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■ ❛♠ ❣r❛t❡❢✉❧ t♦ t❤❛♥❦ ◆✐③❛r ❚♦✉③✐ ❢♦r ❤✐s ❈♦♠♣r❡❤❡♥s✐✈❡ s✉♣♣♦rt ❞✉r✐♥❣ ♠② P❤❉✱

t❤❡ st❛✛ ♦❢ ❈▼❆P ❢♦r t❤❡✐r ❛❞♠✐♥✐str❛t✐✈❡ s✉♣♣♦rts ❞✉r✐♥❣ ♠② P❤❉✱ ❛❧❧ t❤❡ ♠❡♠❜❡rs

♦❢ ❜♦❛r❞ ♦❢ ❡①❛♠✐♥❡rs ❢♦r t❤❡ t✐♠❡ t❤❡② s♣❡♥❞ ♦♥ t❤❡ ♠❛♥✉s❝r✐♣t ♦❢ ♠② t❤❡s✐s ❛♥❞

♦♥ t❤❡ ❞❡❢❡♥s❡ s❡❝t✐♦♥ ❛♥❞ ❛❧s♦ ❢♦r t❤❡✐r ✉s❡❢✉❧ s✉❣❣❡st✐♦♥ ❛❜♦✉t t❤✐s ✇♦r❦s✱ ❚♦♠

❍✉r❞ ❢♦r ❤✐s ❢r✉✐t❢✉❧ s✉❣❣❡st✐♦♥s ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ t❤❡s❡✱❋✐❡❧❞s ■♥st✐t✉t❡ ❢♦r

❘❡s❡❛r❝❤ ✐♥ ▼❛t❤❡♠❛t✐❝s ❢♦r t❤❡ ❤♦st✐♥❣ ♠② ❞❡❢❡♥s❡✱
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♠② ✇✐❢❡✱ ◆❛sr✐♥✱ t♦ ❜❡ ❡①tr❡♠❡❧② ♣❛t✐❡♥t ❛♥❞ ❤❡❧♣❢✉❧

❛♥❞ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❞❡✈♦t❡ t❤✐s ❚❤❡s✐s t♦ ❤❡r✳
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❆ Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞ ❢♦r ❋✉❧❧② ◆♦♥✕❧✐♥❡❛r P❛r❛❜♦❧✐❝
P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s

❆❜str❛❝t ❡♥ ❋r❛♥ç❛✐s✿ ❈❡t t❤❡s❡ ❛ ❞❡✉① ♣❛trt✐❡✳ ▲❛ ♣❛rt✐❡ ♣r❡♠✐❡r❡ ✐♥tr♦❞✉✐t

✉♥❡ ♠❡t❤♦❞❡ ♣r♦❜❛❜✐❧✐st❡ ♥✉♠❡r✐q✉❡ ♣♦✉r ❧❡s ❊❉Ps ♣❛r❛❜♦❧✐q✉❡ ❡t ❝♦♠♣❧❡t❡♠❡♥t

♥♦♥✲❧✐♥❛✐r❡ ❡t ♣✉✐s ♦♥ ❝♦♥s✐❞❡r s❛ ♣r♦♣❡r✐❡t❡s ❛s②♠♣t♦t✐q✉❡s ✭❝♦♥✈❡r❣❡♥❝❡ ❡t t❛✉①

❞❡ ❝♦♥✈❡r❣❡♥❝❡✮ ❡t ❛✉ss✐ ❧✬❛♥❛❧②s❡ ❞❡ ❧✬❡rr❡✉r ❞✉❡ à ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧✬❡s♣ér❛♥❝❡

❝♦♥❞✐t✐♦♥♥❡❧❧❡ ♣❛r ✉♥❡ ♠ét❤♦❞❡ ❞❡ t②♣❡ ▼♦♥t❡ ❈❛r❧♦✳ ▲❡s ❊❉Ps ❝♦♠♣❧èt❡♠❡♥t ♥♦♥✲

❧✐♥❛✐r❡s ❛♣♣❛r❛✐ss❡♥t ❞❛♥s ♣❧✉s✐❡✉rs ❛♣♣❧✐❝❛t✐♦♥s ❡♥ ✐♥❣é♥✐❡r✐❡✱ ❡❝♦♥♦♠✐❡ ❡t ✜♥❛♥❝❡✳

❈✐t♦♥s ♣❛r ❡①❛♠♣❧❡ ❧❡ ♣r♦❜❧❡♠❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞❡ ❢r♦♥t ♣❛r ❝♦✉r❜✉r❡ ♠♦②❡♥♥❡✱ ♦✉

❧❡ ♣r♦❜❧è♠❡ ❞❡ s❡❧❡❝t✐♦♥ ❞❡ ♣♦rt❡❢❡✉✐❧❧❡✳ ❯♥❡ ❝❧❛ss❡ ✐♠♣♦rt❛♥t❡ ❞✬❊❉P ❝♦♠♣❧❡t❡✲

♠❡♥t ♥♦♥✲❧✐♥é❛✐r❡ ❡st ❝♦♥st✐t✉é❡ ♣❛r ❧❡s éq✉❛t✐♦♥s ❞❡ ❍❏❇ ❞é❝♦✉❧❛♥t ❞✉ ❝♦♥trô❧❡

♦♣t✐♠❛❧ st♦❝❤❛st✐q✉❡✳ ❉❛♥s ❧❛ ♣❧✉♣❛rt ❞❡s ❝❛s✱ ✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ s♦❧✉t✐♦♥ ❞❛♥s ❧❡

s❡♥s❡ ❝❧❛ss✐q✉❡✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❛ ♥♦t✐♦♥ ❞❡ s♦❧✉t✐♦♥ ❞❡ ✈✐s❝♦s✐té ❡st ✉t✐❧✐sé ♣♦✉r

❧❡s ❊❉P ❝♦♠♣❡❧❡t❡♠❡♥t ♥♦♥✲❧✐♥é❛✐r❡s✳ ❊♥ r❛✐s♦♥ ❞❡ ♠❛♥q✉❡ ❞❡ ❞❡ s♦❧✉t✐♦♥ ❡①♣❧✐❝✐t❡

❞❛♥s ❞❡ ♥♦♠❜r❡✉s❡s ❛♣♣❧✐❝❛t✐♦♥s✱ ❧❡s s❝❤é♠❛s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ s♦♥t ❞❡✈❡♥✉s très

✐♠♣♦rt❛♥ts✳ P♦✉r ♠♦♥tr❡r ❧❛ ❝♦♥✈❡r❣❡♥❝❡✱ ❧❛ ♠ét❤♦❞❡ ✉t✐❧✐sé❡ ❞❛♥s ❝❡tt❡ t❤ès❡ ❛

été ✐♥tr♦❞✉✐t❡ ♣❛r ❇❛r❧❡s ❡t ❙♦✉❣❛♥✐❞✐s✳ ▲❡✉rs tr❛✈❛✉① ❢♦✉r♥✐ss❡♥t ❧❡ rés✉❧t❛t ❞❡

❝♦♥✈❡r❣❡♥❝❡ ✈❡rs ❞❡s s♦❧✉t✐♦♥s ❞❡ ✈✐s❝♦s✐té ♣♦✉r ✉♥❡ s♦❧✉t✐♦♥ ❛♣♣r♦❝❤é❡ ♦❜t❡♥✉❡

à ♣❛rt✐r ❝♦❤ér❡♥t❡✱ ♠♦♥♦t♦♥❡ ❡t st❛❜❧❡ ré❣✐♠❡✳ ❆✜♥ ❞✬♦❜t❡♥✐r ❧❡ t❛✉① ❞❡ ❝♦♥✈❡r✲

❣❡♥❝❡✱ ♥♦✉s ❛✈♦♥s s✉♣♣♦sé q✉❡ ❧❡ ❊❉P ❛ ♥♦♥✲❧✐♥é❛r✐té ❝♦♥❝❛✈❡ ❞❡ t②♣❡ ❍❏❇✳ ❊♥

❞✬❛✉tr❡s t❡r♠❡s✱ ❧❛ ♥♦♥✲❧✐♥é❛r✐té ❡st ✉♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ❞❡s ♦♣ér❛t❡✉rs ❧✐♥é❛✐r❡s✳

▲❛ t❤ès❡ ❛ ✉t✐❧✐sé ❧❛ ♠ét❤♦❞❡ ❞❡ ❑r②❧♦✈ ❞❡s ❝♦❡✣❝✐❡♥ts s❡❝♦✉é ❡t ❞✬❛♣♣r♦①✐♠❛t✐♦♥

♣❛r ✉♥ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❍❏❇ ❝♦✉♣❧é❡s ♣♦✉r ♦❜t❡♥✐r ❞❡s ❜♦r♥❡s s✉r ❧❡s t❛✉① ❞❡

❝♦♥✈❡r❣❡♥❝❡✳ ▲❛ ♠✐s❡ ❡♥ æ✉✈r❡ ❞✉ s❝❤é♠❛s r❡q✉✐❡rt ❞✬✐♥tr♦❞✉✐r❡ ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥

❞❡s ❡s♣ér❛♥❝❡s ❝♦♥❞✐t✐♦♥♥❡❧❧❡s✳ P♦✉r ✉♥❡ ❝❧❛ss❡ ❞✬❡st✐♠❛t❡✉rs✱ ♥♦✉s ❛✈♦♥s ♦❜t❡♥✉

✉♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ s✉r ❧❡ ♥♦♠❜r❡ ❞❡ ❝❤❡♠✐♥s é❝❤❛♥t✐❧❧♦♥ q✉✐ ♣rés❡r✈❡ ❧❛ ✈✐t❡ss❡

❞❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❜t❡♥✉❡ ❛✈❛♥t✳ ▲❛ ❣é♥ér❛❧✐s❛t✐♦♥ ❞❡ ❧❛ ♠ét❤♦❞❡ à ❞❡s éq✉❛t✐♦♥s

✐♥té❣r♦✲❞✐✛ér❡♥t✐❡❧❧❡s ❡st s✐♠♣❧❡ ❡t ♦♥ ♣❡✉t ✉t✐❧✐s❡r ❧❡s ♠ê♠❡s ❛❣r✉♠❡♥ts q✉❡ ❞❛♥s ❧❡

❝❛s ❧♦❝❛❧ ♣♦✉r ♦❜t❡♥✐r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❡t ❧❡ t❛✉① ❞❡ ❝♦♥✈❡r❣❡♥❝❡✳ ◆♦t♦♥s ❝❡♣❡♥❞❛♥t

q✉❡ ❧❡ ❝❛s ♥♦♥ ❧♦❝❛❧ ✐♥tr♦❞✉✐t ❧❛ ❞✐✣❝✉❧té s✉♣♣❧é♠❡♥t❛✐r❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s t❡r♠❡s

♥♦♥ ❧♦❝❛✉①✳ ▲❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ s❡r❛ t❡r♠✐♥é❡ ❡st ✐❧❧✉stré❡ ♣❛r q✉❡❧q✉❡s ❡①♣ér✐❡♥❝❡s

♥✉♠ér✐q✉❡s✳ ▲❛ ♠ét❤♦❞❡ ❡st ✉t✐❧✐sé❡ ♣♦✉r rés♦✉❞r❡ ❧❡ ♣r♦❜❧è♠❡ ❣é♦♠étr✐q✉❡ ❞❡s

✢✉① ❞❡ ❝♦✉r❜✉r❡ ♠♦②❡♥♥❡✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ sé❧❡❝t✐♦♥ s✉r ✉♥ ♣♦rt❡❢❡✉✐❧❧❡ ❞✬❛❝t✐❢s

❛✈❡❝ ✈♦❧❛t✐❧✐té st♦❝❤❛st✐q✉❡ ❞❛♥s ❧❡ ♠♦❞è❧❡ ❞❡ ❍❡st♦♥✱ ❡t ❧❡ ♣r♦❜❧è♠❡ ❞❡ sé❧❡❝t✐♦♥

❞❡ ♣♦rt❡❢❡✉✐❧❧❡ ❞❡ ❞❡✉① ❛❝t✐❢s à ❧❛ ❢♦✐s ❛✈❡❝ ✉♥❡ ✈♦❧❛t✐❧✐té st♦❝❤❛st✐q✉❡✱ ♦♥ s❛t✐s❢❛✐t

♠♦❞è❧❡ ❞❡ ❍❡st♦♥ ❡t ❧✬❛✉tr❡ ❈❊❱ ♠♦❞è❧❡✳

▲❛ ❞❡✉①✐è♠❡ ♣❛rt✐❡ ❞❡ ❧❛ t❤ès❡ tr❛✐t❡ ❞❡ ❧❛ ♣♦❧✐t✐q✉❡ ❞❡ ♣r♦❞✉❝t✐♦♥ ♦♣t✐♠❛❧❡ ❞❛♥s

❧❡ ♠❛r❝❤é ❞❡s ❛❧❧♦❝❛t✐♦♥s ❞❡s ♣❡r♠✐s ❞✬é♠✐ss✐♦♥ ❞❡ ❝❛r❜♦♥❡✳ ▲❡ ♠❛r❝❤é ❞❡s ♣❡r✲

♠✐s ❞✬é♠✐ss✐♦♥s ❞❡ ❝❛r❜♦♥❡ ❡st ✉♥❡ ❛♣♣r♦❝❤❡ ❞❡ ♠❛r❝❤é ♣♦✉r ♠❡ttr❡ ❡♥ æ✉✈r❡ ❧❡

♣r♦t♦❝♦❧❡ ❞❡ ❑②♦t♦✳ ◆♦✉s ❛✈♦♥s ❝❛❧❝✉❧é ❧❛ ♣r♦❞✉❝t✐♦♥ ♦♣t✐♠❛❧❡ ❞❛♥s ✹ ❝❛s✿ q✉❛♥❞

✐❧ ♥✬② ❛ ♣❛s ✉♥ t❡❧ ♠❛r❝❤é✱ q✉❛♥❞ ✐❧ ② ❛ ✉♥ t❡❧ ♠❛r❝❤é✱ ♠❛✐s s❛♥s ❣r❛♥❞ ♣r♦❞✉❝✲

t❡✉r ❞❡ ❝❛r❜♦♥❡✱ q✉❛♥❞ ✐❧ ② ❛ ✉♥ ❣r♦s ♣r♦❞✉❝t❡✉r q✉✐ ♥✬❡st ♣❛s t❡♥❡✉r ❞❡ ♠❛r❝❤é✱

❡t q✉❛♥❞ ✐❧ ❡①✐st❡ ✉♥ ♠❛r❝❤é ❛✈❡❝ ✉♥ ❣r❛♥❞❡ ♣r♦❞✉❝t❡✉r✳ ◆♦✉s ❛✈♦♥s ♠♦♥tré q✉❡



✐✈

❞❛♥s ❧❡s ♣r❡♠✐❡rs✱ ❧❛ ♣r♦❞✉❝t✐♦♥ ♦♣t✐♠❛❧❡ ❡st t♦✉❥♦✉rs ❞✐♠✐♥✉é❡✳ ❈❡♣❡♥❞❛♥t✱ ❞❛♥s

❧❡ ❞❡r♥✐❡r ❝❛s✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ❧❡ ❣r♦s ♣r♦❞✉❝t❡✉r ♣❡✉t ❜é♥é✜❝✐❡r ❞✉ ♠❛r❝❤é

❡♥ ❝❤❛♥❣❡❛♥t ❧❛ ♣r✐♠❡ ❞❡ r✐sq✉❡ ❞❡ ❧✬❛❧❧♦❝❛t✐♦♥ ❞❡ ❝❛r❜♦♥❡ ❡♥ r❛✐s♦♥ ❞❡ s❛ ♣r♦❞✉❝✲

t✐♦♥ ❞✬❛♣♣♦✐♥t✳ ❈❡tt❡ ♣❛rt✐❡ ❡st ✐❧❧✉stré❡ ♣❛r q✉❡❧q✉❡s ❡①♣ér✐❡♥❝❡s ♥✉♠ér✐q✉❡s q✉✐

♠♦♥tr❡ ❞❡s ❝❛s q✉❡ ❧❡ ❣r❛♥❞ ♣r♦❞✉❝t❡✉r ♣❡✉t ❜é♥é✜❝✐❡r ❞✬✉♥❡ ♣r♦❞✉❝t✐♦♥ ❞✬❛♣♣♦✐♥t✳



✈

❆❜str❛❝t ✐♥ ❊♥❣❧✐s❤✿ ❚❤✐s t❤❡s✐s ✐s ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ♣❛rts✳ ❋✐rst ♣❛rt ✐♥✲

tr♦❞✉❝❡s ❛ ♣r♦❜❛❜✐❧✐st✐❝ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ❢♦r ❢✉❧❧② ♥♦♥✕❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ P❉❊s❛♥❞

❝♦♥s✐❞❡r ✐ts ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ✭❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡✮ ❛♥❞ t❤❡

❡rr♦r ❛♥❛❧②s✐s ❞✉❡ t♦ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥✳ ❋✉❧❧② ♥♦♥✕❧✐♥❡❛r

P❉❊s ❛♣♣❡❛r ✐♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❡♥❣✐♥❡❡r✐♥❣✱ ❡❝♦♥♦♠✐❝s ❛♥❞ ✜♥❛♥❝❡ ✭s❡❡ ❡✳❣✳

♣r♦❜❧❡♠ ♦❢ ♣♦rt❢♦❧✐♦ s❡❧❡❝t✐♦♥ ❛♥❞ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇✮✳ ❆♥ ✐♠♣♦rt❛♥t ❝❧❛ss ♦❢

❋✉❧❧② ♥♦♥✕❧✐♥❡❛r P❉❊s ✐s t❤❡ ❍❏❇ ❡q✉❛t✐♦♥s ❛r✐s✐♥❣ ✐♥ st♦❝❤❛st✐❝ ♦♣t✐♠❛❧ ❝♦♥tr♦❧✳

■♥ ♠♦st ❝❛s❡s✱ t❤❡r❡ ❡①✐sts ♥♦ s♦❧✉t✐♦♥ ✐♥ ❝❧❛ss✐❝❛❧ s❡♥s❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♥♦t✐♦♥ ♦❢

✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ✐s ✉s❡❞ ❢♦r t❤❡ ❋✉❧❧② ♥♦♥✲❧✐♥❡❛r P❉❊s✳ ❉✉❡ t♦ t❤❡ ❧❛❝❦ ♦❢ ❝❧♦s❡❞

❢♦r♠ s♦❧✉t✐♦♥ ✐♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡s ❤❛✈❡ ❜❡❝♦♠❡ ❛♣✲

♣❡❛❧✐♥❣✳ ❚❤❡♥ ♦♥❡ ♥❡❡❞s t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥

t♦ t❤❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ ❋✉❧❧② ♥♦♥✲❧✐♥❡❛r P❉❊s✳ ❚❤❡ ♠❡t❤♦❞ ❤✐r❡❞ ✐♥ t❤✐s t❤❡s✐s

t♦ ♦❜t❛✐♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t✱ ✐s ✐♥tr♦❞✉❝❡❞ ❜② ❇❛r❧❡s ❛♥❞ ❙♦✉❣❛♥✐❞✐s ✐♥ ❝✐t❡❜❛r✲

❧❡ss♦✉❣❛♥✐❞✐s✳ ❚❤❡✐r ✇♦r❦ ♣r♦✈✐❞❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t t♦ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ❢♦r

❛♥② ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ❢r♦♠ ❝♦♥s✐st❡♥t✱ ♠♦♥♦t♦♥❡ ❛♥❞ st❛❜❧❡ s❝❤❡♠❡✳

■♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡✱ ✇❡ s✉♣♣♦s❡❞ t❤❛t t❤❡ P❉❊ ❤❛s ❛ ❝♦♥❝❛✈❡

♥♦♥✕❧✐♥❡❛r✐t② ♦❢ ❍❏❇ t②♣❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♥♦♥✕❧✐♥❡❛r✐t② ✐s ❛♥ ✐♥✜♠✉♠ ♦❢ ❧✐♥❡❛r

♦♣❡r❛t♦rs✳ ❚❤❡ t❤❡s✐s ✉s❡❞ t❤❡ ❑r②❧♦✈ ♠❡t❤♦❞ ♦❢ s❤❛❦✐♥❣ ❝♦❡✣❝✐❡♥ts ❛♥❞ s✇✐t❝❤✐♥❣

s②st❡♠ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❍❏❇ ❡q✉❛t✐♦♥s t♦ ♦❜t❛✐♥ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ❢r♦♠ ❛❜♦✈❡ ❛♥❞

❜❡❧♦✇✳ ❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡ ♥❡❡❞s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥s ✐♥s✐❞❡

t❤❡ ♠❡t❤♦❞ t♦ ❜❡ r❡♣❧❛❝❡❞ ❜② ❛♥ ❛♣♣r♦♣r✐❛t❡ ❡st✐♠❛t♦r✳ ❋♦r ❛ ❝❧❛ss ♦❢ ❡st✐♠❛t♦rs✱ ✇❡

♦❜t❛✐♥❡❞ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ s❛♠♣❧❡ ♣❛t❤s ✇❤✐❝❤ ♣r❡s❡r✈❡s t❤❡ r❛t❡ ♦❢

❝♦♥✈❡r❣❡♥❝❡ ♦❜t❛✐♥❡❞ ❜❡❢♦r❡✳ ❚❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ t♦ ♥♦♥✕❧♦❝❛❧ P❉❊s

✐s str❛✐❣❤t ❢♦r✇❛r❞ ❛♥❞ ♦♥❡ ❝❛♥ ✉s❡ t❤❡ s❛♠❡ ❛❣r✉♠❡♥ts ❛s t❤❡ ❧♦❝❛❧ ❝❛s❡ t♦ ❛❝❤✐❡✈❡

t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤❡r❡ ✐s ♦♥❡ ❡①❝❡♣t✐♦♥ ✐♥ ♥♦♥✲❧♦❝❛❧

❝❛s❡ ✇❤✐❝❤ ❞✐✛❡rs ❢r♦♠ ❧♦❝❛❧ ❝❛s❡ ✐✳❡✳ t❤❡ ▼♦♥t❡ ❈❛r❧♦ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ✐♥t❡r❣❛❧

✭♥♦♥✕❧♦❝❛❧✮ t❡r♠✳ ❚❤✐s ✐s ❞♦♥❡ ❜② ✉s✐♥❣ s✉✐t❛❜❧❡ ❥✉♠♣✕❞✐✛✉s✐♦♥ ♣r♦❝❡ss✳ ❚❤❡ ✜rst

♣❛rt ✇✐❧❧ ❜❡ ❡♥❞❡❞ ❜② s♦♠❡ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts✳ ❚❤❡ ♠❡t❤♦❞ ✐s ✉s❡❞ t♦ s♦❧✈❡

t❤❡ ❣❡♦♠❡tr✐❝ ♣r♦❜❧❡♠ ♦❢ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♣♦rt❢♦❧✐♦ s❡❧❡❝t✐♦♥ ♦♥

♦♥❡ ❛ss❡t ✇✐t❤ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t② ✐♥ ❍❡st♦♥ ♠♦❞❡❧✱ ❛♥❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♣♦rt❢♦❧✐♦

s❡❧❡❝t✐♦♥ ♦♥ t✇♦ ❛ss❡ts ❜♦t❤ ✇✐t❤ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t②✱ ♦♥❡ s❛t✐s✜❡s ❍❡st♦♥ ♠♦❞❡❧

❛♥❞ t❤❡ ♦t❤❡r ❈❊❱ ♠♦❞❡❧✳

❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ t❤❡s✐s ❞❡❛❧s ✇✐t❤ t❤❡ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ♣♦❧✐❝② ✉♥❞❡r t❤❡

❝❛r❜♦♥ ❡♠✐ss✐♦♥ ❛❧❧♦✇❛♥❝❡ ♠❛r❦❡t✳ ❚❤❡ ❝❛r❜♦♥ ❡♠✐ss✐♦♥ ❛❧❧♦✇❛♥❝❡ ♠❛r❦❡t ✐s ❛ ♠❛r✲

❦❡t ❛♣♣r♦❛❝❤ t♦ ✐♠♣❧❡♠❡♥t ❑②♦t♦ ♣r♦t♦❝♦❧✳ ❲❡ ❝❛❧❝✉❧❛t❡❞ t❤❡ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥

✐♥ ✸ ❝❛s❡s✿ ✇❤❡♥ t❤❡r❡ ✐s s✉❝❤ ❛ ♠❛r❦❡t ❜✉t ✇✐t❤♦✉t ❛♥② ❧❛r❣❡ ❝❛r❜♦♥ ♣r♦❞✉❝❡r✱

✇❤❡♥ t❤❡r❡ ✐s ❛ ❧❛r❣❡ ♣r♦❞✉❝❡r ✇❤♦ ✐s ♥♦t ♠❛r❦❡t ♠❛❦❡r✱ ❛♥❞ ✇❤❡♥ t❤❡r❡ ✐s ❛ ❧❛r❣❡

♣r♦❞✉❝❡r ♠❛r❦❡t ♠❛❦❡r✳ ❲❡ s❤♦✇❡❞ t❤❛t ✐♥ s❡❝♦♥❞ ❝❛s❡s✱ t❤❡ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥

✐s ❛❧✇❛②s ❧❡ss t❤❛♥ t❤❡ ✜rst ❝❛s❡ ❛♥❞ ✐♥ t❤❡ t❤✐r❞ ❝❛s❡ ✐t ✐s ❡✈❡♥ ❧❡ss t❤❛♥ t❤❡ s❡❝✲

♦♥❞ ❝❛s❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ s❤♦✇❡❞ t❤❛t t❤❡ ♠❛r❦❡t ♠❛❦❡r ✭✐❢ t❤❡r❡ ❡①✐st

❛♥②✮ ❝❛♥ ❜❡♥❡✜t ❢r♦♠ t❤❡ ♠❛r❦❡t ❜② ❝❤❛♥❣✐♥❣ t❤❡ r✐s❦ ♣r❡♠✐✉♠ ♦❢ t❤❡ ❝❛r❜♦♥ ❛❧✲

❧♦✇❛♥❝❡ ❞✉❡ t♦ ❤❡r ❡①tr❛ ♣r♦❞✉❝t✐♦♥✳ ❚❤❡ ♠♦❞❡❧ ✇❡ ✉s❡❞ ❤❡r❡ ❢♦r t❤❡ ♣r✐❝❡ ♦❢ ❝❛r❜♦♥

❛❧❧♦✇❛♥❝❡ ✐s ❛ ❇❙❉❊✳ ❚❤❡♥ ✇❡ ✐♥tr♦❞✉❝❡ ❛ st♦❝❤❛st✐❝ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❚❤❡

❝❛r❜♦♥ ♣r♦❞✉❝❡r ✇❛♥ts t♦ ♠❛①✐♠❛③❡ ❤❡r ✉t✐❧✐t② ❢r♦♠ ❤❡r ✇❡❛❧t❤✳ ❍❡r ✇❡❛❧t❤ ❝♦♥s✐sts



✈✐

♦❢ t✇♦ ♣❛rts✿ ❛ s❡❧❢✕✜♥❛♥❝✐♥❣ ♣♦rt❢♦❧✐♦ ♦✈❡r t❤❡ ❝❛r❜♦♥ ❡♠✐ss✐♦♥ ❛❧❧♦✇❛♥❝❡ ♣❛♣❡rs

❛♥❞ t❤❡ ❜❡♥❡✜t ❢r♦♠ ❤❡r ♣r♦❞✉❝t✐♦♥✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ❞♦❡s

♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✉t✐❧✐t②✳ ❖♥❡ ❝♦✉❧❞ ♣❛ss t♦ ❛ ♥❡✇ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✇❤✐❝❤

❣✐✈❡s t❤❡ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥✳ ❲❡ ❝❤♦♦s❡ t♦ s♦❧✈❡ t❤❡ st♦❝❤❛st✐❝ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜✲

❧❡♠ ❜② t❤❡ ♠❡❛♥s ♦❢ ❍❏❇ ❡q✉❛t✐♦♥s✳ ❲❡ ♦❜t❛✐♥❡❞ t❤❡ ✈❡r✐✜❝❛t✐♦♥ ❛♥❞ ✉♥✐q✉❡♥❡ss

r❡s✉❧t ❢♦r t❤❡ ❍❏❇ ❡q✉❛t✐♦♥✳ ❚❤✐s ♣❛rt ✐s ❝❧♦s❡❞ ❜② s♦♠❡ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts

✇❤✐❝❤ s❤♦✇s ❝❛s❡s ✇❤✐❝❤ t❤❡ ❧❛r❣❡ ♣r♦❞✉❝❡r ❝❛♥ ❜❡♥❡✜t ❢r♦♠ ❡①tr❛ ♣r♦❞✉❝t✐♦♥✳



❈♦♥t❡♥ts

✶ ■♥tr♦❞✉❝t✐♦♥ ✶

✷ ❆ Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞ ❢♦r ❋✉❧❧② ◆♦♥❧✐♥❡❛r P❛r❛❜♦❧✐❝
P❉❊s ✶✶
✷✳✶ ❉✐s❝r❡t✐③❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✷✳✷ ❆s②♠♣t♦t✐❝s ♦❢ t❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✷✳✷✳✶ ❚❤❡ ♠❛✐♥ r❡s✉❧ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺
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P❛r❛❜♦❧✐❝ P❉❊s ✹✼
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❇✐❜❧✐♦❣r❛♣❤② ✾✾



✈✐✐✐ ❈♦♥t❡♥ts

◆♦t❛t✐♦♥s

❋♦r s❝❛❧❛rs a, b ∈ R✱ a ∧ b := min{a, b}✱ a ∨ b := max{a, b}✱ ❛♥❞ a+ := max{a, 0}✳

Rd
∗ := Rd \ {0}✳

Cd ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ ❜♦✉♥❞❡❞ r❡❛❧ ❢✉♥❝t✐♦♥s ♦♥ Rd✳

M(n, d) ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ n× d ♠❛tr✐❝❡s ✇✐t❤ r❡❛❧ ❡♥tr✐❡s✳

❚❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ♦❢ s✐③❡ d ✐s ❞❡♥♦t❡❞ ❜② Sd✱ ❛♥❞ ✐ts s✉❜s❡t

♦❢ ♥♦♥♥❡❣❛t✐✈❡ s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ✐s ❞❡♥♦t❡❞ ❜② S+
d ✳ ❇② ✏≤✑ ✇❡ ❞❡♥♦t❡ t❤❡ ♣❛rt✐❛❧

♦r❞❡r ✐♥❞✉❝❡❞ ❜② t❤❡ ♣♦s✐t✐✈❡ ❝♦♥❡ S+
d ✳

❋♦r ❛ ♠❛tr✐① A ∈ M(n, d)✱ AT ✐s t❤❡ tr❛♥s♣♦s❡ ♦❢ A✳ ❋♦r A,B ∈ M(n, d)✱ A · B :=

Tr[ATB]✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r d = 1✱ A ❛♥❞ B ❛r❡ ✈❡❝t♦rs ♦❢ Rn ❛♥❞ A ·B r❡❞✉❝❡s t♦

t❤❡ ❊✉❝❧✐❞❡❛♥ s❝❛❧❛r ♣r♦❞✉❝t✳

A− ✐s t❤❡ ♣s❡✉❞♦✕✐♥✈❡rs❡ ♦❢ t❤❡ ♠❛tr✐① A✳

❋♦r ❛ s✉✐t❛❜❧② s♠♦♦t❤ ❢✉♥❝t✐♦♥ ϕ ♦♥ QT := (0, T ] × Rd✱ ❞❡✜♥❡

|ϕ|∞ := sup
(t,x)∈QT

|ϕ(t, x)| ❛♥❞ |ϕ|1 := |ϕ|∞ + sup
QT×QT

|ϕ(t, x) − ϕ(t′, x′)|
|x− x′| + |t− t′| 12

.

❋✐♥❛❧❧②✱ t❤❡ Lp−♥♦r♠ ♦❢ ❛ r✳✈✳ R ✐s ❞❡♥♦t❡❞ ❜② ‖R‖p := (E[|R|p])1/p✳
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■♥ t❤❡ ❛r❡❛s ♦❢ ❡♥❣✐♥❡❡r✐♥❣ ❛♥❞ ♠❛t❤❡♠❛t✐❝s❀ ✐♥❝❧✉❞✐♥❣ ✜♥❛♥❝❡✱ t❤❡ ▼♦♥t❡ ❈❛r❧♦

♠❡t❤♦❞s ❛r❡ ❛❧✇❛②s r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠❡t❤♦❞s ❜❛s❡❞ ♦♥ t❤❡ r❛♥❞♦♠

s❛♠♣❧✐♥❣✳ ■♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥s ♦❢ P❉❊s✱ t❤❡ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s

♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✐s ❧❛r❣❡✳ ❚❤❡

✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❛♥❞ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ✉s✉❛❧❧② ❛r❡ ♥♦t ✐♠♣❧❡♠❡♥t❛❜❧❡ ✐♥ ❧❛r❣❡

❞✐♠❡♥s✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤❡ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s ❛r❡ ❣❡♥❡r❛❧❧② ❧❡ss s❡♥s✐t✐✈❡ ✇✐t❤

r❡s♣❡❝t t♦ ❞✐♠❡♥s✐♦♥ ❛♥❞ ❝♦✉❧❞ ♣r♦✈✐❞❡ ✐♠♣❧❡♠❡♥t❛❜❧❡ s❝❤❡♠❡s✳

❚❤❡ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s ❢♦r P❉❊s st❛rts ❜② t❤❡ ❢❛♠♦✉s ❋❡②♥♠❛♥✕❑❛❝ ❢♦r♠✉❧❛

❢♦r ❧✐♥❡❛r P❉❊s✳ ❚❤❡ ❡①t❡♥s✐♦♥ ♦❢ ❋❡②♥♠❛♥✕❑❛❝ t♦ t❤❡ ♥♦♥✕❧✐♥❡❛r P❉❊s ❝❛♥ ♥♦t

❡❛s✐❧② ❜❡ ❞♦♥❡ ❜② ❛ s✐♠♣❧❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✐t ❝♦✉❧❞ ❜❡ ❡①t❡♥❞❡❞

❢♦r t❤❡ s❡♠✐✕❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s t❤r♦✉❣❤ ❇❛❝❦✇❛r❞ ❙t♦❝❤❛st✐❝ ❉✐✛❡r❡♥t✐❛❧

❡q✉❛t✐♦♥s ✭❇❙❉❊s✮✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s s❡❡ ❬✺✶❪✱ ❬✺✷❪ ❛♥❞ ❬✺✸❪✳ ❙❡♠✐✕❧✐♥❡❛r ♣❛r❛❜♦❧✐❝

❡q✉❛t✐♦♥s ❤❛✈❡ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠

−LXv(t, x) − F (t, x, v(t, x), σ❚Dv(t, x)) = 0 ♦♥ [0, T ) × Rd

v(T, ·) = g(·) ♦♥ Rd,

✇❤❡r❡ LXϕ := ∂ϕ
∂t + µ ·Dϕ + 1

2a ·D2ϕ ✐s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ ❛ ❞✐✛✉s✐♦♥

♣r♦❝❡ss X ❛♥❞ a := σσ❚✳ ❚❤❡ ▼♦♥t❡ ❈❛r❧♦ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡

s❡♠✐✕❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② ❛ ❞❡❝♦✉♣❧❡❞ s②st❡♠ ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ t❤❡ st♦❝❤❛st✐❝

❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭❙❉❊✮ ❛♥❞ ❛ ❜❛❝❦✇❛r❞ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭❇❙❉❊✮✿

dYt = F (t,Xt, Yt, Zt)dt+ ZtdWt

YT = g(XT ).

▼♦r❡ ♣r❡❝✐s❡❧②✱ ❛ss✉♠✐♥❣ s✉✣❝✐❡♥t r❡❣✉❧❛r✐t② ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ P❉❊✱ ♦♥❡ ❤❛s t❤❡

❝♦rr❡s♣♦♥❞❡♥❝❡ v(t,Xt) = Yt ❛♥❞ Dv(t,Xt) = Zt✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r t❤❡

❇❙❉❊s ❛r❡ ✐♥✐t✐❛❧❧② ❞❡✈❡❧♦♣❡❞ ❜② t❤❡ ✉s❡ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥s ♦❢ s❡♠✐✕❧✐♥❡❛r

♣❛r❛❜♦❧✐❝ P❉❊s ✐♥ ❬✹✾❪✳ ■♥ t❤❛t ✇♦r❦✱ t❤❡ ❛✉t❤♦rs ✐♠♣♦s❡❞ ❛ r❡str✐❝t✐✈❡ r❡❣✉❧❛r✐t②

❝♦♥❞✐t✐♦♥ ♦✈❡r ❝♦❡✣❝✐❡♥ts ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r t❤❡

s❡♠✐✕❧✐♥❡❛r P❉❊s ✳ ▼♦r❡♦✈❡r✱ t❤✐s ♠❡t❤♦❞ ❞❡♣❡♥❞s ♦♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡

s♦❧✉t✐♦♥ ♦❢ P❉❊s ✇❤✐❝❤ ❛♣♣❡❛rs t♦ ❜❡ ❞✐✣❝✉❧t ✐♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥s✳

❚❤❡ t❤❡♦r② ♦❢ ❇❙❉❊s ♣r♦✈✐❞❡s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❋❡②♥♠❡♥✕❑❛❝ t♦ t❤❡ s❡♠✐✕❧✐♥❡❛r

❝❛s❡✳ ❚❤❡ ♣✉r❡❧② ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ❢♦r ❇❙❉❊s r❡❧✐❡s ♦♥ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢

t❤❡ ❢♦r✇❛r❞ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss X ❛♥❞ t❤❡♥ t♦ ✜♥❞ ❛ s♦❧✉t✐♦♥ ❢♦r ❞✐s❝r❡t✐③❡❞ ❇❙❉❊

❜❛❝❦✇❛r❞ ✐♥ t✐♠❡✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s t❤❛t ✐t ❝♦✉❧❞ ❛❧s♦ ❜❡ ✉s❡❞ t♦



✷ ❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥

❛♣♣r♦①✐♠❛t❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ s❡♠✐✕❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ P❉❊s✳ ❙❡❡ ❢♦r ✐♥st❛♥❝❡ ❈❤❡✈❛♥❝❡

❬✷✻❪✱ ❊❧ ❑❛r♦✉✐✱ P❡♥❣ ❛♥❞ ◗✉❡♥❡③ ❬✸✷❪✱ ❇❛❧❧② ❛♥❞ P❛❣ès ❬✷❪✱ ❇♦✉❝❤❛r❞ ❛♥❞ ❚♦✉③✐

❬✶✽❪ ❛♥❞ ❩❤❛♥❣ ❬✺✾❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❧❛tt❡r ♣❛♣❡rs ♣r♦✈✐❞❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡

✏♥❛t✉r❛❧✑ ❞✐s❝r❡t❡✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛♥❞ ✐ts ♣❛rt✐❛❧ s♣❛❝❡

❣r❛❞✐❡♥t ✇✐t❤ t❤❡ s❛♠❡ L2 ❡rr♦r ♦❢ ♦r❞❡r
√
h✱ ✇❤❡r❡ h ✐s t❤❡ ❧❡♥❣t❤ ♦❢ t✐♠❡ st❡♣✳

❚❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥✈♦❧✈❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥s✱ ✇❤✐❝❤ ♥❡❡❞

t♦ ❜❡ ❢✉rt❤❡r ❛♣♣r♦①✐♠❛t❡❞ ✐♥ ♦r❞❡r t♦ r❡s✉❧t ✐♥t♦ ❛♥ ✐♠♣❧❡♠❡♥t❛❜❧❡ s❝❤❡♠❡✳ ❲❡

r❡❢❡r t♦ ❬✷❪✱ ❬✶✽❪ ❛♥❞ ❬✸✺❪ ❢♦r ❛♥ ❝♦♠♣❧❡t❡ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥✱

✐♥❝❧✉❞✐♥❣ t❤❡ r❡❣r❡ss✐♦♥ ❡rr♦r✳

❚❤❡r❡❢♦r❡✱ ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ P❉❊ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❇❙❉❊✱ ✇❡ ✉s❡

❇❙❉❊ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ P❉❊✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r ❛ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥

{ti}N
i=0 ♦❢ [0, T ]✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r Y ❛♥❞ Z ❝♦✉❧❞ ❜❡ ❞♦♥❡ ❜②✿

Ŷ N
tN

= g(X̂N
T )

ẐN
ti =

1

∆ti+1
Ei[Ŷ

N
ti+1

∆Wi+1]

Ŷ N
ti = Ei[Ŷ

N
ti+1

] − ∆ti+1F (ti, X̂
N
ti , Ŷ

N
ti , Ẑ

N
ti ),

✇❤❡r❡ Ei = E[·|Fti ]✱ ∆ti+1 = ti+1 − ti ❛♥❞ ∆Wi+1 = Wti+1 −Wti ✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s

♦♥ ❡rr♦r ❛♥❛❧②s✐s ♦❢ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ❇❙❉❊s✱ ✇❡ r❡❢❡r t♦ ❬✶✽❪✱ ❬✸✺❪✱ ❬✺✾❪✱ ❬✻✵❪✱ ❛♥❞

❬✶✼❪✳ ❚❤❡ ♦♣t✐♠❛❧ ❡rr♦r ♦❢ t❤✐s ❞✐s❝r❡t✐③❛t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s ❢♦r ❢♦r✇❛r❞ ❙❉❊s ❡✳❣✳

|π|1/2 ✇❤❡r❡ |π| := sup{∆ti|i = 1, · · · , N}✳
❋♦r ❢✉❧❧② ♥♦♥✕❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s✱ t❤❡ st❛rt✐♥❣ ♣♦✐♥t ✐s ❬✷✺❪ ✇❤❡r❡ t❤❡②

♣r♦♣♦s❡❞ ❛ s②st❡♠ ❝❛❧❧❡❞ s❡❝♦♥❞ ♦r❞❡r ❇❙❉❊ ✭✷❇❙❉❊✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✲

✐♥❣ ✜♥❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠✳

− LXv(t, x) − F
(
t, x, v(t, x), σ❚Dv(t, x), D2v(t, x)

)
= 0, ♦♥ [0, T ) × Rd, ✭✶✳✵✳✶✮

v(T, ·) = g, ♦♥ Rd, ✭✶✳✵✳✷✮

✇❤❡r❡

LXϕ :=
∂ϕ

∂t
+ µ ·Dϕ+

1

2
a ·D2ϕ.

❛♥❞ µ ❛♥❞ σ ❛r❡ t✇♦ ♠❛♣s ❢r♦♠ R+ × Rd t♦ M(d, d) ❛♥❞ Rd✱ a := σσT ✐s ❛ ♠❛♣

❢r♦♠ R+ × Rd t♦ S+
d ✱ ❛♥❞

F : (t, x, r, p, γ) ∈ R+ × Rd × R × Rd × Sd 7−→ F (x, r, p, γ) ∈ R.

❆ ✷❇❙❉❊ ✐s ❛ s②st❡♠ ♦❢ ❙❉❊s ❣✐✈❡♥ ❜②

dYt = F (t,Xt, Yt, Zt,Γt)dt− Zt ◦ dWt

dZt = Atdt+ ΓtdWt

YT = g(XT ),

✇❤❡r❡ ◦ st❛♥❞s ❢♦r ❙tr❛t♦♥♦✈✐❝❤ ✐♥t❡❣r❛❧✳ ❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✷❇❙❉❊ ✐s ❛♥ ❛❞❛♣t❡❞

q✉❛❞r✉♣❧❡ (Yt, Zt, At,Γt) ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s✳ ❯♥❞❡r t❤❡ r❡❣✉❧❛r✐t②



✸

♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ t❤❡ ✜♥❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠ ✭✶✳✵✳✶✮✕✭✶✳✵✳✷✮✱ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡

❜❡t✇❡❡♥ t❤❡ ❢✉❧❧② ♥♦♥✕❧✐♥❡❛r P❉❊ ❛♥❞ t❤❡ s②st❡♠ ♦❢ ✷❇❙❉❊ ✐s ❣✐✈❡♥ ❜②

Yt = v(t,Xt)

Zt = σ❚Dv(t,Xt)

Γt = D2v(t,Xt)

At = LXDv(t,Xt).

❇② ❞✐s❝r❡t✐③✐♥❣ t❤❡ ✷❇❙❉❊✱ ♦♥❡ ❝❛♥ ♣r♦♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❝❤❡♠❡✿

Γ̂N
ti =

1

∆ti
Ei[Ẑ

N
ti+1

∆Wi+1]

ẐN
ti =

1

∆ti+1
Ei[Ŷ

N
ti+1

∆Wi+1] ✭✶✳✵✳✸✮

Ŷ N
ti = Ei[Ŷ

N
ti+1

] − ∆ti+1F (ti, X̂
N
ti , Ŷ

N
ti , Ẑ

N
ti , Γ̂

N
ti ).

❚❤❡ ♠❛✐♥ s✉❜❥❡❝t ♦❢ t❤✐s t❤❡s✐s ✐s t♦ ✐♥tr♦❞✉❝❡ ❛ ♣r♦❜❛❜✐❧✐st✐❝ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞

❢♦r t❤❡ ❢✉❧❧② ♥♦♥✕❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ P❉❊ ✭✶✳✵✳✶✮✕✭✶✳✵✳✷✮ ❜❛s❡❞ ♦♥ t❤❡ ✭✶✳✵✳✸✮✳ ❋✉❧❧②

♥♦♥✕❧✐♥❡❛r P❉❊s ❛r✐s❡ ✐♥ ♠❛♥② ♣r♦❜❧❡♠s ✐♥ ❛♣♣❧✐❡❞ ♠❛t❤❡♠❛t✐❝s ❛♥❞ ❡♥❣✐♥❡❡r✐♥❣

✐♥❝❧✉❞✐♥❣ ✜♥❛♥❝❡✳ ❋♦r ❡①❛♠♣❧❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠♦t✐♦♥ ❜② ❝✉r✈❛t✉r❡✱ ♣♦rt❢♦❧✐♦

♦♣t✐♠✐③❛t✐♦♥ ✉♥❞❡r ❞✐✛❡r❡♥t t②♣❡ ♦❢ ❝♦♥str❛✐♥ts✱ ♦♣t✐♦♥ ♣r✐❝✐♥❣ ✉♥❞❡r ✐❧❧✐q✉✐❞✐t②

❝♦st✱ ❡t❝✳ ◆♦♥✕❧♦❝❛❧ ❢✉❧❧② ♥♦♥✕❧✐♥❡❛r P❉❊s ❛r✐s❡ ❢r♦♠ st♦❝❤❛st✐❝ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜✲

❧❡♠s ❢♦r ❝♦♥tr♦❧❧❡❞ ❥✉♠♣✕❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s ❡✳❣✳ ♣r♦❜❧❡♠ ♦❢ ♣♦rt❢♦❧✐♦ ♦♣t✐♠✐③❛t✐♦♥

✐♥ ▲é✈② ♠❛r❦❡ts✳ ❚❤❡r❡ ❛r❡ ♦♥❧② ❢❡✇ ❡①❛♠♣❧❡s ✇✐t❤ ❡①♣❧✐❝✐t ❛♥❞ q✉❛s✐✲❡①♣❧✐❝✐t

s♦❧✉t✐♦♥❀ ❢♦r ❡①❛♠♣❧❡ s❡❡ ❬✽❪ ♦r ❬✾❪✳ ❲❡ ❝♦♥s✐❞❡r ❧♦❝❛❧ P❉❊s ❛♥❞ ♥♦♥✕❧♦❝❛❧ P❉❊s

❝❛s❡ s❡♣❛r❛t❡❧② ✐♥ t✇♦ ❝❤❛♣t❡rs✳

◆♦✇✱ ✇❡ ❜r✐❡✢② ❞✐s❝✉ss t❤❡ ❝♦♥t❡♥ts ♦❢ ❡❛❝❤ ❝❤❛♣t❡r t♦❣❡t❤❡r ✇✐t❤ ❛ r❡✈✐❡✇ ♦♥

t❤❡ r❡❧❡✈❛♥t ❧✐t❡r❛t✉r❡s✳

❈❤❛♣t❡r ✷

■♥ t❤✐s ❈❤❛♣t❡r✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❜❛❝❦✇❛r❞ ♣r♦❜❛❜✐❧✐st✐❝ s❝❤❡♠❡ ♦❢ ❬✷✺❪ ❝❛♥

❜❡ ✐♥tr♦❞✉❝❡❞ ♥❛t✉r❛❧❧② ✇✐t❤♦✉t ❛♣♣❡❛❧✐♥❣ t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ❜❛❝❦✇❛r❞ st♦❝❤❛st✐❝

❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳ ❚❤✐s ✐s s❤♦✇♥ ✐s ❙❡❝t✐♦♥ ✷✳✶ ✇❤❡r❡ t❤❡ s❝❤❡♠❡ ✐s ❞❡❝♦♠♣♦s❡❞

✐♥t♦ t❤r❡❡ st❡♣s✿

✭✐✮ ❚❤❡ ▼♦♥t❡ ❈❛r❧♦ st❡♣ ❝♦♥s✐sts ✐♥ ✐s♦❧❛t✐♥❣ t❤❡ ❧✐♥❡❛r ❣❡♥❡r❛t♦r ♦❢ s♦♠❡ ✉♥❞❡r❧②✐♥❣

❞✐✛✉s✐♦♥ ♣r♦❝❡ss✱ s♦ ❛s t♦ s♣❧✐t t❤❡ P❉❊ ✐♥t♦ t❤✐s ❧✐♥❡❛r ♣❛rt ❛♥❞ ❛ r❡♠❛✐♥✐♥❣ ♥♦♥✕

❧✐♥❡❛r ♦♥❡✳

✭✐✐✮ ❊✈❛❧✉❛t✐♥❣ t❤❡ P❉❊ ❛❧♦♥❣ t❤❡ ✉♥❞❡r❧②✐♥❣ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss✱ ✇❡ ♦❜t❛✐♥ ❛ ♥❛t✉r❛❧

❞✐s❝r❡t❡✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❜② ✉s✐♥❣ ❛ ❦✐♥❞ ♦❢ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢

❞❡r✐✈❛t✐✈❡s ✐♥ t❤❡ r❡♠❛✐♥✐♥❣ ♥♦♥✕❧✐♥❡❛r ♣❛rt ♦❢ t❤❡ ❡q✉❛t✐♦♥✳

✭✐✐✐✮ ❋✐♥❛❧❧②✱ t❤❡ ❜❛❝❦✇❛r❞ ❞✐s❝r❡t❡✕t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❜t❛✐♥❡❞ ❜② t❤❡ ❛❜♦✈❡ st❡♣s

✭✐✮✲✭✐✐✮ ✐♥✈♦❧✈❡s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ♦♣❡r❛t♦r ✇❤✐❝❤ ✐s ♥♦t ❝♦♠♣✉t❛❜❧❡ ✐♥

❡①♣❧✐❝✐t ❢♦r♠✳ ❆♥ ✐♠♣❧❡♠❡♥t❛❜❧❡ ♣r♦❜❛❜✐❧✐st✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ t❤❡r❡❢♦r❡ r❡q✉✐r❡s



✹ ❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥

t♦ r❡♣❧❛❝❡ s✉❝❤ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥s ❜② ❛ ❝♦♥✈❡♥✐❡♥t ❛♣♣r♦①✐♠❛t✐♦♥✱ ❛♥❞ ✐♥❞✉❝❡s

❛ ❢✉rt❤❡r ▼♦♥t❡ ❈❛r❧♦ t②♣❡ ♦❢ ❡rr♦r✳

■♥ t❤❡ ♣r❡s❡♥t ❝❤❛♣t❡r✱ ✇❡ ❞♦ ♥♦t r❡q✉✐r❡ t❤❡ ❢✉❧❧② ♥♦♥✕❧✐♥❡❛r P❉❊ t♦ ❤❛✈❡ ❛

s♠♦♦t❤ s♦❧✉t✐♦♥✱ ❛♥❞ ✇❡ ♦♥❧② ❛ss✉♠❡ t❤❛t ✐t s❛t✐s✜❡s ❛ ❝♦♠♣❛r✐s♦♥ r❡s✉❧t ✐♥ t❤❡

s❡♥s❡ ♦❢ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s✳ ❖✉r ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ✐s t♦ ❡st❛❜❧✐s❤ t❤❡ ❝♦♥✈❡r❣❡♥❝❡

♦❢ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ t♦✇❛r❞s t❤❡ ✉♥✐q✉❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢✉❧❧②✲♥♦♥✕❧✐♥❡❛r

P❉❊✱ ❛♥❞ t♦ ♣r♦✈✐❞❡ ❛♥ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r✳

❖✉r ♠❛✐♥ r❡s✉❧ts ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❲❡ ✜rst ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❞✐s❝r❡t❡✲

t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❣❡♥❡r❛❧ ♥♦♥✕❧✐♥❡❛r P❉❊s✱ ❛♥❞ ✇❡ ♣r♦✈✐❞❡ ❜♦✉♥❞s ♦♥ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ❢♦r ❛ ❝❧❛ss ♦❢ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ P❉❊s✳

❚❤❡♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✐♠♣❧❡♠❡♥t❛❜❧❡ s❝❤❡♠❡ ✐♥✈♦❧✈✐♥❣ t❤❡ ▼♦♥t❡ ❈❛r❧♦ ❡rr♦r✱ ❛♥❞

✇❡ s✐♠✐❧❛r❧② ♣r♦✈❡ ❛ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ❢♦r ❣❡♥❡r❛❧ ♥♦♥✕❧✐♥❡❛r P❉❊s✱ ❛♥❞ ✇❡ ♣r♦✈✐❞❡

❜♦✉♥❞s ♦♥ t❤❡ ❡rr♦r ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ P❉❊s✳ ❲❡

♦❜s❡r✈❡ t❤❛t ♦✉r ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ♣❧❛❝❡ s♦♠❡ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡

❞✐✛✉s✐♦♥ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss✳ ❋✐rst✱ ❛♥ ❡❧❧✐♣t✐❝✐t② ❝♦♥❞✐t✐♦♥ ✐s ♥❡❡❞❡❞❀

✇❡ ❜❡❧✐❡✈❡ t❤❛t t❤✐s t❡❝❤♥✐❝❛❧ ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ r❡❧❛①❡❞ ✐♥ s♦♠❡ ❢✉t✉r❡ ✇♦r❦✳ ▼♦r❡

✐♠♣♦rt❛♥t❧②✱ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ✐s ♥❡❡❞❡❞ t♦ ❞♦♠✐♥❛t❡ t❤❡ ♣❛rt✐❛❧ ❣r❛❞✐❡♥t ♦❢

t❤❡ r❡♠❛✐♥✐♥❣ ♥♦♥✕❧✐♥❡❛r✐t② ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ❍❡ss✐❛♥ ❝♦♠♣♦♥❡♥t✳ ❆❧t❤♦✉❣❤ ✇❡

❤❛✈❡ ♥♦ t❤❡♦r❡t✐❝❛❧ r❡s✉❧t t❤❛t t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ♥❡❝❡ss❛r②✱ ♦✉r ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts

s❤♦✇ t❤❛t t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ t❤✐s ❝♦♥❞✐t✐♦♥ ❧❡❛❞s t♦ ❛ s❡r✐♦✉s ♠✐s✲♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡

♠❡t❤♦❞✱ s❡❡ ❋✐❣✉r❡ ✷✳✺✳

❖✉r ♣r♦♦❢s r❡❧② ♦♥ t❤❡ ♠♦♥♦t♦♥✐❝ s❝❤❡♠❡ ♠❡t❤♦❞ ❞❡✈❡❧♦♣❡❞ ❜② ❇❛r❧❡s ❛♥❞

❙♦✉❣❛♥✐❞✐s ❬✻❪ ✐♥ t❤❡ t❤❡♦r② ♦❢ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s✱ ❛♥❞ t❤❡ r❡❝❡♥t ♠❡t❤♦❞ ♦❢ s❤❛❦✐♥❣

❝♦❡✣❝✐❡♥ts ♦❢ ❑r②❧♦✈ ❬✹✸❪✱ ❬✹✹❪ ❛♥❞ ❬✹✺❪ ❛♥❞ ❇❛r❧❡s ❛♥❞ ❏❛❦♦❜s❡♥ ❬✺❪✱ ❬✹❪ ❛♥❞ ❬✸❪✳

❚❤❡ ✉s❡ ♦❢ t❤❡ ❧❛tt❡r t②♣❡ ♦❢ ♠❡t❤♦❞s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛ st♦❝❤❛st✐❝ s❝❤❡♠❡ s❡❡♠s t♦

❜❡ ♥❡✇✳ ◆♦t✐❝❡ ❤♦✇❡✈❡r✱ t❤❛t ♦✉r r❡s✉❧ts ❛r❡ ♦❢ ❛ ❞✐✛❡r❡♥t ♥❛t✉r❡ t❤❛♥ t❤❡ ❝❧❛ss✐❝❛❧

❡rr♦r ❛♥❛❧②s✐s r❡s✉❧ts ✐♥ t❤❡ t❤❡♦r② ♦❢ ❜❛❝❦✇❛r❞ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ❛s

✇❡ ♦♥❧② st✉❞② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✱ ❛♥❞ ♥♦

✐♥❢♦r♠❛t✐♦♥ ✐s ❛✈❛✐❧❛❜❧❡ ❢♦r ✐ts ❣r❛❞✐❡♥t ♦r ❍❡ss✐❛♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣s ❛r❡ t✇♦ r❡❧❛t❡❞ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❜❛s❡❞ ♦♥ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s ✐♥

t❤❡ ❝♦♥t❡①t ♦❢ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ♥♦♥✕❧✐♥❡❛r P❉❊s✿

• ❇♦♥♥❛♥s ❛♥❞ ❩✐❞❛♥✐ ❬✶✹❪ ✐♥tr♦❞✉❝❡❞ ❛ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡ ✇❤✐❝❤ s❛t✐s✜❡s

t❤❡ ❝r✉❝✐❛❧ ♠♦♥♦t♦♥✐❝✐t② ❝♦♥❞✐t✐♦♥ ♦❢ ❇❛r❧❡s ❛♥❞ ❙♦✉❣❛♥✐❞✐s ❬✻❪ s♦ ❛s t♦ ❡♥s✉r❡

✐ts ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤❡✐r ♠❛✐♥ ✐❞❡❛ ✐s t♦ ❞✐s❝r❡t✐③❡ ❜♦t❤ t✐♠❡ ❛♥❞ s♣❛❝❡✱ ❛♣♣r♦①✲

✐♠❛t❡ t❤❡ ✉♥❞❡r❧②✐♥❣ ❝♦♥tr♦❧❧❡❞ ❢♦r✇❛r❞ ❞✐✛✉s✐♦♥ ❢♦r ❡❛❝❤ ✜①❡❞ ❝♦♥tr♦❧ ❜② ❛

❝♦♥tr♦❧❧❡❞ ❧♦❝❛❧ ▼❛r❦♦✈ ❝❤❛✐♥ ♦♥ t❤❡ ❣r✐❞✱ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❞❡r✐✈❛t✐✈❡s ✐♥ ❝❡r✲

t❛✐♥ ❞✐r❡❝t✐♦♥s ✇❤✐❝❤ ❛r❡ ❢♦✉♥❞ ❜② s♦❧✈✐♥❣ s♦♠❡ ❢✉rt❤❡r ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱

❛♥❞ ♦♣t✐♠✐③❡ ♦✈❡r t❤❡ ❝♦♥tr♦❧✳ ❇❡②♦♥❞ t❤❡ ❝✉rs❡ ♦❢ ❞✐♠❡♥s✐♦♥❛❧✐t② ♣r♦❜❧❡♠

✇❤✐❝❤ ✐s ❡♥❝♦✉♥t❡r❡❞ ❜② ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s s❝❤❡♠❡s✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t ♦✉r ♠❡t❤♦❞

✐s ♠✉❝❤ s✐♠♣❧❡r ❛s t❤❡ ♠♦♥♦t♦♥✐❝✐t② ✐s s❛t✐s✜❡❞ ✇✐t❤♦✉t ❛♥② ♥❡❡❞ t♦ tr❡❛t s❡♣✲

❛r❛t❡❧② t❤❡ ❧✐♥❡❛r str✉❝t✉r❡s ❢♦r ❡❛❝❤ ✜①❡❞ ❝♦♥tr♦❧✱ ❛♥❞ ✇✐t❤♦✉t ❛♥② ❢✉rt❤❡r

✐♥✈❡st✐❣❛t✐♦♥ ♦❢ s♦♠❡ ❞✐r❡❝t✐♦♥ ♦❢ ❞✐s❝r❡t✐③❛t✐♦♥ ❢♦r t❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s✳

• ❆♥ ❛❧t❡r♥❛t✐✈❡ ✜♥✐t❡✲❞✐✛❡r❡♥❝❡s s❝❤❡♠❡ ✐s t❤❡ s❡♠✐✲▲❛❣r❛♥❣✐❛♥ ♠❡t❤♦❞ ✇❤✐❝❤



✺

s♦❧✈❡s t❤❡ ♠♦♥♦t♦♥✐❝✐t② r❡q✉✐r❡♠❡♥t ❜② ❛❜s♦r❜✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✉♥✲

❞❡r❧②✐♥❣ st❛t❡ ✐♥ t❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ s❡❡ ❡✳❣✳ ❉❡❜r❛❜❛♥t ❛♥❞

❏❛❦♦❜s❡♥ ❬✷✾❪✳ ▲♦♦s❡❧② s♣❡❛❦✐♥❣✱ t❤✐s ♠❡t❤♦❞s ✐s ❝❧♦s❡ ✐♥ s♣✐r✐t t♦ ♦✉rs✱ ❛♥❞

❝♦rr❡s♣♦♥❞s t♦ ❢r❡❡③✐♥❣ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥Wh✱ ♦✈❡r ❡❛❝❤ t✐♠❡ st❡♣ h✱ t♦ ✐ts

❛✈❡r❛❣❡ ♦r❞❡r
√
h✳ ❍♦✇❡✈❡r ✐t ❞♦❡s ♥♦t ✐♥✈♦❧✈❡ ❛♥② s✐♠✉❧❛t✐♦♥ t❡❝❤♥✐q✉❡✱ ❛♥❞

r❡q✉✐r❡s t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛t ❡❛❝❤ t✐♠❡ st❡♣✳ ❚❤✉s ✐t ✐s

❛❧s♦ s✉❜❥❡❝t t♦ t❤❡ ❝✉rs❡ ♦❢ ❞✐♠❡♥s✐♦♥❛❧✐t② ♣r♦❜❧❡♠s✳

❲❡ ✜♥❛❧❧② ♦❜s❡r✈❡ ❛ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ t❤❡ r❡❝❡♥t ✇♦r❦ ♦❢ ❑♦❤♥ ❛♥❞ ❙❡r❢❛t②

❬✹✷❪ ✇❤♦ ♣r♦✈✐❞❡ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❣❛♠❡ t❤❡♦r❡t✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ❢♦r ❢✉❧❧② ♥♦♥✕❧✐♥❡❛r

♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠s✳ ❚❤❡ ❣❛♠❡ ✐s t✐♠❡ ❧✐♠✐t❡❞ ❛♥❞ ❝♦♥s✐sts ♦❢ t✇♦ ♣❧❛②❡rs✳ ❆t ❡❛❝❤

t✐♠❡ st❡♣✱ ♦♥❡ tr✐❡s t♦ ♠❛①✐♠✐③❡ ❤❡r ❣❛✐♥ ❛♥❞ t❤❡ ♦t❤❡r t♦ ♠✐♥✐♠✐③❡ ✐t ❜② ✐♠♣♦s✐♥❣

❛ ♣❡♥❛❧t② t❡r♠ t♦ ❤❡r ❣❛✐♥✳ ❚❤❡ ♥♦♥✕❧✐♥❡❛r✐t② ♦❢ t❤❡ ❢✉❧❧② ♥♦♥✕❧✐♥❡❛r P❉❊ ❛♣♣❡❛rs

✐♥ t❤❡ ♣❡♥❛❧t②✳ ❆❧s♦✱ ❛❧t❤♦✉❣❤ t❤❡ ♥♦♥✕❧✐♥❡❛r ♣❡♥❛❧t② ❞♦❡s ♥♦t ♥❡❡❞ t♦ ❜❡ ❡❧❧✐♣t✐❝✱ ❛

♣❛r❛❜♦❧✐❝ ♥♦♥✕❧✐♥❡❛r✐t② ❛♣♣❡❛rs ✐♥ t❤❡ ❧✐♠✐t✐♥❣ P❉❊✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ✈❡r② s✐♠✐❧❛r

t♦ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❬✷✺❪ ✇❤❡r❡ s✉❝❤ ❛ ♣❛r❛❜♦❧✐❝ ❡♥✈❡❧♦♣❡ ❛♣♣❡❛rs ✐♥ t❤❡ P❉❊✱

❛♥❞ ✇❤❡r❡ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ♣❧❛②s t❤❡ r♦❧❡ ♦❢ ◆❛t✉r❡ ♣❧❛②✐♥❣ ❛❣❛✐♥st t❤❡ ♣❧❛②❡r✳

❈❤❛♣t❡r ✸

❚❤❡ ♣r❡s❡♥t ❈❤❛♣t❡r ❣❡♥❡r❛❧✐③❡s t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✐♥ ❬✸✹❪ ❢♦r ❛♣✲

♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❢✉❧❧② ♥♦♥✕❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ P❉❊s t♦ ♥♦♥✕❧♦❝❛❧ P❉❊s✳

❍❡r❡ ❜② ♥♦♥✕❧♦❝❛❧ P❉❊s✱ ✇❡ ♠❡❛♥ t❤❡ ✐♥t❡❣r♦✕♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇❤✐❝❤

s♦♠❡t✐♠❡s ❛r❡ r❡❢❡rr❡❞ t♦ ❛s ✐♥t❡❣r♦✕♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭■P❉❊✮✳ ❆s ♠❡♥✲

t✐♦♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❈❤❛♣t❡r✱ t❤❡ ♠❡t❤♦❞ ✐s ♦r✐❣✐♥❛t❡❞ ❢r♦♠ ❬✷✺❪ ✇❤❡r❡ ❛ s✐♠✐❧❛r

♣r♦❜❛❜✐❧✐st✐❝ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✐s s✉❣❣❡st❡❞ ❜❛s❡❞ ♦♥ ✷❇❙❉❊s✶✳

❆s ✐♥ ❈❤❛♣t❡r ✷✱ t❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t♦ s❡♣❛r❛t❡ t❤❡ ❡q✉❛t✐♦♥ ✐♥t♦ ❛ ♣✉r❡❧② ❧✐♥❡❛r

♣❛rt ❛♥❞ ❛ ❢✉❧❧② ♥♦♥✕❧✐♥❡❛r ♣❛rt✳ ❚❤❡♥✱ ✇❡ ✉s❡ t❤❡ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ❛ s✉✐t❛❜❧❡

❥✉♠♣✕❞✐✛✉s✐♦♥ ♣r♦❝❡ss t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❞❡r✐✈❛t✐✈❡s ❛♥❞ ✐♥t❡❣r❛❧ t❡r♠ ✐♥ t❤❡ ♥♦♥✕

❧✐♥❡❛r ♣❛rt✳ ❚❤❡ s❡♣❛r❛t✐♦♥ ✐♥t♦ ❧✐♥❡❛r ❛♥❞ ♥♦♥✕❧✐♥❡❛r ♣❛rt ✐s ❛r❜✐tr❛r② ✉♣ t♦ t❤❡

s❛t✐s❢❛❝t✐♦♥ ♦❢ s♦♠❡ ❛ss✉♠♣t✐♦♥s✳ ❚❤❡ ❛ss✉♠♣t✐♦♥s ♥❡❡❞❡❞ ❢♦r t❤✐s r❡s✉❧t ❛r❡ ❞❡✲

❣❡♥❡r❛t❡ ❡❧❧✐♣t✐❝✐t② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ r❡♠❛✐♥✐♥❣ ♥♦♥✕❧✐♥❡❛r✐t② ❛♥❞ t❤❛t t❤❡ ❞✐✛✉s✐♦♥

❝♦❡✣❝✐❡♥t ✐s ♥❡❡❞❡❞ t♦ ❞♦♠✐♥❛t❡ t❤❡ ♣❛rt✐❛❧ ❣r❛❞✐❡♥t ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ♥♦♥✕❧✐♥❡❛r✐t②

✇✐t❤ r❡s♣❡❝t t♦ ✐ts ❍❡ss✐❛♥ ❝♦♠♣♦♥❡♥t✳

❚❤❡ ♦t❤❡r ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ❈❤❛♣t❡r ✐s t❤❡ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ ❢♦r ❛♣♣r♦①✲

✐♠❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡❣r❛❧ ✇✐t❤ r❡s♣❡❝t t♦ ▲é✈② ♠❡❛s✉r❡ ✇❤✐❝❤ ❛♣♣❡❛rs ✐♥ t❤❡ ♥♦♥✕

❧♦❝❛❧ P❉❊s✳ ❚❤❡ ♠❡t❤♦❞ ✐s r❡❢❡rr❡❞ t♦ ✐♥ t❤✐s ❈❤❛♣t❡r ❛s ▼♦♥t❡ ❈❛r❧♦ ◗✉❛❞r❛t✉r❡

✭▼❈◗✮✳ ❲❡ tr❡❛t t❤❡ ❥✉♠♣s ❛s ✐♥ ❬✶✻❪ ❢♦r ✜♥✐t❡ ❛❝t✐✈✐t② ❥✉♠♣✕❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✳

❋♦r ✐♥✜♥✐t❡ ❛❝t✐✈✐t② ❥✉♠♣✕❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✱ ✇❡ tr✉♥❝❛t❡ t❤❡ ▲é✈② ♠❡❛s✉r❡ ♥❡❛r

③❡r♦ ❛♥❞ t❤❡♥ tr❡❛t t❤❡♠ ❛s ✐♥ t❤❡ ✜♥✐t❡ ♠❡❛s✉r❡ ❝❛s❡✳ ❲❡ ✐♥tr♦❞✉❝❡ ❜♦✉♥❞s ❢♦r t❤❡

tr✉♥❝❛t✐♦♥ ❡rr♦r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ ✐♥t❡❣r❛♥❞ ❛♥❞ tr✉♥❝❛t✐♦♥ ❧❡✈❡❧✳

❆❧t❤♦✉❣❤ ▼❈◗ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✱ ✇❡ ❝❤♦♦s❡ t♦ ❛♣♣r♦①✐✲

♠❛t❡ t❤❡ ▲é✈② ✐♥t❡❣r❛❧ ✐♥s✐❞❡ t❤❡ ♥♦♥✕❧✐♥❡❛r✐t② ❜② ▼❈◗✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❛❧s♦ ♥❡❡❞

✶❙❡❝♦♥❞ ♦r❞❡r ❜❛❝❦✇❛r❞ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s



✻ ❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥

t♦ ❝❤♦♦s❡ ❛♣♣r♦♣r✐❛t❡ tr✉♥❝❛t✐♦♥ ❜♦✉♥❞ ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡ st❡♣ ✇❤✐❝❤ r❡t❛✐♥s t❤❡

❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❛s ✐♥ t❤❡ ❧♦❝❛❧ ❝❛s❡ ✐♥ ❈❤❛♣t❡r ✷✳

❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ✐s ❝❛♣t✉r❡❞ ❢r♦♠ ❬✻❪ ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ❛♥❞ ❢r♦♠ ❬✶✷❪

❢♦r t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ♥♦♥✕❧♦❝❛❧ P❉❊s✱ ✇❡ ♥❡❡❞ t♦ ❝♦♥q✉❡r

t❤❡ ♥❡✇ ❞✐✣❝✉❧t✐❡s ❞✉❡ t♦ ❧❛❝❦ ♦❢ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ♦❢ ♥♦♥✕❧✐♥❡❛r✐t✐❡s ❛♣♣❡❛r✐♥❣

✐♥ ♠❛♥② ✐♥t❡r❡st✐♥❣ P❉❊s ❡✳❣✳ ❍❏❇ ❡q✉❛t✐♦♥s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐❢ t❤❡ ♥♦♥✕❧♦❝❛❧ ♥♦♥✕

❧✐♥❡❛r✐t② ✐s ♦❢ ❍❏❇ t②♣❡✱ t❤❡♥ ✐t ✐s ▲✐♣s❝❤✐t③ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ▲é✈② ♠❡❛s✉r❡ ✐♥s✐❞❡ t❤❡

♥♦♥✕❧♦❝❛❧ ✐♥t❡❣r❛❧ ✐s ✜♥✐t❡✳ ❚❤✐s ❞✐✣❝✉❧t② ♠❛❦❡s ✐t ✐♠♣♦ss✐❜❧❡ t♦ ✉s❡ ❞✐r❡❝t❧② t❤❡

♠❡t❤♦❞s ✐♥ ❬✻❪ ❛♥❞ ❬✶✷❪✳ ❲❡ s❤♦✇❡❞ t❤❛t ✐❢ t❤❡ tr✉♥❝❛t✐♦♥ t❤r❡s❤♦❧❞❀ κ❀ ✐s ♣r♦♣❡r❧②

❞❡♣❡♥❞❡♥t ♦♥ t✐♠❡ st❡♣❀ h❀ t❤❡♥ ♦♥❡ ❝❛♥ ♣r♦❞✉❝❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ✇❤✐❝❤

❝♦♥✈❡r❣❡s t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥✕❧♦❝❛❧ ♣r♦❜❧❡♠✳

❚❤❡ ✜rst r❡s✉❧t ❝♦♥❝❡r♥s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞

❢r♦♠ t❤❡ s❝❤❡♠❡❀ ✭✸✳✸✳✸✮❀ t♦ t❤❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ t❤❡ ✜♥❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠✳ ❚❤❡

❞✐✣❝✉❧t② ✇❤✐❝❤ ♠❛❦❡s t❤❡ ❞✐r❡❝t ✉s❡ ♦❢ t❤❡ ♠❡t❤♦❞ ✐♥ ❈❤❛♣t❡r ✷ ✐♠♣♦ss✐❜❧❡✱ ✐s t❤❛t

✇❤❡♥ ✇❡ ❤❛✈❡ ❛ ▲é✈② ✐♥t❡❣r❛❧ ✇✐t❤ r❡s♣❡❝t t♦ ✐♥✜♥✐t❡ ▲é✈② ♠❡❛s✉r❡ ✐♥ t❤❡ ♥♦♥✕

❧✐♥❡❛r✐t②✱ t❤❡ ♥♦♥✕❧✐♥❡❛r✐t② ✐s ♥♦ ♠♦r❡ ▲✐♣s❝❤✐t③✳ ■❢ ✇❡ tr✉♥❝❛t❡ t❤❡ ▲é✈② ♠❡❛s✉r❡✱

t❤❡ ♥♦♥✕❧✐♥❡❛r✐t② ✐s ▲✐♣s❝❤✐t③ ❜✉t ❛s tr✉♥❝❛t✐♦♥ t❤r❡s❤♦❧❞ t❡♥❞s t♦ 0✱ t❤❡ ▲✐♣s❝❤✐t③

❝♦♥st❛♥t ❜❧♦✇s ✉♣✳ ❲❡ s♦❧✈❡❞ t❤✐s ♣r♦❜❧❡♠ t❤r♦✉❣❤ ♠❛♥✐♣✉❧❛t✐✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ✜♥❛❧

✈❛❧✉❡ ♣r♦❜❧❡♠ t♦ ❛♥ ♦t❤❡r ✇❤♦s❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❝❤❡♠❡ ✐s ♠♦♥♦t♦♥❡✳ ❚✉r♥✐♥❣ t❤❡

♠❛♥✐♣✉❧❛t✐♦♥ ❜❛❝❦✱ ✇❡ ♦❜t❛✐♥ ❛ ❜♦✉♥❞❡❞ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥✳ ❚❤✐s ❛♣♣r♦①✐♠❛t✐♦♥

✐s ♥❡❛r t❤❡ ❛♣♣r♦①✐♠❛t❡ ❢✉♥❝t✐♦♥ ❝r❡❛t❡❞ ❜② t❤❡ s❝❤❡♠❡ ✭✸✳✸✳✸✮✱ ✐❢ t❤❡ tr✉♥❝❛t✐♦♥

t❤r❡s❤♦❧❞ ❞❡♣❡♥❞s ❛♣♣r♦♣r✐❛t❡❧② ♦♥ h✳

❚❤❡ s❡❝♦♥❞ r❡s✉❧t ♣r♦✈✐❞❡s r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❝♦♥❝❛✈❡ ♥♦♥✕

❧✐♥❡❛r✐t②✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✉s❡s t❤❡ r❡s✉❧ts ✐♥ ❬✶✷❪ ❛♥❞ ❬✶✸❪

✇❤✐❝❤ ❣❡♥❡r❛❧✐③❡s t❤❡ r❡s✉❧t ♦❢ ❬✻❪ t♦ ♥♦♥✕❧♦❝❛❧ ❝❛s❡✳ ❚❤❡ ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ t❤❡

❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✇✐t❤ r❡❣✉❧❛r s✉❜ ❛♥❞ s✉♣❡r✕s♦❧✉t✐♦♥s✳

P❧✉❣❣✐♥❣ t❤❡ r❡❣✉❧❛r s✉❜ ♦r s✉♣❡r✕s♦❧✉t✐♦♥ ✐♥t♦ s❝❤❡♠❡ ❛♥❞ t❤❡♥ ✉s❛❣❡ ♦❢ t❤❡ ❝♦♥✲

s✐st❡♥❝② ♣r♦✈✐❞❡s t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s✳ ❍❡r❡✱ ✇❡ ❛❧s♦ ♥❡❡❞ t♦ ✐♠♣♦s❡ t❤❡

❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ tr✉♥❝❛t✐♦♥ t❤r❡s❤♦❧❞ ❞❡♣❡♥❞ ❛♣♣r♦♣r✐❛t❡❧② ♦♥ t❤❡ t✐♠❡ st❡♣ ✐♥

♦r❞❡r t♦ ♣r❡s❡r✈❡ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❛❢t❡r tr✉♥❝❛t✐♦♥✳ ❋♦r t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r✲

❣❡♥❝❡✱ ✇❡ ❛❧s♦ ♥❡❡❞ t♦ ♠❛♥✐♣✉❧❛t❡ t❤❡ ❡q✉❛t✐♦♥ t♦ ♦❜t❛✐♥ ❛ str✐❝t❧② ♠♦♥♦t♦♥✐❝✐t② ❢♦r

t❤❡ s❝❤❡♠❡ ✇❤✐❝❤ ✐s ❛ ❝r✉❝✐❛❧ r❡q✉✐r❡♠❡♥t ✐♥ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ✐♥ ❬✶✷❪✳

❋✐♥❛❧❧②✱ ❛s ♠❡♥t✐♦♥❡❞ ✐♥ ❈❤❛♣t❡r ✷ ❢♦r ♥♦♥✕❧♦❝❛❧ ❝❛s❡✱ ✐t ✐s ✇♦rt❤② ♦❢ ♥♦t✐❝✐♥❣

t❤❡ r❡❧❛t✐♦♥ ✇✐t❤ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❬✹✷❪ t♦ ♥♦♥✕❧♦❝❛❧ ❝❛s❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✸✽❪ ✇❤✐❝❤

♣r♦✈✐❞❡s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❣❛♠❡ t❤❡♦r❡t✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ❢♦r ❢✉❧❧② ♥♦♥✕❧✐♥❡❛r ♣❛r❛❜♦❧✐❝

♣r♦❜❧❡♠s✳ ❚❤❡ ❣❛♠❡ ❝♦♥s✐sts ♦❢ t✇♦ ♣❧❛②❡rs✳ ❆t ❡❛❝❤ t✐♠❡ st❡♣ ✐♥ ❛ ♣r❡❞❡t❡r♠✐♥❡❞

t✐♠❡ ❤♦r✐③♦♥✱ ♦♥❡ tr✐❡s t♦ ♠❛①✐♠✐③❡ ❤❡r ❣❛✐♥ ❛♥❞ t❤❡ ♦t❤❡r t♦ ♠✐♥✐♠✐③❡ ✐t ❜② ✐♠♣♦s✐♥❣

❛ ♣❡♥❛❧t② t❡r♠ t♦ ❤❡r ❣❛✐♥✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ s❤❡ st❛rts ✐♥ ❛♥ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ❛♥❞

❝❤♦♦s❡s ❛ ✈❡❝t♦r p✱ ❛ ♠❛tr✐① Γ✱ ❛♥❞ ❛ ❢✉♥❝t✐♦♥ ϕ✳ ❚❤❡♥✱ ❤❡ ✇✐❧❧ ♣❧✉❣ ❛♥ ❛r❜✐tr❛r②

✈❡❝t♦r w t♦❣❡t❤❡r ✇✐t❤ p✱ Γ ❛♥❞ ϕ ✐♥ ❛ ♥♦♥✕❧✐♥❡❛r ♣❡♥❛❧t② t❡r♠ ✇❤✐❝❤ s❤♦✉❧❞ ❜❡

♣❛✐❞ ❜② ❤❡r ❛♥❞ ❝❤❛♥❣❡ ❤❡r ♣♦s✐t✐♦♥ ❜② t❛❦✐♥❣ ♦♥❡ st❡♣ ✇✐t❤ ❛♣♣r♦♣r✐❛t❡ ❧❡♥❣t❤ ✐♥

t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ✈❡❝t♦r w✳ ❆t t❤❡ ✜♥❛❧ st❛❣❡✱ s❤❡ ✇✐❧❧ ❡❛r♥ ❛s ♠✉❝❤ ❛s ❛ ❢✉♥❝t✐♦♥

♦❢ ❤❡r ✜♥❛❧ ♣♦s✐t✐♦♥✳ ❆s t✐♠❡ st❡♣ ❣♦❡s t♦ ③❡r♦✱ ❤❡r ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛t ❛♥② t✐♠❡

❛♥❞ ❛♥② ♣♦s✐t✐♦♥ ✇✐❧❧ ❝♦♥✈❡r❣❡ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ❢✉❧❧② ♥♦♥✕❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ P❉❊



✼

✇❤♦s❡ ♥♦♥✕❧✐♥❡❛r✐t② ❝♦♥s✐sts ♦❢ t❤❡ ✭❡❧❧✐♣t✐❝ ❡♥✈❡❧♦♣ ♦❢ t❤❡✮ ♣❡♥❛❧t② t❡r♠✳ ❱❡❝t♦r

p✱ ❛ ♠❛tr✐① Γ ❛♥❞ ❛ ❢✉♥❝t✐♦♥ ϕ r❡♣r❡s❡♥t t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s ❛♥❞ t❤❡

s♦❧✉t✐♦♥ ❢✉♥❝t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✳

❈❤❛♣t❡r ✹

❚❤❡ ❧♦♥❣ t❡r♠ ❝♦sts ♦❢ ❣❧♦❜❛❧ ✇❛r♠✐♥❣ ✐s ❜❡❧✐❡✈❡❞ t♦ ❜❡ s✐❣♥✐✜❝❛♥t❧② ♠♦r❡ t❤❛♥ t❤❡

❝♦st ♦❢ ❝♦♥tr♦❧❧✐♥❣ ✐t ❜② r❡❞✉❝✐♥❣ t❤❡ ♣♦❧❧✉t✐♦♥ ❞✉❡ t♦ ❣r❡❡♥❤♦✉s❡ ❣❛s❡s ✭s❡❡ ❬✺✵❪✮✳

❖♥❡ ❞✐r❡❝t ✇❛② t♦ r❡❞✉❝❡ t❤❡ ❡♠✐ss✐♦♥ ✐s t♦ ✐♠♣♦s❡ t❤❡ t❛①❛t✐♦♥ ♦♥ t❤❡ ✐♥st❛❧❧❛t✐♦♥s

✇❤♦s❡ ♣r♦❞✉❝t✐♦♥ ✐♥❝r❡❛s❡s t❤❡ ♣♦❧❧✉t✐♦♥✳ ❖♥❡ ❝❛♥ ♣r♦♣♦s❡ t❤❡ st❛♥❞❛r❞ t❛①❛t✐♦♥

s②st❡♠ ✇❤✐❝❤ ✐♠♣♦s❡s ❛ ❧✐♠✐t❛t✐♦♥ ❧❡✈❡❧ ♦♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❡❛❝❤ ✐♥st❛❧❧❛t✐♦♥ ♦✈❡r

❛ t✐♠❡ ♣❡r✐♦❞ ❛♥❞ ❛♥② ❛♠♦✉♥t ♦❢ ♣r♦❞✉❝t✐♦♥ ❛❜♦✈❡ t❤✐s ❧❡✈❡❧ ✇✐❧❧ ❜❡ ♣❡♥❛❧✐③❡❞✳ ❚❤✐s

t❛①❛t✐♦♥ ♠❡t❤♦❞ ❤❛s s♦♠❡ s✐❣♥✐✜❝❛♥t ❞✐s❛❞✈❛♥t❛❣❡s✳ ❋✐rst✱ t❤❡r❡ ✐s ♥♦ ❝❤❛♥❣❡ ✐♥

t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ t❤❡ ✐♥st❛❧❧❛t✐♦♥s ✇❤♦s❡ ❝✉rr❡♥t ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ♣♦❧✐❝② ❞♦❡s

♥♦t r❡❛❝❤ t❤❡ ❧❡✈❡❧✳ ❙❡❝♦♥❞✱ t❤❡r❡ ✐s ♥♦ ❜❡♥❡✜t ❢♦r t❤♦s❡ ✇❤♦ ❛r❡ ❜❡❧♦✇ t❤❡✐r ❧❡✈❡❧ t♦

❦❡❡♣ t❤❡✐r ♣♦s✐t✐♦♥✳ ❚❤✐s ❡✛❡❝t ❛❧s♦ ❝r❡❛t❡s ✐♥❝❡♥t✐✈❡ t♦ ♠❡r❣❡ ✇✐t❤ ♦t❤❡r ✐♥st❛❧❧❛t✐♦♥

✇❤♦ ♥❡❡❞s t♦ ♣r♦❞✉❝❡ ❛❜♦✈❡ t❤❡✐r ❧❡✈❡❧✳

❚❤❡ ❑②♦t♦ ♣r♦t♦❝♦❧ ✐♥ ✶✾✾✼ ❝♦♥❝❡r♥s ✇✐t❤ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❣r❡❡♥❤♦✉s❡ ❣❛s❡s

✐♥❝❧✉❞✐♥❣ ❈❖2 ❛♥❞ ✐s ❛❝❝❡♣t❡❞ ❜② s❡✈❡r❛❧ ❝♦✉♥tr✐❡s ❡✳❣✳ ❊✉r♦♣❡❛♥ ❯♥✐♦♥ ♠❡♠✲

❜❡rs✳ ■♥ ✷✵✵✵✱ t❤❡ ❊✉r♦♣❡❛♥ ❈♦♠♠✐ss✐♦♥ ❧❛✉♥❝❤ ❊✉r♦♣❡❛♥ ❈❧✐♠❛t❡ ❈❤❛♥❣❡ Pr♦❣r❛♠

✭❊❈❈P✮ t♦ ✐♠♣❧❡♠❡♥t ❑②♦t♦ ♣r♦t♦❝♦❧ ✐♥ ❊✉r♦♣❡✳ ❆s ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ st❛♥❞❛r❞ t❛①✲

❛t✐♦♥✱ ❊❈❈P ♣r♦♣♦s❡❞ ❊✉r♦♣❡❛♥ ❯♥✐♦♥ ❊♠✐ss✐♦♥ ❚r❛❞✐♥❣ ❙❝❤❡♠❡ ✭❊❯ ❊❚❙✮ ✇❤✐❝❤

♣r♦✈✐❞❡s ❛ ✇❛② t♦ ❝♦♥tr♦❧ t❤❡ ❡♠✐ss✐♦♥ ♦❢ ❈❖2 ✇✐t❤✐♥ ❝❛r❜♦♥ ♣♦❧❧✉t❡rs t❤r♦✉❣❤ tr❛❞✲

✐♥❣ t❤❡ ♣❛♣❡rs ✇❤✐❝❤ ❛❧❧♦✇s t❤❡♠ ❡①tr❛ ❡♠✐ss✐♦♥✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❊❚❙ ✐♠♣♦s❡s ❛

❝❛♣ ♦✈❡r t❤❡ t♦t❛❧ ❝❛r❜♦♥ ❡♠✐ss✐♦♥✳ ❲✐t❤✐♥ ❊❚❙✱ ❝❡rt❛✐♥ ✐♥❞✉str✐❛❧ ✐♥st❛❧❧❛t✐♦♥s

✇✐t❤ ✐♥t❡♥s✐✈❡ ❝❛r❜♦♥ ♣♦❧❧✉t✐♦♥ ❛r❡ ❣✐✈❡♥ ❢r❡❡ ❛❧❧♦✇❛♥❝❡s✳ ■❢ ❛♥② ✐♥st❛❧❧❛t✐♦♥ ✇❛♥ts

t♦ ♣r♦❞✉❝❡ ♠♦r❡ t❤❛♥ ❤❡r ✐♥✐t✐❛❧ ❛❧❧♦✇❛♥❝❡✱ s❤❡ s❤♦✉❧❞ ❜✉② ❛❧❧♦✇❛♥❝❡ t❤r♦✉❣❤ ❊❯

❊❚❙✳ ❍♦✇❡✈❡r✱ t❤❡ ❛❧❧♦✇❛♥❝❡s ✇✐❧❧ ❜❡ ♥❡❡❞❡❞ ✐❢ t❤❡ t♦t❛❧ ❝❛r❜♦♥ ❡♠✐ss✐♦♥ ♣❡r ♠❡♠✲

❜❡r st❛t❡ ✈✐♦❧❛t❡s ✐♠♣♦s❡❞ ❝❛♣✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ s✉❝❤ ✐♥st❛❧❧❛t✐♦♥s✱ ❛r❡ ❢❛r ❛✇❛②

❢r♦♠ t❤❡✐r ♣r♦❞✉❝t✐♦♥ ❧✐♠✐t✱ t❤❡② ❝♦✉❧❞ s❡❧❧ t❤❡✐r ❛❧❧♦✇❛♥❝❡ t❤r♦✉❣❤ t❤❡ ♠❛r❦❡t✳

❋✐rst ♣❤❛s❡ ♦❢ t❤❡ ♣r♦❣r❛♠ ✇❛s r✉♥ ❢r♦♠ ❏❛♥✉❛r② ✷✵✵✺ t♦ t❤❡ ❡♥❞ ♦❢ ✷✵✵✼✳ ❆❧❧

t❤❡ ✐♥❝❧✉❞❡❞ ✐♥st❛❧❧❛t✐♦♥s ✇❤♦ ✈✐♦❧❛t❡ t❤❡✐r ❧✐♠✐ts✱ ✇❡r❡ s✉♣♣♦s❡❞ t♦ ♣r♦✈✐❞❡ ❡♥♦✉❣❤

❛❧❧♦✇❛♥❝❡s✱ ✐❢ t❤❡ ❝❛♣ ♦♥ t♦t❛❧ ❡♠✐ss✐♦♥ ✐s r❡❛❝❤❡❞✳ ❚❤❡ ❝❛♣ ❢♦r t❤❡ s❡❝♦♥❞ ♣❤❛s❡

✭✷✵✵✽✕✷✵✶✷✮ ❤❛s ❜❡❡♥ r❡✈✐s❡❞ ❛❢t❡r t❤❡ ❝♦❧❧❛♣s❡ ✐♥ t❤❡ ✜rst ♣❤❛s❡ ✐♥ ❆♣r✐❧ ✷✵✵✻ ❞✉❡

t♦ t❤❡ r❡❧❡❛s❡ ♦❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ✉♥r❡❛❝❤❛❜✐❧✐t② t♦ t♦t❛❧ ❝❛r❜♦♥ ❡♠✐ss✐♦♥

❝❛♣✳ ▼♦r❡♦✈❡r✱ ✐♥ t❤❡ s❡❝♦♥❞ ♣❤❛s❡✱ ❊❈❈P ♣r♦♣♦s❡❞ t♦ r❡❧❡✈❛♥t ✐♥st❛❧❧❛t✐♦♥s t♦ ♣✉t

♦✛ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ✜rst ♣❤❛s❡ ❡♠✐ss✐♦♥ ❛❧❧♦✇❛♥❝❡ t♦ t❤❡ s❡❝♦♥❞ ♣❤❛s❡ ❜② ♣❛②✐♥❣ ✹✵

❡✉r♦s ♣❡r t♦♥❡✳ ❚❤❡ s❛♠❡ ♠❡❝❤❛♥✐s♠ ✐s ❞❡t❡r♠✐♥❡❞ ❜❡t✇❡❡♥ t❤❡ s❡❝♦♥❞ ♣❤❛s❡ ❛♥❞

t❤❡ t❤✐r❞ ♣❤❛s❡ ❜② t❤❡ ❝♦st ♦❢ ✶✵✵ ❡✉r♦s ♣❡r t♦♥❡✳ ❚❤✐s ♠❡❝❤❛♥✐s♠✱ ✇❤✐❝❤ ✐s r❡❢❡rr❡❞

t♦ ❛s ❜❛♥❦✐♥❣✱ ♣r♦♣♦s❡s ❛♥ ♦♣t✐♦♥ ❢♦r t❤❡ ❛❧❧♦✇❛♥❝❡ ❤♦❧❞❡r t♦ ❡①❡❝✉t❡ t❤❡ ❛❧❧♦✇❛♥❝❡

t♦ ♦✛s❡t t❤❡ ❡①❝❡ss ♣r♦❞✉❝t✐♦♥ ♦r t♦ ❦❡❡♣ ✐t ❢♦r t❤❡ ♥❡①t ♣❤❛s❡✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s s❡❡

❬✶✾❪✱ ❬✷✵❪✱ ❬✷✶❪✱ ❬✷✷❪✱ ❬✷✸❪ ❛♥❞ ❬✺✵❪✳

◆♦✇❛❞❛②s✱ t❤❡r❡ ❛r❡ ♦t❤❡r r❡❣✐♦♥❛❧ ♠❛r❦❡ts ✐♠♣❧❡♠❡♥t✐♥❣ s✐♠✐❧❛r s❝❤❡♠❡s ❛s ❊❯



✽ ❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥

❊❚❙✱ ❡✳❣✳ t❤❡ ❯❙ ❘❊❣❡♥✐❛❧ ❈▲❡❛♥ ❆✐r ■♥❝❡♥t✐✈❡ ▼❛r❦❡t ✭❘❊❈▲❆■▼✮ ♦r ❘❡❣✐♦♥❛❧

●r❡❡♥❤♦✉s❡ ●❛s ■♥❝❡♥t✐✈❡ ✭❘●●■✮✳ ❚❤r♦✉❣❤♦✉t t❤✐s ❝❤❛♣t❡r✱ ❜② ❡♠✐ss✐♦♥ ♠❛r❦❡t

✇❡ ♠❡❛♥ t❤❡ ❡♠✐ss✐♦♥ tr❛❞✐♥❣ s❝❤❡♠❡ ❊❯ ❊❚❙✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❛♥❛❧②③❡ t❤❡ ❡✛❡❝t ♦❢ ❡♠✐ss✐♦♥ ♠❛r❦❡t ✐♥ r❡❞✉❝✐♥❣ t❤❡ ❝❛r❜♦♥

❡♠✐ss✐♦♥ t❤r♦✉❣❤ t❤❡ ❝❤❛♥❣❡ ♦♥ ♣r♦❞✉❝t✐♦♥ ♣♦❧✐❝② ♦❢ t❤❡ r❡❧❡✈❛♥t ✜r♠s✳ ❚❤❡ ✜r♠✬s

♦❜❥❡❝t✐✈❡ ✐s t♦ ♠❛①✐♠✐③❡ ❤❡r ✉t✐❧✐t② ♦♥ ❤❡r ✇❡❛❧t❤ ✇❤✐❝❤ ✐s ♠❛❞❡ ♦❢ ❜♦t❤ t❤❡ ♣r♦✜t ♦❢

❤❡r ♣r♦❞✉❝t✐♦♥ ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ ❤❡r ❝❛r❜♦♥ ❛❧❧♦✇❛♥❝❡ ♣♦rt❢♦❧✐♦ ♦✈❡r ❤❡r ♣r♦❞✉❝t✐♦♥

❛♥❞ ❤❡r ♣♦rt❢♦❧✐♦ str❛t❡❣②✳ ❲❡ s♦❧✈❡ t❤❡ ✉t✐❧✐t② ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♦♥ ♣♦rt❢♦❧✐♦

str❛t❡❣② ❜② t❤❡ ❞✉❛❧✐t② ❛r❣✉♠❡♥t ❛♥❞ t❤❡♥ ♦♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❜② t❤❡ ✉s❡ ♦❢ ❍❛♠✐❧t♦♥✕

❏❛❝♦❜✐✕❇❡❧❧♠❛♥ ✭❍❏❇✮ ❡q✉❛t✐♦♥s✳

❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ♠❛r❦❡t ❛❧✇❛②s r❡❞✉❝❡s t❤❡ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ♣♦❧✐❝② ♦❢ t❤❡

s♠❛❧❧ ♣r♦❞✉❝❡rs ❛♥❞ ❧❛r❣❡ ♣r♦❞✉❝❡rs ✇❤♦ ❝❛♥ ♥♦t ❛✛❡❝t t❤❡ r✐s❦ ♣r❡♠✐❛✳ ❍♦✇❡✈❡r✱

✉♥❞❡r ❝❡rt❛✐♥ ❝❛s❡s✱ t❤❡ ❧❛r❣❡ ♣r♦❞✉❝❡r ❝❛♥ ❤❛✈❡ ❛ ❧❛r❣❡r ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ✐♥ t❤❡

♠❛r❦❡t✳ ❚❤❡ ❝♦♠♣❛r✐s♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t t❤❛t ♥❡❣❛t✐✈❡ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡

✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t♦t❛❧ ❡♠✐ss✐♦♥ ✐♠♣♦s❡❞ ❜② t❤❡ ✜r♠ ✐s ❡q✉❛❧ t♦ t❤❡

♣r✐❝❡ ♦❢ t❤❡ ❝❛r❜♦♥ ❛❧❧♦✇❛♥❝❡✱ ✉♥❞❡r s♦♠❡ ❛ss✉♠♣t✐♦♥s✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❞❡✜♥❡ t❤❡ r❛t❡ ♦❢ ♣r♦✜t ♦❢ t❤❡ ✜r♠ ❢♦r t❤❡ ♣r♦❞✉❝t✐♦♥ r❛t❡

q ❜② π(q) ✇❤❡r❡ π ❛ str✐❝t❧② ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ π ♦♥ ✐ts ♣r♦❞✉❝t✐♦♥ ✇✐t❤ π(0) = 0✱

π(∞) = −∞ ❛♥❞ π′(0+) > 0✱ ❛♥❞ t❤❡ t❤❡ r❛t❡ ♦❢ ❡♠✐ss✐♦♥ ♦❢ t❤❡ ✜r♠ ❝❛✉s❡❞ ❜② t❤❡

♣r♦❞✉❝t✐♦♥ r❛t❡ q ❜② e(q) ✇❤❡r❡ e ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥✳

■♥ t❤❡ ❛s✲✉s✉❛❧✲❜✉s✐♥❡ss ❝❛s❡ ✱ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ q̄(0) ✐s s✉❝❤ t❤❛t π′(q̄(0)) = 0✳

❲❤❡♥ t❤❡ st❛♥❞❛r❞ t❛①❛t✐♦♥ ✐s ❛♣♣❧✐❡❞ t❤❡ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥✱ q(0) s❤♦✉❧❞ s❛t✐s✜❡s

π′(q(0)) − E
Q̄0

t [α1
{Eq(0)

T ≥E♠❛①}
]e′(q̄(0)) = 0,

✇❤❡r❡ E q̄(0)

T ✐s t❤❡ ❛❝❝✉♠✉❧❛t❡❞ ❡♠✐ss✐♦♥ ♦❢ t❤❡ ✜r♠ ✱ E♠❛① ✐s t❤❡ ❝❛♣ ♦♥ t❤❡ ❡♠✐ss✐♦♥

t❤❡ ✜r♠ ❛♥❞ ✐s t❤❡ s♦✲❝❛❧❧❡❞ r✐s❦✲♥❡✉tr❛❧ ♠❡❛s✉r❡ ♦r t❤❡ st♦❝❤❛st✐❝ ❞✐s❝♦✉♥t ❢❛❝t♦r

♦❢ t❤❡ ✜r♠✳ ❇② t❤❡ ❝♦♥❝❛✈✐t② ❛ss✉♠♣t✐♦♥ ♦♥ e✳ ■t ✐s ❝❧❡❛r t❤❛t q̄(0) > q(0)✳

❖♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ♠❛r❦❡t✱ ♦♥ ❤❛s t❤❡ r❡❧❛t✐♦♥ π′(q(1))+V
(2)
e e′(q(1)) = 0 ❢♦r

t❤❡ s♠❛❧❧ ♣r♦❞✉❝❡rs✳ ■♥ ♦r❞❡r t♦ ❤❛✈❡ t❤❡ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ♣r❡✈✐♦✉s ❝❛s❡s✱

✇❡ ♥❡❡❞ t♦ ♣❛ss t❤r♦✉❣❤ t❤❡ ❝r✉❝✐❛❧ st❡♣ ♦❢ ✈❡r✐❢②✐♥❣ V
(2)
e = −St ✇❤✐❝❤ ✐♥❞✐❝❛t❡s

t❤❛t q(0) > q(1)✳ ❉❡s♣✐t❡ q̄(1)✱ q(1) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✉t✐❧✐t② ♦❢ t❤❡ ✜r♠ ❛♥❞ s♦

t❤❡ ♠❛r❦❡t ❛♣♣r♦❛❝❤ ♣r♦✈✐❞❡s ❛♥ ❡①t❡r♥❛❧✐t② ❢♦r t❤❡ ❝❛r❜♦♥ ♣r✐❝❡ ✇❤✐❝❤ ❛❧❧♦✇s t♦

♠❛♥❛❣❡ t❤❡ ♣r♦❞✉❝t✐♦♥ ✇✐t❤♦✉t ❦♥♦✇✐♥❣ t❤❡ ✉t✐❧✐t② ♦❢ t❤❡ ✜r♠✳

❋♦r ❧❛r❣❡ ♣r♦❞✉❝❡rs ✇✐t❤ ♥♦ ✐♠♣❛❝t ♦♥ t❤❡ r✐s❦ ♣r❡♠✐✉♠ ♦❢ t❤❡ ♠❛r❦❡t✱ ❝♦♠♣❛r✲

✐s♦♥ ✐s ♣r♦✈✐❞❡❞ ❜②

π′(q(2)) − e′(q(2))
(
St − V (2)

y (t, Eq(2)

t , Y q(2)

t )
)

✇❤❡r❡ V (2) ✐s t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜r♠ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♦♣t✐♠✐③❛t✐♦♥

♣r♦❜❧❡♠ ❛♥❞ Vy ✐s t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t♦t❛❧

❡♠✐ss✐♦♥ ♦❢ ❈❖2 ❛♥❞ Y q
t ✐s t❤❡ t♦t❛❧ ❡♠✐ss✐♦♥ ♣r♦❝❡ss ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r♦❞✉❝t✐♦♥

❛❝t✐✈✐t② q ♦❢ t❤❡ ❧❛r❣❡ ♣r♦❞✉❝❡r✳ ❲❡ s❤♦✇ t❤❛t Vy ✐s ♥♦♥✕♣♦s✐t✐✈❡ ❛♥❞ t❤❡r❡❢♦r❡✱

q(2) ≤ q(1) ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ❧❛r❣❡ ♣r♦❞✉❝❡r s❤♦✉❧❞ ❡✈❡♥ r❡❞✉❝❡ ❤✐s ♣r♦❞✉❝t✐♦♥

♣♦❧✐❝② ♠♦r❡ t❤❛♥ t❤❡ ❝❛s❡ ♦❢ s♠❛❧❧ ♣r♦❞✉❝❡r✳



✾

❋♦r t❤❡ ❧❛r❣❡ ♣r♦❞✉❝❡r ✇❤✐❝❤ ❤❛s ✐♠♣❛❝t ♦♥ t❤❡ r✐s❦ ♣r❡♠✐✉♠ ♦❢ t❤❡ ♠❛r❦❡t✱ ✇❡

❤❛✈❡

π′(q(3)) +
1

η
(λλ′)(q(3)) + e′(q(3))(V (3)

e + βV (3)
y ) − γλ′(q(3))V (3)

y = 0

✇❤❡r❡ λ(q) ✐s t❤❡ t❤❡ r✐s❦ ♣r❡♠✐✉♠ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r♦❞✉❝t✐♦♥ ❛❝t✐✈✐t② q ♦❢ ❧❛r❣❡

♣r♦❞✉❝❡r✱ V (3) ✐s t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜r♠✱ V
(3)
y ✐s t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ✈❛❧✉❡

❢✉♥❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t♦t❛❧ ❡♠✐ss✐♦♥ ♦❢ ❈❖2✱ V
(3)
e ✐s t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡

✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r♦❞✉❝t✐♦♥ ♣♦❧✐❝②✱ ❛♥❞ γ✱ η ❛♥❞ β ❛r❡ ♣♦s✐t✐✈❡

❝♦♥st❛♥ts ✐♥ t❤❡ ♠♦❞❡❧✳ ■♥ ♦r❞❡r t♦ ❤❛✈❡ t❤❡ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ♣r❡✈✐♦✉s

❝❛s❡s✱ ♦♥❡ ♥❡❡❞ t♦ ✈❡r✐❢② V
(3)
e = −St✳ ❚❤❡♥✱ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ q(3) ❜② q(1) ❛♥❞ q(2)

❞❡♣❡♥❞s ♦♥ t❤❡ s✐❣♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡r♠✿

−e′(q(3))βV (3)
y + λ′(q(3))

(
γV (3)

y − 1

η
λ(q(3))

)

❲❡ ♣r♦✈✐❞❡❞ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s t♦ s❤♦✇ t❤❛t t❤✐s ✐s ♣♦ss✐❜❧❡ t♦ ❤❛✈❡ q(3) ❣r❡❛t❡r

t❤❛♥ q(2)✳





❈❤❛♣t❡r ✷

❆ Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧

▼❡t❤♦❞ ❢♦r ❋✉❧❧② ◆♦♥❧✐♥❡❛r

P❛r❛❜♦❧✐❝ P❉❊s

❚❤✐s ❈❤❛♣t❡r✶ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷✳✶✱ ✇❡ ♣r♦✈✐❞❡ ❛ ♥❛t✉r❛❧ ♣r❡✲

s❡♥t❛t✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡ ✇✐t❤♦✉t ❛♣♣❡❛❧✐♥❣ t♦ t❤❡ t❤❡♦r② ♦❢ ❜❛❝❦✇❛r❞ st♦❝❤❛st✐❝

❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❙❡❝t✐♦♥ ✷✳✷ ✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ♦❢ t❤❡

❞✐s❝r❡t❡✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❛♥❞ ❝♦♥t❛✐♥s ♦✉r ✜rst ♠❛✐♥ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ❛♥❞ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ❡rr♦r ❡st✐♠❛t❡✳ ■♥ ❙❡❝t✐♦♥ ✷✳✸✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ✐♠♣❧❡♠❡♥t❛❜❧❡ ❜❛❝❦✲

✇❛r❞ s❝❤❡♠❡✱ ❛♥❞ ✇❡ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t❡ t❤❡ ✐♥❞✉❝❡❞ ▼♦♥t❡ ❈❛r❧♦ ❡rr♦r✳ ❲❡ ❛❣❛✐♥

♣r♦✈❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ✇❡ ♣r♦✈✐❞❡ ❜♦✉♥❞s ♦♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r✳ ❋✐♥❛❧❧②✱ ❙❡❝✲

t✐♦♥ ✷✳✹ ❝♦♥t❛✐♥s s♦♠❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ❡q✉❛t✐♦♥ ♦♥

t❤❡ ♣❧❛♥❡ ❛♥❞ s♣❛❝❡✱ ❛♥❞ ❢♦r ❛ ✜✈❡✲❞✐♠❡♥s✐♦♥❛❧ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ❡q✉❛t✐♦♥

❛r✐s✐♥❣ ✐♥ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♣♦rt❢♦❧✐♦ ♦♣t✐♠✐③❛t✐♦♥ ✐♥ ✜♥❛♥❝✐❛❧ ♠❛t❤❡♠❛t✐❝s✳

✷✳✶ ❉✐s❝r❡t✐③❛t✐♦♥

▲❡t µ ❛♥❞ σ ❜❡ t✇♦ ♠❛♣s ❢r♦♠ R+ × Rd t♦ Rd ❛♥❞ M(d, d)✱ r❡s♣❡❝t✐✈❡❧②✳ ❲✐t❤

a := σσT✳ ❲❡ ❞❡✜♥❡ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r✿

LXϕ :=
∂ϕ

∂t
+ µ ·Dϕ+

1

2
a ·D2ϕ.

●✐✈❡♥ ❛ ♠❛♣

F : (t, x, r, p, γ) ∈ R+ × Rd × R × Rd × Sd 7−→ F (x, r, p, γ) ∈ R

✇❡ ❝♦♥s✐❞❡r t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠✿

−LXv − F
(
·, v,Dv,D2v

)
= 0, ♦♥ [0, T ) × Rd, ✭✷✳✶✳✶✮

v(T, ·) = g, ♦♥ ∈ Rd. ✭✷✳✶✳✷✮

❯♥❞❡r s♦♠❡ ❝♦♥❞✐t✐♦♥s✱ ❛ st♦❝❤❛st✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜✲

❧❡♠ ✇❛s ♣r♦✈✐❞❡❞ ✐♥ ❬✷✺❪ ❜② ♠❡❛♥s ♦❢ t❤❡ ♥❡✇❧② ✐♥tr♦❞✉❝❡❞ ♥♦t✐♦♥ ♦❢ s❡❝♦♥❞ ♦r❞❡r

❜❛❝❦✇❛r❞ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❆s ❛♥ ✐♠♣♦rt❛♥t ✐♠♣❧✐❝❛t✐♦♥✱ s✉❝❤ ❛

st♦❝❤❛st✐❝ r❡♣r❡s❡♥t❛t✐♦♥ s✉❣❣❡sts ❛ ♣r♦❜❛❜✐❧✐st✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❢♦r t❤❡ ❛❜♦✈❡

❈❛✉❝❤② ♣r♦❜❧❡♠✳

✶❚❤✐s ✇♦r❦ ✐s r❡♣♦rt❡❞ ♦♥ ❛ ♣❛♣❡r ❝♦✕❛✉t❤♦r❡❞ ✇✐t❤ ◆✐③❛r ❚♦✉③✐ ❛♥❞ ❳❛✈✐❡r ❲❛r✐♥✳



✶✷
❈❤❛♣t❡r ✷✳ ❆ Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞ ❢♦r ❋✉❧❧② ◆♦♥❧✐♥❡❛r

P❛r❛❜♦❧✐❝ P❉❊s

❚❤❡ ❝❤✐❡❢ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♦❜t❛✐♥ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡

s✉❣❣❡st❡❞ ✐♥ ❬✷✺❪ ❜② ❛ ❞✐r❡❝t ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ ✭✷✳✶✳✶✮✲✭✷✳✶✳✷✮ ✇✐t❤♦✉t ❛♣♣❡❛❧✐♥❣ t♦

t❤❡ ♥♦t✐♦♥ ♦❢ ❜❛❝❦✇❛r❞ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳

❚♦ ❞♦ t❤✐s✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ Rd✲✈❛❧✉❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ W ♦♥ ❛ ✜❧t❡r❡❞ ♣r♦❜❛✲

❜✐❧✐t② s♣❛❝❡ (Ω,F ,F,P)✱ ✇❤❡r❡ t❤❡ ✜❧tr❛t✐♦♥ F = {Ft, t ∈ [0, T ]} s❛t✐s✜❡s t❤❡ ✉s✉❛❧

❝♦♠♣❧❡t❡♥❡ss ❝♦♥❞✐t✐♦♥s✱ ❛♥❞ F0 ✐s tr✐✈✐❛❧✳

❋♦r ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r n✱ ❧❡t h := T/n✱ ti = ih✱ i = 0, . . . , n✱ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ♦♥❡

st❡♣ ❛❤❡❛❞ ❊✉❧❡r ❞✐s❝r❡t✐③❛t✐♦♥

X̂t,x
h := x+ µ(t, x)h+ σ(t, x)(Wt+h −Wt), ✭✷✳✶✳✸✮

♦❢ t❤❡ ❞✐✛✉s✐♦♥ X ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r LX ✳ ❖✉r ❛♥❛❧②s✐s ❞♦❡s

♥♦t r❡q✉✐r❡ ❛♥② ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧t ❢♦r t❤❡ ✉♥❞❡r❧②✐♥❣ ❞✐✛✉s✐♦♥ X✳

❍♦✇❡✈❡r✱ t❤❡ s✉❜s❡q✉❡♥t ❢♦r♠❛❧ ❞✐s❝✉ss✐♦♥ ❛ss✉♠❡s ✐t ✐♥ ♦r❞❡r t♦ ♣r♦✈✐❞❡s ❛ ♥❛t✉r❛❧

❥✉st✐✜❝❛t✐♦♥ ♦❢ ♦✉r ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✳

❆ss✉♠✐♥❣ t❤❛t t❤❡ P❉❊ ✭✷✳✶✳✶✮ ❤❛s ❛ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ■tô✬s

❢♦r♠✉❧❛ t❤❛t

Eti,x

[
v
(
ti+1, Xti+1

)]
= v (ti, x) + Eti,x

[∫ ti+1

ti

LXv(t,Xt)dt

]

✇❤❡r❡ ✇❡ ✐❣♥♦r❡❞ t❤❡ ❞✐✣❝✉❧t✐❡s r❡❧❛t❡❞ t♦ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ♣❛rt✱ ❛♥❞ Eti,x :=

E[·|Xti = x] ❞❡♥♦t❡s t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦♣❡r❛t♦r ❝♦♥❞✐t✐♦♥❛❧ ♦♥ {Xti = x}✳ ❙✐♥❝❡

v s♦❧✈❡s t❤❡ P❉❊ ✭✷✳✶✳✶✮✱ t❤✐s ♣r♦✈✐❞❡s

v(ti, x) = Eti,x

[
v
(
ti+1, Xti+1

)]
+ Eti,x

[∫ ti+1

ti

F (·, v,Dv,D2v)(t,Xt)dt

]
.

❇② ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❘✐❡♠❛♥♥ ✐♥t❡❣r❛❧✱ ❛♥❞ r❡♣❧❛❝✐♥❣ t❤❡ ♣r♦❝❡ss X ❜② ✐ts ❊✉❧❡r

❞✐s❝r❡t✐③❛t✐♦♥✱ t❤✐s s✉❣❣❡st t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ v

vh(T, .) := g ❛♥❞ vh(ti, x) := Th[vh](ti, x), ✭✷✳✶✳✹✮

✇❤❡r❡ ✇❡ ❞❡♥♦t❡❞ ❢♦r ❛ ❢✉♥❝t✐♦♥ ψ : R+ × Rd −→ R ✇✐t❤ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤✿

Th[ψ](t, x) := E

[
ψ(t+ h, X̂t,x

h )
]

+ hF (·,Dhψ) (t, x),✭✷✳✶✳✺✮

Dk
hψ(t, x) := E[Dkψ(t+ h, X̂t,x

h )], k = 0, 1, 2, Dhψ :=
(
D0

hψ,D1
hψ,D2

hψ
)❚
,✭✷✳✶✳✻✮

❛♥❞ Dk ✐s t❤❡ k−t❤ ♦r❞❡r ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s♣❛❝❡

✈❛r✐❛❜❧❡ x✳ ❚❤❡ ❞✐✛❡r❡♥t✐❛t✐♦♥s ✐♥ t❤❡ ❛❜♦✈❡ s❝❤❡♠❡ ❛r❡ t♦ ❜❡ ✉♥❞❡rst♦♦❞ ✐♥ t❤❡

s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥s✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ✇❡❧❧✲❞❡✜♥❡❞ ✇❤❡♥❡✈❡r g ❤❛s ❡①♣♦♥❡♥t✐❛❧

❣r♦✇t❤ ❛♥❞ F ✐s ❛ ▲✐♣s❝❤✐t③ ♠❛♣✳ ❚♦ s❡❡ t❤✐s✱ ♦❜s❡r✈❡ t❤❛t ❛♥② ❢✉♥❝t✐♦♥ ✇✐t❤

❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ❤❛s ✇❡❛❦ ❣r❛❞✐❡♥t ❛♥❞ ❍❡ss✐❛♥ ❜❡❝❛✉s❡ t❤❡ ●❛✉ss✐❛♥ ❦❡r♥❡❧ ✐s ❛

❙❝❤✇❛rt③ ❢✉♥❝t✐♦♥✱ ❛♥❞ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ✐s ✐♥❤❡r✐t❡❞ ❛t ❡❛❝❤ t✐♠❡ st❡♣ ❢r♦♠

t❤❡ ▲✐♣s❝❤✐t③ ♣r♦♣❡rt② ♦❢ F ✳

❆t t❤✐s st❛❣❡✱ t❤❡ ❛❜♦✈❡ ❜❛❝❦✇❛r❞ ❛❧❣♦r✐t❤♠ ♣r❡s❡♥ts t❤❡ s❡r✐♦✉s ❞r❛✇❜❛❝❦ ♦❢

✐♥✈♦❧✈✐♥❣ t❤❡ ❣r❛❞✐❡♥t Dvh(ti+1, .) ❛♥❞ t❤❡ ❍❡ss✐❛♥ D2vh(ti+1, .) ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡

vh(ti, .)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❛✈♦✐❞s t❤✐s ❞✐✣❝✉❧t② ❜② ❛♥ ❡❛s② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts

❛r❣✉♠❡♥t✳



✷✳✶✳ ❉✐s❝r❡t✐③❛t✐♦♥ ✶✸

▲❡♠♠❛ ✷✳✶✳✶ ❋♦r ❡✈❡r② ❢✉♥❝t✐♦♥ ϕ : QT → R ✇✐t❤ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤✱ ✇❡ ❤❛✈❡✿

Dhϕ(ti, x) = E

[
ϕ(ti+1, X̂

ti,x
h )Hh(ti, x)

]
,

✇❤❡r❡ Hh = (Hh
0 , H

h
1 , H

h
2 )❚ ❛♥❞

Hh
0 = 1, Hh

1 =
(
σT
)−1 Wh

h
, Hh

2 =
(
σT
)−1 WhW

T
h − hId

h2
σ−1. ✭✷✳✶✳✼✮

Pr♦♦❢✳ ❚❤❡ ♠❛✐♥ ✐♥❣r❡❞✐❡♥t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❛s② ♦❜s❡r✈❛t✐♦♥✳ ▲❡t G ❜❡ ❛ ♦♥❡

❞✐♠❡♥s✐♦♥❛❧ ●❛✉ss✐❛♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ✉♥✐t ✈❛r✐❛♥❝❡✳ ❚❤❡♥✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥

f : R −→ R ✇✐t❤ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤✱ ✇❡ ❤❛✈❡✿

E[f(G)Hk(G)] = E[f (k)(G)], ✭✷✳✶✳✽✮

✇❤❡r❡ f (k) ✐s t❤❡ k−t❤ ♦r❞❡r ❞❡r✐✈❛t✐✈❡ ♦❢ f ✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥s✱ ❛♥❞ Hk ✐s

t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❍❡r♠✐t❡ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ k✳

✶ ◆♦✇✱ ❧❡t ϕ : Rd −→ R ❜❡ ❛ ❢✉♥❝t✐♦♥ ✇✐t❤ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤✳ ❚❤❡♥✱ ❜② ❞✐r❡❝t

❝♦♥❞✐t✐♦♥✐♥❣✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✶✳✽✮ t❤❛t

E

[
ϕ(X̂t,x

h )W i
h

]
= h

d∑

j=1

E

[
∂ϕ

∂xj
(X̂t,x

h )σji(t, x)

]
,

❛♥❞ t❤❡r❡❢♦r❡✿

E

[
ϕ(X̂t,x

h )Hh
1 (t, x)

]
= σ(t, x)TE

[
∇ϕ(X̂t,x

h )
]
.

✷ ❋♦r i 6= j✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✶✳✽✮ t❤❛t

E

[
ϕ(X̂t,x

h )W i
hW

j
h

]
= h

d∑

k=1

E

[
∂ϕ

∂xk
(X̂t,x

h )W j
hσki(t, x)

]

= h2
d∑

k,l=1

E

[
∂2ϕ

∂xk∂xl
(X̂t,x

h )σlj(t, x)σki(t, x)

]
,

❛♥❞ ❢♦r j = i✿

E

[
ϕ(X̂t,x

h )((W i
h)2 − h)

]
= h2

d∑

k,l=1

E

[
∂2ϕ

∂xk∂xl
(X̂t,x

h )σli(t, x)σki(t, x)

]
.

❚❤✐s ♣r♦✈✐❞❡s✿

E

[
ϕ(X̂t,x

h )Hh
2 (t, x)

]
= σ(t, x)TE

[
∇2ϕ(X̂t,x

h )σ(t, x)
]
.

✷

■♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✷✳✶✳✶✱ t❤❡ ✐t❡r❛t✐♦♥ ✇❤✐❝❤ ❝♦♠♣✉t❡s vh(ti, .) ♦✉t ♦❢ vh(ti+1, .)

✐♥ ✭✷✳✶✳✹✮✲✭✸✳✶✳✽✮ ❞♦❡s ♥♦t ✐♥✈♦❧✈❡ t❤❡ ❣r❛❞✐❡♥t ❛♥❞ t❤❡ ❍❡ss✐❛♥ ♦❢ t❤❡ ❧❛tt❡r ❢✉♥❝t✐♦♥✳



✶✹
❈❤❛♣t❡r ✷✳ ❆ Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞ ❢♦r ❋✉❧❧② ◆♦♥❧✐♥❡❛r

P❛r❛❜♦❧✐❝ P❉❊s

❘❡♠❛r❦ ✷✳✶✳✶ ❈❧❡❛r❧②✱ ♦♥❡ ❝❛♥ ♣r♦❝❡❡❞ t♦ ❞✐✛❡r❡♥t ❝❤♦✐❝❡s ❢♦r t❤❡ ✐♥t❡❣r❛t✐♦♥ ❜②

♣❛rts ✐♥ ▲❡♠♠❛ ✷✳✶✳✶✳ ❖♥❡ s✉❝❤ ♣♦ss✐❜✐❧✐t② ❧❡❛❞s t♦ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ Dh
2ϕ ❛s✿

Dh
2ϕ(t, x) = E

[
ϕ(X̂t,x

h )(σT)−1Wh/2

(h/2)

WT
h/2

(h/2)
σ−1

]
.

❚❤✐s r❡♣r❡s❡♥t❛t✐♦♥ s❤♦✇s t❤❛t t❤❡ ❜❛❝❦✇❛r❞ s❝❤❡♠❡ ✭✷✳✶✳✹✮ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡

♣r♦❜❛❜✐❧✐st✐❝ ♥✉♠❡r✐❝❛❧ ❛❧❣♦r✐t❤♠ s✉❣❣❡st❡❞ ✐♥ ❬✷✺❪✳

❖❜s❡r✈❡ t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❞r✐❢t ❛♥❞ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts µ ❛♥❞ σ ✐♥

t❤❡ ♥♦♥❧✐♥❡❛r P❉❊ ✭✷✳✶✳✶✮ ✐s ❛r❜✐tr❛r②✳ ❙♦ ❢❛r✱ ✐t ❤❛s ❜❡❡♥ ♦♥❧② ✉s❡❞ ✐♥ ♦r❞❡r t♦

❞❡✜♥❡ t❤❡ ✉♥❞❡r❧②✐♥❣ ❞✐✛✉s✐♦♥ X✳ ❖✉r ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ✇✐❧❧ ❤♦✇❡✈❡r ♣❧❛❝❡ s♦♠❡

r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t✱ s❡❡ ❘❡♠❛r❦ ✷✳✷✳✸✳

❖♥❝❡ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r LX ✐s ❝❤♦s❡♥ ✐♥ t❤❡ ♥♦♥❧✐♥❡❛r P❉❊✱ t❤❡ ❛❜♦✈❡ ❛❧❣♦r✐t❤♠

❤❛♥❞❧❡s t❤❡ r❡♠❛✐♥✐♥❣ ♥♦♥❧✐♥❡❛r✐t② ❜② t❤❡ ❝❧❛ss✐❝❛❧ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s ❛♣♣r♦①✐♠❛t✐♦♥✳

❚❤✐s ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠❛❧ ✐♥t❡r✲

♣r❡t❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✷✳✶✳✶✱ ✇❤❡r❡ ❢♦r ❡❛s❡ ♦❢ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡ s❡t d = 1✱ µ ≡ 0✱ ❛♥❞

σ(x) ≡ 1✿

• ❈♦♥s✐❞❡r t❤❡ ❜✐♥♦♠✐❛❧ r❛♥❞♦♠ ✇❛❧❦ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥

Ŵtk :=
∑k

j=1wj ✱ tk := kh, k ≥ 1✱ ✇❤❡r❡ {wj , j ≥ 1} ❛r❡ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠

✈❛r✐❛❜❧❡s ❞✐str✐❜✉t❡❞ ❛s 1
2

(
δ√h + δ−

√
h

)
✳ ❚❤❡♥✱ t❤✐s ✐♥❞✉❝❡s t❤❡ ❢♦❧❧♦✇✐♥❣

❛♣♣r♦①✐♠❛t✐♦♥✿

D1
hψ(t, x) := E

[
ψ(t+ h,Xt,x

h )Hh
1

]
≈ ψ(t, x+

√
h) − ψ(t, x−

√
h)

2
√
h

,

✇❤✐❝❤ ✐s t❤❡ ❝❡♥t❡r❡❞ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t✳

• ❙✐♠✐❧❛r❧②✱ ❝♦♥s✐❞❡r t❤❡ tr✐♥♦♠✐❛❧ r❛♥❞♦♠ ✇❛❧❦ ❛♣♣r♦①✐♠❛t✐♦♥ Ŵtk :=
∑k

j=1wj ✱

tk := kh, k ≥ 1✱ ✇❤❡r❡ {wj , j ≥ 1} ❛r❡ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❞✐s✲

tr✐❜✉t❡❞ ❛s 1
6

(
δ{

√
3h} + 4δ{0} + δ{−

√
3h}

)
✱ s♦ t❤❛t E[wn

j ] = E[Wn
h ] ❢♦r ❛❧❧ ✐♥✲

t❡❣❡rs n ≤ 4✳ ❚❤❡♥✱ t❤✐s ✐♥❞✉❝❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥✿

D2
hψ(t, x) := E

[
ψ(t+ h,Xt,x

h )Hh
2

]
≈ ψ(t, x+

√
3h) − 2ψ(t, x) + ψ(t, x−

√
3h)

3h
,

✇❤✐❝❤ ✐s t❤❡ ❝❡♥t❡r❡❞ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❍❡ss✐❛♥✳

■♥ ✈✐❡✇ ♦❢ t❤❡ ❛❜♦✈❡ ✐♥t❡r♣r❡t❛t✐♦♥✱ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ st✉❞✐❡❞ ✐♥ t❤✐s ♣❛♣❡r ❝❛♥

❜❡ ✈✐❡✇❡❞ ❛s ❛ ♠✐①❡❞ ▼♦♥t❡ ❈❛r❧♦✕❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡s ❛❧❣♦r✐t❤♠✳ ❚❤❡ ▼♦♥t❡ ❈❛r❧♦

❝♦♠♣♦♥❡♥t ♦❢ t❤❡ s❝❤❡♠❡ ❝♦♥s✐sts ✐♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛♥ ✉♥❞❡r❧②✐♥❣ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss

X✳ ❚❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ s❝❤❡♠❡ ❝♦♥s✐sts ✐♥ ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡

r❡♠❛✐♥✐♥❣ ♥♦♥❧✐♥❡❛r✐t② ❜② ♠❡❛♥s ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥✲❜②✲♣❛rts ❢♦r♠✉❧❛ ♦❢ ▲❡♠♠❛ ✷✳✶✳✶✳



✷✳✷✳ ❆s②♠♣t♦t✐❝s ♦❢ t❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✶✺

✷✳✷ ❆s②♠♣t♦t✐❝s ♦❢ t❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥

✷✳✷✳✶ ❚❤❡ ♠❛✐♥ r❡s✉❧ts

❖✉r ✜rst ♠❛✐♥ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❢♦❧❧♦✇ t❤❡ ❣❡♥❡r❛❧ ♠❡t❤♦❞♦❧♦❣② ♦❢ ❇❛r❧❡s ❛♥❞

❙♦✉❣❛♥✐❞✐s ❬✻❪✱ ❛♥❞ r❡q✉✐r❡s t❤❛t t❤❡ ♥♦♥❧✐♥❡❛r P❉❊ ✭✷✳✶✳✶✮ s❛t✐s✜❡s ❛ ❝♦♠♣❛r✐s♦♥

r❡s✉❧t ✐♥ t❤❡ s❡♥s❡ ♦❢ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s✳

❲❡ r❡❝❛❧❧ t❤❛t ❛♥ ✉♣♣❡r✲s❡♠✐❝♦♥t✐♥✉♦✉s ✭r❡s♣✳ ❧♦✇❡r s❡♠✐❝♦♥t✐♥✉♦✉s✮ ❢✉♥❝t✐♦♥

v ✭r❡s♣✳ v✮ ♦♥ [0, T ] × Rd✱ ✐s ❝❛❧❧❡❞ ❛ ✈✐s❝♦s✐t② s✉❜s♦❧✉t✐♦♥ ✭r❡s♣✳ s✉♣❡rs♦❧✉t✐♦♥✮ ♦❢

✭✷✳✶✳✶✮ ✐❢ ❢♦r ❛♥② (t, x) ∈ [0, T ) × Rd ❛♥❞ ❛♥② s♠♦♦t❤ ❢✉♥❝t✐♦♥ ϕ s❛t✐s❢②✐♥❣

0 = (v − ϕ)(t, x) = max
[0,T ]×Rd

(v − ϕ)

(
r❡s♣✳ 0 = (v − ϕ)(t, x) = min

[0,T ]×Rd
(v − ψ)

)
,

✇❡ ❤❛✈❡✿

−LXϕ− F (t, x,Dϕ(t, x)) ≤ ✭r❡s♣✳ ≥✮ 0.

❉❡✜♥✐t✐♦♥ ✷✳✷✳✶ ❲❡ s❛② t❤❛t ✭✷✳✶✳✶✮ ❤❛s ❝♦♠♣❛r✐s♦♥ ❢♦r ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s ✐❢ ❢♦r

❛♥② ❜♦✉♥❞❡❞ ✉♣♣❡r s❡♠✐❝♦♥t✐♥✉♦✉s s✉❜s♦❧✉t✐♦♥ v ❛♥❞ ❛♥② ❜♦✉♥❞❡❞ ❧♦✇❡r s❡♠✐❝♦♥✲

t✐♥✉♦✉s s✉♣❡rs♦❧✉t✐♦♥ v ♦♥ [0, T ) × Rd✱ s❛t✐s❢②✐♥❣

v(T, ·) ≤ v(T, ·),

✇❡ ❤❛✈❡ v ≤ v✳

❘❡♠❛r❦ ✷✳✷✳✶ ❇❛r❧❡s ❛♥❞ ❙♦✉❣❛♥✐❞✐s ❬✻❪ ✉s❡ ❛ str♦♥❣❡r ♥♦t✐♦♥ ♦❢ ❝♦♠♣❛r✐s♦♥ ❜②

❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ ✜♥❛❧ ❝♦♥❞✐t✐♦♥✱ t❤✉s ❛❧❧♦✇✐♥❣ ❢♦r ❛ ♣♦ss✐❜❧❡ ❜♦✉♥❞❛r② ❧❛②❡r✳ ■♥

t❤❡✐r ❝♦♥t❡①t✱ ❛ s✉♣❡rs♦❧✉t✐♦♥ v ❛♥❞ ❛ s✉❜s♦❧✉t✐♦♥ v s❛t✐s❢②✿

min
{
−LXv(T, x) − F (T, x,Dv(T, x)), v(T, x) − g(x)

}
≤ 0 ✭✷✳✷✳✶✮

max
{
−LXv(T, x) − F (T, x,Dv(T, x)), v(T, x) − g(x)

}
≥ 0. ✭✷✳✷✳✷✮

❲❡ ♦❜s❡r✈❡ t❤❛t✱ ❜② t❤❡ ♥❛t✉r❡ ♦❢ ♦✉r ❡q✉❛t✐♦♥✱ ✭✷✳✷✳✶✮ ❛♥❞ ✭✷✳✷✳✷✮ ✐♠♣❧② t❤❛t t❤❡

s✉❜s♦❧✉t✐♦♥ v ≤ g ❛♥❞ t❤❡ s✉♣❡rs♦❧✉t✐♦♥ v ≥ g✱ ✐✳❡✳ t❤❡ ✜♥❛❧ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s ✐♥ t❤❡

✉s✉❛❧ s❡♥s❡✱ ❛♥❞ ♥♦ ❜♦✉♥❞❛r② ❧❛②❡r ❝❛♥ ♦❝❝✉r✳ ❚♦ s❡❡ t❤✐s✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②

✇❡ s✉♣♣♦s❡ t❤❛t F (t, x, r, p, γ) ✐s ❞❡❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ r ✭s❡❡ ❘❡♠❛r❦ ✷✳✷✳✼✮✳

▲❡t ϕ ❜❡ ❛ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣

0 = (v − ϕ)(T, x) = max
[0,T ]×Rd

(v − ϕ).

❚❤❡♥ ❞❡✜♥❡ ϕK(t, ·) = ϕ(t, ·) + K(T − t) ❢♦r K > 0✳ ❚❤❡♥ v − ϕK ❛❧s♦ ❤❛s ❛

♠❛①✐♠✉♠ ❛t (T, x)✱ ❛♥❞ t❤❡ s✉❜s♦❧✉t✐♦♥ ♣r♦♣❡rt② ✭✷✳✷✳✶✮ ✐♠♣❧✐❡s t❤❛t

min
{
−LXϕ(T, x) − F (T, x,Dϕ(T, x)) +K, v(T, x) − g(x)

}
≤ 0.

❋♦r ❛ s✉✣❝✐❡♥t❧② ❧❛r❣❡ K✱ t❤✐s ♣r♦✈✐❞❡s t❤❡ r❡q✉✐r❡❞ ✐♥❡q✉❛❧✐t② v(T, x) − g(x) ≤ 0✳

❆ s✐♠✐❧❛r ❛r❣✉♠❡♥t s❤♦✇s t❤❛t ✭✷✳✷✳✶✮ ✐♠♣❧✐❡s t❤❛t v − g ≥ 0✳



✶✻
❈❤❛♣t❡r ✷✳ ❆ Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞ ❢♦r ❋✉❧❧② ◆♦♥❧✐♥❡❛r

P❛r❛❜♦❧✐❝ P❉❊s

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❞❡♥♦t❡ ❜② Fr✱ Fp ❛♥❞ Fγ t❤❡ ♣❛rt✐❛❧ ❣r❛❞✐❡♥ts ♦❢ F ✇✐t❤ r❡s♣❡❝t

t♦ r✱ p ❛♥❞ γ✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❛❧s♦ ❞❡♥♦t❡ ❜② F−
γ t❤❡ ♣s❡✉❞♦✲✐♥✈❡rs❡ ♦❢ t❤❡ ♥♦♥✲

♥❡❣❛t✐✈❡ s②♠♠❡tr✐❝ ♠❛tr✐① Fγ ✳ ❲❡ r❡❝❛❧❧ t❤❛t ❛♥② ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ ✐s ❞✐✛❡r❡♥t✐❛❜❧❡

❛✳❡✳

❆ss✉♠♣t✐♦♥ ❋ ✭✐✮ ❚❤❡ ♥♦♥❧✐♥❡❛r✐t② F ✐s ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦

(x, r, p, γ) ✉♥✐❢♦r♠❧② ✐♥ t✱ ❛♥❞ |F (·, ·, 0, 0, 0)|∞ <∞❀

✭✐✐✮ F ✐s ❡❧❧✐♣t✐❝ ❛♥❞ ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ❞✐✛✉s✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r LX ✱ ✐✳❡✳

∇γF ≤ a ♦♥ Rd × R × Rd × Sd; ✭✷✳✷✳✸✮

✭✐✐✐✮ Fp ∈ Image(Fγ) ❛♥❞
∣∣F❚p F−

γ Fp

∣∣
∞ < +∞✳

❘❡♠❛r❦ ✷✳✷✳✷ ❆ss✉♠♣t✐♦♥ ❋ ✭✐✐✐✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

|m−
F |∞ <∞ ✇❤❡r❡ mF := min

w∈Rd

{
Fp · w + w❚Fγw

}
. ✭✷✳✷✳✹✮

❚❤✐s ✐s ✐♠♠❡❞✐❛t❡❧② s❡❡♥ ❜② r❡❝❛❧❧✐♥❣ t❤❛t✱ ❜② t❤❡ s②♠♠❡tr✐❝ ❢❡❛t✉r❡ ♦❢ Fγ ✱ ❛♥②

w ∈ Rd ❤❛s ❛♥ ♦rt❤♦❣♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ w = w1 +w2 ∈ ❑❡r(Fγ)⊕ ■♠❛❣❡(Fγ)✱ ❛♥❞

❜② t❤❡ ♥♦♥♥❡❣❛t✐✈✐t② ♦❢ Fγ ✿

Fp · w + w❚Fγw = Fp · w1 + Fp · w2 + w❚2 Fγw2

= −1

4
F❚p F

−
γ Fp + Fp · w1 +

∣∣1
2
(F−

γ )1/2 · Fp − F 1/2
γ w2

∣∣2.

❘❡♠❛r❦ ✷✳✷✳✸ ❚❤❡ ❛❜♦✈❡ ❈♦♥❞✐t✐♦♥ ✭✸✳✸✳✷✮ ♣❧❛❝❡s s♦♠❡ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❝❤♦✐❝❡

♦❢ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r LX ✐♥ t❤❡ ♥♦♥❧✐♥❡❛r P❉❊ ✭✷✳✶✳✶✮✳ ❋✐rst✱ F ✐s r❡q✉✐r❡❞ t♦ ❜❡

✉♥✐❢♦r♠❧② ❡❧❧✐♣t✐❝✱ ✐♠♣❧②✐♥❣ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♠❛tr✐①

σ✳ ❙✐♥❝❡ σσT ∈ S+
d ✱ t❤✐s ✐♠♣❧✐❡s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t ♦✉r ♠❛✐♥ r❡s✉❧ts ❞♦ ♥♦t ❛♣♣❧②

t♦ ❣❡♥❡r❛❧ ❞❡❣❡♥❡r❛t❡ ♥♦♥❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ P❉❊s✳ ❙❡❝♦♥❞✱ t❤❡ ❞✐✛✉s✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r

♦♣❡r❛t♦r σ ✐s r❡q✉✐r❡❞ t♦ ❞♦♠✐♥❛t❡ t❤❡ ♥♦♥❧✐♥❡❛r✐t② F ✇❤✐❝❤ ♣❧❛❝❡s ✐♠♣❧✐❝✐t❧② ❛ ❧♦✇❡r

❜♦✉♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ σ✳

❊①❛♠♣❧❡ ✷✳✷✳✶ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♥♦♥❧✐♥❡❛r P❉❊ ✐♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡

−∂v
∂t − 1

2

(
a2v+

xx − b2v−xx

)
✇❤❡r❡ 0 < b < a ❛r❡ ❣✐✈❡♥ ❝♦♥st❛♥ts✳ ❚❤❡♥ ✐❢ ✇❡ r❡str✐❝t

t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ t♦ ❜❡ ❝♦♥st❛♥t✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❈♦♥❞✐t✐♦♥ ❋ t❤❛t 1
3a

2 ≤
σ2 ≤ b2✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t a2 ≤ 3b2✳ ■❢ t❤❡ ♣❛r❛♠❡t❡rs a ❛♥❞ b ❞♦ ♥♦t s❛t✐s❢②

t❤❡ ❧❛tt❡r ❝♦♥❞✐t✐♦♥✱ t❤❡♥ t❤❡ ❞✐✛✉s✐♦♥ σ ❤❛s t♦ ❜❡ ❝❤♦s❡♥ t♦ ❜❡ st❛t❡ ❛♥❞ t✐♠❡

❞❡♣❡♥❞❡♥t✳

❚❤❡♦r❡♠ ✷✳✷✳✶ ✭❈♦♥✈❡r❣❡♥❝❡✮ ▲❡t ❆ss✉♠♣t✐♦♥ ❋ ❤♦❧❞ tr✉❡✱ ❛♥❞ |µ|1✱ |σ|1 <∞
❛♥❞ σ ✐s ✐♥✈❡rt✐❜❧❡✳ ❆❧s♦ ❛ss✉♠❡ t❤❛t t❤❡ ❢✉❧❧② ♥♦♥❧✐♥❡❛r P❉❊ ✭✷✳✶✳✶✮ ❤❛s ❝♦♠♣❛r✐s♦♥

❢♦r ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s✳ ❚❤❡♥ ❢♦r ❡✈❡r② ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ g✱ t❤❡r❡ ❡①✐sts ❛

❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ v s♦ t❤❛t

vh −→ v ❧♦❝❛❧❧② ✉♥✐❢♦r♠❧②.

■♥ ❛❞❞✐t✐♦♥✱ v ✐s t❤❡ ✉♥✐q✉❡ ❜♦✉♥❞❡❞ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✷✳✶✳✶✮✲✭✷✳✶✳✷✮✳



✷✳✷✳ ❆s②♠♣t♦t✐❝s ♦❢ t❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✶✼

❘❡♠❛r❦ ✷✳✷✳✹ ❯♥❞❡r t❤❡ ❜♦✉♥❞❡❞♥❡ss ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❝♦❡✣❝✐❡♥ts µ ❛♥❞ σ✱ t❤❡

r❡str✐❝t✐♦♥ t♦ ❛ ❜♦✉♥❞❡❞ t❡r♠✐♥❛❧ ❞❛t❛ g ✐♥ t❤❡ ❛❜♦✈❡ ❚❤❡♦r❡♠ ✷✳✷✳✶ ❝❛♥ ❜❡ r❡❧❛①❡❞

❜② ❛♥ ✐♠♠❡❞✐❛t❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✳ ▲❡t g ❜❡ ❛ ❢✉♥❝t✐♦♥ ✇✐t❤ α−❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤
❢♦r s♦♠❡ α > 0✳ ❋✐① s♦♠❡M > 0✱ ❛♥❞ ❧❡t ρ ❜❡ ❛♥ ❛r❜✐tr❛r② s♠♦♦t❤ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥

✇✐t❤✿

ρ(x) = eα|x| ❢♦r |x| ≥M,

s♦ t❤❛t ❜♦t❤ ρ(x)−1∇ρ(x) ❛♥❞ ρ(x)−1∇2ρ(x) ❛r❡ ❜♦✉♥❞❡❞✳ ▲❡t

u(t, x) := ρ(x)−1v(t, x) ❢♦r (t, x) ∈ [0, T ] × Rd.

❚❤❡♥✱ t❤❡ ♥♦♥❧✐♥❡❛r P❉❊ ♣r♦❜❧❡♠ ✭✷✳✶✳✶✮✲✭✷✳✶✳✷✮ s❛t✐s✜❡❞ ❜② v ❝♦♥✈❡rts ✐♥t♦ t❤❡

❢♦❧❧♦✇✐♥❣ ♥♦♥❧✐♥❡❛r P❉❊ ❢♦r u✿

− LXu− F̃
(
·, u,Du,D2u

)
= 0 ♦♥ [0, T ) × Rd ✭✷✳✷✳✺✮

v(T, ·) = g̃ := ρ−1g ♦♥ Rd,

✇❤❡r❡

F̃ (t, x, r, p, γ) := rµ(x) · ρ−1∇ρ+
1

2
Tr
[
a(x)

(
rρ−1∇2ρ+ 2pρ−1∇ρT

)]

+ρ−1F
(
t, x, rρ, r∇ρ+ pρ, r∇2ρ+ 2p∇ρT + ργ

)
.

❘❡❝❛❧❧ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥ts µ ❛♥❞ σ ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❜♦✉♥❞❡❞✳ ❚❤❡♥✱ ✐t ✐s ❡❛s② t♦

s❡❡ t❤❛t F̃ s❛t✐s✜❡s t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s F ✳ ❙✐♥❝❡ g̃ ✐s ❜♦✉♥❞❡❞✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡

❚❤❡♦r❡♠ ✷✳✷✳✶ ❛♣♣❧✐❡s t♦ t❤❡ ♥♦♥❧✐♥❡❛r P❉❊ ✭✷✳✷✳✺✮✳ ✷

❘❡♠❛r❦ ✷✳✷✳✺ ❚❤❡♦r❡♠ ✷✳✷✳✶ st❛t❡s t❤❛t t❤❡ ✐♥❡q✉❛❧✐t② ✭✸✳✸✳✷✮ ✭✐✳❡✳ ❞✐✛✉s✐♦♥ ♠✉st

❞♦♠✐♥❛t❡ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ✐♥ γ✮ ✐s s✉✣❝✐❡♥t ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ▼♦♥t❡ ❈❛r❧♦✕

❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡s s❝❤❡♠❡✳ ❲❡ ❞♦ ♥♦t ❦♥♦✇ ✇❤❡t❤❡r t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ♥❡❝❡ss❛r②✿

• ❙✉❜s❡❝t✐♦♥ ✷✳✷✳✹ s✉❣❣❡sts t❤❛t t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ♥♦t s❤❛r♣ ✐♥ t❤❡ s✐♠♣❧❡ ❧✐♥❡❛r ❝❛s❡✱

• ❤♦✇❡✈❡r✱ ♦✉r ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ♦❢ ❙❡❝t✐♦♥ ✷✳✹ r❡✈❡❛❧ t❤❛t t❤❡ ♠❡t❤♦❞ ♠❛②

❤❛✈❡ ❛ ♣♦♦r ♣❡r❢♦r♠❛♥❝❡ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ t❤✐s ❝♦♥❞✐t✐♦♥✱ s❡❡ ❋✐❣✉r❡ ✷✳✺✳

❲❡ ♥❡①t ♣r♦✈✐❞❡ ❜♦✉♥❞s ♦♥ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ▼♦♥t❡ ❈❛r❧♦✕❋✐♥✐t❡

❉✐✛❡r❡♥❝❡s s❝❤❡♠❡ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♥♦♥❧✐♥❡❛r P❉❊s ♦❢ t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥

t②♣❡ ✐♥ t❤❡ s❛♠❡ ❝♦♥t❡①t ❛s ❬✺❪✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s ❛r❡ str♦♥❣❡r t❤❛♥ ❆s✲

s✉♠♣t✐♦♥ F ❛♥❞ ✐♠♣❧② t❤❛t t❤❡ ♥♦♥❧✐♥❡❛r P❉❊ ✭✷✳✶✳✶✮ s❛t✐s✜❡s ❛ ❝♦♠♣❛r✐s♦♥ r❡s✉❧t

❢♦r ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s✳

❆ss✉♠♣t✐♦♥ ❍❏❇ ❚❤❡ ♥♦♥❧✐♥❡❛r✐t② F s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥ ❋✭✐✐✮✲✭✐✐✐✮✱ ❛♥❞ ✐s ♦❢

t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ t②♣❡✿

1

2
a · γ + b · p+ F (t, x, r, p, γ) = inf

α∈A
{Lα(t, x, r, p, γ)}

Lα(t, x, r, p, γ) :=
1

2
Tr[σασαT(t, x)γ] + bα(t, x)p+ cα(t, x)r + fα(t, x)
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✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥s µ✱ σ✱ σα✱ bα✱ cα ❛♥❞ fα s❛t✐s❢②✿

|µ|∞ + |σ|∞ + sup
α∈A

(|σα|1 + |bα|1 + |cα|1 + |fα|1) < ∞.

❆ss✉♠♣t✐♦♥ ❍❏❇✰ ❚❤❡ ♥♦♥❧✐♥❡❛r✐t② F s❛t✐s✜❡s ❍❏❇✱ ❛♥❞ ❢♦r ❛♥② δ > 0✱ t❤❡r❡

❡①✐sts ❛ ✜♥✐t❡ s❡t {αi}Mδ

i=1 s✉❝❤ t❤❛t ❢♦r ❛♥② α ∈ A✿

inf
1≤i≤Mδ

|σα − σαi |∞ + |bα − bαi |∞ + |cα − cαi |∞ + |fα − fαi |∞ ≤ δ.

❘❡♠❛r❦ ✷✳✷✳✻ ❚❤❡ ❛ss✉♠♣t✐♦♥ ❍❏❇✰ ✐s s❛t✐s✜❡❞ ✐❢ A ✐s ❛ s❡♣❛r❛❜❧❡ t♦♣♦❧♦❣✐❝❛❧

s♣❛❝❡ ❛♥❞ σα(·)✱ bα(·)✱ cα(·) ❛♥❞ fα(·) ❛r❡ ❝♦♥t✐♥✉♦✉s ♠❛♣s ❢r♦♠ A t♦ C
1
2
,1

b ❀ t❤❡

s♣❛❝❡ ♦❢ ❜♦✉♥❞❡❞ ♠❛♣s ✇❤✐❝❤ ❛r❡ ▲✐♣s❝❤✐t③ ✐♥ x ❛♥❞ 1
2✕❍ö❧❞❡r ✐♥ t✳

❚❤❡♦r❡♠ ✷✳✷✳✷ ✭❘❛t❡ ♦❢ ❈♦♥✈❡r❣❡♥❝❡✮ ❆ss✉♠❡ t❤❛t t❤❡ ✜♥❛❧ ❝♦♥❞✐t✐♦♥ g ✐s

❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s✳ ❚❤❡♥✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t✿

✭✐✮ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ❍❏❇✱ ✇❡ ❤❛✈❡ v − vh ≤ Ch1/4✱

✭✐✐✮ ✉♥❞❡r t❤❡ str♦♥❣❡r ❝♦♥❞✐t✐♦♥ ❍❏❇✰✱ ✇❡ ❤❛✈❡ −Ch1/10 ≤ v − vh ≤ Ch1/4✳

❚❤❡ ❛❜♦✈❡ ❜♦✉♥❞s ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ✐♥ s♦♠❡ s♣❡❝✐✜❝ ❡①❛♠♣❧❡s✳ ❙❡❡ ❙✉❜s❡❝t✐♦♥

✷✳✷✳✹ ❢♦r t❤❡ ❧✐♥❡❛r ❝❛s❡ ✇❤❡r❡ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s ✐♠♣r♦✈❡❞ t♦
√
h✳

❲❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t✱ ✐♥ t❤❡ P❉❊ ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡s ❧✐t❡r❛t✉r❡✱ t❤❡ r❛t❡ ♦❢ ❝♦♥✲

✈❡r❣❡♥❝❡ ✐s ✉s✉❛❧❧② st❛t❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡ |∆x|✳
■♥ ♦✉r ❝♦♥t❡①t ♦❢ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ ♥♦t✐❝❡ t❤❛t |∆x| ✐s ♦r t❤❡ ♦r❞❡r

♦❢ h1/2✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❛❜♦✈❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ♦♥ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡

❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❧❛ss✐❝❛❧ r❛t❡ |∆x|1/2 ❛♥❞ |∆x|1/5✱ r❡s♣❡❝t✐✈❡❧②✳

✷✳✷✳✷ Pr♦♦❢ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t

❲❡ ♥♦✇ ♣r♦✈✐❞❡ t❤❡ ♣r♦♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✶ ❜② ❜✉✐❧❞✐♥❣ ♦♥ ❚❤❡♦r❡♠ ✷✳✶ ❛♥❞ ❘❡♠❛r❦ ✷✳✶

♦❢ ❇❛r❧❡s ❛♥❞ ❙♦✉❣❛♥✐❞✐s ❬✻❪ ✇❤✐❝❤ r❡q✉✐r❡s t❤❡ s❝❤❡♠❡ t♦ ❜❡ ❝♦♥s✐st❡♥t✱ ♠♦♥♦t♦♥❡

❛♥❞ st❛❜❧❡✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ ✇❡ ❛r❡ ❛ss✉♠✐♥❣ t❤❡ ✭✇❡❛❦✮ ❝♦♠♣❛r✐s♦♥ ❢♦r t❤❡ ❡q✉❛t✐♦♥✱

✇❡ ❛❧s♦ ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t ♦✉r s❝❤❡♠❡ ♣r♦❞✉❝❡s ❛ ❧✐♠✐t ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ t❡r♠✐♥❛❧

❝♦♥❞✐t✐♦♥ ✐♥ t❤❡ ✉s✉❛❧ s❡♥s❡✱ s❡❡ ❘❡♠❛r❦ ✷✳✷✳✶✳

❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥✱ ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✶ ❛r❡ ✐♥ ❢♦r❝❡✳

▲❡♠♠❛ ✷✳✷✳✶ ▲❡t ϕ ❜❡ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ✇✐t❤ ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s✳ ❚❤❡♥ ❢♦r ❛❧❧

(t, x) ∈ [0, T ] × Rd✿

lim
(t′, x′) → (t, x)
(h, c) → (0, 0)

t′ + h ≤ T

[c+ ϕ](t′, x′) − Th[c+ ϕ](t′, x′)
h

= −
(
LXϕ+ F (·, ϕ,Dϕ,D2ϕ)

)
(t, x).



✷✳✷✳ ❆s②♠♣t♦t✐❝s ♦❢ t❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✶✾

❚❤❡ ♣r♦♦❢ ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ■tô✬s ❢♦r♠✉❧❛✱ ❛♥❞ ✐s ♦♠✐tt❡❞✳

▲❡♠♠❛ ✷✳✷✳✷ ▲❡t ϕ,ψ : [0, T ] × Rd −→ R ❜❡ t✇♦ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s✳ ❚❤❡♥✿

ϕ ≤ ψ =⇒ Th[ϕ](t, x) ≤ Th[ψ](t, x) + Ch E[(ψ − ϕ)(t+ h, X̂t,x
h )] ❢♦r s♦♠❡ C > 0

✇❤❡r❡ C ❞❡♣❡♥❞s ♦♥❧② ♦♥ ❝♦♥st❛♥t K ✐♥ ✭✸✳✸✳✶✮✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✷✳✶✳✶ t❤❡ ♦♣❡r❛t♦r Th ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

Th[ψ](t, x) = E

[
ψ(X̂t,x

h )
]

+ hF
(
t, x,E[ψ(X̂t,x

h )Hh(t, x)]
)
.

▲❡t f := ψ − ϕ ≥ 0 ✇❤❡r❡ ϕ ❛♥❞ ψ ❛r❡ ❛s ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ❧❡♠♠❛✳ ▲❡t

Fτ ❞❡♥♦t❡ t❤❡ ♣❛rt✐❛❧ ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t t♦ τ = (r, p, γ)✳ ❇② t❤❡ ♠❡❛♥ ✈❛❧✉❡

❚❤❡♦r❡♠✿

Th[ψ](t, x) − Th[ϕ](t, x) = E

[
f(X̂t,x

h )
]

+ hFτ (θ) · Dhf(X̂t,x
h )

= E

[
f(X̂t,x

h ) (1 + hFτ (θ) ·Hh(t, x))
]
,

❢♦r s♦♠❡ θ = (t, x, r̄, p̄, γ̄)✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Hh(t, x)✿

Th[ψ]−Th[ϕ] = E

[
f(X̂t,x

h )
(
1 + hFr + Fp.(σ

T)−1Wh + h−1Fγ · (σT)−1(WhW
T
h − hI)σ−1

)]
,

✇❤❡r❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ θ ❛♥❞ x ❤❛s ❜❡❡♥ ♦♠✐tt❡❞ ❢♦r ♥♦t❛t✐♦♥❛❧ s✐♠♣❧✐❝✐t②✳ ❙✐♥❝❡

Fγ ≤ a ❜② ✭✸✳✸✳✶✮ ♦❢ ❆ss✉♠♣t✐♦♥ F✱ ✇❡ ❤❛✈❡ 1 − a−1 · Fγ ≥ 0 ❛♥❞ t❤❡r❡❢♦r❡✿

Th[ψ] − Th[ϕ] ≥ E

[
f(X̂t,x

h )
(
hFr + Fp.σ

T−1
Wh + h−1Fγ · σT−1

WhW
T
h σ

−1
)]

= E

[
f(X̂t,x

h )

(
hFr + hFp.σ

T−1Wh

h
+ hFγ · σT−1WhW

T
h

h2
σ−1

)]
.

▲❡t m−
F := max{−mF , 0}✱ ✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ mF ✐s ❞❡✜♥❡❞ ✐♥ ✭✸✳✸✳✶✮✳ ❯♥❞❡r

❆ss✉♠♣t✐♦♥ ❋✱ ✇❡ ❤❛✈❡ K := |m−
F |∞ <∞✱ t❤❡♥

Fp.σ
T−1Wh

h
+ hFγ · σT−1WhW

T
h

h2
σ−1 ≥ −K

♦♥❡ ❝❛♥ ✇r✐t❡✱

Th[ψ] − Th[ϕ] ≥ E

[
f(X̂t,x

h ) (hFr − hK)
]

≥ −C ′hE

[
f(X̂t,x

h )
]

❢♦r s♦♠❡ ❝♦♥st❛♥t C > 0✱ ✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✸✳✶✮✳ ✷

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✷ ❜❡❧♦✇✳
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❘❡♠❛r❦ ✷✳✷✳✼ ❚❤❡ ♠♦♥♦t♦♥✐❝✐t② r❡s✉❧t ♦❢ t❤❡ ♣r❡✈✐♦✉s ▲❡♠♠❛ ✷✳✷✳✷ ✐s s❧✐❣❤t❧②

❞✐✛❡r❡♥t ❢r♦♠ t❤❛t r❡q✉✐r❡❞ ✐♥ ❬✻❪✳ ❍♦✇❡✈❡r✱ ❛s ✐t ✐s ♦❜s❡r✈❡❞ ✐♥ ❘❡♠❛r❦ ✷✳✶ ✐♥ ❬✻❪✱

t❤❡✐r ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ❤♦❧❞s ✉♥❞❡r t❤✐s ❛♣♣r♦①✐♠❛t❡ ♠♦♥♦t♦♥✐❝✐t②✳ ❋r♦♠ t❤❡

♣r❡✈✐♦✉s ♣r♦♦❢✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ✐❢ t❤❡ ❢✉♥❝t✐♦♥ F s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥✿

Fr −
1

4
FT

p F
−
γ Fp ≥ 0, ✭✷✳✷✳✻✮

t❤❡♥✱ t❤❡ st❛♥❞❛r❞ ♠♦♥♦t♦♥✐❝✐t② ❝♦♥❞✐t✐♦♥

ϕ ≤ ψ =⇒ Th[ϕ](t, x) ≤ Th[ψ](t, x) ✭✷✳✷✳✼✮

❤♦❧❞s✳ ❯s✐♥❣ t❤❡ ♣❛r❛❜♦❧✐❝ ❢❡❛t✉r❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥✱ ✇❡ ♠❛② ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ❢✉♥❝t✐♦♥

u(t, x) := eθ(T−t)v(t, x) ✇❤✐❝❤ s♦❧✈❡s ❛ ♥♦♥❧✐♥❡❛r P❉❊ s❛t✐s❢②✐♥❣ ✭✷✳✷✳✻✮✳ ■♥❞❡❡❞✱

❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ s❤♦✇s t❤❛t t❤❡ P❉❊ ✐♥❤❡r✐t❡❞ ❜② u ✐s✿

− LXu− F
(
·, u,Du,D2u

)
= 0, ♦♥ [0, T ) × Rd ✭✷✳✷✳✽✮

u(T, x) = g(x), ♦♥ Rd, ✭✷✳✷✳✾✮

✇❤❡r❡ F (t, x, r, p, γ) = eθ(T−t)F (t, x, e−θ(T−t)r, e−θ(T−t)p, e−θ(T−t)γ) + θr✳ ❚❤❡♥✱ ✐t

✐s ❡❛s✐❧② s❡❡♥ t❤❛t F s❛t✐s✜❡s t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s F t♦❣❡t❤❡r ✇✐t❤ ✭✷✳✷✳✻✮ ❢♦r

s✉✣❝✐❡♥t❧② ❧❛r❣❡ θ✳

▲❡♠♠❛ ✷✳✷✳✸ ▲❡t ϕ,ψ : [0, T ] × Rd −→ R ❜❡ t✇♦ L∞−❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s✳ ❚❤❡♥

t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

|Th[ϕ] − Th[ψ]|∞ ≤ |ϕ− ψ|∞(1 + Ch)

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ g ✐s L∞−❜♦✉♥❞❡❞✱ t❤❡ ❢❛♠✐❧② (vh)h ❞❡✜♥❡❞ ✐♥ ✭✷✳✶✳✹✮ ✐s

L∞−❜♦✉♥❞❡❞✱ ✉♥✐❢♦r♠❧② ✐♥ h✳

Pr♦♦❢✳ ▲❡t f := ϕ− ψ✳ ❚❤❡♥✱ ❛r❣✉✐♥❣ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢✱

Th[ϕ] − Th[ψ] = E

[
f(X̂h)

(
1 − a−1 · Fγ + h|Ah|2 + hFr −

h

4
FT

p F
−
γ Fp

)]
.

✇❤❡r❡

Ah =
1

2
(F−

γ )1/2Fp − F 1/2
γ σT−1Wh

h
.

❙✐♥❝❡ 1 − Tr[a−1Fγ ] ≥ 0✱ |Fr|∞ < ∞✱ ❛♥❞ |FT
p F

−
γ Fp|∞ < ∞ ❜② ❆ss✉♠♣t✐♦♥ F✱ ✐t

❢♦❧❧♦✇s t❤❛t

|Th[ϕ] − Th[ψ]|∞ ≤ |f |∞
(
1 − a−1 · Fγ + hE[|Ah|2] + Ch

)

❇✉t✱ E[|Ah|2] = h
4F

T
p F

−
γ Fp + a−1 · Fγ ✳ ❚❤❡r❡❢♦r❡✱ ❜② ❆ss✉♠♣t✐♦♥ ❋

|Th[ϕ] − Th[ψ]|∞ ≤ |f |∞
(

1 +
h

4
FT

p F
−
γ Fp + Ch

)
≤ |f |∞(1 + C̄h).



✷✳✷✳ ❆s②♠♣t♦t✐❝s ♦❢ t❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✷✶

❚♦ ♣r♦✈❡ t❤❛t t❤❡ ❢❛♠✐❧② (vh)h ✐s ❜♦✉♥❞❡❞✱ ✇❡ ♣r♦❝❡❡❞ ❜② ❜❛❝❦✇❛r❞ ✐♥❞✉❝t✐♦♥✳ ❇②

t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡ ❧❡♠♠❛ vh(T, .) = g ✐s L∞−❜♦✉♥❞❡❞✳ ❲❡ ♥❡①t ✜① s♦♠❡ i < n

❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t |vh(tj , .)|∞ ≤ Cj ❢♦r ❡✈❡r② i+ 1 ≤ j ≤ n− 1✳ Pr♦❝❡❡❞✐♥❣ ❛s ✐♥

t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✳✷ ✇✐t❤ ϕ ≡ vh(ti+1, .) ❛♥❞ ψ ≡ 0✱ ✇❡ s❡❡ t❤❛t
∣∣∣vh(ti, .)

∣∣∣
∞

≤ h |F (t, x, 0, 0, 0)| + Ci+1(1 + Ch).

❙✐♥❝❡ F (t, x, 0, 0, 0) ✐s ❜♦✉♥❞❡❞ ❜② ❆ss✉♠♣t✐♦♥ F✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞✐s❝r❡t❡ ●r♦♥✲

✇❛❧❧ ✐♥❡q✉❛❧✐t② t❤❛t |vh(ti, .)|∞ ≤ CeCT ❢♦r s♦♠❡ ❝♦♥st❛♥t C ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✳

✷

❘❡♠❛r❦ ✷✳✷✳✽ ❚❤❡ ❛♣♣r♦①✐♠❛t❡ ❢✉♥❝t✐♦♥ vh ❞❡✜♥❡❞ ❜② ✭✷✳✶✳✹✮ ✐s ♦♥❧② ❞❡✜♥❡❞ ♦♥

{ih|i = 0, · · · , N} × Rd✳ ❖✉r ♠❡t❤♦❞♦❧♦❣② r❡q✉✐r❡s t♦ ❡①t❡♥❞ ✐t t♦ ❛♥② t ∈ [0, T ]✳

❚❤✐s ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❛♥② ✐♥t❡r♣♦❧❛t✐♦♥✱ ❛s ❧♦♥❣ ❛s t❤❡ r❡❣✉❧❛r✐t② ♣r♦♣❡rt② ♦❢ vh

♠❡♥t✐♦♥❡❞ ✐♥ ▲❡♠♠❛ ✷✳✷✳✹ ❜❡❧♦✇ ✐s ♣r❡s❡r✈❡❞✳ ❋♦r ✐♥st❛♥❝❡✱ ♦♥ ♠❛② s✐♠♣❧② ✉s❡

❧✐♥❡❛r ✐♥t❡r♣♦❧❛t✐♦♥✳

▲❡♠♠❛ ✷✳✷✳✹ ❚❤❡ ❢✉♥❝t✐♦♥ vh ✐s ▲✐♣s❝❤✐t③ ✐♥ x✱ ✉♥✐❢♦r♠❧② ✐♥ h✳

Pr♦♦❢✳ ❲❡ r❡♣♦rt t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛❧❝✉❧❛t✐♦♥ ✐♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ d = 1 ✐♥

♦r❞❡r t♦ s✐♠♣❧✐❢② t❤❡ ♣r❡s❡♥t❛t✐♦♥✳

✶✳ ❋♦r ✜①❡❞ t ∈ [0, T − h]✱ ✇❡ ❛r❣✉❡ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✳✷ t♦ s❡❡ t❤❛t ❢♦r

x, x′ ∈ Rd ✇✐t❤ x > x′✿

vh(t, x) − vh(t, x′) = A+ hB, ✭✷✳✷✳✶✵✮

✇❤❡r❡✱ ❞❡♥♦t✐♥❣ δ(k) := Dkvh(t+ h, X̂t,x
h ) −Dkvh(t+ h, X̂t,x′

h ) ❢♦r k = 0, 1, 2✿

A := E
[
δ(0)
]
+ h
(
F
(
t, x′,Dvh(t+ h, X̂t,x

h )
)
− F

(
t, x′,Dvh(t+ h, X̂t,x′

h )
)

= E
[
(1 + hFr)δ

(0) + hFpδ
(1) + hFγδ

(2)
]
,

|B| :=
∣∣∣F
(
t, x,Dvh(t+ h, X̂t,x

h )
)
− F

(
t, x′,Dvh(t+ h, X̂t,x

h )
)∣∣∣ ≤ |Fx|∞|x− x′|,

❜② ❆ss✉♠♣t✐♦♥ ❋ ✭✐✮✳ ❇② ▲❡♠♠❛ ✷✳✶✳✶ ✇❡ ✇r✐t❡ ❢♦r k = 1, 2✿

E
[
δ(k)
]

= E
[
δ(0)Hh

k (t, x) + vh(t+ h, X̂t,x′

h )
(
Hh

k (t, x) −Hh
k (t, x′)

) ]

= E
[
δ(0)Hh

k (t, x) +Dvh(t+ h, X̂t,x′

h )

(
Wh

h

)k−1 (
σ(t, x)−k − σ(t, x′)−k

)
σ(t, x′)

]
.

❚❤❡♥✱ ❞✐✈✐❞✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ ✭✷✳✷✳✶✵✮ ❜② x − x′ ❛♥❞ t❛❦✐♥❣ ❧✐♠s✉♣✱ ✐❢ ❢♦❧❧♦✇s ❢r♦♠

t❤❡ ❛❜♦✈❡ ❡q✉❛❧✐t✐❡s t❤❛t

lim sup
|x−x′|ց0

|vh(t, x) − vh(t, x′)|
(x− x′)

≤ E

[∣∣∣∣ lim sup
|x−x′|ց0

vh(t+ h, X̂t,x
h ) − vh(t+ h, X̂t,x′

h )

(x− x′)

(
1 + hFr + Fp

Wh

σ(t, x)
+ Fγ

W 2
h − h

σ(t, x)2h

)

+Dvh(t+ h, X̂t,x
h )

(
WhFγ

−2σx(t, x)

σ(t, x)2
+ hFp

σx(t, x)

σ(t, x)

)∣∣∣∣
]

+ Ch.



✷✷
❈❤❛♣t❡r ✷✳ ❆ Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞ ❢♦r ❋✉❧❧② ◆♦♥❧✐♥❡❛r

P❛r❛❜♦❧✐❝ P❉❊s

✷✳ ❆ss✉♠❡ vh(t+ h, .) ✐s ▲✐♣s❝❤✐t③ ✇✐t❤ ❝♦♥st❛♥t Lt+h✳ ❚❤❡♥

lim sup
|x−x′|ց0

|vh(t, x) − vh(t, x′)|
(x− x′)

≤ Lt+hE

[∣∣∣∣(1 + µx(t, x)h+ σx(t, x)
√
hN)

(
1 + hFr + Fp

√
hN

σ(t, x)
+ Fγ

N2

σ(t, x)2
− Fγ

σ(t, x)2

)

+
√
hNFγ

−2σx(t, x)

σ(t, x)2
+ hFp

σx(t, x)

σ(t, x)

∣∣∣∣
]

+ Ch.

❖❜s❡r✈❡ t❤❛t

Fp
σx

σ
= σx

Fp√
Fγ

√
Fγ

σ
1Fγ 6=0.

❙✐♥❝❡ ❛❧❧ t❡r♠s ♦♥ t❤❡ r✐❣❤t ❤❛♥❞✲s✐❞❡ ❛r❡ ❜♦✉♥❞❡❞✱ ✉♥❞❡r ♦✉r ❛ss✉♠♣t✐♦♥s✱ ✐t ❢♦❧✲

❧♦✇s t❤❛t |Fp
σx

σ |∞ < ∞ ✭✇❡ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡ ✐♠♣♦s❡❞ ✐♥

❆ss✉♠♣t✐♦♥ ❋ ✭✐✐✐✮ ♣r♦✈✐❞❡s t❤✐s r❡s✉❧t ✐♥ ❛♥② ❞✐♠❡♥s✐♦♥✮✳ ❚❤❡♥✿

lim sup
|x−x′|ց0

|vh(t, x) − vh(t, x′)|
(x− x′)

≤ Lt+h

(
E

[∣∣∣(1 + µx(t, x)h+ σx(t, x)
√
hN)

(
1 + Fp

√
hN

σ(t, x)
+ Fγ

N2

σ(t, x)2
− Fγ

σ(t, x)2

)

+
√
hNFγ

−2σx(t, x)

σ(t, x)2

∣∣∣
]

+ Ch

)
+ Ch.

✸✳ ▲❡t P̃ ❜❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ❡q✉✐✈❛❧❡♥t t♦ P ❞❡✜♥❡❞ ❜② t❤❡ ❞❡♥s✐t②

Z := 1 − α+ αN2 ✇❤❡r❡ α =
Fγ

σ(t, x)2
.

❚❤❡♥✱

lim sup
|x−x′|ց0

|vh(t, x) − vh(t, x′)|
(x− x′)

≤Lt+h

(
EP̃

[∣∣∣∣
(
1 + µx(t, x)h+ σx(t, x)

√
hN
)(

1 + Z−1Fp

√
hN

σ(t, x)

)

+Z−1
√
hNFγ

−2σx(t, x)

σ(t, x)2

∣∣∣∣
]

+ Ch

)
+ Ch.

❇② ❈❛✉❝❤②✕❙❝❤✇❛rt③ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡

lim sup
|x−x′|ց0

|vh(t, x) − vh(t, x′)|
x− x′

≤Lt+h

(
EP̃

[∣∣∣∣
(
1 + µx(t, x)h+ σx(t, x)

√
hN
)(

1 + Z−1Fp

√
hN

σ(t, x)

)

+Z−1
√
hNFγ

−2σx(t, x)

σ(t, x)2

∣∣∣∣
2] 1

2

+ Ch

)
+ Ch

❇② ✇r✐t✐♥❣ ❜❛❝❦ t❤❡ ❡①♣❡❝t❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ♣r♦❜❛❜✐❧✐t② P✱

lim sup
|x−x′|ց0

|vh(t, x) − vh(t, x′)|
x− x′

≤Lt+h

(
E

[
Z

∣∣∣∣
(
1 + µx(t, x)h+ σx(t, x)

√
hN
)(

1 + Z−1Fp

√
hN

σ(t, x)

)

+Z−1
√
hNFγ

−2σx(t, x)

σ(t, x)2

∣∣∣∣
2] 1

2

+ Ch

)
+ Ch.



✷✳✷✳ ❆s②♠♣t♦t✐❝s ♦❢ t❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✷✸

❇② ❡①♣❛♥❞✐♥❣ t❤❡ q✉❛❞r❛t✐❝ t❡r♠ ✐♥s✐❞❡ t❤❡ ❡①♣❡❝t❛t✐♦♥✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ❡①♣❡❝t❛t✐♦♥

♦❢ ❛❧❧ t❤❡ t❡r♠s ❤❛✈✐♥❣
√
h✱ ✐s ③❡r♦✳ ❚❤❡r❡❢♦r❡✱

lim sup
|x−x′|ց0

|vh(t, x) − vh(t, x′)|
(x− x′)

≤Lt+h

(
EP̃

[∣∣∣∣
(
1 + µx(t, x)h+ σx(t, x)

√
hN
)(

1 + Z−1Fp

√
hN

σ(t, x)

)

+Z−1
√
hNFγ

−2σx(t, x)

σ(t, x)2

∣∣∣∣
2] 1

2

+ Ch

)
+ Ch

≤Lt+h

(
(1 + C ′h)

1
2 + Ch

)
+ Ch,

✇❤✐❝❤ ❧❡❛❞s t♦

lim sup
|x−x′|ց0

|vh(t, x) − vh(t, x′)|
(x− x′)

≤ CeC
′T/2,

❢♦r s♦♠❡ ❝♦♥st❛♥ts C,C ′ > 0✳ ✷

❋✐♥❛❧❧②✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ t❡r♠✐♥❛❧ ❝♦♥❞✐t✐♦♥ ✐s ♣r❡s❡r✈❡❞ ❜② ♦✉r s❝❤❡♠❡ ❛s t❤❡

t✐♠❡ st❡♣ s❤r✐♥❦s t♦ ③❡r♦✳

▲❡♠♠❛ ✷✳✷✳✺ ❋♦r ❡❛❝❤ x ∈ Rd ❛♥❞ tk = kh ✇✐t❤ k = 1, · · · , n✱ ✇❡ ❤❛✈❡❀

|vh(tk, x) − g(x)| ≤ C(T − tk)
1
2 .

Pr♦♦❢✳ ✶✳ ❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✳✸✱ ✇❡ ❤❛✈❡✿ ❛♥❞ ❢♦r

j ≥ i✿

vh(tj , X̂
ti,x
tj

) = Etj

[
vh(tj+1, X̂

ti,x
tj+1

)
(
1 − αj + αjN

2
j

)]

+h

(
F j

0 + F j
r Etj [v

h(tj+1, X̂
ti,x
tj+1

)] + F j
p · Etj [Dv

h(tj+1, X̂
ti,x
tj+1

)]

)
,

✇❤❡r❡ F j
0 := F (tj , X̂

ti,x
tj

, 0, 0, 0)✱ αj ✱ F
j
r ✱ F

j
p ❛r❡ Ftj−❛❞❛♣t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

❞❡✜♥❡❞ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✳✸ ❛t tj ✱ ❛♥❞ Nj =
Wtj+1−Wtj√

h
❤❛s ❛ st❛♥❞❛r❞

●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥✳ ❈♦♠❜✐♥❡ t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛ ❢♦r j ❢r♦♠ i t♦ n−1✱ ✇❡ s❡❡ t❤❛t

vh(ti, x) = E

[
g(X̂ti,x

T )Pi,n

]
+hE

n−1∑

j=i

F j
0 +F j

r Etj [v
h(tj+1, X̂

ti,x
tj+1

)]+F j
p ·Etj [Dv

h(tj+1, X̂
ti,x
tj+1

)],

✇❤❡r❡ Pi,k :=
∏k−1

j=i

(
1 − αj + αjN

2
j

)
> 0 ❛✳s✳ ❢♦r ❛❧❧ 1 ≤ i < k ≤ n ❛♥❞ Pi,i = 1✳

❖❜✈✐♦✉s❧② {Pi,k, i ≤ k ≤ n} ✐s ❛ ♠❛rt✐♥❣❛❧❡ ❢♦r ❛❧❧ i ≤ n✱ ❛ ♣r♦♣❡rt② ✇❤✐❝❤ ✇✐❧❧

❜❡ ✉s❡❞ ❧❛t❡r✳ ❙✐♥❝❡ |F (·, ·, 0, 0, 0)|∞ < +∞✱ ❛♥❞ ✉s✐♥❣ ❆ss✉♠♣t✐♦♥ ❋ ❛♥❞ ▲❡♠♠❛s

✷✳✷✳✹ ❛♥❞ ✷✳✷✳✸✿

|vh(ti, x) − g(x)| ≤
∣∣∣E
[(
g(X̂ti,x

T ) − g(x)
)
Pi,n

]∣∣∣+ C(T − ti). ✭✷✳✷✳✶✶✮
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✷✳ ▲❡t {gε}ε ❜❡ t❤❡ ❢❛♠✐❧② ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ♦❜t❛✐♥❡❞ ❢r♦♠ g ❜② ❝♦♥✈♦❧✉t✐♦♥ ✇✐t❤

❛ ❢❛♠✐❧② ♦❢ ♠♦❧❧✐✜❡rs {ρε}✱ ✐✳❡✳ gε = g ∗ ρε✳ ◆♦t❡ t❤❛t ✇❡ ❤❛✈❡

|gε − g|∞ ≤ Cε, |Dgε|∞ ≤ |Dg|∞ ❛♥❞ |D2gε|∞ ≤ ε−1|Dg|∞. ✭✷✳✷✳✶✷✮

❚❤❡♥✿
∣∣∣E
[(
g(X̂ti,x

T ) − g(x)
)
Pi,n

]∣∣∣ ≤ E

[∣∣∣g(X̂ti,x
T ) − gε(X̂

ti,x
T )Pi,n

∣∣∣
]

+
∣∣∣E
[(
gε(X̂

ti,x
T ) − gε(x)

)
Pi,n

]∣∣∣+ |gε − g|∞

≤ Cε+
∣∣∣E
[(
gε(X̂

ti,x
T ) − gε(x)

)
Pi,n

]∣∣∣

≤ Cε+

∣∣∣∣E
[
Pi,n

∫ T

ti

(
Dgεb̂+

1

2
Tr
[
D2gε)â

])
(s, X̂ti,x

s )ds
]∣∣∣∣

+

∣∣∣∣E
[
Pi,n

∫ T

ti

Dgε(X̂
ti,x
s )σ̂(s)dWs

]∣∣∣∣ , ✭✷✳✷✳✶✸✮

✇❤❡r❡ ✇❡ ❞❡♥♦t❡❞ b̂(s) = b(tj , X̂
ti,x
tj

) ❛♥❞ σ̂(s) = σ(tj , X̂
ti,x
tj

) ❢♦r tj ≤ s < tj+1 ❛♥❞

â = σ̂T σ̂✳ ❲❡ ♥❡①t ❡st✐♠❛t❡ ❡❛❝❤ t❡r♠ s❡♣❛r❛t❡❧②✳

✷✳❛✳ ❋✐rst✱ s✐♥❝❡ {Pi,k, i ≤ k ≤ n} ✐s ❛ ♠❛rt✐♥❣❛❧❡✿

∣∣∣E
[
Pi,n

∫ T

ti

Dgε(X̂
ti,x
s )σ̂(s)dWs

]∣∣∣ =
∣∣∣

n−1∑

j=i

E
[
Pi,n

∫ tj+1

tj

Dgε(X̂
ti,x
s )σ̂(s)dWs

]∣∣∣

≤
n−1∑

j=i

∣∣∣E
[
Pi,j+1

∫ tj+1

tj

Dgε(X̂
ti,x
s )σ̂(s)dWs

]∣∣∣

=

n−1∑

j=i

∣∣∣E
[
Pi,j σ̂(tj)Etj

[
Pj,j+1

∫ tj+1

tj

Dgε(X̂
ti,x
s )dWs

]]∣∣∣.

◆♦t✐❝❡ t❤❛t

Etj

[
Pj,j+1

∫ tj+1

tj

Dgε(X̂
ti,x
s )dWs

]
= Etj

[
(Wtj+1 −Wtj )

2

∫ tj+1

tj

Dgε(X̂
ti,x
s )dWs

]

= Etj

[∫ tj+1

tj

2WsDgε(X̂
ti,x
s )ds

]
.

❯s✐♥❣ ▲❡♠♠❛ ✷✳✶✳✶ ❛♥❞ ✭✷✳✷✳✶✷✮✱ t❤✐s ♣r♦✈✐❞❡s✿

∣∣∣E
[
Pi,n

∫ T

ti

Dgε(X̂
ti,x
s )σ̂(s)dWs

]∣∣∣ ✭✷✳✷✳✶✹✮

≤ 2
n−1∑

j=i

∣∣∣E
[
Pi,j+1σ̂(tj)

2αj

h
Etj

[ ∫ tj+1

tj

sD2gε(X̂
ti,x
s )ds

]]∣∣∣,

≤ Cε−1
n−1∑

j=i

h ≤ C ′(T − ti)ε
−1. ✭✷✳✷✳✶✺✮



✷✳✷✳ ❆s②♠♣t♦t✐❝s ♦❢ t❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✷✺

✷✳❝✳ ❇② ✭✷✳✷✳✶✷✮ ❛♥❞ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ b ❛♥❞ σ✱ ✇❡ ❛❧s♦ ❡st✐♠❛t❡ t❤❛t✿

∣∣∣∣Dgε(X̂
ti,x
s )b̂(s, X̂ti,x

s ) +
1

2
Tr
[
D2gε(X̂

ti,x
s )â(s, X̂ti,x

s )
]∣∣∣∣ ≤ C + Cε−1.✭✷✳✷✳✶✻✮

✷✳❜✳ P❧✉❣❣✐♥❣ ✭✷✳✷✳✶✺✮ ❛♥❞ ✭✷✳✷✳✶✻✮ ✐♥t♦ ✭✷✳✷✳✶✸✮✱ ✇❡ ♦❜t❛✐♥✿

∣∣∣E
[(
gε(X̂

ti,x
T ) − gε(x)

)
Pi,n

]∣∣∣ ≤ C(T − ti) + C(T − ti)ε
−1,

✇❤✐❝❤ ❜② ✭✷✳✷✳✶✶✮ ♣r♦✈✐❞❡s✿

|vh(ti, x) − g(x)| ≤ Cε+ C(T − ti)ε
−1 + C(T − ti).

❚❤❡ r❡q✉✐r❡❞ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝❤♦✐❝❡ ε =
√
T − ti✳ ✷

❈♦r♦❧❧❛r② ✷✳✷✳✶ ❚❤❡ ❢✉♥❝t✐♦♥ vh ✐s ✶✴✷✲❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s ♦♥ t ✉♥✐❢♦r♠❧② ♦♥ h✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ 1
2 ✲❍ö❧❞❡r ❝♦♥t✐♥✉✐t② ✇✐t❤ r❡s♣❡❝t t♦ t ❝♦✉❧❞ ❜❡ ❡❛s✐❧② ♣r♦✲

✈✐❞❡❞ ❜② r❡♣❧❛❝✐♥❣ g ❛♥❞ vh(tk, ·) ✐♥ t❤❡ ❛ss❡rt✐♦♥ ♦❢ ▲❡♠♠❛ r❡s♣❡❝t✐✈❡❧② ❜② vh(t, ·)
❛♥❞ vh(t′, ·) ❛♥❞ ❝♦♥s✐❞❡r t❤❡ s❝❤❡♠❡ ❢r♦♠ 0 t♦ t✐♠❡ t′ ✇✐t❤ t✐♠❡ st❡♣ ❡q✉❛❧ t♦ h✳

❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ✇r✐t❡❀

|vh(t, x) − vh(t′, x)| ≤ C(t′ − t)
1
2 ,

✇❤❡r❡ C ❝♦✉❧❞ ❜❡ ❝❤♦s❡♥ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t′ ❢♦r t′ ≤ T ✳ ✷

✷✳✷✳✸ ❉❡r✐✈❛t✐♦♥ ♦❢ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✷ ✐s ❜❛s❡❞ ♦♥ ❇❛r❧❡s ❛♥❞ ❏❛❦♦❜s❡♥ ❬✺❪✱ ✇❤✐❝❤ ✉s❡s s✇✐t❝❤✐♥❣

s②st❡♠s ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ t❤❡ ❑r②❧♦✈ ♠❡t❤♦❞ ♦❢ s❤❛❦✐♥❣ ❝♦❡✣❝✐❡♥ts ❬✹✸❪✳

✷✳✷✳✸✳✶ ❈♦♠♣❛r✐s♦♥ r❡s✉❧t ❢♦r t❤❡ s❝❤❡♠❡

❇❡❝❛✉s❡ F ❞♦❡s ♥♦t s❛t✐s❢② t❤❡ st❛♥❞❛r❞ ♠♦♥♦t♦♥✐❝✐t② ❝♦♥❞✐t✐♦♥ ✭✷✳✷✳✼✮ ♦❢ ❇❛r❧❡s

❛♥❞ ❙♦✉❣❛♥✐❞✐s ❬✻❪✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦♥❧✐♥❡❛r✐t② F ♦❢ ❘❡♠❛r❦ ✷✳✷✳✼ s♦ t❤❛t

F s❛t✐s✜❡s ✭✷✳✷✳✻✮✳ ▲❡t uh ❜❡ t❤❡ ❢❛♠✐❧✐② ♦❢ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ❜②

uh(T, .) = g ❛♥❞ uh(ti, x) = Th[uh](ti, x), ✭✷✳✷✳✶✼✮

✇❤❡r❡ ❢♦r ❛ ❢✉♥❝t✐♦♥ ψ ❢r♦♠ [0, T ] × Rd t♦ R ✇✐t❤ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤✿

Th[ψ](t, x) := E

[
ψ(t+ h, X̂t,x

h )
]

+ hF (·,Dhψ) (t, x),

❛♥❞ s❡t

vh(ti, x) := e−θ(T−ti)uh(ti, x), i = 0, . . . , n. ✭✷✳✷✳✶✽✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t s❤♦✇s t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ vh − vh ✐s ♦❢ ❤✐❣❤❡r ♦r❞❡r✱ ❛♥❞ t❤✉s

r❡❞✉❝❡s t❤❡ ❡rr♦r ❡st✐♠❛t❡ ♣r♦❜❧❡♠ t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ vh − v✳
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▲❡♠♠❛ ✷✳✷✳✻ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ F✱ ✇❡ ❤❛✈❡

lim sup
hց0

h−1|(vh − vh)(t, .)|∞ < ∞.

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ F ✱ ✇❡ ❞✐r❡❝t② ❝❛❧❝✉❧❛t❡ t❤❛t✿

vh(t, x) = e−θh(1 + hθ)E[vh(t+ h, X̂t,x
h )] + hF

(
t+ h, x,Dhv

h(t, x)
)
.

❙✐♥❝❡ 1 + hθ = eθh + O(h2)✱ t❤✐s s❤♦✇s t❤❛t vh(t, x) = Th[vh](t, x) + O(h2)✳ ❇②

❧❡♠♠❛ ✷✳✷✳✸✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t✿

|(vh − vh)(t, ·)|∞ ≤ (1 + Ch)|(vh − vh)(t+ h, ·)|∞ +O(h2),

✇❤✐❝❤ s❤♦✇s ❜② t❤❡ ●r♦♥✇❛❧❧ ✐♥❡q✉❛❧✐t② t❤❛t |(vh − vh)(t, ·)|∞ ≤ O(h) ❢♦r ❛❧❧ t ≤
T − h✳ ✷

❇② ❘❡♠❛r❦ ✷✳✷✳✼✱ t❤❡ ♦♣❡r❛t♦r Th s❛t✐s✜❡s t❤❡ st❛♥❞❛r❞ ♠♦♥♦t♦♥✐❝✐t② ❝♦♥❞✐t✐♦♥

✭✷✳✷✳✼✮✿

ϕ ≤ ψ =⇒ Th[ϕ] ≤ Th[ψ]. ✭✷✳✷✳✶✾✮

❚❤❡ ❦❡②✲✐♥❣r❡❞✐❡♥t ❢♦r t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❡rr♦r ❡st✐♠❛t❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❛r✲

✐s♦♥ r❡s✉❧t ❢♦r t❤❡ s❝❤❡♠❡✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶ ▲❡t ❆ss✉♠♣t✐♦♥ F ❤♦❧❞s tr✉❡✱ ❛♥❞ s❡t β := |Fr|∞✳ ❈♦♥s✐❞❡r

t✇♦ ❛r❜✐tr❛r② ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s ϕ ❛♥❞ ψ s❛t✐s❢②✐♥❣✿

h−1
(
ϕ− Th[ϕ]

)
≤ g1 ❛♥❞ h−1

(
ψ − Th[ψ]

)
≥ g2 ✭✷✳✷✳✷✵✮

❢♦r s♦♠❡ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s g1 ❛♥❞ g2✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② i = 0, · · · , n✿

(ϕ− ψ)(ti, x) ≤ eβ(T−ti)|(ϕ− ψ)+(T, ·)|∞ + (T − h)eβ(T−ti)|(g1 − g2)
+|∞.✭✷✳✷✳✷✶✮

❚♦ ♣r♦✈❡ t❤✐s ❝♦♠♣❛r✐s♦♥ r❡s✉❧t✱ ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ str❡♥❣t❤❡♥✐♥❣ ♦❢ t❤❡

♠♦♥♦t♦♥✐❝✐t② ❝♦♥❞✐t✐♦♥✿

▲❡♠♠❛ ✷✳✷✳✼ ▲❡t ❆ss✉♠♣t✐♦♥ F ❤♦❧❞ tr✉❡ ❛♥❞ ❧❡t β := |Fr|∞✳ ❚❤❡♥✱ ❢♦r ❡✈❡r②

a, b ∈ R+✱ ❛♥❞ ❡✈❡r② ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s ϕ ≤ ψ✱ t❤❡ ❢✉♥❝t✐♦♥ δ(t) := eβ(T−t)(a +

b(T − t)) s❛t✐s✜❡s✿

Th[ϕ+ δ](t, x) ≤ Th[ψ](t, x) + δ(t) − hb, t ≤ T − h, x ∈ Rd.

Pr♦♦❢✳ ❇❡❝❛✉s❡ δ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ x✱ ✇❡ ❤❛✈❡ Dh[ϕ + δ] = Dhϕ + δ(t + h)e1✱

✇❤❡r❡ e1 := (1, 0, 0)✳ ❚❤❡♥✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ r❡❣✉❧❛r✐t② ♦❢ F t❤❛t t❤❡r❡ ❡①✐st s♦♠❡

ξ s✉❝❤ t❤❛t✿

F
(
t+ h, x,Dh[ϕ+ δ](t, x)

)
= F

(
t+ h, x,Dhϕ(t, x)

)
+ δ(t+ h)F r

(
t+ h, x, ξe1 + Dhϕ(t, x)

)
,



✷✳✷✳ ❆s②♠♣t♦t✐❝s ♦❢ t❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✷✼

❛♥❞

Th[ϕ+ δ](t, x) = δ(t+ h) + E[ϕ(t+ h, X̂t,x
h )] + hF

(
t+ h, x,Dhϕ(t, x)

)

+hδ(t+ h)F r

(
t+ h, x, ξe1 + Dhϕ(t, x)

)

= Th[ϕ](t, x) + δ(t+ h)
{
1 + hF r

(
t+ h, x, ξe1 + Dhϕ(t, x)

)}

≤ Th[ϕ](t, x) + (1 + βh) δ(t+ h).

❙✐♥❝❡ Th s❛t✐s✜❡s t❤❡ st❛♥❞❛r❞ ♠♦♥♦t♦♥✐❝✐t② ❝♦♥❞✐t✐♦♥ ✭✷✳✷✳✶✾✮✱ t❤✐s ♣r♦✈✐❞❡s✿

Th[ϕ+ δ](t, x) ≤ Th[ψ](t, x) + δ(t) + ζ(t), ✇❤❡r❡ ζ(t) := (1 + βh) δ(t+ h) − δ(t).

■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t ζ(t) ≤ −hb✳ ❋r♦♠ t❤❡ s♠♦♦t❤♥❡ss ♦❢ δ✱ ✇❡ ❤❛✈❡ δ(t+ h)−
δ(t) = hδ′(t̄) ❢♦r s♦♠❡ t̄ ∈ [t, t+ h)✳ ❚❤❡♥✱ s✐♥❝❡ δ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ t✱ ✇❡ s❡❡ t❤❛t

h−1ζ(t) = δ′(t̄) + βδ(t+ h) ≤ δ′(t̄) + βδ(t̄) ≤ −beβ(T−t̄),

❛♥❞ t❤❡ r❡q✉✐r❡❞ ❡st✐♠❛t❡ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ r❡str✐❝t✐♦♥ b ≥ 0✳ ✷

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶✳ ❲❡ ♠❛② r❡❢❡r ❞✐r❡❝t❧② t♦ t❤❡ s✐♠✐❧❛r r❡s✉❧t ♦❢ ❬✺❪✳

❍♦✇❡✈❡r ✐♥ ♦✉r ❝♦♥t❡①t✱ ✇❡ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡r ♣r♦♦❢✳ ❖❜s❡r✈❡ t❤❛t ✇❡ ♠❛②

❛ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t

ϕ(T, ·) ≤ ψ(T, ·) ❛♥❞ g1 ≤ g2. ✭✷✳✷✳✷✷✮

■♥❞❡❡❞✱ ♦♥❡ ❝❛♥ ♦t❤❡r✇✐s❡ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥

ψ̄ := ψ + eβ(T−t) (a+ b(T − t)) ✇❤❡r❡ a = |(ϕ− ψ)+(T, ·)|∞, b = |(g1 − g2)
+|∞,

❛♥❞ β ✐s t❤❡ ♣❛r❛♠❡t❡r ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ▲❡♠♠❛ ✷✳✷✳✼✱ s♦ t❤❛t ψ̄(T, ·) ≥ ϕ(T, ·)
❛♥❞✱ ❜② ▲❡♠♠❛ ✭✷✳✷✳✼✮✱ ψ̄(t, x)−Th[ψ̄](t, x) ≥ h(g1 ∨ g2)✳ ❍❡♥❝❡ ✭✷✳✷✳✷✷✮ ❤♦❧❞s tr✉❡
❢♦r ϕ ❛♥❞ ψ̄✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ r❡q✉✐r❡❞ r❡s✉❧t ❜② ✐♥❞✉❝t✐♦♥✳ ❋✐rst ϕ(T, ·) ≤ ψ(T, ·) ❜②

✭✷✳✷✳✷✷✮✳ ❲❡ ♥❡①t ❛ss✉♠❡ t❤❛t ϕ(t+h, ·) ≤ ψ(t+h, ·) ❢♦r s♦♠❡ t+h ≤ T ✳ ❙✐♥❝❡ Th

s❛t✐s✜❡s t❤❡ st❛♥❞❛r❞ ♠♦♥♦t♦♥✐❝✐t② ❝♦♥❞✐t✐♦♥ ✭✷✳✷✳✶✾✮✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✷✳✷✷✮ t❤❛t

Th[ϕ](t, x) ≤ Th[ψ](t, x).

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉♥❞❡r ✭✷✳✷✳✷✷✮✱ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ t❤❡ ❧❡♠♠❛ ✐♠♣❧✐❡s✿

ϕ(t, x) − Th[ϕ](t, x) ≤ ψ(t, x) − Th[ψ](t, x).

❚❤❡♥ ϕ(t, ·) ≤ ψ(t, ·)✳ ✷

✷✳✷✳✸✳✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✷ ✭✐✮

❯♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❆ss✉♠♣t✐♦♥ ❍❏❇ ♦♥ t❤❡ ❝♦❡✣❝✐❡♥ts✱ ✇❡ ♠❛② ❜✉✐❧❞ ❛

❜♦✉♥❞❡❞ s✉❜s♦❧✉t✐♦♥ vε ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r P❉❊✱ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ s❤❛❦✐♥❣ t❤❡ ❝♦✲

❡✣❝✐❡♥ts✱ ✇❤✐❝❤ ✐s ▲✐♣s❝❤✐t③ ✐♥ x✱ 1/2−❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s ✐♥ t✱ ❛♥❞ ❛♣♣r♦①✐♠❛t❡s

✉♥✐❢♦r♠❧② t❤❡ s♦❧✉t✐♦♥ v✿

v − ε ≤ vε ≤ v.



✷✽
❈❤❛♣t❡r ✷✳ ❆ Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞ ❢♦r ❋✉❧❧② ◆♦♥❧✐♥❡❛r

P❛r❛❜♦❧✐❝ P❉❊s

▲❡t ρ(t, x) ❜❡ ❛ C∞ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ s✉♣♣♦rt❡❞ ✐♥ {(t, x) : t ∈ [0, 1], |x| ≤ 1} ✇✐t❤

✉♥✐t ♠❛ss✱ ❛♥❞ ❞❡✜♥❡

wε(t, x) := vε ∗ ρε ✇❤❡r❡ ρε(t, x) :=
1

εd+2
ρ

(
t

ε2
,
x

ε

)
✭✷✳✷✳✷✸✮

s♦ t❤❛t✱ ❢r♦♠ t❤❡ ❝♦♥✈❡①✐t② ♦❢ t❤❡ ♦♣❡r❛t♦r F ✱

wε ✐s ❛ s✉❜s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✳✶✮✱ |wε − v| ≤ 2ε. ✭✷✳✷✳✷✹✮

▼♦r❡♦✈❡r✱ s✐♥❝❡ vε ✐s ▲✐♣s❝❤✐t③ ✐♥ x✱ ❛♥❞ 1/2−❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s ✐♥ t✱

wε ✐s C∞, ❛♥❞
∣∣∣∂β0

t Dβwε
∣∣∣ ≤ Cε1−2β0−|β|1 ❢♦r ❛♥② (β0, β) ∈ N × Nd \ {0},✭✷✳✷✳✷✺✮

✇❤❡r❡ |β|1 :=
∑d

i=1 βi✱ ❛♥❞ C > 0 ✐s s♦♠❡ ❝♦♥st❛♥t✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡

❝♦♥s✐st❡♥❝② r❡s✉❧t ♦❢ ▲❡♠♠❛ ✷✳✷✳✶ ❛❜♦✈❡✱ ✇❡ ❦♥♦✇ t❤❛t

Rh[wε](t, x) :=
wε(t, x) − Th[wε](t, x)

h
+ LXwε(t, x) + F (·, wε, Dwε, D2wε)(t, x)

❝♦♥✈❡r❣❡s t♦ 0 ❛s h→ 0✳ ❚❤❡ ♥❡①t ❦❡②✲✐♥❣r❡❞✐❡♥t ✐s t♦ ❡st✐♠❛t❡ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r✲

❣❡♥❝❡ ♦❢ Rh[wε] t♦ ③❡r♦✿

▲❡♠♠❛ ✷✳✷✳✽ ❋♦r ❛ ❢❛♠✐❧② {ϕε}0<ε<1 ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣ ✭✸✳✸✳✷✶✮✱ ✇❡

❤❛✈❡✿

|Rh[ϕε]|∞ ≤ R(h, ε) := C hε−3 ❢♦r s♦♠❡ ❝♦♥st❛♥t C > 0.

❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t ✐s r❡♣♦rt❡❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s s❡❝t✐♦♥✳ ❋r♦♠ t❤❡ ♣r❡✈✐♦✉s

❡st✐♠❛t❡ t♦❣❡t❤❡r ✇✐t❤ t❤❡ s✉❜s♦❧✉t✐♦♥ ♣r♦♣❡rt② ♦❢ wε✱ ✇❡ s❡❡ t❤❛t wε ≤ Th[wε] +

Ch2ε−3✳ ❚❤❡♥✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶ t❤❛t

wε − vh ≤ C|(wε − vh)(T, .)|∞ + Chε−3 ≤ C(ε+ hε−3). ✭✷✳✷✳✷✻✮

❲❡ ♥♦✇ ✉s❡ ✭✷✳✷✳✷✹✮ ❛♥❞ ✭✷✳✷✳✷✻✮ t♦ ❝♦♥❝❧✉❞❡ t❤❛t

v − vh ≤ v − wε + wε − vh ≤ C(ε+ hε−3).

▼✐♥✐♠✐③✐♥❣ t❤❡ r✐❣❤t ❤❛♥❞✲s✐❞❡ ❡st✐♠❛t❡ ♦✈❡r t❤❡ ❝❤♦✐❝❡ ♦❢ ε > 0✱ t❤✐s ✐♠♣❧✐❡s t❤❡

✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ❡rr♦r v − vh✿

v − vh ≤ Ch1/4. ✭✷✳✷✳✷✼✮

✷✳✷✳✸✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✷ ✭✐✐✮

❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ r❡✐♥❢♦r❝❡❞ ❛ss✉♠♣t✐♦♥ ❍❏❇✰✱

❛❧❧♦✇ t♦ ❛♣♣❧② t❤❡ s✇✐t❝❤✐♥❣ s②st❡♠ ♠❡t❤♦❞ ♦❢ ❇❛r❧❡s ❛♥❞ ❏❛❦♦❜s❡♥ ❬✺❪ ✇❤✐❝❤ ♣r♦✲

✈✐❞❡s t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❡rr♦r✿

v − vh ≥ − inf
ε>0

{Cε1/3 +R(h, ε)} = −C ′h1/10,



✷✳✷✳ ❆s②♠♣t♦t✐❝s ♦❢ t❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✷✾

❢♦r s♦♠❡ ❝♦♥st❛♥ts C,C ′ > 0✳ ❚❤❡ r❡q✉✐r❡❞ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❢♦❧❧♦✇s ❛❣❛✐♥ ❢r♦♠

▲❡♠♠❛ ✷✳✷✳✻ ✇❤✐❝❤ st❛t❡s t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ vh − vh ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ❛❜♦✈❡

r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✳✽ ◆♦t✐❝❡ t❤❛t t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❊✉❧❡r ❛♣♣r♦①✐♠❛t✐♦♥ X̂t,x
h

❜❡t✇❡❡♥ t ❛♥❞ t + h ✐s ❞r✐✈❡♥ ❜② ❛ ❝♦♥st❛♥t ❞r✐❢t µ(t, x) ❛♥❞ ❛ ❝♦♥st❛♥t ❞✐✛✉s✐♦♥

σ(t, x)✳ ❙✐♥❝❡ Dϕε ✐s ❜♦✉♥❞❡❞✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ■tô✬s ❢♦r♠✉❧❛ t❤❛t✿

1

h

[
Eϕε(t+ h, X̂x

h) − ϕε(t, x)
]
−LXϕε(t, x) =

1

h
E

∫ t+h

t

(
LX̂t,x

ϕε(u, X̂
x
u) − LXϕε(t, x)

)
du,

✇❤❡r❡ LX̂t,x
✐s t❤❡ ❉②♥❦✐♥ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❊✉❧❡r s❝❤❡♠❡✿

LX̂t,x

ϕ(t′, x′) = ∂tϕ(t′, x′) + µ(t, x)Dϕ(t′, x′) +
1

2
Tr
[
a(t, x)D2ϕ(t′, x′)

]
.

❆♣♣❧②✐♥❣ ❛❣❛✐♥ ■tô✬s ❢♦r♠✉❧❛✱ ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t LX̂t,x
Dϕε ✐s ❜♦✉♥❞❡❞✱ ❧❡❛❞s

t♦

1

h

[
Eϕε(t+ h, X̂x

h) − ϕε(t, x)
]
− LXϕε(t, x) =

1

h
E

∫ t+h

t

∫ u

t
LX̂t,xLX̂t,x

ϕε(s, X̂
x
s )dsdu.

❯s✐♥❣ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts µ ❛♥❞ σ✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✸✳✷✶✮ t❤❛t ❢♦r

ε ∈ (0, 1)✿

∣∣∣∣∣
Eϕε(t+ h, X̂x

h) − ϕε(t, x)

h
− LXϕε(t, x)

∣∣∣∣∣ ≤ R0(h, ε) := C hε−3.

❙t❡♣ ✷ ❚❤✐s ✐♠♣❧✐❡s t❤❛t

|Rh[ϕε](t, x)| ≤
∣∣∣∣∣
Eϕε(t+ h, X̂t,x

h ) − ϕε(t, x)

h
− LXϕε(t, x)

∣∣∣∣∣
+
∣∣F (x, ϕε(t, x), Dϕε(t, x), D

2ϕε(t, x)) − F (·,Dh[ϕε](t, x))
∣∣

≤ R0(h, ε) + C

2∑

k=0

∣∣∣EDkϕε(t+ h, X̂t,x
h ) −Dkϕε(t, x)

∣∣∣ ✭✷✳✷✳✷✽✮

❜② t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r✐t② F ✳

❇② ❛ s✐♠✐❧❛r ❝❛❧❝✉❧❛t✐♦♥ ❛s ✐♥ ❙t❡♣ ✶✱ ✇❡ s❡❡ t❤❛t✿

|EDiϕε(t+ h, X̂t,x
h ) −Dϕε(t, x)| ≤ Chε−1−i, i = 0, 1, 2,

✇❤✐❝❤✱ t♦❣❡t❤❡r ✇✐t❤ ✭✷✳✷✳✷✽✮✱ ♣r♦✈✐❞❡s t❤❡ r❡q✉✐r❡❞ r❡s✉❧t✳ ✷
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✷✳✷✳✹ ❚❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡ ❧✐♥❡❛r ❝❛s❡

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ s♣❡❝✐❛❧✐③❡ t❤❡ ❞✐s❝✉ss✐♦♥ t♦ t❤❡ ❧✐♥❡❛r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡

F (γ) = cγ, ✭✷✳✷✳✷✾✮

❢♦r s♦♠❡ c > 0✳ ❚❤❡ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ d > 1 ❝❛♥ ❜❡ ❤❛♥❞❧❡❞ s✐♠✐❧❛r❧②✳ ❆s✲

s✉♠✐♥❣ t❤❛t g ✐s ❜♦✉♥❞❡❞✱ t❤❡ ❧✐♥❡❛r P❉❊ ✭✷✳✶✳✶✮✲✭✷✳✶✳✷✮ ❤❛s ❛ ✉♥✐q✉❡ ❜♦✉♥❞❡❞

s♦❧✉t✐♦♥

v(t, x) = E
[
g
(
x+

√
1 + 2c WT−t

)]
❢♦r (t, x) ∈ [0, T ] × Rd. ✭✷✳✷✳✸✵✮

❲❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t t❤✐s s♦❧✉t✐♦♥ v ✐s C∞ ([0, T ) × R) ✇✐t❤

Dkv(t, x) = E

[
g(k)

(
x+

√
1 + 2c WT−t

)]
, t < T, x ∈ R. ✭✷✳✷✳✸✶✮

❚❤✐s s❤♦✇s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t v ❤❛s ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s ♦❢ ❛♥② ♦r❞❡r✱ ✇❤❡♥❡✈❡r t❤❡

t❡r♠✐♥❛❧ ❞❛t❛ g ✐s C∞ ❛♥❞ ❤❛s ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s ♦❢ ❛♥② ♦r❞❡r✳

❖❢ ❝♦✉rs❡✱ ♦♥❡ ❝❛♥ ✉s❡ t❤❡ ❝❧❛ss✐❝❛❧ ▼♦♥t❡ ❈❛r❧♦ ❡st✐♠❛t❡ t♦ ♣r♦❞✉❝❡ ❛♥ ❛♣♣r♦①✲

✐♠❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ v ♦❢ ✭✷✳✷✳✸✵✮✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❛♥❛❧②③❡ t❤❡

❡rr♦r ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ♦✉t❧✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✳ ◆❛♠❡❧②✿

vh(T, ·) = g, vh(ti−1, x) = E

[
vh(ti, x+Wh)

]
+ chE

[
vh(ti, x+Wh)Hh

2

]
, i ≤ n.

✭✷✳✷✳✸✷✮

❍❡r❡✱ σ = 1 ❛♥❞ µ = 0 ❛r❡ ✉s❡❞ t♦ ✇r✐t❡ t❤❡ ❛❜♦✈❡ s❝❤❡♠❡✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✷ ❈♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r F ♦❢ ✭✷✳✷✳✷✾✮✱ ❛♥❞ ❛ss✉♠❡ t❤❛t D(2k+1)v ✐s

❜♦✉♥❞❡❞ ❢♦r ❡✈❡r② k ≥ 0✳ ❚❤❡♥

lim sup
h→0

h−1/2|vh − v|∞ < ∞.

Pr♦♦❢✳ ❙✐♥❝❡ v ❤❛s ❜♦✉♥❞❡❞ ✜rst ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ x✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ■tô✬s

❢♦r♠✉❧❛ t❤❛t✿

v(t, x) = E [v(t+ h, x+Wh)] + cE

[∫ h

0
△v(t+ s, v +Ws)ds

]
,

❚❤❡♥✱ ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✷✳✶✳✶✱ t❤❡ ❡rr♦r u := v− vh s❛t✐s✜❡s u(tn, Xtn) = 0 ❛♥❞ ❢♦r

i ≤ n− 1✿

u (ti, Xti) = Ei

[
u
(
ti+1, Xti+1

)]
+ ch Ei

[
△u

(
ti+1, Xti+1

)]

+cEi

∫ h

0

[
△v (ih+ s,Xih+s) −△v

(
(i+ 1)h,X(i+1)h

)]
ds,✭✷✳✷✳✸✸✮

✇❤❡r❡ Ei := E[·|Fti ] ✐s t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦♣❡r❛t♦r ❝♦♥❞✐t✐♦♥❛❧ ♦♥ Fti ✳

❙t❡♣ ✶ ❙❡t

ak
i := E

[
△ku (ti, Xti)

]
, bki := E

∫ h

0

[
△kv

(
ti−1 + s,Xti−1+s

)
−△kv (ti, Xti)

]
ds,



✷✳✷✳ ❆s②♠♣t♦t✐❝s ♦❢ t❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✸✶

❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♠❛tr✐❝❡s

A :=




1 −1 0 · · · 0

0 1 −1 · · · 0
✳✳✳

✳ ✳ ✳
✳ ✳ ✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳ ✳ ✳ 1 −1

0 · · · · · · 0 1



, B :=




0 1 0 . . . 0
✳✳✳

✳ ✳ ✳
✳ ✳ ✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳ ✳ ✳
✳ ✳ ✳ 0

✳✳✳
✳ ✳ ✳

✳ ✳ ✳
✳ ✳ ✳ 1

0 · · · · · · · · · 0



,

❛♥❞ ✇❡ ♦❜s❡r✈❡ t❤❛t ✭✷✳✷✳✸✸✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ✈❡❝t♦rs ak := (ak
1, . . . , a

k
n)T ❛♥❞ bk :=

(bk1, . . . , b
k
n)T s❛t✐s❢② Aak = chBak+1 + cBbk ❢♦r ❛❧❧ k ≥ 0✱ ❛♥❞ t❤❡r❡❢♦r❡✿

ak = chA−1Bak+1 + cA−1Bbk ✇❤❡r❡ A−1 =




1 1 · · · 1

0 1 · · · 1
✳✳✳

✳ ✳ ✳
✳ ✳ ✳

✳✳✳

0 · · · 0 1


 .✭✷✳✷✳✸✹✮

❇② ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥✱ ✇❡ s❡❡ t❤❛t t❤❡ ♣♦✇❡rs (A−1B)k ❛r❡ ❣✐✈❡♥ ❜②✿

(A−1B)k
i,j = 1{j≥i+k}

(
j − i− 1

k − 1

)
❢♦r ❛❧❧ k ≥ 1 ❛♥❞ i, j = 1, . . . , n.

■♥ ♣❛rt✐❝✉❧❛r✱ ❜❡❝❛✉s❡ ak
n = 0✱ (A−1B)n−1ak = 0✳ ■t❡r❛t✐♥❣ ✭✷✳✷✳✸✹✮✱ t❤✐s ♣r♦✈✐❞❡s✿

a0 = ch(A−1B)a1 + c(A−1B)b0 = . . . =
n−2∑

k=0

ck+1hk(A−1B)k+1bk,

❛♥❞ t❤❡r❡❢♦r❡✿

u(0, x) = a0
1 = c

n−2∑

k=0

(ch)k(A−1B)k+1
1,j b

k. ✭✷✳✷✳✸✺✮

❇❡❝❛✉s❡ ♦❢

(A−1B)k
1,j = 1{j≥1+k}

(
j − 2

k − 1

)
❢♦r ❛❧❧ k ≥ 1 ❛♥❞ j = 1, . . . , n ,

✇❡ ❝❛♥ ✇r✐t❡ ✭✷✳✷✳✸✺✮✿

u(0, x) = c
n−2∑

k=0

(ch)k
n∑

j=k+2

(
j − 2

k

)
bk−1
j .

❇② ❝❤❛♥❣✐♥❣ t❤❡ ♦r❞❡r ♦❢ t❤❡ s✉♠♠❛t✐♦♥s ✐♥ t❤❡ ❛❜♦✈❡ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t✿

u(0, x) = c
n∑

j=2

j−2∑

k=0

(ch)k

(
j − 2

k

)
bk−1
j . ✭✷✳✷✳✸✻✮
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❙t❡♣ ✷ ❋r♦♠ ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t D2k+1v ✐s L∞−❜♦✉♥❞❡❞ ❢♦r ❡✈❡r② k ≥ 0✱ ✐t

❢♦❧❧♦✇s t❤❛t

|bkj | ≤ E

[∫ ti

ti−1

∣∣∣△kv(s,Xs) −△kv(tj , Xtj )
∣∣∣ ds
]

≤ Ch3/2

❢♦r s♦♠❡ ❝♦♥st❛♥t C✳ ❲❡ t❤❡♥ ❞❡❞✉❝❡ ❢r♦♠ ✭✷✳✷✳✸✻✮ t❤❛t✿

|u(0, x)| ≤ cCh3/2
n∑

j=2

j−2∑

k=0

(ch)k

(
j − 2

k

)
.

❙♦✱

|u(0, x)| ≤ cCh3/2
n∑

j=2

(1 + ch)j−2 = cCh3/2 (1 + ch)n−1 − 1

ch
≤ C

√
h.
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■♥ ♦r❞❡r t♦ ✐♠♣❧❡♠❡♥t t❤❡ ❜❛❝❦✇❛r❞ s❝❤❡♠❡ ✭✷✳✶✳✹✮✱ ✇❡ st✐❧❧ ♥❡❡❞ t♦ ❞✐s❝✉ss t❤❡

♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢

t❤❡ ♦♣❡r❛t♦rs Th ✐♥ ✭✸✳✶✳✽✮✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ▼❛r❦♦✈ ❢❡❛t✉r❡ ♦❢ t❤❡ ♣r♦❝❡ss X✱ t❤❡s❡

❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥s r❡❞✉❝❡ t♦ s✐♠♣❧❡ r❡❣r❡ss✐♦♥s✳ ▼♦t✐✈❛t❡❞ ❜② t❤❡ ♣r♦❜❧❡♠ ♦❢

❆♠❡r✐❝❛♥ ♦♣t✐♦♥s ✐♥ ✜♥❛♥❝✐❛❧ ♠❛t❤❡♠❛t✐❝s✱ ✈❛r✐♦✉s ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞

✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡s❡ r❡❣r❡ss✐♦♥s✳ ❲❡ r❡❢❡r t♦

❬✶✽❪ ❛♥❞ ❬✸✺❪ ❢♦r ❛ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥✳

❚❤❡ ❝❤✐❡❢ ♦❜❥❡❝t ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ♦✉r

s✉❣❣❡st❡❞ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✇❤❡♥ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦♣❡r❛t♦r E ✐♥ ✭✷✳✶✳✹✮ ✐s r❡♣❧❛❝❡❞

❜② s♦♠❡ ❡st✐♠❛t♦r ÊN ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ s❛♠♣❧❡ s✐③❡ N ✿

T̃
N
h [ψ](t, x) := ÊN

[
ψ(t+ h, X̂x

h)
]

+ hF
(
·, D̂hψ

)
(t, x), ✭✷✳✸✳✶✮

T̂
N
h [ψ](t, x) := −Kh[ψ] ∨ T̃

N
h [ψ](t, x) ∧Kh[ψ] ✭✷✳✸✳✷✮

✇❤❡r❡

D̂hψ(t, x) := ÊN
[
ψ(t+ h, X̂t,x

h )Hh(t, x)
]
, Kh[ψ] := ‖ψ‖∞(1 + C1h) + C2h,

✇❤❡r❡

C1 =
1

4
|F❚p F−

γ Fp|∞ + |Fr|∞ ❛♥❞ C2 = |F (t, x, 0, 0, 0)|∞.

❚❤❡ ❛❜♦✈❡ ❜♦✉♥❞s ❛r❡ ♥❡❡❞❡❞ ❢♦r t❡❝❤♥✐❝❛❧ r❡❛s♦♥s ✇❤✐❝❤ ✇❡r❡ ❛❧r❡❛❞② ♦❜s❡r✈❡❞ ✐♥

❬✶✽❪✳

❲✐t❤ t❤❡s❡ ♥♦t❛t✐♦♥s✱ t❤❡ ✐♠♣❧❡♠❡♥t❛❜❧❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✐s✿

v̂h
N (t, x, ω) = T̂

N
h [v̂h

N ](t, x, ω), ✭✷✳✸✳✸✮
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✇❤❡r❡ T̂
N
h ✐s ❞❡✜♥❡❞ ✐♥ ✭✷✳✸✳✶✮✲✭✷✳✸✳✷✮✱ ❛♥❞ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ω t❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥

❡♠♣❤❛s✐③❡s t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ♦✉r ❡st✐♠❛t♦r ♦♥ t❤❡ ✉♥❞❡r❧②✐♥❣ s❛♠♣❧❡✳

▲❡t Rb ❜❡ t❤❡ ❢❛♠✐❧② ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s R ♦❢ t❤❡ ❢♦r♠ ψ(Wh)Hi(Wh) ✇❤❡r❡ ψ

✐s ❛ ❢✉♥❝t✐♦♥ ✇✐t❤ |ψ|∞ ≤ b ❛♥❞ Hi✬s ❛r❡ t❤❡ ❍❡r♠✐t❡ ♣♦❧②♥♦♠✐❛❧s✿

H0(x) = 1, H1(x) = x and H2(x) = xTx− h ∀x ∈ Rd.

❆ss✉♠♣t✐♦♥ ❊ ❚❤❡r❡ ❡①✐st ❝♦♥st❛♥ts Cb, λ, ν > 0 s✉❝❤ t❤❛t
∥∥∥ÊN [R] − E[R]

∥∥∥
p
≤

Cbh
−λN−ν ❢♦r ❡✈❡r② R ∈ Rb✱ ❢♦r s♦♠❡ p ≥ 1✳

❊①❛♠♣❧❡ ✷✳✸✳✶ ❈♦♥s✐❞❡r t❤❡ r❡❣r❡ss✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ▼❛❧❧✐❛✈✐♥ ✐♥✲

t❡❣r❛t✐♦♥ ❜② ♣❛rts ❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ▲✐♦♥s ❛♥❞ ❘❡✐❣♥❡r ❬✹✻❪✱ ❇♦✉❝❤❛r❞✱ ❊❦❡❧❛♥❞ ❛♥❞

❚♦✉③✐ ❬✶✺❪✱ ❛♥❞ ❛♥❛❧②③❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❜❛❝❦✇❛r❞ st♦❝❤❛st✐❝

❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❜② ❬✶✽❪ ❛♥❞ ❬✷✽❪✳ ❚❤❡♥ ❆ss✉♠♣t✐♦♥ ❊ ✐s s❛t✐s✜❡❞ ❢♦r ❡✈❡r②

p > 1 ✇✐t❤ t❤❡ ❝♦♥st❛♥ts λ = d
4p ❛♥❞ ν = 1

2p ✱ s❡❡ ❬✶✽❪✳

❖✉r ♥❡①t ♠❛✐♥ r❡s✉❧t ❡st❛❜❧✐s❤❡s ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ s❛♠♣❧❡ s✐③❡ N ❛♥❞ t❤❡ t✐♠❡

st❡♣ h ✇❤✐❝❤ ❣✉❛r❛♥t❡❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ v̂h
N t♦✇❛r❞s v✳

❚❤❡♦r❡♠ ✷✳✸✳✶ ▲❡t ❆ss✉♠♣t✐♦♥s ❊ ❛♥❞ ❋ ❤♦❧❞ tr✉❡✱ ❛♥❞ ❛ss✉♠❡ t❤❛t t❤❡ ❢✉❧❧②

♥♦♥❧✐♥❡❛r P❉❊ ✭✷✳✶✳✶✮ ❤❛s ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❣r♦✇t❤ q✳ ❙✉♣♣♦s❡ ✐♥ ❛❞❞✐t✐♦♥ t❤❛t

lim
h→0

hλ+2Nν
h = ∞. ✭✷✳✸✳✹✮

❆ss✉♠❡ t❤❛t t❤❡ ✜♥❛❧ ❝♦♥❞✐t✐♦♥ g ✐s ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③✱ ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥ts µ ❛♥❞ σ

❛r❡ ❜♦✉♥❞❡❞✳ ❚❤❡♥✱ ❢♦r ❛❧♠♦st ❡✈❡r② ω✿

v̂h
Nh

(·, ω) −→ v ❧♦❝❛❧❧② ✉♥✐❢♦r♠❧②✱

✇❤❡r❡ ✈ ✐s t❤❡ ✉♥✐q✉❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✳✶✮✳

Pr♦♦❢✳ ❲❡ ❛❞❛♣t t❤❡ ❛r❣✉♠❡♥t ♦❢ ❬✻❪ t♦ t❤❡ ♣r❡s❡♥t st♦❝❤❛st✐❝ ❝♦♥t❡①t✳ ❇② ❘❡♠❛r❦

✷✳✷✳✼ ❛♥❞ ▲❡♠♠❛ ✷✳✷✳✻✱ ✇❡ ♠❛② ❛ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t t❤❡ str✐❝t

♠♦♥♦t♦♥✐❝✐t② ✭✷✳✷✳✻✮ ❤♦❧❞s✳

❇② ✭✷✳✸✳✷✮✱ ✇❡ s❡❡ t❤❛t v̂h ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✳ ❙♦✱ ✇❡ ❝❛♥ ❞❡✜♥❡✿

v̂∗(t, x) := lim inf
(t′, x′) → (t, x)

h → 0

v̂h(t′, x′) ❛♥❞ v̂∗(t, x) := lim sup
(t′, x′) → (t, x)

h → 0

v̂h(t′, x′).✭✷✳✸✳✺✮

❖✉r ♦❜❥❡❝t✐✈❡ ✐s t♦ ♣r♦✈❡ t❤❛t v̂∗ ❛♥❞ v̂∗ ❛r❡ r❡s♣❡❝t✐✈❡❧② ✈✐s❝♦s✐t② s✉♣❡r♣❡rs♦❧✉t✐♦♥

❛♥❞ s✉❜s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✳✶✮✳ ❇② t❤❡ ❝♦♠♣❛r✐s♦♥ ❛ss✉♠♣t✐♦♥✱ ✇❡ s❤❛❧❧ t❤❡♥ ❝♦♥❝❧✉❞❡

t❤❛t t❤❡② ❛r❡ ❜♦t❤ ❡q✉❛❧ t♦ t❤❡ ✉♥✐q✉❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✇❤♦s❡

❡①✐st❡♥❝❡ ✐s ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✷✳✷✳✶✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡② ❛r❡ ❜♦t❤ ❞❡t❡r♠✐♥✐st✐❝

❢✉♥❝t✐♦♥s✳

❲❡ s❤❛❧❧ ♦♥❧② r❡♣♦rt t❤❡ ♣r♦♦❢ ♦❢ t❤❡ s✉♣❡rs♦❧✉t✐♦♥ ♣r♦♣❡rt②✱ t❤❡ s✉❜s♦❧✉t✐♦♥

♣r♦♣❡rt② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ s❛♠❡ t②♣❡ ♦❢ ❛r❣✉♠❡♥t✳
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P❛r❛❜♦❧✐❝ P❉❊s

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t v̂∗ ✐s ❛ s✉♣❡rs♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✳✶✮✱ ✇❡ ❝♦♥s✐❞❡r (t0, x0) ∈
[0, T ) × Rn t♦❣❡t❤❡r ✇✐t❤ ❛ t❡st ❢✉♥❝t✐♦♥ ϕ ∈ C2 ([0, T ) × Rn)✱ s♦ t❤❛t

0 = min{v̂∗ − ϕ} = (v̂∗ − ϕ)(t0, x0).

❇② ❝❧❛ss✐❝❛❧ ♠❛♥✐♣✉❧❛t✐♦♥s✱ ✇❡ ❝❛♥ ✜♥❞ ❛ s❡q✉❡♥❝❡ (tn, xn, hn) → (t0, x0, 0) s♦ t❤❛t

v̂hn(tn, xn) → v̂∗(t0, x0) ❛♥❞

(v̂hn − ϕ)(tn, xn) = min{v̂hn − ϕ} =: Cn → 0.

❚❤❡♥✱ v̂hn ≥ ϕ+Cn✱ ❛♥❞ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ ♦♣❡r❛t♦r Th t❤❛t✿

Thn [v̂hn ] ≥ Thn [ϕ+ Cn].

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ v̂hn ✐♥ ✭✷✳✸✳✸✮✱ t❤✐s ♣r♦✈✐❞❡s✿

v̂hn(t, x) ≥ Thn [ϕ+ Cn](t, x) − (Thn − T̂hn)[v̂h
n](t, x),

✇❤❡r❡✱ ❢♦r ❡❛s❡ ♦❢ ♥♦t❛t✐♦♥s✱ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ Nh ❤❛s ❜❡❡♥ ❞r♦♣♣❡❞✳ ❇❡❝❛✉s❡

v̂hn(tn, xn) = ϕ(tn, xn) + Cn✱ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❣✐✈❡s✿

ϕ(tn, xn) + Cn − Thn [ϕ+ Cn](tn, xn) + hnRn ≥ 0, Rn := h−1
n (Thn − T̂hn)[v̂hn ](tn, xn).

❲❡ ❝❧❛✐♠ t❤❛t

Rn −→ 0 P − ❛✳s✳ ❛❧♦♥❣ s♦♠❡ s✉❜s❡q✉❡♥❝❡✳ ✭✷✳✸✳✻✮

❚❤❡♥✱ ❛❢t❡r ♣❛ss✐♥❣ t♦ t❤❡ s✉❜s❡q✉❡♥❝❡✱ ❞✐✈✐❞✐♥❣ ❜♦t❤ s✐❞❡s ❜② hn✱ ❛♥❞ s❡♥❞✐♥❣

n→ ∞✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✷✳✶ t❤❛t✿

−LXϕ− F
(
·, ϕ,Dϕ,D2ϕ

)
≥ 0,

✇❤✐❝❤ ✐s t❤❡ r❡q✉✐r❡❞ s✉♣❡rs♦❧✉t✐♦♥ ♣r♦♣❡rt②✳

■t r❡♠❛✐♥s t♦ s❤♦✇ ✭✷✳✸✳✻✮✳ ❲❡ st❛rt ❜② ❜♦✉♥❞✐♥❣ Rn ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡rr♦r

♦❢ ❡st✐♠❛t✐♦♥ ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥✳ ❇② ▲❡♠♠❛ ✷✳✷✳✸✱ |Thn [v̂hn ]|∞ ≤ Khn ❛♥❞

s♦ ❜② ✭✷✳✸✳✷✮✱ ✇❡ ❝❛♥ ✇r✐t❡✿

∣∣∣
(
Thn − T̂hn

)
[v̂hn ](tn, xn)

∣∣∣ ≤
∣∣∣
(
Thn − T̃hn

)
[v̂hn ](tn, xn)

∣∣∣ . ✭✷✳✸✳✼✮

❇② t❤❡ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉✐t② ♦❢ F ✱ ✇❡ ❤❛✈❡✿
∣∣∣
(
Thn − T̂hn

)
[v̂hn ](tn, xn)

∣∣∣ ≤ C (E0 + hnE1 + hnE2) .

✇❤❡r❡✿

Ei = |(E − Ê)[v̂hn(tn + hn, X
xn

hn
)Hhn

i (tn, xn)]|

∣∣∣
(
Thn − T̂hn

)
[v̂hn ](tn, xn)

∣∣∣ ≤ C
(∣∣∣(E − Ê)[R0

n]
∣∣∣+
∣∣∣(E − Ê)[R1

n]
∣∣∣+ h−1

n

∣∣∣(E − Ê)[R2
n]
∣∣∣
)
.
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✇❤❡r❡ Ri
n = v̂hn

(
tn + hn, xn + σ(x)Wh

)
Hi(Wh)✱ i = 1, 2, 3 ❛♥❞ Hi ✐s ❍❡r♠✐t❡

♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ i✳ ❚❤✐s ❧❡❛❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❢♦r t❤❡ ❡rr♦r Rn✿

|Rn| ≤ C

hn

(∣∣∣(E − Ê)[R0
n]
∣∣∣+
∣∣∣(E − Ê)[R1

n]
∣∣∣+ h−1

n

∣∣∣(E − Ê)[R2
n]
∣∣∣
)
. ✭✷✳✸✳✽✮

❇❡❝❛✉s❡ Ri
n ∈ Rb ✇✐t❤ ❜♦✉♥❞ ♦❜t❛✐♥❡❞ ✐♥ ▲❡♠♠❛ ✷✳✷✳✸ ❜② ❆ss✉♠♣t✐♦♥ ❊ ✇❡ ❤❛✈❡✱✿

‖Rn‖p ≤ Ch−λ−2
n N−ν

hn
,

s♦ ❜② ✭✷✳✸✳✹✮ ✇❡ ❤❛✈❡ ‖Rn‖p −→ 0 ✇❤✐❝❤ ✐♠♣❧✐❡s ✭✷✳✸✳✻✮✳ ✷

❲❡ ✜♥❛❧❧② ❞✐s❝✉ss t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ s❛♠♣❧❡ s✐③❡ s♦ ❛s t♦ ❦❡❡♣ t❤❡ s❛♠❡ r❛t❡ ❢♦r

t❤❡ ❡rr♦r ❜♦✉♥❞✳

❚❤❡♦r❡♠ ✷✳✸✳✷ ▲❡t t❤❡ ♥♦♥❧✐♥❡❛r✐t② F ❜❡ ❛s ✐♥ ❆ss✉♠♣t✐♦♥ ❍❏❇✱ ❛♥❞ ❝♦♥s✐❞❡r ❛

r❡❣r❡ss✐♦♥ ♦♣❡r❛t♦r s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥ ❊✳ ▲❡t t❤❡ s❛♠♣❧❡ s✐③❡ Nh ❜❡ s✉❝❤ t❤❛t

lim
h→0

hλ+ 21
10Nν

h > 0. ✭✷✳✸✳✾✮

❚❤❡♥✱ ❢♦r ❛♥② ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ✜♥❛❧ ❝♦♥❞✐t✐♦♥ g✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ Lp−❜♦✉♥❞s

♦♥ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡✿

‖v − v̂h‖p ≤ Ch1/10.

Pr♦♦❢✳ ❇② ❘❡♠❛r❦ ✷✳✷✳✼ ❛♥❞ ▲❡♠♠❛ ✷✳✷✳✻✱ ✇❡ ♠❛② ❛ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r✲

❛❧✐t② t❤❛t t❤❡ str✐❝t ♠♦♥♦t♦♥✐❝✐t② ✭✷✳✷✳✻✮ ❤♦❧❞s tr✉❡✳

❲❡ ♣r♦❝❡❡❞ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✷ t♦ s❡❡ t❤❛t

v − v̂h ≤ v − vh + vh − v̂h = ε+R(h, ε) + vh − v̂h.

❙✐♥❝❡ v̂h s❛t✐s✜❡s ✭✷✳✸✳✸✮✱

h−1
(
v̂h − Th[v̂h]

)
≥ −Rh[v̂h] ✇❤❡r❡ Rh[ϕ] :=

1

h

∣∣∣
(
Th − T̂h

)
[ϕ]
∣∣∣ ,

✇❤❡r❡✱ ✐♥ t❤❡ ♣r❡s❡♥t ❝♦♥t❡①t✱ Rh[v̂h] ✐s ❛ ♥♦♥✲③❡r♦ st♦❝❤❛st✐❝ t❡r♠✳ ❇② Pr♦♣♦s✐t✐♦♥

✷✳✷✳✶✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② t❤❛t✿

v − v̂h ≤ C
(
ε+R(h, ε) +Rh[v̂h]

)
,

✇❤❡r❡ t❤❡ ❝♦♥st❛♥t C > 0 ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ▲✐♣s❝❤✐t③ ❝♦❡✣❝✐❡♥t ♦❢ F ✱ β ✐♥

▲❡♠♠❛ ✷✳✷✳✼ ❛♥❞ t❤❡ ❝♦♥st❛♥t ✐♥ ▲❡♠♠❛ ✷✳✷✳✽✳

❙✐♠✐❧❛r❧②✱ ✇❡ ❢♦❧❧♦✇ t❤❡ ❧✐♥❡ ♦❢ ❛r❣✉♠❡♥t ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✷ t♦ s❤♦✇

t❤❛t ❛ ❧♦✇❡r ❜♦✉♥❞ ❤♦❧❞s tr✉❡✱ ❛♥❞ t❤❡r❡❢♦r❡✿

|v − v̂h| ≤ C
(
ε1/3 +R(h, ε) +Rh[v̂h]

)
,
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P❛r❛❜♦❧✐❝ P❉❊s

❲❡ ♥♦✇ ✉s❡ ✭✷✳✸✳✾✮ ❛♥❞ ♣r♦❝❡❡❞ ❛s ✐♥ t❤❡ ❧❛st ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✶ t♦

❞❡❞✉❝❡ ❢r♦♠ ✭✷✳✸✳✽✮ ❛♥❞ ❆ss✉♠♣t✐♦♥ ❋ t❤❛t

‖Rh[v̂h]‖p ≤ Ch1/10.

❲✐t❤ t❤✐s ❝❤♦✐❝❡ ♦❢ t❤❡ s❛♠♣❧❡ s✐③❡ N ✱ t❤❡ ❛❜♦✈❡ ❡rr♦r ❡st✐♠❛t❡ r❡❞✉❝❡s t♦

‖v̂h − v‖p ≤ C
(
ε1/3 +R(h, ε) + h1/10

)
,

❛♥❞ t❤❡ ❛❞❞✐t✐♦♥❛❧ t❡r♠ h1/10 ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ε✳

✷

❊①❛♠♣❧❡ ✷✳✸✳✷ ▲❡t ✉s ✐❧❧✉str❛t❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ♦❢ t❤✐s s❡❝t✐♦♥ ✐♥ t❤❡ ❝♦♥✲

t❡①t ♦❢ t❤❡ ▼❛❧❧✐❛✈✐♥ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts r❡❣r❡ss✐♦♥ ♠❡t❤♦❞ ♦❢ ❬✹✻❪ ❛♥❞ ❬✶✽❪ ✇❤❡r❡

λ = d
4p ❛♥❞ ν = 1

2p ❢♦r ❡✈❡r② p > 1✳ ❙♦✱ ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ✇❡ ♥❡❡❞ t♦ ❝❤♦♦s❡

Nh ♦❢ t❤❡ ♦r❞❡r ♦❢ h−α0 ✇✐t❤ α0 >
d
2 + 4p✳ ❋♦r t❤❡ Lp✲r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t✱

✇❡ ♥❡❡❞ t♦ ❝❤♦♦s❡ Nh ♦❢ t❤❡ ♦r❞❡r ♦❢ h−α1 ✇✐t❤ α1 ≥ d
2 + 21p

5 ✳
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■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈✐❞❡ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ▼♦♥t❡ ❈❛r❧♦✲✜♥✐t❡ ❞✐✛❡r❡♥❝❡s

s❝❤❡♠❡ s✉❣❣❡st❡❞ ✐♥ t❤✐s ♣❛♣❡r ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t✇♦ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ♣r♦❜❧❡♠s✳

❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ ❝❧❛ss✐❝❛❧ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ❡q✉❛t✐♦♥ ❛s t❤❡ s✐♠♣❧❡st ❢r♦♥t

♣r♦♣❛❣❛t✐♦♥ ❡①❛♠♣❧❡✳ ❲❡ t❡st ♦✉r ❜❛❝❦✇❛r❞ ♣r♦❜❛❜✐❧✐st✐❝ s❝❤❡♠❡ ♦♥ t❤❡ ❡①❛♠♣❧❡

✇❤❡r❡ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ✐s ❣✐✈❡♥ ❜② ❛ s♣❤❡r❡✱ ❢♦r ✇❤✐❝❤ ❛♥ ❡❛s② ❡①♣❧✐❝✐t s♦❧✉t✐♦♥ ✐s

❛✈❛✐❧❛❜❧❡✳ ❆ ♠♦r❡ ✐♥t❡r❡st✐♥❣ ❣❡♦♠❡tr✐❝ ❡①❛♠♣❧❡ ✐♥ s♣❛❝❡ ❞✐♠❡♥s✐♦♥s ✷ ✐s ❛❧s♦ ❝♦♥✲

s✐❞❡r❡❞✳ ❲❡ ♥❡①t ❝♦♥s✐❞❡r t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ❡q✉❛t✐♦♥ ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡

❝❧❛ss✐❝❛❧ ♦♣t✐♠❛❧ ✐♥✈❡st♠❡♥t ♣r♦❜❧❡♠ ✐♥ ✜♥❛♥❝✐❛❧ ♠❛t❤❡♠❛t✐❝s✳ ❍❡r❡✱ ✇❡ ❛❣❛✐♥ t❡st

♦✉r s❝❤❡♠❡ ✐♥ ❞✐♠❡♥s✐♦♥ t✇♦ ✇❤❡r❡ ❛♥ ❡①♣❧✐❝✐t s♦❧✉t✐♦♥ ✐s ❛✈❛✐❧❛❜❧❡✱ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r

♠♦r❡ ✐♥✈♦❧✈❡❞ ❡①❛♠♣❧❡s ✐♥ s♣❛❝❡ ❞✐♠❡♥s✐♦♥ ✺✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡✳

■♥ ❛❧❧ ❡①❛♠♣❧❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ t❤❡ ♦♣❡r❛t♦r F (t, x, r, p, γ) ❞♦❡s ♥♦t

❞❡♣❡♥❞ ♦♥ t❤❡ r−✈❛r✐❛❜❧❡✳ ❲❡ s❤❛❧❧ t❤❡♥ ❞r♦♣ t❤✐s ✈❛r✐❛❜❧❡ ❢r♦♠ ♦✉r ♥♦t❛t✐♦♥s✱ ❛♥❞

✇❡ s✐♠♣❧② ✇r✐t❡ t❤❡ s❝❤❡♠❡ ❛s✿

vh(T, .) := g ❛♥❞

vh(ti, x) := E[vh(ti+1, X̂
x
h)] + hF

(
ti, x,Dhv

h(ti, x)
) ✭✷✳✹✳✶✮

✇❤❡r❡

Dhψ :=
(
D1

hψ,D2
hψ
)
,

❛♥❞ D1
h ❛♥❞ D2

h ❛r❡ ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✷✳✶✳✶✳ ❲❡ r❡❝❛❧❧ ❢r♦♠ ❘❡♠❛r❦ ✷✳✶✳✶ t❤❛t✿

D2
2hϕ(ti, x) = E

[
ϕ(ti + 2h, X̂ti,x

2h )
(
σT
)−1 (Wti+h −Wti)(Wti+h −Wti)

T − hId

h2
σ−1

]

= E

[
D1

hϕ(ti + h, X̂ti,x
h )

(
σT
)−1 Wti+h −Wti

h

]
✭✷✳✹✳✷✮



✷✳✹✳ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts ✸✼

❚❤❡ s❡❝♦♥❞ r❡♣r❡s❡♥t❛t✐♦♥ ✐s t❤❡ ♦♥❡ r❡♣♦rt❡❞ ✐♥ ❬✷✺❪ ✇❤❡r❡ t❤❡ ♣r❡s❡♥t ❜❛❝❦✇❛r❞

♣r♦❜❛❜✐❧✐st✐❝ s❝❤❡♠❡ ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞✳ ❚❤❡s❡ t✇♦ r❡♣r❡s❡♥t❛t✐♦♥s ✐♥❞✉❝❡ t✇♦

❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❜❡❝❛✉s❡ ♦♥❝❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦♣❡r❛t♦r E ✐s r❡♣❧❛❝❡❞

❜② ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ÊN ✱ ❡q✉❛❧✐t② ❞♦❡s ♥♦t ❤♦❧❞ ❛♥②♠♦r❡ ✐♥ t❤❡ ❧❛tt❡r ❡q✉❛t✐♦♥ ❢♦r

✜♥✐t❡N ✳ ■♥ ♦✉r ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ❜❡❧♦✇✱ ✇❡ ♣r♦✈✐❞❡ r❡s✉❧ts ❢♦r ❜♦t❤ ♠❡t❤♦❞s✳ ❚❤❡

♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❜❛s❡❞ ♦♥ t❤❡ ✜rst ✭r❡s♣✳ s❡❝♦♥❞✮ r❡♣r❡s❡♥t❛t✐♦♥ ✇✐❧❧ ❜❡ r❡❢❡rr❡❞

t♦ ❛s s❝❤❡♠❡ ✶ ✭r❡s♣✳ ✷✮✳ ❆♥ ✐♠♣♦rt❛♥t ♦✉t❝♦♠❡ ♦❢ ♦✉r ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ✐s

t❤❛t s❝❤❡♠❡ ✷ t✉r♥s ♦✉t t♦ ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t❧② ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡ t❤❛♥ s❝❤❡♠❡ ✶✳

❘❡♠❛r❦ ✷✳✹✳✶ ❚❤❡ s❡❝♦♥❞ s❝❤❡♠❡ ♥❡❡❞s s♦♠❡ ✜♥❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r D1
hϕ(T,XT−h,x

h )✳

❙✐♥❝❡ g ✐s s♠♦♦t❤ ✐♥ ❛❧❧ ♦✉r ❡①❛♠♣❧❡s✱ ✇❡ s❡t t❤✐s ✜♥❛❧ ❝♦♥❞✐t✐♦♥ t♦ ∇g✳ ❙✐♥❝❡ t❤❡

s❡❝♦♥❞ s❝❤❡♠❡ t✉r♥s ♦✉t t♦ ❤❛✈❡ ❛ ❜❡tt❡r ♣❡r❢♦r♠♥❛❝❡✱ ✇❡ ♠❛② ❛❧s♦ ✉s❡ t❤❡ ✜♥❛❧

❝♦♥❞✐t✐♦♥ ❢♦r Z s✉❣❣❡st❡❞ ❜② t❤❡ ✜rst s❝❤❡♠❡✳

❲❡ ✜♥❛❧❧② ❞✐s❝✉ss t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ r❡❣r❡ss✐♦♥ ❡st✐♠❛t♦r ✐♥ ♦✉r ✐♠♣❧❡♠❡♥t❡❞

❡①❛♠♣❧❡s✳ ❚✇♦ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ✉s❡❞✿

• ❚❤❡ ✜rst ♠❡t❤♦❞ ✐s t❤❡ ❜❛s✐s ♣r♦❥❡❝t✐♦♥ ❛ ❧❛ ▲♦♥❣st❛✛ ❛♥❞ ❙❝❤✇❛rt③ ❬✹✼❪✱ ❛s

❞❡✈❡❧♦♣❡❞ ✐♥ ❬✸✺❪✳ ❲❡ ✉s❡ r❡❣r❡ss✐♦♥ ❢✉♥❝t✐♦♥s ✇✐t❤ ❧♦❝❛❧✐③❡❞ s✉♣♣♦rt ✿ ♦♥ ❡❛❝❤

s✉♣♣♦rt t❤❡ r❡❣r❡ss✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡ ❝❤♦s❡♥ ❧✐♥❡❛r ❛♥❞ t❤❡ s✐③❡ ♦❢ t❤❡ s✉♣♣♦rt

✐s ❛❞❛♣t❛t✐✈❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ▼♦♥t❡ ❈❛r❧♦ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣

♣r♦❝❡ss✳

• ❚❤❡ s❡❝♦♥❞ ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ t❤❡ ▼❛❧❧✐❛✈✐♥ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❢♦r♠✉❧❛

❛s s✉❣❣❡st❡❞ ✐♥ ❬✹✻❪ ❛♥❞ ❢✉rt❤❡r ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✶✺❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♦♣t✐✲

♠❛❧ ❡①♣♦♥❡♥t✐❛❧ ❧♦❝❛❧✐③❛t✐♦♥ ❢✉♥❝t✐♦♥ φk(y) = exp(−ηky) ✐♥ ❡❛❝❤ ❞✐r❡❝t✐♦♥

k ✐s ❝❤♦s❡♥ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ♦♣t✐♠❛❧ ♣❛r❛♠❡t❡r ηk ✐s ♣r♦✈✐❞❡❞ ✐♥ ❬✶✺❪ ❛♥❞

s❤♦✉❧❞ ❜❡ ❝❤♦s❡♥ ❢♦r ❡❛❝❤ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ k✳ ❖✉r ♥✉✲

♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ❤♦✇❡✈❡r r❡✈❡❛❧❡❞ t❤❛t s✉❝❤ ♦♣t✐♠❛❧ ♣❛r❛♠❡t❡rs ❞♦ ♥♦t

♣r♦✈✐❞❡ s✉✣❝✐❡♥t❧② ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡✱ ❛♥❞ ♠♦r❡ ❛❝❝✉r❛t❡ r❡s✉❧ts ❛r❡ ♦❜t❛✐♥❡❞

❜② ❝❤♦♦s✐♥❣ ηk = 5/
√

∆t ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ k✳

✷✳✹✳✶ ▼❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ♣r♦❜❧❡♠

❚❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ❡q✉❛t✐♦♥ ❞❡s❝r✐❜❡s t❤❡ ♠♦t✐♦♥ ♦❢ ❛ s✉r❢❛❝❡ ✇❤❡r❡ ❡❛❝❤

♣♦✐♥t ♠♦✈❡s ❛❧♦♥❣ t❤❡ ✐♥✇❛r❞ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥ ✇✐t❤ s♣❡❡❞ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♠❡❛♥

❝✉r✈❛t✉r❡ ❛t t❤❛t ♣♦✐♥t✳ ❚❤✐s ❣❡♦♠❡tr✐❝ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❛s t❤❡ ③❡r♦✲

❧❡✈❡❧ s❡t S(t) := {x ∈ Rd : v(t, x) = 0} ♦❢ ❛ ❢✉♥❝t✐♦♥ v(t, x) ❞❡♣❡♥❞✐♥❣ ♦♥ t✐♠❡ ❛♥❞

s♣❛❝❡ s❛t✐s❢②✐♥❣ t❤❡ ❣❡♦♠❡tr✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✿

vt − ∆v +
Dv ·D2vDv

|Dv|2 = 0 ❛♥❞ v(0, x) = g(x) ✭✷✳✹✳✸✮

❛♥❞ g : Rd −→ R ✐s ❛ ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ ❲❡ r❡❢❡r t♦ ❬✺✺❪

❢♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ♣r♦❜❧❡♠ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st♦❝❤❛st✐❝

r❡♣r❡s❡♥t❛t✐♦♥✳



✸✽
❈❤❛♣t❡r ✷✳ ❆ Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞ ❢♦r ❋✉❧❧② ◆♦♥❧✐♥❡❛r

P❛r❛❜♦❧✐❝ P❉❊s

❚♦ ♠♦❞❡❧ t❤❡ ♠♦t✐♦♥ ♦❢ ❛ s♣❤❡r❡ ✐♥ Rd ✇✐t❤ r❛❞✐✉s 2R > 0✱ ✇❡ t❛❦❡ g(x) :=

4R2−|x|2 s♦ t❤❛t g ✐s ♣♦s✐t✐✈❡ ✐♥s✐❞❡ t❤❡ s♣❤❡r❡ ❛♥❞ ♥❡❣❛t✐✈❡ ♦✉ts✐❞❡✳ ❲❡ ✜rst s♦❧✈❡

t❤❡ s♣❤❡r❡ ♣r♦❜❧❡♠ ✐♥ ❞✐♠❡♥s✐♦♥ ✸✳ ■♥ t❤✐s ❝❛s❡✱ ✐t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t t❤❡ s✉r❢❛❝❡

S(t) ✐s ❛ s♣❤❡r❡ ✇✐t❤ ❛ r❛❞✐✉s R(t) = 2
√
R2 − t ❢♦r t ∈ (0, R2)✳ ❘❡✈❡rs✐♥❣ t✐♠❡✱ ✇❡

r❡✇r✐t❡ ✭✷✳✹✳✸✮ ❢♦r t ∈ (0, T ) ✇✐t❤ T = R2✿

− vt −
1

2
σ2∆v + F (x,Dv,D2v) = 0 ❛♥❞ v(T, x) = g(x), ✭✷✳✹✳✹✮

✇❤❡r❡

F (x, z, γ) := γ

(
1

2
σ2 − 1

)
+
z · γz
|z|2 .

❲❡ ✐♠♣❧❡♠❡♥t ♦✉r ▼♦♥t❡ ❈❛r❧♦✲✜♥✐t❡ ❞✐✛❡r❡♥❝❡s s❝❤❡♠❡ t♦ ♣r♦✈✐❞❡ ❛♥ ❛♣♣r♦①✐♠❛✲

t✐♦♥ v̂h ♦❢ t❤❡ ❢✉♥❝t✐♦♥ v✳ ❆s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ ✇❡ ✐♠♣❧❡♠❡♥t ❢♦✉r ♠❡t❤♦❞s✿ ▼❛❧❧✐✲

❛✈✐♥ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✲❜❛s❡❞ ♦r ❜❛s✐s ♣r♦❥❡❝t✐♦♥✲❜❛s❡❞ r❡❣r❡ss✐♦♥✱ ❛♥❞ s❝❤❡♠❡ ✶

♦r ✷ ❢♦r t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❍❡ss✐❛♥✳

●✐✈❡♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ v̂h✱ ✇❡ ❞❡❞✉❝❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡ Ŝh(t) :=

{x ∈ R3 : v̂h(t, x) = 0)} ❜② ✉s✐♥❣ ❛ ❞✐❝❤♦t♦♠✐❝ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ♠❡t❤♦❞ ✉s✐♥❣ t❤❡

❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t D1v ❡st✐♠❛t❡❞ ❛❧♦♥❣ t❤❡ r❡s♦❧✉t✐♦♥✳ ❚❤❡ ❞✐❝❤♦t♦♠② ✐s

st♦♣♣❡❞ ✇❤❡♥ t❤❡ s♦❧✉t✐♦♥ ✐s ❧♦❝❛❧✐③❡❞ ✇✐t❤✐♥ 0.01 ❛❝❝✉r❛❝②✳

❘❡♠❛r❦ ✷✳✹✳✷ ❖❢ ❝♦✉rs❡ t❤❡ ✉s❡ ♦❢ t❤❡ ❣r❛❞✐❡♥t ✐s ♥♦t ♥❡❝❡ss❛r② ✐♥ t❤❡ ♣r❡s❡♥t

❝♦♥t❡①t ✇❤❡r❡ ✇❡ ❦♥♦✇ t❤❛t S(t) ✐s ❛ s♣❤❡r❡ ❛t ❛♥② t✐♠❡ t ∈ [0, T )✳ ❚❤❡ ❛❧❣♦r✐t❤♠

❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✐s ❞❡s✐❣♥❡❞ t♦ ❤❛♥❞❧❡ ❛♥② t②♣❡ ♦❢ ❣❡♦♠❡tr②✳

❘❡♠❛r❦ ✷✳✹✳✸ ■♥ ♦✉r ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts✱ t❤❡ ♥♦♥❧✐♥❡❛r✐t② F ✐s tr✉♥❝❛t❡❞ s♦

t❤❛t ✐t ✐s ❜♦✉♥❞❡❞ ❜② ❛♥ ❛r❜✐tr❛r② ✈❛❧✉❡ t❛❦❡♥ ❡q✉❛❧ t♦ 200✳

❖✉r ♥✉♠❡r✐❝❛❧ r❡s✉❧ts s❤♦✇ t❤❛t ▼❛❧❧✐❛✈✐♥ ❛♥❞ ❜❛s✐s ♣r♦❥❡❝t✐♦♥ ♠❡t❤♦❞s ❣✐✈❡

s✐♠✐❧❛r r❡s✉❧ts✳ ❍♦✇❡✈❡r✱ ❢♦r ❛ ❣✐✈❡♥ ♥✉♠❜❡r ♦❢ s❛♠♣❧❡ ♣❛t❤s✱ t❤❡ ❜❛s✐s ♣r♦❥❡❝t✐♦♥

♠❡t❤♦❞ ♦❢ ❬✸✺❪ ❛r❡ s❧✐❣❤t❧② ♠♦r❡ ❛❝❝✉r❛t❡✳ ❚❤❡r❡❢♦r❡✱ ❛❧❧ r❡s✉❧ts r❡♣♦rt❡❞ ❢♦r t❤✐s

❡①❛♠♣❧❡ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❜❛s✐s ♣r♦❥❡❝t✐♦♥ ♠❡t❤♦❞✳

❋✐❣✉r❡ ✷✳✶ ♣r♦✈✐❞❡s r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ ♦♥❡ ♠✐❧❧✐♦♥ ♣❛rt✐❝❧❡s ❛♥❞ 10× 10× 10

♠❡s❤ ✇✐t❤ ❛ t✐♠❡ st❡♣ ❡q✉❛❧ t♦ 0.0125✳ ❚❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t σ ✐s t❛❦❡♥ t♦ ❜❡

❡✐t❤❡r 1 ♦r 1.8✳ ❲❡ ♦❜s❡r✈❡ t❤❛t r❡s✉❧ts ❛r❡ ❜❡tt❡r ✇✐t❤ σ = 1✳ ❲❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t

t❤❡ ❡rr♦r ✐♥❝r❡❛s❡s ♥❡❛r t✐♠❡ 0.25 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝s

♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥✱ ❛♥❞ s✉❣❣❡st✐♥❣ t❤❛t ❛ t❤✐♥♥❡r t✐♠❡ st❡♣ s❤♦✉❧❞ ❜❡ ✉s❡❞ ❛t t❤❡

❡♥❞ ♦❢ s✐♠✉❧❛t✐♦♥✳

❋✐❣✉r❡ ✷✳✷ ♣❧♦ts t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♦✉r ❝❛❧❝✉❧❛t✐♦♥ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ ❢♦r

s❝❤❡♠❡ ✶ ❛♥❞ ✈♦❧❛t✐❧✐t② ✶ ❛♥❞ ✶✳✽ ❢♦r ✈❛r②✐♥❣ t✐♠❡ st❡♣✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s✉❧ts

✇✐t❤ s❝❤❡♠❡ ✷ ❛r❡ r❡♣♦rt❡❞ ✐♥ ✜❣✉r❡ ✷✳✸✳ ❲❡ ♥♦t✐❝❡ t❤❛t s♦♠❡ ♣♦✐♥ts ❛t t✐♠❡ T = 0.25

❛r❡ ♠✐ss✐♥❣ ❞✉❡ t♦ ❛ ♥♦♥ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❣r❛❞✐❡♥t ♠❡t❤♦❞ ❢♦r ❛ ❞✐✛✉s✐♦♥ σ = 1.8✳

❲❡ ♦❜s❡r✈❡ t❤❛t r❡s✉❧ts ❢♦r s❝❤❡♠❡ ✷ ❛r❡ s❧✐❣❤t❧② ❜❡tt❡r t❤❛♥ r❡s✉❧ts ❢♦r s❝❤❡♠❡ ✶✳

❲✐t❤ σ = 1✱ ✐t t❛❦❡s ✶✺✵ s❡❝♦♥❞s ♦♥ ❛ ◆❡❤❛❧❡♠ ✐♥t❡❧ ♣r♦❝❡ss♦r ✷✳✾ ●❍③ t♦ ♦❜t❛✐♥ t❤❡

r❡s✉❧t ❛t t✐♠❡ t = 0.15 ✇✐t❤ t❤❡ r❡❣r❡ss✐♦♥ ♠❡t❤♦❞✱ ✇❤✐❧❡ ✐t t❛❦❡s ✶✺✵✵ s❡❝♦♥❞s ✇✐t❤



✷✳✹✳ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts ✸✾

❋✐❣✉r❡ ✷✳✶✿ ❙♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ❢♦r t❤❡ s♣❤❡r❡ ♣r♦❜❧❡♠

t❤❡ ▼❛❧❧✐❛✈✐♥ ♠❡t❤♦❞ ✭♥♦t✐❝❡ t❤❛t t❤❡ ❞✐❝❤♦t♦♠② ✉s❡❞ ✇✐t❤ t❤❡ ❣r❛❞✐❡♥t ♠❡t❤♦❞ ✐s

❛ ✈❡r② ✐♥❡✣❝✐❡♥t ♠❡t❤♦❞✮✳

❲❡ ✜♥❛❧❧② r❡♣♦rt ✐♥ ❋✐❣✉r❡ ✷✳✹ s♦♠❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡

✢♦✇ ♣r♦❜❧❡♠ ✐♥ ❞✐♠❡♥s✐♦♥ ✷ ✇✐t❤ ❛ ♠♦r❡ ✐♥t❡r❡st✐♥❣ ❣❡♦♠❡tr②✿ t❤❡ ✐♥✐t✐❛❧ s✉r❢❛❝❡

✭✐✳❡✳ t❤❡ ③❡r♦✲❧❡✈❡❧ s❡t ❢♦r v✮ ❝♦♥s✐sts ♦❢ t✇♦ ❞✐s❦s ✇✐t❤ ✉♥✐t r❛❞✐✉s✱ ✇✐t❤ ❝❡♥t❡rs

♣♦s✐t✐♦♥❡❞ ❛t ✲✶✳✺ ❛♥❞ ✶✳✺ ❛♥❞ ❝♦♥♥❡❝t❡❞ ❜② ❛ str✐♣❡ ♦❢ ✉♥✐t ✇✐❞t❤✳ ❲❡ ❣✐✈❡ t❤❡

r❡s✉❧t✐♥❣ ❞❡❢♦r♠❛t✐♦♥ ✇✐t❤ s❝❤❡♠❡ ✷ ❢♦r ❛ ❞✐✛✉s✐♦♥ σ = 1✱ ❛ t✐♠❡ st❡♣ h = 0.0125✱

❛♥❞ ♦♥❡ ♠✐❧❧✐♦♥ ♣❛rt✐❝❧❡s✳ ❖♥❝❡ ❛❣❛✐♥✱ t❤❡ ▼❛❧❧✐❛✈✐♥ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❜❛s❡❞

r❡❣r❡ss✐♦♥ ♠❡t❤♦❞ ❛♥❞ t❤❡ ❜❛s✐s ♣r♦❥❡❝t✐♦♥ ♠❡t❤♦❞ ✇✐t❤ 10 × 10 ♠❡s❤❡s ♣r♦❞✉❝❡

s✐♠✐❧❛r r❡s✉❧ts✳ ❲❡ ✉s❡❞ 1024 ♣♦✐♥ts t♦ ❞❡s❝r✐❜❡ t❤❡ s✉r❢❛❝❡✳

❖♥❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ♠❡t❤♦❞ ✐s t❤❡ t♦t❛❧ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ t❤❛t ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞

t♦ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠ ❢♦r ❞✐✛❡r❡♥t ♣♦✐♥ts ♦♥ t❤❡ s✉r❢❛❝❡ ✿ ❢♦r t❤❡ r❡s✉❧ts ❣✐✈❡♥ ♣❛r❛❧✲

❧❡❧✐③❛t✐♦♥ ❜② ▼❡ss❛❣❡ P❛ss✐♥❣ ✭▼P■✮ ✇❛s ❛❝❤✐❡✈❡❞✳

✷✳✹✳✷ ❈♦♥t✐♥✉♦✉s✲t✐♠❡ ♣♦rt❢♦❧✐♦ ♦♣t✐♠✐③❛t✐♦♥

❲❡ ♥❡①t r❡♣♦rt ❛♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ♣♦rt❢♦❧✐♦ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

✐♥ ✜♥❛♥❝✐❛❧ ♠❛t❤❡♠❛t✐❝s✳ ▲❡t {St, t ∈ [0, T ]} ❜❡ ❛♥ ■tô ♣r♦❝❡ss ♠♦❞❡❧✐♥❣ t❤❡ ♣r✐❝❡

❡✈♦❧✉t✐♦♥ ♦❢ n ✜♥❛♥❝✐❛❧ s❡❝✉r✐t✐❡s✳ ❚❤❡ ✐♥✈❡st♦r ❝❤♦♦s❡s ❛♥ ❛❞❛♣t❡❞ ♣r♦❝❡ss {θt, t ∈
[0, T ]} ✇✐t❤ ✈❛❧✉❡s ✐♥ Rn✱ ✇❤❡r❡ θi

t ✐s t❤❡ ❛♠♦✉♥t ✐♥✈❡st❡❞ ✐♥ t❤❡ i−t❤ s❡❝✉r✐t② ❤❡❧❞

❛t t✐♠❡ t✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ✐♥✈❡st♦r ❤❛s ❛❝❝❡ss t♦ ❛ ♥♦♥✲r✐s❦② s❡❝✉r✐t② ✭❜❛♥❦ ❛❝❝♦✉♥t✮

✇❤❡r❡ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ♦❢ ❤✐s ✇❡❛❧t❤ ✐s ✐♥✈❡st❡❞✳ ❚❤❡ ♥♦♥✲r✐s❦② ❛ss❡t S0 ✐s ❞❡✜♥❡❞

❜② ❛♥ ❛❞❛♣t❡❞ ✐♥t❡r❡st r❛t❡s ♣r♦❝❡ss {rt, t ∈ [0, T ]}✱ ✐✳❡✳ dS0
t = S0

t rtdt✱ t ∈ [0, 1]✳

❚❤❡♥✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✇❡❛❧t❤ ♣r♦❝❡ss ✐s ❞❡s❝r✐❜❡❞ ❜②✿

dXθ
t = θt ·

dSt

St
+ (Xθ

t − θt · 1)
dS0

t

S0
t

= θt ·
dSt

St
+ (Xθ

t − θt · 1)rtdt,



✹✵
❈❤❛♣t❡r ✷✳ ❆ Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞ ❢♦r ❋✉❧❧② ◆♦♥❧✐♥❡❛r

P❛r❛❜♦❧✐❝ P❉❊s

❋✐❣✉r❡ ✷✳✷✿ ▼❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ♣r♦❜❧❡♠ ❢♦r ❞✐✛❡r❡♥t t✐♠❡ st❡♣ ❛♥❞ ❞✐✛✉s✐♦♥✿

s❝❤❡♠❡ ✶

✇❤❡r❡ 1 = (1, · · · , 1) ∈ Rd✳ ▲❡t A ❜❡ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ ❛❞❛♣t❡❞ ♣r♦❝❡ss❡s θ ✇✐t❤

✈❛❧✉❡s ✐♥ Rd✱ ✇❤✐❝❤ ❛r❡ ✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ S ❛♥❞ s✉❝❤ t❤❛t t❤❡ ♣r♦❝❡ss Xθ

✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇✳ ●✐✈❡♥ ❛♥ ❛❜s♦❧✉t❡ r✐s❦ ❛✈❡rs✐♦♥ ❝♦❡✣❝✐❡♥t η > 0✱

t❤❡ ♣♦rt❢♦❧✐♦ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❞❡✜♥❡❞ ❜②✿

v0 := sup
θ∈A

E

[
− exp

(
−ηXθ

T

)]
. ✭✷✳✹✳✺✮

❯♥❞❡r ❢❛✐r❧② ❣❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥s✱ t❤✐s ❧✐♥❡❛r st♦❝❤❛st✐❝ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❝❤❛r✲

❛❝t❡r✐③❡❞ ❛s t❤❡ ✉♥✐q✉❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❍❏❇ ❡q✉❛t✐♦♥✳ ❚❤❡

♠❛✐♥ ♣✉r♣♦s❡ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✐s t♦ ✐♠♣❧❡♠❡♥t ♦✉r ▼♦♥t❡ ❈❛r❧♦✲✜♥✐t❡ ❞✐✛❡r❡♥❝❡s

s❝❤❡♠❡ t♦ ❞❡r✐✈❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢✉❧❧② ♥♦♥❧✐♥❡❛r ❍❏❇ ❡q✉❛✲

t✐♦♥ ✐♥ ♥♦♥✲tr✐✈✐❛❧ s✐t✉❛t✐♦♥s ✇❤❡r❡ t❤❡ st❛t❡ ❤❛s ❛ ❢❡✇ ❞✐♠❡♥s✐♦♥s✳ ❲❡ s❤❛❧❧ ✜rst

st❛rt ❜② ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❡①❛♠♣❧❡ ✇❤❡r❡ ❛♥ ❡①♣❧✐❝✐t s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s

❛✈❛✐❧❛❜❧❡✳ ❚❤❡♥✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t s♦♠❡ r❡s✉❧ts ✐♥ ❛ ✜✈❡ ❞✐♠❡♥s✐♦♥❛❧ s✐t✉❛t✐♦♥✳

✷✳✹✳✷✳✶ ❆ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠

▲❡t d = 1✱ rt = 0 ❢♦r ❛❧❧ t ∈ [0, 1]✱ ❛♥❞ ❛ss✉♠❡ t❤❛t t❤❡ s❡❝✉r✐t② ♣r✐❝❡ ♣r♦❝❡ss ✐s

❞❡✜♥❡❞ ❜② t❤❡ ❍❡st♦♥ ♠♦❞❡❧ ❬✸✻❪✿

dSt = µStdt+
√
YtStdW

(1)
t

dYt = k(m− Yt)dt+ c
√
Yt

(
ρdW

(1)
t +

√
1 − ρ2dW

(2)
t

)
,

✇❤❡r❡ W = (W (1),W (2)) ✐s ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✐♥ R2✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✐t ✐s ❡❛s✐❧②

s❡❡♥ t❤❛t t❤❡ ♣♦rt❢♦❧✐♦ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✷✳✹✳✺✮ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ st❛t❡

✈❛r✐❛❜❧❡ s✳ ●✐✈❡♥ ❛♥ ✐♥✐t✐❛❧ st❛t❡ ❛t t❤❡ t✐♠❡ ♦r✐❣✐♥ t ❣✐✈❡♥ ❜② (Xt, Yt) = (x, y)✱ t❤❡
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❋✐❣✉r❡ ✷✳✸✿ ▼❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ♣r♦❜❧❡♠ ❢♦r ❞✐✛❡r❡♥t t✐♠❡ st❡♣ ❛♥❞ ❞✐✛✉s✐♦♥s✿

s❝❤❡♠❡ ✷

✈❛❧✉❡ ❢✉♥❝t✐♦♥ v(t, x, y) s♦❧✈❡s t❤❡ ❍❏❇ ❡q✉❛t✐♦♥✿

v(T, x, y) = −e−ηx ❛♥❞ 0 = −vt − k(m− y)vy − 1
2c

2yvyy − sup
θ∈R

(
1

2
θ2yvxx + θ(µvx + ρcyvxy)

)

= −vt − k(m− y)vy − 1
2c

2yvyy +
(µvx + ρcyvxy)

2

2yvxx
.

✭✷✳✹✳✻✮

❆ q✉❛s✐ ❡①♣❧✐❝✐t s♦❧✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠ ✇❛s ♣r♦✈✐❞❡❞ ❜② ❩❛r✐♣❤♦♣♦✉❧♦✉ ❬✻✶❪✿

v(t, x, y) = −e−ηx

∥∥∥∥exp

(
−1

2

∫ T

t

µ2

Ỹs

ds

)∥∥∥∥
L1−ρ2

✭✷✳✹✳✼✮

✇❤❡r❡ t❤❡ ♣r♦❝❡ss Ỹ ✐s ❞❡✜♥❡❞ ❜②

Ỹt = y ❛♥❞ dỸt = (k(m− Ỹt) − µcρ)dt+ c

√
ỸtdWt.

■♥ ♦r❞❡r t♦ ✐♠♣❧❡♠❡♥t ♦✉r ▼♦♥t❡ ❈❛r❧♦✲✜♥✐t❡ ❞✐✛❡r❡♥❝❡s s❝❤❡♠❡✱ ✇❡ r❡✲✇r✐t❡ ✭✷✳✹✳✻✮

❛s✿

− vt − k(m− y)vy −
1

2
c2yvyy −

1

2
σ2vxx + F

(
y,Dv,D2v

)
= 0, v(T, x, y) = −e−ηx,

✭✷✳✹✳✽✮

✇❤❡r❡ σ > 0 ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r✐t② F : R × R2 × S2 ✐s ❣✐✈❡♥ ❜②✿

F (y, z, γ) =
1

2
σ2γ11 +

(µz1 + ρcyγ12)
2

2yγ11
.

◆♦t✐❝❡ t❤❛t t❤❡ ♥♦♥❧✐♥❡❛r✐t② F ❞♦❡s ♥♦t t♦ s❛t✐s❢② ❆ss✉♠♣t✐♦♥ ❋✱ ✇❡ ❝♦♥s✐❞❡r t❤❡

tr✉♥❝❛t❡❞ ♥♦♥❧✐♥❡❛r✐t②✿

Fε,M (y, z, γ) :=
1

2
σ2γ11 − sup

ε≤θ≤M

(
1

2
θ2(y ∨ ε)γ11 + θ(µz1 + ρc(y ∨ ε)γ12

)
,



✹✷
❈❤❛♣t❡r ✷✳ ❆ Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞ ❢♦r ❋✉❧❧② ◆♦♥❧✐♥❡❛r

P❛r❛❜♦❧✐❝ P❉❊s

❋✐❣✉r❡ ✷✳✹✿ ▼❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ♣r♦❜❧❡♠ ✐♥ ✷❉

❢♦r s♦♠❡ ε, n > 0 ❥♦✐♥t❧② ❝❤♦s❡♥ ✇✐t❤ σ s♦ t❤❛t ❆ss✉♠♣t✐♦♥ ❋ ❤♦❧❞s tr✉❡✳ ❯♥❞❡r

t❤✐s ❢♦r♠✱ t❤❡ ❢♦r✇❛r❞ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❞✐✛✉s✐♦♥ ✐s ❞❡✜♥❡❞ ❜②✿

dX
(1)
t = σdW

(1)
t , ❛♥❞ dX

(2)
t = k(m−X

(2)
t )dt+ c

√
X

(2)
t dW

(2)
t . ✭✷✳✹✳✾✮

■♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ t❤❡ ♥♦♥✲♥❡❣❛t✐✈✐t② ♦❢ t❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡

♣r♦❝❡ss X(2)✱ ✇❡ ✉s❡ t❤❡ ✐♠♣❧✐❝✐t ▼✐❧st❡✐♥ s❝❤❡♠❡ ❬✹✶❪✿

X(2)
n =

X
(2)
n−1 + km∆t+ c

√
X

(2)
n−1ξn

√
∆t+ 1

4c
2∆(ξ2n − 1)

1 + k∆t
✭✷✳✹✳✶✵✮

✇❤❡r❡ (ξn)n≥1 ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ❞✐str✐❜✉t✐♦♥

N(0, 1)✳

❖✉r ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡r✿ µ =

0.15✱ c = 0.2✱ k = 0.1✱ m = 0.3✱ Y0 = m✱ ρ = 0✳ ❚❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ♣♦rt❢♦❧✐♦ ✐s

x0 = 1✱ t❤❡ ♠❛t✉r✐t② T ✐s t❛❦❡♥ ❡q✉❛❧ t♦ ♦♥❡ ②❡❛r✳ ❲✐t❤ t❤✐s ♣❛r❛♠❡t❡rs✱ t❤❡ ✈❛❧✉❡

❢✉♥❝t✐♦♥ ✐s ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ q✉❛s✐✲❡①♣❧✐❝✐t ❢♦r♠✉❧❛ ✭✷✳✹✳✼✮ t♦ ❜❡ v0 = −0.3534✳

❲❡ ❛❧s♦ ❝❤♦♦s❡M = 40 ❢♦r t❤❡ tr✉♥❝❛t✐♦♥ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r✐t②✳ ❚❤✐s ❝❤♦✐❝❡ t✉r♥❡❞

♦✉t t♦ ❜❡ ❝r✐t✐❝❛❧ ❛s ❛♥ ✐♥✐t✐❛❧ ❝❤♦✐❝❡ ♦❢ M = 10 ♣r♦❞✉❝❡❞ ❛♥ ✐♠♣♦rt❛♥t ❜✐❛s ✐♥ t❤❡

r❡s✉❧ts✳

❚❤❡ t✇♦ s❝❤❡♠❡s ❤❛✈❡ ❜❡❡♥ t❡st❡❞ ✇✐t❤ t❤❡ ▼❛❧❧✐❛✈✐♥ ❛♥❞ ❜❛s✐s ♣r♦❥❡❝t✐♦♥ ♠❡t❤✲

♦❞s✳ ❚❤❡ ❧❛tt❡r ✇❛s ❛♣♣❧✐❡❞ ✇✐t❤ 40 × 10 ❜❛s✐s ❢✉♥❝t✐♦♥s✳ ❲❡ ♣r♦✈✐❞❡ ♥✉♠❡r✐❝❛❧

r❡s✉❧ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✷ ♠✐❧❧✐♦♥s ♣❛rt✐❝❧❡s✳ ❖✉r ♥✉♠❡r✐❝❛❧ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡

▼❛❧❧✐❛✈✐♥ ❛♥❞ t❤❡ ❜❛s✐s ♣r♦❥❡❝t✐♦♥ ♠❡t❤♦❞s ♣r♦❞✉❝❡ ✈❡r② s✐♠✐❧❛r r❡s✉❧ts✱ ❛♥❞ ❛❝❤✐❡✈❡

❛ ❣♦♦❞ ❛❝❝✉r❛❝②✿ ✇✐t❤ ✷ ♠✐❧❧✐♦♥s ♣❛rt✐❝❧❡s✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ♦✉r ❡st✐♠❛t❡s

❜② ♣❡r❢♦r♠✐♥❣ ✶✵✵ ✐♥❞❡♣❡♥❞❡♥t ❝❛❧❝✉❧❛t✐♦♥s✿
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• t❤❡ r❡s✉❧ts ♦❢ t❤❡ ▼❛❧❧✐❛✈✐♥ ♠❡t❤♦❞ ❡①❤✐❜✐t ❛ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ s♠❛❧❧❡r t❤❛♥

0.005 ❢♦r s❝❤❡♠❡ ♦♥❡ ✭❡①❝❡♣t ❢♦r ❛ st❡♣ ❡q✉❛❧ t♦ 0.025 ❛♥❞ ❛ ✈♦❧❛t✐❧✐t② ❡q✉❛❧

t♦ 1.2 ✇❤❡r❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ❥✉♠♣❡❞ t♦ 0.038✮✱ 0.002 ❢♦r s❝❤❡♠❡ t✇♦ ✇✐t❤

❛ ❝♦♠♣✉t✐♥❣ t✐♠❡ ♦❢ ✸✼✽ s❡❝♦♥❞s ❢♦r ✹✵ t✐♠❡ st❡♣s✱

• t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❜❛s✐s ♣r♦❥❡❝t✐♦♥ ♠❡t❤♦❞ ❡①❤✐❜✐t ❛ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ s♠❛❧❧❡r

t❤❛♥ 0.002 ❢♦r s❝❤❡♠❡ ✶ ❛♥❞ 0.0009 ❢♦r s❝❤❡♠❡ t✇♦ ✇✐t❤ ❛ ❝♦♠♣✉t✐♥❣ t✐♠❡ ♦❢

✶✶✹ s❡❝♦♥❞s ❢♦r ✹✵ t✐♠❡ st❡♣s✳

❋✐❣✉r❡ ✷✳✺ ♣r♦✈✐❞❡s t❤❡ ♣❧♦ts ♦❢ t❤❡ ❡rr♦rs ♦❜t❛✐♥❡❞ ❜② t❤❡ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✲

❜❛s❡❞ r❡❣r❡ss✐♦♥ ✇✐t❤ ❙❝❤❡♠❡s ♦♥❡ ❛♥❞ t✇♦✳ ❆❧❧ s♦❧✉t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❝❛❧❝✉❧❛t❡❞ ❛s

t❤❡ ❛✈❡r❛❣❡ ♦❢ ✶✵✵ ❝❛❧❝✉❧❛t✐♦♥s✳ ❲❡ ✜rst ♦❜s❡r✈❡ t❤❛t ❢♦r ❛ s♠❛❧❧ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t

σ = 0.2✱ t❤❡ ♥✉♠❡r✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ✈❡r② ♣♦♦r✿ s✉r♣r✐s✐♥❣❧②✱ t❤❡

❡rr♦r ✐♥❝r❡❛s❡s ❛s t❤❡ t✐♠❡ st❡♣ s❤r✐♥❦s t♦ ③❡r♦ ❛♥❞ t❤❡ ♠❡t❤♦❞ s❡❡♠s t♦ ❜❡ ❜✐❛s❡❞✳

❚❤✐s ♥✉♠❡r✐❝❛❧ r❡s✉❧t ❤✐♥ts t❤❛t t❤❡ r❡q✉✐r❡♠❡♥t t❤❛t t❤❡ ❞✐✛✉s✐♦♥ s❤♦✉❧❞ ❞♦♠✐♥❛t❡

t❤❡ ♥♦♥❧✐♥❡❛r✐t② ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✶✱ ♠✐❣❤t ❜❡ ❛ s❤❛r♣ ❝♦♥❞✐t✐♦♥✳ ❲❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t

❋✐❣✉r❡ ✷✳✺✿ ❉✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❝❛❧❝✉❧❛t✐♦♥ ❛♥❞ r❡❢❡r❡♥❝❡ ❢♦r s❝❤❡♠❡ ♦♥❡ ❛♥❞ t✇♦

s❝❤❡♠❡ ♦♥❡ ❤❛s ❛ ♣❡rs✐st❡♥t ❜✐❛s ❡✈❡♥ ❢♦r ❛ ✈❡r② s♠❛❧❧ t✐♠❡ st❡♣✱ ✇❤✐❧❡ s❝❤❡♠❡ t✇♦

❡①❤✐❜✐ts ❛ ❜❡tt❡r ❝♦♥✈❡r❣❡♥❝❡ t♦✇❛r❞s t❤❡ s♦❧✉t✐♦♥✳

✷✳✹✳✷✳✷ ❆ ✜✈❡ ❞✐♠❡♥s✐♦♥❛❧ ❡①❛♠♣❧❡

❲❡ ♥♦✇ ❧❡t n = 2✱ ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥t❡r❡st r❛t❡ ♣r♦❝❡ss ✐s ❞❡✜♥❡❞ ❜② t❤❡

❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦ ♣r♦❝❡ss✿

drt = κ(b− rt)dt+ ζdW
(0)
t .

❲❤✐❧❡ t❤❡ ♣r✐❝❡ ♣r♦❝❡ss ♦❢ t❤❡ s❡❝♦♥❞ s❡❝✉r✐t② ✐s ❞❡✜♥❡❞ ❜② ❛ ❍❡st♦♥ ♠♦❞❡❧✱ t❤❡

✜rst s❡❝✉r✐t②✬s ♣r✐❝❡ ♣r♦❝❡ss ✐s ❞❡✜♥❡❞ ❜② ❛ ❈❊❱✲❙❱ ♠♦❞❡❧s✱ s❡❡ ❡✳❣✳ ❬✹✽❪ ❢♦r ❛
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♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡s❡ ♠♦❞❡❧s ❛♥❞ t❤❡✐r s✐♠✉❧❛t✐♦♥✿

dS
(i)
t = µiS

(i)
t dt+ σi

√
Y

(i)
t S

(i)
t

βi

dW
(i,1)
t , β2 = 1,

dY
(i)
t = ki

(
mi − Y

(i)
t

)
dt+ ci

√
Y

(i)
t dW

(i,2)
t

✇❤❡r❡
(
W (0),W (1,1),W (1,2),W (2,1),W (2,2)

)
✐s ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✐♥ R5✱ ❛♥❞ ❢♦r

s✐♠♣❧✐❝✐t② ✇❡ ❝♦♥s✐❞❡r❡❞ ❛ ③❡r♦✲❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡❝✉r✐t② ♣r✐❝❡ ♣r♦❝❡ss ❛♥❞

✐ts ✈♦❧❛t✐❧✐t② ♣r♦❝❡ss✳

❙✐♥❝❡ β2 = 1✱ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣♦rt❢♦❧✐♦ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜✲

❧❡♠ ✭✷✳✹✳✺✮ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ s(2)−✈❛r✐❛❜❧❡✳ ●✐✈❡♥ ❛♥ ✐♥✐t✐❛❧ st❛t❡

(Xt, rt, S
(1)
t , Y

(1)
t , Y

(2)
t ) = (x, r, s1, y1, y2) ❛t t❤❡ t✐♠❡ ♦r✐❣✐♥ t✱ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥

v (t, x, r, s1, y1, y2) s❛t✐s✜❡s t❤❡ ❍❏❇ ❡q✉❛t✐♦♥✿

0 = −vt − (Lr + L
Y + L

S1
)v − rxvx

− sup
θ1,θ2

{
θ1 · (µ− r1)vx + θ1σ

2
1y1s

2β1−1
1 vxs1 +

1

2
(θ2

1σ
2
1y1s

2β1−2
1 + θ2

2σ
2
2y2)vxx

}

= −vt − (Lr + L
Y + L

S1
)v − rxvx

+
((µ1 − r)vx + σ2

1y1s
2β1−1
1 vxs1)

2

2σ2
1y1s

2β1−2
1 vxx

+
((µ2 − r)vx)2

2σ2
2y2vxx

✭✷✳✹✳✶✶✮

✇❤❡r❡

L
rv = κ(b− r)vr +

1

2
ζ2vrr, L

Y v =
2∑

i=1

ki (mi − yi) vyi
+

1

2
c2i yivyiyi

,

❛♥❞ L
S1
v = µ1s1vs1 −

1

2
σ2

1s1y1vs1s1 .

■♥ ♦r❞❡r t♦ ✐♠♣❧❡♠❡♥t ♦✉r ▼♦♥t❡ ❈❛r❧♦✲✜♥✐t❡ ❞✐✛❡r❡♥❝❡s s❝❤❡♠❡✱ ✇❡ r❡✲✇r✐t❡ ✭✷✳✹✳✶✶✮

❛s✿

−vt − (Lr + L
Y + L

S1
)v − 1

2σ
2vxx + F

(
(x, r, s1, y1, y2), Dv,D

2v
)

= 0,

v(T, x, r, s1, y1, y2) = −e−ηx,
✭✷✳✹✳✶✷✮

✇❤❡r❡ σ > 0✱ ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r✐t② F : R5 × R5 × S2 ✐s ❣✐✈❡♥ ❜②✿

F (u, z, γ) =
1

2
σ2γ11 − x1x2z1 +

((µ1 − x2)z1 + σ2
1x4x

2β1−1
3 γ1,3)

2

2σ2
1x4x

2β1−2
3 γ11

+
((µ2 − x2)z1)

2

2σ2
2x5γ11

,

✇❤❡r❡ u = (x1, · · · , x5)✳ ❲❡ ♥❡①t ❝♦♥s✐❞❡r t❤❡ tr✉♥❝❛t❡❞ ♥♦♥❧✐♥❡❛r✐t②✿

Fε,M (u, z, γ) :=
1

2
σ2γ11 − x1x2z1 + sup

ε≤|θ|≤M

{
(θ · (µ− r1)z1 + θ1σ

2
1(x4 ∨ ε)(x3 ∨ ε)2β1−1γ13

+
1

2
(θ2

1σ
2
1(x3 ∨ ε)(x4 ∨ ε)2β1−2 + θ2

2σ
2
2(x5 ∨ ε))γ11

}
,



✷✳✹✳ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts ✹✺

✇❤❡r❡ ε,M > 0 ❛r❡ ❥♦✐♥t❧② ❝❤♦s❡♥ ✇✐t❤ σ s♦ t❤❛t ❆ss✉♠♣t✐♦♥ ❋ ❤♦❧❞s tr✉❡✳ ❯♥❞❡r

t❤✐s ❢♦r♠✱ t❤❡ ❢♦r✇❛r❞ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❞✐✛✉s✐♦♥ ✐s ❞❡✜♥❡❞ ❜②✿

dX
(1)
t = σdW

(0)
t , dX

(2)
t = κ(b−X

(2)
t )dt+ ζdW

(1)
t ,

dX
(3)
t = µ1X

(3)
t dt+ σ1

√
X

(4)
t X

(3)
t

β1
dW

(1,1)
t , dX

(4)
t = k1(m1 −X

(4)
t )dt+ c1

√
X

(4)
t dW

(1,2)
t ,

dX
(5)
t = k2(m2 −X

(5)
t )dt+ c2

√
X

(5)
t dW

(2,2)
t .

✭✷✳✹✳✶✸✮

❚❤❡ ❝♦♠♣♦♥❡♥t X
(2)
t ✐s s✐♠✉❧❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❡①❛❝t ❞✐s❝r❡t✐③❛t✐♦♥✿

X
(2)
tn = b+ e−k∆t

(
X

(2)
tn−1

− b
)

+ ζ

√
1 − exp(−2κ∆t)

2κ
ξn,

✇❤❡r❡ (ξn)n≥1 ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ❞✐str✐❜✉t✐♦♥

N(0, 1)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s❝❤❡♠❡ ❢♦r t❤❡ ♣r✐❝❡ ♦❢ t❤❡ ❛ss❡t ❣✉❛r❛♥t❡❡s ♥♦♥✲♥❡❣❛t✐✈✐t②

✭s❡❡ ❬✶❪✮ ✿

lnX(3)
n = lnX

(3)
n−1 +

(
µ1 −

1

2
σ2

1

(
X

(3)
n−1

)2(β1−1)
X

(4)
n−1

)
∆t+ σ1

(
X

(3)
n−1

)βi−1
√
X

(4)
n−1∆W

(1,2)
n

✇❤❡r❡ ∆W
(1,2)
n := W

(1,2)
n −W

(1,2)
n−1 ✳ ❲❡ t❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs µ1 = 0.10✱

σ1 = 0.3✱ β1 = 0.5 ❢♦r t❤❡ ✜rst ❛ss❡t✱ k1 = 0.1✱ m1 = 1.✱ c1 = 0.1 ❢♦r t❤❡ ❞✐✛✉s✐♦♥

♣r♦❝❡ss ♦❢ t❤❡ ✜rst ❛ss❡t✳ ❚❤❡ s❡❝♦♥❞ ❛ss❡t ✐s ❞❡✜♥❡❞ ❜② t❤❡ s❛♠❡ ♣❛r❛♠❡t❡rs ❛s ✐♥

t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❡①❛♠♣❧❡✿ µ2 = 0.15✱ c2 = 0.2✱ m = 0.3 ❛♥❞ Y
(2)
0 = m✳ ❆s ❢♦r

t❤❡ ✐♥t❡r❡st r❛t❡ ♠♦❞❡❧ ✇❡ t❛❦❡ b = 0.07✱ X
(2)
0 = b✱ ζ = 0.3✳

❚❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s ♦❢ t❤❡ ♣♦rt❢♦❧✐♦ t❤❡ ❛ss❡ts ♣r✐❝❡s ❛r❡ ❛❧❧ s❡t t♦ ✶✳ ❋♦r t❤✐s t❡st

❝❛s❡ ✇❡ ✜rst ✉s❡ t❤❡ ❜❛s✐s ♣r♦❥❡❝t✐♦♥ r❡❣r❡ss✐♦♥ ♠❡t❤♦❞ ✇✐t❤ 4 × 4 × 4 × 4 × 10

♠❡s❤❡s ❛♥❞ t❤r❡❡ ♠✐❧❧✐♦♥s ♣❛rt✐❝❧❡s ✇❤✐❝❤✱ ❢♦r ❡①❛♠♣❧❡✱ t❛❦❡s ✺✷✵ s❡❝♦♥❞s ❢♦r ✷✵

t✐♠❡ st❡♣s✳ ❋✐❣✉r❡ ✷✳✻ ❝♦♥t❛✐♥s t❤❡ ♣❧♦t ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ❜② s❝❤❡♠❡ ✷✱ ✇✐t❤

❞✐✛❡r❡♥t t✐♠❡ st❡♣s✳ ❲❡ ♦♥❧② ♣r♦✈✐❞❡ r❡s✉❧ts ❢♦r t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ s❝❤❡♠❡ ✶

✇✐t❤ ❛ ❝♦❛rs❡ t✐♠❡ st❡♣✱ ❜❡❝❛✉s❡ t❤❡ ♠❡t❤♦❞ ✇❛s ❞✐✈❡r❣✐♥❣ ✇✐t❤ ❛ t❤✐♥♥❡r t✐♠❡ st❡♣✳

❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡r❡ ✐s st✐❧❧ ❛ ❞✐✛❡r❡♥❝❡ ❢♦r ✈❡r② t❤✐♥ t✐♠❡ st❡♣ ✇✐t❤ t❤❡ t❤r❡❡

❝♦♥s✐❞❡r❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ❞✐✛✉s✐♦♥✳ ❚❤✐s s❡❡♠s t♦ ✐♥❞✐❝❛t❡ t❤❛t ♠♦r❡ ♣❛rt✐❝❧❡s ❛♥❞

♠♦r❡ ♠❡s❤❡s ❛r❡ ♥❡❡❞❡❞✳ ❲❤✐❧❡ ❞♦✐♥❣ ♠❛♥② ❝❛❧❝✉❧❛t✐♦♥ ✇❡ ♦❜s❡r✈❡❞ t❤❛t ❢♦r t❤❡

t❤✐♥♥❡r t✐♠❡ st❡♣ ♠❡s❤✱ t❤❡ s♦❧✉t✐♦♥ s♦♠❡t✐♠❡s ❞✐✈❡r❣❡s✳ ❲❡ t❤❡r❡❢♦r❡ r❡♣♦rt t❤❡

r❡s✉❧ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤✐rt② ♠✐❧❧✐♦♥s ♣❛rt✐❝❧❡s ✇✐t❤ 4×4×4×4×40 ♠❡s❤❡s✳ ❋✐rst

✇❡ ♥♦t✐❝❡ t❤❛t ✇✐t❤ t❤✐s ❞✐s❝r❡t✐③❛t✐♦♥ ❛❧❧ r❡s✉❧ts ❛r❡ ❝♦♥✈❡r❣✐♥❣ ❛s t✐♠❡ st❡♣ ❣♦❡s t♦

③❡r♦✿ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ s❡❡♠s t♦ ❜❡ ✈❡r② ❝❧♦s❡❞ t♦ −0.258✳ ❉✉r✐♥❣ ♦✉r ❡①♣❡r✐♠❡♥ts

✇✐t❤ t❤✐rt② ♠✐❧❧✐♦♥s ♣❛rt✐❝❧❡s✱ t❤❡ s❝❤❡♠❡ ✇❛s ❛❧✇❛②s ❝♦♥✈❡r❣✐♥❣ ✇✐t❤ ❛ ✈❡r② ❧♦✇

✈❛r✐❛♥❝❡ ♦♥ t❤❡ r❡s✉❧ts✳ ❆ s✐♥❣❧❡ ❝❛❧❝✉❧❛t✐♦♥ t❛❦❡s ✺✶✵✵ s❡❝♦♥❞s ✇✐t❤ ✷✵ t✐♠❡ st❡♣s✳

❘❡♠❛r❦ ✷✳✹✳✹ ❲✐t❤ t❤✐rt② ♠✐❧❧✐♦♥s ♣❛rt✐❝❧❡s✱ t❤❡ ♠❡♠♦r② ♥❡❡❞❡❞ ❢♦r❝❡❞ ✉s t♦ ✉s❡

✻✹✲❜✐t ♣r♦❝❡ss♦rs ✇✐t❤ ♠♦r❡ t❤❛♥ ❢♦✉r ❣✐❣❛❜②t❡s ♦❢ ♠❡♠♦r②✳
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❋✐❣✉r❡ ✷✳✻✿ ❋✐✈❡ ❞✐♠❡♥s✐♦♥❛❧ ✜♥❛♥❝✐❛❧ ♣r♦❜❧❡♠ ❛♥❞ ✐ts r❡s✉❧ts ❢♦r ❞✐✛❡r❡♥t ✈♦❧❛t✐❧✐t✐❡s

✇✐t❤ ✸ ♠✐❧❧✐♦♥s ❛♥❞ ✸✵ ♠✐❧❧✐♦♥s ♣❛rt✐❝❧❡s

✷✳✹✳✷✳✸ ❈♦♥❝❧✉s✐♦♥ ♦♥ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts

❚❤❡ ▼♦♥t❡ ❈❛r❧♦✲❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡s ❛❧❣♦r✐t❤♠ ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✇✐t❤ ❜♦t❤

s❝❤❡♠❡s s✉❣❣❡st❡❞ ❜② ✭✷✳✹✳✷✮✱ ✉s✐♥❣ t❤❡ ❜❛s✐s ♣r♦❥❡❝t✐♦♥ ❛♥❞ ▼❛❧❧✐❛✈✐♥ r❡❣r❡ss✐♦♥

♠❡t❤♦❞s✳ ❖✉r ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts r❡✈❡❛❧ t❤❛t t❤❡ s❡❝♦♥❞ s❝❤❡♠❡ ♣❡r❢♦r♠s ❜❡tt❡r

❜♦t❤ ✐♥ t❡r♠ ♦❢ r❡s✉❧ts ❛♥❞ t✐♠❡ ♦❢ ❝❛❧❝✉❧❛t✐♦♥ ❢♦r ❛ ❣✐✈❡♥ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s✱

✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ r❡❣❡r❡ss✐♦♥ ♠❡t❤♦❞✳

❲❡ ❛❧s♦ ♣r♦✈✐❞❡❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r ❞✐✛❡r❡♥t ❝❤♦✐❝❡s ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣❛r❛♠✲

❡t❡r ✐♥ t❤❡ ▼♦♥t❡ ❈❛r❧♦ st❡♣✳ ❲❡ ♦❜s❡r✈❡❞ t❤❛t s♠❛❧❧ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts ❧❡❛❞

t♦ ♣♦♦r r❡s✉❧ts✱ ✇❤✐❝❤ ❤✐♥ts t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ ❞✐✛✉s✐♦♥ ♠✉st ❞♦♠✐♥❛t❡

t❤❡ ♥♦♥❧✐♥❡❛r✐t② ✐♥ ❆ss✉♠♣t✐♦♥ ❋ ✭✐✐✐✮ ♠❛② ❜❡ s❤❛r♣✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❛❧s♦

♦❜s❡r✈❡❞ t❤❛t ❧❛r❣❡ ❞✐✛✉s✐♦♥s r❡q✉✐r❡ ❛ ❤✐❣❤ r❡✜♥❡♠❡♥t ♦❢ t❤❡ ♠❡s❤❡s ♠❡s❤❡s✱ ❛♥❞

❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s✱ ❧❡❛❞✐♥❣ t♦ ❛ ❤✐❣❤ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✳

❋✐♥❛❧❧②✱ ❧❡t ✉s ♥♦t✐❝❡ t❤❛t ❛ r❡❛s♦♥❛❜❧❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❝♦✉❧❞ ❜❡ t✐♠❡ ❛♥❞

st❛t❡ ❞❡♣❡♥❞❡♥t✱ ❛s ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ ♠❡t❤♦❞✳ ❲❡ ❤❛✈❡ ♥♦t tr✐❡❞

❛♥② ❡①♣❡r✐♠❡♥t ✐♥ t❤✐s ❞✐r❡❝t✐♦♥✱ ❛♥❞ ✇❡ ❤♦♣❡ t♦ ❤❛✈❡ s♦♠❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ♦♥

❤♦✇ t♦ ❝❤♦♦s❡ ♦♣t✐♠❛❧❧② t❤❡ ❞r✐❢t ❛♥❞ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ▼♦♥t❡ ❈❛r❧♦

st❡♣✳
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Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s

❢♦r ❋✉❧❧② ♥♦♥✕❧✐♥❡❛r ♥♦♥✕❧♦❝❛❧

P❛r❛❜♦❧✐❝ P❉❊s

❚❤✐s ❈❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ■♥ ❙❡❝t✐♦♥ ✸✳✶✱ t❤❡ ♣r♦❜❧❡♠❛t✐❝ ❢❡❛t✉r❡s ♦❢

♥♦♥✕❧♦❝❛❧ ❢✉❧❧② ♥♦♥✕❧✐♥❡❛r P❉❊s ✐s ❞✐s❝✉ss❡❞ ♦♥ ❛ ♥❛ï✈❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ▼♦♥t❡

❈❛r❧♦ ♠❡t❤♦❞ ❢r♦♠ ❧♦❝❛❧ ❝❛s❡ ✐♥ ❈❤❛♣t❡r ✷ t♦ ♥♦♥✕❧♦❝❛❧ ❝❛s❡✳ ■♥ ❙❡❝t✐♦♥ ✸✳✷ t❤❡

▼♦♥t❡ ❈❛r❧♦ q✉❛❞r❛t✉r❡ ✭▼❈◗✮ ✐s ♣r❡s❡♥t❡❞ ❛s ❛ ♣✉r❡❧② ▼♦♥t❡ ❈❛r❧♦ ❛♣♣r♦①✐♠❛t✐♦♥

♦❢ ▲é✈② ✐♥t❡❣r❛❧ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❡rr♦r ❛♥❛❧②s✐s✳ ❙❡❝t✐♦♥ ✸✳✸ ❝♦♥t❛✐♥s t❤❡ r❡s✉❧ts ♦❢

❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s❝❤❡♠❡✳

✸✳✶ Pr❡❧✐♠✐♥❛r✐❡s ❛♥❞ ❢❡❛t✉r❡s ❢♦r ♥♦♥✕❧♦❝❛❧ P❉❊s

▲❡t µ ❛♥❞ σ ❜❡ ❢✉♥❝t✐♦♥s ❢r♦♠ [0, T ] × Rd t♦ Rd ❛♥❞ M(d, d) r❡s♣❡❝t✐✈❡❧②✱ η ❜❡ ❛

❢✉♥❝t✐♦♥ ❢r♦♠ [0, T ]×Rd×Rd
∗ t♦ Rd✱ ❛♥❞ a = σ❚σ✳ ❙✉♣♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥✕❧♦❝❛❧

❈❛✉❝❤② ♣r♦❜❧❡♠✿

−LXv(t, x) − F
(
t, x, v(t, x), Dv(t, x), D2v(t, x), v(t, ·)

)
= 0, ♦♥ [0, T ) × Rd, ✭✸✳✶✳✶✮

v(T, ·) = g, ♦♥ ∈ Rd. ✭✸✳✶✳✷✮

✇❤❡r❡ F : R+ × Rd × R × Rd × Sd × Cd → R ❛♥❞ LX ❣✐✈❡♥ ❜②✿

LXϕ(t, x) :=

(
∂ϕ

∂t
+ µ ·Dϕ+

1

2
a ·D2ϕ

)
(t, x)

+

∫

Rd
∗

(
ϕ(t, x+ η(t, x, z)) − ϕ(t, x) − 1{|z|≤1}Dϕ(t, x) · η(t, x, z)

)
dν(z).

LX ✐s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ ❛ ❥✉♠♣✕❞✐✛✉s✐♦♥✱ Xt✱ s❛t✐s❢②✐♥❣ ❙❉❊✿

dXt = µ(t,Xt)dt+ σ(t,Xt)dWt +

∫

{|z|>1}
η(t,Xt−, z)J(dt, dz) +

∫

{|z|≤1}
η(t,Xt−, z)J̃(dt, dz),

✇❤❡r❡ J ❛♥❞ J̃ ❛r❡ r❡s♣❡❝t✐✈❡❧② ❛ P♦✐ss♦♥ ❥✉♠♣ ♠❡❛s✉r❡ ❛♥❞ ✐ts ❝♦♠♣❡♥s❛t✐♦♥ ✇❤♦

❛ss♦❝✐❛t❡ t♦ ▲é✈② ♠❡❛s✉r❡ ν ❜②✿

ν(A) = E

[∫

A
J([0, 1], dz)

]

J̃(dt, dz) = J(dt, dz) − dt× ν(dz).
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♥♦♥✕❧♦❝❛❧ P❛r❛❜♦❧✐❝ P❉❊s

❋♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ ❥✉♠♣✕❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✱ s❡❡ ❬✼❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ♦r

t❤❡ ❝❧❛ss✐❝ ✇♦r❦ ♦❢ ❬✺✼❪✳

◆♦✇✱ ✇❡ ♣r♦✈✐❞❡ ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ❢♦r t❤❡ ♣r♦❝❡ss X✳ ❙✉♣♣♦s❡ t❤❛t h = T
n ✱ ti = ih✱

❛♥❞ κ ≥ 0✳ ❲❡ ❞❡✜♥❡ t❤❡ ❊✉❧❡r ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ❥✉♠♣✕❞✐✛✉s✐♦♥ ♣r♦❝❡ss Xt ✇✐t❤

tr✉♥❝❛t❡❞ ▲é✈② ♠❡❛s✉r❡ ❜②✿

X̂t,x,κ
h = x+ µ̃(t, x)h+ σ(t, x)Wh +

∫

{|z|>κ}
η(t, x, z)J̃([0, h], dz), ✭✸✳✶✳✸✮

X̂x,κ
ti+1

= X̂
ti,X̂

x,κ
ti

,κ

h ❛♥❞ X̂x,κ
0 = x. ✭✸✳✶✳✹✮

✇❤❡r❡ µ̃(t, x) = µ(t, x) +
∫
{|z|>1} η(t, x, z)ν(dz) ❛♥❞ ✇❡ ♠❛❦❡ t❤❡ ❝❤♦✐❝❡ ♦❢ κ = 0

✇❤❡♥ ν ✐s ❛ ✜♥✐t❡ ♠❡❛s✉r❡✳ ▲❡t Ñκ
t ❛♥❞ Nκ

t ❜❡ r❡s♣❡❝t✐✈❡❧② t❤❡ P♦✐ss♦♥ ♣r♦❝❡ss

❞❡r✐✈❡❞ ❢r♦♠ ❥✉♠♣ ♠❡❛s✉r❡ J ❜② ❝♦✉♥t✐♥❣ ❛❧❧ ❥✉♠♣s ♦❢ s✐③❡ ❣r❡❛t❡r t❤❛♥ κ ✇❤✐❝❤

❤❛♣♣❡♥ ✐♥ t✐♠❡ ✐♥t❡r✈❛❧ [0, t] ❛♥❞ ✐ts ❝♦♠♣❡♥s❛t✐♦♥✱ ✐✳❡✳

Nκ
t =

∫

{|z|>κ}
J([0, t], dz) ❛♥❞ Ñκ

t =

∫

{|z|>κ}
J̃([0, t], dz). ✭✸✳✶✳✺✮

❖♥❡ ❝❛♥ ✇r✐t❡ t❤❡ ❥✉♠♣ ♣❛rt ♦❢ X̂t,x,κ
h ❛s ❛ ❝♦♠♣♦✉♥❞ P♦✐ss♦♥ ♣r♦❝❡ss ✭s❡❡ ❢♦r

❡①❛♠♣❧❡ ❬✷✼❪✮

X̂t,x,κ
h = x+ µκ(t, x)h+ σ(t, x)Wh +

Nκ
h∑

i=1

η(t, x, Zi), ✭✸✳✶✳✻✮

✇❤❡r❡ µκ(t, x) = µ(t, x)−
∫
{κ<|z|≤1} η(t, x, z)ν(dz)✱ Zis ❛r❡ ✐✳✐✳❞✳ Rd

∗−✈❛❧✉❡❞ r❛♥❞♦♠

✈❛r✐❛❜❧❡s✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ W ❛♥❞ Nκ✱ ❛♥❞ ❞✐str✐❜✉t❡❞ ❛s 1{|z|>κ}
1

λκ
ν(dz)✳

❚❤❡ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ ♣r♦❜❧❡♠ ✭✸✳✶✳✶✮✕✭✸✳✶✳✷✮ ❞♦❡s ♥♦t ❡①✐st ✐♥ ❣❡♥❡r❛❧

❛♥❞ t❤❡r❡❢♦r❡✱ ✇❡ ❛♣♣❡❛❧ t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ❢♦r ♥♦♥✕❧♦❝❛❧ ♣❛r❛❜♦❧✐❝

P❉❊s✳ ❲❡ r❡♠✐♥❞ t❤❛t✿

❉❡✜♥✐t✐♦♥ ✸✳✶✳✶ • ❚❤❡ ✈✐s❝♦s✐t② s✉❜✭s✉♣❡r✮✕s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✳✶✮✲✭✸✳✶✳✷✮ ✐s ❛ ✉♣♣❡r

s❡♠✐✕❝♦♥t✐♥✉♦✉s ✭❧♦✇❡r s❡♠✐✕❝♦♥t✐♥✉♦✉s✮ ❢✉♥❝t✐♦♥ v✭v✮: [0, T ]×Rd → R s✉❝❤ t❤❛t✿

✶✳ ❢♦r ❛♥② (t0, x0) ∈ [0, T ) × Rd ❛♥❞ ❛♥② s♠♦♦t❤ ❢✉♥❝t✐♦♥ ϕ ✇✐t❤✿

0 = max(min){v − ϕ} = (v − ϕ)(t0, x0)

❲❡ ❤❛✈❡✿

0 ≥ (≤) −LXϕ(t0, x0) − F
(
·, ϕ,Dϕ,D2ϕ,ϕ(·)

)
(t0, x0).

✷✳ g(·) ≥ v(T, ·)(≤ v(T, ·))✳
❚❤❡ ❢✉♥❝t✐♦♥ v ✇❤✐❝❤ ✐s ❜♦t❤ ✈✐s❝♦s✐t② s✉❜ ❛♥❞ s✉♣❡r s♦❧✉t✐♦♥✱ ✐s ❝❛❧❧❡❞ ✈✐s❝♦s✐t②

s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✳✶✮✲✭✸✳✶✳✷✮✳

• ❲❡ s❛② t❤❛t ✭✸✳✶✳✶✮ ❤❛s ❝♦♠♣❛r✐s♦♥ ❢♦r ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s ✐❢ ❢♦r ❛♥② ❜♦✉♥❞❡❞ ❧♦✇❡r

s❡♠✐✕❝♦♥t✐♥✉♦✉s ✈✐s❝♦s✐t② s✉♣❡r✕s♦❧✉t✐♦♥ v ❛♥❞ ❛♥② ❜♦✉♥❞❡❞ ✉♣♣❡r s❡♠✐✕❝♦♥t✐♥✉♦✉s

s✉❜✕s♦❧✉t✐♦♥ v✱ s❛t✐s❢②✐♥❣

v(T, ·) ≥ v(T, ·),
✇❡ ❤❛✈❡ v ≥ v ♦♥ [0, T ] × Rd✳



✸✳✶✳ Pr❡❧✐♠✐♥❛r✐❡s ❛♥❞ ❢❡❛t✉r❡s ❢♦r ♥♦♥✕❧♦❝❛❧ P❉❊s ✹✾

✸✳✶✳✶ ❚❤❡ s❝❤❡♠❡ ❢♦r ♥♦♥✕❧♦❝❛❧ ❢✉❧❧② ♥♦♥✕❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ P❉❊s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♣r♦❜❛❜✐❧✐st✐❝ s❝❤❡♠❡ ❜② ❢♦❧❧♦✇✐♥❣ ❞✐r❡❝t❧② t❤❡ s❛♠❡

✐❞❡❛ ❛s t❤❡ s❝❤❡♠❡ ❢♦r t❤❡ ❧♦❝❛❧ P❉❊s✳ ❚❤❡♥✱ ✇❡ ❝♦♥s✐❞❡r s♦♠❡ ♣r♦❜❧❡♠s ✇❤✐❝❤

♣r❡✈❡♥t ✉s t♦ ✉t✐❧✐③❡ t❤❡ s❝❤❡♠❡ ✐♥ ♠❛♥② ✐♥t❡r❡st✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✐♥✲

tr♦❞✉❝❡ ❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡ ✇❤✐❝❤ ✇♦r❦s ❢♦r t❤❡ ❝❧❛ss ♦❢ ♥♦♥✕❧✐♥❡❛r✐t✐❡s

♦❢ ❍❏❇ t②♣❡ ✭❍❛♠✐❧t♦♥✕❏❛❝♦❜✐✕❇❡❧❧♠❛♥✮✳

❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ✐❞❡❛ ❛s ✐♥ ❈❤❛♣t❡r ✷✱ ♦♥❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♠❛t✉r❡

s❝❤❡♠❡✳

vh(T, .) = g ❛♥❞ vh(ti, x) = Th[vh](ti, x), ✭✸✳✶✳✼✮

✇❤❡r❡ ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ ψ : R+ × Rd −→ R ✇✐t❤ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤✿

Th[ψ](t, x):=E

[
ψ
(
t+ h, X̂t,x

h

)]
+ hF (t, x,Dhψ,ψ(t+ h, ·)) , ✭✸✳✶✳✽✮

Dhψ :=
(
D0

hψ,D1
hψ,D2

hψ
)
,

✇❤❡r❡

Dk
hψ(t, x) := E

[
ψ(t+ h, X̂t,x,κ

h )Hh
k (t, x)

]
, k = 0, 1, 2, ✭✸✳✶✳✾✮

✇❤❡r❡

Hh
0 = 1, Hh

1 =
(
σT
)−1 Wh

h
, Hh

2 =
(
σT
)−1 WhW

T
h − hId

h2
σ−1.

❚❤❡ ❞❡t❛✐❧s ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ ❍❡r♠✐t ♣♦❧②♥♦♠✐❛❧s ❝❛♥ ❜❡ ❢♦✉♥❞

✐♥ ▲❡♠♠❛ ✷✳✶ ✐♥ ❈❤❛♣t❡r ✷✳

❋♦r t❤❡ ❛❜♦✈❡ s❝❤❡♠❡✱ t❤❡r❡ ✐s ❛♥ ♦❜✈✐♦✉s ❡①t❡♥s✐♦♥ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❞♦♥❡ ✐♠✲

♠❡❞✐❛t❡❧② ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s ❛♥❛❧♦❣♦✉s t♦ ❆ss✉♠♣t✐♦♥ ❋ ✐♥ ❈❤❛♣t❡r ✷✱

✐✳❡✳

❆ss✉♠♣t✐♦♥ ❋ ✭✐✮ ❚❤❡ ♥♦♥❧✐♥❡❛r✐t② F ✐s ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦

(x, r, p, γ, ψ) ✉♥✐❢♦r♠❧② ✐♥ t✱ ❛♥❞ |F (·, ·, 0, 0, 0, 0)|∞ <∞❀

✭✐✐✮ F ✐s ❡❧❧✐♣t✐❝ ❛♥❞ ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ❞✐✛✉s✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r LX ✱ ✐✳❡✳

∇γF ≤ a ♦♥ Rd × R × Rd × Sd × Cd; ✭✸✳✶✳✶✵✮

✭✐✐✐✮ Fp ∈ Image(Fγ) ❛♥❞
∣∣F❚p F−

γ Fp

∣∣
∞ < +∞✳

❲❡ r❡♠✐♥❞ t❤❛t t❤❡ ♥♦♥✕❧♦❝❛❧ ♥♦♥✕❧✐♥❡❛r✐t② F ✐s ❝❛❧❧❡❞ ❡❧❧✐♣t✐❝ ✐❢

✶✳ F ✐s ♥♦♥✕❞❡❝r❡❛s✐♥❣ ♦♥ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ❝♦♠♣♦♥❡♥t✱ ✐✳❡✳

F (t, x, r, p, γ1, ψ) ≤ F (t, x, r, p, γ2, ψ) ❢♦r γ1 ≤ γ2.

✷✳ F ✐s ♥♦♥✕❞❡❝r❡❛s✐♥❣ ♦♥ t❤❡ ♥♦♥✕❧♦❝❛❧ ❝♦♠♣♦♥❡♥t✱ ✐✳❡✳

F (t, x, r, p, γ, ψ1) ≤ F (t, x, r, p, γ, ψ2) ❢♦r ψ1 ≤ ψ2.



✺✵
❈❤❛♣t❡r ✸✳ Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❋✉❧❧② ♥♦♥✕❧✐♥❡❛r

♥♦♥✕❧♦❝❛❧ P❛r❛❜♦❧✐❝ P❉❊s

❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❚❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✸✳✶✳✶ ▲❡t ❆ss✉♠♣t✐♦♥ ❋ ❤♦❧❞ tr✉❡✱ ❛♥❞ |µ|1✱ |σ|1 < ∞ ❛♥❞ σ ✐s ✐♥✈❡rt✲

✐❜❧❡✳ ❆❧s♦ ❛ss✉♠❡ t❤❛t t❤❡ ❢✉❧❧② ♥♦♥❧✐♥❡❛r P❉❊ ✭✸✳✶✳✶✮ ❤❛s ❝♦♠♣❛r✐s♦♥ ❢♦r ❜♦✉♥❞❡❞

❢✉♥❝t✐♦♥s✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ g✱ t❤❡r❡ ❡①✐sts ❛ ❜♦✉♥❞❡❞

❢✉♥❝t✐♦♥ v s✉❝❤ t❤❛t

vh −→ v ❧♦❝❛❧❧② ✉♥✐❢♦r♠❧②.

■♥ ❛❞❞✐t✐♦♥✱ v ✐s t❤❡ ✉♥✐q✉❡ ❜♦✉♥❞❡❞ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✸✳✶✳✶✮✲✭✸✳✶✳✷✮✳

❚❤❡ ♣r♦♦❢ ✐s ❛♥ str❛✐❣❤t ❢♦r✇❛r❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❙✉❜s❡❝t✐♦♥ ✸✳✷ ♦❢ ❈❤❛♣t❡r

✷✳

❊①❛♠♣❧❡ ✸✳✶✳✶ ▲❡t ν ❜❡ ❛ ✜♥✐t❡ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ❛♥❞ F (t, x, r, p, γ, ψ) =

G(t, x, r, p, γ,
∫

Rd
∗
ψ(x+ η(t, x, z))ζ(t, x, z)ν(dz)) ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ G s✉❝❤ t❤❛t ❆s✲

s✉♠♣t✐♦♥ ❋ ✐s ✈❛❧✐❞ ❢♦r F ✳ ❚❤❡♥✱ t❤❡ ❛❜♦✈❡ ❚❤❡♦r❡♠ ✐s ❛♣♣❧✐❝❛❜❧❡✳ ✷

❍♦✇❡✈❡r✱ ✐♥ t❤❡ r❡st ✐❢ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t t❤❡r❡ ❛r❡ ♠❛♥② ✐♥t❡r❡st✐♥❣ ❛♣♣❧✐✲

❝❛t✐♦♥s ❢♦r ✇❤✐❝❤ ❚❤❡♦r❡♠ ✸✳✶✳✶ ❢❛✐❧s t♦ ♣r♦✈✐❞❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t✳ ❖♥❡ ♦❢ t❤❡

♠❛❥♦r ❝❧❛ss ♦❢ ❢✉❧❧② ♥♦♥✕❧✐♥❡❛r P❉❊s ✐s t❤❡ ❝❧❛ss ♦❢ ❍❏❇ ❡q✉❛t✐♦♥s ✇❤✐❝❤ ❝♦♠❡ ❢r♦♠

st♦❝❤❛st✐❝ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ❛r✐s✐♥❣ ✐♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s ✐♥❝❧✉❞✐♥❣ ✜♥❛♥❝❡✳ ❚❤❡

♥♦♥✕❧✐♥❡❛r✐t② ♦❢ ❍❏❇ ❡q✉❛t✐♦♥s ❞♦ ♥♦t s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥ ❋ ✐♥ ❣❡♥❡r❛❧✳ ❊✈❡♥ ❢♦r

❧♦❝❛❧ P❉❊s ♦❢ ❍❏❇ t②♣❡✱ ❆ss✉♠♣t✐♦♥ ❋ ✐s ♥♦t ✈❛❧✐❞✱ ❜❡❝❛✉s❡ F ✐s ♥♦t ✉♥✐❢♦r♠❧②

▲✐♣s❝❤✐t③ ✇✐t❤ r❡s♣❡❝t t♦ x✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❤❡♥ t❤❡ ▲é✈② ♠❡❛s✉r❡ ν ✐s ❛♥ ✐♥✜♥✐t❡

▲é✈② ♠❡❛s✉r❡✱ t❤❡r❡ ✐s ♥♦ ❝❤❛♥❝❡ ❢♦r F t♦ ❜❡ ✉♥✐❢♦r♠❧② ▲✐♣s❝❤✐t③ ✇✐t❤ r❡s♣❡❝t t♦ ψ✳

❚❤❡ ♦t❤❡r ♣r♦❜❧❡♠ ✇❤✐❝❤ ♦❝❝✉rs ✐♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s ✐s t❤❡ ❧❛❝❦ ♦❢ ❡①♣❧✐❝✐t ❢♦r♠

❢♦r ♥♦♥✕❧✐♥❡❛r✐t② F ✳ ❲❡ ♣r❡s❡♥t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ✐♥ ♦r❞❡r t♦ ♠❡♥t✐♦♥ t❤✐s

♣r♦❜❧❡♠✳

❊①❛♠♣❧❡ ✸✳✶✳✷ ❙✉♣♣♦s❡ t❤❛t ✇❡ ✇❛♥t t♦ ✐♠♣❧❡♠❡♥t t❤❡ s❝❤❡♠❡ ❢♦r t❤❡ ❢✉❧❧② ♥♦♥✕

❧✐♥❡❛r ❡q✉❛t✐♦♥✿

−vt − F (x,Dv(t, x), D2v(t, x), v(t, ·)) = 0

v(T, ·) = g(·),

✇❤❡r❡

F (x, p, γ, ψ) := sup
θ∈R+

{
Lθ(p, γ) +

∫

R∗

ψ(x+ θz)ν(dz)

}
✭✸✳✶✳✶✶✮

Lθ(p, γ) := θbp+
1

2
θ2a2γ ✭✸✳✶✳✶✷✮

I(x, ψ)θ :=

∫

R∗

ψ(x+ θz)ν(dz). ✭✸✳✶✳✶✸✮

❚❤✐s ❢✉❧❧② ♥♦♥✲❧✐♥❡❛r ❡q✉❛t✐♦♥ s♦❧✈❡s t❤❡ ♣r♦❜❧❡♠ ♦❢ ♣♦rt❢♦❧✐♦ ♠❛♥❛❣❡♠❡♥t ❢♦r ♦♥❡

❛ss❡t ✐♥ t❤❡ ❇❧❛❝❦✕❙❝❤♦❧❡s ♠♦❞❡❧ ✐♥❝❧✉❞✐♥❣ ❥✉♠♣s ✐♥ ❛ss❡t ♣r✐❝❡✳ ❋♦r t❤❡ s❛❦❡ ♦❢



✸✳✶✳ Pr❡❧✐♠✐♥❛r✐❡s ❛♥❞ ❢❡❛t✉r❡s ❢♦r ♥♦♥✕❧♦❝❛❧ P❉❊s ✺✶

s✐♠♣❧✐❝✐t②✱ ❢♦r t❤❡ ♠♦♠❡♥t ✇❡ ❢♦r❣❡t ❛❜♦✉t ✐♥✜♥✐t❡ ❛❝t✐✈✐t② ❥✉♠♣s✳ ❖❜s❡r✈❡ t❤❛t ✐❢

ν = 0 ✭t❤❡ ❛ss❡t ♣r✐❝❡ ♥❡✈❡r ❥✉♠♣s✮ t❤❡♥ F ❜❡❝♦♠❡s ♦❢ t❤❡ ❢♦r♠✿

F (x, p, γ, ψ) := sup
θ∈R+

{
θbp+

1

2
θ2a2γ

}
.

✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❣✐✈❡♥ ✐♥ ❡①♣❧✐❝✐t ❢♦r♠ ❜②✿

F (x, p, γ, ψ) := −(bp)2

2a2γ
,

❛♥❞ t❤❡ s❝❤❡♠❡ ❝♦✉❧❞ ❜❡ ❡❛s✐❧② ✐♠♣❧❡♠❡♥t❡❞ ❛s ✐♥ ❈❤❛♣t❡r ✷ ❛♥❞ ❡✈❡♥ ❢♦r ♠♦r❡

❝♦♠♣❧✐❝❛t❡❞ ❡①❛♠♣❧❡s ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✹✮✳ ❇✉t✱ ✇❤❡♥ ν 6= 0 ✭❥✉♠♣ ❞♦ ❡①✐sts✮✱ t❤❡

❡①♣❧✐❝✐t ❢♦r♠ ❢♦r F ✐s ♥♦t ❦♥♦✇♥ ❛♥❞ t❤❡ s✉♣r❡♠✉♠ s❤♦✉❧❞ ❜❡ ❛♣♣r♦①✐♠❛t❡❞✳ ❚❤✐s

♣r♦❜❧❡♠ ✐s ✐♥ ❝♦♠♠♦♥ ✇✐t❤ ♦t❤❡r ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ❢✉❧❧② ♥♦♥✕❧✐♥❡❛r P❉❊s ❡✳❣✳

✜♥✐t❡ ❞✐✛❡r❡♥❝❡✳

❆❧t❤♦✉❣❤ ❤✐s ♣r♦❜❧❡♠ ✐s ♦❜✈✐♦✉s❧② ❜❡②♦♥❞ t❤❡ s✉❜❥❡❝t ♦❢ t❤✐s t❤❡s✐s✱ ✇❡ ❛❞❞r❡ss

✐t ❤❡r❡ ✐♥ ♦r❞❡r t♦ ♠❡♥t✐♦♥ t❤❛t ✇❤② ✇❡ ♣r♦✈✐❞❡ ▼❈◗ ✐♥ ❙❡❝t✐♦♥ ✸✳✷ t♦ ❛♣♣r♦①✐♠❛t❡

t❤❡ ✐♥t❡❣r❛❧ ✐♥s✐❞❡ t❤❡ s✉♣r❡♠✉♠✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❤❡♥ t❤❡r❡ ✐s ♥♦ ❡①♣❧✐❝✐t❡ ❢♦r♠

❢♦r t❤❡ ♥♦♥✕❧✐♥❡❛r✐t②✱ ♦♥❡ ❤❛s t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ▲é✈② ✐♥t❡❣r❛❧ ✐♥s✐❞❡ t❤❡ s✉♣r❡♠✉♠

❢♦r ❡❛❝❤ θ ❛♥❞ t❤❡♥✱ ❛♣♣❧② s♦♠❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ s✉♣r❡♠✉♠

♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ θs✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♣r♦♣♦s❡❞ ❛ ▼♦♥t❡ ❈❛r❧♦ ◗✉❛❞r❛t✉r❡ ♠❡t❤♦❞

t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ✐♥t❡❣r❛❧ ✐♥ ❛ ♣✉r❡❧② ♣r♦❜❛❜✐❧✐st✐❝ ✇❛②✳ ❚❤❡ ▼❈◗ ❝♦✉❧❞ ❜❡

❝♦♥s✐❞❡r❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ✐♥ ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥s✳

◆♦✇✱ s✉♣♣♦s❡ t❤❛t ν ✐s ❛♥ ✐♥✜♥✐t❡ ♠❡❛s✉r❡ ❛♥❞ t❤❡r❡❢♦r❡ ✐♥ ❊①❛♠♣❧❡ ✸✳✶✳✷✱

✭✸✳✶✳✶✸✮ s❤♦✉❧❞ ❜❡ ✇r✐tt❡♥ ♦❢ t❤❡ ❢♦r♠

I(x, ψ) :=

∫

R∗

(
ψ(x+ θz) − ψ(x) − 1{|z|≤1}θDψ(x) · z

)
ν(dz).

■♥ t❤✐s ❝❛s❡✱ t❤❡r❡ ❛r❡ t✇♦ ✇❛②s t♦ tr❡❛t ✇✐t❤ s✐♥❣✉❧❛r ▲é✈② ♠❡❛s✉r❡❀ ♦♥❡ ✐s t♦

tr✉♥❝❛t❡ ▲é✈② ♠❡❛s✉r❡ ♥❡❛r ③❡r♦ ✭❛s ✇❡ ❞✐❞ ❢♦r ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ X✮ ❛♥❞ t❤❡ ♦t❤❡r

✐s t♦ ❛♣♣r♦①✐♠❛t❡ ✐♥✜♥✐t❡ s♠❛❧❧ ❥✉♠♣s ❜② ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡

❣❡♥❡r❛❧ ❢♦r♠ ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t❡ F ✐s

Fκ(x, r, p, γ, ψ) := sup
θ∈R+

{
cκr + θbκp+

1

2
θ2a2γ +

∫

{|z|>κ}
ψ(x+ θz)ν(dz)

}
.

✇❤❡r❡

cκ :=

∫

{|z|>κ}
ν(dz) ❛♥❞ bκ := b

∫

{1≥|z|>κ}
zν(dz).

❊①❛♠✐♥✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳✶ t♦ ❢✉♥❝t✐♦♥ Fκ✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦

t❤❛t ❞❡r✐✈❛t✐✈❡s ♦❢ Fκ ✇✐t❤ r❡s♣❡❝t t♦ r✱ p ❛♥❞ ψ ❜❧♦✇ ✉♣ t♦ ✐♥✜♥✐t② ❛s κ ✈❛♥✐s❤❡s

✇❤✐❝❤ ❞❡str♦②s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t

κ ❝♦✉❧❞ ❜❡ ❝❤♦s❡♥ ❞❡♣❡♥❞❡♥t ♦♥ h✱ s♦ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❝❤❡♠❡ s❛t✐s✜❡s t❤❡

r❡q✉✐r❡♠❡♥ts ♦❢ ❬✻❪ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ ❝♦♥✈❡r❣❡♥❝❡✳



✺✷
❈❤❛♣t❡r ✸✳ Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❋✉❧❧② ♥♦♥✕❧✐♥❡❛r

♥♦♥✕❧♦❝❛❧ P❛r❛❜♦❧✐❝ P❉❊s

❚❤✉s ✐♥ ❙❡❝t✐♦♥ ✸✳✸✱ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ t❤❡ ♠♦❞✐✜❡❞ s❝❤❡♠❡ ✭✸✳✸✳✸✮ ❜❛s❡❞ ♦♥ t❤❡

❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ♥♦♥✕❧✐♥❡❛r✐t② F ♦❜t❛✐♥❡❞ ❢r♦♠ tr✉♥❝❛t✐♦♥ ♦❢ ✐♥✜♥✐t❡ ▲é✈② ♠❡❛s✉r❡

❛♥❞ ▼❈◗ ✐♥ ❙❡❝t✐♦♥ ✸✳✷ ❛♥❞ t❤❡♥ ♣r♦✈✐❞❡ ❛s②♠♣t♦t✐❝ r❡s✉❧ts ❧✐❦❡ ✐♥ ❈❤❛♣t❡r ✷ ❢♦r

♥♦♥✕❧♦❝❛❧ ❝❛s❡✳

✸✳✷ ▼♦♥t❡ ❈❛r❧♦ ◗✉❛❞r❛t✉r❡ ✭▼❈◗✮

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦♣♦s❡ ❛ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ▲é✈②

❣❡♥❡r❛t♦r✿

I[ϕ](x) :=

∫

Rd
∗

(
ϕ (x+ η(z)) − ϕ(x) − 1{|z|≤1}η(z) ·Dϕ(x)

)
ν(dz). ✭✸✳✷✳✶✮

❚❤❡ ♠❡t❤♦❞ ✐s ❛ ♣✉r❡ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞ t♦ ❛♣♣r♦①✐♠❛t❡ ✭✸✳✷✳✶✮ ❛♥❞✱ t❤❡r❡❢♦r❡

❝♦✉❧❞ ❜❡ ✉s❡❞ ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ▲é✈② ✐♥t❡❣r❛❧ ✐♥s✐❞❡ t❤❡ s❝❤❡♠❡ ✭✸✳✸✳✸✮✳ ❇❡✲

❝❛✉s❡✱ t❤❡ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✭✸✳✸✳✸✮

✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s ❈❤❛♣t❡r✱ ♦♥❡ ❝❛♥ r❡❛❞ ✐t ✐♥❞❡♣❡♥❞❡♥t❧② ❢r♦♠ ♦t❤❡r ❙❡❝t✐♦♥✳

❚❤r♦✉❣❤ ♦✉t t❤✐s ❙❡❝t✐♦♥✱ ✇❡ ❞r♦♣ t❤❡ ❞❡♣❡♥❞❡♥❝② ✇✐t❤ r❡s♣❡❝t t♦ (t, x) ♦r ♦t❤❡r

✈❛r✐❛❜❧❡s ❛♥❞ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t② ❛♥❞ ❥✉st ✇r✐t❡ η(z)✳

◆♦t✐❝❡ t❤❛t ✐♥ ♦r❞❡r ❢♦r ✭✸✳✷✳✶✮ t♦ ❜❡ ✇❡❧❧✕❞❡✜♥❡❞ ❢♦r r❡❣✉❧❛r ❢✉♥❝t✐♦♥s✱ ✇❡ ✐♠♣♦s❡

t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥ ♦♥ η✿

|η(z)|
|z| ∧ 1

≤ C, ❢♦r s♦♠❡ ❝♦♥st❛♥t C. ✭✸✳✷✳✷✮

❲❡ ♣r❡s❡♥t ▼❈◗ ✐♥ t❤r❡❡ ❝❛s❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ▲é✈② ♠❡❛s✉r❡ ♥❡❛r

③❡r♦✿

• ✜♥✐t❡ ♠❡❛s✉r❡❀
∫
{|z|≤1} ν(dz) <∞✱

• ✐♥✜♥✐t❡ ♠❡❛s✉r❡❀

✕ ❝❛s❡ ■✿
∫
{|z|≤1} |η(z)|ν(dz) <∞✱

✕ ❝❛s❡ ■■✿
∫
{|z|≤1} |η(z)|2ν(dz) <∞✳

✸✳✷✳✶ ❋✐♥✐t❡ ▲é✈② ▼❡❛s✉r❡

❲❤❡♥ ▲é✈② ♠❡❛s✉r❡ ✐s ✜♥✐t❡✱ ✇❡ ❝❤♦♦s❡ κ = 0✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ✐♥tr♦❞✉❝❡ ▲❡♠♠❛

✸✳✷✳✶ ✇❤✐❝❤ ♣r♦♣♦s❡s ❛ ✇❛② t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ▲é✈② ✐♥t❡❣r❛❧ ♦❢ ❣❡♥❡r❛❧ ❢♦r♠✿

∫

Rd
∗

ϕ(x+ η(z))ζ(z)dν(z), ✭✸✳✷✳✸✮

❛♥❞ t❤❡♥ ✇❡ ✉s❡ t❤✐s ▲❡♠♠❛ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ▲é✈② ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ✭✸✳✷✳✶✮✳

▲❡t J ❜❡ ❛ ❥✉♠♣ P♦✐ss♦♥ ♠❡❛s✉r❡ ✇✐t❤ ✐♥t❡♥s✐t② ❣✐✈❡♥ ❜② ▲é✈② ♠❡❛s✉r❡ ν✱ ❛♥❞

{Nt}t≥0 ❜❡ t❤❡ P♦✐ss♦♥ ♣r♦❝❡ss ❣✐✈❡♥ ❜② Nt =
∫ t
0

∫
Rd
∗
J(ds, dz) ✇❤♦s❡ ✐♥t❡♥s✐t② ✐s



✸✳✷✳ ▼♦♥t❡ ❈❛r❧♦ ◗✉❛❞r❛t✉r❡ ✭▼❈◗✮ ✺✸

λ :=
∫

Rd
∗
ν(dz)✳ ❇② ✭✸✳✶✳✻✮✱ ✇❡ ❝❛♥ ✇r✐t❡ X̂x ❜②

X̂x
t = x+ µ0t+ σWt +

Nt∑

i=1

η(Zi) ✭✸✳✷✳✹✮

✇❤❡r❡ Zis ❛r❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ❧❛✇ 1
λν(dz)✳ ❲❡ ❛❧s♦ ✐♥tr♦❞✉❝❡ ❛ ▲é✈②

♣r♦❝❡ss Yt ❜②

Yt =

Nt∑

i=1

ζ(Zi). ✭✸✳✷✳✺✮

◆❡①t ▲❡♠♠❛ s❤♦✇s t❤❛t ✭✸✳✷✳✸✮ ❝♦✉❧❞ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ ▼♦♥t❡ ❈❛r❧♦ ❢♦r♠✉❧❛

♣✉r❡❧② ❢r❡❡ ♦❢ ✐♥t❡❣r❛t✐♦♥✳

▲❡♠♠❛ ✸✳✷✳✶ ▲❡t

ν̂η,ζ
h (ϕ)(x) := E

[∫

Rd
∗

ϕ(X̂x
h + η(z))ζ(z)dν(z)

]
. ✭✸✳✷✳✻✮

❚❤❡♥✱ ❢♦r ❡✈❡r② ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ϕ : Rd → R✿

ν̂η,ζ
h (ϕ)(x) =

1

h
E[ϕ(X̂x

h)Yh].

Pr♦♦❢✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❥✉st ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ ❥✉♠♣ ♣❛rt ♦❢ ♣r♦❝❡ss

X̂x ❛♥❞ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ✇r✐t❡ X̂x
h = x +

∑Nh

i=1 η(Yi)✳ ❚❤❡ r✐❣❤t ❤❛♥❞

s✐❞❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s✿

E

[
ϕ(X̂x

h)Yh

]
= e−λh

∞∑

n=0

E

[
ϕ(X̂x

h)Yh|Nh = n
] (λh)n

n!
.

❚❤❡♥ ❜② ✭✸✳✷✳✹✮✕✭✸✳✷✳✺✮✱

E

[
ϕ(X̂x

h)Yh

]
= e−λhλh

∞∑

n=1

E


ϕ
(
x+

n∑

i=1

η(Zi)

)( n∑

j=1

ζ(Zj)

)
 (λh)n−1

n!

= e−λhλh

∞∑

n=1

(λh)n−1

n!

n∑

j=1

E

[
ϕ

(
x+

n∑

i=1

η(Zi)

)
ζ(Zj)

]
.

◆♦t✐❝❡ t❤❛t ✐♥ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥✱ t❤❡ s✉♠♠❛t✐♦♥ st❛rts ❢r♦♠ n = 1 ❜❡❝❛✉s❡

Yh = 0 ✇❤❡♥ Nh = 0✳ ❇❡❝❛✉s❡ Zis ❛r❡ ✐✳✐✳❞✳ ♦♥❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t✱

n∑

j=1

E

[
ϕ

(
x+

n∑

i=1

η(Zi)

)
ζ(Zj)

]
= nE

[
ϕ

(
x+

n∑

i=1

η(Zi)

)
ζ(Z1)

]

❚❤❡♥✱ ♦♥❡ ❝❛♥ ✇r✐t❡

E

[
ϕ

(
x+ η(Z1)+

n∑

i=2

η(Zi)

)
ζ(Z1)

]
=E

[
ϕ
(
η(Z) + X̂x

h

)
ζ(Z)|Nh = n− 1

]
,



✺✹
❈❤❛♣t❡r ✸✳ Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❋✉❧❧② ♥♦♥✕❧✐♥❡❛r

♥♦♥✕❧♦❝❛❧ P❛r❛❜♦❧✐❝ P❉❊s

✇❤❡r❡ Z ✐s ❞❡♣❡♥❞❡♥t ♦❢ Zis ❜✉t ❤❛s t❤❡ s❛♠❡ ❧❛✇ ❛s Zis✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡

t❤❛t✿

E

[
ϕ(X̂x

h)Yh

]
= e−λhλh

∞∑

n=1

E

[
ϕ(η(Z) + X̂x

h)ζ(Z)|Nh = n− 1
] (λh)n−1

(n− 1)!
.

❇✉t✱ ✇❡ ❦♥♦✇ t❤❛t

e−λh
∞∑

n=1

E

[
ϕ(η(Z) + X̂x

h)ζ(Z)|Nh = n− 1
] (λh)n−1

(n− 1)!
= E

[
ϕ(η(Z) + X̂x

h)ζ(Z)
]

❚❤❡r❡❢♦r❡✱

E

[
ϕ(X̂x

h)Yh

]
= λhE [ϕ(η(Z) +Xx

h)ζ(Z)] .

❇❡❝❛✉s❡ t❤❡ ❞❡♥s✐t② ♦❢ Z ✐s ν(dz)
λ ✱

E

[
ϕ(X̂x

h)Yh

]
= hE

[∫

Rd
∗

ϕ(η(z) + X̂x
h)ζ(z)dν(z)

]
.

✷

■♥ t❤❡ ❧✐❣❤t ♦❢ ▲❡♠♠❛ ✭✸✳✷✳✶✮✱ ✇❡ ♣r♦♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ✭✸✳✷✳✶✮✿

Ih[ϕ](x) := ν̂η,1
h − ϕ(x)

∫

Rd
∗

ν(dz) −Dϕ(x) ·
∫

Rd
∗

η(z)ν(dz).

◆❡①t ▲❡♠♠❛ ♣r♦✈✐❞❡ ❡rr♦r ❜♦✉♥❞ ❢♦r t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥✳

▲❡♠♠❛ ✸✳✷✳✷ ❋♦r ❛♥② ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ ϕ ✇❡ ❤❛✈❡✿

|(Ih − I)[ϕ]|∞ ≤ C
√
h|Dϕ|∞. ✭✸✳✷✳✼✮

Pr♦♦❢✳ ❆s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✭✸✳✷✳✶✮✱ ν̂η,1
h = 1

hE[ϕ(X̂x
h)Nh]. ❚❤❡r❡❢♦r❡✱

♦♥❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t✱

|(I − Ih)[ϕ]|∞ ≤ C|Dϕ|∞E

[
|X̂x

h − x|
]
.

❙♦✱ ❜❡❝❛✉s❡

E

[
|X̂x

h − x|
]

≤ C

(
h

∫

Rd
∗

|η(z)|ν(dz) +
√
h

)
, ✭✸✳✷✳✽✮

✇❤✐❝❤ ♣r♦✈✐❞❡s t❤❡ r❡s✉❧t✳ ✷



✸✳✷✳ ▼♦♥t❡ ❈❛r❧♦ ◗✉❛❞r❛t✉r❡ ✭▼❈◗✮ ✺✺

✸✳✷✳✷ ■♥✜♥✐t❡ ▲é✈② ▼❡❛s✉r❡

■♥ t❤❡ ❝❛s❡ ♦❢ s✐♥❣✉❧❛r ▲é✈② ♠❡❛s✉r❡✱ ✇❡ tr✉♥❝❛t❡ ▲é✈② ♠❡❛s✉r❡ ♥❡❛r ③❡r♦ ❛♥❞

r❡❞✉❝❡ t❤❡ ♣r♦❜❧❡♠ t♦ ❛ ✜♥✐t❡ ♠❡❛s✉r❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❢♦r ❛♥② κ > 0 ✇❡ ❤❛✈❡ t❤❡

tr✉♥❝❛t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦r ✭✸✳✷✳✶✮✳

Iκ[ϕ](x) :=

∫

{|z|>κ}

(
ϕ (x+ η(z)) − ϕ(x) − 1{|z|≤1}η(z) ·Dϕ(x)

)
ν(dz).

❚❤❡♥✱ ✇❡ ✉s❡ ▲❡♠♠❛ ✭✸✳✷✳✶✮ t♦ ♣r❡s❡♥t t❤❡ ▼❈◗ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ✭✸✳✷✳✶✮✳

Iκ,h[ϕ](x) := ν̂η,1
κ,h − ϕ(x)

∫

{|z|>κ}
dν(z)−

∫

{1≥|z|>κ}
η(t, x, z) ·Dϕ(x)dν(z),

✇❤❡r❡ ❜② ▲❡♠♠❛ ✭✸✳✷✳✶✮

ν̂η,1
κ,h :=

∫

{|z|>κ}
ϕ(X̂x,κ

h + η(t, x, z))ν(dz) = h−1E

[
ϕ(X̂x,κ

h )Nκ
h

]

❋♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ♣r♦✈✐❞❡s t❤❡ ❡rr♦r ♦❢ ▼❈◗ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ✭✸✳✷✳✶✮ ✐♥ t❤❡ ❝❛s❡

♦❢ ✐♥✜♥✐t❡ ▲é✈② ♠❡❛s✉r❡✳

▲❡♠♠❛ ✸✳✷✳✸ ▲❡t ❢✉♥❝t✐♦♥ ϕ ❜❡ ▲✐♣s❝❤✐t③✳

✶✳ ■❢
∫
{|z|≤1} |z|ν(dz) <∞✱ t❤❡♥

|(Iκ,h − I)[ϕ]|∞ ≤ C|Dϕ|∞
(
√
h+

∫

{0<|z|≤κ}
|z|ν(dz)

)
. ✭✸✳✷✳✾✮

✷✳ ■❢
∫
{|z|≤1} |z|2ν(dz) <∞✱ t❤❡♥

|(Iκ,h − I)[ϕ]|∞ ≤ C

(
|Dϕ|∞

(√
h+ h

∫

{|z|>κ}
|z|ν(dz)

)
+ |D2ϕ|∞

∫

{0<|z|≤κ}
|z|2ν(dz)

)
.✭✸✳✷✳✶✵✮

Pr♦♦❢✳

✶✳ ◆♦t✐❝❡ t❤❛t✱

|(I − Iκ,h)[ϕ]|∞ ≤ |(I − Iκ)[ϕ]|∞ + |(Iκ − Iκ,h)[ϕ]|∞.

❇② ✭✸✳✷✳✷✮✱ t❤❡ tr✉♥❝❛t✐♦♥ ❡rr♦r ✐s ❣✐✈❡♥ ❜②✿

|(I − Iκ)[ϕ]|∞ ≤ 2|Dϕ|∞
∫

{0<|z|≤κ}
|η(z)|ν(dz). ✭✸✳✷✳✶✶✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ✭✸✳✷✳✽✮ ❛♥❞ ✭✸✳✷✳✷✮✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

|(Iκ − Iκ,h)[ϕ]|∞ ≤ C|Dϕ|∞
(
h

∫

{|z|>κ}
|η(z)|ν(dz) +

√
h

)

≤ C|Dϕ|∞
(
h

∫

{|z|>κ}
|z|ν(dz) +

√
h

)

✇❤✐❝❤ t♦❣❡t❤❡r ✇✐t❤ ✭✸✳✷✳✶✶✮ ♣r♦✈✐❞❡s t❤❡ r❡s✉❧t✳



✺✻
❈❤❛♣t❡r ✸✳ Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❋✉❧❧② ♥♦♥✕❧✐♥❡❛r

♥♦♥✕❧♦❝❛❧ P❛r❛❜♦❧✐❝ P❉❊s

✷✳ ❇② ✭✸✳✷✳✷✮✱ t❤❡ tr✉♥❝❛t✐♦♥ ❡rr♦r ✐s ❣✐✈❡♥ ❜②✿

|(I − Iκ)[ϕ]|∞ ≤ C|D2ϕ|∞
∫

{0<|z|≤κ}
|z|2ν(dz), ✭✸✳✷✳✶✷✮

❢♦r ❛♥② ❢✉♥❝t✐♦♥ ϕ ✇✐t❤ ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s ✉♣ t♦ s❡❝♦♥❞ ♦r❞❡r✳ ❖♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ ✭✸✳✷✳✽✮ ❛❧❧♦✇s ✉s t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ▼♦♥t❡ ❈❛r❧♦ ❡rr♦r ❜②✿

|(Iκ − Iκ,h)[ϕ]|∞ ≤ C|Dϕ|∞
(
h

∫

{|z|>κ}
|z|ν(dz) +

√
h

)

✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳ ✷

✸✳✸ ❆s②♠♣t♦t✐❝ r❡s✉❧ts

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ❢♦r t❤❡ s❝❤❡♠❡ ✭✸✳✸✳✸✮✳ ❲❡ ✜rst

r❡♠✐♥❞ t❤❡ ♥♦t✐♦♥ ♦❢ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ❛♥❞ ♣r♦✈✐❞❡ t❤❡ ❛ss✉♠♣t✐♦♥s r❡q✉✐r❡❞ ❢♦r

t❤❡ ♠❛✐♥ r❡s✉❧ts t♦❣❡t❤❡r ✇✐t❤ t❤❡ st❛t❡♠❡♥t ♦❢ ♠❛✐♥ r❡s✉❧ts✳ ❚❤❡♥✱ ✇❡ ♣r♦✈✐❞❡ t❤❡

♣r♦♦❢ ♦❢ t❤❡ r❡s✉❧ts ✐♥ t✇♦ s❡♣❛r❛t❡ s✉❜s❡❝t✐♦♥✳

✇❡ ♥❡❡❞ t♦ ✐♠♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ♥♦♥✕❧✐♥❡❛r✐t② F t♦ ♦❜t❛✐♥

t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠✳

❆ss✉♠♣t✐♦♥ ■❍❏❇✶✿ ❋✉♥❝t✐♦♥ F s❛t✐s✜❡s✿

1

2
a(t, x) · γ + µ(t, x) · p+ F (t, x, r, p, γ, ψ):= inf

α∈A
sup
β∈B

{
Lα,β(t, x, r, p, γ)

+Iα,β(t, x, r, p, γ, ψ)

}

❢♦r ❣✐✈❡♥ s❡ts A ❛♥❞ B ✇❤❡r❡

Lα,β(t, x, r, p, γ):=
1

2
aα,β(t, x) · γ + bα,β(t, x) · p+ cα,β(t, x)r + kα,β(t, x),

❛♥❞

Iα,β(t, x, r, p, ψ):=

∫

Rd
∗

(
ψ
(
x+ ηα,β(t, x, z)

)
− r − 1{|z|≤1}η

α,β(t, x, z) · p
)
ν(dz)

✇❤❡r❡ ❢♦r ❛♥② (α, β) ∈ A× B✱ aα,β✱ bα,β✱ cα,β✱ kα,β ❛♥❞ ηα,β s❛t✐s❢②

sup
α∈A,β∈B

{
|aα,β |1 + |bα,β |1 + |cα,β |1 + |kα,β |1 +

|ηα,β(·, z)|1
|z| ∧ 1

}
<∞.

❚❤❡ ♥♦♥✕❧✐♥❡❛r✐t② ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ❞✐✛✉s✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r LX ✱ ✐✳❡✳ ❢♦r



✸✳✸✳ ❆s②♠♣t♦t✐❝ r❡s✉❧ts ✺✼

❛♥② t✱ x✱ z✱ α ❛♥❞ β

|a− · aα∗,β∗ |1 <∞ ❛♥❞ 0 ≤ aα,β ≤ a, ✭✸✳✸✳✶✮

ηα,β , bα,β ∈ Image(aα,β) ❛♥❞ sup
α∈A,β∈B

|(bα,β)T(aα,β)−bα,β |∞ <∞, ✭✸✳✸✳✷✮

sup
α∈A,β∈B

|(ηα,β)T(aα,β)−bα,β |∞
1 ∧ |z| <∞

sup
α∈A,β∈B

|(ηα,β)T(aα,β)−ηα,β |∞
1 ∧ |z|2 <∞.

❘❡♠❛r❦ ✸✳✸✳✶ ❆ ❢✉♥❝t✐♦♥ F ✇❤✐❝❤ s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥ ■❍❏❇✶ ✐s ♥♦t ✇❡❧❧✕❞❡✜♥❡❞

❢♦r ❛r❜✐tr❛r② (t, x, r, p, γ, ψ) ∈ R+ × Rd × R × Rd × Sd × Cd✳ ❇✉t✱ ❢♦r ❛♥② s❡❝✲

♦♥❞ ♦r❞❡r ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥✱ ψ✱ ✇✐t❤ ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t t♦ x✱

F (t, x, ψ(t, x), Dψ(t, x), D2ψ(t, x), ψ(t, ·)) ✐s ✇❡❧❧✕❞❡✜♥❡❞✳

◆♦✇✱ ✇❡ ♣r♦♣♦s❡ ❛ ▼♦♥t❡ ❈❛r❧♦ s❝❤❡♠❡ ❢♦r ✭✸✳✶✳✶✮✲✭✸✳✶✳✷✮ ❜❛s❡❞ ♦♥ t❤❡ s❛♠❡

✐❞❡❛ ❛s ✐♥ ❈❤❛♣t❡r ✷✱ ❛♥❞ ❛❧s♦ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♥♦♥✕❧✐♥❡❛r✐t②✳

vκ,h(T, .) = g ❛♥❞ vκ,h(ti, x) = Tκ,h[vκ,h](ti, x), ✭✸✳✸✳✸✮

✇❤❡r❡ ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ ψ : R+ × Rd −→ R ✇✐t❤ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤✿

Tκ,h[ψ](t, x):=E

[
ψ
(
t+ h, X̂t,x,κ

h

)]
+ hFκ,h (t, x,Dhψ,ψ(t+ h, ·)) , ✭✸✳✸✳✹✮

Dhψ :=
(
D0

hψ,D1
hψ,D2

hψ
)
,

Fκ,h(t, x, r, p, γ, ψ)= inf
α∈A

sup
β∈B

{
1

2
aα,β(t, x) · γ + bα,β(t, x) · p+ cα,β(t, x)r + kα,β(t, x)

+

∫

{|z|≥κ}

(
ν̂ηα,β ,1

h (ψ(t, ·))(x) − r − ηα,β(t, x, z) · p
)
ν(dz)

}
,

❛♥❞

Dk
hψ(t, x) := E

[
ψ(t+ h, X̂t,x,κ

h )Hh
k (t, x)

]
, k = 0, 1, 2, ✭✸✳✸✳✺✮

✇❤❡r❡

Hh
0 = 1, Hh

1 =
(
σT
)−1 Wh

h
, Hh

2 =
(
σT
)−1 WhW

T
h − hId

h2
σ−1.

❚❤❡ ❞❡t❛✐❧s ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ ✭✸✳✸✳✺✮ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ▲❡♠♠❛ ✷✳✶

✐♥ ❈❤❛♣t❡r ✷✳ ■♥ ♦r❞❡r t♦ ❤❛✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t✱ ✇❡ ❛❧s♦ ♥❡❡❞ t♦ ✐♠♣♦s❡ t❤❡

❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥ ♦✈❡r Fκ,h✳

❆ss✉♠♣t✐♦♥ ■♥❢✕❙✉♣✿ ❋♦r ❛♥② κ > 0✱ t ∈ [0, T ]✱ x ❛♥❞ x′ ∈ Rd ❛♥❞ ❛♥② ▲✐♣s❝❤✐t③

❢✉♥❝t✐♦♥s ψ ❛♥❞ ϕ✱ t❤❡r❡ ❡①✐sts ❛ (α∗, β∗) ∈ A× B s✉❝❤ t❤❛t

Φα∗,β∗

κ [ψ,ϕ](t, x, x′) = J α∗,β∗

κ [ψ](t, x) − J α∗,β∗

κ [ϕ](t, x′)



✺✽
❈❤❛♣t❡r ✸✳ Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❋✉❧❧② ♥♦♥✕❧✐♥❡❛r

♥♦♥✕❧♦❝❛❧ P❛r❛❜♦❧✐❝ P❉❊s

✇❤❡r❡

Φα,β
κ [ψ,ϕ](t, x) := inf

α
J α,β

κ [ψ](t, x) − sup
β

J α,β
κ [ϕ](t, x′), ✭✸✳✸✳✻✮

❛♥❞

J α,β
κ [φ](t, x) :=

1

2
aα,β ·D2φ(t, x) + bα,β ·Dφ(t, x) + cα,βφ(t, x) + kα,β(t, x)

+

∫

{|z|≥κ}

(
ν̂ηα,β ,1

h (φ(t, ·))(x) − φ(t, x) − ηα,β(t, x, z) ·Dφ(t, x)
)
ν(dz).

❚❤❡ ✜rst r❡s✉❧t ❝♦♥❝❡r♥s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ vκ,h ❢♦r κ ❛♣♣r♦✲

♣r✐❛t❡❧② ❝❤♦s❡♥ ✇✐t❤ r❡s♣❡❝t t♦ h✳

❚❤❡♦r❡♠ ✸✳✸✳✶ ✭❈♦♥✈❡r❣❡♥❝❡✮ ▲❡t η✱ µ ❛♥❞ σ ❜❡ ❜♦✉♥❞❡❞ ❛♥❞ ▲✐♣s❝❤✐t③ ❝♦♥✲

t✐♥✉♦✉s ♦♥ x ✉♥✐❢♦r♠❧② ♦♥ t ❛♥❞ z✱ σ ✐s ✐♥✈❡rt✐❜❧❡ ❛♥❞ ❆ss✉♠♣t✐♦♥s ■❍❏❇✶ ❛♥❞

■♥❢✕❙✉♣ ❤♦❧❞ tr✉❡✱ ❛♥❞ ❛ss✉♠❡ t❤❛t ✭✸✳✶✳✶✮ ❤❛s ❝♦♠♣❛r✐s♦♥ ❢♦r ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s✳

❚❤❡♥✱ ✐❢ κh ✐s s✉❝❤ t❤❛t✿

lim
h→0

κh = 0 ❛♥❞ lim sup
h→0

θ2
κh
h = 0 ✭✸✳✸✳✼✮

✇❤❡r❡

θκ := sup
α,β

|θα,β
κ |∞, ✭✸✳✸✳✽✮

✇✐t❤

θα,β
κ := cα,β +

∫

{|z|≥κ}
ν(dz) +

1

4

(
bα,β−

∫

{1>|z|≥κ}
ηα,β(z)ν(dz)

)
❚

×(aα,β)−
(
bα,β−

∫

{1>|z|≥κ}
ηα,β(z)ν(dz)

)
,

t❤❡♥ vκh,h ❝♦♥✈❡r❣❡s t♦ s♦♠❡ ❢✉♥❝t✐♦♥ v ❧♦❝❛❧❧② ✉♥✐❢♦r♠✳ ■♥ ❛❞❞✐t✐♦♥✱ v ✐s t❤❡ ✉♥✐q✉❡

✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✳✶✮✲✭✸✳✶✳✷✮✳

❙♣❡❝✐❛❧❧②✱ ✐❢ ▲é✈② ♠❡❛s✉r❡ ✐s ✜♥✐t❡✱ ❢♦r t❤❡ ❝❤♦✐❝❡ ♦❢ κh = 0 t❤❡ ❛ss❡rt✐♦♥ ♦❢ t❤❡

❚❤❡♦r❡♠ ❤♦❧❞ tr✉❡✳

❘❡♠❛r❦ ✸✳✸✳✷ ■t ✐s ❛❧✇❛②s ♣♦ss✐❜❧❡ t♦ ❝❤♦♦s❡ κh s✉❝❤ t❤❛t ✭✸✳✸✳✼✮ ✐s s❛t✐s✜❡❞✳ ❚♦

s❡❡ t❤✐s✱ ♥♦t✐❝❡ t❤❛t θκ ✐♥ ✭✸✳✸✳✽✮ ✐s ♥♦♥✕✐♥❝r❡❛s✐♥❣ ♦♥ κ

lim
κ→0

θκ = +∞ ❛♥❞ lim sup
κ→∞

θκ <∞.

❚❤❡♥✱ ✇❡ ❞❡✜♥❡ κh := inf{κ|θκ ≤ h−
1
2 } + h✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ κh✱ θκh

≤ h−
1
2 ✳

❇❡❝❛✉s❡ ❖❜s❡r✈❡ t❤❛t κh ✐s ♥♦♥✕❞❡❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ h ❛♥❞ limh→0 κh = 0✳

■❢ t❤❡r❡ ❡①✐sts ❛ q s✉❝❤ t❤❛t✱ q := limh→0 κh > 0✱ t❤❡♥✱ ❢♦r κ < q✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡

θκ = ∞ ✇❤✐❝❤ ♦❜✈✐♦✉s❧② ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t ❢♦r κ > 0✱ θκ <∞✳ ❚❤❡r❡❢♦r❡✱ κh

s❛t✐s✜❡s ✭✸✳✸✳✽✮✳



✸✳✸✳ ❆s②♠♣t♦t✐❝ r❡s✉❧ts ✺✾

❘❡♠❛r❦ ✸✳✸✳✸ ❚❤❡ ❝❤♦✐❝❡ ♦❢ κh ✐♥ t❤❡ ❛❜♦✈❡ ❚❤❡♦r❡♠ s❡❡♠s t♦ ❜❡ ❝r✉❝✐❛❧ ❢♦r t❤❡

❝♦♥✈❡r❣❡♥❝❡✳ ❖t❤❡r✇✐s❡✱ ✇❡ ♦♥❧② ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶ ❯♥❞❡r t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥ ❛s ❚❤❡♦r❡♠ ✸✳✸✳✶✱ ✇❤❡♥ ▲é✈② ♠❡❛✲

s✉r❡ ν ✐s ✐♥✜♥✐t❡✱ ❢♦r ❡✈❡r② ▲✐♣s❝❤✐t③ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ g✱ ✇❡ ❤❛✈❡

lim
κ→0

lim
h→0

vκ,h = v

✇❤❡r❡ v ✐s t❤❡ ✉♥✐q✉❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✳✶✮✕✭✸✳✶✳✷✮ ❛ss✉♠✐♥❣ t❤❛t ✐t ❡①✐sts✳

Pr♦♦❢✳ ✳ ▲❡t vκ ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿

−LXvκ(t, x)−Fκ

(
t, x,vκ(t, x),Dvκ(t, x),D2vκ(t, x),vκ(t, ·)

)
= 0, ♦♥[0, T )×Rd, ✭✸✳✸✳✾✮

vκ(T, ·) = g(·), ♦♥ ∈ Rd.✭✸✳✸✳✶✵✮

✇❤❡r❡ Fκ : R+ × Rd × R × Rd × Sd × Cd → R ✐s ❣✐✈❡♥ ❜②✿

Fκ(t, x, r, p, γ, ψ) := inf
α∈A

sup
β∈B

{
Lα,β(t, x, r, p, γ) + Iα,β

κ (t, x, r, p, γ, ψ)
}

✇❤❡r❡

Iα,β
κ (t, x, r, p, γ, ψ):=

∫

{|z|≥κ}

(
ψ
(
x+ ηα,β(t, x, z)

)
− r − 1{|z|≤1}η

α,β(t, x, z) · p
)
ν(dz) ✭✸✳✸✳✶✶✮

✇❤❡r❡ aα,β ✱ bα,β ✱ cα,β ✱ kα,β ❛♥❞ ηα,β ❛r❡ ❛s ✐♥ ❆ss✉♠♣t✐♦♥ ■❍❏❇✶✳ ▲❡t vκ,h ❜❡ t❤❡

❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ s❝❤❡♠❡ ✭✸✳✸✳✸✮✳ ▲❡t κ > 0 ❜❡ ✜①❡❞✳ ❇❡❝❛✉s❡

t❤❡ tr✉♥❝❛t❡❞ ▲é✈② ♠❡❛s✉r❡ ✐s ✜♥✐t❡✱ ❜② ❚❤❡♦r❡♠ ✸✳✸✳✶✱ vκ,h ❝♦♥✈❡r❣❡s t♦ vκ ❧♦❝❛❧❧②

✉♥✐❢♦r♠❧② ❛s h → 0✳ ▲❡t vκ ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✸✳✾✮✕✭✸✳✸✳✶✵✮✳ ❇② ❚❤❡♦r❡♠ ✺✳✶ ♦❢

❬✶✸❪ ❛♥❞ ❆ss✉♠♣t✐♦♥ ■❍❏❇✶✱ ✇❡ ❤❛✈❡✿

|v − vκ|∞ ≤ C sup
α,β





(∫

0<|z|<κ
|ηα,β(·, z)|2∞ν(dz)

) 1
2



 ✭✸✳✸✳✶✷✮

≤ C

(∫

0<|z|<κ
|z|2∞ν(dz)

) 1
2

. ✭✸✳✸✳✶✸✮

❚❤❡r❡❢♦r❡✱ ♦♥❡ ❝❛♥ ❝❤♦♦s❡ κ > 0 s♦ t❤❛t |vκ − v|∞ ❜❡ s♠❛❧❧ ❡♥♦✉❣❤✳ ❚❤❡♥✱ ✇❤❡♥ h

❣♦❡s t♦ 0✱ vκ,h ❝♦♥✈❡r❣❡s t♦ vκ✳ ✷

❚❤❡ ❛❜♦✈❡ ❧✐♠✐t ♣r♦♣♦s❡s t♦ ✐♠♣❧❡♠❡♥t t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✐♥ t✇♦ st❡♣s✿

• ❋✐rst ❜② ❝❤♦♦s✐♥❣ κ s♦ t❤❛t vκ ✐s ♥❡❛r ❡♥♦✉❣❤ t♦ v✱ ✇❡ ♦❜t❛✐♥ ❛ ✉♥✐❢♦r♠

❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ v✳

• ❙❡❝♦♥❞ ❜② s❡♥❞✐♥❣ h→ 0✱ ✇❡ ♦❜t❛✐♥ ❧♦❝❛❧❧② ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ vκ,h t♦ vκ✳
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◆♦t✐❝❡ t❤❛t t❤❡ ❛❜♦✈❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ♥♦t ✉♥✐❢♦r♠❧② ♦♥ (κ, h)✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♥✲

✈❡r❣❡♥❝❡ ✐♥ ❚❤❡♦r❡♠ ✸✳✸✳✶✱ ✐s ✉♥✐❢♦r♠ ♦♥ h ✇❤❡♥ t❤❡ ❝❤♦✐❝❡ ♦❢ κ ✐s ♠❛❞❡ s✉✐t❛❜❧②

❞❡♣❡♥❞❡♥t ♦♥ h✳

❘❡♠❛r❦ ✸✳✸✳✹ ❇② ❘❡♠❛r❦ ✸✳✼ ✐♥ ❈❤❛♣t❡r ✷✱t❤❡ ❜♦✉♥❞❡❞♥❡ss ❝♦♥❞✐t✐♦♥ ♦♥ g ❝❛♥

❜❡ r❡❧❛①❡❞✳

■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t✱ ✇❡ ✐♠♣♦s❡ ❆ss✉♠♣t✐♦♥s ■❍❏❇✷
❛♥❞ ■❍❏❇✷✰ ✇❤✐❝❤ r❡str✐❝t ✉s t♦ ❝♦♥❝❛✈❡ ♥♦♥✕❧✐♥❡❛r✐t✐❡s✳

❆ss✉♠♣t✐♦♥ ■❍❏❇✷ ❚❤❡ ♥♦♥✕❧✐♥❡❛r✐t② F s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥ ■❍❏❇✶ ✇✐t❤ B
❜❡ ❛ s✐♥❣❧❡t♦♥ s❡t

❘❡♠❛r❦ ✸✳✸✳✺ ❚❤❡r❡❢♦r❡✱ ✇❤❡♥ t❤❡ ♥♦♥✕❧✐♥❡❛r✐t② F s❛t✐s✜❡s ■❍❏❇✷✱ ✇❡ ❝❛♥ ❞r♦♣

t❤❡ s✉♣❡r s❝r✐♣t β ❛♥❞ ✇r✐t❡ F ❜②

1

2
a(t, x) · γ + µ(t, x) · p+ F (t, x, r, p, γ, ψ) := inf

α∈A

{
Lα(t, x, r, p, γ)

+Iα(t, x, r, p, γ, ψ)

}

✇❤❡r❡

Lα(t, x, r, p, γ) :=
1

2
Tr
[
(aα)T

]
(t, x)γ + bα(t, x)p+ cα(t, x)r + kα(t, x),

❛♥❞

Iα(t, x, r, p, ψ) :=

∫

Rd
∗

(
ψ (x+ ηα(t, x, z)) − r − 1{|z|≤1}η

α(t, x, z) · p
)
ν(dz).

■♥ t❤✐s ❝❛s❡✱ t❤❡ ♥♦♥✕❧✐♥❡❛r✐t② ✐s ❛ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ ♦❢ (r, p, γ, ψ)✳

❆ss✉♠♣t✐♦♥ ■❍❏❇✷✰ ❚❤❡ ♥♦♥✕❧✐♥❡❛r✐t② F s❛t✐s✜❡s ■❍❏❇✷ ❛♥❞ ❢♦r ❛♥② δ > 0✱

t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ s❡t {αi}Mδ

i=1 s✉❝❤ t❤❛t ❢♦r ❛♥② α ∈ A✿

inf
1≤i≤Mδ

{
|σα − σαi |∞ + |bα − bαi |∞ + |cα − cαi |∞

+|kα − kαi |∞ +
∫
Rd
∗

|(ηα − ηαi)(·, z)|2∞dν(z)
}

≤ δ.

❘❡♠❛r❦ ✸✳✸✳✻ ❚❤❡ ❆ss✉♠♣t✐♦♥ ■❍❏❇✷✰ ✐s s❛t✐s✜❡❞ ✐❢ A ✐s ❛ ❝♦♠♣❛❝t s❡♣❛r❛✲

❜❧❡ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ ❛♥❞ σα(·)✱ bα(·)✱ ❛♥❞ cα(·) ❛r❡ ❝♦♥t✐♥✉♦✉s ♠❛♣s ❢r♦♠ A t♦

C
1
2
,1

b ([0, T ] × Rd)❀ t❤❡ s♣❛❝❡ ♦❢ ❜♦✉♥❞❡❞ ♠❛♣s ✇❤✐❝❤ ❛r❡ ▲✐♣s❝❤✐t③ ♦♥ x ❛♥❞ 1
2✕

❍ö❧❞❡r ♦♥ t ❛♥❞ ηα(·) ✐s ❝♦♥t✐♥✉♦✉s ♠❛♣s ❢r♦♠ A t♦
{
ϕ : [0, T ] × Rd × Rd

∗ →
R

∣∣∣
∫
Rd

∗
|ϕ(·, z)|2∞ν(dz) <∞

}
✳



✸✳✸✳ ❆s②♠♣t♦t✐❝ r❡s✉❧ts ✻✶

❚❤❡♦r❡♠ ✸✳✸✳✷ ✭❘❛t❡ ♦❢ ❈♦♥✈❡r❣❡♥❝❡✮ ❆ss✉♠❡ t❤❛t t❤❡ ✜♥❛❧ ❝♦♥❞✐t✐♦♥ g ✐s

❜♦✉♥❞❡❞ ❛♥❞ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s✳ ❚❤❡♥✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

• ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ■❍❏❇✱

v − vκ,h ≤ C
(
h

1
4 + hθ2

κ + hε−3 + h
3
4 θκ + h

√
θκ + h−

1
4

∫
{|z|≤κ}|z|2ν(dz)

)
✳

• ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ■❍❏❇✷✰✱

−C
(
h1/10 + h

7
10 θκ + h

√
θκ + h−

3
10

∫
{|z|≤κ}|z|2ν(dz)

)
≤ v − vκ,h✳

■♥ ❛❞❞✐t✐♦♥✱ ✐❢ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✜♥❞ κh s✉❝❤ t❤❛t

lim
h→0

κh = 0, lim sup
h→0

h
3
4 θ2

κh
<∞ ❛♥❞ lim sup

h→0
h−

1
2

∫

0<|z|<κh

|z|2ν(dz) <∞,✭✸✳✸✳✶✹✮

t❤❡♥✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

• ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ■❍❏❇✱ v − vκh,h ≤ Ch1/4✳

• ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ■❍❏❇✷✰✱ −Ch1/10 ≤ v − vκh,h✳

❊①❛♠♣❧❡ ✸✳✸✳✶ ❋♦r t❤❡ ▲é✈② ♠❡❛s✉r❡

ν(dz) = 1Rd
∗
|z|−d−1dz,

♦♥❡ ❝❛♥ ❛❧✇❛②s ✜♥❞ κh s✉❝❤ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✷ ✐s s❛t✐s✜❡❞✳ ■♥ t❤❡

♦t❤❡r ✇♦r❞s✱ ✐t ✐s ❛❧✇❛②s ❡♥♦✉❣❤ t♦ ❝❤♦♦s❡ κh s✉❝❤ t❤❛t

lim sup
h→0

h−
1
2κh = 0.

✸✳✸✳✶ ❈♦♥✈❡r❣❡♥❝❡

❲❡ s✉♣♣♦s❡ t❤❡ ❛❧❧ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✶ ❤♦❧❞s tr✉❡ t❤r♦✉❣❤♦✉t t❤✐s

s✉❜s❡❝t✐♦♥✳

❲❡ ✜rst ♠❛♥✐♣✉❧❛t❡ t❤❡ s❝❤❡♠❡ t♦ ♣r♦✈✐❞❡ str✐❝t ♠♦♥♦t♦♥✐❝✐t② ❜② t❤❡ s✐♠✐❧❛r

✐❞❡❛ ❛s ✐♥ ❘❡♠❛r❦ ✸✳✶✸ ❛♥❞ ▲❡♠♠❛ ✸✳✶✾ ✐♥ ❈❤❛♣t❡r ✷✳ ▲❡t uκ,h ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢

uκ,h(T, ·) = g ❛♥❞ uκ,h(ti, x) = Tκ,h[uκ,h](ti, x), ✭✸✳✸✳✶✺✮

✇❤❡r❡

Tκ,h[ψ](t, x):=E

[
ψ
(
t+ h, X̂t,x,κ

h

)]
+ hF κ,h (t, x,Dhψ,ψ(t+ h, ·)) ✭✸✳✸✳✶✻✮

❛♥❞

F κ,h(t, x, r, p, γ, ψ)=sup
α

inf
β

{
1

2
aα,β · γ + bα,β · p+ (cα,β + θκ)r + eθκ(T−t)kα,β(t, x)

+

∫

{|z|≥κ}

(
ν̂ηα,β ,1

κ,h (ψ) − r − 1{|z|≤1}η
α,β(z) · p

)
ν(dz)

}
.



✻✷
❈❤❛♣t❡r ✸✳ Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❋✉❧❧② ♥♦♥✕❧✐♥❡❛r

♥♦♥✕❧♦❝❛❧ P❛r❛❜♦❧✐❝ P❉❊s

❘❡♠❛r❦ ✸✳✸✳✼ ❆ss✉♠♣t✐♦♥ ■♥❢✕❙✉♣ ✐s ❛❧s♦ tr✉❡ ✐❢ ✇❡ r❡♣❧❛❝❡ J α,β
κ ❜②

J̄ α,β
κ [ψ](t, x) =

1

2
aα,β ·D2φ(t, x) + bα,β ·Dφ(t, x) + (cα,β + θκ)φ(t, x) + eθκ(T−t)kα,β(t, x)

+

∫

{|z|≥κ}

(
ν̂ηα,β ,1

h (φ(t, ·))(x) − φ(t, x) − ηα,β(t, x, z) ·Dφ(t, x)
)
ν(dz).

❚❤❡ ♣r♦♦❢ ✐s str❛✐❣❤t ❢♦r✇❛r❞✳

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ✇❤✐❝❤ s❤♦✇s t❤❛t ❢♦r ♣r♦♣❡r ❝❤♦✐❝❡ ♦❢ θκ t❤❡

s❝❤❡♠❡ ✭✸✳✸✳✶✺✮ ✐s str✐❝t❧② ♠♦♥♦t♦♥❡✳

▲❡♠♠❛ ✸✳✸✳✶ ▲❡t θκ ❜❡ ❛s ✐♥ ✭✸✳✸✳✽✮ ❛♥❞ ϕ ❛♥❞ ψ : [0, T ] × Rd −→ R ❜❡ t✇♦

❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s✳ ❚❤❡♥✿

ϕ ≤ ψ =⇒ Tκ,h[ϕ] ≤ Tκ,h[ψ].

Pr♦♦❢✳ ▲❡t f := ψ−ϕ ≥ 0 ✇❤❡r❡ ϕ ❛♥❞ ψ ❛r❡ ❛s ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ❧❡♠♠❛✳ ❋♦r

s✐♠♣❧✐❝✐t②✱ ✇❡ ❞r♦♣ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ (t, x) ✇❤❡♥ ✐t ✐s ♥♦t ♥❡❝❡ss❛r②✳ ❇② ❆ss✉♠♣t✐♦♥

■❍❏❇✶ ❛♥❞ ▲❡♠♠❛ ✭✸✳✷✳✶✮✱ ✇❡ ❝❛♥ ✇r✐t❡✿

Tκ,h[ψ] − Tκ,h[ϕ] = E[f(t+ h, X̂h)]

+h

(
inf
α

sup
β

J̄ α,β
κ [ψ̂](t+ h, x) − inf

α
sup

β
J̄ α,β

κ [ϕ̂](t+ h, x)

)
,

✇❤❡r❡ φ̂(t, x) := E[φ(t, X̂x
h)] ❢♦r φ = ϕ ♦r ψ✳ ❚❤❡r❡❢♦r❡✱

Tκ,h[ψ] − Tκ,h[ϕ] ≥ E[f(t+ h, X̂h)] + hΦ̄α,β
κ [ψ̂, ϕ̂](t+ h, x, x),

✇❤❡r❡ Φ̄α,β
κ ✐s ❞❡✜♥❡❞ ❜②

Φ̄α,β
κ [ψ,ϕ](t, x) := inf

α
J̄ α,β

κ [ψ](t, x) − sup
β

J̄ α,β
κ [ϕ](t, x′).

❇② ❆ss✉♠♣t✐♦♥ ■♥❢✕❙✉♣✱ t❤❡r❡ ❡①✐sts (α∗, β∗) s♦ t❤❛t

Tκ,h[ψ] − Tκ,h[ϕ] ≥ E[f(t+ h, X̂h)] + h
(
J̄ ∗

κ [ψ̂](t+ h, x) − J̄ ∗
κ [ϕ̂](t+ h, x)

)
.

❖❜s❡r✈❡ t❤❛t ❜② t❤❡ ❧✐♥❡❛r✐t② ♦❢ J̄ α,β
κ ✱ ♦♥❡ ❝❛♥ ✇r✐t❡✿

J̄ α,β
κ [φ̂](t+ h, x) = E

[
J̄ α,β

κ [φ](t+ h, X̂h)
]
.

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ J̄ α,β
κ ❛♥❞ ▲❡♠♠❛ ✷✳✶ ✐♥ ❈❤❛♣t❡r ✷✱

Tκ,h[ψ]−Tκ,h[ϕ] ≥ E

[
f(X̂h)

(
1 + h

(
cα

∗,β∗

κ + θκ + bα
∗,β∗

κ · (σT)−1Wh

h

+
1

2
aα∗,β∗ · (σT)−1WhW

❚

h − h■d
h2

σ−1
))

+ hν̂ηα∗,β∗
,1

h (f)

]
,



✸✳✸✳ ❆s②♠♣t♦t✐❝ r❡s✉❧ts ✻✸

✇❤❡r❡ bα,β
κ = bα,β −

∫
{1>|z|≥κ}η

α,β(z)ν(dz) ❛♥❞ cα,β
κ = cα,β −

∫
{|z|≥κ}ν(dz)✳

❚❤❡r❡❢♦r❡✱ ❜② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ ▲❡♠♠❛ ✸✳✶✷ ✐♥ ❈❤❛♣t❡r ✷✱ ♦♥❡ ❝❛♥ ✇r✐t❡✿

Tκ,h[ψ] − Tκ,h[ϕ] ≥ E

[
f(X̂h)

(
1 − 1

2
aα∗,β∗ · a−1 + h

(
|Aα∗,β∗

h |2 + c∗κ + θκ

− 1

4
(bα

∗,β∗

κ )❚(aα∗,β∗

)−bα
∗,β∗

κ

))
+ hν̂ηα∗,β∗

,1
h (f)

]
,

✇❤❡r❡

Aα∗,β∗

h :=
1

h
(σα∗,β∗

)1/2(σT)−1Wh +
1

2
((σα∗,β∗

)−)1/2bα
∗,β∗

κ . ✭✸✳✸✳✶✼✮

❚❤❡r❡❢♦r❡✱ ❜② ♣♦s✐t✐✈✐t② ♦❢ f ❛♥❞ ❆ss✉♠♣t✐♦♥ ■❍❏❇✶✱ ♦♥❡ ❝❛♥ ❞❡❞✉❝❡✿

Tκ,h[ψ] − Tκ,h[ϕ] ≥ hE

[
f(X̂h)

(
c∗κ + θκ − 1

4
(bα

∗,β∗

κ )❚(aα∗,β∗

)−bα
∗,β∗

κ

)]

❇② t❤❡ ❝❤♦✐❝❡ ♦❢ θκ ✐♥ ✭✸✳✸✳✽✮✱ ✇❡ ❤❛✈❡

Tκ,h[ψ] − Tκ,h[ϕ] ≥ 0.

❚❤❡♥✱ s❡♥❞✐♥❣ ε t♦ ③❡r♦ ♣r♦✈✐❞❡s t❤❡ r❡s✉❧t✳ ✷

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❈♦r♦❧❧❛r② s❤♦✇s t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ s❝❤❡♠❡ ✸✳✸✳✸✳

❈♦r♦❧❧❛r② ✸✳✸✳✶ ▲❡t ϕ,ψ : [0, T ] × Rd −→ R ❜❡ t✇♦ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s✳ ❚❤❡♥✿

ϕ ≤ ψ =⇒ Tκ,h[ϕ] ≤ Tκ,h[ψ] − θ2
κh

2

2
e−θκhE[(ψ − ϕ)(t+ h, X̂t,x,κ

h )].

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ κh s❛t✐s✜❡s ✭✸✳✸✳✼✮✱ t❤❡♥

ϕ ≤ ψ =⇒ Tκh,h[ϕ] ≤ Tκh,h[ψ] + ChE[(ψ − ϕ)(t+ h, X̂t,x,κh

h )]

❢♦r s♦♠❡ ❝♦♥st❛♥t C✳

Pr♦♦❢✳ ▲❡t θκ ❜❡ ❛s ✐♥ ▲❡♠♠❛ ✸✳✸✳✶ ❛♥❞ ❞❡✜♥❡ ϕκ(t, x) := eθκ(T−t)ϕ(t, x) ❛♥❞

ψκ(t, x) := eθκ(T−t)ψ(t, x)✳ ❇② ▲❡♠♠❛ ✸✳✸✳✶✱

Tκ,h[ϕκ] ≤ Tκ,h[ψκ].

❇② ♠✉❧t✐♣❧②✐♥❣ ❜♦t❤ s✐❞❡s ❜② e−θκ(T−t)✱ ✇❡ ❤❛✈❡
(
e−θκh(1 + θκh) − 1

)
E[ϕ(t+ h, X̂t,x,κ

h )] + Tκ,h[ϕ]

≤
(
e−θκh(1 + θκh) − 1

)
E[ψ(t+ h, X̂t,x,κ

h )] + Tκ,h[ψ].

❙♦✱

Tκ,h[ϕ] ≤
(
e−θκh(1 + θκh) − 1

)
E[(ψ − ϕ)(t+ h, X̂t,x,κ

h )] + Tκ,h[ψ].



✻✹
❈❤❛♣t❡r ✸✳ Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❋✉❧❧② ♥♦♥✕❧✐♥❡❛r
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❇✉t✱ e−θκh(1 + θκh) − 1 ≤ − θ2
κh2

2 e−θκh✳ ❙♦✱

Tκ,h[ϕ] ≤ −θ
2
κh

2

2
e−θκhE[(ψ − ϕ)(t+ h, X̂t,x,κ

h )] + Tκ,h[ψ].

✇❤✐❝❤ ✭✸✳✸✳✼✮ ♣r♦✈✐❞❡s t❤❡ r❡s✉❧t✳ ✷

■♥ ♦r❞❡r t♦ ♣r♦✈✐❞❡ ❛ ✉♥✐❢♦r♠ ❜♦✉♥❞ ♦♥ vκ,h✱ ✇❡ ❜♦✉♥❞ uκ,h ✇✐t❤ r❡s♣❡❝t t♦ θκ

❛s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛✳

▲❡♠♠❛ ✸✳✸✳✷ ▲❡t ϕ ❛♥❞ ψ : [0, T ] × Rd −→ R ❜❡ t✇♦ L∞−❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s✳

❚❤❡♥

|Tκ,h[ϕ] − Tκ,h[ψ]|∞ ≤ |ϕ− ψ|∞(1 + (C + θκ)h)

✇❤❡r❡ C = supα,β |cα,β |∞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ g ✐s L∞−❜♦✉♥❞❡❞✱ ❢♦r ❛ ✜①❡❞ κ t❤❡ ❢❛♠✐❧②

(uκ,h(t, ·))h ❞❡✜♥❡❞ ✐♥ ✭✸✳✸✳✸✮ ✐s L∞−❜♦✉♥❞❡❞✱ ✉♥✐❢♦r♠❧② ✐♥ h ❜②

(C + |g|∞)e(C+θκ)(T−ti).

Pr♦♦❢✳ ▲❡t f := ϕ−ψ✳ ❚❤❡♥✱ ❜② ❆ss✉♠♣t✐♦♥ ■♥❢✕❙✉♣ ❛♥❞ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s

✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✸✳✶✱

Tκ,h[ϕ] − Tκ,h[ψ]≤E

[
f(X̂h)

(
1 − a−1 · aα∗,β∗

+ h
(
|Aα∗,β∗

h |2 + cα
∗,β∗

+ θκ

−
∫

{|z|≥κ}
ν(dz) − 1

4

(
bα

∗,β∗ −
∫

{1>|z|≥κ}
ηα∗,β∗

(z)ν(dz)
)T

(aα∗,β∗

)−

×
(
bα

∗,β∗ −
∫

{1>|z|≥κ}
ηα∗,β∗

(z)ν(dz)
)))

+ hν̂ηα∗,β∗
,1

h (f)

]
,

✇❤❡r❡ Aα∗,β∗

h ✐s ❣✐✈❡♥ ❜② ✭✸✳✸✳✶✼✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

∣∣∣ν̂ηα∗,β∗
,1

h (f)
∣∣∣ ≤ |f |∞

∫

{|z|≥κ}
ν(dz)

❚❤❡r❡❢♦r❡ ✱

Tκ,h[ϕ] − Tκ,h[ψ] ≤ |f |∞E

[∣∣∣1 − a−1 · aα∗,β∗

+ h
(
|Aα∗,β∗

h |2 + cα
∗,β∗

+ θκ

− 1

4

(
bα

∗,β∗ −
∫

{1>|z|≥κ}
ηα∗,β∗

(z)ν(dz)
)T

(aα∗,β∗

)−
(
bα

∗,β∗ −
∫

{1>|z|≥κ}
ηα∗,β∗

(z)ν(dz)
))∣∣∣
]
.

❇② ❆ss✉♠♣t✐♦♥ ■❍❏❇✶ ❛♥❞ ✭✸✳✸✳✽✮✱ 1 − a−1 · aα∗,β∗

❛♥❞

cα
∗,β∗

+ θκ − 1

4

(
bα

∗,β∗ −
∫

{1>|z|≥κ}
ηα∗,β∗

(z)ν(dz)
)T

(aα∗,β∗

)−
(
bα

∗,β∗ −
∫

{1>|z|≥κ}
ηα∗,β∗

(z)ν(dz)
)



✸✳✸✳ ❆s②♠♣t♦t✐❝ r❡s✉❧ts ✻✺

❛r❡ ♣♦s✐t✐✈❡✳ ❚❤❡r❡❢♦r❡✱ ♦♥❡ ❝❛♥ ✇r✐t❡

Tκ,h[ϕ] − Tκ,h[ψ] ≤ |f |∞
(

1 − a−1 · aα∗,β∗

+ h
(
E[|Aα∗,β∗

h |2] + cα
∗,β∗

+ θκ ✭✸✳✸✳✶✽✮

− 1

4

(
bα

∗,β∗ −
∫

{1>|z|≥κ}
ηα∗,β∗

(z)ν(dz)
)T

(aα∗,β∗

)−
(
bα

∗,β∗ −
∫

{1>|z|≥κ}
ηα∗,β∗

(z)ν(dz)
)))

.

❇✉t✱ ◆♦t✐❝❡ t❤❛t

E[|Aα∗,β∗

h |2] = h−1a−1 · aα∗,β∗

+
1

4

(
bα

∗,β∗ −
∫

{1>|z|≥κ}
ηα∗,β∗

(z)ν(dz)
)T
aα∗,β∗−1

(
bα

∗,β∗ −
∫

{1>|z|≥κ}
ηα∗,β∗

(z)ν(dz)
)
.

❇② r❡♣❧❛❝✐♥❣ E[|Aα∗,β∗

h |2] ✐♥t♦ ✭✸✳✸✳✶✽✮✱ ♦♥❡ ♦❜t❛✐♥s

Tκ,h[ϕ] − Tκ,h[ψ] ≤ |f |∞(1 + h(cα
∗,β∗

+ θκ))

≤ |f |∞(1 + (C + θκ)h),

✇✐t❤ C = supα,β |cα,β |∞✳ ❇② ❝❤❛♥❣✐♥❣ t❤❡ r♦❧❡ ♦❢ ϕ ❛♥❞ ψ ❛♥❞ ✐♠♣❧❡♠❡♥t✐♥❣ t❤❡

s❛♠❡ ❛r❣✉♠❡♥t✱ ♦♥❡ ♦❜t❛✐♥s

∣∣Tκ,h[ϕ] − Tκ,h[ψ]
∣∣
∞ ≤ |f |∞(1 + (C + θκ)h).

❚♦ ♣r♦✈❡ t❤❛t t❤❡ ❢❛♠✐❧② (uκ,h)h ✐s ❜♦✉♥❞❡❞✱ ✇❡ ♣r♦❝❡❡❞ ❜② ❜❛❝❦✇❛r❞ ✐♥❞✉❝t✐♦♥

❛s ✐♥ ▲❡♠♠❛ ✸✳✶✹ ✐♥ ❈❤❛♣t❡r ✷✳ ❇② ❝❤♦♦s✐♥❣ ✐♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ϕ ≡
ūκ,h(ti+1, .) ❛♥❞ ψ ≡ 0✱ ✇❡ s❡❡ t❤❛t

|uκ,h(ti, ·)|∞ ≤ hCeθκ(T−ti) + |uκ,h(ti+1, ·)|∞(1 + (C + θκ)h),

✇❤❡r❡ C := supα,β |kα,β |∞✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞✐s❝r❡t❡ ●r♦♥✇❛❧❧ ✐♥❡q✉❛❧✐t② t❤❛t

|uκ,h(ti, ·)|∞ ≤ (C(T − ti) + |g|∞)e(C+θκ)(T−ti).

✷

❉❡✜♥❡

v̄κ,h := e−θκ(T−t)uκ,h. ✭✸✳✸✳✶✾✮

◆❡①t ❈♦r♦❧❧❛r② ♣r♦✈✐❞❡s ❛ ❜♦✉♥❞ ❢♦r vκ,h ✉♥✐❢♦r♠❧② ♦♥ κ ❛♥❞ h✳

❈♦r♦❧❧❛r② ✸✳✸✳✷ v̄κ,h ✐s ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ♦♥ h ❛♥❞ κ✱ ❛♥❞

|vκ,h − v̄κ,h|∞ ≤ Kθ2
κh ❢♦r s♦♠❡ ❝♦♥st❛♥t K.

■❢ ❛❧s♦✱ κh s❛t✐s✜❡s ✭✸✳✸✳✼✮✱ t❤❡♥

lim
h→0

|vκh,h − v̄κh,h|∞ = 0.
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Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✸✳✸✳✷ ❢♦r ✜①❡❞ κ✱ ✇❡ ❤❛✈❡✿

|uκ,h(t, .)|∞ ≤ (C + |g|∞)e(C+θκ)(T−t).

❚❤❡r❡❢♦r❡✱

|v̄κ,h(t, .)|∞ ≤ (C + |g|∞)eC(T−t).

❋♦r t❤❡ ♥❡①t ♣❛rt✱ ❞❡✜♥❡ ūκ,h(t, x) = eθκ(T−t)vκ,h(t, x)✳ ❉✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥s s❤♦✇s

t❤❛t

ūκ,h = eθκh(1 − θκh)E
[
ūκ,h

(
t+ h, X̂t,x,κ

h

)]
+ hF κ,h

(
t, x,Dhū

κ,h, ūκ,h(t+ h, ·)
)
.

❇② ❛♥ ❛r❣✉♠❡♥t s✐♠✐❧❛r t♦ ▲❡♠♠❛ ✸✳✶✾ ✐♥ ❈❤❛♣t❡r ✷✱ ✇❡ ❤❛✈❡

|(uκ,h − ūκ,h)(t, ·)|∞ ≤ 1

2
θ2
κh

2|ūκ,h(t+ h, ·)|∞ ✭✸✳✸✳✷✵✮

+(1 + (C + θκ)h)|(uκ,h − ūκ,h)(t+ h, ·)|∞,

✇❤❡r❡ C ✐s ❛s ✐♥ ▲❡♠♠❛ ✸✳✸✳✷✳ ❇② r❡♣❡❛t✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✸✳✷ ❢♦r ūκ,h✱ ♦♥❡

❝❛♥ ❝♦♥❝❧✉❞❡✱

|ūκ,h(t, ·)|∞ ≤ (C + |g|∞)e(C+θκ)(T−t)(1 +
θκh

2
).

❙♦✱ ❜② ♠✉❧t✐♣❧②✐♥❣ ✸✳✸✳✷✵ ❜② eθκ(T−t)✱ ✇❡ ❤❛✈❡

|(v̄κ,h − vκ,h)(t, ·)|∞ ≤ 1

2
C̃θ2

κh
2eC(T−t)(1 +

θκh

2
)e−θκh

+e−θκh(1 + (C + θκ)h)|(v̄κ,h − vκ,h)(t+ h, ·)|∞,

❢♦r s♦♠❡ ❝♦♥st❛♥t C̃✳ ❇❡❝❛✉s❡ e−θκh(1 + (C + θκ)h) ≤ eCh✱ ♦♥❡ ❝❛♥ ❞❡❞✉❝❡ ❢r♦♠

❞✐s❝r❡t❡ ●r♦♥✇❛❧❧ ✐♥❡q✉❛❧✐t② t❤❛t

|(v̄κ,h − vκ,h)(t, ·)|∞ ≤ Kθ2
κh,

❢♦r s♦♠❡ ❝♦♥st❛♥t K ✐♥❞❡♣❡♥❞❡♥t ♦❢ κ ✇❤✐❝❤ ♣r♦✈✐❞❡s t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡

t❤❡♦r❡♠✳ ✷

❲❡ ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥s✐st❡♥❝② ▲❡♠♠❛✳

▲❡♠♠❛ ✸✳✸✳✸ ▲❡t ϕ ❜❡ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ✇✐t❤ t❤❡ ❜♦✉♥❞❡❞ ❞❡r✐✈❛t✐✈❡s✳ ❚❤❡♥ ❢♦r

❛❧❧ (t, x) ∈ [0, T ] × Rd✿

lim
(t′,x′)→(t,x)

(h,c)→(0,0)

t′+h≤T

ϕ(t′, x′) − Tκ,h[c+ ϕ](t′, x′)

h
= −

(
LXϕ+ F (·, ϕ,Dϕ,D2ϕ,ϕ(t, ·))

)
(t, x).
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Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s str❛✐❣❤t❢♦r✇❛r❞ ❜② ▲❡❜❡s❣✉❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠✳

✷

❚♦ ❝♦♠♣❧❡t❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛r❣✉♠❡♥t✱ ✇❡ ♥❡❡❞ t♦ ♣r♦♦❢ t❤❡ t❤❡ ❛♣♣r♦①✐♠❛t❡

s♦❧✉t✐♦♥ vκh,h ❝♦♥✈❡r❣❡ t♦ t❤❡ ✜♥❛❧ ❝♦♥❞✐t✐♦♥ ❛s

▲❡♠♠❛ ✸✳✸✳✹ ▲❡t κh s❛t✐s❢② ✭✸✳✸✳✼✮✱ t❤❡♥ v̄κh,h ✐s ✉♥✐❢♦r♠❧② ▲✐♣s❝❤✐t③ ✇✐t❤ r❡s♣❡❝t

t♦ x✳

Pr♦♦❢✳ ❲❡ r❡♣♦rt t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛❧❝✉❧❛t✐♦♥ ✐♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ d = 1 ✐♥

♦r❞❡r t♦ s✐♠♣❧✐❢② t❤❡ ♣r❡s❡♥t❛t✐♦♥✳

❋♦r ✜①❡❞ t ∈ [0, T − h]✱ ✇❡ ❛r❣✉❡ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✸✳✷ t♦ s❡❡ t❤❛t ❢♦r

x, x′ ∈ R ✇✐t❤ x > x′✿

uκ,h(t, x) − uκ,h(t, x′) = E

[(
uκ,h(t+ h, X̂t,x) − uκ,h(t+ h, X̂t,x′

)
)
]

+ h

(
inf
α

sup
β

J̄ α,β
κ [ûκ,h](t+ h, x) − inf

α
sup

β
J̄ α,β

κ [ûκ,h](t+ h, x′)

)

≤ E

[(
uκ,h(t+ h, X̂t,x) − uκ,h(t+ h, X̂t,x′

)
)
]

+ h

(
sup

β
J̄ α,β

κ [ûκ,h](t+ h, x) − inf
α

J̄ α,β
κ [ûκ,h](t+ h, x′)

)
.

❖❜s❡r✈❡ t❤❛t ❜② ✭✸✳✸✳✻✮✱ ♦♥❡ ❝❛♥ ✇r✐t❡

uκ,h(t, x) − uκ,h(t, x′) ≤ E

[(
uκ,h(t+ h, X̂t,x) − uκ,h(t+ h, X̂t,x′

)
)]

+h
(
Φ̄α,β [ûκ,h, ûκ,h](t+ h, x, x′)

)
,

✇❤❡r❡ Φ̄ ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✸✳✷✳ ❇② ❆ss✉♠♣t✐♦♥ ■♥❢✕❙✉♣✱ t❤❡r❡
❡①✐sts (α∗, β∗) s✉❝❤ t❤❛t

Φ̄α∗,β∗

[ûκ,h, ûκ,h](t+ h, x, x′) = J̄ α∗,β∗

κ [ûκ,h](t+ h, x) − J̄ α∗,β∗

κ [ûκ,h](t+ h, x′).

❚❤❡r❡❢♦r❡✱

uκ,h(t, x) − uκ,h(t, x′) ≤ E

[(
uκ,h(t+ h, X̂t,x) − uκ,h(t+ h, X̂t,x′

)
)
]

+h
(
J̄ ∗

κ [ûκ,h](t+ h, x) − J̄ ∗
κ [ûκ,h](t+ h, x′)

)
.

❋♦r t❤❡ ♦t❤❡r ✐♥ ❡q✉❛❧✐t② ✇❡ ❞♦ t❤❡ s❛♠❡ ❡①❝❡♣t t❤❛t ✇❤❡♥ ✇❡

uκ,h(t, x) − uκ,h(t, x′) ≤ A+ hB + hC,

✇❤❡r❡

A := E

[(
uκ,h(t+ h, X̂t,x) − uκ,h(t+ h, X̂t,x′

)
)
]

+h
(
J̄ α∗,β∗

κ [ûκ,h](t+ h, x) − J̄ α∗,β∗

κ [̂̃uκ,h](t+ h, x)
)
,
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✇✐t❤ ũκ,h(y) = uκ,h(y + x′ − x)✱

B := J̄ α∗,β∗

κ [̂̃uκ,h](t+ h, x) − J̄ α∗,β∗

κ [ûκ,h](t+ h, x′),

❛♥❞

C := ν̂α∗,β∗,1
h (uκ,h(t+ h, ·))(x) − ν̂α∗,β∗,1

h (uκ,h(t+ h, ·))(x′).

❲❡ ❝♦♥t✐♥✉❡ t❤❡ ♣r♦♦❢ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s✳

❙t❡♣ ✶✳

C = h−1E

[(
uκ,h(t+ h, X̂∗,x) − uκ,h(t+ h, X̂∗,x′

)
)
Nκ

h

]
,

✇❤❡r❡ X̂∗,x := x+
∑Nκ

h

i=1 η
α∗,β∗

(x, Zi) ✇✐t❤ Zis ❛r❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❞✐str✐❜✉t❡❞

❛s ν(dz)
λκ

✳

❙t❡♣ ✷✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ J̄ α,β
κ ✱

B =
1

2
(aα∗,β∗

(x) − aα∗,β∗

(x′))D2
hu

κ,h(t+ h, x′) + (bα
∗,β∗

κ (x) − bα
∗,β∗

κ (x′))

×D1
hu

κ,h(t+ h, x′) + (cα
∗,β∗

(x) − cα
∗,β∗

(x′))D0
hu

κ,h(t+ h, x′)

+kα∗,β∗

(x) − kα∗,β∗

(x′),

✇❤❡r❡ bα,β
κ (x) := bα,β(x) −

∫
{1>|z|≥κ} η

α,β(x, z)ν(dz)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

Dk
h = E

[
Duκ,h(t+ h, X̂x′

h )

(
Wh

h
σ−1(x′)

)k−1
]
, ❢♦r k = 1, 2.

❙♦✱

B ≤ E

[
1

2
(aα∗,β∗

(x) − aα∗,β∗

(x′))Duκ,h(t+ h, X̂x′

h )
Wh

h
σ−1(x′)+(bα

∗,β∗

κ (x)−bα∗,β∗

κ (x′))

×Duκ,h(t+ h, X̂x′

h )+(cα
∗,β∗

(x) − cα
∗,β∗

(x′))uκ,h(t+ h, X̂x′

h )

]
+fα∗,β∗

(x)−fα∗,β∗

(x′).

❙t❡♣ ✸✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ J̄ α,β
κ ✱ ♦♥❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t

J̄ α∗,β∗

κ [uκ,h](t+ h, x) − J̄ α∗,β∗

κ [ũκ,h](t+ h, x)

=
1

2
aα∗,β∗

(x)δ(2) + b∗κ(x)δ(1) + c∗κ(x)δ(0)

✇❤❡r❡ c∗κ ❛♥❞ b∗κ ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✸✳✶✱ ❛♥❞

δ(k) = E

[
Dkuκ,h(t+ h, X̂x

h) −Dkuκ,h(t+ h, X̂x′

h )
]

❢♦r k = 0, 1, 2.
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❇② ▲❡♠♠❛ ✷✳✶ ✐♥ ❈❤❛♣t❡r ✷✱ ❢♦r k = 1 ❛♥❞ 2

δ(k) = E

[(
uκ,h(t+ h, X̂x

h) − uκ,h(t+ h, X̂x′

h )
)
Hk

h(t, x)

+uκ,h(t+ h, X̂x′

h )Hk
h(t, x)

(
1 − σk(x)

σk(x′)

)]

= E

[(
uκ,h(t+ h, X̂x

h) − uκ,h(t+ h, X̂x′

h )
)
Hk

h(t, x)

+Duκ,h(t+ h, X̂x′

h )

(
Wh

h

)k−1

σ(x′)
(
σ−k(x) − σ−k(x′)

)]
.

❚❤❡r❡❢♦r❡✱ ♦♥❡ ❝❛♥ ✇r✐t❡

A ≤ E

[(
uκ,h(t+ h, X̂x

h) − uκ,h(t+ h, X̂x′

h )
)

×
(
1 − ā∗ + ā∗N2 + hc∗κ + b∗κN

√
h
)
(x)

+hb∗κ(x′)Duκ,h(t+ h, X̂x′

h )σ(x′)
(
σ−1(x) − σ−1(x′)

)

+a∗(x′)Duκ,h(t+ h, X̂x′

h )
√
hNσ(x′)

(
σ−2(x) − σ−2(x′)

)]
,

✇❤❡r❡ a∗ := 1
2a

α∗,β∗

✱ ā∗ := 1
2a

−1aα∗,β∗

✱ c∗ := cα
∗,β∗

✱ c∗κ := c∗ + θκ✱ ❛♥❞ b
∗
κ := bα

∗,β∗

κ ✳

❙t❡♣ ✹✳ ❇② ❞✐✈✐❞✐♥❣ ❜♦t❤ s✐❞❡s ❜② x− x′ ❛♥❞ t❛❦✐♥❣ t❤❡ ❧✐♠✐t ✇❡ ❤❛✈❡✿

Duκ,h(t, x) ≤ E

[
Duκ,h(t+ h, X̂x

h)

((
1 + hµ̃′κ +

√
hσ′N + J̃κ,h

)

×
(
1 − ā∗ + ā∗N2 + hc∗κ + b∗κN

√
h
)

+h
(
(b∗κ)′ − b∗κ

σ′

σ

)
+
(1

2
(aα∗,β∗

)′σ−1 − aα∗,β∗ σ′

σ2

)√
hN

)

+Duκ,h(t+ h, X̂∗,x
h )

(
1 + µ∗h+ J̃

′∗
κ,h

)
Nκ

h

]
+ Ceθκ(T−t)h,

✇❤❡r❡ J̃κ,h :=
∫
{|z|>κ} η(z)J̃([0, h], dz)✱ J̃

′∗
κ,h :=

∫
{|z|>κ} η

′(z)J̃([0, h], dz)✱ ❛♥❞ Nκ
h ✐s

❛ P♦✐ss♦♥ ♣r♦❝❡ss ✇✐t❤ ✐♥t❡♥s✐t② λκ :=
∫
{|z|>κ} ν(dz)✳

▲❡t Lt := |Duκ,h(t, ·)|∞✳ ❚❤❡♥

E

[
Duκ,h(t+ h, X̂∗,x

h )
(
1 + µ∗h+ J̃

′∗
κ,h

)
Nκ

h

]
≤ Lt+hCh

(
λκ + λ′∗κ

)
,

✇❤❡r❡ λ′∗κ :=
∫
{|z|>κ} η

′∗(z)ν(dz)✳ ▲❡t G := N + b∗κσ
2

√
h✳ ❇② t❤❡ ❝❤❛♥❣❡ ♦❢ ♠❡❛s✉r❡

dQ

dP
:= exp

(
−(b∗κσ)2

4
h+

b∗κσ
2

√
hN

)
,
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✇❡ ❤❛✈❡ G ∼ N (0, 1) ✉♥❞❡r Q ❛♥❞ ♦♥❡ ❝❛♥ ✇r✐t❡

Duκ,h(t, x) ≤ EQ
[ dP
dQ

Duκ,h(t+ h, X̂x
h)
((

1 + h(µ̃′κ − b∗κσ
2

) +
√
hσ′G+ J̃κ,h

)

×
(
1 − ā∗ + ā∗G2 + h(c∗κ − (b∗κσ)2

2
)
)

+h
(
(b∗κ)′ − b∗κ

σ′

σ
− b∗κσ

2

)
+
(1

2
(aα∗,β∗

)′σ−1 − aα∗,β∗ σ′

σ2

)√
hG
)]

+Lt+hCh
(
λκ + λ′∗κ

)
+ Ceθκ(T−t)h,

❙t❡♣ ✺✳ ◆♦t✐❝❡ t❤❛t 1 − ā∗ + a∗G2 + h(c∗κ − (b∗κσ)2

2 ) ✐s ♣♦s✐t✐✈❡ ❛♥❞ t❤❡r❡❢♦r❡✱ ♦♥❡

❝❛♥ t❛❦❡ Z
EQ[Z]

❛s ❛ ❞❡♥s✐t② ❢♦r t❤❡ ♥❡✇ ♠❡❛s✉r❡ QZ ✳ ❙♦✱

Duκ,h(t, x) ≤ EQZ
[ dP
dQ

Duκ,h(t+ h, X̂x
h)
((

1 + h(µ̃′κ − b∗κσ
2

) +
√
hσ′G+ J̃κ,h

)

+Z−1
(
h
(
(b∗κ)′ − b∗κ

σ′

σ
− b∗κσ

2

)
+
(1

2
(aα∗,β∗

)′σ−1 − aα∗,β∗ σ′

σ2

)√
hG
))]

+Lt+hCh
(
λκ + λ′∗κ

)
+ Ceθκ(T−t)h.

❙♦✱

Duκ,h(t, x) ≤ EQZ
[( dP

dQ

)2

(Duκ,h(t+ h, X̂x
h))2

] 1
2

×EQZ
[((

1 + h(µ̃′κ − b∗κσ
2

) +
√
hσ′G+ J̃κ,h

)

+Z−1
(
h
(
(b∗κ)′ − b∗κ

σ′

σ
− b∗κσ

2

)
+
(1

2
(aα∗,β∗

)′σ−1 − aα∗,β∗ σ′

σ2

)√
hG
))2] 1

2

+Lt+hCh
(
λκ + λ′∗κ

)
+ Ceθκ(T−t)h.

◆♦t✐❝❡ t❤❛t

EQZ
[(dQ

dP

)2

(Duκ,h(t+ h, X̂x
h))2

]
≤ L2

t+h exp(
1

4
(b∗κσ)2h).

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

EQZ
[dQ
dP

((
1 + h(µ̃′κ − b∗κσ

2
) +

√
hσ′G+ J̃κ,h

)
+ Z−1

(
h
(
(b∗κ)′ − b∗κ

σ′

σ
− b∗κσ

2

)

+
(1

2
(aα∗,β∗

)′σ−1 − aα∗,β∗ σ′

σ2

)√
hG
))2]

= E

[
Z
((

1 + h(µ̃′κ − b∗κσ
2

) +
√
hσ′G+ J̃κ,h

)
+ Z−1

(
h
(
(b∗κ)′ − b∗κ

σ′

σ
− b∗κσ

2

)

+
(1

2
(aα∗,β∗

)′σ−1 − aα∗,β∗ σ′

σ2

)√
hG
))2]

.

❇② ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛❧✐t②✱ ♦♥❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t ❛❧❧
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t❤❡ t❡r♠s ♦❢ ♦r❞❡r
√
h ✈❛♥✐s❤ ❛♥❞ ✇❡ ❤❛✈❡✿

EQZ
[dQ
dP

((
1 + h(µ̃′κ − b∗κσ

2
) +

√
hσ′G+ J̃κ,h

)
+ Z−1

(
h
(
(b∗κ)′ − b∗κ

σ′

σ
− b∗κσ

2

)

+
(1

2
(aα∗,β∗

)′σ−1 − aα∗,β∗ σ′

σ2

)√
hG
))2] 1

2

≤
(
1 + h

(
c∗ + θκ − (b∗κ)2

4a∗
− b∗κσσ

′ + (b∗κ)′ − b∗κσ
′

σ
− b∗κσ

2
+O(hθ2

κ)
)) 1

2
.

❚❤❡r❡❢♦r❡✱ ❜② t❤❡ ❝❤♦✐❝❡ ♦❢ κh✱ ❢♦r h s♠❛❧❧ ❡♥♦✉❣❤ ✇❡ ❤❛✈❡

Lt ≤ Lt+h exp
(1

2
h(C + θκh − bκh

∗σσ′ + (b∗κh)′ − bκh
∗σ′

σ
− b∗κh

σ

2
+2λκh

+2λ′∗κh)
)

+Ceθκh
(T−t)h

≤ Lt+h exp
(
h(C + θκh)

)
+Ceθκh

(T−t)h.

❇② ❞✐s❝r❡t❡ ●r♦♥✇❛❧❧ ✐♥❡q✉❛❧✐t②✱

Lt ≤ (|Dg|∞ + C(T − t))e(θκh
+C)(T−t).

❚❤❡r❡❢♦r❡✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ v̄κ,h✱ ✇❡ ❤❛✈❡

|Dv̄κh,h|1 ≤ eC(T−t)(|Dg|∞ + C(T − t)).

✷

▲❡♠♠❛ ✸✳✸✳✺ ▲❡t κh s❛t✐s✜❡s ✭✸✳✸✳✼✮✱ t❤❡♥

lim
t→T

v̄κ,h(t, x) = g(x).

Pr♦♦❢✳ ❲❡ ❢♦❧❧♦✇ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r❡✈✐♦✉s ▲❡♠♠❛ ❛♥❞

✇r✐t❡

uκ,h(t, x) = E

[
uκ,h(t+ h, X̂t,x)

]
+ h inf

α
sup

β
J̄ α,β

κ [ûκ,h](t+ h, x)

≤ E

[
uκ,h(t+ h, X̂t,x)

]
+ h sup

β
J̄ α,β

κ [ûκ,h](t+ h, x).

❖❜s❡r✈❡ t❤❛t ❜② ✭✸✳✸✳✻✮✱ ♦♥❡ ❝❛♥ ✇r✐t❡

uκ,h(t, x) ≤ E

[
uκ,h(t+ h, X̂t,x)

]
+ h
(
Φ̄α,β [ûκ,h, 0](t+ h, x, x′)

)
+ h sup

α,β
|fα,β |∞,

❇② ❆ss✉♠♣t✐♦♥ ■♥❢✕❙✉♣✱ t❤❡r❡ ❡①✐sts (α∗, β∗) s♦ t❤❛t

uκ,h(t, x) ≤ E

[
uκ,h(t+ h, X̂t,x)

]
+ hJ̄ α∗,β∗

κ [ûκ,h](t+ h, x) + hC̄,

✇❤❡r❡ C̄ := supα,β |fα,β |∞✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛♥② j = i, · · · , n− 1 ♦♥❡ ❝❛♥ ✇r✐t❡

uκ,h(tj , X̂
ti,x
tj

) ≤ E
Q
tj

[
uκ,h(tj+1, X̂

ti,x
tj+1

)
(
1 − a∗j + a∗jG

2
j + hC∗

j

)]
+ hC̄.
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✇❤❡r❡ a∗j := ā∗(tj , X̂
ti,x
tj

)✱ C∗
j := (c∗κ − (b∗κσ)2

2 )(tj , X̂
ti,x
tj

) ❛♥❞ Gjs ❛r❡ ✐♥❞❡♣❡♥❞❡♥t

st❛♥❞❛r❞ ●❛✉ss✐❛♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✉♥❞❡r t❤❡ ♥❡✇ ❡q✉✐✈❛❧❡♥t ♠❡❛s✉r❡ Q✳ ❇② t❤❡

❝♦♥s❡❝✉t✐✈❡ ✉s❡ ♦❢ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❢❛❝t t❤❛t 1 − a∗j + a∗jG
2 + hC∗

j ✐s

♣♦s✐t✐✈❡✱ ♦♥❡ ❝❛♥ ✇r✐t❡

uκ,h(ti, x) ≤ EQ
[
g(X̂ti,x

T )
n−1∏

j=i

(
1 − a∗j + a∗jG

2 + hC∗
j

)]
+ C̄h

n−1∑

j=i

eθκtj .

◆♦t✐❝❡ t❤❛t ✐♥ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t

E
Q
tj

[
1 − a∗j + a∗jG

2
j + hC∗

j

]
= 1 + hE

Q
tj

[C∗
j ] ≤ 1 + θκh.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ Z :=
∏n−1

j=i

(
1 − a∗j + a∗jG

2
j + hC∗

j

)
✐s ♣♦s✐t✐✈❡ t❤❡r❡ ❢♦r Z

EQ[Z]

❝♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❞❡♥s✐t② ♦❢ ❛ ♥❡✇ ♠❡❛s✉r❡ QZ ✇✐t❤ r❡s♣❡❝t t♦ P✳ ❚❤❡r❡❢♦r❡✱

uκ,h(ti, x) ≤ EQ[Z]EQZ
[
g(X̂ti,x

T )
]

+ C̄h

n−1∑

j=i

eθκtj .

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ v̄κ,h✱ ♦♥❡ ❝❛♥ ✇r✐t❡

v̄κ,h(ti, x) ≤ e−θκ(T−ti)EQ[Z]EQZ
[
g(X̂ti,x

T )
]

+ e−θκ(T−ti)C̄h
n−1∑

j=i

eθκtj .

❚❤❡r❡❢♦r❡✱

v̄κ,h(ti, x) − g(x) ≤ e−θκ(T−ti)EQ[Z]EQZ
[
|g(X̂ti,x

T ) − g(x)|
]

+ C|g(x)|(T − ti) + e−θκ(T−ti)C̄(T − ti).

◆♦t✐❝❡ t❤❛t g(X̂ti,x
T ) − g(x) ❝♦♥✈❡r❣❡s t♦ ③❡r♦ P✕❛✳s✳ ❛♥❞ t❤❡r❡❢♦r❡ QZ ❛✳s✳ ❛s

(ti, h) → (T, 0)✳ ❙♦✱ ❜② ▲❡❜❡s❣✉❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠✱

lim sup
(ti,h)→(T,0)

v̄κ,h(ti, x) − g(x) ≤ 0.

❇② t❤❡ s✐♠✐❧❛r ❛r❣✉♠❡♥t ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❛t✿

lim inf
(ti,h)→(T,0)

v̄κ,h(ti, x) − g(x) ≥ 0,

✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳ ✷

❘❡♠❛r❦ ✸✳✸✳✽ ❇② ❡①t❡♥❞✐♥❣ t❤❡ ❛❜♦✈❡ ♣r♦♦❢ ❛s ✐♥ t❤❡ ▲❡♠♠❛ ✸✳✶✼ ❛♥❞ ❈♦r♦❧❧❛r②

✸✳✶✽ ♦❢ ❈❤❛♣t❡r ✷✱ ♦♥❡ ❝❛♥ ♣r♦♦❢ t❤❛t

|v̄κ,h(t, x) − g(x)| ≤ C(T − t)
1
2 .

❆❧s♦✱ ♦❜s❡r✈❡ t❤❛t ❜② t❤❡ s✐♠✐❧❛r ❛r❣✉♠❡♥t ❛s ✐♥ ❈❤❛♣t❡r ✷✱ vκh,h ✐s 1
2✕❍ö❧❞❡r ♦♥ t

✉♥✐❢♦r♠❧② ♦♥ h ❛♥❞ x✳

❙♦✱ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ v̄κh,h ❜♦t❤ s❛t✐s✜❡s t❤❡ r❡q✉✐r❡♠❡♥t ♦❢ t❤❡ ❝♦♥✈❡r✲

❣❡♥❝❡ ❡st❛❜❧✐s❤❡❞ ✐♥ ❬✻❪ ❛♥❞ ❝♦♥✈❡r❣❡s t♦ ❛ ❢✉♥❝t✐♦♥ v ❧♦❝❛❧❧② ✉♥✐❢♦r♠❧②✳ ▼♦r❡♦✈❡r✱

v ✐s t❤❡ ✉♥✐q✉❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✳✶✮✕✭✸✳✶✳✷✮✳ ❙♦✱ ❜② ❈♦r♦❧❧❛r② ✸✳✸✳✷✱ t❤❡ s❛♠❡

❛ss❡rt✐♦♥ ✐s tr✉❡ ❢♦r vκ,h✳



✸✳✸✳ ❆s②♠♣t♦t✐❝ r❡s✉❧ts ✼✸

✸✳✸✳✷ ❘❛t❡ ♦❢ ❈♦♥✈❡r❣❡♥❝❡

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡ ♥♦♥✕❧♦❝❛❧ s❝❤❡♠❡ ✐s t❤❡ s❛♠❡ ❛s t❤❡

❧♦❝❛❧ ❝❛s❡❀ ❙✉❜s❡❝t✐♦♥ ✷✳✷✳✸✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❚❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ ✇❡

✉s❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✷✳✸ ❢♦r t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t♦ ♥♦♥✕❧♦❝❛❧ ❝❛s❡✱ ✐s ❞❡✈❡❧♦♣❡❞

✐♥ ❬✶✷❪ ❛♥❞ ❬✶✸❪ ✇❤❡r❡ t❤❡ s❝❤❡♠❡ ♥❡❡❞s t♦ ❜❡ ❝♦♥s✐st❡♥t ❛♥❞ s❛t✐s✜❡s ❝♦♠♣❛r✐s♦♥

♣r✐♥❝✐♣❧❡✳ ❚❤❡r❡❢♦r❡ ✐♥ t❤✐s ❙✉❜s❡❝t✐♦♥✱ ✇❡ ♦♥❧② ♣r❡s❡♥t t❤❡ r❡s✉❧ts ✇❤✐❝❤ ❡♥❛❜❧❡ ✉s

t♦ ❛♣♣❧② t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ✐♥ ❬✶✷❪ ❛♥❞ ❬✶✸❪ t♦ t❤❡ s❝❤❡♠❡ ✸✳✸✳✸✳

❇❡❢♦r❡✱ ♣r♦✈✐❞✐♥❣ ❝♦♥s✐st❡♥❝② ❛♥❞ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡ r❡s✉❧t ❢♦r t❤❡ s❝❤❡♠❡

✭✸✳✸✳✶✺✮✱ ✇❡ s❤♦✇ t❤❛t tr✉♥❝❛t✐♦♥ ❡rr♦r ❝♦✉❧❞ ❜❡ ❤❛♥❞❧❡❞ ❜② t❤❡ ❚❤❡♦r❡♠ ♦❢ ❝♦♥✲

t✐♥✉♦✉s ❞❡♣❡♥❞❡♥❝❡ ❢♦r ✭✸✳✶✳✶✮✕✭✸✳✶✳✷✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐❢ v ❛♥❞ vκ ❛r❡ s♦❧✉t✐♦♥s ♦❢

✭✸✳✶✳✶✮✕✭✸✳✶✳✷✮ ❛♥❞ ✭✸✳✸✳✾✮✕✭✸✳✸✳✶✵✮✱ r❡s♣❡❝t✐✈❡❧②❀ t❤❡♥ ❜② ❚❤❡♦r❡♠ ✺✳✶ ✐♥ ❬✶✸❪

|v − vκ|∞ ≤ C

(∫

0<|z|<κ
|z|2ν(dz)

) 1
2

.

❚❤❡r❡❢♦r❡✱ ❇② ❝❤♦♦s✐♥❣ κh s♦ t❤❛t
∫
0<|z|<κh

|z|2ν(dz) ≤ Ch
1
2 ✱ ♦♥❡ ❝❛♥ ❥✉st ❝♦♥❝❡♥✲

tr❛t❡ ♦♥ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ vκ,h t♦ vκ✳

❲❡ s❤✐❢t t♦ v̄κh,h ✇❤✐❝❤ ✐s ✐s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ str✐❝t❧② ♠♦♥♦t♦♥❡ s❝❤❡♠❡ ✭✸✳✸✳✶✺✮

❛♥❞ ✜♥❞ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r v̄κh,h✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❈♦r♦❧❧❛r② s❤♦✇s t❤❛t t❤✐s

s❤✐❢t ❞♦ ♥♦t ❡✛❡❝t t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡✳

❈♦r♦❧❧❛r② ✸✳✸✳✸ ▲❡t F ✇❤✐❝❤ s❛t✐s✜❡s ■❍❏❇✶✱ ❛♥❞ F (t, x, 0, 0, 0, 0) = 0✳ ❚❤❡♥✱

|v̄κh,h − vκh,h| ≤ Chθ2
κh
.

■♥ ❛❞❞✐t✐♦♥✱ ✐❢ κh ✐s s✉❝❤ t❤❛t

lim sup
h→0

h
3
4 θ2

κh
<∞,

t❤❡♥

|v̄κh,h − vκh,h| ≤ Ch
1
4

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s str❛✐❣❤t❢♦r✇❛r❞ ❜② t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✸✳✷✳ ✷

❋♦r♠ ♥♦✇ ♦♥✱ ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥ v̄κ,h ✇❤✐❝❤ ✐s ♦❜t❛✐♥❡❞

❢r♦♠ str✐❝t❧② ♠♦♥♦t♦♥❡ s❝❤❡♠❡ ✸✳✸✳✶✺ t❤r♦✉❣❤ ✭✸✳✸✳✶✾✮✳ ■♥ ♦r❞❡r t♦ ♣r♦✈✐❞❡ t❤❡

r❡s✉❧t✱ ✇❡ ♥❡❡❞ t♦ ✉s❡ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ s❝❤❡♠❡ ❢♦r t❤❡ r❡❣✉❧❛r ❛♣♣r♦①✐♠❛t❡

s♦❧✉t✐♦♥s✳ ❚❤❡♥✱ t❤❡ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡ ❢♦r t❤❡ s❝❤❡♠❡ ♣r♦✈✐❞❡s ❜♦✉♥❞s ♦✈❡r t❤❡

❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ uκ,h ❛♥❞ r❡❣✉❧❛r ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s✳ ▲❡t

Rκ,h[ψ](t, x) :=
ψ(t, x) − Tκ,h[ψ](t, x)

h
+ LXψ(t, x)

+F κ(·, ψ,Dψ,D2ψ,ψ(t, ·))(t, x).



✼✹
❈❤❛♣t❡r ✸✳ Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❋✉❧❧② ♥♦♥✕❧✐♥❡❛r

♥♦♥✕❧♦❝❛❧ P❛r❛❜♦❧✐❝ P❉❊s

▲❡♠♠❛ ✸✳✸✳✻ ❋♦r ❛ ❢❛♠✐❧② {ϕε}0<ε<1 ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣
∣∣∣∂β0

t Dβϕε
∣∣∣ ≤ Cε1−2β0−|β|1 ❢♦r ❛♥② (β0, β) ∈ N × Nd \ {0}, ✭✸✳✸✳✷✶✮

✇❤❡r❡ |β|1 :=
∑d

i=1 βi✱ ❛♥❞ C > 0 ✐s s♦♠❡ ❝♦♥st❛♥t✱ ✇❡ ❤❛✈❡✿

|Rκ,h[ϕε]|∞ ≤ R(h, ε) := C

(
hε−3 + hθκε

−1 + h
√
θκ + ε−1

∫

{|z|≤κ}
|z|2ν(dz)

)
,

❢♦r s♦♠❡ ❝♦♥st❛♥t C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ κ✳ ■❢ ✐♥ ❛❞❞✐t✐♦♥

lim sup
h→0

hθ2
κh
<∞ ❛♥❞ lim sup

h→0

√
h

∫

{|z|≤κ}
|z|2ν(dz) <∞,

✇❡ ❤❛✈❡✿

|Rκh,h[ϕε]|∞ ≤ R(h, ε) := C (hε−3 +
√
hε−1).

Pr♦♦❢✳ Rκ,h[ϕε] ✐s ❜♦✉♥❞❡❞ ❜②

sup
α

{∣∣∣E
[1

h

(
ϕε(t+ h,Xt,x,κ

h ) − ϕε(t, x)
)

+
1

2
Tr
[
aα(D2ϕε(t+ h,Xt,x,κ

h ) −D2ϕε(t, x))
]

+bα(Dϕε(t+ h,Xt,x,κ
h ) −Dϕε(t, x)) + (θκ + cα)(ϕε(t+ h,Xt,x,κ

h ) − ϕε(t, x))

+Iα[ϕε](t, x) − Iα
κ,h[ϕε](t+ h, x)

]∣∣∣
}

❋♦r t❤❡ ▲é✈② ✐♥t❡❣r❛❧ t❡r♠ ❜② ▲❡♠♠❛ ✸✳✷✳✸✱ ✇❡ ❤❛✈❡✿

|Iα[ϕε](t, x) − Iα
κ,h[ϕε](t+ h, x)| ≤ C

(
|Dϕε|∞

(√
h+ h

∫

{|z|>κ}
|z|ν(dz)

)

+h|∂tD
2ϕε|∞ + |D2ϕε|∞

∫

{|z|≤κ}
|z|2ν(dz)

)

≤ C

(
hε−3 + h

√
θκ + ε−1

∫

{|z|≤κ}
|z|2ν(dz)

)
.

❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ▲❡♠♠❛ ✸✳✷✷ ✐♥ ❈❤❛♣t❡r ✷ ❛❧❧ t❤❡ ♦t❤❡r t❡r♠s ❛r❡ ❜♦✉♥❞❡❞

❜② hε−3 ❡①❝❡♣t

θh

(
ϕε(t+ h,Xt,x,κ

h ) − ϕε(t, x)
)

✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ❜② θhhε
−1✳ ❚❤❡ s❡❝♦♥❞ ❛ss❡rt✐♦♥ ♦❢ t❤❡ ▲❡♠♠❛ ✐s str❛✐❣❤t❢♦r✇❛r❞✳

✷

◆❡①t ✇❡ ♥❡❡❞ t♦ ❤❛✈❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❢♦r s❝❤❡♠❡ ✸✳✸✳✶✺✳ ◆♦t❡ t❤❛t ▲❡♠♠❛

✸✳✷✶ ✐♥ ❈❤❛♣t❡r ✷ ❤♦❧❞s tr✉❡ ❢♦r s❝❤❡♠❡ ✸✳✸✳✶✺ ✇✐t❤ β = θκ +C ✇❤❡r❡ C = supα |cα|✳
❚❤❡r❡❢♦r❡✱ Pr♦♣♦s✐t✐♦♥ ✸✳✷✵ ✐♥ ❈❤❛♣t❡r ✷ ❤♦❧❞s tr✉❡ ❢♦r ♥♦♥✕❧♦❝❛❧ ❝❛s❡✳ ▼♦r❡ ♣r❡✲

❝✐s❡❧②✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ Pr♦♣♦s✐t✐♦♥✳



✸✳✸✳ ❆s②♠♣t♦t✐❝ r❡s✉❧ts ✼✺

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✷ ▲❡t ❆ss✉♠♣t✐♦♥ ■❍❏❇✶ ❤♦❧❞s tr✉❡✱ ❛♥❞ ❝♦♥s✐❞❡r t✇♦ ❛r❜✐tr❛r②

❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s ϕ ❛♥❞ ψ s❛t✐s❢②✐♥❣✿

h−1
(
ϕ− Th[ϕ]

)
≤ g1 ❛♥❞ h−1

(
ψ − Th[ψ]

)
≥ g2

❢♦r s♦♠❡ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s g1 ❛♥❞ g2✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② i = 0, · · · , n✿
(ϕ− ψ)(ti, x) ≤ e(θκ+C)|(ϕ− ψ)+(T, ·)|∞ + (T − h)e(θκ+C)(T−ti)|(g1 − g2)

+|∞
✇❤❡r❡ C = supα |cα|✳

❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ♥♦♥✕❧♦❝❛❧ P❉❊ ❜② t❤❡ ❑r②❧♦✈ ♠❡t❤♦❞

♦❢ s❤❛❦✐♥❣ ❝♦❡✣❝✐❡♥ts ❛♥❞ s✇✐t❝❤✐♥❣ s②st❡♠ ✐s ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✶✷❪ ✇❤♦ ♣r♦✈✐❞❡s t❤❡

r❡s✉❧t ♦❢ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❣❡♥❡r❛❧ ♠♦♥♦t♦♥❡ s❝❤❡♠❡s ❢♦r t❤❡ ♥♦♥✕❧♦❝❛❧ P❉❊s

s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥ ■❍❏❇✳ ■♥ t❤❡ r❡❣✉❧❛r✐t② r❡s✉❧t ❢♦r ✭✸✳✸✳✷✷✮✱ ♣r♦✈✐❞❡❞ ❜② ❬✶✸❪✱ ✐t

✐s ♣r♦✈❡❞ t❤❛t (vi) ✐s ▲✐♣s❝❤✐t③ ✇✐t❤ r❡s♣❡❝t t♦ x ❛♥❞ ❧♦❝❛❧❧② ✶✴✷✲❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s

✇✐t❤ r❡s♣❡❝t t♦ t✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ s❝❤❡♠❡ ✭✸✳✸✳✸✮✱ ✇❡ ♥❡❡❞ t❤❡ s♦❧✉t✐♦♥

♦❢ ✭✸✳✶✳✶✮✕✭✸✳✶✳✷✮ ❜❡ ✉♥✐❢♦r♠❧② 1
2✕❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s ♦♥ t✳ ■t ✐s ❜❡❝❛✉s❡ ✇❡ ♥❡❡❞ t❤❡

r❡❣✉❧❛r ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ♦❜t❛✐♥❡❞ ❢r♦♠ ❑r②❧♦✈ ♠❡t❤♦❞ ❛♥❞ s✇✐t❝❤✐♥❣ s♦❧✉t✐♦♥

t♦ s❛t✐s❢② ✭✸✳✸✳✷✶✮✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ♣r❡s❡♥t ✇♦r❦ ✇❡ ♥❡❡❞ t♦ r❡❜✉✐❧❞ ▲❡♠♠❛ ✺✳✸ ✐♥

❬✶✸❪ ✉♥❞❡r t❤❡ ❆ss✉♠♣t✐♦♥ ■❍❏❇ t♦ ♦❜t❛✐♥ ❣❧♦❜❛❧ 1
2✕❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s ♦♥ t ❢♦r t❤❡

s♦❧✉t✐♦♥ ♦❢ t❤❡ s✇✐t❝❤✐♥❣ s②st❡♠✳

❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥t✐♥✉❡ t❤✐s s✉❜s❡❝t✐♦♥ ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ s✇✐t❝❤✐♥❣ s②st❡♠ ♦❢

♥♦♥✕❧♦❝❛❧ P❉❊s ✇✐t❤ t❤❡ r❡❣✉❧❛r✐t② r❡s✉❧t ♥❡❡❞❡❞ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s s②st❡♠✳

▲❡t k ❜❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ❝♦♥st❛♥t✳ ❙✉♣♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ P❉❊s✿

max
{
−LXvi(t, x) − Fi

(
t, x, vi(t, x), Dvi(t, x), D

2vi(t, x), vi(t, ·)
)
, vi −Miv

}
= 0

vi(T, ·) = gi(·), ✭✸✳✸✳✷✷✮

✇❤❡r❡ i = 1, · · · ,M ❛♥❞

Fi(t, x, r, p, γ, ψ) := inf
α∈Ai

{Lα(t, x, r, p, γ, γ) + Iα(t, x, r, p, γ, ψ)}

Lα(t, x, r, p, γ, γ) :=
1

2
Tr [aα(t, x)γ] + bα(t, x) · p+ cα(t, x)r + kα(t, x)

Iα(t, x, r, p, γ, ψ) :=

∫

Rd
∗

(
ψ (t, x+ ηα(t, x, z)) − r − 1{|z|≤1}η

α(t, x, z) · p
)
dν(z)

Mir := min
j 6=i

rj + k.

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡♠♣❤❛s✐③❡ t❤❛t gis ♥❡❡❞ t♦ s❛t✐s❢② gi − Miḡ ≤ 0 ✇❤❡r❡ ḡ =

(g1, · · · , gM )✳ ■❢ ❢♦r ❛❧❧ i✱ gi = g t❤❡♥ ✇❡ ♦❜✈✐♦✉s❧② ❤❛✈❡ gi −Miḡ ≤ 0✳

❊①✐st❡♥❝❡ ❛♥❞ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡ r❡s✉❧t ❢♦r t❤❡ ❛❜♦✈❡ s✇✐t❝❤✐♥❣ s②st❡♠ ✐s

♣r♦✈✐❞❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✻✳✶ ❬✶✷❪✳ ❆❧s♦✱ ✐t ✐s ❦♥♦✇♥ ❢r♦♠ ❚❤❡♦r❡♠ ✻✳✸ ✐♥ ❬✶✷❪✱ t❤❛t ✐❢

(v1, · · · , vM ) ❛♥❞ v ❜❡ r❡s♣❡❝t✐✈❡❧② t❤❡ s♦❧✉t✐♦♥s ♦❢ ✭✸✳✸✳✷✷✮ ❛♥❞ ✭✸✳✶✳✶✮✲✭✸✳✶✳✷✮ ✇✐t❤

A = ∪M
i=1Ai ❛♥❞ Ais ❛r❡ ❞✐s❥♦✐♥t s❡ts✱ t❤❡♥

0 ≤ vi − v ≤ Ck
1
3 ❢♦r i = 1, · · · ,M. ✭✸✳✸✳✷✸✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ♣r♦✈✐❞❡ t❤❡ ✉♥✐❢♦r♠ ✶✴✷✲❍ö❧❞❡r ❝♦♥t✐♥✉✐t② ❢♦r (vi)✳



✼✻
❈❤❛♣t❡r ✸✳ Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❋✉❧❧② ♥♦♥✕❧✐♥❡❛r

♥♦♥✕❧♦❝❛❧ P❛r❛❜♦❧✐❝ P❉❊s

▲❡♠♠❛ ✸✳✸✳✼ ❆ss✉♠❡ ■❍❏❇✷ ❤♦❧❞s ❢♦r ❡❛❝❤ i ❛♥❞ ❧❡t (vi) ❜❡ t❤❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥

♦❢ ✭✸✳✸✳✷✷✮✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❛ ❝♦♥st❛♥t C s✉❝❤ t❤❛t ❢♦r ❛♥② i = 1, · · · ,M ✿

∣∣vi
∣∣
1

≤ C.

Pr♦♦❢✳ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ✇✐t❤ r❡s♣❡❝t t♦ x ✐s ❞✉❡ t♦ ▲❡♠♠❛ ✺✳✷ ✐♥ ❬✶✸❪✳ ❚♦

♦❜t❛✐♥ ✉♥✐❢♦r♠ 1/2−❍ö❧❞❡r ❝♦♥t✐♥✉✐t② ✇✐t❤ r❡s♣❡❝t t♦ t✱ ✇❡ ♠♦❞✐❢② t❤❡ t❤❡ ♣r♦♦❢ ♦❢

▲❡♠♠❛ ✺✳✸ ✐♥ ❬✶✸❪ ❜② ✉s✐♥❣ ❛ss✉♠♣t✐♦♥ ■❍❏❇✷✳
❋✐① y ∈ Rd ❛♥❞ t′ > 0✳ ▲❡t t ∈ R+ ❜❡ s✉❝❤ t❤❛t t ≤ t′✳ ❋♦r ❡❛❝❤ i = 1, · · · ,M ✱

❞❡✜♥❡✿

ψi(t, x) := λ
L

2

[
eA(t′−t)|x− y|2 +B(t′ − t)

]
+K(t′ − t) + λ−1L

2
+ vi(t′, y)

❲❤❡r❡ L = 1
2 |v|1 ❛♥❞ λ✱ a ❛♥❞ γ ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ❧❛t❡r✳ ❚❤❡♥✿

∂tψi(t, x) = −λL
2

(
AeA(t′−t)|x− y|2 +B

)
−K

Dψi(t, x) = 2λLeA(t′−t)(x− y)

D2ψ(t, x) = λLeA(t′−t)Id×d.

❙♦✱

−∂tψi − inf
α∈A

{
Lα(t, x, ψi, Dψi, D

2ψi) + Iα(t, x, ψi, Dψi)
}

= λL
(
AeA(t′−t)|x− y|2 +B

)
+K − inf

α∈A

{
1

2
λLeA(t′−t)Tr [aα(t, x)]

+2λLeA(t′−t)bα(t, x) · (x− y) + cα(t, x)ψi + kα(t, x) + λ
L

2
eA(t′−t)

×
∫

Rd
∗

(
|x+ ηα(t, x, z) − y|2 − |x− y|2 − 21{|z|≤1}η

α(t, x, z) · (x− y)
)
dν(z)

}
.

❇② ■❍❏❇✷✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ K ❛♥❞ λ s♦ t❤❛t✱

|aα|∞ ≤ K, |bα|∞ ≤ K, |cα|∞ ≤ K, |kα|∞ ≤ K,K−1 ≤ λ ≤ K

|v|∞ ≤ K, |ηα(t, x, z)| ≤ K(1 ∧ |z|).

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ❛♥❞ ✇✐t❤ t❤❡ s✐♠✐❧❛r ❛r❣✉♠❡♥t ❛s ✐♥ ❘❡♠❛r❦ ✷✳✷✳✼✱ ✇❡

❝❛♥ s✉♣♣♦s❡ t❤❛t ❢♦r ❛♥② α✱ cα ≤ 0✳ ❙♦ ❜② ❝❤♦♦s✐♥❣ ♣♦s✐t✐✈❡ ❧❛r❣❡ A✱ t❤❡r❡ ❡①✐sts

♥♦♥✕♥❡❣❛t✐✈❡ ❝♦♥st❛♥ts C1✱ C2✱ C3 ❛♥❞ C4 s✉❝❤ t❤❛t✿

−∂tψi − inf
α∈A

{
Lα(t, x, ψi, Dψi, D

2ψi) + Iα(t, x, ψi, Dψi)
}

≥ λLeA(t′−t)K

((
A

K
− 1

2

)
|x− y|2 − C1|x− y| + C2B − C3

)
− C4.

❚❤❡r❡❢♦r❡✱ ❝❤♦✐❝❡ ♦❢ ❧❛r❣❡ B ❛♥❞ A ♠❛❦❡s t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♥♦♥✕♥❡❣❛t✐✈❡✳

−∂tψi − inf
α∈A

{
Lα(t, x, ψi, Dψi, D

2ψi) + Iα(t, x, ψi, Dψi)
}
≥ 0.



✸✳✸✳ ❆s②♠♣t♦t✐❝ r❡s✉❧ts ✼✼

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

ψ(t′, x) =
L

2

(
λ|x− y|2 + λ−1

)
+ vi(t′, y).

▼✐♥✐♠✐③✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ λ✱

ψ(t′, x) ≥ L|x− y| + vi(t′, y) ≥ vi(t′, x).

❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ψi ✐s ❛ s✉♣❡r s♦❧✉t✐♦♥ ♦❢ ✭✸✳✸✳✷✷✮✳ ❙♦✱ ❜② ❝♦♠♣❛r✐s♦♥ ❚❤❡♦r❡♠

✐♥ ❬✶✷❪✱

ψi(t, y) ≥ vi(t, y).

❙♦✱

L

2

(
λB(t′ − t) + λ−1

)
+ vi(t′, y) ≥ vi(t, y).

❚❤❡r❡❢♦r❡✱ ❢♦r λ = (t′ − t)−
1
2 ✇❡ ❤❛✈❡

vi(t, y) − vi(t′, y) ≤ C
√
t′ − t.

❚❤❡ ♦t❤❡r ✐♥❡q✉❛❧✐t② ❝❛♥ ❜❡ ❞♦♥❡ s✐♠✐❧❛r❧② ❜② ❝❤♦♦s✐♥❣✿

ψi(t, x) := −λL
2

[
eA(t′−t)|x− y|2 −B(t′ − t)

]
−K(t′ − t) − λ−1L

2
+ vi(t′, y).

✷

❘❡♠❛r❦ ✸✳✸✳✾ ◆♦t✐❝❡ t❤❛t ❛❧❧ t❤❡ r❡s✉❧t ♦❢ s✇✐t❝❤✐♥❣ s②st❡♠ ✐s ❝♦rr❡❝t ❢♦r ✭✸✳✶✳✶✮✲

✭✸✳✶✳✷✮ s❛t✐s❢②✐♥❣ ■❍❏❇✷ ❜② s✐♠♣❧② s❡tt✐♥❣ M = 1 ❛♥❞ k = 0✳

❚❤❡r❡❢♦r❡✱ ❜② ❬✶✷❪ t❤❡r❡ ❛r❡ r❡❣✉❧❛r ❢✉♥❝t✐♦♥s wκ
ε ❛♥❞ wκ

ε ✇❤✐❝❤ ❛r❡ r❡s♣❡❝t✐✈❡❧②

t❤❡ r❡❣✉❧❛r s✉❜✕ ❛♥❞ s✉♣❡r✕s♦❧✉t✐♦♥ ♦❢

−LXuκ(t, x) − F κ

(
t, x, uκ(t, x), Duκ(t, x), D2uκ(t, x), uκ(t, ·)

)
= 0, ♦♥ [0, T ) × Rd,

uκ(T, ·) = g, ♦♥ ∈ Rd.

✇❤❡r❡

F κ(t, x, r, p, γ, ψ) := inf
α∈A

{Lα(t, x, r, p, γ) + Iα
κ (t, x, r, p, γ, ψ)}

✭♦♥❡ ❝❛♥ r❡♣❧❛❝❡ sup inf ❜② inf sup✮ ✇❤❡r❡

Lα(t, x, r, p, γ) :=
1

2
Tr
[
σασαT(t, x)γ

]
+ bα(t, x)p+ (cα(t, x) + θκ)r,

❛♥❞

Iα
κ (t, x, r, p, γ, ψ):=

∫

{|z|>κ}

(
ψ
(
x+ ηα(t, x, z)

)
− r − 1{|z|≤1}η

α(t, x, z) · p
)
ν(dz).



✼✽
❈❤❛♣t❡r ✸✳ Pr♦❜❛❜✐❧✐st✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❋✉❧❧② ♥♦♥✕❧✐♥❡❛r

♥♦♥✕❧♦❝❛❧ P❛r❛❜♦❧✐❝ P❉❊s

❚❤❡♥✱ ❜② Pr♦♣♦s✐t✐♦♥ ✻✳✷ ❛♥❞ ❚❤❡♦r❡♠ ✻✳✸ ♦❢ ❬✶✷❪✱ ▲❡♠♠❛ ✸✳✸✳✻ ❛♥❞ Pr♦♣♦s✐t✐♦♥

✸✳✸✳✷✱

(uκ − uκ,h)(t, x) ≤ (uκ − wκ
ε + wκ

ε − uκ,h)(t, x)

≤ Ce(θκ+C1)(T−t)

(
ε+ hε−3 + hθκε

−1 + h
√
θκ + ε−1

∫

{|z|≤κ}
|z|2ν(dz)

)

❛♥❞

(uκ,h − uκ)(t, x) ≤ (uκ,h − wκ
ε + wκ

ε − uκ)(t, x)

≤ Ce(θκ+C1)(T−t)

(
ε

1
3 + hε−3 + hθκε

−1 + h
√
θκ + ε−1

∫

{|z|≤κ}
|z|2ν(dz)

)
.

◆♦t✐❝❡ t❤❛t vκ(t, x) = e−θκ(T−t)uκ(t, x)✳ ❙♦✱

vκ − v̄κ,h ≤ C

(
ε+ hε−3 + hθκε

−1 + h
√
θκ + ε−1

∫

{|z|≤κ}
|z|2ν(dz)

)

❛♥❞

v̄κ,h − vκ ≤ C

(
ε

1
3 + hε−3 + hθκε

−1 + h
√
θκ + ε−1

∫

{|z|≤κ}
|z|2ν(dz)

)
.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜❡❝❛✉s❡ ♦❢ ✭✸✳✸✳✶✹✮ ❛♥❞ ❜② ▲❡♠♠❛ ✭✸✳✸✳✷✮✱ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢

❚❤❡♦r❡♠ ✸✳✸✳✷ ✐s ♣r♦✈✐❞❡❞ ❛❢t❡r ❝❤♦✐❝❡ ♦❢ ♦♣t✐♠❛❧ ε✳

✸✳✹ ❈♦♥❝❧✉s✐♦♥

❚❤❡ s❝❤❡♠❡ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❈❤❛♣t❡r ✐s t❤❡ ✜rst ♣r♦❜❛❜✐❧✐st✐❝ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞

❢♦r ❢✉❧❧② ♥♦♥✕❧✐♥❡❛r ♥♦♥✕❧♦❝❛❧ ♣r♦❜❧❡♠s✳ ❆s ✐♥ ❧♦❝❛❧ ❝❛s❡ ✭❈❤❛♣t❡r ✷✮✱ ✐t ❝♦♥✈❡r❣❡s

t♦ t❤❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ ❛ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❦♥♦✇♥ ❢♦r t❤❡

❝♦♥✈❡① ✭❝♦♥❝❛✈❡✮ ♥♦♥✕❧✐♥❡❛r✐t✐❡s✳ ▼♦r❡♦✈❡r✱ ✇✐t❤ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ ❙❡❝t✐♦♥

✹ ✐♥ ❈❤❛♣t❡r ✷✱ ▼♦♥t❡ ❈❛r❧♦ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ ❡①♣❡❝t❛t✐♦♥s ✐♥s✐❞❡ t❤❡ s❝❤❡♠❡ ❞♦

♥♦t ❛✛❡❝t t❤❡ ❛s②♠♣t♦t✐❝ r❡s✉❧ts ✐❢ ❡♥♦✉❣❤ ♥✉♠❜❡r ♦❢ s❛♠♣❧❡s ✇♦✉❧❞ ❜❡ ✉s❡❞✳ ❚❤❡

❡rr♦r ❛♥❛❧②s✐s ❢♦r ▼❈◗ s❤♦✇s t❤❛t t❤❡ ❛♣♣r♦♣r✐❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❥✉♠♣✕❞✐✛✉s✐♦♥

♣r♦❝❡ss ✇✐t❤ ❝♦♠♣♦✉♥❞ P♦✐ss♦♥ ♣r♦❝❡ss ❝♦✉❧❞ ❜❡ ❛♣♣❧✐❡❞ ✐♥ ❞✐s❝r❡t✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡r❡ ❛r❡ s♦♠❡ ❢❡❛t✉r❡s ✇❤❡r❡ t❤❡ s❝❤❡♠❡ ✐s ♥♦t ✐♠♣❧❡♠❡♥t❛❜❧❡

✐♥ ♥♦♥✕❧♦❝❛❧ ❝❛s❡✱ ❡✳❣✳ ✇❤❡♥ t❤❡ ♥♦♥✕❧✐♥❡❛r✐t② ✐s ♦❢ ❍❏❇ t②♣❡✳ ❚❤✐s ❝♦✉❧❞ ❜❡ t❤❡

❝❤❛❧❧❡♥❣❡ ♦❢ ❢✉t✉r❡ ✇♦r❦s✳



❈❤❛♣t❡r ✹

❖♣t✐♠❛❧ Pr♦❞✉❝t✐♦♥ P♦❧✐❝② ✉♥❞❡r

t❤❡ ❈❛r❜♦♥ ❊♠✐ss✐♦♥ ▼❛r❦❡t

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❛♥❛❧②③❡ t❤❡ ❡✛❡❝t ♦❢ ❡♠✐ss✐♦♥ ♠❛r❦❡t ✐♥ r❡❞✉❝✐♥❣ t❤❡ ❝❛r❜♦♥

❡♠✐ss✐♦♥ t❤r♦✉❣❤ t❤❡ ❝❤❛♥❣❡ ♦♥ ♣r♦❞✉❝t✐♦♥ ♣♦❧✐❝② ♦❢ t❤❡ r❡❧❡✈❛♥t ✜r♠s✳ ❚❤❡ ✜r♠✬s

♦❜❥❡❝t✐✈❡ ✐s t♦ ♠❛①✐♠✐③❡ ❤❡r ✉t✐❧✐t② ♦♥ ❤❡r ✇❡❛❧t❤ ✇❤✐❝❤ ✐s ♠❛❞❡ ♦❢ ❜♦t❤ t❤❡ ♣r♦✜t ♦❢

❤❡r ♣r♦❞✉❝t✐♦♥ ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ ❤❡r ❝❛r❜♦♥ ❛❧❧♦✇❛♥❝❡ ♣♦rt❢♦❧✐♦ ♦✈❡r ❤❡r ♣r♦❞✉❝t✐♦♥

❛♥❞ ❤❡r ♣♦rt❢♦❧✐♦ str❛t❡❣②✳ ❲❡ s♦❧✈❡ t❤❡ ✉t✐❧✐t② ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♦♥ ♣♦rt❢♦❧✐♦

str❛t❡❣② ❜② t❤❡ ❞✉❛❧✐t② ❛r❣✉♠❡♥t ❛♥❞ t❤❡♥ ♦♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❜② t❤❡ ✉s❡ ♦❢ ❍❛♠✐❧t♦♥✕

❏❛❝♦❜✐✕❇❡❧❧♠❛♥ ✭❍❏❇✮ ❡q✉❛t✐♦♥s✶✳

✹✳✶ ❙♠❛❧❧ ♣r♦❞✉❝❡r ✇✐t❤ ♦♥❡✲♣❡r✐♦❞ ❝❛r❜♦♥ ❡♠✐ss✐♦♥

♠❛r❦❡t

▲❡t (Ω,F ,P) ❜❡ ❛ ❝♦♠♣❧❡t❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇✲

♥✐❛♥ ♠♦t✐♦♥ W ✳ ❲❡ ❞❡♥♦t❡ ❜② F = {Ft, t ≥ 0} t❤❡ ❝♦♠♣❧❡t❡❞ ❝❛♥♦♥✐❝❛❧ ✜❧tr❛t✐♦♥ ♦❢

t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ W ✱ ❛♥❞ ❜② Et := E[·|Ft] t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ♦♣❡r❛t♦r

❣✐✈❡♥ Ft✳

❲❡ ❝♦♥s✐❞❡r ❛ ♣r♦❞✉❝t✐♦♥ ✜r♠ ✇✐t❤ ♣r❡❢❡r❡♥❝❡s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥

U : R −→ R ∪ {∞} ❛ss✉♠❡❞ t♦ ❜❡ str✐❝t❧② ✐♥❝r❡❛s✐♥❣✱ str✐❝t❧② ❝♦♥❝❛✈❡ ❛♥❞ C1 ♦✈❡r

{U < ∞}✳ ❲❡ ❞❡♥♦t❡ ❜② πt(ω, q) t❤❡ ✭r❛♥❞♦♠✮ t✐♠❡ t r❛t❡ ♦❢ ♣r♦✜t ♦❢ t❤❡ ✜r♠ ❢♦r

❛ ♣r♦❞✉❝t✐♦♥ r❛t❡ q✳ ❍❡r❡ π : R+ × Ω × R+ → R ✐s ❛♥ F−♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡

♠❛♣✳ ❆s ✉s✉❛❧ ✇❡ s❤❛❧❧ ♦♠✐t ω ❢r♦♠ t❤❡ ♥♦t❛t✐♦♥s✳ ❋♦r ✜①❡❞ (t, ω)✱ ✇❡ ❛ss✉♠❡ t❤❛t

t❤❡ ❢✉♥❝t✐♦♥ πt(·) := π(t, ·) ✐s str✐❝t❧② ❝♦♥❝❛✈❡✱ C1 ✐♥ q ❛♥❞ s❛t✐s✜❡s

π′t(0+) > 0 ❛♥❞ π′t(∞) < 0.

▲❡t ✉s ❞❡♥♦t❡ ❜② et(qt) t❤❡ r❛t❡ ♦❢ ❝❛r❜♦♥ ❡♠✐ss✐♦♥s ❣❡♥❡r❛t❡❞ ❜② ❛ ♣r♦❞✉❝t✐♦♥ r❛t❡

q✳ ❍❡r❡✱ e.(.) : Ω × [0, T ] × R+ ✐s ❛♥ F−♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡ ♠❛♣ ❛♥❞ C1 ✐♥

q ∈ R+✳ ❚❤❡♥ t❤❡ t♦t❛❧ q✉❛♥t✐t② ♦❢ ❝❛r❜♦♥ ❡♠✐ss✐♦♥s ✐♥❞✉❝❡❞ ❜② ❛ ♣r♦❞✉❝t✐♦♥ ♣♦❧✐❝②

{qt, t ∈ [0, T ]} ✐s ❣✐✈❡♥ ❜②

Eq
T :=

∫ T

0
et(qt)dt. ✭✹✳✶✳✶✮

❚❤❡ ❛✐♠ ♦❢ t❤❡ ❝❛r❜♦♥ ❡♠✐ss✐♦♥ ♠❛r❦❡t ✐s t♦ ✐♥❝✉r t❤✐s ❝♦st t♦ t❤❡ ♣r♦❞✉❝❡r s♦ ❛s

t♦ ♦❜t❛✐♥ ❛♥ ♦✈❡r❛❧❧ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❝❛r❜♦♥ ❡♠✐ss✐♦♥s✳
✶❚❤✐s ✇♦r❦ ✐s r❡♣♦rt❡❞ ♦♥ ❛ ♣❛♣❡r ❝♦✕❛✉t❤♦r❡❞ ✇✐t❤ ❘❡❞♦✉❛♥❡ ❇❡❧❛♦✉❛r ❛♥❞ ◆✐③❛r ❚♦✉③✐✳



✽✵
❈❤❛♣t❡r ✹✳ ❖♣t✐♠❛❧ Pr♦❞✉❝t✐♦♥ P♦❧✐❝② ✉♥❞❡r t❤❡ ❈❛r❜♦♥ ❊♠✐ss✐♦♥

▼❛r❦❡t

❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛♥❛❧②③❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❝❛r❜♦♥ ❡♠✐ss✐♦♥ ♠❛r❦❡t

✇✐t❤✐♥ t❤❡ ❝❛♣✲❛♥❞✲tr❛❞❡ s❝❤❡♠❡✳

■♥ ♦r❞❡r t♦ ♠♦❞❡❧ t❤❡ ❝❛r❜♦♥ ❡♠✐ss✐♦♥ ♠❛r❦❡t✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥ ✭✉♥♦❜s❡r✈❛❜❧❡✮

st❛t❡ ✈❛r✐❛❜❧❡ Y ❞❡✜♥❡❞ ❜② t❤❡ ❞②♥❛♠✐❝s✿

dYt = µtdt+ γtdWt, ✭✹✳✶✳✷✮

✇❤❡r❡ µ ❛♥❞ γ ❛r❡ t✇♦ ❜♦✉♥❞❡❞ F−❛❞❛♣t❡❞ ♣r♦❝❡ss❡s ❛♥❞ γ > 0✳

❲❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ♦♥❡ s✐♥❣❧❡ ♣❡r✐♦❞ [0, T ] ❞✉r✐♥❣ ✇❤✐❝❤ t❤❡ ❝❛r❜♦♥ ❡♠✐ss✐♦♥

♠❛r❦❡t ✐s ✐♥ ♣❧❛❝❡✳ ❆t ❡❛❝❤ t✐♠❡ t ≥ 0✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Yt ✐♥❞✐❝❛t❡s t❤❡ ♠❛r❦❡t

✈✐❡✇ ♦❢ t❤❡ ❝✉♠✉❧❛t❡❞ ❝❛r❜♦♥ ❡♠✐ss✐♦♥s✳ ❆t t✐♠❡ T ✱ YT ≥ κ ✭r❡s♣✳ YT < κ✮ ♠❡❛♥s

t❤❛t t❤❡ ❝✉♠✉❧❛t❡❞ t♦t❛❧ ❡♠✐ss✐♦♥ ❤❛✈❡ ✭r❡s♣✳ ♥♦t✮ ❡①❝❡❡❞❡❞ t❤❡ q✉♦t❛s κ✱ ✜①❡❞ ❜②

t❤❡ tr❛❞✐♥❣ s❝❤❡♠❡✳ ▲❡t α ❜❡ t❤❡ ♣❡♥❛❧t② ♣❡r ✉♥✐t ♦❢ ❝❛r❜♦♥ ❡♠✐ss✐♦♥✳ ❚❤❡♥✱ t❤❡

✈❛❧✉❡ ♦❢ t❤❡ ❝❛r❜♦♥ ❡♠✐ss✐♦♥ ❝♦♥tr❛❝t ❛t t✐♠❡ T ✐s✿

ST := α1{YT≥κ}.

❚❤❡ ❝❛r❜♦♥ ❡♠✐ss✐♦♥ ❛❧❧♦✇❛♥❝❡ ❝♦✉❧❞ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❞❡r✐✈❛t✐✈❡ s❡❝✉r✐t② ❞❡✜♥❡❞ ❜②

t❤❡ ❛❜♦✈❡ ♣❛②♦✛✳ ❚❤❡ ❝❛r❜♦♥ ❡♠✐ss✐♦♥ ♠❛r❦❡t ❛❧❧♦✇s ❢♦r tr❛❞✐♥❣ t❤✐s ❝♦♥tr❛❝t ✐♥

❝♦♥t✐♥✉♦✉s✲t✐♠❡ t❤r♦✉❣❤♦✉t t❤❡ t✐♠❡ ♣❡r✐♦❞ [0, T ]✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ♠❛r❦❡t ✐s

❢r✐❝t✐♦♥❧❡ss✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ ♥♦✲❛r❜✐tr❛❣❡ ✈❛❧✉❛t✐♦♥ t❤❡♦r② t❤❛t t❤❡ ♣r✐❝❡

♦❢ t❤❡ ❝❛r❜♦♥ ❡♠✐ss✐♦♥ ❝♦♥tr❛❝t ❛t ❡❛❝❤ t✐♠❡ t ✐s ❣✐✈❡♥ ❜②

St := E
Q
t [ST ] = αQt [YT ≥ κ] , ✭✹✳✶✳✸✮

✇❤❡r❡ Q ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ❡q✉✐✈❛❧❡♥t t♦ P✱ t❤❡ s♦✲❝❛❧❧❡❞ ❡q✉✐✈❛❧❡♥t ♠❛rt✐♥❣❛❧❡

♠❡❛s✉r❡✱ E
Q
t ❛♥❞ Qt ❞❡♥♦t❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ❛♥❞ ♣r♦❜❛❜✐❧✐t② ❣✐✈❡♥ Ft✳

●✐✈❡♥ ♠❛r❦❡t ♣r✐❝❡s ♦❢ t❤❡ ❝❛r❜♦♥ ❛❧❧♦✇❛♥❝❡s✱ t❤❡ r✐s❦✲♥❡✉tr❛❧ ♠❡❛s✉r❡ ♠❛② ❜❡

✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ♠❛r❦❡t ♣r✐❝❡s✳ ❙✐♥❝❡ t❤❡ ♠❛r❦❡t ✐s ❢r✐❝t✐♦♥❧❡ss✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡

✐♥✐t✐❛❧ ❤♦❧❞✐♥❣s ✐♥ ✭❢r❡❡✮ ❛❧❧♦✇❛♥❝❡s✱ Emax✱ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❡q✉✐✈❛❧❡♥t❧② ✐♥ t❡r♠s

♦❢ t❤❡✐r ✈❛❧✉❡ ✐♥ ❝❛s❤ S0E
max✳

■♥ t❤❡ ♣r❡s❡♥t ❝♦♥t❡①t✱ ❛♥❞ ✐♥ ❝♦♥tr❛st ✇✐t❤ t❤❡ st❛♥❞❛r❞ t❛①❛t✐♦♥ ✭❘❡♠❛r❦

✹✳✶✳✶✮✱ ♣r♦❞✉❝t✐♦♥ ✜r♠s ❤❛✈❡ ❛ ❝❧❡❛r ✐♥❝❡♥t✐✈❡ t♦ r❡❞✉❝❡ ❡♠✐ss✐♦♥s ❛s t❤❡② ❤❛✈❡ t❤❡

♣♦ss✐❜✐❧✐t② t♦ s❡❧❧ t❤❡✐r ❛❧❧♦✇❛♥❝❡s ♦♥ t❤❡ ❡♠✐ss✐♦♥ ♠❛r❦❡t✳ ❍❡♥❝❡✱ t❤❡ ✜♥❛♥❝✐❛❧

♠❛r❦❡t ✐♥❞✉❝❡s ❛ ♠✉t✉❛❧✐③❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ❡♠✐ss✐♦♥s✱ ❛♥❞ t❤❡r❡ ✐s ♥♦ ✐♥❝❡♥t✐✈❡ t♦

♠❡r❣❡ ❢♦r t❤❡ s✐♥❣❧❡ ♦❜❥❡❝t✐✈❡ ♦❢ ❛✈♦✐❞✐♥❣ t❤❡ ❝❛r❜♦♥ t❛①❡s✳ ❲❡ ✇✐❧❧ s❡❡ ❤♦✇❡✈❡r

t❤❛t ❧❛r❣❡ ♣r♦❞✉❝❡rs ❝❛♥ ❤❛✈❡ ❛ ♥❡❣❛t✐✈❡ ✐♠♣❛❝t✳

❲❡ ♥♦✇ ❢♦r♠✉❧❛t❡ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜r♠ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡

❡♠✐ss✐♦♥ ♠❛r❦❡t✳ ❚❤❡ ♣r✐♠❛r② ❛❝t✐✈✐t② ♦❢ t❤❡ ✜r♠ ✐s t❤❡ ♣r♦❞✉❝t✐♦♥ ♠♦❞❡❧❡❞ ❜② t❤❡

r❛t❡ qt ❛t t✐♠❡ t✳ ❚❤✐s ❣❡♥❡r❛t❡s ❛ ❣❛✐♥ πt(qt)✳ ❚❤❡ r❡s✉❧t✐♥❣ ❝❛r❜♦♥ ❡♠✐ss✐♦♥s ❛r❡

❣✐✈❡♥ ❜② et(qt)✳ ●✐✈❡♥ t❤❛t t❤❡ ♣r✐❝❡ ♦❢ t❤❡ ❡①t❡r♥❛❧✐t② ✐s ❛✈❛✐❧❛❜❧❡ ♦♥ t❤❡ ♠❛r❦❡t✱

t❤❡ ♣r♦✜t ♦♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, T ] ✐s ❣✐✈❡♥ ❜②✿

∫ T

0
πt(qt)dt− ST

∫ T

0
et(qt)dt. ✭✹✳✶✳✹✮



✹✳✶✳ ❙♠❛❧❧ ♣r♦❞✉❝❡r ✇✐t❤ ♦♥❡✲♣❡r✐♦❞ ❝❛r❜♦♥ ❡♠✐ss✐♦♥ ♠❛r❦❡t ✽✶

■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ♣r♦❞✉❝t✐♦♥ ❛❝t✐✈✐t②✱ t❤❡ ❝♦♠♣❛♥② tr❛❞❡s ❝♦♥t✐♥✉♦✉s❧② ♦♥ t❤❡

❝❛r❜♦♥ ❡♠✐ss✐♦♥s ♠❛r❦❡t✳ ▲❡t {θt, t ≥ 0} ❜❡ ❛♥ F−❛❞❛♣t❡❞ ♣r♦❝❡ss ✇❤✐❝❤ ✐s

S−✐♥t❡❣r❛❜❧❡✳ ❋♦r ❡✈❡r② t ≥ 0✱ θt ✐♥❞✐❝❛t❡s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥tr❛❝ts ♦❢ ❝❛r❜♦♥

❡♠✐ss✐♦♥s ❤❡❧❞ ❜② t❤❡ ❝♦♠♣❛♥② ❛t t✐♠❡ t✳ ❯♥❞❡r t❤❡ s❡❧❢✲✜♥❛♥❝✐♥❣ ❝♦♥❞✐t✐♦♥✱ t❤❡

✇❡❛❧t❤ ❛❝❝✉♠✉❧❛t❡❞ ❜② tr❛❞✐♥❣ ♦♥ t❤❡ ❡♠✐ss✐♦♥ ♠❛r❦❡t ✐s✿

x+

∫ T

0
θtdSt, ✭✹✳✶✳✺✮

✇❤❡r❡ x ✐s t❤❡ s✉♠ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝❛♣✐t❛❧ ♦❢ t❤❡ ❝♦♠♣❛♥② ❛♥❞ t❤❡ ♠❛r❦❡t ✈❛❧✉❡

♦❢ ✐ts ❢r❡❡ ❡♠✐ss✐♦♥ ❛❧❧♦✇❛♥❝❡s ❝♦♥tr❛❝ts✳ ❇② ✭✹✳✶✳✹✮ ❛♥❞ ✭✹✳✶✳✺✮✱ t♦❣❡t❤❡r ✇✐t❤ ❛♥

✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ t❤❡ t♦t❛❧ ✇❡❛❧t❤ ♦❢ t❤❡ ✜r♠ ❛t t✐♠❡ T ✐s

Xθ
T +Bq

T ✭✹✳✶✳✻✮

✇❤❡r❡

Xθ
T := x+

∫ T

0
θtdSt, Bq

T :=

∫ T

0
(πt(qt) − Stet(qt)) dt−

∫ T

0
Eq

t dSt,

❛♥❞

Eq
t :=

∫ t

0
eu(qu)du, ❢♦r ❛❧❧ t ∈ [0, T ].

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ✜r♠ ✐s ❛❧❧♦✇❡❞ t♦ tr❛❞❡ ✇✐t❤♦✉t ❛♥② ❝♦♥str❛✐♥t✳ ❚❤❡♥✱ t❤❡

♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ ♠❛♥❛❣❡r ✐s✿

V (1) := sup
{

E

[
U
(
Xθ

T +Bq
T

)]
: θ ∈ A, q ∈ Q

}
, ✭✹✳✶✳✼✮

✇❤❡r❡ A ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ F−❛❞❛♣t❡❞ ♣r♦❝❡ss❡s s✉❝❤ t❤❛t t❤❡ ♣r♦❝❡ss X ✐s

❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❜② ❛ ♠❛rt✐♥❣❧❡✱ ❛♥❞ Q ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ ♥♦♥✲♥❡❣❛t✐✈❡

F−❛❞❛♣t❡❞ ♣r♦❝❡ss❡s✳

◆♦t✐❝❡ t❤❛t t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧s ✇✐t❤ r❡s♣❡❝t t♦ S ❝❛♥ ❜❡ ❝♦❧❧❡❝t❡❞ t♦❣❡t❤❡r

✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ Xθ
T + Bq

T ✳ s✐♥❝❡ A ✐s ❛ ❧✐♥❡❛r s✉❜s♣❛❝❡✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡

♠❛①✐♠✐③❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ q ❛♥❞ θ ❛r❡ ❝♦♠♣❧❡t❡❧② ❞❡❝♦✉♣❧❡❞✱ t❤✐s ♣r♦❜❧❡♠ ✐s ❡❛s✐❧②

s♦❧✈❡❞ ❜② ♦♣t✐♠✐③✐♥❣ s✉❝❝❡ss✐✈❡❧② ✇✐t❤ r❡s♣❡❝t t♦ q ❛♥❞ θ✳ ❚❤❡ ♣❛rt✐❛❧ ♠❛①✐♠✐③❛t✐♦♥

✇✐t❤ r❡s♣❡❝t t♦ q ♣r♦✈✐❞❡s ❛♥ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ❧❡✈❡❧ q(1) ❞❡✜♥❡❞ ❜② t❤❡ ✜rst ♦r❞❡r

❝♦♥❞✐t✐♦♥✿

∂πt

∂q
(q

(1)
t ) = St

∂et
∂q

(q
(1)
t ). ✭✹✳✶✳✽✮

❇❡❝❛✉s❡ ♦❢ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ πt(.) ❛♥❞ et(.)✱ ✇❡ ❞❡❞✉❝❡ ✐♠♠❡❞✐❛t❡❧② t❤❛t q
(1)
t ✐s

❧❡ss t❤❛♥ t❤❡ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ♦❢ t❤❡ ✜r♠ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛♥② r❡str✐❝t✐♦♥ ♦♥ t❤❡

❡♠✐ss✐♦♥✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ❡♠✐ss✐♦♥ ♠❛r❦❡t ❧❡❛❞s t♦ ❛ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♣r♦❞✉❝t✐♦♥✱

❛♥❞ t❤❡r❡❢♦r❡ ❛ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❝❛r❜♦♥ ❡♠✐ss✐♦♥s✳



✽✷
❈❤❛♣t❡r ✹✳ ❖♣t✐♠❛❧ Pr♦❞✉❝t✐♦♥ P♦❧✐❝② ✉♥❞❡r t❤❡ ❈❛r❜♦♥ ❊♠✐ss✐♦♥

▼❛r❦❡t

❲❡ ♥❡①t t✉r♥ t♦ t❤❡ ♦♣t✐♠❛❧ tr❛❞✐♥❣ str❛t❡❣② ❜② s♦❧✈✐♥❣✿

sup
θ

E

[
U

(
Xx,θ−Eq(1)

T +Bq(1)

)]
✇❤❡r❡ Bq :=

∫ T

0
(πt(qt) − Stet(qt)) dt.

■♥ t❤❡ ♣r❡s❡♥t ❝♦♥t❡①t ♦❢ ❛ ❝♦♠♣❧❡t❡ ♠❛r❦❡t✱ t❤❡ s♦❧✉t✐♦♥ ✐s ❣✐✈❡♥ ❜②✿

x+

∫ T

0

(
θ
(1)
t − Eq(1)

t

)
dSt +Bq(1)

= (U ′)−1

(
y(1)dQ

dP

)

✇❤❡r❡ t❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r y(1) ✐s ❞❡✜♥❡❞ ❜②✿

EQ

[
(U ′)−1

(
y(1)dQ

dP

)]
= x+ EQ

[
Bq(1)

]
.

▲❡t ✉s s✉♠ ✉♣ t❤❡ ♣r❡s❡♥t ❝♦♥t❡①t ♦❢ ❛ s♠❛❧❧ ✜r♠✿

• t❤❡ tr❛❞✐♥❣ ❛❝t✐✈✐t② ♦❢ t❤❡ ❝♦♠♣❛♥② ❤❛s ♥♦ ✐♠♣❛❝t ♦♥ ✐ts ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥

♣♦❧✐❝②✱

• t❤❡ ✜r♠✬s ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ q(1) ✐s s♠❛❧❧❡r t❤❛♥ t❤❛t ♦❢ t❤❡ ❜✉s✐♥❡ss✲❛s✲✉s✉❛❧

s✐t✉❛t✐♦♥✱ s♦ t❤❛t t❤❡ ❡♠✐ss✐♦♥ ♠❛r❦❡t ✐s ✐♥❞❡❡❞ ❛ ❣♦♦❞ t♦♦❧ ❢♦r t❤❡ r❡❞✉❝t✐♦♥

♦❢ ❝❛r❜♦♥ ❡♠✐ss✐♦♥s✱

• t❤❡ ❡♠✐ss✐♦♥ ♠❛r❦❡t ❛ss✐❣♥s ❛ ♣r✐❝❡ t♦ t❤❡ ❡①t❡r♥❛❧✐t② t❤❛t t❤❡ ✜r♠ ♠❛♥❛❣❡r

❝❛♥ ✉s❡ ✐♥ ♦r❞❡r t♦ ♦♣t✐♠✐③❡ ❤✐s ♣r♦❞✉❝t✐♦♥ s❝❤❡♠❡✳

❘❡♠❛r❦ ✹✳✶✳✶ ▲❡t ✉s ❡①❛♠✐♥❡ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡r❡ ✐s ♥♦ ♣♦ss✐❜✐❧✐t② t♦ tr❛❞❡ t❤❡

❝❛r❜♦♥ ❡♠✐ss✐♦♥ ❛❧❧♦✇❛♥❝❡s✳ ❚❤✐s ✐s t❤❡ st❛♥❞❛r❞ t❛①❛t✐♦♥ s②st❡♠ ✇❤❡r❡ α ✐s t❤❡

❛♠♦✉♥t ♦❢ t❛① t♦ ❜❡ ♣❛✐❞ ❛t t❤❡ ❡♥❞ ♦❢ ♣❡r✐♦❞ ♣❡r ✉♥✐t ♦❢ ❝❛r❜♦♥ ❡♠✐ss✐♦♥✳ ❆ss✉♠✐♥❣

❛❣❛✐♥ t❤❛t t❤❡ ✜r♠✬s ❤♦r✐③♦♥ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤✐s ❡♥❞ ♦❢ ♣❡r✐♦❞✱ ✐ts ♦❜❥❡❝t✐✈❡ ✐s✿

V0 := sup
q.∈Q

E

[
U

(∫ T

0
πt(qt)dt− α

(
Eq

T − Emax
)+
)]

✇❤❡r❡ Emax ✐s t❤❡ ❢r❡❡ ❛❧❧♦✇❛♥❝❡s ♦❢ t❤❡ ♠❛r❦❡t✳ ❉✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ ❧❡❛❞s t♦ t❤❡

❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ❧❡✈❡❧✿

∂πt

∂q

(
q
(0)
t

)
= α

∂et
∂q

(
q
(0)
t

)
E

Q(0)

t

[
1R+

(
E

q
(0)
t

T − Emax

)]
✭✹✳✶✳✾✮

✇❤❡r❡

dQ(0)

dP
=

U ′
(
∫ T
0 πt(q

(0)
t )dt− α

(
E

q
(0)
t

T − Emax

)+
)

E

[
U ′

(
∫ T
0 πt(q

(0)
t )dt− α

(
E

q
(0)
t

T − Emax

)+
)] . ✭✹✳✶✳✶✵✮



✹✳✷✳ ▲❛r❣❡ ♣r♦❞✉❝❡r ✇✐t❤ ♦♥❡✲♣❡r✐♦❞ ❝❛r❜♦♥ ❡♠✐ss✐♦♥ ♠❛r❦❡t ✽✸

❚❤❡ ♥❛t✉r❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ✭✹✳✶✳✾✮ ❛♥❞✭✹✳✶✳✶✵✮ ✐s t❤❛t t❤❡ ♣r♦❞✉❝t✐♦♥ ✜r♠ ❛ss✐❣♥s

❛♥ ✐♥❞✐✈✐❞✉❛❧ ♣r✐❝❡ t♦ ✐ts ❡♠✐ss✐♦♥s✿

St := αE
Q(0)

t

[
1R+

(
E

q
(0)
t

T − Emax

)]
, ✭✹✳✶✳✶✶✮

✐✳❡✳ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ t❤❡ ❛♠♦✉♥t ♦❢ t❛① t♦ ❜❡ ♣❛✐❞ ✉♥❞❡r t❤❡ ♠❡❛s✉r❡ Q(0)

❞❡✜♥❡❞ ❜② ❤❡r ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ❛s ❛ ❞❡♥s✐t②✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ Q(0) ✐s t❤❡

s♦✲❝❛❧❧❡❞ r✐s❦✲♥❡✉tr❛❧ ♠❡❛s✉r❡ ✐♥ ✜♥❛♥❝✐❛❧ ♠❛t❤❡♠❛t✐❝s✱ ♦r t❤❡ st♦❝❤❛st✐❝ ❞✐s❝♦✉♥t

❢❛❝t♦r ♦❢ t❤❡ ✜r♠✳ ●✐✈❡♥ t❤✐s ❡✈❛❧✉❛t✐♦♥✱ t❤❡ ✜r♠ ♦♣t✐♠✐③❡s ❤❡r ❛❞❥✉st❡❞ ♣r♦✜t

❢✉♥❝t✐♦♥✱ πt(q) − et(q)St❀

∂πt

∂q
(q(0)) =

∂et
∂q

(q(0))St.

❲❡ ❝♦♥t✐♥✉❡ ❜② ❝♦♠♠❡♥t✐♥❣ ♦♥ t❤❡ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ♣♦❧✐❝② ❞❡✜♥❡❞ ❜② ✭✹✳✶✳✾✮✲

✭✹✳✶✳✶✵✮✿

• ❛ss✉♠✐♥❣ t❤❛t t❤❡ ✜r♠s ❦♥♦✇ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡✐r ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✱ t❤❡ s②st❡♠

♦❢ ❡q✉❛t✐♦♥s ✭✹✳✶✳✾✮✲✭✹✳✶✳✶✵✮ ✐s st✐❧❧ ❛ ♥♦♥tr✐✈✐❛❧ ♥♦♥❧✐♥❡❛r ✜①❡❞ ♣♦✐♥t ♣r♦❜❧❡♠✳

• ❚❤✐s ♣r♦❜❧❡♠ ✇♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❛❜❧② s✐♠♣❧✐✜❡❞ ✐❢ t❤❡ ♠❛♥❛❣❡r ✇❡r❡ t♦ ❦♥♦✇

t❤❡ ♠❛r❦❡t ♣r✐❝❡ ❢♦r ❝❛r❜♦♥ ❡♠✐ss✐♦♥s ✭✹✳✶✳✶✶✮✳ ❇✉t ♦❢ ❝♦✉rs❡✱ ✐♥ t❤❡ ♣r❡s❡♥t

❝♦♥t❡①t✱ t❤✐s ✐s ❛♥ ✐♥❞✐✈✐❞✉❛❧ s✉❜❥❡❝t✐✈❡ ♣r✐❝❡ ✇❤✐❝❤ ✐s ♥♦t q✉♦t❡❞ ♦♥ ❛♥②

✜♥❛♥❝✐❛❧ ♠❛r❦❡t✳

• ❚❤❡ ♣r❡s❡♥t s✐t✉❛t✐♦♥✱ ❜❛s❡❞ ♦♥ ❛ ❝❧❛ss✐❝❛❧ t❛①❛t✐♦♥ ♣♦❧✐❝②✱ ♦✛❡rs ♥♦ ✐♥❝❡♥t✐✈❡

t♦ r❡❞✉❝❡ ❡♠✐ss✐♦♥s ❜❡②♦♥❞ Emax✳ ■♥❞❡❡❞✱ ✐❢ t❤❡ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ✐♥ t❤❡

❛❜s❡♥❝❡ ♦❢ t❛①❡s ♣r♦❞✉❝❡s ❝❛r❜♦♥ ❡♠✐ss✐♦♥s ❜❡❧♦✇ t❤❡ ❧❡✈❡❧ Emax✱ t❤❡♥ ✐t ✐s

✐♥❞❡❡❞ t❤❡ s❛♠❡ ❛s t❤❡ ❜✉s✐♥❡ss✲❛s✲✉s✉❛❧ s✐t✉❛t✐♦♥✳ ❙♦✱ t❤❡ t❛①❛t✐♦♥ ❞♦❡s ♥♦t

❝♦♥tr✐❜✉t❡ t♦ r❡❞✉❝❡ t❤❡ ❝❛r❜♦♥ ❡♠✐ss✐♦♥s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ♦♥❧② ✇❛② t♦

❜❡♥❡✜t ❢r♦♠ ❤❛✈✐♥❣ ❝❛r❜♦♥ ❡♠✐ss✐♦♥s ❜❡❧♦✇ t❤❡ ❧❡✈❡❧ Emax ✐s t♦ ♠❡r❣❡ ✇✐t❤

❛♥♦t❤❡r ✜r♠ ✇❤♦s❡ ❡♠✐ss✐♦♥s ❛r❡ ❛❜♦✈❡ ✐ts ❣✐✈❡♥ ❢r❡❡ ❡♠✐ss✐♦♥s ❛❧❧♦✇❛♥❝❡s✳

❍❡♥❝❡✱ s✉❝❤ ❛ ♣♦❧✐❝② ♣✉ts ❛ ❝❧❡❛r ✐♥❝❡♥t✐✈❡ t♦ ♠❡r❣❡rs✳ ✷

❚❤❡ ❡♠✐ss✐♦♥ ♠❛r❦❡t ♣r♦✈✐❞❡s ❛♥ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❡①t❡r♥❛❧✐t② ♦❢ ❝❛r❜♦♥ ❡♠✐ss✐♦♥s

❜② ✜r♠s✳ ●✐✈❡♥ t❤✐s ✐♥❢♦r♠❛t✐♦♥ t❤❡r❡ ✐s ♥♦ ♠♦r❡ ♥❡❡❞ t♦ ❦♥♦✇ ♣r❡❝✐s❡❧② t❤❡ ✉t✐❧✐t②

❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜r♠ ✐♥ ♦r❞❡r t♦ s♦❧✈❡ t❤❡ ♥♦♥❧✐♥❡❛r s②st❡♠ ✭✹✳✶✳✾✮✲✭✹✳✶✳✶✵✮✳ ❚❤❡

q✉♦t❡❞ ♣r✐❝❡ ♦❢ t❤❡ ❡①t❡r♥❛❧✐t② ✐s t❤❡♥ ✈❡r② ✈❛❧✉❛❜❧❡ ❢♦r t❤❡ ♠❛♥❛❣❡rs ❛s ✐t ❛❧❧♦✇s

t❤❡♠ t♦ ❜❡tt❡r ♦♣t✐♠✐③❡ t❤❡✐r ♣r♦❞✉❝t✐♦♥ s❝❤❡♠❡✳

✹✳✷ ▲❛r❣❡ ♣r♦❞✉❝❡r ✇✐t❤ ♦♥❡✲♣❡r✐♦❞ ❝❛r❜♦♥ ❡♠✐ss✐♦♥

♠❛r❦❡t

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ ❛ ❧❛r❣❡ ❝❛r❜♦♥ ❡♠✐tt✐♥❣ ♣r♦❞✉❝t✐♦♥ ✜r♠✳ ❲❡

s❤❛❧❧ s❡❡ t❤❛t t❤✐s ❧❡❛❞s t♦ ❞✐✛❡r❡♥t ❝♦♥s✐❞❡r❛t✐♦♥s ❛s t❤❡ tr❛❞✐♥❣ ❛❝t✐✈✐t② ✇✐❧❧ ❤❛✈❡

❛♥ ✐♠♣❛❝t ♦♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ♣♦❧✐❝② ♦❢ t❤❡ ❝♦♠♣❛♥②✳



✽✹
❈❤❛♣t❡r ✹✳ ❖♣t✐♠❛❧ Pr♦❞✉❝t✐♦♥ P♦❧✐❝② ✉♥❞❡r t❤❡ ❈❛r❜♦♥ ❊♠✐ss✐♦♥

▼❛r❦❡t

❲❡ ♠♦❞❡❧ t❤✐s s✐t✉❛t✐♦♥ ❜② ❛ss✉♠✐♥❣ t❤❛t t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ Y ✐s ❛✛❡❝t❡❞ ❜② t❤❡

♣r♦❞✉❝t✐♦♥ ♣♦❧✐❝② ♦❢ t❤❡ ✜r♠✿

dY q
t = (µt + βet(qt)) dt+ γtdWt ✭✹✳✷✳✶✮

✇❤❡r❡ β > 0 ✐s ❛ ❣✐✈❡♥ ✐♠♣❛❝t ❝♦❡✣❝✐❡♥t✳ ❚❤❡ ♣r✐❝❡ ♣r♦❝❡ss S ♦❢ t❤❡ ❝❛r❜♦♥

❡♠✐ss✐♦♥ ❛❧❧♦✇❛♥❝❡s ✐s✱ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ❣✐✈❡♥ ❜② t❤❡ ♥♦✲❛r❜✐tr❛❣❡ ✈❛❧✉❛t✐♦♥

♣r✐♥❝✐♣❧❡✿

Sq
t = αQ

q
t

[
Y q

T ≥ κ
]
, ✭✹✳✷✳✷✮

❛♥❞ ✐s ❛❧s♦ ❛✛❡❝t❡❞ ❜② t❤❡ ♣r♦❞✉❝t✐♦♥ ♣♦❧✐❝② q✳ ❚❤❡ ❡q✉✐✈❛❧❡♥t ♠❛rt✐♥❣❛❧❡ ♠❡❛s✉r❡

Qq ✐s ❞❡✜♥❡❞ ❜②

dQq

dP

∣∣∣∣
FT

= exp

(
−
∫ T

0
λt(qt)dWt −

1

2

∫ T

0
λt(qt)

2dt

)
✭✹✳✷✳✸✮

✇❤❡r❡ λ : R+×Ω×R+ −→ R ✐s ❛♥ F−♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡ ♠❛♣✳ ❚❤❡ ❞②♥❛♠✐❝s

♦❢ t❤❡ ♣r✐❝❡ ♣r♦❝❡ss S ❛r❡ ❣✐✈❡♥ ❜②

dSq
t

Sq
t

= σq
t (dWt + λt(qt)dt) , t < T, ✭✹✳✷✳✹✮

✇❤❡r❡ t❤❡ ✈♦❧❛t✐❧✐t② ❢✉♥❝t✐♦♥ σq
t ✐s ♣r♦❣r❡ss✐✈❡❧② ♠❡❛s✉r❛❜❧❡ ❛♥❞ ❞❡♣❡♥❞s ♦♥ t❤❡

❝♦♥tr♦❧ ♣r♦❝❡ss {qs, 0 ≤ s ≤ T}✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤❡ ✇❡❛❧t❤ ♣r♦❝❡ss ♦❢

t❤❡ ❝♦♠♣❛♥② ✐s ❣✐✈❡♥ ❜②✿

Xx,θ
T := x+

∫ T

0
θtdS

q
t ❛♥❞ Bq

T :=

∫ T

0
πt(qt)dt− Sq

T

∫ T

0
et(qt)dt

✹✳✷✳✶ ▲❛r❣❡ ❈❛r❜♦♥ ❡♠✐ss✐♦♥ ✇✐t❤ ♥♦ ✐♠♣❛❝t ♦♥ r✐s❦ ♣r❡♠✐❛

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ ❝❛s❡ ♦❢ ❧❛r❣❡ ❡♠✐tt✐♥❣ ✜r♠ ✇✐t❤

♥♦ ✐♠♣❛❝t ♦♥ t❤❡ r✐s❦ ♣r❡♠✐❛✱ ✐✳❡✳

λt(q) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ q ❢♦r ❛♥② t ≥ 0. ✭✹✳✷✳✺✮

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ ❧❛r❣❡ ❡♠✐tt✐♥❣ ✜r♠ ✐s✿

V
(2)
0 := sup

q·∈Q, θ∈A
E

[
U
(
Xx,θ

T +Bq
T

)]
.

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶ ❆ss✉♠❡ ✭✹✳✷✳✺✮✱ ❛♥❞ t❤❛t t❤❡ ♠❛r❦❡t ✐s ❝♦♠♣❧❡t❡ ✇✐t❤ ✉♥✐q✉❡

r✐s❦✲♥❡✉tr❛❧ ♠❡❛s✉r❡ Q✳ ❚❤❡♥✱ t❤❡ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ♣♦❧✐❝② ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡

✉t✐❧✐t② ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣r♦❞✉❝❡r U ✱ ❛♥❞ ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣✿

sup
q·∈Q

EQ
[
Bq

T

]
. ✭✹✳✷✳✻✮

▼♦r❡♦✈❡r✱ ✐❢ q(2) ✐s ❛♥ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ s❝❤❡♠❡✱ t❤❡♥ t❤❡ ♦♣t✐♠❛❧ ✐♥✈❡st♠❡♥t str❛t✲

❡❣② θ(2) ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜②

Xx,θ(2)

T +Bq(2)

T = (U ′)−1

(
y(2)dQ

dP

)
, x+ EQ

[
Bq(2)

T

]
= EQ

[
(U ′)−1

(
y(2)dQ

dP

)]
.

✭✹✳✷✳✼✮



✹✳✷✳ ▲❛r❣❡ ♣r♦❞✉❝❡r ✇✐t❤ ♦♥❡✲♣❡r✐♦❞ ❝❛r❜♦♥ ❡♠✐ss✐♦♥ ♠❛r❦❡t ✽✺

Pr♦♦❢✳ ❲❡ ✜rst ✜① s♦♠❡ ♣r♦❞✉❝t✐♦♥ str❛t❡❣② q✳ ❙✐♥❝❡ t❤❡ ♠❛r❦❡t ✐s ❝♦♠♣❧❡t❡✱ t❤❡

♣❛rt✐❛❧ ♠❛①✐♠✐③❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ θ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❜② t❤❡ ❝❧❛ss✐❝❛❧ ❞✉❛❧✐t②

♠❡t❤♦❞✿

Xx,θq

T +Bq
T = (U ′)−1

(
yq dQ

dP

)
, ✭✹✳✷✳✽✮

✇❤❡r❡ t❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r yq ✐s ❞❡✜♥❡❞ ❜②

EQ

[
(U ′)−1

(
yq dQ

dP

)]
= x+ EQ

[
Bq

T

]
. ✭✹✳✷✳✾✮

❚❤✐s r❡❞✉❝❡s t❤❡ ♣r♦❜❧❡♠ t♦✿

sup
q.≥0

E

[
U ◦ (U ′)−1

(
yq dQ

dP

)]
. ✭✹✳✷✳✶✵✮

◆♦t✐❝❡ t❤❛t U ◦ (U ′)−1 ✐s ❞❡❝r❡❛s✐♥❣ ❛♥❞ t❤❡ ❞❡♥s✐t② dQ
dP
> 0✳ ❚❤❡♥ ✭✹✳✷✳✶✵✮ r❡❞✉❝❡s

t♦

inf {yq : q· ≥ 0} .

❙✐♥❝❡ (U ′)−1 ✐s ❛❧s♦ ❞❡❝r❡❛s✐♥❣✱ ✭✹✳✷✳✾✮ ❝♦♥✈❡rts t❤❡ ♣r♦❜❧❡♠ ✐♥t♦

sup
{

EQ
[
Bq

T

]
: q· ∈ Q

}
.

❋✐♥❛❧❧②✱ ❣✐✈❡♥ t❤❡ ♦♣t✐♠❛❧ str❛t❡❣② q(2)✱ t❤❡ ♦♣t✐♠❛❧ ✐♥✈❡st♠❡♥t ♣♦❧✐❝② ✐s ❝❤❛r❛❝t❡r✲

✐③❡❞ ❜② ✭✹✳✷✳✽✮✳ ✷

■♥ ♦r❞❡r t♦ ♣✉s❤ ❢✉rt❤❡r t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ♣♦❧✐❝②

q(2)✱ ✇❡ s♣❡❝✐❛❧✐③❡ t❤❡ ❞✐s❝✉ss✐♦♥ t♦ t❤❡ ▼❛r❦♦✈ ❝❛s❡ ❜② ❛ss✉♠✐♥❣ t❤❛t πt(q) =

π(t, qt)✱ et(q) = e(t, qt)✱ ❛♥❞ λt(q) = λ(t) ❢♦r s♦♠❡ ❞❡t❡r♠✐♥✐st✐❝ ❢✉♥❝t✐♦♥s π, e :

R+ × R+ −→ R ✐♥ C0,1(R+ × R+)✱ λ : R+ × R+ −→ R ✐♥ C0(R+)✱ ❛♥❞

dY q
t = (µ(t, Y q

t ) + βe(t, qt)) dt+ γ(t, Y q
t )dWt,

❢♦r s♦♠❡ ❝♦♥t✐♥✉♦✉s ❞❡t❡r♠✐♥✐st✐❝ ❢✉♥❝t✐♦♥s µ, γ : R+ × R −→ R✳

❚❤❡ st❛t❡ ✈❛r✐❛❜❧❡ E ✐s ♥♦✇ ❞❡✜♥❡❞ ❜② t❤❡ ❞②♥❛♠✐❝s

dEq
t = e(t, qt)dt ✭✹✳✷✳✶✶✮

✇❤✐❝❤ r❡❝♦r❞s t❤❡ ❝✉♠✉❧❛t❡❞ ❝❛r❜♦♥ ❡♠✐ss✐♦♥s ♦❢ t❤❡ ❝♦♠♣❛♥②✳ ❚❤❡ ❞②♥❛♠✐❝ ✈❡rs✐♦♥

♦❢ t❤❡ ♣r♦❞✉❝❡r ♣❧❛♥♥✐♥❣ ♣r♦❜❧❡♠ ✭✹✳✷✳✻✮ ✐s ❣✐✈❡♥ ❜②✿

V (2)(t, e, y) := sup
q·∈Q

E
Q
t,e,y

[∫ T

t
π(t, qt)dt− αEq

T1{Y q
T >0}

]
. ✭✹✳✷✳✶✷✮

❚❤❡♥✱ V (2) s♦❧✈❡s t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❡q✉❛t✐♦♥✿

0 =
∂V (2)

∂t
+ (µ− λγ)V (2)

y +
1

2
γ2V (2)

yy

+ max
q≥0

{
π(t, q) + e(t, q)V (2)

e + βe(t, q)V (2)
y

}
, ✭✹✳✷✳✶✸✮



✽✻
❈❤❛♣t❡r ✹✳ ❖♣t✐♠❛❧ Pr♦❞✉❝t✐♦♥ P♦❧✐❝② ✉♥❞❡r t❤❡ ❈❛r❜♦♥ ❊♠✐ss✐♦♥

▼❛r❦❡t

t♦❣❡t❤❡r ✇✐t❤ t❤❡ t❡r♠✐♥❛❧ ❝♦♥❞✐t✐♦♥

V (2)(T, e, y) = −αe1{y>0}. ✭✹✳✷✳✶✹✮

❋♦r t❤❡ ♠♦♠❡♥t ❛ss✉♠❡ t❤❛t t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V (2) ✐s s♠♦♦t❤✳ ❚❤❡♥✱ t❤❡ ♦♣t✐♠❛❧

str❛t❡❣② ✐s ❣✐✈❡♥ ❜②

∂π

∂q

(
t, q(2)

)
= −∂e

∂q

(
t, q(2)

)(
V (2)

e + βV (2)
y

)
(t, e, y).

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V (2) ✐♥ ✭✹✳✷✳✶✷✮✱ ✇❡ ❡①♣❡❝t t❤❛t

− V (2)
e (t, Et, Yt) = St. ✭✹✳✷✳✶✺✮

❚❤❡♥

∂π

∂q

(
t, q

(2)
t

)
=

∂e

∂q

(
t, q

(2)
t

)(
St − V (2)

y (t, Eq(2)

t , Y q(2)

t )
)

✭✹✳✷✳✶✻✮

❆❧s♦✱ ✐t ✐s ❝❧❡❛r t❤❛t V (2) ✐s ♥♦♥✲✐♥❝r❡❛s✐♥❣ ✐♥ y✳ ❚❤❡♥✱ ❝♦♠♣❛r✐♥❣ t❤❡ ♣r❡✈✐♦✉s

❡①♣r❡ss✐♦♥ ✇✐t❤ ✭✹✳✶✳✽✮✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ π ❛♥❞ e t❤❛t✿

q(2) < q(1).

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ♣r♦❞✉❝t✐♦♥ ✜r♠ ♦♥ t❤❡ ♣r✐❝❡s ♦❢ ❝❛r❜♦♥ ❡♠✐ss✐♦♥

❛❧❧♦✇❛♥❝❡s ✐♥❝r❡❛s❡s t❤❡ ❝♦st ♦❢ t❤❡ ❡①t❡r♥❛t❧✐t② ❢♦r t❤❡ ✜r♠✳ ❚❤✐s ✐♠♠❡❞✐❛t❡❧②

❛✛❡❝ts t❤❡ ♣r♦✜t ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜r♠ ❛♥❞ ❧❡❛❞s t♦ ❛ ❞❡❝r❡❛s❡ ♦❢ t❤❡ ❧❡✈❡❧ ♦❢ ♦♣t✐♠❛❧

♣r♦❞✉❝t✐♦♥✳ ❍❡♥❝❡✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❡♠✐ss✐♦♥ ♠❛r❦❡t ✐s ♣❧❛②✐♥❣ ❛ ♣♦s✐t✐✈❡ r♦❧❡ ✐♥

t❡r♠s ♦❢ r❡❞✉❝✐♥❣ t❤❡ ❝❛r❜♦♥ ❡♠✐ss✐♦♥s✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t s❤♦✇s t❤❛t ✉♥❞❡r ❝❡rt❛✐♥ ❛ss✉♠♣t✐♦♥s✱ t❤❡ ❛❜♦✈❡ ❢♦r♠❛❧

❝❛❧❝✉❧❛t✐♦♥ ✐s ✈❛❧✐❞ ✐♥ ♦✉r ♠♦❞❡❧✳

❚❤❡♦r❡♠ ✹✳✷✳✶ ❙✉♣♣♦s❡ t❤❛t µt ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❞❡t❡r♠✐♥✐st✐❝✱ γ ✐s ❝♦♥st❛♥t✱

λ(q) = λ0✱ ❛♥❞ e(q) = e1q + e0 ✇❤❡r❡ λ0✱ e1 ❛♥❞ e0 ❛r❡ ♥♦♥✕♥❡❣❛t✐✈❡ ❝♦♥st❛♥ts✳

❆ss✉♠❡ t❤❛t π ✐s C0,1([0, T ] × R+)✱ str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥ q ❛♥❞

∂π

∂q
(t, 0+) > 0 ❛♥❞

∂π

∂q
(t,∞) < 0.

❚❤❡♥ V
(2)
e ❡①✐sts ❛♥❞ ✭✹✳✷✳✶✺✮ ❤♦❧❞s tr✉❡✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐❢ ♣r♦❜❧❡♠ ✭✹✳✷✳✶✸✮✕✭✹✳✷✳✶✹✮

❤❛s ❛ ❜♦✉♥❞❡❞ s♦❧✉t✐♦♥ ✐♥ C1,1,2([0, T ) × R+ × R)✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ♦♣t✐♠❛❧

♣r♦❞✉❝t✐♦♥ str❛t❡❣② s❛t✐s❢②✐♥❣ ✭✹✳✷✳✶✻✮✳

Pr♦♦❢✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ Ve ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t V ✐s ❝♦♥❝❛✈❡ ♦♥ e ❛♥❞ Pr♦♣♦s✐t✐♦♥

✹✳✺✳✶ ✈❡r✐✜❡s ✭✹✳✷✳✶✺✮✳

❋♦r t❤❡ ❧❛st ❛ss❡rt✐♦♥ ♦❢ t❤❡ ❚❤❡♦r❡♠✱ ♥♦t✐❝❡ t❤❛t ❜② ▲❡♠♠❛ ✭✹✳✹✳✶✮✱ V ✐s t❤❡ ✉♥✐q✉❡

❜♦✉♥❞❡❞ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ ✭✹✳✷✳✶✸✮✕✭✹✳✷✳✶✹✮✳ ❚❤❡r❡❢♦r❡✱ ❜② t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡

❚❤❡♦r❡♠✱ V ∈ C1,1,2([0, T ) × R+ × R) ❛♥❞ ♦♥❡ ❝❛♥ ✉s❡ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣

♣r✐♥❝✐♣❧❡ t♦ ❞❡❞✉❝❡ q(2) ♦❜t❛✐♥❡❞ ❢r♦♠ ✭✹✳✷✳✶✻✮ ✐s ❛♥ ♦♣t✐♠❛❧ str❛t❡❣②✳ ✷



✹✳✷✳ ▲❛r❣❡ ♣r♦❞✉❝❡r ✇✐t❤ ♦♥❡✲♣❡r✐♦❞ ❝❛r❜♦♥ ❡♠✐ss✐♦♥ ♠❛r❦❡t ✽✼

✹✳✷✳✷ ▲❛r❣❡ ❈❛r❜♦♥ ❡♠✐ss✐♦♥ ■♠♣❛❝t✐♥❣ t❤❡ ❘✐s❦✲◆❡✉tr❛❧ ▼❡❛s✉r❡

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✇❤❡r❡ t❤❡ r✐s❦ ♣r❡♠✐✉♠ ♣r♦❝❡ss ✐s ✐♠♣❛❝t❡❞ ❜②

t❤❡ ❡♠✐ss✐♦♥s ♦❢ t❤❡ ♣r♦❞✉❝t✐♦♥ ✜r♠✿

dQq

dP

∣∣∣∣
FT

= exp

(
−
∫ T

0
λ(qt)dWt −

1

2

∫ T

0
λ(qt)

2dt

)
.

❚❤❡ ♣❛rt✐❛❧ ♠❛①✐♠✐③❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ θ✱ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶✱ ✐s

st✐❧❧ ✈❛❧✐❞ ✐♥ t❤✐s ❝♦♥t❡①t✱ ❛♥❞ r❡❞✉❝❡s t❤❡ ♣r♦❞✉❝t✐♦♥ ✜r♠✬s ♣r♦❜❧❡♠ t♦

sup
q·∈Q

E

[
U ◦ (U ′)−1

(
yq dQ

q

dP

)]
✭✹✳✷✳✶✼✮

✇❤❡r❡ yq ✐s ❞❡✜♥❡❞ ❜②

EQq

[
(U ′)−1

(
yq dQ

q

dP

)]
= x+ EQq [

Bq
T

]
. ✭✹✳✷✳✶✽✮

❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤❡ ♣r❡❢❡r❡♥❝❡s ♦❢ t❤❡ ♣r♦❞✉❝t✐♦♥ ✜r♠ ❛r❡ ❞❡✜♥❡❞ ❜② ❛♥ ❡①♣♦✲

♥❡♥t✐❛❧ ✉t✐❧✐t② ❢✉♥❝t✐♦♥

U(x) := −e−ηx, x ∈ R.

❚❤❡♥ U ◦ (U ′)−1(y) = −y/η✱ ❛♥❞ ✭✹✳✷✳✶✼✮ r❡❞✉❝❡s t♦

inf
q.≥0

E

[
yq dQ

q

dP

]
= inf

q.≥0
yq. ✭✹✳✷✳✶✾✮

❋✐♥❛❧❧②✱ t❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t ✭✹✳✷✳✶✽✮ ✐s ✐♥ t❤❡ ♣r❡s❡♥t ❝❛s❡✿

x+ EQq [
Bq

T

]
=

−1

η
EQq

[
ln

(
yq

η

dQq

dP

)]

=
−1

η

{
ln

(
yq

η

)
+ EQq

[
ln

(
dQq

dP

)]}
,

s♦ t❤❛t t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✹✳✷✳✶✾✮ ✐s ❡q✉✐✈❛❧❡♥t t♦✿

sup
q·∈Q

EQq

[
Bq

T +
1

η
ln

(
dQq

dP

)]

= sup
q·∈Q

EQq

[∫ T

0

(
π +

λ2

2η

)
(t, qt)dt− Sq

T

∫ T

0
et(qt)dt

]
. ✭✹✳✷✳✷✵✮

◆♦t✐❝❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛❜♦✈❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ❞❡t❡r♠✐♥❡s

t❤❡ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ♣♦❧✐❝② ♦❢ t❤❡ ♣r♦❞✉❝t✐♦♥ ✜r♠✱ ❛♥❞ t❤❡ ♣r♦❜❧❡♠ ✭✹✳✷✳✻✮✳ ■♥

t❤❡ ♣r❡s❡♥t s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ r✐s❦ ♣r❡♠✐✉♠ ♣r♦❝❡ss ✐s ✐♠♣❛❝t❡❞ ❜② t❤❡ ❝❛r❜♦♥

❡♠✐ss✐♦♥s ♦❢ t❤❡ ✜r♠✱ t❤❡ ✜r♠✬s ♦♣t✐♠✐③❛t✐♦♥ ❝r✐t❡r✐♦♥ ✐s ♣❡♥❛❧✐③❡❞ ❜② t❤❡ ❡♥tr♦♣②

♦❢ t❤❡ r✐s❦✲♥❡✉tr❛❧ ♠❡❛s✉r❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ st❛t✐st✐❝❛❧ ♠❡❛s✉r❡✳



✽✽
❈❤❛♣t❡r ✹✳ ❖♣t✐♠❛❧ Pr♦❞✉❝t✐♦♥ P♦❧✐❝② ✉♥❞❡r t❤❡ ❈❛r❜♦♥ ❊♠✐ss✐♦♥

▼❛r❦❡t

❚❤❡ ✜r♠✬s ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ♣r♦❜❧❡♠ ✭✹✳✷✳✷✵✮ ✐s ❛ st❛♥❞❛r❞ st♦❝❤❛st✐❝ ❝♦♥tr♦❧

♣r♦❜❧❡♠✳ ❲❡ ❝♦♥t✐♥✉❡ ♦✉r ❞✐s❝✉ss✐♦♥ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ▼❛r❦♦✈ ❝❛s❡✱ ❛♥❞ ✐♥tr♦❞✉❝✲

✐♥❣ t❤❡ ❞②♥❛♠✐❝ ✈❡rs✐♦♥ ♦❢ ✭✹✳✷✳✷✵✮✿

V (3)(t, e, y) := sup
q·∈Q

E
Qq

(t,e,y)

[∫ T

t

(
π +

λ2

2η

)
(t, qt)dt− Eq

Tα1{Y q
T ≥0}

]
, ✭✹✳✷✳✷✶✮

✇❤❡r❡ t❤❡ ❝♦♥tr♦❧❧❡❞ st❛t❡ ❞②♥❛♠✐❝s ✐s ❣✐✈❡♥ ❜②✿

dY q
t = (µ(t, Y q

t ) + βe(t, qt) − γ(t, Y q
t )λ(t, qt)) dt+ γ(t, Y q

t )dW q
t ,

dEq
t = e(t, qt)dt,

W q ✐s ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✉♥❞❡r Qq✱ ❛♥❞ µ, e, γ, λ ❛r❡ ❛s ✐♥ ✭❍✶✮✕✭❍✷✮✳
❇② ❝❧❛ss✐❝❛❧ ❛r❣✉♠❡♥ts✱ ✇❡ t❤❡♥ s❡❡ t❤❛t V (3) s♦❧✈❡s t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣

❡q✉❛t✐♦♥✿

0 =
∂V (3)

∂t
+ µV (3)

y +
1

2
γ2V (3)

yy ✭✹✳✷✳✷✷✮

+ max
q∈R+

{
π(t, q) +

1

2η
λ(t, q)2 + e(t, q)(V (3)

e + βV (3)
y ) − γλ(t, q)V (3)

y

}

t♦❣❡t❤❡r ✇✐t❤ t❤❡ t❡r♠✐♥❛❧ ❝♦♥❞✐t✐♦♥

V (3)(T, e, y) = −αe1{y>0}. ✭✹✳✷✳✷✸✮

■♥ t❡r♠s ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V (3)✱ t❤❡ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ♣♦❧✐❝② ✐s ♦❜t❛✐♥❡❞ ❛s t❤❡

♠❛①✐♠✐③❡r ✐♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥✳ ❯♥❞❡r t❤❡ t❡❝❤♥✐❝❛❧ ❆ss✉♠♣t✐♦♥ ✭✹✳✹✳✷✮ ❜❡❧♦✇✱

❛♥ ✐♥t❡r✐♦r ♠❛①✐♠✉♠ ♦❝❝✉rs✱ ❛♥❞ ✐❢ V (3) ✐s r❡❣✉❧❛r ❡♥♦✉❣❤✱ t❤❡♥ t❤❡ ✜rst ♦r❞❡r

❝♦♥❞✐t✐♦♥ ✐s✿

∂π

∂q
(q(3)) +

1

η
(λ
∂λ

∂q
)(q(3)) +

∂e

∂q
(q(3))(V (3)

e + βV (3)
y ) − γ

∂λ

∂q
(q(3))V (3)

y = 0, ✭✹✳✷✳✷✹✮

✇❤❡r❡ t❤❡ ❞❡♣❡♥❞❡♥❝② ✇✐t❤ r❡s♣❡❝t t♦ (t, e, y) ❤❛s ❜❡❡♥ ♦♠✐tt❡❞ ❢♦r s✐♠♣❧✐❝✐t②✳ ❆s

❜❡❢♦r❡✱ ✇❡ ❡①♣❡❝t t❤❛t t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✭✹✳✷✳✷✶✮ ✐s r❡❣✉❧❛r ❡♥♦✉❣❤ ❛♥❞ t❤❛t t❤❡

♣r✐❝❡ ♦❢ t❤❡ ❝❛r❜♦♥ ❡♠✐ss✐♦♥s ❛❧❧♦✇❛♥❝❡ ❝♦♥tr❛❝t✱ ❛s ♦❜s❡r✈❡❞ ♦♥ t❤❡ ❡♠✐ss✐♦♥ ♠❛r❦❡t✱

✐s ❣✐✈❡♥ ❜②✿

St = −V (3)
e (t, Et, Yt). ✭✹✳✷✳✷✺✮

❚❤❡♥✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ♣♦❧✐❝② ♦❢ t❤❡ ✜r♠ ✐s ❞❡✜♥❡❞ ❜②✿

∂π

∂q
(t, q(3)) =

∂e

∂q
(t, q(3))

(
St − βV (3)

y (t, Yt, Et)
)

+
∂λ

∂q
(t, q(3))

(
γV (3)

y (t, Yt, Et) −
1

η
λ(t, q(3))

)
. ✭✹✳✷✳✷✻✮

❚❤❡ ❧❛tt❡r ❡①♣r❡ss✐♦♥ ✐s t❤❡ ♠❛✐♥ ❢♦r♠✉❧❛ ❢♦r ♦✉r ✜♥❛♥❝✐❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ❛♥❞ ♦✉r

s✉❜s❡q✉❡♥t ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts✳ ■♥ ❝♦♥tr❛st ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡ ✇❤❡r❡ t❤❡



✹✳✸✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✽✾

r✐s❦✲♣r❡♠✐✉♠ ♣r♦❝❡ss ✇❛s ♥♦t ✐♠♣❛❝t❡❞ ❜② t❤❡ ❝❛r❜♦♥ ❡♠✐ss✐♦♥s ♦❢ t❤❡ ❧❛r❣❡ ✜r♠✱

✇❡ ❝❛♥ ♥♦t ❝♦♥❝❧✉❞❡ ❢r♦♠ t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛ t❤❛t q(3) ✐s s♠❛❧❧❡r t❤❛♥ q(1)❀ r❡❝❛❧❧

t❤❛t t❤❡ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ♣♦❧✐❝② ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ ✜♥❛♥❝✐❛❧ ♠❛r❦❡t ❞❡✜♥❡❞ ❜②

∂π

∂q
(t, q(1)) =

∂e

∂q
(t, q(1))St.

❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ t❡r♠

−∂e
∂q

(t, q(3))βV (3)
y (t, Yt, Et) +

∂λ

∂q
(t, q(3))

(
γV (3)

y (t, Yt, Et) −
1

η
λ(t, q(3))

)

❤❛s ♥♦ ❦♥♦✇♥ s✐❣♥✱ ❛♥❞ t❤❡r❡ ✐s ♥♦ ❡❝♦♥♦♠✐❝ ❛r❣✉♠❡♥t s✉♣♣♦rt✐♥❣ t❤❛t ✐t s❤♦✉❧❞

❤❛✈❡ s♦♠❡ s♣❡❝✐✜❝ s✐❣♥✳ ❚❤❡ ❡❝♦♥♦♠✐❝ ✐♥t✉✐t✐♦♥ ❤✐❞❞❡♥ ✐♥ t❤✐s t❡r♠ ✐s t❤❛t t❤❡ ❧❛r❣❡

♣r♦❞✉❝❡r ♠❛② t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❤✐s ✐♠♣❛❝t ♦♥ t❤❡ ❡♠✐ss✐♦♥ ♠❛r❦❡t ❜② ♠❛♥✐♣✉❧❛t✐♥❣

t❤❡ ♣r✐❝❡s s♦ ❛s t♦ ❛❝❤✐❡✈❡ ❛ ♣r♦✜t ❢r♦♠ ✐ts tr❛❞✐♥❣ ❛❝t✐✈✐t② ✇❤✐❝❤ ❝♦♠♣❡♥s❛t❡s ❛

❤✐❣❤❡r ♣r♦❞✉❝t✐♦♥ ❛❝t✐✈✐t② ✐♥❞✉❝✐♥❣ ❧❛r❣❡r ❝❛r❜♦♥ ❡♠✐ss✐♦♥s✳ ■♥ t❤❡ ♣r❡s❡♥t s✐t✉❛✲

t✐♦♥✱ ✇❡ s❡❡ t❤❛t t❤❡ ❡♠✐ss✐♦♥ ♠❛r❦❡t ❤❛s ❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ❝❛r❜♦♥ ❡♠✐ss✐♦♥s✿

t❤❡ ❧❛r❣❡ ✜r♠ ♠❛② ♦♣t✐♠❛❧❧② ❝❤♦♦s❡ t♦ ✐♥❝r❡❛s❡ ✐ts ❝❛r❜♦♥ ❡♠✐ss✐♦♥s t❤✉s ✐♥❝r❡❛s✐♥❣

✐ts ♣r♦✜t ❜② ♠❡❛♥s ♦❢ ✐ts ❛❜✐❧✐t② t♦ ♠❛♥✐♣✉❧❛t❡ t❤❡ ✜♥❛♥❝✐❛❧ ♠❛r❦❡t✳

◆❡①t ❚❤❡♦r❡♠ s❤♦✇s t❤❛t ❢♦r s♦♠❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts✱ ✭✹✳✷✳✷✺✮ ❤♦❧❞s tr✉❡

❛♥❞ ✇❡ ❤❛✈❡ t❤❡ r❡❧❛t✐♦♥ ✭✹✳✷✳✷✻✮✳

❚❤❡♦r❡♠ ✹✳✷✳✷ ❙✉♣♣♦s❡ t❤❛t µt ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❞❡t❡r♠✐♥✐st✐❝✱ γ ✐s ❝♦♥st❛♥t✱

e(q) = e1q+ e0 ❛♥❞ λ(q) = λ1q+ λ0✱ ❛♥❞ π̃t(q) := πt(q) + λ(q)2

2η ✐s ❞❡t❡r♠✐♥✐st✐❝ ❛♥❞

str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥ q ✇✐t❤

π̃′t(0) > 0 ❛♥❞ π̃′t(−∞) < 0.

❚❤❡♥ V
(3)
e ❡①✐sts ❛♥❞ ✭✹✳✷✳✷✺✮ ❤♦❧❞s tr✉❡✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐❢ ♣r♦❜❧❡♠ ✭✹✳✷✳✷✷✮✕✭✹✳✷✳✷✸✮

❤❛s ❛ s♦❧✉t✐♦♥ ✐♥ C1,1,2([0, T ) × R+ × R)✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥

str❛t❡❣② s❛t✐s❢②✐♥❣ ✭✹✳✷✳✷✻✮✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s t❤❡ s❛♠❡ ❧✐♥❡ ♦❢ ❛r❣✉♠❡♥t ❛s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✷✳✶✳

✷

✹✳✸ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts

✹✳✸✳✶ ❆ ❧✐♥❡❛r✲q✉❛❞r❛t✐❝ ❡①❛♠♣❧❡

❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✐s t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♦♣t✐♠❛❧

str❛t❡❣②

∂π

∂q
(t, q(3)) =

∂e

∂q
(t, q(3))

(
St − βV (3)

y (t, Yt, Et)
)

+
∂λ

∂q
(t, q(3))

(
γV (3)

y (t, Yt, Et) −
1

η
λ(t, q(3))

)
✭✹✳✸✳✶✮



✾✵
❈❤❛♣t❡r ✹✳ ❖♣t✐♠❛❧ Pr♦❞✉❝t✐♦♥ P♦❧✐❝② ✉♥❞❡r t❤❡ ❈❛r❜♦♥ ❊♠✐ss✐♦♥

▼❛r❦❡t

❛♥❞ ♠♦r❡ ♣r❡❝✐s❡❧② ✜♥❞ ❛♥ ❡①❛♠♣❧❡ ✇❤❡r❡ q(3) > q(1)✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ❊q✉❛t✐♦♥

Vt + µVy +
1

2
γ2Vyy + max

q≥0
θ(q, Ve, Vy) = 0 ✭✹✳✸✳✷✮

✇❤❡r❡ θ ✐s ❞❡✜♥❡❞ ❜②

θ(q, Ve, Vy) = π(t, q) +
1

2η
λ(t, q)2 + e(t, q)(V (3)

e + βV (3)
y ) − γλ(t, q)V (3)

y ,

❛♥❞ ✇✐t❤ t❤❡ t❡r♠✐♥❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

V (T, e, y) = −αe1{y≥0}.

❍❡r❡✱ ✇❡ ❝♦♥s✐❞❡r ❛ s✐♠♣❧❡ ❝❛s❡ ✇❤❡r❡

π(q) = q(1 − q), e(q) = λ(q) = q, β = 1, ❛♥❞ α = 1.

◆♦t❡ t❤❛t t❤✐s ❡①❛♠♣❧❡ s❛t✐s✜❡s t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✹✳✷✳✷✳ ❙♦✱ Ve = −St

❛♥❞ t❤❡r❡❢♦r❡ ♦♥❡ ❝❛♥ ❝♦♠♣❛r❡ q(1)✱ q(2) ❛♥❞ q(3)✳ ■t ❢♦❧❧♦✇s t❤❛t

θ(q, Ve, Vy) = −
(

1 − 1

2η

)
q2 + (1 + Ve + (1 − γ)Vy) q.

❲❡ ♥❡①t ❛ss✉♠❡ t❤❛t η > 1
2 s♦ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ θ ✐s str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥ t❤❡ q

✈❛r✐❛❜❧❡✳ ❚❤❡♥✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥

♣♦❧✐❝② ✐s ❣✐✈❡♥ ❜②✿

q(3) =
1

2ρ
(1 + Ve + (1 − γ)Vy)

✇✐t❤ ρ =
(
1 − 1

2η

)
✱ ❛♥❞

max
q≥0

θ(q, Ve, Vy) =
1

4ρ
(1 + Ve + (1 − γ)Vy)

2 .

❚❤❡♥✱ t❤❡ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ❊q✉❛t✐♦♥ ✭✹✳✸✳✷✮ r❡❞✉❝❡s t♦✿

Vt + µVy +
1

2
γ2Vyy +

1

4ρ
(1 + Ve + (1 − γ)Vy)

2 = 0. ✭✹✳✸✳✸✮

◆♦t❡ t❤❛t✱ ✐♥ ♦r❞❡r t♦ t♦ ❝♦♠♣❛r❡ ✇✐t❤ q(1)✱ ♦♣t✐♠❛❧ str❛t❡❣② ✭✹✳✸✳✶✮ ❝♦✉❧❞ ❜❡ ✇r✐tt❡♥

❛s✿

π′
(
q(3)
)

= e′
(
q(3)
)
St − τ(e, y),

✇❤❡r❡ t❤❡ ❝♦rr❡❝t✐♦♥ t❡r♠ τ(e, y) ✐s ❞❡✜♥❡❞ ❜②

τ(e, y) =
2η(1 − γ)

2η − 1
Vy +

1

2η − 1
(1 + Ve).

❚❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ ♦✉r ♥✉♠❡r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s t♦ ❡①❤✐❜✐t ❡①❛♠♣❧❡s ♦❢ ♣❛✲

r❛♠❡t❡rs ✇❤✐❝❤ ✐♥❞✉❝❡ τ(e, y) < 0✱ ♦r ❡q✉✐✈❛❧❡♥t❧② ✐♥ t❡r♠s ♦❢ t❤❡ ♦♣t✐♠❛❧ str❛t❡❣②

q(3) > q(1)✳



✹✳✸✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✾✶

✹✳✸✳✷ ◆✉♠❡r✐❝❛❧ s❝❤❡♠❡

❚❤❡ ✜rst st❡♣ ✐s t♦ s❡t ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ [0, Le] × [−Ly, Ly] ❢♦r t❤❡

(e, y) s♣❛❝❡ ❞♦♠❛✐♥ ❛♥❞ ❞✐s❝r❡t✐③❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❜② t❤❡ ❣r✐❞ {(ei, yj)}i,j ✳

❙✐♥❝❡ ✇❡ ❞❡❛❧ ✇✐t❤ ♥♦♥✲❧✐♥❡❛r ❛❞✈❡❝t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ ♣❤❡♥♦♠❡♥❛✱ ✐t ✐s ♥❛t✉r❛❧ t♦

❝♦♥s✐❞❡r ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

▲❡t ∆t ❜❡ t❤❡ t✐♠❡ st❡♣ ❛♥❞ t(k) = k∆t✱ ❢♦r k = 0, · · · , n := ⌊ T
∆t⌋✳ ❲❡ s❡t t❤❡

❞✐s❝r❡t❡ t❡r♠✐♥❛❧ ❞❛t❛ V t(n)

ij = −ei1{yj≥0}✳

❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ✐♥ s♦❧✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ✭✹✳✸✳✸✮ ✐s t❤❡ s❡♠✐✲❧✐♥❡❛r t❡r♠s✳ ■♥

♦r❞❡r t♦ ♦✈❡r❝♦♠❡ t❤✐s ❞✐✣❝✉❧t②✱ ✇❡ ✉s❡❞ ❛ t✐♠❡✲s♣❧✐tt✐♥❣ ❞✐s❝r❡t✐③❛t✐♦♥ ✇❤✐❝❤ ❞✐✈✐❞❡s

♦✉r s❝❤❡♠❡ ✐♥t♦ t✇♦ st❡♣s✿

• ❙t❡♣ ✶✿ ✇❡ ✉s❡ ❛♥ ✐♠♣❧✐❝✐t ✜♥✐t❡✲❞✐✛❡r❡♥❝❡s s❝❤❡♠❡ t♦ s♦❧✈❡ t❤❡ ❞✐✛✉s✐♦♥ ♣❛rt

♦❢ t❤❡ ♠♦❞❡❧✳ ❚❤✐s ♠❡❛♥s t❤❛t ♦♥ ❛ t✐♠❡ st❡♣ [t(n), t(n+1)]✱ ✇❡ s♦❧✈❡

Vt +
1

2
γ2Vyy = 0. ✭✹✳✸✳✹✮

• ❙t❡♣ ✷✿ ✇❡ s♦❧✈❡ t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❛❞✈❡❝t✐♦♥ ♣❛rt ✇✐t❤ t❤❡ ♥♦♥✲❧✐♥❡❛r

❡✛❡❝ts

Vt + µVy +
1

4ρ
(1 + Ve + (1 − γ)Vy)

2 = 0. ✭✹✳✸✳✺✮

■♥ t❤✐s ✐♠♣♦rt❛♥t ♣❛rt✱ ✇❡ ✉s❡❞ ❛ r❡❧❛①❛t✐♦♥ s❝❤❡♠❡ ✐♥tr♦❞✉❝❡❞ ❜② ❈✳ ❇❡ss❡

❬✶✵❪✳ ❚❤❡ s❝❤❡♠❡ ✐s ❝♦♥str✉❝t❡❞ ❛s ❢♦❧❧♦✇✿ ❲❡ r❡✇r✐t❡ ✭✹✳✸✳✺✮ ❛s t❤❡ s②st❡♠ ♦❢

t✇♦ ❡q✉❛t✐♦♥s✿

Vt + µVy +
1

4ρ
(1 + Ve + (1 − γ)Vy)ϕ = 0, ✭✹✳✸✳✻✮

ϕ = 1 + Ve + (1 − γ)Vy ✭✹✳✸✳✼✮

✇❤✐❝❤ ❛r❡ s♦❧✈❡❞ ✉s✐♥❣ ❛ ❧❡❛♣✲❢r♦❣ s❝❤❡♠❡ ✐♥ t✐♠❡✳

❈♦♠♣❛r❡❞ t♦ t❤❡ ❈r❛♥❦✲◆✐❝❤♦❧s♦♥ s❝❤❡♠❡✱ ✇❤✐❝❤ ✐s ❛❧s♦ ❜❛s❡❞ ♦♥ ❛ t✐♠❡✲❝❡♥t❡r✐♥❣

♠❡t❤♦❞✱ t❤✐s s❝❤❡♠❡ ❛❧❧♦✇s ✉s t♦ ❛✈♦✐❞ ❛ ❝♦st❧② ♥✉♠❡r✐❝❛❧ tr❡❛t♠❡♥t ♦❢ t❤❡ ♥♦♥❧✐♥✲

❡❛r✐t② ❛♥❞ t♦ ♣r❡s❡r✈❡ t❤❡ ✢❡①✐❜✐❧✐t② ♦❢ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ❝❤♦✐❝❡✳

✹✳✸✳✸ ❘❡s✉❧ts

❋♦r ♣❛r❛♠❡t❡rs µ = 0.1✱ γ = 0.65✱ η = 5 ❛♥❞ t❤❡ ✜♥❛❧ t✐♠❡ ✐s T = 10 ✇❡ ♣r♦❞✉❝❡❞

t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✳



✾✷
❈❤❛♣t❡r ✹✳ ❖♣t✐♠❛❧ Pr♦❞✉❝t✐♦♥ P♦❧✐❝② ✉♥❞❡r t❤❡ ❈❛r❜♦♥ ❊♠✐ss✐♦♥

▼❛r❦❡t

❋✐❣✉r❡ ✹✳✶✿ ❚❡r♠✐♥❛❧ ❜♦✉❞❛r② ❝♦♥❞✐t✐♦♥ V (3)(T = 10, e, y)

❋✐❣✉r❡ ✹✳✷✿ ❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❡q✉❛t✐♦♥ V 3(e, y) ❛t t✐♠❡

t = 0.2



✹✳✹✳ ❯♥✐q✉❡♥❡ss ❛♥❞ ✈❡r✐✜❝❛t✐♦♥ ✾✸

❋✐❣✉r❡ ✹✳✸✿ ❚❤❡ ❞✐✛❡r❡♥❝❡ t❡r♠ τ(e, y) ❛t t✐♠❡ t = 0.2

❚❤❡ ❜❧✉❡ r❡❣✐♦♥ s❤♦✇s t❤❡ ❝♦✉♣❧❡s (e, y) ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ q(3) > q(2) ❛♥❞

t❤❡r❡❢♦r❡ ✇✐t❤✐♥ t❤✐s r❡❣✐♦♥ t❤❡ ❧❛r❣❡ ♣r♦❞✉❝❡r ♦♣t✐♠❛❧❧② ✐♥❝r❡❛s❡s ❤❡r ♣r♦❞✉❝t✐♦♥✳

✹✳✹ ❯♥✐q✉❡♥❡ss ❛♥❞ ✈❡r✐✜❝❛t✐♦♥

▲❡t

V (t, e, y) = sup
q·∈Q

Et,e,y

[∫ T

t
π̃(s, qs)❞s− αEq,e

T 1{Y q,y
T ≥κ}

]
, ✭✹✳✹✳✶✮

✇❤❡r❡

dY q
t =

(
µ(t, Y q

t ) + βe(t, qt) + γ(t, Yt)λ(t, qt)
)
dt+ γ(t, Y q

t )dWt,

dEq
t = et(q)dt

✇✐t❤ π, e : R+ × R+ −→ R ✐♥ C0,1(R+ × R+)✱ λ : R+ × R+ −→ R ❛r❡ ✐♥ C0(R+)✱

µ, γ : R+ × R −→ R ❛r❡ ❝♦♥t✐♥✉♦✉s ✐♥ t ❛♥❞ ▲✐♣s❝❤✐t③ ✐♥ y✱ ❛♥❞ γ ≥ 0✳

◆♦t✐❝❡ t❤❛t V = V (2) ♦r V (3) ✇❤❡♥ π̃ := π ♦r π + λ2

2η ✱ r❡s♣❡❝t✐✈❡❧②✳ ❆❧s♦ ❢♦r

s✐♠♣❧✐❝✐t②✱ t❤❡ ❞❡♣❡♥❞❡♥❝② ♦❢ ♠❛rt✐♥❣❛❧❡ ♠❡❛s✉r❡ ✇✐t❤ r❡s♣❡❝t t♦ q ✐♥ t❤❡ ❞❡✜♥✐✲

t✐♦♥ ♦❢ V (2) ♦r V (3) ✐s ❛❜s♦r❜❡❞ ✐♥ t❤❡ ❞②♥❛♠✐❝ ♦❢ Y q
t ✳ ❚❤❡r❡❢♦r❡ ✐♥ t❤❡ ❝✉rr❡♥t

❆♣♣❡♥❞✐① t❤❡ r❡❢❡r❡♥❝❡ ❡①♣❡❝t❛t✐♦♥ E ✐s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡❛s✉r❡ P ✉♥❞❡r ✇❤✐❝❤

t❤❡ ❞②♥❛♠✐❝ ♦❢ Y q
t ✐s ❛s ✐♥ t❤❡ ❛❜♦✈❡✳

❚❤r♦✉❣❤♦✉t t❤❡ ❆♣♣❡♥❞✐①✱ ✇❡ s✉♣♣♦s❡

(i) π̃, e, ❛♥❞ λ ❛r❡ ✐♥ C0,1([0, T ] × R+),

(ii) e ✐s ❝♦♥✈❡① ❛♥❞, λ ❛♥❞ e ❛r❡ ✐♥❝r❡❛s✐♥❣ ✐♥ q, ✭✹✳✹✳✷✮

(iii) π̃ ✐s str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥ q ,
∂π̃

∂q
(t, 0+) > 0 ❛♥❞

∂π̃

∂q
(t,∞) < 0.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ✐s ♥❡❡❞❡❞ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✹✳✷✳✷ ❛♥❞ ✹✳✷✳✶✳



✾✹
❈❤❛♣t❡r ✹✳ ❖♣t✐♠❛❧ Pr♦❞✉❝t✐♦♥ P♦❧✐❝② ✉♥❞❡r t❤❡ ❈❛r❜♦♥ ❊♠✐ss✐♦♥

▼❛r❦❡t

▲❡♠♠❛ ✹✳✹✳✶ ❚❤❡r❡ ❡①✐sts s♦♠❡ q s✉❝❤ t❤❛t✿

V (t, e, y) = sup
q·∈Q

Et,e,y

[∫ T

t
π̃(t, qt)dt− Eq

Tα1{Y q
T ≥0}

]
, ✭✹✳✹✳✸✮

✇❤❡r❡ Q ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ q· ∈ Q ✇✐t❤ 0 ≤ q ≤ q✳

Pr♦♦❢✳ ❇② ✭✹✳✹✳✷✮✭✐✮✱ ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ q s✉❝❤ t❤❛t π̃(q) < 0 ❛♥❞ π̃ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥

q ∈ [q,∞)✳ ❚❤❡r❡❢♦r❡✱ ✐❢ q̃ := q ∧ q✱ t❤❡♥ E q̃,e ≤ Eq,e ❛♥❞ π̃(q̃) ≥ π̃(q)✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ❚❤❡♦r❡♠ ✶✳✶ ✐♥ ❬✸✼❪✱ Y q̃,y
T ≤ Y q,y

T ❛✳s✳✳ ❚❤❡r❡❢♦r❡✱

J(q̃) ≥ J(q) ❛✳s✳,

✇❤❡r❡ J(q) :=
∫ T
t π̃(t, qt)dt− Eq

Tα1{Y q
T ≥0}✳ ✷

❚❤❡ ♥❡①t r❡s✉❧t st❛t❡s t❤❛t V ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ P❉❊ ❚❤❡r❡❢♦r❡✱ V

s♦❧✈❡s t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❡q✉❛t✐♦♥✿

0 =
∂V

∂t
+ µVy +

1

2
γ2Vyy ✭✹✳✹✳✹✮

+ max
0≤q≤q

{π̃(t, q) + e(t, q)(Ve + βVy) − γλ(t, q)Vy}

t♦❣❡t❤❡r ✇✐t❤ t❤❡ t❡r♠✐♥❛❧ ❝♦♥❞✐t✐♦♥

V (T, e, y) = −αe1{y>0}. ✭✹✳✹✳✺✮

❚❤❡♦r❡♠ ✹✳✹✳✶ ▲❡t ✭✹✳✹✳✷✮ ❤♦❧❞ tr✉❡✳ ❚❤❡♥ V ✐s t❤❡ ✉♥✐q✉❡ ❜♦✉♥❞❡❞ ✈✐s❝♦s✐t② s♦✲

❧✉t✐♦♥ ♦❢ ✭✹✳✹✳✹✮✲✭✹✳✹✳✺✮ ♦♥ [0, T ] × R+ × R✳

Pr♦♦❢✳ ◆♦t✐❝❡ t❤❛t ♦♥❡ ❝❛♥ ✇r✐t❡ ✭✹✳✹✳✹✮ ❛s

0 =
∂V

∂t
+H(t, y, Vy, Ve, Vyy)

✇❤❡r❡

H(t, y, v1, v2, v11) := µ(t, y)v1 +
1

2
γ2(t, y)v11

+ max
q≥q≥0

{π̃(t, q) + e(t, q)(v2 + βv1) − γ(t, y)λ(t, q)v1} .

❇② ❝♦♥t✐♥✉✐t② ♦❢ H✱ ♦♥❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✼✳✹ ✐♥ ❬✺✽❪ t♦ ♦❜t❛✐♥ t❤❛t V s❛t✐s✜❡s

✭✹✳✹✳✹✮ ✐♥ ✈✐s❝♦s✐t② s❡♥s❡ ♦♥ [0, T ) × R+ × R✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r ❛♥② q ∈ Q✱ 1{Y t,(q,y)
T ≥κ} ❛♥❞ E

t,(q,e)
T ❝♦♥✈❡r❣❡s t♦ 1{y≥κ}

❛♥❞ e ❛✳s✳ ❛s t → T ✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡r❡❢♦r❡✱ ❜② ▲❡❜❡s❣✉❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡

❚❤❡♦r❡♠

lim
t→T

V (t, e, y) = −αe1{y≥κ} = V (T, e, y).

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t V ✐s t❤❡ ❜♦✉♥❞❡❞ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞✲

❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ✭✹✳✹✳✹✮✕✭✹✳✹✳✺✮✳

❚❤❡ ✉♥✐q✉❡♥❡ss ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡ ❢♦r ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ✐♥ ❬✺✽❪✳

✷



✹✳✺✳ ❊①✐st❡♥❝❡ ♦❢ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ♣♦❧✐❝② ✾✺

✹✳✺ ❊①✐st❡♥❝❡ ♦❢ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ♣♦❧✐❝②

❲❡ ✜rst s❤♦✇ t❤❛t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ♣♦❧✐❝②❛❧❧♦✇s t♦ r❡❧❛t❡ t❤❡

✈❛❧✉❡ ❢✉♥❝t✐♦♥ V t♦ t❤❡ ♠❛r❦❡t ♣r✐❝❡ ♦❢ ❝❛r❜♦♥ ❛❧❧♦✇❛♥❝❡ St✳

▲❡♠♠❛ ✹✳✺✳✶ ▲❡t t❤❡ ❛ss✉♠♣t✐♦♥ ✭✹✳✹✳✷✮ ❤♦❧❞ tr✉❡✳ ■❢ t❤❡r❡ ❡①✐sts ❛♥ ♦♣t✐♠❛❧ ❝♦♥✲

tr♦❧ q∗ ❢♦r ❛♥② (t, e, y) t❤❡♥ ∂V
∂e (t, e, y) = −αE[1{Y t,y,q∗

T ≥κ}]✳

❘❡♠❛r❦ ✹✳✺✳✶ ▲❡♠♠❛ ✹✳✺✳✶ ✐s ❝r✉❝✐❛❧ ❢♦r t❤❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ q(3) ❛♥❞ q(2)

♦r q(1)✳ ◆♦t✐❝❡ t❤❛t St = αEt[1{Y q∗

T ≥κ}] ✐s ♠❛r❦❡t ♣r✐❝❡ ✇❤✐❝❤ ✐s ♦❜s❡r✈❛❜❧❡ ❛♥❞
(
π + λ2

2η

)
✐s ❝♦♥❝❛✈❡ ✐♥ q✳ ❚❤❡r❡❢♦r❡✱ ♦♥❡ ❝❛♥ r❡♣❧❛❝❡ Ve ❜② −St ✐♥ ✭✹✳✷✳✷✹✮ ❛♥❞

❡①❛♠✐♥❡ t❤❡ s✐❣♥ ♦❢ Vy t♦ ❡st❛❜❧✐s❤ ❝♦♠♣❛r✐s♦♥✳

Pr♦♦❢✳ ◆♦t✐❝❡ t❤❛t ❜② t❤❡ ❝♦♥❝❛✈✐t② ♦❢ V ✐♥ e✱ ∂V
∂e ❡①✐sts ❛❧♠♦st ❡✈❡r②✇❤❡r❡✳

❙✉♣♣♦s❡ t❤❛t e > e′✳ ❚❤❡♥✱ ❜② ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥s ♦♥❡ ❝❛♥ ✇r✐t❡

V (t, e, y) − V (t, e′, y) + (e− e′)αE

[
1{Y t,y,q∗

T ≥κ}

]
≤ 0,

✇❤❡r❡ q∗ ✐s ❛♥ ♦♣t✐♠❛❧ str❛t❡❣② ❢♦r V (t, e, y)✳ ❚❤✐s ✐♠♣❧②s t❤❛t

V (t, e, y) − V (t, e′, y)
e− e′

+ E

[
1{Y t,y,q∗

T ≥κ}

]
≤ 0.

❇② ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t❡ ❛s e′ → e✱

Ve(t, e, y) ≤ −E

[
1{Y t,y,q∗

T ≥κ}

]
.

❋♦r t❤❡ ♦t❤❡r s✐❞❡ ✐♥❡q✉❛❧✐t② ✉s❡ e′ > e✳ ✷

❲❡ ♥❡①t ♣r♦✈✐❞❡ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥

♣♦❧✐❝②✳

Pr♦♣♦s✐t✐♦♥ ✹✳✺✳✶ ▲❡t µ ❜❡ ❞❡t❡r♠✐♥✐st✐❝✱ γ ❜❡ ❝♦♥st❛♥t ❛♥❞

e(t, q) := e1q + e0 ❛♥❞ λ(t, q) := λ1q + λ0, q ≥ 0, ✭✹✳✺✳✶✮

✇❤❡r❡ e0, λ0, e1, λ1 ❛r❡ ♥♦♥♥❡❣❛t✐✈❡ ❝♦♥st❛♥ts✳ ❚❤❡♥ t❤❡ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✭✹✳✹✳✶✮ ❤❛s

❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ q∗ ✐♥ Q✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ t❤✐s s❡tt✐♥❣ ✇❡ ❤❛✈❡ Ve(t, E
q∗

t , Y
q∗

t ) = −St✳

Pr♦♦❢✳ ■❢ e1 = λ1 = 0✱ t❤❡ r❡s✉❧t ✐s tr✐✈✐❛❧✳ ❚❤❡r❡❢♦r❡ ✇❡ s✉♣♣♦s❡ t❤❛t ❛t ❧❡❛st ♦♥❡

♦❢ t❤❡♠ ✐s ♥♦♥✕③❡r♦✳ ◆♦t✐❝❡ t❤❛t ✇❤❡♥ µ ❛♥❞ γ ❛r❡ ❞❡t❡r♠✐♥✐st✐❝✱ ♦♥❡ ❝❛♥ ✇r✐t❡

Y q
t := Y 0

t +

∫ t

0
(βe(qs) + γλ(qs)) dt ✇✐t❤ Y 0

t := y +

∫ t

0
(µs❞s+ γWs).



✾✻
❈❤❛♣t❡r ✹✳ ❖♣t✐♠❛❧ Pr♦❞✉❝t✐♦♥ P♦❧✐❝② ✉♥❞❡r t❤❡ ❈❛r❜♦♥ ❊♠✐ss✐♦♥

▼❛r❦❡t

❇② ●✐rs❛♥♦✈ t❤❡♦r❡♠✱ ✇❡ ♥♦t✐❝❡ t❤❛t✱ ❢♦r ❡✈❡r② q ∈ Q✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Y q
T

❤❛s ❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ✉♥❞❡r t❤❡ ❡q✉✐✈❛❧❡♥t ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ dQ
dP

:= E
(
−

(βe(qt) + γλqt + µt)γ
−1dWt

)
✳ ❍❡r❡ E ✐s t❤❡ ❉♦❧❡❛♥s✲❉❛❞❡ ❡①♣♦♥❡♥t✐❛❧✳ ❚❤❡♥✱ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ Y q
T ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥

[0, T ] ❢♦r ❛❧❧ q ∈ Q✳

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Y q
T ❤❛s ♥♦ ❛t♦♠s✱ ❛♥❞ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐✲

❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Y q
T ✐s ❝♦♥t✐♥✉♦✉s✳

▲❡t (qn)n≥1 ❜❡ ❛ ♠❛①✐♠✐③✐♥❣ s❡q✉❡♥❝❡ ♦❢ V0✱ ✐✳❡✳

qn ∈ Q ❢♦r ❛❧❧ n ≥ 1 ❛♥❞ J(qn) −→ V0.

❙t❡♣ ✶✳ ❙✐♥❝❡ t❤❡ ♣r♦❝❡ss❡s qn ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✇❡❛❦ ❝♦♥✲

✈❡r❣❡♥❝❡ ❛♥❞ ▼❛③✉r✬s ❧❡♠♠❛ t❤❛t✱ ❛❢t❡r ♣♦ss✐❜❧② ♣❛ss✐♥❣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ t❤❡r❡

❡①✐sts ❛ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ q̂n ♦❢ (qj , j ≥ n) s✉❝❤ t❤❛t✿

q̂n :=
∑

j≥n

λn
j q

j −→ q∗ ✐♥ L1(Ω × [0, T ]) ❛♥❞ m⊗ P − ❛✳s✳ ✭✹✳✺✳✷✮

✇❤❡r❡ m ✐s t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ [0, T ]✳ ❍❡r❡ λn
j ≥ 0 ❛♥❞

∑
j≥n λ

n
j = 1✳ ❈❧❡❛r❧②

q∗ ∈ Q✳ ❙✐♥❝❡ Y q ✐s ❧✐♥❡❛r ✐♥ q✱ t❤✐s ✐♠♣❧✐❡s t❤❛t

Ŷ n
T :=

∑

j≥n

λn
j Y

qj

T −→ Y q∗

T , ❛✳s✳ ✭✹✳✺✳✸✮

❙t❡♣ ✷✳ ❇② ❞✐r❡❝t ❡st✐♠❛t✐♦♥ ❛♥❞ ✉s❡ ♦❢ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✱ Y qn

T ✐s t✐❣❤t ✉♥❞❡r P ❛♥❞

t❤❡r❡❢♦r❡ ✉♥❞❡r ❛♥② ❡q✉✐✈❛❧❡♥t ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ P̂ ✇✐t❤ ❞❡♥s✐t② ✐♥ L2(P)✳ ❍❡♥❝❡

❛❢t❡r ♣❛ss✐♥❣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ✐t s❤♦✉❧❞ ❝♦♥✈❡r❣❡ ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ ❛ FT r❛♥❞♦♠

✈❛r✐❛❜❧❡ Y ∗
T ✇❤✐❝❤ ♠✉st ❜❡ ❡q✉❛❧ t♦ Y q∗

T ❀

Y qn

T −→ Y q∗

T ✐♥ ❞✐str✐❜✉t✐♦♥ ✉♥❞❡r P̂.

❙✐♥❝❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✲

✐♥❣ ❝✉♠✉❧❛t✐✈❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s ❛t ❛❧❧ ♣♦✐♥ts ♦❢ ❝♦♥t✐♥✉✐t②✱ ❜❡❝❛✉s❡ t❤❡ ♣r♦❜❛❜✐❧✐t②

❞✐str✐❜✉t✐♦♥ ♦❢ Y q
T ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✱ ✐t

❢♦❧❧♦✇s t❤❛t ❢♦r ❛♥② ♣♦s✐t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Z ✇✐t❤ E[Z] = 1 ❛♥❞ E[Z2] <∞✱

E

[
Z1{Y qn

T ≥κ}

]
= P̂

[
Y qn

T ≥ κ
]

−→ P̂

[
Y q∗

T ≥ κ
]

= E

[
Z1{Y q∗

T ≥κ}

]
. ✭✹✳✺✳✹✮

❙t❡♣ ✸✳ ◆♦t✐❝❡ t❤❛t ❜❡❝❛✉s❡ e ❛♥❞ λ ❛r❡ ❛✣♥❡✱ ❖♥❡ ❝❛♥ ✇r✐t❡✿

∫ T

0
e(qs)❞s = δ

(
Y qj

T − Y 0
T − c

)
,



✹✳✺✳ ❊①✐st❡♥❝❡ ♦❢ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐♦♥ ♣♦❧✐❝② ✾✼

✇❤❡r❡ δ := (βe1 + γλ1)
−1 ❛♥❞ c := βe0 + γλ0✳ ❇② t❤❡ ❝♦♥❝❛✈✐t② ❝♦♥❞✐t✐♦♥ ✭✹✳✹✳✷✮✱

✇❡ s❡❡ t❤❛t✿

∑

j≥n

λn
j J
(
qj
)

≤ E



∫ T

0
π̃(t, q̂n

t )dt− α
∑

j≥n

λn
j 1{Y qj

T ≥κ}

∫ T

0
e(qj

s)ds


 ,

= E



∫ T

0
π̃(t, q̂n

t )dt− α
∑

j≥n

λn
j δ
(
Y qj

T − Y 0
T − c

)
1{Y qj

T ≥κ}




❖❜s❡r✈❡ t❤❛t Y qj

T − Y 0
T − c =

(
Y qj

T − κ
)+

+ Z+ − Z− ♦♥ {Y qj

T ≥ κ} ✇❤❡r❡ Z± :=

(Y 0
T + c− κ)± + 1✳

∑

j≥n

λn
j J
(
qj
)

≤ E

[ ∫ T

0
π̃(t, q̂n

t )dt− α
∑

j≥n

λn
j δ
(
Y qj

T − κ
)+ ]

+αδ
∑

j≥n

λn
j E

[
Z+

1{Y qj

T ≥κ}

]
− αδ

∑

j≥n

λn
j E

[
Z−

1{Y qj

T ≥κ}

]
.

❇② t❤❡ ❝♦♥✈❡①✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥ y 7−→ y+

∑

j≥n

λn
j J
(
qj
)

≤ E

[ ∫ T

0
π̃(t, q̂n

t )dt− αδ
(
Y q̂n

T − κ
)+ ]

+αδ
∑

j≥n

λn
j E

[
Z+

1{Y qj

T ≥κ}

]

−αδ
∑

j≥n

λn
j E

[
Z−

1{Y qj

T ≥κ}

]
,

❋✐♥❛❧❧②✱ ❜② ❛♣♣❧②✐♥❣ ❙t❡♣ ✷ s✉❝❝❡ss✐✈❡❧② t♦ Z := Z+ ❛♥❞ Z−✱ ♦♥❡ ❝❛♥ ✇r✐t❡

V (t, e, y) = lim
n→∞

∑

j≥n

λn
j J
(
qj
)
≤ E

[∫ T

0
π̃(t, q∗)dt− αY q∗

T 1{Y q∗

T ≥κ}

]

❜② ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡✳ ❙✐♥❝❡ q∗ ∈ Q✱ ✇❡ ❞❡❞✉❝❡ t❤❛t J(q∗) = V0✳ ✷

❘❡♠❛r❦ ✹✳✺✳✷ Pr♦♣♦s✐t✐♦♥ ✭✹✳✺✳✶✮ ✐s ❛❧s♦ ✈❛❧✐❞ ✐❢ ✇❡ r❡♣❧❛❝❡ ❈♦♥❞✐t✐♦♥ ✭✹✳✺✳✶✮ ❜②

λ(q) = a+be(q) ❛♥❞ π̃(t, e−1(q)) ✐s ❝♦♥✈❡① ♦♥ q✳ ❚❤❡ ♠♦❞✐✜❝❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞✳





❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ ▲✳ ❇✳ ●✳ ❆♥❞❡rs❡♥✱ ❘✳ ❇r♦t❤❡rt♦♥✲❘❛t❝❧✐✛❡✱ ✏❊①t❡♥❞❡❞ ▲■❇❖❘ ♠❛r❦❡t ♠♦❞❡❧s

✇✐t❤ st♦❝❤❛st✐❝ ✈♦❧❛t✐❧✐t②✑ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❋✐♥❛♥❝❡✱ ❱♦❧✳✾✱✶✱ ✶✲✹✵✱

✷✵✵✺✳ ✹✺

❬✷❪ ❱✳ ❇❛❧❧②✱ ✏❆♥ ❆♣♣r♦①✐♠❛t✐♦♥ ❙❝❤❡♠❡s ❋♦r ❇❙❉❊s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s t♦ ❈♦♥tr♦❧

❛♥❞ ♥♦♥✕❧✐♥❡❛r P❉❊s✑✳ Pr❡♣✉❜❧✐❝❛t✐♦♥ ✾✺✲✶✺ ❞✉ ▲❛❜♦r❛t♦✐r❡ ❞❡ ❙t❛t✐st✐q✉❡ ❡t

Pr♦❝❡ss✉s ❞❡ ❧✬❯♥✐✈❡rs✐t❡ ❞✉ ▼❛✐♥❡✱ ✭✶✾✾✺✮✳ ✷

❬✸❪ ●✳ ❇❛r❧❡s✱ ❊✳ ❘✳ ❏❛❦♦❜s❡♥✱ ✏❖♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡s

❢♦r ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ❡q✉❛t✐♦♥s✑✳ ▼❛t❤❡♠❛t✐❝❛❧ ▼♦❞❡❧✐♥❣ ❛♥❞ ◆✉♠❡r✲

✐❝❛❧ ❆♥❛❧②s✐s✱ ❊❙❆■▼✱ ▼✷❆▼✱ ❱♦❧✳ ✸✻ ✭✷✵✵✷✮✱ ◆♦✳ ✶✱ ✸✸✲✺✹✳ ✹

❬✹❪ ●✳ ❇❛r❧❡s✱ ❊✳ ❘✳ ❏❛❦♦❜s❡♥✱ ✏❊rr♦r ❇♦✉♥❞s ❋♦r ▼♦♥♦t♦♥❡ ❆♣♣r♦①✐♠❛t✐♦♥

❙❝❤❡♠❡s ❋♦r ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ❊q✉❛t✐♦♥s✑✳ ❙■❆▼ ❏✳ ◆✉♠❡r✳ ❆♥❛❧✳✱

❱♦❧✳ ✹✸ ✭✷✵✵✺✮✱ ◆♦✳ ✷✱ ✺✹✵✲✺✺✽✳ ✹

❬✺❪ ●✳ ❇❛r❧❡s✱ ❊✳ ❘✳ ❏❛❦♦❜s❡♥✱ ✏❊rr♦r ❇♦✉♥❞s ❋♦r ▼♦♥♦t♦♥❡ ❆♣♣r♦①✐♠❛t✐♦♥

❙❝❤❡♠❡s ❋♦r P❛r❛❜♦❧✐❝ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ❊q✉❛t✐♦♥s✑✳ ▼❛t❤✳ ❈♦♠♣✳✱

✼✻✭✷✹✵✮✿✶✽✻✶✲✶✽✾✸✱ ✷✵✵✼✳ ✹✱ ✶✼✱ ✷✺✱ ✷✼✱ ✷✽

❬✻❪ ●✳ ❇❛r❧❡s✱ P✳ ❊✳ ❙♦✉❣❛♥✐❞✐s✱ ✏❈♦♥✈❡r❣❡♥❝❡ ♦❢ ❆♣♣r♦①✐♠❛t✐♦♥ ❙❝❤❡♠❡s ❢♦r ❋✉❧❧②

♥♦♥✕❧✐♥❡❛r ❙❡❝♦♥❞ ❖r❞❡r ❊q✉❛t✐♦♥✑✳ ❆s②♠♣t♦t✐❝ ❆♥❛❧✳✱ ✹✱ ♣♣✳ ✷✼✶✕✷✽✸✱ ✶✾✾✶✳

✹✱ ✻✱ ✶✺✱ ✶✽✱ ✷✵✱ ✷✺✱ ✸✸✱ ✺✶✱ ✼✷

❬✼❪ ❘✳ ❇❛ss✱ ✏❙t♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ❥✉♠♣s✑✳ ❆s②♠♣t♦t✐❝ ❆♥❛❧✳✱ ✹✱

♣♣✳ ✷✼✶✕✷✽✸✱ ✶✾✾✶✳ ✹✽
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