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Abstract

The main topic of the thesis are inverse scattering problems of electromagnetic waves from
periodic structures. We study first the direct problem and its numerical resolution using
volume integral equation methods with a focus on the case of strongly singular integral oper-
ators and discontinuous coefficients. In a second investigation of the direct problem we study
conditions on the material parameters under which well-posedness is ensured for all positive
wave numbers. Such conditions exclude the existence of guided waves. The considered inverse
scattering problem is related to shape identification. To treat this class of inverse problems,
we investigate the so-called Factorization method as a tool to identify periodic patterns from
measured scattered waves. In this thesis, these measurements are always related to plane
incident waves.

The outline of the thesis is the following: The first chapter is the introduction where we
give the state of the art and new results of the topics studied in the thesis. The main content
consists of five chapters, divided into two parts. The first part deals with the scalar case
where the TM electromagnetic polarization is considered. In the second chapter we present the
volume integral equation method with new results on Garding inequalities, convergence theory
and numerical validation. The third chapter is devoted to the analysis of the Factorization
method for the inverse scalar problem as well as some numerical experiments. The second
part is dedicated to the study of 3-D Maxwell’s equations. The fourth and fifth chapters
are respectively generalizations of the results of the second and third ones to the case of
Maxwell’s equations. The sixth chapter contains the analysis of uniqueness conditions for the
direct scattering problem, that is, absence of guided modes.






Chapter 1

Introduction

Direct and inverse scattering from periodic structures has a long history. Since the first
study [85] by Lord Rayleigh in 1907, it has received continuous and considerable attention
from researchers not only as an interesting mathematical topic in its own right but also as
a field of great interest in applications. These applications include optical filters, lenses and
beam-splitters in optics, and indeed their non-destructive testing is an important issue to
guarantee the functioning of such devices. An overview about this and further topics in
applied mathematics related to wave propagation in periodic structures can be found in,
e.g., [14,86].

Figure 1.1: Examples of periodic structures in nanotechnology. These photos are from pa-
per [18] (left) and nanotechweb.org (right).

This thesis includes three topics concerning some aspects of numerical and mathematical
analysis of direct and inverse scattering problems of time-harmonic electromagnetic waves
from periodic structures. The first topic which is also the main topic of the thesis is the
study of the periodic inverse scattering problems in both cases of TM modes and Maxwell’s
equations. As a tool serving the first topic, the second topic concerns volume integral equation
methods for the numerical resolution of the direct problem again in both scalar and vector
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cases. Finally, we investigate in the third topic the well-posedness for all wave numbers of the
direct problem for the case of Maxwell’s equations.

1.1 State of the art

Let us first briefly review results from the literature in the three topics mentioned above. For
each topic we indicate ongoing research subjects and new results that have been obtained in
this thesis.

1.1.1 Existence and uniqueness of solutions to direct scattering problems
from periodic structures

Mathematical theory for the well-posedness of electromagnetic scattering problem for periodic
structures has been an active area of research in the last years. In contrast to scattering
from bounded structures, uniqueness of solution for this scattering problem does not hold
in general for all positive wave numbers. Instead, non-trivial solutions to the homogeneous
problem might exist for a discrete set of exceptional wave numbers, and these solutions turn
out to be exponentially localized surface waves.

For the scalar case, the first study can be found in [2] where the author considered a quasi-
periodic boundary value problem for the Helmholtz equation arising from wave scattering by
periodic structures. This paper proved existence and uniqueness of solution for all wave
numbers (or, equivalently, all frequencies), under geometrical conditions on the penetrable
scatterer with Dirichlet boundary conditions. Similar results are obtained in the paper [22]
for more complicated periodic structures which are constituted of conducting and dielectric
materials. The latter paper further gave examples of structures for which non-uniqueness of
solution occurs at the so-called singular wave numbers. These wave numbers were shown to be
related to guided waves (surface waves) that are exponentially localized along the structure.
For a more general case of non-periodic unbounded scatterer, the authors in [29] proved
uniqueness of solution and non-existence of guided waves under such geometrical conditions.

For the case of Maxwell’s equations, the authors of [40] studied well-posedness of the
scattering problem from a medium consisting of two homogeneous materials separated by
a smooth biperiodic surface using an integral equation approach. In [12,15,41] the authors
studied existence and uniqueness of solution for the scattering problem from penetrable biperi-
odic structures using a variational approach for the magnetic field formulation. Nevertheless,
unlike the scalar cases, the uniqueness results in these papers were only proven for all but
possibly a discrete set of wave numbers. Furthermore, they only considered the non-magnetic
case, i.e, the magnetic permeability is assumed to be the same constant outside and inside
the periodic structure. The case of variable magnetic permeability was investigated in the
paper [1] for Maxwell’s equations where the biperiodic structure consists of conducting and
dielectric materials. That paper studied a variational approach, formulated in terms of the
electric field, and showed that the obtained saddle point problem satisfies the Fredholm alter-
native, and again uniqueness of solution was proven for all but possibly a discrete set of wave
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numbers. More recently, the paper [105] analyzed the well-posedness of the scattering problem
for penetrable anisotropic biperiodic structures but again with the restriction of non-magnetic
material. The latter paper also proved that the scattering problem is uniquely solvable for
all wave numbers if the structure contains absorbing materials, and if the dielectric tensor is
piecewise analytic.

Therefore, the uniqueness result for all wave numbers for Maxwell’s equations with non-
absorbing biperiodic materials that we have obtained in this thesis is, to the best of our
knowledge, a new result in the topic.

1.1.2 Volume integral equation method and numerical discretization

Motivated by applications of periodic dielectric structures for optics it is important to con-
struct efficient schemes to compute the electromagnetic fields involved in the associated scat-
tering problems in the scattering problems. There are various numerical approaches to solve
the direct problem. One of the two most developed and studied methods that we would
like to mention first is the finite element discretization of the variational problem. One
can find the results for the scalar case in, e.g., [10,11,13,42,43] as well as for the case of
Maxwell’s equations in [1,12,41,57,104]. This approach turns out to be advantageous in
dealing with complicated materials. The system matrix is sparse even if in three dimensions
number of degrees of freedoms becomes large. However, one has to take into account the
quasi-periodicity of the solution and the radiation condition which might be difficult using
a standard software package. The second approach mentioned above is the boundary inte-
gral equation methods. The results for both scalar and Maxwell’s equations cases has been
studied in, e.g., [4,6,82,84,93,95,111]. Also, in [4] the author provided a extensive state of
the arts on boundary integral equation methods for the periodic scattering problems as well
as a large amount of related publications. In this second approach the radiation condition is
automatically satisfied and the resulting matrix system is smaller than the one in the first
approach. However that matrix system is dense and setting up such a system matrix is hence
costly both in terms of memory and CPU time. Further as we know that the main ingredient
for this approach is the quasi-periodic Green’s function which is also the kernel of the integral
operator. Thus efficient evaluation of the integral kernel appears quite challenging due to its
singularity.

We next describe the volume integral equation method which received less attention in
the math community than the last two approaches. In the engineering community, volume
integral equation methods are a popular tool to numerically solve scattering problems, see,
e.g., [46,75,97,98], since they allow to solve equations with complicated material parameters
via one single integral equation, the radiation condition is automatically satisfied and the
implementation is simple. The linear system resulting from the discretization of the integral
operator (by, e.g., collocation or finite element methods) is large and dense. However, the
convolution structure of the integral operator allows to use FF'T techniques to compute matrix-
vector multiplications in an order-optimal way (up to logarithmic terms), see, e.g., [94,107,
114]. However, the discretization of the integral operator itself is sometimes done in a crude
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way. The convergence analysis of the method is often missing, in particular when material
parameters are not globally smooth.

Recently, volume integral equation methods also started to attract interest in the applied
math community. The papers [53,54,80,109] provide numerical analysis for the Lippmann-
Schwinger integral equation, when the weakly singular integral operator is compact. Fur-
ther, [38,73,90] analyze strongly singular integral equations for scattering in free space. How-
ever, [90] considers media with globally continuous material properties, and the L?-theory
in [73] does not yield physical solutions if the material parameter appearing in the highest-
order coefficients are not smooth. The paper [38] proves a Garding inequality for a strongly
singular volume integral equation arising from electromagnetic scattering from a (discontinu-
ous) dielectric. This implies the convergence of Galerkin discretizations. However, studying
a finite element discretization of the volume integral equation leads to drawbacks of a large
and dense matrix system where the quasi-periodic condition have to be taken into account.

We hence can see that the application of this method to periodic scattering problems
for the cases of discontinuous materials and/or strongly singular integral operators (the form
of the integral equations is of the second kind) is still an subject of ongoing research, and
studying this subject is one of the aims of the thesis.

1.1.3 Periodic inverse scattering problems

Inverse problems in scattering by periodic structures have been an active research area in the
last years. We refer to [3,16,17,44,45,67,112] for uniqueness results for detecting periodic
scattering objects from field measurements. Furthermore, for the topic of shape identification
that is investigated in this thesis, traditional approaches, e.g., Newton-type iterative methods
can be found in [51,52,66,76,77]. Besides more recent approaches of non-iterative methods
such as Ikehata’s probe method [58-65], singular sources method [88, 89,91, 92], the linear
sampling method recently appeared as one of the most studied and developed. This method
was first introduced in [33] for the scalar case of the problem of shape identification in inverse
obstacle scattering. It aims to compute a picture of the shape of the scattering object from
measured data. Compared to traditional approaches the linear sampling method is relatively
rapid and does not need a-priori knowledge on material properties. Therefore, it has attracted
much research in recent years, see, e.g., [23,24,26, 31, 32,34-36]. Recent developments of
the linear sampling method can be found in [25,27]. Furthermore, the latter method has
been recently extended to inverse scattering involving periodic media in [55,56,113]. Using
complex-conjugated incident fields the authors in [55,56] studied the periodic version of the
linear sampling method for the case impenetrable periodic surfaces with mixed boundary
conditions. Instead of the far field equation for the case of bounded obstacles they considered
the near field equation defined on a line/plane above the periodic structure which is a linear
integral equation of first kind. For penetrable periodic structures in a full space setting, the
linear sampling method has been investigated in the recent paper [113] for the corresponding
inverse problem. The authors studied the TE case where the incident fields used are plane
incident waves.
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A problem with the linear sampling method is that for a wide class of scattering problems,
its complete mathematical justification still remains open, see [25]. Recently, some results on
justification of this method have been obtained in [5,9]. The so-called Factorization method,
developed in [68,74], overcomes this disadvantage. This method has a rigorous justification
from a mathematical point of view, keeps the previously mentioned advantages and of course
is an interesting tool for shape identification problems in inverse scattering. However, the class
of scattering problems to which the Factorization method can be applied is still restricted,
see [72]. We also refer to [72] for applications of the Factorization method to obstacle inverse
scattering problems and impedance tomography.

The Factorization method has been recently extended to inverse scattering problems for
periodic structures. The papers [7, 8] studied the method for detecting impenetrable peri-
odic layers with Dirichlet and impedance boundary conditions. The author of [79] considered
imaging of penetrable periodic interfaces between two dielectrics in two dimensions. Further-
more, the papers [7,8,79] investigated the Factorization method for the TE case. Using point
sources as incident fields the author in [100] obtained a rigorous analysis of the Factorization
method for Maxwell’s equations of inverse scattering from penetrable biperiodic structures.
This work extended similar results in [72] for obstacle inverse scattering of electromagnetic
waves.

Therefore as a contribution to this ongoing research subject, we have developed the Fac-
torization method for periodic inverse scattering problems for the TM case and Maxwell’s
equations using plane incident waves. We are interested in mathematical analysis as well as
numerical implementation of the method for both scalar and vector cases.

1.2 Outline of the thesis

After the first chapter of introduction presented above, the main content of this thesis consists
of five chapters, essentially divided into two parts. In each chapter, we present results obtained
by studying the problems described in three topics in the state of the art above.

Part I deals with the scalar case of TM electromagnetic polarization and contains Chap-
ters 2 and 3. In Chapter 2 we analyze electromagnetic scattering of TM polarized waves
from a diffraction grating consisting of a periodic, anisotropic, and possibly negative-index
dielectric material. We reformulate the periodic scattering problem as a strongly singular
volume integral equation, that is, the integral operators fail to be weakly singular. Then we
prove new (generalized) Garding inequalities in weighted and unweighted Sobolev spaces for
this strongly singular integral equation. These inequalities also hold for materials for which
the real part of the material parameter takes negative values inside the diffraction grating,
independently of the value of the imaginary part. Moreover, when the material parameter is
isotropic and positive we show that trigonometric Galerkin methods applied to a periodization
of the integral equation converge. Fully discrete formulas show that the numerical scheme is
easy to implement and numerical examples show the performance of the method.

Chapter 3 concerns the shape identification problem of diffraction gratings from measured
spectral data involving scattered electromagnetic waves in TM mode. More precisely, we con-
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sider diffraction gratings consisting of a penetrable periodic dielectric mounted on a metallic
plate. Using special plane incident fields introduced in [7], we study the Factorization method
as a tool for reconstructing the periodic media. We propose a rigorous analysis for the method.
A simple imaging criterion is also provided as well as numerical experiments to examine the
performance of the method.

Part II is dedicated to the study of Maxwell’s equations and consists of Chapters 4, 5 and
6.

Chapter 4 extends the volume integral equation method investigated in Chapter 1 to
electromagnetic scattering problems from anisotropic biperiodic structures. These problems
are governed by Maxwell’s equations in a full space. We consider the case where the electric
permittivity and the magnetic permeability are both matrix-valued functions. The scattering
problem again can be reformulated as a strongly singular volume integral equation. Since the
compact embedding H! C L? is crucially exploited for the scalar case for proving Garding
inequalities, the main difficulty in this case is that the embedding H (curl) C L? is not compact.
We overcome this by not investigating Garding inequalities in the support of the contrast
but in a bigger domain under suitable assumptions on the contrast. This turned out to be
sufficient for convergence theory of a trigonometric Galerkin method appplied to the periodic
integral equation. We again propose fully discrete formulas for the numerical scheme as well
as numerical examples.

In Chapter 5 we extend the Factorization method studied in Chapter 2 to the electro-
magnetic inverse scattering problem for Maxwell’s equations. Instead of a half-space setting
of the problem as in the scalar case, we investigate here the vetorial problem for penetrable
biperiodic structures in a full-space setting. By modifying special plane incident fields used
in the scalar case and extending the approach to the vectorial problem we again propose a
rigorous analysis for the Factorization method. We also provide three dimensional numerical
experiments which, to the best of our knowledge, are the first numerical examples for this
method in a biperiodic setting.

Finally, Chapter 6 presents results on existence and uniqueness of solution for all positive
wave numbers for electromagnetic scattering problem from a biperiodic dielectric structure
mounted on a perfectly conducting plate. Given that uniqueness of solution holds, existence of
solution follows from a well-known Fredholm framework for the variational formulation of the
problem in a suitable Sobolev space. In this chapter, we derive a Rellich identity for a solution
to this variational problem under suitable smoothness conditions on the material parameter.
Under additional non-trapping assumptions on the material parameter, this identity allows us
to establish uniqueness of solution for all positive wave numbers (i.e. excluding the existence
of surface waves).

The work of this thesis contains the results presented in the following research articles:

1. A. Lechleiter, D.-L. Nguyen: Volume Integral Equations for Scattering from Anisotropic
Gratings, to appear in Mathematical Methods in the Applied Sciences.

2. A. Lechleiter, D.-L. Nguyen: A Galerkin Method for Strongly Singular Volume Integral
Equation Arising from Grating Scattering, submitted for publication.
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3. A. Lechleiter, D.-L.. Nguyen: On Uniqueness in Electromagnetic Scattering from Biperi-
odic Structures, accepted for ESAIM: Mathematical Modelling and Numerical Analysis.

4. D.-L. Nguyen: On Shape Identification of Diffraction Gratings from Spectral Data: The
TM Case, preprint (to be submitted).

5. A. Lechleiter, D.-L.. Nguyen: Factorization Method for Inverse Electromagnetic Scatter-
ing from Biperiodic Structures, preprint (to be submitted).
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The Case of TM Modes






Chapter 2

Volume Integral Equation Methods
for Periodic Scattering Problems

Abstract: In Chapter 2 we analyze electromagnetic scattering of TM polarized waves
from a diffraction grating consisting of a periodic, anisotropic, and possibly negative-
index dielectric material (problem (2.10)—(2.12)). In Section 2.3, we reformulate the
periodic scattering problem as a strongly singular volume integral equation (see equa-
tion (2.44)), that is, the integral operator of the integral equation fails to be weakly
singular. Then we prove new (generalized) Garding inequalities in weighted Sobolev
spaces for this strongly singular integral equation (see Theorem 2.4.5). These in-
equalities also hold for materials for which the real part of the material parameter
takes negative values inside the diffraction grating, independently of the value of the
imaginary part. Further, when the material parameter is a scalar real-valued func-
tion we prove in Theorem 2.5.2 that such inequalities also hold for standard Sobolev
spaces which is important for the numerical implementation of the method. From the
latter result and the additional assumption that the scalar material parameter is pos-
itive, we show that trigonometric Galerkin methods applied to the periodized integral
equation (2.46) converge (see Theorem 2.6.3). Fully discrete formulas show that the
numerical scheme is easy to implement and numerical examples show the performance
of the method (see Section 2.7).

2.1 Introduction

As pointed out in the introduction to this thesis, this chapter analyzes volume integral equa-
tion methods for electromagnetic scattering of TM polarized waves from a diffraction grating
consisting of a periodic, anisotropic, and possibly negative-index dielectric material. We con-
sider diffraction gratings as three-dimensional dielectric structures which are periodic in one
spatial direction and invariant in a second, orthogonal, direction (compare Figure 2.1). They
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are used as optical components, e.g., to split up light into beams with different directions,
and they serve in optical devices as, e.g., monochromators or as optical spectrometers.

T2

Figure 2.1: The diffraction grating is periodic in x1, translation invariant in x3 and bounded
in xs.

If the wave vector of an incident electromagnetic plane wave is chosen perpendicular to
the invariance direction of the grating, Maxwell’s equations decouple into scalar Helmholtz
equations, known as transverse magnetic (TM) and transverse electric (TE) modes (these
terms are not consistently used in the literature). The equation of the TM mode studied in
this chapter for a non-magnetic grating has the form

div(e, 'Vu) + K*u =0, k>0,

where u is a a-quasiperiodic function (that is, u(xy 4 27, x9) = exp(2mia)u(x1,x2)) for all x4,
x9 € R). In particular, we allow the real part of the discontinuous and matrix-valued material
parameter £; ! to be negative-definite inside the grating structure, independently of the values
of the imaginary part. Negative definite material parameters are a feature that arises in the
modelization of, e.g., optical metamaterials, but also for metals at certain frequencies, see,
e.g., [106].

We reformulate the scattering problem using (a-quasiperiodic) volume integral equations.
These turn out to be strongly singular, that is, the integral operator fails to be weakly singular.
Hence, they do not fit into the standard Riesz theory, since the integral operators are not
compact. Nevertheless, we prove in the first aim of this chapter Garding inequalities for
the integral equations in weighted a-quasiperiodic Sobolev spaces, which yields a Fredholm
framework for the scattering problem. This result even holds if the real part Re(s; 1) of the
material parameter is negative definite inside the grating, independently of the imaginary
part Im(s;1). Our approach extends a technique from [73], where similar volume integral
equations have been analyzed for free space scattering problems in case that the scalar real-
valued contrast is strictly positive. Moreover, we also prove that the Garding inequalities
in weighted Sobolev spaces can be transformed to inequalities in standard a-quasiperiodic
Sobolev spaces, if the grating consists of isotropic material. Note that the restriction to the
case of isotropic material is essential for our proof. Another important aspect of the analysis
is that the dielectric properties of the medium are discontinuous at the air/grating interface
(otherwise, the integral operators can be reduced to compact ones, see, e.g., [37, Chapter 9]).

Our second aim is to rigorously analyze a numerical method to solve the TM scattering
problem by trigonometric Galerkin methods, again for discontinuous media, but with isotropic
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and positive contrast. This technique originally stems from [109], where a corresponding
collocation method for volume integral equations involving a compact integral operator has
been analyzed. We prove that the trigonometric Galerkin method converges with optimal
order, and give fully discrete formulas how to implement this method. Finally, we describe a
couple of numerical experiments. In essence, the advantage of the method is that it is simple
to implement, and that the linear system can be evaluated at FFT speed. Of course, the
convergence order is low if the medium has jumps, due to the use of global basis functions
(if the material properties are globally smooth, then the method is high-order convergent).
Nevertheless, the technique is an interesting tool for numerical simulation, as we demonstrate
through numerical examples.

The analysis of the integral equation for material parameters with negative real part is, to
the best of our knowledge, the first application of T-coercivity (a well-known framework for
variational formulations of elliptic partial differential equations with sign-changing coefficients,
see [19-21]) to volume integral equations. As usual, the material parameter is, however, not
allowed to take arbitrary negative values; the solvability condition for instance excludes that
the relative material parameter takes the value —1 inside the grating.

The chapter is organized as follows: In Section 2.2 we give a problem setting and briefly
recall variational theory for the direct scattering problem. While in Section 2.3 we introduce
the corresponding integral equations, we prove in Sections 2.4 and 2.5 Garding inequalities on
a continuous level for weighted and unweighted Sobolev spaces, respectively. In Section 2.6 we
prove Garding inequalities for periodized integral equations, and error estimates for trigono-
metric Galerkin methods. We discretize the periodic integral equation and give gives fully
discrete formulas for the implementation in Section 2.7. Finally numerical experiments are
given in Section 2.8 to show the performance of the method.

For the convenience of the readers we clarify some notations used in this chapter. The
trace of a function v on a boundary 9D from the outside and from the inside of a domain D
is Yext () and ~int(u), respectively. The jump of u across 9D is [ulop = Vext(©) — Yint(w). If
the exterior and the interior trace of a function u coincide, we simply write v(u) for the trace.
We denote the absolute value and the Euclidean norm by | - |, and the spectral matrix norm
by |- |a.

2.2 Problem Setting

Propagation of time-harmonic electromagnetic waves in an inhomogeneous and isotropic
medium without free currents is described by the time-harmonic Maxwell’s equations for
the electric and magnetic fields £ and H, respectively,

curl H +iweE = o F, curl E — iwppgH = 0, (2.1)

where w > 0 denotes the angular frequency, € is the positive electric permittivity, po is
the (scalar, constant and positive) magnetic permeability, and o is the conductivity. The
permittivity and conductivity are allowed to be anisotropic, but required to be of the special
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c— er 0 R or 0
- 0 £33 ’ o 0 J33 ’

with real and symmetric 2x2 matrices er = (;5)i j=1,2 and o7 = (04;); j=1,2, and real functions
£33 and o33. Furthermore, we assume in this chapter that all three material parameters are
independent of the third variable x3 and 2m-periodic in the first variable ;. Moreover, ¢
equals g9l3 > 0 (where I, is the n x n identity matrix) and o equals zero outside the grating.

If an incident electromagnetic plane wave independent of the third variable z3 illuminates
the grating, then Maxwell’s equations (2.1) for the total wave field decouple into two scalar
partial differential equations (see, e.g., [43]). Indeed, since both, £ and H do not depend on
x3 it holds that

form

OF3 0E3 0By, OFE;\' OHs OH3 OH, OH;\'
curl £ = ,— , — , curl H = ,— , — .
81‘2 8%1 8%1 81‘1 81‘2 8%1 81‘1 8%2
Setting a = iw(e +io/w) and plugging these two relations in the equations of (2.1) we obtain
OH.
an By + apaBy + —2 =0, (2.2)
8%2
OH
a1 By + agn By — —2 =0, (2.3)
6.1‘1
0Hy, 0OH;
E ———— =0 2.4
agzfiz + Oz, Ory ) (2.4)
and
OFs
—3 H +—-—=0, 2.5
wpoH + 5 (2.5)
OFs
—iwpgHy — =—= =0, 2.6
wpoHs =5 (2.6)
. O0Fy, OF;
— H — — —=0. 2.7
Wwhotls + Or1  Oxo 27)

From these two systems we see that the knowledge of F3 and Hg are sufficient to determine
the fields £ and H. Now we plug (2.5), (2.6) into (2.4) and find that u = Ej3 satisfies the
scalar equation

Au + w2,uo (Egg + 10%) u = 0. (28)
From (2.2) and (2.3) we obtain
a118H3/8:v1 + a218H3/8:cQ

22011 — 421412 (22011 — 4210412

B — . a128H3/8x1 + a228H3/8x2
1 prm— - .

Plugging these results into (2.7) we find that u = Hj satisfies
div (f-:r_qu) + k?u =0, (2.9)
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where k := w, /oo and

_ € —& .[ O —0o
£ =g 1 22 21 +i 22 21 /w '
—€12 €11 —012 011

Solutions of the equations (2.8) and (2.9) are called transverse electric modes (TE mode) and
transverse magnetic modes (TM mode), respectively. It is the aim of the first part of this
thesis to study the case of TM mode. The usual jump conditions for the Maxwell’s equations
imply that the field u and the co-normal derivative v -, ' Vu are continuous across interfaces
with normal vector v where €, jumps. Note that ¢, is 2wr-periodic in 1 and equals I> outside
the grating.

We seek for weak solutions to (2.9) and assume that g, € L (R?, C?*?) takes values in
the symmetric matrices, and that ;! € L>°(R?,C?*?). Moreover, we suppose that Re(s; 1)
is pointwise strictly positive or strictly negative definite almost everywhere. Note that we do
not assume that Re(e; !) is positive definite in all of R2.

For the two-dimensional problem (2.9), incident electromagnetic waves reduce to

u'(z) = exp(ik z - d) = exp(ik(z1d; + z2d2)),

where |d| = 1 and dy # 0. When the incident plane wave  illuminates the diffraction grating
there arises a scattered field u® such that the total field u = u’ + u® satisfies (2.9). Since
Au' + k*u' = 0, the scattered field satisfies

div(e; 1 Vu®) + k?u® = —div(QVu!) in R? where Q :=¢; ! — I (2.10)
is the contrast. Note that u’ is a-quasiperiodic with respect z1, that is,
ui(a:l + 27, m9) = e%iaui(ml,fcg) for o := kd;.

Since ' is a-quasiperiodic and ¢, is 27-periodic, the total field and the scattered field both
are also a-quasiperiodic in ;. We complement this problem by a radiation condition that is
set up using Fourier techniques. Since the scattered field u® is a-quasiperiodic, the function
e 115 is 2m-periodic in 21, and can hence be expanded as

N w) = Y i)™, @ = (e1,a)T € B2
JEZ
Here the Fourier coefficients 4(z2) € C are defined by

1

21
(o) = %/0 u®(z1,z0)e "V dy,  oji=a+j, jEL

We define
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In the sequel of this chapter we assume that
k*#af  forall jeZ. (2.11)

This assumption excludes the Rayleigh frequencies which is necessary for the definition of the
Green’s function used in the next section. Note that under assumption (2.11) all the [3; are
non-zero.

Recall that e, equals Iy outside the grating, that means e, = Iy and Q = 0 for |za| >
h, where h > sup{|zs| : (z1,72)" € supp(Q)}. Thus it holds that the equation (2.10)
becomes (A + k?)u® = 0 in {|zs| > h}. Using separation of variables, and choosing the
upward propagating solution, we set up a radiation condition in form of a Rayleigh expansion
condition, prescribing that u® can be written as

uw(z) = 3 aFelCmEEF)  for py > 4h, (2.12)
JEZ

where (4, )necz are the Rayleigh sequences given by

. . 1 2 s )

u;E = u;E(:i:h) = %/ u®(z1, £h)e 'Y dxy, j € Z.
0

Note that we require that the series in (2.12) converges uniformly on compact subsets of

{|z2] > h}. A solution to the Helmholtz equation is called radiating if it satisfies (2.12). If

k% > oz? then the jth mode exp(ia;z1 +i8;(z2 F h)) is a propagating mode, whereas k* < a?

means that exp(iojzq £1i6;(x2 F h)) is an evanescent mode.

Variational solution theory for the scattering problem (2.10)—(2.12) is well-known, see,
e.g., [22,43,66]. Setting

Qp = (—m,m) X (=h,h), Tip:=(—m7m) x {£h},

for h > sup{|za| : (21,22)" € supp(Q)}, one can variationally reformulate the problem in the
space

HY () = {u € H (Q) : u=Ulg, for some a-quasiperiodic U € HL_(R?)}.

The resulting variational formulation is to find u* € H}(Qj) such that

/ (e'Vu® - VT — kD) dx —/ ol (u®)ds —/ T (u®)ds
o b o (2.13)

=— | QVd' - Vode
Qp,

for all v € HL(Q). The operators TF, ¢ 1> ez ﬁjgb;-teiaﬂ'“l, are the so-called exte-
rior Dirichlet-to-Neumann operators on I'y;. The sesquilinear form in (2.13) is bounded
on HL(Q) and satisfies a Garding inequality if, e.g., Re(e;!) is positive definite, that is,
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Dh mmmpmmmmmm e
: D :

S
Xr1 = —T .1'1—71'

Figure 2.2: Geometric setting for scattering problem of TM-polarized electromagnetic waves
from a penetrable periodic structure.

& Re(e; ) (z)€ > c€]? > 0 for € € C? and almost every = € €2,. In this case, analytic Fred-
holm theory implies that the set of real wave numbers (excluding Rayleigh frequencies) where
non-uniqueness occurs is at most countable, see [22,66]. If Re(e;!) changes sign, proving
Fredholm properties of the variational formulation (2.13) is non-trivial, at least if Im(e; ')
vanishes, see [19,21].

In this chapter, we establish a Fredholm framework for the scattering problem via integral
equation techniques, that is, uniqueness of solution implies existence. We do not aim to prove
the corresponding uniqueness results, since for periodic scattering problems such results are
anyway not available at all frequencies, except under restrictive geometric (non-trapping)
conditions, see [22] or Chapter 5.

2.3 Integral Equation Formulation

In this section, we reformulate the scattering problem (2.9) as a volume integral equation, and
prove mapping properties of the integral operator between Sobolev spaces. To this end, let
us recall that Q = ;1 — Iy and denote by D C Qj, the support of @, restricted to one period
{—7 < z1 < w}. By Gj we denote the Green’s function to the a-quasiperiodic Helmholtz
equation in R? see [66]. Under the assumption (2.11) the a-quasiperiodic Green’s function
has the series representation

i 1 2
Gr(x) = ﬁ Z —exp(iozy +ifjlze]), x = <i;> €ER? z# ( 7(r)m> for m € Z. (2.14)

jez I

Lemma 2.3.1 (Cf. [66]). The Green’s function Gy, can be split into G (z) = (i/4)H(§1)(k:\:L‘|)+
WU (z) in R? where U is an analytic function solving the Helmholtz equation AV + k¥ = 0 in
(—2m,2m) x R.
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We also define a periodized Green’s function, firstly setting

Kn(x) = Gu(x), = (“"1) ER x (—h,h), 7 <27Bm> formeZ,  (2.15)

Z2

and secondly extending /Cj,(z) 2h-periodically in 5 to R2.
The functions

1 . .Jom , '
pj(x) = T exp <I(J1 +a)z + 127:1:2>, Jj= (2) € 7? (2.16)

are orthonormal in L?(€2,). They differ from the usual Fourier basis (see, e.g., [102, Section
10.5.2]) only by a phase factor exp(iax;), and hence also form a basis of L?(€2,). For f €
L2() and j = (j1,j2) " € 22,
fG)= [ fejde
Qp,
are the Fourier coefficients of f. For 0 < s < oo we define a fractional Sobolev space Hy, ,(£2)
as the subspace of functions in L?(€2) such that

11 @ = S+ IPYIFG < oo. (2.17)

JEZ?

It is well-known that for integer values of s, these spaces correspond to spaces of functions
that are s times weakly differentiable, a-quasiperiodic in x1, periodic in x3, and that the
above norm is then equivalent to the usual Sobolev integral norms. In particular, H} (€)
is a (strict) subspace of HL(Q).

Lemma 2.3.1 implies in particular that Kp has an integrable singularity and that the
Fourier coefficients I@h(j) are well-defined. To compute these coefficients explicitly, we set

Jam

2
h) for j € Z2.

Aj ::k:2—(j1+a)2—<

Theorem 2.3.2. Assume that k?* # oz? for all j € Z. Then the Fourier coefficients of the
kernel ICp, from (2.15) are given by

cos(jom) exp(ifj; h)—1

Kn(j) = Vinho, Jor i #0_(0n) ¢ g2
450 \ 1 )

Remark 2.3.3. Note that I@h(j) is well-defined for \j = 0: Since k? # o2 for alln € Z, the
definition of \; implies that jo # 0 whenever \; = 0. For completeness, we include a proof,
noting that the case A\j # 0 is also shown in [100, Section 7.1].
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Proof. Tt is easy to check that (A + k%)p; = Ajp; for j = (j1,j2) " € Z2. If \j # 0, Green’s
second identity implies that

Kn(j) = | Kn(z)p;(x)de = X\; 1(%11% Gr(z)(A 4+ k2)pj(z) dx
Qp —YJQu\Bs
1 a@ 8Gk_ s
[+ ) (05 - 5e) .
+ / (A + kQ)Gk(x)goj(a:) dx] , (2.19)
Qp\Bs

where v denotes the exterior normal vector to Bs := {|z| < ¢} and to . The last volume
integral vanishes since (A + k?)Gj = 0 in 4, \ Bs for any § > 0. Let us now consider the first
integral in (2.18). The boundary of €2} consists of two horizontal lines I'y;, and two vertical
lines {(x1,22) : 1 = £m, —h < z3 < h}. Hence, the normal vector v on these boundaries is
either (£1,0)" or (0, il)T. Straightforward computations yield that

1ﬁn 1 . .
:|:h § : 1a $1 +h) = § : iBrh ianx 2.9
G (1317 47T ﬂn ) (1317 ) :':471' eze e ) ( O)
n

- 1 . on -
@j(x1,£h) = \/me_lo‘fl‘”1 cos(jom), and ﬁ(wl,:lzh) = —U%Wgo(xl,:th) (2.21)

In consequence,

Zry Tk ds = — T4 T4
/r‘ih <G v oy ¥ > 5 r, O pjds + r, O wjds

Using the above formulas for 0G},/0x2 and @; in (2.20) and (2.21), respectively, we find that

0Gp__ cos(j2m) 5. n
—2 [ Egids = —=—Lelial
r, 0T2 i VAarh

Computing the partial derivatives of G and ¢; with respect to z1 analogously to the above
computations, one finds that the integrals on the vertical boundaries of €2;, vanish due to the
a-quasiperiodicity of both functions. Thus, we obtain that

0p; OGk_> cos(jom) 5.
Gp—=—L — —L2%; | ds = e ik, 2.22
/89h < ov ov ¥i A4mh ( )

Now we consider the second integral in (2.18). From Lemma 2.3.1 we know that Gi(z) =
iH(gl)(k:\xD + ¥(z) where ¥ is a smooth function in §2j. Obviously,

. o5 OW
il (‘I’E_E >d5—0



20 Chapter 2. Volume Integral Equation Methods for Periodic Scattering Problems

Using precisely the same arguments as in [102, Theorem 2.2.1] one shows that

. 64,0' 8Gk_ 1
1 G~ — —%: ) ds = — 2.23
piiey 0B; ( " ov or %) § VAarh' (2.23)

see, e.g., [102, Theorem 2.2.1]. Combining (2.22) with (2.23) yields that

1 .
Kn(j) = cos(jom)ePin — 1) for \; # 0.

For A\; = 0 we use de L’Hospital’s rule to find that

. . cos(jor) exp(ihy/v — (j1 + @)?) — 1 ih3/2
Kn(j) = lim — .
A= (a2 +(an/h)2 NATR [y — (1 + @) — (jor/R)?] 4792

Note that the assumption that k? # oz? for all j € Z? implies that Aj and jo cannot vanish
simultaneously. O

Since the Fourier coefficients of ICj, decay quadratically,
Kn() < C/(L+ (1 + @)* + (jam /h)?) - for j € 22,
the convolution operator with kernel Ky, is bounded from L?(Q) into H ip(Qh).

Proposition 2.3.4. Assume that k> # a? for all j € Z.. Then the convolution operator Ky,
defined by

(K f)(x) = 0 Kn(xz —y)f(y)dy  forz €y,

is bounded from L*(Qy,) into HZ ().

Proof. Since @;(x — z) = VArhp;j(x)p;(z), we exploit the periodicity of z — ICp(2)p;(2) to
find that

(Kno)(@) = | Knle - y)o;(y)dy = / Kn(2)p;( — 2) dz
Qp, =y

= \/Hgoj(a:) Kn(2)p;(z)dz = \/m’@h(j)%'(x)-

Qp
Let f € L?(€y,) with Fourier coefficients f(j) for j € Z?, and set fy = EIJ’\SN f(j)goj. Then
Knfn =Y ) Enp; = Virh > f()Kn()e;
l7I<N 7SN

and
) ) 2,4, s
VKl oy < VAR S [+ (G + ) + G /1)) [FG)PIKA )
71N
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From the computation of the coefficients I@h( j) in Theorem 2.3.2 we know that there is C' =
O(k) such that [K5(7)] < C/(1+(jr +)?+ (jzw/)?). Hence | Kn s, ) < Clliv Iz
for a constant C independent of N € N. Passing to the limit as N — oo shows the claim of
the proposition. O

Recall that D C Qp, is the support of the contrast ). Let us additionally introduce
Q= (—mm) xR
and for £ € N, R > 0,
HY(QR) := {u € H'(QR) : u=Ulq, for some a-quasiperiodic U € Hf,.(R?)}.

Lemma 2.3.5. Assume that k* # oz? for all j € Z. Then the volume potential V defined by

/ka— (y)dy, =z €,

is bounded from L*(D) into H2(QR) for all R > 0.
Proof. Consider x € C°°(Q) such that x = 1in D, 0 < x < 1in Q, \ D and x(z) = 0 for
|xg| > h. Then Vg = xVg+ (1 — x)Vg. Note that

(1-)Vg= /D (1 - )G(- — y)g(y) dy

is an integral operator with a smooth kernel, since the series in (2.14) converges absolutely
and uniformly for |zo| > h > 0, as well as all its partial derivatives. In consequence, the
integral operator (1 — x)V is bounded from L?(D) into H2(2R), since

1 o= s

for all 31 2 € N such that 5 + 2 < 2. It remains to show the boundedness of xV from L?(D)
into H2(€2y,). Let g € L?(D) and consider the operator Ko from Proposition 2.3.4, mapping
L?(Qgp) into HZ (Qan) C HZ(Qan),

2

o551 852
— x(2)Gr(z —y))| dy dz |lgll72(p)

8951 8%2

9B Hb-2
8%1 8%2

(1=x)Vyg)

(Kong)(x / Kon(z —y)g(y)dy for x € Qqp.

If . € Qp and y € D, then |zo —ya| < 2h, that is, Kop(x —y) = Gi(x —y). Hence, Kopg = Vg
in Qp, and hence xKong = xVg in 2. Since x is a smooth function, we conclude that xV is
bounded from L?(D) into H2(£2,). O

Note that the potential V f can be extended to an a-quasiperiodic function in HZ _(R?),
due to the a-quasiperiodicity of the kernel.
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Lemma 2.3.6. For g € L?(D,C?) the potential w = divVg belongs to HL(Q4) for all h > 0.
It is the unique radiating weak solution to Aw + k*w = —divg in €, that is, it satisfies

/Q(Vw VT — k*wt) dr = — /Dg -Vodz (2.24)

for all v € HL(Q) with compact support, and additionally the Rayleigh expansion condi-
tion (2.12).

Proof. Lemma 2.3.5 and a-quasiperiodicity of the kernel of V imply that w is a function
in H1(Qy,) for all A > 0. It is sufficient to prove (2.24) for all smooth a-quasiperiodic test
functions v that are supported in {|z2| < C} for some C' > 0 depending on v. It is well-known
that p = Vg, a function in H2(y,) for all h > 0, is a weak solution to the Helmholtz equation,
that is,

/(ij -VO,;v — kaJ-aﬁ) dx = —/ g;0;vdx
Q D

for j = 1,2. An integration by parts shows that
/ (Vdivp - VT — k2 divp7)dz = — / g-Vudz,
Q D

which implies (2.24) due to
divp =divVg = w.

Since the components of the potential p = Vg satisfy the Rayleigh condition, a simple com-
putation shows that the divergence w = div p does also satisfy the latter condition.

It remains to prove uniqueness of a radiating solution to (2.24) when g vanishes. Then w
belongs to H}(€2,) for any h > 0 and satisfies the variational formulation (2.13) for e, 1 =1
with right-hand side equal to zero. Choosing v = u® in (2.13) and taking the imaginary part
of the equation shows that

SR - a2 (m;ﬁ + |a;\2) — 0.

e k2>a?

We conclude that all the propagating modes {j € Z : k? > a?} vanish. Hence, w can be
extended by

wa) = Y afon TR e ¥h) -y > 4y, (2.25)
j:k2<a?
to a solution to the Helmholtz equation in all of €2 that decays exponentially as xo — +o0. The

unique continuation property [37] for the Helmholtz equation implies that both representations
of w in x5 = +h hold for all x € Q, which can only be true if all coefficients 4" vanish. [
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Returning to the differential equation (2.10) for the scattered field u®, let us set f =
QVu' € L?(D,C?). (Recall that Q = e, ! — I.) The variational formulation of (2.10) is

/(Vus VT — E*u’t) dr = —/ (QVv’ + f) - Vode (2.26)
Q D

for all v € HL() with compact support in . From Lemma 2.3.6 we know that the radiating
solution to this problem is given by u® = divV (QVu® + f). Hence, we aim to find v® : Q@ — C
that belongs to HL(Qg) for all R > 0, such that

u® — divV (QVu®) = divV (f) in Q. (2.27)

2.4 Garding Inequalities in Weighted Sobolev Spaces

For scattering problems in free space and for scalar and positive contrast, the paper [73] inves-
tigates integral equations similar to (2.27) in weighted spaces. In this section we generalize the
results from [73] to anisotropic and possibly sign-changing coefficients in a periodic setting,
proving a Garding inequality for I —divV (QV-) in an anisotropically weighted a-quasiperiodic
H'-space.

From (2.27) it is obvious that the knowledge of u in D is sufficient to determine u in Q\ D
by integration. Thus, we define the operator L : f +— divV f that is bounded from L?(D,C?)
into H.(D) and consider the integral equation

u=L(QVu+ f) in HY(D). (2.28)

To study Garding inequalities for volume integral equations, we introduce suitable weighted
Sobolev spaces. To this end, we recall that the symmetric 2 x 2 matrix Re(Q) has pointwise
almost everywhere in D an eigenvalue decomposition Re(Q) = U*XU with a diagonal matrix
> and an orthogonal matrix U. This decomposition can be used to define the absolute value
IRe(Q)| = U*|Z|U and the square root [Re(Q)|'/? = U|%|"/2U*, where the absolute value and
the square root are element-wise applied to the diagonal matrix . The two eigenvalues A1 2
of Re(Q) define

Amin () = min{| A1 (2)], |A2(2)]},  Amax(z) = max{|\1(z)], [N2(2)|}, =€ D. (2.29)

We assume in the following that Re(Q) is pointwise either strictly positive or strictly negative
definite, such that we can assign a sign function sign(Re(Q)) € L>=(£2) to Re(Q), indicating
whether the eigenvalues of Re(Q)) are positive or negative at a certain point. In the sequel,
we write Re(Q) > ¢ in D (Re(Q) < ¢ in D) to indicate that the eigenvalues \; o are larger
than (less than) a constant ¢, almost everywhere in D.

We denote by Hé’Q(D) the completion of H.(D) with respect to the norm || - HH;Q(D)’

el o) = IVIR@IVul32(p,c2) + 22 (2.30)
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Since we assumed that supp(Re(Q)) = D, this norm is non-degenerate. Moreover, |u|| o(D)

is an equivalent norm in H'(D) provided that |Re(Q)| is bounded from below in D by some
positive constant. Note that the spectral matrix norm is denoted by | - |2. In general,

Hu||Hé,Q(D) < (1 + IV IRe(@)l2llzoe (p)) [l 72 (-

Note also that the norm of H, O117Q(D) is linked to the sesquilinear form

ag(u,v) = /D [sign(Re(Q)QVu - Vo +uv]dz,  u,v€ H,o(D). (2.31)

Indeed, ||u\|i,l o(D) = Re [ag(u,u)] for u € Hé,Q(D). In consequence, the form ag is non-

degenerate, that is, if ag(u,v) = 0 for all v € H;Q(D), then u = 0.
If Im@ vanishes in D (that is, the values of x — Q(x) are self-adjoint matrices), then ag
is simply the inner product associated with the norm of H;Q(D),

(u, v) 1 o(D) = / [1Q|Vu - VT + ut] dz, u,v € Hé,Q(D).
* D
Lemma 2.4.1. Assume that there exists C > 0 such that
Tm(Q(z))¢| < C|Re(Q(x))E|  for almost every x € D and all € € C2. (2.32)
Then v — L(QVwv) is bounded on H01£7Q(D).
Proof. Due to Theorem 2.3.5, L is bounded from L?(D,C?) into H.(D). Furthermore, v
QVwv is bounded from Hé,Q(D) into L?(D, C?), since
1QVull2(p,c2) < [Re(Q)Vullr2(p c2) + [Mm(Q)VullL2(p c2)
< IRe(Q)[ Tl 2(p,c2) + CIRe(Q) V2002 233
< (1 + O)IVR@ ol oy el -

Moreover, the embedding H.(D) C H, (;Q(D) is bounded, as mentioned above. Hence, v —
L(QVw) is bounded on H}, (D). O

Remark 2.4.2. Condition (2.32) is satisfied if the absolute values of the eigenvalues of Im@Q
are pointwise bounded by CApin (recall from (2.29) that A\min is the minimum of the absolute
values of the eigenvalues of Re(Q)).

Ifue HLY(D) C H}LQ(D) solves the Lippmann-Schwinger equation (2.28), then Lemma 2.4.1
implies that u solves the same equation in H olz,Q (D). Since aq is non-degenerate, solving the
Lippmann-Schwinger equation in H ;Q(D) is equivalent to solve

ag(u— L(QVu+ f),v) =0  forallv e H} o(D). (2.34)

If we H (;Q(D) solves the latter variational problem for some f € L2(D,C?), then u =

L(QVu + f) belongs to H(D), due to (2.33) and since L is bounded from L?(D,C?) into
H (D).
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Proposition 2.4.3. Assume that f € L?(D,C?). Then any solution to the Lippmann-
Schwinger equation (2.28) in HL(D) is a solution in Hoth(D) and vice versa.

Our aim is now to prove a (generalized) Garding inequality for the variational prob-
lem (2.34). The following lemma will turn out to be useful.

Lemma 2.4.4. Suppose that X andY are Hilbert spaces. Let T o be bounded linear operators
from X into Y and consider the sesquilinear form a : X x X — C, defined by a(u,v) =
(Tyu, Tovyy for u,v € X. If one of the operators Th and T is compact, then the linear
operator A : X — X, defined by (Au,v)x = a(u,v) for all u,v € X, is compact, too.

Proof. 1t is easily seen that A is a well-defined bounded linear operator. Obviously, [(Au,v) x| =
la(u,v)| < C||Tiu|ly||Tev|ly for u,v € X. Assume that T} is compact, and note that

Au,v
Jdullx = sup_1A000x]

0£vEX vl x

If a sequence {uy, } converges weakly to zero in X, then {T}u,} contains a strongly convergent
subsequence tending to zero in Y. Consequently, {Au, } also contains a strongly convergent
zero sequence, which means that A is compact. One can analogously derive the compactness
of T in case that T5 is compact, since a(u,v) = (I5Tiu,v) and 757} is compact. O

The next lemma proves Garding inequalities for the operator v — v — L(QVv) using the
sesquilinear form ag from (2.31). The second part of the claim uses a periodic extension
operator

E: HY(D)— HXQ), E()p=u, E(gq, =0 (2.35)
We now exemplary show how to construct such a periodic extension operator. We will only
construct E for the case that the boundary of D = {(x1,22)" : 21 € (=7, 7), (_(11) < 29 <
(4+(z1)} is given by two 2m-periodic Lipschitz continuous functions (4 : R — (—p,p) such
that (_ < —2p/3, (4 > 2p/3, and |(+(x1) — (o (2))| < M|xy — 2f| for 1,2} € R. The general
case can be tackled using local patches as in [81, Appendix A], see also [4, Proof of Theorem
4.22].

For u € H}(D), we define

u(x1, 20 (w1) —x2) if (4 (1) < 22 < 2¢4(21) — (- (1),
(1‘171‘2) u(l‘ ) if C,(l‘l) < xTo < C+(x1)7
(
)

e

x1,20-(z1) — 22) 1 2¢(21) — (4(21) < @2 < (- (21).

Note that 2¢; (x1) — (_(z1) > 2p and that 2¢_(z1) — (4 (x1) < —2p. The periodicity of ¢ and
a-quasi-periodicity of v in D imply that the extension belongs is also a-quasi-periodic. Ad-
ditionally, straightforward computations show that [|v||g1(q,,) < max(v/3, 2\/§M)Hu||Hé(D).
To define the periodic extension operator, we use a smooth cut-off function y : R — R,
that satisfies 0 < x < 1, x(x2) =1 for |x2| < p, and x(2p) = 0 for |xa| > 2p. Then we set

- ) x(x2)v(x) for x € gy,
Bw) = w, w(z) = {0 else. ’
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Note that the operator norm of F is

1/2
2
1EN 113 (D)— L (201) = (1 + HE”H&(D)HHCIM(Q%\E) '

Theorem 2.4.5. Assume that D is a Lipschitz domain and that Q € L>(D,C?*?).
(a) If Re(Q) > 0 in D, then there exists a compact operator Ky on H;Q(D) such that

Re[ag(v — L(QVv), v)] > ||v||i1(1l,Q(D) —Re(Kyv, v} (p), v E H, (D). (2.36)
(b) If Re(Q) < —1, and if
1Bl 113 () 3 @) < 10f [Re(Q)y, (2.37)
then there exists a constant C' > 0 and a compact operator K_ on H;Q(D) such that
—Relag(v — L(QVv), v)] > CHU‘EJ;Q(D) — Re(K_v, U>H;,Q(D)’ vE H;Q(D). (2.38)

Remark 2.4.6. If Im(Q) = 0 in D, then both statements (2.36) and (2.38) are nothing
but standard Garding estimates: The form ag defines an inner product on H01£7Q(D), and,

e.g., (2.36) can be rewritten as Re(v — L(QVv), v) > |[v]|* = Re(Kv, v) for v e H;Q(D).
Proof. (a) We start with the case Re(Q) > 0in D. Let v € Hé’Q(D) and define w by

w = Li(QVv) = div /D Gi(- = )[Qy) Voly)ldy in . (2.39)

Then w € HL(Q) decays exponentially to zero as |z2| tends to infinity. Moreover, Aw — w =
—div(QVwv) holds in Q in the weak sense due to Lemma 2.3.6, that is,

/ [Vw- VY +wip| de = — / QVv-Vydz for all ¥ € HL(Q). (2.40)
Q D
Setting ¢ = w, we find that —Re [, QVv - Vwdz = ||w||§11(9). Hence,
Relag(v — Li(QVv), v)]
= / [Re(Q)Vv - VT + |v]*] do — Re/ [QVw - VU + wo] do
D D

= / [[v/Re(Q)V|* + |[v]* — Re(w?)] dz + / [[Vwl® + |w|*] dz
D Q

1 1 _
> ol oy~ 310220y + 5/})[‘0‘2+|w|2_2Re(wv)] da,

where the last term on the right is positive. In consequence,
1

Re [ag(v — L(QVY), 0)] = [Pl (p) = 50 0)r2(p) — Re [ag((L = L)(QVv), v)]
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for all v € Hé’Q(D). Due to Lemma 2.4.4 and Rellich’s embedding lemma there exists a
compact operator K on H;Q(D) such that (v,v)2(py = 2Re(K1v, v) o (D) Further, the

operator (L — L;)(QV-) is compact on H}(D) due to the smoothness of the kernel shown in
Appendix A. Hence the operator K» defined by (Ksv, v)H}!,Q(D) = ag((L — Li)(QVw), v) is
compact on H ;Q(D) due to Lemma 2.4.4 and the boundedness of the embedding H} (D) C
H éﬂQ(D). Setting K := K + Ks, we obtain the claimed generalized Garding inequality.

(b) Now we consider the case that Re(Q)) < —1 in D, and assume additionally that (2.37)
holds. As in the first part of the proof, the variational formulation (2.40) for w, defined as
in (2.39), yields that

—Re[ag(v — Li(QVv), v)]
= Re/ [Re(Q)Vv - VD — [v]* = QVw - VT + wd| dz
D

—— [ IVR@QIVe + o] do + ) + Re [ wmas

ZW%@—M%wﬁmémm.
We plug in ¢ = —F(v) into (2.40) and take the real part of that equation, to find that
IV Re(@)IVollZ2(p,c2) < lwlla o) 1 E©)ll 0
< Bl mx (D)= HL (@0n) 10l L () 10| 2L (D)
< 1Bl @ (IVR@T el oy lloly oy + [oll2(o))
For 2 € D, the spectral matrix norm \\/mil(x)b of the inverse of \/|Re(Q)|(z) equals

the reciprocal value /\min(az)_l/ 2 (Amin,max are the smallest/largest eigenvalue, in magnitude,
of Re(Q), see (2.29)). Note that

—1 _ _ _ .
11V [Re(Q)] ‘ZHLolo(D) = [sup Amin(7) 1/2] ''= inf Amin($)1/2 < sup Amax($)1/2

zeD €D z€D

<[+ sup Amax(2)]? = [1 + [[[Re(Q)[2 L ()]
e

Next, we estimate that
HUH%{;’Q(D) — [L+[IIRe(@)l2l ooy 101172 (py < HvH?{;yQ(D) — ol Z2p)

-1
< [[E[[ IV Re(@)] " [2llze<(p) lwll 1 ()
(lollzzz oy + [+ IR(@) 2l ooy 2ol 2y ) -

Dividing by the term in brackets on the right, we obtain that

1/2 -1
IIUIIH;Q(D)—[1+|||Re(Q)\2Hoo] / [vllz2py < B[V Re(@)] [2llzee(py Il my (0)- (2-41)
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Note that the constant

1
¢ = [|Ell g1 (py—m1 (00 IV IR(Q)] |2/l (D)

is by assumption (2.37) less than one. If we set for a moment, C' = [1 + [||[Re(Q)l2/|s0]"/?
then (2.41) and Cauchy’s inequality imply that

C2HwH%{;(Q) = ||U||%1é,Q(D) + CQH”H%Q(D) - QCHUHH;Q(D)HUHLQ(D)

> (1 =)ol o) T C*(1 =1/ vl fapy:  e€(0,1).
In consequence,

1—¢e?

~Relaglo — LQVe), 0] = (255 1) ol o

2 _
6(65)21 [v]|72(py + Re [aQ((L — Li)(QVv), v)]  (2.42)

for e € (0,1). Since ¢ < 1 there exists ¢ € (0,1) such that 1—¢? > ¢2, that is, (1—¢?)/c?—1 >
0. The last three terms on the right-hand side of (2.42) can then be treated as compact
perturbations, in a similar way as in the proof of the first part. ]

—Re/ wodz + C?
D

Remark 2.4.7. (a) If Re(Q) < —1 in D, then solutions to div((Iy + Q)Vu) + k*u decay
exponentially in D. If not only the electric permittivity but also the magnetic permeability
changes sign, then the corresponding solution will not decay, yielding a possibly more inter-
esting metamaterial. Volume integral equations for such structures yield operator equations
combining L and V', see, e.g., [13]. Since V is compact on H', the above Gdrding inequalities
extend to this setting. For simplicity, we restrict ourselves here to the non-magnetic case.

(b) In the last result, we assumed that the sign of Re(Q) is constant in D. It is possible
to treat sign changes of the contrast function in D, but the simple choice 1 = —E(v) that we
plugged in the second part of the proof into (2.40) has to be adapted.

It is a standard result that the Garding inequalities from the last theorem imply the
following consequences for the solvability of the integral equation and the scattering problem.

Theorem 2.4.8. Suppose that the assumptions of Theorem 2.4.5(a) or (b) hold, that the
boundedness condition (2.32) holds, and that the homogeneous equation v — L(QVv) = 0 in
H;Q(D) has only the trivial solution. Then (2.28) has a unique solution for all f € L*(D,C?).
If f = QVu', then this solution can be extended by the right-hand side of (2.28) to a solution
to the wariational formulation of the scattering problem (2.13). Especially, if the integral
equation is uniquely solvable in H;Q(D), then (2.13) is uniquely solvable in HL(Qp).
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2.5 Garding Inequalities in Standard Sobolev Spaces

The generalized Garding inequalities from the last section imply Garding inequalities in the
standard unweighted periodic Sobolev space HL(D) if the material parameter &, (or, equiv-
alently, the contrast), is isotropic. Hence, in this section we assume that the contrast is a
scalar real-valued function ¢, that is,

Q =qly in Q.

As above, D is the support of g. As mentioned in the introduction this assumption is essential
for the proof of Lemma 2.5.1. Under this assumption we denote the weighted Sobolev spaces
from (2.30) by HZ ,(D), and their norm by

1/2
lullz,, 0y = (IVIRE@IVulZa(p,c0) + lulZa) -

Since ¢ is real-valued, the form aq from (2.31) is the inner product of H} (D), and the
generalized Garding inequalities from the last section directly transform to standard ones.
Again, we assume that the sign of ¢ is constant in D. Since we use regularity theory to prove
compactness of certain commutators, we will need to require more smoothness of ¢ and D
compared to the results in the last section.

Lemma 2.5.1. Assume that D is a domain of class C*' and that u € C*1(D) is 2r-periodic
inxy. ThenT : HL(D) — HLY(D) defined by Tv := div [V (qV (v/p)) —V (qVv)] is a compact

operator.

Proof. We denote by u* € C%(Qy) a periodic extension of u € C%1(D) to Q, (see (2.35) on
periodic extension operator). Then p*|p = u. Consider the two a-quasiperiodic functions

wy =V (qV(v/p)) and we =V (gVv) in Q.
Both functions satisfy differential equations,

—quV (v/p) +2Vp - Vwy +wiAp - in D,

A(ptwy) + B (pfwy) = —
(,u 1) (,u 1) {2Vu*Vw1—|—w1A#* in Qh\Da

and Aws + k?ws = —¢Vv in D and Awsy + k*wy = 0 in Q;, \ D. Hence, w = pu*w; — ws solves

Aw + Fw — {—un(l/u)v +2Vu - Vw, +wAp=:g1 in D, B

wiAp* +2Vu* - Vw, =: g9 in Qp\ D.
The functions g; and go belong to HL(D) and HL(Q, \ D), respectively. Their norms in these
spaces are bounded by the norm of g in C%!(D) times the norm of v in H}(D). Due to
Lemma 2.3.5, the jump of the trace and the normal trace of wy s across D vanishes. Hence,
the Cauchy data of w are also continuous across the boundary of D.
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Since the volume potential V is bounded from L?(D) into H2(D), it is clear that w
belongs to H2(D). The smoothness assumptions on D and p moreover allow to apply elliptic
transmission regularity results [81, Theorem 4.20] to conclude that w is even smoother than
H?. These regularity results will in turn imply the compactness of the operator T : v — divw
on H!(D). Since [81, Theorem 4.20] is formulated for a bounded domain, we briefly mention
how to extend this result to the periodic setting.

First, we extend w by periodicity to Q) := (=3m, 37) X (—h, h) and proceed analogously
with g1 2. Then we choose a finite open cover {W; }‘j]:1 consisting of smooth domains W} C €},
such that 9D N Q C U;-Izl W;. In these smooth domains, we can then apply [81, Theorem
4.20] to obtain that

ol vy < C [Iwllmy @) + gy + l92llms o, -

Combining this estimate with an interior regularity result (e.g., [81, Theorem 4.18]) in a set
Wy such that D C U}'fzoWj (see Figure 2.3), we finally obtain that

lolls o) < € lwll @, + gty + o2l @np)| < Clollayo).

Figure 2.3: The sets W; cover the domain D (one period of the support of the contrast g).
These sets are used in the proof of Theorem 2.5.1.

The following lemma shows that the Garding inequalities in the weighted spaces H, ég(D)
can be transformed into estimates in H}(D) if, roughly speaking, the real-valued contrast ¢
is smooth enough and if (Vq)/q is bounded.

Theorem 2.5.2. Assume that the scalar contrast q is real-valued, that |q| > qo > 0 in D, and
that \/|q| € C*Y(D). Moreover, assume that D is of class C*1.
(a) If ¢ > 0 there exists a compact operator K. on HL(D) such that

Re(v — L(qV0),v) gy (py = Wl oy — Re(EK 40, v) gy oy, v € Ha(D).
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(b) If ¢ <0, and if
I EN m1 (D) Y (Q0n) < i%ﬂQ\l/Q, (2.43)

then there exists a compact operator K_ on H}(D) such that
—Re(v — L(qu),v>Hé(D> > C||U||§{é(p) — Re(K v, 'U>Hgt(D)v v e Hcly(D%
where C' is the constant from (2.38).

Proof. We only prove case (a) here, supposing that ¢ > go > 0 in D. The proof for case (b)
is analogous, essentially one needs to replace /g by +/|q|. For simplicity, let us from now on
abbreviate

= /q € CQ’I(E).
Choose an arbitrary v € HL(D) and consider v = u/u. Our assumptions on ¢ imply that v €
]'17(}(7(](D)7 since HUH%’}M,(I(D) < (24 Hl/quo + 2||(Vu)/u||go)\|u||§{éw). In Theorem 2.4.5(a) (see

also Remark 2.4.6) we showed that Re{(v—L(¢Vv), v) i1 J(D) 2 0] 3 (D) —Re(K1v, v) 1 L(D)
<, a,q <,
for a compact operator Ky on H, ég(D). This implies that

Re(u — L(qVu), u)yypy 2 |ulltp py + Re(K1(u/p), w/w)my o)
+ R6<K2u, VU>L2(D,(C2) + Re(K3u, u>L2(D),

with operators

Kpu =V |div [0V (aV (u/p)) = V(aV)]| = V|V VaV(w/n)] + (Vi) L(aV (u/p))

and
Ksu = qV(1/n) - [VL(@V(u/w)] + L(a¥ (u/u)) /1 — L(aVu).

Lemma 2.5.1, the smoothness of ¢, and the boundedness of V and L from L?(D) and L?(D, C?)
into H2(D) and H}(D), respectively, show that Ky and K3 are compact and bounded
from HL(D) into L%(D), respectively. Then the compact embedding H}(D) C L%*(D) and
Lemma 2.4.4 imply the claim. O

2.6 Periodization of the Integral Equation
In this section we reformulate the volume integral equation
u— L(qVu) = L(f) in HY(D) (2.44)

in a periodic setting and show the equivalence of the periodized equation and the original one.
The purpose of this periodization is that the resulting integral operator is, roughly speaking,
diagonalized by trigonometric polynomials. This allows to use fast FFT-based schemes to
discretize the periodized operator and iterative schemes to solve the discrete system. We
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also prove Garding inequalities for the periodized integral equation, which turns out to be
involved. These estimates are crucial to establish convergence of the discrete schemes later
on.

Recall that the periodized kernel K defined in (2.15) is not smooth at the boundaries
{z9 = £h}. To prove Garding inequalities for the periodized integral equation, we additionally
need to smoothen the kernel. For R > 2h we choose a function y € C3(R) that is 2R-periodic,
that satisfies 0 < x <1 and x(z2) = 1 for |z3| < 2h, and such that x(R) vanishes up to order
three, x)(R) = 0 for j = 1,2,3 (compare Figure 2.4)).

x
2 Tro9 = R
15
Tro = h
T U R
0.5 \ 7 il
08, 3 2 -1 0 1 2 3 4 To = —R

Figure 2.4: (a) The periodic function y equals to one for |zo| < 2h, and it vanishes at +R up
to order three. In this sketch, h = 1 and R = 4. (b) The support of the contrast (shaded) is
included in 5, and R > 2h.

Let us define a smoothed kernel Kg,, by
:| T

Ksm(z) = x(22)Kr(2z) for z € R?, x # [2mm, 2Rn] , m,n € Z, (2.45)

where K is the kernel from (2.15). Note that gy is a-quasiperiodic in x1, 2R-periodic in
x9, and a smooth function on its domain of definition (that is, away from the singularity).

Lemma 2.6.1. The integral operator Ly : L*(Qp)? — Hé7p(QR) defined by

L,/ = div /D Kaml- — 9)f (4) dy

is a bounded operator.

Proof. We split the integral operator in two parts,

Lyf = diV/D/Csm(- —y)fly)dy = diV/DX(' —y2)Kr(- —y)f(y) dy

= div/ Kr(-—y)f(y)dy + div/ X(- = y2) = 1KR(- —y) f(y)dy.
D D

By Theorem 2.3.4, the integral operator with the kernel K is bounded from L?(2z)? into
HL(QRr). Further, the definition of y shows that y(xo—y2)—1 =0 for |z3] < handy € D. The
kernel (x — 1)Kg is hence smooth in Qp, and the corresponding integral operator is compact
from L?*(Qp)? into HL(Qg). Hence, L, is bounded from L?*(Qpg)? into HL(Qg). Periodicity
of the kernel K, in the second component of its argument finally implies that L, f belongs
to Hé,p(QR) C HL(QpR). O
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Let us now consider the periodized integral equation
u—Lp(qVu) = Lp(f)  in H, ,(Qp). (2.46)

Theorem 2.6.2. (a) For f € L*(Qg)?, Ly(f) equals L(f) in Q.

(b) Equation (2.44) is uniquely solvable in H!(D) for any right-hand side f € L*(D)? if
and only if (2.46) is uniquely solvable in Hé7p(QR) for any right-hand side f € L*(Qg)>.

(c) If ¢ € C*Y(D) and if f = qVu' for a smooth a-quasiperiodic function u’, then any
solution to (2.46) belongs to Hy, (QAg) for any s < 3/2.

Proof. (a) For all z and y € Qg such that |zo — y2| < 2h it holds that Kgn(x — y) =
X(z2 — y2)Kr(z — y) = Gi(x — y). In particular, for x € Q; and y € D C , it holds that
|zo — ya| < 2h. Consequently,

(Lp(f)(x) = div /D K (& — 9) () dy
— div /D Grle — )W) dy = (L)),  ze,

(b) Assume that u € H} (D) solves (2.44) and define @ € H), ,(Qr) by @ = Ly(¢Vu + f)
(where we extended f by zero outside D). Since u solves (2.44), and due to part (a), we find
that @|p = u. Hence Ly(qVi+ f) = Ly(¢Vu+ f) in H}, ,(Qr), which yields that

@ = Ly(¢Va+ f)in H, ,(Qr). (2.47)

Now, if f € L?(D)? vanishes, then uniqueness of a solution to (2.44) implies that u € H}(D)
vanishes, too. Obviously, @ = L,(¢Vu) vanishes, and hence (2.47) is uniquely solvable. The
converse follows directly from (a).

(c) Assume that u € H} (Qr) solves (2.46) for f = ¢Vu'. Part (a) implies that the
restriction of u to Qj solves u — L(qVu) = L(gVu') in HL(Qy). Hence, Lemma 2.3.5 implies
that u is a weak a-quasiperiodic solution to div((1 + ¢)Vu) + k*u = —div(¢Vu’) in Q.
Transmission regularity results imply that u belongs to H2(D) N H2(Qy, \ D), and it is well-
known that this implies that uw € HZ(€,) for s < 3/2 (see, e.g., [48, Section 1.2]). The function
u is even smooth in Qg \ ;,_.: Recall that h was chosen such that D C Qy,. Hence, there is
e > 0 such that D C Qj_9., and

u(@) = Lp(qV (u +u'))(z) = diV/D/Csm(%‘ ~y)ay)V(uly) +u'y)dy, =€ Qr\ Y-

shows that the restriction of u to Qg \ Q,_. is a smooth a-quasiperiodic function, since the
kernel of the above integral operator is smooth. O

Next we prove that the operator I — L,(¢V-) from (2.46) satisfies a Garding inequality in
Hé,p(QR)'
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Theorem 2.6.3. Assume that \/q € C*(D), that ¢ > qo > 0, and that D is of class C*'.
Then there exists C' > 0 and a compact operator K on Holé,p(QR) such that

Re(v — Lp(qV0),v)m3 0p) = 1Ml (0n) = Re(EV, 0)m1 (o), 0 € Hop(QR).  (2.48)

Remark 2.6.4. The idea of the proof is to split the integrals defining the inner product on
the left of (2.48) into the three integrals on D, Qp, \ D, and on Qg \ Q. For the term on
D one exploits the Gdrding inequalities from Theorem 2.5.2. The terms on S, \ D and on
Qr\ Qp, can be shown to be compact or positive perturbations.

Proof. Let v € H é,p(QR)- First, we split up the integrals arising from the inner product on

the left of (2.48) into integrals on D, on €, \ D, and on Qg \ Q. Second, we use the Garding
inequality from Theorem 2.5.2 to find that

Re(v — Lp(qV0),0) g1 g = W1 py + (K0, 0) o) + ||U||§1é(QR\§)
—Re[<Lp(qvv)av>Hé(QR\gTh) + <Lp(qvv)7U>H‘£(Qh\b)] (2.49)

with a compact operator K on HL(D). Further, the evaluation of L,(¢V-) on Qg \ Q, defines
a compact integral operator mapping HL(D) to HL(Qr\ ), because the (periodic) kernel of
this integral operator is smooth. (This argument requires the smooth kernel gy, introduced
in the beginning of this section.) Lemma 2.4.4 then allows to reformulate the corresponding
term in (2.49) in the way stated in the claim. Unfortunately, the last term in (2.49) does not
yield a compact sesquilinear form and needs a more detailed investigation.

For x € Q, \ D and y € D the kernel Kgy,(z — ) equals Gi(z — y), which is a smooth
function of x € Q;, \ D and y € D. Moreover, AGy(z —y) + k*Gj(z —y) = 0 for z # y. Since
V.Gr(z —y) = —V,Gi(z — y), an integration by parts in Q, \ D shows that

L(gVv)(x le/ Gr(r —y)q(y)Vu(y) dy
=- / VyGr(z —y) - V(qu)(y) dy +/ VyGi(r —y) - Va(y)v(y) dy
D D
=k / Gr(z —y)a(y)o(y) dy — L(vVq)(x)
D

- /6D %@_)y)%m(qu)v(v)(y) ds  forzeQy\D,

where v is the exterior normal vector to D. The integral operator appearing in the last term
of the last equation is the double layer potential DL,

0Gk(- —y)
op  Ov(y)

It is well-known that DL defines a bounded operator from Y 2(8D) into HL(Qg \ D) and
into HL(D) (see, e.g., [4]). This implies that the jump of the double-layer potential

Ty := [DL)lop = Yext (DL¢)) — 7int(DL))

DL(y) = Y(y)ds in Q\9D.
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from the outside of D to the inside of D is a bounded operator on Hé/ 2(8D). It is well-
known that in our case 7' is even a compact operator on Hol/ 2(E)?D), since D is of class C?%.
Additionally, the equality Vit (DLt)) = —1b/2 + T4 holds for v € HY/*(9D).

For v € H), ,(QR),

—~(VL(qVv), V) 1209,\5) = = (E*VV (qu) + VL(vVq) + VDL (Vint (qu)), Vo) 12Dy (2:50)

The mapping properties of V' shown in Lemma 2.3.5 and the smoothness of ¢ imply that
v — k*VV(qu) + VL(vVq) is compact from H, (Qg) into L*(D). To finish the proof we
show that the last term in (2.50) can be written as a sum of a positive and compact term. For
simplicity, we define w = DL(7int(qv)) and note that —v/2 = [Yint(w) — T (Vint (qv))]/Vint (q)
on dD. Since it plays no role whether the normal derivative dw/dv is taken from the inside
or from the outside of D, we skip writing down the trace operators for the normal derivative.
Then

(VDL(qv), V) 12(0,\B) = / _ Vw-Vodz
Q,\D

—k2/ wo dz —/ —vds +/ T Fds —/ —vds (2.51)
Qu\D op 0 r, 072 r_, Oxg

and the above jump relation shows that

L dw o [ Owym(®@) 0w T (yim(qv)) 4

2 Jop Ov ~ Jop OV yin(q) op O Ynt(q)

/Vw v< )dx—l—/Aw dr — [ 2w TCim(qv) 4
oD ov %nt(Q)

2
T in
_/ Vel 4, +/ (Vo -V — 2 Y)mde — [ 20T0m@) o
D 9 D q oD OV Yint(q)

Combining the last computation with (2.51) shows that

Vwl|?
(VDL(@vlap). Vel ) s =2 [

T (Vin
+2/ <Vq_1'Vw—k2E>@dx -2 w (Py il ds + / / —vds
D q oD v Yint (¢ Th r_, ) 0r2

Using Lemma 2.4.4, all the terms in the second line of the last equation can be rewrit-
ten as (Kjv, /U>Hé7p(QR) where K is a compact operator on HJ (Qg). The mapping v —
[p |Vw|?/qdz is obviously positive if ¢ > 0. In consequence, (2.49) and (2.50) show that (2.48)
holds. O

dz +k2/ wodz (2.52)
Qh\D
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2.7 Discretization of the Periodic Integral Equation

In this section we firstly consider the discretization of the periodized integral equation (2.46)
in spaces of trigonometric polynomials. If the periodization satisfies certain smoothness con-
ditions and if uniqueness of solution holds, convergence theory for the discretization is a
consequence of the Garding inequalities shown in Theorem 2.6.3. Secondly we present fully
discrete formulas for implementing a Galerkin discretization of the Lippmann-Schwinger in-
tegral equation (2.46). It is also the simplicity of this method that makes it interesting for us,
since we are ultimately interested in using this code to generate data for the inverse scattering
problem.

For N € N we define Z3, = {j € Z* : —N/2 < j12 < N/2} and Ty = span{y; : j € Z%},
where ; € L?(Q2) are the a-quasiperiodic basis functions from (2.16). Note that the union
UnenZp is dense in Hé,p(QR). The orthogonal projection onto 7y is

Py: HL, ()~ Ty, Py()= > o()e;.

=72
]EZN

where 0(j) denotes as above the jth Fourier coefficient. The next proposition recalls the
standard convergence result for Galerkin discretizations of equations that satisfy a Garding
inequality, see, e.g. [103, Theorem 4.2.9], combined with the regularity result from Theo-
rem 2.6.2(c).

Proposition 2.7.1. Assume that q satisfies the assumptions of Theorem 2.6.3 and that (2.28)
is uniquely solvable. Then (2.46) has a unique solution w € H) (Qr), and then there is
Ny € N such that the finite-dimensional problem to find uny € Tn such that

<UN - Lp(qqu)7wN>Hé,p(QR) = <f, wN>Hé,p(QR) for all wy € Ty (2.53)
possesses a unique solution for all N > Ny and f € Héﬂp(QR). In this case

lun = ull

[

’P(QR) = Cuu\i/%f

b |lwny — UHH}!,p(QR) < CN_SHUHH}!-";(QR), 0<s<1/2

with a constant C' independent of N > Ny.

Remark 2.7.2. The convergence rate increases to s + 1 —t if one measures the error in the
weaker Sobolev norms of HY, ,(r), 1/2 <t < 1. This could be shown using adjoint estimates
(see, e.g. [103, Section 4.2] for the general technique). However, the (linear) rate saturates at
t =1/2, since the integral operator is not bounded on H{, ,(Qr) for t < 1/2, that is, the L*-
error decays with a linear rate. We do not present proofs for these error estimates since those
are rather technical. However, we will later on present numerical results that show exactly the
indicated rates.

Similar to the proof of Lemma 2.3.4 we have

i Kem(- — 1) (y) dy = VATR Ko (j)p; for all j € Z2.
R
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which implies that Py commutes with the periodic convolution operator Ly, that is,
PyLy(f) = Ly(Pyf) forall f € L*(Qg)*.

Hence applying Py to the infinite-dimensional problem (2.46), we obtain the discrete problem
to find uy € 7n such that

uN — Lp(PN(qqu)) = Lp(PNf). (2.54)

Fast methods to evaluate the discretized operator in (2.54) exploit that the application of Ly, to
a trigonometric polynomial in 7 can be explicitly computed using an a-quasiperiodic discrete
Fourier transform that we call Fy. This transform maps point values of a trigonometric
polynomial ¢; (see (2.16)) to the Fourier coefficients of the polynomial. If we denote by a e b
the componentwise multiplication of two matrices, and if ¢ := (27/N, 4TrR/N)T, then

Ny VATR . ) .
on(j) = N2 ZUN(l't)eXP(—QWI(Jl+0é,,72)T'l/N)a j €T

leZ3,

This defines the transform Fy mapping (vy(j e t))jGZ?\/ to (@N(j))jez?v. The inverse Fy' is
explicitly given by

1
vy(jot) = —— on(D)exp (27 (I + o, 1) - /N, e 7%
N(et) mgé N exp (2mi (b +a,l) T G/N), ez}
N

Both Fy and its inverse are linear operators on C%; = {(cn)nezz, : cn € C}. The restriction
operator Ry from C% to C3,, N > M, is defined by Ry a(a) = b where b(j) = a(j)
for j € Z%w. The related extension operator Ey n from (C%w to C3,, M < N, is defined by
Enn(a) = b where b(j) = a(j) for j € Z3, and b(j) = 0 else.

Lemma 2.7.3. The Fourier coefficients of qOpun, £ = 1,2, are given by

(aBeun (5))jez3, = Ran,NFan [Fan (Banan (Gon (1) ezz, ) ® Fon (Bnan (we(5)an (5)) jezz, )]
where w1 (j) = i(j1 + @) and we(j) = ijow/R for j € Z2.
Proof. For uy € Ty, j € Z%, and { = 1,2,

AR qgup (5) =47TR/ qOpunP;de = 47R Y @N(m)/ qp;pm dz (2.55)
QR m622 QR
N
= 3" Geun(m) / o(@)e-Gr=mar+a—ma)ean /B g
2 QR
meZy;

— (4R Y Brun(m)i(j — m).

2
mezy;



38 Chapter 2. Volume Integral Equation Methods for Periodic Scattering Problems

Ifj/'\e 7%, t}El\the coefficient @V(j) merely depends on ¢(m) for m € Z3,. Hence,
qOpun(j) = qanOpun (j) for j € Z3%. Obviously, ganydpun belongs to T3y. Hence, the Fourier
coefficients of ganOpun are given by Fsn applied to the grid values of this function at j e h,
j € Z3 - The grid values of 87’1;\; are given by F{]\}(ENsN(gé;N(j)jeZ?V)» and the grid values
of gon can be computed analogously. Finally, taking a partial derivative with respect to x
or x9 of u yields a multiplication of the jth Fourier coefficient 4(j) by i(j1 + «) and ijom/R,
respectively. O

In Lemma 2.3.4 we computed the Fourier coefficients of the kernel r. The kernel g,
used to define the periodized potential L, is the product of Kr with the smooth function
X (see (2.45)). Hence, the Fourier coefficients of Ky, are convolutions of the Kr(j) with

X(j2) = (4 R) M2 [T exp(—ijomzs/R)x(x2) das,

Ksm(j) = W Z Kr(j1, m2)x(j2 — ma), jez’.

2
me”Ly;

The latter formula can be seen by a computation similar to (2.55). Note that x is a smooth
function, which means that the Fourier coefficients x in the last formula are rapidly decreasing,
that is, the truncation the last series converges rapidly to the exact value. The convolution
structure of L, finally shows that

—

LoD) = e 2 K[ + @) F0) + 22 2], 7= (1
The finite-dimensional operator uy — L, (Pn(¢Vuy)) can now be evaluated in O(N log(N))
operations by combining the formula of Lemma 2.7.3 with (2.56). The linear system (2.54)
can then be solved using iterative methods. Whenever one uses iterative techniques, one
would of course like to precondition the linear system. The usual multi-grid preconditioning
technique for integral equations of the second kind (see, e.g., [109]) does not apply here, since
the integral operator is not compact. For the numerical experiments presented in the next
section, we simply used an unpreconditioned GMRES algorithm.

) € L*(Qr)%  (2.56)

2.8 Numerical Experiments

In the numerical experiments 2.8.1-2.8.3 we confirm the theoretical convergence statement
from Proposition 2.7.1 and Remark 2.7.2 by computing the relative error between the ap-
proximate solution and the reference solution. These experiments are carried out for different
periodic structures and contrasts. In the last example of this section we present the conver-
gence of the method using an error indicator resulting from the so-called energy conservation.
All the computations in the following experiments were done on a machine with an Intel Xeon
3.20 GHz processor and 12 GB memory using MATLAB. Recall that we aim to compute the
scattered field for an incident field u’(z1,72) = exp(ik(cos(f)x; — sin(f)xs)) with incident
angle 6.
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2.8.1 Strip structure with constant contrast

In this example we consider the periodic structure as a strip (compare Figure 2.5) where the
contrast ¢ is a positive constant.

2
15

1

0.5
0
-0.5

-1

-15

Figure 2.5: Strip structure with constant contrast plotted in (—m,3m) x (—2,2).

More precisely, the support D = (—m,m) x (—=0.75,0.75) and Qr = (=7, 7) x (—-2,2). We
approximate the solution in 7y where N = 2" for n = 6, ..., 11. For this example we choose k =
/2 and 6 = 7 /4, the contrast ¢ equals 2 in D. For this setting one can explicitly compute the
scattered field. The GMRES iteration is stopped when the relative residual is less than 107°.
In the Figure 2.6 we show the relative error between the numerical solution and the analytical
solution in the norms Hy, (2r) where s = 0,0.5,1. The relative error measured in the norm
H], ,(Qr) fits quite well to the theoretical statement in Proposition 2.7.1. Furthermore, if
one measures the relative error in the norm Hy, (€2g) for s = 0 and s = 0.5 the experiment
confirms the statement of Remark 2.7.2. To give an impression about computation times,
the results in Figure 2.6 took about 0.3, 1.1, 3.7, 21.2, 131.7 and 463.7 seconds for N = 2",
n=206,...,11, respectively.

2.8.2 Strip structure with piecewise constant contrast

The structure in this example is again a strip where D = (—m,7) x (=0.75,0.75), Qp =
(—m,7m) x (=2,2), k =7/2 and 6 = 7/4 (the same to Experiment 2.8.1). However we consider
the case that ¢ is piecewise constant (compare Figure 2.7),

)1 in Dy = (—7/2,7/2) x (0,0.75),
Y2 wD\D.

Since the analytical solution for this case is not available, we hence compute the relative
error between the numerical solution uy for N = 2" n =4,...,9 and the reference solution
ups for M = 3072. Similar to the last example we compute the relative error in the norms
H;, ,(Qr) where s = 0,0.5,1. Recall that Dy and D are rectangles, the Fourier coefficients of
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Figure 2.6: Scattering from strip structure with constant contrast. Relative error of the
approximated solution uy for N = 2" n = 6,...,11 and the analytical solution measured in
H;, ,-norm for scattering from a strip. Circles, kites, triangles correspond to s = 1, s = 0.5
and s = 0, respectively. The continuous line and the dotted lines indicate the convergence
order 0.5 and 1, respectively.
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Figure 2.7: Strip structure with constant contrast plotted in (—m,3m) x (—2,2). The subdo-
main Dy where ¢ = 1 is in green.

the contrast ¢ in this case can be computed explicitly via the formula

RiG) = (01 - ) /

e—ijla;l—ijgmtg/R dzr + q2/ e—ij1:E1—ij27ra;2/R de’, ] € Z2,
Dy

D

Similar to Experiment 2.8.1 the tolerance for GMRES solver is 107° for computing the ap-
proximate solution uy for N = 2" n =4,...,9. For the reference solution ugg72, the GMRES
tolerance is 10~® and computation time is 3076 seconds.
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Figure 2.8: Scattering from a strip structure with piecewise constant contrast. Relative error
of the approximate solution uy for N = 2", n = 4,...,9 and the reference solution ugg7o
measured in Hj -norm. Circles, kites, triangles correspond to s = 1, s = 0.5 and s = 0,
respectively. The continuous line and the dotted lines indicate the convergence order 0.5 and
1, respectively.

2.8.3 Periodic sinusoidal structure

In this example we again confirm the theoretical convergence statement from Proposition 2.7.1
and Remark 2.7.2 for a periodic sinusoidal structure (compare Figure 2.9). More precisely,

Figure 2.9: The periodic sinusoidal structure plotted in (—m,37) x (—2,2).
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in(2 -1 in(2 1
D:{($1,$2)TER2:—W<ZC1<W7%<$2<%}’

e T2

Op = (—m,7) x (=2,2), q(z1,22) = 3 (z1,22)" € D.

We choose k = 7/2 and § = 7/4. As in Experiment 2.8.2 we compute the relative error

between the approximate solution uy for N = 2", n = 4,...,9 and the reference solution
uys for M = 3072 in the norms H&p(QR) where s = 0,0.5,1. The tolerance for the GMRES
iteration is 10~ when computing approximate solution uy for N = 2", n = 4,...,9. For

the reference solution uggr2, the GMRES tolerance is 10~® and computation time is 35327
seconds. In this case the Fourier coefficients of the contrast ¢ can be approximated using
Green’s formula

W) = [ ate iy = 1 [ st g,
QR 3Jp

- - —1j1$1—(1+1j27T/R):B2 d

3(1 + ijo7r/R) /aD va(w)e s

_ _]. /27r 671]1t7(1+1]2ﬂ'/R)(Sln(2t)/2+05) dt
3(1 +1ijam/R) Jo

1 2 . .
—ij1t—(1+ijom/R)(sin(2t)/2—0.5) dt.
- 3(1+ij27r/R)/0 ‘

For the computations in this example we approximate these integrals with the fourth-order
convergent composite Simpson’s rule.

2.8.4 Periodic rectangle-shaped structure

This last example presents the convergence of the method using an error indicator resulting
from the energy conservation for scattering from rectangle shapes that are periodically aligned
(compare Figure 2.11). The rectangle support D = (—2.5,2.5) x (—0.75,0.75), and Qp =
(—m,m) x (—2,2). The wave number k equals 2.5, we consider the contrast ¢ given by

q(z1,29) = 2cos(x1)2(a:2 +0.75) for (xl,xg)T e D.

Recall the Rayleigh coefficients ’&jc of the scattered field from (2.12). For the incident field,
we define similar coefficients by ’&3 = ffﬁ u'(z1, —h) exp(—iajz1) dzy for j € Z. Then Green’s
formula applied to (2.9) and the Rayleigh expansion condition show that

S Billaf P+ la; + ail?) = Bo. (2.57)
j:k2>ﬁj2-
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Figure 2.10: Scattering from periodic sinusoidal structure. Relative error of the approximate
solution uy for N = 2", n = 4,...,9 and the reference solution u3p70 measured in H 37p—norm.
Circles, kites, triangles correspond to s = 1, s = 0.5 and s = 0, respectively. The continuous
line and the dotted lines indicate the convergence order 0.5 and 1, respectively.

Figure 2.11: The periodic rectangle-shaped structure plotted in (—m,3m) x (—2,2).

Here we call (2.57) the equation of energy conservation. For an incident wave of direction
(cos(f), —sin(6)) ", the sums

Etra(e) = Z ﬁj(|a;+12;|2)/ﬁ07 Eref(e) = Z ﬁj|a;_|2/60

j:k2>ﬁj2- j:k:2>,5’]2-

correspond to transmitted and reflected wave energies. In this experiment, we use 6 —
|1 — Fiya(0) — Erer(0)] as an error indicator for the numerical solution. The Fourier coefficients
of the contrast ¢ can be explicitly computed using integration by parts. Assume that r, p are
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the sizes of the rectangle in x1- and xo-dimension, respectively. We have
Q(j) = A(j1)B(j2)/Vam R for j = (j1,2) € Z2,
where

sin(rj1) [(2 cos(2r)+1)/71 —8/jf’] —4cos(j1r)sin(2r) /52

J1 € Z\ {0,£2},

1—4/52

. J1

AQ) = sin(4r)/4 +sin(2r) +r J1 = £2,
sin(2r)/2 +r =0,
2piR i _2R% . s .

Blja) = { T exp(—ijamp/R) — o5y sin(jamp/R) - ja # 0,

2 .

2p J2 =0.

In these experiments the angle 6 are sampled at 200 points uniformly distributed on the
interval [0.2,1.2]. For Figure 2.12(a) the scattered field is approximated in Ty where N = 28
and the computation time for solving for one fixed incident angle 6 is about 2 seconds. In
Figure 2.12(b) we check the energy conservation error for different N where the tolerance for
the GMRES iteration is 1078, As Figure 2.12(b) shows, the error of the computed Rayleigh
coefficients corresponding to propagating modes converges with order 1. This also shows an
instability around Rayleigh frequencies, where k% = (o + n)?, that is, m = |7 cos(f) + n| for
some n € Z. We can see that the error curves in Figure 2.12(b) have a bend at the angle
6 = arccos(1 —1/(2.5)) ~ 0.927.

14

.=t Eref(e)+Etra(e) o :Zgi
- - - E©) == 1iN=128
1.2F _o| 11111111 N=256
Era® 107 a - N=512
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0.6
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Figure 2.12: (a) Reflected and transmitted energy curves versus the angles 6 of the incident
field u?. (b) The error curves |1 — Eia(6) — Ever(0)] for different discretization parameters N
versus the angles @ of the incident field u'.



Chapter 3

The Factorization Method for
Periodic Inverse Scattering

Abstract: Chapter 3 concerns the shape identification problem of diffraction gratings
from measured spectral data involving scattered electromagnetic waves in TM mode.
In particular, we consider diffraction gratings consisting of a penetrable periodic dielec-
tric mounted on a metallic plate (compare Figure 3.1). Here we model the spectral
measurements which are the Rayleigh sequences of the scattered field by the near field
operator N (see (3.15)). The aim of the inverse problem then is to identify the pe-
riodic scatterer when N is given. Using special plane incident fields introduced in [7]
(see (3.3)), we study the Factorization method as a tool for identifying the periodic
media. First, we factorize the near field operator N in Theorem 3.3.3. Second, we
prove in Lemma 3.4.3 the necessary properties of the middle operator in the factor-
ization. This allows us to apply the version of range identity theorem studied in [78]
(see Theorem 3.4.1) to provide a simple imaging criterion (3.31). Finally, numerical
experiments with different material parameters and periodic structures are given in
Section 3.5 to examine the performance of the method.

3.1 Introduction

This chapter develops a Factorization method for the inverse scattering problem from diffrac-
tion gratings constituted by penetrable periodic dielectrics mounted on a metallic plate. As
in Chapter 1 the diffraction gratings are supposed to be periodic in one direction and invari-
ant in the perpendicular direction, and that we consider the TM mode problem in half-space
setting with Neumann condition on the boundary of the metallic plate. We consider here the
problem in a half-space setting instead of the full-space setting in Chapter 1 is to simplify the
presentation of the technique. This technique is then extended to the full-space problem for
the case of Maxwell’s equations in Chapter 4. The study of our model problem is motivated
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by the important applications of periodic structures in modern optical technologies such as
diffractive optical filters and organic light-emitting diodes, and non-destructive testing of such
structures.

As outlined in the introduction, while the papers [7,8] studied the Factorization method
for detecting impenetrable periodic layers with Dirichlet and impedance boundary conditions,
the author in [79] considered imaging of penetrable periodic interfaces between two dielectrics
in two dimensions. In the present chapter, the Factorization method is studied as a tool
for identifying shape of diffraction gratings in the TM case. Note that the papers [7,8, 79]
investigated the Factorization method for the TE case. Furthermore, the periodic structures
that we consider here are different from those studied in the latter cited papers. The measured
data in the periodic inverse problem are coefficients of evanescent and propagating modes in
the radiation condition. Those data are modelled by the so-called near field operator N which
is central of the Factorization method. Given the operator N, the inverse problem then is
to identify the shape of the diffration grating. Using the Factorization method we provide
a sufficient and necessary criterion for a point z in the periodic scattering support using the
eigensystem of the operator Ny = |Re(V)|—Im(V). To do that one also needs results on range
identities where factorizing the near field operator in a suitable way plays an important role.
Moreover, to examine the performance of the method, a number of numerical experiments are
given for several kinds of diffraction gratings motivated by the ones presented in [49].

Our analysis extends approaches in [7,72,78] to the TM mode problem with Neumann
boundary condition on the metallic plate. We use the special plane incident fields introduced
in [7] which allows us to suitably factorize the near field operator. Note that this approach
avoids the use of (in some sense) unphysical complex-conjugated incident fields, as in [8,100],
that are certainly non-trivial to produce in practice. To obtain the necessary properties of
the middle operator for the application of range identity theorem we use the approach in [72]
for obstacle inverse scattering of electromagnetic waves. Further, a modified version of the
method studied in [78] treats the case that the imaginary part of the middle operator in the
factorization is just semidefinite.

The chapter is organized as follows: In Section 3.2 we set up and derive the Fredholm
property of the direct problem. Section 3.3 is for the factorization of the near field operator of
the corresponding inverse problem. We derive the necessary properties of the middle operator
and a characterization of the periodic structure in Section 3.4. Finally, Section 3.5 is devoted
to the study of numerical experiments.

3.2 The Direct Scattering Problem

We consider the TM case, discussed in the previous chapter, of electromagnetic scattering
problems from isotropic periodic dielectric materials mounted on a metallic plate with Neu-
mann boundary condition. Thus we have a problem set on R% := {(z1,22) ", 29 > 0} as
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follows
div(e; 'Vu) + k*u =0 in R?, (3.1)
0
6;18—1: =0 on {z3 =0}, (3.2)

where £ > 0 is the wave number, v is the outward unit normal vector to the boundary
{z2 = 0}. We assume that the material parameter ;! is a scalar function in L>°(R?%) with
Re(g; 1) > ¢ > 0, Im(e; 1) < 0, and that e, ! is 27-periodic in 27 and equals one outside the
grating. We consider the downward propagating incident field u’, i.e.,

ul(w) — pikad _ eik(w1d1+x2d2)’ |d| =1, and dy < 0. (3.3)

When the incident field / illuminates the diffraction grating, there arises a scattered field
u® such that the total field u = u’ + u® satisfies (3.1)—(3.2). Since Au’ + k?u’ = 0 we can
write (3.1)—(3.2) as

div(e; 'Vu®) + k*u® = —div(¢Vu') in R, (3.4)
ou’® ou’
~1 _ -1 _
& g, = &g, OB {zy = 0}, (3.5)

where ¢ is the contrast defined by
-1
q:=¢, — 1L

Similarly to the problem setting in Chapter 1, we find the a-quasiperiodic scattered field u*
to the direct problem (3.4)—(3.5), satisfying the Rayleigh expansion radiation condition

u®(z) = Z Gl @nm1tBn(@2=h)  for 40 > p, (3.6)
neZ

where (i, )necz are the Rayleigh sequences given by

1 2

Uy 1= — u®(xq, h)eiio‘”gﬁ1 dz1, necZ.
27T 0

Note that we also require that the series in (3.6) converges uniformly on compact subsets of
{z2 > h}. Due to the periodicity of the problem (3.4)—(3.6), we can consider it in one period
Q= (—mm) x (0,00). Set I'y = (=7, 7) x {p} for p > 0, we rewrite our problem as follows:
Find u® : R? — C such that

div(e; ' Vu®) + k?u® = —div(¢Vu') in Q, (3.7)
ou® ou’

1Y% — -1
= o T By

on T, (3.8)

and u® satisfies the radiation condition (3.6).
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As mentioned in Chapter 1, the variational solution theory for the problem in full-space
setting is well-known. For the convenience of the reader we give a variational formulation of
problem (3.6)—(3.8) as an adaptation from the works for the full-space problem. Recall that
Q= (—m,7m) x (0,00), and define

Qo= (—m,m) x (0,h), for h > sup{as : (z1,22)" € supp()},
HY(Qp) == {u € HY(Qp,) : u=Ulg, for some a-quasiperiodic U € Hj,,(R3)}.

1 Fh 1

— 1 |
T
D :
—T 1) T T

Figure 3.1: Geometric setting for inverse scattering problem of TM-polarized electromagnetic
waves from periodic dielectrics mounted on a metallic plate.

The variational formulation has to couple equations (3.7)—(3.8) with the radiation con-
dition (3.6). To this end we first define the trace space H5(I'y) (s € R) which includes
a-quasiperiodic functions ¢ satisfying

1 2

102,y = S (L4 122160 <00, du=o [ l)e ™ dt.
2m Jq
nez

Then we can define the Dirichlet-to-Neumann operator T from HY 2(I‘h) into Hy "/ 2(F n)
given by
TH(¢) =1 Budne™ ™.
nez
It is easy to check that T is a bounded operator. Now multiplying (3.7) by v € H}(Q),

using Green’s identities we formally have

/ (e, 1Vu® - VT — k*uD) da —/ e;lau Tds = —/ qVu' - Vodz. (3.9)
Q T'pUlo v Qp

Note that the boundary terms on {x; = =£7} vanish due to the a-quasiperiodicity. By
replacing du® /Ov by T (u®) on the boundary term I'y,, and taking into account the Neumann
boundary condition (3.8), we obtain the following variational problem: Given the incident
field u’, find u® € H(Qy) such that for all v € HL(€y,) it holds

By (u®,v) = / (e71Vu® - VT — B*uT) dx — / ol (u®) ds
Qh Iy

= —/ qVu' - Vodz —/ sr_lau vds. (3.10)
Qp To 8V
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We can see that B, is a bounded sesquilinear form on HY () because of the fact that

/ ol (u) ds
Ty

IN

T+ )]

”“”Hé”(rh HLV2(T))

A

< COlollag@nlle’lyyz g,y < Clolayonlvlaye,) (311

Theorem 3.2.1. The sesquilinear form By, is of Fredholm type on HL(Q,).

Proof. Tt is sufficient to show that B, satisfies Garding inequality on HL(Q). To this end,
we first use the Plancherel identity to compute

—Re</Fh wl ™t (u) ds) = —Re<iZﬁjmj\2> = Y (@ =) >0

JEL j:a§>k2

Recall that the material parameter ;! satisfies Re(g; 1) > ¢ > 0. Taking the real part of the
sesquilinear form we implies that

Re(Bp(u,u)) > CHUH%J}M(Qh) - /Q (Re(e; ) + k%) |ul* dz,
h

and since HL(€),) is compactly embedded in L?(£2,) (this is Rellich’s compact embedding
lemma in the periodic setting), B, satisfies Garding inequality. U

Fredholm theory [81] implies that existence of solution for problem (3.10) follows from
uniqueness of solution. For strategies to establish uniqueness of solution by geometric condi-
tions, one can refer to [22,66]. More generally, analytic Fredholm theory establishes uniqueness
of this problem for all but possibly a discrete set of wave numbers k. In this work we assume
that the wave number £ is such that uniqueness of solution holds.

3.3 The Near Field Operator and Its Factorization

In this section we set up the corresponding periodic inverse problem and we introduce the near
field operator. Moreover, studying the factorization of the near field operator is an important
step for constructing a factorization method.

Recall that a; = a + j and 3; = (k* — oz?)l/2 # 0 for j € Z. To obtain data for the
factorization method we use the incident fields as a-quasiperiodic plane waves

u; — cllajzi—Bjz2) ei(ajxl+ﬁjx2)7 jeq. (3.12)

The incident fields satisfy the Neumann boundary condition 5u§- /Ov =0 onTy. These incident
fields u; have two parts, a downward propagating waves exp(i(ojz1 — Bjx2)), and exp(i(oyz1+
Bjx2)), which is an upward propagating wave. This choice for the corresponding incident
fields for Dirichlet boundary condition has been studied in [7] regarding the analysis of the
factorization method for periodic Dirichlet obstacles.

Denote by D the support of the contrast g in one period Q = (—m,m) x (0,00). The
following assumption is necessary for our later frame work.
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Assumption 3.3.1. We assume that D C R? is open and bounded with Lipschitz boundary
and that there exists a positive constant ¢ such that Re(q) > ¢ > 0 and Im(q) < 0 almost
everywhere in D.

i
, . J
placing u' by u} in the variational form (3.10) implies

Since the incident fields u’ satisfies the Neumann boundary condition for all j € Z, re-

/ (e 'Vu® - VT — E*u’D) do — / T (u®)ds = —/ uné- Vodz, ve HLQ).
Qp, Ty D

We consider a more general form as follows: Given f € L?(D)?, find u € H}(€y,) such that,
for all v € HL(Q),

/ (e'Vu - VT — k*um) dx —/ vl (u)ds = —/ q/dlf - Vodz. (3.13)
Qp Ty D

Since the unique solvability of (3.13) has been discussed in Section 2, we then can define a
solution operator

G :L*(D)* — (*(Z)

which maps f to the Rayleigh sequence (i) ez of u € HL(Q4), solution to (3.13).

Due to the linearity of problem (3.10), a linear combination of several incident fields will
lead to a corresponding linear combination of resulting scattered fields. We obtain such a
linear combination using sequences (a;)jez € £%(Z) and define the corresponding operator by

H(a;) = \/MZ Y Tui,  where w; = { b k2>a?, (3.14)
J ez ﬂjw]’ 7 g eXp(—iﬂjh), ]{22 < a?, ’

where dividing by 3;w; essentially makes our later computations easier.

In our inverse problem the data measured are the Rayleigh sequences (3.6). We know
that only the propagating modes are measurable far away from the structure. However, we
need in this framework all the modes to be able to uniquely determine the periodic structure
(the finite number of propagating modes is not enough). Hence the operator that models
measurements from the periodic inhomogeneous medium of scattered fields caused by the
incident fields (3.14) is referred to be the near field operator, denoted by N. We define
N : (?(Z) — (*(Z) to map a sequence (a;);ez to the Rayleigh sequences of the scattered field
generated by the incident field H(a;) defined in (3.14), i.e.

[N(aj)]n = (ﬁn)nEZa (3.15)

where u € HL(Q,) is the radiating solution to (3.13) for the source f = H(a;j). Then from
the definition of the solution operator G we have

N = GH. (3.16)
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The inverse scattering problem is now to reconstruct the support D of the contrast ¢ = ;! —1
when the near field operator N is given. We solve this problem using the factorization method.
Factorizing the near field operator is one of the important steps of this method. Before doing
that, in the next lemma, we show some properties of operator H : (*(Z) — L?(D)? and its
adjoint H*. We rely on the sequence

. { exp(—iBjh), k? > a?,

wii=14 .
J i, k2 < o2

Lemma 3.3.2. The operator H : (*(Z) — L*(D)? is compact and injective. Its adjoint
H* : L?(D)? — (?(7Z) satisfies

H*(f) = 4m(wjiy)jez,
where U; is the Rayleigh sequence of the radiating variational solution u € HM Q) to Au +
k*u = div(+\/|q|f) in Qp, and Ou/Ov =0 on Ty, i.e.

/ (Vu - VT — k*up) dx —/ o1t (u)ds :/ Vi0glf-Vodz, forallve HE(Q). (3.17)
Qy, Ty D

Proof. We have

/H(aj)fdfc g fdw—<ag (/ Vidlf- (ﬁ > >>
D J .7 ZQ(Z)
Note that w; = —w; and ﬂ_] = B if k2 > a? but w; = w; and B_J = —[f3; else, respectively.
Therefore
u; _ _ﬁ]}wj efi(ajxlfﬁsz) + efi(ajlerﬁjxg) , k,? > Oé?
/8ij 1 efi(ozjxﬁrﬁsz) _i_e*i(ajwl*ﬁij) k,? < OéQ
ﬁjwj ’ J
_ _ﬁl (e—i(a]-;rl—ﬁja:g) +e—i(aj$1+ﬁjl’2)>'
jW;

For the unique solvability of (3.17), the Fredholm property can be obtained as in the last
section. However uniqueness of solution of this problem can be deduced for all wave numbers
k. Indeed, for f = 0, choosing smooth test functions v in (3.17) vanishing on I'j, and Iy
imply that Au + k?u = 0 in L?(€2;,). Then multiplying the latter equation by v € H}(€2,),
using the Green’s first indentity, and adding the resulting expression from the variational
formulation (3.17), we find that

/ ’U—dS +/ ’U—ds —/ 7T (u)ds =0, for all v e HL(y,).
T'o Fh 1—‘h

Choose functions v which vanish on I'j, we conclude that du/0v = 0 in H, Y 2(FO). Then
using classical approach of separation of variables we conclude that the problem Au+k*u = 0

in L?(€2,) and du/dv = 0 in HQI/Q(I‘O) only has a trivial solution.
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Now assume that u solves (3.17) and recall that u|r, = > ;5 U exp(ioyz1). Denote v; :=
u;/(Bjw;). Using the second Green’s identity we have

/D\/\af-w—jdx :/ (Vu - Vo; — k?uw;) de —/ TTH (u) ds

Qp, 'y

= —/ (AT} + k*Tj)udz +/ <uai — ;T  (u )) ds
, r, \ Or2
_ Zul/ < 1ala:1 lﬁlelala:l ) ds.

I€Z
Further,
ilr,, = ———— (e 4 e7BiMemiosm - 2 = (el e Tifih) e
iy =~ ) Gl = )
Thus we find
. drije it k2 > o?
— 71ﬁjh — J ) 77
/ Viglf - Vojde — 9 /Fh ds {47111%-, k:2<oz2

Hence we have shown that H*(f) = 4m(wj

(i1;) are bounded from L?*(D)? into Hol/Q(Fh) and from Hol/Q(Fh) into /2(7Z), respectively, and
since (w;g )jez is a bounded sequence, H* is a bounded operator. Moreover, elliptic regularity

Uj)jEZ- Since the operations f +— u\rh and U‘Fh =

results [81] imply that u is H2-regular in a neighborhood of 'y, thus, f ulr, is a compact

operation from L?(D)? into Hg/ 2(F n) and H* is a compact operator. Therefore, H is compact
as well.

To show that H is injective it is sufficient to show that H* has dense range, which follows
from the fact that all sequences (0;;);cz belong to the range of H* (by definition, the Kronecker
symbol ¢;; equals one for j = [ and zero otherwise). To see this, we note that exp(i(a;z1 +
Bj(xe — h)) has Rayleigh sequence (;;)icz. Set ¢;(x1,x2) = exp(i(ajz1 + Bj(r2 — h)). We
choose x1,x2 € Cper() = {x € C>®(Q) : x is 27-periodic in 21} such that [, x2dz # 0,
X2 vanishes on a neighborhood of boundary I'y and Q \ D, and x; vanishes for zo € Q\ D,
(1 — x1)yp; satisfies Neumann condition on I'g. We set

fD —x1)pjdz + kQ faD&p]/@uds

b, =(1- . 3.18
i= =X - T de X2 (3.18)
Then the Rayleigh sequences of ®; and ¢; are equal and
k:2/ o dw +/ 995 qs 0. (3.19)
D op Ov

Due to Lax-Milgram theorem, there exists a unique solution v € H}(D) := {v € H}(D) :
Jpvdz =0} to the equation

/\/Evu v¢dx_/(vq> VY — E0,9)d /@

4%73
D 81/ djd
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for all ¢» € H}(D). This equation still holds for all the test function ¢ € HY(D) due to (3.19).
From (3.18) we know that ®; = ¢; in Q\ D which implies A®; + k?®; = 0 in 2\ D. Thus
Green’s first identity shows that

/ (VO - Vi — k*®,¢) da —/ T (®;)¢ ds :—/ %Eds
Qp\D Ty )

Dal/

for all ¢» € HL(Q,). Adding the two last equations we obtain

/ (V®; - Vip — E?®,4) da —/ TT(®;)3 ds :/ V]glVu - Vi da
Qp D

Iy

for all » € HL(Q,). Now we set f = Vv € L?(D)? with an extension zero outside D which
shows that H*(f) = 47m(w}dji)icz. By a simple scaling this implies that (d;1)icz € Rg(H™) for
any j € Z. U

Now we show a factorization of the near field operator N in the following theorem. For
simplicity we define the sign of ¢ by

sign(q) = ‘% in Q.

Theorem 3.3.3. Let W : ¢*(Z) — (*(Z) be defined by W (a;) = (—4mwjaj)jez. The operator
T : L*(D)? — L%*(D)? is defined by Tf = sign(q)(f + /|q|Vv), where v € HL(Qy,) is the
solution to (3.13). Then near field operator N satisfies

WN =H'TH.

Proof. Let us first note that W is a bounded operator on ¢2(Z) since |wi| =1 for all j € Z.
For simplicity, we denote by @ the operator that maps f € L?(D)? to the Rayleigh sequence
(4)jez of u € HL(Qp), radiating variational solution to Au + k*u = div(y/[g[f) in Qp
and Ju/dv = 0 on I'g. This operator already appeared in Lemma 3.3.2, where we showed
that H* = —W(Q. By definition of the solution operator G we have Gf = (4;);cz where
u € HL(Qy) is a radiating variational solution to div(e;'Vu) + k?u = —div(q/+/|¢lf) in Q4
and &;'90u/Ov = 0 on Ty. This means that Au + k*u = —div(y/|q]sign(q)(f + +/]q|Vu)) in
Qp, and Ju/dv = 0 on I'y, thus

Gf = —Q(sign(q)(f + V/]a|Vu)) = —(QT) f.
Recall that we have N = GH which implies

WN=WGH = -WQTH = H*TH.
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3.4 Characterization of the Periodic Support

To give a characterization of the periodic support of the contrast ¢ we need an abstract result
on range identities. For the convenience of the reader, we give a rather complete proof, see
also in [72,78]. First, we introduce real and imaginary part of a bounded linear operator. Let
X C U C X* be a Gelfand triple, that is, U is a Hilbert space, X is a reflexive Banach space
with dual X* for the inner product of U, and the embeddings are injective and dense. Then
the real and imaginary part of a bounded operator 7' : X* — X are defined in accordance
with the corresponding definition for complex numbers,

1 1
Re(T) := §(T +T7), Im(T) := 2—(T —T").
i
Theorem 3.4.1. Let X C U C X* be a Gelfand triple with Hilbert space U and reflexive
Banach space X. Furthermore, let V' be a second Hilbert space and F: V —V, H:V — X

and T : X — X* be linear and bounded operators with
F=H'TH

We make the following assumptions:
a) H is compact and injective.
b) There exists t € [0,2n] such that Re(e'T) has the form Re(e'T) = Ty + T1 with some
positive definite selfadjoint operator Ty and some compact operator Ty : X — X*.
¢) ImT is non positive on X, i.e., (ImT'¢,p) <0 for all p € X.
Moreover, we assume that one of the two following conditions is fullfilled
d) T is injective and the number t from b) does not equal w/2 or 3w /2.
e) ImT is negative on the (finite dimensional) null space of Re(e'*T), i.e., for all ¢ # 0 such
that Re(e®T)¢ = 0 it holds (ImT¢, ) < 0.
Then the operator Fy := |Re(e"F)| —ImF is positive definite and the ranges of H* : X* —

1
V and Fﬁ2 : V. — V coincide.

Proof. We first recall from [69] that it is sufficient to assume that X = U is a Hilbert space
and that H has dense range in U. The reduction to the Hilbert space case follows from the
introduction of the positive definite root Tol/2 : X — U, see, e.g., [99, Theorem 12.33], since

F = H*TH = (H*T)*) (1T, V*11,"*)(1)/*H) =: H*TH.

If the range Rg(H) of H is not dense in U, we replace U by its closed subspace Rg(H ) using the
orthogonal projector P from U to Rg(H). Since PH = H, the factorization F' = H*P*TPH
holds and all the assumptions of the theorem are preserved. Hence, we can assume that
X = U and that H has dense range. We first recall from [69] that it is sufficient to assume
that X = U is a Hilbert space and that H has dense range in U. The reduction to the Hilbert
space case follows from the introduction of the positive definite root TO1 2. x U , see, e.g.,
[99, Theorem 12.33], since

F=H'TH = (H*T)*) (T, *11,"?)(13/*H) =: H*TH.
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If the range Rg(H) of H is not dense in U, we replace U by its closed subspace Rg(H ) using the
orthogonal projector P from U to Rg(H). Since PH = H, the factorization F' = H*P*TPH
holds and all the assumptions of the theorem are preserved. Hence, we can assume that
X = U and that H has dense range.

The factorization of F' implies that Re(el’ F') = H*Re(el'T)H is compact and selfadjoint.
By the spectral theorem for such operators, there exists a complete orthonormal eigensystem

(Aj, ;) jen of Re(eF). In consequence, the spaces
Vvt = span{y; : A\; > 0} and V™ =span{y; : \; <0}

are invariant under Re(e*F) and satisfy V =Vt @ V~. Weset U~ = HV ™.

In the next step we show that U~ is finite dimensional. The operator T} = Re(el'T) — Ty
is a selfadjoint and compact operator, we denote by (uj,¢;)jen an eigensystem of T7. By
assumption of Ty, there exists a > 0 such that (Tpp, ) > af¢|/? for all ¢ € U. We set
W+ =span{¢; : uj > —a}, W~ = span{¢; : u; < —a} and note that W~ is finite dimensional
since p1; — 0. Let now ¢ = Hy € U~ with (unique) decomposition ¢ = ¢ + ¢~, ¢ € W=,
Since ¢ € V

0> (Re(e" F)y, ¥) = (Re(e"T) Hyp, HY) = (Re(e"T) (6" +¢7),6" +¢7)
= (Re(e"T)¢™, 67) + (Re(e"T)¢™, 67) > el ¢TI = [IRe(e"T)|[ll67 1%

thus, ||¢||?> = [|¢T|1> + ||¢~||*> < C||¢~||*>. This shows that the mapping ¢ +— ¢~ is boundedly
invertible from U~ into W~. Consequently, U~ is finite dimensional.

Denseness of the range of H implies that the sum HV+ + U~ is dense in U. Since U~ is
a finite dimensional and therefore complemented subspace, we can choose a closed subspace
U+t of HVT such that the (non-orthogonal) sum U = Ut @ U~ is direct. Let moreover
U%:= HV+ N U™ be the intersection of HV+ and U~, we will show that U° is contained in
the kernel of Re(e*T). We denote Py+ : U — U® the canonical projections, that is, every
¢ € U has the unique decomposition ¢ = Py+¢ + Py-¢. Both operators P+ are bounded
and P+ — Py- is an isomorphism, since

(Py+ — Py-)* = Ppy + Pi- — Py+ Py- — Py-Py+ = Py + Py- =1d.

From the factorization Re(el’ F') = H*Re(e'T)H and the definition of U* we obtain that
H*Re(e®T)(U~) = Re(eF)(V~) C V. Note also that, by definition we have Ut ¢ HV+.
In consequence, for ¢~ € U~ and " € V' we have

0= (H*Re(e"T))p~, ") = (Re(e"T)¢p™, HYT) = (¢, (Re(e"T)) HyT). (3.20)

We conclude that Re(e'T)U~ c (HVH)L = (Ut @ U%)*t < (U')* and, Re(e"T)Ut C
Re(e!TYHV+ C (U7)*. Indeed, for ¢* € HV T there is a sequence 97 € V7T such that
Hyb — ¢t and Re(e'T)Hy,b C (U7)' by (3.20), thus, Re(eT)pt c (U7)*t. For ¢¥ €
HVT NU~, these mapping properties of Re(e*T') imply that Re(eT)¢° is orthogonal both
to U~ and U*. Therefore Re(e!T)¢" = 0 and we conclude that U’ = HV+NU~ is contained
in the kernel of Re(e!'T’). This inclusion allows to show a factorization of F} in the next step.




56 Chapter 3. The Factorization Method for Periodic Inverse Scattering

Let ¢ € V and ¥ be its orthogonal projection on V*. Then

[Re(e"F)[) = H'Re(e"T)H (" —¢7)
= H*Re("T)(Py+ HYt + Py-Hy" — Pyr Hp™ — Py-Hy™)
= H*Re(eT)(Py+H¢ +2 Py-Hy" —PysHY)
N—_———
cUO%Cker(Re(e'tT))
= H*Re(e"T)(Py+ — Py-)HY

This factorization of |Re(e!'F)| yields a factorization of Fj,
F; = [Re(e"F)| — ImF = H*(Re(e"T)(Py+ — Py-) — ImT)H = H*T}H,

where Ty = Re(e!'T)(Py+— Py-)—ImT. Due to the fact that (Re(e!T)(Py+—Py-)Ho, Hp) =
([Re(e'F)|¢,¢) > 0 for all ¢ € V and denseness of the range of H in U we conclude that
Re(e"T)(Py+ — Py-) is nonnegative on U. Since T} is therefore a nonnegative operator, we
can apply the inequality [69, Estimate (4.5)] for bounded nonnegative operators,

1
(Ty, ) > HTNHTWHZ’ YeuU (3.21)
Now, we show that assumption d) implies assumption e). Under the assumption d), let ¢
belong to the null space of Re(e*T") and suppose that (ImT'¢, ¢) = 0. We need to show that
this implies that ¢ = 0. By definition of the real part of an operator,

o+ e T g =0 (3.22)

Furthermore, —Im7T is a bounded nonnegative operator so the application of (3.21) to —ImT
yields

0= (~InT6,6) > e
hence ||ImT'¢|| = 0 and Im¢ = 0. By definition of the imaginary part, this is to say that
Té¢ —T*¢ = 0. Combine this equation with (3.22) yields that (1 + ¢?)T'¢ = 0. Since
t e [0,27]\ {3, 37”}, this implies T¢ = 0 and ¢ = 0 by assumption d). We have hence proven
that (ImT'¢,¢) < 0 for all 0 # ¢ € ker(Re(e!!T)). This is precisely assumption e) which is
considered next.

Assuming e), we will show that T} is injective. Suppose that Ty¢ = 0, then we have
(Re(e'T)(Py+ — Py-)¢, ¢) — (ImT'p, ¢) = 0. Boths terms on the left are nonnegative so we

have
{ (Re(e'T)(Py+ — Py-)¢,¢) =0
(ImTp,¢) =0

From this and application of (3.21) to Re(e!T)(Py+ — Py-) yield Re(eT)(Py+ — Py-)¢ = 0.
Moreover, due to the selfadjointness we obtain

[mTe[?, ¢ eU,

(3.23)

Re(e"T)(Py+ — Py-) = (Py+ — Py-)*Re(e'T)
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and since P+ — Py- is an isomorphism so is (Py+ — Py-)*. Consequently, Re(e*T)¢ = 0.
Assumption e) now implies that (ImT'¢, ¢) < 0 if ¢ # 0. However, we showed, in (3.23), that
(—ImT'¢, ¢) = 0, that is, ¢ = 0 and therefore T} is injective.

Hence, by assumption d) or e), T} is an injective Fredholm operator on index 0 (Fredholm-
ness is due to assumption b)) and hence boundedly invertible. By (3.21) we obtain

1
Ty, ) > WHTW > Cll¢|]* forally €U

Now, as T} has been show to be positive definite, the square root 7; ﬁl/ 2 of Ty is also positive
definite on U, see, e.g., [99], hence the inverse Tﬁfl/ ? is bounded and we can write

However, if two positive operators agree, then the ranges of their square root agree, as the
following well known lemma shows.

Lemma 3.4.2. (Lemma 2.4 in [69]). Let V, Uy and Uy be Hilbert spaces and A; : Uj — V,
Jj = 1,2, bounded and injective such that A1A7 = AxA5. Then the ranges of Ay and As
coincide and AflAg s an isomorphism from Us onto Uy.

Setting A; = Fﬁl/2 and Ay = H*Tﬁl/Q, the last lemma states that the ranges of Fﬁl/2

and H *Tﬁl/ 2 agree and that Fﬁfl/ *H *Tﬁl/ % is an isomorphism from U to V. Since Tﬁl/ % is an
isomorphism on U, we conclude that the range of H*T, ﬁl/ 2 equals the range of H* and that

Fﬁ_l/ 2H* . U — V is bounded with bounded inverse. O

For an application of the Theorem 3.4.1, we need to study properties of the middle operator
T in the factorization of Theorem 3.3.3

Lemma 3.4.3. Suppose that the contrast q satisfies the Assumption 3.5.1 and that the direct
scattering problem (3.13) is uniquely solvable for any f € L?*(D)?. Let T : L*(D)? — L*(D)?
be the operator defined as in Theorem 3.3.3, i.e.

Tf = sign(q)(f + v/]a|Vu),

where u € H} () is the radiating variational solution to div(e; 1 Vu)+k*u = —div(q/+/|q|f)
in Qp, and e, 0u/0v = 0 on Ty, i.e., for all v € HL(Qy),

/ (er 'Vu -V — Fud)de — [ T (u)ds :—/ a/V0dlf - Vi da. (3.24)
Qp D

Ty

Then we have

(a) T is injective and (Im(T)f, f) <0 for all f € L?(D)?.
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(b) Define the operator Ty : L*(D)?> — L*(D)? by Tof = sign(q)(f + /|q|Va) where
@ € HL(Qy) solves (3.24) for k =i and f € L*>(D)?. Then we have that T — Ty is compact in
L?*(D)2.

(¢) For Ty defined as in (b), if Re(q) > 0 on L?(D)? then Re(Ty) is coercive in L*(D)?,
i.e., there exists a constant v > 0 such that

<Re(T0)fa f>L2(D)2 > ’YHfHL2(D)2.

Proof. (a) We show the injectivity of T by assuming that Tf = sign(q)(f + /|¢|Vu) = 0,

then u is a radiating variational solution to the homogeneous problem Au+k*u = 0 in €2}, and

Ou/dv = 0 on I'g. However, we showed in the proof of Lemma 3.3.2 that the latter problem

has only the trivial solution which implies that v = 0 in €. Thus, f = 0 or T is injective.
Now we set w = f + \/EVU, then 7'f = sign(q)w and

(TF. )y = /D sign(q)w - (@ — v/[g]VT) da
- /D (sign() wf? — ¢//[glw - VE) dz
= sign wl? dz ul?> — K2 lu|®) dz — Tt (u) ds .
—/D en(q)[wf*d +/Qh<|vw K2Juf?)d / THw)ds  (3.25)

Ty

Now recall Theorem 3.2.1, using Plancherel identity implies that

_Im</F ﬂTJr(U) dS) = _Im<izﬂj|ﬂj‘2> _ Z (k2 —a?)l/Z‘aj‘Q “0

JEZ j:k2>oz§
Together with the fact that Im(g) <0 in D, we hence obtain

(S fop = [ 2L~ [ ) as) <o,

(b) From the definitions of 7" and Ty we note that T'f — Tof = q/+/|q|V(u — @) where
u, i € HL(y,) are the solutions, for k and k = i, of

PTH(u)ds = —/ a/\dlf -V dax, (3.26)
Qp,

I'n

/Q (7' Vu - VP — Fup) da — /

/ (e, 'Va- Vo +ap)de — | ¢TH(a)ds :—/ a//]dlf - Vi dz, (3.27)
Qpn Qp

Ty

for all v € HL(2,). Consider now the sequence f; which converges weakly to zero in L?(D)?,

and denote by u;, @; the corresponding solutions in (3.26),(3.27), respectively. It is sufficient
to prove that ||(T"—Tp) fjll 2(p)> — 0. Due to the boundedness of the solution operator from
L*(D)? into H}(2),) we imply that u; and @; converge weakly to zero in H! (). That means
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that w; := u; — u; converge strongly to zero in L?(,) because of the compact embedding
Hy(Qn) C L ().
Now consider (3.26),(3.27) for u;, @; and f;, making a subtraction we have

/ (e; 'Vw; - Vi — BPwjp)de — [ YT (w;)ds = (k* + 1)/ a9 da.
Qp

ry Qp,

Choose ¢ = w; we obtain

/ (e Vw;[* — k2 |w;|?) da —/ w; T (wj)ds = (k* + 1)/ @w; de (3.28)
Qh Iy Qh

We know that [lw;|12(q,) — 0, and @j, T (w;) are bounded sequences. Moreover we recall
that u; and @; are smooth in a neighborhood of I';, and hence w; = u; — u; converge
uniformly to zero on I',. The latter facts allow us to conclude that |[Vw;||z2(q,) — 0 as j
tends to infinity. Thus we have ||(T" — To) fj[|L2(py2 — 0.

(c) If Re(q) > 0, we return to (3.25) for u instead of u. Then taking the real part implies
that

(ReTof, fr2pys = Re/DSigH(CI)\f + /gl Vil da

+/ (IVal* + |a|?) dz —Re/ aT™(a)ds
Qh I

> Re/})sign(q)\f—l— V]alVal? da +/ (IVal* + |af*) dz (3.29)

Qp

since we know in Theorem 3.2.1 that —Re [ aT"(@)ds > 0. Now assume that there is no
such a constant v > 0 for the statement of (c), then we can find a sequence {f;} such that
I fillL2(py2 = 1 and (ReTo f;, f;) r2(py2 — 0. Due to (3.29), we imply that fi++/1a|Vi; — 0in
L*(D)? where 1 denotes the solution of (3.24) for f and k replaced by f; and i, respectively.
Also, we have from the variational formulation for @; that

/Q (Va2 + i;[?) dz < —Re /D o/ VI + VIdVE) - Vi de,
h

which let us obtain that |G| f1(q,) — 0. Hence f; — 0 in L?(D)? which is a contradiction
to || fillz2(py2 = 1. Therefore Re(Tp) is coercive. O

Next, by using a special test sequence, we show a characterization of a point z belonging
to the support D of the contrast q.

Lemma 3.4.4. Let H* : L*(D)? — (*(Z) be the operator defined as in Theorem 3.3.2.
Suppose that the contrast q satisfies Assumption 3.3.1 and that the direct problem (3.13) is
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uniquely solvable for any f € L*(D)?. Moreover, the complement of D in Qy, is assumed to
be connected. Then for z € Qy,, the sequence (r;(2))jez given by

ri(z) = 47;5 : e_i(ajzl‘Fﬁj(Z?_h))’ (3.30)
j

belongs to Rg(H*) if and only if z belongs to the interior of the support D of q.
Proof. From (2.14) we see that

Grlx,2) = Z ﬁﬂe—i(aﬂl+ﬁj(z2—h))ei(aj$1+ﬁj($2—h))’ 2 €O, 29 > h.
jET J

Then (rj(2));jez is the Rayleigh sequence of Gj(-, 2z). Now we assume that z is not in D and
(rj(2))jez € Rg(H*). Then there exists u € H(),) solving the problem (3.17) with the
source function f € L?(D)? in the right hand side. Further @; = r;(z) for j € Z. Since the
Rayleigh sequences of Gi(+, z) and u are equal, both functions coincide in (—m, ) x (h, 00).
Due to the analyticity of v and Gg(-,2) in @\ D and )\ {z}, respectively, and the analytic
continuation we conclude that u = G(-,2) in Q\ (D U{z}). However from [8] we know that
G(-,2) has a logarithmic singularity at z. This is hence a contradiction since v € H'(B) for
some neighborhood B of z but Gy (-, 2) ¢ H*(B) due to the singularity at z.

To show that for 2 € D there exists f € L?*(D)? such that H*(f) = (rj(2));ez, we just
apply the proof of the injectivity of H in Lemma 3.3.2 to the Green function Gi(+, z) instead
of exp(i(ajx1 + Bj(z2 — h)). O

Theorem 3.4.5. Suppose that the contrast q satisfies Assumption 3.3.1 and that the direct
problem (3.13) is uniquely solvable for any f € L*(D)?. For j € Z, denote by (An,¥jn)nen
an orthonormal eigensystem of (WN)y = |Re(WN)| +Im(WN) and by (rj(2))jez the test
sequence from (3.30). Then a point z € Qy, belongs to the support of q if and only if

% |y N2
Z‘(W@)ﬂijﬂﬂ (Z)‘ <

(3.31)

n=1

Proof. As we assumed in the theorem, let ()\71/ 2, in)neN be an orthonormal eigensystem

of (WN );/ ®. The assumptions of Theorem 3.4.1 on H, H* and T have been checked in
Lemma 3.4.4 and Lemma 3.3.2. Therefore, an application of Theorem 3.4.1 to the factorization

WN = H*TH yields that Rg((WN);/Q) = Rg(H*). Combine the latter range identities with

the characterization given in Lemma 3.4.4 we obtain that (r;(z))jez € Rg((WN);/Q) if and
only if z € D. Then the criterion (3.31) follows from the Picard’s range criterion. O

3.5 Numerical Experiments

The study of numerical examples in this section mainly focuses on the dependence of the
reconstructions on the number of the incident fields used, and the perfomance of the method
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when the data is perturbed by artificial noise. We also indicate the number of the evanescent
modes which are used for each reconstruction. Furthermore, different incident directions dq
in (3.3) are considered for the reconstructions for each structure. These experiments are
studied via three periodic structures motivated by the ones presented in [49]. More specific,
for —m < 21 < 7, we consider the following diffraction gratings represented by the support D
of the contrast ¢ in one period €:

—sin(xzq)

5 +1,¢=15 inD={(z1,20)" €Q:0<zy <71(x1)}.

(a) T1(z1) =
3 1 4
(6) 72(21) = 5 Lom—sm/aUisn/am]) + 5 Lomjam/a + ( —%1 = 15 ) Lryom/a)

4
+ <_ ;xl — 1.5)1[—37r/47—77/2]’

q=(z2+ 1)(sin®(z1) +0.5)/3 =2 in D= {(x1,22) € Q:0 <z < (1)}
)

1 3
() 73(21) = 5 Lenj2m/2) + 5 Lemm/20Mm /20, D = {(z1,22)" € Q:0 <y < 73(21)},
J1=38i in Dy ={(z1,32)" €D:—7/2 <m <72},
Vo5 D\ D

Here the functions 7y 2 3 have 2m-periodic extensions in 1 direction. Note that, in our numeri-
cal examples, we consider different kinds of the contrast ¢ for different structures. Specifically,
in the case (a) the contrast ¢ is considered to be homogeneous (constant) and non-absorbed in
its support D. The case (b) studies an inhomogeneous and absorbing contrast, and a partially
absorbing contrast having jumps in its support is investigated in the case (c).

We use the data of the direct scattering problem implemented by the volume integral
equation method studied in Chapter 1. For the numerical experiments we solve the direct
problem for a finite number j = —Mj, ..., M5 of incident fields ug = ellaymi=0Bw2) 4 cilayzitf;es)
where My, Ms € N. For —M; < n,j < Ms, the near field operator N then corresponds to
the matrix [y, ;] of Rayleigh sequences 1, corresponding to the incident fields u; Denote
by N, the matrix corresponding to the discretization of the operator WN. Then the
symmetric matrix Re(Nas, ar,) can be decomposed as

Re(Nasy a,) = VDV H

where D, V are the matrices of eigenvalues and corresponding eigenvectors of Re(Nar, iz, ),
respectively. Note that D is a diagonal matrix and we denote by |D| the absolute value of D
which is taken componentwise. Then we have

(Mt a,)p 2= VDIV ™+ Im(Nagy g, )-
Computing the singular value decomposition of (N, ar, )4 implies that

WNaran)y* = UISIY2V 1,
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where S is the diagonal matrix of singular values A\, of (Nag a,)s. Also U = [h5] is a
(My + My + 1) x (M; + M + 1) matrix of “left” singular vectors. Then the criterion (3.31)
for computing the image P can be approximated as follows

My+Mo+1 1 Mo 27 ~1/2
Pz)={ > N > @Y ; (3.32)
=1 j=—M

Note that P should be small outside of the support D of the contrast and big inside of D.
To show the performance of the method with noisy data, we pertub our synthetic data by
artificial noise. More particularly, we add the noise matrix X of uniformly distributed random

entries to the data matrix (N, MQ);/ ?. Denote by ¢ the noise level, then the noised data

matrix (Mg, MQ)QL /52 is given by

X

(Nan o)y = Waran)y” + 5m||(NMI,M2);/2\|2,

where || - ||2 is the matrix 2-norm. Note that from the latter equation we also have

INara0)2s = Naram); 22

= 0.
1N am); 2

We apply Tikhonov regularization [30], then instead of implementing (3.32) we consider

97 —1/2

, (3.33)

Mo

P(z) = Tj(Z)EjJrMIH,z

My+Ma+1 1/2 \ 2
J=—M

ALty

=1

Here X, ;; are the singular values and vectors of (=N, am, )46, respectively. The parameter
~ is chosen by Morozov’s generalized discrepancy principle which can be obtained by solving
the equation

Mi+Mo+1 2 2 Mo 2
TEON S Y ~0
2 J J+HM1+11| —
= () j=—M,

for some fixed sampling point z. For the numerical examples in this section, we choose the
wave number k£ = 3.5. The number of the incident fields used is M7 + My + 1. The exact
geometry is the domain below the white line (in one period), and the pictures are plotted in
two periods.
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(c) 16 evanescent modes, My 2 = 11
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30 evanescent modes M1 2 =18, 2% noise
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(b) 6 evanescent modes, M1 2 = 6
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(d) 30 evanescent modes, My > = 18
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30 evanescent modes M1 2 =18, 5% noise

ol

Figure 3.2: Reconstructions for the case of function 7, ¢ = 1.5 in D, k = 3.5, d; = cos(7/6),
4 propagating modes for (a) and 7 propagating modes for the rest.



64 Chapter 3. The Factorization Method for Periodic Inverse Scattering

20
15
15
L 10
05 5
0
-2 0 2 4 6 8 -2 0 2 4 6 8
(a) 2 evanescent modes, Mi 2 = 3 (b) 6 evanescent modes, My 2 =6
20 20
15 15 15
10 1 10
5 05 5
-2 0 2 4 6 8 -2 0 2 4
(c) 16 evanescent modes, My 2 = 11 (d) 34 evanescent modes, My 2 = 20
20 20
15 15
10 10
5 5
-2 0 2 4 6 8
(e) 34 evanescent modes, M2 = 20, 2% noise 44 evanescent modes M1 2 = 25, 5% noise

Figure 3.3: Reconstructions for the case of function 7o, ¢ = (29 + 1)(sin?(z1) + 0.5)/3 — 2i in
D, k = 3.5, dy = cos(m/4), 5 propagating modes for (a) and 7 propagating modes for the rest.
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Figure 3.4: Reconstructions for the case of function 73, ¢ = 1 — 3i in Dy = {(z1,22)" € D :

—m/2 <z <7/2}and ¢q=051in D\ Dy, k

= 3.5, d; = cos(m/2), 7 propagating modes.
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Part 11

The Case of Maxwell’s Equations






Chapter 4

Volume Integral Equation Methods
for Biperiodic Scattering Problems

Abstract: In Chapter 4, we extend the volume integral equation method investi-
gated in Chapter 1 to electromagnetic scattering problems from anisotropic biperiodic
structures. These problems are governed by Maxwell's equations in a full space. We
consider the case where the electric permittivity and the magnetic permeability are
both matrix-valued functions. The scattering problem again can be reformulated as a
strongly singular volume integral equation (see equation (4.23)). Since the compact
embedding H' C L? is crucially exploited for the scalar case for proving Garding in-
equalities, the main difficulty in this case is that the embedding H(curl) C L? is not
compact. We overcome this by not investigating Garding inequalities in the support
of the contrast but in a bigger domain under suitable assumptions on the contrast
(see Theorem 4.4.2). This turned out to be sufficient for convergence theory of a
trigonometric Galerkin method appplied to the periodized integral equation (see The-
orem 4.5.3 and Theorem 4.6.1). We again propose fully discrete formulas for the
numerical scheme as well as numerical examples (see Section 4.6-4.7).

4.1 Introduction

In this chapter we extend the volume integral equation method investigated in Chapter 1 to
the case of Maxwell’s equations for the direct scattering problem from biperiodic structures.
By biperiodic, we mean that the structure is periodic in the, say, x1- and xs-direction, while
it is bounded in the z3 direction (compare Figure 4.1).

Central to the study is again to prove Garding inequalities for strongly singular integral
equations (again, “strongly singular® simply means that the kernels of the corresponding in-
tegral operators fail to be weakly singular, and the integral operators in general fails to be
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" N—

z1

Z2

Figure 4.1: Sketch of the biperiodic structure under consideration.

compact). In this chapter we do not aim to investigate such inequalities for negative-index
dielectric material as in the scalar case. Instead we study such inequalities for the case that
the electric permittivity and the magnetic permeability are both positive-semidefinite matrix-
valued functions. We again exploit the technique studied for the case of positive contrast of
Theorem 2.4.5 in Chapter 1. Obviously, in the H (curl)-formulation studied for the Maxwell’s
equations, the embedding H (curl) C L? is not compact. Therefore, a straightforward exten-
sion from the proof of Theorem 2.4.5 does not seem to work since the compact embedding
H' C L? is crucially exploited in the proof. We overcome this by not investigating Garding
inequalities in the support of the contrasts but in a bigger domain using the technique of The-
orem 2.4.5. In this way we can directly obtain the Garding inequality for standard Sobolev
spaces without studying weighted spaces. Further from this result one can easily prove that
such an inequality also holds for the periodized integral equation which leads to convergence
theory of the Galerkin method. It turns out also that we need weaker assumptions on the
contrasts as well as on their support. However, a price we have to pay for the Maxwell case
is that for discontinuous material parameters the solution is less regular than the scalar case
which does not allow us to obtain the order of convergence estimate as in the case of TM
modes. Anyway the approach can be applied to obstacle scattering problems for both scalar
and vector cases. Finally we propose fully discrete formulas for the numerical scheme as well
as numerical examples to indicate the performance of the method.

The chapter is organized as follows: In Section 4.2 we give a problem setting for the direct
scattering problem. While in Section 4.3 we give the volume integral equation formulation
of the problem, we prove in Sections 4.4 the Garding inequality on a continuous level. In
Section 4.5 we periodize the integral equation, prove Garding inequalities for periodized in-
tegral equation, and error estimates for trigonometric Galerkin methods. We discretize the
periodic integral equation and give fully discrete formulas in Section 4.6. Finally, we give
some numerical experiments in Section 4.7 to examine the performance of the method.

4.2 Problem Setting

We consider scattering of time-harmonic electromagnetic waves from a biperiodic structure.
The electric field £ and the magnetic field H are governed by the time-harmonic Maxwell
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equations at frequency w > 0 in R3

curl H +iweE = oF  in R, (4.1)
curl E —iwpH =0 in R3,

where the electric permittivity €, the magnetic permeability p and the conductivity o are
matrix-valued functions in L>°(R3,R3*3). We assume that ¢ and u are 2m-periodic in x;
and 9, and that there are positive constants €y and pg such that e = egls, p = pols, and
that o = 03 outside the biperiodic structure. As usual, the problem (4.1)—(4.2) has to be
completed by a radiation condition that we set up using Fourier techniques.

The biperiodic structure is illuminated by an electromagnetic plane wave with wave vector
d = (dy,dg,d3) € R3, d3 # 0 such that d - d = w?soup. The polarizations p,s € R? of the
incident wave satisfy p-d = 0 and s = 1/(weg)(p x d). With these definitions, the incident
plane waves E? and H' given by

E' = sl H' = pel?® gz eR3. (4.3)
For d = (dy,dy,d3) € R? defined in (4.3), we set a = (a1, az,0) = (dy,ds,0). Similar to the
scalar case a function u : R3 — C3 is called a-quasiperiodic if, for all (z1, 22, xg)T € R3,

u(zy + 27, g, x3) = 2NNy (21, 20, 3), (w1, T2 + 27, x3) = €20 (x1, T9, T3).
Note that the incident fields E?, H* defined in (4.3) are a-quasiperiodic functions. The relative
material parameters are defined by
£+io/w i
& = —— My = —.
€0 Ho

Then &, and pu, equal I3 outside the biperiodic structure. In the rest of this chapter, we will
work with the magnetic field H. This is motivated by the important case of non-magnetic
media where we also have the divergence-free condition div(H) = 0. Hence, introducing the
wave number k = w(gouo)'/?, and eliminating the electric field E from (4.1)-(4.2), we find
that

curl (e; ' curl H) — ki, H =0 in R®. (4.4)

We wish to reformulate the last equation in terms of the scattered field H?®, defined by H® :=
H — H'. Since, by construction, curlcurl H* — k> H* = 0, subtracting the latter equation
and (4.4) implies that

curl (e; ' curl H®) — k?p, H® = — cwrl (Q cwrl H') + k*PH’  in R?, (4.5)
where the contrasts @), P are defined by

Q:=e ' —Is, P =, — Is.
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As in the scalar case e,, y, are 2m-periodic in 21 and x5, the incident field H' is a-quasiperiodic,
thus the solution H* that we seek for is a-quasiperiodic as well. We next complement this prob-
lem by a radiation condition for the scattered field H® that is set up using Fourier techniques.
This step is carried out similarly to the scalar case. Indeed due to the a-quasiperiodicity of
H*, we obtain that e '*? H* is 2m-periodic in x; and x9, and can hence be expanded as

efia'IHS(x) _ Z f{n(xg)ei(mernzxz)’ T = (3317,1'2,51;3)T € R3.
nez?

Here the Fourier coefficients H,,(x3) are defined by
1 2 2 )
H,(xz3) = —/ H?(zq,29,23)e ¥ dzy daxe, n€ Z2.
471'2 0 0

where

an = (10, a2.n, 0) = (1 + 11, g + 12, 0).

Define, for n € Z2,

i]an|?2 — k2, k2 <|an|%

Note that we also exclude the Rayleigh frequencies as in the scalar case, that is, all 3, are
supposed to be nonzero.

Recall that e I and ur equal I3 outside the structure that implies e L=y, = I3 and
Q = P = 0I3 for |x3| > h where h > sup{|z3| : (z1,22,23)" € supp(Q) Usupp(P)}. Thus,
from equation (4.5) it holds that divH*® vanishes for |z3| > h, and (A + k*)H®* = 0 in
{|Jz3] > h}. Using separation of variables, and choosing the upward propagating solution, we
set up a radiation condition in form of a Rayleigh expansion condition, prescribing that H*®
can be written as

Bn = { \% k2 — |O‘n‘27 k? > |04n|27

H(x) = Y HiEelensEhm@ih) for gy > +h, (4.6)
nez?
where
. N 1 2 27 .
HT::: = Hn(:i:h) = F/ Hs(l‘hl‘g, :l:h)e_la"w dzy dxs.
™ Jo 0

From now, a function which satisfies (4.6) is called to be radiating. Note that we require that
the series in (4.6) converges uniformly in compact subsets of {|z3| > h}. Further, note that
only a finite number of terms in (4.6) are propagating plane waves which are called propagating
modes, the rest are evanescent modes which correspond to exponentially decaying terms.
The problem (4.5)—(4.6) can be reduced to one period Q := (—m,7)? x R due to its
periodicity. Consider a more general following problem: Given f, g € L?(D)3, find u : Q — C3
such that
curl (6;1 curlu) — K pwu = —curl f + k%9 in Q, (4.7)
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and
u(e) = Y afelen s @) for g5 > £h, (4.8)
nez?

where the Rayleigh sequences ;" are defined as in (4.6).

4.3 Integral Equation Formulation

In this section, we reformulate the scattering problem (4.7)—(4.8) as a volume integral equa-
tion, and prove mapping properties between Sobolev spaces of the integral operators that
are involved. As in two-dimensional case, we denote by G} the Green’s function to the
a-quasiperiodic Helmholtz equation in R?, see [4]. Recall that all Bj are nonzero, the a-
quasiperiodic Green’s function has the series representation

i 1 . .
Gr(z) := 52 Z 3 exp(ioy - « +1f6;|z3]), (4.9)
jez2 ™I
for x = (z1,29,23)" € R3, 2 # (2rmy,2mms,0), (my, mo) € Z2. Similar to Lemma 2.3.1 we

also have
€ik|x|

Gp(x) +W¥(z) in R3, (4.10)

~ 4r|z]

where ¥ is an analytic function solving the Helmholtz equation AW +k2¥ = 0 in (—27, 27)? x

R.
Now recall that Q = (—7, )2 x R and h > sup{|z3| : (21, 22,23)" € supp(Q) Usupp(P)}
we set

D := [supp(Q) U supp(P)] N €.

We also define a periodized Green’s function, firstly, setting
Kr(x) := Gg(x), (4.11)

for x = (x1,29,23)" € R? x (=h,h),  # (2mmy,2mms,0), (m1,ms) € Z2, and secondly
extending Kp,(z) 2h-periodically in z3 to R3. We define

Qh = (—7’(’,71')2 X (_h‘v h‘)’ j = (jlaj?)—r fOI’j = (j17j27j3)T € Zg‘

Then, similar to the scalar case, the trigonometric polynomials

! i Jsm ) (4.12)

j(z) = T exp (1043 cx ing, ,

form an orthonormal basis in L?(€2;,), and the Fourier coefficients of f € L?(€,) are given by

i) = | feide, § = (j1,j2,73) " € Z°.
h
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Figure 4.2: Geometric setting for scattering problem of electromagnetic waves from a pene-
trable biperiodic structure (in two dimentions, for simplicity).

For 0 < s < oo we recall from (2.17) the fractional Sobolev space Hy, ,(€2;) consisting of
functions in L?(€),) such that

1132 @y = S L+ IR IFGIP < o
JEZ3

To compute the Fourier coefficients /@h(j) of the periodic Green’s function Kj, explicitly, we
set

C\2
J3m .
A=k - |045|2 - (37) for j € Z3.

and carry out similarly to the two-dimensional case.

Theorem 4.3.1. The Fourier coefficients of the kernel KCp, from (4.11) are given by

cos(jam) exp(iB;h)—1 i

. : for \j # 0, ) J1

Kn(i) = ih3/;/8”2mf l i= 14| €z
4225 eLse, J3

Remark 4.3.2. Note that I@h(j) is well-defined for \j = 0: Since k? # \a;\Q for all j € 73,
the definition of \; implies that j3 # 0 whenever \; = 0.

Proof. Tt is easy to check that (A +k%)p; = Ajp; for j = (j1,j2,J3) | € Z3. If A; # 0, Green’s
second identity implies that

()= | Kn(@les@)de =X m | Gr(e)(A+ R);(r) de
h h ’

1., 8? E)Gk_
= \7!lim / +/ <G —j——go-) ds 4.13
J 50 [( a0y, dB(0,0) k ov ov J ( )

+ / (A + k) Gr(2)p;(x) dx] , (4.14)
Qr\B(0,9)
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where v denotes the exterior normal vector to B(0,0). The last volume integral vanishes
since (A + k?)Gy = 0 in Q, \ B(0,6) for any § > 0. Let us now consider the first integral
n (4.13). The boundary of €, consists of two horizontal planes I'y;, and four vertical planes
{(z1,x2,23) : ® = +,29 = +7, —h < x3 < h}. Hence, the normal vector v on these
boundaries can be (+1,0,0)" or (0,4£1,0)" or (0,0,£1)". Straightforward computations
yield that

lﬁn 1a x 8Gk 1 i iy

Gk($17$27ih 7'('2 Z ﬂn " 8133 ($17$27ih) :FW Z eﬁnhe " (415)

nez? nez2
_ g . 0p; ij3m__
(a1, x9,£h) = oo cos(jsm), and a—(a:l,xg, +h) = —Tcpj($1,a:2,:|:h). (4.16)

In consequence,
Gy, Ioj _ %Gk ds = — —pids + —p;ds
/Fih < ov 81/ r, 0r3 ¥ r_, Ox3 ¥
0G}
=-2 ——;ds
T, 8.’133 Pj

0G)__ cos(J3m) .
-2 jds = ————e
r, 073 i V8n2h

Computing the partial derivatives of G} and ¢; with respect to x1, w2 analogously to the
above computations, one finds that the integrals on the vertical boundaries of {2 vanish due
to the a-quasiperiodicity of both functions. Thus, we obtain that

0p; 8G;€_> cos(J3m) i
G—=—L ) ds = —==—LePi", 4.17
/aszh ( o~ ow V=D (.17)

Now we consider the second integral in (4.13). From (4.10) we know that G (x) = exp(ik|z|)/(4m|x|)+
U (z) where ¥ is a smooth function in Q. Obviously,

Jdp; OV
lim (qfﬂ—— )ds_O
0—0 9B(0,0) ov 81/
Taking into account the asymptotics of exp(ik|z|)/(4x|z|) for small |z| allow to show that

lim (G 99; _ 9Gk ) ds = -
d—0 63(0,5) 81/ 8?” \/87'('—2}1’

see, e.g., [102, Theorem 2.2.1]. Combining (4.17) with (4.18) yields that

(4.18)

Kn(j) = - 1} for \; # 0.

1
cos(jam)e”
V8m2hA\; [
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For A\; = 0 we use de L’Hospital’s rule to find that

cos(jam) exp (ihly — |z P1V/2) =1 ip3/2

n(7) y— o2+ (jam /) \/mw — |Oz3|2 — (jsm/h)?] 4v2m2js

Note that the assumption that k? # a? for all j € Z3 implies that \; and j3 cannot vanish
simultaneously. O

As in the scalar case, the Fourier coefficients of K}, decay quadratically,
Kn(3)] < C/(1+ |ag]? + (jam/h)?)

for j € Z3, thus the convolution operator with kernel K is bounded from L?(;) into
Ho%,p(Qh)‘

Proposition 4.3.3. The convolution operator K}, defined by

(Knf)(x) = ; Kn(x —y)f(y)dy for xz € Qp,

is bounded from L*(Qy) into HZ ,(Qp).
Again, similar to Lemma 2.3.5 for the scalar case we have

Lemma 4.3.4. The volume potential V' defined by
VD) = [ Gula -y, wen

is bounded from L?*(D) into H2(2g) for all R > 0.

Note that the potential V f can be extended to a quasiperiodic function in H2 _(R?), due
to the quasiperiodicity of the kernel. Now we define

Ho joc(curl, ) := {u € Hipe(curl, ) : u = Ulq for some a-quasiperiodic U € Hjoc(curl, R3)},
(4.19)

Lemma 4.3.5. Let V' be the volume potential defined in Lemma 4.3.4. Then the potentials
curl V. and (k* + Vdiv)V are bounded from L*(D)? into Hpyoc(curl,Q). Further, for g €
L*(D)3, w1 = curl Vg and wy = (k* + Vdiv)Vg are the unique radiating variational solutions
to curl?>w — k?w = curl g and curl®> w — k*>w = k2g in Q, respectively, that is, they satisfy

/Q(curl wy - curl Y — Krwp) do = / g - curly dzx (4.20)
D
/(curlwg ccurl Y — Kwqt)) dx = k:2/ g-Ydx (4.21)
Q D

for all ¢ € H,(curl, Q) with compact support, and additionally the Rayleigh expansion condi-
tion (4.6).
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Proof. We first consider the potential w;. Lemma 4.3.4 and quasi-periodicity of the kernel of
V imply that w; is a function in H,(curl, Q) for all R > 0. It is sufficient to prove (4.20) for
all smooth quasiperiodic test functions 1 that are supported in {|z3| < C} for some C' > 0
depending on 1. Since smooth functions with compact support in D is dense in L?(D)3,
it is sufficient to consider g € C§°(D)3. It is well-known that u = Vg € H2(f) solves
Au + k*>u = —g. In the other hand, see also in [71], we have

w(z) = cwrl /D Gl y)g(y) dy = /D curl, (G (1) I3)g () dy
—— [ ety Gule.)1)g(w)dy = [ Grlay)curlg(y)dy.
D D

Consequently, wy = curl Vg = V(curl g) solves Aw; + k?w; = — curl g. Further, the potential
w; is by construction divergence free which implies that curl® w; = —Aw;. Hence, we obtain
that

curl> wy — k*wy = curlg, in .

By substituting the expression of G (z,y) into the latter expression, it follows that
wy(z) = Z 1 / curl g(y)e 1 TG WsFh) qy elos-odiBi(@sFh)  for o > 4p,
jez2 8720 Jp

which shows that w; satisfies the Rayleigh expansion (4.6). Uniqueness of a radiating solution
to (4.20) when g = 0 can be shown using integral representation formulas from Theorem 3.1
of [100].

Now we prove the claim concerning ws. Since curl V = 0, we imply that curl(k2+Vdiv)V =
k% curl V' which shows the boundedness of (k% + Vdiv)V from L?(D)? into H,(curl, Qr) for
all R > 0 due to part (a). Furthermore, we have

curl? wy = k? curl? Vg = k*(k* + Vdiv — (A + k?))Vg = k*ws + kg,

which implies (4.21). The uniqueness of ws follows from uniqueness of solution of (4.20), and
the Rayleigh expansion condition for wy can be checked similarly as for w;. U

Return to the differential equation (4.7), and recall that Q = ;' — I3, and P = p, — I3.
We write its variational formulation as

/(curlu~curl$—k2uﬁ)d$ :—/(chrlu—i—f)-curlﬁd:z: —i—k?/(Pu—i—g)-de, (4.22)
Q D

D
for all ¢ € H,(curl, Q) with compact support. Now we define, for f € L?(D)3,

Af = cull Vf = curl /D Gul — 9)f(y) dy.

Bf = (k* + Vdiv)V f = (k* + Vdiv) /D Gr(-—y)f(y)dy,
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which are bounded operators from L?*(D)? into Hg joc(curl, Q) due to Lemma 4.3.5. We next
show that the problem (4.22) is equivalent to the integral equation

u+ A(Qcurlu+ f) — B(Pu+g) =0 in Q. (4.23)

The proof of the next theorem is similar to the one of Theorem 2.3 in [70] for the free space
case. However, for convenience, we also give a proof for the periodic case.

Theorem 4.3.6. Assume that u € Hyoc(curl, Q) is a radiating solution to (4.22), then u
solves (4.23), and vice versa.

Proof. Let u € Hy joc(curl, Q) be a radiating solution to (4.22). We rewrite (4.7) as
curl?>u — E?u = curl(Q curlu + f) + k?(Pu + g)
Define uq and ug by
up = A(Qcurlu + f), us = B(Pu+ g).
Then, due to Lemma 4.3.5, we imply that u; and usy satisfy
curl? uy — k*uy = curl(Q curlu + f), curl® uy — E*uy = E*(Pu + g),
in the variational sense. From the last two equations we obtain
curl®(ug + ug) — k*(uy + ug) = curl(Q curlu + f) + k*(Pu + g) = curl® u — k*u

Since u1 4+ ug and u are radiating solutions, and due to Lemma 4.3.5, the equation curlQ(m +
ug — u) — k?(uy + uz — u) = 0 has only the trivial solution or u; + uo = u. The converse
direction can be obtained using Lemma 4.3.5. U

4.4 Garding Inequality

We recall that D C Qj,. Due to the structure of the operators A and B in (4.23), one can see
that the knowledge of u in €, is sufficient to determine u in €2\ €} by integration. Thus, we
consider the integral equation

u+ A(Qcurlu) — B(Pu) = —Af + Bg in H,(curl, ). (4.24)

The goal of this section is to prove the Garding inequality for the operator in the left hand
side of equation (4.24). As pointed out in the introduction the main difference from the scalar
case is that we investigate a Garding inequality for the corresponding integral equation in
Qp instead of D. Exploiting the smoothness of the biperiodic Green’s function away from
its singularity we treat the boundary terms arising from using Green’s identities. Compared
to the scalar case this approach only needs the contrasts P and @ to satisfy the following
assumption.
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Assumption 4.4.1. We assume that the support D C €y, is open and bounded with Lipschitz
boundary. Furthermore, Z' Re(Q)(z)z > 0 and Z'Re(P)(z)z > 0 for all z € C3 and almost
allx € D.

We also need to define, for f € L?(D)3,
Af=cul [ Gl-)f)dy. Bf = (02 +Vaw) [ Gt =07y,

These are bounded operators from L?(D)3 into H, joc(curl, ) due to Lemma 4.3.5.

Theorem 4.4.2. Assume that the contrasts Q and P satisfy Assumption 4.4.1. Then there
exists a compact operator K on H,(curl,Qp) such that

Re<u + A(Q curl u) - B(Pu)a U>Ha(curl,ﬂh) > HUH%{a(curl,Q) - R6<KU, u>Ha(curl,Qh)u
for all w € Hy(curl, Q).
Proof. Let u € Hy/(curl, ) and define wy, we by

wy = Aj(Q curlu) = curl/ Gi(- —y)Q(y) curlu(y)dy in Q, (4.25)
D
wy = Bij(Pu) = (—1+ Vdiv) /D Gi(-—y)P(y)u(y)dy in Q. (4.26)

Due to Lemma 4.3.5 we obtain that wi,ws € Hgoc(curl,Q) are variational solutions to
curl? wy + wy = curl(Q curlu), curl* wy 4+ wy = Pu, respectively. Now recall that O () =
{x € C>=(Q) : x is 2m-periodic in x1 and x2}, consider xy € Cp°(£2) such that x = 1 in Qy,
and x(z) = 0 for |z3| > 2h. Then the test function xu belongs to H,(curl, §2), it has compact
support, and

/ (curlwy - curlw + wy - uw)dz + / (curl wy - curl(xu) + wy - xu) dz
Qp QQh\Qh

:/ curlw' Q curludz .
D

Now using Green’s theorems and exploiting the fact that w; satisfies curl®>w; + w; = 0 in
2\ Qp, we obtain that

/ (curlwy - curlw + wy - @) dz —l—/ (v x curlwy) - (v x W) x vds
Qn Pip

:/ curlz' Q curludz .
D

Similarly for we we also have

/ (curlwy - curlw 4+ we - w) do +/
Qp

(v x curlwy) - (v x W) X vds = —/ T Pudz.
Pip

D
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Note that, for y € D, Gi(- — y) is smooth on I' ;. Therefore, the kernels of the potentials w;
and w9 is smooth on 'y, and the traces on I'yp in the variational equations above are well
defined. Now we have

Re<u + AI(Q curl u) - BI(PU)7 U>Ha(curl,ﬂh) = Re<u + wyp — wa, U>Ha(curl,ﬂh)

= ||u\|%{a(curl7ﬂh) + Re/Q [curl(wy — wo) - curl@ + (wy — wo) - | dz
h

= ||u\|%{a(curl7gh) - Re/F (v x curl(wy —we)) - (v X @) X vds
th

—i—/(curlHTRe(Q) curlu + 7' Re(P)u) dzx
D

> ||uH%{a(CUY1,Qh) - Re/F (v x curl(wy —w9)) - (v x U) x vds
+h

In consequence, we obtain that

Re<u + A(Q curl U) - B(Pu)v U>Ha(curl,ﬂh) > HUH%Ia(curl,Qh)
+Re<(A - Al)(Q curl u) - (B - Bl)(Pu)’ u>Ha(curl,Qh)

—Re/ (v x curl(wy —ws)) - (v x W) x vds.
Lin

Now recall from (4.10) that the Green function Gi(z,y) = ®r(x,y) + V(x,y) where
O (z,y) = exp(iklx — y|)/(4r|zr — y|) and ¥(z,y) is an analytic function. Furthermore, from
Appendix A we have

Op(z,y) — Bi(z,y) = a(lz — y*) + |z — y|B(lz — y|?)

where a and (8 are analytic functions. Therefore, the singularities of the kernels of the oper-
ators (A — A4;)(Qcurl-), (B — B;)(P-) which are as strong as 9%[®y(z,y) — ®i(x,y)]/0x;07,
for j,1 = 1,2,3, are at most as strong as 1/|z — y|. They are hence compact operators
on H,(curl,Qp) due to their weakly singular kernels. Now the operator K defined by
<K1u’ u>Ha(curl,Qh) = <(A_A1)(Q curl u)—(B—Bl)(Pu), u>Ha(curl,Qh) is compact on Ha(CUI'l, Qh)
due to Lemma 2.4.4. Similarly, the operator K3 defined by (Kiu, u) g, (curl,0,) = frj:h (v x

curl(wy —w9)) - (v x W) x vds is also compact on H,(curl, ) due to the smoothness of the
kernel G; on I'pp,. Setting K := K; + K5, we obtain the claimed Garding inequality. U

4.5 Periodization of the Integral Equation
In this section we reformulate the volume integral equation

u+ A(Qcurlu) — B(Pu) = —Af + Bg in H(curl,Qp,). (4.27)
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in a periodic setting and show the equivalence of the periodized equation and the original one.
The purpose of this periodization is that the resulting integral operator is, roughly speaking,
diagonalized by trigonometric polynomials. This allows to use fast FFT-based schemes to
discretize the periodized operator and iterative schemes to solve the discrete system. We also
prove Garding inequalities for the periodized integral equation, which are crucial to establish
convergence of the discrete schemes later on.

The periodized kernel Kj, is not smooth at the boundaries {3 = £h}. To prove Garding
inequalities for the periodized integral equation, we additionally need to smoothen the kernel
(as we did for the scalar case, see (2.45)). For R > 2h we choose a function y € C3(R) that
is 2R-periodic, that satisfies 0 < x < 1 and x(z3) = 1 for |x3| < 2h, and such that y(R)
vanishes up to order three, x9)(R) = 0 for j = 1,2,3 (compare Figure 2.4)).

Let us define a smoothed kernel Kg, by
]T

Ksm(z) = x(23)Kr(z) for x € R®, x # [2mm, 2Rn] , m € Z*, n € Z, (4.28)

where g is the periodic kernel defined in (4.11). Note that gy, is a-quasiperiodic in 7 and
x9, 2R-periodic in x3, and a smooth function on its domain of definition (that is, away from the
singularity). To study the periodization of equation (4.27) we define the space H, p(curl, Qr)
as a subspace in L?(Qr)? containning those f € L?(2g)? such that

£ 11, curtom) = D (|f<j>|2 +|(ar, s, j3m/R) % f<j>|2) < o0, (4.29)

Jjez?

Note that a function f € H, p(curl, Qg) is a-quasiperiodic in z; and x2, 2R-periodic in 3,

and that the norm || - [, ,(cur,0r) 00 Ha,p(curl, Qg) is equivalent to the usual integral norm
H : HH(Curl,QR)'

Lemma 4.5.1. Let the integral operators Ay, By from L?(Qg)? into H, p(curl, Qr) be defined
by

Apf = el /D Kam( — ) f(w)dy i 9,
B,f = (¥ + Vdiv) /D Kon(- — 1) f () dy in Q.

Then Ay, By, are bounded operators.

Proof. We split the integral operator A, into two parts,
Apf = curl | Kl =) f(0) dy = curl [ (= y)Knl- = 9) /) dy

:curl/DlCR(~ —y)f(y)dy +curl/D[x(- —y3) = UKr( —y)f(y)dy.

By Theorem 4.3.3, the integral operator with the kernel K is bounded from L?(2z)? into
HL(QRr)3. Further, the definition of x shows that y(x3 —y3) — 1 =0 for |z3| < h and y € D.
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The kernel (x — 1)Kg is hence smooth in Qp, and the corresponding integral operator is
compact from L*(Qg)? into H)(2g)%. Hence, A, is bounded from L*(Qg)? into H}(2g)3.
Periodicity of the kernel K4y in the third component of its argument finally implies that
Apf belongs to H,, (Qr)*> C Hi(Qr)?. Then the boundedness of A, from L*(Qg)* into
Hog p(curl, Qg) follows from the bounded embedding H, ,(Qr)* C Hqp(curl, Qr). Now we
have curl V = 0, thus we deduce that curl B, = k? curl A, which also implies the boundedness
of By, from L*(Qg)? into H, p(curl, Qg). O

Let us now consider the periodized integral equation
u+ Ap(Qcurlu) — By(Pu) = —A,f + Bpg  in Hg p(curl, Qp). (4.30)

Theorem 4.5.2. (a) For f € L>(Qg)3, Apf = Af and Bof = Bf in Q.

(b) Equation (4.27) is uniquely solvable in H,(curl,Qy) for any right-hand side f,g €
L*(D)? if and only if (4.30) is uniquely solvable in Hy p(curl,Qr) for any right-hand side
f7g € L2(QR)3'

Proof. (a) We only prove the case of A, the proof for the case of B, is analogous. For all  and
y € Qp such that |x3 —y3| < 2h it holds that Kgm(x —y) = x(23 —y3)Kr(z —y) = Go(r —y).
In particular, for x € Qp and y € D C Qy, it holds that |x3 — y3| < 2h. Consequently,

(Apf)(a) = curl [ Kunla =) f () dy
—aul [ Golo =) f)dy = (@), @€
(b) Assume that u € H,(curl,§2p) solves (4.27) and define & € H, p(curl,Qg) by @
—Ap(Qcurlu + f) + Bp(Pu + g) (where we extended f, g by zero outside D). Since u

solves (4.27), and due to part (a), we find that @|g, = u. Hence A,(Qcurla + f)
Ap(Qcurlu + f), and By(Pu + g) = Bp(Pu+ g) in H, ,(curl, Qg), which yields that

o= —Ap(Qcurla+ f) + Bp(Pu+ g) in Hy p(curl, Qg). (4.31)

Now, if f,g € L?(D)? vanish, then uniqueness of a solution to (4.27) implies that u €
H (curl, Q) vanishes, too. Obviously, & = —A,(Q curlu)+ By, (Pu) vanishes, and hence (4.31)
is uniquely solvable. The converse follows directly from (a). O

Next we prove that the operator I+ A, (Q curl-) — B, (P -) from (4.30) satisfies a Garding
inequality in Hq p(curl, Qg).

Theorem 4.5.3. Assume that the contrasts (Q and P satisfy the Assumption 4.4.1. Then
there exists a compact operator K on H, (curl,QQg) such that

Re<u + AP(Q curl u) - Bp(Pu)a u>Ha7p(curl,QR) > HuH%{a,p(curl,QR) - R6<KU, U>Ha’p(curl,QR)>
(4.32)
for all w € Hy p(curl, Qp).
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Proof. Let u € Hqp(curl,Qg). First, we split up the integrals arising from the inner product
on the left of (4.32) into integrals on €2, and on Qg \ Q. Second, we use the Garding
inequality from Theorem 4.4.2 to find that

Re(“ + AP(Q curl U) - Bp(Pu)v u>Ha,p(curl,QR) > ||u‘|%{a(curl,ﬂh) + Re<K1u7 u>Ha(curl,Qh)
+ [l eunapa,) + Re(Ap(Q curlu) — By (Pu),u) g, curtop\0,)  (4:33)

with a compact operator Ky on Hy(curl, §2p). Further, the evaluation of A,(Q curl-) — B, (P -)
on Qg \ Q, defines a compact integral operator mapping H,(curl, Q) to Ha(curl, Qg \ Q4),
because the (periodic) kernel of these integral operators is smooth. (This argument requires
the smooth kernel Ky, introduced in the beginning of this section.) Lemma 2.4.4 then allows
to reformulate the corresponding term in (4.33) in the way stated in the claim. O

4.6 Discretization of the Periodic Integral Equation

In this section we firstly consider the discretization of the periodized integral equation (4.30)
in spaces of trigonometric polynomials. If the periodization satisfies certain smoothness con-
ditions and if uniqueness of solution holds, convergence theory for the discretization is a
consequence of the Garding inequalities shown in Theorem 4.5.3. Secondly we present fully
discrete formulas for implementing a Galerkin discretization of the Lippmann-Schwinger in-
tegral equation (4.30), together with a couple of numerical examples that we computed using
these formulas.
For N € N we define

T3 ={j €Z®: —N/2 < ji123 < N/2}, Ty =span{p;: j€Zi},

where ¢; € L*(Qp)? are the a-quasiperiodic basis functions from (2.16). Note that the union
Unen7Zy is dense in H, (curl, Q). The orthogonal projection onto 7y is

PN : Ha7p(curl, QR) — TN, PN(’U) = Z ﬁ(j)ng,
JEZ3,
where 0(j) denotes as above the jth Fourier coefficient.

The next proposition recalls the standard convergence result for Galerkin discretizations
of equations that satisfy a Garding inequality, see, e.g. [103, Theorem 4.2.9].

Proposition 4.6.1. Assume that Q and P satisfy Assumption 4.4.1 and that (2.28) is
uniquely solvable. Then (4.30) has a unique solution uw € H,p(curl,Qr), and then there
18 No € N such that the finite-dimensional problem to find uy € Ty such that

(un + AP(Q curluy) — BP(PUN)? wN>Ha7p(curl,QR) = <_Apf + Bpy, wN>Ha,p(curl,QR) (4.34)
for all wy € Ty, possesses a unique solution for all N > Ny and f,g € L*(Qg)3. In this case

lun = ull g, o (curl,0r) < ij\i/%f"TN lwn = Ul (cur,0r)

with a constant C' independent of N > Njy.
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Remark 4.6.2. The solution u can be in H' if the contrast P satisfies some global smoothness,
see, e.g., [47,83,101]. However H'-regularity is not sufficient to conclude convergence rates
as in Proposition 2.7.1. To prove such rates one can probably follow the technique of duality
estimates for solutions to Mazwell’s equations in the book [83, Chapter 7]. This is out of the
scope of this thesis.

It is also obvious that if the solution has higher reqularity H® with s > 1, then one could
have convergence rates in H' as in Proposition 2.7.1. We can have more reqularity on the
solution by assumming global smoothness of P and Q). That is somehow unattractive, since
this is what we wanted to avoid in the beginning, and also since in this case, the integral
equation could be reduced to a weakly singular integral equation following the integration by
parts trick in the book [37, Chapter 9.1 and 9.2].

Similar to the scalar case, the operator Py commutes with the periodic convolution oper-
ators Ay, B,. We apply Py to the infinite-dimensional problem (4.30) and obtain the discrete
problem to find uy € 7x such that

un + Ap(Pn(Qcurluy)) — By(Pn(Pun)) = —Ap(Pn f) + Bp(Prng) (4.35)

Fast methods to evaluate the discretized operator in (4.35) exploit that the application of
Ap and B}, to a trigonometric polynomial in 7y can be explicitly computed using an a-
quasiperiodic discrete Fourier transform that we call Fp. This transform maps point values
of a trigonometric polynomial ¢; (see (2.16)) to the Fourier coefficients of the polynomial. Now
recall that a1 ; = j1 + a1, agj = jo +ap for j € Z3. If we denote by a e b the componentwise
multiplication of two matrices, and if ¢ := (27/N, 27 /N,2R/N)", then

. . V8r’R . . .
on(j) = N3 Z on(let)exp (— 2mi(arj, 025, 43) " - 1/N), j €L
leZ3,

This defines the transform Fy mapping (vy(j e t))jezﬁ’v to (@N(j))jezg’v- The inverse Fy' is
explicitly given by
1

. - N . T . 3
UN(] o t) - \/m l; /UN(Z) exp (27T1(a1,l7 Q2 1, l3) ]/N> ) J € ZN
N

Both Fy and its inverse are linear operators on C3; = {(cn)nezs, : cn € C}. The restriction
operator Ry from C3% to C3,, N > M, is defined by Ry a(a) = b where b(j) = a(j)
for j € Zf,)’w. The related extension operator Ej n from (Cz])’w to C3,, M < N, is defined by
Enn(a) = b where b(j) = a(j) for j € Z3, and b(j) = 0 else.

Lemma 4.6.3. For i € L?(Qg)? and uy € Ty, the Fourier coefficients of pdpun, £ =1,2,3,
are given by

(HOrun (7)) ez, = Ran N Fan [Fant (Banan (fian (7)) jezs, ) © Fan (B an (we(i)in (7))sezs, )]

where wy(j) = ioq j, wa(j) = iae,; and ws(j) = ijsm/R for j € Z3.



4.6. Discretization of the Periodic Integral Equation 85

Proof. For uy € Ty, j € Z3, and £ = 1,2, 3,

87T2R,u/8-g\uN(j) :8772]%/Q pdpung; dr = 81*R Z 5551\;(771)/Q WP om da (4.36)
R meLy R

= Y Buy(m / u()e 11 =m)er+ o —ma)ea +Ga—ma)esm/R] 4,
Qr

m€Z3
= V8m2R > Deun (m)fu(j —m).
mEZ?\,

If j € Z3;, then the coefficient u/aw\]v(j) merely depends on fi(m) for m € Z3,. Hence,
/,fﬂw\N(j) = M@N(j) for j € Z3;. Obviously, uandpun belongs to 73y. Hence, the Fourier
coefficients of pondpupn are given by Fsn applied to the grid values of this function at j e h,
j € Z3 . The grid values of % are given by ng\}(EMgN(ggzN(j)jeZ%), and the grid values
of usn can be computed analogously. Finally, taking a partial derivative with respect to x
or xp or x3 of u yields a multiplication of the jth Fourier coefficient 4(j) by iy j or iy ; or
ijsm/R, respectively. O

In Lemma 4.3.3 we computed the Fourier coefficients of the kernel r. The kernel g,
used to define the periodized potentials A, and B, is the product of Kz with the smooth
function x (see (4.28)). Hence, the Fourier coefficients of gy, are convolutions of the r(j)

with x(j3) = (87T2R —1/2 f Rexp —ijgmas/R)x(x3) dxs,

o 1
Kanl) = 77,

> Kr(jrjoyma)X(Gs —ma),  j €z’
meZy,

The latter formula can be seen by a computation similar to (4.36). Note that x is a smooth
function, which means that the Fourier coefficients x in the last formula are rapidly decreasing,
that is, the truncation of the last series converges rapidly to the exact value. The convolution
structure of A, and B, finally shows that, for f = (f1, f2, f3) € L*(Qr)?,

- 10é2g[10t1 ifa(G) — 1042,gf1(])] 1J‘Q’W[U‘q’ﬁfl( ) — ia1,jf3(j)] R
(Apf)(j) = V8m2R | LT [1062,gf3( ) — BT f(5)] — ion,; [ia, gf2( ) — ia2af1(j)] Kem(5)
10&1,g[ljg7rf1(3) al]fS(])] i j [io2j f3(4) — 1mf ()]

(4.37)

~

J
)+ (k= a3 ) f2() ~ a“m f3(3) | Ksm(G). (4:38)
BT o) + (K2 (’3”) ) f3(4)

The finite-dimensional operators uy — A, (Pn(Q curluy)) and uy +— Bp(Py(Puy)) can now
be evaluated in O(N log(V)) operations by combining the formula of Lemma 4.6.3 with (4.37)

(Bpf)(j) = V8m?R Oé2,3041,]f1

o gJ37T (

- (K — 2 ) 1(3) — o jaus s ) — 4 ()
(j
) -
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and (4.38). Similar to the scalar case the linear system (4.35) can then be solved using iterative
methods. The usual multi-grid preconditioning technique for integral equations of the second
kind (see, e.g., [109]) does not apply here, since the integral operator is not compact. For
the numerical experiments presented below, we simply used an unpreconditioned GMRES
algorithm.

4.7 Numerical Experiments

In this section we describe the convergence of the method using the energy error presented in
Experiment 2.8.4. For simplicity we consider the case that the material is non-magnetic and
isotropic, that is, @ = ¢l3 and P = 0 or the terms of the operator B}, in (4.35) vanish. As
in the scalar case all the computations in the following experiments were done on a machine
with an Intel Xeon 3.20 GHz processor and 12 GB memory using MATLAB. The scattered
field in the examples of this section is computed for an incident field
ul (l‘) _ (_ sin(92), COS(HQ), O)eik[cos(01) cos(02)x1+cos(01) sin(f2)xa—| sin(91)\x3]7

where 01 € (0,7), 02 € [0,27). As in the scalar case we compute the energy error for 'many’
incidence angles of u’. For simplicity we fix §, = 7/4, the energy conservation error is then
tested for 0; sampled at 75 points uniformly distributed on the interval [1.2,1.95]. Further,
the numerical examples below do not show the effect of the Rayleigh frequencies as in the
scalar case. This is probably can be seen when one considers a larger interval of #; where the
number of sample points are big enough. This is out of the scope of this section. Now recall
the Rayleigh coefficients af of the scattered field from (4.6). We define Rayleigh coefficients
for the incident field u* by

T vy
= [ [ s, me om0 oy das.
—T —T7

As in the scalar case the equation of energy conservation is

> piat)? + lay +dil*) = Bo. (4.39)
j:k2>ﬁj2-

where the transmitted and reflected wave energies are again given by

Bua(01) = > Bt +a5%)/Bo,  Eret(01) = > Bl */o.

jik2>62 jik2>062

Similar to Experiment 2.8.4, we use 61 — |1 — Ei;4(01) — Eret(61)| as an error indicator for
the numerical solution in the three experiments considered in this section.
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4.7.1 Flat structure with piecewise constant contrast

In this example we consider the biperiodic structure as a flat plane (compare Figure 4.3)
where D = (—7,7)? x (=0.5,0.5), Qr = (—m,7)% x (—1,1), and the contrast ¢ is piecewise
constant
~J05  in Dy = (—w/2,7/2)% % (0,0.5),
Y1 wmD\D.

As in Experiment 2.8.2 the Fourier coefficients of the contrast ¢ can be explicitly computed

=T S S =T . T -

-5 0 5

Figure 4.3: Flat structure with piecewise constant contrast viewed down z3 axis. The domains
where ¢ = 0.5 and ¢ = 1 are in blue and red, respectively. This is plotted in (—3m,37)2.

via the formula

oo (g —q) 12 / .3
q(j) = —= ¢jdr + ——— ¢;dx, jEL,
b) V8mreR Jp, V8mreR Jp

where ¢;(z) = exp(—i(ji21+jaxa+j3mas/R)). The wave number k is 27/3 in this experiment.
In Figure 4.4 we check the energy conservation error for N = 2", n = 3,...,6 where the
tolerance for the GMRES iteration is 1078, We can see in Figure 4.4 that the error of the
computed Rayleigh coefficients corresponding to propagating modes converges with order 1.

4.7.2 Biperiodic structure of cubes

In this example we consider the biperiodic structure of cubes (compare Figure 4.5) where
D = (-2.5,2.5)%2 x (=1,1), Qr = (—7,7)% x (—2,2), and the contrast ¢ is given by

1
q(z) = B cos(z1)?(z3 +1), x = (x1,29,23) € D.

In this experiment the wave number k is 7w/2. Similar to the case in Experiment 2.8.4, the
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Figure 4.4: Scattering from flat structure with piecewise constant contrast. The error curves

|1 — Eya(01) — Eres(01)] for different discretization parameters N versus the angles 61 of the
incident field wu’.
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Figure 4.5: Biperiodic structure of cubes of size 2.5 x 2.5 x 1 plotted in (=3, 37)? x (—1,1).

Fourier coefficients of ¢ can be computed explicitly. Assume that r is the size of the cube in
x1- and zo-dimensions, p is the size of the cube in z3-dimension. We have

o A1) B(j2)C(j3) o 3
—= fOl“ — 5 3 S Z 9
Q(]) AR J (]1 J2 J3)
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89
where
sin(rj1) | (2 cos(2r)+1)/51—8/43 | —4 cos(jir)sin(2r) /52 .
. . et b eZ\{0,£2},
A(J1) = 9 sin(dr)/4 + sin(2r) + 7 J1==£2,
sin(2r)/2 +r J1=0,
: 2sin(jor)/j2  Jj2 # 0,
B(j2) = / :
2r J2 =0,
i .. iR2 . . .
_ 2;;5 exp(—ijsmp/R) — (32173)2 sin(jsmp/R)  js # 0,
C(js) = %5 ~
2p J3 = 0.
In Figure 4.4 we check the energy conservation error for N = 2", n = 3,...,6 where the

tolerance for the GMRES iteration is 1078.
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Figure 4.6: Scattering from biperiodic structure of cubes. The error curves |1 — FE,(01) —
E.e£(61)] for different discretization parameters N versus the angles 6, of the incident field u".

4.7.3 Biperiodic structure of spheres

This last example deals with scattering from the biperiodic structure of spheres (compare
Figure 4.7). We have

D = {(z1,22,23)7 € R®: (1> + |waf* + |23[*) /% < 2},
Qp = (—m,m)% x (=4,4), q(z) = 0.5, for z € D.

In this experiment the wave number k is w/2. The Fourier coefficients of constant contrast ¢
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Figure 4.7: Biperiodic structure of spheres of radius 2 plotted in (—3m,37)? x (—2,2).

in this case can be computed explicitly, see [87]. Assume that ¢ = gp > 0, r is the radius of
the Spherea and I(]) = |j1|2 + |j2|2 + |j37T/R|2 for ] = (j1>j27j3) € ng we have

SRA) — {47r7“3q0/3

qodr [ —reos(I(j)r)/1(j) + sin(I(5)r)/1(j)*]/1(j) 1(j) #O.

Asin the last two experiments we check in Figure 4.4 the energy conservation error for N = 2",
n=3,...,6 where the tolerance for the GMRES iteration is 107%.
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Figure 4.8: Scattering from biperiodic structures of spheres. The error curves |1 — Ei,(6) —
E,t(0)| for different discretization parameters N versus the angles 6 of the incident field u'.



Chapter 5

The Factorization Method for
Biperiodic Inverse Scattering

Abstract: In this chapter, we extend the Factorization method studied in Chapter
2 to the electromagnetic inverse scattering problem for Maxwell's equations. Instead
of a half-space setting of the problem as in the scalar case, we investigate here the
vectorial problem for penetrable biperiodic structures in a full-space setting (compare
Figure 5.1). To extend the technique of the scalar problem to the vectorial problem, we
first introduce special plane incident fields that, basically, are suitable modifications of
the fields used in the scalar case (see (5.9)). Second, we again factorize the near field
operator N and prove necessary properties of the middle operator in the factorization
(see Theorem 5.3.2 and Theorem 5.4.1). Again, this allows us to apply Theorem 3.4.1
of range identity to provide a simple imaging criterion (5.30). In Section 5.5, we also
provide three dimensional numerical experiments which, to the best of our knowledge,
are the first numerical examples for this method in a biperiodic setting.

5.1 Introduction

This chapter is the extension of the Factorization method studied in Chapter 2 to inverse
biperiodic medium scattering for Maxwell’'s equations. We consider penetrable biperiodic
structures similar to the one in Chapter 3. Further, Chapter 2 investigates the problem in
a half-space setting with Neumann boundary condition. We study in the present chapter
the vectorial problem for penetrable biperiodic structures in a full-space setting. The in-
verse problem that we treat in this paper is again the shape reconstruction of a biperiodic
medium from measured data consisting of scattered electromagnetic waves. We consider plane
electromagnetic waves as incident fields.

The aim again is to study the Factorization method as a tool for reconstructing three-
dimensional biperiodic structures from measurements related to scattered waves. More pre-
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cisely, the measured data that we consider here are the coefficients of propagating and evanes-
cent modes of the scattered fields. Given those coefficients of the tangential components
of the electromagnetic scattered fields, the inverse problem is then to determine the three-
dimensional penetrable biperiodic scatterer. As presented in the rest of the chapter, the
Factorization method is shown to be an efficient tool to our imaging problem. From a full
mathematical justification of the method, a simple criterion for imaging is shown to work ac-
curately in the three-dimensional numerical experiments which, to the best of our knowledge,
are the first numerical examples for this method in a biperiodic setting. Besides the difficult
technicalities of the Maxwell case, the vectorial problem in a full-space setting requires mea-
surements from above and below of the biperiodic structure. Thus we need to suitably adapt
the special plane incident waves used in Chapter 2 for the case of Maxwell’s equations.

Similar to the scalar case, the imaginary part of the middle operator in the factorization
is just semidefinite. Therefore we need a modified version of the central range identity of the
Factorization to overcome that. This modification follows again [78] in a comparable way
to Chapter 2. Again the neccessary properties of the middle operator are obtained by the
approach in [72] for obstacle inverse scattering of electromagnetic waves.

The chapter is organized as follows: In Section 5.2 we introduce the direct problem and
set up the corresponding inverse problem. Section 5.3 is dedicated to study the factorization
of the near field operator. We derive the neccessary properties of the middle operator in
the factorization in Section 5.4. Finally, a characterization of the biperiodic structure and
numerical experiments are given in Section 5.5.

5.2 Problem Setting

As in the previous chapter the electric field ¥ and the magnetic field H are governed by the
time-harmonic Maxwell equations at frequency w > 0 in R3,

curl H + iweE = 0F  in R3,
curl E — iwpgH =0 in R3. (5.2)

Compared to Chapter 3 we restrict ourselves here to the case that the electric permittivity
¢ and the conductivity o are scalar bounded measurable functions which are 2w-periodic in
x1 and 9, and that the magnetic permeability pg is a positive constant. We assume that
€ equals €9 > 0 and that o vanishes outside the biperiodic structure. The relative material
parameter is again
€+io
& 1= .
€0

Note that €, equals 1 outside the biperiodic structure. Recall that the magnetic permeability
1o is constant which motivates us to work with the divergence-free magnetic field. Hence,
introducing the wave number k = w(gouo)/?, and eliminating the electric field E from (5.1)—
(5.2), we find that

curl (5;1 curl H) — K*H =0 inR3. (5.3)
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Assume that the biperiodic structure is illuminated by a-quasiperiodic incident electric and
magnetic fields E* and H', respectively, satisfying

curl H® + iweg E* = 0, curl B — iw[LoHi =0 inR3.

Simple examples for such a-quasiperiodic fields are certain plane waves that we introduce
below. We wish to reformulate (5.3) in terms of the scattered field H®, defined by H® :=
H — H'. Straightforward computations show that curl curl H* — k?H’ = 0, and

curl (5;1 curl H®) — E*H*® = — curl (g curl H’) in R3, (5.4)
where ¢ is the scalar contrast defined by
qgi=e ' —1.

Similarly to the problem setting in Chapter 3, we find the a-quasiperiodic scattered field H*®
to the direct problem (5.4), satisfying the Rayleigh expansion radiation condition

Ho(z) = Y Hifellomotonles=hl) for g5 > £p, (5.5)
nez?

where (ﬁﬂf)nezz are the Rayleigh sequences given by
. R 1 2w 2 .
HE .= H,(+h) = 4—2/ H*(x1, 19, +h)e % day dag, n € Z2
™ Jo Jo

Note that we require that the series in (5.5) converges uniformly on compact subsets of
{|z3] > h}. Recall that, for n € Z*, o, = (01.n, @2.0,0) = (a1 + 11, a2 + n2,0) and

5, = VE2 = lanl? k> |anl?,
" ivV]an2 — k2, k2 < |an|?

and 3, is assumed to be nonzero for all n € Z2. Further, only a finite number of terms in (5.5)
are propagating plane waves which are called propagating modes, the rest are evanescent
modes which correspond to exponentially decaying terms.

Denote by D the support of the contrast ¢ in one period Q = (—7,7)? x R. We make an
assumption which is neccessary for the subsequent factorization framework.

Assumption 5.2.1. We assume that the support D C ) is open and bounded with Lipschitz
boundary and that there exists a positve constant ¢ such that Re(q) > ¢ > 0 and Im(q) < 0
almost everywhere in ).

Considering a more general source term on the right hand side of (5.4), we have the
following direct problem: Given f € L?(D)3, find v : @ — C3 in a suitable function space
such that

curl (g7 ' curlu) — k*u = — curl (q/\/Hf) in Q, (5.6)
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Figure 5.1: Geometric setting for inverse scattering problem of electromagnetic waves from a
penetrable biperiodic structure (in two dimentions, for simplicity).

and u satisfies the Rayleigh expansion condition (5.5). In the following, a function which
satisfies (5.5) is said to be radiating. It is also seen that if u is a solution of (5.4) then u
solves (5.6) for the right hand side of f = curl H'/+/]q].

For a variational formulation of the problem we recall from (4.19) that

H oc(curl, Q) = {u € Hype(curl, Q) : u = Ulq for some a-quasiperiodic U € Hjo(curl, R3)},
and Q;, = (—m,m)% x (=h,h) for b > sup{|zs| : (x1,72,23)" € supp(q)} with boundaries
[y = (—m,m)% x {£h}. The variational formulation to the problem (5.6) is to find a radiating
solution u € Hy 1oc(curl, ) such that

/(z-:]r_1 curlu - curly — k?u - ) dz = —/ a/V]4lf - curlyp dz (5.7)
Q Q

for all ¢ € Hy oc(curl, ) with compact support. Existence and uniqueness of this problem
can be obtained for all but possibly a discrete set of wave numbers k, see e.g. [12,41, 105].
In the sequel we assume that (5.7) is uniquely solvable for any f € L?*(D)? and fixed k > 0.
Then we define a solution operator

G: L*(D)* — (*(7%)*

which maps f to the Rayleigh sequences (afj, iy, a;j, Uy j) jezz of the first two components
of u € Hy 1oc(curl, ), solution to (5.7). Note that the Rayleigh sequences ot .. . are given by
; (1,2),j

n 1 27 27 ) )
1), = ﬂ/ / u(,9) (71, v2, £h)e " day dag, jE L (5.8)
9 9. 7-(- O 0

Now we introduce the notation b = (b1, by, —b3) " for b= (by,by,b3)" € C3. To obtain the
data for the factorization method we consider the following a-quasiperiodic plane waves

@gl)ﬂ: _ p;l)ei(aj.$+,8j$3) iﬁgl)ei(aj~$—ﬂj$3)’ | = 1’ 2’ ] c Z2, (59)
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where pgl) (pgg,pg)ypg)]) € C?\ {0} are complex polarizations chosen such that, for all
jE€z?
i) pgl) X p§-2) =cj(aij,az;,0;)", for ¢; € C\ {0}. (5.10)
(1 2
i) I\ = 1pP] = 1. (5.11)

Together with the assumption that 3; # 0 for all j € Z?, such polarizations are linear
independent. One possible choice is

P = (0,81, —00) /(1B + a3 )2 pP = (=5;,0,00) /(18> + oF ;)12

Note that gog-l)i are propagating plane waves if 3; are real, and evanescent waves if 3; are com-

plex. Further gog.l)i are divergence-free functions for all j € Z?, [ = 1,2. Due to the linearity
of the problem, a linear combination of several incident fields will lead to a corresponding lin-
ear combination of the resulting scattered fields. We obtain such a linear combination using
S A , € (?(Z*)* and define the corresponding

1)+
sequences (a;)jecz2 = (ag-) O RO R O )jeZ

operator H : 62(22)4 — L2?(D)3 by

=Vial 2

JEZ?

(D+

[ *eurl e, + a§2)+ curl go(.2)+ +aV (2)-

- M-, 2=
J a; " curlps’ a0 curlp™ |,

ﬁ]]

(5.12)
where

(i, k? > a7,
Wi = { exp(—iB;h), k* < a2
Note that we divide by 3;w; to make later computations easier.
In our inverse problem the data that we measure are the Rayleigh sequences defined
n (5.8). Similar to the scalar case we need both propagating and evanescent modes to be able
to uniquely determine the periodic structure. Hence the operator that models measurements of
fields scattered from the periodic inhomogeneous medium caused by the incident fields (5.12)
is referred to be the near field operator, denoted by N. We define N : (2(Z?)* — ¢%(7*)*
map a sequence (a;);ez2 to the Rayleigh sequences of the first two components of the scattered
field generated by the incident field H(a;) defined in (5.12), i.e

[N(aj)]n = (’&i”’ aina aina ain)n6227
where u € Hg joc(curl, Q) is the radiating solution to (5.7) for the source f = H(a;). Then
from the definition of the solution operator we have

N = GH. (5.13)

The inverse scattering problem is now to reconstruct the support D of the contrast ¢ = ;1 —1
when the near field operator N is given. Note that it is not clear yet that N is a bounded
linear operator, but we will prove this in the next section.
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5.3 Factorization of the Near Field Operator

We study the inverse problem of the previous section using the factorization method. One
of the important steps of the latter method that this section is devoted to is factorizing the
near field operator. Before doing that, in the next lemma, we show some properties of the
operator H : (?(Z%)* — L?(D)3 and its adjoint H*. We need the sequence

_iB;h), K2
W ::{ exp(—if;h), > af,

2
- 2_ %
i, ke < aj.

.

Lemma 5.3.1. For pg-) (pglz,pglz,pg)]) j €72 1=1,2, defined as in (5.10) and (5.11),

the operator H : (*(Z*)* — L*(D)? is compact and injective, and its adjoint H* : L*>(D)3 —
2(Z2)* satisfies

— S T
MW at 4 ao— W at o o=
Z%(ul,j + ul,j) +Z%(U2,j + u2,j)
/\J’» A — ,\+ A—
() = ety | Bl T PR TR ez )
ﬂ(ul,j — iy ;) +%(U2,j — dy ;)
2) o 2, . o
P (i, — i) + v (6 — g )

where (afj,a;j,a;j,a;j)jGZQ are the Rayleigh sequences of the first two components of u €
H,, joc(curl, Q), the radiating variational solution to curl* u — k*u = curl(y/]q[f) in Q.

Proof. For | = 1,2 and j € Z?, we have

H(a;)fdz = 1" d
/D (aj)fdz 2[112ﬁjj/\/gfcurg0] x—l—z

jEZ? 1=1,2

Byw ]/ Vdlf - curlgoj x]

curl curl Ok
=<(aj),</D\/Hf-< B‘Oﬂ )dx/\/\?f ( B% )dx)> .
7 Wi £2(72)4

Note that the equation curl®u — k?u = curl(y/|q|f) in Q with Rayleigh expansion condition
is uniquely solvable for all wave numbers & > 0. The Fredholm property can be obtained
as in [12,41,105], and using integral representation formulas from Theorem 3.1 in [100] one

shows the uniqueness. Now we define v(l) cpg.l)i

¢ € C®(R) such that ¢ = 1 in (—h, ), ¢ = 0in R\ (—2h,2h). Then ¢v\"* belongs to
H(curl, Q) with compact support in {|z3| < 2h}. Assume that u € Hgoc(curl,Q) is the
variational radiating solution to curl®u — k?u = — curl(y/[¢[f) in Q. We have

/ \% ‘q|f : Curlv§l)i d,’L‘ :/ (Curlu Curlv(l)i kQU'U](l):t)d,’L‘
D

Qp

/(Bjw;) and consider a smooth function

+/ (curlw - curl(gbv](.l)i) — k2 - ¢U§l)i) da
Q2n\2p
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)+

Now using Green’s theorems and exploiting the fact that v, and u are divergence-free

solutions to the Hemholtz equation in R? and Q \ €y, respectively, we obtain that

/ Vlqlf - curl vj(-l)i dr = / (es3 x curlw - v](»l)i — ez X curlv](»l)i ~u)ds
D

Ty

—I-/ (e3 x curlfuj(-l)i ~u — ez X curlu - vj(-l)i) ds
I'p

avélii OQua™ i)+ 5“521 Ou1 ™+
’ _ 72 ’ . 1
(/rh /Fh> drs 7 O 2t “Oxs 1 Dwy b as (5:15)

Note that we have

__ 0
p0F = (—1’] >(eiﬁf’”3 + e it

a Bjw;
O+ O]
8%,; _ iﬁj ( pl,j > (eiﬁjzrs - e—iﬁjm)e—iaj'a:‘
3 .

Then by straightforward computation we obtain

s o0 H MO
5] 1an x ’ _ - d
/rh Doy " Gas 1 %Z:Q u“‘/ aviy | &
x (U
= 8rw? p](L)Ju1 j
Similarly we also have
o oy
J 2 O+ SO
— Uy — —vy; | ds =8
/Fh D3 Ug 81:3U2’] S 2w’ p2]u2],

8’“&* Qug™ i)+ a’”@* Qu1” )+ O PSR P
/F | oy U= s " By 1 ds = =8 wj (py jiiy ; + Py sty ;).

Now substituting the last two equations into (5.15) we derive

1)+ i, ) ae D ae @)~ NON
[ Vs -t e = ey i, + iz, + 70t + i)

Similarly we have

/ Viglf - curlv dr = 872 w3 (— pglzafj—pg)j 2]+p§)ju1]+pé)ju2j)
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which shows that H* satisfies (5.14). Next we show the compactness of H*. This relies on
the operator W : £2(Z2)* — (?(Z?)* defined by

1 - T
P ) )
(@), 4 - ) (DT 1 @
" D .(a. +a: )—|—p .(a. + a: ) i
W((a)eze) = =8mPwj | pdd 0 Sl R T GEZ (5.16)
pjla; " —a; ) 4Py — a7
2@l o) 4 oD )

Since (w});ez2 is a bounded sequence, and since the sequences (pg-l))jep are bounded for

I =1,2 due to (5.11), the operator W is bounded. Now we define the operator
Q: L*(D)® — 2(z*)* (5.17)

which maps f to (] INCNT @;rj, Uy j) where v is the radiating variational solution to curl® u —
k*u = curl(y/]g|f) in ©. Then we have

H" =-WQ. (5.18)
The following trace spaces are neccessary for our proof: We define
Y (Dip) = {f € H Y2(I'4y,)?| there exists u € Hy(curl, Q) with +ed x u ry, = [}

with norm

1flly @y, = uEHQ(Curl,th)r,liesT><u|1~ih:f lul| £, (curt,02,) -
The trace spaces Y (I'y,) are Banach spaces with this norm, see [83, Chapter 3]. Note that the
results in latter reference are presented for bounded Lipschitz domains which are certainly
valid for €. Further the operation u — ((0,0,%1) x u|r,,) x (0,0,£1) is bounded from
H,(curl, ) into Y/(T'1) which is the dual space of Y (I'1y).

Now we know that the operation which maps f € L*(D)? into u € Hy joc(curl, Q), radiating
variational solution to curl® u—k?u = curl(y/[g|f), is bounded. Note that ((0,0,41) xulr,, ) x
(0,0,+£1) = (u1,u2,0). We obtain that the operations f — (u1,u2,0)|r, and (ui,us,0)|r, —
(ﬂf’j,@{j) are bounded from L?(D)? into Y’(T';,) and from Y'(T';) into £2(Z?)2, respectively.
Similarly for I'_j, we obtain that f ~— (i, 1, ;) are bounded from L?(D)3 into (?(Z?)2.
Together with the boundedness of the sequence (w;‘) jez2, @ is a bounded operator. We know
that in a neighbourhood of I'y;, u solves the Hemholtz equation. Hence elliptic regularity
results [81] imply that u is H*regular in a neighbourhood of I'yp, thus, f — (u1,u2,0)|r,,
is a compact operation from L2(D)3 into Y/(I'ty). Then Q is a compact operator and H* is
compact. Therefore H is compact as well.

To obtain the injectivity of H, we prove that H* has dense range. It is sufficient to prove
that W has dense range and all sequences ((d;;);ez2,0,0,0), (0, (651);ez2,0,0), (0,0, (d;1)e22,0)
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and (0,0,0, (0;7);ez2) belong to the range of @ (by definition, the Kronecker symbol §;; equals
one for j = [ and zero otherwise). The operator W has dense range due to the fact that

1 1 1 1

2 p® P ) CROINCROA Y
det | = TR S 2L :—4<p1,jp2,j—p2,jp1,j> = 4e;5)° 70,

P —Pi; P2 TP

2 2 2 2

) —ni) e -t

due to the property (5.10) of the polarizations. Now we show that ((d;);cz2,0,0,0) belongs
to the range of @), and the other cases can be done in a similar way. We choose a cut-off
function x1,; € C*(R) such that x; ;(t) = 0 for t < 0 and x(¢t) = 1 for ¢ > h/2. Then
(1,22, 23) — x1,j(x3) exp(i(e; - © + Bj(x3 — h)) has Rayleigh sequence ((6;;);cz2,0). For all
j € 72, we define

0;j(x) = (x1,j(3),0, x5, (23)) " exp(i(y - z + B;(x3 — h)),

where
. x3 .
X37j(l‘3) = —ia17j€71ﬁjx3 / elﬁth17j(t) dt .
0

Then dive; = 0 in € and the Rayleigh sequences of the first two components of ¢; are

((6j1)1e22,0,0,0). Next we show that there exists f; € L*(D)? such that curl® p; — k%p; =

curl(y/|q|f;) in € holds in the variational sense. Set
g; () == curl® p;(x) — k*pj(z), =€Q,

then we have div(g;) = 0 in Q which also implies that

/ gj-vds =0.
oy,

Therefore, due to Theorem 3.38 in [83], there exists ¢; € H(Q)? such that
g; = curley; in (.
Define f; = 4/ |q\71wj, then f; € L*(D)? and we have, in the weak sense,

curl® p; — k*p; = curl(y/|q|f;)  in Q.
Together with curl® ¢j — k*p; = 0in Q\ Qp, we complete the proof. O
Now we show a factorization of the near field operator N in the following theorem. To
this end, we define the sign of ¢ by
q

sign(q) = T
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Theorem 5.3.2. Assume that q satisfies the Assumption 5.2.1. The operator W is defined
as in (5.16). Let T : L*(D)3 — L?*(D)? be defined by Tf = sign(q)(f + /lq| curlv), where
v € Hy joc(curl, Q) is the radiating solution to (5.7). Then the near field operator satisfies

WN =H'TH.

Proof. We recall the operator @ in (5.17) that maps f € L?(D)? to the Rayleigh sequences
(’&fj, Gy ﬁ;—,j’ @iy ;) where u is the radiating variational solution to curl? u—k%*u = curl(y/]q| f)
in Q. By definition of the solution operator G we have Gf = (ﬂij,ﬂl_’j,ﬂ;j,ﬂij) where
u € Hy joc(curl, ©2) is a radiating weak solution to

curl(e; ! curlu) — k*u = — curl(¢/+/|q| f)

. This means that curl® u — k?u = — curl(y/|q| sign(q)(f + +/|¢| curlv)), thus, Gf = —(QT)f.
Now due to the fact that N = GH we have

WN =WGH = -WQTH.

Additionally we know from (5.18) that H* = —WQ which completes the proof. O

5.4 Study of the Middle Operator

In this section we analyze the middle operator 1" in the factorization of Theorem 5.3.2 and
derive its neccessary properties for the application of the Theorem 3.4.1. This is seen in the
following lemma.

Lemma 5.4.1. Suppose that the contrast q satisfies the Assumption 5.2.1 and that the direct
scattering problem (5.7) is uniquely solvable for any f € L*(D)3. Let T : L*(D)®> — L*(D)3
be the operator defined as in Theorem 5.3.2, i.e.

Tf = sign(q)(f + v/]q| curlw),

where v € Hy, joc(curl, Q) is the radiating variational solution to

curl(e; ! curlu) — k?u = — curl(q//]q|f). (5.19)

Then we have

(a) T is injective and (ImT'f, f) < 0 for all f € L?(D)3.

(b) Define the operator Ty : L*(D)® — L2(D)? by Tof = sign(q)(f + /]q] curld) where
¥ € Hyoc(curl, Q) solves (5.19) for k =i, f € L*(D)3, in the variational sense. Then we
have that T — Ty is compact in L?(D)3.

(¢) For Ty defined as in (b), if Re(q) > 0 on L?(D)3 then Re(Ty) is coercive in L*(D)3,
i.e, there exists a constant v > 0 such that

<Re(T0)fa f>L2(D)3 > ’YHfHL2(D)3.
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Note that the proofs of (b) and (c) can be found in Theorem 4.9 [100] or Theorem 5.12 [72].
Here, for convenience, we repeat the proofs in [72] with slight modifications.

Proof. (a) We show the injectivity of T by assuming that T'f = sign(q)(f + /|¢| curlv) = 0,
then v is a radiating variational solution to the homogeneous problem curl>v — k?v = 0.
However, we showed in the proof of Lemma 5.3.1 that the latter problem has only the trivial
solution which implies that v = 0 in 2. Thus, f = 0 or T is injective.

Now we set w = f + /|q| curlv, then T'f = sign(q)w and
(Tf, f)r2pys :/ sign(q)w - (W — /|¢| curlw) d
D
~ [ Gisn@luP - /gl - curls) da

For v > sup{|z3| : (z1,72,23)" € D}, we consider a smooth function y € C°°(R) such that
x =1inQ,, x =01in Q\ Q.. Then yv belongs to H, joc(curl, ) with compact support in
Qs,. Since v € Hy joc(curl, Q) is the radiating solution to (5.19), we have

—/ q/+/ |qlw - curlvdz :/ (| curlv|* = E?|v|?) dz
D

+ / (curlw - curl(x@) — k?v - X0) d
Qar\Q

Now using Green’s theorems and exploiting the fact that v solve the Hemholtz equation in
0\ Qp, we obtain that

/q/\/|qw curlvdz —/ (| curlv|®* — E*v|?) dz + </ / ) (e3 x curlv - 7)ds
Q - _
ov 0v3
9 19 dup  _0Ovg 3
/(\curlv| — E*[v]*)dz + </T / T) ( o vg—a$3 +1)3—a$3> ds.

Taking the imaginary part of the latter equation we have

ov ov 0373
—Im/Dq/\/\q|w'curlde :Im</r—/r> <—v18—x; __251‘2 +v3 ;x?f’) ds.

Recall that v satisfies the radiating Rayleigh condition for |z3| > r. Thus all the terms corre-
sponding to evanescent modes tend to zero as r tends to infinity. Then due to a straightforward
computation we derive

Vidl - o _Ova O
_Im/ q/V |qlw - curlvdz = Thm Im(/r / T)( s 028x3+v38$3> ds

=4 Y (1o P + oy ),

)
Jjk >a]
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which implies that

(ImT'f, f)r2(pys :/ Imq/|q||w|* dz — Im/ q/V/|qlw - curlvdx
D D

_ / Tmg/|gllw?dz — 472 3" 8(6F 2+ [67]%) <0,
D

L2 2
ik >ag

since Im(¢g) <0 in D.
(b) From the definitions of 7" and Ty we note that T'f — Ty f = q/+/|q| curl(v — ©) where
0,0 € Hyoc(curl, ) are the solutions, for k and k =i, of

/(Erl curlv.curlﬂ_k%,a)dx - _/ q/w/\q|f-curlﬂda:, (5.21)
Q Q
/(z-:rl curlﬁ.curIE-Ff).E)dx Z—/q/«/\q|f'curlida:, (5.22)
Q Q

respectively, for all ¥ € H,(curl,) with compact support. By substituting v = V¢ for
scalar functions ¢ € C*(2) with compact support we obtain that [,v-V@dz = 0 for all
p € C*°(Q) with compact support which means that divv = 0, and analogously, divo = 0 in
Q. The difference w = v — v solves

/(Erlcurlw-curla—k2w~a)dx :(kQ—i—l)/f}'de,
Q

Q
for all ¥ € Hy(curl, Q) with compact support.
Let now the sequence f; converge weakly to zero in L?*(D)? and denote by v;,¥; €
H g joc(curl, ©2) the corresponding radiating solutions of (5.21) and (5.22), respectively. Define
wj € Hyjoc(curl, Q) again by the difference w; = v; — 9;. Set R > supp{|z3]| : (1, z9,23) €
D}, then D C Qp. By the boundedness of the solution operator we conclude that v; and v;
converge weakly to zero in H,(curl, 2g). Furthermore, v; and 9; are smooth outside of D and
converges uniformly (with all of its derivatives) to zero on I'1j. In consequence, w; converges
to zero in C(00R). We determine p; € H}, ,(Qg) as the solution of

Vp;-Vedr = / (v-w;)pds (5.23)

Qn 0R

for all ¢ € Hy ,(Qr). Here the subspace H, ,(Qr) of HL(Qg) is defined as H, ,(Qr) =
{p € H:(QpR) : fQR wds = 0}. The solution of (5.23) exists and is unique since the form

(p,p) — fQR Vp - Vdz is bounded and coercive on Hj) () by the inequality of Poincaré
(cf. [108]). The latter states that there exists a constant ¢ > 0 with

/ |V|?dz > CHQDH%{;(QR) for all ¢ € Hé’Q(QR). (5.24)

Qr
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Problem (5.23) is the variational form of the Neumann boundary value problem

.
Ap; = divw; = 0 in Qpg, 9bj _ v-w; on 0NR.
81/]-
We observe that (5.23) holds even for all ¢ € Hé(QR) since fBQR(V -wj)ds vanishes by the
divergence theorem and the fact that divw; = 0. Substituting ¢ = p; into (5.23) yields,
using (5.24) and the trace theorem,

ellpi 3 on) < /Q Y, dar = /8 (w77 ds < elugllcnn Ini @)
R R

Le. [pjllaiap) < (€/c)llwjllc@ay) which converges to zero. Therefore, the functions w; :=
w; — Vp; € Hy(curl, Qr) satisfy

o W € Hy giv(curl,Qr) := {u € Hy(curl,Qp) : fQR Ve -udr =0 for all ¢ € HL(QR)}
e w; — 0 weakly in L?(Q2g)?,
e curlw; = curlw; — 0 weakly in L?(Qg)3.

These three conditions assure that @; converges to zero in the norm of L?(Qg)?® since the
closed subspace H, giv(curl, Qr) of Hy(curl, Qp) is compactly imbedded in L?(£2)3. We refer
to [110], see also [83], Theorem 4.7. Since also ||Vp;|l12(q,ys — 0 this yields [Jw;|2(q,) — 0 as
J tends to infinity. Now we return to the variational equation for w; and substitute ¢ = ¢w;
where ¢ € C*°() is some function with compact support such that ¢ =1 on Q. This yields

/ (er | curl wy|? — k*|w;|?) do = / (e, ! eurlw; - curl(¢wy) — k*¢|w;|?) d
Qr Q\QR

+(/-e2+1)/ﬂ¢ﬁj-w—jdx.

We note that w; is smooth in \ Q. Green’s theorem in Q,,r \ Qg (for a sufficiently large
value of m) and application of curl® w; — k*w; = (k? + 1)9; in this region yields

/ (e curl w;]? — k?|w;|?) do :/ (v x curlw,) - w; ds +(k2+1)/ U5 - w; da
Qg o0p Qg
which tends to zero as j tends to infinity since v; and curlw; are bounded sequences and
will 72 W tend to zero. Therefore, also curlw,; tends to zeros in L?(Qg)? which
lwillz2@p)s willc@ar) ; j
complete the proof.
c) If Re(q) > 0, we return to (5.20) for v instead of v. Since ¥ decays exponentially to
(c) y y
zero as |x3| tends to infinity we conclude, by letting 7 tend to infinity,

(ReTof, f)r2(py = Re/ sign(q)|f + v/|g| curl 9|* da +/(|curw\2 + 0} dz.  (5.25)
D Q
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Now assume that there is no such a constant v > 0 for the statement of (c), then we can
find a sequence {f;} such that || f;[|z2(pys = 1 and (ReTo fj, fj)r2(pys — 0. Due to (5.25), we

have that f; ++/|g| curl9; — 0 in L?(D)? where 0; denotes the solution of (5.19) for f and k
replaced by f; and i, respectively. Then we have

/Q(\ curl@j\Q + \ﬁj\Q)da; = —/Qq/\/ lq|(f; + V/|g| curl§;) - curl ; dz,

which let us obtain that ||9;| g, (curl,0) — 0. Hence f; — 0 in L?(D)3 which is a contradiction
to || fillz2(pys = 1. Therefore Re(Tp) is coercive. O

5.5 Characterization of the Biperiodic Support

In this section, we give a characterization when a point z belongs to the support of the contrast
q by exploiting special test sequences. A simple criterion for imaging the periodic support is
also proposed.

First recall from (4.9) that the a-quasiperiodic Green’s function Gy (z,y) of the Hemholtz
operator in three dimensions is given

Gr(z,y) =32 Z el (#=y)+i0;lzs—ys| x,y € Q, x3 # Y3. (5.26)

Further from (4.10) Gg(x,y) can be decomposed as

ciklz—yl

Gr(z,y) = + Wp(z —y), (5.27)

4|z — y|
where W}, is the analytic solution to the Hemholtz equation in (—27,27)? x R.
The a-quasiperiodic Green’s tensor Gg(z,y) defined by
Gk($7y) - Gk($7y)-[3 + k_QdeiVx(Gk;(l’yy)IB)7 Zr,Yy € Qu T3 7é Y3,
solves
curl? G (z,y) — k*Gy(z,y) = §,(2) I3, x €€,
where I3 is again the 3 x 3 identity matrix. Here, the curl of a matrix is taken columnwise, the

div of a matrix and the V are meant to be taken columnwise and componentwise, respectively.
Note that Gy, satisfies the Rayleigh expansion condition.

Lemma 5.5.1. Let the operator W be deﬁned as in (5.16). For any z € Q and fized nonzero
p = (p1,p2,p3) € C* we denote by ( )jez? € 2(Z*)* the Rayleigh coefficients of the first
two components of

V. () := K*Gp(, 2)p
k2Gy(x, 2) + M} oo+ BCuwa) )y PCr@e)

07 0x10x2 0x10x3
902Gy, (z, 892G (x, a92a
= | Sty + [kQGk(% 2) + 6’;(5 2)]17 + 2o, | (5.28)
902G (,2) 902Gy (x,2) 92Gy(x,2)

333333371 p1+ 43353335’2 p2 + [kQGk(x, Z) + 02
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forx € Q, x # z. Then z belongs to D if and only if W(\ffjtz) € Rg(H™).

Remark 5.5.2. Note that the Rayleigh sequences Gi ( ) of the a-quasiperiodic Green’s func-
tion G (-, z) can be obtained from the representatwn 0f Gi(-, 2) in (5.26)

i

—ilon jz1tag, 22405 (23 Fh)]
87‘(’25]'

Gieg®) =

(&

Then the Rayleigh sequences (\ijzi,j)jGZQ € (2(Z*)* of the first two components of W, can be
given as

Wi:( (* —ad )G (I — an g G (2)pa F o 3, Gi (23 ) (5.29)

—asjo1 ;G (2)pr + (K — 03,))Gy (2)ps F 02335 Gi(2)ps

From (5.27) and (5.28) we can see that the Green’s tensor Gy, has the same singularity to the
function 8*®y/0x;0x; where @i (x,y) = exp(ik|z — y|)/(4n|z — y|) and i,j = 1,2,3. Further
denote by 0;; the Kronecker symbol (6;5 =1 for i = j,d;; =0 for i # j), we have

Py (x,y) ikdi; | Am(ik)*(wi — yi) (x5 — y5) — 0y
— . = Pulz,y) + 5
Ox;0x; |z — y| 4|z — y|

 8mik(w; —yi)? +ik(z — i) (2 — yy) L 3o yi)?
drr|z — y|3 A7)z — y|*

which implies that the singularity of 8*®y/0x;0x; is as strong as 1/|z — yl3.

Proof. First, let z € D. Recall the operator @ defined in (5.17). Due to the fact that
H* = —WQ, it is sufficient to show that (V. ;);ez2 € Rg(Q). Choose r > 0 such that
B(z,r) € D and consider a cut-off function ¢ € C°°(R3) with ¢(z) = 0 for |z — 2| < r/2 and
o(z) =1 for |x — z| > r. We define

w(z) = curl®(p(x)G(x, 2)p), x € Q.
Note that, for |z — z| > r, we have

w(z) = curl(p(2)Gy(z, 2)p) = k*G(z, 2)p,

and further (@;);ez2 = (0.) jezz. Using Green’s theorem we obtain

/ (curlw - curly) — k*w - ¥)da = /(curlw — k% curl(p(2)Gy(x, 2)p)) - curlep da
Q Q

= / g -curly dz,
Q
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for all 1) € H,(curl, Q) with compact support, and ¢ := curlw — k? curl(¢(z)Gg(z, 2)p). Since

g is smooth and vanishes for |z — x| > r, thus supp(g) C D. Set f = \/milg € L*(D)3. Then
we have
/(curlw ccurly) — K*w - ) dz = / V]glf - curly da
Q D
which implies that (‘i’z,j)jem € Rg(Q).

Now let z ¢ D, and on the contrary, assume that ¥, ; € Rg(Q). That means there
exists u € Hy joc(curl, ) and f € L?*(D)? such that u is the variational radiating solution to
curl?u — k?u = curl(\/Hf) and u; = ‘i’z,j for all j € Z2. Since the Rayleigh sequences of
u and W, are equal, both functions coincide in (—m,7)? x {|z3| > h} where h > supp{|x3| :
(z1,72,73)" € D}. Due to the analyticity of u and ¥, in Q\ D and Q\ {2z}, respectively, and
the analytic continuation we conclude that w = ¥, in Q\ (D U {z}). This is a contradiction
since u € H(curl, B) for any ball B containing z but curl(k*Gy (-, z)p) ¢ H(curl, B) due to a
strongly singularity at z. U

Theorem 5.5.3. Suppose that the contrast q satisfies the Assumption 5.2.1 and that the
direct scattering problem (5.7) is uniquely solvable. For j € 72, denote by (An,¥n j)nen
the orthonormal eigensystem of (WN)y = |Re(WN)| 4+ Im(WN) and by (\ififj)jezg the test
sequence defined in (5.29). A point z belongs to the support of q if and only if

i ‘(‘ilzi,]7 77bJ',7“L>62(ZQ)4 |2

" < 0. (5.30)

n=1

Proof. As we assumed in the theorem, (A, %y, j)nen is an orthonormal eigensystem of (W.IN);.
The assumptions of Theorem 3.4.1 on H, H* and T in the factorization WN = H*T H have
been checked in Lemmas 5.3.1 and 5.4.1. Therefore, an application of Theorem 3.4.1 yields

that Rg((WN L2y - Rg(H™*). Combining this range identity with the characterization given
§

in Lemma 5.5.1 we obtain that (\ilzi’j)jeza € Rg((WN);/Q) if and only if z € D. Then the
criterion (5.30) follows from Picard’s range criterion. O

5.6 Numerical Experiments

As mentioned in the introduction, these are to the best of our knowledge the first three-
dimensional examples of the Factorization method in a biperiodic setting. These numerical
examples focus on the dependence of the reconstructions on the number of the incident fields
(or, equivalently, the evanescent modes), and the performance of the method when the data
is perturbed by artificial noise. Further, we also indicate the number of the evanescent and
propagating modes which are used for each reconstruction. These experiments use three
biperiodic structures presented in one period € = (—m,7)? x R in terms of the support D of
the contrast ¢ as follows:
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(i) Biperiodic structures of ellipsoids,

2 2 2
L1 Lo L3

o Taetoe =

D= {(.1‘1,.1‘2,.1‘3)T e
¢=05 in D.
(ii) Biperiodic structures of cubes,

D= {(.1‘1,.1‘2,.1‘3)T c: |.1‘1| < 2.5, |.1‘2| < 2.5, ‘$3| < 0.45},
q = (z3 + 1)(sin(z;)?sin(z2)* +0.3)/4 — 0.4i in D.

(iii) Biperiodic structures of plus signs,

D =0n[({|z1] < 1.75} U {|zo| < 1.75}) N {|z3| < 0.45}],

~J05—-06i in Dy ={(x1,22)" €D:-1<xy <1},
7303 D\ D

The data of the direct scattering problem has been obtained by the volume integral equation

method studied in Chapter 3 for the case of the Maxwell’s equations. Of course it is not
possible to numerically compute data for all incident fields (gog.l)i) jeze in (5.9). Denote

Ziram =17 = G, j2) € Z% : =My < ji,jo < Ma},  for My, M, € N.

For the numerical experiments here we solve the direct problem for a number j = (j1,j2) of
)

; = where j € Z%\41,M2- Now recall that %

(1,2),n
defined in (5.8). For [ = 1,2, we denote by (ﬂ(il 2) n)§l)i the Rayleigh sequences corresponding

incident fields ¢ are the Rayleigh sequences

to the the incident fields gog-l)i. Denote by Nas, a, the block matrix corresponding to the
discretization of the near field operator N. Then Ny, ar, is given by

i)y Gy G (),
i) (ag,) T (ag,) T @,
N = | P2l Gy )y )y ez, (53)
o (Ul,n)g'lH (Ul,n)g'l) (U1,n)§2)+ (U1,n)§2) b
" 1 g 1)— A 2 ~— 2)—
(g, (g, (a5, P (ag,,))

Note that each component of Ny, az, is a matrix of size (My + My + 1)2, thus Ny, a, is a
4(My + My +1)? x 4(My + My + 1)? matrix. The matrix WAy, as, which corresponds to the
discretization of WN can be computed using (5.14), the symetric matrix Re(WN u, ar,) can
be decomposed as

ReOWN uyap,) = VDV L,

where D, V are the matrices of eigenvalues and corresponding eigenvectors of Re(WN ar, ar, ),
respectively. Denote by |D| the absolute value of D which is taken componentwise. Then we
have

(WA ) = VIDIV T+ Im(OWN ).



108 Chapter 5. The Factorization Method for Biperiodic Inverse Scattering

Computing singular value decomposition of (WN s, ar, )y implies that
WA )y = US|V,

where S is the diagonal matrix of singular values X\, of (WN ). Also U = [y, ] is
a 4(My + My + 1)? x 4(My + Ms + 1)? matrix of “left” singular vectors . We now reshape

[¥nm] into 4 arrays [@b](:)_ My, mbh L =1,..,4,j € Z%wl M, Where each of them consists of

4(M7y 4 My + 1)? square matrices of size Mj + My + 1. Note that the elements of W)(J)erJrl )
are taken columnwise from [¢y, ).

Now recall that we have ‘i/;t (‘I/fzj,‘i/h], Uy, \IJQ_ZJ) which can be rewritten as
\il (\Ililj), Wg, \Pigj),\ll(4))T. Then the criterion (5.30) for computing the image can be
approx1mated as follows

4(M1+M2-|—1)2 A ( ) —1
z
P(z) = - , 5.32
g [ O 5.2)

where

4
5@ 70
Z DI ST RER
I=1j€23 a1,
Note that P should be small outside of D and big inside of D.

To show the performance of the method with noisy data, we pertub our synthetic data by
artificial noise. More particularly, we add the noise matrix X of uniformly distributed random

entries to the data matrix VWN . Mg)é/ ?. Denote by 0 the noise level, then the noise data
matrix (WN M2);/52 is given by

X
WN 1)y 5= VN )" + S OV b )
where || - [|2 is the matrix 2-norm. Note that from the latter equation we also have

IOVN v )5 — VN aaz)y 2
HOVN ) 2

=0

Since we apply Tikhonov regularisation [30], instead of implementing (5.32) we consider

A(My+M2+1)? 1/2 \ 2 -1
P(z):[ > (An’; 7) An(z)] : (5.33)

n=1

where

S DD DR LT P

=1 EZI\II Moy
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Here Ay, 1;,, are the singular values and vectors of (WN u, a1, )s.6, respectively. The param-
eter v is chosen by Morozov’s generalized discrepancy principle which can be obtained by
solving the equation

e
S ALy

for each sampling point z. For the following experiments, we choose the wave number k£ =
27 /3. The number of the incident fields used is 4(Mj + Ma +1)2. Further, the reconstructions
have been smoothened using the command smooth3 in Matlab, and we plot the pictures in
3 x 3 periods.
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Figure 5.2: Reconstructions of biperiodic shapes of ellipsoids for different number of incident
fields without noise. The number of Rayleigh coefficients measured in each reconstruction is
4(My + My +1)%. The contrast ¢ = 0.5 in D. (b) 48 propagating modes, 52 evanescent modes,
isovalue 7 (¢) 52 propagating modes, 312 evanescent modes, isovalue 0.1 (d) 52 propagating
modes, 1104 evanescent modes, isovalue 0.01.
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Figure 5.3: Reconstructions of biperiodic shapes of cubes for different number of incident fields
without noise. The number of Rayleigh coefficients measured in each reconstruction is 4(M; +
My +1)%. The contrast ¢ = (w34 1)(sin(x1)?sin(z9)? 4+ 0.3) /4 — 0.4i in D. (b) 48 propagating
modes, 52 evanescent modes, isovalue 40 (¢) 52 propagating modes, 312 evanescent modes,
isovalue 1.8 (d) 52 propagating modes, 1104 evanescent modes, isovalue 0.008.
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Figure 5.4: Reconstructions of biperiodic shapes of plus signs for different number of incident
fields without noise. The number of Rayleigh coefficients measured in each reconstruction
is 4(M; + My + 1)2. The contrast ¢ = 0.5 — 0.6i in D1 = {(z1,29)" € D: -1 < 21 < 1}
and ¢ = 0.3 in D\ D;. (b) 48 propagating modes, 52 evanescent modes, isovalue 15 (c)
52 propagating modes, 312 evanescent modes, isovalue 2 (d) 52 propagating modes, 1104
evanescent modes, isovalue 0.05.
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Figure 5.5: Reconstructions of biperiodic shapes of ellipsoids for artificial noise. The number
of Rayleigh coefficients measured in each reconstruction is 4(M; + My + 1)2. The contrast
g = 0.5in D. (b) 52 propagating modes, 1104 evanescent modes, isovalue 0.0012 (c) 52
propagating modes, 1104 evanescent modes, isovalue 0.0023.
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Figure 5.6: Reconstructions of biperiodic shapes of cubes for artificial noise. The number
of Rayleigh coefficients measured in each reconstruction is 4(M; + My + 1)2. The contrast
q = (r3+1)(sin(z1)?sin(x9)? +0.3)/4—0.4i in D. (b) 52 propagating modes, 1104 evanescent
modes, isovalue 0.1 (c¢) 52 propagating modes, 1104 evanescent modes, isovalue 0.02.



5.6. Numerical Experiments

115

10

-10
-10 -5

5 10

(a) Exact geometry (view down 3

axis)

-10
-10 -5 0

(b) 2% artificial noise, M12 = 8

(view down x3 axis)

-5

-100 10

5 10

(d) Exact geometry (3D view)

-10
-10 -5 0 5 10

(¢) 5% artificial noise, M1 2 = 8
(view down x3 axis)

-0 10

(e) 5% artificial noise, M1,2 = 8 (3D view)
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g = 05—06iin Dy = {(x1,20)" € D: -1 < x; < 1} and ¢ = 0.3 in D\ Dy. (b)
52 propagating modes, 1104 evanescent modes, isovalue 0.1 (c) 52 propagating modes, 1104
evanescent modes, isovalue 0.02.






Chapter 6

Uniqueness for All Wave Numbers
in Biperiodic Scattering Problems

Abstract: In this chapter, we present results on existence and uniqueness of solution for
all positive wave numbers for an electromagnetic scattering problem from a biperiodic
dielectric structure mounted on a perfectly conducting plate. Given that uniqueness
of solution holds, existence of solution follows from a Fredholm framework for the
variational formulation of the problem in a suitable Sobolev space (see Section 6.3). In
Section 6.4 we obtain integral identities which are necessary for establishing a Rellich
identity for a solution to the variational problem (see Lemma 6.5.1). This identity
is obtained under suitable smoothness conditions on the material parameter. Under
additional non-trapping assumptions on the material parameter (see (6.32)), the Rellich
identity allows us to obtain a solution estimate in Lemma 6.5.4. This solution estimate
is the key point to derive uniqueness of solution for all positive wave numbers, that is,
to be able to exclude the existence of surface waves (see Section 6.6).

6.1 Introduction

As mentioned in the state of the art of the introduction that uniqueness of solution for
this scattering problem does not hold in general for all wave numbers. Instead, non-trivial
solutions to the homogeneous problem might exist for a discrete set of exceptional wave
numbers, and these solutions turn out to be exponentially localized surface waves. Further
the introduction also pointed out that uniqueness results for all wave numbers for the case
of Maxwell’s equations still remains as an open problem if the biperiodic materials is non-
absorbing. In this chapter we aim to study this open problem for the model of electromagnetic
scattering from a dielectric biperiodic structure mounted on a perfectly conducting plate
in three dimensions. More precisely we prove that the electromagnetic scattering problem
for non-absorbing biperiodic dielectric structures mounted on a perfectly conducting plate is
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uniquely solvable for all positive wave numbers if the material parameter satisfies non-trapping
and smoothness conditions. This also means that materials satisfying the latter conditions
cannot guide surface waves.

We formulate the Maxwell’s equations variationally in terms of the magnetic field in a
suitable Sobolev space. We further restrict ourselves to the case of non-magnetic and isotropic
materials. The variational problem is well-known to fit into a Fredholm framework, see,
e.g., [12,41,105]. (These works deal with periodic scattering in the full space, but can be
adapted to the half-space setting that we consider here.) To prove the uniqueness result we
derive a so-called Rellich identity for a solution to the homogeneous variational problem. The
solution estimates resulting from this integral identity allow us to show that the homogeneous
variational problem has only the trivial solution for all positive wave numbers.

Our analysis extends the approach in [50] that was motivated by an existence and unique-
ness proof for solutions to rough surface scattering problems via Rellich identities in [28]. For
scalar periodic problems, a related technique has been used in [22]. The paper [50] studied elec-
tromagnetic scattering from rough, unbounded penetrable layers. Such scattering problems
are considered to be more complicated than those for periodic structures since the problem to
find the scattered field cannot reduced, e.g., to a bounded domain. The applications of rough
scattering problems include for instance outdoor noise propagation, oceanography or even
optical technologies when the dielectric lacks periodicity. The authors in [50] formulated the
latter scattering problem in terms of the electric field. We will instead choose a formulation in
terms of the magnetic field, which somewhat changes the role of the dielectric material param-
eter in the integral identities since the material is non-magnetic. The paper [50] establishes
existence and uniqueness of solution under non-trapping and smoothness conditions on the
material parameter. While a priori estimates resulting from the Rellich identity allowed the
authors in [50] to deduce uniqueness of solution, existence of solution has been obtained using
a limiting absorption argument. The approach studied in the present chapter is, from the tech-
nical point of view, somewhat similar to the one introduced in [50]. However, the analysis of
the biperiodic case is definitely simpler since uniqueness of solution directly implies existence.
Therefore, one only needs to investigate the Rellich identity and estimates for solutions to the
homogeneous problem. It turns out also that this procedure produces weaker assumptions on
the material parameter than those found in [50]. More precisely, uniqueness and existence of
solution for all wave numbers are obtained under the following (non-trapping and smoothness)
assumptions on the biperiodic relative material parameter ¢, : R := {z € R3, 23 > 0} — R.
First, we assume that ;! € L®(R3) equals one in {z3 > h} for some h > 0 and possesses
essentially bounded and measurable first weak derivatives. Second, we require that

Oe1 . 3
(a) 8;3 <0in R7,
Oet 3
(b) Tt holds that 5 — < 0 in some non-empty open subset of R,
3
) 0 _ V2| 0et
(¢) There exists § > 1/2 such that §||VT5r 1‘|%°°(Ri)3 + T' 8;3 e <73
+
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where Vet := (0571 /0wy, 0671 /0x2,0) T, Under these conditions, the existence of surface
waves is automatically ruled out. While conditions (a) and (c¢) are similar to conditions (a)
and (d) in [50, Eq. (7.2)], condition (b) is weaker and clearly simpler than the corresponding
conditions (b) and (c) in [50, Eq. (7.2)].

The half-space setting that we consider in this chapter is somewhat special, and it seems
worth to mention that the Rellich identity itself generalizes to a corresponding periodic scat-
tering problem in full space. The resulting estimate for a solution H to the scattering problem
has a similar structure to the estimate in Lemma 6.5.4. However, in the half-space setting,
the term 2Re [, (0e; 1 /0x3) (0H3/0x3)Hs da can be treated without integration by parts us-
ing a Poincaré lemma. In contrast, in the full-space setting the only obvious way of treating
this term is to integrate by parts. Since we seek for solution estimates, this introduces the
condition that x3 — £ !(z1, z2, r3) needs to be concave to conclude. Since this is a somewhat
unnatural condition, we do not present this result in more detail.

One can further generalize the results presented here to certain anisotropic structures.
However, already for the simpler case of isotropic coefficients the derivation of the Rellich
identity is a technical matter. Again, we have opted to try to keep the presentation simple
instead of treating the most general setting that could be considered.

The chapter is organized as follows: In Section 6.2 we present setting of the problem.
Section 6.3 is dedicated to a variational formulation and to the Fredholm property of the
latter. Section 6.4 contains a couple of technical lemmas. We derive the integral inequalities
resulting from the Rellich identity in Section 6.5. Finally, the uniqueness of the variational
problem for all wave numbers is proven in Section 6.6.

6.2 Problem Setting

We consider scattering of time-harmonic electromagnetic waves from a biperiodic structure
which models a dielectric layer mounted on a perfectly conducting plate. The electric field E
and the magnetic field H are governed by the time-harmonic Maxwell’s equations at frequency
w>0in R3S = {(z1,22,23) € R® : 13 > 0},

curl H +iweE =0 in R3, (6.1)
cwrl B —iwpH =0 in RY, (6.2)
esx E=0 on {x3 =0}, (6.3)

where e3 = (0,0,1)". The electric permittivity ¢ is a real-valued bounded measurable function
that is 27w-periodic in 21 and x5. Further, we assume that € equals g > 0 outside the biperiodic
structure, that is, for 3 > h where h > 0 is chosen larger than sup{zs : (z1,z2,23)" €
supp(e — £0)}. The magnetic permeability p = g is assumed to be a positive constant and
the conductivity is assumed to vanish. As usual, the problem (6.1)-(6.3) has to be completed
by a radiation condition that we set up using Fourier series.

The biperiodic structure is illuminated by an electromagnetic plane wave with wave vector
d = (dy,ds,d3) € R3, d3 < 0, such that d-d = w?soup. The polarizations p,q € R3 of the
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incident wave satisfy p-d = 0 and ¢ = 1/(weg)(p X d). With these definitions, the incident
plane waves E’ and H' are given by

) » . ” 5
E':=qe'™", H':=pe"™, xecRi.

In the following we will exploit that one can explicitly compute the corresponding reflected field
at {z3 = 0}. To this end, we introduce the notation @ = (ay,as, —a3)"’ for a = (a1,a2,a3)" €
R3. The reflected waves at the plane {x3 = 0} are

.~ id o~ id 3
E"(x) :== —qe'", H"(x):=pe"", xeR7,

since divE" = 0, divH" = 0, and e3 x (E* + E") =0, e3- (H' + H") = 0 on {x3 = 0}. From
now on, we denote the sum of the incident and reflected plane waves by

E".=FE'+FE" and H" :=H'+ H".

To support technical computations that this chapter will deal with we need some change of
variables as follows: Set
a = (ay,az,03)" = (di,d2,0)"

and define E7 and HY by
Bl = e TR (3), HY :=e TH"(z), xR,

such that E7 and HI are 27-periodic in 27 and z9. If we apply the same phase shift to
solutions E and H of the Maxwell’s equations (6.1)—(6.3),

E,=e “"E(z), Hy=e "“%H(z),
and if we denote
Vof =Vf+iaf, curly F=curlF +iax F, divyeF =divF +ia- F

for scalar functions f and vector fields F', then E, and H, satisfy

curly Hy +iweEy =0 in R3, (6.4)
curly B, —iwpgHy, =0 in Ri, .
es x E, =0 on {x3=0}. (6.6)

Note that we still have div, curl, = 0 and curl, V, = 0. Let us denote the relative material

parameter by
e 1= —.
€0
Obviously, &, equals one outside the biperiodic dielectric structure. Recall that the magnetic
permeability pg is constant which motivates us to work with the divergence-free magnetic

field, that is, divo, H, = 0.
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Note that (6.4) plugged in into (6.6) implies that e3 x (¢! curl, H,) = 0 on {x3 = 0}
and that the condition e3 - H, = 0 on {z3 = 0} can be derived by plugging (6.6) into (6.5).
Hence, introducing the wave number k = w(egs)/?, and eliminating the electric field E,

from (6.4)—(6.6), we find that

curl, (5;1 curly, Ha) —k¥’H,=0 in Ri, (6.7)
ez x (et eurly Hy) =0 on {x3 = 0}, (6.8)
es-Hy, =0 on {z3=0}. (6.9)

We wish to reformulate the last three equations in terms of the scattered field H;, defined by
HE := H, — H!'. Since, by construction, curl, curly HY — k*HY =0 in R}, HY - e5 = 0 and
ez x (g7t curly H) = 0 on {x3 = 0}, a simple computation shows that
curly, (5;1 curly HY) — E*HS = — curl, ((5;1 — 1) curl, Hg’) in Ri’_,
ez x (e, Leurly H) =0 on {x3 = 0}, (6.10)
es-H, =0 on {x3=0}.

Due to the biperiodicity of the right-hand side and of ¢, we seek for a biperiodic solution H;,
and reduce the problem to the domain (0, 27)? x (0, 00). We complement this boundary value

problem by a radiation condition that we set up using Fourier series. The scattered field H;
is 2m-periodic in x1 and x5 and can hence be expanded as

Hi(z) = Z H,(x3)e™®, 2= (z1,20,23) € R3, A =7*x {0},
neA

where the Fourier coefficients H,,(z3) are defined by

~

1 27 27 .
Hy(z3) = P/O ; H(z1,z9,x3)e " *dxy dza, n €A

Define

n e A.

5, = VE2 —n+al?, k2>|n+al?
" liVIn+ a2 = k2, k2 < |n+af?

Since ;! equals one for x3 > h it holds that div, HS vanishes for x3 > h, and equation (6.10)
becomes (A, + k?)HS = 0 in {x3 > h}, where A, = A + 2ia- V — |a]?. Using separation of
variables, and choosing the upward propagating solution, we set up a radiation condition in
form of a Rayleigh expansion condition, prescribing that H; can be written as

Hi(x)= Z H,elfn@s=h+ine  for 20> b},  where H, := H,(h), (6.11)
neA

and that the series converges uniformly in compact subsets of {x3 > h}.

The scattering problem to find a scattered field HS that satisfies the boundary value
problem (6.10) and the expansion (6.11) is in the following section reformulated variationally
in a suitable Sobolev space.
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6.3 Variational Formulation

We solve the scattering problem presented in the last section variationally, and briefly recall
in this section a variational formulation of the problem in a suitable Sobolev space. Our
framework is an adaption of the results from [105] to our half-space setting. In contrast to
the variational formulation in H(curl) in [1], the papers [12,15,41,105] set up a variational
formulation in H' for the magnetic field. Indeed, since the latter is divergence-free, any
solution that is locally H(curl) indeed belongs locally to H!'. For our purposes, the H!
formulation has the additional advantage that it is well-defined at Rayleigh-Wood frequencies,
as it was noted in [105]. We define a bounded domain

Figure 6.1: Geometric setting for electromagnetic scattering problem from a biperiodic dielec-
tric structure mounted on a perfectly conducting plate (in two dimensions, for simplicity).

Q = (0,27)% x (0, h) for h > sup{zs : (z1,29,23) € supp(e; — 1)},
with boundaries T'g := (0,27)? x {0} and I', := (0,27)? x {h}, and Sobolev spaces

Hﬁ(Q)?’ = {F € HY Q) : F = F|q for some 27-biperiodic F € H{ (R*)?3}, (€N,
H}%,T(Q)g = {F = (Fl,FQ,Fg)T c Hé(Q)?) . F3 =0 on F0}7

equipped with the usual integral norm, e.g.,
”F”%Il)(ﬂ)iﬂ = | Fl 72 + IVaF 72

The space Hé T(Q)3 of periodic vector fields that are tangential on I'g is well-defined due to
the standard trace theorem in H'!. We also define periodic Sobolev spaces of functions with
d=1,2,3 components on I': for s € R,

Hi(Ty)* = {F € H*T},)*: F = F|r, for some 2m-biperiodic F' € H, ({z3 = h})"}.

A periodic vector field F' € H*(I',)? can be developed in a Fourier series, F/(z) = >, -» E}, exp(in-:
), and |||l ggr,)e = (Zpea(l +n?)*|Fu]?)!/? defines a norm on Hj(I's)?.
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We define a non-local boundary operator T, (the exterior Dirichlet-Neumann operator)
by
(Tof)(@) =D iBufne™™, for f=Y  foexp(in-z) e HY*(Ty).

neA neA

It is a classical result that T, is bounded from H;/Q(Fh) into Hgl/Q(I’h), see, e.g., [4]. Using
T, we define a vector of (pseudo-)differential operators R, := (0%/0x1,0%/0x2,T,). For a

vector field F' € Hé/Q(I‘h):g,
Ry x F = (0%/0x1,0%/0x2,Ty) X F, Ry F = (0%/0x1,0%/0x2,T,) - F.

Since all components of R,, are bounded operators from Hé/Q (T',) into H;l/Q (T'y), the operator
F — R, x F is bounded from Hé/Q(I‘h)3 into Hp_l/Q(Fh)g, and F' +— R, - F is bounded from
Hé/Q(I‘h)?’ into H;l/Q(Fh). If a biperiodic function H € H] (R3) satisfies the Rayleigh
expansion condition, then T,Hs = 0Hs/0xs on I'y,. This implies that es x (curl, H) =
es X (Ry X H) on I'y, (see, e.g., [105]).

Assume that HJ is a distributional periodic solution to the boundary value problem (6.10)

such that Hj, curl, H, and div,H; are locally square-integrable, such that the radiation

condition (6.11) is satisfied, and such that v - (HS + H) and v x (g, ! curl(HS + H!T)) are
continuous over interfaces with normal vector v where £, jumps. As noted in [105], this implies
that, following the above notation, HJ € Hé,T(Q)' Then the Stokes formula [1,105] implies
that

/(5;1 curl, H - curl, F — K*HS - F) da
Q

—/ e3 % (g curly HE) - F dx +/ e3 X (R x Hp) - Fds
To Iy

= /(1 — e Heurly HT - curl, Fdz — / (e3 x (1 — e M) curly HT) - Fdx
Q To

for all test functions F' € HE;T(Q)3 . Since we assumed that
0 =e3 x (g7 ' curly Hy) = e3 x (e ' eurly(HE + H”))  on Ty,

the above identity simplifies to

/(5;1 curl, H - curl, F — E*HS - F) da +/ e3 X (Ry x H) - Fds
Q 'n

:/(1—5r1)curlaHg-curlaFdx —/ (e3 x curly H") - Fdx.
Q To

By construction, e3 x curl, Hg" vanishes on I'g, that is, we can neglect the last term in the
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last equation. The divergence constraint div,H; = 0 that follows from (6.10) shows that

B(H, F) = /( Leurl, HE - curl, F — k2HS - F )da:—i—p/(dlva 5)(dive F) dz
Q

/ es x (R xH;)-Fds—/ (Ro - H2)(e3 - F) ds
Iy
= / (1—¢e Y curly, H - curl, Fdx, (6.12)
Q

where p is some complex constant with Re(p) > ¢ > 0 and Im(p) < 0.

We next prove that the bounded sesquilinear form B : HI;T(Q)?’ X HI;T(Q)?’ — C satisfies
a Garding inequality (this goes back to [1]), i.e. there exist strictly positive constants ¢; and
co such that

Re(B(H, H)) >c1/ Vo H? do —CQ/ H[2 dz. (6.13)
Q Q

for all H € H;’T(Q)?’.

Theorem 6.3.1. Assume that ;1 € L(Q) is positive and bounded away from zero. Set
Rep = infg et > 0 and choose Imp < 0. Then B satisfies (6.13).

Proof. As in [105, proof of Theorem 1] one shows that

Re(B(H, H)) >Re(p)/(\cur1 HP + [diva HP?)d /8/ H[2 dz
Q
_Re/ T, H - Hds —2Re/ (Hga | ;2 H2> ds.
T, T 0z, 0z

The following identity follows from integrations by parts, the periodicity, and the vanishing

normal component of H on I'y,
0“Hy —0%“H>y
H H ds.
h < 3 ox X1 + s 6.1‘2 ) y

/(|curlaH|2—|— |div H|?) dz :/ Vo H|? dz —|—2Re/
Q Q r

In consequence,

Re(B(H, H)) zRe(p)/ Vo H|? dx —k2/ |H|? dz
Q Q

_ 0Hy 0“Hy\—
— Re T,H-Hds —2(1 — Re Re/ < + )Hd.
/F h s =201 —Re(p) Re [T T )T s

Precisely as in [105] one shows now by a Fourier series argument that

—Re/ T,H-Hds —2(1—Re(p))Re/ <a M 0y
Ty Ty, 8%1 81‘2

>F3ds >Re [ K(H) -Hds
Ty

2—0/ |H* dx
Q
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for a finite-dimensional operator K on Hé/ 2 (T'y)3. Note that the last inequality follows from
| Jr, K(H) +Hds| < C [ |H?dz due to the finite-dimensional range of K and the fact that
on finite-dimensional spaces all norms are equivalent. The last inequality implies a Garding
inequality for B. U

For simplicity we write from now on H for the searched-for scattered field H in (6.12)
and replace the source function curl HY by a G € HJ(9)?. The last theorem implies the
following corollary.

Corollary 6.3.2. The variational problem to find H € Hé,T(Q):S such that

B(H,F) = /Q(l — e, MG -curl, Fdz  for all F € HE;T(Q)3 (6.14)

satisfies the Fredholm alternative, i.e., uniqueness of solution implies existence of solution.

Note that this formulation corresponds to the usual variational formulation of the Maxwell’s

equations with perfectly conducting magnetic boundary conditions in smooth bounded do-

mains, see, e.g., [39, Section 4.5(b)]. For special material parameters ¢, ! in

Whee(Q) == {f € L®(Q) : f = flq for some 27-biperiodic f € W (R?)}

we will in the sequel of the chapter establish a uniqueness result via a Rellich identity. The
next lemma will be useful when proving this identity.

Lemma 6.3.3. Assume that e;! € Wg’oo(Q) is positive and bounded away from zero, and
that G € HL(Q)?. Then a solution H € HE;T(Q)3 to problem (6.14) satisfies

curly (e, ! curly H) — k*H = curly (1 — £, 1)G) in L*(Q)?, (6.15)
dive H =0 in L*(Q), (6.16)

e3 x (e curly H) = e3 x (1 — g, 1)G) in H;l/Q(I‘O):S, (6.17)
es-H=0  in HY*Iy). (6.18)

Moreover,

e3 x Ry x H=egxcurly H in HyV/?(Ty)* and Ro-H=0 in H'/*(T)), (6.19)

and O0H/0x3 = Ty (H) holds in Hp_l/Q(I’h).

Proof. The proof that div,H = 0 is analogous to the proof of [105, Theorem 2]. In con-
sequence, using a test function F € C§°(Q)? in the variational problem (6.14) shows that
the solution H satisfies the differential equation (6.15) in the distributional sense. Since
H e Hé,T(Q)37 (6.15) holds in the L2-sense if the right-hand side belongs to L?*(2)3, which

holds if &1 € Wy ™*(Q) and G € HJ()°.
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Multiplying (6.15) by F' € Hé,T(Q)3> using the Stokes formula, and subtracting the re-
sulting expression from the variational formulation (6.14), we find that

/egx(RaxH)-Fds—/ (Ra'H)(eg-F)ds—/ e3 x curl, H - Fds
Ty Ty T

+/ egx(sr_lcurlaH)-Fds—/ ez x (1 -7 HG)-Fds = 0.
To T'o

If we choose F' such that Flp, = 0, then we see that e3 x (ertcurl, H — (1 —e-HG) =0

in Hy /?(To). If e3- Flp, =0, it follows that es x (Rq x H) = e3 x curly H in Hy /(I)%.

Hence, Ry - H = 0 in Hy /*(T',). These identities imply that OH /x5 = Ta(H) in Hy /*(T'y)
due to [105, Lemma 1]. O

Remark 6.3.4. Instead of the above variational formulation in Hé’T(Q)g, one can also con-
sider formulations in Hp(curla,Q)3, the natural energy space for the second-order Maxwell
equations (6.10), see, e.g., [1]. In Hp(curly, Q)? there is no bounded trace operator for the
normal component of the field, and in consequence, the formulation (6.14) needs to be adapted.
Usually, one replaces F +— eg X (Ry X F) X e3 by Q(es x H), where @ is a bounded operator

between the natural trace spaces Hp_éi/f(Fh) and H_/? (T'y), defined by

p,curl

(QF)(x) == ii{kQFT,n —[(n+a)- FJ(n+a)}e™™,  for F(z) =Y F,e™™, (6.20)
neA T neA

see, e.g., [1]. Obviously this definition only makes sense if all B, are non-zero. If this is the
case, then the variational formulation (6.14) is equivalent to the formulation in Hy(curly, 2)?
obtained using QQ. Under the assumption that (3, # 0, all subsequent results could also be

obtained via the formulation in Hy(curl,, Q).

6.4 Integral Identities

This section is concerned with technical lemmas that will be used to derive the Rellich identity
and solution bounds subsequently. Roughly speaking, for deriving the Rellich identity, we
will multiply the Maxwell equations (6.15) by x30H /0xs and integrate by parts. Therefore,
it is the aim of the technical lemmas in this section to analyze the term Re fQ x30H [0x3 -

curl, (e; * curl, H)dz for a solution H € H;,T(Q)?’ to the problem (6.14). Note that the
first two lemmas need the function H to be in H2(92)?. These lemmas for the magnetic field
formulation actually correspond to the ones for the electric field formulation in [50, Section
3.

We need to introduce some notation. For a vector field F = (Fy, Fy, F3)" we denote by
Pr = (F1,F,0)" its transverse part. Recall that 0%f/0z; = 0f/0z; + ia;f for a scalar
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function f and j = 1,2,3. Further, we introduce

VTf = <8f af 0) ; va,Tf = <8af aaf O> ) CT)I‘la,Tf = <ﬁ7_aa—f7o> 9

91 a L2 dzy 81‘2 0z ox
and, for a vector field F = (Fy, Fy, F3) ',
dive rF = O + Oy and curlyp F := 0°F, _ 0 L
’ 6.1‘1 6.1‘2 ’ 8:51 6.1‘2

—
It is straightforwards to show that div, rcurl, 7 = 0 as well as curly 7 Vo7 = 0. Moreover, a
tedious computation shows that

o(F
curly F' = (curly 7 Fr)es + cTﬂa,TFg - w,
6.1‘3
and further
oF - 0F
|curl, F|? = | curly, 7 Fr|? + \curla rF3* + Tl _9Re <VQ7TF3 . 8—T> . (6.21)
x3 T3

Lemma 6.4.1. Assume that ;! € I/Vp1 "°(Q) is positive and bounded away from zero and that
H e HX(Q). Then

O(x3e; )

8H
2Re -curly(er ' curly, H)dz = —/
o Oxs

83 | curl, H|? dz +h/ | curl, H|?ds

T'n
Hy

- (eg x curl, H) ds. 6.22
N s, (622)

H\
+ 2Re/ —1 (63 X 8—) -curly, H dx + 2hRe
Q Oxs

Proof. Denote by v the outward unit normal to 2. Using integration by parts and noting that
v = e3 on 'y, and that the boundary term on I'y vanishes since x3 = 0 on I'y, we find that

H
2Re g -curly(er ! eurl, H) dz
3

H\ —— H —_——
= 2Re/ 5;1 curl, l‘ga— -curl, Hdx + 2Re/ r3— 0 (v x er teurl, H)ds
O 8%3 o0 81‘3

l, H|? H\
z/sr_lx de +2Re/5r_1 €3><8— -curl, H dx
Q Oz 0 Oz

+ 2hRe T - (eg x curl, H)ds
r, 0xs
H\
:_/M‘curl H\ dx +2Re/ —1 e3><a— -curl, H dx
O 81‘ Q 8133

H .
+h/ |curl, H|? ds —|—2hRe/ 0 T (es x curly, H) ds .
T, r, 03
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The next lemma continues the analysis of the term Re [, e; ' (es x OH/dx3) - curly H dz
in the right hand side of (6.22).

Lemma 6.4.2. Assume that e;' € WI}’OO(Q) s positive and bounded away from zero. Then
for all H € HS(Q)3 the following identity holds,

o0H\ ———
2Re/5r_1<eg><—> -curly, Hdx :2/5;1
Q Oz Q

—177.
—2Re/ Mdlvade — 2Re/ <% — divaH>F3ds
Q 3

2
OH —
dx +2Re/ Vet —Hsdx
oxs Q Ox3

ox 8%3
—2Re / e, "H3div, rHr ds . (6.23)
1)

Proof. First, we have

o0H\ ———
2Re/5r_1<eg><—> -curly, H dx :2/5;1
Q Ox3 Q

1OHr OH —
—2Re/ Er VTHg dx + 2Re/ —1 T, icHgdx. (6.24)
o " vy o Oz

OHr |?

d
6.1‘3 o

Second, we compute that

OH _ OHp\—
—2Re/ e L v Hs de :2Re/ divy (e ' =L | Hs da
0 81‘3 Q 83:3

H __
:2Re/5r1divT<a T>H3da: —|—2Re/VT€r1 OHT 1 4y
O 81‘3 Q 8 €r3
— —2Re / Ocx i / a;la 3 divp Hy dw
QO 81: QO 81‘3
OHp —

Hsdzx +2Re | HsdivpHrds — 2Re / e, VHdivr Hy ds

+2Re/ VTsfl
0 0x3 T, T'o

Now, using the identity divpHp = —0Hs/0x3 + div, H — i - H, we obtain that

OH Oet 0 OH.
~ 2Re / 1971y, Hydr = 2Re / (- H)dr +2Re | 2o 50 g,
o b Oxs o Oz3 o Oz3 81‘3
Osy* —— OH3 OH
—2Re/ 2 ivoH dz —|—2Re/ gl 3(104 H)dx —|—2Re/ ;1—3 dz
9] 83:3 Q 81‘3 Q 83:3

Hr .
— 2Re / £; 10Hs 3 dive H dz + 2Re / Vet 8—H3 dr +2Re [ HsdivpHrdx
Q Oxg Oz Ty

— 2Re / e, VHzdivp Hy ds
1)
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Applying Green formula to the term 2Re [,(9e; ' /0x3)Hs(io - H) da, we have

OH5|?

OH S OH _
—2Re/z~:r_1—T-VTH3dx :—2R6/6r_1 T'iOéHgd.I‘ +2Re/5r_1 dx
o Oz o O Q T3
o -1 @F OH —
— 2Re/ Cr Hsdiv, H do — 2Re/ 5;1 3divaﬂ dr + 2Re/ Vs;l . —Hsdx
Q 8%3 Q 81‘3 QO 8%3
aHB . T7 —177 3-
— 2Re T divoH |H3ds — 2Re e, Hzdivy, rHrds
Fh T3 To
Now the claim follows from substituting this identity into equation (6.24). O

In the following final lemma of this section we will reformulate the term

Re/ x30H [0x3 - curla(fs;l curl, H) dx
Q

for a solution H € Hé,T(Q)S to the problem (6.14) using the last two lemmas.

Lemma 6.4.3. Assume that e, € Wpl’oo(Q) is positive and bounded away from zero. Then
any solution H € HI;T(Q)?’ to the problem (6.14) satisfies

H —1
2Re [ 232 - curl, (5 ourl, H) do = —/ O3 ), o, HP2 da +h/ | curly H|? ds
o O o Ox3 r,

H|? H__ __OH
+2/ et OH " 4, —|—2Re/ vegl.a—Hgdx “ome [ BB s

QO 81‘3 QO 8%3 Ty, 8%3

H -
+2hRe L. (e3 x curly, H)ds.

r, 03

Proof. 1t is sufficient to prove that H satisfies (6.22) and

H\ ———— H
2Re/€r_1 63)(8— -curlo[Hda::2/Er_18
Q Ox3 Q 0

2

H__
—| dx +2Re/ Vsr_l-a—Hgd:z:
T3 Q Ox3

—_0Hj;
— 2Re Hs——ds. (6.25
[ Figgods. (625)

Recall that, for h > sup{z3 : (71, 29,23)" € supp(e; —1)}, there exists a constant 0 < 1 <
1 such that e, = 11in (0,27)% x (h—n, h). Hence, a solution H € H;,T(Q)?’ to the problem (6.14)
belongs to H;,T(Q)?’ NHZ((0,27)? x (h—n,h))? due to interior elliptic regularity theory. Then
one can extend H to a function defined in all of R3 that is 27-biperiodic and belongs to
HL((0,2m)? x (=00, h))* N HZ((0,2m)? x (h —n,00))* (This can be seen using [81] combined
with suitable cut-off arguments.) By abuse of notation, we still denote the extended function
by H. Let ¢ € C°°(R?) be a smooth and non-negative function supported in the unit ball and
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Jgs ¢dax = 1. For § > 0 and z € R3 let ¢°(z) = 6 3¢(2/5). The convolution H® := ¢° » H
belongs to HZ(Q)? and thus satisfies (6.22). Then, from Lemma 6.3.3 and the fact that
H® — H in H} () N H2((0,27)* x (h —n,h))* we obtain that

curly (e curl, H°) 30 curly (e, P eurly H)  in L3(Q)°.

Moreover, the convergence in HZ((0,2m)? x (h —n,h))* implies that curl, H ¢ — curly, H in
L?(T';)? as § — 0. Consequently, H satisfies (6.22).

It remains to show that H also satisfies (6.25). The function H° satisfies (6.23) and we
consider the limit of this identity as & — 0. It is easily seen that diva H — diveH = 0 in
L?(2). Thus, we have

e3- H ey . H=0 in HYXTy),  divarHS =" diverHr in H;Y2(Ty),

due to the convergence of H° to H in HL(Q)?. Further, the convergence of H% to H in
Hg((O, 2m)? x (h —n, h))? and the fact dive, H = 0 on I';, imply that

oH® s OH3z OHs . 1)
Tor ~ diva H? — e diveH = el HV2(Ty).
Plugging in these limits into (6.23) shows that (6.25) holds. O

6.5 Rellich Identity and Solution Estimate

For establishing uniqueness of solution to the variational problem (6.14), we derive in this
section the so-called Rellich identity relating | curl, H|? and |0H/0x3]? where H is a solution
to the homogeneous variational problem corresponding to (6.14). Then, under suitable non-
trapping and smoothness conditions on the material parameter, integral inequality resulting
from this identity allow us to obtain estimate for a solution to the homogeneous problem.
As mentioned in the introduction, the Rellich identity and solution estimate obtained in this
section are much simpler than the ones in [50, Section 4]. It turns out also that the non-
trapping assumptions on the parameter material are weaker than the ones in the latter paper.
The proof of the Rellich identity is based on an integration-by-parts technique that goes
back to Rellich [96]. Typically, this technique requires more regularity of a solution than just
to belong to the energy space. In our case we will roughly speaking multiply the Maxwell’s
equations (6.15), for G = 0 in the right hand side, by x30H /0x3 and integrate by parts.

Lemma 6.5.1 (Rellich Identity). Assume that ;! € I/Vp1 °(Q) is positive and bounded away
from zero. Then the following identity holds for all solutions H € Hé,T(Q)?) to the homoge-
neous problem corresponding to (6.14),

[l

—I—Re/ e3 X (Roy x H)-Hds — 2Re/ T,(H3)Hsds = 0. (6.26)
T, r

h

oH

d
8x3 .

2 -1
H__
- xg@sr |curl, H|? + 2Re( Ve, ! - 8—H3
O3 Ox3
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Proof. Let H € H;T(Q)3 be a solution to the homogeneous problem corresponding to (6.14).
First, using integration by parts we have

)2t o
Re/ 0 T~(63><curlaH)d3:/
Ty, 8%3 Ty,

Note that H satisfies the assumptions of Lemma 6.4.3. Together with the latter equation we
obtain

OHy |?
8%3

Hqy
ds—i—Re/ 0 L VaorHsds.
r, 03

H —1
2Re/ 0 ceurlg(er ' eurly H) da = —/ M\cmla H|*da +h/ | curl, H|* ds
81‘3 O 81‘3 NS

+2/5r1
Q

2
bs H
dz —|—2Re/ Vel a—H3 dz —2Re/ &H;»,ds
Ox3 Q T,

O3 Ox3
~on /
Iy

OHr |’
We exploit that H solves (6.15) for G = 0,

OH
ds —|—2hRe/ T N 7 Hsds.
Oxs T'n O3 7

H H H|?
2Re/ azga— . curla(efl curly H)dz = kQQRe/ .Tga— -Hdr = k2/ .Tga‘ | dz
o Oz o Oxg o O3

= —k2/ |H|? da +k:2h/ |H|*ds.
Q Ty

From the last two equations we conclude that

o -1
—/ <M|curlaH|2—k2|H|2> dz —1—2/5;1
Q 81‘3 Q

—_OH; OHr|?
— 2R Hs—=2ds — 2h
¢ 383 s 81‘3

2
OH —
dx +2Re/ Ve b —Hsdx
Oxs Q Ox3

Hr
ds + 2hRe OHr V. 1Hsds
r, O0r3 ’

+ h/ (| curly, H|* — k*|H|*)ds = 0.
Ty

Due to the variational formulation (6.14) for G = 0,

/(erl\ curly H* — k*|H|?) dz +Re/ e3 X (Ry x H)-Hds =0 (6.27)
Q 'y

since diva H = 0 in Q and Ry - H = 0 in Hy "/*(T';) due to Lemma 6.3.3. Adding the last two
equations yields that the term fQ k?|H|?dz cancels, and further exploiting OHs3/0x3 = T, H3
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on I'y, to yields that

H__
—/ |curl H|? dx +2/er da: —|—2Re/V5r_1-a—H3da:
Q Q a$3 Q 8x3
_ Hr
—2Re/ T.(H3) H3ds+Re/ e3 X (Ro x H) - Hds+2hRe/ 0 L VarHsds
Ty, Ty, r, 93

OHr
8x3

2
>ds:0.

+ h/ <\ curly H|? — K*|H|? — 2
Iy

Recall equality (6.21),

OHr
8x3

2
Hr
— 2Re <%—T : va,TH?,).

\curlaH\2 = | curly r H\Q + \ma,TH3‘2 + ‘ -
3

Combining the last two equations yields

OHr|?
L(H)=h
(H) /Fth‘)xg

where L(H) is the left hand side of (6.26). It remains now to prove that the right hand side
of the latter equation vanishes. First, we recall from Lemma 6.3.3 that 0H/0x3 = ToH in

H_1/2(Fh) which yields that

+ K2 H|? — | curlar HI? — \ﬁia,THgP) ds

OHy |?
a$3

OH5|?
a$3

= §£:|ﬁ%l§TJA27 d/‘ ::j£:|ﬁ%l§&n|?
neA T neA

Using the latter formulas and replacing k2 by |n+a|? + 32 in the first boundary term in (6.26)
yields

/ OHy |
8x3

Z (180 Fraf? + (10 + 02 + B2) (1 Hrn 2 + [ Hanl?) = |00+ @) x Bl = I+ | By o]

+K2H|? — | curlar H|? — |CTJ~1Q,TH3|2> ds

Z [52+|ﬂn WE a2 + [0+ a2 Hpnl? — [(n+ @) x Hynl? + 82| Hsnl]. (6.28)
neA

On the other hand, due to the divergence-free condition, we have

> [In + ol Hrp|* = |(n+ a) x ﬁT,nﬂ = |(n1+ 1) Hip + (ng + az) Hy |
neA neA

= ||diva, 7 Hrll72(r,) = |0Hs /03320,y = Y [BuHanl*.
neA
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Now substituting the latter equation into (6.28) leads to

/ <'8HT 2
r, \| 073

where we exploited that §,, is either a non-negative or a purely imaginary number. The proof
is hence finished if we show that } 5 -, B2|Hpy|? = 0 (since then L(H) = 0, which is the claim
of the theorem). First, we compute that

+R2[H|? — | curlag H|? — |curla o Hs| ) s =2 [AH,, (6.29)
Bn>0

(e3 X (Ra x H),H)r, = > i(n+a) - HrnHyp — Y 10a| Hronl®

neA neA
== iBalHsnl> = > iBu|Hrl
neA neA
Since Re(fBy,) > 0 this implies that
Im(es X (Ro X H), H)r, ==Y _ Re(B,)|Hn|* <0, and (6.30)
neA
Re(es x (Ry x H), = Im(B)|Hspl* + > Im(Bn) | Hrn|*. (6.31)
neA neA

(The second equation will be exploited later on.) Taking the imaginary part of the variational
formulation (6.14) with G = 0 and F' = H, and exploiting Lemma 6.3.3, we obtain that

6.30 ~
0= Tmes x (Ro x H), H)r, "= — 3" Re(Bn)|Hal®
neA

This implies that |Hn|2 = 0 for all n such that Re(3,) > 0. Since 3, is either purely imaginary
or non-negative, we conclude that Eﬁnzo B2|H,|* = 0. O

The next Poincaré-like result is classical (see, e.g., [28] for a proof).

Lemma 6.5.2. For u € {v e H(Q) : v|r, = 0} there holds 2||ul|7. 12(0) < h2\|8u/891:3||L2(Q

The following assumptions on e; ! will guarantee a stability estimate and a uniqueness
statement for a solution to the variational problem (6.14):

-1
(a) &'e Wpl’OO(Q) satisfies 5 <0in Q,

81‘3
Oe; .
(b) It holds that < 0 in a non-empty open ball B C €, (6.32)
L3
1 V2|0t 2
(¢) There exists 6 > 1/2 such that —||VT€ HLoo )2 + — 3
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Remark 6.5.3. Note that (6.32)(a) implies that e, > 1, since, by construction, e;* =1 in
{h —n < x3 < h} for some small n > 0. For the case of periodic non-absorbing structures,
the main difference between these non-trapping conditions and the ones for the scalar case
in [22] is the additional condition (6.32)(c). This condition arises from estimating the term
2Re [(Ver ! - OH/Ox3Hs)dx in the Rellich identity (6.26) using the Poincaré-like result
above. This is natural since the Rellich identity resulting from a similar technique for the
scalar case [22] does not have a corresponding term.

Let us construct a function e; ! that satisfies the above assumptions (6.32). Choose con-
stants 0 < hy < hy < h, A > 0, and a C'-smooth cut-off function x € C*((0,27)?)
with compact support in (0,2m)% such that 0 < x < 1 and x = 1 in (7/2,37/2)%. For
x = (x1,29,23)" € Q, we define

Ax(xl,x2)+1, 0 < x3 < hyq,
e (1,2, 43) = A(ﬁi’:zz)x(ﬂﬁhﬂfz)-Fl, hy < xg < ha,
1> h2 < a3 < h.

Then e is a decreasing function that satisfies (6.32)(a), and condition (6.32)(c) is satisfied
when A > 0 is small enough. Moreover, ;! also satisfies condition (6.32)(b) in (w/2,37/2)? x
(h1,hs). However, ;1 does not satisfy the corresponding conditions (7.2)(b,c) in [50], which
require, roughly speaking, strict positivity of Oe./0z3 in (0,27)% x (h1,h2) (an arbitrary ball
B C Q asin (6.32)(b) is not sufficient for the proof in [50]).

Lemma 6.5.4. Assume that ;! satisfies the three assumptions in (6.32). Then there exists
C > 0 (independent of k > 0) such that

),

for all solutions H € HE;T(Q)3 to the homogeneous problem corresponding to (6.14).

2 Ot
dx </:L‘3 ! |cur1aH\2d:L‘
o O3

o0H
8%3

Proof. We first estimate the two boundary terms in (6.26). We find that

—2Re/ T.(Hs)Hzds =2 Im(B,)|Hsnl* > 0.
Tn neA
Together with (6.31) we obtain
Re(es x (R x H), H)r, — 2Re/ To(Hy) Ty ds = 3 Tm(6,)| af2 > 0.

T neA

Therefore, from the Rellich identity (6.26) we deduce V(H) < 0 where V (H) is the volumetric
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terms in (6.26). We need now to bound V(H) from below,

V(H) = /Q [25;1

0H
01‘3

2 _
Oe; !
— 23

il —H
6.1‘3 s 01‘3 6.1‘3 s

|curly, H* + 2Re <VTEr_1

—1
6HTF+&EY 6H3—>] da
x3

H|?> 9! OHs || o |’
> 2| —| —a3—=—|curly H*dz | do — ! - ' ; ol
_/Q[ o 3o | ] | e | g 03 || e e [1H31[22 (0
. _J|loHz |2
—5||VTEr1||%°°(Q)2HH3H%2(Q)_5 ' Oxs L2(0)2

for arbitrary d, v > 0. Poincaré’s inequality from Lemma 6.5.2 and the binomial formula
imply that

5h? OHs|*> 26 —1|0Hp|> et
V(H) > 2 - — [ - L l, H*dx | d
( )/Q [( 2 Hngr ||L (Q)Q) 83:3 5 81()3 T3 83:3 |C11I'a ‘ x €T
et ‘86;1 i
O3 L2(9) O3 Lo () 31L2(Q)
Again, we exploit Poincaré’s inequality, to find that
. ||oHs | de1|? . R loen|? OHs||?
! Don ‘ 3 1Ha) 720y < | 7 1+7? 3 e -
T3 llz@ T3 llL=(@) T3 llLe(@) T3 ll2@)
The minimum of v — y~! 4+ Cy is 2v/C. In consequence,
6h? de1 OHs; |2
V(H) > [2— —||Vpe Y2 —\/§h' r /— dz
( ) [ 2 H T ||L ()2 81()3 Lo @) o 81()3

OHr
81‘3

2 -1
dz — / $38Er | curl, H|? dz.
o  Ox3

+2(5—1/
d  Ja

Finally, assumption (6.32)(c) implies that there exists 6 > 1/2 such that the first bracket on
the right-hand side is positive. U

6.6 Uniqueness of Solution for All Wave Numbers

In this section, we prove our main uniqueness result for the electromagnetic scattering prob-
lem (6.14), under the assumption that e, satisfies (6.32). As mentioned above, corresponding
uniqueness results that hold for all wave numbers currently exist, to the best of our knowledge,
only for absorbing materials, see [105], or simpler two-dimensional structures, see [22].

Theorem 6.6.1. Assume that e, satisfies the assumptions (6.32). Then problem (6.14) is
uniquely solvable for all right-hand sides G € Hé(Q) and for all wave numbers k > 0.
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Proof. Consider a solution H € ]r1TI])L7T((2)3 to the homogeneous problem corresponding to (6.14).
Due to Lemma 6.5.4 and the assumptions on ;! we obtain that OH/dx3 = 0 in Q and
curl, H = 0 in the ball B (see assumption (6.32)(b)). Equation (6.15) implies that H van-
ishes in B, too.

Since H is independent of x3, it is sufficient to show that H vanishes on I',_,, = {(x1, 2, x3) €
Q: x3 = h—n} for some (small) 7 > 0 to conclude that H vanishes entirely in Q. If 7 is small
enough, then all three components Hj, j = 1,2, 3, satisfy

Aoy + K Hy =0, AoHji= AH; + 2ia - VH; — |of*Hj,

in some neighborhood of I',_,. Let us denote by Ay = 82 /9% 4+ 62 /0x3 the two-dimensional
Laplacian. Since 9*H,;/dx3 vanishes, Hjl,, € Hé(Fh_n) is a weak solution to the two-
=N

dimensional equation
AoHj + 2ia - VrHj + (K> — |a|*)H;j =0 onTy_,, j=1,23.

Standard elliptic regularity results imply that H j‘Fh—n belongs to Hg (I'h—y). Moreover, since
H vanishes in the open ball B and since H is independent of x3, H; vanish in a non-empty
relatively open subset of I'j,_,,.

In this situation, the unique continuation principle stated in Theorem 6.6.2 (see, e.g., [83])
implies that H; vanishes on I';,_,, for j = 1,2, 3, and hence H vanishes in Q. U

Theorem 6.6.2. Let O be an open and simply connected set in R?, and let uy, ..., u, € H*(O)
be real-valued such that

m
|Aug| < C (Jw| + V) in O for j=1,..,m. (6.33)
=1

If uj vanishes in some open and non-empty subset of O for all j = 1,...,m, then u; vanish
identically in O for all j =1,...,m.



Appendix A

Smoothness of the Difference of
Periodic Green’s Functions

The following lemma is a consequence of the corresponding result for the fundamental solution
to the Helmholtz equation in free-space (see Lemma 2.3.1).

Lemma A.0.3. Assume that k* # a? for all j € Z. Then the difference Gj, o — Gio can be
written as

Gra(z) = Gialz) = a(|z]?) + Cla|* In(|2])B(|z[*)

where « and 3 are analytic functions and C' is a constant.
Proof. Recall that the Bessel function
[ee} n+2p
(=1)” <t)
t) = — = n=0,1,2,...
) pZO pl(n+p)\2

is an analytic function for all ¢ € R. It is moreover well-known that the Neumann function

oo 5E2()
AN
__Z 'n+p <> {t(n+p)+4p)}

is analytic for ¢ € (0,00). (Here ¢(0) := 0, ¢(p) :== >0 _| = L for p=1,2,..., and C is Euler’s
constant.) If n = 0 the finite sum in the expression of Y, is set equal to zero. From [66]
we know that the Green’s function Gy o can be split as Gy o(2) = LH{ (k|2|) + ¥y (z), where
¥}, is an analytic function. The same decomposition holds for Gj,, with a different analytic
function ¥;. Hence, it only remains to consider the difference H}(k|z|) — H}(i|z|). To this
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end, we note that

Jo(kl]) = Joile]) =§jﬂ1[MM = (ila])*]

p=0 p
=\ﬂ§: %HJW%”—®%ﬂWWR (A1)

Use the ratio test one can check that the power series in (A.1) converges to some analytic
function of the variable |z|? in R. Moreover, due to the expression of Yy we can see that

Yo(kle)) — ¥o(ilel) = = In(la) [ Jo(klal) — JoGil))] + Wi (), (4.2)

where U is an analytic function. Furthermore, we have

* [Fa ki) — H il

= Jo(klel) = Jo(ila]) +i| Yo(kl]) — Yo(ilz])].

Gk,a (.1‘) - Gi,a (.1‘)

Substitution of (A.1) and (A.2) into the last equation finishes the proof. O

Now we prove a similar result for the fundamental solution to the three-dimensional
Helmholtz equation in free-space.

Lemma A.0.4. Assume that ®y(x) = exp(ik|z|)/(4n|x|) for x # 0. We have
Op(x) — i) = a(|z[*) + [2]B(|2]*)
where « and 3 are analytic functions.

Proof. First we have

o 0 2n oo 2n+1
N O DT Y =
‘ gﬁ nl gﬁ (2n)! nZB 2n+ 1) (A-3)

By the ratio test the last sum in (A.3) can be rewritten as |z|f(]z|?) where f is an analytic
function. Therefore,

el =103 e
— (2n)!

In the other hand we know that

)nk2n|x‘2n & nk2n+1‘$|2n+1

Z (2n+1)! (A-4)

el = cos(k|x|) + isin(k|z|) = 1+ Z (=
n=1
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Similarly the last sum in (A.4) converges to |z|g(|z|?) where g is an analytic function. We
hence obtain

00 _1\n12n m2n
e = = S el o))

_1)n+1k2n+2 _ 1]|.’E‘2n

=l S g I+ el

n=1

Now the ratio test deduces that the first sum converges to |x|?[(|z|?) where [ is an analytic
function. This implies that
Ml e (f+g)(l2?)

e R e

1(l=[%)

[
A7

which completes the proof.
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