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Realistic modeling

Mathematical tractability
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 N = −174 (dBm), k = 7, σ = 6 (dB), µ = 1
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• E* (8"&%,(& *""1- ,( -%,+-35 ,&%K %*1 P(> 1")%*1- (3 +,- $-,()"&-6 7( 3$#?## ,.%,(9G",+/"; +, +- *""--%&5 ,( 1"8#(5 &"-($&"- -$. 9%-" -,%,+(*-; %*,"**%-; &($,"&-;



  ! "#$%&'($*&#!"#$&'! () $)*+!,#!!#(+ -#+.!/ 0#,'+!#(+#+1 #! $&' 2)('!! $&*$ 3'$'),#+'! $&'+4,5') (6 )'!(4)'! +''!!*)7 $( !*$#!67 $)*8 *+3 9(: (+!$)*#+$!/
• ;(<')*1' #! $&' 2)('!! $&*$ 1)*+$! $&*$ * 2*)$#4-*) '-- 2)(<#3'! $&' +''!!*)7 )*3#(=4*-#$7 $( (,2-7 "#$& 4!')!> 9(: (+!$)*#+$!/
•
•
•
•



nth -(&# !# "-* &)"'!/+"!&) &0 *4*': #*" &0 n℄℄



℄ )"* IJL℄ .$!$ )-% 0--%"#'3 /041!##%*95- ,04'!)#!5"7 !" #$%& '( )*+,$.&$'/%M%-% !/ #$% '!/# 59 ,04'!)#!5"/N
•  !"#$% &'%(!)$ *!+ ,-. /0) 12345 )2&'0$2!0206( O7 P%-%0/%95"* )"* Q7 <%--)G)"* >$7 R)-#!"/ )"* H7CH7 S0 ( S)'0%#55'/ JTUJ( V)-2%/%( <-)"%
• 40 40/78%2/7 3!)'7 *!+ .:/7#/%206 ;#%/6' /0) </0)!:'+ =+!"/"272%8 !* >'77#7/+ ?'%@A!+B$( O7 P%-%0/%95"* )"* >$7 R)-#!"/ )"* H7CH7 S0( 8>RV:UJ( H)!,%!( H)!.)"
• .0'+68 !0$#&C%2!0 20 '77#7/+ 0'%A!+BD ;?@;EE &!)'7 /0) 2&C/% !* &!"272%8( O7P%-%0/%95"* )"* >$7 R)-#!"/ )"* H7CH7 S0( /041!##%* #5 ?QQQ ?B<AVAR JTUL(H0-!"( ?#)'3
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 !""#$%&'(&)* +,-.'*'(&)*/01 /$2( 3'*4 5&4$601 6&73( 3'*4 5&4$89: 8#)"'"&.&(; 4$*5&(; 2<*(&)*>9: ><?<.'(&%$ 4&5(#&"<(&)* 2<*(&)*>>9: >)?-.$?$*('#; <?<.'(&%$ 4&5(#&"<(&)* 2<*(&)*@1 @'5$ 5('(&)*>A4.A7 B2<*(&)*C 6&73( )*(&*<)<5 D&(3 .$2( .&?&(5 B2<*(&)*C !"#$ %&%'  !!"#$%&'%()*
1;?").5 9$E*&(&)*
R+ [0,∞)
D 4&F$#$*(&'. )-$#'()#
P(A) -#)"'"&.&(; )2 $%$*( A
E [X] $,-$('(&)* )2 #'*4)? %'#&'".$ X
V [X] %'#&'*$ )2 #'*4)? %'#&'".$ X
mn [X] nth )#4$# ?)?$*( )2 #'*4)? %'#&'".$ X
cn [X] nth )#4$# $*(#'. ?)?$*( )2 #'*4)? %'#&'".$ X
pX(t) 89: )2 (3$ #'*4)? %'#&'".$ X
FX(t) >9: )2 #$'. #'*4)? %'#&'".$ X
FX(t) >>9: 2<*(&)* B('&. 4&5(#&"<(&)*C )2 #$'. #'*4)? %'#&'".$ X
λXn nth )#4$# 5('*4'#4&G$4 <?<.'*( )2 #$'. #'*4)? %'#&'".$ X
B(x, r)H Bd(x, r)  !"" #$ %!&'() % +,-+%+& !- . /', d &'0+,)'#,1
B(x, r)2 Bd(x, r) Rd/B(x, r)
1{A}(x) ',&'!-#% $(,-'#,
C [X,Y ] #3!%'!,+ #$ -4# %!,&#0 3!%'! "+ X,Y
o -5+ #%'6', /#$ Rd1
C ()(!""7 &+)'6,!-+& -# -5+ +"" !&0',')-+%+&  7 -5+ 89 "#!-+&!- o
C(r) C ∩B(o, r)

C(r) C ∩B(o, r)

Q(u) = 1√
2π

∫ u
−∞ e−

x2

2 dx :;< #$ ! )-!,&!%& =!())'!, %!,&#0 3!%'! "+
Q(u) = 1√

2π

∫∞
u e−

x2

2 dx ::;< #$ ! )-!,&!%& =!())'!, %!,&#0 3!%'! "+
u ∧ v min{u, v} $#% u, v ∈ R

u ∨ v max{u, v} $#% u, v ∈ R

Ln(E, ν) #% Ln(ν) {f : E → R,
∫
E |f(x)|n d ν(x) < ∞} 45+%+ ν ') ! 0+!)(%+#, E /n > 0 ') ,#- ,++))!%'"7 ',-+6+%1

‖f‖Ln(ν) (
∫
E |f(x)|n d ν(x))

1
n 2 Ln>,#%0

f(x) ∼ g(x) !) x→ a limx→a
f(x)
g(x) = 1

f(x) = Θ(g(x)) !) x→ a 0 < lim infx→a
f(x)
g(x) ≤ lim supx→a

f(x)
g(x) <∞ !"#$ %&'(  !"#$%!"&!( )*"!"&*)+,
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 !"#$"#% !" #$%&'()%+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ", ! -./ )0/ '1 2'+00'$ 3'+$% 3&'/00 '$ 4+&/5/00 6'(/55+$7 ! ! ! ! ", !, 2'+00'$ 3'+$% 3&'/00 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! "8 !9 :;55+;<+$ ;5)5)0 '$ 2'+00'$ 3'+$% 3&'/00 ! ! ! ! ! ! ! ! ! ! ! ! "= !8 >+0%&+?)%+'$ '1 5+$/;& 1)$%+'$;5 '1 2'+00'$ 3'+$% 3&'/00 ! ! !  @ !"!# $%&'()* ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  # !"! +,-*)-(. /'*01)* %( 230**-3( 344/%,-&3)-%(5 +6.'7%/)8 ',43(9*-%( 3(6 %('()/3)-%( -(';031-)< ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !    !"!= >'7 /'*01)* ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  " !A B'$5)0+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  = !" #$%&'()%+'$"# $%&' %)*$+,- .+ ,+/&+. 0)&# 0)$%+0)$&)1 ,+'21$' 2'+3 &# $%&' $%+'&'4 5+ 6,'$ *,+'+#$$%+ )**1&)$&7# 78 '$7%)'$& 9+70+$,: )#3 ;7&''7# *7&#$ *,7+'' &# .&,+1+'' #+$.7,<'4 5+$%+# 3+6#+ ;7&''7# 0+)'2,+ 7# ;71&'% '*)+ )#3 ;7&''7# *7&#$ *,7+''4 5+ '$23: $%+3&'$,&=2$&7# 78 1&#+), 82#$&7#)1 78 ;7&''7# *7&#$ *,7+''4 5+ &#$,732+ '70+ =)'&' 78>)11&)/&# )1212' 7# ;7&''7# '*)+ $%+# *,+'+#$ ,+'21$' 7# ) 1),9+ 1)'' 78 82#$&7#)1 78;7&''7# *7&#$ *,7+''4 5+ 3+,&/+ 2'+821 ,+'21$' 7#+,#&#9 ;7&''7# *7&#$ *,7+''4 >)$+,&)1'&# $%&' %)*$+, ),+ 711+$+3 8,70 1&$+,)$2,+- 0)&#1: 8,70 ?@A℄- ? C℄- ?@D℄- ?@E℄- ?@C℄- ? F℄- ? D℄-?@F℄- ? E℄- )#3 .+ )1'7 )33 #+. ,+'21$' 8,70 72, ,++#$ .7,< ?@G℄
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Realistic modeling

Mathematical tractability℄= KM℄= E$,//$& :$,&' :+$*//*/ 1"7* 2**& '1* 2"/,/ $( /'$1"/', 6*$#N*'+- #$.*0,&6 $( 0"+6* <,+*0*// $##%&,"',$& /-/'*#/3 F' ,/ /%*//(%00- %/*. '$ 1"+"N'*+,H* '1* .,/'+,2%',$& $( ,&'*+(*+*&*= $%'"6* :+$2"2,0,'-= '+"&/:$+' ":",'-= $&&*',7,'-$+ .*0"- ,& 0"+6* ". 1$ &*'<$+G/ K!℄=KO℄= KP℄= KQ℄= KR℄= *'= /** "0/$ KS℄ $+ K T℄ ($+ "& $7*+7,*<3F' ,/ "0/$ %/*. '$ /'%.- '1* :*+($+#"&* "&. $:',#,H"',$& $( /*&/$+ &*'<$+G/ K  ℄= K C℄= *'3 E$,//$& :$,&' :+$*// ,/ "::0,*. $& *00%0"+ &*'<$+G/ "/ ,& K M℄= KC℄= K !℄= *'3E$,//$& :$,&' :+$*//= '$6*'1*+ <,'1 ?"00,"7,& "0%0%/ "&. J'*,& #*'1$.= 1"/ "00$<*.'1* +*/*"+1 $##%&,'- '$ $2'",& '1*$+*',"0 +*/%0'/ K O℄= K P℄= K Q℄= K R℄3 @$<*7*+ '1* ":N:0,"',$& $( '1,/ #$.*+& #"'1*#"',/ $& <,+*0*// $##%&,"',$& &*'<$+G/ ,/ 7*+- 0,#,'*.3U&0- +**&'0-= ,' <"/ "::0,*. '$ /$07* '1* :+$20*# $( (%00 $7*+"6* $& /*&/$+ &*'<$+G/= /**K S℄3;1* 2"/, '$$0/ $( ?"00,"7,& "0%0%/ $&/,/' ,& " 6+".,*&' "&. " .,7*+6*&* $:*+"'$+<1,1 "+* 0,&G*. 2- "& ,&'*6+"',$& 2- :"+'/ ($+#%0"3 V$+ " E$,//$& :$,&' :+$*// w ,& "/:"* E "&. " (%&',$&"0 F .*:*&.,&6 $& w= '1* 6+".,*&' $:*+"'$+ Dy "& 2* .*5&*. 2-
DyF (w) = F (w ∪ y) − F (w) <,'1 y ∈ E3 4 2"/, $( '1* /'$1"/', "&"0-/,/ $( E$,//$&:$,&' :+$*// ,/ '1"' ($+ " 0"+6* 0"// $( +"&.$# 7"+,"20* F = '1* 1"$/ +*:+*/*&'"',$& $( F,/ 6%"+"&'**.9

F =

∞∑

n=0

1

n!
In(fn)<1*+* In ,/ '1* #%0',:0* E$,//$& ,&'*6+"0 "&. '1* (%&',$& fn ,/ $#:%'*. '1"&G/ '$ '1*



 !"#$%&'() *+'#$)*#,
fn(y1, ..., yn) = E [Dy1 ...DynF ] ·-()'#'.)&("/01 )2&. &. .&3&/$# )* )2' 4$0 $. 5$0/*# '6+$(.&*( &( $($/0.&. &. '.)$7/&.2'%8

g(x) =
∞∑

n=0

an
xn

n!
42'#' an =

∂ng

∂xn
(0).9'#' 4' 2$:' )2' *##'.+*(%'('8<($/0.&. =)*2$.)& $($/0.&.

f(x) F
f(0) E [F ]
∂ng
∂xn Dn

∂ng
∂xn (0) E [DnF ]>$.&. $(% #'.?/). *( @*&..*( +*&() +#*'.. $#' +#'.'()'% &( %')$&/. &( )2' ('6) .')&*(, !" #$%&&$' ($%') (*$,&&A') E 7' $ σ−*3+$) 3')#& .+$' B&,' E $( 7' +$#)&)&*('% &()* $ *?()$7/' ?(&*( *C*3+$) 3')#& .+$'.D 4&)2 $ %&E?.' F$%*( 3'$.?#' ν, 52' .+$' *C *(G"?#$)&*(. *C E&. )2' .') *C /*$//0 G(&)' .&3+/' +*&() 3'$.?#'.

ΩE :=
{
w =

∑
ǫziB$) 3*.) *?()$7/'D, zi ∈ E

}
,42'#' ǫz %'(*)'. )2' H&#$ 3'$.?#' $) z ∈ E1 &,'

ǫz(A) = 1{z∈A}, A ∈ B(E)·9'#'1 .&3+/' 3'$.?#' 3'$(. )2$) w({z}) ≤ 1 $(% /*$//0 G(&)' 3'$.?#' 3'$(. )2$) w(K) <
∞ C*# $// *3+$) K ⊂ E, 52' *(G"?#$)&*( .+$' ΩE &. '(%*4'% 4&)2 )2' :$"?' )*+*/*"0$(% &). $..*&$)'% σI$/"'7#$ %'(*)'% 70 FE ,J*# *(:'(&'('1 &) &. K?&)' *C)'( )* &%'()&C0 $( '/'3'() w =

∑
ǫzi 4&)2 &). *##'.+*(%I&(" .?++*#)1 &,' )2' ?(*#%'#'% .') {z1, ..., zn}, n ∈ N ∪ {+∞}, </.*1 w(A) *?(). )2'(?37'# *C +*&(). &( A ∈ B(E), 52' %&.)#&7?)&*( *C +*&() +#*'.. w &. 2$#$)'#&L'% 70 )2'C$3&/0 *C G(&)' %&3'(.&*($/ %&.)#&7?)&*(. (w(A1), ..., w(An)) 42'#' A1, ..., An $#' 3?)?$//0%&.M*&() *3+$) .?7.'). *C E, !"#$%$&# '( w  ! " #$ !!$% &$ %' &($*!! +###, $-  %'*%! '. ν  - -$( "// !*' (A1, ..., An)$- 01'1"//. 2 !3$ %' $0&"' !14!*'! $- E5

P(w(A1) = k1, ..., w(An) = kn) =

n∏

i=1

(
e−ν(Ai)

(ν(Ai))
ki

ki!

)
·6- E = Rd7 B  ! 8$(*/ "/9*4(" $- Rd "%2 ν( d z) = λ d z: ;* ; // "// w '<* <$0$9*%$1!#$ !!$% &$ %' &($*!! ; '<  %'*%! '. &"("0*'*( λ $% Rd=



 !  ! "#$%%#& '#$&( ')#+%%
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 !"#$% &'&(  !"#$%&#'%() (* +(,(-")(./ 0(%//() 1(%)' 1!("// (* %)'")/%'3 λ = 2.10−3 #)4 %'/'+%))%)- 5%'+ p(z) = 0.26"#$%&'( )*+,-./%0 1&+ /$23+4 #5 *#./1) #5 w 5,''./% ./1# , )$3)+1 A 5#''#6) 7#.))#/8.)14.3$1.#/ #5 *,4,2+1+4 ν(A)0 ,/8 1&+ /$23+4 #5 *#./1) 5,''./% ./1# 2 8.)9#./1 )$3)+1) ,4+./8+*+/8+/1:;/ 6&,1 5#''#6)0 6+ 8+)4.3+ )#2+ #*+4,1.#/) #/ *#./1 *4#+)) 1&,1 *4+)+4=+) 1&+ 7#.))#/',6 >?@A℄C:
• >D$*+4*#).1.#/C E#4 n 7#.))#/ *#./1 *4#+)) w1, ..., wn #5 ./1+/).1.+) ν1, ..., νn >n <

∞C0 6+ ,'' w =
∑n

i=1wi 1&+.4 )$*+4*#).1.#/: ;1 .) 6+'' -/#6/ 1&,1 w .) , 7#.))#/*#./1 *4#+)) 6.1& ./1+/).1( ν =
∑n

i=1 νi:
• >F&.//./%C G#/).8+4 , 7#.))#/ *#./1 *4#+)) w #5 ./1+/).1( ν ,/8 , 5$/1.#/ p : E →

[0, 1]: F&+ 1&.//./% #5 w 6.1& 4+1+/1.#/ 5$/1.#/ p .) %.=+/ 3( wp =
∑
δiǫzi 6&+4+1&+ 4,/8#2 =,4.,3'+) {δi}i ,4+ ./8+*+/8+/1 %.=+/ w ,/8 P(δi = 1|w) = p(zi) =

1−P(δi = 0|w): ;5 p .) ν− 2+,)$4,3'+ 1&+/ wp .) , 7#.))#/ *#./1 *4#+)) #5 ./1+/).1(
pν 6.1& pν(A) = ∫A p(z) d ν(z):

• >F4,/)5#42,1.#/0 8.)*',+2+/1 1&+#4+2C G#/).8+4 ,/#1&+4 σ−#2*,1 2+14. )*,+
E′ ,/8 , *4#3,3.'.1( -+4/+' p(z, .)0 .:+ 5#4 ,'' z ∈ E0 p(z, .) .) , *4#3,3.'.1( 2+,)$4+./ E′: F&+ 14,/)5#42,1.#/ #5 , 7#.))#/ *#./1 *4#+)) w 3( p 6.1& ./1+/).1( ν ./
E .) 8+H/+8 ,) wp =

∑
ǫz′i 6&+4+ z′1, z′2, ... ,4+ ./8+*+/8+/1 %.=+/ w ,/8 &,) 1&+*4#3,3.'.1( P(z′i ∈ A′|w) = p(zi, A

′): ;1 .) )&#6/ 1&,1 wp .) , 7#.))#/ *#./1 *4#+))#5 ./1+/).1( ν ′(A′) =
∫
E p(z,A

′) d ν(z):G#/).8+4 , )+#/8 σ−#2*,1 2+14. )*,+ E′: E#4 +,& *#./1 zi #5 w0 6+ ,))#.,1+6.1& , 4,/8#2 2,4- mi ∈ E′: F&+ 2,4- *#./1 *4#+)) w̃ ,/ 3+ *4+)+/1+8 ,)
w̃ =

∑

i

ǫ(zi,mi),6&+4+ ǫ .) 1&+ I.4, 2+,)$4+ #/ E ×E′: w̃ .) ),.8 1# 3+ ./8+*+/8+/1 2,4-+8 .5 1&+ 2,4-),4+ 2$1$,''( ./8+*+/8+/1 %.=+/ , 4+,'.J,1.#/ #5 w ,/8 1&+ 8.)14.3$1.#/ #5 2,4-) 8+*+/8)#/'( #/ 1&+ '#,1.#/ #5 .1) *,4+/1 *#./1 P(m ∈ .|w) = P(m ∈ .|z) = dKz(m) 6.1& ,



 !"#$%&%'(')* +,#-,( K.(.) .#$/ E )$ E′0 1* 2'3"(&,/,-) )5,$#,/ 6, &- "#$7, )5&) '. w '3& 8$'33$- "$'-) "#$,336')5 '-),-3')* ν9 )5,- w̃ '3 & 8$'33$- "$'-) "#$,33'- E × E′ 6')5'-),-3')* /,&3:#,;̃
ν(A×A′) =

∫

A

∫

A′

dKz(m) d ν(z), A ⊂ E,A′ ⊂ E′·<. &22')'$-&((* )5, /&#+3 &#, '-2,",-2,-) $. )5,'# "&#,-) "$'-)9 '0, dMz(m) '3 )5, 3&/,&3 dM(m) )5,- w̃ '3 & 8$'33$- "$'-) "#$,33'- E × E′ 6')5 '-),-3')* d ν(z)× dK(m)0 !" #$%%&$'&( $%*%*+ ,( -,&++,( .,&(/ .0,1++<- )5'3 3,)'$- 6, '-)#$2:, %&3'3 $. =&(('&7'- &(:(:3 $- 8$'33$- 3"&, &-2 )5,- "#,3,-)3$/, #,3:()3 $- >,-,#&( .:-)'$-&( 2,",-2'-> $- & 8$'33$- "$'-) "#$,330? #,&( .:-)'$- f : En → R '3 &((,2 3*//,)#' '.
f(zσ(1), · · · , zσ(n)) = f(z1, · · · , zn).$# &(( ",#/:)&)'$-3 σ $. n0@5, 3"&, $. 3*//,)#' 3A:&#, '-),>#&%(, #&-2$/ 7&#'&%(,3 6')5 #,3",) )$ ν '3 2,-$),2%* L2(ν)◦n0 B,) ∆n = {(z1, · · · , zn) ∈ En | zi 6= zj ,∀i 6= j}0 C$# f ∈ L2(ν)◦n9 )5, /:()'"(,8$'33$- 3)$5&3)' '-),>#&( In(fn) '3 )5,- 2,D-,2 &3

In(fn)(w) =

∫

∆n

fn(z1, · · · , zn)( dw(z1)− d ν(z1)) · · · ( dw(zn)− d ν(zn))·<) '3 6,(( +-$6- )5&)9
E




∑

zi 6=zj∈w
1≤i<j≤n

f(z1, · · · , zn)


 =

∫

En

f(z1, · · · , zn) d ν(z1) · · · d ν(zn)· EF0 G<. n = 19 EF0 G '3 )5, 3&/, &3 H&/"%,((I3 .$#/:(&0 C#$/ )5'39 %* '-)#$2:)'$- 6, &- 35$6)5&) E [In(fn)] = 00<. fn ∈ L2(ν)◦n &-2 gm ∈ L2(ν)◦m9 n ≥ m9 )5, .$(($6'-> '3$/,)#* .$#/:(& 5$(23;
E [In(fn)Im(gm)] = n!1{m=n}〈fn, gm〉L2(ν)◦n EF0FGE3,, J !℄G0 L,#,

〈fn, gn〉L2(ν)◦n =

∫

En

fn(z1, ..., zn)gn(z1, ..., zn) d ν(z1)... d ν(zn)C$# fn ∈ L2(ν)◦n &-2 gm ∈ L2(ν)◦m9 6, 2,D-, fn×l
k gm9 0 ≤ l ≤ k9 )$ %, )5, .:-)'$-;

(yl+1, · · · , yn, xk+1, · · · , xm) 7−→∫

Y l

fn(y1, · · · , yn)gm(y1, · · · , yk, xk+1, · · · , xm) d ν(y1) . . . d ν(yl). EF0MGN, 2,-$), %* fn ◦lk gm )5, 3*//,)#'O&)'$- '- n+m−k− l 7&#'&%(,3 $. fn×l
k gm9 0 ≤ l ≤ k0@5'3 (,&23 :3 )$ )5, -,P) "#$"$3')'$-9 35$6- '- J !℄;



 !  ! "#$%%#& '#$&( ')#+%% !"#"$%&%"' ()  !" fn ∈ L2(ν)◦n #$% gm ∈ L2(ν)◦m& '( )#*(
In(fn)Im(gm) =

2(n∧m)∑

s=0

In+m−s(hn,m,s),')("(
hn,m,s =

∑

s≤2i≤2(s∧n∧m)

i!

(
n

i

)(
m

i

)(
i

s− i

)
fn ◦s−ii gm+(,!$-. /! L2(ν)◦n+m−s& 0 ≤ s ≤ 2(m ∧ n)0"# $%&' ()**)$+, -./0# f ∈ L2(ν)◦q (q ≥ 2) &#1 z ∈ E, $0 10#)'0 23 f(∗, z) '%0 (4#'.)#)# Eq−1 -./0# 23 (x1, · · · , xq−1) 7−→ f(x1, · · · , xq−1, z)6748'%089)80, $0 %&/0:*+,"!,- .) 1*("2 "#$%!3 *#"4#+,( F ∈ L2(ΩE , P) #%34/. # 56$476(8 94($(":;!4..!$%(!3=!.4/4!$ !> /)( /2=(

F = E [F ] +

∞∑

n=1

In(fn), ;<6=>')("( /)( .("4(. !$*("-(. 4$ L2(ΩE ,P) #$%& >!" (#) n ≥ 1& fn 4. #$ (,(3($/ !> L2(ν)◦n0?!"(!*("& '( )#*( /)( 4.!3(/"2 (76#/4!$@
V [F ] =

∞∑

n=1

n!‖fn‖2L2(ν)◦n · ;<6?>/,0'%&%"' () A(/ B!3 D +( /)( /)( .(/ !> "#$%!3 *#"4#+,(. F ∈ L2(ΩE,P) #%34//4$- #)#!/4 %(!3=!.4/4!$ .6) /)#/
∞∑

n=1

n.n!‖fn‖2L2(ν)◦n <∞.A(/ D +( %(C$(% +2
D : B!3 D → L2(ΩE × E,P× ν),.6) /)#/

F = E [F ] +
∑

n≥1

In(fn) 7−→ DzF (∗) =
∑

n≥1

nIn−1(fn(∗, z)).*+,"!,- 1) 9( )#*(
DzF (w) = F (w + ǫz)− F (w), dP× d ν a.e.·



 !"#$ %#$&'$( ) *+,* %#+%- %#$ &.$'+%&' D /* 0&%#/01 $2*$ 34% */(.2, %#$ 5/6$'$0$(+5$ &0 F 3, +55/01 + .&/0% z &0 w8 "#$ /0%$1'+%/&0 3, .+'%* %#$0 *+,* %#+%- 9&' +0,
F ∈ :&( D- +0, u ∈ L2(ν)-

E

[
F

∫

E
u(z)( dw(z) − d ν(z))

]
= E

[∫

E
DzF u(z) d ν(z)

]
. ;<8=>?% /* @$22 A0&@0 %#+% B /* + 2/0$+' 940%/&0+2 ;*$$ %#$ 0$C% *$%/&0> F =
∫
E f dw /9 +05&02, /9 %#$ #+&* '$.'$*$0%+%/&0 &9 F /* F = E [F ] + I1(f) +05 /0 %#/* +*$ DzF = f(z)+05 %#4* V [F ] =

∫
E |DzF |2 d z8 D$0$'+22,- F #+* %#$ 9&'(

F =

k∑

i=1

∑

(z1,...,zi)∈∆i;zj∈w
fi(z1, ..., zi)/9 +05 &02, /9 %#$ #+&* '$.'$*$0%+%/&0 &9 F #+* %#$ 9&'(

F = E [F ] +

k∑

i=1

Ii(gi)@#$'$ g1, ..., gk +0 3$ 5$'/E$5 9'&( f1, ..., fk8F*/01 %#$ 5/6$'$0$ &.$'+%&' D- @$ +0 3&405 %#$ E+'/+0$ &9 F +* 9&22&@*G !"#$"% &'  !"#℄% !"&℄' ∀F ∈ L2(ΩE,P) () *+,)-
V [F ] ≤ E

[∫

E
|DzF |2 d z

]
· ;<8H>./0+1234 5078 29 +:; 5:14 29 F 28 12:)+7<(#$#))*$+ ,' ∀F ∈ L2(ΩE ,P) 80* 3*+3 |DzF | ≤ f(z) 957 85=) :5: :)>+32,) =)+807+?1)90:325: f : E → R 957 +11 z, w 3*):-

V [F ] ≤
∫

E
f2(z) d ν(z)· ;<8I> !"#$"% -'  !"#℄%!@A℄' B5:82;)7 3(5 90:325:+18 F,G ∈ L2(ΩE ,P)< C880=) 3*+3 DzF,DzG ≥

0% P× ν +<8< 3*):
C [F,G] ≥ 0.C8 + 5:8)/0):)% V [F +G] ≥ V [F ] +V [G]<."/0121#0 3' D*) E7:83)2:FG*1):?)H 5I)7+357 L 28 >2,): ?4

LF = −
∞∑

n=1

nIn(fn),(*):),)7 F ∈ J5= L% >2,): ?4 3*58) F ∈ L2(ν)◦n 80* 3*+3 3*)27 *+532 )KI+:825: ,)72L)8
∞∑

n=1

n2.n!‖fn‖2L2(ν)◦n <∞.M53) 3*+3 E [LF ] = 0% ?4 ;)L:2325: +:; ;<8<><



 !  ! "#$%%#& '#$&( ')#+%% !"#$%$&# '(  !" F ∈ L2(P) #$& '&(' E [F ] = 0) *+ ,(- .+/0+ L−1 1-
L−1F = −

∞∑

n=1

1

n
In(fn)."#$ %#&$$ '())*(+*,-%./$ 0/$&(%0&1 2$3,$2 (40+$ 5*+$ 61 7(. 2$&*+$ 6//$& 406,210, %#$ 2*1%&*46%*0, 08 ( 86,%*0,() F :%#$0&$; <= (,2 (, $1%*;(%$ 08 $&&0& 0, >(611*(,(//&0?*;(%*0, :%#$0&$; @=A &$16)%1 7#*# *1 ;0&$ 5$,$&() %#(, %#$ 0,$1 *,%&026$2 0, %#$/&$+*061 1$%*0,1B)*!&+!, -( 2345℄7 8+' F ∈ 9!, D 1+ #$& '&(' E [F ] = 0 (0. V [F ] = 1: ;&+0)

dW (F, N (0, 1)) ≤ E
[∣∣1−

∫
E[DzF ×DzL

−1F ] d ν(z)
∣∣]

+
∫
E E

[
|DzF |2

∣∣DzL
−1F

∣∣
]
d ν(z)·<+"+ dW =# '&+ >(##+"#'+=0 .=#'(0+:)*!&+!, .( 34?℄) 8+' F ∈ 9!, D: @##$,+ '&(' |DF | ≤M ) P× ν (:#:) A!" #!,+ M ≥ 0(0. ∫E |DzF |2 d ν(z) ≤ α2,P−(:#: ;&+0 A!" (BB u > 0 *+ &(C+

P(F −E [F ] ≥ u) ≤ exp

{
− α2

M2
g

(
u.M

α2

)} : BC=A!" M > 0 (0.
P(F −E [F ] ≥ a) ≤ exp

{
− α2

2u2

} : BD!=A!" M = 0 *&+"+ g(t) = (1 + t) ln(1 + t)− t:/&+&001+2 3( 8+' F ∈ 9!, D: @##$,+ '&(' |DF | ≤M ) P× ν (:#:) A!" #!,+ M > 0 (0.
|DzF | ≤ f(z),P−(:#: A!" #!,+ 0!0 0+D('=C+ A$0'=!0 f ∈ L2(ν): ;&+0 A!" (BB u > 0 *+&(C+

P(F −E [F ] ≥ u) ≤ exp

{
−
∫
E f

2(z) d ν(z)

M2
g

(
uM∫

E f
2(z) d ν(z)

)}
· : BDD= !" #$%&'$()&$*+ *, -$+./' ,)+&$*+/- *, 1*$%%*+ 2*$+& 2'*.%%E$ ()) F ( )*,$(& 86,%*0,() 08 w *8 %#$&$ $?*1%1 f : E → R 16# %#(%

F =

∫

E
f(z) dw(z) =

∑

z∈w
f(z)·E$ (116;$ %#(% f ∈ L1(ν)B F, %#*1 1$%*0, 7$ (&$ *,%$&$1%$2 *, %#$ 2*1%&*46%*0, 08 F BG$% Lw(.) 4$ %#$ G(/)($ 86,%*0,() 08 wA *B$H

Lw(u) = E

[
e−

∫
E
u(z) dw(z)

] : BD =



 ! !"#$"% &'  !"#℄% &'( )*+,*( ./01230*, 3. w 4*1245(46
Lw(u) = e−

∫
E
(1−e−u(z)) d ν(z), u ∈ L1(ν)· " #!$%&'() *+, -.(/, *+,(',) *+, )(),0* 1,0,'-*201 340*2(0 "67&% (3 F 28 ,9:',88,; -83(<<(=8>

E

[
e
∫
E
f dw

]
= e

∫
E
(ef(z)−1) d ν(z)· " #!?% !"!# $%&'()*@+, ():<,*, A,<< :(<B0()2-<8 Bn(a1, ..., an) -', ;,C0,; -8 3(<<(=8>

exp

{ ∞∑

n=1

an
n!
θn

}
=

∞∑

n=1

Bn(a1, a2, ..., an)

n!
θn3(' -<< a1, ..., an -0; θ 84+ *+-* -<< -.(/, *,')8 -', ('',*<B ;,C0,;#@+, C'8* C/, A,<< ():<,*, :(<B0()2-<8 -', 12/,0 -8>

B1(a1) = a1

B2(a1, a2) = a21 + a2

B3(a1, a2, a3) = a31 + 3a1a2 + a3

B4(a1, a2, a3, a4) = a41 + 4a21a2 + 4a1a3 + 3a22 + a4

B5(a1, a2, a3, a4, a5) = a51 + 10a31a2 + 10a21a3 + 15a1a
2
2 + 5a1a4 + 10a2a3 + a5D* 28 =,<< E0(=0 *+-* *+, (,F2,0*8 (3 A,<<G8 :(<B0()2-< -', -<=-B8 0(0 0,1-*2/,# D3 -'-0;() /-'2-.<, S +-8 n C'8* 4)4<-0*8 κS1 , ..., κSn *+,0 2*8 )(),0*8 -0; ,0*'-< )(),0*8(3 S -0 ., ,9:',88,; -8>

mn [S] = E [Sn] = Bn(κ
S
1 , ..., κ

S
n)

cn [S] = E [(S −E[S])n] = Bn(0, κ
S
2 ..., κ

S
n)H(= (082;,' - <20,-' 340*2(0-< F (3 wI 2#, F =

∫
E f dw 3(' 8(), 0(0J0,1-*2/, νJ),-84'-.<, 340*2(0 f # K, -0 ():4*, *+, 4)4<-0*8I *+, )(),0*8 -0; ,0*'-< )(),0*8(3 F .B A,<< ():<,*, :(<B0()2-<8 -8 3(<<(=8> !"#$"% () "7,0,'-<2L-*2(0 (3 M-):.,<<G8 3(')4<-8%' 744/8( 1'*1 f ∈ ∩ni=1L

i(E, ν)9&'( /8/,*014 3. F =
∫
E f dw 24 κFi =

∫
E f

i(z) d ν(z)  i = 1..n%9 &'( 838(014 *0:(01;*, 838(014 3. F *;( <2=(0 *46
mi [F ] = Bi

(∫

E
f(z) d ν(z),

∫

E
f2(z) d ν(z), ...,

∫

E
f i(z) d ν(z)

) " #!N%*0:
ci [F ] = Bi

(
0,

∫

E
f2(z) d ν(z), ...,

∫

E
f i(z) d ν(z)

) " #!O%.3; i = 1, 2, ..., n9



   ! "#$%%#& '#$&( ')#+%% !""#$ !" #$$%& '(" '(")*"+ , ') -"' '(#'.
E

[
eθF
]
= e

∫
E(eθf(z)−1) d ν(z)

= e
∫
E

∑∞
n=1 θ

nfn(z) d ν(z)

= e
∑∞

n=1 θ
n
∫
E
fn(z) d ν(z) ! "#$%&'&(% () +,+-.%'/ 0# 1.2# κFi =

∫
E f

i(z) d ν(z)/ .%" '1+3 '1# #456#33&(%3 )(6,(,#%'3 .%" #%'6.- ,(,#%'3 () F .6# 3'6.&71')(60.6"893 . "&6#' (%3#:+#%#/ (%# .% #.3&-! (;'.&% )6(, '1# .;(2# '1#(6#, '0( +3#)+-)(6,+-.3 <=.,5;#-->3 '1#(6#,?@ !"!##$"% & <=.,5;#-->3 '1#(6#,?'  !" F =
∫
E f dw "#!$

E [F ] =
∫
E f(z) d ν(z), f ∈ L1(ν)

V [F ] = E
[
(F −E [F ])2

]
=
∫
E f

2(z) d ν(z), f ∈ L2(ν)· <A8BC?D('&# '1.' &) 0# (%3&"#6 . &%"#5#%"#%' ,.E&%7 F(&33(% 5(&%' 56(#33 w̃ =
∑
ǫ(zi,mi)0&'1 . 56(;.;&-&'! E#6%#- K )6(, E '( '1# 35.# () ,.6E3 E′ .%" F =

∑
f(zi,mi) '1#%

∫

E

∫

E′

f i(z,m) dKz(m) d ν(z) =

∫

E
E
[
f i(z,m)

]
d ν(z)·=.,5;#-->3 )(6,+-. &3 06&''#%@

E [F ] =

∫

E
E [f(z,m)] d ν(z),

V [F ] =

∫

E
E
[
f2(z,m)

]
d ν(z)· !"! #$%&'%() *+&,-'& .( /0,&&%0( 011*.$%20'%.(3 #4)+5.*'6 +$10(&%.(0(4 .(+('*0'%.( %(+8,0-%'9G# 1.2# %(0 #456#33&(%3 )(6 ,(,#%'3 .%" #%'6.- ,(,#%'3 () F 8 G# %('# '1.' '1# #%'6.-,(,#%'3 () F &3 .-0.!3 %(% %#7.'&2# .3 f &3 3+55(3#" '( ;# %(% %#7.'&2#8 H%# .% .3E&) '1#6# &3 ,#.% '( (,5+'# '1# '.&- "&3'6&;+'&(% () F 8 I.+33&.% .556(4&,.'&(% 3##,3'( ;# . $63' .%30#6 (%# .% '1&%E () "+# '( '1# #%'6.- -&,&' '1#(6#, <=JK?8 9% #66(6;(+%" () I.+33&.% .556(4&,.'&(% )(6 3+, () n &8&8" 6.%"(, 2.6&.;-#3 &3 E%(0% .3  #66!LM33##% '1#(6#,8 N' &3 5(33&;-# '( $%" .% .-'#6%.'&2# 2#63&(% () '1&3 #66(6 ;(+%" )(6 -&%#.6)+%'&(%.- () FFF8 J#' Q(a) = 1√

2π

∫ a
−∞ e−u

2/2 du ;# '1# =OP () . 3'.%".6" I.+33&.%6.%"(, 2.6&.;-# .%" Q ;# &'3 ==OP8()*!"*+ ,,' %&$'()!* F =
∫
E f dw +("# f ∈ L2(ν),  !" F = F−E[F ]

V[F ] - "#!$.
∣∣P(F ≤ a)−Q(a)

∣∣ ≤
∫
E |f(z)|3 d ν(z)

(
∫
E f

2(z) d ν(z))3/2
· <A8BQ?



 ! !""#$ "#$%&'(#)'*+, '-*&* ./ #% *+*0*#')&, 1&%%$ $%& '-./ '-*%&*02 3* 0(/' )11+, '-*'-*%&*0 4 $%& F 5 6.&/'2 #%'* '-)' '-* -)%/ 1&*/*#')'.%# %$ F ./ F = I1(
f

V[F ])5 8-*#
DzF = DzL

−1F =
f(z)

V [F ]
·8-(/2 V [F ] =

∫
E f(z) d ν(z) )#9 DzL

−1F = DzF = f
V[F ] 5 :* #%3 )11+, '-*%&*0 4 '%;*' < 5=>?5@%3 .#/'*)9 %$ d ν(z)2 3* %#/.9*& λ d ν(z) .# '-* )A%B* '-*%&*02 )#9 +*' Fλ, F λ '-*%&&*/1%#9.#; B*&/.%#/ %$ F,F 2 3* ;*'C

∣∣P(F λ ≤ a)−Q(a)
∣∣ ≤

∫
E |f(z)|3 d ν(z)√

λ(
∫
E f

2(z) d ν(z))3/2
· < 5=D?8-* +)/' .#*E()+.', /-%3/ '-)' '-* *&&%& %$ F)(//.)# )11&%G.0)'.%# ./ )&%(#9 O( 1√

λ
)5H' ./ 3%&'- #%'*9 '-)' '-* *&&%& A%(#9 $%& F)(//.)# )11&%G.0)'.%# %$ '-* /(0 %$ n .5.59B)&.)A+*/ ./ O( 1√

n
)5I# .01&%B*0*#' $%& F)(//.)# )11&%G.0)'.%# ./ J#%3# )/ K9;*3%&'- *G1)#/.%#5 L*'

λFn =
κFn

(V [F ])n/2
=

∫
E f

n(z) d ν(z)

(
∫
E f

2(z) d ν(z))n/2A* '-* nth /')#9)&9.M*9 (0(+)#' %$ F 5 8-* K9;*3%&'- *G1)#/.%# $%& '-* 9./'&.A('.%# %$
F ./ ;.B*# )/C

P(F ≤ a) = Q(a) +

∞∑

n=1

Pn(−D)Q(a) < 5 N?3-*&* Pn ./ 1%+,#%0.)+ %$ 9*;&** 3n )#9 D ./ '-* 9.O*&*#'.)+ %1*&)'%&5 8-* P&/' PB* '*&0/)&*C
P(F > a) = Q(a) +

+
λF3
6
Q(3)(a)−

−
(
λF4
24
Q(4)(a) +

(λF3 )
2

72
Q(6)(a)

)
+

+

(
λF5
120

Q(5)(a) +
λF3 λ

F
4

144
Q(7)(a) +

(λF3 )
3

1296
Q(9)(a)

)
−

−
(
λF6
720

Q(3)(a) + (
(λF4 )

2

1152
+
λF3 λ

F
5

720
)Q(8)(a) +

(λF3 )
2λF4

1782
Q(10)(a) +

(λF3 )
4

31104
Q(12)(a)

)
+

...6%& '-* A*/' %$ %(& J#%3+*9;*2 #% *&&%& A%(#9 $%& K9;*3%&'- *G1)#/.%#/ *G./'/ .# '-*+.'*&)'(&*5 KB*# 3* )##%' P#9 )#, &*$*&*#* .# K9;*3%&'- *G1)#/.%#/ %$ +.#*)& $(#'.%#)+%$ Q%.//%# 1%.#' 1&%*//5 R%3*B*&2 .$ f(z) ≥ 0 3* )# &*3&.'* < 5=D? )/C
∣∣P(F ≤ a)−Q(a)

∣∣ ≤ λF3 · < 5 =?8-./ 1&%B.9*/ ) -.#' '-)'2 *&&%& A%(#9/ 0), A* *G1&*//*9 )/ $(#'.%# %$ (0(+)#'/ %$ F(#9*& )11&*.)'* %#9.'.%#/ %$ f 5



 !  ! "#$%%#& '#$&( ')#+%%"# $%&# '(#)#*+#, +$# -%.))/%* %''(01/2%+/0* %*, 3,4#50(+$ #1'%*)/0*) 60( 7/*#%(6.*+/0*%7)9 "# %(# *05 /*+#(#)+#, /* .''#( :0.*,) 0* +$# ,/)+(/:.+/0* 06 F ; 5$/$ %*:# %77#, 0*#*+(%+/0* /*#<.%7/+=9 !"#$"% &'(  !" M,a > 0#$%%&'! "()" 0 ≤ f(z) ≤M ν−)#% )*+ f ∈ L2(E, ν), "(!*-
P(F > E [F ] + a) ≤ exp

{
−E [F ]

M
g

(
a

E [F ]

)} > 9  ?.(!/! g(u) = (1 + u) ln(1 + u)− u#$%%&'! "()" |f(z)| ≤M ν−)#% )*+ f ∈ L2(E, ν), "(!*
P(F > E [F ] + a) ≤ exp

{
−V [F ]

M2
g

(
a.M

V [F ]

)} > 9 @?$%%&'! "()" f(z) ≤ 0 ν−)#% )*+ f ∈ L2(E, ν), "(!*
P(F > E [F ] + a) ≤ exp

{
−V [F ]

2a2

} > 9 !?A$# %:0&# +$#0(#2 %* :# ,/(#+7= ,#(/&#, 6(02  ; 5$/$ 5/77 :# /*+(0,.#, /* +$#*#1+ )#+/0*9 B05#&#( 7#+ .) +%C# +$/) 0''0(+.*/+= +0 '(0&# +$/) +$#0(#2 /* % &#(= */#;)/2'7# %*, #7#2#*+%(= 6%)$/0*; #1%+7= +$# )%2# 5%= %) D#**#++ :./7+ $/) 0*#*+(%+/0*/*#<.%7/+= 60( +$# ).2 06 n /9/9, (%*,02 &%(/%:7#)90/112# E)/*4 F$#(*0GH) :0.*, 5# $%&#I
P(F > E [F ] + a) ≤ E

[
eθF
]
/eθ(E[F ]+a)

= e
∫
E(e

θf(z)−1−θf(z)) d ν(z)−θaJ05 %)).2# +$%+ 0 ≤ f(z) ≤ M ν−%9) 9 K:)#(&# +$%+ +$# 6.*+/0* ex−1
x /) /*(#%)/*4 0*

R+; 5# $%&# eθf(z)−1
θf(z) ≤ eθM−1

θM 60( f(z) 6= 0; +$.)
eθf(z) − 1 ≤ eθM − 1

M
f(z)

ν−%9) 9 "# ,#,.# +$%+I
P(F > E [F ] + a) ≤ exp

{∫

E

(
eθM − 1

M
f(z)− θf(z)

)
d ν(z)− θa

}

= exp

{
eθM − 1− θM

M
E [F ]− θa

}
·"# 2/*/2/L# +$# M9B9N /* θ; := )02# #7#2#*+%(= 2%*/'.7%+/0*); 5# (#%$ +$# 0'+/2%7&%7.# θ = 1

M ln
(
1 + a

E[F ]

) %*, 5# 0:+%/* > 9  ?9J05 %)).2# +$%+ |f(z)| ≤ M ν−%9) 9 K:)#(&# +$%+ +$# 6.*+/0* ex−1−x
x2 /) /*(#%)/*40* R >+$# &%7.# %+ 0 /) 1/2?; 5# $%&# +$%+

eθf(z) − θf(z)− 1 ≤ eθM − 1− θM

M2
f2(z)



 !
ν−"#$ # %&'$(

P(F > E [F ] + a) ≤ exp

{∫

E

(
eθM − θM − 1

M2
f2(z)

)
d ν(z)− θa

}

= exp

{
eθM − 1− θM

M2
V [F ]− θa

}
·)* +,- .&". θ = 1

M ln
(
1 + aM

V[F ]

) /0,0/01*$ .&* 2#3#4 ",- "5567 .&0$ 8"6'* 9* :;."0,< # =>#?:9 "$$'/* .&". f(z) ≤ 0 ν−"#$ # @7 .&* $"/* "AB'/*,. "$ ";:8*
eθf(z) − θf(z)− 1 ≤ θ2

2
f2(z)·%&'$(

P(F > E [F ] + a) ≤ exp

{
θ2

2

∫

E
f2(z) d ν(z)− θa

}

= exp

{
θ2

2
V [F ]− θa

}
·C0,0/010,B .&* 234 ;7 θ = a

V[F ] 9* :;."0, < # D># !"!# $%& '%()*+(E, .&0$ $';$*.0:, 9* 5A*$*,. :'A ,*9 "$7/5.:.0 A*$'6.$ :, .&* -0$.A0;'.0:, :G " G',.0:,"6
F :G " H:0$$:, 5A:*$$ "$ 0.$ 0,.*,$0.7 B:*$ .: 0,+,0.7# )* :,$0-*A .&* /*"$'A* λ d ν(z)0,$.*"- :G d ν(z) ",- 9* "A* 0,.*A*$.*- 0, Fλ ",- F λ ",- 6*. m(p, λ) = λFλ

n # )* -*,:.*;7 σ = ‖f‖L2(ν)

√
λ ",- fσ = f/σ# ?:.* .&". ‖fσ‖L2(ν) = 1/λ ",- .&".
m(p, λ) :=

∫

E
|fσ(z)|pλ d ν(z) = ‖f‖−p

L2(ν)
‖f‖pLp(ν)λ

1−p/2.I:A λ > 0( 6*.
Nλ =

∫

E
fσ(x)( dw(z)− λ d ν(z)) = F λ −E

[
F λ
]
.E, 9&". G:66:9$( 9* :,$0-*A G(Nλ) 9&*A* G : R → R# J G',.0:,"6 9066 ;* :G 5"A.0'6"A0,.*A*$. 0, .&* $*K'*6L EG G = 1{t≥T} .&*,

P(Nλ ≥ T ) = E

[
G(Nλ)

]
.%&* 5A::G :G .&* G:66:90,B .&*:A*/ /"7 ;* G:',- 0, M=N℄ ",- -*-'*- "6$: GA:/ MPQ( PR℄L !"#$"% &'(  !" f ∈ L2(ν)# $%!&' ()* +&,  -./%-"1 (2&"-)& G (*)3 R ") R' 4! %+5!

∣∣∣∣Eλν

[
G(Nλ)

]
−
∫

R

G dµ

∣∣∣∣ ≤
1

2

√
π

2
m(3, λ) ‖G‖ !".)* ", B: G'A.&*A 0, .&* *S5",$0:, ;7 5A*0$0,B .&* ,*S. .*A/# %&0$ A*$'6. 0$ ,*9 ",-"55*"A*- 0, M N℄#



 !  ! "#$%%#& '#$&( ')#+%% !"#$"% &'(  !" G ∈ C3
b (R, R)#

∣∣Eλν

[
G(Nλ)

]
−
∫
R
G(y) dµ(y)− 1

6 m(3, λ)
∫
R
G(y)H3(y) dµ(y)

∣∣

≤
(
m(3, 1)2

6 + m(4, 1)
9

√
2
π

)
‖G(3)‖∞

λ · " # $%$"!!%& &()*+,- .( ./0 1234() 5()67428
DxG(N

λ) = G(Nλ + fσ(x)) −G(Nλ)

= G′(Nλ)fσ(x) +
1

2
f2σ(x)G

′′(Nλ) +
1

2
fσ(x)

3

∫ 1

0
r2G(3)(rNλ + (1− r)fσ(x)) d r. " # !%90,08 2()*+,- .( " #!% 2,* " # !%8

Eλν

[
Nλ(PtG)

′(Nλ)
]

= Eλν

[∫

E
fσ(x)Dx(PtG)

′(Nλ)λ d ν(x)

]

= Eλν

[
(PtG)

′′(Nλ)
]
+

1

2

∫

E
f3σ(x)λ d ν(x)Eλν

[
(PtG)

(3)(Nλ)
]

+
1

2

∫

E
f4σ(x)λ d ν(x)Eλν

[∫ 1

0
(PtG)

(4)(rNλ + (1− r)fσ(x))r
2 d r

]

= A1 +A2 +A3.90,08
|A3| ≤

e−4t

6
√
1− e−2t

√
2

π
m(4, λ) ‖G(3)‖∞.:()0(;0)8 2()*+,- .( 1/0()06 <=8

∣∣∣∣Eλν

[
(PtG)

(3)(Nλ)
]
−
∫

R

(PtG)
(3)(x) dµ(x)

∣∣∣∣ ≤ 1

2

√
π

2
m(3, λ)‖(PtG)(4)‖∞

≤ 1

2
m(3, λ)

e−4t

√
1− e−2t

‖G(3)‖∞.1/0,8 >0 /2;08
|A2 −

1

2
m(3, λ)

∫

R

(PtG)
(3)(x) dµ(x)| ≤ 1

4
m(3, λ)2

e−4t

√
1− e−2t

‖G(3)‖∞.90,08
Eλν

[
Nλ(PtG)

′(Nλ)− (PtG)
′′(Nλ)

]
=

1

2
m(3, λ)

∫

R

(PtG)
(3)(x) dµ(x) +R(t),>/0)0

R(t) ≤
(
m(3, λ)2

4
+
m(4, λ)

6

√
2

π

)
‖G(3)‖∞

e−4t

√
1− e−2t

·?(> ./0,8
∫

R

(PtG)
(3)(x) dµ(x) = e−3t

∫

R

∫

R

G(3)(e−tx+
√

1− e−2ty) dµ(y)

= e−3t

∫

R

G(3)(y) dµ(y)

= e−3t

∫

R
G(y)H3(y) dµ(y),



 !"#$& '(& )*+""#*$ ,&*"+-& .$ R2 #" -.'*'#.$ #$/*-#*$' *$0 *.-0#$1 '. 2345 65 7&,*-8#$1'(*' ∫ ∞

0
e−4t(1− e−2t)−1/2 d t = 2/3*$0 *99:;#$1 2345<6 '. x = Nλ= '(& -&"+:' >.::.?"5@(#" 0&/&:.9,&$' #" $.' $&? #$ #'"&:> A+' '. '(& A&"' .> .+- 8$.?:&01&= #' #" '(& B-"''#,& '(*' '(&-& #" *$ &"'#,*'& .> '(& &--.- A.+$05 C.::.?#$1 '(& "*,& :#$&"= ?& *$ 9+-"+&'(& &D9*$"#.$ +9 '. *$; .-0&- 9-./#0&0 '(*' G A& "+E#&$':; 0#F&-&$'#*A:&5 G*,&:;= >.-

G ∈ C5
b = ?& (*/&

Eλν

[
G(Nλ)

]
=

∫
R
G(y) dµ(y) + m(3,1)

6
√
λ

∫
R
G(3)(y) dµ(y) + m(3,1)2

72λ

∫
R
G(6)(y) dµ(y)

+m(4, 1)
24λ

∫
R
G(4)(y) dµ(y) +Gλ‖G(5)‖∞.?(&-&

Gλ ≤ m(3, 1)

λ3/2

(
2

45
m(3, 1)2 + (

4

135
+

π2

128
)

√
2

π
m(4, 1)

)
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  !"#$%&' ()"'*,& #-,.*./
γ (,0)&%'' -12%.-.0
k 3'-45' &,''
λ 6.0-.'*0" %7 8'-4'
K 98#$-4 %7 &,''-'
τk (4%$,$*&*0" 0),0 , 8'-4 *' %7 0)- &,'' k
Ck :4,.'#*''*%. 4,0- %7 &,'' k
Nmax ;,1*#8# .8#$-4 %7 '8$),..-&' <4-'%84- 8.*0'= 7%4 , 8'-4
Navail 98#$-4 %7 '8$),..-&' ,0 0)- >!
Ntotal 98#$-4 %7 '8$),..-&' ?-#,.?-? $" ,&& 8'-4' *. 0)- -&&
βmin @80,/- 0)4-')%&?
lk ;,1*#8# .8#$-4 %7 '8$),..-&' <4-'%84- 8.*0'= 7%4 , 8'-4%7 &,'' k
βk,l A 8'-4 %7 &,'' k 8'-' -1,0&" k '8$),..-&' *7 0)- !69B *'*. 0)- *.0-4C,& [βk,l, βk,l−1) <1 ≤ l ≤ lk=
ζk,l ;-,. .8#$-4 %7 8'-4' %7 &,'' k 8'*./ l '8$),..-&' !"#$ %&'(  !"#"$!%& #%' (#)#*+"+)& $% ",$& ,#("+).

℄F :)- 24%$&-# %7 @KL;A 2&,..*./ ,.? ?*#-.'*%.*./ ),C- $--. #%4- 4--.0&" 8.?-4*.C-'0*/,0*%.F 6. N S℄J 0)- ,80)%4' 24%2%'- , ?*#-.'*%.*./ %7 @KL;A '"'0-#' 7%8'*./ %.&*.G %80,/- $80 .%0 %. 0)- %0)-4 2,4,#-0-4' %7 0)- '"'0-#'F 6. N T℄J 0)- ,80)%4' /*C- ,/-.-4,& #-0)%?%&%/" 7%4 0)- ?*#-.'*%.*./ %7 @KL;A '"'0-#'J D)*) #*1-' , '*#8&,0*%.$,'-? ?-0-4#*.,0*%. %7 0)- ?*'04*$80*%. %7 0)- '*/.,&U0%U*.0-47-4-.-U2&8'U.%*'- 4,0*% <!69B=,.? , ;,4G%C ),*. ,.,&"'*' %7 0)- 04,VF 6. N WJ  X℄J 0)- ,80)%4' 24%2%'- , ?*#-.'*%.*./#-0)%? 7%4 @KL;A '"'0-#' 8'*./ Y4&,./5' &%'' #%?-& ,.? Z,87#,.UB%$-40' 4-84'*%.,&/%4*0)#F 6. N [℄




P A ;&1 +0?1&##-* 1&+ & ?&#B=)B(1 W K)# >QRMA :1- %--)@-B +)<#&* $6=-% F6% & .6?)*-+(&()6# &( B)+(&#- d F%6. (1- PI &# ?- -E$%-++-B &+

P (d) =
PKγ

dγ
GF := PγGd

−γ , K ASM=1-%- Kγ )+ & 6#+(&#( -N0&* (6 (1- &((-#0&()6# &( & %-F-%-#- B)+(&#-/ B-#6(-B ?, d !"/(1&( +-$&%&(-+ F&% T-*B F%6. #-&% T-*B $%6$&<&()6#A U&.-*,/
Kγ =

(
c

4πfd !")2

dγ !",=1-%- f )+ (1- %&B)68=&@- F%-N0-#,A :1- @&%)&?*- γ )+ (1- $&(18*6++ -E$6#-#( =1)1)#B)&(-+ (1- $6=-% &( =1)1 (1- $&(1 *6++ )#%-&+-+ =)(1 B)+(&#-A "(+ B-$-#B+ 6# (1-+$-)T $%6$&<&()6# -#@)%6#.-#(/ )# 0%?&# &%-&/ )( )+ )# (1- %&#<- F%6.  (6 VA "( .0+( ?-#6(-B (1&( (1)+ $%6$&<&()6# .6B-* )+ &# &$$%6E).&(- .6B-*/ B)W0*( (6 &*)?%&(- F6% %-&* *)F-+)(0&()6#+A "# $&%()0*&%/ )( .)<1( ?- %-&+6#&?*- (6 -#@)+)6# .6B-*+ =1-%- γ B-$-#B+ 6# (1-B)+(&#- +6 (1&( (1- &((-#0&()6# =60*B ?- $%6$6%()6#&* (6 dγ(d)A P-&0+- 6F (1- 6.$*-E)(,6F +01 & .6B-*/ γ )+ 6F(-# 6#+)B-%-B &+ 6#+(&#( ?0( (1- $&(18*6++ )+ .0*()$*)-B ?, (=6%&#B6. @&%)&?*-+ G &#B F =1)1 %-$%-+-#( %-+$-()@-*, (1- +1&B6=)#</ )A-A (1- &((-#0&()6#B0- (6 6?+(&*-+/ &#B (1- X&,*-)<1 F&B)#</ )A-A (1- &((-#0&()6# B0- (6 *6&* .6@-.-#(+ 6F (1-.6?)*-A H+0&**,/ G )+ (&>-# &+ & *6<8#6%.&* B)+(%)?0()6#G G = 10S/10/ =1-%- S ∼ N (κ, vk )+ (1- %&(- 6F *&++ k 0+(6.-%+ &#B τk B-#6(-+ (1- $%6?&?)*)(, (1&( & 0+(6.-%



 !"#$%&'( )% $+(( k, - .(#/0 +) 12()+&# d 3/%4 )5# 670 2( +"$# )% /##28# )5# (2'&+$ %&$9 23)5# (2'&+$:)%:2&)#/3#/#&#:;$.(:&%2(# /+)2% 7<= = P (d)
I 2( +"%8# (%4# %&()+&) βmin >5#/#

I 2( )5# &%2(# ;$.( 2&)#/3#/#&# ;%>#/ +&1 P (d) 2( )5# /##28#1 (2'&+$ ;%>#/ +) 12()+&# d0(## ? ,@A, B3 )5# 7<= 2( "#$%> )5# /2)2+$ )5/#(5%$10 )5#& )5# .(#/ 2( (+21 )% "# 2& %.)+'#+&1 +&&%) ;/%##1 >2)5 52( %44.&2+)2%&, B& )52( >%/C ># +((.4# )5+) I = constant0>525 +& "# (##& +( )5# (9()#4 2( &%2(# $242)#1 ?52'5 /#.(# 3+)%/A %/ ># )+C# 2&)% +%.&)%&$9 )5# >%/(# 2&)#/3#/#&#,D% +8%21 #E#(( 1#4+&1(0 )5# %;#/+)%/ 4+9 24;%(# + 4+E24.4 &.4"#/ N !" %3 +$$%:+)#1 (."5+&&#$( )% #+5 .(#/ +) #+5 )24# ($%), -%/12&' )% )5# 75+&&%& 3%/4.$+0 3%/ +.(#/ 1#4+&12&' + (#/82# %3 "2) /+)# Ck0 $%+)#1 +) 12()+&# d 3/%4 )5# 67 +&1 #E;#/2#&2&'+ (5+1%>2&' g0 )5# &.4"#/ %3 /#F.2/#( (."5+&&#$( 2( )5.( )5# 42&24.4 %3 N !" +&1 %3
N#$%& = ⌈ Ck

W log2 (1 + Pγgd−γ/I)

⌉ 23 Pγgd−γ/I ≥ βmin,

0 %)5#/>2(#0>5#/# ⌈x⌉ 4#+&( )5# 42&24.4 2&)#'#/ &.4"#/ &%) (4+$$#/ )5+& x,G# 4+C# )5# (24;$2392&' +((.4;)2%& )5+) )5# +$$%+)2%& 2( 4+1# +) #8#/9 )24# ($%)+&1 )5+) )5#/# 2( &% ".H#/2&' &#2)5#/ 2& )5# +#(( ;%2&) &%/ 2& #+5 4%"2$# ()+)2%&, -$$)5# .(#/( 5+8# 2&1#;#&1#&)$9 3/%4 %)5#/( + ;/%"+"2$2)9 p )% 5+8# + ;+C#) )% )/+&(42)+) #+5 ($%), D52( 4#+&(0 )5+) #+5 .(#/ 5+( + )/+I ;+))#/& >525 3%$$%>( + '#%4#)/2;/%#(( %3 2&)#&(2)9 p, G# +$(% +((.4# )5+) .(#/( +/# 12(;+)5#1 2& )5# #$$ +%/12&' )% +J%2((%& ;/%#(( %3 2&)#&(2)9 λ0, -%/12&' )% )5# )52&&2&' )5#%/#4 3%/ J%2((%& ;/%#((#(0)52( 2&1.#( )5+) +)28# .(#/( 3%/4 + J%2((%& ;/%#(( %3 2&)#&(2)9 λ = λ0p× {1, · · · , K} ×R+ %3 2&)#&(2)9 4#+(./#
λ 1ν(x) := λ( 1x× 1τ(k)× 1ρ(g))>5#/# B(0, R) = {x ∈ R2, ‖x‖ ≤ R}0 τ 2( )5# ;/%"+"2$2)9 12()/2".)2%& %3 $+((#( '28#& "9

τ({k}) = τk +&1 ρ 2( )5# 12()/2".)2%& %3 )5# /+&1%4 8+/2+"$# G 1#K&#1 +"%8#, G# (#)
f(x, k, g) = min

(
N !",1{Pγg‖x‖−γ≥Iβmin}

⌈
Ck

W log2 (1 + Pγg‖x‖−γ/I)

⌉)
.D5# )%)+$ &.4"#/ %3 1#4+&12&' (."5+&&#$( %3 +$$ .(#/( 2& )5# #$$ 2( )5#&L

N'(' = ∫%** f(x, k, g) 1ω(x, k, g).G# +/# 2&)#/#()#1 2& )5# $%(( ;/%"+"2$2)9 >525 2( '28#& "9
P(N'(' ≥ N!+!,*).
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lk = N !" ∧

⌈
Ck

W log2(1 + βmin)

⌉
,3/#%# a ∧ b = min(a, b): ;.%'/#%,*%#< 3# 0('%*).# βk, 0 = ∞<

βk, l =
I

Pγ

(
2Ck/Wl − 1

)
, 1 ≤ k ≤ K, 1 ≤ l ≤ lk − 1,4() βk, lk = Iβmin/Pγ . =4%4,#'#% βk,l >0?#& '/# ,0(0,., @ABC 2*% 3/0/ l %#&*.%# .(0'&4%# (##&&4%6 '* -%*?0)# '/# D0' %4'# *2 54&& k E0:#: CkF: A( *'/#% 3*%)& '* .&# #G4'56 l%#&*.%# .(0'&< '/# @ABC &/*.5) D# 0( 0('#%?45 [βk,l, βk,l−1): !"#$"% &'(  !" ζk, l = π(β

−2/γ
k, l ∧R2−β

−2/γ
k, l−1 ∧R2) 10

(κ+ v2

10γ
ln 10)/5γ # $%& '() p ≥ 0* +!,'-!. ∫

fp /ν =

K∑

k=1

τk

lk∑

l=1

lp ζk, l. E :HF0&%%1# I6 '/# ?#%6 )#$(0'0*( *2 '/# #050(> 2.('0*(< 3# /4?#
∫

E
fp )ν =

K∑

k=1

τk

lk∑

l=1

lp
∫$%% ∫R 1[βk, l;βk, l−1)(g‖x‖−γ) )ρ(g) )x.I6 &*,# #5#,#('4%6 ,4(0-.54'0*(&< 3# /4?#

∫$%% 1[βk, l; βk, l−1)(g‖x‖−γ) )x = π(β
−2/γ
k, l ∧R2 − β

−2/γ
k, l−1 ∧R2)g2/γ .7/.&< 3# /4?#

∫$%% ∫R 1[βk, l;βk, l−1)(g‖x‖−γ ) )ρ(g) )x
= π(β

−2/γ
k, l ∧R2 − β

−2/γ
k, l−1 ∧R2)E

[
10S/5γ

]

= π(β
−2/γ
k, l ∧R2 − β

−2/γ
k, l−1 ∧R2) 10(κ+

v2

10γ
ln 10)/5γ . ! "#$$ %&#'(')*)+, ! !" #$%' ()'*+,@0(# f 0& )#'#%,0(0&'0< N&'& 2*55*3& 4 *,-*.() =*0&&*( )0&'%0D.'0*(J 0' 0& )0&'%0D.'#) 4&

K∑

k=1

lk∑

l=1

l Nk, l3/#%# (Nk, l, 1 ≤ k ≤ K, 1 ≤ l ≤ lk) 4%# 0()#-#()#(' =*0&&*( %4()*, ?4%04D5#&< '/#-4%4,#'#% *2 Nk, l 0& λτkζk, l. K&0(> '/# -%*-#%'0#& *2 =*0&&*( %4()*, ?4%04D5#&< 3# 4(



 !"#$%# '(# )*+,#-.'/ )0 '(.1 #-+"#11.)23 4#' L = max(lk, 1 ≤ k ≤ K) 52$ 0)" l ∈
{1, · · · , L}6 ,#' Kl = {k, lk ≥ l}3 7(#26 N ! .1 $.1'".8%'#$ 51

L∑

l=1

lMl9(#"# (Ml, 1 ≤ l ≤ lk) 5"# .2$#+#2$#2' :).11)2 "52$)* ;5".58,#16 '(# +5"5*#'#" )0 Ml8#.2< ml :=
∑

k∈Kl
λτkζk, l. =)" #5( l6 .' .1 #51/ ') )21'"%' 52 5""5/ 9(.( "#+"#1#2'1'(# $.1'".8%'.)2 )0 lMl 8/ '(# 0),,)9.2< "%,#>
pl(w) =

{
0 .0 w mod l 6= 0,

exp(−ml)m
q
l /q! .0 w = ql.?/ $.1"#'# )2;),%'.)26 '(# $.1'".8%'.)2 )0 N ! 52$ '(#2 .'1 %*%,5'.;# $.1'".8%'.)2 0%2@'.)26 5"# #51.,/ 5,%,58,#3 7(# ;5,%# )0 N"#"$% 9(.( #21%"#1 5 ,)11 +")858.,.'/ 8#,)9 '(#$#1."#$ '("#1(),$ .1 0)%2$ 8/ .21+#'.)23 7(# )2,/ $.A%,'/ 9.'( '(.1 5++")5( .1 ') $#@'#"*.2# 9(#"# ') '"%25'# '(# :).11)2 $.1'".8%'.)2 0%2'.)21 0)" *5(.2# "#+"#1#2'5'.)23B)"$.2< ') ,5"<# $#;.5'.)2 '(#)"/ CDE℄6

P(:).11)2(θ) ≥ aθ) ≤ exp(−θ(a ln a+ 1− a)).G(#2 θ .1 H2)926 .' .1 1'"5.<('0)"95"$ ') ())1# a(θ) 1) '(5' '(# ".<('@(52$@1.$# )0 '(#+"#;.)%1 #I%5'.)2 .1 1*5,,#" '(52 '(# $#1."#$ '("#1(),$3 7(# ')'5, *#*)"/ 1.J# .1 '(%1+")+)"'.)25, ') max(mla(ml)l, 1 ≤ l ≤ lk)3 7(.1 *5/ 8# *#*)"/ K52$ '.*#L )21%*.2< .0'(# +5"5*#'#"1 )0 1)*# :).11)2 "52$)* ;5".58,#1 )" '(# '("#1(),$ 5"# 1*5,,3 7(.1 *#'()$.1 9#,, 1%.'#$ ') #1'.*5'# ,)11 +")858.,.'/ 1.2# .' <.;#1 #-5' "#1%,'1 9.'(.2 5 "#51)258,#5*)%2' )0 '.*# 8%' .' .1 ,#11 %1#0%, 0)" $.*#21.)2.2< +%"+)1#3 M.;#2 N"#"$%6 .0 9# 1##H 0)"'(# ;5,%# )0 λ 9(.( <%5"52'##1 5 ,)11 +")858.,.'/ ,#11 '(52 '(# $#1."#$ '("#1(),$6 '(#"# .12) 8#''#" 95/ '(52 '".5, 52$ #"")"3 B' ,#51'6 '(# 1%81#I%#2' *#'()$1 #;#2 .*+"#.1# *5/(#,+ ') #;5,%5'# '(# )"$#" )0 *5<2.'%$# )0 λ 0)" '(# N"1' '".5,3 ! !" #$$%&'()*+(&,-G# %1# '(# 15*# 2)'5'.)21 51 .2 '(# 1%81#'.)2 O3P3 6 .3# 6 σ = ‖f‖L2(ν)

√
λ6 fσ = f/σ 52$

m(p, λ) = λFλ
n =

∫

E
|fσ(z)|pλ $ν(z) = ‖f‖−p

L2(ν)
‖f‖pLp(ν)λ

1−p/2.G# 8#<.2 8/ '(# ,511.5, M5%11.52 5++")-.*5'.)23 Q' .1 ,#5" '(5'
P(

∫

E
f $ω ≥ N"#"$%) = P(

∫
E fσ( $ω − λ $ν) ≥ Nσ)

= Eλν

[
1[Nσ,+∞)(

∫
E fσ( $ω − λ $ν))]9(#"# Nσ = (N"#"$%−∫ fλ $ν)/σ3 R.2# '(# .2$.5')" 0%2'.)2 1[Nσ ,+∞) .1 2)' 4.+1(.'J6 9#52 2)' 5++,/ '(# 8)%2$ <.;#2 8/ 7(#)"#* S 3 T)9#;#"6 9# 52 %++#"@8)%2$ '(# .2$.5')"8/ 5 )2'.2%)%1 0%2'.)2 9()1# 4.+1(.'J 2)"* .1 2)' <"#5'#" '(52 13 =)" .21'52#6 '5H.2<

φ(x) = min(x+, 1) 52$ φN (x) = φ(x−N),9# (5;#
1[Nσ+1,+∞) ≤ φNσ+1 ≤ 1[Nσ ,+∞) ≤ φNσ−1 ≤ 1[Nσ−1,+∞).
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1−Q(Nσ + 1)− 1

2

√
2

π

m(3, 1)√
λ

≤ P(

∫

E
f 'ω ≥ N ! "#) ≤

1−Q(Nσ − 1) +
1

2

√
2

π

m(3, 1)√
λ

, ( ) *+,#-# Q ./ 0,# 121340.5# './0-.610.7$ 81$0.7$ 78 4 /04$'4-' 941//.4$ -4$'72 54-.463#):7-'.$; 07 <,#7-#2 =>& 7$# 4$ ?-7##' +.0, 4 27-# 41-40# 4??-7@.240.7$) A.4?73B$72.43 .$0#-?7340.7$& .0 ./ #4/B 07 7$/0-10 4 C3 81$0.7$ ψlN /1, 0,40
‖(ψlN )(3)‖∞ ≤ 1 4$' 1[Nσ+3.5,+∞) ≤ ψlNσ

≤ 1[Nσ,+∞)4$' 4 81$0.7$ ψrN /1, 0,40
‖(ψrN )(3)‖∞ ≤ 1 4$' 1[Nσ ,+∞) ≤ ψrNσ

≤ 1[Nσ−3.5,+∞)C-72 (=D) *& .0 87337+/ 0,40
1−Q(Nσ + 3.5) − m(3, 1)

6
√
λ

Q(3)(Nσ + 3.5) − Eλ ≤ P(

∫

E
f 'ω ≥ N ! "#) ≤

1−Q(Nσ − 3.5) +
m(3, 1)

6
√
λ

Q(3)(Nσ − 3.5) + Eλ ( )>*+,#-# Eλ ./ 0,# -.;,0E,4$'E/.'# 78 (!)==* +.0, ‖F (3)‖∞ = 1)97.$; 4;4.$ 7$# /0#? 81-0,#-& 87337+.$; 0,# /42# 3.$#/& 47-'.$; 07 (F)FG*& 7$# 4$/,7+ 0,40
P(

∫

E
f 'ω ≥ N ! "#) ≤ 1−Q(Nσ − 6.5)

+
m(3, 1)

6
√
λ

Q(3)(Nσ − 6.5) +
m(3, 1)2

72λ
Q(5)(Nσ − 6.5)

+
m(4, 1)

24λ
Q(3)(Nσ − 6.5) + Fλ ( )H*+,#-# Fλ ./ 671$'#' 4675# .$ (F)FG*)C7- 433 0,# 4??-7@.240.7$/ ;.5#$ 4675#& 87- 4 I@#' 5431# 78 N ! "#& 4$ 4??-7@.240# 5431#78 λ 4$ 6# 7604.$#' 6B /735.$; $12#-.433B 4$ #J140.7$ .$ √
λ) ! ! "#$%&' %(()*+$#%,-K8 +# /##L 87- -761/0$#// 4$' $70 ?-#./.7$& .0 24B 6# .$0#-#/0.$; 07 7$/.'#- 0,# /7E433#'7$#$0-40.7$ .$#J143.0B) M# -#24-L 0,40 .$ 0,# ?-#/#$0 7$0#@0& f ./ $7$E$#;40.5# 4$'671$'#' 6B L = maxk lk /7 0,40 +# 4-# .$ ?7/.0.7$ 07 4??3B <,#7-#2 =F) M# 7604.$ 0,40

P(

∫

E
f 'ω ≥

∫

E
f 'ν + a) ≤ exp

(
−
∫
E f

2λ 'ν
L2

g(
aL∫

E f
2λ 'ν )) , ( )N*+,#-# g(u) = (1 + u) ln(1 + u)− u)
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∫!"" f 7ν:
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lk 51=6&88+,5 =+&15+ (6+ '&:)# #8:)()#85 &'+ 0##: +8#106 9#' β1/γk, j ≥ R 9#' 5#$+ j < lk5# (6&( (6+ ,#&: )8'+&5+5 7)(6 γ3 /#' γ > γc. &,, (6+ β−1/γ

k, l &'+ ,#7+' (6&8 R &8: (6+ ,&'0+'
γ. (6+ 7):+' (6+ 0&%3 L+8+ (6+ 81$=+' #9 15(#$+'5 )8 #1(&0+ )8'+&5+5 &5 γ )8'+&5+5&8: (6+ ,#&: :+'+&5+53 M615.

γc ≃ inf{γ, β−1/γ
s, ls−1 ≤ R} 9#' s = &'0 $&Nklk.?9 7+ %'#++: (6)5 7&- 9#' (6+ :&(& #9 /)01'+ 234. 7+ '+(')+*+ γc = 3.953 M6)5 $+&85 (6&(9#' & #85+'*&()*+ :)$+85)#8)80. )8 (6+ &=5+8+ #9 +5()$&(+ #9 γ. #$%1(&()#85 $&- =+:#8+ 7)(6 (6)5 *&,1+ #9 γ3/#' & (6'+56#,: 0)*+8 =- ǫ = 10−4. 7+ 7&8( (# K8: N ! "# 516 (6&( P(N$%$ ≥ N ! "#) ≤ ǫ3O5 5&): +&',)+'. (6+ +N&( $+(6#: 0)*+5 (6+ '+51,( &( (6+ %')+ #9 & 5#$+()$+5 ,+80(6-%'#+553 ?8 *)+7 #9 232. #8+ #1,: &,5# 5+&'6 9#' α 516 (6&(

1−Q(α) +
1

2

√
2

π
m(3, λ) = ǫ A23PD&8: (6+8 #85):+' ⌈1 +

∫
E f :ν + ασ⌉ &5 &8 &%%'#N)$&(+ *&,1+ #9 N ! "#3 Q89#'(18&(+,-&8: &5 7&5 +N%+(+: 5)8+ (6+ R&155)&8 &%%'#N)$&()#8 )5 ,)J+,- (# =+ *&,): 9#'  !"#$ *&,1+5#9 λ. (6+ #''+()*+ (+'$ )8 A23PD )5 9&' (## ,&'0+ A=+(7++8 30 &8: 500 :+%+8:)80 #8 γD 9#'A23PD (# 6&*+ & $+&8)803 L+8+. 7+ $15( %'#++: &5 151&, &8: K8: α 516 (6&( 1−Q(α) =

ǫ. )3+3 α ≃ 3.713 M6+ &%%'#N)$&(+ *&,1+ #9 N ! "# )5 (615 0)*+8 =- ⌈
∫
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1−Q(α)− m(3, λ)
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Q(3)(α) + Eλ = ǫ&8: (6+8 15+

⌈3.5 +
∫

E
f :ν + ασ⌉&5 &8 &%%'#N)$&(+ #%!"!&'$$( *&,1+ #9 N ! "#3 @- #%!"!&'$$(. 7+ $+&8 (6&( &#':)80 (#A23 D. )( 6#,:5 9#' 51'+ (6&( (6+ ,#55 %'#=&=),)(- 7)(6 (6)5 *&,1+ #9 N ! "# )5 5$&,,+' (6&8
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1−Q(α)− m(3, λ)

6
Q(3)(α) = ǫ+0& )01.&$* ⌈3.5 +

∫
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1 − Q(α) − m(3, λ)

6
Q(3)(α) − m(3, 1)2
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Q(6)(α) +

m(4, 1)

24λ
Q(4)(α) − Fλ = ǫ.A)* "#$ +0+7)' )2 B< ") #)7&3 ($ #+;$ ") ?0& Ψ + C5

b 250".)0 '*$+"$* "#+0 1[x,∞) 85"1/+77$* "#+0 1[x− !",∞) (."# + ?2"# &$*.;+".;$ 1/+77$* "#+0 1< H))I.0' 2)* Ψ .0 "#$ 1$" )2,)760)/.+7 250".)013 ($ +0 ?0& 15# + 250".)0 )076 .2 7+' .1 '*$+"$* "#+0 6.5 C2)* 1/+77$*;+75$ )2 "#$ 7+'3 "#$ ?2"# &$*.;+".;$ .1 0)" 8)50&$& 86 1F "#51 "#$ &./$01.)0.0' ;+75$ #+1") 8$ #)1$0 +1J
⌈6.5 +

∫

E
f &ν + ασ⌉.A)* "#$ ;+75$1 ($ #+;$3 ." "5*01 )5" "#+" Fλ .1 )2 "#$ )*&$* )2 10−9λ−3/2 (#.# .1 0$'7.'.87$)/,+*$& ") ǫ = 10−43 1) "#+" ($ +0 $K$".;$76 51$ "#.1 /$"#)& 2)* λ ≥ 10−4< @1 ." .11#)(0 .0 A.'5*$ B<B3 "#$ ;+75$1 )8"+.0$& (."# "#.1 &$;$7),/$0" +*$ ;$*6 7)1$ ") "#$ "*5$;+75$1 85" +7(+61 '*$+"$* +1 ." .1 0$$11+*6 2)* "#$ '5+*+0"$$< L#$ ,*)$&5*$ 1#)57& "#518$ "#$ 2)77)(.0'J )/,5"$ "#$ $**)* 8)50&1 '.;$0 86 CB<BF3 CM<!!F +0& CB<GF +0& ?0& "#$ )0$(#.# '.;$1 + ;+75$ 0$'7.'.87$ (."# *$1,$" ") "#$ "#*$1#)7& ǫ3 "#$0 51$ "#$ )**$1,)0&.0'&./$01.)0.0' 2)*/57+< =2 0)0$ .1 15."+87$3 51$ + ?0$* %&'$()*"# $-,+01.)0 )* *$1)*" ") "#$)0$0"*+".)0 .0$N5+7."6 +,,*)+#<O)"$ "#+" "#$ %&'$()*"# /$"#)& *$N5.*$1 "#$ )/,5"+".)01 )2 "#$ ?*1" "#*$$ C)* ?;$F/)/$0"13 (#)1$ 7$0'"#.$1" ,+*" .1 ") )/,5"$ "#$ ζk, l (#.# .1 +71) + 1"$, *$N5.*$& 86 "#$$-+" /$"#)&< L#51 %&'$()*"# /$"#)&1 +*$ &*+/+".+776 1./,7$* "#+0 "#$ $-+" /$"#)&+0& /+6 8$ +1 ,*$.1$< P)($;$*3 8)"# "#$ $-+" +0& %&'$()*"# /$"#)&1 15K$* 2*)/ "#$1+/$ Q+(J L#$*$ +*$ ,*$.1$ +1 7)0' +1 "#$ ,+*+/$"$*13 /+.076 λ +0& γ3 +*$ ,$*2$"76($77 $1"./+"$&< L#$ ;+75$ )2 γ .1 )2"$0 1$" $/,.*.+776 C") 1+6 "#$ 7$+1"F 1) "#+" ." 1$$/1./,)*"+0" ") #+;$ &./$01.)0.0' ;+75$1 *)851" ") 1)/$ $1"./+"$ $**)*1< L#.1 .1 "#$ ')+7 )2"#$ 7+1" /$"#)& ($ ,*),)1$<@)*&.0' ") L#$)*$/ !D3 .2 ($ ?0& α 15# "#+"

g(
αL∫

E f
2λ &ν ) = − log(ǫ)L2

∫
E f

2λ &ν+0&
N!#!$ = ∫

E
f &ν + α

L2

∫

E
f2λ &ν, CB<MF($ +*$ 15*$ "#+" "#$ 7)11 ,*)8+8.7."6 (.77 2+77 50&$* ǫ< P)($;$*3 ($ &) 0)" I0)( + ,*.)*.#)( 7+*'$* "#.1 ;+75$ )2 N!#!$ "#+0 "#$ "*5$ ;+75$< =" "5*01 )5" "#+" "#$ *$7+".;$ );$*1.R.0'



 !  ! "#$%&' ()'*#+& ,#- ./0 12+ 34567 +4()2&4#2428"#%&'(&( )"*+ γ ,%-. ' ,&) /&%&#*( *- 40% ,-% *+& 0'%1& 2'03& -, γ '#4 +&#& (.'00 2'03&(-, N ! "#5 6-% "#(*'#&7 ,-% γ = 4.27 *+& 2'03& -, N ! "# 1"2&# 89 :;5<= "( 40 )+&%&'( *+&&>'* 2'03& "( 32 +&#& '# -2&%("?"#1 -, 25%5 @-)&2&%7 ,-% γ = 4.127 )+"+ "( 2% ')'9,%-. 4.27 *+& %&A3"%&4 #3.8&% -, (38+'##&0( "( '0(- 405 B+& -2&%("?"#1 "( *+3( #-* '( 8'4'( "* .'9 (&&. ("#& "* .'9 8& 2"&)&4 '( ' /%-*&*"-# '1'"#(* *%'C "#%&'(&7 &/"(*&."%"(D :.-4&0 &%%-%= '#4 &(*".'*& &%%-%5
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 !"#$%& ' ! "!"#$%& ()*+# ,)- +."#/"%&!0)/%"0+ "!* 1"!*).+- 2-)3"3&#&%$ ),+##/#"- 4&-+#+55 !+%4)-65
℄. 7$=( N!C O +6( /,2$&# ,8 +6( 7)$#( +$-(# &# 6$'=( 13 $ =&?(# AB &*+6( ()) ,8 +6( J,',#,& +(**())$+&,# &+ &* +6( (#+(' ,89 P( $'( &#+('(*+(/ &# $ *3*+(2 %6&6&* *7$+&$))3 *+$+& 1;+ %&+6 *,2( +&2( (?,);+&,#$'3 ()(2(#+*9 G* &+* #$2( &#/&$+(*.  !"#$%&'() ?$'&(* *),%)3. &9(9 &+ 2$3 1( ,#*&/('('(/ $* ,#*+$#+ ,# $ /;'$+&,# ,8 +6( ,'/(' ,8 $



℄6 E+"%00/ !)$("& 7)+7 7)" 5+7) .$!! 1+&/%0 5*$"!! /! + N$/!!$% 5$/%7 5*$"!!$% 7)" *"+. ./%" /% 7)" +!" $1 5+7) .$!! "D5$%"%7 3$&".9 C% K ℄ >+"../ +%& +.9 1$4%&+%+.-7/ "D5*"!!/$%! 1$* $47+0" 5*$<+</./7- $1 %"7($*;! ()"*" "+) %$&" 7*/"! 7$ $%%"7(/7) + &"!7/%+7/$% +7 OD"& &/!7+%" $* 7$ 7)" %"+*"!7 %$&" /% +!" $1 ,+-."/0) 1+&/%09 C%K P℄6 Q"./1 "7 +.9 1$4%& +% $47+0" 5*$<+</./7- "D5*"!!/$% 1$* "..4.+* %"7($*; <- 3"+% $1 7)"!$8+.."& R4/& 3$&".9 C% K S℄6 T+%7/ "7 +.9 &"2".$55"& /%7"*"!7/%0 *"!4.7! +<$47 7"35$*+.+%& !5+7/+. $**".+7/$% $1 (/*"."!! %"7($*;!9 C% K  ℄ +%& K U℄y6 $1 7*+%!3/!!/$% 5$("* P 6 +%& +% ?: H3$</."!7+7/$%J .$+7"& +7 x6 7)" 3$</."W! *""/2"& !/0%+. )+! +2"*+0" 5$("* L(y − x)P ()"*" L/! 7)" 5+7) .$!! 14%7/$%9 =)" 3$!7 4!"& 5+7) .$!! 14%7/$% /! 7)" 5+7) .$!! "D5$%"%7 .+(
L(z) = K|z|−γ ()"*" |z| *"1"*! 7$ 7)" X4./& %$*3 $1 z9 =)" 5+*+3"7"* K &"5"%&! $%7)" )+*+7"*/!7/! $1 7)" +%7"%%+ +%& 7)" 5+7) .$!! "D5$%"%7 γ6 7-5/+..- /% 7)" *+%0"
(2, 4) )+*+7"*/V"! 7)" "%2/*$%3"%7 4%&"* !74&-9 F74+..-6 7)/! 5+7) .$!! 3$&". 0/2"! %/".$!"& 1$*34.+! <47 /! %$7 $**"7 1$* !3+.. &/!7+%"! +! /7 /35./"! +% +.3$!7 /%O%/7" 5$("*.$!" 7$ 7)" >:9 C7 /! 7)4! $17"% 5*"1"*+<." 7$ $%!/&"* 7)" 3$&/O"& 5+7) .$!! "D5$%"%73$&". L(z) = K(max{R0, |z|})−γ ()"*" R0 /! + *"1"*"%" &/!7+%"9 C% +&&/7/$% 7$ 7)"&"7"*3/%/!7/ .+*0" !+." "@"76 7)"*" +*" 7($ *+%&$3 1+7$*! 7)+7 )+2" 7$ <" $%!/&"*"&9=)" O*!7 $%"6 +.."&  !"#$%&'(6 *"5*"!"%7! 7)" !/0%+. +77"%4+7/$% +4!"& <- .+*0" $<!7+."!



 !"#$%&'( )*#(+-' $.-/+/0
L(y − x) )-1*'&(( 23/1+&/ 24&$ y 1& x
γ )-1*'&(( .56&/./1
hyx "'&7 2-8+/0 2&4$ y 1& x
H 9./.4+ 4-/8&$ :-4+-%'. &2 ('&7 2-8+/0
σ2 ;&0-4+1*$+ (1-/8-48 8.:+-1+&/ &2 (*-8&7+/0
ryx[l] <-(1 2-8+/0 24&$ y 1& x -1 1+$. ('&1 l
sx[l] "=>? &2 - 3(.4 -1 x -1 1+$. ('&1 l
k i2 + j2 + ij<4.@3./# 4.3(. 2-1&4
ζ−1 hyxL(y − x)P A:.4-0. 4..+:.8 6&7.4 24&$ y 1& x
ΠB = {yn, n ≥ 1}, λB )&+((&/ 6&+/1 64&.(( &2 B"( -/8 +1( +/1./(+1#
Ξ {(hy,xL(y − x)P )−1, y ∈ ΠB}C )&+((&/ 6&+/1 64&.(( &2 4.D.+:.8 6&7.4 !"#$ %&'(  !"#"$!%& #%' (#)#*+"+)&,(3* -( %3+'8+/0(E F*. (.&/8C -''.8  !"#  !$%&'C 4.64.(./1( 1*. +$6-1 &2 $3'1+D6-1*EF*. (*-8&7+/0 -/ %. &/(+8.4.8 -( &/(1-/1 834+/0 - 6.4+&8 &2 &$$3/+-1+&/ &2 -$&%+'. 7*+'. 1*. 2-(1 2-8+/0 *-/0.( -1 .-* 1+$. ('&1E =2 /& %.-$2&4$+/0 1.*/+@3. +(3(.8C 1*. 4..+:.8 (+0/-' 6&7.4 24&$ 1*. B" y 1& 1*. G" x -1 1*. 1+$. ('&1 l +( Pyx[l] =

ry,x[l]hyxL(y−x)P, 7*.4. {hyx}x,y∈R2 -4. &6+.( &2 - 4-/8&$ :-4+-%'. H 7*+'. {ryx[l]} -4.+/8.6./8./1 &6+.( &2 R 7*+* +( -/ .56&/./1+-' 4-/8&$ :-4+-%'. &2 $.-/ 1/µE H. (366&(.1*-1 2&4 .-* xC 1*. 4-/8&$ :-4+-%'.( (hyx, y ∈ R2) -4. +/8.6./8./1C -/8 pH I4.(6E FHJ8./&1.( 1*.+4 )K< I4.(6E &$6'.$./1-4# LK<JE F*. $&(1 3(.8 (*-8&7+/0 4-/8&$ $&8.'+( '&0D/&4$-' (*-8&7+/0C 2&4 7*+* H +( - '&0D/&4$-' 4-/8&$ :-4+-%'.E =/ 1*+( -(.C 7. -/74+1. H ∼ 10G/10 7*.4. G ∼ N (0, σ2)E H. /&7 &/(+8.4 1*. &/:./1+&/-' %.-$2&4$+/01.*/+@3. 7+1* nt -/1.//-(E F*. 6&7.4 4-8+-1+&/ 6-11.4/ 2&4 - &/:./1+&/-' %.-$D2&4$.4+( 1*. 64&831 &2 1*. -44-# 2-1&4 1+$.( 1*. 4-8+-1+&/ 6-11.4/ &2 - (+/0'. -/1.//-E =2 φ +(1*. 8+4.1+&/ 1&7-48( 7*+* 1*. %.-$ +( (1..4.8C 1*. -44-# 0-+/ +/ 1*. 8+4.1+&/ θ +( 0+:./%# IM !℄CM  ℄JO
sin2(nt

π
2 (sin(θ)− sin(φ))

n2t sin
2(π2 (sin(θ)− sin(φ))

g(θ),7*.4. g(θ) +( 1*. 0-+/ +/ 1*. 8+4.1+&/ θ 7+1* &/. -/1.//-E <&4 (+$6'++1# 7. -((3$. 1*-11*. B" -'7-#( (1..4( 1& 1*. 8+4.1+&/ &2 1*. (.4:.8 G" -/8 1*. 0-+/ g(θ) +( 6&(+1+:. &/(1-/1&/ (−π/2, π/2) -/8 0 &1*.47+(. IP.4& 24&/1D1&D%-Q 6&7.4 4-1+&JE R./.C 1*. +/1.42.4./.(+0/-' 6&7.4 24&$ - B" 1& -/ G" -11-*.8 1& -/&1*.4 B" 3(+/0 1*. (-$. 24.@3./#C +/ 1*.8+4.1+&/ θC 7+'' %. 4.83.8 %# - 2-1&4 &2O
a(θ) = 1{θ∈(−π/2,π/2)}

sin2(nt
π
2 (sin(θ)))

n2t sin
2(π2 (sin(θ)))

·=2 1*. %.-$2&4$+/0 1.*/+@3. +( /&1 3(.8 a(θ) = 1E H. -((3$. 1*-1 1*. %-/87+81* +( (6'+1+/ k /&/ +/1.42.4+/0 (3%D%-/8(EF*3(C 2&4 - $&%+'. -1 6&(+1+&/ xC -/# B" +( *-4-1.4+P.8 %# 1*4.. @3-/1+1+.(O y +1(6&(+1+&/C e 1*. (3%D%-/8 +/ 7*+* +1 &6.4-1.( -/8 ξ−1 = hxyL(y − x)P ES/. %.+/0 +/ 1*. /.17&4QC 1*. $&%+'. x +( -11-*.8 1& I&4 (.4:.8 %#J 1*. B" 1*-164&:+8.( 1*. %.(1 !()*!') (+0/-' (14./01* +/ #%+)O +1 +( -11-*.8 1& 1*. B" 7*+* *-( 1*.



 ! ! "# $#$%&'( *+,-% .+/ -0$%1$'(#2 +1'$2- $#, 3$#,+0-/ 4/+5$5(%('& +.-%%1%$/ 6(/-%-77 #-'6+/87"#$#"%& ξ' () *)$+,) -. y0 ,/) 0+1#,#+$ +2 ,/) /+1)$ 45 %$* -. (yn, n ≥ 1) ,/) 0+1#,#+$1+2 ,/) +,/)6 451' 57-8-%$*1 %$* ξ91 %6) #$*):)* %+6*#$;&.'<117") ,/%, )%/ 45 71#$; 26)=7)$. e0 #1 %&>%.1 1)6?#$; %$ @5A %$* *)$+,) -. θi ,/)%6;7")$, +2 ,/) 1);")$, [x, yi]' B/) 5CDE %, ,#") 1&+, l #1 ;#?)$ -.F
sx[l] =

ry0x[l]ξ
−1
0

N +
∑

i 6=0 1{ei=e0}a(θi)ryix[l]ξ
−1
i

G 'HI>/)6)N #1 ,/) $+#1) 0+>)6A %117")* ,+ -) +$1,%$,' B/) ,)6" Ix =
∑

i 6=b(x) 1{ei=e0}a(θi)ryix[l]ξ
−1
i#1 ,/) 17" +2 %&& #$,)62)6)$)' C$ +6*)6 ,+ +""7$#%,) >#,/ ,/) %,,%/)* 45A ,/) 5CDE"71, $+, 2%&& -)&+> 1+") ,/6)1/+&* T '() %117") ,/%, ,/) -%1) 1,%,#+$1 %6) *#1,6#-7,)* #$ ,/) 0&%$) %+6*#$; ,+ % J+#11+$0+#$, 06+)11 ΠB +2 #$,)$1#,. λB ' B/) 26)=7)$. ei %, >/#/ +0)6%,)1 yi #1 /+1)$ 7$#82+6"&. #$ {1, · · · , k} >/)6) k #1 ,/) 26)=7)$. 6)71) 2%,+6' B/) 451 ,/%, /%?) ,/) 1%")"%6K #$,)62)6) ,+ )%/ +,/)6' L76 6)71) "+*)& %$ -) +$1#*)6)* %1 % >+61, %1) 1)$%6#+1#$) ,/) 17-8-%$*1 %6) *#1,6#-7,)* %, 6%$*+"A #$ +$,6%1, >#,/ 0&%$$)* $),>+6K 0%,,)6$1>/)6) 26)=7)$#)1 %6) %,,6#-7,)* ,+ 451 #$ +6*)6 ,+ "#$#"#M) #$,)62)6)$)' B/) 17-1)=7)$,+"07,%,#+$1 6)&. "%#$&. +$ ,/) 2+&&+>#$; ,/)+6)"' !"#$"% &'(  !" #$%&'( )$#*$+,"- Ξ = {(hy,xL(y−x)P )−1, y ∈ ΠB} *- $ .'*--'% /'*%0/#'"-- '% R+ 2*0! *%0"%-*03 dΛ(t) = λBB

′(t)dt 2!"#" B(β) =
∫
R2 FH((L(z)Pβ)

−1) dz..#''45 N)O$) ,/) "%6K)* 0+#$, 06+)11 Πx = {yi, hyix}∞i=0' C, #1 % J+#11+$ 0+#$, 06+)11+2 #$,)$1#,. λBdy ⊗ fH(t)dt -)%71) ,/) "%6K1 %6) #'#'*' P+$1#*)6 ,/) 06+-%-#&#,. K)6$)&
p((z, t), A) = 1{(L(z)Pt)−1∈A} 2+6 %&& 4+6)& A ⊂ R+ %$* %00&. ,/) *#10&%)")$, ,/)+6)"QR A B/)+6)" H'S'T℄A ,+ +-,%#$ ,/%, Ξ #1 % J+#11+$ 0+#$, 06+)11 >/+1) #$,)$1#,. ")%176)>) *)$+,) -. Λ' @+6)+?)6A 2+6 %$. β

Λ([0, β]) = λB

∫

R2⊗R
1{t≥(βP.L(z)P )−1}pH(t)dzdt

= λB

∫

R2

FH((βL(z)P )
−1)dz = λBB(β).B/#1 +$&7*)1 ,/) 06++2'4. 1,6%#;/,2+6>%6* =7%*%,76)1A >) ;), ,/) 2+&&+>#$; 06+0+1#,#+$')$#*#+,-,#. &/( 64 L(z) = K(max{R0, |z|})−γ 0!"%7

B(β) = C1β
2
γ

∫ ∞

R
γ
0

βPK

t
2
γ pH(t)dt, G 'RI2!"#" C1 = π(PK)

2
γ 5 8'# ,'9%'#($, -!$&'2*%9 H ∼ 10G/10 2!"#" G ∼ N (0, σ2) $%& 2"!$)"7
B(β) = C1β

2
γ e

(
2σ1
γ

)2
Q(

− ln β − ln(PKR−γ
0 )

σ1
− 2σ1

γ
) G 'SI2!"#" Q(u) = 1√

2π

∫∞
u e−u

2/2du $%& σ1 = σ ln 10
10 5V+6 ,/) ):0+$)$, 0%,/&+11 "+*)&A #, #1 17W#)$, ,+ 07, R0 = 0 #$ ,/) %-+?) 2+6"7&%1'B/#1 0%6,#7&%6 6)17&, +7&* -) *)6#?)* 26+" Q H℄' () +-1)6?) ,/%, ,/) *#1,6#-7,#+$ +2 ,/)0+#$, 06+)11 Ξ *+)1 *)0)$* +$&. +$ E(H

2
γ ) -7, $+, +$ ,/) *#1,6#-7,#+$ +2 H #,1)&2' B/#10/)$+")$+$ %$ -) ):0&%#$)* %1 #$ Q !A J%;) HXT℄'



 ! !" #$%&'( &)&*+,-,"#$ %&'()$ *+ x ,-.$/, *0 &-+*1$ *+ +(%$ ,)&+ l 2#$0$3$/ (+, 4567 8*)), '$)&2 * +#/$,#&)9
T *+ +#(, ,)&+: ;&/ +#$ ,*<$ &8 0&+*+(&0,=(0 +#(, 4$+(&0= 2$ 9/&? +#$ (09$@ l *, (+ (, A@$9: !"#$"% &'(  !" #$%&'" ()#*&*+,+%- +. '+/"0 *-

po := P (sx < T ) = 1− λB

∫ ∞

0
B′(β)e−λBB(β)−NTµβ− λB

2πk
D(β) dβ B : C1!")" D(β) =

∫ π
−π dθ

∫∞
β B′(ξ)(1 + ξ/Tβa(θ))−1 dξ23)##42 4(0$ ry0x (, *0 $@?&0$0+(*) /:3: &8 %$*0 1/µ 2$ #*3$D

P (sx ≥ T |ξ0 = β) = P (ry0x ≥ Tβ(N + Ix(β)) | ξ0 = β)

= E(e−µTβ(N+Ix(β)) | ξ0 = β)

= e−NTµβLIx(β)(Tµβ)2#$/$ Ix(β) (, +#$ 9(,+/('-+(&0 &8 +#$ /*09&% 3*/(*')$ Ix 1(3$0 (ξ0 = β)) *09 LIx(β) (,(+, E*?)*$ +/*0,8&/%: F(3$0 (ξ0 = β)= *&/9(01 +& ,+/&01 G*/<&3 ?/&?$/+H= +#$ ?&(0+?/&$,, {ξi}i>0 (, * I&(,,&0 ?&(0+ ?/&$,, &0 (β,∞) 2(+# (0+$0,(+H λBB′(ξ)dξ: JH +#(0K0(01= +#$ ?&(0+ ?/&$,, {ξi}{i>0,ei=e0} (, * I&(,,&0 ?&(0+ ?/&$,, &0 (β,∞) 2(+# (0+$0,(+H
k−1λBB

′(ξ)dξ: L$0$= LIx(β) *0 '$ *)-)*+$9 *, 8&))&2, B,$$ MN ℄CD
LIx(β)(u) = e−

∫∞
β

λB
2πk

B′(ξ)(1−E(e−a(θ)uξ−1R))dξ

= e−
λB
2πk

∫∞
β
B′(ξ)dξ

∫∞
0
dr

∫ π
−π

µe−µr(1−e−a(θ)urξ−1
)dθ

= exp

(
− λB
2πk

∫ π

−π
dθ

∫ ∞

β
B′(ξ)

dξ

1 + ξµ(ua(θ))−1

)
."#-,= 2$ 1$+

P (sx ≥ T |ξ0 = β) = e−NTµβ−
λB
2πk

D(β). B :PC4(0$ +#$ 9(,+/('-+(&0 9$0,(+H &8 ξ0 (, λBB′(β)e−λBB(β)= 'H *3$/*1(01 &3$/ *)) ξ0 2$ &'+*(0B : C:)$#*#+,-,#. &/( 50 %!" +0%")4")"0"7,+8+%"9 )"'+8" :N = 0;< 1" !&/"
po(T ) = 1− λB

∫ ∞

0
B′(β)e−λBB(β)− λB

2πk
D(β)dβ. B :QC54 L(z) = K|z|−γ 1" !&/"=

po(T ) = 1−
∫ ∞

0
e−Mα−Gα

γ
2 dα B :!C1!")" M := M(k, T, γ) = 1 + 1

2πk

∫ π
−π dθ

∫∞
1

du

1+(T.a(θ))−1u
γ
2
&09 G = NTµ(λBC)−

γ
2 2 54

L(z) = K|z|−γ &09 N = 0 1" !&/"=
po(T ) = 1− 1

M
· B :RC
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sx[l] =

ry0x[l]ξ
−1
0

µN +
∑

i 6=0 1{ei=e0}a(θi)ryix[l]ξ
−1
i72%)% ry0x[l] = µryix[l]< "&'% ryx[l] &* -' %89#'%'(&-4 )-'1#$ 0-)&-/4% #, $%-' 1/µ= ry0x[l]&* -' %89#'%'(&-4 )-'1#$ 0-)&-/4% #, $%-' 1< >%'% /? (2% -/#0% %@3-(&#' &( &* %89%(%1(2-( (2% #3(-+% 9)#/-/&4&(? 1%9%'1* #' (2% 9)#13( µN /3( '#( 1&)%(4? #' µ -'1 N < :(&* -' &')%-*&'+ ,3'(&#' #, Nµ 72&2 &* #'A)$%1 /? B < C< D2% ,-( (2-( (2% #3(-+%9)#/-/&4&(? &* -' &')%-*&'+ ,3'(&#' #, µ -'1 N &* @3&(% '-(3)-4= &')%-*&'+ #, '#&*% #) (2%,-*( ,-1&'+ &'E3%'% -47-?* 1%(%)&#)-(% (2% *?*(%$ 9%),#)$-'%*<:( &* -4*# %89%(%1 (2-( &' (2% &'(%),%)%'% 4&$&(%1 -*% BN = 0C (2% #3(-+% 9)#/-/&4&(?1#%* '#( 1%9%'1 #' µ< :( &* #'A)$%1 /? B <FC< G2?*&-44? &( $%-'* (2-( &' (2% -/*%'%#, '#&*%= (2% ,-*( ,-1&'+ $#1&A%* (2% 2-''%4* B,)#$ (2% H" (# %-2 I"C 2-)-(%)&*(&* /?(2% *-$% ,-(#)= (23* (2% ":;6 1#%* '#( 2-'+%<:' (2% &'(%),%)%'% 4&$&(%1 *%'-)&# 7&(2 (2% %89#'%'( 9-(24#** $#1%4= (2% #3(-+% 9)#/J-/&4&(? 1#%* '#( 1%9%'1 '%&(2%) #' µ= '#) #' (2% I" 1%'*&(? λB -'1 '#) #' (2% 1&*()&/3(&#'#, *2-1#7&'+ H< :( &* 13% (# (2% *-4&'+ 9)#9%)(&%* #, (2% 9-(24#** ,3'(&#' -'1 #, (2%G#&**#' 9#&'( 9)#%**< D2% #3(-+% 9)#/-/&4&(? &* (23* - 1%)%-*&'+ ,3'(&#' #, (2% 9-(24#**%89#'%'( γ<:' (2% 9)%*%'% #, '#&*% N > 0 -'1 *(&44 ,#) (2% %89#'%'( 9-(24#** $#1%4 -*%= (2%#3(-+% 9)#/-/&4&(? &* -' &')%-*&'+ ,3'(&#' #, λ
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) = P (∩mi=1A
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i )< I? 1%A'&(&#' pho := P (∩ni=1Al+i−1) = P (∩ni=1Ai)<L% 2-0%

pho = 1 +
n∑

m=1

(−1)m
∑

j1 6=... 6=jm∈{1,..,n}
P (∩mi=1A

c
ji)

= 1 +
n∑

m=1

(−1)m
n!

m!(n−m)!
P (∩mi=1A

c
i )·
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pho = 1 +

n∑

m=1

(−1)m
n!

m!(n −m)!
qm,2!"(" qm = P (∩mi=1A

c
i ) +/ 0+'"$ *.1

qm =

∫ ∞

0
λBB

′(β)e−λBB(β)−NTµβ− λB
2πk

Dm(β)dβ,#$% Dm(β) =
∫ π
−π dθ

∫∞
β B′(ξ)(1 − ( 1

1+Tβa(θ)ξ−1 )
m)dξ34(&&53 "# $##% &' )*+*)&# &,# -.'/)/0*0&1 P (∩mi=1A

c
i ) &,)& 02 &,# -.'/)/0*0&1 &,)& &,#3'/0*# 02 '4#.#% 0$ m %05#.#$& &03# 2*'&26

P (∩mi=1A
c
i |ξ0 = β)

= P (sx[1] ≥ T, ..., sx[m] ≥ T |ξ0 = β)

= P (ry0x[i] ≥ β(TN + Ix[i]), i = 1 . . . m|ξ0 = β)

= E(e−µ(mTNβ+
∑m

i=1 Ix(β)[i])|ξ0 = β)

= e−mNTµβL∑m
i=1 Ix(β)[i]

(Tµβ)7,#.# Ix(β)[i] 02 &,# %02&.0/+&0'$ '8 &,# .)$%'3 4).0)/*# Ix[i] 904#$ (ξ0 = β)6 "# ,)4# :
m∑

i=1

Ix(β)[i] =

∞∑

j=1

1{ei=e0}ξ
−1
i a(θi)(

m∑

i=1

ryix[i])·;2 &,# .)$%'3 4).0)/*#2 ryix[i] ).# 0$%#-#$%#$& '-0#2 '8 &,# #<-'$#$&0)* .)$%'3 4).0)/*#
R= &,# .)$%'3 4).0)/*#2 ∑m

i=1 ryix[i] ).# )*2' 0606% )$% &,# '33'$ >)-*)# &.)$28'.3 '8&,# *)&&#. 02 :
L∑m

i=1 ryix[i]
(u) = (LR(u))m = (

µ

µ + u
)m·?,# >)-*)# &.)$28'.3 '8 ∑m

i=1 Ix(β)[i] 02 $'7:
L∑m

i=1 Ix(β)[i]
(u) = e

− λB
2πk

∫ π
−π dθ

∫∞
β B′(ξ)(1−( µ

µ+a(θ)ξ−1u
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∫ ∞

0
λBB

′(β)e−λBB(β)−NTµβ− λB
2πk
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∫ ∞

0
λBB

′(β)e−λBB(β)− λB
2πk

Dm(β)dβ·65 L(z) = K|z|−γ -!"$1
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0
e−Mmα−Gα

γ
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1
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−π
dθ
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1
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γ
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λ = 1.9099.10
−6

, σ = 6, µ = 1, N = −174(dBm), k = 7

γ = 4, Poisson−simulation

γ = 4, Poisson−analytic

γ = 4, Hexagonal−simulation

γ = 3, Poisson−simulation

γ = 3, Poisson−analytic

γ = 3, Hexagonal−simulation
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 N = −174 (dBm), k = 7, σ = 6 (dB), µ = 1

Hexagonal model, γ = 3, n = 6

Hexagonal model, γ = 3, n = 3

Poisson model, γ = 3, n = 3

Poisson model, γ = 3, n = 6

Hexagonal model, γ = 4, n = 6

Hexagonal model, γ = 4, n = 3

Poisson model, γ = 4, n = 3

Poisson model, γ = 4, n = 6
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 N = −174 (dBm), T = 5 (dB), σ = 6(dB), µ = 1

k = 7

k = 3

k = 12
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 N = −174 (dBm), T = 5 (dB), σ = 6(dB), µ = 1

k = 3

k = 7

k = 12
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L(z) = K|z|−γ ,0$%.% |z| .%*%.' "# "$% T&1,;%(2 2#.- #* z9 :$,' *&2",#2 ),E%' .(,'% "# 2,% 1#'%; *#.-&1('<&" ,' .("$%. &2.%(1,'",] Z1#'% "# "$% FG5 "$% ',)2(1 ,' ,2A2,"%1/ (-41,A%;9 Q -#.% .%(1,'",-#;%1 ,' "$% -#;,A%; 4("$ 1#'' -#;%1 ),E%2 </]
L(z) = Kmin{R−γ

0 , |z|−γ}



  !"#$%&' ()"'*,& #-,.*./
L(y − x) (,0)&%'' 12.0*%. 13%# y 0% x
γ (,0)&%'' -45%.-.0
hyx 6,7*./ 1%3# y 0% x
H 8-.-3* 3,.7%# 9,3*,$&- %1 1,7*./
ΠB {y0, y1, ...}(%*''%. 5%*.0 53%-'' %1 :!' %1 *.0-.'*0" λB
ΠM {x0, x1, ...}(%*''%. 5%*.0 53%-'' %1 2'-3' %1 *.0-.'*0" λM
Shx {syx := hyxL(y − x))−1, y ∈ ΠB}; (,0) &%'' 1,7*./ 53%-'',0 5%*.0 x
Shx {0 < ξx0 < ξx1 < . . .}(,0) &%'' 1,7*./ 53%-'' ,0 5%*.0 x
f <,5,*0" 12.0*%. =1%3 -4,#5&- f(u) = log2(1 + u)>
So(f)

∑
x∈Co

f(sox); <-&& '2# ,5,*0"
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Pyx = hy, xL(y − x)P, !"#" {hy, x}x,y∈R2 &#" $(*"-"(*"(+ ,-$"% ,' & #&(*,0 /&#$&63" H1 =,%+ ;%"* '&*$(.#&(*,0 0,*"3% &#" 3,.@(,#0&3 %!&*, $(. &(* A&73"$.! '&*$(.1 8!" 3,.@(,#0&3 %!&*, $(.$% %;! +!&+ H $% & 3,.@(,#0&3 #&(*,0 /&#$&63" &(*  " &(  #$+" H ∼ 10G/10  !"#"
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FH(β) = P (H ≥ β) =

∫ ∞

β
pH(t) .t > 0.
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∫
R2 FH((L(z)β)

−1) &z! '(#%) *# (+,# 0 < B(β) <∞ -./ +00 β > 0! !" #$%&&$' ($%') (*$,&& $- (.)/ 0$&& -.1%'2"#$ %&( )#&*+#, x #, R2- #,.+/%$ *(% 0&*( )#.. 1&/+,2 0$#%.. Shx = {syx := hyxL(y −
x))−1, y ∈ ΠB}3 4(% ,%5* 0$#0#.+*+#, 1#))#6. 1$#7 89:℄3 !"#"$%&%"' (() 1./ +%2 x) Shx 34 + 5.344.% 6.3%7 6/.#44 .% R+ *37( 3%7#%4372 &#%4372
dΛ(t) = λBB

′(t)dt! 9% +&&373.%) B(0) = 0 +%& B(∞) = ∞!"#$ &,< 0#+,* x- 6% &, $%#$/%$ *(% 0#+,*. #1 Shx. =% /%,#*% #$/%$%/ &*#7. #1 Shx ><
0 < ξx0 < ξx1 < . . .3 4(% ?@" &,/ A@" #1 ξxm &$% %&.+)< /%$+B%/ &#$/+,2 *# *(% 0$#0%$*<#1 A#+..#, 0#+,* 0$#%..%.C*"!"++,!- .) '(# .:60#:#%7+/2 ;:;0+73,# &347/3<;73.% -;%73.% .- ξxm 34 =3,#% <2>

P (ξxm > t) = e−λBB(t)
m∑

i=0

(λBB(t))i

i!
,



 ! !" #$% &'() )#*#$+ ",!%#$+ -.!$#(! #% 0#1,! )+
pξxm(t) =

λm+1
B B′(t)(B(t))m

m!
e−λBB(t)· " #$%2'((-3 &'( ()(*+ (ξxm > t) ,- (./,)01(*+ +2 +'( ()(*+ ",* +'( ,*+(3)01 [0, t], +'(3( 03( 0+42-+ m 52,*+-% 0*6 +'( */47(3 28 52,*+- ,* +',- ,*+(3)01 821129- 0 :2,--2* 6,-+3,7/+,2* 284(0* λBB(t)# &'/-; 9( '0)(<

P (ξxm > t) = e−λBB(t)
m∑

i=0

(λBB(t))i

i!
·&'( :=> ,- +'/- ?,)(* 7@

pξxm(t) = − ∂

∂t
P (ξxm > t)

= −λBB′(t)e−λBB(t)

+
m∑

1

λBB
′(t)e−λBB(t)

(
(λBB(t))i−1

(i− 1)!
− (λBB(t))i

i!

)

=
λm+1
B B′(t)(B(t))m

m!
e−λBB(t)·&'( 53228 ,- +'/- 2451(+(# !"!##$"% &' 4- L(z) = K|z|−γ $5,!6

B(β) = C.β
2
γ ,75,', C = πK

2
γE(H

2
γ )32'((-3 &'( 50+' 12-- 8/*+,2* 6(5(*6- 2*1@ 2* +'( 6,-+0*( 8324 +'( BC +2 +'( /-(3# B@+'( '0*?( 28 )03,071( r = |z| 0*6 7@ ,*+(?30+,2* 7@ -/7-+,+/+,2*; 9( '0)(<
B(β) = 2π

∫ ∞

0

∫ ∞

0
r1{tKβ≥rγ}pH(t) 6r 6t

= 2π

∫ ∞

0
pH(t) 6t ∫ (tKβ)1/γ

0
r 6r

= π(K)
2
γ β

2
γ

∫ ∞

0
pH(t)t

2
γ 6t

= π(K)
2
γE(H

2
γ )β

2
γ ·D(*( +'( 3(-/1+#E( 27-(3)( +'0+ +'( 6,-+3,7/+,2* 28 +'( 52,*+ 532(-- Shx 62(- 6(5(*6 2*1@ 2* E(H

2
γ )7/+ *2+ 2* +'( 6,-+3,7/+,2* 28 806,*? H ,+-(18# &',- 5'(*24(*2* 0* 7( (F510,*(6 0- ,*GHI℄"50?( $ K%# L8 +'( 806,*? ,- 12?M*23401 -'0629,*?; ,#( H ∼ 10G/10 9'(3( G ∼ N (0, σ2)+'(* E(H

2
γ ) = e

2σ2
1

γ2 9'(3( σ1 = ln(10)σ
10 # L8 +'( 806,*? ,- N0@1(,?' 806,*?; ,#( H ∼ exp(µ)+'(* E(H

2
γ ) = Γ( 2γ + 1, 0)µ

− 2
γ 9'(3( Γ(a, b) =

∫∞
b ta−1e−t 6t ,- +'( /55(3 ,*2451(+(?0440 8/*+,2*#C,4,1031@ +2 +'( 6,-+0*( +2 mM+' *(03(-+ BC "9',' 0* 7( 82/*6 ,* GHK℄%; +'( 6,-+3,M7/+,2* 28 mM+' 1(-- -+32*? 50+' 12-- 806,*? ξxm 0* 7( '030+(3,O(6 0- 821129-<



 !  ! "# #$%&'()%*%+', #'+-$./& !"!##$"% &'  ! L(z) = K|z|−γ" ξxm #$ %#$&'#()&*% +-'%#./ &- &0* /*.*'+1#2*% 3+44+%#$&'#()&#-.5
pξxm(t) =

2

γ
(λBC)m+1t

2
γ
(m+1) e

−λBCt
2
γ

m!
·6'--!7 "#$% $% & ()%*+,*)* (- .(/(00&/$*% 1 &)2 345* &) &0%( $)6*%7$8&7* 9(/* 8*)*/&0 &)2 /*&0$%7$ :&7# 0(%% 9(2*04 !"!##$"% ('  ! L(z) = Kmin{R−γ

0 , |z|−γ} &0*.5
B(β) = C1β

2
γ

∫ ∞

R
γ
0

βK

t
2
γ pH(t) %t, ; 43<80*'* C1 = πK

2
γ 7  . +%%#&#-." 8* 0+9*5

B′(β) =
2

γ
β−1B(β) + πR2

0pH

(
Rγ0
Kβ

)
· ; 4=< ! &0* !+%#./ #$ 1-/.-'4+1 $0+%-8#./ H ∼ 10G/10 80*'* G ∼ N (0, σ2) &0*. 8* 0+9*5

B(β) = C1β
2
γ e(

2σ1
γ

)2Q

(
− lnβ − ln(KR−γ

0 )

σ1
− 2σ1

γ

)
,80*'* Q(a) = 1√

2π

∫∞
a e−u

2/2 %u #$ &0* >:!).&#-. +.% σ1 = σ ln 10
10 7  ! &0* !+%#./ #$ ;+<1*#/0

H ∼ exp(µ) &0*.
B(β) = C1

(
β

µ

) 2
γ

Γ

(
1 +

2

γ
,
µRγ0
Kβ

)
.6'--!7 ?$9$0&/0@ 7( 7#* :&7# 0(%% *A:()*)7 9(2*0 &%*B C* #&6*D

B(β) = 2π

∫ ∞

0
rFH((max{R0, r})−γ(Kβ)−1) 2r

= 2π

∫ R0

0
rFH(R

−γ
0 (Kβ)−1) 2r + 2π

∫ ∞

R0

rFH(R
−γ
0 (Kβ)−1) 2r

= πR2
0FH(R

γ
0(Kβ)

−1) + 2π

∫ ∞

R
γ
0

βK

pH(t) 2t ∫ (tKβ)1/γ

R0

r 2r
= C1β

2
γ

∫ ∞

R
γ
0

Kβ

t
2
γ pH(t) 2t·5* 7#*) (E7&$) F+,&7$() ; 43<4 G(C 2$H*/*)7$&7* 7#* 7C( %$2*% (- 7#&7 *+,&7$() 7( 8*7D

B′(β) =
2

γ
C1β

2
γ
−1
∫ ∞

R
γ
0

βK

t
2
γ pH(t) 2t+ C1R

2
0

K
2
γ

pH

(
Rγ0
Kβ

)

=
2

γ
β−1B(β) + πR2

0pH

(
Rγ0
Kβ

)
.
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B(β) = C1β

2
γ

∫ ∞

R
γ
0

Kβ

1√
2πσ21t

t
2
γ e

− (ln t)2

2σ2
1 *t

= C1β
2
γ

∫ ∞

ln
R
γ
0

Kβ

1√
2πσ21

e
2u
γ e

− u2

2σ2
1 *u

= C1β
2
γ e(

2σ1
γ

)2
∫ ∞

ln
R
γ
0

Kβ

1√
2πσ21

e
−

(u−
2σ2

1
γ )2

2σ2
1 *u

= C1β
2
γ e

(
2σ1
γ

)2
Q

(
− ln β − ln(KR−γ

0 )

σ1
− 2σ1

γ

)
·50 %#( $+( /7 >$&)('8# 7$*'08 ;( #$<(=

B(β) = C1β
2
γ

∫ ∞

R
γ
0

Kβ

t
2
γ µe−µt *t

= C1

(
β

µ

) 2
γ

Γ

(
1 +

2

γ
,
µRγ0
Kβ

)
,?& $ #$08( /7 <$9'$?)(+2 @(0( %#( 9(+.)%2 !"!##$"% &'  !" T #! "$! %&'(! )* &""!+(&",)+ &#)%! -$,$ & )//(+,&",)+ ,0 +)" *!&0,1#'!2 3$! +(/#!4 )* 56 )%!4,+7 & 8),+" x ,0 9,0"4,#("!9 &)49,+7 ") "$! :),00)+ 9,0"4,#(",)+)* 8&4&/!"!4 λBB(T )2 ;+ 8&4",('&4< "$! )("&7! 84)#&#,',"= ,0 7,%!+ #=

P (ξx0 > T ) = e−λBB(T ).:4))*2 "#( A$%# )/++ 7$*'08 Shx '+ $ B/'++/0 A/'0% A9/(++ /0 R+ ;'%# '0%(0+'%& λBB′(t) *tC+/ %#( 0.:?(9 /7 A/'0% /0 %#( '0%(9<$) (0, T ) '+ *'+%9'?.%(* $/9*'08 %/ B/'++/0 *'+%9'?.%'/0/7 A$9$:(%(9 λBB(T )2D'8.9(  2E 9(A9(+(0%+ %#( /.%$8( A9/?$?')'%& 7/9 *'F(9(0% :/*()+ /7 7$*'082 "#'+ +#/;+%#$% %#( .9<(+ /7 :/*'G(* A$%# )/++ (HA/0(0% :/*() '+ 8(0(9$))& #'8#(9 %#$0 %#/+( /7 A$%#)/++ (HA/0(0% :/*() ?.% %#(& $9( <(9& )/+( '0 %#( )/; /.%$8( 9(8'/02 !" #$%$'()50 %#'+ +(%'/0C ;( $).)$%( %#( :($0 /7 $0& $A$'%& 7.0%'/0 /7 $ .+(92 I( $)) $A$'%&7.0%'/0 $0& :($+.9$?)( 0/0J0(8$%'<( 7.0%'/0 *(G0(* /0 R+2 50 +/:( $+(+C ;( $0 $**%#( A9/A(9%& %#$% f(0) = 02 ,H$:A)(+ /7 $A$'%& 7.0%'/0+ $9(=
• f0(t) = 1 '+ $ /0+%$0% 7.0%'/0 '0*'$%'08 %#$% %#( .+(9 '+ '0 %#( +&+%(:2
• f1(t) = 1(t > T ) '+ %#( 7.0%'/0 '0*'$%'08 %#$% %#( .+(9 '+ '0 /.%$8( /9 0/% '7 %#(A$%# )/++ 7$*'08 %#9(+#/)* '+ T 2
• f2(t) = 1(t ≤ T ) '+ %#( 7.0%'/0 '0*'$%'08 %#$% %#( .+(9 '+ /<(9(* /9 0/%2
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Shadowing, L(z) = K|z|
−γ

Rayleigh fading, L(z) = K|z|
−γ

Rayleigh fading, L(z)=K min{R
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−γ
,|z|

−γ
}

Shadowing, L(z)=K min{R
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−γ
,|z|
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}

 !"#$% &'()  !"#$%&'!( !) !*+$,- #%!.$.&/&+0 .-+1--( #%!#$,$+&!( "!2-/'3 4!% /!,(!%"$/ '5$26!1&(, σ = 4(dB)7 )!% 8$0/-&,5 )$2&(, µ = 19 K = 10−27 γ = 2.83
• "#$%%&% $($)*+ ,#-% *.$%/0)**)%1 &2-. $ #$%%-3 &4 5$%6,)6*# W $%6 ,)*# %&)/-
N )/W log2(1+

P
tN ) 785/9: ;% (.$*)-< *#- /-* &4 $#)-2$53- .$*-/ )/ %&* &%*)%=&=/ 4&.$33 ,).-3-// /+/*-0/: ;%6--6< *#- $*=$3 =/-. 5)* .$*- $% 5- ->(.-//-6 $/ $ ()--,)/-&%/*$%* 4=%*)&% f3(t) =

∑n
1 1(Ti ≤ t < Ti+1)ci ,)*# 0 < T1 < T2 < ... < Tn <

Tn+1 = +∞:?-%-< )* )/ )%*-.-/*)%1 *& /*=6+ *#- .$%6&0 2$.)$53- f(supy∈ΠB
sy, x):@-0$.8 *#$* /)%- *#- /+/*-0 )/ /($*)$33+ /*$*)&%$.+ *#- /*$*)/*) &4 *#- ($*# 3&// 4$6)%1$%6 *#- $($)*+ &4 $ =/-. 6&-/ %&* 6-(-%6 &% #)/ (&/)*)&%: ")%- *#- ABC $%6 *#- DBC &4*#- ($*# 3&// 4$6)%1 ξx0 #$2- 5--% $3.-$6+ $3=3$*-6 )% D&.&33$.+ E< *#- 0-$% &4 $ $($)*+4=%*)&% &4 $ =/-. 4&33&,/ )00-6)$*-3+: ;% ($.*)=3$.F !"#$"% &'(  !" #$"%#&" #(#)*+ ("% ,-"% )-

E(f(ξx0 )) = λB

∫ ∞

0
B′(β)e−λBB(β)f(β) .β· 7G:H9/0 *!" #-" 12 (#*! 31-- "4(10"0* 51."3 L(z) = K|z|−γ 6 7" !#$"8

E(f(ξx0 )) = L
f̃
(λBC) 7G:G97!"%" Lg(s) =

∫∞
0 e−stg(t) .t )- *!" 9#(3#" *%#0-21%5 12 *!" #(#)*+ 2,0*)10 g #0.

f̃(t) = f(t
γ
2 ):;%112: IJ=$*)&% 7G:H9 &0-/ 4.&0 A.&(&/)*)&% E: ;4 *#- ($*# 3&// ->(&%-%* 0&6-3 )/ &%K/)6-.-6< *#-% ,- #$2-F

E(f(ξx0 )) = λB

∫ ∞

0

2C

γ
β

2
γ
−1e−λBCβ

2
γ
f(β) 6β

=

∫ ∞

0
e−λBCβ1f(β

γ
2
1 ) 6β15+ *#- #$%1- &4 2$.)$53- β1 = β

γ
2 :



 !"##$%& '()' '(&*& +# ) ,- ./)'&1 )' '(& /*+2+3 o4 )..&1 '56+). ,-4 )31 %)+3')+3 '(&7/+##/3 6/+3' 6*/&## /8 /'(&* ,-# ΠB9 :)( $#&* +# )'')(&1 ;5 '(& ;&#' ,- )/*1+32 '/"##$%6'+/3 !9 <& =/$.1 .+>& '/ /;')+3 1&?3&1 )# 8/../=#9 @&' Co ;& '(& #&' Co = {xi ∈
ΠM | soxi < supyi∈ΠB

syix} /8 ).. $#&* )'')(&1 '/ '(& ,- o9 <& 1&?3& '(& &.. )6)+'5)# A
So(f) =

∑

x∈Co

f(sox).B(& #')'+#'+ /8 '(& &.. )6)+'5 So(f) +# %/*& 1+C$.' '/ )3).5D&9 E3 '(+# #&'+/34 =&).$.)'& +'# %&)3 m(f) )31 ./=&* ;/$31 )31 $66&* ;/$31 /8 +'# F)*+)3& v(f)9 <& #')'&'(& 8/../=+32 .&%%)4 =(+( +# #'*)+2('8/*=)*1 1$& '/ "##$%6'+/3 ! ;$' #'+.. $#&8$.A !""# $%&  !"#$ % &'#( *$&+,-%.!*$ ΠB */ 0123 .4# 5*!22*$ 6*!$. 6-*#22#2 */ 6%.47*22 /%(!$+ Shx %$( Shy %-# !$(#6#$(#$. /*- %$8 .9* (!:#-#$. 6*!$.2 x, y; !""# $'& <#. z = y − x; =4# 5>? */ syx !2 +!"#$ @8
psyx(t) =

1

l(z)t2
pH

(
1

L(z)t

)
.5-**/; <& ()F&

P (syx < t) = P (hyx >
1

L(z)t
)

= FH

(
1

L(z)t

)
.B(& 1&3#+'5 6*/;);+.+'5 8$3'+/3 +# '(&3

psyx(t) =
1

L(z)t2
pH

(
1

L(z)t

)
.()!*+!" $,& =4# #'6#.%.!*$ */ .4# #77 %6%!.8 */ .4# .86!%7 01 !2

m(f) = λM

∫ ∞

0
B′(β)e−λBB(β)f(β) (β· GH9 IA$ .4# %2# */ 6%.4 7*22 #'6*$#$. B*(#7 L(z) = K|z|−γ 3 9# 4%"#C

m(f) =
λM
λB

L
f̃
(λBC)· GH9JI5-**/; K+F&3 ) ?L&1 /3?2$*)'+/3 /8 ,-# ΠB4 '(& *)31/% F)*+);.&# 1(sox < ξx0 )f(sox) /;M')+3&1 8*/% ).. x ∈ R2 )*& +31&6&31&3'9 B($#4 '(& %)*>&1 6/+3' 6*/&## Π̃M = (xi, 1(soxi <

ξxi0 )f(soxi)) +# ) 7/+##/3 6/+3' 6*/&##9 N#+32 '(& O)%6;&.. '(&/*&% =& ()F&A
E(So(f) | ΠB) = λM

∫

R2

E (1(sox < ξx0 )f(sox) | ΠB) 1x·"# ) /3#&P$&3&4
E(So(f)) = E

(
λM

∫

R2

E(1(sox < ξx0 )f(sox) | ΠB) 1x)
= λM

∫

R2

E (1(sox < ξx0 )f(sox)) 1x·



 !  ! "# #$%&'()%*%+', #'+-$./&"# $%&'() *+ ,)--. !/0 1&*2*3%'%*# !! .#4 5*66.&7 80 9) :.$);
E(So(f)) = λM

∫

R2

E(1(sox < ξx0 )f(sox)) 4x
= λM

∫

R2

∫ ∞

0
psox(t)P (t < ξx0 )f(t) 4t 4x

= λM

∫ ∞

0
f(t)e−λBB(t) 4t ∫

R2

∂FH
∂t

(
1

L(x)t

) 4x
= λM

∫ ∞

0
f(t)e−λBB(t) 4t ∂

∂t

(∫

R2

F (
1

L(x)t
) 4x)

= λM

∫ ∞

0
f(t)e−λBB(t)B′(t) 4t·<*& ':) .3) *+ 2.': 6*33 )>2*#)#' -*4)60 ?@(.'%*# /AB +*66*93 ).3%67A C:%3 *-26)')3 ':)2&**+A?@(.'%*# D/A E :.3 ':) +*66*9%#F %#')&2&)'.'%*#; ':) -).# )66 .2.%'7 %3 ':) 2&*4('*+ ':) -).# #(-G)& *+ (3)&3 2)& )66 .#4 ':) -).# .2.%'7 2)& (3)&A !"#$"% &'(  !"#$ %&' )*)!%+ ,-$%!'$. f, g &# /)"# 0

cov(So(f), So(g)) ≥ m(f.g)· D/AHE1$ *)2%!-3)24
var(So(f)) ≥ m(f2).52'',6 <*& 3%-26%%'70 6)' βx = sox1(sox < ξx0 ) .#4 f(0) = 0, g(0) = 00 9) :.$) ;

cov(So(f)So(g)) = E(cov(So(f), So(g) | ΠB))
+ E(E(So(f) | ΠB)E(So(g) | ΠB))− E(So(f))E(So(g))

= T1 + T2 − T3·"' %3 6).& ':.'
T3 = m(f)m(g)·5*#3%4)& ':) I&3' ')&-A J)-%#4 ':.' 9) :.$) .33(-)4 ':.' .66 &.#4*- +.4%#F {hyx}y,x∈R2.&) %#4)2)#4)#'0 3* F%$)# . I>)4 *#IF(&.'%*# ΠB *+ KL30 ':) &.#4*- $.&%.G6)3 {βx}x∈R2.&) %#4)2)#4)#'A M)#) G7 5.-2G)66 +*&-(6. 9) :.$);

T1 = λME

∫

R2

E(f(βx)g(βx) | ΠB) 4x
= λM

∫

R2

E(E(f(βx)g(βx) | ΠB)) 4x
= λM

∫

R2

E(f(βx)g(βx)) 4x
= m(f.g)·



 !"#$ #&'()*+ ,-* '*#&) ,*+.
T2 = λ2ME

(∫

R2

E(f(βx) | ΠB) )x∫
R2

E(g(βx) | ΠB) )x)
= λ2ME

(∫

R2

∫

R2

E(f(βx) | ΠB)E(g(βy) | ΠB) )x )y)
= λ2M

∫

R2

∫

R2

E (E(f(βx) | ΠB)E(g(βy) | ΠB)) )x )y
= λ2M

∫

R2

∫

R2

E(f(βx))E(g(βy)) )x )y
= λ2M

∫

R2

∫

R2

∫ ∞

0

∫ ∞

0
P (sox < ξx0 , soy < ξy0 | sox = t1, soy = t2)×

× f(t1)g(t2)psox(t1)psoy(t2) )t1 )t2 )x )y·/0 +*.1+2(&3 ,-1, βx 1&) βy 1+* (&)*4*&)*&, (5 x 6= y 67*..1 89:; <* $(== 4+#>* ,-1, (5
x 6= y?
P (sox < ξx0 , soy < ξy0 | sox = t1, soy = t2) ≥

P (sox < ξx0 | sox = t1)P (soy < ξy0 | soy = t2)@#&'()*+ ,-* .1+2*) 4#(&, 4+#*'' Πx,yB = {yi, hyix, hyiy)}; A(&* ,-* .1+2' 1+* (&)*4*&B)*&,C (, (' 1 D#(''#& 4#(&, 4+#*'' #& R4 $(,- (&,*&'(,0
mx,u1,u2
a ( )y, )u1, )u2) = λM )y ⊗ pH(u1) )u1 ⊗ pH(u2) )u2·@#&'()*+ ,$# '*,'

A1 = {(y, u1, u2) : L(y)u1 ≥ t−1
1 }1&)

A2 = {(y, u1, u2) : L(y)u2 ≥ t−1
2 },$* -1>*?

P (sox < ξx0 , soy < ξy0 | sox = t1, soy = t2) = P (Πx,yB (A1 ∪A2) = ∅)
= e−m

x,y
a (A1∪A2)

≥ e−m
x,y
a (A1)−mx,y

a (A2)

= P (Πx,yB (A1) = ∅)P (Πx,yB (A2) = ∅)
= P (sox < ξx0 | sox = t1)P (soy < ξy0 | soy = t2)·E-F'C

T2 ≥ λ2M

∫

R2

∫

R2

∫ ∞

0

∫ ∞

0
P (sox < ξx0 | sox = t1)P (soy < ξy0 | soy = t2)×

× f(t1)g(t2)psox(t1)psoy(t2) )t1 )t2 )x )y
= m(f)m(g)·E-* +*'F=, 5#==#$';



 !  ! "# #$%&'()%*%+', #'+-$./& !"#$"% &'(  !" f #$% g &'! #)#*&+ ,-$&*!$./ '0 1#203
cov(So(f), So(g)) ≤ m(f.g) +m(f)n(g)−m(f)m(g)'10"0

n(f) = λM

∫ ∞

0
B′(t)f(t) %t· "#$%&4"!!,5 '( *+,-+.( ,/( 01**2 *2 3/(*1(4 567 8( /9:( ,* 01*:( ,/9,

T2 ≤ m(f)n(g)·;+<((<7
P (sox < ξx0 , soy < ξy0 | sox = t1, soy = t2) ≤ P (sox < ξx0 | sox = t1),,/.=7

T2 ≤ λ2M

∫

R2

∫

R2

∫ ∞

0

∫ ∞

0
P (sox < ξx0 | sox = t1)×

× f(t1)g(t2)psox(t1)psoy(t2) <t1 <t2 <x <y
≤ m(f)

∫ ∞

0
g(t2)

∫

R2

∂FH
∂t

(
1

L(x)t
) <x <t2

= m(f)n(g)·>(+( ,/( 1(=.?,$ ! "#$%&'() ! !" #$%&'( )* $+'(+ ,- . '00@*1 f0(t) = 17 ,/( 19+<*4 :91-9A?( no := S(f0) =
∑∞

i=0 1(xi ∈ Co) 1(01(=(+,= ,/( +.4A(1*2 .=(1= 8/* :-(8 o 9= ,/( A(=, =(1:(17 9+< ,/.= 8-?? A( =(1:(< AB o$
E(no) = λM

∫ ∞

0
B′(β)e−λBB(β)dβ

=
λM
λB

·3/( 4(9+ +.4A(1 *2 .=(1= =(1:(< AB 9 CD -= λM
λB

8/-/ -= (9=-?B -+,(101(,(<$ '( 1(81-,(,/( 2*14.?9 "#$ & AB
E(So(f)) =

λM
λB

E(f(ξx0 )).EF9-+ ,/-= -= (9=-?B -+,(101(,(<$ 3/( 9:(19F( =.4 19,( -= ,/( 01*<., *2 ,/( 9:(19F( .=(10(1 (?? 9+< ,/( 9:(19F( 0(1 .=(1$G*8 900?B 3/(*1(4 567 8( F(, ,/9,
var(no) ≥ m(1) =

λM
λB

·'( 9++*, 900?B 3/(*1(4 5H A(9.=( n(f0) = λM
∫∞
0 B′(t) <t = ∞$
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 !"#$% &'()  !"#$%&'( $) no ! !" #$%&'( )* $+'(+ ,- )$./0' ,- / '22"#$%&'() f1(t) = 1(t > T )* +,($ So(f1) &% +,( $-./() #0 -%()% &$ #-+12( &$ +,( +34&16 (6678( ,19(
m(f1) = λM

∫ ∞

T
B′(β)e−λBB(β)dβ

=
λM
λB

e−λBB(T ),1$'
v(f1) ≥

λM
λB

e−λBB(T )·:#+( +,1+ 121&$* ;( 1$$#+ 14463 <,(#)(. => 1% n(f1) = λM
∫∞
T B′(t) 't &% &$?$&+(7 ! !3 #$%&'( )* )4'('5 $+'(+ ,- / '22"#$%&'() f2(t) = 1(t ≤ T )* +,($ S(f2) )(4)(%($+% +,( $-./() #0 #9()(' -%()% &$ +,( +34&16(667 8( ,19(@

m(f2) = λM

∫ T

0
B′(β)e−λBB(β)dβ

=
λM
λB

(
1− e−λBB(T )

)
,

v(f2) ≥
λM
λB

(
1− e−λBB(T )

)
,1$'

v(f2) ≤
λM
λB

e−λBB(T ) +
λ2M
λ2B

e−λBB(T )
(
λBB(T )− 1 + e−λBB(T )

)
·



   ! "# #$%&'()%*%+', #'+-$./& ! !" #$%&' ()% *&%+ $, & +''!" #$% $#'()"* +," -(""%('" $#'+.#+ /0#+($# f3(t) =
∑n

1 1(Ti ≤ t < Ti+1)ci %(+,
0 < T1 < T2 < ... < Tn < Tn+1 .#) Tn+1 .# 1" (#2#(+"3 4/ f3 (' +," /0#+($# +,.+*"-*"'"#+' +," .+0.5 1(+ *.+" +,"# So(f3) *"-*"'"#+' +," +$+.5 1(+ *.+"' $/ .55 0'"*' (# +,""553 !" ,.6"7

m(f3) = λM

∫ ∞

0
B′(β)e−λBB(β)

n∑

1

1(Ti ≤ β < Ti+1)cidβ

= λM

n∑

i=1

ci

(
e−λBB(Ti) − e−λBB(Ti+1)

)
·

v(f3) ≥ λM

n∑

i=1

c2i

(
e−λBB(Ti) − e−λBB(Ti+1)

)
·

v(f3) ≤ λM

n∑

i=1

c2i

(
e−λBB(Ti) − e−λBB(Ti+1)

)
+

+

(
λM
λB

)2 n∑

i=1

(
e−λBB(Ti) − e−λBB(Ti+1)

)
×

×
n∑

i=1

(
λBB(Ti+1)− λBB(Ti)− e−λBB(Ti) + e−λBB(Ti+1)

)
· ! ! .)/0//)$1 $1 %2+ 3)/%*)(0%)$1 $, So(f)8," )('+*(10+($# $/ So(f) )$"' #$+ 1",.6" 5(9" . :.0''(.# )('+*(10+($# "6"# (# +," 5(;(+*"<(;"'3 8.9"= /$* ">.;-5"= +," ,('+$<*.; $/ no = So(f0) .#) +,.+ $/ So(f3) %,(, .*"',$%# (# 2<0*"' ?3@ .#) ?3? *"'-"+(6"5A3 B$* +," .'" $/ #$ /.)(#<= H = $#'+.#+= (# C?D℄+," .0+,$* /$0#) '$;" .--*$>(;.+" 10+ #$+ *"5(.15" 1$0#)' $/ +," )('+*(10+($# $/ So(f)/$* "F0(6.*(.#+ /0#+($#' f 10+ #$ .--*$>(;.+($# $* 1$0#)' (' /$0#) /$* <"#"*.5 .-.(+A/0#+($#'3 4# .))(+($#= #$ 5$'") ">-*"''($# (' /$0#) /$* +," G.-5." +*.#'/$*; $/ /0#+($#.5

So(f)3 4# $0* .'" %,"*" +," /.)(#< (' $#'()"*")= +,(' (' ">-"+") +$ 1" ;$*" ,.55"#<(#<3!" .# 2#) .# 0--"* 1$0#) /$* +," +.(5 )('+*(10+($# 1A H,"1A',"6I' (#"F0.5(+A7
P (So(f) > m(f) + t) ≤ v(f)

v(f) + t2

≤ m(f2) +m(f)n(f)− (m(f))2

m(f2) +m(f)n(f)− (m(f))2 + t28," .1$6" (#"F0.5(+A -*$6()"' . *$10'+ 0--"* 1$0#) /$* +," +.(5 )('+*(10+($# .#) 6.5() /$*.55 .-.(+A /0#+($# f 3 J$%"6"* +," <.- (' 5.*<" KB(<0*" ?3LM3 4+ (' %"55 9#$%# +,.+ $+,"*+A-"' $/ $#"#+*.+($# (#"F0.5(+A 1.'") $# H,"*#$N 1$0#) .# <(6" 1"++"* 1$0#)3 4# +,(')(*"+($#= CO ℄= CPQ℄ .#) CO?℄ -*$6()" $#"#+*.+($# (#"F0.5(+("' +,.+ .--5A /$* /0#+($#.5*"5.+") +$ $#" RRR3 8,"'" (#"F0.5(+("' .##$+ 1" )(*"+5A .--5(") (# $0* .'" 1".0'" $0*+.*<"+ (' . /0#+($#.5 *"5.+") +$ +%$ (#)"-"#)"#+ RRR'3 S+0.55A %" .# $;1(#" +," +%$
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 !  ! "# #$%&'()%*%+', #'+-$./&"#$%&%#$%#' ((() "#'* *#% +#"'%$ ((( ,- '.% "#$%&%#$%#' /012"#3 '.%*1%/4 5#6*1'+7#0'%8- '.% 6+#'"*#08 So(f) *6 '.% +#"'%$ ((( $*%) #*' )0'")6- '.% 1%:+"1%$ *#$"'"*#)6*1 '.% *#%#'10'"*# "#%:+08"'"%) #%"'.%1 *# ;< ℄> ;<?℄ #*1 *# ;@!℄4 A+' B% ,%8"%C% '.0')"/"801 '%.#":+%) +)%$ "# '.%)% 1%6%1%#%) 0# ,% +)%$ '* $%1"C% 0 +&&%1 ,*+#$ '.% '0"8$")'1",+'"*# *6 So(f)4 !" #$%'()*$%D# '.") .0&'%1 B% "#'1*$+% 0 3%#%108 /*$%8 '* %C08+0'% '.% *+'03% &1*,0,"8"'- 0#$ '.%0&0"'- *6 B"1%8%)) #*")% 8"/"'%$ #%'B*124 D' ") "# 60' 0# %E'%#)"*# *6 /*$%8) "#'1*$+%$"# )%1"%) *6 &0&%1) ;@℄> ;F℄> ;?G℄4 H.% /0"# $"I%1%#% ") '.0' B% '02% "#'* 0*+#' '.% %I%'*6 60$"#3> 0#$ '.0' B% 0))+/% '.0' 0 +)%1 *##%') '* '.% AJ B"'. )'1*#3%)' )"3#08 10'.%1'.0# '.% 8*)%)' *#%4 K% L1)' ).*B '.0' 6*1 0 &01'"+801 +)%1> '.% &0'. 8*)) 60$"#3 &1*%))61*/ 088 AJ) )%%# 61*/ '.") +)%1 ") 0 (*"))*# &*"#' &1*%)) "# '.% &*)"'"C% .086 8"#%4 K%L#$ %E&8""' %E&1%))"*# 6*1 '.% *+'03% &1*,0,"8"'-> '.% %E&%'0'"*# *6 0&0"'- *6 0 +)%1>0#$ '.% %E&%'0'"*# *6 '.% %88 0&0"'- *6 '.% '-&"08 AJ So(f)4 K% L#$ '.% 8*B%1 ,*+#$0#$ +&&%1 ,*+#$ 6*1 '.% C01"0#% *6 '.% %88 0&0"'-4 K% *#)"$%1 3%#%108 /*$%8 6*1 &0'.8*)) 0#$ 60$"#34 H.% 1%)+8') &1%)%#'%$ "# '.") .0&'%1 0'+088- 3%#%108"M%) '.% 1%)+8') *#;?G℄4 (*))",8% 6+1'.%1 1%)%01. ") '* L#$ 0 B0- '* */&+'% '.% $")'1",+'"*# *6 So(f)4
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 !"# $$$ !"#$% '!()*+,-'! *'."/(





 !
 !"#$%& ' !"#"$%&%'($ () "$"!*+ ($#-./%'($.(0"1 &$0 .(2'1'%+ .(0"1
d )#/ $%+,+ &') =)'+ '$)$&.# 2.)$+/ )$ $%+ .,&1&# o )/4&#&'$+,&#1 ) 1+.1,)*%&)2 ,+1&.# C ),.0#/ o7 B+)''04+ $%)$ $%+,+ +@&'$' 0 < R1 < R '0% $%)$ B(o,R1) ⊂ C ⊂ B(o,R) )#/ C &' .#C+@)#/ .4*)$7 B+ /+D#+ Rinf = infR{C ⊂ B(o,R)}. E., ) 1&C+# '*)$&)2 .#D10,)$&.# .5)$&C+ 0'+,' .# Rd; /+#.$+/ =3 η; 0'+,' 2.)$+/ &#'&/+ C ),+ '+,C+/ =3 o; 0'+,' .0$'&/+ $%&',+1&.# ),+ '+,C+/ =3 )#.$%+, =)'+ '$)$&.# F., ),+ &# .0$)1+ ,+1&4+G7 ?%+ *.-+, .#'04+/=3 $%+ =)$$+,3 .5 $%+ =)'+ '$)$&.# o )# =+ /&C&/+/ &#$. $-. *),$'H

• ?%+ *.-+, /+/&)$+/ $. $,)#'4&$; ,++&C+; /+./+ )#/ +#./+ $%+ '&1#)2 .5 )#3 )I$&C+ 0'+,7 ?%+ 0402)$+/ *.-+, .C+, $%+ -%.2+ .#D10,)$&.# &' $%+# .5 $%+ 5.,4∑
x∈η φ(x); -%+,+ φ &' ) 50#$&.# $. =+ /+D#+/ 2)$+,7



 !  ! "#$%$&'(')*& *+ $&$#,- *&%/01')*& 0*2$3 (&2 0*4)3)'- 0*2$3
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 !"#$% &'()  !"#$ !&'()*+,!& )!-#./



 !"#$%&'( )*#(+-' $.-/+/0
η 1 &/2034-5+&/ &6 -5+7. 3(.4(
‖η‖ sup{|x| , x ∈ C}
φ(x) = φ(|x|) 8&/(3$.9 :&;.4 6&4 - 3(.4 -5 x
ψ(x) = ψ(|x|) <4&-9-(5 :&;.4 6&4 5*. 6-45*.(5 3(.4 +/ 5*. .'' -5 x
PA(η)

∑
x∈η φ(x)= >&5-' :&;.4 (.47.9 5& -'' 3(.4(

PB(η) = ψ(|η|) <4&-9-(5 :&;.4
P (η) PA(η) + PB(η) >&5-' &/(3$.9 :&;.4
l(x) = l(x) )-5*'&(( 63/5+&/
ω = {omt, t ∈ R} >+$. 7-4+-/5 :4&.(( &6 &/2034-5+&/ &6 -5+7. 3(.4(
JA = JA(ω, T )

∫ T
0 PA(ωs) 9s= 199+5+7. :-45 &6 &/(3$.9 ./.40# 934+/0 5*.:.4+&9 [0, T )

JB = JB(ω, T )
∫ T
0 PB(ωs) 9s= <4&-9-(5 :-45 &6 &/(3$.9 ./.40# 934+/05*. :.4+&9 [0, T )

JT = JT (ω, T ) =
∫ T
0 P (ωs) 9s= >&5-' &/(3$.9 ./.40# 934+/0 5*. :.4+&9

[0, T )
M = (M(t), t ≤ 0) ?-/9&$ $&%+'+5# $&9.'
M/ǫ = (M(t)/ǫ, t ≤ 0) @+0* $&%+'+5# $&9.' Aǫ→ 0B !"#$ %&'(  !"#"$!%& #%' (#)#*+"+)&,
•  !" #$%"& '"'(*+"' +$ ,&$*'*-+ ."--*/"-0 12 $&'"& +$ /3*&*2+"" +!*+ *44 *+(5"3-"&- &""(5" +!"-" ."--*/"-6 +!" #$%"& .3-+ ," -3! +!*+ +!" 7*&+!"-+ 3-"& (2 +!""44 (- %(+!(2 +!" &""#+($2 &*2/" 8(7 +!" -9-+". #"&7$&.- #$%"& $2+&$4: $& *44 +!""44 (- %(+!(2 &""#+($2 &*2/" 8(7 +!" -9-+". '$"- 2$+ #"&7$&.- #$%"& $2+&$4:0  !3-6+!" #$%"& (- * 732+($2 $7 maxx∈η∩C |x| %!"&" |x| (- +!" ;34('"*2 2$&. $7 x 8+!"#$%"& (- "<3*4 +$ 0 (7 η ∩ C = ∅:0  !(- 732+($2 (- $2-+*2+ (7 #$%"& $2+&$4 (- 2$+#"&7$&."'01+ 7$44$%- +!*+ +!" +$+*4 $2-3."' #$%"& (- /(5"2 ,9=

P (η) = PA(η) + PB(η) , 8>0?:%!"&" PA(η) =∑x∈η φ(x) *2' PB(η) = ψ(‖η‖)6 ‖η‖ = maxx∈η∩C |x| (7 η∩C 6= ∅ *2' ‖η‖ =
0 (7 η ∩ C = ∅ 8+!" -3,-&(#+ @ -+*2'- 7$& A*''(+(5"A *2' B -+*2'- 7$& A,&$*'*-+A:0 C$&* 5"&9 -(.#4" #&$#*/*+($2 .$'"4 8%(+!$3+ 7*'(2/ *2' -!*'$%(2/:6 +!" D!*22$2E- 7$&.34*-+*+"- +!*+ 7$& * &""(5"& 4$*+"' *+ x6 +!" +&*2-.(--($2 &*+" (- /(5"2 ,9

W log2(1 + Pel(x)),%!"&" W (- +!" ,*2'%('+!6 Pe (- +!" +&*2-.(++"' #$%"& *2' l(x) (- +!" #*+!4$-- 732+($20F"2"&*4496 +!" 732+($2 l : Rd → [0,∞] +*G"- +!" 7$&. l(|x|) %!"&" l : [0,∞] → [0,∞](- * 2$2 '"&"*-(2/ 732+($20  !(- (.#4("- +!*+ (2 $&'"& +$ /3*&*2+"" * .(2(.3. &*+" *+#$-(+($2 x6 Pe .3-+ ," #&$#$&+($2*4 +$ (l(x))−10  !3-6 (+ (- -"2-(,4" +$ !$$-" φ *-
φ(x) = a.l(|x|)1{x∈C} 8>0H:



 !  ! "#$%$&'(')*& *+ $&$#,- *&%/01')*& 0*2$3 (&2 0*4)3)'- 0*2$3"#$% a > 0& '%( )*+$#-+ ψ #. %-.(+ /.
ψ(x) =

{
b.l(|x|)1{x∈C}, 0) 1-"(2 -+$2-3 #. 1(2)-24(56
b.l(Rinf ), 0) 1-"(2 -+$2-3 #. +-$ 1(2)-24(5& 78&9:;( /+ 5#<#5( 4-5(3. )-2 1/$% 3-.. #+$- $"- /$(=-2#(.>

• .#+=*3/2 1/$% 3-.. 4-5(3 l(x) = K |x|−γ "%(2( γ #. $%( (?1-+(+$ 1/$% 3-.. 1/2/4($(2/+5 K #. / 1-.#$#<( -+.$/+$&
• +-+@.#+=*3/2 1/$% 3-.. 4-5(3. 3#A( l(x) = K(r0 ∨ |x|)−γ -2 l(x) = K(1 + |x|−γ)−1&B-2( =(+(2/33CD "( 4/A( $%( )-33-"#+= /..*41$#-+> !!"#$%&'( )*  !" #$%&'()##"* +,-"$ *"+"&*' ,&./ ,& #!" *)'#%&" #, #!" 1%'" '#%#),&

φ(x) = φ(|x|)1{x∈C}2 34$#!"$(,$"5 φ %&* ψ %$" ,&#)&4,4' &,& *"$"%')&6 74&#),& ,&
R+2;( 5(+-$( ψ(x) = ψ(|x|)1{x∈C}& '%#. #413#(. $%/$ φ /+5 ψ /2( /3"/C. E-*+5(5)*+$#-+& F1/2$ )2-4 $%( /E-<( 4-5(3 )-2 1-"(2 -+.*41$#-+D "( /+ 5(G+( / 1-"(2-+.*41$#-+ /. / =(+(2/3 )*+$#-+/3 5(1(+5#+= -+ $%( -+G=*2/$#-+ -) *.(2. PG : ΩRd −→
[0,∞]&0) ω = (ωt, t ≥ 0) #. / 12-(.. -) $#4( </2C#+= -+G=*2/$#-+.D $%( $-$/3 -+.*4(5 (+(2=CE($"((+ $#4( 0 /+5 $#4( T #. =#<(+ EC

JT := JT (ω, T ) =

∫ T

0
P (ωs)5s· 78&!:F. 12(<#-*.3CD "( /3.- 5(G+( JA /+5 JB EC>

JA := JA(ω, T ) =

∫ T

0
PA(ωs)5s /+5 JB := JB(ω, T ) =

∫ T

0
PB(ωs)5s· 78&H:'%( ./4( 5(G+#$#-+ )-2 JG(ω, T ) #) $%( .C.$(4 /113#(. 1-"(2 -+.*41$#-+ PG(.)&F3.- "( 5(+-$( C(r) = C ∩B(o, r) /+5 C(r) = C ∩B(o, r)& I-2 / -+G=*2/$#-+ νD "(5(+-$( xν $%( 1-#+$ -) ν .*% $%/$ |xν | = ‖ν‖ 7#) $%(2( /2( 4-2( $%/+ -+( 1-#+$ $%(+ xnu#. 2/+5-43C %-.(+ /4-+= $%(.( 1-#+$.:& !" #$%&' ($) *$+,',-. $( /0&)00+ $%#. .($#-+D "( #+$2-5*( $%( 4-E#3#$C 4-5(3. )-2 *.(2.&J-+.#5(2 $%( )*+$#-+/3 .1/(D([0,∞),Rd) -) JK53K= )*+$#-+ -+ Rd (L*#11(5 "#$% $%(MA-2-%-5 $-1-3-=C 7.((D )-2 (?/413( NHO℄D 1/=( 98Q:& 0$ #. "(33 A+-"+ $%/$ D([0,∞),Rd) #./ R-3#.% .1/(& '%( .*E.($ D0([0,∞),Rd) = {f ∈ D([0,∞),Rd), f(0) = o} (L*#11(5 "#$%$%( MA-2-%-5 $-1-3-=C #. /3.- / R-3#.% .1/(& ;( -+.#5(2 / 12-E/E#3#$C 5#.$2#E*$#-+ PM-) / 2/+5-4 </2#/E3( M = (M(t), t ∈ [0,∞)) 5(G+(5 -+ $%( /..-#/$(5 S-2(3#/+ σ−G(35 -)$%( .1/( D0([0,∞),Rd)& T/% 2(/3#U/$#-+ -)M /+ E( 2(12(.(+$(5 /. / JK53K= $2/V($-2C-) -+ Rd& F3.-D $%#. 12-E/E#3#$C #. -413($(3C 5($(24#+(5 EC $%( 5#.$2#E*$#-+. -) G+#$(4/2=#+/3 5#.$2#E*$#-+. P (M(t1) ∈ ., ...,M(tn) ∈ .) (t1, ..., tn > 0)& 0+ .-4( .#$*/$#-+D )-2



 !#$%&$'&$& (& )$ )**+,& -.)- M(t) = o /#0 t < 01 M '* *)'2 -# *)-'*/3 -.& 40#4&0-3 T'/ P(M(t1) =M(t2)) = 0 /#0 )$3 0 ≤ t1 < t215/ ,#6'7'-3 '* #$*'2&0&28 -.&$ &). +*&0 '* )**#')-&2 ('-. ) ,#6'7'-3 40#&** #$ Rd19& ,):& -.& /#77#('$; )**+,4-'#$< !!"#$%&'( )*
•  !"#!$ "%&'("!%#(* !+ ,*(%* &%( #-#-. /,",&001 #$.(2($.($" &$. 3&4( "3( *&/( .#*"%#56,"#!$ &* "3&" !+ M -
•  !"#!$ "%&'("!%#(* !+ ,*(%* .! $!" .(2($. !$ "3( #$#"#&0 2!*#"#!$ !+ ,*(%*-=#0& 40&'*&738 ) +*&0 i '$'-')773 7#)-&2 )- xi '* )**#')-&2 ('-. )$ '$2&4&$2&$- %&0*'#$#/ M 8 $),&73 Mi )$2 )$ )00'%)7 -',& Ti1 >.'* +*&0 ('77 ,#%& 2+0'$; '-* *#?#+0$ )7#$; Mi8'1& -.& 4#*'-'#$ #/ -.'* +*&0 )- -',& t ≥ Ti '* x+Mi(t−Ti)1 >.& 0)$2#, 40#&**&* (Mi)i∈N)0& ,+-+)773 '$2&4&$2&$-1 @A),47&* /#0 ,#6'7'-3 ,#2&7 )0& )* /#77#(*<
• =#-'#$7&** +*&0*< M(t) = o,∀t ∈ R1
• B0#($')$ ,#-'#$ +*&0*< M(t) = c(t)Bd(t) (.&0& c(t) ∈ R '* ) #$-'$+#+* /+$-'#$ '$

[0,∞) )$2 Bd '* ) *-)$2)02 B0#($')$ ,#-'#$ #$ Rd1
• C#,47&-&73 )',7&** +*&0*< M(t) = tv (.&0& -.& *4&&2 #/ +*&0 v '* 0)$2#, (.#*&2'0&-'#$ '* .#*&$ 0)$2#,73 )$2 +$'/#0,73 #%&0 -.& dD2',&$*'#$)7 +$'- *4.&0& )$2

|v| '* ) 4#*'-'%& 0)$2#, %)0')67&1
• C#,6'$)-'#$ #/ -(# )6#%& ,#2&7*< M(t) = tv + c(t)Bd(t)1
• E';. ,#6'7'-3 0&;',&< 7&- ǫ > 0 6& ) *,)77 4)0),&-&08 -.& .';. ,#6'7'-3 0&;',&#$*'*-* #/ #$*'2&0'$; -.& ,#6'7'-3 40#&** (M/ǫ)(t) = M(t)/ǫ )$2 (& ()$- -#*-+23 -.& 6&.)%'#0 #/ -.& *3*-&, (.&$ ǫ → ∞1 >.& .';. ,#6'7'-3 0&;',& #/ -.&#,47&-&73 )',7&** ,#6'7'-3 ,#2&7 ('-. #$*-)$- *4&&2 |v| '* -.& *),& )* #$*'2&0'$;

|v| → ∞8 '1& (.&$ -.& +*&0F* *4&&2 '* %&03 .';.1 !" #$%& ()*+,5$ -.'* *&-'#$8 (& 40&*&$- ) %&03 6)*' ,#2&7 /#0 &$&0;3 #$*+,4-'#$ #/ &77+7)0 $&-(#0:19& )**+,& -.)- /#0 &). -',& t8 ωt /#77#(* ) G#'**#$ 4#'$- 40#&** #/ '$-&$*'-3 λ 2x )$2 -.&&77 C '* '0+7)0 &$-&0&2 )- -.& #0';'$1 H+0-.&0,#0&8 φ(x) = φ(|x|) = a |x|γ 1{x∈B(o,R)})$2 ψ(r) = brγ1{x∈B(o,R)}1 9& )0& '$-&0&*-&2 '$ -.& )%&0);& &$&0;3 E [JT (ω, T )] -.)- -.&BI #$*+,&* 2+0'$; -.& 4&0'#2 [0, T )1J* -.& #$K;+0)-'#$ )- )$3 -',& /#77#(* -.& *),& 2'*-0'6+-'#$8 (& .)%& E [JT (ω, T )] =
TE [P (ω0)] = TE [PA(ω0)]+TE [PB(ω0)]1 >.&0&/#0&8 '- '* *+L'&$- -# K$2 E [PA(ω0)] )$2
E [PB(ω0)]1I'$& PA '* 7'$&)0 /+$-'#$)7 #/ ω08 -.)$:* -# -.& C),46&77F* -.&#0&, )$2 -.& 7&,,)MN (& )$ )7+7)-& -.& &A4&-)-'#$ #/ PA )* /#77#(*<

E [PA(ω0)] = aV
′

d

Rγ+d

γ + d
·



 !  ! "#$%$&'(')*& *+ $&$#,- *&%/01')*& 0*2$3 (&2 0*4)3)'- 0*2$3

 

 

 

 

 

 

 

 

 

 

 !

 !

 !

 !

 !

 !

 !

 !

o

R
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   !""# $%&  !"#$! Vd = πd/2

Γ(d
2
+1)

$%! &#'()! #* + ,+'' #* -+./(0 1 /" Rd1 +". V ′

d = dVd$%!"
∫

B(o,R)
|x|k .x = V

′

d

Rk+d

k + d*#- +'' -!+' k > −d23-##*2 !" #$%"&
∫

B(o,R)
|x|k 'x =

∫ R

0
rk '(Vdrk)

=

∫ R

0
V

′

dr
k+d−1 'r

= V
′

d

Rk+d

k + d
·!" $(" )*+ ,)-"(".-"' ,) PB / !""# '(& 4!$ ν ,! + 5+.#" )!+0(-! #" Rd +,0#'($!'6 #"$/"(#(0 8/$% -!09!$ $# $%!4!,!0:(! )!+0(-!1 '!$ Π ,! + 3#/00#" 9#/"$ 9-#!00 #* /"$!"0/$6 ν #" Rd $%!" $%! ; < #*

‖Π‖ /0 :/&!" +0=
F‖Π‖(r) = e−ν(C(r)),+". /$0 3 < /0 :/&!" ,6

p‖Π‖(r) =
.ν(C ∩B(o, r)).r e−ν(C(r))·>" 9+-$/('+-1 /* .ν(x) = λ .x +". C = B(o,R) $%!"=

F‖Π‖(r) =

{
e−λVd(R

d−rd), 0 ≤ r < R?
1, R ≤ r2+".

p‖Π‖(r) =

{
λV

′

dr
d−1e−λVd(R

d−rd), 0 ≤ r < R?
0, R ≤ r23-##*2 !" #$%"0 $. Π ,. $ 1*,..*) 2*,)- 2(*"..&

F‖Π‖(r) = P
(
C(r) ∩Π = ∅

)

= e−ν(C(r))·4*( r ≤ R/ 5#" 167 *4 ‖Π‖ -#") 4*88*+./ 9*+ ,4 'ν(x) = λ 'x $)' C = B(o,R) -#")
ν(C ∩B(o, r)) = Vd(R

d − rd)0 -#") -#" ":2("..,*). 4*( ;67 $)' 167 *4 ‖Π‖ 4*88*+./



 !  ! "#$%$&'(')*& *+ $&$#,- *&%/01')*& 0*2$3 (&2 0*4)3)'- 0*2$3 !"#$% &'  ! "#$ $&& C #'( "#$ )$*+&') n−,-&.*-/ 0n = 3, 4 -) 6 1/ ' )$*+&') /$"2-)34 -/
R2 0d = 24 21"# 1)+5)'61+( R7 '/6 6ν(x) = λ 6x "#$/ "#$ 89: -! ‖Π‖ 1/ "#$ ,)$;1-+(&$55' '/ <$ $=,)$(($6 '( !-&&-2(>

F‖Π‖(r) =





exp
{
−λπ(R2 − r2)

}
, 1! 0 ≤ r < R cos πn ?

exp
{
−λ
(
R2 −

(
π − n arccos

R cos π
n

r + n
2 sin

(
2 arccos

R cos π
n

r

))
r2
)}

,1! R cos πn ≤ r < R?
1, 1! R < r@"#$$#%&'( )*+ ,-#.+ $+//,0 )*+ /#/+')1 #2 PB ,3+ (&.+' ,1
mn [PB(ω0)] = bn

∫ R

0
rnγλV

′

dr
d−1e−λVd(R

d−rd) 4r·"#3 1&/5$&&)70 $+)
Hd(u, v, α) = dv

∫ u

0
rαrd−1e−v(u

d−rd) 4r 89:9;%*+3+ α ≥ 0 )*+'0 mn [PB(ω0)] = bnHd(R,λVd, nγ): <' 5,3)&=$,30
E [PB(ω0)] = bHd(R,λVd, γ)·>#'1+?=+')$70 %+ #-),&'

E [JT (ω, T )] = TaV
′

d

Rγ+d

γ + d
+ TbHd(R,λVd, γ). 89: ;@+ '#)+ )*,) 0 ≤ Hd(u, v, α) ≤ Rα 1# TaV ′

d
Rγ+d

γ+d ≤ E [JT ] ≤ TaV
′

d
Rγ+d

γ+d + TbRα: <2
λ → ∞ )*+' E [JB ] → TbRd0 %*&* &1 &')=&)&.+A ,1 )*+ &')+'1&)7 (#+1 $,3(+30 )*+ 2,3)*+1)=1+3 &1 $#,)+4 $#1+3 )# )*+ -#34+3 #2 )*+ +$$: B+.+3)*+$+110 bTRγ &1 )*+ #'1=/+4 +'+3(7&2 )*+ #5+3,)#3 %,')1 )# -3#,4,1) /+11,(+ )# ,$$ 5#&')1 #2 )*+ +$$0 '#) C=1) ,$$ ,)&.+ =1+31&' )*+ +$$: D*=10 &) &1 2,&3 )# ,11=/+ )*,) E [JB(ω, T )] ∼ Tb

′
Rγ %&)* b′ ≥ 0:>#'1&4+3 ,' #5+3,)#3 ,&/&'( )# 4+1&(' )*+ #5)&/,$ +$$ 3,4&=1 R )# #.+3 , 3+(&#' #2)#),$ ,3+, 8.#$=/+; S ∈ Rd: D*+ ,.+3,(+ )#),$ #1) #2 )*+ '+)%#3E &1 ,11=/+4 )# -+ )*+1=/ #2 )*+ #5+3,)&#' #1) 4=3&'( )*+ $&2+ )&/+ #2 )*+ '+)%#3E 81,71 T ; ,'4 )*+ #1) #22,&$&)&+1 8-,1+ 1),)&#'1;: D*+ '=/-+3 #2 -,1+ 1),)&#' &1 )*+' 53#5#3)&#',$ )# S

Rd 0 1,7 C
Rd 01# )*+ &'1),$$,)&#' #1) #2 -,1+ 1),)&#'1 &1 c1

Rd %&)* c1 > 0: D*+ #5+3,)&#' #1) &1 ,11=/+4)# -+ 53#5#3)&#',$ )# )*+ #'1=/+4 +'+3(7:@+ ,11=/+ )*,) l(x) = K. |x|γ 0 φ(x) = a.l(x)1{x∈C}0 ψ(x) = b.l(x)1{x∈C} %&)* K > 0,'4 2=3)*+3/#3+ γ ≥ d: D*+ +F5+),)&#'1 #2 )*+ )%# 5,3)&+1 #2 +'+3(7 #'1=/+4 -7 , 1&'(+-,1+ 1),)&#' ,3+ )*+' E [JA(ω, T )] = λTa
′
Rγ+d ,'4 E [JB(ω, T )] = Tb

′
Rγ %&)* a′

, b
′ ≥ 0:D*+ +'+3(7 #'1=/+4 -7 )*+ '+)%#3E 4=3&'( &)1 #5+3,)&'( )&/+ &1A

C

Rd

(
a′λTRd+γ + b′TRγ

)
= a1λTR

γ + b1TR
γ−d.D*&1 &1 , &'3+,1&'( 2=')&#' #2 R0 %*&* /+,'1 )*,) 1/,$$ +$$ 171)+/1 %&$$ #'1=/+ $+11+'+3(7 )*,' $,3(+3 +$$ 171)+/: D*+ ,.+3,(+ )#),$ #1) 2#3 )*+ '+)%#3E &1 )*+'

Cost(R) = a1λTR
γ + b1TR

γ−d +
c1
Rd

89:!;



 !"# $% $&#'('%#$&) *+( +,'(-#+( #+ .&/ #0' +,#$1-2 R $& +(/'( #+ 1$&$1$3' #0' +%# *5&#$+&67% Cost(R) > 0 *+( -22 R > 0 -&/ limR→0Cost(R) = limR→∞Cost(R) = ∞ #0'(' '8$%#%- 1$&$151 *+( Cost6 9: /$;'('&#$-#$+&< #0' +,#$1-2 '22 (-/$5% $% #0' 5&$=5' ,+%$#$>'%+25#$+& +* #0' *+22+?$&) '=5-#$+&@
a1λγTR

γ+d
opt + b1T (γ − d)Rγopt = dc17% #0' ABC $% $&('-%$&) $& T < #0' +,#$1-2 '22 (-/$5% Ropt 15%# D' - /'('-%$&) *5&#$+&+* T 6 E0$% ('>'-2% - 0-(-#'($%#$ +* #0' +,#$1-2 0+$' +* '22 (-/$5%6 "& #0' '+&+1$-2,+$&# +* >$'?< #+ +,'(-#' - &'#?+(F ?$#0 2+&)'( 2$*' #$1' $# $% ,('*'(-D2' #+ '8,2+$# %1-22'('22% %:%#'16"* b1 = 0< $6' #0' D(+-/-%# ,-(# +* #(-&%1$##'/ ,+?'( $% %1-22 +1,-($&) #+ #0' -//$#$>',-(#< #0'& #0' ,(+D2'1 ('/5'% #+ 1$&$1$3$&) a1λTRγ + c1

Rd 6 C$1,2' 1-&$,52-#$+&% :$'2/%@
Ropt =

(
dc1

γλa1T

) 1
γ+d

. GH6!IE0-# $% #+ %-: #0'+('#$-22: #0' +,#$1-2 '22 (-/$5% $% ,(+,+(#$+&-2 #+ (λT )−
1

γ+d 6C$1$2-(2: #0' &'#?+(F +,'(-#'% +&2: $& D(+-/-%#< #0' +,#$1-2 '22 (-/$5% ?$22 D'
Ropt =

(
dc1

(γ − d)b1T

)− 1
γ

· !" #$%'()*$%"& #0$% 0-,#'( ?' 0->' ,(+,+%'/ - )'&'(-2 '&'(): +&%51,#$+& +& '2252-( &'#?+(F% -&/ -1+/'2 *+( 1+D$2$#: *+( 5%'(%6 J' 0->' -2%+ +&%$/'('/ - D-%$ 1+/'2 *+( '&'(): +&%51,#$+&-&/ $& +(/'( #+ 1$&$1$3' #0' +%# +* #0' &'#?+(F ?' /'($>' %+1' #0'+('#$-2 ('%52#% +& #0'+,#$1-2 0+$' +* '22 (-/$5%6



 !  ! "#$%$&'(')*& *+ $&$#,- *&%/01')*& 0*2$3 (&2 0*4)3)'- 0*2$3



 !
 !"#$%& ' !" ## $%&'(
 !"#$"#% !" #$%&'()%+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ," !- .'(/0 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,- !1 .'%+'$0/22 32/ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,4 !4 #563% '7 5'8+0+%9 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,: !; <6/+30 32/2 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! :4 !"!# $%&'()*)(+ ,-&().. &%/-(-*+ &%0)( ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 12 !"!3 4(5,+. %6 7.)8. ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 19 != <)553&9 3$( >'$0)2+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! :, !" #$%&'()%+'$"#$ %&$'()*+ #-%.$& (/.&)0*$0 - /$1 $/$&23 )/+*4%.()/ 4)0$5 6)& $55*5-& /$.1)&789/ .#(+ #-%.$&: 1$ -%%53 (. (/ - +%$(; +$/-&()8 <. .(4$ t℄ -/0 &$6$&$/$+ .#$&$(/8>$ 0) /). -00&$++ .#(+ %&)G5$4 #$&$ (/ .#(+ .#$+(+8"#(+ #-%.$& (+ )&2-/(S$0 (/ .#$ 6)55)1(/2 1-38 "#$ +$.()/ T8Q 0$+&(G$+ .#$ 4)0$58J$.()/ T8U %&$+$/.+ -/-53+(+ (/ .#$ -+$ 1#$&$ *+$&+ -&$ 4).()/5$++8 J$.()/ T8V (/'$+.(2-.$+.#$ (4%-. )6 4)G(5(.38 J$.()/ T8P )/+(0$&+ +)4$ +%$(-5 -+$+ )6 4)G(5(.3 4)0$5: (/5*0(/2.#$ )4%5$.$53 -(45$++ 4)G(5(.3 4)0$58 94%)&.-/. /).-.()/+ -/0 %-&-4$.$&+ *+$0 (/ .#(+#-%.$& -&$ +*44-&(S$0 (/ .#$ .-G5$ T8!8



 !  ! "#$"%% &'()*"#$%&'( )*+,-.-&,/ 01#(-3' $*3,-,4
I = (I(t), t ∈ R) 567588 $&9*' &: ;(*<=( 3.->-.#
A(T ) =

∫ T
0 I(t) 9t ?&.3' :<3.-&, &: 56 .-$*

Ii = (Ii(t), t ∈ R) 567588 3.->-.# &: ;(*< i
N

∑
i≥1 δXi / 0&-((&, @&-,. @<&*(( &: -,-.-3' @&(-.-&, &: ;(*<( &:-,.*,(-.# $*3(;<* 9Λ(x)

ωt
∑

i≥1 1{Ii(t)=0}δXi0&-((&, @&-,. @<&*(( &: 3.->* ;(*<( 3. t-: ;(*<( 3<* $&.-&,'*((
ωMt

∑
i≥1 1{Ii(t)=0}δXi+Mi(t)/ 0&-((&, @&-,. @<&*(( &: 3.->*;(*<( 3. t -: ;(*<( $&>*

ΦMn (f, t1, ..., tn) E
[∫

Rd f(x+M(t1))...f(x+M(tn)) 9x]
̥M
n (f, T )

∫
Rd E

[(∫ T
0 f(x+M(t))I(t) 9t)n] 9x

HM
n (f, u)

∫
Rd E

[(∫ u
0 f(x+M(t)) 9t)n] 9x !"#$ %&'(  !"#"$!%& #%' (#)#*+"+)& $% ",$& ,#("+). !" #$%&'A, 567588 @<&*(( &, .1* <*3' '-,* 3'.*<,3.*( %*.B**, >3';*( 1 C:&< &, (.3.*D 3,9 0 C:&<588 (.3.*DE 567@*<-&9( C3,9 5887@*<-&9(D 3<* -E-E9 @&(-.->* <3,9&$ >3<-3%'*(E 8;<.1*<7$&<*/ .1* (*F;*,*( &: 567@*<-&9( 3,9 5887@*<-&9( 3<* -,9*@*,9*,.E G31 <*3'-H3.-&,&: 3, 567588 (&;<* -( 3 IJ9'J4 :;,.-&,E A, 567588 @<&*(( -( 3''*9 *K@&,*,.-3' -:567@*<-&9( 3,9 5887@*<-&9( 3<* *K@&,*,.-3' 9-(.<-%;.*9EL&<* @<*-(*'#/ &,(-9*< 3, 567588 (&;<*( (I(t), t ∈ R) (;1 .13. .1* 567@*<-&9(3<* &,.-,;&;( @&(-.->* <3,9&$ >3<-3%'* &: $*3, µ−1

1 3,9 .1* 5887@*<-&9( 3<* &,.-,;&;(@&(-.->* <3,9&$ >3<-3%'* &: $*3, µ−1
0 3,9 9*,&.* %# U 3,9 V .1* 4*,*<- 567@*<-&9 3,95887@*<-&9E M* 3, B<-.*N

I(t) =

∞∑

i=−∞
1{T2i≤t<T2i+1}.B1*<* ... < T−3 < T−2 < T−1 < T0 < T1 < T2 < T3 < ... (;1 .13. (T2i − T2i−1)

∞
i=−∞3<* -E-E9 3,9 13>* .1* (3$* 9-(.<-%;.-&, 3( V / 3,9 (T2i+1 − T2i)

∞
i=−∞ 3<* -E-E9 3,9 13>*.1* (3$* 9-(.<-%;.-&, 3( U E M* 3, 3((;$* .13. T0 ∨ T1 ≥ 0E I 3, %* (**, 3( 3 <3,9&$>3<-3%'* &, D(R,R) B-.1 @<&%3%-'-.# $*3(;<* 9PI E M* 3((;$* .13. I -( (.3.-&,3<#E 8<&$OPQ℄ :&< *K3$@'*/ B* 13>* P(I(t) = 1) = µ0

µ0+µ1
, π1 3,9 P(I(t) = 0) = µ1

µ0+µ1
, π0 :&< 3''

tE 8;<.1*<$&<*/ B* 13>*
P (I(t) = 1∀t ∈ [0, u)) =

π1
E [U ]

∫ ∞

u
P (U > s) 9s.:&< 3'' u > 0EM-.1 3 '-..'* 3%;(* &: ,&.3.-&,/ B* B<-.* πj1,...,jn(t1, ..., tn) = P (I(ti) = ji∀i = 1..n)B1*<* j1, ..., jn ∈ {0, 1} 3,9 t1, ..., tn ∈ RE S*. A(T ) =

∫ T
0 I(t) 9tE "-,* .1* @<&*(( I-( (.3.-&,3<#/ B* 13>* E [A(T )] = π1T E T, .1* 3(* &: *K@&,*,.-3' 567588 @<&*((/ .1**K@<*((-&,( :&< πj1,...,jn(t1, ..., tn) 3,9 .1* $&$*,.( &: A(T ) 3<* 4->*, -, .1* 3@@*,9-KE
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 !"#$% &'()  !!"#$%&$'() (* $+, -(.,!/ ,&+ "#,% '# &##('&$,. 1'$+ & 234255 6%(,## &). & -(7'!'$86%(,##9 !""# $%&  ! "#$!% &'( #)) T
πn1T

n ≤ mn [A(T )] ≤ T n.*(''&+ "#$& A(T ) ≤ T '()( *& +',& mn [A(T )] ≤ T n( -.* mn [A(T )] ≥ (E [A(T )])n =
πn1T

n /0 1'2+0−"+*'34 #$&52'6#70(8&7 9Λ(x) /& ' σ−:$#7& ;'9.$ <&')23& .$ Rd= '/).627&60 .$7#$2.2) *#7+ 3&)>&7 7.7+& 8&/&)?2& <&')23&( @& <'A& 7+& B.66.*#$? '))2<>7#.$)C'(()"*+,-. /& ,"! -'./0/'1. '& 2.!(. #0 t = 0 &'))'3 # *'/..'1 -'/10 -('!.. N =
{Xi}i≥1 '& /10!1./05 6!#.2(! 7Λ(x)+ 8.!( i /. #..'/#0!7 3/0" #1 9:;9<< -('!.. '&#0/$/05 (Ii(t), t ∈ R)%/+! 2.!(. #(! #0/$! 72(/1= 0"!/( 9:;-!(/'7. #17 #(! /1#0/$! 72(/1=0"!/( 9<<;-!(/'7.+ ,"! #0/$/05 -('!..!. '& 2.!(. #(! #..26!7 0' >! /+/+7 #17 "#$! 0"!.#6! 7/.0(/>20/'1 #. 0"#0 '& (I(t), t ≥ 0)+D.66.*#$? 7+& '/.,& '))2<>7#.$)= 7+& .$:?23'7#.$ .B '7#,& 2)&3) '7 7#<& t #)

ωMt =
∑

i≥1

1{Ii(t)=1}δXi+Mi(t)·E+& )0)7&< '$ /& 9&)3#/&9 /0 ' F.#)).$ >.#$7 >3.&)) .$ Rd×D(R,R)×D([0,+∞),Rd)

ΦI,M = {(Xi, Ii,Mi)}i≥1·



 !  ! "#$"%% &'()*"# $%&'%($&) *Λ(x)× *PI × *PM + ,-' "%(/0'* '%'12) $( *'3%'* $% &-' (40' 54) 4( $%&-' 61'7$"/( -46&'1 #"1 &-' &$0' 741)$%2 "%32/14&$"% 61"'(( ωM = (ωM (t), t ≥ 0)+ 8%641&$/941: &-' 4**$&$7' 641& "# "%(/0'* '%'12) 4% ;' 1'51$&&'% 4(<
JA(ω

M , T ) =
∑

i≥1

∫ T

0
Ii(t)φ(Xi +Mi(t)) *t4%* &-' ;1"4*4(& 641& $(<

JB(ω
M , T ) =

∫ T

0
ψ(
∥∥ωMt

∥∥) *t·,-' &"&49 "%(/0'* '%'12) $( JT (ωM , T ) = JA(ω
M , T ) + JB(ω

M , T )+=-'% /('1( 41' 0"&$"%9'((: $+' Mi(t) = o: &-' ()(&'0 $( *'(1$;'* 4( 4 >"$(("% 6"$%&61"'((
ΦI = {(Xi, Ii)}i≥1·"# $%&'%($&) 0'4(/1' *Λ(x) × *PI + 8% &-$( 4(': 5' *1"6 &-' (/6'1(1$6&+ ,-/(: &-'"%32/14&$"% "# /('1( 4& &$0' t $(<

ωt =

n∑

i=1

1{Ii(t)=0}δXi ·,-' 4**$&$7' 641& "# "%(/0'* '%'12) $(
JA(ω, T ) =

∑

i≥1

φ(Xi)

∫ T

0
Ii(t) *t4%* &-' ;1"4*4(& 641& $(<

JB(ω, T ) =

∫ T

0
ψ(‖ωt‖) *t·,-' &"&49 "%(/0'* '%'12) $% &-$( 4(' $( JT (ω, T ) = JA(ω, T ) + JB(ω, T )+ 8% &-' %'?&&5" ('&$"%( 5' 61'('%& 4%49)&$49 1'(/9&( "% &-' 0"&$"%9'(( 4(' 4%* &-' 2'%'149 4('+ !" #$%&$'()** ,*)8% &-$( ('&$"%: 5' 4((/0' &-4& /('1( 41' 0"&$"%9'((+ =' *'1$7' 4%49)&$49 '?61'(($"%( #"1&-' 0"0'%&( "# JA(ω, T ), JB(ω, T ), JT (ω, T ) $% &-$( 4('+ !"#$"% &'(  !" #$#"%&' $( JA(ω, T ) )*" +,-"% ./0

mn [JA(ω, T )] = Bn

(
m1 [A(T )]

∫

Rd

φ(x) 1Λ(x), ...,mn [A(T )]

∫

Rd

φn(x) 1Λ(x)) ,)%1 &!" "%&*)3 #$#"%&' $( JA(ω, T ) )*" +,-"% ./0
cn [JA(ω, T )] = Bn

(
0,m2 [A(T )]

∫

Rd

φ2(x) 1Λ(x), ...,mn [A(T )]

∫

Rd

φn(x) 1Λ(x)) ·4% 5)*&,63)*7 &!" "85"&)&,$% $( JA(ω, T ) ,' +,-"% )'0
E [JA(ω, T )] = π1

∫

Rd

φ(x) 1Λ(x). @A+BC



 ! !""#$ "# JA(ω, T ) $# % &$'(%) *+'-$.'%& .* ΦI /0$0 $# % 1.$##.' 2.$'- 2).(##3 /( -0('%22&4 50(.)(6 789 %': '.-( -0%-;
∫

Rd×D(R,R))
f(x)

(∫ T

0
I(t) :t)n :Λ(x) :PI =

∫

Rd

fn(x) :Λ(x)E[(∫ T

0
I(t) :t)n]

= mn [A(T )]

∫

Rd

fn(x) :x·<( #(( -0%-3 *).6 -0( %=.>( -0(.)(63 -0( (?2(-%-$.' .* JA(ω, T ) :(2(':# .' -0(:$#-)$=+-$.' .* @AB2()$.:# %': @CCB2()$.:# .'&4 =4 -0( %-$>$-4 )%-( µ0/µ18 !"!##$"% &' %# C = B(o,R)& φ(x) = a |x|γ 1{x∈B(o,R)} '() )Λ(x) = λ )x *+,(-
mn [JA(ω, T )] = Bn

(
λaV

′

dm1 [A(T )]R
γ+d

γ + d
,
λV

′

da
2
m2 [A(T )]R

2γ+d

2γ + d
, ...,

λV
′

da
n
mn [A(T )]R

nγ+d

nγ + d

)
,

cn [JA(ω, T )] = Bn

(
0,
λV

′

da
2
mn [A(T )]R

2γ+d

2γ + d
, ...,

λV
′

da
n
mn [A(T )]R

nγ+d

nγ + d

)
·%( .'!*/12'!&

E [JA(ω, T )] =
π1dλaR

γ+d

(γ + d)Γ(d2 + 1)
. !""#$ <( 0%>( -0%- ∫

B(o,R) |x|
k :x = V

′

d
Rk+n

k+n /$-0 k > −n8 50( 2)..* $#3 -0+#3 .62&(-(:8"22&4$'D 50(.)(6 EE3 %' ()).) =.+': *.) F%+##$%' %22).?$6%-$.' .* JA(ω, T ) $# *.+':%# *.&&./#;()*!"*+ ,,' 3,* JA(ω, T ) = JA(ω,T )−E[JA(ω,T )]
V[JA(ω,T )] *+,( #"! '(4 u 5, +'6,-

∣∣P
(
JA(ω, T ) > u

)
−Q(u)

∣∣ ≤ m3 [A(T )]
∫
Rd φ

3(x) )Λ(x)
(
m2 [A(T )]

∫
Rd φ2(x) )Λ(x)) 3

2

·"# #0./' $' G(66% HE3 T 2 ≥ m2 [A(T )] ≥ π21T
2 %': mm3A(T ) ≤ T 33 #. -0( =.+'::(%4# %# Θ(1) %# T → ∞8 <( .=-%$' % &(## #0%)2 =.+': =+- :(2(':$'D .'&4 .' -0(%-$>$-4 )%-( π1 =+- '.- .' -0( :$#-)$=+-$.' .* @AB2()$.:# %': @CCB2()$.:# %': .' T ;

∣∣P
(
JA(ω, T ) > u

)
−Q(u)

∣∣ ≤
∫
Rd φ

3(x) :Λ(x)
π31
(∫

Rd φ2(x) :Λ(x)) 3
2

·"# %&)(%:4 '.-(: $' -0( %#( .* (?2.'('-$%& @AB@CC #.+)(3 /0(' T D.(# -. $'I'$-43
m2 [A(T )] ∼ π21T

2 %': m3 [A(T )] ∼ π31T
38 J.'#(K+('-&43 $' -0$# %#( -0( =.+': 0%# -0(*.&&./$'D &$6$- /0(' T → ∞;

∫
Rd φ

3(x) :Λ(x)
√
π1
(∫

Rd φ2(x) :Λ(x)) 3
2

.



 !  ! "#$"%% &'()*"#$ %&' Λ(x) = λ (x) '*& +#,-( +&#/&01
m3 [A(T )]

∫
Rd φ

3(x) (x
√
λ
(
m2 [A(T )]

∫
Rd φ2(x) (x) 3

2$*2* (&340 30 Θ( 1√
λ
) 30 λ→ ∞5 !"#$"% &'(  !" #$%&' (%)'*%+,'%$& $- (‖ωt1‖ , ..., ‖ωtn‖) %) .%/"& +01

F(‖ωt1‖,...,‖ωtn‖)(u1, ..., un) =
n∑

i=1

(−1)i−1
∑

1≤k1<...<ki≤n
e−π1,1,...,1(tk1 ,...,tki)Λ(C(max{uk1 ,...,uki}))·2& 34*'%,64*7

F‖ωt‖(u) = e−π1Λ(C(u))· 67589 !" nth $*("* 8$8"&' $- JB(ω, T ) 4*" .%/"& +01
mn [JB(ω, T )] =

∫

[0,T )n
(t1... (tn ∫

(R+)n
ψ(u1)...ψ(un) (F(‖ωt1‖,...,‖ωtn‖)(u1, ..., un)·9*$$-: :&' Ai +& '*& &;&-' {|ωti |∞ ≤ ui}5 <2/=%& >#2-' =?#+3+2%2'4 ?,%& @2;&0 ,0

P

(
n⋂

i=1

Ai

)
=

n∑

i=1

(−1)i−1
∑

1≤k1<...<ki≤n
P
(
∪ij=1Aki

)
·A*,0) $& /,0' &;3%,3'& P(∪ij=1Aki
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π1,...,1(tk1 , ..., tki) (Λ(x) 3-( '*,0

P
(
∪ij=1Aki

)
= e−π1,1,...,1(tk1 ,...,tki)Λ(C(max{uk1 ,...,uki})).A*& &I=?&002#- G#? '*& >#2-' (20'?2+,'2#- #G (‖ωt1‖ , ..., ‖ωtn‖) G#%%#$05 "#$ $& 3- $?2'&1

mn [JB(ω, T )] = E

[(∫ T

0
ψ(‖ωt‖) (t)n]

=

∫ T

0
...

∫ T

0
E
[
ψ(|ωt1 |)...ψ(|ωtn |)

] (t1... (tn
=

∫

[0,T )n
(t1... (tn ∫

(R+)n
ψ(u1)...ψ(un) (F(‖ωt1‖,...,‖ωtn‖)(u1, ..., un).A*20 #/=%&'&0 '*& =?##G5 !"#$"% &)(  !" )"$&( $*("* 8$8"&' $- JT (ω, T ) %) .%/"& +01

m2 [JT (ω, T )] =

(
m1 [A(T )]

∫

Rd

φ(x) (Λ(x))2

+m2 [A(T )]

∫

Rd

φ2(x) (Λ(x)
+

∫

[0,T )2
(t1 (t2 ∫

(R+)2
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+2 ∗ ;<= $- (7.4). 675J9
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E

[
(JT (ω, T ))

2
]

= E

[
(JA(ω, T ) + JB(ω, T ))

2
]

= E

[
(JA(ω, T ))

2
]
+E

[
(JB(ω, T ))

2
]
+ 2E [JA(ω, T )JB(ω, T )] ·"# $%&# %()#%*+ #,-)#../01. 20) E [(JA(ω, T ))2] %1* E

[
(JB(ω, T ))

2
]3 4$5. /4 )#6%/1. 40#&%(5%4# E [JA(ω, T )JB(ω, T )]7

E [JA(ω, T )JB(ω, T )] = E

[∫ T

0
PA(ωt) *t ∫ T

0
PB(ωt) *t]

=

∫ T

0

∫ T

0
E
[
PA(ωt)ψ(‖ωs‖)
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E [PA(ωt)PB(ωs)| ‖ωs‖ = r] = π10(t, s)ψ(r)

∫

C(r)
φ(x) *Λ(x)

+π1ψ(r)

∫

C(r)
φ(x) *Λ(x) + p11(t, s)φ(r)ψ(r)·<04# 4$%4 4$# */.4)/954/01 02 ‖ωs‖ /. 4$# .%6# %. 4$%4 02 ‖ω0‖3 =# @1%((+ 094%/1 %1 #,-)#.;./01 20) E [JA(ω, T )JB(ω, T )]'

E [JA(ω, T )JB(ω, T )] =

∫ T

0

∫ T

0
π10(t, s)

∫ ∞

0
ψ(r)

∫

C(r)
φ(x) *Λ(x) *F‖ω0‖(r) *s *t

+π1

∫ T

0

∫ T

0

∫ ∞

0
ψ(r)

∫

C(r)
φ(x) *Λ(x) *F‖ω0‖(r) *s *t

+

∫ T

0

∫ T

0

∫ ∞

0
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V [JB(ω, T )] ≤ m2 [A(T )]

∫

Rd

ψ2(x) +Λ(x), E!7HG(,+
m2 [A(T )]

∫

Rd

φ2(x) +Λ(x) ≤ V [JT (ω, T )] ≤ m2 [A(T )]

∫

Rd

(φ(x) + ψ(x))2 +Λ(x). E!7IG



   ! "#$"%% &'()* !""#$ !" #$%&' (" *+,-,. /0 #$%1' /0 ",22(34 φ(x) = 05 (2 (" "67(,32 2* 8-*+, #$%1'%9(3, JT (ω, T ) (" : ;(3,:- <632(*3:; *< 2=, >*(""*3 8*(32 8-*,"" ΦI ?, :3 :88;0 2=,*-*;;:-0 @% A0 .,B3(2(*35 :..(34 : 8*(32 (X, I) 2* Φ ?(;; (3-,:", 2=, *3"6C,. 8*?,-<*- :2 C*"2 φ(X) + ψ(X) :2 ,:= (3"2:3, ?=,-, 2=, 3,? 6",- X (" :2(+,% D*3",E6,32;05
0 ≤ D(X,I)JA(ω, T ) ≤ (φ(x) + ψ(x))

∫ T
0 I(t) .t% F2 <*;;*?" 2=:2G

V [JT (ω, T )] ≤
∫

Rd

(ψ(x) + φ(x))2 .Λ(x)E[(∫ T

0
I(t)

)2
]
,?=,-, 2=, ;:"2 ,H8,2:2(*3 (" 2:I,3 ?(2= -,"8,2 2* 2=, .("2-(/62(*3 *< I%J*? ?, :88;0 K=,*-,C 1% L, *3"(.,- 2?* <632(*3:;" JA(ω, T ) :3. JB(ω, T )% !..(34: 8*(32 (X, I) ?(;; 3*2 .,-,:", /*2= 2=, <632(*3:;"5 "*G

m2 [A(T )]

∫

Rd

φ2(x) .Λ(x) = V [JA(ω, T )] ≤ V [JA(ω, T ) + JB(ω, T )] = V [JT (ω, T )] .M-*C 2=,*-,C 15 ?, :;"* 3*2, 2=:2
V [JT (ω, T )] ≥ V [JA(ω, T )] +V [JB(ω, T )] . !"!##$"% &' %# C = B(o,R)& φ(x) = a |x|γ 1{x∈B(o,R)}, ψ(x) = b |x|γ 1{x∈B(o,R)} 'a, b > 0()*+ +Λ(x) = λ +x ,-.*/
V [JB(ω, T )] ≤ λa2m2 [A(T )]V

′

dR
d+2γ

d+ 2γ

V [JT (ω, T )] ≤ λ(a+ b)2m2 [A(T )]V
′

dR
d+2γ

d+ 2γ
·K=, <*;;*?(34 2=,*-,C 4(+," :3 688,- /*63. *3 2=, .("2-(/62(*3 *< JT (ω, T )G()*!"*+ ,-' 01123. ,-), φ(x) + ψ(x) ≤ K #"! )44 x ∈ Rd& 4.,

α2 = m2 [A(T )]

∫

Rd

(ψ(x) + φ(x))2 +Λ(x),-.*
P (JT (ω, T ) > E [JT (ω, T )] + u) ≤ exp

{
−T

2K2

α2
g

(
uTK

α2

)}#"! )44 u > 0$ !""#$ !" 8-*+,. :/*+,5 0 ≤ DX,IJT (ω, T ) ≤ (φ(x) + ψ(x))
∫ T
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α2
A = m2 [A(T )]

∫

Rd

(φ(x))2 +Λ(x)
α2
B = m2 [A(T )]

∫

Rd

(ψ(x))2 +Λ(x).



 !"##$%& '()' φ(x) ≤ K *+, )-- x ∈ Rd '(&. *+, )./ u > 00
P (JA(ω, T ) > E [JA(ω, T )] + u) ≤ exp
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−T

2K2

α2
A

g

(
uTK

α2
A

)}
.12%2-),-/0 )##$%& '()' φ(x) ≤ K *+, )-- x ∈ Rd '(&. *+, )./ u > 00

P (JB(ω, T ) > E [JB(ω, T )] + u) ≤ exp

{
−T

2K2
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B
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uTK
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Λt(A) = λ

∫

Rd

P(x+M(t) ∈ A) 5x
= λ

∫

Rd

5x∫
Rd

pM(t)(y)1{x+y∈A} 5y
= λ

∫

Rd

pM(t)(y) 5y ∫
Rd

1{x+y∈A} 5x
= λld(A).3($#0 2' 2# ) =+2##+. ;+2.' ;,+&## +* 2.'&.#2'/ λ 5x9 @+8 7/ '(2..2.A ;,+;&,'/0 ωMt =∑
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E
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=
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[
PG(ω

M
t )
] 5t ).5 E [JG(ω, T )] =∫ T

0 E [PG(ωt)] 5t %$#' 7& &E$)-9F+, ) .+. .&A)'2G& *$.'2+. f ∈ Ln(Rd) ).5 t1, ..., tn ∈ R ).5 *$,'(&,%+,& 8& )##$%&'()' f(x) = 0 2* x ∈ Rd/C9 H&I.&
ΦMn (f, t1, ..., tn) =

∫

Rd

E [f(x+M(t1))...f(x +M(tn))] 5x.



 !  ! "#$"%% &'()* !""# $%&  ! "#$! ΦMn (f, t) =
∫
Rd f(x) %x #&%'

ΦMn (f, t1, ..., tn) ≤
∫

Rd

fn(x) %x·()*!)$!*+ ,- M "#. /"! 0*)0!*/1 T #&% n ≥ 2 /"!& Φ
M/ǫ
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∫
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Rd
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n *x) 1
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=

∫
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n (f, T ) .%+ I(t) = 1, t ∈ R9 >$ 12+,)4/2+8 ,-#:%:#$,( %. JA(ωM , T ) )( 0)A#$ 2(

mn

[
JA(ω

M , T )
]

= Bn(λH
M
1 (φ, T ), λHM

2 (φ, T ), ..., λHM
n (φ, T )) ≤ mn [JA(ω, T )]

cn

[
JA(ω

M , T )
]

= Bn(0, λH
M
2 (φ, T ), ..., λHM

n (φ, T )) ≤ cn [JA(ω, T )] .>$ ,-# .%//%&)$0 /#::28 &# 1+%A)*# #G1/)), #G1+#(()%$ .%+ HM
n (f, T ) )$ ,-# 2(# &-#+#

d = 1 %+ 28 f(x) = a1{|x|≤R}3 !""# $%&  ! "# d = 1$ C = [−R,R] %&' f(x) = a1{|x|≤R} ()*+ a > 0 *+,&-
HM
n (f, u) =

{
2Runan − n−1

n+1u
n+1 |v| an, u ≤ 2R

|v| .
u(2R)n

|v|n−1 a
n − n−1

n+1
(2R)n+1

|v|n an, u ≥ 2R
|v| ! CD9 F



 ! ! "# d = 2$ C = B(o,R) %&' f(x) = a1{|x|≤R} ()*+ a > 0 *+,&-
HM
n (f, u) =

2u(2R)nUn(r0)

|v|n−1 an − 2(n− 1)

n+ 1

(2R)n+1Un+1(r0)

|v|n an

+4unR2(U1(1) − U1(r0))a
n − 2(n− 1)

n+ 1
un+1R(1− r0) |v| an)# u ≤ 2R

|v| %&'
HM
n (f, u) =

2u(2R)nUn(1)

|v|n−1 an − 2(n− 1)

n+ 1

(2R)n+1Un+1(1)

|v|n an)# u ≥ 2R
|v| (+,., Un =

∫ 1
0

(
1− r2

)n
2 'r %&' r0 =√1− u2|v|2

(2R)2
!/.00#! "# $% '( '))*+% ,-', a = 1. $% -'/%0

HM (f, u) =

∫ ∞

−∞
E

[(∫ u

0
1{|x+vt|≤R} 1t)n] 1x

=

∫ ∞

−∞

(∫ u

0
1{|x+|v|t|≤R} 1t)n 1x

=

∫ ∞

−∞
1x∫

[0,u)n
1{|x+|v|t1|,...,|x+|v|tn|≤R} 1t1... 1tn

=

∫

[0,u)n
1t1... 1tn ∫ ∞

−∞
1{|x+|v|t1|,...,|x+|v|tn|≤R} 1x

=

∫

[0,u)n
(2R − |v| (max{t1, t2, ..., tn} −min{t1, t2, ..., tn}))+ 1t1... 1tn

= n!

∫ u

0
1t1 ∫ u

t1

1t2...∫ u

tn−1

(2R− |v| (tn − t1))
+ 1tn

= n(n− 1)

∫ u

0
1t1 ∫ u

t1

(2R− |v| (tn − t1))
+ (tn − t1)

n−2 1tn.23 )4+% %5%+%(,'63 +'(78*5',74()0 ,-% 5'), 7(,%96'5 '( :% %')753 4+8*,%1 '(1 7, 7) %;*'5,4 ,-% <=> 4? %;*',74( @!. #.A# $% B755 *)% "# ,4 864/% A# @)%% C9*6% !.D#. $% '5)4 '))*+% ,-', a = 1. E76),53 B%(4,% ,-', ,-% 176%,74( 4? v 14%) (4, +'F% '(3 7+8',0 )4 B7,-4*, 54)) 4? 9%(%6'57,3 B%'))*+% ,-', v ?4554B) ,-% 176%,74( 4? ,-% /%,46 (1, 0). $% ,-%( -'/%G
HM (f, u) =

∫

C
1{x+vt2,...,x+vtn∈C} 1x

= 2

∫ R

0
1r ∫ √

R2−r2

−
√
R2−r2

1{|r1+|v|t2|,...,|r1+|v|tn|≤
√
R2−r2} 1r1

= 2

∫ R

0
gn(r) 1r.=%6% gn(r) '( :% '5*5',%1 :3 '88537(9 "#. H? u ≥ 2R

|v| ,-%( B% -'/%
gn(r) = 2

√
R2 − r2un − n− 1

n+ 1
un+1 |v| .
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 !"#$% &'()  !"#$!$ &' #($)*( (+$$, &! -.$ )/-0& √
V[JA(ωM ,T )]

E[JA(ωM ,T )]"# u ≤ 2R
|v| $%&'

gn(r) =

{
u(2

√
R2−r2)n

|v|n−1 − n−1
n+1

(2
√
R2−r2)n+1

|v|n , 0 ≤ r ≤ r0(
2
√
R2 − r2un − n−1

n+1u
n+1 |v| , R ≥ r ≥ r0)*%+, .'/01&, $%& 23..#)43.5 $%& 67.8& /&5569 :& ,&& $%6$ +' $%& 6,& :%&3& φ(x) = constant9 $%& /.: ;6'1%+<%= 5.7+/+$> 3&<+5& 6' 7& %636$&3+?&1 6, T ≤ 2R

|v| ;6'1 T ≥ 2R
|v| =)4.3 6 '05&3+6/ &@652/& :& %..,& $%& ,+52/&,$ 6,& :%&3& :& %68& &@6$ &@23&,,+.',A

d = 19 λ = 0.02 ;0,&3,B5= 2R = 100(m)9 φ(x) = 1 6'1 M(t) = vt :+$% v = |v| .3
v = − |v| :+$% &C06/ 23.767+/+$> 6'1 :& .',+1&3 .'/> JA) "' $%& D<03& E)F :& 2/.$ $%&36$+. √

V[JA(ωM ,T )]

E[JA(ωM ,T )]
+' #0'$+.' .# |v| +' $%& 6,& T = 106(x) ∼ 11;16>,= 6'1 T = 107(s) ∼

115;16>,=) G, &@2&$&1 +$ +, 6 1&3&6,+'< #0'$+.' .# |v|) H& ,&& $%6$ +' $%& /.: 5.7+/+$>3&<+5&9 $%& 36$+. 1&3&6,&, 8&3> #6,$) 4.3 $%& 5.$+.'/&,, 6,&9 |v| = 0(m/s)9 $%& 36$+. +'6// $%3&& 6,&, +, $%& ,65& 6'1 &C06/ $. 1√
λR

= 0.7071 :%+/& #.3 |v| = 1(m/s)9 $%& 36$+. +,
0.0022 #.3 T = 107(s) 6'1 0.0071 #.3 T = 106(s

|v| )
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 !!  ! "#$#%&'()#* "'&+,#% -.*#'"#$%&'( )*+,-.-&,/ 01#(-3' $*3,-,45Λ(x) 6 σ−+,-.* 735&, $*3(89* &, Rd

S :*,*9- (&;&89, .-$*
LΛ,S "<3*=>-$* 0&-((&, <&-,. <9&*(( &? 3''( @,& $&%-'-.#A
Nt

∑
i≥1 1{Ti≤t<Ti+Si}δXi / 0&-((&, <&-,. <9&*(( &? 3.-B* 8(*9(3. .-$* t @,& $&%-'-.#A

Lλ  x,S,M "<3*=>-$*=C&B*$*,. 0&-((&, <&-,. <9&*(( &? 3''( @D-.1$&%-'-.#A
NM
t

∑
i≥1 1{Ti≤t<Ti+Si}δXi+M(t−Ti)/ 0&-((&, <&-,. <9&*(( &? 3=.-B* 8(*9( 3. .-$* t @D-.1 $&%-'-.#A

ΓMn (f, T )
∫ T
−∞ 5t ∫∞

0 pS(s)H
M
n (f, (t+ s)+ ∧ T − t+) 5s !"#$ %&'(  !"#"$!%& #%' (#)#*+"+)&,*,*94# &,(8$*5 589-,4 *9.3-, 5893.-&, 5*<*,5( 1*3B-'# &, .1* 5-(.9-%8.-&, &? (&;&89,.-$*/ 3( (1&D*5 '3..*9 -, .1-( 13<.*9EF* &,(-5*9 -, .1-( 13<.*9 3 $&9* 4*,*93' (*,39-& 3,5 (& D* 3'' -. 4*,*93'-G*5 :'38%*95#,3$- %*38(* &? .1* ?&''&D-,4 3948$*,.(E H-9(.'# .1* 5&$3-, D* &,(-5*9 -( ,& '&,4*9%&8,5*5 %8. -. 3, %*/ ?&9 -,(.3,*/ RdE "*&,5'# .1* (#(.*$ (.39.( 3. −∞Λ %* 3 σ−+,-.* 735&, $*3(89* &, Rd/ 3%(&'8.*'# &,.-,8&8( D-.1 9*(<*. .& .1*P*%*(48* $*3(89* D-.1 5*,(-.# pΛE P*. LΛ,S %* .1* 0&-((&, <&-,. <9&*(( &? -,.*,(-.#$*3(89* 4-B*, %# 5ν(t, s, x) = 5t× pS(s) 5s× 5Λ(x)·D1*9* pS(s) -( 3 <9&%3%-'-.# 5*,(-.# ?8,.-&, &? 3 <&(-.-B* 93,5&$ B39-3%'* S D-.1 +,-.*$*3,E6 9*3'-G3.-&, &? .1-( <9&*((/ -? Λ(Rd) < ∞/ 3, %* &%.3-,*5 3( ?&''&D(E P*. NA =

(Ti, i ≥ 0) %* 3 0&-((&, <&-,. <9&*(( &? -,.*,(-.# Λ(Rd) &, R 3,5 ((Xi, Si), i ≥ 0) %* 3(*Q8*,* &? -E-E5 93,5&$ B39-3%'*/ -,5*<*,5*,. &? NA/ (81 .13.5PXi(x) =
5Λ(x)
Λ(Rd)

3,5 5FSi(s) = pS(s) 5s·>1*, LΛ,S =
∑

i≥0 δ(Ti,Xi,Si)E
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 !"  ! "#$#%&'()#* "'&+,#% -.*#'#$ %&'()+,&'- ./' & 0/+$121 1/3&)$ C- /$2 &$ 4//52 Λ &5 (42 620257+2 32&5+'2'25(')(21 /$ C8 #. Λ(Rd) = ∞- 5)$2 Λ )5 σ−9$)(2- (42'2 2:)5(5 & 52;+2$2 /. /3%&(52(5 (Kk, k ≥ 1) 5+4 (4&( Λ(Kk) ≤ ∞ &$1 ∪kKk = Rd- (42$ LΛ,S )5 (42 <2&= ,)3)( /. (4252;+2$2 (LΛk,S, k ≥ 1) <42'2 Λk )5 (42 '25(')(21 /. Λ (/ Kk8>42 /$97+'&()/$ /. &()?2 +52'5 &( ()32 t )5
Nt =

∑

i≥1

1{Ti≤t<Ti+Si}δXi ·@/+74,A 5%2&=)$7- )$ (4)5 3/12, & +52' i &'')?25 &( ()32 Ti &( ,/&()/$ Xi &$1 5(&A5 )$(42 5A5(23 1+')$7 Si +$)(5 /. ()328B'/3 129$)()/$5 )$ (42 4&%(2' C- ./' (4)5 /$97+'&()/$ 3/12,- )( ./,,/<5 (4&( (42 (/(&,2$2'7A /$5+321 02(<22$ 0 &$1 T )5 7)?2$ 0AD
JT (N,T ) =

∑

i≥0

1{Ti≤T}(((Ti + Si)
+ ∧ T )− T+

i )φ(Xi) +

∫ T

0
ψ(‖Nt‖) 1t

= JA(N,T ) + JB(N,T )· !"#$"% &'(  !!"#$ %&'% Λ(Rd) <∞( %&$ $)*$%'%,-. -/ JT (N,T ) ,! 0,1$. 234
E [JT (N,T )] = TE [S]

∫

Rd

φ(x) 5Λ(x) + T

∫ ∞

0
p‖N0‖(r)ψ(r) 5r, EF8 G6&$7$ p‖N0‖ ,! %&$ *7-2'2,8,%3 5$.!,%3 /".%,-. -/ ‖N0‖ '.5 ,! 0,1$. 234

p‖N0‖(r) =
E [S] 5Λ(C(r))5r e−E[S]Λ(C(r))· EF8"G9&$ !$-.5 -75$7 #-#$.% -/ JT (N,T ) ,! 0,1$. 234

m2 [JT (N,T )] =

(
T

∫

Rd

φ(x) 5Λ(x))2

+K2(T )

∫

Rd

φ2(x) 5Λ(x)
+:;< -/ EF8 HG+ 2 ∗ :;< -/ EF8  G+ 2 ∗ :;< -/ EF8 IG6&$7$

Kn(T ) =

∫ T

−∞
5t ∫ ∞

0

((
(t+ s)+ ∧ T

)
− t+

)n
pS(s) 5s

=

∫ T

−∞
E
[((

(t+ S)+ ∧ T
)
− t+

)n] 5t.#$ /'12' (/ 7&)$ 5/32 )$5)74(5 /$ (42 024&?)/' /. JT (N,T )- <2 +52 (42 /$2$('&()/$)$2;+&,)(A ./' J/)55/$ %/)$( %'/255 (/ /0(&)$ (42 ./,,/<)$7 '25+,(D !"#$"% )*(  !!"#$ %&'% S ≤ βS ='>!? '.5 φ(x) + ψ(x) ≤ βB /-7 '.3 x ∈ Rd 6,%&
βS , βB > 0> :$%

β(T ) = (βS ∧ T )βB'.5
α2(T ) = K2(T )

∫

Rd

(φ(x) + ψ(x))2 5Λ(x)



 !" !"#
P(JT (N,T ) ≥ α) ≤ exp

{
−
(
α(T )

β(T )

)2

g

(
L−E [JT (N,T )])β(T )

α2(T )

)}
· #$%"&$!"%" g(u) = (1 + u) ln(1 + u)− u&'( )* ,-./ ,.01 /2* .-34*5 ,( -6*56 7. /2* *00 C8 /2* 616/*3 9. 4* 6**. 96 9

M/G/∞ :-*-*% ;2* 5*/-5.7.< /73* /, *3=/1 6/9/* ,( /276 :-*-* 90)916 296 >.7/* 3*9.%?,.6*:-*./018 /2* /73* @9517.< ,.><-59/7,. =5,*66 N 76 9 5*<*.*59/7@* =5,*66 67.* 7/9. 4* 6=07/ 7./, 7%7%A 10*6% '/ 76 )*00 B.,). /29/ -.A*5 9==5,=579/* ,.A7/7,.68 (,5 9<*.*590 3,A*0 ,( =,)*5 ,.6-3=/7,. PG8 /2* ,.6-3*A *.*5<1 JG(N,T ) = ∫ T0 PG(Nt) At9. 4* )*00 9==5,C739/*A 41 9 D9-6679. 59.A,3 @957940* 96 T → ∞% E.(,5/-.9/*018 )*9. ,.01 >.A 9. *55,5 4,-.A ,. D9-6679. 9==5,C739/7,. ,( JA(N,T )8 96 (,00,)6F !"#$"% &'( '" !()"*
∣∣∣∣∣P (JA(N,T ) ≥ u)−Q

(
u−E [JA(N,T )]√

V [JA(N,T )]

)∣∣∣∣∣ ≤
K3(T )

∫
Rd φ

3(x) +Λ(x)
(K2(T )

∫
Rd φ2(x) +Λ(x))3/2,-% (#. u > 0&G6 62,)*A 09/*5 7. H*339 I!8 Kn(T ) ∼ Tmn [S]8 /2-6 /2* 4,-.A 4*,3*6

m3 [S]
∫
Rd φ

3(x) AΛ(x)
√
T
(
m2 [S]

∫
Rd φ2(x) AΛ(x))3/2)2*. T 76 095<*% '. ,./5951 /, /2* JKLJMM 3,A*0 )7/2,-/ 3,4707/1 )2*5* /2* 4,-.AA*916 96 O(1)8 7. /276 3,A*0 /2* 4,-.A A*916 96 Θ( 1√

T

) 96 T → ∞%K,)8 7( AΛ(x) = λ Ax /2*. /2* 4,-.A 4*,3*6F
K3(T )

∫
Rd φ

3(x) Ax√
λ(K2(T )

∫
Rd φ2(x) Ax)3/2)272 A*916 96 Θ( 1√

λ
)% !"!" #$%$&'()*$+ #(',-$& +.%'/) 1)23 /4-)()2.M5,3 .,) ,.8 )2*. ,.67A*57.< 3,4707/18 )* )700 39B* /2* 966-3=/7,. /29/ AΛ(x) = λ Ax%;2* 3,A*0 76 /2* 693* 96 /2* 94,@* D*.*5907N*A D09-4*5 A1.9373,A*08 *C*=/ /29/*92 -6*5 3,@*6 A-57.< 7/6 6,O,-5.% ;2* 3,4707/1 3,A*0 76 905*9A1 A*6574*A 7. /2* 29=/*5I% H*/ M1(t),M2(t), ... 4* 7.A*=*.A*./ @*567,.6 ,( M(t) 9.A 4* /2* 3,@*3*./ ,( -6*56

1, 2, ... 5*6=*/7@*01% '. ,/2*5 ),5A68 /2* =,67/7,. ,( -6*5 i A-57.< 9/ /73* t ∈ [Ti, Ti + Si)76 Xi +M(t − Ti)% ;2* 395B*A =,7./ =5,*66 Lλ  x,S,M = ((Ti, Si,Xi, (Mi(t), t ∈ R)))∞i=176 P,766,. =,7./ =5,*66 ,. R × R × Rd ×D([0,∞),Rd) A-* /, /2* 7.A*=*.A*./ 395B7.<=5,=*5/1% '/6 3*96-5* 7./*.67/1 76FAν(t, s, x, (m(t), t ∈ R)) = At× pS(s) As× AΛ(x) A×PM (m)·G/ /73* t8 /2* ,.><-59/7,. ,( 9/7@* -6*56 76
NM =

∑

i≥1

1{Ti≤t<Ti+Si}δXi+Mi(t−Ti)·



 !"  ! "#$#%&'()#* "'&+,#% -.*#' !""# $%& NM  ! " #$ !!$% &$ %' &($*!! $+  %'*%! ', -*"!.(* λE [S] /x +$( "00 t1#$% &'(() () *$% +,(-% .%//+ 01 20-%3 03 *$% 14,1%*0(3 67"7 78%*
ΓMn (f, T ) =

∫ T

−∞
9t ∫ ∞

0
pS(s)H

M
n (f, (t+ s)+ ∧ T − t+) 9s :67";<0*$ u ∈ R+ +39 f : Rd → R+ 14$ *$+* f(x) = 0 03 Rd/C +39 HM

n (f, u) 01 9%=3%9 03%>4+*0(3 :?76;7@'(/ *$% +,(-% .%//+A <% 0//%90+*%.B 9%94% *$+*C'(!)*!" $+& 2$( "%, &$3*( $%!.-&' $% -$/*0 PG "%/ -$4 0 ', -$/*0 M 5 3* 6"7*
E
[
JG(N

M , T )
]
= E [JG(N,T )]1 8% &"(' .0"( E [JA(NM , T )

]
= E [JA(N,T )]5 E [JB(NM , T )

]
=

E [JB(N,T )] "%/ E
[
JT (N

M , T )
]
= E [JT (N,T )]1D% (,*+03 *$% 1+/% '%14.* +1 03 *$% &'%-0(41 $+&*%'7 E3 )+*A /(,0.0*B /+F%1 *$% 1+/%0/&+* (3 *$% (314/%9 %3%'2B 03 ,(*$ /(9%.A +1 <% <0.. 03-%1*02+*% 3(<7'(!)*!" $,& 9* 6"7*5

E
[
exp

{
αJA

(
NM , T

)}]
≤ E [exp {αJA (N,T )}]+$( "%, α ∈ R "%/

cn

[
JA
(
NM , T

)]
≤ cn [JA (N,T )]

mn

[
JA
(
NM , T

)]
≤ mn [JA (N,T )] .+$( "00 n ≥ 21 8+ M !"' !:*! '6* &($&*(', T '6*%

cn

[
JA

(
NM/ǫ, T

)]
→ 0 "%/ mn

[
JA

(
NM/ǫ, T

)]
→
(
λE [S]

∫

Rd

φ(x) /x)n"%/
V [JB(N

M/ǫ, T )] ,V
[
JT

(
NM/ǫ, T

)]
→ 0 "! ǫ→ 0.2.('6*(-$(*5  + φ(x) = a1{x∈C} ;a > 0< "%/ M !"' !:*! '6* &($&*(', T '6*% cn

[
JA
(
NM/ǫ, T

)]"%/ mn

[
JA
(
NM/ǫ, T

)] "(* /*(*"! %= +.%' $%! $+ ǫ1G ,(439 )(' H+4110+3 +&&'(I0/+*0(3 () JA(NM , T ) 01 )(439 +1 )(..(<1'(!)*!" $$& 9* 6"7*
∣∣∣∣∣P
(
JA(N

M , T ) ≥ u
)
−Q

(
u−E

[
JA(N

M , T )
]

V [JA(NM , T )]

)∣∣∣∣∣ ≤
ΓM2 (φ, T )√

λ(ΓM3 (φ, T ))3/2+$( "%, u > 01 >*(* ΓMn (φ, T )  ! /*:%*/  % *?."' $% :67";1D$%3 T 01 .+'2%A *$% ,(439 ,%(/%1C
E
[
HM

2 (φ, S)
]

√
λTE

[
HM

3 (φ, S))3/2
] .J1032 *$% (3%3*'+*0(3 03%>4+.0*B :('(..+'B K; <% (,*+03 *$% )(..(<032 ,(439 )(' *$%901*'0,4*0(3 () JT (NM , T )7 #$% &'(() 01 10/0.+' *( *$+* () *$%('%/ L! 1( <% (/0* 0* $%'%7



 !" !"#$"% &'(  !!"#$ %&'% S ≤ βS (')!* '+, φ(x) + ψ(x) ≤ βB -./ '+0 x ∈ Rd 12%&
βS , βB > 0) 3$%

β(T ) = (βS ∧ T )βB%&$+
P(JT (N

M , T ) ≥ u+E
[
JT (N

M , T )
]
) ≤ exp

{
−
(
λΓM2 (φ+ ψ, T )

β(T )

)2

g

(
uβ(T )

λΓM2 (φ+ ψ, T )

)}
· !"#$1&$/$ g(u) = (1 + u) ln(1 + u)− u) !" #$%&'()( )$ $* +*,)&)-' %(/%& '()* *+')-& .+ /0+*+&' 12321')-&* 1&4 /0--5 )& '(+ 1*+ .(+0+ 3*+0* 4- &-' 6-7+430)&8 '(+)0 *-9-30&" :+' Se ;+ '(+ 01&4-6 710)1;2+ .)'( '(+ 1**-)1'+4 *'1')-&10<=+>+** -0 +?3)2);0)36=0+*)4312=2)5+')6+$ @AB  C##℄E C#F℄$

FSe(s) =

∫∞
s FS(s1) 4s1

E [S]
·%'* GABEHIB 1&4 nth 6-6+&'* 10+ 8)7+& ;<

pSe(s) =
FS(s)

E [S]
,

E
[
e−tSe

]
=

1−E
[
e−tS

]

tE [S]
,

mn [Se] =
mn+1 [S]

(n+ 1)E [S]
·%' )* +1*)2< *++& '(1' )5 S ∼ Exponential(µ) '(+& Se 5-22-.* '(+ *16+ 4)*'0);3')-&" J+ 12*-&-'+ '(1' )5 S ≤ u 1"*" '(+& Se ≤ u 1"*" " !""# $%& 4./ '+0 t0 ∈ R5 Nt 2! ' 6.2!!.+ 7.2+% 7/.$!! .+ Rd 12%& 2+%$+!2%0 #$'!"/$

E [S] ,Λ(x)) 92:$+ ' /$';2<'%2.+ .- Nt5 %&$ /$!2,"'; !.=."/+ %2#$ .- "!$/! '/$ 2+,$7$+,$+%'+, -.;;.1 %&$ !'#$ ,2!%/2>"%2.+ '! %&'% .- Se)?./$.:$/5 %&$ 7/.>'>2;2%0 ,2!%/2>"%2.+ -"+%2.+ .- ‖Nt‖ 2! @2:$+ >0A
P(‖Nt‖ > r) = e−E[S]Λ(C(r)))  !"F$'+, 2%! 7/.>'>2;2%0 ,$+!2%0 -"+%2.+ 2! @2:$+ >0A

p‖Nt‖(r) =
E [S] ,Λ(C(r)),r e−E[S]Λ(C(r)))·  !"K$



 !"  ! "#$#%&'()#* "'&+,#% -.*#'
s

t

 

 !

0

 !

 !

t0

 !

 !

 !

 

 

s0 !"#$% &'()  !!"#$%&$'() (* $+, -%((* (* !,..& /01 !""#$ #$ %&'() *)+,)*- ./) ',+123%.4', '5 %.4() 2$)3$ %. t- %$$'4%.)* 64./ ./)43 3)$4*2%7$)3(4) .48) 4$ ∑

i≥1

1{Ti≤t0<Ti+Si}δ(Xi,Si−(t0−Ti))·9: *4$;7%)8),. ./)'3)8- ./4$ 4$ % <'4$$', ;'4,. ;3')$$64./ 4,.),$4.: 8)%$23) /%3%.)3=4>)* &:
intensity(D × (s0,∞)) =

∫ ∞

0
*t ∫ ∞

0
pS(s)1{t≤t0,s>s0+t−t0} *s ∫

D
*Λ(x)

=

∫ ∞

t0

FS(s0 + t− t0) *tΛ(D)

=

∫ ∞

0
FS(s0 + t) *tΛ(D)

= E [S] Λ(D)F Se(s0)5'3 %77 8)%$23%&7) $). D ∈ Rd %,* s0 ≥ 0? @/4$ 4$ )A%.7: ./) $%8) 4,.),$4.: '5 % 4,*);),=*),.7: 8%3B)* <'4$$', ;'4,. ;3')$$ 64./ 2,*)37:4,1 4,.),$4.: 8)%$23) E [S] *Λ(x) %,*./) *4$.34&2.4', '5 8%3B$ %3) ./) $%8) %$ ./%. '5 Se? @/2$- ./) 7)88% 4$ ;3'()*? !"#$% &' %"! & '"(&)* D +,. /.&/ Λ(D) <∞0 /.1 '2*&() "# /.1 *,(31! "# ,+1!+ "*
D #"44"5+ 16&/42 /.1 +&(1 &+ /.1 '2*&() "# /.1 M/G/∞ 7,1,1 5)/. &!!)8&4 !&/1 Λ(D)&*' +1!8)1 /)(1 ')+/!)3,/)"* 'FS$ 9.,+0 /.1 ("'14 &* 31 &441' +:&/)&4 M/G/∞ 7,1,1$(!""# )*' Nt1−Nt2 , Nt1∪Nt2 , Nt2−Nt1 &!1 3 )*'1:1*'1*/  ")++"* :")*/ :!"1++1+ "# )*;/1*+)/2 (1&+,!1 FSe(|t2 − t1|)E [S] 'Λ(x), FSe(|t2 − t1|)E [S] 'Λ(x) &*' FSe(|t2 − t1|)E [S] 'Λ(x)"* Rd0 !1+:1/)8142$ !""#$ C) ,'.) ./%.- % 2$)3 i 4$ 4, Nt1 −Nt2 , Nt1 ∪Nt2 , Nt2 −Nt1 45 %,* ',7: 45 ./) ;'4,.
(Ti, Si) 4$ 4, ./) *'8%4, D-DD-DDD 3)$;).4()7:? @/2$- &: ./4,,4,1 ;3';)3.:- Nt1 − Nt2 4$
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s

t

 

 !

0

 !

t1

IIIII
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t2

 

 

 

 

 

 !

 !

 !

 !"#$% &'()  !!"#$%&$'() (* $+, -%((* (* !,..& /01#$%&&$' ($%') (*$,&& $- %'),'&%). /0*0),*%1,2 3.4
intensity(D) = Λ(D)

∫ t1

−∞
2t ∫ t2−t

t1−t
pS(s) 2s

= Λ(D)

∫ ∞

0
(F S(t)− FS(t+ t2 − t1)) 2t

= E [S] Λ(D)

(
1−

∫ ∞

0

F S(t+ t2 − t1)

E [S]
2t)

= E [S] Λ(D)FSe(t2 − t1)-$* 055 6,0&7*035, &,) D ∈ Rd8 9/,*,-$*, Nt1−Nt2 %& 0 #$%&&$' ($%') (*$,&& :%)/ %'),'&%).
E [S]F Se(t2 − t1) 2Λ(x)8 ;%6%50*5. Nt1 ∪ Nt2 , Nt2 − Nt1 0*, 2 #$%&&$' ($%') (*$,&&,& $-%'),'&%). 6,0&7*, FSe(t2− t1)E [S] 2Λ(x) 0'2 FSe(t2− t1)E [S] 2Λ(x) $' Rd< *,&(,)%=,5.89/, %'2,(,'2,', 3,):,,' )/, )/*,, #$%&&$' ($%') (*$,&& -$55$:& )/0) -0) )/0) ><>> 0'2>>> 0*, (0%*:%&, 2%&?$%')8@*$6 )/, 03$=, 5,660< :, 0' &,, )/0) )/, )%6, =0*.%'A (*$,&& N %& )%6, *,=,*&%35,8>) 0' 3, 2,27,2 -*$6 )/, )%6, *,=,*&%3%5%). $- 0 M/G/∞ B7,7,8 C$*,$=,*< %- S ≤ u 08&8)/,' Se ≤ u 08&8 0'2 Nt1 0'2 Nt2 0*, %'2,(,'2,') -$* |t2 − t1| > u8 !"#$"% &'(  !" n ≥ 1 #$ %&'$(

mn [JA(N,T )] = Bn

(
K1(T )

∫

Rd

φ(x) )Λ(x), ...,Kn(T )

∫

Rd

φn(x) )Λ(x))&*)
cn [JA(N,T )] = Bn

(
0,K2(T )

∫

Rd

φ2(x) )Λ(x), ...,Kn(T )

∫

Rd

φn(x) )Λ(x))+* ,&"-.01&"2
E [JA(N,T )] = TE [S]

∫

Rd

φ(x) )Λ(x). DE8EF



 !"  ! "#$#%&'()#* "'&+,#% -.*#' !""#$ #$ JA(N,T ) %$ & '%()&* +,(.%/(&' /+ LΛ,S0 1) &( &22'3 .4) .4)/*)5 6787 9. %$$,:%)(. ./ (/.) .4&.;
∫

R×R×Rd

(((
(t+ s)+ ∧ T

)
− t+

)
φ(x)

)n
pS(s) <t <s <Λ(x)

= Kn(T )

∫

Rd

φn(x) <Λ(x). !""# $%& %& '()& *'& #"++",-./ 0!"0&!*-&123$ Kn(T ) = E

[
(S ∧ T )n(S ∨ T )− n−1

n+1(S ∧ T )n+1
]$4$ 51167& *'(* mn [S] <∞ *'&. Kn(T ) ∼ Tmn [S] (1 T → ∞$ !""#$  = >) 4&?);

Kn(T ) =

∫ ∞

0
pS(s) <s ∫ T

−∞

((
(t+ s)+ ∧ T

)
− t+

)n <t
=

∫ ∞

0
pS(s) <s(∫ 0

−∞
+

∫ T

0

)((
(t+ s)+ ∧ T )

)
− t+

)n <t
=

∫ ∞

0
pS(s) <s(∫ 0

−s
((t+ s)+ ∧ T )n <t+ ∫ T

0
(((t+ s) ∧ T )− t)n <t)@3 $/5) $%52') 5&(%2,'&.%/($ 1) A).;

(∫ 0

−s
((t+ s)+ ∧ T )n <t+ ∫ T

0
(((t+ s) ∧ T )− t)n <t) =

{
snT − n−1

n+1s
n+1, s ≤ T B

T ns− n−1
n+1T

n+1, T ≤ s7C4,$0  = %$ 2*/?)<7D= >) 4&?)
Kn(T )

T
= E

[
(S ∧ T )n(S ∨ T )

T
−

n−1
n+1(S ∧ T )n+1

T

]

≤ E [Sn]&(< limT→∞
(S∧T )n(S∨T )

T −
n−1
n+1

(S∧T )n+1

T = Sn7 C4,$0 E3 </5%(&.)< /(?)*A)() .4)/*)51) 4&?) limT→∞
Kn(T )
T = mn [S]7>) $)) .4&.0 +*/5 .4) &E/?) ')55&0 14)( T A/)$ '&*A)*0 .4) FE/*<)* )G).F %$ ()A'%A%E')7H,*.4)*5/*)0 1) 4&?)

Kn(T ) ∼ Tmn [S]

∫

Rd

φn(x) <Λ(x) ≥ T (E [S])n
∫

Rd

φn(x) <Λ(x). I"7J=C4&. %$ ./ $&30 14)( T %$ '&*A)0 &5/(A &'' 2/$%.%?) *&(</5 ?&*%&E') S 4&?%(A .4) $&5))K2).&.%/(0 .4) /($.&(. /() 5%(%5%L)$ .4) 5/5)(.$ /+ JA(N,T )7



 !" !""# $%&  !" #$%&' (%)'*%+,'%$& $- (‖Nt1‖ , ‖Nt2‖) %) .%/"& 0)1
F(‖Nt1‖,‖Nt2‖)(u1, u2) =

(
1− e−E[S]FSe(|t2−t1|)Λ(C(u1))

)(
1− e−E[S]FSe(|t2−t1|)Λ(C(u2))

)
×

×
(
1− e−E[S]FSe(|t2−t1|)Λ(C(u1∨u2))

) #$% !&-$* 022 t1, t2 ∈ R 0&( u1, u2 > 03 !" "45"'0'%$& $- JB(N,T ) %) .%/"& +71
E [JB(N,T )] = T

∫ ∞

0
ψ(r) (F‖N0‖(r)0&( %') )"$&( $*("* 8$8"&' %) .%/"& 0)1

m2 [JB(N,T )] =

∫ T

0

∫ T

0
(t1 (t2 ∫ ∞

0

∫ ∞

0
ψ(u1)ψ(u2) (F(‖Nt1‖,‖Nt2‖)(u1, u2). #$%  &9*$$-3 '( )*+(

F(‖Nt1‖,‖Nt2‖)(u1, u2) = P(‖Nt1‖ ≤ u1, ‖Nt2‖ ≤ u2)

= P (‖Nt1 −Nt2‖ ≤ u1, ‖Nt2 −Nt1‖ ≤ u2, ‖Nt1 ∩Nt2‖ ≤ u1 ∧ u2)
= P(‖Nt1 −Nt2‖ ≤ u1)P(‖Nt2 −Nt1‖ ≤ u2)P(‖Nt1 ∩Nt2‖ ≤ u1 ∧ u2)
=
(
1− e−E[S]FSe(|t2−t1|)Λ(C(u1))

)(
1− e−E[S]FSe(|t2−t1|)Λ(C(u2))

)
×

×
(
1− e−E[S]FSe(|t2−t1|)Λ(C(u1∧u2))

)*, Nt1 −Nt2 , Nt2 − Nt1 , Nt1 ∩Nt2 *-( .)-(( /01(2(01(0. 34/,,40 24/0. 2-4(,,(, #6(77*8$&%9,/0: ;<=/0/>, .)(4-(7 .)( (?2(.*./40 4@ JB(N,T ) /, (?2-(,,(1 *,A
E [JB(N,T )] =

∫ T

0
Eψ(‖Nt‖) 1t

= T

∫ ∞

0
ψ(r) 1F‖N0‖(r)*, ‖Nt‖ )*, .)( ,*7( 1/,.-/=<./40 @4- *66 t%B/7/6*-6CD .)( ,(401 4-1(- 747(0. 4@ JB(N,T ) /,A

m2 [JB(N,T )] = E

[(∫ T

0
ψ(‖Nt‖) 1t)2

]

=

∫ T

0

∫ T

0
E
[
ψ(‖Nt1‖)ψ(‖Nt2‖)

] 1t1 1t2
=

∫ T

0

∫ T

0
1t1 1t2 ∫ ∞

0

∫ ∞

0
ψ(u1)ψ(u2) 1F(‖Nt1‖,‖Nt2‖)(u1, u2).E. /, F4-.) 04./0: .)*. F( *0 :(0(-*6/G( -(,<6. 4@ 6(77* 8$ .4 *6<6*.( nth 4-1(-747(0. 4@ JB(N,T )% ;4- (?*726(D @4- n = 3 *01 t1 < t2 < t3 40( *0 2-4+( .)*.

Nt3 −Nt2 , Nt3 ∩Nt2 −Nt2 , Nt2 −Nt1 −Nt3 , Nt3 ∩Nt1 , Nt2 ∩Nt1 −Nt3 , Nt1 −Nt2 *-( ,/?/01(2(01(0. 34/,,40 24/0. 2-4(,,(, 40 Rd%



  !  ! "#$#%&'()#* "'&+,#% -.*#' !"!# $%&&' &' ()*&%*+ ,-"# $%&' '()'*$&,# -* ./,0* $%* /*'(1$' ./*'*#$*2 &# $%*,/*3 4567' JT (N,T ) = JA(N,T ) + JB(N,T ) -* 8..19 1*338' :5 8#2 ; -* ,)$8&# $%* 8#8<19$&81 *=./*''&,# ,> E [JT (N,T )]6 ?* 8/* #,- &#$*/*'$*2 &# m2 [JT (N,T )]6 ?* %80*
m2 [JT (N,T )] = m2 [JA(N,T )] + 2E [JA(N,T )JB(N,T )] +m2 [JB(N,T )] . @A6 BCD=./*''&,#' >,/ m2 [JA(N,T )] 8#2 m2 [JB(N,T )] %80* )**# >,(#2 &# $%* 1*338' :5 8#2; ', &$ /*38&#' $, 81(18$* E [JA(N,T )JB(N,T )]6 E'&#F G()&#&H' $%*,/*3 $%* 18$*/ 8#)* -/&$$*# 8'I

E [JA(N,T )JB(N,T )] = E

[∫ T

0
PA(Nt1) 2t1 ∫ T

0
ψ(‖Nt2‖) 2t2]

=

∫ T

0

∫ T

0
E
[
PA(Nt1)ψ(‖Nt2‖)

] 2t1 2t2
=

∫ T

0

∫ T

0
E
[
PA(Nt1 −Nt2)ψ(‖Nt2‖)

] 2t1 2t2
+

∫ T

0

∫ T

0
E
[
PA(Nt1 ∩Nt2)ψ (‖Nt2 −Nt1‖ ∨ (‖Nt2 ∩Nt1‖)

] 2t1 2t2
= term1 + term2J*811 >/,3 1*338 :A $%8$ Nt1 −Nt2 &' &#2*.*#2*#$ ,> Nt2 ',

term1 = E [S]

∫

Rd

φ(x) 2Λ(x)∫ ∞

0
ψ(r) 2F‖N0‖(r)

∫ T

0

∫ T

0
FSe(|t2 − t1|) 2t1 2t2

= 2E [S]

∫

Rd

φ(x) 2Λ(x)∫ ∞

0
ψ(r) 2F‖N0‖(r)

∫ T

0
(T − t)FSe(t) 2t @A6 KCL,-M 81', >/,3 :AM $%* N,&#$ 2&'$/&)($&,# ,> (‖Nt1 ∩Nt2‖ , ‖Nt2 −Nt1‖) &' F&0*# 8'I

F(‖Nt1∩Nt2‖,‖Nt2−Nt1‖)(u1, u2) =(
1− e−E[S]FSe(|t2−t1|)Λ(C(u1))

)(
1− e−E[S]FSe (|t2−t1|)Λ(C(u2∨u2))

)
.L,$* $%8$ ,#2&$&,#&#F ,# $%* *0*#$ O‖Nt1 ∩Nt2‖ = u1OM Nt1 ∩Nt2 &' 8 P,&'',# .,&#$./,*'' ,> &#$*#'&$9 E [S]FSe(|t2 − t1|) ,# C(u1)6 Q%('M )9 R83.)*11H' $%*,/*3M -* %80*I

term2 = E [S]

∫ T

0

∫ T

0
FSe(|t2 − t1|) 2t1 2t2×

×
∫ ∞

0

∫ ∞

0

∫

C(u1)
φ(x) 2xψ (u1 ∨ u2) 2F(‖Nt1∩Nt2‖,‖Nt2−Nt1‖)(u1, u2). @A6 4C !"!. $%&&' &' /)*&%*+ 01?* #,- %80* F&0* 8 ./,,> >,/ $%*,/*3 :!6 L,$* $%8$ JT (N,T ) &' 8 >(#$&,#81 ,> LΛ,S 8#2I

D(t,s,x)JT (N,T ) ≤ (((t+ s)+ ∧ T )− t+)(φ(x) + ψ(|x|))
≤ (βS ∧ T )βBQ%*# -* 8..19 $%* $%*,/*3  -* ,)$8&# $%* 2*'&/*2 /*'(1$6



    !"!" #$%%& %& '()%$)* +,!"# $#%&'( )% +,%#-&#,# +.   /% JA(N,T ) )% / '),#/$ .&,()+,/' +. LΛ,S0 !" #$%&( )* $)+,-,(.1, (")% %#()+, 2# +,%)3#$ ("# )45/( +. 4+6)')(70 1, (")% /%#8 ("# +,%&4#3 #,#$97 /,6# 2$)((#, /%
JT (N

M , T ) =
∑

i≥0

∫ ((Ti+Si)
+∧T )−(T+

i ∧T )

0
φ(Xi +Mi(u)) 3u+

∫ T

0
ψ(
∥∥NM

t

∥∥) 3t
= JA(N

M , T ) + JB(N
M , T )·:+,%#-&#,('78 JA(NM , T ) )% / '),#/$ .&,()+,/' +. Lλ  x,M,S0 !-!, .)**/0 !""#$ ;+. '#44/ <=>1( )% %&?)#,( (+ 5$+@# ("/( .+$ /'' t8 ((Ti,Xi + M(t − Ti)))

∞
i=1 )% / A+)%%+, 5+),(5$+#%% 2)(" ("# %/4# ),(#,%)(7 4#/%&$# /% ("/( +. ((Ti,Xi))

∞
i=18 )0# λ 3t 3x0 !+ 5$+@#("/(8 2# /55'7 ("# 3)%5'/#4#,( ("#+$#40 B#( l1, ld 6# ("# B#6#%9&# 4#/%&$#% +, R /,3

Rd0 C+$ /,7 %&6%#(% A ⊂ R /,3 B ⊂ Rd8 /55'7),9 ("# 3)%5'/#4#,( ("#+$#4 2# "/@# ("/(
((Ti,Xi+M(t−Ti)))∞i=1 )% / A+)%%+, 5+),( 5$+#%% +, R×Rd 2)(" ),(#,%)(7 4#/%&$# 9)@#,67D

Λ(A×B) = λ

∫

A
3u∫

Rd

P(M(t− u) + x ∈ B) 3x
= λ

∫

A
3u∫

Rd

∫

Rd

pM(t−u)(y) 3y1{y+x∈B} 3x
= λ

∫

A
3u∫

Rd

pM(t−u)(y) 3y ∫
Rd

1{y+x∈B} 3x
= λld(B)

∫

A
3u∫

Rd

pM(t−u)(y) 3y
= λl1(A)ld(B)E# +,'&3# ("# 5$++.0E# "/@#

ΓMn (f, T ) =
∫ T

−∞
3t ∫ ∞

0
pS(s) 3s ∫ (t+s)+∧T−t+

0
...

∫ (t+s)+∧T−t+

0
ΦMn (f, u1, ..., un) 3u1 3u2... 3un.1. S = constant ("#,D

ΓMn (f, T ) =

{
2
∫ T
0 HM

n (f, u) 3u+ (S − T )HM
n (f, T ), S ≤ T F

2
∫ S
0 HM

n (f, u) 3u+ (T − S)HM
n (f, S), S ≥ T 0 ;G0 <>E# %## ("/( ), (")% /%# 2"#, T → ∞ ("#, ΓMn (f, T ) ∼ THM
n (f, S)0 1, ("# '#44/ HI 2#9#,#$/')J# (")% ), ("# /%# 2"#$# S )% $/,3+40



  !  ! "#$#%&'()#* "'&+,#% -.*#' !""# $%&  ! "#$! HM
n (f, u) ≤ un

∫
Rd f

n(x) %x& #'% ΓMn (f, T ) ≤ Kn(T )
∫
Rd f

n(x) %x()* #++ n ≥ 1& u ∈ [0,∞), -./#+012 )/*4 0( n = 1, 5)*!)$!*& 0( M "#4 1"! 6*)6!*12 T1"!'7
lim
ǫ→0

HM/ǫ
n (f, u) = lim

ǫ→0
ΓM/ǫ
n (f, T ) = 0.8( f(x) = a1{x∈C} 1"!' ΓMn (f, u) #'% HM/ǫ

n (f, u) #*! %!*!#40'9 (/'10)' )( ǫ :01" n ≥ 2#'% a > 0,;*))(, "# $%&# ∫
Rd f

n(x + y) 'x =
∫
Rd f

n(x) 'x ()* %+, y ∈ Rd- .)/ ()* n ≥ 20 ()* %+,
y1, ..., yn ∈ Rd0 %112, 3$# 4%5$,−7$/%*8 9+#:5%293, /# $%&#;

∫

Rd

n∏

i=1

f(x+ yi) 'x ≤
n∏

i=1

(∫

Rd

fn(x+ yi) 'x) 1
n

=

∫

Rd

fn(x) 'x.<$#*#()*#0
ΦMn (f, u1, u2, ..., un) = E

[∫

Rd

n∏

i=1

f(x+M(ui)) 'x]
≤

∫

Rd

fn(x) 'x.%+'
HM
n (f, u) =

∫ u

0
...

∫ u

0
ΦMn (f, u1, ..., un) 'u1 'u2... 'un

≤ un
∫

Rd

fn(x) 'x.
ΓMn (f, u) ≤

∫ T

−∞
't ∫ ∞

0
((t+ s)+ ∧ T − t+)npS(s) 's ∫

Rd

fn(x) 'x
= Kn(T )

∫

Rd

fn(x) 'x..)/ %= M(u1)−M(u2)
ǫ → ∞ %= ǫ→ 0 3$#+ ()* ǫ =5>9#+32, =?%22 )+# )( 3/) 1)9+3 x+M(u1

ǫ%+' x + M(u2)
ǫ ?5=3 @# )53=9'# 3$# =511)*3 )( f - 4)+=#:5#+32, ∏n

i=1 f(x + M(ui)
ǫ ) → 0%= ǫ→ 0- A, ')?9+%3#' )+&#*B#+# 3$#)*#? /# )@3%9+ limǫ→0Φ

M/ǫ(f, u1, u2, ..., un) = 0%+' /# $%&#
lim
ǫ→0

HM/ǫ
n (f, u) = 0.C=9+B DE-FG %+' %112,9+B 3$# ')?9+%3#' )+&#*B#+# 3$#)*#? /# $%&#;

lim
ǫ→0

ΓM/ǫ
n (f, u) = 0.H9+%22,0 9( n ≥ 2 %+' f(x) = a1{x∈C} /93$ a > 0 3$#+ H

M/ǫ
n (f, u) %+' Γ

M/ǫ
n (f, u) %*#'#*#%=9+B (5+39)+= @#%5=# ΦM/ǫ(f, u1, ..., un) 9=-



  ! !""# $%&  ! "#$! ΓMn (f, T ) ∼ TE
[
HM
n (φ, S)

] #% T → ∞&'())*& "# $%&#'
ΓMn (f, T )

T
=

1

T

∫ 0

−∞
(t ∫ ∞

0
HM
n (f, (t+ s)+ ∧ T − t+)pS(s) (s

+
1

T

∫ T

0
(t ∫ ∞

0
HM
n (f, (t+ s) ∧ T − t)pS(s) (s

= term1 + term2.)* +, #%,- ,##. *$%* term1 → 0 %, T → ∞/ "# *$#. 1.,+(#2 term2/ "# %. 32+*#
term2 =

∫ 1

0
E
[
HM
n (f, (tT + S) ∧ T − tT )

] (t4+.# (T t+ s)∧T − tT ≤ s5 limT→∞((T t+S)∧T − tT ) = s %.( HM
n (f, s) +, %. +.2#%,+.678.*+1. 17 s5 9- :1.1*1.# 1.&#26#.# *$#12#: 3# $%&#'

lim
T→∞

term2 = E
[
HM
n (f, S)

]
.'(!)*!" $+& +"! ,),!-.% #-/ !-.(#1 ,),!-.% )* JA(NM , T ) #(! 23$!- #%4

cn

[
JA(N

M , T )
]

= Bn(0, λΓ
M
2 (φ, T ), ..., λΓMn (φ, T ))

mn

[
JA(N

M , T )
]

= Bn(λΓ
M
1 (φ, T ), λΓM2 (φ, T ), ..., λΓMn (φ, T ))*)( #11 5)%3.3$! 3-.!2!( n&'())*& ;$# 2#,8<* 71<<13, *$# <+.#%2+*- =21=#2*- 17 JA(NM , T ) %.( *$# *$#12#: >/? %.( 3#.1*# *$%*'

∫

R×R×Rd×D(R,Rd)

(∫ ((t+s)+∧T )−(t+∧T )

0
φ(x+M(u)) (u)n (tpS(s) (sλ (x (PM

= λΓMn (φ, T )."$#. T +, <%26#5 8,# <#::% @! 3# %. 32+*#' V [JA(NM , T )
]
∼ TλE

[
HM

2 (φ, S)
]/ !"!# $%&&' &' ()*&%*+ ,""+*$ *$# %,,8:=*+1. (Λ(x) = λ (x5 %==<-+.6 *$#12#: @? %.( <#::% @A 3# $%&#'

mn [JA(N,T )] = Bn

(
λK1(T )

∫

Rd

φ(x) (x, ..., λKn(T )

∫

Rd

φn(x) (x)
≥ Bn

(
λΓM1 (φ, T ), ..., λΓMn (φ, T )

)

= mn

[
JA(N

M , T )
]



  !  ! "#$#%&'()#* "'&+,#% -.*#'"#$
cn [JA(N,T )] = Bn

(
0, λK2(T )

∫

Rd

φ2(x) $Λ(x), ..., λKn(T )

∫

Rd

φn(x) $x)
≥ Bn

(
0, λΓM2 (φ, T ), ..., λΓMn (φ, T )

)

= cn

[
JA(N

M , T )
]
.%&' '( )"*(+ ", ǫ→ 0-

mn

[
JA(N

M/ǫ, T )
]
→ Bn(λT

∫

Rd

φ(x) $x, 0..., 0) = (λT ∫
Rd

φ(x) $x)n"#$
cn

[
JA(N

M/ǫ, T )
]
→ Bn(0, ..., 0) = 0.%&'+ .,/#0 1)( 23&2(314 &5 6/#("3 5.#1/&#"6 &5 8&/,,&# 2&/#1 23&(,, "#$ 9(#,(#:,/#(;."6/14+ '( )"*(

E
[
exp

{
αJA(N

M , T )
}]

= exp

{
λ

∫ T

−∞
$t ∫ ∞

0
pS(s) $s ∫

Rd

(
eα

∫ (t+s)+∧T

t+
φ(x+M(u))  u − 1

) $x}
≤ exp

{
λ

∫ T

−∞
$t ∫ ∞

0
pS(s) $s ∫

Rd

$x( 1

((t+ s)+ ∧ T )− t+

∫ (t+s)+∧T

t+
eαφ(x+M(u))(((t+s)+∧T )−t+) − 1

) $u}
= exp

{
λ

∫ T

−∞
$t ∫ ∞

0
pS(s) $s 1

((t+ s)+ ∧ T )− t+

∫ (t+s)+∧T

t+
$u∫

Rd

(
eαφ(x)(((t+s)

+∧T )−t+) − 1
)}

exp

{
λ

∫ T

−∞
$t ∫ ∞

0
pS(s) $s ∫

Rd

(
eαφ(x)((t+s)

+∧T )−t+ − 1
)}

= E [exp {αJA(N,T )}] .<(3( '( .,( &#*(#1/&# 1
0

∫ t
t e

α... $u = 1=%&' '( )"*(-
0 ≤ V

[
JT (N

M , T )
]

≤ λΓ
M/ǫ
1 (φ+ ψ, T )

0 ≤ V
[
JB(N

M , T )
]

≤ λΓ
M/ǫ
1 (ψ, T ).>2264 6(??" @A '( )"*(

lim
ǫ→0

V

[
JT (N

M/ǫ, T )
]
= lim

ǫ→0
V

[
JB(N

M/ǫ, T )
]
= 0. !"!# $%&()* )+&, -./%*&0&*1 )(/*&++ /.2(*(01 /.3&*B( &#,/$(3 #&' 1)( &?26(1( "/?6(,, ?&C/6/14 ?&$(6 '/1) &#,1"#1 ,2(($+ /=( M(t) = tv')(3( |v| = constant "#$ 1)( $/3(1/&# &5 v /, .#/5&3?64 $/,13/C.1($= !""# $%&  !"#$%&' ()& !+,-&(&-. /$+-&## +!0$-$(. +!%&- ()&"123 45 f(x) = a1{x∈C} ()&"

HM
n (f, u) = O

(
1

|v|n−1

)
, |v| → ∞/"% HM

n (f, u) = O(u), u→ ∞ 5!' n ≥ 23



  ! ! "# d = 1 $%& C = [−R,R] $%& f(x) = a1{|x|≤R} '()* a > 0 )*+%, '+ *$-+
ΓMn (f, T ) = E [h(S ∧ T, T ∨ S)] "#$ %&'*+.+,

h(s, t) =




t
(
2Rsn − n−1

n+1s
n+1 |v|

)
an − n−1

n+12Rs
n+1 + n(n−1)

(n+1)(n+2) |v| sn+2an, s ≤ 2R
|v| /

t
(
(2R)ns

|v|n−1 − n−1
n+1

(2R)n+1

|v|n
)
an − n−1

n+1
(2R)n+1s

|v|n an, s ≥ 2R
|v| !0.11#!  & () *+ ,-./+0 1.22.34)5 67+ 8(9+ 24)+8 (8 67+ ,-..1 .1 2+99( :% 4) 67+ ,-+/4.;87(,6+-< 67;8 3+ .946 7+-+$=.3 3+ ,-./+ >& $ ?84)5 +@;(64.)8 "#$:& "#$ !& 3+ )++0 .)2A ,-./+ "#$ %& 4) 67+ (8+37+-+ S = constant < T $ B) 6748 (8+ 41 S ≤ 2R

|v| 67+)C
ΓMn (f, T ) = 2

∫ S

0

(
2Run − n− 1

n+ 1
un+1 |v|

) 0u+ (T − S)

(
2RSn − n− 1

n+ 1
Sn+1 |v|

)

= T

(
2RSn − n− 1

n+ 1
Sn+1 |v|

)
− n− 1

n+ 1
2RSn+1 +

n(n− 1)

(n+ 1)(n + 2)
|v|Sn+2()0 41 S ≥ 2R

|v| C
ΓMn (f, T ) = 2

∫ 2R
|v|

0

(
2Run − n− 1

n+ 1
un+1 |v|

) 0u
+2

∫ S

2R
|v|

(
(2R)nu

|v|n−1 − n− 1

n+ 1

(2R)n+1

|v|n
) 0u+ (T − S)

(
(2R)nS

|v|n−1 − n− 1

n+ 1

(2R)n+1

|v|n
)

= T

(
(2R)nS

|v|n−1 − n− 1

n+ 1

(2R)n+1

|v|n
)
− n− 1

n+ 1

(2R)n+1S

|v|n +
n(n− 1)

(n + 1)(n+ 2)

(2R)n+2

|v|n+1 .D748 .9,2+6+8 67+ ,-..1$E,,2A4)5 67+ (*./+ -+8;268< 3+ 7(/+ +F,-+884.)8 4) 67+ 8,+4(2 (8+C d = 1< C = [−R,R]<
φ(x) = 1{|x|≤R}< ψ(x) = b1{|x|≤R} ()0 M(t) = tv 3467 v = |v| .- − |v| 3467 +@;(2,-.*(*4246A 1

2 $ B) ,(-64;2(-< 41 S = constant < T 3+ 7(/+C
E
[
JT (N

M , T )
]

= E
[
JA(N

M , T )
]
+E

[
JB(N

M , T )
]

= 2λTRS + Tb(1− e−2λSR),

V
[
JA(N

M , T )
]
= λT

(
2RS2 − |v|S3

3

)
− 2λRS3

3
+
λ |v|S4

641 S ≤ 2R
|v| ()0

V
[
JA(N

M , T )
]
= λT

(
(2R)2S

|v| − (2R)3

3 |v|2
)
− λ(2R)3S

3 |v|2
+
λ(2R)4

6 |v|3
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 !"#$% &'()  !"#% &' ()*%+),-%)&. &' *&/&-+. %)!0 #.( -*0+1* *"00( &. %20 √
V[JA(NM ,T )]

JA(N,T ) ). %20!&%)&.30** #*04"# S ≥ 2R
|v| $ %& () *+"), *+(*- ") *+". (.&- *+& /01 203"/"*4 5&6"2& 055&.70)8. *0 S ≤ 2R

|v|()8 *+& +"6+ 203"/"*4 5&6"2& 055&.70)8. *0 S ≤ 2R
|v| $ 9# S ". 5()802 ()8 |v| → ∞- *+&)

ΓMn (φ, T ) ∼ TE[S](2R)n

|v|n−1 $ 9) 7(5*":/(5-
V
[
JA(N

M , T )
]
∼ λTE [S] (2R)2

|v|;05 ( ):2&5"(/ (77/"(*"0)- 1& *(,& d = 1- 2R = 1000(m)- T = 107(s) ∼ 115(days)-
λ = 5.55555556.10−5(users/(m.s))$ %& (/.0 +00.& φ(x) = 1{|x|≤R} .0 *+(* 1& +(<&&=(* &=75&.."0). #05 JA$ ;05 *+& 8".*5"3:*"0) 0# .0>0:5) *"2&- 1& 0)."8&5 *+& *+5&&(.&.? S = 360(s) @8&*&52")".*"A- S ∼ exponential(360) @&=70)&)*"(/ 8".*5"3:*&8A ()8
S ∼ uniform(0, 720) @:)"#052/4 8".*5"3:*&8A$ 9) (// *+5&& (.&.- *+& (<&5(6& .0>0:5) *"2&". *+& .(2& (. 360(s) = 6(mins)$ ;"6:5& B$C 7/0*. *+& 5(*"0 √

V[JA(NM ,T )]

JA(N,T ) ") #:)*"0) 0#
|v|$ D")& φ(x) = 1{|x|≤R}- *+& 5(*"0 ". 8&5&(.")6 #:)*"0) 0# |v|- (. &=7&*&8$ E+& <(5"()&". .2(//&.* ") *+& (.& 0# 8&*&52")".*" .0>0:5) *"2&- 1+"+ .&&2. ")*:"*"<&$ %& 03.&5<&*+(* #05 |v| ≥ 3(m/s) *+& 5(*"0. (5& (/20.* *+& .(2& ") *+5&& 8".*5"3:*"0). 0# .0>0:5) *"2&1+"/& *+&4 8"F&5 &)0520:./4 ") .2(// <(/:&. 0# :.&5G. .7&&8$ ;"6:5& B$H 7/0*. *+& IJ; 0#

JA- *+& 202&)*. () 3& &=75&..&8 ") *&52 0# P&//G. 70/4)02"(/ #05 30*+ (.&.? 20*"0)/&..
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 !"#$% &'()  !"#% &' ()*%+),-%)&. &' *&/&-+. %)!0 &. %10 ()*%+),-%)&. &' JA(N, T ) ). %10 !&%)&.20**#*03"#$ %&'()* +,*-,. /* 0"1* "),& $*2*-%(#*$ "# +33*- '&+#$ 4&- 20* $(,2-('+2(&# &4 JA "#$20"2 &4 20* 5"+,,("# &#* 6(20 20* ,"%* %*"# "#$ 1"-("#*. 8# 20* ",* &4 #& %&'()(29:6* 0"1* 4&+#$ "# ($*") 2& ")+)"2* 20* %&%*#2, &4 JT '+2 (2 (, 2&& &%3)*; 4&- n ≥ 3,& 6* 0"1* $&#* (2 4&- 20* 2th %&%*#2. /* 0"1* 4&+#$ ",9%32&2( "33-&;(%"2(&#, &4 20*%&%*#2, &4 JA 60*# T (, )"-<*. /* 0"1* $*2*-%(#*$ 20* *=*2 &4 %&'()(29 &4 +,*-,. 8#3"-2(+)"- 6* 0"1* ,0&6*$ 20"2 (2 -*$+*, 20* %&%*#2, &4 JA "#$ (# 0(<0 %&'()(29 -*<(%*:(2 -*$+*$ 20* 1"-("#* &4 JT , JA 2& 0.
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 !"
 !"#$%& '( !!"#$%& !" #$%#&& '()*+'+,-./ )0*'223 4.2- )0*)'0,-'2#$ %&'( ()%'+$, -((./) %&-% I(t) '( - (%-%'+$-01 234255 )67+$)$%'-8 70+)(( 9&)0) +$47)0'+:( -$: +;47)0'+:( &-<) /)-$ µ−1

1 -$: µ−1
0 0)(7)%'<)81= >)%

π1 =
µ0

µ0 + µ1
-$: π0 = µ1

µ0 + µ1
.?1 (%-%'+$-0'%1 9) &-<)@

P(I(t) = 1) = π1 -$: P(I(t) = 0) = π0 !""# $$%  !"℄ $% &'(%
pij(t, s) = πj(1− e−(µ0+µ1)(t−s)) + δije

−(µ0+µ1)|t−s|.)*+ ',, i, j ∈ {0, 1}- .*+%*(%+/ ,%0 t1 < t2 < ... < tn '12 i1, i2, ..., in ∈ {0, 1} 0&%1
πi1,i2,...,in(t1, ..., tn) = P(∩nj=1{I(tj) = ij}) = πi1

n−1∏

j=1

pij+1ij (tj+1, tj). !" A(T ) = ∫ T0 I(t) #t $% "&! "'"() ("$+! "$,! '- "&! .%!/0 1! (2 '3"($2 $"% ,',!2"4!2!/("$24 -.2"$'25 $"% !67!"("$'25 $"% ,',!2"%5 8&$& $% $,7'/"(2" -'/ "&! (2()9%$% $2"&! 2!6" %!"$'2%0  !"
V ,

(
−µ0 µ0
µ1 −µ1

)
, R ,

(
0 0
0 1

)
, B(θ, t) = exp ((V + θR)t)

v±(θ) ,
1

2

(
−µ1 − µ0 + θ ±

√
(µ1 + µ0 − θ)2 + 4µ0θ

)(2#
κ00(θ) =

−µ0 − v−(θ)
v+(θ)− v−(θ)

, κ01(θ) =
−µ0

v+(θ)− v−(θ)
,

κ10(θ) =
µ1

v+(θ)− v−(θ)
, κ01(θ) =

−θ − µ1 − v−(θ)
v+(θ)− v−(θ)



 !"  !" #$$%&'() !""# $%&  !"℄ $%& i, j = 0, 1' () *+,)-
Bii(θ, t) = κii(θ)e

v+(θ)t + (1− κii(θ))e
v−(θ)t

Bij(θ, t) = κij(θ)e
v+(θ)t − κij(θ)e

v−(θ)t,+./
E

[
eθA(t)

]
=

1∑

i=0

1∑

j=0

πiBij(θ, t)·#$ %&' ()* +$+*&(, $- A(t). )$/*0*1 2( 2, 4+5*1,$+* ($ 4,* ()* 65$0* *781*,,2$& $-
E
[
eθA(t)

]9 :* )60* 6&$()*1 /6; ($ $+84(* ()* +$+*&(, $- A(t)9 !""# $'&  01℄ 2) *+,)-
mn [A(T )] = n!π1

∫ T

0
/tn ∫ tn−1

0
p11(tn, tn−1) /tn−1...

∫ t2

0
p11(t2, t1) /t1· < =9 >3. 4+&5689+&'

E [A(T )] =
µ0T

µ0 + µ1+./
m2 [A(T )] =

T 2µ20
(µ0 + µ1)2

+
2Tµ0µ1

(µ0 + µ1)3
+

2µ0µ1
(µ0 + µ1)4

(
e−(µ0+µ1)T − 1

)
·+./

m3 [A(T )] =
T 3µ30

(µ0 + µ1)3
+

6T 2µ20µ1
(µ0 + µ1)4

− 6T (µ1 − 2µ0)µ0µ1
(µ0 + µ1)5

(
1− e−T (µ0+µ1)

)

+
12µ0µ1(µ1 − µ0)

(µ0 + µ1)6
+

6Tµ0µ
2
1

(µ0 + µ1)5
e−T (µ0+µ1)·:&%%;< :* )60*?

mn [A(T )] = E

[(∫ T

0
I(t) 't)n]

= E

[∫ T

0
...

∫ T

0
I(t1)...I(tn) 'tn... 't1]

=

∫ T

0
...

∫ T

0
E [I(t1)...I(tn)] 'tn... 't1

=

∫ T

0
...

∫ T

0
P(I(t1) = 1, ..., I(tn) = 1) 'tn... 't1

= n!

∫ T

0

∫ tn

0
...

∫ t2

0
P(I(t1) = 1, ..., I(tn) = 1) 'tn... 't1

= n!

∫ T

0

∫ tn

0
...

∫ t2

0
p11(tn, tn−1)...p11(t2, t1)π1 'tn... 't1,/)*1* /* 4,* ()* @452&2A, ()*$1*+ 6&' *78B$2( ()* -6( ()6( I(t) = 0 $1 1 6&' I(t) 2, 6C61D$0 )62&9 #)4,. < =9 > 2, 81$0*'9 #$ %&' *781*,,2$&, $- mn [A(T )] -$1 n = 1, 2, 3 2(,4E*, ($ 688B; < =9 > /2() ,$+* ,2+8B* +6&284B6(2$&,9



 !"#$%& %'(% )$* +(*,& T -
V [A(T )] ∼

2Tµ0µ1
(µ0 + µ1)3

,m2 [A(T )] ∼
µ20T

2

(µ0 + µ1)2
,m3 [A(T )] ∼

µ30T
3

(µ0 + µ1)3
(T → ∞)·./ ,&/&*(+- 0& (/ 2*$3& %'(% mn [A(T )] ∼

µn0 T
n

(µ0+µ1)n
(4 T → ∞56& (+4$ /$%& %'(% )$* 47(++ T - mn [A(T )] ∼

µ0Tn

(µ0+µ1)
(4 T → 05 !"# $%&'()% *+,-.+'(/,08&% Φ 9& %'& :(;44<(/ 2*$9(9<+<%= >&/4<%= );/%<$/? Φ(x) = exp(−x2/2)/

√
2π (/> µ %'&:(;44<(/ 7&(4;*& $/ R5 @&*7<%& 2$+=/$7<(+4 (Hk, k ≥ 0) (*& >&A/&> 9= %'& *&;*4<$/)$*7;+(?

Hk(x)Φ(x) = (−1)k
dk

dxk
Φ(x).B$* %'& 4(C& $) $72+&%/&44- 0& *&(++ %'(%

H0(x) = 1, H1(x) = x, H2(x) = x2 − 1, H3(x) = x3 − 3x

H4(x) = x4 − 6x2 + 3, H5(x) = x5 − 10x3 + 15x.D';4- )$* F ∈ Ckb - ;4</, </%&,*(%<$/ 9= 2(*%4- 0& '(3&
∫

R

F (k)(x) >µ(x) = ∫
R

F (x)Hk(x) >µ(x). E F5!G8&% Q(x) =
∫ x
−∞Φ(u) >u =

∫
R
1(−∞;x](u)Φ(u) >u5 D'&/- Q′ = Φ (/>

∫

R

1(−∞;x](u)Hk(u) >µ(u)
= (−1)k

∫ x

−∞
Φ(k)(u) >u = (−1)kQ(k)(x) = −Hk−1(x)Φ(x). E F5HG !"1 2&.0)%(.345,%.6%8 0%'(39&+:*D$ 2*$3& %'& I>,&0$*%' &J2(/4<$/ (/> <%4 &**$* 9$;/>- 0& </%*$>;& 4$7& /$%<$/4 $):(;44<(/ (+;+;45 B$* F ∈ C2

b (R; R)- 0& $/4<>&*
AF (x) = xF ′(x)− F ′′(x), )$* (/= x ∈ R.D'& K*/4%&</LM'+&/9&C 4&7<L,*$;2 <4 >&A/&> 9=

PtF (x) =

∫

R

F (e−tx+
√

1− e−2ty) >µ(y) )$* (/= t ≥ 0.D'& </A/<%&4<7(+ ,&/&*(%$* A (/> Pt (*& +</C&> 9= %'& )$++$0</, <>&/%<%=
F (x)−

∫

R

F (y) >µ(y) = −
∫ ∞

0
APtF (x) >t. E F5NG



 !"  !" #$$%&'()#$ %& '()) *+,'+ $-.$ /,0 F ∈ Ck1 (x 7→ PtF (x)) %& k + 12$%3(& 4%5(0(+$%.6)( .+4 $-.$ '(-.7( $', (890(&&%,+& ,/ $-( 4(0%7.$%7(& :&(( ;< ℄>?
(PtF )

(k+1)(x) =
e−(k+1)t

√
1− e−2t

∫

R

F (k)(e−tx+
√

1− e−2ty)y 4µ(y)..+4 (PtF )
(k+1)(x) = e−(k+1)tPtF

(k)(x)@ A-( /,03(0 (BC.$%,+ %+4C(& $-.$
‖(PtF )(k+1)‖∞ ≤ e−(k+1)t

√
1− e−2t

‖F (k)‖∞
∫

R

|y| 4µ(y) = e−(k+1)t

√
1− e−2t

√
2

π
‖F (k)‖∞.
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