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Constructive Mathematics and Computer Science

» The Curry-Howard correspondence:

» proofs are programs;

» theorems are specifications.
» Constructive type theory and the Coq proof assistant
» Coq is a tool for developing formal proofs:

» of theorems in Constructive Mathematics;
» of correctness of programs with respect to a specification.



Introduction Boolean completeness

Classical NBE Intuitionistic NBE
oeo 0000000

Delimited control in Logic
00000 00000000

00000000

Completeness theorems as programs

» A formalised Completeness theorem — a tool to switch between
model theoretic and proof theory arguments inside Coq

» Conections between Completeness and
Normalisation-by-Evaluation
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Completeness for standard semantics

Theorem (Godel 1930)
Aisvalid if and only if A is derivable

A - derivable there is a derivation tree for A in classical 1st-order
logic
A -valid Tarski’s truth definition:

MEANB = MEAand 4 EB
MEAVB = MEAor MEB
MEA—B = M EAimplies./ EB
M EIAxA(x) = exists twith 4 E A(f)
MENXA(x) := foranyt, /4 = A1)

MEL = false
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Is it constructive?

Theorem (McCarty 1996)
No? — Completeness implies Markov’s Principle (MP)
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Is it constructive?

Theorem (McCarty 1996)
No? — Completeness implies Markov’s Principle (MP)

Theorem (Krivine 1996)

Yes? — Godel’s proof is constructive, if we allow one more model — the
model that validates 1
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What is the algorithm behind Krivine’s proof?

» Krivine’s proof carried out in classical 2nd-order arithmetic

» From the form of the statement, he concludes there is a proof
in intuitionistic 2nd-order arithmetic

» Formalisation in Phox (PA,) by Raffalli; algorithm extracted but
“unreadable”

» Proof unwound in (Berardi-Valentini 2004): main ingredient a
constructive ultra-filter theorem
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Constructive Ultra-filter Theorem

98 countable Boolean algebra
Filter subset of 28 which is inhabited, <-closed and
A-closed
belX =3ay,...,aneX. a1 N---Nay<Db
X-complete (fice X — leX)—ceX, forallce
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Constructive Ultra-filter Theorem

98 countable Boolean algebra
Filter subset of 28 which is inhabited, <-closed and
A-closed

belX =3ay,...,aneX. a1 N---Nay<Db
X-complete (fice X — leX)—ceX, forallce
Theorem (Berardi-Valentini 2004)
Every filter F can be extended to a complete filter Z(F), so that
F~ZF) (Le F—— 1l eZ(F))

Proof.

K F
Fn 1(Fpuib|"b'=n,Fy ~1(F,u{b)})
Z = UF

neN
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From Ultra-filter theorem to Completeness

Instantiate 28 with the Lindenbaum Boolean algebra:

a<b:=at+b
anb = F-(a=>b)

If X is a set of axioms, then

acZ(1X)

means
In.Arc F,(1X).I'taq,

which implies,
ArcX.I'ta

Delimited control in Logic
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Computational content

Reflection:
(a=>beZ—aeZ— be”Z

m— n— max(m, n)

Reification:
(aeZ— beZ)— (a=>beZ

let c:= (a= b) in Z-complete

Z-complete is a kind of meta-level = —g:

(ceZ—1leZ)— 1leZ)—ce”Z

Delimited control in Logic
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Conclusion

Contribution:
» detailed Henkin-style argument formalised in Type Theory;
» generalisation to setoids of the Ultra-filter Theorem.
Future work:

» develop a proof/algorithm not parametrised by an
enumeration (using delimited control);

» finish the Coq formalisation.
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Classical Completeness via Kripke-style Models

Motivation

Get a completeness theorem for computational classical calculi -
reduction relation should be preserved.

Follow Normalization-by-Evaluation (NBE) methodology
(Berger-Schwichtenberg 1991):

Theorem (Soundness/Evaluation)
Ir'“A—vw,whtl — wlA

Theorem (Completeness/Reification)
Vw,wl-T — wlFA) —THFYA
Corollary (NBE)

The composition (Completeness o Soundness) normalizes proof
terms inton-long 3-normal form.



Introduction Boolean completeness Classical NBE Intuitionistic NBE Delimited control in Logic
[e]e]e} 0000000 0@000 00000000 00000000

Standard Kripke models

Start with a structure (K, <, D,I, |- ), and extend I to non-atomic
formulas:
wlk
AAB wlFAand wl- B
AV B wl-Aor wl-B
A— B forany w = w, if W I+ Athen w' I+ B
VxP(x) forany w = wand any ae D(w), w |- P(a)
JxP(x) thereis a€ D(w) such that wl- P(a)
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Kripke-style models (Call-by-value variant)

Like with Kripke models, start with a structure (K, <, D, I,/ ), and
extend strong forcing (II-5) to non-atomic formulas:
wlkg
AAB wi-Aand wi-B
AV B wlkFAor wiFB
A— B forany w' = w, if w/|FAthen w'l-B
VxP(x) forany w' = wand any ae D(w'), w'l-P(a)
JxP(x) there is a€ D(w) such that wi-P(a)
where the non-s-annotated |- is (non-strong) forcing:

whtA:=Vu 2 w.(Vus, = wp.unlbsA— un b)) — wy IF

"refutation" wy:Al-
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Completeness for Kripke-style models and LK,,;

Theorem (Soundness)

c:THA) = foranyw,wl-T and w: Al- implies wlt-|
I'+t:AIA = forany w,wlFT and w: AlF implies wiF A
le:AFA = foranyw,wl-T and w: Al- implies w: Al

Theorem (Completeness)
(I, A) IF A= there is a term t such thatT ¢ t: A|A
(I',A) : Al-= there is an ev. context e such thatT'|e: At A
Proof.
Make a Universal model % from the derivation system:
» worlds are pairs (I, A)

» strong forcing is cut-free derivability of atoms:
[A) s X:=36. T ke t: XIA

» exploding nodes are cuts: (I, A) I-;:=3c. ¢: (['F¢p A)
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Conclusion

» New notion of model for classical logic
» Not as simple as Boolean models
» But, reduction is preserved

» Dual notion of model that gives call-by-name normalization
strategy

» Proofs formalised in Coq
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Completeness of Intuitionistic Logic for Kripke models

» Kripke models are a standard semantics for intuitionistic logic
» But, there is no (simple) constructive proof with v, 3:

» classical Henkin-style proofs (Kripke 1965)

» using Fan Theorem (Veldman 1976)

» a constructive proof would imply MP (Kreisel 1962)
» On the other hand, a well-typed functional program for NBE of

A~V (Danvy 1996)
» using delimited-control operators shift and reset
(Danvy-Filinski 1989)
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Completeness/NBE for A~
What the problem is

Theorem (NBE)
4 ("reify"): TIFA—T YA
14 ("reflect”): TH®A—TIFA

Proof of case
Given a derivation T - Av B, decide: T I+ Aor T’ IF B? O

TAVB
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Shift () and reset (#) delimited control operators

Examples

#V -V
#F[FLk.p] — #plk:= Ax.#F[x]}
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Shift () and reset (#) delimited control operators

Examples

#V -V
#F[FLk.p] — #plk:= Ax.#F[x]}

1+#2+ Fk.k(k4))
—1+#((Aa#2+a) (La#2+ a)d)
—T1+###8))

—Tg
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Completeness/NBE for A~

Solution of Danvy: use delimited control operators shift () and reset (#)

Theorem (NBE)
12 ("reify"): TIFA—TF"YA
14 ("reflect”): TH*®A—TIFA

Proof of case 14V5.
Given a derivation eof T " Av B, decide: T'IF Aor T IF B, by

Sk Vi e(x—#kleft 14, 0) (y— #k(xight 17 5 )
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Completeness/NBE for A~

Solution of Danvy: Issues

» We are convinced the program computes correctly

» There should be a corresponding completeness proof for
Kripke model

» Type-and-effect system: types A— Bbecome A/a — B/f3, what
is the logical meaning?

» Typing via classical logic
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Completeness for Intuitionistic Predicate Logic (IQC)

Extracting a notion of model from Danvy’s solution

Like with Kripke models, start with a structure (K, <, D, Ik, IF" 1),
and extend strong forcing (I-¢) to non-atomic formulas:
wlkg
AAB wiFAand wi-B
AV B wiFAor wi-B
A— B forany w' > w, if w/IFA then w'I-B
VxP(x) forany w = wand any ae D(w'), w'-P(a)
JxP(x) thereis a€ D(w) such that wltP(a)
where the non-s-annotated |- is (non-strong) forcing:

whFA:=VCVYw, =z2w.Nu, = wy.unlFs A— un I-¢ 1) —u I-¢ n
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Completeness for IQC via Kripke-style models

Theorem (NBE)
4 ("reify"): TIFA—T YA
14 ("reflect"): TH®A—TIFA

Proof of case
Given a derivation eof I' F"® Av B, prove I' | Av Bi.e.

TAVB

VC.VI'1 =2T. (VI =2T'1.1 “‘sAOI‘ I ||—SB—> IoH))—-T1 1

by
k— vEg e(x— k(left T?:A,r x)) (y— k(right Tf:B,F »)
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Conclusion

» Contribution:

» New notion of model for Intuitionistic logic
» B-Normalises A-calculus with sum

» But, not as simple as Kripke models

» Formalised in Coq

» Future work:

Delimited control in Logic
00000000

» Find a good logical system for delimited control that can prove

completeness for standard Kripke models
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Delimited control operators in Logic

» Should allow us to give a constructive proof of completeness
for Kripke semantics (Danvy’s NBE functional program)

» Herbelin: delimited control allows to derive Markov’s Principle
(Herbelin 2010) and the Double Negation Shift

» Allow to simulate any monadic computational effect (Filinski
1994)
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Proof term A-calculus with . and #
Proof terms:

pgra=alupliplcasepof (aqlb.r)|(p,@|mipla2plAa.pl
| pg| Ax.p| pt| (t,p)|dest pas (x.a) inq|#p| Fk.p



Introduction Boolean completeness Classical NBE Intuitionistic NBE Delimited control in Logic
[e]e]e} 0000000 00000 00000000 0O@000000

Proof term A-calculus with . and #
Proof terms:

pgra=alupliplcasepof (aqlb.r)|(p,@|mipla2plAa.pl
| pg| Ax.p| pt| (t,p)|dest pas (x.a) inq|#p| Fk.p

Values:
Vi=aluVIpVI|(V, V)|, V)| dapl Ax.p
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Proof term A-calculus with . and #
Proof terms:
pgra=alupliplcasepof (aqlb.r)|(p,@|mipla2plAa.pl
| pg| Ax.p| pt| (t,p)|dest pas (x.a) inq|#p| Fk.p

Values:
Vi=aluVIpVI|(V, V)|, V)| dapl Ax.p

Pure evaluation contexts:

P:=[]|case Pof (a1.pillaz.p2) | 1P| 2P| dest Pas (x.a) in p|
Pq| (Aa.q)P| Pt|uP|P|(P,p)| (V,P)]|(¢,P)
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Proof term A-calculus with . and #
Proof terms:

pgra=alupliplcasepof (aqlb.r)|(p,@|mipla2plAa.pl
| pg| Ax.p| pt| (t,p)|dest pas (x.a) inq|#p| Fk.p

Values:
Vi=aluVIpVI|(V, V)|, V)| dapl Ax.p

Pure evaluation contexts:

P:=[]|case Pof (a1.pillaz.p2) | 1P| 2P| dest Pas (x.a) in p|
Pg| (Aa.q)P| PtluP| Pl (P,p) | (V,P)|(t,P)
Reduction: (Call-by-value strategy)
(Aa.p)V — piVia} case;Vof (ar.pillaz.p2) — pilV/ay
(Ax.p)t — plt/x} dest (¢, V) as (x.a) in p— pit/x}{V/a}
(i, Vo) — Vi #P[Sk.p) — #p{(Aa#Pla)) Ik}
#V -V Elp] — E[p/] when p— p!
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Typing/Logical system MQC*

The usual rules of MQC (minimal predicate logic), potentially

annotated,
P A
plus rules for reset and shift:
THip:T
e #p:T

I k:A=TkH5p:T
TH.FkpA

T denotes a {=, V}-free formula (“2Z-formula”)
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Deriving MP and DNS

Markov’s Principle (predicate logic version):
118> S, for SaX-formula

Aa#Llg(a(Ab. #k.b))

Delimited control in Logic
000®0000
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Deriving MP and DNS

Markov’s Principle (predicate logic version):
118> S, for SaX-formula

Aa#Llg(a(Ab. #k.b))

Double Negation Shift (predicate logic version):
Vx(mAx) = 1 (VXAX))

Aa.Ab#b(Ax. & k.axk)
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Equiconsistency of MQC* with MQC

By the call-by-value continuation-passing-style translation (related
to Glivenko'’s double-negation translation)

AT:=Ar=>T)>T

Ar:=A if Ais a atomic
(AOB)7:=Ar0Br forOd=v,A
(A= B)y:=Ar= BT
(FA)7:=3Ar

(VA) r:=vAT
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Relationship to classical and intuitionistic logic
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Theorem (Equiconsistency)

Given a derivation of T =+ A, which uses & and # for the X -formula
T, we can build a derivation of T =™ AT,

Theorem (Glivenko’s Theorem extended to quantifiers)

F*—2A—— DNSF AL —F€A
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Properties of MQC*

Theorem (Subject Reduction)
IfT+! p:Aandp— q, thenT +{ q: A.

Theorem (Progress)

If=% p: A pis not a value, and p is not of form PLLk.p], then p
reduces in one step to some proof term r.

Theorem (Normalisation)

For every closed proof term py, such that=* py : A, there is a finite
reduction path py — p1 — ... — pp ending with a value py,.

Corollary (Disjunction and Existence Properties)

If=* Av B, then+" Aor+* B.
If+=" 3AxA(x), then there exists a closed term t such that =" A().
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Conclusion

» Contribution:

> A typing system for delimited control which remains
intuitionisitc (DP and EP) while deriving MP, DNS
» But, only one use of MP is allowed

» Future work:
> Annotating a derivation by a context A, like in (Herbelin 2010):

TE pap:T
T} #ap:T
I,k:A=> Tl_z:T,A p:T

THr A FakpiA

> Connection to Fan Theorem, Open Induction, and other
principles of Intuitionistic Reverse Mathematics
> Alogical study of computational effects
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