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Quelques modéles mathématiques en chimie quantique et propagation
d’incertitudes

Ce travail comporte deux volets.

Le premier concerne l'étude de défauts locaux dans des matériaux cristallins. Le
chapitre 1 donne un bref panorama des principaux modéles utilisés en chimie quantique
pour le calcul de structures électroniques.

Dans le chapitre 2, nous présentons un modéle variationnel exact qui permet de décrire
les défauts locaux d’un cristal périodique dans le cadre de la théorie de Thomas-Fermi-
von Weiszécker. Celui-ci est justifié & 'aide d’arguments de limite thermodynamique. On
montre en particulier que les défauts modélisés par cette théorie ne peuvent pas étre chargés
électriquement.

Les chapitres 3 et 4 de cette theése traitent du phénoméne de pollution spectrale. En
effet, lorsqu’un opérateur est discrétisé, il peut apparaitre des valeurs propres parasites, qui
n’appartiennent pas au spectre de 'opérateur initial. Dans le chapitre 3, nous montrons
que des méthodes d’approximation de Galerkin via une discrétisation en éléments finis pour
approcher le spectre d’opérateurs de Schrodinger périodiques perturbés sont sujettes au
phénoméne de pollution spectrale. Par ailleurs, les vecteurs propres associés aux valeurs
propres parasites peuvent étre interprétés comme des états de surface. Nous prouvons qu’il
est possible d’éviter ce probléme en utilisant des espaces d’éléments finis augmentés, con-
struits a partir des fonctions de Wannier associées a 'opérateur de Schrodinger périodique
non perturbé. On montre également que la méthode dite de supercellule, qui consiste & im-
poser des conditions limites périodiques sur un domaine de simulation contenant le défaut,
ne produit pas de pollution spectrale. Dans le chapitre 4, nous établissons des estima-
tions d’erreur a priori pour la méthode de supercellule. En particulier, nous montrons que
Ierreur effectuée décroit exponentiellement vite en fonction de la taille de la supercellule
considérée.

Un deuxiéme volet concerne 1’étude d’algorithmes gloutons pour résoudre des problémes
de propagation d’incertitudes en grande dimension. Le chapitre 5 de cette thése présente
une introduction aux méthodes numériques classiques utilisées dans le domaine de la propa-
gation d’incertitudes, ainsi qu’aux algorithmes gloutons. Dans le chapitre 6, nous prouvons
que ces algorithmes peuvent étre appliqués a la minimisation de fonctionnelles d’énergie
fortement convexes non linéaires et que leur vitesse de convergence est exponentielle en
dimension finie. Nous illustrons ces résultats par la résolution de problémes de 'obstacle
avec incertitudes via une formulation pénalisée.

Some mathematical models in quantum chemistry and uncertainty
quantification

The contributions of this thesis work are two fold.

The first part deals with the study of local defects in crystalline materials. Chapter 1
gives a brief overview of the main models used in quantum chemistry for electronic structure
calculations.



In Chapter 2, an exact variational model for the description of local defects in a periodic
crystal in the framework of the Thomas-Fermi-von Weiszécker theory is presented. It is
justified by means of thermodynamic limit arguments. In particular, it is proved that the
defects modeled within this theory are necessarily neutrally charged.

Chapters 3 and 4 are concerned with the so-called spectral pollution phenomenon. In-
deed, when an operator is discretized, spurious eigenvalues which do not belong to the spec-
trum of the initial operator may appear. In Chapter 3, we prove that standard Galerkin
methods with finite elements discretization for the approximation of perturbed periodic
Schrédinger operators are prone to spectral pollution. Besides, the eigenvectors associated
with spurious eigenvalues can be characterized as surface states. It is possible to circum-
vent this problem by using augmented finite element spaces, constructed with the Wannier
functions of the periodic unperturbed Schrodinger operator. We also prove that the super-
cell method, which consists in imposing periodic boundary conditions on a large simulation
domain containing the defect, does not produce spectral pollution. In Chapter 4, we give
a priori error estimates for the supercell method. It is proved in particular that the rate of
convergence of the method scales exponentially with respect to the size of the supercell.

The second part of this thesis is devoted to the study of greedy algorithms for the
resolution of high-dimensional uncertainty quantification problems. Chapter 5 presents
the most classical numerical methods used in the field of uncertainty quantification and an
introduction to greedy algorithms. In Chapter 6, we prove that these algorithms can be
applied to the minimization of strongly convex nonlinear energy functionals and that their
convergence rate is exponential in the finite-dimensional case. We illustrate these results
on obstacle problems with uncertainty via penalized formulations.



Quelques modéles mathématiques en
chimie quantique et propagation
d’incertitudes

Cette these est scindée en deux sujets.

Une premiére partie traite du travail qui a été effectué pour le calcul de structures
électroniques en chimie quantique. Le chapitre 1 présente les principaux modéles
utilisés pour les molécules, les cristaux parfaits et les cristaux avec défauts locaux,
ainsi que le contexte dans lequel s’inscrivent les résultats obtenus au cours de cette
these. Un intérét particulier est porté a la modélisation des cristaux, ainsi qu’aux
méthodes numériques utilisées pour simuler leurs propriétés.

Le chapitre 2 présente des résultats obtenus avec Eric Canceés sur la modélisation
d’un défaut local dans un matériau cristallin dans le cadre de la théorie de Thomas-
Fermi-von Weiszéicker. Ce travail a fait ’objet d'un article Local defects are always
neutral in the Thomas-Fermi-von Weiszicker theory qui a été publié dans le jour-
nal Archive for Rational Mechanics and Analysis. Le but est de dériver un modéle
variationnel exact dans le cadre de cette théorie afin de décrire la réponse de la
densité de charge électronique du cristal & une perturbation de la densité de charge
des noyaux du cristal, initialement parfaitement périodique. L’idée pour y parvenir
est identique & celle utilisée dans 'article de Cances, Deleurence et Lewin, A new
approach to the modeling of local defects in crystals: The reduced Hartree-Fock case,
Comm. Math. Phys., 2008, oti une démarche similaire est menée dans le cadre du
modele Hartree-Fock réduit. Il s’agit de soustraire ’énergie totale du cristal par-
fait a ’énergie totale du cristal perturbé. Bien siir, ces deux quantités sont infinies
et donner un sens rigoureux a cette soustraction n’est pas évident. Ceci est fait
dans le chapitre 2 au moyen d’une limite thermodynamique. Par ailleurs, il est
prouvé que le modeéle de Thomas-Fermi-von Weiszédcker ne permet pas d’expliquer
I'existence de défauts chargés électriquement, contrairement au cas de la théorie de
Hartree. Ceci montre que ce modéle n’est pas adapté pour modéliser les défauts d’un
matériau semiconducteur, qui peuvent avoir une charge électrique non nulle, mais
uniquement les défauts au sein d’un matériau métallique. Des propriétés supplé-
mentaires de la réponse électronique du cristal sont obtenues dans le cas particulier
ou le cristal parfait de référence est considéré comme un jellium, c’est-a-dire que la
densité électronique et nucléaire de ce cristal sont supposées étre constantes.

Les chapitres 3 et 4 de la thése sont consacrés a I’étude du phénomeéne de pollu-
tion spectrale, plus particuliérement pour les opérateurs de Schrédinger périodiques
perturbés. 1l s’agit d'un travail commun avec Eric Cancés et Yvon Maday qui a
donné lieu a deux articles, Periodic Schrodinger operators with local defects and
spectral pollution, qui a été accepté pour publication dans le journal SIAM Journal



on Numerical Analysis et Non-consistent approrimations of self-adjoint eigenprob-
lems: Application to the supercell method , qui a été soumis au journal Numerische
Mathematik. Let d € N*. Un opérateur de Schrédinger périodique perturbé est de
la forme H = —3A + Vior + W sur L?*(R?), ot A est Uopérateur de Laplace, Ve
est un potentiel périodique qui appartient a L2 (R?) et W une perturbation de ce

loc

potentiel telle que W € L>®(R?) et W (z) — 0. Dans le cadre de théories de champ

T|—00

moyen, comme Hartree ou Kohn-Sham, ‘lld structure électronique d'un cristal avec
défaut est entiérement caractérisée par la décomposition spectrale d’un opérateur
de ce type. L’opérateur de Schrédinger périodique non perturbé Hye, = —%A + Voer
forme un opérateur auto-adjoint, borné inférieurement, de domaine H?(R%) et dont
le spectre est purement continu. Ce dernier est composé d’une réunion d’intervalles
de R, appelés bandes. Un intervalle de R situé entre deux bandes est appelé un
gap spectral. L’opérateur perturbé H est aussi un opérateur auto-adjoint, borné in-
férieurement, de domaine H?(R?). D’aprés le théoréme de Weyl, comme W est une
perturbation compacte de 'opérateur H,.,, les spectres essentiels des opérateurs H
et Hpe sont identiques. Par contre, le spectre de H peut comporter des valeurs pro-
pres discrétes, soit inférieures a I'infimum du spectre essentiel de H,, soit situées
dans un gap spectral.

Dans les chapitres 3 et 4, on étudie certaines méthodes numériques pour calculer
ces valeurs propres discrétes, ainsi que les vecteurs propres associés. Le princi-
pal probléme rencontré est le phénoméne de pollution spectrale. En effet, lorsque
l'opérateur H est approximé par une suite d’opérateurs discrets, il peut arriver qu’il
existe une suite de valeurs propres de ces opérateurs discrets qui converge vers une
limite qui n’appartient pas au spectre de H. Cette limite est alors appelée une valeur
propre parasite de H. Il s’agit d’'un phénomeéne bien connu et qui peut étre constaté
lorsque I'on utilise la méthode la plus naturelle pour définir la suite d’opérateurs
discrétisés, c’est-a-dire une méthode de Galerkin sur un domaine de simulation fini
avec une discrétisation en éléments finis et des conditions aux bords de Dirichlet. Ce
phénomeéne avait déja été constaté auparavant, notamment par Boulton et Levitin.
Dans le chapitre 3, nous montrons que les vecteurs propres des opérateurs discrétisés
associés a une suite de valeurs propres convergeant vers une valeur propre parasite
de l'opérateur H sont localisés au bord du domaine de simulation et peuvent ainsi
étre interprétés comme des états de surface. Nous disposons par ailleurs d'une car-
actérisation plus précise des ces valeurs propres et vecteurs propres parasites en
dimension 1.

D’autres méthodes numériques sont étudiées, en particulier la méthode de super-
cellule. Celle-ci consiste a imposer des conditions de bord périodiques sur le domaine
de simulation au lieu de conditions de Dirichlet. Dans le chapitre 3, il est montré
que lorsque cette méthode est utilisée avec une discrétisation en modes de Fourier,
il n’y a pas de pollution spectrale: la suite des spectres des opérateurs discrétisés
converge exactement vers le spectre de l'opérateur H. Par ailleurs des estimations
d’erreur a priori de la méthode sont prouvées dans le chapitre 4. En particulier,
I'erreur liée a la taille de la supercellule décroit exponentiellement vite.

Une derniére méthode numérique, basée sur l'utilisation d’espaces d’éléments
finis augmentés, est étudiée dans le chapitre 3. Cette méthode consiste & enrichir les
espaces de discrétisation d’éléments finis avec conditions de bord de Dirichlet avec



des fonctions de Wannier associées a l'opérateur non perturbé. Nous prouvons que
I'utilisation de ces espaces d’éléments finis augmentés permet d’éviter le phénomeéne
de pollution spectrale a l'intérieur d’un des gaps spectraux de 'opérateur H.

Cette thése comporte également un second volet, axé sur 'utilisation d’algorithmes
gloutons pour résoudre des problémes de propagation d’incertitudes en grande di-
mension. Le chapitre 5 est conascré a l'état de 'art des méthodes numériques
utilisées dans le domaine de la propagation d’incertitudes. Nous présentons égale-
ment le principe des algorithmes gloutons, qui sont plus particuliérement étudiés
dans cette thése, leur lien avec la Progressive Generalized Decomposition et leur
intérét pour résoudre des problémes en grande dimension. Une breéve liste des dif-
férentes méthodes numériques utilisées actuellement pour éviter la malédiction de
la dimensionalité est détaillée.

Dans le chapitre 6, on étudie et prouve la convergence d’'un algorithme glouton
pour résoudre un probléme de minimisation d’une fonctionnelle fortement convexe,
non-quadratique, définie sur un espace de fonctions dépendant d’un grand nombre
de variables. On prouve également que dans le cas ol les problémes considérés
sont définis sur des espaces de dimension finie, alors la vitesse de convergence de
lalgorithme est exponentielle. Ce travail a été motivé par une collaboration avec
I’entreprise Michelin, dont le but est de résoudre un probléme de ’obstacle avec
des coefficients aléatoires. Nous illustrons la convergence de 'algorithme sur ce
probléme, en utilisant une formulation pénalisée de I'inéquation variationnelle con-
sidérée.
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Chapter 1

Electronic structure calculations in
solid state physics

1.1 Introduction

The aim of this chapter is to give a brief description of the main models used in
quantum chemistry and solid state physics, for finite systems and periodic crystals
with or without local defects. We will present the most common numerical methods
used in the latter field. It is assumed here that the reader already has some knowl-
edge about quantum mechanics. If not, a very good physical introduction can be
found in [100]. The reader can also find a mathematical description of the models
that are presented here in [42]. The contributions of this thesis are summarized in
Sections 1.4.2 and 1.6.2.

There exists a wide variety of models to describe the electronic structure of
materials at the atomic scale. We will focus here on nonlinear mean-field models
on the one hand, and on linear empirical models on the other hand. In the rest of
this Section, we will present the reference ab-initio model of nonrelativic quantum
theory for a finite system, namely the many-body Schrodinger model. Unfortunately,
this model leads to a very high-dimensional problem, except when the number of
electrons is very small, and direct numerical approaches cannot be carried out in
practice.

Nonlinear mean-field models, which are approximations of the many-body Schrédinger
model, are easier to deal with from a numerical point of view. Among them, the
Hartree-Fock (HF) and Density Functional Theory (DFT) models are the most
widely used. The presentation of these models for finite systems, periodic crystals
and crystals with local defects is done respectively in Sections 1.2, 1.3 and 1.4 of
this chapter. Section 1.5 will be devoted to the description of linear semi-empirical
models. Lastly, a short review of the numerical methods used for the discretization
and the resolution of these problems is detailed in Section 1.6.

The contributions of this thesis work are two fold. A first part of the work is
dedicated to the determination of an exact variational model to describe local defects
in a host periodic crystalline material within the Thomas-Fermi-von Weiszécker
framework. This will be detailed in Section 1.4.2 and Chapter 2, which present the
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results and proofs contained in the article [38] published in Archive for Rational
Mechanics and Analysis.

A second part will be devoted to the study of numerical methods for linear semi-
empirical mean-field models for crystals with local defects, and in particular to the
study of the so-called spectral pollution phenomenon. Section 1.6.2 presents a short
introduction to this issue along with a summary of our contributions. Chapters 3
and 4 detail all our theoretical results and proofs which were gathered in two articles
[40] and [41] currently in review.

Many-body Schrodinger model

In the sequel, we will work in atomic units, which implies that
h=1,e=1 m,=1, 4mweg =1,

where h is the Planck constant, e the elementary charge, m, the mass of the electron,
and ¢ the electric permittivity of the void.

In the vast majority of quantum chemistry computations, the nuclei are as-
sumed to behave like classical particles. This approximation is called the Born-
Oppenheimer approximation, and we will always work in this framework from now
on.

Let us consider a physical system composed of

e M nuclei, that are assumed to be point charges, whose positions in R? and
electric charges are denoted by Ry,---, Ry, and 2z, - - -, z); respectively;

e N electrons, which are not described by their positions or velocities in R?, but,
as they are considered as quantum particles, by their wavefunction ¢, (x1, -+, z,),
where for all 1 <4 < N, x; is a vector of R? and 1, € ®z]\il L*(R3) ~ L*(R3Y)
such that [|[¢)c[|z2rsny = 1. Since electrons are fermionic particles, the Pauli ex-
clusion principle implies that the wavefunction 1), must be antisymmetric with
respect to the exchange of two particles. In other words, for any permutation
p of the set {1,---, N}, it holds that

we<xp(1)7 U 7~Tp(N)) = 5(17)1%(1’17 e 7xN)7

where &(p) is the signature of the permutation p. We will denote by A, L*(R?)
the set of antisymmetric functions of ®f\i1 L*(R3).

For any normalized v, € /\Z]\i1 L*(R?), we introduce the density operator Ty,
which is the trace-class operator on L?(IR3Y) defined by (using the bracket notation):

Fwe = |we><we|'

The density matriz of v, is denoted by 7, (z,y) and defined for almost all z,y € R?
as

Twe(‘ruy) =N RI(N—1) we(‘xwr?a e 7xN)we(y7x27 T ,.TN) dx? T de

18



It is the kernel of a trace-class operator v, on L*(R?), called the order I density
operator of 1. Lastly, let us introduce the electronic density p,, associated with
the wavefunction 1., defined for almost all z € R? as

py.(x) =N |te (x, 29, - - - ,:L’N)|2d:1:2 cedry =Ty, (7, ).

R3(N-1)

We have voluntarily omitted to write the dependence of the wavefunction . on
the spin variables. Actually, an electron is an elementary particle of spin 1/2. Thus,
its spin variable, denoted by o, can only take two different values, denoted by |+)
(spin up) and |—) (spin down). Let ¥ := {|+), |—)}. Taking into account the spin
would amount to considering a wavefunction ¢, belonging to the space

N
N\L(R® x %
i=1

For the sake of simplicity, we will ignore the spin in this thesis work.

The usual Born-Oppenheimer approximation consists in assuming that the nuclei
are point classical particles that are evolving in the effective potential

22l
W(Ry, -+ ,Ry) = I(Ry,--- , R _,
( 1, ) M) ( 1 ) M) +1<I;I<M |Rk _Rl|

There are two terms in the definition of the potential W

z zl
e The term Zl<k<l<M [Ry—

Rl is due to the repulsive Coulomb forces between
the nuclei;

e The term I(Ry, -+, Ry) corresponds to the effective potential created by the
electrons.

In particular, the molecular configurations of minimal energy of the system are
obtained by solving

(Rl,"'RJ\/j)eR3J\/l
Problem (1.1) is called the geometry optimization problem.
The value of the potential I(Ry,--- Rys) for given fixed positions of the nuclei is

obtained by solving the electronic problem:

I(Ry,--+, Ryy) = inf {{tpe, H ) by € He, ||Wellro@eny =1}, (1.2)

where
N 1 N 1
HF ) = NN >V (ay P ———
=1 i=1 1<i<j<N

= ALY, H'(R?) denotes the set of antisymmetric functions of @2 | H'(R?), and
for almost all x € R3,
Z ryt
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Indeed, I(Ry,- -, Ry) corresponds to the fundamental energy of the electronic
Hamiltonian HéRl’""RM ) on the space of all admissible wavefunctions. This Hamil-

. Ri,- Ry -
tonian H R g composed of three terms:

o — Ef\il %AM corresponds to the kinetic energy of the electrons;

° le\il V(x;) models the Coulomb interactions induced by the nuclei on the
electrons;

1 . .
* > <J<N o] denotes the Coulomb interactions between electrons.

In the sequel, we will focus on the resolution of the electronic problem (1.2)
for a given nuclear configuration (Ri,---, Ry) and denote by H,. the electronic

Hamiltonian H )

in order to simplify the notation. Unfortunately, a direct
approach for the resolution of (1.2) amounts to discretizing functions over the space
R3Y, which is impossible to do in practice, except when the number of electrons
N in the system is very small. This is the reason why nonlinear or linear mean-
field models have been introduced in Quantum Chemistry in order to reduce the
dimension of the discretized problem while providing a good approximation of the
many-body Schrodinger model. Any model which will be presented below writes as
a minimization problem of a given energy functional. A minimizer is called a ground
state and the corresponding value of the energy functional will be called the ground
state energy.

1.2 Nonlinear mean-field models for finite systems

1.2.1 The Hartree-Fock model
Slater determinants

The Hartree-Fock model [139, 142] is a variational approximation of the electronic
problem (1.2), which consists in reducing the minimization set of problem (1.2) to
the set of wavefunctions 1, that can be written as a Slater determinant. Recall that
a Slater determinant is a function of the form

¢1(r1) -0 di(an)

¢N(371) <Z5N(.37N)

where (¢, -+, ¢y) is an orthonormal family of L?(R?). Such a function is in H, =
/\i]\i1 H'(R3?) if and only if each ¢; is in H*(R3). In quantum chemistry, the functions
(¢1,- -+, ¢n) are called molecular orbitals.

Let us denote by

Wy = {‘D = (¢i)1<i<n, ¢ € H'(R?), / Gig; =0y, 1 < i, 5 < N}
R3
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the set of all families of N molecular orbitals and

Sy = {T/}e € He, 3P = (¢i)1<i<n € Wh, Y = det(gbi(xj))} )

1
Vv N!
the set of all functions of H,. that can be written as a Slater determinant of finite
energy. Then, the Hartree-Fock problem reads

— inf{ (b, Hobo), te € Sy} (1.3)

It holds that for all ® = (¢;)1<i<y € Wy, if 1. € Sy is the Slater determinant
associated with @, then

<’l/}67 H6w6> = EHF<®>7

where
N
FHE (@) = § - |2 /
( ) . 2/3|V¢2| + 3/)<I>V

//p‘l’ d——//'T‘”y da dy.
R3 JR3 |l‘—y| R3 JR3 |l‘—y|

In the above expression,

pa(r) = py, ( Z Exe:

and

T@(ZE,?/) - T¢e x y Z¢z

The Hartree-Fock problem therefore reads
I = inf{ F"F(®), & € Wy} (1.4)

It is typically an ab-initio model since no empirical parameter needs to be tuned. The
first term in the expression of B (®) represents the kinetic energy of the electrons,
the second the electrostatic interaction between nuclei and electrons. The third term
corresponds to the classical Coulomb energy of the electronic charge distribution
ps. Lastly, the term —3 fR3 fR3 |T‘I"x ;"” dx dy is called the exchange energy term
and its origin is purely quantum, since it originates from the antisymmetry of the
wavefunction. Since the minimization set Sy is smaller than the minimization set
of the original electronic problem (1.2), the fundamental energy given by (1.3), or
equivalently by (1.4), is an upper bound of the fundamental energy of (1.2). The
difference between these two energies is called the correlation energy.

Let us also point out that the restriction of the minimization set to the Slater
determinants Sy has disadvantages. Actually, the energy functional E#¥(®) is not
quadratic with respect to ®, whereas the energy functional (., H.1.) appearing in
(1.2) is quadratic with respect to the wavefunction ).
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The existence of a minimizer to problem (1.4) was proved for neutral or positively
charged systems, i.e. when Z := YM 2 > N (see [139, 142]). The question of
uniqueness is an intricate one and some answers for closed-shell atoms may be found
in [99].

In the case when there exists a minimizer & = (¢;)1<;<y € Wy of (1.4), up
to replacing ® by U® with a well-chosen unitary matrix of R¥*¥  the functions
(¢i)1<i<n satisfy the following set of nonlinear eigenvalue equations

Hi"¢i = Ny, 1 <i <N,

where A\; < .- < Ay are the lowest N eigenvalues (counting multiplicities) of the
operator HI¥ on L?*(R?) which is defined as follows

’7@(',?/)
|- =y

HY™ = =580+ Vot (pux |- [ v = [ 2By ay

The essential spectrum of HET is equal to [0, +00) and H possesses at least N
negative eigenvalues.

Density operators

For any Hilbert space H, we denote by B(H) (respectively S(H), &1(H) and S1(H))
the set of the operators on H which are bounded (respectively self-adjoint, trace-class
and Hilbert-Schmidt).

The Hartree-Fock problem can also be rewritten using the order 1 density op-
erator formalism. For ® = (¢;)1<i<ny € Wh, if ¢ € Sy is the Slater determinant
associated with @, then

N
Yo = =) 6ol
i=1
For all ® € Wy, vs € &1(L*(R?)) N S(L*(R?)), 74 is the kernel of v and

Tr(ve) = / po = N.
R3

The Hartree-Fock problem can be rewritten in an equivalent manner as a minimiza-
tion problem over density operators «y [136] as follows:

" =inf {E"F(y), v € Ly}, (1.5)
where

Ly = {7€&(IP®R)) NSIARY), 07 <1, Tr(y) = N,
Tr ((1 - A2y (1 — A)l/Q) < +oo},

1 2
EfF(y) = —Tr(-Ay +/ V / / Lt e dxdy
() = gTei-d+ [ ooy [ [ B

// |72,:L’y dz dy,
R3 JR3 |37_y‘
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7,(x,y) is the kernel of v, and p, is the density associated with , namely p,(z) =
7, (z,x). In the expression of E# (), we have used the following notation

Tr(—Ay) = TH([V]A|V]) = Tr ((—A)2y(=A)7)).

Then, ~ is a minimizer of (1.5) if and only if v = 74 for some ® € W)y which is a
minimizer of (1.4).

Other models

The reduced Hartree-Fock (rHF) model is a simplified version of the Hartree-Fock
problem using the density operator formalism. It reads

I —inf {E™(y), v € Ln},

where

1 2
E™E () = ZTr (=Ay) + / Vo, + / / LA d dy
) 2 ( )+ ! R3 JR3 \:L’—y\

is the Hartree-Fock energy without the exchange-term. For a study of the reduced
Hartree-Fock theory, we refer to [171].

As explained above, the Hartree-Fock theory consists in restricting the minimiza-
tion set of the full electronic problem (1.2) to the set of Slater determinants Sy. One
way to improve the model is to take finite linear combinations of Slater determinants

as a minimization set. More precisely, the multiconfigurational self-consistent field
(MCSCF) reads

JMCSCF _ inf{(lbe, Hewe% Ve € S]Ié}’

where

1
S]{? = 1/}6 = E Cr
v/ N!
I={i1,in}C{l, K} N

det(¢i,, -+, diy), (Pi)1<i<x € Wk, Zci =
I

and K is an integer greater than N. The analysis of this model for finite systems
was done in [129, 91, 133].

1.2.2 Density Functional Theory

The principle of Density Functional Theory (DFT), and of all the models which
are derived from it, is the reformulation of problem (1.2) with the density (and
not anymore the wavefunction) as the main variable. The key advantage of this
method is that problems are then formulated over the domain R? instead of R3V.
The theoretical justification of this approach was first done by Hohenberg and Kohn
[111] and was later developped by Levy and Lieb [137]. Indeed, the Hohenberg-Kohn
theorem [111] states that the energy and the electronic density of the ground state
of the electronic problem (1.2) can be found by solving a problem of the form

[(RluuRM):Hlf{F<p)+/ pV,pELl(R?’),/p:N}’
R3 R3
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where F' is a functional of the electronic density p.

Let us define
Fn = {we € H67 HweHLQ(RSN) - 1} ’

and rewrite H, under the following form

N
H,=Hy = Hi+ ) V(x),

i=1

where

Z “A,, + Z _x‘ (1.6)

1<z<]<N

in order to highlight the dependence of the Hamiltonian on the potential V. The
minimization problem (1.2) can then be rewritten as

](Rla e 7RM) - ](V) = inf{<¢eaHVwe>7 ,lvz)e S JTN} . (17)

We also denote by
IN = {pa H@Z)e € fNa p¢e = p}

the set of all electronic densities associated with some admissible wavefunction. It
is proved in [137] that Zy can be characterized equivalently as

IN:{pZO, Vp € H(R?), /RS,O:N}.

The DFT relies on the following elementary calculus [111, 137]:
I(V) = inf {{¢e, Hvtpe), Y € Fn}
= inf {inf{(z/;&qu/;e% Ve € FNy Py = P} +/ pV, p € IN}
R3

:1nf{FLL(p)+/ pV, pEIN}v
R3

where
FLL(p) = inf{<¢eaH1¢e>a ¢e S JTN) Prpe = p}

is called the Levy-Lieb functional. It is universal in the sense that it does not depend
on the molecular system under consideration (which only comes into play through
the potential V' and the number of electrons V).

Another approach to DFT, with density operators, is detailed below. Let us
recall that for any wavefunction v, € Fy, also called pure state, we can associate a
density operator Ty, on L?(R3") defined by

Ly = |the) (Ve
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The mized states are defined as the set of convex combinations of pure states. They
are described by density operators of the form

—+o00 —+o00
U= plei) (Wi, 0<p; <1,) pi=1, ¢, € Fy, i € N". (1.8)
i=1 i=1

Let us denote by Dy the set of density operators of the form (1.8), which is the
convex hull of the set of density operators associated with pure states. The electronic
density which corresponds to a density operator I' of the form (1.8) is then given by

+o0o
pr(z) = pipy(x),
=1

where py; is the electronic density of the pure state ¥!. Tt can be easily checked that
+00 A
Tr(I) = ZpiH?vZ);H%Q(RSN) =1,
i=1
Tr(H,I') = ZPK o H1vg),
i=1

—+oco
(V) = Y piwl Hul) + [ oV
i=1 R

Actually, the minimization on pure states (1.7) is equivalent to a minimization
over mixed states, in other words,

[(V) = inf {Te(HyT),T € Dy} .

Besides,
{p, ar € DN, Pr = p} = IN.

Thus, with similar arguments as above, it holds that

(V) :inf{FL(p) +/RS % pEIN},

where the Lieb functional Fy(p) is defined by
Fr(p) :==inf {Tr(H,T"), I € Dy, pr = p}.

These two approaches enable us to rewrite (1.2) as a minimization problem
on the electronic density rather than on the wavefunction. However, the main
drawback of the DF'T theory is that there is no explicit expression for the Levy-
Lieb and Lieb functionals F; and F}. Very recent results by Cotar, Friesecke and
Kluppelberg [62] show that in the case of two electrons and in the semiclassical limit,
exact expressions of these functionals can be obtained with the use of an optimal
transport map associated with a given density p. In practice though, approximations
of the functionals F; or F, have to be used, and most of them derive from exact
evaluations of these functionals on reference systems. A wide variety of models exist
in the literature, and we only present here two important classes of DFT models:
the Thomas-Fermi and the Kohn-Sham type models.
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1.2.3 Thomas-Fermi type models

Thomas-Fermi type models belong to the so-called class of orbital-free models, which
means that the approximate functional F'(p) is expressed as an explicit function of
p and its derivatives. The reference system in this case is a homogeneous electron
gas. The basic three models of this type are:

e the Thomas-Fermi (TF) model

1
F(p) = CTF/ P + —/ / 7/)(1’)/)@) dz dy;
R3 2 Jrs Jrs |z — Y

e the Thomas-Fermi-von Weiszécker (TFW) model

1 T
R3 R3 2 Jgs Jgs \x _y|

e the Thomas-Fermi-Dirac-von Weiszéicker (TFDW) model

F(/)):CW/ ‘v\//_)‘Q"_CTF/ C/ 34 // da:dy,
R3 R3 JR3 |$—?/|

where the values of the Thomas-Fermi constant Crp and of the Dirac constant Cp

are given by s
35/371'4/3 3/3
CTF = T and CD = Z (;) .

Several values for the von Weiszécker constant Cy have been proposed in the litera-
ture (see e.g. [80]). Thomas-Fermi type models are not very much used nowadays in
quantum chemistry computations. However they are still of interest from a mathe-
matical point of view, since they are simpler but contain some difficulties which are
encountered in more realistic quantum models.

The minimization problem associated with Thomas-Fermi type models then
writes

T — inf{F(p) +/Ra pV, p>0, /p € H(R?), /Rgpz N}. (1.9)

Let us point out that, in this formulation, N does not need to be an integer but
may be an arbitrary positive real number.

In all these models, the energy functional F'(p) is the sum of the self-interaction
Coulomb energy of the system

o e

and of an approximation of the kinetic energy of the electrons.

The oldest model of this family, the Thomas-Fermi model was proposed by
Thomas [175] and Fermi [85] in 1927. The kinetic energy of the electrons is ap-

proximated by
CTF / p5/3
R3
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which is the electronic kinetic energy associated with a system of non-interacting
electrons in a homogeneous gas [114, 146]. An exhaustive mathematical analysis of
the Thomas-Fermi model may be read in [140]. The Thomas-Fermi model suffers
from several major drawbacks. Firstly, it cannot account for the existence of neg-
atively charged ions. Indeed, problem (1.9) admits a unique minimizer if and only
if N < Z. Secondly, atomic bonding in molecules cannot be explained within this
theory: the ground state energy of a system with two nuclei continuously decreases
as the distance between the two nuclei increases.

The addition of an inhomogeneity correcting term

Cw / VAP
R3

by von Weiszécker [181] in the expression of the approximate kinetic energy enables
one to get rid of these problems. This quantity is also the first order correction to the
Thomas-Fermi kinetic energy in a semiclassical approximation to the Hartree-Fock
theory [121]. In particular, there exists N. € Ry, N. > Z such that (1.9) admits a
unique minimizer if and only if N < N, [28].

In the TFDW model, the Dirac correction

—CD/ p4/3
R3

enables one to take into account exchange effects. However, due to this term, the
TFDW functional is no more convex, unlike in the case of the TF and TFW theories,
and thus the analysis of this problem is more difficult. It can be carried out by means
of concentration-compactness arguments that are exposed in [141, 128]. A very good
review of this family of models can be found in [135].

1.2.4 Kohn-Sham type models

The reference system for the Kohn-Sham type models [119] is a system of N elec-
trons without interaction. The Hamiltonian H,, which was defined by (1.6), is then
replaced by

The Hamiltonian Hj is then used to obtain a kinetic energy functional, which will
have two different forms depending on whether the approach is the one by Levy-Lieb
(pure states) or the one by Lieb (mixed states).

In the first case, the Kohn-Sham functional is given by

Tis(p) = inf { (e, Hotle), e € Fn, py. = p} - (1.10)

Unfortunately, the function st admits an expression that can be used in practice
only in the case when the minimizer in (1.10) is a Slater determinant. It is proved
that it is not always the case [137]. Nevertheless, the approach adopted in most
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numerical methods is to restrict the minimization set Fy to the set of Slater deter-
minants Sy. An approximation of the Kohn-Sham functional Tk s(p) is considered,
namely

N N
1
Tks(p) = int {5 ; - Voil?, @ = (¢i)1<i<n € Wh, po = ; |i* = P} .

This problem of representation of the minimizers is avoided if the kinetic en-
ergy functional is derived from the Lieb mixed states formulation. The resulting
functional, called the Janak functional, reads

Ty(p) = inf {Tr(Hol'), I' € Dy, pr = p}.

Let us denote by

W = {CD = (¢i)ien, @i € Hl(Rg)a /}R3 Gipj = 5@']} )

and by
+oo
Ny = {V: (ni)ien=, 0 <my <1, an = N} :

i=1

Then, it is rigorously proved that 7;(p) can be equivalently rewritten as

. 1 +o0 +o0
Ty(p) = inf {5 an/ IVéil*, @ = (4)ien € W, v = (ni)ien+ € Ny, Z”i|¢i|2 = P} :
-1 IR i=1

The functionals Txs and T); associated with the Hamiltonian H, are reasonably
good approximations of the kinetic energy of the electrons. However, they cannot
be expressed as an explicit function of p or its derivatives, unlike in orbital-free
models.

The Coulomb energy

1 p)p(y) .
Je) = 2/Rs/Rs o —y Y

represents the electrostatic energy of a classical charge distribution p and gives a
reasonable approximation of the interaction energy between the electrons of a system
of electronic density p.

In the case of the HF model, we have seen that the energy of a Slater determi-
nant (for the Hamiltonian H;) was composed of the kinetic energy, the Coulomb
energy and the exchange energy, and that the difference between the Hartree-Fock
energy and the exact fundamental energy of (1.2) was called the correlation energy.
The same terminology is used in the Kohn-Sham type models, in which the errors
made on the kinetic energy and electronic repulsion energy are gathered in a single
functional E,.(p), called the exchange-correlation functional. It is defined by

Eqe(p) == Frr(p) — Tks(p) — J(p),
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or by
Ewe(p) == FL(p) — Ts(p) — J(p),
depending on whether the Levy-Lieb or Lieb DFT approaches are adopted.

The standard Kohn-Sham model originates from the Levy-Lieb approach and
reads as the following minization problem

1955 — inf{ B¥K9(®), ® € Wy}, (1.11)

where for all ® = (¢;)1<i<y € Wh,

N
1
ESKS() = —/ V¢i2+/pV
(®) ;12RSI | P

1
2 Jps Jrs |z — Y

The Lieb approach leads to the extended Kohn-Sham model, which reads
TPKS — inf{EFES(1, @), ® € W, v € Ny},

where for all ® = (¢;);en- € W and all v = (n;)ien- € N,

—+00
EEKS (I) / Zv Z2 / y vV
(v, Z n; |Vl 3P,<1>
/Ra /]RS 'OVCD Jowaly ) dx dy + Em</)l/ ),

|z —yl

where
—+oco
Pr@ = Z”i|¢z‘|2-
i=1

The extended Kohn-Sham model can be rewritten in an equivalent manner (like
in the case of the HF model) using order 1 density operators associated to mixed
states, which are defined by

+o0
Vv, @ = Zm@@)ﬁbi(y), D = (¢;)ien €W, v = (n;)ien € Ni.
i=1

It indeed holds that
[PK% = inf {E"F9(v), v € Ly}, (1.12)

where

1
EFKS(q) = §Tr(—A”y) + /Rs pV 4+ J(py) + Eyc(py).

A huge number of candidate expressions for the exchange-correlation functional
can be found in the literature. Among them, let us mention
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e the Local Density Approximation (LDA) where E,.(p) is assumed to be of the
form

Eve(p) = / 9(p(x)) dz,
R3
where g : Ry — R;

e the Gradient Corrected Approximation (GCA) where E,.(p) is also assumed
to depend locally on the gradient of the density, i.e.

Bualp) = [ hlot@), V(o)) do.

with h: R, x R® — R.

In practice, the LDA functional is mainly used with the definition of ¢ which derives
from interacting uniform electron gas calculations and was introduced by Kohn
and Sham [119]. For the GGA functional, there exist a lot of different choices
for the function h in the literature (see e.g. [13, 125, 159, 160]). Let us point out
that the extended Kohn-Sham model with no exchange-correlation energy functional
(E.. = 0) is strictly equivalent to the reduced Hartree-Fock model introduced in
Section 1.2.1.

It is known that for neutral or positively charged systems, the standard [127]
and extended [6] Kohn-Sham LDA problem does have a minimizer and some partial
results exist for the Kohn-Sham GGA problem in the case of N = 2 electrons [6].

Typically, for the extended Kohn-Sham LDA problem [6], provided that Z > N
and that g is a C! function from R, to R, twice differentiable on R and satisfying
the following assumptions

/
030<ﬁ,§ﬁ+<§suchthat supM<oo;

pERL pﬁ_ + p6+

e Jl<ac< % such that limsup, o+ % <0,

then, problem (1.12) admits a minimizer y. This minimizer satisfies the self-consistent
equation
Y= ]l(foo,EF)(HfKS) + 0,

for some er < 0, where
1 _
HYR = =5 A+ Vit pyx| [+ ' (r),

and where § is a self-adjoint operator on L?(R?) such that 0 < 6 < 1 and Ran(§) C
Ker(H, — €p). The minimizer is unique if e ¢ o(H,).
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1.3 Nonlinear mean-field models for periodic crys-
tals

1.3.1 Thermodynamic limit

In this section, we are going to present nonlinear mean-field models used in quantum
chemistry for the computation of the electronic structure of crystalline materials.
These are composed of an infinite set of nuclei arranged periodically in space. Hope-
fully, the ground state electronic density will inherit the same periodicity, so that
it will be possible to reduce the problem posed over the entire space to a prob-
lem posed only on a unit cell of the lattice with periodic (for Thomas-Fermi type
models) or quasiperiodic (for Hartree-Fock or Kohn-Sham type models) boundary
conditions. However, the fact that the density has the same periodicity as the nu-
clear distribution (i.e. that there is no symmetry breaking) is not obvious at all.
This question can, in some particular cases, be answered by means of thermodynamic
limit arguments.

Let us first introduce some notation. Let R be a periodic lattice of R? with
d € N* and I' a unit cell of R such that 0 is in the interior of I'. The lattice R can
be defined as follows:

d
R = {Z wiay, (U;)1<i<d € Zd} )

i=1

where (a;)1<i<q forms a basis of R? and is said to be a basis of R. An admissible
choice for the unit cell I' is

d 11\
I'= {Zwiai, (x:)1<i<d € [_575) }

=1

We define the reciprocal lattice of R as

d
R* = {Z uiaé, (ui)lgigd c Zd} s

i=1
where the basis (a});<;<q satisfies the following relationships
a; * a; = 271'5@']', 1 S Z,j S d.

This definition of R* does not depend on the choice of the basis of R. The Wigner-
Seitz cell of a lattice, or Dirichlet zone, is defined as the Voronoi cell associated with
the point 0. In other words, it is defined as the set of points of R? which are closer
to the point 0 than to any other point of the lattice. The Wigner-Seitz cell of the
reciprocal lattice is called the first Brillouin zone of the crystal and is denoted by
[*. We define

L2,(T) :={ue Ly (R, u R-periodic},

and

per per

HL () = {u e 12, (), Vu e (Lf)er(l“))d}.
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Now, in the case of a perfect crystal, d = 3 and R is the periodic crystalline
lattice. We assume that there are M nuclei inside the unit cell I', and denote by
Ry,--- Ry € I'' and zy,---,2y € R, their positions and charges. The nuclear
charge density of the crystal is then

M
Hper = Z Z zkéRkJrRa

ReER k=1

where §, denotes the Dirac mass at a point x € R?. Let Z := leyzl 2z be the total
nuclear charge per unit cell.

For all L € N*, let I', := LT" be an assembly of L? unit cells. We may consider
the finite system composed of all the nuclei whose positions are located inside I'j,
and of L3Z electrons. Let us assume that, for each L € N*, this system admits an
electronic ground state whose associated density and energy are denoted respectively
by pr and I.

° ° ° ° ° L
° ° ° ° °
° ° ° ° °

Figure 1.1: Thermodynamic limit for perfect periodic crystals

Then, the thermodynamic limit problem can be stated as follows: does there exist
a scalar I, € R and an electronic density ppe (Which we expect to be R-periodic)

such that
PL  —  Pper

I Lm0 } in a certain sense?
3 per
L—oo

This question is difficult and there are very few models for which an answer has
been found.

The periodic Coulomb potential is defined as the unique solution G € L?_(T') of

per

—AG =47 _L+Z )

T ReER R ) >
fFG: :

Let



We define
M

Voer(x) = — Z 2G(x — Ry), for almost all € R,
k=1
For all L € N*| let us also denote by

1 22l
Uy == ,
BT 2 (R + R) — (R + R))]
R, R e RNTy,
1< k1< M,
R+ Ry # R + R,

the energy of the Coulomb interaction between the nuclei which are located inside
;.

1.3.2 Thomas-Fermi models

This problem of the thermodynamic limit was first tackled by Lieb for the Thomas-
Fermi model [135], then by Catto, Le Bris and Lions for the Thomas-Fermi-von
Weiszécker theory [50]. Let us state more precisely the results in [50], which are
summarized in [49].

For L € N*, the TFW energy functional of the finite system composed of the
nuclei located inside I';, reads

1 T
E(p) = Cwéa\Vﬁ\2+CTF43p5/3+§Aa /RS 7p|;)_p(j) dz dy

+/RS ( Z V(:E—R)) p(x)dz,

ReRMNI'L,

where V(z) = — 224:1 ﬁ for almost all z € R3. Let

ITFW — inf {E{FW(/)) + UL, p>0,yp € H' (R?), / D= L3Z} :
R3

and py, be the unique minimizer of the above problem.

Let us also introduce the periodic TFW problem
[IEW = inf {Egefw(p), p>0,peH (), /Fp = Z} , (1.13)
where
ElXW(p) = CW/F IVl + CTF/F/)E)/s + /FPVper
%/F/Fp(x)p(y)G(x —y)drdy.

Then, there exists a unique minimizer ppe, of problem (1.13) and the following
convergence results hold [50]:
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e Convergence of the energy per unit volume:

L rrw rew , M
Lh_l:{)lo ﬁ[ [per + 5

e Convergence of the density: As L goes to infinity, \/pr, converges to \/pper
for the strong topology of HL .(R*) and the strong topology of LY (R?), 1 <p <
00.

Besides, denoting by u’
equation

/Prer» the function u),, satisfies the Euler-Lagrange

per —

TFW 0 0,0
Hper per 6Fuper7

where
HIEY = ~Cuy 2 Crplull| % + / Gl — ()P dy + Ve (114)
T

is the periodic TFW Hamiltonian, and €Y, is the Lagrange multiplier of the constraint
Jrlube|* = Z. Besides, it holds that €}, = inf o (HLE"W).

per

The thermodynamic limit problem for the TFDW model, and more generally for
non-convex orbital-free models, remains open.

1.3.3 Bloch theory

Before describing the reduced Hartree-Fock and Kohn-Sham models used for perfect
crystals, let us recall here the basics of Bloch theory, which was first introduced by
Floquet [89] in the one-dimensional setting, then by Bloch [19] in the general case.

For all ¢ € I'*, we denote by
- {gb € Lloc ) | e—iQ'x¢( ) S L?)er(r)} .

This space, endowed with the scalar product

(6,0 300 /w,

is a Hilbert space isomorphic to L
The set |

ser (D). The associated norm is denoted by ||| 2 (r).-

ger- Lo(D) is called the set of Bloch functions.

Let us now consider the space

1 @ 9

= {(qu)qel“* | ¢4 € Li(r), qr— ||¢q||%g(1“) measurable, / ||¢q||%g(1“) dg < JFOO} .
F*

Endowed with the scalar product defined by
1 e, 1
V(b = (¢q)q€r*7 w = (wq>qef* € W - Lq(F) dQ7 <¢7 w> = W - <¢(I7 wq>Lg(F) dQ7
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this space is a Hilbert space.

Denoting by S(R?) the Schwartz space

S(RY) := {f € C*(RY), Va, B € N, sup |2%0° f(x)| < —l—oo} :

z€R4

the Bloch decomposition theorem states that the linear map U : S(R?) — \F*\ fr L2 ') dg,
defined by

Vo € S(R?), Up = (Ud)g)yer-» With (Ug)y(z) = > e (x + R),

ReR

can be uniquely extended to a unitary operator U from L?(R¢) onto ‘Fl*‘ S LA(T) dg.

Its inverse, denoted by U*, is defined for all ¢ = (¢,)4er+ € ﬁ fFEE L?I(T) dq as
follows

VREeR, (Ud)(z— R) =

T e "R () dq for almost allz € T
F*

The fact that U is an isometry then means that for all ¢ € L?(IR%),

1
oa) = [ enfe) da (1.15)
| Jpe
where for almost all ¢ € I'* and = € R,

o(x) = Y e oz + R) € Ly(D),

RER
and
10120 = o7 [ Nl
The decomposition (1.15) is called the Bloch transform of ¢.

Now, let A be a bounded self-adjoint operator on L?(R?) which commutes with
the translations of the periodic lattice, i.e. such that

VR € R, TRA = Arg,
where for all ¢ € L?(R?) and R € R,
(Tro)(x) = ¢(z — R).
Then, the operator A admits a Bloch transform in the sense that there exists a

unique function ¢ € I — A, € B(LZ(T'))NS(LZ(T')) in L>(I'*, B(LZ(I"))), such that
for all ¢ € L*(R?) and almost all ¢ € T,

(UAQb)q = Aq(U¢)qa
ie.

1
(40)@) = 57 [ (A0 (a) dn = 7 [ (@) a
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The following symbolic notation is used

1 D
A= A, dq.
wwl; o

Besides, it holds that
sup ||Aq||B(Lg(F)) = ||A||B(L2(]Rd))-
qel™

If A is a positive self-adjoint operator on L?(R?), then for any ¢ € I'*, A, is positive,
and we can define

1

Trr(A) = o / . Trrer)(Ag) dg € Ry U {400} (1.16)

1.3.4 Hartree-Fock and Kohn-Sham models

The Bloch formalism introduced in the preceding section is central in the definition
of Kohn-Sham and Hartree-Fock type models for periodic crystals. In these settings,
the electronic structure of a perfect crystal is described by density operators -y
satisfying the following properties

e v is a self-adjoint operator on L?(R?) satisfying 0 < ~ < 1 in the sense of
operators (Pauli principle);

e v commutes with all the translations of the lattice, i.e.
VR € R, Try = YTRg.
According to the results in Section 1.3.3, such an operator v can be decomposed as
1 5

A e

y Vq g,

where 7, € B(L;(I')) satisfies 0 < v, < 1 for almost all ¢ € T* in the sense of
operators on L7(I"). We can also define Trp(7) as in (1.16) and this quantity will be
equal to the number of electrons per unit cell. Let us point out that

Trr(v) Z/Fﬂw

where the non-negative R-periodic function
1
pole) = = [ 7oy (0 0) dg
T e
is the electronic density associated with v. We also set
Trr(—A7y) == — TrLg(p)(—Aquq) dq,

where A, is the Laplace operator, seen as an operator on Lg(F). Naturally, in the
expression above, we have used the usual convention

Tor(=A) = Trr(=2)(=2)")
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and
TrL%(F) (=Ag7q) = TrL%(F) ((_Aq)l/Q’Vq(_Aq)lﬂ)-

For all density operators y such that Trp(—Ay) < +00, it holds that /py € H.(T').
We then define

Loer = {7y €S(L*(R?)) |0 <y <1, VRER, 7oy =77r, Trr((1 — A)y) < 400}

For a perfect crystal with Z electrons per unit cell, the extended Kohn-Sham
model then writes

155 jug {Efefsm, Y€ Ly Tr) = [ 1= z} O am
I

where the extended Kohn-Sham energy is given by

1 1
PES0) 1= 3Tie(=09) + [ Vi, +5 [ [ Gla =00, () dody + Butp),

where F,. is a well-chosen exchange-correlation functional.

In the case of the reduced Hartree-Fock model (E,. = 0), Catto, Le Bris and
Lions proved in [53] that problem (1.17) has a minimizer 7,., and that all minimizers
of (1.17) share the same electronic density pper = p,.,. Cances, Deleurence and
Lewin proved that this minimizer is actually unique [36], is an orthogonal projector
on L*(R?) (i.e. 720, = Vier = Vper) and satisfies the self-consistent equation

Yper = 1 (—00,€%] (Hper)a

where H,, is the periodic Schrodinger operator on L*(R?) defined by

1
Hyer = —§A+Vper, (1.18)

the mean-field potential Ve, being given by

Vprl2) = [ Gl = 0)pa(0) i+ Vi),
r
and where €% is called the Fermi level. The value of €% can be determined by using
the closing relationship

/pper(x) dx = Z.
r

Catto, Le Bris and Lions proved the convergence of the thermodynamic limit of
the reduced Hartree-Fock model to the periodic problem (1.17). They also exhibited
a periodic problem that is thought to correspond to the thermodynamic limit of the
full Hartree-Fock model [51, 54, 53, 52, 93| (the exchange term requires some special
treatment). We will not give here the form of the periodic Hartree-Fock problem for
the sake of brevity. Proving the convergence of the thermodynamic limit in the full
Hartree-Fock case remains an open problem.

Let us also mention the results by Fefferman|84|, and by Hainzl, Lewin and
Solovej [108, 109] who investigated the thermodynamic limit for the many-body
Schrodinger equation (1.2). They proved the convergence of the energy per unit cell
but the convergence of the density remains an open issue.
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1.4 Nonlinear mean-field models for periodic crys-
tals with local defects

Real crystalline materials are not perfectly periodic. Defects, such as vacancies,
impurities, dislocations etc. are present inside the material and are accountable for
some physical behaviors of the crystals, such as plasticity for instance. We will here
only address the issue of modeling one single point defect in a crystalline material.
Extended defects or randomly distributed point defects [124]| will not be considered
in this work.

Figure 1.2: Crystal with local defects

For the sake of simplicity, we will consider smeared nuclei. In other words, the
nuclear charge distribution i, of the periodic host crystal will be approximated by

fiper (T) = Z Z%X(l’ — (Rx + R)),

ReER k=1

where y € C>°(IR3) is a smooth, radial, non-negative function with compact support
such that fRS x = 1. Let us then denote by

V() = — / G — ) (y) dy.

1.4.1 Reduced Hartree-Fock model

The mathematical analysis of the electronic structure of crystals with defects within
the rHF framework has been initiated in [36]. This work is based on a formally
simple idea, which is very similar to that used in [55, 105, 106 to properly define
a quantum electrodynamical (QED) model for atoms and molecules. The general
principle consists in considering the defect (the atom or the molecule in QED) as a
quasiparticle embedded in a well-characterized background (a perfect crystal in our
case, the polarized vacuum in QED), and to build a variational model allowing one
to compute the ground state of the quasiparticle. In [36], such a variational model
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Figure 1.3: Crystal with local defects

is obtained by passing to the thermodynamic limit on the difference between the
ground state density matrices obtained respectively with and without the defect.

The analysis done in [36] holds for insulating or semiconductor crystals. Such
materials are characterized by the fact that the Fermi level er lays in a gap of
0(Hper), the spectrum of the mean-field Hamiltonian H,., of the periodic host crystal
defined by (1.18). We therefore assume in this section that there exist X7, X7 € R
with ©7 < ¥F such that ep € (X7, 2%) and (X7, 2%) No(Hper) = 0.

Insulator / Semiconductor Conductor

Conduction bands

g~ | Bandgap

Valence bands
(Fermi sea)

Figure 1.4: Insulating and conducting materials

The local defect we consider introduces a local perturbation v(z) of the nuclear
charge distribution. The rHF ground state density of the crystal in the presence of
the defect can be written as

/7 - fyper + Q
where 7,e is the ground state density operator of the host perfect crystal and @)
a self-adjoint operator on L?(R3). Although @ is not trace-class in general, both
the operators Q" 1= YpeQVper and Q@ 1= (1 — Yper)Q(1 — Yper) are trace-class.
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Actually, @) belongs to the Banach space

{Q € &2(L*([R) NS(L*(RY)), Q*F € &1(L*(R?)), Q7™ € &1(L*(RY)),
IVIQ € 65(L*(RY)), |[VIQTF|V] € 61(L*(R?)), |[VIQ™7|V] € &1(L*(R%))}.

For all @ € Q, we define Tro(Q) as

Tre(Q) = T(Q* +Q 7).

The associated electronic density pg can be defined in a weak sense by

e € C(), (@) = | pot.
RS
We also define for all Q € Q,

Tro(Hper Q) = Tr(|Hper — 5*(QF — Q7 7) [ Hyper — 5]/%) + KTio(Q),

where £ is an arbitrary real number belonging to the gap (X7, X"). Actually, this
expression does not depend on the choice of k.

The energy functional of the defect model can then be written as

ETHF(Q) := Tro( perQ / / d dy + = / / pQ da:dy
R3 JR3 ‘1’_ R3 JR3 \x—y|

The minimization set where the density operator ) must be chosen is

IC:I{QEQ, _prergle_fYPer}'

The condition —vper < @ < 1 — 7pe is enforced to ensure that 0 < v < 1.

Cances, Deleurence and Lewin [36] considered two types of physical settings.
The first one gives rise to the minimization problem

[ (ep) == inf {E;77(Q) — e4Tro(Q), Q €K}, (1.19)

for a fixed value of ex € (X7,3%). In this model, the charge of the defect is
controlled by the Fermi level ez (which thus plays the role of a chemical potential).
This problem admits a minimizer QQ**, which may not be unique. However, all
the minimizers of (1.19) share the same density pgver. Besides, Q" F satisfies the
self-consistent equation

Q" =1 ooy (Horer) = Yper + 9,

_ 1.20
HQ%EF = Hper + (pQu,eF — y) * | . | 17 ( )

where ¢ is a self-adjoint finite-rank operator such that 0 < 6 < 1 and Ran(d) C
Ker(Hgver — €p). The non-uniqueness of the minimizer of (1.19) relies in the finite-
rank operator §. Actually, if ez ¢ o(Hgver ), @"F is unique. Besides, if v € L}(R?*)N
L*(R3), it is proved that pgrer € L*(R?) and thus W := (pgr.cr — ) x| - | 7! is such
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Figure 1.5: Spectra of the Hamiltonian for the perfect crystal (below) and for the
crystal with a local defect (above)

that its Fourier transform belongs to L'(R?). Thus, W € L®(R?), W(x) — 0,

|z —o0
and W is a compact perturbation of the operator He,.

The second setting consists in considering the minimization of the energy func-
tional E"7F(Q) with a charge constraint, namely

1" (q) == inf { £;"7(Q), Q € K, Tro(Q) = g}, (1.21)

where the charge ¢ € R of the defect is given. Actually, the existence of a minimizer
for problem (1.21) is equivalent to each of these conditions

e any minimizing sequence for (1.21) is precompact in Q and converges towards
a minimizer Q"'%;

e the HVZ type inequalities
Vg e R\ {0}, 1" (q) < ;" (¢ — ¢) + ;"7 (¢)
are satisfied.

The set of real numbers ¢ € R which satisfy these properties form a nonempty closed
interval of R. When these conditions hold, the minimizer is not necessarily unique,
but the associated density pgr.« is. Besides, there exists a Fermi level ex? € [X7, X7
such that Q"7 is a minimizer for problem (1.19) with ez = €7?. This minimizer
satisfies the self-consistent equations (1.20) for an operator ¢ such that 0 < ¢ <1
and Ran(d) C Ker(Hgva — €27). The operator 0 is finite-rank if €2 € (37, X1).
Otherwise, it is trace-class.

We refer to [70] for a complete description of these models and of the theoretical
results proved in [36]. Note that, still in the rHF setting, the dynamical version of the
variational model obtained in [36] is nothing but the random phase approximation
(RPA), widely used in solid-state physics. The well-posedness of the nonlinear RPA
dynamics, as well as of each term of the Dyson expansion with respect to the external
potential, is proved in [44].

1.4.2 Thomas-Fermi type models

The derivation of an exact variational model within the TFW framework was done
by Eric Cancés and myself in [38] and the theoretical results and proofs of this article
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are presented in Chapter 2 of this manuscript. Let us use the same notation as those
used in Section 1.3.2 for the description of the periodic host crystal.

Let us first introduce the Coulomb space C, which is the set of electronic densities
whose Coulomb energy is finite:

C:={peSR)|pE L(R?),|-|7'p() € L*(R")}.

Endowed with the inner product,

D<p17p2) = 47T/ M dkv
ge o |R

C is a Hilbert space. Typically, in the case when \/p1, \/p2 € H'(R?), it holds that

D(p1, p2) //’” ) dway,
R3 \x—y|

and we recognize the more familiar expression of the Coulomb energy already en-
countered in previous contexts.

The general approach is essentially the same as the one adopted in the rHF
setting. The crystal is assumed to have a nuclear distribution given by pt = fiper + v
where v(z) is the perturbation induced by the local defect.

The TFW electronic state of this system is described by a function v related to
the electronic density p by the relation

U:\/ﬁ_\/pper \/7 per

We will see in Chapter 2 that the function v belongs to the minimization set

Q, ={ve H(R®), v> —upy, upev € C}.

per’

The ground state electronic density of the crystal with a local defect v is then given
by
pl/ = (uger + UV)2

where v, is the only minimizer of
77 —inf (BT (1), v e Q. )
the energy functional ET*W (v) being defined as follows

By (0) = (Hper " = €0)0,0) 10w, 101 (2)

)
+ CYTF /R3 <‘uger + ,0‘10/3 |uper‘10/3 - §| per|4/3<2uperv +twv ))

1
+ 2D(2uperv + 0% — v, 2uperv + 0% — ),

with HIEW oiven by (1.14).

per
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Actually, within this theory, and unlike in the rHF case, local defects are always
neutrally charged, i.e. the nuclear charge of the defect is fully screened by the crystal
in a weak sense. If we denote by p° = v + pper — p = v — (208, v, + v?2), it holds

per
that
1

fim == | I dE=0 (1.22)
i.e. 0 is a Lebesgue point of the Fourier transform 7, of p%. In the case when
p0 € LY(R3), then Y € C(R3) N L*°(R3) and (1.22) implies that the charge of the
defect [pq p) = pAB(O) = 0. This means in particular that the TFW model cannot be

used to model insulating or semiconductor crystals, in which charged defects can be
observed.

A similar full screening effect had already been proved for the Thomas-Fermi
model in the case when the host crystal is an homogeneous medium [135].

1.5 Linear models

For any operator A on L?(R?), we denote by o4(A) the discrete spectrum of A, i.e.
the set of the isolated eigenvalues of A of finite multiplicity. The essential spectrum
of A is defined as oes(A) = 0(A) \ 04(A) where o(A) denotes the spectrum of A.

1.5.1 Linear models for finite systems

The mean-field Hamiltonian of a model of Hartree-Fock or Kohn-Sham type can
always be rewritten as a self-adjoint operator on L*(R?) of the form

1
H=-ZA
SA+Y

where V' is an operator (not necessarily local) modeling the nuclei-electrons and
electrons-electrons interactions.

In linear models, the operator V is a multiplication operator by an effective po-
tential V(x) designed by physicists to qualitatively reproduce some of the properties
of the system under study. Such operators are called Schréodinger operators and
the eigenvectors associated with the discrete spectrum are called bound states. For
finite systems, the effective potential V is a compact perturbation of the operator
—A. Since the spectrum of —A as an operator on L*(R?) with domain H?(R3) is
purely absolutely continuous and equal to [0, +00), it results from the Weyl’s the-
orem [163| that oes(H) = 0ess(—A) = [0, 4+00). If the system is stable, H also has
some negative discrete eigenvalues.

In the case of an extended Kohn-Sham LDA or Hartree-Fock type model, the
ground state of a finite system is given by

Y= ]1(—oo,sp}<H>7
where er is a negative Fermi level chosen to ensure that Tr(y) = N. Thus, if H has
at least NV discrete negative eigenvalues, a ground state 7 is given by

N
Y= Z |pi){(Pil,
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where ® = ((bi)lgiSN € Wy satisfies

A1 < -+ < Ay being the lowest N discrete eigenvalues of H (counting multiplicities).

There exists a ground state if and only if the operator H possesses at least N
negative discrete eigenvalues (counting multiplicities). This ground state is unique
if and only if one of the two following conditions is satisfied:

e If the operator H has at least N + 1 discrete negative eigenvalues, its (N +1)%
eigenvalue A1 is such that Ayi1 > An;

e The operator H has at most /N negative discrete eigenvalues.

Essential spectrum

\
o >

Discrete eigenvalues

Figure 1.6: Spectrum of H

1.5.2 Linear models for perfect crystals

In the case of Hartree-Fock or Kohn-Sham models for periodic crystalline materials
(see Section 1.3), the corresponding mean-field Hamiltonian can be written under
the form

1
Hyw = =50+ Vi (1.24)

with V,e an R-periodic operator, where R is the crystalline lattice.

In linear models, the operator V., is replaced with a multiplication operator
by a R-periodic function Ve (z) chosen a priori, like in [60] for instance. It is
then important to know precisely the spectral decomposition of the operator Hye, =
—%A + Vper in order to have access to the ground state density operator yper =
]1(—00,6F}(Hper>-

Operators of the form (1.24), with Ve a periodic function, are called periodic
Schrodinger operators and appear in many physical contexts, apart from the study
of crystalline materials in solid state physics. They can also model the properties
of photonic crystals when they are considered as operators on L*(R?). Thus, it is
interesting to study their properties as operators on L?(R?), with d € N* an arbitrary
dimension.

If Vper € LY (R?) withp=2ifd <3,p>2ifd=4and p > d/2if d > 5, then

loc
o 18 a bounded from below, self-adjoint operator on L?(R%), with domain H?(R?).

H

P
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Besides, Hper commutes with all the translations of the lattice, and can therefore be
decomposed using Bloch theory (which is also valid for unbounded operators, see
[163]):

1 (&)
Hyo = — H,dq,
P |r*|/p* @4

where for all ¢ € I'*, H, is an unbounded self-adjoint operator on Lg(T). Actually,
it is proved that for all ¢ € I'*,

1
Hq - _§A + Vperu

and H, has a compact resolvent on Lg(F). Thus, for all ¢ € I'*, there exists a non-
decreasing sequence (g,,4)nen+ and an orthonormal basis (¢n.q)nen- of L2(T') such
that for all n € N* and all ¢ € I'*,

Hpbn g = €ng¥ng-

Denoting by ¢, ,(z) = ™%, ,(z), it can be easily checked that (¢, ,)nen is an
orthonormal basis of L2, (I") composed of the eigenvectors of the self-adjoint operator

H? on L?_(T") defined by

per

1 lql?
H? = —§A—zq~V+7+Vper.

More precisely, for all ¢ € I'* and n € N*,

Hq¢n7q = gnvq(’bnyq :

As the application ¢ € I'* — H? is analytic, the functions ¢ € I'* — ¢, , are Lips-
chitz. Besides, it can be proved [163] that the spectrum of H,., is purely absolutely
continuous and

o(Hper) = U b,, where b, = U {engt =1%,,2F], X, =mine,,, %5

n = min N = Max ey 4.

h
e} oD qel’

An interval (a, b) with a,b € R such that a < b, a,b € 0(Hpe) and (a,b)No(Hper) = 0
is called a gap of the operator H,.

Spectral gaps

Figure 1.7: Spectrum of Hpe,

Besides, since Yper = L(—oo,e,](Hper), it holds that

1 D
er — 1.l d7
e = 5 . 0
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where for all ¢ € T,

+oo
Vg = L(cooer)(Hy) = Z L(—co,er](Enq) [¥n,q) (¥l
n=1

The electronic density associated with the operator 7, is then given by

|1">(< /*Zﬂ( 00,€F] 5nq W)n,q( )|2dQ7

and the Fermi level e is chosen in order to ensure that fr Pper = 4.

pper

1.5.3 Linear models for crystals with local defects

In the case when d = 3, when a local defect is present inside the periodic crystalline
material, the perturbation of the periodicity of the arrangement of the nuclei in-
duces a perturbation of the potential V. For an arbitray dimension d € N*, the
associated perturbed Schrédinger operator reads

1
Hdef - _éA + Vper +W = Hper + Wa

where W is a potential such that W € L*°(R?) and W(z) — 0.

T|—-+00
The potential W is a compact perturbation of Hpe,. T‘h‘us, the operator Hger is
self-adjoint and bounded from below on L?(R?), with domain H?(R?). Furthermore,
from Weyl’s theorem [163], 0ess(Haef) = Oess(Hper). However, there may appear some
discrete eigenvalues inside the spectral gaps of the periodic Schrédinger operator
Hper. Chapters 3 and 4 of this thesis will be concerned with the computation of
these discrete eigenvalues.

Discrete eigenvalues

——1 i|—}— -||-|-_1 |-—|—-—— —_)-—

Essential spectrum

Figure 1.8: Spectrum of H gef
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1.6 Numerical methods

In this section, we present some of the most common numerical methods used for
electronic calculations of crystals with or without local defects. For the sake of
brevity, we do not deal here with computations done for finite systems and refer to
[42, 126, 186].

1.6.1 Electronic structure calculations of perfect periodic crys-
tals

Density Functional Theory models

Let us describe here the most common numerical methods used to discretize the
Thomas-Fermi-von Weiszédcker model. Let us recall that the periodic TFW problem
for a perfect periodic crystal reads as follows:

Lt = {Eif%% p >0, \/p € Hy (D), / p= z} ,
I

where
EZY(0) = Cu [ VYRR + Car [ 07
r r
1
+/prer+5//G(w—y)p($)p(y)-
r rJr
This minimization problem has a unique minimizer ppe and uger = \/Pper 18 such
that u),, € H} (), ud,, > 0 on R* and
5
Hg;f;wuger = _CWAuger+ (gCTF‘uger|4/3 + Vper + /F G( - y)|uger<y>|2 dy) uger = e%u

where €}, is the infimum of the spectrum of H 2.
A first standard way of discretizing this minimization problem is to use finite
element methods. We will not detail this method and concentrate more on the

planewave discretization method, whose numerical analysis has recently been pub-

lished in [35].

Let us assume for the sake of simplicity that R = Z3. We denote by R* = 27Z3

the dual lattice of R, and by ex(x) = mll =€ the planewave with wavevector

k € R*. The family (ex)rer- forms an orthonormal basis of L2, (I',C) and for all
ue L2 (T,0C),

per

- o 1 e
u(x) = Z uger(r) with = (ek,U)Lger = m—l/z/u(x)e bz do.
kER* r
For N. € N, we denote by
Vy, = > aker, Yhiep =

kER*, Ik“‘SQTFNc
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For all v € L2 (T, C), the orthogonal projection of v on Vy, is given by

per
[Myv = E V€.

keR*, ‘kISZWNc

For N, € N*, we denote by ¢FFT:Ns the discrete Fourier transform on the cartesian
grid Gy, = NLZ‘O’ of the continuous R-periodic function ¢. In other words, ¢pfF7Ne =
g

(AkFFT’M) where
keR*
~FFT,N, 1 ik _ ~
e = s Z Je e = |17/ Z¢k+N9K
g €GN, KeRr*

We now introduce the subspaces

D Spanq e, [ € 2nZ, || < 2w N92_1)} (N, odd),

Ny —

Span ey | € 2nZ, || < 2w %)} @ C (e™ov + ¢~mNov) (N, even),

and WRP = WP @ WP @ WP, Tt is possible to define the interpolation projector
In, from the set of R—perlodlc continuous functions onto W3D by [In,(9)](z) = ¢(x)
for all z € QN In particular, when N, is odd, it holds

Ino) =10 30 e

kER*, \k|oo<27r<Ng 1)

The planewave discretization of the TFW model is obtained by choosing
e an integer N. € N*, and consequently a finite dimensional Fourier space Vi ;
e a cartesian grid Gy, with step size N%, where N, > 4N, + 1;

and by considering the finite dimensional minimization problem

15— ing {Eﬁf%m, o € Vi [ Jowl? = N} | (1.25)
T

where

Eﬁfw(UNc) = CW/FWUNC 2+CTF/FINg(|UNC‘10/3)+/FINg<‘/per>|vNc‘2

+3 | [ 6= plow@)Plox () drdy.

The minimization problem (1.25) has at least one minimizer, and any minimizer
un,,n, of (1.25) satisfies the Euler-Lagrange equation

5
4/3 Coulomb NN
—CwAupy, n,+1y, [(INg <§CTF|UNC,Ng| Bt Vo V\uﬁuﬁw\Lz UN,N,| = € “UN,N,>
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where for almost all z € R?, V0oulomb(z) = [ G(z — y)|un,.n,(y)|* dy and where

[uNe,Ng \2
egc’Ng is the smallest eigenvalue of the dlscrete finite dimensional Hamiltonian

[unN.,Ng UNe,Ng |2

5
I{TFVVNIg2 _ CWA+INQ (gCTF|uNc,Ng|4/3 +‘/per + VC’oulomb)

defined on Vy, by the Fourier matrix

—_— FFT,Ng ——FFT,Ng

My = Cwlk|*u + 3CTF(|UNC,N9\4/3) + (Vper) oy
<‘ |2)FFT,Ng
UN,,Ng _
+4m = lTQl (1 —6pr)-

The following a priori error estimates hold [35]:

Theorem 1.6.1. Assume that
Im >3, C >0, Vk € R, [Voers] < ClE|™™. (1.26)

For each N. € N, and Ny > 4N, + 1, let uy, n, be a minimizer to (1.25) such
that <U/NC7Ng,Uger>L%er(F) > 0. Then, for N. large enough, un, n, is unique and the
following estimates hold true
HUNC,Ng _ UgerHngr(F) < C&E (Nc*(mferl/?fE) + Nf/2+(3*1)Ng*m) ’
|€Fc,Ng o €%| S Ca (Nc—(Qm—l—a) + Nc?,/ZNg—m) ’
|ITFW Ijj\;"i‘]‘éf; S C& (NCQm—l—Qe + Ng/ZNg—m) ’

per

for all —=m +3/2 < s <m+1/2 and ¢ > 0, and for some constants Cs. > 0 and
C. > 0 wndependent on N, and N,.

Let us point out that similar a priori error estimates were derived in [35] for the
Kohn-Sham LDA model without numerical integration.

Linear models

Recall that

@ T

Vper = ]1( ooeF] per |F*| / Z (—OO,6F]<H(]> dq
n=1

Thus, computing the spectral decomposition of the operator Hpe, on L?(R3?) is
equivalent to computing, for all ¢ € I'*, the spectral decomposition of H, on LZ (T).
But, the latter is an easy task, since H, is a bounded below self-adjoint operator on
Lg(l") with purely discrete spectrum.

Here again for the sake of simplicity, we will assume that R = Z3 with unit cell
I'= [ 3 5) Let ¢ = (qu, qy,q.) € T* = [—m, 7). Let us mention here two classical
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methods for computing the spectral decomposition of the operator H,. The first
one consists in considering a variational approximation of the operator H, on Lg(F)
using finite elements discretization spaces with quasi-periodic boundary conditions.
In other words, if 7 denotes a mesh of R?® (a properly defined set of tetrahedron
(T')rer) invariant with respect to translations of the lattice R, then, for £ € N*, we
consider the discretization space

P, ={ueC(I',C), VI € T, u|r is a polynomial function of degree at most k}.

Then, computing the spectral decomposition of H, can be done in practice by com-
puting the eigenvalues and associated eigenvectors of the finite-dimensional gener-
alized eigenvalue problem

{ find (¢x, Ax) € Vi x R such that [[¢[/r2q) = 1 and
Vor € Vi, h(Vr, &) = A (¥r, or) 2(r),

where the sesquilinear form A is defined as
¥6.0 € Hi,(®,0), h(6.0) = [ V6" Vot [ Viwo'w,
r r

and where Vj, C L2(T') N Hy

loc

1 - 1
‘/;c = {U € Pka fo,y,z € Ra u <—§>?/>Z> =e "Tu (57972) )

1 » 1 1 » 1
ulze,—=,z|=e"ulz, =, 2|, ulz,y,—= | =€ Tulx,y, = | .
2 2 2 2

Recall that the spectral decomposition of H, on Lg(F) is closely related to the
spectral decomposition of the operator

(R3,C) is the finite dimensional space

1 1
HY = —A—ig-V + S Jgf + Ve

on Lger(T). Thus, computing the spectral decomposition of the operator H, on

2 . . . o, . 2
L;(T') is equivalent to computing the spectral decomposition of H? on Lz (T'). The

per
latter is usually done by using a planewave (Fourier) discretization of L2 (T).

per
1.6.2 Electronic structure calculations of perfect periodic crys-
tals with defects

Galerkin approximations

A first intuitive way of carrying out electronic structure computations on periodic
crystals with local defects is to consider Galerkin approximations of the spectrum
of the associated periodic perturbed Schrodinger operator. The major problem of
this method is that it may lead to the phenomenon of spectral pollution, see [131]
for instance.
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This phenomenon is well-known in quantum and relativistic physics [21, 22, 24].
A prototypical example was given by Szegé [97]: let f € L32.(0,1) be a real-valued,
piecewise continuous function. Consider the bounded self-adjoint operator T on
L2..(0,1) defined as (Tw)(x) = f(x)u(z). The operator T then has a band spectrum
o(T) = ess-range(f). Let us now denote by Ty the matrix of 7" in the Fourier basis

(eZian)_NSnSN' Then,

lim o(Tn) = Conv(a(T)),
No—o0
N>N,
where Conv(B) denotes the convex hull of a subset of B C R. This means that,
even if a natural discretization space (here a Fourier space) is chosen to approximate
an operator, the discretization may produce spurious eigenvalues, i.e. real numbers,
that do not belong to the spectrum of the operator, but are the limit of a sequence
of eigenvalues of the discretized operators.

i |

0 1

Graph of the function f Spectrum of T’ Nlim U o(TnN) Spectrum of T
N>Ng

Figure 1.9: Example of spectral pollution

Chapter 3 is concerned with the results proved in [40]. We show that a standard
finite element discretization for linear perturbed periodic Schrédinger operator in-
deed leads to spectral pollution, and that the spurious states can be characterized
as surface states in a certain sense.

A way to avoid spectral pollution while using Galerkin approximations is to
consider a method inspired by a recent work by Lewin and Séré [134]: provided
that the discretization spaces (V,),en are chosen so that V,, = VI @V~ with VI C
Ran(P) and V, C Ker(P) with P a well-chosen orthogonal projector, it is possible
to avoid spectral pollution in some regions of the spectrum.

This method can be applied in practice to perturbed periodic Schrédinger op-
erators by considering the so-called Wannier functions, which form an orthonormal
basis of the range of the spectral projector 1(_oo .y (Hper). It will also be studied in
Chapter 3 of this thesis.

Supercell method

The so-called supercell model is the current state-of-the-art method to compute the
electronic structure of a crystal with a local defect. In this approach, the defect and
as many atoms of the host crystal as the available computer resources can accomo-
date, are put in a large box, called the supercell, and Born-von-Karman periodic
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boundary conditions are imposed to the single particle orbitals (and consequently
to the electronic density).

Figure 1.10: The supercell method: periodic boundary conditions

The proof of the convergence of the supercell method was carried out by Canceés,
Deleurence and Lewin in [36] for the rHF model and by Cancés and myself in [3§]
for the TFW model. The proof of the convergence in the framework of the Thomas-
Fermi-von Weiszécker theory will be presented in Chapter 2.

In a joint work with Eric Cancés and Yvon Maday [41], we proved that the
supercell method for linear perturbed Schrodinger operators with a planewave dis-
cretization, is spectral pollution free for the computation of the electronic properties
of periodic crystals in the presence of a local defect. A priori estimates are derived
for the approximation of discrete eigenvalues and associated eigenvectors, taking
planewave discretization and numerical integration into account. This is the subject
of Chapter 4 of this thesis work.

So far, the convergence rate of the supercell method has not been studied for
nonlinear mean-field models.

We have seen that in electronic structure calculations, the state-of-the-art tech-
niques for computing electronic properties of local defects in periodic crystals are
to use periodic boundary conditions. Let us mention that other boundary condi-
tions based on Dirichlet-to-Neumann operators are used in other fields, such as wave
propagation in periodic media containing a local perturbation [87, 8§].
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Chapter 2

Local defects are always neutral in
the Thomas-Fermi-von Weiszacker
theory of crystals

The results of this chapter were the object of an article which appeared in Archive
for Rational Mechanics and Analysis. An exact variational model for the description
of local defects in crystalline materials in the Thomas-Fermi-von Weiszécker theory
of crystals is derived and justified by means of thermodynamic limit arguments. We
prove that, within this theory, local defects are necessary electrically neutral and
additional results are proved in the case when the host crystal is homogeneous.
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Local defects are always neutral in the
Thomas-Fermi-von Weiszacker theory of crystals

Eric Cancés and Virginie Ehrlacher
Université Paris-Est, CERMICS, Project-team Micmac, INRIA-Ecole des Ponts,
6 & 8 avenue Blaise Pascal, 77455 Marne-la-Vallée Cedex 2, France

Abstract

The aim of this article is to propose a mathematical model describing the electronic
structure of crystals with local defects in the framework of the Thomas-Fermi-von Weizsécker
(TFW) theory. The approach follows the same lines as that used in E. Cances, A.
Deleurence and M. Lewin, Commun. Math. Phys., 281 (2008), pp. 129-177 for the
reduced Hartree-Fock model, and is based on thermodynamic limit arguments. We prove
in particular that it is not possible to model charged defects within the TFW theory of
crystals.

2.1 Introduction

The modelling and simulation of the electronic structure of crystals is a prominent topic
in solid-state physics, materials science and nano-electronics [116, 161, 173]. Besides its
importance for the applications, it is an interesting context for mathematicians for it gives
rise to many interesting mathematical and numerical questions.

The mathematical difficulties originate from the fact that crystals consist of infinitely
many charged particles (positivitely charged nuclei and negatively charged electrons) in-
teracting with Coulomb potential. Of course, a real crystal contains a finite number of
electrons and nuclei, but in order to understand and compute the macroscopic properties
of a crystal from first principles, it is in fact easier, or at least not more complicated, to
consider that we are dealing with an infinite system.

The first mathematical studies of the electronic structure of crystals were concerned
with the so-called (zero-temperature) thermodynamic limit problem for perfect crystals.
As opposed to real crystals, which contain local defects (vacancies, interstitial atoms,
impurities) and/or extended defects (dislocations, grain boundaries), perfect crystals are
periodic arrangements of nuclei and electrons, in the sense that both the nuclear density
and the electronic density are R-periodic distributions, R denoting some discrete periodic
lattice of R3. The thermodynamic limit problem for perfect crystals can be stated as
follows. Starting from a given electronic structure model for finite molecular systems, find
out an electronic structure model for perfect crystals, such that when a cluster grows and
“converges” (in some sense, see [50]) to some R-periodic perfect crystal, the ground state
electronic density of the cluster converges to the R-periodic ground state electronic density
of the perfect crystal.
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For Thomas-Fermi like (orbital-free) models, it is not difficult to guess what should
be the corresponding models for perfect crystals. On the other hand, solving the ther-
modynamic limit problem, that is proving the convergence property discussed above, is
a much more difficult task. This program was carried out for the Thomas-Fermi (TF)
model in [140] and for the Thomas-Fermi-von Weizsédcker (TFW) model in [50]. Note that
these two models are strictly convex in the density, and that the uniqueness of the ground
state density is an essential ingredient of the proof. The thermodynamic limit problem for
perfect crystals remains open for the Thomas-Fermi-Dirac-von Weisécker model, and more
generally for nonconvex orbital-free models.

The case of Hartree-Fock and Kohn-Sham like models is more difficult. In these mod-
els, the electronic state is described in terms of electronic density matrices. For a finite
system, the ground state density matrix is a non-negative trace-class self-adjoint operator,
with trace IV, the number of electrons in the system. For infinite systems, the ground state
density matrix is no longer trace-class, which significantly complicates the mathematical
arguments. Yet, perfect crystals being periodic, it is possible to make use of Bloch-Floquet
theory and guess the structure of the periodic Hartree-Fock and Kohn-Sham models. These
models are widely used in solid-state physics and materials science. Here also, the thermo-
dynamic limit problem seems out of reach with state-of-the-art mathematical tools, except
in the special case of the restricted Hartree-Fock (rHF) model, also called the Hartree
model in the physics literature. Thoroughly using the strict convexity of the rHF energy
functional with respect to the electronic density, Catto, Le Bris and Lions were able to
solve the thermodynamic limit problem for the rHF model [53].

Very little is known about the modelling of perfect crystals within the framework of
the N-body Schrodinger model. To the best of our knowledge, the only available results
[84, 108] state that the energy per unit volume is well defined in the thermodynamic limit.
So far, the Schrodinger model for periodic crystals is still an unknown mathematical object.

The mathematical analysis of the electronic structure of crystals with defects has been
initiated in [36] for the rHF model. This work is based on a formally simple idea whose
rigorous implementation however requires some effort. This idea is very similar to that
used in [106, 107] to properly define a no-photon quantum electrodynamical (QED) model
for atoms and molecules. Loosely speaking, it consists in considering the defect (the atom
or the molecule in QED) as a quasiparticle embedded in a well-characterized background
(a perfect crystal in our case, the polarized vacuum in QED), and to build a variational
model allowing to compute the ground state of the quasiparticle.

In [36], such a variational model is obtained by passing to the thermodynamic limit in
the difference between the ground state density matrices obtained respectively with and
without the defect. In order to avoid additional technical difficulties, the thermodynamic
limit argument in [36] is not carried out on clusters of atoms of increasing sizes, with
vanishing boundary conditions at infinity (as in [50, 53|), but on the supercell model.
Recall that the supercell model is the current state-of-the-art method to compute the
electronic structure of a crystal with a local defect. In this approach, the defect and as
many atoms of the host crystal as the available computer resources can accomodate, are
put in a large, usually cubic, box, called the supercell, and artificial periodic boundary
conditions are imposed to the single particle orbitals (and consequently to the electronic
density). The limitations of the supercell methods are well-known: first, it gives rise to
spurious interactions between the defect and its periodic images, and second, it requires
that the total charge contained in the supercell is neutral (otherwise, the energy per unit
volume would be infinite). In the case of charged defects, the extra amount of charge
must be compensated in one way or another, for instance by adding to the total physical
charge distribution of the system a uniformly charged background (called a jellium). It
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is well-known that this procedure generates unphysical screening effects. Other charge
compensation methods have been proposed, but none of them is completely satisfactory.
Note that the above mentioned sources of error vanish in the thermodynamic limit, when
the size of the supercell goes to infinity: both the interaction between a defect and its
periodic images and the density of the jellium go to zero in the thermodynamic limit.
The variational model for the defect, considered as a quasiparticle, obtained in [36]
has a quite unusual mathematical structure. The rHF ground state density matrix of an
insulating or semiconducting crystal in the presence of a local defect can be written as

Y=+ Q

where ’yger is the density matrix of the host perfect crystal (an orthogonal projector on
L?(R3) with infinite rank which commutes with the translations of the lattice) and Q a self-
adjoint Hilbert-Schmidt operator on L?(R?). Although @ is not trace-class in general [43],
it is possible to give a sense to its generalized trace

Tro(Q) = Tr (Q*F)+Tr (Q77) where QT = (1= ) Q1) and Q7 1= 10, QVper

(as ’yger is an orthogonal projector, Tr = Tr( on the space of the trace-class operators on
L%(R3)), as well as to its density pg. The latter is defined in a weak sense

VW e CEE), Trol@W) = [ ol
RS

The function pg is not in L' (R?) in general, but only in L?(R3)NC, where C is the Coulomb
space, that is the space of charge distributions with finite Coulomb energy. An important
consequence of these results is that

e in general, the electronic charge of the defect can be defined neither as Tr (Q) nor
as fRS P;

e it may happen that pg € L*(R?) but Tro(Q) # [gs po (while we would have pg €
LYR?) and Tro(Q) = Tr(Q) = [gs po if Q were a trace-class operator). In this
case, Tro(Q) and ng pq can be interpreted respectively as the bare and renormalized
electronic charges of the defect [43].

For a given nuclear charge of the defect, the bare (resp. the renormalized) electronic charge
of the defect can a priori take several values [37|, depending on the choice of the Fermi level
(i.e. of the chemical potential of the electrons). Yet, if the Coulomb energy of the nuclear
charge v of the defect is small enough and if m is integrable, the bare and renormalized
electronic charges of the defect are independent of the choice of the Fermi level, and are
respectively equal to 0 and h%—%o fR3 v, where 0 < Ly < oo is a constant depending only on
the host crystal [43]. Consequenly the renormalized total charge is given by

L
/V_io/ L
R3 1+ Lo Jps (1+L0)

This means that the charge v is partially screened by a factor 1 < (1 + Lg) < oco. Full
screening would correspond to Ly = —+00; in this case, the renormalized total charge would
be equal to zero (neutral defect).

Note that the reason why, in general, () is not trace-class and pq is not in L'(R?), is
a consequence of both the infinite number of particles and the long-range of the Coulomb
interaction. No such singular behavior arises if the long-range Coulomb potential with
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kernel ﬁ is replaced by the short-range Yukawa potential with kernel e_‘;%x;f/‘
being a fixed paramater).

Note also that, still in the rHF setting, the dynamical version of this variational model
is nothing but the random phase approximation (RPA), widely used in solid-state physics.
The well-posedness of the nonlinear RPA dynamics, as well as of each term of the Dyson

expansion with respect to the external potential, is proved in [44].

(k>0

Let us emphasize that the results in [36, 43| are limited to insulators and semicon-
ductors, characterized in the rHF setting by the fact that there is a positive gap between
the Z™ and (Z 4 1)** bands of the spectrum of the mean-field Hamiltonian of the perfect
crystal, where Z is the number of electrons per unit cell. The mathematical arguments
in [36, 43| cannot be straightforwardly adapted to the “metallic” case (absence of gap be-
tween the Z'™ and (Z + 1)* bands). In [140], Lieb and Simon have proved full screening
for the TF model, under the assumption that the host crystal is a homogeneous medium.
As far as we know, the mathematical study of the electronic structure of crystals with
local defects has not been completed for the TFW model [135]. We prove in the present
work that defects are always neutral in the TFW theory of crystals (i.e. that the nuclear
charge v of the defect is fully screened by the crystal). This means in particular that the
TFW model cannot be used to model insulating or semiconducting crystals, for which the
screening effect is only partial, and in which charged defects can be observed.

The article is organized as follows. In Section 2.2, we present the periodic TFW model
used in condensed phase computations. After recalling the mathematical structure of the
TFW model for perfect crystals (Section 2.3.1), we propose a variational TFW model for
crystals with local defects (Section 2.3.2). We prove that this model is well-posed and that
the nuclear charge of the defect is fully screened, so that the defect is globally neutral. In
Section 2.3.3, we provide a mathematical justification of the model introduced in Section 2.3
based on bulk limit arguments. In Section 2.3.4, we focus on the special case when the host
crystal is a homogeneous medium, that is when both the nuclear and electronic densities of
the host crystal are uniform (and opposite one another). The technical parts of the proofs
are collected in Section 2.4.

2.2 The periodic Thomas-Fermi-von Weiszacker model

In this section, we describe the Thomas-Fermi-von Weiszécker (TFW) model with pe-
riodic boundary conditions, used to perform computations in the condensed phase. In
Section 2.3.3, we will use this periodic model to pass to the thermodynamic limit and
construct a rigorously founded TFW model for crystals with local defects.

Let R be a periodic lattice of R3, that is a subgroup of R? of the form
R = Zay + Zas + Zag,

where (a1, as, ag) is a triplet of linearly independent vectors of R3. The reciprocal (or dual)
lattice R* associated with R is defined as

R* = Zai + Zas + Zaz

where (af, a}, a}) is the triplet of linearly independent vectors of R? characterized by ai-a; =

27d;;5. A unit cell is a semi-open convex polyhedron I' C R3 such that (I'+ R)ger forms a
partition of the space R3. The Wigner-Seitz cell of R is the unit cell defined as the Voronoi

cell of the origin, that is the set of points of R? which are closer to 0 than to any other
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point of R. Lastly, we denote by I'* the first Brillouin zone, that is the Wigner-Seitz cell
of the reciprocal lattice R*. If for instance R = aZ? (cubic lattice of edge length a > 0),

then R* = %’TZ?’. The Wigner-Seitz cell of R is I' = (-3, %]3 and its first Brillouin zone is
* = (-Z,Z]3

a’a
We introduce the usual R-periodic LP spaces defined by
L (D) :={v e L} (R3) | v R-periodic},

per loc

and endow them with the norms
1/p
vl e, () = </F \v\p> for 1 <p<oo and |[|v]ze, )= ess-sup|vl.
In particular,

1/2
ol = @00 1y where  (v.w) g, ) ::/rvw'

per

Any function v € L%er(f’) can be expanded in Fourier modes as
eik-m 1 .
v(z) = Z ck(v)m where ¢ (v) = W/Fv(x)e ik g,

keER*

2
per

The convergence of the above series holds in Lz, (T",C), the space of locally square inte-
grable R-periodic C-valued functions.

For each s € R, the R-periodic Sobolev space of index s is defined as

ik-x

%JD:{W@ZE:%Wﬁmg

keER*

Zu+w%mmP«QWeka:q}
kER*

(throughout this article, Z denotes the complex conjugate of the complex number z), and
endowed with the inner product

(0, w) s,y = >, (1+[E*) ek (v)ex(w).
keR*

Recall that Hpo(T') = L3e, (), () mo, ) = ()2, ()

per per

Hpoo (D) = {v € L2,(T) [ Vv € (L2,(D)° . (0.w)my,m) = /F ow + /F Vo - Va,

and (H; 2(T")) = HZ,.(T'). The condition Vk € R*, ¢_j = ¢ implies that the functions

per per
of HSer(F) are real-valued; this is the reason why there is no complex conjugates in the

physical space definitions of the inner products (-, -) £2,,(I) and (-,-) HL,. ()"

We also introduce the R-periodic Coulomb kernel G defined as the unique function
of L2.(T') solution of the elliptic problem

per
—~AGR = 4r <Z op — m—l) :
ReR
G'r R-periodic, r%ign Gr =0.
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It is easy to check that

ik-x

1 41 e
Gr) =gy [ Ont 3 G

The R-periodic Coulomb energy is then defined for all f and g in H, L(T) by

er

- Ag —
Dr(f.g) = ( / GR) 20 (Peolg) + keg\{o} e Fen).

For all (f,g) € LS2(T) ¢ HZL(T), it holds

per

Dr(f.g) = /F /F Gr(z — y)(2)g(y) d dy
- / (Gr = ))g(y) dy = / (Gr *r 9)(@) f() d,
I T

where xz denotes the R-periodic convolution product:

h(z —y)k(y) dy = / h(y)k(xz —y) dy.

V(R k) € Lier (D) X Lper(D), - (A k)(@) = /
r

r

Let p™¢ be a function of Hl;i(l“) modelling a R-periodic nuclear charge distribution.

The corresponding R-periodic TFW energy functional is defined on H!. (T') and reads

per
1
ER™ (o™, 0) = CW/F Vol® + Crp /F [ + S DR (™ = v?, ™ —0?),  (21)

where
10, 2\2/3 :
Crr = 3(377 ) (Thomas-Fermi constant) and Cw >0

(several values for Cyy have been proposed in the literature, see e.g. [80]). From a physical
viewpoint, p = v? represents the electronic density. The first two terms of E%Fw(pnuc, v)
model the kinetic energy per simulation cell and the third term the Coulomb energy of the
total R-periodic charge distribution p'°t = p™¢ — o2,

The electronic ground state with @ electrons in the simulation cell is obtained by
solving the minimization problem

In(p™, Q) = inf {E%Fwwnuﬁv), ve i m), [ - Q} | (22)
I

For the sake of simplicity, we assume here that the nuclear charge density is in HF;;(I’)
This allows us to collect all the Coulomb interactions in a single, non-negative term (the
third term in the right hand side of (2.1)). On the other hand, this excludes point-like
charges represented by Dirac measures. It is however possible to extend our analysis to
point-like nuclei, by reasoning as in [18, section 3.2.2|.

The following result is classical. We will however provide a proof of it in Section 2.4

for the sake of completeness.

Proposition 2.2.1. Let p™° € H  L(T') and Q > 0.

per
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1. Problem (2.2) has a minimizer u such that u € H3,(T) — C1(R3) N L>®(R3) and

per
u >0 in R3. The function u satisfies the Euler equation

)
—CwAu + gCTFqu + (GR *R (u2 — pnuc)) U = €pU, (2.3)
where e is the Lagrange multiplier of the constraint fr u? = Q.

2. The functions u and —u are the only two minimizers of problem (2.2).

As a consequence of Proposition 2.2.1, the ground state electronic density is always
uniquely defined in the framework of the periodic TFW model.

2.3 The Thomas-Fermi-von Weiszacker model for
crystals

We now focus on crystals. More precisely, we consider two kind of systems:
e a reference Rq-periodic perfect crystal with nuclear distribution
o € HoL(Ty),
where I'1 is the Wigner-Seitz cell of Rq;
e a perturbation of the previous system characterized by the nuclear distribution
P = pper v with v eC, (2.4)
C denoting the Coulomb space already mentioned in the introduction.

It is defined as
c={feS®)|feLh®) | 7)€ *®) } (25)

where f is the Fourier transform of f, normalized in such a way that Il 2msy = 1 f | 22(m3)
for all f € L*(R3). Endowed with the inner product

F(k) Gk
D(f.g)i=4n [ LTI
R |K]
C is a Hilbert space. It holds L6/5(R3) ¢ C with dense embedding and
/
Y(f.9) € L5(R®) x LY5(R®), D(f,g) = / F@ ) 4
R3 JR3 ‘.%' — .%',‘

We recognize in the right-hand-side the usual expression of the Coulomb interaction of the
charge distributions f and g. Let

C'={VeLSR%|VVeL*R%}.
Endowed with the inner product

1 1 —_—
(V,W)er :=— [ VYV -VW =— [ [k?V(k)W(k)dFk,
4 4 R3

R3 7

C' is a Hilbert space, which can be identified with the dual of C by extention to C’ x C of
the bilinear form (-,-)¢r ¢ defined on C' x L%/°(R3) by

V(V,p) €C'xC, (Vip)erc= /3,0‘/-
R

The operator —(4m)~'A then is a bijective isometry from C’ to C.
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2.3.1 Reference perfect crystal

It is shown in [50] that the ground state electronic density ppe]r of a crystal with nuclear
charge dlstrlbutlon pguc € H Fl) can be identified by a thermodynamic limit argument.

per(
It is given by pper |uY,.|? where uper > 0 is obtained by solving the minimization problem

per

fm(p;:;f,m=inf{E?éfW<pgzs, o vemry, [ vﬂzz}, (2.6)
1

where
2= o (2.7)
I

Note that problem (2.6) has a unique minimizer (up to the sign) for any value of Z. The
correct value of Z given by (2.7) is obtained in [50] by a thermodynamic limit argument.
As expected, this value implies the charge neutrality condition

/F (= ) =0 (2.8)

The unique non-negative minimizer v’ to (2.6)-(2.7) satisfies the Euler equation

per

nuc

_CWAuper +35 C F(pper)2/3 ger + (GRI *Rq (pger pper)) uger = E(]Fugera (29)

where e%, the Lagrange multiplier of the charge constraint, which is uniquely defined, is
called the Fermi level of the crystal. From (2.8), we infer that the Coulomb potential

Vo = Gry *R, (Pher — phos) is the unique solution in HJ. (T'1) to the Ri-periodic Poisson

problem
a7
Avp?er = |F | (pper ngf),

Vo Rl—perlodlc,/ VO =

per per

Using Proposition 2.2.1, we obtain that u)., € C'(R?) N L>®(R?), and that u,, > 0 in R?.
We thus have the following bounds, that will be useful in our analysis:

D<m<M<+4oo st VeeR) m<u),(z) <M. (2.10)

Let us denote by HJ),, the periodic Schrodinger operator on L*(R?) with domain H?(R?)
and form domain H'(R?) defined by

5
Vo € HA(R?), HY v=—-CwAv+ gC’TF(pger)Q/% + VO

perV perV

It is classical (see e.g. [163]) that HO,, is self-adjoint and bounded from below, and that its

per
spectrum is purely absolutely continuous and made of a union of bands. For convenience,

we will make the abuse of notation consisting in denoting by HY, v the distribution

per
5
HY\ v = —CwAv + gc*TF(pgey/% + V20,

which is well-defined for any v € LY5(R (R3), and belongs to H~(R3) if v € H*(R?) and to

loc
H (D) if v e H) . (T'). We can thus rewrite equation (2.9) under the form

HO 0 = bl . (2.11)



Actually, €% is in fact the minimum of the spectrum o of the periodic Schrédinger operator
ngr (that is the bottom of the lowest energy band). To see that, let us introduce, for
L € N*, the spectrum oy, of ngr, considered as an operator on Lper(Lfl). For each L,
ude, is in L2 (L) and therefore €}, belongs to 0. Using the fact that u)., > 0 in R?, it
is easy to see that uger is actually a ground state, which means that e% = minoy. It then

readily follows from Bloch-Floquet theory (see e.g. [163]) that

LeN*
Therefore e% = mino. As a consequence,
Yov € HI(R3)7 <(ngr — EOF)U7(U>H*1(]R3),H1(R3) Z 0. (212)

2.3.2 Crystals with local defects

We now consider a crystal with a local defect, whose nuclear charge distribution is given
by (2.4). It is convenient to describe the TFW electronic state of this system by a function
v related to the electronic density p by the relation

V=P — Upe- (2.13)

Denoting by
1
ETFW(pHuC’w) = Cw /3 |vw|2 + CTF/3 |w|10/3 + §D(pnuc _ w2,pnuc _ w2)
R R

the TFW energy functional of a finite molecular system in vacuo with nuclear charge p™¢
we can formally define the relative energy (with respect to the perfect crystal) of the system
with nuclear charge density pper + v and electronic density p = (uger +v)? as

TFW / _nuc TFW / _nuc 0
E (pper +v, uper + U) E (pper’ per)

5
- <(ngr EF)U 1)> + CTF /1;3 (’uger + U’10/3 ’ per‘m/3 g’ per’4/3(2uperv +v )>
—|— D ( perv +0? =, 2uper v+ v — 1/) - /R Vper + e%q, (2.14)

where
0= [ (08 0 = fisl). (215)

Of course, the left-hand side of (2.14) is a formal expression since it is the difference of two
quantities taking the value plus infinity. On the other hand, the right-hand side of (2.14)
is mathematically well-defined as soon as ¢ is a fixed real number and v € Q, where

Qs :={ve H'R? |v>-ul perUEC}

per>

Indeed, the first three terms of the right-hand side of (2.14) are non-negative, and are finite
if and only if v € H*(R3) and uperv € C. Lastly, the requirement v > —uger follows from
(2.13). The set Q4 is a closed convex subset of the Hilbert space

—{UEH(R3)|U vel},

per
endowed with the inner product defined by

(’U w)Q - (’U w)Hl(RS) +D( UperV ’ulojerw)'
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This formal analysis leads us to propose the following model, which will be justified
in the following section by means of thermodynamic limit arguments: the ground state
electronic density of the perturbed crystal characterized by the nuclear charge density
(2.4) is given by

Pv = (uger + vl/)z?

where v, is a minimizer of

I" =inf{&"(v), v € Oy} (2.16)
with
E(v) = <(ngr - EOF)U7U>H*1(]R3),H1(R3)
£ [ (10 o1 = 2P = a2 +02))
+%D (2ugerv + 02 — v, 2ugerv + 02 — V). (2.17)

The following result, whose proof is postponed until Section 2.4, shows that our model
is well-posed.

Theorem 2.3.1. Let v € C. Then,

1. Existence and uniqueness of the ground state density. Problem (2.16) has a unique
minimizer v,. The function v, is such that uger + v, > 0 in R? and satisfies the
Euler equation

5
(ngr - G(I)’)UV + gCTF <|uger + vl/|7/3 - |uger|7/3 - |uger|4/3v1/)
+ ((2ugervy +vs—v) x| (uger +v,) =0. (2.18)
It holds v, € QN H3(R3) and there exists some constant C € R, such that
el e <C(Ivle+IIvlZ)
[ov | @3y < Clivlle,
loullr2ey < C (Ivlle + IVII) ,
lvull s sy < C (Ivlle + [1¥112) -

2. Neutrality of local defects. Let us denote by p!) = v — (2ugervy +v2) the total density
of charge of the defect. It holds

1
lim

p0(k)| dk = 0. 2.23
tim o [ o) (229

In addition, the Coulomb potential ®9 = pYx|-|~1 generated by p¥ is in L?(R3)NC’,
and there exists a constant C' € Ry such that

vwel, |2l <C(Ivle+IIvIE), (2.24)
12l z2sy < C (vl + lIv12) (2.25)
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3. Compactness of the minimizing sequences. Any minimizing sequence (Vp)nen for
(2.16) converges to v, weakly in H'(R*) and strongly in LY, (R?) for1 < p < 6.

Besides, (Ugervn)neN converges to ugervy weakly in C.

For any q € R, there exists a minimizing sequence (vy)nen for (2.16) consisting of
functions of Q4 N L' (R3) such that

Vn € N, /RS (]uger + v, |2 — \ugerP) =q. (2.26)

We conclude this section with some physical considerations.

Let v € LY(R3) N L*(R3). Assuming that v, € L(R3) N L?(R?) (a property satisfied at
least in the special case of a homogeneous host crystal, see Section 2.3.4), then p! € C°(R3?)
and (2.23) simply means that the continuous function p2 vanishes at k = 0, or equivalently

that
/ P2 =0. (2.27)
R3

The property (2.23) means that 0 is a Lebesgue point of ;;:9 and that the Lebesgue value
of ,;\(V] at 0 is equal to zero. It can therefore be interpreted as a weak form of the neutrality
condition (2.27), also valid when p! ¢ L!'(R3). Besides, the fact that the Coulomb potential
®Y belongs to L?(R3) implies in particular that ®% = p%x|-|~! cannot decay as Q|-|~! with
Q # 0 at infinity, which, in some sense, constitutes another weak form of the neutrality
condition (2.27).

It is interesting to compare our result on the neutrality of local defects in crystals with
the result by Solovej about the asymptotic negative ionization of a molecular system when
the nuclear charge goes to infinity [170, Theorem 2|. In the latter setting, the number K
and the locations (Rq,--- , Rx) of the nuclei are fixed. The asymptotic limit considered is
obtained by letting the nuclear charges 2z’ = (21, , z) of the first L nuclei (1 < L < K)
go to infinity, the remaining K — L nuclear charges 2" = (2141, -+ , 2K ) being kept fixed.
Denoting by Q.(z',2") the charge of the maximally ionized molecule with nuclear charge
(2/,2") (i.e. of the lowest energy stable molecular system with nuclear charges (2/,2")), it
is proved in [170] that

lim Q.(2',2") = Qu(2") <0.

2/ —o0

In the case of a crystal with a local defect, the total nuclear charge also goes to infinity,
but in a different way. The charge does not accumulate at some points (Ry, -, Ry)
as in [170]; it is spread in the whole physical space. We will elaborate further on the
fundamental differences between maximally ionized molecular systems and crystals with
defects in Section 2.3.4.

The third statement of Theorem 2.3.1 implies that there is no way to model a charged
defect within the TFW theory: loosely speaking, if we try to put too many (or not enough)
electrons in the system, the electronic density will relax to (uge]r +v,)? and the remaining
(or missing) ¢ — [s v electrons will escape to (or come from) infinity with an energy €.

2.3.3 Thermodynamic limit

The purpose of this section is to provide a mathematical justification of the model (2.16).
We consider a crystal with a local defect characterized by the nuclear charge distribution
p™¢ = pper + v and, in order to avoid additional technical difficulties, we assume that

v € LY(R?) N L3(R3).
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In numerical simulations, the TFW ground state electronic density of such a system is
usually computed with the supercell method. For a given L € N large enough, the supercell
model of size L is the periodic TFW model (2.2) with

R=Rp:=LRy, I'=Cp:=LI, p™ =p+v, Q=ZL+q, (2.28)

where

vi(@) = 3 (o) - 2),

zZERL

xr;, : R? — R denoting the characteristic function of the supercell T';,. Note that vy, is the
unique Rp-periodic function such that vr|r, = v|p,. In practice, L is chosen as large as
possible (given the computational means available) to limit the error originating from the
artificial periodic boundary conditions.

It is important to note that uger is the unique minimizer (up to the sign) of the supercell
model of size L for p™¢ = ppit and @ = ZL3, whatever L € N*. Reasoning as in the
previous section, we introduce the energy functional

Er(vr) = ((Hper — €0)VL.0L) ot vy, v

5
+CTF/F (‘uger + UL’10/3 - ’uger‘lo/g - g uger’4/3(2ugervL + U%))
L

1
+§DRL (2ugervL + v — vy, 2ugervL +vi —v1), (2.29)
which is such that
Ext V(o + i, uper +01) — By " (e u) ) = Ef () — /F vV + €, (2.30)
L
with
0= [ (ot 0uP = i) = [ @uor+ 02, (2.31)
'y Iy

While (2.14) and (2.15) are formal expressions, (2.30) and (2.31) are well-defined math-
ematical expressions. The ground state electronic density of the supercell model for the
data defined by (2.28) is therefore obtained as

07 b
prt = (uger + UI/,q,L)2

where v, 4 1, is a minimizer of

179 = inf {EZ(UL), v, € Q4 .1, /F (2udvr 4+ vF) = q}, (2.32)
r
Q. 1 denoting the convex set
Qir = {vr € Hpe(Tr) | v > —upey
We also introduce the minimization problem
I =inf {&€F(vy), vr € Q4 L}, (2.33)

in which we do not a priori impose the electronic charge in the supercell.
Theorem 2.3.2. Let v € L'(R3) N L?(R3).
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1. Thermodynamic limit with charge constraint. For each ¢ € R and each L € N*,
the minimization problem (2.32) has a unique minimizer v, q 1. For each q¢ € R, the
sequence (Vyq1)Len converges, weakly in HL _(R®), and strongly in Lfoc(R?’) for all
1 < p <6, towards v, the unique minimizer of problem (2.16). For each ¢ € R and
each L € N*, v, o 1, satisfies the Euler equation

)
0 0 0 7/3 0 7/3 0 4/3
(Hper - GF)UMCLL + gCTF (|uper + ,Ul’,qu| /3 — |uper| /3 — |uper| / Uu,q,L)

+ ((2ugeer7q7L + vg,q,L - VL) *Rp GRL) (uger + Uy,q,L) = lu’l’nyL(uger + Uu,q,L),(2-34)

where .41, € R is the Lagrange multiplier of the constraint er(ngervv,q,L +

2

Lo 1) =¢q, and it holds lim p, 41 =0 for each g € R.
o L—oo

2. Thermodynamic limit without charge constraint. For each L € N*, the minimization
problem (2.33) has a unique minimizer v, . It holds

5
(ngr B 6%)UV7L + gCTF (‘uger + UV,L’7/3 - ’uger’7/3 - ’uger’4/3vV7L)
+ ((2ugervv,L + UIQI,L - VL) *Rp GRL) (uger + UV7L) = 0. (2'35)

The sequence (vy,1)ren+ also converges to v,, weakly in HL (R3), and strongly in

loc
LY (R3) for all 1 <p < 6. Besides,

loc

L—o00

/ (VL — (2ugervy7L + UE,L)) — 0.
I'r

2.3.4 The special case of homogeneous host crystals

In this section, we address the special case when the host crystal is a homogeneous medium
completely characterized by the positive real number « such that

Vo € R3, Pper (T) = pger(x) =a® and uger(x) = a. (2.36)

In this case, analytical expressions for the linear response can be derived, leading to the

following result.

Theorem 2.3.3. Assume that (2.36) holds for some o > 0. For each v € C, the unique
minimizer v, of (2.16) can be expanded as

v, =g* v+ To(V) (2.37)
where g € LY(R3) is characterized by its Fourier transform

1 Ao
(2m)3/2 Cwlk|* + 2 Crpat/3|k|? 4 8ma?’

g(k) =

and where To(v) € LY(R3). In addition, (gxv) € H3(R3)NC, To(v) € H3(R3)NCN LY (R?),
and there exists a constant C' € Ry such that

wel, gxviusesne < Clvle, (2.38)
P2 | 2 (gsyne < C (IVIIE + IV1I2) - (2.39)
P2l aesy < C (IVIIE + 1Iv1E) (2.40)
P2 ()| s sy < C (I1E + Iv1Ie) - (2.41)
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Ifve LYR3)NC, then (g*v) € L(R3),

lg* vl ws) < llgllor@s) V] L1 ®s), (2.42)
v, € LYR3) N L2(R3) and

/ (v — (2ugervy +v2) =0. (2.43)
R3

Note that for homogeneous host crystals, @ = H(R3) N C since uger is a constant

function. The estimates (2.38) and (2.39) therefore provide bounds for the Q-norm. It
also follows from (2.38)-(2.42) that the first term of the right hand side of (2.37) is in fact
the linear component of the application v +— v,,. The second term collects the contributions
of higher orders.

Proof. In the special case under consideration, the Euler equation (2.18) also reads
20
—CwAuv, + gCTpa‘l/?’v,, + 202 (vy * |- |71) =ax| ") —a(x] |71) + Ky, (2.44)

where . .
Ry = _gcTF <|Oé + UV|7/3 - a7/3 - §a4/3vl/> + (I)Bvl/

and
0 = (v — 20w, —v2) *|-|7L. (2.45)

We therefore obtain (2.37) with
To(v) = —g* 02 + h* Ky, (2.46)
the convolution kernel h being defined through its Fourier transform as

1 |2
(2m)3/2 Cwlk|* + 2 Crpat/3|k|? 4 8ma?’

h(k) =

3/2 1/2
1627 C: 10C
Let ag = <#%:V) » Bo = (WVTVF) , and

179\ 1/2
Boa?/? (14 <1 — (ao/a)2/3) / if o > ay,

Boa/? (% <(a0/a)1/3 + 1>>1/2 + (% ((ao/a)l/s _ 1>>1/2> if 0 < o < ap.

For all ¢ € C such that R(¢) > 0, we denote by Y(z) = eﬁr‘ the Yukawa potential
solution to

C+(a) :=

—AY; + (PYe = 4dmdy.
Noticing that

dmon 1 1 o S >
- _ _ 9 3/2Y Y,
M) = PG P+ @R R C (@ dnCy o) @ @@l
we obtain N
9= o Yor@ * Yo (@ € LYR?) N L®(R?).
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Besides, h(k) = %/g\(/ﬂ), from which we infer

1 1 Fall3
b= = a9 = grow Y@ T Yo @) -

g € L'(R3).

Note that g and h are real valued (even if 0 < a < «p), and decay exponentially at
infinity. It then follows from Theorem 2.3.1, Lemma 2.4.1, and Lemma 2.4.2 below that
Kk, € LY(R3) N HY(R3) with

lkollzz@sy < C (VI +IIv12) (2.47)
lkulliesy < C(IvIE+Ivlie) . (2.48)
lkollm@sy < C(IVIE+II212) (2.49)

for some constant C' € R, independent of v. For each v € C,
(L [EP? + RO * ) (R) = @m0+ k%) + [k 2)[g (k) P[P (k)
= @2m)>((+ [KP)?E + 1)]g(k)[

The function & — ((1+ |k|?)3|k|? + 1)|g(k)|? being bounded, (g x ) € H3(R?) N C and
lg * vl ma@syne < Cllve

The function v2 being in L'(R3) N L3(R?) — LS/5(R3) — C, we deduce from the above
inequality, Sobolev embeddings and (2.20) that

g * vill s ®syne < CllvIIE.
On the other hand,
K72 (hxm)(R)2 = (22 k]2 (k)2 R (k)
(1+ |k[)? I(h*m)(k)l2 = (2m)P (1 + k)2 [R(k) IR, (k)|
(L kP22 m) ()P = (2m)(1+ k|22 (R(k) 2L+ (K2R, (k) 2.
)

The functions k — |k:|_2|h( 12 and k — (1 + |]€|2)2|/ﬁ(k‘)|2 being bounded, we infer from
(2.47) and (2.49) that (hx k,) € H3(R3) N C and that

Clitullz@sy < O (12 + IIV1I2) -
Cliull sy < C (IVIIZ + vII2) -

[h* kil m2@syne <

[hx kol s@sy <
The L'-bound (2.40) is a straightforward consequence of (2.20), (2.46), (2.48) and Young
inequality. Lastly, if v € L'(R3), then p¥ = v — (20w, + v2) € L'(R3), so that p? is a
continuous function. It follows from (2.23) that p%(0) = 0, which readily leads to (2.43). O

Remark 2.3.1. For a generic v € C, the function v, hence the density 2awv, + v2, are
not in LY(R3). This follows from the fact that the nonlinear contribution 7o(v) is always
in L' (R3), while the linear contribution g v is not necessarily in L'(R3) since its Fourier

transform
— 4o .

k) — k
X = T+ Z Oy BIRE + 8702 )

is not necessarily in L>°(R3).
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Let us finally return to the fundamental difference between finite molecular systems
and crystals as far as maximal ionization is concerned. Let us fix v € C®(R?), v > 0,
v # 0, and focus on the dependence of the solution to equation (2.44) with respect to .
For this purpose, we add an index « to v, and ®% and rewrite (2.44) and (2.45) as

)
—CwAv, o + gCTF (|a + v,,,a|7/3 —a"B - 044/32},,70[) - <I>,97a(oz +vy0) =0
—A@B’a =4r (l/ —2avy, o — via) (2.50)
Upq > —OL

We know from Theorem 2.3.3 that for each o > 0,

Qua = vV — 200y, — vga =0.
R3 ’

The TEFW electronic ground state of the maximally ionized molecule with nuclear distri-
bution v is obtained by solving equation (2.50) for o = 0, which also reads as

_CWAUV,O + WUV,O =0

5)
W = §CTFv§f03 + (020 —v) x| (2.51)
Uy,0 > 0.

Let

o 2
Quo = / V=,
R3

Denoting by [W]4 = max(0, [W]) the positive part of the spherical average [W] of W, it
results from Gauss Theorem that, for |z| large enough,

max (0, —Qy0)
||

W] (@) < 20w [ulg] @)+ [(030 —») #1171, (@) < 20w [o3] () +

If Q,0 were non-negative, [IW]; would be in L3/2(R3) and the solution v,,¢ to (2.51) would
not be in L*(R3) [135, Lemma 7.18]. Therefore

0= lim Qu,oz > QV,O'
a—0t

This simple argument allows to better understand why the result on the maximal ionization
of molecules discussed in Section 2.3.2 does not extend to crystals with local defects.

2.4 Proofs

This section is devoted to the proofs of Proposition 2.2.1, Theorem 2.3.1 and Theorem 2.3.2.

In the sequel, we set

Crp=1 and Cw=1 (in order to simplify the notation).

2.4.1 Preliminary results

We first state and prove a few useful lemmas. Some of these results are simple, or well-
known, but we nevertheless prove them here for the sake of self-containment.
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Lemma 2.4.1. For all0 <m < M < oo and all v > 2, there exists C' € Ry such that for
allm<a <M and all b > —a,

(v=1)a"?* < (a+b)" —a? —ya? b < C (1+b]72) b (2.52)

Proof. Let ¢(t) = (a + tb)Y. It holds for all t € (0,1), ¢'(t) = v(a + tb)?~'b and ¢"(t) =
(v — 1)(a + tb)Y~2b%. Using the identity

we get
1
(a4+b)7 —a’ —ya" 0 = (y-— 1)b2/ (1 —t)(a+tb)"%dt.
0

We obtain (2.52) using the fact that for all ¢t € [0,1], a(1 —¢) < a+tb < M + |b|. O

Lemma 2.4.2. There exists a constant C' € Ry such that for all Vper € L3..(T) and all
v € HYR3), Vperv € L2(R3) and

[Voervll 23y < CllVperllza,, ) lvll 1 gs)-
Proof. We proceed as [163, Theorem XII1-96]. Let K = z¢ + 3I' where o € R? is such

that I and K have the same center, and n € C2°(R3) supported in K and such that n = 1
on I'. It holds

[ et = X WosrtlBacaary < 3 Woarlly, olllBeqary

RER ReR
< ||Vper‘|%ger(1‘) Z HU( _R)vuiﬁ(RS)
ReR
< ColVperllZs,, oy D IV = RO 2
ReR
= Vol ry 2 IVC1C = RO)32 1)
ReR

< Can”%/vl»oo(Ra)HVper”%ger(r) Z ”U”?“{l(R—f—K)
RER

= 270(%”77”12/1/1@(]1{3)||Vper‘|%ger(r)||U||H1(R3),
where Cj is the Sobolev constant such that ||¢||psrs) < Col[Ve||p2(rs) for all ¢ € H(R3)

1/2
and where [[nllwce(zs) = (190120 sy + 19012 ss)) - 0

Lemma 2.4.3. Let v € C and v € Q4 N H*(R3) such that v > —ul,. in R3. For all e >0

per
and q € R, there ezists v. € Q. N CH(R3) such that

/ (20T + ) =q and [€"(T) - £"(v)] <.
RS
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Proof. Let € > 0. As the functions of H?(R?) are continuous and decay to zero at infinity,
there exists > 0 such that
Ve € R?,  w(z) > —ul. (z) + 6. (2.53)

per

For all R > 0, let Bg be the ball of R? centered at zero and of radius R. For n > 0, we
define

v = (uger)ilfil <X§1/H\Bn‘7_—(ugerv)) )

where F is the Fourier transform and F~! the inverse Fourier transform. Clearly, v" €
H3(R?) — CY(R?) and ul,v" € C. In addition, when 7 goes to zero, (v"),~o converges to

v in H?(R?), hence in L>(R?), and (u.,v")y>o converges to uj..v in C. The function £

being continuous on Q, this implies that there exists some 79 > 0 such that
™ € 9, NCYHR3) and |EY(v™) — EY(v)| < €/4.

Let x be a function of C2°(R3) supported in By, such that 0 < x(-) < 1 and y = 1 in
Bi. For n € N*, we denote by x,(-) = x(n~!) and by v = y,v™. For each n € N*,
v € Q. NCLR3) and the sequence (v7°"),cn+ converges to v™ in Q when n goes to
infinity. Hence, we can find some ng > 0 such that

oo Q+ ) Ccl(Rg) and ‘gu(vno,no) _ 51/(@770)‘ < 6/4.

Let
% = / Quget™0 4 (00)%) - and g1 = ¢ = qo.
R

If ¢ =0, v. = v™ " fulfills the conditions of Lemma 2.4.3. Otherwise, we introduce for
m large enough the function w,, defined as w,,, = thnger where t,, is the larger of the
two real numbers such that

/R3 (2ugerwm + w72n) - 2tm /R?’ meger + t72n /R3 X?nploaer =41

1 -1
A simple calculation shows that t,, ~ —q|T'1|Z7} / X m ™3, and that
m—oo 2 R3

lim &£%(wn,) =0,

m—0o0

so that there exists mg € N* such that wy,, € Q4 N CL(R?) and 0 < E%(wy,,) < €/4. Let

us finally choose some Ry € Ry \ {0} and introduce the sequence of functions (v, )peN

defined by
V() = PO g (- pRY)

mo,p
70,10

For p large enough, vy belongs to Q4 N CL(R?) and satisfies

0 ) ) 2 —
[ @bt + ) = 0
Besides,

£ (i) = (o))

= ‘go(vmo) + D(2ugervn07n0 + (vnmno)z -V (2ugerwm0 + wgno)( - pRl))|
< 6/4 + |D(2ugervn07n0 + (Uno,nO)Q - (2ugerwm0 + w?no)(' - pRl))| :
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As
Jimn D(2uapego™ "™ o (70)? — , (tpertim + Wi, ) (- = pF1)) =
there exists some pg € N such that
|D(2ugervn0,n0 + (1)7707n0)2 -V, (2ugerwm0 + w?no)(' - pRl))‘ S 6/4

Setting Ve = v py, we get the desired result. O

The next four lemmas are useful to pass to the thermodynamic limit in the Coulomb
term (Lemmas 2.4.4, 2.4.5 and 2.4.6) and in the kinetic energy term (Lemma 2.4.7).

Lemma 2.4.4. There exists a constant C € Ry such that for all L € N*,

6/5 2 2
You € LT VLT, Dryonapn) <€ (Ionly oy + ok, )

Vg, € Hper(rL)7 DRL (U%ﬂ}%) < CHULerlféer(FL)'

Proof. Tt is well-known (see e.g. [50]) that
Ve ely, Ggr,(z)=|z|"+g(2),
with g € L>(T'y), and that for all L € N*,
Ve € R®, Ggr,(z) =L 'Ggr, (L '2).
Let Z = {R € Ri|3(x,y) € T1 x| s.t. @ —y = R}. It holds

V(z,y) e xT', 0<Gr, (xr—y) < Z |t —y — LR|™' + L7 |g||poo.
ReT

Therefore, for all L € N*,

Dr, (prrpn) = / Gr, (& — v)pr(x)pr(y) de dy

XF PL XTr LY -
Z/ [ el Nt WO gy gy 4 £ gl i,
R3 JR3 |CC—y LR| per
ReT

IN

IN

c’' ”XFLPL”LG/s(RS) + HQHLWHPL”L;H(FL)
= o, + Mol losly e,
where C’ is a constant independent of L and py,. Let C be the Sobolev constant such that
Vo1 € Hye(T1),  villze,, o)) < Cilloallm,, -
By an elementary scaling argument, it is easy to check that the inequality
Vor € Hpoo(Tr),  lvozllzg, ) < Cilloclm, o,

per

holds for all L € N*. Thus, for all v;, € H

Jer(L'L), we obtain

per

2112 _ 4 3
10 s, = Noelidizs e,y < Ioclia, o vcllzg, ) < Crlloclipy ey,

which completes the proof of Lemma 2.4.4. O
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Lemma 2.4.5. Let v € L'(R*) N L*(R?) and vy € L2, (I'L) defined by vi|r, = v|p, for
all L € N*. Then
Llim Dgr, (vp,v) = D(v,v). (2.54)
— 0

Proof. Let g1 := |I’1|71 G1 and I'7 be the first Brillouin zone of the lattice Ry,. Note
I
that R% = L7'R} and Iy = L7IT'}. Let K > 0. We have

2
_ 47
D) = ™ ([ v) + % g
Iy

keL-1R\{0}

2 ~ 2
C 14
I'p ’k‘

keBrNL—1R¥\{0}

ek, (ve)|?
+d4n > —hE (2.55)
keBSNL~1R\{0}

where B is the ball of radius K centered at 0, Bf = R3\ By,
Ck,L(VL) = ’PLII/Q/ I/L(.%')eiik:-m dl’,
ry

and
1

—ik-x
7(2@3/2 /FL v(z)e dzx.
As v € LN®), [ap(va)] < (2m) 32w 1 s for all k amd L, 7 € L*(R?), and

ehr(vp) = |05 e p(vr) =

Vk € Rg, Ek,L(VL) — l//\(k:)

L—oo

Clearly the first term in the right hand side of (2.55) goes to zero when L goes to infinity.

Besides,
O L I g2
e L—oo  Jp, [K[P
keBrNL-1R3\{0} K
Lastly,
, ,\ 2 1/2
Ck,L(VL Ck,L(VL
> el s D e > len(un)P
ke B NL~'R\{0} keB§NL-1R;\{0} keBs.NL~1R\{0}
1/2
1 1
o3 Z T = IVl w3Vl L2 m3)
(2m) - ||
keB$NL~1R:\{0}
1
e W”V”Ll(ﬂ%i”)”y”L?(R?’)-
It is then easy to conclude that (2.54) holds true. O

Lemma 2.4.6. Let (pr)ren+ be a sequence of functions of L2 (R3) such that
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1. for each L € N*, pp € L2 (T1);
2. there exists C' € Ry such that for all L € N*,

/ PL
Iy

3. there exists p € D'(R®) such that (pr)ren+ converges to p in D'(R3).

<C and Dg,(pr,pr) < C;

Then p € C and
D(p,p) < liminf D, (pr, pr)- (2.56)

In addition, for any p > 6/5 and any sequence (vp)ren+ of functions of Lfoc(Rg) such that
vr, € LPer(T'p) for all L € N*, which weakly converges to some v € L{’OC(R?’) in L{)OC(Rg’), it
holds

Vo€ CF(B),  lim Dr, (pr.vr6) = Dip,vo). (2.57)

Proof. Let W, the unique solution in Hper(F L) to

—AW =4r (pL — ‘FL‘I/ PL)
2 (2.58)
Wi, Rp-periodic, / W =0.
N3
It holds 9
1 _
L[ 9w = Dy (orepr) - L7 ( / pL) <c (2.50)
0 I'p T'p

where g, := |T'1|7' | Gg, > 0. Hence the sequence (IVWLll Lz, (rp) ) Len+ is bounded.
Iy

By Sobolev and PoincarA©-Wirtinger inequalities, we have

VVi € H)o (1) st /F Vi=0, [Vils, ) < CilVillm, @y < CLIVVAllL2, )
1

per( per(
and by a scaling argument, we obtain that for all L € N*,
W€ Hlo(Tu) st [ =0 Walsgr < GV Vil
where the constant C] does not depend on L. Thus, the sequence (HWLHLger r.))Lens is
bounded. Let C' € R such that
YLEN', (Wil ) <C and VWil ) <C,

and let (R, )nen be an increasing sequence of positive real numbers such that lim,, o, R, =
oo. Let R > 0. For L > 2R,

IWLllzo(sa) < IWlsg, @) < C and  [VWellrzsg) < [VWiliz, @, < C.

per

We can therefore extract from (W )ren+ a subsequence (WL2 Jnen such that (WLg |B R )neN

converges weakly in H'(Bg, ), strongly in LP(Bpg,) for all 1 < p < 6, and almost everywhere
in Bg, to some W° € H!(Bg,), for which

IWOlo(pr ) <C and VWO 2p, ) < C.
0 0
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By recursion, we then extract from (Wpx )nen asubsequence (W k+1)nen such that (W, k1 ‘BRIc-H JneN

converges weakly in Hl(BRkH), strongly in LP(Bg, ) for all 1 < p < 6, and almost ev-
erywhere in Bp,,, to some Wt € H!(Bp,,,), for which

W+ s <

<C and ||VW’“+1||L2(BRM)<6. (2.60)

BRk+1)

Necessarily, Wk+1|BR,€ = W*. Let L,, = L" and let W be the function of H] (R3?) defined

by Wig,, = WF for all k € N (this definition is consistent since Wk+1|BRk = Wk).
The sequence (Wp,, )nen converges to W weakly in HL_(R3), strongly in LF (R3) for all
1 < p < 6 and almost everywhere in R3. Besides, as (2.60) holds for all k, we also have
[Wlzsmsy < C and  [[VW|| 2 < C.
Letting n go to infinity in (2.58) with L = L,,, we get
—AW = 47p.

We can reformulate the above results as W € C' and —AW = 47p. As —A is an iso-
morphism from C’ to C, we necessarily have p € C. From (2.59), we infer that for each

R >0,
1 o
2 IVWlle2g) < liminf Dr, (pr, pr)-

Letting R go to infinity, we end up with (2.56). By uniqueness of the limit, the whole
sequence (Wp)ren+ converges to W weakly in H (R?), and strongly in L? (R?) for all
1<p<6.

Let p > 6/5, (vz)ren be a sequence of functions on LP (R3) such that vy, € Lbe:(T'r)
for all L € N*, and converging to some v € LV (R%) weakly in L (R?), and ¢ € C°(R?).
We have, for L large enough,

Dr,(pr,vre) = /RS Wivpe — g L1 (/r PL> (/r UL¢>
[ ([
/Sur)p(¢>)( v = /FL o </Sum>(¢) UL¢>

L—) WQS/U = D(pa ’Ugb),
—o°  JSupp(¢)

which proves (2.57). O

Let us introduce for each L € N* the bounded linear operator

i+ L*(R%) — L2,.(T'p) (2.61)
vo— Y () —R)
ReRy,

and its adjoint i} € L£(L2..(I'z), L*(R?)). Note that for all v, € L2, (T'), i} vr = X1, vL

per

and ipi; = 1z (0. As C>®(R3) ¢ H'(R3), the domain of the self-adjoint operator
(HO,. — €9)/2, the function (HO, —€%)/2¢ is in L?(R?). Using the same abuse of notation

per per
as above, we can also consider ngr as a self-adjoint operator on Lger(l1 1) with domain
H3,.(I'r) and, for each ¢ € C2°(R?), introduce the function i} (HD,, — %) /%1, ¢, which is

well-defined in L?(R3).
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Lemma 2.4.7. Let ¢ € C°(R?). The sequence (i} (HDe — e 2ipd)Lens converges to
(HO,, — e2)Y/2¢ in L?(R3).

per

Proof. According to Bloch-Floquet theory [163], each f € L?(R3) can be decomposed as

1 -
$@) =11 fp, Felede e dk
[T Jr
where fj, is the function of L2_ (T'1) defined for almost all k € R* by

Zf$+R ZZ'+R)

ReRy

Recall that

1
V(f,9) € Lz(Rg) X L2(R3), (fs 9)L2(R3) = ﬁ/l‘ (fk,gk)Lger(Fl) dk.
1 1

The operator Hper, considered as a self-adjoint operator on L?(R?), commutes with the

translations of the lattice R; and can therefore be decomposed as

= dk
per ‘F*‘ / per k

') with domain H2,.(T'y) defined by

per

where (H?, ) is the self-adjoint operator on L

per per(

5)
(ngr) = —-A—2ik - V + |k;|2 (pper)2/3 +V0

per*

Let ¢ and 1 be two functions of C2°(R?). Simple calculations show that for L large enough

( (ngr - ) ZL(b w)LQ(R?’ - Z L~ ((ngr - EOF)Ii/Z(bkawk)L%er(Fl)’ (262)

kelinR;,

and
||iL(ngr - EF)1/21L¢HL2(R3 - H( per 610-7‘)1/2¢H%2(]R3)' (263)

The sequence (i L(ngr — )21 @) en+ therefore is bounded in L?(R?), hence possesses

a weakly converging subsequence.
Besides, the function k — ((ng]r — )1/2¢k, wk)Lz .(ry) 1s continuous on T} since

((ngr ) ¢kawk)L%er ry) — ((ngr_EOF+1) (ngr )1/2¢k7( per 6F+1)k¢k) or(T'1)

with k — ¢y and k — (HY, — €} + 1)ty continuous from T'j to L2, (I'1) and k +—

per
(HYor —€p+1)5 (ngr — eF)Ilﬁ/2 continuous from I'f to £(L2,(I'1)). Interpreting (2.62) as
a Riemann sum, we obtain

lim ( (ngr - ) ZL¢ V)2 (R3) — ((ngr - 6%)1/2¢7¢)L2(R3)'

L—o0
The above result allows to identify (ngr — e%)l/ 2¢ as the weak limit of the sequence
(i3 (ngr — Y2i1¢) Len+, and (2.63) shows that the convergence actually holds strongly
in L?(IR3). O
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2.4.2 Proof of Proposition 2.2.1

Let (vn)nen be a minimizing sequence for (2.2). As each of the three terms of ELFW (p
is non-negative, the sequence (v, )nen is clearly bounded in Héer(f’), hence converges, up to
extraction, to some u € HJ (I'), weakly in H]_ (T'), strongly in L{e(I') for each 1 <p < 6
and almost everywhere in R?. Passing to the liminf in the energy and to the limit in
the constraint, we obtain that u satisfies ER"W (o™, u) < Ix(p™¢, Q) and [u? = Q.
Therefore, u is a minimizer of (2.2). As |u| € HL (L), ERFV (o™, [u]) = EFFWV (p™C, u)
and [.|u|? = [ u?, |u| also is a minimizer of (2.2). Should u be replaced with |u|, we can
therefore assume that u > 0 in R3. Clearly, —u also is a minimizer of (2.2).

nuc )
)

Working on the Euler equation (2.3), we obtain by elementary elliptic regularity argu-
ments [102] that u € H3,.(T') < C*(R3)NL>(R3), and it follows from Harnack’s inequality

per

[102] that u > 0 in R?.

Lastly, vg is a minimizer of (2.2) if and only if pg = vg is a minimizer of
inf {£&7V (0™, p), p € Kr.} (2.64)

where
W 1
5RTF (P™, p) = Cw/F |V\/5|2 + Crr /r P5/3 + §DR(PMC —p:p™ = p),

and

ICR,Q = {p >0, \/ﬁ € Héer(r)’ /Ilp = Q} .

The functional p — EF¥W(p™¢, p) being strictly convex on the convex set K, (2.64) has
a unique minimizer py and it holds pg = u? > 0. Any minimizer v of (2.2) satisfying
vg = pp > 0, the only minimizers of (2.2) are u and —u.

2.4.3 Existence of a minimizer of (2.16)

The existence of a minimizer of (2.16) is an obvious consequence of the following lemma.

Lemma 2.4.8. It holds

33>0 st Vel YoeQy, Blulfings <E W), (2.65)

Vel Yue Qi |upevlE < E(v) + 10?2 + w2, (2.66)

and for each v € C, the functional E¥ is weakly lower semicontivous in the closed convex

subset Q1 of Q.

Indeed, if (vp,)nen is a minimizing sequence for (2.16), we infer from (2.65) and (2.66)
that (v, )nen is bounded in Q. We can therefore extract from (v,)neny @ subsequence
(Un,, )ken weakly converging in Q to some v, € Q. As Q is convex and strongly closed in
Q, it is weakly closed in Q. Hence v, € Q4. Besides, £¥ being weakly l.s.c. in Q, we
obtain

E¥(vy) < liminf & (v, ) = 1”.

k—o0

Therefore v, is a minimizer of (2.16).
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Proof of Lemma 2.4.8. Using (2.10), (2.12), Lemma 2.4.1, Lemma 2.4.2, and the non-
negativity of D, we obtain that for all v € C and all v € Q.

2
W) = ol

and

per

5
£ 2 ol — (G + 1601+ 1) Tollaen = [l Bl ol oy
Therefore, there exists some constant G > 0 such that
Vvel, YweQ ¢&(v)> ﬂ||v||fq1(R3).

Besides, for all v € C and all v € Q,

S
<
=
-1
<
=
=
IN

1
—D( perv—}—v — v, 2uper +1)2—V)+§D(’L)2—I/,1)2—V)
< &(v) 4+ D, v?*) + D(v,v).

Hence (2.66).

Let v € Q and (v,)nen be a sequence of elements of Q weakly converging to v
in Q. As (v, )nen is weakly converging, it is bounded in Q, which means that (Un)neN and
(uderVn)nen are bounded in H'(R?) and C respectively. We also notice that (v7)nen is
bounded in L'(R3) N L3(R3) «— L/°(R3) — C.

Therefore, we can extract from (vy,)nen a subsequence (vy, )xen such that

o (£(vn,))ken converges to I = liminf, . € (vy) in Ry;

e (vy, )gen converges to some v € H'(R3) weakly in H'(R?), strongly in L} (R?) for
all 1 < p < 6 and almost everywhere in R3;

® (ud.Vn, )ren weakly converges in C to some w € C;
o (U%k)keN weakly converges in C to some z € C.

We can rewrite the last two items above as

vV el ul v, V — wV, and 2y — zZV.
R3 per Ung RS Uny,

k—o0 R3 k—o0 R3

Together with the strong convergence of (v, Jren to U in L7 (R?), this leads to ud, v =
w € C and z = v2. This in turn implies that (Vn,, )ken weakly converges in Q to v. Therefore
v = v. Finally, (vnk)keN converges to v weakly in H'(R?®) and almost everywhere in R3
and (2ud vn, + v2 — V)ren weakly converges to 2ud,v +v* — v in C.

It follows from (2.12) that
<(ngr - EOF)% U>H*1(R3),H1(R3) < hmlnf(( per — EOF)%MUnk>H*1(R3),H1(R3)-

k—o0

By Fatou’s Lemma,

5
L (1 0% = 7 = 52 +42))

.. )
< lim inf /]RS <|uger + Un,, |10/3 pe1r|10/3 §| per|4/3( pervnk + vnk)> .

k—o0
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Lastly,

D(2ugerv + 0 — v, 2ugerv + v —v) < liminf D(2ugervn,C + vik -, 2ugervn,c + v%k —v).

k—o0
Consequently,
E¥(v) < liminf £¥(vy, ) = liminf £¥(vy,),
k—oo n—00
which proves that £ is weakly l.s.c. in Q.. O

Clearly, the functional £ is C' in Q and it holds
Vh e Q, <5w(v)’ h>Q’,Q - 2<<(H[0)er - 610;)2}, h>H_1(R3),H1(R3)

)
+§ /R3 <’uger + 0‘7/3 - ’uger‘?/:5 - ’uger‘4/3v) h

+D(2udev + 07 = v, (uher + v)h)) :
The minimization set @ being convex, v, satisfies the Euler equation

Yo e Qy, (5”’(1),,), (U — U,/)>Q/7Q > 0. (2.67)

Let u, = uger + v, and

per per

5
V=V2 -+ g\uyl4/3 + (2ul v, + 02 —v) x| -|7L
The function w, satisfies u, € Hlloc(IR{?’), u, > 01in R3, and
1
e Cx®), [ Vu Vot [ Vuo = E0)de
R

RS

1,
= SE W) (0 + o - w)ae

This implies that for all ¢ € C°(R?) such that ¢ > 0 in R3,

R3 R3

since v, + ¢ € Q4. Therefore, u, is a non-negative supersolution of —Au + Vu = 0, with
V e LY (R3). It follows from Harnack’s inequality (see Theorem 5.2 of [177]) that either
u, is identically equal to zero in R3, or for each bounded domain Q of R3, there exists
1 > 0 such that v, > —uf  +n in Q. As the first case is excluded since —ud,, & Q, (2.67)

per
implies £”/(v,) = 0, which means that v, is a solution in Q to the elliptic equation (2.18).

Remarking that
1 1
£(v,) < £7(0) = 5D(vv) = 5wl

and using (2.65) and (2.66), we finally get the estimates (2.19) and (2.20).
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2.4.4 Uniqueness of the minimizer of (2.16)
Noticing that

Q+ = {U € Hl(Rg) | (ulojer —|—’U)2 - plojer € C’ ulojer +v Z 0} )
we obtain that v, is a minimizer of (2.16) if and only if p, = (ud, + v,)? is a minimizer of

inf {G(p), p € K} (2.68)

5 1
g(p) = J(p) + /R3 <P5/3 - (pger)S/g - _(pger)Z/g(p - pger)> + §D(p - pger —Uv,p— pger - V)a

3

J(p) = <(ngr - 6%)(\/5 - uger)a (\/ﬁ - uger)>H1(R3),H*1(]R3)-
and

K={p>0]p—tupe € H(R?), p— ppe; € C}.

To see that K is convex and that G is strictly convex on /C, we first introduce the set
K={p>0]y5—ud, c H'E)NE R}

where £'(R?) denotes the space of the compactly supported distributions, and observe that

for all p € K,
)
50 = [ (I9VAP = 19 + (G + Vi = &) 0= )

Reasoning as in the proof of the convexity of the functional p +— ng |V\/ﬁ|2 on the convex
set {p>0],p€H (R*} (see e.g. [138]), we obtain that K is convex and that J is
convex on K. It then follows that G is strictly convex on K. We finally conclude by a
density argument.

As G is strictly convex on the convex set K, (2.68) has at most one minimizer. Therefore,
Py = (uger—i—vy)2 is the unique minimizer of (2.68), and v, is the unique minimizer of (2.16).

2.4.5 Properties of the unique minimizer of (2.16)

Throughout this section, C' denotes constants independent of v (but possibly dependent

on ppar). The Euler equation (2.18) can be rewritten as

—Avy + Votger = fu + (5 |- [T upers (2.69)

where 5
fo = (g = Vi )vy — 3 (]uger |73 - yugery/s) + @00,
(recall that @9 = (v —2u v, —v2)*|-|71), and where V,, = (2ud v, 4+ v2) x| - | ! satisfies

per V'V

—AV, = 47 (2ud vy + 7). (2.70)

80



In addition, we infer from (2.20) the following estimates

lvuller < Cllovllgrwsy < Cllvlles
lvplle < Cllvillpesgs) = CH%”imw(Ra) < Ol gsy < ClIvliE,
Viller = 12upevn + ville < C (llvlle + [[v2lle) < C ([vle + Iv]I2)
@00l < C(vlle + IVuller) < € (Ivlle + IWIIZ) »
7/3
Ifllemsy < C (HUVHHl(RB) + lvw |l L2 w3y + HUV”L/M/S(RS) + HCI)g”LG(R?’)HUV”L?’(R3)>

< C(llwlle + 1) -

To obtain the bound on f,, we have used Lemma 2.4.1 and Lemma 2.4.2. Adding up (2.69)
and (2.70), we obtain that W,, = v, + V,, is a solution in C’ to

— AW, + Ul W, = f,+ (v x| |l (2.71)

per'" vV per’

where f, = f, + (87 + Dul vy 4 4mvl € L*(R3), with

Pl < € (1) + 6+ Dlvlo + 4o, [2agaay ) < € (Il + v12)
In addition, it follows from (2.20) and (2.70) that

Woller < llvsller + 1Valler < € (lvlle + [[v]12) -

0
per

Since uy,, satisfies (2.10), the elliptic equation

0 ~
—Aw + upe,w = [y
has a unique variational solution in H'(R?), which we denote by w,. It holds
s 3
lwiller < Cllwy [l gsy < Cllfollz@s) < C (Ivlle + Ivlle) -
The function w, = W,, — w, € C’ then is solution to

_Awl’ + uloaerf&jl/ = (V* | : |_1)uger? (272)
and such that
@y ller < W ller + lwuller < C (IIvlle + V1I2) -

Introducing p, = —(47) "1 Aw, € C, (2.72) also reads

b = =) x|

per

Therefore,

2
47{/1‘% OV :D(V—PV7PV)<OO7

3 Upey

which proves that p, € L?(R?), hence that (v — p,) x| -|~' € L?(R3). We also get the
estimates

IN

CllAulFams) < € D = )
< C(Wlelplle +17.12) < € (Il e + 15.1%) -

[ R I 7Y

N
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Thus,
(v = 5) % |- 1 Ml 2@y < C (IIvlle + [vI12) -

P =vx| | =V, =w=—p)x|- | @, -V, = —p) x| | v, —w,,
we obtain ®9 € L?(R?) and
120 22 sy < C (vl + I12) -

Hence (2.25). Introducing p) = v — (2uY, v, + v7), the above statement reads

~ 1/2
A
( / | ’ ;4)\ dk) < C (e + IvlE) < oc.

Therefore,

1

~ 1/2
4 L V2O k)
O(k)|dk < </ k4dk> / v dk
57, ) B\, T
~ 1/2
_ ro\1/2 |00 (k)|
= 3(5:) </Rg T A

—Avy, = f, + PYud..,
we conclude that v, € H%(R3) and that

Rewritting (2.69) as

lollmeesy < C (llollgies) + 1Av ] 2s))
< C (lvwllm ey + 1o llz2@ey + 190 2 s)) < C (Ivlle + Iv1E) -

Hence (2.21). Lastly, for each 1 < j < 3, the function v}, := 2% is a solution in H'(R?) to

V= Gps
the elliptic equation ’
. Vo 35 Ml ey
_Avl]/ - - a;j vy + (6% - Vp?er)vzjz + ? (‘uger + UV’4/3 - ‘uger’4/3> an;
35, 0 a5 O%) 4 0 Oper | OB} 0,7
- z ) z D vl
9 |uper + UV| Uy + 8-%']‘ uper + v 8.%']‘ + axj %% + vUy

Using (2.21) and (2.25), we obtain (2.22).

2.4.6 End of the proof of Theorem 2.3.1

We have proven in the previous two sections that:
1. (2.16) has a unique minimizer v,;

2. if (vp)nen is @ minimizing sequence for (2.16), we can extract from (vy,)nen a subse-
quence (vp, )reny Which converges to v, weakly in H!(R?), and strongly in L (R3)

loc
for all 1 < p < 6, and such that (u).,vn, )ren converges to ud. v, weakly in C.

By uniqueness of the limit, this implies that any minimizing sequence (vy,)nen for (2.16)
converges to v, weakly in H'(R?), and strongly in Lfoc(Rg) for all 1 < p < 6, and that
(ugervn)neN converges weakly to ugervy in C. Lastly, the existence of a minimizing sequence

for (2.16) satisfying (2.26) is a straightforward consequence of Lemma 2.4.3.
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2.4.7 Thermodynamic limit with a charge constraint

Let v € LY(R3) N L?(R3). Clearly, vy, 1, is a minimizer of (2.32) if and only if uger + VgL
is a minimizer of (2.2) with R = Rp, p™° = phi¢ + vy and Q = ZL* + ¢ such that
per +vy,4. > 0in R3. It follows from Proposition 2.2.1 that (2.32) has a unique minimizer
Uy,q,1, Which satisfies v, 41 € Hper(FL) — CHR3) N L>®(R3) and ul,, + Uyq,r > 0in R3,
and the Euler equation (2 34) for some p,, 41, € R.
Let o = \Fﬂ ! Jr, Uper- For L large enough, a?+¢q/|T'| > 0 and the constant function

zp = —a+\/a? + q/|T' | satisfies 2z, > —ul,, everywhere in R? and

per

per

/ (2ugerZL + Z%) =q.
I'r

Using Lemma 2.4.1, Lemma 2.4.5, and the fact that |z;| < CL™3 for some constant C
independent of L, we obtain

El(vwgr) < Er(zL)

10
- / <‘uger + ZL’10/3 ’ per‘m/3 3 ’ per"?/3 > + / (Vr?er - )Z%
'y I'p

1
—|—§DRL (2ugerzL + 22 — g, ngerzL + 22 — vy) —  D(v,v).(2.73)

L—o0

Besides, reasoning as in Section 2.4.3, we obtain

Vo € Qy 1, Er(ve) 2 ﬁHULHHI (TL)’ (2.74)

per

where the constant 3 > 0 is the same as in (2.65), and

1
Voo € Qi i, Dry(udevr, udevr) < Ef(ve)+ 5Dr. (v; —vi,vi — VL)
< g[V,(UL) + Dy, (U%, U%) + Dy, (I/L7 VL)(2.75)
We infer from (2.73) and (2.74) that for each g € R, there exists C, € Ry such that

\V/L € N*, H’Ul,qLHHl FL) < C (276)

per

By a diagonal extraction process similar to the one used in the proof of Lemma 2.4.6, we can
extract from (v, 4 1) Len+ a subsequence (v, 4,1, )keny Which converges to some v, € H'(R?),
weakly in H (R3), strongly in L? (R3) for all 1 < p < 6 and almost everywhere in R?
and such that

loc

lim &7 (vyq,r1,) = hmlnfSL(quL)

k—oo L—o00
In particular 7, > —u?_ almost everywhere in R3.
p Yy

per
U, € C. First, we notice that it follows from (2.73), (2.75)

and Lemma 2.4.4 that there exists a constant 5(1 such that

Let us now prove that uper

DRy (U Vy,g,Ls UnerVyg,1) < Cy. (2.77)
Besides,
0 1 2 1 2
UperVv,q,L| = 5 q— Uy,q,L < 5 (‘q’ + Cq) ’
FL FL

and (ud,,0y,q,L, Jken converges to ub. v, strongly in LIQOC(R?’), hence in the distributional
sense. It therefore follows from Lemma 2.4.6 that u0_ v, € C. Thus, v, € Q..

per
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As (2.34) holds in H5(T'), we can take u)
obtain

5
3 0 _ 0 7/3 0 |7/3 0 14/3 0
Huv,q,L (ZL +/ vV,f],Luper> - / g (|uper +vv,q,L| /3 — |uper| /3 — |uper| / UV7€I7L> uper
I'p Iy

+DRL ((2ugerUV7Q=L + Ul%,q,L - VL)? (uger + UVvq,L)uger) :

as a test function. Using (2.11), we

per

Using (2.76), (2.77) and Lemma 2.4.1, we obtain

5
/F g <|uger + Uv,q,L|7/3 - |u1?)er|7/3 | per|4/3vV7q7L) per
L
‘DRL ((2ugeerq7L + v12/q L~ VL) ( per + vl/q L per)‘ < C,LS/Q

/ UV,q,Luloaer (‘q, + 02)
T'r

for some constant Cé independent of L, which allows us to conclude that (i, 4.1,) Len+ goes
to zero when L goes to infinity.

< C/L3/2

=2

Note that using Lemma 2.4.6, we can pass to the limit in the Euler equation (2.34) in
the distributional sense, and prove that v, satisfies

5 ~
(ngr - F)UV +3 <‘uper + UV‘7/3 - ’uger‘?/:5 ‘ per‘4/3 >
+ ((2upervy + '?73 —V)*|- ]71) (uger +7v,)=0. (2.78)
We are now going to prove that £¥(v,) < £Y(v,), which implies that v, = v, and, by
uniqueness of the limit, that the whole sequence (v, 4 1)ren+ converges to v, weakly in

H! (R?), and strongly in LV (R3) for all 1 < p < 6.
Let € > 0. From Lemma 2.4.3, there exists v;q €Qi N CCQ(]R3) such that

0 2y _
/ (2uperv;,q + (ULE/,q) ) =q
Iy
and
E¥(v)) < E(15,) < £ (vyg) + €.

For L large enough, the Rp-periodic function vj, , ; defined by quL]pL = vy ,lr, is in
the minimization set of (2.32). Using Lemma 2. 4 5 and the fact that ve . is compactly
supported, we have for L large enough Uy oL € Q4 1 and

El(vvgr) < EL(v uq,L) = <(ngr— OF)UZ,q,vzez,q>H—1(]R3),H1(R3)

€ 5 € €
+ /R (1 0817 = U1 — S 2ty + (05,)7))

+35 DRL (2uper Uy,q,L + ( Upq, L)2 VL72uperULE/qL + ( yq,L)2 - VL)

Therefore, for each € > 0,
EV(vugr) < € (v) + 26,

for L large enough, so that

limsup &7 (vyq,1.) < EY(vy). (2.79)

L—oo
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We are now going to prove that

& (v,) < hmlnf El (v q.1)- (2.80)
L—oo
For each k € N, we denote by
ﬁk = ikuVv%Lk and Wk = sz (ngr F)1/2UV7Q7LI€7

where the operator iy, is defined by (2.61). As [[Ug[|lp2(rs) = Hvy,qukHL%er(ka) and

HwkH%Q(RS) - <(ngr - 6%)”%(1,%7UVaquk>nglr(rLk),H;elr(rka

we can extract from (Up)reny and (wg)ren subsequences (Ug, )neny and (wpg, )nen which
weakly converge in L2(R?) to some v € L?(R3) and w € L?*(R?) respectively, and such
that

Jim E%(vyg,1,,,) = iminf £ (vyq,1)-

As (Vyq 1, )ken converges to U, strongly in L (R3), we have © = ©,. Let us now prove
that w = (HY., — ¢%)'/%7,. For each ¢ € C°(R?), we infer from Lemma 2.4.7 that

per

1/2

(w,@)rzmsy = lim (ip, (Hper — €)' 200 L, ) 12(R3)

n—oo
- nILH;O(ZLk (nger - 6F)l/%Lkn Ukn s ¢)L2(R3)
= Jim (77].;;,” sz (ngr - EF)1/2ZLkn ¢)L2(R3)

= (77V7 (ngr - 6OF)l/ ¢)L2(R3) = ((ngr - F)l UV7¢)L2(R3)

As a consequence, w = (ngr — )2,
Using the weak convergence of wy, to w = (ngr — F)l/ 27, Fatou’s Lemma and
Lemma 2.4.6, we thus obtain
EV(gy) = ||(ngr - 610'7‘)1 2~ HLQ(R?’)
~ 5 4
+ /R (1 T = i = S5 2, 4 ) )
—|— D (2upervy + 02— v, 2upervy +72 —v)

< hmmfﬁ' (V.1 )—hmmfg (Vpq,1.)-
n—00 n L

Hence (2.80). Collecting (2.79) and (2.80), we obtain that £”(v,) < £(v,) and therefore
that v, = v, since v, € Q4 and (2.16) has a unique minimizer.

2.4.8 Thermodynamic limit without a charge constraint

Let (vp,)nen be a minimizing sequence for (2.33). For all > 0, for n large enough,

1% 14 1
ﬂ”vn”%fger(m) < &p(vn) < EL(0) +n = 5 Dr, (vr,vr) +1.

Thus, (vn)nen is bounded in Hper(F 1). Extracting a converging subsequence and passing

to the liminf in the energy, we obtain a minimizer v, 1, of (2.33), such that
BHUMLH%—II})H(I’L) = QDRL(VL, VL) (281)
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We also get

DRL (ugervv,L7 ugervu,L) <C, (282)

for some constant C independent of L.

Clearly, uger + v, 1, is a non-negative minimizer of

inf {E%Ew(pglelg + VL’wL)a wy, € le)er(FL)} :

Reasoning as in the proof of Proposition 2.2.1, we obtain that uger + v, 1, is the only non-

negative minimizer of the above problem, and therefore that v, is the unique minimizer
of (2.33). Besides, vy, € Hyo (PL), ude, + vy, > 0 in R?, and vy, is solution to the Euler

per

equation (2.35), which holds in H  L(T'z). Taking ul,, as a test function, we get

per per

o 0 7/3 0 (7/3 0 (4/3 0
/F g (|Uper + ’Uu,L| /3 _ |uper| /3 _ |uper| / vl/,L) Uper
L

+Dg, ((2ugervy,L + UE,L —vL), vMLuger) + Dg, ((2ugervy7L + UE,L —vr), (uger)Q) =0.

We now remark that the third term can be rewritten as

DRL ((2ugerUV7L + UE,L - VL)? (uger)2) = ngL2 </I’ (2ugerUV7L + UE,L - VL))
L
T /F (20 + 02, — v )Wo, (283)
L

where, as above, g; = |T'1| 7! fFl Gr, and where nger is the unique solution in ngr(Fl) to

— AW = 4 (p)er — [T1]7' 2)

per

W;?er R1-periodic, /F Wger =0.
1
We finally obtain
)
ngL2 (/F (V - (2ugerUV7L + UE,L))) - /F 5 (‘uger + UV,L’7/3 - ‘uger’7/3 - ’uger’4/3vV7L) uger
L L

+DRL ((2ugerUV7L + ULQJ,L - VL)? UV7Luger)

+/ (2ugerUV7L + ULQJ,L - VL)WSer'
Iy
As the right hand side is bounded by C'L3/? for a constant C independent of L, it holds

lim [ (v— (2udevyr +v2.)) = 0.
L—oo Jr, b ’ ’

Proceeding mutatis mutandis as in the previous section, it can be shown that the

sequence (vy, 1) en+ converges weakly in Hl (R3) and strongly in L (R3) forall 1 < p < 6,
towards the unique minimizer v, of (2.16).
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Chapter 3

Periodic Schrodinger operators with
local defects and spectral pollution

The results of this chapter are gathered in an article, written with Eric Canceés
and Yvon Maday, which was submitted to SIAM Journal of Numerical Analysis .
In this article, we prove that standard Galerkin methods for the discretization of
perturbed periodic Schrédinger operators are prone to spectral pollution and that
the corresponding spurious states can be interpreted as surface states. In a one-
dimensional setting, we can exactly characterize the set of spurious eigenvalues.
This is proved in Section 3.5.1 of this chapter.

We also prove that if periodic boundary conditions (instead of Dirichlet boundary
conditions) are used, if the simulation domain contains an integer number of unit
cells and a Fourier discretization is used, the supercell method does not produce
any pollution. However, when the simulation domain does not contain an integer
number of unit cells, spectral pollution occurs. Numerical simulations, whose results
are presented in Section 3.5.2, were performed to illustrate this situation.

Lastly, another method to circumvent the problem of spectral pollution is pro-
posed. It relies on the use of augmented finite elements discretization using the
so-called Wannier functions associated with the unperturbed periodic Schrédinger
operator. Details on how this method can be implemented in practice are given in
Section 3.5.3.
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Periodic Schrodinger operators with local defects
and spectral pollution'

Eric Cancés?  Virginie Ehrlacher?  Yvon Maday®

Abstract

This article deals with the numerical calculation of eigenvalues of perturbed periodic
Schrodinger operators located in spectral gaps. Such operators are encountered in the
modeling of the electronic structure of crystals with local defects, and of photonic crystals.
The usual finite element Galerkin approximation is known to give rise to spectral pollution.
In this article, we give a precise description of the corresponding spurious states. We then
prove that the supercell model does not produce spectral pollution. Lastly, we extend
results by Lewin and Séré on some no-pollution criteria. In particular, we prove that using
approximate spectral projectors enables one to eliminate spectral pollution in a given
spectral gap of the reference periodic Schrodinger operator.

3.1 Introduction

Periodic Schrédinger operators are encountered in the modeling of the electronic structure
of crystals, as well as the study of photonic crystals. They are self-adjoint operators on

L?(RY) with domain H?(R%) of the form
HO =-A + Vpera

per

where A is the Laplace operator and Ve a R-periodic function of Lfoc(Rd) (R being a
periodic lattice of RY), with p =2 if d < 3, p > 2 for d = 4 and p = d/2 for d > 5.

Such operators describe perfect crystals, by contrast with real crystals, in which the
underlying periodic structure is perturbed by the presence of local or extended defects.
In solid state physics, local defects are due to impurities, vacancies, or interstitial atoms,
while extended defects correspond to dislocations or grain boundaries. The properties of
the crystal can be dramatically affected by the presence of defects. In this article, we
consider the case of a d-dimensional crystal with a single local defect, whose properties are
encoded in the perturbed periodic Schrodinger operator

H=Hl\ +W=-A+Vou +W, W e L®R%, W(z) — 0. (3.1)

per
|z|—o0
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3Université Pierre et Marie Curie-Paris 6, UMR 7598, Laboratoire J.-L. Lions, Paris, F-75005
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Note that we do not assume here that W is compactly supported. This allows us in
particular to handle the mean-field model considered in [37]. In the latter model, d = 3
and the self-consistent potential W generated by the defect is of the form W = px|-|~!
with p € L?(R?) N C, C denoting the Coulomb space. Such potentials are continuous and
vanish at infinity, but are not compactly supported in general.

Computing the spectrum of the operator H is a key step to understand the properties of
the system. It is well known that the self-adjoint operator ngr is bounded from below
on L*(R%), and that the spectrum o(H)Y.,) of HY. is purely absolutely continuous, and
composed of a finite or countable number of closed intervals of R [163]. The open inter-
val laying between two such closed intervals is called a spectral gap. The multiplication
operator W being a compact perturbation of ngr, it follows from Weyl’s theorem [163]
that H is self-adjoint on L*(R?) with domain H*(R?), and that H and HJ, have the same
essential spectrum:
Oess(H) = Oess(HY,) = o(HY,,).

per per

Contrarily to ngr, which has no discrete spectrum, H may possess discrete eigenvalues.
While the discrete eigenvalues located below the minimum of oes(H) are easily obtained
by standard variational approximations (in virtue of the Rayleigh-Ritz theorem [163]), it
is more difficult to compute numerically the discrete eigenvalues located in spectral gaps,

for spectral pollution may occur [24].

In Section 3.2, we recall that the usual finite element Galerkin approximation may
give rise to spectral pollution [24]|, and give a precise description of the corresponding
spurious states. In Section 3.3, we show that the supercell model does not produce spectral
pollution. Lastly, we extend in Section 3.4 results by Lewin and Séré [134] on some no-
pollution criteria, which guarantee in particular that the numerical method introduced in
[37], involving approximate spectral projectors, and is spectral pollution free.

3.2 Galerkin approximation

The discrete eigenvalues of H and the associated eigenvectors can be obtained by solving
the variational problem

{ find (¢, \) € H'(R?) x R such that
v¢ € Hl(Rd)7 a’(w7 ¢) = )‘<¢7 ¢>L27

where (-,-) 2 is the scalar product of L?(R?) and a the bilinear form associated with H:
a(0.6) = [ V6-F6+ [ (Voew t W),
R4 R4

A sequence (X,,)nen of finite dimensional subspaces of H'(RY) being given, we consider
for all n € N, the self-adjoint operator H|x, : X,, — X,, defined by

v(wm ¢n) S Xn X Xm <H‘ann7 ¢n>L2 = a(wm ¢n)

The so-called Galerkin method consists in approximating the spectrum of the operator H
by the eigenvalues of the discretized operators H|x, for n large enough, the latter being
obtained by solving the variational problem

{ find (¢, \n) € X;, X R such that (3.2)

Vo, € X, a(¢na¢n) = )‘n<7pna¢n>L2'
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According to the Rayleigh-Ritz theorem [163]|, under the natural assumption that the
sequence (X, )nen satisfies

Vo € H'RY), inf |¢— ¢ullzn — O, (3.3)
In€Xn n—oo
the Galerkin method allows to compute the eigenmodes of H associated with the discrete
eigenvalues located below the bottom of the essential spectrum. It is also known (see
e.g. [56] for details) that, as H is bounded below, (3.3) implies

o(H) Climinfo (H|x,), (3.4)

n—oo

where the right-hand side is the limit inferior of the sets o (H]|x, ), that is the set of the
complex numbers A such that there exists a sequence (A,)nen, with A, € o(H|x,, ) for each
n € N, converging toward A. In particular, any discrete eigenvalue \ of the operator H is
well-approximated by a sequence of eigenvalues of the discretized operators H|x,. On the
other hand, (3.3) is not strong enough an assumption to prevent spectral pollution. Some
sequences of eigenvalues of o(H|x, ) may indeed converge to a real number which does not
belong to the spectrum of H:

limsupo (H|x,) € o(H) in general, (3.5)
n—oo
where the limit superior of the sets o (H|,, ) is the set of the complex numbers A such that
there exists a subsequence (0(H|x,, ))ken of (0(H|x,))nen for which

Vk €N, I\, €o0(H|x,, ) and klim Anp = A

Spectral pollution has been observed in many situations in physics and mechanics, and
this phenomenon is now well-documented (see e.g. [66] and references therein). In [24],
Boulton and Levitin report numerical simulations on perturbed periodic Schrédinger oper-
ators showing that “the natural approach of truncating R? to a large compact domain and
applying the projection method to the corresponding Dirichlet problem is prone to spectral
pollution”. Truncating R? indeed seems reasonable since it is known that the bound states
of H decay exponentially fast at infinity [147, 168]. The following result provides details
on the behavior of the spurious modes when the approximation space is constructed using
the finite element method.

Proposition 3.2.1. Let (7,°°),en be a sequence of uniformly reqular meshes of R%, invari-
ant with respect to the translations of the lattice R, and such that hy, := maxg ez diam(K) —p 00 0.
Let (Qp)nen be an increasing sequence of closed convex sets of RY converging to RY, T, =
{KeT>®|K CQ,} and X,, the finite-dimensional approzimation space of H}(Qy) —
HY(R?) obtained with T,, and P, finite elements (m € N*). Let A € limsup,,_,., o (H|x,)\
o(H) and (Y, An,) € Xn, x R be such that H|x, ¥n, = Aptng, [nillz = 1 and
limy oo Ap, = A. Then, the sequence ({n, )ren, considered as a sequence of functions of
H'(RY), converges to 0 weakly in H'(R?) and strongly in LI _(R?), with ¢ = oo if d = 1,

loc

g<ooifd=2andq<2d/(d—2)ifd>3, in the sense that
VK c RY, K compact, / |tn, |7 — 0,
K k—o0

and it holds

k—o00

Ve>0, IR>0 s. t. liminf/ [, |2 > 1 — e (3.6)
9, +B(0,R)
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The latter result shows that the mass of the spurious states concentrates on the bound-
ary of the simulation domain €2, .

This phenomenon is clearly observed on the two dimensional numerical simulations re-
ported below, which have been performed with the finite element software FreeFem-++ [1],
with Vper (,9) = cos(z) +3sin(2(z +y) +1) and W(z,y) = —(v+2)%(2y — 1)? exp(— (22 +
y?)). We have checked numerically, using the Bloch decomposition method, that there
is a gap (o, 3), with @ ~ —0.341 and (8 ~ 0.016, between the first and second bands of

ngr = —A 4 Vper. We have also checked numerically, using the pollution free supercell
method (see Theorem 3.3.1 below), that H = ngr + W has exactly one eigenvalue in

the gap (o, 3) approximatively equal to —0.105. Our simulations have been performed
with a sequence of P;-finite element approximation spaces (X, )40<n<100, where for each
40 < n <100,

2 — 40
e 0 = [—an™ 42 with m, = [( +5)];
n n

20

e 7, is a uniform 27Z2-periodic mesh of R? consisting of 2n? isometrical isoceles
rectangular triangles per unit cell.

The spectra of H|x, in the gap («, 3) for 40 < n < 100 are displayed on Fig. 3.1. We clearly
see that all these operators have an eigenvalue close to —0.1, which is an approximation of
a true eigenvalue of H. The corresponding eigenfunction for n = 88 (blue circle on Fig. 3.1)
is displayed on Fig. 3.2 (top); as expected, it is localized in the vicinity of the defect. On the
other hand, most of these discretized operators have several eigenvalues in the range (a, 3),
which cannot be associated with an eigenvalue of H, and can be interpreted as spurious
modes. The eigenfunction of H|x, close to —0.290, obtained for n = 88 (blue square on
Fig. 3.1), is displayed on Fig. 3.2 (bottom); in agreement with the analysis carried out
in Proposition 3.2.1, it is localized in the vicinity of the boundary of the computational
domain.
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Figure 3.1: Spectrum of H|x, in the gap («, ) for 40 < n < 100
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Proposition 3.2.1 provides a characterization of the spurious eigenstates. Note that for
any A € Conv(oess(H)) \ o(H), there exist sequences of simulation domains (£2,,)nen and
meshes (7,°°),¢en satisfying the assumptions of Proposition 3.2.1 and such that, if X, is
the finite-dimensional approximation space of H3(€2,) — H'(R?) obtained with €, 7,
and P, finite elements, then A € liminf,, . o (H|x,).

To see this, let us consider for each ¢ > 0 the domain Q; := B(0,t) and the self-adjoint
operator Hy := —A + Vper + W on L?(€);) with domain H?(Q) N H} (). The operator Hy
being bounded below, with compact resolvent, its spectrum is purely discrete. We denote
by €1(t) < ea(t) < e3(t) < --- its eigenvalues counted with their multiplicities. It readily
follows from the min-max principle (see e.g. [163]) that

o foreacht >0,¢;(t) T oo
jrtoo

e for each j € N*, the function ¢ — ¢;(t) is non-increasing and continuous, and satisfies

) a(v,v) ) 0
ei(t) | XN(H):= inf sup <minoes(H,..),
j( )t—>+oo ]( ) Y€ veY;\{0} ”U”%Q ess( per)

where ); is the set of the vector subspaces of H 1(R?) of dimension j.

This implies that for all A € Conv(cess(H)) \ o(H), there exists a sequence (¢, )nen such
that ¢t,, — +o0 and dist(\, o(Hy,)) — 0. Besides, for all ¢ > 0, if (7,°°),en is a sequence
n—oo n—oo

of uniformly regular meshes such that h,, := nax diam(K) goes to 0 as n goes to infinity,
€T,

it holds that limy, ..o H|xt = o(H;), where X/, is the P, finite-element discretization space
of HY(€) — H(R?) built from 7,>°. Thus, for all A € Conv(oess(H)) \ o(H), there exists
an increasing sequence (t,, )nen of positive real numbers going to infinity, and an increasing
mapping ¢ : N* — N* such that
A€ lhglo%fU(H‘X;?n))'

A natural question is of course whether spectral pollution occurs for a given sequence of
simulation domains (2,),en and meshes (7,°°),¢cn satisfying the assumptions of Propo-
sition 3.2.1. However, it seems difficult to answer this question with a pen and paper
analysis.

Remark 3.2.1. Using the results in [185], it is possible to characterize the spurious states

generated by finite element discretizations of one-dimensional perturbed Schrédinger oper-

ators: for R = bZ and 0, = [—(n+1t)b, (n +t)b], the spurious eigenvalues are the discrete

eigenvalues in [min(o(Hp,)),+00) \ o(H) of the operators H (t) on L*(R.) with domain

H2(Ry)NHE(Ry) and H=(t) on L*(R_) with domain H*(R_) N H(R_), respectively de-
2

fined by H*(t) = d + Voer(x Ftb). Besides, the spurious eigenvectors of H|x, converge

da?
(in some sense, and up to translation) to the discrete eigenvectors of H*(t). As

U o(#*®) | N[min(o(Hy,)), +00) = [min(o(Hy,)), +00),
t€[0,)

any \ € [min(a(ngr)), +o00)\ o(H) is a spurious eigenvalue, in the sense that there exists

an increasing sequence (0 )nen of closed intervals of R converging to R such that
A €liminfo(H|x,).
n—od

We refer to Section 3.5.1 of Appendixz 3.5 for a proof and a numerical illustration of this
result. The proof of similar results for d > 2 is work in progress.
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Figure 3.2: A true eigenfunction, localized close to the defect (top), and a “spurious”
eigenfunction, localized close to the boundary (bottom).

Proof of Proposition 3.2.1.

Convergence of (¥n, )ken. We first notice that, since H = —2A+1 (=A + 2Vj,e,) + W, with

W bounded in L®(R?) and —A + 2V, bounded below, there exists a constant C' € R
such that

v e HRY, a(w,) > 5IV0l3 — Ol (37)

As
VEeN, |Ynllrz2=1 and a(tn,,¥n,) = An, kjc:o)\,

we infer from (3.7) that the sequence (¢, Jren is bounded in H'(R?). It therefore con-
verges, up to extraction, to some function ¢ € H'(R?), weakly in H!(R?), and strongly in
LI (RY) with g =00 ifd=1,¢g<ooifd=2and q<2d/(d—2)if d>3. It is easy to
deduce from (3.3) and the continuity of @ on H'(R?) x H'(R?) that ¢ satisfies Hp = A\¢
and therefore that ¢ = 0 since A ¢ o(H) by assumption. Consequently, the whole sequence
(¥n,, )ken converges to zero weakly in H1(R?) and strongly in L{ (RY).

loc

Proof of (3.6). We argue by contradiction. Assume that there exists € > 0 such that

VR > 0, liminf/ [, |2 <1 —e
9, +B(0,R)

k—o0
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As ||t |2 = 1 for all k, the above inequality also reads

VR >0, limsup/ ]wnk\Q > e,
R

k—o0 5

where QfFf = {z € Q,, |d(x,0Q,,) > R}. We could then extract from (¢, )ren a subse-
quence, still denoted by (1n, )ken, such that there exists an increasing sequence (R, )keN
of real numbers going to infinity for which

Vk € N, /R 9, | > €.
Qn, "

In the sequel, we denote by
CO(T>®) = {v € CORY) | VK € T, v|k € ]P’m}

the set of continuous functions built from 7>° and P,,-finite elements, by P, the interpo-
lation operator from C°(R?) onto C%(Z,>), and by

X5° = CO(T°) N H' (RY).

The space X2° is an (infinite dimensional) closed subspace of H'(R?). Obviously X, —
X2°. We then introduce a sequence (Yn, )ken of functions of C°(R?) such that for all
keN,

Supp(xn,,) C ., Xx =1 on Qﬁ:’“, and V|o| < (m+1), [|0%n, |z < CRflkla‘, (3.8)

for a constant C' € Ry independent of k.
The rest of the proof is divided into three steps.
Step 1. We first prove that for all k¥ € N such that h,, <1,

Von, € Xov,  IIxn. @Ry = Py Oann o) it < Chany RHO0 e, (3.9)

for some constant C' independent of £ and ¢7° .

Let us recall some classical direct and inverse inequalities used in finite element analysis (see

e.g. [83]). Since the sequence of meshes (7,>°),cn is assumed to be uniformly regular, there

exists C' € Ry such that for all n € N and K € 7;°, we have

e for all v € CO(RY),

vl = (Pov)|k la (k) < Chnml max 0%k || 22K, (3.10)

= al=

o for all v2° € X2° and 8 € N? with 2 < B8] < m,

107072 il 2 xy < Chi W [0 i L - (3.11)
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To prove (3.9), we notice that for all K € 7, , (xn, @5 )| € C%°(K), and 8ﬁq§$f]’c\K =0 if
|B] = m + 1, so that

||Xnk¢nk_ nk(XnkQSnk)HHl = Z ‘|(Xnk¢nk)|K (nk(Xnkgbnk)”KHHl(K)
KeT,,
< Chyr Y max [[0%(xn, o)k 72 k)
% |a|=m+
eTnk
< Chi’: Z max ZH@O‘ 5Xnk||Loo||8ﬁ¢ |KHL2
KeT, la‘:m—’—l
ng
< ChM"R,? max Ha% Ik llT2(x
KeTnkI |<m
< ChY'R;? (1+ B2 |kl ey
KeTn,
< Ch: R0 I,

where we have used (3.10), (3.11) and (3.8) to obtain the first, fourth, and third inequalities
respectively.

Step 2. Let Jnk = Py, (Xn,¥n, ). In this second step, we are going to prove that

Vo € Xoo (0" = Ma) (W 805)| < g b Nl (3.12)

where (1), )ken is a sequence of positive real numbers going to 0 at infinity.

For all k € N, ||ty ||z > €'/2 and for all ¢3° € X5°,

(a— /\nk)(@nkﬁﬁ) = (a— Ank)(Xnk¢nk’ ¢nk)
—(a@ = Any) Xy, ¥ny — Py (Xnkl/’nk)a ¢32)

- (a - nk)(wnk’xnk¢nk)
—(a — )‘nk)(Xnkwnk — Py, (Xnkwnk) ¢nk)

/R(AXnk¢nk +2¢ VXn;C V@Z)nk)

= (a_ nk)(i/)nkaXnk%k - nk(Xnkgbnk))
_(a - Ank)(Xnk¢nk - nk (Xnk¢nk) ¢nk)

- /l;d(AXnkwnk(b?;; + 2¢$L<;VXnk : ank)a

P

where we have used that (a — Ap,)(¥n,, P, (Xn,®5,)) = 0 since Py, (Xn, #5.) € Xn
Denoting by

.6) = [ V0 Vot [ Voo

we end up with

(ao_)‘nk)({/;nw ;L“;) - (a_ nk)(wnwxnkgb - nk(Xnk¢nk))
_(a_)‘nk)(Xnkwnk - nk(X”kwnk) ¢nk)

/]R (AXnk¢nk +2¢ vXnk V@Z)nk)
—/ W, 62 (3.13)
Rd
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Using the boundedness of (¢, Jken in H(R?), the properties of x,,, and W, and the fact
that (1, )ken strongly converges to 0 in L2 (R?), we deduce from (3.13) and (3.9) that

V¢nk € Xgi? (ao - )\nk)({/;nlw ;L“;) < 77nkH¢ZC;HH1,

where the sequence of positive real numbers (7, )ren goes to zero when k goes to infinity.

Step 3. Let us finally construct a particular sequence of test functions (¢7; )xen for (3.12),
which will allow us to complete our argument by contradiction. We can use Bloch theory
(see e.g. [163]) and expand the functions of X2° as

@) = . (6t da
where I'* is the first Brillouin zone of the perfect crystal, and where for all ¢ € I'*,
@) = X o+ BT
ReR

For each ¢ € I'*, the function (¢7] ), belongs to the complex Hilbert space
LZ(F) = {v(m)eiq'm, ve L2 (RY, v R—periodic} ,

where I" denotes the Wigner-Seitz cell of the lattice R (notice that the functions (¢7),

are complex-valued). Recall that if R = bZ¢ (cubic lattice of parameter b > 0), then
I'=(=b/2,b/2]* and T'* = (—7 /b, 7/b]%. Besides, if for all ¢, € LZ(T'),

a0y = [ 164 da,

it holds that
635150 = £ 1@l o

The mesh 7,7° being invariant with respect to the translations of the lattice R, it holds in
fact
(é05)q € CUTe) N LE(D).

We thus have for all ¢77 € X720

ng?

(@ = )G %) = F (03 = M) (T s (655),)

*

where

aQ(thgr 6g) = /F Vi - Ve, + /F Vot by (3.14)

Let (en1.qs€niq)1<i<Nn: €nlq < €n2q < -+ < €y N, ¢, De an Lg(l“)—orthonormal basis of
cigenmodes of ay in C(7,>°) N L2(T'). Expanding (i, )4 in the basis (€ny ) 1<I<N,,, » We

get
Np,

wnk Z Cng,j,qCn,5,q-
Choosing ¢;° such that

N,

(¢$l(]1)q = Z cnkvjvq(]‘enk,j,qunk >0 — 1Enk,j,q7>\nk<0)enkajvq7
i=1
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we obtain |69 |12 = [[dn, |2 and

Nny,

( o nk wnk’ ][ Z|Enk7]q nk||cnk7JQ|

It is easy to check that ligninf min e, j.g — A, | = ¢ = dist(X, o( per)) > 0. Hence,
—00 -]7q
N,
liminf(a” = X, (B 63 = C . 3 lennsal? = I > .

Besides, B -~ -
Igmellzz = ¥n,llzz and  a®(ép;, o) = a°(Wny, ¥y )

which implies that the sequence (¢} )xen is bounded in H L(R?). Consequently,
0 < Ce < liminf(a® — A, ) (Y, 052) < liminf gy, |63 || g1 = 0.
k—o0 k—o0
We reach a contradiction. O

A careful look on the above proof shows that the assumptions in Proposition 3.2.1 can
be weakened: in particular, the mesh 7;, can be refined in the regions where |W| is large,
and coarsened in the vicinity of the boundary of £2,,.

3.3 Supercell method

In solid state physics and materials science, the current state-of-the-art technique to com-
pute the discrete eigenvalues of a perturbed periodic Schrédinger operator in spectral gaps
is the supercell method. Let R be the periodic lattice of the host crystal and I" its Wigner-
Seitz cell. In the case of a cubic lattice of paramater b > 0, we have R = bZ% and
[' = (—b/2,b/2]%. The supercell method consists in solving the spectral problem

{ find (vr, v, AL,n) € X v X R such that

3.15
Vorn € Xin, aL(Yr,n, dL.N) = ALN(VL N, PLN) L2 (Tp)s (3.15)

where I';, = LT' (with L € N*) is the supercell,

Lger(I‘L) = {uL e L (RY) | ug LR—periodic} ,

ar(ur,vr) = Vur, - Vup, +/ (Voer + Wurur, <UL,UL>Lger(FL) = / ULVL,
I'p I'r Iy

and Xy, n is a finite dimensional subspace of

Héer(FL) = {uL € Lper(FL) | Vuy, € (Lper(FL)) }

We denote by Hy, v = Hp|x, 5, where Hy, is the unique self-adjoint operator on Lper(FL)
associated with the quadratic form ay. It then holds that D(Hp) = H2,,(T'L),

per

V(bL € per(rL)7 HL¢L = _A(bL + (Vper + WL)¢L7
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and
Vorn € Xpn, Hpnopn=—A¢rn +1x, v (Voer + WL)bLN),

where Wy, € L3g, (I'z) denotes the LR-periodic extension of Wr, and Ilx, , is the or-

thogonal projector of L2, (I'r) on Xp y for the L2 (I'L) inner product.
Again for the sake of clarity, we restrict ourselves to cubic lattices (R = bZ?) and to the
most popular discretization method for supercell model, namely the Fourier (also called

planewave) method. We therefore consider approximation spaces of the form

XN = Z creri | Yk, ccp=c¢p ¢,
ke2m(bL)~124 | |k|<2m(bL)~1N

where ey, j(z) = [T |~1/2e*2,

From the classical Jackson inequality for Fourier truncation, we deduce by scaling the
following property of the discretization spaces Xy, n: for all real numbers r and s such that
0 <7 < s, there exists a constant C' > 0 such that for all L € N* and all ¢, € Hy.,(I'L),

L S—Tr
lor —x, yéLll g, () < C (ﬁ) 1oLl 5., r2)- (3.16)

Our analysis of the supercell method requires some assumption on the potential V. We
define the functional space Mype(I') as

lvwlzz_ ;)
Mper(T) = § v € Loy (D) | 0] pper(r) = 5UD sup e <00
LeN* weH](T)\{0} HwHngr(rL)

It is quite standard to prove that Mye(I') is a normed space and that the space of the
R-periodic functions of class C* is dense in Mpe (I'). We denote the R-periodic Lorentz
spaces [15] by LEL(T).

Proposition 3.3.1. The following embeddings are continuous:

for d =1, L? ( ) — Mper(r)a

per
for d = 2, Lgeio(r) — Mper(r)7
for d = 3, Lgeio(r) per(r)-

Proof. We only prove the result for d = 3; the other two embeddings are obtained by
similar arguments. Let us first recall that the Lorentz space L*»°°(I') is a L?-multiplier
of L%2(T") (this can be seen by combining results on convolution multiplier spaces [8] and
continuity properties of the Fourier transform on Lorentz spaces [15]), in the sense that

301 € Ry | Vf € LP(D), Vg € L), [Ifgllzry < Culfllpse(mlgllzsz o)
Besides, the embedding of H'(I') into L52(T) is continuous (see [4] for instance)

3C; € Ry | Vg € H'(T), |lgllzs2ry < Collgllm ) (3.17)
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Let v € Lys(T). Denoting by Zr, := R N (—Lb/2, Lb/2)?, we have, for all w € H}. (),

ool ey = [ ol = 30 [ @

RET,,
— Z /]v w(z + R)|*dx = Z llow(. +R)HL2
RETy, ReT,,
< O Y Iollfscoyllw(- + R)lfFoar
ReTZ;,
< Cillol sy X llw(-+ R oeqry
ReTg,
< CiC3IolFseory Y lw(-+ B
ReTg,
< CiCIlony 3 [ (we+ RP + Vot + RIP) do
RET,,
< CiCllhng) [ (0@ + Vo)) da
L
< 01C%H”H%Sm(r)HwH?{ger(rL)-
Therefore, v € Mper(I') and [[v|| g, () < C1C2]|v][ 1800 (1) O

Remark 3.3.1. In dimension 3, the R-periodic Coulomb kernel Gy defined by

—AG) = 4 (Z R — !T!_l) ,  min Gy(z) =0,

R
RER Te

15 1N Lg’eio(l“), hence in Mper(I'). The functional setting we have introduced therefore allows
us to deal with the electronic structure of crystals containing point-like nuclei.

Theorem 3.3.1. Assume that Vyer € Mper(I'). Then

lim O'(HLJV):O'(H).
N,L—oo|N/L—oco

Proof.
Step 1. Let us first establish that

o(H) C lim inf o(HpN).
N,L—oo|N/L—oo

N,
Let A € o(H) and (NL)ren+ be a sequence of integers such that TL — 00. Let € >0

L—o
and 1 € C°(R?) be such that ||¢||;2 = 1 and ||(H — A\)¢||z2 < e. We denote by 97, the
LR-periodic extension of ¢|r, . Since 9 is compactly supported, there exists Lo € N* such
that for all L > Ly, Supp(¢)) C I'r,. Consequently, for all L > Ly,

9Lz

per

=1 and [[(Hp = Nrlz, r,) <
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Let ¢ N, == HXL,NL 1. We are going to prove that

[(Hp = MY — (Hpn, — A) T/JL,NLHLE)H(FL) — 0. (3.18)

L—oo
First, we infer from (3.16) and the density of H}(Q2) in L?(Q) for any bounded domain
of R?, that

V6 € L2RY), (1~ TLx, y, )érl iz, ) =2 0

where L2(R?) denotes the space of the square integrable functions on R? with compact
supports, and where ¢y, is the LR-periodic extension of ¢[r,. As ¢, Ay, Voertp and Wep
are square integrable, with compact supports, we therefore have for all L > Ly,

— 0,
[2.,(T'y) L—o0

YL = Yoz, @) = H <1 - HXLvNL) W‘

— 0

| =AY+ AYrn ez, oy = H (1 - HXL,NL) (—ATZJ)L‘ 122y Eoae
20,

— 0,

Wevr —1Ix, x, Wer)llrz, oy = H (1 - HXL,NL> (W?/))L‘ (T3) I

— 0.
12, (') L—oo

per

vaeer - HXL,NL (Vpeer)”L%er(FL) = H (1 - HXL,NL> (Vperq/})L

We infer from the last two convergence results that, on the one hand,

Wevr —1Ix, y, Wetbrng )z, oy
< HWL% —1Ix; (Wm/fL)‘

+ HHXLNL (Wr(@r, — ¢L,NL))‘

L2..(Tr) L2..(Tr)
< HWL¢L —Hx; (WL¢L)‘ ooyt IWl[zee ¥r =Y llz 0y
per
— 0,
L—o0

and that, on the other hand,

”Vpeer - HXL,NL (VPGYTZJLNL ) HL%er(FL)
< vaeer - HXL,NL (Vpeer)‘

s, V= 2.0,

L2,.(TL

per

L2..(TL)

per

+ Voer | mper 1%L — VLN, 1m0y

per

< H (1 - HXLNL) Vper?pL‘ 2

per( L)

— 0.
L—o00

Collecting the above results, we obtain (3.18). Thus, for L large enough,
I(Hng = MYrng iz, o) < 26

As YN llrz,, ) = 1forall L > Lo, we infer that for L large enough, dist(A, o0 (Hr,n,)) <
2¢, so that A € liLm info(Hp N, )-
— 00

Step 2. Let us now prove that
limsup  o(Hn,) C o(H).

N,L—oo|N/L—oo
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We argue by contradiction, assuming that there exists A € R\ o(H) and a sequence
(Lg, Nk)gen with Ly k—> oo, N kﬁ 00, Ni/Ly k—> oo, such that for each k, there exists
—00 —00 —00

(Y1, Ny, ALp.N,) € X1, N, X R satisfying
{ VLN € XLy Nyos 0Ly (VL N @Li N ) = AL Ny (VL N PLic Ni) 12,1, )

1YLz, ) =1,

and klim AL, N, = A. Each function 9z, n, is then solution to the PDE
— 00

1
_iAszme + HXLk,Nk ((Vper + WLk)¢Lk,Nk) = ALy, N WLy Ny - (3.19)

Reasoning as in the proof of Proposition 3.2.1, it can be checked that the sequence

(HTIZ)LkakHHII)er(FLk))keN is bounded, and that

¢Lk7Nk kjo)oo n L%oc(Rd)' (320)

For all k, we consider a cut-off function yj € C’SO(Rd) such that 0 < x; < 1onR? y, =1

on I'z, , Supp(xx) C (Li + L,lc/z)l“, IVxkllre < C’li,;l/z, and [|Axk|lpe < C{L,;l for some

constant C' € R independent of k. We then set ¢, = ¥, n,. It holds v, € H2(RY),
1< ||[¢g]l2 <242 and
1 ~ ~ ~
_iAwk + Vperﬂ)k -\ = Xk <Vpe1r7/)Lk,N,C - HXL]ka (Vpeerk,Nk)>
—xkllx,, v, WL ¥rn,) = VXe - VYL,

1 ~
_§AX/€7:Z)L1WN1€ + ()\leNk - )‘)¢k (3.21)
As (Ar, N, )ken converges to A in R and g2 < 242, we have

(ALp,N, — A)Jk — 0 strongly in LQ(Rd).

k—o0

Using the facts that Supp(xx) C 2T'z,, [|Vxk|lLe < C’L,:l/2 and |[Axg|ze < CL, ! for a
constant C' € R independent of k, and the boundedness of the sequence (||¢r, n, HHéer(TLk))kEN’
we get

1 .
~Vxi -V, N, — §AXI¢¢L,€,N,€ k:OO strongly in L?(R%).

It also follows from (3.20) that the sequence ||Wp, ¥, N, |12

2.,(T'1,) 8oes to zero, leading to

xellx, v, (Wr,tbr,,N,) 20 strongly in L?(R%).
— 00
Lastly,
Xk <Vper7;Z)Lk,Nk — HXLkJVk (VperT/)Lk,Nk)> kjc:oo strongly in LQ(]Rd). (3.22)

To show the above convergence result, we consider ¢ > 0 and, using the density of e.g.
Wae (D) = {Wher € L (T) | VWper € LX)} in Mper(I'), we can choose some

per per

101



Vper € W (I) such that | Vper — VperHMper(p) < e. We then deduce from (3.16) that, for
all k € N,

"Vper¢Lk7Nk - HXLk,Nk (Vper¢Lk7Nk)

L%er(rLk)

< H(Vper - ?per)ka,Nk ) + H‘f}peﬂbLk,Nk - HXLme (Vpeerk,Nk>

L2,(Tg,

per

L2 (Try)

per

~ Rpe
< ”Vper - VperHMper(F)HkakaHHéer(FLk) + FkHVperT/’Lk,nk”ngr(FLk)

Ly . .
< ellyr N llm, @) + FkHkavnk\\ngr(rLk>(|!Vper\\Loo + [[VVper|lo2)-

Since the sequence <||7/)Lk,Nk HHPl’eT(FLk)>keN* is bounded, this yields

— 0,

Voer ¥, N, — Hx (Voer¥r,,,N,.)
H per YLy, Ny, Ly,Ny, \Yper WLy, Ny L2,(Tp, ) boo

which implies (3.22).

Collecting the above convergence results, we obtain that the right-hand side of (3.21) goes
to zero strongly in L%(R?). Therefore, (¢r/| Ykl 12)ren is a Weyl sequence for A, which
contradicts the fact that \ ¢ o(HY,.). O

per

A similar result was proved in [172] for compactly supported defects in 2D photonic crys-
tals, with Voer € L®(R?) and N = oco. In [41], we prove that the error made on the
eigenvalues and the associated eigenvectors decays exponentially with respect to the size
of the supercell. We did not consider here the error due to numerical integration. The
numerical analysis of the latter will be presented in Chapter 4 of this thesis work.

Note that, if instead of supercells of the form 'y = LI, L € N* we had used
computational domains of the form 'y = (L + ¢)I', ¢ € (0,1), we would have ob-
served spectral pollution. As in the case studied in the previous section, the spuri-
ous eigenvectors concentrate on the boundary O0I'ry;. In the one-dimensional setting
(R = bZ), and for a fixed value of t, the translated spurious modes weakly converge

in H'(R), when L goes to infinity, to the eigenmodes of the dislocation operator H(t) =
d2

-0 +1pc0Vper(z +1b/2) + 1350Vper (z — tb/2) studied in [122|. We refer to Section 3.5.2
x

of the Appendix 3.5 for more details and a numerical illustration of this phenomenon.

3.4 A no-pollution criterion

Spectral pollution can be avoided by using e.g. the quadratic projection method, in-
troduced in an abstract setting in [167], and applied to the case of perturbed periodic
Schrodinger operators in [24]. An alternative way to prevent spectral pollution is to impose
constraints on the approximation spaces (X, )nen. Consider a gap (a,3) C R\ o(H),,) in
the spectrum of ngr and denote by P = X(—oon/](ngr) where v = #
is the characteristic function of the interval (—oo,~].

and where X(_oo ]

Theorem 3.4.1. Let (P,)nen be a sequence of linear projectors on L?(RY) such that for all
n € N, Ran(P,) C HY(R?), and sup,,cy | Pollz(z2) < 00, and (Xp)nen a sequence of finite
dimensional discretization spaces satisfying (3.3) as well as the following two properties:
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(A1) YneN, X, = X;} & X, with X,, C Ran(P,) and X,/ C Ran(1 — P,);

(P = Po)onll g1 rey
— 0.
bnEXn\{0} Pl m1 (e n—o00

(A2)

Then,
Jim o(fx,) 0 (0,8) = o(H) 1 (0, 6).

The above result is an extension, for the specific case of perturbed periodic Schrodinger
operators, to the results in [134, Theorem 2.6] in the sense that (i) the exact spectral
projector P is replaced by an approximate projector P,, and (ii) the discretization space
X,, may consist of functions of H'(R?) (the form domain of H), while in [134], the basis
functions are assumed to belong to H?(RY) (the domain of H).

Proof. From (3.4), we already know that o(H) N (o, 3) C liminf, . o(H|x,) N (e, B).
Conversely, let A € (limsup,,_,o, 0(H|x,) N (a,3)) \ 0(H), and (¢, )ren be a sequence of
functions of H'(R?) such that for all k € N, ¢, € X,,,, [nillp2mey = 1 and (H|x,, —
M) n, — koo 0 strongly in L?(R?). Reasoning as in the proof of Proposition 3.2.1, we
obtain that the sequence (¢, )ken converges to 0, weakly in H'(R?), and strongly in
L (R?). Let us then expand thy, as thn, = ¢ + ¢, with ¢ = (1 — Py, )b, € X,

loc

and ¢, = Py, ¢y, € X, and notice that
(ao - )‘)(wr—;ﬂ?wr—;) + (ao - )‘)(wr:kvwr—;) - (a - )‘)(wnww:k) - /Rd ankw:k
Since ’l/];;c = (1 - Pn)wnk € Xnk7

(@ = N ¥)| = [(Hlx,, = Moo (1= Py 1

IN

(1 +sup\|Pnk||£<Lz)> I(E ., — Nmellzz — 0.
keN k—o00

Besides, as W vanishes at infinity, (15, )xen converges to 0 in L2 _(R9) and supj,cy o5t N2 <
L+ supgen || Py | 2(22) < 00, we also have

/Rd Wi/)nki,b:{k e 0.
Therefore,
(a” = N (@ih, ) + (@° = N (¥n,., ¥n,) — 0.
Likewise,

(@ = N0 ) + (@ = N ) = (0= N V) = [ Wi, — 0,
Substracting the second equation from the first one, we obtain
(” = N (@, ) = (@° = N (s ¥,) — 0.
Now, we notice that

(ao - A)(T/J;k7¢;k) = (aO - )‘)(Pmcwnwpnkwnk)
= (a° = N\)(P¥ny, Pn,) +2(a” = X) (P, (Poy, — P)n,)
+( 0— )\)((Pnk - P)¢nk’(Pnk _P)wnk)’
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and

(@® =Nt vn) = (a® = N)((

) nk)wnk’ (1 - Pnk)wnk)
= (a® = N)((

)T;Z)nka (1 - P)¢nk)
+2(a - A)(( )wnk’ (P - Pnk)¢nk)
+(@” = N ((P = Puy )ny, (P = Pay)tn,)-

Besides, there exists n4,n— > 0 such that for all ¢ € Hl(Rd)7

(@ = N((1 = P), (1= P)e) > ny|(1 = P32 gy,
—(@ = NPy, PyY) = 0| PYlI72 gy

1-—
1-—

Thus,

(@ = Nt ) = (@ = N (W ) > min(n-ﬁ-vn—)”wnk”%Q(Rd)
+2(a0 - A)(%k’ (P - Pnk)wnk)

From assumption (A2) and the boundedness of (¢, )ken in H'(R?), we deduce that
(ao - A)(¢nk7 (P - Pnk)wnk) k:o 0,

which imply that ||y, |72 P 0. This contradicts the fact that |y, |2 = 1 for all
— 00
ke N. O

The assumptions made in Theorem 3.4.1 allow in particular to consider approximation
spaces built from approximate spectral projectors of H per As a matter of illustration, let
us consider the case when the approximate spectral projectors are constructed by means of
the finite element method. As in Section 3.2, we consider a sequence (7,°°),en of uniformly
regular meshes of R?, invariant with respect to the translations of the lattice R, and such
that h, := maxge7eo diam(K) —, .o 0, and denote by X;° the infinite dimensional
closed vector subspace of H'(R%) built from (TOO)nEN and P,,-finite elements. Assume
that we want to compute the eigenvalues of H = per + W located inside the gap («a, 3)

between the J™ and (J + 1)* bands of H?, . Using Bloch theory [163], we obtain

per-

P = X(—co|(Hper) ][qu,

where P, is the rank-J orthogonal projector on Lg (T") defined by

J
Z l€j.q) (€jal,

where (€4, €j4)jen+, €19 < €24 < -+, is an LZ(I')-orthonormal basis of eigenmodes of the
quadratic form ag defined by (3.14). For n large enough, we introduce

J
:f S Jensia) (€nial da (3.23)
[t

where (€ j.g:€n.j,q)1<j<Nn»> €nlq < €n2.q < -+ < €n N,.q, is the LZ(F)—orthonormal basis of
eigenmodes of ag in C%7,>°)N Lg(I’) already introduced in the proof of Proposition 3.2.1.
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We have seen in Section 3.2 that using approximation spaces of the form

Xn = {¢n S chzo | Supp(¢n) C Qn}a

where (Q,)nen is an increasing sequence of closed convex sets of R? converging to R?,
leads, in general, to spectral pollution. We now consider the approximation spaces

X, =X ®X,; where X;=P,X, and X[ =(1-P,)X,. (3.24)
Note that )an = X,, + P,X,, so that )an can be seen as an augmentation of X,,.

Corollary 3.4.1. The sequence of approxzimation spaces (X, )nen defined by (3.24) satisfies
(3.3) and it holds
lim U(H\;(n) N(a,B) =0o(H)N(a, F). (3.25)

n—oo
Proof. As X, = X,,+ P, X, with (Xn)nen satisfying (3.3), it is clear that ()?n)neN satisfies
(3.3). The sequence (P,)nen is a sequence of orthogonal projectors of L%(R?) such that
Ran(P,) C X° c H'(RY). Besides, | Pullz(z2) = 1 since the projector P, is orthogonal. It

follows from the minmax principle [163| and usual a priori error estimates for linear elliptic
eigenvalue problems [9] that

sSuUp  €p g — O and inf €njqg — B,
1<j<J, gel* n—00 j=>J+1,qel™ n—o00

and that there exists C' € R such that

| Pn — Pllzgy < C sup sup in lvg — vg |2y — 0.
TR e Ran(py) Mecemmnm A e
lvgll L2y =1
We conclude using Theorem 3.4.1. O

Let us finally present some numerical simulations illustrating Corollary 3.4.1 in a one-
dimensional setting, with Ve (z) = cos(z) + 3sin(2z 4+ 1) and W(x) = —(z + 2)2¢=7%,
We focus on the spectral gap (o, 3) located between the first and second bands of H,, =

per
—% + Vper (corresponding to J = 1). Numerical simulations done with the pollution-free
supercell model show that o >~ —1.15 and § ~ —0.65, and that H has exactly two discrete
eigenvalues A\; ~ —1.04 and A2 ~ —0.66 in the gap («, ).

The simulations below have been performed with a uniform mesh of R centered on 0,
consisting of segments of length h = /50, and with Q = [—L, L], for different values of L.
The sums over R have been truncated using very large cut-offs; likewise, the integrals on the
Brillouin zone have been computed numerically on a very fine uniform integration grid, in
order to eliminate the so-called k-point discretization errors. The numerical analysis of the
approximations resulting from the truncation of the sums over R and from the numerical
integration on I'*, is work in progress.

The spectra of the operators H|x, (standard finite element discretization spaces) and
H|g (augmented finite element discretization spaces defined by (3.24)) are displayed in
Fig. 3.3. The variational approximation of H in X, is seen to generate spectral pollu-
tion, while, in agreement with Corollary 3.4.1, no spectral pollution is observed with the
discretization spaces X,,.
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Figure 3.3: The spectra of the variational approximations of H for various sizes of
the simulation domain, obtained with standard finite element discretization spaces
X, (top) and with augmented finite element discretization spaces X,, defined by
(3.24) (bottom).

3.5 Appendix

3.5.1 One-dimensional characterization of Galerkin spurious
states

In this section, we prove the results announced in Remark 1.2.1.

Proposition 3.5.1. Let R = bZ with b > 0 and t,t' € [0,1). Let H*(t) :=
—A + Vier(- — tb) (respectively H=(t') := —A + Vye(- + t'b)) be the operator on
L*(R,) (respectively L*(R_) ) with domain Hy(R,)NH(R,) (respectively H*(R_)N
HiR.))

Let (T,2°)nen be a sequence of uniformly regular meshes of R, invariant with
respect to the translations of the lattice R and such that h,, := max diam(K) — 0.

n n—oo

Let (pn)nen and (pl)nen be two increasing sequences of integers. For all n € N, let
Q, = [—(put+t)b, (P, +)0], T, .= {K € T |K C Q,} and X,, the finite-dimensional
approzimation space of Hi(Q,) — H'(R) obtained with T, and P, finite elements
(m € N*).

Let X € limsup,_,.,0(H|x,)\ o(H). Then, A € o(H"(t)) Uo(H (). Be-
sides, let (Vny, Any) € Xny X R be such that H|x, Vn, = Ay¥nys |¥nllze = 1 and
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lim A, = A. Forall k € N, let

k—o0

me = Un (= (Po, +1)0) and ¢ = b, (- + (9, + D).

Then, up to the extraction of a subsequence (still denoted by (v, Jken)), the sequence
(¢ Jren (respectively (¢, Jren) converges to ¢t (respectively ¢~ ) weakly in H'(R)
and strongly in LS (R) where ¢%|r, € Ker(H*(t) — \) and ¢F|r_ = 0 (respectively
¢ |r_ € Ker(H™(t')—\) and ¢~ |, = 0). Besides, either ¢ or ¢~ is non identically
zero.

Proof. For all n € N, let
TF ={K+(p,+t)b | KeT>, KCQ,} and 7, :={K—(p,+t"b | K € T°, K C Q,}

and X, (respectively X, ) the finite-dimensional approximation space of HJ (2, +
(pn+1)b) — H(R,) (respectively of H} (2, — (p), +t')b) — H}(R_)) obtained with
7,7 (respectively 7.7) and P, finite elements. Let us also introduce the self-adjoint
operator H*(t)|y+ : X,/ — X defined by

an, Kn € X{qi_a <H+(t)|X;f€n7 K'n>L2(]R+) - Vgn . V"{n + / ‘/per(' - tb)gn/{'n
R4

R4

We know from Proposition 3.2.1 that (¢, )ken is bounded in H*(R). Then, so are
(&rf Jkew and (¢, )ren. Thus, up to the extraction of a subsequence (still denoted by
(wnk)keN for the sake of snnphmty) there exists ¢T, ¢~ € H'(R) such that (¢ )ren
(respectively (¢, )ren) converges weakly in H'(R) and strongly in L;3.(R) towards

ot (respectively ¢7).

Since for all & € N, ¢ |[z_ = 0, necessarily ¢*|g_ = 0. Besides, ¢,
and

€ X;k

N |R+

where HX:{I@ denotes the L*(R,)-orthogonal projector onto the finite-dimensional

space X, . Using Proposition 3.2.1, in particular (3.6) and the fact that W € L>(RR)
with W(xz) — 0, it holds that the following convergence holds in D’'(R? ),

|z|—o00

H() g, 67 e+ [0 = (g + D007, 2, ] —Any 05 o, — (T ()=N)6"

This implies that ¢*|r, € Ker(H"(t) — A). Similarly, it holds that ¢~ |z €
Ker(H=(t') — \).
Let us now assume that ¢ = ¢~ = 0. Then, using (3.6) and the fact that

(érr, Jken (respectively (¢, ren) strongly converges in L5, (R) towards ¢* (respec-
tively ¢~ ), this implies that |[1y,, |72 P~ 0, which leads to a contradiction. Thus,

either ¢+ or ¢~ is non identically zero, and A € o(H*(t)) Uo(H~(t')). O
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We present below some numerical simulations performed with the software Scilab
[2] which illustrate this result. Here, b = 27, Ve (x) = cos(z) + 3sin(2z + 1) and

W(z) = —(x 4 2)%¢*". The operator H* := —A + V,, has a gap (a,3) where
a =~ —0.65 and § ~ 2.22.
We consider below simulation domains ), = [—L,, L,] where L, = 50 + 27mn

for different values of n. A uniform grid is used and the mesh size is equal to
h, = h = Z; along with a P; finite element discretization. For any n € N, the
discretized operator H|x, has an eigenvalue A, close to A &~ —0.34 and we can check
numerically that o(H) N (=0.5,0.5) = (). Thus, A is a spurious eigenvalue of the
operator H. The eigenvectors 1, of H|x, associated with the eigenvalue A, are
plotted in Fig. 3.4 for the following values of n: n =0,1,2,3,4,5,10,15. We can see
numerically that these eigenvectors, up to translation, have a limit. This limit is in

fact an eigenvector of H~(t) with ¢ = 22 — [22] where [] is the integer part.

1.0
N n=0 ﬁ
] n=1 N
0.8
([ |
i n=3 ‘
0.6 n=4
| — |
N n=10
047 n=15 ‘
- i
Q- -
021 |
| |
: |
0.0 —
, \|
\
n I
-0.2
—0.4 T T T T T T T T T
0 20 40 60 80 100 120 140 160 180 200

Figure 3.4: Spurious eigenvectors in a one-dimensional setting

3.5.2 Periodic boundary conditions

We present in this section some numerical results obtained when using P; finite
elements and periodic boundary conditions for the approximation of the spectrum
of perturbed periodic Schrodinger operators H = —A + Vi, + W.
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A first observation is the following: as in the case where the operator H was
discretized with finite elements and Dirichlet boundary conditions, spurious eigen-
vectors localize in the vicinity of the frontier of the simulation domain. A first
series of numerical tests was performed in a two-dimensional case with the finite
element software FreeFem++ [1], with Ve (7, y) = cos(z) 4+ 3sin(2(x + y) + 1) and
W(z,y) = —(z+2)*(2y —1)*exp(—(z* +y?)). We consider the same gap (c, ) as in
the preceding example with o >~ —0.341 and 3 ~ 0.016, between the first and second
bands of H),. = —A + V. The operator H = H),. + W has exactly one eigen-
value in the gap (a, ) approximatively equal to —0.105. Our simulations have been
performed with a sequence of P;-finite element approximation spaces (X,,)s0<n<100

with periodic boundary conditions, where for each 40 < n < 100,

2 —4
o (), = [—471'%,471'% , with m,, = [n <n 0 + 5)};
n

n 20

e 7 is a uniform 27Z?-periodic mesh of R? consisting of 2n? isometrical isoceles
rectangular triangles per unit cell.

The spectra of the obtained discretized operators in the gap («, 3) for 40 < n < 100
are displayed on Fig. 3.5. We clearly see that all these operators have an eigenvalue
close to —0.1, which is an approximation of a true eigenvalue of H. The correspond-
ing eigenfunction for n = 87 (blue circle on Fig. 3.5) is displayed on Fig. 3.6 (top);
as expected, it is localized in the vicinity of the defect. On the other hand, most of
these discretized operators have several eigenvalues in the range («, 3), which cannot
be associated with an eigenvalue of H, and can be interpreted as spurious modes.
The eigenfunction of the discretized operator close to —0.098, obtained for n = 87
(blue square on Fig. 3.5), is displayed on Fig. 3.6 (bottom). Similar to the case of
Galerkin approximations with Dirichlet bounadry conditions (see Proposition 3.2.1),
it is localized in the vicinity of the boundary of the computational domain.

A second series of numerical tests was performed on the following one-dimensional
example with the software Scilab [2]: b = 27, V() = cos(z) + 3sin(2z + 1) and
W(z) = —(x 4 2)%¢*". The operator H® := —A + V,, has a gap (a,3) where
o~ 3.85 and [ ~ 4.75.

We consider below simulation domains 2, = [—L,, L,] where L, = 150 + 27mn
for different values of n. A uniform grid is used and the mesh size is equal to
h, = h = Z; along with a P; finite element discretization. For any n € N, the
discretized operator H|x, has an eigenvalue \, close to A ~ 4.53 and we can check
numerically that o(H) N (4.3,4.7) = (. Thus, A is a spurious eigenvalue of the
operator H. The eigenvectors v, |q, of H|y, associated with the eigenvalue A, are
plotted in Fig. 3.7 for the following values of n: n = -5, -4, -3, —-2,—1,0, 5, 10.

For all n € N,

V(v — Ly) if 0<xz<L,/2,
6u(z) = Gu(r+L,) if —L,j2<z<0,
0 otherwise.

Then, we can see numerically that the sequence (¢, ),eny has a limit, which is an
: : d? :
eigenfunction of H(t) = —@+1x<0Vper(a:+tb)+1m>0Vper(az—tb) with t = % — [12—5;?]

where [-] denotes the integer part.
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Figure 3.5: Spectrum of discretized operators with periodic boundary conditions in
the gap («, ) for 40 <n < 100

3.5.3 Wannier function discretization

We detail here how the numerical simulations presented in Section 3.4 were obtained
with the software Scilab [2]. Let us recall that in this case, d = 1, Vyu(z) =
cos(z) + 3sin(2z + 1) and W (z) = —(z + 2)2e "

We want to discretize the operator

H=-A4+ Ve +W
with a discretized space of the form

where X, is a finite-dimensional subspace of H'(R). In our simulations, X, is
obtained with P;-finite elements and P, is an approximation of the spectral projector
on the lowest band of the operator ngr = —A + Vo, 1.e. P, is defined by (3.23)
with J = 1. The aim of this section is to precise how the finite element space X,

and the projector P, have been constructed.

Let n € N*. We introduce a discretization step h,, such that = = M,h,, with M,
an integer (in the code, we chose M, = 50 and h, = 7/50 to be independent on
n € N). The supercell we consider is [—L,,, L,] where L, = nh,, with n an integer.
A uniform dicretization of [—L,, L,] denoted by (z;)o<i<2n is defined by

V—n<i<n, x;=1-h,,
giving rise to the finite element discretization space
Xn = A{(X{)-n<izn}
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Figure 3.6: A true eigenfunction, localized close to the defect (top), and a “spurious”
eigenfunction, localized close to the boundary (bottom).

where for all 7, x7' is the P; finite element function centered in z;.
Besides, for all —M,, < k < M,, — 1, we denote by

yk:khnu

and by ¢} the P; element function centered in yy.
Then, for all 7 € N,
Xi () = opn (& — R}'2m),

with

k' = ((i + M,) mod [2M,]) — M,, € {—M,,--- , M, — 1}

and . .
R (1 + M,) — ((i + M,,) mod [2M,,])
t 2M,, '
Here we consider that for all j € N, j mod [2M,,] is an integer between 0 and
2M,, — 1.

Furthermore, for all —n <i¢<mn,allge ' =[-1/2,1/2) and z € ' = [-7, 1),
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Figure 3.7: Spurious eigenvectors in a one-dimensional setting with periodic bound-
ary conditions

(X)a(x) = Y X (@ + r2m)e T = Gl (x)e 4T,
reZ
-

where the functions ¢, are defined below.

For q € T'*, we introduce the following discretization space

Mngkg(Mnl)}

Thq = Span { (52")

where for all —M,, <k < M, — 1, ¢3"(x)e'?™ is 2m-periodic and for all z € [—7, 7],
V— (M, —1) <k <M, — 1, 6" (x) = ¢i(a),
and

~m () = P2, (2) siw < =7+ h,
Mo ey (1 —2m) st > — By,

The function e, ; 4 is an eigenfunction associated with the lowest eigenvalue €,, ; 4 of
the operator Hy|r, , where Hy := —A + Vi
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Thus, ¢ € T'*, the function e, ; , can be decomposed in the basis {E’"}
M <k<M,—1

as follows:
My —1

en1,4(7) = Z )‘k,q,n‘g%n(x)a
k=—M,

The Wannier function ¥ € L*(R) associated with the first band of the operator
H?_ is then defined as

Y (z) = ]f en1.4(x)dg.

For all r» € Z, we also define

() = Y™ (x — r2m),

and the family {¢"},cz forms an L?(R)-orthonormal basis of Ran(P,).
In our simulations, the integrals over I'* were computed numerically using a
uniform grid G, of I'*, with () = 1000 discretization points.

It holds that

(% iy = € s,
(3% 5030 = ho
(5 P )izey = gl
(G OV zey = 0 if k# My, — My, —M, + 1,
@ Sy = EPh,
G4 Bz = 3ho
(@B = e
<<5%’42,$Z’”>Lg<r> = 0 ifk# M,,—M,, M, —1,

if &/ #+ —M,, M,
“Tagn Tqn 1 .
(G 0k hay = gha A IR—K]=1,
Tqn Tqn 2 .
(" o8 Y2y = ghn if k=K,

(~Z}n,$%n) 2ry = 0 otherwise.

Since we have the following expansion

My—1

en1,4(7) = Z )‘k,q,n‘gz’n(x)a
k=—M,
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forall —=n <i<nandr, s €Z,

M,—1

<X?7¢:}>L2(R) = Q Z Z )\k,qnezq (R r>2ﬂ<¢kn ¢k>L2(F
M,—1

(X Hper¥) £2(r) = QZ Z Mkgin@n1,q€ T (G G112

Mp—1 My,—1

W v = QZ Z Z )‘kqn)‘k’qnelq(r szﬂ(%a k’>L2

quq k=— M k'=— Mn
M,—1 M,—1

Wy, Hoo¥d o) = QZ > Z 8"717q)‘kqn)‘kvq7n€ =02 (G G L2y

q€Gy k=—M, k'=

The remaining terms (x7, W) 2wy and (', Wb%) 2y were computed using
a standard numerical integration scheme.

In practice, P, is the orthogonal projector onto the finite-dimensional space
Span{@/)f, re Z> |T| S ’%N}7

where k,, € N* is a finite threshold (in the code, we chose &, = 50).
Now, for all —n <i <n,

Poxi = Z His Vs -

S=—kKn

Since it holds

< " Pan >L2( ):< r7Xz L2(R Z Hisn i/frﬂ/Jn)m

S=—kKn

we can easily compute the coefficients g s ,,.

Using the preceding formulas, we can then compute all the terms (x7, P, x” ] ) L2(R)
X3 HPOXG ) )y (BaXi's PaXG) 2y and (Poxy, HPXG) 2wy for all —n <d,j < n
and compute the spectral decomposition of the operator H|x, yp,x,, -
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Chapter 4

Non-consistent approximations of
self-adjoint eigenproblems:
Application to the supercell method

In this chapter, we present results which were gathered in an article submitted to Nu-
merische Mathematik. We prove some a priori error estimates for the approximation
of non-variational eigenvalues by means of non-consistent methods. We apply these
results to the so-called supercell method to compute discrete eigenvalues located
in spectral gaps of perturbed periodic Schrodinger operators, taking into account
Fourier discretization an numerical integration. In particular, we prove that when
no discretization method is used, the rate of convergence of the supercell method is
exponential with respect to the size of the supercell.
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Non-consistent approximations of self-adjoint
eigenproblems: Application to the supercell
method!

2

Eric Cancés?  Virginie Ehrlacher?  Yvon Maday®

Abstract

In this article, we introduce a general theoretical framework to analyze non-consistent
approximations of the discrete eigenmodes of a self-adjoint operator. We focus in particular
on the discrete eigenvalues laying in spectral gaps. We first provide a priori error estimates
on the eigenvalues and eigenvectors in the absence of spectral pollution. We then show
that the supercell method for perturbed periodic Schrédinger operators falls into the scope
of our study. We prove that this method is spectral pollution free, and we derive optimal
convergence rates for the planewave discretization method, taking numerical integration
errors into account. Some numerical illustrations are provided.

4.1 Introduction

This article is concerned with the numerical analysis of the computation of the discrete
eigenmodes of a self-adjoint operator A, on an infinite dimensional separable Hilbert space
H. The focus is particularly set on the eigenmodes corresponding to discrete eigenvalues
located in spectral gaps.

The main application we have in mind is concerned with perturbed periodic Schrodinger
operators of the form

A=A+ Vo + W,

where A is the Laplace operator on L?(R?), Vp,; a periodic function of LfOC(Rd) with p = 2
ifd <3 p>2ford=4andp=d/2ford>5 and W € L>®°(R%) a perturbation of
the potential going to zero at infinity. The operator A is self-adjoint and bounded from
below on H := L*(R?) with domain H?(R%). Perturbed periodic Schrédinger operators are
encountered in electronic structure theory, and in the study of photonic crystals. In the
case of a perfectly periodic crystal (W = 0), the spectrum of the operator A? ;= —A + Vper
is purely absolutely continuous, and composed of a union of intervals of R. It follows from

!This work was financially supported by the ANR grant MANIF.

2Université Paris Est, CERMICS, Projet MICMAC, Ecole des Ponts ParisTech - INRIA, 6
& 8 avenue Blaise Pascal, 77455 Marne-la-Vallée Cedex 2, France, (cances@cermics.enpc.fr,
ehrlachv@cermics.enpc.fr)

3Université Pierre et Marie Curie-Paris 6, UMR 7598, Laboratoire J.-L. Lions, Paris, F-75005
France, and Division of Applied Mathematics, Brown University, 182 George Street, Providence,
RI 02912, USA, (maday@ann. jussieu.fr)

116



Weyl’s theorem [163] that the essential spectra of A and AY are identical. On the other
hand, when W £ 0, some discrete eigenvalues may appear in the band gaps of the spectrum
of A. The corresponding eigenmodes, which can be interpreted as bound states trapped by
local defects, are difficult to compute for numerical methods can produce spectral pollution.

In a general theoretical framework, the eigenvalues of A and the associated eigenvectors
can be obtained by solving the variational problem

{ find (¢, \) € Q(A) x R such that (4.1)

Vo € Q(A), a(y,9) = Am(¥,9),

where m(-,-) is the scalar product of H, Q(A) the form domain of A, and af(-,-) the
sesquilinear form associated with A (see for instance [56]).

A sequence (X, )nen of finite dimensional approximation subspaces of QQ(A) being given,
we consider for all n € N, the self-adjoint operator A|y, : X, — X,, defined by

V(¥n, dn) € Xn X Xn,  m(A|x,¥n, én) = a(¥n, dn).

The standard Galerkin method consists in approximating the discrete eigenvalues of the
operator A by the eigenvalues of the discretized operators Alx, , the latter being obtained
by solving the variational problem

{ find (¢, \n) € X, X R such that
v¢n S Xna a(wna ¢n) = )\nm(wn, an)

According to the Rayleigh-Ritz theorem [163], under the natural assumption that the
sequence (X, )nen satisfies

Vo € Q(A), inf — 0,

$eQA) oo 16 = bnlloay —

this method allows to compute the eigenmodes of A associated with the discrete eigenvalues
located below the bottom of the essential spectrum. Indeed, if A is bounded below and
possesses exactly M discrete eigenvalues A\; < Ay < -+ < A\ (taking multiplicities into
account) lower than min oeg(A), where oess(A) denotes the essential spectrum of A, and

if {)\"} , are the eigenvalues of A|x, , it is well-known that
7 J1<j<dim X,

VI<j< M, A} | M\
n—oo
The situation is much more delicate when one tries to approximate eigenvalues which are
located in spectral gaps of A since
VM < j <dim X, )\? | minoes(A).

n—oo

When dealing with the approximation of discrete eigenvalues of A located in spectral gaps,
the standard Galerkin method may give rise to spectral pollution: some sequences (A, )nen,
where for each n, A\, € 0(A|x,), may converge to real numbers which do not belong to
the spectrum of A. Spectral pollution occurs in a broad variety of physical settings,
including elasticity theory, electromagnetism, hydrodynamics and quantum physics |7, 20,
64, 162, 166|, and has been extensively studied in the framework of the standard Galerkin
method |21, 22, 23, 65, 71, 72, 73, 110, 131]. We refer to |24, 40, 134| for an analysis of
spectral pollution for perturbed periodic Schrédinger operators.
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On the other hand, few results have been published on the numerical computation of
eigenmodes in spectral gaps by means of non-consistent methods, based on generalized
eigenvalue problems of the form

{ find (¢, A\n) € Xy, x R such that
ngn € Xy, an(¢na ¢n) - )\nmn(¢na gbn),

where for all n € N, a,(-,-) and m,(-,-) are symmetric bilinear forms on Q(A), a priori
different from a(-,-) and m(-,-).

In this article, we consider a general theoretical framework to analyze non-consistent
methods for the computation of the discrete eigenmodes of a self-adjoint operator. After
introducing some notation and definitions in Sections 4.2.1 and 4.2.2, we state our main
result (Theorem 4.3.1) in Section 4.3. Theorem 4.3.1 provides a priori error estimates on
the eigenvalues and eigenvectors in the absence of spectral pollution. Its proof is given in
Section 4.4.

In Section 4.5, we show that the supercell method for perturbed periodic Schrodinger
operators falls into the scope of Theorem 4.3.1. We prove that this method is spectral
pollution free, and we derive optimal convergence rates for the planewave discretization
method, taking numerical integration errors into account. The corresponding proofs are
detailed in Section 4.6, and some numerical illustrations are provided in Section 4.7.

4.2 Approximations of a self-adjoint operator

4.2.1 Some notation

Throughout this paper, H denotes a separable Hilbert space, endowed with the scalar
product m(-,-) and associated norm || - |3y, and A a self-adjoint operator on H with dense
domain D(A). We denote by Q(A) := D(|A|'/?) the form domain of A and by a(-,-) the
symmetric bilinear form on Q(A) associated with A. Recall that the vector space Q(A),
endowed with the scalar product (-,-)g(4), defined as

V.6 € QA), (1, Baua) = mlt,8) +m (JA12,14]26) |

is a Hilbert space; the associated norm is denoted by || - [|g(a)-

Example 4.2.1. Perturbed periodic Schrodinger operators A := —A + Vier + W are self-
adjoint semibounded operators on H := L?*(R%), with domain D(A) := H?*(R?) and form
domain Q(A) := H(R?).

For any finite dimensional vector subspace X of H such that X C Q(A), we introduce
the following notation
e ix : X — H is the canonical embedding of X into H;

e iy : H — X is the adjoint of ix, that is the orthogonal projection from H onto X
associated with the scalar product m (,-);

e Alx : X — X is the self-adjoint operator on X defined by

V(. ¢) € X x X, m(Alxv,¢) = a¥,9);
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o ¥ : H — H and H?((A) : Q(A) — Q(A) are the orthogonal projections onto X for

(H,m(-,-)) and (Q(A), (-, ->Q(A)), respectively.

We set

Gess(A) i= 7(A) \ 5a(A),

where 04(A) is the discrete spectrum of A, and where MR is the closure of o(A), the
spectrum of A, in R := RU {£oc}. A spectral gap of A is an interval (X, %) such that
7,5 € 0es(A) NR and (X7, 57) N Gess(A) = 0 (which implies that Tr(1 (o 5-1(A)) =
Tr(Tis+ o0)(A)) = o). As usual, 1 denotes the characteristic function of the Borel set
B C R. The discrete eigenvalues of the operator A in a spectral gap (X7, X1), if any, are
isolated and of finite multiplicities, but can accumulate at ¥~ and/or X1 [163)].

Let us finally recall the notions of limit superior and limit inferior of a sequence of sets
of complex numbers (see for instance [56]).

Definition 4.2.1. Let (E),)nen be a sequence of subsets of C.

e The set lim E, (limit superior) is the set of all complex numbers X € C such that

n—od
there exist a subsequence (Ey, )ken of (En)nen and a sequence (A, )gen of complex

numbers such that for all k € N, \,, € E,, and klim Anp = A

e The set lim E, (limit inferior) is the set of all complex numbers X € C such that
n—oo
there exists a sequence (Ap)nen of complex numbers such that for alln € N, A\, € E,

and lim A\, = \.

n—oo

e If lim E, = lim E,, then lim E, := lim F, = lim E,.
n—o0 n—o00 n—o00 n—o0 n—o0

4.2.2 Consistent and non-consistent approximations

Definition 4.2.2. An approzimation (Tp)nen of a self-adjoint operator A is a sequence
such that, for all n € N,
,Z;L = (Xn7 an7 mn)7

where
o (X, )nen is a sequence of finite dimensional subspaces of Q(A);
o (an)nen is a sequence of symmetric bilinear forms on Q(A);

o (Mmp)nen is a sequence of symmetric bilinear forms on Q(A) such that the restriction
of my, to X, forms a scalar product on X,. We denote by || - ||x, the associated
norm: Vo, € Xy, ||¢nHXn = mn(¢n,¢n)1/2'

The approximation (Tp,)nen is called consistent if, for any (1, \) solution of (4.1),
Von € Xn, an(w, ¢n) = )\mn(¢a ¢n)a
and non-consistent otherwise.

The approximation (7, )nen is referred to as a standard Galerkin method if, for all
n € N, a, = a and m,, = m. Standard Galerkin methods are obviously consistent.
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If (7;,)nen is an approximation of A, we denote by A,, and M,, the m-symmetric (i.e.
symmetric w.r.t. the scalar product m(,-)) linear operators on X,, defined by: Vo, 1, €
X,

m(-Angbmwn) = an(‘ﬁna?pn),

Since m,, is a scalar product on X,,, the operator M,, is invertible and we can define the
operator

An _ M;LI/Q.A”M;LI/Q

on X,, which is m-symmetric as well. The generalized eigenvalue problem

{ find (¢n, An) € X,y x R such that ||¢,[|%, =1 and (4.2)
Von € Xn, an(wm an) = Anmn(wna ¢n)a -
is then equivalent, through the change of variable &, = ,11/ 2¢n, to the eigenvalue problem

find (¢n, An) € X,, X R such that [|&,]|3, = 1 and
Angn = )\n§n-

The main objective of this work is to provide sufficient conditions on such potentially
non-consistent approximations (7y)nen so that the discrete eigenvalues of A and the associ-
ated eigenvectors are well-approximated in a certain sense by eigenvalues and eigenvectors
of the discretized problems (4.2). We wish to provide a framework which will enable
us to deal with the supercell method for perturbed periodic linear Schrédinger operators
described in Section 4.5.

4.3 An abstract convergence result

4.3.1 The general case

Let us consider an approximation (7,,),en of A satisfying the following assumptions:

o w e, (-89, o

A) n—o0

(A2) there exists 0 < 7 <T' < oo such that for all n € N and all ¢,,, ¢, € X,

Weonlse £ ma(Wn, ) < Tllonll3,
|an(¥n, &)l < Tlltbnllgea)llénllgay;

(A3) for any compact subset K C C, if there exists a subsequence (7, )ken of (7n)nen
such that dist (K,0(A,,)) > ak for some ag > 0 independent of k € N, then there
exists cx > 0 such that for all 4 € K and all k € N,

inf sup ‘(ank — 'u'mnk)(wnk ) Unk)‘

2> CK;
Wy €Xng vy, €Xny ”wnk”Q(A)”UnkHQ(A)

(A4) there exist k € Ry and, for each n € N, two symmetric bilinear forms a,, and m,, on

Q(A), and four seminorms r2%, " s s on Q(A) such that Yo, v, € X,,

YnllF < (s vn) - < TllnllZ,,
@ (Yns @n)| < Tl[Ynllgayllenligea)
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and Vo, € Q(A),

[(a—an)(d, )| < ry(d)ry (¥), [(m — M) (o, 9)| < 7 (@) (¥),
() < El|dllay, o (@) < K[| @l#,
T?L(gb) njo)o Oa Trrzﬂ(qs) njog 0’
and
o~ Q(A) o~ Q(A)
O [ YN [ 1011 oo [

wn€Xn lwnllgea) wn€Xn wnllgea

sp(9) < Kl|dllQay, sn (9) < £[|][#,

sgl((b) njc:O 07 Szl((ﬁ) njc;o 0.

Before stating our main result, let us comment on these assumptions.

Conditions (A1) and (A2) are classical. The former means that any ¢ € Q(A) can be
approximated in Q(A) by a sequence (¢, )nen such that ¢, € X, for each n € N. The
latter ensures that, uniformly in n, the norms || - || x, and || - ||y are equivalent on X,,, and
the bilinear forms a, are continuous on X, the space X, being endowed with the norm
- llocay-

Assumption (A3) is important in our proof since it enables us to apply Strang’s lemma
(see Section 4.8) with a uniform discrete inf-sup condition.

For the supercell approximation, we will prove a stronger result:

(A3’) for any compact subset K C C, there exists cx > 0 such that for all n € N and all
pe K,

inf sup ‘(an - ,U'mn)(wru Un)’

wn€Xn p,eX,  Walloeayllvnllga

> cx min(1, dist(u, 0(A4,))).

It is easily checked that (A3’) implies (A3).

Let us finally comment on condition (A4) in the perspective of the analysis of the
supercell method with numerical integration addressed in Section 4.5. In the latter setting,
the introduction of the bilinear forms a, and m, aims at separating in the error bounds
of Theorem 4.3.1 the contributions inherently due to the supercell method (truncation
of the domain and artificial periodic boundary conditions) and those due to numerical
integration. We postpone until Section 4.5 the precise definitions of a,, m,, a, and m,, in
this context.

Note that (A4) implies that the approximation (7;,)nen is weakly consistent in the
sense that for all ¢ € Q(A), the consistency errors 72 (), r'(¢), s&(¢) and s (¢) converge
to 0 as n goes to infinity.

We are now in position to state our main result.

Theorem 4.3.1. Let A be a self-adjoint operator on H, A € 04(A) a discrete eigenvalue
of A with multiplicity q, and (7,,)nen an approximation of A satisfying assumptions (Al1)-
(A4). Then,

1. Convergence of the eigenvalues

A € lim o(A). (4.3)

121



2. A priori error estimates in the absence of spectral pollution

Assume that
(Bl) Fe>0st. (A—g,A+¢e)No(4) ={\} and n@o g(Ap)N(A—e, A +¢)={A}L
Let P := 115, (A) be the orthogonal projection on Ker(A — \) and
Pr = i, My P Lo o aej) (An) MO/ Pi

Then,
Rank(P,) > ¢, (4.4)

and there exists C' € Ry such that, for n large enough,

(P = Pu)Plleeqeay < C <H (1 B H%A)) PHL(H,Q(A)) R R+ S S’T>  (45)

with

Ry = sup rn(¥),
YeRan(P), [|[¥[l=1

Ry = sup o (¥),
YeRan(P), [|[¥[l=1

Sy o= sup sp(¥),
YeRan(P), [|[¢[l=1

sy b sE(Y).

YeRan(P), [[¢lln=1

If we assume in addition that
(B2)  for n large enough, Rank(P,) = g,

then there exists C' € Ry such that, for n large enough,

I(P = Pu)Pallece) < C (H (1 -mg? + Ry R+ S+ sx) . (46)

) HLJ(H,Q(A))

2
max M—A < C <<H<1‘H§2<(A’>7’H +RZ+an> +sg+s;;ﬂ>.
A €0 (An)N(A—e/2,A+2/2) " L(H,Q(A))
(4.7)

It is easy to check that P, := M;l/Z]l()\,E/ZAJFE/z)(An)./\/lyl/Q is the m,-orthogonal
projection of X, onto the space Y,, C X,, spanned by the eigenvectors of (4.2) associated
with the eigenvalues belonging to the interval (A — /2, A\ + ¢/2). The operator P,, =
ix, Pniy, € L(H) is therefore a (non-orthogonal) projection on the finite dimensional
space ix, Y, C H.

Theorem 4.3.1 implies that, if (7,),en is an approximation of the operator A satisfying
(A1)-(A4), for all discrete eigenvalue A of A, there exists a sequence (A )nen of elements
of o(A,) converging to A. Assumption (B1) states that there is no spurious eigenvalues in
the vicinity of A\. Estimate (4.5) shows that under assumption (B1), for each eigenvector
of A associated with the discrete eigenvalue A, there exists a sequence (1, )nen of elements
of Ran(P,,) which strongly converges towards v in Q(A).
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On the other hand, there may a priori exist a sequence (¢, )nen of normalized elements
of Ran(P,,) weakly converging in H towards a vector that is not an eigenvector of A associ-
ated with A. This is excluded when we make the additional assumption (B2). Assumption
(B2) means that, for n large enough, the sum of the multiplicities of the eigenvalues of
A, close to A is equal to the multiplicity g of A. Under this assumption, if (1, )nen is a
sequence of vectors of H such that for each n large enough, v, is an H-normalized eigen-
vector of A, associated with an eigenvalue A\, € (A — e, A + ¢), and if (¢, )nen weakly
converges in ‘H towards some ¢ € H, then estimate (4.6) implies that ¢ is a H-normalized
eigenvector of A associated with the eigenvalue A and that the convergence of (1, )nen to
1 holds strongly in Q(A).

Lastly, estimate (4.7) shows that when a,, = a,, and m,, = m,, (which is the case in the
supercell model when numerical integration errors are neglected), then Sf = S;* =0, and
the convergence rate of the eigenvalues is twice the convergence rate of the eigenvectors
measured in the Q(A) norm. Such a doubling of the convergence rate is expected in
variational approximations of linear eigenvalue problems (see e.g. [56]).

4.3.2 Standard Galerkin method

Let us now consider the special case when for all n € N, 7, = (X,,,a, m) where (X,)nen
is a sequence of finite dimensional subspaces of Q(A) satisfying (A1). In this case, for all
n €N, A, = Alx, , M, is the identity operator, and

Pr = ix, La—c/23+2/2) (Alx, )i,
is an orthogonal projector with respect to the scalar product m.

In this setting, (A2) and (A4) are obviously satisfied, and (A3) and (A3’) respectively
read

(C3) for any compact subset K C C, if there exists a subsequence (X, )xen of (Xn)nen
such that dist (K,0(Alx,, )) > ax for some ax > 0 independent of k € N, then
there exists cx > 0 such that for all p € K and all k € N,

inf sup (@ = pm) (W, V)| > ck;

Wn €Xny vy X, 10ng Qe [OnellQuay —

and

(C3’) for all compact subset K C C, there exists cx > 0 such that for all n € N and all
pe K,

inf  sup [(a — pm)(wn,vy)|

Wn€Xn v, Xy ||wn||Q(A)HUnHQ(A)

> cx min(1, dist(p, 0(4|x,))).

It is proved in Appendix 4.9 that, when A is semibounded, (C3’), and thus (C3), automat-
ically hold. On the other hand, when A is not semibounded, (C3) is not always satisfied.
An explicit counterexample is given in Appendix 4.9.

The formulation of Theorem 4.3.1 simplifies in this case as follows:

Corollary 4.3.1. Let A be a self-adjoint operator on H, X € 04(A) a discrete eigenvalue
of A with multiplicity q, and (X,)nen a sequence of finite dimensional subspaces of Q(A)

such that Q(A
voeQu), |(1-mz?) v

Let us assume that either A is semibounded or (X, )nen satisfies assumption (C3). Then,

— 0.
Q(A) n—e
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1. Convergence of the eigenvalues
A€limo(Alx,).
2. A priori error estimates in the absence of spectral pollution

Assume that
(D1) Je>0st. A—eg,X+e)No(A) ={A\} and lim o(A,)N(\—e X +¢)={A}.

Let P := 11 (A) be the orthogonal projection on Ker(A—\) and Py, = ix, 1 (x—c/2.r+e/2)(Alx, )i, -
Then,
Rank(P,) > ¢,

and there exists C' € Ry such that, for n large enough,

1P =Pa)Plleeaay = € H <1 - H%LA)> 73”1:(%,@@1)) ' (4.8)

If we assume in addition that
(D2)  for n large enough, Rank(P,) = q,

then there exists C' € Ry such that, for n large enough,

I(P = Pu)Pullearquay < © H (1 - HJQ(ELA)> PHE(H,Q(A)) ’ (4.9)
2
A€o (An) e /2042 /2) A=Al < C (H <1 - H?{Ef”) PHE(H,Q(A))) : (4.10)

The estimates (4.8), (4.9) and (4.10) are optimal. They are similar to the ones proved
in [73, 149, 150], but our assumptions on the sequence of discretized operators A|x, are
different. In 73], these estimates are proved under the condition

(A, Alx,) — 0, (4.11)

n—oo

where

6(A, Alx,) = sup inf ||¢ — gl + | Ap — Alx, dnlln-
$ED(A), [|4ll0+I| Al 2¢=1 PrnEXn

In [149], the assumptions are that A is invertible and

A~ v,

— w
sup inf rlloga — 0. (4.12)
Un € Xy, Wn€Xn vnllQea) n—00

Each of the conditions (4.11) and (4.12) ensures that (D1) and (D2) hold for any discrete
eigenvalue of A. In the case when A is semibounded, (C3) is automatically satisfied, so
that our assumptions boil down to (A1), (D1) and (D2). These three conditions are weaker
than those in [73, 149, 150], and more easy to check in some settings, as will be seen in
Section 4.5 on the example of the supercell method. On the other hand, when A is not
semibounded, the precise relationship between condition (C3) and (4.11) and (4.12) is still
unclear to us.
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4.4 Proof of Theorem 4.3.1
4.4.1 Proof of (4.3)

Let us argue by contradiction and assume that there exists a subsequence (7, )xen and

n > 0 such that (A —n, A\ +n) No(A) = {\} and
Vk e N, dist (X, 0(4,,)) > 1. (4.13)

Let ¢ € D(A) be a ‘H-normalized eigenvector of A associated with the discrete eigenvalue
Aand p:=A+n/2. As (u— 4, p+3)No(A) =0, it holds

Q= 1in |V _ Iu| .
veo(A) 1+ |y

Let us consider the auxiliary problem

{ find u € Q(A) such that (4.14)

Yo € Q(A), (a—pm)(u,v) = (A= p)m(y,v).

The bilinear form a—pm is continuous on Q(A) and satisfies ||a—pm/| zga)xQ(a)) < 1+[pl.
The linear form f : Q(A) 3 v — (A — u)m(y,v) is also continuous. Furthermore, as
u ¢ o(A),if ve Q(A) is such that (a — pm)(v,w) = 0 for all w € Q(A), then necessarily
v = 0. Lastly,
mf  sup (e pm@w) el
weQ(A) veq(a) lvllQallwllguay — vea(a) 1+ |y

Thus, applying Banach-Necas-Babuska’s theorem (see Section 4.8), problem (4.14) is well-
posed. Clearly, its unique solution is u = 1.
Let us now introduce the following sequence of discretized problems for k € N:

find u,, € X, such that
(4.15)

A
Vo, € Xn,, (an, — pmn, ) (Un,, Un, ) = (X — p)my, (Hgik)wwnk) .

From (4.13) and assumption (A3) (for K = {u} and ax = n/2), we deduce the discrete
inf-sup condition

Vk € N, inf sup ’(ank — ank)(vnkawnk)’
Wny, €Xny, Uny €Xny, ank”Q(A)”wnk”Q(A)

>c>0.

Thus, by Strang’s lemma (see Section 4.8) and assumptions (A2), (A3) and (A4), for all
keN,

A
. [ (@, 0ng) = i, (TR, 0, )|
IV —un,lloay < 5= sup
26 UnkeXnk ankHQ(A)

Wy, eXnk

! 1 N — llin ngs Un
T (Muw—wnkuww_ sup W = @)+ pm = 1)) (0 v )|

IA
|
7 N\

= (rrt, (M90%) + s, () + lalwr, (NS 0) + sy (1))

Z

IN
Q

o= 780+ o)+ s, 0+ s

Q(A)

o8] o (H00) +0) + S o

¢ C vy €Xny [vn llQ(a)

o

)



where C' € Ry is a constant independent of k. The above inequality implies that the
sequence (un, Jken strongly converges to 1 in Q(A), from which we infer that

. A
Jlim MYy~ llga) = 0. (4.16)
—00 k
On the other hand, (4.15) yields

A
Vi, € Xy (A = M) (g V) = O = )y (MR — w00, )
The above equality also reads
Q(A
(A, = MM 2u,) = (= MY (18—, )
It then follows from (A1), (A2) and (4.16) that

klim |(Ay, — )\)(M%funk)HH =0 and lilgn inf ||M71L{62unk\|${ >~ >0,

which proves that dist(\,o0(A,,)) — 0 and contradicts (4.13).

k—o0

4.4.2 Proof of (4.4) and (4.5)

By assumption (B1), the approximation (7, )nen is such that lim o(A4,)N(A—¢&,A+¢) =

n—oo

{A}. Hence, for n large enough,

o(Ap) N (A —2e/3, A —¢/3) U (A +¢/3,\+2¢/3)) =10,
so that the circle C in the complex plane centered at A and of radius £/2 is such that
dist(C,0(A,)) > €/6. This implies in particular that, for n large enough,

1 . _ _ o
Pn = 5= CzXnMnl/Q(z — Ap) T IMY2i% dz.
Consequently, for all ¢ € Ran(P), it holds
1
(P=Pu) = 5~ 515 (2= )71 — i, M 2(2 = A) MY 0) d
C

In the following, C' will denote a constant independent of n € N* and z € C, which may

change along the calculations.
For z € C, we introduce the auxiliary problem

find u* € Q(A) such that
{ Vv € Q(A), (e2m — a)(uzvv) =m (¢,v),

whose unique solution is u* = (z — A) "1y = ﬁ Y, since 1 € Ran(P). We also introduce
the discretized problem

{ find u}, € X,, such that
Yo, € Xn, (z2my, — ap)(uZ,v,) = my, (H%nw,vn) ,

whose unique solution is u? = an./\/lgl/Q(z - An)fl./\/(}/Qi}nw. From assumption (A3),

since C is a compact subset of C, there exists ¢ > 0 such that for all z € C and n € N,

inf  sup [(an — 2my) vy, wy)|

wn€Xn p,eX,  NUnllQea)llwnllgea)
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Reasoning as in Section 4.4.1, we infer from Strang’s lemma, assumptions (A2)-(A4) and

the fact that r2, 7", s% and s are semi-norms, that for all z € C,

1 [m (), vn) — mn(rp)?nwv”n)’
— sup
CuneXn an”Q(A)

IN

[0 = upllga

[(an — a) + 2(mn — m)|(wn, vy)|

. c+1+|z 1
+ inf <7‘ ’Huz — Wnllgeay + = sup
wn € Xn c C vpeXn [vnllQea)

r 1 r
< S+ o - 1w s+ [0V - 1 v

YW~

H

Q(A)
2 (e (19907 4 s ) + Jalmry (2007 + Jels ()

K om 3T Q(A) + A+ DA+A) ) - qe), -

s o (1/1)+7H¢—Hxn wHQ(A) c ‘u M, u Q(A)
o (Rr) (%) + [l (67) + el )

< ([ (1-mED) o]y + )+ + sh) 52

since u® = Zf)\. Thus, for all z € C,
A Ly — / - /2%
(2 = A) 71— i, M2z = A) M %anHQ(A)

<o ([ (1-n80) i)+ )+ st + ) )

Since C is of finite length, we obtain that, for n large enough, for all 1) € Ran(P),

1P = Pawllowy < € ([[ (1= 180w, + 7o)+ ) + shiw) + 5w )

Q(A

which readily leads to (4.5).
Let us finally consider a H-orthonormal basis ((1,---,(,;) of Ran(P) = Ker(A — A).
Since for all 1 < i < ¢, Pp(; — P¢ = ¢ strongly in H, the family (Pn(i,---,Pnly) is

free for n large enough, so that Rank(P,,) > q.

4.4.3 Proof of (4.6) and (4.7)

We just have shown that for all 1 < i < ¢, P,(; — P(; = (; strongly in ‘H. Under the
n—oo
additional assumption that, for n large enough, Rank(P,) = ¢, this implies that there

exists ng € N, such that, for n > ng, (Pp(i,- -+, Pn(,) forms a basis of Ran(P,,), with
PGl > 5 and m (PuG )| < -
11513 Gillre = g 13@1]1'13%1},{#3 vl 4q

Thus, any &, € Ran(P,) can be decomposed as
q .
En = Z az(gn)’PnCi,
i=1
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the coefficients (a!(&,), -+ ,a?(&,)) of &, in the basis (P,(1,- -+, Pnl,) being such that
max ‘04 (&)l < 2[[&nlln-

1<i<q

We have
a q
Pgn - fn = Z a (fn Z nCza Cj P Cz
i=1 j=1
q .
= > (&) [ Do m (Pl — i) G = (PG — G) +m (Puli — 6 Gi) G | »
i= j#i
and we deduce from (4.5) that for all 1 <14 < g,
_ , _ Q) a m_, ca_ om
16 — Pacillgeay < C <H (1-ng) PHW,Q(A)) LRI L R™ 4S84 ST > .

Hence,

¥, € Ran(Po),  [P&-&ulloun < € ([ (1 - Y

)P gy * R+ RE 52+ ST el

where the constant C' is independent of n. Besides, it also follows from (A2) and the

definition of P,, that
r
VneN, |[[Palleay < V5

P —Pn)Pn < sup P
||( ) ||E(H,Q(A)) £ CRan(Pa)\{0) anH || ||l:(7‘[)

Therefore,

IN

(H( HQ(A> H (HvQ(A))+Rg+an+S,‘;+S;”>,

and (4.6) is proved.

For each n large enough, let (¢, A,) € X, X R be a solution to the generalized eigen-

value problem (4.2) such that A\, € (A —¢/2, A +¢/2), ¢, = ”wwﬁ, and y, = % =
Pon

ol It follows from (4.6) that

IPén—gullze < [Pén—¢nllu) < C (H (1= TR) P g, R+ RIS +s:?> — 0,

n—oo

from which we infer that [[P¢nll2 — 1, (¢n)nen is bounded in Q(A), [|¢n — Xnllgay — 0,
and

Xn — Pnlla) + 1Pén — bulleay

H Pon
Pénlln o Q(A)

< N Ponllr dn = PonllnlPonllgeay + 1Pon — dnlloay
c( (1—n§§<A>)PH +RZ+R?+S§+S}?>.
v ) ey

N

IN
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Besides, it holds

‘)\n - )" = ’an(wmwn) - a(Xan)‘
% - a(¢n7 ¢n) + ’a(¢n7 ¢n) - a(Xna Xn)‘

On the one hand, we have

a(Pns &) — alxns Xn)| = |a(Pn — Xns B — Xn) + 2a(Xn, dn — X))
= |a(dn — Xns Pn — Xn) + 22Am(Xn, dn — Xn)|
= la(én — Xns Pn — Xn) — AllXn _¢n||$-[|

< Cllgn = xnllgya)

A

On the other hand,

’(a - an)(¢na ¢n)’

IN

(@ = @n) (Dns Dn)| + |(@n — an) (P, D)
o a0 o T )
2@ — an) (190, 60 - HQ(A) )
[ = an) (1015 )

(ri () + Kllon = Xnllgea)” + (T + 52 |

o ) 0

<7“Z(Xn) +lign = Xallogay + [| (1 - 12Y) x Q(A))Q + szw]

<H<1—HQ )PHL(HQ )+RZ+R$+S$+S}7>2+S;;,

IN

Q(A) 2
n - H n
¢ Xl g

IN

A
XEL )Xn

s

C

IN

IN

and a similar calculation leads to

’mn(¢na ¢n) - 1’ - ’mn(¢na ¢n) - m((ﬁna ¢n)‘7

2
< C <H< -y p| +R;+R$+sg+s;f> +8m
X L(H,Q(A))
Consequently,
< ’7_1 (I(a = an)(Pn, Pn)| + |a(¢na¢n)| |mn(¢na¢n) — 1))
2
< |(1-18") 7 FRE 4RI+ SEAST) 8L+
A £(H,Q(A))

Collecting the above results, we obtain

A=A <C <H<1_HQ )PHMQ )+R;+Rg>2+sg+s;f ,

which proves estimate (4.7).
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4.5 Application to the supercell method

The aim of this section is to show that the theoretical framework presented in Section 4.3
can be applied to the numerical analysis of the supercell method for perturbed periodic
Schrodinger operators.

Note that the supercell method was previously studied from a mathematical viewpoint
by Soussi [172], for the special case of a two-dimensional periodic Schrédinger operator
in the presence of a compactly supported perturbation W of the form W(z) = wlq(z),
where w is a real constant and Q a bounded domain of R2.

4.5.1 The supercell method with exact integration

Let R be a periodic lattice of R%, R* its reciprocal lattice and I' a unit cell of R such that
0 is in the interior of T'. Typically, in the case of the cubic lattice R = Z¢, R* = 27Z% and
I = (-1/2,1/2]¢ is an admissible unit cell.

Let us introduce the perturbed periodic Schrodinger operator

A=A+ Vo + W,

where A is the Laplace operator, Ve a real-valued R-periodic function of L{’OC(Rd), with
p=2ifd<3,p>2ifd=4and p=d/2ford>5 and W € L®(R%) a real-valued
function such that W(z) — 0.

|z[—o0
The operator A is self-adjoint and bounded from below on H := L?(R%), endowed with
its natural inner product

VoweH, m(o.w) = [ o,

with domain D(A) = H?(R?) and form domain Q(A) = H!(R?). The associated bilinear
form a(-,-) is defined by

V6.0 € QU aldd)i= [ V6-Tot [ (Vouwt Wiow:

We denote by A” := —A+V,, the corresponding periodic Schrédinger operator on L?(R%).

The supercell method is the current state-of-the-art technique in solid state physics to
compute the spectrum of the operator A. For L € N*, we denote by [';, := LI" the supercell
of size L and set

L%er(FL) = {uL € L} (RY) | up LR- peI‘IOdIC}
HL(Tp) = {uL € I2,(Tp) | Vu € (L2 (T'1)) }
Cger(FL) = {uL e CO(RY) | uy, LR- perlodlc}
Loe(Tr) = {uL e L®°(RY) | ug, LR—perlodlc}

For ur, € L2, (I'z) and k € L™'R*, we denote by
(k) i= o [ sy
ur(k) = ———= [ ur(z)e x
|FL|1/2 rp
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the Fourier coefficient of uj corresponding to the &k mode. For r € R, the Sobolev space
H'..(I'1) can be defined as

per

ngr(FL) =quL € Lf)er(FL) ‘ Z (1 + ‘k’2)r ’aL(k)‘Q <0
keL=1R*

The supercell method relies on the resolution of the following (non-consistent and non-
conforming) eigenvalue problem:

{ find (uL7N,)\L7N) c YL,N x R such that
Yor,n € YN, ar(ur,n,vL,N) = Ar,Nmr (UL N, VLN ),

where
Vur, vy, € LEGY(FL), mr, (ur,vr) == / uLvL,
T'p
Yur, v € Hrl)er(FL), ar(up,vr) = Vur, - Vor, —|—/ (Vper + Wupvr,
FL I1L

and Y7 y is a finite dimensional subspace of H},.(I'L).
Weset Hy, vy = HL|y, , where Hy, denotes the unique self-adjoint operator on L2..(T'r)

per
associated with the quadratic form @y. We have D(Hy) = H2,,(T'1) and

per
VUL < ngr(FL), HLU,L = —AUL + (Vper + WL)UL,
where Wy, € L2, (I'z) denotes the L'R-periodic extension of W|r, .

For the sake of clarity, our analysis will be restricted to the case of the cubic lattice
R = Z% and the planewave discretization method, for which

YN = Z ckerk | VE, ccp=cp s
kEL-1R* | |k|<2aNL-1

where e, i () := [T|71/2e’**. We denote by Ty, y the orthogonal projection of L2, (T'r)

per

on Yy 1, for the L%er(l‘ 1) inner product (actually IIy, x is also the orthogonal projection of

HS..(I'r) on Yy r, for the HS, (I'r) inner product, for any s € R).

per per
The discretization spaces Y7, ny possess the following properties:

Vurn € Yo n, Hp N (=Aur n) = —Aur w,

and for all real numbers 7 and s such that 0 < r < s, there exists a constant C' € R, such
that for all L € N* and all u, € H;,(I'z),

L S—T
g, — T vur g, 0y < C (N) oz i o). (4.17)
As in [40], we will assume that Ve, belongs to the functional space Zper(I') (denoted
by Mper(I') in [40]), defined by
Vwellrz, ;)
Zper (D) =4V € L3 (D) | V| z(ry = sUP sup e
LeNtwpeHl, (CoNoy [wrlla, wr)

The space Zper(I') is a normed space and the space of the R-periodic functions of class
C* is dense in Z,e, (I).

Our main result concerning the supercell method in the absence of numerical integration
error is the following:
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Theorem 4.5.1. Assume that Ve € Zper(L) and that W € L®(RY) with W (z) — 0.

|z|—o00
N,
Let (NL)ren+ be a sequence of integers such that TL P +00. Then,
—00
1. Absence of pollution
lim o(Hp n,) = 0(A). (4.18)
L—oo

2. A priori error estimates

Assume that, in addition, Vi € HJ2(T) and W € H™2(RY), for some r > 2. Let A
be a discrete eigenvalue of A and € > 0 be such that o(A) N (A —e, XA +¢) = {\}. Let
P =1y (A) be the L*(R%)-orthogonal projection onto the eigenspace of A associated with
A and B = L_cjoa4e2)(HL N, ) the L%er(I‘L)—orthogonal spectral projection of Hy, n,
associated with the eigenvalues belonging to the interval (A\—e/2,\+¢/2). Consider finally
a sequence of cut-off functions (xr)ren+ such that

0<xz<1on R, xr =1 onTp, Supp(xz) C (L + \/Z)F, IVxLlLe <c, (4.19)

for some constant ¢ € Ry independent of L € N*.
Then, Ran(P) C H"(RY), and there exists C,5 > 0 such that for L large enough,

Te(P) = Te(Ps), (4.20)
L r—1
sup inf || — xpurllgigey < C <e_5L + <—> ) , (4.21)
weRan(P), [l 2 ga,=1 "L ERan(BL) Np
5 L r—1

sup inf ||v — xzpupl gigey < C | e 0F + <—> , (4.22)
ur€Ran(Pr), llucllz  rp =1 PERan(P) (R4) Np,
L r—1 2

max AL — A <C[eF + <—> . (4.23)

Ap€o(Hr, N, )N(A—e/2,M+¢/2) Ny,

4.5.2 The supercell method with numerical integration

In general, the computation of the integral fFL (Voer + W)upvy, with ur, v, € Y, v, cannot
be carried out explicitly, and a numerical integration procedure is needed. We assume in

this section that Ve, and W are continuous functions.

For M € N* and uy € CJ..(T'z), we denote by ﬂfFT’M the discrete Fourier transform

of uz, on the cartesian grid Gr, ar := ﬁZd. Recall that if

ur, = Z ur(k)er i,

keL—1R*

the discrete Fourier transform of uy, is the M L~ R*-periodic sequence ﬁfFT’M = <ﬁfFT’M(k))

keL—1R*
where

- 1 ik _ .
ab FM gy = 27 o ug(@e BT =T T2 YT Ak + MK).
z€Gr mNl'L KeL-1R*
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We now introduce the subspaces

[\)
3
=
|
—_

Span < e | € 2nL71Z, |I| < = (M odd),
WD, = LAz
LM il 1 2r (M —1 inMy/L | —ixMy/L
Span<e™ |l e2nL " Z, |l| < T 5 &C (e Yt t+e Y > (M even),

and denote by Wy, s the d-tensor product space Wy, pr := W]%DM®- . -®WLMXJ. In particular,
when M is odd,

M-—-1
Wr.m = Span {eLJﬁ, ke L7'R*, |k|oo < orL 7! ( 5 >}

It is then possible to define the interpolation projector Zp, s from Cger(FL) onto Wp, ar by
[Zr,m(ur)] (z) = ur(x) for all z € Gr, p. In particular, when M is odd, we have the simple
relation

Trar(ur) = |Tp /2 > Al M (Ber .
kEL1R* | [k|oo<2m L1 (ML)

It is easy to check that if the function wy, is real-valued, then so is the function Zj, pr(ur,).
Besides, when M > 4N + 1, it holds that for all ur, vy € Y7, n,

/IL,M(VLULUL)Z/ Trm (Vi) uror,
FL I1L

for any Vi, € L2, (T'p).

per

The supercell method with numerical integration then consists in considering the fol-
lowing eigenvalue problem for a given M > 4N + 1,

find (uL7N, )\L,N) S YL,N x R such that
Yo, n € Yo N, ar,m(ur,n,vL,N) = Ap,Nmr (un, N, VLN)

where

Vur,vr € Héer(FL), arm(ur,vr) = Vup, - Vo, + / Zrm(Vper + WL)ULUL,
r. I

and where WL is the LR-periodic extension of &,W|r,, &1 being a Clr—1] (RY) cut-off
function such that 0 < &, < 1, &, = 1 on 'y, Supp(ér) € (L—1/2)T, and the

sequences (Haag Ll Loo(Rd)) —— uniformly bounded in L, for all |o| < [r — 1] (here and

above, [r — 1] denotes the integer part of r — 1).

As in the preceding section, we denote by Hp na = HL7M|YL,N7 where Hp ps is the
unique self-adjoint operator on L2 (I'z) with domain D(Hp ) = H2. (1) associated
with the quadratic form ar, py.

N,
Theorem 4.5.2. Let (Np)ren+ and (Gr)pen+ be sequences of integers such that TL P 400
— 00

and G, o e, and My := LGp. We assume that Vyer € CPo (D) N Hio (D) and
—00
W e CO(RY) N H™=2(R?) for some r > 2. Then,

1. Absence of pollution
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lim U(HL,NL,ML) = O'(A) (424)

L—oco

2. A priori error estimates

Let X\ be a discrete eigenvalue of A and € > 0 be such that o(A) N (A —e, A +¢) = {A}.
Let P := 14y (A) be the L?(R%)-orthogonal spectral projection onto the eigenspace of A
associated with X, and Pr = L\_cjorye2)(Hong vy the L2 (Tr)-orthogonal spectral
projection of Hy, N, m, associated with the eigenvalues belonging to the interval (A\—e /2, A\+
£/2). We finally consider a sequence (xr1)ren+ of cut-off functions such that

0<xr<1on R, xr =1 onTp, Supp(xz) C (L + \/E)F, IVxLllze < e

for some constant ¢ € Ry independent of L € N*.
Then, Ran(P) C H"(RY), and there exists C,5 > 0 such that for L large enough,

Te(P) = Tr(Ps), (4.25)
sup inf ”Ib — XLULHHl(Rd) S C (61([1) + EQ(L)) s (4.26)
weRan(P), 9]l 2 za,=1 vLER20(PL)
sup inf || — xrurl| grrey < C(e1(L) + e2(L)), (4.27)
ur€Ran(Pr), lurlyz  r)=1 yeRan(P) (R4)

AL =A< C(a(@) + e 4.28
)‘LEU(HL,NLI)I}WE%};—E/Q,)\—M/Q)| L |— (61( ) +€2( ))’ ( )

where

(L) = 5+(Ni> and ex(L) = (MiL)MH\WHLw(Rd\pL_I) (=4 (£)):

4.5.3 Formulation in terms of non-consistent approximations

The supercell method can be rewritten as a non-consistent approximation of the operator
A (in the sense introduced in Section 4.2.2), based on the approximation spaces (Xr,)ren-
and the symmetric bilinear forms (ar,)ren+, (ar)ren+, and (mr)ren- defined for all L € N*
by

XL = {XLUL, uy, € YL,NL} C Hl(Rd),

and

Vo€ H'RY),  an(ée)i= | Vo-Vi+ / T a1y (Voor -+ 1) 60,

Iy T

aL(6,0) = | Vo Vit / (Voor + W)t

Iy Iy

mL(gb,w) = . qb?,l),

where we recall that (xr)ren+ is a sequence of cut-off functions satisfying (4.19). It is
easily checked that for all L € N*, mp(-,-) defines a scalar product on X7,.

Let us introduce, for each L € N*, the unitary operator

per(FL)) - (XL,?TLL(','))’
ur, = XLUL-

Jr - <YL,NL7<'7'>L2
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Its adjoint (and inverse) jj is given by: Vor € Xi, ji(ér) = ur where uy, is the LR-
periodic extension of ¢r|r,. The supercell problems

{ find (Ap,ur) € R x Yz n, such that HuLHL,%e,(FL) =1,
Vor, € YN, ap(ur,vr) = Apmr(ur,vr),
and
{ find (Ar,ur) € R x Yy, n, such that HULHL]%H(FL) =1,
Yo € Yo N, A (up,vr) = Apmg(ur,vr),

are then respectively equivalent, through the change of variable ¢;, = jrur, to the gener-
alized eigenproblems

{ find (Ar,vr) € R x X7, such that mp(¢r,%r) =1 and
Vor € Xr, ar(¥r,or) = Armp(Yr,oL),

and

{ find (Ar,%r) € R x X, such that mp(¢r,vr) = 1 and
Vor € Xp, ap(¥r,ér) = Armp(br, ér).

Thus, considering the supercell method with exact and numerical integrations is equiva-
lent to considering the non-consistent but conforming approximations (77) pen+ and (77,) pen-
respectively defined by

T, = (Xp,ar,my) and T = (Xp,ar,mp).

Taking the same notation as in Section 4.3, it holds that EL = jrHrp N, j7 and A =
JrHr N, My J; so that O'(AVL) = o(HynN,), 0(Ar) = o(Hp, N, M) and, in both cases,
Pr = ix,jrBrjiix,. The following section is devoted to the proof of Theorems 4.5.1
and 4.5.2, which are in fact corollaries of Theorem 4.3.1. We will first check that all the
assumptions of Theorem 4.3.1 are satisfied for the approximations (%L) ren+ and (77) penx,
and then derive more explicit expressions of the right hand sides of (4.5), (4.6) and (4.7)
in terms of L, Ny, and Mj,.

We prove in Section 4.6.1 that the supercell method with exact integration satisfies
assumptions (Al)-(A4). In Section 4.6.2, we prove (4.18) and (4.20), which imply that
this method also satisfies assumptions (B1) and (B2) for any discrete eigenvalue A of the
operator A. Estimating the terms involved in estimates (4.5), (4.6) and (4.7) will then lead
to estimates (4.21), (4.22) and (4.23) and conclude the proof of Theorem 4.5.1. Section 4.6.4
is devoted to the proof of Theorem 4.5.2, in which numerical integration errors are taken
into account.

4.6 Proof of Theorem 4.5.1 and Theorem 4.5.2

In the sequel, C' will denote an arbitrary constant independent on L € N* which may vary
along the calculations.

4.6.1 Proof of (A1)-(A4) for T, = (Xp,az, my)
Proof of (A1): Let us prove that

Lpdy
Vo € H (R?), oomf ¢ = drll i may = O-
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Let ¢ € H'(RY) and £ > 0. Since C(RY) is dense in H'(R?), there exists n € C°(R?)
such that [[¢ — 7|l g1 (rey < €. Let Lo € N* be such that Supp(n) C (Lo — v/Lo)I'. For all
L > Ly, if ny, denotes the LR-periodic extension of 7|r, , we infer from (4.17) that

L L
e =W, nenellm, g < CN_LHUL|’H§er(FL) = CN—LHn”m(Rd) e 0,

with C' € Ry independent of L. Let us then consider the sequence (¢r)ren+ defined as
or = xrl n,nr € Xp, for all L € N*, for which

¢ = drllmmey < & —nllmwaey + In— xLHL N 0Ll g reys
< etllne = pnenellmy, o) + Xz nvonell gy v, -
Furthermore, since 0 < xz, <1, and n;, =0 on (L + \/E)F \ I'z, it holds

2 2 2
HXLHLJVLT]LHHI((L+\/Z)F\FL) S HXLHL7NL77LHL2((L+\/Z)F\FL) + 2 HVXLHL7NLT’L”LQ((L+\/Z)F\FL)
+2 e V(v 1) 2 /By,

< | Mpnpne — 77L||i2((L+\E)F\FL) IV L) = V77L||i?((L+ﬁ)F\FL)
+||VXL||L°°(R‘1) ML, N — 77L||i2((L+\/f)F\FL)
< 34+ VXLl oo (ay) (ML N, 2 — 77L”§{;er(rL) — 0.

L—oo
Hence the result.

Proof of (A2): Let ¢1,vr, € X1, and up, vy, € YL,NL C Héer
and v;, = xrvr. It holds

/w:/ W:/ xirquQS?)d/ \uLP:sd/ \¢L\2§3d/ 61
Rd Tsr, Tsp Tr Iy R4

(T'z) such that ¢, = xrur

Therefore,
1
@HQSLH%E(Rd) < mp(ér,or) < oLz ra)- (4.29)
Besides,
urvn)l = |[ Vou Vot [ (Vs Wi
' L

(1 + W]l oo ay) LNl e ey 1Ll 1 ety + Vperurll 2, oy lvellzz, ooy )
P p

<
< (U Wiz @ay + Voerll zpe ) 02111 ey 192 111 (m)-

Thus, assumption (A2) is satisfied.
Proof of (A3): For all a > 0 arbitrarily small, there exists a constant C, such that for

all ¢ € H'(RY),
2 2 2
[ WoalioP < [ Vo +Co [ ol (430)

Besides, for all ¢;, € Xy, if ¢;, = xrur, with uz, € Yz, n,, it holds that

/ Vel < 2 / Vxzunl® + oV

Rd (L+VIL)I

2 x 3¢ (anLnLoo(Rd) [ e [ |VuL|2),
I'r, 'z
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which, together with (4.29), yields that, for L large enough

2 2 d+1 2 2
[ [ woup s ([ o+ [ venr). (431

Using (4.30) and (4.31), we obtain that for all @ > 0 arbitrarily small, there exists D, € R
such that for all L € N* and all ¢;, € Xy,

/ (Voer + W61 < / (Vierl + [W]) |61,
IN3 R4

< a/ rvmr?wa/ e
r. r.

This last inequality implies that there exists § > 0 independent on L € N* such that for
all o1, € X,

HQSLH?{I(Rd) < 3d+1||¢L||%11(rL) < B(lar(¢or, oL)l +mr(or, or))-
Thus, for all 4 € C, it holds that

i [(ar — ump)(¢r, Y1)
inf  sup
vreXe grex, |l lVLllm gay

1. [(ar, — pmi)(or,¥L)|
> inf  sup — 2~ 3
BureXegrexy (|ap(¢r, o)l +mr(or, or))"? (|ar (e, ¥r)| + mr(¥r, L))

Let (Cz)lgz‘gdim(XL) be an my-orthonormal basis of X, such that for all 1 < i < dim(X7y),

Hpon, 75C = vijich, 1< < dim(Xp),

where {yi, 1 <i¢<dim(Xz)} = o(Hg,n,). Then, any ¢;, € X, can be expanded in the

basis (Ci)lggdim(XL):

dim(xp)
ép= Y alh e eR 1<i<dim(Xy),
i=1
. ~ dim(x.) | |2 i S
and it holds that |ar(¢r, ¢r)| + mr(ér, or) <>, lcil*(1 4+ |v}|). Considering
dim(xp)
Y= Y sen(vy —ped,
i=1

we obtain that

: ((ar, — pmp)(or, ¥r)| _ 1 : lve — p
inf  sup > = inf —_
vreXe grexy |OLllm @y [Vl m@wey — BrvreoHin,) 1+ |vi]

(4.32)

Since (4.32) holds for any p € C, this implies that for any compact subset K C C, there
exists a constant cx > 0 such that for all L € N* and all u € K,

inf  sup @z = pme)(ér, YL > cx min (1, dist(p, 0 (Hp,n,))) -

vreXe gpexy 100l m@ey 1VLl g (re
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Thus, condition (A3’), and condition (A3), hold for the approximation (77 )zen-.
Proof of (A4): For all ¢ € H'(R?), we denote by

1/2
() = </Rd\F |¢|2> < |19l 2 (may:

1/2
14(6) = ( Joae, 102 rw\?) S

Then, r* and r¢ are seminorms on H'(R%) such that for all ¢ € HY(RY), r7*(¢) — 0

L—oco
and 17 (¢) — 0. For all ¢, € H'(RY), it holds
— 00

/]R o

Let (wr)ren+ be a sequence of C*° cut-off functions such that for all L € N*, 0 < wp <1,
wrp =1on RI\Tp, wy, =0 on 'y and the sequence ([IVwL| Loo (may) Len+ is uniformly
bounded in L € N*. Then, for all ¢,v € H'(R?),

and

[(m —m)(¢,¥)] = < (o (¥).

(@ —ar)(¢,¥)] =

/ v¢-w+/ <vper+W>¢w‘
RI\T', RN

< (I+ ||W||L°°)T%(¢)T%(¢)+/Rd [Voerwrdwr |

IN

1/2 1/2
<1+yywuLoo>rz<¢>r%<w>+(/Rdrvperucum\?) (/Rd\vpermw) .

Using (4.30),

1
[ Woaliono? < 5 [ 1V +¢ [ oo < Crio)
Rd R4 Rd
Thus, there exists k € Ry independent on L € N* such that

(@ —ar)(¢,¥)| < kri(O)ri(¥).

4.6.2 Absence of pollution
Proposition 4.6.1. [t holds

o(A) = lim o(Hp N, ). (4.33)

L—o00

Besides, for any discrete eigenvalue X of the operator A and for all € > 0 such that (A —
e, AN+e¢e)No(A) ={\}, we have, for L large enough,

Tr(Br) = Tr(P), (4.34)

where P = ]1{)\} (A) and gBL = ]1()\—6/2,)\+6/2) (HL,NL)-
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Let us notice that (4.33) implies that (B1) is satisfied for any discrete eigenvalue of A,
and that (4.34) is nothing but a reformulation of (B2). We refer to [40, Theorem 3.1| for
a proof of (4.33).

Proof of (4.34). If follows from (4.33) that (B1) is satisfied and therefore that for n large
enough, Tr(Pr,,) > Tr(P). Let us assume that there exists an increasing sequence (L )ken-
of integers such that

Tr(Pr,) > ¢ := Tr(P).

For all k € N, let (Cg]z)lgigq+1 be an L%er(I‘Lk)—orthonormal family of vectors of Y7, n,
such that for all 1 <1i < gq+1,

Hi,on, ) =20 ¢ with AP € (A —¢/2,A +¢/2).
Then, for all k£ € N, (XLkCg,z)lgiqurl forms a free family of X, and there exists g; €
Span(ng)lgiqu such that HngL%er(FLk) =1 and
gk = XL,9k € Ker(P).

Reasoning as above, it can be easily checked that <H 9kl Hl (FLk))k . is bounded, which
er eN*

implies that (HﬁkH Hl(Rd))keN* is bounded as well. Thus, up to the extraction of a subse-

quence, there exists g € H'(R?) N Ker(P) such that g k—\ g in H'(R?) and gy o9 in
— 00 — 00
L2

loc

(R%). Since gj, = x1, 9k, this also implies that
gr — g strongly in L _(R%),
k—o0
which readily leads to
<HLk,NLk - A) gk 2 ~Ag+ (Vo + W= A)g  in D'(RY).

Besides, since g € Ran(Br, ) and klim o(Hry,N,, ) = o(H), we have,
— 00

| (e, =) o

— 0,
L2, (T'z,) k—o0

which, in turn, implies that

(Hrong, =) g — 0 in D/(R?).

Therefore,

—Ag + (Vper + W — )\)g = 0.

Consequently, g € Ker(P) N Ran(P) = {0}. Using similar arguments as those used in the
proof of [40, Theorem 3.1|, we infer from the fact that (gx)gen strongly converges to 0 in

L2 (RY) that

loc

S is a Weyl sequence for A = —A + V;,¢; associated with A,
”gk”L2(Rd) kEN
which contradicts the fact that A ¢ o(A°). O
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4.6.3 Proof of Theorem 4.5.1

We have proved that the supercell method with planewave discretization and exact inte-
gration satisfies assumptions (A1)-(A4), and that for each discrete eigenvalue located in a
spectral gap of A, assumptions (B1) and (B2) are satisfied. Thus, Theorem 4.3.1 can be
applied and there exists C' € Ry such that for L large enough,

Tr(PL) = Tr(P)=Tr(PBr),

|(P —PL)P] < of|(-ng )P + R+ RY
L L(L2(RY),HY(RY)) = XL L(L2(R),H(R4)) L L J>
(P = PL)PLlz(r2may,mrray < C (1_HH1(Rd))P TRLARE
(L2(R4),HI(RY)) = X L(L2(R), HL(R4)) ’
1 d 2
A=A < ofll(1-mEENp RS +RT)
ALea(HL,NLI)I}w&FA{—a/zMe/Q) A = ( ( Xz ) L(L2(RY),HY(RT)) R
where Pp, = ix, j1Brjiiy, and
Ry = sup 7 (¥),
YpeRan(P), [P ;2 gay=1
RY = sup ().
¢€Ran(7’)7 ”w”[ﬂ(Rd):l
Since we have
sup inf ([ — xzurLllgrwey < NP = PL)Plloirz@a),mr(ra))s
peRan(P), ||¢||L2(Rd):1 ur,€Ran(Pr) R9) (L2 (R%) (R4))
and
sup inf v = xpurllgrwey < (P = PL)PrLll 222wy, 11 (R1))s
ur,€Ran(Pr), furllz =1 ¥ERa0P) (R<) (L2(R9),H1 (RY))

it just remains to prove that there exists § > 0 independent on L such that

H <1 ; Hgi(Rd)> PHE(LQ(RdLHl(Rd))

L

N r—1
+RE+RP<C <65L+ <—L> ) .

This estimate is based on exponential decay results for the bound states of Schrodinger
operators [168]. A real-valued function V on R? is said to lie in the class Ky if and only if

v
if d >3, lim sup/ %dyzo;

al0 pecRrd |lz—y|<a ‘.%' - y‘
if d=2, lim sup |V (y)|1In (|ﬂ:—y|71) dy = 0;

al0 perd Jjz—y|<a

ifd=1, sup V(y)|dy < oc.
zeR J |z—y|<1

Under our assumptions on Vyer and W, V' = Vo, +W € K. It then follows from Theorem
C.3.4 and Corollary C.2.3 in [168] that there exists C,§ > 0 such that for all L?*(R%)-

normalized ¢ € Ran(P),

d
Ve e RY,  |y(x)] < Ce @il and ¥l1vy e <L2(]Rd)>
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For all L > 6, let n;, € C2°(R?) such that 0 <5y < 1,9, = 1 on ['z/2—2, Supp(nr) C
I'f/o-1 and all its derivative up to the [r + 1]** order are bounded in L>(R?), uniformly
in L € N*. Let ¢ € Ran(P) such that [[¢[[2re) =1, (z = nr9, and (1, the LR-periodic
extension of (7. Then, XLHL,NLEL € X, and it holds

v — Xt n Collmmey < 1% — ol g gay + 160 — XLTLv, Coll rn (ray
= Y = netllan e + e (G = T, G2 ) o e

< e + O~ M, Colla, ry)
N r—1 _
—6L L
< Ce +C<T> €Ll rr (1)

A
Q
Y

S,
h
+
5
d
L
=
T
%
~

IN

Q

VR

o o

S,

h

_l’_
N Y

IA
Q
VR
<.bl

&
_l’_

This yields the estimate

r—1
[0 Py = [ () )

The remaining estimate
¢ +RY < Ce

is a straightforward consequence of (4.35).

4.6.4 Proof of Theorem 4.5.2

M
Let us first remark that since TL =G € N, I v, (Voer) = Zh,6, (Vper) 1s @ R-periodic

function. Let ¢r,1 € X1 be such that ¢, = xpur and ¥, = xpvp with ur, v € Y N, .
Then, we have

1/2
/ (Vper - z.L7ML (Vper)) ¢L¢L < / ‘Vper - ZL,ML (Vper)‘ u% / ’Vper - ZL,ML (Vper)‘ U%
IV I'p 'y
As
/ [Voer = Zr,m;, (Voer)| u% = Z / [Voer = T1,G, (Vper) [ ur (- + R)2
Iy Rernry, T
< WVoer = Trar Voer)llzo ) Y Mz + R) 4
ReRNI',
< ClVoer = Zr,a, (Vper)ll 2, () Z lur(-+ R)H?{l(l‘)
ReRNI',

= C[Voer — Z1,61, (Vper)ll 2., () ||UL||§{;er(rL)
S C ||Vper - II,GL(VPGI')HLQ

per(F) ||¢L||§—I1(Rd)’
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we obtain

/F (Vier — Tr.at (Voer)) b2 | < CllVor — oy (Voer) 122
L

2oLl g way VLl ey,

(4.36)
for a constant C' independent of L, with
Voee = Tu Vher) 1) < €2 Waallgaary =€ (57 ) Whellngazery .
(4.37)
Besides, since W € CO(R?) N H"~2(R%),
N N L\"2 _
s~ Zoan Pl < € (55) Wil
L r—2
< o(55) Wlhiea (1.39)

and [W — Wil poo ray < W] oo mavr, ) L:OO. Thus,

[(ar — ar)(¢r, Y1)
sup  sup — 0.
srexp yrexy 100l @ay VLl p ey L—oo

Together with the results proved in Section 4.6.1, this implies (A2), (A3), (B1) and (B2) are
satisfied for 7;, = (X, ar,myr). Assumption (A4) is also satisfied for 77, = (X, ar,mpr),
with ar(-,-) playing the role of a,(-,-) and m,(-,-) = my,(-,-) = mp(-,-). To obtain the
estimates (4.26), (4.27) and (4.28), it remains to prove that

L\"? I\"
a —oL
SL <C <E> + ||W||L°°(Rd\FL_1) <€ + (N—L> )] ,
where H o
‘(aL—?iL)< ( 1/)¢L)‘
St = sup sup .
veRan(P), [l 12 zay=1 #LEXL |!¢L|!H1(Rd)

Using (4.36) and (4.37), we already have for all ¢/ € Ran(P) such that [|[¢)[|2(ga) = 1,

Hl Rd L r—2
/I‘L(Vper _IL,ML(Vper)) (HXL( )7/)) ¢L‘ <C <E> HQSLHHl(Rd)' (439)

Besides, using (4.38), it holds that

L r—2
(55) lorlms. @0

/ (W, — IL,ML(/WZ)) <H§i(Rd)¢> or| <C
Iy

It also follows from (4.35) that

[, =) (1 0)

/rL\rL_I(WL -W) <1/1 Iy, Rd)w) o1

H! R
0] ) 12l

/ (Wi, — W) | +
Tr\lr—1

CIW e,y (% + o - 1f

IN

)
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Reasoning as in the proof of (A1) in Section 4.6.1, and using (4.35), we can prove that

L T
< =L — )
v <€ ( ()

L r—2 L r
—5L
(ML> + Wl oo revr,_y) (6 + <N_L> >] oLl 1 (may-

(4.41)

o =

Thus,

<C

/F L(WL ) () g

Finally, using (4.39), (4.40) and (4.41), we obtain

L r—2 s L\"
(GE)  + W lsnr, (4 (57 )] ,

which ends the proof of Theorem 4.5.2.

St <C

4.7 Numerical results

In this section, we present some numerical results obtained with the software Scilab, illus-
trating the a priori estimates given in Theorem 4.5.1 and 4.5.2. These results have been
obtained with d = 1, Vper(z) = |sinz|, W(z) = —2exp(—|z|) and I' = (—m, 71]. The partic-
ular form of these potentials enables us to compute the mass and stiffness matrices analyti-
cally (and therefore with no numerical integration error). The operator A = —A+Vyer +W
then possesses a discrete simple eigenvalue A ~ 1.69 located in the spectral gap [a, 3] of
the operator AY = —A + V},e; where a & 1.43 and 3 ~ 1.84. The reference values for A and
the associated eigenvector (considered in our numerical study as the limits L, N, — o0)
are obtained with L. = 40 and N,o = 1400.

Fig. 4.1 shows o(Hp n,.)N[1,2] for L =6,8,10,12,14, 16, 18 and Nyt = 1400. We can
see that there is no spectral pollution, as predicted by [40] and Proposition 4.6.1.

The next series of numerical tests confirms the exponential convergence of the su-
percell method with respect to the size of the supercell. We have compared the eigen-
value closest to A and the associated eigenvector obtained for different values of L (L =
6,8,10,12,14,16,18) to the reference eigenvalue and eigenvector obtained with L = 40, all
these calculations being done with Ny = 1400. Fig. 4.2 shows the relative errors on the
eigenvalue, and the square of the L? and H' norms of the error on the eigenvector. More
precisely, for all L € N*, we consider the eigenvector uy, of Hy y,, associated with the
eigenvalue A\j, of Hy ., closest to 1.69, and set ¢, = xrur, where xy, is the unique C?
function defined by xz, = 1 on [-7wL,7L], Xz, = 0 on R\ [~7(L+ /L), 7(L++/L)], and xr,
is a sixth degree polynomial on [~ (L++/L), —7L] and on [rL,7(L++/L)]. Fig. 4.2 shows

L—PL 2 L—9L 2
the decay rate of log;, <%>, logo (W) and log;, <W).
These numerical results show the exponential decay of the error as a function of L, as well
as the doubling of the convergence rate of the eigenvalue with respect to the convergence
rate of the eigenvector.

The last series of numerical tests aims at testing the effect of numerical integration.
For all L € N*, we denote by A n, ar, the eigenvalue of Hy n, ar, which is closest to A,
by wur n,,m, an associated normalized eigenvector, and by ér N, am, = XrurL N, M, (We
choose the sign of uy, v, a, in such a way that | n, ay, — ¢rllz2@e) = 0). In Fig. 4.3,
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Spectrum of the discretized operators for different values of L

2.0 —
1 7 + ¥ + +
1.9 + +
] + + s + +
1.8
YT+ + + + + + +
o 1.67
s |
[}
Z 1.5+
&
w
s + +
14A N + + i T $ $
+ 4 + i
1.3+ + + T T
1 + +
1.2+ * + + i i
1+ + s +
11 + T ¥
A N T
10 T T T J\r 1 T %
6 8 10 12 14 16 18

-

Figure 4.1: Spectrum of Hy y, . in the range [1,2] for different values of L, with
Nyt = 1400.

Fig. 4.4 and Fig. 4.5 below are drawn the errors AL N, v, — ALl (00,8, M, — OLl L2 (Ra)y
and ||¢r, — ér N, M, HHl(Rd) for the following values:

e [L=06,8,10,12,14,16, 18,
e Ny = NL where N = 2,4,6,8,10,12, 14,
e Mj; = ML where M = 56,112,224, 448,

as well as the results obtained with exact integration (M = c0).

4.8 Appendix: Banach-Necas-Babuska’s Theorem
and Strang’s lemma

In this appendix, we recall the Banach-Necas-Babuska theorem and the Strang lemma (see
e.g. [29, 83)).

Theorem 4.8.1. (Banach-Nec¢as-Babuska) Let W be a Banach space and V' a reflexive
Banach space. Let a € LW x V;R) and f € V'. Then the problem

{ find u € W such that (4.42)

VeV, a(uv) = f(v)
1s well-posed if and only if

e Ja > 0,s.t. inf sup M >
weW yey [|wllwlvflv
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Errors
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Figure 4.2: Decay rates of log,, Pr Ayl (Eigenvalue), log,, | — =" | (Er-
)\Lref ”¢Lref ||L2 (R)

”(bl‘i(bl‘ref Hi[l(]R)

ror L.2) and log,, (Error H1) for different values of L.
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Figure 4.3: Error on the eigenvalue log,, (| Az n, ar, — AL|) as a function of log,y (V).
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error L2 norm
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Figure 4.4: Error on the eigenvector logyo ([|¢rn,.a1, — @1l z2e)) as a function of
logy(IV).
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Figure 4.5: Error on the eigenvector logyo (||¢r,n, .a, — @1l sire)) as a function of
log(IV).
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e VoeV, YweW, a(w,v)=0)= (v=0).

Moreover, the following a priori estimate holds:
1
viev, lullw <~ fllv. (4.43)

Lemma 4.8.1. (Strang) Let us consider the following approximate problem

{ find u, € W, such that

an € Vna an(unavn) = fn(vn), (4'44)

and let us assume that

e W, CW and V,, CV;

. Elan > 0, s.t. inf sup ’an(wn7’l}n)’

> ay,, and dim(W,,) = dim(V,,);
wn€Wn v, eV, [[wnlwllvnllv

e the bilinear form a, is bounded on W, x V.

Then, the following error estimate holds:

1
lu—unllw < —If = fallci)
Qn

a 1 _
+ inf [(1 + H||zz(7wvn)> = wnllw + — sup la(wn, vn) — an(wn, vy)|
’wnEWn an an UnEVn HUW/HV

4.9 Appendix: Standard Galerkin methods

Let us first prove that if A is a semibounded operator and if (X,,),en is a sequence
of finite-dimensional subspaces of Q(A) satisfying (A1), then condition (C3’) is sat-
isfied.

Proposition 4.9.1. Let A be a semibounded self-adjoint operator on H and (X,,)nen
a sequence of finite-dimensional subspaces of Q(A) satisfying

Vo e Q(A), it ¢ —¢nllguy — 0. (4.45)

dn€Xn

Then, for all compact subsets K C C, there exists cx > 0 such that for all n € N
and all p € K,

wp sup = ).

> cmin(1, dist(p, 0(Alx,))).
wn€Xn e X [|WnllQa)l[vnllQea)

Proof. Let us consider for instance an operator A bounded from below by a constant
¢ € R. Then,

{Q(A) - Ry
o = el = VA A+l +ale, ),
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defines a norm on Q(A) equivalent to the norm ||-||g(4). Thus, there exists a constant
k > 0 such that for all sequences (X,,)nen of finite-dimensional subspaces of Q(A)
satisfying (4.45), all p € C and all n € N,

nf sup (@ — ) (wn, vy)] nf sup HKCL — 1) (W, vy)|
wn€Va v,eVs [WallQeayllvnllQea wn€ViopeV || Walls|vnl]«
: |Vn - /~L‘
1n _—
vneo(Aly,) 1 —+ |C| + ‘Vn|

Y

By studying the function f, : R > x — k7 J‘FT;‘J‘:IW one can easily prove that for all
n € N,
inf /{M > ¢, min (1,dist (1, o(Alv;,)))
vneo(Aly,) 1 —+ |C| + |I/n|
with ¢, = m > (. Hence the result. O

However, in the case when A is not semibounded, there exists some sequence
(Xn)nen of finite-dimensional subspaces of Q(A) satisfying (A1) such that (C3) is
not satisfied. An explicit counter-example is given below.

Example 4.9.1. Let H be a separable Hilbert space, (e )rez an orthonormal basis
of H and A the unbounded self-adjoint operator on H defined on the domain

D(A) := {v = kaek Z |k |ox)? < oo}

kEZL keZ

by
Yv e D(A), Av:= Z k(v, ex)nex.
keZ
The spectrum of A is purely discrete and each eigenvalue is simple. More precisely,
0(A) = 04(A) = Z and for all k € Z, Ae, = key. Note that A can be identified
with the momentum operator of a quantum particle in a one-dimensional torus (take

H = L2..((0,27),C), ex(x) = (27)"/2ei** D(A) = H! ((0,27),C), A= —i-L

per per dx/*
Let us consider the sequence of finite dimensional spaces (X, )nen defined as

Xn = Ceo,n@(cgo,n@span{eka 1 S |k| Sn_ 1}7
where (1 (1
sin( /n)6n+ sin( /n)e_n
V2 V2

eon = cos(1/n)ey +

and

1 1
€on 1= —=€n — —=€_p.
0 V2 V2
The family (eon,€on, (er, 1 < |k| <n—1)) forms an H-orthonormal basis of the
discretization space X, and the matriz of Alx, in this basis reads

0 nsin(1/n) 0%

R2(n—1)
nsin(1/n) 0 Ofsno1)
ORQ(n—l) ORQ(n—l) diag(—(n— 1), ,—1,1,'-' , N — 1)
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Consequently,
o(Alx,) = (=nsin(1/n),nsin(1/n),—(n —1),--- ,—=1,1,--- ;n—1),

so that
lim 0(Alx,) =Z" CZ = o(A).

n—oo

Yet, the vector ey satisfies the condition

H (1-mg) eoH < leo = eonlloa.

Q(A)
= /(1 —cos(1/n))? +sin(1/n)2 + nsin(1/n)2,

~ V2 0,
n—-+00 n— o0

and it straightforwardly follows from the above result that

Vo € Q(A), %}g)f(n 16 — énlloea 7300'

As 0 € 04(A) whereas 0 ¢ lim o(Alx,), Corollary 4.3.1 implies that condition (C3)
does not hold.
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Part 11

Uncertainty quantification and
greedy algorithms
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Chapter 5

Uncertainty quantification and
high-dimensional problems

5.1 Introduction

The work presented in this chapter is motivated by a collaboration with the Michelin
company on uncertainty quantification (UQ).

Let us first introduce the notation which will be used throughout this chapter.
The modeling of uncertainties is achieved through the definition of a suitable proba-
bility space (€2, B, P) where 2 denotes the space of elementary events, B a o-algebra
defined on 2 and PP a probability measure. Elements (or events) of © will be denoted
by w € Q. Let p,d € N*. Random variables will be denoted with capital letters by
Ti,---,T, and take their values in 7y,---,7, where 7; is an open subset of R for
all 1 <[ < p. By default, the random vector T := (1},---,T},) takes its values in
T =T, x---x7T, C RP. When it is precised at the beginning of a section, 7 may also
refer to a general open subset of RP. We will denote with small letters ¢,¢;,--- .1,
elements of 7,7y, --,7, respectively. Deterministic variables in the system (such
as space, time, etc.) will be denoted by x € X where X C R? is an open subset and
d € N*. The notation V, V,, Vx, V; with 1 <[ < p will refer to Hilbert spaces of
functions which will respectively depend on (z,t) e X x T,z € X, t € T, t, € 7.
They will respectively be endowed with the scalar products (-, )v, (-, )v,, (-, v,
(-, )y, and their associated norms will be denoted by || - [|v, || - lv.s | - llvis || - [|lvi-

Let us now turn to the description of the problem posed by Michelin. The
fabrication process of a tyre is a sequence of intricate steps. Even controlled, some
uncertainties remain on the characteristics of the materials, pretension states or the
exact location of the interfaces after molding and vulcanization. As a result, some
dispersion is inevitably seen on various final performances such as wear for instance.
Such a deviation is potentially accentuated by the diversity of the microscopic road
profiles, possible road hazards, or various driving styles.

These sources of uncertainties can be modeled by a large number of random
variables T' = (13, - - - ,T},), which influence the mechanical behavior of the tyre.

Michelin is interested in studying the dependency of the behavior of a tyre on
the random variables, and more precisely of output quantities reflecting tyre per-
formance such as the mean and variance of the pressure on the part of the tyre in
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contact with the soil.

In a Lagrangian approach of solid mechanics, the actual configuration X’ C
R3 of the solid is considered with respect to a reference configuration X C R3.
Let (e, es,e3) denote the canonical basis of R®. Let us introduce u the function
which, to each particle located at the position = = (z1, 22, x3) € X in the reference
configuration, associates its position 2/ = (2,24, 2%) = u(r) € X’ in the actual
configuration. Let us assume that the soil is modeled for the sake of simplicity by a
plane located at the altitude 3 = 0 (thus without uncertainty).

The problem solved by Michelin in order to model the stationary behavior of a
tyre for a given value of the random vector 7' can be written under the following
form

w(T) —argmln/ W (Vv,T) /f (5.1)

vell

where W (Vuv, T') represents the hyper-elastic energy of the system, f(7") the external
volume forces that acts on the tyre, and

K:={veV, v-esr >0},

where V' is the Hilbert space of admissible displacements and I' the part of the
frontier of the tyre which is likely to be in contact with the soil.

ZC3:O

Figure 5.1: The tyre obstacle problem

This leads to a very high-dimensional problem, namely a parametrized obstacle
(thus nonlinear) problem.

There exists a wide variety of approaches for the resolution of partial differen-
tial equations with random coefficients. A review of the most classical methods is
presented in Section 5.2.

Unfortunately, when the number of random variables is very large, most of these
approaches are limited. Statistical methods, such as Monte-Carlo algorithms, can
always be used to compute expectations of output quantities of interest. Their
convergence is in general very slow though. Getting a good reduced order model is
one way to circumvent this slow convergence.

The main focus of this thesis work targets the development of nu-
merical methods in order to compute efficient reduced-order model for
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high-dimensional problems. In the case when the number of random vari-
ables is very large, standard algorithms cannot be carried out in practice
because of the so-called curse of dimensionality [14].

A way to understand the curse of dimensionality is the following. Assume for

the sake of simplicity that X = 73 = --- = 7, = [0,1]. Let u : [0,1]P"™ — R be
a C™ function with m € N*. We would like to reconstruct the function u from an
ensemble of N values {u(y;)}1<i<y where yi,--- ,yx € [0,1]P*1. In this case, it is

well-known that if (y;)1<;<ny are the nodes of a uniform grid of [0, 1]P*! with mesh
size h > 0, and if a polynomial reconstruction scheme is used, then

||U — R(U)||Loo([071]p+l) S Chm,

where C' > 0 is a constant independent on h, and R(u) denotes the reconstructed
function. Since the number of sample points N scales like h~P+1) | the approximation
error reads

||u — R(u)||Loo([071]p+l) < CN_m/(p+1).

Thus, the higher the dimension, the slower the decay rate of the reconstruction error
with respect to the number of sample points N.

Actually, it is proved in [74] that it is impossible to design reconstruction schemes
which would achieve better results. This can be explained in terms of nonlinear
width. Let L be a normed space with associated norm || - ||, and K C L. Let us
consider continuous maps F : K — RY (encoding) and R : RY — L (reconstruc-
tion). The distortion of the pair (E, R) over K is defined as

sup [lu — R(E(u))]|,

ue K

i.e., it is the largest error made for all functions u € K by the encoding-reconstruction
scheme. The nonlinear N-width of K is defined as the infimum of the distortion of
all pairs of continuous maps (F, R):

dy(K) = inf sup ||u — R(E(u))]| L.
E:K—R" continuous ver
R:RN — L
Then it is known that in the case when L = L>([0,1]P*!) and
K = {ue C™([0,1]""") | Va € N"*' |a| < m, [|0%|reo(o,e+1) < 1}

is the unit ball of C™(]0, 1]P™!), then there exists ¢,C’ > 0 independent on p such
that for all N € N*,

N~/ < g (K) < CN—™/P+D),

In other words, if one wants to approximate a function u € C™([0, 1]7*1) so that the
relative error is lower than a given threshold € > 0, the number N of samples will
necessarily scale exponentially with respect to the dimension p + 1.

In our UQ context, the Galerkin approximation is a typical example of a method
whose complexity scales badly with the number of random parameters. Indeed, basis
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functions are typically constructed as the tensorization of univariate function bases

{6i(@) hien,, {05 () hepem, -+ {8 (6) by en, of the spaces Vi, Vi, -+, V.
The approximation of a function u € V =V, ® V} ® --- ® V,, is given under the
following form

w(@ ty, - ty) ~ > Nijro gy Gi(@) 00 (1) - 0P (1),

1<i<Ng,1<j1<N1,-+,1<jp<Np

where {\;j, .. j,» 1 <i <Ny, 1 <5 < Nyp,---,1 <5, < N} are real numbers to be
determined. The size of the discretized problem is then equal to N, N; - -+ N,. In the
case when N} = --- = N, = N, the size is equal to N, N? and scales exponentially

with the number of random parameters.

That is the reason why we chose in this thesis work to study a class of algorithms,
called Progressive Generalized Decomposition (PGD), which were introduced in dif-
ferent contexts by Ladevéze [123], Chinesta [5], and particularly adapted by Anthony
Nouy [155] to the context of UQ. These methods are closely related to the greedy
algorithms [174] used in nonlinear approximation. An introduction to general greedy
algorithms and their application to high-dimensional problems are presented in Sec-
tion 5.3. We will detail the contributions of this thesis work in Section 5.4. Lastly, in
Appendix 5.5, we give a short and non-exhaustive review of other numerical methods
used in the context of high-dimensional problems.

5.2 Classical uncertainty quantification methods

We present here a short review of the main classical methods used in the field of UQ.
We refer to [154] for a very good and more exhaustive introduction to this subject.

5.2.1 Partial differential equations with stochastic coefficients

For many physical problems, the response of the system under consideration can be
modeled via a Partial Differential Equation with Stochastic Coefficients (PDESC).
The response u of such a model is a random field (u(z;w)).exr satisfying almost
surely a set of equations

A(u(z;w); e(z;w)) = b(z;w)  in D'(X), (5.2)

where A denotes a differential operator, (¢(x;w))zex and (b(z;w))zex are random
fields denoting respectively the stochastic coefficients the PDESC (5.2) depends on,
and the right-hand side associated with the source terms.

Dealing with a general PDESC of the form (5.2) is an intricate task. The fact
that the response of the system depends on the two random fields (¢(x,w)),ex and
(b(z,w))zex is an inherent difficulty of the system. Indeed, the characterization of
a stochastic field requires the determination of a large number of random variables
(possibly infinite and even uncountable). Let z denote either ¢ or b. Actually, a
random field z can be completely characterized by its finite dimensional probabil-
ity laws, which are the joint probability laws of all finite sets of random variables
{z(z1;w), -, 2(xpm;w)}, with m € N* and zq, -+ , 2, € X [3].
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However, in the case when z is a square-integrable random field, i.e. in the
case when z € Z, @ L*(Q2,P) where Z, is a Hilbert space of functions defined on
X, it is possible to characterize z with a countable number of random variables.
Besides, a priori error estimates are available in order to evaluate the quality of the
approximation when only a finite number of variables is considered. In this case, we
can hopefully approximate accurately a general PDESC of the form (5.2) by a set
of equations of the form

A(u(z;w);z, T(w)) = b(x; T(w)) in D'(X), (5.3)

satisfied almost surely and where T'(w) = (T} (w),---,T,(w)) is a random vector.
The wide majority of methods for uncertainty propagation actually concerns the
approximation of PDESC of the form (5.3).

A large variety of discretization techniques for square-integrable random fields z
can be found in the literature. We present here the two approaches that are most
widely used in standard U(Q algorithms.

Karhunen-Loéve expansion

The Hilbert Karhunen-Loéve (HKL) decomposition [115, 143, 78, 132] is an extension
of the so-called Karhunen-Loéve decomposition first introduced in the case when
Z, = L*(X). The space Z, ® L*(Q,P) is endowed with the natural inner product

V21,20 € Z; ® LQ(Q,P)a <2’1, 22>Zx®L2(Q,]P’) =EK [<Zl(-,w), 22(-,w)>zx] )

where (-, )z, is the inner product of Z,.

For almost all z € X, let p,(z) = E[z(x,w)] be the mean-value of z at a point
x € X. We define the covariance function of the random process z as a function
C, e Z,® Z, where

for almost all x,y € X, C.(x,y) =E[(z(x,w) — p.(2))(2(y,w) — 1. (v))] -

Let us also introduce the linear operator T, from Z, to Z, defined for all z € Z,
and almost all x € X by

T.(3) (@) = (Coy Bz, (@) = E[(2(2,0) — (@), w) — 1:(),3)z,)

Under the assumption that the covariance function C, is regular enough (for in-
stance, has analytic smoothness in x and y), T, defines a continuous self-adjoint
positive semi-definite and compact operator on Z, and can then be decomposed us-
ing spectral theory [163|. There exists (0;);en+ a non-increasing sequence of positive
real numbers converging to 0 and (e;);en+ an orthonormal family of Z, such that

Vi € N*, Tzei = 0;€;.

Then, by defining for all 1 € N*,

1
Ti(w) = \/;i<z("°") = Wz €0) 2,
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the family (7});en- forms a family of square-integrable centered uncorrelated random
variables with unit variance. Such a spectral decomposition actually holds under
weaker assumptions than analyticity of the covariance function, see for example [58|.

The HKL decomposition then consists in decomposing the random process z as
2(@,0) = ma(2) + 3 Vaies(@)Tiw). (5.4)
i=1

This expansion is convergent in Z, ® L?(Q,P) in the sense that

n 2

MR N X Tt

i=1

n
= ||z = A% o208 — D 0 —=0
Zo@L2(Q,P) =1

One can then obtain a discretized version of the random process by truncating the
decomposition

2z, w) & 2z (2, w) = pa(z) + Z Vaiei(2)Ti(w). (5.5)

The truncated expansion (5.5) is the optimal decomposition of the random process
z with respect to the natural norm in Z, ® L?*(£2,P) over the set of approximations
of z under the form g, (z) + Y7 w;(2)S;(w), with w; € Z, and S; € L*(Q,P). In
other words,

2

2 .
Z— Zn 2 = min
|| ||Zz®L (Q,P) (wi)1§i§n€ZQ, (Si)1§i§n€L2(Q,P)”

Z—Nz—iwi@)si
i=1

Z.®L2(Q,P)

Polynomial Chaos expansion

However, the covariance function C, and hence the families (e;)ien+, (7})ien+ and
(04)ien+ involved in the HKL expansion of the process z may be difficult to com-
pute in practice. We present here another very common discretization approach,
the polynomial chaos (PC) expansion. As suggested by Wiener [182], any random
variable in L?(£2,P) can be represented as a series of polynomials of independent
standard Gaussian random variables.

Let us denote by G = (G;);en+ a countable set of independent standard Gaussian
random variables. For all 8 € N, let us denote by hg : R — R the one-dimensional
Hermite polynomial of degree 3. The family (hs)gen then forms an orthonormal
basis of L*(R,¢) where ¢ denotes the gaussian measure ¢(dg) = \/LZ—We_gQ/2 dg. In
other words,

E [hs(G1)hg (G1)] = 0pgr, VB, 8" € N.

Let us now introduce the set of finite-length multi-indices

7= {a = (ﬁi)iEN* S NN*7 ‘a| = Zﬁz < +OO} .

1E€EN*
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For all & = (3;)ien+ € Z, multidimensional Hermite polynomials can be written as
Ha<g) = H;ilhﬁz‘(gi)v

where g = (gi)ien~ € RY'. The family (Ho.(G)),.; then forms an orthonormal
family in the sense that

E [Ha(G)Ha/(G)] = oo Va, o el

The homogeneous chaos of degree p is the space
M, := Span{H.(g); a € I,|a| = p},

and the polynomial chaos of degree p is defined by

p
P M.
k=0

The following orthogonal decomposition holds

L*(Q,P) = (P M.
k=1

In other terms, the set of polynomials (H,(G))sez forms an orthonormal basis of
L*(Q,P). A stochastic process z € Z, @ L*(Q,P) can therefore be decomposed as
follows (compare with (5.4))

where

2o(2) = Ez(z,w)Ho (G(w))] .

The Cameron-Martin theorem [34] states that this decomposition converges in Z, ®
L?(2,P). An approximation of the random process can then be obtained by truncat-
ing the polynomial chaos to a finite degree and a finite number of Gaussian random
variables.

The PC decomposition can be generalized in the following way: if the family of
independent identically distributed random variables G is no more assumed to have
a standard Gaussian distribution, can we still find polynomial families (H,)qen that
allow similar expansions of a square-integrable process, i.e. such that (H,(G))aen
forms a Hilbertian basis of L?(2,P)? The answer is positive. For example, when
the variables G are assumed to be independent variables uniformly distributed on
the interval [0,1], it can be proved that the corresponding orthonormal family of
polynomials are the Legendre polynomials.

More generally, Xiu and Karnadakis [183] have proved that for a large class
of probability distributions, the corresponding polynomial families, which are called
generalized Polynomial Chaos (gPC), can be determined using an Askey scheme. We
refer to [178] for more correspondences between polynomial families and probability
laws.
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Uncertainty quantification problem

Thus, HKL or PC expansions enable us to represent the coefficients (¢(x,w)),ex and
(b(z,w))zex appearing in PDESC (5.2) as random fields of the form (¢(z, T (w)))zex
and (b(z,T(w)))zex where T(w) = (Th(w), - ,Ty(w)) provided that the random
fields are regular enough (typically in Z, ® L*(Q2,P) with Z, a Hilbert space of
functions depending on x € X).

Thus, the PDESC (5.2) can be rewritten as a set of equations of the form

Afu(;w); 2, T(w)) = bz, () in D'(X),
which are satisfied almost surely and where the randomness is modeled through the

finite-size vector T'(w).

In general, the process (u(z,w))zex is then measurable with respect to the o-
algebra spanned by the random vector T'(w). Then, there exists a measurable func-
tion w on X x 7 [27] such that, almost surely,

u(r,w) =u(z, T(w)), for almost all x € X.
In the sequel, the function u : X x 7 — R will also be denoted by wu for the sake of
simplicity.

Thus, solving equations of the form (5.3) amounts to solving almost surely the
set of equations

A(u(z; X (w));z, T(w)) = b(x, T(w)) in D'(X). (5.6)

UQ methods deal with the practical resolution of equations of the form (5.6).

There are three main fields of application of UQ methods, namely, the compu-
tation of

e statistical moments, such as mean or variance, of certain output quantities of
the mode;

e the probability of rare events, linked to reliability issues;
e a response surface to the model.

Prototypical examples of output quantities, whose mean values are of interest, are
the following:

Y:/u(x,T)dx or Y =u(a,T) for some a € X.
X

More generally, such an output can be expressed as a function of the random vector
T:Y = f(T), with f : T — R. Computing the expectation E[Y] of the output ¥
is usually done via Monte-Carlo algorithms, which will be detailed in Section 5.2.2.
The speed of convergence of these methods heavily relies on the use of good approx-
imations of the solution u to design efficient variance reduction techniques.
Computing rare event probabilities usually involves the so-called reliability meth-
ods. These algorithms aim at obtaining good estimates of probabilities of the form
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P[Y > s| where s is a given threshold value so that P[Y > s] is extremely small.
Naive Monte-Carlo methods are not adequate in this particular case since they would
require a huge number of samples. The principle of a reliability method consists in
efficiently “exploring” the so-called failure domain G = {t € 7,y = f(t) > s}. In-
formation on the geometry of this complicate set is usually obtained via efficient
reduced-order models. These methods will be presented in Section 5.2.3.

Lastly, the construction of accurate response surface models consists in directly
computing functional representations of the function u : X X 7 + u(x,t), generally

under the form
u(z,t) =~ Zul(x)fbl(t)
i=1

If a good reduced-order model for the function u is known, classical approaches can
then be carried out in order to compute means, variances, rare event probabilities
or even estimation of the full probability distribution of an output quantity Y.
Section 5.2.4 will be devoted to the most classical methods used in UQ to derive
such approximations.

Before presenting the above methods, let us introduce here a distinction which
is crucial in the field of UQ: the notion of intrusive and non-intrusive methods. In
any of the algorithms presented below, an approximation of the solution u is always
computed under the form

u(z,t) ~ Z w;i(z)®;(t),

where the functions (u;)1<;<, only depend on the deterministic variable z € X and
the functions (®;);<;<, only depend on the stochastic variable ¢ € 7. The problems
which determine the functions (u;)1<i<, (respectively the functions (®;)i<;<,) are
called the deterministic problems (respectively the stochastic problems).

Non-intrusive algorithms are methods where the deterministic problems to solve
to determine the functions (u;)1<;<, only require the resolution of equations of the
form

A(u(x, t;);z,t;) = b(x,t;) in D'(X), (5.7)

for all 1 < i < n for some particular values t; € 7 of the random vector 7. In
numerous practical cases, a black-box deterministic code solving problems of type
(5.7) is available but cannot be modified. The terminology “non-intrusive” refers to
the fact that such methods can be applied using the black-box code.

Intrusive methods, on the contrary, require the resolution of deterministic prob-
lems which are not of the form (5.7) and thus imply the modification of the available
deterministic codes.

5.2.2 Monte-Carlo methods

Monte-Carlo (MC) methods [33] are among the most widely used methods in order
to compute the mean or the variance of a given random variable. In our context, the
MC method consists in drawing n independent samples of the random variable 7"
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t,-++,t, € T. For each k € {1,--- ,n}, the quantity yx = f(x) is evaluated. The
mean of Y, i.e. E[Y] = E[f(T)], is then approximated by the empirical estimator

jue. Wit tun
n ° n °

The variance of this estimator is Var(ﬁbwc) = 1Var(Y). Although the algorithm is
always implementable, even for high-dimensional problems, the rate of convergence

is very slow, of the order of O <7”\{?—5(n)

There exists a very large number of improvements of this MC method. Bet-
ter sampling errors may be achieved through the choice of more efficient sampling
strategies, for example the Latin Hypercube Sampling [148] or Quasi Monte-Carlo
methods [33].

Other techniques aim at decreasing the variance of the empirical estimator. We
present here a few of them.

One of them is the so-called control variate technique. This method consists
in using a reduced-order model f,.(T") whose evaluations are much cheaper from
a computational point of view than for the true model f(7'). Thus, the mean

I, := E[f.(T)] is hopefully much easier to compute. The empirical estimator used
for E[f(T)] is then

fCV =1+ - Z fr tk))

whose variance is given by: Var(fCV) = ~Var [f(T) — f-(T)]. Hopefully, if the
reduced-order model f, is a good approximation of the complete model f, the vari-
ance Var [f(T) — f.(T)] can be significantly lower than the variance of the original
problem Var [f(T')] and the sampling error is drastically reduced.

Another variance reduction technique is the so-called importance sampling method.
It is used in cases when it is known that the main contribution to the mean E [f(T")]
are due to particular values of 7. The original MC method uses samples (tx)1<k<n
that are evaluated using the original probability distribution P of the random vari-
able T. The importance sampling method rather uses samples (t;)1<x<, drawn
according to a biased probability distribution P;¢ which tends to make the most
important realizations of 7" more probable. The empirical estimator is given by

Zf (dpfs> (6).

The variance of this estimator is
~ 1 o, [ dP 9
Var(729) = 1 (| 10 (- ) ()] L)

If P;s is judiciously chosen, the variance can be drastically reduced. However, this
method requires to guess a good biased probability measure P;¢ which is not always
possible in practice. Here again, this choice can be oriented through the use of an
accurate reduced-order model.
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Another method is stratified sampling. The samples (t1)1<x<n are drawn accord-
ing to the original probability distribution conditionnally to being in some specified
“stratas”. This kind of method is inspired by techniques used for polls. In other
words, we use a partition of the set 7 as follows: 7 = U;il Q, and we assume that
the probability p; = P (T € Q;) is known. The mean E [f(7T)] can be rewritten

m

E[f(T)] =Y E[f(T)|T € QP(T € Q).

i=1

Each of the m quantities I; = E[f(T)|T € Q;] can then be estimated using an
original Monte-Carlo method with n; samplings:

where the samples (t;)1<j<p; are independently and identically distributed with re-
spect to the conditional probability law of the random vector E[T'|T" € Q;]. The
empirical estimator is given by

P =3 T
=1

Its variance is Var(f55) = 221]9@22_? where 0? = Var (f(T)|T € Q;). The choice of
the number of samplings n; can be done freely under the constraint y ", n;, = n.
In the case of a proportional stratification, the choice is n; = p;n and the variance
of the empirical estimator is then lower that the variance of the estimator of the

original MC method. Indeed,

n

1 1 —
Var(f)€) = =Var(f(T)) > = > pio? = Var(f3%),
n =1
since for all 1 < i < m, o7 < Var(f(T)).

5.2.3 Fiability methods

The aim of fiability methods is to evaluate failure probabilities, namely rare event
probabilities of the form P[Y > s] where s is a given threshold value. Examples
of such methods are the First and Second Order Reliability Method (FORM and
SORM). They consist in approximating the failure domain G = {t € T, y = f(t) >
s} by a simpler domain C' whose probability P(T" € C') can be analytically estimated.

Let us assume here for the sake of simplicity that 7' is a vector of standard
independent identically distributed Gaussian random variables. Fiability methods
can be easily extended to more general distribution laws by considering copula theory
[153]. The first step of the method is to look for the most likely failure point t* € G,
which is called the conception point. Due to the particular properties of the gaussian
probability distribution, it holds that this point is the point of the failure domain G
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that is closest to the origin. It is determined via the resolution of the optimization
problem
t* = argmin [|¢]|.
ted

A large number of optimization algorithms have been proposed in the literature to
handle this problem. For simple failure domains, the convergence is quickly achieved.
Unfortunately, in general, the geometry of the domain G is quite complicated. Of-
ten, when a simple reduced-order model is at hand, the latter is used to give an
approximation of the failure domain in the neighborhood of the conception point.

If the conception point is assumed to be unique and the frontier of the failure
domain is regular enough in the neighborhood of this point, Breitung’s formula gives
the following asymptotic result

1
\/1+ﬁf{,i’

where § = ||t*||, £ is the cumulative distribution of the one-dimensional gaussian
probability distribution and k; are the principal curvatures of the failure domain in
the neighborhood of X*. It must be pointed out that [ is an increasing function of
the threshold parameter s.

The FORM and SORM methods then consist in approximating the failure do-
main G either by a hyperplane or a paraboloid tangent to G' at the point ¢t*. For
the FORM method,

B(Y > 5) ~pe B(~ AL

whereas for the SORM method,
1
P(Y > s) ~ E(-A)I ——.
( 5) ( ﬁ) =1 m

In the case of the FORM method, the computational cost is essentially determined
by the optimization algorithm used to find the conception point t*, since the re-
maining computations do not involve evaluations of the function f. However, in the
SORM method, the computational cost is higher since the curvatures x; have to be
computed and this implies calculating the hessian of the function f at the point t*.

5.2.4 Reduced-order models in UQ

We present here the most classical non-statistical methods used in UQ to derive
efficient reduced-order models for the solution u(z,T") of

A(u(x, T); 2, T) = b(x,T). (5.8)

Sensitivity analysis methods

The perturbation method [117| consists in constructing the expansion of the solution
u(z,T) in the neighborhood of the mean of the random variables . = E[T].

u(w, T) = uo(x +ZT o, Ju +Z (T; = pr ) (T = pery i (@) + -+ (5.9)

7]1
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u 2u
where ugp(z) = u(z, ), ui(x) = g—“(az,u), ui(x) = %&fﬂ_(az,u),

By writing similar expansions for the operator A(-;z,7) and the right-hand-
side b(x,T) and by inserting these expansions in the initial equation (5.8), one
obtains that the coefficients in the expansion of u (5.9) are solutions of the following
problems:

Ao(uo) = by,
Ao(u z) bﬂ‘ — AJ‘(U()),

)

Ao(uzg) = by —Ailuy) — A (u) — Aij(uo) - -

All these problems are deterministic problems with the same deterministic operator

Ay = A(:;x, ). Perturbation methods are essentially used in order to perform
sensitivity analysis of the solution u with respect to the random parameters 7" =
(Ty,---,T,) around their mean values. Unfortunately, these methods are often

limited to a small order expansion. In practice, perturbation methods are used to
compute statistical moments up to the second or third order. Thus, their application
is limited to the case when the random parameters which come into play do not
significantly vary.

The Neumann decomposition method [10] is based on the following decomposition
A2, T) = Ag(52) + A( 2, T) = Ao(Z + AgPA(5 T)),
where Ay is a deterministic operator, A" its inverse and Z the identity operator.

Under some assumptions, the inverse of the operator A can then be written as

A7, T) = Y (D) (A A 2, T)) A

i=0
so that the solution u of the initial problem (5.8) may be rewritten as

o0

u(a, T) =Y (—1)u(x,T)

=0

where

Ao(ug(z,T);x) = Z?/(:E,T),

Ao(ui(z, T);x) = A(uiq1(z,T);2,T).

All the functions u; are solutions to deterministic equations with a stochastic right-
hand side with a unique deterministic operator Ay. However, these computations
are very expensive, since they are prone to the curse of dimensionality (they lead to
high-dimensional parametrized problems). Similarly to perturbation methods, they
can only be used to compute low-order statistical moments of the solution w.

Both the perturbation method and the Neumann decomposition method are
usually used to do sensitivity analysis of the function u on different random variables
and are used to compute statistical moments of low order in these variables.
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Spectral stochastic methods

The principle of spectral stochastic methods [92] is to decompose the function u as
u(a,t) =Y ui(x)®y(t),
i€N
where (®;(t));en is a family of functions fixed a priori, and to compute the unknown
coefficients u;(z).

The Galerkin method is one of the most widely used spectral stochastic method.
For M &€ NP, the family (®;(7(w)))1<i<n is often chosen to be an orthonormal family
of functions of L?(,P). We consider the weak formulation of the initial problem:

E — E[b(x, T)¥(T)],

A <Z uk(x)q)k(T);x,X) U(T)

for U(T) € L?(Q,P), and we evaluate this equation for the test functions ¥ = ®; for
1 <@ < M, which leads to a set of M coupled deterministic equations to determine
the coefficients u;(z).

We should remark that this method is intrusive in the sense defined in Sec-
tion 5.2.1.

However, there exists other spectral stochastic methods that are non-intrusive.
One of them is the so-called stochastic collocation method. This technique relies on
the choice of a set of collocation points {tx}1<r<n, and an associated interpolation
basis (®y)1<k<nr for this set of points, for example Lagrange polynomials [11]. In
the expansion

u(a,T) =Y uy(x)Pk(T),

the coefficients uy(x) are then evaluated as the solutions of the initial deterministic
problem

Alug(x); z, t) = b(x, ty),

with ¢, € 7 being the collocation point. Several techniques exist in the literature
in order to properly choose the set of collocation points, such as Smolyak grid [180]
for instance. We refer to Section 5.5.2 for more details on sparse grid methods.

Let us mention a last non-intrusive spectral stochastic method, the non-intrusive
projection method. The function v is developed as

u(a,T) =Y uy(a)Pk(T),

where (®,(7))M | is an orthogonal family of L?(2,P). The coefficients

E[®x(T)?]

ug(x) =

are then evaluated using a direct numerical integration technique, such as the Monte-
Carlo method. However, to achieve accurate representations of the function u, a high
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number of integration points are needed, like in the case of collocation methods, and
thus computations may be very expensive, unless special sparse adaptive integration
grids are used. Of course, the accuracy of such a representation will also highly
depends on the regularity of the function w.

The table below summarizes different properties of the U methods introduced
above. Unfortunately, they are all prone to the curse of dimensionality, except
Monte-Carlo methods, for which efficient reduced-order models are crucial to im-
prove the rate of convergence of the algorithm. It is to be noted though that the
goals of these methods are different. Monte-Carlo and reliability methods aim at
computing esperances and probabilities of random scalar output quantities, whereas

the other methods aim at computing a complete approximation of the function
(x,T) — u(z,T).

Ceterminitic/Stochastic Intrusive/MNon-intrusive tain application Rigorous error estimates
IMaonte-Carlo Stochastic Man-intrusive Statistical moments ‘s
Reliability Methods Stochastic Intrusive Rare events Mo
Perturbation Determministic Intrusive ROM Mo
Meumann Determministic Intrusive ROM Mo
L2 projection Deterministic Mon-intrusive RO Mo
Collocation Deterministic Mon-intrusive ROM Mo
Galerkin Deterministic Iritrusive RO ‘i2s
MNeed of a ROM Regul arity of the function Prone to the curse of dimensionality
Monte-Carlo Yes Mo Mo
Reliability Methods Yes ‘fes Yes
Perturbation Mo Yes Yes
Meumann Mo Yes es
L2 projection o Yes Yes
Collocation Mo ‘fes Yes
Galerkin Mo 1]} Vs

Figure 5.2: Classical methods in UQ

5.3 Greedy algorithms and tensor product repre-
sentations for high-dimensional problems

In this section, we present the approach we adopt in this thesis to deal with the
uncertainty quantification problem presented in the introduction. The method is
called Proper Generalized Decomposition (PGD) and is very closely linked to the
so-called greedy algorithms, introduced in nonlinear approximation theory. We first
present greedy algorithms in a very general context, then show how they can be
used in practice for the treatment of high-dimensional problems.
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5.3.1 Greedy algorithms

We present here a short and non-exhaustive review of some greedy algorithms in a
general framework. We refer to [12, 75, 174| for more details.

Let V be a real Hilbert space endowed with the inner product (-,-)y and as-
sociated norm || - ||y. We say that a set D of functions (elements) from V is a
dictionary if each element g € D is such that ||g||y = 1 and Span(D) = V. For the
sake of simplicity, we will assume here that the dictionary is symmetric, i.e. that
{—9, g€ D} CD.

A generic mathematical problem is the best n-term approximation problem, i.e.
to find the best approximation of a function v € V' by any linear combination of at
most n elements of the dictionary. In other words, we would like to find n elements
g1, ,gn € D such that

(g1, ,gn) € argmin ||u— Py, ... g ullv,
(d1,+,dn)ED
where Py, ... 4, is the orthogonal projector on Span{dy,--- ,d,} with respect to the

scalar product of V.

Finding the best n-term approximation is a very intricate task and cannot be
achieved in an explicit way. The problem is actually to find a good approximation
of any function u € V' as a linear combination of n elements of the dictionary.

In linear approximation, the set of n elements ¢1,---, g, € D are often fixed a
priori and any function u € V' is approximated by its projection F,, .. 4, u on the
linear space Span(gi,- -, gn)-

On the opposite, the key idea behind nonlinear approximation is that the ele-
ments used in the approximation are not fixed a priori but depend on the function
to be approximated. Greedy algorithms provide a constructive way to find an ap-
proximation of a function u € V' as a linear combination of carefully chosen elements
of the dictionary. The principle of a greedy algorithm is to look iteratively for the
best element in the dictionary.

Here, we make the assumption that for any u € V', there exists an element (not
necessarily unique) g € D such that

g € argmax .p(u, d)y. (5.10)
It is easy to check that if g is a solution to (5.10), then

(9, (u, g)v) € argmin [lu — Ad]fy.
(d,\)eEDxR

We present here the most classical versions of the greedy algorithms, which were
introduced in [75]. Let us begin with the Pure Greedy Algorithm (PGA) and the
Orthogonal Greedy Algorithm (OGA).

PGA:

1. Set r{ :=w, uf := 0 and n = 1. Choose € > 0.
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2. Find g € D such that
gy € argmax,ep(ry,_1,9)v-
3. Define uf, i=ull_, + (r_,, g2)vgh and 1% i= r2_, — (%, g}yl
4. If ||re]| =< ¢||uk]|, then stop. Otherwise, n = n + 1 and return to step 2.
OGA:
1. Set r§ :==u, uj := 0 and n = 1. Choose ¢ > 0.
2. Find g, € D such that
gn € argmaxyep(ry_i, g).
3. Define HY := Span{gy, 1 <i < n}, u) := Pyo(u) and 77 := u — Ppo(u).
4. If ||re]| < ellug]|, then stop. Otherwise, n = n + 1 and return to step 2.

These algorithms are proved to converge whatever the element u € V.

Theorem 5.3.1. For any dictionary D and any uw € V, it holds that (taking e =0
in the above algorithms)

PGA ||ri]l = [lu —up]l —0;
OGA |yl = [lu = up |l — 0.

To derive convergence rates for these two algorithms, one has to assume addi-
tional properties on the function v € V. For a general dictionary D, we define the
class of functions

AYD, M) = {uEV, u=Y cgvg, v €D, #A <00, ) el SM},

keA keA
and we define A;(D, M) to be the closure in V of AY(D, M). Furthermore,
AD) = | AuD, M).
M>0

Then, the following theorem holds:

Theorem 5.3.2. Let D be an arbitrary dictionary in V. Then, for each u €
Ay(D, M), we have for all n € N*,
Il = llu —wb]| < Mn="/%2,

Il = llw = w | < Mn™Y2,

Actually, the first convergence rate which was proved for the Pure Greedy Algo-

rithm was
172) = flu— B < Mn~"/5,

and the factor % was later improved to %.
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5.3.2 Greedy algorithms for high-dimensional problems

Let us now present the greedy algorithm as it is used in the Proper Generalized
Decomposition for the treatment of high-dimensional PDEs. This method was in-
troduced by Ladevéze [123] in the context of time-space decomposition, by Chinesta
[5] for the computation of high-dimensional Fokker-Planck equations for polymers,
and by Nouy [155] in the context of UQ.

Let a : X x 7T — R be a measurable function such that there exists a, 5 > 0
such that
V(z,t) e ¥ x T, a <a(z,t) <[. (5.11)

We will focus on two prototypical problems of interest:

find w € L*(T, H} (X)) such that (5.12)

—div,(aV,u) = fin D(X x T), '
and

find uw € H} (X x T) such that (5.13)

—div,4(aVyu) = fin D'(X x T), '

with f € L*(T x Z). Problem (5.12) can be seen as a diffusion problem with uncer-
tainty, ¢ denoting the set of random parameters. Problem (5.13) is a multivariate
Poisson problem.

More generally, let V' be a Hilbert space of multivariate functions u(x,ty,--- ,t,)
and let V,,Vi,---,V, be Hilbert spaces of single-variate functions which depend
respectively on x, ¢, - ,t,. The key principle of the PGD relies on the use of the
following particular choice of dictionary:

D .= {T®8(1)®"'®S(p) lreV,, sWew, -, sPeV, |rosVe---0sP|, = 1},
where the tensor product notation means

XxTy x- - xT, — R

p
<x7 tl? N 7tp> — T(.T)S(l) (tl) e S(p) (tp)

rosVe.-..@s® . {
Let us denote by
S={resVe.---@s? recv,, sWen, .. P eVl
Under the assumptions
(Al) X CV;
(A2) mll~llv — V.
(A3) ¥ is weakly closed in V,

D is a well-defined dictionary of V. Actually, the third condition is a sufficient
condition to ensure that maximization problems of the form (5.10) have at least one
solution.
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Performing a greedy algorithm with this particular dictionary provides a sepa-
rated representation of a given function u € V' of the form

u(z, by, t,) =~ Zﬁc t1) l(cp)(tp)

- ZTR@SI(CI)®“'®Sl(cp)('r7t17"' 7tp)'

Both problems (5.12) and (5.13) can be written as minimization problems

u = argmin £(v), (5.14)

veV
where £(v) := ||v — u||}. For problem (5.12), V = L*(7, H}(X)) and
YoevV, |vlf = / a(x,t)|Vyo(x,t)|? de dt.
XxT
For the multivariate Poisson problem (5.13), V = HJ(X x 7) and

Vo eV, Julf? = / o, 8) |V o, D ddt
X XE

The PGD algorithm for the resolution of a high-dimensional problem of the

general form (5.14) reads: for all n € N* compute iteratively (rn,sg),- s )) €

Ve x Vi x -+ x V, such that

n—1
(1, s - sP)) € argmin & Z T & 3(1) ® - ® s,(f) +resVe. . @s
(r,s(M) s s(P))EV X Vi XX V) =1

(5.15)
In other words, this algorithm exactly amounts to performing a Pure Greedy Algo-
rithm in the Hilbert space V for the approximation of u with the particular dictio-
nary D.

In the case of two Hilbert spaces V, and V;, the algorithm reads: for all n € N*,
compute iteratively (r,,s,) € V, x V; such that

n—1
(rn, Sp) € argmin & <Z T ® S +71r® s) . (5.16)

(r,s)eVex V4 1

For each n € N, we use the notation u,, := Zzzlrk ® sl(j) Q- ® s,(gp), or U, :=
Y h_, Tk ® sp in the case of two Hilbert spaces.

In practice, at each iteration n € N*, the computation of (rn,ss), . -sszp)) is

done by solving the Euler equations associated to the minimization problem (5.15)
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through a fixed-point procedure. For instance, the Euler-Lagrange equations asso-
ciated with problem (5.16) for problem (5.12) read:

— ( /T |Sn|2) div,(aV,r,) = / (f +dive(aVup-1)) sp,

T

(/ a|ern|2) Sp — / (f + divx(avxun—l))rna
X X

and those for problem (5.13) read

—din {(/Ta|sn|2) V$Tn:| + (/Ta|vt3n|2) T'n = /T(f + divx,t(avx,tun—l)) Sn,
(/X a|V$Tn|2) S, — divy [(/X a|rn|2> Vtsn] = /X (f +dive(aVytin—1)) .

(5.17)

The fixed-point algorithm to solve the Euler equations (5.17) for instance consists

in calculating iteratively pairs (77, s") € V, x V; for each m € N by the following
procedure

—div, [([;als? ) Vorm] + ([ al Vst 2) rm = [ (f 4 dive(aVg 1)) s77

(fXa|V | ) — div; [(fXa|r;”|2) } fx [+ dive (aVysun—1)) .

The initial guess (r?, s?) is usually chosen randomly.

n’ n

An orthogonal version of this greedy algorithm can be defined as follows:
1. set ug =0 and n = 1;
2. compute (7, sg), o ~S£Lp)) €V, x Vi x -+ x V, such that
(rp, s, P € argmin EWw+resVe. o).
(rysM) e s(P)EV X Vi XX V)
(5.18)
3. compute (g, -, a,) € R™ such that

(a1, ap) € argmm & <Z Bt ® S(l) 2 - Sl(cp)> :

(B1,+,Bn)ER™ k=1
o _ N\ N () —
4.osetud =, _ ourg®s,’ ®---s; and n=n+ 1.

5.3.3 Convergence results

Why does such a representation enable one to avoid the curse of dimensionality?
Using the same notation as in the introduction, when the Hilbert spaces are dis-
cretized, i.e. when V, = Span{¢;, 1 <7 < N,} and V| = Span{w](l), 1 <5< N}
for 1 <[ < p, computing an approximation of u under the form (5.14) amounts to
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solving n problems of size N, + Ny +---+ N,,. In the case when Ny =--- =N, = N,
then each iteration of the algorithms amounts to solving n problems of size N, +pN.
Here the dimension of the discretized problems solved at each iteration scales lin-
early with p and the greedy algorithm can then be used for computing the solution
u of problems which cannot be tackled by standard Galerkin methods. However, the
price to pay is that computing the pair (r,, s,) € V, x V; at each iteration n amounts
to solving a low-dimensional nonlinear problem (even if the original high-dimensional
problem is linear).

The greedy algorithm (5.15) was proved to converge for problem (5.13) in [130]
with V, = Hg(X), V; = Hy(7;) for all 1 < j < p and a = 1, and the analysis done in
this paper immediately extends to problem (5.12) with V,, = H}(X) and V; = L*(7;)
for 1 < j < p. Similar results were proved in an even more general context [86],
which encompasses the cases of (5.12) and (5.13) for an arbitrary diffusion coefficient
a satisfying the uniform ellipticity assumption (5.11).

Actually, in these cases, the set X satisfies assumptions (A1)-(A3) and the con-
vergence results of the Pure Greedy Algorithm and Orthogonal Greedy algorithm
introduced in Section 5.3.1 hold.

Thus, for all u € V,

[un — ufly — 0 (5.19)
and
|ug — u|ly — 0. (5.20)

Besides, for all u € A;(D), where

“+o00 “+oo
A (D) = {uE v, u:Zrk®s£}) ®---®s,§p), Z||Tk®sg) ®---®s§€p)||v < +oo},
k=1 k=1

there exists a constant C' > 0 such that
|1 — ||y < Cn~1/62, (5.21)

and
|w—ullly < Cn~2. (5.22)

In our particular setting, the set A;(D) is called the projective space, and for all

u & Al(D),

—+oco “+o0
| u)|, := inf {Z Ire®sP @@ sPly, |u= Zrk sW®. 8,(5’)}
k=1

k=1

is called the projective norm of w.

5.3.4 Characterization of the set A;(D)

A natural question is the following: is it possible to give a simple characterization
of the set A;(D) when the Hilbert spaces V, V,, Vi, ..., V, are standard Sobolev
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spaces? Simple characterizations of the full set A;(D) are not known so far. How-
ever, it is possible to identify subsets of A;(D) which can be characterized either
in terms of standard Sobolev spaces or in terms of mixed Sobolev spaces. These
characterizations are given in [86] for arbitrary diffusion coefficients a, but, for the
sake of simplicity, we detail the results of problem (5.13) with a = 1.

Then, the following theorem holds:

Theorem 5.3.3. Let us assume that, X, T, ..., T, C R%. On the one hand, provided
that m > 14 (p+1)d/2,

H™X xT)NHy(X xT) C A(D). (5.23)
On the other hand, if d =1,
H*>™ (X x T)NHY (X xT) C A(D), (5.24)
where
2 miz o $eL*(X xT), 0,0 € L*(X xT),
i (XxT) = { Va = (ag, a1, ap) € NPT ol = max(a,, maxi<j<, ) <2 [
Besides, if d = 2, 3,
HY™ (X x T)NHY} (X xT) C A(D), (5.25)
where
A miz o ¢ e L X XT), Oup € L2(X x T),
H (XXT) = { Vo = (ag, aq, -+ ,a,) € NP ol = max(a,, maxi<j<pa;) <4 [

Characterization (5.23) had already been proved in [130] for the case d = 1. All
these characterizations are useful in themselves since there is no simple link between
standard Sobolev spaces and anisotropic Sobolev spaces H*™@(X x 7). One of the
nice features of (5.24) and (5.25) is that these results do not depend on p.

Let us introduce the definition of tensor product of spaces. Let (-,-)s be the
scalar product defined on Span(X) by

‘v’(r,s(l),--- ,5<p>),(;:,g<1>,... ’g(p)) EV,x Vi x - xV,
s, @sP) FRIV @ © 5Py = (1, )y, (sO, 50y, - (s®), 50,

and let || - || be the associated norm. In particular,
v(r, s ... ’3(12)) € VyxVix--xV, ||r®3(1)®. . .®5(p)||® = ||T||Vx||3(1)||\/1 e ||5(p)||vp’

and || - || is called a cross-norm.

Then, (Span(Z)”.”@), (-, ->®) defines a Hilbert space which is denoted by V, ® V] ®

---®V,, and is called the tensor product of the spaces V,,, Vi, ..., V,,. Note thatif V' is a
Hilbert space such that conditions (A1)-(A3) are fulfilled, then V, @V ®---@V, C V
but the inclusion may be strict.

In the case of problem (5.12),

V= [T, BYX)) = Hi(X) @ [A(T) @ -+ LX(T) =V @ Vi &~ & V.
However, in the case of problem (5.13),
V8 Vi@V, = HY(X)© HA(T) ©- -+ H(T,) CV = HAX X T x -+ x Ty).
We refer to Chapter 6 for a proof of this latter fact.
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5.3.5 The Singular Value Decomposition case and the general

linear case

There are two different cases which should be highlighted regarding properties of
the greedy algorithms introduced above.

Case 1:

Case 2:

The Singular Value Decomposition case

Let us consider the case when £(v) = ||[v — u||}, where V =V, ® V} (tensor
product of only two Hilbert spaces) and the norm || - ||y is a cross-norm in the
sense that for all (r,s) € V, x Vi, || @ s|lv = |7 |lv. [|s]|v;-

This is typically the situation of (5.12) with p = 1. Then, the pairs (r,, s,) €
V. x V; computed at each iteration of the greedy algorithm (5.15) satisfy the
following orthogonality property [130], which is an immediate consequence of
the Euler equations associated to the minimization problem (5.16):

Vn #n', (sn, Su)v, = (Fay T )v, = 0. (5.26)

This orthogonality property implies that the approximation wu, = > ,_, 74 ®
of u given by the greedy algorithm at iteration n is a best rank-n approximation
of u in the sense that

n

u—Zrk@)sk

k=1

n

ZL—-}E:?%Q@%%

k=1

(5.27)

= inf
(Fie,55 )€V X Vi, 1<k<n

\4 \4

Besides, the Pure Greedy and Orthogonal Greedy algorithms are equivalent
to one another and the decomposition of u under the form

o0
U= E T X Sk
k=1

with orthogonality properties (5.26) is unique. Note that in the case when
V, and V; are finite-dimensional subspaces of L?(X) and L*(7), the greedy
algorithm produces the Singular Value Decomposition of the matrix w.

Let Ay = ||rp ® sgl|y for all 1 < k < oo. The sequence (Ag)ren+ is non-
increasing, and the decay rate of the algorithm is directly related to the decay
rate of the sequence (\g)ren+ in the sense that

—+00 [e%¢)
lu—wll = > Ire@silli = > AL

k=n+1 k=n+1

The linear case

Now let us consider the case when £(v) is still a quadratic functional of the
form £(v) = |[v — u||?, but when the number of Hilbert spaces is greater
than 3 or when the norm || - ||y is not a cross-norm. Even if the convergence
properties of greedy algorithms (5.19), (5.20), (5.21) and (5.22) still hold, the
orthogonality property (5.26) is no more true in general. This implies that the
rank-n decomposition given by the greedy algorithm is not optimal in general
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in the sense that (5.27) does not hold anymore. The Pure and Orthogonal
greedy algorithms are not equivalent to one another and the decay rate of
| — u,||3 cannot be easily linked to the sequence of the norms of each tensor
product functions appearing in the expansion given by the algorithms.

Let us emphasize that the Poisson problem (5.13) is a prototypical example
of situation where the norm || - ||y is not a cross-norm. Actually, it holds that
V, ® Vi = H)(X) ® HY(T) S V = HY(X x T).

When we began this thesis work, the only convergence results which were rigor-
ously proved for the greedy algorithm (5.15) concerned cases when

Yo eV, Ew) = |lv—ul?, (5.28)

for some u € V and some norm || - ||y-. A prototypical case of problem which can be
rewritten as a minimization problem of an energy functional of the form (5.28) is

(5.29)

find u € V such that
Vo eV, a(u,v) = b(v),

where a : V x V — R is a symmetric continuous coercive bilinear form on V' x V
and b: V — R a continuous linear form on V. In this case, the energy functional £
can be defined as £(v) = ||v — u||} where

1
vo eV, Jlelf} = 5a(v,0)

The main contributions of this thesis work are the following. In a joint work
with Eric Cances and Tony Leliévre, we have extended these convergence results to
the case when & is a general nonlinear strongly convex energy functional. These
results are detailed in Section 5.4.

5.4 Contributions of this thesis work

5.4.1 Nonlinear convex problems

A natural mathematical question is the following: does the algorithm (5.15) pre-
sented in the preceding section still converge when the energy functional £(v) is no
more assumed to be a quadratic energy functional? The answer to this question is
positive and it was proved by Eric Cancés, Tony Leliévre and myself in [39]. The
results and proofs gathered in this article are presented in Chapter 6.

These are an extension of the results proved in [130] to the case when & is a
general strongly convex (possibly non quadratic) energy functional.

Let us introduce the following assumptions:

(A4) the energy functional £ is differentiable and strongly convex, i.e. there exists
a > 0 such that

Vo, w €V, E(v) 2 E(w) + (VE(w), v —w)y + Sv - wll};
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(A5) the gradient of £ is Lipschitz on bounded sets: for each bounded subset K C V|
there exists a constant Ly > 0 such that

Vo,w € K, [VE@) — VEw)|ly < Licllv —wlly.

Theorem 5.4.1. Assume that conditions (Al1)-(A5) are satisfied, then the itera-

tions of the greedy algorithm (5.15) are well-defined, in the sense that there exists

a minimizer (1, 5511), e ,sﬁf”) eV x Vi x---xV,to (5.15). Moreover, it satisfies
T & s @ sP # 0 if and only if u,_1 # u. Besides, the sequence (uy,)nen+ Strongly

converges in V' towards the solution u of (5.14).

We were not able to derive convergence rates for this algorithm in the general
case. However, we prove in [39] that the algorithm converges exponentially fast in
the finite-dimensional case.

Theorem 5.4.2. When the spaces V,, Vi, ---,V, are finite dimensional, the conver-
gence rate of the algorithm is exponential, i.e. there exists C,o > 0 such that for all
n € N*,

|wn, — ully < Ce ",

It should be noted that in the above theorem, the constant C' can be esti-
mated by ||u|[y but the constant o heavily depends on the dimensions of the spaces

Ve, Vi, -+, V, and the number of variables. Indeed, if we assume that dimV, =
dimV; = --- = dimV,, = N, then the constant 1 — o scales like N~"*1) as N goes to
infinity.

In practice, when the Euler equations associated with the minimization problem
(5.15) are solved, one can never be certain that the solution (7, s, s ) is the
global minimum of (5.15). We prove in [39] that, in the case of two variables, and

under the additional assumption

(A6) there exists 3, > 0 such that for all (r,s) € V, x V},
Bllrlvalislive < llr @ sllv < llrllv. lIslvi,

it is not necessary to reach the global minimum of (5.16) to ensure the convergence
of the greedy algorithm. However, our proof cannot be straightforwardly extended
to problems involving three or more spaces.

Theorem 5.4.3. Assume that we consider only two Hilbert spaces V, and Vi and
that conditions (A1)-(A6) are satisfied. Then, if at each iteration n € N, the pair
(Tny Sn) € Vi x V. is chosen to be a local minimum of (5.16) such that E(u,) <
E(up—1), then (upy)nen+ still converges strongly in V' towards the solution u of (5.14).
Besides, if the Hilbert spaces V. and V; are finite dimensional, the rate of convergence
of the algorithm s still exponential in n, i.e. there exists C,o > 0 such that

|y — ully < Ce™.
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From these results, a natural strategy can be adopted to deal with an obstacle
problem with uncertainty with a large number of random parameters (keeping in
mind the original problem presented in the introduction): the idea is to use a pe-
nalized formulation of the obstacle problem to apply the Progressive Generalized
Decomposition algorithm. We implemented the PGD algorithm on a particular toy
obstacle problem and observed numerically that the usual fixed-point procedure
used for the minimization of quadratic functionals does not converge for the resolu-
tion of the Euler equations associated to the minimization problem (5.15) when the
penalization parameter is too large. A numerical procedure to find a suitable pair
(rn, Sp) ensuring the convergence of the greedy algorithm is proposed in Chapter 6
to circumvent this difficulty.

Let us mention that the results we proved in [39] were later extended by Nouy
and Falco [156] to the case when Banach spaces (instead of Hilbert spaces) are
considered, as well as for the orthogonal version of the greedy algorithm.

5.5 Appendix: Other methods for high-dimensional
problems

Of course, greedy algorithms and PGD are not the only methods proposed in the lit-
erature to try to circumvent the curse of dimensionality. We present here a short and
non-exhaustive review of other numerical methods used to deal with the resolution
of high-dimensional differential equations.

5.5.1 Other tensor product representation formats

We focus here on the case when the Hilbert space V' of multivariate functions can be
written as a tensor product of Hilbert spaces of univariate functions V = @?~_, Vi.
For all 1 < ¢ < p, an element u; € V; may be viewed as a function u; : z; €
X; — wu;(x;) and an element uw € V may be viewed as a multivariate function
(X1, ,xp) € Xy X - X Xy = u(xyg, -+, 2p).

The concepts that are reviewed here are explained with more details in [103, 120,
164].

Before introducing the main tensor formats that are encountered in the literature,
let us recall the notion of embedded manifold [61].

Definition 5.5.1.

o Let N and M be topological manifolds of respective dimensions n < m. A
topological embedding of N in M is a continuous map © : N — M which
carries N homeomorphically onto its image i(N).

o [f M is a manifold and M C M, we say that M is an embedded manifold of
M if there is a manifold N and an embeddingi : N — M such that M = i(N).

We will consider here the application of tensor formats to the resolution of min-
imization a given function £ : V' — R. If M (which will correspond to a fixed set
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of tensors with a given format) is an embedded manifold of V', approximation on
M can be performed by the Dirac-Frenkel variational principle [144]. Denoting by
Ty M the tangent space of M at U € M, the minimization of the functional £ leads
to the following equation

find U € M such that
YV e TUM, <5,(U), V)V =0.

The numerical treatment of such an equation then requires that an efficient parametriza-
tion of the tangent space Ty M is available.

Let us now present the tensor formats which are mainly used in order to represent
a function u € V. The most classical method is the so-called canonical decomposition
of the tensor u. This method uses a representation by r elementary products of
single-variate functions:

(X1, xp) = u(zy, - x,) = Z <®ulk> (1, -+, ap). (5.30)

k=1 i=1

In the case when p = 2, this format can be rewritten as

(1, m) = u(xy, 29) = Zulvk ® ug (21, T2).
k=1
The number of terms r in the expression above is called the canonical rank of the
function u. This decomposition can also be found in the literature under the names
CANDECOMP or PARAFAC [120].

In the case when dim (V;) = n for all 1 < ¢ < p, the complexity of the canonical
representation is equal to rpn, which makes the canonical format a very popular
choice for the treatment of high-dimensional problems [16]|. This is indeed the choice
that is made in the PGD approach we have explained in the previous section with
r=1.

However, the set of rank-r-tensors

T p
C, = {ueV, w(xy, - ,:L’p):z <®uzk> (X1, ,mp), VI <k <r V1<i<p, ui,kEVi},

k=1 i=1

is not a weakly closed subset of V' as soon as d > 3 and r > 2 [69]. This implies
that there may not exist a best approximation, i.e. there may not exist a minimizer
to the problem

inf flu— iy

Moreover, C, is not an embedded manifold, which makes difficult the identification
of a tangent space, which is needed in practice for the resolution of high-dimensional
partial differential equations.

Other tensor formats exist in the literature to avoid the shortcomings linked to
the canonical representation of a tensor. Among them, the Tucker decomposition
uses the following representation of a tensor u:

71 Tp p
(xl’ .. .g;p) — u(g;l, N 7gj‘p) = Z e Z Ckn,---,kp <® ui,l%) (;L’l’ e ’l’p),
i=1

ki=1  kp=1
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where for all 1 <@ <p, r; € N*, w;y, € Vi forall 1 <k; <r; and ¢g,,...p, € R. In
the case p = 2 this decomposition can be rewritten as

ryoor

(21, 22) = (w1, 22) = Z Z Ch Utk ® Uz pr(T1, T2),

k=1 k'=1

Actually, in the Tucker format, the function u is decomposed over all the possible
tensor products between the functions (u; g, )1<k;<r, for all 1 <i <p.

The vector ry := (r1,---,r,) € (N*)? is called the Tucker rank of u. For any
function u € V which has a finite-rank Tucker decomposition, the Tucker rank r is
unique. Besides, 7,.,., which is the set of tensors of Tucker rank rp, is weakly closed in
V', which ensures the existence of best approximations, and is an embedded manifold
[118], and its tangent space is well-characterized. Thus, it possesses all the desirable
theoretical properties but, unfortunately, its complexity still scales exponentially
with the number of Hilbert spaces p. Actually, if rp = (r,--- ,r) and if dimV; = n
forall 1 < < p, the complexity scales like O(r?4nrp), which limits the applicability

of the Tucker format for very large p.

The tensor train (TT) decomposition [158] enables one to get rid of this expo-
nential complexity. In this representation, the function u is decomposed as

(xla"'vxp) = u(xla"'vxp)
Tp—1

= > o > Ui(m, k)Us(kn, w2, ko) -+ - Uyt (R pt, ket ) Up(po1, 7).

ki=1  kp_1=1

The TT rank of u is then defined as ryr = (r1,- -+ ,rp,—1) € (N*)P71. In the above ex-
pression, the function u is represented by matrix-valued functions Uy (z1), - - - , Up(z,)
where
ry U1<.§L’1) € Rlxrl,
Ty + UQ(ZL‘Q) € erxm’
xpfl — Upfl(xpfl) c RTP—QXTp—l’
z, — Uplx,) € R

Thus, the function u can be written as a product of matrices
w(zy, - wp) = Ur(a1) - Up(zy).

Such a decomposition is also called a matriz product state. Again, the set of functions
of T'T rank at most rpr is a weakly closed subset of V' and an embedded manifold
which possesses a stable local parametrization of its tangent space [113]. Besides, its
storage complexity scales like O(r*np) which enables one to get rid of the exponential
dependence in the dimension of the Tucker format. That is why the TT format is a
popular way for treating high-dimensional problems.
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The hierarchical Tucker (HT) format introduced in [104] is a generalization of
the T'T format, which uses a hierarchical splitting, described by a binary dimension
partition tree.

Let us highlight here the link between these different tensor formats and methods
used in the field of quantum chemistry [164]. The canonical representation with
r = 1 corresponds to the Hartree-Fock model, where the electronic problem is defined
over the set of Slater determinants, which are antisymmetrized versions of tensor
product functions. The Tucker format is applied in the multi-configurational self-
consistent field approach and the TT format is closely linked to the Density Matrix
Renormalization Group algorithm.

The most common algorithms used to compute in practice local best approxi-
mations of a given tensor in the Tucker, TT or HT format usually perform a series
of successive Singular Value Decompositions [103]. For the Tucker format, the most
common algorithms are higher order orthogonal iteration (HOOI) [68], Newton-
Grassman approach [82] or Higher Order Singular Value Decomposition (HOSVD)
[67]. Similar algorithms were recently proposed independently by Oseledets [158]
for the TT format and Grasedyck [96] for the HT format.

For the treatment of high-dimensional optimization problems, the main meth-
ods at hand are either the use of greedy algorithms (as exposed in Section 5.3)
or Alternating Least Square approaches [112]. The latter is a generalization of the
fixed-point algorithm presented in Section 5.3 to more general tensor formats, which
consists in (i) choosing a given variate x; with 1 <14 < p, (ii) computing the optimal
(in a certain sense) single-variate functions U(z;) while keeping fixed the functions
depending on the other variates, and, (iii) repeating sequentially the procedure for
all 1 < <np.

5.5.2 Sparse grids

The sparse grid method is a numerical discretization technique for multivariate
problems. This approach was first introduced by Smolyak [169] then developed
by Zenger [184]. A very complete introduction to sparse grids can be found in [32].
We will only give here a brief overview of this method. Sparse grid methods are also
known as hyperbolic cross points or splitting interpolations.

Let X = [0,1]. The sparse grid method relies on the use of multilevel bases
which are constructed as follows. In the classical approach, the hierarchical basis
functions are constructed with the standard hat function

¢(€) — { 1— |£| lfé € [_17 1]7

0 otherwise.

Then, a set of uniform grids of level m and mesh width h,, = 27 are introduced.
The grid points &, ; are defined as

Emyi =127, 0 <@ < 2™

To these grid points is associated a family of basis functions (¢, ;) defined

by
@m@w=¢(£§%ﬂ)-
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This basis is the standard basis of the set of P; Lagrange finite element functions
with mesh size 27 that are equal to zero on the boundary of X. It is usually called
the nodal basis or Lagrange basis. Let us denote by

Vi = Span{¢y,;, 1 <i<2™ -1}

the space of P; finite element functions with mesh size 27. Let us also introduce
the hierarchical increment spaces W,,, defined by

W, := Span{¢y,;, i € I, },
where
I, ={ieN, 1<i<2™—1, iodd}.
These increment spaces then satisfy the relation

Vm = @Wlm

k<m

where the notation € means that the sum is direct. The natural basis corresponding
to this decomposition, i.e. (¢ik)..,, el is called the hierarchical basis of V,, and
any continuous piecewise linear function u € V,, can be uniquely decomposed as

m
U = Z Z Uk i Ok iy

k=1 i€l

where u,; € Rfor all 1 <k <m and i€ I.
Before describing how the above discretization can be generalized to high-dimensional
spaces, let us introduce some notation. Ifi = (iy,--- ,4,) € NPandk = (ky,--- , k) €
NP are multi-indices, the notation
i<k
means
VI <j<p, i<k

Besides, 2! denotes the multi-index (2%, - - | 2%) € N? and 1 the multi-index (1,---,1) €
NP,

A multidimensional hierarchical basis of X? = [0,1]? can be constructed by
using the p-dimensional tensorization of the one-dimensional basis (¢y,;), <h<m, icl,"
In other words, if m = (m4,--- ,m,) € N? is a multi-index denoting the level of the
discretization in each dimension, we introduce the set of grid points X, ; defined as

Xm,i = (xm17i17 e 7xmp7ip) where i = (ih e 7ip> e N
with 1 <i < 2™,

Then, for each grid point Xm,;, we introduce the associated p-dimensional basis
function ¢, ; which is defined as the tensor product function

¢m,i(x17 e 7xp) = H?:lgbmj',ij (l’])
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Figure 5.3: Piecewise linear hierarchical basis (solid line) and nodal point basis

(dashed line) [32]

The family (¢m,i);<jcom_, forms a nodal basis of the set of continuous piecewise
p-linear functions equal to zero on the boundary of X”

Vi = Span {¢m;, 1 <i<2™ -1}, (5.31)

Similarly to the one-dimensional case, the hierarchical increments W, are defined
by
Win = Span{¢mj, i € Im}

where
Ln={ieN, 1 <i<2™ -1, i;oddforall<j<p}.

Thus, we still have the identity
Vm - @ Wk7
k<m
so that any function u € Vi, can be uniquely decomposed as
ul) = D) uidi(x),
1<k<m i€l)
with hierarchical coefficients uy; € R.

Let us introduce the following norms for multi-indices k = (ky,--- , k,) € N?,

1<j<p

p
k| = |k;| and  |k|w == max [kj].
j=1
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The idea of sparse grids is to rely on this hierarchical finite element basis but to
keep only a small number of grid points, in order to optimize the ratio between the
accuracy of the resulting approximation and the number of degrees of freedom. This
rate can be optimized by considering the sparse grid spaces V,, of level n defined by

‘/}n = @ Wk.
|k[1<n+p—1
The corresponding full grid space is equal to

Vn = @ Wk.

|k|oo<n

Actually, denoting by m = n(1,---,1), it holds that V,, = V}, where V}, is de-
fined by (5.31). The full grid space V,, actually corresponds to the discretization
space associated with a standard IP; finite element discretization based on a uniform
discretization of mesh size h, = 27". The dimension of the space V,, scales like

O(h,?).

Figure 5.4: Regular sparse grid in dimension 2 [32]

The number of degrees of freedom of the sparse grid space 17” is equal to

n—1 .
dim¥, = 32 ( vl )
=0

= O (i, loga(h) )

Thus, the dimension of the sparse grid space XA/n is significantly lower than the
dimension of the full grid space V.

It remains to compare the approximation property of the two spaces V,, and 17n
To do this, we consider functions belonging to the anisotropic Sobolev space

HQ’miz(Xp) — {u c LQ(XP), 0% € LZ(XP)’ a <€ Np, |Oz|oo < 2}7
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and denote by IIy, (respectively IIy ) the L*(X?)-orthogonal projector of L*(X?)

onto V,, (respectively onto V). It holds that for all u € H2™=(X?) N HL(XP), the
approximation error of the function u on the sparse grid space is

2 —1

Il — H\AfnuHm(;\m) = O (hp|log, hn|"") ,

whereas the approximation accuracy on the full grid space is
|u — HVnuHLQ(XP) =0 (hi) .

This shows that the use of sparse grids is a linear approximation method which
enables us to decrease drastically the dimension of a finite element space while
keeping a reasonably good accuracy of the numerical solution if the exact solution
is regular enough. Strangely enough, the appropriate Sobolev spaces to consider are
the same spaces as those highlighted by Figueroa et al. to ensure good convergence
rates of the greedy algorithms (see Section 5.3.4). Other sparse grids optimal with
respect to other Sobolev norms can be found in [98|. Some recent developments
concern the use of adaptive sparse grids which are chosen in order to optimize the
error made by the approximation of a particular function u [31]. These methods fall
back into the scope of nonlinear approximation.

5.5.3 Reduced basis

The reduced basis (RB) method [30] aims at approximating the solution of parameter-
dependent partial differential equations. It relies on the computation of the solution
for a small number of well-chosen values of the parameter in a preliminary “off-line”
stage. These functions then form the Galerkin basis of a discretization space used
to solve the differential equation for any value of the parameter in an “online” stage.

More precisely, let 7 C R be a closed compact parameter domain and X C R?
be the spatial domain. For each ¢ € 7, the solution u(-,t) is assumed to belong to
a Hilbert space V, C L*(X). The weak formulation of the parametric differential
equation reads

a(u(-,t),v;t) =1l(v), Yvel, (5.32)

where the form [ is continuous on V, and the bilinear form a(-,-;t) is symmetric,
continuous and coercive on V,,, uniformly with respect to the parameter t € 7.

The reduced basis method consists in precomputing solutions wu(-,t;) for well-
chosen parameters (¢;)1<i<, with n € N* and then use the discretization space
V,, = Span{u(-,t;), 1 <i < n} through a Galerkin procedure. In other words, for
each t € 7, an approximation u,(-,t) € V,, of the exact solution u(-,t) is computed
as the solution of

a(tn (-, 1), vn;t) = U(vy,), Yo, € V. (5.33)

From Cea’s lemma, it holds
lul,8) = un( Ollv, < € b flul,t) = vallve,

where C' is a positive constant independent of n € N and ¢t € 7.
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Thus, the RB method produces an accurate approximation of wu(-,t) for any
t € 7 provided that the set F' = {u(-,t), t € 7} is well-approximated by the
finite-dimensional space V,.

The Kolmogorov n-width gives a good indication on how well a subset F' C V,
can be approximated by a n-dimensional linear subspace. It is defined as

dn(F) := inf sup inf |ju—v,||v,.

() Y, CVy; dimy,,=n ueF vn€¥n ” H

In the case when d,,(F') decays rapidly with increasing n, the reduced basis method
is likely to provide a good approximation of the solution u(-,t) for any ¢t € 7.

The difficulty now relies on finding an appropriate set of parameters (¢;)i1<;<n

such that sup in‘f/ |l — vpllv,, with V,, := Span{u(-,¢;), 1 <i < n} is close to the
=y vn€Vn
Kolmogorov n-width of the set F'. Greedy algorithms stand as the state-of-the-art

technique to find such a subset with good approximation properties in practice.
Such an algorithm reads

1. compute t; € argmax ||u(-,t)||v,;
teT
2. for n > 2, assume that ¢;,--- ,t, 1 are defined, let V,,_; := Span{u(t;), 1 <
i <n—1}. Then,

tn, € argmax ||u(-, t) — up_1(-,V)||v,,
teT

where u,,_1 (-, ) is the solution to the Galerkin problem

find w,—1(-,t) € V,,_1 such that
a(unfl('u t)fvnfl; t) = l(vn71)7 V’Un,1 € anl-

In practice, when F'is given as the set of solutions of the parametrized equation
(5.32), quantities of the form sup,c ||u(-, t)|lv, or sup,cs ||u(-,t) — wp—1(-,1)||v, can-
not be easily computed. Instead, a posteriori error estimators are used in order to
estimate this quantities. For a parametrized problem of the form (5.32), a standard
estimator can be defined by

Ana(t) = [lraa (5 llvy,
where 7,_1(+,t) is the residual, i.e.
Yo e Vi, mpoa(vst) =1U(v) — a (up—1(-,t),v5t).

Then, the algorithm becomes: for all n € N, ¢, € argmaxA,,_;(¢). In practice, to
teT
compute a solution to this maximization problem, the set of parameters 7" must be

replace by a discrete trial set 7 C 7 sufficiently large to represent efficiently the
full set of parameters 7. Actually, the exploration of the trial set 7 may lead to a
quite expensive algorithm.

Reduced Basis methods have been used in the context of UQ by Boyaval and al.
[25, 26]. Let us also mention that RB methods can be used for the discretization
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of high-dimensional nonlinear problems through the use of a special interpolation
technique, called the magic points [145].

Convergence rates for the full RB algorithm have not been proved yet. However,
some results have been obtained in [17, 30] in the following particular setting: F
being a general compact subset of V., we consider the algorithm

o uy € argmax|[ufly,;
uelF

e for n > 2, assume that us, - - - ,u,_; are defined, and let V,,_; := Span{u;, 1 <
i <mn —1}. Then,
u, € argmax ||u — P,_1ul|v,,
uelF

where P,_; is the V -orthogonal projector onto V,,_;.

Let us denote by
n(F) = inf — v,y
on(F) sup inf, [ — vallv,
A natural mathematical question is then the following: how well does o, (F') com-
pare with the best approximation error defined by the Kolmogorov n-width d,,(F")?
Several answers to this question are given in [17, 30].
In particular, it is proved that, if F'is a compact subset of the Hilbert space V,,

then
2n+1

on(F) < —
) V3
Besides, an explicit example of compact set F is given for which o, (F) > ¢2"d, (F)
where ¢ is a constant independent of n € N, so that the estimate (5.34) is optimal in
the general case. However, except when d,,(F') decays exponentially fast, estimate
(5.34) is not satisfactory since it does not even imply that o, (F') — 0.

n—oo

dn(F). (5.34)

Better estimates can be achieved provided that some additional assumptions are
made on the decay rate of d,(F). Typically, the authors of [17] prove that, if the
set F'is compact and if the Kolmogorov n-width d,,(F) decays polynomially in n,
then so does 0, (F') and the decay rate remains the same. More precisely,

Theorem 5.5.1. Let F' be a compact subset of V.. Suppose that there exists M, o >
0 such that do(F') < M and

do(F) < Mn™, n e N.

Then,
on(F) < CMn=% n €N,

for some constant C' > 0 independent on n € N.

A similar result can be obtained when d,,(F) is assumed to decay as e " for
some a, a > 0.

187



Theorem 5.5.2. Let F' be a compact subset of V.. Suppose that

d,(F) < Me ™  neN,

for some M, a, o > 0. Then, setting 3 := one has

ot
on(F) < CMe™ | n €N, (5.35)
for some ¢, C' > 0 independent on n € N.

Note that (5.35) is asymptotically sharper than estimate (5.34) as long as a > 1,
whereas the converse holds when o« < 1. When a = 1, the comparison depends on
the value of the parameters a and c.

5.5.4 High dimensional sparse polynomial approximations

The approach presented in thi section was recently proposed in [59], in order to deal
with approximation of stochastic or parametrized PDEs with a possibly infinite
number of parameters. The prototypical problem we consider is the following:

{ For all y = (y;)jen € U = [—1, 1], find u(-,y) € Hj(X) such that

—div,(aV,u(-y)) = f in D'(X). (5.36)

where f € H™1(X) and a = a(x,y) is a variable diffusion coefficient depending on
x € X and on a vector y of parameters in an affine manner:

a=a(z,y) =a(x) + Y _yj(z), v € X, y = (y;)jen € U = [-1,1]",
jEN

where (1);)jen is a family of functions. In the sequel, we will denote by V, = Hj(X),
endowed with the scalar product

Vo, w e Vy, (v,w)y, = / Vv - Vuw.
X

A uniform ellipticity condition is assumed on the diffusion coefficient a, i.e. there
exists a, 0 > 0 such that

Vee X, VyelU, 0<a<a(x,y) <p. (5.37)

Besides, it is assumed that the sequence (|[1;]|z(x))jen belongs to (P(N) for some
0<p<l1.

The objective of the high dimensional sparse polynomial approximation is to
compute in a reasonable amount of time a good approximation of u(y) for any value
of y e U.

Let F be the set of all finitely supported sequences v = (v;)jen of integers.
Under the above assumptions, it can be proved [58] that at any y € U, the function
y — u(-,y) admits a partial derivative dyu(-,y) € V, for any v € F. A way to study
sparse polynomial approximation of the function u is to study the convergence of

the Taylor series
U(y) = Ztvyya
veF
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where
yy = HjeNy;-/J.
The Taylor coefficients ¢, = t,(z) € V, are

1 .
t, = Ja”u\yzo with vl = ILeny;!.

The objective is then to identify a set A C F with card(A) < N and such that u is
well-approximated in the space

VA:{chy” | Vv € A, CVGVQC},

veA

for example by the Taylor expansion uy 1= Y ., ty".

In the literature, a priori choices of sets A have been proposed to design lin-
ear approximation methods, for instance sparse grids with the following conditions
Y ien vy < A(N) or Ijen(1 + B;v5) < B(N). Instead, in the approach proposed
by Cohen et al., the set A is chosen in order to be optimally adapted to u.

It holds that for all y € U,

>ty

vé¢A

<> v

v, VEA

[u(y) —ua(¥)llv. <

A natural strategy is to consider the best N-term approximation of u(y) in the
[*(F) norm, that is to take for A the set of indices v € F corresponding to the largest
N values of ||t,||v,. It can be proved that provided that the sequence (||t,||v,)ver is
in [P(F) for some 0 < p < 1, for this particular choice of A,

1
ST, SONTF with s =~ — 1.
vEA p

A natural question then arises: what are necessary conditions ensuring that the
sequence (||t,|lv, )ver is in (P(F)? The following theorem was proved in [58].

Theorem 5.5.3. Under the uniform ellipticity assumption (5.37), for any 0 <p <
L,
(Isll e (x))jen € P(N) = (lltu[lv)ver € I7(F).
Thus, the Taylor expansion of u inherits the sparsity properties of the sequence
(1¥5]l oo () ) jen- Besides, if the set K := {u(y),y € U} is a compact subset of V;

and if we denote by
Ey := Span{t,;v € A},

with A corresponding to the largest N values of ||t,||y,, then it holds that
dy(K) < max [u(y) — us(y)|lv, < ON.

The curse of dimensionality is avoided since, in this error bound, there is no de-
pendence on the (possibly infinite) number of parameters which come into play
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in equation (5.36). Such approximation rates cannot be proved for usual a priori
choices of A.

Different strategies, in particular iterative adaptive strategies [57] have been
proposed to construct a sequence of sets (Ayx)yen< for which there exists C' > 0
such that

VN € N*, card(Ay) < N and max ||u(y) — ua, (y)|v, < CN°.

5.5.5 Compressed Sensing

Compressed sensing (CS), also known as compressive sampling, is a family of meth-
ods in the field of signal reconstruction originally developed by the works of Candes,
Romberg and Tao [45, 46, 47] and Donoho [76].

The CS theory aims at providing efficient algorithms to reconstruct sparse sig-
nals. Let us precise this notion. Let V,, and V; be two Hilbert spaces (which will later
refer to Hilbert spaces of functions depending respectively on the variables x € X
and t € 7) and let u € V, ® V;. Let (¢;);en+ be an orthonormal basis of the space
Vi, so that v can be decomposed as

“+oo
u = Z C; & 'QZ)Z‘,
i=1
where for all © € N*, ¢; € V.. For the sake of simplicity, we will assume that u can
be expanded as

N
u=Ycou, (5.38)
i=1

where N is a possibly very large integer. Let us denote by ¢ = (¢;)1<i<n € V.

For an arbitrary integer s € N, the signal u of the form (5.38) is said to be
s-sparse in the basis (1;);en+ if

Card ({1 <i < N, |leil|lv, #0}) <s.

More generally, a signal u is said to be sparse, if it is s-sparse with s < N.

In practice, since N is potentially very large, we cannot have access to the full
sequence (¢;)1<i<ny which would completely characterize the function u. The basis
of the CS theory is to assume that only a few pieces of information about the signal
w is known, namely only n elements of V., y = (1, ,yn) € V. with n being very
small compared to N. The vector y, also called the information vector , can be
written as

y = @c,

where ® € R™ is called the representing matrix.

The CS theory aims at solving the following inverse problem: find the signal
vector ¢ knowing the measurement vector y and the sensing matrix ®. To circumvent
the ill-posedness of this problem, keeping in mind the fact that the signal u is sparse,
CS rather focuses on solving

¢ € argmin [[c]|;, subject to dc =y, (5.39)
ceVN
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where ||c||;, = Card {1 < i < N | ¢; # 0}.

It is explained in [79] how the CS formalism can be used in the field of high-
dimensional parametrized partial differential equations.

Let us assume that the signal u € V,, xV} is actually the solution of a parametrized
PDE for almost all t € T,

A(u(x,t); x,t) = b(x,t) in D'(X),

(recall the UQ problem (5.6) for instance), and that a computational code allowing
to find the solution wu(-,t) for any value ¢t € 7, is available. However, in practice,
this code is often expensive to run, so that we can only have access to solutions
u(+,t1), ..., u(+, t,) for a small number n of values of t.

From this information, we would like to compute an approximation of the full
solution v under the form

u(z,t) = Z ci(z)i(t),

=1

where (1);)1<;<n is an orthonormal family of functions of V; fixed a priori, and where
the coefficients ¢; € V,, are to be computed for all 1 < ¢ < N (see for instance the
spectral methods presented in Section 5.2.4). Actually, setting

Yi(ty) - Un(t)

bt - (t)

and denoting by y; = u(-,t;) for all 1 < i < n, reconstructing the whole function u
is exactly the same kind of problem as the CS problem.

We present here different algorithms proposed for dealing with standard CS
problems for signal reconstruction. For the sake of simplicity, we will assume here
that V, = R, but these algorithms can be easily generalized to arbitrary Hilbert
spaces V.

Let us recall that we aim at solving the inverse problem: find ¢* such that

c € argmin |[c||;, subject to Pc=y. (5.40)

CeRN
Compressed sensing theory relies on the assumption that the sensing matrix
® obeys the so-called restricted isometry property (RIP) which will be introduced

below. For each s € N*| we define the isometry constant J, of a matrix ® as the
smallest real number such that

ve € RY, (1—d)llelli, < [|@ell7, < (1+d)lleli,.

A matrix ® is said to obey the RIP of order s if d4 is smaller than 1. When this
property holds, ® approximately preserves the Euclidean length of s-spares signals,
which in turn implies that s-sparse vectors cannot be in the null space of ®. This
is useful as, otherwise, there would be no hope in reconstructing these vectors. An
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equivalent description of the RIP is to say that all subsets of s columns of ® are in
fact nearly orthogonal.

It holds that as soon as das < 1, problem (5.39) has a unique s-sparse solution.
Unfortunately, computing the solution is a hard combinatorial problem, for the
resolution of (5.39) is numerically unstable and requires an exhaustive enumeration

of all the ( ];[ ) possible locations of the non-zero entries of c.

Surprisingly, an optimization problem based on the /; norm: find ¢* € RY such
that

c’ € argmin |[c]|;, subject to Pc=y. (5.41)
ceRN

can recover exactly s-sparse signals and closely approximate compressible signals
provided that ds, is small enough. More precisely [48],

Theorem 5.5.4. Assume that 55, < /2—1. Then, the solution c¢* of problem (5.41)
satisfies for some constant Cy,

le" = el < Colle = el

and
le* = elli, < Cos [l = e,

where ¢ denotes the solution of (5.40) and ¢s the vector ¢ with all but the s largest
entries set to zero.

The above theorem implies that, if the sensing matrix A satisfies the RIP con-
dition, and if ¢ is s-sparse, then the recovery by problem (5.41) is exact.

This is good news since problem (5.41) is convex and can be solved using linear
programming via an interior point method [45, 76]. These algorithms, known as
Basis Pursuit, thus provide a very accurate approximation of a sparse signal x, even
in the case when data is corrupted with noise, but their main drawback is that they
are very slow to converge.

Other numerical methods to solve (5.39) are based on greedy algorithms and
were developed from the original work of Tropp and Gilbert [176] on the so-called
Orthogonal Matching Pursuit algorithm. Different improved versions of this algo-
rithm have been developed later, such as the stagewise Orthogonal Matching Pursuit
[77] or the reqularized Orthogonal Pursuit algorithm [152]. All these algorithms run
faster than traditional algorithms based on the convex optimization problem (5.41),
but they do not guarantee error bounds on the approximation of the solution as
good as those guaranteed by Theorem 5.5.4.

However, two recent and similar greedy algorithms, the Compressive Sampling
Matching Pursuit (CoSaMP) [151] and the Subspace Pursuit [63] algorithms were
proved to guarantee error bounds as accurate as those given by convex optimization
methods, while keeping the good running time properties of the greedy algorithms.
For example, the CoSaMP algorithm runs in a time that is O(NV log N log s) where
s is the desired sparsity of the reconstructed signal.

This approach, proposed very recently by Doostan [78] in the context of parametrized
differential equations, seems to be a promising non-intrusive algorithm to deal with
high-dimensional problems.
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Chapter 6

Convergence of a greedy algorithm
for high-dimensional convex
nonlinear problems

The results of this chapter were gathered in an article published in Mathematical
Models and Methods in Applied Sciences. We prove that greedy algorithms can be
used for the minimization of nonlinear strongly convex energy functionals and can
thus offer interesting perspectives for high-dimensional nonlinear problems. Besides,
the rate of convergence of the methods is exponential in the finite-dimensional case.
We illustrate these convergence results on the resolution of an obstacle problem with
uncertainty, using a penalized formulation.

193



Convergence of a greedy algorithm for
high-dimensional convex nonlinear problems

1 1

Eric Cancés Virginie Ehrlacher!  Tony Leliévre

Abstract

In this article, we present a greedy algorithm based on a tensor product decomposition,
whose aim is to compute the global minimum of a strongly convex energy functional.
We prove the convergence of our method provided that the gradient of the energy is
Lipschitz on bounded sets. The main interest of this method is that it can be used for
high-dimensional nonlinear convex problems. We illustrate this method on a prototypical
example for uncertainty propagation on the obstacle problem.

6.1 Introduction

The main motivation for this work comes from two important and challenging problems in
contemporary scientific computing:

e the uncertainty quantification for some nonlinear models in mechanics, and more
precisely, for contact problems;

e the computation of some high-dimensional functions in molecular dynamics.

Concerning the first domain of application which is the main focus of this work, there
is now a wide literature on the subject, ranging from specific questions related to the
modeling of the noise sources (in particular of their correlation), to dedicated methods for
the study of events with very small probabilities (reliability). The focus of this paper is
rather on the development of methods to compute efficiently a reduced model which rapidly
gives the output of interest as a function of the random variable which enters the input
parameters, in the context of contact problems in continuum mechanics. Such a model can
then be used to evaluate the distribution of the outputs (for a given distribution of the
input parameters), or to reduce the variance in a Monte Carlo computation for example.
Many methods have been proposed in the literature to attack this problem [154, 92]:
stochastic collocation methods, Galerkin methods, perturbation methods, etc. To be more
specific, let us assume that the noise on the parameters of the model can be modeled by a
possibly large number of random variables T' = (711, ...,7,) € RP, so that the quantity of
interest (say the displacement field) u(t, z) is a function of (p+ d) variables, where d is the
dimension of the physical space. The question is then how to approximate a function on

!Université Paris Est, CERMICS, Projet MICMAC, Ecole des Ponts ParisTech - INRIA, 6
& 8 avenue Blaise Pascal, 77455 Marne-la-Vallée Cedex 2, France, (cances@cermics.enpc.fr,
ehrlachv@cermics.enpc.fr, lelievre@cermics.enpc.fr)

194



such a high-dimensional space. The natural idea at the basis of many methods is to look
for the solution to this problem as a linear combination of tensor products:

u(t, ) = ZZUZ]@ )i (),

i=1 j=1

where (¢;)1<i<; and (¢j)1<j<m are bases of vector spaces of dimension ! and m respectively
which are fixed a priori, and where (U% J1<i<i,1<j<m are real numbers to be computed. This
method leads to the resolution of a problem in a vector space of dimension N = Im which
may be very large. This difficulty becomes all the more pregnant if p is really large, so
that the solution should be typically approximated as a sum:

l l m
u(t, x) = ZZZ Ul g (1) . ¢ (tp) (). (6.1)
i1=1  ip=1j=1

In this case, N = [Pm will be too large for a classical discretization method. The method
we are studying is a way to circumvent this difficulty.

The second application we have in mind is the computation of the solution to a high-
dimensional Poisson equation arising in molecular dynamics, called the committor function
[81]. Mathematically, this function gives the probability for a stochastic process to reach a
given region (say A C R?) before another one (say B C R?). Using Feynman-Kac formula,
it can be shown that this function satisfies a Poisson equation in a weighted Sobolev space,
with Dirichlet boundary conditions (namely 1 on A and 0 on B). Typically, the stochastic
process lives in a high-dimensional space (d is large), so that computing this function is a
challenge.

In both cases, the difficulty comes from the high-dimensionality of the function to
approximate. The principle of the method we are interested in is: (i) to rewrite the
original problem as a minimization problem:

u € argmin £(v) (6.2)
veV

where £ is a functional defined on some Hilbert space V' and (ii) to expand the solution in
tensor products of lower-dimensional functions

n

un(t,x) = r(t)s(x). (6.3)

k=1

In practice, for each k, the functions r; and s; are computed as linear combinations of the
functions of the bases (¢;)1<i<; and (¢j)1<j<m so that

ri(t) =) Rpdilt), (6.4)

and .
se(r) =Y Sl (@), (6.5)
where for each k € N*, R, = (R]i)lgigl € Rl and S), = (S]i)lgjgm € R™. In the end,

computing the approximation (6.3) leads to a problem of dimension N = n(l + m) which,
provided that n remains small enough, will hopefully be lower than the dimension of the
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problem obtained with the classical approach N = Im when the size of the bases [ and m
are large.

The reduction of dimension is even more significant when we are in the case of equation
(6.1). Indeed, the approximation (6.3) can be adapted in this case in the following form:

un(t,x) =Y ri(t) - rh(ty)sk(x).
k=1

In this case, the overall dimension of the problem will be N = n(pl+m) instead of N = [Pm
in the classical approach.

Such a representation of a function as a sum of tensor products to avoid the curse of
dimensionality has already been introduced in the literature. One approach consists in
using the so-called sparse tensor product representation [169, 179, 32]. If the solution u we
wish to approximate is sufficiently regular, one does not need to use fine discretizations in
each direction. This idea can be used for example in Galerkin-like discretizations. However,
this method loses its efficiency in the case when the solution u is not regular enough or
when the mesh considered is complicated.

We adopt another approach in this article. The principle of our method is to deter-
mine sequentially the pairs of functions (rg, s) which intervene in the approximation (6.3)
through the following minimization problem:

n—1
(rp,Sp) € argmin & (Z ri(t)sg(x) + r(t)s(:v)) , (6.6)

(r,s)EVixVy h—1

where V; and V. in (6.6) denote respectively Hilbert spaces of functions depending only on
the variable ¢ or only on the variable z.

To rewrite the two problems mentioned above as minimization problems on Hilbert
spaces, we penalize the constraints, namely the presence of the obstacle for the contact
problem, or the Dirichlet boundary conditions for the high-dimensional Poisson problem.

The method described above has been introduced by Chinesta [5] for solving high-
dimensional Fokker-Planck equations, by Nouy [157] in the context of uncertainty quan-
tification in mechanics, and is very much related to so-called greedy algorithms [174, 130]
used in nonlinear approximation theory. The main contributions of this work are the
following;:

e the convergence of the greedy algorithm (6.3)-(6.6) to the unique solution of (6.2) is
proved, under the key assumptions that £ is strongly convex and that the gradient
of £ is Lispchitz on bounded sets;

e an exponential rate of convergence is obtained in the finite dimensional case;

e an adequate procedure to solve the minimization subproblem (6.6) is proposed and
tested on an academic test case.

This paper can be seen as an extension of previous works on greedy algorithms [174, 130]
which concentrate on the linear case, namely when £(v) = 3||v||?, — L(v), where || - ||y is
the norm of the Hilbert space V', and L a continuous linear form on V.

We would like to stress that even if all the results and proofs are provided in the
context of tensor products of two functions, our results can be easily generalized to the

case of tensor products of more than two functions such as (6.1) except for the results in
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Section 6.5. We have chosen not to present the results in this general setting for the sake
of clarity.

The paper is organized as follows. In Section 6.2, we introduce the general setting for
the problem we consider and state the main result of this paper, namely the convergence
of the greedy algorithm. Section 6.2 also presents more precisely the two specific examples
of application we have in mind. Section 6.3 is devoted to the proof of the convergence.
In Section 6.4, an exponential rate of convergence is proved, in the finite dimensional
setting (i.e. when V; and V,, are finite dimensional spaces). Section 6.5 shows that, under
specific additional assumptions which are typically satisfied in the context of uncertainty
quantification, the convergence results also hold if (r,,, s,,) in (6.6) is only a local minimum.
Finally, Section 6.6 is devoted to a discussion of the numerical implementation, as well as
to the presentation of test cases on a toy model.

6.2 Presentation of the problem and the conver-
gence result

In this paper, we are interested in the convergence of a greedy algorithm for the minimiza-
tion of high-dimensional nonlinear convex problems.

We first introduce the general theoretical setting in which we prove the convergence,
then describe two prototypical examples to which our analysis can be applied.

6.2.1 General theoretical setting

Throughout this article, p and d denote some positive integers, and 7 and X some open
sets of R? and R? respectively.

Let V; and V, be Hilbert spaces of real-valued functions respectively defined over 7°
and X (typically L? or Sobolev spaces). Let |.||; and |.||z be the norms of V; and V.

We introduce the following tensor product for all (r,s) € V; x V,

{TXX — R
reQs:

(t,z) +— r(t)s(xz) ’ (6.7)

which defines a real-valued function on 7 x X.

We also denote by ¥ ={r®s| (r,s) € V; x V,.}.

Let V be a Hilbert space of real-valued functions defined on 7 x X. The scalar product
of V' is denoted by (.,.) and the associated norm by ||.||v.

Let &€ be a differentiable real-valued functional defined on V. For all v € V', we denote
by £'(v) the gradient of £ at v.

We make the following assumptions:

(A1) Span(X) is a dense subset of V' for ||.||y;

(A2) for all sequences of ¥ bounded in V', there exists a subsequence which weakly
converges in V towards an element of ;

(A3) the functional € is strongly convex for |||y, i.e. there exists a constant a € R for
which o
Yo,we V, E(v) > E(w) + (E'(w),v — w) + 5”1} —wl|?. (6.8)

The functional £ is also said to be a-convex;
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(A4) the gradient of £ is Lipschitz on bounded sets: for each bounded subset K of V,
there exists a nonnegative constant Lx € R, such that

Vo,weV, (€@ - w)lv < Liclv —wly. (6.9)

The unique global minimizer of £ on V is denoted by u. Its existence and uniqueness
are ensured by the a-convexity of the functional &£:

u = argmin £(v).
veV

We are going to study the following algorithm: the sequence ((7,, sn)),en+ € (Vi X V)V
is defined recursively by

n—1
(rn,sp) € argmin & Z e ®SE+Tr®s|. (6.10)
(r,8)EVE X Vg h—1

Throughout this article, we will denote for all n € N*,

n
Un =Y T ® S (6.11)
k=1

Our main result is the following theorem, whose proof is given in Section 6.3.

Theorem 6.2.1. Under the assumptions (Al), (A2), (A3) and (A4), the iterations of the
algorithm are well-defined, in the sense that (6.10) has at least one minimizer (y, Syp).
Moreover, the sequence (up)nen Strongly converges in V' towards w.

Remark 6.2.1. For each n € N*, the minimizer of (6.10) is not unique in general. In

particular, notice that the function V; x V, 3 (r,s) — & (ZZ;% rE®SE+rQ® s) is not
convex.

Remark 6.2.2. Theorem 6.2.1 could be generalized to the case of tensor products of more
than two Hilbert spaces.

Indeed, let ¢ € N with ¢ > 3. Let py,--- ,pq be ¢ positive integers. Let Ty,---,7, be
q open subsets of RP1, ... RP¢ respectively. We consider ¢ Hilbert spaces, Vi,---,V, of
real-valued functions defined respectively on 77,---,7,. Let V be a Hilbert space of real-
valued functions defined on 7; x --- x 7. Let £ be a real-valued differentiable functional
defined on V. We denote by > = {r(l) Q- - @r@ | (r(l),--- ,’I“(q)) eVl XX %} Our
algorithm can then easily be adapted provided that assumptions (A1), (A2), (A3) and

(A4) are satisfied: (r,gl), e ,’I“,(@q)) € Vi x --- x V, are defined recursively by

n—1
<r1(11)’... 7745L¢I)> c argmin £ <Zr](cl) ®---®T](€q)—|—7“(1)®---®7“(q)> .
(r(l),---,r(‘I))GV1 XX Vy k=1

Our convergence result also holds in this case. But for the sake of simplicity, we will
limit our analysis to the case of only two Hilbert spaces.
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Remark 6.2.3. Let (.,.) be the scalar product defined on Span(X) as: for all (1, r9, 51, $2) €
‘/152 X ‘/127
(r1 ® s1,72 @ S2) = (r1,72)v, (51, S2) Vi »

where (., .)y;, and (.,.)y, denote the scalar products of V; and V. respectively. Let ||.|| be the
cross-norm associated to the scalar product (.,.). The tensor space of V; and V,, denoted
as V3 ® V, is then defined as the closure of Span(X) for the product norm |||,

VieV, = Span(z)

Let us point out that the Hilbert space V' is not necessarily equal to V; ® V., the tensor
space of V; and V,, associated to the tensor product (6.7). Indeed, an example where our
analysis can be applied and where V' # V;®V/, is given in Section 6.2.2 (see Remark 6.2.5.).
However, the following inclusion relationship holds: V; ® V, C V.

Remark 6.2.4. If V; and V, are discretized in finite-dimensional spaces of dimension [
and m, our algorithm consists in solving several problems in dimension [ + m instead of
solving one problem of dimension /m. Thus, the method can be implementable even for
very high-dimensional problems, contrarily to classical approximation methods.

6.2.2 Prototypical problems

To prove that the general theoretical setting we described in Section 6.2.1 is satisfied on
the prototypical problems we present in this section, we need the following lemma, which
is well-known in distribution theory [165].

Lemma 6.2.1. Let U € D'(T x X) be a distribution such that for any functions (¢,1) €
C(T) x C°(X),
(U, ¢ @ Y)(pr(7xx)p(7x2)) = 0-

ThenU =0 inD'(T xX). Moreover, for any two sequences of distributions R, € D'(T)
and S, € D'(X) such that lim, oo R, = R in D'(T) and lim, .~ S, = S in D'(X),
lim, oo R, ® S, = R®S in D'(T x X).

Uncertainty propagation on obstacle problems

An example of application of our algorithm is the study of uncertainty propagation on
obstacle problems. We assume that uncertainty can be modeled by a set of p random
variables T7, Ty, ..., Tp, and that the random vector T = (11, ..., T},) takes its values in 7.

We consider also that the physical problem is defined over the domain X, which is
supposed to be a bounded subset of R?. If H is a Hilbert space of functions defined on X,
we denote by

LT, H)={v:T — H|E[|v(T)||}] < +oo},
where E denotes the expectation with respect to the probability law of 7', and ||.|| 7 denotes
the norm of H. We endow L2(7, H) with the scalar product defined by (v, w) L2(TH) =
E[(o(T), w(T))u]-

A formulation of the obstacle problem with uncertainty is the following [101]. Let
g€ LA(T,H(X)) and f € LA(T,H 1(X)). A membrane is stretched over the domain X
and is deflected by some random force having pointwise density f(T,x) for z € X. At the
boundary X, the membrane is fixed and in the interior of X the deflection is assumed to
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be bounded from below by the function ¢(7',z) (a random obstacle). Then the deflection
z = z(T, x) is solution of the following obstacle problem with uncertainty (see Fig. 6.1):

—Ayz(t,x) > f(t,x)
z(t,x) > g(x,t) for a.a. (t,z) € T x X,
(As(t.a) + F(t,2) (=(t.) — g(t,2) = 0

; (6.12)
z(t,z) =0 for a.a. (t,z) € T x 0X.

Figure 6.1: Obstacle problem.

An equivalent formulation of this problem is the following. Let us denote
Ky ={veLHT, H}(X))|foraa. (t,z) €T x X, v(t,x) > g(t,x)}.
Solving the obstacle problem (6.12) consists in solving the minimization problem

inf J(v), (6.13)

vey
where j(’[)) =E |:% f;\{ |V$U(T’x)|2dx - (f(T’ ')’U(T’ ')>H*1(X),H%(X) :

One of the main difficulties of this kind of problems is their very high nonlinearity.
Many methods have been proposed to approximate the solution of these problems in the
case without uncertainty (95, 90, 94, 101]. Among them, penalization methods [101, 95|
are among the most widely used. They consist in approximating the solution of a given
obstacle problem by a sequence of solutions of penalized problems defined on the entire
Hilbert space.

Let p be a parameter in R;. Such a penalized problem associated with problem (6.13)
may be defined as

veL%(lf},fHé ey 7P (614)
where J,(v) = J(v) + E [§ [,[9(T,z) — v(T, z)]3 dz].

Here and below, we denote by [a], the positive part of the real number a, i.e. [a]y =0
ifa <0and [a]y =aifa>0.

When p goes to infinity, the solution z, of problem (6.14) strongly converges to the
solution z of problem (6.13). The goal of the algorithm we described in the previous
section is to calculate the solution u = 2, of this regularized problem for a given value of
the parameter p.
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Let us check that the general theoretical setting we described in Section 6.2.1 can be
applied in this case.

Let us consider V = L4(T,H} (X)), V; = LA4(T,R), V, = H}(X) and E(v) = J,(v) for
veV. Wehave X = {r®s| (r,s) € Vs x V;}. We endow H}(X) with the scalar product
defined by (s1, 52>H5(X) = [, Vs1(x).Vsy(x)dz. In this case, we have V = V; ® V, and as

a consequence assumption (A1) is obviously satisfied.

Besides, assumption (A2) is satisfied as well. If (7, 5,))nen € (Vi x V)Y is such that
(|7 @ sp||v )nen is bounded, it is possible to extract a subsequence which weakly converges
in V towards an element w € V. Besides, there exists a non-negative constant C' € R
such that for all n € N,

e ® sull? = E[/ \W(m@sn)(ﬂmr?dm]
X

= E[|rn(T)|2}A|Vmsn(x)|2dm

= lrall%:lisall?,
< C.

We can then choose ((7%,5%))nen € (Vi x Vi)Y such that r* ® s¥ = r, ® s, and
HT;;HLQT(T,R) = 1. The sequences (1} )nen and (s})nen are then bounded in LZ(7,R) and
HE(X) respectively and we can extract subsequences which weakly converge in L2(7,R)
and H(X) towards r>® € L2(7,R) and s> € H{(X) respectively. As the weak con-
vergences in L2(7,R) and H}(X) imply the convergences in the distributional sense, the
sequence r) ® s = r, ® s, necessarily converges towards > ® s> in D'(7 x X) by
Lemma 6.2.1. As the weak convergence in V also implies the convergence in the sense
of the distributions, we obtain, by uniqueness of the limit, w = r* ® s> € 3. Hence
assumption (A2) is satisfied.

The functional £ is differentiable and 1-convex. Indeed, for all v € V,

) = 3ol + (B [T 0T s i + 5 [ 0070~ oT) e )

is the sum of a 1-convex function (V > v $|[v[|?,) and of a convex function (V 3 v
E {(f(T, D, 0(T, ')>H*1(X),H(%(X) + & [y19(T, z) — U(T,x)]idm} ). The functional £ therefore

obeys property (6.8) with v = 1. Hence, assumption (A3) is satisfied.
Let us finally check that the gradient of £ is Lipschitz. For all v,w,y € V,

(W) - E'w)y)| < 'E [ Valol) — w0 (T |

" \E [ [ (6(7.9) = oT. )] ~ g(7.) - w<T,m>]+>y<T,x>d4
< o wllvlly

+pE [/X [g(T,x) — (T, )|+ — [g(T,x) — w(T,z)|+| |y(T, z)| dz} ‘
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For a,b € R, it can easily be seen that |[a]+ — [b]+| < |a — b|. This implies

(€' (v) = €'(w). y)]

IN

lo = wlvllyllv + pE [/X [o(T', ) — w(T, )] Iy(T,I)Idw]

v —wllvylv
+p (E [/X (T, 2) —w(T,xm?del/z (E [/X\y(T,x)]deDl/Q.

The Poincaré inegality in Hg(X) implies that there exists a nonnegative constant D €
R, such that for all h € V|

'E [/X yh(T,m)]Pdm]

(€ (v) = €' (w), )| < (1 + pD?)]lv = wllvyllv,

IN

1/2
< Dlhllv.

This yields

hence,
1€ (v) = &' (w)llv < (1 + pD?)|lv — wllv-

The functional £ then obeys property (6.9) with a constant L = 1 + pD? independent of
the bounded set considered.

Thus, our obstacle problem (6.14) falls into the general theoretical setting introduced
in Section 6.2.1.

There exist several variants of the obstacle problem which could be tackled with our
algorithm. We refer to [101] or [94] for such examples.

High-dimensional Poisson equation

Our algorithm may also be used to calculate the solution of other problems than obstacle
problems. Other examples are high-dimensional nonlinear Poisson equations. A specific
application where such high dimensional Poisson equations arise is the calculation of the
so-called committor function in molecular dynamics [81], which is an important quantity
to compute reaction rates or to derive some effective dynamics for example.

Let ¢ € N*. The committor is the solution to the following problem:

1
z = argmin —/ - \Vv(y)\z exp(—Ul(y)) dy
vEW R\ (AUB)

where q is typically large, A and B are disjoint smooth open sets of R, U : R? — R is a
given potential function such that [z, exp(—U) < oo and

v € L?OC(IR{Q),

W = qu\(ZUE) |VU(?JJ2 exp(—=U(y)) dﬂ < 00,
v=1on Aand v=0o0n B

For y € RY\ (AU B), z(y) can be interpreted as the probability that the stochastic
process @} solution to

t
ij:y—/o VU(QY)ds + V2 W,
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reaches A before B. Here, W; denotes a ¢-dimensional Brownian motion.

Let p,d € N* such that ¢ = p + d. In this example, we consider the case when
C =R%\ (Z U E) is bounded. Let 7 and X be open convex bounded subsets of RP and
R? respectively such that C' C Q := 7 x X and such that u((AU B)NQ) # 0 where p
denotes the Lebesgue measure. We also assume that U € C*°(RY). In this case, the initial
problem can be rewritten as a minimization problem set on

W={ve H(T x X)lv=1on ANQand v =0 on BNQ},

instead of W. Indeed, as U € C*°(R%,R) and € is bounded, there exists constants 7, sk > 0
such that for all y € Q, v < exp(—U(y)) < k. And thus, we have v € W if and only if

vlo €W, vlzq =1 and v[g g = 0.
The penalized version of the committor problem then reads

u= argmin &(v), (6.15)
vEHN(T X X)

where

e) =5 [ Vo en-vwd+§ ([ o - 1Pay+ [

BNQ

|v<y>|2dy> |

ne2

for some p > 0.

Let us check that the general theoretical setting described in Section 6.2.1 is relevant
for this problem.

In this case, we consider V = H'(T x X), V; = H'(T) and V,, = H'(X). The inner
products that are defined over these Hilbert spaces are the following. For all vy,vy € V,
r1,72 € Vi, 81,82 € Vg,

(v, v2)v = /T/X (Vui(t, x).Vua(t, x) + vi(t, x)va(t, x)) dt de,

(11, oy = /T (Vr(t)-Vra(t) + ra(t)ra(t)) dt,

(s1,82)v, = /X (Vsi(z).Vsa(z) + s1(x)sa(z)) dx.

Remark 6.2.5. Let us point out that in this case, V. # V; @ V.. Indeed, for all (r,s) €
Vi X V., the V-norm of the tensor product r ® s reads

Ir  sf = ||7“H%2(T)||VS||%2(X) + ||V7“H%2(T)||S||%2(X) + HTH%Q(T)HSH%Q(X)a
which is not a cross-norm, equivalent to the norm induced by ||.|lv, and ||.||v, over V; @ V,,
which is
Ir @ slviev, = lIrllvillsv.-
Indeed, let us consider T = X = (0,1), ri(t) = 7sin(i*wt) and s(z) = §sin(l®nx) for
(t,z) € (0,1)% and | € N*. The sequence (||r; @ sl|v),en- @5 bounded, but the sequence
(Irllvillsillva Jienes is not.

Assumption (A1) holds true, since & = {r@s|(r,s)eC®(T) xC>®(X)} is such
that ¥ C X and Span (i) is dense in H'(7 x X). Hence, Span (%) is also dense in V.
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Let us prove that assumption (A2) also holds true. If (7, 5,))nen € (Vi x Vi)Y is such
that (||, ® sp|lv)nen is bounded, we can extract a subsequence of (7, ® sy, )nen+ which
weakly converges in V towards an element w € V. Besides, there exists a nonnegative
constant C' € R such that for all n € N,

Irn @ sall}, = /TX(!Vrn(t)lzlsn(w)PJr\Tn(t)\QWSn(x)\Q+\7"n(t)!2\8n($)!2) dt dz
X

= IVrallZamlsnlie gy + lrnll e IVsallZace + lrallZellsnllZz )
< C.

We can then choose (7%, s%))nen € (Vi x V)N such that r} ®@s! = r, ®s, and such that
|7l 22(7) = 1. The sequences (r} )nen and (s} )nen are then bounded in L*(7) and H'(X)
and we can extract subsequences which weakly converge in L?(7) and H'(X) respectively
towards > and 5. As the weak convergences in L?(7) and H'(X) imply the convergences
in the distributional sense, r} ® s; = r, ® s, necessarily converges towards r>* @ s> in
the distributional sense by Lemma 6.2.1. As the weak convergence in V' also implies the
convergence in the sense of the distributions, by uniqueness of the limit, w = r®° ® s*.

Let us suppose w # 0. In that case, we have r>° £ 0 and s* # 0. Besides, we have

ol = 122 IV 12y + I ) 1572

hence )
HrooHQ L HwHV )
HYT) = HSOOH%Q(X)
As a consequence |[7°°[| g1 (7 is finite and > € HYT). Hence w = r® ® s € ¥. If
w = 0, then obviously w € ¥. Hence, assumption (A2) holds true.

The functional £ is differentiable and strongly convex. To prove this, it is sufficient to
prove that there exists a constant o € R*. such that for all v,w € V, (£'(v) =& (w),v—w) >
allv — w||}. Indeed, there exists v > 0 such that for all y € R?, exp(—U(y)) > v. Thus,
there exists a constant § > 0 such that, for all v,w € V,

') - o —u) 28 ([ [Vo-wf+ [ peuPe [ o-b).

To prove that the functional &£ is strongly convex, it is sufficient to have the following
inequality: there exists a constant Cy € R% such that for all v € H(Q),

/Q Vof? + /(AUBWW > Collol g, (6.16)

As 7 and X are bounded open convex subsets of R? and R? respectively,  is then a
bounded open convex subset of R? such that pu((AU B) N Q) # 0 and inequality (6.16) is
a well-known Poincare-like inequality.

Hence, assumption (A3) is satisfied.
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Let us check that the gradient of £ is Lipschitz. For all v,w,z € V,

(€' (v) = £'(w), 2)| <

/QV(v(t, x) —w(t,z)).Vz(t,z)exp(=U(t,z)) dt dz

+p

/ (v(t,z) —w(t,x))z(t, ) dt dx
(AUB)NQ

< lexp(=U)|lpe@) V(v — )| 2 [V 2] L2 (@)
+pllv — wllz2auByre) 121 L2 (auB)ne)

< lexp(=U)|lze@ V(v — )| 2 [V 2] L2 (@)
+pllv —wllz2@llzll L2 @)

< v —wllvlzllv(lexp(=U)ll =) + p)-

Hence
1€"(v) = E"(w)lv < ([[exp(=U) || q) + p)llv — wllv.

The functional £ therefore obeys property (6.9) with a constant L = || exp(—U)|| g (q) +p
independent of the bounded subset considered.

Thus, the committor problem falls into the general theoretical setting introduced in
Section 6.2.1.

6.3 Proof of Theorem 6.2.1

6.3.1 The iterations are well-defined

We begin by proving that the iterations of the algorithm are well-defined. For this, we will
need the following lemma.

Lemma 6.3.1. Let w be a function in V. Then there exists a pair (r,s) € Vi x V,, such
that E(w +1r ® s) < E(w) if and only if E'(w) # 0.

Proof. Let w € V and let us suppose that E(w+1r® s) > E(w) for all (r,s) € V; x V.. For
a given pair (r,s), for all ¢ € R,

E(w+er®s)—Ew) > 0.

As a consequence, we have the following by letting € go to 0: (£'(w),r ® s) = 0. This
holds for all (r,s) € V; x V.. Hence, for all z € Span(X), we also have (£'(w), z) = 0, and
the density of Span(X) in V', which is ensured by assumption (A1), yields

&' (w) = 0.

Conversely, let us assume that £ (w) = 0. Then, as £ is a-convex, w is necessarily the
global minimizer of £ and, in particular, we have for all (r,s) € V; x V,,

Ew+r®s)>Ew).
This concludes the proof. O

Using this lemma, the following result can be proved:
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Proposition 6.3.1. For all n € N*, there exists a solution (ry,s,) € V; X V, to the
minimization problem (6.10). Moreover, r, ® s, # 0 if and only if u,—1 # u, where wu, is
defined by (6.11).

Proof. Firstly, let us prove the existence of a minimizer for problem (6.10).

Let n € N*. Forall (r,s) € VixV, , E(up—1+r®s) > E(u). Som = inf(, gev, xv, E(un—1+
r ® s) exists in R.

We then consider a minimizing sequence (r®), s!),cn € (V; x V,)" such that

llim E(tp_y +rV @ sV) =m.
Using (6.8) and the fact that &'(u) = 0, we have
Etn_y +rD @ sV) — E(u) > %Hun_l + 70 @ s — .

Then the sequence (") @ s!));cy is bounded in V because (€ (u,_1 + 7 @ s0))ey is
convergent and consequently bounded.

As assumption (A2) is satisfied, we can then extract a subsequence (which we still
denote (r) @ s(),cy) which weakly converges in V towards an element of ¥. In other
words, there exist r* € V; and s> € V, such that (’I“(l) ® S(l))leN weakly converges in V
towards > @ s*°.

Furthermore, as the functional £ is convex and continuous on V/,

E(Up—1 + 17 ®s*) < llg(r)lo En_1+rV 0 sV) =m.

Hence &(up—1 +r*° ® s°°) = m so that (r*°,s*°) is a minimizer of problem (6.10).

Let us prove now that r*° ® s*° # 0 if and only if u,—1 # u.

If wp—1 = u, we have E(u +r ®@s) > E(u) for all (r,s) € Vi x V,, such that r ® s # 0
as & is strictly convex. So a minimizer r*° ® s*° of problem (6.10) must necessarily satisfy
7 ® s =0.

Conversely, if u,—1 # u, we have £ (u,—1) # 0 and from Lemma 6.3.1, there exists a pair
(rys) € Vi x Vg such that E(up—1+7®s) < E(up—1). Hence, E(up_1+r*®@5>°) < E(up_1)
and r*° ® s cannot be equal to 0. U

Proposition 6.3.2. For each n € N*, a minimizer (ry, s,) of problem (6.10) obeys the
following Euler equation:

V(r,s) € Vi x Vo, (E'(un), 7 @ 5p+ 1 ®@5) =0. (6.17)
This result is obtained by considering the first-order conditions of the minimization

problem (6.10). This will be useful in the proof of convergence.

6.3.2 Proof of convergence

In this subsection, we present the different steps of the proof.
Lemma 6.3.2. The series Y oo [[rn @ sy |3 and the sequence (€(uy)), ey are convergent.

Proof. Let us set E, = E(up) =€ (X p_q Tk @ Sk) -

Using (6.10), E, < € (up—1 + 17 ® s) for all (r,s) € V; x V,,, and in particular, by taking
r®s =0, (E,)nen+ is a non-increasing sequence. Moreover, it is bounded from below.
Indeed, for all n € N*, we have E,, > £(u). Thus, it is convergent.
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This implies that the sequence defined as W,, = F,,_1 — E,, is nonnegative, converges
to 0, and satisfies > > | W,, < +o0.

Besides, the a-convexity of € yields the following inequality:

Wy = —(€'(un),r ® sn) + 5l @ snllt-

Using the Euler equations (6.17), (€' (uy), 7, ® sp) = 0, and thus, W, > $|r, ® s,[/}
Hence the result. U

Lemma 6.3.3. The sequence (up), e+ @5 bounded in V.
Proof. By a-convexity of the functional &£, we have
£(0) = E(un) > E(u) + (€' (u), un — u)

«
+ 5w = a3

Ths [ — |} < 2(£(0) — £(u),
Therefore, the sequence (uy,)pen+ is bounded in V. O

The following estimate is essential for the proof of convergence.

Proposition 6.3.3. There exists a constant A € Ry such that, for all n € N* and all
(r,s) € Vi x Vy,
(' (un—1),7 ® 8)| < Allrn @ spllv|lr @ sv. (6.18)

Proof. Let M € Ry be such that for all n € N*, |lu,|y < M. Its existence is ensured
by Lemma 6.3.3. Let N € Ry be such that for all n € N*, [|r, ® s,|]l[y < N. Let
K = B(0, M + 2N + 3) be the closed ball of V' centered at 0 of radius M + 2N + 3. Let L
be the Lipschitz constant associated with K in (6.9).

For all (r,s) € V; x V,,, we have E(up—1+r® ) — E(up—1+ 75 @ 8,) > 0.

Then, by the convexity of £, we have the following inequality

(E'(Up-1+7®8),Tn @8y —T®8) < E(Up1+7Tp ®p) —E(Un_1+7®s5) <0,
which leads to
(E'Up 1 +7®58),1r@8) > (' (Un_1+TR8),Tn @ ). (6.19)

Let (r,s) € V; x V,, such that ||r ® sy < max (1, |r, ® s,|ly). We then have, by using
(6.9) and (6.19),

—(E(up-1),r@s) = —(E'(up—1),r®@8) + (' (up—1 +r®s),r s)

(& (U1 +T7®8),rR8)

Lllr @ st = (€' (un—1 +r @ 5),7r @ 5)

Lr@s|f — (€' (un1+7r08),r@8) + (E'(Un1+7®8),7 D 5y)
—(E(up—1 +7@5),71 @ sp)

Llr@s||f — (&' (un_1+7r®8),r, @ 5y)

Lilr @ s|[} = (€' (un-1+7r®5),1 @ 85) + (€' (U1 + 1 @ 8),Tn @ )
—(E' (Up—1 + 70 @ ), T © Sp)

Liir @ s[li; + Lllr @ s — 1 @ snllv 7 @ sullv

—(E' (Up—1 + 70 @ ), T & Sp)

= Lllr@sli +Liir @ s —ra @ snllvra @ snllv.

IN
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The last line has been obtained by taking into account the fact that (&' (up—1 + rn ®
Sn),Tn & Sp) = 0 because of the Euler equation (6.17).
Thus, for all (r,s) € V; x V; such that ||r @ s||y < max (1, ||r, ® spllv),

(€' (Un-1),7r®s) + Lllr @ s||} + L|r @ s|lv|irn @ sullv + Lllrn ® sn |3 > 0.
AS a Consequence,
(E (un—1),7 ® )| < L|lr ® s||{ + Ll|Ir @ s||v||rn @ sullv + Ll|rn @ sull}-

Let (r,s) € Vi xV, such that ||r®s|ly =1 and ¢ € R such that t < max (1, ||, ® sp||v).
Then, we have

(€ (un—1),tr @ 5)| < Lt?||lr @ sl + Ltllr @ sllv [l @ snllv + Lllrn @ sall5-

And, by setting t = ||, ®@sy||v, we obtain the following inequality for all (r,s) € V; xV,,
such that ||r @ s|ly =1,

(€ (un-1),7 ® 5)] < 3L|rn @ snllvllr & sllv.

Of course, this inequality also holds true for all (r,s) € V; x V,, such that ||r ® s||yy # 1.
Therefore, (6.18) holds with A = 3L. O

We now state an elementary result which will be useful in the sequel.

Lemma 6.3.4. Let (an)nen+ be a sommable sequence of Ry. Then, there exists a subse-
quence of (nan)nen+ which converges to 0.

Proof. If such a subsequence could not be extracted, it would imply
Jeg >0, Ing € N*, Vn > ng , na, > €o.
Thus, the series Y 2 | a, would diverge. Hence the contradiction. O
We are now in position to complete the proof of Theorem 6.2.1.

Proof. By Lemma 6.3.2, the sequence (&€ (uy,))nen+ is convergent. Let us denote its limit
by E. We want to prove that £ = £(u).

Firstly, for all n € N*, £(u,,) > £(u), since u is the global minimizer of the functional
E. By letting n go to infinity, we obtain E > &£(u).

It remains to prove that £ < &(u).

Let us first prove that (£'(up)),cn- Weakly converges to 0 in V. Let M € Ry such
that for all n € N*| |ju,|[y < M. Its existence is ensured by Lemma 6.3.3. Let K =
B(0, M +2+ ||ul|y) be the closed ball of V' centered at 0 of radius M + 2+ |lul|y. Let L be
the Lipschitz constant associated with K in (6.9). Using (6.9) and the fact that £'(u) = 0,
we have || (uy)||lv < L||lu — up||yv and as (up)nen+ is bounded in V' by Lemma 6.3.3, we
deduce that (&'(up))nen+ is also bounded in V. We can then extract a subsequence of
(&' (un))nen+ which weakly converges in V' towards w € V. By using Proposition 3.3 and
by letting n go to infinity in (6.18), we deduce that (w,r ® s) = 0 for all (r,s) € V; x V,.
Then, as Span(X) is dense in V with assumption (A1), necessarily w = 0. Thus the
sequence (&' (uy))nen+ weakly converges to 0 in V.

As & is convex, we have the following inequality for all n € N*,

E(up) < E() + (& (un), un — u)y . (6.20)
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Let us prove that we can extract a subsequence of ((£'(uy,), un))nen+ which converges
to 0. Let n € N*. By using Proposition 6.3.3,

(€ (un)yun)] <Y HE (un), i @ s,
k=1

n
A " rng1 @ snpallvire @ sellv,
k=1

n 1/2
A(n|lrpp1 ® 3n+1H%/)1/2 (Z Ire ® Sk‘”%/> .
k=1

IN

IN

As the sequence (Y p_ [|rp ® SkH%/)neN* converges by Lemma 6.3.2, we have >}, [|rp®
sl < Sopoqllre @ sikl|f < oo. Furthermore, we can also extract a subsequence from
(n]|rpe1 ® 5n+1||%/)n€N* which converges to 0 (see Lemma 6.3.4).
We can then extract a subsequence from ((&’(uy,), un)v )nen+ which converges to 0.
By letting n go to infinity in (6.20) with this subsequence, we obtain that E < E(u).

We have thus proved that E = E(u).

Besides, as the functional £ is a-convex, (6.8) yields the following inequality,
!
Sl = unllt < E(un) = E(u),

which necessarily implies that ||u — |y converges to 0 when n goes to infinity, which
proves that (uy)nen+ strongly converges towards w in V. U

6.4 Rate of convergence in the finite-dimensional
case

In the case when V; and V. are finite-dimensional, we are able to prove that the algorithm
converges exponentially fast.

Theorem 6.4.1. We assume that V; and V, are finite-dimensional and that assumptions
(A1), (A2), (A3) and (A4) are fulfilled. Then there exist two constants T > 0 and o € (0,1)
such that for all n € N*,

0<E&(up)—E(u) < 10", (6.21)

2T
[ — un|ly < \/Ea"/% (6.22)

Proof. Let us denote by [ = dimV; and m = dimV,.. Then we can consider that V; = R!,
Ve = R™ and V = R™™ (which is implied by (A1)).
As the spaces are finite-dimensional, all the norms are equivalent, and we can consider

without loss of generality that |[|.||v;, ||.|[v, and ||.|[y are equal to the Frobenius norms of
R, R™ and RX™ defined by:

and

IR} = RTR,
1s)2, = ST, (6.23)
Uz, = Tx(UTU).

209



Notice that for all (R, S) € R x R™,
IR® S|y = RS llim = | RItl|S -

Let (¢i)1<i<i and (vj)1<j<m be orthonormal bases of V; and V, respectively. Then,
(i ® Yj)1<i<i1<j<m forms an orthonormal basis of V.
Our goal is to prove that there exists a constant o € (0,1) such that for all n € N*,

E(up) — E(u) <o (E(up—1) — E(u)). (6.24)
Let n € N*. Let us notice that
E(up) — Ew) = E(up) — E(up—1) + E(up—1) — E(u). (6.25)

As for all n € N*, E(u,,) —E(u) > 0, it is then sufficient with (6.25) to prove that there
exists A € (0,1) such that

E(up) — E(up—1) < =A(E(up-1) — E(u)), (6.26)

to have (6.24) with o =1 — X € (0,1).
Let us notice that (6.8) and (6.17) yield
o
E(up) — E(up—1) < —§Hrn ® st (6.27)

Besides, let M € R, such that for all n € N*| ||u,|ly < M. Its existence is ensured by
Lemma 6.3.3. Let K = B(0, M + ||ully + 2) be the closed ball of V centered at 0 of radius
M + ||ul|y + 2. Let L be the Lipschitz constant of the gradient of £ associated to K in
(6.9).

Using (6.9) and the fact that £'(u) = 0, we also have,

E(tun_1) — E(u) < Liju — up_1|}. (6.28)

With (6.27) and (6.28), it is sufficient to prove that there exists a constant x € (0,1)
such that for all n € N*,
70 @ snllv = &llu = unllv, (6.29)

in order to have (6.26) and hence (6.24).
Indeed, if (6.29) holds, we then have, using (6.27), (6.29) and (6.28),

o
E(wn) = E(una) < =l ® sl
(0%
< —§ﬁ2llu—un71||2v
(%
< —Emz(é’(un,l)—g(u)).

As the a-convexity of £ and the fact that £'(u) = 0 yields
@ 2
Eun-1) = E(u) 2 Sllu = un-1llv, (6.30)

inequalities (6.30) and (6.28) then imply that § < L and then (6.26) holds with A\ =
2 k%€ (0,1).
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Let us prove inequality (6.29). From Proposition 6.3.3, estimate (6.18) holds true. As
(i ® ¥j)1<i<i1<j<m forms an orthonormal basis of V', we obtain, using (6.18),

I m

I @I} = >0 > (E (un), ds @ 0y)°

i=1 j=1

I m
SN Arni @ spallv g @ vsl13

i=1 j=1

IN

= mA*|rpp @ sppa i
We then have the following estimate:
Hgl(un)HV <V lmAHTnJrI b2y 5n+1||V- (631)

The a-convexity of £ and estimate (6.31) lead to

o)
Eun-1) =€) < —(E'(un-1),u = un-1) - EHU —up-1l¥
o)
< VimAlra @ sallv|lu = unallv = S llu = un [y

Besides, by using the fact that &(u,—1) — E(u) > 0, we obtain
e

U — Up— )
QMAH 1||V

which is (6.29) with k = m € (0,1) for A large enough.
Hence the result. O

Hrn ® SnHV >

Remark 6.4.1. This result can be generalized to the case of tensor products of more
than two Hilbert spaces. Indeed, with the motation of Remark 6.2.2, and if we denote
Ly = dimVy,--- |1y = dimV,, estimate (6.31) becomes

Hgl(un)HV < V ll ce lqA‘|Tn+1 ® Sn+1HVa

and the proof still holds.

6.5 Case of a local minimum

We are able to extend the results of Theorem 6.2.1 and Theorem 6.4.1 in the case when
(rn, $n) in (6.10) is only defined as a local minimum which ensures the decrease of the
energy, more precisely, when (7, s,,) is defined recursively as:

(rn, sn) = local argmin € (up—1 +7r® s), (6.32)
(r,8)EVE X Vg

such that
E(up) < & (up-1), (6.33)

where u,, is defined as in (6.11).
To extend these results, we will need an additional assumption (which is naturally
fulfilled in the finite dimensional case), see Remark 6.5.2 below:
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(A5) There exist 3, € Ry such that

V(r,s) € Vi x Vi, Bllrllvillsllve < llr @ sllv < vllrllvlislve.- (6.34)

Theorem 6.5.1. Let us suppose that the assumptions (Al), (A2), (A3), (A4) and (A5)
hold true. Then, the iterations of the algorithm described above are well-defined in the
sense that (6.32) has at least one local minimizer (ry, sp) which satisfies (6.33). Moreover,
the sequence (uy),cn- strongly converges in V' towards u.

Proof. The proof is similar to the proof of Theorem 6.2.1 given in Section 6.3 except for
Proposition 6.3.3 which gives estimate (6.18):

V(r,s) € Ve x Vi, [(E(un),r @ 5)| < Allrnsr @ spaallvlr @ sy

This estimate is no longer true, but we have a similar result which will be enough to
complete the proof. Indeed, let us prove that there exists a constant B € R, such that

Vn € N*, V(r,s) € Vi x Vo, [(E(up),r @ 8)| < Bllrn @ sullvir @ s||v. (6.35)

Let M € Ry such that for all n € N*, [luylly < M. Its existence is ensured by
Lemma 6.3.3. Let K = B(0, M + 2) be the closed ball of V' centered at 0 and of radius
M + 2. Let L be the Lipschitz constant associated to K in (6.9).

Let (r,s) € V; x V, and n € N*. As (r,, s,) is a local minimum of V; x V, 3 (y, 2) —
£ (ZZ;% e QS +y® z), there exists a constant 1 € (0,1) such that for all ¢ € (0,7), we

have
E(Uup—1+ (rn+er)@(sp+es) > E(up—1+r,sy). (6.36)

Moreover, by convexity of the functional £, we have the following inequality

E(Uup—1+ (rn+er)®(sn+es)) — & (up—1+r, @ sp)

6.37
<{E(up+e(rn®@s+1®8,) +2r®38),6(rp ®s+1®8,) +2r @ s). (6.37)

We deduce from (6.36), (6.37) and property (6.9) that, for all £ small enough so that
le(rn ® s +1r® s,) +&2r @ sy <1,

0 (E'(up +e(r, @s+1@5,) +2rRs),e(rn @s+7® sp) +2r @ s),

<
< (E (Un), e(rn @5+ T ®5,) +2r@8) + L||e(rn ® s +7 ® sp) + % @ 5|2

As (7, sp) is a local minimum of the functional V;xV,, 3 (y,2) — & <Zz;i re @Sk +y® z),

(T, sn) still obeys the Euler equation (6.17) and thus (£'(uy,),e(r, @ s +r & s,)) = 0.
Finally, we have

e2(E (up),” @ s) + Le?||rp @ s + 1 ® sp +er @ s||F > 0.
Dividing this expression by €2 and letting € go to zero, we obtain
(€' (un),r @ 5) + Llry @ s + 17 @ sy[i > 0,
which leads to

(E (un),r @) <L (ra®@s+r@sully + Irn @ s — 1 @ spl}) -
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All this holds without the additional assumption (6.34) for all (r,s) € V; x V. To
derive estimate (6.35), we use the additional assumption we made on ||.||y:

|(5'(un),r®s>|1/2 )1/2

VL ([rn @5+ 7@ sully + lIrn ® s — 7 @ snlf3
\/E(Hm Rs+r@sullv+|lrn®@s—res,v),
WL (|rn @ sy +||r @ snllv),

2VLy (Irnllvillslva + iy llsnllvz ) -

)

ININ N DA

We can then choose (r, s*) € Vi, x V, and (r*,s*) € V; x V,, such that r} @ s} =r,®s,

n»Tn

and r*®s* = r®s and such that ||r}|v, = ||s:|lv, < M%H% ® spllv and ||7*]|v, = ||s*[|v, <

A /%H’F ® s|ly. Thus,

(E (un),r @ 8)[V2 = [(E(un), 7" @ s¥) |12,
< 2VLy(Irallvills* v, + ¥ (v llsillva)
VL
< 477\\rn®snulv/2ur®s|ylv/z.

And in the end, we obtain estimate (6.35) with B = 16%—’722. With this result, it is then
possible to conclude as in the proof of Theorem 6.2.1. U

Remark 6.5.1. Problem (6.14) falls into the scope of Theorem 6.5.1. On the other
hand, this is not the case for problem (6.15), for which property (6.34) is not true (see
Remark 6.2.5). We were not able to prove a similar result in the case when ||.||y does not
satisfy property (6.34).

Remark 6.5.2. Here are two typical examples for which assumption (A5) holds :

e In the case when V =V, ® V,, property (6.34) holds with § =~ = 1. This holds in
uncertainty propagation problems where V = L%(’T ,H) with H an Hilbert space of
real-valued functions defined on X. Denoting by V; = L%F(T, R) and V,, = H, then
V=V,eV,.

e In other cases, to find an approximation of the global minimum of the energy &£, the
Hilbert spaces V; and V, are usually discretized in finite-dimensional spaces. The
problem can then be rewritten as a problem over V; = R!, V, = R™ with [,m € N*,
and then V is naturally defined as the Hilbert space V' = R!*™. Then, assumptions
(A1), (A2), (A3) and (A4) are automatically satisfied on the discretized spaces. As
all the norms are equivalent in finite dimension, the norms on R/, R™ and R>*™
induced by the norms defined over the original Hilbert spaces Vi, V., and V are
equivalent to the Frobenius norms, defined by (6.23). These norms satisfy property
(6.34) since for all (R,S) € Rl x R™, |RST ||t = ||Ri||S||m. Hence, the norms
induced by the norms defined on the original Hilbert spaces automatically satisfy
property (6.34) even if the property is not satisfied in the continuous spaces.

As in Section 6.4, we can prove that the algorithm defined by (6.32) and (6.33) converges
exponentially fast in finite dimension.
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Theorem 6.5.2. Let us consider the algorithm defined by (6.32) and (6.33). Letl,m € N*.
Let Vi =R, V, = R™ and V = R™™. Then there exist two constants 7 > 0 and o € (0,1)
such that for all n € N*,

0<&(up)— &) <1o”, (6.38)

2T
lw—un|lv < \/Ean/? (6.39)

Proof. As the spaces are finite-dimensional, assumptions (A1), (A2), (A3), (A4) and (A5)
are automatically fulfilled (see Remark 6.5.2) and estimate (6.35) holds true. The proof
is similar to the proof of Theorem 6.4.1. Indeed, (6.25), (6.27), (6.28) and (6.30) still
hold. Then it is sufficient to prove an inequality similar to (6.29) to prove Theorem 6.5.2.
However, as (6.35) holds instead of (6.18), inequality (6.31) is replaced by:

and

IE" (un)llv < VImBlira @ sl¥, (6.40)

and consequently, an inequality similar to (6.29) must be obtained in another way.

Let M € Ry such that for all n € N*| |ju,|y < M. Its existence is ensured by
Lemma 6.3.3. Let K = B(0, M + 2+ ||ully) be the closed ball of V centered at 0 of radius
M + 2+ ||ully. Let L be the Lipschitz constant associated with K in (6.9).

On the one hand, using the convexity of &£, (6.9) and the fact that £'(u) = 0, we have

E(un—1) = E(un) < —(E'(Un-1),7 ® s) < Llry @ snllv [lu — up—1lv- (6.41)
On the other hand, (6.30), the convexity of &£, (6.17) and (6.40) yield

E(up—1) —E(un) = E(up—1)—Eu)+ E(u) — E(uy)

> Sl v+ ) — Eun)
> Sl i+ (€ () w = )
= Sl et (€ (), 0 = )
> Sl = e} = VimBlir, @ sullvllu = [l
Then, using (6.41), we have (6.29) with x = m € (0,1). We can conclude as
in the proof of Theorem 6.4.1. O

Remark 6.5.3. The results given in this section may not stand when we consider more
than two Hilbert spaces. Indeed, the scheme of the proof of Theorem 6.5.1 cannot be easily
adapted and we do not necessarily have an estimate similar to (6.35).

6.6 Numerical results

In this section, we illustrate the convergence properties of the algorithm introduced in
Section 6.2 in a very simple setting, namely a one-dimensional membrane problem with
uncertainty, with a basic space discretization method. Additional investigations to demon-
strate the applicability and the efficiency of the procedure on high-dimensionnal problems
are still required. We however refer to Nouy [157] for illustrations of the interest of the
method for problems in high dimensions.
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6.6.1 Implementation of the algorithm

Let us recall problem (6.14). Let f € LA4(T,H '(X)) and g € L2(7,H}(X)). Let us
assume that the random variable 7" has a probability density p(t) for ¢ € 7. In other
words,

P(T € D) = / p(t) dt,
D

where D is a measurable subset of 7.
For a given value of the penalization parameter p € Ry, we wish to calculate an
approximation of the minimizer u of the problem

{ Find u € L7(T, Hj(X)) such that (6.42)

u = argmin,cr2 (7 i (x)) €(v);

1 p
E(w)=E [5 /X \Vou(T, z)? dz — (f(T,.),v(T, .)>H,1(X)7H3(X) + 5 /X[g(T,x) — (T, )3 dz | .
In other words,

E) = %/TXX|va(t,g;)|2p(t)dtd:p—/T<f(t, 000 ) s it oy P(E)

+g /TXX[g(t,x) — o(t, )2 p(t) dt da.

In this case, the greedy algorithm can be rewritten in the following form. Set fy = f
and gy = g and define recursively (7, s,) € L#(7) x H}(X) as

(Fn, Sn) € argmin En(r®s),
(r,s)EL2.(T)xH}(X)
with
1
En(r®s) = 3 /T r®@s) (t,x)|*p(t) dt do — /T<fn_1(t,.),r ®s(t,.)>H_1(X)7H5(X)p(t) dt
2 lgnr(t2) — v @ s(t, )2 p(t) di do,
2 TxX
where
fn = fnfl + Am(rn ® Sn)a
gn = gnfl —Tn ® Sn-
Indeed,

E(Up1+1r®s)=E (Uup_1) —

g /]’xx[gn_l(tv x)]?l—p(t) dt dx + 5n(7° ® 8)7

where wu,, is defined as in (6.11).

215



In fact, from Theorem 6.5.1, it is sufficient for (r,,, s,,) to be a local minimum of L2.(7) x
H}(X) 3 (r,8) — Eu(r @ s) such that:

&MM%M<£/ (gnr (£, 2)2.p(t) dt e,
2 TxX

which ensures (6.33). Denoting (-,) the scalar product of L2(7, L*(X)), assuming f €

L2(T,L?(X)), we can also write for all v € L2(7T, H} (X)),

E0) = 5 (Vav,Var) = (fi0) +

l\le

(lg9 = vl4,lg —v]4),

where

Vo, w € L3 (T, L*(X)), (u,v) = /TXXv(t,x)w(t,x)p(t) dt dx.

We write the algorithm in the discrete case, and, for clarity, we restrict ourselves to the
case of two open intervals 7 and X of R. More precisely, 7 = (a,b) and X = (¢, d), with
a,b,c,d € R, such that a < b and ¢ < d. Let us denote Q =7 x X. Let us also assume for
simplicity that T follows a uniform law of probability on 7 = (a,b) (i.e. p(t) = ;- for all
teT).

Let I,m € N* with [ > 2 the numbers of degrees of freedom in the discretized spaces
of V; and V, respectively. We introduce a regular subdivision (¢;)1<;<; of the interval
7T = (a,b) (and respectively a regular subdivision (z;)o<j<m+1 of the interval X = (¢, d)):

V1 <i<l, tl—a+(z—1)l i
VO<j<m+1, :U]—c+j

m+1
Let (¢i)1<i<i € Vi and (¥j)1<j<m C V4 be continuous functions such that
Gi(ty) = 0z, V1 <iiyi’ <1, (6.43)
and
Yi(xy) =6, V1<j<m, 0<j <m+1, (6.44)

and let us consider V, = Span(¢;)i<i<i, V, = Span (1 )1<j<m and V =V, ®V,. For
example, Lagrange finite elements satisfy properties (6.43) and (6.44).
Our goal is to find an approximation u € V of the function u under the following form

m

l
2) = 303 Uisi(tyi(a) (6.45)

where U = (UY)1<i<i1<j<m = (@t )1 <i<i1<j<m € RFXL
A discretized variational version of problem (6.42) is

{ F;md uE V such that (6.46)
u = argmin, g £(v).
For v € ‘7, it holds
l 2
1 m
E(v) = ST (BVDVT) —Tr (FVT) + /T N > Z Vigi(t) @ v;(z) —glt,x)| dtdz,
<X |“
i=1 j=1 +
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where V = (VW)1<i<r, 1<j<m = (0t 25))1ci<, 1<j2m 204 @ = (27 )1<iv<y € R, D =
(D7) 1<) jr<m € R™M, F = (F7)1<icp1<j<m € R™ are defined as

1
= b_a/T%(’f)%(t) dt

DI = /X Oyt (2)0, 5 () da

1
b /T (f(t,.), 0 @ (2, -)>H—1(x),H(}(X) dt.

Fi =

In practice, to simplify the computation of the last term in £(v), we use the simple numer-

ical integration formula:
I m+1
/ w(t,x) dtdr ~ Z Z w(ti, zj),
TxX i=1 j=0
2

with w(t,z) = [Zi‘:l Py Vig(t) @ j(z) — g(t, x)} . For this, we need to assume that
+

Nl}—l

g is a continuous function on €.

In the end, introducing p = and G = (g(ti,5))1<i<i, 1<j<m, the discretized

P
I(m+2)
version of problem (6.42) is given by:

{ Find U € R*™ guch that

. 6.47
U = argming cpixm 3@VD 1V = F: V4 8[G - V], : [G = V]4, (6.47)

where for A, B € Rx™
A:B=Tr(AB")= > >  AyBy
1<i<l1<j<m

This problem is equivalent to:

Find U € R™™ such that ®UD = F + p[G — U],

For each function r € ‘7,5 and s € ‘7957 we denote by R € R! and S € R™, the vectors
which are defined by '
V1<i<lI, R"=r(t),
and '
V1<j<m, 8 =s(x;).
Approximations of the functions r(¢) and s(x) can then be expanded respectively in the
bases (¢i)1<i<i and (1j)1<j<m as

l

r(t) = Y Riéi(t),
=1
l

s(x) = Y Su(x)
j=1

The greedy algorithm can then be rewritten as:
Choose a threshold € > 0 and set Fy = F, Go = G. At iteration n > 1:
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1. find R, = (RY)1<i<; and S, = (S%)1<j<m two vectors respectively in R! and R™
such that:

(Rp,Sp) € argmin  &,(R,S),
(R,S)eR xR™

with

En(R,S) = %@(RST)D:(RST)—Fn,l:(RST)

+§[Gn_1 — RST), ¢ [Gn_1 — RST],.

2. set F, = F,_1 — (R,SL)D, and G, = G,,_1 — R, ST
3. if ||R,SL|| > €, proceed to iteration n + 1. Otherwise, stop.

The remaining question is: how can we compute (R,,,S,) at step 17 This critical step
is described in the following section.

6.6.2 Computing (R, S,)

Fixed-point procedure

Let us first describe a method which has been proposed by Nouy [157] and Chinesta [5],
that is the fixed-point procedure and which we use in our final numerical implementation
(see Section 6.6.2). We present this algorithm in a particular case. Let us consider V; = R,
Ve = R™ and V = R™*™ endowed with the Frobenius norms defined by (6.23). We fix a
given matrix M € R*™. Let us define the energy functional as &(W) = ||[M — W3 for
W € RX™ In this particular case, applying the greedy algorithm described above consists
in computing the Singular Value Decomposition of the matrix M.

In this particular case, the greedy algorithm can be rewritten in the following form.

Choose a threshold € > 0 and set My = M. At iteration n > 1,

1. find two vectors R,, and S, respectively in R! and R™ such that

(Ru,Sp) € argmin || M, — RST|[;,. (6.48)
(R,S)eR XR™

2. set M,, = M,,_1 — R,ST.
3. if ||R,SL|y; > €, proceed to iteration n + 1. Otherwise, stop.

The Euler equation associated to this problem can be rewritten as

HSnH%/IRn = My —18n,
HRnH%/tSn = (Mn—l)TRn-

The method which is generally used [130] to solve these Euler equation is a fixed-point
algorithm, which simply reads (for a fixed n): at iteration ¢ > 0, compute two vectors

(R%qul), ST(LqH)) € RF x R! such that

ISP)2, RETY = M,_1SE, 619
HR£Lq+1)H%/tST(Lq+1) —  (M,_1)TRYHY. '

218



One can check [130] that this procedure is similar to the power method to compute the
largest eigenvalue (and associated eigenvector) of the matrix (M, _1)" M, _;.

One could think of applying this fixed-point procedure to the case of the obstacle
problem we consider in this article. In our case, the Euler equation

(PR, : R,)DS, = FI | R,+ plGn_1— R,SITR,,
(DS, : Sp)®R, = F, 1S, +p|Gn_1— R,SL],S,.

could be solved a priort with a fixed point algorithm, which, at iteration ¢, might be
written as

T
@R . R\pslet) = pr Rl +5[Gn_1 _ gW (Sfﬂ)) } R,
Jr
T
(DS gt p Rt _ g gty | 5[Gn1_ @ (59) ] glat).
+

Unfortunately, we were not able to make this fully-explicit fixed point algorithm con-
verge for large values of the parameter p. We therefore decided to resort to a minimization
procedure.

Minimization procedure

The approach we adopt then is the following. We choose an initial pair (R?, S9) € R/ x R™
and then perform a quasi-newton algorithm to find a local minimum of the function

1 p
5@ (RST)D : (RST) — F_q : (RST) + 5 [Gno1 - RS™] : [Gpa—RST] .
The main difficulty is to find a proper initial pair (Rg0)7 ST(LO)) such that

%(I) <R§LO)S§LO)T> D: (R£0)5£0)T> P <R£LO)S£LO)T)_|_§ [anl _ R%O)Sr(LO)T]—F : [anl B Rﬁlo)S,(LO)TL

<

o)

[Gn—l]-i- : [Gn—l]-i-a

to ensure that the energy decreases (see (6.33)).
Let us describe our approach in the continuous setting with the notation used in Sec-

tion 6.4. It consists in finding a pair (7“7(10), sﬁf)) € V; x V. such that

& (un_l +r0® sﬁlo)) < & (Up-1) -
We notice that for (r,s) € V; x V,,, and n > 0, we have
E (up—1+mr @ s) =& (un—1) = 0 (' (un—1) ,r @ s) + o(n),

for 1 small enough.

The idea is then to find a pair (r,s) € V; x V, such that (&'(u,—1),r ® s) < 0, so
that there exists 7 > 0 small enough for which & (up—1 +nr ® s) — € (up—1) < 0. Then,
0) & (0

rﬁl ® sy’ =nr® s is a good initial guess.
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Let us first consider the pair <7"£L0), sg0)> €V, x V. such that

) (0 . 15, Cresl?
(W) € angmin 5" wn) = ool

0) _(0)

In other words, we consider <’I“n , Sn > the first term of the singular value decompo-

sition of & (u,—1) in V. The Euler equations then imply
() - o DD s )~

and therefore,

- - 2
<5/(un1) Y ® 51(10)> = HT’SLO) ©sy)|| >o0.
4
By taking 7“,(10) ® sﬁ?) = —777“,(10) ® 5,(10), there exists then n > 0 small enough such that

& <un,1 +r0 g 5,(10)) — & (up—1) <0.

In the discrete case associated to problem (6.14), < ,(10), ST(LO)> is obtained by taking

the first term of the singular value decomposition of the matrix F,_1 + p[Gp—_1]+. This
can be done with a fixed point procedure similar to (6.49).

0) ¢(0)

Once we have this initial guess ( ny Sn ), we perform a quasi-newton algorithm to

minimize the energy. The computations are done with the software Scilab [2] and the
quasi-Newton procedure is performed via the optim procedure of Scilab.
Let us point out that this procedure is intrusive in general.

6.6.3 One-dimensional membrane problem

In this section, we present the results we obtained with this algorithm on the following
membrane problem.

We suppose X =7 = (0,1). We consider a random variable T following a uniform law
of probability on the interval (0,1). We wish to study problem (6.42) with the following
values for f and g,

V(t,z) € (0,1)%, f(t,z) = —1 and g(t,x) = t[sin(3mz)]4 + (t — 1)[sin(37wz)]_.

The negative part of a € R, i.e. [a]- =01if a > 0, and [a]- = —a if a <0, is denoted
by [a]-—.

The above problem models a rope attached at x = 0 and = = 1 subjected to gravity
and resting upon obstacles whose altitudes are given by ¢(¢,z). The quantity (¢, x) then
represents the altitude of the rope at abscissa x when T = t.

This problem is approximated by problem (6.47) with parameter p = 2500. The
problem is discretized with a regular mesh and IP; finite elements in each direction. Dis-
cretization parameters are chosen as [ = m = 40.

Fig. 6.2 represents the altitude of the obstacles given by g(t,z) for (t,z) € [0, 1]?.

The algorithm described in the previous sections is then applied with the following

stopping criterion: ||R,ST |y < 5.1075 with [|Ally = /Tr(AAT) = /3%, zz.:l AZ; for
A e RF
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Figure 6.3: Evolution of log, (€(u,) — E(u)) (left) and of log,y(||R,SLv) (right)
as a function of n.

Fig. 6.3 represents the evolution of log,o (€(u,) — £(u)) and of logyo (|| R.SE v ).

We can see that the greedy algorithm captures very quickly the main modes of the
solution.

Fig. 6.4 represents the results obtained for the solution u(t,z). Fig. 6.5 and Flg. 6.6
represent u(t,x) and g(¢,z) for some special values of T'.

As we can observe, the solution does not exactly satisfies the constraint w(t,xz) >
g(t,x). This is due to the fact that we approximate a solution u; of the penalized problem
(6.14) for p = 2500. This is the main drawback of our method: we do not approximate
directly the solution of the initial obstacle problem but the solution of a close regularized
problem. Indeed, if we try to further increase the parameter p, we face the main drawback
of penalization methods, that is the ill-conditioning of the resulting matrices.

6.7 Conclusion

In this article, we presented a greedy algorithm based on variable decomposition aiming at
computing the global minimum of a strongly convex energy functional. We proved that,
provided that the gradient of the energy is Lipschitz on bounded sets, and that the Hilbert
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Figure 6.5: Profile of u and g for T'= 0 (left) and 7" = 0.375 (right).

spaces considered satisfy assumptions (A1) and (A2), then the approximation given by our
algorithm strongly converges towards the desired result. One of the main advantage of the
algorithm is that it can deal with highly nonlinear problems. We also proved that in finite
dimension, this algorithm converges exponentially fast.

We applied this algorithm in the context of uncertainty quantification on obstacle prob-
lems. In this frame, we considered regularizations of this kind of problems by penalization
methods. Indeed, the obstacle problem can be approximated by a global minimization
problem defined on the entire Hilbert space of some strongly convex energy functional
where the constraints of the initial problem are replaced by penalization terms in the ex-
pression of the functional. Our algorithm gives a good approximation of the solutions of
the regularized problem. However, the problem of ill-conditioned matrices, which is inher-
ent to penalization methods, limits the accuracy with which we can approach the solution
of the initial obstacle problem.

One way to circumvent this problem is to use augmented Lagrangian methods (see
[90, 94, 101]) instead of penalization methods. Indeed, the former algorithms converge
towards the true solution of the initial obstacle problems. The adaptation of our algorithm
to such methods is work in progress.

Another extension of our work would be to consider other problems than obstacle
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problems. In [157], a similar algorithm based on Proper Generalized Decomposition is
used to study uncertainty quantification upon a Burger type equation. We believe that it
could be possible to extend our proof of convergence in the case of such hyperbolic systems.
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