halteres pour la seconde (en fin de partie IT). Ces deux modeles
conviennent bien pour décrire quelques fluides non-newtoniens, dont les liquides polymériques dilués®. Certes, ils
ne contiennent pas toute la richesse des comportements mécaniques que 1’on peut retrouver dans la zoologie des
fluides non-newtoniens, méme issus des liquides polymériques dilués uniquement. Toutefois, chacun de ces deux
modeles possede a la fois une formulation mathématique suffisamment simple pour étre étudiée précisément et
une formulation commune & de nombreux autres modeles non-newtoniens. Ils sont donc de bons candidats pour
étre les supports a I’étude de questions relatives a la discrétisation numérique intéressant de nombreux modeles
non-newtoniens. Nous introduisons ces modeles dans les deux sections suivantes.

1-II Equations constitutives : I’exemple d’Oldroyd-B

On appelle équation constitutive une loi de comportement reliant directement T" & w (de type viscoélastique
ici), qui est obtenue par une modélisation purement macroscopique d’un fluide non-newtonien.

Rappelons que la condition d’incompressibilité implique 'existence d’un parametre de Lagrange p, égal a
une composante sphérique du tenseur des contraintes T et appelé pression hydrostatique (par similitude avec
les seuls efforts isotropes qui s’exercent dans un fluide au repos). On note donc en général

T=—-pl+T, (1-11.1)

4Noter que la thermodynamique joue 13 aussi un réle important, puisque les simulations numériques micro-macro consistent en
général & échantillonner directement ’espace des phases pour la micro-structure. De ce point de vue, la principale différence entre
les modeles micro-macro et les modeles macroscopiques est que les premiers se réferent explicitement & un cadre thermodynamique
(certes postulé) pour ensuite décrire 1’état d’un fluide complexe, tandis que les seconds décrivent directement ’état d’un fluide
complexe par des variables seulement supposées étre issues d’un cadre thermodynamique (souvent non formulé explicitement).
Pour une discussion plus physique, on renvoie par exemple & [BE94, WH98b, Grm98, WH98a, 005].

5Les suspensions sont une autre classe importante de fluides non-newtoniens [BHWA&9]. Elles sont décrites par d’autres modeles,
que nous n’évoquerons pas ici, quoiqu’ils suggerent également des questions mathématiques.
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ou la partie déviatorique 7 du tenseur des contraintes internes est appelée tenseur des extra-contraintes.

11 s’agit alors de caractériser T a ’aide d’une équation faisant intervenir les trois inconnues (u,p, 7). Comme T
est un tenseur (donc un champ caractérisé en chaque point de D par la valeur d’une matrice & 3 X 3 composantes),
il faut théoriquement 9 équations scalaires. En fait, on fait souvent I’hypotheése que les points matériels portant
la contrainte T ont un moment angulaire nul®, ce qui implique que T (donc aussi 7) est un tenseur symétrique
a 6 composantes.

De plus, le principe d’objectivité exige en mécanique (classique) des milieux continus que les lois de compor-
tement soient invariantes aux changements de repére par mouvements de corps rigide. Ceci restreint la forme des
opérateurs intégro-différentiels utilisables pour exprimer ces lois [BHW®89]. Parmi les différents choix possibles,
nous étudierons ici des modeles différentiels du type Oldroyd qui n’emploient qu'une dérivée matérielle dite
sur-convectée, car c’est exactement cette derniére que nous retrouverons par une approche micro-macro simple
dans la Section 1-III. On pose alors

T=Ts+T) (1-11.2)

ol 75 =2n,d sont les extra-contraintes dans le solvant pur (en I’absence de polymeres), supposées newtoniennes
avec une viscosité 7, et olt 7, sont les extra-contraintes dues a la présence de polymeres dans le fluide non-
newtonien. [’équation constitutive d’Oldroyd-B s’écrit :

A (aﬂp +(u- V)T — (V) — TP(VUT)) b1y =2y, (1-1L.3)

ott Vu! désigne la matrice transposée de Vu, A est un temps caractéristique des polymeres et 7np un coefficient
de viscosité propre aux polymeres.

L’EDP (1-I1.3) ainsi construite devrait permettre de décrire le comportement de certains fluides dans certains
écoulements : ceux tels que les parametres A et 1, varient peu dans Dp’. Pour des fluides supposés tels, on
calibre alors les parametres de 'EDP pour qu’ils coincident avec des observations expérimentales, typiquement
mesurées grace a des rhéometres dans des flots particuliers, dits viscométrigues. Néanmoins, on n’est pas sir que
ces valeurs restent les mémes (ou seulement constantes) dans des flots complexes, ce qui limite la prédictibilité
des équations constitutives pour un fluide donné. De plus, on aimerait qu’'une bonne équation constitutive
reproduise, dans un flot complexe, les divers effets non-newtoniens observés selon les fluides utilisés. Or, la
plupart des équations ne peuvent reproduire qu’'un nombre limité d’effets non-newtoniens quelles que soient
les valeurs choisies pour les parametres. Voire, aucune équation constitutive connue ne reproduit certains effets
non-newtoniens pourtant observés en pratique. Pour un flot donné (méme simple, viscométrique par exemple),
la prédictibilité des équations constitutives est donc aussi tres limitée8.

Remarque 1 (Adéquation aux expériences de 1’équation constitutive (1-11.3)). Le modéle d’Oldroyd-B (1-11.3)
ne peut pas reproduire certains effets non-newtoniens usuels, méme dans des écoulements simples tels que le flot
laminaire cisaillé dit de Couette. (La viscosité ne dépend pas du tauz de cisaillement et deux contraintes normales
sont nécessairement égales.) De plus, dans un flot élongationnel, son comportement est qualitativement incorrect
pour tous les fluides non-newtoniens. (Les viscosités élongationnelles explosent.) On peut consulter [RHSS,
Ren00, TS07a, BPPO8] sur les divers défauts de ce modéle. Néanmoins, on utilise en pratique de nombreuses
variantes o ’EDP (1-11.3), qui corrigent immédiatement ces défauts en ajoutant un terme non-linéaire. C’est
pourquoi nous travaillons ici avec le modéle d’Oldroyd-B (1-11.3), pierre angulaire des modéles de Giesekus,
de Phan-Thien Tanner (ou PTT), FENE-P,etc. [BCAHS87a]. Dans le futur, nous souhaiterions prolonger nos
travauzs sur des méthodes de discrétisation stables o des variantes d’Oldroyd-B telles que FENE-P [BB09a] :

)\(atTp+(u~V)Tpf(Vu)Tprp(VuT)) +< (1-IL.4)

1
_— =2n,d.
1—te(ry) /b> Tr ==y

6Cette hypothese est évidemment fausse si les points sont, par exemple, chargés électriquement, et qu’un couple électromagnétique
s’exerce sur chacun d’eux. Le milieu est alors dit polaire ou polarisé.

"Noter que ces hypotheses reposent d’ailleurs sur le cadre thermodynamique sous-jacent dont on a parlé précédemment, qui est
supposé satisfait par la micro-structure — non-explicite — du fluide [BE94, WH98b, WH98a, 005].

8 A noter qu’une classe trés simple d’équations constitutives n’a pas été évoquée directement & travers I'exemple (1-11.3), ott
I’on avait mentionné des contraintes sur les opérateurs intégro-différentiels liées au principe d’objectivité matérielle. C’est celle des
relations algébriques entre les différentes variables u,T', sans opérateur intégro-différentiel, qui semblent convenir particulierement
bien & la description des flots “lents”. En particulier, dans cette catégorie, une extension simple du modéle newtonien quand les
effets dynamiques sur 7 sont peu importants est le modeéle newtonien généralisé [EmmO8] :

T=2n(d)d.
Le choix du modele n’est donc pas totalement décorrélé du flot pour lequel on 'utilise [CDW84]. Néanmoins, pour certains flots

particuliers, comme la sortie d’une extrusion, il semble qu’il n’y ait méme pas encore de modele satisfaisant, qui décrirait par
exemple certaines instabilités observées expérimentalement [Ren00].
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Remarque 2 (Nonlinéarité de 'équation constitutive (1-I1.3)). Outre (classiquement en mécanique des fluides)
la dérivée matérielle (w-V)T,, le terme sur-convectif —(Vu)T,—1,(Vu') dans le modéle d’Oldroyd-B (1-11.3)
est aussi non-linéaire en le champ d’inconnues. C’est une premiére manifestation d’un point générique qu’il faut
garder a Uesprit : les équations constitutives décrivant correctement des effets non-newtoniens sont nécessaire-
ment non-linéaires.
Historiquement, les premiers modéles étaient pourtant linéaires. Ainsi Uancétre de (1-11.3) est le modéle
(linéaire) de Maxwell, ot T5=0 et
A0 T+ T =2n,d. (1-I1.5)

(Ce modéle s’interpréte comme une extension simple du cas newtonien T=2n,d par Uintroduction d’un temps
caractéristique A dit de relaxation : une fonction de Heaviside pour le cisaillement produit en effet un Dirac
pour la contrainte newtonienne correspondante, tandis que (1-11.5) régularise le Dirac en une fonction du type
e .) Mais méme dans les flots tels que celui de Couette ot la dérivée sur-convective s’annule, ainsi qu’on la
déja dit dans la Remarque 1, il semble que des nonlinéarités soient mécessaires pour décrire les phénoménes
non-newtoniens importants.

C’est pourquoi dans la suite, nous basons notre étude sur le premier modéle différentiel non-lindire simple, le
modéle d’Oldroyd-B (1-11.3), plutdt que (1-11.5) par exemple. Certes, puisque ’EDP (1-11.3) est encore affine en
la seule variable Tp, il faudrait encore introduire d’autres termes non-linéaires pour le rendre plus proche de la
réalité non-newtonienne comme la thixotropie ou la rhéopexie : doubler les conditions initiales d’un flot ne doit
pas entrainer une multiplication par deux de T tout au long de ’écoulement. (D’ailleurs, dans un flot laminaire
cisaillé, le modeéle d’Oldroyd-B (1-11.3) redevient méme linéaire, ce qui explique en partie pourquoi il n’est alors
plus correct physiquement [RH88].) Nous réservons toutefois 'étude de non-linéarités supplémentaires pour
de futurs travauz [BB09a] : nos premieres études, qui correspondent donc au cadre non-linéaire le plus simple,
montrent que déja de nombreuses difficultés surviennent dans la simulation numérique des schémas non-linéaires
correspondants (voir la Section 2-VII).

Paradoxalement, 'intérét des modeles utilisant des équations constitutives réside essentiellement dans leur
simplicité, car ils sont relativement peu cofliteux & simuler numériquement (par opposition aux modeles micro-
macro de la Section 1-IIT). Nous revenons néanmoins sur la discrétisation des EDPs constitutives & la Section 1-
IV-A-b : contrairement aux apparences, elle n’est pas si aisée que cela.

1-IIT Modeles micro-macro : I’exemple des halteres

De nombreux modeéles micro-macro, imaginant diverses micro-structures, ont été proposés pour décrire des
liquides polymériques. L’idée de départ est 1’espoir d’obtenir une bonne description des effets non-newtoniens
(viscoélastiques) a I’échelle du continu, en tenant compte précisément de leur origine physique (c’est-a-dire au
plus proche des molécules). Dans les liquides polymériques, cette origine est principalement les forces intramo-
léculaires” agissant sur la conformation des polymeéres en solution.

On peut distinguer diverses classes de modeles micro-macro pour décrire des fluides polymériques [BCAH87Db,
DE9g] : les modeles de chaines connectant des billes entre elles, des modéles de reptation de segments prisonniers
dans un tube, des modeles de réseaux..., qui conviennent plus ou moins bien selon le fluide considéré. Pour les
modeles de chaines en particulier, des théories cinétiques de la physique statistique permettent de bien décrire
les forces intramoléculaires pour un ensemble statistique de polymeéres dilués en solution (au moins quand les
polymeres sont & 1’équilibre thermodynamique, par exemple au sein d’un écoulement stationnaire'®). Dans la
suite, nous considérerons uniquement le plus simple des modeles de chaines (pour des liquides polymériques
dilués), celui des halteres (deux billes connectées par un ressort, dumbbells en anglais).

Le modele des halteres [BCAHS87D, 096] réduit un polymere en solution au concept d’un vecteur matériel X
décrivant 'orientation et 1’élongation de la molécule (voir Fig. 1.1). A chaque extrémité du vecteur, on imagine
ainsi une bille sphérique, qui porte une certaine masse. Dans un solvant au repos, la vitesse de chacune des deux
billes massiques prise isolément a une extrémité du vecteur satisfait alors une équation de Langevin, expression
de I’équilibre des forces entre (i) les collisions browniennes dues aux mouvements aléatoires des particules du
solvant et (ii) la force de friction qui résulte du mouvement de chacune des billes dans le solvant. En fait,

9 A noter que la principale origine des effets non-newtoniens pour autre grande classe de fluides non-newtoniens, les suspensions,
est au contraire les forces intermoléculaires [Isr92].

101’approche micro-macro pour décrire un écoulement quelconque ot les polymeres ne sont plus & 1’équilibre thermodynamique
est encore un sujet de recherche, comme la plupart des phénomeénes thermodynamiques hors-équilibre. De méme, on rappelle que
les modeéles macroscopiques n’échappent pas aux difficultés thermodynamiques, a fortiori celles de formalisation d’une thermody-
namique hors-équilibre [WH98b, Grm98, WH98a, O05].
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chacune des deux billes subit aussi une force d’interaction avec ’autre bille, que I'on choisit spécifiquement
a une molécule pour modéliser I'action des forces intramoléculaires dans le polymere. On dit souvent que les
deux billes sont connectées par un ressort de force F(X;). Puis, en introduisant un espace de probabilités €,
diverses approximations d’échelle, essentiellement liées a la petite taille des polymeres en solution par rapport
aux conditions macroscopiques de I’écoulement, menent finalement & une Equation aux Dérivées Partielles
Stochastique (EDPS) pour le champ aléatoire vectoriel X : (t,x,w) € Dy x Q — X (z,w) €R3 :

kgTp

2
AX+u- Ve Xdt = ((un)Xt - CF(Xt)> dt+2 dB;, (1-I11.1)

qui décrit donc en chaque point (¢,2) € Dy du domaine macroscopique 1’équilibre (statistique) entre :

— la force d’interaction intramoléculaire F(X )= VII(|X]|), dite aussi entropique car, pour des calculs précis
avec une molécule de polymere donnée, on la dérive typiquement d’un pré-calcul ou II est un potentiel
thermodynamique égal & 1’énergie libre du polymeére & ’équilibre thermodynamique!!,

— la force de friction avec le milieu fluide, supposée proportionnelle & la vitesse relative des billes par rapport
au fluide avec un coefficient ¢ (selon la loi de Stokes pour une sphére dure dans un milieu infini), et

kpTp d
¢ dt

décorrélés en espace'?, d’intensité donnée selon une relation de fluctuation-dissipation par la température
Tp du bain que constitue le solvant (kp étant la constante de Boltzman).

Outre la température T, des parametres physiques sont & ajuster pour que I’équation (1-IIT.1) décrive
correctement la statistique de polymeres en solution : ils sont cachés dans la formule explicite de la force F(X).
Le choix générique le plus simple pour F' est linéaire : F(X)=HX. C’est le modele hookéen'® (Hookean
dumbbells en anglais), avec un seul parametre H > 0. En pratique, on choisit plutét pour modele générique des
forces “explosives” (plus réalistes), qui limitent I'extensibilité du vecteur X : F(X)= % (FENE dumbbells
en anglais, pour Finitely-Extensible Nonlinear Elastic), avec un parametre additionnel Vb>0 qui correspond
a la taille maximale' du vecteur X. Noter que ces deux forces dérivent bien d’un potentiel. Un choix naturel

pour la condition initiale du champ aléatoire X, quand V zu(t=0,-) = & est un champ symétrique uniforme sur
LeX.X—2T0(| X))
e2" <

— la force brownienne 2 B, typiquement une collection de bruits blancs en temps, par exemple

D, est alors un champ X stationnaire, de loi proportionnelle a , ce qui correspond a la notion
d’équilibre thermodynamique invoquée pour calculer le potentiel IT (voir aussi la Remarque 5).

Enfin, on couple la dynamique de polymeres (1-II1.1) avec I’évolution du champ de vitesse (1-1.2) par une
relation de fermeture, complétant (1-I11.1-1-II.2) avec une expression pour la contribution des polymeéres au
champ de contrainte :

Tp(t,) =np,E(X, @F(X,)—2kpTgpI), (1-111.2)

ou E désigne I'espérance pour la mesure de probabilité P et n, la concentration de polymeres par unité de
volume. L’équation (1-111.2) s’appelle relation de Kramers; elle s’obtient rigoureusement & partir de la définition
du tenseur de Cauchy comme tenseur des contraintes internes au fluide. Les contraintes sont ici les forces entre
deux parties du fluide en contact qui sont exercées par les polymeres & travers la surface de contact [BCAH87D].

Remarque 3. La distribution de probabilité ¥ (t,x,X) du champ vectoriel aléatoire X, vérifie pour tout t €
(0,T), z€D et X €R3 ’équation maitresse (dite aussi de Fokker-Planck, Kolmogorov ou Smoluchowsky) :

O+ (w- Vg )t = —divx ([(Vmu)X - 2F(X)]z/)> LISy (1-TTL.3)

¢ ¢

11La détermination de la force F(]X|) se fait par des arguments de physique statistique. Typiquement, on peut modéliser plus
finement D’architecture d’un polymeére que par le concept grossier d’une haltére — en fait une échelle mésoscopique —, en utilisant
par exemple une suite de petits segments rigides connectés entre eux. De la connaissance de la distribution de 'orientation de
chaque segment & 1’équilibre thermodynamique, on en déduit alors la statistique de 1’extension totale | X| du polymere (voir par
exemple [DE9S]), de loi ¢(| X |), puis I’énergie libre II = —kp T In(¢). Noter que c’est dans cette étape-ci, lors de la détermination de
la force F', qu’on postule I’équilibre thermodynamique “local” des polymeres, une limitation des modeles micro-macro déja évoquée.
Par ailleurs, noter aussi que ¢ (donc II) est ici nécessairement une fonction radiale, dépendant uniquement de l’extension |X| du
polymere, puisqu’il n’y a pas de raison pour que la statistique de 1’équilibre thermodynamique “local” soit liée a 'orientation du
dumbbell dans le solvant.

121e statut des corrélations en espace n’est pas totalement figé [JLBLO4].

13Le modele hookéen, ot TI(X) = %H|X\2, correspond & une description fine telle que les segments rigides sont de méme taille,
d’orientations équidistribuées uniformes [DE9S].

140n parvient & la formule FENE par Papproximation d’une formule complexe pour F, résultant d’un calcul fin tenant compte des
interactions & longue portée au sein de la chaine de segments rigides. Cette approximation est connue sous le nom d’approximation
de Warner, voir par exemple [BCAH87D].)
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Fia. 1.1 — Concept de dumbbell.

Sa connaissance ne suffit pas a déterminer X, mais suffit pour calculer les moments de X4, par exemple :
Tp(t,~):np/3 (X®F(X)—-2kpTsI)Y(t,, X)dP(X). (1-111.4)
R
Par ailleurs, on peut aussi exprimer T, par une formule de Feynman-Kac. Quand X est uniforme sur D, on a
p(t, @) =1, (Ct’XO (0,2, X o) —2kBTBI) , VzeD,

ot le tenseur de conformation ctXo satisfait pour tout (s,z,X) € Dy x R3 I’équation de Kolmogorov rétrograde :

Qk‘BTB

0,C" X0 (s,, X)) + [—u<s,w> Vot (<Vmu>X B §F<X>) Vxt Ax} Ch*0(s,@, X)=0  (I-IIL5)

avec pour condition finale : C**°(s=t,x,X)=X @ F(X).

Le calcul de (1-1I1.2), typiquement par des méthodes Monte-Carlo (voir la Remarque 5), nécessite de simuler
un grand nombre de trajectoires pour 'EDPS (1-II1.1). C’est le principal désavantage des modeles micro-macro :
ils sont cotuteux a simuler. Nous revenons sur ce point dans la Section 1-IV-B-b.

Les modeles micro-macro ont au contraire plusieurs avantages sur les modeles purement macroscopiques :

- ils donnent acces a plus d’informations via la microstructure,

- ils semblent mieux fondés physiquement (au moins par rapport aux équations constitutives qui n’ont pas
de lien explicite avec un modele micro-macro, voir la Remarque 4) et produisent effectivement, dans les
simulations numériques, nombre des effets non-newtoniens observés dans la réalité (Remarque 5),

- enfin, ils semblent numériquement plus stables [MHKO09).

On notera que les modeles moléculaires pour les liquides polymériques sont utilisés depuis longtemps (travaux
historiques de Kirkwood, Zimm, Rouse,...) comme concepts, afin de dériver ensuite, grace & une théorie cinétique
et des relations de fermeture approchées, des équations constitutives (dont celles de Giesekus, PTT ou FENE-P,
voir la Remarque 1). C’est le développement des ordinateurs et des méthodes numériques qui permet aujourd’hui
de les utiliser en plus pour la simulation numérique d’écoulements non-newtoniens [096] (au moins dans certains
régimes proches de 1’équilibre thermodynamique en ce qui concerne les polymeres en solution).

Remarque 4. On peut retrowver l'origine physique des équations constitutives dérivées de modéles molécu-
laires en retragant mathématiquement les étapes (souvent des approximations!) dans le processus de dérivation.
En fait, l’équation d’Oldroyd-B (1-11.3) peut-étre obtenue exactement en utilisant (1-II1.1) avec une force en-
tropique hookéenne : F(X)=HX. I suffit pour cela d’appliquer la formule d’Ité au tenseur X, ® X, et on

retrouve (1-11.3) si E (f(sz ®st) =0 sur Dy (propriété de la martingale X ). C’est toutefois une exception :

quand on peut retrouver l’origine micro-macro d’une équation constitutive, le processus mathématique implique
presque systématiquement de faire des approzimations. Ainsi, le modéle FENE-P (1-11.4) de la Remarque 2 est

\

construit en utilisant (1-111.1) avec une approximation de la force entropique FENE dite de Peterlin (d’ou “P”) :

HXt . an(HXt(gXt*kBTBI)
= 5 us Tp=
1—E(X, )/ 7 v 1-E(X%)/b

Remarque 5 (Extensions du modele). Avec I’EDPS (1-111.1) et une force de type FENE, le modéle d’haltéres
reproduit bien certains effets non-newtoniens : la viscosité dépend du tauz de cisaillement et des différences entre
les contraintes normales apparaissent (dans le flot laminaire cisaillé de Couette en particulier, voir Remarque 1).
Toutefois, il faut encore compliquer le modeéle pour obtenir des valeurs quantitativement proches de la réalité.
En particulier, on peut alors penser remettre en question certaines hypothéses en vue d’améliorer le modéle :

F(X,)

15



— Le choiz d’une condition initiale pour le champ aléatoire Xy quand V4 u(t=0,-) n’est pas un champ
symétrique uniforme sur D n'est pas évident du tout [JLBLOOG]. Dans ce cas, il n’est méme pas sir que
l’on puisse donner un sens a la notion d’équilibre thermodynamique “local”. Une piste naturelle pour que
lon retrouve cette notion quand Vgzu(t=0,) n'est pas un champ symétrique uniforme sur D pourrait
étre de définir le potentiel T tel qu’il corresponde bien a un état d’équilibre pour un champ Vu(t=0,-)
stationnaire donné. De maniére générale, on pourrait améliorer la formule de la force F pour qu’elle
corresponde mieux aux forces intramoléculaires dans un écoulement donné.

— En établissant (1-1I1.1), nous avons choisi pour la force de friction une formule trés simple, —((dX;+u-
VX :dt), qui correspond a la loi de Stokes avec un coefficient de friction isotrope (. Nous n’avons donc
pas tenu compte des interactions hydrodynamiques : par son mouvement propre et la réaction induite dans
le solvant ambiant, chaque bille a un effet dans la force de friction vue par l’ensemble des autres billes.
Or, méme si on se limite a Ueffet d’une bille sur les autres billes de la méme chaine — connectées entre
elles par des forces intramoléculaires — (en fait, l'unique autre bille du méme dumbbell ici), remplacer
cette formule par une meilleure approximation telle que celle d’Oseen-Burgers ou celle de Rotne-Prager-
Yamakawa conduit tout de suite a une formule (non-linéaire en X:) trés compliquée (voir (15.4-17)
dans [BCAH8Tb]).

— Les polyméres sont en général de longues molécules a ’architecture complexe. Méme a l’échelle mésosco-
pique, on pourrait donc les modéliser comme une chaine de nombreuses billes connectées entre elles par
des forces plutot que par une seule haltére. La mature des forces intramoléculaires peut alors s’enrichir
et devenir tres non-linéaire (dans ce cas, le choix des coordonnées X décrivant la molécule est trés im-
portant pour décrire le plus simplement des forces-ressorts entre plus proches voisins, mais aussi tenir
compte d’effets angulaires, d’exclusions de volume au sein de la chaine...). Au final, on travaille souvent
dans un espace de trés grande dimension, avec des opérateurs trés non-linéaires. Cela explique pourquoi,
en pratique, on calcule (1-111.2) avec des méthodes de Monte-Carlo plutét que (1-111.3) avec des éléments
finis ou spectrauz (et éventuellement (1-111.4) avec une formule de quadrature).

— Le bain thermique diu aux collisions avec les molécules du solvant a été modélisé comme un mouvement
brownien dans R3. Or, la molécule de polymeére peut étre prisonniére de certaines contraintes géométriques
(régime semi-dilué ou la présence des molécules voisines n'est plus négligeable), ce qu’on peut modéliser
en prenant un autre type de bruit. Ce type de modifications permet d’ailleurs de retrouver une autre classe
de modéles, qui est plutét adaptée aux liquides polymériques concentrés (ou fondus)'®, les modéles de
reptation [BCAHST7H].

1-IV  Choix de modélisation et questions mathématiques

Bien que l'on se soit limité a quelques exemples simples de modélisation pour des fluides polymériques
dilués, de nombreuses extensions, macroscopiques ou micro-macro, sont apparues chaque fois. Se pose donc
naturellement la question : quel modele choisir pour simuler numériquement tel fluide dans tel écoulement ?

Evidemment, le choix du modele doit d’abord se faire en fonction de criteres d’ordre physique : Le modele
peut-il décrire ce qu’on cherche & simuler (quelles sont les bonnes variables, les bons principes physiques &
respecter) ? Le modele peut-il étre calibré facilement sur des données expérimentales du fluide (I’expérimentateur
ne dispose souvent que de quelques expériences tests pour cela) ?

Les mathématiques peuvent aussi apporter des indications d’un autre ordre sur ce choix : Y a-t-il des solutions
aux équations du modele (de quelle nature sont-elles, quelles hypotheéses requierent-elles) ? Le modele est-il facile
d’utilisation (peut-on calculer des solutions, éventuellement approchées) ?

De maniere générale, les modeles macroscopiques sont aujourd’hui ceux utilisés pour simuler des écoulements
complexes (dans I'industrie par exemple) vu leur faible coiit d’utilisation (complexité du calcul numérique). On
utilisera les modeles micro-macro plutot “en laboratoire” pour simuler finement la physique de petits volumes
de fluides dans des géométries simples. Chaque emploi est confronté a des limitations propres : des instabilités
numériques subsistent dans les diverses discrétisations proposées pour les modéles macroscopiques (en particulier
dans des écoulements complexes pour un nombre de Weissenberg Wi “grand”) et les simulations de modeles
micro-macro sont fortement limitées en taille par leur complexité numérique. Nous essaierons d’aborder ces
deux problemes successivement, en parties I et II.

Mais auparavant, nous rappelons quelques résultats mathématiques connus pour les deux modeles que nous
allons étudier. A cette fin, nous les réécrirons sous forme adimensionnée sans changer le nom des variables.

15Noter que pour les polymeéres concentrés ou fondus, une troisiéme classe de modeles, dits de réseau, propose une autre approche
plus simple mathématiquement, en ne modélisant que le squelette des polymeres en contact les uns avec les autres.
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1-IV-A Le modele d’Oldroyd-B
1-IV-A-a Théorie mathématique du modele

Soit D CR? un domaine borné connexe de frontiére réguliere (Lipschitz). Nous aurons d=3 dans le cas le
plus général, et d=2 si le probleme physique possede une symétrie de translation. Considérons le probleme de
Cauchy-Dirichlet suivant, dit & trois champs, d’inconnue (avec Rgx‘i les matrices d x d symétriques) :

(u,p,7): (t,2) € Dr — (u(t,z),p(t,), 7(t,2)) ER? x R x RE

satisfaisant sur 'ouvert Dy le systeme d’EDP

Re (88’(: +u.VU> =-—Vp+(1—¢e)Au+divr+ f,

diva =0, (1-IV.1)

Wi (?9: +(u-V)r—(Vu)r —T(VU)T) = [Vu—i—VuT} -7,
version adimensionnelle de (1-1.2-1-1.1-1-11.1-1-11.2-1-11.3) ou l'on a utilisé trois nombres : Re>0, Wi>0,
€€(0,1), les mémes notations pour les variables adimensionalisées (excepté 7,, devenu 7), avec un champ de
forces extérieures f.

La nature des données de bord & adjoindre au systéme (1-IV.1) pour que le probléme de Cauchy associé soit
bien posé n’est pas évidente (voir par exemple [Jos90]). On adjoint ici & (1-IV.1) des conditions homogenes de
type Dirichlet au bord de 9D pour u (également dites “de collement”) et des conditions initiales régulieres pour
u et 7. Le probleme possede alors une solution (forte) :

— unique et locale en temps, de plus globale en temps si le terme source f, les conditions initiales et € sont

petits, et enfin asymptotiquement stable L? si f est périodique [GS90, FCGO02];

— unique et locale en temps (avec w satisfaisant un critére de type Beale-Kato-Majda dans L?), de plus

globale en temps si les conditions initiales sont proches de I'état d’équilibre w=0, 7=1 [LLZ05, LLZ08§],

— globale en temps quand le champ de vitesse est co-rotationnel (Vu=—Vu®) [LMO00],

— unique et locale en temps quand d=3, avec T satisfaisant un critére de type Beale-Kato-Majda dans L™

quand Re— 0 [KMTO08].

Les résultats [GS90, FCGOO02] s’étendent & de nombreuses extensions d’Oldroyd-B, dont Giesekus et PTT, et
donnent aussi des résultats supplémentaires pour des problemes stationnaires et des flots rampants (Re=0).
Des modeles proches d’Oldroyd-B ont aussi été étudiés par ailleurs, voir par exemple [Ren00]. En particulier,
nous avons exclu le cas e =1 ou Oldroyd-B dégénére en le modele de Maxwell (1-I1.5) sur-convecté (UCM pour
Upper-Convected Mazwell en anglais). Les résultats [GS90, FCGO02, BSS05, KMTO08] que nous mentionnons
s’appuient en effet sur la théorie des équations de Navier-Stokes (voir [Tem84] par exemple). Mais on trouvera
dans [LLZ05] le cas oi e — 1 pour d=2.

Méme pour des solutions faibles, il n’y a pas (encore) de résultat d’existence globale en temps pour le
probléme en général. Néanmoins, des problemes régularisés proches possedent (au moins) une solution (faible)
globale en temps, voir par exemple [BSS05] ou la formulation micro-macro avec des haltéres hookéennes a été
régularisée (on peut normalement retrouver (1-IV.1), au moins dans un sens faible, & partir de ce systéme), et
le chapitre 3 de cette these, ot 'on a ajouté un terme dissipatif additionnel AT dans 1’équation d’Oldroyd-B
(avec une troncature quand d=3,2, ou une condition sur la donnée initiale quand d=2).

Enfin, si I'on fait ’hypotheése qu’une solution globale en temps existe et qu’elle est suffisamment réguliere,
alors on montre dans [HLO7] (avec des arguments de [JLBLOOG], voir aussi le chapitre 2) qu'elle converge
exponentiellement vite vers la solution stationnaire u=0, 7=1I. (En fait, cela est vrai en général pour des
conditions de bord telles qu’'un état stationnaire existe, avec des conditions initiales telles qu'une solution
globale suffisamment réguliere existe, voir aussi la Remarque 5.)

Il y a peu de résultats pour d’autres conditions de bord. Dans [FCGOO02], on trouve néanmoins quelques
résultats pour I’équation d’Oldroyd-B (1-I1.3) seule (découplée du systéme (1-IV.1)) dans des flots intéressants
physiquement tels celui de Poiseuille. Voir aussi [LM95] par exemple, pour des conditions de surface libre.

1-IV-A-b Discrétisations du modéle

De nombreuses discrétisations ont été proposées pour le systeme (1-IV.1), avec des techniques classiques
pour des équations de la mécanique des fluides, voir par exemple 'ouvrage de synthese [OP02]. Elles utilisent
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par exemple des méthodes de différences finies [FK05] dans des géométries simples (telles la cavité entrainée,
lid-driven cavity en anglais), des méthodes de Galerkin (parfois spectrales [CO01], ou plus souvent par éléments
finis [CDW84, HFKO05]), ou éventuellement des méthodes de volumes finis. Néanmoins, les techniques de dis-
crétisation qui marchent bien pour des équations de la mécanique des fluides newtoniens se sont heurtées a des
difficultés en mécanique des fluides non-newtoniens, dont une large part subsiste encore.

En fait, on observe en pratique que, pour la plupart des équations constitutives utilisées et pour de nombreux
écoulements physiquement intéressants (en particulier le flot autour d’un cylindre et la contraction 4 :1), les
tentatives de simulation numérique naives basées sur des discrétisations intuitives, sont incapables de converger
quand on raffine les pas de discrétisation, voire explosives, a partir d’une valeur critique suffisamment grande du
parametre Wi (valeur néanmoins physiquement réaliste pour des comparaisons avec I’expérience). Ces instabilités
numériques sont souvent désignées sous le vocable générique de problemes aux grands nombres de Weissenberg
(HWNP pour High- Weissenberg Number Problem en anglais) [Keu90, Keu00, OP02].

Les instabilités de type HWNP ont suscité de nombreuses études, théoriques et numériques. Clairement,
lorigine des instabilités est parfois liée au manque de régularité des solutions du probléeme continu que I'on
cherche & approcher numériquement [RH88, San99, TS07a, BPP08]. Mais cela n’explique vraisemblablement
pas toutes les observations (méme si on a encore peu de résultats mathématiques sur la régularité des solutions
a approcher pour des conditions de bord générales), ainsi que le suggerent les améliorations apportées par
diverses techniques de discrétisation développées ad hoc pour les fluides viscoélastiques et au moins observées
dans certains cas tests de simulation numérique.

D’une part, il semble clair que des difficultés numériques peuvent survenir quand le terme de convec-
tion (u-V)7 dans l’équation d’Oldroyd-B est grand. Aussi, de nombreuses discrétisations ont été propo-
sées, qui tentent de stabiliser ce terme par des méthodes proches de stabilisations classiques, comme par
exemple la méthode Streamline Upwind / Petrov—Galerkin (SUPG) [BH82] et la méthode Galerkin Least-Square
(GaLsS) [FS91], ou simplement en introduisant un terme additionnel de diffusion isotrope [SB95]. D’autre part,
le travail initial [MC87] a mis en évidence que la nature mixte du probleéme (& la fois elliptique et hyperbo-
lique) nécessite aussi un traitement particulier'6. Des discrétisations utilisant des méthodes de stabilisation en
partie classiques, et en partie développées spécifiquement pour le couplage de Navier-Stokes avec 1’équation
d’Oldroyd-B, par exemple obtenues en intervenant :

— dans le choix de la formulation des équations & discrétiser (voir par exemple [CDW84] pour les formula-
tions EEME, EVSS, ou [WKLO00] pour Lagrangian tracking, parmi d’autres formulations équivalentes des
équations a discrétiser),

— dans le choix des espaces de discrétisation (le choix est vaste en s’autorisant des approximations disconti-
nues par la méthode DG inspirée de [LR74], comme il a été observé initialement dans [FF89)),

— dans le choix de la formulation discréte des équations (dans les discrétisations EVSS-G ou D-EVSS [FGP97]
on remplace certaines variables inconnues par leur projection),

— voire éventuellement dans le choix de la méthode de résolution pour le systeme algébrique d’équations
obtenu apres discrétisation (utilisation de différents algorithmes de point fixe, par exemple combinés avec
la méthode GMRES et divers préconditionneurs pour les systemes linéarisés creux de grand dimension, et
une méthode de continuation en le parametre Wi [How09)),

ont ainsi abouti a I’élévation du nombre de Weissenberg critique dans de nombreux cas tests. Mais pas a la
disparition du HWNP [OP02, FKO05]!

De nouveaux efforts se sont concentrés sur des techniques de discrétisation qui maintiennent positives cer-
taines quantités [LO03, LX06], en vertu d’une interprétation physique naturelle de ces quantités. D’ailleurs,
une discrétisation récente [FK04], initialement proposée comme paliatif & des effets possibles de couche limite et
basée sur une reformulation logarithmique des équations (1-IV.1) (voir le chapitre 2), préserve non-seulement les
propriétés (physiques) de positivité mentionnées ci-dessus, mais semble aussi limiter le développement d’insta-
bilités et réduire le nombre de modes instables. Elle a donné des résultats numériques satisfaisant — convergeant
pour de grandes valeurs de Wi — dans certains cas tests [Kwo04, HFK05, HP07a]. Ce succes récent n’est toutefois
pas encore généralisé a de nombreux cas tests, et il n’est pas encore bien compris non plus.

Enfin, quelques résultats mathématiques sur des discrétisations proposées ci-dessus pour (1-IV.1) existent,
en général sous réserve d’hypotheses de régularité pour la solution du probleme continu a approcher numéri-
quement [BS92a, BM97]. En particulier, quand la solution du probléme continu & approcher numériquement
est réguliere, certains problemes de type HWNP semblent aujourd’hui bien élucidés. Par exemple, celui lié aux
instabilités dans la limite € — 1. En effet, le probleme elliptique-hyperbolique (1-IV.1) change alors de nature

16est, ainsi qu’est interprété dans [MC87] le résultat numérique décevant produit alors par la premiere utilisation de SUPG
pour la simulation d’équations constitutives viscoélastiques, en ’occurences le modele UCM.
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(de nouvelles caractéristiques sont introduites dans le probleme), et il est alors nécessaire de respecter une
nouvelle condition de compatibilité de type inf —sup entre w et 7, similaire & la célébre condition inf—sup
de Ladyshenskaya-Babuska-Brezzi (LBB) pour le couple (u,p). On comprend alors assez bien l'effet des mé-
thodes de stabilisation [BFT93, BPS01]. Néanmoins, des problémes subsistent aux grandes valeurs du nombre
de Weissenberg, qui probablement rassemblent encore des instabilités d’origines diverses [Ren00]. Ces problémes
pourraient étre liés a la régularité des solutions (apparition de couches limites), comme & des problemes de dis-
crétisation non encore considérés, méme quand la solution est réguliere. Il n’y a pas encore de réponse rigoureuse
et définitive au HWNP !

Dans la suite de cette these (en fait, la premiere partie), on s’intéresse spécifiquement & la discrétisation du
probléeme de Cauchy-Dirichlet simple pour (1-IV.1). On sait alors qu’une solution réguliere pour le probleme
continu existe, et on cherche a bien I'approcher numériquement par des techniques de discrétisation stables.
Nous nous intéressons en particulier & un critére de stabilité numérique encore jamais étudié, pour diverses
discrétisations des équations constitutives : peut-on reproduire discretement les lois de dissipation d’énergie
vérifiées par le modele continu? (Dans les travaux antérieurs [LO03, LX06], la loi d’énergie considérée n’était
pas une loi de dissipation.) Cette question a guidé nos recherches dans les chapitres 2 et 3, avec pour unique
support le modele d’Oldroyd-B (1-IV.1) (ainsi que sa reformulation logarithmique dans le chapitre 2); notre
approche n’est cependant pas limitée & ce seul modele et nous travaillons actuellement & son extension au
modele FENE-P (qui contient plus de termes non-linéaires et produit des comportements plus physiques, voir
les Remarques 1 et 2).

Les conclusions de notre étude montrent que le critere de stabilité considéré n’est pas aisément satisfait par
une discrétisation des équations constitutives d’Oldroyd-B. (Des discrétisations utilisées en pratique semblent
proches de celles pour lesquelles on montre que notre critére est satisfait, mais on n’a pas pu montrer que ce
critére est bien satisfait pour la plupart des discrétisations utilisées en pratique.) Elles donnent aussi des pistes
pour comprendre le succes récent de la formulation logarithmique [Kwo04, HFK05, HP07a], et suggérent de
nouvelles études numériques (approfondissant les quelques résultats de la Section 2-VII).

1-IV-B Les modeles d’halteres
1-IV-B-a Théorie mathématique du modéle

La méme adimensionalisation que dans (1-IV.1) conduit & :

Re (?;; +u~Vu> =-Vp+(l—e)Au+divr,
divu =0,
7= =E(X,0F (X)) -2I), (11v.2)
dXi+u-VaXdt= <(un)Xt - 21WiF(Xt)> dt+ \/%dBt,
avec pour équation de Fokker-Planck correspondante :
O+ (- V)b = —divx ([(ku)x_ ;VWF(X)W) +ﬁAx¢. (1-1V.3)

La théorie mathématique sur les notions d’existence et de régularité des solutions au probleme de
Cauchy-Dirichlet pour (1-IV.2) avec conditions de bord homogenes sur u est essentiellement similaire & celle
pour (1-IV.1), limitée par les mémes difficultés [JLLO4, ELZ04, LZZ04, LZ07, LMO07, Mas08, BSS05, BS07,
BS08, BS09, BCP06]. On notera toutefois les approches [JLL04, ELZ04, BCP06] qui se distinguent des autres
en étudiant (1-IV.2) par des méthodes probabilistes. (La plupart des preuves sont en effet pour la loi de (X),
solution de (1-IV.3), et non pour le processus (X;) — aprés suppression du terme d’advection [BCP06], ou an-
nulation dans le cas de flots de Couette [JLLO04], le champ aléatoire se réduit & un processus en temps —.) Noter
aussi [BLO4], qui est une piste pour 1’étude du champ aléatoire (X;) (prise en compte du terme d’advection).

1-IV-B-b Discrétisations du modele

Les modeles micro-macro sont généralement simulés avec des méthodes probabilistes de type Monte-
Carlo [096]. Ces méthodes sont en général robustes et faciles & programmer, mais gourmandes en ressources
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informatiques (la convergence de la loi des grands nombres peut étre tres lente). Un sujet de développe-
ment important pour ces méthodes (qui ne sont pas encore opérationnelles pour des simulations complexes
a Déchelle industrielle) est donc la réduction des ressources informatiques nécessaires (on notera qu’une stra-
tégie évidente si on a suffisamment de moyens matériels est la parallélisation des calculs, qui est tres simple
a mettre en ceuvre si on distribue les réalisations sur différentes machines). En particulier, pour approcher
des estimations Monte-Carlo qui satisfont un théoreme centrale limite, les méthodes de réduction de va-
riance [HDH64, New94, MT06] suscitent beaucoup d’intérét chez les utilisateurs de méthodes Monte-Carlo
(les rhéologues en particulier [MO95, OvdBH97, BP99], mais aussi les financiers [Aro04, Jou09)...).

Nous avons proposé deux méthodes de réduction de variance accélérées dans le chapitre 7, basées sur une
utilisation intensive optimisée de variables de contrdle. Ces méthodes s’appliquent au cas du calcul de (1-1I1.2).
Nous présentons des résultats numériques préliminaires, pour une EDS du type (1-111.1) sans le terme d’advection
(plus de dérivée partielle) et pour des variations du champ de vitesse w données a priori.

La résolution numérique de 1’équation de Fokker-Planck (1-IV.3) a aussi été tentée par plusieurs auteurs
[Loz03, CL04, LC03, KS09b, KS09a]. Elle semble toutefois limitée & des cas ol l'espace des configurations
polymériques est décrit par un vecteur X de faible dimension, tels les dumbbells (d coordonnées suffisent). Dans
le cas des dumbbells, des techniques de bases réduites, similaires a celles que nous employons pour accélérer le
calcul des variables de controles en Monte-Carlo, peuvent aussi accélérer la résolution numérique (voir [KP09]
et la section 7-VII du chapitre 7).

Noter aussi qu’en pratique, il semble que les modeéles micro-macro soient moins sujets aux instabilités du
type HWNP que les modeles macroscopiques. Une analyse est proposée dans [MHKO09]. Ce point reste toutefois
a approfondir.
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Chapitre 2

Schémas dissipant ’énergie libre pour
le modele d’Oldroyd-B

Ce chapitre est la reproduction exacte des résultats publiés dans [BLM09], obtenus en collaboration avec
T. Lelievre et C. Mangoubi.

On y analyse la stabilité de divers schémas numériques pour les équations d’Oldroyd-B, prototype des
modeles différentiels de fluides viscoélastiques, pour lequel on sait montrer qu’une solution réguliere du probléeme
de Cauchy-Dirichlet avec conditions de collement au bord d’un domaine borné D CR? (d=2,3) dissipe une
énergie libre. Plus précisément, on vérifie sous quelles hypotheses les schémas numériques satisfont une propriété
de dissipation d’énergie libre semblable au cas continu. Parmi les schémas numériques analysés figurent des
discrétisations fondées sur la reformulation logarithmique du systeme Oldroyd-B telle que proposée par Fattal
et Kupferman dans [FKO04], reformulation qui a permis d’obtenir des résultats numériques apparemment plus
stables que les formulations usuelles dans certains cas tests [FK05, HFK05]. Notre analyse tente ainsi de donner
des pistes pour la compréhension de ces observations numériques.

Plusieurs discrétisations usuelles de ’équation de Navier-Stokes couplée a celle d’Oldroyd-B sont passées en
revue. On choisit ainsi pour le couple (up,pp) divers espaces d’éléments finis mixtes :

— DIélément de Scott-Vogelius (Pg)? x P41 disc, que nous étudions quand d=2 (soit (P2)% x Pq gisc),

— TI’élément conforme de Taylor-Hood (Py)¢ x Py,

— D’élément non-conforme de Crouzeix Raviart au plus bas ordre (P{#)4 x Py,
qui satisfont tous une condition de compatibilité inf —sup discréte sur des partitions de D en simplexes (quoique
avec des restrictions sur le maillage de D pour Scott-Vogelius). On étudie aussi le cas d’éléments finis non
compatibles, stabilisés. Ces différents choix ne sont pas exhaustifs, mais ils montrent comment adapter ’essentiel
de nos idées a de nombreuses discrétisations utilisées en pratique. (Toutefois, le cas d’éléments quadrilateéres
n’est peut-étre pas une extension directe.)

Pour obtenir une dissipation d’énergie libre discrete, nous employons des éléments discontinus pour approcher
le tenseur de conformation o, inconnue principale de notre formulation de I’équation d’Oldroyd-B, et imposons
une restriction sur le pas de la discrétisation en temps (de type Euler rétrograde), en fonction de la condition
initiale. Ces limitations seront relaxées dans le chapitre 3, mais on n’obtiendra plus alors 'unicité de la solution
discrete. Dans le chapitre présent, nous montrons au contraire (avec des restrictions) l'existence et [’unicité d’une
solution au systeme des équations discrétisées, telle quune dissipation d’énergie libre discrete est satisfaite : on
obtient ainsi un résultat de convergence en temps long de la discrétisation numérique vers I’(unique) état
stationnaire quelles que soient les conditions initiales (stabilité asymptotique). On observe que ces restrictions
sont moins fortes pour les discrétisations de la formulation logarithmique de I’équation d’Oldroyd-B proposée
en [FKO04] (pas de restriction sur le pas de temps en fonction de la condition initiale). Cela pourrait étre une
explication des bons résultats numériques observés dans [FK05, HFKO05] pour cette formulation (quoique avec
des discrétisations quelque peu différentes des notres).

Des difficultés subsistent néanmoins avec nos discrétisations. Elles sont non-linéaires, donc la solution (im-
plicite) peut étre difficile & calculer (méme en complétant des méthodes de point fixe classiques, telles que celles
de Picard ou Newton, avec des techniques de continuation comme dans [How09]). Elles sont clairement de bas
ordre de précision en le tenseur de conformation o (idem avec les éléments continus du chapitre 3), méme si
on n’a pas étudié explicitement la consistance des schémas. Et la discrétisation du terme d’advection (u-V)o
requiert, soit (i) une méthode de caractéristiques qui est potentiellement destructrice de la stabilité si son inté-
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gration n’est pas exacte, soit (ii) une méthode de type Galerkin discontinue, qui est gourmande en ressources
informatiques (plus de degrés de liberté) et parfois plus difficile & résoudre algébriquement (convergence des
méthodes itératives). Les difficultés quant a la discrétisation du terme d’advection (u-V)o seront en partie
levées dans le chapitre 3 grace a I’emploi d’éléments continus avec une approche ad hoc, c’est-a-dire adaptée a
la procédure de test permettant d’obtenir une inégalité d’énergie libre.

On notera une difficulté permanente dans 1'obtention de nos discrétisations, qui est le souci de maintenir
la positivité du tenseur symétrique o discrétisé (on montre en effet facilement que si la solution continue au
probleme de Cauchy est réguliere, — le champ de vitesse et ses trajectoires caractéristiques en particulier —, alors
le modele d’Oldroyd-B préserve au cours du temps la positivité — physique! — du tenseur o, quand la condi-
tion initiale est elle-méme positive). Cette positivité est nécessaire pour établir une inégalité d’énergie libre.
Et elle est “gratuite” avec la reformulation logarithmique, d’otl notre résultat (théorique) meilleurt. D’autres
reformulations, plus favorables au maintien de la positivité, pourraient donc aussi étre étudiées, qui bénéficie-
raient vraisemblablement de qualités de stabilité importantes (voir par exemple [LX06]). Néanmoins, de telles
reformulations emploieraient vraisemblablement des transformations non-linéaires (comme [LX06]), et leurs dis-
crétisations pourraient étre tout aussi difficiles a résoudre numériquement si ’on veut conserver leurs propriétés
de stabilité éventuelles (voir notre remarque en Section 2-VI-E).

Dans le chapitre 3, on s’efforce de relaxer la contrainte de positivité par une méthode qui mériterait des
simulations numériques. Des tests sont en cours. On présente aussi en fin de ce chapitre quelques résultats
numériques fragmentaires qui n’ont pas encore été publiés et qui ont trait a l'utilisation de la reformulation
logarithmique.

1Ce n’est toutefois pas I’explication avancée dans [FKO04, FK05, HFKO05] pour I’emploi avantageux d’une reformulation logarith-
mique; on y fait plutot référence a des qualités de résolution pour des couches limites en o.
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In this chapter, we analyze the stability of various numerical schemes for differential models of viscoelastic
fluids. More precisely, we consider the prototypical Oldroyd-B model, for which a free energy dissipation holds,
and we show under which assumptions such a dissipation is also satisfied for the numerical scheme. Among the
numerical schemes we analyze, we consider some discretizations based on the log-formulation of the Oldroyd-B
system proposed by Fattal and Kupferman in [FKO04], for which solutions in some benchmark problems have
been obtained beyond the limiting Weissenberg numbers for the standard scheme (see [FK05, HFKO05]). Our
analysis gives some tracks to understand these numerical observations.

Keywords : Viscoelastic fluids, Weissenberg number, stability, entropy, finite elements methods, discontinuous
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2-1 Introduction

2-I-A The stability issue in numerical schemes for viscoelastic fluids

An abundant literature has been discussing for over twenty years the stability of numerical schemes for
discretizing equations modelling wiscoelastic fluids (see [Keu90, Keu00, FHKKO07, LX06] for a small sample).
Indeed, most numerical schemes for macroscopic constitutive equations are known to suffer from instabilities in
some benchmark problems, especially when a parameter, the Weissenberg number, increases.

Many possible reasons of that so-called high Weissenberg number problem (HWNP) have been
identified [Kei92, KL95, San99, FK05]. However, these results have not led yet to a complete understanding
of the numerical instabilities [Keu00], despite some progress [FK05, HFKO05]. Roughly speaking, we can distin-
guish between three possible causes of the HWNP :

1. Absence of stationary state : In many situations (flow past a cylinder, 4 :1 contraction), the existence of a
stationary state for viscoelastic models is still under investigation. It may happen that the non-convergence
of the numerical scheme is simply due to the fact that, for the model under consideration, there exists no
stationary state while the numerical scheme implicitly assumes such a stationary state.

2. Instabilities for the exact solution : More generally, the instabilities observed for the numerical scheme may
originate at the continuous level, for the model under consideration, if the solution to the problem indeed
blows up in finite time, or if it is not sufficiently regular to be well approximated in the discretization
spaces. Such situations are known to occur for the Oldroyd-B model in extensional flows, for example
(see [RH88, T'S07a, BPP0S]).

3. Bad numerical scheme : It may also happen that the problem at the continuous level indeed admits a
regular solution, and the instabilities are only due to the discretization method.

In this paper, we focus on the third origin of instabilities, and we propose a criterion to test the stability of
numerical schemes. More precisely, we look under which conditions a numerical scheme does not bring spurious
free energy in the system. We concentrate on the Oldroyd-B model, for which a free energy dissipation is known
to hold at the continuous level (see Thm. 1 below and [HL07]) and we try to obtain a similar dissipation at
the discrete level. It is indeed particularly important that no spurious free energy is brought to the system in
long-time computations, since they are often used as a way to obtain the stationary state.

The Oldroyd-B system of equations is definitely not a good physical model for dilute polymer fluids. In parti-
cular, it can be derived from a kinetic theory, with dumbbells modeling polymer molecules that are unphysically
assumed to be infinitely extensible (and this indeed seems to be the cause of some instabilities for the flow of
an Oldroyd-B fluid past a cylinder, see [RH88, TS07a, BPP08]). But from the mathematical viewpoint, it is
nevertheless a good first step into the study of macroscopic constitutive equations for viscoelastic fluids. Indeed,
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it already contains mathematical difficulties common to most of the viscoelastic models, while its strict equiva-
lence with a kinetic model allows for a deep understanding of this set of equations. Let us also emphasize that
the free energy dissipation we use and the numerical schemes we consider are not restricted to the Oldroyd-B
model : they can be generalized to many other models (like FENE-P for instance, see [HL0T7]), so that we believe
that our analysis can be used as a guideline to derive “good” numerical schemes for many macroscopic models
for viscoelastic fluids. In summary, our aim here is not to discuss the HWNP but to propose a new criterion to
assess the stability of numerical schemes for viscoelastic flows.

2-I-B  Mathematical setting of the problem

We consider the Oldroyd-B model for dilute polymeric fluids in d-dimensional flows (d=2,3). Confined to an
open bounded domain D C R?, the fluid is governed by the following nondimensionalized system of equations :

Re (%‘: —|—u-Vu) =—Vp+(1—¢e)Au+divr,

diva=0, (2-L.1)
1
68—; +(u- V)= (Vu)T+7(Vu)" - WT—&— % {Vu—i—VuT] ,
where u: (t,2) €[0,T) x D —u(t,z) €R? is the velocity of the fluid, p: (¢,x) € [0,T) x D — p(t,z) €R is the pres-
sure and T:(¢t,2)€[0,T) x D —7(t,x) ER¥*? is the extra-stress tensor. The matrix Vu is the dx d matrix

with components (g;}”

. The following parameters are dimensionless : the Reynolds number Re € R (where
i,j
R4 =[0,400)), the Weissenberg number Wi € R* (where R} =(0,400)) and the elastic viscosity to total viscosity
fraction € € (0,1).

In what follows, we assume for the sake of simplicity that the system (2-1.1) is supplied with homogeneous
Dirichlet boundary conditions for the velocity w :

u=0 on 9D. (2-1.2)

Therefore, we study the energy dissipation of the equations (2-1.1) as time goes, that is, the way (u,7) converges
to the stationary state (0,0) (equilibrium) in the long-time limit ¢t — co. Let us mention that it is possible to
extend the analysis to non-zero boundary conditions (or more generally non-zero forcing) in the following way :
it can be shown (see [JLBLOOG]) that if the stationary velocity is not too large, then exponential convergence
to the stationary state is achieved, at the continuous level. The schemes we propose are likely to exhibit similar
behaviour, but we have not checked all the details for such a situation.

Local-in-time existence results for the above problem have been proved in the bounded domain [0,T) x
D when the system is supplied with sufficiently smooth initial conditions u(t=0) and 7(t=0) (see [GS90,
FCGOO02] for instance). Moreover, global-in-time smooth solutions of the system (2-1.1) are known to converge
exponentially fast to equilibrium in the sense defined in [JLBLOO6]. Let us also mention the work of Lin
et al. [LLZ05] where, for Oldroyd-like models, local-in-time existence and uniqueness results are proven, but
also global-in-time existence and uniqueness results for small data. Notice that more general global-in-time
results have been collected only for a mollified version of the Oldroyd-B system (2-1.1) (see [BSS05]), for another
system close to (2-1.1) namely the co-rotational Oldroyd-B system (see [LMO00]), or in the form of a Beale-Kato-
Majda criterion when D=R? (see [KMT08]). Even though the question of the global-in-time existence for some
solutions of the Oldroyd-B system (2-1.1) is still out-of-reach, it is possible to analyze global-in-time existence
for solutions to discretizations of that system. This will be one of the output of this article.

2-I-C Outline of the paper and results

We will show that it is possible to build numerical (time and space discretizing) schemes for the Oldroyd-B
system (2-1.1)—(2-1.2) such that solutions to those discretizations satisfy a free energy estimate similar to that
established in [JLBLOO06, HL07] for smooth solutions to the continuous equations. Our approach bears similarity
with [LOO03], where the authors also derive a discretization that preserves an energy estimate satisfied at the
continuous level, and with [LX06], where another discretization is proposed for the same energy estimate as
in [LOO03]. Yet, unlike the estimates in [LO03, LX06], our estimate, the so-called free energy estimate derived
in [JLBLOO06, HLO7], ensures (free) energy dissipation and exponential convergence of the solution to equilibrium.
In particular, the long-time stability of solutions is ensured. As mentioned above, long-time computations are

24



indeed often used to obtain a stationary state, so that such a property may be seen as an interesting feature of
a numerical scheme.

We also analyze discretizations of the log-formulation presented in [FK04, FKO05], where the authors suggest
to rewrite the set of equations (2-1.1) after mapping the (symmetric positive definite) conformation tensor :

Wi
o=I+-——r (2-1.3)
€
to its matrix logarithm :
Y=Ino.
In the following, we assume that :
o(t=0) is symmetric positive definite, (2-1.4)

and it can be shown that this property is propagated in time (see Lem. 3 below), so that 1) is indeed well
defined. The log-formulation ensures, by construction, that the conformation tensor always remains symmetric
positive definite, even after discretization. This is not only an important physical characteristic of the Oldroyd-B
model but also an essential feature in the free energy estimates derived beneath. Besides, in some benchmark
problems [Kwo04, FK05, HFKO05], discretizations of the log-formulation have indeed been reported to yield
solutions beyond the limiting Weissenberg number for standard discretizations of the usual formulation (for the
Oldroyd-B and the Giesekus models). It is thus interesting to investigate whether the numerical success of this
log-formulation may be related to a free energy dissipation property.

The main outputs of this work are :

(i) One crucial feature of the numerical scheme to obtain free energy estimates is the appropriate discretiza-
tion of the advection term (u- V)7 (or (u- V) in the log-formulation) in the equation on the extra-stress
tensor. We will analyze below two types of discretization : the characteristic method, and the discontinuous
Galerkin method (see Sect. 2-IV, and Appendix D for higher-order schemes).

(ii) To obtain free energy estimates, we will need the extra-stress tensor to be discretized in a (elementwise)
discontinuous finite element space (Sect. 2-IV and Appendix D).

(iii) The existence of a solution to the numerical schemes that satisfies a free energy estimate will be proved
whatever the time step for the log-formulation in terms of %, while it will be shown under a CFL-like
condition for the usual formulation in terms of 7 (see Sect. 2-V). Moreover, any solution to the log-
formulation satisfies the free energy estimate (which is not the case for the usual formulation in terms of
7. This may be related to the fact that the log-formulation has been reported to be more stable than the
formulation in terms of T (see [HFKO05]).

We would like to mention the work in preparation [BB09b] where the existence of a solution to a numerical
scheme which satisfies a free energy estimate is also obtained whatever the time step for the usual formulation
of the Oldroyd-B model in terms of o, but only as the limit of a subsequence of regularized discretizations.
This means that, in the case where the CFL condition is not fulfilled hence uniqueness not ensured, there
may be many solutions to our numerical schemes for the usual formulation of the Oldroyd-B model in terms
of o, one of which is actually shown to satisfy a free energy estimate; on the contrary, every solution to our
numerical schemes for the log-formulation necessarily satisfies a free energy estimate. Moreover, it is shown in
this work [BB09b] that, using a particular discretization of the advection term, it is possible to use continuous
finite element spaces to obtain a discrete analogue of the free energy bound for a regularized Oldroyd-B model.
In addition, subsequence convergence, as the mesh parameters tend to zero, of such a scheme is proved, which
yields existence of global-in-time solutions to this modified Oldroyd-B system.

Notice that we here concentrate on stability issues. All the schemes we analyze are of course consistent, but
we do not study the order of consistency of these schemes, neither the convergence.

Let us now make precise how the paper is organized. In Section 2-II, we formally derive the free energy
estimates for the Oldroyd-B set of equations and for its logarithm formulation, in the spirit of [HL07]. Then,
Section 2-11I is devoted to the presentation of a finite element scheme (using piecewise constant approximations of
the conformation tensor and its log-formulation, and Scott-Vogelius finite elements for the velocity and pressure),
that is shown to satisfy a discrete free energy estimate in Section 2-IV. Some variants of this discretization are
also studied, still for piecewise constant stress tensor, and a summary of the requirements on the discretizations
to satisfy a free energy estimate is provided in Tables 2.1 and 2.2 (we show in Appendix D how to use an
interpolation operator so as to adapt the previous results to piecewise linear approximations of the stress tensor).
Finally, in Section 2-V, we show how the previous stability results can be used to prove long-time existence
results for the discrete solutions. Some numerical studies are needed to illustrate this numerical analysis, and
this is a work in progress.
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2-I-D Notation and auxiliary results

In the following, we will make use of the usual notation : L*(D)={f:D—R, [,|f|]* <co}, H'(D)=
{f: DR, [HIfP+IVfP<oc}, H(D)={f:D—R, [L|fP+|Vf?+|V3f|?<oc}, C([0,T)) for continuous
functions on [0,7) and C*([0,T')) for continuously differentiable functions on [0,7).

We will denote by T:0 the double contraction between rank-two tensors (matrices) 7, o € R4 :

ro=tr(trol)=tr(tTo)= Z TijOj.
1<i,j<d

Notice that if 7 is antisymmetric and o symmetric, 7:0 =0.

The logarithm of a positive definite diagonal matrix is a diagonal matrix with, on its diagonal, the logarithm of
each entry. We define the logarithm of any symmetric positive definite matrix o using a diagonal decomposition
0 =RTAR of o with R an orthogonal matrix and A a positive definite diagonal matrix :

Ine =R” (InA)R. (2-1.5)

Although the diagonal decomposition of o is not unique, (2-1.5) uniquely defines Ine. The matrix logarithm
bijectively maps the set of symmetric positive definite matrices with real entries S (R9*4) to the vector subspace
S(R¥*4) of symmetric real matrices, where it is exactly the inverse function of the matrix exponential.

We will make use of the following simple algebraic formulae, which are proved in Appendices 2-VI-A-a and
2-VI-A-b.

Lemma 1. Let o and T be two symmetric positive definite matrices. We have :

trlno =Indet o, (2-1.6)
o—Ilno —1I is symmetric positive semidefinite and thus tr(o —Ino —1I)>0, (2-1.7)
o +o ! —2I is symmetric positive semidefinite and thus tr(o+a ' —2I)>0, (2-1.8)
tr(oT)=tr(rto) >0, (2-1.9)
tr((c—71)r ') =tr(or™ ' —I) >Indet(o7 ") =tr(lno —InT7), (2-1.10)
tr((Ine—Int)o) >tr(oc—71). (2-1.11)
We will also use the Jacobi’s formulae :
Lemma 2. For any symmetric positive definite matriz o(t) € (C*([0,1))) B , we have Vt€[0,T) :
<5ta> col=tr <0'1:;tt7> = %tr(lna), (2-1.12)
(ilna) co=tr (a(ilna) :%tra'. (2-1.13)

2-I1 Formal free energy estimates at the continuous level

We are going to derive free energy estimates for two formulations of the Oldroyd-B system in Theorems 1
and 2. An important corollary to these theorems is the exponential convergence of the solutions to equilibrium in
the long-time limit. Throughout this section, we assume that (u,p,7) is a sufficiently smooth solution of problem
(2-1.1) so that all the subsequent computations are valid. For example, the following regularity is sufficient :

(u,p,7) € (C*([0,T), HA(D)NC* (D))" x (C°([0,T), H (D)) x (C* ([0,T),C* (D)), (2-IL.1)

where we denote, for instance by (Cl(D))d a vector field of dimension d with C*(D) components.
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2-1I-A  Free energy estimate for the Oldroyd-B system
2-II-A-a Conformation-tensor formulation of the Oldroyd-B system

Recall that the conformation tensor o is defined from the extra-stress tensor T through the following bijective
mapping :
€
I
=W (c—1).

With this mapping, it is straightforward to bijectively map the solutions of system (2-1.1) with those of the
following system :

ot Wi
divu=0, (2-11.2)

ou
Re ( +u- Vu) =—Vp+(l—¢e)Au+ i dive,

oo 1
5t V)o=(Vujo+o(Vu)" — (o 1I).

Notice that with such an affine mapping, the solution o to system (2-11.2) has the same regularity as T solution
to system (2-1.1), which is that assumed in (2-11.1) for the following manipulations.

2-II-A-b A free energy estimate

Let us first recall a free energy estimate derived in [JLBLOO06, HLO7]. The free energy of the fluid is defined
as the sum of two terms as follows :

/ [l + 5 / tr(o —Ino —1I). (2-1L.3)

The kinetic term / |u|2 is always non negative. Besides, we have the following lemma (see Appendix B

or [Hul90] for a proof) :

Lemma 3. Let o€ (C! ([O,T),Cl(D)))dXd be a smooth solution to the system (2-11.2). Then, if the initial
condition o(t=0) is symmetric positive definite (everywhere in D), the solution o(t) remains so at all times
t€[0,T) and for all x € D. In particular, the matriz o(t) is invertible.

From Lemma 3 and the equation (2-1.7), the entropic term / tr(o—Ino —I) is thus well defined and non
D

negative, provided o (t=0) is symmetric positive definite.

The free energy is an interesting quantity to characterize the long-time asymptotics of the solutions, and
thus the stability of the system (2-11.2). A priori estimates using the free energy are presented in [JLBLOOG]
for micro-macro models (such as the Hookean or the FENE dumbbell models) and in [HLO7] for macroscopic
models (such as the Oldroyd-B or the FENE-P models). Similar considerations can be found in the physics
literature about thermodynamic theory for viscoelastic models (see [Leo92, BE94, 005, WH9Sb]).

For the sake of consistency, we recall results from [HLO7] :

Theorem 1. Let (u,p,0) be a smooth solution to system (2-11.2) supplied with homogeneous Dirichlet boundary
conditions for u, and with symmetric positive definite initial condition o(t=0). The free energy satisfies :

d 2,
%F( 1—¢) / [Vu|”+

From this estimate, we get that F(u,o) decreases exponentially fast in time to zero.

tr(a +o7'—2I)=0. (2-11.4)

Proof of Theorem (1). Let (u,p,o) be a smooth solution to system (2-I1.2), with symmetric positive definite
initial condition o (t=0). We first compute the inner product of the Navier-Stokes equation with the velocity :

Re d 9 5 €
—_—— =—(1— - — 1o. 2-11.5
3o === [ (Vi [ Vuio (2115)
Then, taking the trace of the evolution equation for the conformation tensor, we obtain :
1
= Dtra:2/DVu:o'fﬁ/Dtr(o'fI). (2-11.6)

27



Last, remember that smooth solutions o are invertible matrices (Lem. 3). Thus, contracting the evolution
equation for o with o~ !, we get :

/D(gtaﬂu'v)”):"_l /DU(V“)—%/DU(I o). (2-1L.7)

Using (2-1.12) with 0 € C* (D x [0,T),S% (R%*?)), we find :

[ DT

which can be combined with (2-I1.7) to get, using tr(Vu)=dive=0 and u=0 on 9D :

—/trlna‘-—/tr -1). (2-IL8)

X (2-11.6) — 5= x (2-11.8) to obtain (2-1I1.4) :

Re € 2
dt{ /| 2VVi/Dtr(O'flna' I} +(1— 5/|Vu|

Since, by (2-1.8), we have tr(o+o~! —2I)>0, then F(u,o) decreases in time. Moreover, by (2-1.7) applied
to o=t we have tr(o —Ilno —I)<tr(o+o~!—2I). So, using the Poincaré inequality which states that there
exists a constant Cp depending only on D such that, for all u€ H}(D),

/ uf? < Cp / Vul?,
D D

we finally obtain that F(u,o0) goes exponentially fast to 0. Indeed, we have from (2-11.4) :

d 1—¢ € _ . (2(1—-e) 1
—F G 2_ t L_on)<— — |F
o (u,0) < o /D|u| 5 12/2) r(c+o ) < mm(Re cp i) (u,0),

so that, by a direct application of Gronwall’s lemma, we get :

We now combine (2-11.5) +

tr(0'+a' QI):O.

Flu,0) < Fu(t=0),0(t=0))exp <—min (2135(13 ;Ji)vlv1> t) . 0

2-1I-B  Free energy estimate for the log-formulation of the Oldroyd-B system
2-11-B-a Log-formulation of the Oldroyd-B system

Let us now introduce the log-formulation proposed in [FK04]. We want to map solutions of the system (2-11.2)
with solutions of another system of equations where a partial differential equation for the logarithm of the
conformation tensor is substituted to the Oldroyd-B partial differential equation for the conformation tensor o.

In order to obtain a constitutive equation in terms of 1 =Ineo, following [FK04], we make use of the following
decomposition of the deformation tensor Vu € R4*? (see Appendix C for a proof) :

Lemma 4. For any matriz Vu and any symmetric positive definite matriz o in R4¥¢, there exist in R¥*? two
antisymmetric matrices Q, N and a symmetric matriz B that commutes with o, such that :

Vu=Q+B+No ' (2-11.9)
Moreover, we have trVu=trB.
We now proceed to the change of variable ¥ =Ine. The system (2-II.2) then rewrites (see [FKO04] for a
proof) :
Re a—Jru Vu|=-V +(1—5)Au+idivew
ot - Wi
divu=0, (2-11.10)

oY

ot
Tt is supplied with unchanged initial and boundary conditions for w, plus the initial condition ¢ (t=0)=Ineo(t=
0) for the log-conformation tensor.

1
+(u V)wzﬂ¢—wﬂ+23+ﬁ(e_”’—I).
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2-II-B-b Reformulation of the free energy estimate

A result similar to Theorem 1 can be obtained for system (2-11.10), where the free energy is written in terms
of ¥ as :

/I /tr( Y1) (2-11.11)

The following theorem then holds :

Theorem 2. Let (u,p,) be a smooth solution to system (2-11.10) supplied with homogeneous Dirichlet boundary
conditions for w. The free energy satisfies :

gF(u e¥)+(1— s/|Vu\2

y tr( Y e ¥ —2I)=0. (2-11.12)

From this estimate, we get that F(u,e¥) decreases exponentially fast in time to zero.

Proof of Theorem (2). The proof of this theorem mimics the proof of Theorem 1. We go over the steps of the
proof, and point out the differences with the previous case. Let (u,p,%) be a smooth solution to (2-11.10).
From the inner product of the momentum conservation equation in (2-11.10) with the velocity u, we obtain :

Re d 9 9 5/ o
ul“=—(1— Vul*— — Vu: -11.1
2 dt/p‘ | ( E)/D| | Wi Jp “ (21113)

which is equivalent to (2-11.5). Taking the trace of the evolution equation for the conformation tensor, we get :

d —ap
i L= / tr(e=¥ — 1), (2-11.14)

which is equivalent to (2-11.8). Contracting the evolution equation for 9 with e¥ and using (2-1.13) with ¢ =Inao,
we rewrite the first term of this inner product :

oY 0
<8t+ V'l/!) (8 +u- V)tre

Recall that the decomposition (2-11.9) of Vu allows to rewrite the second term :
Vu:e¥=Q:e¥ +B:e¥ +(Ne ¥):e¥=B:e¥, (2-11.15)

where we have used the symmetry of e¥ and the antisymmetry of Q and A/. Then, notice that, since 1 and e¥
commute, we have :

(Qp — Q) :e¥ =tr(Qupe?) —tr(PpQe?) = tr(Qepe?) — tr(Qape?) =0, (2-11.16)

we finally obtain an equation equivalent to (2-11.6) :
1
7 Dtred’:Q/DVu:ed’fﬁ/Dtr(e'pr). (2-11.17)

It is noticeable that in this proof, we made no use of the positivity of o =e?, in contrast to the proof of Theorem
1.
The combination (2-11.13) — x (2-11.14) +

d | R
dt[;/D|u|2+;\m/ptr(€¢—¢—1)}+(1_5)/DV“|2+

This is exactly equivalent to (2-I1.4). As in the proof of Theorem 1, we then obtain that F(u,e¥) decreases
exponentially fast in time to zero. O

x (2-11.17) gives (2-11.12) :

tr(e¥ +e ¥ —2I)=0. (2-11.18)
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2-III Construction of numerical schemes with Scott-Vogelius finite
elements for the velocity-pressure field (u,p;)

We would now like to build numerical schemes for both systems of equations (2-11.2) and (2-11.10) that
respectively preserve the dissipation properties of Theorems 1 and 2 for discrete free energies similar to (2-11.3)
and (2-11.11). We first present discretizations that allow for a simple and complete exposition of our reasoning
in order to derive discrete free energy estimates. Possible extensions will be discussed in Section 2-IV-C (other
discretizations for the velocity-pressure field) and in Appendix D (higher-order discretizations for the stress
field).

2-ITI-A  Variational formulations of the problems

To discretize (2-11.2) and (2-11.10) in space using a finite element method, we first write variational formula-
tions for (2-11.2) and (2-11.10) that are satisfied by smooth solutions of the previous systems. Smooth solutions
(u,p,o) and (u,p,1p) to system (2-11.2) and (2-I1.10) respectively satisfy the variational formulations :

0:/ (Re (8u+u~Vu> 'v+(lfs)Vu:Ver%U:vapdiverqdivu
D 1

ot
(2-IL.1)
do T 1
+ <at—|—u-VU) (P — ((Vu)o‘—i-U(Vu) ) .¢>—|—VVi(0'—I).(;5>7
and
ou 3 . .
0= Re — +u-Vu ) -v+(1—6)Vu: Vo+ —e¥: Vo —pdive +gdivu
D 6t Wi
(2-111.2)

+<a(;f+u-v¢) :¢—<ﬂ¢—¢ﬂ>:¢—231¢—v1w(6w_I)"ﬁ)’

for all sufficiently regular test functions (v,q,®).
In this variational framework, we recover the free energy estimates (2-11.4) (respectively (2-11.12)) using the
test functions (u,p, gz (I —0 1)) (respectively (u,p, 757 (e¥ —1I))) in (2-1IL1) (respectively (2-1I1.2)).

2-IT1I-B  Numerical schemes with Scott-Vogelius finite elements for (u,,p)

Using the Galerkin discretization method, we now want to build variational numerical integration schemes
that are based on the variational formulations (2-III.1) and (2-II1.2) using finite-dimensional approximations
of the solution/test spaces. We will then show in the next Section 2-IV that solutions to these schemes satisfy
discrete free energy estimates which are equivalent to those in Theorems 1 and 2.

First, the time interval [0,7) is split into N intervals [t",#"*1) of constant size At= NLT, with " =nAt for
n=0,...,Np. For all n=0,...,Np — 1, we denote by (u},p},o}) (resp. (u},p},v})), the value at time t,, of the
discrete solutions (wyp,pp,or) (resp. (wp,pr,?;,)) in finite element spaces.

In all the following sections, we will assume that the domain D is polyhedral. We define a conformal mesh 7},
built from a tessellation of the domain D,

made of Nk simplicial elements K} and Np nodes at the internal vertices. We denote by hg, the diameter of
the element K, and assume that the mesh is uniformly regular, with maximal diameter h >max;<r<ny Px, -
For each element K} of the mesh 7j, we denote by ng, the outward unitary normal vector to element Ky,
defined on its boundary 0Kj. We also denote by {E;|j=1,...,Ng} the internal edges of the mesh 7;, when d=2,
or the faces of volume elements when d=3 (also termed as “edges” for the sake of simplicity in the following).
For the velocity-pressure field (w,pp), we choose the mixed finite element space (Pg)? x Py gis. of Scott-
Vogelius [SV85], where :
— by up, € (P2)? we mean that wy is a vector field with entries over D that are continuous polynomials of
maximal degree 2;
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— and by pn €P1 gisc We mean that py, is a scalar field with entries over 7j, that are piecewise continuous
polynomials of maximal degree 1 (thus discontinuous over D).

This choice is very convenient to establish the free-energy estimates at the discrete level. As mentioned earlier,

other choices will be discussed in Section 2-IV-C. For general meshes, this finite element does not satisfy the

Babuska-Brezzi inf-sup condition. However, for meshes built using a particular process based on a first mesh of

macro-elements, this mixed finite element space is known to satisfy the Babuska-Brezzi inf-sup condition (this

is detailed in [AQ92] for instance). The interest of this finite element is that the velocity field is divergence-free :

divup(z) =0,V €D, (2-111.3)

because divup €P; 4isc can be used as a test function for the pressure field in the weak formulation of the
incompressibility constraint [ (divuy)gn, =0.

For the approximation of o}, and v, we use discontinuous finite elements to derive the free energy estimates.
For simplicity, we first consider piecewise constant approximations of o and v, in Sections 2-IIT and 2-IV. In
Appendix D, we will come back to this assumption and discuss the use of higher-order finite element spaces for

o, and v,. All along this work, we denote by o, € (Py) “5 the fact that the symmetric-tensor field o, is

d(d+1)
2

discretized using a -dimensional so-called stress field, which stands for the entries in Py of a symmetric
(d x d)-dimensional tensor field, thus enforcing the symmetry in the discretization.

The advection terms u - Vo and u- V1) will be discretized either through a characteristic method in the spirit
of [Pir82, BM97, WKL00], or with the discontinuous Galerkin (DG) method in the spirit of [HFKO05]. Notice
already that the characteristic method requires the velocity field to be more regular than the discontinuous
Galerkin method in order to define the flow associated with the vector field uy,.

For the discontinuous Galerkin method, we will need the following notation. Let E; be some internal edge
in the mesh 7j,. To each edge E;, we associate a unitary orthogonal vector n=ng;, whose orientation will not
matter in the following. Then, for a given velocity field w, in D that is well defined on the edges, for any variable
¢ in D and any interior point x to the edge E;, we respectively define the downstream and upstream values of

¢ by :

o"(x)= 61_1}1(1)1_*_ d(x+dup(x)) and ¢~ (x) = él_i}r(r)l_ d(x+dup(x)). (2-111.4)

We denote by [[¢])(z)=¢ " (x) — ¢~ () the jump of ¢ over the edge E; and by {¢}(z)= w the mean
value over the edge. Then, one can easily check the following formula for any function ¢ :

S, Junliel=-5 [ e .

Let us now present in the next section the discrete variational formulations we will consider.

Remark 1. In what follows, we do not consider the possible instabilities occurring when advection dominates
diffusion in the Navier-Stokes equation for the velocity field wy. Indeed, in practice, one typically considers small
Reynolds number flows for polymeric fluids, so that we are in a regime where such instabilities are not observed.
Moreover, we also assume that 0 <e <1 so that there is no problem of compatibilities between the discretization
space for the velocity and for the stress (see [BPS01] for more details).

2-III-C  Numerical schemes with o, piecewise constant
Variational formulations of the discrete problem write, for all n=0,..., N7 —1, as follows :
With the characteristic method : For a given (ul,py,o}), find (u)t' ppth ol ™!) e (Py)? x Py gise X

d(d+1) d(d+1)

(Po)~ 2 such that, for any test function (v,q,@) € (P2)¢ X Py gisc X (Po) 2,

3

n+1,
Wiah :Vo

ul Tt —
Oz/pRe (hh +uZoVuZ+1) w—ppttdivo+gdiva} T+ (1-e) Vit Vo +

. . . . s . (d+1)
This problem is supplied with an initial condition (u?,p%,0?%) € (P2)? x P1 gisc % (Po) 5
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The function X" (¢t):x€D— X"(t,x) €D is the “backward” flow associated with the velocity field u} and
satisfies, for all z€D :
LX"(tx)=ul(X"(t,2)), Ve[t "],
(2-111.7)
Xn(ntl z) =

With the discontinuous Galerkin method : For a given (u},py,o}), find (u) ™ pitt aft) e (Py)? x

d(d+1)

Py gise % (Po) 2 such that, for any test function (v,q,¢) € (P2)% X Py gise x (Po) ,

Nk n+1 n
u " —u
0= E / Re <hAth +uy - VuZH) v —ppttdive +gdiva] ™+ (1—) V)t Vo + %UZ"H :Vou
k=1 K&

+<0'Z+1_0'Z> - ((VUZH) n+1+az+1<vu2+1>T> ¢+7( n+l I):qb
+Z/ lufl-n|[or ] pt.  (2-11L8)

Since o, € (Py) s discontinuous, we have discretized the advection term for o}, with a sum of jumps similar
to the usual upwind technique, where ¢ = (1[[@]] +{¢}) (see [EG04, HFKO05]).

Remark 2. In all the following, we assume that, when using the characteristic method :

— the characteristics are exactly integrated ;

— and the integrals involving the backward flow X™ are exactly computed.
We are aware of the fact that these assumptions are strong, and that numerical instabilities may be induced by bad
integration schemes [MPS88, S(%’]. Hence, considering the lack for an analysis of those integration schemes for
the characteristics in the present study, our analysis of discontinuous Galerkin discretizations of the advection
terms may seem closer to the real implementation than that of the discretizations using the characteristic method.

2-11I-D Numerical schemes with 1, piecewise constant

We now show how to discretize the variational log-formulation similarly as above. For this, we will need the
following elementwise decomposition of the velocity gradient (see Lem. 4 above) :
n+1

Vu"“ QZ+1+BZ+1 Nn+1 ¥y (2-111.9)

Moreover, for the decomposition (2-111.9) with u € (P2)¢, we will need the following Lemma 5 for k=1, which
is proved in Appendix C :

Lemma 5. Let VuZ+1 (Pr.aisc)*? for some keN. Then, for any symmetric positive definite matriz
,l/)n+1 (]P) d(d+ )
e 0)

B”+1 € (P, disc) that commutes with e¥n , such that the matriz-valued function Vuy
pointwise as : Vuj ™ = QT + Bpt L N e _¢n+l.

d(d—1) . .
, there exist two antzsymmetmc matrices Q"H ./\f"+1 € (Pk.aisc)” 2 and a symmetric matriz
d(d+1) n+1

can be decomposed

Variational formulations of the discrete problem write, for all n=0,..., N7 —1, as follows :

With the characteristic method : For a given (u},py,}), find (up ™ pithpth) € (Po)? x Py gise X
d(d+1) d(d+1)

(Po)~ 2 such that, for any test function (v,q,) € (P2)? x Py gisc % (Po) ,

n+l _ n
O:/Re (m+uh Vu"“) v—pittdivo+gdivu) ™ + (1—¢) Vu) Vv—i—We Tive
D

n+1_ o X (" 1 n+1
+< dZLt ( )) b (Q”“z,b’g“—wz“ng“):¢—2BZ+1;¢—W( —i );¢>, (2-I11.10)

where the initial condition (u),p), %) € (P2)% X Py gise X (Po)d(d;n is given and where X" (t) is again defined

by (2-11L7).
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With the discontinuous Galerkin method : For a given (u}l,pp,ap}), find (u ™t piT ™) € (Py)? x

d(d+1) d(d+1)

Py gise X (Po) ~ 2 such that, for any test function (v,q,¢) € (P2)? x Py g;sc % (Po) ,

Nk n+l_ ,n n
O:Z/ Re (m—f—uﬁ-v'u,zﬂ) v— pthldlvv+qd1vu"+1—&—(1—<€)V'u,2“:V’u—&—%e”’hJr1 : Vo
k=1 Kk i

+( n+;t ’¢h> ¢_(QZ+1 L ZHQZH) b 23”“~¢—%(e‘ ZH—I):d)

+Z Iuh n|[yp ¢, (211111

Remark 3. Notice that the numerical schemes we propose are nonlinear due to the implicit terms corresponding
to the discretization of the upper-convective derivative (Vu)o +o(Vu)l (resp. Qp—1pS2). In practice, this
nonlinear system can be solved by fized point procedures, either using the values at the previous time step as an
initial guess, or using a predictor obtained by solving another scheme where the nonlinear terms are explicited.

2-ITI-E  Local existence and uniqueness of the discrete solutions

Before we show how to recover free energy estimates at the discrete level, let us now deal with the local-in-time
existence and uniqueness of solutions to the discrete problems presented above.

First, since the mixed finite element space of Scott-Vogelius chosen in the systems above for the velocity-
pressure field satisfies the Babuska-Brezzi inf-sup condition, notice that the system (2-111.6) is equivalent to the

following for all n=0,..., Ny —1 : For a given (u},o}), find (u} ™, o7t) € (Py)d, _, x (PO)% such that, for
any test function (v,¢) € (P2)4,,_, ¥ (]P’O)d((HU7
upt—upy nt1 n+l, ntl,
0=/ Re| *——F—"+u,-Vu, " |- v+(1-¢)Vu, " :Vo+ —o," : Vv
D At W
n+1 n n(+n
o, —opoX"(t") n+1\ ntl , _ntl n+l RSt , :
+< o L (Vu ) +ol (Vu ) L+ ( I).¢>, (2-111.12)
where the flow X" (¢) is defined by (2-II1.7) and where we have used the following notation :
(P2)div—o = {'U € (Py)?, / qdivv=0, Vg€ Pl,disc} ' (2-111.13)
D

Notice that it is also straightforward to rewrite the systems (2-111.8), (2-111.10) and (2-111.11) using up €

(Py)d. o instead of (up,pn) € (P2)? X Py gisc. For instance, the system (2-I11.10) is equivalent to : For a given
(d+1) dd+1)

(uP, ), find (w9t € (Py)d o x (Pg) “2 such that, for all (v,¢) € (P2)%,_, x (Po) ,

n+l "
:/DRe (uhAtuh +uy, - Vu"“) W+ (1—e)Vupt: Vo + %ed’hﬂ : Vo

+< = o X" (")

1 n+1
. n+1,,n+1 n+leon+ly). o n+l, o -, . _
i ).qb (Qh nt gt ).¢ 2B ¢ —i(e h I).¢. (2-111.14)

Then, we have the :

Proposition 1. Assume Scott-Vogelius finite elements are used for velocity-pressure, and piecewise constant
discretization for the stress. For any couple (u},o}) with o} symmetric positive definite, there exists co=
co(ul,a) >0 such that, for all 0< At <c, there evists a unique solution (u}™',a7™") to the system (2-111.6)

(resp. (2-111.8) ) with 0'”+1 symmetric positive definite.

Proof of Proposition 1. The proofs for systems (2-1I11.6) and (2-1I1.8) are similar, so we will proceed with the
proof for system (2-111.6) only, using its restatement as system (2-111.12).
For a given mesh 7j, let us denote by Y"1 ¢ RZVNp+3Nk the vector whose entries are respectively the nodal

and elementwise values of (u)"!,a}"!), solution to the system (2-II1.12). The system of equations (2-IT1.12)

33



rewrites in terms of the vector Y"1 € R2Vo+3Nk a5 : for a given Y™ and At, find a zero Y"*! of the function
Q defined by

Q (At,Y"“) —AtA (Y”H)Y”H FALBYM)Y Lyt _o(yT AL, (2-111.15)

where A and B are linear continuous matrix-valued functions in RGNp+3Nk)x(2Np+3NK) and where C' is a
vector-valued function in R2Vp+3Nx (notice that the dependence of the function C' on At is only related to
the computation of the backward flow during a time step At, so that C'(Y™,0)=Y", and with the DG method
it simplifies as C(Y" ,At)=Y"). The functions A, B and C also implicitly depend on 7, as well as on the
parameters Re, Wi, e.

Now, Q(At,Y) is continuously differentiable with respect to (At,Y’) and we have, with I the identity matrix
in R(QND+3NK)X(2ND+3NK) .

VyQ(ALY)=I+At(BY")+A(Y)+(VyA)Y). (2-111.16)
Then, for given vectors Y and Y, the matrix Vy Q(At,Y) is invertible for all At such that :
0< AL< B+ A(Y)+(Vy A)Y ]~

(with convention |[B(Y™)+A(Y)+ (VyA)Y| "= if B(Y")+A(Y)+(VyA)Y =0), and then defines an iso-
morphism in R2Np+3Nx

Let us denote by S7 the subset of R2Np+3Nk that only contains vectors corresponding to elementwise values
of positive definite matrix-valued functions o, in D. Since 87 (R%*¢) is an open (convex) domain of R**?, S%
is clearly an open (convex) domain of RZ2Vo 3Nk

Since Q(0,Y")=0 and VyQ(0,Y™) is invertible, by virtue of the implicit function theorem, there exist a
neighborhood [0,co) x V(Y™) of (0,Y™) in Ry NS% and a continuously differentiable function R:[0,¢o) — V (Y™),
such that, for all 0 < At <c¢q :

Y =R(At) <= Q(At,Y)=0.

For a given time step At €[0,co) and a given symmetric positive definite tensor field o}, R(At) € V(Y™) is the
vector of values Y™+ for a solution (ut!,o7") to the system (2-111.12) with a symmetric positive definite
matrix O'ZH. Notice that, up to this point, co =co(Y™) is function of Y™, as well as Re, Wi,e and 7. O

For solutions (u},o}) to the systems (2-111.10) and (2-IIL.11), we similarly have :

Proposition 2. Assume Scott-Vogelius finite elements are used for velocity-pressure, and piecewise constant
discretization for the stress. Then, for any couple (u},v}), there exists a constant co = co(u},1Py,) >0 such that,
for all 0 < At < cy, there exists a unique solution (w) ™ ,}) to the system (2-111.10) (resp. (2-111.11)).

The proof of Proposition 2 is similar to that of the Proposition 1, but for the expressions of Q(At,Y) with
respect to Y. An additional term AtD(Y') appears in @ due to e¥h"". This term is continuously differentiable
with respect to Y, and the derivative VyQ(0,Y™) is still invertible. Thus, the proof can be completed using
similar arguments.

Anticipating the results of Section 2-V, we would like to mention that the above results will be extended in
two directions, using the discrete free energy estimates which will be proved in the following.

— We will show that the constant cq in Proposition 1 (resp. Prop. 2) can be chosen independently of (u},o})
(resp. (ul},%y)), which yields a long-time existence and uniqueness result for the solutions to the discrete
problems (see Props. 7 and 8 below). Of course, the limiting timestep will still depend on the parameters
Re,Wi,e and on the mesh 7j,.

— We will also show, but for the log-formulation only, that it is possible to prove a long-time existence result
without any restriction on the time step At (see Prop. 9 below).

2-IV  Discrete free energy estimates with piecewise constant discre-
tization of the stress fields o, and v,
In this section, we prove that various numerical schemes with piecewise constant o, or v, satisfy a discrete

free energy estimate. We first concentrate on Scott-Vogelius finite element spaces for (up,pp) (introduced in
Sect. 2-11T) and then address the case of other mixed finite element spaces in Section 2-IV-C.
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2-IV-A Free energy estimates with piecewise constant discretization of o,
2-IV-A-a The characteristic method

Proposition 3. Let (u},p),0})o<n<n, be a solution to (2-111.6), such that o} is positive definite. Then, the
free energy of the solution (u},py,o}) :

n € n n
F'=F(u},o})= / ‘ QWZ/Dtr(Uh_lnah_I)’ (2-IV.1)
satisfies :
Eptt—pp /Re T +At/ 1— s‘Vu"H‘ + tr( "+1+(a"+1) —2I)<O (2-1V.2)
h T h h <0. .
D 2 Wi

In particular, the sequence (F})o<n<nNp 1S non-increasing.

Proof of Proposition 3. Let (u;t pi ! a}!) be a solution to system (2-IIL.6). Notice that (o} ™)~ is still

in (Pg) “2* We can thus use (uptt pptt o (I — (o}t1)71)) as a test function in the system (2-1IL.6), which
yields :
n+1 n n+1 n n+1
N (e e R
> I I 2

n+1 no Xn(n —
_ n+1 € _n+1, n+1 2 o, —opoX"(t") ( _( nt1)
+(1—¢) ‘Vu ‘ +Wcrh :Vu, +2Wi[< r N I—|o) ) )

a(wu ot (- (o)) oo 1) (- () )|

We first examine the terms associated with momentum conservation and incompressibility. We recall that

uZ“ satisfies (2-111.3) since we use Scott-Vogelius finite elements. By the Stokes theorem (using the no-slip

boundary condition), we immediately obtain :

/uh V’u”“‘ = /(divuZ)
D D

The terms involving p}# also cancel. We now consider the terms involving o’”+1 The upper-convective term
in the tensor derivative rewrites :

-1
n+1 n+1 ., n+1 _n+1, n+1 : n+1
(Vuh )ah : (I— (O'h ) ) =0, :Vu, " —divu, ",

77+1’ _0

n+1 ., Vun+1

which vanishes after combination with the extra-stress term O’h in the momentum conservation

equation, and using the incompressibility property. The last term rewrites :

(o =1) (1= (o37) ) mer (ot (o) 1),
The remaining term writes :
1
/D (o3 = apoxm@): (1 (7)) :/Dtr(a;;“) —tr (oo X"(t"))
+tr([a;;oxn(tn)] [a;ﬁl} B _1).
We first make use of (2-1.10) with o =} 0 X"(t") and T=0} " :
tr([agoxn(tn)][agﬂrl 71) > trln (agoxn(t")) ftrln< ’,;H).

Then, we have :
/ —tr(oZoX"(t”)Jrln(UZoX"(t”))):/ —tr(op +Ino}y),
D D
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since the strong incompressibility property (divuj =0) implies that the flow X"(¢) defines a mapping with
constant Jacobian equal to 1 for all ¢ € [t",¢"T!]. Finally, we get the following lower bound :

-1
/ (O'Z+1 aﬁoX”(t")) : (If (0'2’"'1) ) 2/ tr(o’Z"H flna'Z'H) ftr(az flnoﬁ),
D D

hence the result (2-1V.2).
Notice that tr (o} ™! + (o} ™!)~* —2I) >0 by virtue of the equation (2-1.8), which shows that the sequence
(F)o<n<nNy is non-increasing. O

2-IV-A-b The discontinuous Galerkin method

Proposition 4. Let (u},p},0})o<n<ny be a solution to (2-1I1.8), such that o} is positive definite. Then,
the free energy F}' defined by (2-1V.1) satisfies the free energy estimate (2-IV.2). In particular, the sequence
(F)o<n<ng @ non-increasing.

Proof of Proposition 4. We only point out the differences with the proof of Proposition 3. They consist in the
treatment of the discretization of the advection terms for ;. We recall that the test function in stress is
=5 (I—(o}")71), so that we have :

Z/ ‘uh n‘ mH) ( (a‘Z+1 Z/ |lup-n| tr "+1>]]
—1
+u2~n|tr(az+1’_(02+1’+) —I).

Again, we make use of (2-1.10), with O':O'ZH’* and 7':0'Z+1’Jr :
-1
tr< ntl,— ( Z+1’+) I> >tr (lna'z+1’7 flna'z+1’+> .
d(d+1)

We get, by formula (2-1IL1.5), the fact that UZ'H € (Py) = , the Stokes theorem and the incompressibility
property (2-IIL.3) :

Z/ fupinl [o s (1= (7)) >Z/ fuji-nl [tr (o7 ~Inoy )]
:_Z/a (up -ng, tr( ntl lna'"H)
:_Z<tr( n+l ZH)) KkAKkuZ'nKk
—fz<tr< nl ZH)) . /deiv(uZ)

=0. (2-1V.3)

Moreover, it is easy to prove the following, using the same technique as in the proof of Proposition 3 :

-1
/D (chH —aﬁ) : (I— (a}:“) ) > /Dtr<az+1 lna'”H) —tr(aZ—lna’Z).

This concludes the proof. O

2-IV-B Free energy estimates with piecewise constant discretization of 1,

This section is the equivalent of the previous section for the log-formulation.
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2-IV-B-a The characteristic method

Proposition 5. Let (u},p}. ¥} )o<n<ng be a solution to (2-I11.10). Then, the free energy of the solution
(wh, Py n) -

n n " Re " € n n
FI :F(uh,ewh) - 7/73 il + 33 Dtr(e"’h — ) —I), (2-1V 4)
satisfies :

R
Fptt —F,’:+/ 26

In particular, the sequence (F})o<n<Np 1S non-increasing.

n+1 n
Uy —up

+At/ (1—¢ ’Vu”“‘ +2V€V,2tr(e¢f;+l+e*¢z+lf2l>SO. (2-1V.5)
1

Proof of Proposition 5. We shall use as test functions ( "_H,pZ—H, Wi (e”’z+1 —I)) in (2-II1.10). We emphasize

that, as long as the solution (u ”H,pzﬂ, ZH) exists (see Prop. 2), ¥ s well-defined, symmetric positive

definite and piecewise constant.
The terms are treated similarly as in the proof of Proposition 3. For the material derivative of ;,, we have :

/ ( ntl _ OX”(t”)> : (e¢z+l —I) :/ ( nl_ Z’OX”(t")) e¥h —tI‘('l,bZ—H - ZOX"(t"))
D D
Using the equation (2-1.11) with o=e¥"" and T=e¥i°X" (") we obtain :
( n+1 7¢noXn<tn)) RS >tr(ed’z+l 7e¢;oxn(tn))
h h : = )

and thus :

/D( ol ¢hoX”(t")) : (e‘prrl fI) Z/Dtr<e’l’;?rl 71,[;2”'1) f/Dtr<e¢Z —1,b2) o X™(t")
:/ tr(e‘PZqu/;Z‘*‘l) —/ tr(e¥h — ),
D D

where the fact that the Jacobian of the flow X™ is constant equal to one (because u} is divergence-free) has
been used in the change of variable in the last equality.
Besides, using the equation (2-11.16), we have :

/(QZ—H Z+1 ¢7z+1nn+l) (w"“ I):/ (QZ—H n+1 ¢n+1ﬂn+1) R —0.
D D

Last, using (2-11.15) :

/B”Jrl e¢n+1 :/Bzﬂ:ed’:“*/tr(BZJrl)
D
/VU”Jrl e /le ”H /Vu"+1 .

which cancels out with the same term fD e¥n :VuZJrl in the momentum equation. O

2-IV-B-b The discontinuous Galerkin method

Proposition 6. Let (u},p}l, ¥} )o<n<ny be a solution to (2-1I1.11). Then, the free energy F}' defined by (2-1V .4)
satisfies the free energy estimate (2-IV.5). In particular, the sequence (F}')o<n<ng @S non-increasing.

The proof is straightforward using elements of the proofs of Propositions 5 and 4.
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TAB. 2.1 — Summary of the arguments with (ws,pn,0) or (wn,pr,y) in (P2)? X Py gise X (Po)%

Advection discretized by Characteristics DG
Requirements for wy, divuy, =0 fD qdivup =0, Yqge Py
(=det(VoX")=1) and
(= (up-n)|g, well defined) (up-m)|p, well defined

2-IV-C Other finite elements for (u;,p)

In this section, we review some finite element spaces for (up,pp) other than Scott-Vogelius for which the
results of the last two sections still hold.
First, let us stress the key arguments we used in the proofs above. If the advection terms u- Vo and v -V

are discretized by the characteristic method, we need the velocity field u} to be divergence-free :

dival =0, (2-1V.6)

in order for the flow X" satisfying (2-II1.7) to be with Jacobian one. When u} is only piecewise smooth (consider
below the case of Py g4is. velocity fields), the divergence in the left-hand side of (2-IV.6) should be understood
in the sense of distributions. By the way, the equation (2-IV.6) ensures that the trace of the normal component
uj -n on the edges of the mesh is uniquely defined, which is a sufficient condition to define the flow associated
with an elementwise-Lipschitz-continuous vector field u} through (2-II1.7), and which is necessary to treat the
advection term in the Navier-Stokes equation (see [Pir82]).

If the advection terms are discretized by the discontinuous Galerkin method, it is necessary that the trace
of the normal component of u; be uniquely defined on the edges of the mesh since it appears in the jump
terms Z;VZEI ij lup -n|[o} ] : 9T or Zjvjl ij |up -n| 471 : ¢t in the variational formulations. But to ob-
tain (2-IV.3), and contrary to the characteristic method, only the following weak incompressibility property is
needed :

Vk=1,...,Ng, / diV’u,Z:O7
Ky

which is equivalent to writing :

Vq Py, / div(up)g=0. (2-IV.7)
D

The properties needed to obtain the discrete free energy estimates are summarized in Table 2.1.

Below, we consider the following alternative choices of the finite elements space for (uwp,pn) :

— the Taylor-Hood finite element space : (up,pn) € (P2)% x Py, which satisfies the Babugka-Brezzi inf-sup
condition, whatever the mesh ;

~ the mixed Crouzeix-Raviart finite element space (see [CR73]) : (un,pn) € (P{T)? x Py, where

P?R - {U S Pl,disc

VE;, /E »[[U]]zo}, (2-1V.8)

which also satisfies the Babuska-Brezzi inf-sup condition, whatever the mesh ;
— stabilized formulations for (wp,pp) € (P1)? x Py or (up,pn) € (P1)? x Py.
This is not exhaustive, but it is sufficient to highlight which modifications are needed in the variational formu-
lations, compared to the Scott-Vogelius mixed finite element, for the discrete free energy estimates to hold. In
particular, some projection of the velocity field is needed in the discretization of the advection terms u- Vo and
u- V1 in order to satisfy the requirements of Table 2.1. These projection operators are introduced in the next
Section 2-IV-C-a. The results of Section 2-IV-C are summarized in Table 2.2.

Remark 4. For all the finite element spaces introduced here, similar existence results as those stated in Sec-
tion 2-1II-F hold. For the sake of conciseness, we do not restate these results, but rather concentrate on establi-
shing the free energy estimates.

2-IV-C-a Some useful projection operators for the velocity field

Let us introduce three projection operators for the velocity field.
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Following [Pir82], we first define the orthogonal projection P/° onto the piecewise constant solenoidal vector
fields built from affine continuous scalar fields :

{Vx@l¢he (P1)d,Ch xn=0 on D}

We suppose here that d=3, but the extension to the case d=2 is straightforward. We set P;°! (uy) =V x 9y,
where 15, € (P1)¢, such that v, x n|sp =0, satisfies :

/ (Vin): (V) = / - (V% (), ¥ € (B1), G x o = 0.
D D

Because P/ (uy,) is solenoidal, we always have the strong incompressibility property (2-IV.6) :

div Py (uy) =0,

for any velocity field uy,. Of course, this operator is consistent only for divergence-free velocity fields uy, (or
velocity field u;, with vanishing divergence when h goes to zero). See [Pir82] for consistency results.

Second, following [EGO04], we define the Raviart-Thomas interpolator P:”TO onto the vector subspace of
(Pl,disc)d made of the vector fields in (Py)?+xP; with continuous normal component across the edges E;
(whose trace on Fj is then uniquely defined). The projection P/ (u}) clearly satisfies, for any element K, :

divuy, :/ uy Nk, :/ PR (ul) ng, = [ divPET (ul). (2-1vV.9)
K, aKk 6Kk Ky

Thus, it satisfies the weak incompressibility property (2-IV.7) :
Vg e Py, / div (Pffm (’u,Z))q:O,
D

if, and only if, the velocity field uj, also satisfies it.

Third, we define P}?DM as the Brezzi-Douglas-Marini projection operator [BJDMS85, BJDMS86]. It is with
value in (IP;)?. This projection operator satisfies the same divergence preservation property (2-IV.9) than PfTO,
but is of better accuracy.

Note that P,FD M and P,fTO are local interpolating operators in the sense that all the computations can be
made elementwise. This is not the case for P;°!. In addition, we will need the following lemma :

Lemma 6. For any velocity field uy such that the previously defined interpolating operators are well defined, the
normal components of the interpolated vector field, Py (u})-n, P (u})-n and PEPM (u})-n are also well
defined on any internal edges E;. Moreover, if uj € (P1,gisc)? is a velocity field such that, for all k=1,...,Nk :

/ div(uy) =0,
Ky

then div(PET (u})) = div(PEPPM (u})) =0 (in the sense of distributions).

Proof. By construction, P,?‘TO and Pf DM take their values in the set of velocity fields whose normal components
are continuous across the edges. This is also the case for P/°" since P;°' takes its value in the set of divergence-

free velocity fields. Then, from the equation (2-IV.9), we have ka div(P/o (u})) =0. Since div(P/70 (u})) is
in (P)?, this shows that div(P7 (u})) is zero in any element Kj. Finally, P, (u}) has continuous normal
components across the edges of the mesh. This shows that div(P™ (u})) =0 in the sense of distributions. The
same proof holds for the projection operator P,F DM O

2-IV-C-b Alternative mixed finite element space for (uj,py) with inf-sup condition

In this section, we show how to derive discrete free energy estimates with mixed finite element spaces for
the velocity and pressure fields which satisfy the inf-sup condition, but which are not the Scott-Vogelius finite
elements.

Let us first consider the Taylor-Hood element for (uy,py), that is (Po)? x P;. In this case, since the velocity
field wy, is not divergence-free either in the weak form (2-IV.7), or in the strong form (2-IV.6), a projection of
the velocity field is required in the discretization of the advection terms u-Vo and w- V). More precisely, we
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need to use the projection velocity P/°"u} (and, among the three projection operators we introduced above,

this is the only one which is such that the strong or weak incompressibility is satisfied). For the characteristic
method, one uses the flow X" (¢) satisfying :

G X" (ta) = Ptup (X" (t)), VEe[tn,tmT,
(2-1V.10)
Xt p)=z.

For the discontinuous Galerkin method, the advection term in the conformation-tensor formulations writes (see
the last line in (2-111.8)) :

+§/E [Pt (i) -] 6

Notice that in the terms [} "] : ¢T, the projected velocity Pr*u is used to define the upstream and downs-

tream values following (2-111.4). Another modification, which is specific to the Navier-Stokes equation, is needed
to treat the advection term on the velocity. Namely, one needs to add to the weak formulation the so-called
Temam correction term (see [Tem66)) :

+&/ div (ul) <v~u2’+1> (2-1V.11)
2 D

in such a way that, when uZH is used as a test function :

R
Re/ (uﬁ-VuZ“)-uZ“—i—?e/div(uﬁ)|uz+1|2:0.
D D

With these modifications (projection of the velocity field in the advection terms, and Temam correction term),

the free energy estimate (2-IV.2) is satisfied by the scheme. Similar results (discrete free energy estimates for
(wn,pn,,) in (P2)? x Py x (Pg) d(d;”) can be proved on the log-formulation.

Let us now discuss the use of Crouzeir-Raviart finite elements for velocity : (up,pn,o) in (P{F)4 x Py x
(IE‘>())d(dZ'Jr = (see (2-IV.8)). In this case, the Navier-Stokes equations can be discretized using a characteristic

method :

ok unH_UZOX"(tn) 1 1 1 3 1
022/ Re( h ) w—pptdivo+gdive) T + (1) Vup Vo + — o) Vo,
1 K At Wi
(2-IV.12)
where X is obtained from the projected velocity field P,uj as :

4 X" (t)=Poul(X"(t), Vte[t", "],
(2-1V.13)
Xn(tnt) =z

The projected velocity P,u} is defined using any of the three projectors presented above, that is Py uj!, P,f”TU up
or P,F bM uj. The Navier-Stokes equations can also be discretized using a discontinuous Galerkin formulation :

Nk un-‘rl_un Ng
O:Z/K Re(h A h+Ph(u;;).vu;;+1).v+ReZ[E Py (uf!) - [[uf 1) - {v}
— k j*l i

Nk
+Z/ —pzﬂdivv—l—qdivuf{“—|—(1—6)Vu;1‘+1:Vv—i—%d;fr1 :Vo. (2-1V.14)
k=1 K '

Here again, P,uj, is any of the three projectors presented above. We would like to mention that we are not
aware that the projector P° has ever been used with discontinuous Galerkin methods, so that the consistency
of the discontinuous Galerkin approach combined with this projector still needs to be investigated. Likewise,
the advection term w-Vo in the equation on the stress can be treated by the characteristic method or the
discontinuous Galerkin method, as above for the advection term in the Navier-Stokes equations. Notice that
whatever the projecting operator used, div(P,u}) =0 holds (see Lem. 6 above). With this property, it is easy
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to check that Propositions 3 and 4 still hold for this finite element. For example, the advection term in the
Navier-Stokes equations is treated as follows (using the fact that div(Pp (u})) =0 and (2-IIL5)) :

Nk

S [ (Putup) vup). n+1+z / 1P () ] (g™ )
k=1 k

Ng Ng
:Z/ div | Py (u}) +Z/ | Py (u})-m ‘unﬂ‘ ]
k=1" Kk j=1"Fi

n+1
uy,

z/ (P () ) L =
0K

n-‘rl‘

Z/K div | Py (up)———

Discrete free energy estimates for (up,pn,1p,) in (PYR)4 x Py x (Po)dw;l) can be similarly proven on the log-

formulation.

2-IV-C-¢c Alternative mixed finite element space for (uy,p,) without inf-sup

It is also possible to choose a mixed finite elements space for (uy,pn) that does not satisfy the Babuska-Brezzi
inf-sup condition, like (P;)¢xPy or (P;)?xP;. The loss of stability due to the incompatibility of the spaces
can then be alleviated through a stabilization procedure, like Streamline Upwind Petrov Galerkin, Galerkin
Least Square or Subgrid Scale Method (see [HF87, Cod98, Gue99]). In the following, we consider very simple
stabilization procedures, for which only one simple quadratic term is added to the variational finite element
formulation in order to restore stability of the discrete numerical scheme.

Let us first consider the mized finite element space (P1)? x Py for (wup,,pp). If the term w- Vo is discretized
with the characteristic method, the system then writes :

Nk n+1 n
- R
O:Z/ Re(%—&—uﬁv'ufg“)-v+7edivuh('u Wit 4 (1— )Vt VU+W oV
k=17 Kk
n+l__ __n X (¢ T
—ppttdive +gdivu) T + <Uh UAh: ( )) - ((VUZH) n+1+o_n+1(vu7}:+l> >:¢

+%(UZ*1—I) :¢+;\Ej| /E [pdla). V-15)

with a flow X" computed with the projected field P;°! (u}') through (2-IV.10). The projection operator P}t
is the only one we can use among the three projectors we introduced in Section 2-IV-C-a because the weak
incompressibility property (2-IV.7) is not satisfied by uj.

The stabilization procedure used in (2-IV.15) has been studied in [KS92]. Proposition 3 holds for system
(2-IV.15), its proof being similar to the case of Taylor-Hood finite element (see Sect. 2-IV-C-b), since the
additional term Z E | [ | B, [pr]lll¢]] is non negative with the test function used in the proof. All this also
holds mutatis mutandzs for discretization of the advection terms by a discontinuous Galerkin method, and for
the log-formulation.

Let us finally consider the mized finite elements space (P1)? x Py for (un,pp). If the term u- Vo is discretized
with the characteristic method, the system then writes :

n+1 n
- R
0:/ Re (W +ujp VU"H) v+ ;divuh (v uﬁ+1)+( e)Vuytt: VU+W optli Vo
D
n+l __ _n X (g
—pptdive +gdiva] T + (Uh UAhto ( )> ¢— ((Vu"“) oyt 4 optt (Vu"“) ):¢>
1
+tarlon - ¢+Zh / Vpn-Vq, (2-1V.16)
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TAB. 2.2 — Summary of some possible finite elements for (up,pn,or/v;,) when o /v, € (Po) d(d;l), with some

possible projections for the velocity field (see Sect. 2-IV-C).

o Advection discretized by Characteristics or DG
o (up,pp) in ... = equations modified
Scott-Vogelius (nothing)
(]Pz)d X P1 disc
Taylor-Hood + Pyt
(Py)4 x Py + Temam term
Crouzeix-Raviart + ppPPM pRTo o prot
(PERYE x Py + Py (u}) for Navier term
stabilized (P1)? x Py + Ppot

+ Temam term
stabilized (P;)% x PPy + pPret

+ Temam term

with a flow X™ again computed with the projected field P;° (u}’) through (2-IV.10). Again, we are led to choose
the projection operator P/°" because the weak incompressibility property (2-IV.7) is not satisfied by u}'. The
stabilization procedure used in (2-IV.16) has been studied in [BP84]. Proposition 3 holds for system (2-IV.16),
its proof being similar to the case of Taylor-Hood finite element (see Sect. 2-IV-C-b), since the additional
term Z,ivfl h%k J K Vppn - Vq is non negative with the test function used in the proof. Again, all this also holds
mutadis mutandis for discretization of the advection terms by a discontinuous Galerkin method, and for the
log-formulation.

2-V  Positivity, free energy estimate and the long-time issue

Notice that both Propositions 1 and 2 impose a limitation on the time step which depends on the time
iteration : 0 < At <c¢q, where co =co(uj,o}) is function of a time-dependent data. Thus, these existence results
are weak insofar as the long-time existence of the discrete solutions is not ensured, i.e. if > 7 co(uj, o) < co.

Yet, for the discretizations introduced above, we have also shown that at each time step, the solutions of
those discretizations satisfy free energy estimates. This will now allow us to prove the long-time existence of the
discrete solutions.

Remark 5. In this section, we concentrate for simplicity on the discretization using Scott- Vogelius finite ele-
ments for velocity-pressure, and piecewise constant approzimations for the stress. However, similar results can
be proven for the other discretization methods introduced in Section 2-IV-C and Appendix D, since the solutions
satisfy a free energy estimate.

Proposition 7. For any initial condition (u%,a’%) with 0'% symmetric positive definite, there exists a constant
a=a (u%,a%) >0 such that, for any time step 0 <At <cy, there exists, for all iterations n €N, (uzﬂp'zﬂ)

which is the unique solution to the system (2-111.6) (resp. (2-111.8)) with o} symmetric positive definite.

Proof of Proposition 7. Like in the proof of Proposition 1, we will proceed with the proof for system (2-II1.6)
only, using its restatement as system (2-111.12).

The proof is by induction on the time index n. With the notation of the proof of Proposition 1, for a fixed
n=0,...,N7—1 and for a fixed vector Y of values in the subset S} of R2Np+3Nk  (standing for the nodal
and elementwise values of a field (u},o}) with o} symmetric positive definite), we define like in the proof
of Proposition 1 (using the implicit function theorem) a function R:At€ [0,co) — R(At) € R2VNp 3Nk (where
co=co(u},o})) such that :

VAt €[0,c0), Q(AL,R(At)) =0,

where Q is defined by (2-I111.15). For any At€[0,cp), R(At) € R2Vp+3Nk stands for the nodal and element-
wise values of a field (up(At),0r(At)) (with o, (At) symmetric positive definite) that is solution to the sys-
tem (2-111.12).
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Then, by Proposition 3, the solution (up(At),o(At)) satisfies a free energy estimate :
F(up(At),on(At)) < F(up,op). (2-V.1)

Using the fact that all norms are equivalent in the finite-dimensional vector space R2Vp+3Nk = and that,
for O<V§1—%, we have v z <z —In(z),Vz >0, we obtain that there exists two constants a>0 and (>0
(independent of At), such that :

Al R(AD|| < Flup (At), o (A1) + 5. (2-V.2)

Let us define the function D :
D:Ate0,¢) — B(Y™)+A(R(At)) 4+ (Vy A)R(At) € R#Np+3Nx

We recall that (see (2-I11.16)), with the new notations : Vy Q(At, R(At)) =1+ AtD(At). Using (2-V.1), (2-V.2)
and the fact that the discrete free energy is non-increasing, the function D satisfies :

DA< B+ (AT + [V ADIRAD)
~(F(ufat)+5)

1
<IBI+ AN+ 1IVy Al = (F(uh, 0h) +8).

<(IBII+ Al +[IVy-Al)

This shows that there exists a constant ¢y =¢; (u%,a%) > 0 such that, for any time step 0 < At < ¢;, the matrix
VyQ(At, R(At)) is invertible. Using the implicit function theorem, this implies that, for any time step 0 < At <
c1, the system (2-111.12) admits a solution (uZH,a'ZH) with O’Z+1 symmetric positive definite at all iterations
neN. O

A similar result can be proven for the log-formulations (2-111.10) and (2-111.11) :

Proposition 8. For any initial condition (u%’l,b%), there exists a constant c1 =cy (ug,'lﬁ%) >0 such that, for

n+1 n+1
uy,

any time step 0 < At <cy, there exists, for all iterations n€N, ( R T) which is the unique solution to the

system (2-II1.10) (resp. (2-1I1.11)).

Proof of Proposition 8. The proof of Proposition 8 is similar to that of Proposition 7 using for Q(At,Y) and
D(At) slightly modified expressions as explained for the proof of Proposition 2. The entropic term in the free
energy still helps in bounding the norm of the vector of nodal-elementwise values for (up,v;,) like in (2-V.2)
using the following scalar inequality, which is true for any fixed v €(0,1] : Vz €R, e* —x+1>v|z|. O

From Propositions 7 and 8, we have the global-in-time existence of solutions to those discretizations of the
Oldroyd-B system presented above which satisfy a discrete free energy estimate.

The log-formulation actually also satisfies the following long-time existence result, using the fact that the
a priori estimates can be obtained without requiring the stress tensor field to be positive definite :

Proposition 9. For any initial condition (u2,¢2), and for any constant time step At >0, there exists, for all
iterations n €N, (w7t which is a solution to the system (2-111.10) (resp. (2-TIL11)).

Proof of Proposition 9. We will proceed with the proof for system (2-1I11.10) only, using its restatement as
system (2-II1.14). Note already that, since the derivation of discrete free energy estimates for the system (2-I11.10)
does not require the solution 1/12“ and the test function to be non-negative like in the derivation of discrete free
energy estimates for the system (2-111.6), then the manipulations used to derive the free energy estimate (2-IV.5)

can also be done a priori for any function in the finite element space.

Let us consider a fixed time index n and a given couple (ul, ) € (P2)%, _, x (Po) “5 We equip the Hilbert
space (P2)d. _, x (Po) “3 with the following inner product :
(01.6)3(02.0) = [ 0102469,
D
for all (v1,¢,),(v2,ds) € (P2)di,_o % (Po) e , and denote by ||| the associated norm. Let us introduce

d(d+1) d(d+1)

the mapping F: (P)d,_ox (Po)” 2 — (P2)d,_ox (Po)” 2 defined by duality for all (u,)e€ (P2)%,_, %
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a( )
(Po) ™7

(]-'(u,dz);(v,(ﬁ))/DRe( Az +uh Vu>~v+(15)Vu:V'v+\;ie¢:Vv

1/1717D}L0Xn(t")
+( Al

)io- @ v 62810 (Do,

for any test function (v,¢) € (P2)%,_o % (Po) e , where we have used the decomposition of the velocity gra-

dient Vu as explained in Lemma 4 :

Vu=Q+B+Ne ¥,

with ©Q and B continuous with respect to Vu, so that F is a continuous mapping on finite balls of radius o >0 :

d(d+1)
Ba={(v.0) € (Po)iumy x (P0) T (v, Sa -
Note that if (u)™,47 ") is a solution to (2-IT1.14), then we have : for all (v,@) € (Pg)%;,_, x (PO)@,
(7 (up i )i (v.9)) =o0. (2-V.3)

Let us now assume that the mapping F has no zero (u}™,4} ") satisfying (2-V.3) in the ball B,. Then, we
define the following continuous mapping from B, onto itself (F is continuous on the finite-dimensional compact,

convex ball B,) :

g(”a‘b) = O‘m, V('U,(ﬁ) S (]P)Q)giv:() X (PO)% .

By the Brouwer fixed point theorem, G has a fixed point in B,. Let us still denote that fixed point (v,¢) for
the sake of simplicity. By definition, it satisfies :

G(v,¢)=(v,9) € B, and [[G(v,9)|| = (2-V.4)

Considering F (v, ¢) and using (v ( Wi (e® -1 )) as a test function, we get the following inequality after similar
manipulations to those in the proof of Proposition 5 :

15 Re € Re 15
. S (aP > 2, < b _ v ni2__ < KR )
R
—I—/ —e|v—u2|2+At/( —5)|Vu"+1\2+%tr(ed’—i—e_d’—QI). (2-V.5)
p 2 2Wi

Then, using the scalar inequality e* —x > |z|, Vo € R, we have :

d
r(e?—d+T R T V.
/Due ¢+)Z;/D||¢E(O) (2-.6)

where (\;)1<i<q are functions depending on ¢ such that, for all x € D, (A\;(x))1<i<q are the d (non-necessarily
distinct) real eigenvalues of the symmetric matrix ¢(z). Now, since (P2)%, _, x (Po) 5 s finite-dimensional,
all norms are equivalent. So there exist 71,72 >0 such that, for all (v,¢) € (P2)%,_, x (Po) A

1<i<d

(v, @) < (/DI’UIQ) + I max [Ai(2)[[|oc <72l (v, ), (2-V.7)

where it is easy to prove that |[maxi<;<q|\;(@)|[|« defines a norm in the vector space L*° (D,S(R%*%)). Using
the equation (2-V.6) with the norm equivalence (2-V.7), we obtain :

/| 1%+ Wi /tr —¢p+1I)
d
. [Re ¢ 1 / 2 /
>min | —, - v+l max [Ai(@ A
> <2 2w1|maxl<i<dxi<w>|||oo>< o Nl ]
d
. [Re ¢ 1 / 2 / 2
>min [ —, - vt As '

(2 2Wi ||maX1<i<d|)\i(w)||00>< D| | ; D| |
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Last, since the fixed-point (v, @) € B,, satisfies ||(v,¢)|| =« because of (2-V.4), we can choose « large enough so

that :
min Re c [ (v,0)|> > */ |u |2+ tr(elp’? —pp+1)
2 7 2Winsar h ’

and we get :

Re 9 € Re 9 € /
— — I " tr(e¥n — I
5 | g e —ee D)= [ - [ e -
R
+/ i|v—u;;|2+m/(1 VUl tr(e? te® —2I) >0,
p 2 2Wi

that is :

(F.0): (v, 335~ D) ) > 0. (2-V.5)

Now, using the equation (2-V.4) we have :

(Fw 0 (v g e - 0)) == FEE (] o (900 - 0)) <0 (2-V.9)

d(d+1)

which is obviously in contradiction with (2-V.8) since, for all ¢p € (Py)~ 2 , we have tr(¢e® — ) >0 by virtue
of the scalar inequality z(e* —1)>0,Vz €R.

Thus, for any At>0, if we choose a sufficiently large, the mapping F has a zero (u;f“, ZH) satis-
fying (2-V.3) in the ball B,,, which concludes the proof. O

Notice that Proposition 9 does not ensure the uniqueness of solutions. There may be bifurcations, hence
many possible solutions to the log-formulation, in the case where the CFL condition is not fulfilled. Though,
all those solutions will satisfy a free energy estimate, which is not the case for the usual formulation in terms
of 7. The fact that we are able to prove such a stability result without any assumption on the timestep for
the log-formulation, and not for the classical formulation, may be related to the fact that discretizations of the
log-formulation have been reported to yield solutions beyond the limiting Weissenberg number for standard
discretizations (see [HFKO05]).

Remark 6 (other positivity preserving schemes). There exist other means than using the log-formulation to
preserve the non-negativity of the conformation tensor. A very natural way of preserving the non-negativity is
to reformulate the constitutive equation with the deformation gradient instead of the stress or the conformation
tensor, using a Lie-derivative like in [LX06]. It is also possible to build free-energy-dissipative schemes for a Lie-
formulation, as shown in Appendiz E. But discretizations of a Lie-formulation seem to necessitate the numerical
integration of ordinary differential equations like (2-1I1.7) for the characteristic flow, which may introduce new
instabilities (see Rem. 2).

2-VI Appendix to the Chapter 2

2-VI-A Appendix A. Some properties of symmetric positive definite matrices
2-VI-A-a Proof of Lemma 1

Formula (2-1.6), (2-1.7) and (2-1.8) are simply obtained by diagonalizing the symmetric positive definite
matrix o, and using the inequalities : Vz,y >0, In(zy) =lnz+Iny, x — 1 >Inx and x4+ 1/2> 2.

Let us now prove formula (2-1.9). By diagonalization, we have o = Q7 DQ with  orthogonal and D diagonal
positive, which gives :

tr(or ) =tr(Q'VDVDOr ) = tr(vV DO 10TVD) >0,
because A=+vDQr1QT\/D is clearly a symmetric positive definite matrix. Likewise, we have :
det(or ™) =det(QT DO~ =det(VDQr QT VD).
The proof of (2-1.10) is then equivalent to show :
In(det(4)) <tr(A—1I),
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for any symmetric positive definite matrix A, which simply derives from (2-1.6) and (2-1.7).

It remains to prove formula (2-1.11). By diagonalization, we write o =07 DO and 7= RTAR with O and R
orthogonal, and D and A diagonal positive. Let us introduce the orthogonal matrix Q=0ORT. We denote by D;
(resp. A;) the (4,7)-th entry of D (resp. of A). We have :

tr(Ine—Int)o—(oc—71))= ZDilnDi —D;+A;— Z(Qij)QDi InA;

4,
=" Ai—-Di =Y (2)?Di(inA; ~nDy) |,
i J

since € is an orthogonal matrix (Zj(ﬂij)Q =1 for all ¢). Using the convexity inequality  —y <z(lnz —Iny) for
all z,y >0, we thus obtain tr((Ino —In7)o — (o — 7)) >0 which concludes the proof of (2-1.11).

2-VI-A-b Proof of Lemma 2

d(d+1)
First, since o€ (C*([0,7)))  is symmetric positive definite, det(co) is positive and C*([0,T)). So we
immediately get the classical Jacobi formula (2-1.12) :

d d . d
aln(det(a)):(1/det(a))$det(a):tr<a l—a),

on noting that In(det(o)) =tr(In(o)).
Then, for the proof of (2-1.13), first note that the matrix exponential is a C'*°-diffeomorphism from the set of
symmetric matrices onto the set of symmetric positive definite matrices by virtue of the local inversion theorem

(see [MT86], Cor. 3.8.5, for instance), whose inverse mapping coincides with the matrix logarithm defined
d(d+1)

in (2-1.5). Then, there exists 7€ (C*([0,T))) = such that o =e", and on noting that o and 7 commute, we
immediately get (2-1.13) :
dlno\ LdT de™) d
tr (0’ ar > =tr (e dt) =tr (dt) = atro’.

2-VI-B Appendix B. Proof of Lemma 3

Let wus introduce to=inf{¢>0|o(¢) is not symmetric positive definite}, with convention tg=o00 if
{t>0, 0 is not symmetric positive definite} =0. Since o(¢t=0) is symmetric positive definite, it remains so at
least for small times 0 <t < At, by continuity of det(o) with respect to the time variable ¢. Thus, to > At >0.

Let us assume that ¢y < co. First, one can define the logarithm Ine of o, which satisfies the equation for v
in system (2-11.10) for t € [0,%o). Taking the trace of the equation for % in system (2-11.10), we get for lno :

D 1
Elndeta: ﬁtr(a_l -1), (2-VL1)
where we have introduced the convective derivative £ = (4 + (u-V)) (the next formulae (2-VL.3) and (2-V1.4)

thus hold along the characteristics, which are well defined because uw e C* ([0,T),C%!(D))). Besides, for any
positive definite matrix o1, we have :
tr(o~ 1)
d
which follows from the convex inequality between geometrical and arithmetical means. Thus, combining (2-VI.1)
and (2-VI.2), we get, on the time interval [0,t) :

> (deto 1)/, (2-V1.2)

%(det o)1= é(deta)l/d%mdeta’ > % (1 - (deta)l/d) . (2-VL.3)
Now, by continuity of det(o) with respect to ¢, one eigenvalue at least converges to zero as t —t;, which
implies deto — 0T. Then, there exists 1 >0 such that, for times to —n <t <tg, we have :
0<deto <1,
and by (2-VL.3) :

D
ﬁ(dew)l/ 4>0. (2-VL.4)

But then, ¢y cannot be the first time when deto =0, otherwise one should have 2 (deto)'/4(t;) <0, which
contradicts (2-VI.4). Thus ¢g = oo which ends the proof of Lemma 3.
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2-VI-C Appendix C. Proof of Lemmas 4 and 5

Lemmas 4 and 5 are consequences of the following result, which is a slight modification of a result proved
in [FKO04].

Lemma 7. Let M be a dxd matriz and o be a symmetric positive definite d x d matriz. Then, there exists
three d x d matrices Q, B and N such that

M=Q+B+Ng~!

and B is a symmetric matrixz which commutes with o, & and IN are antisymmetric. Moreover, the entries of 2,
B and N are linear with respect to the entries of M .

Proof. First, it is easy to check by diagonalization that it is sufficient to prove the result for a diagonal matrix o
(more precisely, by rewriting everything in a diagonalizing basis for o). In the following, we thus assume that
o =diag(A1,...,Ag), where (A;)1<i<q are positive numbers. Moreover, we restrict ourselves to the physical case
d=3, but the arguments can be generalized to any dimension.
Let us first consider the case A; #A; for i j. In this case, we set :

- Bzﬂ :Mzz and Bi,j =0 for Z?é] 3

-~ N;j;=0and N; ;= 7/\;’{:\;’1 for i#£j;

M jAT M AT C
- Q;;=0and Q, ;= —% for i£7.
j i
It is easy to check that these matrices satisfy the requirements of the lemma.
T

Let us now consider the case A; = Ay =Ag3. In this case, we simply set N =0, B= % and Q2=
It is again straightforward to check that these matrices satisfy the requirements of the lemma.

Finally, let us consider the case when only two A;’s are equal. Without loss of generality, we can suppose
A1 =As#As. In this case, we set :

- 8373 = ]\43737 Bi,j = % for 1 < Z,] < 2 and Bi,j =0 otherwise 5

~ Nj;=0for 1<i,j<2, Ny3=0and N; ;= 30

i TN

M; ;—M; ; .. Mi-,'Ai_lJeriA‘_l
- QZ,J:% for 1§Z,j S2, 937320 and QL]':—W
This case is a combination of the two previous cases, and one can check that these matrices satisfy the require-
ments of the lemma. O

©M-mMT
5 .

otherwise ;

otherwise.

Notice in particular that the linear dependence of the entries of the matrices 2, B and IN with respect to the
entries of M implies that if o is piecewise constant (with respect to the space variable) and M is (Py gisc)?*¢,
then ©, B and N are also (Phdisc)dXd (which is the result of Lem. 5).

2-VI-D Appendix D. Higher order discretization of the stress fields o, and 1,

We now show how to build numerical schemes with higher order discretization spaces for the stress that still
satisfy a discrete free energy estimate. We typically have in mind piecewise linear spaces for o, and v,,.

From the previous proofs establishing discrete free energy estimates at low order in Py, it is clear that we
need to use nonlinear functionals of o and v, as test functions, namely 0';1 and e¥». Finite element spaces
other than Py are typically not invariant under such nonlinear functionals, and this brings us to introduce
projections of these nonlinear terms on Py, and finite element spaces to discretize the stress that contain Py,
thus discontinuous.

We will use a Pg-Lagrange interpolation operator 7, which is convenient because it commutes with nonlinear
functionals (see Lem. 9 below). Moreover, we will need that this interpolation operator coincides with an L?
orthogonal projection onto Py (see Lem. 8 below). The need for 7, to coincide with an L? orthogonal projection
onto Py limits the maximum regularity of the discretization of the stress, essentially to piecewise Py finite
elements. Therefore, we consider o, and 1p,, in either of the following finite element spaces? :

d(d+1) d(d+1)

(P1+Py) 2 or (P1,gisc) 2

In Section 2-VI-D-a, we introduce the interpolation operator 7. Then we prove that, for a Scott-Vogelius
discretization of the velocity-pressure field, a free energy estimate can be obtained for discretization schemes

d(d+1) d(d+1)
2Note that, clearly, (P1+Pg)~ 2  is only a subspace of (P1 gisc)” 2 -
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close to those considered in Section 2-IV, when o, (respectively 1) is in (Po) “*  This is the purpose of the

Section 2-VI-D-b (respectively Sect. 2-VI-D-c). Finally, we show in Section 2-VI-D-d how these results can be
extended to other finite element discretizations of the velocity-pressure field.

Remark 7. In this appendiz, we concentrate on establishing free energy estimates, and do not prove existence
results as those stated in Sections 2-1II-E and 2-V. It is easy to extend these existence results to the numerical
schemes considered here.

2-VI-D-a The interpolation operator 7,

Let us introduce the projection operator m, as the Py Lagrange interpolation at barycenter 0k, for each
K, eT,.

Definition 1. For k=1,...,Ng, we denote by Ok, the barycenter of the triangle Ki. For any ¢ such that
Vk=1,...,Nk, ¢(0x,) is well-defined (for example ¢ is a tensor-valued function, continuous at points O, ), we
define its piecewise constant interpolation by :

szl,,NK,Wh((ﬁ)‘Kk:d)(eKk)

Notice that this definition also makes sense for the case in which ¢ is matrix-valued. And this interpolation
o . 9 L d(d+1) d(d+1)
operator 7, coincides with the L? orthogonal projection from (IPy 4;5c) 2 onto (Pg) ™~ 2

Lemma 8. Let w, be the interpolation operator introduced in Definition 1. Then, for any ¢h€(P1)disc)d(d;1> ,

we have :

d(d+1)

/¢h:¢~h:/ﬂ.h(¢h):¢;}w Vo, €(Po) > .
D D

Proof. It is enough to prove Lemma 8 on each simplex K} € 7;, and in the scalar case. Let (z;)1<i<3 be the
vertices of the simplex K} and (1;)1<i<3 the corresponding (linear) basis functions in P;. Then, the function

&l i, €P1 reads ¢y |k, () = @, (x1)V1(x) + Py (2) 2 () + @, (23)1)3(x), Yo € K. For every qgh ePy,

[ o= ([ o) = @) o) 02

K
| 3"‘. Moreover, ¢,|x, €P1, hence

because |, K V=

X +.’E2+£L’3

(@n(0)+ duaa) + @) =0 (P2 ) 5, 01

Wl =

which means

¢h¢§h: (ﬁh(ﬁh(eKk):/ Th (¢)¢h O
Ky, Ky Ky,

In addition, the following property holds, which is important in the choice of this particular interpolation :

Lemma 9. Let 7, be the interpolation operator introduced in Definition 1. The interpolation operator mp
commutes with any function f : for any functions f and ¢, such that ¢y, and f(¢;,) are well-defined at the
barycenters 0y,

™ (f(Pn)) = f(mn (Pn))-

The proof of Lemma 9 is straightforward since, by Definition 1, the interpolation 7, only uses specific values
at fixed points in the spatial domain D.

2-VI-D-b Free energy estimates with discontinuous piecewise linear o,

In this section, we consider the following finite element discretization : Scott-Vogelius (IPQ)d x P gise for
d(d+1) d(d+1)

(uh,ph) and (Pl,disc) 2 or (Pl —HP)()) 2 for oy,.
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2-VI-D-b.1 The characteristic method If the advection term uw- Vo is discretized by the characteristic
method, the system writes :

ul Tt —
:/Re (’LAth—f—uZoVuZ“) v— p”“dlvv—i-qdlvum'1
D

+(1—e)Vu)l ™ : Vo+ %ﬂ'h( ot Vo

- <"Z“ — (o) o X" (1")

At ):¢—(Vuz+17rh(aﬁ+1)+7r (o ™) (VupthT): ¢+ ( )¢, (2-VL5)

where X™ is defined as in (2-111.7). Notice that we have used the projection operator 7, in four terms. It will
become clearer from the proof of the free energy estimate below why those projections are needed.

Proposition 10. Let (u}},p}, 0} )o<n<ny be a solution to (2-VL5), such that mp, (o)) is positive definite. Then,
the free energy of the solution (u},p},ol) :

F'=F(up,m,(o})) /\ h|2+ tr(ﬂh(UZ)—lnﬂh(UZ)—I), (2-VL.6)
satisfies :

n+1 n n+1 n
Fym —Fp + / ‘u —u

+At/ (1-¢ ‘Vu"“’ + 6.2tr(7rh (e ™) +m (op ™) 721)50.
D 2Wi

(2-VL7)
In particular, the sequence (F}')o<n<Ny 1S non-increasing.

Remark 8. The ensemble of symmetric positive definite matrices is convex. This implies that a piecewise linear
tensor field is symmetric positive definite as soon as it is symmetric positive definite at the nodes of the mesh.
Moreover, this also implies that 7y, (o) is symmetric positive definite as soon as o, is a piecewise linear (possibly
discontinuous) symmetric positive definite tensor field.

Proof of Proposition 10. The test functions we choose are ( ”H,pzﬂ, s (L — wh( ”H)_l)). Recall that by

Lemma 9, (7rh (O'ZH)) =T ((O'Z‘Ll)*l). The proof is similar to the one of Proposition 3 except in the treat-
ment of the constitutive equation. The upper-convective term in the tensor derivative writes (using Lem. 8 and
the incompressibility property (2-111.3)) :

[ wuit (o) (o) = [ (o) v [ Vi (o) o (o)
D
/Tl'h (azﬂ) Vuﬁ“—/VuZH:I
D D
/ﬂ'h (O'Z+1).V'U,Z+l—/divuz+l
D D

= [ (o) vup,
D

which vanishes after combination with the extra-stress term in the momentum equation.
The last term rewrites (using again Lem. 8) :

/D(UZ“—I) (1-m (o3 ):/Dtr(ﬂh(a' Y (o3t o).

The remaining term writes (using Lem. 8, Eq. (2-1.10) with o =7, (6}) o X™(t") and 7=, (o} ""), and the
fact that the Jacobian of X" remains equal to one due to the incompressibility property (2-111.3)) :

/ (Uz+1_7T}L(UZ)OXn(tn)):(I—ﬂ'h (aZ"'l)fl):/ tro ) T —trmy, (o)) o X (t")
D D
+tr(m () o X7 (¢)m (o) T )
Z/trozﬂ—trﬂ'h(aﬁ)oX"(t") trin, (o}) o X" (t") — trlnm, (o))
D

:/tmh (a'"+ )—tmh(oh)—f—trlnwh(ah)—trlnwh( "+1).
D
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This completes the proof. O

2-VI-D-b.2 The discontinuous Galerkin method If the advection term w-Vo is discretized by the
discontinuous Galerkin method, the system writes :

Nk n+l __ . n
0= [ Re (M g ) o v gdiva
k=1"FKx
+(1—e)Vu) ™ : Vo+ %ﬂ'h (o) : Vo
1
0'24‘1_0'7}; 1 1 1 T 1 )
* <At) 1= (Vuptm (03 +mn (037 (Vup ™)) so+ (07 = 1) 0

Ng
+Z;/E |UZ’n,| [[ﬂ'h (O'Z+1)]] . ¢+. (2'V1.8)

As for the characteristic method, the projection operator 7, is used in four terms. Besides, like in the case where
d(d+1) . N, . . . . .
on€(Py)~ 2z , the advection term w-Ve is discretized using a jump term only. Indeed, in order to derive
. . . . . N (d+1)
discrete free energy estimates, we treat the discrete advection term using the projection 7, (op,) € (Po) L of
the stress field o, the derivative of which is zero.
Proposition 10 still holds for the system (2-VI.8). The proof is straightforward using all the arguments of the
previous sections, except for the treatment of the discrete advection term for u- V. Using equations (2-1.10),

(2-111.5), the fact that m, (o)1) € (P) “=

and the weak incompressibility property (2-IV.7), we have :
> [ tugnil (o1 (1m0 ) ) =
j=1"Fi

Ng 1

Z/ lup - n|[trmy, (o7 )]+ u) ~n|tr<7rh (a’Z“’f) Th (UZ+1’+) —I)

j=1"Fi

Ng
ZZ/ [y - n| [brmp (o) ] + g - m | tr (lnﬂ’h (UZH’_) “lnm, (UZ+1’+)) .
j=1"E;

Now, the right-hand-side vanishes since it is equal to
NE NK
Z/ luj -n| [[tr(ﬂ'h (o} ™) —Inmy, (o)) )]] :Z—/ (up -ng, )tr (mL (o} ™) —Inmy, (O'Z‘H))
j=1"E; k=1 0Kk
Nk
=3 —tr(m(of ™) ~tama (1) )| / div(ul}) =0.
k=1 Kr J K,

2-VI-D-c Free energy estimates with discontinuous piecewise linear ,,

In the following section, we write free-energy-dissipative schemes using the log-formulation with ), pie-
cewise linear. For this, we again need the projection operator m; introduced in Definition 1. We consider
the Scott-Vogelius finite element space for (up,pn) and the following decomposition of the velocity gradient

a(d+1)

V'ufh S (Pl,disc) 2
Vu,=Q,+ B +Ny7, (ewh)il. (2—VI.9)

. . - .. ( ) ( ) .
Notice that since (e‘/’h) '_e=m(®n) is in (IP’O)MZ+1 , we have Qh,Bh,NhE(]P’LdiSC)“;l by virtue of

Lemma 5 with £=1.
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2-VI-D-c.1 The characteristic method If the advection term w- Vo is discretized by the characteristic
method, the system writes :

n+1

n+l_ . n
O:/ Re (uhuh —i—uﬁ-VuZ“) -v—pZ+1divv+qdivuZ+1 —i—(l—e)VuZ+1 :Vo+ %ﬂ'h (e h ) :Vo
D 1

n+1_ n o n(4n
+< h Fh(ibth) X" (t )):¢_<QZ+17Th( ZH)—M( ZH)QZH):C[’

—2B i % (wh (e—d”ﬁ“) —I) ‘¢, (2-VL10)

In the system above, we have used the projection operator 7, to treat the same terms as in the system (2-VL.5).

But in addition to these, we have also used the projection operator for the exponential term e~¥i" in the
Oldroyd-B equation.

Proposition 11. Let (u},p}, ¥} )o<n<ny be a solution to (2-VI.10). Then, the free energy of the solution
(wp, Py ¥h) -

.\ R .
F§:F<u27e”h(¢'L)):7e/ \uh|2+2iw_/tr (e”hww—wh(wg)—I), (2-VL11)
D tJp

satisfies :

F;;H—F,?—i—/p%mzﬂ—u2|2+At/D(1—s)|VuZ+1\2+%tr(e”h(wﬁ)—i—e*’rh(d’m—2I)§0. (2-V1.12)

2Wi
In particular, the sequence (F}')o<n<nNp 1S non-increasing.

Proof of Proposition 11. The proof is similar to that of Proposition 5 except for the terms using the interpolation
operator 7. We shall use as test functions (uzﬂ,pzﬂ, AT (ﬂ'h (e¢2+1) — I)) in (2-II1.10). Also, we will make

use of the following property throughout the proof (see Lem. 9) : 7, (ed’zﬂ) —emn (%),

For the material derivative of v, using Lemma 8, equation (2-1.11) with o= ¥ and T= e¥roX" (") "and
the fact that the Jacobian of the flow X™ is one for divergence-free velocity field u}, we have :

/( T () o X)) : (i, (ewz+1)_1):/ (o (1) =70 (b7 0 X7 (£7)) s ™ (¥07)
D D
—tr (mn (5 ) = (i) 0 X" (7))
Z/Dtr<e”(¢’ri+l)—7rh( ZH))—Atr(e”“wm—ﬂh(dﬁ))oX"(t”)

:/Dtr<e77h(¢;:+l)_ﬂ-h( ZH))_Atr(em(wm_ﬂh(%)).

Besides, using equation (2-11.16), we have :

/(Qzﬂm(’ﬂzﬂ)*m( ZH)QZH)i(e”( Z“)*I):

D
/(QZJerh( W) = ( ZH)QZH):e”(W“):O,
D

and using equations (2-II.15) and (2-111.3) :

/ BZ‘H : (’R'h (e"p;l#l) _I> :/ B’Z-i‘l :eﬂ'h,(dl;:-*—l) _/ div<uz+1) :/ VUZ+1 :eﬂ;l(qp::+1)7
D D D D

n+1
which cancels out with the same term fD e”(d’h ) :VuZ'H in the momentum equation. O
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2-VI-D-c.2 The discontinuous Galerkin method If the advection term w-Vo is discretized by the
discontinuous Galerkin method, the system writes :

Ng

n+1_ n
O:Z/ Re <uhAtuh+uZ-VuZ’+1) v —pittdive +gdive) ™ 4+ (1 —)Vau) ™ Vo
k=17 Kk
€ s Z+1—7Th('¢z> n+1 n+1l n+1) on+l n+1
+ﬁﬂh(e n ):V'u YN :gb—(ﬂh T (PR = () Q) ):¢—2Bh o)

Ng
W(ﬂh<e¢2+l)I):qur;/EjuZ'nH[ﬂh( et (2-VL13)

Proposition 11 still holds for solutions of the system (2-VI.13). The proof follows that of the previous
Section 2-VI-D-c.1 except for the treatment of the jump term, which follows that of Section 2-IV-A-b (see also

d(d+1) d(d+1)

Sect. 2-IV-B-b), because m, () € (Po) "2 and 7, (ewi“) —em(¥h"") is also in (Py)*“

2-VI-D-d Other finite elements for (u,pp)

In this section, we review the modifications that apply to the systems in the two previous Sections 2-VI-D-b
and 2-VI-D-c¢ when the different mixed finite element spaces for (up,pr) proposed in Section 2-IV-C are used
instead of Scott-Vogelius. Notice that the conclusions of Table 2.1 about the conditions that the velocity field has
to satisfy still hold for the two previous Sections 2-VI-D-b and 2-VI-D-c¢ with piecewise linear approximations
of op,y,.

Other finite elements space for (uy,pp) than Scott-Vogelius and adequate projections of the velocity field
(see summary in Tab. 2.2) have to be combined with interpolations of the stress field o, using 7, (see the
two previous Sects. 2-VI-D-b and 2-VI-D-c above). We give a summary of the projections that are required in
Table 2.3.

2-VI-D-d.1 Alternative mixed finite element space for (u,,p,) with inf-sup condition The situa-
tion is very similar to that in Section 2-IV-C-b. Among the mixed finite element space that satisfy the inf-sup
condition, let us first choose the Taylor-Hood (P2)? x P;. Again, because the velocity is not even weakly incom-
pressible in the sense of equation (2-IV.7), we need to use the projection of the velocity field onto the solenoidal
vector fields for the treatment of some terms in the variational formulations. When the advection terms u-Vo
and u- V1 are discretized using the characteristic method, we define the flow with P/ (u}) like in (2-IV.10)
and use the same systems (2-VL.5) and (2-VI.10) as above. When the advection terms u-Vo and uw- V1) are
discretized using the discontinuous Galerkin method, we use systems similar to (2-VL.5) and (2-VI.10) above,
where the jump term rewrites (in the conformation-tensor formulation) :

NEg
DY RLATIRCAC AN IR

Also, one still needs to add the so-called Temam correction term (2-IV.11) to the weak formulation.

We can also use the Crouzeiz-Raviart finite elements for velocity (see (2-IV.8)) : (up,pn,on) in (P{T)? x
Py x (Pl’disc)d(djl). Similarly to the advection terms w-Vo and w-V4, the advection term w-Vwu in the
Navier-Stokes equations should then be discretized either using a characteristic method with the flow defined
in (2-IV.13) with any of the projections P, introduced above for the velocity field, or using the discontinuous

Galerkin method formulated in equation (2-IV.14).
It is noticeable that choosing the mixed finite elements of Crouzeix-Raviart simplifies all the variational

formulations presented above in the present Section D. Indeed, since Vu € (Py)?*?¢ and we have the Lemma 8,
it is then unnecessary to project the velocity except in the advection terms. For instance, for the conformation-
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tensor formulation using the discontinuous Galerkin method, the formulation writes :

Nk n+l . n
O:Z/K Re <uhAtuh+Ph(uZ)oVuZ+1) w—pptHdivo+gdiva) T+ (1-6) Vit Vo
k=1"Kx
€ n+1 UZ+1 —Th (02) n+1 n+1 n+1 n+1\T
Jrﬁah :Vou+ N VE— :(ﬁf((Vuh Yo, 4o, (Vu, )):(b

Ng
(o =1): 0+ 3 [ 1)l ()10 +RelPy ) ml ] o) V110

Note that the second term in the sum of integrals over edges E; is due to the use of the Crouzeix-Raviart
element, and is uncorrelated to the treatment of the advection by a discontinuous Galerkin method.

The discrete free energy estimate (2-VI.7) holds. Its proof combines arguments of the proofs above, except
for the treatment of the upper-convective term in (2-VI.14). This term writes, on any element K} of the mesh
(using Lem. 8, the fact that Vu € (Py)?*? and the incompressibility (2-111.3)) :

Vu et (I—m, (O'Z+1)71):/K a-Z“:VuZ“—/DUZH:m (o7+)) " Wt
k
:/K T (O'ZH):VUZ‘H—/DWh (GZ+1):7Th (O'ZH)_quZH
k
:/ T ((J'Z’Ll):VuZHf/divuZJrl
K D
:/ Wh(aZH):VuZH,
Ky

which vanishes after combination with the extra-stress term in the momentum equation, the latter satisfying :

n+1, n+1 _ n+1\ . n+1
/ o, :Vuy —/ ﬂ'h(a'h ).Vuh ,
Kk Kk

Ky

because of the fact that Vu € (Py)?*¢ and using Lemma 8.

2-VI-D-d.2 Alternative mixed finite element space for (u;,p;) without inf-sup It is also possible
to use finite element spaces for (wp,pr) that do not satisfy the inf-sup condition like in Section 2-IV-C-c, while
the stress field is discretized using discontinuous piecewise linear approximations. The construction of systems
of equations and the derivation of discrete free energy estimates then directly follow from the combination of
results from Section 2-IV-C-c with those used above in Section D, after upgrading the degree of the polynomial
approximations for the stress field.

If we consider the mixed finite element space (Py)?xPq for (up,pp), and if the term u- Vo is discretized
with the characteristic method, the system then writes :

N 1
O*ZK Re MJﬂA”VU"“ ~v+&divu"(v~u"+1)+(175)Vu”+1'Vv
- K At h h 2 h h h :
k=1 Kk
n+1l _ nY o X ("
—pZHdivv—quivuZH—#%a‘Z“:Vv+ <Uh h (Zth)o ( )> )
i

Ng
_ ((Vugﬂ) a;ﬁl +o'2+1 (VuZH)T) (d+ %(azﬂ —1I): ¢+; |E;| /Ej lpnllllall, (2-VI.15)

with a flow X" computed with the projected field P! (u}) through (2-IV.10). It is noteworthy that, for the
same reason as above in equation (2-VI.14), the projection operator 7, is needed only for the discretization of
the advection term u-Vo.

If we consider the mixed finite element space (P1)% xP; for (wup,pn), it is straightforward to rewrite the
system (2-IV.16) where the stress field was only piecewise constant, while using the same argument as above to
see that only the advection term for the stress field needs a projected velocity.
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TAB. 2.3 — Summary of projected terms in the Navier-Stokes (NS) and Oldroyd-B (OB) equations for o /v,
d(d+1)
in (Pl,disc) 2

d(d+1) d(d+1)
Vu... o< (Pl,disc) 2 "/)h € (Pl,disc> 2
In (]P’O)d2 7, (o}) in time derivative 7 (¢} in time derivative
(incl. flux term in DG) (incl. flux term in DG)
+ implicit source term 7, (e’wzﬂ) in OB
+ implicit coupling term 7y, (ed’rl) in NS
Not in (Py)?" 7 (o}) in time derivative 7 (¢¥}) in time derivative
(incl. flux term in DG) (incl. flux term in DG)
_ o _ + implicit source term 7y, (e"l’zﬂ) in OB
+ lmp}}ﬂt Clouﬁéngotgrms + implicit coupling terms
(7, (O'h ) m ) ) PP n+l1y -
(mn (€¥n ) in NS, 7, (4, ) in OB)

Remark 9. We were not able to establish discrete free energy estimates without interpolating some terms in
the formulations above thanks to the operator wy. This operator projects the stress oy, (or 1) onto (PO)%

Thus, for the formulations we have considered in this section, the interest of using larger dimensional spaces for
o (or ) than (Po)% is not clear. Our aim in this section is simply to exhibit discrete formulations with

piecewise linear approximations of the stress, for which we are able to derive a free energy estimate.

2-VI-E Appendix E. Free-energy-dissipative discretization of a Lie-formulation

We discuss here some discretization of the Oldroyd-B system where the equation for the stress tensor is
reformulated using a Lie derivative along the deformation gradient (see Rem. 6 and [LX06]). We want to show
that some discretizations of the Lie-formulation could also satisfy a discrete free energy inequality.

Using Scott-Vogelius elements for (up,pp) and piecewise constant approximations for o, one possible (low-
order) discretization of a Lie-formulation from [LX06] writes :

n+l _ . n
0= / Re (uhuh +uj - VuZH> w—p  dive+qdive™ + (1— &)Vl Vot — o1 Vo
D At Wi
—1 -T

or = (1-atm, (Vi) ) (ope X)) (I-Atma (Vupt) ) )

+ G IR

At Wil"h ’

(2-VL.16)

where the characteristic flow X" (t) is defined like in (2-II1.7). The system (2-VI.16) admits a solution such that
(I —Atmy, (VUZH))_l is well-defined, provided At is sufficiently small (but possible very small when HV'U,Z+1 I
is large). Besides, taking ¢ as the characteristic function of some element K}, we have the following equality
inside K, :
At -1 -T At
<1 + Wi) ot = (I=atmy (Vu ™)) (oo X (th) (T-Atma (Vi) ) + =L (2-VL17)

Then it is clear that the system (2-VI.16) preserves the non-negativity of o}. Moreover, it is possible to derive
the free energy estimate (2-IV.2) for the system (2-VI.16). It suffices to take as a test function for the stress :

T
b= QLWI (1-atm (Vupth) ) (1= (o)) (1= Atm, (Tug ) ),
and to proceed to the derivation of a free energy estimate using both ideas of the present work and of the
work [LX06], after noting that :

tr (ﬂ'h (VUZH)T (I— (GZ+1)_1)7Th (VUZ‘H) ((1 + %)UZ+1 — \%I)) >0, (2-VI.18)
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the proof of which is completely similar to the proof of (2-1.9), using the fact that (1+%)02+1 f%I is

T
symmetric positive definite (provided At is sufficiently small) and 7, (Vup ™) (I—(op™) =) m, (Vup™) is
symmetric positive semi-definite.

Acknowledgement 1. Thank to A. Ern and J.W. Barrett for fruitful discussions.
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2-VII Addendum to Chapter 2

In this section, we show yet unpublished materials : numerical results obtained with a stabilised Py x Py x Py
discretization, implemented in the MISTRAL FE code initially developped by J.F. Gerbeau et T. Lelievre, and
with Py x P; x Py or Py x Py x Py discretizations, using the FreeFem++ code of O. Pironneau and F. Hecht.

2-VII-A  Numerical Results with MISTRAL : P, xP; xP; FE code

We simulate the Oldroyd-B flow (2-1.1) in a lid-driven cavity D= (0,1) x (0,1) (d=2). We take Re=10"",
which makes our simulations close to the creeping flow results in [FK04, HP07a]. We choose € =.5 to avoid insta-
bilities due to incompatibility of the velocity—stress (in fact, conformation here) approximation spaces [BS92b].

For different meshes with triangular elements of size upper-bounded by h=.1, .05 and .03, we compute for
N7 =1000 time steps with At=.01 (T'=10) the solution to a system for (ux,pn,o) in (P1)? x Py x (P1)? close
to (2-IV.16), where we rewrite the material derivative for o, as :

n+1 n
Uh _Uh n n+1
Th “h 4 yr.v :
/D ( At +uh gy ) d)a

which is possible since o, €P; is continuous. The velocity-pressure incompatibility is stabilized using
SUPG [BH82], and the Oldroyd-B equation is stabilized with a GaLS method like in [BFT93, BPS01] (even
though this may seem unnecessary because of the choice € =.5).

Note that we are not able to show that such a discretization with a continuous stress field satisfies a discrete
free energy estimate. Though, it seems quite close to our discretizations and to many discretizations used by
practitionners.

We apply the following Dirichlet boundary condition at the top I'=[0,1] x {1} of the cavity D :

(822(1—2)2(1+tanh (8(t—5))),  ¥(2,) €[0,1] X [0, tmas)

V(z,t) €[0,1] X (tmaz,T) (2-VIL1)

)

uh(x,l,t):{

The initial condition at t=0 is taken as the stationary state (u?I =0,09= I). When, tq. € (0,T), provided At
is small enough (depending on the initial condition), we could expect the flow to converge back to the stationary
solution (u% E0,0‘% =1 ) for ¢ > t,as (recall Proposition 7 for homogeneous Dirichlet boundary conditions).

The non-linearity will be solved using Picard iterations (and GMRES for the linear steps at each Picard
iteration), which may not be optimal (and may then induce inaccuracies responsible for subsequent numerical
instabilities). Yet, quite often in practice, the numerical results barely change using more than one Picard
iteration. So we conjecture a fast convergence of the non-linear iterations in this simple testcase and will indeed
show results obtained with only one Picard iteration (temporarily assuming this is not responsible for subsequent
numerical instabilities).

First fixing tmax =T =10 like in [FK04, HP07a], we show a numerical evidence of a High-Weissenberg-Number
problem, assuming that the numerical solutions should converge to a stationary value (we have no proof for the
existence of such a stationary state). It seems the higher Wi, the more difficult it is to converge to a stationary
value, see Fig. 2.1. This manifestation of a High-Weissenberg-Number problem seems commonly observed in the
literature.

We also performed numerical simulations for the log-formulation using the same discretization with a SUPG-
stabilized mixed finite element space (up,pn) € (P1)? xP; and a continuous stress field 49, € P;. Then, in this
first test, the log-formulation seems more “stable”.

But this testcase does not coincide with our Proposition 7. Indeed, it is not obvious to compute the free-
energy of a system, the stationary solution of which we do not know (even if we assume it). Let us now use
tmax = 2.

With our @ priori not necessarily free-energy-dissipative numerical scheme for (u,p,o), the solutions ob-
tained with At=10"2 still seem to converge to the stationary state after ¢ >ty ax (when the boundary condi-
tion (2-VIL.1) vanishes) while Wi< 1. But for higher Wi (and always with At=1072), the solution blows up all
the faster after ¢ >t,.x as Wi grows, see Fig. 2.2. This appears to be a manifestation of the High-Weissenberg-
Number problem in our new testcase. But is the numerical instability due to a lack of free-energy-dissipation
here? (And if yes, could we kill that instability by improving our scheme toward a better free-energy dissipa-
tion 7)

First, we can hope for our (reasonable) numerical scheme to be close to free-energy-dissipative, even if we
cannot show this. Then, from the existence results of Propositions 1 and 7, one could then think of taking a
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F1G. 2.1 — First time when the four digits in the L* norm of the three fields (u,p,o) seem stabilized (that is,
do not evolve after three consecutive steps), fwith respect to the Weissenberg numbers, for two meshes : h=.1
(10x 10) and .05 (20 x 20). Also for (u,p,%), using the log-formulation (log 10 x 10 and log 20 x 20).
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le-25

Fi1c. 2.2 — Kinetic energy (in logarithmic scale) versus time for Wie {.1,.2...1.9,2}. Blow up happens with
At=10"2 for Wi> 1, all the faster after t, ., =2 as Wi is large.

smaller time step At =10"3. And indeed, using the smaller time step At=10"3, the limit Weissenberg number
until which convergence to a stationary state apparently occurs is a bit higher : Wi<1.2 (see Figure 2.3), which
is coherent with the fact that more stringent initial data (for instance, in the case of higher Wi) may ask for
smaller time steps. Yet, the improvement in Weissenberg number seems small compared to the much more
computationally expensive simulations with At=1073.

Moreover, like many practitioners, we noticed that the blow-up starts at approximatively the same time
than a loss of positivity for o (close to the top-right corner, where the stress becomes singular for ¢,,,x =T). So
a question naturally arises : is in fact the loss of positivity the cause or the consequence of blow-up ? Indeed,
if we use the log-formulation, then nothing happens (no blow-up)! Then, from this viewpoint, it seems the
log-formulation is better, apparently because it ensures positivity of o.

Yet, this numerical fact is not a definitive evidence for the superiority of the log-formulation. At this step, one
should still check whether a numerical scheme that really satisfies a free energy estimate does better. Besides,
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F1G. 2.3 — Kinetic energy (in logarithmic scale) versus time for Wie {.1,.2...1.9,2}. Blow up happens with
At=1073 for Wi> 1.2, all the faster after t,nq, =2 as Wi is large.

even if our (nonlinear) scheme was theoretically free-energy-dissipative, the numerical instabilities we observed
might also be due to its numerical solution. That is, Picard iterations may converge more slowly as Wi grows,
and one may for instance have to take very small At in order to actually see that convergence happen (with
large Wi). By the way, since the scheme for the log-formulation is even more nonlinear, why is it not confronted
with such problems ?

Now, we observed in the numerical experiments that it is essential for the stability of the discrete log-
formulation to project e¥» and e~%» on the discontinuous fields 7y, (ewh) and 7y, (e‘¢h). For instance, if we use
discrete fields for the stress that are interpolated in Py, with the same values as e¥» and e~%» at cach node of
the mesh, rather than the Py discontinuous projected stress fields m, (e¥*) and m, (e7%») that we introduced
in our previous theoretical investigation, then the log-formulation does not correctly dissipate the free-energy.
Coming back to the test with ¢, =10, we indeed observe that the free-energy does not converge to a stationary
value in the badly-discretized log-formulation, see Fig. 2.4.

Wiz02  +
log Wi=0.2
066 - bad log Wi= 4

F1a. 2.4 — Blow-up of the free energy for the 1, formulation at Wi=.2 when PP, interpolations at the nodes are
used for e¥r,e~¥r instead of Py projections.

Note also in Fig. 2.4 the discrepancy between the stationary value of the free energy for the usual formulation
with o and that for the log-formulation. This is probably explained by the relative large numerical error in
solutions obtained with the log-formulation, which is probably of poor consistency after taking the exponential
of the field ,,.

We show in Fig. 2.5 the consistency of our different spatial discretizations (log and not log) by comparing the
relative errors in the stationary value of the free-energy at t,,,x =7 =10 for three different meshes, with respect
to a finer one (at a Wi number where convergence happens, of course). This corresponds to the time-evolutions
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shown in Fig. 2.6.

100x Wis0.2 + T
logwi=0.2 X

01 —

F1aG. 2.5 — Relative errors for the stationary free energy at Wi=.2 with numerical schemes for 1, and o, (then
multiplied by 100 in the latter case), with respect to the size h of the mesh.
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F1G. 2.6 — Free energies at Wi=.2 for refining meshes. From top to bottom, A =.1,.05,.0333,.25 for the equations
with 4, forumlation, and for the equations with o, forumlation (the relative error is then much smaller).

2-VII-B  Numerical Results with FreeFem-++ : P, x P; x Py FE code

We first tried to use a Py x Py x Py discretization of the three-field problem, but without using the projection
operator which we needed in the previous sections in order for a Py x P; x Pp-based numerical scheme to satisfy
a free-energy inequality (in the case of no-flow boundary conditions).

We tried both the characteristic method (as implemented in FreeFem++ v2.240002) and the DG method to
compute the advection term in the Oldroyd-B equation. To test these discretizations, we simulate the two same
problems as in the above section. Like in the previous section above, the linear systems (corresponding to one
Picard iteration) are solved by the GMRES method.

First, we wanted to check whether our discretizations actually dissipate the free-energy after ¢ =2 (under
no flow boundary conditions), for a constant time step At =102, three different meshes (satisfying respectively
h=.1, .05 and .03) and Wi=.8,1,1.2,...,2.

All the computations have indeed been observed to dissipate the free-energy after ¢y, =2, until ¢ty =T,
see Fig. 2.7. Note yet that this could not be checked for the characteristic method when h=.03, since then the
positivity of the conformation tensor is lost before t =2 (followed by blow-up a few iterations later), whatever
the Weissenberg number tested here. (With the DG approach, the positivity of the conformation tensor is also
lost before t =2, whatever the Weissenberg number tested here, if we use a finer mesh h=.025; but then blow-up
does not follow : the computations run until final time 7T'.)

Second, we tried to capture a stationary state using tmax =7 in our different discrete problems.

For the characteristic method, the convergence to a stationary state after t =2 could only be observed for the
coarser mesh h=.1, see Fig. 2.8. Then, the convergence rate seems all the slower as Wi increases, in the sense
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F1G. 2.7 — Free energy with respect to time using the characteristic (left) / DG method (right) with P; approxi-
mations of the pressure. We use tyax = 2, three meshes and Wie [.8,2].

that the difference between two successives steps decreases more slowly when Wi increases. For finer meshes,
the positivity is lost soon after t=2, all the earlier as Wi increases.

The DG method always converged to a stationary state. Though, the positivity of the conformation tensor
is also lost for meshes finer than h=.1, soon after t=2 (and all the sooner as Wi increases and h decreases),
although always later than the characteristic method. (It is never followed by a blow-up a few iterations later,
contrary to the characteristic method).

. L L L L
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10

F1G. 2.8 — Free energy with respect to time when ¢,,,x =T, using the characteristic (left) / DG method (right)
with Py approximations of the pressure. When the curve stops, positivity has been lost (left : the computations
then blow up). We use three different meshes h=.1,.05,.03 and Wi€[.8,2].

2-VII-C Numerical Results with FreeFem-++ : Py x Py x Py FE code

Compared to the previous section, we use here a lower-order finite-element space for the pressure, which
includes discontinuous elements (piecewise constant). Then, the mixed formulation for velocity and pressure
spaces is still inf-sup stable, and we can even show that the DG approach is free-energy-dissipative (under no
flow boundary conditions, see the next chapter for details).

First, using tmnax =2, we again observe that all our schemes dissipate the free-energy after ¢y.x (under no
flow boundary conditions), again for a constant time step At =102, three different meshes (h=.1, .05 and .03)
and Wi=.8,1,1.2,...,2, provided they remain computable. (No loss of positivity happened before t;ax =2.)

Second, we try to capture a stationary state using ty.x =1

The characteristic method reaches a stationary state only for the coarser mesh h=.1, all the slower as Wi
increases, in the sense the convergence rate of the difference between two succesive steps goes slower to zero. For
finer mesh, no convergence to a stationary state could be observed because the positivity of the conformation
tensor is lost soon after ¢t =2, all the sooner as Wi increases, and then the computations stop (there is blow up).
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F1G. 2.9 — Free energy with respect to time using the characteristic (left) / DG method (right) with Py approxi-
mations of the pressure. We use tyax = 2, three meshes and Wie [.8,2].

On the contrary, the DG method seems to converge to a stationary state for all meshes (though again all
the slower as Wi increases, and h decreases). The conformation tensor also loses positivity after ¢, =2 (all the
sooner as Wi€ [1,2] increases and h decreases) for the two finer meshes, again a bit later than the characteristic
method, see Fig. 2.8. Note that for Wi=.8 and h=.05 or h=.03, the positivity was not even lost! (Also, for
Wi=.8, the convergence of the free energy and the kinetic energy is not monotone.)

35

0 1 2 3 4 5 6 7 8 9 10

F1G. 2.10 — Free energy with respect to time when t,,x =7, using the characteristic (left) / DG method (right)
with Py approximations of the pressure. When the curve stops, positivity has been lost (left : the computations
then blow up). We use three different meshes h=.1,.05,.03 and Wi€[.8,2].

So it seems that, the scheme for which we can actually show the stability property of free-energy-dissipation
(under no flow boundary conditions, here using the DG approach with piecewise constant approximation of
the pressure) behaves a bit better than the other ones. But this scheme is not a definitive remedy to all the
High-Weissenberg-Number problems, as shown by the loss of positivity (probably produced by a bad linear
approximation of the nonlinear terms), it is at best one solution to a numerical problem among (probably)
many different numerical problems mixed together.

To finish this section, we show in Fig. 2.11 the value of the diagonal component of the conformation tensor
field, as it is computed at t=5 (when ty,.x =T =10) by the DG approach above. For the lid-driven test-case,
this is an indication about the origin of problems linked to a lack of regularity for the solutions to the continuous
problem. Indeed, one can expect a numerical instability in the lid-driven cavity to arise from the singularity at
the right-top corner. And as a matter of fact, when positivity is lost during the computation, it is also in this
singular area that a pointwise value of the conformation tensor field is the first non-positive one encountered
(then, the loss of positivity quickly propagates in the spatial domain and the computation blows up).
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F1G. 2.11 — Value of the diagonal component of the conformation tensor field at t
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Chapitre 3

Existence et approximation d’un
modele Oldroyd-B (régularisé)

Dans ce chapitre, on présente des résultats obtenus en collaboration avec J.W. Barrett, et qui sont soumis
pour publication dans une revue a comité de lecture.

On y considere des approximations par la méthode des éléments finis du systeme d’équations Oldroyd-B,
qui modélise un fluide polymérique avec conditions de collement dans un domaine borné D CR? (d=2,3). Nos
schémas sont basés sur des approximations Ps (continues) du champ de vitesse et soit (a) Pg (discontinues), soit
(b) P; (continues), pour les champs de pression et conformation (un champ tensoriel symétrique).

D’abord, on montre qu’une solution (au moins) de ces schémas satisfait une inégalité d’énergie libre, s’expri-
mant avec le logarithme du tenseur des conformations, sans contrainte sur le pas de la discrétisation en temps —
de type Euler rétrograde — C’est une extension des résultats obtenus dans le chapitre précédent pour la méme
estimation d’énergie libre (voir aussi [BLM09]). Nous avions alors besoin d’une discrétisation Py (discontinue
et constante par morceaux) du champ de conformation pour traiter le terme d’advection dans ’équation sur la
contrainte, et d’une restriction sur le pas de temps, formulée en fonction des conditions initiales, pour s’assu-
rer que le tenseur de conformation restait bien symétrique défini positif. Toutefois, dans cette extension, nous
n’avons plus unicité de la solution (on utilise en effet le théoreme abstrait du point fixe de Brouwer), et il se
pourrait que d’autres solutions du systeme d’équations discrétisées existassent et ne satisfassent pas 1’estimation
d’énergie libre (en particulier, ne fussent pas définies positives en le champs de conformation). Par ailleurs, avec
des éléments finis continus, on utilise une discrétisation consistante mais ad hoc du terme de convection dans
I’équation d’Oldroyd-B, afin qu’une procédure de test permette de vérifier simplement 'inégalité d’énergie libre
attendue. En pratique, on pourrait donc encore tester numériquement ces schémas (leur facilité d’implémenta-
tion, leur ordre de convergence,...). De plus, on observerait alors si 'introduction de troncatures en le champs
de conformation dans les termes de la dérivée sur-convective (équation d’Oldroyd-B) et de l'extra-contrainte
polymérique (équation de Navier-Stokes) a un effet sur les instabilités numériques de type HWNP (mentionnées
précédemment dans le Chapitre 2). En particulier, si on impose au champs de conformation une borne inférieure
0 >0, on préserverait sa positivité, et on pourrait alors vraiment s’intéresser a la dissipation d’énergie libre sans
se soucier du maintien de la positivité. (Numériquement, on finirait par la limite § — 0% : si pour chaque 4, les
solutions numériques du systeéme non-linéaire avec troncature a d sont sur une méme branche solution continue
en 6, cette approche pourrait étre une maniere de capter, & la limite § — 07, une solution du systéme de départ
sans troncature qui dissipe bien I’énergie libre).

Ensuite, avec un terme dissipatif additionnel dans I’équation sur la contrainte et une troncature du tenseur
de conformation (dans certains termes du systéme), troncature similaire & ce qui a été introduit dans [BS08]
pour le modele micro-macro des halteres dites FENE dumbbells, on montre la convergence (a extraction pres)
de l'approximation (b) vers une solution (faible) globale en temps du systéme d’équations Oldroyd-B régularisé
(quand les parametres de discrétisation en espace et en temps tendent vers 0). Dans le cas ou d=2, on peut
de plus obtenir cette convergence sans la troncature, quoiqu’avec une restriction sur le pas de temps fonction
du pas d’espace. On a ainsi montré I'existence de solutions faibles globales a un systeme d’équations Oldroyd-B
régularisé directement & 1’échelle macroscopique, sans faire appel & un modeéle micro-macro sous-jacent (celui
des halteres dites Hookean dumbbells), contrairement a [BSS05, BS07, BS08], ol de fait, la régularisation était
donc aussi quelque peu différente. On pourrait aussi étudier numériquement ce nouveau schéma — régularisé —
dans des écoulements tres instables (de type HWNP), car le terme dissipatif additionnel dans I’équation sur
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la contrainte a une origine physique [BS07, Sch06] et a par le passé déja montré une bonne aptitude dans des
simulations [SB95]. De plus, le schéma numérique en question, dissipant une énergie libre, utilise des éléments
finis continus Py, ce qui pourrait étre encore relativement facile & implémenter (en comparaison d’une méthode
de Galerkin discontinue) et efficace numériquement (quoique lordre global du schéma reste certainement peu
élevé & cause des régularisations introduites).

Remarque 6 (Sur 'utilisation d’éléments finis P continus pour o). On a déja tenté au Chap. 2 d’utiliser une
méthode par éléments finis de plus grand ordre que Py pour discrétiser o, avec des fonctions P1. On avait alors
besoin d’utiliser un espace d’approximation de grande dimension pour o, qui contienne au moins les fonctions Py
constantes par morceaux sur chaque élément fini (et donc tel que les fonctions soient discontinues d’un élément
fini a Uautre).

En effet, la procédure de test de la formulation variationnelle qui méne a l’inégalité d’énergie libre fait appel
a une fonction test non-linéaire en l'inconnue o pour l’équation d’Oldroyd-B. Pour imiter cette procédure aprés
discrétisation de l’équation d’Oldroyd-B, nous avions donc proposé de projeter la fonction test (cette fois non-
linéaire en linconnue discréte o) dans un sous-espace de 'espace d’approrimation pour o ol nous pouvions
mener les calculs conduisant a une inégalité d’énergie libre discréte. Un sous-espace naturel pour effectuer cette
projection était alors Py, puisqu’on venait de montrer qu’une méthode par éléments finis de bas ordre, avec
o discrétisé dans Py, permettait justement d’obtenir une inégalité d’énergie libre discrete. Mais, comme nous
venons de le dire, discrétiser o dans P1+Py ou dans Py 4isc nécessite un grand nombre de degrés de liberté
(donc de grandes matrices a inverser), et on pourrait souhaiter utiliser plutot des fonctions Py continues.

Dans le chapitre qui suit, nous utilisons bien des fonctions Py continues pour discrétiser o, qui permet entre
autre d’utiliser simplement la dérivée spatiale de l'inconnue oy, afin d’introduire de la dissipation dans [’équation
d’Oldroyd-B et d’effectuer ensuite une preuve de convergence (avec la bonne compacité). Il n’y a toutefois pas
de miracle dans cette nouvelle discrétisation, qui permettrait d’obtenir simplement une inégalité d’énergie libre
discréte avec des fonctions Py continues. En effet, on doit ici aussi trouver un moyen de revenir dans l’espace
d’approzimation pour o en vue d’effectuer les manipulations menant a une inégalité d’énergie libre discréte.
On utilise ici pour cela interpolation de la fonction test, plutét que la projection dans un sous-espace. Puis,
comme précédemment avec la méthode de projection dans un sous-espace, il faut discrétiser chacun des termes
de I’équation d’Oldroyd-B de maniére ad hoc (mais consistante) pour pouvoir effectuer les manipulations menant
a une inégalité d’énergie libre discrete.

D’abord, on fait appel a des formules de quadrature pour calculer certaines intégrales dans la formulation
variationnelle uniquement avec les valeurs aux points d’interpolation. Ensuite, on se limite a un domaine D
conveze qui peut étre recouvert par une famille de maillages quasi-uniforme par rapport au paramétre de dis-
crétisation spatiale, avec des simplexes dont tous les angles entre deuz faces adjacentes sont aigus (en fait
non-obtus', c’est-a-dire < 5 ). Enfin, on discrétise le terme d’advection dans I’équation d’Oldroyd-B par une
formule ad hoc (consistante), qui imite au niveau discret la formule de dérivation composée que nous invoquons
au niveay continu pour annuler ce terme dans la procédure de test (voir (3-V.16) ci-aprés).

Noter également que, comme dans le cas Py, on a besoin ici d’une premiére régularisation (qu’on léve ensuite
par passage & la limite) pour montrer lexistence d’une solution (non-unique et dissipant l’énergie libre) d notre
schéma discret, quelque soit le pas de temps dans une discrétisation temporelle de type Euler rétrograde (d cause
de la contrainte de positivité sur o ).

1Cette limitation permet de prolonger sur chaque élément fini & des dérivées de fonctions Py des inégalités qui sont vraies pour
les “dérivées discretes” (différences finies d’ordre 1 construites avec les sommets des simplexes), voir le Lemma 11 ci-apres.
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We consider the finite element approximation of the Oldroyd-B system of equations, which models a dilute
polymeric fluid, in a bounded domain D C R%, d =2 or 3, subject to no flow boundary conditions. Our schemes are
based on approximating the velocity field with continuous piecewise quadratics and either (a) piecewise constants
or (b) continuous piecewise linears for the pressure and the symmetric conformation tensor. We show that both
of these schemes satisfy a free energy bound, which involves the logarithm of the conformation tensor, without
any constraint on the time step for the backward Euler type time discretization. This extends the results of
[Boyaval et al. M2AN 43 (2009) 523-561] on this free energy bound. There a piecewise constant approximation
of the conformation tensor was necessary to treat the advection term in the stress equation, and a restriction
on the time step, based on the initial data, was required to ensure that the approximation to the conformation
tensor remained positive definite. Furthermore , for our approximation (b) in the presence of an additional
dissipative term in the stress equation and a cut-off on the conformation tensor on certain terms in the system,
similar to those introduced in [Barrett et al. M3AS 18 (2008) 935-971] for the microscopic-macroscopic FENE
model of a dilute polymeric fluid, we show (subsequence) convergence, as the spatial and temporal discretization
parameters tend to zero, towards global-in-time weak solutions of this regularized Oldroyd-B system. Hence, we
prove existence of global-in-time weak solutions to this regularized model. Moreover, in the case d =2 we carry
out this convergence in the absence of cut-offs, but with a time step restriction dependent on the spatial
discretization parameter, and hence show existence of a global-in-time weak solution to the Oldroyd-B system
with an additional dissipative term in the stress equation.

3-1 Introduction

3-I-A The standard Oldroyd-B model

We consider the Oldroyd-B model for a dilute polymeric fluid. The fluid, confined to an open bounded
domain DCR? (d=2 or 3) with a Lipschitz boundary 9D, is governed by the following non-dimensionalized
system :

(P) Find wu:(t,z)€[0,T)xD—u(t,z)eR? p:(t,x)€(0,7)xDrp(t,z)ER and o:(t,z)€[0,T)xD—
o(t,x) € RE*? such that

Re (?;;—l—(uV)u) :—Vp—i—(l—E)Au—l—%diva—i—f on Dr:=(0,T)xD, (3-I.1a)
i
divu=0 on Dp, (3-1.1b)
Jo B r 1
E+(u~V)a‘7(Vu)0'+o'(Vu) *W(U*I) on Dr, (3-I.1c)
u(0,2) =u’(z) VexeD, (3-1.1d)
o(0,x)=0"(x) Ve eD, (3-I.1e)
u=0 on (0,7)x9D. (3-1.11)

Here w is the velocity of the fluid, p is the hydrostatic pressure, and o is the symmetric conformation tensor of the
polymer molecules linked to the symmetric polymeric extra-stress tensor 7 through the relation o =1+ %T,
where I is the d-dimensional identity tensor and R‘éXd denotes symmetric real dxd matrices. In addition,
f:(t,x) €Dy f(t,x) €R? is the given density of body forces acting on the fluid; and the following given
parameters are dimensionless : the Reynolds number Re R+, the Weissenberg number Wie R+, and the
elastic-to-viscous viscosity fraction € € (0,1). For the sake of simplicity, we will limit ourselves to the no flow
boundary condition (3-1.1f). Finally, Vu(t,z) € R¥*? with [Vu}ij:gTu;, and (dive)(t,xz) € R? with [dive]; =

Zd 86“
j:1 6213j .
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Unfortunately, at present there is no proof of existence of global-in-time weak solutions to (P) available
in the literature. Local-in-time existence results for (P) for sufficiently smooth initial data, and global-in-time
existence results for sufficiently small initial data can be found in [GS90]. Global-in-time existence results for
the corotational version of (P); that is, where Vu in (3-1.1c) is replaced by its anti-symmetric part §(Vu—
(Vu)T) can be found in [LM00]. We note that such a simple change to the model leads to a vast simplification
mathematically, but, of course, it is not justified on physical grounds. Finally, global-in-time existence results
for (P) in the case f=0 and for initial data close to equilibrium can be found in [LLZ08§].

This paper considers some finite element approximations of the Oldroyd-B system, possibly with some
regularization. In the regularized case, we show (subsequence) convergence of the approximation, as the spatial
and temporal discretization parameters tend to zero, and so establish the existence of global-in-time weak
solutions of these regularized versions of the Oldroyd-B system. The first of these regularized problems is (Pg)
obtained by adding the dissipative term a Ao for a given a € R to the right-hand side of (3-I.1c), as considered
computationally in [SB95], with an additional no flux boundary condition for o on D. The second is (P%) where,
in addition to the regularization in (P,), the conformation tensor o is replaced by the cut-off 3% (o) on the
right-hand side of (3-I.1a) and in the terms involving w in (3-I.1c), where 8% (s):=min{s, L} for a given L>>1.
Similar regularizations have been introduced for the microscopic-macroscopic dumbbell model of dilute polymers
with a finitely extensible nonlinear elastic (FENE) spring law, see [BS08], and for the convergence of the finite
element approximation of such models, see [BS09]. In fact, it is argued in [BS07] and [Sch06] that the dissipative
term aAo is not a regularization, but is present in the original model with a positive a < 1. Here we recall
that the Oldroyd-B system is the the macroscopic closure of the microscopic-macroscopic dumbbell model with
a Hookean spring law, see e.g. [BS07].

Overall the aims of this paper are threefold. First, we extend previous results in [BLMO09] for a a finite
element approximation of (P) using essentially the backward Euler scheme in time and based on approximating
the velocity field with continuous piecewise quadratics, and the pressure and the symmetric conformation tensor
by piecewise constants. We show that solutions of this numerical scheme satisfy a discrete free energy bound,
which involves the logarithm of the conformation tensor, without any constraint on the time step, whereas a
time constraint based on the initial data was required in [BLMO09] in order to ensure that the approximation
to the conformation tensor o remained positive definite. See also [LX06], where the difficulties of maintaining
the positive definiteness of approximations to o are also discussed. We achieve our result by first introducing
problem (Pjs), based on a regularization parameter 6 € R-q. (Ps) satisfies a regularized free energy estimate
based on a regularization of In and is valid without the positive definiteness constraint on the deformation
tensor.

Second, we show that it is possible to approximate (P) with a continuous (piecewise linear) approximation
of the conformation tensor, such that a discrete free energy bound still holds. We note that a piecewise constant
approximation of the conformation tensor was necessary in [BLMO09] in order to treat the advection term in
(3-I.1c) and still obtain a discrete free energy bound.

Third, we show (subsequence) convergence, as the spatial and temporal discretization parameters tend to
zero, of this latter approximation in the presence of the regularization terms stated above to global-in-time weak
solutions of the corresponding regularized form of (P).

The outline of this paper is as follows. We end Section 3-I by introducing our notation and auxiliary results.
In Section 3-II we introduce our regularizations of In based on the parameter § € (0,%} and the cut-off L>2.
We introduce our regularized problem (Ps), and show a formal free energy estimate for it. In Section 3-III, on
assuming that D is a polytope for ease of exposition, we introduce our finite element approximation of (Py),
(P?ﬁ), based on approximating the velocity field with continuous piecewise quadratics, and the pressure and
the symmetric conformation tensor by piecewise constants. Using the Brouwer fixed point theorem, we prove
existence of a solution to (P?fl) and show that it satisfies a discrete regularized free energy estimate for any
choice of time step; see Theorem 3. We conclude by showing that, in the limit § — 04, these solutions of (P(;A}L)
converge to a solution of (P4?) with the approximation of the conformation tensor being positive definite.
Moreover, this solution of (Pft) satisfies a discrete free energy estimate ; see Theorem 4.

In Section 3-IV we introduce our regularizations (P&L)) of (P) involving the dissipative term a Ao on the
right-hand side of (3-I.1c), and possibly the cut-off 3% (&) on certain terms involving o in (3-I.1a,c). We then
introduce the corresponding regularized version (P(Ofg)7 and show a formal free energy estimate for it. In Section

3-V we introduce our finite element approximation of (ngg), (P(()LL(";)hAt)7 based on approximating the velocity field

with continuous piecewise quadratics, and the pressure and the symmetric conformation tensor by continuous
piecewise linears. Here we assume that D is a convex polytope and that the finite element mesh consists of
quasi-uniform non-obtuse simplices. Using the Brouwer fixed point theorem, we prove existence of a solution to
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(PéLé)hAt) and show that is satisfies a discrete regularized free energy estimate for any choice of time step ; see

)At)

)

Theorem 5. We conclude by showing that, in the limit § — 04, these solutions of (P((IL(; converge to a solution

of (P&%}’L)At) with the approximation of the conformation tensor being positive definite. Moreover, this solution
of (PEXL,;L)M) satisfies a discrete free energy estimate ; see Theorem 6.

In Section 3-VI we prove (subsequence) convergence of the solutions of (Psft), as the spatial and temporal
discretization parameters tend to zero, to global-in-time weak solutions of (PL); see Theorem 8. Finally in Sec-
tion 3-VII, on further assuming that d =2 and a time step restriction dependent on the spatial discretization pa-
rameter, we prove (subsequence) convergence of the solutions of (Pﬁfh), as the spatial and temporal discretization
parameters tend to zero, to global-in-time weak solutions of (P,) ; see Theorem 10. We note that these existence
results for (P((XL)) are new to the literature. In addition, the corresponding L°°(0,7;L*(Q))NL2(0,T;H*(£2))
norms of the velocity solution ug{L) of (PgL)) are independent of the regularization parameters a (and L).

In a forthcoming paper, [BB09a], we will extend the ideas in this paper to a related macroscopic model, the
FENE-P model ; see [HLOT7], where a free energy estimate is developed for such a model, as well as Oldroyd-B. In
addition, we will report in the near future on numerical computations based on the finite element approximations
in this paper and [BB09a].

3-I-B Notation and auxiliary results

The absolute value and the negative part of a real number s€R are denoted by |s|:=max{s,—s} and
[s]- =min{s,0}, respectively. In addition to RE*%, the set of symmetric R**¢ matrices, we let R¥5% be the set
of symmetric positive definite R**?¢ matrices. We adopt the following notation for inner products :

d
v~w::ZviwiEvT'w:wTU Vo, weR?, (3-1.2a)
=1
d d
o:pi=3 > b, =tr(¢Tw) =tr(¥T0)  VepeR* (3-1.2b)
1=175=1
d ]d
Vo:Vip:=) > Ve, -Vip,, Vep,1p e RP¥ (3-1.2¢)
i=1j=1

where -7 and tr(-) denote transposition and trace, respectively. The corresponding norms are

|lv] := (v ~v)%, Vv :=(Vv: V'v)% Vv eRY, (3-1.3a)
Bl :=(:0)2,  [Voll:=(Vh:Vh):,  VoeRX (3-1.3b)

N

We will use on several occasions that tr(¢) =tr(¢”) and tr(¢p) =tr(pe) for all ¢,4p € R4*%, In particular, we
note that :

oX" Y =xP:p=x:%¢ Vo, eRY?, xR, (3-14a)

ol <yl Vo, e R (3-1.4b)

In addition, for any ¢ € Rng, there exists a diagonal decomposition
»=0"DO0 =  tr(¢)=tr(D), (3-1.5)

where O € R is an orthogonal matrix and D € R%*? a diagonal matrix. Hence, for any ¢g:R— R, one can
define g(¢p) € RY*? as

9(¢):=0"g(D)0 =  tr(g(¢))=tr(g9(D)), (3-L.6)
where g(D) € R%*? is the diagonal matrix with entries [g(D)];; = g(Dy;), i=1—d. Although the diagonal de-
composition (3-1.5) is not unique, (3-1.6) uniquely defines g(¢). Similarly, one can define g(¢) G]Rféﬁ%, when

d)E]RdS?;dD and g:R<y—R. We note for later purposes that

d(tr(|9))’ < [lol” < (tx(|@])*  VoeRE. (3-1.7)
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We adopt the standard notation for Sobolev spaces, e.g. H'(D):={n:D—R: [;[|n|*+]Vn|[*] <oo} with
H{ (D) being the closure of C§°(D) for the corresponding norm || || g1 (p). We denote the associated semi-norm as
|| zr1(py- The topological dual of the Hilbert space Hg (D), with pivot space L?(D), will be denoted by H~!(D).
We denote the duality pairing between H~(D) and H{(D) as (-,-) mi(p)- Such function spaces are naturally
extended when the range R is replaced by R?, R¥*4 and R%*?; e.g. H'(D) becomes [H'(D)]4, [H'(D)]4*4
and [H 1(D)]2Xd , respectively. For ease of notation, we write the corresponding norms and semi-norms as
|- lz1(py and |-|g1(p), respectively, as opposed to e.g. ||-||(g1(pye and |- |;g1(pya, respectively. Similarly, we
write (-,+) g1 (py for the duality pairing between e.g. [H ~1(D)]? and [H} (D)]4. We recall the Poincaré inequality

/ o2 <Cr / Vo2 Yoe HY(D), (3.18)
D D

where Cp €R-( depends only on D. For notational convenience, we introduce also convex sets such as
[HY (D) $5% :={p e [H (D)]F?: p e RESL ace. in D}. Moreover, in order to analyse (P), we adopt the nota-
tion
W:=[H}(D)?  Q:=L*(D), V:= {UEW : / qdivo=0 vqu}, (3-1.9)
D
S=[L'D)&Y  and  Sppi=[L' (D)L

Finally, throughout the paper C' will denote a generic positive constant independent of the regularization para-
meters 6, L and «; and the mesh parameters h and At.

3-I1 Formal free energy estimates for a regularized problem (Pj)

3-II-A  Some regularizations

Let G:s€Rsg—InseR be the logarithm function, whose domain of definition can be straightforwardly
extended to the set of symmetric positive definite matrices using (3-1.5). We define the following two concave
C'(R) regularizations of G based on given parameters L >1>§>0 :

> L >
GsiseRmd O VSZ0d GEiseRre (O 0)r V820 (3-IL.1)
S+G(0) -1, Vs<6 Gs(s), Vs<d
El — >
where Gl:seRog— L +G(L) -1, Vs=L .
G(s), Vse (0,L]
We define also the following scalar functions
—1 —1
éL)(s) = (GgL)’(S)) VseR and B (5) = (G(L)/(s)> Vs€Rso; (3-11.2)

where, here and throughout this paper, -*) denotes an expression with or without the superscript %, and a
similar convention with subscripts. Hence we have that

Bs:s €R—max{s,d}, Bl seR—min{Bs(s),L}, (3-11.3)
B:s€Rsg—s and Bl :seRs—min{[(s),L}.

We note for example that
2 2
185 (9)||"<dL? VopeREY and ||BY(¢)||” <dL® VeeRL:,. (3-11.4)
Introducing the concave C!(R) functions
HE(s) ::G‘SLill(s) VseR and Hs(s) ::G‘rl(s) Vs €R~o, (3-11.5)
it follows from (3-II.1) and (3-I1.3) that
HP' (P () =p"(s)  VseR. (3-11.6)

For later purposes, we prove the following results concerning these functions.
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Lemma 10. The following hold for any ¢, GRng and for any L>1>0>0 that

B @G (@)= (65 (91057 (9)] =T, (3-IL7a)
w (B7(9)+ (87 ()] —21) =0, (31L7h)
tr (¢—G§L)(¢>) —I) >0, (3-IL7c)
(¢>—ﬁ§”(¢)) r (I —Gst)/(qb)) >0, (3-11.7d)
(6—v): (687 W) = tr (6 (@) -G (w). (3-I1.7¢)
(- (G (9) - 6P ) 207 |l (¢) - 6P ()| (3-1L.7F)
In addition, if § € (0, %] and L>2 we have that

tr (¢*G§L)(¢)) > { i”ﬁl} | and ¢ (IngL),(qb)) >1)¢| —d. (3-IL8)

Lllle]

Proof. The result (3-I1.7a) follows immediately from (3-1.6) and as ﬂ(gL)(s) :GgL)/(s) for all s€R. The desired

results (3-11.7b-d) follow similarly, on noting the scalar inequalities ﬁéL) (s)+ [ﬁgL)(s)]_l >2,5— G((sL)(s) >1 and
!

(s— éL)(s))(l —G((SL) (s)) >0 for all seR.

We note that G((;L) are concave functions like G, and hence they satisfy the following inequality
(51— 5GP (52) > G\ (51) ~ G (s5)  Vs1,s0€R; (3-L.9)

Hence for any ¢,3 € RE*? with ¢=07Dy04 and 0T D0y, where 04,0, € R orthogonal and Dy, Dy, €
R%*4 diagonal, we have, on noting the properties of trace, that

(6-1):G5" () =u ((¢-)GS" (1)) =r ((0TD,0-Dy)G{" (D)) . (3-11.10)

where O =0,0] € R?¥4 is orthogonal and hence 2?21 [0;]? = 2?21 [0;]>=1 for j=1—d. Therefore we have,
on noting these properties of O, (3-11.9) and (3-1.6), that

((OTD¢O D,)G; ) ( Dy)j;— [Dyli )[G(L)/(Dw)]n‘ (3-IL.11)

d

2
d

i P ([65” D))y~ 65 (D))
=

) (GEsL)(sz))
—tr (G (@) -G w)).

d
2 10
d !
Z Dyl;— [Dylir) G5 (D)l
o
2.0
G¢\MD

Combining (3-11.10) and (3-I1.11) yields the desired result (3-I1.7¢).

!
We note that —G((;L) € C%1(R) is monotonically increasing with Lipschitz constant 6 =2 and so

/ / / /
(51— 52) (G (51) =G\ (52)) > 2GS (1) — G (52)]2 Vs, s0€R. (3-11.12)
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Then, similarly to (3-11.10) and (3-1I.11), we have, on noting (3-I1.12), that

~(¢—1): (G ()~ G () (3-11.13)
{tr ((D¢ ODwOT)G (D¢)) —tr ((OTD¢O — Dw)GéL)/(Dw))}

=—ZZ[0ﬁJ2<[D¢1ﬁ—[Dw]in([Gé“'(Dw]jj—[GESL)’(DW)

i=1 j—l

>5QZZ PGSR (D)5 — G5 (D)2

i=17=1

=0 (G5 (@) -6 @))?) =165 (0) -6 ) P

and hence the desired result (3-IL.7f).
Finally the results (3-11.8) follow from (3-1.6) and (3-1.7) on noting the following scalar inequalities

1

5 |S

s— G (s) Z{ 21| |[| L and 3(1_GgL)'(S)) >1ls|-1  VseR, (3-11.14)
b S|—

which are easily deduced if 6 € (0,3] and L>2. O

Clearly (3-I1.7e) holds for any concave function g€ C*(R), not just G((;L), and this implies that

(@—):g' () >tr(g(9) —g(1)) > (—1):9'(¢) Vo, R (3-IL.15)

For a convex function g€ C!(R), the inequalities in (3-I1.15) are reversed. Hence for any concave or convex
function g€ C'(R) and for any ¢ € C*([0,7);R%*?) one can deduce from the above that

d

guta@n=u(0s@)= ()@ e, (31116)

Of course, a similar result holds true for spatial derivatives. Furthermore, these results hold true if ¢ is in
addition positive definite, and g€ C'(R~g) is a concave or convex function. Finally, we note that one can use
the approach in (3-11.11) to show that if g€ C%!(R) with Lipschitz constant A, then

lg(®) —g() <Allp—] Ve, eRE. (3-11.17)

3-1I-B  Regularized problem (Pj)

Using the regularizations G introduced above with parameter § we consider the following regularization of
(P) for a given 6 € (0,3] :
(Ps) Find us: (t,z) €[0,T) x D—us(t,x) R, ps: (t,z) € (0,T) x D ps(t,z) ER and os: (t,z) €[0,T) x D+
os(t,x) ERE*? such that

Re (aﬁt + (us- V)u5> =—Vps+(1—e)Aus+ — Wi dlvﬁ(;(o'(;) +f on Dr, (3-11.18a)
divaus =0 on Dr, (3-IL.18b)

3} 1
%—f—(us V)os=(Vus)Bs(as)+Bs(as)(Vus) ! — ﬁ(ag—I) on Dr, (3-11.18c)
us(0,2) =u’(x) Ve eD, (3-11.18d)
o5(0,z)=0"(x) vz eD, (3-11.18e¢)
us=0 on (0,T) x 9D. (3-11.18f)
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3-II-C  Formal energy estimates for (P;)

In this section, we derive formal energy estimates, see e.g. (3-11.21) below, where we will assume that the triple
(us,ps,05), which is a solution to problem (Pjy), has sufficient regularity for all the subsequent manipulations.
We will assume throughout that

felL?(0,T;[H (D d , u’ e [L*(D d, and o’ e[L®(D)]%E,  with 3-11.19
SPD

0 0
where o, Tmax € Rso.

Let Fs(us,05) denote the free energy of the solution (ugs,ps,o5) to problem (Ps), where Fs(-,-): W xS—R
is defined as

Fg(v@);:%/puvnhzim ¢ Gsle)-1). (3-11.20)

Here the first term £¢ [ ||v[|* corresponds to the usual kinetic energy term, and the second term &= [ tr(¢p—
Gs(¢)—1I) is a regularized version of the relative entropy term == [ tr(¢—G(¢)—I) introduced in [HLOT],

see also [JLBLOOG].

Proposition 12. Let (us,ps,05) be a sufficiently smooth solution to problem (Ps). Then the free energy
Fs(us,05) satisfies for a.a. t€(0,T)
d

GiFusas)+(1-2) [ [Tusl+
D

s [l + o) -2 S (fumymy . (31120

Proof. Multiplying the Navier-Stokes equation with us and the stress equation with 557 (I —G5(0s)), summing

and integrating over D yields, after using integrations by parts and the incompressibility property in the standard
way, that

/D[P;e;||u5||2+(1—6)||Vu5||2+Vf]iﬁg(ag):Vu(;} (3-11.22)
+2LWI/D [(;aﬁ(u(gv)aa) +Vi/i(a5—1)] (I-Gj(os))

€

_TWi/D ((Vué)ﬁa (0'5)+ﬁ6(0'6)(vu6)T) (I -G5(o5)=(f,us) g3 (p)-

Using (3-11.16) and its spatial counterpart, we first note that

(;0'5 + (U5 . V)O'(;) : (I— G:;(O'(s)) = (gt + (U5 . V)) tI“(O'(; —Gg(o‘g)) . (3-11.23)

On integrating over D, the (us- V) part of this term vanishes as us(t,-) € V. On using trace properties, (3-11.7a)
and the incompressibility property, we obtain that

((Vus)Bs (05)) : (I = G(os)) =tr (Vus) 85 (a75) — (Vus) 85 (05) G5(as)) , (3-11.24)
=tr(Vus) s (05) — Vus)
=tr((Vus)Bs (05)) —divus,
=tr((Vus)Bs(0s)) -
On noting (3-I.4a), we have also that
(85(05) (Vus)" ) : (1= Gi(5) = tr((Tus) By (075)) (3-11.25)

Therefore the terms involving the left-hand sides of (3-1I.24) and (3-11.25) in (3-11.22) cancel with the term
wi0s5(05): Vus in (3-11.22) arising from the Navier-Stokes equation. Finally, for the remaining term we have
on noting (3-1.2b) and (3-11.7a,d) that

(o5—1I):(I-Gj(os))=[(os—Bs(0s)) +(Bs(as) —I)|: (I - Gs(as)) (3-11.26)
> (Bs(a5) —1): (I -Gj(a5)) =tr(Bs(05) + [Bs(0s)] ™ —2I).
Hence we obtain the desired free energy inequality (3-11.21). O
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Corollary 1. Let (us,ps,05) be a sufficiently smooth solution to problem (Pgs). Then it follows that

[;(1 —&)||Vus|* + 2\;.2 tr(Bs(os) +[Bs(0s)] ' — 21)] (3-11.27)

1+Cp
2 (Fa(uo,00)+2(1) HfHL?(O TiH- 1(@)))

sup F(;(u(s(t7')70'6(t7'))+/

te(0,T) Dr

Proof. Smooth solutions (us,ps,0s) of (Ps) satisfy the free energy estimate (3-I1.20). One can bound the term
(f,us) H} (D) there, using the Cauchy-Schwarz and Young inequalities for ¥ € R, and the Poincaré inequality
(3-1.8), by

(f, u6>H1(D)<||fHH vy 1wsl oy < By} ||f||H D)+ ||U6||H1 D) (3-11.28)
2
< o 1oy o (L Co) Vs

Combining (3-11.28) and (3-11.20) with v?>=(1—¢)/(14+Cp), and integrating in time yields the desired result
(3-11.27). 0

We note that the right-hand side of (3-11.27) is independent of the regularization parameter ¢ if o is positive
definite.

3-III Finite element approximation of (Ps) and (P)

3-I1I-A Finite element discretization

We now introduce a finite element discretization of the problem (Ps), which satisfies a discrete analogue of
(3-11.21).

The time interval [0,7) is split into intervals [t"~1,#") with At,=t"—t""1 n=1,...,Ny. We set At:=
maxp=1,.. Ny At,. We will assume throughout, for ease of exposition, that the domain D is a polytope. We
define a regular family of meshes {7}, }5>o with discretization parameter h >0, which is built from partitionings
of the domain D into regular open simplices so that

Ng ——
DCT,:= U K.
k=1

We denote by hg, the diameter of the simplex K}, so that h=maxr—1,  n, hK,. For each element Kj of
the mesh 73, we denote by ng, the outward unit normal vector of boundary 0K} of Kj. We introduce also
0Ty, :={E; };V:’fl as the set of internal edges E; of triangles in the mesh 7;, when d=2, or the set of internal faces
E; of tetrahedra when d=3.

We approximate the problem (Ps) by the problem (Pﬁ,ﬁ) based on the finite element spaces W, x Q¥ x
S9 satisfying the following. As is standard, the discrete velocity-pressure spaces Wy, x Q) C W x Q) satisfy the
discrete Ladyshenskaya-Babuska-Brezzi (LBB) inf-sup condition

i
dive.g) o . (3-IIL1)

inf sup
I€EQ) vEW), H‘JHL2(D) ||U||H1(D)

In the following, we set

W, ={ve[CD)NW:v|g, [P]¢ k=1,....Ng}CW, (3-T11.2a)
9.={qeQ:q|x,€Py k=1,....Ng}CQ, (3-111.2b)
and S :={¢€S: 0|k, €P]&? k=1,...,Nx}CS; (3-I11.2¢)

where P, denotes polynomials of maximal degree m in . We introduce also

VO::{UEWhI/qdiVUZO VQEQ?L}’
D
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which approximates V. It is well-known the choice (3-II1.2a,b) satisfies (3-1I1.1), see e.g. [BF91]. Moreover, this
particular choice of S% has the desirable property that

peS) = I-Gsi(p)eS), and tr(¢p—Gs(¢p)—I)€QqQ). (3-111.3)

Since S?L is discontinuous, we will use the discontinuous Galerkin method to approximate the advection term
(us-V)os in the following. Then, for the boundary integrals, we will make use of the following definitions (see
e.g. [EG04, p267]). Given v € Wy, then for any ¢ €S (or QY) and for any point @ that is in the interior of some
E; € 07, we define the downstream and upstream values of ¢ at « by

()= lin o(x+pv(z)) and ¢ Y(x)= lim d(z+pv(x)); (3-111.4)
p—0* p—0~
respectively. In addition, we denote by
+v —v
[6]-o(@)=¢" (@) ¢ *(x) and  {g}(a)= L PO

the jump and mean value, respectively, of ¢ at the point @ of boundary E;. From (3-IIL.4), it is clear that the
values of ¢+”|E]. and ¢~ "|g,; can change along E; € 97;,. In addition, it is easily deduced that

Z/ lv-n|[q Z/ (v-nr,)q YveEW,, ¢€QY; (3-111.6)
oK.

where n=n(FE};) is a unit normal to E;, whose sign is of no importance.

(3-111.5)

3-III-B A free energy preserving approximation, (PM , of (Ps)

For any source term f € L2 (0,T;[H ~*(D)]%), we define the following piecewise constant function with respect
to the time variable

1 t"
fAt7+(t7'):fn('): E .f( ) te[tnilvtn% n=1,...,Np. (3_1117)
n.Jtn— 1
It is easily deduced that
ZAt 1" 511 < / I 5oyt for any re[1,2], (3-111.8)
and fm’* — f strongly in L?(0,T;[HY(D)]¢) as At—0, . (3-111.8b)

Throughout this section we choose u, € V) to be a suitable approximation of u” such as the L? projection
of u® onto VY. We will also choose a9 €S to be the L? projection of o onto S). Hence for k=1,...,Ng
1
0 0
o} |k, =7 o, (3-111.9a)
h‘ k |Kk‘ X,
where | K| is the measure of K ; and it immediately follows from (3-II.19) that
Tin €17 <€70h |k, E<onacllél®  VEERT (3-TIL.9b)

Our approximation (P?ﬁ) of (Ps) is then :
(P§}) Setting (u ,,09 )= (u),00) € V) xS}, then for n=1,..., Ny find (u},,0%,) € V) xS} such that for
any test functions (v,¢)€ VY x SY

n n—1
Usp—Usp Re n
/D[Re <M>-v+2[((uéhl V)uéh)-v—um.((uml V)v )} (3-111.10a)
n E n n
+(1—5)Vug,h:Vv+Wiﬁ5(Ua,h)1VU} = (") ()

/ K"éit"”>:¢—2(<Vu§,h>ﬁ5<ay,h>> b+ 1 (- I)-¢] (3-TIL10)
D n

P[0y =0,
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In deriving (P§}), we have noted (3-I1.4a) and that
/v-[(z~V)w]:—/ w-[(z-V)w]  VzeV, Vowe[H (D). (3-TTL11)
D D

Once again we refer to [EG04, p267] for the consistency of our stated approximation of the stress convection
term, see also [BLMO09].

Before proving existence of a solution to (Pé}i), we first derive a discrete analogue of the energy estimate
(3-11.21) for (P§}); which uses the elementary equality

251 (51— 89) =57 — 55+ (51— 82)* Vs1,s2 €R. (3-111.12)

3-1II-C  Energy bound for (P35}

Proposition 13. For n=1,...,Nr, a solution (u:{h,agh) €VYxSY to (3-1I1.10a,b), if it exists, satisfies

Fs(ufp,05n) = Fo(uy, ' o5,") - Re w .
e g T R CER Y N (3.1113)
g n n -
o LBl + sl —2D)
n 1 n 12 1+Cp 2
<Ay < 50=2) [ IV + 5= o

Proof. Similarly to the proof of Proposition 12, we choose as test functions v:ugl’he\/g and ¢p=

5 (I—Gg(o{{h» €S9 in (3-111.10a,b), and obtain, on noting (3-111.12) and (3-1L.7a,d), that

(f" s h) 1 (o) Z/
D

Re [ lugpll® = llugy 1P llug, —wgsy :
2 ( At,, AL +(1=e)[ Vg I (3-IT1.14)

n n—1
€ 950" %h \ (1 _t(an
+2Wi/p< AL >(I Gs(a3 )
€ n n o\
o B+ i) =20)
£ &
“awi ), |

We consequently obtain from (3-II1.14), on noting (3-1.2b) and (3-II.7¢) applied to the edge terms as well as
the discrete time derivative term for the stress variable, that

n—1

n n Fupt
i om| ol (T Gilrh,) ™0

(f"usn) oy > /
D

Re [ llugpll” —llusy 1P (g, —ugy 2
A ’ R 1- ? L1
2 ( At, * At +(1=o)[[Vug,|l (3-111.15)

o (- Gstenn) o (odnt - Guleosi))
* 2Wi /D At,

o L)+ i) —21)

e Ir
o)
2Wl = E;

! n‘ [txars ), — G (o5 )]
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Finally, we note from (3-1I1.6), (3-111.3) and as uy ), LeVY that

[,

sn—trGs(ag )] (3-111.16)

H“‘6 h

=—Z /a it e, ) o (o — Gs(o)
NK

S Z/K div (u:{;ltr (a':{h — G(;(O':;L’h)))
k

k=1
:—/tr(ag"h—Gtg(a:{h))divu(m =0.
D

Combining (3-111.15) and (3-111.16) yields the first desired inequality in (3-I1I1.13). The second inequality in
(3-111.13) follows immediately from (3-11.28) with v?=(1—¢)/(1+Cp). O

3-III-D Existence of a solution to (Pﬁ,’;

Proposition 14. Given (u?hl,a(;h )EVY xSV and for any time step At, >0, then there exists at least one

solution (ug,h,a'gﬁh) €V9 xS to (3-1I1.10a,b).
Proof. We introduce the following inner product on the Hilbert space V9 x S
(). 8)p= [[fwrosig]  Vw).(0.9)VExS]. (-11117)
D

Given (u;;l,o{;’;l) eVIxSY let F: VY xSY— VY xSY be such that for any (w,p) € V) xSY

n—

(]:(w,z/)),(v,cﬁ))D::/D{Re (W)'v+};3[((u5hl V)w ) U—w-((uggl-V)U”

1—6)Vw: Vo + — o (Y26,
+(1=e)Vw: Vot o7 5(1): Vo + AL X

) (3-111.18)
—2((Vw)55(¢))5¢+Wi(¢—I)¢¢] oo
Yl T V(0.6) €V xS).
We note that a solution (u:{h,ag’,h) to (3-1I1.10a,b), if it exists, corresponds to a zero of F ; that is,
(F(ugp,084),(v,0)) ;=0 V(v,¢) €V} xS). (3-111.19)

In addition, it is easily deduced that the mapping F is continuous.
For any (w,%) € VY xSY, on choosing (v,¢) = (w, s (L — Gg('z/))), we obtain analogously to (3-111.13) that

(Fw. ). (w, = (1 —Ggw))))D (3-111.20)
w, ) —Fs(u?7 b ot ! _
R L 26/”%”2
1 1+Cp
b / tr(35() + (350 —20) — 5 I g

Let us now assume that for any 7€R-g, the continuous mapping F has no zero (ugh,agh) satis-
fying (3-II1.19), which lies in the ball

Byi={(0,8) Vi xS): [[(0,0)lp <7} (3-111.21)
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where

(0,9l p = [((v,¢), (v,0)) p)% = </D[v||2+ ||¢>2]) : (3-111.22)
Then for such +, we can define the continuous mapping G, : B, — B, such that for all (v,¢) € B,
F(v,9)
G, (v,p):i=—y———. 3-111.23
= vl (HL22)

By the Brouwer fixed point theorem, G, has at least one fixed point (w.,.,) in B,. Hence it satisfies

(a0 = 9, (w.05,) = (3-11.24)

It follows, on noting (3-111.2¢), that
ey
AN 2= 2/ 2 Vo esy, 3-111.25
&l (P) = mintge vy | Kp] D||¢\ Hh D||¢H h ( )
where pp :=[1/(mingen, |Kk|)]% It follows from (3-11.20), (3-11.8), (3-111.25) and (3-111.24) that

R
Fy(wy b)) = [ s P+ s [ s, ~Gistas,) =) (3-111.26)

Re 9 €
> — — —2d|D
>5[l 5 | 1 l-2a]

Re 5 5 ed|D|
>7 R oo -

_[(Re ¢ ) 2 ed|D|
> it ~ o
mm( 5 ’4Wiuw) (/D[wal + 9, |l ]) Wi

— min Re € o, €d|D|
- 2 AWipny ) T 2Wi

Hence for all v sufficiently large, it follows from (3-II1.20) and (3-111.26) that

(F(wm%),(ww,%m(Ifos(zbv)D)Dzo. (3-I11.27)

On the other hand as (w-,%.,) is a fixed point of G,, we have that

(f(ww%% (wm QLWI (I- GS(%)))) (3-111.28)

D
Fw)l,

v /D {||wv||2+2LWi¢7: (I_GS(UH))} ‘

It follows from (3-I1.8), and similarly to (3-1I1.26), on noting (3-1I1.25) and (3-111.24) that

[ [0+ g, (=G )] = [ [l P+ g eyl —24] (3-111.20)
>min (1 E) Q—Sdlm
= AWigny ) T 2w

Therefore on combining (3-II1.28) and (3-111.29), we have for all v sufficiently large that

(f(ww/% (w”’zivw (I—GS(¢7))))D<0, (3-111.30)

which obviously contradicts (3-II1.27). Hence the mapping F has a zero in B, for v sufficiently large. O
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Theorem 3. For any § € (0,%], Nr>1 and any partitioning of [0,T] into Ny time steps, then there exists a
solution {(ug,h,agﬁh)}ﬁ; €[V xSOINT o (P(;A,};).
In addition, it follows for n=1,...,Np that

n n 1 . m
Fo(uinosa)+g 3 [ [Rellugh—ufi I+ (1 -0)At Vg | (3-11L31)
m=1

+2V5Vi2mZ=1Atm /D (B0 + [Bs ()]~ —21)

1+CP " m
< Fs(u),o9)+ ZAthf ”%{*%D)SC'

2(1—¢) ~—~
Moreover, it follows that
s [l ol +7 o)) +2At | nsstesti<e. (3-111.32)

Proof. Existence and the stability result (3-111.31) follow immediately from Propositions 14 and 13, respectively,
on noting (3-11.20), (3-111.9b), (3-I11.8a) and (3-11.19). The bounds (3-111.32) follow immediately from (3-111.31),
on noting (3-I1.7b), (3-11.8), (3-1.7) and the fact that 35(¢) €RLSL for any ¢ € RE<. O

3-III-E  Convergence of (P§}) to (Py?)

We now consider the corresponding direct finite element approximation of (P), i.e. (Pé}fb) without the regu-
larization ¢ :

(P4 Given initial conditions (uf,09)€ V) xS with o satisfying (3-111.9a,b), then for n=1,...,Nr find
(up,o) € V9 xS such that for any test functions (v,¢) € V9 x S9

n—1
/D {Re (Hh_AZLh> v+ % [(w)™" V)up) v—up - (up ' V)v)] (3-111.33a)
+(1—¢)Vuy: Vv—|—W or: V'v] (f",v}Hé(D),
n—1
/D[("hm?):¢_2((Vu;;)az):¢+\;71(a;;—I);¢] (3-TI1.33b)

Ng
_ n unfl
23 [ gm0
j=1"Fi
We introduce also the unregularised free energy
Re €
F =— P+ — [ tr(p— —I -111.34
o)== [ o+ 5 [ r(@—Gl@)-D), (3-111.34)

which is well defined for (v,¢) € V9 xS% with ¢ being positive definite on D.

Theorem 4. For all reqular partitionings 7, of D into simplices {Kk}kal and all partitionings {Atn}ﬁgl of
[0,T], there exists a subsequence {{(u3h7a§7h)}g§1}5>0, where {(ug”h, o':{h)}nNil €[V x SUNT solves (P(;Ajl),
and {(u},o™) I, € VO x SOINT such that for the subsequence

ug, — up, o5y — 0 as 6 — 04, for n=1,...,Np. (3-111.35)

In addition, forn=1,...,Nr, o} |Kk€Rg§,dD, k=1,...,Ng,. Moreover, {(u},o?)}27, € [V) x SONT solves (P2t)
and forn=1,...,Np

F(uZ,cr?)—F(uZﬁl7 n= / 2, / 9
X V -I11.
o dom [ -+ IV (3-111.36)

+2Wi'2/ tr(oh +[op] ' —2I)

1+C’P n
—e/nv I+ e 1 o

l\D\»—t

7



Proof. For any integer n € [1, N7], the desired subsequence convergence result (3-1I11.35) follows immediately
from (3-111.32), as (ug,,, of ) are finite dimensional for fixed V9 % S9. It also follows from (3-111.32), (3-111.35)
and (3-I1.17) that [o}']— vanishes on D, so that o} must be non-negative definite on D. Hence on noting this,
(3-11.17) and (3-111.35), we have the following subsequence convergence results

Bs(oy) — oy as 0—04 and Bs(asy)— oy as 0—04. (3-111.37)
It also follows from (3-1T1.32), (3-I11.37) and as [35(03 )]~ 85 (0}, ) = I that the following subsequence result
Bs(as )]t —[on] ™ as d—04 (3-111.38)

holds, and so o} is positive definite on D. Therefore, we have from (3-1I1.35) and (3-II.1) that
Gs(asy)—G(ay) as 0—04. (3-111.39)

Since uf{;l,uzfl €C(D), it follows from (3-111.35), (3-111.4) and (3-I111.5) that for j=1,...,Ng and for all

pesy
I,

Hence using (3-II1.35), (3-II1.37) and (3-II1.40), we can pass to the limit § — 0, in (Pﬁfl), (3-111.10a,b), to show
that {(u},o?)} € [VO x SOV solves (P2Y), (3-1T1.33a,b). Similarly, using (3-111.35), (3-1T1.37), (3-111.38) and
(3-I11.39), and noting (3-11.20) and (3-1I1.34), we can pass to the limit § — 04 in (3-II1.13) to obtain the desired
result (3-II1.36). O

1

o log 0™ = [l o] e as 0m0. (aiILa0)
J

Remark 10. Most numerical approzimations of (P) suffer from instabilities when Wi is relatively large, the
so-called high Weissenberg number problem (HWNP). This problem is still not fully understood. Some reasons
for these instabilities are discussed in [BLM09], e.g. poor numerical scheme or the lack of existence of a solution
to (P) itself. In addition in [BLMO09], finite element approzimations of (P) such as (P5t), approzimating the
primitive variables (u,p,0), are compared with finite element approrimations of the log-formulation of (P),
introduced in [FK05], which is based on the variables (u,p,v), where ¥ =Ino. The equivalent free energy estimate
for this log-formulation is based on testing the Navier-Stokes equation with u as before, but the log-form of the
stress equation with (expt —I). Whereas the free energy estimate for (P) requires o to be positive definite, due
to the testing with lno, the free energy estimate for the log-formulation requires no such constraint. In [BLMO09]
a constraint, based on the initial data, was required on the time step in order to ensure that the approximation
to o remained positive definite for schemes such as (Pft) approzimating (P); whereas existence of a solution
to finite element approximations of the log-formulation, and satisfying a discrete log-form of the free energy
estimate, were shown for any choice of time step. It was suggested in [BLMO09] that this may be the reason
why the approximations of the log-formulation are reported to be more stable than those based on (P). However,
Theorem 4 above shows that there does exist (at least) one solution to (PhAt), which satisfies the free energy
estimate (3-111.36), whatever the time step. Of course, we do not have a uniqueness proof for (Pﬁt).

3-IV Regularized problems with stress diffusion and possibly the
cut-off 3~

3-IV-A Regularizations (PgL)) of (P) with stress diffusion and possibly the cut-off

In this section, we consider the following modified versions of (P) for given constants a €Rso and L>2 :
(PE) Find ul”: (t,2) €[0,7) x D> ul (t,2) €RY, pl: (t,2) € (0,1) x D—pl (t,2) €R and ol : (t,x) €
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0,7)xD— ol (t,z) e R%*4 such that

(L)
Re (%HUQL) 'V)U&L)> ~Vpl 4 (1—e) Ml + o S divf P (e P)+f  onDr,  (3IV.la)
divul) =0 on Dr, (3-IV.1Db)
(L)
8?); + (i - V)8P () = (Vul)BH (o) + 0 (@) (V)T (3-IV.1c)
1
_ 2 (g (L)
Wi (aa I) +alAoy, on D,
ul(0,2) =u’(x) Vo eD, (3-1V.1d)
o1(0,2)=0"(x) Vo eD, (3-1V.1e)
ull) =0 on (0,7) x D, (3-IV.1f)
(nop-V)ol =0 on (0,T) x 0D; (3-1V.1g)

where np is normal to the boundary 9D.

Hence problem (P((IL)) is the same as (P), but with the added diffusion term aAa") for the stress equation
(3-IV.1c), and the associated Neumann boundary condition (3-IV.1g) ; and in the case of (PL) with certain terms
in (3-IV.1a,c) involving % replaced by 3L (%), recall (3-11.3). Of course, it is naturally assumed in (P( )) that
O'&L) is positive definite on Dr in order for ﬂ(L (o ((JL)) to be well defined.

We will also be interested in the corresponding regularization (Pffg) of (P((IL)) with solution (u EX g, pSXLg, 5) ;
where S(F)(-) in (3-IV.1a-g) is replaced by BEL)(-), and so that a'((lL’g is not required to be positive definite.

3-IV-B Formal energy estimates for (P( 5)

Let F(S(L)( Eng,U(L)) denote the free energy of the solution (ufx g pgg a& g) to problem (ng}s), where F(S(L) :
W xS—R is defined as

Py [ ol + g [ ne-ci"@)-D. (31v2)

We have the following analogue of Proposition 12.

Proposition 15. Let (u &Lg,p((fg, ) be a sufficiently smooth solution to problem (P( 5). Then the free energy

F(s(L) (u(L) o-(L)) satisfies for a.a. t€ (0 T)

a,d?

d -
GRS e -0 [ IValite o [ e e el e v

)

asé
/ IVGE (0O 12 < () s o

Proof. Multiplying the Navier-Stokes equation (3-1V.la) with u and the stress equation (3-IV.lc) with

I
s (4 —G((;L) (a(aL,g)), summing and integrating over D yields, after using integrations by parts and the in-
compressibility property in the standard way, that

Re 0 !
/ [2 Sl P+ =2 Va1 + B (o) Vally - S Ve s vag <o£f,§>] (3-1V.4)

€ 9 (1) (L) <L) 1w AN Am) (L)
+2W1/I)[(8t a6+( V) +W ( a5 I) (I G6 (Ua,é))

- 3 /D ((VULL,(?) a7 (o) 857 (a3 (vl )T) (1-6' ()

L
= <f7u<(x,g>Hé(D) :
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Similarly to (3-11.12), we have that

_VO'EVL,g - VGESL)/(U((;[L,(;) 2 52||VG((5L) (o (L))Hz a.e. in Dr. (3-IV.5)

Using (3-I1.16), we have that

9w, @' 9 (L) A, (L)
5tao"6 . (I_ G5 (a-a_(s)) attr< a,d G§ (o-aﬁ)) . (3-IV6)

We will deal with the convection term differently to the approach used in (3-I1.23), as that cannot be mimicked

(L )

at a discrete level using continuous piecewise linear elements to approximate o, 5. Note that we cannot use SY

with the desirable property (3-III. 3) to approxnnate 0'( )

( ) has been replaced by ﬁ5 ( o g) H(L (G(L (o, g)), on recalling (3-11.6), in this convective term and as

, as we now have the added diffusion term. Instead, as

(L)GV we have that
L@l wsP el (-6 e) = [ 4P e el vie @) e

_/D( ul) . W)t (H(L)(G(L (o L}))) 0,

where we have noted the spatial counterpart of (3-I1.16). Similarly to (3-11.24) and (3-11.25) we obtain that

()9 (o12) 8 (o2 (02" ) (11 l2) arvsy
() o).

and once again the terms involving the left-hand side of (3-IV.8) in (3-IV.4) cancel with the term & éL) (a'((lL’g) :

Vu(L) in (3-IV.4) arising from the Navier-Stokes equation. Finally, the treatment of the remaining term

(affg -1 ) : <I — GSSL)’(O'((JL,g)) follows similarly to (3-I1.26) ; and so we obtain the desired free energy inequality

(3-1V.3). O
The following Corollary follows from (3-IV.3) on noting the proof of Corollary 1.

Corollary 2. Let (u, g,pgg, (L)) be a sufficiently smooth solution to problem (P( )) Then it follows that

L L L
sup Fé( )( (a )( t )’Ué,g(tv')) (3-IV.9)
te(0,T)

. (5
+2~[DT|:( )HVU H2 Wit( (L)(Ug%§)+[ﬁél‘)(o.a[:g)]—l_21> Qe

vl (oi,fzﬂ

L +Cp
§2<F5( )(u0,00)+2(1 ) ||f||L2 0,T;H- (D))> :

3-V Finite element approximation of (P%) and (P&L))

3-V-A Finite element discretization

We now introduce a conforming finite element discretization of (P&L(g% which satisfies a discrete analogue of

3-IV.3). As noted in the proof of Proposition 15 above, we cannot use S? with the desirable property (3-I11.3
h
(L )

to approximate o, 5, as we now have the added diffusion term. In the following, we choose

Qi ={q€C(D):q|k,€P1 k=1,...,Nk}CQ, (3-V.1a)

Sh={¢clCD)s": |k, €P]§? k=1,...,Nx}CS. (3-V.1b)

and V}L:{vewh:/qdivvzo quQi}. (3-V.1c)
D
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This velocity-pressure choice, W, x Q}, is the lowest order Taylor-Hood element; and it is well-known that it
satisfies (3-111.1) with QY replaced by Q},, see e.g. [BF91]. Hence for all v € V, there exists a sequence {vj, }1,>0,
with vy, EV}L7 such that

hlim ||'U—’vh||H1(D) =0. (3—V2)
—04

We introduce the interpolation operator 7, : C(D) + Q},, and extended naturally to 7 : [C(D)] %+ S}, such
that for all n€ C(D) and ¢ € [C(D)]F*?

7w (Pp)=n(Pp) and whd(Pp) = (Pp) p=1,...,Np, (3-V.3)

where {Pp}ﬁ]:”1 are the vertices of 7j,. We require also the L? projector R, :V+— V] defined by
/ (v—Rpv)w=0 VYweVj. (3-V.4)
D
In addition, we require Pp,: S+ S} defined by

[miPixcel= [ xio voes, (3-V.5)
D D

/
As ¢ €8], does not imply that GESL) (¢) €S}, we have to test the finite element approximation of the (P&Lg)

version of (3-1V.1c) with I —mj,[G¥ /(UEXL(;)Z)] €S}, where U((yLé)ZLL €S} is our finite element approximation to o'((ng

at time level ¢,,. This approximation of the (P&Lg) version of (3-IV.1c) has to be constructed to mimic the results

(3-V.5)~(3-IV.8), when tested with I—4[GS") (o)) S}
In order to mimic (3-IV.5), see (3-V.24) below, we shall assume from now on that the mesh 7 for the
polytope D consists of non-obtuse simplices only, i.e. all dihedral angles of any simplex in 7, are less than or

equal to 7. We shall also assume that D is convex and the family {7} }1~¢ is quasi-uniform, in order to guarantee

the H' stability of the L? projections R, and P, see (3-VL.6) and (3-V1.7) below.
In order to mimic (3-IV.6) and (3-IV.8), we need to use numerical integration (vertex sampling).
In order to mimic (3-IV.7), we have to carefully construct our finite element approximation of the convective

term in the (PEX g) version of (3-IV.1c) This we now do. Let {e;}% ; be the orthonormal vectors in R?, such

that the j** component of e; is dij, 1,j=1,...,d, on using the Kronecker notation. Let /X be the standard open
reference simplex in R? with vertices {Pi};-izo, where P is the origin and P;=e;, i=1,...,d. Given a simplex
K}, € T;, with vertices {PF}¢_,, then there exists a non-singular matrix By, such that the linear mapping

Bk, :Z2€R?— PY + Bk, #cR? (3-V.6)
maps vertex ]3i to vertex Pik, 1=0,...,d. Hence Bg, maps K to K. For all neQ}l and K}, €7}, we define
i(@):=n(Bk, (@) VacK =  Vn(Bk,(&)=(Bk,) 'Vi@ Vack, (3-V.7)

where for all Z € K
~ . o N o~ o~ .
[Vii(@)); =5 1(@) = () =7i(Po) =n(P}) —n(Fg)  j=1,....d. (3-V.8)
J

Such notation is easily extended to ¢ €S} .
Given ¢ €S}, and K}, €Tp,, then firstly, for j=1,...,d, we find Kg@)@) GRdSXd such that

S0
_3%

o~

AP (@) Al HP (G (@) on K, (3-V.9)

8xj

where (7,7) (2 )E(ﬂ' )(BKk ) for all Z€ K and ne C(Ky). To construct A( ((/;\5) we note the following. We
have from (3-11.5), (3-11.6) and (3-II.15) that

B (S(P1): (G5 (0(PE) ~ G (@) < e (1P (G5 (9(PF) ~ HSV (S (@(PE))  (3-V.10)
< B ($(PE)): (G5 (@(P)) — GSP (6(P))).
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Next we note from that (3-11.5), (3-11.6), (3-IL.7f) and (3-I1.2b) that

— (B (D(P})) = B (B(PE))): (GF ($(P)) —GF (4(PF)) = L2 1B ($(PF) - BF (S(PEDIP; (3-V.11)

and so the left-hand side is zero if and only if 5¥ (p(P K))=pBL(4(PF)). Similarly, we see from (3-1L1.5), (3-1L.6)
and the proof of (3-IL.7f) ; that is, (3-I1.13) ; that

— (Bs(@(P)) = Bs(d(PE))) : (G5(d(PF)) — G5((PF))) =0 (3-V.12)
& 1Bs(p(P) = Bs(d(Py)IIP=0 & Bs(p(P)=0Bs(p(Fy))-
Hence, on noting (3-V.8), (3-V.10), (3-V.11), (3-V.12) and (3-1.2b), we have that
ASE (@)= (1= MBS (@(PF) + M55 85 (d(PF)) (3-V.13)
it (857 ($(PF) — B ((PE)): (G5 (@(P) — G5 (6(PE)) #0,
and A ():= 8" (@(PF)=55" (¢(PY))
it (855 ($(PF)) — B ((PE)) : (G5 (@(PF) — G ((PE))) =0
satisfies (3-V.9) for j=1,...,d; where )\((;’Lj) €1[0,1] is defined as

(L)
Asj =

(HP (G (p(PF)) - B (GE (0(PE)) — B2 (9(PF)) : (G (6(PE)) — GSP (6 (PE))
(B (p(PE)) — B (d(PE)) - (G ((PF) — G ((PE))

Furthermore, Kg? (gAb) € Rng, j=1,...,d, depends continuously on ¢ |k, .
Therefore given ¢ €S}, we introduce, for m,p=1,...,d,

d
A (@)= 1(BE) Umi A (@) [BE,ljp eRE? on Ky,  k=1,...,Ng. (3-V.14)
j=1
It follows from (3-V.14), (3-V.9) and (3-V.7) that
ASE) (@)~ B (O Ty map=1,....d; (3-V.15)
and for m=1,...,d
/ 0 /
ZAE;L,LP 9 o™ (@)= 5 —maler(H{P (GE (@) on Ko k=l..Ni.  (3-V.10)
P m

For a more precise version of (3-V.15), see Lemma 12 below. Finally, as the partitioning 7}, consists of regular
simplices, we have that

I(Bk,) 'IIBk I<C,  k=1,... Ng. (3-v.17)
Hence, it follows from (3-V.14), (3-V.17), (3-V.13) and (3-11.4) that

A5 i p (D)) SCL  VOES;, (3-V.18)

3-V-B A free energy preserving approximation, (P(OCL(S)hA ", of (P&Lg)

In addition to the assumptions on the finite element discretization stated in subsection 3-V-A, and our
definition of At in subsection 3-ITI-A, we shall assume that there exists a C'€ R-( such that

AtnSC’Atn_l, TLZQ,...7N, as At—>0+ (S—Vlg)
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With At; and C as above, let Atg€Rso be such that Aty <CA#ty. Given initial data satisfying (3-11.19), we
choose u(,)l € V}L and 0'2 € S,l1 throughout the rest of this paper such that

/ [uf) v+ Atg V) : Vo :/ uv  YweVi, (3-V.20a)
D D
o) =Po’. (3-V.20Db)
It follows from (3-V.20b) and (3-V.5) for p=1,...,Np and i,j=1,...,d that
1
e i (3-v.21)
f7377p D

where 7, € Q). is such that n,(P,.)=0d,, for p,r=1,...,Np. Hence it follows from (3-V.20a,b), (3-V.21) and
(3-11.19) that

[ b+ 2t vug 2] < (38-V.22)
D
and for p=1,...,Np  op;, [€lI° <€Ta(P)€<opa[€]°  VEeR?.

On recalling (3-111.7), our approximation (P((f&)hm) of (Pff;) is then :
oL

(P(L At) Setting (u &ngghv‘ffjg:g,h) =(u?,o%)eV}i xS}, then forn=1,..., Ny find (u(Lé)L o Tt eV} x
S such that for any test functions (v, ) eV} xS}

(L)n (L,)n—1
Ue 500~ Yo 5L,k Re L)n—1 L)n L)n L)n—1
/D [Re< At ) vt {((“&,5?@11 ‘V)fo,zs?L,h) v}, ((ui,ﬁ?L,h 'V)Uﬂ (3-V.23a)

L,)n € L L,)n n
+(1—5)Vu&,5?L,h:V”+ﬁﬁh[ p )(Ug,a,)L,h)}IVv] =(f"v) (v

oL (L)

n—1
a0 Lh " Tas L . 1 (L)n
\/'Z)’/Th [( Atn ) .¢+ﬁ <0(¥767L7h

Lyn—1 L) L o¢
_2/Vua5Lh mlpB57( aéLh /ZZ géLh A‘(Smp( ’(15)“1) (975817:0.

mlpl

+a / Vo-flLé?Z,h-- Vo (3-V.23b)

In deriving (P{3;*), we have noted (3-I1I1.11), (3-L4a) and (3-V.14).
We now prove the discrete analogue of (3-IV.5).

Lemma 11. If T;, consists of only non-obtuse simplices, then we have for all €S}, that

VG ()] V> 2V [GP (@))|2 on Ky, k=1,...,Ng. (3-V.24)

Pmof Let K} have vertices {Pk =0, and let n;“(w) be the basis functions on K}, associated with Q] and S},
ie. 77] |k, €P1 and )} K(PF)=6;;,1,j=0,...,d. As K}, is non-obtuse it follows that

VnP-Vnf<0  on Ki,  i,j=0,....d, with i#j. (3-V.25)

We note that
d
Zn?zl on K, = ||Vif|P=- Z an-an on Ky, i=0,...,d. (3-V.26)
j Jj=0, j#i

Hence for a;,b; € R, i=0,...d, we have that

d d
Zaml Zb]nj :Z aibs || V|2 + Z aiijnf-Vn;“ (3-V.27)
§=0 i=0 §=0, j#i
d d
==Y > ai(bi—by) V- V)
i:()j:O, i
3 o) b V-V
=0 j>1

83



Similarly for a;,b; €ER%*%, i=0,...,d, we have that

d
Vv ain)=v Zbg ;) ZZ (bi—b))] Vi Vg (3-V.28)
1=0 =0 >4
The desired result (3-V.24) then follows immediately from (3-V.28), (3-V.25) and (3-I1.7f). O

Before proving existence of a solution to (P(aL(;?hAt)

(3-1V.3) for (P{)).

, we first derive a discrete analogue of the energy estimate

3-V-C Energy estimate
On setting
Re
FR )= [ ol g5 [l (0-6176)-1)] vo@)evixsi. (3-V.20)
we have the following discrete analogue of Proposition 15.
(L,)n (L n

Proposition 16. Forn=1,...,Nr, a solution (u LT 57L7h> €V} xS} to (5-V.23a,b), if it exists, satisfies

L, L,)n L L,)n—1 L)n—-1
F(s(,h)( ((1 5)1: h’a'(a,zS?L,h) _in(,h)(ug,é?L,h v"&,&?L,h / | (L)n (L,)n—1”2 (3-V.30)
Atn 2At" a,0,L h ,0,L,h :

+1=9) [ IVl s [ b8 @) + B @) —2D)

a55 L L)n
/ IVmlGsY (@& )2

14Cp
2+ 0 P)Ilf 3-1(py-

1\3

L)n 1 L
s<f",u;,5?g,h>m <50-9) [ 1vul;,

Proof. The proof is similar to that of Proposition 13, we choose as test functions v:u((j(;?zhe\/}t and ¢ =
AT (I wh[G( (o (aLJ)Z h)]) €8S}, in (3-V.23a,b), and obtain, on noting (3-111.12), (3-IL.7a,d.e), (3-V.24), (3-
V.16) and (3-V.29) that

n L)n
" ul ) o) (3-V.31)

L L))n L,)n L L,)n—1 L,)n—1
in(h)(ugé)Lh’a-Eyé)Lh)_Fé(h)( ((xé)Lh ’UEY&)Lh (Lyn o (L)n—1y2
2At || a&Lh (xéLh ||

L L)n _
2 [ mln Y o) e 2

1—¢) Vu 2+
/ IVl + s
0455 (@) (L 2 (L)n-1 (L) (L) (g (L

HV” G5 (oas)lll”+ Dua,a,L,h Vrpltr(Hy (G5 (045.0,0)))]-
The first desired 1nequahty in (3-V.30) follows immediately from (3-V.31) on noting (3-V.1lc), (3-111.2a), (3-

1.9) and that mj,:C (D)~ Q. The second inequality in (3-V.30) follows immediately from (3-11.28) with v%=
(1-¢)/(1+Cp). O

3-V-D Existence of discrete solutions

We recall the well-known local inverse inequality for Qj,
Ky

> oo <O [ xSk k=L Nk

Ky,

We recall a similar well-known local inverse inequality for V}L

IV 2y SCh ol p2(r,y  YWEVE, k=1, Ng. (3-V.33)
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Proposition 17. Given (u(Lé)Z hl,o'gfé)z_hl) €V} xS} and for any time step At,, >0, then there exists at least

one solution ( ((IL(;)Z h,o's&?gﬁh) €V} xS} to (3-V.23a,b).

Proof. The proof is similar to that of Proposition 14. We introduce the following inner product on the Hilbert
1, ql

space V; xS;,

((w,%), (v, )7, =/D [w-vtmp:dl]  V(w,y)(v.¢) €V xS,

Given (u gLﬁ)Z hl,a&%é?Z;Ll) €V}] xS} let F7: V] xSli— V1 xSl be such that for any (w,) €V} xSE

(F" (w,). (v,0)) (3-V.34)
. w— “((JzLa)Z hl Re (L)n—1 (L)n—1
'7/2) Re T -v+?[<(ua,57L,h -V)w)mfw((um&Lh ~V)v)}
t(1-e)Vw: Vot %ﬂh 18P (1)) : Vo +aVep - Vo — 2Vw : 1 [ B ()]
p—ol))) 1
+7h T 3¢+ﬁ('¢—1)3¢ —(f" v o)

/ Z Z [l A, () %’ V(v,$) €V}, xS},
m=1p=1 P
A solution (u EX (’S)Z h’afo,é?Z,h) to (3-I11.10a,b), if it exists, corresponds to a zero of F". On recalling (3-V.14) and
(3-V.13), it is easily deduced that the mapping F” is continuous.
For any (w,%)€V} xS}, on choosing (v,¢):( W, 5o (I Wh[G(L) (1,b)])), we obtain analogously to (3-
V.30) that
h

(#" (), (w, gz (T-malGs™ @) ) (3-V.35)
L) (L), (L)n—-1 _(L,)n— 1
’lp _F «, ' a, n
> ( ) ( 5.L.h O 6Lh 2At /||w UEYLSthnz
by / maltr (A7) )+ [0 ()] — 2]+ 2 / IV ( >1||2
1+Cp

2( )Hf ||H (D) -
If for any v € R+, the continuous mapping F" has no zero (u((fé)z h,a'gL’é?Z’h), which lies in the ball

B = {(v,0) eV} xS} (v,9)llp <7
where .
(v, )17 == [((v,9), (v,0))b ]% (/D [|v||2+7fh[||¢|2]]> 2
Then for such ~, we can define the continuous mapping G": B! — B! such that for all (v,¢) € B,

_Fwe)
N1F b

By the Brouwer fixed point theorem, G/ has at least one fixed point (w.,.) in BZ. Hence it satisfies

G (v,¢):=

[yt [ = |2 (w90, [y =7 (3-V.36)

On noting (3-V.32), we have that there exists a p;, € R~ such that for all €S},

7Dl oy < Nl D11 e () Sui/@%[ll@\z]- (3-V.37)
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It follows from (3-V.29), (3-IL8), (3-V.37) and (3-V.36) that

Py, ,) =5 [ o P g [l =642 (s, 1) (3-V.38)

Z*/ ”wv”“.[/ ”h[|f/’7||]—2d|D]
> 50 [ lon P+ gyl lzcon | [l 1] - S

R d|D
>mm( e, 4wa> ( / [l -+l 171] ) - S

_ min Re € » edD|
2 AWigy ) T 2wi

Hence for all v sufficiently large, it follows from (3-V.35) and (3-V.38) that

(fh(wwww),(ww,QW (I G (%)])))h >0. (3-V.39)

D
On the other hand as (w,,.,) is a fixed point of Qf;’, we have that

h

(#" s, (w5 5o (T malGS @)]) ) ) (3-V.40)
f w ,’l,/) ) i l
_ 1Pl . I /D [l 2+ emnlab, (=G5 ()]
It follows from (3-11.8), and similarly to (3-V.38), on noting (3-V.37) and (3-V.36) that
[ [0+ gagzmalaoy: (1= 657" @ 0)1] = [ I+ 5 [l 1124 (3-V.41)
>min (1 c )72—€d|D
- " AWi pupy 2Wi

Therefore on combining (3-V.40) and (3-V.41), we have for all v sufficiently large that

L) h
(F" (ws16). (w5 g (T=malGE )1 ) ) <0, (3-V.42)
which obviously contradicts (3-V.39). Hence the mapping F” has a zero in Bf; for v sufficiently large. O

We now have the analogue of stability Theorem 3.

Theorem 5. For any § € (O,%], L>2, Nr>1 and any partitioning of [0,T] into Nr time steps, there exists a
. L), L), N. (L,)At
solution {(ugx’gyz’h,agg’zh)}nil € [Vh x SHNT to (P o 6)h .
In addition, it follows for n=1,..., Ny that

L L)n (L,)n L,)m (L,)ym-—1 L,)m
F5(7h)(u<(1,6?L7h7 aé)Lh Z/ Re||u£¥ 6)Lh aé)Lh H2+(1_5)Atmnvug,6?L,h”2 (3-V.43)

L,)m L L, —
QWQZAt / mltr(357 (o)) + 85 (o) 7 = 20)]

m=1
a552 - L L)m
w2t [ 19mie @I
m=1
L 1+Cp m
<F; ><uh,ah>+2(1,€)2 Aty | £ 311 my < C-
m=1
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Moreover, it follows that

(L,)n (Ly)n
nzrglﬁx / (el P+ malllor 7 I+ a3 1] (3-V.44)
5 /D{Atnuvuﬁ.fs?zh||2+m I8 @ I N+l — w1 <
n=1

Proof. Existence and the stability result (3-V.43) follow immediately from Propositions 17 and 16, respectively,
on noting (3-V.29), (3-V.22), (3-1I1.8a) and (3-I1.19). The bounds (3-V.44) follow immediately from (3-V.43),

on noting (3-IL.7b), (3-IL.8), (3-1.7) and the fact that ﬂéL)(qﬁ) RE5E for any ¢ € RE*Y. O

3-V-E Convergence of (PaLé)hAt) to (P(L At)

We now consider the corresponding direct finite element approximation of (P&L)), ie. (PEXL}’BN) without the
regularization 9§ :
We introduce

Shpp={0€S) : d(Pp) ERESY, for p=1,....Np}CSpp. (3-V.45)

It follows from (3-V.22) that o) €S}, pp.
(P(L A1) Setting (u EXL;’O,U&LJ)I’O) = (up,00) €V}, xS} pp, then for n=1,..., Ny find (u(Lh)n7 a'( h) JEVExSH
such that for any test functions (v,¢) €V} x S}

(L,)n (L,)n—1
/ Re Bah ~Hooh v+ Re [((U(L’)n_l -V)u, (L, )n) v—ulX)m. ((u(L’)"_1 ~V)v)} (3-V.46a)
D At, 2 ah o, a.h a,h

1= Vul Tt om0 ) w} (" 0) s o).

(L,)n (L,)n—1

U(X,il “Oan (L n
T + =
/D ”K At, ) ¢ (

/VU(L o WA (o (L )n / ZZ (L Yn— 0 )(Uffh)n):gi:()'
Lp

mlpl

+a / Vo'l (3-V.46b)

Remark 11. Due to the presence of 3% in (3-V.46a,b), it is implicitly assumed that 0' ESh pp, N=
1,...,Np; recall (8-I1.2). In addition, Amm((ﬁ) for quSh pp s defined szmzlarly to (3- V14) with A(L)((b)
replaced by K§L)(a>), which is defined similarly to (3-V.13) with )\((571;. ,B(;L) and Gé replaced by A; )MB(L and

GD) | with /\§-L) defined similarly to )‘z(s,Lj) with ﬁéL),GgL) and H(gL) replaced by ), GE) and HE) . Hence,
sitmilarly to (3-V.18), we have that

1A% o (D)l ) SCL  VPES), pp. (3-V.47)

We introduce also the unregularised free energy
Re
AP w0) =5 [ ol + 5 [ il -G (@)D, (3-V.18)

which is well defined for all (v,¢) €V}, xS}, pp.

Theorem 6. For all reqular partitionings T, of D into simplices {Kk},]jfl and all partitionings {Atn}gil of

[0,77], there em'sts a subsequence {{(u((jé?z,h,Ugjé?z,h)}gil}5>07 where {(ufjé?zh, 0‘;%?20}221 €[V} xS}NT

solves ( o, 5 h A and {(uw aLh)",aff;}")}ﬁ; €[V} xS}INT such that for the subsequence

Udpa U Oaara—Tan  asd—0s,  for n=1.. Nr. (3-V.49)
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In addition, forn=1,...,Nrp, O'SIL,;L)" € S}L7PD7 and {(u((lL’;L)",aéLh)")}n LE[V} x S}LPD]NT solves (ng;L)At).

Moreover, we have for n=1,..., Ny that

L n L L L7 n— 1 L,)n— 1
2At '

e / Va4 s | . ”’") 4o ) o)

1 L 1+Cp
31-9) [ Ivul P gt )||f"HH @)

and

maXN / (a5 2+ mallle 5 1] (3-V.51)
TJD

+Z / At [Vl P+ At 185 (@) T+ ) w2 <0

Proof. For any integer n € [1, N7], the desired subsequence convergence result (3-V.49) follows immediately from
(3-V.44), as (u ((IL(S)L o O'Efé?z’h) are finite dimensional for fixed V} x S}. It also follows from (3-V.44), (3-V.49)

and (3-11.17) that m[[o (aLé)L n]—] vanishes on D, so that 0'( ’)” must be non-negative definite on D. Hence on
noting this, (3-11.3), (3-I.17) and (3-V.49), we have the followmg subsequence convergence results

S =8P @ and B0 = P @) e 60, (3-V.52)

a,d,L
It also follows from (3-V.44), (3-V.52) and as [BEL)(O'&L’(’;?ZJL)] ﬁ(L)( o 5L 7+ ) =1 that the following subse-
quence result

w857 (@5 T = mlBE (@) as 004 (3-V.53)

holds, and so a’& " €8}, pp- Therefore, we have from (3-V.49) and (3-11.1) that
G e =GP (e as §—0y. (3-V.54)
Similarly to (3-V.54), it follows from (3-V.49), (3-V.52), (3-V.14) and (3-V.13) as a'( " €S}, pp that for

m,p=1,....d
A(L)

5mp

(@7 )= A (o)) as 604 (3-V.55)

Hence using (3-V.49), (3-V.52) and (3-V.55), we can pass to the limit § — 04 in (Pffé),?t) (3-V.23a,b), to show

that {(u Lh)n,a&%ﬁ)n)}gil €[V}, xS}, pplN* solves (P(OCI”;L)M), (3-V.46a,b). Similarly, using (3-V.49), (3-V.52), (3-
V.53) and (3-V.54), and noting (3-V.29) and (3-V.48), we can pass to the limit 6 — 04 in (3-V.30) and (3-V.44)
to obtain the desired results (3-V.50) and (3-V.51). O

For later purposes, we introduce the following notation in line with (3-IIL.7). Let uif;fm € C([0,7];V}) and
((th)At Fer® (0,T5V}) be such that

ugf,;)“(t,-);:tz; lugf;Q"(HF (Em=(y te[" ", n=1,...,Nr,  (3-V.56a)
w2 ) =0, W) =T ) et ), n=1,... Ny, (3-V.56b)
and A(t):=At, te[t"'t"), n=1,...,Nr. (3-V.56¢)
We note that
(L)At
w8 = (- t”)céi’: te(t ' ¢"), n=1,.. Nr, (3-V.57)
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where 7 :=¢" and t" :=¢""1. We define O'EXL,;L)N’ € C([O,T];S}I,PD) and USXL’}’L)At’i

(3-V.56a,b).
Using the notation (3-V.56a,b), (3-V.46a) multiplied by At, and summed for n,..., N7 can be restated as :

€ L>(0,T; S}LPD) similarly to

8u(L
/ / [ kel 2 -v+(1—5)Vu((lL’,’l)At’+:Vv dt (3-V.58)
/ / (L YAt — Vu ((th)At +} o [( ((th)At V)v} 'ul(XLjL)At,-&-} it
€
=/0 {(f )1y D) Dm[ﬂ“’(ffﬁf,ﬁ“’*)] :Vv} dt  VoelL2(0,T;VD0).
Similarly, (3-V.46b) multiplied by At, and summed for n=1,..., Ny can be restated as :
ao_(L YAt 1
/ / Th [ 12X+ W(U&Lh)m 1) dt+a/ / Vo At T Vxdt (3-V.59)

—9 / / Vul Bt x B (0520 )) dt

/ /ZZ (L )AL~ WAL (o &Lh)AtJr) Ix Q=0  VxeL2(0,T:Sh).

m=1p=1 a:Ep
We note also the following Lemma for later purposes.

Lemma 12. For all Ky, €7}, and for all (PGS}L’PD we have that

[ B @I max I @) =8O @08 [ VeI V60
Ky

m,p=1,..., Ky

Proof. First, we have from (3-I1.17) that for all ¢ €S}, 5,
d
/K l7n (85 ()] = B (@) 12 < C KR D185 (@(Pf) = B (D)7 (1, (3-V.61)
K 7=0

d
< C|Kk| Z 16(PF) = @ll7 < (i1

=0
<RIVl 1 <CH [ [T
k
where {PJ}9_ are the vertices of Kj. Hence we have the desired first bound in (3-V.60).

It follows from the ¢ independent versions of (3-V.14) and (3-V.13), recall Remark 11, (3-V.17) and (3-11.17)
that for all ¢ € S,IL,PD

| I @ - m s @)l <C [ 3R @)= ma 50 ) (3-V.62)

k]l

<CIKy| max [|85(o(Pf)) - 55 (0(PF)))?

4,J=Y,.0y

<CIRl_max (P} = $(PH)|?
Ch? Vol?.
< /K kn &l

Combining (3-V.62) and the first bound in (3-V.60) yields the second bound in (3-V.60). O
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3-VI Convergence of (Pg:,ft) to (PL)

Before proving our convergence result, we first deduce some simple inequalities that will be required. We
recall the following well-known results concerning the interpolant 7, :

I(I=mn)@llwros(x,) SChlPlwar,) — YPe[WHX(Ky)&, k=1,...,Nk; (3-VL1a)
(I =7n)[x: D)l 22 () < CR* IV X L2 (D) IV Bl 1= () (3-VL1b)
<Chlxll2p) IVl VX PES)-

We note for any ( € R-( that
[l 1] (@) < 3 [ €I+ 1617 (@) (3-V1.2)
Ve Ky, VYx,¢c[C(Kp)]?Y k=1,...,Ng.

Moreover, as the basis functions associated with Q} and S}, are nonnegative and sum to unity everywhere, we
have for k=1,..., Nk that

llmnxd(@) 1 < (mnlllx|?D (@) VeeK,  YxelC(K)] ™. (3-VL.3)

Combining (3-VI.3), (3-1.4b) and (3-I1.4), we have for all ¢ € S}I,PD and for all ¢ €S} that

/DIIWhWﬂL(tb)]IIQS/Dm[llwﬂL(qﬁ)HQ]S/Dm[\ltbll2llﬁL(¢)ll2}SdLQ/Dﬂh[II'lPHQ]- (3-V14)

We note the following results concerning the projections R, and Py, recall (3-V.4) and (3-V.5). It follows
from (3-VI.3) and (3-V.5) that

/||PhX||2§/7Th[HPhXH2]§/ IxlI*  vxeL* (D). (3-VL5)
D D D

We note from the convexity of the polytope D and the quasi-uniformity of {7, }n~0 that Ry is uniformly H?!
stable; that is,

Hth”Hl(D) SCHUHHl(D) YveV, (3-VL6)
see [HR82]. Similarly, it is easily established that
1Puxll o) <Clixmy  Yxe[H (D)E. (3-VL7)

Let ([H'(D)]4*%) be the topological dual of [H'(D)]4*¢ with [L?(D)]4** being the pivot space. Let & :
([HY(D)]E*Y) v [H'(D)]%** be such that Ex is the unique solution of the Helmholtz problem

[ 905 Vo (€x0:01=xdhimmy Vel DI, (3-VLg)
where (-,-) g1(py denotes the duality pairing between ([HY(D)]E*?) and [H(D)]%*?. We note that

X EX) m o) =€ty Yxe(H (D)), (3-VL9)
and ||€ || g1 (p) is a norm on ([H(D)]&*?)".
Let V' be the topological dual of V with the space of weakly divergent free functions in [L?(D)]¢ being the
pivot space. Let S: V/—V be such that Sw is the unique solution to the Helmholtz-Stokes problem
/ [V(Sw): Vot (Sw)-v] = (wv)y  VweV, (3-VL.10)
D
where (-,-}y denotes the duality pairing between V’ and V. We note that

<w,Sw>V:||SwH12LIl(D) vweV' o [HH(D)]?, (3-VI.11)
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and [|S- || g1 (p) is @ norm on V.

We recall the following well-known Gagliardo-Nirenberg inequality. Let r € [2,00) if d=2, and r € [2,6] if d=3
and #=d(§ —1). Then, there exists a positive constant C(D,r,d) such that

Il o) < CD.rd)nll szl oy Vo€ HN(D). (3-V1.12)

We recall also the following compactness result, see e.g. Temam [Tem84, Theorem 2.1, p184] and Simon
[Sim87]. Let )y, Y and Y; be Banach spaces, Y;, i=0,1, reflexive, with a compact embedding Yp<— Y and a
continuous embedding ) < );. Then, for u; >1, i=0,1, the following embedding is compact :

{neL"0,T;)): % e L* (0, ;1) } — L*°(0,T;)) . (3-VI.13)

Theorem 7. Under the assumptions of Theorem 6, there exists a solution {(uiZ,UﬁZ)}gil e[V} x S,ll’PD]NT

of ( a:,f‘t) such that, in addition to the bounds (3-V.50) and (3-V.51), the following bounds hold :

Nt
max [ mllofn P+ Y [ (At VolplP il -ty )| <), (3-VL14a)
n=0,....Nt Jp ’ /D ’ ’
Nr L.on Lin—1 Nr L.n Ln—1\ [|2

uah_uah aah_aah
, : —Zon %o < : -VI.
> Aty S( AL ) +> Aty 5( At ) <C(L,T); (3-VI1.14b)
n=1 HY(D) n=1 H'(D)
where
Ve (2,4) ifd=2 and 9=3 ifd=3. (3-VI.15)

Proof. Existence and the bounds (3-V.50) and (3-V.51) were proved in Theorem 6. On choosing ¢EU§:Z in
the version of (3-V.46b) dependent on L, it follows from (3-1I1.12), (3-VI1.2), (3-VI.4), (3-V.51) and (3-V.47) on
applying a Youngs’ inequality that

1 n— At, n
3 [mlloki P loln -ty P+ At [ 1Voliip S | il (3-V1.16)
D 1Jp
1 yn— n N
<5 [ mlloki P1e2an, [ IVuliiim ik s @l
%
— At,d|D
s, [ uly Vel II(ZZIIA ||2> 4 BlndD)
m=1p=1

1 Lin—1 2 Afn/ L2
< Z s
| [l 1 v [ 19akie|+ S [ milekar

+At,C(L) {1+/ ||Vu§,’2|2]
D

Hence, summing (3-VI.16) from n=1,...,m for m=1,..., Nt yields, on noting (3-V.51), the desired result (3-
VI.14a).

L,n L,n—1
YUa,h " %a,h

On choosing w="7R;, [8 (At"‘)} €V} in the version of (3-V.46a) dependent on L yields, on noting
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(3-V.4), (3-VI.11), (3-V1.6) and Sobolev embedding, that

L,n L,n—1
S (ua,h _ua,h >
A
b H1(D)

L.,n 9 L )
:7/2) |:(17€)Vua,h+ﬁ7rh[ﬂl/(o'a7h)]:| A4 th
Re Lin—1 Lin uiz — ui’z—l
- D<(ua’h .V)ua7h>.7gh S ek et

R _
e [l ((ui;ﬁ L.v) th
| ug

2
uL,Z —’U,L’271
n o, o,
Hg(D)

L7,
<ClllmnlB" (@ izz o) +HVU Hmw +H|Iu
[ llwgn Vg

2 L. Ln—1

L,n Lyn—1
Re S Yan —Yan (3-VL.17)
AL, '

L 1 L,
g e o

1(D]

for any >0 if d=2 and for § =+ if d=3. Applying the Cauchy—Schwarz and the algebraic-geometric mean
inequalities, in conjunction with (3-VI.12) and the Poincaré inequality (3-1.8) yields that

S

n

Ln—1 L,n—1 Lm
s ™ g m 7oy < luah ™ I 2oy <3 D0 g ap) (3-VL18)
m=n—1
L,m
<C Y [kl Va1t
m=n—1

Similarly, we have for any 0 € (0,1), if d=2, that

L
Hleeh ™ 11 Vg 12(p) (3-VI.19a)

S | L

n

2(1-06)
L 1 1 T
<C||u e HL2(+18)) E ||Vu ||L2(+1§) ;
m=n—1
and if d=3, (§=1), that

Lnl

Hlwah Vg 112 o 12 () I Ve b 122 ) (3-VL.19Db)

n

L,
||Lz Z ||Vua,;7||3i2(p)-

m:n—l

3 py = Itk
<Cllugp™!

On taking the 2 power of both sides of (3-VI.17), recall (3-VL.15), multiplying by At,, summing from n=

Ny and noting (3-VL18), (3-VL.19a) with 0= 2=2 &9 = 2150, (3-VL19b), (3-V.19), (3-1[L.8a), (3-V 51),
(3-V.22) and (3-11.4) yields that

Lin uL Zfl
ZAt (Atn )

n=1
<CL*+C(T

4
9

(3-V1.20)

H(D)

2
9

ZAt [HVU W22y + ||fn|%11(D)H

Nt

L.n
ZAtn Vu, |%2(D)]
n=0

L.n
v o, (85120

<C(L,T);
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and hence the first bound in (3-VI.14b).

L,n L,n—1
o —

On choosing ¢p="Pj, [5 (‘“&2’)} €8S}, in the version of (3-V.46b) dependent on L yields, on noting

(3-V.5), (3-VL8), (3-V1.2), (3-VL5), (3-VL.7), (3-V1.4) and (3-V.47), that
O-L’",O-L’"71 O_L,nio_L,nfl O_L,nia_L,nfl
a,h a,h _ a,h a,h . a,h a,h
(), e () ()]
H'(D)
1 L.n
:ﬁ/ [(1 ahn): P,

—oz/VO'nV

+2/ VU(I;:ZZﬂ'h [Ph

2

P

9 L,nio_L,n—l
Ln 1 Liny, Y a,h a,h
/ZZ butetiog o (25 )
m=1p=1
<0 [ mlloLiIP 10w [1+0IV oL )+ IVl o+ ks o

(3-VL.21)

Multiplying (3-VI.21) by At,,, summing from n=1,..., Ny and noting (3-V.51) and (3-VI.14a) yields the second

bound in (3-VI.14Db).

3-VI-A Convergence of the discrete solutions
First, we note from (3-1.2b), (3-1.6) and (3-I1.3) that
lo~ M I<NB* (@) VR
Second, we recall the well-known result about equivalence of norms

1
lel<iol= s L8ul<jo)  voerst

Then using the Rayleigh quotient, it is easy to establish that
_ —1y— -1
I~ (@)ll2 < [[mnllIx "z ()] Vee Ky,  k=1...Nk, VX€Spp-
Hence it follows from (3-VI1.23), (3-VI.24) and (3-V.32) that
_ —1y—17-1 _
g M LA G R A AT 1P

chﬁh[nX*lu] k=1,....,Nk,  VX€ES}pp-
k

Therefore (3-V.51), (3-VI.14a,b), (3-VL.3), (3-VI1.22), (3-VI.25) and (3-V.56a—c) yield that

T
L,At(,%) L,At(,*+
sup [ oy + [ IVl e

tG(O )
+/
0

T
L,At(,+
sup ||o-o47h ( )||%2(’D)+/
t€(0,T)

T 8u§’hAt 0
[ls=5
o ot

H(D)

L,At, L A —
LAt+ 1 ”ua,ht+ " ||L2(D)
H[ } ||L1(D)+ A(t) dt<C,

||0,L,At,+7o.L At, 7”22
a,h a,h L(D)‘|dt§C(L),

L,At,+
a”VU ||L2(’D)+ A(t)

LAt ||2
8a'ah

+le dt < C(L,T);

H(D)
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(3-V1.22)

(3-V1.23)

(3-V1.24)

(3-V1.25)

(3-V1.26a)

(3-VI1.26b)

(3-VL.26c)



where ¥ is as defined in (3-VI.15).
We are now in a position to prove the following convergence result for (Pg}?t)

Theorem 8. There exists a subsequence of{(uift,aift)}h>o,At>0, and functions uk € L>(0, T;[L?(D))]4)N
LAO.TV)AW7 (0,T3V') and of € L=(0,T5[LA(D))5Ep) N L2 (0,13 [HY (D))5Ep)  NH (0T ([H (D))
such that, as hy At — 0,

ul ) ol weak* in L (0,T;[L2(D)]%), (3-V1.27a)
ul ) Ll weakly in L*(0,T;[H(D)]%), (3-V1.27b)

auL,At 6 L
S—sho8=2a weakly in LY (0,T3V), (3-VL.27¢)
ift( ) ua strongly in L2(0,T; [LT(D)]d), (3-VI1.27d)

and
oo ok weak* in L (0,T5[L*(D)] ), (3-VI.28a)
oun ook weakly in L*(0,T;[H*(D)]*7), (3-VL.28b)
O_L,At 80’L

E—pt et weakly in L*(0,T;[H(D)]**9), (3-VL.28c)
a_i,ﬁt(i) ok strongly in L*(0,T;[L"(D)]**), (3-V1.28d)
B (o ) = BE (k) strongly in L*(0,T;[L*(D)]**%), (3-VL.28¢)
A,me(o-ift(’i)) —BH () I,y strongly in L*(0,T;[L*(D)]**Y), m,p=1,...,d, (3-VL.28f)

where 9 is defined by (5’ VI.15) and r€[1,00) if d=2 and r€[1,6) if d=3.
Furthermore, (uk,ol) solve the following problem :

(PL) Find ul € L>°(0,T;[L2(D)]4) N L2(0,T;V)NWL3 (0,T; V') and ok e L>(0,T;
[L2(D))&5p) VL2 (0,5 [H (D) §55) N H (0, T ([H (D)]§*?)') such that
T ouk T
/0 Re< TR > dt+/ /[(1—5)Vu§:Vv+Re[(u§~V)u£]-v]dt (3-VI.29a)

/ (f,0) b1 () dtfw/ /5L ):Vudt  Ywe LT (0,T;V),

/0 <6;,¢>H1(D)dt+ /0 /D [(ug- V)" (e)): ¢ +a Vol V)| dt (3-V1.29b)
T 1
— [ [ [pvubisten - gt -n]oa vocromim o,
and
t£%1+ D(uﬁ(t,m)fuo(m))v:() Vo e H:={we[L*(D)]?:divw =0 in D}, (3-VI1.29¢)
Jim [ (oa(t@) =0 (@):x=0  Vx€elL*(Dspp.

Proof. The results (3-VI.27a—c) follow immediately from the bounds (3-VI.26a,c) on noting the notation (3-
V.56a—c). The denseness of |J,-,Q} in L?(D) and (3-V.1c) yield that u’ € L?(0,T;V). The strong convergence

result (3-VI.27d) for uift follows immediately from (3-VI.27a—c), (3-VI.11) and (3-VI.13), on noting that

V C[H}(D)]? is compactly embedded in L" (D) for the stated values of r. We now prove (3-V1.27d) for uift’i.

First we obtain from the bound on the last term on the left-hand side of (3-VI.26a) and (3-V.57) that
st =l 3 0 0,20y < C AL (3-V1.30)
Second, we note from Sobolev embedding that, for all n€ L?(0,T; H*(D)),

H77||L2(0,T;LT'(’D)) < ”"7”%2(0,T;L2(D)) H77||L2(0 T;Ls (D)) = < CHWHL2 0,T;L2(D)) ||77||L2(0 T;H' (D)) (3‘VI~31)
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for all r€[2,s), with any s€(2,00) if d=2 or any s€(2,6] if d=3, and 0=[2(s—7)]/[r(s—2)] € (0,1]. Hence,
combining (3-VI1.30), (3-V1.31) and (3-VI.27d) for uL ,?t yields (3-VI.27d) for uL }Ll\‘t o+

Similarly, the results (3-VI.28a-c) follow immediately from (3-VI.26b,c). The strong convergence result (3-
VI1.28d) for a'L At follows immediately from (3-VI.28a—c), (3-VL9) and (3-VL13). Similarly to (3-VL30), the

second bound in (3-VI.26b) then yields that (3-VI.28d) holds for o-L A(E)

LAt(,%)

Since oo cL? (O,T;Sh,PD)7 it follows that ol is symmetric non-negative definite a.e. in Dy. We now

establish that o is symmetric positive definite a.e. in Dr. Assume that o is not symmetric positive definite
a.e. in D% C Dr. Let v € L2(0,T;[L*(D)]?) be such that oL v =0 with ||v| =1 a.e. in D} and v =0 a.e. in D\ DS..
We then have from (3-VI.26a) that

DY = //Ilvll dt—// ol AtT)- v):([aﬁf“ﬁv)dt (3-V1.32)
<c(// Lait, )dt>2.

Hence it follows from (3-V1.32) and (3-V1.28d) that |[D%|=0.

Finally, the desired results (3-VI.28e¢,f) follow immediately from (3-V.60) the second bound in (3-VI.26b),
(3-I1.17), (3-V1.28d) and the fact that o% € L>(0,T;[L*(D)|45%).

It remains to prove that (ul, %) solves (PZ). It follows from (3-V.2), (3-V1.26a—c), (3-V1.27a-d), (3-VIL.28e),
(3-111.8b), (3-VI.10) and (3-III1.11) that we may pass to the limit, h, At— 04, in the L-dependent version of
(3-V.58) to obtain that (uZ,ol) satisfy (3-V1.29a). It also follows from (3-V.20a), (3-V.2), (3-VL.27c,d) and as
V is dense in H that u%(0,-) =u°(-) in the required sense; see (3-V1.29c) and [Tem84, Lemma 1.4, p179].

It follows from (3-VI.28a-f), (3-V1.27b,d), (3-VL8), (3-VL.26a—<), (3-VL.1a,b), (3-1.4a) and as ul € L*(0,T;V)
that we may pass to the limit h, At — 0, in the L-dependent version of (3-V.59) with x = ¢ to obtain (3-
VI.29b) for any ¢ € C5°(0,T; [C"’o( D))44). For example, in order to pass to the limit on the first term in the
L-dependent version of (3-V. 59) we note that

HolAt 1
/ / ( wh | iO'L:At’Jr) STh d)} dt (3-VI1.33)
dogn' 1 d¢p
:/ / { < ﬁai’ft"" i+ (I —mp) l:O'i:}?tlﬂ'h {(%” dt.

The desired result (3-VI.29b) then follows from noting that Cg°(0,7;[C°°(D)]%*?) is dense in L?(0,T;
[H'(D)]$*?). Finally, it follows from (3-V.20b), (3-VI1.28¢,d), (3-VI.1a,b) and (3-VIL.3) that ¢%(0,-)=&(-) in
the required sense; see (3-VI.29¢) and [Tem84, Lemma 1.4, p179]. O

Remark 12. It follows from (3-VI.26a,b), (3-VI.27a,b) and (3-VI.28a,b) that

T
sup ||ua||Lz(D / ||VU§H%2(D)dt§C, (3-V1.34a)
te(0,T) 0
T
s[4 o) +o / IV oL |2 pydt <C(L). (3-V1.34b)
te(0,T 0

Hence, although we have introduced a cut-off L>1 to certain terms, and added diffusion with a positive coeffi-
cient « in the stress equation compared to the standard Oldmyd B model ; the bound (3-VI1.34a) on the velocity
ul is independent of the parameters L and o, where (ul,ol) solves (PL) (8-VI.29a—c).

(03
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3-VII Convergence of (PA ) to (P,) in the case d=2

First, we recall the discrete Gronwall inequality :

()2 +(s)? < (¢"), (3-VIL1)
m—1 m
(PP )P+ (¢ m>1
n=0 n=0
m—1 m
= (M) <exp(D (")) _(¢") m=1
n=0 n=0
Theorem 9. Under the assumptions of Theorem 6, there exists a solution {(uy, ;07 )}n LE[VE % S,ll’PD]NT

of (Pﬁth) such that the bounds (3-V.50) and (3-V.51) hold.

Ifd=2, a< stz and At<C(¢TV)altCh2, for a (>0, then the following bounds hold :
2Wsi
Nt
[ mllos a1 +3 [ [Atnal Vol mallon =i ) (3-VI12)
NT n n—1 %
ul ; —u
+ Aty S(""”At 2:h ) <C(a™h1);
n=1 n H1(D)

where ¥ € (2,4).

Proof. Existence and the bounds (3-V.50) and (3-V.51) were proved in Theorem 6.
On choosing ¢ =07, ;, in the L-independent version of (3-V.46b), it follows from (3-1I1.12) and on applying
a Youngs’ inequality for any ¢ >0 that

1 n n n— n Atn n
3 [ mllotalP oot 1+ Atva [ 1VaL,lP+ 5 [ mllotal? (3-VIL3)
D
1 At,d|D
<5 [ mllons 1+ W‘ 2, [ Vo)
ot [ S S Al ) L
ah/ oz,

mlpl

1 n— n n
< 5/1)7Th[||0a,h1||2] +O AL, [14[Vul Iz ) lmnl(eh 1)l 2 o)

+C Aty [Jul! ||L2<2T+c> > [Amp(oan)llLzem) IVoy pllLz (o)

It follows from (3-V1.3), (3-1.4b), (3-V.32) and (3-VI.12), as d =2, that

LACAE I / Imal( 1P < /D mlll@?P1< [ mllotal] (3-VIL1)
—Z / il <Z|Kk|||aah||mm
Nk
<OV (4 Il ) <O Yol
k=1 k=1

=Clloi pllta) <Cllon ulliz o llonnll i py -

Similarly, it follows from the d-independent versions of (3-V.14), (3-V.13), recall Remark 11, (3-V.17), (3-V.32)
and (3-VI.12) that for all (>0

Nk

1A (o ) IT55 ) <z:|K1c|||A mp(@a T ) SO DK loh all 7 i, (3-VIL5)
k=1

2+
—CII% w755y SCONT T2 (0 1ot 11501 )
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In addition, we note from (3-VI.12), (3-1.8) and (3—V.51) that for all (>0
||UZ§11||L%(D <O llug, H py luan Hfﬁp) CCHIIVuy, Hzﬁfp (3-VIL6)

Combining (3-VIL.3), (3-VIL.4), (3-VIL5) and (3-VIL6), and on noting (3-VI.3) and that a < 2W , yields on
applying a Young’s inequality that for all (>0

/D Tl a2+ o — o3 2]+ At /D Vo

< [ mllow!P1+oat,
D

mlllognll?] (3-VILT)
D

+CO(C Aty am0FO [HVUZJLH%?(D)+||VUZ;L1||2L2(D)} /DWhH|UZ,h||2}~

Hence, summing (3-VIL.7) from n=1,...,m for m=1,..., Ny yields, for any ¢ >0 that

- 1
mllle™ 1?14+ Aty / {a Vol 1P+ —=mnlllon 2} 3-VIL.8
/D MEAAREDS . | wlI"+ S mnlllos wll”] ( )

n=1

m
+3° [l —on1®
n=1"D

< [ mllat,
D

+C(C_1)Oé_(1+<)ZAtn [Hvugﬁll%?(D)+||VUZ;L1||%2(D)} /DWhH|UZ,h||2}~
n=1

21+ C

Applying the discrete Gronwall inequality (3-VIL.1) to (3-VIL.8), and noting (3-V.19), (3-V.22), (3-V.51), (3-
V.33) and that At <C, (¢ 1) alTCh?, for a ¢ >0 where C,(¢™!) is sufficiently small, yields the first three bounds
n (3-VIL2).

n—1

Similarly to (3-VI.17), on choosing w="TR, [8 < u“hA_tu“"‘)] €V} in the L-independent version of (3-V.46a)
yields, on noting (3-V.4), (3-VI.11), (3-V1.6) and Sobolev embedding, that

n n—1 2 n n—1 n n—1
Upp— Uy Uy p— Uy U p = Uy
) ) — ) ) . i ) _ II.
Re S(Atn ) Re /D A R $<Atn )] (3-VIL.9)
H'(D)
<Clllonnlltz ) + Vg pll 22y + Huh 3 Hwh alllZ2 o

g2 TVl w0 oy + 1 171 ()]

for any 6 >0 as d=2. On taking the % power of both sides of (3-VIL.9), multiplying by At,, summing from

., N7 and noting the L-independent versions of (3-VI.18) and (3-VI.19a) with 8= (4—2)/(6—1), (3-
V.19), (3-II1.8a), (3-V.51), (3-V.22), (3-V1.3) and the first bound in (3-VIL.2) yields the last bound in (3-
VIL.2). O

It follows from (3-V.51), (3-VIL.2), (3-VL.3), (3-V1.25) and (3-V.56a c) that

sup [0z, D)+/ IV 2, o dt (3-VIL10a)
t€(0,T)
At +
At+ 1 [ _uah 113
+/ 1 + dt<C
o251 o) N
and
T || At]{l*_ AtfHLle
sup ||0' i)HLz +/ a||Ve AtJr||L2 = @) | gt (3-VII.10b)
te(0,7) 0 A(?)
4
o g B}
+ S dt<C(a™1T),
; ot
HY(D)
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where ¥ € (2,4).
We note that we have no control on the time derivative of o2 h in (3-VIL.10b). This is because if we choose

n—1
o="Py [5 (‘“Ata"‘h)] €8S}, in the L-independent version of (3-V.46b), the terms involving ug'y, m=n—1
and m=mn, cannot now be controlled in the absence of the cut-off on oy, ,. We are now in a position to prove
the following convergence result for (PaAth) The key difference between the following theorem and Theorem 8

for (Pg’ﬁt) is that no control on the time derivative of aa . in (3-VII.10b) implies no strong convergence for
At(,+)
oan -

Theorem 10. Let all the assumptions of Theorem 9 hold. Then there e4xist5 a subsequence
of {(u? am ah)}h>0aAt>O’ and functions w, € L0, T;[L*(D))]Y)NL20,T;V)NWL5(0,T;V") and o,€
L>(0,T; [LQ(D)]%DdD)ﬂL%O,T; [HY(D)|45%) such that, as h, At— 0.,

uit}f’i) —Ug weak* in L>°(0,T; [LQ(’D)]d), (3-VIIL.11a)
uﬁt}f ) —Ug weakly in L* (0,T; [Hl(D)}d), (3-VIL.11b)
Saﬁfh ﬁsagt“ weakly in L3 (0,T;V), (3-VIL11c)
ug i =, strongly in L*(0,T;[L"(D)]"), (3-VIL11d)
and
Uit}f’i) — 0, weak* in L°°(0,T;[L*(D)]**%), (3-VIL.12a)
o‘ﬁt}’f — 0, weakly in L*(0,T;[H"(D)]**%), (3-VIL.12b)
Amp(@3 ) w00l weakly in L*(0,T5[L*(D)]™Y), m,p=1,...,d, (3-VIL12c)

where ¥ € (2,4) and r €[1,00).

Furthermore, (uq,04) solve the following problem :

(P.) Find Ug € L(0,T;[L2(D)]4) NL2(0,T;V)NWL 5 (0,T; V') and o€ L>®(0,T;
[L3(D)|&55) N L2 (0, T; [H (D) 455,) such that

/OTRG<8§;7”> dt*/T/ [(1-¢) Vo : Vot Re[(a - V)ug] - ] dt (3-VIL13a)

T
/ (f.0) i1 oy dt — w/ /aa Vudt  YveLT7(0,T;V),

/ / Ouo: a¢dt / o9 (3-VIL.13b)

Jr/0 /D[(Ua'v)da:¢+aVUa::V¢]dt

:/OT/D 2(Vun) o (o) o

Vo€ L*(0,T;[H (D)) &) nWy ! (T, T; [L*(D)|&*);

and

lim [ (uo(t,x)—u’(x)) -v=0 YveH. (3-VIIL.13c)
t—04+ Jp
Proof. The results (3-VIL.11la—d) and (3-VIL.12a,b) follow immediately from the bounds (3-VII.10a,b), as in the
proof of Theorem 8. Similarly, the proof of positive definiteness of o, follows as in Theorem 8 ; that is, (3-VI1.32)
and the weak convergence (3-VII.12a) is adequate for this. The result (3-VII.12c) follows from (3-VII.12a),
(3-V.60) and (3-VIL.10b) and the fact that o, € L=(0,T;[L?(D)]45%).

It follows from (3-V.2), (3-VIL.10a,b), (3-VIL.11la-d), (3-VIL.12a), (3-II1.8b), (3-VI.10) and (3-II1.11) that
we may pass to the limit, h, At— 04, in the L-independent version of (3-V.58) to obtain that (u,,0,) satisfy
(3-VII.13a). It also follows from (3-V.20a), (3-V.2), (3-VIL.11c,d) and as V is dense in H that u,(0,-) =u°(:) in
the required sense; see (3-VIL.13c) and [Tem84, Lemma 1.4, p179].
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It follows from (3-VIL.12a—c), (3-VIL.11d), (3-VL8), (3-VIL.10a,b), (3-VL.1a,b), (3-1.4a) and as u,, € L%(0,T;V)
that we may pass to the limit h, At — 0, in the L-independent version of (3-V.59) with x =, ¢ to obtain
(3-VIL.13b) for any ¢ € C5°(—T,T;[C>(D)]%4*?). For example, in order to pass to the limit on the first and third
terms in the L-independent version of (3-V.59), we note that

Baﬁth 1 At+ .
/0 / Whl( 5t TwiCeh |imee|dl (3-VII.144)
1 9
:/0 /D[ At+ STh O — Uah m[a(f”dt—/])wh [aaA,th:Wh({b] (0,-)
o[ e[t ms—tica 2]

/ Vi imlon s el (3-VIL14b)
D

:/DVuaAtth (mn—D)[o 55t T @)
) /D {((Tmapud ) o +udy - ((mg)divait) s

where (V) ¢) AtJr)(t x) R with [(V7y, @) 5 i Zk 1 T”Ld))’k [uAf,fr]k. The desired result (3-

VII.13b) then follows from noting that C§°(—T,T;[C>(D)]4*) is dense in W, (0,T; [H(D)]4*9). O
We have the analogue of Remark 12.

Remark 13. It follows from (3-VII.10a,b), (3-VII.11a,b) and (3-VII.12a,b) that

T
sup ||u0¢||L2(D / ||Vua||2L2(D)dt§C, (3—VHl5a)
te(0,T 0
T
(0,1

Hence, although we have introduced diffusion with a positive coefficient a into the stress equation (3-VII.13b)
compared to the standard Oldroyd-B model; the bound (3-VII.15a) on the velocity u, is independent of the
parameter a, where (Uq,04) solves (Py), (3-VIIL.13a—c).
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Deuxieme partie

Applications d’une méthode numeérique
de réduction de bases a des problemes
multi-échelles
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Chapitre 4

Une méthode de réduction de bases
certifiée avec applications a quelques
problemes multi-échelles.

Ce chapitre est une introduction a la méthode des bases réduites développée a partir du travail ini-
tial [PRVT02]. Aprés une exposition de la méthode dans un cas simple sont référencées les diverses généralisations
de la méthode.

Dans sa version standard usuelle, la méthode des bases réduites en question permet aujourd’hui de calculer
efficacement (rapidement et précisément) un champ scalaire paramétré, appelé sortie, pour de nombreuses
valeurs du parametre, appelé entrée, quand la sortie est donnée comme une fonction (linéaire) en la solution
d’un probléme aux bords (elliptique ou parabolique) paramétré.

On présente également des développements de la méthode, que nous avons introduits pour simuler numéri-
quement quelques problemes multi-échelles particulierement gourmands en ressources informatiques.
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The Certified Reduced-Basis Method for Multiscale Problems

Sébastien Boyaval®P,

&Université Paris-Est, CERMICS (Ecole des ponts ParisTech, 6-8 avenue Blaise Pascal, Cité Descartes, 77455 Marne
la Vallée Cedex 2, France).
bINRIA, MICMAC project team (Domaine de Voluceau, BP. 105, Rocquencourt, 78153 Le Chesnay Cedex, France).

4-1 An Initiation to Reduced-Basis Techniques

In multiscale models for materials, quantities of interest u (1) at one scale are often parametrized by quantities
p from another scale [LB05]. To compute the influence of one scale on another one, one thus needs to evaluate the
parametrized quantity u(u) and some output s(u) = F(u(p)) many times, for many values of the input parameter
w. If the computation of u(p) and s(u) for one given parameter p already invokes elaborate algorithms, then
the numerical simulation of u(u) and s(u) for many g in multiscale models becomes a computationally very-
demanding task. Reducing the cost of such parametrized computations is thus a challenge to the numerical
simulation of multiscale models. Among many possible techniques to reduce the computations in the numerical
simulation of multiscale models, we focus here on those we have developed from the Reduced-Basis (RB) approach
initiated in [PRVT02]. Different kinds of multiscale problems will be treated herein, see the next Sections 4-I-
B, 4-1T and 4-III. But first, as appetizer, we give an introduction to the standard RB method in Section 4-1-A,
starting with a simple paradigmatic problem. (See also [PR07b, Qua09] for introductions to the standard RB
method, though with different perspectives).

Let us start our exposition with an overview of the main RB ideas. We need to specify the variable of interest
u(p) € X as an element of a Hilbert space X (typically of infinite dimension) with inner product (-,-)x and norm
|-l x, the output s() = F(u(p)) €R as a scalar quantity where F': X — R is a smooth function (typically linear)
and p€ACRFP as a P-dimensional parameter in a fixed given range. Typically, the RB method is well-suited
for the cases where u(u) is solution to a coercive elliptic p-parametrized Boundary Value Problem (u-BVP),
for which there exist accurate approximation schemes (like Finite-Element discretizations) and a posteriori
estimators. So, for the sake of simplicity, let us first assume wu(u) is solution to a variational formulation :

Find u(u) € X solution to a(u(p),v;p) =1(v), Vo€ X, (4-1.1)

where a(-,-;u) is a p-parametrized symmetric bilinear form, continuous and coercive on X, and where I(-) is a
linear form, continuous on X. For all p€ A, a(-,-;u) thus defines an inner product in X and the existence of
u(p) then simply owes to the Riesz-Fréchet representation theorem for linear forms, continuous on X (a simple
case in the Lax-Milgram lemma because of symmetry). We denote by | -|,, the corresponding norm equivalent
to ||-|lx, which is usually termed the energy norm. In the sequel, we denote by wa(t) € Xpor an accurate
Galerkin approximations for u(u) in a linear subspace X C X of dimension N >>1 and by sp(u) = F (un (1)) the
corresponding approximation for the output s(u). For that choice of X, we will assume that the approximation
error |s(p) — sar ()] is uniformly sufficient small for all € A to use spr(p) as a good approximation of the output
s(p) in practical applications. The goal of the RB method is to construct a linear! subspace X ny C Xpr of
dimension N <A\ as the span of a few “snapshot” (approximate) solutions to the y-BVP (4-1.1)

Xn.n =Span (uy(p)),n=1,...,N), (4-1.2)

chosen in the manifold My = {un (1), n € A} for well selected parameter values (u )1<p<ny € AN. For all €A,
the RB approximation ua n (@) is computed as the linear combination of snapshots un(u2) solution to :

Find upn, v (@) € Xar,wv solution to a(upr, v (p),v;n) =1(v), Yv€ X N (4-1.3)
Notice that in this simple framework, ux n(p) can also be seen as a projection in Xy y C Xy C X :

wnr v (1) = axginf [lunc(n) —vl],, = argint u(z) —oll,. (4-14)

veEX N, N vEXN,N

INote yet the on-going development of nonlinear versions [EPR].
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We will write sy, v (@) =F(un,n(r)) the corresponding approximation of the output s(y) and A% (u) the a
posteriori estimator for the output approximation error |sas(u) —sar,n(p)]-

The RB method will yield good approximations s n (1) of sy () when the dependence of the output on
the input parameter p is sufficiently smooth. As a consequence, optimal choices for the approximation space
Xn,n should take into account the regularity in ;. More precisely, our goal-oriented RB method should select
parameter values (ulY Ji<n<nN € A" with a view to controlling the right norm of the output approximation error
[sar(p) —sar.nv(1)] as a function of p. For most applications, it is enough to consider the L> topology for pe A
(see nevertheless the Remark 14), and our goal-oriented RB technique thus ideally chooses Xy such that :

(ny)ISnSNE arginf (eSSSUp|SN(/jJ)—5N7N(M)|) (4-1.5)
(Hn)1<n<NEAN HEA

Unfortunately, it is very difficult to compute (4-1.5) in practice. So the RB method initiated in [PRVT02] suggests
a pragmatic remedy to the computation of (4-1.5). It proposes a practical and quite general procedure to build
good approximations of (4-1.5) using (i) a (computationally cheap) estimator A% (u) for [sy (1) —sar,v ()| and
(ii) a greedy algorithm to approximate minimizers of

arginf ( sup A?V(u)> (4-1.6)

(,u.n)lgnSNGAN PENirial

after discretizing A into a very large trial sample of parameters A¢i. C A. We recall that approximating (4-1.6)
with a greedy algorithm means that the parameter values pY, n=1,...,N, are selected incrementally ; in par-
ticular, this is interesting when N is not known in advance, since then the computation of approximate pl¥
(1<n<N) with a greedy algorithm does not depend on N and runs until the infimum in (4-1.6) is below
some terminal condition for a sufficiently large N. In the sequel, since pYt'=pulY for n=1,...,N and all
1< N <N -1, we denote p,, n=1,..., N, the parameter values retained by the greedy algorithm and used for
the definition (4-1.2) of X/ n.

Of course, the computation of approximations to (4-1.6) with a greedy algorithm can still be expensive,
because a very large trial sample of parameters Ay, C A has to be explored. So, in any case, the use of the RB
method justifies when the solution to the u-parametrized problem (4-1.1) has to be computed many times for a
large number of input parameter values p in the end : this is termed a many-query computational framework for
the parametrized problem (4-1.1). (Notice that the RB method is not a competitor to the usual discretization
methods; in fact, it rather collaborates with good discretization methods through correct choices of X s to speed
up the reiterated computations calling to the same discrete scheme.) In many-query frameworks well-suited for
computational reductions, the RB method will deploy in a two-stage procedure :

— first, in a so-called offiine stage (possibly computationally expensive), one “learns” from a very large trial

(or training) sample of parameters A¢yia) C A how to choose a small number N of parameter values using
a greedy algorithm — accurate approximations wuas(p,,) for solutions u(p,) to (4-1.1) are computed only at
those few parameter values u,, n=1,...,N, selected incrementally by the greedy algorithm —;

— second, in a so-called online stage, computationally cheap approximations wuas n(p) for solutions wu(gu)
to (4-1.1) are computed for many values € A of the parameter not necessarily in the offline trial sample
Atrial, and yield supposedly good approximations sy, n (1) for the output s(u) (here we use again the cheap
estimator A% (i) to check this).

In a nutshell, the core of the RB ideas, well-adapted for many-query frameworks with reiterated computations

of input-output relationships, is an efficient offline-online decomposition of the computations based on :

— a (fast sharp) a posteriori error estimator for the output, which is both used online for certification of the
quality of the RB approximations and offline in a (greedy) selection process, and

— a greedy algorithm to build hierarchical RB approximation spaces Xy n C Xar n+1-

Then, for the parametrized problems with a large number of output queries at many input parameter values, the
RB method should compensate for the cost of the offline computations (construction of Xy n) by accelerated
online computations without loss of precision in the output.

Remark 14. For some applications, it might be enough to consider an other topology than the L*° topology
for p€A. In particular, the L? topology, which is weaker on the bounded parameter domain A, might be enough
(see also the Remark 18 in Section 4-II). Besides, the L* topology is indeed the basis of many existing reduction
techniques (similar to one another but with many different names) : PCA (principal component analysis), POD
(proper orthogonal decomposition) [KV02], quantization [PP05], Karhunen-Loéve decomposition [New96], SVD
(singular value decomposition) [LBLM08] and low-rank approximations... These reduction techniques have proved
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efficient in some applications. But as soon as one wants to compute with them, it is clear that one considers a
different path than ours for the reduction of computations : the many-query frameworks we will consider next
here are usually not ideal fields for efficient computational reductions with the L? techniques. That is why we will
not compare our RB techniques with these techniques here, since they belong to different projects. Nevertheless,
for some specific applications (like the one in the Section 4-II), it might still be useful to compare elsewhere, and
maybe combine, ideas from the two different approaches (the L™ and the L?), provided both are possible.

4-I-A Paradigmatic example with one-dimensional parameter

For the sake of simplicity, let us start with a paradigm for the development of the RB method : a compliant
coercive elliptic scalar problem parametrized by a single affine parameter (the significance of the specifications
compliant and affine will be made precise later in Section 4-I-B).

4-I-A-a Mathematical setting for a linear scalar second-order elliptic problem

Let us use only one scalar quantity p€ A (P =1), with A =[fmin, ftmax] C R>0, to parametrize the coefficients
of a linear scalar elliptic Partial Differential Equation (PDE) satisfied by () solution to the following Dirichlet
problem with homogeneous Boundary Conditions (BC) :

—div (A()Vu(p)) = f in D,

(4-1.7)
u(p)=0 on 9D,
where D CR? with d=2,3 and the matrix A(u) depends on u in an affine way :
Alp)=Ag+pAy, VueA. (418)

We choose D an open bounded connected domain with Lipschitz boundary 0D, f € L?(D) in the Lebesgue
space of square integrable functions, and A(p) a function in [L°(D)]4*¢ with symmetric matrix values, definite

positive almost everywhere (a.e.) in D (each entry is in L>°(D), and for all X e RY, A(u)X-X >0 a.e. in D).
Without loss of generality, we can assume Ag is a.e. symmetric definite positive, and A; is a.e. symmetric

positive. Then, for all € A, the following mapping is well-defined :
u():pe A—u(p) € H(D).

The Hilbert space X can thus be chosen equal to the Sobolev space Hg (D), endowed with its usual Hilbert
structure (-,)x = (") g (py (With norm [|-||x =||-[/g1(p))- And u(p) is equivalently solution to the variational
formulation (4-1.1) with :

- a(w,v;u):/ A(pw)Vw-Vo, Yw,ve X, p€A and
D

- l(v):/fv,VUGX,

D
We are interested in efficiently computing, for many values of p € A, the output :

aszww»:Ajwm=umm» (419)

Moreover, if we assume D is polygonal for instance, there exist many well-established discretization methods
that allow to compute Galerkin approximations ua(p) of w(u) in finite dimensional linear subspaces X of
X for any fixed parameter value p€ A, like the Finite-Element (FE) method [SF73a, Cia78]. Let us denote
by (én)i<n<n @ Galerkin basis of Xs. Then, for each parameter value p€ A, the numerical computation

of unr(p) :ZN Un (1) ¢y is achieved by solving a large N'X A (sparse) linear system for the vector U(u)=

n=1-"n
(Un(ﬂ))lgngNeR :
Find U(u) € RV solution to B(u)U(u)=b,

where b= (I(¢r,)), <, < I8 also a vector in RV and B(u) = Bg+p By is a N x N real invertible matrix. So, for each

parameter value y, the entries of the latter matrix B(u) can be computed in O(N?) operations (multiplications
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and additions) using the precomputed integrals By, :fDiél‘qVqSingbj, i,j=1,...,N for ¢=0,1. (Note that the

assumption of affine parametrization has been essential here, see Section 4-I-B-a.) And the evaluation of U(u)
for many J>>1 parameter values p using iterative solvers costs J x O(N*) operations with 2 < k <3 [GvL96].

The goal of the RB approach is to build a smaller finite dimensional approximation space Xy v C Xy
sufficiently good for all € A, with N <A/, so that the computational cost is roughly reduced to N x O(N*)+
J x O(N?), with N x O(N*) the cost of offline computations and J x O(N?3) the cost of online computations,
the latter being independent of N'!

4-I-A-b Goal-oriented a posteriori error estimates

To proceed further with our goal-oriented RB method, we need sharp and computationally inexpensive a
posteriori error estimators A% (u) for the output RB approximation error |sy(u) — sy, n(p)], V€ A. For the
coercive elliptic problem (4-1.7), such goal-oriented a posteriori error estimators are quite simple to devise, based
on a global a posteriori error estimator Ay (p) for ||up(p) —up,n ()|, using a technique with residus. For other
problems, this may be an issue. We refer to [VRP02, VPRP03a, HP07b, Dep08, PR07a, NRHP09, NRP09] for
examples of goal-oriented a posteriori error estimations in various applied settings of the certified RB method.

We first need, for all yp€ A, a computable lower bound a5 (u) for the coercivity constant of a(-,-;u), such
that :
a(w,w;p)

— in , VuEA, A1.10
welioy oz (4-1.10)

0<arp(p)<ac(p)

which can be given by the a priori analysis, for instance after checking the coercivity assumption for a(-,-;u)
(see also Remark 16 in Section 4-I-B-b). We also define the residual bilinear form g(-,-;u) as

g(w,v;p) =a(w,v;u) —1(v), Yw,ve X, YueA,
and a (computable) affine operator G(u) : Xpr — X such that

g(w,v;p) = (G(p)w,v) x , Yw,v € Xy, YueA.
Then we have :

Proposition 18. For any linear subspace Xx n of Xar, there exists a computable error bound A% (p) such
that :

2
_NGWuvnWlx e p (4-1.11)

lsar(p) = sa v ()| S A (1) : arp(i)

Proof. Since X n is a linear subspace of X, the Galerkin orthogonality property holds :
a(upn () —upn n(p),v)=0, Vve Xy n. (4-1.12)

On noting the linearity of F'=I, the fact that ua(¢) is solution to a variational problem in X 3 upr (),
the symmetry of a(-,-;u) and (4-1.12), the output RB approximation error reads :

s (1) — s ()] = | une () = F (e, v (1)
— [0 (unc (1) = (1)
— Jaune (). (1) = ear, o ()3 10|
= Jaunr (1) —wnr () (1) — s, ()3 42) | = e (1) — e () 12 (4-1.13)

Finally, on noting a(un (1) —un,n (1), 03 ) = —g(un, v (1),v3 ) and \/aps(p)||v] x < vl for all v € X, the
choice v=upn (1) —upr, v (1) yields a computable error bound Ay () as :

COINAIDIES (4-1.14)
arp(p)

lJun (1) = une v ()| p < AN () :

which concludes the proof by combining (4-1.13) with (4-1.14).
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Notice the quadratic effect A% () =An(x)? in the goal-oriented error, which is essentially due to the sym-
metry of the bilinear form a(-,-;u) here. In more general situations, it will be important for the reduction of
computations to retain that quadratic effect if possible (see Section 4-I-B-c).

Note also the following inverse inequality :

2
Ay () < (%) (1) — s 10 (41.15)

where we have introduced the continuity constant y(u) < oo of the bilinear form :

0<~vy(pu)= sup  sup M,VMEA. (4-1.16)

weX\{0}vex\{0} lwllx[lv]lx

The inequality (4-1.15) ensures sharpness of the a posteriori estimator (4-1.11), depending on the quality of the
lower-bound arp(u). (This can be an issue in practical computations, see Section 4-I-B-b.)

4-I-A-c Offline stage : a greedy algorithm to select the parameters in a trial sample

The RB method initiated in [PRVT02] suggests to build a linear subspace Xy C Xn incrementally with a
greedy algorithm applied to a finite trial or training sample Ay;i nested in A :

1: choose JRS Atrial randomly, or take JI5RS argmax{|s(u)| , HE Asmalltrial - Atrial; ‘Asmalltrial| < ‘Atrial|}

2: compute upr(p1) to define Xpr 1 =Span (up (1))

3: for n=2to N do

3:  choose p, € argmax{A? (1), € Atrial }

3:  compute upr(pn) to define Xpr, =Span (upn (pm), m=1,...,n)

4: end for

where Agmalitrial 18 typically a very small trial sample nested in A (much smaller than A5, C A). Notice that the
RB greedy algorithm above is usually supplied with an explicit tolerance € >0 on the output RB approximation
error rather than a fixed number of iterations N >2 given a priori. Then N = N(¢) is implicitly determined
as a function of € by the relation sup{A% (1), € Atria1 } <. We use N instead of € here to control the loop of
iterations only because we have not specified the context which requires numerical evaluations of the output
s(p) at a precision level .

We have not made precise yet how to choose the trial sample A¢,ia1 (and similarly, the smaller one Agmalitrial)-
In practice, Atyia) is often simply chosen as a random sample in A (and similarly for Agmalitrial). Of course, this first
guess may be insufficient to reach the required accuracy level € in A%, (1) when € AD Agyia1. But fortunately,
if the computation of A% (i) for any p€ A is cheap enough, one can check this accuracy online for each query
in p. Then, in the case where A% (u) > ¢ for some online queried p, one can still compute uar (i) for that same
p and enrich Xy to reach the required accuracy level ¢ at that p. (We explain the methodology for fast
computations of A% (x) in the next Section 4-I-A-d dealing with online computations.)

Besides, for the sake of consistency of the offline selection procedure with the online goal, the greedy algorithm
above also needs to compute the same estimator A%, (u) for all € Agyia). And since the computation of A% (1)
is fast for all g€ A D Agal, this allows in return the exploration of a very large training sample Ay, offline
(with cardinal |Agiar| > 1).

To sum up, the game for efficient computational reductions with the RB method and without a precise
knowledge of what Ayia should be to reach the required accuracy level is as follows. One first chooses Aipia1 as
large as possible in the offline stage, to explore A extensively, insofar as the computation remains modest at
each iteration n=1,...,N of the greedy algorithm (many cheap a posteriori estimations and only one accurate
computation upr(tn+1)). Then, one can use the small RB space X n trained on the initial guess Agia to
compute cheap Galerkin approximations uy(p) in the online stage plus cheap a posteriori estimator A% ()
at any p€A. This bootstrap approach is what we term the certified RB approach. It provides significant
computational reductions in the online stage provided the RB approximation space X n does not need to be
enriched too often online.

We know neither about any systematic procedure to build good initial guesses Aya1, nor about a priori
results that quantify how good is an initial guess Aia; for a precise problem. This is somewhat unsatisfactory :
it is generally difficult to predict when the RB approach is successful. As a palliative to this lack of a priori
knowledge, the RB approach proposes a general method that can a posteriori check the quality of, and possibly
improve the quality of, a crude initial guess Atyia) (coming from physical or mathematical intuition), which is
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first filtered out by a greedy algorithm using some knowledge specific to the problem at stake (buried in ad hoc
estimators A% (¢)). Numerous numerical evidences support that viewpoint [VRP02, VPRP03a, HP07b, PRO7b,
PRO7a, Dep08, NRP09, NRHP(9].

Last, notice that the cost of offline computations scales as Wogine = O (| Atrial]) X (Zg;ll wonhnc(n)) + N x

O(N*) where wonline(n) is the marginal cost of one online-type computation for up,(u) and AS(u) at a
selected parameter value p € Agyia (Where 1 <n <N —1), and O(|A¢ial]) includes a max-search in Agyia1. (Recall
that 2 <k <3 depends on the solver used for large sparse linear systems.)

4-I-A-d Online stage : fast computations including a posterior: estimators

We now explain how to compute fast unr (1), sSa (1) and A (1) once the RB approximation space X p
has been constructed. This procedure applies to the many offline computations when p€ A¢ya explores the
trial sample in order to find g, 11 € argmax{A? (u),u € Ayria1} at each iteration n=1,...,N —1 of the greedy
algorithm, and to the many online computations for a large number J>>1 of queried parameter values u€ A
when n=N. We present the procedure corresponding to the online stage in Xy only. (It is straightforward
to adapt for the offline stage in Xar,, n=1,...,N—1.)

Recall that Xar vy =Span (un (), n=1,...,N). Assuming A%,_; (un) >0, it is then clear that dim(Xx n) =
N. So (unr(11))) | <, < pr 18 @ basis in Xy n. For any € A, we would then like to compute the RB approximation

upn, v (1) :25:1 Un () upr(ptn), which can be achieved by solving a small N x N (full) linear system for the
vector Un (1) = (Unn(1)1<p<n € RV :

Find Uy (1) € RY solution to C(u)Un(p)=c,

where c= (I(un(ttn))) 1<, <y 18 also a vector in RN and C(p) =Co+uCisa N x N real invertible matrix. Note
yet that the matrix C(u) may be close to singular (that is, its singular values decrease fast) in the sense that it
is the Grammian of a weighted least-squares problem C(u)=D" B(u)D where D is a typically a nearly-rank-
deficient A x N real matrix. (The entries of one column of D are the coefficients of one vector upr(pn), 1<n <N,

in the Galerkin basis (¢n)1<n<an of Xar.) So, in practice, one does not solve directly the linear system above for
Un (1) (corresponding to the normal equations of the least-squares problem). But we rather compute the RB
approximation as upr (@) = 25:1 UN,n(#)Cn where ((,)1<n<n denotes a basis of X x which is orthonormal
for the inner-product (-,-)x (or any equivalent inner-product a(-,-;uo) with fixed pog € A). Simple or Modified
Gram-Schmidt procedures may suffice to compute ((,)1<n<n since N is small here?.

To compute the RB approximation as uar,n () :Zivzl Un.n(1£)Cn, one has to solve for each p€A a small

N x N (full) linear system for the vector U (1) = (UNn(u)> ERVN .
1<n<N

Find Uy (1) €RY solution to C(u)Un (1) =¢, (4-1.17)

where &= (1(¢n))1 << 15 @ vector in RN and C(u)=Co+puC) is a N x N real invertible matrix. So, for each
parameter value p € A, the entries of the latter matrix C(u) can be computed in O(N?) operations (multipli-
cations and additions) using the precomputed integrals ?ﬁij :fDégVQ'VCj, i,j=1,...,N for ¢=0,1. (Note

that the assumption of affine parametrization is essential here). And the evaluation of Uy (p) for many J>>1
parameter values p € A finally costs J x O(N?) operations using exact solvers for symmetric problems like Cho-
levsky [GvL96].

For each p€ A, the output sy n (1) =F(upn n(1)) can also be computed very fast in O(N) on noting that
F is linear and F(upn n(tn)), n=1,...,N can be precomputed offline. Then, one would also like to compute
fast the corresponding a posteriori estimator A%, (1) given by (4-1.11). Now, on noting the affine dependence of

2Gram-Schmidt procedures in floating point arithmetic are famously unstable when N grows [GvL96]. So one may want to use
the SVD or the QR decomposition of the matrix D in some cases. Though, one should keep in mind that the SVD or the QR

decompositions will be less suitable to online basis enrichments. If the accuracy level ¢ is not reached for some p € A online and
one should enrich the basis by computing a new accurate approximation uas(p) for that same p, then the full SVD or the full QR
decomposition of the new N x (N +1) matrix D should be recomputed at a cost O(N x (N +1)2) which is less favourable than the

O(N x (N +1)) operations needed to compute an additional normalized orthogonal direction {1 with Gram-Schmidt.
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A(p) on p, a similar affine dependence G () =Go+ Gy holds for all pe A, where G4: Xy — Xy, ¢=0,1, are
defined as :

(Gow,v)x /AOVw Vou— /fv and (Giw,v)x /A1Vw Vo, Yw,v e Xy .

So one can evaluate fast the following quadratic form for p €A :

G (1) un,n ()| = | Goun. v (WIx +20(Goun, v (1), Grun,v (1) x + 12| Gruy v () 1% (4-1.18)

in O(N?) operations, by computing, for each 2-uple 7,5 =0,1, the numbers (G; un n (1), Gjun v (1)) x as bili-
near forms in the N coefficients Uy, (1), n=1,...,N. (The 4N? real numbers (G;un N (tn), Gjun v (tm))x
1,j=0,1, n,m=1,...,N can be precomputed offline and stored.) Assuming that the lower-bound arg(x) used
n (4-1.11) is known from a priori analysis (see also Remark 16), the computation of the a posteriori esti-
mator A% () itself is thus also very fast. Notice that this two-stage construction-evaluation decomposition of
the computations for the a posteriori residual error estimations is possible because we chose a so-called affine
parametrization of the form (4-1.8).

Finally, the marginal cost of one online-type computation for one parameter value p is Wonline(n) =O0(n?),
with n=1,...,N. So, assuming that no basis enrichment is necessary during the online stage using the RB
approximation space X s n (that is, A% (p) <e for all the parameter values p queried online), the total online
cost for many J>> 1 parameter values p scales as Wontine = J X O(N?3). And, the total cost of computations with
the RB approach is then Wogine + Wonline = N X O(NF) 4 (J +O(|Atrial])) x O(N?), which has to be compared
to J x O(N*) operations for a direct approach (with 2<k <3 depending on the solver used for large sparse
linear systems).

4-I-A-e Some elements of analysis of the reduced-basis method

After many successful numerical experiments in various applications [VRP02, VPRP03a, HP07b, PRO7b,
PRO7a, Dep08, NRP09, NRHP09], there is still little theoretical understanding of the RB method. As a matter
of fact, there might be little theory to be expected for the RB method in the usual a priori way, since, as
it has already been explained, the method has rather been designed to a posteriori adapt to practical (often
complicated, computationally demanding) settings. A minimal understanding of simple paradigmatic examples
like (4-1.7) is nevertheless desirable to guide our intuition for the practice of the RB method (in particular as
regards the choice of Atyia1) : let us briefly mention the few known results.

First, by adapting the classical Lagrange interpolation theory to the context of u-BVP, one can obtain an
upper bound of (4-1.5) when u(p) is solution to (4-1.7) and the matrice A; is non-negative (hence A% (u)=

lunr (1) = . ()17 < (14 w1 pma) ?[unr (1) — unr v (1) [[§ with & constant wy >0) :

Proposition 19. For all parameter ranges A := [fimin, bmax] C Rso, there exists Nog € N with Ng =0 (ln (m))

Hmin

as ’;mi’: — 400, and a constant ¢>0 independent of A such that, for all N> Ny>2, there exist N parameter
values fimin =AY <...<AY <)\n+1 <o <M= fimax, n=2,...,N =2, sastisfying (recall ||-|jo=]|- |, with p=0
is an Hilbertian norm on X) :
sup (inf { |Jup (1) —wllo, w € Span (ux (AN ),n=1,...,N)}) <e %1 N sup lup (1)fo- (4-1.19)
HEA HEA

The essential tool in the proof of Proposition 19 is a uniform bound, valid for all ranges A :=[tmin,bmax] C
R, of the C%(InA, X)-norm of the derivatives of Iny— ux(u). Owing to the simplicity of the specific pro-
blem (4-1.7), this uniform bound can be computed explicitly here (see [MPT02a]). Then, after choosing a
log-distributed sample (AY);<,<y the proof proceeds by explicitly building an upper bound of (4-1.5), (in
fact, of inf{|lun(u) —wllo, weSpan (ux(AY),n=1,...,N)}) expressed as the remaining term in a Taylor-
Lagrange formula, which can be bounded above thanks to the uniform bound mentioned above to yield (4-1.19)
(see [MPT02b, MPT02a, PRO7b, BL09a]). Of course, the approximation space Span (uN()\ﬁy),n: 1,... ,N) used
for the proof of Proposition 19 is different from the RB approximation space X,y built by the RB greedy
algorithm. Numerical experiments even suggest that it is a much less good choice than X n (see [PRO7Tb]),
so one would like to better understand what the RB greedy algorithm does, which we expect to be closer to
minimizers of (4-1.5).
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Recall that the concept of greedy algorithm appears in many numerical approaches for problems of approxi-
mation. It typically consists in an iterative procedure approximating an optimal solution to a complex problem
by sub-optimal solutions ; the sub-optimal solutions are improved incrementally : each iteration starts with the
solution of the previous iteration as an initial guess to be improved. In the theory of approximation of func-
tions in particular [Dev93, V.N08], greedy algorithms are used to incrementally compute the combinations of
well-selected functions (from a given dictionnary) which nearly-best approximate some function in a general
Hilbert or Banach space. The RB greedy algorithm has a different viewpoint : it incrementally computes for
N €Ny some basis functions uar(py,), n=1,..., N, spanning a linear space X y that nearly-best approximates
a smooth parametrized family of functions ua (1), Vi € A. However, if we forget for the moment being the p-BVP
underpinning the approximation problem, then the RB greedy algorithm has a flavour similar to other greedy
algorithms that typically build (nearly-)best-approximants in general classes of functions. To do this carefully
and next show the convergence of a greedy algorithm very close to our RB greedy algorithm, we introduce the
concept of Kolmogorov width : this is one tool among others (Gelf’and width, Kolmogorov entropy, etc.) which
allows to characterize “blindly” the set of functions to approximate [Pin85].

Assume one is looking for a linear space of approximation Fy with dimension dim(Fy ) < N which is uniformly
good for all the functions within a bounded compact set F of some Hilbert space X. Moreover, we would like
to build Fiy using snapshots of F itself :

Fy:=Span(fi, k=1,...,N), with fi,fo,....fn € F.

This is a simplification of the context for the RB method : there is no u-BVP associated with elements of F
here. In particular, any function f from the given family F should now be approximated in F)y using the same
procedure for all f € F. Since Fy is a (finite-dimensional, thus closed, and linear, thus convex) subspace of X, we
can define the orthogonal projector Pr, : X — F. And mimicking the Galerkin orthogonality in the RB greedy
algorithm using Galerkin approximations of solutions to a u-BVP, we choose to approximate any function feF
by Pry f € Fn. An optimal choice for Fiy is thus a minimizer of

an(F)i= min max||f—Pry fllx, YN €N>o, (4-1.20)
where for any f € F, the same norm || -||x is used to evaluate the approximation error f — Pp, f in the ambiant
Hilbert space X, as opposed to (4-1.4) in the p-BVP context. (This is equivalent to forgetting about the u-
dependence of the energy norm.) Note that minimizers and maximizers in (4-1.20) are reached by compactness
of the set F, but there is no reason why they should be unique — F is not necessarily convex —! Note also that,
in this Hilbert framework, || f— Pg, f||x coincides with the distance dist(f,Span(fy, k=1,...,N))y, where
dist(f,E)x :=mingeg || f—gllx =||f — Pef|| x is defined for any f € X and any closed subset E C X. In practice,
mimicking the RB greedy algorithm, we select f1, fa,..., fnv € F incrementally as :

f1 € argmax|| f| x, fry1€argmax|| f— Pr, fllx VkeNs, (4-1.21)
feF feF

so that Fiy is a computable approximation to minimizers of 1y (F). The compactness of F implies :

0 (F) 08 (F) = |41 = Pry [l x ——0.

Let us denote by £y the set of all linear subspaces of the normed linear space X with dimension less than,
or equal to N. One way to characterize F is to give its Kolmogorov N-widths :

en(F) = min I}lea})_(Hf*PEfHX, VN €Nsp. (4-1.22)

Clearly, en(F) <nn(F), and one can exhibit good choices fi, fa,..., fx € F such that [CDD] :
Proposition 20. If F is a bounded compact subset of the Hilbert space X, then, for all N €Nsg :
NN (F) < (N +1en(F).

The proof of Proposition 20 is reproduced in Appendix 4-V-A. It basically consists in comparing a specific
choice {fx, k=1,...,N} to a minimizer of the Kolmogorov N-width :

En(F) € argminmaxdist(f, E)x .
Ee€én fer

Furthermore, the Kolmogorov N-widths characterize the performance of the greedy algorithm (4-1.21) (as
mentioned in [Mad06, PRO7Db]) :
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Proposition 21. If F is a bounded compact subset of the Hilbert space X, then N iterations of the greedy
algorithm (4-1.21) define a linear space Fy =Span(fi, k=1,...,N) such thatVfeF :

1 = Pry fllx <0n(F) < (2 VNFT) en (7). (4-123)

The proof of Proposition 21 is reproduced in Appendix 4-V-B (see also [MNPP09]).
Unfortunately, Proposition 21 shows the convergence of the greedy algorithm (4-1.21) for those F with
very fast decaying Kolmogorov widths only, such that A}ilnooe ~(F) (2N VN + 1) =0. This decay assumption is

not only very difficult to check in practice, it is also very stringent : one could expect a better rate than the
pessimistic 2VT1. In particular, when F = (un (1)) ,en 1 given by a simple p-BVP like (4-1.7), the use of p-
independent projections Px . yux (1) instead of the Galerkin solutions uxr v (44) is not a strong modification of
the RB greedy algorithm. Then, the estimate (4-1.19) can be considered as an upper-bound for the Kolmogorov
N-width of F, and the Proposition 21 proves the convergence of the RB greedy algorithm only when the factor
N7 in (4-1.19) is sufficiently large, while the estimate (4-1.23) (possibly multiplied by a constant) remains
correct. This is a very stringent condition on the dependence of u(u) on p (with a very stringent impact on the
uniform bound which we require in the proof of Proposition 19).

4-1-B The certified reduced-basis method for parametrized elliptic problems

Here we generalize the scope of the RB method introduced in the previous Section 4-I-A to a larger class of
elliptic problems. We recall that these generalizations apply to the frameworks with many queries in the input
parameter € A which have the following features. The output s(u) = F(u(p)) is a linear function of a solution
u(p) € X to a u-BVP with variational formulation in a Hilbert space X :

Find u(p) € X solution to g(u(p),v;u) =0, Yve X, (4-1.24)

where g(-,-;p) is a p-parametrized form in X x X, and u(p) can be numerically approximated as fine as necessary
using Galerkin discretizations upr(p) € Xar C X to reach a required accuracy level |s(p)—sa(p)]<e in the
output. Starting with the paradigmatic problem (4-1.7) where g(-,;p) =a(-,;pu) — F(-) with a(-,-;4) a coercive
symmetric continuous bilinear form in X x X and F() a continuous linear form in X, we briefly review some
well-established generalizations of the RB approach by extending (4-1.7) little by little to a larger class of u-
BVPs with outputs. Because the goal-oriented a posteriori error estimator (4-1.11) built for the paradigmatic
example (4-1.7) was an essential ingredient of the certified RB method deployed in Section 4-I-A, the scope of
the generalizations will be essentially limited by the possibility of extending this fast computable a posteriori
error estimation.

4-1-B-a Affine parameters

The RB method can be straightforwardly generalized to the p-BVPs whose weak form (4-1.24) has an
affine parametrization using a P-dimensional parameter p= (1,)1<p<p € A CRF and Q smooth functions of the
parameter ©,:A—R, ¢=1,...,Q :

Definition 2. The form g(-,-;u) on X X X is said to be with affine parametrization when it is affine in functions
(@q)1<q<Q of the parameter €A and writes as the sum of parameter-independent forms (gq(~,~))1<q<Q on
X x X multiplied by coefficients (O4(1))

1<q<Q *

(w,v; 1) Z@ wgq(w,v), YwoveX, YueA. (4-1.25)

In particular, it is easy to see that the Weak form (4-1.1) of the paradigmatic u-BVP (4-1.7) has an affine

parametrization when the form a(w,v;u) fD p)Vw-Vu is defined Yw,v € X with a matrix :
A(p) = O4(mAy, YueA, (4-1.26)
q=1
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using @) matrices Aq, ¢=1,...,Q. Then, Vu e A, a construction-evaluation decomposition of

G un N (W=D Og(1)Og (1)(Gqun v (1), Gy un v (1)) x (4-1.27)

can be used to compute fast the a posteriori error estimator (4-1.11). Another straightforward extension of
(4-1.7) is an affine parametrization of the boundary operators, see Section 4-II.

Note yet that the affine parameter (4-1.26), either in a domain or in a boundary differential operator, has
the following important restriction : to each scalar function ©,, of the parameter (¢=1,...,Q) should correspond
a fixed subdomain of D or 9D, independent of the parameter u, such that ©,(u) is a constant coefficient in
the PDE or the BC satisfied by u(u) on that subdomain whatever u€ A. Fortunately, the RB approach can
also be extended to some cases where ©4 (1) acts on a subdomain that depends on p. Clearly, there are many-
query frameworks relevant for the reduction of computations which deal with parametrized geometries like the
numerical optimization of parametrized shapes. In particular, this is possible when the variations of the geometry
can be described after introducing a few additional geometric parameters. Then, one rewrites the parametrized
problem : it is mapped with piecewise affine functions from a reference configuration such that only affine
parameters enter the new parametrized problem defined on the reference configuration, see [Boy08, Qua09] and
Section 4-1-C.

Remark 15 (Curse of high dimensions in the limit Q > 1). Of course, difficulties are expected to occur when the
dimension of the parametrized manifold M={u(u),u €A} approzimated by the linear space Xn N grows, thus
when the number of parameters Q>>1 is large in particular. The theory of approzimation [Dev93, V.NOS] for
the approzimation of general sets of functions using N -dimensional linear spaces indeed forecasts that N should
grow exponentially with the dimension of the space (~Q) if one wants to approximate all the functions within
this general set at a constant level of accuracy. Yet, numerical experiments have shown that the RB approach
still yields interesting computational gains in ezamples using up to twenty Q=20 parameters [Sen08, BBM™* 09].

4-I-B-b Non-coercive symmetric linear elliptic problems

The RB approach can be extended to the case where the symmetric continuous bilinear form a(-,-;x) on
X x X is not coercive but only inf-sup stable :

. a(w,v;p)
0<p(u):= i sup —————, YueA, 4-1.28
= o, 0y T ol (L2
with an inf-sup stable discretization on X X X s :
0<fVN(u):= inf sup POV (4-1.29)

n
weXa\{0}ve x i\ {0} [w] x|v]l x

see e.g. the Helmholtz problem treated in [SVHT06]. Then introducing a computable lower bound By (u) <
BN (1), the a posteriori analysis of Section 4-I-A-b is extended to the non-coercive case :

Proposition 22. For any linear subspace Xx n of Xar, there exists a computable error bound A% (p) such
that :
_ G (1) un v (1)

ﬁﬁfB(H)

Proof. On noting the linearity of F' and the fact that ua(u) is solution to a variational problem in X >
un () —upr, v (1), the output RB approximation error still reads :

2
sar (1) — s ()] < A (1) Ix e, (41.30)

s (1) = sar,v ()| = F (unr (1) — une, v ()]
=lalun(p), un (1) —un,n ()i )| - (4-1.31)
We conclude the proof using the symmetry of a(-,-;u) with the bound :

unr (1) — e, () || x BY (1) < sup alun (1) —un, v (w),v31),

on noting that :
alun, N (1) —un (), v; ) = g(un, N (1), v5 1) , Vo € X
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Then, the only change in offline and online computations is ﬁJI)fB(u) substituting for o p(u).

Remark 16 (Effectivity of estimations using computable lower bounds (i) and G5 (1)) To compute the
error estimator A% (i) in (4-1.11) and (4-1.30), we only need lower bounds ayp(u) and BYg () respectively for
the constants a.(p) and BV (). But of course, the better the lower bounds are, the better the reduced basis XNN
1s expected to be : in practice, one expects the effectivity of the estimator

_ AN (1)
lsar (1) = spr,v ()]

n(w)

to be uniformly bounded in A. Now, one may know lower bounds ar, (1) and B/L\/B(u) from a priori analysis, but
the latter may either degenerate or their effectivity grow too much in some regions of A, which could result in
an inadequately chosen reduced basis. On the other hand, computing sharp lower approzimations of a.(u) and
5/\/(#) for all pe A, after discretization in X, is computationally expensive. It corresponds to the computation
of, the smallest (positive) eigenvalue of the matriz B(u) for a.(p) and, the squareroot of the smallest (positive)

singular value of B(u)B(u)™ for BN (1). That is why part of the current research deals with designing lower
bounds that are both sharp and fast to compute, see [HRSP07a, HRSPO7b, HKY* 09].

4-I-B-c Non-compliant linear elliptic problems

In (4-1.9), the particular choices of F'=1{ for the output and of symmetric matrices A(u) for the definition

of the (thus symmetric) bilinear form a(-,-;u) correspond to a particular type of BVP with output (among
different classes of goal-oriented problems), termed compliant. It is nevertheless possible to treat simply non-
compliant linear elliptic problems, that is the cases where, for some p € A at least, either u(u) is solution to a
weak form (4-1.24) with g(v,w;p)=a(v,w;u) —Il(w), Yv,w € X and the bilinear form a(-,-;x) is not symmetric,
or the output is s(p) = F(u(u)) #l(u(p)) with any linear continuous function F': X —R.

When the bilinear form a(-,-;u) is not symmetric, we shall assume that the problem is not necessarily
coercive, but the bilinear form a(-,-;u) on X x X is continuous and inf-sup stable, see (4-1.28). For all u€ A, we
also assume the dual inf-sup stability condition :

. a(v,w; )
0<pB*(u)= inf sup ———— VYueA, 4-1.32
W=, 0o, S Tolxlolx” (4-1.52)

and the dual inf-sup stability condition after discretization :

alvwip) gy (4-1.33)
we Xa\{0}pe x i\ {0} 1wl x [|v]| x

0< BN (u)

We then define a computable lower bound JL\/I’;(,u) <pN *(u), given by the a priori analysis or computed

using efficient procedures® (see Remark 16). Then we define 1 (1) € X as the solution to the well-posed adjoint
problem? :

Find ¥ (p) € X solution to a(v,¢(p);u) =—F(v), Yve X, (4-1.34)

T

3In fact, notice that after discretizing X into X with the Galerkin method, the singular values of B(u)B(u)* are equal to

the singular values of B(u)TB(k), hence one can use the same lower bound for BN* (1) and BN (k). In addition, the stability

condition (4-1.33) is in fact strictly equivalent to the stability condition (4-1.29), see e.g. [PRO7b]. Besides, the generalization of the
RB method to Petrov-Galerkin discretizations is not obvious.

4 Assuming (4-1.28) suffices for the well-posedness of (4-1.24), and assuming (4-1.32) suffices for the well-posedness of the adjoint
problem (4-1.34). So these assumptions naturally also cover the paradigmatic symmetric problem, but are not generalization when
the bilinear form is symmetric. Then, any inf-sup constant, (4-1.28) or (4-1.32), indeed reduces to the coercivity assumption for
a(-,-;p). Let us recall a simple proof of this. By symmetry, the linear Fréchet differential operator D,, applied to the functional
Jt:we X — JH(w) =||lw||Z €Rxo at any point w € X indeed satisfies :

Dy J¥ v € X — Dy JHv=a(w,v;u) +a(v,w;u) =2a(w,v;u),VueA.

Now, the functional J# is continuous, thus reaches its minimum a.(u) on the sphere {w € X, ||w||x =1} : let us call wg a minimizer
on the unit sphere. At wo, the sphere is tangent to the hyperplane {ve€ X, (wp,v)x =0} at wg. By the Lagrange theorem on
the minimization of convex functionals under equality constraints, the latter tangent hyperplane is thus necessarily parallel to
the hyperplane {v€ X, D,Jtv=2a(wo,v;un)=0}. So wo satisfies a generalized eigenvalue problem for some real eigenvalue
a#0 : a(wo,v;p) =a(wo,v)x, Yv€X; in particular, when v=wo, a=J"(wo)=ac(p). This implies sup, =1 lla(wo,v;p)|x =
e (p)llwollx ; thus ac(p) =inf) | x =15UP|jy| 5 =1 lla(wo,v; p) | x = B(k).
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and Y (u) € X as the corresponding Galerkin discretizations. Finally, we deploy the RB method after introdu-
cing an additional RB approximation space X3, y. C Xnr of dimension N* < N for the adjoint problem (4-1.34).
Then, the output RB approximation is computed as sy n, v+ (1) = F (upr, v (1)) + g(unr, v (1), 0nr v+ (1) 1), where
YN+ (1) € X3y v is solution to :

Find ¢ n+ (1) € X3y« solution to a(v,vn v+ (p); ) = —F(v), Yo € X} n+ - (4-1.35)

(Clearly g(un (1), ¥a(p); ) =0 so the accurate approximation for the output s(u) reads sy ()= F(un(p))+
g(upn (), ¥ar(p);p).) Last, defining the dual residual form ¢*(-,-; ) as

g (w,v;u) =a(w,v;p) + F(w), Vw,ve X, VueA,
and the computable linear operator G* : X »r — X s such that
g (w,v;p) = (w,G* () v)  , Yw,v€ Xpr, VHEA,
the analysis of Section 4-I-A-b can be simply transfered to the non-compliant case in :

Proposition 23. For any linear subspaces Xy N and X3, of Xy, there exists a computable error bound
AN n+ () such that :

fanr () = s v ()] € Ay ) 1= LU N G o (1)
LB (1)

, VueA. (4-1.36)

Proof. On noting the linearity of F' and the fact that ¢¥n(u) is solution to a variational problem in Xy >
un (@) —up v (@), the output RB approximation error reads :

lsar (1) —sar, N v ()| = F (uar (1) —upe, v (1)) — g (unr, N (1), 0 v+ (1) 10) |
=[g(un v (1), on (1) = bar N+ (1) )] - (4-1.37)

We conclude the proof with a bound for ||¢ar(p) —¥ar, v+ (1)|| x combining (4-1.32) with the fact that :

a(v, YN N+ (1) = n () ) = a(v, i v+ (); 1) + F(0) = (0, G () Y v+ (1)) x VU € X
O

So the RB method still applies for the non-compliant problems. Note that the compliant problems are
particular non-compliant cases where ¥ (u) =—u(u). However, compared to Section 4-I-A, the two stages are
slightly modified. First, in the offline stage, one has to build two RB approximation spaces Xy v and X3, y..
If we use the error estimator (4-1.36) in the RB greedy algorithm, then one has to choose the same parame-
ters puy, for X v =Span (up(un),n=1,...,N) and XN N+ =Span (Yo (n),n=1,...,N). In particular, X n
and X3, y. will thus have same dlmensmn N=N* in the non-degenerate cases. But in view of (4-1.36), one
can also use a slightly different version of the RB greedy algorithm of Section 4-I-A (with required accuracy

€) :

1: N =1, choose u1 € A randomly, or take p; € argmax{|s(u)|, &€ Asmalitrial }
2: compute up(p1) to define Xpr 1 =Span (up(p1))

3: compute ¥ (p1) to define X3, | =Span (¢Yar(p1))

4: while Ay . >e do

5. if max{||G(u) un N (p)|lx/ ( ), € Atyial } > +/€ then

6: N=N+1

T choose 1y € argmax{||G () un v (10)l|x /\/ BLE (1), 11 € Asrian}

8: compute up(pun) to define X v =Span (upn(pn), n=1,...,N)

9: end if
10: i max{ |G (i) Y n+ (1)l x /) B3 (1), 11 € Aot} > V€ then
11: N*=N*+1
12: choose py . € argmax{||G* (1) Y n+ ()|l x/ ( )1t € Agrial }
13: compute Y (py+) to define Xpr n+ —Span(w,\/(un), =1,....,N*)
14: end if
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15: end while

which balances the selection procedure between the two source of errors. Second, since the adjoint pro-
blem (4-1.34) used for the error estimation (4-1.36) has the same structure in parameter g than the pro-
blem (4-1.24), a fast construction-evaluation decomposition is possible for the online-type computations of
|G* (1) Yar, N+ ()|l x provided it is possible for ||G(u)upr,n(14)|lx- Finally, the amount of computations offline
and online is doubled : this is the price to pay to get the “square effect” in the error estimation (4-1.36), hence
faster convergence with V.

4-I-B-d Non-affine parameters

When coeflicients in the PDE or the BC of the u-BVP are parametrized through transcendental functions of
the parameter p and the variable z, like e#* or cos(ux), the difficulty is to compute fast the Galerkin projections
un, N (1), the outputs sy n(p) and the a posteriori estimators A% (p) for each new parameter value peA. As
opposed to the u-BVP with affine parameters, which have a construction-evaluation decomposition, one cannot
use precomputations with non-affine parameters in order to fast assemble the linear system (4-1.17) at each new
value .

The RB method naturally suggests to approximate the u-BVP using non-affine parameters by a different
u-BVP using affine parameters like (4-1.25). For instance, if the coefficients in the PDE or the BC of the y-BVP
write with analytic transcendental functions of z and p like e#* and cos(ux), we could use truncated versions of

. oo (px)* 00 & (pa)?* . . . . . .
the series } ;7 *5— or 30,7 (—1)" G5 respectively. This truncation procedure yields affine approximations
for non-affine parameters. Then, one can deploy the standard RB method for the modified u-BVP with affine
paramettrization (and thus with a fast construction-evaluation decomposition).

But as a matter of fact, there exist many ways of computing affine approximations to non-affine parameters.
Recall in particular the case in Section 4-1-B-a of non-affine piecewise constant coefficients with a few disconti-
nuities only, which can often be rewritten as a new exactly equivalent problem with affine parametrization, at
the price of using a few additional (affine) geometric parameters (see also Section 4-I-C). Of course, one needs to
know in advance where the discontinuities are to do this. In Section 4-II, we will use another dedicated manner
of computing an affine approximation for a non-affine parameter, which is particularly well-adapted for a specific
class of parameters : the case of coefficients in a BVP that are square-integrable stochastic fields. Again, this
requires some knowledge about the nature of the coefficient (and about mathematical theory related to sto-
chastic fields). In this section, we would like to present a general practical method for rewriting a problem with
non-affine parametrization into another close one with affine parametrization. Of course, this general method
also has its limitations. In particular, it will probably never be optimal compared to other choices dedicated to
the specific nature of the non-affine parameter. So this is rather to be considered as a remedy to better choices
in absence of knowledge about the specific nature of the non-affine parameter. In any case, a few questions arise
when we are confronted to non-affine parameters, and we recommend to investigate these questions carefully
before embarking on modifying a parametrized problem :

— how difficult is it to build an affine approximation ?

— can we evaluate the new approximation error on the u-BVP ?

— is the new pu-BVP still well-posed ?

— can we take into account the new approximation error in the subsequent RB steps?

The computation of good approximations Zﬁle BM (1) (z) for scalar functions in a set {z € D — g(x;u) €
R,u€ A} is a general problem of approximation, very close to the one investigated in the Proposition 21 of
Section 4-I-A-e for functions in a bounded compact subset of a Hilbert functional space. Except that here,
the functions g(-;u) are coefficients in a PDE or a BC, and thus typically belong to the Banach space
L>(D). Hence, it was noted in [BNMPO04] that a L°°(D)-modification of the greedy algorithm (4-1.21) is a
good candidate for the fast computation of so-called collateral RB approximations of order M to g(-;u) as

Iarlg(5 )] ::Zﬁf:l M (1) g (-5 18,). For well selected sets (19, )m=1.....as, the coefficients (an\f(,u)) 4 S
m=1,...,

indeed be computed fast by interpolation at the magic points (xm),,—; s of the set (g(:;468,)) =1, s (given
in this order)
zy €argmax|g(u])|,  zm€argmax|g(p,) —Zm-1[g(ipm,)]l  Ym=2,....M.
z€D z€D

In [BNMP04, GMNP07, MNPP09], one uses a greedy algorithm combined with the empirical interpolation
described above to incrementally select parameters (u¢,)m=1,....m close to minimizers of

inf su ) —Zarlg(ss o (D) - 4-1.38
o MGRHQ( 1) = Iarlg ()]l o< (D) ( )
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The Lebesgue constant of these approximations Zys[g(; )] is numerically observed to behave well with M, for
different functions g(-;u) € L°°(D) with smooth dependence ® on p€ A and various domains D. Unfortunately,

the theory is still largely not understood 6. It is also observed that the linear system for (B% (u)) is
m=1,....M

ill-conditioned, just like (4-1.17) was. So in practice, one computes the collateral RB approximations as :

M
Iarlg(a;p)] = Z BM (1) gm (), Yz €D, YueA, (4-1.39)

— _ 9@pd )=Tmalg(a;py,)
T NlgGsuim) =Tm—1lgCui)]l oo (D) ?
for each parameter value € A.

Most often, the new u-BVP using Zys[g(-; )] instead of g(+; 1) as coefficient will still be well-posed if ||g(-;p) —
T lg(3 )]l o= (py is sufficiently small (thus M sufficiently large). But there is neither a theory that predicts how
large M should be for this, nor rigorous a posteriori estimators for this interpolation error. In practice, one can
check this for instance by estimating ||g(-; 1) —Zar[g(-; p)]|| oo (D) through |g(@nri1;1) = Tar[g(s )] (2 ar41)|, where
41 18 the (M +1)-th magic point computed for a trial sample of parameter values with the greedy algorithm
approximating minimizers of (4-1.38). Moreover, |g(xpr+1;00) —Zar[g(5p)](xar+1)| can often be integrated in a
posteriori estimators taking into account both the collateral RB approximation error and the standard RB
approximation error in the modified y-BVP with fixed collateral RB approximations of order M. It is then
expected (and numerically observed) that the error due to the collateral RB approximations dominates the
error in the standard RB approximation error of the modified u-BVP at a fixed order M when N > Nt (M) is
beyond a critical value N (M) increasing with M.

with g, (z) Vz €D, m=1,....M, at a computational cost of O(M?) operations

4-I-B-e Non-linear elliptic problems

Recall that it is essential to the RB method that there exist (sharp and fast) goal-oriented a posteriori error
estimators A% (u) for the output RB approximation error |sar (1) — sy, n(1)], typically computed from global a
posteriori error estimator Ay (u) for |luar(u) —upn n(1)|lx using a technique with residus. To our knowledge,
there is no general theory for such computable goal-oriented a posteriori error estimators using residus. The
development of (possibly goal-oriented) a posteriori error estimators has been a very active field of research
for a decade, in particular to design adaptive strategies of computations like mesh refinement techniques in
the FE method and many a posteriori error estimators are now available for linear problems. The situation is
more complicated for nonlinear problems. We refer to [AO00, BR01] and various successful applications of the
RB method implemented in the past [VRP02, VPRP03a, HP07b, Dep08, PR07a, NRHP09, NRP09)] for tracks
about how to further extend the residual technique of Section 4-I-A-b in order to design efficient a posteriori
error estimators for specific application of the RB method to a non-linear problem.

Moreover, once sharp a posteriori estimators have been designed for a nonlinear problem, they should still
be computed fast, just like the RB approximations of the solutions to u-BVP and their outputs. To achieve
this, one can for instance invoke the empirical interpolation procedure introduced in Section 4-1-B-d, which
has indeed proved numerically performant in low-dimensional nonlinear problems [GMNPO07]. (Note that in
practice, the solutions uas(1) to nonlinear problems are typically solved by fixed-point procedures applied to
a sequence of linearized versions of the nonlinear problem. The empirical interpolation procedure invoked for
nonlinear problems is different in nature to that linearization process. It is applied to the functions nonlinear
in the solution, and finally yields a parametrized problem with affine parametrization which is still nonlinear in
the solution.)

4-I-B-f Semi-discretized parabolic problems

After discretization of the time variations, parabolic problems can be viewed as a collection of elliptic pro-
blems parametrized by the time variable. The standard RB method can thus be applied to the collection of
parametrized elliptic problems where the time is an additional parameter for the semi-discretized parametri-
zed parabolic problems. The numerical results are satisfactory for parabolic problems with time-independent

5We recall that when discontinuities of g(-; 1) could be clearly identified as functions of p, one should rather rewrite the u-BVP
with additional geometric parameters for the position of the discontinuities, see Sections 4-I-B-a and 4-1-C for instance. We are
thus not interested in non-smooth functions here.

60ne should except here a version of the Proposition 21 of Section 4-I-A-e where the Hilbert space X and the projection operator
are replaced with X = L°°(D) and the empirical interpolation at magic points, see [MNPP09].
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coefficients [GP05], even in some nonlinear cases [GMNPO7]. Yet, the nature of the regularity in time is dif-
ferent from that in p, and a different selection procedure has also been proposed recently to take this into
account [HO08, NRHP09].

4-1I-C  Numerical performance in a benchmark testcase

As explained in the previous Section 4-1-A-e, the theory for the RB method is not well-established yet.
But practice has already shown good performance of the RB approach in many different problems [VRP02,
VPRPO03a, HPO7b, Dep08, PR07a, NRHP09, NRP09]. Here we illustrate the standard performance expected for
elliptic problems through the numerical results obtained in [Boy08] for a prototypical multiscale problem (the
numerical homogenization of second-order linear elliptic scalar PDEs with fast-oscillating coefficients).

In the subsequent Sections 4-11 and 4-IT1, we will show the succesful application of the RB ideas extended
and adapted to new many-query frameworks :

— in Section 4-II, we show a simple extension of the RB method presented so far to treat problems with
stochastic parameters and various statistical quantities as outputs (essentially, only the a posteriori error
estimation is new there), and

— in Section 4-III, we show a new RB framework for parametrized Stochastic (ordinary) Differential Equa-
tions (SDEs) in the Itd sense, where the strategy for computational reductions focuses on the variance
reduction of Monte-Carlo estimations.

4-I-C-a Definition of the problem

Let Y =10,1]? be the unit square in R?. Denoting (e;)i=1,2 the canonical basis of R?, we want to compute
the periodic solutions u;(z,") € X (X =H! (Y)) to the symmetric scalar linear elliptic problems :

periodic
parametrized by x € D through :
Az,y)=0(z)lqx) (¥) L2, Vy€Y, (4-1.41)

where I is the 2x 2 identity matrix, 1qu) is a test function which is one if y€ Q(z)={(y1,y2) €[0,1]*|0<
bi(z) <y; <c;i(r) <1,i=1,2} and zero otherwise, and 6(x) is a scalar intensity factor varying in a range ensuring
coercivity. The two constants 6 and 6° being fixed respectively in ]0;.25[ and ]0;1[, it is clear that the five-
dimensional parametrization :

r€D— p(x):= (by(x),c1(x),ba(x),co(x),0(x)) € A:=[.25—6;.254 6] x [.7T5—8;.75+6)% x [6°; 1],

affects the geometry. So we have to choose the parameter carefully in order for the PDE (4-1.40) to yield a
variational formulation with affine parameter (recall Section 4-I-B-d). More precisely, we would like to map
the equation (4-1.40) on Y C Ulem using K nonoverlapping open subsets Yy (x) from a reference partition
Uiil Yi (o), o € D, with piecewise affine functions such that Vx €D :
- the cell Y can be partitioned into K nonoverlapping open subsets Yy (z) satisfying Y C U,ﬁ;?k(a:),
- there exist a piecewise affine homeomorphism ®(z,-):Y —Y such that the restrictions ®(x,-): Yi(zo) —
Yi(x), 1<k <K, are affine homeomorphisms, and
- for every 1<k <K, the family of coefficients (A(x,®(x,-)))zep restricted to Yi(x) has the affine form
(see Definition 2)
Qr
Al ®(w,9) = 0,(2)Ay(y), V€ Yalao). (41.42)

=

g=1

Here we divide Y with K =9 affine mappings (one for each subdomain delineated with dashlines in Fig. 4.1).
Then A(z,®(x,y)) =1 for all y€Yy(xo) and k except the subdomain Yj(zo) corresponding to the inclusion

Q(z) where A(z,®(2,y)) =0(z)Iz. The output is the second-order tensor (z€D) :

Qi‘j (l‘):/ é(xay)vyui(xay)'ej dyv Z7j:172 (4_143)
Y
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F1a. 4.1 — For each parameter value z, the cell with inclusion Q(x) (on the right) is mapped through the
piecewise affine homeomorphism ®(z,-) from a reference cell with inclusion Qg (on the left).

Soeach S, ,(x) for i=1,2 coincides with the compliance associated with one of the symmetric PDE (4-1.40), but

the full problem is not compliant (see Section 4-I-B-c). We nevertheless avoid the computation of dual problems
in this example of goal-oriented problems with many outputs by building only one reduced basis for the whole
manifold {u;(x,-), x€D, i=1,2} (see [Boy08]).

4-I-C-b Discretization and numerical results

For the numerical results, we fix §=.1 and 6° =.01. As accurate Galerkin approximations for (4-1.40) in Xy,
we use continuous piecewise affine simplicial FE on a regular mesh for Y divided into 200 isosceles triangles with
edge of size .1 (M'=110). (Note that when ¢ is close to .25, a regular FE mesh for the reference Yj(xo) will be
strongly distorted by the mapping ®(z,-), so one may also want to choose more than K =9 subdomains to limit
this phenomenon, see [Qua09] for a discussion). Reduced bases X n are built incrementally for N increasing
with a greedy algorithm trained on a trial sample of size |A¢yia1| =50 randomly chosen in A (offline stage). Then,
they are tested for NV increasing on another randomly chosen sample Agest C A of size 1000 (online stage).

In Fig. 4.2, we observe that the RB greedy algorithm performs very well here, even with a small training
sample. The reduced bases Xy n obtained yield very fast (in fact, exponentially) decaying RB approximation
errors when N increases. In particular, the RB method yields interesting computational gains with reduced
bases of size as small as N =10 and a very limited loss in accuracy. (Notice that the RB approximation error
for the outputs S , 4,5 =1,2, indeed scales as the square of the error for u;(z,-) ; the output is precise up to the

1,

J
first six digits when N =10.)

Remark 17 (Multiscale interpretation of the problem). Assume we want to approrimate (when €< 1) the
scalar function u® solution in D={x=(x1,12) €R?, 0<x; <1, i=1,2} to :

—div(4A°(z)Vu(z))=0, VzreD, (4-1.44)
supplied with mized BC (n being the outward unit vector normal to the boundary) :

u(1,20) =0=u(x1,1), AVU 0|00, =+1=AVU 0|z, 0), Yr;€(0,1),i=1,2, (4-1.45)

where A= A(x,e'x) are fast-oscillating coefficients, A being like in (4-1.41) (recall e < 1).
To fiz ideas, the matriz A® typically stands for conductivity (or diffusion) coefficients of a heterogeneous
materials with “background value” Iy perturbed by small inclusions within cells of periodicity e <1 (see Fig. 4.8

for an example). One would like to now the average behaviour of this material.
Since the assumption A= A(x,e ' x) implies a separation of scales in the limit e —0, the homogenization

theory yields an explicit approzimation u* for u¢ when e <1, solution to the PDE :

—div(4*(z)Vu*(z)) =0, VzeD, (4-1.46)

supplied with the same BC (4-1.45), where A* are homogenized coefficients defined as :

& @)= [ A wwdy+S (o), veeD,ij-L2. (41.47)
Y i

%, »J
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F1G. 4.2 — Maxima of the RB approximation errors max{|lu; a(z,") —u;in n(z,)||x, 1<i<2} (left) and
max{|S N(m) -5 N ()], 1<4,j <2} (right), using a log scale with respect to the size N of the RB ap-
=ij, N

proximation space X n, in the random test sample of the online stage ( € Agest)-

The computation of u* thus requires the evaluation of the output S (x) at many material points x €D : this

i,
defines a many-query framework well-suited for a RB approach (see [Boy08] for details).

4-I1 RB Approach for Boundary Value Problems with Stochastic
Coefficients

In this section, we apply the certified RB method to the computation of statistical outputs of a stochastic
field solution to a BVP parametrized by stochastic coefficients in the BC.

4-11-A  Position of the problem
Let us denote by (Q,F,P) a probability space, and by w €2 the stochastic variable. We define a stochastic
field U(-,w) as the P-almost sure (a.s.) solution to the PDE :

—div (A(x)VU(x,w)) =0, VzeD, (4-1L.1)

supplied with a random Robin (or third-type) BC parametrized by a stochastic input field Bi(-,w)

n(z) A(x)VU(z,w)+Bi(zr,w) U(z,w) =g(x), Yx€dD . (4-11.2)

The matrix A(x)=r(x)ly is assumed symmetric positive definite (0<k(z)<oo) for a.e. x€D. The scalar

random field Bi(-,w) is taken non-degenerate positive on some subset I'y C 9D with non-zero measure : P-a.s.
0 < byin < Bi(-,w) < bmax < 00 a.e. in I'g. So the problem is well-posed, n being the outward unit normal at the
boundary of the smooth domain D chosen like in Fig. 4.4.

The boundary is divided into three non-overlapping open subsets : 9D C (KUEUE) (see Fig. 4.4). The
boundary source term is constant non-zero on I'g only : g(z) =1,V € 9D. Note that on I'x, Eq. (4-11.2) thus
reduces to homogeneous Neumann conditions. The physical interpretation is simple : U(+,w) is the steady-state
temperature field in a heat sink with geometry D (comprised of an isotropic material of thermal conductivity
k) subject to zero heat flux on boundary I'y, constant flux at boundary I'r (heat source), and a convective heat
transfer at boundary I'g. The Biot number Bi is a fashion for decoupling the solid conduction problem from the
exterior fluid convection problem [LL02].
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F1G. 4.3 — Example of fast oscillating coefficient A° :x€D— A° (z)€(0,1), i=1,2.
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F1G. 4.4 — D has the geometry of a (piece of) heat sink : a spreader Dy with a fin D; on top.
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We consider statistical outputs such as the expected value Ep(S) and the variance Varp(S) of a random
variable S(w) =& (U(-,w)) given by a linear functional £ of the trace of U(-,w) on I'y :

W)= [ Ulw).

I'r

Coming back to physical interpretation, Bi is typically an engineering approximation, that is some average not
reflecting all the environmental details. It thus makes sense to model the unknown Bi variations as a random
field Bi(-,w) and compute the sensitivity of S(w) in order to assess the quality of the numerical simulation :
this is typically a problem of Uncertainty Quantification (UQ). Now, UQ has been identified as a demanding
computational task for several years [BTZ05, DBO01, MKO05, DNPT04], hence the interest of a method like our
RB approach for reducing its cost.

It is often the case in UQ that robust and long-qualified codes exist for the numerical simulation of the
BVP when stochastic coefficients assume deterministic values (here, for the problem (4-11.1-4-11.2) with a given
realization of the random function Bi(-,w)). It thus seems natural for someone who does not want to invest
too much (time and effort) in new algorithmic developments to use those old codes in UQ. One simple way of
doing this is to evaluate Ep (S) and Varp (S) with the Monte-Carlo (MC) method using M independent random
variables (S™)1<m<n with the same distribution law as S :

M M
EnlS]=1: 387, Vals)= 1 S (Buls]-5™)* (4-11.3)
m=1 m=1

(with Bessel’s correction factor M/M —1 to get an unbiased estimator Vis[S] of the variance). It is what we
will do here. (Note yet that there exist other techniques for UQ and that our RB approach also combines with
most of them as an accelerator, see [BBMT09] for a discussion).

Finally, the computational problem reads as such : one often needs very large M to reach good accuracies
in the approximation of Ep (S) and Varp (S) through Ej/[S] and Vj,[S]. Now, for each m=1,..., M, one must
solve a BVP, that is typically compute FE approximations Uit ~U™ for a given realization of the parameter
function Bi™. This is a (computationally demanding) many-query framework, well suited for the deployment of
a RB approach if we can deal efficiently with the non-affine parameter Bi, and outputs Ep(S) and Varp(S) (in
fact, Ep[S] and Vj[S]) that are sums over many realizations of the parameter.

4-11-B Discretization of the problem
First, we take a stochastic coefficient with a Karhunen—Loéve (KL) expansion [Kar46, Loe78, ST06] :

K
Bi(r,w)=Bi (G(x)+z¢k(x)Yk(w)> , VzedD, (4-11.4)
k=1

where K is the rank of the covariance operator for Bi(-,w) with eigenvectors (®r)i<r<x and eigenvalues
(Mk)1<k<k in decreasing order, where the random variables (Y;.C)1 <p<x are mutually uncorrelated in LIQP,(Q)
with zero mean, and where Bi= [, dP(w) [, Bi(-,w) is an intensity factor.

Second, we define a deterministic function bi(-;Bi,y) parametrized by Bi€Rso and a sequence y=

(y17y27...)€R’C :
K

bi(z;Bi,y) =Bi <G(m)+z<1>k(a:)yk> , VzedD. (4-11.5)

k=1

For all Bi€ R.g, the function bi(-;Bi,y) is well defined when y € AY CR*, AY being the range of the sequence
Y = (Vi) << of random variables in (4-11.4).

Third, for any positive integer K <K, we define truncated versions y* = (y1,v2,...,¥x,0,0,...) (resp. Y& =
(11,Ys,...,Yk,0,0,...)) for the sequence y (resp. Y). Then, the solution Uk (:,w) to the BVP (4-11.1-4-11.2)
in which Bi(-,w)=Dbi(;Bi,Y (w)) is replaced by a truncated KL expansion Big (-,w):=bi(+;Bi,Y*(w)) can be
mapped from ug (-;y) solution to the BVP (VyX € AY) :

—div (4(x)VuK(:E;yK)) =0, VzeD,

o (4-11.6)
n(x)- A(x)Vug (2;9%) +bi(2;Bi,y* Juk (2;9%) = g(2), Ve €dD
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through the relation Ug (z,w) =ux (2;Y* (w)), which holds for almost all (z,w) €D x .
The strategy is now clear. For a given integer K <K, we approximate the random variable S(w) by Sk (w):=
E(Uk(-,w)) and the statistical outputs Ep (S (w)) and Varp(Sk(w)) by

M M
1 1
Em(Sk]= 7 > OSER, VulSk]= T > (BEum[Sk]-Si)? (4-IL7)
m=1 m=1

using M realizations S :=¢& (uK( . ;Y,,If))7 m=1,...,M, obtained from M independent realizations (Y,ff) L <m<M

of the random vector Y. In practice, ur (-;Y,X) is approximated by uy x (-;Y,X) typically computed with a
FE method (with A/ > 1 degrees of freedom). So we would like to apply our RB approach to the problem (4-11.6),
parametrized by y® € AY, which has to be computed for (many) M parameter values.

Note that the problem (4-11.6) clearly casts into the scope of problems usually treated by the RB approach.
In particular, it is affine in the input parameter y* thanks to the KL expansion of Bi, which decouples the
dependence on x and w. However, the outputs (4-11.7) are not classical (they are computed only once for M
parameter values) ; new developments of the RB method are thus necessary.

Note that our UQ strategy lies upon an approximation of the input parameter given as a stochastic field.
So the error due to truncation of the KL expansion should be assessed. Moreover, the problem (4-11.6) after
truncation need not be well-posed anymore. That is why we restrict to stochastic coefficients with a KL expan-
sion (4-11.4) that is positive for any truncation order K (1 <k < K <K) and that converges absolutely a.e. in 0D
when K — K. More specifically, we require for k=1,...,K a uniform bound ||® ||z r,) < ¢ and Yy =TV Zs,
with independent random variables Zj uniformly distributed in the range (—v/3,v/3), T being a positive coeffi-
cient. And we also ask Zlkczl VA <oo. (In particular, this imposes a very fast decay of the eigenvalues A\ with
k increasing.) We will see in the numerical results of Section 4-II-D that, in addition to the well-posedness of the
truncated problems, the fast-decay assumption will also be important for the succes of our RB approach. (The
ranges of the parameter random variables Y} indeed scale in proportion to the eigenvalues Ay of the covariance
operator for Bi(-,w), since the Z; have a uniform range, and thus decrease very fast.)

4-1I-C Reduced-Basis ingredients

As explained before in Section 4-I-A; essential ingredients in the RB method are : (fast, sharp) a posteriori
estimators and (efficient) greedy selection procedures. Here, like in most specific applications of the RB method,
both ingredients have to be adapted to the specificities of the UQ context.

The statistical outputs (4-11.7) require new a posteriori estimators. Moreover, the statistical outputs can only
be computed after M queries Y, m=1,...,M, in the parameter y*, so one cannot use these new a posteriori
estimators in the offline parameter selection procedure.

In our RB greedy algorithm, we use an a posteriori estimation [ S\ — ST - v | A% x (V,K) for the error bet-
ween the FE approximation S¥ =E(ug n(;Y,X)) and the RB approximation S\ n :=E(ur nn(Y,K))
of ST at a fixed truncation order K, for any realization Y,X € A¥. This is standard [Boy08, NVP05b, RHP0S]
and similar to the example in Section 4-I-A-b, see [BBM™09] for details. Note yet that the following variational
formulation of the problem (4-I1.6) :

Find u(-;y%) € HY(D) s.t. /

fiVu(~;yK)~Vv+/
D

bi(-;ﬁyK)U(-;yK)v:/ v,Yve H (D). (4-11.8)
I's

'r

invokes a bilinear form with a coercivity constant that depends on K- To avoid the additional computation of
the coercivity constant at each K, we use a uniform lower bound for the coercivity constant, after imposing
bi(z;Bi,y®) >BiG(x)/2, Vo €'p. (In practice, this imposes a limit 0 <Y < Y,,., on the intensity factor in the
ranges of the random variables Y}, thus on the random fluctuations of the stochastic coefficient.)

An a posteriori estimation for the truncation error |S}}—SE \|= 1E(upn (Y, 5)) = E(ure (5 Y,E))| <
A?VK(Ynlf) is also designed in [BBM109]. Note that in contrast to a posteriori estimators of the collateral
RB approximation error due to the empirical interpolation of non-affine parameters (see Section 4-I-B-d), it is
rigorous owing to the assumptions on the stochastic coefficient Bi.

Last, the errors Aly (V,K) and A% 1 (V,X) are combined for m=1,..., M with the outputs S} \/  to yield
global error bounds for the RB approximation and the KL truncation errors in the MC estimations of the
statistical outputs : |En[Sk a,n] — En[Sn]| < A%(SK,N,N) and |Var[Sk a v — VS]] < AQ/(SKJ\/,N).
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Fi1G. 4.5 — Global error bounds for the RB approximation error and the KL truncation error in the output
expectation (left : A%(Sk a,n)) and the output variance (right : A, (Sk.ar,n)), as functions of the size N =
2,...,14 of the reduced basis, at different truncation orders K =5,10,15,20.

4-TI-D Numerical results

We consider the steady heat conduction problem (4-11.1-4-11.2) inside the T-shaped heat sink D CD; UDy
pictured in Fig. 4.4. The heat sink comprises a 2 x 1 rectangular substrate (spreader) Do =(—1,1) x (0,1) and
a 0.5 x4 thermal fin D; =(—0.25,0.25) x (1,5) on top. The diffusion coefficient is piecewise constant, K =1p, +
ko lp,, where 1p, is the characteristic function of domain D; (i=1,2). We show in Fig. 4.5 numerical results
obtained with a regular mesh and quadratic finite elements using N =6,882 degrees of freedom for kg=2.0.
(These have been previously published in [BBM109].) Our random input field Bi(-,w) was built like in (4-11.4)
with Bi=0.5, G(z)=1, Y =0.058 and with the first =25 terms in the KL expansion of the autocovariance
function with Gaussian kernel (BiY)Zexp(—(x—1y)?/d?), for a correlation length § =0.5.

After training the reduced basis offline with our RB greedy algorithm on a trial sample of size | A¢yia1| = 10000,
the RB approximation error in the output MC sums E[Sk ar,n] and Var[Sk a n] decays very fast (in fact,
exponentially) with the size N=1,...,14 of the reduced basis, see Fig. 4.5 with K =20. (Note that M =10000
for the MC sums.) But, it is classically observed that the RB approximation error for truncated problems at a
fixed order K is quickly dominated by the truncation error beyond a critical value N > N (K) increasing with
K (recall Section 4-1-B-d).

So, for the problems where the rank K is finite, one can take K =/C and our RB approach of UQ yields very
interesting computational gains. The RB approximation error is controlled as usual by a posteriori estimation
techniques. The RB computational gains for UQ can even be combined with an RB approach for other parametric
variations in the context of design optimization under UQ : in (4-11.1-4-11.2), one may want to vary Bi or & for
instance. See [BBMT09] for such complements.

When K is infinite, the control of the KL truncation error may be difficult : the problem is common to
the UQ strategies that invoke a decomposition of the stochastic coefficient and similar to the approximation of
non-affine parametrization through affine parametrization (recall Section 4-I-B-d). One may then want to choose
K as large as possible to correctly describe all the random fluctuations, and thus require a large-dimensional
parameter. Our RB approach is still efficient in some regimes with large K, which moderates the infamous
curse of dimensionality (see Remark 15). In particular, a fast decay of the ranges of the parameters (yx)i1<ip<k
facilitates the exploration of AY by the greedy algorithm, which allows in return to treat large K when the
eigenvalues \, decay very fast with k. In [BBM™09], we decreased the correlation length to §=0.2 and could
treat up to K =45 parameters at a speed till 50 times faster than direct FE computations. But of course, further
developments may yield far better results, in particular other (affine) parametrizations of the input noise with a
faster decay rate of the volume to be explored, and/or a less stringent greedy selection procedure, which would
not be based on the L>°(AY) norm but on the weaker L?(AY) norm (sufficient for the control of the first two
moments, but see Remark 18). One may also want to combine our RB approach with other UQ strategies than
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the MC method, like the (pseudo)-Spectral Finite Elements method [GS91, BNTO07].

Remark 18 (L°°- vs. L?>-norm in the parameter range). It is usual in the many applications of the standard
RB method that one should take care of all the specificities of the problem. Clearly, in the greedy procedure,
the distance used to select parameters within the set of the least-successful RB approximations should reflect the
specific nature of the BVP. This is usually done by adequately designing the a posteriori estimator. Now, one may
also want to take into account the specific nature of the output, through the definition of what least-successful RB
approzimations are. In UQ in particular, a natural topology induced by the output on the parameter range A is
not L= (A), but L?(A). So a question naturally arises : for such applications, is it not more efficient to construct
approzimation spaces using the L?(A) norm rather than the L>(A) norm ? Many existing techniques [New96,
KV02, BGL06, Nou07, Nou0S8] indeed use the L*-norm for model reduction, not only with applications in UQ.
But the problem with the L?-norm is to design efficient procedures retaining the essential features of our RB
method. Most existing L?-techniques are different in essence and scope from our RB method : the definition of
the approrimation space typically invokes the solution to a computationally expensive eigenvalue problem and
the approximations leading to computational reductions are often difficult to certify.

4-IIT RB approach of Variance Reduction for Monte-Carlo estima-
tions using Parametrized It6 Stochastic Processes

In this section, we present an extension of the RB ideas to the context of parametrized Monte-Carlo estima-
tions using RB approximations for control variates, which has been proposed recently in [BL09a].

4-ITI-A  Position of the problem

We would like to compute many MC estimations of the expectation Ep (Z A) of a functional
T
ZA=gMXp) - / s, X2)ds (4-T11.1)
0
of the solutions (X7*,t€[0,77]) to the Stochastic Differential Equation (SDE)

t t
X} :x—l—/ b’\(s,X;\)ds—F/ o™ (s,X2)dB; (4-111.2)

0 0

parametrized by A€ A, for many values of the parameter A. Here, we assume b*, o* and the d-dimensional
standard Brownian motion (Bt eR4 te [O,T]) are such that, for every A € A, the It6 processes (Xf‘ eR¢ te [O,T])
are well defined. (Notice the deterministic initial condition X3 == € R%.) In addition, f* and g* are also assumed
smooth, so Z* € LZ(Q) in particular.

Such parametrized problems are encountered in numerous applications, like the calibration of volatilities in
finance, or the molecular simulation of Brownian particles in material physics. In rheology for instance, the
viscoelastic mechanical properties of a flowing polymeric fluid can be determined from a non-Newtonian stress
tensor Ep (Z >‘) given by the Kramers formula :

=X F(X3), (4-T11.3)
when the presence of many Brownian polymers diluted in the fluid is modelled by a Langevin equation :
dX} = (\X} - F(X})) dt+dB; (4-T1T.4)

at each position of the fluid domain, the parameter A € R?*? being the local instantaneous value of the velocity
gradient field (d=2 or 3 here). In (4-111.4), the orientation and the strectch of a molecule modelled as a
“dumbbell” X} instantaneously equilibrates under a hydrodynamic force AX;' (using the matrix A of null trace
since most polymeric fluids are incompressible), Brownian collisions B; against the solvent molecules, and an
entropic force F(X}) specific to the polymer molecule. Typically, this entropic force reads either F(X})= X}

(for Hookean dumbbells), or F(X}))= % (for Finitely-Extensible Nonlinear Elastic or FENE dumbells

such that | X < \/5) 7 Note yet that numerical simulations of the flow evolution of a polymeric fluid typically

"Notice that the material time-derivative of quantities attached to polymers let also appear an advection term in the left-hand-
side of (4-II1.4). We have neglected this term here, assuming it can be solved in a separate step of the numerical scheme using the
characteristic method.
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segregate, on many successive time slots [0,77], (i) the computation of (4-II1.4) from (ii) the computation of a
new velocity gradient field in the fluid domain, so the problem (4-II1.3-4-111.4) theoretically differs from (4-III.1-
4-111.2). In particular, dumbbell models X} for polymers should rather invoke probabilistic than determinsitic
initial conditions at the beginning of each time slot [0,7]. ® The determinsitic assumption X3 = x is nevertheless
already an interesting first step for the simulation of polymeric fluids with micro-macro models, see [BL09a] for
a discussion. So finally, the simulation of micro-macro models for polymeric fluids requires to compute, on each
time slot of a time-evolving simulation, the expectation Ep (Z )‘) for many parameter values \ corresponding
to many spatial positions in the fluid domain ; this is typically a many-query framework for the input-output
relationship A — Ep (ZA) .

We next consider the general form (4-I11.1-4-111.2) of the problem with the MC estimation Ey[Z*] parametri-
zed by A€ A as output. Recalling the Central Limit Theorem (CLT) and the Chebyshev inequality, our strategy
for reducing the amount of computations is, as usual for MC evaluations [Aro04, MO95, OvdBH97, BP99),
variance reduction [HDH64, MT06]. We focus on one particular variance reduction technique :

Find a control variate Y> € L2(Q2) such that in Ep (ZA) =Ep (Z)‘ —YA) +Ep (YA) , Ep (Y)‘) can be easily eva-
luated, while the expectation Ep (Z* —Y*) is approximated by MC estimations En[Z* —Y?] that have smaller
statistical error than direct MC estimations Ey[Z*] of Ep (Z*) (hence Varp (Z*) > Varp (Z*—Y?)). In the
following, we consider only centered control variates Y* (hence Ep (Z*) =Ep (Z* —Y?)). Clearly, an optimal
choice of control variate is, VA€ A :

Y*=2"-Ep(2), (4-1115)

(then, Var (ZA — Y’\) =0). Unfortunately, the result Ep (Z)‘) itself is necessary to compute Y* as Z* —Ep (ZA).
Equivalently, the optimal control variate (4-111.5) also writes :

T
Y= [ Vu(s,X0)-0*(s,X2)dBs, (4-T11.6)
0

using It6 formula with the solution u*(¢t,y) € C* ([0,7],C?(R?)) to the backward Kolmogorov equation (4-IIL.7)
that satisfies the same (polynomial) growth assumptions at infinity than f* and ¢* :

1
{%MbA-WMQUA(UA)TWQUA:J“ : (4-TIL7)

UA(Tv') :gA(')v

where Vu* =V, u? (t,y) and o* (o) T : V2ur = Z?,j,k:l o, (ty)og () 9y, , u?(t,y). But numerically solving the
PDE (4-I11.7) is still at least as difficult as computing Ep (Z*).
Now, there are many cases where one can use discretizations of either (4-IIL.5) or (4-II1.6) to compute

good approximations v of Y which yield good variance reduction even when d is quite large [New94]. In
the many-query contexts where Ep (Z ’\) has to be computed for a large number of parameter values A€ A, we
would like to exploit the (supposedly smooth) dependence A — Y to develop a RB approach for the manifold
{YA Xe A} C L2(Q) (in fact, {Y*, A€ A}) and thus further improve the computational gains for many variance-

~
reduced MC evaluations at many A. (Note that in contexts where the computation of Y~ for one A is very
expensive but the dependence on A\ is smooth, a RB approach might not only improve, but in fact permit,
variance-reduced MC estimations.)

Remark 19. The computation of the expectation of (4-1I11.1) can also be achieved with quadrature formulas
in a fully deterministic setting using the probability density functional of (X}\), solution to the Fokker-Planck
(or Kolmogorov forward) equation of the SDE (4-111.2) on [0,T] x RY. See in particular the recent work [KP09]
where the standard RB method for the parametrized (semi-discretized, parabolic) PDEs has been used to solve
the FENE Fokker-Planck discretized by dedicated deterministic methods. The approach here is different since
we consider a stochastic discretization, perhaps more suitable for an extension to the high-dimensional settings
d>4.

8Moreover, because of an additional advection step in the numerical scheme in between (i) and (ii) on each time slot [0,77], the
SDEs (4-111.4) at different position in the fluid domain would also naturally couple together after a few time slots. So the manifold
described by the collection of SDEs (4-II1.4) in a real fluid simulation has typically a complex structure. (The parameter A is not
random.) But we will not consider such particular structures for the parameter A here. To retain some generality in our approach,
we further assume that A has no particular structure and belongs to some hypercube A. Yet, note that the case of a polymer flow
simulation could in fact be much more favourable to a RB approach, since the right solution manifold to consider is then often
thinner and more regular.
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4-ITI-B Discretization of the problem

We assume from now on that realizations of the stochastic process (4-II1.2) and the functional (4-III1.1)
can be computed at any desired accuracy level, for any A € A, using classical discretizations in the field of 1t6
calculus [KP0O] for a given realization of the Brownian motion.

Considering either (4-111.5) or (4-111.6), we will make use of two approximations for Y*, either

T
() T2 = 2> ~Eng (2] or (i) T = / Vit (s, X2) -0 (s, X))dB, (4-11L.8)
0

respectively, using either a precomputed MC estimation Epg,,,. [Z*] with a very large number Miarge of rea-

lizations or an approximation @* of u* solution to (4-IT.7). (Note that the It integral in (4-TIL.8-ii) is also
assumed classically discretized, inline with the discretizations of (4-II1.2) and (4-IIL.1) since one realization
of (4-111.2-4-II1.1-4-IT1.8-ii) is indeed computed with only one realization of the Brownian motion (B;).)

The expectations Ep (ZA —f”\) are approximated with M independent copies of Z* —Y* as

M
g 1 g —a.s. g
Enl2=7Vi= = 3 (20~ V) = Ee (ZX—YA) (4-T1L.9)
m=1 =

by virtue of the Kolmogorov’s strong law of large numbers. It is controlled by confidence intervals as equivalent
of the a posteriori estimates in the standard RB method. Computable MC estimators

Var (ZA - W) =By ((Z’\ YV Em(2 W))2> Pos Var (7)) (4-111.10)

M —o0

for the variance yield a computable CLT by virtue of the Slutsky theorem : for all a >0,

N - Var s (Z)‘fff)‘) a 6712/2
P ‘Ep (p_yx) _Ey (p_yx) ‘ <a y N VTRl (4-11L.11)
— 00 —a i

Thus, our true output is the parametrized couple (EM (Z)‘ —}7’\) ,Vars (Z)‘ —57’\)), and possible strategies
for a RB approach arise. In particular, two algorithms have been proposed in [BL09a] :
~ A
in Alg. 1 , a RB approach to compute fast linear approximations for Y as
N

V= a (W7, vaea, (4-TI1.12)

n=1

in Alg. 2 , a RB approach to compute fast linear approximations for @ as
N
in =Y an(A\)i*, VAEA (4-111.13)
n=1

~A =

and then use it in (4-II1.8-ii) to compute Yy =Y .
In each case, our paradigm, the two-stage standard RB method, suggests for computational efficiency to
(i) choose N well-selected parameter values A,, n=1,...,N, in an offline stage, and (ii) for A€ A and

{}7)\", n=1,....,N} (resp. {a*, n=1,...,N}) given, compute fast the coefficients (c,(\))p=1, n in the li-
near combination (4-II1.12) (resp. (4-II1.13)) as minimizers of the least-squares problem :

~ A
in Vary[Z*—Yy]. 4-T11.14
W arp| Y ( )

In the context of variance reduction, the reliability of the RB approximation (4-II1.12) (resp. (4-1I1.13)) can be
~ X
easily certified online simply by checking Vary[Z* —Y ] < Varp[Z7].

127



4-11I-C  Reduced-Basis ingredients

For the application of the two RB approaches above, one has to specify (i) a fast technique for computing an
approximation of the output, along with an error estimator suitable both for the offline selection of parameters
and for the online certification of the output, and (ii) a greedy algorithm for the effective selection of good
parameters A,, n=1,..., N, in a large (finite) sample At,in nested in A.

In the context of variance reduction (recall (4-II1.11)), the empirical variance (4-II1.10) will be our error
estimator for the selection of parameters with a greedy algorithm thus approximating a minimizer of

N
inf sup inf Varp (ZA - Z%Y*n> , (4-T11.15)

(An)EAN xcA (an)ERN ot

using our previously introduced discretizations of A, Varp(-) and Y*. Note that because of

N 2
A An
Y+ — E a,Y
n=1

N N
Varp (Z’\ -> a,LY)‘") =Varp (Y’\ -> a,LY)‘"> =Ep
n=1

n=1 =

the computation of (a,,) €RY as a minimizer of (4-I11.14) is actually a least-squares problem, which can be
very-ill conditionned. So, in practice, one should choose dedicated algorithms for this [GvL96]. Note also that,
in view of (4-II1.11), one may want to use another greedy algorithm, for minimizers of

n=1 n=1

N N 2
inf inf Varp(Z'=> o, Y| [Ep| 2} =) a,Y M| . ATIT16
OEAN Sebk (amyern ¥ OTF ( Za ) / P ( ZO‘ ( )

As regards the speed of computations, both algorithms allow to precompute offline many quantities in order
to fast solve (4-II1.14) and then fast evaluate (EM (ZA —571@) , Vary, (ZA —571(\,)) at each new A€ A. Though

the Algorithm 2 appears to be strongly more demanding than Algorithm 1, essentially because it requires the
evaluation of the It6 integral (4-111.8-ii) (see [BL09a]).

4-ITI-D Numerical Results

The numerical results are taken from [BL09a]. The SDE (4-111.4) for FENE dumbbells when d =2 is discreti-
zed with the Euler-Maruyama scheme using 100 iterations with a constant time step At =10"2 starting from a
(deterministic) initial condition x = (1,1), with reflecting boundary conditions at the boundary of the ball with
radius v/b. For b=16 and |A¢yja| =100 trial parameter values randomly chosen in the cubic range A =[—1,1]?
(the traceless matrix A has entries (A1 =—MX22,A12,A21)), a greedy algorithm is used to incrementally select

N =20 parameter values after solving |A¢ia1| =100 least-squares problems (4-II1.14) of dimension M =1000 at
each step of the greedy algorithm (one for each of the trial parameter values A € Ayyia1). Then, the N =20 selected
parameter values are used online for variance reduction within a test sample of |Atest| = 1000 random parameter
values in A.

The variance reduction obtained online by Algorithm 1 with Mjaee =100M is very interesting, of about 4
orders of magnitude (whatever (4-II1.15) or (4-I11.16) used for the greedy selection). For the Algorithm 2, we
use the (exact) solution @* to the Kolmogorov backward equation for Hookean dumbells as an approximation
to u* solution to (4-II1.7). This also yields satisfying variance reduction though apparently not as good as

in Algorithm 1. The Algorithm 2 is also more computationally demanding, since Y?\,ﬂ', n=1,...,N, has to be
recomputed for each new A€ A (recall (4-111.6)) before solving (4-II1.14) and computing (4-II1.13). In return,
Algorithm 2 seems to be slightly more robust than Algorithm 1 when some online sample test A¢estwide uniformly
distributed in [—2,2]? extrapolates the trial sample used offline (see Fig.4.6).

To sum up, the reiterated computations of parametrized MC estimations seem to be a promising opportunity
of applications for new RB approaches. Much remains to be done theoretically : the situation is similar to the
standard RB method. And many improvements of the initial work [BL09a] are also certainly possible on the
numerical side, possibly dedicated to specific applications. Among the possible directions for further exploration
of the method, high-dimensional problems seem particularly interesting (d >4), which may require probabilistic
approximations of u* (see [New94]).
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F1G. 4.6 — Algorithm 1 (left) and 2 (right) for FENE model with =16 : Minimum +, mean x and maximum o of

~ A ZA
Vary [Z) — Y y]/Em[Z* — Y y)? in online test samples Aot C A (top) and Agestwide O A (bottom) of parameters,
with respect to the size IV of the reduced basis.

4-1V  Conclusion and Perspectives

We have recalled the maturity of RB techniques for the efficient computation of a parametrized functional at
many values of the parameter, defined as the output of a solution to a parametrized BVP. Multiscale problems
are one interesting many-query framework of application for the standard RB method among many (including
real-time, optimization,etc.), because they usually invoke the parametrization of one scale by another one.

In some multiscale problems, the parameter has the right affine form required by the standard RB method.
(Recall the many parametrized cell problems occuring in a two-scale homogenization procedure, Remark 17.)
A large class of such multiscale problems should thus benefit from computational reductions when combined to
the standard RB method. The scope of the RB method is indeed being generalized little by little, by further
extending the domain of application of the (fast) a posteriori estimation with residus of Section 4-I-A-b to more
and more complicated BVPs (nonlinear elliptic or parabolic, and possibly hyperbolic).

In some other multiscale problems, the parameter does not have the right affine form required for the standard
RB method. Equivalently, the difficulty there is the high-dimensionality of the parameter. (Recall Section 4-11.)
Additional knowledge can thus be necessary in order to rewrite the parameter so that a greedy algorithm can
efficiently explore its (possibly truncated) range.

Last, there are multiscale problems which do not cast in the standard RB framework, but for which the
essence of the standard RB method can be transferred :

— the decomposition into offline precomputations and fast online computations,

— a greedy algorithm to construct offline a linear approximation space spanned by snapshots of the same

smooth manifold to be approximated,

— and a certification procedure to assess the quality of the RB approximation.

In the case of parametrized MC estimations (Section 4-11T), RB approximations were computed as least-squares
approximations rather than as the usual Galerkin projections for -BVP, and the quality of RB approximations
for the controlled variates Z* —Y* were estimated thanks to the CLT (4-I11.11).

In the future, we hope that the scope of RB ideas can be further extended to different contexts of application
requiring a large number of input-output relationships which are based on stochastic computations : indeed, it
seems to us that this is a promising path toward efficient computations in high-dimensional spaces (d>4).
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4-V  Appendix to the Chapter 4

4-V-A Appendix A. Proof of Proposition 20

Proof. For a given N such that ey(F) >0, assume {fi, k=1,...,N} have been selected. Then one can define
ex = Ppy ) fr, k=1,...,N. Now, we choose {fr, k=1,...,N} such that |det(ey,...,en)| is maximal among all
such determinants when {f, k=1,...,N} explores FV. In particular, ey (F) >0 implies |det(ey,...,en)|#0.
Hence {ex, k=1,...,N} is a basis for Ex(F). For all fe€F, we write e::PEN(f)f:ngvzlak(e)ek with

o det(el,...,ek_l,e,ek+1,...,eN)
det(e1,...,€x—1,€k,€ht1,---,EN)

ag(e)

Now, because of our choice of {fi, k=1,...,N}, we have |ay| <1, k=1,....N, and VfeF

N
I.f = Pspan(fy., k=1,...n)fllx < ”f_zak(e)kaX
k=1

N N
<\l f—ellx+lle=> ar(e)exllx +D_lar(e)lller — firll x
k=1 k=1
<0+en(F)+Nen(F).

If e (F) =0, then the result is obvious provided Span(f;, k=1,...,N)=Span (F).

4-V-B Appendix B. Proof of Proposition 21
Proof. Let us define an orthogonal sequence (£x)ren., in the Hilbert space X as :
&=,  &+1=frk+1—Prfr+1 kENso.

(Note that £ is not necessarily in F, which is indeed not necessarily a linear subspace of X.) Then the elements
selected by the RB greedy algorithm read as linear combinations in the orthogonal basis (§x)ken.,, using
collections of scalars (af)izl r ERF

k
fe=> af& withaf=1, VkeNsg. (4-V.1)
i=1

In addition, by orthogonality, the Cauchy-Schwarz inequality and (4-1.21), we have for all i=1,...,k

e ([&)x  (fe—Pr_ fr&i)x

&= (&,&)x - (&,&)x
L= Pr o Jrllx  fe=Pr fillx <1 LV O
[ i Pr fillx (4v2)

Now, let NV € Ny be fixed. On the one hand, on noting F;_; C Fy for all j=1,..., N +1, the following bound
holds for all feF

| f = Pry fllx <I1f = Pr;_, fllx <\ fi = Pry_y fill x < 1€l x - (4-V.3)

On the other hand, by defintion of Ex (F), there exists a sequence (vg)ken., in En(F) (which thus depends
on N) such that
Ifr —vrl < en(F), Yk €Nso. (4-V.4)

To evaluate ||§;||x in (4-V.3) with the help of (4-V.4), we incrementally define a sequence (x)ken., in the
linear space En(F) such that

k
ve=» af¢, VkeNs,
i=1
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using the same collections of scalars (af)izly_wk €R* as above in (4-V.1). Since dim Ex(F) =N, the sequence
(Ck)k=1,....N+1 in particular is linearly dependent, thus :

N+1 N+1
3(Be)k=1,...n+1 ERVT!/ (a) Z Br¢r =0 and (b) Z Br=1. (4-V.5)
k=1 k=1

First, recalling the orthogonality of the sequence (§x)ken.,, (4-V.5-a) with the Cauchy-Schwarz inequality
and (4-V.5-b), we obtain a bound for all j such that 5;#0, 1<j<N+1:

N+1

1€51x < B5H 1Y Brérllx
k=1
N+1

<BD D Brlér—C)llx
k=1

N+1 B
<p;t (Z ||€k—Ck||§(> : (4-V.6)
k=1

Second, on noting the definition (4-V.1), the Cauchy-Schwarz inequality and (4-V.4), Vk=2,....N+1 :

k—1
1€k = Cellx =1 fr —ve+ Y > (—ag ™) x (=ag;_ ) x..ox (=agn) | (fi—vi)llx,
i=1 1=0,....k—i—1
i=j0<j1<j2<...<ji<ji+1=Fk
k—1 ) ) )
<o —vellx +> > (=) x (=o' ) x (—ad) || fi —villx
i=1 1=0,....k—i—1

i=jo<j1<je<..<ji<ji+1=k

k—1
<en(F)+) > (—a ) x (=o' )x..x (—ad) | en(F) (4-V.7)
i=1 1=0,....k—i—1

1=jo<j1<j2<...<ji<ji+1=k

k—1k—i—1 ki1 k—1 ,
§(1+ZZ( z >>6N(f)=<1+§2’H—1>eN(;r)zzk—leN(f). (4-V.8)

i=1 1=0

Last, on noting (4-V.5), there exists an integer j such that |5;] > \/%H >0,1<j<N+1, and using (4-V.3)

combined with (4-V.6) and (4-V.8) for that j, we obtain the desired result for all feF :

N+1

If = Pry fllx <VN+1 (Z 4’H> en(F) <2V N+ 1en (F). (4-V.9)
k=1

O

The bound (4-V.9) is very pessimistic, mainly because of the upper-bound (4-V.8) for (4-V.7). (This is the
source of the bad factor 2V*! in the final rate of convergence.) We hope that better results can be achieved.
In particular, to improve the bound (4-V.8) for (4-V.7), one could try to use less than 2¥=! terms ||f; —vi||x
(i=1,...,k) to estimate the error ||&x —(x||x in (4-V.7), for instance either by using another orthogonal basis
(see the proof of Section 4-V-A) or by specifying the coefficients (4-V.2).
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Chapitre 5

Approche par bases réduites de
I’homogénéisation au-dela du cas
périodique

Ce chapitre est la reproduction de [Boy08]. Nous nous y intéressons au calcul de coefficients moyennés pour
I’homogénéisation d’équations aux dérivées partielles elliptiques. Comme de nombreux problemes multiéchelles,
ce probléme nécessite, a I'échelle microscopique, une grande quantité de calculs similaires entre eux, qui sont
paramétrés par I’échelle macroscopique (voir aussi par exemple le Chapitre 7). Un tel cadre se préte trés bien
aux tentatives de réduction d’ordre.

Le but de ce travail est de montrer comment une approche par bases réduites permet d’accélérer le calcul
d’un grand nombre de problemes de cellules sans perte de précision. Les composants essentiels de cette approche
par bases réduites sont :

— une estimation d’erreur a posteriori, qui fournit des bornes d’erreur précises pour les quantités finales

intéressantes,

— une procédure d’approximation efficacement divisée entre des étapes “offline” et “online”, ce qui découple

la construction de ’espace d’approximation de son utilisation pour les projections de Galerkin, et

— un pré-calcul “offline” des quantités coliteuses a calculer et qui sont ensuite utilisées de nombreuses fois

“online” (pourvu que la paramétrisation s’écrive sous forme affine et le permette).
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Reduced-Basis Approach for Homogenization beyond the Periodic
Setting

Sébastien Boyaval®P,

&Université Paris-Est, CERMICS (Ecole des ponts ParisTech, 6-8 avenue Blaise Pascal, Cité Descartes, 77455 Marne
la Vallée Cedex 2, France).

bINRIA, MICMAC project team (Domaine de Voluceau, BP. 105, Rocquencourt, 78153 Le Chesnay Cedex, France).

The work of this chapter considers the computation of averaged coefficients for the homogenization of elliptic
partial differential equations. In this problem, like in many multiscale problems, a large number of similar
computations parameterized by the macroscopic scale is required at the microscopic scale. This is a framework
very well suited for model reduction attempts. The purpose of this work is to show how the reduced-basis
approach allows one to speed up the computation of a large number of cell problems without any loss of
precision. The essential components of this reduced-basis approach are the a posteriori error estimation, which
provides sharp error bounds for the outputs of interest, and an approximation process divided into offline and
online stages, which decouples the generation of the approximation space and its use for Galerkin projections.

Keywords : Homogenization, Reduced-Basis Method, A Posteriori Estimates.

5-1 Introduction

In this work, we study the numerical homogenization of linear scalar elliptic partial differential equations
(PDEs) such as those encountered in the problems of thermal diffusion and electrical conduction. Oscillating
test functions, also called correctors, are computed through a reduced-basis (RB) approach for parameterized
cell problems supplied with periodic boundary conditions. Numerical results have been obtained with some
prototypical parameterizations of the oscillating coefficients and are shown in a two-dimensional case with one
single varying rectangular inclusion inside rectangular cells. The method applies to all numerical homogenization
strategies that require one to solve a large number of parameterized cell problems, provided the approximation
error for the homogenized coefficients can be a posteriori estimated from approximation errors for the cell
problems.

In periodic homogenization, only one cell problem has to be solved in order to completely determine the
averaged coefficients to be used in the homogenized (macroscopic) equation. In sharp contrast, nonperiodic
homogenization theoretically requires one to solve infinitely many (microscopic) cell problems, that is, a very
large number in practice, in order to compute averaged coefficients in the whole macroscopic domain (see
[BLP78, JKO94], and section 5-II-B-b). Consequently, as opposed to the periodic case where the computation
is light and exact, the nonperiodic case asks for a computationally demanding and approximate-in-nature task.
This is why the design of a fast and accurate numerical homogenization method is considered as an important
issue for the treatment of nonperiodic heterogeneous structures (see [HW97, MBS00, AB05, Glo06b, EEL'07]
and discussion in section 5-1I-B-c). Model reduction techniques such as the RB method seem particularly well
suited to this framework (see [YHO7] for another recent reduction attempt in homogenization, using proper
orthogonal decomposition (POD)).

The article is organized as follows. In section 2, we give a detailed presentation of the setting of the problem.
For the sake of consistency and the convenience of the reader, we also briefly outline the main relevant issues in
homogenization and RB theories. In section 3, we detail the RB approach for parameterized cell problems by
providing a posteriori error bounds and an analysis of the convergence of the RB method in the homogenization
context. We also notably deal with implementation issues that are crucial to the efficiency of our approach.
Numerical results for the prototypical example of rectangular cells with one single rectangular inclusion are
presented in section 4. Possible extensions of our work are discussed in the final section 5.
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5-I1 Setting of the problem, elements of homogenization theory, and
the RB approach

5-II-A Formulation of the problem

The mathematical problem under consideration throughout this article reads as follows. We are interested
in the behavior of a sequence of scalar functions u¢ that satisfy

—div(A°(x)Vus(z)) = f(z) Yz e (5-11.1)

in a connected bounded open set QQ C R"™ for a sequence of scalars € > 0. More precisely, we would like to derive
the asymptotic limit of the sequence u¢ when € — 0 along with approximations for u¢ when € is small.

For the sake of simplicity, the scalar source term f is chosen in L?(Q), and we supply (5-11.1) with the
following boundary conditions (BC) on the smooth (say, Lipschitz) boundary 0Q2=TpJT'y of Q

uf|FD =0,
(BC){ L (5-11.2)

As a matter of fact, it is well known that the homogenization results are local in nature and do not depend
on the boundary conditions, except for what regards error estimations close to the boundary [BLP78, JKO94].
Nor do the homogenization results depend on the source term f. Hence the generality of the assumptions (BC)
and f € L?(2) chosen here only such as to give a precise mathematical frame to the numerical experiments.

To fix ideas, the unknown u° could be thought of either as a temperature or as an electric field in a macroscopic
domain €. The tensorial coefficients for A¢(x) would respectively be thought of either as temperature diffusivities
or as electric conductivities. -

Next, let us define, for any € >0, the family A¢€ L>°(Q, M, ~,) of functions from Q to the set Mg, ,, of
uniformly positive definite n X n matrices (second order tensors) with uniformly positive definite inverses, that
is, matrices A€ satisfying, for all z € Q,

N YVu e R™. (5-11.3)
0 <valul?< A%(z) w-u

{o <aqluP<  AY(x)u-u
Under such conditions, problems (5-11.1)—(5-I1.2) are well posed in the sense of Hadamard. That is, for every
€ >0, there exists a unique solution u¢ in

Hi (Q)={ue H'(Q),u|r, =0}
that continuously depends on the “data” f :
[l ) SCEDfll L2 (5-11.4)

the constant C(2) depending only on €.

Moreover, the sequence of solutions u€ is bounded in H%D (Q), so that some subsequence ¢’ weakly converges
to a limit u* € Hf (Q) when € —0. We are specifically interested in estimating the behavior of this weakly
convergent subsequence. -

In a typical frame for the homogenization theory, the coefficients A€ are assumed to oscillate very rapidly
on account of numerous small heterogeneities in the domain €. For example, e typically denotes the ratio
of the mean period for microscopic fast oscillations of A¢ divided by the mean period for macroscopic slow
oscillations of A€ in . Moreover, it is usually assumed that macroscopic and microscopic scales “separate” when
€ is sufficiently small, which allows for the oscillating coefficients to be explicitly homogenized in the limit e — 0,
as exposed in sections 5-1I-B-b and 5-II-B-c.

5-1I-B General context for homogenization

As announced above, this section includes some basics of homogenization theory for linear scalar elliptic
PDEs. Also, since the purpose of this summary is only to collect some elementary results, readers familiar with
the homogenization theory may then like to skip this section and proceed to section 5-1I-C; which introduces
the RB theory.
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5-II-B-a Abstract homogenization results

The following abstract homogenization result is the basis for many studies that aim at computing a numerical
approximation for u¢ when ¢ is small (see [HW97, MBS00, AB05, Glo06b, EEL'07] for some of the many
possible numerical strategies). It shows that, in the limit ¢ — 0, the small oscillating scale “disappears” from the
macroscopic point of view. That is, the microscopic and macroscopic behaviors asymptotically separate. This
implies that the limit problem is easier to solve than (5-II.1) for some small €, since the former does not require
one to resolve microscopic details. Moreover, a tractable approximation of u¢ when € is small enough can be
computed from the asymptotic limit when ¢ — 0.

More precisely, u* can be obtained as the solution to the H-limit equation for (5-11.1) (see (5-IL1.7) below).
The function u* is then an L? approximation for u¢ when € is small, as the asymptotic L? limit of ¢ when
€— 0. Moreover, an improved H! approximation for u¢ when € is small can also be computed with u* after
“correction” of the gradient Vu*.

The homogenization of the sequence of equations (5-11.1) is the mathematical process which allows one to
define the H-limit equation and the H' approximation for u. It is performed by using the following abstract
tools [JKO94] :

e asequence of n oscillating test functions z§ € H* () such that, for every direction e; of the ambient physical

space R™ (1<i<n), we have zf—z; in H*(Q) and

—div(A°Vz) = —div(A*e;) in H (1),
e a homogenized tensor A* defined by
AV 26— A*e; in [L2(Q)]", (5-1L5)

e a subsequence u¢ of solutions for (5-I1.1) that satisfies

u —u* in HE (Q),
=, ;= 5-11.6
{A6 Vu® — A*Vu* in [L*(Q)]", ( )
where u* is solution for the H-limit or homogenized equation
—div(A*(2)Vu* (z)) = f(z) Yo e, (5-11.7)
supplied with the BC,
e and an asymptotic approximation for a subsequence €’ of € that satisfies
’ ue —u* =0y, (5-1L.8)
L2(Q)
Va =3 Ve dut =0y, (5-1L.9)
i=1 [Lige (™

c

where J;u* are the components of Vu* in each direction e;.
Note that the latter convergence result (5-11.9) for Vu® also holds in [L? ()] if u*€ Wh(Q). So, if

u* € H?(QQ), the corrector result states that u¢ can be approximated with the following : formula,

n
uE:u*+Z(zf—xi)8iu*+rE, (5-11.10)
i=1
where the remainder term r. converges strongly to zero in Wlicl ().

In a nutshell, the homogenization of the sequence of equations (5-II.1) has allowed us to derive an abstract
homogenized problem (5-11.5)—(5-11.7), the solution u* of which can be corrected with (5-I1.9) into an H!
approximation of u¢ in the limit € — 0. ~

But to this point, we still lack an explicit expression for the homogenized tensor A* in order to get an
explicit asymptotic limit w*. That is why, though it is not required by the previous abstract theory, the scale
separation in the behavior of the oscillating coefficients A€ is often assumed to be explicitly encoded, using some
specific postulated form for A€. This allows one to derive an explicit expression of the homogenized problem,
and even an error estimate in terms of e for the error correction r. in (5-I1.10), which allows one to quantify the
homogenization approximation error.
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5-II-B-b The explicit two-scale homogenization

To get explicit expressions for the homogenized problem, some particular dependence of the family A€ on
the space variable z is often assumed, such as in two-scale homogenization, for instance [All92]. Namely, on
account of the scale separation assumption and the local dependence of the homogenization process, one of the
most common assumptions is the local periodicity for A€, which can be made precise as follows.

It is assumed that tensors A€ are traces of functions of two coupled variables on the set locally defined by a
fast (microscopic) variable e~'a linearly coupled with the slow (macroscopic) variable x in ) :

flﬁ(a;):fl(x,f), (5-11.11)

€

where, for any x € ), the function f:l(ac,)
A(z,-):y eR™ — A(z,y) eR™"

is 1-periodic in each of the n directions (e;)1<i<n. The domain Y =10,1]" of the periodic pattern is called the cell
and is identified with the n-dimensional torus. le(x, -) is said to be Y-periodic. Note that the property (5-11.3)
of the tensors A¢ implies that A€ L*(Q, L (Y, Ma 4 v4))-

Now, under the assumption (5-II.11) of local periodicity, one possible manner to get explicit expressions for
the homogenized problem is to perform a formal two-scale analysis with the following ansatz :

ut(x) =ug (x, E) + euy (a:, E) +€2us (x, £> . (5-I1.12)
€ € €

where, for any x € Q, the functions wu;(x,-) are Y-periodic. The first two terms of the ansatz (5-11.12) are shown
to coincide with the H' approximation (5-11.10) for u¢ [BLP78, All92].
Inserting the ansatz (5-11.12) into (5-II.1) gives the following explicit expressions for the objects previously
defined by the abstract homogenization result :
e The function up=wu*(z) does not depend on the fast variable e 'x and is the L? approximation for ¢
given by the convergence result (5-11.8) ;
e the gradient V,uq(x,-) linearly depends on V,u*(x) :

Uy (Jc, %) :i&u*(m)wi (Jc, %) +a (),

where (w;(x,-))1<i<n are n Y-periodic cell functions ;
e the n cell functions w;(x,-), parameterized by their macroscopic position x € €, are solutions to the following
n cell problems : B
—divy (A(x,y) - [e; + Vywi(x,y)]) =0 Vy eR", (5-11.13)
and the correctors zf now read z{ =x; +ew;(z,x/€); B
e the entries (A*(x);;)1<i j<n of the homogenized matrix A* can be explicitly computed with the cell
functions w;(z,-) :

B@hs= [ Awale+ Vi) du (5-1114)
Y
e the H' approximation for u¢ is now tractable and is written
ut=ut ey widiut+re, (5-11.15)
i=1

where, provided u* € W2°°(Q), the correction error r. can be estimated to locally scale as € (far enough
from the boundary layer) and to globally scale as /e :

HTE”H%D (w) < ClEHU*HWZ,oo(w), Yw €, (5-1116)
Irellzz @) < Cavelullwz.o (e, (5-IL.17)

with constants C; and Cs depending only on 2.
To sum up, the local periodicity assumption (5-11.11) allows one to completely determine the homogenized
problem through explicit two-scale expressions. The derivation of the homogenized equation in the case of locally
periodic coefficients serves as a basis for many numerical homogenization strategies.
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5-II-B-c  Numerical homogenization strategies

Under the local periodicity assumption (5-I1.11), a possible two-scale explicit homogenization strategy for
a sequence of linear scalar elliptic PDEs such as (5-11.1) simply reads as follows, in the frame of finite-element
(FE) approximations for the scalar elliptic problems (5-11.13) and (5-I1.7).
Algorithm 1 (two-scale homogenization strategy). To homogenize sequence (5-11.1) of PDEs,

1. solve the parameterized cell problems (5-11.13) at each point x € Q where the value of Z*(x) is necessary
to compute the FE matriz of the homogenized problem (5-11.7),

store the functions w; for future computation of the H approzimation (5-11.15),
assemble the FE matrix associated with the homogenized operator —div(/:l*VJ,
solve the discretized (macroscopic) homogenized problem (5-11.7), and

build the H' approzimation (5-11.15) for u¢ with u* and w;.

AR NI

Now, on the one hand, in many practical situations, it is very common to assume that the tensors A€ satisfy
the local-periodicity assumption (5-11.11).

In practice, A€ is often known for some given € =¢q only. So, some asymptotic structure A€ of the problem
with oscillating coefficients in €2 should be constructed starting from the single member A< only. Now, to take
advantage of the exact explicit expressions given by the two-scale analysis, it is preferable to build a family A€
that satisfies assumption (5-I1.11). Assumption (5-I1.11) then seems fully justified for many applications from
the practitioner’s point of view. The main numerical difficulty of the two-scale homogenization is the first step
of Algorithm 1, that is, the accurate computation of a large number of cell functions. This is the main issue
addressed in this article.

On the other hand, for some applications where heterogeneities are highly nonperiodic, one may want to
build the sequence A€ differently or even skip the explicit construction of the sequence A€. For example, the
actual construction process of heterogeneities may suggest another sequence A€ for which the error estimation of
the H! approximation would then be more precise and meaningful or it may seem too difficult to explicitly build
such a sequence A€ that satisfies (5-I1.11) from the knowledge of a single matrix A only. In such cases, many
numerical homogenization strategies have been developed to treat the numerical homogenization of oscillating
coefficients that are not locally periodic.

To our knowledge, most of the existing numerical homogenization strategies with nonperiodic coefficients
can be classified in one of the two following categories :

(i) Some strategies rely on different space assumptions than the local periodicity for the oscillating coeffi-
cients (e.g., reiterated homogenization [LLPWO00], stochastic homogenization [BP04], deformed periodic coeffi-
cients [Bri94], stochastically deformed periodic coefficients [BLLO6]) and still allow one to derive exact (but not
always fully explicit) expressions for the homogenized equation and the error estimate of the approximation.

(ii) Other numerical homogenization strategies are much coarser and rely only on the assumption that
some scale separation allows for the behavior of the oscillating coefficients to be numerically homogenized
when € — 0. Those strategies are then approximate in nature. They manage to approximate quite a large class
of heterogeneous problems but may be computationally very demanding. In the absence of an assumption
equivalent to local periodicity (5-I1.11), they usually lack sharp error estimates beyond the periodic setting.
Examples are the multiscale finite-element method (MsFEM) [HW97, ABO05], the heterogeneous multiscale
method (HMM) [EELT07], or the recent variational approach for nonlinear monotone elliptic operators proposed
in [Glo06b].

Now, in any of the previously described situations where the numerical homogenization strategies require the
computation of a large number of parameterized cell problems, the RB approach proposed hereafter is likely to
bring some additional computational efficiency. As a matter of fact, most numerical approximate homogenization
strategies are only slight modifications of the exact two-scale homogenization strategy proposed above in the
frame of local periodicity assumption (5-II.11), and they do require the computation of a large number of
parameterized cell functions.

For many mechanical applications, the similarity of most numerical approximate homogenization strategies
with Algorithm 1 owes to the assumed existence of local representative volume elements (RVEs), which lead to
general cell problems at each point z of the macroscopic domain [Glo06a, YH07]. Indeed, many approximate
numerical homogenization strategies that require the computation of a large number of parameterized cell
functions are based on some version of the following well known theorem (proved, e.g., in [JKO94]), which gives
a mathematical meaning to the notion of the RVE.
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Theorem 1. Let A€ be a sequence of matrices in L™ (Q,Mq ) that defines a sequence of linear scalar elliptic
problems like (5-11.1). The H-limit of A€ is the homogenized tensor A*.

_ Foranyx€Q and >0, and any sufficiently small h>0, let us define a sequence of locally periodic matrices
AS in the sense of (5-I1.11) :

AS (z) = A°(z+hle'a]), (5-11.18)

where [e~tx] denotes the integer part of e ‘x.

Then, for every 1<i<n, there exists a unique sequence of periodic solutions wfh(x,) i the quotiented
Sobolev space H#(Y)/R of Y -periodic functions in H'(Y') that satisfy the n cell problems

—div(AS(z+hy) - [ei+ Vi (y)]) =0 VyeY (5-11.19)

in the n-torus Y =10,1]". B
For each point x €Q) and € >0, we define a matrix A:)h made of the entries

Zﬁ,h(z)ei'ej:/yz‘:le(ﬂhy)'[6i+Vwa’h(l’ay)]'[€j+vyw§’h(xay)] dy

for any (i,7) in {1,2,...,n}2. Then there exists a subsequence h' — 0 such that

hl/lgolg%Ae’h/ (x)=A*(x).

This theorem shows that, for any family A€, it is always possible to approximate the exact homogenized
problem through explicit expressions similar to those obtained under the local periodicity assumption (5-11.11),
after some local periodization process of A€ such as the one suggested in (5-11.18). For mechanical applications,
choosing h for numerical purposes exactly translates as choosing the dimensions of a local RVE.

So, considering the landscape for the homogenization theory as described above, among alternative ways of
improving the numerical homogenization strategies, we choose here to concentrate on speeding up the numerical
treatment of a large number of parameterized cell functions rather than, for example, refining the approximations
leading to explicit cell problems for a larger class of oscillating coefficients. ~

In what follows, for the sake of simplicity, we assume that the sequence of tensors A€ satisfies the assumption
(5-I1.11), and we apply the RB approach to the two-scale numerical homogenization strategy of Algorithm 1.
Our RB approach would apply as well with any numerical homogenization strategy that consists of first approxi-
mating A€ by some sequence of tensors Az such as in (5-11.18), the latter leading to an explicit approximation
for the homogenized problem after solving parameterized generalized cell problems such as (5-11.19). Let us now
concentrate on decreasing as much as possible the computational cost of solving (5-I1.13) for many parameter
values x € Q.

5-II-C  The reduced-basis method

Two critical observations allow one to think that an output-oriented model reduction technique such as the
RB method exposed in [NVPO05a] is likely to improve the repeated numerical treatment of parameterized cell
problems (5-I1.13). First, only outputs of the cell functions are required to solve the homogenized problem, and
there exist tight a posteriori estimators rendering sharp error bounds for those outputs.

Second, as extensively discussed above, numerical homogenization strategies in a nonperiodic setting often
require one to independently solve numerous parameterized cell problems for many values of the parameter,
though some parameter-independent quantities can be precomputed. Thus, a computational procedure based on
an offline-online approach should naturally allow for a reduction of the computation time. Also, this reduction
should turn out all the more relevant as the number of parameterized cell problems (5-1I.13) increases, for
instance, in the frame of parameter estimation and optimization problems that require one to solve many
homogenized problems (5-11.7).

So the two previous observations motivate a RB approach for the parameterized cell problems (5-11.13),
which should significantly decrease the expense of computations in terms of CPU time for the homogenization
problems where the offline stage is short compared to the online stage or where the offline stage is not even
an issue (such as in real-time engineering or with multiquery procedures, for instance). We are now going to
introduce the basics of the reduced-basis method, well known to experts, who may want to directly proceed to
section 5-III.
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5-II-C-a The parameterized cell problem

Let X be the quotiented space H;& (Y)/R of Y-periodic functions that belong to the Sobolev space H!(Y).
The Hilbert space X is imbued with the H!(Y")-norm

1/2
lu]lx = </ Vu~Vu)
Y

induced by the inner product (u,v)X = [, Vu-Vu for any (u,v) € X x X. In the dual space X’ of X, the dual
norm is defined for any g€ X’ by
9(v)
9]l = sup

vex [lvllx”

We also define, with a tensor A defined like in (5-I1.11) :
e a continuous and coercive bilinear form in X x X parameterized by x € Q)

a(u,v;x) :/Yf:l(x,y)Vu(y)~Vv(y)dy V(u,v) € X x X,

for which a4 and 'yjl are, respectively, coercivity and continuity constants,
e and n continuous linear forms in X also parameterized by z € :

fitviz)=— | A(z,y)e;- Vo(y)dy Ywe X,1<i<n.
Y

Now, for all 1 <4i<mn, the ith cell problem (5-11.13) for the cell function w;(x,-) is rewritten in the following
weak form : Find a w;(x,-) € X solution for

a(wi(z,),v;z) = fi(v;z) VweX, (5-11.20)

where x € 2 plays the role of a parameter.
We set M; ={w;(z,y), v€Q} as the solution subspace of the ith cell problem (5-11.20) induced by the

variations of x in 2 and
N

M={wi(z,y),z€Q1<i<N}=|JM,
=1

as the global solution subspace, that is, the reunion of all solution subspaces for all cell problems.

Remark 20. Note at this point that M, and M should be seen as spaces induced by coeflicients (/T* (z,)zeq,
and not induced by the values of z €. It is indeed always possible (and often useful) to use other explicit
quantities than x as a parameter to map M; and M, provided that the variations of this parameter inside a
given range of values induce the same family of coefficients and the same corresponding cell functions as x € ().

For the sake of simplicity in the presentation of the RB method, the tensor f:l(x, -) will be assumed symmetric
in the following. Thus, in the computation of the homogenized tensor f:l*(z:), the only interesting output for
the n solutions w;(x,-) is given by a symmetric matrix s € R”*™. Note that the RB approach still applies with
nonsymmetric tensors A(z,-) modulo slight modifications.! The entries (8ij)1<i,j<n of the output matrix s,
similar to compliances in the terminology of mechanics, are given by :

sij(x)=—f;(wi(z,");x) :/ j(x,y)Vwi(x,y) -e;dy. (5-11.21)
Y
In this frame, the purpose of the RB method is to speed up the computation of a large number of solutions

wi(z,) €X to (5-11.20) for many parameter values x € while controlling the approximation error for the
output s.

1When the tensor A(z,-) is not symmetric, a dual problem, adjoint to the problem (5-11.20), is introduced. The dual problem can
be solved similarly to the “primal” problem (5-11.20) with a RB method, in a dual RB projection space. Last, the output should be
rewritten like s plus an additional term that accounts for the residual error due to the RB projection of (5-11.20). This primal-dual
approach is more extensively described in [NVP05a] for instance.
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5-II-C-b Principle of the reduced-basis method

Model reduction techniques for solving PDEs are usually developed in a practical context, with a view to
optimizing numerics for specific computational purposes. This is the case of the POD method used in the reduced
model multiscale method of [YHO7], as well as of the RB method exposed in [VPRP03b, NVP05a, PRO7b] that
is used in the present work, and of other methods referenced in the three previously cited works.

Most often, model reduction techniques are formulated in a variational frame and aim at efficiently solving
weak forms of PDEs through a Galerkin projection method, with a Hilbertian basis “adapted” to the practical
context.

In the context of a two-scale numerical strategy of homogenization, we are interested in computing approxi-
mations for the linear outputs? s with accuracy scaling as some “tolerable” precision, typically of the same order
of magnitude O(e) as the correction error 7. (5-11.15), after homogenization of the oscillating problem (5-II.1).

In our RB approach, a Hilbertian basis (§;);en for X is consequently adapted to the parameterized equations
(5-11.20) for all z€Q and 1<i<m, if it is an orthonormal family (with respect to the ambient inner product
(,-)x) such that :

— the ambient solution space X Cspan{¢;, j € N} is separable,

— and, for any “tolerable precision” e=0(¢), there exists a finite-dimensional vector subspace Xy =

span{¢;, 1<j<N(e)} of X, where, for any z in Q and 1<¢<n, the Galerkin approximations w;n(z,-) €
Xy for w;(z,-) satisfying
a(win(z,),v;2) = fi(v;z) Yo e Xy (5-11.22)

are sufficiently close to w;(x,-) so that :
esssup|s(z)|<e
€N
and N (g) is a monotonically nonincreasing function of the precision e.

Another characteristic feature of our RB methodology inspired from [VPRP03b, NVP05a, PRO7b] is the
possibility to explicitly assess the quality of approximations for s(z) at any x € Q thanks to rigorous a posteriori
estimates, unlike the methodology used in [YHOT], for instance.

A posteriori error estimators are indeed a key ingredient in our RB methodology. They allow us to a posteriori
certify the efficiency of the model reduction. But they essentially allow for an efficient offline construction of the
RB vector subspace X that is consistent with the expected goal of achieving some tolerable precision ¢ for the
output s and whose computational cost scales well with the dimension of the parameter space [PRO7b].

5-II-C-c Practice of the reduced-basis method

Our RB methodology divides in two steps and exploits the a posteriori estimations as optimally as possible
to first build a reduced basis from a training sample of parameters in an offline stage and to then use this
reduced basis for multiquery purposes in the online stage.

So the RB method first needs a training sample D = {z}, € Q, 1 <k <p} of parameter values, in order to build
a reduced basis for the subset M, of M :

MP:{wi(xkv')vl §k§p71§1§n},

which satisfies the constraint of accuracy for the output.

This is termed as the offline stage, where accurate approximations for some elements of M,, are computed by
using an accurate and generic numerical method with a large number A of degrees of freedom. The (n x p) FE
approximations (winr(zk, ")) for {(w;(zk,-)):x span an (n x p)-dimensional vector subspace of X that contains
the approximation

MY ={win(zk,y), 71 €D}
of the solution subspace M.
Typically, the elements of Mﬁf selected to build the reduced basis are computed through a FE method in

order to span growing Galerkin projection spaces Xy C Xpy1 C MQ/ , k€N, until the tolerable precision for the
output approximation is reached at some k=N for every member of the training sample.

2With nonsymmetric tensors A, the approximation error for linear outputs such as s can be expressed as a product of two
approximation errors, one for the parameterized solutions w;(z,-) and another one for some dual quantity that is the solution to
the problem dual for (5-11.20). But here, because of the symmetry and of the specific nature of the output, that is, the so-called
compliance in reference to mechanics, introducing a dual problem is unnecessary because it formulates exactly the same way like the
cell problem [NVPO05a]. The approximation error for the output can then be directly expressed as the square of the approximation
error for the cell function, as will be made clearer in section 5-1TI-A.
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At each step k (k< N) of the reduced basis construction, RB approximation errors with the RB projection
space X}, for the whole training sample M, are estimated, just like in the online stage for any parameter
x €}, in order to successively select elements from M, that have to be computed accurately and that span
the reduced basis. So certified a posteriori error estimators are a key ingredient in our RB approach, which
allow for a rigorous construction of the reduced basis, consistent with the initial practical context (see details
of construction in section 5-1II-B).

Note that an efficient treatment of the offline stage implies that, in practice, the RB approximation errors
decrease fast when the size k of the Galerkin projection space X}, increases, optimally as fast as N(e). This
is limited by the choice of the training sample in practice. Yet, if the initial training sample is “sufficiently”
well distributed over €2, the effective rate of decrease is often close to optimal (see section 5-IV for a numerical
verification of this statement with a five-dimensional parameter space).

Then, in a so-called online stage, it is possible to compute Galerkin approximations in X, solutions to
(5-11.22) for any = €, for which outputs s(x) satisfy the constraint of tolerable precision e.

A reduced (orthonormal) basis (§;)1<;j<n spans the low-dimensional vector space Xy, assumed to capture
the directions of the solution manifold M (in fact, only a FE approximation /\/lg/ of a “training” sample M,,)
that are the most sensitive to the evaluation of the output s (up to precision ¢).

Computations for the RB approximations in the low-dimensional Galerkin space Xy ought to be fast (pro-
vided they are well prepared enough, possibly after some offline precomputations), since only small matrices are
to be inverted.

In the end, the RB methodology should provide an efficient model reduction if the tolerable precision for the
output approximation error is effectively reached, for most = € 2, with a N-dimensional reduced basis when N
is much smaller than N, the number of degrees of freedom necessary for a generic numerical method like the
FE method to reach the same precision.

With computationally inexpensive a posteriori estimators, it is moreover possible to control online the RB
approximation error for outputs and consequently adapt the reduced basis (¢;) when the precision is insufficient.

5-II1 Reduced-basis approach for the cell problem

5-III-A  Error bounds for the cell problem

A RB approach of (5-11.20) needs to a posteriori estimate the approximation error of Galerkin solutions of
the cell problem and the approximation error of their output s. The purpose of this section is then to derive
the error bound (5-II1.8) for the cell functions solutions of (5-I1I.20). This allows us to a posteriori estimate
the approximation error for Galerkin solutions of the cell problem and their outputs through the error bound
(5-111.3).

To this end, let us introduce Galerkin approximations for the homogenized and the output matrices with a
Galerkin approximation w;y solution for (5-11.22) :

Ay (), = /Y A(w,y)lei+ Vywin (2,9)]-¢; dy, (5-IIL1)

s (@) = | Aw,y)Vwin(z,y)-e;dy (5-11L.2)
Y

and a linear operator 7% : X — X so that, for any v € X and z €},

(T%u,v)x =a(u,v;z) Yo e X.

The existence of such an operator T” directly leans on the Riesz—Fréchet representation theorem in the Hilbert
space X.

Lemma 1. Let w;(x,-) and w;(x,-) be two cell functions, solutions of (5-11.20) for i#j. Let w;n(z,-) and
w;n(x,-) be two Galerkin approzimations of the former cell functions in a N-dimensional vector space Xn.
win (x,-) and win(z,-) are solutions for (5-11.22). Then the approximation error |s;;(x)— sy (x)| for the output
entries can be superiorly bounded by :

_ T (wi(z, ) —win (2, ) |x 1T (w; (,-) —wjn (2,-)) 1 x

(@)= o : (5-111.3)

where as >0 defined in (5-11.3) is a coercivity constant for the quadratic operator associated with the matriz
A(z,-) for all z€Q.
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Remark 21. The error estimator (5-1I1.3) can be easily sharpened through tighter local coercivity constants
as(x) for each z €2, which would account for the parameterization of the problem. In practice, such impro-
vements imply a trade-off between the cost of the additional computations and the effectivity of the error
estimation, since they are often not essential to get an efficient reduction of the model in the end (see [PRO7b],
and numerical results in Figure 5.2 of section 5-IV, where only a global lower coercivity constant a4 for all
x € Q) has been used).

Proof of Lemma 1. For any 1 <i< N and x €2, the Galerkin approximation error
||wi(z,) —win(x, )| x (5-111.4)
can be bounded starting from the following equality :
a(w;(x, ) —win (z,-),v;2) = fi(v;x) —alwiy (x,y),v;2) Yve X, (5-111.5)

which is easily obtained by substraction of (5-11.22) from (5-II.20).
Let us define the parameterized bilinear residual forms g; in X x X such that, for all parameter values x € ()
and 1<:<n,
gi(u,v;2) = a(u,v;z) — fi(v;x) V(u,v) € X x X.

Then (5-II1.5) with v =w;(z,-) —w;n(z,-) allows one to immediately derive the following estimates through the
dual norm of the residual linear form for w;(z,-) defined in X :

U*)gl(’w“\](.%,),v,x)
First, owing to the coercivity of the bilinear form a, we obtain the lower bound :
aplwi(z,-) —win (z,)l| x <llgi(win (z,-),052) | x- (5-I11.6)

for the Galerkin approximation error.
Second, in view of the continuity of the bilinear form a, we obtain the superior bound :

lgi(win (z,),v52) || xr <74 wi(z,) —win (2,)|| x (5-111.7)

for the Galerkin approximation error.
Finally, note that it is possible to compute the dual norm of the linear form

v = gi(win (2,-),030) = —a(wi(z,) —win (z,),v;7)
by using the Riesz—Fréchet representant T% (w;(x,-) —w;n(x,-)) in the Hilbert space X
lgi(win (,-),v32) | x = [ T% (wi(2,) —win (z,-)) || x

and that one can obtain numerical approximations for a4 and 721 (in this simple case, by using the spectral
properties of the matrices resulting from the Galerkin projection of the bilinear form a in the large generic
solution spaces of the offline stage, for instance). So the Galerkin approximation error (5-1I1.4) can be a posteriori
bounded by using estimations (5-111.6) and (5-IIL.7).

For € and 1 <i< N, we define a posteriori estimators Ay (w;(x,-)) for the Galerkin approximation errors
(5-II1.4), by using the previous superior bounds, by

AN(’LUZ‘(I’, )) _ Ha(wl(:r, ) — wiN(xa ')a ';1') ”X’ ] (5—1118)
Qs
The effectivities ny (w;(x,-)) corresponding to the estimators Ay (w;(z,-)) :
Ay (wi(z,"))
nn (wi(z,)) = (5-111.9)
[wi(z,-) —win (z,-) || x
satisfy the following N-independent inequalities :

1< (wilx, ) < TA-, (5-111.10)

A
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which shows the stability of the error estimator Ay (w;(z,-)).

The a posteriori superior bound Ay (w;(z,-)) for the Galerkin approximation error (5-111.4) will now allow
us to derive a simple superior bound for output approximation errors. Indeed, we have, for any 1 <4, <N and
e,

|si(x) — 53y (2)] = | fj (wi(,) —win (z,);2)|
= la(w;(z,"),w;(x,) —win (z,);7)|
= la(w;(2, ) —w;jn(z,),wi(,") —win (z,");7)]
< asAn(wi(w,))An(w;(z,-))

since w;(x,-) and w;(z,-) are solutions for (5-I1.20) and w;n (x,-) is a solution for (5-11.22). Hence the a posteriori
superior bound is Af; N( ) for Galerkin approximations of the output s;;(z).

Numerical approximations for Aj; () will allow us to build quickly a reduced basis for cell problems (5-11.20)
and to control the online RB approximations. Note that A; y (z) scales as the product Ay (w;(z,-))An (w;(z,-)),
hence the interest of model order reduction techniques for solutions w;(z,-) without much loss of precision for
output s(x).

Remark 22. Note that, for the output error bounds to scale like the square of the error bound for the cell
functions, it has been essential to have the following orthogonality property for any z € :

a(w;(z,") —win(z,-),win(2,);2) =0,¥1<i,j < N.

That is why we have chosen to build only one RB projection space Xy, spanned by all the parameterized cell
functions w;(zk,y) when 1<i<n and zy € D. Yet, note that, without this choice, the same scaling can still be
obtained with n distinct RB projection spaces (X;n)i<i<n for each of the n solution subspaces M;, provided
one slightly modifies the definition of the output. Namely, another output matrix ¢ and its RB approximation

N should then be defined, starting from s and sV, by adding a residual error. Their entries read, for 1 <4, <n,

0ij(z) =—f(wi(z,);z) + gi(wi(z,-),w;(z,);2), (5-IIL11)
ol (@) == fi(win (x,-);2) + gi(win (), w5 (2, ) ), (5-11L.12)

where o =s, because the tensor /Zl(x,) is symmetric, and oV =s" only when the RB projection space is the
same for all solution subspaces M; (as above). Interestingly, the same additional residual term in the output o

also arises when the tensor A(z,-) is not symmetric. It is then evaluated with dual cell functions, solutions for
a problem dual to the cell problems (5-11.20) [NVP05a].

5-III-B The reduced-basis construction

Let D={xzy, 1<k<p} be a “training” sample of p values for the parameter z in . Unless some physical
properties of the system guide the choice for D, the parameter values xj should be p realizations of a random
variable uniformly distributed over 2.

To accurately solve (5-11.20) at the selected parameter value z; €D, we use a FE method with a N-
dimensional FE vector space. Typically, N is very large, in order for the FE approximations to be accurate.

In the offline stage of the RB approach, we would like to build a N-dimensional RB projection subspace
X n C X so that elements of M can be approximated in X with sufficient precision for the resulting approximate
outputs.

A reduced basis (£5)1<j<n made of N vectors of ./\/lév (N<nxp, and N <N for the model reduction to
allow a significant gain of computation time) is computed to span the vector subspace X .

For any x €, we write :

wzk x y E wzkg

the RB approximation for w;(z,y) in the Galerkin projection space Xy of size k <N.
The reduced basis (£;(y)), <j<N of X is built in order to optimally control the approximation error for the
outputs of the training sample. This is performed in the offline stage with the following algorithm.

Algorithm 2 (offline algorithm). We build a reduced basis (§;(y)),< ;< as follows :
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1. For some couple (k°(1),i%(1)), 1<k°(1) <p, and 1<i°%(1) <n, we compute the accurate FE approzimation
wio (1w (Tro(1),y) €M for wo 1y (Tho(1),y) E My ;

2. we set I=1 and compute & (y)= Hf:ii\ffiﬁig) Z)}\)Ix as the first RB basis function;

3. then, while [< N :

(a) we compute for every xp €D and 1<i<n the (nxp) RB approzimations w;(zk,y)€X; =
span{¢;, 1<j<l} for the n cell problems (5-11.22),

(b) for (K°(1+1), i%(1+1)) =argmax, <<, 1<i<n ‘Ai’(ég? we compute

the accurate FE approximation Wio (14N (TR0 (141), y)EMﬁf of Wi0(141)
(xko(l+1)7y)7

(c) we set §41(y) = % the (I4+1)th RB basis function, where Rji1 is the remainder of the pro-

jection on the l-dimensional reduced basis :

1
Riy1(y) = wio 141y (Tko (141), ) Z ;o (141) (Tro (141)7)> €k ) x € (Y) 5
k=1
(d) we dol=1+1 and go back to (a).

5-1II-C  Convergence of the reduced-basis method for the cell problem

The a priori convergence of Galerkin approximations for solutions of continuous and coercive elliptic equations
such as (5-11.20) is classical. It usually relies on the following lemma (see, e.g., [SF73b] for a proof).

Lemma 2 (Céa lemma). For any 1<i<n, let w; be the solution of (5-11.20) and w;y its approximation in
some N -dimensional Galerkin projection space Xy C X. Then we have, for any x €2,

—1

[yt .
wi(z,y) —win (z,9)|x <\ inf  [Jwi(z,y) —w(y)|x.

ap w(y)eXn

To conclude that RB approximations such as w;y € Xy a priori converge to w; € X when N — oo, it would
then be natural to use Lemma 2 as follows.

Lemma 3. If there exist a dense separable subspace V of M and an application rn:V — Xy such that

Nlim lv—ry(@)||x=0VYveV, (5-I11.13)

then, by the Céa lemma, for any x€Q and 1<i<n, RB approzimations w;ny(x,) converge to w;(x,-) in the
following sense :

]\}i_r‘nOO lwi(z,y) —win (x,y)] x- (5-111.14)
That is, for all 6 >0, there exists a positive integer N () such that, for all x€Q and 1<i<N,
||wi(x,-)—wiN(x,-)HX§5 VNZN((S) (5—111.15)

in combination with the choice V=M and rx as the projection operator from M to Xy for the inner product
mn X.

Unfortunately, the convergence assumed in (5-111.13) can be shown only insofar as we have information about
the sampling technique for generating D, which amounts to knowing how the parameter values are selected to
build Xy as N increases. Such an assumption is often unrealistic since, to choose the right parameter values xy,
for D, one should already know M or some spectral representation of it [MPT02b]. So the scope of Lemma 3
seems strongly limited, as any a priori analysis of the RB method in general.

As a matter of fact, the RB method is a practical method of order reduction and should only be a posteriori
certified to converge, by using reliable and computationally inexpensive error bounds that can be evaluated
along the RB approximations, for instance.
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Remark 23. Note that, in practice, the Galerkin projection space Xy is built to converge to the solution
subspace My ={w;n(z,y), z€Q} induced by the FE approximations w;a(z,y). Now the FE approximations
converge only pointwise in parameter space. That is, for some given parameter x € 2, and 1 <i <n, there exists
for all § >0 a positive integer N;(d,z) such that :

[wi(z,y) —win (z,y) | x <6 YN ZN;(0,2).
So, in any case, one can only hope for a pointwise convergence of the RB approximations, of the form :

im lim ||w;(z,-) —w;n(z,)||x =0, (5-111.16)

1
N—ooN—oo

where w; y(z,-) implicitly depends on V. Besides, the only RB approximation errors that are effectively estimated
by using the error bounds of section 5-III-A are ||win () —win(x,-) | x-

5-III-D Error estimate for the asymptotic /' homogenized solution

In the frame of the two-scale homogenization strategy, the asymptotic H! homogenized approximation for
u®(z) in the limit e —0 is

uo () +€ uy ( ﬁ) =u’(z)+e Z w; (JS,E) diu*(z),
€ _ €
1<i<n
which strongly converges to u(x) in Hj (Q) when e —0 if u* € W2°°(€).
In this approximation, the homogenized solution u* is the solution to the variational formulation (5-IIT.17)
of the homogenized equation (5-11.7) :

/Z*vu*.vu:/fv+/ v, Vo€ HE (). (5-I11.17)
Q Q I'n

But in practice, one can compute only a RB approximation f:l}‘v for /:1*, with entries :

(A&(m))iJ:(/YA(m,y)dy) iy (),

i,
which should be taken into account to estimate the approximation error for the asymptotic H' homogenized
approximation.

The following Lemma 4 will show how the a posteriori control of the RB output allows one to control the
approximation error for the asymptotic H' homogenized approximation with a RB approach.

Let us first discretize (5-11.20) with an FE space of dimension N and (5-111.17) with Wy, C HE () a
discrete FE Galerkin projection space associated with a mesh of size hjq,, for Q. We will still denote by w; and
u* the FE approximate solutions resulting from the previous discretizations of (5-11.20) and (5-II1.17). Then,
we define a RB approximation for the asymptotic H' homogenized approximation :

uy(z)+e Z WiN ($’§> diuy (),

1<i<n

where w;n is the RB approximation for w; as defined by (5-11.22) and u%; is an approximation for u* that is a
solution in W, for the discrete variational problem

/f:lvau}‘V~Vv=/fv+/ v, YoeWy, . (5-111.18)
Q Q Tn

We have the following result.

Lemma 4. Assume that T'p is a measurable subset of OQ with a positive (n—1)-dimensional measure (when
n>1) so that a Poincaré inequality holds for elements of the Sobolev space Hf: () ={ve H'(Q), v|r, =0}.
If the approzimations w;n(x,-) converge to w;(x,-) for all parameter values x in € in the sense that

lim max {esssup”wi(ac,y) —wiN(x7y)||X} =0, (5-111.19)
Q

N—o0ol<i<n x€
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then the asymptotic L? homogenized approzimation uy, converges to u*, and so does the approzimation for the
asymptotic H' homogenized approzimation of u¢. That is, we have the two results :

it (@) — (@) 2 gy =0 (5-11L.20)

and

T

w*(x) —uy(x)+e Z (wi (x, %) Oiu*(z) —win (sc, 7) iy (x))

€

-0, (5-111.21)
HY(®)

lim lim

—so0€e—0

where the two successive limits cannot be inverted.

Remark 24. As explained in section 5-III-C, the assumption (5-II1.19) can barely be satisfied a priori. But
in practice, the error bounds derived in the a posteriori analysis of section 5-III-A allow one to check this
assumption. The numerical results of section 5-IV even show that the convergence with respect to N in (5-
II1.19) is exponential.

Remark 25. In practice, the RB approximations w;y and /ij are computed by using the FE approximations
of the offline stage (see section 5-1I1I-B). Then the limits limy o in (5-II1.19), (5-II1.20), and (5-II1.21) should
in fact be read as the double non-invertible limit process limy oo limyr—— o (see section 5-11I-C).

Proof of Lemma 4. To show this result, let us define two quantities :
Eu* (z) _x %
N ut(z) —uy(z)
and

B =90 ko) 30 (T ()01~ (2 o).

The approximation errors for the asymptotic L? and H' homogenized approximation of u¢(x) now, respec-
tively, are written

* * _ u* ()
o (@)~ @l ooy = | B 7], o

and

w*(x) —uy(x)+e Z (wi (x, %) Oiu*(z) —win (x, %) Oy (x))

H'(Q)
2 2
\/H Nz H[Ey L2(9) D
Thus, the proof consists of the two successive results
lim i HE“ - 5-111.22
lim Ko [1ER 2 ( )
and

lim i || EF*° ~0. 5-111.23
N eSO N I 2o ( )

First, let us begin with properties of the homogenized tensor. On account of definition (5-11.14), A*(z) is a
positive definite and continuous matrix.
Indeed, for any x €, A*(x) is positive definite :

O<agu-u<ay (our/ Z|ui[vywi(z,y)]2dy> < A*(z)u-u VueR"
Yiz1

since w;(z,-) is periodic.
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Also, there exists a positive constant v*(z) such that v*(z) is a continuity bound for A*(z) :

A (z)u-u<~y! (uu—i—/ Z|ul[vywl(x,y)]|2> <y*(z)u-u VueR"
Yi=1

since the bilinear form in R"™ x R™

(wo— [ (Zumvywxw)]). Sl ()] | dy

is clearly continuous.
Moreover, we have uniform continuity : there exists a real number 4+ > 0 such that, for any = in , v*(z) <

VA*-
Second, u* € Wy, and uy € Wy, satisfy the variational formulations (5-II1.17) and (5-II1.18). We then

have the following equality :

/E*Vu*~Vv:/fv+/ v:/j}Vu}‘\va Yo e Wh,,,,.
Q Q I'n Q

that we rewrite with v= (u* —u}) :

/Z*V(u*—u}*\,)V(u*—u’;\,):/(:j\,fle*)VfLﬁWV(u*fus).
Q Q

Because of the coercivity of A* (z), we finally have the inequality
aallV(w* —uy)llrz@) < Ay = Aol [Vl || 2(0)-
Moreover, the Poincaré inequality for u* —u} in Hp () is written as follows :
[w* —unllL2@) SPIV (W —ul)l2 ),

with a certain constant P which depends only on Q. We have established an error estimate for |EY || 12()-
Next, since A¢(z) is a positive definite matrix for any z in €2, we deduce the following inequality :

Al EF* 132 S/Q“:‘ (2. 2) BN By e,

In the limit € — 0, on account of the periodicity of /:1(CE, -) and Vyw;n(x,-), the previous inequality is rewritten

: Vu*
lim HEN

e—0

= 2
2 Alz,y) | . .
. / Z A @(eiwyw,y))@u (2) <ei+vywm<x,y>>aiu1v<x>] dydz.

Last, the definition (5-11.14) of the homogenized tensor A* allows us to rewrite the expression

n

/Yf:l(x,y) lZ(ei+Vywi(w7y))5iU*(x)—(€i+Vywz'N(x,y))0iUYv($)] dy,

i=1
and we finally get the following error estimate :

2 A Af— A
< | —V(u"—uk) V(u*—u} +/ N v - Vul,
ooy = L 2V =)V —ui)+ [ v v

lim HE;"
aA

e—0

the superior bound of which is itself superiorly bounded by

1 T* 1x *
[A* = AR [loo [ VuR 1720y
A

YA+ * *
[V (u _UN)H%2(Q)+

A «
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In the end, we have the following error estimates :

. u YA* Tx n
lim || £% mea(nm Uclloo 2254 1) 1A = Al Vel . (5-111.24)
i 5 [ = 5 <A 02

_ They show that the asymptotic homogenized approximations converge if the approximate homogenized tensor
A%, converges to A*. _

Now recall that the homogenized tensor A converges to A* if the approximations w;y (x,-) converge to the
cell functions w;(z,-) since we have already obtalned the following error estimate :

2
N -1
%= Ao poen = s {essoupss o) s3] 93" e {essoup ) vl |

to derive error bounds for the output s. This concludes the proof of Lemma 4.

5-1II-E  Practical influence of the parameterization

This section is devoted to the preprocessing computed offline and used online in order to quickly assemble
the matrices corresponding to projections of the variational formulation (5-11.20) onto the discrete Galerkin
approximation spaces. ~

Indeed, for a given family A(z,%) of tensors and a given range (2 for parameter z values, the solution subspace
M for cell problems (5-11.20) is completely determined and fixed. Then, from the theoretical point of view, the
way functions w in M explicitly depend on some parameter = € {2, which we call the parameterization, should
not influence the efficiency of the RB method as a model order reduction technique; however, it induces the
solution subspace M. But, in practice, the explicit parameterization of M can significantly account for the
efficiency of the RB method, because it greatly influences the practical assembling of the matrix and vectors in
the Galerkin projection method.

Only piecewise-affine parameterizations (according to the terminology explained hereafter) are treated in
this work, which allows for a fast, very accurate, and simple preprocessing of the FE and RB matrices. But the
RB method also adapts to other types of parameterizations, by using the extrapolation method introduced in
[BNMP04, GMNPOQ7], for instance.

In the case of an affine parameterization, the assembling of the matrix and vectors corresponding to the
Galerkin projection of cell problems is always fast and easy. By affine parameterization of the cell problems, we
mean that A(x,-) depends on the parameterization in an affine manner as follows : For any x € Q,

Z(l‘ y)= +Z@q VA, (y) Yy €Y, (5-I11.26)

where :
- the functions ©7:Q — R are parameter-dependent coeflicient functions,
- the matrices A4(y) (¢=0...Z) define parameter-independent continuous bilinear forms in X x X :

g (u,0) = /y A,(y)Vuly)- Vo(y)dy Y(u,v) € X x X,

and the bilinear form aq is coercive.

With such affine parameterizations, the numerical RB treatment of cell problems is straightforward. Let us
detail its implementation.

We follow the offline algorithm presented in section 5-III-B. At each step of the offline stage, a cell problem
(5-11.13) for some parameter value in D= {xy, 1 <k <p} is to be explicitly solved in order to build the reduced
basis (§;(y)),< ;< - For this, a FE method is used that consists of accurately solving the variational formulation
(5-11.20) with conforming P; Lagrange finite elements and a fine mesh for Y. That is, the solution space X is
discretized into the vector space of continuous, piecewise linear functions. Let 7y be a conformal mesh for the
n-torus Y =[0,1]" made of N, elements (Xj)1<x<n, of size hy. We write ¢, the FE (nodal) basis functions
associated with the A nodes y in Y. Now, for 0< ¢ < Z, we define the FE matrices M, € RVXN with entries :

(Mq)ij =ai(¢i, 95)
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for any 1<4,j <N and n FE vectors F,; eRV (1<1<n) with entries :

(Fk,l)iZ/Yka(y)ez'Vy¢i(y)dy

for any 1 <i<WN.
In the offline stage, after selecting parameters z €D and 1<:<n, we easily compute the FE approximate

solutions
N

win (,y) € X =Y wink ()b (y)
h=1

to the cell problem (5-11.20) discretized by :

<M0+Z@q ) U)U\[(x yl <F0 i +Z@q q,i) , 1< SN, (5—11127)

q=1 l

by using the FE basis functions associated to nodes y;. So the FE problem (5-111.27) can be quickly assembled
through linear combinations of the precomputed matrices (M )o<,<z and vectors (Fy;)o<k<z, 1 <i<n, while
the need in memory slightly increases.

In the online stage, to treat fast cell problems (5-11.20) for any parameter value x € ), we moreover project
the FE matrices and vectors on the RB space X,,«n, which renders :

M(FBzgthfaOSQSZ

and
RB t
FiP =¢'F,0<q< 2,

with & the N X (nN) matrix with columns &, 1<k<nxN. The RB approximation w;y(z,y)=
ZszlwiNk(a:)gk (y) for the cell function w(z,y) is a solution of the linear system :

<M§B Z@q MRB> win (,y1) (FRB Z@q FRB>, (5-111.28)

q=1 l

which is quickly assembled through linear combinations in the present affine case. Besides, for 1<i,j5 <n, the
outputs are easily given by
nN

sij(x) = Z(FRB+ZGQ FRB> win ().

So affine parameterization obviously allows for a fast assembling of the RB matrix and vectors in (5-111.28).
It can be considered as an ideal frame for an efficient RB method, because the CPU time for the online solution
of one cell problem (5-111.28) actually scales like the CPU time for solving a linear system of size N and because
the offline stage is actually very short in comparison with a direct FE computation of a large number of cell
functions. The possibility of a similar gain of computation time is not so obvious in the case of nonaffine
parameterizations, when (5-1I1.26) is not valid anymore. Then the assembling of matrices and vectors needs
more elaborate techniques [BNMP04, GMNPO7].

We finally treat the case of piecewise affine parameterizations that can be re-cast into the class of affine
parameterizations. The preprocessing that we propose in this case relies on the fact that, in practice, the RB
approximations are numerical approximations for FE approximations and not for the “true” cell functions. Then,
to apply the RB method to the parameterized FE approximations, it is possible to consider a “global” enlarged
parameterization for the cell problem, which is made of parameters for the oscillating coefficients plus other
parameters for the FE method (for instance, the geometrical features of the mesh).

Assume that Y C UZ:lYTcO is covered by d nonoverlapping reference open subsets Yko. For each x €, we deal
with oscillating coefficients A(z,-) parameterized in a piecewise affine manner as follows :

- The cell Y can be partitioned into d nonoverlapping open subsets Yy (x) such that ¥ C Uzzlﬁ(m‘),
- there exist d affine homeomorphisms ®(xz,-): Y — Yy (), 1<k <d,
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- and, for every 1<k <d, the family of functions (fl(z,@(z,)))meg restricted to Y}? can be parameterized
in an affine manner as defined in (5-111.26) by

Az, ®(z,y)) +Z@q Ay (y) Yy e Y. (5-111.29)

The function ®(x,-), defined almost everywhere in Y by
®(z,y) =Py (z,y) VyeY?,1<k<d,

maps a “reference” cell onto the cell with parameter value x. By using such a mapping, the family of cell problems
defined with these piecewise affine oscillating coefficients can then be treated as if the parameterization was
affine like in (5-111.26), provided one can easily take into account the volume deformation in subdomains Y (z),
which is expressed through the Jacobian determinants of ®x(z,).

For this, we define 2(Z + 1) tensors of rank 3, (Mk)1<k<Z+1 and (f Ji<k< Z+1» thanks to a morphism between
N, sums over one single element ¥, of the mesh 7y in (RV*N)YNe and (RNe*N*N) | f1 1 <1<N, being the
canonical basis functions of RVe :

N NN
M ;ZE(/ IVydi(y)- qui)j(y)dy) fi®e;®ey, (5-111.30)
114 7
_ NN N
Fk_lz:zz:(/ Ax(y)ei- Vy¢ily )dy>fl®€z®€g (5-111.31)
1

i=1j5=1

An accurate preprocessing in the piecewise affine cases is then possible that assembles fast P;-FE matrices
and RB projected matrices, by adding only a mapping step to the linear combinations of the affine cases. Namely,
since ®(z,-) is piecewise affine for all z € 2, with the family of vectors (V(x))zeq :

Ne
=3 det((V, ®(2,9))|x,) fi Vo e,

=1

we easily get the FE matrix for any parameter value x in ) after the following contraction :

fr— Z fr—
V(x)- <M0 + Z 01 (x)Mq> ,

g=1

and so on for the RB matrix. Note that, in the piecewise affine cases, it may also be desirable to reorthonormalize
the reduced basis at each parameter value = in €2, because the FE basis functions are not normalized anymore
with respect to the L? inner product in Y after mapping.

5-1V  Numerical results

We now show numerical results for the RB approximation of a seemingly nonaffine two-dimensional problem
that is brought back to the affine setting after mapping of the cell Y. We do not show the RB treatment with
magic points of more general piecewise continuous parameterizations in this work, but elementary results for
one-dimensional problems can be found in [Boy09].

The following two-dimensional model problem is chosen here to show the efficiency of the RB method in a
classical situation for the homogenization theory. To fix ideas, it consists of homogenizing the conductivity of
a heterogeneous composite material in a domain €2, where a two-dimensional matrix is full of inclusions with
varying positions and conductivity properties.

5-IV-A Definition of the problem
For n=2 and f=0, we supply the problem (5-II.1) with the mixed boundary conditions

u(1,w2) =0 =u(zy,1),

(BC) { AV ue N (0,00) =+E AEVUE'M(@,O)- (5-IV.1)
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F1c. 5.1 — For each parameter value z, the cell with inclusion Q(x) (on the right) is mapped through the
piecewise affine homeomorphism ®(z,-) from a reference cell with inclusion Qg (on the left).

We define at each point z € Q a single rectangular inclusion Q(z) CY in the cell Y =[0,1]? by (see Figure 5.1) :
Q) ={(y1,2) €0,1]*]0<bs(2) <ys <ciw) <1,i=1,2}

We will write I, as the second order identity tensor and 1q(x) the Q(x)-test function, which, for every y€Y,
1q(x) () is one if y € Q(z) and zero otherwise.
We will work with locally periodic oscillating coefficients for all z €€ :

Af(z) =L+ Ay (z,e 2), (5-1V.2)

where A;(z,y) =0(2)1qx) (y)I, for all y in the periodic cell Y.
We are going to homogenize the problem (5-II.1) with oscillating coefficients (5-1V.2), parameterized by the
five-dimensional (5-d) parameter :

(by,c1,ba,¢0,0) : Q—[.25—0;.25+ 6] x .75 —6;.75 4+ 6)% x [-0°;0],

where it remains to choose § and 6°, respectively, in ]0;.25[ and ]0;1].

For the FE matrices to be easily assembled, we define a “reference” cell problem with a centered inclusion
Qo =10.25;0.75]? (see Figure 5.1). Then, at each point x €, the inclusion Q(z) can be mapped to Qo as
explained in section 5-1TI-E.

5-IV-B Offline computations

A FE approach is developed for mapped cell problems in Y with the reference inclusion Q. More precisely,
we use classical P; simplicial Lagrange finite elements on a quadrangular, uniform, and affine FE mesh, divided
in isosceles triangles with the base along direction y, = —y; and size hy in each direction e; and es. The mesh
is fixed and adapted to the reference domain in the sense that the boundaries of the inclusion @y are multiples
of hy.

We choose a random initial sample D of p=>50 parameter values that is uniformly distributed over the 5-d
parameter range. A reduced basis is then built with selected solutions w;(zy,®(zk,y)) by using the mapping
®(z,-) and the algorithm of section 5-III-B. Numerical results are shown for §=.1 and hy =.1 in Figures 5.2
and 5.3, where the contrast between coefficients inside and outside the inclusions grows up to 99% (6°=.99).

The relative a posteriori error bounds for the RB approximations at the parameter values of the initial
sample are computed at each step of the offline algorithm. The maximal error bound in this initial sample
decreases exponentially with the size N of the reduced basis (Figure 5.2). The effectivity of the a posteriori
estimation is checked all along the RB construction (we found ny (w;(zk,-)) €]1.4;3.5[ for all 1 <k <p, 1 <i<n,
and xx € A in the numerical experiment corresponding to Figure 5.2). Note that the offline algorithm (almost
always) alternatively selects cell functions for both cell problems, in directions e; and ey (in the experiment of
Figure 5.2 when N =2, only one cell function was chosen to optimally span the reduced basis using the algorithm
of section 5-1II-B, which strongly amplifies the RB approximation errors for the cell problem corresponding to
the other direction).

The reduced basis is then tested for another sample A ={z, 1 <k <p} of parameter values in 2. The maximal
a posteriori error in this test sample still decreases very quickly, but the rate of decrease is slightly smaller than
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z, belongs to the training sample D used along the RB construction (left picture) and when xj belongs to a

test sample A C Q different from D (right picture). The error is shown in log scale with respect to the size N of
the RB approximation space X .

FIG. 5.2 — Maximal relative error bound maxi<;<s {z,} for the RB approximations w;y (z,-) when

TAB. 5.1 — CPU time (in seconds) needed by a Matlab code with an Intel Pentium IV processor (3.0 GHz/1 Go)
to approximate the FE matrix for the homogenized problem either with a direct FE approach or with a RB
method. In the RB approach, one has to take into account the RB construction (offline algorithm with a sample
of p parameter values), the online RB computation of one homogenized solution plus the online a posteriori
estimation error (hence the two terms, RB solution + estimation, in the RB online column).

Ratio | (p=50) Offline (hh% = %) RB for E}*\, FE for f:lj\,
N/N hy algorithm € (online) (direct)
1/5 1E~1 17 s 2F2 443 ="Ts 27 s
1/5 1E~1 15s 2E3 4104330 = 740 s 3100 s
1/20 5F2 42 s 2F2 16+10 = 26 s 520 s
1/20 | 5E~2 53 s 2E—3 1600+1000 = 2600 s 37000 s

that of the initial sample used for the RB construction (see Figure 5.2). This shows that the initial sample D
was not an optimal choice to compute a reduced basis for all x € ), yet it still allows for an efficient Galerkin
approximations by considering the fast rate of decrease of the a posteriori error.

Besides, the output approximation error for this test sample scales as the square of the approximation error
for cell functions (see Figure 5.3, obtained for the same numerical experiment as Figure 5.2). That is, the RB
approximations are all the more accurate for the outputs, and the approximation errors scale like the error
bounds derived in section 5-ITI-A. The effectivities of the error bounds of section 5-III-A are indeed hardly
bigger than one (we found ny (w;(xy,-)) €]1.3;3.9] for all 1<k <p, 1<i<n, and x, €A).3

5-IV-C Online computations

After building a reduced basis with the greedy algorithm from the previous FE approximations, we use the
RB method to compute online RB approximations for cell functions as linear combinations of the RB basis
functions. For this online stage, we develop a FE method for the homogenized problem (5-I1.7) and use classical
Py simplicial Lagrange finite elements on a uniform quadrangular FE mesh divided into isosceles triangles with
a base along direction x5 =—x1 and size hpom in each direction e; and es.

The RB computations are performed in the step of the numerical homogenization strategy where the values
of the homogenized coefficients are collected, as outputs of the cell functions, at some quadrature points in )
that are necessary for the computations of the entries of the FE matrix in the homogenized problem (5-11.7).
The CPU time needed for computing these outputs is compared between the RB and FE methods (Table 5.1),

3Note that the maximal relative a posteriori error bound and the maximal error in Figures 5.2 and 5.3 are not obtained for the
same parameter values, hence the discrepancy between their ratio and the different effectivities ny (w;(zg,-)) we computed.
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respect to the size N of the RB approximation space Xy .

(right picture) for the random test sample A shown in log scale with

TaB. 5.2 — Theoretical correction error for the homogenized solution and the RB numerical approximation error
for the homogenized solution when § =.2, §%= .99, p=50, and N = 20.

(tnom = 3)[flus — w2 [llurr —willn | IVrelle 19y (win —win) 2]
(theory) <Cie <Chv/e

hy =1E71||(e=2.0E72)] 12E~* |(/e=14E™1) 2.9E2

hy =1E71||(e=2.0E73)| 47E~3 |(y/e=4.5E72) 1.0E~2

hy =5E72||(e=2.0E72)| 3.1E"3 |(ye=14E™1) 8.6E~5

hy =5E72||(e=2.0E73)| 1.1E~3 |(y/e=4.5E72) 3.0E~2

where the RB method includes an online a posteriori estimation of the approximation error.

In the calculations of Table 5.1, the RB method has been applied with a reduced basis of size N =20 initially
trained with a parameter sample D of size p=50. The main result of Table 5.1 is that the ratio of the RB
computation time on the FE computation time scales like N/N, the ratio of the numbers of degrees of liberty
in the RB and (direct) FE methods for the cell problem.

So we can distinguish between two main regimes. The less favorable regime is the case of large ratios N/N,
which corresponds to cases where one needs only small precision for the homogenized solution and its correction
(5-I1.10) (large hy ). Then the RB method is likely to be faster, but only slightly faster, than a direct FE method.
So it is likely to be an interesting approach in the frame of many queries of the homogenized solutions only,
when the computation time spent by the offline algorithm is not even an issue. It is then possible to enlarge
the initial parameter sample D (take a larger p), which increases the computation time spent by the offline
algorithm in the RB construction but improves the quality of the RB approximations.

On the contrary, the favorable regime corresponds to small ratios N/N, where the correction is sought very
accurately (small hy, or large A). In our numerical example, for instance, taking N'=400 (hy =5FE~?) instead
of N'=100 (hy =1E~!) allows one to improve the accuracy of the homogenized coefficients from the third digit
and the accuracy of the homogenized solution from the second digit (in accordance with the error estimate
(5-111.24)). Then, in this regime where accurate homogenized results are wanted, the numerical results for the
RB approximations of the cell functions show that there is an important gain of computation time, while there
is no significant loss of numerical precision (Table 5.2).

5-V  Conclusion and perspectives
We have shown in the present work that, for a prototypical class of parameterized cell problems (with

piecewise affine oscillating coefficients), the reduced-basis approach applies and significantly reduces the time
needed to compute a large number of parameterized cell problems in homogenization, in comparison with a
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direct FE method.

But many interesting questions remain concerning the extension of the RB approach in homogenization to
a larger class of parameterized cell problems. In particular, other geometries for more realistic cell problems
should now be addressed, as well as other boundary conditions for the cell problems (including the treatment of
oversampling techniques) and less regular oscillating coefficients (with many inclusions in varying the amount).
Also, the same questions as those examined in the present work for scalar elliptic equations could be asked
for the equations of linear elasticity in two- and three-dimensional contexts. Further developments, but also
improvements of the RB methodology, such as the fast estimation of tight parameterized coercivity constants
a4, are then needed that may lead to interesting (fast and accurate) approaches in homogenization. A major issue
in homogenization is the limitation of the time computation, and speeding up the homogenization procedures
should inevitably bring new possibilities of refinements, maybe after a clever combination with oversampling
techniques.

In any case, we believe that our result is interesting in the frame of many of the commonly used homogeniza-
tion strategies, namely, all of those that ask for solving a computationally demanding number of parameterized
cell problems. This is true provided the type of the parameterization can be handled with our RB approach.
Among those homogenization strategies, the two-scale homogenization strategy is well known and much used
in practice. That is why we have chosen this frame for our numerical experiments. But other homogenization
strategies, which are used for nonlocally periodic oscillating coefficients, can also be treated with a RB approach.

For example, stochastic homogenization also asks for solving a large number of parameterized cell problems
in the frame of local approximations of the homogenized tensor [BP04]. The homogenization of locally deformed
oscillating coefficients A¢(x)= A(®, (e~ 12)), with ® a diffeomorphism, in the frame of deterministic homo-
genization [Bri94] or of stochastic homogenization [BLLO06], A¢(z)=A(®, (¢ 1z,w)), with w an element of a
probability space, by nature, also demands to solve parameterized cell problems.

More general cases, often computationally demanding, also rely on the computation of a large number of cell
problems and offer a frame for an application of the RB approach. Among those homogenization strategies, the
HMM that averages over a large number of cell problems could directly make use of our RB approach when cell
problems are correctly parameterized. Another one, the MsFEM, also averages over numerous cell problems.
Yet the range of geometries for those cell problems is often larger, and it is still not obvious that model order
reduction techniques may speed up the MsFEM computations.

Although we have not tested all of the above-mentioned possible improvements, we believe that our work is
likely to improve a large number of existing homogenization strategies. Definite conclusions on the validity of
our approach in such settings will hopefully be obtained soon.

Acknowledgement 2. Thanks to C. Le Bris and A. T. Patera for their guidance in this work.
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5-VI Addendum to the Chapter 5

In this section, we present additional results that were not published in the article [Boy08].

5-VI-A  One-dimensional tests
We consider the problem (4-1.44) on the one-dimensional range =]0,1[ with f=0.

5-VI-A-a Affine parameter
We choose a(x,y) =1+ ¢(z)cos(2ry). In the numerical tests, we take ¢:R—]—1,1] linear ¢(z)=3z with

0 =.5 for the sake of simplicity. Then we observe numerically that the RB approximation error converges very
fast with respect to the size N of the reduced basis (see Fig. 5.4) : equivalently, the manifold generated by the
cell functions is very thin. Note also the sharpness of the a posteriori estimator in this simple example, and the

Mai log sH1 ervor for w wrt W (biug ) plus bounds (sup=green inf=rec) Max log errar for output s wret B (blue ) plus bound sup {green)

1 1.5 2 25 3 3.5 4 45 5 5.5 3} 1 15 2 2.5 3 3.5 4 4.5 5 55 B
Size M of the reduced basis Size N of the reduced basis

F1G. 5.4 — Left : Maximum of |fw(x) —w® (z)||x with respect to the size N of the reduced basis within a test
sample A¢egt € 2 of parameter values z with size 100 (blue line), with a posteriori lower (red) and upper (green)
bounds. Right : Maximum of the output |s(z)—s" ()| (blue) with a posteriori upper bound (green).

quadratic effect in the output RB approximation error compared to the RB approximation error for the cell
function, which is similar to what the upper-bound predicts.

5-VI-A-b Smooth non-affine parameter

We choose a(x,y) =1+ ¢(z)cos (%y) with T'(x) =1+ .5cos(x), for all y € Y. So the parameter dependence

is no longer affine. * In the numerical tests, we take ¢(x)=dz and § =0,05. The RB approach is used to compute
fast the T'(x)-periodic solutions to the z-parametrized cell problem :

—divy(a(z,y) - [1+Vyw(z,y)]) =0,YyeY ,

with output : a*(x):fya(x,y)o[1+Vyw(z,y)] dy.

We tackle the non-affine parameter dependence with the empirical interpolation method introduced in
[BNMPO04] (see Chapter 4). That is, for each parameter value where the solution to the cell function has
to computed, additional operations are necessary to compute the parametrized variational formulation, which
does not have the right affine decomposition for a direct fast construction. To maintain the rapidity of the
computations in the online RB approximation procedure, we thus build a collateral reduced basis of size M
for the coefficient functions {a(xz,-) € L*(Y), x €Q}, and a fast interpolation procedure using M magic points
(MP), the computation of which scales like O(M?). Typically, M is small if the dependence of the non-affine
coefficients on the parameter x is smooth, thus the additional operations necessary to compute an approximation
to the (discretized) variational formulation using that empirical interpolation procedure are fast. Note yet that
the MP method is heuristic; in particular, it does not ensure the well-posedness of the reduced problem! In

4Note another possible choice of non-affine parameter, a(z,y) =1+ exp (¢(x)cos(2my)) for instance.
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practice, the approximated diffusion coefficient in the MP approximate problem sometimes happened to have
pointwise negative values, but the discrete system obtained after projection in the subspace X, «x y spanned by
the reduced basis was always well-posed. In Fig. 5.5, 5.7 and 5.7 we compare different approximations of the
non-affine coefficient, either the L? projection or the MP interpolation, using the same collateral reduced basis
of size M : there seems to be very little difference for our smooth coefficient. We also observe that the RB ap-
proximation error for the cell function solution to the problem approximated by a collateral reduced basis (and
its output) decays until saturation at a critical size N (M) of the reduced basis, which depends on the quality
of the approximation for the non-affine approximation. The larger M, the larger the critical size Ny (M), and
the lower the RB approximation error at saturation.

Maximal log resiclual approximation error of the operator (hiue ) with estimator (green) Maximal log resiclual approximation error of the operator (blue) with estimator {green)

T T T T T T T T -4.5
i TN L - e | N | —(

55l i

-5 -
B5) 4

a5l N
75F 4

85} g s i

a5 L L L L L L L L .45 L L L L L L L L
a a

Fi1c. 5.5 — Left : Maximal L°°(Y") error for the magic-point interpolants in the collateral RB space of size M
inside a sample test of non-affine coefficient functions, with respect to M. Right : Maximal L*°(Y) error for the
L?(Y') projections in the collateral RB space of size M inside a sample test of non-affine coefficient functions,
with respect to M. (In green, the a posteriori estimator at the M + 1 magic point proposed in [GMNP07].)

Maxzimal log sHT error for wlwrt M for growing M Mazimal log output error for s“ wrt M for grovwing M
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FiGc. 5.6 — Left : maximal H' error for the RB approximations wn,m(x,7) in a random test sample using
empirical interpolation and magic points with different M, with respect to the size N of the reduced-basis.
Right : maximal L error for the RB approximations sy, () in the same random test sample of outputs s(x)
using empirical interpolation and magic points with different M, with respect to the size NV of the reduced-basis.
The line termed datal corresponds to M =1, etc. until M =6, and data7 corresponds to the error of the RB
approximation without empirical interpolation.
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Maximal log sHT error for wlwrt M for grovwing M Maximal log output error for s“ wrt M for growing M
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FIG. 5.7 — Left : maximal H' error for the RB approximations wy a(,-) in a random test sample using
empirical interpolation and L? projection with different M, with respect to the size N of the reduced-basis.
Right : maximal L error for the RB approximations sy, () in the same random test sample of outputs s(x)
using empirical interpolation and L? projection with different M, with respect to the size N of the reduced-basis.
The line termed datal corresponds to M =1, etc. until M =6, and data7 corresponds to the error of the RB
approximation without empirical interpolation.

5-VI-A-c Non-smooth non-affine parameter

We choose a(z,y) =1+ g(z,y) such that for any z €]0,1]

0.05z when y — [y] € [0.3+.15x;0.7 — .15z

0 otherwise. (5-VL1)

g(x,y) =

The parameter dependence is clearly not affine : it shows two discontinuities moving with x. We could re-
parametrize the discontinuities using two additional geometric parameters : then, a piecewise affine mapping of
the problem would render an affine parametrization as it was shown previously for the 2-d case. But here, we
want to test the empirical interpolation approach. Of course, the difficulty is the control of the L>°(Y") norm
of g(x,-), which is not a smooth function. Regularization of the coefficient functions g(x,-) slightly improve the
numerical results for the RB approximations of the cell functions, but not for the output (see Fig. 5.8).

5-VI-B Two-dimensional tests

Most simple two-dimensional tests do not invoke re-parametrization of the geometry ; typical fast oscillating
coefficients are

A(z) = I+ (a) A, (%) (5-VL.2)

where the function A;(y)=cos(2my;)cos(27mys) I is Y-periodic and where the parameter dependence is clearly
affine with respect to ¢(x)=dx122, without requiring a piecewise affine mapping. (In the numerical test, we
take 0 =0.05, see Fig. 5.9.) Observe then in Fig. 5.10 a typical cell function : it is very regular, in contrast with
cell functions where the position and the size of the inclusion change.

Since the problem here is much smoother in the parameter than the one treated in the article [Boy08], we
numerically observe a very rapid convergence of the reduced basis (Fig. 5.11).
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F1G. 5.8 — From top to bottom, Maximal H! error for the RB approximations wy, a(z,-) (left) and L* error for
the RB approximations sy as(x) (right) obtained with collateral reduced bases of different sizes M using with
the usual MP interpolation (top), L? projection (middle) and the usual MP interpolation after regularizing the

discontinuities with convolutions (bottom).
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Conductivity in the x (horizontal) direction

FIG. 5.9 — Fast-oscillating coefficient AS, (21,27) as defined in (z1,22) € Q by (5-VI1.2).
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FIG. 5.10 — Left : typical cell function obtained when A; (y):cos(277y1)cos(27ry2)I:2. Right : example of cell
function much less regular, obtained when using a moving inclusion (in size and length) to define A;(y).
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FiG. 5.11 — Maximal relative RB approximation errors |lw;(z) —w) (z)||x (left, blue : i=1, green : i=2) and
|sij(x) =1 ()| (right, for the four components), with respect to the size N of the reduced basis, within a test
Sample Atest-
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Chapitre 6

Approche par bases réduites de
problemes variationnels avec
parametres stochastiques : application
a un probleme de conduction de
chaleur avec un coefficient de Robin
variable.

Ce chapitre est la reproduction de [BBM109]. Les résultats ont été obtenus en collaboration avec C. Le Bris,
Y. Maday, N. C. Nguyen et A. T. Patera.

On y utilise une approche Bases réduites (RB) pour résoudre un grand nombre de Problémes aux bords
(BVPs) paramétrés par une donnée d’entrée stochastique — exprimée comme un développement de Karhunen-
Loeve — en vue de calculer des données de sortie qui sont régulieres en le champ aléatoire solution. La méthode
RB proposée ici pour des problémes variationnels paramétrés par des coefficients stochastiques est tres similaire
a I'approche RB standard développée antérieurement pour des problemes déterministes. Cependant, le cadre
stochastique requiert le développement de nouveaux estimateurs a posteriori pour des données de sortie “statis-
tiques” — par exemple ici, les deux premiers moments de fonctionnelles intégrales du champ aléatoire solution,
estimés en fonction d’un nombre variable (& ajuster selon la précision voulue) de données d’entrées “stochasti-
ques”. Ces bornes d’erreurs permettent donc un échantillonnage efficace des parametres d’entrée stochastiques
et un calcul rapide et fiable des données de sortie, en particulier quand le calcul des données de sortie est réitéré
pour de nombreuses valeurs des autres parametres du probleme (distincts des coefficients stochastiques).
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In this work, a Reduced Basis (RB) approach is used to solve a large number of boundary value problems
parametrized by a stochastic input — expressed as a Karhunen—Loéve expansion — in order to compute outputs
that are smooth functionals of the random solution fields. The RB method proposed here for variational problems
parametrized by stochastic coefficients bears many similarities to the RB approach developed previously for
deterministic systems. However, the stochastic framework requires the development of new a posteriori estimates
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6-1 Introduction

6-I-A  Overview

Let U(-,w) be a scalar random field solution to a (presumed well-posed) Boundary Value Problem (BVP)
involving a Stochastic Partial Differential Equation (SPDE). For instance, if variations in the probability space
(Q,F,P) are denoted by the variable w, we take U(-,w) as the P-almost sure (a.s.) solution to the Partial
Differential Equation (PDE) in a (smooth) physical domain D

—div(a(z)VU(z,w)) =0, Yz €D (6-1.1)

supplied with a stochastic Robin Boundary Condition (BC) on the boundary 9D parametrized by a random
input field Bi(-,w)
n(z)" a(z)VU (2,w) +Bi(z,w) U(r,w) =g(x), Yz €D . (6-1.2)

Here, a takes symmetric positive definite matrix values, the random field Bi(-,w) (Biot number [LL02]) is non-
zero (non-degenerate positive) on some subset I'y CID (with non-zero measure), n(x) is the outward unit
normal at x € 9D and T denotes the transpose.

We consider the rapid and reliable computation of statistical outputs associated with U(-,w) such as the
expected value Ep(S) and the variance Varp(S) of a random variable S(w)=E(U(-,w)) given by a linear
(scalar) functional &€ of the trace of U(-,w) on I'r COD (where Tr NT'p=10)

8(U(~,w)):/r U(-w) . (6-1.3)

One possible strategy is to evaluate the statistical outputs as Monte-Carlo (MC) sums of the random variable

S

1 M

T M1 £

m=1

M
Eu[S]= % SOsm Vals) (Ew[S]—S™)? | (6-1.4)

using M independent random variables (S™)1<m<n with the same distribution law as S. But M can be very
large, and hence these MC evaluations can be very demanding (for each m, one must solve a BVP PDE in
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D). Furthermore, in actual practice, and as developed subsequently in this paper, we are often interested in
evaluating our statistical outputs for different values of deterministic parameters, say o — which even further
increases the computational challenge. For this reason we develop a Reduced Basis (RB) approach : to decrease
the computational cost of the M realizations of the Finite Element (FE) approxiations Un/(+,w) = U (-,w) required
in the Monte-Carlo sums.

Toward this goal, we first rewrite the parametrization of the BVP using a Karhunen—Loeve (KL) expansion
of the random input field (see Section 2 for details)

K
Bi(r,w)=Bi (G(m)—&—zfﬁk(:ﬁ)Yk(w)) , VeedD, (6-1.5)
k=1

where K is the rank (possibly infinite) of the covariance operator for Bi(-,w) with eigenvectors (®y)i<k<x,
the positive number Bi= [, dP(w) [,,Bi(-,w) is an intensity factor and the random variables (Y3), <, are

mutually uncorrelated in L2(€2) with zero mean. Next, we define a function bi(+;Bi,y) parametrized by Bi€ Rxg
and the (possibly infinite) sequence y= (y1,92,...) € AY CRF

K
bi(z;Bi,y) =Bi (G(x)—I—Z(I)k(x)yk) , VzedD, (6-1.6)
k=1

such that for all Bi € R~ and y € AY the parametrized function bi(-;Bi,y) is well defined ; we also define truncated
versions y& = (y1,Y25--+,YK,0,0,...) €AY up to order K <K of the deterministic parameter sequence y.

For any positive integer K <K, we then define a solution Uk (,w) to the BVP in which the KL expansion
of Bi(-,w) in the Robin BCs is replaced by a truncated version at order K

using truncated versions VX (with K < K) of the (possibly infinite) sequence Y = (Y%), <k<x of random variables.
For almost all fixed z € D, the random variable Uk (z,-) is clearly o (YK )—measurable and, by the Doob-Dynkin

lemma [Oks03], we have Uk (7,w)=ux (z;Y X (w)) for almost all (z,w)€ D x ), where ug(-;y*) solves a yX-
parametrized BVP PDE problem (y% € AY) :

{ —div (a(z)Vug (z;y%)) =0, Vz €D, (617
n(z)Ta(x)Vug (2;y") +bi(e; B,y Juk (2;9%) = g(2), Ve dD . .

The problem (6-1.7) is well-posed under standard hypotheses for all 3 € AY in the range of Y.
The statistical outputs for Sk (w)=E (Uk (-,w)) obtained after truncation of the KL expansion
M ;M
m _ m2
En[Sk]=+; m; SR VulSkl= g1 D (BulSk]=S%)° (6-1.8)

m=1

can then be obtained as, respectively, En[sx (Y )] and Vis[sx (YH)], using sg(y*) =& (ux(-;y*)) and M
independent random vectors (Ynlf )1 <me<py With the same distribution law as Y& Clearly, the error in these
outputs due to truncation of the KL expansion must be assessed ; we discuss this issue further below. (We must
also ensure that M is large enough ; we address this question in the context of our numerical results.)

In Section 6-II1, we develop a reduced basis (RB) approach [ASB78, FR83, NP80, Por85] for the parametrized
(deterministic) BVP (6-1.7) and outputs (6-1.8) for the case in which the random variables Yy, 1<k < K (<K),
are bounded (uniformly if X =400) such that the KL expansion is positive for any truncation order K (and
converges absolutely a.e. in 9D when K =400); the latter ensures well-posedness of the BVPs obtained after
truncation at any order 1< K <. We shall present numerical results for a random input field Bi(-,w) whose
spatial autocovariance function is a Gaussian kernel such that the KL spectrum decays rapidly.

In particular, we shall show that our RB approach significantly reduces the computational cost of the MC
evaluations with no sensible loss of accuracy compared to a direct Finite Element (FE) approach. For instance,
with truncated KL expansions of order K <20, the RB computational time for solutions to (6-1.7) is reduced by
a factor of 4—15 relative to direct FE, and the (relative) approximation error in the expectation due to both RB and
KL truncation is controlled and certified to 0.1% (for K =20). Our RB approach thus also straightforwardly
permits rapid exploration of the dependence of the outputs Ep[sx (Y )] and Vas[sk(Y5)] on variations in
additional deterministic parameters g entering the problem. (In the limit of many evaluations at different p,
computational savings relative to FE can be as much as O(200).)
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6-I-B Relation to Prior Work

The computation of BVPs involving SPDEs has been identified as a demanding task [BTZ05, DBOO01,
MEKO05, DNP*+04] for several years, whatever the numerical approach used to discretize the SPDE. For instance,
among those numerous numerical approaches, the popular spectral (stochastic) Galerkin discretizations [GS91],
based on a (generalized) Polynomial Chaos (PC) expansion of the solution [Wie38, XK02], consists in solving a
variational problem in a high-dimensional tensor-product functional space on D x A¥Y, which is computationally
(very) expensive. Hence several reduction techniques have been proposed recently for the spectral Galerkin
approach, in particular :

— sparse/adaptive methods [FST05, TS07b],

— efficient iterative algorithms for the fully discretized problems, using parallel solvers, preconditioners
and/or Krylov projections [PG00, KMO05], sometimes termed “stochastic RB” Krylov methods [NKO02,
SNKO06, MNKO08],

— POD approaches for PC discretizations of the functions in the stochastic variable (combined with a two-
scale approach in the physical space) [DGRH07, GSDO07],

— POD approaches for PC-FE discretizations of the functions defined on the whole tensor-product space,
termed “generalized spectral decomposition” [Nou07, Nou08§],

— and stochastic collocation approaches [XH05, BNT07, NTWO0§|.

These reduction techniques have shown good performance on test cases. However, the sparse/adaptive methods
require substantial implementation efforts, the Krylov methods and the POD approaches do not yet provide
rigorous a posteriori analysis to control the output approximation error, and the stochastic collocation method
still invokes numerous (expensive) FE solutions — at each collocation point. The RB method described here —
albeit for a limited class of problems — focuses on simple implementation, rigorous a posteriori error bounds,
and parsimonious appeal to the FE “truth”.

The formulation of the RB method presented herein can be straightforwardly applied to discretizations of the
SPDE that lead to the solution of many decoupled variational formulations of the BVP on D for many fixed given
values of the random input in AY (like (6-1.7)). In the present work, the RB method is only applied to Monte-
Carlo/Galerkin (in fact, Finite-Element) discretizations of the SPDE, as described earlier in this introduction.
That is, the statistical outputs like mean and variance of some functional of the random variable solution to
the SPDE are computed through Monte-Carlo (MC) evaluations of the random variable S = sx (Y %), and not
through quadrature or collocation formulee for the (weighted) integration of the function y® — sk (y%) over
yK e AY.

However, the RB method could be applied as well to many numerical approaches where integration in the
stochastic space is discretized by collocation at many points in the range of the random input, where at each
of these points one has to solve a PDE parametrized only by the value of the random input at the same
point. In particular, the RB method proposed in this paper can be viewed as an accelerator of the stochastic
collocation approach described in [BNT07], where a basis of orthogonal polynomials in the stochastic variables is
substituted for the standard PC basis. As a matter of fact, the stochastic collocation approach is just a pseudo-
spectral Galerkin discretization : it applies quadrature formulae for the computation of the ouputs Ep (s x(YE ))
and Varp (sx (Y)) so as to split the variational formulation for ux (-;-) on the high-dimensional tensor-product
space (x,y%) €D x AY into many variational formulations on the lower-dimensional space D parametrized by
yX € AY. Clearly, we may replace sx by a (certified) RB approximation to further reduce the computational
effort! ; equivalently, we may replace the MC sums of our current approach with the quadrature rules developed
in [BNT07, NTWO08]. Future work will investigate this promising opportunity.

Compared with numerical approaches developed previously for SPDESs, the main features of our RB approach
are the following :

(a) the solution Uk (-,w) to the original stochastic BVP is mapped to the distribution of Y,

Uk (z,w) =ug (z;Y 5 (w)) for almost every (a.e.) z €D and P-a.e. outcome w € €,
through the solution u (-;4%) to a deterministic BVP, the variational formulation of which must have an
affine parametrization? (affine in the sense that the weak form can be expressed as a sum of products
of parameter-dependent functions and parameter-independent forms) — as typically provided by a KL

1In [NTWO8], it is even shown that one can minimize the number of collocation points, which correspond to zeros of the family
of orthogonal polynomials substituted for the PC basis, with a view to “optimally” describing the range of the random input.

2Non-affine (but piecewise smooth) parametrizations can also be treated by the so-called magic points to “empirically” interpolate
the coefficients entering the variational formulation [BNMP04, GMNP07].
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expansion of the random input field which decouples the dependencies on the probability and physical
spaces ;

(b) alarge number of variational approximations for the solutions ux (+;y) to the deterministic BVP, defined
over the (relatively) low-dimensional physical space D and parametrized by y¥, must be computed for
each MC evaluation of the statistical outputs (and for each value of the additional parameter g) — as
opposed to spectral Galerkin variational methods in which wg (+;-) is discretized on the high-dimensional
tensor-product space (z,y) €D x AY such that only one, very expensive, solution is required (for each
value of the additional parameter p);

(c) the “deterministic” RB approach [MMO™00, PRV*T02, RHP0S] is then applied to the deterministic BVP
to yield — based on a many-query Offline-Online computational strategy — greatly reduced computational
cost at little loss in accuracy or, thanks to rigorous a posterior: bounds, certainty.

Of course our approach also bears many similarities to earlier proposals, most notably reliance on the Kolmogorov
strong law of large numbers (for the MC evaluations to converge), on the KL expansion of the random input
field, and on smoothness with respect to the parameter y*.

Note that the usual RB method can be extended to the SPDE framework thanks to new error bounds (to
take into account the effect of the truncation of the KL expansion, and to assess the efficiency of the reduction,
that is to control the RB error in outputs that are sums over many parameter realizations). But the idea behind
the RB method remains the same as in the usual case of parametrized (deterministic) PDEs, even though SPDEs
typically result in many (> K) deterministic parameters (y*,0). The rapid convergence of the RB method we
observe here — that does not break but at least moderates the curse of dimensionality — relies heavily not only
on the smoothness of u (-;y%) with respect to ¥, but also on the limited range of the y; component of y*
when k>>1; the latter, in turn, derives from the (assumed) smoothness of the autocovariance function (rapid
decay of the eigenvalues of the Hilbert-Schmidt integral operator with the autocovariance function as kernel).
It is imperative to choose K as small as possible.

6-I1 Variational Formulation of a Boundary Value Problem with
Stochastic Parameters

6-1I-A  Stochastic Partial Differential Equations

The modeling of multiscale problems in science and engineering is often cast into the following framework.
At the macroscopic scale at which important quantities must be computed, a (possibly multi-dimensional) field
variable U (-,w) is assumed to satisfy a PDE on a physical domain D C R? (d=2, 3, or 4 for common applications)

A(Lw)U(w)=f(w)in D, (6-11.1)
supplied with Boundary Conditions (BC) on the (sufficiently smooth) boundary 0D,
B(,w)U(-,w)=g(-,w) in 0D ; (6-11.2)

here the differential operators A(-,w), B(-,w) and the source terms f(-,w),g(-,w) are parametrized at each point
of the physical domain by a variable w describing the state of some generalized local microstructure. We shall
not discuss other possible formulations for multiscale problems, such as integral equations; furthermore, the
formulation above will be assumed well-posed in the sense of Hadamard for the case in which A, B, f and g vary
with the microstructure w (extensions of this work to distributions, that is, generalized functions of w, are not
straightforward).

To model the “fluctuations” of the underlying microstructure, whose impact on the macroscopic quantities of
interest is to be evaluated, we can assume — without invoking detailed information about the microstructure —
that the input is random. To this aim, one can introduce an abstract probability space to model the fluctuations,
the latter being then described through variations within the set of elementary events w € Q) (similar arguments
are often developed to model material properties 2, see e.g. [0SW99, Xu07]). The outputs of such models are
then also random by nature. The equations (6-11.1),(6-11.2) are then generally called Stochastic PDEs (SPDEs).

3We note that by choosing the microscopic fluctuations as stationary ergodic random fields, the numerical treatment of averaged
outputs for SPDEs also applies to many situations considered in stochastic homogenization theory [BLL06, JG04], in which a
powerful and elegant analysis of (weak) convergence allows one to reduce the modeling of complex multiscale problems to a more
tractable set of sub-problems. Note that the RB approach has been applied to efficient numerical treatment of multiscale problems
with locally periodic fluctuations within the context of deterministic homogenization theory [Boy08].
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SPDEs are useful when one cannot, or does not want to, describe precisely the microstructure. Examples
include uncertainty quantification for structures in civil engineering [CGRdB04, SBLO06], for complex flows in
fluid dynamics [MHZO05], or for multiphase flows in porous media [GD9S].

6-I1I-B  Problem Statement : Stochastic Robin Boundary Condition

The RB method has been introduced earlier for the many-query evaluation of outputs for various parame-
trized variational problems [MMOT00, PRV*02, RHP0S] in a deterministic framework (deterministic PDE and
BC). In this work, we shall choose only one (simple) example to illustrate the stochastic case ; however, it should
be clear that the approach admits a general abstraction applicable to a wide class of problems.* We now pose
our particular problem.

We shall let (2,F,P) be a complete probability space where 2 is the set of outcomes w, F is the o-algebra
of events among all subsets of 2, and PP is a probability measure (notice that this definition itself is often a
practical issue for the modeller). And we shall let the physical domain D be an open, bounded, connected subset
of R? (d=2) with Lipschitz polyhedral boundary, which we classically equip with the usual Borel o-algebra
and the Lebesgue measure. We recall that random fields are collections of scalar random variables that can be
mapped to a physical domain ; for instance, functions are defined on D and take values in L2(Q) — the space
of square-integrable functions on the probability space (Q,F,P).

Let us introduce some further notations :

L?(D) the Hilbert space of Lebesgue square integrable functions in D ;

H(D) the usual Sobolev space (with Hilbert structure) of functions in L?(D) that have gradient
in [L?(D)]?, imbued with the usual Hilbert norm |- ||1,p;

L?(dD) the Hilbert space of the Lebesgue square integrable functions in the manifold 9D equipped
with its Borel o-algebra, imbued with the Hilbert norm || ||o.op ;

L>(0D) the Banach space of essentially bounded functions on the manifold 9D, imbued with its
usual norm ||+ | s,8p-

We also recall that functions v € H!(D) have a trace v € L?(0D) on dD that satisfies

[vllo,op <Fllvlli,p (6-11.3)

where ¥=4(D) is a constant positive real number that depends only on D.
In the following, we shall deal with SPDEs in which only the boundary differential operator B(w) is para-
metrized by a random scalar input field, in particular Bi(-,-) : D x Q@ —R. We identify in (6-II.1), (6-11.2)

Alz,w)=—div(a(z)V-), f(z,w)=0, VzeD,
B(z,w)=nT(z)a(x) V- +Bi(z,w)-, g(z,w) =g(x), Vx €D .

The case in which the other terms also depend on a single scalar random field Bi(-,w) is a straightforward
extension, provided the problem (6-II.1),(6-I1.2) remains well-posed in the sense of Hadamard with respect to
the variations w € 2. Note that the divergence div and gradient V operators imply differentiations with respect
to the physical variable x only, and not with respect to the probability variable w. The scalar random field
U(-,w) with z €D is defined as the P-a.s. solution to the Robin BVP (6-1.1), (6-1.2). The deterministic (strictly
positive) diffusion matrix a is assumed isotropic though non-constant for all 2 € D (the function k is specified
below to get a simple “additional” deterministic parameter o),

k(z) 0
a(x)= , VzeD .
0 x(x)
We shall assume 0 < Kmin < K£(2) < Kmax < +00 for well-posedness. The boundary 9D is divided into three non-
overlapping open subsets -
oD C (FN UFRUFB) .

4We shall limit attention to those simple SPDEs which are not generalizations of Stochastic Differential Equations (SDEs) to
multi-dimensional derivatives — where outcomes of the random input are distributions (generalized functions). Such interesting
cases will be the subject of future work.
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F1G. 6.1 — Geometry of the heat sink : a spreader Dy and a fin D;.

The boundary (Root) source term g is taken as deterministic (constant), non-zero on I'g only,
g(x)=1rg, VeedD ,
while the Biot number Bi is taken as a positive random field, non-degenerate on I'g only,
Bi(z,w)=Bi(z,w) 1ry, VxedD .

Note that on I'y, Eq. (6-1.2) thus reduces to homogeneous Neumann conditions.

The physical interpretation is simple : if Ty is the constant temperature of the ambient medium, To+U is
the steady-state temperature field in a domain D (comprised of an isotropic material of thermal conductivity
k) subject to zero heat flux on boundary I'y (either by contact with a thermal insulator or for reasons of
symmetry), constant flux at boundary I'g (contact with a heat source), and a random heat transfer coefficient
Bi at boundary I'y (contact with a convective fluid medium). Note that the Biot number Bi is a fashion for
decoupling the solid conduction problem from the exterior fluid convection problem : it is at best an engineering
approximation, and at worst a rough average — often not reflecting the environmental details; it thus makes
sense to model the unknown Bi variations as a random (but typically rather smooth) field Bi(-,w) in order to
understand the sensitivity of output quantities to heat transfer coefficient uncertainties.

With a view to specify parameters which will then be used in the numerical application of Section 6-
ITI, we shall more precisely consider the steady heat conduction problem (6-I1.1), (6-1.2) inside the T-shaped
heat sink D as shown in Figure 6.1. The heat sink comprises a 2 x 1 rectangular substrate (spreader) Dy =
(—=1,1) x (0,1) on top of which is situated a 0.5 x4 thermal fin D; =(—0.25,0.25) x (1,5). (In effect, all lengths
will be nondimensionalized relative to the side-length of the substrate.) We also specify the diffusion coefficient,
which we shall take as a (normalized) piecewise constant

k(z)=1p, +Kklp,,Vr €D ,

where 1p, is the characteristic function of domain D; (i=1,2). On I'g, the two sides of the fin, we shall impose
a stochastic convection/Robin BC with a non-zero random Biot number Bi (built as a random field Bi(-,w) with
a priori known mean and autocovariance function, see Section 6-II-D-a) ; on I'gr, the root, we impose unit flux
g(x)=1; and on I'y, we impose zero flux.

We recall that the outputs of interest will be the first two moments of a (scalar) linear functional £ of the
random solution field U(-,w) defined in (6-1.3) as the (random) integrated trace S(w)=E (U(-,w)) on the edge
I'r of the domain D (corresponding to the location of the heat source — the point at which we wish to control
the temperature) :

Ep(S):— /Q S(W)dP(w),  Varp(S)i— /Q S(w)2dP(w)—Es (S)? | (6-11.4)

provided the random variable S is sufficiently regular (for instance in LZ()).
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Remark 26 (Outputs). It is possible to consider other (and multiple) outputs within the RB approach. Essen-
tially these outputs should be empirical estimations for functionals of U(-,w) that are continuous with respect
to some L, (Q7H1 (D)) topology (1 <p<+o0). Note that interesting cases such as p=-+oo above, and pointwise
values of a cumulative distribution function

P{weQ|E(U(-w)) <&}

for some finite numbers &y €R, are covered by this first RB approach. Indeed, assuming smoothness in w, one can
bin the range of the random variable £ (U(-,w)), and use a tree algorithm to account for the variations inside the
confidence interval obtained for each realization S™ (1<m<M) of S(w)=E(U(-,w)) using the RB approach.
If a confidence interval A%, is associated to each realization S™ and overlaps n., €N bins, then computing the
confidence interval for the output cumulative distribution function amounts to a search for the extreme variations

i the output among the (H%:lnm) leaves of the tree.

In the numerical application of Section 6-111, the statistical outputs (6-11.4) (expected value and variance of
the integrated temperature at the bottom surface I'r of the heat sink) will be explored in a many-query context
(of design optimization for instance) as functions of the “additional” deterministic parameter o= (k,Bi) in the

range A€, where
— 1

Bi:=—
‘FB| I's

A detailed stochastic description of the random field Bi(-,w) used for numerics is given in Section 2.4.

Ep (Bi) .

6-II-C Different Discretization Formulations

Much attention has been devoted recently to the development and the numerical analysis of various numerical
approaches for BVPs involving SPDEs e.¢g. [BNT07, BTZ05, DBO01, FST05, GS91, KM05, MK05, NTWO08,
SNKO06, VJ05, WKO05, WK09, XK02]. Our RB approach specifically aims at reducing the number of computations
in many of the previously developed frameworks without any loss in precision by (%) splitting the computations
into Offline and Online steps, and (i) maintaining accuracy control through a posteriori error estimation of
the outputs. The RB approach applies to those formulations that are variational with respect to variables in the
physical space D, which we denote D-weak formulations, and can be combined with different treatments of the
probabilistic dependence. The latter fall into two main categories : the Q-strong/D-weak formulations ; and the
O-weak /D-weak formulations. Although we shall only deal with Q-strong/D-weak formulations in the rest of this
paper, our RB approach applies equally well to many Q-weak/D-weak formulations, as already discussed in the
introduction. It is for this reason that we briefly summarize the principles of each of the different formulations
so as to make it clear how our RB approach would adapt to Q-weak/D-weak formulations. (Both formulations
have been studied extensively before, though typically by different authors; a few studies already compare both
formulations [MKO05, BTZ05], but it may be interesting to reevaluate such comparisons between formulations
from the viewpoint of our RB approach.)

6-II-C-a Strong-Weak Formulations

If the Biot number Bi(:,w) is a non-degenerate positive random field on the (non-negligible) subset I'g of
0D, that is if there exist two constants 0 < byin < bmax < +00 such that

Bi(-,w) € (bmin,bmax) a-e. in I'g, (6-11.5)

or equivalently Bi(-,w),Bi"!(-,w) € Lge (92, Lg°(T'p)), then, by virtue of the Lax-Milgram theorem, there exists a
unique (weak) solution U(-,w) € H(D) to (6-1.1),(6-1.2), satisfying (6-11.6) P-a.s. :

VU(,,w) -Vuo+k VU(-,w)~Vv—|—/

Bi(-,w)U(-,w)U:/ v, Yve HY(D) . (6-11.6)
Dy Dy I's

'r
Furthermore, from (6-I1.5), we have the stability result :

C1(D)

min { 1; Rmin, Bmin }

U w)llip < , (6-11.7)

and ||U(-,w)|1,p € Lg*(2) (with C1(D) a constant positive real number that depends only on D).
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Strong-weak formulations then use the fact that we also have S € L () C LZ(Q), where the functional S(w)=
E(U(-,w)) makes sense since, using (6-11.3) and (6-11.7), the trace of U(-,w) on the boundary segment I'g is well-
defined. The outputs Ep (S), Varp(S) are thus approximated as the empirical Monte-Carlo estimations (6-1.4)
where {S™,m=1,...,M} are M independent copies (with same law) of the random variable S, and with the
following convergence properties (by virtue of the Strong Law of Large Numbers)

By [S]—2% S Ep(S) ,  Var[S]—2% Varp(S) . (6-IL8)
M ——+oco M——+oco

Hence a major advantage of the Q-strong/D-weak formulations is to permit the direct application of classical
computational procedures (in particular, FE) for the numerical approximation of deterministic BVPs such as
(6-I1.6) in their usual form, without any modification. Many (many ...) computations of such parametrized
approximate solutions can then be combined — according to (the numerical simulation of) the law of the
random field parameter Bi(-,w) — to form the MC evaluations. Such formulations are thus very simple from the
implementation viewpoint, presuming that we can readily simulate the law of Bi(zy,w) at those discrete (e.g.,
quadrature or nodal) points zj in the physical domain D required by the numerical approximation of (6-IL.6).
Note that the latter point is of course true for all formulations, but seems less stringent for the Q-strong/D-weak
formulation (see Section 6-1I-D-a).

However, the convergence (in probability) of SLLN will be slow — the rate of convergence for Ep[S] is
governed by the ratio of the variance of S (or its MC counterpart V[S]) to v/M by virtue of the Central Limit
Theorem (CLT). This slow convergence is a strong limitation in the application of Q-strong/D-weak formu-
lations. Variance reduction techniques, such as Quasi-Monte-Carlo (QMC) methods based on low-discrepancy
sequences of random numbers [VJ05], have been developed to reduce the statistical error of the empirical estima-
tions (6-1.4). And the RB approach itself brings new possibilities to addressing this slow convergence problem,
not by directly reducing the number of necessary outcomes in the MC sums, but rather by improving the
numerical treatment of many slow-varying outcomes.

In Section 6-II1, we shall show how to apply our RB approach to the numerical approximation of Q-strong/D-
weak formulations by taking advantage of the parametrized character of the BVP. We first map outcomes of
stochastic coefficients to deterministic values of the parameters; we then reduce the computational cost of
numerical approximations of the BVP for many values of the parameter by splitting the computations into
Offline-Online steps; finally, we introduce a posteriori error control on the accuracy of the RB-KL approxima-
tions (relative to very accurate approximations in high-dimensional discretization-probability space). (We do
not consider here variance reduction strategies.)

6-II-C-b Weak-Weak Formulations

Assuming (6-I1.5) again for well-posedness, the Q-weak/D-weak formulations discretize a variational formu-
lation of the original BVP on the full tensor-product space €2 x D

/de(w) VU(~,w)-Vv(~7w)+/f/dIP’(w) VU(-w) - Vol-w)

Do

Dy Q
+/QdIF’(w)/FBBi(~7w)U(~7w)v(-,w):/QdIP’(w)/FRv(~7w), Vo(-w) €L (Q,H (D)) (6-11.9)

to compute an approximation of a weak solution U(-,w) € L3 (Q,Hl(D)) satisfying (6-11.9), typically through
Galerkin projections over tensor-product approximation subspaces of the Hilbert space L3 (Q,H 1(D)) defined
over the (high-dimensional) domain Q xD. The computations of Ep(S) and Varp(S) are then effected by
quadrature (or collocation) formulae in Q x D once discrete approximations for U(-,w) have been computed.

The weak-weak formulations may thus require less regularity (in fact, this seems very useful for input random
fields that do not fulfill (6-I11.5) but only a weaker assumption for well-posedness), although it also seems
essential to the Q-weak/D-weak formulations that Bi(-,w) be compatible with tensor-product approximations
(see Section 6-11-D-a : this adds condition on Bi(+,w) in comparison with the Q-strong/D-weak formulations). The
weak-weak formulations essentially provide greatly improved convergence relative to SLLN (in fact, convergence
is often improved only for small dimensions, where numerical approaches for this formulation are sufficiently
simple).

For instance, after substituting in (6-11.9) a truncated version (6-1.6) of the KL expansion (6-1.5) of Bi(-,w)
using K (with 1<K <K) independent identically distributed (i.i.d.) random variables in a complete set
{Z), keN} of L3(£2), the seminal work [GS91] used so-called spectral (stochastic) Galerkin methods, in which
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LIQP (Q,H 1(D)) is discretized by tensor products of classical discrete approximations for the variational formula-
tion of a BVP in H*(D) (such as FE) multiplied by orthogonal polynomials { H,,,n € N} of the random variables
{Z,keN}

Hy, Hl(Zk(w)), H2(Zk1(w),Zk2(W)),~~~a k,k1,ka €N, k1 > ko >0,... .

(In the original Polynomial Chaos (PC) expansion of Wiener [Wie38] for L2(2), the H,, are Hermite polynomials
and the variates Zj are Gaussian ; this expansion has then been generalized to other couples of polynomials and
probability distributions [XK02, SG04].) The Galerkin projections in the stochastic variable that truncate the
PC expansions at polynomial order L € N5 (L > K), hence using D= K + L —1 i.i.d variates Zj(w), then result
in a p-dimensional vector space

Span(Hl(Zkl,...,Zkl)|O§l§L,K+L—12kl>...>k12L{k’l,...,kl}ﬂ{l,...,K}75@)

with p=1+37, 351 (%) (57)). Equivalently, the variational formulation (6-I1.9) is projected onto the (very
high) (d+ D)-dimensional domain in which (z,Z,...,Zp) take its values. (Alternatively, the discretization level
in each direction of the tensor-product Galerkin approximations can be tailored to achieve rapid convergence
with respect to the number of degrees of freedom (d.o.f.). In fact, a posteriori error indicators and reduced
spaces — though quite different from the error bounds and reduced basis spaces presented in the present paper
— can serve to identify efficient truncations [WK09].)

A major limitation of such spectral Galerkin methods is the high-dimensionality of the approximation spaces
for (truncated) PC expansions (p increases rapidly with K and L), which necessitates complicated (though
certainly often efficient) numerical strategies in order to maintain sparsity on the discretization grid [BTZ05,
FST05, MKO05, TS07b, WK09]. There are many approaches to this curse of dimensionality, most of which have
already been mentioned in the introduction. The essential features of our RB approach compared to the other
reduction techniques previously applied to SPDEs have also been discussed in the introduction. Clearly, the
efficiency of the reduction methods — which are not necessarily incompatible between one another and may
thus be combined in future studies — only makes sense in a precise context, where it is clear what has to be
reduced, why, and for what purpose.

6-II-D Random Input Field
6-II-D-a Karhunen—Loéeve Expansions of Random Fields

To develop efficient numerical procedures for SPDEs, it has been noted in the above Section 6-II-C that it
was essential to discretize the (scalar) random input field Bi(-,w) consistently with the discretization of the BVP
problem (whatever the formulation). Besides, the (de)coupling of variations of Bi(x,w) on the space variable
z €D and on the probability variable w € 2 is also an important feature of the variational problems resulting
from our numerical approach. It indeed leads to a parametrized weak form where the parametrization is affine
(see Section 6-I-B for a definition). We thus do not only need to assume the non-degeneracy of the random field
Bi(-,w) on I'p for well-posedness of the BVP, but also the possibility to rewrite it in a decoupled manner like in
the KL expansion (6-1.5).

In the present work, we introduce general random input fields Bi(z,w) at a continuous level, defined by an
infinite collection of correlated random numbers mapped to an infinite number of points in the physical domain
D. This is typically a situation where the fluctuations are modeled following physical assumptions (statistical
mechanics for instance). More precisely, we deal with a random process (Bi(z, ")), c5p Where Bi(z1,-) and Bi(z»,-)
are not necessarily decorrelated when x1 # x5.

For well-posedness of the BVP, we only consider random input fields that satisfy (6-I1.5). Now, such random
fields are in L2 (€2, L?(0D)). Thus, assuming (6-11.5), the random input fields Bi(-,w) in this work always have
a KL expansion and can always be generated by decoupled variations in z and w (possibly asymptotically
if K is infinite) after the well-known Proposition 24 (recalled below). Yet, in cases where there is no other
motivation like well-posedness for assuming (6-11.5), one should still keep in mind that specific assumptions may
be necessary to fulfill the requirement of decoupling — by the way, other expansions than KL might also fulfill
that requirement.

Note that in practical engineering situations, Bi(-,w) is often not given but rather constructed from a few
measurements only, after solving an inverse problem to assimilate (or calibrate) statistical data (see e.g. [JZ08]).
Since the inverse problem is solved at the discrete level ®, this yields a finite collection of random numbers
mapped to a finite number of points in the physical domain D, and the assumptions may be simplified.

€0

51t is interesting to note that inverse problems are usually solved through optimization algorithms that define a typical many-
query context where a RB approach for parametrized PDEs is well motivated.
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Proposition 24. Random fields Bi(-,w)€ L} (Q,L2(8D)) are in one-to-one correspondence with couples
(Ep(Bi),Covp (Bi)) € L2(0D) x L*(0D x D) supplied with a collection of mutually uncorrelated random wva-
riables {Z(w);1 <k <K} in LZ(Q) with zero mean and unit variance

Ep(Z1)=0 Ep(ZyZy)=0kr VY1<k,k' <K (with Kronecker notations, hence Varp(Z;)=1),

when the kernel Covp (Bi) defines a positive, self-adjoint, trace class linear operator
TeL(L2(0D).L20D)),  (Tf)(x)= / Cove (Bi) (z,9) f(y)dy,  VfeL2OD), (6-1L10)
aD

of (possibly infinite) rank K. Furthermore, random fields Bi(-,w) € L3 (Q,LQ((?D)) have the following Karhunen—
Loéve expansion [Loé78]

Bi(z,w) =Ep (Bi) (z +Z\/ 8 ®r(z) Z(w), z€dD, (6-I1.11)

where {S\k;l <Ek<K} are the positive eigenvalues (in descending order) of the positive, self-adjoint, trace class
operator T associated with eigenvectors {®y(r) € L?(0D);1 <k <K}

= Ak(/ D ( )f(y)dy><1>k(x), VfeL?D) ,

1<k<K

(orthonormal in the L?(0D)-inner-product), and the random variables {Zy.} are defined by

Zk(w) ) EP(BI)) (I)k, VlgkglC .

\Fap

Since L?(9D) and L3(12) are Hilbert spaces, the Proposition 24 can be easily proved using Riesz representation
theorem, and the Hilbert-Schmidt theorem for bounded (linear) operators of the trace class (then compact) like
T (see e.g. [STO6]).

In the following, we rewrite the usual representation (6-11.11) with a scaling parameter T> 0,

/ / Covp (Bi) (z,y)dzdy= | Varp(Bi)= Z M
FB FB 1—‘B

1<k<K

and then re-scale the collection of positive eigenvalues as
Ap = =) V1<k<K,
to obtain the following KL expansion from Proposition 24
Bi(z,w)=Ep (Bi)( +Tz\f¢>k w), z€dD.

Lastly, when K is infinite or too large, numerical approaches exploit, instead of the full KL expansion, KL
truncations of order K (K €N, 0< K < K) which we write as

Big (z,w) =Ep(Bi) ( +TZ\/ O (x ), €D .
The truncation error satisfies

Ep ((Bl—BlK ) T2 Z M®i(z) — 0 in L}(9D). (6-11.12)
k=K+1
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6-II-D-b Additional Assumptions on the Random Input Field

In the numerical applications of the next section, we shall require (6-I1.5) for well-posedness of the BVP.
This implies Bi(-,w) € Lg° (2, L>°(T'g)), thus Bi(-,w) is fully determined by (Proposition 24)
(i) an expected value function Ep(Bi) : x €'y — Ep(Bi)(z) €R in L>®(I'y) C L*(T'p),
(1) a covariance function Covp (Bi) : (z,y) €I'g x I's — Covp (Bi) (z,y) €R in L?(I'g x I'g), thus the kernel
of a positive self-adjoint trace class operator of rank K with eigenpairs (TQ)\k, Dr) (A > A1 >0, 1<k <K)
satisfying 25:1 A =1 and

Covp (Bi) (z,y) ®r(y) dy=T>\@p(z), Vzelp, (6-IL.13)
I's
(4ii) and mutually uncorrelated random variables {Z € Lg(2) C L2(Q2);1 <k <K} with zero mean and unit
variance,
through the Karhunen-Loeéve (KL) expansion

K
Bi(x,w):Bi(G(m)+TZ VA fI)k(x)Zk(w)> : (6-11.14)
k=1
where G € L= (T'g) is a prescribed (deterministic) positive function such that Ep (Bi)(-) =BiG(),

— 1 T
and G(z)dxz =1,using the scaling parameters Bi= —— Ep(Bi)(z)dx and T= TR
i

sl Jr, sl Jr,

For all nonnegative integer 1 < K <K, we introduce the truncation of KL expansion (6-11.14)

K
BiK(x,w)_Bi<G(x)+TZ m@k(x)Zk(w)>. (6-IL.15)
k=1

For the sake of consistency of the numerical discretization, we require

. . K—K
[Bi(,w) = Bik (-,w)| Lo (@, L0 (1)) — 0 , (6-11.16)
which is stronger than (6-I1.12) and can be achieved for instance by choosing
(H1) a smooth covariance function Covp (Bi) such that
(H1a) the eigenvectors are uniformly bounded by some positive real number ¢ >0

||(kaL°°(FB)§¢7 1<k<K 5 (6—1117)

(H1Db) the eigenvalues decay sufficiently rapidly,

K

> V<o, (6-I1.18)

k=1
(H2) uniformly bounded random variables (say) {Z;|Zk(w)| < v/3,P-a.s.}.

2

In the numerical results we shall consider Gaussian covariances Covp (Bi) (x,y)z(ET)Qe_(Iéi’g) , with § a
positive real constant, which complies with the requirements above [FST05]. The fast decay of the eigenvalues
in the Gaussian case play an important role in the fast convergence of any numerical discretization based on KL
expansions of the input random field ; as we shall see, this is true also for our RB approach — the eigenvalues
determine the ranges of the parameters, which in turn affect the dimension of the RB space. Next, we shall also
insist upon

(H3) independent (thus mutually uncorrelated) random variables {Z;;1 <k <K},

(H4) Zy, 1<k<K, ii.d. according to the uniform density with respect to the Lebesgue measure on R in

the range (—v/3,v/3),

(H5) T chosen such that

K .
min,, Gz
Toi= \/§TZ\/,\,C||<1>,€HL¢,C(FB)§%() . (6-11.19)
k=1
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Then, under our assumptions, the truncation error is bounded above V1 < K <K :

[Bi(-,w) = Big (-,w)l| Lg= (02,1 (rg)) < BiTk

K
m=V3TY Y VA Pkl L) (6-11.20)

k=K+1

and furthermore for 0 < by, < % <m%n G(m)) we have P-a.s.
xel's

Big (-,w) > bmin >0 a.e. in D, 1<K<K. (6-11.21)

Remark 27 (Choice of the random variables {Z;}). Note that there are many other interesting cases where,
for a given smooth covariance function, the random variables {Zy} are not uniformly distributed. These cases
will be considered in future studies as they necessitate refinements that would complicate this first exposition of
our viewpoint.

6-III Reduced Basis Approach for Monte-Carlo Evaluations

6-III-A Discretization of a Test Problem in Strong-Weak Formulation

We now equip the Sobolev space X := H!(D) with the following inner product for all w,v € X

Vw-Vv+/ wo , (6-I11.1)
I's

(w,v)X:/ Vw-Vou+
D,

Do

and induced norm ||v||x =+/(v,v)x. It is a standard result that the norm || -||x is equivalent to the usual norm
|-]l1,p defined previously. We also introduce a finite element (FE) subspace X C X of dimension N which
inherits the inner product and norm of X. For functions v € X, it is possible to define a trace v € L?(I'g) which
satisfies

[vllo,rs <wvllvllx (6-111.2)

where the constant v depends only on D and is bounded above for all A/ since

Jr, v? v/ Jry 02
I's I's
Y = (D) = sup <y=sup

(6-111.3)
vexy [vllx vex lvllx

(Note 7 of (6-11.3) differs from ~y of (6-II1.3) only because of the choice of norm.)
For a given positive scalar k and a given random input field Bi(-,w), we define
(a) the temperature distribution U(-,w)€ X in D,

(b) a FE approximation Uy (-,w) € X to the temperature distribution in D,
as the respective solutions to the following variational formulations (6-II1.4),

VU(N)(-,LU)-VU-i-H/ VU(N)(-,w)-VU-i-/ Bi(-,w)U(N)(~7w)v:/ v, VveXu) ,  (6-1I1.4)
Dy r

D1 B 'r

and, when Bi(-,w) is approximated by Big(-,w),
(¢) an approximation U g (-,w)€ X to U(-,w),
(d) and a FE approximation Uy g (-,w) € Xn to Un(-,w)
as the respective solutions to the following variational formulations (6-II1.5)

VU(N),K(-,UJ)'VU—FH/ VU(NLK(',W)'VU—F/ BiK(-,w)U(NLK(-,w)v:/ v,Yve Xy, (6-1115)
Do r I'r

Dl B

where the same subscripts into brackets (-) are simultaneously active or not, which means
in (a), (b) that (6-II1.4) holds for U(-,w) and X, or Uy (-,w) and X ar respectively,
in (¢), (d) that (6-II1.5) holds for U k(-,w) and X, or Upr k (-,w) and X respectively.
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With a similar use of the subscripts in (-), we also define (intermediate) outputs as

Sy (@) =& (U (w)) 2/ Uy (x)(w). (6-111.6)

R

We are interested in evaluating the expected value and variance of the integrated temperature S x)(-,w),
which are our (final) statistical outputs :

Ee (S x)) = /Q S i) (W) dP(w) (6-11L.7)

Var]p (S(N’)(,K)) = /Q(E]p (S(N’)(,K)) —S(N)(,K)(-,w)fdlp(w) . (G—HI.S)

Since Big (-,w) is P-a.s. strictly positive on I'g and every 1< K <X (by assumption), the variational pro-
blems (6-1I1.4) and (6-II1.5) are well-posed, and the solutions satisfy the following bound P-a.s.

C1(D)

. E -1 (6-111.9)

U x) (W)l x <

for some positive constant C(D). In addition, we have

Proposition 25. Under standard regularity hypotheses (as N'— o) on the family of FE spaces X s, the FE ap-
prozimation converges as N — oo. Furthermore, under the hypotheses of Section 6-II-D-b, the KL approzimation
converges as K — K. Finally, the following convergence holds P-a.s.

Snx(w) L2 S g (w)

K—K l ] K—K. (6-111.10)
Sw(w) =2 S(w)
Proof.
First, for any fixed 1<K <K, the P-a.s. convergence, as N — 0, of Un( x)(-,w) = U x)(-,w) in X as N — oo fol-
lows under standard hypotheses on the FE spaces X. Then, by subtracting the variational formulation (6-111.5) for
Uy, i (-,w) from (6-111.4) for Ui (-,w) (in Xary) with v=U (-, w) = U,k (-,w), we get P-a.s.

U (@) = Uy, i (50) L 0y < Co (D, bymin ) [|Bi(-,w) = Bise (+,w) || oo (0p) U, & (@) 2 (ryy  (6-T11.11)

for some positive real number Cs (D,Emm) depending only on D and Binin.- By compactness of the trace mapping from
H(D) into L*(dD), the uniform bound (6-111.9) for all K and the continuity (6-11.16) of Bi(-,w) with respect to the
L*(T's) norm, we get the P-a.s. convergence of Ui (,w) = Uy k(-,w) in X as K — K. So the following diagram of
convergence holds :
Un k(- w) 222 U ke (w)
K—K 1 l K—Kin Lz (Q,X) . (6-I11.12)

Un(w) N, U(-,w)

Finally, because S(ar(,x)(w) are linear functionals of Uiy, k)(-,w) and by continuity of the trace of Uy k) (-,w) €
H*(D) on I's, the diagram of convergences (6-111.10) holds. [J
Proposition 26. Under the same standard regularity hypotheses (as N'— o00) on the family of FE spaces X
as in Proposition 26, the following convergence holds

(E[p (S_/\/J{) ,Var]p (SN,K)) A/_>—OO> (E]p (S,K) ,Var]p (S,K))

K—K | | K—K; (6-111.13)

(Ee(Sn), Varg (Sy)) =2 (Ep(S), Vare(S))

Proof.
Because Sy (,x)(w) € Lg®(€2) C L3(€2), we simply use the following estimates which hold for any two linear functionals
51,52 of random fields Uy (+,w),Uz(-,w) in Lz°(£2,X) and some positive constant Co,

[Br(S0)=Be(52)| < [ P(w) [ 01(0)=Ua)] S PRlUA ()= Val)loomea . (BIL14)

R

[Vare (S1) — Vars (52)] < Comas [Ui(-) o.opxa |01 () ~ Us (@) lo.0mx0 - (6-111.15)
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as well as the uniform bound (6-1IL.9) for all Uz k) (-,w), 1 <K <K, and the compactness of the trace mapping from
H'(D) into L*(0D). O

Lastly, for all positive integer M, we define, akin to (6-1.4), M i.i.d. copies (S%)(’K)>1<m<M of S(nvy(,K)
and empirical estimators for the expected values (Ep (S(J\/)(,K)) ,Varp (S(N)(,K))) as -
| M
En [Sic] = 37 D2 Stock) » (6-I11.16)
m=1
1 M 2
Vi [Sunco] = 3777 22 (Sﬁv)(,m —Ewm [S(N)LK)]) : (6-111.17)

T T m=1
The results in (6-111.13) for real numbers (Ep (S(a (k) ), Vare (S k) )) also clearly hold P-a.s. for the discrete
sums (En [Sovy( k)l Var[Sy(,xy]) for any M >0; and by SLLN, it also P-a.s. holds :

(EmlSin sl VarlSin 0]) —— (B (Snx)) » Vare (S i) ) -

M—o0

Now, assume sufficient regularity on the PDE data such that the FE approximations Ups(-,w) are P-a.s. suf-
ficiently close to U(-,w) (for some large '), and that furthermore the accuracy required in the evaluation of the
outputs Ep (S(7K)) ,Varp (S(,K)) (respectively En[S( i), Vir[S( k)]) is provided by Ep (SN(,K)) , Varp (SN(,K))
(respectively En[Sn(, k)], Vi[Sn( k)])- Even then, the empirical estimations (6-I1I1.16),(6-I11.17) will still ty-
pically converge slowly : many evaluations of the FE approximation are required (M should be large) for the
empirical estimations to be good approximations of the required statistical outputs.

In addition, even if, for a given (supposedly large) M, empirical estimations (6-111.16),(6-II1.17) are assumed
both sufficiently close to the required outputs and accessible to numerical computation for given parameters
/ and Bi(-,w), the evaluation of Ep[Sy| and Vas[Sy] for many values of these parameters in a many-query
context is arguably prohibitive for a direct FE method.

In summary, the FE method with large N is too expensive to permit the rapid evaluation of empirical
estimations (6-II1.16),(6-II1.17), first for a given large M, and second for many values of the (deterministic and
stochastic) parameters x and Bi(-,w) in a many-query context in which M is fixed (presumably large).

Our Reduced Basis approach aims at reducing the computational cost of multiple (many) FE computations
— without sacrificing certified accuracy — by exploiting the parametric structure of the problem through
Offline-Online decompositions.

6-II1I-B Reduced-Basis Approximation

6-1II-B-a A Deterministic Parametrized Problem

As mentioned in the introduction, we would like to map the sequence of random variables (Z)i1<i<k
in (6-11.14) to random solution fields Uiy x)(-,w), through the solutions u(N)(,K)(gy(K)) of deterministic
BVP PDE problems parametrized by deterministic coefficients y*), invoking the Doob-Dynkin lemma [Oks03].

Moreover, we would like to study variations of the statistical outputs on an “additional” deterministic para-
meter g, corresponding to many given values of the (deterministic and stochastic) parameters x and Bi(-,w);
this has also been mentioned previously. In the following, we take as “additional” deterministic parameter

o= (x,Bi) €A
Recall that truncations at order K of Y = (Yk)1gkg/c (1<K <K) have been defined in the introduction as
Y& (W)=Y (w),...,Yk(w),0,0,...), where Vi (w) =TV Ze(w), 1<k<K.
We also recall that has been set

Y := (y1,92...) € AY CRY such that for all finite positive integer 1< K <K,

~

y* = (y1,---,YK,0,0,...) € AY and the range AY is the cylinder

AV = [f\/ﬁr\/ﬂ,ﬂ/??r\/ﬂ X [f\/?;T\/E,Jr\/gT\/E] x - CRE
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It is important to note that when the eigenvalues \;, decay rapidly with k, the extent 2v/3Yv/Aj of the intervals
[—V3YV/ Ak, +V3TV/Ai] will also shrink rapidly. This small range in the yj, for larger k is one of the reasons
the RB approximation developed subsequently will converge quickly. & A function bi(-;Bi,y) has been defined
on the boundary, parametrized by Bi and by the deterministic parameters yj, € [—v3YTv/Ar, +V3TV/A;] (1<
k<K <K)

K
bi(z;Bi,y) :=Bi <G(x) —l—Zyk(I)k(x)) , Ve e dD; (6-I11.18)
k=1

note that the function bi(-;Bi,y) is well defined since, by assumption, the series (6-1I1.18) absolutely converges
in L>*(['g) for a.e. y € AY (see Section 6-1I-D-b). Lastly, we denote the full parameter as p:= (k,Bi,y) € A¥ with
countably (possibly infinite) entries, and truncated versions with K 42 entries (for any finite integer 1 < K <K)

px = (1, Biy%) e AH= A x AY

where A2 C R2>0 denotes the range of o= (x,Bi) (at this point, there is no a priori assumption on A? : it is some
subset of R2, that will be made precise later in the numerical part).

Let us now introduce a deterministic BVP PDE problem parametrized by the deterministic (full) parameter
we A*. For every u€ A¥, with notations obviously in accordance with the previous Section 6-1II-A, we define
u(p),u ik (pr) € X and un (1), un k(i) € Xar as solutions to the respective variational formulations

aluwy k) () ) vs i) = F(0),  YoeXy (6-I11.19)

where the subscripts (M) and (K) are simultaneoulsy active everywhere or not, and where the functional f(-)
and the parametrized bilinear form a(-,-;u) are given by :

f(v)z/F v, YveX, (6-I11.20)

a(w,v;p) = Vw-Vv+k | Vw-Vo+ bi(;Bi,y)wv, Vw,veX. (6-111.21)
D, D» I's

We may then define our realization output as
s ) (1)) = F (w0 (1K) - (6-1I1.22)

Clearly, there exists a sequence M of random variable in L2 (), with range A* such that for a.e. w in 0 it
holds M(w) = (k,Bi,Y(w)). We then define truncations such that P-a.s., V1 <K <K

MK(w) = (I@E,YK((,U)) ’
which implies in return, provided Uy (k) (,w) is well defined, that P-a.s. holds
u) (k) (M) (@) = U i) (5w)
S (K) (M) (W) = Sy ) (W) -

Moreover, for each M >0, we define M i.i.d. copies (M™)1<m<nm of the random variable M such that the
empirical estimations

M
1 m
Ent s M)l = 37 D sones M) » (6-111.23)
m=1
1 < N2
Va[sooy o Mao)l = 37— > (EM[S(N)(,K)] _S(/\/)(,K)(M(K))) : (6-111.24)
m=1

6Note we can treat with a single RB many different covariance functions of varying smoothness if we introduce the parameters
K
Yk in the interval (say) [—\/gT,\/gT] independent of k such that y=(y1,...,yx) €LY = [—\/3’1‘,\/5'1‘] C RK. However, in this

case the reduced basis approximation will converge much more slowly since the parameter space [,7;( is much larger.
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coincide P-a.s. with En[Snvy( k)] and Var[Sa)( k)] as statistical approximations of the expected value and
variance Ep (S(v)(,x)) and Varp (Sv)(k)). respectively. Note that all the convergence results established in
the previous Section 6-ITI-A for N, K — oo still hold for s(x(,x)(t(x)) and a fixed parameter value .

In the following, we shall develop a reduced basis (RB) approximation and associated a posteriori error
estimator which will permit rapid and reliable evaluation of the empirical approximations (6-111.23) and (6-111.24)
for the outputs of interest (the expected value and variance (Ep(S),Varp(S))). Our RB approximation will be
based upon, and the RB error will be measured relative to, the FE approximation up k(1) of (6-II11.19), for a
fixed parameter value € A#. Note we assume that A is chosen sufficiently large a priori to provide the desired
accuracy relative to the exact solution; we shall thus concentrate our a posteriori estimation and control on
the RB approximation and on the KL truncation (note it is very simple to change the order of KL truncation
in a strong-weak formulation). As we shall see, the total RB cost (Offline and Online, see Section 6-11I-D) will
actually depend rather weakly on A/, and hence A/ may be chosen conservatively.

6-IT1I-B-b RB Approximation

Let Npax X-orthonormalized basis functions ¢, € Xar, 1<n < Npax (Nmax <AN) be given, and define the
associated hierarchical Lagrange [Por85] RB spaces Xy C Xar, 1 <N < Npax, as

Xn=span{(,,1<n< N}, N=1,....Nyax . (6-111.25)

In practice (see Section 6-III-D), the spaces X will be generated by a Greedy sampling procedure [NVP05b,
RHPOS] ; for our present purpose, however, Xy can in fact represent any sequence of (low-dimensional) hierar-
chical approximation spaces. Let the KL expansion of the random input field be truncated at some finite order
K, the (N, K)-RB approximation of the problem (6-II1.19) then reads :

Given p e A", we look for an RB approximation upy, g (ix) € Xn such that

ag (un k(pK)vip)=f(v), VveXy. (6-I11.26)

We then calculate the RB realization output as
SN,K(MK)Z/ un,k (k) - (6-111.27)
I'rn

The RB output will be evaluated in the Online stage, by the procedure described in Section 6-III-D, with a
computational cost depending on N and K but not on N : hence, for small N and K, the RB approximation
can be significantly less expensive than the FE approximation.

We shall use this RB approximation to approximate the expected value and variance of the output of interest,
for sufficiently large integer M >0, through the empirical estimations

M
Enlsnx(Mk)] = % Z snx(ME) , (6-111.28)
m=1
1 M 2
VulsnkMx)l = 77— > (Barlsn.x (M)l = s (ME))” (6-I11.29)

In the next section we develop rigorous a posteriori bounds for these quantities relative to
Enlsoy, o) (Miy)] and Var[sny, ) (M (k))], respectively.
6-ITII-C A Posteriori Error Estimation
6-ITI-C-a Error Bounds for the RB Output
We note from (6-II1.26) that, for any p € A#, the residual r(v;pux) associated with un, k(@) reads
r(vipk) = fv) —alunk (k) vipk),  YveXn (6-1I1.30)
the dual norm of the residual (defined over the FE “truth” space) is given by

r(v;
7 (s prc )l xg, = sup rlvipx) (6-T11.31)
Noovexy lvlix
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We next introduce a bilinear form parametrized by the deterministic parameter o= (x,Bi) but independent
of the parameter y,

Vw~Vv+/£/ Vw-Vv+ % G(x)w, Vw,ve Xy, (6-111.32)
DZ 1—‘B

et (s, B) = |

D,
such that, since Big (z,y%) > BiG(z)/2, Vx €'g, by (6-11.19) (assumption H5)
ac(v,v;(#,Bi)) <a(v,v;px), Ype A Yve Xy, V1<K <K.

Denoting a(ux) the coercivity constant associated with a(-,-;ux), it follows

ac(k,Bi)= inf ac(v,vi (s, l))ga(uK);: inf alv,vs i)

A R AN . YueAr. (6-111.33)
veXy loll% vexn ok

It should be noted that a(k,Bi) depends only on the deterministic parameters x and Bi, not on the (ultimately
mapped to a random) parameter y* ! The following result is standard [Boy08, NVP05b, RHPOS].

Proposition 27. Given a computable lower bound arp for ac(k,Bi), thus also for a(ux), Yu € A*, the following
a posteriori estimates hold for all positive integers NN, K

()l xg,

aLB

luar i (pr) —un k(LK) x < ANk (pK) , (6-111.34)
. 2
[l ( 7HK)||X;/ '

6-111.35
o ( )

lsw i (i) = s i ()| < AN k(1K) =

6-III-C-b Error Bounds for the KL Truncation Effect

We now bound the error |sy(p) —sn k(i )| due to the truncation of the KL expansion for any pe A*,
where pg is the truncated version that retains the K 42 first entries of p.

Proposition 28. With the same lower bound arp as in Proposition 27, Vi€ A", holds for all positive integer
NN, K

Jsar() — s ()| < Al e () =

Bitkn
= ey (v () e+ A () (6-11L.36)

where An (1) is the error bound defined above in (6-1I1.34) for ||un x(ix)—un x(ptK)|lx,y and Tk is the
bound introduced in (6-11.20).

Proof.
First note that

Jsar (1) = sac e ()| = | e (1) = (a0))|
< 1l s (1) = e () x - (6-111.37)

Then, to get (6-111.36), we now show that the last term is bounded by

llua (1) —un, k()| x < lun,x (pr)llx + AN,k (LK) (6-111.38)

where Birx is the error bound for ||bi(-;Bi,y) —bi(+;Bi,y™ )|l ry) introduced in (6-11.20), and v is the continuity
constant for the trace application X — I'p already defined in (6-111.2).

To prove (6-111.38), we substract the truncated and full problems (6-1I11.19) after FE discretization, and choose
v=en, k(1) =un(p) —un,k (pK) as test function. We obtain

a(ez\/,K(u)76/\/,1r<(,u);u):—/r (bi(~;ﬁ,y)—biK(-;EyK))uN,K(uK)eN,K(u) . (6-111.39)

Furthermore, the left-hand side (LHS) of (6-II1.39) is bounded below by

LHS > ac(en,x (1), en x (1); (k,Bi))
> avsllen.x (Wl (6-I11.40)
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and the right-hand side (RHS) of (6-II1.39) is bounded above by

[RHS| < ETi’<||uf\/l<(w<)HL2(FB) ||6N»KHL2(FB)
< Bitiyw llun i (1) || x llea,x (1) [ x
< Bitgw (lun.x (px) | x +An,x (1x) lea (1)1 x - (6-1I1.41)

The desired result (6-111.38) follows directly from (6-II1.39)— (6-111.41). O

6-III-C-c Error Bounds for the Expected Value and Variance
Using the notations introduced in (6-111.35) and (6-II1.36) we have, from the triangle inequality,

lsar(i) = s, ()| S A% ke (i) = Ay i (1) + Ay i (1) - (6-111.42)

Thus we obtain the error bound for the error in the expected value P-a.s. as
|Eat[sn (M) = En[sn i (Mg)]| < A% [sn k(M) = A [snx (Mi )]+ AR sy x (Mk)] (6-111.43)

using M i.i.d. (truncated) copies (M™)1<m<p of M, and the following random variables :

M M
Aplowac M) =17 3 A (MR) . Abfswae(Mio)] =12 3 Al e (MR) (6-111.44)

m=1 m=1

The error bound (6-II1.43) consists of the RB estimate (6-111.35) and the KL truncation estimate (6-I11.36). The
two estimates depend on both N and K but in different ways : the former will decrease rapidly with increasing
N and typically increase with increasing K, while the latter will decrease rapidly with increasing K.

For the error bound in the variance, we introduce a function of u e A*

s () = s (i) £ A% g (1) (6-111.45)
a random variable that is a sum of MC estimators :
EY[sn,x(Mk)]:=Eumlsn,k(Mg)] £ A% [sn,x (Mxk)] (6-I11.46)
and random variables parametrized by px € A*

An k(M) = Eflsn, e (Mr)] = sy k(1K)

By k(M) = Eylsn e (Mr)] = sy g (1K)
0 i [sy x(rc)ssh g ()N [Exglsn x (Mi )] Explsv i (Mk)]] #0 (6-111.47)

)

Cnxk(Mg;pr) = ) )
min{|Ay k(Mg pr)l, | By xk (Mk;pi)|}  otherwise

Dy kMg pk) :=max{|An k(M px)|,| By gk (Mr; i)} -
We thus have P-a.s.
C%V,K(MKMLK) < (EmlshyMg)] = sn(pr))? < D?V’K(MK;,UK) ; (6-111.48)
and hence after summation, also P-a.s.
Vi[5, (M) < Vi [sa (M) < Vi P [ (M) (6-111.49)

where we have used the MC estimators

M M
1 1 .
V]\I/}B[SN,K(MK)] :Zm;CJQV’K(MK;M}?) , VJ\EB[SN,K] szmZ:lez\/,K(MKQMKL) , (6-I11.50)
with the same collection { M7} as in the MC estimators (6-I111.47).
Thus we obtain P-a.s. a bound for the error in the variance as
Var[sa (Mx )] = Vi [sn x| (Mk)| S A [sv k(MK )] (6-I1L.51)
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with
AV [sn,x (M )] =max { Varlsw.x (M) = Var® [sw, x (Mx)]],

VM[sN,K(MK)]—VﬁB[sN,K(MK)H}. (6-T11.52)

This variance error bound also includes both an RB contribution and a KL truncation contribution.
Finally, although it is not our main goal, we point out that without consideration of the KL truncation effect
we may also obtain the error bounds (at fixed K)

|Enlsn, ik (Mi)] = En[sn,x (M)l < Aglsyk(Mk)]
Vi [sn,x (Mg )] = Var[sn, x (Mg)]| <AV [snx (MKk)] -

Here A% [sn, x(Mk)] is given by (6-II1.44), and A3, [sy x (Mk)] is defined in the same way as A{ [sn, k(M)
but replacing A%y y (1) with Ay g (urc) in (6-111.45) and A% [sn x| with A[sy k] in (6-111.46). We introduce
the contribution due to the KL truncation to the variance error bound (6-111.51) as

(6-I11.53)

AV [sn.x (Mk)| =AY [sy x (Mk)] = A [sn. e (Mk)]. (6-111.54)

6-III-D OfHine-Online Computational Approach
6-III-D-a Construction-Evaluation Decomposition

The system (6-II1.26) comprises N linear algebraic equations in N unknowns. However, its formation involves
entities ¢,,1 <n < N, associated with the A/-dimensional FE approximation space. If we must invoke FE fields in
order to form the system for each new value of ui, the marginal cost per input-output evaluation p— sy g (fx)
will remain unacceptably large. Fortunately, we can compute this output very efficiently by constructing Offline-
Online procedures [NVP05b, PRV 102, RHP08], as we now discuss.

First, we note that the bilinear form ax as introduced in (6-111.21) can be expressed as the following “affine”

decomposition
K+3

a(w,v;puK)= Z O (pr)ag(w,v), YwveX . (6-I11.55)
k=1

Here O1(ug)=1, @2(/”{)—/@ @3(,uK) E and @3+k<MK) Eyk 1<k<K are parameter dependent func—
tions, and a; (w,v) fD Vw- Vv, as(w,v) fD Vw- Vv, az(w,v) fF Ywv, and asyk(w,v) fF b (+)
1<k <K, are parameter-independent bilinear forms. Note the crucial role of the “separable” (m w and x) form
of the KL expansion is ensuring an affine representation ; the affine representation is, in turn, crucial to the
Offline-Online strategy.

We next express un, i (px)= 22:1 en K.m (K )m, choose v=_,, 1 <n <N, and invoke the affine represen-
tation (6-111.55) to write the system (6-111.26) as

N K+3
> <Z @k(mak(cm,cn))cN,K,mwK):f(cn), 1<n<N, (6-111.56)
m=1 k=1

and subsequently evaluate our RB output as

snk (1K) ZCNKn i) f(Cn) - (6-I11.57)

We observe that the quantities ax((n,(,) and f(¢,) are independent of p and thus can be pre-computed in a
Construction-Evaluation decomposition.

In the Construction phase, we form and store the f(¢,) and ar((m,Cn), 1 <nym < Npax, 1 <k< K +3. In the
Evaluation phase, we first perform the sum ZkKjf@k(ﬂK)ak (Gm»Cn), we next solve the resulting N x N system
(6-II1.56) to obtain the ey k n(pK ), 1 <n <N, and finally we evaluate the output (6-1I11.57). The operation count
for the Evaluation phase is O((K +3)N?) to perform the sum, O(N?) to invert (6-111.56), and finally O(N) to
effect the inner product (6-I111.57) ; the storage for the Evaluation phase (the data archived in the Construction

180



phase) is only O(Npax + (K +3)N2,.). The Evaluation cost (operation cost and storage) — and hence marginal
cost and also asymptotic average cost — to evaluate u— sy x (k) is thus independent of . The implications
are twofold : first, if N and K are indeed small, we shall achieve very fast response in many-query contexts (in
which the initial Offline investment is eventually “forgotten”); second, we may choose A very conservatively
— to effectively eliminate the error between the exact and FE predictions — without adversely affecting the
Evaluation (marginal) cost.
The Construction-Evaluation for the error bounds is a bit more involved. To begin, we note from stan-
dard duality arguments that [[r(-;ux)|x;. =R,k ()| x; here R i (i) € Xnr satisfies (Ry, k(1 ),v)x =
r(viuk ), Yo € Xy, where r(v;ur) = f(v) —a(un(1),v; 1k ), Yo € X, is the residual introduced earlier. We can
thus express (6-111.34) and (6-111.35) as

R R 2
AN,K(MK):H N,K(/’LK)”X7 and A?V,K(MK):H N,K(/’LK)“X.

(6—IH.58)
LB aLB

There are two components to the error bounds : the dual norm of the residual, |Ry x (k)| x, and our lower
bound for the coercivity constant, apg. The Construction-Evaluation decomposition for the coercivity constant
lower bound is based on the Successive Constraint Method (SCM) described in detail in [CHMRO08, HRSP07a,
RHPO08]. We focus here on the Construction-Evaluation decomposition for the dual norm of the residual and
express our residual 7(v;ug) in terms of (6-111.55)

K+3 N
(R (1):0)x =F(0) = > Y Or(pen xn(i)ar(Gnv), VoeX
k=1n=1
and hence obtain by linear superposition
K+3 N
Rk () =20+ > Olur)en kn(ir)zh |
k=1n=1

where (z0,v)x = f(v), and (2F,0)x = —a((n,v), Vo€ Xpr, 1<n< N, 1<k <K +3, thus

K+3,N

IRNkl% = (20,20)x +2 Y Orlpr)en xn(pir)(2E, 20) x
k,n=1

K+3,K+3,N,N
+ Y Or(pr)en ko (pr)Ok (i )en g (1) (25,25 ) x - (6-1T1.59)

k,k' n,n'=1

Since the (-, -)x inner products are independent of p, we can pre-compute these quantities in the Construction-
Evaluation decomposition.

In the Construction phase — parameter independent, and performed only once — we find zg, 2%, 1<k <
K+3,1<n<N, and then form and store the inner products (z9,20)x,(2¥,20)x, 1<k<K+3, 1<n<N, and
(z’g,zn )x, 1<k, k’ <K+3,1<n,n’ <N. Then, in the Evaluation phase — given any desired value of ux — we
simply evaluate (6 I11.58) from the summation (6 I11.59) and the SCM evaluation for agp at cost O((K +3)2N?).
The crucial point, again, is that the cost and storage in the Evaluation phase — the marginal cost for each new
value of y — is independent of N : thus we can not only evaluate our output prediction but also our rigorous
output error bound very rapidly in the many-query (or real-time) context.

Finally, the error bound A} r(ux) of (6-111.36) requires additional quantities : 7k, vu, || fllx;,, and
llun, ik ()| x - Note the first three quantities are independent of 41 : 7k can be pre-computed for any 1 <K <K
from the expansion (6-11.20) ; y»r can be pre-computed from the eigenvalue problem (6-I11.3) ; and finally || f||x/,
can be pre-computed (by duality) as a standard FE Poisson problem. We note further that

N,N
lun (L)l =D engn(pr)en,km (1) (G o) x (6-111.60)

n,n/=1

which readily admits a Construction-Evaluation decomposition; clearly, the Evaluation-phase summation (6-
II1.60) requires only O(N?) operations. In summary, in the Evaluation phase, we can evaluate sy (tr),
A%k (), Al g (pxc), and Ay x(ux) at total cost O(N?+ (K +3)>N?) operations.
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6-ITI-D-b Greedy Sampling

Finally, we turn to the construction of our reduced basis (,,, 1 <n < Ny ax : We pursue a very simple but also
very effective Greedy procedure [RHPO0S8]. To initiate the Greedy procedure we specify a very large (exhaustive)
“train” sample of ngpain points in A¥, Zipain, @ maximum RB dimension Ny.x, and an initial (say, random)
sample S; = {u'} and associated RB space X;. (In actual practice, we typically specify an error tolerance-cum-
stopping criterion which then implicitly determines Nyax.) We specify K =/C (in practice, finite) for the Greedy
algorithm described below.

Then, for N=1,...,Npax : Step (1) Find pN ! =argmax,ez,.... An k(1) ; Step (2) Update Sy41=SyU
pN T and Xy =Xn —l—span{uN’K(uN“)}. The heuristic is simple : we append to our sample the point V!
which is least well represented by the space X (as predicted by the error bound associated with our RB Galerkin
approximation). In practice, the basis must be orthogonalized with respect to the (-,-)x inner product; the
algebraic system then inherits the conditioning properties of the underlying partial differential equation. Note
that the Greedy automatically generates hierarchical spaces Xy, 1 <N < Nyax, which is computationally very
advantageous.

The important point to note from the computational perspective is that the operation count for a few
Niax <N steps of the Greedy algorithm (using truncations at order K =K < N*) is O(N* +nirain) and not
ON*ngrain) (where O(N*) is the complexity for numerically solving one system of size N'x N') — and hence
much less expensive than classical approaches such as the KL (here Proper Orthogonal Decomposition, or
POD) expansion for the sample (upr,x (1)) €20 The reason is simple : In Step (1), to calculate Ay g () over
Eltrain, we invoke the Construction-Evaluation decomposition to obtain (per Greedy cycle) an operation count
of O(NKN)+n4rainO(K?N?). (Of course, much of the computational economies are due not to the Greedy
itself, but rather to the accommodation within the Greedy of the inexpensive error bounds.) As a result, we can
take Mirain very large — often 10* or larger — particularly important for the high — K + P, — dimensional
parameter domains encountered in the SPDE context (here P, is dimension of the deterministic parameter p).
Furthermore, extensive numerical results for a wide variety of problems indicate that the Greedy RB space Xy
is typically as good as more global (and provably optimal) approaches such as the POD [RHPO0S]. (Of course,
the latter result is norm dependent : the Greedy prefers L (Eiain), whereas the POD expansion is optimal in

L2 (Etrain>-)

6-1II-D-c  Offline-Online Stages

Finally, we delineate Offline and Online stages. The Offline stage comprises the Greedy sampling strategy,
and thus appeals to both the Construction and Evaluation phases. The Online stage includes all subsequent
evaluations of the RB output and output error bound for many-query computations : it involves only the
Evaluation phase, and hence will be extremely rapid.

We now discuss the implications for the MC sums required for the evaluation of our statistical outputs —
the focus of the current paper. In particular, it is clear the total operation count — Offline and Online —
to evaluate En[sn,k(Mk)], Vam[sn x(Mk)], Aylsn,x(Mk)] and A [sy x(Mi)] for J different values of
0= (k,Bi) scales as

WOfﬂine(Nmax,IC,N) JrWon]ine(J,M, N,K) where

Wortine(N, K,N) = O(NKN®) +nainO(K?N?) and Wontine(J,M,N,K)=JM x O(N3 + K?N?) .

Thus as either M — oo or J — oo and in particular as J,M — co — many evaluations of our statistical output
— Worhtine < Wonline- We further note that if N, K <N then Wopiine < Wrg =JM(O(NF)), where Wrg is the
operation count for standard FE evaluation of the MC sums. Hence the interest in the RB approach. In addition,
here are two final observations. First, a “con” : as we consider less smooth covariance functions with less rapidly
decaying spectra not only — for a fixed desired accuracy — will K increase, but also N will increase (due to
the more extended domain A% ). Clearly for sufficiently non-smooth covariances the RB approach will no longer
be competitive. Second, a “pro” : the a posteriori error bounds will permit us to choose N and K minimally —
for minimum computational effort — without sacrificing accuracy and certainty.

6-III-E  Numerical Results

In this section, we present numerical results for the model problem described in Section 6-III-A. We consider
a homogeneous random input field with :
— a uniform mean, thus G(z)=1,
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— and a finite-rank covariance kernel Covp (Bi)(z,y) that coincides with the first terms in the KL

. S _M
expansion of (BiT)2%e™ " 2

The “additional” deterministic parameter o= (#,Bi) shall take value in the range A¢=10.1,10] x [0.1,1]. For the
“truth” FE approximation, we use a regular mesh with quadratic elements and A =6,882 degrees of freedom.

First, we choose (recall that the length of I'g is 4, and hence ¢ is reasonably “small”) — we shall
subsequently consider even smaller . We calculate the eigenvalues and eigenvectors of Covp (Bi)(x,y) using the
standard (Matlab@®)) Arpack routines. We present in Figure 6.2 the eigenvalues Ay as a function of k ; we observe
that the eigenvalues decay exponentially with respect to k2, which is in good agreement with theoretical bounds

[STO06]. Then, to satisfy our assumption (6-I1.19), we set | 7o = % which yields the requirement T <Y, =0.058.

In the following numerical example, we choose ’ T =T ax =0.058 ‘

We first report results for the case |k=2.0| and |Bi=0.5| We show in Figure 6.3 four realizations
(bi(:c;ﬁ,yiK))Ki<4 of the Biot number, and in Figure 6.4 the corresponding temperature fields ups g (k)
(where K =K).

RB approximation : We present in Figure 6.5 the five leading basis functions (¢, )n=12,.. 5 obtained by
pursuing the Greedy sampling procedure over a training set Ziain 0f Ntrain = 10,000 parameter points randomly
selected with uniform law in the parameter space A*. Note niain = 10,000 is arguably adequate given the rapid
decay of the eigenvalues. In any event, our a posteriori error bounds will certify (in the Online stage) the
accuracy of our RB predictions. The Greedy procedure terminates when a maximum number of basis functions
Nmax =18 is reached, while the maximum error bound Ay, g max =Max,ez,,... AN,k (1) is less than 5 x 103,

Statistical outputs : We present in Figure 6.6 the expected value and variance as a function of M, obtained
for N=10 and K =20 (note that we do not need to repeat the Offline stage for different M.) We next choose
M =10,000 for our Monte-Carlo sums. We show in Table 6.1 the expected value and associated error bound for
the integrated temperature at the bottom surface of the fin as a function of N(< Nyax) and K(<K). Table 6.2
displays the corresponding variance and associated error bound. Figures 6.8(a) and 6.8(b) show the error bounds
for the expected value and variance, respectively.

(N, K)-variations : We observe that the error bounds A} sy x(Mg)] and A [sy k(Mg)] depend on N
and K in a strongly coupled manner : for a fixed value of K the error bounds initially decrease with increasing
N and then level off for NV large; when the error bounds no longer improve with increasing N, increasing K
further reduces the error. This behavior of the error bounds is expected since the accuracy of our predictions
is limited by both the RB error bound A% (1) and the KL truncation error bound Al x(u) : the former
decreases rapidly with increasing N only while the latter decreases rapidly with increasing K only. We note
that the KL truncation error bounds, A% [sy x(Mg)] and Al [sy x(Mg)], dominate the RB error bounds
A% sk (Mi)] and A} [sn, k(M )] respectively, as shown in Figures 6.9 and 6.10.

Reduction efficiency : The expectation and variance error bounds (and the actual errors) decrease very
rapidly as both N and K increase (such a rapid convergence is expected because the solution is very smooth
with respect to the Biot number Bi and also because the eigenvalues decay rapidly). For N =10 and K =20
the error bounds for the expected value and variance are 3.94 x 1072 (corresponding to a relative error of 0.1%)
and 8.32x 10™* (corresponding to a relative error of 20%), respectively, while the RB computational savings
(including both Offline and Online effort) relative to the FE method is more than a factor of 4%. In the limit
J — o0 of many (k,Bi)-queries, or M — oo for better accuracy in the MC evaluations, the RB savings will
approach ﬁ — which reflects just the Online effort. The (N =10, K =20)-statistical results can be obtained
Online in only 70 seconds (for a given (x,Bi)) on a Pentium IV 1.73 GHz; it would take roughly 4 hours for the
FE method to perform the same calculation.

We see that for x=2.0 and Bi=0.5, the standard deviation of the integrated temperature is less than 2% of
the expected integrated temperature; we can conclude that, for this value of x and Bi, uncertainties in Bi are
not too important to “device performance.” However, for larger x and small Bi we expect more sensitivity : we
find that for £ =10 and Bi=0.1 the standard deviation of the integrated temperature is now 6% of the expected
integrated temperature — and hence of engineering relevance. It is also possible to calculate the empirical
cumulative distribution function to both assess the range and likelihood of “tails.”

(k,Bi)-variations : We show in Figure 6.7 the expected value of the integrated temperature at the bottom
surface of the heat sink as a function of x and Bi. The statistical outputs, which are obtained for N =10,
K =20 and J=15x 15=225 grid points in the parameter space, are plotted in Figure 6.7(a) for M =5,000 and
in Figure 6.7(b) for M =10,000. The maximum relative error in the expectation over the 225 parameter grid
points is 9.4 x 1074, (The results in Figure 6.7(a) and 6.7(b) each require .J =225 evaluations of the empirical
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F1G. 6.4 — The temperature field ups gk (14;) for four different realizations p; = (ki,Bi=0.5,y;) — 1<i<4 — when
K =K, corresponding to the four realizations of bi(-;Bi=0.5,y%) in Figure 6.3.

F1G. 6.5 — The five leading RB basis functions (¢,)n=1,2,... .5, ordered from left to right and top to bottom as
successively chosen (and orthonormalized) by the Greedy sampling procedure.
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(b) M =10,000

F1G. 6.7 — Expected value of the integrated temperature at the bottom surface of the fin as a function of x and
Bi over A2=10.1,10] x [0.1,1].

N K=5 K=10 K=15 K=20
Ex|sn,x] A%lsn k]| Emsn, k] A%lsn k] |Evlsn,x] A%lsnv k] [Evmsnx] A%[sn, k]
2| 32602 4.74x10°] 3.2599 2.23x10° | 3.2600 1.59x10° | 3.2600 1.51x 10°
41 3.6920 2.20x10° 3.6947 5.08x107'| 3.6941 7.18x1072| 3.6942 1.60x 1072
61 3.6972 2.09x10° 3.6974 4.76x107'| 3.6979 5.80x1072| 3.6966 4.54x1073
81 3.6981 2.09x10°| 3.6975 4.74x107'| 3.6969 5.77x1072| 3.6986 4.33x1073
10

12

3.6974 2.08x10°| 3.6977 4.71x107'| 3.6976 5.69x1072| 3.6978 3.94x1073
3.6973 2.07x10°| 3.6976 4.70x107'| 3.6981 5.68x1072| 3.6976 3.90x1073
14| 3.6975 2.07x10°] 3.6974 4.70x107'| 3.6977 5.68x1072| 3.6978 3.89x 1072

TAB. 6.1 — Expected value Ey[sy x(Mp)] and error bound A% [sn x(Mg)] for different values of the RB

dimension N and of the KL truncation order K with o= (k=2.0,Bi=0.5).

N K=5 K=10 K=15 K=20
Vumlsn,x] AYV[sn,k] |Vmlsn,x] AV[snk] |vmlsnv,x] AV sy k] |Vmlsn, k] AY[sn, k]
21 0.0039 9.38x107 ' 0.0041 4.38x 10| 0.0041 3.23x10~ | 0.0041 3.00x 10!
4] 0.0039 4.54x107'| 0.0045 1.11x107'| 0.0045 1.56x 1072| 0.0045 3.52x1073
6

8

0.0037 4.05x107!| 0.0043 1.02x107'| 0.0043 1.23x1072| 0.0043 9.89x10~*
0.0037 4.05x107'| 0.0043 1.08x107'| 0.0043 1.26x1072| 0.0043 9.09x10~*
10/| 0.0038 4.16x 107 0.0043 9.72x1072| 0.0043 1.24x1072| 0.0043 8.32x107*
12]| 0.0038 4.16x107!| 0.0043 9.72x1072| 0.0043 1.24x1072| 0.0043 8.36x10~*
14| 0.0038 4.12x107'| 0.0043 9.72x1072| 0.0043 1.23x1072| 0.0043 8.46x10~*

TAB. 6.2 — Variance Vy[sy, x(Mx)] and error bound Ay, sy, x (M )] for different values of the RB dimension
N and of the KL truncation order K with o= (k=2.0,Bi=0.5).
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estimations for the expectation and the variance.)
Next, we consider another finite-rank covariance kernel Covp (Bi) (z,y) that coincides with the first
— (z—y)?
terms in the KL expansion of (BiY)%e™ 52 for a smaller correlation length . We present in Figure 6.11

the eigenvalues Ay as a function of k. We see that the eigenvalues decay at a slower rate than the previous case
(shown in Figure 6.2). We then obtain from (6-11.19) the requirement Y pax =0.074 ; in our numerical examples

we choose ’ T =T 1ax =0.074 ‘ Figure 6.12(a) shows four random realizations of the Biot number Bi(z,y) (these

four random realizations vary more rapidly in space than the earlier instances of Figure 6.3). We then pursue
the greedy sampling procedure which yields Nyax =32 for the same accuracy of 5x 1073 in the maximal error
bound as in the case § =0.5. It is not surprising from the Figures 6.11 and 6.12(a) that the RB method needs
larger Ny.x as the correlation length § decreases.

For £ =2.0 and Bi=0.5 again, we show in Table 6.3 the expected value and associated error bound for the
integrated temperature at the bottom surface of the heat sink as a function of N and K.” Table 6.4 displays
the corresponding variance and associated error bound. Figure 6.13 shows the error bounds for the expected
value and variance. We see that while the convergence pattern is similar to that of the previous case (§=0.5),
we need to use larger N and K to obtain the same accuracy for § =0.2.

Nevertheless, the reduction in computational time is still quite significant : for N =10 and K =45 (for which
the ratio Ag[sy xk (Mk)]/Em(sn k(Mk)] is P-a.s. less than 0.01 at p=(2.0,0.5)) the Online RB evaluation is
still more than 50 times faster than the FE evaluation. Obviously, when the correlation length decreases further
and further, the RB approach will no longer offer significant economies or may even become more expensive
than the FE method ; note however that, in three spatial dimensions, the RB method can “afford” a smaller
correlation length since the FE truth will be considerably more expensive.

Finally, in the latter case of a correlation length §=0.2, we also consider | Y =0.3 > T,.x | which yields a

much larger domain AY for the random parameter y*. We note however that T =0.3 does not satisfy the well-
posedness requirement (6-11.19). As a result, bi(-;Bi,y’) might be negative over the physical boundary z € [1,5]
for some y*. In such case, we simply ignore all possible values of ¢ at which min,e[s 5 bi(z;Bi,y*) <0, in
the Offline stage as well as Online computation. (This should not introduce a significant bias in the SLLN
limit providing only very few realizations are rejected, which is indeed the case here with a rejection rate
of approximately 1/100). We show in Figure 6.12(b) four random realizations of the Biot number Bi(z,Y);
these four random realizations have much larger amplitudes than the instances of Figure 6.12(a). We then
pursue the greedy sampling procedure for K =60 (a priori determined) to construct the nested basis sets Xy,
1< N < Npax ; we obtain Nyax =45 — it is not surprising from Figure 6.12(b) that the RB method needs larger
Npax as T increases.

For k=2.0 and Bi=0.5 again, we further present in Table 6.5 the expected value and associated error
bound for the integrated temperature at the bottom surface of the heat sink as a function of N and K. The
expected values are now slightly larger than those shown in Table 6.3. Table 6.6 displays the corresponding
variance and associated error bound. As expected, the variances are much larger than those shown in Table 6.4.
More specifically, the standard deviation of the integrated temperature is approximately 7.2% of the expected
integrated temperature, while the standard deviation of the integrated temperature is only 1.7% of the expected
integrated temperature in the earlier results (see Table 6.3 and 6.4).

For |x=10| and |Bi=0.1| we find that the standard deviation of the integrated temperature is
14.6% of the expected integrated temperature, which consequently defines much more stringent condi-
tions. The reduction in computational time is still significant : for N =10 and K =45 (for which the ratio
Ag[sn k(MK)]/Em|sn .k (Mk)] is P-a.s. less than 0.02 at ¢=(2.0,0.5) and thus slightly larger than that of
the previous case) the Online RB evaluation is more than 50 times faster than the FE evaluation. These results
demonstrate that the RB error bound is inexpensive and accurate even for a significant variation in the random
variables y*.

6-IV  Conclusions

In this article we have developed the theoretical framework (error bounds) for, and numerically demonstrated
the attractiveness of, an RB approach for the rapid and reliable computation of expectations of linear functionals
of variational solutions to a BVP with w-z “separable” random parameter fields. The a posteriori error bounds

"The values for § =0.2 are very similar to the values for § =0.5 for the same reason that the variance is in general small : the
output is relatively insensitive to Bi fluctuations.
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FIG. 6.12 — Four realizations of the Biot number x — bi(x;Bi,yX) - 1<i<4 — for §=0.2.
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N K=15 K =30 K =45 K =60
Exsn,x] A%lsn.k]|Emsn,x] A%lsn k] |Evsn,x] A%[snv k] [Emsnx] A%[sn k]
5 3.6975 4.09x10°] 3.6970 4.80x 10~ 3.6960 1.55x 10 2| 3.6960 2.68x10~°
10| 3.6975 4.03x10°| 3.6973 4.71x107'| 3.6979 1.34x1072| 3.6963 7.62x107*
15|| 3.6973 4.02x10°| 3.6978 4.70x 10| 3.6970 1.32x1072| 3.6977 6.05x107*
20| 3.6980 4.00x10°| 3.6980 4.67x107'| 3.6973 1.29x1072%| 3.6980 3.65x107*
25| 3.6969 3.99x10°| 3.6977 4.66x107'| 3.6972 1.28x1072%| 3.6981 3.36x107*
30| 3.6968 3.99x10°| 3.6975 4.66x107!| 3.6972 1.28x1072%| 3.6975 3.30x107*

TAB. 6.3 — Expected value Eps[sny x(Mk)] and error bound A% [sn x(Mg)| for different values of N and K
with 6=0.2, T=0.074 and o= (2.0,0.5).

N K=15 K=30 K =45 K =60

Vulsn,x] AY[sn,k] |Vmlsn,x] AV[snk] |vmlsnv,x] AV sy k] |Vmlsn, k] AY[sn, k]
5] 0.0038 8.09x 10~ 0.0039 9.64x10"2] 0.0039 3.15x 10> 0.0038 5.41x 107
10| 0.0039 8.04x107'| 0.0039 9.36x1072| 0.0039 2.68x1073| 0.0039 1.53x107*
15| 0.0040 8.07x107%| 0.0039 9.50x1072| 0.0040 2.67x1073| 0.0039 1.21x10~*
20| 0.0039 7.99x107%| 0.0039 9.39x1072| 0.0040 2.57x1073| 0.0039 7.28x107°
25| 0.0039 8.02x107'| 0.0039 9.28 x1072| 0.0040 2.62x1073| 0.0040 6.76x 1075
30(| 0.0039 7.84x107!| 0.0040 9.39x1072| 0.0040 2.58x1073| 0.0040 6.71x107°

TAB. 6.4 — Variance Vis[sn, k(M )] and error bound A, [sy x(Mk)] for different values of N and K with
§=0.2, T=0.074 and o= (2.0,0.5).

N K=15 K=30 K =45 K =60
En|sn,x] Aglsn.k]|Em(sn k] Aglsn.k]|Emlsn, k] Aglsnk] |Em[sn,x] A%[sn k]
5] 3.7230 1.82x10Y[ 3.7229 2.17x10°] 3.7215 1.02x107 ] 3.7239 4.25x10~?
10| 3.7312 1.70x10'| 3.7389 2.00x10°| 3.7273 6.00x1072| 3.7299 5.65x 1073
15| 3.7341 1.67x10'| 3.7345 1.97x10°| 3.7287 5.59x1072| 3.7311 2.53x1073
20| 3.7327 1.66x10'| 3.7338 1.94x10°| 3.7328 5.40x1072| 3.7351 1.08x1073
25| 3.7323 1.65x10'| 3.7342 1.93x10°| 3.7350 5.33x1072| 3.7364 6.73x107*
30| 3.7322 1.64x10'| 3.7399 1.93x10°| 3.7385 5.30x1072| 3.7370 5.20x10~*

TAB. 6.5 — Expected value Eps[sy x(Mi)] and error bound A% [sn x(Mg)] for different values of N and K
with §=0.2, T=0.3 and o= (2.0,0.5).

N K=15 K=30 K =45 K=60

Vumlsn,x] A [sn k] |[Vmsn k] AV [sn,x]|vm[sn,x] AY[snv k] [Vmlsn,k] AV sy k]
5] 0.0721 1.54x 10 0.0716 1.85x10°] 0.0744 8.90x 10~2| 0.0718 3.72x10~°
10| 0.0738 1.46x10'| 0.0764 1.78x10°| 0.0743 5.25x 1072 0.0738 5.03x1073
15| 0.0717 1.43x10%| 0.0734 1.68x10°| 0.0735 4.81x1072| 0.0744 2.25x1073
20| 0.0705 1.41x10%| 0.0737 1.69x10°| 0.0725 4.61x1072| 0.0728 9.48x10~*
25| 0.0699 1.38x 10| 0.0699 1.62x10°| 0.0723 4.56x1072| 0.0732 5.83x107*
30( 0.0755 1.44x10'| 0.0757 1.68x10°| 0.0722 4.64x1072| 0.0723 4.43x107*

TAB. 6.6 — Variance Vis[sn k(M )] and error bound A, [sy x(Mk)] for different values of N and K with
§=0.2, T=0.3 and p=(2.0,0.5).
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certify the quality of the approximation and quantify the effects of both the FE — RB reduction for the BVP
and the KL truncation in the random field expansion. The method also permits the study of the parametric
dependence of the outputs with respect to other (deterministic) parameters entering the problem.

Future developments may include :

(a) test problems in which the random input field multiplies the solution field not only on the boundary but

also over the entire domain (e.g. random diffusivity coefficient ),

(b) more general variates (and sampling procedures) in the KL expansion of the input field,

(¢) inputs developed with expansions other than KL (not necessarily decoupling D and §2, and thus requiring

empirical interpolation [BNMP04, GMNPOT]),

(d) more general statistical outputs (that remain sufficiently smooth functionals of the random solution field

— continuous in LE(Q,H(D))), and

(e) application of the RB approach to Q-weak/D-weak collocation formulations [BNT07, NTWO08].

But from our first results, it is arguably already interesting to apply an RB approach within many of the
Q-strong/D-weak formulations in view of the simplicity of the implementation, the considerable reduction in
computational time, and the availability of rigorous error bounds (suitably generalized, in particular as regards
the contribution of the KL truncation and associated continuity constants).

We end this paper by pointing out that the RB methods and associated a posteriori error estimation have
been developed for several classes of parametrized PDEs including linear coercive/noncoercive elliptic pro-
blems [BNMP04, CHMRO08, HRSP07a, PRVT02, RHP08, SVHT06], linear elasticity [HP07b], eigenvalue pro-
blems [MMOT00], linear parabolic problems [GP05, HO08], Boltzmann equations [PR07a], nonlinear elliptic
and parabolic problems [GMNPO07], and incompressible Navier-Stokes equations [NRHP09, NVP05b, VP05]. It
appears that the extension to other classes of SPDEs beyond the particular linear elliptic SPDE discussed in
this paper can be achieved by combining the current RB approach with those of the previous work. We consider
to pursue this line of development in future work.

Acknowledgement 3. We thank Gianluigi Rozza for helpful discussions.
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Chapitre 7

Une méthode de réduction de variance
pour des équations différentielles
stochastiques paramétrées en utilisant
le paradigme des bases réduites

Ce chapitre est la reproduction de [BL09a]. Les résultats ont été obtenus en collaboration avec T. Leliévre.

Nous y développons une approche par bases réduites en vue de calculer efficacement des espérances para-
métrées pour un grand nombre de valeurs du parametre, en utilisant des variables de contréle comme méthode
de réduction de variance. Deux algorithmes y sont proposés pour calculer rapidement, en ligne, des variables
de controles pour les espérances de fonctionnelles de processus stochastiques d’It6 (des solutions d’équations
différentielles stochastiques paramétrées). Dans chaque algorithme, une base réduite de variables de controle
est précalculée hors ligne, selon une procédure dite gloutonne, qui minimise la variance au sein d’un échantillon
d’espérances paramétrées représentant la sortie. Des résultats numériques dans des cas d’application pratiques
illustrent Vefficacité de la méthode (la calibration de la volatilité en pricing d’options, et I’évolution d’un champ
de vecteurs solutions d'une équation de Langevin parametrée en théorie cinétique).

191



A Variance Reduction Method

for Parametrized Stochastic Differential Equations
using the Reduced Basis Paradigm
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In this chapter, we develop a reduced-basis approach for the efficient computation of parametrized expected
values, for a large number of parameter values, using the control variate method to reduce the variance. Two
algorithms are proposed to compute online, through a cheap reduced-basis approximation, the control variates
for the computation of a large number of expectations of a functional of a parametrized It6 stochastic process
(solution to a parametrized stochastic differential equation). For each algorithm, a reduced basis of control
variates is pre-computed offfine, following a so-called greedy procedure, which minimizes the variance among
a trial sample of the output parametrized expectations. Numerical results in situations relevant to practical
applications (calibration of volatility in option pricing, and parameter-driven evolution of a vector field following
a Langevin equation from kinetic theory) illustrate the efficiency of the method.

Keywords : Variance Reduction, Stochastic Differential Equations, Reduced-Basis Methods.

7-1 Introduction

This article develops a general variance reduction method for the many-query context where a large number
of Monte-Carlo estimations of the expectation E (Z)‘) of a functional

T
2= 0= [ xdds (r11)
0
of the solutions (X,t€[0,T]) to the stochastic differential equations (SDEs) :

t t
X{\:x+/ sz,Xﬁ)ds—&—/ o5, X2)dB, (7-1.2)
0 0

parametrized by A€ A have to be computed for many values of the parameter .

Such many-query contexts are encountered in finance for instance, where pricing options often necessitates
to compute the price E (Z A) of an option with spot price X} at time ¢ in order to calibrate the local volatility
o as a function of a (multi-dimensional) parameter A (that is minimize over A, after many iterations of some
optimization algorithm, the difference between observed statistical data with the model prediction). Another
context for application is molecular simulation, for instance micro-macro models in rheology, where the mechani-
cal properties of a flowing viscoelastic fluid are determined from the coupled evolution of a non-Newtonian stress
tensor field E (Z A) due to the presence of many polymers with configuration X, in the fluid with instantaneous
velocity gradient field A. Typically, segregated numerical schemes are used : compute X} for a fixed field A, and
then compute A for a fixed field E (Z )‘). Such tasks are known to be computationally demanding and the use of
different variance reduction techniques to alleviate the cost of Monte-Carlo computations in those fields is very
common (see [Aro04, MO95, OvdBH97, BP99] for instance).

In the following, we focus on one particular variance reduction strategy termed the control variate me-
thod [HDH64, New94, MTO06]. More precisely, we propose new approaches in the context of the computation
of E (ZA) for a large number of parameter values )\, with the control variate method. In these approaches, the
control variates are computed through a reduced-basis method whose principle is related to the reduced-basis
method [MMPO01, MPT02a, PRO7b, Boy08, BBM™09] previously developed to efficiently solve parametrized
partial differential equations (PDEs). Following the reduced-basis paradigm, a small-dimensional vector basis is
first built offline to span a good linear approximation space for a large trial sample of the A-parametrized control
variates, and then used online to compute control variates at any parameter value. The offline computations are
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typically expensive, but done once for all. Consequently, it is expected that the online computations (namely,
approximations of E (Z >‘) for many values of A) are very cheap, using the small-dimensional vector basis built
offline for efficiently computing control variates online. Of course, such reduced-basis approaches can only be
efficient insofar as :

1. online computations (of one output E (Z )‘) for one parameter value \) are significantly cheaper using the
reduced-basis approach than without, and

2. the amount of outputs E (Z )‘) to be computed online (for many different parameter values A) is sufficient
to compensate for the (expensive) offline computations (needed to build the reduced basis).

In this work, we will study numerically how the variance is reduced in two examples using control variates built
with two different approaches.

The usual reduced-basis approach for parametrized PDEs also traditionally focuses on the certification of the
reduction (in the parametrized solution manifold) by estimating a posteriori the error between approximations
obtained before/after reduction for some output which is a functional of the PDE solution. Our reduced-basis
approach for the parametrized control variate method can also be cast into a goal-oriented framework similar
to the traditional reduced basis method. One can take the expectation E(Z’\) as the reduced-basis output,
while the empirically estimated variance Vary (Z ’\) serves as a computable (statistical) error indicator for the
Monte-Carlo approximations Eyp (Z )‘) of E(Z)‘) in the limit of large M through the Central Limit Theorem
(see error bound (7-11.4) in Section 7-1I-A).

In the next Section 7-II, the variance reduction issue and the control variate method are introduced, as well
as the principles of our reduced-basis approaches for the computation of parametrized control variates. The
Section 7-I1I exposes details about the algorithms which are numerically applied to test problems in the last
Section 7-1V.

The numerical simulations show good performance of the method for the two test problems corresponding
to the applications mentionned above : a scalar SDE with (multi-dimensional) parametrized diffusion (corres-
ponding to the calibration of a local volatility in option pricing), and a vector SDE with (multi-dimensional)
parametrized drift (for the parameter-driven evolution of a vector field following a Langevin equation from
kinetic theory). Using the control variate method with a 20-dimensional reduced basis of (precomputed) control
variates, the variance is approximatively divided by a factor of 10* in the mean for large test samples of pa-
rameter in the applications we experiment here. As a consequence, our reduced-basis approaches allows to
approximately divide the online computation time by a factor of 102, while maintaining the confidence intervals
for the output expectation at the same value than without reduced basis.

This work intends to present a new numerical method and to demonstrate its interest on some relevant test
cases. We do not have, for the moment, a theoretical understanding of the method. This is the subject of future
works.

7-I11 The variance reduction issue and the control variate method

7-II-A  Mathematical preliminaries and the variance reduction issue

Let (B,€R%t€[0,T]) be a d-dimensional standard Brownian motion (where d is a positive integer) on a
complete probability space (€2, F,P), endowed with a filtration (F%,t € [0,T]). For any square-integrable random
variables X,Y on that probability space (§2,F,P), we respectively denote by E(X) and Var(X) the expected
value and the variance of X with respect to the probability measure P, and by Cov(X;Y) the covariance
between X and Y.

For every A € A (A being the set of parameter values), the Itd processes (Xt)‘ eRytec[0,T ]) with deterministic
initial condition x € R? are well defined as the solutions to the SDEs (7-1.2) under suitable assumptions on b*
and o, for instance provided b* and o* satisfy Lipschitz and growth conditions [KP00]. Let (X}) be solutions
to the SDEs, and f*, ¢* be measurable functions such that Z* is a well-defined integrable random variable
(Z* € Ly (£2)). Then, Kolmogorov’s strong law of large numbers holds and, denoting by Z, (m=1,...,M) M
independent copies of the random variables Z* (for all positive integer M), the output expectation E(Z*) =
fQ Z dP can be approximated (almost surely) by Monte-Carlo estimations of the form :

M—o0

P—a.s.
Eyn =7 Z Zy —5E(Z2Y). (7-IL.1)
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Furthermore, assume that the random variable Z* is square integrable (Z* € L3(€2)) with variance Var (Z*),
then an asymptotic error bound for the convergence occuring in (7-11.1) is given in probabilistic terms by the
Central Limit Theorem as confidence intervals : for all a >0,

IP’<|EM (2*)-E(2*)|<a V"“‘Tf”) — [ e\;;dx. (7-11.2)

In terms of the error bound (7-11.2), an approximation Ejs (ZA) of the output E (Z/\) is thus all the better,
for a given M, as the variance Var (Z /\) is small. In a many-query framework, the computation of approxima-
tions (7-II.1) for many outputs E(Z)‘) (corresponding to many queried values of the parameter A € A) would
then be all the faster as the variance Var (Z ’\) for some A € A could be decreased from some knowledge acquired
from the A€ A computed beforehand. This typically defines a many-query setting with parametrized output
suitable for a reduced-basis approach similar to the reduced-basis method developped in a deterministic setting
for parametrized PDEs.

In addition, the convergence (7-II.1) controlled by the confidence intervals (7-I1.2) can be easily observed
using computable a posteriori estimators. Indeed, remember that since the random variable Z* has a finite
second moment, then the strong law of large numbers also implies the following convergence :

Vary (2°):=En (22 ~Eu(2Y)") S5 var (2) (7-11.3)

M — oo

Combining the Central Limit Theorem with Slutsky theorem for the couple of Monte-Carlo estimators
(Ear (Z22),Vary (%)) (see for instance [GS92], exercise 7.2.(26)), we obtain a fully computable probabilis-
tic (asymptotic) error bound for the Monte-Carlo approximation (7-II.1) of the output expectation : for all
a>0,

dx. (7-11.4)

V. Z)\ oo a —m2/2
IP(]E(ZA)—EM(Z’\)ISa %)M_) ¢ __

It is exactly the purpose of variance reduction techniques to reduce the so-called statistical error appearing
in the Monte-Carlo estimation of the output expectation E (Z ’\) through the error bound (7-11.2). And this is
usually achieved in practice by using the (a posteriori) estimation (7-I1.4).

Remark 28 (SDE discretization and bias error in the output expectation). In practice, there is of course
another source of error, coming from the time-discretizations of the SDE (7-1.2) and of the integral involved in
the expression for Z>.

In the following (for the numerical applications), we use the Fuler-Maruyama numerical scheme with dis-
cretizations 0=tg <t; <---<ty=T (N €N) of the time interval [0,T] to approvimate the It6 process (X}) :

{X% :Y,,){_l + |tn _tn—1| bA(tn—layﬁ_O + |tn - tn—l ‘O')\(tn—lvyz—l)Gn—la
X)=x,

where {Gp, n=0,...,N =1} is a collection of N independent d-dimensional normal centered Gaussian vectors.
It s well-known that such a scheme if of weak order one, so that we have a bound for the bias due to the
approximation of the output expectation E(Z)‘) by E(Z)‘) (where Z* is a time-discrete approzimation for Z*

computed from (X)) with an appropriate discretization of the integral fOT (s, XNds) :

ZA N _
B -B(2)] =0 (,max (s —ta1))
The approximation of the output E(Z)‘) by Exi(Z7) thus contains two types of errors :

— first, a bias E(Z’\ —ZA) due to discretization errors in the numerical integration of the SDE (7-1.2) and
of the integral involved in Z*,

— second, a statistical error of order |/ Var (ZA)/M in the empirical Monte-Carlo estimation Eni(Z7) of the
expectation (7A) .
We focus here on the statistical error.
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7-II-B Variance reduction with the control variate method

The idea of control variate methods for the Monte-Carlo evaluation of E (Z*) is to find a so-called control
variate Y> (with Y* € L2(12)), and then to write :

E(ZY)=E(Z*-Y")+E(Y"),

where E(YA) can be easily evaluated, while the expectation E(Z)‘—YA) is approximated by Monte-Carlo
estimations that have a smaller statistical error than direct Monte-Carlo estimations of E (Z )‘). In the following,
we will consider control variates Y such that E (Z A) =E (Z A —Y)‘), equivalently

E(Y?)=o0.

The control variate method will indeed be interesting if the statistical error of the Monte-Carlo estimations
En(Z* —Y?) is significantly smaller than the statistical error of the Monte-Carlo estimations Eps(Z*). That
is, considering the following error bound given by the Central Limit Theorem : for all a >0,

(7-1L.5)

A_VA a ,—z?/2
IP’(‘EM(Z’\—YA)—E(Z’\HSCL \W“)ML?O <

¢ i,
M —a V2 v

the Monte-Carlo estimations Ejp/(Z* —Y?) will indeed be more accurate approximations of the expectations
E (Z*) than the Monte-Carlo estimations Ep;(Z*) provided :

Var (Z*) > Var (Z* -Y?).
Clearly, the best possible control variate (in the sense of minimal variance) for a fixed parameter A€ A is :
Yr=2*-E(Z"), (7-11.6)

since we then have Var (Z*—Y?)=0. Unfortunately, the result E(Z?) itself is necessary to compute Y* as
7N —E(2*).

In the following, we will need another representation of the best possible control variate Z* —E (Z)‘). Un-
der suitable assumptions on the coefficients b and o* (for well-posedness of the SDE), plus continuity and
polynomial growth conditions on f* and g*, let us define u*(t,y), for (¢,)€[0,T] xRY, as the unique solu-
tion u*(t,y) € C* ([0,7],C*(R?)) to the backward Kolmogorov equation (7-11.7) satisfying the same polynomial
growth assumptions at infinity than f* and g (for instance, see Theorem 5.3 in [Fri75]) :

1
{ O 0 (1) V£ 50 (ty)o (ty) VP = (k) | (7IL7)
uMToy)=g*(y),
where the notation Vut means V,ut(t,y) and aMt,y)o (t,y)T V2t means
Z;‘i,j,kzl U;\k(t,y)og\k(t,y)aghyjuA(t,y). Using It6 formula for (u*(¢,X7),t€[0,7]) with u* solution to (7-IL7),

we get the following integral representation of Z* (see also Appendix 7-VI-A for another link between the
SDE (7-1.2) and the PDE (7-IL.7), potentially useful to numerics) :

T T
g’\(X%)—/ f’\(s,X;\)ds:u’\(O,x)—k/ Vur(s,X2)-0*(s,X))dBs. (7-11.8)
0 0

Note that the left-hand side of (7-I1.8) is Z*, and the right-hand side is the sum of a stochatic integral (with
zero mean) plus a scalar u*(0,2) (thus equal to the expected value E(Z*) of the left-hand side). Hence, the
optimal control variate also writes :

T
Y*=2Z*-E (2% :/ Vu*(s,X2)-0*(s,X2)dB;. (7-11.9)
0

Of course, the formula (7-11.9) is again idealistic because, most often, numerically solving the PDE (7-11.7)
is a very difficult task (especially in large dimension d>4).
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7-1I-C  Outline of the algorithms

Considering either (7-11.6) or (7-11.9), we propose two algorithms for the efficient online computation of the
family of parametrized outputs {E (Z)‘) ,A€A}, when the parameter A can take any value in a given range A,
using (for each A€ A) a control variate built as a linear combination of objects precomputed offline.

More precisely, in Algorithm 1, we do the following :

— Compute offline an accurate approximation Y of Y using (7-11.6), for a small set of selected parameters

Ae{A1,..., A1} CA (where T €Nyg).

— For any A€ A, compute online a control variate for the Monte-Carlo estimation of E(Z)‘) as a linear

combination of {ff’\i ygi=1,...,1}:

And in Algorithm 2, we do the following :

— Compute offline an accurate approximation @* of the solution u* to the Kolmogorov backward equa-
tion (7-11.7) for a small set of selected parameters A€ {\1,..., A1} CA.

— For any A€ A, compute online a control variate for the Monte-Carlo computation of E(Z)‘), in view

of (7-I1.9), as a linear combination of fOT Vari(s, X)) -0*(s,X2)dBs (where i=1,....1) :
~ A\ I T
gt :Zuj/ Vit (s, X)) -0 (s,X)dB,. (7-11.10)
i=1 0

For a fixed size I of the reduced-basis, being given a parameter A, both algorithms compute the coefficients

,uf‘, i=1,...,1, with a view to minimizing the variance of the random variable Z* — }7;\ (in practice, the empirical
variance Varyp(Z* —Y7)).

For the moment being, we do not make further precise how we choose the set of parameters {A1,...,Ar}
offline. This will be done by the same greedy procedure for both algorithms, and will be the subject of the next
section. Nevertheless, we would now like to make more precise how we build offline :

- in Algorithm 1, approximations {}7)\1,2': 1,....01} for {YXi i=1,....}, and

- in Algorithm 2, approximations {Va,i=1,...,I} for {VuM i=1,...,T},
assuming the parameters {\;,i=1,...,I} have been selected.

For Algorithm 1, ?Ai is built using the fact that it is possible to compute offline accurate Monte-Carlo
approximations Eys(Z*) of E (Z )‘1’) using a very large number M = M),ge of copies of Z A mutually independent
and also independant of the copies of Z* used for the online Monte-Carlo estimation of E (Z )‘), A# \; (remember
that the amount of offline computations is not meaningful in the case of a very large number of outputs to be
computed online). The quantities Epy,, . (Z Ai) are just real numbers that can be easily stored in memory at the
end of the offline stage for re-use online to approximate the control variate Y = Z» —E (Z )‘1') through :

Y =27% —Ep,,. (Z27). (7-11.11)

For Algorithm 2, we compute approximations @' as numerical solutions to the Kolmogorov backward equa-
tion (7-11.7). For example, in the numerical results of Section 7-IV, the PDE (7-11.7) is solved numerically with
classical deterministic discretization methods (like finite differences in the calibration problem for instance).

Remark 29 (Algorithm 2 for stochastic processes with large dimension d). Most deterministic methods to
solve a PDE (like the finite difference or finite elements methods) remain suitable only for d<3. Beyond, one
can for erxample resort to probabilistic discretizations : namely, a Feynman-Kac representation of the PDE
solution, whose efficiency at effectively reducing the variance has already been shown in [New94]. We present
this alternative probabilistic approzimation in Appendix 7-VI-A, but we will not use it in the present numerical
mvestigation.

One crucial remark is that for both algorithms, in the online Monte-Carlo computations, the Brownian
motions which are used to build the control variate (namely Z*i in (7-11.11) for Algorithm 1, and the Brownian
motion entering f/f\ in (7-11.10) for Algorithm 2) are the same as those used for Z*.

Note last that, neglecting the approximation errors Y —Y*i and @ —u* in the reduced-basis elements
computed offline, a comparison between Algorithms 1 and 2 is possible. Indeed, remembering the integral
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representation :
T
V= [V X2 0 (5, X0 B
0
we see that the reduced-basis approximation of Algorithm 1 has the form :

1 T
i=1 0

while the reduced-basis approximation of Algorithm 2 has the form :

Zﬂl/ Mg, X205, X2)dB,.

The residual variances Var (Y* —Y}') for Algorithms 1 and 2 then respectively read as :
T
/ E
0

T I
() s
0 i=1

The formulas (7-11.12) and (7-I1.13) suggest that Algorithm 2 might be more robust than Algorithm 1 with
respect to variations of A. This will be illustrated by some numerical results in Section 7-IV.

2

Vut -0 (s, X2) Z,u’\Vu Ai(s, X2)| | ds, (7-11.12)

and :
2

ds. (7-11.13)

7-1I1 Practical variance reduction with approximate control variates

Let us now detail how to select parameters {\; € A,i=1,...,1} offline inside a large a priori chosen trial sample
Agrial C A of finite size, and how to effectively compute the coefficients (ug\)izl 7 in the linear combinations
Y} (see Section 7-III-C-b for details about practical choices of Agia CA).

,,,,,

7-ITI-A  Algorithm 1

Recall that some control variates Y* are approximated offline with a computationally expensive Monte-Carlo
estimator using Miarge > 1 independent copies of Z A

Yr=Z*—Ep,,, (2 =Y, (7-I11.1)

for only a few parameters {\;,i=1,...,1} C Atyial to be selected. The approximations Y are then used online
to span a linear approximation space for the set of all control variates {Y*, A€ A}, next linearly combined as
YIA. For any i=1,...,I, we denote by f/{\ (for any A€ A) the reduced-basis approximation of Y* built as a linear
combination of the first i selected random variables {f”j,j =1,...,i}:

=> YNyt (7-111.2)
j=1

where (u;-\)jzly_“,ieRi is a vector of coefficients to be computed for each A (and each step i, but we omit
to explicitly denote the dependence of each entry ,u}, j=1,...,i, on 7). The computation of the coefficients
(lij\) j=1,...,; follows the same procedure offline (for each step i=1,...,I —1) during the reduced-basis construction
as online (when ¢=1) : it is based on a variance minimization principle (see details in Section 7-III-A-b).
With a view to computing E(Z >‘) online through computationally cheap Monte-Carlo estimations
Eu

subset {A;,i=1,...,T} C Atyial in order to minimize Var <Z>‘ — YIA) (or at least estimators for the corresponding

(ZAfo‘) using only a few Mgy,an realizations for all A€ A, we now explain how to select offline a

small

statistical error).
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Offline : select parameters {\; € Agyia,i=1,...,1} in Agyia CA a large finite sample.

Selection under stopping criterium : maximal residual variance <e.

Let A1 € A be already chosen,
Compute accurate approximation Epy, . (Z*') of E(Z*).
Greedy procedure :
For step i=1,...,./—1 (I>1) :
For all A € Atyia1, compute f’i’\ as (7-111.2) and (cheap) estimations :
€;(X):=Vary, ., <Z>‘ —f/f‘) for Var (ZA — Yf‘) .

Select Aj+1 € argmax {e:(N)}.
)\GAtrial\{)\j ,j:l,‘“,i}
If stopping criterium €;(A; 1) <e, Then Exit Offline.

Compute accurate approximation Epy,  (Z*+1) of E(ZY+1).

Fig. 7.1 — Offline stage for Algorithm 1 : greedy procedure in metalanguage

7-III-A-a Offline stage : parameter selection

The parameters {\;,i=1,...,I} are selected incrementally inside the trial sample Ay, following a greedy
procedure (see Fig. 7.1). The incremental search between steps ¢ and ¢+ 1 reads as follows. Assume that control
variates {f”‘j ,j=1,...,i} have already been selected at the step ¢ of the reduced basis construction (see Re-
mark 32 for the choice of Y ). Then, Yi+1 is chosen following the principle of controlling the maximal residual
variance inside the trial sample after the variance reduction using the first ¢ selected random variables :

Ais1€  argmax  Var (ZA - Yfﬁ) , (7-11L3)
)\GA"ial\{A]’ J=1,..., ’L}

where the coefficients (M;‘)j:l,‘..,i entering the linear combinations Yi)‘ in (7-111.2) are computed, at each step 1,
like for Y7 in the online stage (see Section 7-III-A-b).

In practice, the variance in (7-111.3) is estimated by an empirical variance :

Var(ZA—f/f‘) ~Vary, . (Z* =Y.

small
In our numerical experiments, we use the same number Mgy,a of realizations for the offline computations (for
all A€ Aqyia1) as for the online computations, even though this is not necessary. Note that choosing a small
number Mgy of realizations for the offline computations is advantageous because the computational cost of
the Monte-Carlo estimations in the greedy procedure is then cheap. This is useful since Ay,ia is very large, and
at each step 7, Vary (Z* = Y) has to be computed for all A € Agiar.

Remarkably, after each (offline) step ¢ of the greedy procedure and for the next online stage when i =1, only
a few real numbers should be stored in memory, namely the collection {Ey,, . (Z 2i),j=1,...,i} along with the
corresponding parameters {\;, j=1,...,i} for the computation of the approximations (7-IIL.1).

Remark 30. Another natural criterium for the parameter selection in the greedy procedure could be the mazximal
residual variance relatively to the output expectation

Var (ZA -y}

Varn,,, (Z)\ - YZA)
max ——— =5 X Imax
)\EAtrial |E(Z)\) |2 AE A rial |EM

(227

(7-111.4)

small

This is particularly relevant if the magnitude of the output E (ZA) is much more sensitive than that of Var (Z’\)
to the variations on \. And it also proved useful for comparison and discrimination between Algorithms 1 and 2
in the calibration of a local parametrized volatility for the Black-Scholes equation (see Fig. 7.7).

7-ITII-A-b  Online stage : reduced-basis approximation

To compute the coefficients (u?)j:17,__,i in the linear combinations (7-111.2), both online for any A € A when
i1=1 and offline for each )\ € Ay,ia1 and each step i (see greedy procedure above), we solve a small-dimensional
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least squares problem corresponding to the minimization of (estimators for) the variance of the random variable
Y

More precisely, in the case i = I (online stage) for instance, the I-dimensional vector u* = (1 )1<i<y is defined,
for any A € A, as the unique global minimizer of the following strictly convex problem of variance minimization :

I
p*=  argmin Var (Z)‘ — meﬂ”) , (7-111.5)

p=(pi)1<i<1 €R! i=1

or equivalently as the unique solution to the following linear system :

iCov (Y/*i;f/%‘) i} =Cov (Y/Ai;zk) Vi=1,...,1I. (7-11L.6)

Jj=1

Of course, in practice, we use the estimator (for X,Y € L2(Q2) and M €Ns) :

1 & 1 & 1 <
Covm (va) = M Z XY — <M Z Xm) (M Z )/m>
m=1 m=1 m=1

to evaluate the statistical quantities above. That is, defining a matrix CMsmal with entries the following empirical
Monte-Carlo estimators (¢,7 € {1,...,1}) :

C%§nlall = Covy (Y}\i;y)\j) ’

small

and a vector bMsmat with entries (i € {1,...,1}) b} = Covy

small

(Wz‘;zk) , the linear combinations (7-II1.2)

are computed using as coefficients the Monte-Carlo estimators which are entries of the following vector of R’ :

'uMsmall — [CMsmall] -1 szmall A (7—111.7)

The cost of one online computation for one parameter A ranges as the computation of Mgman
(independent) realizations of the random variables (Z*,Y*1 ... Y*) plus the Monte-Carlo estimators
Ea,..s Covar . Vary, - and the computation of the solution pMsmal to the (small I-dimensional, but full)
linear system (7-IIL.7).

In practice, one should be careful when computing (7-1I1.7), because the likely quasi-colinearity of some
reduced-basis elements often induces ill-conditionning of the matrix CMsman. Thus the QR or SVD algo-
rithms [GvL96] should be preferred to a direct inversion of (7-II1.6) with the Gaussian elimination or the
Cholevsky decomposition. One important remark is that, once the reduced basis is built, the same (small I-
dimensional) covariance matrix CMsmall has to be inverted for all A€ A, as soon as the same Brownian paths
are used for each online evaluation. And the latter condition is easily satisfied in practice, simply by resetting

the seed of the random number generator to the same value for each new online evaluation (that is for each new
A€A).

Remark 31 (Final output approximations and bounds). It is a classical result that, taking first the limit

P—a.s.
—

Miarge — 00 then Mgman — 00, ,uMsma“ ,u)‘. So, the variance is indeed (asymptotically) reduced to

Msmail,Miarge — 00
the minimum Var (ZA—YI)‘) in (7-111.5), obtained with the optimal linear combination YI)‘ of selected control
variates Y (without approzimation). In addition, using Slutsky theorem twice successively for Monte-Carlo
estimators of the coefficient vector u> and of the variance Var (ZA —YI’\), it also holds a computable version of

~ A
the Central Limit Theorem, which is similar to (7-11.4) except that it uses Monte-Carlo estimations of Z* —Y
instead of Z* to compute the confidence intervals (and with successive limits Miarge — 00, Mgman — 00). So our
output approximations now read for all N\e A :

I
E (Z)\) ~ EMsrnall (ZA — Zuysma11?>\1‘> ,

i=1

and asymptotic probabilistic error bounds are given by the confidence intervals (7-11.4).
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Offline : select parameters {\; € Agyia,i=1,...,1} in Agyia CA a large finite sample.

Selection under stopping criterium : maximal residual variance <e.

Let A1 € A be already chosen,
Compute approximation Va* of Vult.
Greedy procedure :
For step i=1,...,./—1 (I>1) :
For all A € Atyia1, compute f’i’\ as (7-111.8) and estimations :
€;(X):=Vary, ., <Z>‘ —f/f‘) for Var <Z>‘ — Yf‘) .

Select Aj+1 € argmax {e:(N)}.
)\GA";al\{)\]‘ ,j:l,‘“,i}
If stopping criterium €;(A; 1) <e, Then Exit Offline.

Compute approximation Vari+1 of Vuri+t,

Fig. 7.2 — Offline stage for Algorithm 2 : greedy procedure in metalanguage

7-1II-B  Algorithm 2

In Algorithm 2, approximations Vit of the gradients Vui of the solutions ¢ to the backward Kolmogo-
rov equation (7-11.7) are computed offline for only a few parameters {A;,i=1,...,1} C Atyial to be selected. In
comparison with Algorithm 1, approximations (Vﬂ)‘i)izlw, 1 are now used online to span a linear approximation
space for {Vu*, A€ A}. At step i of the greedy procedure (i=1,...,I), the reduced-basis approximations Yf‘
for the control variates Y read (for all A€ A) :

VA=V ey, (7-I11.8)
j=1
B T
V= / Vit (s, X)) -0 (s,X2)dB,. (7-111.9)
0

where (u?‘)jzlﬁ,_,’i are coefficients to be computed for each A (again, the dependence of ,u;\ on the step ¢ is
implicit). Again, the point is to explain, first, how to select parameters {)\;,i=1,...,1} C At;ja in the offline
stage, and second, how to compute the coefficients (,uﬁ‘) j=1,...,; in each of the i-dimensional linear combinations
f/ﬁ. Similarly to Algorithm 1, the parameters {\;,i=1,...,1} C Ayia are selected offline following the greedy
procedure, and, for any i=1,...,I, the coefficients (u;-‘)j:l,___ﬂv in the linear combinations offline and online are
computed, following the same principle of minimizing the variance, by solving a least squares problem.

7-111-B-a  Offline stage : parameter selection

The selection of parameters {);,j=1,...,4} from a trial sample Aga follows a greedy procedure like in
Algorithm 1 (see Fig. 7.2). In comparison with Algorithm 1, after ¢ (offline) steps of the greedy procedure
(1<i<I—1)and online (i =), note that discretizations of functions (¢,y) — Vi (t,3y), 7=1,...,i+ 1, are stored
in memory to compute the stochastic integrals (7-II1.8), which is possibly a huge amount of data.

7-1II-B-b  Online stage : reduced-basis approximation

Like in Algorithm 1, the coefficients (u?)jzlw,i in the linear combination (7-II1.8) are computed similarly
online (and then i=1) for any A€ A and offfine (when 1<i<I—1) for each A€ A¢yja as minimizers of — a
Monte Carlo discretization of — the least squares problem :

I
in Var | Z* — Y 7-111.10
min ar< ;u )\> ( )

where we recall that }7)\’\1' are defined by (7-IIL.9). Note that contrary to the reduced-basis elements Y ¢ in
Algorithm 1, the elements Y/\)‘i in Algorithm 2 have to be recomputed for each queried parameter value A € A.
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Again, in practice, the unique solution (u;‘) j=1,...,i to the variational problem (7-II1.10) is equivalently the
unique solution to the following linear system :

I
Y Cov (?A*i;?jj) p}=Cov (YQ'L';ZA) Yi=1,...,1, (7-IIL.11)
=1

and is in fact computed as the unique solution to the discrete minimization problem :

HMSmall — [CMslnall] -1 b Msman , (7_111'12)

with C?’/[jm"‘“ =Covm ?A)‘i;?)\)‘j ) and bi—vlsm“ =Covm (f/)\)‘i;Z ’\> .

The cost of one computation online for one parameter A\ is more expensive than that in Algorithm 1,
and ranges as the computation of M.y independent realizations of Z*, plus the computation of I (discrete
approximations of) the stochastic integrals (7-I11.9), plus the Monte-Carlo estimators and the solution gMsman
to the (small I-dimensional, but full) linear system (7-II1.12). In comparison to Algorithm 1, notice that the
(discrete) covariance matrix CMsmall to be inverted depends on ), and thus cannot be treated offline once for
all : it has to be recomputed for each A € A.

small small

7-III-C  General remarks about reduced-basis approaches

The success of our two reduced-basis approaches clearly depends on the variations of Z* with A€ A. Unfor-
tunately, we do not have yet a precise understanding of this, similarly to the PDE case [PR0O7b]. Our reduced-
basis approaches have only been investigated numerically in relevant cases for application (see Section 7-IV).
So we now provide some theoretical ground only for the a prior: existence of a reduced basis, like in the PDE
case [MPTO02a], with tips for a practical use of the greedy selection procedure based on our numerical experience.
Of course, it remains to show that the greedy procedure actually selects a good reduced basis.

7-III-C-a A priori existence of a reduced basis

Following the analyses [MPT02a, PRO7b] for parametrized PDEs, we can prove the a priori existence of a
reduced basis for some particular collections of parametrized control variates, under very restrictive assumptions
on the structure of the parametrization.

Proposition 29. Assume there exist collections of uncorrelated (parameter-independent) random variables with
zero mean Y; € LE(Q), 1<j<J, and of positive C*°(R) functions g;, 1<j <., such that

J
YA=>"g;(N)Y;, VA€A, (7-111.13)
j=1

and there exists a constant C' >0 such that, for all parameter ranges A=[Amin,\max] CR, there exists a C°
diffeomorphism 75 defined on A satisfying :

sup  sup (gjory M (N) < MICM | for all M-derivatives of gjoTy *. (7-I11.14)
1<G<J Xera(A)

Then, for all parameter ranges A =[Amin, Amax] CR, there exist constants c¢1,ce >0 independent of A and J such
that, for all N €N,N > Ng:=1+c1 (TA(Amax) —TA(Amin)), there exist N distinct parameter values \Y € A, n=

1,....,N, (with /\fyg)\ﬁg_l when 1<n< N —1), sastisfying, with Y =Span (Y’\fy,nzl,...,N) :

inf Var(Z2*—YR) <e TN Dvar (7)), vaeA. (7-I11.15)
Y3 EYN

One can always write Y like (7-I11.13) with uncorrelated random variables (using a Gram-Schmidt pro-
cedure) and with positive coeflicients (at least on a range A where they do not vanish). But the assump-
tion (7-111.14) is much more restrictive. The mapping 7o for the parameter, which depends on the functions
gj, 7=1,...,J, indeed tells us how the convergence depends on variations in the size of the parameter range A.
See [MPT02a, PRO7b] for an example of such functions g; and 7, and Appendix 7-VI-B for a short proof
inspired from [MPT02a, PRO7b].
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The Proposition 29 may cover a few interesting cases of application for the a prior: existence theory. One
example where the assumption (7-111.13) hold is the following. Consider an output Z* = g(X2) with g a poly-
nomial function, and :

t t
X}=x+ / b (s) X2 ds+ / o™ (s)dBs;. (7-111.16)
0 0

The optimal control variate Y* in such a case writes in the form (7-II1.13) (to see this, one can first expli-
citly compute the reiterated (or multiple) It6 integrals in the polynomial expression of g(X2) with Hermite
polynomials [KS91]). Then, (7-I11.14) may hold provided b* and o* are smooth functions of A€ A (again,
see [MPT02a, PRO7b] for functions g; satisfying (7-I1I1.14)). But quite often, the reduced bases selected in
practice by the greedy procedure are much better than Yy (see [PRO7b] for comparisons when ) is scalar).

7-ITII-C-b Requirements for efficient practical greedy selections

A comprehensive study would clearly need hypotheses about the regularity of Y* as a function of A\ and
about the discretization Ay,iq) of A to show that the greedy procedure actually selects good reduced bases. We do
not have precise results yet, but we would nevertheless like to provide the reader with conjectured requirements
for the greedy procedure to work and help him as a potential user of our method.

Ideally, one would use the greedy selection procedure directly on {Y*,\ € A} for Algorithm 1 and on {Vu*,\ €

A} for Algorithm 2. But in pratice, one has to resort to approximations only, {37/\7)\6./\} for Algorithm 1
and {Vﬂ’\,)\EA} for Algorithm 2. So, following requirements on discretizations of parametrized PDEs in the
classical reduced-basis method [PRO7b], the stability of the reduced basis selected by the greedy procedure for
parametrized control variates intuitively requires :
(H1) For any required accuracy € >0, we assume the existence of approzimations, g for Y in Algorithm 1
(resp. @ for u™ in Algorithm 2), such that the L%-approzimation error is uniformly bounded on A :

VAeA,E(\W_YAP) <e,

T
(resp. / E(|Va* — Ve (X)) dt <e or |[Vat — Vulr||7. Ss) .
0

Moreover, in practice, one can only manipulate finite nested samples of parameter Ay, instead of the full
range A. So some representativity assumption about A is also intuitively required for the greedy selection
procedure to work on A :

(H2) For any required accuracy € >0, we assume the existence of a sufficiently representative finite discrete
subset Mirial CA of parameters such that reduced bases built from Agia are still good enough for A.
Refering to Section 7-11I-C-a, good enough reduced bases should satisfy exponential convergence like (7-1I1.15),
with slowly deteriorating capabilities in terms of approximation when the size of the parameter range grows.
Now, in absence of more precise result, intuitition has been necessary so far to choose good discretizations. The
numerical results of Section 7-IV have been obtained with Miarge = 100 Mgman in Algorithm 1, and with a trial

sample Atyia of 100 parameter values randomly chosen (with uniform distribution) in A.

In absence of theory for the greedy procedure, one could also think of using another parameter selection
procedure in the offline stage. The interest of the greedy procedure is that it is cheap while effective in practice. In
comparison, another natural reduced basis would be defined by the first I leading eigenvectors from the Principal
Components Analysis (PCA) of the very large covariance matrix with entries Cov (Y/\i ;YAj)(Ai,Aj)eAtrialemal'
The latter (known as the Proper Orthogonal Decomposition method) may yield similar variance reduction for
most parameter values A € A [PRO7b], but would certainly require more computations during the offline stage.

Remark 32. The choice of the first selected parameter \1 has not been precised yet. It is observed that most
often, this choice does not impact the quality of the variance reduction. But to be more precise, we choose
A1 € Agmall trial Such that ZM has mazimal variance in a small initial sample Agman teinl C A, for instance.

7-IV. - Worked examples and numerical tests

The efficiency of our reduced-basis strategies for parametrized problems is now investigated numerically for
two problems relevant to some applications.
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Remark 33 (High-dimensional parameter). Although the mazimal dimension in the parameter treated here is
two, one can reasonably hope for our reduced-basis approach to remain feasible with moderately high-dimensions
in the parameter range A, say twenty. Indeed, a careful mapping of a multi-dimensional parameter range may
allow for an efficient sampling Ayria1 that makes a greedy procedure tractable and next yields a good reduced basis
for A, as it was shown for the classical reduced-basis method with parametrized PDEs [Sen08, BBM™ 09].

7-IV-A  Scalar process with constant drift and parametrized diffusion
7-IV-A-a Calibration of the Black—Scholes model with local volatility

One typical computational problem in finance is the valuation of an option depending on a risky asset with
value S; at time ¢€[0,T]. In the following we consider Vanilla European Call options with payoff ¢(St;K)=
max (St — K,0), K being the exercise price (or strike) of the option at time ¢=T. By the no arbitrage principle
for a portfolio mixing the risky asset of value S; with a riskless asset of interest rate r(t), the price (as a function
of time) is a martingale given by a conditional expectation :

e~ S TSR (3(Sp)|F) (7-IV.1)

where, in the Black-Scholes model with local volatility, S; =S} is a stochastic process solving the Black-Scholes
equation :

dS} =8} (r(t)dt+o*(t,S}) dB;) S} =50, (7-1V.2)

and (F:) is the natural filtration for the standard Brownian motion (B;). For this model to be predictive the
parameter ) in the (local) volatility o* needs to be calibrated against observed data.

Calibration, like many numerical optimization procedures, defines a typical many-query context, where one
has to compute many times the price (7-IV.1) of the option for a large number of parameter values until, for
some optimal parameter value A, a test of adequation with statistical data Pk ) observed on the market at
times ¢; € [0,7], 1 =0,..., L is satisfied. For instance, a common way to proceed is to minimize in A the quadratic
quantity :

2

)

L
— [T r(s)ds
=Y [T TR (653 K)IF) Py
=0

most often regularized with some Tychonoff functional, using optimization algorithms like descent methods
which indeed require many evaluations of the functional 7 () for various A. One could even consider the couple
(K,T) as additional parameters to optimize the contract, but we do not consider such an extension here.

Note that the reduced-basis method for parameterized PDEs [MMPO01, MPT02a, PRO7b] has recently proved
very efficient at treating a similar calibration problem [Pir08]. Our approach is different since we consider a
probabilistic pricing numerical method.

In the following numerical results, we solve (7-IV.1) for many parameter values assuming that the interest
rate r is a fixed given constant and the local volatility ¢* has “hyperbolic” parametrization (7-IV.3) (used by
practitionners in finance) :

-1
oMt,8)=(I'+1) <C(01750) + C(ES)) (7-1V.3)

where C(t,8) =4 (\/Ca(£,5)+CZ, + Ca(t,S) ) with :

1 S 1 5
_ L _ 2 2 272 _ _—
Ca(t,S) a+2\/(b c)?log (aSOert)+4a d +2(b+c)10g<a506”>'

The local volatility o* is thus parametrized with a 7-dimensional parameter A = (a,b,c,d,a,T, Cpin).
Our reduced-basis approach aims at building a vector space in order to approximate the family of random
variables :
{v*:=e " max(Sp — K,0) —e ""E (max(Sp — K,0)) , A€ A},
which are optimal control variates for the computation of the expectation of e "7 max (57 — K,0). In Algorithm 2,
we also use the fact that

T
= / dsu™(t,87) o™ (t,57)S dBy, (7-1V 4)
0
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where the function u*(t,9) solves for (t,5)€[0,T) x (0,00) :

o (t,9)%5?

o (t,S) +rSdsu(t,S)+ 5

dssu*(t,5) =0, (7-1V.5)
with final condition u*(T,S)=e"" max(S— K,0). Note the absence of boundary condition at S=0 because
the advection and diffusion terms are zero at S=0. The backward Kolmogorov equation (7-IV.5) is numeri-
cally solved using finite differences [AP05]. More precisely, after a change of variable u(t,S)=e""*C*(t,9),
equation (7-IV.4) rewrites :

T
YA = / 9O (t, SN o (¢, SM) S ) By, (7-1V.6)
0
where C*(t,9) solves the classical Black-Scholes PDE :

A 2Q2
01O (t,8) —rC*(t,8) +1rSdsC(t,S) + %

dssCM(t,8) =0, (T-IV.7)
with the final condition C*(T,S)=max(S—K,0). In the case of a low-dimensional variable S; (like one-
dimensional here), one can use a finite differences method of order 2 (with Crank-Nicholson discretization
in time) to compute approximations C}; >~ C*(t;,x;), 1 =0,...,L, j=0,...,.J on a grid for the truncated domain
[0,7] % [0,3K]C[0,T] x [0,00), with L =100 steps in time and J =300 steps in space of constant sizes (and with
Dirichlet boundary condition Cl),\J+1 =(B3—e "T-)K VI=0,...,N at the truncated boundary). An approxi-
mation C*(t,S) of CA(t,S) at any (¢,5) € [0,T] x [0,3K] is readily reconstructed as a linear interpolation on tiles
(t,8) € [ti,tia] X [S5, Sj41]-

7-IV-A-b Numerical results
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FIG. 7.3 — Variations of the “hyperbolic” local volatility function o*(¢,S) with respect to S € [50,150]. Six
families of curves are shown (as time ¢ evolves in [0,1]) for extremal and mid- values of the parame-
ter (a,b=c) in [-.05,.15] x{b=c€[.5,1.5]} : (min(a),min(b=c)), (min(a),max(b=c)), (med(a):=.5min(a)+
.Smax(a),min(b=c)), (med(a):=.5min(a)+.5max(a),max(b=c)), (max(a),min(b=c)), (max(a),max(b=c)).
Each family of curves shows the time variations of S — o*(t,5) for t € {.1 x k|k=0,...,10}).

The Euler-Maruyama scheme with N =10? time steps of constant size At= % =10"2 is used to compute
one realization of a pay-off max(S3 — K,0), for a strike K =100 at final time ¢ty =T =1 when the initial

price is 5’6‘:90 and the interest rate »=0.04. Then, (a large number of) expectations E(max(gf\‘,fK,O))
max(.é'f\‘,—K,O)) with Mgman =103 realizations,

when the local volatility parameter A= (a,b,c,d,,T',Cinin) assumes many values in the two-dimensional range

are approximated through Monte-Carlo evaluations Ey

small
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A=[-.05,.15] x {b=c€ [.5,1.5]} x {1.} x {1.1} x {5} x {.05} (variations of the function o*(¢,S) with A are shown
in Fig. 7.3).

We build reduced bases of different sizes I =1,...,20 from the same sample A¢yia of size |Agria| =100, either
with Algorithm 1 (Fig. 7.4 and 7.6) using approximate control variates computed with Miarge = 100 Mgman
evaluations :

I I
TP = S0 aMeman s = § Mo (max(ﬁf\; —K,0)— B, (max(S}\;‘ - K,O))) :
i=1 i=1

or with Algorithm 2 (Fig. 7.5 and 7.6) using approximate control variates :

I N-1
Y= e (Z e 95N (t, 52 (b SV Tt — ] Gn>
i=1 n=0

computed as first-order discretizations of the It6 stochastic integral (7-IV.6) using the finite-difference approxi-
mation of the solution to the backward Kolmogorov equation. We always start the greedy selection procedure by
choosing A; such that Y2 has the maximal correlation with other members in Agmal trial, @ small prior sample
of 10 parameter values chosen randomly with uniform law in A, see Remark 32.

We show in Fig. 7.4 and 7.5 the absolute variance after variance reduction :

Vary (max(S*?\, —K,0)— Y}) : (7-1V.8)

small

and in Fig. 7.6 the relative variance after variance reduction :

Vary

small

(max(gf\‘, —K,0)— f’f\)

(7-1V.9)
Em

5.
el (maX(SN’f\‘, —K,0)— Y/I)‘)

In each figure, the maximum, the minimum and the mean of one of the two residual variance above is shown,
either within the offline sample deprived of the selected parameter values Agyial \{A\i,i=1,...,1}, or within an
online uniformly distributed sample test A¢est C A of size |Atest| = 10| Atrial|-

It seems that Algorithm 1 slighlty outperfoms Algorithm 2 with a sufficiently large reduced basis, comparing
the (online) decrease rates for either the relative variance or the absolute variance. Yet, one should also notice
that, with very small-dimensional reduced basis, the Algorithm 2 yields very rapidly good variance reduction.
Comparing the decrease rates of the variance in offline and online samples tells us how good was the (randomly
uniformly distributed here) choice of Agyia;. The Algorithm 2 seems more robust than the Algorithm 1 for
reproducing (“extrapolating”) offline results from a sample Ayyia in the whole range A. So, comparing the first
results for Algorithms 1 and 2, it is not clear which algorithm performs the best variance reduction for a given
size of the reduced basis.

Now, in Fig. 7.7 and 7.8, we show the online (absolute and relative) variance for a new sample test of pa-
rameters Agestwide uniformly distributed in Aiqe =[—.15,.25] X {b=c€]0,2[} x {1.} x {1.1} x {5} x {.05}, which
is twice larger than A =[—.05,.15] x {b=ce€[.5,1.5]} x {1.} x {1.1} x {5} x {.05} where the training sample Ayyial
of the offline stage is nested : the quality of the variance reduction compared to that for a narrower sample
test Agest seems to decrease faster for Algorithm 1 than for Algorithm 2. So Algorithm 2 definitely seems more
robust with respect to the variations in A than Algorithm 1. This observation is even further increased if we
use the relative variance (7-IV.9) instead of the absolute variance (7-IV.8), as shown by the results in Fig. 7.7
and 7.8.

7-IV-B Vector processes with constant diffusion and parametrized drift
7-IV-B-a Molecular simulation of dumbbells in polymeric fluids

In rheology of polymeric viscoelastic fluids, the long polymer molecules responsible for the viscoelastic be-
haviour can be modelled through kinetic theories of statistical physics as Rouse chains, that is as chains of
Brownian beads connected by springs. We concentrate on the most simple of those models, namely “dumbbells”
(two beads connected by one spring) diluted in a Newtonian fluid.

Kinetic models consist in adding to the usual velocity and pressure fields (u,p) describing the (macroscopic)
state of the Newtonian solvent, a field of dumbbells represented by their end-to-end vector X (z) at time ¢ and
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Fic. 7.4 — Algorithm 1 for Black—Scholes model with local “hyperbolic” volatility : Minimum +, mean x and
maximum o of the absolute variance (7-IV.8) in samples of parameters (left : offline sample Agia\{N\i,i=
1,...,1}; right : online sample Ates) with respect to the size I of the reduced basis.
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Fic. 7.5 — Algorithm 2 for Black—Scholes model with local “hyperbolic” volatility : Minimum +, mean x and
maximum o of the absolute variance (7-IV.8) in samples of parameters (left : offline sample Agyia\{N\i,i=
1,...,1}; right : online sample Ates) with respect to the size I of the reduced basis.
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F1a. 7.6 — Algorithm 1 (left) and 2 (right) for Black—Scholes model with local “hyperbolic” volatility : Minimum
+, mean x and maximum o of the relative variance (7-IV.9) in a sample test (online) A¢esy of parameters with

respect to the size I of the reduced basis.
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F1a. 7.7 — Algorithm 1 (left) and 2 (right) for Black—Scholes model with local “hyperbolic” volatility : Minimum
+, mean X and maximum o of the (online) absolute variance (7-IV.8) in a sample test Atestwide Of parameters
with respect to the size I of the reduced basis. Greedy selection with absolute variance (7-IV.8) (top) and
relative variance (7-IV.9) (bottom).

position z in the fluid. Vector stochastic processes (X(x)) encode the time evolution of the orientation and
the stretch of the dumbbells (the idealized configuration of a polymer molecule) for each position z€D in a
macroscopic domain D where the fluid flows. To compute the flow of a viscoelastic fluid with such multiscale
dumbbell models [BL0O9b], segregated algorithms are used that iteratively, on successive time steps with duration
T:

— first evolve the velocity and pressure fields (u,p) of the Newtonian solvent under a fixed extra (polymeric)

stress tensor field 7(typically following Navier-Stokes’equations), and

— then evolve the (probability distribution of the) polymer configurations vector field (X¢(z)) surrounded

by the newly computed fixed velocity field w.

The physics of kinetic models is based on a scale separation between the polymer molecules and the surroun-
ding Newtonian fluid solvent. On the one side, the polymer configurations are directly influenced by the (local)
velocity and pressure of the Newtonian solvent in which they are diluted. Reciprocally, on the other side, one
needs to compute at every z € D the extra (polymeric) stress, given the Kramers formula :

7(T,z) =E(X1(2)® F(X1(2))),

after one evolution step t € [0,T] over which the polymer configurations have evolved (remember that here [0, 7]
should be understood as a timestep). The vector valued process X;(z) in R? (d=2 or 3) solves a Langevin
equation at every physical point € D (Eulerian description) :

This Langevin equation describes the evolution of polymers at each z €D, under an advection u VX4, a
hydrodynamic force (Vyu)X,, Brownian collisions (B;) with the solvent molecules, and an entropic force
F(X) specific to the polymer molecules. Typically, this entropic force reads either F(X)=X (for Hookean
dumbbells), or F(X)= % (for Finitely-Extensible Nonlinear Elastic or FENE dumbells, to model the

finite extensibility of polymers : | X | < /D).
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F1G. 7.8 — Algorithm 1 (left) and 2 (right) for Black—Scholes model with local “hyperbolic” volatility : Minimum
+, mean x and maximum o of the (online) relative variance (7-IV.9) in a sample test Aiestwide Of parameters
with respect to the size I of the reduced basis. Greedy selection with absolute variance (7-IV.8) (top) and
relative variance (7-IV.9) (bottom).

In the following, we do not consider the advection term w-V;X, (which can be handled through integra-
tion of the characteristics in a semi-Lagrangian framework, for instance), and we concentrate on solving the
parametrized SDE :

dX,= (éXt —F(Xt)) dt+dBy, (7-1V.10)

on a time slab [0,77], with a fixed matrix A(z) =V,u(z). We also assume, as usual for viscoelastic fluids, that

the velocity field is incompressible (that is tr()) =0), hence the parameter ) is only (d? —1)-dimensional.

This is a typical many-query context where the Langevin equation (7-IV.10) has to be computed many times
at each (discretized) position z € D, for each value of the d x d-dimensional parameter A (since V,u(z) depends

on the position z). Furthermore, the computation of the time-evolution of the flow defines a very demanding
many-query context where the latter has to be done iteratively over numerous time steps of duration 7" between
which the tensor field A(z) is evolved through a macroscopic equation for the velocity field u.

Remark 34 (Initial Condition of the SDE as additional parameter). Let To =0 and T,,11 = (n+1)T. Segregated
numerical schemes for kinetic models of polymeric fluids as described above simulate (7-IV.10) on successive
time slabs [Ty, Tr+1), for n €N. More precisely, on each time slab [Ty, Ty +1], one has to compute

T(Tn+1) = E (XTH+1 ® F(XTnJrl ))
:E(E (XTn+1 ®F(XTn,+1)|XTn)) (7-IV.11)

at a fized position x €D. In practice, (7-IV.11) can be approximated through

R M
1 1 r,m ,m
T(Tpir) ~ = Z o Z Xy @F(Xy" ), (7-1V.12)
r=1 m=1

after simulating M R processes (X:’m)te[;pmjpnﬂ} driven by M R independent Brownian motions for a given set
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of R different initial conditions, typically :

rm __ r,1 _ _
XPr=X0 r=1,.. R, m=1,..,M,
n n

or any X;’TO (with 1 <mg <M ) given by the computation at final time of the previous time slab [T,—1,Ty,]. In

view of (7-IV.12), for a fized r, the computation of %Z%ﬂ X?:L ®F(X;:L) using the algorithms presented
above requires a modification of the methods to the case when the initial condition of the SDE assumes many
values.

To adapt Algorithm 1 to the context of SDEs with many different initial conditions, one should consider
reduced bases for control variates which depend on the joint-parameter (A\,x) where x is the initial condition of
the SDE. And variations on the joint-parameter (A,x) can be simply recast into the framework of SDFEs with
fized initial condition used for presentation of Algorithm 1 after the change of variable Xt)‘z =X} —z, that is
using the family of SDEs with fixed initial condition XAeo=0 :

X" =0 (8, XN+ 60 (1, X)) d By, (7-1V.13)

where b (8, X) =b*(t,X +x), 63 (¢, X) =0 t,X +z), for all t, X and z.Then, with §>*(X)=g(X +z) and
(X)) = fAt, X +x), the output is the expectation of

T
ZA/\,Q: :gA,x(X%w) _/ f)\,ac(&)zs)\,x)d&
0

And the corresponding “ideal” control variate reads YA =2 e _E (ZA’\Q”) .

In Algorithm 2, note that u* solution to (7-11.7) does not depend on the initial condition used for the SDE.
So, once parameters N; (i=1,...,1) have been selected offline, Algorithm 2 applies similarly for SDEs with one
fixed, or many different, initial conditions. Though, the offline selection of parameters \; using SDEs with many
different initial conditions should consider a larger trial sample than for one fixed initial condition. Indeed, the
selection criterium in the greedy algorithm does depend on the initial condition of the SDE. So, defining a trial
sample of initial conditions Aic, the following selection should be performed at step i in Fig. 7.2 :

Select A\;11 € argmax max Vary Z3T fﬂ“ﬂ) ,

A€ Awia\{A; i=1,....i}TEAIC ol
where ZM* and }N/i/\’x, defined like Z* and 371-)‘, depend on x because the stochastic process (X}\) depends on
X 8‘ =z.

It might be useful to build different reduced bases, one for each cell of a partition of the set of the initial
condition. In summary, both algorithms can be extended to SDEs with variable initial condition, at the price of
increasing the dimension of the parameter (see also Remark 33).

Remark 35 (Multi-dimensional output). Clearly, the full output T in the problem described above is three-
dimensional (it is a symmetric matriz). So our reduced-basis approach such as presented so far would need three
different reduced bases, one for each scalar output. Though, one could alternatively consider the construction of
only one reduced basis for the three outputs, which may be advantageous, see [Boy08] for one example of such a
construction.

Note that it is difficult to compute accurate approximations of the solution to the backward Kolmogorov
equation (7-IL.7) in the FENE case, because of the nonlinear explosive term. It is tractable in some situations,
see [LCO03, CL04] for instance, though at the price of computational difficulties we did not want to deal with in this
first work on our new variance reduction approach. On the contrary, the backward Kolmogorov equation (7-11.7)
can be solved exactly in the case of Hookean dumbells. Hence we have approximated here u* in Algorithm 2 by
the numerical solution @* to the backward Kolmogorov equation (7-I1.7) for Hookean dumbells, whatever the
type of dumbbells used for the molecular simulation (Hookean or FENE).

We would like to mention the recent work [KP09] where the classical reduced-basis method for parameterized
PDEs has been used in the FENE case (solving the FENE Fokker-Planck by dedicated deterministic methods).
Our approach is different since we consider a stochastic discretization.
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7-IV-B-b Numerical results

The SDE (7-1.2) for FENE dumbbells (when d=2) is discretized with the Euler-Maruyama scheme using
N =100 iterations with a constant time step of At=10"2 starting from a (deterministic) initial condition
Xo=(1,1), with reflecting boundary conditions at the boundary of the ball with radius v/b.

The number of realizations used for the Monte-Carlo evaluations, and the sizes of the (offline) trial
sample A¢riar and (online) test sample Ages; for the three-dimensional matrix parameter A with entries

(A1 =—X22,A12,A21), are kept similar to the previous Section 7-IV-A. Samples Aja and Agest for the pa-
rameter \ are uniformly distributed in a cubic range A =[—1,1]3. We will also make use of an enlarged (online)

test sample Atestwide, uniformly distributed in the range [—2,2]3.

When b=9, the variance reduction online with Algorithm 1 is again very interesting, of about 4 orders of
magnitude with I =20 basis functions, whatever the criterium used for the selection (we only show the absolute
variance, in Fig. 7.9). But when b =4, the reflecting boundary conditions are more often active, and the maximum
online variance reduction slightly degrades (see Fig. 7.10).

We first tested our variance reduction with Algorithm 2 for Hookean dumbells and it appeared to work
well ; but such a model is considered too simple generally. Then using the solution to the Kolmogorov backward
equation for Hookean dumbells as @* in Algorithm 2 for FENE dumbbells still yields good variance reduction
while the boundary is not touched (see Fig. 7.11) ; when b=4 and many reflections at the boundary occur, the
variance is hardly reduced. Again Algorithm 2 seems to be slightly more robust than Algorithm 1 in terms of
extrapolation, that is when the (online) test sample is “enlarged” (see Fig.7.12 with b=16 and a sample test
(online) Atestwide)-

7-V  Conclusion and perspectives

We have demonstrated the feasibility of a reduced-basis approach to compute control variates for the ex-
pectation of functionals of a parameterized It6 stochastic process. We have also tested the efficiency of such an
approach with two possible algorithms, in two simple test cases where either the drift or the diffusion of scalar
(d=1), and vector (d=2), Itd processes are parametrized, using 2- or 3-dimensional parameters.

Algorithm 2 is less generic than Algorithm 1 ; it is basically restricted to low-dimensional stochastic processes
(X4) since :

— one needs to solve (possibly high-dimensional) PDEs (offline), and

— discrete approximations of the PDEs solutions on a grid have to be kept in memory (which is possibly a

huge amount of data).
Yet, Algorithm 2 seems more robust to variations in the parameter.

From a theoretical viewpoint, it remains to better understand the convergence of reduced-basis approxi-
mations for parametrized control variates depending on the parametrization (and on the dimension of the
parameter in particular), on the reduced-basis construction (following a greedy procedure) and on an adequate
discretization choice (including the computation of approximate control variates and the choice of a trial sample
Atrial)-

Acknowledgement 4. We thank Claude Le Bris, Yvon Maday and Anthony T. Patera for fruitful discussions.

7-VI Appendix to the Chapter 7

7-VI-A  Appendix A. Algorithm 2 in a higher-dimensional setting (d>4)
The solution u*(¢,y) to (7-IL.7) can be computed at any (t,y) € [0,7] x R¢ by the martingale representation
theorem [KS91] :

T T
PN - [ P XN ds = X0 + [ T 6, X2) 05, X B, (7-VL1)
t

t

obtained by an It6 formula similar to (7-I1.8). This gives the following Feynman-Kac formula for u*(¢,), which
can consequently be computed at any (t,y) € [0,7] x R? through Monte-Carlo evaluations :

T
UA(t,y)E<gA(X%’t’y)/ fA(S,X?’t’y)d5>, (7-V1.2)
t
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Fic. 7.9 — Algorithm 1 for FENE model with 6=9 : Minimum +, mean X and maximum o of the absolute
variance (7-IV.8) in samples of parameters (left : offline sample Aga\{\i,i=1,...,1}; right : online sample
Atest) With respect to the size I of the reduced basis.
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FiG. 7.10 — Algorithm 1 for FENE model with b=4 : Minimum +, mean X and maximum o of the absolute
variance (7-IV.8) in samples of parameters (left : offline sample Agyia\{N\i;i=1,...,1}; right : online sample
Atest) with respect to the size I of the reduced basis.
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Fic. 7.11 — Algorithm 2 for FENE model with b=9 : Minimum +, mean x and maximum o of the absolute
variance (7-IV.8) in samples of parameters (left : offline sample Agyia\{N\i;;i=1,...,I}; right : online sample
Atest) with respect to the size I of the reduced basis.

211



®©

10 $@®$$$@Q’@@®®ﬂ>®®©®® 10 20 000000000000
4% 47%
10 10 e+

o 0 2 4 6 8 10 12 14 16 18 200 O 2 4 6 8 10 12 14 16 18 20

F1a. 7.12 — Algorithm 1 (left) and 2 (right) for FENE model with b=16 : Minimum +, mean x and maximum
o of the relative variance (7-IV.9) in online test for samples Atest (top) and Atestwide (Dottom) of parameters,
with respect to the size I of the reduced basis.

where (XV'%), <;<p is the solution to (7-1.2) with initial condition Xt’\o’t"’y =y. Differentiating (7-VI.2) (pro-
vided f* and g are differentiable), we even directly get a Feynman-Kac formula for Vu(t,y) :

T
Vu’\(t,y)E(@;’t’y-Vg’\(X%’t’y) / P}V f’\(s,Xs’\’t’y)ds> (7-VL.3)

t

where the stochastic processes (@3, s € [t,T]) in R¥*? satisfy the first-order variation of the SDE (7-1.2) with
respect to the initial condition, that is ®}*¥ =V, XM for any s€ [t,T] :
S S
MY =T+ / N VDM, XYY ds' + / N .V (s, X)) dBy, (7-VIL.4)
t t
where I; denotes the dx d identity matrix (see [New94] for a more general and rigorous presentation of this
Feynman-Kac formula in terms of the Malliavin gradient). The stochastic integral (7-11.9) can then be computed
for each realization of (By), after discretizing (@3¢, s € [t,T]).

Discrete approximations of the Feynman-Kac formula (7-VI.3) have already been used succesfully in the
context of computing control variates for the reduction of variance, in [New94] for instance. Note that this
numerical strategy to compute Vu*rom a Feynman-Kac formula requires a lot of computations. Yet, most
often, the computation time of the functions (¢,3) — Vu*(¢,y) would not be a major issue in a reduced-basis
approach, since this would be done offfine (that is, in a pre-computation step, once for all) for only a few
selected values of the parameter A. What is nevertheless necessary for the reduced-basis approach to work is
the possibility to store the big amount of data corresponding to a discretization of Vu*(t,y) on a grid for the
variable (t,y) € [0,T] x R?, (the parameter A then assuming only a few values in A — of order 10 in our numerical
experiments —), and to have rapid access to those data in the online stage (where control variates are computed
for any A € A using those precomputed data).

7-VI-B Appendix B. Proof of Proposition 29
First note that, since E (Y*) =0, then Var (Z*)=Var (Y*).
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So, for all A€ A and for every linear combination of YAWZY, n=1,....N :

N J
=3 a0 g0,

(with any choice a,(\) €R, AN € A, n=1,...,N), there holds (recall that the Y;, j=1,...,.J, are uncorrelated) :

2

J
Var(ZA—Yjé):Var(YA—YK}):/ Z( Zan )9 AN>Yj dp
Q

ZI e o PO Eie AN )|
g5 (A ar( sup

1<j<J |9j( )|?

(7-VL5)

To get (7-1I1.15), we now explain how to choose the N coefficients a,(\), 1 <n <N, for each A€ A when
AN eA, n=1,...,N is given, and then how to choose those N parameter values A €A, n=1,...,N.

Assume the N parameter values )\nN €A, n=1,...,N, are given, with )\1 = Amin, )\ = Amax and )\ < )\nﬂ,
n=1,...,N—1. Then, for a given M €{2,...,N} (to be determined later on) and for all A€ A, it is possible
to choose 1< My(A) <N +1— M such that )\J\Nlo()\) <A< /\gfo(/\HM—l' Only the M coefficients corresponding to
the M contiguous parameter values above are taken non zero, such that VA€ A :

am(AN) £0& My(A) <m < My(\)+M -1,

and are more specifically chosen as a,, () = P (75 ()\)) where P\ are polynomials of degree M — 1, such that, for
all Mo(X\) <m, k< Mo(\)+M —1, P)(7a(A)) =6mi- The polynomlal function P) is the Lagrange interpolant
defined on [7A (Anry(n))>TA (Aazo(n) +M_1)] taking value 1 at 74 (\,,) and 0 at TA(/\k) k#m. We will also need a
function d(A) =[7(Aase(n)) = T(Aaso(n)+01—1)|. Using a Taylor-Lagrange formula for g;or~!, we have (for some
0<n<1):

N M
=3 g () = T (5,070 (0 )+ (L= M 4y

Then, using (7-111.14) and the fact that Var (Z*) = Z;’Zl lg;(\)|*> Var (Y;), there exists a constant C' >0 (inde-
pendent of A and J) such that :

Var (Z2* - YR) < Var (2*) (Cd(\)*™ | ¥A€A. (7-VL6)

Finally, to get the result, we now choose a Tj-equidistributed parameter sample :

n—1

N 1 max ) — min)) :17~~~7N-
F L ) 2 (i)

Then, d(\) = ]\1\/,[— (7A(Amax) = A (Amin)) does not depend on A. Minimizing (C'd)? as a function of d€ (0, %), we
choose d(\) =L, and the choice M =1+ Lech (where |z] denotes the integer part of a real
number x € R) finishes the proof provided N > No=1+4|Ce (7a(Amax) —TA(Amin)) |- O
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7-VII  Addendum to chapter 7

We present here some unpublished results about a RB approach of the Fokker-Planck equation for Hookean
dumbbells (1-IV.3), starting with a simple non-coercive parabolic equation as a toy model.

As mentionned in the previous sections of this chapter, such an approach may be an alternative to our
variance-reduced Monte-Carlo method for the fast computation of functionals of a parametrized stochastic
process (for many values of the parameter). Though, in its present formulation, the RB approach of the Fokker-
Planck equation seems adequate only for the low-dimensional problems (like dumbbells rather than long Rouse
chains of beads, in the field of micro-macro models for non-Newtonian fluids).

Note that the results presented here have been partly improved elsewhere by other authors since they were
obtained in 2006. On the one hand, one should now take into account some improvements of the RB greedy
algorithm for parabolic problems, following ideas first introduced in [HOO08] for instance. Moreover, on the other
hand, the problem of real-time simulations using the Fokker-Planck equation for dumbbells, for which we try
here to develop a general RB approach, has been treated recently for the specific computation of the optical
anisotropy of FENE-dumbbell polymer liquids under extensional flows, using dedicated estimates [KP09].

7-VII-A  RB approach of a non-coercive parabolic equation as a model for a
Fokker-Planck equation

7-VII-A-a Mathematical setting of the problem

As a toy-model for the equation (1-IV.3), we study a simple Cauchy-Dirichlet problem for ¢(t,x), (t,2)€
[0,7) % (0,1), solution to a one-dimensional convection-diffusion equation

Oho(t,x) =—0(t)0:(9(x)p(t, ) + 0 (B(x)020(t, ), @(t=0,2)=do(x), V(t,2)€[0,T) x (0,1)  (7-VIL1)

supplied with homogeneous boundary conditions ¢(¢,0) = ¢(¢,1) =0. The initial condition ¢q is chosen centered
at 3, and such that [, ¢o(2)dz =1. This is a parabolic problem parameterized by u(t,z) = (o(t),g(z),3(x)), and
we first tried to apply a RB approach similar to that in [GP05]. Note that, when (3 is constant and g(z) = H (z — %)
with some constant H, (7-VIIL.1) has the form of the Fokker-Planck equation for a (truncated) Hookean dumbbell
model in a given Couette flow with shear o(t), where finite-extensibility is enforced by truncating the domain
of definition of the dumbbell polymers (or changing the definition of 5(x) and g(x), this is simply the usual
Hookean dumbbell model when R is mapped, for instance by the function ath(2z —1) where z €]0,1[). We next

define parametrized bilinear forms as, V(u,v) € H} (Q) x H} (Q) :
m(u,v) :/ w and P,y (u,v) =0(t)Cy(u,v)+ Dg(u,v), where
Q

Dg(u,v):/ﬂﬁ(x){)mu&rv and C’g(u,v):Cg(u,v)+C§(u,v):%/Qg(az)(vamufuamv)+%/qu3mg(x).

A solution ¢(t,-) € H}(Q) to (7-VIL1) with time-derivative 9,¢(t,-) € H}(Q) satisfies (al least in some distribu-
tional sense) for all t e (0,T) :

m(0h,v) + Py (¢,0) =m(f,v), Vo€ H(Q). (7-VIL.2)

The configuration set €2 is a Lipschitz open bounded domain, a Poincaré-Friedrichs inequality then holds for
some constant P="P(£2) >0 depending only on 2 :

2 2 1
P/QQb S/Q(&cgb) , Ve Hy(2). (7-VIL3)

For any ¢ €]0,T7, it is natural to assume
f = inf 5>0, (7-VI1.4)
HAS

then the bilinear form P, ) satisfies the following Gérding inequality with any p such that 0 <p< in£2 0
[

welp) [ 40 [ (0.0 < Pu(0.0) Yo € HY(@) (7-VIL3)
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where we have used a Girding constant np(p) <o (t)inf,cq 0,9+ (infreq S — p)P. Then, assuming

Opg> irelgamg >0, (7-VIL.6)

we have np(p) > 0 provided

f B )

U(t)>_(;295 p)7’>_ 2250
inf 0,9 inf 0,g° "’
zEQ e

(7-VILT)

which ensures well-posedness. Though, the variational problem (7-VII.2) may be non-coercive in the usual
energy-norm.

7-VII-A-b Discretization and RB treatment

Time is discretized with a Fuler backward scheme using a constant time step At > 0. The time range is split
into K =T/At e N* steps of equal length. We write ¢, =kAt, 1<k <K, the sequence of times when ¢(t,z) is
approximated. For every 1 <k < K, the approximations ¢*(z) of ¢(t1,x) are solutions to :

<k< k 1
{ VkEN,0< k<K, find ¢F € H2 (Q) such that (1VILS)

m(¢k+17v)—|—AtPMk (¢k+1ﬂ)) :m(d)k’v), V() EHé (),

where the sequence (u(tg))r is the corresponding discretization of the time-dependent parameter p(t). As a
matter of fact, our RB approach will consider the sequence of parameters jix = (u(tx),tx). We take ¢°(x) = ¢o(z).

We compute Galerkin approximations of ¢* € HZ(Q) solution to (7-VIL.8) using the same finite-dimensional
linear subspace W C H} () for all 1 <k < K. We still write ¢* those (supposedly sufficiently fine) approximations
in W, W typically being a linear space of high dimension. We would then like to build RB approximations
ok € Wi of ¢k, with Wy a small N-dimensional subspace of W built as the span of well-chosen snapshots ¢*
for well selected parameters fiy. As usual in RB techniques, we need good a posteriori estimators.

Let us define RX (-;fix) as a residual linear form in Hg(Q) :

B m((bllc\f — (b]]cvilfv)

N — P, (¢h,v), Yoe HI ().

R (vs i) =
We call residual error the usual dual norm in H~1(£2) of this continuous linear form on H}(Q) :

N RY (s i
)= sup TulUiE)
vEHE(Q) ||U||H01(Q)
The RB approximation error e’fv =gk — ok, satisfies
m(et o)+ AtP,, (et v) =m(ek,v) + AtRy (v;figs1), Yo € H (). (7-VIL.9)

Then, using v:elfv"'l and any couple of non-zero real numbers (p1,p2), on noting the continuity of the linear

form REF(5ji11) in HE(Q), we have :
REF (b figy1) < ()| eht | 2.2 (7-VIL.10)
1 2
< N (W7 L (mleh™ eh™) + Dilel ™ eh™)) (7-VIL11)
1

and the Cauchy-Schwarz and Young inequalities yield :

m(ek, ekt < m(ehe, ek ) 2m(ekt ek )1/ (7-VIL.12)
1 2
< 2—2m(e’fv,elfv)+%m(elf\[+l,eﬁvﬂ) . (7-VIL.13)
)

So, thanks to the Girding inequality (7-VIL5), we finally get the error estimate :

2 2 (D1

P _ opi (P41 1 At 2

1*52+77P Hk771< 5 ) At \|€If\r+1||2L2(Q)§72 2||€]1€v||%2(9)+72 sen (1) - (7-VIL14)
P2 P1
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A discrete version of Gronwall’s lemma finally gives the following estimation :

2

k2 : At i~
||€N||L2(Q) <Z k—it+1 EN(MZ')

— (7-VIL15)
i=1 p2p2h=7) (2—p§+277p (M) At)

(79 '+1)

provided there exists p; >0 such that 1+np < At>0. (Note that this latter requirement — for (7-

VII.15) to be true with some given At >0 — is less stringent than the Gérding assumption (7-VIL.7), and it can
2 -1
”(7’2“)> P.) We will

next use the error estimate (7-VIL.15) for a RB treatment of (7-VIL.8) parametrized by fi. The standard RB
greedy algorithm is slightly modified in order to take into account the fact that the error is accumulated along
time. In practice, we use the RB greedy algorithm proposed in [GP05].

Note that error estimations for parabolic equations were first developped in [Gre05] for the coercive case
with an energy-norm. Using the continuity of R?VH(U;/L) and the coercivity of Py, ,

orp (1|03 ) < P (v:0),

one gets there, for 0<k<K—1and peR:

always be satisfied as soon as At >0 is small enough : 5+ <o (t)infyeqdpg+ ( infreqf—

1
||ek+1||L2(Q)—||e’fv||%2(9)+At <2_0MM)P> Pa, (€551 k1) < Atp? k+1(u) 7

The previous inequalities with ap(u)p? =1 can then be summed to obtain the following estimation in energy-
norm, Vk,1<k<K :

k

llew (t)lll* =llek 172y + ALY Pi " (ev,ely) < () D el (7-VIL16)
j=1 i=1

So, our estimator (7-VIL.15) is an extension of (7-VIL.16), which is only valid in the coercive case. (By the
way, in the coercive case, our L?-norm error estimations could also be derived similarly as above when choosing
2ap(p)p? =1, thus :

k
||€NHL2(Q) = %ap ZE ) (7-VIL17)

1=

1
which is the same as injecting (p?,p3) = (2ap,1) in (7-VIL.14).) See also [HOO08] for a generalization of [GP05]
(in the frame of finite volume discretizations).

7-VII-A-¢ Numerical results

100 200 300 400 500 600 700 800 900 1000

F1a. 7.13 — The hierarchical functions used to parametrize o in (7-VIL.18).

We compute a reduced basis for the collection of Galerkin approximations of the solutions to (7-VIIL.8) using
1

regular Py finite elements, when the parameter i has the following prescribed variations : At=1073, g(z) =z — 5
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and f=10"2 are fixed, while

7
0 (tk) = o, 01 (te) + > 1, 05 (b) + i, 0 (b)) VO K< N (7-VIL18)

=1

describes the 9-dimensional range spanned by o;(tx) =1—tk, o (tx) =t and the hierarchical hat functions o;
(see Figure 7.13) :

o1(t) =2t1jg, 5+ (1—2t) 15,1,
oo(t)= 2t1(p,.25) + (5— 275)1[.25;'5] o3(t)=(2t— 1)1[.5;,75] +(1.5— 2t)1[,75;1] ...

when g, = (o, oy i=1.-7 Mo, ) €[0;1]°. A training sample of 102 parameter values is chosen randomly in [0;1]°.

mal logarithms of the energy-norm for the actual error (blue) and of the a posteriori estimated superior boun imal logarithms of the L2-norm for the actual error (blue) and of the a posteriori estimated superior bound 3
T T T T T T T T T I T T T T T T T T

20 25 30 35 40 45 50 5 10 15 20 25 30 35 40 45 50
Size N of the reduced basis Size N of the reduced basis

5 10 15

F1G. 7.14 — Maxima of the RB approximation error (blue) and the a posteriori estimation (green) observed offline
during the greedy selection procedure within the training sample, using either the energy-norm estilmator (left)
or the L?-norm (right), with respect to the size of the reduced basis.

In this non-coercive case, the numerical results show that our greedy selection procedure yields some re-
duction, though much less than in the coercive case. In fact, using blindly the energy estimator shows that we
miss some reduction possibilities (see Fig. 7.14), although the energy estimator (a H! norm) is not rigorous in
the non-coercive case (contrary to our L? error estimator). Similar conclusions have been drawn in [HO08] (for
the RB method applied to Finite-Volume schemes), though the use of a slightly different greedy selection (first
proposed there) might slightly change this (somewhat unsatisfactory) conclusion. (See also [NRHP09] about the
new selection procedure for parabolic problems : the time is nolonger merged with p into a generalized parameter
i, the standard greedy is actually used only to select iteratively p, based on the error estimation at final time
of the simulation, and at each step of the greedy, the reduced basis is enriched with the first POD-modes of the
family of snapshots-in-time computed for the selected p.)

Yet, our result for a toy-model is surely an indication that it will be difficult in a RB approach of the Fokker-
Planck equation (1-1V.3) for dumbbells to control the (nonlinear) upper-convective term. (In fact, this is the
same difficulty than for the existence theory, where an estimate misses to control that term.)

7-VII-B RB approach of the Fokker-Planck equation for dumbbells
7-VII-B-a Mathematical setting of the problem

We focus on the efficient computation of Galerkin approximations for the solutions to (variational formula-
tions of) (1-IV.3) in Couette flows.

In a Couette flow, the velocity reads uw=wu(t,y)ex, where ey is a unit vector in the direction of shear and
y the coordinate in the transverse direction. A natural cartesian frame of coordinates for the subset Q2 of R?
is thus (ex,ey), and the spatial domain then reduces to Q={z = (x,y)|z=0,y€]0,1[} (a one-dimensional range
transverse to the shearing plates, respectively located at y =0 and y=1). Next, we specify our Couette flows using
the boundary conditions u(¢,0)=V(t) and u(¢,1) =0 for the velocity, plus the initial condition u(0,y) =us, €R
(start up from a steady flow Vu=0).

The configuration space D for dumbbells is also some subset of R?. Given another cartesian frame of coor-
dinates, the dumbbell configuration and the entropic force will then be denoted as vectors of two coordinates
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X =(P,Q) and F =(Fp,Fg). Our output for Couette flows, the extra-diagonal term Tex x ey of the extra-stress,
thus reads :

()= 7 [ PFo(P@u(ty.PQ)iPdQ == [ QFp(P@u (1. PQ)IPQ.
iJ)p Wi Jp
The entropic force F(X)=VU(X) derives from a potential energy function U(X) linked with the distri-
bution of configurations X for dumbbells at thermodynamic equlibrium. We will consider U(X)=HX?/2 for
Hookean dumbbells, with a view to extending next the results to U(X)=—(Hb/2)In(1—|X|*/b) for FENE
dumbbells. (Note that the potential energy U is a positive convex function in both cases, for X € D, either
with D=R? in the Hookean dumbbell case or with D= B(0,v/b) in the FENE case.) So we naturally supply
(1-IV.3) with the initial condition ¢ (0,2, X ) = (x, X ), where 1o (x, X) is the density of the thermodynamically
equilibrated state :
0=—divyx (—F(X)wo)—l-Axwo =divyx (F(X)wo—i-vao),

which implies (2, X) oce=U(X) for all €.

Note that the initial condition above for Hookean dumbbells is Gaussian, which then implies ¥ (¢,x,X)
remains a Gaussian density for all (¢,z)€[0,T[xQ. It is thus interesting to rewrite the Fokker-Planck equa-
tion (1-IV.3) for the variable \I!:% instead of ¢. In particular, on noting F(X):f%, the term
—divx (—F(X)9Y)+ Ax1 rewrites as a purely dissipative term :

ov 1
Ed’o =divx ( {(VU)X‘I’ ~owi VX ‘I’} 1/Jo) ; (7-VIL.19)

and the long-time equilibrium probability density for the flows with stationary state Vu =0 is clearly given by
the following invariant measure [JLBLOOG6] :

e~ UX)gx

dw := ’IJZJO(CC,X)dX = W

We define new spaces of integrable functions :

Definition 3 (Hilbert spaces). The following spaces are two separable Hilbert spaces :

W,=HQ), Ws=H), (D) :Cgo(@)”"m’", (7-VIL.20)

when, for any m R}, they are respectively endowed with the inner products :
[u;v] :/ Vu-Vu, Yu,veW,, (\Il;<1>)m:/ (m*T+VV.-VE)dw, Vo,V e Wy, (7-VIL.21)
Q D

with Hilbertian norms :
Jull = [usu)? , Yu,w €Wy, [[[8]]lm = (U, 1)2 | Yo, W eWe. (7-VIL.22)

(Note also that for all ¥ € L2 (D), where square-integrability is with respect to the Borel measure dw =
o (X)dX for X € D, we have W+/1)y € L?(D), which implies 1) = U1)y € L (D), on account of the Cauchy-Schwarz

inequality and [,1o=1:
L 1i= [ (191V50) Voo <1113, o,
D D

the latter being of course necessary for ¥ =Wty to remain a probability density function.)

Let us finally denote W, (V(t),0)={veL?([0,T),H*(]0,1[),v(0)=V(t),v(1)=0} the space of velocities
(which is not a vector space). In the following, we consider weak solutions (u,¥)e W, (V (¢),0) x Wg to the
Cauchy-Dirichlet problem in the domain (¢,y,X) € [0,T[x£ x D such that :

1. u(0,y) =us, €R, in some sense, for all (y,X) €]0,1[xD
2. ¥(0,y,X)=1o(y,X), in some sense, for all (y,X)€]0,1[xD
3. and for all t€[0,T], we have in some sense u(t,0)=V(t), u(t,1)=0 and
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ou dv 81}
Re/—v —(1—¢) Oy oy 8 , YveW,,
€

i g
T= QWI/\I/X -V x %o, (7-VIL.23)

/—<I>d /xpa“cz‘% —L,/VX\ILVX@dw, VO € W,
2W1 D

where we have used the notation X' =(Q,P) in (7-VIL.23).
The solutions of (7-VII.23) always satisfy the normalization condition f,Dl/J =1, since ?=1¢€ Wy implies

/\Ildw /—\I/dw 0.
dt

Moreover, since “(u, ¥(P,Q)) solution of (7-VIL.23)” = “(u,V(—P,—@Q)) solution of (7-VIL.23)”, the following
symmetry property is conserved for all time t € [0,T], V(z,X)€QxD :

U(t=0,2,P,Q)=U(t=0,2,—P,—Q). (7-VIL.24)
Last, every classical solution (u,¥) € CY([0,T],C%(Q)) x C1([0,T],C%(Q x D)) is clearly a weak solution.

Remark 36. In the present study, the advection term in (1-IV.3) disappears because of the special geometrical
configuration of a Couette flow. Yet, in more general geometries than a Couette flow, this term remains and
may cause difficulties, because it is non-linear. Fortunately, in a first approach, we can always assume that this
advection term can be handled with a characteristic method if the velocity field is sufficiently regular, and the
Couette flow is still a good testcase then.

Before proceeding to the numerical approximation of solutions to the system (7-VII.23), in particular RB
approximations for the probability density functional of Hookean dumbbells, solution to (1-IV.3), let us try
to grasp the mathematical nature of the problem. One term couples the Fokker-Planck equation with the
macroscopic state of the fluid, given by u solution to a Navier-Stokes equation, this is ¥(VuX)?V®, the sign
of which we do not know in advance (since it depends on the coupling). This term is likely to cause difficulties
in the analysis of the coupled system (7-VIL.23). Let us first see how to handle this term in the uncoupled
Fokker-Planck equation.

For hookean dumbbells in a Couette flow, (VuX)TV reduces to %Q%, and this terms reads :

10u 0P ov 10u
U(VuX)'Vodw == — V——-0—|d —— | PQUddw. 7-VIIL.25
/D (VuX) Vedw=35 DQ< op ap) w5y [,y ( )
(Note that this coupling term is exactly equal to the output 7 when ®=1.)
Let us bound this coupling term (independently of the flow configuration) in the Fokker Planck equation :

1
/ “ Pdw / (VuX)TV<I>dwfﬁ Vx ¥ VxPdw, Ve W. (7-VIL.26)

For the sake of simplicity we take H =1 in the following.

Proposition 30 (Finite-time weak solution to uncoupled Fokker-Planck). If w is sufficiently regular and |Vu| <
then there exists T < oo such that, for every ¥(0,P,Q) € L?, (D)), there exists one, and only one, solution

Ve C([0,T], Hgy (D)) N L*(10,T], L7y (D)), %‘If € L*(10,T7, Liw (D)),

4Wi Wz

that satisfies (7-VIL.26) for almost all t€[0,T]. This solution satisfies the estimate, for all 0<t<T :

t
—t 1 —s
eTvul ||\Il(t)||2L§W(D)+/ (2|Vu|—2m> eV [VU(s)||72 pyds <[T(E=0)[72 (p). (7-VIL27)
0

Proof : We concentrate on the term parametrized by Vu. Using Young inequalities with p? >0, we have :

2 1
/\I/(VuX)TVq)dwgﬁ/\II2|VuX|21/)o+—2/ |V<I>|2w0. (7-VIL.28)
D 2 Jp 2p1 Jp
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Then, using Vijo=—X 1o and the Green theorem, we find with tr(Vu! Vu)=|Vul|® :
/ 2 VX > :/ div (\II2VuTVuX) o=Vl |92 ) +2/ UXTVuTVuV P, (7-VIL29)
D D w D

We next bound the second term in the right hand side of the previous inequality, using Young inequalities again,
with p3 >0 :

2
P 2 1 2
/D\IJXTvuTVuvwog 32|Vu| IVeIZ: (o) +ﬁ/ U? |\ VuX |*1p.
2JD
Collecting the two last results, we get, if 1< p3 :

2
2 2 P2 2 2 2 2
v P < L2 ol (1 oy + A1V, o))

which we reintroduce in a bound for the coupling term :

2 2
P2P1 2 2 2 2 1 2
U(VuX)'Voddw < 22 |y U + 2|V —|V® . (7-VIL
/D (VuX) =22 1) [Vu| (” ||L3W(D) p3ll ||L§W(D)) + 207 | ||L§W(D) (7 30)

With ® =W, the following a priori bound for a solution ¥ € H}_ (D) holds :

1 1

1d 2 2
Pari |Vu|2+2p2> VW2 . (7-VIL31)
1

Z 2 w2 2P
a1V, = 50—

4 2
2 2 P2P1
IV 1, )+ (52 =

)

The a priori bound (7-VIL.31) allows to prove the existence of a solution
W e C((0,T], Hy, (D) N L*(10, T, L (D)),

with 2 e L2(]0,T'[, L2, (D)), for some 0 <T < oo, provided a Gérding inequality holds a.e. for ¢ € [0,7' (Lions-
Magenes theorem). Using the Gromwall lemma, we thus apply the Lions-Magenes theory with some p?,p3 >0
provided :

2.2 4 2
P2P1 P2P1 2, 1 1 >
>0 Vu|"+ -—5 — =~ | <0,
2(p3 1) <2(p§—1) IVl 20t 2Wi

which is true while [Vu|? stays bounded (the minimum of the second term above is reached for p? = ﬁ, p3=2,
P3P 1

oen = ) ©

We also have the following lemma :

while

Lemma 13 (Weighted Poincaré). [Bec89] For all ® € Wy in the weighted Sobolev space H}, (D), the following
Poincaré-Wirtinger inequality holds :

2
|¢||2L§w(p)g< /D <I>dw> +HIVO[2s (p). (7-VIL32)

Sketch of the proof : We first show the lemma for the Hermite polynomials, which form an Hilbertian
basis of L2, (D) and H} (D). We conclude by a compactness argument. <
With ® =min(¥,0)=¥~ and [, Pdw =1, the previous lemma implies in particular :

1d, - P30 2 N (PR3 2 1 1 _

~ S w2 < PPy /\1/ d PR A T .

2l e =g VY ) gy Y e T ) VY e
(7-VIL33)

Yet note that this is still not sufficient to prove a maximum principle for the Fokker-Planck equation (and to
ensure that ¢ is indeed a pdf, with ¢ € L'(D;R") and [, =1).
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7-VII-B-b  Discretization and RB treatment of the problem

For the discretization W/ of the velocity space, we use P; continuous functions on a regular mesh for ]0,1]
made of AV intervals of constant size Az=1/N.
For the time discretization, we use the Euler implicit scheme, for instance with U} € Wk

/ ViU g dw— 2% [ gm0 g, - /v UL Y bpdw, VO EWE,  (7-VIL34)
> At h - ay > h opP h Wi > X ¥y X *h ) P> .

using a constant time step At and u(t") = uj.
In the Hookean case, recall that the potential energy function writes :

UX)=HX?/2.
The domain D is then the whole space R?, and dw is a centered Gaussian measure. An Hilbertian basis for Wy

is given by the tensor products of Hermite polynomials.
For any [,m €N, the tensor products ¥; ,,(P,Q)=H;(P)H,,(Q) of Hermite polynomials defined as

are orthonormal for the tensor product space, where L2 (D) is equipped with the inner product :

/RHl(P H

We choose our Galerkin projection space Wg = WQ as the d?-dimensional vector space spanned by the tensor
products of degree-d Hermite polynomials in P and Q.

The RB method needs an a posteriori error bound, which we now evaluate for U} — W™ at every time step
n where U™ is solution of the time-discrete weak formulation

gntl_gn ou 0 1
— | ®dw = Ut Q— dd f—/ Vx UV x ddw, Y0 € Wp. 7-VIL.35
/D< At )Way/ Cop PV owi J, VX x®aw, Vo We ( )
Let us define the residual form associated with the space discretization :
\I/n+1*\1’n n
R;;(cp):/ <’1Ath) @dw—%ﬂ \If”“Q—cbder—/ Vx UtV xddw, (7-VII.36)
D Y

for any ® € Wy. We also recall the definition of a norm for ® € Wy, for any m > 0. :
0= /m2I I, ) + V2N,
This is well-defined for any ® € Wy thanks to the weight ¥y in the integral. (The parameters m will be precised

later with a view to optimizing the error estimate if possible.)

Proposition 31 (Dual norm). The dual norm of the linear form R} in (Wy,|||-|||) is well defined : ||| R} ||| =
SUP¢6W5,|\|<I>\|\:1RZ((I)), as a norm on the dual space (WE™ |- lls) of (W, |-l

Proof : Using the Cauchy-Schwarz and the Young inequalities with the Green theorem, we get the following
bound like in the continuous case viewed in the previous section, with any p? >0,p3 > 1 :

0P P3P 1
QL dw L( gt VU2 () + 55 VO 7-VIL37
[ wragEaw < g (WGP o)+ IV Wy ) + 531 V0 (FVILS)
which can be bounded using the ||| - || norm for ® if we can make use of the ||- ||| norm for ¥'** (for m >0). O

Then we have :

Proposition 32 (Error estimate). For solutions (¥")o<,< € H:, (D)N*1 of the semi-discrete uncoupled Fokker-
Planck equation (7-VIL.35), we have the following estimate :

2
pr At oup n n
<1—1 ~— 5 ( 2P§+ == >) K% i _‘I’h+1||2L3w(D)

2 2 21 0y
At 1 ou? "
( 2 4 h)nv(w Hogry )z,

o \wi 7277 oy

1 n n|2 nin2
SEH\I’ —VillZe )+ Ryl5.  (7-VIL38)

eyl
25
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Proof : Taking ® ="+ —¥*! in the residual form and using (7-VIL.25), (7-VIL35) and the Young
inequalities, we get the following estimate with any p? >0,p3 >0 :

2
p n n Atau n n At n n
(1—21>|x1/ Pt oy 8;/1%2 (0 =0 odPdQ - -3 |0 — WP
At 1 At
\Ij”+1 l:[JnJrl Pr g 2 = n 2. _VIL.
Ty W IV ( )”L2 (D)—Q QH hHng(D)+2p§H|Rh|H* (7-VIL39)

Introducing the bound derived in the proof of Proposition 31, we finally get with any p3 >0,p3>1 :

2
p n n At n n At 1 n n

(15 )1t -y = GBI W S I ()

1 t|Qup| ( piri Pin; 1
< \I’n— R 2 ="1Z"h _ M4ar3 TL+1 _ M4ar3 - V\I/n+1
<5V Vil ) 2||| = i (2@3_1)“ .00 (507 22 ) 198 I 0

(7- VII.40)

where ‘8; f =max (agj ,O). Collecting the different terms, we see that we can derive two types of a posteriori

error bounds, that is in L2 (D) or in H} (D) :
2 n 2 9
_P1 ﬁ 9 o |Oup|  pips ntl _ gqn+1y2
(1-5 -5 (oo || 25 ) ) s =0

At( 1 o |Oup ( Pip3 1 >) 1 1\ |12
+— == 7=+ Vv (gt gt
2(p421_1) 2[)% ” ( h )HL2 w (D)

2 \Wi 27 gy

L n n ni||2
S L PR R 2|\|R I2. (7-VIL41)

68; is too large, since for all p?>1 :

4
204 >4,
(pi—1)
Remark 37. Note that in the FENE case, this term can be handled more easily thanks to following inequality :

0P
JREC S TR

s VOI2: ), (7-VILA42)

2p 2|
obtained after invoking the finite extensibility of | X|<+/b (D is bounded).

4
Let us choose p3 =2, so that (pffijl) =4. We conclude by choosing p3 :% to minimize : 4p% + p% >4.0
4 3

An a posteriori estimator for the L? error ||} — "1z (p) can now be obtained when 8(;;;2 is not too large :

Proposition 33. Assume that, for 0 <k <mn, the following condition is satisfied :

oulk 1 4
< _VIL4
‘ <min (4 - t) (7 3)

(which we can also rewrite with a changing time step ’tkH —t’“‘ instead of At). Then, provided the initial error
is zero || W0 — 0 HL2 _(p)=0, we have the a posteriori error bound :

NS
At | Ouf
gt gt <At 1——| = R¥|llm 7-VII.44
|| g, 00 < ; i (=TT )| meliRE (7-VI1.44)
where the norm ||| - |||¥ is defined at each step 0<k<n as the dual norm of the following primal norm for ® € W,

12l = /Il ) +IT®IEs )

1— At ouy

1 | oy

with m2 At = —
1 _4 h

W By
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Proof : We start with the error estimate (7-VII.41) obtained above. To optimally turn this error estimate
into an a posteriori superior bound, we would like to minimize the function

ax+by
zy(c—z—y)
for a,b,c>0 when (z,y) belongs to the domain defined by 0<z,0<y<d,z+y<c. This corresponds to the
minimization of the right-hand side of the error estimate (7-VIL.41) when

- a= ”\I/n - \IIZH%ZW(D)’
- b=m2a?|| Ry,

_ 7&8“71
c=2(1 oy | )

flzy)=

2 Quy,
- -T:Pi
- y:mzAtp%>

under the condition :

14
(TVVi’E> :

A simple analysis of the zeros of the derivative of f shows that f has only one admissible local extremum
(20,Y0) in the domain of study when yo<d :

¢ Vb ¢ Va

=3 arvh T2 Var Vb

Last, we know the sign of the derivatives, which cross zero only once in the domain of concern. Then, (x,yo)
can only be an absolute extremum on the domain of study, that is a global minimum since f— oo on the

boundaries!. We have f(xo,y0) = (Q(IJ“[ ) And when yg > d, there is one global minima on the line y=d.

Thus we choose : . .
> " =Wz (p)
@

p
4 — U 2 +mAt|| R}
ot o+ AR —_—
m?Atp?— <1 At ‘ duj, ) nmAt|||Rh|||* §
W =Wl () +mAL[ Ry«
to get :
n+1 n+1 auh - n n n
[y < (15 Gol) (0=l @)+ madIRLL), (7-VIL46)
with m such that yo <d, that is such that :
At | Ou} oup . n
(1= TG ) mastit, < oease (4| G2 ) (19 - 9313, o+ marligL).
1-4¢|
Finally, with the choice m2At = —- minimizing the L? error bound, we get the result.[]
wi—4| B

Remark 38 (An error bound for FENE dumbbells). The FENE case is more favorable, since the finite exten-
sibility implies :

o P3
n+1 3 n 1

so that we have :

2
pi At [ 4 24
1A=

e

<p§ Oui;
Wi P3| Oy

> Hv (\IjnJrl o \I/Z—i-l) ||%ZW(D)

1 At
< || v -y, +—|[I|IRMI?, (7-VIL48
22 1" = WRlEs, o0 3 IIRRI, )

1We can also compute the hessian of f at (z0,y0). The determinant and the trace of this 2 x 2 matrix are positive, which shows
that the two eigenvalues of the hessian are positive and that (zo,yo) is a local minimum for f.
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F1G. 7.15 — The eight first hierarchical basis (0;) (left), whic are used to generate 200 random linear combinations
(right) as a training parameter sample of (%L;ﬁ) in the following experiment.
“ n

where one can always take p3 as large as desired to handle ||V (\II”+1 — ‘IIZH) H%z (D)’ while At can still be chosen
dw

Auy
Oy

2
very small for < — %1 — % (mng +bp3

bound for any Weissenberg number Wi.

)) to stay positive. It is then possible to derive an a posteriori error

We will next use the RB method with the a posteriori error estimator (7-VII.44) and the same RB greedy
algorithm than in [GP05].

7-VII-B-c Numerical results

We now build a reduced-basis for the collection of (uncoupled) Fokker-Planck equations where the (time-
dependent) velocity gradient is the parameter p= (0,uj)n, with a view to speed up the simulation of the system
of (possibly coupled) equations . We take Wi=1, a constant time step with 50 iterations until T=2, and a
Hermite polynomial basis of dimension 112 =121 (for the fine approximations).

A training sample of parameters is generated using the same hierarchical “cereal box” training method as
in Section 7-VII-B-c, that is with linear combinations of hierarchical basis elements, using a set of uniformly
distributed random coefficients within a bounded range. At each time step, we write :

8
p(t*) = po0i(t") VO<k<N, (7-VILA49)
=1

using the hierarchical hat functions (Fig. 7.15) : o;(t) =1—27|(2' £[2]) — 1], vt €[0,T].

We recall that we use the RB greedy algorithm of [GP05], which is as such. First, we include the initial
equilibrated state =1 in the reduced basis. Then, we increase the reduced basis by adding the solution
W} (u), among all (V3 (n)),, ,, for which the increase of the relative error

n() = 107 () = W3 (W)l 2, (D) [0 () = W5~ (u) [FZe)
h - n - n—
15 ()l 2, o) 13 (w2, o)

is maximal.

In the offline stage, we observe that the maximal increment of relative error A} (u) decreases very fast with
the size of the reduced basis, see Fig. 7.16.

We also recall that at each step of the greedy algorithm, the reduced-basis approximation and the correspon-
ding a posteriori error estimation for (\I'Z(“))n,,u are computed for every n and for every u in the training sample
through the reduced-basis, using the error bound derived in the previous section. So, it is only for the selected
parameter value that we compute the “exact” solution. Though, we also need to compute some coefficient my, at
each iteration (k=1,...,K) and for each parameter in the training sample in order to evaluate the error bound,
which induces additional computations compared to the standard RB method (possibly a burden for online
certification of the RB approximation error).

We next test the efficiency of the resulting reduced basis in some online stage using a test sample of para-
meters. For this, we compute the rate of convergence of the RB relative error within a sample of test parameter
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F1G. 7.16 — Sketch of a solution in the plane (P,Q) (left) and maximum increment of the relative error during
the training (greedy selection) wrt the size of the reduced basis (right).

F1G. 7.17 — In log-scale, maximal (relative) RB approximation error (in blue), with its a posteriori estimation
(in black), for a training sample of parameter values during the offline stage (left), and for a test sample of same
size 200 (right), with respect to the size of the reduced basis.

(Fig. 7.17), which we compare with its a posteriori estimation (Fig. 7.18). The effectivity of the a posteriori
error estimation in L? norm is shown in Fig. 7.18 : it is not too bad here, hence the good reduction yielded by
the RB method. Yet, one should not that we have strongly limited the range of velocity gradients, and it is not
clear whether this could be useful in a more realistic computation.

7-VII-B-d A RB approach for the coupled Fokker-Planck / Navier-Stokes system

With a view to using our RB method in a (real-time) simulation of the coupled system of equations (Fokker-
Planck + Navier-Stokes), we propose a new training method. We recall that we limit to configurations using
pure shear flows of the Couette type.

For the coupled case, note that our a posteriori error estimation is not rigorous anymore, since the coupling
of approximation errors in each equation should be taken into account (as time evolves), but for the moment
being and as a first approach, we will build a reduced basis for the solutions to the Fokker-Planck equation
using the same a posteriori error estimate as in the uncoupled case.

In the offline stage, we propose to train the Fokker-Planck equation using the velocity gradient field generated
by a macroscopic model in the same flow configuration. Here, we use the Oldroyd-B equation. This training
method can be compared to the training method used in the previous section (sometimes termed “cereal box”
in reference to the hierarchy in the ranges of successively introduced dimensions for the parameter), for a given
simulation of the coupled system : of course, it proves better since the training sample is more adapted (see
Fig. 7.19).

In fact, it seems that the convergence of RB approximations is very fast (when used for a coupled simulation),
as shown by Fig. 7.19 : it is exponential and drops down to zero (machine) with a very small-dimensional basis.
This is partly due to the fact that, although our error estimator is not rigorous in the coupled case, it is yet still
effective here (see Fig. 7.20).
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F1a. 7.18 — Maximum and minimum of the effectivity of the a posteriori estimation for a test sample (left, in
log-scale) with respect to the size of the reduced basis. And time evolution of the actual error with its error
bound for one particular parameter p value (right).

FIG. 7.19 — RB approximation errors in (squared) L°([0,7], L?) norm using a log-scale, for the outputs u (blue)
and divt (black) in a coupled simulation, with respect to the size of thr reduced basis. On the left : “cereal
box” training method with 100 parameter “histories”; on the right : “macro” training method with the “true”
solution of the coupled simulation.

FIG. 7.20 — Left : maximal relative error for RB approximations of the pdf ¢ in L? norm (blue), and their a
posteriori error estimations (black), using a log-scale, with respect to the size of the reduced basis (in the offline
stage using the new training method). Right : corresponding effectivity of the error estimator (minimum in blue
and maximum in black, for the whole family of pdf generated in a coupled simulation).
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But furthermore, this is a very special situation that we tested here. Not only because the velocity gradient
fields that this method generates is exactly the same as the one that should be computed by a (Fokker-Planck
+ Navier-Stokes) coupled simulation (since the Oldroyd-B equation can be derived exactly from a Hookean
dumbbell model — this is not the case anymore if we use the FENE dumbbell model trained on the Oldroyd-
B equation for instance, or even better, the FENE-P model —). But also because, in the Hookean case, the
output 7 for the RB-approximated pdf (solution to the Fokker-Planck equation) is computed exactly when using
®=QFp(P,Q)=HPQ as a test function in the semi-discrete Fokker-Planck equation, as soon as PQ € Wr. It is
consequently not very meaningful to test the RB method in this case, because there is actually no approximation
error due to the Fokker-Planck equation (which is exactly computable) once the RB approximation space is
large enough to contain these basis functions (as it can be shown in Fig. 7.19). In other words, the (incredibly
fast) success of the RB method for the coupled simulation of Fig. 7.19 does not take into account the fact that
it is much easier to obtain the output 7 than the L? norm for V.

For the coupled case, the point would be to test the RB method for FENE dumbbells, for instance. Then,
computation of the entries of the Kramers matrix (which are integrals of X X7 U’(X), with weight the pdf)
would be more challenging, since the Fokker-Planck equation is not exactly solvable then, so that the reduction
effort would be more meaningful (a theoretically infinite number of basis functions is generally needed for RB
approximations to become exact). To this aim, one needs a posteriori estimations for the FENE Fokker-Planck
equation. This has been done partly in the recent work [KP09], using another output functional (the optical
anisotropy) for the solutions to the FENE Fokker-Planck equation in another type of flow configurations (exten-
sional flows). But the need for computational reduction in the computation of (high-dimensional, parametrized)
Fokker-Planck equation is still a challenge to a vast field of applications (see for example [SST08, LBLMO0S],
which are two recent works in this direction).

227



228



Bibliographie

[ABOS]
[A1192]
[AO00]
[APO5]

[AQ92]

[Aro04]

[ASBTS]
[BB09a]
[BBO9D]

[BBM*09]

[BCAHS87a]
[BCAHST7D)

[BCPO6]

[BE94]
[Bec89]
[BF91]

[BFTY3]

[BGLOG]

G. Allaire and R. Brizzi. A multiscale finite element method for numerical homogenization. STAM
MMS, 4(3) :790-812, 2005.

G. Allaire. Homogenization and two-scale convergence. SIAM J. Math. Anal, 23(6) :1482-1518,
1992.

M. Ainsworth and J. T. Oden. A Posteriori Error Estimation in Finite Element Analysis. Wiley-
Interscience, 2000.

Y. Achdou and O. Pironneau. Computational Methods for Option Pricing (Frontiers in Applied
Mathematics 30). Society for Industrial and Applied Mathematics, Philadelphia, PA, USA, 2005.

D. N. Arnold and J. Qin. Quadratic velocity /linear pressure Stokes elements. In R. Vichnevetsky,
D. Knight, and G. Richter, editors, Advances in Computer Methods for Partial Differential Equa-
tions, volume VII, pages 28-34. IMACS, 1992.

B. Arouna. Robbins-monroe algorithms and variance reduction in finance. The Journal of Com-
putational Finance, 7(2) :35-62, 2004.

B. O. Almroth, P. Stern, and F. A. Brogan. Automatic choice of global shape functions in structural
analysis. AIAA Journal, 16 :525-528, 1978.

J. W. Barrett and S. Boyaval. Existence and approximation of a (regularized) FENE-P model. (in
preparation), 2009.

J. W. Barrett and S. Boyaval. Existence and approximation of a (regularized) Oldroyd-B model.
(preprint submitted for publication http ://fr.arxiv.org/abs/0907.4066), 2009.

S. Boyaval, C. Le Bris, Y. Maday, N.C. Nguyen, and A.T. Patera. A reduced basis approach for
variational problems with stochastic parameters : Application to heat conduction with variable
robin coefficient. Computer Methods in Applied Mechanics and Engineering, 198(41-44) :3187—
3206, 2009.

R. B. Bird, C. F. Curtiss, R. C. Armstrong, and O. Hassager. Dynamics of polymeric liquids,
volume 1 : Fluid Mechanics. John Wiley & Sons, New York, 1987.

R. B. Bird, C. F. Curtiss, R. C. Armstrong, and O. Hassager. Dynamics of Polymeric Liquids,
volume 2 : Kinetic Theory. John Wiley & Sons, New York, 1987.

A. Bonito, P. Clément, and M. Picasso. Finite element analysis of a simplified stochastic hookean
dumbbells model arising from viscoelastic flows. ESAIM : Mathematical Modelling and Numerical
Analysis - Modélisation Mathématique et Analyse Numérique, 40(4) :785-814, 2006.

A. N. Beris and B. J. Edwards. Thermodynamics of flowing systems with internal microstructure.
Oxford University Press, New York, 1994.

W. Beckner. A generalized poincaré inequality for gaussian measures. Proc. Amer. Math. Soc.,
105(2) :397-400, 1989.

F. Brezzi and M. Fortin. Mized and Hybrid Finite Element Methods. Springer-Verlag, Berlin, 1991.

M. Behr, L.P. Franca, and T.E. Tezduyar. Stabilized finite element methods for the velocity-
pressure-stress formulation of incompressible flows. Computer Methods in Applied Mechanics and
Engineering, 104(31-48), 1993.

J. Burkardt, M. D. Gunzburger, and H. C. Lee. POD and CVT-based reduced order modeling of
Navier-Stokes flows. Comp. Meth. Applied Mech., 196 :337-355, 2006.

229



[BHS82]

[BHWSY]
[BJDMS5]

[BJDMS6]

[BLO4J

[BL09a|

[BLO9b)]

[BLLO6]
[BLMO09)]
[BLP78]

[BMY7]

[BNMPO4]

[BNTO7]

[Boy08]
[Boy09]

[BP84]

[BP99)]
[BP04]
[BPLOG]

[BPPOS]

A.N. Brooks and T. J. R. Hughes. Streamline upwind / petrov-galerkin formulations for convection
dominated flows with particular emphasis on the incompressible navier-stokes equations. Computer
Methods in Applied Mechanics and Engineering, 32 :199-259, 1982.

H.A. Barnes, J.F. Hutton, and K.F.R.S. Walters. An introduction to rheology. Elsevier Science
Publisher, Amsterdam, The Netherlands, 1st edition, 1989.

F. Brezzi, Jr. J. Douglas, and L.D. Marini. Two families of mixed finite elements for second order
elliptic problems. Numer. Math., 47 :217-235, 1985.

F. Brezzi, Jr. J. Douglas, and L.D. Marini. Recent results on mixed finite element methods for
second order elliptic problems. In A.V. Balakrishnan, A.A. Dorodnitsyn, and J.L. Lions, editors,
Vistas in Applied Mathematics : Numerical Analysis, Atmospheric Sciences, Immunology, pages

25-43, 1986.

C. Le Bris and P.-L. Lions. Renormalized solutions of some transport equations with partially w':!
velocities and applications. Annali di Matematica pura ed applicata, 183 :97-130, 2004.

S. Boyaval and T. Lelievre. A variance reduction method for parametrized stochastic differential
equations using the reduced basis paradigm. In Pingwen Zhang, editor, Accepted for publication in
Communication in Mathematical Sciences, volume Special Issue “Mathematical Issues on Complex
Fluids”, 2009. ARXIV :0906.3600.

C. Le Bris and T. Lelievre. Multiscale modelling of complex fluids : A mathematical initiation. In
B. Engquist, P. Lotstedt, and O. Runborg, editors, Multiscale Modeling and Simulation in Science,
volume 66 of Lecture Notes in Computational Science and Engineering, pages 49-138. Springer,
2009. Proceedings of the Summer School in Stockholm, June 07.

X. Blanc, C. Le Bris, and P.L. Lions. Une variante de la théorie de ’homogénéisation stochastique
des opérateurs elliptiques. C.R. Acad. Sci. Paris Ser. I, 343(11-12) :717-724, 2006.

S. Boyaval, T. Lelievre, and C. Mangoubi. Free-energy-dissipative schemes for the Oldroyd-B model.
ESAIM : Mathematical Modelling and Numerical Analysis, 43(3) :523-561, may 20009.

A. Bensoussan, J. L. Lions, and G. Papanicolaou. Asymptotic analysis for periodic structures,
volume 5 of Studies in Mathematics and its applications. North-Holland Publisher Company, 1978.

J. Baranger and A. Machmoum. Existence of approximate solutions and error bounds for vis-
coelastic fluid flow : Characteristics method. Comput. Methods Appl. Mech. Engrg., 148 :39-52,
1997.

M. Barrault, N. C. Nguyen, Y. Maday, and A. T. Patera. An “empirical interpolation” method :
Application to efficient reduced-basis discretization of partial differential equations. C. R. Acad.
Sci. Paris, Série 1., 339 :667-672, 2004.

I. Babuska, F. Nobile, and R. Tempone. A stochastic collocation method for elliptic partial diffe-
rential equations with random input data. SIAM Journal on Numerical Analysis, 45(3) :1005-1034,
2007.

S. Boyaval. Reduced-basis approach for homogenization beyond the periodic setting. SIAM Mul-
tiscale Modeling & Simulation, 7(1) :466-494, 2008.
S. Boyaval. Mathematical modeling and simulation for material science. PhD thesis, Université

Paris Est, 2009. In preparation.

F. Brezzi and J. Pitkdranta. On the stabilization of finite element approximations of the Stokes
equations. In W. Hackbusch, editor, Efficient Solution of Elliptic System, pages 11-19. Vieweg &
Sohn, Braunschweig, 1984. Notes on Numerical Fluid Mechanics, vol. 10.

J. Bonvin and M. Picasso. Variance reduction methods for CONNFFESSIT-like simulations. J.
Non-Newtonian Fluid Mech., 84 :191-215, 1999.

A. Bourgeat and A. Piatnitski. Approximations of effective coefficients in stochastic homogeniza-
tion. Ann. I.H. Poincaré, 40 :153-165, 2004.

A. Bonito, M. Picasso, and M. Laso. Numerical simulation of 3d viscoelastic flows with free surfaces.
J. Comput. Phys., 215(2) :691-716, 2006.

M. Bajaj, M. Pasquali, and J. R. Prakash. Coil-stretch transition and the breakdown of computa-
tions for viscoelastic fluid flow around a confined cylinder. J. Rheol., 52 :197-223, 2008.

230



[BPSO01]
[BRO1]

[Bri94]
[BS92a]

[BS92b)

[BSO7]
[BSO08]
[BS09]
[BSS05]
[BTZ05]
[CDD]
[CDW84]
[CGRABO4]
[CHMROS]
[Cia78]
[CLO4]
[Coo1]
[Cod9s]
[CR73]
[DBOO1]
[DE9S]
[Dep08]
[Dev93]
[DGRH07]

[DNP+04]

J. Bonvin, M. Picasso, and R. Stenberg. GLS and EVSS methods for a three fields Stokes problem
arising from viscoelastic flows. Comp. Meth. Appl. Mech. Eng., 190 :3893-3914, 2001.

R. Becker and R. Rannacher. An optimal control approach to a posteriori error estimation in finite
element methods. Acta Numerica, 37 :1-225, 2001.

M. Briane. Homogenization of a non periodic material. J. Math. Pures Appl., 73(1) :47-66, 1994.
J. Baranger and D. Sandri. Finite element approximation of viscoelastic fluid flow. Numer. Math.,
63 :13-27, 1992.

J. Baranger and D. Sandri. A formulation of stokes’s problem and the linear elasticity equations
suggested by the oldroyd model for viscoelastic flow. RAIRO - Modélisation mathématique et
analyse numérique, 26(2) :331-345, 1992.

J. W. Barrett and E. Siili. Existence of global weak solutions to some regularized kinetic models
of dilute polymers. Multiscale Model. Simul., 6 :506-546, 2007.

J. W. Barrett and E. Siili. Existence of global weak solutions to dumbbell models for dilute polymers
with microscopic cut-off. Math. Models Methods Appl. Sci., 18 :935-971, 2008.

J. W. Barrett and E. Siili. Finite element approximation of kinetic dilute polymer models with
microscopic cut-off. (submitted for publication), 2009.

J. W. Barrett, Ch. Schwab, and E. Siili. Existence of global weak solutions for some polymeric flow
models. Math. Models Methods Appl. Sci., 15 :939-983, 2005.

I. Babuska, R. Tempone, and G. Zouraris. Solving elliptic boundary value problems with uncertain
coefficients by the finite element method : the stochastic formulation. Comput. Meth. Appl. Mech.
Eng., 194 :1251-1294, 2005.

A. Cohen, R. A. Devore, and W. Dahmen. Personal communication.

M. J. Crochet, A. R. Davies, and K. Walters. Numerical Simulation of Non-Newtonian Flow.
Elsevier, London, 1984.

D.B. Chung, M.A. Gutiérrez, J.J.C. Remmers, and R. de Borst. Stochastic finite element modelling
of fibre-metal laminates. In 45th ATAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics
& Materials Conference, April 2004.

Y. Chen, J. Hesthaven, Y. Maday, and J. Rodriguez. A monotonic evaluation of lower bounds for
inf-sup stability constants in the frame of reduced basis approximations. C.R. Math. Acad. Sci.
Paris, 2008.

Ph. Ciarlet. The Finite Element Method for Elliptic Problems. North-Holland, Amsterdam, 1978.

C. Chauviere and A. Lozinski. Simulation of dilute polymer solutions using a Fokker-Planck equa-
tion. Computers and Fluids, 33 :687-696, 2004.

C. Chauviere and R. G. Owens. A new spectral element method for the reliable computation of
viscoelastic flow. CMAME, 190(31) :3999-4018, 2001.

R. Codina. Comparison of some finite element methods for solving the diffusion-convection-reaction
equation. Comp. Meth. Appl. Mech. Engrg., 156 :185-210, 1998.

M. Crouzeix and P. A. Raviart. Conforming and non-conforming finite element methods for solving
the stationary Stokes equations. RAIRO Anal. Numer., 3 :33-75, 1973.

M.K. Deb, I.M. Babuska, and J.T. Oden. Solution of stochastic partial differential equations using
galerkin finite element techniques. Comp. Meth. Appl. Mech. Engrg., 190(48) :6359-6372, 2001.

M. Doi and S.F. Edwards. The Theory of Polymer Dynamics. Oxford Science, 1998.

S. Deparis. Reduced basis error bound computation of parameter-dependent Navier-Stokes equa-
tions by the natural norm approach. SIAM Journal of Numerical Analysis, 46(4) :2039-2067,
2008.

R. A. Devore. Constructive approximation. Acta Numerica, 7 :51-150, 1993.

A. Doostan, R. G. Ghanem, and J. Red-Horse. Stochastic model reduction for chaos representations.
Computer Methods in Applied Mechanics and Engineering, 196(37-40) :3951-3966, 2007.

B.J. Debusschere, H.N. Najm, P.P. Pebay, O.M. Knio, R.G. Ghanem, and O.P. Le Maitre. Nu-
merical challenges in the use of polynomial chaos representations for stochastic processes. STAM
Journal on Scientific Computing, 26(2) :698-719, 2004.

231



[EEL107]
[EG04]
[ELZ04]
[Emmo08]
[EPR]

[FCGO02)

[FF89]
[FGP97]

[FHKKO7]

[FK04]

[FKO5]

[FRS3]
[Fri75]
[FS91]
[FSTO]
[GDYS]
[Glo06a]
[Glo06b)]

[GMNP07]

[GO0Y]

[GPO5]

[Gre05)

W. E, B. Engquist, X. Li, W. Ren, and E. Vanden-Eijnden. The heterogeneous multiscale method :
A review. Commun. Comput. Phys., 2 :367-450, 2007.

A. Ern and J. L. Guermond. Theory and Practice of Finite Elements. Springer Verlag, New York,
2004.

W. E, T. J. Li, and P.-W. Zhang. Well-posedness for the dumbbell model of polymeric fluids.
Comm. Math. Phys., 248 :409-427, 2004.

E. Emmrich. Convergence of a time discretization for a class of non-newtonian fluid flow. Commaun.

Math. Sci., 6(4) :827-843, 2008.

J.L. Eftang, A.T. Patera, and E.M. Rgnquist. Personal communication. HP-type reduced basis
method for parametrized partial differential equations.

E. Fernandez-Cara, F. Guillen, and R. R. Ortega. Mathematical modeling and analysis of vis-
coelastic fluids of the oldroyd kind. In P.G. Ciarlet et al., editor, Handbook of numerical analysis
VIII : Solution of equations in R™ (Part 4). Techniques of scientific computing (Part 4). Numerical
methods of fluids (Part 2)., pages 543-661. Elsevier North-Holland, Amsterdam, 2002.

M. Fortin and A. Fortin. A new approach for the fem simulation of viscoelastic flows. Journal of
Non-Newtonian Fluid Mechanics, 32 :295-310, 1989.

M. Fortin, R. Guénette, and R. Pierre. Numerical analysis of the modified evss method. Comput.
Methods Appl. Mech. Engrg., 143 :79-95, 1997.

A. Fattal, O. H. Hald, G. Katriel, and R. Kupferman. Global stability of equilibrium manifolds,
and “peaking” behavior in quadratic differential systems related to viscoelastic models. J. Non-
Newtonian Fluid Mech., 144 :30-41, 2007.

R. Fattal and R. Kupferman. Constitutive laws for the matrix-logarithm of the conformation tensor.
Journal of Non-Newtonian Fluid Mechanics, 123(2-3) :281-285, 2004.

R. Fattal and R. Kupferman. Time-dependent simulation of visco-elastic flows at high weissenberg
number using the log-conformation representation. J. Non-Newtonian Fluid Mech., 126 :23-27,
2005.

J. P. Fink and W. C. Rheinboldt. On the error behavior of the reduced basis technique for nonlinear
finite element approximations. Z. Angew. Math. Mech., 63(1) :21-28, 1983.

A. Friedman. Stochastic differential equations and applications, Vol. 1. Academic Press (New York;
London ; Toronto), 1975.

L. Franca and R. Stenberg. Error analysis of some gls methods for elasticity equations. SIAM J.
Numer. Anal., 28 :1680-1697, 1991.

P. Frauenfelder, C. Schwab, and R.A. Todor. Deterministic fem for elliptic problems with stochastic
coeflicients. Comput. Meth. Appl. Mech. Eng., 194 :205-228, 2005.

R. Ghanem and S. Dham. Stochastic finite element analysis for multiphase flow in heterogeneous
porous media. Tranp. Porous Media, 32(239), 1998.

A. Gloria. An analytical framework for the numerical homogenization of monotone elliptic operators
and quasiconvex energies. Multiscale Modeling and Simulation, 5(3) :996-1043, 2006.

A. Gloria. A direct approach to numerical homogenization in nonlinear elasticity. NHM, 1(1) :109-
141, 2006. Erratum, pp. 503-514.

M. A. Grepl, Y. Maday, N. C. Nguyen, and A. T. Patera. Efficient reduced-basis treatment of nonaf-
fine and nonlinear partial differential equations. M2AN (Math. Model. Numer. Anal.), 41(2) :575—
605, 2007. (doi : 10.1051/m2an :2007031).

A. Gloria and F. Otto. An optimal variance estimate in stochastic homogenization of discrete elliptic
equations. (preprint submitted for publication hitp ://hal.archives-ouvertes.fr/hal-00383953/en/),
20009.

M. A. Grepl and A. T. Patera. A Posteriori error bounds for reduced-basis approximations of para-
metrized parabolic partial differential equations. M2AN (Math. Model. Numer. Anal.), 39(1) :157—
181, 2005.

M. Grepl. Reduced-Basis Approximations and A Posteriori Error Estimation for Parabolic Partial
Differential Equations. PhD thesis, Massachusetts Institute of Technology, May 2005.

232



[Grm98]

[GS90]
[GS91]
[GS92]
[GSDO7]
[Gue99]
[GVL96]
[HDH64]

[HF87]

[HFKO5]

[HKY*09]

[HLO7]

[HOO08]

[How09]
[HPOTa]
[HPOTb]

[HR82]

[HRSP07a]

[HRSPO7b]

[Hul90]

[HW97]

M. Grmela. Letter to the editor : Comment on “thermodynamics of viscoelastic fluids : The
temperature equation” [j. rheol. [bold 42], 999-1019 (1998)]. Journal of Rheology, 42(6) :1565—
1567, 1998.

C. Guillopé and J.-C. Saut. Existence results for the flow of viscoelastic fluids with a differential
constitutive law. Nonlinear Analysis, Theory, Methods € Appl., 15 :849-869, 1990.

R. G. Ghanem and P. D. Spanos. Stochastic Finite Elements : A Spectral Approach. Springer
Verlag, New York, 1991. Revised First Dover Edition, 2003.

G. Grimmett and D. Stirzaker. Probability and Random Processes, second ed. Oxford Science
Publications, Oxford, 1992.

R. Ghanem, G. Saad, and A. Doostan. Efficient solution of stochastic systems : Application to the
embankment dam problem. Structural Safety, 29 :138-251, 2007.

J.L. Guermond. Stabilization of galerkin approximations of transport equations by subgrid mode-
ling. Math. Model. Numer. Anal., 33(6) :1293-1316, 1999.

G. Golub and C. van Loan. Matriz computations, third edition. The Johns Hopkins University
Press, London, 1996.

J. Hammersley and eds. D. Handscomb. Monte Carlo Methods. Chapman and Hall Ltd, London,
1964.

T. J. R. Hughes and L. P. Franca. A new finite element formulation for CFD : VII the Stokes
problem with various well-posed boundary conditions : Symmetric formulations that converge for
all velocity/pressure spaces. Comp. Meth. App. Mech. Eng., 65 :85-96, 1987.

M. A. Hulsen, R. Fattal, and R. Kupferman. Flow of viscoelastic fluids past a cylinder at high
weissenberg number : Stabilized simulations using matrix logarithms. Journal of Non-Newtonian
Fluid Mechanics, 127(1) :27-39, 2005.

D.B.P. Huynh, D.J. Knezevic, Y.Chen, J.S. Hesthaven, and A. T. Patera. A natural-norm
successive constraint method for inf-sup lower bounds. Computer Methods in Applied Me-
chanics and Engineering, 2009. submitted, preprint version available on URL http ://augus-
tine.mit.edu/methodology /papers/.

D. Hu and T. Lelievre. New entropy estimates for the Oldroyd-B model, and related models.
Commun. Math. Sci., 5(4) :906-916, 2007.

B. Haasdonk and M. Ohlberger. Reduced basis method for finite volume approximations of pa-
rametrized linear evolution equations. Mathematical Modelling and Numerical Analysis (M2AN),
42(3) :277-302, 2008. (doi : 10.1051/m2an :2008001).

J. S. Howell. Computation of viscoelastic fluid flows using continuation methods. J. Comput. Appl.
Math., 225(1) :187-201, 2009.

J. Hao and T.-W. Pan. Simulation for high Weissenberg number viscoelastic flow by a finite element
method. Applied Mathematics Letters, 20 :988-993, 2007.

D. B. P. Huynh and A. T. Patera. Reduced-basis approximation and a posteriori error estimation for
stress intensity factors. Int. J. Num. Meth. Eng., 72(10) :1219-1259, 2007. (doi : 10.1002/nme.2090).

J. G. Heywood and R. Rannacher. Finite element approximation of the nonstationary Navier—Stokes
problem I : Regularity of solutions and second-order error estimates for spatial discretization. STAM
J. Numer. Anal., 19 :275-311, 1982.

D. B. P. Huynh, G. Rozza, S. Sen, and A. T. Patera. A successive constraint linear optimization
method for lower bounds of parametric coercivity and inf-sup stability constants. C. R. Acad. Sci.
Paris, Analyse Numérique, 345(8) :473-478, 2007. (doi : 10.1016/j.crma.2007.09.019).

D.B.P. Huynh, G. Rozza, S. Sen, and A.T. Patera. A successive constraint linear optimization
method for lower bounds of parametric coercivity and inf-sup stability constants. C. R. Math.
Acad. Sci. Paris, 345 :473-478, 2007.

M. A. Hulsen. A sufficient condition for a positive definite configuration tensor in differential
models. J. Non-Newtonian Fluid Mech., 38 :93-100, 1990.

T. Y. Hou and X. H. Wu. A multiscale finite element method for elliptic problems in composite
materials and porous media. J. Comput. Phys., 134 :169-189, 1997.

233



[Isr92]
[JG04]
[JKO94]
[JLBLO4]
[JLBLOOG]
[JLLOA]

[Jos90]
[Jou09]

[JZ08]
[Kar46]
[Kei92]
[Keu90]
[Keu00]
[KL95]
[KMO5]
[KMTOg)]
[KP0O]
[KP09)]
[KS91]
[KS92]

[KS09a]

[KS09b)]
[KV02]

[Kwo04]

[LBO5]

J. N. Israelachvili. Intermolecular and Surface Forces, Second Edition : With Applications to Col-
loidal and Biological Systems (Colloid Science). Academic Press, 1992.

M. Jardak and R. Ghanem. Spectral stochastic homogenization for of divergence-type pdes. Com-
puter Methods in Applied Mechanics and Engineering, 193 :429-447, 2004.

V. Jikov, S. Kozlov, and O. Oleinik. Homogenization of differential operators and integral functio-
nals. Springer, Berlin, 1994.

B. Jourdain, C. Le Bris, and T. Lelievre. On a variance reduction technique for micro-macro
simulations of polymeric fluids. J. Non-Newtonian Fluid Mech., 122 :91-106, 2004.

B. Jourdain, C. Le Bris, T. Lelievre, and F. Otto. Long-time asymptotics of a multiscale model for
polymeric fluid flows. Archive for Rational Mechanics and Analysis, 181(1) :97-148, 2006.

B. Jourdain, T. Lelievre, and C. Le Bris. Existence of solution for a micro-macro model of polymeric
fluid : the FENE model. J. Funct. Anal., 209 :162-193, 2004.

D. D. Joseph. Fluid dynamics of viscoelastic liquids. Applied Mat. Springer Verlag, 1990.

B. Jourdain. to appear, chapter Adaptive variance reduction techniques in finance. Radon Series
Comp. Appl. Math 8. De Gruyter, 2009.

B. Jin and J. Zou. Inversion of robin coefficient by a spectral stochastic finite element approach.
Journal of Computational Physics, 227(6) :3282-3306, 2008.

K. Karhunen. Zur spektraltheorie stochastischer prozesse. Annales Academiae Scientiarum Fenni-
cae, 37, 1946.

R. A. Keiller. Numerical instability of time-dependent flows. J. Non-Newtonian Fluid Mech.,
43 :229-246, 1992.

R. Keunings. Fundamentals of computer modeling for polymer processing. In C.L. Tucker, editor,
Simulation of viscoelastic fluid flow, pages 402-470. C. Hanser Verlag, 1990.

R. Keunings. A survey of computational rheology. In D. M.Binding et al., editor, Proc. 13th Int.
Congr. on Rheology, pages 7-14, 2000. British Society of Rheology.

Y. Kwon and A. V. Leonov. Stability constraints in the formulation of viscoelastic constitutive
equations. J. Non-Newtonian Fluid Mech., 58(1) :25-46, 1995.

A. Keese and H. G. Matthies. Hierarchical parallelisation for the solution of stochastic finite element
equations. Computers € Structures, 83(14) :1033-1047, 2005.

R. Kupferman, C. Mangoubi, and E. Titi. A Beale-Kato-Majda breakdown criterion for an Oldroyd-
B fluid in the creeping flow regime. Comm. Math. Sci., 6 :235-256, 2008.

P. Kloeden and E. Platen. Numerical Solution of Stochastic Differential Equations. Springer, 2000.

D.J. Knezevic and A.T. Patera. A certified reduced basis method for the fokker-planck equation
of dilute polymeric fluids : Fene dumbbells in extensional flow. submitted to SIAM Journal of
Scientific Computing, 2009.

I. Karatzas and S.E. Shreve. Brownian Motion and Stochastic Calculus. SpringerVerlag, 1991.

N. Kechkar and D. Silvester. Analysis of locally stabilized mixed finite element methods for the
Stokes problem. Mathematics of Computation, 58(197) :1-10, 1992.

D. Knezevic and E. Siili. A heterogeneous alternating-direction method for a micro-macro dilute
polymeric fluid model. M2AN : Mathematical Modeling and Numerical Analysis, 2009. Published
Online.

D. Knezevic and E. Siili. Spectral Galerkin approximation of Fokker—Planck equations with un-
bounded drift. M2AN : Mathematical Modeling and Numerical Analysis, 43(3), 2009.

K. Kunisch and S. Volkwein. Galerkin proper orthogonal decomposition methods for a general
equation in fluid dynamics. SIAM J. Num. Analysis, 40(2) :492-515, 2002.

Y. Kwon. Finite element analysis of planar 4 :1 contraction flow with the tensor-logarithmic
formulation of differential constitutive equations. Korea-Australia Rheology Journal, 16(4) :183—
191, 2004.

Claude Le Bris. Systémes multi-échelles : Modélisation & simulation, volume 47 of Mathématiques
& applications. Springer, smai edition, 2005.

234



[LBLMOS]

[LCO3]

[Lel04]

[Leo92]
[LL02]
[LLPWO00]
[LLZ05]
[LLZ08]
[LMY5)]
[LM00]
[LMO7]
[LOO03]

[Loe78]
[Loz03)]

[LR74]

[LX06]
[LZ07]
[LZZ04]

[Mad06]

[Mas08]
[MBS00]
[MC87]
[MHKO9]

[MHZ05]

C. Le Bris, T. Lelievre, and Y. Maday. Results and questions on a nonlinear approximation ap-
proach for solving high-dimensional partial differential equations. (preprint submitted for publication
http ://hal.inria.fr/inria-00336911/en/), 2008.

A. Lozinski and C. Chauviére. A fast solver for Fokker-Planck equations applied to viscoelastic
flows calculations : 2D FENE model. J. Comput. Phys., 189 :607—625, 2003.

T. Lelievre. Problémes mathématiques et numériques posés par la simulation d’écoulement de
fluides polymériques. PhD thesis, Ecole Nationale des Ponts et Chaussées, 2004. Available at
http ://cermics.enpc.fr/ lelievre/rapports/these.pdf. In French.

A. 1. Leonov. Analysis of simple constitutive equations for viscoelastic liquids. J. non-newton. fluid
mech., 42(3) :323-350, 1992.

J. H. Lienhard IV and J. H. Lienhard V. A Heat Transfer Textbook. Phlogiston Press, Cambridge,
Mass., 2002.

J L Lions, D. Lukkassen, L E Persson, and P. Wall. Reiterated homogenization of monotone
operators. C. R. Acad. Sci. Paris, 330 :675-680, 2000.

F.-H. Lin, C. Liu, and P. W. Zhang. On hydrodynamics of viscoelastic fluids. Comm. Pure Appl.
Math., 58(11) :1437-1471, 2005.

Z. Lei, C. Liu, and Y. Zhou. Global solutions for incompressible viscoelastic fluids. Archive for
Rational Mechanics and Analysis, 188(3) :371-398, 2008.

H. Le Meur. Existence locale de solutions des équations d’un fluide viscoélastique avec frontiere
libre. C. R. Acad. Sci. Paris Sér. I Math., 320(1) :125-130, 1995.

P.-L. Lions and N. Masmoudi. Global solutions for some Oldroyd models of non-Newtonian flows.
Chin. Ann. Math. Ser. B, 21 :131-146, 2000.

P.-L. Lions and N. Masmoudi. Global existence of weak solutions to some micro-macro models. C.
R. Math. Acad. Sci. Paris, 345 :15-20, 2007.

A. Lozinski and R. G. Owens. An energy estimate for the Oldroyd-B model : theory and applica-
tions. J. Non-Newtonian Fluid Mech., 112 :161-176, 2003.

M. Loeve. Probability Theory, volume I-II. Springer, New York, 1978.

A. Lozinski. Spectral methods for kinetic theory models of viscoelastic fluids. PhD thesis, EPFL,
2003.

P. Lesaint and P.A. Raviart. Mathematical Aspects of Finite Elements in Partial Differential
Equations, chapter On a Finite Element Method for Solving the Neutron Transport Equation,
pages 89-123. Academic Press, (c. de boor ed.) edition, 1974.

Y. J. Lee and J. Xu. New formulations, positivity preserving discretizations and stability analysis
for non-Newtonian flow models. Comput. Methods Appl. Mech. Engrg., 195 :1180-1206, 2006.

T. Li and P.-W. Zhang. Mathematical analysis of multi-scale models of complex fluids. Commun.
Math. Sci., 5 :1-51, 2007.

T. Li, H. Zhang, and P.-W. Zhang. Local existence for the dumbbell model of polymeric fuids.
Comm. Partial Differential Equations, 29 :903-923, 2004.

Y. Maday. Reduced—basis method for the rapid and reliable solution of partial differential equations.
In Proceedings of International Conference of Mathematicians, Madrid. European Mathematical
Society Eds., 2006.

N. Masmoudi. Well posedness of the FENE dumbbell model of polymeric flows. Comm. Pure Appl.
Math., 61 :1685-1714, 2008.

A M Matache, I. Babuska, and C. Schwab. Generalized p-FEM in homogenization. Numerische
Mathematik, 86 :319-375, 2000.

J.M. Marchal and M.J. Crochet. A new mixed finite element for calculating viscoelastic flow. J.
Non-Newtonian Fluid Mech, 26 :77-114, 1987.

C. Mangoubi, M. A. Hulsen, and R. Kupferman. Numerical stability of the method of brownian
configuration fields. Journal of Non-Newtonian Fluid Mechanics, 157(3) :188-196, 2009.

L. Mathelin, M.Y. Hussaini, and T.A. Zang. Stochastic approaches to uncertainty quantification
in cfd simulations. Numerical Algorithms, 38 :209-236, 2005.

235



[MKO5]

[MMO*00]

[MMPO1]

[MNKOg)]
[MNPP0Y]
[MO95]
[MPS88]

[MPT02a]

[MPTO2b)]

[MTS6]

[MTO06]

[New94]
[New96]
INK02]

[Nou07]

[Nou08]

[NPSO]

[NRHPOY]

[NRPOY]
[NTWO08]

[NVP05a]

H.G. Matthies and A. Keese. Galerkin methods for linear and nonlinear elliptic stochastic pdes.
Comput. Meth. Appl. Mech. Eng., 194 :1295-1331, 2005.

L. Machiels, Y. Maday, I. B. Oliveira, A. T. Patera, and D.V. Rovas. Output bounds for reduced-
basis approximations of symmetric positive definite eigenvalue problems. C. R. Acad. Sci. Paris,
Série I, 331(2) :153-158, 2000.

L. Machiels, Y. Maday, and A. T. Patera. Output bounds for reduced-order approximations of
elliptic partial differential equations. Comp. Meth. Appl. Mech. Engrg., 190(26-27) :3413-3426,
2001.

P. Surya Mohan, P. B. Nair, and A. J. Keane. Multi-element stochastic reduced basis methods.
Computer Methods in Applied Mechanics and Engineering, 197(17-18) :1495-1506, 2008.

Y. Maday, N. C. Nguyen, A. T. Patera, and G. Pau. A general, multipurpose interpolation proce-
dure : the magic points. Communications on Pure and Applied Analysis, 8(1) :383-404, 2009.

M. Melchior and H.C. Ottinger. Variance reduced simulations of stochastic differential equations.
J. Chem. Phys., 103 :9506-9509, 1995.

K. W. Morton, A. Priestley, and E. Siili. Convergence analysis of the Lagrange-Galerkin method
with non-exact integration. M2AN, 22(4) :625-653, 1988.

Y. Maday, A. T. Patera, and G. Turinici. A Priori convergence theory for reduced-basis approxi-
mations of single-parameter elliptic partial differential equations. Journal of Scientific Computing,
17(1-4) :437-446, 2002.

Y. Maday, A.T. Patera, and G. Turinici. Global a priori convergence theory for reduced-basis
approximations of single-parameter symmetric coercive elliptic partial differential equations. C. R.
Acad. Sci. Paris, Ser. I, 335(3) :289-294, 2002.

R. Mneimne and F. Testard. Introduction a la théorie des groupes de Lie classiques. Hermann,
1986.

G.N. Milstein and M.V. Tretyakov. Practical variance reduction via regression for simulating
diffusions. Technical Report MA-06-19, School of Mathematics and Computer Science, University
of Leicester, 2006.

N. J. Newton. Variance reduction for simulated diffusions. SIAM J. Appl. Math., 54(6) :1780-1805,
1994.

A. J. Newman. Model reduction via the Karhunen-Loeve expansion part i : an exposition. Technical
Report 96-322, Institute for System Research, University of Maryland, 1996.

P. B. Nair and A. J. Keane. Stochastic reduced basis methods. AIAA Journal, 40(8) :1653-1664,
2002.

A. Nouy. A generalized spectral decomposition technique to solve a class of linear stochastic partial
differential equations. Computer Methods in Applied Mechanics and Engineering, 196(45-48) :4521—
4537, 2007.

A. Nouy. Generalized spectral decomposition method for solving stochastic finite element equa-
tions : Invariant subspace problem and dedicated algorithms. Computer Methods in Applied Me-
chanics and Engineering, 197(51-52) :4718-4736, 2008.

A. K. Noor and J. M. Peters. Reduced basis technique for nonlinear analysis of structures. AIAA
Journal, 18(4) :455-462, 1980.

N. C. Nguyen, G. Rozza, D. B. P. Huynh, and A. T Patera. Reduced basis approximation and
a posteriori error estimation for parametrized parabolic pdes; application to real-time bayesian
parameter estimation. In Biegler, Biros, Ghattas, Heinkenschloss, Keyes, Mallick, Tenorio, van
Bloemen Waanders, and Willcox, editors, Computational Methods for Large Scale Inverse Problems
and Uncertainty Quantification, John Wiley & Sons, UK, 2009.

N. C. Nguyen, G. Rozza, and A. T. Patera. Reduced basis approximation and a posteriori error
estimation for the time-dependent viscous burgers equation. Calcolo, (46) :157-185, 2009.

F. Nobile, R. Tempone, and C.G. Webster. A sparse grid stochastic collocation method for partial
differential equations with random input data. SIAM J. Numer. Anal., 46 :2309-2345, 2008.

N. C. Nguyen, K. Veroy, and A. T. Patera. Certified real-time solution of parametrized partial
differential equations. In S. Yip, editor, Handbook of Materials Modeling, pages 1523-1558. Springer,
2005.

236



[NVPO5b]
[096]

[005]
[Oks03]

[OP02]

[OSW99]

[OvdBHY7]
[PGOO]

[Pin85)
[Pir82]

[Pir0g]
[Por85]
[PPO5]

[PRO7a)

[PROTb]

[Pro08]

[PRV*02]

[Qua0g]
[Ren00)
[RHSS]

[RHPOS]

[S88]
[San99]

[SBY5]

N. C. Nguyen, K. Veroy, and A.T. Patera. Certified real-time solution of parametrized partial
differential equations, pages 1523-1558. Springer, 2005. (S. Yip, editor).

H. C. Ottinger. Stochastic Processes in Polymeric Fluids. Springer Verlag, Berlin - Heidelberg,
1996.

H. C. Ottinger. Beyond equilibrium thermodynamics. John Wiley, New Jersey, 2005.

B. Oksendal. Stochastic Differential Equations. An Introduction with Applications. Springer-Verlag,
2003.

R. G. Owens and T. N. Philips. Computational rheology. Imperial College Press / World Scientific,
2002.

M. Ostoja-Starzewski and X. Wang. Stochastic finite elements as a bridge between random material
microstructure and global response. Computer Methods in Applied Mechanics and Engineering,
168(1-4) :35-49, 1999.

H. C. Ottinger, B. H. A. A. van den Brule, and M. A. Hulsen. Brownian configuration fields and
variance reduced CONNFFESSIT. J. Non-Newtonian Fluid Mech., 70(30) :255 — 261, 1997.

M. F. Pellissetti and R. G. Ghanem. Iterative solution of systems of linear equations arising in the
context of stochastic finite elements. Adv. Eng. Softw., 31(8-9) :607-616, 2000.

A. Pinkus. n-Widths in Approximation Theory. Springer, 1985.

O. Pironneau. On the transport-diffusion algorithm and its application to the Navier-Stokes equa-
tions. Numer. Math., 3 :309-332, 1982.

O. Pironneau. Calibration of options on a reduced basis. Journal of Computational and Applied
Mathematics, In Press, Corrected Proof :—, 2008.

T. A. Porsching. Estimation of the error in the reduced basis method solution of nonlinear equations.
Mathematics of Computation, 45(172) :487-496, 1985.

G. Pages and J. Printems. Functional quantization for numerics with an application to option
pricing. Monte Carlo Methods and Appl., 11(4) :407-446, 2005.

A. T. Patera and E. M. Rgnquist. Reduced basis approximations and a posterior: error estimation
for a Boltzmann model. Computer Methods in Applied Mechanics and Engineering, 196 :2925-2942,
2007.

A. T. Patera and G. Rozza. Reduced Basis Approximation and A Posteriori Error Estimation
for Parametrized Partial Differential FEquations. Copyright MIT, 2006-2007. To appear in MIT
Pappalardo Monographs in Mechanical Engineering.

Andreas Prohl. Convergent finite element discretizations of the nonstationary incompressible ma-
gnetohydrodynamics system. ESAIM : M2AN, 42(6) :1065-1087, nov 2008.

C. Prud’homme, D. Rovas, K. Veroy, Y. Maday, A. T. Patera, and G. Turinici. Reliable real-time
solution of parametrized partial differential equations : Reduced-basis output bounds methods.
Journal of Fluids Engineering, 124(1) :70-80, 2002.

A. Quarteroni. Numerical Models for Differential Problems, volume 2 of Modeling, Simulation and
Applications. Springer, a. quarteroni et al. edition, 2009.

M. Renardy. Mathematical Analysis of Viscoelastic Flows, volume 73 of CBMS-NSF Conference
Series in Applied Mathematics. STAM, 2000.

J. M. Rallison and E. J. Hinch. Do we understand the physics in the constitutive equation? J.
Non-Newtonian Fluid Mech., 29 :37-55, 1988.

G. Rozza, D.B.P. Huynh, and A. T. Patera. Reduced basis approximation and a posteriori error
estimation for affinely parametrized elliptic coercive partial differential equations — application to
transport and continuum mechanics. Arch. Comput. Methods Eng., 15(3) :229-275, 2008.

E. Siili. Convergence and nonlinear stability of the Lagrange-Galerkin method for the Navier-Stokes
equations. Numer. Math., 53 :459-483, 1988.

D. Sandri. Non integrable extra stress tensor solution for a flow in a bounded domain of an Oldroyd
fluid. Acta Mech., 135(1-2) :95-99, 1999.
R Sureshkumar and A N Beris. Effect of artificial stress diffusivity on the stability of numerical

calculations and the flow dynamics of time-dependent viscoelastic flows. Journal of Non-Newtonian
Fluid Mech, 60 :53-80, 1995.

237



[SBLOG]
[Sch06]
[Sen0g]

[SF73a]
[SF73b)]

[SGO04]

[Sim87]
[SNKO6]

[SR94]

[SSTOS]
[STO6]
[SV85]

[SVH*06]

[Tem66]
[Tems4]
[TS07a]
[TSO7D]
[V.J05]

[V.NOS]

[VPO5]

[VPRP03a]

[VPRP03b)

[VRP02]

B. Sudret, M. Berveiller, and M. Lemaire. A stochastic finite element procedure for moment and
reliability analysis. Rev. Eur. Méca. Num, 15(7-8) :825-866, 2006.

J. D. Schieber. Generalized Brownian configuration field for Fokker—Planck equations including
center-of-mass diffusion. J. Non-Newtonian Fluid Mech., 135 :179-181, 2006.

S. Sen. Reduced-basis approximation and a posteriori error estimation for many-parameter heat
conduction problems. Numerical Heat Transfer, Part B : Fundamentals, 54(5), 2008.

G. Strang and G. J. Fix. An Analysis of the Finite Element Method. Prentice-Hall, 1973.

W.G. Strang and G.J. Fix. An Analysis of the Finite Element Method. Wellesley-Cambridge Press,
1973.

C. Soize and R. Ghanem. Physical systems with random uncertainties : Chaos representations with
arbitrary probability measure. SIAM Journal on Scientific Computing, 26(2) :395-410, 2004.

J. Simon. Compact sets in the space LP(0,7;B). Ann. Math. Pura. Appl., 146 :65-96, 1987.

S. K. Sachdeva, P. B. Nair, and A. J. Keane. Hybridization of stochastic reduced basis methods
with polynomial chaos expansions. Probabilistic Engineering Mechanics, 21 :182-192, 2006.

T. Sato and M. S. Richardson. Numerical simulation method for viscoelastic flows with free sur-
faces - fringe element generation method. International Journal for Numerical Methods in Fluids,
19(7) :555-574, 1994.

Ch. Schwab, E. Siili, and R.-A. Todor. Sparse finite element approximation of high-dimensional
transport-dominated diffusion problems. Math. Models Methods Appl. Sci., 42 :777-820, 2008.

C. Schwab and R.A. Todor. Karhunen-loéve approximation of random fields by generalized fast
multipole methods. Journal of Computational Physics, 217(1) :100-122, 2006.

L. R. Scott and M. Vogelius. Norm estimates for a maximal right inverse of the divergence operator
in spaces of piecewise polynomials. RAIRO Model. Math. Anal. Numer., 19 :111-143, 1985.

S. Sen, K. Veroy, D. B. P. Huynh, S. Deparis, N. C. Nguyen, and A. T. Patera. “Natural norm”
a posteriori error estimators for reduced basis approximations. Journal of Computational Physics,
217 :37-62, 2006.

R. Temam. Sur Iapproximation des équations de Navier-Stokes. C. R. Acad. Sc. Paris, Série A,
262 :219-221, 1966.

R. Temam. Navier-Stokes Equations. Theory and Numerical Analysis (Third Edition), volume 2
of Studies in Mathematics and its Applications. North-Holland, Amsterdam, 1984.

B. Thomases and M. Shelley. Emergence of singular structures in Oldroyd-B fluids. Phys. Fluids,
19(12) :103103.1-103103.12, 2007.

R.A. Todor and C. Schwab. Convergence rates for sparse chaos approximations of elliptic problems
with stochastic coefficients. IMA Journal of Numerical Analysis, 27 :232-261, 2007.

G. Venkiteswaran and M. Junk. Quasi-monte carlo algorithms for diffusion equations in high
dimensions. Math. Comput. Simul., 68(1) :23-41, 2005.

V.N.Temlyakov. Nonlinear methods of approximation. Foundations of Computational Mathematics,
3 :33-107, 2008.

K. Veroy and A. T. Patera. Certified real-time solution of the parametrized steady incompressible
Navier-Stokes equations ; Rigorous reduced-basis a posteriori error bounds. International Journal
for Numerical Methods in Fluids, 47 :773-788, 2005.

K. Veroy, C. Prud’homme, D. V. Rovas, and A. T. Patera. A Posteriori error bounds for reduced-
basis approximation of parametrized noncoercive and nonlinear elliptic partial differential equa-
tions. In Proceedings of the 16th AIAA Computational Fluid Dynamics Conference, 2003. Paper
2003-3847.

K. Veroy, C. Prud’homme, D.V. Rovas, and A. T. Patera. A posteriori error bounds for reduced-
basis approximation of parametrized noncoercive and nonlinear elliptic partial differential equa-
tions. In 16th AIAA Computational Fluid Dynamics Conference, June 2003.

K. Veroy, D. Rovas, and A. T. Patera. A Posteriori error estimation for reduced-basis approxi-
mation of parametrized elliptic coercive partial differential equations : “convex inverse” bound
conditioners. ESAIM : Control, Optimization and Calculus of Variations, 8 :1007-1028, 2002.

238



[WH98a]

[WHOSb]

[Wie38]
[WKO5]

[WKO9]

[WKLO0O]
[XHO5]
[XK02]
[Xu07]

[YHO7]

P. Wapperom and M. A. Hulsen. Response to “comment on : ‘thermodynamics of viscoelastic
fluids : The temperature equation’ ” [j. rheol. [bold 42], 1565-1567 (1998)]. Journal of Rheology,
42(6) :1569-1570, 1998.

P. Wapperom and M. A. Hulsen. Thermodynamics of viscoelastic fluids : the temperature equation.
J. Rheol., 42(5) :999-1019, 1998.

N. Wiener. The homogeneous chaos. Am. J. Math., 60 :897-936, 1938.

X. Wan and G.E. Karniadakis. An adaptive multi-element generalized polynomial chaos method
for stochastic differential equations. Journal of Computational Physics, 209 :617-642, 2005.

X. Wan and G.E. Karniadakis. Error control in multi-element generalized polynomial chaos method
for elliptic problems with random coefficients. Communications in Computational Physics, 5(2—
4) :793-820, 2009.

P. Wapperom, R. Keunings, and V. Legat. The backward-tracking lagrangian particle method for
transient viscoelastic flows. J. Non-Newtonian Fluid Mech., 91 :273-295, 2000.

D. Xiu and J.S. Hesthaven. High-order collocation methods for differential equations with random
inputs. SIAM Journal on Scientific Computing, 27(3) :1118-1139, 2005.

D. Xju and G.E. Karniadakis. The Wiener—Askey polynomial chaos for stochastic differential
equations. Journal on Scientific Computing, 24 :619-644, 2002.

X. Frank Xu. A multiscale stochastic finite element method on elliptic problems involving uncer-
tainties. Computer Methods in Applied Mechanics and Engineering, 196(25-28) :2723-2736, 2007.

J. Yvonnet and Q. C. He. The reduced model multiscale method (r3m) for the non-linear homo-
genization of hyperelastic media at finite strains. Journal of Computational Physics, 223 :341-368,
April 2007.

239



