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Modélisation mathématique et numérique des fluides a I’échelle
nanométrique

Résumé :

Ce travail présente quelques contributions mathématiques et numériques a la modélisation des
fluides a I’échelle nanométrique. On considere deux niveaux de modélisation. Au premier niveau,
une description atomique est adoptée. On s’intéresse aux méthodes permettant de calculer la
viscosité de cisaillement d’un fluide a partir de cette description microscopique. On étudie en
particulier les propriétés mathématiques de la dynamique de Langevin hors d’équilibre permet-
tant de calculer la viscosité. Le deuxiéme niveau de description se situe a 1’échelle du continu
et I'on considére une classe de modeles pour les électrolytes a ’équilibre incorporant d’une part
la présence d’un confinement avec des parois chargées et d’autre part des effets de non-idéalité
dus aux corrélations électrostatiques entre les ions et au phénomene d’exclusion stérique. Dans
un premier temps, on étudie mathématiquement le probléme de minimisation de 1’énergie libre
dans le cas ou celle ci reste convexe (non-idéalité modérée). Puis, on considére le cas non convexe
(forte non-idéalité) conduisant & une séparation de phase.

Mots-clés : Physique statistique computationelle - Dynamique moléculaire hors
d’équilibre - Electrolytes - Equations aux dérivées partielles non linéaires - Mé-
thodes variationelles - Eléments finis

Mathematical and numerical modelling of fluids at nanometric scales

Abstract :

This work presents some contributions to the mathematical and numerical modelling of fluids
at nanometric scales. We are interested in two levels of modelling. The first level consists in
an atomic description. We consider the problem of computing the shear viscosity of a fluid
from a microscopic description. More precisely, we study the mathematical properties of the
nonequilibrium Langevin dynamics allowing to compute the shear viscosity. The second level of
description is a continuous description, and we consider a class of continuous models for equi-
librium electrolytes, which incorporate on the one hand a confinement by charged solid objects
and on the other hand non-ideality effects stemming from electrostatic correlations and steric
exclusion phenomena due to the excluded volume effects. First, we perform the mathematical
analysis of the case where the free energy is a convex function (mild non-ideality). Second, we
consider numerically the case where the free energy is a non convex function (strong non-ideality)
leading in particular to phase separation.

Keywords : Computational statistical physics - Nonequilibrium molecular dynamics
- Electrolytes - Nonlinear partial differential equations - Variational methods - Fi-
nite elements
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1.1 Contexte industriel : le stockage des déchets radioactifs

1.1.1 Le stockage en couche géologique profonde

La gestion des déchets nucléaires en France est assurée par 1’Agence nationale pour la
gestion des déchets radioactifs (ANDRA) depuis la loi du 30 décembre 1991 puis celle du 28 juin
2006. 11 existe plusieurs types de déchets radioactifs, classifiés selon leur degré de radioactivité
(haute activité (HA), moyenne activité (MA), faible activité (FA) et tres faible activité (TFA))
ainsi que leur durée d’activité (vie longue (VL), vie courte (VC)) ; on pourra consulter [82] pour
un inventaire de ces déchets et les différents secteurs d’activité a 'origine de ceux-ci. Les déchets
de haute activité a vie longue, qui sont les plus radioactifs, proviennent en grande partie de la
production d’électricité. Ces déchets représentent moins de 1% du volume total de déchets mais
totalisent & eux seuls environ 96% de la radioactivité. Depuis la loi du 28 juin 2006, le mode
de référence pour la gestion des déchets de haute et moyenne activité a vie longue (HA/MAVL)
est le stockage réversible en couche géologique profonde (environ a 500 metres de profondeur).
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1.1.2 L’argile : un matériau multi-échelles comme barriére de confinement
naturelle

La principale barriere de confinement envisagée dans le cadre du projet de stockage en
couche géologique profonde est d’origine naturelle, a savoir une argile de type Callovo-Oxfordien,
localisée en Meuse/Haute-Marne. Il s’agit d’une roche sédimentaire formée il y a environ 165
millions d’années. Les argiles sont des matériaux multi-échelles. La plus petite échelle, inférieure
au nanometre, fait intervenir des feuillets. L’empilement de ceux-ci forme des particules de taille
nanométrique. Entre ces particules peuvent se mouvoir un solvant (eau) et des ions. L’interaction
entre ces particules, lorsque la roche est soumise a des efforts extérieurs, détermine la réponse
mécanique observée a plus grande échelle.

\T..T.»’.\T.v?.w.»'.w'
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Figure 1.1. Gauche : description microscopique du systéme argile, eau et ions (image de B. Rotenberg) ; Centre :
Argile & I’échelle du micrometre (ANDRA, 2005) ; Droite : échantillon d’argilite du Callovo-Oxfordien & I’échelle
du centimetre.

1.1.3 Modélisation et simulation des petites échelles

De nombreuses propriétés aux petites échelles ne sont pas accessibles expérimentalement.
On peut alors avoir recours a une approche numérique en les déterminant a partir de simulations
microscopiques de type ab initio, en résolvant le probleme de structure électronique ou I’équation
de Schrodinger, ou classiques (dynamique moléculaire, méthode de Monte Carlo) ou a partir de
modeles de milieux continus pour les plus grandes échelles. Dans tous les cas, on s’appuie sur les
outils de la physique statistique [8] (équations intégrales, théorie de la fonctionnelle de la den-
sité). Pour les plus petites porosités, il s’agit de prédire les propriétés d’un systéeme a partir d’une
description a I’échelle atomique et des interactions moléculaires. Ces approches reposent sur une
description simplifiée du systéme (structure, composition) et des interactions et doivent donc
étre validées par la comparaison avec les données expérimentales disponibles (spectroscopies,
diffraction, micromécanique, etc). Deux niveaux peuvent étre considérés dans une description
discrete du matériau, du plus fin au plus grossier, I’étape suivante étant le passage au continu.
Le premier niveau correspond a une description complete des feuillets d’argile et du systeme
composé des molécules d’eau et des espéces ioniques. On peut avoir alors recours aux techniques
de la dynamique moléculaire a I’équilibre (propriétés statiques, coefficients de transport) ou hors
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d’équilibre [28] (transport). Mentionnons par exemple une étude récente en dynamique molécu-
laire hors déquilibre portant sur la validité des équations de ’hydrodynamique dans les feuillets
d’argile [14] (validité de la loi de Newton, condition aux limites pour le champ de vitesse en
bordure de feuillet). Une deuxiéme échelle se situe a un niveau mésoscopique ou l’eau est consi-
dérée comme un solvant continu en conservant une description discrete de 'argile et des ions
ou des ions seulement. Cette approche se justifie dés lors que 'on considére que les ions sont
beaucoup plus gros que les molécules d’eau. Pour traiter les questions d’équilibre, on peut faire
appel aux méthodes de Monte Carlo. Concernant les problémes de transport, les techniques de
dynamique Brownienne permettent de calculer numériquement les coefficients de diffusion ou la
conductivité électrique dans ce cadre simplifié [55]. Par ailleurs, les simulations en temps long
de dynamique Brownienne permettent aussi de déterminer 1’équilibre thermodynamique par le
calcul de moyennes ergodiques. Les méthodes d’équation intégrales pour les fluides inhomogenes
se situent a un niveau intermédiraire car les corrélations spatiales sont décrites explicitement.
C’est le cas par exemple pour des méthodes d’Ornstein—Zernike inhomogene [1,58,59]. Enfin les
modeles continus, tels que Poisson-Boltzmann et théorie de la fonctionelle de la densité (équi-
libre) ou Navier—Stokes couplé a Poisson—Nernst—Planck (transport), constituent une alternative
aux modeles microscopiques, efficace numériquement dés lors que I'on a pu valider ces modeéles
grace aux simulations des modeéles les plus fins. On pourra consulter [54] pour une comparaison
entre simulation moléculaire directe, dynamique brownienne et théorie de la fonctionelle de la
densité.

1.2 Contributions de la thése

L’objectif de cette these est I’étude mathématique et numérique de modeles microscopiques
et mésoscopiques pour les fluides chargés confinés, en vue d’'une meilleure compréhension des
phénomenes physico-chimiques dans les argiles aux échelles ot ils se posent. Une perspective
de ces travaux est l'intégration de ces phénomeénes aux plus grandes échelles afin de décrire
notamment le comportement mécanique de la roche. La contribution de cette thése relevant
des mathématiques appliquées, on s’est attaché en particulier aux aspects méthodologiques des
techniques mathématiques et numériques permettant de simuler les modeles physiques aux dif-
férentes échelles. Les contributions de cette these s’articulent en deux volets correspondant a
deux échelles de description du systeme physique.

1.2.1 Calcul de coefficients de transport a partir d’une description microscopique

Le premier volet concerne le probleme du calcul de coefficients de transport, partant
d’une description microscopique (atomique) du systéme. Le formalisme adopté est celui de la
physique statistique computationelle. Le systéme est modélisé a 1’échelle atomique selon une
description classique de la matiere par N atomes (N étant en général tres grand, méme pour des
systémes de quelques nanometres d’épaisseur o N est de l'ordre du millier). Les variables du
probléme sont les positions des atomes ¢, évoluant dans un espace d’état M C R¥Y (d = 2,3)
et leurs impulsions p évoluant dans R, Les atomes interagissent via des potentiels empiriques
V. La comparaison des propriétés physiques du systeme avec des données expérimentales vient
confirmer 'utilisation de ces potentiels.
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Une observable A est une fonction du couple position/impulsion et représente une grandeur
physique (énergie, température, pression). Par exemple, ’énergie totale du systéeme est donnée
par le Hamiltonien classique

1.
H(g,p) = ipTM 'p+V(q),

ou M € RIN*IN {ésigne la matrice de masse du systéme. Les variables (¢,p) déterminent le
micro-état du systéme physique, mais apportent trop d’information. Il est donc souhaitable
de passer a une description plus grossiere. Pour ce faire, il s’agit de faire le lien avec un état
macroscopique du systéme. Ce macro-état est décrit par une mesure de probabilité v, “la moins
biaisée” vis & vis des conditions d’observation. A Déquilibre thermodynamique, les quantités
telles que la température ou la pression d’'un sytéme peuvent étre déterminées par la seule
connaissance de cette mesure de probabilité. Ainsi, le lien avec le systéme microscopique est fait
par le biais d’'une moyenne d’ensemble de la forme

(A) = /MdeN Al(g, p)v(dg, dp). (1.1)

Un exemple de mesure de probabilité v est la mesure canonique NVT (correspondant a fixer le
nombre N de particules, le volume accessible V et la température 7') donnée par la formule

vnvr(dp, dg) = Z e PH@P dgdp, 7 = e PH@P) dqdp, (1.2)
MxRAN

ou 8 = (kT )_1 est proportionel a l'inverse de la température, kg étant la constante de Boltz-
mann. Le plus souvent, le calcul de quantités macroscopiques selon la formule (1.1) est une tache
numérique impraticable par les méthodes de quadratures usuelles en raison de la tres grande
dimensionalité du probleme (fléau de la dimension). On aura le plus souvent recours a des tech-
niques d’échantillonage de mesures de probabilité, déterministes ou stochastiques. Par exemple,
le calcul de (1.1) est trés souvent remplacé par le calcul d’une moyenne en temps long :

N Y A
lim — ; A(qe,pr)dt = (A), (1.3)

§—00 §
sous le postulat que la dynamique régissant les (g, p;) est ergodique pour la mesure v.

La situation est différente lorsque I'on souhaite déterminer les coefficients de transport
d’un systeme (conductivité thermique, diffusion, viscosité) partant d’une description microsco-
pique. Les coefficients de transport mesurent la réponse du systéme par rapport a une petite
perturbation. Il existe plusieurs approches pour calculer les coefficients de transport notamment :

(a) des méthodes d’équilibre, reposant sur la formule de Green-Kubo [34,62], qui permettent de
relier une propriété de transport (typiquement la viscosité de cisaillement) & une intégrale
en temps infini de I'autocorrélation d’une propriété dérivée ;

(b) des méthodes transientes, pour lesquelles on perturbe un systéme initialement & I’équilibre, et
on étudie le retour a 1’équilibre en simulant explicitement la dynamique du systeme [52,100] ;

(c) des méthodes hors d’équilibre en régime stationnaire (Steady-state Non-Equilibrium Mole-
cular Dynamic). Dans ce cas, on impose un flux dans le systéeme (flux d’énergie, flux de
quantité de mouvement, etc), et on mesure les transferts au sein du systéme une fois qu'un
état stationnaire est établi. Enfin, on en déduit les coefficients de transport en postulant une
loi macroscopique qui relie le flux au gradient de la quantité qui pilote ce flux [28,104].
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Dans ce cadre, afin de pouvoir quantifier la réponse d’un systeme, il est nécessaire de pou-
voir quantifier les flux thermodynamiques (flux de chaleur, flux de quantité de mouvement).
Contrairement a un systéme a ’équilibre, la connaissance de la dynamique sous-jacente est alors
primordiale. Dans cette theése, on a en grande partie considéré les méthodes hors d’équilibre
en régime stationnaire et fait le lien avec les méthodes d’équilibre (via les résultats de réponse
linéaire). Une méthode standard en dynamique hors d’équilibre consiste a perturber un systeme
suivant une dynamique de réference (Z,e) par un forgage extérieur {.Z e non gradient et indé-
pendant du temps. On peut alors calculer la réponse a cette perturbation en mesurant le flux
thermodynamique actif & I’état stationnaire (du moins s’il existe), dans le régime ou £ est petit.
Par analogie avec un systéme macroscopique, on peut alors définir un coefficient de transport «
par

a = lim &, (1.4)

=0 &

ol R est le flux thermodynamique activé par la perturbation et (R)¢ est la moyenne de R
dans I’état stationnaire. D’un point de vue physique, la dynamique de référence (Zef) la plus
pertinente semble étre la dynamique Hamiltonienne :

{ th = Mﬁlpt dta

dpt = —VV(qt) dt. (15)

Cependant, comme le forgage agit sur toutes les particules et que la dynamique (1.5) n’est pas
dissipative, ’énergie du systéme avec un forgage extérieur ne peut que croitre et 1’état station-
naire ne peut étre atteint. Il s’agit alors de modifier la dynamique (Z.f) pour permettre au
systeme d’atteindre un état stationnaire sans toutefois trop perturber la physique intrinseque
du probleme. En particulier, si I’on souhaite calculer un coefficient de transport & une certaine
température, il est souhaitable que la dynamique sous-jacente préserve la température. Il existe
plusieurs dynamiques de thermostatage : chaines de Nosé—Hoover [49, 85|, thermostat Gaus-
sien [28, Chapitre 3], dynamique de particules dissipative (DPD) [56,99], équation de Langevin.
D’un point de vue mathématique, 'existence et I'unicité d’une mesure invariante et a fortiori
lergodicité des dynamiques thermostathées peut étre une question difficile (et pour laquelle on
sait parfois apporter une réponse négative [65,66]). Une dynamique simple pour laquelle on a de
bons résultats mathématiques concernant 'existence et 'unicité d’un état stationnaire et l’er-
godicité est la dynamique de Langevin [93]. La dynamique de Langevin (sans forcage extérieur)

s’écrit
{ dgy = M~ pydt, (1.6)
dpy = —VV (g)dt — v(q)) M~ pydt + o(gr) AWy, '

RdN RdNX dN

ou W; est un mouvement Brownien standard dans et v,0 € sont des matrices de

frottement et de diffusion satisfaisant la relation de fluctuation-dissipation

o(q)o(q)’ = Bv(q)- (1.7)

De fagon générale, I'ajout d’'un mécanisme de dissipation dans la dynamique Hamiltonienne
engendre a priori une dépendance des coeflicients de transport, «, en les parametres opératoires,
v, régissant l'intensité de cette dissipation. D’un point de vue théorique et numérique, il est
alors important de comprendre comment le coefficient de transport calculé peut dépendre de ces
parametres opératoires.
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Cette partie de la these fait I'objet de deux chapitres dans lesquels on s’intéresse au calcul
numérique de la viscosité de cisaillement d’un fluide simple. Dans le chapitre 2, on présente
le formalisme et les méthodes mathématiques et numériques couramment utilisées en physique
statistique computationnelle. Puis, apres avoir présenté les méthodes hors d’équilibre dans un
cadre abstrait, on présente les grandes classes de méthodes utilisées pour calculer numériquement
la viscosité (technique de Green—Kubo, méthode hors d’équilibre). Le chapitre 3 est tiré d’un
article publié [P1]. Il porte sur l'analyse mathématique d’une dynamique de Langevin hors
d’équilibre en régime permanent ou toutes les particules ressentent la méme perturbation (“bulk
driven” steady state nonequilibrium dynamics) et qui prend la forme (en dimension 2)

dg;; = P2 at,
m
N Pait 2’Yw Tl
dpzip = =V, V(q) dt + EF (qyi) dt — vz - dt + 5 dWwi™, (1.8)

7 2 i
dpyi = —Vq,;V(qe) di — Vy% dt + \/?thy :

ou & mesure 'amplitude du forgage et F' est une fonction d’une variable réelle périodique sur
L,T (ou T = R/Z est le tore unité). On montre I'existence et I'unicité de la probabilité invariante
de la dynamique. On obtient ensuite un résultat de réponse linéaire permettant de dériver une
équation de conservation macroscopique satisfaite par le profil de vitesse longitudinal u, et le
terme extra-diagonal du tenseur des contraintes macroscopiques o, sous la forme

(o) (V) + %UI(Y) - %F(Y), Y € LT, (1.9)

p étant la densité (constante) du systéme. La viscosité peut étre déduite en postulant une relation
de fermeture pour ’équation (1.9). La relation la plus simple est la loi de Newton

_Ouzy (Y)

uy(Y)

exprimant que pour un fluide Newtonien, le tenseur des contraintes est proportionnel au taux
de cisaillement. L’équation fermée pour le profil de vitesse est alors

“m(Y) v tu (V) = LR(Y), Y eL,T. (1.11)

=n(Y) =n > 0 constant, (1.10)

La viscosité du systeme peut étre déduite de I’équation (1.11) en analysant, par exemple, les
modes de Fourier des profils de vitesse u,(Y") calculés a partir de la dynamique (1.8). En outre,
on établit que les coefficients de transport calculés par cette méthode peuvent étre obtenus par
une formule de Green—Kubo. Ensuite, on étudie théoriquement la dépendance de la viscosité vis
a vis des parametres de dissipation de la dynamique de Langevin en adaptant et étendant des
résultats obtenus dans 1’étude des coefficients d’auto-diffusion [38,39,88]. Enfin, ces résultats
sont illustrés numériquement pour différents régimes de parametres dans le cas d’un systeme de
Lennard—Jones 2D.

1.2.2 Modeéles continus pour les électrolytes

Dans la seconde partie de cette these, on s’intéresse a la modélisation et a 1’étude ma-
thématique et numérique d’une classe de modeles continus pour les électrolytes confinés par un
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solide négativement chargé. Selon 1’échelle d’espace considérée, ces modeles permettent de dé-
crire la porosité interfoliaire (de 'ordre du nanometre) ou inter-particulaire (quelques dizaines de
nanometres). Les propriétés d’équilibre de ces électrolytes confinés permettent de comprendre la
distribution spatiale des especes ioniques présentes dans la porosité et d’étudier les propriétés de
gonflement ou de rétractation de la roche a plus grande échelle. Les modeles que 1’on considere
entrent dans la classe des théories de la fonctionelle de la densité “classique” (par opposition a la
théorie quantique). La théorie de la fonctionelle de la densité consiste a introduire un potentiel
thermodynamique, 1’énergie libre du systéme (souvent dérivé de considérations microscopiques)
qui est fonction des concentrations des espéces ioniques (ou densités ioniques). Le paradigme de
la théorie de la fonctionelle de la densité est alors d’imposer des contraintes (température, volume
accessible, pression, potentiel chimique) et de déterminer 1’équilibre du systéme en minimisant
I’énergie libre sous ces contraintes. En outre, de nombreux autres champs d’application peuvent
étre abordés a 'aide de ces modeles, par exemple en biologie, génie chimique, énergétique, etc.

Les variables d’interét des modeles de fonctionelle de la densité sont les concentrations
des especes ioniques (c;)1<;<p (exprimées en m™— et pour M espéces), ainsi que le potentiel
électrostatique 1) (exprimé en V). A ce niveau de description d’un électrolyte, le solvant, de Peau
en général, est considéré comme un milieu continu et a 1’équilibre, ce milieu étant uniquement
caractérisé par sa constante di-électrique e (exprimée en CV~'m~!). En général, on consideére
un cadre périodique dans une cellule [0, L,]¢, d € {2, 3}, et une échelle de longueur L. (exprimée
en m). La cellule élémentaire contient des inclusions {2g dont la frontieére df2g porte une charge
négative de densité de charge surfacique —Xg (exprimé en Cm~2 avec la convention Xg > 0,
voir Figure 1.2, a gauche). Un deuxiéme cas d’intérét est le cas des nano-canaux avec conditions
périodiques en entrée et sortie (voir Figure 1.2 & droite). Dans les deux cas, les espéces ioniques

\ """ ! \
E - : E/\/\—/ A
;@ ~ @ P9 © ® ® E
: o) : ' |
S : : S =4 :
! : ! © ® !
A ® ' .

5

...... periodique

charge de surface negative

Figure 1.2. Géométrie type pour (2 : milieu périodique avec inclusion chargée (gauche); canal nanométrique
avec murs chargés (droite)

occupent donc le volume §2 := [0, L,]% \ £25. La théorie classique de la fonctionelle de la densité
des liquides ioniques est la théorie de Poisson—Boltzmann. L’état d’équilibre du systéme est
déterminé en résolvant I’équation de Poisson non-linéaire suivante :

M
—eMp =3 ZieA; B om0 (1.12)
i=1
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olt e = 1.6 x 10719 C désigne la charge élémentaire (en Coulomb), {Z;}1<;<p la valence des
especes et { Pk} ;<) sont des potentiels chimiques (en J) donnés ou bien des multiplicateurs
de Lagrange déterminés par des contraintes & préciser. Le parameétre A; (exprimé en m) est
la longueur de de Broglie et sera défini ultérieurement. Selon les conditions d’observation, des
conditions de Dirichlet (potentiel imposé au bord) ou de Neumann (dérivée normale du potentiel
égale a la charge de surface au bord) sont imposées. L’équation (1.12) signifie que le potentiel
électrostatique est calculé de fagon auto-consistante en supposant que les concentrations des
especes sont distribuées spatialement selon la statistique de Boltzmann :

Ade; = e =B Zict (1.13)

Ce niveau de modélisation est une vision idéalisée de la physique, ou, au niveau continu, les
ions sont des charges ponctuelles interagisseant au travers du potentiel de champ moyen 1.
Afin d’expliciter la dérivation de ’équation de Poisson—Boltzmann, précisons les conditions aux
limites et les contraintes que nous imposons dans cette theése. On a considéré le cas de conditions
de Neumann non-homogenes/périodiques sous la forme

1 est périodique sur 012\ 912g, (1.14a)
1
Vip-n=—-Xg sur df2g, (1.14b)
€
ou n est le vecteur normal extérieur a 9f2g. Le potentiel électrostatique étant défini a une
constante additive pres, on choisit de fixer (¢))o = 0 ou (-)» désigne la moyenne sur (2.

I1 est commode de définir 'opérateur non-local ¥x (explicitant ainsi la dépendance du
potentiel électrostatique en la donnée au bord) comme étant un opérateur affine agissant sur
L?(£2) tel que pour toute fonction g € L?(2),

— AU (9) =g — (g)o+|02]7" . Yg, dans 2, (1.15a)
Yy, (g) est périodique sur 942\ 0f2g, (1.15b)
Vs (g9) - n= —%ES sur 0f2g, (1.15¢)
(Ux4(9)) 02 = 0. (1.15d)

Par ailleurs, on a considéré le cas de contraintes canoniques sur les concentrations, consistant a
fixer la moyenne dans {2 des concentrations sous la forme

(ciyo=cPk i =1,... M. (1.16)

Les concentrations cbulk

soit satisfaite

sont données de sorte que la relation d’électro-neutralité globale suivante

1

ZiecPk = —_ X, 1.17
Z ] Joo, 8 (1.17)

exprimant le fait que les cations et les anions compensent la charge de surface négative portée
par le solide {2g. On observe alors qu’en minimisant ’énergie libre suivante

Fi (o) { [t (ogtaie) = 1) b 5 ([ p@satoten — [ Sswstole)).
) (1.18)
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on peut obtenir la solution de I’équation de Poisson—Boltzmann [71,72]. Dans 1’équation (1.18),
p(c) est la densité de charge

M
plc) = Z Z;ec;. (1.19)
i=1

En effet, sous la condition (1.17), on montre formellement qu'un point critique de (1.18) est tel
que le potentiel électro-chimique défini par

1§ (1, €) := B~ log(Aler) + Ziew), (1.20)
satisfait I’équation

pS (W (pe)), ¢) = pPulk, pbilk e R G =1,..., M, (1.21)

les constantes pPUK

U étant les multiplicateurs de Lagrange associés a la contrainte (1.16). On
vérifie alors formellement que résoudre ’équation de Poisson-Boltzmann (1.12) revient a mini-
miser sous contrainte la fonctionelle (1.18), puis a inverser I’équation d’Euler-Lagrange (1.21)

associée a ce probléeme de minimisation pour obtenir ’équation (1.13).

L’énergie libre (1.18) est la somme de termes idéaux décrivant, au niveau macroscopique,
I’énergie libre d’un gaz parfait multi-especes et le terme d’interaction électrostatique de champ
moyen. Cette description est dite idéale dans le sens ot elle néglige les corrélations entre les ions
et en particulier les corrélations électrostatiques dues a la taille des ions et les effets d’exclusion
stérique aux hautes concentrations. En particulier, cette description idéalisée s’avere efficace
dans le régime dilué des basses concentrations, ou les effets de taille peuvent étre négligés,
mais peut s’avérer insuffisante pour décrire les phénomenes physiques lorsque le confinement
est nanométrique pour des solutions concentrées, en particulier lorsque la charge de surface
extérieure est relativement importante (ce qui est le cas pour I'argile ou Xg = 0.13 Cm~2).

Une approche qui est souvent considérée afin d’enrichir la théorie de Poisson—Boltzmann
consiste a incorporer des corrections modélisant ’écart a l'idéalité dans la fonctionelle de
Poisson—Boltzmann [13,31,40,78,84]. Ce programme peut étre accompli en partant d’une descrip-
tion microscopique enrichie. Une approche consiste a considérer le modele primitif des liquides
ioniques dans lequel les ions sont des spheres dures chargées de diametre o. Ces corrections sont
calculées au coeur du milieu, le “bulk”, (i.e loin de toute interface et lorsque les effets de bord
sont négligeables) par le biais de la théorie des fonctions de distribution radiale (g; ;), <ij<M dé-
crivant la statistique configurationelle des ions selon les différents types présents dans le systeme.
Les fonctions de distribution radiale sont calculées par le biais de la théorie d’Ornstein—Zernike
reliant les fonctions de corrélation directe et indirecte [41]. Ces équations ne sont pas fermées et
requiérent une approximation pour pouvoir étre résolues soit analytiquement (fermeture Percus—
Yevick, ou Mean spherical approximation de Waisman et Lebowitz [63], [64] et son extension par
Blum [10]), soit numériquement (théorie hyper netted chain (HNC)). Dans certains cas, la réso-
lution analytique de ces équations a pu étre effectuée donnant lieu a des expressions approchées
des corrections feorr (dues aux corrélations) a la densité d’énergie libre.

L’idée est ensuite d’incorporer ces corrections du bulk dans I’énergie libre totale du systéme
confiné et inhomogene, de sorte que pour une densité d’énergie libre bulk f, ’énergie libre s’écrit

Fe)i= [ 10+ 5 ([ pesaole) - [ Bario)). (1.22)

905
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M
f(C) = {Z ﬂ_lci <log(/1i30i) - 1)} + fcorr(C)- (123)
i=1

Ce traitement des termes d’exces de 1’énergie libre est local dans le sens ou la fonctionelle
d’énergie libre est la somme de l'intégrale d’une densité d’énergie libre et du terme de champ
moyen [35]. On montre alors formellement qu'un minimiseur de F est tel que le potentiel électro-
chimique non-idéal de I’espece 7 défini par

1§ (W, ¢) = B og(Aes) + B og(vi(e)) + Ziew, (1.24)
vérifie I’équation
15 (Wsg (plc)),€) = ™, ™ € R, i =1,..., M. (1.25)

Le nombre sans dimension 7;(c) est le coefficient d’activité de I’espéce i et est donné par la
formule
8fCOI'I‘

log(1i(c)) = 5 (e), =1, M. (1.26)

D’un point de vue physique, la densité d’energie libre bulk f.o est la somme de deux contribu-
tions et s’écrit
fcorr(c) = fCoul(c) + fHS(C)- (127)
Le premier terme provient des corrélations électrostatiques et est, en général, une fonction
3

concave des concentrations ¢ = {Ci}lgig a se comportant comme —c? quand ¢; — 0. Le se-
cond terme, dit de spheres dures, rend compte du phénomene d’exclusion stérique et est, en
général, une fonction convexe des concentrations qui tend vers 'infini quand ¢; — 400 (ou
méme pour des valeurs finies de ¢;). Enfin, on remarque que le terme idéal

{%5—1@' (log(/lii’)ci) - 1)} (1.28)

est une fonction convexe des concentrations. La densité d’énergie libre bulk f est donc, en géné-
ral, la somme de trois contributions : deux contributions convexes et une concave. La fonction
feorr dépend des parametres physiques du systéme, en particulier le diametre des ions ¢ ainsi que
la température T. On peut distinguer deux cadres dans I’étude des fonctionelles du type (1.22).
Un premier cadre est celui dans lequel la convexité du terme idéal et du terme de spheres dures
compense la concavité des corrélations électrostatiques (“grand” diameétre des ions & tempéra-
ture fixée). On parlera dans cette these de non-idéalité modérée. Le second cadre est celui ou
les corrélations électrostatiques dominent les deux termes convexes a basse concentration (en
particulier pour les petits diametres d’ions a température fixée). Cette situation conduit a une
rupture de convexité si bien que la densité d’énergie libre bulk f a I’allure générale d’un potentiel
double puits. On parlera dans cette theése de non-idéalité forte. La conséquence physique de ce
phénomene est la coexistence de deux phases par analogie au probleme de transition liquide-
vapeur du gaz de Van der Waals. Ici, chacune des deux phases correspond & un intervalle de
valeurs disjoint que peuvent prendre les concentrations.

Cette partie de la these fait I'objet de trois chapitres. Le chapitre 4 est un chapitre in-
troductif de modélisation. On y détaille le cadre mathématique dans lequel les études théo-
riques et numériques sont menées puis on y présente une dérivation formelle des fonctionelles
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du type (1.22). Le chapitre 5 est tiré d’un article publié [P2]. Il traite de l’analyse du cas mo-
dérément non-idéal. On y démontre I'existence et I'unicité des concentrations et du potentiel
électrostatique satisfaisant 1’équation de conservation du potentiel électro-chimique

{M’fl(w, C)}'—i est constant sur 2, (1.29)

dans le cas de deux espéces (des cations et des anions). La preuve repose sur l'existence d’un
point selle d’une fonctionelle £ concave-convexe des concentrations et du potentiel électrostatique
ainsi que sur 'obtention de bornes positives inférieures et supérieures uniformes en espace pour
les concentrations. Des simulations numériques basées sur la résolution des équations d’Euler—
Lagrange associées au point-selle de £ sont présentées. Les hypothéses assurant la convexité en
c de la densité d’énergie libre bulk sont testées numériquement dans le cas ou 1’énergie libre ré-
sultant des corrélations électrostatiques est évaluée grace a 'approximation sphérique moyenne
(MSA). Enfin, le chapitre 6 traite du cas fortement non-idéal et est I’objet d’une publication
en cours d’achévement [Prl]. On s’intéresse a ’étude numérique du cas ou la densité d’éner-
gie libre n’est plus une fonction convexe des concentrations, ce qui conduit a la coexistence de
deux phases (I'une appelée phase diluée et 'autre phase condensée). Il s’agit alors de détermi-
ner I’équilibre thermodynamique. On présente un probleme régularisé consistant a chercher un
minimiseur de I’enveloppe convexe de F en utilisant une méthode de viscosité évanescente. Les
concentrations présentent alors une discontinuité au niveau d’une interface séparant la phase
diluée de la phase condensée. La méthode numérique permettant de calculer une solution appro-
chée est détaillée. Enfin, par le biais de simulations numériques du cas a une espece (contre-ions
multivalents), on a étudié la sensibilité des propriétés d’équilibre (concentration, pression os-
motique) aux parametres géométriques du systéme (simulations 1D et 2D) pour des charges
de surface relativement élevées. Enfin, une approche numérique est proposée dans le cas d'un
électrolyte binaire et symétrique (Z, = —Z_).
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It is nowadays common to characterize the properties of materials by relying to a descrip-
tion at the atomistic level, using the theory of statistical mechanics. In the study of fluids at
nanometric scales, it is useful to resort to the statistical mechanics approach since experiments
are often costly and difficult to perform, particularly in extremely confined situations. The de-
termination of the macroscopic properties of a material given its microscopic description is the
fundamental goal of statistical mechanics [8]. Macroscopic properties can be classified into two
categories: (i) equilibrium properties, such as the heat capacity or the equation of state of the
system (relating the pressure, the density and the temperature); and (ii) transport properties,
such as the thermal conductivity or the shear viscosity. The determination of transport prop-
erties is conceptually and numerically more challenging than the determination of equilibrium
properties since transport phenomena depend both on the chosen thermodynamic ensemble and
on the prescribed microscopic dynamics (which has to leave the thermodynamic state of the
system invariant).

The purpose of this part is the mathematical and numerical study of the methods of
molecular dynamics allowing to compute transport coefficients, in particular the calculation of
the shear viscosity of a fluid. This introducing chapter is organized as follows: in Section 2.1, we
present the basic ideas behind computational statistical mechanics and make precise the rigorous
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mathematical tools and the available results we need in the sequel. In Section 2.2, we present
the methodology adopted in this thesis concerning the computation of transport coefficient. We
cast in an abstract setting the method relying on nonequilibrium dynamics and relate it to the
Green-Kubo formalism. Finally, in Section 2.3, we review alternative standard methods used to
compute transport coefficients with an emphasis on the shear viscosity of fluids.

2.1 Computational statistical mechanics

2.1.1 Microscopic description of the system

We start by considering N atoms of different type i = 1,...,.# (N = Z{Zl N;) occupying a
domain D of volume |D| at temperature 7' (expressed in K). We denote by m; the masses of
the particles of type i (expressed in kg). A scale length of importance for atomic systems is the
de Broglie thermal wavelength defined by:

A; = <2Wﬁh2> ' ; (2.1)

m;

where h = 1.054 x 10734 J s is the reduced Planck constant, 3! = kg7 where T is the tempera-
ture (expressed in K), and kg = 1.381 x 10723 JK~! is the Boltzmann constant. If the following
inequality is satisfied

A

— <1, (2.2)
a;

1
where a; = (N,;]D\_l) * is the typical distance between atoms of type i, then a classical descrip-

tion of the matter is assumed to be sufficient [41] and quantum effect can be neglected.

The micro-state of the system is described by the positions of all atoms and their momenta
(q,p) € M x RN (with d = 2,3) where M = DV is the space of positions. For periodic system,
such as the ones we consider, D = L,T x L,T x L,T (for d = 3) where T = R/Z is the one-
dimensional torus. The energy of the microstate is given by the Hamiltonian function of the
system, which can be decomposed as a sum of kinetic and potential energies:

H(g,p) = %pTM‘ler Vi(g), (2.3)

c RdN xXdN

where M = Diag(milg,...,mnIy) is the mass matrix.

2.1.2 Potential energy

The potential energy contains all the physics of the system and can be decomposed as:

V(Q) = Vinter(‘]) + Vext(‘])>

where Vipter accounts for the interactions between the particles and Vey is an external potential
applied to the system. In our context, the potential Ve induces a confinement so that the
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system is inhomogeneous. We assume for simplicity that the potential Vipter is the sum of pair
interactions,

Vinter(Qla-naQN) - Z v(’Qi_ijv (24>

1<i<j<N

for a smooth function v. For the applications we consider, when describing condensed matter, the
most widely used interaction potentials are Lennard—Jones (LJ), hard-sphere, and the Coulomb
potential. For molecular fluids, the interactions between the atoms in a molecule, have to be
modelled as well. For example the Lennard—Jones potential is given by the formula

opa(r) = dery ((C“) - (““)6> | (25)

In general, modifications of an empirical potential have to be performed. When periodic bound-

" \ \
1.0 1.5 2.0 2.5 3.0

_r_
dry

Fig. 2.1. Lennard—Jones interaction energy as a function of the nondimensional distance é.

ary conditions are enforced, a truncation at finite distance 7, is needed (see discussion in
§ 2.1.5). The second modification accounts for the singularity at the origin of the potential. In
practice, we may determine a level of potential energy for which we can make a truncation of
the empirical potential v.

The Lennard—Jones potential depends on two parameters, namely 1,5 and dy,j, respectively
a unit of energy (J) and a length (the diameter of the atom in m). To characterize the system,
we also need a reference mass m* (expressed in kg). For instance, in the case of argon fluid,
we have er,;/kg = 120K, so that the energy per atom is ery = 1.66 x 10721 J, the diameter

of an atom is dr; = 3.405 :&, and the mass of an argon atom is mpjy = 6.64 x 10726 kg. For
convenience, we will work with the nondimensional form of the potential energy

o) = 4 <C>12 _ (:f) . (2.6)
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We will express every quantity in Lennard—Jones units, and rescale every quantity with these
characteristic values. For example, a time unit (expressed in s) is given by

= ) g — 9154 x 107125,
€LJ

Table 2.1 gives the correspondence from Lennard—Jones units to real units for common physical

(2.7)

quantities.
Physical quantity| Reference value
Temperature 120K
Energy 1.66 x 1021 ]
Pressure 42 MPa
Density 1681kgm 3
Viscosity 9.06 x 107 °Pas™ '

Table 2.1. Various physical quantities evaluated with the reference LJ units.

2.1.3 Thermodynamic ensembles

In this part of the thesis, we only consider bulk, homogeneous, monatomic fluids so that there is
only one type of particle (.#Z = 1) and that no external potential confines the system (Vex; = 0).
Moreover, we express all the physical quantities in reduced Lennard—Jones units.

The macro-state of the system is described by some probability measure v depending on
the thermodynamic conditions of observation (energy, number of particles volume, fixed exactly
or in average, etc). A macroscopic quantity <7 of interest (e.g. energy, pressure, temperature)
can be computed by averaging an observable A (i.e. a function defined on M x R*) with
respect to the probability measure v:

o = A(q, p)v(dg, dp).

2.8
MxRAN ( )

For example, we might be interested in computing the pressure of a system in which case the
observable is

p
P(q,p) Z L —q; - V4, V(g), (2.9)
T d \D\
or the kinetic temperature of a system, assomated to the observable
1 X p?
Ti L. 2.1
kin(q,p) = aN 2 m, (2.10)

One standard probability measure that appears in molecular dynamics is the micro-
canonical measure vnyg corresponding to the NVE ensemble (fixed number of particles NV,
accessible volume and energy). This measure naturally appears as the least biased probability
measure with fixed energy and is an invariant measure of the classic Hamiltonian dynamics:
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{ dgs = M~ 'py dt,

(2.11)
dpt = —VV(qt) dt.

A rigorous definition of the micro-canonical measure can be found in [67].

Another standard choice for the probability measure v is to consider the canonical measure
NVT (fixed number of particles N, accessible volume V and temperature T') given by the formula

vnvr(dg, dp) = Z Yo BH(@P) dodp, 7 = e PH(@P) dgdp. (2.12)
M xRAN
This measure is the “least biased” under the constraint that the energy is fixed in average. Let
us give a mathematical argument about the derivation of the canonical measure. Such derivation
is performed in [8,67] using a variational principle, by maximizing the statistical entropy

S(p) = — /MXR3N p(q, p)log(p(q,p))dqdp, (2.13)

under the constraints

p =0, plg,p) =1, H(q,p)p(a,p) = E, (2.14)

MXR3N MxR3N
for some energy level E. The interpretation of S is that it measures the disorder of the system.
Other thermodynamic ensembles can be considered. In the context of the modelling of fluids, the
grand canonical ensemble VT is relevant (fixed chemical potential p and fluctuating number

of particles) or also isobaric ensembles VT or NPT (more details can be found for example
n [4], [41], [67)).

Remark 1 (Thermodynamic limit) To end up the passage from the microstate to the
macrostate, one has to consider the thermodynamic limit of an observable, that is |D| — +oo
with fixed thermodynamic constraints ((p,T) in the case of the canonical ensemble). The defini-
tion of a macroscopic quantity such as energy density, temperature or pressure of a system has
to be understood in this sense. The interest of the thermodynamic limit is that in this regime,
it is common to consider, in molecular dynamics, that all the thermodynamic ensembles are
equivalent [94]. In practice, in the simulations, we choose a number N of particles sufficiently
large so that the thermodynamic limits is numerically achieved.

Let us now turn to the difficulties encountered in the evaluation of the integral (2.8). First,
the set of integration is high-dimensional so that standard quadrature rules cannot be used. One
has to resort to numerical methods that circumvent the curse of dimensionality, namely methods
relying on ergodic averages:

tim © [ Algy, pr)dt = o, (2.15)
s—oo 5 Jo

where the trajectory (g, pt)i>0 is generated by some dynamics ergodic with respect to the

probability measure v. Second, the ergodic limit in (2.15) may be difficult to obtain (s should

be very large) in particular for metastable dynamics. We refer to [67] for an overview of the

sampling method used in molecular simulation. In the sequel, we focus on the Langevin dynamics

which allows to sample the canonical measure (2.12).
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2.1.4 The equilibrium Langevin dynamics

As we have seen previously, the Hamiltonian dynamics (2.11) allows to sample the micro-
canonical measure but since this dynamics preserves energy, the Hamiltonian dynamics is not
ergodic with respect to the canonical measure since to obtain the correct temperature, several
levels of energy have to be visited.

A dynamics which is ergodic with respect to the canonical measure is the Langevin dy-

namics: )
dqr = M~ " pedt,
{ dt bt » (2.16)
dp = =V'V (q)dt — v(qe) M~ ppdt + o (qs)dWr,

where W; is a standard RV Brownian-motion and v and ¢ are, in general, position dependant
RINVXAN matrices. The Langevin dynamics (2.16) preserves the canonical measure vyyr if the
following fluctuation dissipation relationship holds

o(0)o(a)" = 27(q), 7(g) > 0. (2.17)

Basically the term —yM ~!p,dt dissipates energy while the fluctuation term odW; brings enough
energy for the system to stabilize at the desired kinetic temperature 7. In order to avoid
irrelevant technical issues, in this thesis, we make the following assumption:

Assumption 1 The potential V belongs to COO(DN) and unless explicitly specified, we consider
v = diag(veIn, vlIn, v:In) (for d=3).

Also, to simplify the notations, we consider that all the masses are identical (m; = m, Vi €
{1,...,N}). To make precise the fact that the Langevin dynamics is ergodic with respect to the
canonical measure, we introduce the infinitesimal generator of the equilibrium Langevin process
(qt, pt)t>0 satisfying (2.16):

AO = Aham + Athmv

where »
-Aham = % ' vq - VV(Q) ’ VP’

is the infinitesimal generator of the Hamiltonian dynamics (2.11) and
Pa 1 eﬁH . _BH
Athm = Z Vo (—'Vpa + Am) =4 Z Yadivyp, (€ 7 Ve )
oSzy N M p = ( )
is the generator of the Ornstein—Uhlenbeck process for momenta

dp; = —yM " p.dt + odW,. (2.18)

In the following, we denote by
o = Z te PH@p) (2.19)

the density of the canonical measure where Z is the canonical partition function given by (2.12).
For further purposes, it is convenient to consider the reference space L?(1) (where the mea-
sure 1) is defined (2.19)), endowed with the scalar product
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(f,9) L2y = /DNdeN fa,p)g(a,p) olq,p) dq dp.

We also introduce the Hilbert space
H={rer2wy| [ fw=0f=rwn
DN xRIN

where the orthogonality is with respect to the L?(vg) scalar product. Define also the adjoint
operator on L?(1g) of the generator:

Azk] = _Aharn + -Athm‘

Let (q,t), being the law of the Langevin process (g, pt):>0 at time ¢ > 0 with
Bit,) = Yof(t, ). (2.20)
Then, we can check that f is the unique solution of the Fokker-Planck equation
of=Af, (2.21)

Hypoellipticity of the infinitesimal generator and stochastic analysis allow to show the existence
and the uniqueness of the invariant measure of (2.16), see the work of Rey-Bellet [93]. Thus, it
can be verified that 1)y solves the stationary Fokker-Planck equation (see for instance [93]). The
uniqueness of the reference invariant measure 1)y means that Ker(Aj) = Span(1).

Remark 2 These results are available for smooth potential since hypoellipticity requires this
reqularity. The singular potentials discussed in § 2.1.2 do not enter in this class since they
present a singularity at the origin. The rigorous mathematical analysis of such difficult problem
has been recently addressed in [19].

We will also make use of nice properties of the operator Ay on the weighted space H.
Let us point out that Ay is not an elliptic operator since the diffusion acts only in the velocity
variables, but still enjoys nice properties since it enters in the abstract setting of hypoellipticity
and hypocoercivity [109]. For convenience of the reader, let us recall some useful results.

To state these results, we need to introduce the notion of Lie algebra. This is the vector
space L(Xo, ..., X,,) associated to a family of vector fields (Xo, ..., X,,) which is the vectorial
space of operator containing Span(Xjy, ..., X,,) and satisfying the stability property:

Be (Xo,...,Xm) = [B,X;] € L(Xo,...,Xm),1=0,...,m, (2.22)
where the Lie bracket between two operators U and V is

[U,V]=UV - VU. (2.23)

Consider the stochastic differential equation

dry = b(xt)dt -+ O'(Ilft)th, €S C Rd (224)
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where b € R is a vector valued function, o € R% x R” is matrix valued, and W, is a standard
d-dimensional Brownian motion (so that the noise does not act in all the directions), and assume
that b and o are smooth. We write the generator of (2.24) under the “sum of square” form

d
1
Ag = 5 > X; + Xo, (2.25)
k=1
where
d .
Xp=)Y o"% k=1,...n, (2.26)
=1
and

d d n
Xo:= 360, - 33 o"*0,(a7)0;. (2.27)
=1

ij k=1

We have the following results

Theorem 1 (Hormander condition [51]). If

L(Xo,...,X,) = Span(dy,...,0,), (2.28)
then Ag is hypoelliptic.
A consequence of this result is

Theorem 2 (Sufficient conditions for ergodicity [60]). Assume there exists a strong so-
lution of (2.24) for all times t > 0 and that condition (2.28) holds true. Then if a stationary
probability distribution w exists, then pathwise ergodicity holds for any initial condition xq:

. 1
lim -
s—+o0 8§

S
/ o(xy)dt = / odm, almost surely. (2.29)
0 S
The application we consider is z; = (g, pt) € PV x R3V| the Langevin process, with generator
Ap for which we can verify Hérmander condition ( [67, Section 2.2.3.1]).

Another useful tool in the study of the Langevin dynamics is the theory of hypocoerciv-
ity [109]. This theory concerns evolution equations of the form

Of +Lf =0, (2.30)

in the case when
L=A"A+ B, (2.31)

in a Hilbert H space where A* is the adjoint of the operator A with respect to the H scalar
product denoted (-,-) here. In Chapter 3, we mainly use the result [109, Theorem 18], and we
refer to this work. The operator A and B are, in general, first order differential operator with
smooth coefficients. The operator B is assumed to be antisymmetric (B* = —B, the adjoint
being computed with respect to the H scalar product) whereas the operator A*A is symmetric.
The situation is well illustrated with the infinitesimal generator of the Langevin processing for
which H = H'(¢0) N'H, A*A = Athm, and B = Apam. Let us mention the following important
result providing hypocoercivity for the infinitesimal generator of the Langevin process:
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Theorem 3 (Sufficient condition for hypocoercivity [109, Section 1.4, Theorem 18]). Con-
sider a linear operator L = A*A + B, B antisymmetric, and define C' := [A, B]. Assume the
existence of constants a1, as such that

(i) A and A* commute with C, A commutes with A (i.e. each A; commutes with each A;);
(ii) [A, A*] is a1-bounded relatively to I and A;
(iii) [B, C] is az-bounded relatively to A, A%, C' and AC;

Then there is a scalar product ((-,-)) on H, which defines a norm equivalent to the H

norm, such that
vh € H, ((h, L)) > K (| AR[* + | ChI?), (2.32)

for some constant K > 0, only depending on a1, as. If, in addition, A* A+ C*C is k-coercive i.e
Vh € H, (h,(A*A+4 C*C)h) > &|/h|?, (2.33)

for some k > 0, then there is a constant A > 0, only depending on ay,as and k, such that
Vh € H, ((h,Lh)) > X((h,h)). (2.34)

In particular, L is hypocoercive in H:

At

He_tLHH—J‘I <ce 7, (C < 00)7 (235)

where both X\ and ¢ can be estimated explicitly in terms of upper bounds on ai,as, and a lower
bound on k.

This theorem in particular gives a nice coercivity estimate of the operator L under a
suitable modification of the scalar product on H (2.34) together with the exponential decay
of the semi group e~** in the norm associated to this modified scalar product (2.35). Note
that the difference between coercivity and hypocoercivity lies in the presence of a constant
0 < ¢ < oo in the estimate (2.35). In the case where the operator L is coercive, we would obtain
the estimate (2.35) with constant ¢ = 1. The issue with estimate (2.35) for the hypocoercive
operator L is that the constant ¢ might be very large.

In the case of the infinitesimal generator of the Langevin process, we have

1 Y . .
Aa thm = 3 Z (Opi)” Opa, = AT A. (2.36)
i=1
A simple calculation shows that
1
C= [apai?Aham] - anm‘v (237)

so that conditions (i-iii) in Theorem 3 are easily verified (see [109, Section 1.7] for a detailed
study of this case).

Others technical results that we need are boundedness and compactness properties of the
operator Ay ! on weighted Sobolev spaces H*(1)9) N'H, k € N. Under the assumption that the
potential V is smooth on the compact position space DV, we have the following results
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(i) The operator Ag' is a compact operator from H to H ( [46], [25]);
(ii) For any integer m > 0, Ay " is a bounded operator from H*(¢9) NH to H* (1) N'H ( [103]).

These properties are very useful in the proofs performed in Chapter 3 and are inherent to the
Langevin dynamics.

2.1.5 Numerical aspects

Let us now turn to the numerical methods used to discretize the Langevin dynamics, and more
generally methods relying on using a dynamics to compute static and transport properties.
Traditionally, steady equilibrium properties in the canonical ensemble can be computed ow-
ing to Monte Carlo methods ( [43,77]) and require generally only a statistical information on
the configurational space since velocities are independent Gaussian random variables, and are
therefore straightforward to sample. The Langevin dynamics provides an efficient numerical
method to compute equilibrium properties owing to discretized version of formula (2.15) but is
not especially necessary.

There are roughly three steps to follow when running a molecular simulation:

(i) Definition and approximations used to compute the forces VV(q), since in general V is a
complex function of all the positions ¢ € T3Y with N large and the choice of the physical
conditions of observation (density of the system, temperature etc);

(ii) Time integration of the dynamics with dedicated algorithms preserving (approximatively)
the invariants of the dynamics in view of computing reliable approximations of the inte-
gral (2.15);

(iii) Careful post-processing of the obtained results (that can be long time trajectory, self-
correlations functions, localized observables). This step requires also an analysis of the
statistical and numerical errors induced by the noise in the dynamics (2.16).

On the computational side, the most computationally intensive part is the evaluation of
the forces at each time step which requires a special care in the implementation. When dealing
with periodic boundary conditions, one can resort to truncated potential energy when the long
range tail is not dominant. This procedure is systematically performed for the Lennard—Jones
system (see Figure 2.1). Practitioners resort to long range corrections for standard observables
(such as pressure or energy) by analytical computations of the tail integral, assuming that the
particles decorrelate for large distances [4, Chapter II, Section 8]. For long range potentials
such as Coulomb interaction potentials, encountered in the study of water models or charged
system, the decay of the energy versus the distance is slow (r~!) and computations of the force
including the periodic replicas of the particles have to be considered. Ewald type summations
methods are generally used to this end and allow to obtain results in good agreement with
experiments. Note that the implementation of such algorithms requires quite some work and
are generally performed by specialists of the domain of application so that there is a wide
variety of computational code available (LAMMPS, NAMD etc). Most of the numerical results
presented in this thesis have been obtained for a Lennard—Jones system implemented in a home-
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made C++ computational code. We verified a posteriori that the methods we used are easily
implementable in more sophisticated computational code (LAMMPS).

In the case of the Langevin dynamics, we take care of step (ii) owing to a standard splitting
strategy. Observe that when v = 0, the Langevin dynamics (2.16) reduces to the Hamiltonian
dynamics which can be discretized using the following symplectic scheme, that is Stormer-Verlet:

ot
pn+1/2 _ pn o 5VV((]”),

O = ¢+ St (2.38)

ot
pn+1 _ pn+l/2 _ 7vv(qn+1).

2

n+1 n+1)
3

We can see that an iteration (¢",p") — (g P requires only one evaluation of the forces.
The basic properties of this integrator can be found in [37].

Note now that in the case V = 0 and dg; = 0, the Langevin dynamics reduces to the
dynamics of an Ornstein—Uhlenbeck process, and thus can be integrated explicitly, so that we
use the scheme

1
P = ap™ + B(l —a)G" (2.39)

where a = exp(—v0t), and G™ are independent and identically distributed standard Gaussian
random variables. The numerical scheme can then be written

pn+1/2 _ pn o %vv(qn)’
qn+1 _ qn + Atpn+1/2,

~n n At n 2.40
D +1 =p +1/2 . 7vv(q +1)’ ( )

1
pn—i-l — CKﬁrH_l + B(l o 062)an

Step (iii) might be considered as the crucial step in view of the application, since all the
physical information will be deduced from the post-processing. A single molecular dynamics
simulation provide a lot of information about the physical system of interest. It can provide
long time trajectory of an observable, allowing to deduce the equilibrium properties and also
self-correlation function, allowing sometime to evaluate transport coefficients. In this way, it is
important to check that the system is in steady state at the end of the simulation. For example,
one can check that the kinetic temperature of the system coincides with the temperature imposed
by the Langevin bath. For simple systems such as Lennard—Jones system, there is an extensive
bibliography about the equilibrium or transport properties and the comparison with these data
is a way to validate a newly proposed computational code.

Eventually, an important issue with molecular dynamics simulation is to quantify the
statistical uncertainty coming from the use of stochastic methods or from randomness in the
choice of the initial conditions when deterministic dynamics are used. Assume we have run a
simulation for a number of iterations Niie, of the scheme (2.40). Denote by (A) the average of
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an observable A with respect to a thermodynamic ensemble. Assuming we estimated (A) by an
ergodic average:

Niter—1
J— 1 iter
< > Niterlgl+oo Nlter Niterlg‘i‘oo Niter ’Ilz::o (q ’p )7 ( )

and that a Law of large number holds true, we define the asymptotic variance o2 as

+oo
o2(4) = ((4%) = (A)) +2 3 Bo((A(%.0°) — (A)(A(".p") — (A))).  (242)
n=1

The asymptotic variance decomposes as the sum of the intrinsic variance (42) — (A4)? (that we
would obtain if the A(¢",p"™) were independent and identically distributed) and the correlation
between the sampled configuration (the infinite series). The notation E; corresponds to the
average of a random variable distributed according to the numerical approximation 7 of the
invariant probability measure v (note that in general there is non-zero bias between 7 and
v due to the time-step error, nevertheless we do not discuss these issues here). In order to
quantify the statistical uncertainty in the simulations, there are several strategies to compute
an approximation of the correlation. In this thesis we considered two techniques to estimate the
variance:

o Multiple replica strategy, where M independent trajectories are run and the variance is
estimated by an empirical average over the realizations:

2

Ereplica L Niter = Zk 1 Mﬁlzp 5 43
Nicer, M *= 77 kZ Nier = 3f Zl Niger | - (2.43)
=0 p=

This estimation being more accurate for a large number M of replicas (owing to the Central
limit theorem). The corresponding estimator for the asymptotic variance is then

2 . . replica
o A):= lim lim X ) 2.44
est,l( ) Niger—-+00 M—-+o00 Niger,M ( )

¢ Block averaging, where only one trajectory of size Nio, := INM is integrated, where M is
the number of block and N the number of points within a block. The variance is computed
as follow: Defining the average of A within the k-th block,

kN

— 1 S
Ay =y 2 AP k=1....M, (2.45)
j=(k—1)N+1
the variance is estimated by
N M —k — 2
BA . IV _
ENiteryM T M ];- (AN ANiter) N (246)

This definition assumes that the averages over one block ((A>§‘“'V) k=1,....m are independent and

identically distributed and that a Central limit Theorem holds within each block (see [67]
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and the cited references therein). The corresponding estimator for the asymptotic variance

is then

2 : . BA
Jest,2 (A) = Nitelrlgl+oo Mli)IEQQ ZNiteryM . (247)

In practice, we may consider several trajectories of size Nijter = 2P = NM and monitor the
quantity E}%ﬁe“ a for each trajectory as a function of p, so that the variance is extracted
when a plateau value is reached (see Figure 2.2). Nevertheless, in most of the simulations,
we extract the variance with only one trajectory.

variance (opa(A)?)

logarithmic block-length

Fig. 2.2. Illustration of the block-averaging procedure for an observable of the simulations of Chapter 3. The
dashed line represent several replica of the procedure. The bold line indicates the average of these replicas, and
the bold dashed line exhibits the plateau value of o3 ,.

Once an estimator of the variance is computed, a 95% confidence interval can be deduced in the

form

Oest 1(A)) <Uest 1(A) )]
Toont = | (A)n —1.96 (22 gy 196 (Tt | 2.48
f < >N1ter < \/m < >N1ter + \/m ( )

with oesti(A), 1 = 1,2 estimated with either formula (2.43) or (2.46) (which are respectively
approximations of (2.44) or (2.47)) thus providing an error bar (the standard deviation), which
will be presented in most the numerical results.

2.2 Nonequilibrium dynamics and Green-Kubo formula

In this section, we present nonequilibrium dynamics in an abstract setting and how it can be
related to the Green-Kubo formalism. This formalism will be motivated by examples allowing to
compute the shear viscosity of a fluid, but the study of the other transport coefficients (thermal
conductivity, diffusion) is similar, see for instance [101].
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2.2.1 Nonequilibrium dynamics

We consider a reference equilibrium dynamics with infinitesimal generator Ag and consider a
perturbation of this dynamics. We denote by £A4; the generator of the perturbation, where
¢ is a small parameter measuring the amplitude of the perturbation. When the equilibrium
process is the Langevin process, the expression of Ag is Apam + Athm- We restrict ourselves to
perturbations of the form

{ dg; = M~ pudt + £C(qy, pe)dt, (2.49)
dpy = =VV (q)dt — 'y(qt)M_lptdt + £D(qp, pr)dt + o(qr)dWr, '
where C' and D are smooth functions so that

A1 =C(q,p) Vg +D(q,p) - Vp - (2.50)

We give below examples of admissible perturbation in the case of shear flows. In general D is a
nongradient perturbation and it that case, an analytical expression of the invariant measure of
the system is unknown.

2.2.2 Invariant measure of the nonequilibrium dynamics

The invariant measure of the nonequilibrium dynamics (if it exists, see [93] for a condition relying
on the existence of a Lyapunov function for the system) satisfies the following Fokker-Planck
equation (written here in the weak sense)

[ o+ € e =0, (2.51)
M xRN
for all test functions ¢. It is convenient to write ¢¢ as a perturbation of the reference measure:

Ve = [e o,

and to work in the Hilbert space L2 ().

The function f¢ is then the unique solution of the Fokker-Planck equation
Ap+eAn fe=0, | —1, 2.5
(Ap + EA7) fe togan 100 (2.52)

where adjoints are considered on L?(1/g). Note that the invariance of the reference measure vy
is expressed in this framework as

A1 =0.

In Chapter 3 we prove the following result concerning the invariant measure of the nonequilib-
rium dynamics, and for convenience we recast it on the abstract setting. The result gives the
expression of the function f¢ as a power series in § when ¢ is sufficiently small, under appropriate
assumptions on the perturbation Aj;.

Theorem 2.1. Assume that (2.52) has a unique solution, and that
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(a) (properties of the equilibrium dynamics) Ker(Aj) = 1 and Aj is invertible on H;
(b) (properties of the perturbation) Ran(A}) C H and (A§) " A} is bounded on 'H.
Denote by r the spectral radius of the bounded operator (A}) ™t At € B(H):
. o — A7 1/n
r= lim H((Ao) ! Al) H .

n—-4o0o

Then, for |£] < r~Y, the unique solution of (2.52) can be written as
1 +0oo n
fo=(1+€A) "4 1= <1+ > =om (A A ) 1. (2.53)
n=1

The linear term in § in the expression of f¢ is denoted by
fi = — (A7) AL

Note that the measure (2.53) is a probability measure: the normalization constant for ¢ does
not depend on &. This owes to the fact that Ran((A%) ™" A%) C H, and

/ by = 0
MxRIN

for any h € H, so that
Yo = 1.

w pe—
/MXRdN ¢ MxRIN

The first assumption in the above theorem means that the equilibrium dynamics has good
ergodic properties, while the second one ensures that the perturbation is not too strong. A
typical way of proving that (.A[—f,)_l 1 is bounded on H is to show that A; is Ap-bounded:
D(Ap) C D(A;) and there exists a,b > 0 such that ||A1¢|| < al|Aoe]| + |||l for ¢ € D(Ap).

Average properties under the nonequilibrium steady state are obtained by integration of
a microscopic observable h with respect to the nonequilibrium measure:

(W= [ ha.p)ela.)dadp = (b fe) (2.54)

while equilibrium averages, denoted by (h)g, correspond to an integration with respect to .

2.2.3 Linear response and correlation functions

The appropriate response functions to be averaged, denoted by R in the sequel, are determined
by the macroscopic property we are interested in, e.g the stress tensor for the shear viscosity
or the heat flux for the thermal conductivity. Susceptibilities or transport coefficients are then
defined as follows (recall that R € H):

a = lim & (2.55)
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In practice, an estimate of a can be obtained by choosing a value of ¢ sufficiently small, ap-
proximating (R)¢ by a longtime average over one realization of the dynamics similar to (2.15),
and dividing this quantity by £. In order to check that the value of ¢ is indeed small enough
to neglect higher order contributions, it is possible for instance to check the linearity of the
response by computing approximations of (R)¢ with & replaced by, say, £/2 or 2, see Chapter 3.

The choice of the reference dynamics is crucial. Theoretically, results are available in
the case where Ay = Athm + Anam but less physical than the standard Hamiltonian dynamics
for which Ay = Apam. Using the expression (2.53) of the invariant measure in terms of the
perturbation parameter £, and the equality

+oo
Ayt = / Ao gt
0

as operators on H (which, requires some decay properties of the semi-group), linear response
properties can be rephrased using correlation functions. Introducing the function S = Aj1, also
called the dissipative flux (see [107]), it holds

o= Rtvvo=— [ A5 R 4Gt v = [ " (Rlge ) S0, p0) g s (256)

M xRN MxRIN
where the expectation (-) oq 18 taken over all initial conditions distributed according to ¥o(q, p) dgdp,
and over all realizations of the reference equilibrium dynamics (with generator Ap). Note that
its expression is determined by the applied perturbation A1, and not by the response func-
tion R. The self-correlation of R is recovered for perturbations such that S oc R. In the case of
a perturbation given by (2.50) the general formula for the dissipative flux is

S=A{1=-3C-V,V 3D -M'p. (2.57)

Examples of application of the abstract setting will be given in a formal way in Section 2.3.2
and in a rigorous framework in Chapter 3.

2.2.4 Discussion on the choice of the underlying dynamics

We now discuss some issues concerning the choice of the underlying dynamics. Often, the Hamil-
tonian dynamics is considered as the reference dynamical evolution of the microscopic system.
However, this dynamics exactly preserves the energy of the system, while energy exchanges with
the environment are expected to happen. The choice of the underlying dynamics of the system
is a modelling choice. In any case, a careful study of the dependence of the computed transport
properties as a function of the parameters of the dynamics should be performed.

Since the system is driven out-of-equilibrium by a nongradient force, some thermostatting
mechanism is required to prevent the uncontrolled increase of the energy and to ensure that
a steady-state can indeed be reached. In many works focusing on the computation of shear
viscosity, the thermostatting is performed with deterministic dynamics, such as Nosé-Hoover
like thermostats [49, 85] or isokinetic dynamics (see [28, Chapter 3]). The ergodicity of these
dynamics is at most unclear (and non-ergodicity can even be proved rigorously in some limiting
cases [65,66]). The mathematical analysis of these methods is therefore untractable. Only formal



2.3 Computation of transport coefficients: the example of the shear viscosity 31

results of linear response can be written down. In some studies, the thermostatting is performed
using dissipative particle dynamics [56,99], which includes stochastic terms. The ergodicity of
these dynamics is however a very difficult issue, and the only existing results we are aware of
concern one-dimensional systems [98].

2.3 Computation of transport coefficients: the example of the shear viscosity

In this section, we present a short overview of the different approaches to computing the shear
viscosity of a fluid using molecular simulations. There is a huge number of references reporting
shear viscosity computations since the begining of molecular simulations in the middle of the 20th
century. Nowadays, the computation of the shear viscosity of a system is still an important and
active topic of research in the chemical and physical communities and still require a substantial
computational effort. A review of the most standard approaches to computing the shear viscosity
can be read in [28]. See also [104] for a focus on nonequilibrium methods and [48] for a comparison
between various numerical approaches. Let us first, recall basic concepts of continuous fluid
mechanics. The end of the chapter is devoted to the comparison of several methodologies to
compute numerically the shear viscosity of a fluid.

2.3.1 Some elements of continuous fluid mechanics

We recall here some basic concepts of fluid mechanics. Let us consider a fluid described at
the continuous level. We assume the fluid to be isothermal, and incompressible. Its motion
is governed by the Navier—Stokes equations which express the conservation of momentum and
mass in the form

{ O(pu) + div (pu ® u) —divIl = F, (2.58)

div (u) = 0.
Here, u is the fluid velocity with Cartesian components (ug,uy,u.), p the density of the fluid,

11 the stress tensor, and F' some volume force. We assume that the fluid occupies a volume 2.
The the stress tensor II is defined by

II = —ply + o, (2.59)

where I is the identity tensor on R? and o is the viscous strain tensor. In order to deal with
a closed system of equations, a constitutive relationship between the viscous strain ¢ and the
velocity field needs to be specified. Assuming the fluid is Newtonian, we define the shear viscosity
of the fluid by the coefficient n such that

o= mD(), D(u)— %(Vu + Vb, (2.60)

Let us examine some special flow. To this end, we need to specify some boundary conditions.
A first simple situation is to consider a flow between two flat plates so that the domain (2 :=
L,T x [0,Ly] x L,T (in 3D). Assuming a stationary velocity profile of the form

u = uz(r,y, 2)ey, (2.61)
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we observe that owing to the divergence free constraint, we necessarily have

u = p(y)es, (2.62)

for some function ¢. We impose that the fluid’s velocity field u, = % at the boundary y = L,
and is equal to u, = 0 at y = 0. Neglecting pressure gradients, which amounts to consider a
Couette flow, we find that
Uy
cp(y) = Ta Yy e [07 Ly]v (263)
y
is solution of the Navier—Stokes equation (2.58). We can define the strain rate 4 by taking the
derivative of ¢ so that

/4
A== (2.64)
Ly
so that in this case, the shear viscosity satisfy the relation
=Y = Oay. (2.65)

In the context of molecular simulations, in particular in nonequilibrium method and linear
response theory, the aim is to compute the shear viscosity 1 through the knowledge of (nonzero)
microscopic version of o, by imposing a velocity field in a microscopic system, so that the
strain rate is 4. At the microscopic level, an equation such as (2.65) is in fact a definition for
the shear viscosity, and this definition needs to be numerically validated, its validity depending
on the physical system under consideration. In the case where (2.65) is not satisfied numerically
(as often observed for complex fluids [86, Chapter 4]), we need to improve the constitutive law
linking the shear stress to the velocity field. We will see in the sections below some analogies
with the macroscopic theory in the study of equilibrium method in the next paragraph and
nonequilibrium methods, for the Couette flow in § 2.3.3.

2.3.2 Equilibrium methods

We now turn to the first class of method we consider, being equilibrium methods. Equilib-
rium methods are based on time integrals of correlation functions, the so-called Green-Kubo
formulas [34,62] or the Einstein relations ( [41], [48] for systems with periodic boundary condi-
tions). These correlation functions are obtained by sampling initial conditions according to the
thermodynamic ensemble at hand, and averaging over all possible evolutions from these initial
conditions. The standard formula for the shear viscosity is

n= mDy/ (20,50 )eq dt, (2.66)

In practice, the computation of n by formula (2.66) is an expansive computational task and
requires a careful treatment. To explain this formula, we define the microscopic version of an
off-diagonal term of the Cauchy stress-tensor:

1
D]

N o (Goi — o) (Gyi — Gus)
SO S g gy e ) (267)

Z:ry(q p)
i=1 1<i<j<N i — g5
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The time-dependent version of the stress tensor for a time ¢ > 0 as to be understood as:

Z;;y = 2xy(¢t(‘]07p0))7 (268)

where @; is often the Hamiltonian flow starting from initial condition (g, po) € M x R, The
integrand, given by

<E:§3]y2§:y>6qa (269)

is the canonical average of the self-correlation function of the off-diagonal stress tensor compo-
nent.

The Green—Kubo formula could cast in the previous abstract setting. Indeed, it is shown
formally in [107, Chapter 13 §3.3.1], that the Green-Kubo formula for the shear viscosity is
recovered when the perturbation is of the form (2.50) with

Ci(q,p) = qyica,

(2.70)
Di(q,p) = —pyice.

In that case we have:
S = A1 = |D| Xyy(q,p), (2.71)

so that by substituting the expressions in formula (2.56), we obtain equation (2.66) By analogy
with Section 2.3.1, the parameter £ is viewed here as the strain rate 4 defined by the rela-
tion (2.65). The definition of the shear viscosity with the above formula require some care,
in particular with the boundary conditions of the system considered in [107]. The choice of
the underlying flow @, requires also some care. From the physical viewpoint, Hamiltonian flow
seems the natural choice since the particles are expected to be Newtonian. The mathematical
counterpart is less obvious since we are not aware of any result concerning integrability of the
self-correlation functions generated with the Hamiltonian flow, the latter having an infinitesimal
generator lacking a spectral gap.

Practical implementation

Practitioners often run a very long canonical simulation and compute the shear viscosity by
computing self-correlation function their unique simulation. This approach can be heuristically
justified for large systems, by taking the thermodynamic limit, for which the thermodynamic
ensembles are equivalent. Another approach to compute self-correlation functions, based on fast
Fourier transform (FFT), is also considered, see [107, Section 13.4] for a discussion on these
methods.

The direct method (and most rigorous) to compute a self-correlation function is to proceed
as follow: Fix a number of replicas Nyeplica € N, for k € {1,... Nieplica} do
i Initialize with (¢f,pf) € M x RV;
ii Fix a time step 07¢q and a simulation time 7.q and run an equilibrium Langevin trajectorys;

iii Fix a time step dtqyn and a simulation time 74y, and run the dynamics associated with the
infinitesimal generator Ag (either Langevin or Hamiltonian) starting from canonical initial
condition, then compute the approximation of (2.69) being
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Nr 1i

1 eplica ) Td

N. 2 : Emy(Qf:P?)Zmy(qupg);J :Oa---aNdyn: S =
replica tdyn

ngtdyn(j) = J . (2.72)

Note that step (ii) could be replaced by Monte Carlo sampling of the canonical measure, the
use of the Langevin dynamic to generate canonical initial condition is a convenient choice when
using a molecular dynamics simulation code. In the case of the Green-Kubo formula (2.66), an
estimator of the shear viscosity is for instance given by

1 Nrcplica Ndyn

Y StaynGotay, (7)- (2.73)

Jj=0

n =
N, replica

The time 74y, as to be taken large enough to capture the long tail of the self-correlation function
while in practice the number Nieplica has to be extremely large because of the variance intrinsic
to the problem. Note that integration in infinite time can easily be improved by using sharper
quadrature rules, since by using the simple integration rule in (2.73) we observed a bias of a few
percent. We will see in Chapter 3 an application of another Green-Kubo type formula and its
corresponding nonequilibrium version.

The setting of the present paragraph can be illustrated by the following numerical ap-
plication for a 2D Lennard—Jones system of 225 particles. The reduced number density and
temperatures are chosen to be (p,7) = (0.69,2.5) so that the square box is of size L = 18.
There are basically three types of error in such a simulation: (i) the truncature of the integral in
infinite time to an integral in (0, 7qyn); (ii) the discretization time-step dtqyn; (iii) the statistical
error linked to the number of replica Nyeplica. We reproduced 20 times the above protocol with
a time-step dtqyn = 1073 and a number of replica Nreplica equal to 6.2 x 10* in the Hamiltonian
case and 10° in Langevin case, the friction parameter being v = 1.

We performed those computations by using both the Hamiltonian and Langevin flow to
compute self-correlation of the off-diagonal term of the stress tensor. The time of equilibration
was chosen to be 7oq = 10. The shear viscosity has been estimated by integrating the averaged
self-correlation function on the time interval (0,1.5). Results and error bar can be found in
Table 2.2 for both Hamiltonian flow and Langevin flow. Observe in Figure 2.3 that after a short
transient time, the self-correlation function fluctuate around zero. Nevertheless, the statistical
error coming out from those computations is large and require a huge number of independent
replica. Figure 2.4 shows these variations by taking the logarithm of the self-correlation function
for several independent replicas. We observe that the resulting viscosity slightly deviate (in
dashed line in the right picture) from its mean value (in bold line in the right picture).

Dynamics 7
Hamiltonian|1.707 +0.101
Langevin | 1.63 £0.06

Table 2.2. Shear viscosity evaluated with the Green-Kubo formula.
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Fig. 2.4. Left: Log plot of the self-correlation function for several replicas; Right: Shear viscosity as a function
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2.3.3 Steady state nonequilibrium

In steady state nonequilibrium methods, the system is characterized by the existence of station-
ary fluxes and spatial gradients of some quantities. These fluxes and gradients can be controlled
by forcing terms acting on the boundaries of the system (for instance, a velocity profile can be
obtained by fixing the average velocity in the extremal slabs of a fluid, see the early review [50],
or subsequent works such as [106]), or by a bulk process where fictitious forces act on all particles
(the so-called synthetic molecular dynamics approach [28]).

These are the main two approaches (i) boundary driven techniques where the external forc-
ing is imposed only in boundary regions of the phase space, and (ii) bulk driven dynamics where
all the particles of the system experience an external perturbation. Boundary driven methods
are usually numerically less efficient than bulk-driven methods since there is more correlations in
the system and the convergence to a steady-state starting from some reference equilibrium state
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is slower. Besides, existence and uniqueness results are, in general, not available. Bulk driven
method are often numerically more efficient, and from a theoretical viewpoint more tractable
than boundary driven methods. Finally, let us mention that nonequilibrium methods are closely
linked to the linear response theory in the sense that to each nonequilibrium method, one can
associate a Green-Kubo formula, as we have seen in § 2.3.2.

Example of Boundary driven nonequilibrium method

Let us now describe a numerical illustration of a boundary driven method. One might consider
the following nonequilibrium Langevin dynamics with non constant friction matrices:

dgy = M~ 'pydt,
o (2.74)
dpt = —VV(qt)dt — y(qt) (M Pt — 7/((]{/)> dt + O'th,
where the diagonal friction matrix v has the entries
1- quil Qy S R7
L L
1—lg — =|R! —‘<R,
) =1 172 3]s (2.75)
yR +1 gy >L—R,
0 elsewhere.
and ¥ is the velocity function defined by
_% Qy S R7
v gy L‘ <R
V(q) = W= (2.76)
-% qy>L—-R,
0 elsewhere.

for a positive real number R such that 4R < L and a velocity % . This choice of dynamics
consists to impose a velocity field in the region where the friction is active while the other
regions are governed by the standard Hamiltonian dynamics. We expect that a velocity profile
settles down in the system. This allows to measure the susceptible thermodynamic flux, namely
the off-diagonal term of the Cauchy stress-tensor (see Section 2.3.1). In particular, since there is
a portion of the phase space ruled by the Hamiltonian dynamics, we expect the velocity profile
to be affine in the concerned zone, so that the corresponding off-diagonal term is expected to
be constant, so that a Couette flow is observed in the region where v = 0. An issue with the
lack of thermostatting is that the local kinetic temperature can fluctuate in the system and
local equilibrium is only ensured by the energy exchange with the zone ruled by the Langevin
dynamics.

As a numerical example, we propose to simulate the dynamics (2.74) for the 2D Lennard—
Jones system at state point (p,T") = (0.69,2.5). The simulation cell is a rectangle 18T x 360T.
We performed computations for two forcing parameters %7 = 0.05, 0.1 and for friction parameters
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Fig. 2.5. Computation cell for the boundary driven flow

Yz = Yy = 1. We can monitor a spatially localized version of the off-diagonal term of the stress
tensor (the method to compute such a quantity is described in detail in Chapter 3). Upon
postulating that the Newton law for the shear viscosity (2.60) holds true, the shear viscosity of
the fluid can be extracted by analyzing the Fourier mode of the velocity profile and the pressure
profile extracted from the simulations (the method to compute such quantities is detailed in
Chapter 3). Indeed, assuming

0y (Y) = —muls(Y), Y € L,T, (2.77)

we see that we can obtain the shear viscosity n by simply taking the quotient of the Fourier
mode of 0, and u}, (in practice we compute the Fourier mode of u,, reducing the numerical and
statistical error). We verified that linear response holds, by remarking that the Fourier modes
for 27 = 0.05,0.1, are approximatively proportional. Figure 2.6 depicts the localized velocity
and pressure prQﬁles. Estimated values and error bar for the imaginary part of the first Fourier
coefficient o, u!,, and the shear viscosity can be found in Table 2.3 for both computations. The
simulation time was chosen extremely large (Njir > 3 x 10°) in order to diminish the statistical
uncertainty. We evaluated the variance by running several independent replicas.

w Oy U —uy /U n
0.05/0.260 £ 0.0031{0.156 + 0.0015|1.664 4+ 0.02
0.1 ]0.264 4+ 0.0043| 0.154 £ 0.005 | 1.71 +0.04

Table 2.3. Shear viscosity evaluated with the boundary driven dynamics.
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Fig. 2.6. Left: Velocity profile for % = 0.1; Right: Off-diagonal term of the stress tensor for % = 0.1.

Example of bulk driven nonequilibrium method

We focus in this section on bulk-driven nonequilibrium molecular dynamics techniques. One
popular method is to use a version of the SLLOD algorithm in conjunction with Lees-Edwards
boundary condition (see the references in [104]), which are consistent with a constant shear
rate and linear velocity profiles. However, a mathematical study of the linear response in this
framework is cumbersome since the boundary conditions for the operators at hand are time-
dependent and also depend on the shear rate. It is easier to study techniques relying on periodic
nongradient forcings. In this case, standard periodic boundary conditions can be resorted to.
This is the path we follow in this thesis. Let us also mention that in methods using the Lees-
Edwards boundary conditions, the velocity profile is known (linear), and the viscosity is extracted
from the ratio of the total off-diagonal stress tensor and the shear rate; whereas in the method
studied in this thesis, some form of spatial localization is needed to obtain velocity profiles, and
the viscosity can be obtained directly from the velocity profile.

One of the seminal works using this technique is the article by Gosling and Mac Don-
ald [33]. It consists in adding a periodic nongradient perturbation in the system and to mea-
suring the response in the velocity profile. The viscosity is then computed by postulating a
macroscopic equation for the velocity. The original method is formulated as follow, assuming
that the volume force has the form F' := F(y), where F' is a one real variable function de-
fined on L, T and neglecting pressure gradients, the Navier-Stokes equation (2.58) with periodic
boundary conditions can be written

—nul(y) = pF(y), y € LT, (2.78)

so that the shear viscosity of the fluid can be identified owing to Fourier series expansion of the
solution u, and the force profile F' (see Chapter 3 for a precise discussion of the method). In fact,
in the original work of Gosling and Mac Donald, a sinusoidal velocity force acts on all the particles
and in this simple case, the viscosity can be estimated by simply fitting the resulting velocity
profile (in this case a sinusoid proportional to F'). An issue with the original method was the
lack of thermostatting in the system since the authors considered the Hamiltonian dynamics as
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the reference dynamics, the existence of a steady state in this setting being false. The equations
of motion we propose (written in 2D for simplicity, the extension to 3D being straightforward)
are a linear perturbation of the Langevin equations, with some additional nongradient external
force in the z-direction (the direction of the flow). The dynamics reads (for i =1,..., N):

dgie = 22 at,
m
Pzit 27 xi
it =~V V(@) dt + EF (ayip) dt — vz~ -5 dt + 3 dWy, (2.79)

7 2 i
dpyi = —Vg,;V(qe) di — ’Yypfn’t dt + ’/% dw}l",

where (W[, W} );>0 is a 2N-dimensional standard Brownian motion, and the friction coefficients
Ye,Vy are real positive numbers. The purpose of Chapter 3 is to study theoretically (when it
is possible) and numerically (to go beyond what theories allow) the behavior of the transport
coefficient extracted with dynamics (2.79). In particular, we will derive an equation analogous
(2.78) that depends on the parameter 7,.

2.3.4 Transient nonequilibrium dynamics

Finally, another class of method consists in monitoring the relaxation of some observable after a
local initial disturbance, using a transient (nonequilibrium) dynamics. Macroscopic coefficients
are obtained by fitting the observed response to the evolution predicted by a macroscopic evo-
lution equation. For instance, in the case of thermal transport, a local temperature hot spot is
initially created in the middle of a homogeneous material, and, assuming that the heat equation
describes well the evolution of the kinetic temperature field, the diffusion of the energy allows
to estimate the thermal conductivity of the material (see for instance [52,100]). An example of
such calculation has been carried in [48, Section iv: Periodic perturbation method] for the shear
viscosity. A periodic one-dimensional velocity profile is imposed at time 0 and by monitoring
the return to equilibrium, the shear viscosity is deduced from the instationary Navier—Stokes
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equation. Note that we did not consider this class of method in this thesis, and a deeper look
in these approaches may be a perspective of future work.
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3.1 Aim of the study

As discussed in Section 2.3.3 we decided to use a standard Langevin dynamics as the underlying
dynamics of the system since this dynamics is ergodic and has many nice mathematical proper-
ties, while still being close enough to the Hamiltonian dynamics. In essence, the nonequilibrium
dynamics we propose is obtained from the standard Langevin dynamics by adding a nongradi-
ent force, which can be interpreted as some fictitious external forcing term. The effect of this
term is to create a velocity profile in the direction of the forcing, and the viscosity of the fluid
can be extracted from this profile. The novelty of this work with respect to the (numerous)
existing studies on the computation of shear viscosity is the rigor of the mathematical argu-
ments used to prove linear response results and obtain the effective equation on the observed
velocity profile in terms of the applied external force. In particular, we benefited from recent
developments on hypocoercivity [109]. Besides, one of our main concern is the dependence of the
viscosity as a function of the parameters of the underlying dynamics, in particular the friction.
We analyzed the large friction asymptotics by extending and adapting mathematical studies



42 3 Nonequilibrium shear viscosity computations with Langevin dynamics

of the auto-diffusion coefficient [38,88]. For the low friction dependence, we rely on numerical
simulations.

In Section 3.2, we show the existence and uniqueness of the stationary state. The mathe-
matical properties of this stationary state are studied in Section 3.3 (with the proofs postponed
to Section 3.5). In particular, we give a rigorous proof of the linear response. We then show
how to compute the viscosity, and characterize its asymptotic behavior for large frictions by
determining the limiting behavior of the velocity profile. We finally present some numerical
illustrations of the theoretical results in Section 3.4.

3.2 The nonequilibrium Langevin dynamics

In order to avoid irrelevant technical issues, we recall the assumption:

Assumption 2 The potential V and the external force F belong respectively to C>°(DN) and
C>®(LyT).

3.2.1 Existence and uniqueness of an invariant measure

When & # 0, there is no obvious invariant probability measure, and the very existence of such a
measure is not guaranteed a priori. However, in the case when v,,~, > 0, standard techniques
based on Lyapunov functions and hypoellipticity arguments can be resorted to to prove the
existence and uniqueness of an invariant measure which has a smooth density with respect to
the Lebesgue measure.

We can then state the following result being a special case of Theorem 2.1.

Theorem 4 Consider v,,v, > 0 and suppose that Assumption 2 holds. Then, for any § € R, the
dynamics (2.79) has a unique smooth invariant probability measure with density ¢ € C>(DN x
R2N).  Besides, there exists €5 > 0 such that, for any & € (—£*,£%), the following expansion
holds in L*(1):

Ve = feto,  fe=1+) &M, (3.1)

k>1

where fy, € H is such that ||fx[ 24, < C(&*)7F for some constant C' > 0 independent of &.

Note that the measure (3.1) is indeed a probability measure (its integral over DV x R2V
is equal to 1) since f;, € H for all £ > 1 and vy is appropriately normalized. In particular, the
normalization constant for ¢ does not depend on §.

The proof is presented in Section 3.5.1. The existence and uniqueness of an invariant
measure in the case when either 7, = 0 or v, = 0 is a much more difficult question. To
obtain such a result, more precise assumptions on the potential are required (see Remark 3 in
Section 3.5.1).
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3.3 Mathematical analysis of the viscosity

3.3.1 Linear response

Linear response results allow to compute the average of some property with respect to the
nonequilibrium measure in terms of equilibrium averages, in the limit when the parameter giving
the strength of the nonequilibrium forcing vanishes. To describe the result more precisely, we
recall the definitions of the infinitesimal generator associated to the equilibrium Langevin process
(i.e. (2.79) in the case when £ = 0):

AO = Aham + Athm;

where »
am = — Vg — VV(q) - V,,
Ap m q (Q) D
and s
Pa 1 e . —BH
m — al\——" A = ad e
Ain Z Y ( m Vi, + 3 pa> 3 Z YadlV p, (e vpa)

a=x,y a=z,y

It can be proved (see Section 3.5.1) that Ay is a well defined operator on H.

The generator of the nonequilibrium perturbation reads

N
B = ZF(le)apzm

i=1
and its adjoint on L?(vy) is

N

x B
B =~ ZF(Qyi)apm + priF(Qyi)-
i=1

The generator of the dynamics (2.79) is therefore
.Ag = Ay + &8,

with adjoint L¢ = Lo + {B*.

Linear response is an easy consequence of Theorem 4:

Corollary 1 Under the same assumptions as in Theorem 4, and for any function h regqular
enough,
_ (Aoh) a
lim & = _s h, me-F(qyi) . (3.2)
0 & ™A= L2 (o)
Besides, for any function h € 'H,

h N
i 06— 2 (A0 S pra) 53
& L2 ()

m i=1
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Using the identity
+oo
~Agt = / etAo gt
0

as operators on H (see [38,39,87] for a precise justification of this equality, obtained as a limit
of a Laplace transform of the semi-group), the linear response statement (3.3) can be rewritten
as a time correlation

h +o0 N
lim e _ ﬁ/ <etAOhvzme(Qyi)> dt
0L mo L2(0)

i=1
g [ 3

:7/ E h(qt,pt)me,oF(CIyw) dt
m.Jo i=1

where the expectation is taken over all initial condition distributed according to the equilibrium
measure g, and over all realizations of the equilibrium dynamics with generator Ay. This
rewriting allows to make contact with Green-Kubo type formulas.

Proof. Since (Aoh, 1) 12(y,) = (h, Lo1) £2(ye) = 0, it holds

(Aoh)e = (Aoh, fe) 12(4y) = (AR 1) L2(5) + O(E?) = £(R, Lof1) 12(yg) + O(E7).

Now, in the proof of Theorem 4, we show that (see (3.26))

ﬁ N
Lofy = -B"1=—— Zpa:iF(Qyi)v
mia

which gives the expected result. &

3.3.2 Local conservation of the longitudinal velocity

We prove in this section a conservation equation for velocities in the z-direction, when spatial
averages over small windows in the transverse direction y are considered. This allows to state
an equation relating the off-diagonal term of the stress tensor and the nongradient force acting
on the system, see (3.8) below. Our derivation may be seen as a mathematically rigorous
counterpart to the seminal work of Irving and Kirkwood [53]. We assume from now on that the
potential energy is given by a sum of pairwise interactions:

1<i<j<N

for some given smooth potential v.
Consider the following average longitudinal velocity:
L
Us(Y,q,p) = 2> paixe (qyi — V), (3.5)

Nm =

where x. (with 0 < e < 1) is an approximation of the identity on L,T. More precisely,
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1

Xe(s) = Z:ng <8_:Ly> )

where x € C*°(R) has support in [0, L,] and fOLy X = 1. The factor L, in (3.5) accounts for the
fact that y. has units of inverse lengths: in fact,

L / UEYQP Zp:m

is the average velocity of the system. In practice, averages such as (3.5) are computed with bin
indicator functions (see Section 3.4.1).

We also need a spatially localized (with respect to the altitude Y') version of the off-
diagonal term of the stress tensor. This quantity is given by the following expression:

Yy (Y.q,p)

1 (& paipyi Qui — Qaj [V (3.6)
=L<Z T (@i = Y) = Y V(i - ‘)H/ Xe(s—Y)ds | .

z \i=1 1<i<j<N i Ty,

The fact that it can be interpreted as some stress tensor is motivated below by the limiting
spatial average (3.7) as well as the conservation law (3.8). Note that the spatial average over ¥’

1 rly

7 2oy (Y,q,p)dY
Yy

1 N pribyi (qwi — 92j)(qyi — qy;) (3.7)
T L.L, (; = > Vel — )

m 1<i<j<N |9 — g

is the standard expression encountered for the off-diagonal term of the pressure tensor without
spatial localization. The expression (3.6) comes out naturally from the mathematical analysis
(see the proof of Proposition 1), and was already proposed in [105] (where it is called the 'method
of planes’).

The relationship between the local longitudinal velocity and the off-diagonal term of the
stress tensor is made precise in the following proposition.

Proposition 1 The limits

U (Y-
uz(Y) = lim lim M
e—0£—0 13

and
o (B0),
0oy (V) = lim lim, ¢
belong to C*°(L,T) and
dozy(Y)
ay
where p = p/m is the particle density.

+ 'Yxﬁum(y) = ﬁF(Y)> (3'8)
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The proof is based on an application of Corollary 1 with (3.5) as a test function h. The
order of the limits ¢ — 0 and ¢ — 0 cannot be inverted since the linear response result of
Corollary 1 cannot be applied with h replaced by the limit of x. (which is a Dirac mass).

Equations similar to (3.8) could be written down for other quantities such as the transverse
velocity Uy, or longitudinal and transverse energy fluxes (see [53] for the original derivation of
the corresponding equations).

3.3.3 Definition and closure relation for shear viscosity computations
We now discuss a closure relation for (3.8), which allows to obtain an equation on the average
velocity only, from which the viscosity can be extracted.

By analogy with continuum fluid mechanics, we define the shear viscosity n as follows:
dug(Y)

= (Y) = —n(Y 3.9
Oay(Y) nY) Y (3.9)
This definition leads to the following equation on wu,:
d du,(Y) _ s
o () ) g (v) = pE(Y),
In bulk homogeneous fluids, the simplest closure is to assume that
n(Y)=n=>0, (3.10)

so that the following equation on u, is obtained:
(V) + 1upua(Y) = BE(Y). (3.11)

In order to ensure the uniqueness of the solution when ~, = 0, an additional condition on wu,
should be added (such as a vanishing integral over the domain L,T).

The equation (3.11) obtained with the help of the closure relation is the basis for numerical
methods to compute the shear viscosity given a potential energy function V. We were not able
to justify mathematically the assumption (3.10). We nonetheless provide a numerical validation
of this assumption in Section 3.4.2.

3.3.4 Asymptotic behaviour of the viscosity for large frictions

An important issue is the dependence of the viscosity on the parameters of the dynamics. For
the Langevin dynamics (2.79), this means understanding the dependence of the viscosity on the
friction parameters 7;,y,. The limits v, — 0 or 7, — 0 are very difficult to study mathematically
without strong assumptions on the potential and/or the geometry of the system (see Remark 3).
We therefore rely on numerical simulations for these cases (see Sections 3.4.2 and 3.4.2).

On the other hand, the limit when one of the friction parameters goes to infinity can be
studied. To this end, we have to understand the limit of the velocity field u, as either 7, or
vy goes to infinity. This is done by rigorous asymptotic analysis. Thanks to (3.11), limiting
behaviors of the viscosity may be inferred from the limiting behaviors of the velocity profiles.
The key result to obtain the limiting velocity profile is to characterize the limit of some averages
with respect to specific solutions of the Poisson equation (see (3.13) and (3.15) below).
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Infinite transverse friction
We start with the case v, — 400, for a fixed value v, > 0.

Theorem 5 (Infinite transverse friction) Consider a given smooth function G and a longi-
tudinal friction v, > 0. Define Ao(7vy) := Ao = Abham + YoAz,thm + Yy Ay thm, with

Da 1
oy -
m p"‘+ﬁ

and denote by f,, the unique solution in H of the equation

-Aoz,thm = Apaa (312)

—Ao( 'Yy f'yy me Qyz (3.13)

Then, there exist f° € H'(vo) and a constant C > 0 such that, for all vy > v,

130 = £y < i (3.14)

Besides, the function f° is of the general form

N
Fa.p) = Glayi)bi(de: gy Pe),

=1

where the functions ¢; are C°.

The proof can be read in Section 3.5.3. The above result can be used to understand the
limit of u,(Y) as v, — +oo. Indeed, by Proposition 1,

ulf(Y) := lim 7<U§(Y’ Ve _5 <

N
Him f OZ/{Z (K Q7p)7 prfiF(qyi)> ’
L2(¢o)

i=1

where —Ao(vy) %y, (Y,+) = Uz (Y, ") is a Poisson equation of the form (3.13) (with G(y) propor-
tional to x.(y— )) The convergence result (3.14) shows that %7 (Y, -) has a limit as v, — +o0,
and the limiting velocity field reads

= =1

N
u;o,s( ng <Z Xe Qyj ¢j (QJHQy?pJ) prz Qyz)> " )
0

The latter quantity has a limit as ¢ — 0, so that the velocity field converges to some limiting
field u$°. Therefore, the viscosity extracted from (3.11) also has a finite limit. These theoretical
considerations are illustrated by numerical simulations in Section 3.4.2.
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Infinite longitudinal friction
We now consider the limit v, — 400, for a fixed value v, > 0. In this case, the leading term of

the expansion in inverse powers of v, is 0, and a refined convergence result is needed to discuss
the limit of the velocity profile.

Theorem 6 (Infinite longitudinal friction) Consider a given smooth function G and a
transverse friction v, > 0. Define Ao(7z) := Ao = Anam + V2 Az thm + VyAy thm, and denote by
fre the unique solution in H of the equation

_-AO ’Yz f% me Qyz (315)

Then, there exist f' € H' (1) and a constant C > 0 such that, for all ~, > Yy

|5 - W;IleHl(%) < % (3.16)

Besides, the dependence of the function f! in the variable p, can be written explicitly as
mme (ai) + (a0, py)-

The proof can be read in Section 3.5.4. To obtain asymptotics on the velocity field, we
apply the above convergence result with G(y) proportional to x.(y — Y) (denoting by f! the
first term in the expansion in inverse powers of v;):

V2 (V) = lim (Uz(Y,-)e  BL, <me @), £ )> +o<12)

£—0 13 Nm2’y:r i— L2 (o) Yz
1
= Nm <me Qyz Zp:c]Xa Qyj )> +0 <2>
T \ist L) 2
Ly [Py

1
- F(y)xe(y —Y)d +O(>,
e Jo (Y)xe(y —=Y)dy ;2

where we have used the fact that (py;, f;l) 12(g) = 0 since f;l does not depend on p,. This shows
that the following limit is well defined:

Uy (Y) =lim lim ~ul(Y)=F(). (3.17)
e—0vz—+00
The limiting velocity profile w, does not depend on the specific interaction potential v, and is
the same for all systems with pairwise interactions. Besides, the viscosity 7 cannot be extracted
from (3.11) since (uS)” is of order v, ! while F' and ySu, are of order 1. The limit v, — +oco
is therefore somewhat degenerate from a theoretical viewpoint. Numerical simulations however
allow to investigate the large v, asymptotics, see Section 3.4.2.
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3.4 Numerical results for the Lennard—Jones fluid

We present in this section some numerical illustrations of the theoretical results obtained in
Section 3.3.

3.4.1 Numerical implementation
Description of the system

We consider a Lennard—Jones fluid, which is a standard test case for shear flow computations,
in a 2-dimensional setting (in order to limit the number of degrees of freedom and henceforth
obtain results with lower statistical uncertainties). The potential energy is of the form (3.4),

with
vLy(r) = 4ery ((dr“)m — <d?)6> : (3.18)

Actually, it is numerically more convenient to work with a truncated potential, which reads:

VLI (T) if r < Tspline
U(T) = Y Uspline (T) if T'spline <r < reut,
0 if 7> reut.

The function vspiine is @ polynomial of order 3 which is such that the potential is C' on (0, +00).
Note that there is a singularity at » = 0 so that the potential v does not satisfy Assumption 2. It
seems that this singularity does not show up in the numerical simulations. Any problem related
to this singularity could be overcome by modifying appropriately the potential for the very small
values of r. We use rcyt = 3dry and 7gpline = 0.9 eyt

All the results presented below are in reduced units, which are determined by setting to 1
the energy 1,5, the length dr,3, and the mass m. The remaining tunable parameters of the model
are the force amplitude £ and the friction parameters v, 7,.

The thermodynamic state of the system is determined by the fluid mass density p and
the temperature T'. In the numerical illustrations below, we set § = 0.4, p = 0.69 and consider
L, = 360 and L, = 18. The number of simulated particles is therefore N = 4500.

We have checked that the thermodynamic limit is attained for the systems we simulate,
i.e. that the values of the viscosity and the profiles we present are converged with respect to
increasing values of L, L, (at fixed density).

Nongradient forces

We consider three different external perturbations, which are all normalized so that —1 < F(y) <
1:

2
(i) sinusoidal perturbation: F(y) = sin (I@),
Y
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(ii) piecewise linear perturbation: F(y) ={
1 (3Ly ) L . _,
Ly 4 Yy, 5 = Y = Loy
L
I, O0<y< 7117
(iii) piecewise constant constant perturbation: F(y) = I
—1, 711 <y <Ly

Note that only the sinusoidal force satisfies Assumption 2. This shape of perturbation, intro-
duced in [33], is the most popular choice for shear viscosity computations.

Integration of the dynamics

The dynamics (2.79) is discretized using a standard splitting scheme, similar to the schemes
proposed in [68]. The evolution is decomposed as the superposition of (i) a Hamiltonian part,
which is integrated with the standard Verlet scheme [37,108]; and (ii) a fluctuation/dissipation
part containing also the nongradient force, which can be integrated analytically since it is an
Ornstein-Uhlenbeck process with a constant drift. The numerical scheme reads

p = %VV(Q”),
qn+1 _ qn —i—Atanrl/Q,

At
sn+l pn+1/2 _ 7vv(qn+1)

p )
2 (3.19)
nt+l _ o sntl 11_ 2y G 1— EF ot =1 N
Pri = QaDy; + ﬂ( az) m+( Oéz) qyi o =L
x
1
P = ady 50,

where oz, = exp(—7z,At), and Gy, Gy are independent and identically distributed standard
Gaussian random variables. Note that this scheme is well behaved in the limits v, — 400
and/or vy, — +o00, as well as in the limits 7, — 0 or v, — 0 (the well posedness of the latter
case is a consequence of the limit (1 — ) /v, — At as 7, — 0). It reduces to the standard
Verlet scheme when F' = 0 and 7, = 7, = 0.

We use At = 0.005 in all the simulations below. This time step ensures that the relative
error in energy is about 1% for the Verlet scheme.

Numerical localization

To analyze the various fields which can be constructed from the numerical data generated by the
simulation (longitudinal velocity, off-diagonal component of the stress tensor, kinetic tempera-
tures, etc), we use a binning procedure in the Y variable. More precisely, we introduce a mesh
with a uniform spacing AY’, centered on the altitudes Y; = (s +1/2)AY (with 0 < s < S —1
and SAY = L,).
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The microscopic observables we wish to average are either the longitudinal velocity (3.5)
or the off diagonal stress tensor (3.6). Both functions are of the general form

Y q, p Z Qyz - Y))
=1

where @, is either x. or an integral of this function. Averages of such functions over each cell
are computed as

A= (A, ) Y = gy

1 Ys+AY/2 1 Ys+AY/2
LAY Jy.—avye /

AS(Y, ) dY> .
Y.—AY/2 ¢

Taking advantage of the integration in the Y variable, it is possible to take the limit € — 0 in the
latter expression. This amounts to computing ensemble averages with respect to bin indicator
functions (or their integrals). For instance, the average normalized longitudinal velocity in the
sth bin is
L, N
Us = ENm AY <;pml[Ys—AY/2,Ys+AY/2](qw)>£ .

In practice, the ensemble average (-)¢ is computed as a time average over numerical trajectories
(@™, P")n=1,....Niter -

Estimation of the viscosity

The solutions of Equation (3.11) are periodic in the Y-variable and are hence most easily ana-
lyzed using Fourier series (see for instance the discussion in [28,42]). We consider the Fourier
coefficients of the the average longitudinal velocity u, and the force F', given respectively for
k € Z by

1 [Ly 2ikmy Ly 2ikmy
U= — dy F(y dy. 3.20
K Ly/o ux(y)eXp< I, ) y, Iyp= I, / L, )% (3:20)
The coefficients Uy, can be estimated numerically using trajectory averages as
N; N . n : n
. 1 iter p i 21kﬂ-q .
UNlter — ) exp 7y‘7 . (321
k 1ter€N nzl ; m Ly )

This is a valid estimation provided the particle density is uniform, i.e. when the marginal
distribution in the position variable of one particle is the uniform law on the domain. By
translation invariance, this is true when no external force is present. It remains approximately
true when ¢ is not too large. We checked that this approximation has no influence on the
presented numerical results.

The shear viscosity is obtained from a Fourier analysis of (3.11). The value of 7 should
be independent of k£ € Z. It should also satisfy the following equation:

F
U, = k . (3.22)

n (2w 2
2 — k2
g (Ly > Ve
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The shear viscosity is finally obtained as

ol ()

A confidence interval on the value of Uy can straightforwardly be obtained from the es-
timator (3.21) using block averaging procedures. The statistical uncertainty on the viscosity is
then obtained with (3.23). Since the coefficients Uy, decrease very rapidly as |k| increases, the
relative statistical errors increase rapidly as well. We therefore restricted ourselves to |k| =1 in
our numerical simulations.

3.4.2 Numerical results

In all cases, time averages were computed over Njgep = 107 iterations.

Linear response

We first verify numerically the linearity of the amplitude of the longitudinal velocity as a function
of the magnitude ¢ of the nongradient force. More precisely, we check that |Uy| is constant, for
the three forces F' at hand, in the case when (v;,7,) = (1,1) (see Figure 3.1). In the sequel,
unless otherwise stated, the numerical results are obtained with £ = 0.1.

3 U n
0.03| 0.7884+0.05 |1.534+0.5
0.1| 0.78 £0.01 |1.52£0.14
0.3 ] 0.781 £ 0.0049 |1.59 £ 0.04
1 ]0.780 £0.00148(1.60 + 0.01

Table 3.1. Fourier coefficient U; and shear viscosity for various £ in the case of the sinusoidal force.

Validation of the closure

We present in Figures 3.2, 3.3 and 3.4 the numerical approximations of the longitudinal veloc-
ity u, and the off-diagonal term of the stress tensor o,,. The latter function is compared to
the quant