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ÑÓØ�ÓÒ Ó� �ÒØ�Ö���×º ÁÒ ��� Ô�ÖØ Ó� Ø��× Ø��×�×¸ Ø�� �Ó�Ð �× ØÓ ��Ø�ÖÑ�Ò� Ø�� ÑÓØ�ÓÒ
Ó� �ÒØ�Ö���× �Ý Ø�� Ù×� Ó� �ÔÔÖÓ���� ÑÓ��Ð× ÓÒ×�×Ø�Ò� Ó� �ÕÙ�Ø�ÓÒ× ÓÖ ×Ý×Ø�Ñ×
Ó� �ÕÙ�Ø�ÓÒ ÓÒ ��Ð�×º Ì�� ÔÖÓ�Ð�Ñ× Û� ��Ø �Ö� Ô�Ö��ÓÐ� �ÕÙ�Ø�ÓÒ× �Ò� �ÝÔ�Ö�ÓÐ�
×Ý×Ø�Ñ×º

ÁÒ Ø�� �Ö×Ø Ô�ÖØ ´���ÔØ�Ö ¾µ¸ Û� ×ØÙ�Ý � ×�ÑÔÐ���� ÑÓ��Ð �ÓÖ Ø�� ÔÖÓÔ���¹

Ø�ÓÒ Ó� � ×�Ó� Û�Ú� �Ò ÓÑÔÖ�××��Ð� �Ù�� �ÝÒ�Ñ�×º Ì��× ÑÓ��Ð �Ò �� ÛÖ�ØØ�Ò

�× � �ÝÔ�Ö�ÓÐ� ×Ý×Ø�Ñ¸ �Ò� Û� ÓÒ×ØÖÙØ �Ò �Ð�ÓÖ�Ø�Ñ ØÓ ×ÓÐÚ� �Ø ÒÙÑ�Ö��ÐÐÝ �Ý

� ��×Ø¹Å�Ö��Ò� Ð��� Ñ�Ø�Ó�º Ï� �Ð×Ó ÓÒ�ÙØ � Ø��ÓÖ�Ø��Ð ×ØÙ�Ý Ó� Ø��× ×Ý×Ø�Ñ

ØÓ ��Ø�ÖÑ�Ò� Ö���Ö�Ò� ×ÓÐÙØ�ÓÒ× �Ò� Ø�×Ø Ø�� �Ð�ÓÖ�Ø�Ñº ÁÒ Ø�� ×�ÓÒ� Ô�ÖØ ´���Ô¹

Ø�Ö× ¿ ØÓ �µ¸ Ø�� �ÔÔÖÓ���� ÑÓ��Ð× Ý��Ð� Ô�Ö��ÓÐ� �ÕÙ�Ø�ÓÒ×¸ �Ò� ÓÙÖ �Ó�Ð �× ØÓ

×�ÓÛ Ø�� �Ü�×Ø�Ò� Ó� Ô�ÖÑ�Ò�ÒØ Ö���Ñ� ×ÓÐÙØ�ÓÒ× �ÓÖ Ø��×� �ÕÙ�Ø�ÓÒ×º ���ÔØ�Ö ¿

�Ò� � �Ö� �����Ø�� ØÓ Ø�� ×ØÙ�Ý Ó� � ��Ò�Ö� ÓÒ�¹��Ñ�Ò×�ÓÒ�Ð �ÕÙ�Ø�ÓÒ ÑÓ��ÐÐ�Ò�

Ö��Ø�ÓÒ¹���Ù×�ÓÒ Ô��ÒÓÑ�Ò�º ÁÒ ���ÔØ�Ö ¿¸ Û� ×�ÓÛ Ø�� �Ü�×Ø�Ò� Ó� ÔÐ�Ò�¹Ð��� ×Ó¹

ÐÙØ�ÓÒ× �ÓÖ � ��Ò�Ö�Ð Ö��Ø�ÓÒ Ø�ÖÑ¸ �Ò� �Ò ���ÔØ�Ö � Û� Ù×� Ø��× Ö�×ÙÐØ ØÓ ×�ÓÛ Ø��

�Ü�×Ø�Ò� Ó� ÔÙÐ×�Ø�Ò� ØÖ�Ú�ÐÐ�Ò� Û�Ú�× �Ò Ø�� ×Ô��� �×� Ó� � ��×Ø��Ð� ÒÓÒÐ�Ò��Ö�ØÝº

ÁÒ ���ÔØ�Ö �¸ Û� ×ØÙ�Ý � Ô��×�¹��Ð� ÑÓ��Ð �ÔÔÖÓ���Ò� � ÑÓ��Ð �ÓÖ Ø�� �ÝÒ�Ñ�×

Ó� ��×ÐÓ�Ø�ÓÒ× �Ò � ÖÝ×Ø�Ð¸ �Ò � �ÓÑ��Ò ÓÖÖ�×ÔÓÒ��Ò� ØÓ � �Ö�Ò�¹Ê��� ×ÓÙÖ�º

Ã�ÝÛÓÖ�× � ËÝ×Ø�Ñ Ó� ÓÒ×�ÖÚ�Ø�ÓÒ Ð�Û×¸ �Ë� ÑÓ��Ð¸ ��×Ø¹Å�Ö��Ò� Ñ�Ø�Ó�¸

Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñ¸ Ô�Ö��ÓÐ� �ÕÙ�Ø�ÓÒ¸ ×�Ñ�Ð�Ò��Ö �ÕÙ�Ø�ÓÒ¸ Ô�Ö�Ó�� Ñ���ÙÑ¸ ��×Ø��Ð�¸

ÔÙÐ×�Ø�Ò� ØÖ�Ú�ÐÐ�Ò� Û�Ú�º



������������� �

Ê�Ñ�Ö��Ñ�ÒØ×

Â� Ø��Ò× �³��ÓÖ� � Ö�Ñ�Ö��Ö ÑÓÒ ��Ö�Ø�ÙÖ �� Ø��×�¸ Ê���× ÅÓÒÒ��Ù¸ ÕÙ�
� �Ú��ÐÐ� ÑÓÒ �ÒØ�Ö�Ø ÔÓÙÖ Ð�× ÔÖÓ�Ð�Ñ�× �� ÑÓÙÚ�Ñ�ÒØ× �³�ÒØ�Ö���× �Ø ×³�×Ø
ÓÒ×�Ö� � Ð³�Ò��Ö�Ñ�ÒØ �� Ñ� Ø��×� �Ú� � Ð� �Ó�× ���ÙÓÙÔ �³�Ò�Ö��� �Ø
���ÙÓÙÔ �� Ô�Ø��Ò�¸ �Ø � �Ù××� ���Ò ��Ò× Ð³�ØÙ�� ��× ÔÖÓ�Ð�Ñ�× Ñ�Ø�¹
�Ñ�Ø�ÕÙ�× �Ø Ð� ×Ù�Ú� �� Ð³�Ú�Ò�Ñ�ÒØ �� Ñ�× ØÖ�Ú�ÙÜ ÕÙ� ��Ò× Ð� ��×Ø�ÓÒ
��× �¹�Ø�× Ô�× ØÓÙ�ÓÙÖ× �Ö�Ø���ÒØ×º ÌÓÒ �ÒÚ�×Ø�××�Ñ�ÒØ �Ø ØÓÒ �ÔÔÓÖØ ��Ò×
Ñ�× ØÖ�Ú�ÙÜ ÓÒØ �Ø� ÓÒ×���Ö��Ð�×¸ �Ø ØÓÒ �Ò��Ö�Ñ�ÒØ �ØØ�ÒØ�� �Ø Ø�× �ÒÓÙÖ¹
���Ñ�ÒØ× Ñ³ÓÒØ Ô�ÖÑ�× �� ØÖ�Ú��ÐÐ�Ö �Ò ÓÒ��Ò� �Ø ��Ò× ÙÒ �ÒÚ�ÖÓÒÒ�Ñ�ÒØ
×Ø��Ð� �Ø ×�Ö��Ò¸ � ÔÓÙÖ ÕÙÓ� �� Ø� Ö�Ñ�Ö�� ��Ð�ÙÖ�Ù×�Ñ�ÒØ �Ö � �ÙØ ÙÒ�
��Ò� �Ò�×Ø�Ñ��Ð�º Â� Ö�Ñ�Ö�� ���Ð�Ñ�ÒØ �ÒØÓÒ�Ò ���Ñ�ÓÐÐ� �³�ÚÓ�Ö �×¹
×ÙÖ� Ð� Ó¹��Ö�Ø�ÓÒ Ñ� Ø��×�º Â³�� �Ø� ØÖ�× ��ÙÖ�ÙÜ �� ÔÓÙÚÓ�Ö ØÖ�Ú��ÐÐ�Ö �Ú�
ØÓ� Ô�Ò��ÒØ �× ØÖÓ�× �ÒÒ��×¸ �Ø ³�×Ø ÙÒ Ô�Ù �Ò�Ù×Ø� ÕÙ� Ð�× ×Ù��Ø× ÕÙ� ÒÓÙ×
�ÚÓÒ× ��ÓÖ��× �Ò×�Ñ�Ð� Ò³���ÒØ Ô�× �Ø� Ñ��ÙÜ Ñ�× �Ò �Ú���Ò� ��Ò× ÑÓÒ
Ñ�ÒÙ×Ö�Øº

Â� Ö�Ñ�Ö�� �Ð�×���Ø� ÄÓ��� �Ø Ê�Ñ� ���Ö�ÐÐ �³�ÚÓ�Ö ��ÔØ� �³�ØÖ� Ð�×
Ö�ÔÔÓÖØ�ÙÖ× �� ÑÓÒ Ñ�ÑÓ�Ö�º Ä�ÙÖ Ð�ØÙÖ� �ØØ�ÒØ�Ú� �×Ø ÙÒ� ���� ÔÖ���Ù×�
ÔÓÙÖ Ð� Ú�ÐÓÖ�×�Ø�ÓÒ �� Ñ�× ØÖ�Ú�ÙÜº Â� Ö�Ñ�Ö�� �ÖÒ�Ù� �ÙÖÓØ �Ø �Ö��Ó�Ö�
Æ���Ò �³�ÚÓ�Ö ��ÔØ� �� ���Ö� Ô�ÖØ�� �� ÑÓÒ �ÙÖÝ �Ø �� Ñ³�ÚÓ�Ö �ÓÒÒ� ��×
�Ú�× �ÑÔÓÖØ�ÒØ× ×ÙÖ Ð³�ÒØ�Ö�Ø ��× ��Ô�ØÖ�× ¿ �Ø � �Ø Ð�× �Ñ�Ð�ÓÖ�Ø�ÓÒ× ÕÙ³ÓÒ
Ô�ÙØ �×Ô�Ö�Ö Ý �ÔÔÓÖØ�Öº Â� Ö�Ñ�Ö�� ���Ð�Ñ�ÒØ �Ö��Ó�Ö� Æ���Ò ÔÓÙÖ Ð�×
�Ò���Ø�ÓÒ× ÕÙ³�Ð ÒÓÙ× � �ÓÙÖÒ��× ÓÒ�ÖÒ�ÒØ Ð�× Ö���Ö�Ò� ���Ð�Ó�Ö�Ô��ÕÙ�×º Â�
Ö�Ñ�Ö�� �Ù××� Ô�ÖØ�ÙÐ��Ö�Ñ�ÒØ Æ�ÓÐ�× Ä�Ö���Ò� �³�ÚÓ�Ö ���Ø Ô�ÖØ�� �� ÑÓÒ
�ÙÖÝ �Ø ��Ò×� �³�ÚÓ�Ö �Ø� ÔÖ�×�ÒØ ÔÓÙÖ Ð�× ��ÖÒ��Ö× ÑÓÑ�ÒØ× �� �ØØ� Ø��×�¸
�ÔÖ�× �Ò �ÚÓ�Ö �Ø� ÙÒ ��× �Ø�ÙÖ× Ô�Ò��ÒØ Ð�× ØÖÓ�× �Ò× �� ÒÓØÖ� ÓÐÐ��ÓÖ�Ø�ÓÒº
ÌÓÒ �ÒÚ�×Ø�××�Ñ�ÒØ ��Ò× Ð� ÔÖÓ��Ø¸ ØÓÒ �ÒØ�ÓÙ×��×Ñ� �Ø Ð�× �ÒÓÙÖ���Ñ�ÒØ×
ÕÙ� ØÙ Ñ³�× ÔÖÓ���Ù�× ÓÒØ �Ø� ��× ÑÓØ�ÙÖ× �ÑÔÓÖØ�ÒØ× ÔÓÙÖ ÑÓ� �Ø Ñ³ÓÒØ
�ÓÒÒ� �� Ð� ÓÒ��Ò� ÔÓÙÖ Ð� Ö�×Ø� �� Ñ�× ØÖ�Ú�ÙÜº

Å�× ØÖ�Ú�ÙÜ ×ÙÖ Ð� ��Ô�ØÖ� ¾ �� �ØØ� Ø��×� ÓÒØ �Ù××� �Ö�Ò��Ñ�ÒØ ��Ò�¹
��� �� Ð³�ÔÔÓÖØ �� �ÓÙÒ�×× ÆÓÙÑ�Ö �Ø �� ×ÓÒ ØÖ�Ú��Ð �ÓÖÑ����Ð� ÔÓÙÖ Ð�
ÓÑÔÖ���Ò×�ÓÒ �Ù ÑÓ��Ð�¸ Ð� ÓÒ�ÔØ�ÓÒ �Ù Ó�� �Ø Ð³�ÒØ�ÖÔÖ�Ø�Ø�ÓÒ ��× Ö�¹
×ÙÐØ�Ø×º Â� Ö�Ñ�Ö�� ���Ð�Ñ�ÒØ À�×Ò�� ����Ò� �Ø Æ�ÓÐ�× �ÓÖ���Ð¸ ÕÙ� Ñ³ÓÒØ
×Ù�Ú� Ô�Ò��ÒØ Ñ� Ø��×�¸ �Ø �ÝÖ�Ð ÁÑ��ÖØ¸ ÕÙ� Ñ³� �ÓÒÒ� ��× ÓÒ×��Ð× ØÖ�×
ÙØ�Ð�×º Å�Ö� �Ù××� � Â��Ò¹�Ö�Ò�Ó�× �Ù�ÐÐ�ÑÓÐ�× ÔÓÙÖ Ð�× ��×Ù××�ÓÒ× ØÖ�× �Ò¹
Ø�Ö�××�ÒØ�× ÕÙ� ÒÓÙ× �ÚÓÒ× �Ù�× �Ò×�Ñ�Ð�¸ ×ÙÖ ÙÒ ×Ù��Ø ÕÙ� �³�×Ô�Ö� �Ò×Ô�Ö�Ö�
�ÒÓÖ� ��× Ö���Ö��× Ô�××�ÓÒÒ�ÒØ�× �Ù ��ÊÅÁ�Ëº

Â� Ò³�ÙÖ��× Ô�× ÔÙ Ñ�Ò�Ö � ���Ò �ØØ� Ø��×� ×�Ò× Ð³�Ò��Ö�Ñ�ÒØ �ÓÒØ
�³�� ��Ò���� �Ù××� ���Ò �Ù Ò�Ú��Ù �Ù Å�Ò�×Ø�Ö� �Ù ��Ú�ÐÓÔÔ�Ñ�ÒØ �ÙÖ��Ð�
ÕÙ� �� Ð³�ÓÐ� �ÓØÓÖ�Ð� ÅËÌÁ� �Ø �Ù Ð��ÓÖ�ØÓ�Ö� ��ÊÅÁ�Ëº Â� Ö�Ñ�Ö��
�ÓÒ Ë�Ö�� È�Ô�ÖÒÓ¸ �ÝÖ�Ð Ã�Ó �Ø Ê�Ñ� ÈÓ��Ø¸ ÕÙ� ÓÒØ ×Ù�Ú� Ð³�ÚÓÐÙØ�ÓÒ
�� Ñ�× ØÖ�Ú�ÙÜ �Ø Ñ³ÓÒØ ÓÒ×��ÐÐ� ÔÓÙÖ Ð� ×Ù�Ø� �� Ñ� �ÖÖ��Ö�¸ �Ø �ÖÙÒÓ
�Ó��Ö�Ò�¸ ÕÙ� Ñ³� �××�×Ø� ��Ò× Ð� Ö���Ö�� �� ÑÓÒ ÔÓ×Ø� �ØÙ�Ðº Â� Ö�Ñ�Ö��
���Ð�Ñ�ÒØ ËÝÐÚ�� ��� ÔÓÙÖ Ð� ��×ÔÓÒ���Ð�Ø� �Ø Ð� Ô�Ø��Ò� �ÓÒØ �ÐÐ� � ���Ø



� �������������

ÔÖ�ÙÚ� ��Ò× Ð� ×Ù�Ú� ��Ñ�Ò�×ØÖ�Ø��º �Ù ×��Ò �Ù ��ÊÅÁ�Ë¸ �� �Ó�× Ö�Ñ�Ö��Ö
Â��Ò¹�Ö�Ò�Ó�× ��ÐÑ�×¸ ÕÙ� � ÓÒØÖ�Ð� Ð³�Ú�Ò�Ñ�ÒØ �� Ñ�× ØÖ�Ú�ÙÜ¸ �Ø Ñ³�
�ÒÓÙÖ��� � �Ò�Ö ÕÙ�Ò� �Ð Ð� ��ÐÐ��Øº Å�Ö� �Ù××� � ØÓÙ× Ð�× �ÙØÖ�× Ñ�Ñ�Ö�× �Ù
��ÊÅÁ�Ë ÕÙ� �³�� �ØÓÝ�× Ô�Ò��ÒØ �× �ÒÒ��×¸ Ð³�ÕÙ�Ô� ��È �Ø Ñ�Ø�Ö��ÙÜ¸
Ð�× �ÓØÓÖ�ÒØ×¸ �Ø Ô�ÖØ�ÙÐ��Ö�Ñ�ÒØ �����Ò¸ ��Ö�×Ø�ÐÐ�¸ ��Ú�� �Ø ���Ð� ÕÙ�
ÓÒØ Ö�Ò�Ù Ð�× ��ÖÒ��Ö× ÑÓ�× ÔÐÙ× ��Ö���Ð�×¸����� �Ø ÅÓ��ÑÑ��¸ ÕÙ� Ñ³ÓÒØ
���� �Ò Ö�Ð�×�ÒØ Ñ�× ØÖ�Ú�ÙÜ¸ �Ø �Ù�ÐÐ�ÙÑ�¸ ÕÙ� � �Ø� ÙÒ �Ñ� �Ø ÙÒ ×ÓÙØ��Ò
�Ò�×Ø�Ñ��Ð�º �� �ÙØ ÙÒ� ��Ò� �� Ø³�ÚÓ�Ö ÓÑÑ� ÓÐÐ��Ù�¸ �Ø �� Ø� ×ÓÙ���Ø�
Ð� Ñ��ÐÐ�ÙÖ ÔÓÙÖ Ð� ×Ù�Ø� �� Ø� �ÖÖ��Ö�º Â� Ö�Ñ�Ö�� �Ò�Ò �ÐÐ�× �Ø �ÙÜ ÕÙ�
ÓÒØ Ô�ÖÑ�× ÑÓÒ �ÖÖ�Ú�� � Ð³Á�Æ¸ �Ø Ð�× �Ò��Ò��ÙÖ× �Ø ��Ö��ÙÖ× �Ù �Ç�ÁÌ
ÕÙ� Ñ³ÓÒØ �Ù��ÐÐ� ��Ð�ÙÖ�Ù×�Ñ�ÒØ �Ø Ñ³ÓÒØ ÔÖÓ���Ù� �ÒÓÙÖ���Ñ�ÒØ× �Ø
ÓÒ×��Ð× Ô�Ò��ÒØ Ð� ÔÖ�Ô�Ö�Ø�ÓÒ �� Ñ� ÔÖ�×�ÒØ�Ø�ÓÒ ÓÖ�Ð�º

Â� Ò� Ô�ÙÜ �Ò�Ö �× Ô�Ö��Ö�Ô��× �� Ö�Ñ�Ö��Ñ�ÒØ× ×�Ò× �ÜÔÖ�Ñ�Ö Ñ� �Ö�Ø¹
�ØÙ�� � Ñ� ��Ñ�ÐÐ� �Ø � Ñ�× �Ñ�×¸ ÕÙ� ÓÒØ ×Ù�Ú� Ð³�ÚÓÐÙØ�ÓÒ �� Ñ�× Ö���Ö��× �Ø
Ñ³ÓÒØ �ÒÓÙÖ���º Å�Ö� �Ò�Ò � �Ð�Ò�� �Ø �ÙÖÓÖ�¸ ÔÓÙÖ Ð�× ×ÓÙÖ�Ö�× ÕÙ³�ÐÐ�×
Ñ� �ÓÒÒ�ÒØ ��ÕÙ� �ÓÙÖ¸ �Ø � �×Ø�ÐÐ� ÔÓÙÖ ØÓÙØ � ÕÙ³�ÐÐ� � ���Ø ÔÓÙÖ ÑÓ�¸ �Ø
ÕÙ� Ñ� �ÓÒÒ� ØÓÙ�ÓÙÖ× Ð� �ÓÖ� �³�Ú�Ò�Öº



���Ô�ØÖ� ½

ÁÒØÖÓ�ÙØ�ÓÒ

½º½ Å�Ø�Ó��× �� ÔÖÓÔ���Ø�ÓÒ �� �ÖÓÒØ

���ÙÓÙÔ �� Ô��ÒÓÑ�Ò�× Ô�Ý×�ÕÙ�× ×ÓÒØ ÑÓ��Ð�×�× Ô�Ö ��× �ÕÙ�Ø�ÓÒ× �ÙÜ
��Ö�Ú��× Ô�ÖØ��ÐÐ�× ´��Èµ ÓÙ ��× ×Ý×Ø�Ñ�× �³��È ÔÓÖØ�ÒØ ×ÙÖ ��× ��ÑÔ×
ÕÙ� Ö�ÔÖ�×�ÒØ�ÒØ ��× �Ö�Ò��ÙÖ× Ô�Ý×�ÕÙ�× ´ÓÒ Ô�ÙØ �Ø�Ö ÓÑÑ� �Ü�ÑÔÐ�×
Ð³�ÕÙ�Ø�ÓÒ �� Ð� ��Ð�ÙÖ ÑÓ��Ð�×�ÒØ Ð� ÓÒ�ÙØ�ÓÒ Ø��ÖÑ�ÕÙ� ��Ò× ÙÒ ×ÓÐ���¸
ÓÙ Ð�× ÑÓ��Ð�× �� �ÝÒ�Ñ�ÕÙ� ��× �Ù���×µº ��Ò× ÙÒ �ÖØ��Ò ÒÓÑ�Ö� �� �×¸
�× ��ÑÔ× ×ÓÒØ ���Ò�× ×ÙÖ ��× �ÓÑ��Ò�× ÕÙ� Ö�×Ø�ÒØ �Ò��Ò��× �Ù ÓÙÖ× �Ù
Ø�ÑÔ×º �³�ÙØÖ�× Ð�××�× �� ÔÖÓ�Ð�Ñ�× ÑÓ��Ð�×�ÒØ ��× �ÚÓÐÙØ�ÓÒ× ��ÓÑ�ØÖ�ÕÙ�×¸
³�×Ø Ð� �× Ô�Ö �Ü�ÑÔÐ� ��× ÔÖÓ�Ð�Ñ�× �� ÑÓÙÚ�Ñ�ÒØ× �³�ÒØ�Ö���× �Ø ��×
ÔÖÓ�Ð�Ñ�× � �ÖÓÒØ��Ö� Ð��Ö�º ��Ò× Ð� ÔÖ�Ñ��Ö �×¸ ÓÒ ��Ö�� � �ÐÙÐ�Ö Ð³�ÚÓ¹
ÐÙØ�ÓÒ �Ù ÓÙÖ× �Ù Ø�ÑÔ× �³ÙÒ� �ÒØ�Ö��� ÔÓÙÖ Ð�ÕÙ�ÐÐ� Ð� Ú�Ø�××� �� ��ÔÐ��¹
Ñ�ÒØ �� ��ÕÙ� ÔÓ�ÒØ Ô�ÙØ �ØÖ� ÙÒ� �ÓÒØ�ÓÒ �� Ð� ÔÓ×�Ø�ÓÒ �� Ð³�ÒØ�Ö���¸
ÓÙ �ÒÓÖ� �ØÖ� Ð� ×ÓÐÙØ�ÓÒ �³ÙÒ� ��Èº ��Ò× ÙÒ ÔÖÓ�Ð�Ñ� � �ÖÓÒØ��Ö� Ð��Ö�¸
Ð� �ÓÑ��Ò� �³�ØÙ�� ÐÙ�¹Ñ�Ñ� ��Ô�Ò� �Ù Ø�ÑÔ× �Ø ×ÓÒ �ÓÖ� �ÚÓÐÙ� �Ú� ÙÒ�
Ú�Ø�××� ��Ô�Ò��ÒØ ��× Ú�Ð�ÙÖ× �Ù ��ÑÔ ×ÓÐÙØ�ÓÒ �� Ð³�ÕÙ�Ø�ÓÒ � Ð³�ÒØ�Ö��ÙÖ
�Ù �ÓÑ��Ò�º Ä�× ØÖ�Ú�ÙÜ ×ÙÖ �× ÔÖÓ�Ð�Ñ�× ×ÓÒØ ��ÓÒ��ÒØ× Ñ��× Ð�ÙÖ �ØÙ��
�×Ø ×ÓÙÚ�ÒØ ÓÑÔÐ�ÕÙ�� Ô�Ö Ð� ���Ø ÕÙ³ÙÒ �Ö�Ò� ÒÓÑ�Ö� �� Ñ�Ø�Ó��× �Ø ��
Ö�×ÙÐØ�Ø× ÓÒÒÙ× ÔÓÙÖ Ð�× �ÕÙ�Ø�ÓÒ× ÔÓÖØ�ÒØ ×ÙÖ ��× ��ÑÔ× Ò� Ô�ÙÚ�ÒØ �ØÖ�
ÙØ�Ð�×�× ÔÓÙÖ Ð�× ÑÓÙÚ�Ñ�ÒØ× �³�ÒØ�Ö���×º �³�×Ø ÔÓÙÖ �ØØ� Ö��×ÓÒ ÕÙ³�Ð �×Ø
ÓÙÖ�ÒØ �� ��Ö��Ö � ØÖ�Ò×�ÓÖÑ�Ö ��× �ÕÙ�Ø�ÓÒ× �� ÑÓÙÚ�Ñ�ÒØ× �³�ÒØ�Ö¹
���× �Ò �ÕÙ�Ø�ÓÒ× ×ÙÖ ��× ��ÑÔ×¸ ×ÓÙÚ�ÒØ �Ò ÓÒ×���Ö�ÒØ Ð³�ÒØ�Ö��� �ÓÒØ
ÓÒ ×ÓÙ���Ø� ��Ø�ÖÑ�Ò�Ö Ð� �ÝÒ�Ñ�ÕÙ� ÓÑÑ� ÙÒ� Ð��Ò� �� Ò�Ú��Ù �³ÙÒ ��ÑÔ
ÔÓÙÖ Ð�ÕÙ�Ð ÓÒ Ô�ÙØ �Ö�Ö� ÙÒ� ��È �³�ÚÓÐÙØ�ÓÒº Ë�ÐÓÒ Ð�× ÔÖÓ�Ð�Ñ�× �ØÙ���×¸
ÔÐÙ×��ÙÖ× �ÔÔÖÓ��× ×ÓÒØ ÔÓ××��Ð�×º ��Ò× Ð� ��Ô�ØÖ� ¾ �� Ñ� Ø��×�¸ ÓÒ×�Ö�
� Ð³�ØÙ�� Ø��ÓÖ�ÕÙ� �Ø ÒÙÑ�Ö�ÕÙ� �³ÙÒ ÑÓ��Ð� �ÔÔÖÓ�� ÔÓÙÖ Ð� ÔÖÓÔ���Ø�ÓÒ
�³ÙÒ� ÓÒ�� �� ×ÓÙ��¸ Ð� Ø�ÑÔ× �³�ÖÖ�Ú�� �Ù �ÖÓÒØ �Ò ��ÕÙ� ÔÓ�ÒØ �×Ø �ÓÒÒ�
Ô�Ö ÙÒ ×Ý×Ø�Ñ� �³��È ÓÙÔÐ�ÒØ � Ø�ÑÔ× �³�ÖÖ�Ú�� �Ø Ð� Ú�Ø�××� ÒÓÖÑ�Ð� �Ù
�ÖÓÒØº Ä� ×Ý×Ø�Ñ� �³��È ÕÙ³ÓÒ �ØÙ��� �×Ø �ÐÓÖ× ×Ø�Ø�ÓÒÒ��Ö�¸ �Ø ÓÒ ÙØ�Ð�×�
Ð� ×ØÖÙØÙÖ� ���ÓÒ�Ð� �� Ð³�ÕÙ�Ø�ÓÒ Ö�Ð��ÒØ Ð�× Ú�Ö��Ø�ÓÒ× ×Ô�Ø��Ð�× �Ù Ø�ÑÔ×

�



½¼ �������� �� ������������

�³�ÖÖ�Ú�� �Ø Ð� Ú�Ø�××� ÔÓÙÖ ÓÒ×ØÖÙ�Ö� ÙÒ ×��Ñ� ÒÙÑ�Ö�ÕÙ� ÒÓÙÚ��Ùº Ä�
×Ý×Ø�Ñ� Ó�Ø�ÒÙ Ô�ÙØ ���Ð�Ñ�ÒØ �ØÖ� Ö��Ö�Ø ×ÓÙ× Ð� �ÓÖÑ� �³ÙÒ ×Ý×Ø�Ñ� ��
ÐÓ�× �� ÓÒ×�ÖÚ�Ø�ÓÒº �� Ø�Ð× ×Ý×Ø�Ñ�× ÓÒØ �Ø� Ð³Ó���Ø �� ÒÓÑ�Ö�ÙÜ ØÖ�Ú�ÙÜ
Ø��ÓÖ�ÕÙ�× �Ø ÒÙÑ�Ö�ÕÙ�×¸ �Ø �ØØ� �ÓÖÑ� ×Ù���Ö� �Ò Ô�ÖØ�ÙÐ��Ö �� Ö���Ö��Ö
��× ×ÓÐÙØ�ÓÒ× ×�ÑÔÐ�× �Ù ×Ý×Ø�Ñ� �Ò �ØÙ���ÒØ Ð� ÔÖÓ�Ð�Ñ� �� Ê��Ñ�ÒÒº Ä�×
��Ô�ØÖ�× ¿¸ � �Ø � �ÓÒØ �ÒØ�ÖÚ�Ò�Ö ��× �ÔÔÖÓ��× ×�Ñ�Ð��Ö�×º ��Ò× Ð�× ��ÙÜ �×
´Ð�× ��Ô�ØÖ�× ¿ �Ø � ×ÓÒØ ÓÒ×�Ö�× � Ð³�ØÙ�� �� Ð� Ñ�Ñ� �ÕÙ�Ø�ÓÒ¸ Ð� Ö��×ÓÒ¹
Ò�Ñ�ÒØ �Ù ��Ô�ØÖ� � ×³�ÔÔÙÝ�ÒØ �ÓÖØ�Ñ�ÒØ ×ÙÖ Ð�× Ö�×ÙÐØ�Ø× �Ù ��Ô�ØÖ� ¿µ¸
Ð�× ÑÓÙÚ�Ñ�ÒØ× �³�ÒØ�Ö���× ×ÓÒØ ÑÓ��Ð�×�× Ô�Ö ��× �ÕÙ�Ø�ÓÒ× Ô�Ö��ÓÐ�ÕÙ�×º
Ä� ÔÖ�Ñ��Ö� �ÕÙ�Ø�ÓÒ �ØÙ���� �×Ø ÙÒ� �ÕÙ�Ø�ÓÒ Ð�××�ÕÙ� �� ØÝÔ� ���Ù×�ÓÒ¹
Ö��Ø�ÓÒ¸ ÙØ�Ð�×�� ÔÓÙÖ ÑÓ��Ð�×�Ö Ô�Ö �Ü�ÑÔÐ� ��× Ô��ÒÓÑ�Ò�× �� ÓÑ�Ù×¹
Ø�ÓÒ �Ø �� ÔÖÓÔ���Ø�ÓÒ �� ��ÑÑ�×º Ä� ��ÙÜ��Ñ� �ÕÙ�Ø�ÓÒ¸ �ØÙ���� ��Ò× Ð�
��Ô�ØÖ� �¸ �×Ø ÔÐÙ× ×Ô���ÕÙ� � ³�×Ø Ð³�ÕÙ�Ø�ÓÒ �³ÙÒ ÑÓ��Ð� �� ØÝÔ� ��ÑÔ
�� Ô��×�× �ÔÔÖÓÜ�Ñ�ÒØ ÙÒ ÑÓ��Ð� �� �ÝÒ�Ñ�ÕÙ� ��× ��×ÐÓ�Ø�ÓÒ× ��Ò× ÙÒ
Ö�×Ø�Ðº ��Ò× � ��Ô�ØÖ� ÓÒ �ØÙ��� � ÑÓ��Ð� ×ÙÖ Ð� ÓÒ��ÙÖ�Ø�ÓÒ ��ÓÑ�ØÖ�ÕÙ�
�³ÙÒ� ×ÓÙÖ� �� �Ö�Ò�¹Ê���¸ ÙÒ ��× ÔÖ�Ò�Ô�ÙÜ Ô��ÒÓÑ�Ò�× �� Ö��Ø�ÓÒ ��
��×ÐÓ�Ø�ÓÒ×º

½º¾ ��ÐÙÐ Ö�Ô��� �� Ð³�ÚÓÐÙØ�ÓÒ �³ÙÒ� ÓÒ�� �� ×ÓÙ�¹
�� �Ú� Ð� ÑÓ��Ð� �� Ï��Ø��Ñ

��Ò× Ð� ��Ô�ØÖ� ¾¸ ÓÒ ×³�ÒØ�Ö�××� � Ð� ÔÖÓÔ���Ø�ÓÒ �³ÙÒ� ÓÒ�� �� ×ÓÙ��
��Ò× Ð³��Öº �� ØÝÔ� �� Ô��ÒÓÑ�Ò� �×Ø ��Ò�Ö�Ð�Ñ�ÒØ ÑÓ��Ð�×� Ô�Ö Ð�× �ÕÙ�¹
Ø�ÓÒ× �³�ÙÐ�Ö �Ú� �Ù��� ÓÑÔÖ�××��Ð�º Ä� Ö�×ÓÐÙØ�ÓÒ ÒÙÑ�Ö�ÕÙ� �Ù ×Ý×Ø�Ñ�
�³�ÙÐ�Ö �×Ø ØÖ�× Ó�Ø�Ù×� �Ò Ø�ÑÔ× �� �ÐÙÐº Ä³Ó���Ø�� �� �ØØ� Ô�ÖØ�� �×Ø
�³Ó�Ø�Ò�Ö Ô�Ö ��× �ÐÙÐ× Ö�Ô���× �� �ÓÒÒ�× �ÔÔÖÓÜ�Ñ�Ø�ÓÒ× ��× �Ö�Ø�Ö�×¹
Ø�ÕÙ�× �ÑÔÓÖØ�ÒØ�× �� Ð³ÓÒ�� �� ×ÓÙ��¸ � ×�ÚÓ�Ö ÔÖ�Ò�Ô�Ð�Ñ�ÒØ �Ò ��ÕÙ�
ÔÓ�ÒØ Ð� ÔÖ�Ñ��Ö Ø�ÑÔ× �³�ÖÖ�Ú�� �� Ð³ÓÒ��¸ Ð� Ú�Ð�ÙÖ �� Ð� ÔÖ�××�ÓÒ �Ø Ð�
Ø�ÑÔ× �� Ô��×� ÔÓ×�Ø�Ú� ´Ø�ÑÔ× Ô�Ò��ÒØ Ð�ÕÙ�Ð Ð� ×ÙÖÔÖ�××�ÓÒ �×Ø ÔÓ×�Ø�Ú� �Ò
ÙÒ ÔÓ�ÒØµº

Ä� ÑÓ��Ð� �Ë� ´��ÓÑ�ØÖ��Ð ×�Ó� �ÝÒ�Ñ�×µ �� Ï��Ø��Ñ ´�¿�℄¸�¿�℄µ
�×Ø ÙÒ� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ �Ù ÑÓ��Ð� �³�ÙÐ�Ö ÔÓÙÖ Ð�× �Ù���× ÓÑÔÖ�××��Ð�× ÕÙ�
Ô�ÖÑ�Ø ��× �ÐÙÐ× ÔÐÙ× Ö�Ô���×º Ä�× �ÕÙ�Ø�ÓÒ× �Ù ÑÓ��Ð� �Ë� ÑÓ��Ð�×�ÒØ
ÙÒ�ÕÙ�Ñ�ÒØ Ð� ÔÖÓÔ���Ø�ÓÒ �Ù �ÖÓÒØ �� Ð³ÓÒ�� �� ×ÓÙ�� �Ø Ô�ÖÑ�ØØ�ÒØ ��
��Ø�ÖÑ�Ò�Ö Ð� Ø�ÑÔ× �³�ÖÖ�Ú�� �Ù �ÖÓÒØ �� Ð³ÓÒ�� �Ø Ð� Ú�Ø�××� �� � �ÖÓÒØ �Ò
��ÕÙ� ÔÓ�ÒØº Ä�× �ÕÙ�Ø�ÓÒ× �Ù ÑÓ��Ð� �Ë� �� Ï��Ø��Ñ ×³�Ö�Ú�ÒØ
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���� ������ ��� ½½

Ä� ÕÙ�ÒØ�Ø� Ô�Ý×�ÕÙ� A ÕÙ� �ÒØ�ÖÚ��ÒØ ��Ò× Ð³�ÕÙ�Ø�ÓÒ ×ÙÖ Ð� Ú�Ø�××� M
Ô�ÖÑ�Ø �� ÔÖ�Ò�Ö� �Ò ÓÑÔØ� Ð�× ���Ø× ��× Ô��ÒÓÑ�Ò�× Ô�Ý×�ÕÙ�× �Ý�ÒØ Ð��Ù
��ÖÖ��Ö� Ð� �ÖÓÒØ ØÓÙØ �Ò Ð�Ñ�Ø�ÒØ Ð�× �ÐÙÐ× � Ð� ×�ÙÐ� ÔÖÓÔ���Ø�ÓÒ �� �
�ÖÓÒØº Ä� ÔÖ�××�ÓÒ �Ò �ÖÖ��Ö� �Ù �ÖÓÒØ �×Ø Ó�Ø�ÒÙ� � Ô�ÖØ�Ö �� Ð� ×ÓÐÙØ�ÓÒ ��×
�ÕÙ�Ø�ÓÒ× �Ù ÑÓ��Ð� �Ë� �Ò ÙØ�Ð�×�ÒØ Ð�× �ÕÙ�Ø�ÓÒ× �� �Ö���Ð�Ò��Öº �� ÔÓ×Ø¹
ØÖ��Ø�Ñ�ÒØ Ô�ÖÑ�Ø �³�ÔÔÖÓ��Ö ÓÖÖ�Ø�Ñ�ÒØ Ð�× �Ö�Ø�Ö�×Ø�ÕÙ�× �� Ð³ÓÒ�� ��
×ÓÙ�� ´ÔÖ�××�ÓÒ ��ÖÖ��Ö� Ð� �ÖÓÒØ¸ �ÙÖ�� �� ÔÖ�××�ÓÒ ÔÓ×�Ø�Ú�µ ÕÙ� Ò� ×ÓÒØ Ô�×
��Ö�Ø�Ñ�ÒØ �ÓÒÒ��× Ô�Ö Ð�× �ÕÙ�Ø�ÓÒ× �Ù ÑÓ��Ð� �Ë�º

ÆÓØÖ� �Ð�ÓÖ�Ø�Ñ� Ö�×ÓÙØ ÒÙÑ�Ö�ÕÙ�Ñ�ÒØ Ð�× �ÕÙ�Ø�ÓÒ× �Ù ÑÓ��Ð� �Ë�
�Ò �ÐÙÐ�ÒØ Ð�× Ø�ÑÔ× �³�ÖÖ�Ú�� α Ô�Ö ÙÒ� Ñ�Ø�Ó�� �� ØÝÔ� ��×Ø¹Å�Ö��Ò�º
Ä� Ñ�Ø�Ó�� ��×Ø¹Å�Ö��Ò� Ô�ÖÑ�Ø �� �ÐÙÐ�Ö �Ò ÙÒ ×�ÙÐ Ô�××��� Ð�× Ø�ÑÔ×
�³�ÖÖ�Ú�� �³ÙÒ �ÖÓÒØ �Ò ØÓÙ× Ð�× ÔÓ�ÒØ× �³ÙÒ �ÓÑ��Ò� �Ò Ô�ÖØ�ÒØ �� Ð� ÔÓ×�Ø�ÓÒ
�Ò�Ø��Ð� �Ù �ÖÓÒØ �Ø �Ò ÔÖÓ�Ö�××�ÒØ ��Ò× Ð� �ÓÑ��Ò� ��Ò× Ð³ÓÖ�Ö� ÖÓ�××�ÒØ ��×
Ø�ÑÔ× �³�ÖÖ�Ú��º ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ Ð�× ÔÓ�ÒØ× ×ÓÒØ Ö�Ô�ÖØ�× ��Ò× ØÖÓ�× �Ò×�Ñ¹
�Ð�×º ��Ò× Ð� ÔÖ�Ñ��Ö �Ò×�Ñ�Ð�¸ Ð³�Ò×�Ñ�Ð� ��× ÔÓ�ÒØ× ��ÔØ�×¸ Ð� Ú�Ð�ÙÖ �Ù
Ø�ÑÔ× �³�ÖÖ�Ú�� α �×Ø �ÐÙÐ�� ���Ò�Ø�Ú�Ñ�ÒØº ��Ò× Ð� ��ÙÜ��Ñ� �Ò×�Ñ�Ð�¸
ÕÙ³ÓÒ �ÔÔ�ÐÐ� ØÖ���Ø�ÓÒÒ�ÐÐ�Ñ�ÒØ Ð� �Ò�ÖÖÓÛ¹��Ò�� �Ø ÕÙ� �×Ø ÓÒ×Ø�ØÙ� ��×
ÔÓ�ÒØ× ÚÓ�×�Ò× ��× ÔÓ�ÒØ× ��ÔØ�×¸ ÓÒ ��×ÔÓ×� �� Ú�Ð�ÙÖ× �³�××�� �� αº �Ò�Ò¸
��Ò× Ð� ��ÖÒ��Ö �Ò×�Ñ�Ð�¸ �ÙÙÒ� Ú�Ð�ÙÖ �� α Ò³� �Ø� �ÐÙÐ��º � ��ÕÙ� �Ø�Ö�¹
Ø�ÓÒ �� Ð³�Ð�ÓÖ�Ø�Ñ�¸ ÓÒ Ñ�Ø � �ÓÙÖ Ð�× Ú�Ð�ÙÖ× �³�××�� �� α ��Ò× Ð� ��ÙÜ��Ñ�
�Ò×�Ñ�Ð� �Ò ÙØ�Ð�×�ÒØ Ð� ��×Ö�Ø�×�Ø�ÓÒ ØÖ���Ø�ÓÒÒ�ÐÐ� �� Ð³�ÕÙ�Ø�ÓÒ ���ÓÒ�Ð�
´ÚÓ�Ö �¾�℄µ¸ Ð� ÔÓ�ÒØ ÔÓÙÖ Ð�ÕÙ�Ð Ð� Ú�Ð�ÙÖ �� α �×Ø Ð� ÔÐÙ× Ô�Ø�Ø� �×Ø ��ÔØ�
�Ø ÓÒ Ö�Ñ�Ø � �ÓÙÖ Ð�× ØÖÓ�× �Ò×�Ñ�Ð�×º

� Ð� ����Ö�Ò� ��× Ñ�Ø�Ó��× ��×Ø¹Å�Ö��Ò� ����ØÙ�ÐÐ�×¸ ��Ò× ÒÓØÖ� �Ð¹
�ÓÖ�Ø�Ñ�¸ Ð� Ú�Ø�××� Ò³�×Ø Ô�× �ÓÒÒ�� � ÔÖ�ÓÖ� Ñ��× �ÐÐ� ��Ô�Ò� ÐÓ�Ð�Ñ�ÒØ
��× Ú�Ð�ÙÖ× �� α �Ø �� ×�× ��Ö�Ú��×¸ �Ø �Ó�Ø �ÓÒ �ØÖ� �ÐÙÐ�� ×�ÑÙÐØ�Ò�¹
Ñ�ÒØº ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ � ÙÒ Ø�ÑÔ× �ÓÒÒ�¸ ÓÒ �ÐÙÐ� �Ò ��ÕÙ� ÔÓ�ÒØ ��
Ð� Ò�ÖÖÓÛ¹��Ò� ÙÒ ÓÙÔÐ� �Ò����Ø �Ø�ÑÔ× �³�ÖÖ�Ú��¹Ú�Ø�××�� Ô�Ö Ð� Ö�×ÓÐÙ¹
Ø�ÓÒ �³ÙÒ ×Ý×Ø�Ñ� �ÓÒÒ� Ô�Ö Ð� ×��Ñ� ��×Ö�Øº ÇÒ ��� �Ò×Ù�Ø� �× Ú�Ð�ÙÖ×
�Ù ÔÓ�ÒØ ÔÓÙÖ Ð�ÕÙ�Ð Ð� Ø�ÑÔ× �³�ÖÖ�Ú�� �×Ø Ñ�Ò�Ñ�Ðº �� ÔÓ�ÒØ �×Ø ��ÓÙØ� �Ù
�ÖÓÒØ¸ ÓÒ �ØÙ�Ð�×� Ð� Ò�ÖÖÓÛ¹��Ò� �Ø ÓÒ Ö��Ø�Ö� Ð� �ÐÙÐ � Ô�ÖØ�Ö �Ù ÒÓÙÚ��Ù
�ÖÓÒØº ��ØØ� �ÔÔÖÓ�� ÓÒ×�×Ø�ÒØ � ÙØ�Ð�×�Ö ÙÒ� Ñ�Ø�Ó�� �� ��×Ø Å�Ö��Ò�
ÔÓÙÖ Ö�×ÓÙ�Ö� ÙÒ ×Ý×Ø�Ñ� ÓÑÔÓÖØ�ÒØ ÙÒ� �ÕÙ�Ø�ÓÒ �� ØÝÔ� ���ÓÒ�Ð� �Ø ÙÒ�
�ÕÙ�Ø�ÓÒ �ÓÒÒ�ÒØ Ð³�ÚÓÐÙØ�ÓÒ �� Ð� Ú�Ø�××� �Ò �ÓÒØ�ÓÒ �� Ð� �ÓÖÑ� �Ù �ÖÓÒØ
�×Ø ÒÓÙÚ�ÐÐ� � ÒÓØÖ� ÓÒÒ��××�Ò�º Ë� Ð� Ñ�Ø�Ó�� ��×Ø Å�Ö��Ò� �ÓÙÖÒ�Ø ÙÒ
×��Ñ� Ò�ØÙÖ�Ð ÔÓÙÖ Ð³�ÕÙ�Ø�ÓÒ ���ÓÒ�Ð�¸ Ð� ÓÒ×ØÖÙØ�ÓÒ �Ù ×��Ñ� �Ò ���¹
��Ö�Ò�× �Ò��× ÔÓÙÖ Ð³�ÕÙ�Ø�ÓÒ ×ÙÖ Ð� Ú�Ø�××� �×Ø ÔÐÙ× ��Ð��Ø�º �Ò ���Ø¸ �Ð �×Ø
����Ð� �³ÙØ�Ð�×�Ö Ð� �ÓÖÑ� ÓÒ×�ÖÚ�Ø�Ú� �� �ØØ� �ÕÙ�Ø�ÓÒ �Ò ����Ö�Ò�× �Ò��×¸
�Ø Ð� �ÓÖÑ� ÒÓÒ ÓÒ×�ÖÚ�Ø�Ú� ´½º¾µ ���Ø �ÒØ�ÖÚ�Ò�Ö Ð� ÒÓÖÑ�Ð� �Ù �ÖÓÒØ n �Ø Ð�
ÓÙÖ�ÙÖ� �Ù �ÖÓÒØ κ ÕÙ� ×ÓÒØ ÓÑÔÐ�ÕÙ��× � �Ú�ÐÙ�Ö �Ø Ô�ÙÚ�ÒØ �ØÖ� ��Ò�Ö�¹
ØÖ��× �³�ÑÔÓÖØ�ÒØ�× �ÖÖ�ÙÖ× ÒÙÑ�Ö�ÕÙ�× ´ØÓÙØ Ô�ÖØ�ÙÐ��Ö�Ñ�ÒØ Ð� ÓÙÖ�ÙÖ�
�Ù �ÖÓÒØµº



½¾ �������� �� ������������

n.∇M = −M
2 − 1

λ(M)
κ ´½º¾µ

ÆÓÙ× �ÚÓÒ× �ÓÒ Ö��Ö�Ø Ð� ��ÙÜ��Ñ� �ÕÙ�Ø�ÓÒ �� ×ÓÖØ� ÕÙ� Ò³�ÒØ�ÖÚ��Ò¹
Ò�ÒØ ÕÙ� ��× �ÓÒØ�ÓÒ× �� α �ÓÒØ Ð� ��×Ö�Ø�×�Ø�ÓÒ ×�Ö��Ø Ò�ØÙÖ�ÐÐ�¸ ÔÐÙØ�Ø ÕÙ�
Ð� ÒÓÖÑ�Ð� �Ø Ð� ÓÙÖ�ÙÖ� �

∇M.∇α = S(M)Δα ´½º¿µ

ÈÓÙÖ Ú�Ö���Ö Ð³�ÒØ�Ö�Ø �Ø Ð� ÓÖÖ�Ø�ÓÒ �� ÒÓØÖ� �Ð�ÓÖ�Ø�Ñ�¸ �Ð ��ÙØ ÔÓÙÚÓ�Ö
Ú�Ö���Ö ÕÙ� Ð�× ×ÓÐÙØ�ÓÒ× �ÐÙÐ��× ×ÓÒØ �××�Þ ÔÖÓ��× ��× ×ÓÐÙØ�ÓÒ× �Ü�Ø�×º
ÉÙ�Ò� �Ð Ò³�×Ø Ô�× ÔÓ××��Ð� �� ÓÒÒ��ØÖ� �Ò�ÐÝØ�ÕÙ�Ñ�ÒØ Ð�× ×ÓÐÙØ�ÓÒ× �Ü�Ø�×
�Ù ×Ý×Ø�Ñ� �Ë�¸ ÓÒ Ô�ÙØ �Ù××� ÓÒ�ÖÓÒØ�Ö Ð�× ×ÓÐÙØ�ÓÒ× Ó�Ø�ÒÙ�× � ��× ×Ó¹
ÐÙØ�ÓÒ× �� Ö���Ö�Ò� �ÐÙÐ��× �Ú� ��× �Ð�ÓÖ�Ø�Ñ�× ���ÙÓÙÔ ÔÐÙ× Ó�Ø�ÙÜ
�Ò Ø�ÑÔ× Ñ��× �ÓÒØ Ð� ����Ð�Ø� �×Ø ÓÒÒÙ�º ��Ò× Ð� �× ��× �ÕÙ�Ø�ÓÒ× �Ù
ÑÓ��Ð� �Ë�¸ Ð�× ×ÓÐÙØ�ÓÒ× ÒÙÑ�Ö�ÕÙ�× ÔÓÙÖÖ���ÒØ �Ù××� �ØÖ� ÓÒ�ÖÓÒØ��× �ÙÜ
×ÓÐÙØ�ÓÒ× �� Ö���Ö�Ò� Ó�Ø�ÒÙ�× �Ú� ÙÒ �Ð�ÓÖ�Ø�Ñ� ��×Ö�Ø�×�ÒØ Ð�× �ÕÙ�Ø�ÓÒ×
�³�ÙÐ�Ö �Ú� ��× Ô�× �³�×Ô�� �Ø �� Ø�ÑÔ× ØÖ�× ����Ð�× � ÙÒ� Ø�ÐÐ� ÓÑÔ�Ö��×ÓÒ
Ø�×Ø�Ö��Ø � Ð� �Ó�× Ð� ÓÖÖ�Ø�ÓÒ �� ÒÓØÖ� �Ð�ÓÖ�Ø�Ñ� �Ø Ð� Ú�Ð���Ø� �� Ð³�ÔÔÖÓÜ¹
�Ñ�Ø�ÓÒ Ô�Ö Ð� ÑÓ��Ð� �Ë� ÔÓÙÖ Ð� �× �ØÙ���º ÍÒ� Ô�ÖØ�� �ÑÔÓÖØ�ÒØ� ��
Ñ� ÓÒØÖ��ÙØ�ÓÒ � � ØÖ�Ú��Ð � �Ø� Ð� ��Ø�ÖÑ�Ò�Ø�ÓÒ �� ×ÓÐÙØ�ÓÒ× �� Ö���Ö�Ò�
ÔÓÙÚ�ÒØ �ØÖ� �ÐÙÐ��×¸ ×Ó�Ø �Ò�ÐÝØ�ÕÙ�Ñ�ÒØ¸ ×Ó�Ø ØÖ�× Ö�Ô���Ñ�ÒØ �Ù ÑÓÝ�Ò
�� Ð� Ö�×ÓÐÙØ�ÓÒ �³ÙÒ� ×�ÑÔÐ� �ÕÙ�Ø�ÓÒ ����Ö�ÒØ��ÐÐ� ÓÖ��Ò��Ö� ´��Çµº È�ÖÑ�
Ð�× ÓÒ��ÙÖ�Ø�ÓÒ× ��ÓÑ�ØÖ�ÕÙ�× ×�ÑÔÐ�× ×� ÔÖ�Ø�ÒØ �Ù �ÐÙÐ �� �× ×ÓÐÙØ�ÓÒ×
�� Ö���Ö�Ò�¸ ÓÒ ØÖÓÙÚ� Ô�Ö �Ü�ÑÔÐ� Ð�× �ÖÓÒØ× ÔÐ�Ò× �� Ú�Ø�××� ÙÒ��ÓÖÑ�¸ ÓÙ
�ÒÓÖ� Ð� �× �³ÙÒ� ×ÓÙÖ� � ×ÝÑ�ØÖ�� ×Ô��Ö�ÕÙ� ´�Ò ��Ñ�Ò×�ÓÒ ¾ ÓÙ ¿µ ÓÙ �
×ÝÑ�ØÖ�� ÝÐ�Ò�Ö�ÕÙ� �Ò ��Ñ�Ò×�ÓÒ ¿º

ÁÐ �×Ø ÔÓ××��Ð� �³�Ü����Ö ��× ×ÓÐÙØ�ÓÒ× �Ò�ÐÝØ�ÕÙ�× ÔÓÙÖ ÙÒ �ÙØÖ� �Ò×�Ñ�Ð�¸
ÔÐÙ× �ÑÔÓÖØ�ÒØ �Ø ÔÐÙ× Ö���¸ �� ÓÒ��ÙÖ�Ø�ÓÒ× ��ÓÑ�ØÖ�ÕÙ�× � Ð� ÔÖÓ�Ð�Ñ� ��
Ê��Ñ�ÒÒº Ä� ÔÖÓ�Ð�Ñ� �� Ê��Ñ�ÒÒ �×Ø ÙÒ� ÓÒ��ÙÖ�Ø�ÓÒ ��ÓÑ�ØÖ�ÕÙ� ÔÓÙÖ
Ð�ÕÙ�ÐÐ� Ð� ÓÒ��Ø�ÓÒ �Ò�Ø��Ð� �×Ø ÓÒ×Ø�ØÙ�� �� ��ÙÜ �ÖÓÒØ× ÔÐ�Ò×¸ �� Ú�Ø�××�×
mℓ �Ø mr �Ø �� ��Ö�Ø�ÓÒ× θℓ �Ø θr ×� �Ó��Ò�ÒØ � Ð³ÓÖ���Ò� ´��ÙÖ� ½º½µº

Ä�× ×ÓÐÙØ�ÓÒ× �Ù ÔÖÓ�Ð�Ñ� �� Ê��Ñ�ÒÒ �ÓÒØ �Ò ��Ò�Ö�Ð �ÔÔ�Ö��ØÖ� ��×
�Ø�Ø× �ÒØ�ÖÑ�����Ö�×¸ Ð�× �Ø�Ø× �Ø�ÒØ ×�Ô�Ö�× �ÒØÖ� �ÙÜ Ô�Ö ��× ØÖ�Ò×�Ø�ÓÒ× Ò�
ÔÓÙÚ�ÒØ ÔÖ�Ò�Ö� ÕÙ� ��× �ÓÖÑ�× ���Ò ÔÖ��×�×º ��Ò× Ð� ��Ö� ��Ò�Ö�Ð ��×
×Ý×Ø�Ñ�× �ÝÔ�Ö�ÓÐ�ÕÙ�×¸ ÓÒ ×��Ø Ö�×ÓÙ�Ö� Ð� ÔÖÓ�Ð�Ñ� �� Ê��Ñ�ÒÒ ÕÙ�Ò�
Ð�× �Ø�Ø× �� ��Ù�� �Ø �� �ÖÓ�Ø� ´�� �Ö�Ø�Ö�×�× Ô�Ö Ð�× ÓÙÔÐ�× (mℓ, θℓ) �Ø
(mr, θr)µ ×ÓÒØ ×Ù�×�ÑÑ�ÒØ ÔÖÓ��×¸ Ñ��× ��Ò× ÙÒ �× Ô�ÖØ�ÙÐ��Ö �ÔÔ�Ð� p¹
×Ý×Ø�Ñ�¸ Ð� ÔÖÓ�Ð�Ñ� �� Ê��Ñ�ÒÒ Ô�ÙØ �ØÖ� Ö�×ÓÐÙ ÔÓÙÖ ��× �Ø�Ø× �Ò�Ø��ÙÜ
ÕÙ�ÐÓÒÕÙ�×¸ �Ø Ð�× ×ÓÐÙØ�ÓÒ× ×ÓÒØ �ÐÓÖ× ÓÒ×Ø�ØÙ��× �� ��ÙÜ ØÖ�Ò×�Ø�ÓÒ× �Ù
ÔÐÙ×¸ Ð�× ØÖ�Ò×�Ø�ÓÒ× �Ø�ÒØ �ÐÓÖ× ×Ó�Ø ��× Ö�Ö���Ø�ÓÒ×¸ ×Ó�Ø ��× �Ó× ´×�Ù� ÔÓÙÖ
�ÖØ��Ò× p¹×Ý×Ø�Ñ�× ÔÓÙÖ Ð�×ÕÙ�Ð× �ÖØ��Ò�× ÓÒ��Ø�ÓÒ× �Ò�Ø��Ð�× Ò³��Ñ�ØØ�ÒØ
Ô�× �� ×ÓÐÙØ�ÓÒ ��Ò× �Ø �Ò×�Ñ�Ð�¸ �× Ö�×ÙÐØ�Ø× ×ÓÒØ �ØÙ���× ÒÓØ�ÑÑ�ÒØ
��Ò× �¾�℄µº Å�Ñ� ×� Ð³�Ö�ØÙÖ� ×Ø�Ò��Ö� �Ù p¹×Ý×Ø�Ñ� ���Ø �ÒØ�ÖÚ�Ò�Ö ÙÒ �×Ô��
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� ÙÒ� ��Ñ�Ò×�ÓÒ �Ø ÙÒ� Ú�Ö���Ð� �� Ø�ÑÔ×¸ Ð�× �ÕÙ�Ø�ÓÒ× �Ù ×Ý×Ø�Ñ� �Ë� ��
Ï��Ø��Ñ ´ÕÙ� ×ÓÒØ ×Ø�Ø�ÓÒÒ��Ö�× ��Ò× ÙÒ �×Ô�� � ��ÙÜ ��Ñ�Ò×�ÓÒ×µ Ô�ÙÚ�ÒØ
×³�Ö�Ö� ×ÓÙ× ÙÒ� �ÓÖÑ� ×� Ö�ÔÔÖÓ��ÒØ �� �ÐÐ� �Ù p¹×Ý×Ø�Ñ�º ÇÒ ÑÓÒØÖ� �ÐÓÖ×
Ð� Ø��ÓÖ�Ñ� ×Ù�Ú�ÒØ �

Ì��ÓÖ�Ñ� ½º½º �Ü�×Ø�Ò� �� ×ÓÐÙØ�ÓÒ× �Ù ÔÖÓ�Ð�Ñ� �� Ê��Ñ�ÒÒ

ÇÒ ÓÒ×���Ö� Ð� ×Ý×Ø�Ñ� ´½º½µ �Ø ��× �Ø�Ø× (mℓ, θℓ) �Ø (mr, θr)¸ �Ú� mℓ,mr >
1º Ä� ÔÖÓ�Ð�Ñ� �� Ê��Ñ�ÒÒ �� ÓÒ��Ø�ÓÒ× �Ò�Ø��Ð�×















(m, θ) = (mℓ, θℓ) ÔÓÙÖ χ = θℓ −
π

2

(m, θ) = (mr, θr) ÔÓÙÖ χ = θr +
π

2

, ´½º�µ

χ ��×��Ò�ÒØ Ð³�Ò�Ð� �Ò ÓÓÖ�ÓÒÒ��× ÔÓÐ��Ö�×¸ ��Ñ�Ø �ÐÓÖ× ÙÒ� ×ÓÐÙØ�ÓÒ �Ù¹
ØÓ×�Ñ�Ð��Ö� ÓÑÔÓÖØ�ÒØ �Ù ÔÐÙ× ��ÙÜ ØÖ�Ò×�Ø�ÓÒ× ´�Ó× ÓÙ Ö�Ö���Ø�ÓÒ×µ ��×
ÕÙ� Ð� ÓÒ��Ø�ÓÒ

θr − θℓ ≤ θ∗(mℓ) + θ∗(mr)

�×Ø Ú�Ö����¸ θ∗ �Ø�ÒØ ÙÒ� �ÓÒØ�ÓÒ ÖÓ�××�ÒØ� �ÜÔÐ��Ø� �� m ÔÓÙÖ Ð�ÕÙ�ÐÐ�
θ∗(1) = 0º

θ l

θr Mr

χ
r

χ
l

M l

������ ½º½ � �ÓÒ��Ø�ÓÒ× �Ò�Ø��Ð�× �Ù ÔÖÓ�Ð�Ñ� �� Ê��Ñ�ÒÒ

Ä� ×Ý×Ø�Ñ� �� Ê��Ñ�ÒÒ Ô�ÙØ �ÓÒ �ØÖ� ÓÑÔÐ�Ø�Ñ�ÒØ Ö�×ÓÐÙ �Ò ���ÓÖ×
�³ÙÒ� ÞÓÒ� Ö�Ø�ÕÙ� ��Ò× Ð³�×Ô�� (m, θ) ÔÓÙÖ Ð�× �ÕÙ�Ø�ÓÒ× �� Ï��Ø��Ñº Ë�
Ë�Û�Ò��Ñ�Ò �¾�℄ Ñ�ÒØ�ÓÒÒ� ÕÙ� Ð³Ó�Ø�ÒØ�ÓÒ ��× ×ÓÐÙØ�ÓÒ× �Ù ÔÖÓ�Ð�Ñ� ��
Ê��Ñ�ÒÒ �×Ø ×�ÑÔÐ� ÔÓÙÖ � ÑÓ��Ð�¸ �ÙÙÒ� ��×Ö�ÔØ�ÓÒ ÓÑÔÐ�Ø� Ò³�Ü�×Ø��Ø
�Ù×ÕÙ³�ÐÓÖ×º

ÈÓÙÖ ÓÑÔÖ�Ò�Ö� Ð�× ×ÓÐÙØ�ÓÒ× �Ù ÔÖÓ�Ð�Ñ� �� Ê��Ñ�ÒÒ ÔÓÙÖ Ð� ×Ý×Ø�Ñ�
�Ë�¸ �Ð ��ÙØ ÓÒÒ��ØÖ� Ð� �ÓÖÑ� ��× ØÖ�Ò×�Ø�ÓÒ× ÔÓ××��Ð�×¸ ÕÙ� Ô�ÙÚ�ÒØ �ØÖ� ÓÙ
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��× �Ó×¸ ÓÙ ��× Ö�Ö���Ø�ÓÒ×º ��× �Ó× �Ø �× Ö�Ö���Ø�ÓÒ× ÓÒØ �Ø� ��Ö�Ø×
Ô�Ö Ï��Ø��Ñ ��Ò× ×ÓÒ Ð�ÚÖ� �¿�℄ �Ø ×ÓÒ �ÖØ�Ð� �¿�℄¸ Ñ��× Ð�× ×ÓÐÙØ�ÓÒ× �� ØÝÔ�
Ö�Ö���Ø�ÓÒ ×ÓÒØ �ÜÔÖ�Ñ��× ��Ò× Ð� ×Ý×Ø�Ñ� ��× ÓÓÖ�ÓÒÒ��× (α, β) �ÓÒÒ��×
Ô�Ö Ð� ÒÓÖÑ�Ð� �Ø Ð� Ø�Ò��ÒØ� �Ù �ÖÓÒØ¸ � ÕÙ� Ö�Ò� ����Ð� Ð�ÙÖ Ö�ÔÖ�×�ÒØ�¹
Ø�ÓÒ ��ÓÑ�ØÖ�ÕÙ�º Â³�� �ÓÒ �Ó�×� �� Ö�ÔÖ�Ò�Ö� ÓÑÔÐ�Ø�Ñ�ÒØ Ð� ��×Ö�ÔØ�ÓÒ
��ÓÑ�ØÖ�ÕÙ� �� �× ×ÓÐÙØ�ÓÒ× �Ò �ÓÒÒ�ÒØ Ð�× Ö�×ÙÐØ�Ø× �Ò ÓÓÖ�ÓÒÒ��× �ÖØ�×�¹
�ÒÒ�× ÓÙ ÔÓÐ��Ö�×º �Ú� �× Ö�×ÙÐØ�Ø×¸ Ð� ��ÓÑ�ØÖ�� �³ÙÒ �Ó �×Ø �ÓÒÒ�� ��
Ñ�Ò��Ö� �Ò�ÐÝØ�ÕÙ�¸ �Ø Ð� ��ÑÓ�ØÖ�� �³ÙÒ� Ö�Ö���Ø�ÓÒ Ô�ÙØ �ØÖ� ØÖÓÙÚ�� �Ò
Ö�×ÓÐÚ�ÒØ ÙÒ� ��Çº ÇÒ Ô�ÙØ �ÓÒ ÓÒ�ÖÓÒØ�Ö ��Ö�Ø�Ñ�ÒØ Ð�× Ö�×ÙÐØ�Ø× �××Ù×
��× ×�ÑÙÐ�Ø�ÓÒ× � �× ×ÓÐÙØ�ÓÒ×º

ÍÒ� �ÔÔÐ��Ø�ÓÒ ��Ö�Ø� �� �× Ö�×ÙÐØ�Ø× �×Ø Ð� �× �³ÙÒ �ÖÓÒØ ÔÐ�Ò ÓÑ¹
ÔÖ�Ñ� Ô�Ö ÙÒ� Ö�ÑÔ�¸ ÕÙ� �×Ø ÙÒ �×¹Ø�×Ø ×�ÑÔÐ� ÔÓÙÖ �Ú�ÐÙ�Ö Ð�× Ô�Ö�ÓÖÑ�Ò�×
�� Ð³�Ð�ÓÖ�Ø�Ñ� �Ø ×ÙÖØÓÙØ �Ú�ÐÙ�Ö Ð� ØÖ��Ø�Ñ�ÒØ ��× �Ó×º �Ò ���Ø¸ Ð� ×��Ñ�
�� ����Ö�Ò�× �Ò��× Ò³�Ø�ÒØ Ô�× � ÔÖ�ÓÖ� ÓÒ×�ÖÚ�Ø��¸ �Ð Ò³Ý � Ô�× �� ��Ö�ÒØ��
ÕÙ� Ð�× ×ÓÐÙØ�ÓÒ× ÒÙÑ�Ö�ÕÙ�× Ò� ÓÑÔÓÖØ�ÖÓÒØ ÕÙ� ��× �Ó× ÓÖÖ�Ø× ´�º�º
×�Ø�×���×�ÒØ Ð� �ÓÖÑ� ÓÒ×�ÖÚ�Ø�Ú� �� Ð³�ÕÙ�Ø�ÓÒ ×ÙÖ Ð� Ú�Ø�××� �Ù ×�Ò× ��×
��×ØÖ��ÙØ�ÓÒ×µ �Ø �ÓÒ ÕÙ� Ð³�Ð�ÓÖ�Ø�Ñ� �ÓÒÒ�Ö� ��× Ö�×ÙÐØ�Ø× ÓÖÖ�Ø×º

Ä� �× �� Ð� Ö�ÑÔ� �Ø �� Ñ�Ò��Ö� ÔÐÙ× ��Ò�Ö�Ð� Ð� �× ��× ×ÓÐÙØ�ÓÒ× �Ù
ÔÖÓ�Ð�Ñ� �� Ê��Ñ�ÒÒ ×ÓÒØ ��× Ø�×Ø× �ÒØ�Ö�××�ÒØ× ÔÓÙÖ Ð³�Ð�ÓÖ�Ø�Ñ� �Ö �Ð×
Ô�ÖÑ�ØØ�ÒØ �� Ú�Ö���Ö � Ð� �Ó�× ÕÙ� Ð�× Ö�×ÙÐØ�Ø× ×ÓÒØ �ÓÒ× �Ò Ð³��×�Ò� ��
��×ÓÒØ�ÒÙ�Ø�× ´ÔÓÙÖ Ð�× Ö�Ö���Ø�ÓÒ×µ �Ø ÕÙ� Ð³�Ð�ÓÖ�Ø�Ñ� �ÐÙÐ� ÓÖÖ�Ø�Ñ�ÒØ
Ð�× ×ÓÐÙØ�ÓÒ× ÓÑÔÓÖØ�ÒØ ��× ��×ÓÒØ�ÒÙ�Ø�×º

½º¿ �Ü�×Ø�Ò� �� ×ÓÐÙØ�ÓÒ× ÕÙ�×�¹ÔÐ�Ò�× ÔÓÙÖ ÙÒ�
�ÕÙ�Ø�ÓÒ Ô�Ö��ÓÐ�ÕÙ� ×�Ñ�Ð�Ò���Ö�

Ä³Ó���Ø �Ù ��Ô�ØÖ� ¿ �×Ø �� ÑÓÒØÖ�Ö Ð³�Ü�×Ø�Ò� �� ×ÓÐÙØ�ÓÒ× ÕÙ�×�¹ÔÐ�Ò�×
� Ð³�ÕÙ�Ø�ÓÒ Ô�Ö��ÓÐ�ÕÙ� ×�Ñ�¹Ð�Ò���Ö�

ut(x, t) = uxx(x, t) + f(x, u(x, t)). ´½º�µ

ÔÓÙÖ (x, t) ∈ R × R �Ú� ÙÒ� ÒÓÒ¹Ð�Ò��Ö�Ø� f ×�Ø�×���×�ÒØ Ð�× ÔÖÓÔÖ��Ø�× ��
Ö��ÙÐ�Ö�Ø� �Ø �� (Z× Z)¹Ô�Ö�Ó���Ø� ×Ù�Ú�ÒØ�× �

�

f ∈ Lip(R2;R)
f(x+ k, v + l) = f(x, v) ÔÓÙÖ ØÓÙØ (k, l) ∈ Z2, (x, v) ∈ R× R

´½º�µ
Ó� Lip(·, ·) ��×��Ò� Ð³�Ò×�Ñ�Ð� ��× �ÓÒØ�ÓÒ× Ä�Ô×��ØÞº

ÇÒ Ô�ÖÐ� �� ×ÓÐÙØ�ÓÒ× ÕÙ�×�¹ÔÐ�Ò�× ��Ò× Ð� ×�Ò× Ó� ÓÒ Ö���Ö�� ��× ×ÓÐÙ¹
Ø�ÓÒ× ÔÓÙÖ Ð�×ÕÙ�ÐÐ�× Ð�× Ð��Ò�× �� Ò�Ú��Ù {u = a} ÔÓÙÖ a ∈ R �ÚÓÐÙ�ÒØ ÓÑÑ�
Ð� �ÖÓÒØ �³ÙÒ� ÓÒ�� ÔÐ�Ò� ÔÖÓ�Ö�××�Ú�º �� Ø�ÐÐ�× ×ÓÐÙØ�ÓÒ× Ô�ÙÚ�ÒØ �ÓÒ �ØÖ�
��× ÑÓ��Ð�× ÔÓÙÖ ��× Ô��ÒÓÑ�Ò�× Ô�Ý×�ÕÙ�× �ÑÔÐ�ÕÙ�ÒØ ��× ÔÖÓÔ���Ø�ÓÒ× ��
�ÖÓÒØ×º
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ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ ÔÓÙÖ ÙÒ ×�Ð��Ö� p �ÓÒÒ�¸ ×�Ø�×���×�ÒØ p �= 0¸ Ð�× ×ÓÐÙ¹
Ø�ÓÒ× ÕÙ�×�¹ÔÐ�Ò�× ÕÙ� Ð³ÓÒ Ö���Ö�� �Ó�Ú�ÒØ Ú�Ö���Ö¸ ÔÓÙÖ ÙÒ �ÖØ��Ò ×�Ð��Ö�
λ ∈ R¸ Ð³�Ò��Ö�Ñ�ÒØ

|u− px− λt| ≤ C ´½º�µ

ÔÓÙÖ ÙÒ� �ÖØ��Ò� ÓÒ×Ø�ÒØ� C > 0 �Ø¸ ÕÙ�Ò� λ �= 0¸ Ð�× Ö�Ð�Ø�ÓÒ× �� Ô�Ö�Ó�¹
��Ø� ×Ù�Ú�ÒØ�×

u

�

x+
1

p
, t

�

= u(x, t) + 1 ´½º�µ

u(x+ 1, t) = u
�

x, t+
p

λ

�

. ´½º�µ

��× ��ÙÜ Ö�Ð�Ø�ÓÒ× Ô�ÖÑ�ØØ�ÒØ �� Ö��Ù�Ö� Ð³�ØÙ�� � ÙÒ �ÓÑ��Ò� �ÓÖÒ� �Ö
��× Ø�ÐÐ�× ×ÓÐÙØ�ÓÒ× ×ÓÒØ �ÒØ��Ö�Ñ�ÒØ ��Ø�ÖÑ�Ò��× Ô�Ö Ð�ÙÖ ÓÑÔÓÖØ�Ñ�ÒØ ×ÙÖ

Ð� Ö�Ø�Ò�Ð�

�

0,
1

p

�

×
�

0,
1

λ

�

º

ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ ÓÒ ��ÑÓÒØÖ� Ð� Ø��ÓÖ�Ñ� ×Ù�Ú�ÒØ �

Ì��ÓÖ�Ñ� ½º¾º ´�Ü�×Ø�Ò� �� ×ÓÐÙØ�ÓÒ× ÕÙ�×�¹ÔÐ�Ò�× �Ø Ô�Ö�Ó���Ø�µ

ÇÒ ×ÙÔÔÓ×� ÕÙ� f Ú�Ö��� Ð³�ÝÔÓØ��×� ´½º�µ �Ø ÓÒ �Ü� p > 0 �Ú� p−1 ∈ Nº
�ÐÓÖ× �Ð �Ü�×Ø� ÙÒ ÙÒ�ÕÙ� Ö��Ð λ ∈ R Ø�Ð ÕÙ³�Ð �Ü�×Ø� ÙÒ� ÓÒ×Ø�ÒØ� C > 0
�Ò��Ô�Ò��ÒØ� �� p �Ø ÙÒ� ×ÓÐÙØ�ÓÒ u �� ´½º�µ ×ÙÖ R× R ×�Ø�×���×�ÒØ























|u(x, t)− px− λt| ≤ C (i)

u

�

x+
1

p
, t

�

= 1 + u(x, t) (ii)

λut ≥ 0 (iii)
u(x+ 1, t) ≥ u(x, t) (iv).

´½º½¼µ

�� ÔÐÙ×¸
�

u
�

x+ 1, t− p

λ

�

= u(x, t) ×� λ �= 0 (v)

ut = 0 ×� λ = 0 (v)′.
´½º½½µ

�Ò�Ò¸ Ð�× ÓÒ×Ø�ÒØ�× λ(p) ×ÓÒØ �ÓÖÒ��× �Ò��Ô�Ò��ÑÑ�ÒØ �� pº

ÇÒ ÑÓÒØÖ� ���Ð�Ñ�ÒØ ��Ò× � ��Ô�ØÖ� ÙÒ Ö�×ÙÐØ�Ø ÙÒ Ô�Ù ÔÐÙ× ×Ô���ÕÙ� �

Ì��ÓÖ�Ñ� ½º¿º ËÓ�Ø Z Ð³�Ò×�Ñ�Ð� ��× Þ�ÖÓ× �� f �Ò��Ô�Ò��ÑÑ�ÒØ �� x ´�º�º
ÔÓÙÖ a ∈ Z¸ f(x, a) = 0 ÔÓÙÖ ØÓÙØ x ∈ [0, 1]µº ÁÐ �Ü�×Ø� ÙÒ� ×ÓÐÙØ�ÓÒ u �� ´½º�µ
×�Ø�×���×�ÒØ ´½º½¼µ¸´½º½½µ Ø�ÐÐ� ÕÙ�

∀a ∈ Z, (u(x, t) < a < u(y, t))⇒ (x < y) . ´½º½¾µ

��ØØ� ÔÖÓÔÖ��Ø� �×Ø ÖÙ��Ð� ��Ò× Ð� ��Ô�ØÖ� �¸ Ó� Ð³ÓÒ ÑÓÒØÖ� Ð³�Ü�×Ø�Ò�
�� ×ÓÐÙØ�ÓÒ× �� ØÝÔ� ÓÒ��× ÔÖÓ�Ö�××�Ú�× ÔÙÐ×�ØÓ�Ö�× ��Ò× Ð� �× �³ÙÒ� ÒÓÒ¹
Ð�Ò��Ö�Ø� f ��×Ø��Ð� �Ò ��Ñ�Ò×�ÓÒ 1 ´ÚÓ�Ö Ð� ×�Ø�ÓÒ ½º� �Ø Ð� ��Ô�ØÖ� �µº

Ä�× ØÖ�Ú�ÙÜ ×ÙÖ �× ×ÓÐÙØ�ÓÒ× ÕÙ�×�¹ÔÐ�Ò�× ×ÓÒØ Ö�Ð�Ø�Ú�Ñ�ÒØ Ô�Ù ÒÓÑ¹
�Ö�ÙÜº Ä�× ÔÖ�Ò�Ô�ÙÜ Ö�×ÙÐØ�Ø× ×ÓÒØ ��× ÔÖÓÔÖ��Ø�× �³�Ü�×Ø�Ò� �Ø �� Ö��Ù¹
Ð�Ö�Ø� �� Ñ�Ò�Ñ�×�ÙÖ× ÕÙ�×�¹ÔÐ�Ò× ÔÓÙÖ ÙÒ �ÖØ��Ò ÒÓÑ�Ö� �� �ÓÒØ�ÓÒÒ�ÐÐ�×
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�³�Ò�Ö��� ´ÚÓ�Ö ��℄¸�½½℄¸��℄¸��℄µº ��× ØÖ�Ú�ÙÜ Ò� �ÓÒØ Ô�× �ÒØ�ÖÚ�Ò�Ö �³�ÚÓÐÙØ�ÓÒ
Ø�ÑÔÓÖ�ÐÐ�¸ ÓÒ Ô�ÙØ �ÓÒ Ð�× ÓÑÔ�Ö�Ö � ÒÓ× Ö�×ÙÐØ�Ø× ��Ò× Ð� �× Ó� λ = 0
�Ø Ó� Ð�× ×ÓÐÙØ�ÓÒ× ÕÙ� ÒÓÙ× ÓÒ×ØÖÙ�×ÓÒ× ×ÓÒØ ×Ø�Ø�ÓÒÒ��Ö�×º ��Ò× � �×¸ Ð�
×ÓÐÙØ�ÓÒ ×Ø�Ø�ÓÒÒ��Ö� u �×Ø ÙÒ Ñ�Ò�Ñ�×�ÙÖ ÔÓÙÖ Ð� �ÓÒØ�ÓÒÒ�ÐÐ�

I(u) =

�

|ux|2 − F (x, u)

�Ú� Fu(x, u) = 2f(x, u) ´Fu ��×��Ò�ÒØ Ð� ��Ö�Ú�� �� F Ô�Ö Ö�ÔÔÓÖØ � Ð�
Ú�Ö���Ð� uµº ÈÙ�×ÕÙ� ÒÓÙ× ÑÓÒØÖÓÒ× Ð³�Ü�×Ø�Ò� �� ×ÓÐÙØ�ÓÒ× ×Ø�Ø�ÓÒÒ��Ö�× �Ò
Ô�ÖØ�ÙÐ��Ö ÕÙ�Ò� f �×Ø � ÑÓÝ�ÒÒ� ÒÙÐÐ�¸ ÒÓØÖ� Ö�×ÙÐØ�Ø �ÑÔÐ�ÕÙ� Ð³�Ü�×Ø�Ò�
�� Ñ�Ò�Ñ�×�ÙÖ× ÔÓÙÖ I ÐÓÖ×ÕÙ� Fu �×Ø � ÑÓÝ�ÒÒ� ÒÙÐÐ�º Ä³�ÖØ�Ð� ×� Ö�Ô¹
ÔÖÓ��ÒØ Ð� ÔÐÙ× �� ÒÓØÖ� �ÕÙ�Ø�ÓÒ Ô�Ö��ÓÐ�ÕÙ� �×Ø �ÐÙ� �� �Ð�××¸ �� Ä�
ÄÐ�Ú� �Ø Î�Ð��ÒÓ� �¿℄º �Ò ���Ø¸ �Ø �ÖØ�Ð� �ØÙ��� ��× ÔÖÓ�Ð�Ñ�× �� �ÓØ ��
�Ö����ÒØ¸ �ÒØÖÓ�Ù�×�ÒØ ��Ò×� ���Ø�Ú�Ñ�ÒØ ÙÒ� Ú�Ö���Ð� �� Ø�ÑÔ× ��Ò× Ð� ÔÖÓ�¹
Ð�Ñ�º Ä³�ÕÙ�Ø�ÓÒ ´½º�µ Ô�ÙØ �³��ÐÐ�ÙÖ× �ØÖ� ÚÙ� ÓÑÑ� ÙÒ �× Ô�ÖØ�ÙÐ��Ö ��
Ð³�ÕÙ�Ø�ÓÒ ´½¼µ �� �¿℄º ��Ô�Ò��ÒØ¸ �Ø �ÖØ�Ð� Ò� ×³�ÒØ�Ö�××� Ô�× �ÙÜ Ñ�Ñ�×
Ö�×ÙÐØ�Ø× ÕÙ� ÒÓÙ×¸ �Ð ÑÓÒØÖ� ÙÒ ÔÖ�Ò�Ô� �� ÓÑÔ�Ö��×ÓÒ ÔÓÙÖ ��× �ÓØ× ÔÐÙ×
��Ò�Ö�ÙÜ �Ø ÔÓÙÖ ��× �ÓÒÒ��× ÑÓ�Ò× Ö��ÙÐ��Ö�×º

ÈÓÙÖ ÑÓÒØÖ�Ö Ð� Ø��ÓÖ�Ñ� ½º¾¸ ÓÒ ÓÒ×ØÖÙ�Ø �³��ÓÖ� Ð�× ×ÓÐÙØ�ÓÒ× �Ù ÔÖÓ�¹
Ð�Ñ� �� ��Ù�Ý

�

ut = uxx + f(x, u)
u(0, x) = px

´½º½¿µ

�Ø ÓÒ ÑÓÒØÖ� ÕÙ³�ÐÐ�× Ú�Ö���ÒØ Ð³�Ò��Ö�Ñ�ÒØ ´½º�µ �Ø Ð� ÔÖÓÔÖ��Ø� �� Ô�Ö�¹
Ó���Ø� ´½º�µº ÇÒ ÓÒ×���Ö� �Ò×Ù�Ø� Ð� ÓÑÔÓÖØ�Ñ�ÒØ �Ò Ø�ÑÔ× ÐÓÒ� �� �×
×ÓÐÙØ�ÓÒ× �Ø ÓÒ ÑÓÒØÖ� ��Ò×� ÕÙ� Ð³ÓÒ Ô�ÙØ Ó�Ø�Ò�Ö ÙÒ� ×ÓÐÙØ�ÓÒ �� ´½º�µ ×�Ø¹
�×���×�ÒØ Ð�× ÓÒ��Ø�ÓÒ× �Ù Ø��ÓÖ�Ñ� ½º¾º

Ä³�ØÙ�� ��× ×ÓÐÙØ�ÓÒ× �Ù ÔÖÓ�Ð�Ñ� �� ��Ù�Ý �Ø ×ÙÖØÓÙØ Ð³Ó�Ø�ÒØ�ÓÒ ��
Ð³�Ò��Ö�Ñ�ÒØ ´½º�µ Ò��××�Ø�ÒØ Ð³�ØÙ�� ÔÖ��Ð��Ð� �³ÙÒ� �ÕÙ�Ø�ÓÒ ÒÓÒ ÐÓ�Ð�
�ÔÔÖÓ��ÒØ Ð³�ÕÙ�Ø�ÓÒ ´½º�µº Ä� Ø�ÖÑ� ÒÓÒ ÐÓ�Ð Ô�ÖÑ�Ø �� �ÓÖÒ�Ö Ð�× Ó×�Ð¹
Ð�Ø�ÓÒ× ×Ô�Ø��Ð�× �� Ð� ×ÓÐÙØ�ÓÒ �Ù ÔÖÓ�Ð�Ñ� �� ��Ù�Ý Ñ��× �Ò��Ò�Ö� ÙÒ
�ÖØ��Ò ÒÓÑ�Ö� �� ÓÑÔÐ��Ø�ÓÒ× ÕÙ� Ö�Ò��ÒØ � ��Ô�ØÖ� �××�Þ Ø��Ò�ÕÙ�º

ÍÒ� �Ó�× ÕÙ� Ð³ÓÒ � ÑÓÒØÖ� ÕÙ� Ð�× ×ÓÐÙØ�ÓÒ× �Ù ÔÖÓ�Ð�Ñ� �� ��Ù�Ý
´½º½¿µ Ú�Ö�����ÒØ ´½º�µ¸´½º�µ¸ ÓÒ ��ÑÓÒØÖ� Ð� Ø��ÓÖ�Ñ� ½º¾ �Ò �ØÙ���ÒØ Ð�ÙÖ
ÓÑÔÓÖØ�Ñ�ÒØ �Ò Ø�ÑÔ× ÐÓÒ�º Ä� Ö��ÙÐ�Ö�Ø� �� Ð� ×ÓÐÙØ�ÓÒ �Ù ÔÖÓ�Ð�Ñ� ��
��Ù�Ý �Ø Ð³ÙÒ��ÓÖÑ�Ø� �� ×�× �ÓÖÒ�× Ô�ÖÑ�ØØ�ÒØ �� ÔÐ��Ö �ØØ� ×ÓÐÙØ�ÓÒ ��Ò×
ÙÒ �×Ô�� ÓÑÔ�Ø �Ø ��Ò×� �� �ÓÒÒ�Ö ÙÒ ×�Ò× ÔÖ��× � � ÓÑÔÓÖØ�Ñ�ÒØ �Ò
Ø�ÑÔ× ÐÓÒ� ×ÓÙ× Ð� �ÓÖÑ� �³ÙÒ� Ð�Ñ�Ø�º

��Ò× Ð� �× Ó� λ �= 0¸ ÓÒ ÑÓÒØÖ� �Ò×Ù�Ø� ÕÙ� Ð� ×ÓÐÙØ�ÓÒ Ð�Ñ�Ø� u∞ ×�Ø�×���Ø
Ð� Ø��ÓÖ�Ñ� ½º¾º ÉÙ�Ò� λ = 0¸ ÓÒ ×ÓÙ���Ø� �� ÔÐÙ× ÓÒ×ØÖÙ�Ö� ÙÒ� ×ÓÐÙØ�ÓÒ
×Ø�Ø�ÓÒÒ��Ö�º ÈÓÙÖ �Ð�¸ ÓÒ ÓÒ×ØÖÙ�Ø �³��ÓÖ�¸ � Ô�ÖØ�Ö �� Ð� Ð�Ñ�Ø� �Ò Ø�ÑÔ×
ÐÓÒ�¸ ÙÒ� ×ÓÙ×¹×ÓÐÙØ�ÓÒ �Ø ÙÒ� ×ÙÖ¹×ÓÐÙØ�ÓÒ ×Ø�Ø�ÓÒÒ��Ö�×¸ �Ø ÓÒ ���Ù�Ø Ð³�Ü¹
�×Ø�Ò� �³ÙÒ� ×ÓÐÙØ�ÓÒ ×Ø�Ø�ÓÒÒ��Ö� Ô�Ö Ð� Ñ�Ø�Ó�� �� È�ÖÖÓÒº ÇÒ ÑÓÒØÖ�
�Ò×Ù�Ø� ÕÙ� �ØØ� ×ÓÐÙØ�ÓÒ Ú�Ö��� ´½º�µº
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ÈÓÙÖ ÑÓÒØÖ�Ö Ð� Ø��ÓÖ�Ñ� ½º¿¸ ÓÒ ÑÓÒØÖ� �³��ÓÖ� ÕÙ� Ð� ÔÖÓÔÖ��Ø� ´½º½¾µ
�×Ø Ú�Ö���� ÔÓÙÖ Ð� ×ÓÐÙØ�ÓÒ �Ù ÔÖÓ�Ð�Ñ� �� ��Ù�Ý �Ò ÑÓÒØÖ�ÒØ ÕÙ� Ð�×
�Ò×�Ñ�Ð�× {(x, t) ∈ R× [0, T ] | u(x, t) < a} �Ø {(x, t) ∈ R× [0, T ] | u(x, t) >
a} ×ÓÒØ Ò��××��Ö�Ñ�ÒØ ÓÒÒ�Ü�×º ÍÒ� �Ó�× Ð� ÔÖÓÔÖ��Ø� ��ÑÓÒØÖ�� ÔÓÙÖ Ð�
×ÓÐÙØ�ÓÒ �Ù ÔÖÓ�Ð�Ñ� �� ��Ù�Ý̧ ÙÒ Ô�××��� � Ð� Ð�Ñ�Ø� Ô�ÖÑ�Ø �� ÑÓÒØÖ�Ö
Ð� Ø��ÓÖ�Ñ� ½º¿ ��Ò× Ð� �× λ �= 0º ÉÙ�Ò� λ = 0¸ ÓÒ ÑÓÒØÖ� ÕÙ� Ð� ×ÓÙ×¹
×ÓÐÙØ�ÓÒ �Ø Ð� ×ÙÖ¹×ÓÐÙØ�ÓÒ ×Ø�Ø�ÓÒÒ��Ö�× ÓÒ×ØÖÙ�Ø�× Ú�Ö���ÒØ ´½º½¾µ¸ ÔÙ�× ÕÙ�
�ØØ� ÔÖÓÔÖ��Ø� �×Ø ÓÒ×�ÖÚ�� Ô�Ö Ð� Ñ�Ø�Ó�� �� È�ÖÖÓÒº

½º� �Ü�×Ø�Ò� �Ø ÙÒ��Ø� �³ÓÒ��× ÔÖÓ�Ö�××�Ú�× ÔÙÐ¹
×�ØÓ�Ö�× ��Ò× Ð� �× ��×Ø��Ð�

Ä³Ó���Ø �Ù ��Ô�ØÖ� � �×Ø �� ÑÓÒØÖ�Ö Ð³�Ü�×Ø�Ò� �� ×ÓÐÙØ�ÓÒ× �� ØÝÔ�
ÓÒ�� ÔÖÓ�Ö�××�Ú� ÔÙÐ×�ØÓ�Ö� ´�Ò �Ò�Ð��× ÈÙÐ×�Ø�Ò� ÌÖ�Ú�ÐÐ�Ò� Ï�Ú�×µ � Ð³�ÕÙ�¹
Ø�ÓÒ ´½º�µ

ut(x, t) = uxx(x, t) + f(x, u(x, t))

ÔÓÙÖ ÙÒ� ÒÓÒ¹Ð�Ò��Ö�Ø� f ��×Ø��Ð� ´�Ò ÔÐÙ× ��× ÔÖÓÔÖ��Ø�× �� Ö��ÙÐ�Ö�Ø� �Ø ��
Ô�Ö�Ó���Ø�µº ÇÒ ×ÙÔÔÓ×� ÕÙ� Ð� �ÓÒØ�ÓÒ f ×�Ø�×���Ø Ð³�ÝÔÓØ��×�

�

f ∈ C1(R× [0, 1];R)
f(x+ k, v) = f(x, v) ÔÓÙÖ ØÓÙØ k ∈ Z, (x, v) ∈ R× [0, 1]

´½º½�µ

�Ø Ú�Ö��� ���Ð�Ñ�ÒØ ��× �ÝÔÓØ��×�× �� ��×Ø���Ð�Ø� � ÁÐ �Ü�×Ø� θ ∈ (0, 1) Ø�Ð ÕÙ�







































f(x, 0) = f(x, θ) = f(x, 1) = 0 ÔÓÙÖ ØÓÙØ x ∈ R

f(x, v) < 0 ÔÓÙÖ ØÓÙØ v ∈ (0, θ), x ∈ R

f(x, v) > 0 ÔÓÙÖ ØÓÙØ v ∈ (θ, 1), x ∈ R

f ′
u(x, θ) > 0 ÔÓÙÖ ØÓÙØ x ∈ R

∃η0 > 0 Ø�Ð ÕÙ�
∀x ∈ R, Ð� �ÓÒØ�ÓÒ v �→ f(x, v) �×Ø ×ØÖ�Ø�Ñ�ÒØ ��ÖÓ�××�ÒØ� ×ÙÖ

[0, η0] ∪ [1− η0, 1]
´½º½�µ

ËÓÙ× �× �ÝÔÓØ��×�×¸ ÓÒ Ô�ÙØ ÑÓÒØÖ�Ö Ð³�Ü�×Ø�Ò� �� ×ÓÐÙØ�ÓÒ× �� ØÝÔ�
ÓÒ��× ÔÖÓ�Ö�××�Ú�× ÔÙÐ×�ØÓ�Ö�× ´��Ò× Ð�× �× Ó� �Ð Ò³Ý � Ô�× �� ×ÓÐÙØ�ÓÒ ×Ø�¹
Ø�ÓÒÒ��Ö�µ �

Ì��ÓÖ�Ñ� ½º�º ´�Ü�×Ø�Ò� �Ø ÙÒ��Ø� �³ÓÒ��× ÔÖÓ�Ö�××�Ú�× ÔÙÐ×�ØÓ�Ö�×µ

ÇÒ ×ÙÔÔÓ×� ´½º�µ¸´½º½�µº �ÐÓÖ× �Ð �Ü�×Ø� c0 ∈ R �Ø u ×ÓÐÙØ�ÓÒ �� ´½º�µ ×ÙÖ R×R
Ø�Ð× ÕÙ�























c0ut ≥ 0
0 ≤ u ≤ 1
lim inf

x+c0t→+∞
u(x, t) = 1

lim sup
x+c0t→−∞

u(x, t) = 0

´½º½�µ



½� �������� �� ������������

�Ø






u

�

x+ 1, t− 1

c0

�

= u(x, t), ×� c0 �= 0

u(x, t) Ò� ��Ô�Ò� Ô�× �� t¸ ×� c0 = 0.
. ´½º½�µ

�� ÔÐÙ×¸ ×� c0 �= 0¸ Ð� ×ÓÐÙØ�ÓÒ u ×�Ø�×���×�ÒØ ´½º½�µ¹´½º½�µ �×Ø ÙÒ�ÕÙ� � ØÖ�Ò×¹
Ð�Ø�ÓÒ �Ò Ø�ÑÔ× ÔÖ�×º

ËÓÙ× ÙÒ� �ÝÔÓØ��×� ÙÒ Ô�Ù ÔÐÙ× ÓÒØÖ���Ò�ÒØ�¸ ÓÒ Ô�ÙØ ÑÓÒØÖ�Ö Ð³ÙÒ��Ø�
�� Ð� Ú�ÐÓ�Ø� c �

�

f ′
u(x, 0) = −δ0 < 0 ÔÓÙÖ ØÓÙØ x ∈ R

f ′
u(x, 1) = −δ1 < 0 ÔÓÙÖ ØÓÙØ x ∈ R

´½º½�µ

ÇÒ ÑÓÒØÖ� �ÐÓÖ× Ð� Ø��ÓÖ�Ñ� ×Ù�Ú�ÒØ �

Ì��ÓÖ�Ñ� ½º�º ´ÍÒ��Ø� �� Ð� Ú�ÐÓ�Ø�µ

ÇÒ ×ÙÔÔÓ×� Ú�Ö����× Ð�× �ÝÔÓØ��×�× ´½º�µ¸´½º½�µ¸´½º½�µº �ÐÓÖ× Ð� Ú�ÐÓ�Ø� c0 ∈
R �ÓÒÒ�� ��Ò× Ð� Ø��ÓÖ�Ñ� ½º� �×Ø ÙÒ�ÕÙ�º

Ä³�ØÙ�� �³�ÕÙ�Ø�ÓÒ× Ô�Ö��ÓÐ�ÕÙ�× ×�Ñ�¹Ð�Ò���Ö�× Ø�ÐÐ�× ÕÙ� ´½º�µ �×Ø Ð³Ó���Ø
�� ÒÓÑ�Ö�ÙÜ ØÖ�Ú�ÙÜ¸ �Ú� �Ò Ô�ÖØ�ÙÐ��Ö Ð� Ö���Ö�� �� ×ÓÐÙØ�ÓÒ× �� ØÝÔ�
ÓÒ��× ÔÖÓ�Ö�××�Ú�× ´ØÖ�Ú�ÐÐ�Ò� Û�Ú�×µº

Ä�× ÔÖ�Ñ��Ö�× �ØÙ��× ÓÒØ �Ø� Ñ�Ò��× ×ÙÖ Ð³�ÕÙ�Ø�ÓÒ �� Ö��Ø�ÓÒ¹���Ù×�ÓÒ
�ÓÑÓ��Ò�

ut = uxx + u(1− u)

Ô�Ö ÃÓÐÑÓ�ÓÖÓÚ¸ È�ØÖÓÚ×�Ý �Ø È�×�ÙÒÓÚ �½½℄ �Ø ��×��Ö �½¼℄º ��ØØ� �ÕÙ�Ø�ÓÒ
ØÖÓÙÚ� �ÐÓÖ× ��× �ÔÔÐ��Ø�ÓÒ× �Ò �ÓÐÓ��� ��Ò× Ð³�ØÙ�� ��× ÑÓ��Ð�× ÔÖÓ��¹
ÔÖ���Ø�ÙÖº ��× Ö���Ö��× ÓÒØ �Ò×Ù�Ø� �Ø� ÓÒ×�Ö��× � ��× �× ÔÐÙ× ��Ò�Ö�ÙÜ¸
�Ú� Ð³��ÓÙØ �³ÙÒ Ø�ÖÑ� �³��Ú�Ø�ÓÒ¸ ÓÙ Ð� ÒÓÒ¹�ÓÑÓ��Ò��Ø� �Ù Ø�ÖÑ� ��
Ö��Ø�ÓÒº ��Ò× � ÓÒØ�ÜØ� ��Ò�Ö�Ð¸ Ð³�Ü�×Ø�Ò� �� ×ÓÐÙØ�ÓÒ× �� ØÝÔ� �ÖÓÒØ×
ÔÖÓ�Ö�××��× ÔÙÐ×�ØÓ�Ö�× � �Ø� ��ÑÓÒØÖ�� Ô�Ö ��Ö�×ØÝ�� �Ø À�Ñ�Ð ��Ò× �¾℄
��Ò× Ð� �× �³ÙÒ� ÒÓÒ¹Ð�Ò��Ö�Ø� f ÔÓ×�Ø�Ú�º

ÁÐ Ý � ÑÓ�Ò× �� Ö�×ÙÐØ�Ø× ��Ò× Ð� �× �³ÙÒ� ÒÓÒ¹Ð�Ò��Ö�Ø� ��×Ø��Ð� ÓÑÑ�
�ÐÐ� ÕÙ� ÒÓÙ× �ØÙ��ÓÒ×º ÍÒ Ö�×ÙÐØ�Ø �� ��Ò �½�℄ ÑÓÒØÖ� Ð³�Ü�×Ø�Ò� �³ÓÒ��×
ÔÖÓ�Ö�××�Ú�× ÔÙÐ×�ØÓ�Ö�× ÕÙ�Ò� Ð� ��Ô�Ò��Ò� �Ò �×Ô�� �� Ð� ÒÓÒ¹Ð�Ò��Ö�Ø�
�×Ø Ô�Ø�Ø�º ÍÒ �ÙØÖ� Ö�×ÙÐØ�Ø ÔÐÙ× ��Ò�Ö�Ð �×Ø �ÐÙ� �� ��Ð�ØØ�¸ �ÙÖÓØ �Ø
Å�Ø�ÒÓ ��℄º ��× ØÖÓ�× �ÙØ�ÙÖ× ÑÓÒØÖ�ÒØ Ð³�Ü�×Ø�Ò� �� �ÖÓÒØ× ÔÖÓ�Ö�××��× ÔÙÐ¹
×�ØÓ�Ö�× ÔÓÙÖ ��× ÒÓÒ¹Ð�Ò��Ö�Ø�× ØÖ�× ��Ò�Ö�Ð�×¸ ÕÙ� �Ó�Ú�ÒØ ×�ÙÐ�Ñ�ÒØ Ú�Ö�¹
��Ö ��× ÓÒ��Ø�ÓÒ× �ÑÔÐ��Ø�× �××�Þ Ö��×ÓÒÒ��Ð�×º È�Ö �ÖØ��Ò× ÔÓ�ÒØ×¸ Ð�×
��Ô�ØÖ�× ¿ �Ø � �ÓÒØ �ÔÔ�Ð � ��× �Ö�ÙÑ�ÒØ× ÙÒ Ô�Ù ×�Ñ�Ð��Ö�×º Æ��ÒÑÓ�Ò×¸
Ð³ÙØ�Ð�×�Ø�ÓÒ ÖÙ��Ð� �Ù Ø��ÓÖ�Ñ� ½º¿ ÒÓÙ× Ô�ÖÑ�Ø �� ÒÓÙ× ��Ö�Ò��Ö �� Ø�ÐÐ�×
ÓÒ��Ø�ÓÒ× �ÑÔÐ��Ø�×¸ �Ø ÒÓØÖ� �ØÙ�� ÔÓÙÖÖ��Ø ÓÙÚÖ�Ö ��× �× ÒÓÒ ØÖ��Ø�× ��Ò×
�Ø �ÖØ�Ð�º

ÈÓÙÖ ��ÑÓÒØÖ�Ö Ð� Ö�×ÙÐØ�Ø �³�Ü�×Ø�Ò� �Ù Ø��ÓÖ�Ñ� ½º�¸ ÓÒ ÙØ�Ð�×� �ÓÖØ�¹
Ñ�ÒØ Ð�× Ö�×ÙÐØ�Ø× ��ÑÓÒØÖ�× ��Ò× Ð� ��Ô�ØÖ� ¿º �Ò ���Ø¸ ÓÒ ÓÒ×���Ö� Ð�×
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×ÓÐÙØ�ÓÒ× u(p) ÓÒ×ØÖÙ�Ø�× ��Ò× Ð� Ø��ÓÖ�Ñ� ½º¾ ÔÓÙÖ p ∈ N−1 �Ø ÓÒ ÓÒ×���Ö�
Ð�ÙÖ Ð�Ñ�Ø� ÔÓÙÖ ÓÒ×ØÖÙ�Ö� Ð� �ÓÒØ�ÓÒ u ×�Ø�×���×�ÒØ Ð� Ø��ÓÖ�Ñ� ½º�º

Ä�× ÔÖÓÔÖ��Ø�× �� ÑÓÒÓØÓÒ�� �Ø �� Ô�Ö�Ó���Ø� �� Ð� Ð�Ñ�Ø� u ×� ���Ù�×�ÒØ
��× ÔÖÓÔÖ��Ø�× ��× ×ÓÐÙØ�ÓÒ× u(p) ÔÓÙÖ p �= 0º ÈÓÙÖ ÔÓÙÖ×Ù�ÚÖ� Ð³�Ò�ÐÝ×�¸ ÓÒ
���Ò�Ø Ð�× �ÓÒØ�ÓÒ×

u(x) = lim
t→+∞

u(x, t)

u(x) = lim
t→−∞

u(x, t)

u+(x, t) = lim
n→+∞

u(x+ n, t)

u−(x, t) = lim
n→−∞

u(x+ n, t)

´½º½�µ

�Ø ÓÒ ÑÓÒØÖ� Ð�× �Ò��Ö�Ñ�ÒØ× 0 ≤ u+ − u− ≤ 1 �Ø 0 ≤ |u− u| ≤ 1º È�Ö ��×
ØÖ�Ò×Ð�Ø�ÓÒ× �Ò Ø�ÑÔ× �ÔÔÖÓÔÖ���× ÓÒ Ô�ÙØ ×³�××ÙÖ�Ö ÕÙ� u ÔÖ�Ò� Ð� Ú�Ð�ÙÖ
θ¸ ÔÙ�×¸ �Ò ÙØ�Ð�×�ÒØ Ð�× �ÓÒØ�ÓÒ× �ÙÜ�Ð���Ö�× ���Ò��× �Ò ´½º½�µ¸ ÑÓÒØÖ�Ö ÕÙ�
0 ≤ u ≤ 1º ÁÐ ��ÙØ �Ò×Ù�Ø� ��×Ø�Ò�Ù�Ö Ð�× �× ×�ÐÓÒ ÕÙ� Ð� Ú�ÐÓ�Ø� �×Ø ÒÙÐÐ�
ÓÙ ÒÓÒ ÒÙÐÐ�º ��Ò× Ð� �× c �= 0 ÓÒ ÑÓÒØÖ� ÕÙ� ×� u �×Ø ×ÓÐÙØ�ÓÒ �� ´½º�µ¸
�ÐÓÖ× ×Ó�Ø u �×Ø ÙÒ� ÔÙÐ×�Ø�Ò� ØÖ�Ú�ÐÐ�Ò� Û�Ú� �Ó��Ò�ÒØ Ð�× �Ø�Ø× 0 �Ø 1¸ ×Ó�Ø
u �×Ø ÓÒ×Ø�ÒØ� �Ø ���Ð� � θº ÇÒ ÙØ�Ð�×� �Ò×Ù�Ø� Ð� ���Ø ÕÙ� f ′

u(x, θ) > 0
ÔÓÙÖ ØÓÙØ x¸ �Ø �ÓÒ ÕÙ� Ð³�Ø�Ø θ �×Ø ÙÒ �ÕÙ�Ð��Ö� �Ò×Ø��Ð� ÔÓÙÖ ÑÓÒØÖ�Ö
ÕÙ� Ð�× ×ÓÐÙØ�ÓÒ× ÕÙ� Ð³ÓÒ ÓÒ×ØÖÙ�Ø Ò� Ô�ÙÚ�ÒØ �ØÖ� ÓÒ×Ø�ÒØ�× �Ø ���Ð�× � θº
�� Ñ�Ò��Ö� ×�Ñ�Ð��Ö�¸ ��Ò× Ð� �× c = 0¸ ÓÒ Ô�ÙØ ÑÓÒØÖ�Ö ÕÙ� ×Ó�Ø ÓÒ Ô�ÙØ
�Ü����Ö ÙÒ� ×ÓÐÙØ�ÓÒ ×Ø�Ø�ÓÒÒ��Ö� ×�Ø�×���×�ÒØ u+ = 1¸ u− = 0¸ ×Ó�Ø Ð� ×ÓÐÙØ�ÓÒ
u ÓÒ×ØÖÙ�Ø� �×Ø ÓÒ×Ø�ÒØ� �Ø ���Ð� � θº ÇÒ �ÜÐÙØ �Ò�Ð�Ñ�ÒØ � �× u ≡ θ
ÔÓÙÖ ���Ú�Ö Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ �Ù Ø��ÓÖ�Ñ� ½º�º

� Ú�ÐÓ�Ø� c �Ü��¸ ÓÒ ��ÑÓÒØÖ� Ð³ÙÒ��Ø� �� Ð� ×ÓÐÙØ�ÓÒ u �Ò ÓÒ×���Ö�ÒØ
��ÙÜ ×ÓÐÙØ�ÓÒ× �� ´½º�µ u1 �Ø u2 ×�Ø�×���×�ÒØ ´½º½�µ¸´½º½�µ ÔÓÙÖ Ð� Ñ�Ñ� Ú�ÐÓ¹
�Ø� cº ÇÒ Ô�ÙØ �ÐÓÖ× ÑÓÒØÖ�Ö ÕÙ� Ô�Ö ÙÒ� ØÖ�Ò×Ð�Ø�ÓÒ �Ò Ø�ÑÔ× �ÔÔÖÓÔÖ��� ÓÒ
� u2(·, · + τ) ≥ u1¸ �Ø ÓÒ ÓÒÐÙØ ÕÙ� u1 �Ø u2 ×ÓÒØ ���Ð�× � ÙÒ� ØÖ�Ò×Ð�Ø�ÓÒ
�Ò Ø�ÑÔ× ÔÖ�× �Ò ÙØ�Ð�×�ÒØ ÙÒ ÔÖ�Ò�Ô� �Ù Ñ�Ü�ÑÙÑ �ÓÖØº

ÇÒ ÑÓÒØÖ� Ð³ÙÒ��Ø� �� c ×ÓÙ× Ð� ÓÒ��Ø�ÓÒ ÔÐÙ× Ö�×ØÖ�Ø�Ú� ´½º½�µ �Ò ÓÒ¹
×���Ö�ÒØ ��ÙÜ ×ÓÐÙØ�ÓÒ× u1 �Ø u2 �� Ú�ÐÓ�Ø�× c1 �Ø c2 �Ú� c1 > c2º ÇÒ Ô�ÙØ
�ÐÓÖ× ÑÓÒØÖ�Ö ÕÙ³� ÙÒ� ØÖ�Ò×Ð�Ø�ÓÒ �Ò Ø�ÑÔ× ÔÖ�×¸ u1(x, 0) < u2(x, 0) �Ø
��ÓÙØ�Ö � ÙÒ� ÓÒØÖ���Ø�ÓÒ �Ò ÙØ�Ð�×�ÒØ Ð� ÔÖ�Ò�Ô� �� ÓÑÔ�Ö��×ÓÒ �Ø Ð� ÔÖÓ¹
ÔÖ��Ø� ´½º½�µº ��Ô�Ò��ÒØ¸ ÓÑÑ� u1 �Ø u2 ÓÒØ ��× Ú�ÐÓ�Ø�× ����Ö�ÒØ�×¸ Ð�ÙÖ×
Ô�Ö�Ó���Ø�× ×ÓÒØ ����Ö�ÒØ�× �Ø �Ð �×Ø ÔÐÙ× ����Ð� �� Ð�× ÓÖ�ÓÒÒ�Ö ÕÙ� ��Ò×
Ð� ÔÖ�ÙÚ� �� Ð³ÙÒ��Ø� �Ù ÔÖÓ�Ðº ÈÓÙÖ ÓÒØÓÙÖÒ�Ö �ØØ� ���ÙÐØ�¸ ÓÒ ÙØ�Ð�×�
Ð� ÓÒ��Ø�ÓÒ ´½º½�µ ÔÓÙÖ ÓÒ×ØÖÙ�Ö� ÔÓÙÖ ��ÕÙ� Ú�ÐÓ�Ø� c ��× ×ÓÙ×¹×ÓÐÙØ�ÓÒ×
�Ø ��× ×ÙÖ¹×ÓÐÙØ�ÓÒ× �ÜÔÐ��Ø�× �� ´½º�µ ��Ò× Ð�× ��Ñ�¹�×Ô��× {x + ct > A}
�Ø {x + ct < −A} �Ø ÓÒ ÓÑÔ�Ö� �³��ÓÖ� u1 �Ø u2 � �× ×ÓÙ×¹×ÓÐÙØ�ÓÒ× �Ø
×ÙÖ¹×ÓÐÙØ�ÓÒ× �ÜÔÐ��Ø�× �Ú�ÒØ �� Ð�× ÓÖ�ÓÒÒ�Ö �Ù Ø�ÑÔ× 0º ÍÒ �ÙØÖ� ÑÓÝ�Ò
�� Ö�×ÓÙ�Ö� �ØØ� ���ÙÐØ�× �Ø �³�����Ð�Ö Ð� ÓÒ��Ø�ÓÒ ´½º½�µ ×�Ö��Ø �³ÙØ�Ð�×�Ö
Ð� ��Ò��Ñ�ÒØ �� Ú�Ö���Ð� ÔÖÓÔÓ×� Ô�Ö ��Ö�×ØÝ�� �Ø À�Ñ�Ð ��Ò× �¾℄º ÍÒ Ø�Ð



¾¼ �������� �� ������������

ØÖ��Ø�Ñ�ÒØ ÔÓÙÖÖ��Ø ÔÓÙÖÖ��Ø Ô�ÖÑ�ØØÖ� �� ÑÓÒØÖ�Ö ×�ÑÙÐØ�Ò�Ñ�ÒØ Ð³ÙÒ��Ø�
�� Ð� Ú�Ø�××� �Ø Ð³ÙÒ��Ø� �Ù ÔÖÓ�Ðº

½º� ÅÓ��Ð� �ÔÔÖÓ�� ÔÓÙÖ Ð� �ÝÒ�Ñ�ÕÙ� �� ��×ÐÓ¹
�Ø�ÓÒ× �ÙØÓÙÖ �³ÙÒ� ×ÓÙÖ� �� �Ö�Ò�¹Ê���

Ä³Ó���Ø �� � ��Ô�ØÖ� �×Ø Ð³�ØÙ�� �³ÙÒ ÑÓ��Ð� �ÔÔÖÓ�� �� ØÝÔ� ��ÑÔ ��
Ô��×� ÔÓÙÖ Ð� ÑÓÙÚ�Ñ�ÒØ �� ��×ÐÓ�Ø�ÓÒ× �ÙØÓÙÖ �³ÙÒ� ×ÓÙÖ� �� �Ö�Ò�¹Ê���º
ÍÒ� ��×ÐÓ�Ø�ÓÒ �×Ø ÙÒ ����ÙØ ��Ò× Ð� ×ØÖÙØÙÖ� �³ÙÒ Ö�×Ø�Ðº ��Ò×�¸ �ÙØÓÙÖ
�³ÙÒ� ��×ÐÓ�Ø�ÓÒ¸ Ð�× �ØÓÑ�× �³ÙÒ Ö�×Ø�Ð Ò� �ÓÖÑ�ÒØ Ô�× ÙÒ Ö�×��Ù Ô�Ö���Øº
ÍÒ� ��×ÐÓ�Ø�ÓÒ �×Ø �� Ó��Ñ�Ò×�ÓÒ 2 ´³�×Ø �ÓÒ ÙÒ ����ÙØ Ð�Ò��ÕÙ� ��Ò× ÙÒ
Ö�×Ø�Ð �� ��Ñ�Ò×�ÓÒ 3µ �Ø �ÐÐ� �×Ø �Ö�Ø�Ö�×�� Ô�Ö ×ÓÒ Ú�Ø�ÙÖ �� �ÙÖ��Ö× bº Ë�
ÓÒ ÓÒ×���Ö� ÙÒ ��Ñ�Ò �ÓÖÑ�ÒØ ÙÒ� �ÓÙÐ� ×ÙÖ ÙÒ Ö�×��Ù Ö�×Ø�ÐÐ�Ò Ô�Ö���Ø¸
�ÐÓÖ× � Ñ�Ñ� ��Ñ�Ò Ò³�×Ø ÔÐÙ× ÙÒ� �ÓÙÐ� ×ÙÖ Ð� Ö�×��Ù Ö�×Ø�ÐÐ�Ò �ÙØÓÙÖ ��
Ð� ��×ÐÓ�Ø�ÓÒ¸ �Ø Ð� Ú�Ø�ÙÖ �� �ÙÖ��Ö× b �×Ø Ð� ��ÔÐ��Ñ�ÒØ Ò��××��Ö� ÔÓÙÖ
��ÖÑ�Ö � ��Ñ�Ò �ÙØÓÙÖ �� Ð� ��×ÐÓ�Ø�ÓÒ ´Ð� ��Ñ�Ò �Ø�ÒØ ÓÖ��ÒØ� ��Ò× Ð�
×�Ò× ��Ö�Ø Ô�Ö Ö�ÔÔÓÖØ � Ð� ��Ö�Ø�ÓÒ �� Ð� ��×ÐÓ�Ø�ÓÒµº

ÍÒ� ×ÓÙÖ� �� �Ö�Ò�¹Ê��� �×Ø ÙÒ� ÓÒ��ÙÖ�Ø�ÓÒ ÕÙ� Ô�ÖÑ�Ø Ð� Ö��Ø�ÓÒ
�� ��×ÐÓ�Ø�ÓÒ×º ��Ò× �ØØ� ÓÒ��ÙÖ�Ø�ÓÒ¸ ÙÒ� ��×ÐÓ�Ø�ÓÒ �×Ø �ØØ���� � ��ÙÜ
ÔÓ�ÒØ× �Ü�× �Ø �ÚÓÐÙ� ��Ò× ÙÒ ÔÐ�Ò¸ Ð� ÔÐ�Ò �� Ð� ��×ÐÓ�Ø�ÓÒ ´ÓÒ Ô�ÙØ ���Ù�Ö�
�� Ð� ���Ò�Ø�ÓÒ �³ÙÒ� ��×ÐÓ�Ø�ÓÒ ÕÙ³ÙÒ� ��×ÐÓ�Ø�ÓÒ �×Ø Ò��××��Ö�Ñ�ÒØ ÙÒ�
�ÓÙÐ� ��ÖÑ��¸ ��Ò× Ð� �× �³ÙÒ� ×ÓÙÖ� �� �Ö�Ò�¹Ê��� �ØØ� �ÓÙÐ� ×� Ö���ÖÑ�
�Ò ���ÓÖ× �Ù ÔÐ�Ò �� Ð� ��×ÐÓ�Ø�ÓÒ �Ø Ð�× ��ÙÜ ÔÓ�ÒØ× �³�ØØ��� Ö�×Ø�ÒØ �Ü�×
ÕÙ�Ò� �ÐÐ�¹� �ÚÓÐÙ�µº Ä� ÑÓÙÚ�Ñ�ÒØ �� Ð� ��×ÐÓ�Ø�ÓÒ¸ �Ò�Ù�Ø Ô�Ö Ð� ÔÓØ�ÒØ��Ð
�ÒØ�ÖÒ� �Ø Ð�× ÓÒØÖ��ÒØ�× �ÜØ�ÖÒ�× Ô�ÙØ �Ñ�Ò�Ö �ØØ� ��×ÐÓ�Ø�ÓÒ �³ÓÖ���Ò�
� ×� Ö�ÓÙÔ�Ö �ÐÐ�¹Ñ�Ñ�¸ Ó�×�ÓÒÒ�ÒØ ��× ��Ò��Ñ�ÒØ× �� ØÓÔÓÐÓ��� �Ø Ð�
Ö��Ø�ÓÒ �³ÙÒ� ��×ÐÓ�Ø�ÓÒ �Ò��Ô�Ò��ÒØ� �ÓÖÑ�ÒØ ÙÒ� �ÓÙÐ� �ÙØÓÙÖ �� Ð�
×ÓÙÖ�º ÉÙ�Ò� � Ô��ÒÓÑ�Ò� ×� Ö�Ô�Ø�¸ Ð� ×ÓÙÖ� �� �Ö�Ò�¹Ê��� ��Ú��ÒØ ÙÒ�
×ÓÙÖ� Ö��ÙÐ��Ö� �� ��×ÐÓ�Ø�ÓÒ× ÓÒ�ÒØÖ�ÕÙ�× ÕÙ� ×³�Ò �ÐÓ��Ò�ÒØº

È�Ý×�ÕÙ�Ñ�ÒØ¸ ÙÒ� ��×ÐÓ�Ø�ÓÒ �Ø Ð�× ÓÒØÖ��ÒØ�× �Ò�Ù�Ø�× ×� ÓÒ�ÒØÖ�ÒØ
×ÙÖ ÕÙ�ÐÕÙ�× Ñ��ÐÐ�× �Ù Ö�×��Ù¸ �Ø ÕÙ�Ò� ÓÒ ��Ö�� � �ØÙ���Ö ×ÓÒ ÓÑÔÓÖØ�¹
Ñ�ÒØ � ÔÐÙ× �Ö�Ò�� ���ÐÐ� ÓÒ Ð� ÓÒ×���Ö� ÓÑÑ� ÙÒ Ó���Ø Ð�Ò��ÕÙ�º Ë�ÙÐ�¹
Ñ�ÒØ¸ Ð³�ØÙ�� ��Ö�Ø� �Ù ÑÓÙÚ�Ñ�ÒØ ��× ��×ÐÓ�Ø�ÓÒ× ÔÖ�×�ÒØ� ��× ���ÙÐØ�×
�Ø¸ ÔÓÙÖ ���Ð�Ø�Ö �ØØ� �ØÙ��¸ ÓÒ Ô�ÙØ Ø�ÒØ�Ö �³�ØÙ���Ö Ð�ÙÖ ÓÑÔÓÖØ�Ñ�ÒØ
� Ð³���� �³ÙÒ ÑÓ��Ð� �ÔÔÖÓ�� �� ØÝÔ� ��ÑÔ �� Ô��×�º ��Ò× ÙÒ Ø�Ð ÑÓ�¹
�Ð�¸ Ð�× ��×ÐÓ�Ø�ÓÒ× ×ÓÒØ ÓÒ×���Ö��× ÓÑÑ� Ð�× Ú�Ö��Ø�ÓÒ× �³ÙÒ ��ÑÔ v¸ ÕÙ�
ÑÓ��Ð�×� Ð� ���Ð��� �ÒØÖ� Ð� Ö�×��Ù Ö�×Ø�ÐÐ�Ò Ö��Ð �Ø Ð� Ö�×��Ù ����Ðº �Ù Ð��Ù
�³�ØÖ� ÓÒ�ÒØÖ��× ×ÙÖ ��× Ð��Ò�×¸ Ð�× ��×ÐÓ�Ø�ÓÒ× ×ÓÒØ �ÐÓÖ× ÔÐÙ× �Ø�Ð��×º ��Ò×
Ð� �× Ð�Ñ�Ø� Ó� Ð³ÓÒ �ÙØÓÖ�×� ×�ÙÐ�Ñ�ÒØ ��× Ú�Ð�ÙÖ× �ÒØ��Ö�× ÔÓÙÖ v¸ Ð�× ��×¹
ÐÓ�Ø�ÓÒ× ×ÓÒØ ÓÒ�ÒØÖ��× ×ÙÖ ��× Ð��Ò�×º ��Ò× ÙÒ Ø�Ð ÑÓ��Ð�¸ Ð³�ÚÓÐÙØ�ÓÒ ��
� ��ÑÔ �� Ô��×� �×Ø �ÓÒÒ�� Ô�Ö ÙÒ� ��È �Ø �×Ø ÔÐÙ× ���Ð� � �ØÙ���Ö ÕÙ�
Ð� ÑÓÙÚ�Ñ�ÒØ ��× Ð��Ò�× �� ��×ÐÓ�Ø�ÓÒº

��Ò× ÒÓØÖ� �ØÙ��¸ Ð� �ÓÑ��Ò� ×Ô�Ø��Ð Ω �Ó�Ø ÓÖÖ�×ÔÓÒ�Ö� � Ð� ��ÓÑ�ØÖ��
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�³ÙÒ� ×ÓÙÖ� �� �Ö�Ò�¹Ê���º ÈÓÙÖ �Ð�¸ Ð� �ÓÑ��Ò� Ð� ÔÐÙ× Ò�ØÙÖ�Ð ×�Ö��Ø
Ð³�×Ô�� R2 ÔÖ�Ú� �� ��ÙÜ ÔÓ�ÒØ×¸ Ñ��× ÔÓÙÖ ���Ð�Ø�Ö Ð³�ØÙ�� ��× ×ÓÐÙØ�ÓÒ×¸ �Ø
�Ò Ô�ÖØ�ÙÐ��Ö ÔÓÙÖ Ó�Ø�Ò�Ö ��× �×Ø�Ñ�Ø�ÓÒ× ÙÒ��ÓÖÑ�× �Ø �ÚÓ�Ö ��× ÔÖÓÔÖ��Ø�×
�� ÓÑÔ��Ø�¸ ÒÓÙ× �ÚÓÒ× �Ó�×� ÙÒ �ÓÑ��Ò� �ÓÖÒ� �Ø � �ÖÓÒØ��Ö� Ö��ÙÐ��Ö�
´��ÙÖ� ½º¾µ �

Ω = B(0, R) \ (B(P+, ε) ∪B(P−, ε))

�Ú� B(a, r) ´Ö�×Ô�Ø�Ú�Ñ�ÒØ B(a, r)µ Ð� �ÓÙÐ� ÓÙÚ�ÖØ� ´Ö�×Ô�Ø�Ú�Ñ�ÒØ ��Ö¹
Ñ��µ �� �ÒØÖ� a �Ø �� Ö�ÝÓÒ rº Ä�× ��ÙÜ ÔÓ�ÒØ× ÓÒ×Ø�ØÙ�ÒØ Ð� ×ÓÙÖ� ��
�Ö�Ò�¹Ê��� ×ÓÒØ Ð�× ÔÓ�ÒØ× P+ = (1, 0) �Ø P− = (−1, 0)º ÈÓÙÖ ÕÙ� � �Ó¹
Ñ��Ò� ×Ó�Ø ���Ò ���Ò� �Ø ÓÒÒ�Ü�¸ ÓÒ �ÑÔÓ×� �ÙÜ Ô�Ö�Ñ�ØÖ�× R �Ø ε Ð�× �ÓÖÒ�×
R > 2 �Ø 0 < ε < 1º ÈÓÙÖ Ó�Ø�Ò�Ö Ð� �ÓÑ��Ò� �³�ØÙ�� ����Ð ÔÓÙÖ Ð� ×ÓÙÖ� ��
�Ö�Ò�¹Ê���¸ � ×�ÚÓ�Ö Ð� �ÓÑ��Ò� R2 \{P−, P+}¸ �Ð ��ÙØ ÓÒ×���Ö�Ö Ð�× Ð�Ñ�Ø�×
R → ∞ �Ø ε → 0º Ë³�Ð �×Ø �ÒÚ�×�����Ð� ÕÙ� Ð�× Ö�×ÙÐØ�Ø× ��ÑÓÒØÖ�× ��Ò×
� ��Ô�ØÖ� Ö�×Ø�ÒØ Ú�Ð��Ð�× ÔÓÙÖ � �ÓÑ��Ò� Ð�Ñ�Ø�¸ Ð�× �×Ø�Ñ�Ø�ÓÒ× ÙØ�Ð�×��×
��Ò× Ð�× ÔÖ�ÙÚ�× ×ÓÒØ �ÓÖØ�Ñ�ÒØ ��Ô�Ò��ÒØ�× �Ù �ÓÑ��Ò�¸ ³�×Ø ÔÓÙÖÕÙÓ�
Ð³�ÜØ�Ò×�ÓÒ �� ÒÓ× Ö�×ÙÐØ�Ø× � R2 \ {P−, P+} Ò³�×Ø Ô�× ×�ÑÔÐ� � ÔÖ�ÓÖ�º

x

−−

= 0
+

2π
u+ θ +θ   −

QP−
P+

θ (x) θ (x)− +

������ ½º¾ � �ÓÑ��Ò� Ω ÔÓÙÖ Ð³�ØÙ�� �� Ð� ×ÓÙÖ� �� �Ö�Ò�¹Ê���
º

Ä³�ÕÙ�Ø�ÓÒ �Ù ÑÓ��Ð� �ÔÔÖÓ�� �×Ø Ð� ×Ù�Ú�ÒØ� �










ut = Δu−W ′

�

u+
θ+ − θ−

2π

�

+ σ ÔÓÙÖ x ∈ Ω

∂u

∂n
= 0 ÔÓÙÖ x ∈ ∂Ω

´½º¾¼µ

�Ø Ð� �ÓÒØ�ÓÒ W Ú�Ö��� Ð�× �ÝÔÓØ��×�×
�

W ∈ C2(R)
W (v + k) = W (v) ÔÓÙÖ k ∈ Z

. ´½º¾½µ
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Ä³�ÕÙ�Ø�ÓÒ ´½º¾¼µ �×Ø ÙÒ� �ÕÙ�Ø�ÓÒ Ô�Ö��ÓÐ�ÕÙ� �� ØÝÔ� �ÕÙ�Ø�ÓÒ �� ��ÑÔ ��

Ô��×� Ó� Ð� �ÓÒØ�ÓÒ v = u+
θ+ − θ−

2π
Ö�ÔÖ�×�ÒØ� Ð� ��×Ø�Ò� ´��Ò× Ð� ��Ö�Ø�ÓÒ

�Ù Ú�Ø�ÙÖ �� �ÙÖ��Ö× �� Ð� ��×ÐÓ�Ø�ÓÒµ �ÒØÖ� Ð� ÔÓ×�Ø�ÓÒ ��× �ØÓÑ�× �Ù
Ö�×��Ù Ö�×Ø�ÐÐ�Ò �Ø Ð�ÙÖ ÔÓ×�Ø�ÓÒ ��Ò× Ð� ÓÒ��ÙÖ�Ø�ÓÒ �� ��×�º Ä� �ÓÒØ�ÓÒ W
Ö�ÔÖ�×�ÒØ� ÙÒ ÔÓØ�ÒØ��Ð �Ð�ØÖÓÒ�ÕÙ�¸ �Ø Ð� Ô�Ö�Ó���Ø� �� W ′ ÓÖÖ�×ÔÓÒ� � �ÐÐ�
�Ù Ö�×��Ù Ö�×Ø�ÐÐ�Ò � Ð� ÓÒØÖ��ÒØ� ×ÙÔÔÐ�Ñ�ÒØ��Ö� �Ù×�� Ô�Ö Ð� ��ÔÐ��Ñ�ÒØ
�Ù Ö�×��Ù Ò� ��Ô�Ò� ÕÙ� �� Ð� Ú�Ð�ÙÖ �� v ÑÓ�ÙÐÓ 1º Ä� ×�Ð��Ö� σ ≥ 0
Ö�ÔÖ�×�ÒØ� ÙÒ� ×ÓÐÐ��Ø�Ø�ÓÒ �ÜØ�Ö��ÙÖ�º ��Ò× Ð� Ð�Ñ�Ø� Ó� Ð� ÔÓØ�ÒØ��Ð W �×Ø
�� ÔÐÙ× �Ò ÔÐÙ× Ô�ÕÙ�¸ �ØØ� �ÕÙ�Ø�ÓÒ �ÓÒÒ� Ð³�ÚÓÐÙØ�ÓÒ ��× ��×ÐÓ�Ø�ÓÒ× �ÙØÓÙÖ
�� Ð� ×ÓÙÖ� �� �Ö�Ò�¹Ê���º ÈÐÙ× ÔÖ��×�Ñ�ÒØ¸ �Ú� ÙÒ ÔÓØ�ÒØ��Ð ÔÓÙÖ Ð�ÕÙ�Ð
W ′ ��Ú��ÒØ ØÖ�× �Ö�Ò� �Ò ���ÓÖ× ��× Ú�Ð�ÙÖ× �ÒØ��Ö�×¸ Ð�× Ð��Ò�× �� Ò�Ú��Ù
�

u = n+
1

2

�

´�Ú� n ∈ Zµ �ÓÒÒ�ÒØ Ð³�ÚÓÐÙØ�ÓÒ ��× ÔÓ×�Ø�ÓÒ× ��× ��×ÐÓ�Ø�ÓÒ×

�Ù ÓÙÖ× �� Ø�ÑÔ×º
Ä³Ó���Ø �� � ��Ô�ØÖ� �×Ø Ð� Ö���Ö�� �� ×ÓÐÙØ�ÓÒ× �Ý�ÒØ ÙÒ Ö���Ñ� Ô�Ö¹

Ñ�Ò�ÒØº Ä� �ÓÑ��Ò� Ø�ÑÔÓÖ�Ð Ò�ØÙÖ�Ð �� �× ×ÓÐÙØ�ÓÒ× �×Ø Rº ÈÓÙÖ Ó�Ø�Ò�Ö �×
×ÓÐÙØ�ÓÒ×¸ ÒÓÙ× �ØÙ���ÖÓÒ× Ð� ÔÖÓ�Ð�Ñ� �� ��Ù�Ý ÔÓÙÖ Ð³�ÕÙ�Ø�ÓÒ ´½º¾¼µº ÇÒ
ÓÒ×���Ö�Ö� �ÓÒ ��Ò× � �× Ð� �ÓÑ��Ò� Ø�ÑÔÓÖ�Ð [0,+∞)¸ �Ú� Ð� ÓÒ��Ø�ÓÒ
�Ò�Ø��Ð�

u(x, 0) = u0(x) ÔÓÙÖ x ∈ Ω. ´½º¾¾µ

ÇÒ ��Ö�� �ÓÒ � ÑÓÒØÖ�Ö Ð³�Ü�×Ø�Ò� �� ×ÓÐÙØ�ÓÒ× �Ý�ÒØ ÙÒ Ö���Ñ� Ô�Ö¹
Ñ�Ò�ÒØ¸ ³�×Ø¹�¹��Ö� ÔÐÙ× ÔÖ��×�Ñ�ÒØ ��× ×ÓÐÙØ�ÓÒ× ×�Ø�×���×�ÒØ¸ ÔÓÙÖ ÙÒ �Ö¹
Ø��Ò T > 0¸

u(x, t+ T ) = u(x, t) + 1 ÔÓÙÖ ØÓÙØ x ∈ Ω, t ∈ R. ´½º¾¿µ

ÇÒ ÕÙ�Ð��� �ØØ� ÔÖÓÔÖ��Ø� �� ÔÖÓÔÖ��Ø� �� Ö���Ñ� Ô�ÖÑ�Ò�ÒØ �Ö �ÒØÖ� ��×
Ø�ÑÔ× t �Ø t+ T ¸ Ð� ×ÓÐÙØ�ÓÒ Ò³�×Ø ÑÓ����� ÕÙ� Ô�Ö ÙÒ� ØÖ�Ò×Ð�Ø�ÓÒ �ÒØ��Ö�º
ÇÖ¸ ÔÓÙÖ � ÑÓ��Ð� �� ��ÑÔ �� Ô��×� Ð� ÓÒØÖ��ÒØ� W ′ Ò� ��Ô�Ò� ÕÙ� �� Ð�
Ô�ÖØ�� �Ö�Ø�ÓÒÒ��Ö� �� u¸ �Ø ��Ò× Ð� Ð�Ñ�Ø� �³ÙÒ ÔÓØ�ÒØ��Ð W Ô�ÕÙ� �ÓÒÒ�ÒØ Ð�
ÓÑÔÓÖØ�Ñ�ÒØ ��× ��×ÐÓ�Ø�ÓÒ× �ÙØÓÙÖ �� Ð� ×ÓÙÖ� �� �Ö�Ò�¹Ê���¸ Ð� ÔÓ×�Ø�ÓÒ
��× ��×ÐÓ�Ø�ÓÒ× Ò� ��Ô�Ò� �ÐÐ� �Ù××� ÕÙ� �� Ð� Ô�ÖØ�� �Ö�Ø�ÓÒÒ��Ö� �� uº
�Ò ÓÒ×�ÕÙ�Ò�¸ ÔÓÙÖ � ØÝÔ� �� ×ÓÐÙØ�ÓÒ¸ ÙÒ� ØÖ�Ò×Ð�Ø�ÓÒ Ø�ÑÔÓÖ�ÐÐ� �³ÙÒ�
Ô�Ö�Ó�� Ò� ÑÓ���� Ô�× Ð�× ÔÖÓÔÖ��Ø�× �� Ð� ×ÓÐÙØ�ÓÒ �Ø ÔÖ�×�ÖÚ� �Ò Ô�ÖØ�ÙÐ��Ö
Ð³�ÒØ�ÖÔÖ�Ø�Ø�ÓÒ Ô�Ý×�ÕÙ�º

ÈÓÙÖ ÓÒ×ØÖÙ�Ö� �× ×ÓÐÙØ�ÓÒ× ÔÓ××���ÒØ ÙÒ Ö���Ñ� Ô�ÖÑ�Ò�ÒØ¸ ÓÒ ÓÒ×��¹
�Ö� Ð� ÓÑÔÓÖØ�Ñ�ÒØ �Ò Ø�ÑÔ× ÐÓÒ� ��× ×ÓÐÙØ�ÓÒ× �Ù ÔÖÓ�Ð�Ñ� �� ��Ù�Ý ´½º¾¼µ¸´½º¾¾µº
ÈÓÙÖ �Ð�¸ ÓÒ ÑÓÒØÖ� Ð³�Ü�×Ø�Ò� �� �ÓÖÒ�× ÔÓÙÖ �× ×ÓÐÙØ�ÓÒ× ��Ò× Ð� Ø��ÓÖ�Ñ� ½º�º

Ì��ÓÖ�Ñ� ½º�º �ÓÒØÖ�Ð� �� Ð� ×ÓÐÙØ�ÓÒ �� ÔÖÓ�Ð�Ñ� �� ��Ù�Ý ËÓ�Ø
u Ð� ×ÓÐÙØ�ÓÒ �Ù ÔÖÓ�Ð�Ñ� �� ��Ù�Ý ´½º¾¼µ¸´½º¾¾µ �Ú� ÓÒ��Ø�ÓÒ �Ò�Ø��Ð�
u0 = 0º ÈÓÙÖ ØÓÙØ σ ∈ R¸ �Ð �Ü�×Ø� ÙÒ ÙÒ�ÕÙ� ×�Ð��Ö� ω ∈ R Ø�Ð ÕÙ³�Ð �Ü�×Ø�
C ∈ R Ø�Ð ÕÙ�

|u(x, t)− ωt| ≤ C. ´½º¾�µ
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��Ø �Ò��Ö�Ñ�ÒØ Ô�ÖÑ�Ø �� ÑÓÒØÖ�Ö Ð³�Ü�×Ø�Ò� �³ÙÒ Ö���Ñ� Ô�ÖÑ�Ò�ÒØ �

Ì��ÓÖ�Ñ� ½º�º �Ü�×Ø�Ò� �³ÙÒ Ö���Ñ� Ô�ÖÑ�Ò�ÒØ
��Ò× Ð� �× Ó� ω �= 0¸ �Ð �Ü�×Ø� ÙÒ� ×ÓÐÙØ�ÓÒ u �� ´½º¾¼µ ×�Ø�×���×�ÒØ

u(x, t+ T ) = u(x, t) + 1 ÔÓÙÖ ØÓÙØ x ∈ Ω, t ∈ R ´½º¾�µ

�Ú� ÙÒ� Ô�Ö�Ó�� Ø�ÑÔÓÖ�ÐÐ� T = 1
ω º

�� ÔÐÙ×¸ �ØØ� ×ÓÐÙØ�ÓÒ u �×Ø ×ØÖ�Ø�Ñ�ÒØ ÖÓ�××�ÒØ� �Ø ÙÒ�ÕÙ� � ØÖ�Ò×Ð�Ø�ÓÒ
�Ò Ø�ÑÔ× ÔÖ�×º
��Ò× Ð� �× Ó� ω = 0¸ �Ð �Ü�×Ø� ÙÒ� ×ÓÐÙØ�ÓÒ ×Ø�Ø�ÓÒÒ��Ö� u �� ´½º¾¼µ ×ÙÖ
Ω×Rº

ÁÐ �×Ø ���Ð�Ñ�ÒØ ÔÓ××��Ð� �� ÑÓÒØÖ�Ö ÕÙ� Ð� Ô�ÒØ� ω ´ÕÙ� ÓÖÖ�×ÔÓÒ�
Ô�Ý×�ÕÙ�Ñ�ÒØ � Ð� �Ö�ÕÙ�Ò� �� Ö��Ø�ÓÒ �� ��×ÐÓ�Ø�ÓÒ× Ô�Ö Ð� ×ÓÙÖ�µ �×Ø
ÙÒ� �ÓÒØ�ÓÒ ÖÓ�××�ÒØ� �� Ð� ÓÒØÖ��ÒØ� �ÜØ�Ö��ÙÖ� σº

Ì��ÓÖ�Ñ� ½º�º ÅÓÒÓØÓÒ��Ø� �� ω
Ä� �Ö�ÕÙ�Ò� ω �×Ø ÙÒ� �ÓÒØ�ÓÒ ÖÓ�××�ÒØ� �� σº

Ä³���� �� Ð³�Ü�×Ø�Ò� �� ����ÙØ× �Ý�ÒØ �ØØ� ×ØÖÙØÙÖ� �� ��×ÐÓ�Ø�ÓÒ ��Ò×
Ð�× ×ÓÐ���× Ö�×Ø�ÐÐ�Ò× �ÙØ ÔÖ�×�ÒØ�� �Ò ½�¼� Ô�Ö ÎÓÐØ�ÖÖ� ´ÚÓ�Ö �¿�℄ ÔÓÙÖ ÙÒ�
Ö���Ö�Ò� �Ò �Ö�Ò���×¸ Ð� ÓÒ×ØÖÙØ�ÓÒ �� ��×ÐÓ�Ø�ÓÒ× Ô�Ö Ð� Ñ�Ø�Ó�� ��Ø� ��
ÎÓÐØ�ÖÖ� �×Ø ��Ö�Ø� ��Ò× Ð� ��Ô�ØÖ� ¾µº �Ò ½�¿�¸ ÇÖÓÛ�Ò ´�¾¿℄µ¸ ÈÓÐ�ÒÝ� ´�¾�℄µ
�Ø Ì�ÝÐÓÖ ´�¿¾℄µ �ÜÔÐ�ÕÙ�ÒØ ÔÖ�×ÕÙ� ×�ÑÙÐØ�Ò�Ñ�ÒØ¸ �Ø �Ò��Ô�Ò��ÑÑ�ÒØ¸ Ð�
Ñ��Ò�×Ñ� ��× ���ÓÖÑ�Ø�ÓÒ× ÔÐ�×Ø�ÕÙ�× ��Ò× Ð�× Ö�×Ø�ÙÜ Ô�Ö Ð� ��ÔÐ��Ñ�ÒØ
�� ��×ÐÓ�Ø�ÓÒ×º Ä�× ÔÖ�Ñ��Ö�× Ó�×�ÖÚ�Ø�ÓÒ× �� ��×ÐÓ�Ø�ÓÒ× ÓÒØ �Ø� Ö��Ð�×��× �Ò
½��� Ô�Ö À�Ö×�¸ ÀÓÖÒ�¸ Ï��Ð�Ò ´�½�℄µ �Ø �ÓÐÐÑ�ÒÒ ´��℄µº Ä� Ñ��Ò�×Ñ� �� Ð�
×ÓÙÖ� �� �Ö�Ò�¹Ê��� � �Ø� ÔÖ�×�ÒØ� �Ò ½��¼ Ô�Ö �Ö�Ò� �Ø Ê��� ´�½¾℄¸�½¿℄µº Ä�
×ÓÙÖ� �� �Ö�Ò�¹Ê��� �×Ø Ð� ÔÖ�Ò�Ô�Ð Ñ��Ò�×Ñ� �� Ö��Ø�ÓÒ �� ��×ÐÓ�Ø�ÓÒ×
�Ø � ���Ø Ð³Ó���Ø �³�ØÙ��× ×ÙÖ Ð� ÔÐ�Ò �ÜÔ�Ö�Ñ�ÒØ�Ð ´ÚÓ�Ö Ô�Ö �Ü�ÑÔÐ� �¾¼℄¸�¾½℄µ
�Ø ×ÙÖ Ð� ÔÐ�Ò Ø��ÓÖ�ÕÙ�º

Ä�× �ØÙ��× Ø��ÓÖ�ÕÙ�× �� Ð� ×ÓÙÖ� �� �Ö�Ò�¹Ê��� ×� ×ÓÒØ ���ÙÓÙÔ �Ø¹
Ø����× �Ù �ÐÙÐ ��× �ÓÖ�× ×³�Ü�Ö��ÒØ ×ÙÖ ÙÒ� ��×ÐÓ�Ø�ÓÒ ÔÓ××���ÒØ ÙÒ ÔÓ�ÒØ
�³�ØØ��� ´��℄µ �Ø � Ð� ��Ø�ÖÑ�Ò�Ø�ÓÒ �� Ð� ÓÒØÖ��ÒØ� Ö�Ø�ÕÙ� ��Ð�Ò��ÒØ Ð�
Ö��Ø�ÓÒ �� ��×ÐÓ�Ø�ÓÒ× ´�¿½℄¸�½¼℄µº ��Ò× Ð� ��Ô�ØÖ� �¸ ÒÓØÖ� �Ñ��Ø�ÓÒ �×Ø
����Ö�ÒØ� �Ö ÒÓÙ× ��Ö�ÓÒ× � ��Ø�ÖÑ�Ò�Ö Ð�× �Ö�Ø�Ö�×Ø�ÕÙ�× �³ÙÒ Ö���Ñ�
Ô�ÖÑ�Ò�ÒØ �� Ö��Ø�ÓÒ �� ��×ÐÓ�Ø�ÓÒ×¸ � ÕÙ� Ò³� Ô�× �Ø� ���Ø � ÒÓØÖ� ÓÒÒ��×¹
×�Ò�¸ ��Ò× Ð� ��Ö� �³ÙÒ� �ÔÔÖÓ�� �� ØÝÔ� ��ÑÔ �� Ô��×� �Ú� ÙÒ �ÓÑ��Ò�
Ö��ÙÐ��Ö ÕÙ� Ö��Ù�Ø Ð�× ���ÙÐØ�× Ø��Ò�ÕÙ�×º Ä�× ���ÙÐØ�× ÕÙ� �ÔÔ�Ö��××�ÒØ
��Ò× Ð³�ØÙ�� �� ��×ÐÓ�Ø�ÓÒ× �ØØ����× �Ò ÙÒ ÔÓ�ÒØ ��Ò× ÙÒ �ÓÑ��Ò� ÒÓÒ
�ÓÖÒ� ×ÓÒØ Ô�Ö �Ü�ÑÔÐ� ØÖ��Ø��× Ô�Ö �ÓÖ���Ð¸ ÁÑ��ÖØ �Ø ÅÓÒÒ��Ù ��Ò× �¾℄
ÔÓÙÖ Ð� �× �� Ð³�ÚÓÐÙØ�ÓÒ �³ÙÒ� ×Ô�Ö�Ð�º ��Ò× Ð� �× �� �ÓÑ��Ò�× �ÓÖÒ�×¸
Ë�ØÓ �Ø ���� ��Ò× �¿℄¸ �¾�℄ �Ø ��℄ �ØÙ���ÒØ Ð³�ÚÓÐÙØ�ÓÒ �� ��×ÐÓ�Ø�ÓÒ× �Ú� ��×
ÓÒ��Ø�ÓÒ× �ÙÜ Ð�Ñ�Ø�× �� ØÝÔ� Æ�ÙÑ�ÒÒº ��× �ØÙ��× ×Ù���Ö�ÒØ ��× ÚÓ��× ��
ÔÖÓÐÓÒ��Ñ�ÒØ ÔÓ××��Ð�× �� ÒÓØÖ� Ö���Ö��º



¾� �������� �� ������������

��× �ÔÔÖÓ��× �� ØÝÔ� ��ÑÔ �� Ô��×�× ÔÓÙÖ Ð�× ��×ÐÓ�Ø�ÓÒ× ÓÒØ �Ø�
ÔÖÓÔÓ×��× ��Ò× �½¿℄¸ ��℄¸ �½�℄ �Ø �½�℄º ÇÒ Ô�ÙØ ×� Ö���Ö�Ö � �¾�℄ Ó� � �¾¾℄
ÔÓÙÖ ��× �Ò�ÐÝ×�× �� ÓÑÔÓÖØ�Ñ�ÒØ× Ð�Ñ�Ø�× �� �× ÑÓ��Ð�× �� ��ÑÔ ��
Ô��×�¸ Ð� ÓÑÔÓÖØ�Ñ�ÒØ Ð�Ñ�Ø� �Ø�ÒØ ÙÒ �ÖÓÒØ ×� ��ÔÐ���ÒØ �Ú� ÙÒ� Ú�Ø�××�
ÔÖÓÔÓÖØ�ÓÒÒ�ÐÐ� � ×� ÓÙÖ�ÙÖ� ÑÓÝ�ÒÒ� ÔÐÙ× ÙÒ� ÓÒ×Ø�ÒØ�º

ÈÓÙÖ ÔÖÓÙÚ�Ö Ð�× Ø��ÓÖ�Ñ�× ½º�¸ ½º� �Ø ½º�¸ ÓÒ Ô�ÙØ �³��ÓÖ� ��ÖÑ�Ö ÕÙ�
Ð� ÔÖÓ�Ð�Ñ� �� ��Ù�Ý ´½º¾¼µ¸´½º¾½µ ��Ñ�Ø ÙÒ� ÙÒ�ÕÙ� ×ÓÐÙØ�ÓÒ �Ø ÕÙ� �ÐÐ�¹
� �×Ø ×Ù�×�ÑÑ�ÒØ Ö��ÙÐ��Ö�º Ä� ÔÖ�Ò�Ô�Ð� ���ÙÐØ� �� Ð� ��ÑÓÒ×ØÖ�Ø�ÓÒ
�Ù Ø��ÓÖ�Ñ� ½º� �×Ø Ð³�Ò��Ö�Ñ�ÒØ ��× Ó×�ÐÐ�Ø�ÓÒ× ×Ô�Ø��Ð�× �� Ð� ×ÓÐÙØ�ÓÒº
ÈÓÙÖ �Ð�¸ ÓÒ �ØÙ��� ×�ÙÐ�Ñ�ÒØ Ð�× Ó×�ÐÐ�Ø�ÓÒ× �� Ð� ×ÓÐÙØ�ÓÒ¸ ³�×Ø¹�¹��Ö� Ð�
����Ö�Ò� �ÒØÖ� Ð� ×ÓÐÙØ�ÓÒ �Ø ×� Ú�Ð�ÙÖ ÑÓÝ�ÒÒ�º ÇÒ �Ö�Ø Ð³�ÕÙ�Ø�ÓÒ Ú�Ö����
Ô�Ö �ØØ� ����Ö�Ò�¸ �Ø ÓÒ �ÜÔÖ�Ñ� Ð� ×ÓÐÙØ�ÓÒ �� �ØØ� �ÕÙ�Ø�ÓÒ Ô�Ö Ð� �ÓÖ¹
ÑÙÐ� �� �Ù��Ñ�Ðº ÇÒ �Ò��Ö� �Ò×Ù�Ø� Ð³�ÒØ��Ö�Ò�� �Ò ÙØ�Ð�×�ÒØ ��× �Ð�Ñ�ÒØ×
�³�Ò�ÐÝ×� ×Ô�ØÖ�Ð� �Ø ÙÒ Ö�×ÙÐØ�Ø �³�×Ø�Ñ�Ø�ÓÒ �ÒØ�Ö��ÙÖ�¸ ÔÓÙÖ �Ò�Ð�Ñ�ÒØ
�ÓÖÒ�Ö Ð�× Ó×�ÐÐ�Ø�ÓÒ× �� Ð� ×ÓÐÙØ�ÓÒ �Ò��Ô�Ò��ÑÑ�ÒØ �Ù Ø�ÑÔ×º ÇÒ Ó�Ø��ÒØ
�Ò×Ù�Ø� Ð³�Ò��Ö�Ñ�ÒØ ´½º¾�µ �Ò ÓÒ×ØÖÙ�×�ÒØ ��× Ô�ÒØ�× �Ò����Ø�× ω+(τ) �Ø
ω−(τ) ÔÓÙÖ τ > 0 Ø�ÐÐ�× ÕÙ� ÔÓÙÖ ØÓÙØ t > 0¸

ω−(τ)τ ≤ u(0, t+ τ)− u(0, t) ≤ ω+(τ)τ.

ÇÒ ÑÓÒØÖ� �Ò×Ù�Ø� ÕÙ� �× ��ÙÜ �ÓÒØ�ÓÒ ω+ �Ø ω− ÓÒØ Ð� Ñ�Ñ� Ð�Ñ�Ø� ω
��Ò× Ð� Ð�Ñ�Ø� τ → +∞¸ ÔÙ�× ÕÙ� �ØØ� Ð�Ñ�Ø� ω Ú�Ö��� Ð� ÔÖÓÔÖ��Ø� ´½º¾�µº

ÈÓÙÖ ��ÑÓÒØÖ�Ö Ð� Ø��ÓÖ�Ñ� ½º�¸ ÓÒ ��×Ø�Ò�Ù� Ð�× �× ω = 0 �Ø ω �= 0º
ÉÙ�Ò� ω �= 0¸ Ð� ×ÓÐÙØ�ÓÒ u �×Ø Ó�Ø�ÒÙ� �Ò ÓÒ×���Ö�ÒØ Ð� ÓÑÔÓÖØ�Ñ�ÒØ �Ò
Ø�ÑÔ× ÐÓÒ� ��× ×ÓÐÙØ�ÓÒ× �Ù ÔÖÓ�Ð�Ñ� �� ��Ù�Ýº Ä� Ø��ÓÖ�Ñ� ½º� Ô�ÖÑ�Ø
�� �ÓÒÒ�Ö ÙÒ ×�Ò× � � ÓÑÔÓÖØ�Ñ�ÒØ �Ò Ø�ÑÔ× ÐÓÒ� ÓÑÑ� Ð�Ñ�Ø� �� ØÖ�Ò×¹
Ð�Ø��× �� Ð� ×ÓÐÙØ�ÓÒ �Ù ÔÖÓ�Ð�Ñ� �� ��Ù�Ý �Ò ÔÐ���ÒØ �× ØÖ�Ò×Ð�Ø��× ��Ò×
ÙÒ �×Ô�� ÓÑÔ�Øº ÇÒ ÑÓÒØÖ� �Ò×Ù�Ø� ÕÙ� Ð� Ð�Ñ�Ø� u ×�Ø�×���Ø Ð� ÔÖÓÔÖ��Ø�
�� Ö���Ñ� Ô�ÖÑ�Ò�ÒØ �Ò ÓÒ×���Ö�ÒØ Ð�× ØÖ�Ò×Ð�Ø��× ub = u(·+b)−1 �Ø �Ò Ð�×
ÓÑÔ�Ö�ÒØ � u Ô�Ö Ð� ÔÖ�Ò�Ô� �� Ñ�Ü�ÑÙÑ �ÓÖØº ��ØØ� Ñ�Ø�Ó�� �� ��ÑÓÒ¹
×ØÖ�Ø�ÓÒ¸ �ÔÔ�Ð�� �×Ð���Ò� Ñ�Ø�Ó��¸ � �Ø� ��Ö�Ø� Ô�Ö ��Ö�×ØÝ�� �Ø Æ�Ö�Ò��Ö�
��Ò× �½℄º Ä� ÑÓÒÓØÓÒ�� �� u �Ø ×ÓÒ ÙÒ��Ø� ×ÓÒØ ���Ð�Ñ�ÒØ Ó�Ø�ÒÙ�× Ô�Ö Ð�
×Ð���Ò� Ñ�Ø�Ó�º

ÉÙ�Ò� ω = 0¸ ÓÒ Ô�ÙØ ÑÓÒØÖ�Ö Ð³�Ü�×Ø�Ò� �³ÙÒ� ×ÓÐÙØ�ÓÒ ×Ø�Ø�ÓÒÒ��Ö�
Ô�Ö ÙÒ �Ö�ÙÑ�ÒØ �³�Ò�Ö���º �Ò ���Ø¸ ÓÒ Ô�ÙØ �Ü����Ö ÙÒ� �Ò�Ö��� E(u) Ø�ÐÐ�
ÕÙ� E ≥ 0 �Ø Ø�ÐÐ� ÕÙ� E(u(·, t)) �×Ø ÙÒ� �ÓÒØ�ÓÒ ��ÖÓ�××�ÒØ� �� t ×� u
�×Ø ×ÓÐÙØ�ÓÒ �� ´½º¾¼µº ÇÒ �Ò ���Ù�Ø �Ò×Ù�Ø� ÕÙ³ÙÒ� Ú�Ð�ÙÖ �³����Ö�Ò� �Ò
Ø�ÑÔ× ÐÓÒ� �� Ð� ×ÓÐÙØ�ÓÒ �Ù ÔÖÓ�Ð�Ñ� �� ��Ù�Ý u∞ = lim

n→∞
u(·, tn) ´�Ú�

tn → +∞µ �×Ø ÙÒ� ×ÓÐÙØ�ÓÒ ×Ø�Ø�ÓÒÒ��Ö� �� ´½º¾¼µº
ÈÓÙÖ �Ò�Ö¸ Ð� Ø��ÓÖ�Ñ� ½º� ��ÓÙÐ� ��Ö�Ø�Ñ�ÒØ �Ù ÔÖ�Ò�Ô� �� ÓÑÔ�Ö�¹

�×ÓÒº



���Ð�Ó�Ö�Ô���

�½℄ Àº ��Ö�×ØÝ��¸ Äº Æ�Ö�Ò��Ö�¸ ÇÒ Ø�� Ñ�Ø�Ó� Ó� ÑÓÚ�Ò� ÔÐ�Ò�× �Ò� Ø��
×Ð���Ò� Ñ�Ø�Ó�¸ �ÓÐº ËÓº �Ö�×º Å�Øº ¾¾ ´½��½µ¸ ½�¿�º

�¾℄ Àº ��Ö�×ØÝ��¸ �º À�Ñ�Ð¸ �ÖÓÒØ ÔÖÓÔ���Ø�ÓÒ �Ò Ô�Ö�Ó�� �Ü�Ø��Ð� Ñ����¸
�ÓÑÑº ÈÙÖ� �ÔÔÐº Å�Ø�º¸ �� ´¾¼¼¾µ¸ ÒÓº �¸ ����½¼¿¾º

�¿℄ Ìº �Ð�××¸ Êº �� Ä� ÄÐ�Ú�¸ �º Î�Ð��ÒÓ�¸ � ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� �ÓÖ �
ËÓ�ÓÐ�Ú �Ö����ÒØ ×�Ñ�¹�ÓÛ¸ �ÓÑÑÙÒº ÈÙÖ� �ÔÔÐº �Ò�Ðº ½¼ ´¾¼½½µ¸ ÒÓº ½¸
����½º

��℄ Ïº �ÓÐÐÑ�ÒÒ¸ ÁÒØ�Ö��Ö�Ò� ���Ø× �Ò Ø�� �Ð�ØÖÓÒ Å�ÖÓ×ÓÔÝ Ó� Ì��Ò
�ÖÝ×Ø�Ð �Ó�Ð×¸ È�Ý×º Ê�Úº ½¼¿ ´½���µ¸ ½����½���º

��℄ Äº ����Ö�ÐÐ�¸ Êº �� Ä� ÄÐ�Ú�¸ ÈÐ�Ò�¹Ð���¹Ñ�Ò�Ñ�Þ�Ö× �Ò Ô�Ö�Ó�� Ñ����¸
�ÓÑÑÙÒº ÈÙÖ� �ÔÔÐº Å�Ø�º �� ´¾¼¼½µ¸ ÒÓº ½¾¸ ½�¼¿�½��½º

��℄ Âº �º ��ÑÔ��ÐÐ¸ Âº �º Ë�ÑÑÓÒ×¸ Âº �º �ÓÖÒ¸ ÇÒ Ø�� �ÝÒ�Ñ� ����Ú�ÓÖ
Ó� � �Ö�Ò�¹Ê��� ×ÓÙÖ�¸ ÌÖ�Ò×º �ËÅ� Ë�Öº �º Âº �ÔÔÐº Å��º ¾� ´½��½µ¸
������¿º

��℄ �º ��Ú�Ð�¸ ÈÐ�Ò�¹Ð��� Ñ�Ò�Ñ�Þ�Ö× �ÓÖ �Ò �Ö��¹��Ö��Ð�Ø �ÒØ��Ö�Ð¸ �Ö�º Ê�¹
Ø�ÓÒ�Ð Å��º �Ò�Ðº ¾¼� ´¾¼½¿µ¸ ��¿����º

��℄ Êº �� Ä� ÄÐ�Ú�¸ �º Î�Ð��ÒÓ�¸ � ��Ò�Ö�Ð�Þ�Ø�ÓÒ Ó� �Ù�ÖÝ¹Å�Ø��Ö Ø��ÓÖÝ
ØÓ Ô�ÖØ��Ð ����Ö�ÒØ��Ð �ÕÙ�Ø�ÓÒ× �Ò� Ô×�Ù�Ó¹����Ö�ÒØ��Ð �ÕÙ�Ø�ÓÒ×¸ �ÒÒ�Ð�×
�� Ð³ÁÒ×Ø�ØÙØ À�ÒÖ� ÈÓ�Ò�Ö� ´�µ ÆÓÒ Ä�Ò��Ö �Ò�ÐÝ×�× ¾� ´¾¼¼�µ¸ ÒÓº �¸
½¿¼��½¿��º

��℄ Êº �º ��×��Ö¸ ÊÓÒ�Ð� �ÝÑÐ�Ö¸ Ì�� ��Ú�Ò� Ó� ��Ú�ÒØ���ÓÙ× ��Ò�× �ÒÒº
�Ù��Ò�×¸ � ´½�¿�µ¸ ¿¿��¿��º

�½¼℄ Ëº Èº ��ØÞ��Ö�Ð�¸ �Ö�Ò�¹Ê��� ×ÓÙÖ�× �Ò� Ø�� Ý��Ð� Ó� �Ò�×ÓØÖÓÔ� Ù��
ÖÝ×Ø�Ð×¸ È��Ðº Å�� Ä�ØØ�Ö× �¼ ´¾¼½¼µ¸ ÒÓº ¿º

�½½℄ Æº �ÓÖ���Ð¸ �º ÁÑ��ÖØ¸ Êº ÅÓÒÒ��Ù¸ ÍÒ�ÕÙ�Ò�×× �Ò� �Ü�×Ø�Ò� Ó� ×Ô�Ö�Ð×
ÑÓÚ�Ò� �Ý �ÓÖ�� Ñ��Ò ÙÖÚ�ØÙÖ� ÑÓØ�ÓÒ ÁÒØ�Ö���× �Ò� �Ö�� �ÓÙÒ��Ö��×
½� ´¾¼½¾µ¸ ÒÓº ¿¸ ¿����¼¼º

�½¾℄ �º �º �Ö�Ò�¸ ÆÓØ� ÓÒ Ø�� ×ØÖÙØÙÖ� Ó� � ÖÝ×Ø�Ð ×ÙÖ���¸ È��Ð Å��º �½
´½��¼µ¸ ¾¼¼�¾¼�º

�½¿℄ �º �º �Ö�Ò�¸ Ïº Ìº Ê���¸ ÅÙÐØ�ÔÐ��Ø�ÓÒ ÔÖÓ�××�× �ÓÖ ×ÐÓÛ ÑÓÚ�Ò� ��×¹
ÐÓ�Ø�ÓÒ×¸ È�Ý×º Ê�Úº �� ´½��¼µ¸ �¾¾��¾¿º

¾�
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�½�℄ �º ����¸ Åº¹Àº Ë�ØÓ¸ ��Ò�Ö�Ð�Þ�� �ÒØ�Ö��� �ÚÓÐÙØ�ÓÒ Û�Ø� Ø�� Æ�ÙÑ�ÒÒ
�ÓÙÒ��ÖÝ ÓÒ��Ø�ÓÒ¸ ÈÖÓº Â�Ô�Ò ���º Ë�Öº � Å�Ø�º Ë�º �� ´½��½µ¸ ¾�¿�
¾��º

�½�℄ �º ����¸ Åº¹Àº Ë�ØÓ¸ Æ�ÙÑ�ÒÒ ÔÖÓ�Ð�Ñ �ÓÖ ×�Ò�ÙÐ�Ö ����Ò�Ö�Ø� Ô�Ö��ÓÐ�
�ÕÙ�Ø�ÓÒ×¸ ����Ö�ÒØ��Ð ÁÒØ��Ö�Ð �ÕÙ�Ø�ÓÒ× �¸ ÒÓº � ´½��¿µ¸ ½¾½��½¾¿¼º

�½�℄ �º �ÙÖÓØ¸ Ìº ��Ð�ØØ�¸ Àº Å�Ø�ÒÓ¸ �Ü�×Ø�Ò� �Ò� ÓÒÚ�Ö��Ò� ØÓ � ÔÖÓÔ¹
���Ø�Ò� Ø�ÖÖ�� �Ò ÓÒ�¹��Ñ�Ò×�ÓÒ�Ð Ö��Ø�ÓÒ¹���Ù×�ÓÒ �ÕÙ�Ø�ÓÒ×¸ ÔÖ�ÔÖ�ÒØ¸
�Ö��Ú �½¾¼¿º�¾¼�º

�½�℄ �º Æº ÃÓÐÑÓ�ÓÖÓÚ¸ Áº �º È�ØÖÓÚ×�Ý̧ Æº Ëº È�×�ÙÒÓÚ¸ �ØÙ�� �� Ð³�ÕÙ�Ø�ÓÒ
�� Ð� ���Ù×�ÓÒ �Ú� ÖÓ�××�Ò� �� Ð� ÕÙ�ÒØ�Ø� �� Ñ�Ø��Ö� �Ø ×ÓÒ �ÔÔÐ��¹
Ø�ÓÒ � ÙÒ ÔÖÓ�Ð�Ñ� ��ÓÐÓ��ÕÙ�¸ �ÙÐÐ�Ø�Ò ÍÒ�Ú�Ö×�Ø� �³�Ø�Ø � ÅÓ×ÓÙ ´��ÙÐº
ÅÓ×�ÓÛ×�Ó�Ó �Ó×º ÍÒ�Úºµ¸ ½�¿�¸ ÔÔº ½�¾�º

�½�℄ Èº �º À�Ö×�¸ Êº Ïº ÀÓÖÒ�¸ Åº Ëº Ï��Ð�Ò¸ ��Ö�Ø Ó�×�ÖÚ�Ø�ÓÒ× Ó� Ø�� �Ö¹
Ö�Ò��Ñ�ÒØ �Ò� ÑÓØ�ÓÒ Ó� ��×ÐÓ�Ø�ÓÒ× �Ò �ÐÙÑ�Ò�ÙÑ¸ È��Ðº Å��º ½ ´½���µ¸
�������º

�½�℄ Åº ÃÓ×ÐÓÛ×��¸ �º Åº �Ù�Ø�ÒÓ¸ Åº ÇÖØ�Þ¸ � Ô��×�¹��Ð� Ø��ÓÖÝ Ó� ��×ÐÓ�¹
Ø�ÓÒ �ÝÒ�Ñ�×¸ ×ØÖ��Ò ��Ö��Ò�Ò� �Ò� �Ý×Ø�Ö�×�× �Ò �ÙØ�Ð� ×�Ò�Ð� ÖÝ×Ø�Ð×¸
ÂÓÙÖÒ�Ð Ó� Ø�� Ñ���Ò�× �Ò� Ô�Ý×�× Ó� ×ÓÐ��× �¼ ´¾¼¼¾µ¸ ÒÓº ½¾¸ ¾����
¾�¿�º

�¾¼℄ �º Ëº Å���Ö�Ò¸ Ç�×�ÖÚ�Ø�ÓÒ Ó� �Ö�Ò�¹Ê��� ËÓÙÖ�× �Ò Ë�Ð�ÓÒ¸ ÂÓÙÖÒ�Ð Ó�
�ÔÔÐ��� È�Ý×�× ¿� ´½���µ¸ ½����½���º

�¾½℄ �º ÅÓÙÐ�Ò¸ Åº �ÓÒ��Ø¸ Äº Èº ÃÙ��Ò¸ Ë�ÑÙÐ�Ø�ÓÒ Ó� �Ö�Ò�¹Ê��� ×ÓÙÖ�×
�Ò ×�Ð�ÓÒ¸ �Ø� Å�Ø�Ö��Ð��¸ �� ´½���µ¸ ÒÓ �¸ ¾¿¿��¾¿��º

�¾¾℄ Âº ÆÓÖ�ÙÖÝ̧ Äº¹�º ���¸ ÁÒ�ÓÑÓ��Ò�ÓÙ× ��×Ø Ö��Ø�ÓÒ¸ ×ÐÓÛ ���Ù×�ÓÒ �Ò�
Û����Ø�� ÙÖÚ� ×�ÓÖØ�Ò�Ò�¸ ÆÓÒÐ�Ò��Ö�ØÝ ½� ´¾¼¼½µ¸ ������¾º

�¾¿℄ �º ÇÖÓÛ�Ò¸ �ÙÖ ÃÖ�×Ø�ÐÐÔÐ�×Ø�Þ�Ø�Ø¸ �º È�Ý×º �� ´½�¿�µ¸ �¼�����º

�¾�℄ Åº ÈÓÐ�ÒÝ� ���Ö ��Ò� �ÖØ ��ØØ�Ö×Ø�ÖÙÒ�¸ ��� ��Ò�Ò ÃÖ�×Ø�ÐÐ ÔÐ�×Ø�×�
Ñ���Ò ��ÒÒØ�¸ �º È�Ý×º¸ �� ´½�¿�µ¸ ��¼����º

�¾�℄ �º ÊÓ�Ò�Ý̧ �º Ä� �ÓÙ�Ö¸ �º ��Ò�Ð¸ È��×� ��Ð� Ñ�Ø�Ó�× �Ò� ��×ÐÓ�Ø�ÓÒ×¸
�Ø� Å�Ø�Ö��Ð�� �½ ´¾¼¼¿µ¸ ½��¿¼º

�¾�℄ Âº ÊÙ��Ò×Ø��Ò¸ Èº ËØ�ÖÒ��Ö�¸ Âº �º Ã�ÐÐ�Ö¸ ��×Ø Ö��Ø�ÓÒ¸ ×ÐÓÛ ���Ù×�ÓÒ¸
�Ò� ÙÖÚ� ×�ÓÖØ�Ò�Ò�¸ ËÁ�Å ÂÓÙÖÒ�Ð ÓÒ �ÔÔÐ��� Å�Ø��Ñ�Ø�× �Ö��Ú� ��
´½���µ¸ ÒÓ ½¸ ½½��½¿¿º

�¾�℄ Åº¹Àº Ë�ØÓ¸ ÁÒØ�Ö��� �ÚÓÐÙØ�ÓÒ Û�Ø� Æ�ÙÑ�ÒÒ �ÓÙÒ��ÖÝ ÓÒ��Ø�ÓÒ×¸
ÔÖ�ÔÖ�ÒØ ÀÓ�����Ó ÍÒ�Ú�Ö×�ØÝ ½�� ´½��¾µº

�¾�℄ Ë�Û�Ò��Ñ�Ò¸ �ºÏº¸ �� �����Ö ÓÖ��Ö �Ó�ÙÒÓÚ Ñ�Ø�Ó� �ÓÖ Ø�� �ÝÔ�Ö¹
�ÓÐ� �ÕÙ�Ø�ÓÒ× ÑÓ��Ð�Ò� ×�Ó� �ÝÒ�Ñ�×�¸ ÈÖÓº ÊÓÝ�Ð ËÓ��ØÝ ÄÓÒ�º¸
���� ´ÒÓº ½���µ¸ ÔÔº ½¾½�¹½¾¿¿¸ ½���º

�¾�℄ Âº �º Ë�Ø���Ò¸ Ä�Ú�Ð Ë�Ø Å�Ø�Ó�× �Ò� ��×Ø Å�Ö��Ò� Å�Ø�Ó�× � �ÚÓÐÚ¹
�Ò� ÁÒØ�Ö���× �Ò �ÓÑÔÙØ�Ø�ÓÒ�Ð ��ÓÑ�ØÖÝ¸ �ÐÙ�� Å���Ò�×¸ �ÓÑÔÙØ�Ö
Î�×�ÓÒ �Ò� Å�Ø�Ö��Ð× Ë��Ò�¸ ��Ñ�Ö���� ÍÒ�Ú�Ö×�ØÝ ÈÖ�××¸ ½���º



������������� ¾�

�¿¼℄ Âº ËÑÓÐÐ�Ö¸ Ë�Ó� Ï�Ú�× �Ò� Ê��Ø�ÓÒ¹���Ù×�ÓÒ �ÕÙ�Ø�ÓÒ×¸
�ÖÙÒ�Ð��Ö�Ò ��Ö Å�Ø��Ñ�Ø�×��Ò Ï�××�Ò×���Ø�Ò ��ÙÒ��Ñ�ÒØ�Ð
ÈÖ�Ò�ÔÐ�× Ó� Å�Ø��Ñ�Ø��Ð Ë��Ò�×℄¸ ¾��º ËÔÖ�Ò��Ö¹Î�ÖÐ��¸ Æ�Û �ÓÖ�¸
½���º

�¿½℄ Ëº ËÓÐ�ÝÑ�Ò� Ë��×�Ú�Ò¸ Ëº ÅÓ��ÑÑ���¸ Åº Ê���Ñ��Ò¸ � ��×ÐÓ�Ø�ÓÒ¹
�ÝÒ�Ñ�×¹��×�� ��Ö�Ú�Ø�ÓÒ Ó� Ø�� �Ö�Ò��Ê��� ×ÓÙÖ� ��Ö�Ø�Ö�×Ø�× �ÓÖ
��×Ö�Ø� ��×ÐÓ�Ø�ÓÒ ÔÐ�×Ø��ØÝ¸ ÅÓ��ÐÐ�Ò� Ë�ÑÙÐº Å�Ø�Öº Ë�º �Ò�º ½�
´¾¼¼�µº

�¿¾℄ �º Áº Ì�ÝÐÓÖ Ì�� Å���Ò�×Ñ Ó� ÈÐ�×Ø� ���ÓÖÑ�Ø�ÓÒ Ó� �ÖÝ×Ø�Ð×º È�ÖØ
Áº�Ì��ÓÖ�Ø��Ð¸ ÈÖÓº ÊÓÝº ËÓº ÄÓÒ�ÓÒ �¸ ½�� ´½�¿�µ¸ ¿�¾�¿��º

�¿¿℄ �º Î�Ð��ÒÓ� ÈÐ�Ò�¹Ð��� Ñ�Ò�Ñ�Þ�Ö× �Ò Ô�Ö�Ó�� Ñ���� � ��Ø �ÓÛ× �Ò�
��ÒÞ�ÙÖ�¹Ä�Ò��Ù¹ØÝÔ� �ÙÒØ�ÓÒ�Ð× Âº Ê��Ò� �Ò��Ûº Å�Ø�º ��� ´¾¼¼�µ¸
½���½��º

�¿�℄ Îº ÎÓÐØ�ÖÖ�¸ ËÙÖ Ð³�ÕÙ�Ð��Ö� ��× ÓÖÔ× �Ð�×Ø�ÕÙ�× ÑÙÐØ�ÔÐ�Ñ�ÒØ ÓÒÒ�Ü�×¸
�ÒÒ�Ð�× �� Ð³�ÓÐ� ÆÓÖÑº ËÙÔº¸ ¿¹�Ñ� ×�Ö��¸ ¾�¸ �¼½��¼�º

�¿�℄ �º Íº Ï�Ò�¸ �º Åº Â�Ò¸ �º Åº �Ù�Ø�ÒÓ¸ �º �º Ã����ØÙÖÝ�Ò¸ Æ�ÒÓ×�Ð�
Ô��×� ��Ð� Ñ�ÖÓ�Ð�×Ø��ØÝ Ø��ÓÖÝ Ó� ��×ÐÓ�Ø�ÓÒ× � ÑÓ��Ð �Ò� ¿� ×�ÑÙÐ�¹
Ø�ÓÒ×¸ �Ø� Å�Ø�Ö��Ð�� �� ´¾¼¼½µ¸ ½����½���º

�¿�℄ �º �º Ï��Ø��Ñ¸ � Ò�Û �ÔÔÖÓ�� ØÓ ÔÖÓ�Ð�Ñ× Ó� ×�Ó� �ÝÒ�Ñ�×º È�ÖØ
Á¸ ÌÛÓ ��Ñ�Ò×�ÓÒ�Ð ÔÖÓ�Ð�Ñ×¸ Âº �ÐÙ��º Å��º ¾ ´½���µ¸ ½���½�½º

�¿�℄ �º �º Ï��Ø��Ñ¸ Ä�Ò��Ö �Ò� ÆÓÒÐ�Ò��Ö Ï�Ú�×¸ Ï�Ð�Ý ´Æ�Û �ÓÖ�µ¸ ½���º

�¿�℄ �º ���Ò�¸ Äº¹Ìº ���Ò�¸ �º Âº ËÖÓÐÓÚ�ØÞ¸ Ïº �¸ � Ð�Ú�Ð¹×�Ø Ñ�Ø�Ó� �ÓÖ
��×ÐÓ�Ø�ÓÒ �ÝÒ�Ñ�×¸ �Ø� Å�Ø�Ö��Ð�� �½ ´¾¼¼¿µ¸ �������½�º

�¿�℄ �º ��Ò¸ �Ü�×Ø�Ò� �Ò� ×Ø���Ð�ØÝ Ó� ØÖ�Ú�Ð�Ò� Û�Ú�× �Ò Ô�Ö�Ó�� Ñ����
�ÓÚ�ÖÒ�� �Ý � ��×Ø��Ð� ÒÓÒÐ�Ò��Ö�ØÝ¸ Âº �ÝÒ�Ñº ����Ö�ÒØ��Ð �ÕÙ�Ø�ÓÒ×¸
¿ ´½��½µ¸ ÒÓº �¸ ��½���¿º



¾� �������������



���Ô�ØÖ� ¾

� ��×Ø¹Ñ�Ö��Ò� Ð��� �Ð�ÓÖ�Ø�Ñ

�ÓÖ ��ÓÑ�ØÖ��Ð Ë�Ó�

�ÝÒ�Ñ�×

Ì�� ÓÒØ�ÒØ Ó� Ø��× ��ÔØ�Ö ��× ���Ò ×Ù�Ñ�ØØ�� ØÓ Ø�� ÂÓÙÖÒ�Ð Ó� �ÓÑ¹
ÔÙØ�Ø�ÓÒ�Ð È�Ý×�×º ÁØ ��× ���Ò ÛÖ�ØØ�Ò �Ò ÓÐÐ��ÓÖ�Ø�ÓÒ Û�Ø� Æ�ÓÐ�× Ä�Ö�¹
��Ò� ´���¸ ��Å¸ �Á�µ¸ Ê���× ÅÓÒÒ��Ù ´��ÊÅÁ�Ë¸ �ÆÈ�µ �Ò� �ÓÙÒ�××
ÆÓÙÑ�Ö ´ÄÊ�¹Å�ËÇ¸ �ÅÄ�¸ �ÆË ����Òµº

��×ØÖ�Ø

Ï� ��Ú�ÐÓÔ � Ò�Û �Ð�ÓÖ�Ø�Ñ �ÓÖ Ø�� ÓÑÔÙØ�Ø�ÓÒ Ó� Ø�� ��ÓÑ�ØÖ��Ð ×�Ó� �Ý¹

Ò�Ñ�× ÑÓ��Ð ´�Ë�µº Ì�� Ñ�Ø�Ó� Ö�Ð��× ÓÒ Ø�� ��×Ø¹Ñ�Ö��Ò� Ô�Ö����Ñ �Ò� �Ò��Ð�×

Ø�� ��×Ö�Ø� �Ú�ÐÙ�Ø�ÓÒ Ó� Ø�� �Ö×Ø �ÖÖ�Ú�Ð Ø�Ñ� Ó� � ×�Ó� Û�Ú� �Ò� �Ø× ÐÓ�Ð Ú�ÐÓ�ØÝ

ÓÒ � ��ÖØ�×��Ò �Ö��º Ì�� ÔÖÓÔÓ×�� �Ð�ÓÖ�Ø�Ñ �× ��×�� ÓÒ � ×�ÓÒ� ÓÖ��Ö ÙÔÛ�Ò�

�Ò�Ø� ����Ö�Ò� ×��Ñ� �Ò� Ö��Ù�× ØÓ � ÐÓ�Ð ÒÓÒÐ�Ò��Ö ×Ý×Ø�Ñ Ó� ØÛÓ �ÕÙ�Ø�ÓÒ×

×ÓÐÚ�� �Ý �Ò �Ø�Ö�Ø�Ú� ÔÖÓ��ÙÖ�º Ê���Ö�Ò� ×ÓÐÙØ�ÓÒ× �Ö� �Ù�ÐØ �ÓÖ � ×ÑÓÓØ� Ö����Ð

ÓÒ��ÙÖ�Ø�ÓÒ �Ò� �ÓÖ Ø�� ¾� Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñº Ì�� Ð�Ò� ��ØÛ��Ò Ø�� �Ë� ÑÓ��Ð

�Ò� Ô¹×Ý×Ø�Ñ× �× ��Ú�Òº ÆÙÑ�Ö��Ð �ÜÔ�Ö�Ñ�ÒØ× ��ÑÓÒ×ØÖ�Ø� Ø�� �ÙÖ�Ý �Ò� Ø��

���Ð�ØÝ Ó� Ø�� ×��Ñ� ØÓ ��Ò�Ð� ×�Ò�ÙÐ�Ö�Ø��×º

Ã�ÝÛÓÖ�× � ��ÓÑ�ØÖ��Ð ×�Ó� �ÝÒ�Ñ�× ��×Ø¹Ñ�Ö��Ò� Ñ�Ø�Ó� Ð�Ú�Ð¹×�Ø Ñ�Ø�Ó�

Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñ �Ò�Ø� ����Ö�Ò� Ñ�Ø�Ó� ×�Ó� Û�Ú� Ô¹×Ý×Ø�Ñ

¾º½ ÁÒØÖÓ�ÙØ�ÓÒ

ÁÒ ½���¸ Û��Ò �º�º Ï��Ø��Ñ ÔÙ�Ð�×��� Ø�� ��ÓÑ�ØÖ��Ð Ë�Ó� �ÝÒ�Ñ¹
�× ´�Ë�µ ÑÓ��Ð �¾�℄¸ �� ÕÙ�Ð���� �Ø �× �� Ö�Ð�Ø�Ú�ÐÝ ×�ÑÔÐ� �ÔÔÖÓÜ�Ñ�Ø�
Ñ�Ø�Ó� ��Ú�ÐÓÔ�� �ÓÖ ØÖ��Ø�Ò� ÔÖÓ�Ð�Ñ× Ó� Ø�� ���Ö�Ø�ÓÒ �Ò� ×Ø���Ð�ØÝ Ó�
×�Ó� Û�Ú�×�º Ì�� ×�ÑÔÐ��ØÝ ÓÑ�× �ÖÓÑ Ø�� ��Ø Ø��Ø Ø�� ×�Ó� �ÖÓÒØ �×
×��Ò �× � ×ÙÖ��� �ÚÓÐÚ�Ò� ÙÒ��Ö �Ø× ÓÛÒ ÐÓ�Ð ×Ô��� �Ò� ÙÖÚ�ØÙÖ�¸ �Ò��¹

¾�



¿¼ �������� �� ��� ��� �����

Ô�Ò��ÒØÐÝ Ó� Ø�� ÔÓ×Ø¹×�Ó� �ÓÛº Ì�� ×�Ó� ���Ù×Ø× �Ø×�Ð� ØÓ ��Ò��× �Ò Ø��
��ÓÑ�ØÖÝ ÓÒÐÝ �¾�℄º �× �ÜÔÐ��Ò�� �Ý ��×Ø ��℄¸ Ï��Ø��Ñ ÓÒ×���Ö�� Ø�� ÑÓ¹
Ø�ÓÒ Ó� � ×�Ó� �ÒØÓ � ÙÒ��ÓÖÑ ��× �Ø Ö�×Ø¸ �ÓÛÒ � ØÙ�� Ó� ×ÐÓÛÐÝ Ú�ÖÝ�Ò�
ÖÓ×× ×�Ø�ÓÒ�Ð �Ö��¸ A¸ �Ò� ÙÒ��Ö ×ÓÑ� Ô�Ý×��ÐÐÝ �ÖÓÙÒ��� �ÝÔÓØ��×�×¸ ��
Ó�Ø��Ò�� �Ò �ÜÔÖ�××�ÓÒ Ö�Ð�Ø�Ò� Ø�� ÐÓ�Ð ×�Ó� Å�� ÒÙÑ��Ö¸ M ¸ ØÓ A¸ ÒÓÛ
�ÒÓÛÒ �× Ø�� �¹Å Ö�Ð�Ø�ÓÒ �¿½℄ ´×�� �Ð×Ó ´¾º�µ �Ò� ´¾º�µµº Ì�� �Ë� ÑÓ��Ð
Ö���×

M(x)|∇α(x)| = 1¸ Div

�

n(x)

A(M(x))

�

= 0 ´¾º½µ

Û��Ö� α ��Ú�× Ø�� ×�Ó� ÔÓ×�Ø�ÓÒ �¾�℄ �Ò� n = ∇α
|∇α| �× Ø�� ÐÓ�Ð ÒÓÖÑ�Ð ØÓ

Ø�� �ÖÓÒØº Ì��× ÑÓ��Ð �× �ÝÔ�Ö�ÓÐ� ÔÖÓÚ���� Ø��Ø A′(M) < 0¸ �Ò� �Ò Ø�Ù×
��Ú�ÐÓÔ ��×ØÙÖ��Ò�× ÓÒ Ø�� �ÖÓÒØ Û��� �Ö� Ø�� ØÖ�� Ó� Û�Ú�×¸ ÒÓØ ÑÓ�¹
�Ð��¸ ����Ò� Ø�� ×�Ó�º ÁÒ ÔÖ�Ø��¸ �Ë� ��× ÔÖÓÚ�Ò ØÓ �� ���ÖÐÝ �ÙÖ�Ø� �ÓÖ
���Ö�Ø�ÓÒ �ÖÓÙÒ� � ÓÖÒ�Ö¸ ÒÓÒ¹Ö��ÙÐ�Ö Å�� Ö���Ø�ÓÒ �¾�℄¸ ÓÖ ��Ð�Ö�Ø¹
�Ò� ×�Ó�× �Ò� ×�ÓÛÒ ÓÒÐÝ Ð�ØØÐ� ��Ú��Ø�ÓÒ �ÓÖ �ÜÔ�Ò��Ò� ���Ð�Ö�Ø�Ò� �ÓÛ×
��℄º Ï��Ø��Ñ³× ÑÓ��Ð ��× ���Ò �ÜØ�Ò��� ØÓ Ø��� �ÒØÓ �ÓÙÒØ ÙÒ×Ø���Ý �ÓÛ
����Ò� Ø�� ×�Ó� ��¸ �¸ ½¼℄¸ ÒÓÒ¹ÙÒ��ÓÖÑ ��×�× ÔÖÓÔ�ÖØ��× �¾¼℄¸ �Ò� ��× ���Ò
�ÔÔÐ���¸ �ÑÓÒ� ÓØ��Ö×¸ ØÓ �ÑÔÐÓ��Ò� ×�Ó� Û�Ú�× �½½¸ ½℄¸ �ØÑÓ×Ô��Ö� ÔÖÓÔ¹
���Ø�ÓÒ ��℄¸ ��ØÓÒ�Ø�ÓÒ �Ò �ÜÔÐÓ×�Ú�× �¾¸ ¿¸ �℄¸ ×ÙÔ�Ö×ÓÒ� �Ò��Ò� ÙÒ×Ø�ÖØ �¾�℄
�Ò� �×ØÖÓÔ�Ý×�× �½�℄º

Ì��× ×Ù�××¸ Ð�Ò��� ØÓ Ø�� ÓÑÔ�Ø ÑÓ��Ð �ÓÖÑÙÐ�Ø�ÓÒ �Ò� Ø�� ��Ñ�Ò¹
×�ÓÒ�Ð Ö��ÙØ�ÓÒ¸ Û�× ×ÙÔÔÓÖØ�� �Ý Ø�� ��Ú�ÐÓÔÑ�ÒØ Ó� Ø�Ö�� ��Ò�× Ó� �Ð�Ó¹
Ö�Ø�Ñ×º ´�µ Ä��Ö�Ò���Ò¸ ÓÖ �ÖÓÒØ¹ØÖ���Ò�¸ Ñ�Ø�Ó�× ��Ú� �Ö×Ø ���Ò �ÜÔ�Ö�¹
Ñ�ÒØ�� �½�¸ ½�℄º ÁÒ ×Ù� �Ò �ÔÔÖÓ��¸ Ø�� ×�Ó� �ÖÓÒØ �× �ÜÔÐ��ØÐÝ ��×Ö�Ø�Þ��
�Ý Ñ�Ö��Ö× �ÚÓÐÚ�� �Ò Ø�Ñ� �Ò� Ö��ÙÐ�ÖÐÝ Ö�×�ÑÔÐ��º Ì��× Ñ�Ø�Ó� �× Ò�ØÙÖ�Ð
�Ò� ÕÙ�Ø� �ÙÖ�Ø� �ÙØ ���ÙÐØ ØÓ �ÑÔÐ�Ñ�ÒØ �Ò Ø�Ö�� ��Ñ�Ò×�ÓÒ×¸ Ñ��ÒÐÝ
Û��Ò ×ÙÖ��� Ñ�Ö��Ò� ÓÖ �Ö����Ò� �× �ÜÔ�Ø��º ´��µ �ÙÐ�Ö��Ò ÓÒ×�ÖÚ�Ø�Ú� �Ð¹
�ÓÖ�Ø�Ñ× �½�¸ ¾¼℄ Ö��Ù� Ø��× ���ÙÐØÝ �ÙØ �Ó ÒÓØ Ø��� �ÒÝ ��Ú�ÒØ��� Ó�
Ø�� �ÖÓÒØ ÐÓ�Ð�ØÝº �ÙÖØ��ÖÑÓÖ�¸ Ø��Ý Ö�ÐÝ ÓÒ Ø�� ���Ò�Ø�ÓÒ Ó� �Ò � ÔÖ�ÓÖ�
ÔÖÓÔ���Ø�ÓÒ ��Ö�Ø�ÓÒ¸ ÒÓØ �ÐÛ�Ý× ��×Ý ØÓ ��Ø�ÖÑ�Ò�º ´���µ ÄÓ�Ð�Þ�� Ð�Ú�Ð¹×�Ø
Ñ�Ø�Ó�× �Ö� � �ÓÓ� ÓÑÔÖÓÑ�×� ×�Ò� Ø��Ý ��Ò�Ð� �ÒÝ ��Ò� Ó� ×ÙÖ��� ���ÓÖ¹
Ñ�Ø�ÓÒ �ÙØ �Ò �Ò �ÑÔÐ��Ø Û�Ýº Ì�� �ÖÓÒØ ×�Ó� �× Ó�Ø��Ò�� �ÖÓÑ � Ø��Ð� Ó�
�ÖÖ�Ú�Ð Ø�Ñ�¸ �Ð×Ó �ÐÐ�� �ÙÖÒ Ø��Ð�º � ¿� ÙÒ×Ø���Ý �Ð�ÓÖ�Ø�Ñ¸ ��×�� ÓÒ Ø��
À�Ñ�ÐØÓÒ¹Â�Ó�� �ÓÖÑ Ó� Ø�� �Ë� ×Ý×Ø�Ñ ´¾º½µ �½�℄¸ �× ��×Ö���� �Ò �¾¸ ¿¸ �℄
�ÓÖ ��ØÓÒ�Ø�ÓÒ Ë�Ó� �ÝÒ�Ñ�×º ÁØ ÓÑÔ�Ö�× Û�ÐÐ Û�Ø� Ö��Ø�Ú� �ÙÐ�Ö��Ò
ÑÓ��Ð Ö�×ÙÐØ× �Ø � ÑÙ� ÐÓÛ�Ö �ÈÍ Ø�Ñ�º Æ�Ú�ÖØ��Ð�××¸ �Ù� ØÓ Ø�� ÒÓÒÐ�Ò��Ö
Ò�ØÙÖ� Ó� �Ë� �ÕÙ�Ø�ÓÒ×¸ ÙÒÔ�Ý×��Ð ×�Ó�× �Ò �ÓÖÑ �Û�Ý �ÖÓÑ Ø�� �ÖÓÒØ
ÔÓ×�Ø�ÓÒ �Ò� � �Ö�ÕÙ�ÒØ Ö�×�ÑÔÐ�Ò� Ó� Ø�� ×��Ò�� ��×Ø�Ò� �× Ñ�Ò��ØÓÖÝ �¾¿℄º

ÁÒ Ø��× �ÖØ�Ð� Û� ÔÖÓÔÓ×� �Ò �ÐØ�ÖÒ�Ø�Ú� �ÔÔÖÓ�� ��×�� ÓÒ Ø�� Ð�Ú�Ð¹
×�Ø ��×Ø¹Ñ�Ö��Ò� Ô�Ö����Ñ �¾¾℄¸ Û��� ÓÑ��Ò�× Ø�� ��Ü���Ð�ØÝ Ó� ´���µ �Ò�
Ø�� ÐÓ�Ð�ØÝ Ó� ´�µ Û��Ð� Ö�Ñ��Ò�Ò� ��×Ý ØÓ �ÑÔÐ�Ñ�ÒØº Ì�� �Ö×Ø �Ò� ×�ÓÒ�
ÓÖ�Ö�Ö ×Ô��� �Ð�ÓÖ�Ø�Ñ× �Ö� ��Ö���� �Ò ×�Ø�ÓÒ ¾º¾º Ê���Ö�Ò� ×ÓÐÙØ�ÓÒ×



���� � ������������� ���� ��� ������ ¿½

�ÓÖ � ×ÑÓÓØ� Ö����Ð ÔÖÓ�Ð�Ñ �Ò� Ø�� �Ë� Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñ �Ö� ��Ö�Ú��
�Ò ×�Ø�ÓÒ ¾º¿º ÁÒ ×�Ø�ÓÒ ¾º�¸ Ø�� ÓÑÔ�Ö�×ÓÒ ØÓ ÒÙÑ�Ö��Ð Ö�×ÙÐØ× �Ò���Ø�×
Ø��Ø � ×�ÓÒ� ÓÖ��Ö ×��Ñ� �× Ñ�Ò��ØÓÖÝ �ÓÖ ÒÓÒ ×ÑÓÓØ� ÔÖÓ�Ð�Ñ×º �Ø Ð�×Ø¸
ÓÒÐÙ×�ÓÒ× �Ö� ×ÙÑÑ�Ö�Þ�� �Ò ×�Ø�ÓÒ ¾º�º

¾º¾ � ��×Ø¹Ñ�Ö��Ò� Ð��� �Ë� ×��Ñ�

ÁÒ ½��� Ç×��Ö �Ò� Ë�Ø���Ò �½�℄ �ÒØÖÓ�Ù�� Ø�� �ÙÐ�Ö��Ò Ð�Ú�Ð¹×�Ø Ñ�Ø�Ó�
ØÓ ×ÓÐÚ� À�Ñ�ÐØÓÒ¹Â�Ó�� �ÕÙ�Ø�ÓÒ× �Ò� Ø�� ���ÓÒ�Ð �ÕÙ�Ø�ÓÒ �Ò Ô�ÖØ�ÙÐ�Öº
ÍÒÐ��� Ø�� Ä��Ö�Ò���Ò �ÔÔÖÓ��¸ Ø�� Ð�Ú�Ð¹×�Ø Ñ�Ø�Ó� �× ×�ÑÔÐ� ØÓ �ÑÔÐ�Ñ�ÒØ
�Ò ¿�¸ ����¹ÓÖ��Ö �ÜØ�Ò×�ÓÒ× �Ö� Ö����ÐÝ ��Ö�Ú�� �Ò� ØÓÔÓÐÓ���Ð ÔÖÓÔ�ÖØ��×
Ó� Ø�� �ÖÓÒØ¸ �× Ø�� ÙÖÚ�ØÙÖ�¸ �Ö� ��×�ÐÝ �ÐÙÐ�Ø��º ÀÓÛ�Ú�Ö¸ Ø�� Ð�Ú�Ð¹×�Ø
Ñ��Ó�¸ Ó� ÓÑÔÐ�Ü�ØÝ O(N3)¸ �Ò �� ÕÙ�Ø� Ø�Ñ� ÓÒ×ÙÑ�Ò� Û��Ò Ø�� ÒÙÑ��Ö
Ó� �Ö�� ÔÓ�ÒØ¸ N ¸ �× Ð�Ö��º ÁÒ Ø�� Ô�×Ø ØÛÓ �����×¸ ×�Ú�Ö�Ð �ÑÔÖÓÚ�Ñ�ÒØ×
��Ú� ���Ò ÔÖÓÔÓ×�� �Ò ÓÖ��Ö ØÓ Ö��Ù� Ø��× ÓÑÔÐ�Ü�ØÝ �Ò� �Ø ×�Ñ� Ø�Ñ�
ØÓ �Ò��Ò� Ø�� �ÙÖ�Ýº �ÑÓÒ� Ø��Ñ¸ Ø�� ÑÓ×Ø ÔÓÔÙÐ�Ö �ÔÔÖÓ�� �× Ø��
��×Ø¹Å�Ö��Ò� Å�Ø�Ó� ´�ÅÅµ ��Ú�ÐÓÔ�� �Ý Ë�Ø���Ò �¾¾℄ �Ò� Ù×�� Û�Ø�
×Ù�×× �Ò � Ð�Ö�� Ú�Ö��ØÝ Ó� �ÔÔÐ��Ø�ÓÒ×º �××ÙÑ�Ò� � ×�Ò�Ð� Ô�×× �ÖÓÒØ¸ Ø��
ÓÑÔÐ�Ü�ØÝ Ó� Ø�� �Ð�ÓÖ�Ø�Ñ Ö��Ù�× ØÓ O(N logN) �Ò� �Ú�Ò ØÓ O(N) ÙÒ��Ö
×ÓÑ� �ÙÖØ��Ö �××ÙÑÔØ�ÓÒ× �¿¼℄º

ÁÒ Ø��× ×�Ø�ÓÒ¸ Û� �ÒØÖÓ�Ù� � ×�ÓÒ�¹ÓÖ��Ö Ñ�Ø�Ó� ØÓ ×ÓÐÚ� Ø�� �Ë�
ÑÓ��Ð ´¾º½µ¸ ÓÒ � ��ÖØ�×��Ò �Ö��¸ ��×�� ÓÒ Ø�� ��×Ø¹Ñ�Ö��Ò� Ô�Ö����Ñº Ï�
�Ö×Ø Ö��ÓÖÑÙÐ�Ø� Ø�� ÑÓ��Ð �× � ÓÙÔÐ�� ���ÓÒ�Ð¹ØÖ�Ò×ÔÓÖØ ×Ý×Ø�Ñ ØÓ ���Ð�¹
Ø�Ø� �Ø× ��×Ö�Ø�Þ�Ø�ÓÒº Ì�� ÒÙÑ�Ö��Ð Ñ�Ø�Ó�¸ �ÓÙÒ��ÖÝ ØÖ��ØÑ�ÒØ �Ò� �Ñ¹
ÔÐ�Ñ�ÒØ�Ø�ÓÒ ��Ø��Ð× �Ö� Ø��Ò ��Ú�Òº

¾º¾º½ � ÑÓ����� ØÖ�Ò×ÔÓÖØ �ÕÙ�Ø�ÓÒ

�× �Ò Ø�� ÛÓÖ� Ó� ��××�Ø ��℄ ÓÖ �×Ð�Ñ �¾℄¸ Ø�� �Ë� ÑÓ��Ð ´¾º½µ �× Ö�ÛÖ�ØØ�Ò
ÙÒ��Ö Ø�� ÐÓ�Ð �ÓÖÑ















M |∇α| = 1 ´¾º¾�µ

M
∇α

|∇α| ·∇M = Ṁ(M,κ) ´¾º¾�µ

Û�Ø� Ø�� �Ò�Ø��Ð �ÓÙÒ��ÖÝ ÓÒ��Ø�ÓÒ×










α|Γ0
= α0, ´¾º¿�µ

M|Γ0
= M0, ´¾º¿�µ

Û��Ö� α0 �Ò� M0 �Ö� ��Ú�Ò �ÙÒØ�ÓÒ× ÓÒ Ø�� �ÝÔ�Ö×ÙÖ��� Γ0¸ Ø�� ×�Ó� �Ò�Ø��Ð
ÔÓ×�Ø�ÓÒº Ì�� �Ë� ÐÓ×ÙÖ�¸ Ð�Ò��Ò� Ø�� ÐÓ�Ð Å�� ÒÙÑ��Ö¸ M ¸ �Ò� Ø�� Ñ��Ò
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ÙÖÚ�ØÙÖ� Ó� Ø�� �ÖÓÒØ¸ κ = Div(n)¸ Ö���×

Ṁ (M,κ) = −M
2 − 1

λ(M)
κ,

Û��Ö� M ≥ 1 �Ò�


























0 < λ(M) =

�

1 +
2

γ + 1

1− µ2

µ

��

1 + 2µ+
1

M2

�

,

1 ≥ µ =

�

(γ − 1)M2 + 2

2γM2 − (γ − 1)
,

´¾º�µ

γ > 1 ���Ò� Ø�� ��× ÔÓÐÝØÖÓÔ� Ó����ÒØ¸ ×�� �¾�℄ �ÓÖ ��Ø��Ð×º
ÁÒ ÔÖ�Ø��¸ Ø�� ��×Ö�Ø�Þ�Ø�ÓÒ Ó� Ø�� Ñ��Ò ÙÖÚ�ØÙÖ� �× ���ÙÐØ¸ �Ù� ØÓ

Ø�� Ñ�Ü�� ��Ö�Ú�Ø�Ú�× Ó� α¸ �×Ô���ÐÐÝ �Ò Ø�� ÓÒØ�ÜØ Ó� Ø�� ��×Ø¹Ñ�Ö��Ò�
Ñ�Ø�Ó� Û��Ò Ò�����ÓÖ�Ò� ÔÓ�ÒØ× �Ö� ÒÓØ Ý�Ø �××��Ò�� � Ú�ÐÙ�º �ÓÖ Ø��× Ö��×ÓÒ
Û� �ÓÓ×� ØÓ Ö��ÓÖÑÙÐ�Ø� Ø�� ØÖ�Ò×ÔÓÖØ �ÕÙ�Ø�ÓÒ ÓÒ Ø�� Å�� ÒÙÑ��Ö �× �
ÓÒÚ�Ø�ÓÒ����Ù×�ÓÒ ÓÒ�º

�Ý ÓÑ��Ò�Ò� Ø�� ���ÓÒ�Ð �ÕÙ�Ø�ÓÒ¸ M |∇α| = 1¸ �Ò� Ø�� ÒÓÖÑ�Ð ���Ò�¹
Ø�ÓÒ¸ n = ∇α/|∇α|¸ ÓÒ� ���× Ø��Ø Ø�� Ñ��Ò ÙÖÚ�ØÙÖ� Ó� Ø�� �ÖÓÒØ Ö���×
κ = ∇M ·∇α+MΔαº ÌÖ�Ò×ÔÓÖØ �ÕÙ�Ø�ÓÒ ´¾º¾�µ �× Ø��Ò Ö��ÓÖÑÙÐ�Ø�� �×

∇M ·∇α = S(M)Δα,

Û��Ö� S(M) = − M(M2−1)
M2(λ(M)+1)−1 �× ÒÓÒÔÓ×�Ø�Ú� �Ò� ×ÑÓÓØ� �Ò� �ÓÖ M > 1º

Ì�� Ö��ÓÖÑÙÐ�Ø�� �ÓÙÒ��ÖÝ Ú�ÐÙ� ÔÖÓ�Ð�Ñ ØÓ �� ×ÓÐÚ�� �× Ø��Ò










M |∇α| = 1 ´¾º��µ

∇M ·∇α = S(M)Δα ´¾º��µ

Û��Ö� Ø�� ×ÓÙÖ� Ø�ÖÑ �× ÒÓÛ ��×��Ö ØÓ ��×Ö�Ø�Þ�º
ÆÓØ� Ø��Ø Ø��× ×Ý×Ø�Ñ �× ÒÓØ �Ò � ÓÒ×�ÖÚ�Ø�Ú� �ÓÖÑ¸ Û��� ÓÙÐ� Ö��×�

���ÙÐØ��× ØÓ ��Ò�Ð� �ÖÓÒØ ��×ÓÒØ�ÒÙ�Ø��×¸ �ÙØ �× Û� ×��ÐÐ ×�� �Ò ×�Ø�ÓÒ ¾º�º¿
Ø�� ÒÙÑ�Ö��Ð ×��Ñ� Ô�Ö�ÓÖÑ× Û�ÐÐ �Ò ÔÖ�Ø��º

¾º¾º¾ Ä�Ú�Ð¹×�Ø Ñ�Ø�Ó� �ÓÖ Ø�� ���ÓÒ�Ð �ÕÙ�Ø�ÓÒ

Ì�� Ð�Ú�Ð¹×�Ø �ÙÒØ�ÓÒ α �× ×ÓÐÙØ�ÓÒ Ó� Ø�� ���ÓÒ�Ð �ÕÙ�Ø�ÓÒ ´¾º��µ ÓÒ Ω
ØÓ��Ø��Ö Û�Ø� Ø�� �Ò�Ø��Ð ÓÒ��Ø�ÓÒ ´¾º¿�µ ÓÒ Γ0º Ï� ×ÓÐÚ� �Ø ÓÒ � ÙÒ��ÓÖÑ
��ÖØ�×��Ò Ñ�×� Ó� Ø�� �ÓÑ��Ò Ω ≡ [0, Lx]× [0, Ly] × [0, Lz] ⊂ R3 Û�Ø� �Ö��
×Ô��Ò�× △x¸ △y �Ò� △zº Ä�Ø αi,j,k �Ò� Mi,j,k �� Ø�� �ÔÔÖÓÜ�Ñ�Ø� ×ÓÐÙØ�ÓÒ
�Ø � �Ö�� ÔÓ�ÒØ¸ �º�º αi,j,k = α(xi, yj , zk) �Ò� Mi,j,k = M(xi, yj , zk) Û��Ö�
xi = i△x¸ yj = j△y �Ò� zk = k△zº Ï� ��ÒÓØ� �Ý ul¸ vl �Ø wl ´Ö�×Ôº ur¸ vr
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�Ø wrµ Ø�� ���Û�Ö� ´Ö�×Ôº �ÓÖÛ�Ö�µ �ÔÔÖÓÜ�Ñ�Ø�ÓÒ Ó� Ø�� ��Ö�Ú�Ø�Ú�× Ó� α �Ø
(xi, yj , zk) �ÐÓÒ� x¸ y �Ò� z Ö�×Ô�Ø�Ú�ÐÝº

Ì�� ��×Ö�Ø� �ÓÖÑ Ó� ´¾º��µ Ö���×

Mi,j,kĤ(ul, ur, vl, vr, wl, wr) = 1, ´¾º�µ

Û��Ö� Ĥ �× �Ó×�Ò �× Ø�� ÒÙÑ�Ö��Ð À�Ñ�ÐØÓÒ��Ò Ó� �Ó�ÙÒÓÚ �¾�℄ �

Ĥ(ul, ur, vl, vr, wl, wr) =
�

max2(u+l , u
−
r ) + max2(v+l , v

−
r ) + max2(w+

l , w
−
r ),

Û�Ø� Ø�� ÒÓØ�Ø�ÓÒ× � x+ = max(x, 0) �Ò� x− = max(−x, 0) �ÓÖ x ∈ Rº Ì��×
ÙÔÛ�Ò� ×��Ñ� ��× ���Ò ×Ù�××�ÙÐÐÝ Ù×�� �Ò ×�Ú�Ö�Ð �ÔÔÐ��Ø�ÓÒ× ´�º �½�℄¸
�¾¾℄µº ÁØ ��× Ø�� ���Ð�ØÝ ØÓ �ÔØÙÖ� Ú�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ× Ó� Ø�� ���ÓÒ�Ð �ÕÙ�Ø�ÓÒ
�½¾℄ �Ò� �Ó ÒÓØ ×Ñ��Ö ÓÙØ ×��ÖÔ ��×ÓÒØ�ÒÙ�Ø��× �Ü�××�Ú�ÐÝ �¾�℄¸ Û��� �Ö�
��×�Ö��Ð� ���ØÙÖ�× �Ò Ø�� �×� Ó� �Ë� Û��Ö� �ÖÓÒØ ×�Ò�ÙÐ�Ö�Ø��× Ñ�Ý �ÔÔ��Öº

�Ø �Ö×Ø ÓÖ��Ö¸ Ø�� ��×Ö�Ø� ��Ö�Ú�Ø�Ú�× Ó� α �Ö� ÛÖ�ØØ�Ò �

ul = (D−
x α)i,j,k :=

αi,j,k − αi−1,j,k

△x

vl = (D−
y α)i,j,k :=

αi,j,k − αi,j−1,k

△y

wl = (D−
z α)i,j,k :=

αi,j,k − αi,j,k−1

△z

ur = (D+
x α)i,j,k :=

αi+1,j,k − αi,j,k

△x

vr = (D+
y α)i,j,k :=

αi,j+1,k − αi,j,k

△y

wr = (D+
z α)i,j,k :=

αi,j,k+1 − αi,j,k

△z

.

Ì�� �ÜØ�Ò×�ÓÒ ØÓ �Ö��ØÖ�ÖÝ �����Ö ÓÖ��Ö× �× ÔÓ××��Ð�¸ Û� Ö�×ØÖ�Ø ÓÙÖ×�ÐÚ�×
ØÓ ×�ÓÒ�¹ÓÖ��Ö �Ò Ø��× ÛÓÖ�º

�Ø ×�ÓÒ� ÓÖ��Ö¸ Ø�� ��×Ö�Ø� ��Ö�Ú�Ø�Ú�× Ó� α �Ö� ÛÖ�ØØ�Ò �

ul = (D−
x α)i,j,k +

△x
2

(D−
x (D−

x α))i,j,k

vl = (D−
y α)i,j,k +

△y
2

(D−
y (D−

y α))i,j,k

wl = (D−
z α)i,j,k +

△z
2

(D−
z (D−

z α))i,j,k

ur = (D+
x α)i,j,k −

△x
2

(D+
x (D+

x α))i,j,k

vr = (D+
y α)i,j,k −

△y
2

(D+
y (D+

y α))i,j,k

wr = (D+
z α)i,j,k −

△z
2

(D+
z (D+

z α))i,j,k

.

Ï� ÔÓ�ÒØ ÓÙØ Ø��Ø Ø��Ö� �× ÒÓ Ð�Ñ�Ø�Ò� �ÙÒØ�ÓÒº ÁÒ Ø�� ÓÒØ�ÜØ Ó� Ø�� �ÅÅ¸
� ×Û�Ø��Ò� Ñ���Ò�×Ñ �× Ö�Ø��Ö Ù×�� �× Û� ×��ÐÐ ×�� Ð�Ø�Öº

¾º¾º¿ Ì�� ×Ø�Ò��Ö� ��×Ø¹Ñ�Ö��Ò� Ñ�Ø�Ó�

�ÓÐÐÓÛ�Ò� Ë�Ø���Ò �¾¾℄¸ Ø�� Ð�××��Ð �ÅÅ �× ÒÓÛ ÓÙØÐ�Ò��º ÁÒ Ø��× Ñ�Ø�Ó�¸
Ø�� Ú�ÐÓ�ØÝ Ó� ÔÖÓÔ���Ø�ÓÒ �× �××ÙÑ�� ØÓ �� �ÒÓÛÒ �Ò� Ó� ÓÒ×Ø�ÒØ ×��Òº Ì��
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�ÖÓÒØ �× Ø�Ù× �×�Ò�Ð� Ô�××� �Ò� ÓÒ� Ò���× ØÓ �ÐÙÐ�Ø� Ø�� Ú�ÐÙ� Ó� α ÓÒÐÝ �Ò Ø��
Ú��Ò�ØÝ Ó� �Øº Ì�� �ÈÍ Ø�Ñ� �× Ø��Ò �Ö�Ñ�Ø��ÐÐÝ Ö��Ù�� �Ò�¸ �ÒØ�ÖÖ�Ð�Ø��¸
Ø�� ÑÓÒÓØÓÒ��ØÝ Ó� Ø�� ×��Ñ� �× �Ù�Ö�ÒØ��� �Ý �ÓÐÐÓÛ�Ò� Ø�� ��Ö�Ø�ÓÒ �Ò
Û��� Ø�� �Ò�ÓÖÑ�Ø�ÓÒ �ÓÛ×º Ì��× �× �ÓÒ� �Ý ÔÖÓÔ���Ø�Ò� Ø�� ×ÓÐÙØ�ÓÒ �ÖÓÑ
ÐÓÛ�Ö ØÓ �����Ö Ú�ÐÙ�× Ó� Ø�� Ð�Ú�Ð¹×�Ø �ÙÒØ�ÓÒ αº ÌÓ Ø��× �Ò�¸ Ø�� �Ö�� ÔÓ�ÒØ×
�Ö� Ô�ÖØ�Ø�ÓÒ�� �ÒØÓ Ø�Ö�� �ÖÓÙÔ×¸ Ò�Ñ�ÐÝ �

❶ ÃÒÓÛÒ �× Ø�� ×�Ø Ó� Ú�ÖØ��× Û��Ö� Ø�� Ú�ÐÙ�× Ó� α �Ö� �ÒÓÛÒ¸ �º�º Ø��
Ú�ÖØ��× �ÐÖ���Ý �ÒØ�Ö�ÔØ�� �Ý Ø�� �ÖÓÒØ �

❷ Æ�ÖÖÓÛ��Ò� �× Ø�� ×�Ø Ó� �ÐÐ Ò�����ÓÖ�Ò� Ú�ÖØ��× Ó� ÃÒÓÛÒ¸ �º�º Ø��
Ú�ÖØ��× Ø��Ø �Ö� ��ÓÙØ ØÓ �� �ÒØ�Ö�ÔØ�� �Ý Ø�� �ÖÓÒØ �

❸ ��Ö �× Ø�� ×�Ø Ó� Ú�ÖØ��× Ø��Ø �Ö� Ò��Ø��Ö �Ò ÃÒÓÛÒ ÒÓÖ �Ò Æ�ÖÖÓÛ¹

��Ò�º ÁÒ Ø�� ��Ö ×�Ø¸ α �× �××��Ò�� � �Ù�� �Ò�Ø��Ð Ú�ÐÙ� ���º

Ì��Ò� Ó� Ø�� Æ�ÖÖÓÛ��Ò� ×�Ø �× � �Ù��Ö ÞÓÒ� Ø��Ø ×�ÖÚ�× ØÓ ×Ø�ÖØ Ø��
�ÐÙÐ�Ø�ÓÒ �ÖÓÑ Ø�� Ú�ÖØ��× Ó� ÃÒÓÛÒ �Ò� ØÓ ×ÔÖ��� Ø�� �Ò�ÓÖÑ�Ø�ÓÒ ØÓ
Ø�� Ú�ÖØ��× Ó� Ø�� ��Ö ×�Øº �ÓÖ �Ú�ÖÝ �Ð�Ñ�ÒØ Ó� Ø�� Æ�ÖÖÓÛ��Ò�¸ Ø�×Ø Ú�Ð¹
Ù�× Ó� α �Ö� �ÐÙÐ�Ø�� �ÖÓÑ Ø�� ÔÓ�ÒØ× Ó� Ø�� ÃÒÓÛÒ ×�Ø ÓÒÐÝ¸ �Ò�
Ø��Ò Ø�� ÔÓ�ÒØ Ó� Ø�� Æ�ÖÖÓÛ��Ò� ÓÖÖ�×ÔÓÒ��Ò� ØÓ Ø�� Ñ�Ò�Ñ�Ð Ø�×Ø Ú�ÐÙ�
�× Ú�Ð���Ø��º Ì��× Ñ��Ò× Ø��Ø Ø�� Ú�ÐÙ� Ó� α �Ø Ø��× ÔÓ�ÒØ �× ÒÓÛ ���Ò��
�× Ø�� Ñ�Ò�Ñ�Ð Ø�×Ø Ú�ÐÙ�º � ×�ÓÒ� ×Ø�Ô ÓÒ×�×Ø× �Ò �ÒÐÙ��Ò� Ø��× ÔÓ�ÒØ
�Ò Ø�� ÃÒÓÛÒ ×�Ø �Ò� ����Ò� �Ø× ÐÓ×� ��Ö Ò�����ÓÖ× �× Ò�Û ÔÓ�ÒØ× Ó� Ø��
Æ�ÖÖÓÛ��Ò�º �Ý Ö�Ô��Ø�Ò� Ø�� ÔÖ�Ú�ÓÙ× ×Ø�Ô×¸ �× ÐÓÒ� �× Ø�� Æ�ÖÖÓÛ��Ò�
�× ÒÓØ¹�ÑÔØÝ̧ Ø�� Ð�Ú�Ð¹×�Ø �ÙÒØ�ÓÒ �× �ÐÙÐ�Ø�� �Ò Ø�� Û�ÓÐ� ÓÑÔÙØ�Ø�ÓÒ�Ð
�ÓÑ��Òº Ì�� ×Ø�ÖØ�Ò� Ú�ÐÙ�× Ó� Ø��× ÔÖÓ�×× �Ö� ×�Ø �Ý Ø�� �Ò�Ø��Ð ÓÒ��Ø�ÓÒ×
ÓÒ Γ0º ÁØ �× ÛÓÖØ� Ñ�ÒØ�ÓÒ�Ò� Ø��Ø Ø�� ÑÓ×Ø Ø�Ñ� ÓÒ×ÙÑ�Ò� ×Ø�Ô �Ò Ø��×
�Ð�ÓÖ�Ø�Ñ �× Ø�� ×��Ö� Ó� Ø�� ÔÓ�ÒØ Û�Ø� Ø�� Ñ�Ò�Ñ�Ð Ø�×Ø Ú�ÐÙ� �Ò� Ø�Ù× Ø��
Ô�Ö�ÓÖÑ�Ò� Ó� Ø�� �ÅÅ ��Ô�Ò�× ÓÒ �Øº

�Ø � ÔÓ�ÒØ (i, j, k) Ó� �ÒØ�Ö�×Ø Ó� Ø�� Æ�ÖÖÓÛ��Ò�¸ Û� �Ò ���Ù� �ÖÓÑ
´¾º�µ Ø��Ø Ø�� Ø�×Ø Ú�ÐÙ� ϑ Ó� α �× �ÐÙÐ�Ø�� �Ý ×ÓÐÚ�Ò� Ø�� �ÓÐÐÓÛ�Ò� ÕÙ��Ö�Ø�
�ÕÙ�Ø�ÓÒ �

3
�

ν=1

max2

�

ϑ− tν
−

i,j,k

△−
ν

,
ϑ− tν

+

i,j,k

△+
ν

, 0

�

=
1

M2
i,j,k

, ´¾º�µ

Û�Ø� Ø�� ÒÓØ�Ø�ÓÒ×

△±
1 = △x

�

1−
s±x

i±1,j,k

3

�

, △±
2 = △y

�

1−
s±y

i,j±1,k

3

�

, △±
3 = △z

�

1−
s±z

i,j,k±1

3

�

,



���� � ������������� ���� ��� ������ ¿�

�Ò� Û�Ø� Ø�� �ÓÐÐÓÛ�Ò� ��Ò�Ö� ×Û�Ø��×
�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

s±x
i,j,k =

�

1 �� αi±1,j,k < αi,j,k

0 ÓØ��ÖÛ�×�

s±y
i,j,k =

�

1 �� αi,j±1,k < αi,j,k

0 ÓØ��ÖÛ�×�

s±z
i,j,k =

�

1 �� αi,j,k±1 < αi,j,k

0 ÓØ��ÖÛ�×�

,

Û��Ö� Ø�� Ó����ÒØ×
�

tν
±

i,j,k

�

1≤ν≤3
�Ö� ��Ú�Ò �Ý �

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

t1
±

i,j,k = αi±1,j,k +
s±x

i±1,j,k

3
(αi±1,j,k − αi±2,j,k)

t2
±

i,j,k = αi,j±1,k +
s±y

i,j±1,k

3
(αi,j±1,k − αi,j±2,k)

t3
±

i,j,k = αi,j,k±1 +
s±z

i,j,k±1

3
(αi,j,k±1 − αi,j,k±2)

.

Ì�� ×Û�Ø��× Ø��� �ÒØÓ �ÓÙÒØ Ø�� ÐÓ�Ð ��Ö�Ø�ÓÒ Ó� ÔÖÓÔ���Ø�ÓÒº Ì��Ý
�Ò×ÙÖ� Ø�� �Ù×�Ð�ØÝ ÓÒ��Ø�ÓÒ �Ý ×�ØØ�Ò� � Þ�ÖÓ Ú�ÐÙ� Û��Ò Ø�� �Ò�ÓÖÑ�Ø�ÓÒ
�Ø Ø�� ×�ÓÒ� ÓÖ��Ö �× ÒÓØ �Ú��Ð��Ð� �Ò Ø��Ø ��Ö�Ø�ÓÒº

Ê�Ñ�Ö� ¾º½º �Ø �Ö×Ø¹ÓÖ��Ö Ó� �ÙÖ�Ý¸ ÓÒ� �Ò Ø��� �ÐÐ ×Û�Ø��× �ÕÙ�Ð ØÓ
Þ�ÖÓ �Ò� ÓÒ� ��× △±

1 = △x¸ △±
2 = △y¸ △±

3 = △z¸ �Ò� t1
±

i,j,k = αi±1,j,k¸

t2
±

i,j,k = αi,j±1,k¸ t
3±
i,j,k = αi,j,k±1º

¾º¾º� �ÙÐÐ ��×Ö�Ø�×�Ø�ÓÒ Ó� Ø�� �Ë� ×Ý×Ø�Ñ

�ÓÐÐÓÛ�Ò� Ø�� ��×Ø¹Ñ�Ö��Ò� Ô�Ö����Ñ¸ � Ñ�Ø�Ó� �ÓÖ ×ÓÐÚ�Ò� Ø�� ÓÙÔÐ��
×Ý×Ø�Ñ Ó� �ÕÙ�Ø�ÓÒ× ´¾º�µ �× ÒÓÛ �ÜÔÐ��Ò��º Ë�Ò� M �× �Ò ÙÒ�ÒÓÛÒ Ó� Ø��
ÔÖÓ�Ð�Ñ¸ ÓÒ� ��× ØÓ �ÐÙÐ�Ø� Ø�×Ø Ú�ÐÙ�× Ó� α ´�º�º ϑµ �Ò� Ó� M ´�º�º mµ¸
�Ø Ø�� ×�Ñ� Ø�Ñ�¸ �ÓÖ ��� ÔÓ�ÒØ Ó� Ø�� Æ�ÖÖÓÛ��Ò�¸ Ð����Ò� ØÓ � ÐÓ�Ð
ÒÓÒÐ�Ò��Ö ×Ý×Ø�Ñ �Ò ϑ �Ò� mº Ì�� ��×Ö�Ø� Ú�ÐÓ�ØÝ Mi,j,k �× ÒÓÛ Ö�ÔÐ���
�Ý m �Ò Ø�� �ÕÙ�Ø�ÓÒ ´¾º�µ �Ò� Ø�� ��×Ö�Ø�Þ�Ø�ÓÒ Ó� Ø�� ØÖ�Ò×ÔÓÖØ �ÕÙ�Ø�ÓÒ
´¾º��µ �× �ÓÒ� �× �ÓÐÐÓÛ×º

Ì�� ��Ú�Ø�ÓÒ Ô�ÖØ Ó� �ÕÙ�Ø�ÓÒ ´¾º��µ Ö���× ∇M · ∇αº �ÓÐÐÓÛ�Ò� Ø��
ÙÔÛ�Ò� ��Ö�Ø�ÓÒ Ó� ��×Ö�Ø�Þ�Ø�ÓÒ �ÓÖ ∇α �Ò×ÙÖ�× Ø��Ø ÓÒÐÝ Ö���Ú��Ð� ÔÓ�ÒØ×
�Ö� Ù×�� �Ò Ø�� ÓÑÔÙØ�Ø�ÓÒ Ó� ∇M º ÅÓÖ� ÔÖ��×�ÐÝ̧ Û� ��Ú� �

(∇M ·∇α) |
i,j,k

=
3

�

ν=1





�

ϑ− tν
−

i,j,k

△−
ν

�+
m− ℓν−

i,j,k

△−
ν

−
�

tν
+

i,j,k − ϑ

△+
ν

�−
ℓν+

i,j,k −m

△+
ν







¿� �������� �� ��� ��� �����

Û��Ö� Ø�� Ó����ÒØ×
�

ℓν±
i,j,k

�

1≤ν≤3
Ø��� Ø�� �ÓÖÑ �

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

ℓ1
±

i,j,k = Mi±1,j,k +
s±x

i±1,j,k

3
(Mi±1,j,k −Mi±2,j,k)

ℓ2
±

i,j,k = Mi,j±1,k +
s±y

i,j±1,k

3
(Mi,j±1,k −Mi,j±2,k)

ℓ3
±

i,j,k = Mi,j,k±1 +
s±z

i,j,k±1

3
(Mi,j,k±1 −Mi,j,k±2)

.

�ÓÒ�ÖÒ�Ò� Ø�� ×ÓÙÖ� Ø�ÖÑ Ó� �ÕÙ�Ø�ÓÒ ´¾º��µ¸ S(M)Δα¸ Û� �Ú�ÐÙ�Ø� S
�ÑÔÐ��ØÐÝ �Ò� ��×Ö�Ø�Þ� Ø�� Ä�ÔÐ���Ò ÓÔ�Ö�ØÓÖ �Ø ×�ÓÒ� ÓÖ��Öº �ÖÓÑ ÓÙÖ
�ÜÔ�Ö��Ò�¸ �Ø �× ÖÙ��Ð ØÓ Ù×� � �ÒØ�Ö�� ×��Ñ� �× ÑÙ� �× ÔÓ××��Ð�º Ì��× �×
�ÓÒ� �Ò ÔÖ�Ø�� �Ý Ø���Ò� �ÒØÓ �ÓÙÒØ �ÐÐ �Ò�Ø� Ú�ÐÙ� Ò�����ÓÙÖ× Ó� �

ÔÓ�ÒØ Ó� �ÒØ�Ö�×Ø¸ �ÒÐÙ��Ò� Ø�Ó×� Ó� Ø�� Æ�ÖÖÓÛ��Ò�¸ �Ò Ø�� �ÐÙÐ�Ø�ÓÒ Ó�
Ø�� Ø�×Ø Ú�ÐÙ�º Ì��× ���ØÙÖ� �Ð×Ó ���Ø× Ø�� ×Û�Ø��× �Ú�ÐÙ�Ø�ÓÒ �Ò ´¾º�µº ÁÒ ÓÒ�
×Ô�� ��Ö�Ø�ÓÒ¸ �� � Ð��Ø �Ò� Ö���Ø Ú�ÐÙ�× �Ö� �Ú��Ð��Ð�¸ Ø�� ×�ÓÒ� ��Ö�Ú�Ø�Ú�
�× �Ó×�Ò �ÒØ�Ö��¸ ÒÓ Ñ�ØØ�Ö Ø�� �Ù×�Ð�ØÝ ÓÒ��Ø�ÓÒ �Ò Ø�� Æ�ÖÖÓÛ��Ò�
´�º�º Û� �Ð×Ó Ù×� ÔÓ�ÒØ× Û��� �Ö� ÒÓØ �Ò Ø�� ÃÒÓÛÒ ×�Øµº �ÓÖ Ø��× Ö��×ÓÒ¸ Ø��
�Ð�ÓÖ�Ø�Ñ �× ÒÓØ � ��×Ø¹Ñ�Ö��Ò� Ñ�Ø�Ó� �Ò Ø�� ×ØÖ�Ø�×Ø ×�Ò×�¸ �Ò� Û� ×�Ý �Ø
��× ��×Ø¹Ñ�Ö��Ò� Ð��� ÔÖÓÔ�ÖØ��×º

ÅÓÖ� ÔÖ��×�ÐÝ̧ (S(M)Δα) |i,j,k = S(m)

3
�

ν=1

Δ̂ν ¸ Û��Ö� Û� �ÜÔÖ�×× ÓÒÐÝ

Ø�� �Ö×Ø Ø�ÖÑ �ÓÖ Ø�� ×��� Ó� ×�ÑÔÐ��ØÝ

�� ´αi−1,j,k < ��� �Ò� αi+1,j,k < ���µ Ø��Ò
Δ̂1 = Δ̂1c

�Ð×�
�� ´ϑ ≥ t1

−
i,j,k ÓÖ ϑ ≥ t1

+

i,j,kµ Ø��Ò

��

�

max
�ϑ− t1

+

i,j,k

△+
1

, 0
�

≥ max
�ϑ− t1

−
i,j,k

△−
1

, 0
�

�

Ø��Ò

Δ̂1 = Δ̂1r

�Ð×�
Δ̂1 = Δ̂1ℓ

�Ò� ��

�Ò� ��

�Ò� ��

Û�Ø�
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• Δ̂1c =
αi+1,j,k − 2ϑ+ αi−1,j,k

△x2

• Δ̂1r = s+x
i,j,ks

+x
i+1,j,k

�

ϑ− 2αi+1,j,k + αi+2,j,k

△x2

+s+x
i+2,j,k

�

ϑ− 2αi+1,j,k + αi+2,j,k

△x2 − αi+3,j,k − 2αi+2,j,k + αi+1,j,k

△x2
��

• Δ̂1ℓ = s−x
i,j,ks

−x
i−1,j,k

�

ϑ− 2αi−1,j,k + αi−2,j,k

△x2

+s−x
i−2,j,k

�

ϑ− 2αi−1,j,k + αi−2,j,k

△x2 − αi−3,j,k − 2αi−2,j,k + αi−1,j,k

△x2
��

Û��Ö� Û� Ö��ÐÐ Ø��Ø ��� ��ÒÓØ�× Ø�� �Ù�� �Ò�Ø��Ð ÔÓ×�Ø�Ú� Ú�ÐÙ� ��Ú�Ò ØÓ
ÔÓ�ÒØ× �Ò Ø�� ��Ö ×�Øº

Ì�� �Ò�Ð �ÓÖÑ Ó� Ø�� ÒÓÒÐ�Ò��Ö ×Ý×Ø�Ñ ÓÒ ϑ �Ò� m �× Ø��Ò






























3
�

ν=1

max2

�

ϑ− tν
−

i,j,k

△−
ν

,
ϑ− tν

+

i,j,k

△+
ν

, 0

�

=
1

m2
´¾º��µ

3
�

ν=1





�

ϑ− tν
−

i,j,k

△−
ν

�+
m− ℓν−

i,j,k

△−
ν

−
�

tν
+

i,j,k − ϑ

△+
ν

�−
ℓν+

i,j,k −m

△+
ν



= S(m)

3
�

ν=1

Δ̂ν ´¾º��µ

Ê�Ñ�Ö� ¾º¾º �× �Ò Ö�Ñ�Ö� ¾º½¸ Ø�� �Ö×Ø¹ÓÖ��Ö �ÙÖ�Ø� Ú�Ö×�ÓÒ Ó� Ø�� �ÕÙ�¹
Ø�ÓÒ ´¾º��µ Ù×�× Ø�� �ÓÐÐÓÛ�Ò� ���ÒØ�Ø��× � �ÓÖ Ø�� ��Ú�Ø�ÓÒ Ô�ÖØ¸ Û� ×�ÑÔÐÝ
Ø��� ℓ1

±
i,j,k = Mi±1,j,k¸ ℓ

2±
i,j,k = Mi,j±1,k¸ ℓ

3±
i,j,k = Mi,j,k±1¸ �Ò� Ø�� Ä�ÔÐ���Ò �×

��×Ö�Ø�Þ�� Ø���Ò� s±x
i±2,j,k = 0¸ s±y

i,j±2,k = 0 �Ò� s±z
i,j,k±2 = 0 �Ò Ø�� �ÜÔÖ�××�ÓÒ×

Ó� Δ̂1¸ Δ̂2 �Ò� Δ̂3 Ö�×Ô�Ø�Ú�ÐÝº

ÌÛÓ ×ØÖ�Ø����× ��Ú� ���Ò Ø�×Ø�� �ÓÖ Ø�� ÒÙÑ�Ö��Ð Ö�×ÓÐÙØ�ÓÒ Ó� Ø�� ÐÓ¹
�Ð ÒÓÒÐ�Ò��Ö ×Ý×Ø�Ñ ´¾º�µ ÓÒ ϑ �Ò� mº ��Ú�Ò Ø�� ÙÖÖ�ÒØ �ÔÔÖÓÜ�Ñ�Ø�ÓÒ
�

ϑ(p),m(p)
�

¸ Ø�� �Ö×Ø �ÔÔÖÓ�� �× � �Ü�� ÔÓ�ÒØ Ñ�Ø�Ó� Û��� ÓÒ×�×Ø× �Ò
×ÓÐÚ�Ò� Ø�� ÕÙ��Ö�Ø� �ÕÙ�Ø�ÓÒ ´¾º��µ ÓÒ ϑ Û�Ø� m = m(p) ØÓ ��Ø ϑ(p+1)

Û��� �× �Ò��Ø�� �Ò Ø�� �ÕÙ�Ø�ÓÒ ´¾º��µº Ì��× ��Ú�× Ù× � Ò�Û Ú�ÐÙ� m(p+1)

�Ý Ö�×ÓÐÙØ�ÓÒ Û�Ø� ��Ø��Ö � Ò�Û �Ü��¹ÔÓ�ÒØ �Ø�Ö�Ø�ÓÒ ÓÖ Æ�ÛØÓÒ³× Ñ�Ø�Ó�º
Ì��× ÔÖÓ��ÙÖ� �× Ö�Ô��Ø�� ÙÒØ�Ð � ��×�Ö�� ØÓÐ�Ö�Ò� �× Ñ�Ø ´10−6 �Ò ÔÖ�¹
Ø��µº Ì�� ×�ÓÒ� �ÔÔÖÓ�� �× ØÓ ×ÓÐÚ� Ø�� �ÙÐÐ ÓÙÔÐ�� ×Ý×Ø�Ñ Ó� �ÕÙ�Ø�ÓÒ×
´¾º�µ �Ý Æ�ÛØÓÒ³× ÔÖÓ��ÙÖ�º ÁÒ����¸ Ø�� ×Ý×Ø�Ñ ´¾º�µ �Ò �� ÛÖ�ØØ�Ò �Ò Ø��
��Ò�Ö� �ÓÖÑ G(W) = 0¸ Û��Ö� G �× � ÒÓÒÐ�Ò��Ö �ÙÒØ�ÓÒ �Ò W = (m,ϑ)t

Û��� ��Ô�Ò�× ÓÒ Ø�� Ú�ÐÙ�× Ó� α �Ò� M �ÖÓÙÒ� Ø�� ÔÓ�ÒØ (i, j, k) Ó� Ø��
Æ�ÖÖÓÛ��Ò�º Ì�� Ö�×ÓÐÙØ�ÓÒ Ó� ´¾º�µ �× Ø��Ò �ÓÒ� �Ý Ø�� �ÓÐÐÓÛ�Ò� �Ø�Ö�Ø�Ú�
�Ð�ÓÖ�Ø�Ñ¸ �ÓÖ p ≥ 0¸

W(p+1) =W(p) −
�

DWG
�

W(p)
��−1

G
�

W(p)
�

,
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Û��Ò Ø�� ÓÑÔÙØ�Ø�ÓÒ Ó� Ø�� �Ö����ÒØ DWG �× �ÐÐÓÛ��¸ �Ò� Û��Ö� Ø�� ×Ø�ÖØ�Ò�
ÔÓ�ÒØ W(0) �× ��Ø�ÖÑ�Ò�� �ÖÓÑ Ø�� Ú�ÐÙ�× Ó� M �Ò� α ÓÒ Ò�����ÓÖ�Ò� ÔÓ�ÒØ×º
�ÓØ� �ÔÔÖÓ���× ��Ú� ���Ò ×Ù�××�ÙÐÐÝ �ÑÔÐÓÝ��¸ Û� ��� ÒÓØ Ó�×�ÖÚ� �ÒÝ
ÖÓ�Ù×ØÒ�×× ÔÖÓ�Ð�Ñº

¾º¾º� �ÓÙÒ��ÖÝ ÓÒ��Ø�ÓÒ×

ÌÛÓ ��Ò�× Ó� �ÓÙÒ��ÖÝ ÓÒ��Ø�ÓÒ× �Ö� ÓÑÑÓÒÐÝ Ö�ÕÙ�Ö�� � ÓÙØ�Ó�Ò� �Ò�
Ö���� Û�ÐÐ×º ÁÒ ÔÖ�Ø��¸ �Ø�ÓÙ× ÔÓ�ÒØ× �Ö� ����� ÓÙØ×��� Ó� Ø�� ÓÑÔÙØ�Ø�ÓÒ�Ð
�ÓÑ��Ò¸ ÓÒ Û��� Ø�� Ô��×� �Ò� Ø�� Å�� ÒÙÑ��Ö �Ö� ×�Øº Ì�� ÒÙÑ��Ö Ó�
�Ø�ÓÙ× �ÐÐ× ��Ô�Ò�× ÓÒ Ø�� ÓÖ��Ö Ó� Ø�� �ÒØ�Ö�ÓÖ ÒÙÑ�Ö��Ð ×��Ñ�º

Ì�� ÓÙØ�Ó�Ò� ÓÒ��Ø�ÓÒ× �Ö� Ù×�� ÓÒ Ø�� �ÖØ����Ð Ð�Ñ�Ø× Ó� � �Ö�� �ÓÙÒ�¹
�ÖÝº Ï� �ÑÔÓ×� � �Ù�� ÔÓ×�Ø�Ú� Ú�ÐÙ� Ó� α ÓÒ Ø�� �Ø�ÓÙ× ÔÓ�ÒØ× ØÓ Ñ��� Ø��
×��Ñ� ÙÔÛ�Ò�º

Ï��Ò � �ÓÙÒ��ÖÝ Ó� Ø�� ÓÑÔÙØ�Ø�ÓÒ�Ð �ÓÑ��Ò �× �ÓÙÒ��� �Ý � Ö����
�Ó�Ý ΓR¸ � Û�ÐÐ ÓÒ��Ø�ÓÒ �× Ù×��º ÁÒ Ø��× �×�¸ � Æ�ÙÑ�ÒÒ ÓÒ��Ø�ÓÒ �ÔÔÐ��× �
(n · ∇α)|ΓR

= 0º Ì�� ÒÙÑ�Ö��Ð �ÑÔÐ�Ñ�ÒØ�Ø�ÓÒ �× �ÓÒ� �Ý Ö���Ø�Ò� Ø��
Ú�ÐÙ�× Ó� α �Ò� M ¸ �Ý ×ÝÑÑ�ØÖÝ̧ ÓÒ Ø�� �Ø�ÓÙ× ÔÓ�ÒØ×º Ä�Ø Ù× Ö��ÐÐ ��Ö�
Ø��Ø Ï��Ø��Ñ³× ÑÓ��Ð �× ��Ð� ØÓ ÔÖ���Ø ÓÒÐÝ Ø�� �ÖÖ��ÙÐ�Ö ×�Ó� Ö���Ø�ÓÒ¸
Ò�Ñ�ÐÝ Ø�� Å�� Ö���Ø�ÓÒ ÓÖ ×�Ó�¹×�Ó� ×�Ò�ÙÐ�Ö�ØÝ �Ò Ø�� Ø�ÖÑ�ÒÓÐÓ�Ý Ó�
Ï��Ø��Ñº

¾º¾º� ËÙÑÑ�ÖÝ Ó� Ø�� �Ð�ÓÖ�Ø�Ñ

Ì�� ÒÙÑ�Ö��Ð ×��Ñ� Û� ��×��Ò�� ØÓ ×ÓÐÚ� Ø�� �Ë� ÑÓ��Ð ´¾º½µ �× ÒÓÛ
×ÙÑÑ�Ö�Þ��º Ï��Ø��Ñ³× ÑÓ��Ð �× �Ö×Ø Ö�ÛÖ�ØØ�Ò ØÓ �ÚÓ�� Ø�� ��Ö�Ø ��×Ö�Ø�¹
×�Ø�ÓÒ Ó� Ø�� ÙÖÚ�ØÙÖ�º Ì�� ÔÖÓÔÓ×�� �Ð�ÓÖ�Ø�Ñ �× �Ò �ÙÐ�Ö��Ò �ÔÔÖÓ��
×�Ñ�Ð�Ö ØÓ Ø�� ��×Ø¹Ñ�Ö��Ò� Ñ�Ø�Ó� Ô�Ö�ÓÖÑ�� ÓÒ � ��ÖØ�×��Ò �Ö��º Ì��×
�Ð�ÓÖ�Ø�Ñ �× ��×�� ÓÒ � ×�ÓÒ� ÓÖ��Ö �Ò�Ø� ����Ö�Ò� Ñ�Ø�Ó� �Ò� ÑÓÖ� ÔÖ�¹
�×�ÐÝ ÓÒ �Ò ÙÔÛ�Ò� ×��Ñ� �Ò Ø�� ��Ö�Ø�ÓÒ Ó� Ø�� ×�Ó� ÔÖÓÔ���Ø�ÓÒ Û�Ø�
� ÔÖ�ÓÖ�ØÝ ÕÙ�Ù� ��ÔØ�Ò� Ó� Ø�� ÐÓ�Ð ×ÓÐÙØ�ÓÒº Ì�� �ÖÖ�Ú�Ð Ø�Ñ� �Ò� Ø��
Å�� ÒÙÑ��Ö �Ö� Ó�Ø��Ò�� �Ý ×ÓÐÚ�Ò� � ÐÓ�Ð ÒÓÒ¹Ð�Ò��Ö ×Ý×Ø�Ñº

Ì�� ÓÚ�Ö�ÐÐ ×ØÖÙØÙÖ� Ó� ÓÙÖ �Ð�ÓÖ�Ø�Ñ �× ÐÓ×� ØÓ Ø�� �ÅÅ ÓÒ� �ÙØ ��×
ØÛÓ Ñ��Ò ����Ö�Ò�× � ÙØ�Ð�Þ�Ø�ÓÒ Ó� ÔÓ�ÒØ× ÒÓØ Ý�Ø ��ÔØ�� �Ò� Ö�×ÓÐÙØ�ÓÒ
Ó� Ø�� ���ÓÒ�Ð �ÕÙ�Ø�ÓÒ ØÓ��Ø��Ö Û�Ø� Ø�� ØÖ�Ò×ÔÓÖØ �ÕÙ�Ø�ÓÒ ÓÒ Ø�� ÔÖÓÔ�¹
��Ø�ÓÒ Ú�ÐÓ�ØÝº Ì�� ��×Ø¹Ñ�Ö��Ò� Ð��� �Ð�ÓÖ�Ø�Ñ ÓÒØ��Ò× ØÛÓ Ñ��Ò ×Ø�Ô×¸
Ò�Ñ�ÐÝ �Ò�Ø��Ð�×�Ø�ÓÒ �Ò� �Ø�Ö�Ø�ÓÒ¸ �Ò� �× ÓÖ��Ò�Þ�� �× �ÓÐÐÓÛ× �

➥ ÁÒ�Ø��Ð�Þ�Ø�ÓÒ ×Ø�Ô

➠ Ë�Ø �ÐÐ ÔÓ�ÒØ× Ó� Ø�� ÓÑÔÙØ�Ø�ÓÒ�Ð �ÓÑ��Ò �Ò Ø�� ��Ö ×�Ø �Ý �××��Ò�Ò� �
�Ù�� ��� Ú�ÐÙ� ØÓ αº

➠ ��� ��� ÔÓ�ÒØ Ó� Ø�� Ù×�Ö �Ò�Ø��Ð ÓÒ��Ø�ÓÒ �Ò Ø�� ÃÒÓÛÒ ×�Øº
➠ �Ö��Ø� Ø�� Æ�ÖÖÓÛ��Ò� �ÖÓÑ �Ö×Ø Ò�����ÓÙÖ× Ó� Ø�� ÃÒÓÛÒ ×�Øº

➥ ÁØ�Ö�Ø�Ú� ×Ø�Ô ÙÒØ�Ð Ø�� Æ�ÖÖÓÛ��Ò� �× �ÑÔØÝ
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➠ �ÔÔÐÝ �ÓÙÒ��ÖÝ ÓÒ��Ø�ÓÒ×º
➠ �ÓÖ ��� ÔÓ�ÒØ �Ò Ø�� Æ�ÖÖÓÛ��Ò�¸ ÓÑÔÙØ� Ø�� Ø�×Ø Ú�ÐÙ�× ϑ �Ò� m �Ý

×ÓÐÚ�Ò� Ø�� ÐÓ�Ð ÒÓÒ¹Ð�Ò��Ö ×Ý×Ø�Ñ ´¾º�µ¸ �Ý � Æ�ÛØÓÒ ÓÖ �Ü�� ÔÓ�ÒØ Ñ�Ø�Ó�º
➠ È�� Pmin ≡ (imin, jmin, kmin) ∈ Æ�ÖÖÓÛ��Ò� ×Ù� Ø��Ø

α(imin, jmin, kmin) = min
(i,j,k)∈����������

α(i, j, k).

��� Pmin �Ò Ø�� ÃÒÓÛÒ ×�Ø»��Ð�Ø� �Ø �Ò Æ�ÖÖÓÛ��Ò�º
➠ ��� Ø�� ÐÓ×� Ò�����ÓÖ× Ó� Pmin �Ò Æ�ÖÖÓÛ��Ò� �� Ø��Ý Û�Ö� �Ò Ø�� ��Ö

×�Øº

¾º¿ Ê���Ö�Ò� ×ÓÐÙØ�ÓÒ× ØÓ �Ë�

ÁÒ Ø��× ×�Ø�ÓÒ¸ Û� ÔÖÓÚ��� Ö���Ö�Ò� ×ÓÐÙØ�ÓÒ× ØÓ Ø�� �Ë� �ÕÙ�Ø�ÓÒ×¸ Ø��Ø
�× ��ÓÑ�ØÖ��Ð ÓÒ��ÙÖ�Ø�ÓÒ× Û��Ö� Ø�� �Ü�Ø ×ÓÐÙØ�ÓÒ �Ò �� ��Ø��Ö �ÐÙ¹
Ð�Ø�� �Ò�ÐÝØ��ÐÐÝ ÓÖ �ÔÔÖÓÜ�Ñ�Ø�� Û�Ø� � ÕÙ�� �Ý¹�ÐÙÐ�Ø�ÓÒ ´ØÝÔ��ÐÐÝ Ø��
Ö�×ÓÐÙØ�ÓÒ Ó� � ÓÒ�¹��Ñ�Ò×�ÓÒ�Ð Ç��µº Ì�� ÒÙÑ�Ö��Ð ×ÓÐÙØ�ÓÒ× Ó� ÓÙÖ ��×Ø¹
Ñ�Ö��Ò� �Ð�ÓÖ�Ø�Ñ �Ò Ø��Ò �� ÓÑÔ�Ö�� ØÓ Ø��×� Ö���Ö�Ò� ×ÓÐÙØ�ÓÒ× ØÓ
�Ú�ÐÙ�Ø� �Ø× ÔÖ��×�ÓÒº Á���ÐÐÝ̧ Ø��Ý ×�ÓÙÐ� ÓÚ�Ö � Û��� �ÖÖ�Ý Ó� �×�×¸ ØÓ Ø�×Ø
Ø�� �Ð�ÓÖ�Ø�Ñ �Ò Ø�� ÑÓ×Ø ��Ú�Ö×� ÓÒ��ÙÖ�Ø�ÓÒ×º �ÓÒÚ�Ö×�ÐÝ̧ ×Ù� Ö���Ö�Ò�
×ÓÐÙØ�ÓÒ× �Ö� Ó�Ø�Ò ��Ö� ØÓ ÔÖÓÚ���¸ �Ò� Û� ÓÒÐÝ �ÜÔ�Ø ØÓ ��Ø�ÖÑ�Ò� Ø��Ñ
�Ò Ú�ÖÝ ×�ÑÔÐ� ��ÓÑ�ØÖ��Ð ÓÒ��ÙÖ�Ø�ÓÒ×º

ÁÒ Ø�� �×� Ó� Ø�� �Ë� �ÕÙ�Ø�ÓÒ×¸ �Ø �Ò �� ÒÓØ�� Ø��Ø �Ò�Ò�Ø�ÐÝ Ð�Ö��
ÔÐ�Ò� �ÖÓÒØ× Ó� �ÒÝ ÒÓÖÑ�Ð�Þ�� Ú�ÐÓ�ØÝ M > 1 �Ö� �Ü�Ø ×ÓÐÙØ�ÓÒ× Ó� Ø�� ×Ý×¹
Ø�Ñ �Ò Ø�� Û�ÓÐ� ×Ô��º Ê���Ö�Ò� ×ÓÐÙØ�ÓÒ× �Ò �Ð×Ó �� �ÓÙÒ� �Ò Ø�� Ö����Ð
�×�¸ Û��Ò Ø�� ÓÒ��ÙÖ�Ø�ÓÒ �× �ÒÚ�Ö��ÒØ ÙÒ��Ö ÖÓØ�Ø�ÓÒ×¸ �Ò� ÑÓÖ� �ÒØ�Ö¹
�×Ø�Ò�ÐÝ̧ �ÓÖ Ø�� Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñ �Ò R2º ËÙ� ×ÓÐÙØ�ÓÒ× �Ò��Ð� ØÓ Ø�×Ø Ø��
����Ú�ÓÙÖ Ó� Ø�� �Ð�ÓÖ�Ø�Ñ ÓÒ ×ÑÓÓØ� ×ÓÐÙØ�ÓÒ× �× Û�ÐÐ �× �Ò �×�× Û��Ö� Ø��
Ú�ÐÓ�ØÝ ��× ��×ÓÒØ�ÒÙ�Ø��×º Ì�� ×�ÑÔÐ�×Ø Ø�×Ø �×� �ÓÖ ��×ÓÒØ�ÒÙÓÙ× ×ÓÐÙØ�ÓÒ×
�× Ø�� ÓÑÔÖ�××�ÓÒ Û���� ´×�� ËÙ�×�Ø�ÓÒ× ¾º¿º¾ �Ò� ¾º�º¾µº

ÁÒ Ø�� Ö�Ñ��Ò��Ö Ó� Ø��× ×�Ø�ÓÒ Û� Û�ÐÐ Ù×� Ø�� ÓÒ×�ÖÚ�Ø�Ú� �ÓÖÑ ´¾º½µ
Ó� Ø�� �Ë� ×Ý×Ø�Ñ¸ Û�Ø� Ø�� �ÒØ��Ö�Ð �¹Å Ö�Ð�Ø�ÓÒ

A(M) = A0 exp

�

−
� M

M0

mλ(m)

m2 − 1
dm

�

, ´¾º�µ

Û��Ö� M0 > 1 �× Ø�� �Ò�Ø��Ð ÓÒ��Ø�ÓÒ �Ò� A0 Ø�� ÓÖÖ�×ÔÓÒ��Ò� ×�Ø�ÓÒ �Ö��º
Ï� �Ð×Ó �ÒØÖÓ�Ù� Ø�� ÒÓØ�Ø�ÓÒ

β(M) =
M2 − 1

λ(M)
.

Ì�� ÕÙ�ÒØ�ØÝ β �ÐÐÓÛ× ØÓ ÛÖ�Ø� Ø�� Ö�×ÙÐØ× Ó� Ø��× ×�Ø�ÓÒ �Ò � ×�ÑÔÐ�Ö Ñ�ÒÒ�Öº



�¼ �������� �� ��� ��� �����

¾º¿º½ Ê����Ð ×ÓÐÙØ�ÓÒ×

Ì�� ×�ÑÔÐ�×Ø ÓÒ��ÙÖ�Ø�ÓÒ �Ò Û��� � ×ÓÐÙØ�ÓÒ Ó� Ø�� �Ë� �ÕÙ�Ø�ÓÒ×
�Ò �� ÓÑÔÙØ�� �× Ø�� Ö����Ð �×� Û��Ö� Ø�� ×ÓÐÙØ�ÓÒ ��Ô�Ò�× ÓÒÐÝ ÓÒ Ø��
Ö����Ð ÓÓÖ��Ò�Ø� rº ÅÓÖ� ÔÖ��×�ÐÝ̧ �Ò ��Ñ�Ò×�ÓÒ d = 2, 3¸ Ø�� Ú�ÐÓ�ØÝ M �×
� ×ÓÐÙØ�ÓÒ Ó� � ÓÒ�¹��Ñ�Ò×�ÓÒ�Ð Ç�� �Ò Ø�� r Ú�Ö���Ð� �















M(r)∂rα(r) = 1 ´¾º½¼�µ

M(r)∂rM(r) = −β(M(r))
d− 1

r
´¾º½¼�µ

�ÓÖ � ��Ú�Ò �Ò�Ø��Ð ÓÒ��Ø�ÓÒ¸ Ø��× �ÕÙ�Ø�ÓÒ �Ò �� ×ÓÐÚ�� �Ý � ���� ÓÖ��Ö
�Ð�ÓÖ�Ø�Ñ ØÓ ÔÖÓÚ��� � ×ÓÐÙØ�ÓÒ Ó� Ö���Ö�Ò�¸ Û��� �× ��ÐÔ�ÙÐ �ÓÖ ÓÒÚ�Ö��Ò�
×ØÙ���×º �Ò�ÐÝØ��Ð ×ÓÐÙØ�ÓÒ× �Ö� ��×�ÐÝ Ó�Ø��Ò�� �Ò Ø�� ×ØÖÓÒ� ×�Ó� Ð�Ñ�Ø¸
M >> 1.

¾º¿º¾ ËÓÐÙØ�ÓÒ× Ó� Ø�� Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñ �Ò ��Ñ�Ò×�ÓÒ 2

Ì�� ×ÓÐÙØ�ÓÒ× Ó� Ø�� Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñ �ÓÖ Ø�� �Ë� �ÕÙ�Ø�ÓÒ× �Ö� Ó� ÔÖ�Ñ�
�ÑÔÓÖØ�Ò� ×�Ò� Ø��Ý �Ò �Ü����Ø ��×ÓÒØ�ÒÙÓÙ× Ú�ÐÓ�Ø��× �Ò� ��Ú�ÐÓÔ Ò�Û
�ÒØ�ÖÑ����Ø� ×Ø�Ø�×º Ì�� ����Ú�ÓÙÖ Ó� Ø�� �Ð�ÓÖ�Ø�Ñ �Ò Ø��Ò �� �Ú�ÐÙ�Ø��
ÓÒ Ø��× ���ÙÐØ ÔÖÓ�Ð�Ñº Ì�� ×�ÑÔÐ�×Ø Ø�×Ø �×� �ÓÖ ��×ÓÒØ�ÒÙ�Ø��× �× Ø��
ÓÑÔÖ�××�ÓÒ Û����¸ Û��� Û�ÐÐ �� ��Ú�ÐÓÔ�� �Ò ÑÓÖ� ��Ø��Ð× Ð�Ø�Öº

�ÓÖ ��Ò�Ö�Ð �ÝÔ�Ö�ÓÐ� ×Ý×Ø�Ñ×¸ Ø�� Ø��ÓÖÝ �ÓÖ Ø�� Ö�×ÓÐÙØ�ÓÒ Ó� Ø�� Ê��¹
Ñ�ÒÒ ÔÖÓ�Ð�Ñ ÓÒÐÝ ÓÚ�Ö× Ø�� �×� Û��Ö� Ø�� ØÛÓ �Ò�Ø��Ð ×Ø�Ø�× �Ö� ÒÓØ ��Ö
�ÖÓÑ ��� ÓØ��Öº ËÓÐÙØ�ÓÒ× Ó� Ø�� Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñ �ÓÖ ��Ö �Û�Ý �Ò�Ø��Ð ×Ø�Ø�×
�Ö� �ÒÓÛÒ ÓÒÐÝ �ÓÖ Ú�ÖÝ Ô�ÖØ�ÙÐ�Ö �×�×¸ ×Ù� �× Ø�� p¹×Ý×Ø�Ñº Ï��Ð� Ø��
�Ë� �ÕÙ�Ø�ÓÒ× �Ö� �Ò � ×�ØØ�Ò� Ø��Ø ����Ö× �ÖÓÑ Ø�� Ù×Ù�Ð p¹×Ý×Ø�Ñ¸ Ø��Ý
�Ò �� Ð�Ò��� ØÓ Ø�� p¹×Ý×Ø�Ñ �Ò� �Ò���� Ø�� �ÙÐÐ Ö�×ÓÐÙØ�ÓÒ Ó� Ø�� Ê��Ñ�ÒÒ
ÔÖÓ�Ð�Ñ �× �Ú��Ð��Ð�º

ÁÒ ��× ÛÓÖ�× �¾�℄ �Ò� �¾�℄¸ Ï��Ø��Ñ ��×Ö���� Ø�� �ÓÖÑ Ó� ×�ÑÔÐ� ×�Ó�×
�Ò� ×�ÑÔÐ� Ö�Ö���Ø�ÓÒ×º Ì��Ý �Ö� ×ØÙ���� Ö�×Ô�Ø�Ú�ÐÝ �× Ø�� Ö�×ÙÐØ× Ó� Ø��
ÓÑÔÖ�××�ÓÒ Ó� � ÔÐ�Ò� �ÖÓÒØ �Ý � Û���� �Ò� Ø�� ���Ö�Ø�ÓÒ Ó� � ÔÐ�Ò� �ÖÓÒØ
�Ý � ÓÖÒ�Öº Ï��Ð� Ø��×� ÛÓÖ�× �ÙÐÐÝ ��×Ö��� Ø�� ×ØÖÙØÙÖ� Ó� ×�Ó�× �Ò� Ö�Ö¹
���Ø�ÓÒ×¸ Ø�� Ö�Ö���Ø�ÓÒ ×ÓÐÙØ�ÓÒ �× ÓÒÐÝ ��Ú�Ò Û�Ø� �ÑÔÐ��Ø ÓÓÖ��Ò�Ø�×º ÁÒ
Ø��× Ô�ÖØ¸ Û� ��×Ö��� ÑÓÖ� �ÜÔÐ��ØÐÝ Ø�� ��ÓÑ�ØÖÝ Ó� Ø�� ×ÓÐÙØ�ÓÒº �ÖÓÑ ÓÙÖ
�ÒÓÛÐ����¸ Ø��× �× Ø�� �Ö×Ø Ø�Ñ� Ø��Ø � ÓÑÔÖ���Ò×�Ú� ×ÓÐÙØ�ÓÒ Ó� Ø�� �Ë�
Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñ �× ��Ú�Ò¸ ØÓ��Ø��Ö Û�Ø� � Ð�Ò� ØÓ Ø�� p¹×Ý×Ø�Ñº Æ�Ú�ÖØ��Ð�××¸
ÓÒ� �Ò Ñ�ÒØ�ÓÒ Ø�� ÛÓÖ�× Ó� À�Ò×��Û¸ ËÑÝØ� �Ò� Ë�Û�Ò��Ñ�Ò �½�℄ �Ò�
Ë�Û�Ò��Ñ�Ò �¾¼℄ Û��Ö� Ø�� Ï��Ø��Ñ �Ë� �ÕÙ�Ø�ÓÒ× �Ö� Ö�ÛÖ�ØØ�Ò �Ò ÓÒ¹
×�ÖÚ�Ø�Ú� �ÓÖÑº Ë�Û�Ò��Ñ�Ò �¾¼℄ �Ð×Ó Ñ�ÒØ�ÓÒ× Ø�� ��Ø Ø��Ø Ø�� Ê��Ñ�ÒÒ
ÔÖÓ�Ð�Ñ ��Ñ�Ø× ×�ÑÔÐ� ×ÓÐÙØ�ÓÒ×¸ �ÙØ �Ó�× ÒÓØ ��Ú� �ÙÐÐ ��Ø��Ð×º

ÁÒ Ø��× ×�Ø�ÓÒ Ø�� �Ë� �ÕÙ�Ø�ÓÒ× �Ö� Ö��×Ø�� �× � ×Ý×Ø�Ñ Ó� M �Ò� θ
Û��Ö� θ Ô�Ö�Ñ�ØÖ�Þ�× Ø�� �ÖÓÒØ ÒÓÖÑ�Ð �× n = (cos θ)ex + (sin θ)ey¸ Û�Ø� ex

�Ò� ey Ø�� ÙÒ�Ø Ú�ØÓÖ× �ÐÓÒ� Ø�� Ü �Ò� Ý �Ü�× Ö�×Ô�Ø�Ú�ÐÝº �ÓÖ Ø�� Ê��Ñ�ÒÒ



���� ��������� ��������� �� ��� �½

ÔÖÓ�Ð�Ñ¸ Ø�� �Ò�Ø��Ð ÓÒ��Ø�ÓÒ �× Ñ��� Ó� ØÛÓ ÔÐ�Ò�Ö �ÖÓÒØ× �× ×��Ø��� �Ò
��ÙÖ� ¾º½ � � ×�Ó� Ó� Ú�ÐÓ�ØÝ Mℓ �Ò� �Ò�Ð� θℓ �ÒØ�Ö�Ø× Û�Ø� �ÒÓØ��Ö ÓÒ� Ó�
Ú�ÐÓ�ØÝ Mr �Ò� �Ò�Ð� θrº Ï� ÛÓÖ� �Ò ÔÓÐ�Ö ÓÓÖ��Ò�Ø�× (ρ, χ)¸ Ø���Ò� χ = 0
�ÓÖ Ø�� �ÓÖ�ÞÓÒØ�Ð �Ü�× (Ox)º ÆÓØ� Ø��Ø Ø�� �Ò�Ø��Ð ÔÓ×�Ø�ÓÒ Ó� Ø�� �Ö×Ø �ÖÓÒØ

�× Ø��Ò Ø�� ��Ð�¹Ð�Ò�
�

χ = χℓ = θℓ −
π

2

�

º Ë�Ñ�Ð�ÖÐÝ̧ Ø�� �Ò�Ø��Ð ÔÓ×�Ø�ÓÒ Ó� Ø��

×�ÓÒ� �ÖÓÒØ �× Ø�� ��Ð�¹Ð�Ò�
�

χ = χr = θr +
π

2

�

º Ï�Ø� Ø��×� ÒÓØ�Ø�ÓÒ×¸ Ø��

Ð��Ø �ÖÓÒØ ÓÑ�× ���ÓÖ� Ø�� Ö���Ø ÓÒ� Û��Ò Ø�� �Ò�Ð� χ �ÒÖ��×�×º Ì��× �×
Ó��Ö�ÒØ Û�Ø� Ø�� ×Ø�Ò��Ö� ÒÓØ�Ø�ÓÒ× �ÓÖ Ø�� Ø��ÓÖÝ Ó� Ø�� Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñ
�Ò� �ÜÔÐ��Ò× Û�Ý Ø�� Ð��Ø �ÖÓÒØ �× ÓÒ Ø�� �ÓØØÓÑ Ó� Ø�� Ô�ØÙÖ�º

θ l

θr Mr

χ
r

χ
l

M l

������ ¾º½ � Ë��Ø� Ó� Ø�� �Ò�Ø��Ð ÓÒ��Ø�ÓÒ Ó� Ø�� �Ë� Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñº

Ì�� p¹×Ý×Ø�Ñ

Ì�� �ÙÐÐ Ö�×ÓÐÙØ�ÓÒ Ó� Ø�� Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñ �× �ÒÓÛÒ �ÓÖ Ø�� p¹×Ý×Ø�Ñ
´×�� �¾�℄¸ �¾½℄µ¸ Û��� �Ò �� ÛÖ�ØØ�Ò �Ò Ø�� �ÓÖÑ

�

∂tv − ∂xu = 0
∂tu+ ∂xp(v) = 0

, ´¾º½½µ

Û�Ø� t > 0¸ x ∈ R¸ �ÐÓÒ� Û�Ø� Ø�� ÔÖÓÔ�ÖØ��× p′ < 0 ´�Ò� p′′ > 0¸ �ÙØ Ø��
×��Ò Ó� p′′ ÔÐ�Ý× ÒÓ ÖÓÐ� �Ò Ø�� Ö�×ÓÐÙØ�ÓÒ Ó� Ø�� Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñ �Ò� �×
ÓÒÐÝ � Ö�×ÙÐØ Ó� Ø�� Ù×Ù�Ð Ô�Ý×��Ð �ÒØ�ÖÔÖ�Ø�Ø�ÓÒ �Ò Ø�ÖÑ× Ó� �×�ÒØÖÓÔ� ��×
�ÝÒ�Ñ�×µº

�× ÓÒ� �Ò ÒÓØ�¸ Ø�� p¹×Ý×Ø�Ñ �× ÓÒ�¹��Ñ�Ò×�ÓÒ�Ð �Ò ×Ô��¸ �Ò� Û� Û�ÒØ ØÓ
×ÓÐÚ� Ø�� ×Ø�Ø�ÓÒ�ÖÝ �Ë� �ÕÙ�Ø�ÓÒ× �Ò � ØÛÓ¹��Ñ�Ò×�ÓÒ�Ð ×Ô��º Æ�Ú�ÖØ��Ð�××¸
�Ø �Ò �� �Ö�Ù�� Ø��Ø Ø�� Ð�Ú�Ð¹×�Ø �ÙÒØ�ÓÒ α¸ �× � ��×�Ù�×�� Ø�Ñ� Ú�Ö���Ð�º

Ï� Ø��Ò �ÒØÖÓ�Ù� Ø�� (σ, τ) ×Ý×Ø�Ñ Ó� ÓÓÖ��Ò�Ø�× Û��Ö� eσ = n =
∇α

|∇α|
�× Ø�� ÙÒ�Ø Ú�ØÓÖ ÒÓÖÑ�Ð ØÓ Ø�� �ÖÓÒØ �Ò� eτ Ø�� ÙÒ�Ø Ú�ØÓÖ Ø�Ò��ÒØ ØÓ Ø��



�¾ �������� �� ��� ��� �����

�ÖÓÒØ ×Ù� Ø��Ø (eσ,eτ ) �× ��Ö�Øº ÇÒ� �Ò ÒÓØ� Ø��Ø Ï��Ø��Ñ �¾�℄ �ÐÖ���Ý
�ÒØÖÓ�Ù�� � ×�Ñ�Ð�Ö ×Ý×Ø�Ñ Ó� ÓÓÖ��Ò�Ø�×¸ α �Ò� β¸ ÔÖÓÔÓÖØ�ÓÒ�Ð ØÓ ÓÙÖ σ
�Ò� τ ¸ �ÙØ Û�Ø� � ÒÓÒ ÒÓÖÑ�Ð�Þ�� �Ö����ÒØ¸ Ð����Ò� ØÓ � ×Ð���ØÐÝ ����Ö�ÒØ
×Ý×Ø�Ñº

Í×�Ò� Ø�� ��Ø Ø��Ø ´¾º½µ �ÑÔÐ��×


















curl
�

n

M

�

= 0,

Div

�

n

A(M)

�

= 0,

´¾º½¾µ

ÓÒ� �Ò Ö�ÛÖ�Ø� Ø�� �Ë� ×Ý×Ø�Ñ �Ò ÓÙÖ ×Ý×Ø�Ñ Ó� ÓÓÖ��Ò�Ø�× �×
�

∂σθ + ∂τ log(M) = 0
∂τθ − ∂σ log(A(M)) = 0

,

Û��� ���Ö× � ×ØÖÓÒ� ×�Ñ�Ð�Ö�ØÝ Û�Ø� Ø�� p¹×Ý×Ø�Ñº Ã��Ô�Ò� �Ò Ñ�Ò� Ø��Ø Ø��
×�ØØ�Ò� �× ����Ö�ÒØ¸ ØÓ ÛÖ�Ø� �Ø �× � p¹×Ý×Ø�Ñ Û� �Ò Ø���

�

u = θ
v = log(A(M))

.

��Ú�Ò Ø��Ø A �× � ×ÑÓÓØ� �ÙÒØ�ÓÒ �Ò M Û�Ø� A′(M) < 0¸ �Ø �× �ÒÚ�ÖØ��Ð�º
ÆÓØ�Ò� �Ø× �ÒÚ�Ö×� �Ý A−1¸ Ø�� �ÜÔÖ�××�ÓÒ �ÓÖ Ø�� �ÙÒØ�ÓÒ p �×

p(v) = log
�

A−1 (ev)
�

.

Ï� �Ò Ø��Ò ��� Ø��Ø

p′(v) =
ev

A′(A−1(ev))A−1(ev)
< 0,

���Ù×� A′ < 0¸ Û��� �Ù�Ö�ÒØ��× Ø��Ø Ø�� Ö�×ÙÐØ× Ó�Ø��Ò�� �Ò Ø�� �×� Ó�
Ø�� p¹×Ý×Ø�Ñ ×Ø�ÐÐ �ÓÐ�º

��ÓÑ�ØÖ��Ð ×ØÖÙØÙÖ� Ó� ×�ÑÔÐ� Ö�Ö���Ø�ÓÒ×

� Ö�Ö���Ø�ÓÒ �× � ×ÑÓÓØ� ØÖ�Ò×�Ø�ÓÒ ��ØÛ��Ò ØÛÓ ÓÒ×Ø�ÒØ ×Ø�Ø�× (Mℓ, θℓ)
�Ò� (Mr, θr) ´×�� �ÓÖ �Ò×Ø�Ò� ��ÙÖ� ¾º¾µº �× � ÓÒ×�ÕÙ�Ò� Ó� ÓÙÖ �Ò�ÐÝ×�×¸
Û� Û�ÐÐ ×�ÓÛ Ø��Ø ��Ñ�××��Ð� ×ÓÐÙØ�ÓÒ× ��Ú� ØÓ ×�Ø�×�Ý ∂χθ ≥ 0 �Ò� θr ≥ θℓ¸
�Ú�Ò �� Û� �Ó ÒÓØ �××ÙÑ� �Ø �Ø Ø�� ����ÒÒ�Ò� Ó� ÓÙÖ �Ò�ÐÝ×�×º

ÏÖ�Ø�Ò� ´¾º½¾µ �Ò ÔÓÐ�Ö ÓÓÖ��Ò�Ø�× (ρ, χ)¸ Û� ��Ø






















∂

∂ρ

�

ρ sin(θ − χ)

M

�

− ∂

∂χ

�

cos(θ − χ)

M

�

= 0

∂

∂ρ

�

ρ cos(θ − χ)

A(M)

�

+
∂

∂χ

�

sin(θ − χ)

A(M)

�

= 0

´¾º½¿µ



���� ��������� ��������� �� ��� �¿

Ã��Ô�Ò� �Ò Ñ�Ò� Ø��Ø Û� �Ö� ÐÓÓ��Ò� �ÓÖ ×ÓÐÙØ�ÓÒ× Ø��Ø ÓÒÐÝ ��Ô�Ò� ÓÒ
Ø�� �Ò�ÙÐ�Ö Ú�Ö���Ð� χ¸ Û� ×�� Ø��Ø �ÕÙ�Ø�ÓÒ× ´¾º½¿µ �Ò �� Ö�ÛÖ�ØØ�Ò �×



















(∂χθ) sin(θ − χ) = −(∂χM)

M
cos(θ − χ)

(∂χθ) cos(θ − χ) = (∂χM)
A′(M)

A(M)
sin(θ − χ) = −(∂χM)

M

β(M)
sin(θ − χ)

´¾º½�µ
�ÓÑ��Ò�Ò� Ø�� �ÕÙ�Ø�ÓÒ× Ó� ×Ý×Ø�Ñ ´¾º½�µ¸ Û� ��Ø Ø�� �ÓÐÐÓÛ�Ò� �ÙÒ��¹

Ñ�ÒØ�Ð Ö�Ð�Ø�ÓÒ

(∂χθ)

�

M sin2(θ − χ)− β(M)

M
cos2(θ − χ)

�

= 0.

�ÖÓÑ Ø��× �ÕÙ�Ø�ÓÒ Û� ���Ù� Ø��Ø ��Ø��Ö θ �× ÓÒ×Ø�ÒØ ´�Ò� Ø��Ò M �×
�Ð×Ó ÓÒ×Ø�ÒØµ¸ Û��� ÓÖÖ�×ÔÓÒ�× ØÓ Ø�� �×� Û��Ö� Ø�� �ÖÓÒØ �× ÔÐ�Ò�Ö¸ ÓÖ
M �Ò� θ ×�Ø�×�Ý Ø�� Ö�Ð�Ø�ÓÒ

tan(θ − χ) = σ

�

β(M)

M
Û�Ø� σ = ±1. ´¾º½�µ

Ì��× Ö�Ð�Ø�ÓÒ �× ×�Ø�×��� �ÓÖ �ÒÝ Ö�Ö���Ø�ÓÒ¸ �× ×ÓÓÒ �× θ �× ÒÓØ ÓÒ×Ø�ÒØº
ÁÒ Ô�ÖØ�ÙÐ�Ö¸ Û� ��Ú� π

2 > σ(θ − χ) > 0 Û�Ø� σ = 1 �ÓÖ 1¹Ö�Ö���Ø�ÓÒ×¸ �Ò�
Û�Ø� σ = −1 �ÓÖ 2¹Ö�Ö���Ø�ÓÒ×º

Ì�� ÓÑ��Ò�Ø�ÓÒ Ó� Ø�� �ÕÙ�Ø�ÓÒ× Ó� ×Ý×Ø�Ñ ´¾º½�µ �Ð×Ó Ð���× ØÓ Ø�� Ö�¹
Ð�Ø�ÓÒ

(∂χθ)
2 =

(∂χM)2

β(M)
, ´¾º½�µ

Û��� ��Ú�×

∂χθ = ε
(∂χM)
�

β(M)
Û�Ø� ε = ±1. ´¾º½�µ

ÈÐÙ���Ò� �ÕÙ�Ø�ÓÒ× ´¾º½�µ �Ò� ´¾º½�µ �Ò ×Ý×Ø�Ñ ´¾º½�µ Ð���× ØÓ σε = −1º
Ï� Ø��Ò ��Ú�

σω(M) + θ = const ´¾º½�µ

Û�Ø�

ω(M) =

� M

M0

�

−A′(m)

A(m)m
dm =

� M

M0

1
�

β(m)
dm ´¾º½�µ

ÁØ �Ò Ø��Ò �� ×�ÓÛÒ Û�Ø� ÓØ��Ö Ð�Ò�Ø�Ý �ÐÙÐ�Ø�ÓÒ× �ÒÚÓÐÚ�Ò� ��Ö�Ú�Ø�ÓÒ×
Ó� ´¾º½�µ �Ò� ´¾º½�µ Û�Ø� Ö�×Ô�Ø ØÓ χ¸ Ø��Ø M ×�Ø�×��× Ø�� Ç��

dM(χ)

dχ
= −σF(M(χ)) ´¾º¾¼µ



�� �������� �� ��� ��� �����

�ÐÓÒ� Ø�� Ö�Ö���Ø�ÓÒ¸ Û�Ø� F(M) =
2
�

β(M)(M2 + β(M))

2M2 +Mβ′(M)
> 0 ´Û��Ò �Ø �×

Û�ÐÐ ���Ò��µº ÁØ �Ò �� ����� Ø��Ø Ø�� ��ÒÓÑ�Ò�ØÓÖ Ó� F(M) �× ÔÓ×�Ø�Ú�
Û��Ò A′′(M) > 0 �Ò� Ø��× Ð�×Ø ÓÒ��Ø�ÓÒ �Ò �� ����� �Ø Ð��×Ø ÒÙÑ�Ö��ÐÐÝ
ÓÒ ×ÓÑ� Ú�ÐÙ�× Ó� γ¸ ÓÖ �Ò ��Ò�Ö�Ð �ÓÖ Ð�Ö�� M º
ÁÒ Ô�ÖØ�ÙÐ�Ö �ÓÖ M(χ) �Ò� θ(χ) ×ÓÐÙØ�ÓÒ× Ó� ´¾º¾¼µ �Ò� ´¾º½�µ¸ Ø�� ÕÙ�ÒØ�ØÝ

σω(M(χ)) + θ(χ) = const ´¾º¾½µ

�× �Ò��Ô�Ò��ÒØ ÓÒ χ ´�Ø �× �Ò���� � Ê��Ñ�ÒÒ �ÒÚ�Ö��ÒØ ��Ö�µº Ì��× ×�ÓÛ× �Ò
Ô�ÖØ�ÙÐ�Ö Ø��Ø �Ò �ÒÝ �×� Û� ��Ú� ∂χθ ≥ 0 �Ò� Ø��Ò θr ≥ θlº Ï� �Ð×Ó ���Ù�
�ÖÓÑ ´¾º¾½µ Ø��Ø

ω(Mℓ)− ω(Mr) = σ(θr − θl). ´¾º¾¾µ

Ï� �Ò Ø��Ò ��Ú� Ø�� ��ÓÑ�ØÖ��Ð ×ØÖÙØÙÖ� Ó� 1¹Ö�Ö���Ø�ÓÒ× �Ò� 2¹
Ö�Ö���Ø�ÓÒ× �Ò ��Ø��Ðº

ÈÖÓÔÓ×�Ø�ÓÒ ¾º¿º ´ËØÖÙØÙÖ� Ó� ×�ÑÔÐ� Ö�Ö���Ø�ÓÒ×µ

�××ÙÑ� Ø��Ø 2M + β′(M) > 0º Ä�Ø π > θr − θl > 0º Ï� ×�Ø χℓ = θℓ − π
2 �Ò�

χr = θr + π
2 º

�µ 1¹Ö�Ö���Ø�ÓÒ
Ä�Ø Mℓ > Mr > 1 ×�Ø�×�Ý�Ò� ´¾º¾¿µ �ÓÖ σ = 1º Ì��Ò Ø��Ö� �Ü�×Ø ØÛÓ �Ò�Ð�×
χr−
1 �Ò� χr+

1 ¸ �º ��ÙÖ� ¾º¿º¾¸ ×�Ø�×�Ý�Ò� χℓ < χr−
1 < χr+

1 < χr − π
2 �Ò� ×Ù�

Ø��Ø �
❶ ÁÒ Ø�� ×�ØÓÖ {χℓ ≤ χ ≤ χr−

1 }¸ Û� ��Ú� M = Mℓ �Ò� θ = θℓº
❷ ÁÒ Ø�� ×�ØÓÖ {χr−

1 ≤ χ ≤ χr+
1 }¸ M ×�Ø�×��× ´¾º¾¼µ �Ò� θ �× ��Ú�Ò �Ý

´¾º½�µ �ÓÖ σ = 1º
❸ ÁÒ Ø�� ×�ØÓÖ {χr+

1 ≤ χ ≤ χr}¸ Û� ��Ú� M = Mr �Ò� θ = θrº
Ì�� �Ò�Ð�× χr−

1 �Ò� χr+
1 �Ö� ��Ú�Ò �Ý ´¾º½�µ �ÓÖ σ = 1¸ ×Ó

tan(θℓ − χr−
1 ) =

�

β(Mℓ)

Mℓ
�Ò� tan(θr − χr+

1 ) =

�

β(Mr)

Mr
.

ÅÓÖ�ÓÚ�Ö ´¾º¾½µ �ÓÐ�× ØÖÙ� �ÓÖ σ = 1 �ÓÖ �ÐÐ χ ∈ [χℓ, χr]º
��µ 2¹Ö�Ö���Ø�ÓÒ
Ä�Ø Mr > Mℓ > 1 ×�Ø�×�Ý�Ò� ´¾º¾¿µ �ÓÖ σ = −1º Ì��Ò Ø��Ö� �Ü�×Ø ØÛÓ �Ò�Ð�×
χr−
2 �Ò� χr+

2 ¸ �º ��ÙÖ� ¾º¿º¾¸ ×�Ø�×�Ý�Ò� χℓ +
π
2 < χr−

2 < χr+
2 < χr �Ò� ×Ù�

Ø��Ø �
❶ ÁÒ Ø�� ×�ØÓÖ {χℓ ≤ χ ≤ χr−

2 }¸ Û� ��Ú� M = Mℓ �Ò� θ = θℓº
❷ ÁÒ Ø�� ×�ØÓÖ {χr−

2 ≤ χ ≤ χr+
2 }¸ M ×�Ø�×��× ´¾º¾¼µ �Ò� θ �× ��Ú�Ò �Ý

´¾º½�µ �ÓÖ σ = −1º
❸ ÁÒ Ø�� ×�ØÓÖ {χr+

2 ≤ χ ≤ χr}¸ Û� ��Ú� M = Mr �Ò� θ = θrº
Ì�� �Ò�Ð�× χr−

2 �Ò� χr+
2 �Ö� ��Ú�Ò �Ý ´¾º½�µ �ÓÖ σ = −1¸ ×Ó

tan(θℓ − χr−
2 ) = −

�

β(Mℓ)

Mℓ
�Ò� tan(θr − χr+

2 ) = −
�

β(Mr)

Mr
.

ÅÓÖ�ÓÚ�Ö ´¾º¾½µ �ÓÐ�× ØÖÙ� �ÓÖ σ = −1 �ÓÖ �ÐÐ χ ∈ [χℓ, χr]º
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χ
r

χ
l

χ r+
1

χ r−

1
l

rM

M

´�µ ½¹Ö�Ö���Ø�ÓÒ

M r

M
l

χ r+

χ r−

χ
l

χ
r

2

2

´�µ ¾¹Ö�Ö���Ø�ÓÒ

������ ¾º¾ � ��ÓÑ�ØÖÝ Ó� ×�ÑÔÐ� Ö�Ö���Ø�ÓÒ Û�Ú�×º

���Ù×� M ×�Ø�×��× Ø�� Ç�� ´¾º¾¼µ �ÓÖ σ = 1 �ÐÓÒ� � ½¹Ö�Ö���Ø�ÓÒ �Ò�
�ÓÖ σ = −1 �ÐÓÒ� � ¾¹Ö�Ö���Ø�ÓÒ¸ �Ò��Ô�Ò��ÒØÐÝ Ó� θ¸ Ø�� ×��Ô� Ó� Ø�� �ÖÓÒØ
�ÐÓÒ� � Ö�Ö���Ø�ÓÒ �× ÙÒ�Ú�Ö×�Ðº ÅÓÖ� ÔÖ��×�ÐÝ �� Û� �Ü � Ð�Ú�Ð¹×�Ø Ú�ÐÙ�
α = t0¸ �××Ó��Ø�� Û�Ø� � Ø�Ñ� t0 > 0¸ Ø��Ö� �Ü�×Ø× � ×Ô�Ö�Ð St0 Ó� ÔÓÐ�Ö
�ÕÙ�Ø�ÓÒ ρ = t0ρ1(χ) ×Ù� Ø��Ø Ø�� Ð�Ú�Ð ×�Ø {α = t0} ÓÒ � Ö�Ö���Ø�ÓÒ
��Ò �× Ø�� �Ñ��� Ó� � ÔÓÖØ�ÓÒ Ó� St0 �Ý �Ò �×ÓÑ�ØÖÝ ´� ��Ö�Ø �×ÓÑ�ØÖÝ �ÓÖ ½¹
Ö�Ö���Ø�ÓÒ¸ �Ò� �Ò �Ò��Ö�Ø �×ÓÑ�ØÖÝ �ÓÖ � ¾¹Ö�Ö���Ø�ÓÒµº ÅÓÖ�ÓÚ�Ö¸ Û��Ò Ø��
Ø�Ñ� �Ó�× ÓÒ¸ Ø�� ×��Ô� Ó� Ø�� ×Ô�Ö�Ð �× ×�ÑÔÐÝ ��Ò��� �Ý ��Ð�Ø�ÓÒº ��Ò�ÐÐÝ
Ø��× ×Ô�Ö�Ð �× ÐÓ�ÐÐÝ � ÓÒÚ�Ü ÙÖÚ�¸ ���Ù×� Û� ��Ú� ×�ÓÛÒ Ø��Ø ∂χθ ≥ 0º

��ÓÑ�ØÖ��Ð ×ØÖÙØÙÖ� Ó� ×�ÑÔÐ� ×�Ó�×

� ×�Ó� �× � ��×ÓÒØ�ÒÙ�ØÝ ��ØÛ��Ò ØÛÓ ÓÒ×Ø�ÒØ ×Ø�Ø�× (Mℓ, θℓ) �Ò�
(Mr, θr)º È�Ý×��ÐÐÝ̧ Û� �ÜÔ�Ø ØÓ ��Ú� θr < θℓ �ÓÖ � ×�ÑÔÐ� ×�Ó� �Ò� �Ò����¸
Û��Ð� �Ø �× ÔÓ××��Ð� ØÓ ÓÒ×ØÖÙØ �ÙÒØ�ÓÒ× Û�Ø� � ×�ÑÔÐ� ×�Ó� Ø��Ø �Ö� �ÓÖÑ�Ð
×ÓÐÙØ�ÓÒ× Ó� ´¾º½¾µ Û�Ø� θr < θℓ¸ ×Ù� ×ÓÐÙØ�ÓÒ× �Ó ÒÓØ ×�Ø�×�Ý Ø�� �ÒØÖÓÔÝ
ÓÒ��Ø�ÓÒ �Ò� �Ö� Ø�Ù× ÒÓØ Ô�Ý×��Ð ´×�� Ê�Ñ�Ö� ¾º�µº �ÓØ� ÕÙ�ÒØ�Ø��× M
�Ò� θ �Ö� ��×ÓÒØ�ÒÙÓÙ× Ø�ÖÓÙ�� Ø�� ×�Ó�¸ �ÙØ Ø�� Ð�Ú�Ð¹×�Ø α �× ÓÒØ�ÒÙÓÙ×¸
�Ð���Ø ÒÓØ ×ÑÓÓØ� ´×�� ��ÙÖ� ¾º¿µº

Ì�� ØÖ���ØÓÖÝ Ó� Ø�� ´ÔÙÒØÙ�Ðµ ×�Ó� �× Ø�� ��Ð�¹Ð�Ò� χ = χs Û�Ø� χℓ <
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χs < χrº ÁÒ ÓÖ��Ö ØÓ ×�Ø�×�Ý Ø�� ��Ú�Ö��Ò� �ÕÙ�Ø�ÓÒ �Ò ´¾º½µ¸ Û� Ò��� ØÓ

��Ú� χs − χℓ < π �Ò� χr − χs < π �Ò� ØÓ ��Ú� ��Ø��Ö χℓ < χs < χr −
π

2
ÓÖ χℓ +

π

2
< χs < χrº ÇØ��ÖÛ�×�¸ Ø�� �ÙÜ Ó� n

A ÛÓÙÐ� �� �ÒØ�Ö�Ò� Ø�� ×�Ó�

�ÖÓÑ �ÓØ� ×���×¸ Û��� ÛÓÙÐ� ÓÒØÖ���Ø Ø�� ��Ø Ø��Ø n

A �× ��Ú�Ö��Ò� �Ö��º

Ï��Ò χℓ < χs < χr −
π

2
¸ Û� ��Ú� � ½¹×�Ó� �Ò� Ø�� ÓÒØ�ÒÙ�ØÝ Ó� α

�ÓÖ�× Mr > Mℓº Í×�Ò� ×Ý×Ø�Ñ ´¾º½¾µ¸
Û� �Ò ��Ø Ø�� Ö�Ð�Ø�ÓÒ× ��ØÛ��Ò Mℓ¸ Mr¸ θℓ¸ θr �Ò� χs = χs

1 Û�Ø� θℓ, θr >
χs
1º Ì�� �Ö×Ø �ÕÙ�Ø�ÓÒ �Ò� Ø�� ÓÒØ�ÒÙ�ØÝ Ó� α Ð��� ØÓ

Mℓ

cos(θℓ − χs)
=

Mr

cos(θr − χs)
. ´¾º¾¿µ

Ì�� ×�ÓÒ� �ÕÙ�Ø�ÓÒ ��Ú�× Ø��Ø Ø�� �ÙÜ Ó�
n

A(M)
Ø�ÖÓÙ�� Ø�� �ÓÙÒ��ÖÝ

Ó� � ÐÓ×�� �ÓÑ��Ò �× Þ�ÖÓº Á� Û� ÓÒ×���Ö Ø�� �ÙÜ �ÓÖ � ØÙ�� �Ó�Ò� Ø�ÖÓÙ��
Ø�� �ÒØ�Ö��� ��ØÛ��Ò Ø�� ØÛÓ ×Ø�Ø�×¸ Û� ��Ø

A(Mℓ)

sin(θℓ − χs)
=

A(Mr)

sin(θr − χs)
. ´¾º¾�µ

�ÖÓÑ ´¾º¾¿µ �Ò� ´¾º¾�µ Û� ���Ù�

tan(θr − χs) =
A(Mr) sin(θℓ − θr)

A(Mℓ)−A(Mr) cos(θℓ − θr)
= −Mℓ −Mr cos(θℓ − θr)

Mr sin(θℓ − θr)
,

´¾º¾�µ
�Ò� Ø��Ò �Ý ×ÝÑÑ�ØÖÝ r/ℓ¸ Û� ��Ø

tan(θℓ − χs) = − A(Mℓ) sin(θℓ − θr)

A(Mr)−A(Mℓ) cos(θℓ − θr)
=
Mr −Mℓ cos(θℓ − θr)

Mℓ sin(θℓ − θr)
.

´¾º¾�µ
ÆÓØ�� Ø��Ø Ø��× �ÑÔÐ��×

cos(θℓ − θr) =
A(Mℓ)Mℓ +A(Mr)Mr

A(Mr)Mℓ +A(Mℓ)Mr
. ´¾º¾�µ

Ï� ÒÓØ�� �Ò Ô�ÖØ�ÙÐ�Ö Ø��Ø Ø�� ��Ò�Ö�Ð Ö�ÓÖ��Ö�Ò� �Ò�ÕÙ�Ð�ØÝ �ÓÐ�× �
a+b+ + a−b− ≥ a+b− + a−b+ �ÓÖ �ÐÐ a+ ≥ a− ≥ 0 �Ò� b+ ≥ b− ≥ 0º
Ì��Ö��ÓÖ�¸ Ø�� ��Ø Ø��Ø A(M) �× ��Ö��×�Ò� �Ò M �ÑÔÐ��× �Ò Ô�ÖØ�ÙÐ�Ö Ø��Ø

0 <
A(Mℓ)Mℓ +A(Mr)Mr

A(Mr)Mℓ +A(Mℓ)Mr
≤ 1

Û��� Ñ���× ×�Ò×� �ÓÖ �ÕÙ�Ð�ØÝ ´¾º¾�µº

Ï��Ò χℓ +
π

2
< χs < χr¸ Û� ��Ú� � ¾¹×�Ó� �Ò� Ø�� ÓÒØ�ÒÙ�ØÝ Ó� α

�ÓÖ�× Mr < Mℓº ÅÓÖ�ÓÚ�Ö¸ Û� ��Ú� θℓ, θr < χs = χs
2º Ì�� ×�Ñ� Ö��×ÓÒ�Ò�

Ð���× ØÓ ´¾º¾¿µ �Ò� ´¾º¾�µ Û��� ��Ú�× Ø�� ×�Ñ� Ö�Ð�Ø�ÓÒ× �× Ø�� ÓÒ�× ��ÓÚ�º
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Ê�Ñ�Ö� ¾º�º Ê��ÐÐ Ø��Ø ��Ñ�××��Ð� ×�Ó�× ��Ú� ØÓ ×�Ø�×�Ý �Ò �ÒØÖÓÔÝ ÓÒ��¹
Ø�ÓÒ �Ò ÓÖ��Ö ØÓ �� ×Ø��Ð� � Ø��× �× Ø�� Ä�Ù �¹ÓÒ��Ø�ÓÒ ´Û��� �ÑÔÐ��× Ø�� Ä�Ü
�¹ÓÒ��Ø�ÓÒµ¸ ×�� Ô�Ö��Ö�Ô� �º� �Ò �½¿℄º ÁØ �× �Ð×Ó �ÒÓÛÒ Ø��Ø Ä�Ü �¹ÓÒ��Ø�ÓÒ
×�Ð�Ø× ÓÒÐÝ ��Ð� Ó� Ø�� ×�Ó� ÙÖÚ� ´×�� Ô��� ¾��¸ Ô�Ö��Ö�Ô� �º¿ �Ò �½¿℄µº Ï�
�Ò ×�� �Ø ÓÒ ��ÙÖ� ¾º�º Ì��× ×�ÓÛ× Ø��Ø ÓÒÐÝ Ø�� �×� θr < θℓ �× ×�Ð�Ø�� �ÓÖ
×�Ó�×º

Ï�Ø� Ø��×� �Ò�ÓÖÑ�Ø�ÓÒ× �Ò Ñ�Ò�¸ Û� �Ò ��Ú� Ø�� ×ØÖÙØÙÖ� Ó� ×�ÑÔÐ�
×�Ó�× �

ÈÖÓÔÓ×�Ø�ÓÒ ¾º�º ´ËØÖÙØÙÖ� Ó� ×�ÑÔÐ� ×�Ó�×µ

Ä�Ø 0 < θℓ − θr <
π
2 �Ò� Mr,Mℓ > 1 ×�ØÝ×�Ý�Ò� ´¾º¾�µº

�µ 1¹×�Ó�

Á� Mr > Mℓ > 1¸ Ø��Ò Ø��Ö� �Ü�×Ø× χs = χs
1 < θℓ, θr ��Ú�Ò �Ý ´¾º¾�µ ´ÓÖ

�ÕÙ�Ú�Ð�ÒØÐÝ �Ý ´¾º¾�µµ¸ ×Ù� Ø��Ø Ø�� ×�ØÙ�Ø�ÓÒ �× Ô�ØÙÖ�� ÓÒ ��ÙÖ� ¾º¿º¾º
��µ 2¹×�Ó�

Á� Mℓ > Mr > 1¸ Ø��Ò Ø��Ö� �Ü�×Ø× χs = χs
2 > θℓ, θr ��Ú�Ò �Ý �Ý ´¾º¾�µ ´ÓÖ

�ÕÙ�Ú�Ð�ÒØÐÝ �Ý ´¾º¾�µµ¸ ×Ù� Ø��Ø Ø�� ×�ØÙ�Ø�ÓÒ �× Ô�ØÙÖ�� ÓÒ ��ÙÖ� ¾º¿º¾º

r

l

χ
r

χ
l χ

1

s

M

M

´�µ ½¹×�Ó�

χ
r

χ
l

M
l

M r

χ s

2

´�µ ¾¹×�Ó�

������ ¾º¿ � ��ÓÑ�ØÖÝ Ó� ×�ÑÔÐ� ×�Ó� Û�Ú�×º

Ê�Ñ�Ö� ¾º�º Ï� ÒÓØ� Ø��Ø �Ý Ö�ÔÐ��Ò� cos(θℓ−θr) �Ý �Ø× �ÜÔÖ�××�ÓÒ ´¾º¾�µ
�Ò ´¾º¾�µ¸ ÓÒ� ���× Ø��Ø ´¾º¾�µ �× �ÕÙ�Ú�Ð�ÒØ ØÓ Ø�� Ö�Ð�Ø�ÓÒ ��Ú�Ò �Ò �¾�℄
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�ÓÖ � ÓÑÔÖ�××�ÓÒ Û����º

tan |θℓ − χs| = Aℓ

Mℓ

�

M2
r −M2

ℓ

A2
ℓ −A2

r

�1/2

Û�Ø� Ab = A(Mb) �ÓÖ b = ℓ, r.

´¾º¾�µ

Ê�Ñ�Ö� ¾º�º À�Ö�¸ Û� ��Ú� ÔÖ�Ú�Ð���� Ø�� ��ÓÑ�ØÖ� �ÒØ�ÖÔÖ�Ø�Ø�ÓÒ Ó� Ø��
Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñº ÀÓÛ�Ú�Ö¸ ÓÒ� �Ò Ù×� Ø�� ÓÒ×�ÖÚ�Ø�Ú� �ÓÖÑ ´¾º½¿µ Ó� Ø��
�Ë� ÑÓ��Ð �Ò ÔÓÐ�Ö ÓÓÖ��Ò�Ø�× ØÓ Ó�Ø��Ò �Ò ×�Ñ�Ð�Ö Ñ�ÒÒ�Ö �× �Ò �¾�℄ Ø��
�ÕÙ�Ø�ÓÒ× ´¾º¾�µ¹´¾º¾�µ �Ò� ´¾º¾�µ¹´¾º¾�µº

�ÓÑÔÐ�Ø� ×ÓÐÙØ�ÓÒ× Ó� Ø�� Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñ

Ì�� Ö�Ð�Ø�ÓÒ× ×�Ø�×��� �Ý Ø�� Ú�ÐÓ�Ø��× Mℓ �Ò� Mr �Ò� Ø�� �Ò�Ð�× θℓ �Ò�
θr �ÓÖ Ö�Ö���Ø�ÓÒ× �Ò� �ÓÖ ×�Ó�× Ð��� Ù× ØÓ ÓÒÐÙ�� Ø��Ø¸ �× �Ò Ø�� �×� Ó�
Ø�� p¹×Ý×Ø�Ñ¸ Ø��Ö� �ÐÛ�Ý× �Ü�×Ø× � ÙÒ�ÕÙ� ×ÓÐÙØ�ÓÒ Ó� Ø�� Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñ
ÓÒ×Ø�ØÙØ�� Ó� �Ø ÑÓ×Ø ØÛÓ ØÖ�Ò×�Ø�ÓÒ× ´� ØÖ�Ò×�Ø�ÓÒ ���Ò� � Ö�Ö���Ø�ÓÒ ÓÖ �
×�Ó�µº Ì��× ��ÔÔ�Ò× ØÓ �� ØÖÙ� �Ò � Û�ÓÐ� �ÓÑ��Ò �Ü�ÔØ �Ò � Ö���ÓÒ Û��Ö�
Ø�� ÑÓ��Ð ��×�× ØÓ �� Ô�Ý×��Ð ´×�� ��ÙÖ� ¾º�µº

ËÙÔÔÓ×�Ò� Ø�� Ð��Ø ×Ø�Ø� (Mℓ, θℓ) �× �Ü��¸ Û� �Ò ���Ò� Ø�� ½¹×�Ó� �Ò�
¾¹×�Ó� ÙÖÚ�× �ÙÒØ�ÓÒ×¸ S1

(Mℓ,θℓ)
(M) �Ò� S2

(Mℓ,θℓ)
(M)¸ �Ý ×Ø�ÔÙÐ�Ø�Ò� Ø��Ø

�ÓÖ M > Mℓ¸ θ = S1
(Mℓ,θℓ)

(M) �× Ø�� ÓÒÐÝ �Ò�Ð� ×Ù� Ø��Ø (Mℓ, θℓ) �Ò� (M,θ)

×�Ø�×�Ý Ø�� ×�Ó� Ö�Ð�Ø�ÓÒ ´¾º¾�µ ´Û��� �ÑÔÐ��× Ø��Ø Ø��Ö� �× �Ò ��ÔØ��Ð�
½¹×�Ó� ��ØÛ��Ò Ø�� ×Ø�Ø�× (Mℓ, θℓ) �Ò� (M,θ)µ �Ò� �ÓÖ M < Mℓ¸ θ =
S2
(Mℓ,θℓ)

(M) �× Ø�� ÓÒÐÝ �Ò�Ð� ×Ù� Ø��Ø (Mℓ, θℓ) �Ò� (M,θ) ×�Ø�×�Ý Ø�� ×�Ó�
Ö�Ð�Ø�ÓÒ ´¾º¾�µ ´Û��� �ÑÔÐ��× Ø��Ø Ø��Ö� �× �Ò ��ÔØ��Ð� ¾¹×�Ó� ��ØÛ��Ò
Ø�� ×Ø�Ø�× (Mℓ, θℓ) �Ò� (M,θ)µº Ï� ���Ò� R1

(Mℓ,θℓ)
(M) �Ò� R2

(Mℓ,θℓ)
(M) �Ò

� ×�Ñ�Ð�Ö Ñ�ÒÒ�Öº �ÓÖ M < Mℓ¸ θ = R1
(Mℓ,θℓ)

(M) �× Ø�� ÓÒÐÝ �Ò�Ð� ×Ù�
Ø��Ø (Mℓ, θℓ) �Ò� (M,θ) ×�Ø�×�Ý Ø�� ½¹Ö�Ö���Ø�ÓÒ Ö�Ð�Ø�ÓÒ ´¾º¾¿µ �ÓÖ σ = 1¸
�Ò� �ÓÖ M > Mℓ¸ θ = R2

(Mℓ,θℓ)
(M) �× Ø�� ÓÒÐÝ �Ò�Ð� ×Ù� Ø��Ø (Mℓ, θℓ) �Ò�

(M,θ) ×�Ø�×�Ý Ø�� ¾¹Ö�Ö���Ø�ÓÒ Ö�Ð�Ø�ÓÒ ´¾º¾¿µ �ÓÖ σ = −1º Ì��×� �ÙÒØ�ÓÒ×
�Ö� �Ö�ÛÒ �Ò � Ô��×� ����Ö�Ñ ÓÒ ��ÙÖ� ¾º�º

Æ�Ò� �×�×¸ ��Ô�Ò��Ò� ÓÒ Ø�� ÔÓ×�Ø�ÓÒ Ó� (Mr, θr) Ö�Ð�Ø�Ú�ÐÝ ØÓ (Mℓ, θℓ)
�Ò Ø��× ����Ö�Ñ¸ �Ö� Ø��Ò ���Ò��º Ì�� �Ö×Ø �ÓÙÖ ÓÒ�× �Ö� Ø�� ��Ò�Ö�Ð �×�×¸
ÓÒØ��Ò�Ò� ØÛÓ ØÖ�Ò×�Ø�ÓÒ× �Ò� �Ò �ÒØ�ÖÑ����Ø� ×Ø�Ø�¸ �× �Ò Ø�� ×ØÙ�Ý Ó� Ø��
p¹×Ý×Ø�Ñ ´×�� �¾�℄¸ ÔÔº ¿¼��¿¾¼µº Ì�� ÓØ��Ö �Ú� �×�× �Ö� Ð�Ñ�Ø �×�× Û�Ø� �Ø
ÑÓ×Ø ÓÒ� ØÖ�Ò×�Ø�ÓÒº

��×� ½ � (Mr, θr) �× �Ò ÞÓÒ� Á

Ì�� ×ÓÐÙØ�ÓÒ ÓÒØ��Ò× � ½¹Ö�Ö���Ø�ÓÒ ��ØÛ��Ò ×Ø�Ø�× (Mℓ, θℓ) �Ò� (M∗, θ∗)¸
�Ò� � ¾¹×�Ó� ��ØÛ��Ò ×Ø�Ø�× (M∗, θ∗) �Ò� (Mr, θr)º



���� ��������� ��������� �� ��� ��

��×� ¾ � (Mr, θr) �× �Ò ÞÓÒ� ÁÁ

Ì�� ×ÓÐÙØ�ÓÒ ÓÒØ��Ò× � ½¹×�Ó� ��ØÛ��Ò ×Ø�Ø�× (Mℓ, θℓ) �Ò� (M∗, θ∗)¸ �Ò� �
¾¹×�Ó� ��ØÛ��Ò ×Ø�Ø�× (M∗, θ∗) �Ò� (Mr, θr)º

��×� ¿ � (Mr, θr) �× �Ò ÞÓÒ� ÁÁÁ

Ì�� ×ÓÐÙØ�ÓÒ ÓÒØ��Ò× � ½¹×�Ó� ��ØÛ��Ò ×Ø�Ø�× (Mℓ, θℓ) �Ò� (M∗, θ∗)¸ �Ò� �
¾¹Ö�Ö���Ø�ÓÒ ��ØÛ��Ò ×Ø�Ø�× (M∗, θ∗) �Ò� (Mr, θr)º

Ê�Ð�Ø�ÓÒ× ´¾º¾¿µ �Ò� ´¾º¾�µ �Ò×ÙÖ� Ø��Ø ×ÓÐÙØ�ÓÒ× Ó� Ø��× �ÓÖÑ �ÐÛ�Ý× �Ü�×Ø
Û��Ò (Mr, θr) �× �Ò ÞÓÒ� Á¸ ÁÁ ÓÖ ÁÁÁº
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zone I

(Mℓ,θℓ).
zone II

R2
(Mℓ,θℓ)R2

(1,θ0)

θ=π

θ=−π

θ=−π/2

M=1

R1
(1.5,θℓ)

excluded region

.
R1

(Mℓ,θℓ)

(1,θ0)

������ ¾º� � �Ü�ÑÔÐ� Ó� � Ô��×� ����Ö�Ñ �ÓÖ (Mℓ, θℓ) = (10, 0)
�

ÙÖÚ�×
R1

(Mℓ,θℓ)
¸ R2

(Mℓ,θℓ)
¸ S1

(Mℓ,θℓ)
�Ò� S2

(Mℓ,θℓ)

�

¸ �ÓÖ (Mℓ, θℓ) = (1.5, 0)
�

ÙÖÚ�

R1
(1.5,0)

�

�Ò� �ÓÖ (Mℓ, θℓ) = (1, θ0)
�

ÙÖÚ� R2
(1,θ0)

�

º

��×� � � (Mr, θr) �× �Ò ÞÓÒ� ÁÎ

�Ü�ÔØ Û��Ò (Mr, θr) �× �Ò � Ô�ÖØ�ÙÐ�Ö¸ �ÜÐÙ��� Ö���ÓÒ¸ Ø��Ö� �Ü�×Ø× � ×Ó¹
ÐÙØ�ÓÒ ÓÒØ��Ò�Ò� � ½¹Ö�Ö���Ø�ÓÒ ��ØÛ��Ò ×Ø�Ø�× (Mℓ, θℓ) �Ò� (M∗, θ∗)¸ �Ò�
� ¾¹Ö�Ö���Ø�ÓÒ ��ØÛ��Ò ×Ø�Ø�× (M∗, θ∗) �Ò� (Mr, θr)º Ì�� ÙÖÚ� R1

(Mℓ,θℓ)
�Ò¹

Ø�Ö×�Ø× Ø�� Ú�ÖØ��Ð �Ü�× �Ø Ø�� ÔÓ�ÒØ (1, θ0)º Ì�� �ÓÙÒ��ÖÝ Ó� Ø�� �ÜÐÙ���
Ö���ÓÒ �× Ø��Ò ��Ú�Ò �Ý Ø�� ÙÖÚ� θ = R2

(1,θ0)
(M)º



�¼ �������� �� ��� ��� �����

ÁÒ ÞÓÒ� ÁÎ¸ �× Ø�� ×��Ô� Ó� Ø�� �ÖÓÒØ �ÐÓÒ� � Ö�Ö���Ø�ÓÒ �× ÙÒ�Ú�Ö×�Ð¸ �Ø �×
ÔÓ××��Ð� ØÓ �Ò� Ø�� ×��Ô� Ó� Ø�� �ÖÓÒØ ´�ÓÖ �Ü�ÑÔÐ� Ø�� Ð�Ú�Ð ×�Ø {α = t0}µ
�Ý ÒÓØ��Ò� Ø��Ø Ø�� �ÒØ�ÖÑ����Ø� ÔÐ�Ò� �ÖÓÒØ ÑÙ×Ø �� �ÓØ� Ø�Ò��ÒØ ØÓ Ø��
´×ÓÐ�µ �Ñ��� �Ý � ��Ö�Ø �×ÓÑ�ØÖÝ Ó� St0 Ø�Ò��ÒØ ØÓ Ø�� �ÖÓÒØ Ó� Ø�� ×Ø�Ø�
(Mℓ, θℓ) �Ò� Ø�Ò��ÒØ ØÓ Ø�� ×ÓÐ� �Ñ��� �Ý �Ò �Ò��Ö�Ø �×ÓÑ�ØÖÝ Ó� St0 Ø�Ò��ÒØ
ØÓ Ø�� �ÖÓÒØ Ó� Ø�� ×Ø�Ø� (Mr, θr)¸ Û��Ö� Û� Ö��ÐÐ Ø��Ø St0 Û�× ���Ò�� �Ø
Ø�� �Ò� Ó� ×Ù�×�Ø�ÓÒ ¾º¿º¾º ÁÒ Ô�ÖØ�ÙÐ�Ö Ø�� �ÖÓÒØ �× ÓÒ×ØÖÙØ�� �Ý � ×�ÑÔÐ�
��ÓÑ�ØÖ��Ð ÔÖÓ��ÙÖ� ´×�� ��ÙÖ� ¾º�µº

M  r

M l M∗

������ ¾º� � ��ÓÑ�ØÖ��Ð ��Ø�ÖÑ�Ò�Ø�ÓÒ Ó� Ø�� �ÒØ�ÖÑ����Ø� ×Ø�Ø� �ÓÖ �
�ÓÙ�Ð� Ö�Ö���Ø�ÓÒº

Ï� �Ð×Ó Ö�Ñ�Ö� Ø��Ø �× �Ò Ø�� �Ò�ÐÝ×�× Ó� �¾�℄¸ ×ÓÑ� ×Ø�Ø�× �Ò Ø�� �Ü¹
ÐÙ��� Ö���ÓÒ ´�× �ÐÐÙ×ØÖ�Ø�� �Ò ��ÙÖ� ¾º�µ �Ò ÒÓØ �� �Ó�Ò�� Û�Ø� (Mℓ, θℓ) �Ý
Ø�� Ñ��Ò× Ó� ØÛÓ Ö�Ö���Ø�ÓÒ×º Ì�� Ö��×ÓÒ �× Ø��Ø lim

M→1
ω(M) < +∞¸ Û���

Ñ��Ò× Ø��Ø �ÐÐ ÙÖÚ�× R1 �ÒØ�Ö×�Ø Ø�� Ð�Ò� M = 1 �Ø � �Ò�Ø� ÔÓ�ÒØ (1, θ0)
��Ô�Ò��Ò� ÓÒ (Mℓ, θℓ)º Ï��Ò Mℓ �× ���� �ÒÓÙ��¸ θ0 ≥ θℓ + π �Ò� Ø��Ö�
�× � ×ÓÐÙØ�ÓÒ �ÓÖ �Ú�ÖÝ Ô�Ý×��ÐÐÝ ÔÓ××��Ð� �Ò�Ø��Ð ��Ø� (Mr, θr) ´Ø��Ø �× Û�Ø�
θr < θℓ+πµº �ÙØ Û��Ò Mℓ �× ×Ñ�ÐÐ¸ θ0 < θℓ+π �Ò� �Ò Ø��× �×�¸ Û��Ò (Mr, θr)
�× ��ÓÚ� Ø�� ÙÖÚ� R2

(1,θ0)
¸ Ø�� Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñ �Ó�× ÒÓØ ��Ñ�Ø � ×ÓÐÙØ�ÓÒ

Û�Ø� ØÛÓ Ö�Ö���Ø�ÓÒ×º Ì�� Ô�Ý×��Ð �ÒØ�ÖÔÖ�Ø�Ø�ÓÒ Ó� Ø��× �× Ð�×× Ð��Ö Ø��Ò
�Ò Ø�� Ù×Ù�Ð �ÒØ�ÖÔÖ�Ø�Ø�ÓÒ Ó� Ø�� p¹×Ý×Ø�Ñ �Ò Ø�ÖÑ× Ó� �×�ÒØÖÓÔ� ��× �ÝÒ�Ñ¹
�×¸ ���Ù×� Ø�� �Ë� �ÔÔÖÓÜ�Ñ�Ø�ÓÒ �Ó�× ÒÓØ ÛÓÖ� �× Û�ÐÐ Û��Ò M �× Ò��Ö 1º

��×� � � Mr > Mℓ �Ò� θr = S1
(Mℓ,θℓ)

(Mr)

Ì�� ×ÓÐÙØ�ÓÒ ÓÒÐÝ ÓÒØ��Ò× � ½¹×�Ó� ��ØÛ��Ò ×Ø�Ø�× (Mℓ, θℓ) �Ò� (Mr, θr)º



���� ��������� ��������� �� ��� �½
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��×� � � Mr < Mℓ �Ò� θr = S2
(Mℓ,θℓ)

(Mr)

Ì�� ×ÓÐÙØ�ÓÒ ÓÒÐÝ ÓÒØ��Ò× � ¾¹×�Ó� ��ØÛ��Ò ×Ø�Ø�× (Mℓ, θℓ) �Ò� (Mr, θr)º

��×� � � Mr < Mℓ �Ò� θr = R1
(Mℓ,θℓ

)(Mr)

Ì�� ×ÓÐÙØ�ÓÒ ÓÒÐÝ ÓÒØ��Ò× � ½¹Ö�Ö���Ø�ÓÒ ��ØÛ��Ò ×Ø�Ø�× (Mℓ, θℓ) �Ò� (Mr, θr)º

��×� � � Mr > Mℓ �Ò� θr = R2
(Mℓ,θℓ)

(Mr)

Ì�� ×ÓÐÙØ�ÓÒ ÓÒÐÝ ÓÒØ��Ò× � ¾¹Ö�Ö���Ø�ÓÒ ��ØÛ��Ò ×Ø�Ø�× (Mℓ, θℓ) �Ò� (Mr, θr)º

��×� � � Mr = Mℓ �Ò� θr = θℓ

Ì�� ×ÓÐÙØ�ÓÒ �× � ÙÒ��ÓÖÑ ÔÐ�Ò�Ö �ÖÓÒØ Ó� ��Ö�Ø�Ö�×Ø�× (Mℓ, θℓ)º

��ÓÑ�ØÖ��Ð �ÒØ�ÖÔÖ�Ø�Ø�ÓÒ

ÁÒ Ø�� ÔÖ����Ò� ×Ù�×�Ø�ÓÒ Û� ��Ú� ÓÒ×ØÖÙØ�� Ø�� ÓÑÔÐ�Ø� ×ÓÐÙØ�ÓÒ×
Ó� Ø�� Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñ �Ò Ø�� Ô��×� ×Ô�� ���ÓÖ� ��×Ö���Ò� Ø���Ö ��ÓÑ�ØÖÝº
Ì��Ö� �× � ÑÓÖ� ��ÓÑ�ØÖ��Ð Û�Ý ØÓ Ú��Û Ø��× Ö�ÓÒ×ØÖÙØ�ÓÒº ÁÒ����¸ �× �Ø �×
��×Ö���� �Ý Ï��Ø��Ñ �Ò �¾�℄¸ � ×�ÑÔÐ� ×�Ó� �× Ø�� Ö�×ÙÐØ Ó� Ø�� ÓÑÔÖ�××�ÓÒ
Ó� � ÔÐ�Ò� �ÖÓÒØ �Ý � Û����¸ �Ò� � Ö�Ö���Ø�ÓÒ Ø�� Ö�×ÙÐØ Ó� Ø�� ���Ö�Ø�ÓÒ
Ó� � ÔÐ�Ò� �ÖÓÒØ �Ý � ÓÖÒ�Öº ËÙ� ×ÓÐÙØ�ÓÒ× �ÒÚÓÐÚ� � Û�ÐÐ �ÓÙÒ��ÖÝ̧ �Ò�
�Ò �ÓØ� �×�× Ø�� ×ÓÐÙØ�ÓÒ �× � ÔÐ�Ò� �ÖÓÒØ Ò��Ö Ø�� Û�ÐÐ¸ Û�Ø� � ÒÓÖÑ�Ð
Ú�ØÓÖ n Ô�Ö�ÐÐ�Ð ØÓ Ø�� Û�ÐÐº �× � ÓÒ×�ÕÙ�Ò�¸ ØÛÓ ×Ù� ×ÓÐÙØ�ÓÒ× �Ò ��
�ÐÙ�� ØÓ��Ø��Ö �ÐÓÒ� Ø�� Û�ÐÐ �ÓÙÒ��ÖÝ ØÓ �ÓÖÑ � ÓÑÔÐ�Ø� ×ÓÐÙØ�ÓÒ Ó� ´¾º½µ¸
ÔÖÓÚ���� Ø��Ý ��Ú� Ø�� ×�Ñ� Ú�ÐÓ�ØÝ M∗ �Ø Ø�� Û�ÐÐº Ì�� ×ÓÐÙØ�ÓÒ Ø�Ù×
ÓÒ×ØÖÙØ�� �× Ò�ØÙÖ�ÐÐÝ Ø�� ×ÓÐÙØ�ÓÒ Ó� � Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñº

�ÓÒÚ�Ö×�ÐÝ̧ Ø�� ×ÓÐÙØ�ÓÒ Ó� �ÒÝ Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñ �Ò �� ×��Ò �× Ø�� Ö�¹
ÙÒ�ÓÒ Ó� ØÛÓ ×Ù� ��Ð�¹×ÓÐÙØ�ÓÒ× �ÒÚÓÐÚ�Ò� � Û���� ÓÖ � ÓÖÒ�Öº �ÓÖ � ØÝÔ��Ð
×ÓÐÙØ�ÓÒ ÓÒ×Ø�ØÙØ�� Ó� ØÛÓ ØÖ�Ò×�Ø�ÓÒ× Û�Ø� �Ò �ÒØ�ÖÑ����ÖÝ ×Ø�Ø�¸ Û� �Ò
×ÔÐ�Ø Ø�� ×ÓÐÙØ�ÓÒ �Ý � Ú�ÖØÙ�Ð �ÓÙÒ��ÖÝ �Ø Ø�� �Ò�Ð� χw �ÓÖ Û��� θ = χº
Ì��Ò Ø�� Ö�×ØÖ�Ø�ÓÒ× Ó� Ø�� ×ÓÐÙØ�ÓÒ ÓÒ �ÓØ� ×�ØÓÖ× {χ < χw} �Ò� {χ > χw}
�Ö� ×ÓÐÙØ�ÓÒ× Û��� �Ö�×� �ÖÓÑ Ø�� �ÒØ�Ö�Ø�ÓÒ Ó� � ÔÐ�Ò� �ÖÓÒØ Û�Ø� � Û����
ÓÖ Û�Ø� � ÓÖÒ�Öº ���ÙÖ�× ¾º� �Ò� ¾º� �ÐÐÙ×ØÖ�Ø� Ø��× ÓÒ×ØÖÙØ�ÓÒº



���� ��������� ���������� �¿

´�µ ¾¹Ö�Ö���Ø�ÓÒ ´�µ ¾¹×�Ó� ´µ ½¹Ö�Ö���Ø�ÓÒ ´�µ ¾¹×�Ó�

������ ¾º� � À�Ð�¹×ÓÐÙØ�ÓÒ× ´Û�Ø� � �ÓÖ�ÞÓÒØ�Ð Û�ÐÐµº

´�µ ´�µ ´µ ´�µ

������ ¾º� � �ÓÑÔÐ�Ø� ×ÓÐÙØ�ÓÒ× Ó� Ø�� Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñº

¾º� �Ð�ÓÖ�Ø�Ñ Î�Ð���Ø�ÓÒ

Ì�� �Ð�ÓÖ�Ø�Ñ ×ÙÑÑ�Ö�Þ�� �Ò ×�Ø�ÓÒ ¾º¾º� �× ÒÓÛ �Ú�ÐÙ�Ø�� ÓÒ � ×�Ø Ó�
Ø�×Ø �×�× Ó� �ÒÖ��×�Ò� ÓÑÔÐ�Ü�ØÝº �ÓÖ ��� Ó� Ø��Ñ � Ö���Ö�Ò� ×ÓÐÙØ�ÓÒ
�× �ÒÓÛÒ ÓÖ ��× ���Ò �ÒØÖÓ�Ù�� ÔÖ�Ú�ÓÙ×ÐÝ �Ò ×�Ø�ÓÒ ¾º¿º Ï� ����Ò �Ý
����Ò� Ø�� ÒÙÑ�Ö��Ð ÓÒÚ�Ö��Ò� ÓÖ��Ö Ó� Ø�� ×��Ñ� �Ý ÓÑÔ�Ö�×ÓÒ Û�Ø�
Ø�� ×ÑÓÓØ� Ö����Ð ×ÓÐÙØ�ÓÒ¸ ���ÓÖ� ÐÓÓ��Ò� �ÓÖ ��×ÓÒØ�ÒÙÓÙ× ×ÓÐÙØ�ÓÒ× �Ò Ø��
�×� Ó� � ÓÑÔÖ�××�ÓÒ Û���� ´×�Ó�¹×�Ó�µº Ì�� �Ò�ÐÝ×�× Ó� Ø�� Ê��Ñ�ÒÒ
ÔÖÓ�Ð�Ñ ÓÑÔÐ�Ø�× Ø��× �ÜÔ�Ö�Ñ�ÒØ�Ð ×ØÙ�Ý Ó� Ø�� ÒÙÑ�Ö��Ð ×��Ñ�º �ÓÖ



�� �������� �� ��� ��� �����

Ø��×� Ö���Ö�Ò� ×ÓÐÙØ�ÓÒ× �Ò Ø�� ��×ÓÒØ�ÒÙÓÙ× �×�¸ �ÜÔÐ��Ø �ÜÔÖ�××�ÓÒ× �Ö�
��Ú�ÐÓÔ�� �Ò Ø�� ×ØÖÓÒ� ×�Ó� Ð�Ñ�Ø ´�º�º M >> 1µ Ù×�Ò� Ø�� ×�ÑÔÐ���� �¹Å
Ö�Ð�Ø�ÓÒ

A

A0
=

�

M0

M

�λ∞

, Û�Ø� λ∞ = 5.0743 �ÓÖ γ = 1.4. ´¾º¾�µ

�ÐÐ ÒÙÑ�Ö��Ð �ÜÔ�Ö�Ñ�ÒØ× �Ö� Ô�Ö�ÓÖÑ�� Û�Ø� Ø�� �ÙÐÐ �¹Å Ö�Ð�Ø�ÓÒ ´¾º�µ
�ÙØ �ÓÖ � Ð�Ö�� �ÒÓÙ�� Å�� ÒÙÑ��Ö Ú�ÐÙ� ×Ù� Ø��Ø Ø�� �Ò�Ò�Ø� Ð�Ñ�Ø �×
�×ÝÑÔØÓØ��ÐÐÝ Ö�����º

¾º�º½ ÇÖ��Ö Ó� Ø�� ×��Ñ�

Ì�� Ö���Ö�Ò� ×ÓÐÙØ�ÓÒ �× Ó�Ø��Ò�� �Ý ÒÙÑ�Ö��ÐÐÝ �ÒØ��Ö�Ø�Ò� Ø�� Ö����Ð
×Ý×Ø�Ñ ´¾º½¼µ Û�Ø� � �ÓÙÖØ�¹ÓÖ��Ö ÊÙÒ��¹ÃÙØØ� ×��Ñ� �Ò ÝÐ�Ò�Ö��Ð �Ò�
×Ô��Ö��Ð ÓÓÖ��Ò�Ø�×º Ì�� ÓÒÚ�Ö��Ò� ×ØÙ�Ý �× Ñ��� ÓÒ Ø�� ��×Ö�Ø� L∞

ÒÓÖÑº

• �ÝÐ�Ò�Ö��Ð ×�Ó� �ÓÖ Ø��× ØÛÓ ��Ñ�Ò×�ÓÒ�Ð �×�¸ Ø�� ÓÑÔÙØ�Ø�ÓÒ�Ð
�ÓÑ��Ò �× Ö��Ù�� ØÓ Ø�� ×ÕÙ�Ö� [0, 50] × [0, 50] �Ù� ØÓ Ø�� ×ÝÑÑ�ØÖÝ Ó� Ø��
ÔÖÓ�Ð�Ñº Ì�� �Ò�Ø��Ð ÓÒ��Ø�ÓÒ× ÓÒ α �Ò� M �Ö� ��Ú�Ò �Ý Ø�� Ö����Ð ×ÓÐÙØ�ÓÒ
´¾º½¼µ ÓÒ Ø�� ÕÙ�ÖØ�Ö¹�ÖÐ� Ó� Ö���Ù× 4.9 �ÒØ�Ö�� �Ø (0.0)º Ï� �ÑÔÓ×� M = 10
�ÓÖ r < 1 ØÓ �ÚÓ�� Ø�� ×�Ò�ÙÐ�Ö�ØÝ �Ø Ø�� ÓÖ���Òº Ì�� �ÓÙÒ��ÖÝ ÓÒ��Ø�ÓÒ× �Ö�
Ó� ÓÙØ�Ó�Ò� ØÝÔ� ÓÒ Ø�� ����× {x = 50} �Ò� {y = 50}¸ �Ò� Ó� Ö���� Û�ÐÐ ØÝÔ�
ÓÒ Ø�� ����× {x = 0} �Ò� {y = 0}º �ÓÖ Ø��× Ø�×Ø �×�¸ Ø�� ��Ø�ÖÑ�Ò�Ø�ÓÒ Ó�
Ø�×Ø Ú�ÐÙ�× ϑ �Ò� m �× Ñ��� �Ý Ø�� �Ü��¹ÔÓ�ÒØ �Ð�ÓÖ�Ø�Ñº

Ì�� Ø��Ð�× ´¾º½µ ��Ú� Ø�� ÒÓÖÑ Ó� Ø�� �ÖÖÓÖ Ú�Ö×Ù× Ø�� �Ö�� ×Ô��Ò� �ÓÖ
�ÓØ� Ø�� �Ö×Ø¹ÓÖ��Ö �Ò� ×�ÓÒ�¹ÓÖ��Ö ×��Ñ�× Ö�×Ô�Ø�Ú�ÐÝº ÆÓØ� Ø��Ø N �×
Ø�� ÒÙÑ��Ö Ó� ÒÓ��× �Ò ��� ��Ö�Ø�ÓÒ �Ò� Ø��Ø △x = △yº Ì�� ��×Ö�Ø� ÓÖ��Ö
�× ���Ò�� �Ý �

order =
log(E2/E1)

log(N1/N2)
,

Û��Ö� E1 �Ò� E2 �Ö� Ö�×Ô�Ø�Ú�ÐÝ Ø�� �ÖÖÓÖ× �××Ó��Ø�� ØÓ Ø�� Ñ�×��× Û�Ø�
N1×N1 �Ò� N2×N2 �Ð�Ñ�ÒØ×º � ÐÓ��Ö�Ø�Ñ� Ö�ÔÖ�×�ÒØ�Ø�ÓÒ �× ��Ú�Ò �Ò ��ÙÖ�×
¾º�º½¹¾º�º½º ÇÒ� �Ò ÒÓØ� Ø��Ø Ø�� �ÜÔ�Ø�� ÓÖ��Ö Ó� ÓÒÚ�Ö��Ò� �× Ö�ÓÚ�Ö��
�Ò� �× �ÜÔ�Ø��¸ Ø�� ×�ÓÒ�¹ÓÖ��Ö ×��Ñ� ÔÖÓÚ���× � ��ØØ�Ö �ÙÖ�Ý Ð�Ú�Ðº
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Å�×� �ÖÖÓÖ M ÇÖ��Ö M �ÖÖÓÖ α ÇÖ��Ö α
100 × 100 �º¾����¹¼¾ ½º�¾¾��¹¼½
200 × 200 �º¾¿���¹¼¾ ½º½¾�¼ �º��¼��¹¼¾ ½º½��½
300 × 300 ¾º��¼¼�¹¼¾ ½º¼¾�� �º��¿��¹¼¾ ½º¼¾��
400 × 400 ¾º¼�½��¹¼¾ ½º¼¿�� ¿º¿¼���¹¼¾ ½º¼��½
500 × 500 ½º�����¹¼¾ ½º¼¿�� ¾º�½���¹¼¾ ½º¼���
600 × 600 ½º¿�¾¿�¹¼¾ ¼º��¿¼ ¾º½��¼�¹¼¾ ¼º����
800 × 800 ½º¼¿¼¾�¹¼¾ ¼º���� ½º�½���¹¼¾ ½º¼��¾
900 × 900 �º½¿¿¿�¹¼¿ ½º¼¾¾¾ ½º���¼�¹¼¾ ¼º���¾

1000 × 1000 �º½�¿¼�¹¼¿ ½º¼�¾� ½º¾�¿��¹¼¾ ½º¼�½�
�º�ºÇº � ½º¼��� ½º¼���

Å�×� �ÖÖÓÖ M ÇÖ��Ö M �ÖÖÓÖ α ÇÖ��Ö α
100 × 100 ½º¾��½�¹¼¾ ½º�����¹¼¾
200 × 200 ¾º�¼���¹¼¿ ¾º½��½ ¿º��¼��¹¼¿ ¾º½�½�
300 × 300 ½º¾�¾��¹¼¿ ½º�¾�� ½º�¼���¹¼¿ ¾º¼���
400 × 400 �º½¿½��¹¼� ¾º¼�¼� �º�¼�¼�¹¼� ¾º¼��½
500 × 500 �º�¾�¿�¹¼� ½º�¿�¿ �º��¾��¹¼� ¾º¼�¾¾
600 × 600 ¿º¼�¾��¹¼� ¾º¾¾�� ¿º��¿��¹¼� ¾º¼���
800 × 800 ½º�����¹¼� ¾º¿¿¼¿ ¾º¼��½�¹¼� ¾º½¼�¼
900 × 900 ½º¾��¾�¹¼� ½º�¿�� ½º�¼���¹¼� ¾º¾�¾¾

1000 × 1000 ½º¼¿���¹¼� ½º���� ½º¿½½��¹¼� ½º�¾��
�º�ºÇº ¾º¼�½� ¾º½¼��

����� ¾º½ � Å�×� ÓÒÚ�Ö��Ò� �Ò Ø�� L∞ ÒÓÖÑ �ÓÖ Ø�� ÝÐ�Ò�Ö��Ð �×�º

½º �º�ºÇº ��ÒÓØ�× Ø�� �ÜÔ�Ö�Ñ�ÒØ�Ð �ÓÒÚ�Ö��Ò� ÇÖ��Ö ��Ú�Ò �Ý Ø�� Ð�Ò��Ö �Ø Ó� Ø��
�ÖÖÓÖ �Ò Ø�� ÐÓ��Ö�Ø�Ñ� ×�Ð�º
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������ ¾º� � Å�×� ÓÒÚ�Ö��Ò� �Ò Ø�� L∞ ÒÓÖÑ �ÓÖ Ø�� ÝÐ�Ò�Ö��Ð �×� �Ò
Ø�� ÐÓ��Ö�Ø�Ñ� ×�Ð�º

• ËÔ��Ö��Ð ×�Ó� Ì�� �Ò�ÐÝ×�× Ó� Ø�� ÒÙÑ�Ö��Ð ÓÖ��Ö Ó� Ø�� ×��Ñ� �×
�Ð×Ó �ÖÖ��� ÓÒ �Ò ¿�º Í×�Ò� ×ÝÑÑ�ØÖÝ ÓÒ��Ø�ÓÒ×¸ Ø�� ÓÑÔÙØ�Ø�ÓÒ�Ð �ÓÑ��Ò
Ö��Ù�× ØÓ Ø�� Ù�� [0, 10]× [0, 10]× [0, 10]º Ì�� �Ò�Ø��Ð �ÖÓÒØ �× ��Ú�Ò �Ý Ø��
Ö����Ð ×ÓÐÙØ�ÓÒ ÓÒ Ø�� ×Ô��Ö� Ó� Ö���Ù× 2 �ÒØ�Ö�� �Ø Ø�� ÓÖ���Òº �× �Ò Ø�� ¾�
�×�¸ Û� �ÑÔÓ×� M = 10 �ÓÖ r < 1 ØÓ �ÚÓ�� Ø�� ×�Ò�ÙÐ�Ö�ØÝ �Ø Ø�� ÓÖ���Òº Ì��
�ÓÙÒ��ÖÝ ÓÒ��Ø�ÓÒ× �Ö� Ó� ÓÙØ�Ó�Ò� ØÝÔ� ÓÒ Ø�� ����× {x = 10}¸ {y = 10}¸
{z = 10}¸ �Ò� Ó� Ö���� Û�ÐÐ ØÝÔ� ÓÒ Ø�� ����× {x = 0}¸ {y = 0}¸ {z = 0}º À�Ö�¸
Ø�� Ö�×ÓÐÙØ�ÓÒ Ó� Ø�� ÒÓÒÐ�Ò��Ö ×Ý×Ø�Ñ ´¾º�µ �× Ñ��� �Ý Æ�ÛØÓÒ³× Ñ�Ø�Ó�º
Ì�� Ö�×ÙÐØ× Ó� Ø�� ×�ÓÒ�¹ÓÖ��Ö ÒÙÑ�Ö��Ð ×��Ñ� �Ö� ÓÑÔ�Ö�� Û�Ø� Ø��
×�Ñ�¹�Ò�ÐÝØ��Ð Ö����Ð ×ÓÐÙØ�ÓÒ ÓÒ×���Ö�� ÔÖ�Ú�ÓÙ×ÐÝº Ì�� Ø��Ð� ¾º¾ ��Ú�× Ø��
�ÖÖÓÖ �Ò Ø�� ��×Ö�Ø� L∞ ÒÓÖÑ ��ØÛ��Ò Ø�� ØÛÓ ×ÓÐÙØ�ÓÒ×¸ Ø�� ÐÓ��Ö�Ø�Ñ× Ó�
Ø��×� Ú�ÐÙ�× �Ö� ��×ÔÐ�Ý�� �Ò ��ÙÖ� ¾º�º Ì�� ×�ÓÒ�¹ÓÖ��Ö Ó� ÓÒÚ�Ö��Ò� �×
�Ð×Ó Ó�Ø��Ò�� �Ò ¿�º
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Å�×� �ÖÖÓÖ M ÇÖ��Ö M �ÖÖÓÖ α ÇÖ��Ö α
40× 40× 40 ¼º¼¼��� ¼º¼¼�¾½
60× 60× 60 ¼º¼¼¾¿� ¾º½¿�� ¼º¼¼¾¿¾ ½º���¿
80× 80× 80 ¼º¼¼½¾� ¾º¼�¼¼ ¼º¼¼½¾� ¾º½¾¾¼

100× 100 × 100 ¼º¼¼¼��½ ¾º½�½� ¼º¼¼¼�¼� ½º��½½
160× 160 × 160 ¼º¼¼¼¿¼� ½º���� ¼º¼¼¼¿¼� ¾º¼�¾¼

�º�ºÇº ¾º¼��� ¾º¾��¿

����� ¾º¾ � Å�×� ÓÒÚ�Ö��Ò� �Ò Ø�� L∞ ÒÓÖÑ �ÓÖ Ø�� ×Ô��Ö��Ð �×�º
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Ì��×� ×ÑÓÓØ� Ø�×Ø �×�× ��Ú� ÔÖÓÚ�Ò Ø��Ø ÓÙÖ ��×Ø¹Ñ�Ö��Ò� Ð��� �Ð�Ó¹
Ö�Ø�Ñ �Ó�×Ò³Ø ×Ù��Ö �ÖÓÑ Ù×�Ò� ÔÓ�ÒØ× �Ò Ø�� Æ�ÖÖÓÛ��Ò� �Ò� Ø��Ø Ø�� �Ü¹
Ô�Ø�� Ø��ÓÖ�Ø��Ð ÓÖ��Ö Ó� ÓÒÚ�Ö��Ò� �× Ö�����º
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¾º�º¾ �ÓÑÔÖ�××�ÓÒ Û���� Ø�×Ø �×�

�ØØ�ÒØ�ÓÒ �× ÒÓÛ Ô��� ØÓ ��×ÓÒØ�ÒÙÓÙ× ×ÓÐÙØ�ÓÒ×º Ï� ���Ð ��Ö� Û�Ø� �
Û�ÐÐ¹�ÒÓÛ Ø�×Ø �×�¸ ×ØÙ���� �Ý Ñ�ÒÝ �ÙØ�ÓÖ× �¾�¸ ¾℄¸ ÓÒ×�×Ø�Ò� �Ò Ø�� ���Ö�¹
Ø�ÓÒ Ó� �Ò Ó�Ð�ÕÙ� ×�Ó� �Ý � Û����º ÁØ �Ò �� ×��Ò �× �Ò �ÔÔÐ��Ø�ÓÒ Ó� Ø��
×ØÙ�Ý Ó� ×�ÑÔÐ� ×�Ó�×º �ÓÖ �Ò �ÒÓÑ�Ò� �ÖÓÒØ Ó� Ú�ÐÓ�ØÝ M0 �Ò� �Ò�Ð� θ0 = β
�ÒØ�Ö�Ø�Ò� Û�Ø� � Û���� Ó� �Ò�Ð� θw = 0¸ Û� �Ö� ÐÓÓ��Ò� �ÓÖ � 2¹×�Ó� �Ó�Ò¹
�Ò� Ø�� ×Ø�Ø�× (Mℓ, θℓ) = (Mw, 0) �Ò� (Mr, θr) = (M0, β)¸ Ø�� Ú�ÐÓ�ØÝ Mw Ó�
Ø�� Å�� �ÖÓÒØ �Ò� Ø�� �Ò�Ð� χs

2 Ó� Ø�� ØÖ���ØÓÖÝ Ó� Ø�� ØÖ�ÔÐ� ÔÓ�ÒØ ���Ò�
ÙÒ�ÒÓÛÒº Ì�� �Ò�ÐÝ×�× Ó� Ø�� ×ØÖÙØÙÖ� Ó� 2¹×�Ó�× Ø��Ò ��Ú�× Ù× Ø��Ø Mw �×
�ÓÚ�ÖÒ�� �Ý Ø�� Ö�Ð�Ø�ÓÒ ´¾º¾�µ¸ �Ò� χs

2 �Ý ´¾º¾�µº

ÁÒ Ø�� ×ØÖÓÒ� ×�Ó� Ð�Ñ�Ø¸ Ø�� �ÕÙ�Ø�ÓÒ× ´¾º¾�µ �Ò� ´¾º¾�µ �Ò �� ×�ÑÔÐ����
�Ò Ø�� �ÓÐÐÓÛ�Ò� �ÑÔÐ��Ø Ö�Ð�Ø�ÓÒ×��Ô ��ØÛ��Ò β �Ò� χs

2























tanχs
2 = mλ∞

�

1−m2

1−m2λ∞

�1/2

cos β =
m+mλ∞

1 +m1+λ∞

, ´¾º¿¼µ

Û��Ö� m =
M0

Mw
< 1 ��ÒÓØ�× Ø�� Å�� ÒÙÑ��Ö Ö�Ø�Ó ÓÒ ��Ø��Ö ×��� Ó� Ø��

×�Ó�¹×�Ó� �Ò� λ∞ = 5.0743º Ì�� ×Ù�×Ö�ÔØ× w �Ò� 0 ��Ö�Ø�Ö�Þ� Ø��
ÕÙ�ÒØ�Ø��× ÓÒ Ø�� Û�ÐÐ �Ò� Ø�Ó×� Ó� Ø�� �Ò���ÒØ ´ÓÖ �Ò�Ø��Ðµ ×�Ó� Ö�×Ô�Ø�Ú�ÐÝ̧
χs
2 �× Ø�� �Ò�Ð� Ó� Ø�� ×�Ó�¹×�Ó� Ð�Ò� Û�Ø� Ø�� �ÓÖ�ÞÓÒØ�Ð �Ü�× (Ox)º Ì��×

�Ò�ÐÝØ��Ð ×ÓÐÙØ�ÓÒ �× ��×ÔÐ�Ý�� �× � ×ÓÐ�� ÙÖÚ� �Ò Ø�� ��ÙÖ� ¾º½¼º

À�Ö�¸ Ø�� Û���� �× �Ó×�Ò �Ð��Ò�� Û�Ø� Ø�� (Ox) �Ü�× ØÓ �ÚÓ�� � ���ÙÐØ
�ÓÙÒ��ÖÝ ØÖ��ØÑ�ÒØº Ì�� Ö���� Û�ÐÐ ÓÒ��Ø�ÓÒ �× Ø��Ò �ÑÔÓ×�� ÓÒ Ø�� ����
{y = 0}º Ì�� ÓÑÔÙØ�Ø�ÓÒ Û�× Ô�Ö�ÓÖÑ�� ÓÒ Ø�� �ÓÑ��Ò [0, 3] × [0, 3] Û�Ø�
� 300 × 300 Ñ�×�º Ì�� �Ò�Ø��Ð ×�Ó� ÔÓ×�Ø�ÓÒ �× ��Ú�Ò �Ý

α0(x, y) =
(x− 0.5) cos β − y sin β

M0
,

Û��Ö� β ∈ [0, π/2] �× Ø�� �Ò�Ð� ��ØÛ��Ò Ø�� �ÖÓÒØ ÒÓÖÑ�Ð �Ò� Ø�� Û����¸ �Ò�
M0 = 10º Ì�� Ú�ÐÙ�× Ó� M �Ò� α �ÓÖ �ÐÐ ÔÓ�ÒØ× �Ò×��� Ø�� ��Ð� ×Ô�� ÓÒ Ø��
Ð��Ø Ó� Ø�� �Ò�Ø��Ð ×�Ó� ÔÓ×�Ø�ÓÒ ´�º�º α0(x, y) ≤ 0µ �Ö� �ÐÖ���Ý �ÒØ�Ö�ÔØ��
�Ý Ø�� �ÖÓÒØ �Ò� ��×�ÐÝ �ÒÓÛÒ ×�Ò� Ø�� ×�Ó� �× ÔÐ�Ò�º �Ò ÓÙØ�ÓÛ ÓÒ��Ø�ÓÒ
�× �ÑÔÓ×�� ÓÒ Ø�� {x = 3} ����º ËÔ���Ð �Ö� ÑÙ×Ø �� Ø���Ò �ÓÖ Ø�� {y = 3}
���� ×�Ò� �Ø ÓÖÖ�×ÔÓÒ�× ØÓ �Ò �Ò�ÓÛ ÓÒ��Ø�ÓÒ¸ ×Ó Û� ×�Ø Ø�� �Ü�Ø ×ÓÐÙØ�ÓÒ
ÓÒ �Øº
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Order 2
Order 1

������ ¾º½¼ � Ë�Ó�¹×�Ó� �Ò�Ð� Ú�Ö×Ù× �Ò�Ð� Ó� �Ò���Ò� �ÓÖ Ø�� �Ö×Ø �Ò�
×�ÓÒ� ÓÖ��Ö �Ð�ÓÖ�Ø�Ñ �Ò ÓÑÔ�Ö�×ÓÒ ØÓ Ï��Ø��Ñ³× �Ò�ÐÝØ��Ð ×ÓÐÙØ�ÓÒº

�ÓÖ � Ö�Ò�� Ó� �Ò���ÒØ ×�Ó� �Ò�Ð�¸ � ÓÑÔ�Ö�×ÓÒ ��ØÛ��Ò Ø��× Ø��ÓÖ�Ø��Ð
×�Ó�¹×�Ó� ÐÓÙ× �Ò� Ø�� ÒÙÑ�Ö��Ð ÓÒ�× Ó�Ø��Ò�� �Ý Ø�� �Ö×Ø �Ò� ×�ÓÒ�
ÓÖ��Ö ×��Ñ�× �× ×�ÓÛÒ �Ò ��ÙÖ� ¾º½¼º ÁØ �× ÛÓÖØ� ÒÓØ�Ò� Ø�� Ú�ÖÝ �ÓÓ�
��Ö��Ñ�ÒØ ��ØÛ��Ò Ø�� Ø��ÓÖ�Ø��Ð ÔÓ×�Ø�ÓÒ �Ò� Ø�� Ö�×ÙÐØ× Ó� Ø�� ×�ÓÒ�¹
ÓÖ��Ö Ú�Ö×�ÓÒº Ì��× Ö�×ÙÐØ �× �Ò ��Ö��Ñ�ÒØ Û�Ø� �¾℄ Û��Ö� � Ð�××��Ð Ð�Ú�Ð¹
×�Ø �Ð�ÓÖ�Ø�Ñ Û�× Ù×��º ÇÒ� �Ò �Ð×Ó ÒÓØ�� Ø��Ø Ø�� �Ö×Ø¹ÓÖ��Ö ÒÙÑ�Ö��Ð
×��Ñ� ÙÒ��Ö�×Ø�Ñ�Ø�× Ø�� Ú�ÐÙ� Ó� χs

2 �Ý ×�Ú�Ö�Ð ���Ö��×¸ �Ò� �ÓÐÐÓÛ× �
Ò��ÖÐÝ Ð�Ò��Ö ����Ú�ÓÙÖ¸ ÐÝ�Ò� ÓÒ Ø�� Ø�Ò��ÒØ ´��×��� Ð�Ò�µ ØÓ Ø�� Ø��ÓÖ�Ø��Ð
ÙÖÚ� �Ø M = 1º � Ñ�×� Ö��Ò�Ñ�ÒØ �Ó�× ÒÓØ �ÑÔÖÓÚ� Ø��×� Ö�×ÙÐØ×¸ Û���
��ÑÓÒ×ØÖ�Ø�× Ø�� Ò��××�ØÝ ØÓ Ù×� Ø�� ×�ÓÒ�¹ÓÖ��Ö ×��Ñ� Û��Ò � ×�Ó�
×�Ò�ÙÐ�Ö�ØÝ �× �ÜÔ�Ø��º ��ÓÚ� Ò��ÖÐÝ �� ���Ö��×¸ Ø�� ×�ÓÒ� ÓÖ��Ö �Ð�ÓÖ�Ø�Ñ
�× �Ð×Ó �Ò ����ÙÐØ �Ò� �Ó�×Ò³Ø ×�ÓÛ �ÒÝ ×�Ó�¹×�Ó� �Ò�Ð�º Ì��× Ñ�Ý �� �Ù�
ØÓ Ø�� ×Û�Ø��Ò� ÔÖÓ��ÙÖ�¸ �ÔÔÐ��� �× �Ø ÓÒ Ø�� Û�ÐÐ¸ Û��� Ö��Ù�× ÐÓ�ÐÐÝ
Ø�� ÓÖ��Ö Ó� Ø�� ×��Ñ�º � ��ØØ�Ö �ÓÙÒ��ÖÝ ØÖ��ØÑ�ÒØ ÓÙÐ� ��ÐÔ �ÑÔÖÓÚ�
Ø��× ����Ú�ÓÙÖº Æ�Ú�ÖØ��Ð�××¸ Ø��× �× ÒÓØ � ×�Ú�Ö� Ð�Ñ�Ø�Ø�ÓÒ �Ò ÔÖ�Ø�� ×�Ò�
Ø�� �Ë� ÑÓ��Ð �× ÒÓØ �ÜÔ�Ø�� ØÓ ��Ú� �ÙÖ�Ø� Ö�×ÙÐØ× �Ò ×Ù� �Ò �ÜØÖ�Ñ�
�×� �¾�℄º



�¼ �������� �� ��� ��� �����

¾º�º¿ Ì�×Ø �×�× �ÓÖ Ø�� Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñ

� ×�Ö��× Ó� ÒÙÑ�Ö��Ð �ÜÔ�Ö�Ñ�ÒØ× �× ÒÓÛ ÓÒ�ÙØ�� ØÓ �××�×× �Ò ÑÓÖ� ��¹
Ø��Ð× Ø�� ���Ð�ØÝ Ó� Ø�� ÒÙÑ�Ö��Ð ×��Ñ� ØÓ ×ÓÐÚ� Ø�� ØÛÓ ��Ñ�Ò×�ÓÒ�Ð �Ë�
Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñº ÁÒ ×�Ø�ÓÒ ¾º¿ Û� ��Ú� ��Ú�Ò Ø�� Ñ�Ø��Ñ�Ø��Ð ×ÓÐÙØ�ÓÒ×
�Ò� Û� Ö���Ö Ø�� Ö����Ö ØÓ ¾º� �ÓÖ Ø�� ��Ø��Ð Ó� Ø���Ö �ÜÔÐ��Ø ÓÒ×ØÖÙØ�ÓÒ �Ò
Ø�� ×ØÖÓÒ� ×�Ó� Ð�Ñ�Øº Ï� ÓÑÔ�Ö� Ø��×� Ö���Ö�Ò� ×ÓÐÙØ�ÓÒ× ØÓ Ø�� ÒÙÑ�Ö¹
��Ð ÓÒ�×¸ �Ý Ø���Ò� Ú�ÖÝ�Ò� Ú�ÐÙ�× Ó� Ø�� �Ò�Ø��Ð ÓÒ×Ø�ÒØ ×Ø�Ø�× ØÓ ÓÚ�Ö �ÐÐ
ÓÒ��ÙÖ�Ø�ÓÒ× Ó� Ô�Ö��Ö�Ô� ¾º¿º¾º Ì�� �Ö×Ø Ø�×Ø× Ù×� Ø�� Ð��Ø ×Ø�Ø� (Mℓ, θℓ)
ÓÒÒ�Ø�� ��Ö�ØÐÝ ØÓ Ø�� Ö���Ø ×Ø�Ø� (Mr, θr) �Ý �Ò �Ð�Ñ�ÒØ�ÖÝ Û�Ú� ´��Ø��Ö
� ×�Ó� ÓÖ � Ö�Ö���Ø�ÓÒµ¸ �º�º (Mr, θr) Ð��× ÓÒ ÓÒ� Ó� Ø�� ÙÖÚ�× R1¸ R2¸ S1¸
S2 �××Ù�� �ÖÓÑ (Mℓ, θℓ) ´×�� ��ÙÖ� ¾º�µº ÅÓÖ� ��Ò�Ö�Ð �Ò�Ø��Ð ��Ø�× �Ö� Ø��Ò
ÓÒ×���Ö�� ØÓ ÓÚ�Ö Ø�� ����Ö�ÒØ ÞÓÒ�× Ó� Ø�� ��ÙÖ� ¾º� � ÞÓÒ� Á¸ ÞÓÒ� ÁÁ¸ ÞÓÒ�
ÁÁÁ �Ò� ÞÓÒ� ÁÎ¸ �º�º ×ÓÐÙØ�ÓÒ× Û�Ø� �Ò �ÒØ�ÖÑ����Ø� ×Ø�Ø�º

Ì�� ÒÙÑ�Ö��Ð ×ÓÐÙØ�ÓÒ �× Ó�Ø��Ò�� ÓÒ Ø�� �ÓÑ��Ò [0, 5] × [0, 5] Û�Ø� �
500 × 500 �Ö��º ÁÒ �ÐÐ �×�×¸ Ø�� Ð��Ø ×Ø�Ø� (Mℓ, θℓ) = (10, 0) �× ��Ú�Ò �Ò�
Û� Ñ��� Ø�� Ö���Ø ×Ø�Ø� (Mr, θr) Ú�ÖÝ �Ò Ø�� ÔÐ�Ò� (M,θ)º Ï� ��×ÔÐ�Ý �
ÓÑÔ�Ö�×ÓÒ ��ØÛ��Ò Ø�� �×ÓÐ�Ò�× Ó� α¸ Ó�Ø��Ò�� �Ý Ø�� �Ö×Ø �Ò� ×�ÓÒ� ÓÖ��Ö
×��Ñ�×¸ �Ò� Ø�� �Ü�Ø ×ÓÐÙØ�ÓÒ �Ò ��� ÓÒ��ÙÖ�Ø�ÓÒº ÁÒ Ø��×� ��ÙÖ�×¸ Ø��
Ö�� ÙÖÚ� Ö�ÔÖ�×�ÒØ× Ø�� ÒÙÑ�Ö��Ð ×ÓÐÙØ�ÓÒ¸ Ø�� �ÐÙ� ÓÒ� Ö�ÔÖ�×�ÒØ× Ø�� �Ü�Ø
×ÓÐÙØ�ÓÒ �Ò� Ø�� �Ö��Ò Ð�Ò�× ÓÖÖ�×ÔÓÒ� ØÓ Ø�� ��Ö�Ø�Ö�×Ø� ÙÖÚ�×º Ì��
�ÓÐÐÓÛ�Ò� ��ÙÖ�× ��Ø��Ö �ÐÐ Ø�� Ö�×ÙÐØ× Ó�Ø��Ò�� �ÓÖ Ø�� ����Ö�ÒØ ×ÓÐÙØ�ÓÒ× Ó�
Ø�� Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñ×º

Ë�ÑÔÐ� Û�Ú�×

Ë�ÑÔÐ� Û�Ú�× ÓÖÖ�×ÔÓÒ� ØÓ �×�× � ´½¹×�Ó�µ¸ � ´¾¹×�Ó�µ¸ � ´½¹Ö�Ö���Ø�ÓÒµ
�Ò� � ´¾¹Ö�Ö��Ö�Ø�ÓÒµ Ó� Ô�Ö��Ö�Ô� ¾º¿º¾º Ì��Ý �Ö� ���ÙÐØ ØÓ ÓÑÔÙØ� �Ò
ÔÖ�Ø�� ×�Ò� ÒÙÑ�Ö��Ð ÖÓÙÒ�Ó� ÓÒ Ø�� �Ò�Ø��Ð ÓÒ��Ø�ÓÒ Ñ�Ý Ð��� ØÓ Ø��
�Ñ�Ö��Ò� Ó� �Ò �ÒØ�ÖÑ����Ø� ×Ø�Ø�º

Ì�� �Ò�Ø��Ð Ö���Ø ×Ø�Ø� �ÓÖ Ø�� ½¹×�Ó� �Ò� Ø�� ¾¹×�Ó� �×�× �Ö� (Mr, θr) =
(12,−22.45) �Ò� (Mr, θr) = (8.5,−20.24) Ö�×Ô�Ø�Ú�ÐÝº Ê�×ÙÐØ× �Ö� �Ö�ÛÒ �Ò
��ÙÖ�× ¾º½½ �Ò� ¾º½¾º �× �ÜÔ�Ø�� �ÖÓÑ Ø�� ÓÑÔÖ�××�ÓÒ Û���� ×ØÙ�Ý̧ ÓÒ�
�Ò ÒÓØ� Ø�� �Ü�ÐÐ�ÒØ ����Ú�ÓÙÖ Ó� Ø�� ×�ÓÒ� ÓÖ��Ö ×��Ñ� �ÓÖ Ø�� ¾¹×�Ó�
�×�¸ �ÙØ �Ð×Ó �ÓÖ Ø�� ½¹×�Ó� �×�º � ×�Ú�Ö� ��Ú��Ø�ÓÒ �× ÔÖ�×�ÒØ �ÓÖ Ø�� �Ö×Ø
ÓÖ��Ö �Ð�ÓÖ�Ø�Ñ �ÔÔÐ��� ÓÒ Ø�� ½¹×�Ó� �×�º



���� ��������� ���������� �½

´�µ ½×Ø ÓÖ��Ö ´�µ ¾Ò� ÓÖ��Ö

������ ¾º½½ � ½¹×�Ó� �×� � (Mℓ, θℓ) = (10, 0) �Ò� (Mr, θr) = (12,−22.45)º
�ÓÑÔ�Ö�×ÓÒ Ó� Ø�� ÒÙÑ�Ö��Ð ×ÓÐÙØ�ÓÒ � �Ò� Ø�� �Ü�Ø ×ÓÐÙØ�ÓÒ �º Ì��
��Ö�Ø�Ö�×Ø� ÙÖÚ�× � �Ö� ��×ÔÐ�Ý�� �ÓÖ ÓÒÚ�Ò��Ò�º

´�µ ½×Ø ÓÖ��Ö ´�µ ¾Ò� ÓÖ��Ö

������ ¾º½¾ � ¾¹×�Ó� �×� � (Mℓ, θℓ) = (10, 0) �Ò� (Mr, θr) =
(8.5,−20.24)º Ë�Ñ� �Ö�Û�Ò� ÓÒÚ�ÒØ�ÓÒº

Ì�� �Ò�Ø��Ð Ö���Ø ×Ø�Ø� �ÓÖ Ø�� ½¹Ö�Ö���Ø�ÓÒ �Ò� Ø�� ¾¹Ö�Ö���Ø�ÓÒ �×�×
�Ö� (Mr, θr) = (8.5, 20.97) �Ò� (Mr, θr) = (12, 23.53) Ö�×Ô�Ø�Ú�ÐÝº ���ÙÖ�×
¾º½¿ �Ò� ¾º½� �Ü����Ø � ����Ö�ÒØ ����Ú�ÓÙÖ �ÓÖ Ø�� �Ö×Ø ÓÖ��Ö Ú�Ö×�ÓÒ � Ø��
½¹Ö�Ö���Ø�ÓÒ Û�Ú� �× Û�ÐÐ �ÔØÙÖ�� Û��Ð� Ø�� ¾¹Ö�Ö���Ø�ÓÒ ÓÒ� ×�ÓÛ× Ð�Ö��



�¾ �������� �� ��� ��� �����

��Ú��Ø�ÓÒº Ì�� ×�ÓÒ� ÓÖ��Ö ×��Ñ� �× �Ü�ÐÐ�ÒØ �Ò �ÓØ� �×�×¸ Ò��ÖÐÝ ×ÙÔ�Ö¹
�ÑÔÓ×�� Û�Ø� Ø�� Ö���Ö�Ò� ×ÓÐÙØ�ÓÒº

´�µ ½×Ø ÓÖ��Ö ´�µ ¾Ò� ÓÖ��Ö

������ ¾º½¿ � ½¹Ö�Ö���Ø�ÓÒ �×� � (Mℓ, θℓ) = (10, 0) �Ò� (Mr, θr) =
(8.5, 20.97)º Ë�Ñ� �Ö�Û�Ò� ÓÒÚ�ÒØ�ÓÒº

´�µ ½×Ø ÓÖ��Ö ´�µ ¾Ò� ÓÖ��Ö

������ ¾º½� � ¾¹Ö�Ö���Ø�ÓÒ �×� � (Mℓ, θℓ) = (10, 0) �Ò� (Mr, θr) =
(12, 23.53)º Ë�Ñ� �Ö�Û�Ò� ÓÒÚ�ÒØ�ÓÒº

½¹Ö�Ö���Ø�ÓÒ¸ ¾¹×�Ó�

Ì��× ÔÖÓ�Ð�Ñ ÓÖÖ�×ÔÓÒ�× ØÓ �×� ½ Ó� Ô�Ö��Ö�Ô� ¾º¿º¾º Ì�� ×ÓÐÙØ�ÓÒ ÓÒ¹
×�×Ø× Ó� � ½¹Ö�Ö���Ø�ÓÒ ÓÒÒ�Ø�Ò� Ø�� Ð��Ø ×Ø�Ø� (Mℓ, θℓ) = (10, 0) ØÓ � ÓÒ¹



���� ��������� ���������� �¿

×Ø�ÒØ �ÒØ�ÖÑ����Ø� ×Ø�Ø� (M∗, θ∗) �ÓÐÐÓÛ�� �Ý � ¾¹×�Ó� ÓÒÒ�Ø�Ò� (M∗, θ∗)
ØÓ Ø�� Ö���Ø ×Ø�Ø� (Mr, θr) = (5, 30)¸ �º�º (Mr, θr) �× Û�Ø��Ò ÞÓÒ� Á ÓÒ ��ÙÖ�
¾º�º ÆÙÑ�Ö��Ð Ö�×ÙÐØ× �Ö� ×�ÓÛÒ ÓÒ ��ÙÖ� ¾º½�º ÇÒ� �Ò ÒÓØ� Ø��Ø Ø�� �����Ö
ÓÖ��Ö ×��Ñ� �ÐÐÓÛ× � ÑÙ� ��ØØ�Ö �ÔØÙÖ� Ó� Ø�� �ÒØ�ÖÑ����Ø� ×Ø�Ø�¸ Ö�ØÖ��Ú¹
�Ò� � Ò��ÖÐÝ ÔÐ�Ò� �ÖÓÒØ¸ Û��Ð� Ø�� �Ö×Ø ÓÖ��Ö ×��Ñ� �Ü����Ø �Ò ÙÒ�ÜÔ�Ø��
Û�Ú� Ô�ØØ�ÖÒº

½¹×�Ó�¸ ¾¹×�Ó� ÓÒ��ÙÖ�Ø�ÓÒ

Ì��× ÔÖÓ�Ð�Ñ ÓÖÖ�×ÔÓÒ�× ØÓ �×� ¾ Ó� Ô�Ö��Ö�Ô� ¾º¿º¾º Ì�� ×ÓÐÙØ�ÓÒ
ÓÒ×�×Ø× Ó� � ½¹×�Ó� ÓÒÒ�Ø�Ò� Ø�� Ð��Ø ×Ø�Ø� (Mℓ, θℓ) = (10, 0) ØÓ � ÓÒ×Ø�ÒØ
�ÒØ�ÖÑ����Ø� ×Ø�Ø� (M∗, θ∗) �ÓÐÐÓÛ�� �Ý � ¾¹×�Ó� ÓÒÒ�Ø�Ò� (M∗, θ∗) ØÓ Ø��
Ö���Ø ×Ø�Ø� (Mr, θr) = (10,−50)¸ �º�º (Mr, θr) �× Û�Ø��Ò ÞÓÒ� ÁÁ ÓÒ ��ÙÖ� ¾º�º
ÆÙÑ�Ö��Ð Ö�×ÙÐØ× �Ö� ×�ÓÛÒ ÓÒ ��ÙÖ� ¾º½�º �× ÔÖ�Ú�ÓÙ×ÐÝ ÒÓØ���¸ Ø�� �����Ö
ÓÖ��Ö ×��Ñ� �ÐÐÓÛ× � ��ØØ�Ö �ÔØÙÖ� Ó� Ø�� �ÒØ�ÖÑ����Ø� ×Ø�Ø�º À�Ö�¸ Ø�� �Ö×Ø
ÓÖ��Ö ×��Ñ� Ð���× ØÓ �Ò ÙÒ��Ö�×Ø�Ñ�Ø�ÓÒ Ó� Ø�� �ÒØ�ÖÑ����Ø� ×Ø�Ø�³× Å��
ÒÙÑ��Öº

½¹×�Ó�¸ ¾¹Ö�Ö���Ø�ÓÒ ÓÒ��ÙÖ�Ø�ÓÒ

Ì��× ÔÖÓ�Ð�Ñ ÓÖÖ�×ÔÓÒ�× ØÓ �×� ¿ Ó� Ô�Ö��Ö�Ô� ¾º¿º¾º Ì�� ×ÓÐÙØ�ÓÒ
ÓÒ×�×Ø× Ó� � ½¹×�Ó� ÓÒÒ�Ø�Ò� Ø�� Ð��Ø ×Ø�Ø� (Mℓ, θℓ) = (10, 0) ØÓ � ÓÒ×Ø�ÒØ
�ÒØ�ÖÑ����Ø� ×Ø�Ø� (M∗, θ∗) �ÓÐÐÓÛ�� �Ý � ¾¹Ö�Ö���Ø�ÓÒ ÓÒÒ�Ø�Ò� (M∗, θ∗)
ØÓ Ø�� Ö���Ø ×Ø�Ø� (Mr, θr) = (20, 10)¸ �º�º (Mr, θr) �× Û�Ø��Ò ÞÓÒ� ÁÁÁ ÓÒ ��ÙÖ�
¾º�º ÆÙÑ�Ö��Ð Ö�×ÙÐØ× �Ö� ×�ÓÛÒ ÓÒ ��ÙÖ� ¾º½�º �× �ÜÔ�Ø�� �ÖÓÑ Ø�� ×�ÑÔÐ�
Û�Ú� Ö�×ÙÐØ×¸ Ø�� ½¹×�Ó� �× ���ÐÝ �ÔØÙÖ�� �Ý Ø�� �Ö×Ø ÓÖ��Ö ×��Ñ� �Ò� Ø��
ÓÚ�Ö�ÐÐ ×ÓÐÙØ�ÓÒ ����Ú�ÓÙÖ �× �Ö�Ñ�Ø��ÐÐÝ ���Ø��º À�Ö� ����Ò¸ Ø�� ×�ÓÒ�
ÓÖ��Ö ×��Ñ� Ô�Ö�ÓÖÑ× Û�ÐÐº

½¹Ö�Ö���Ø�ÓÒ¸ ¾¹Ö�Ö���Ø�ÓÒ ÓÒ��ÙÖ�Ø�ÓÒ

Ì��× ÔÖÓ�Ð�Ñ ÓÖÖ�×ÔÓÒ�× ØÓ �×� � Ó� Ô�Ö��Ö�Ô� ¾º¿º¾º Ì�� ×ÓÐÙØ�ÓÒ
ÓÒ×�×Ø× Ó� � ½¹Ö�Ö���Ø�ÓÒ ÓÒÒ�Ø�Ò� Ø�� Ð��Ø ×Ø�Ø� (Mℓ, θℓ) = (10, 0) ØÓ �
ÓÒ×Ø�ÒØ �ÒØ�ÖÑ����Ø� ×Ø�Ø� (M∗, θ∗) �ÓÐÐÓÛ�� �Ý � ¾¹Ö�Ö���Ø�ÓÒ ÓÒÒ�Ø�Ò�
(M∗, θ∗) ØÓ Ø�� Ö���Ø ×Ø�Ø� (Mr, θr) = (10, 50)¸ �º�º (Mr, θr) �× Û�Ø��Ò ÞÓÒ�
ÁÎ ÓÒ ��ÙÖ� ¾º�º ÆÙÑ�Ö��Ð Ö�×ÙÐØ× �Ö� ×�ÓÛÒ ÓÒ ��ÙÖ� ¾º½�º Ì�� ×ÙÔ�Ö�ÓÖ�ØÝ
�Ò� Ø�� Ò��××�ØÝ Ó� � �����Ö ÓÖ��Ö ×��Ñ� �× Ð��ÖÐÝ ×Ø�Ø�� ÓÒ Ø��× �×�º
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´�µ ½×Ø ÓÖ��Ö ´�µ ¾Ò� ÓÖ��Ö

������ ¾º½� � ½¹Ö�Ö���Ø�ÓÒ·¾¹×�Ó� � (Mℓ, θℓ) = (10, 0) �Ò� (Mr, θr) =
(5, 30)º Ë�Ñ� �Ö�Û�Ò� ÓÒÚ�ÒØ�ÓÒº

´�µ ½×Ø ÓÖ��Ö ´�µ ¾Ò� ÓÖ��Ö

������ ¾º½� � ½¹×�Ó�·¾¹×�Ó� � (Mℓ, θℓ) = (10, 0) �Ò� (Mr, θr) =
(10,−50)º Ë�Ñ� �Ö�Û�Ò� ÓÒÚ�ÒØ�ÓÒº



���� ��������� ���������� ��

´�µ ½×Ø ÓÖ��Ö ´�µ ¾Ò� ÓÖ��Ö

������ ¾º½� � ½¹×�Ó�·¾¹Ö�Ö���Ø�ÓÒ � (Mℓ, θℓ) = (10, 0) �Ò� (Mr, θr) =
(20, 10)º Ë�Ñ� �Ö�Û�Ò� ÓÒÚ�ÒØ�ÓÒº

´�µ ½×Ø ÓÖ��Ö ´�µ ¾Ò� ÓÖ��Ö

������ ¾º½� � ½¹Ö�Ö���Ø�ÓÒ·¾¹Ö�Ö���Ø�ÓÒ � (Mℓ, θℓ) = (10, 0) �Ò�
(Mr, θr) = (10, 50)º Ë�Ñ� �Ö�Û�Ò� ÓÒÚ�ÒØ�ÓÒº

ËÝÒØ��×�×

ÁÒ Ú��Û Ó� Ø�� Ö�×ÙÐØ× Ó�Ø��Ò�� �Ò Ø��× ×�Ö��× Ó� Ø�×Ø �×�×¸ Û� ÒÓØ� Ø��Ø
�ÓØ� �Ö×Ø¹ÓÖ��Ö �Ò� ×�ÓÒ�¹ÓÖ��Ö ÒÙÑ�Ö��Ð ×��Ñ�× ��Ú�¸ ÕÙ�Ð�Ø�Ø�Ú�ÐÝ̧ Ø��
�ÜÔ�Ø�� ����Ú�ÓÙÖ Ó� Ø�� �Ü�Ø ×ÓÐÙØ�ÓÒ ØÓ Ø�� Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñº ÀÓÛ�Ú�Ö¸



�� �������� �� ��� ��� �����

Ø��Ö� �Ö� ×Ù�×Ø�ÒØ��Ð ����Ö�Ò�× ��ØÛ��Ò Ø�� Ö�×ÙÐØ× Ó�Ø��Ò�� �Ý ��� ÓÖ¹
��Öº ÁØ �× Ó�×�ÖÚ�� Ø��Ø Ø�� �Ö×Ø¹ÓÖ��Ö ×��Ñ� �× ÒÓØ �ÙÖ�Ø� �ÒÓÙ��¸ Û���
Ð���× ØÓ � ×��Ò���ÒØ ��×Ö�Ô�ÒÝ ÓÒ Ø�� ÔÓ×�Ø�ÓÒ Ó� Ø�� ×�Ó�¸ Û��Ð� Ø��
×�ÓÒ�¹ÓÖ��Ö ×��Ñ� ÔÖÓÚ���× � ÑÙ� ��ØØ�Ö �ÔÔÖÓÜ�Ñ�Ø�ÓÒ �Ò� Ó�Ò���×
ÕÙ�Ø� ×ØÖ�ØÐÝ Û�Ø� Ø�� �Ü�Ø ×ÓÐÙØ�ÓÒ �ÓÖ �ÐÐ �×�×º

¾º� �ÓÒÐÙ×�ÓÒ

ÁÒ Ø��× Ô�Ô�Ö¸ Û� ��×Ö���� � Ò�Û �Ð�ÓÖ�Ø�Ñ �ÓÖ ×ÓÐÚ�Ò� Ø�� ��ÓÑ�ØÖ��Ð
Ë�Ó� �ÝÒ�Ñ�× ÑÓ��Ðº ÁÒ Ø��× �ÝÔ�Ö�ÓÐ� ØÛÓ �ÕÙ�Ø�ÓÒ× ÑÓ��Ð¸ Ø�� �ÖÖ�Ú�Ð
Ø�Ñ�¸ α(x)¸ Ó� � ×�Ó� Û�Ú� �× ��Ú�Ò �Ý � ÒÓÒÐ�Ò��Ö ���ÓÒ�Ð �ÕÙ�Ø�ÓÒ Û�Ó×�
ÐÓ�Ð ×Ô���¸ ÓÖ Å�� ÒÙÑ��Ö M(x)¸ �× �ÓÚ�ÖÒ�� �Ý � ����Ö�ÒØ��Ð �ÕÙ�Ø�ÓÒ
��Ô�Ò��Ò� ÓÒ �ÓÛ Ô�Ö�Ñ�Ø�Ö× �Ò� Ø�� �ÖÓÒØ ÙÖÚ�ØÙÖ�º �Ý Ö��ÓÖÑÙÐ�Ø�Ò� Ø��
ØÖ�Ò×ÔÓÖØ �ÕÙ�Ø�ÓÒ ÓÒ M �× � ÓÒÚ�Ø�ÓÒ����Ù×�ÓÒ ÓÒ�¸ �Ø× �ÔÔÖÓÜ�Ñ�Ø�ÓÒ �×
Ñ��� ��×��Ö �Ò� Ø�� Ð�Ò�Ø�Ý ��×Ö�Ø�Þ�Ø�ÓÒ Ó� Ø�� Ñ��Ò ÙÖÚ�ØÙÖ� �× �ÚÓ����º
Ì�� Ò�Û �Ð�ÓÖ�Ø�Ñ �ÓÐÐÓÛ× Ø�� ��×Ø¹Ñ�Ö��Ò� Ñ�Ø�Ó� ÓÒ � ��ÖØ�×��Ò �Ö�� �ÙØ
Ù×�× ØÖ��Ð Ú�ÐÙ�× Û��Ò ÙÔ��Ø�Ò� Ø�� ÙÖÖ�ÒØ ÒÓ��º ��Ö×Ø ��Ö�Ú�Ø�Ú�×¸ �ÔÔ��Ö�Ò�
�Ò Ø�� ���ÓÒ�Ð �Ò� ØÖ�Ò×ÔÓÖØ �ÕÙ�Ø�ÓÒ×¸ �Ö� ÙÔÛ�Ò� ×���� ÙÔ ØÓ ×�ÓÒ� ÓÖ��Ö
��Ô�Ò��Ò� ÓÒ Ø�� �Ù×�Ð�ØÝ ÓÒ��Ø�ÓÒ ÓÒ αº � ��Ý ���ØÙÖ� Ó� Ø�� Ñ�Ø�Ó� �× ØÓ
Ù×� � �ÒØ�Ö�� ��×Ö�Ø� Ä�ÔÐ���Ò �ÓÖ Ø�� ���Ù×�ÓÒ Ô�ÖØ¸ �× ÑÙ� �× ÔÓ××��Ð�¸
Û�Ø�ÓÙØ Ø���Ò� �ÒØÓ �ÓÙÒØ Ø�� �Ù×�Ð�ØÝ ÓÒ��Ø�ÓÒ ´�º�º Ù×�Ò� ÔÓ�ÒØ× Û���
�Ö� ÒÓØ �Ò Ø�� ÃÒÓÛÒ ×�Øµº �ÓÖ Ø��× Ö��×ÓÒ¸ Ø�� �Ð�ÓÖ�Ø�Ñ �× ÒÓØ � ��×Ø¹
Ñ�Ö��Ò� Ñ�Ø�Ó� �Ò Ø�� ×ØÖ�Ø�×Ø ×�Ò×�¸ �Ò� Û� ×�Ý �Ø ��× ��×Ø¹Ñ�Ö��Ò� Ð���
ÔÖÓÔ�ÖØ��×º Ì�� Ö�×ÙÐØ�Ò� �Ð���Ö�� ÒÓÒÐ�Ò��Ö ×Ý×Ø�Ñ �× ×ÓÐÚ�� �Ý �Ò �Ø�Ö�Ø�Ú�
ÔÖÓ��ÙÖ�¸ �Ü�� ÔÓ�ÒØ ÓÖ Æ�ÛØÓÒ³× Ñ�Ø�Ó�¸ �Ø ��� ÒÓ��º

�ÓÖ Ú�Ð���Ø�ÓÒ ÔÙÖÔÓ×�¸ Ö���Ö�Ò� ×ÓÐÙØ�ÓÒ× �Ö� �Ù�ÐØ �ÓÖ � ×ÑÓÓØ� Ö����Ð
�ÜÔ�Ò×�ÓÒ Û�Ú� �Ò� Ø�� �ÒØ�Ö�Ø�ÓÒ Ó� ØÛÓ ×�Ó�×º Ì��× Ð�ØØ�Ö �×� �× � Ê��¹
Ñ�ÒÒ ÔÖÓ�Ð�Ñ �ÓÖ Û��� � Ð�Ò� �× Ñ��� Û�Ø� Ø�� Ô¹×Ý×Ø�Ñ �Ò ØÛÓ ��Ñ�Ò×�ÓÒ×º
� ��Ø��Ð�� �Ò�ÐÝ×�× Ó� Ø��× ÔÖÓ�Ð�Ñ �× ÔÖÓÚ���� �Ò� ×�ÑÔÐ� �ÖÓÒØ ��Ö�Ø�Ö¹
�Þ�Ø�ÓÒ �× ��Ú�Ò �Ò Ø�� ×ØÖÓÒ� ×�Ó� Ð�Ñ�Ø �ÓÖ �ÒÝ Ð��Ø �Ò� Ö���Ø ×Ø�Ø�×º ÁÒ
��Ò�Ö�Ð¸ Ø�Ó×� ×Ø�Ø�× �Ö� ÓÒÒ�Ø�� �Ý ×�Ó� ÓÖ Ö�Ö���Ø�ÓÒ Û�Ú�× ��Ú�ÐÓÔ�Ò�
ÓÒ Ø�� �ÖÓÒØº

ÆÙÑ�Ö��Ð �ÜÔ�Ö�Ñ�ÒØ× ��Ú� ×�ÓÛÒ Ø��Ø¸ �× �ÜÔ�Ø��¸ Ø�� �Ð�ÓÖ�Ø�Ñ �×
×�ÓÒ� ÓÖ��Ö �ÓÖ ×ÑÓÓØ� �ÖÓÒØ× �Ò� Ô�Ö�ÓÖÑ× Ö�Ñ�Ö���ÐÝ Û�ÐÐ ÓÒ ��×ÓÒØ�Ò¹
ÙÓÙ× ×ÓÐÙØ�ÓÒ×¸ �ÐØ�ÓÙ�� Ø�� ÒÓÒ ÓÒ×�ÖÚ�Ø�Ú� ÑÓ��Ð �ÕÙ�Ø�ÓÒ× �Ö� ×ÓÐÚ��º
����Ö�Ò�× �Ö� �ÓÛ�Ú�Ö Ó�×�ÖÚ�� ��ØÛ��Ò Ø�� �Ö×Ø �Ò� ×�ÓÒ� ÓÖ��Ö �Ð�Ó¹
Ö�Ø�Ñ ÓÒ Ø�� Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñ×º Ì�� ×�ÓÒ� ÓÖ��Ö ×��Ñ� �× ÑÙ� ��ØØ�Ö
�Ò� Ú�ÖÝ ÐÓ×� ØÓ Ø�� Ö���Ö�Ò� ×ÓÐÙØ�ÓÒ¸ �Ü�ÔØ Û��Ò �Ø ÐÓ�ÐÐÝ ×Û�Ø��× ØÓ
�Ö×Ø ÓÖ��Öº Ì��× �× Ô�ÖØ�ÙÐ�ÖÐÝ ÒÓØ����Ð� ÓÒ Ø�� ÓÑÔÖ�××�ÓÒ Û���� �×�
Û��Ö� Ø�� ×�ÓÒ� ÓÖ��Ö ×��Ñ� ���Ð× ��ÓÚ� � Û���� �Ò�Ð� Ó� Ò��ÖÐÝ �� ��¹
�Ö��×º Ì��× �× ÒÓØ � ×�Ú�Ö� Ð�Ñ�Ø�Ø�ÓÒ �Ò ÔÖ�Ø�� ×�Ò� Ø�� �Ë� ÑÓ��Ð �× ÒÓØ
�ÜÔ�Ø�� ØÓ ��Ú� �ÙÖ�Ø� Ö�×ÙÐØ× �Ò ×Ù� � �×�º

ÁÒ Ø�� �ÙØÙÖ� Û� ÔÐ�Ò ØÓ �ÜØ�Ò� ÓÙÖ �Ð�ÓÖ�Ø�Ñ ØÓ ���Ð Û�Ø� �ÑÑ�Ö×��
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Ö���� �Ó���× �Ò� ÓÔØ�Ñ�Þ� Ø�� ×ÓÐÚ�Ö ØÓ ����Ú� Ú�ÖÝ ��×Ø ÓÑÔÙØ�Ø�ÓÒ×º �Ø
Ð�×Ø¸ Û� �Ò��Ö Ø��Ø Ø��× Ò�Û �Ð�ÓÖ�Ø�Ñ ÓÙÐ� �Ð×Ó �� Ú�ÐÙ��Ð� ØÓ Ø�� ��ØÓÒ�
ÓÑÑÙÒ�ØÝ̧ Ñ��ÒÐÝ �ÓÖ ��ØÓÒ�Ø�ÓÒ Ë�Ó� �ÝÒ�Ñ�× �¾�℄º

¾º� �ÔÔ�Ò��Ü � Ê���Ö�Ò� ×ÓÐÙØ�ÓÒ× Ó� Ø�� Ê��Ñ�ÒÒ
ÔÖÓ�Ð�Ñ �Ò Ø�� ×ØÖÓÒ� ×�Ó� Ð�Ñ�Ø

��×�� ÓÒ Ø�� ��ÓÑ�ØÖ� ��×Ö�ÔØ�ÓÒ Ó� ×�Ø�ÓÒ ¾º¿¸ Û� ÓÙØÐ�Ò� Ø�� ÓÒ¹
×ØÖÙØ�ÓÒ Ó� �ÜÔÐ��Ø ×ÓÐÙØ�ÓÒ×¸ �Ò Ø�� ×ØÖÓÒ� ×�Ó� Ð�Ñ�Ø ´M >> 1)¸ �ÓÖ Ø��
¾� Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñº �ÓÖ Ø�� ×��� Ó� ×�ÑÔÐ��ØÝ̧ Û� ��Ú� Ø�� �ÜÔÐ��Ø ×ÓÐÙ¹
Ø�ÓÒ �ÓÖ ×Ô��� ÓÒ��ÙÖ�Ø�ÓÒ× ÓÒÐÝ � ×�ÑÔÐ� Û�Ú�× �Ò� � Ô�ÖØ�ÙÐ�Ö �×� Û�Ø�
�Ò �ÒØ�ÖÑ����Ø� ×Ø�Ø�º Ì�� ��Ý ØÓÓÐ �× ØÓ Ù×� Ø�� ×�ÑÔÐ���� Ö�Ð�Ø�ÓÒ ´¾º¾�µ
��ØÛ��Ò Ø�� �Ö�� ×�Ø�ÓÒ �Ò� Ø�� Å�� ÒÙÑ��Öº

Ï� ÓÒ×���Ö �Ò�Ø��Ð ÓÒ×Ø�ÒØ Ð��Ø �Ò� Ö���Ø ×Ø�Ø�× �Ó�Ò�� �Ø Ø�� ÓÖ���Ò
O = (0, 0) �Ò� Ù×� Ø�� ÔÓÐ�Ö ÓÓÖ��Ò�Ø�× x = ρ cosχ �Ò� y = ρ sinχº

¾º�º½ Ë�ÑÔÐ� ×�Ó� Û�Ú�

�ÖÓÑ Ø�� Ð�Ñ�Ø �ÓÖÑ ´¾º¾�µ Ó� Ø�� �¹Å Ö�Ð�Ø�ÓÒ �Ò Ø�� ×ØÖÓÒ� ×�Ó� Ð�Ñ�Ø¸
Ø�� �ÕÙ�Ø�ÓÒ× ´¾º¾�µ¹´¾º¾�µ ��ÓÑ� ´×�� �Ð×Ó ´¾º¿¼µµ















cos(θℓ − θr) =
mλ∞ +m

1 +mλ∞+1

tan (χs
ν − θℓ) = [−1 + ν(ν − 1)]mλ∞

�

1−m2

1−m2λ∞

�1/2 ,

Û��Ö� m =
Mr

Mℓ
�Ò� ν = 1, 2 �ÓÖ Ø�� ½¹×�Ó� ÓÖ ¾¹×�Ó� �×�×º ��Ú�Ò 0 <

θℓ− θr <
π
2 ¸ �ÖÓÑ Ø�� �Ö×Ø �ÕÙ�Ø�ÓÒ Ó� Ø��× �Ð���Ö�� ×Ý×Ø�Ñ¸ ÓÒ� ���Ù�×¸ �Ý

�Ò �Ø�Ö�Ø�Ú� ÔÖÓ��ÙÖ�¸ Ø�� Å�� ÒÙÑ��Ö Ö�Ø�Ó m ÓÒ ��� ×��� Ó� Ø�� ×�Ó�¹
×�Ó� ×�Ò�ÙÐ�Ö�ØÝº Ì��× ×�Ò�ÙÐ�Ö�ØÝ �× ��Ö�Ø�Ö�Þ�� �Ý Ø�� �Ò�Ð� χs

ν Û��� �×
Ó�Ø��Ò�� �Ý �Ò��Ø�Ò� m �Ò Ø�� ×�ÓÒ� �ÕÙ�Ø�ÓÒº

�ÓÖ Ø��× �×�¸ Ø�� ��ÓÑ�ØÖ� ÓÒ×ØÖÙØ�ÓÒ �× ×ØÖ����Ø�ÓÖÛ�Ö� �Ò� ÔÖÓ���×
�× �ÓÐÐÓÛ×º �× ×�ÓÛÒ �Ò ��ÙÖ� ¾º½�¸ Û� ÓÒ×���Ö Ø�� ØÛÓ �Ò�ÙÐ�Ö ×�ØÓÖ× ×�Ô¹
�Ö�Ø�� �Ý Ø�� ×�Ó� Ð�Ò� �ÜØ�Ò��Ò� �ÖÓÑ Ø�� ÓÖ���Ò O �Ò� ��Ú�Ò� Ø�� ×ÐÓÔ�
tanχs

ν º �Ø � ��Ú�Ò Ø�Ñ�¸ ÓÒ� ×Ø�ÖØ× �ÖÓÑ � ÙÖÖ�ÒØ ÔÓ×�Ø�ÓÒ P1 ≡ (x1, y1)
ÓÒ Ø�� Ð��Ø ×Ø�Ø� �Ò� �Ö�Û× Ø�� Ð�Ò� ×��Ñ�ÒØ Û�Ó×� ÒÓÖÑ�Ð Ñ���× Ø�� �Ò�Ð�
θℓ Û�Ø� Ø�� (Ox) �Ü�×º Ì�� ÓØ��Ö �Ò�ÔÓ�ÒØ Ó� Ø��× ×��Ñ�ÒØ¸ P2 ≡ (x2, y2)¸
Ð��× ÓÒ Ø�� ×�Ó� Ð�Ò� �Ò� ×Ó ��× Ø�� ÔÓÐ�Ö �Ò�Ð� χs

ν º Ì��× ÔÖÓ�×× �× Ö�Ô��Ø��
ØÓ �Ö�Û Ø�� �ÖÓÒØ ×��Ô� �Ø ����Ö�ÒØ Ø�Ñ�× ØÓ ÓÚ�Ö Ø�� ÓÑÔÙØ�Ø�ÓÒ�Ð �ÓÑ��Òº

Ì�� ×�Ð�Ö �ÙÒØ�ÓÒ α¸ Ø��Ø ��Ö�Ø�Ö�Þ�× Ø�� ×Ù�××�Ú� �ÖÓÒØ ÔÓ×�Ø�ÓÒ×¸



�� �������� �� ��� ��� �����

������ ¾º½� � �Ü�ÑÔÐ� Ó� ��ÓÑ�ØÖ� ÓÒ×ØÖÙØ�ÓÒ Ó� ½¹×�Ó�º

�× Ø��Ò ´×�� �Ð×Ó ��ÙÖ� ¾º¿µ

α(x, y) =



















x cos θℓ + y sin θℓ

Mℓ
, χ ≤ χs

ν

x cos θr + y sin θr

Mr
, χ ≥ χs

ν

.

¾º�º¾ Ë�ÑÔÐ� Ö�Ö���Ø�ÓÒ Û�Ú�

�× Ñ�ÒØ�ÓÒ�� �Ò ×�Ø�ÓÒ ¾º¿º¾¸ Ø�� Ö�Ö���Ø�ÓÒ ÐÓÙ× �× � ×Ô�Ö�Ð

ρ = t0ρ1(χ) Û��Ö� t0 > 0,

ÓÒÒ�Ø�Ò� Ø�� ØÛÓ ÓÒ×Ø�ÒØ ×Ø�Ø�×º ÁÒ Ø�� ×ØÖÓÒ� ×�Ó� Ð�Ñ�Ø ´M >> 1µ¸ Ø��×
×Ô�Ö�Ð �× Ó� ÐÓ��Ö�Ø�Ñ� ØÝÔ�¸ �Ò� Ø�� �Ò�Ð� ��ØÛ��Ò �Ø× ÒÓÖÑ�Ð �Ò� Ø�� Ö����Ð
��Ö�Ø�ÓÒ �× ÓÒ×Ø�ÒØ ´×�� ´¾º½�µµ �Ò� �× ��Ú�Ò �Ý

δ∞ = arctan

�

1

λ∞
.

ÁÒ ÓØ��Ö ÛÓÖ�×¸ Ø�� �Ò�Ð�× �Ò ÈÖÓÔÓ×�Ø�ÓÒ ¾º¿ �Ö� ÛÖ�ØØ�Ò

χr−
1,2 = θℓ ∓ δ∞ �Ò� χr+

1,2 = θr ∓ δ∞,

Û��Ö� Ø�� ×��Ò× ∓ Ö���Ö ØÓ Ø�� ½¹Ö�Ö���Ø�ÓÒ �Ò� Ø�� ¾¹Ö�Ö���Ø�ÓÒ Ö�×Ô�Ø�Ú�ÐÝº
ÅÓÖ�ÓÚ�Ö �ÕÙ�Ø�ÓÒ ´¾º¾¿µ ×�ÑÔÐ���× ØÓ ��Ú�

θr − θℓ = ∓
�

λ∞ log

�

Mr

Mℓ

�



���� �������� ��

Û�Ø� π > θr − θℓ > 0 ´×�� ÈÖÓÔÓ×�Ø�ÓÒ ¾º¿µº
Ì�� ×�Ð�Ö �ÙÒØ�ÓÒ α¸ Ø��Ø ��Ö�Ø�Ö�Þ�× Ø�� ×Ù�××�Ú� ÔÓ×�Ø�ÓÒ× Ó� Ø��

×�Ó� �ÖÓÒØ¸ �× Ø��Ò ÛÖ�ØØ�Ò ´×�� ��ÙÖ� ¾º¾µ

α(x, y) =







































x cos θℓ + y sin θℓ

Mℓ
, χ ≤ θℓ ∓ δ∞

Kρ e
± χ√

λ∞ , θℓ ∓ δ∞ ≤ χ ≤ θr ∓ δ∞

x cos θr + y sin θr

Mr
, χ ≥ θr ∓ δ∞

.

Û�Ø� K =
cos δ∞
Mℓ

e
∓

χ
r−
1,2√
λ∞ º

¾º�º¿ �ÓÑÔÐ�Ø� ×ÓÐÙØ�ÓÒ× Ó� Ø�� Ê��Ñ�ÒÒ ÔÖÓ�Ð�Ñ

Ï��Ø�Ú�Ö Ø�� Ð��Ø �Ò� Ö���Ø �Ò�Ø��Ð ÓÒ��Ø�ÓÒ×¸ Ø�� �ÒØ�ÖÑ����Ø� ×Ø�Ø�
(θ∗,M∗) �Ò �� ÛÖ�ØØ�Ò �Ò Ø�� ��Ò�Ö� �ÓÖÑ �























θ∗ − θℓ = GR,S

�

M∗

Mℓ

�

θr − θ∗ = GR,S

�

M∗

Mr

�

, ´¾º¿½µ

Û��Ö�¸ �Ò Ø�� ×ØÖÓÒ� ×�Ó� Ð�Ñ�Ø¸ Ø�� �ÙÒØ�ÓÒ GR,S �× ��Ú�Ò �Ý

GR,S(m) =

�

�

�

�

�

�

�

�

GR(m) = −
�

λ∞ logm �ÓÖ � Ö�Ö���Ø�ÓÒ

GS(m) = − arccos

�

m+mλ∞

1 +m1+λ∞

�

�ÓÖ � ×�Ó�
.

�ÓÖ �ÐÐÙ×ØÖ�Ø�ÓÒ ÔÙÖÔÓ×�¸ Û� ÓÒ×���Ö ÓÒÐÝ Ø�� ½¹Ö�Ö���Ø�ÓÒ �ÓÐÐÓÛ�� �Ý
¾¹Ö�Ö���Ø�ÓÒ �×�¸ �ÓÖ Û��� ×Ý×Ø�Ñ ´¾º¿½µ �Ò �� ×ÓÐÚ�� �ÜÔÐ��ØÐÝº ÇÒ� Ø��Ò
���× Ø��Ø























θ∗ =
θr + θℓ −

√
λ∞ log

�

Mr

Mℓ

�

2

M∗ =

�

MrMℓe
θℓ−θr√

λ∞

.

Ê�Ñ�Ö� ¾º�º �ÓÖ �ÒÝ ÓØ��Ö ÓÒ��ÙÖ�Ø�ÓÒ¸ �Ò �Ø�Ö�Ø�Ú� ÔÖÓ��ÙÖ� �× Ö�ÕÙ�Ö��
ØÓ ��Ø�ÖÑ�Ò� Ø�� �ÒØ�ÖÑ����Ø� ×Ø�Ø�º



�¼ �������� �� ��� ��� �����

�ÓÖ Ø�� �Ü�ÑÔÐ� ÙÒ��Ö ÓÒ×���Ö�Ø�ÓÒ¸ Ø�� �ÖÓÒØ �× ÓÑÔÓÙÒ� Ó� �Ú� �Ò¹
�ÙÐ�Ö ×�ØÓÖ×¸ �ÓÖ��Ò� ØÓ Ø�� Ú�ÐÙ�× Ó� Ø�� ÔÓÐ�Ö �Ò�Ð� χ ´×�� ��ÙÖ� ¾º�µº
Ì�� Ê��Ñ�ÒÒ ×ÓÐÙØ�ÓÒ ÓÒ×�×Ø× �Ò ØÛÓ ×Ô�Ö�Ð �Ö×¸ ��Ö�Ø�Ö�Þ�� Ö�×Ô�Ø�Ú�ÐÝ
�Ý Ø�� �Ò�Ð�× ±δ∞¸ ÓÒÒ�Ø�Ò� Ø�� �ÒØ�ÖÑ����Ø� ×Ø�Ø� ØÓ Ø�� ÔÐ�Ò� ×�Ó�× ÓÒ
Ø�� Ð��Ø �Ò� ÓÒ Ø�� Ö���Ø Ö�×Ô�Ø�Ú�ÐÝº ÆÓØ� Ø��Ø �Ò Ø�� Ö���ÓÒ ��ØÛ��Ò Ø��
ØÛÓ ×Ô�Ö�Ð �Ö×¸ Ø�� ×�Ó� �× ÔÐ�Ò� ´�º�º M = M∗ �Ò� θ = θ∗µ �Ò� Ø�Ò��ÒØ ØÓ
�ÓØ� ÙÖÚ�×º ÅÓÖ� ÔÖ��×�ÐÝ̧ Ø�� �ÙÒØ�ÓÒ α �× ÛÖ�ØØ�Ò

α(x, y) =















































































x cos θℓ + y sin θℓ

Mℓ
, χ ≤ θℓ − δ∞

K1ρ e
χ√
λ∞ , θℓ − δ∞ ≤ χ ≤ θ∗ − δ∞

x cos θ∗ + y sin θ∗

M∗
, θ∗ − δ∞ ≤ χ ≤ θ∗ + δ∞

K2ρ e
− χ√

λ∞ , θ∗ + δ∞ ≤ χ ≤ θr + δ∞

x cos θr + y sin θr

Mr
, χ ≥ θr + δ∞.

,

Û�Ø�

K1 =
cos δ∞
Mℓ

e
−

(θℓ−δ∞)√
λ∞ , K2 =

cos δ∞
Mr

e
(θℓ+δ∞)√

λ∞ ,

×Ù� Ø��Ø Ø�� �ÙÒØ�ÓÒ α �× Ó�Ú�ÓÙ×ÐÝ ÓÒØ�ÒÙÓÙ× �ÐÓ��ÐÐÝº



Ê���Ö�Ò�×

�½℄ �Ò�Ò�¸ ÊºÃº¸ �Ë�Ó� �ÝÒ�Ñ�× Ó� ×ØÖÓÒ� �ÑÔÐÓ��Ò� ÝÐ�Ò�Ö��Ð �Ò�
×Ô��Ö��Ð ×�Ó� Û�Ú�× Û�Ø� ÒÓÒ¹����Ð ��× ���Ø×�¸ Ï�Ú� ÅÓØ�ÓÒ¸ ÚÓÐº
�¼¸ ÔÔº ½¼¼¿¹½¼½�¸ ¾¼½¿º

�¾℄ �×Ð�Ñ¸ Ìº�º¸ �ÁÒÚ�×Ø���Ø�ÓÒ× ÓÒ ��ØÓÒ�Ø�ÓÒ Ë�Ó� �ÝÒ�Ñ�×�¸ È�� Ì��¹
×�×¸ ÍÒ�Ú�Ö×�ØÝ Ó� ÁÐÐ�ÒÓ�× �Ø ÍÖ��Ò�¹���ÑÔ���Ò¸ ÍºËº�º¸ ½���º

�¿℄ �×Ð�Ñ¸ Ìº�º¸ ��Þ�Ð¸ Âº�º¸ ËØ�Û�ÖØ¸ �ºËº¸ �Ä�Ú�Ð ×�Ø Ñ�Ø�Ó�× �ÔÔÐ���
ØÓ ÑÓ��Ð�Ò� ��ØÓÒ�Ø�ÓÒ ×�Ó� �ÝÒ�Ñ�×�¸ ÂÓÙÖÒ�Ð Ó� �ÓÑÔÙØ�Ø�ÓÒ�Ð
È�Ý×�×¸ ÚÓÐº ½¾�¸ ÔÔº ¿�¼¹�¼�¸ ½���º

��℄ �×Ð�Ñ¸ Ìº�º¸ ËØ�Û�ÖØ¸ �ºËº¸ ���ØÓÒ�Ø�ÓÒ ×�Ó� �ÝÒ�Ñ�× �Ò� ÓÑÔ�Ö¹
�×ÓÒ Û�Ø� ��Ö�Ø ÒÙÑ�Ö��Ð ×�ÑÙÐ�Ø�ÓÒ�¸ �ÓÑ�Ù×Ø�ÓÒ Ì��ÓÖÝ ÅÓ��ÐÐ�Ò�¸
½���º

��℄ ��×��Ö¸ Ëº¸ ÈÖ�×��¸ Èº¸ �ÈÖÓÔ���Ø�ÓÒ Ó� ÙÖÚ�� ×�Ó� �ÖÓÒØ× Ù×�Ò� ×�Ó�
Ö�Ý Ø��ÓÖÝ �Ò� ÓÑÔ�Ö�×ÓÒ Û�Ø� ÓØ��Ö Ø��ÓÖ��×�¸ Âº �ÐÙ�� Å��º¸ ÚÓÐº �¸
ÔÔº ½�½¹½��¸ ¾¼¼�º

��℄ ��Þ�Ð¸ Âº�º¸ �×Ð�Ñ¸ Ìº�º¸ ���ØÓÒ�Ø�ÓÒ �ÖÓÒØ ÑÓ��Ð× � Ì��ÓÖ��× �Ò� Ñ�Ø�¹
Ó�×�¸ Ä�¹ÍÊ ¼¼¹��¾¸ ½���º

��℄ ��××�Ø¸ �º¸ �Ð�Ò¸ �º¸ �ÈÖÓÔ���Ø�ÓÒ Ó� Ú�ÖØ��Ð ×�Ó� Û�Ú�× �Ò Ø�� �ØÑÓ¹
×Ô��Ö��¸ Âº �ÓÙ×Øº ËÓº �Ñº¸ ÚÓÐº ��´�µ¸ ÔÔº ½�¿¼¹½�¿�¸ ½���º

��℄ ��×Ø¸ ÂºÈº¸ �� ��Ò�Ö�Ð�×�Ø�ÓÒ Ó� Ø�� Ø��ÓÖÝ Ó� ��ÓÑ�ØÖ��Ð ×�Ó� �ÝÒ�Ñ¹
�×�¸ Ë�Ó� Ï�Ú�×¸ ÚÓÐº ½´�µ¸ ÔÔº ¾�½¹¾�¿�¸ ½��½º

��℄ ��×Ø¸ ÂºÈº¸ �ÖÖ�ØÙÑ � �� ��Ò�Ö�Ð�×�Ø�ÓÒ Ó� Ø�� Ø��ÓÖÝ Ó� ��ÓÑ�ØÖ��Ð ×�Ó�
�ÝÒ�Ñ�×�¸ Ë�Ó� Ï�Ú�×¸ ÚÓÐº ¾¸ ÔÔº ½¾�¸ ½��¾º

�½¼℄ ��×Ø¸ ÂºÈº¸ ��ÓÙÒØ�Ò� �ÓÖ ÌÖ�Ò×Ú�Ö×� �ÐÓÛ �Ò Ø�� Ì��ÓÖÝ Ó� ��ÓÑ�ØÖ�¹
�Ð Ë�Ó� �ÝÒ�Ñ�×�¸ ÈÖÓº Êº ËÓº �º¸ ÚÓÐº ��¾ ´ÒÓº ½�½�µ¸ ÔÔº ���¹���¸
½��¿º

�½½℄ ��Ø�×¸ Âº�º¸ ËØÙÖØ�Ú�ÒØ¸ �º¸ �Ë�Ó� Û�Ú� �ÓÙ×�Ò� Ù×�Ò� ��ÓÑ�ØÖ��Ð
×�Ó� �ÝÒ�Ñ�×�¸ È�Ý×�× Ó� �ÐÙ��×¸ ÚÓÐº �´½¼µ¸ ÔÔº ¿¼��¹¿¼��¸ ½���º

�½¾℄ �Ö�Ò��ÐÐ¸ Åº�º¸ Ä�ÓÒ×¸ ÈºÄº¸ �ÌÛÓ �ÔÔÖÓÜ�Ñ�Ø�ÓÒ ×ÓÐÙØ�ÓÒ× Ó� À�Ñ�ÐØÓÒ¹
Â�Ó�� �ÕÙ�Ø�ÓÒ×�¸ Å�Ø�º �ÓÑÔº¸ �¿¸ ½¹½�¸ ½���º

�½¿℄ ����ÖÑÓ×¸ �ºÅº¸ �ÀÝÔ�Ö�ÓÐ� �ÓÒ×�ÖÚ�Ø�ÓÒ Ä�Û× �Ò �ÓÒØ�ÒÙÙÑ
È�Ý×�×�¸ �ÖÙÒ�Ð��Ö�Ò ��Ö Ñ�Ø��Ñ�Ø�×��Ò Ï�××�Ò×���Ø�Ò¸ ÚÓÐº ¿¾�¸
¿Ö� ��º¸ À����Ð��Ö�¸ Æ�Û �ÓÖ�¸ ËÔÖ�Ò��Ö¸ ´¾¼½¼µº

�½



�¾ ����������

�½�℄ �ÓÓ�Ñ�Ò¸ Âº¸ Å���Ý��Ò¸ �º¸ �ÍÐØÖ�¹Ö�Ð�Ø�Ú�×Ø� ��ÓÑ�ØÖ��Ð ×�Ó� �Ý¹
Ò�Ñ�× �Ò� ÚÓÖØ��ØÝ�¸ ÂÓÙÖÒ�Ð Ó� �ÐÙ�� Å���Ò�×¸ ÚÓÐº �¼�¸ ÔÔº ¿¾�¹¿¿�¸
¾¼¼�º

�½�℄ À�Ò×��Û¸ Ïº�º¸ ËÑÝØ�¸ Æº�º¸ Ë�Û�Ò��Ñ�Ò¸ �ºÏº¸ �ÆÙÑ�Ö��Ð ×�Ó�
ÔÖÓÔ���Ø�ÓÒ Ù×�Ò� ��ÓÑ�ØÖ��Ð ×�Ó� �ÝÒ�Ñ�×�¸ ÂÓÙÖÒ�Ð Ó� �ÐÙ�� Å�¹
��Ò�×¸ ÚÓÐº ½�½¸ ÔÔº �½�¹���¸ ½���º

�½�℄ Ç×��Ö¸ Ëº¸ �����Û¸ Êº¸ �Ä�Ú�Ð Ë�Ø Å�Ø�Ó�× �Ò� �ÝÒ�Ñ� ÁÑÔÐ��Ø ËÙÖ¹
���×�¸ ÚÓÐÙÑ� ½�¿ Ó� �ÔÔÐ��� Å�Ø��Ñ�Ø��Ð Ë��Ò�×¸ ËÔÖ�Ò��Ö¸ ¾¼¼¿º

�½�℄ Ç×��Ö¸ Ëº¸ Ë�Ø���Ò¸ Âº�º¸ ��ÖÓÒØ× ÈÖÓÔ���Ø�Ò� Û�Ø� �ÙÖÚ�ØÙÖ�¹
��Ô�Ò��ÒØ ËÔ��� � �Ð�ÓÖ�Ø�Ñ× ��×�� ÓÒ À�Ñ�ÐØÓÒ¹Â�Ó�� �ÓÖÑÙÐ�Ø�ÓÒ¹
×�¸ ÂÓÙÖÒ�Ð Ó� �ÓÑÔÙØ�Ø�ÓÒ�Ð È�Ý×�×¸ ÚÓÐº ��¸ ÔÔº ½¾¹��¸ ½���º

�½�℄ Ë�Û�Ò��Ñ�Ò¸ �ºÏº¸ �� ÒÙÑ�Ö��Ð ×��Ñ� �ÓÖ ×�Ó� �ÔØÙÖ�Ò� �Ò Ø�Ö��
��Ñ�Ò×�ÓÒ×�¸ ÈÖÓº ÊÓÝ�Ð ËÓ��ØÝº ÄÓÒ�º¸ ��½� ´ÒÓº ½��¼µ¸ ÔÔº ½��¹½��¸
½���º

�½�℄ Ë�Û�Ò��Ñ�Ò¸ �ºÏº¸ �� Ò�Û ÒÙÑ�Ö��Ð Ñ�Ø�Ó� �ÓÖ ×�Ó� Û�Ú� ÔÖÓÔ�¹
��Ø�ÓÒ Ù×�Ò� ��ÓÑ�ØÖ��Ð ×�Ó� �ÝÒ�Ñ�×�¸ ÈÖÓº ÊÓÝ�Ð ËÓ��ØÝº ÄÓÒ�º¸
���½ ´ÒÓº½�½¾µ¸ ÔÔº ¿¿½¹¿�½¸ ½��¿º

�¾¼℄ Ë�Û�Ò��Ñ�Ò¸ �ºÏº¸ �� �����Ö ÓÖ��Ö �Ó�ÙÒÓÚ Ñ�Ø�Ó� �ÓÖ Ø�� �ÝÔ�Ö¹
�ÓÐ� �ÕÙ�Ø�ÓÒ× ÑÓ��Ð�Ò� ×�Ó� �ÝÒ�Ñ�×�¸ ÈÖÓº ÊÓÝ�Ð ËÓ��ØÝ ÄÓÒ�º¸
���� ´ÒÓº ½���µ¸ ÔÔº ½¾½�¹½¾¿¿¸ ½���º

�¾½℄ Ë�ÖÖ�¸ �º¸ �ËÝ×Ø�Ñ× Ó� ÓÒ×�ÖÚ�Ø�ÓÒ Ð�Û×º ½º ÀÝÔ�Ö�ÓÐ��ØÝ̧ �ÒØÖÓÔ��×¸
×�Ó� Û�Ú�×�º ÌÖ�Ò×Ð�Ø�� �ÖÓÑ Ø�� ½��� �Ö�Ò� ÓÖ���Ò�Ð �Ý Áº Æº ËÒ���ÓÒº
��Ñ�Ö���� ÍÒ�Ú�Ö×�ØÝ ÈÖ�××¸ ��Ñ�Ö����¸ ½���

�¾¾℄ Ë�Ø���Ò¸ Âº�º¸ �Ä�Ú�Ð Ë�Ø Å�Ø�Ó�× �Ò� ��×Ø Å�Ö��Ò� Å�Ø�Ó�× � �ÚÓÐÚ¹
�Ò� ÁÒØ�Ö���× �Ò �ÓÑÔÙØ�Ø�ÓÒ�Ð ��ÓÑ�ØÖÝ̧ �ÐÙ�� Å���Ò�×¸ �ÓÑÔÙØ�Ö
Î�×�ÓÒ �Ò� Å�Ø�Ö��Ð× Ë��Ò��¸ ��Ñ�Ö���� ÍÒ�Ú�Ö×�ØÝ ÈÖ�××¸ ½���º

�¾¿℄ Ë�Ø���Ò¸ Âº�º¸ ËÑ�Ö���¸ Èº¸ �Ä�Ú�Ð ×�Ø Ñ�Ø�Ó�× �ÓÖ �Ù�� �ÒØ�Ö����¸ �ÒÒÙº
Ê�Úº �ÐÙ�� Å��º¸ ÚÓÐº ¿�¸ ÔÔº ¿�½¹¿�¾¸ ¾¼¼¿º

�¾�℄ ËÑÓÐÐ�Ö¸ Âº¸ �Ë�Ó� Ï�Ú�× �Ò� Ê��Ø�ÓÒ¹���Ù×�ÓÒ �ÕÙ�Ø�ÓÒ×�¸
�ÖÙÒ�Ð��Ö�Ò ��Ö Å�Ø��Ñ�Ø�×��Ò Ï�××�Ò×���Ø�Ò ��ÙÒ��Ñ�ÒØ�Ð ÈÖ�Ò¹
�ÔÐ�× Ó� Å�Ø��Ñ�Ø��Ð Ë��Ò�×℄¸ ¾��¸ ËÔÖ�Ò��Ö¹Î�ÖÐ��¸ Æ�Û �ÓÖ�¸ ½���º

�¾�℄ Ë�Ù¸ �ºÏº¸ Ç×��Ö¸ Ëº¸ �À���¹ÓÖ��Ö �××�ÒØ��ÐÐÝ ÒÓÒ Ó×�ÐÐ�ØÓÖÝ ×��Ñ�×
�ÓÖ À�Ñ�ÐØÓÒ¹Â�Ó�� �ÕÙ�Ø�ÓÒ×�¸ ËÁ�Å Âº ÆÙÑ�Öº �Ò�Ð¸ ÚÓÐº ¾�´�µ¸ ÔÔº
�¼�¹�¾¾¸ ½��½º

�¾�℄ ËØ�Û�ÖØ¸ �ºËº¸ ��Þ�Ð¸ Âº�º¸ �Ì�� ×�Ó� �ÝÒ�Ñ�× Ó� ×Ø��Ð� ÑÙÐØ���Ñ�Ò¹
×�ÓÒ�Ð ��ØÓÒ�Ø�ÓÒ�¸ �ÓÑ�Ù×Ø�ÓÒ �Ò� �Ð�Ñ�¸ ÚÓÐº �¾¸ ÔÔº ¿½½¹¿¾¿¸ ½���º

�¾�℄ Î�Ö���Ö���Ò¸ Èº�º¸ ÊÓ�¸ ÈºÄº¸ ���ÓÑ�ØÖ��Ð ×�Ó� �ÝÒ�Ñ�× �Ò� �Ò��Ò�
ÙÒ×Ø�ÖØ�¸ �½×Ø �Á�� �ÐÙ�� �ÝÒ�Ñ�× �ÓÒ��Ö�Ò� �Ò� �Ü����Ø¸ ¾�¹¿¼
ÂÙÒ� ¾¼½½¸ ÀÓÒÓÐÙÐÙ¸ À�Û���º

�¾�℄ Ï��Ø��Ñ¸ �º�º¸ �� Ò�Û �ÔÔÖÓ�� ØÓ ÔÖÓ�Ð�Ñ× Ó� ×�Ó� �ÝÒ�Ñ�×º È�ÖØ
Á¸ ÌÛÓ ��Ñ�Ò×�ÓÒ�Ð ÔÖÓ�Ð�Ñ×�¸ Âº �ÐÙ��º Å��º¸ ÚÓÐº ¾¸ ÔÔº ½��¹½�½¸ ½���º
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�¾�℄ Ï��Ø��Ñ¸ �º�º¸ �Ä�Ò��Ö �Ò� ÆÓÒÐ�Ò��Ö Ï�Ú�×�¸ Ï�Ð�Ý ´Æ�Û �ÓÖ�µ¸ ½���º

�¿¼℄ ��ØÞ�Ú¸ Äº¸ ��ÖØ�×����¸ �º¸ Ë�Ô�ÖÓ¸ �º¸ �� ��×Ø Ç´Æµ ÁÑÔÐ�Ñ�ÒØ�Ø�ÓÒ Ó�
Ø�� ��×Ø Å�Ö��Ò� �Ð�ÓÖ�Ø�Ñ�¸ ÂÓÙÖÒ�Ð Ó� �ÓÑÔÙØ�Ø�ÓÒ�Ð È�Ý×�×¸ ÚÓÐº
¾½¾¸ ÔÔº ¿�¿¹¿��¸ ¾¼¼�º

�¿½℄ ����Ö�¸ �º�º¸ ��Ò�ÐÝ×�× Ó� Ö�Ý ØÙ�� �Ö�� �Ò ��ÓÑ�ØÖ��Ð ×�Ó� �ÝÒ�Ñ�×�¸
�ÔÔÐ��� Å�Ø��Ñ�Ø�× �Ò� �ÓÑÔÙØ�Ø�ÓÒ¸ ÚÓÐº ¾½�´¾µ¸ ÔÔº �¿¼¹�¿�¸ ¾¼½¼º
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���Ô�ØÖ� ¿

�Ü�×Ø�Ò� Ó� ÔÐ�Ò� Û�Ú� Ð���

×ÓÐÙØ�ÓÒ×

�ÓÖ � ÒÓÒÐ�Ò��Ö Ô�Ö��ÓÐ�

�ÕÙ�Ø�ÓÒ �Ò ��Ñ�Ò×�ÓÒ ÓÒ�

Ì��× ÛÓÖ� ��× ���Ò ÛÖ�ØØ�Ò �Ò ÓÐÐ��ÓÖ�Ø�ÓÒ Û�Ø� Ê���× ÅÓÒÒ��Ù ´��Ê¹
ÅÁ�Ë¸ �ÆÈ�µº

��×ØÖ�Ø

ÁÒ Ø��× Ô�Ô�Ö Û� ÓÒ×���Ö � Ö��Ø�ÓÒ¹���Ù×�ÓÒ �ÕÙ�Ø�ÓÒ �Ò � Ô�Ö�Ó�� Ñ���ÙÑº

Ì��× �× � Ô�Ö��ÓÐ� ×�Ñ�Ð�Ò��Ö �ÕÙ�Ø�ÓÒ �Ò ��Ñ�Ò×�ÓÒ ÓÒ�º Ì�� ÒÓÒÐ�Ò��Ö�ØÝ �× ×ÙÔ¹

ÔÓ×�� ØÓ �� Ô�Ö�Ó�� �Ò ×Ô�� �Ò� �Ò Ø�� ×Ø�Ø� Ú�Ö���Ð�º ÍÒ��Ö �ÖØ��Ò �××ÙÑÔØ�ÓÒ×¸

Û� ÓÒ×ØÖÙØ ÔÐ�Ò� Û�Ú� Ð��� ×ÓÐÙØ�ÓÒ× Ó� Ø��× ÔÖÓ�Ð�Ñ¸ �Ò� ×�ÓÛ Ø��Ø Ø��×� ×ÓÐÙ¹

Ø�ÓÒ× ×�Ø�×�Ý � ÓÒ×ØÖ��Ò�Ò� ×ØÖÙØÙÖ� ÔÖÓÔ�ÖØÝº

�ÅË �Ð�××���Ø�ÓÒ � ¿�Ã��

Ã�ÝÛÓÖ�× � Ô�Ö�Ó�� Ñ���ÙÑ¸ ×�Ñ�Ð�Ò��Ö �ÕÙ�Ø�ÓÒ×¸ ÔÐ�Ò�¹Ð��� ×ÓÐÙØ�ÓÒ×º

¿º½ ÁÒØÖÓ�ÙØ�ÓÒ

¿º½º½ Ë�ØØ�Ò� Ó� Ø�� ÔÖÓ�Ð�Ñ

Ï� ÓÒ×���Ö ×ÓÐÙØ�ÓÒ× u(x, t) Ó� Ø�� �ÓÐÐÓÛ�Ò� Ô�Ö��ÓÐ� ×�Ñ�Ð�Ò��Ö �ÕÙ�¹
Ø�ÓÒ �ÓÖ x ∈ R¸ t > 0 �

ut = uxx + f(x, u), ´¿º½µ

�ÓÖ ×ÓÑ� �ÙÒØ�ÓÒ f Û��� �× 1¹Ô�Ö�Ó�� �Ò x �Ò� uº
ÇÙÖ �Ó�Ð �× ØÓ ÓÒ×ØÖÙØ ÔÐ�Ò�¹Ð��� ×ÓÐÙØ�ÓÒ× ×�Ø�×�Ý�Ò� � Ô×�Ù�Ó¹Ô�Ö�Ó���ØÝ

��
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ÔÖÓÔ�ÖØÝ̧ Ø��Ø �×

u
�

x+ 1, t− p

λ

�

= u(x, t)

�ÓÖ � ÓÙÔÐ� (p, λ) ∈ R2º ÌÓ Ø��× �Ò�¸ Û� �××ÙÑ� Ø��Ø Ø�� �ÙÒØ�ÓÒ f ×�Ø�×��×
Ø�� �ÓÐÐÓÛ�Ò� ÓÒ��Ø�ÓÒ× �
Ä�Ô×��ØÞ Ö��ÙÐ�Ö�ØÝ �Ò� Z¹Ô�Ö�Ó���ØÝ ÔÖÓÔ�ÖØ��× �

�

f ∈ Lip(R2;R)
f(x+ k, v + l) = f(x, v) �ÓÖ �ÐÐ (k, l) ∈ Z2, (x, v) ∈ R2 ´¿º¾µ

¿º½º¾ Å��Ò Ö�×ÙÐØ×

Ì��ÓÖ�Ñ ¿º½º ´�Ü�×Ø�Ò� Ó� ÔÐ�Ò�¹Ð��� ×ÓÐÙØ�ÓÒ× Û�Ø� Ô�Ö�Ó���ØÝ

ÔÖÓÔ�ÖØÝµ

ÍÒ��Ö �××ÙÑÔØ�ÓÒ ´¿º¾µ¸ �ÓÖ � ��Ú�Ò p > 0 Û�Ø� p−1 ∈ N¸ Ø��Ö� �Ü�×Ø× �
ÙÒ�ÕÙ� λ ∈ R ×Ù� Ø��Ø Ø��Ö� �Ü�×Ø× � ÓÒ×Ø�ÒØ C > 0 �Ò��Ô�Ò��ÒØ Ó� p �Ò�
� ×ÓÐÙØ�ÓÒ u Ó� ´¿º½µ ÓÒ R× R Û��� ×�Ø�×�Ý Ø�� �ÓÐÐÓÛ�Ò� ÔÖÓÔ�ÖØ��×























|u(x, t)− px− λt| ≤ C (i)

u

�

x+
1

p
, t

�

= 1 + u(x, t) (ii)

λut ≥ 0 (iii)
u(x+ 1, t) ≥ u(x, t) (iv).

´¿º¿µ

ÅÓÖ�ÓÚ�Ö
�

u
�

x+ 1, t− p

λ

�

= u(x, t) �� λ �= 0 (v)

ut = 0 �� λ = 0 (v)′.
´¿º�µ

��Ò�ÐÐÝ¸ Ø�� ÓÒ×Ø�ÒØ× λ(p) �Ö� �ÓÙÒ��� �Ò��Ô�Ò��ÒØÐÝ Ó� pº

ÈÖÓÔÓ×�Ø�ÓÒ ¿º¾º Ï� �Ü p > 0 �Ò� ÓÒ×���Ö � ×ÓÐÙØ�ÓÒ u Ó� ´¿º½µ �× �Ò
Ì��ÓÖ�Ñ ¿º½º Ì��Ò λ �× ×Ù� Ø��Ø �� λ �= 0¸ Ø��Ò

�

[0,1]2
f �= 0

�Ò�

λ

�

[0,1]2
f > 0.

Ê�Ñ�Ö� ¿º¿º

Ì�� �ÝÔÓØ��×�× p−1 ∈ N �× � ÛÓÖ��Ò� �ÝÔÓØ��×�× Û��� �× Ù×��ÙÐ ØÓ ×�ÓÛ
(ii)º ÁØ ×ÓÙÐ� �� ÔÓ××��Ð� ØÓ ×�ÓÛ Ø�� ×�Ñ� Ö�×ÙÐØ× �ÓÖ p ∈ Q∗ Û�Ø� Ø�� ×�Ñ�
�Ö�ÙÑ�ÒØ×

ÈÖÓÔÓ×�Ø�ÓÒ ¿º�º ´� Ö�Ð�Ü�� ÑÓÒÓØÓÒ��ØÝ ÔÖÓÔ�ÖØÝ �ÓÖ ÔÐ�Ò�¹Ð���

×ÓÐÙØ�ÓÒ×µ
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Ï� ���Ò� Z Ø�� ×�Ø Ó� Ú�ÐÙ�× Ó� u Û��� �Ö� Þ�ÖÓ× Ó� f �Ò��Ô�Ò��ÒØÐÝ Ó� x¸
Ø��Ø �×

Z = {u ∈ R | ∀x ∈ R, f(x, u) = 0}.
Ì��Ò �ÓÖ � ��Ú�Ò p > 0¸ Ø��Ö� �Ü�×Ø× � ×ÓÐÙØ�ÓÒ u Ó� ´¿º½µ �Ò� λ ∈ R¸ C > 0
×�Ø�×�Ý�Ò� ´¿º¿µ¸´¿º�µ ×Ù� Ø��Ø Ø�� �ÓÐÐÓÛ�Ò� ÔÖÓÔ�ÖØÝ �ÓÐ�× �

∀a ∈ Z, (u(x, t) < a < u(y, t))⇒ (x < y) . ´¿º�µ

¿º½º¿ Ê�Ú��Û Ó� Ø�� Ð�Ø�Ö�ØÙÖ�

Ì�� �ÓÑÓ��Ò�ÓÙ× Ö��Ø�ÓÒ¹���Ù×�ÓÒ �ÕÙ�Ø�ÓÒ

ut = uxx + u(1− u)

Û�× �Ö×Ø ×ØÙ���� �Ò Ø�� Ô�ÓÒ��Ö�Ò� Ô�Ô�Ö× Ó� ÃÓÐÑÓ�ÓÖÓÚ¸ È�ØÖÓÚ×�Ý �Ò�
È�×�ÙÒÓÚ �½½℄ �Ò� ��×��Ö �½¼℄º Å�ÒÝ ÛÓÖ�× ��Ú� ���Ò �����Ø�� ØÓ Ø�� �Ü¹
�×Ø�Ò� Ó� ØÖ�Ú�ÐÐ�Ò� �ÖÓÒØ ×ÓÐÙØ�ÓÒ× Ó� Ø��× ��Ò� Ó� �ÕÙ�Ø�ÓÒ× Ó� Ø�� �ÓÖÑ
u(x, t) = U(x+ ct) Û�Ø� c Ø�� Ú�ÐÓ�ØÝ Ó� Ø�� Û�Ú�º ÁÒ Ø�� �×� Ó� � Ô�Ö�Ó��
Ñ���ÙÑ¸ Û��Ò Ø�� ÒÓÒÐ�Ò��Ö�ØÝ ��Ô�Ò�× ÓÒ Ø�� ×Ô�� Ú�Ö���Ð�¸ Û� ��Ú� Ø��
�Ü�×Ø�Ò� Ó� ÔÙÐ×�Ø�Ò� ØÖ�Ú�ÐÐ�Ò� �ÖÓÒØ× �ÓÖ Ô�ÖØ�ÙÐ�Ö �ÓÖÑ× Ó� Ø�� ÒÓÒÐ�Ò��Ö�ØÝ
f º

À�Ö� Û� ÔÖÓÚ� Ø�� �Ü�×Ø�Ò� Ó� ÔÐ�Ò� Û�Ú� Ð��� ×ÓÐÙØ�ÓÒ× Ó� Ø��× �ÕÙ�¹
Ø�ÓÒ¸ Ø��Ø �× ×ÓÐÙØ�ÓÒ× Ø��Ø �Ö� �Ø � �ÓÙÒ��� ��×Ø�Ò� Ó� � ÔÐ�Ò� Û�Ú�º Ì��
�Ü�×Ø�Ò� �Ò� Ö��ÙÐ�Ö�ØÝ Ó� ÔÐ�Ò�¹Ð��� Ñ�Ò�Ñ�Þ�Ö× Ó� �ÙÒØ�ÓÒ�Ð× �Ò Ô�Ö�Ó��
Ñ���� ��× ���Ò ×�ÓÛÒ �ÓÖ �ÙÒØ�ÓÒ�Ð× Ó� ×Ô��� �ÓÖÑ× �Ò � ×Ø�Ø�ÓÒ�ÖÝ ´Ø��Ø
�×¸ Ø�Ñ� �Ò��Ô�Ò��ÒØµ ×�ØØ�Ò� ´×�� ����Ö�ÐÐ� �Ò� �� Ä� ÄÐ�Ú� ��℄¸ �Ò� Ø��Ò
Î�Ð��ÒÓ� �½½℄¸ �� Ä� ÄÐ�Ú� �Ò� Î�Ð��ÒÓ� ��℄¸ �Ò� ��Ú�Ð� ��℄µº Ï��Ò Ø�� ×Ó¹
ÐÙØ�ÓÒ× Û� ÓÒ×ØÖÙØ �Ö� Ø�Ñ� �Ò��Ô�Ò��ÒØ¸ Û��� �× Ø�� �×� Û��Ò Ø�� Ñ��Ò
Ó� f �× Þ�ÖÓ¸ Ø��× Ô�Ô�Ö ��Ú�× �ÒÓØ��Ö ÔÖÓÓ� �ÓÖ Ø�� �Ü�×Ø�Ò� Ó� � ×Ø�Ø�ÓÒ�ÖÝ
Ñ�Ò�Ñ�Þ�Ö �Ò ×ÓÑ� Ó� Ø�� �×�× Ø��Ý ×ØÙ�Ýº ÁØ ÑÙ×Ø �� ÒÓØ�� Ø��Ø ÓÒØÖ�ÖÝ
ØÓ Ø��×� �ÖØ�Ð�×¸ ÓÙÖ ×ØÙ�Ý Ö�Ñ��Ò× Ð�Ñ�Ø�� ØÓ ×ÑÓÓØ� ×ÓÐÙØ�ÓÒ×º

� Ô�Ô�Ö Ó� �Ð�××¸ �� Ä� ÄÐ�Ú� �Ò� Î�Ð��ÒÓ� �¿℄ ×ØÙ���× Ø�� ×�Ñ� ÔÖÓ�Ð�Ñ
Ó� ÔÐ�Ò�¹Ð��� Ñ�Ò�Ñ�Þ�Ö×¸ �ÙØ �Ø �Ó�× ×Ó �Ý ×ØÙ�Ý�Ò� � �Ö����ÒØ ×�Ñ�¹�ÓÛ ÓÒ
�Ò �Ò×Ø�Ø�ÓÒ�ÖÝ �ÕÙ�Ø�ÓÒ¸ �ÒØÖÓ�Ù�Ò� � Ô�Ö�Ñ�Ø�Ö Ø��Ø ÓÙÐ� �� Ú��Û�� �×
� Ø�Ñ� Ú�Ö���Ð�º �× ×Ù�¸ ÓÙÖ Ô�Ö��ÓÐ� �ÕÙ�Ø�ÓÒ ´¿º½µ ÓÙÐ� �� ×��Ò �× �
Ô�ÖØ�ÙÐ�Ö �×� Ó� Ø�� ��Ò�Ö�Ð �ÕÙ�Ø�ÓÒ× ×ØÙ���� Ø��Ö�º ÀÓÛ�Ú�Ö¸ Ø�� �ÖØ�Ð�
�Ó�× ÒÓØ ØÖÝ ØÓ �Ù�Ð� ÔÐ�Ò�¹Ð��� ×ÓÐÙØ�ÓÒ× Ó� Ø�� �Ò×Ø�Ø�ÓÒ�ÖÝ �ÕÙ�Ø�ÓÒ �Ò�
�ÓÙ×�× ÓÒ Ø�� ÔÖÓÓ� Ó� ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ�× �ÓÖ ×ÓÐÙØ�ÓÒ× Ó� Ö�Ð�Ø�Ú�ÐÝ ÐÓÛ
Ö��ÙÐ�Ö�ØÝº

¿º½º� ÇÖ��Ò�Þ�Ø�ÓÒ Ó� Ø�� Ô�Ô�Ö

Ë�Ø�ÓÒ ¿º¾ ��Ú�× �ÒÓÛÒ Ö�×ÙÐØ× �ÓÖ Ú�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ× �Ò� ×ÑÓÓØ� ×ÓÐÙ¹
Ø�ÓÒ× Ó� Ø�� Ô�Ö��ÓÐ� �ÕÙ�Ø�ÓÒ ´¿º½µ Û�Ø� Ø�� ÔÓ××��Ð� ����Ø�ÓÒ Ó� � ÒÓÒÐÓ�Ð
Ø�ÖÑ ´��Ú�Ò �Ý �Ò �ÒØ��Ö�Ð Û�Ø� � ×ÑÓÓØ� ��ÖÒ�Ðµº ÁÒ Ë�Ø�ÓÒ ¿º¿¸ Û� ×�ÓÛ
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Ö��ÙÐ�Ö�ØÝ ÔÖÓÔ�ÖØ��× �ÓÖ Ø�� Ú�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ× Ó� ×Ù� �ÕÙ�Ø�ÓÒ×º ÁÒ Ë�¹
Ø�ÓÒ ¿º�¸ Û� �ÒØÖÓ�Ù� Ø�� �ÔÔÖÓ���� �ÕÙ�Ø�ÓÒ ´¿º½½µ Û�Ø� � ÒÓÒÐÓ�Ð Ø�ÖÑ¸
�Ò� Û� ×�ÓÛ Ø��Ø Û�Ø� ×Ù�Ø��Ð� �Ò�Ø��Ð ÓÒ��Ø�ÓÒ× Ø�� ×ÓÐÙØ�ÓÒ Ó� Ø�� ��Ù�Ý
ÔÖÓ�Ð�Ñ �× Ô�Ö�Ó�� �Ò ×Ô�� �Ò� ×�Ø�×��× ´¿º¿µ (i)º Ì��× �ÔÔÖÓ�� �× � Û�Ý
ØÓ �ÓÙÒ� Ø�� ×Ô�� Ó×�ÐÐ�Ø�ÓÒ× Ó� Ø�� ×ÓÐÙØ�ÓÒ× �Ò� Ó�Ø��Ò Ø�� �ÓÙÒ� ´¿º¿µ
(i)º Ï� Ø��Ò ×�ÓÛ Ø�� �Ü�×Ø�Ò� Ó� ÔÐ�Ò�¹Ð��� ×ÓÐÙØ�ÓÒ× �ÓÖ Ø�� �ÔÔÖÓ����
�ÕÙ�Ø�ÓÒ ´¿º½½µ �Ò Ë�Ø�ÓÒ ¿º�º Ï�Ø� Ø�� ��ÐÔ Ó� Ø��× ÓÒ×ØÖÙØ�ÓÒ¸ Û� Ø��Ò
×�ÓÛ �Ò Ë�Ø�ÓÒ ¿º� Ø�� �Ü�×Ø�Ò� Ó� ÔÐ�Ò�¹Ð��� ×ÓÐÙØ�ÓÒ× �ÓÖ �ÕÙ�Ø�ÓÒ ´¿º½µº
Ë�Ø�ÓÒ ¿º� �× ��ÚÓØ�� ØÓ Ø�� ��ÑÓÒ×ØÖ�Ø�ÓÒ Ó� Ø�� ×ØÖÙØÙÖ� ÔÖÓÔ�ÖØÝ ÈÖÓÔÓ¹
×�Ø�ÓÒ ¿º�º Ì�� ×�ÓÖØ Ë�Ø�ÓÒ ¿º� ÔÖÓÚ�× Ø�� Ð�Ò� ��ØÛ��Ò Ø�� ×��Ò Ó� λ �Ò�
Ø�� Ñ��Ò Ó� f �ÜÔÖ�××�� �Ò ÈÖÓÔÓ×�Ø�ÓÒ ¿º¾º

¿º¾ ÌÓÓÐ�ÓÜ

ÁÒ Ë�Ø�ÓÒ ¿º� �Ò� Ë�Ø�ÓÒ ¿º�¸ Û� Û�ÐÐ Ù×� ÒÓÒÐÓ�Ð ÓÔ�Ö�ØÓÖ× ���Ò�� �ÓÖ
v ∈ L∞

loc(R) �Ý

M [v](x) =

�

R

J(y)(v(x+ y)− v(x))dy

Û�Ø� J � ×ÑÓÓØ�¸ ×ÝÑÑ�ØÖ�¸ ÒÓÒÒ���Ø�Ú� �ÙÒØ�ÓÒ Û�Ø� � ÓÑÔ�Ø ×ÙÔÔÓÖØ
[−Λ,Λ]º ÌÓ ×�ÑÔÐ��Ý ÒÓØ�Ø�ÓÒ× �Ò Ø�� Ö�Ñ��Ò��Ö Ó� Ø�� Ô�Ô�Ö¸ Û� ���Ò� Ø��
ÓÔ�Ö�ØÓÖ Aε �ÓÖ ε ≥ 0 �Ý

(Aεu)(x, t) = f(x, u(x, t)) + εM [u(·, t)](x)

Û��Ö� Û� �ÐÛ�Ý× �××ÙÑ� Ø��Ø f ×�Ø�×��×

f ∈W 1,∞(R2) �Ò� f �× Z2¹Ô�Ö�Ó��. ´¿º�µ

ÁÒ Ô�ÖØ�ÙÐ�Ö¸ Û��Ò ε = 0¸ Û� ��Ú�

(A0u)(x, t) = f(x, u(x, t)).

ÁÒ Ø��× ØÓÓÐ�ÓÜ¸ Û� Û�ÐÐ ÛÖ�Ø� I � ��Ò�Ö�Ð Ø�Ñ� �ÒØ�ÖÚ�Ð¸ Û��� Û� Û�ÐÐ ×ÙÔÔÓ×�
ÓÔ�Òº Ï� Û�ÐÐ ÓÒ×���Ö ��Ò�Ö�Ð �ÕÙ�Ø�ÓÒ×

ut = uxx +Aεu. ´¿º�µ

¿º¾º½ Î�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ×

Ï� Ö���Ö ØÓ ��¸ ½℄ �ÓÖ Ù×Ù�Ð ���Ò�Ø�ÓÒ× Ó� Ú�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ×º À�Ö� ���Ù×�
ÓÙÖ ÒÓÒÐÓ�Ð ÓÔ�Ö�ØÓÖ �× Ú�ÖÝ Ö��ÙÐ�Ö¸ Û� �Ó ÒÓØ Ò��� ØÓ Ù×� Ø�� Ø�×Ø �ÙÒØ�ÓÒ
�Ò �Øº ´ÅÓÖ� ÔÖ��×�ÐÝ̧ Û� �Ò ×�ÓÛ Ø��Ø �Ò Ø�� �×� Ó� Ø��× ÒÓÒÐÓ�Ð ÓÔ�Ö�ØÓÖ¸
ÓÙÖ ���Ò�Ø�ÓÒ Ó� Ú�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ× �× �ÕÙ�Ú�Ð�ÒØ ØÓ Ø�� Ù×Ù�Ð ���Ò�Ø�ÓÒ Û�Ø�
ÒÓÒÐÓ�Ð ÓÔ�Ö�ØÓÖ×ºµ
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Ì��Ö��ÓÖ�¸ Û� Û�ÐÐ ×�Ý Ø��Ø u �× � ×Ù�×ÓÐÙØ�ÓÒ ØÓ �ÕÙ�Ø�ÓÒ ´¿º�µ ÓÒ R× I ��
�ÓÖ �ÒÝ (x0, t0) ∈ R × I �Ò� �ÒÝ C2 Ø�×Ø �ÙÒØ�ÓÒ ϕ ×�Ø�×�Ý�Ò� �ÓÖ ×ÓÑ�
�Ö��ØÖ�ÖÝ r > 0

u∗ ≤ ϕ ÓÒ R× (t0 − r, t0 + r), Û�Ø� �ÕÙ�Ð�ØÝ �Ø P0 = (x0, t0),

Ø��Ò
ϕt ≤ ϕxx +Aεu �Ø P0.

Ï� ���Ò� ×ÙÔ�Ö×ÓÐÙØ�ÓÒ× ×�Ñ�Ð�ÖÐÝ ´Û�Ø� u∗ Ö�ÔÐ��� �Ý u∗µº

ÈÖÓÔÓ×�Ø�ÓÒ ¿º�º ´�Ü�×Ø�Ò� �Ý È�ÖÖÓÒ³× Ñ�Ø�Ó�µ
Ä�Ø u+ ´Ö�×Ôº u−µ �� � Ú�×Ó×�ØÝ ×ÙÔ�Ö×ÓÐÙØ�ÓÒ ´Ö�×Ôº ×Ù�×ÓÐÙØ�ÓÒµ Ó� ´¿º�µ ÓÒ
R × I¸ �ÓÖ ε ≥ 0¸ ×�Ø�×�Ý�Ò� u− ≤ u+º Ì��Ò Ø��Ö� �Ü�×Ø× � Ú�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ
u Ó� ´¿º�µ ÓÒ R× I ×Ù� Ø��Ø

u− ≤ u ≤ u+.

ÈÖÓÔÓ×�Ø�ÓÒ ¿º�º ´�ÐÓ��Ð ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� �ÓÖ Ú�×Ó×�ØÝ ×ÓÐÙ¹

Ø�ÓÒ×µ

Ä�Ø T > 0º Ä�Ø u1 �� � Ú�×Ó×�ØÝ ×Ù�×ÓÐÙØ�ÓÒ �Ò� u2 � Ú�×Ó×�ØÝ ×ÙÔ�Ö×ÓÐÙØ�ÓÒ
Ó� ´¿º�µ ÓÒ Q = R×(0, T )¸ �ÓÖ ε ≥ 0º Á� u1 ≤ u2 �Ø t = 0¸ Ø��Ò u1 ≤ u2 ÓÒ Qº

ÈÖÓÔÓ×�Ø�ÓÒ ¿º�º ´����Ø�Ú�ØÝ Ó� Ú�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ×µ

À�Ö� I = R ÓÖ (0,+∞)º Ï� ÓÒ×���Ö gi �ÓÖ i = 1, 2¸ ØÛÓ �ÙÒØ�ÓÒ× �Ò C0(R×
I)º Ä�Ø ui �ÓÖ i = 1, 2 �� Ú�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ× Ó� Ø�� �ÓÐÐÓÛ�Ò� �ÕÙ�Ø�ÓÒ× �

ui
t − ui

xx = gi ÓÒ R× I.

Ï� ���Ò� u = u1 + u2 �Ò� g = g1 + g2º Ì��Ò u �× � Ú�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ Ó�

ut − uxx = g ÓÒ R× I.

¿º¾º¾ �Ð�××��Ð ×ÓÐÙØ�ÓÒ×

���Ò�Ø�ÓÒ ¿º�º ´È�Ö��ÓÐ� �ÓÙÒ��ÖÝµ

Ä�Ø Q �� � ÓÒÒ�Ø�� ×Ù�×�Ø Ó� Rx × Rtº Ï� ���Ò� �Ø× Ô�Ö��ÓÐ� �ÓÙÒ��ÖÝ
∂pQ ´×�� �½¼℄¸ ��ÔØ�Ö ¾¸ Ôº �µ �× �ÓÐÐÓÛ× �
∂pQ �× Ø�� ×�Ø Ó� �ÐÐ ÔÓ�ÒØ× (x0, t0) ∈ ∂Q ×Ù� Ø��Ø �ÓÖ �ÒÝ ε > 0¸ Ø�� ÝÐ�Ò��Ö
(x0 − ε, x0 + ε)× (t0 − ε, t0) ÓÒØ��Ò× ÔÓ�ÒØ× ÒÓØ �Ò Qº

ÈÖÓÔÓ×�Ø�ÓÒ ¿º�º ´ÄÓ�Ð ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ�µ

Ä�Ø Q �� � ÓÒÒ�Ø�� ÓÔ�Ò ×Ù�×�Ø Ó� R×I Û�Ø� I � Ø�Ñ� �ÒØ�ÖÚ�Ðº Ä�Ø Ù× ��ÒÓØ�
�Ý ∂pQ �Ø× Ô�Ö��ÓÐ� �ÓÙÒ��ÖÝº �ÓÖ ε = 0¸ Ð�Ø u1 �� � ×Ù�×ÓÐÙØ�ÓÒ �Ò� u2 �
×ÙÔ�Ö×ÓÐÙØ�ÓÒ Ó� ´¿º�µ ÓÒ Q Û��� �Ö� �××ÙÑ�� ØÓ ��ÐÓÒ� ØÓ C2,1(Q)∩C(Q)º
Á� u1 ≤ u2 ÓÒ ∂pQ¸ Ø��Ò u1 ≤ u2 ÓÒ Qº
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Ì��× ÔÖÓÔÓ×�Ø�ÓÒ �× ÔÖÓÚ�� �Ò �½¼℄¸ ��ÔØ�Ö ¾¸ �ÓÖÓÐÐ�ÖÝ ¾º� Ôº �º
ÁÒ Ø�� Ò�ÜØ ÔÖÓÔÓ×�Ø�ÓÒ×¸ Û� Û�ÐÐ ×Ø�Ø� Ö��ÙÐ�Ö�ØÝ ÔÖÓÔ�ÖØ��× �ÓÖ ×ÓÐÙØ�ÓÒ×

Ó� ´¿º�µ ��×�� ÓÒ �ÒØ�Ö�ÓÖ �×Ø�Ñ�Ø�×º ÌÓ Ø��Ø ���Ø¸ Û� ���Ò� Ø�� Ô�Ö�ÓÐ�
ÐÓ×�� ÝÐ�Ò��Ö×

Qr(x, t) = [x− r, x+ r]× [t− r2, t] ⊂ R2

�ÓÖ (x, t) ∈ R2º

ÈÖÓÔÓ×�Ø�ÓÒ ¿º½¼º ´ÁÒØ�Ö�ÓÖ �×Ø�Ñ�Ø�× �Ò W 2,1;p ×Ô��×µ

Ä�Ø u �� � ×ÓÐÙØ�ÓÒ ´�Ò Ø�� ��×ØÖ��ÙØ�ÓÒ ×�Ò×�µ Ó� ´¿º�µ �Ò R× Iº
Ï� �Ü r > 0 �Ò� 1 < p < +∞º Ì��Ò Ø��Ö� �Ü�×Ø× � ÓÒ×Ø�ÒØ C > 0 ×Ù� Ø��Ø
�ÓÖ �ÐÐ (x, t) ∈ R× I¸

�u�W 2,1;p(Qr(x,t)) ≤ C
�

�Aεu�Lp(Q2r(x,t)) + �u�Lp(Q2r(x,t))

�

�× ×ÓÓÒ �× Q2r(x, t) ⊂ R× Iº

ÈÖÓÔÓ×�Ø�ÓÒ ¿º½½º ´ÁÒØ�Ö�ÓÖ �×Ø�Ñ�Ø�× �Ò À�Ð��Ö ×Ô��×µ

Ä�Ø u �� � ×ÓÐÙØ�ÓÒ ´�Ò Ø�� ��×ØÖ��ÙØ�ÓÒ ×�Ò×�µ Ó� ´¿º�µ �Ò R × Iº Ï� �Ü
r > 0 �Ò� 0 < α < 1º Ì��Ò Ø��Ö� �Ü�×Ø× � ÓÒ×Ø�ÒØ C > 0 ×Ù� Ø��Ø �ÓÖ �ÐÐ
(x, t) ∈ R× I¸

�u�
C2+α,1+α

2 (Qr(x,t))
≤ C

�

�Aεu�Cα, α2 (Q2r(x,t))
+ �u�

Cα, α2 (Q2r(x,t))

�

�× ×ÓÓÒ �× Q2r(x, t) ⊂ R× Iº

Ì��× ÔÖÓÔÓ×�Ø�ÓÒ ��Ö�Ú�× �ÖÓÑ ��℄¸ Ì��ÓÖ�Ñ �º� Ôº ���º

ÈÖÓÔÓ×�Ø�ÓÒ ¿º½¾º ´ËÓ�ÓÐ�Ú �Ò��Ø�ÓÒ �Ò � Ô�Ö��ÓÐ� ×�ØØ�Ò�µ

�ÓÒ×���Ö 3 < p < +∞ �Ò� α < 1− 3

p
�Ò� �Ü r > 0º Ì��Ò �ÓÖ �ÐÐ (x, t) ∈ R2

�Ò� �ÓÖ �ÐÐ u ∈ W 2,1;p(Qr(x, t))¸ Û� ��Ú� Ø��Ø u ∈ C1+α, 1+α
2 (Qr(x, t)) �Ò�

Ø��Ö� �Ü�×Ø× � ÓÒ×Ø�ÒØ C¸ �Ò��Ô�Ò��ÒØ ÓÒ (x, t)¸ ×Ù� Ø��Ø

�u�
C1+α, 1+α

2 (Qr(x,t))
≤ C�u�W 2,1;p(Qr(x,t)).

Ì��× ÔÖÓÔÓ×�Ø�ÓÒ �× ×�ÓÛÒ �Ò ��℄¸ Ä�ÑÑ� ¿º¿ Ôº �¼º

ÈÖÓÔÓ×�Ø�ÓÒ ¿º½¿º ´ËØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� �ÓÖ ×ØÖÓÒ� ×ÓÐÙØ�ÓÒ×µ

Ä�Ø Q ⊂ R × I �� � ×Ô��¹Ø�Ñ� ÝÐ�Ò��Ö¸ ×Ù�×�Ø Ó� R × Iº Ä�Ø u1 �Ò� u2 ��
ØÛÓ ×ØÖÓÒ� ×ÓÐÙØ�ÓÒ× Ó�

ut = Δu+Aεu

ÓÒ Q¸ ×�Ø�×�Ý�Ò�
�

u1 ≤ u2 ÓÒ Q
u1(x0, t0) = u2(x0, t0) �ÓÖ ×ÓÑ� (x0, t0) ∈ Q.

Ì��Ò u1 = u2 ÓÒ Qº
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ËÙ� � ×ØÖÓÒ� Ú�Ö×�ÓÒ Ó� Ø�� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ�¸ �Ò��Ð�Ò� ��Ò�Ö�Ð
ÒÓÒÐ�Ò��Ö�Ø��×¸ �× ×Ø�Ø�� �Ò �½℄º �ØÙ�ÐÐÝ̧ Ø�� Ù×Ù�Ð �ÓÖÑÙÐ�Ø�ÓÒ Ó� Ø�� ×ØÖÓÒ�
Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� ´�× ��Ú�Ò �Ò �½℄µ ÓÒÐÝ ��Ú�× Ø��Ø u1(x, t) = u2(x, t) �ÓÖ
t < t0º À�Ö�¸ �× Û� ÓÒ×���Ö Ö��ÙÐ�Ö ×ÓÐÙØ�ÓÒ× �Ò� Ø�� �ÓÑ��Ò �× � ÝÐ�Ò��Ö¸
Ø�� ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� ��Ú�× u1(x, t) = u2(x, t) �Ð×Ó Û��Ò t ≥ t0º

ÈÖÓÔÓ×�Ø�ÓÒ ¿º½�º ´�Ü�×Ø�Ò� Ó� � Ú�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ �ÓÖ Ø�� ��Ù�Ý

ÔÖÓ�Ð�Ñ �Ò� �ÓÙÒ�×µ

À�Ö� I = [0,+∞)º Ï� ÛÖ�Ø� u0(x) = px Û�Ø� p ∈ Rº Ì��Ò Ø�� ÔÖÓ�Ð�Ñ
�

ut = uxx +Aεu ÓÒ R× I
u(x, 0) = u0(x) ÓÒ R

��Ñ�Ø× � ÙÒ�ÕÙ� ×ÓÐÙØ�ÓÒ u �Ò Ø�� Ú�×Ó×�ØÝ ×�Ò×�º
ÅÓÖ�ÓÚ�Ö¸ Ø��Ö� �Ü�×Ø× C > 0 ×Ù� Ø��Ø u0 − Ct ≤ u ≤ u0 + Ctº

ÈÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ ¿º½�

Ì��× ÔÖÓÔÓ×�Ø�ÓÒ �ÓÐÐÓÛ× �ÖÓÑ Ø�� ��Ø Ø��Ø u0 + �f�∞t �Ò� u0 − �f�∞t
�Ö� Ö�×Ô�Ø�Ú�ÐÝ � ×ÙÔ�Ö×ÓÐÙØ�ÓÒ �Ò� � ×Ù�×ÓÐÙØ�ÓÒ Ó� ´¿º�µ ÓÒ R × (0,+∞)
Û�Ø� Ø�� �Ò�Ø��Ð ÓÒ��Ø�ÓÒ u0º

¿º¿ ÈÖ�Ð�Ñ�Ò�ÖÝ Ö�×ÙÐØ×

ÈÖÓÔÓ×�Ø�ÓÒ ¿º½�º ´À�Ð��Ö Ö��ÙÐ�Ö�ØÝ Ó� Ú�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ×µ

À�Ö� I = (0,+∞) ÓÖ I = Rº Ä�Ø p ∈ R �Ò� ÓÒ×���Ö � ÓÒØ�ÒÙÓÙ× Ú�×Ó×�ØÝ
×ÓÐÙØ�ÓÒ u Ó� Ø�� ÔÖÓ�Ð�Ñ

�

ut = Δu+Aεu ÓÒ R× I
u(x, 0) = u0(x) = px ÓÒ R.

´¿º�µ

Û��Ò I = (0,+∞)¸ ÓÖ � Ú�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ u Ó�

ut = Δu+Aεu ÓÒ R× I ´¿º�µ

Û��Ò I = Rº
Ì��Ò u ∈ C2+α,1+α

2 (K)∩C2,1
loc (R×I) �ÓÖ �ÐÐ ÓÑÔ�Ø ÝÐ�Ò��Ö× K = Qr(x0, t0)

´Û�Ø� t0 Ð�Ö�� �ÒÓÙ�� �Ò Ø�� �×� I = (0,+∞)µ �Ò� �ÓÖ ×ÓÑ� α > 0º ÅÓÖ�ÓÚ�Ö¸
u ��× Ø�� �ÓÐÐÓÛ�Ò� À�Ð��Ö �ÓÙÒ�× �

�u�
C2+α,1+α

2 (K)
≤ Cα,r

�

�Aεu�L∞(K ′) + �u�L∞(K ′)

�

Û�Ø�
K ′ = [x0 − 2r′ − 1, x0 + 2r′ + 1]× [t0 − 4r′2 − 1, t0 + 1]

�Ò�

r′ =

�

2r + Λ Û��Ò ε > 0
2r Û��Ò ε = 0

.
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ÈÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ ¿º½�

Ì�� ÔÖÓÓ� �× ��×�� ÓÒ � �ÓÓØ×ØÖ�Ô Ø��Ò�ÕÙ� �Ò� Ø�� Ù×� Ó� �ÒØ�Ö�ÓÖ �×¹
Ø�Ñ�Ø�× �Ò Û��� Û� ��Ö�Ú� ×ØÖÓÒ� �×Ø�Ñ�Ø�× ÓÒ � ×ÓÐÙØ�ÓÒ u �Ò � ×Ñ�ÐÐ �ÓÜ
�ÖÓÑ Û����Ö �×Ø�Ñ�Ø�× �Ò � Ð�Ö��Ö �ÓÜº ÁÒ ����Ø�ÓÒ ØÓ Ø�� ÒÓØ�Ø�ÓÒ

Qr(x0, t0) = [x0 − r, x0 + r]× [t0 − r2, t0],

Û� Û�ÐÐ Ù×� �ÒÓØ��Ö ÒÓØ�Ø�ÓÒ �ÓÖ ÝÐ�Ò��Ö×

Q′
r(x0, t0) = [x0 − r − 1, x0 + r + 1]× [t0 − r2 − 1, t0 + 1].

Ì�� ×�ÓÒ� ÒÓØ�Ø�ÓÒ �ÐÐÓÛ× Ù× ØÓ Ø��� �ÒØÓ �ÓÙÒØ Ø�� ×Ñ��Ö�Ò� Ö��Ø�� �Ý
� ÓÒÚÓÐÙØ�ÓÒ Û�Ø� � ×ÑÓÓØ� ��ÖÒ�Ðº

ËØ�Ô ½ � Ë�ØØ�Ò� Ó� Ø�� ÔÖÓÓ�

Ï� ÓÒ×���Ö u � Ú�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ Ó� ´¿º�µ ÓÖ ´¿º�µº
ÆÓÛ Û� ���Ò� g = f(x, u) + εM [u](x)¸ Û��Ö� Ø�� ×Ñ�ÐÐ ÕÙ�ÒØ�ØÝ ε �×

×�Ø ØÓ �� Þ�ÖÓ Û��Ò Au = f(x, u)º Ì�� �ÙÒØ�ÓÒ g �× ÓÒØ�ÒÙÓÙ×¸ �Ò� �� Ø��Ö�
�Ü�×Ø× λ ∈ R ×Ù� Ø��Ø u−px−λt �× �ÓÙÒ���¸ Ø��Ò g �× �Ð×Ó �ÓÙÒ���º ÁÒ����¸
�Ò Ø��Ø �×� g = f(x, u) + εM [u− px− λt] �Ò�

�g�∞ ≤ �f�∞ + 2�J�L1(R)�u− px− λt�L∞(R×I).

�Ý ÓÙÖ ���Ò�Ø�ÓÒ u �× � Ú�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ Ó�

ut − uxx = g �Ò R× I.

ËØ�Ô ¾ � Ê��ÙÐ�Ö�Þ�Ø�ÓÒ Ó� u
Ï� ÓÒ×���Ö � �ÙÒØ�ÓÒ ρ ∈ C∞(R× R) ×Ù� Ø��Ø

ρ > 0, ρ(x) = ρ(−x),
�

R

ρ = 1, supp(ρ) ∈ B1(0, 0).

Ï�Ø� Ø��×� ÔÖÓÔ�ÖØ��×¸ Ø�� ×�ÕÙ�Ò� (ρη)η>0¸ Û�Ø� ρη(x, t) =
1

η2
ρ

�

x

η
,
t

η

�

¸ �×

�Ò �ÔÔÖÓÜ�Ñ�Ø� ���ÒØ�ØÝ �ÓÖ Ø�� ÓÒÚÓÐÙØ�ÓÒº
Ï� ���Ò� uη = ρη ⋆ u �Ò� gη = ρη ⋆ gº Ï� ��Ú� uη, gη ∈ C∞(R × Iη)¸
Û��Ö� Iη = R Û��Ò I = R �Ò� Iη = [η,+∞) Û��Ò I = [0,+∞)º Î��Û�Ò�
gη �Ò� uη �× Ð�Ñ�Ø× Ó� Û����Ø�� ×ÙÑ× Ó� ØÖ�Ò×Ð�Ø�ÓÒ× Ó� g �Ò� u¸ Û� �Ò Ù×�
Ø�� ����Ø�Ú�ØÝ Ó� Ú�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ× ´ÈÖÓÔÓ×�Ø�ÓÒ ¿º�µ ØÓ ×�ÓÛ Ø��Ø uη �× �
Ú�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ Ó�

(uη)t − (uη)xx = gη �Ò R× Iη.

ËØ�Ô ¿ � �×Ø�Ñ�Ø�× ÓÒ Ö��ÙÐ�Ö ×ÓÐÙØ�ÓÒ× uη

�× Ø�� �ÙÒØ�ÓÒ× uη �Ò� gη �Ö� Ö��ÙÐ�Ö¸ Û� �Ò Ù×� Ö��ÙÐ�Ö�ØÝ Ø��ÓÖ��×
ØÓ �×Ø�Ñ�Ø� Ø�� ��Ö�Ú�Ø�Ú�× Ó� uηº �ÓÖ � ÔÓ�ÒØ P0 = (x0, t0)¸ Û� ��Ú� Ø��Ø
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Qr(P0) ⊂ R × I ÙÒÓÒ��Ø�ÓÒ�ÐÐÝ Û��Ò I = R �Ò� �× ×ÓÓÒ �× t0 > r2 Û��Ò
I = [0,+∞)º Ï� ÓÒ×���Ö P0 ∈ R × I ×Ù� Ø��Ø Qr(P0) ⊂ R × I �Ò�
Q2r(P0) ⊂ R × Iº Ì��Ò Ø�� �ÒØ�Ö�ÓÖ �×Ø�Ñ�Ø�× Ø��ÓÖ�Ñ �Ò W 2,1;p Ð�××�×
´ÈÖÓÔÓ×�Ø�ÓÒ ¿º½¼µ ��Ú�× Ù× Ø��Ø

max{�uη�Lp(Qr(P0)), �(uη)t�Lp(Qr(P0)), �(uη)x�Lp(Qr(P0)), �(uη)xx�Lp(Qr(P0))}
≤ Cp,r

�

�gη�Lp(Q2r(P0)) + �uη�Lp(Q2r(P0))

�

,

Ø�� ÓÒ×Ø�ÒØ Cp,r ���Ò� �Ò��Ô�Ò��ÒØ Ó� P0º �× gη �Ò� uη �Ö� ÓÒØ�ÒÙÓÙ×¸ Û�
Ñ�Ý �Ð×Ó ÛÖ�Ø�

max{�uη�Lp(Qr(P0)), �(uη)t�Lp(Qr(P0)), �(uη)x�Lp(Qr(P0)), �(uη)xx�Lp(Qr(P0))}
≤ C ′

p,r

�

�gη�L∞(Q2r(P0)) + �uη�L∞(Q2r(P0))

�

.

Ï��Ò η < 1¸ �ÓÖ � �ÒÝ ÓÒØ�ÒÙÓÙ× �ÙÒØ�ÓÒ h ∈ C0(R× I)¸ Û� ��Ú�

�hη�L∞(Q2r(P0)) ≤ �h�L∞(Q′
2r(P0))

�× ×ÓÓÒ �× Q′
2r(P0) = [x0−2r−1, x0+2r+1]× [t0−4r2−1, t0+1] ⊂ R× Iº

Í×�Ò� Ø�� ËÓ�ÓÐ�Ú �Ñ�����Ò� W 2,1;p(Qr) → C1+α, 1+α
2 (Qr) Û�Ø� α =

1− 3

p
¸ Û� ��Ú� Ø��Ø

�uη�
C1+α, 1+α

2 (Qr)
≤ C ′

p,r

�

�g�L∞(Q′
2r(P0)) + �u�L∞(Q′

2r(P0))

�

.

ÌÓ ��Ú� Ø�� À�Ð��Ö ÓÒØ�ÒÙ�ØÝ Ó� uη¸ �Ø �× Ø��Ò ×Ù���ÒØ ØÓ Ø��� p ≥ 4º

ËØ�Ô � � �Ò�ÐÝ×�× Ó� Ø�� Ð�Ñ�Ø η → 0 �Ò� Ö��ÙÐ�Ö�ØÝ Ó� u
Ì�� Ö�Ñ��Ò�Ò� �×Ø�Ñ�Ø�ÓÒ× �Ö� ��Ö�Ú�� ��Ö�ØÐÝ ÓÒ u ´Ø�� Ù×Ù�Ð �ÓÓØ×ØÖ�Ô
Ø��Ò�ÕÙ� �Ó�× ÒÓØ ÛÓÖ� ��Ö�ØÐÝ ÓÒ uη ���Ù×� Ó� Ø�� ÓÒÚÓÐÙØ�ÓÒµº Ï� Ø���
Ø�� Ð�Ñ�Ø �× η → 0 Ó� Ø�� �ÕÙ�Ø�ÓÒ

(uη)t − (uη)xx = gη

�Ò Ø�� ��×ØÖ��ÙØ�ÓÒ ×�Ò×�º Ì��Ò Û� Ö��ÐÐ Ø��Ø �ÖÓÑ Ø�� ÓÒ×ØÖÙØ�ÓÒ Ó� uη¸
uη ÓÒÚ�Ö��× ØÓ u ÙÒ��ÓÖÑÐÝ̧ ×Ó Ø�� ��Ö�Ú�Ø�Ú�× ÓÒÚ�Ö�� �Ò Ø�� ��×ØÖ��ÙØ�ÓÒ
×�Ò×�º �× g �× ÓÒØ�ÒÙÓÙ×¸ g �× �Ð×Ó Ø�� Ð�Ñ�Ø Ó� Ø�� �ÙÒØ�ÓÒ× gη �ÓÖ Ø�� ÙÒ��ÓÖÑ
ÓÒÚ�Ö��Ò� ÓÒ �Ú�ÖÝ ÓÑÔ�Ø ×Ù�×�Øº
Ì�� �ÙÒØ�ÓÒ× uη �Ö� ÙÒ��ÓÖÑÐÝ �ÓÙÒ��� �Ò C1+α, 1+α

2 (Qr(P0))¸ Ø�� �ÓÙÒ�×
��Ô�Ò��Ò� ÓÒÐÝ ÓÒ �u�L∞(Q′

2r(P0))¸ �g�L∞(Q′
2r(P0))¸ r �Ò� α ´�Ò Ô�ÖØ�ÙÐ�Ö

Ø��Ý �Ö� �Ò��Ô�Ò��ÒØ Ó� P0µº �× � ÓÒ×�ÕÙ�Ò�¸ �ÓÖ �ÒÝ α′ < α¸ uη → u �Ò

C1+α′, 1+α′
2 (Qr(P0)) �× ×ÓÓÒ �× Q′

2r(P0) ∈ R× Iη′ �ÓÖ ×ÓÑ� η′ > 0 �Ò� u ��×

×�Ñ�Ð�Ö �ÓÙÒ�× �Ò C1+α′, 1+α′
2 (Qr(P0))º

�× M [u] ��× Ø�� ×�Ñ� Ö��ÙÐ�Ö�ØÝ ÓÒ [x1, x2]× [t1, t2] �× u ÓÒ [x1−Λ, x2+
Λ]× [t1, t2] �Ò� f �× Ä�Ô×��ØÞ ÓÒØ�ÒÙÓÙ×¸ Ø�� �ÙÒØ�ÓÒ g = f(u, x) + εM [u]



�� �������� �� ���������� ���� ���������

�× �ÓÙÒ��� �Ò C1, 1+α′
2 (Qr(P0)) ⊂ Cβ, β

2 (Qr(P0)) �ÓÖ ×ÓÑ� β < 1¸ Ø�� �ÓÙÒ�×
��Ô�Ò��Ò� ÓÒÐÝ ÓÒ Ø�� ÕÙ�ÒØ�Ø��× �u�

C1+α′, 1+α′
2 ([x0−r−Λ,x0+r+Λ]×[t0−r2,t0])

¸

�g�
C1+α′ , 1+α′

2 ([x0−r−Λ,x0+r+Λ]×[t0−4r2,t0])
¸ r �Ò� βº

�ÓÖ r′ = r+Λ¸ Û� ��Ú� [x0− r−Λ, x0 + r+Λ]× [t0− 4r2, t0] ⊂ Qr′(P0)¸
×Ó Ù×�Ò� Ø�� ÔÖ�Ú�ÓÙ× À�Ð��Ö �ÓÙÒ�× ÓÒ u �Ò� g Û� ��Ø Ø��Ø Ø�� �ÓÙÒ� Ó� g

�Ò Cβ, β
2 (Qr(P0)) ��Ô�Ò�× ÓÒÐÝ ÓÒ �u�L∞(Q′

2r′(P0))¸ �g�L∞(Q′
2r′(P0))¸ r �Ò� βº

Ï� �Ò Ø��Ò Ù×� Ø�� À�Ð��Ö �ÒØ�Ö�ÓÖ �×Ø�Ñ�Ø�× ´ÈÖÓÔÓ×�Ø�ÓÒ ¿º½½µ ØÓ ��Ö�Ú�
×ØÖÓÒ��Ö �ÓÙÒ�× ÓÒ u �

max{�u�
Cβ,

β
2 (Qr(P0))

, �ut�
Cβ,

β
2 (Qr(P0))

, �ux�
Cβ,

β
2 (Qr(P0))

, �uxx�
Cβ,

β
2 (Qr(P0))

}

≤ CH
β,r

�

�g�
Cβ,

β
2 (Q2r(P0))

+ �u�
Cβ,

β
2 (Q2r(P0))

�

.

Ï� ÓÒÐÙ�� Ø��Ø¸ �ÓÖ r′ = 2r + Λ¸

�u�
C2+β,1+

β
2 (Qr(P0))

≤ Cβ,r

�

�g�L∞(Q′
2r′ (P0)) + �u�L∞(Q′

2r′(P0))

�

.

Ì�� Ú�ÐÙ� Ó� r �Ò �� �× ×Ñ�ÐÐ �× ÓÒ� Û�ÒØ ´�Ú�Ò �� Ø�� ÓÒ×Ø�ÒØ× ��ÓÑ�
����µ¸ ×Ó Ø��× Ñ��Ò× Ø��Ø u ∈ C2,1(R× I̊)º

Ï��Ò ε = 0¸ Ø��Ö� �× ÒÓ Ò��� ØÓ Ø��� �ÒØÓ �ÓÙÒØ Ø�� Ö��ÙÐ�Ö�ØÝ Ó� M [u]¸
�Ò� g = Au �× �ÓÙÒ��� �Ò R× I �Ý �f�∞ ×Ó Û� ��Ú� Ø�� �×Ø�Ñ�Ø�

�u�
C2+β,1+

β
2 (Qr(P0))

≤ C ′
β,r

�

�f�∞ + �u�L∞(Q′
2r′ (P0))

�

,

ÒÓÛ Û�Ø� r′ = 2rº

ÈÖÓÔÓ×�Ø�ÓÒ ¿º½�º ´À�Ð��Ö �ÓÙÒ�× �ÓÖ ×ÓÐÙØ�ÓÒ× Ó� Ø�� �ÓÖÑ �Ð�Ò¹

��Ö·�ÓÙÒ����µ

Ï� ÓÒ×���Ö � ×ÓÐÙØ�ÓÒ u Ó� Ø�� ÔÖÓ�Ð�Ñ ´¿º�µ ÓÖ ´¿º�µ �× ��ÓÚ�º ÅÓÖ�ÓÚ�Ö¸
Û� ×ÙÔÔÓ×� Ø��Ø �ÓÖ ×ÓÑ� λ ∈ R¸ Ø��Ö� �Ü�×Ø× � ÓÒ×Ø�ÒØ C > 0 ×Ù� Ø��Ø

|u− px− λt| ≤ C.

Ì��Ò u ��× Ø�� �ÓÐÐÓÛ�Ò� ´×ØÖ�Ø�Öµ �ÓÙÒ�× �Ò C
2+α,1+α

2
x,t (Qr(P0)) �ÓÖ ×ÓÑ�

α > 0 �
�u�

C2+α,1+α
2 (Qr(P0))

≤ �u�C0(Qr(P0)) + C4

ÙÒ��ÓÖÑÐÝ �ÓÖ P0 ∈ R× I Û�Ø� t0 Ð�Ö�� �ÒÓÙ��º

ÈÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ ¿º½�

Á� |u− px− λt| ≤ C ¸ Ø��Ò Aεu = f(x, u) + εM [u] �× ÙÒ��ÓÖÑÐÝ �ÓÙÒ���
ÓÒ R× I¸ ���Ù×� M �× Þ�ÖÓ �ÓÖ ÓÒ×Ø�ÒØ× �Ò� Ð�Ò��Ö �ÙÒØ�ÓÒ×º ÅÓÖ�ÓÚ�Ö¸ ��
u �× � ×ÓÐÙØ�ÓÒ Ó� ´¿º�µ ´Û�Ø�ÓÙØ Ø�� �Ò�Ø��Ð ÓÒ��Ø�ÓÒµ ÓÖ ´¿º�µ¸ Ø��Ò u+ n �×



���� ����������� ������� ��

�Ð×Ó � ×ÓÐÙØ�ÓÒ Ó� ´¿º�µ ÓÖ ´¿º�µ �ÓÖ n ∈ Zº �× � ÓÒ×�ÕÙ�Ò�¸ �ÓÖ �ÐÐ n ∈ Z¸
�Ò� Ø���Ò� r′ = 2r + Λ¸ Û� ��Ø

�u− n�
C2+β,1+

β
2 (Qr(P0))

≤ C ′
β,r(C1+

�u− n�L∞([x0−2r′−1,x0+2r′+1]×[t0−4r′2−1,t0+1])).

Ï� ÒÓØ� K1 = [x0 − 2r′ − 1, x0 + 2r′ + 1] × [t0 − 4r′2 − 1, t0 + 1] �Ò� Ø���

n = ⌊ 1

|K1|

�

K1

u⌋ Û��Ö� ⌊·⌋ �× Ø�� �ÓÓÖ �ÙÒØ�ÓÒº Ì�� �ÓÙÒ� ÓÒ u − px− λt

�ÑÔÐ��× Ø��Ø

|u− n| ≤ 1 + p(4r′ + 2) + |λ|(4r′2 + 2) = C2

ÓÒ [x0 − 2r′ − 1, x0 + 2r′ + 1]× [t0 − 4r′2 − 1, t0 + 1].

Ì��Ò �ÓÖ � �Ü�� r¸ Ø��Ö� �Ü�×Ø× � ÓÒ×Ø�ÒØ C3 ´ÔÓ××��ÐÝ ��Ô�Ò��Ò� ÓÒ C¸ r¸
β �Ò� Λµ ×Ù� Ø��Ø �ÓÖ �ÐÐ P0 Û�Ø� t0 Ð�Ö�� �ÒÓÙ��¸ Ø��Ö� �Ü�×Ø× n ∈ Z ×Ù�
Ø��Ø �

�u− n�
C2+β,1+

β
2 (Qr(P0))

≤ C3.

�ÙØ Û� �Ò Ö�Ñ�Ö� Ø��Ø

�u− n�
C2+β,1+

β
2 (Qr(P0))

= �u− n�C0(Qr(P0))

+

�

�u�
C2+β,1+

β
2 (Qr(P0))

− �u�C0(Qr(P0))

�

���Ù×� Ø�� C1¸ C2 ×�Ñ�ÒÓÖÑ× ÓÖ Ø�� À�Ð��Ö �Ö���Ø× Ó� (u − n) �Ó ÒÓØ
��Ô�Ò� ÓÒ nº �× � Ö�×ÙÐØ¸ Û� ��Ú� Ø��Ø

�u�
C2+β,1+

β
2 (Qr(P0))

≤ �u�C0(Qr(P0)) +C4

ÙÒ��ÓÖÑÐÝ �ÓÖ P0 ∈ R× I Û�Ø� t0 Ð�Ö�� �ÒÓÙ�� ´�Ò� Û�Ø� C4 = 2C3µº
Ï��Ò ε = 0¸ Û� �Ò Ø��� r′ = 2r + 1 �Ò� C4 �Ó�× ÒÓØ ��Ô�Ò� ÓÒ Λ �ÒÝ

ÑÓÖ�º

�ÓÖÓÐÐ�ÖÝ ¿º½�º Ê��ÙÐ�Ö�ØÝ Ó� Ø�� Ø�Ñ� ��Ö�Ú�Ø�Ú� Ó� u
ÁÒ Ø�� �×� ε = 0¸ ÓÒ×���Ö u � ×ÓÐÙØ�ÓÒ Ó� ´¿º�µ �Ò� ×ÙÔÔÓ×� f �× Ó� Ð�××

C1 ÓÒ Ø�� Ö�Ò�� Ó� uº Ì��Ò ut �× �ÓÙÒ��� �Ò C2+α,1+α
2 (K) �ÓÖ �ÐÐ ÓÑÔ�Ø×

K �Ò� �ÓÖ ×ÓÑ� α > 0¸ �Ò� �Ø �× � ×ÓÐÙØ�ÓÒ Ó� Ø�� �ÕÙ�Ø�ÓÒ

(ut)t = (ut)xx + f ′
u(x, u)ut. ´¿º½¼µ

ÈÖÓÓ� Ó� �ÓÖÓÐÐ�ÖÝ ¿º½�

Ì���Ò� Ø�� ��Ö�Ú�Ø�Ú� Ó� �ÕÙ�Ø�ÓÒ ´¿º�µ ��Ú�× Ø��Ø ut ×�Ø�×��× ´¿º½¼µ �Ò
Ø�� ��×Ø��ÙØ�ÓÒ ×�Ò×�º
ÈÖÓÔÓ×�Ø�ÓÒ ¿º½� ��Ú�× Ù× Ø��Ø ut �× �ÓÙÒ��� �Ò Cα,α

2 (K) �ÓÖ �ÐÐ ÓÑÔ�Ø× K
�Ò� �× u �× Ö��ÙÐ�Ö �ÒÓÙ��¸ f ′

u(x, u) �× Ä�Ô×��ØÞ �Ò (x, t)º Ì��Ò �Ý ÈÖÓÔÓ¹
×�Ø�ÓÒ ¿º½½¸ ut �× �ÓÙÒ��� �Ò C2+α,1+α

2 (K) �ÓÖ �ÐÐ ÓÑÔ�Ø× K¸ �Ò� �× �
ÓÒ×�ÕÙ�Ò� �Ø �× � ×ØÖÓÒ� ×ÓÐÙØ�ÓÒ Ó� ´¿º½¼µº
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¿º� �Ò�ÐÝ×�× Ó� Ø�� ��Ù�Ý ÔÖÓ�Ð�Ñ Û�Ø� � ÒÓÒÐÓ�Ð
Ø�ÖÑ

ÇÙÖ ×ØÖ�Ø��Ý ØÓ ÔÖÓÚ� Ì��ÓÖ�Ñ ¿º½ �× ØÓ ×ÓÐÚ� Ø�� ��Ù�Ý ÔÖÓ�Ð�Ñ �Ò�
Ô�×× ØÓ Ø�� Ð�Ñ�Ø �× Ø�� Ø�Ñ� Ú�Ö���Ð� �Ó�× ØÓ �Ò�Ò�ØÝº Ï� �Ó ÒÓØ �ÒÓÛ �ÓÛ
ØÓ �Ó �Ø ��Ö�ØÐÝº ÁÒ ÓÖ��Ö ØÓ ��Ø �ÒÓÙ�� ÓÒØÖÓÐ ÓÒ Ø�� ×ÓÐÙØ�ÓÒ¸ Û� �ÒØÖÓ�Ù�
Ø�� �ÓÐÐÓÛ�Ò� �ÔÔÖÓ���� ÔÖÓ�Ð�Ñ �ÓÖ ×ÓÑ� ε > 0 �

ut = Δu+ f(u, x) + εM [u(·, t)] ´¿º½½µ

Û��Ö� �ÓÖ �ÒÝ ��Ú�Ò p > 0 Û�Ø� p−1 ∈ N¸ Ø�� ÒÓÒÐÓ�Ð ÓÔ�Ö�ØÓÖ M = Mp

��Ô�Ò�× ÓÒ p �Ò� �× ���Ò�� �Ý

M [v](x) = Mp[v](x) =

�

R

Jp(y)(v(x + y)− v(x))dy,

Û�Ø� Jp � ×ÑÓÓØ� ÒÓÒÒ���Ø�Ú� ×ÝÑÑ�ØÖ� �ÙÒØ�ÓÒ ×�Ø�×�Ý�Ò�











Jp(x) = 0 �ÓÖ |x| > 1

p

Jp(x) >
1

2
�ÓÖ |x| < 1

2p
.

´¿º½¾µ

ÈÖÓÔÓ×�Ø�ÓÒ ¿º½�º ´�ÓÒØÖÓÐ Ó� Ø�� ×ÓÐÙØ�ÓÒ Ó� Ø�� ��Ù�Ý ÔÖÓ�Ð�Ñµ

Ä�Ø u �� Ø�� ×ÓÐÙØ�ÓÒ Ó� ´¿º½½µ �ÓÖ ε > 0¸ Û�Ø� �Ò�Ø��Ð ÓÒ��Ø�ÓÒ

u(x, 0) = px ´¿º½¿µ

Û��Ö� p > 0 Û�Ø� p−1 ∈ Nº Ì��Ò u ×�Ø�×��× ´¿º¿µ Ô�ÖØ× (i) �Ò� (ii) ÓÒ R×R+

�ÓÖ ×ÓÑ� ÓÒ×Ø�ÒØ× Cε �Ò� λεº

ÈÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ ¿º½�

ËØ�Ô ¼ � �ÓÒ×ØÖÙØ�ÓÒ Ó� ��ÖÖ��Ö×

Ä�Ø Ù× ÓÒ×���Ö Ø�� �ÙÒØ�ÓÒ×

u±(x, t) = px± Ct Û�Ø� C = ||f ||∞.

���Ù×� Ø�� ÓÔ�Ö�ØÓÖ M Ú�Ò�×��× ÓÒ ��Ò� �ÙÒØ�ÓÒ×¸ Û� ���Ù� Ø��Ø u+

´Ö�×Ôº u−µ �× � Ú�×Ó×�ØÝ ×ÙÔ�Ö×ÓÐÙØ�ÓÒ ´Ö�×Ôº ×Ù�×ÓÐÙØ�ÓÒµ Ó� ´¿º½½µ Û�Ø� �Ò�Ø��Ð
ÓÒ��Ø�ÓÒ ´¿º½¿µº �ÖÓÑ ÈÖÓÔÓ×�Ø�ÓÒ ¿º�¸ Û� ���Ù� Ø��Ø Ø��Ö� �Ü�×Ø× � Ú�×Ó×�ØÝ
×ÓÐÙØ�ÓÒ u Ó� ´¿º½½µ¸ ´¿º½¿µ ×�Ø�×�Ý�Ò�

u− ≤ u ≤ u+. ´¿º½�µ

Ì��× Ñ��Ò× Ø��Ø (u)∗ �× � ×Ù�×ÓÐÙØ�ÓÒ �Ò� (u)∗ �× � ×ÙÔ�Ö×ÓÐÙØ�ÓÒº Ì�� ÓÑ¹
Ô�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� ´ÈÖÓÔÓ×�Ø�ÓÒ ¿º�µ �ÑÔÐ��× Ø��Ø (u)∗ ≤ (u)∗ Û��� ×�ÓÛ× Ø��Ø



���� ������� �� ��� ������ ������� ��

Ø�� ×ÓÐÙØ�ÓÒ u �× ÓÒØ�ÒÙÓÙ× ´�Ò� �× ÙÒ�ÕÙ�µº

ËØ�Ô ½ � ÈÖÓÓ� Ó� (ii) �ÓÖ Ø�� ×ÓÐÙØ�ÓÒ Ó� ´¿º½½µ¸ ´¿º½¿µ
Ä�Ø

ũ(x, t) = u

�

x+
1

p
, t

�

− 1.

�× p−1 ∈ N¸ ũ �× � ×ÓÐÙØ�ÓÒ Ó� ´¿º½½µ¸ ���Ù×� Ø��× �ÕÙ�Ø�ÓÒ �× �ÒÚ�Ö�¹
�ÒØ �Ý ����Ø�ÓÒ Ó� �ÒØ���Ö× �Ò� �Ý �ÒØ���Ö ØÖ�Ò×Ð�Ø�ÓÒ× �Ò ×Ô��º ÅÓÖ�ÓÚ�Ö¸
ũ(x, 0) = px = u(x, 0)º �Ý Ø�� ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� ´ÈÖÓÔÓ×�Ø�ÓÒ ¿º�µ¸ ũ = u
�Ò� Ø��Ò u ×�Ø�×��× (ii)º
�× u0(x+1) > u0(x) �Ò� u �Ò� u(·+1, ·) �Ö� ×ÓÐÙØ�ÓÒ× Ó� Ø�� ×�Ñ� �ÕÙ�Ø�ÓÒ¸
�Ý Ø�� ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� u(x+ 1, t) ≥ u(x, t)º

ËØ�Ô ¾ � �ÓÒØÖÓÐ Ó� Ø�� ×Ô�� Ó×�ÐÐ�Ø�ÓÒ× �ÓÖ Ø�� ×ÓÐÙØ�ÓÒ Ó� ´¿º½½µ¸
´¿º½¿µ

Ì�� �Ó�Ð Ó� Ø��× ×Ø�Ô �× ØÓ ×�ÓÛ Ø��Ø Ø��Ö� �Ü�×Ø× C ′
ε > 0 ×Ù� Ø��Ø �ÓÖ �ÐÐ

t > 0¸ �ÓÖ �ÐÐ x ∈ R¸ y ∈ R¸ Û� ��Ú�

|u(x+ y, t)− u(x, t)− py| ≤ C ′
ε. ´¿º½�µ

ËÙ�×Ø�Ô ¾º½ � ÁÒ�ÕÙ�Ø�ÓÒ× ÓÒ Ø�� �ÜØÖ�Ñ� Ó� v
Ï� ���Ò� v(x, t) = u(x, t)− pxº ËÓ v ×�Ø�×��×

�

vt = Δv + f(x, v + px) + εM [v(·, t)]
v(x, 0) = 0.

�× u �× � ÓÒØ�ÒÙÓÙ× Ú�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ Ó� ´¿º½½µ¸ �Ý ÈÖÓÔÓ×�Ø�ÓÒ ¿º½�¸ u �× �
Ö��ÙÐ�Ö ×ÓÐÙØ�ÓÒ Ó� ´¿º½½µ¸ Ø��× �ÕÙ�Ø�ÓÒ ÓÒ v �× ×�Ø���� �Ò Ø�� ×�Ò×� Ó� ×ØÖÓÒ�
×ÓÐÙØ�ÓÒ×º ÆÓØ�� Ø��Ø ´¿º½�µ �ÑÔÐ��× |v| ≤ Ctº Ï� Ø��Ò ���Ò�

m(t) = sup
x∈R

v(x, t)

m(t) = inf
x∈R

v(x, t)

σ(t) = m(t)−m(t).

Ì�� Ä�Ô×��ØÞ Ö��ÙÐ�Ö�ØÝ Ó� v �Ð×Ó �Ù�Ö�ÒØ�� Ø��Ø m �Ò� m �Ö� �Ø Ð��×Ø ÐÓ�ÐÐÝ
Ä�Ô×��ØÞ ÓÒØ�ÒÙÓÙ×º Í×�Ò� ´¿º¿µ¸(ii)¸ Û� �Ò Ö�Ñ�Ö� Ø��Ø

v

�

x+
1

p
, t

�

= u

�

x+
1

p
, t

�

− px− 1 = u(x, t) + 1− px− 1 = v(x, t)

×Ó v �×
1

p
¹Ô�Ö�Ó�� �Ò x ×Ó �Ø � ��Ú�Ò Ø�Ñ� t �ÓØ� �ÜØÖ�Ñ� �Ö� Ö����� �ÓÖ

�Ò�Ø� Ú�ÐÙ�× Ó� x¸ �Ò� Û� �Ò ×ÙÔÔÓ×�

m(t) = v(Yt, t)
m(t) = v(yt, t)
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Û�Ø� |Yt|, |yt| ≤
1

2p
º Ï� �Ó ÒÓØ �ÒÓÛ �� m �Ò� m �Ö� ����Ö�ÒØ���Ð�¸ �ÙØ Û�

Û�ÐÐ ÛÖ�Ø�

m′ = lim sup
h→0, h �=0

m(t+ h)−m(t)

h

�Ò�

m′ = lim inf
h→0, h �=0

m(t+ h)−m(t)

h
.

Ï� Û�ÐÐ Ô�ÖØ�ÙÐ�ÖÐÝ ×ØÙ�Ý m′¸ Ø�� Ö��×ÓÒ�Ò� �× Ø�� ×�Ñ� �ÓÖ m′º
�Ø � ��Ú�Ò Ø�Ñ� t¸ Û� ÒÓØ� Yt Ø�� ×�Ø Ó� Ñ�Ü�Ñ�Þ�Ö× Ó� v �Ø Ø�Ñ� t �Ò Ø��

�ÒØ�ÖÚ�Ð

�

− 1

2p
,
1

2p

�

º ÆÓÛ �ÓÖ �ÐÐ h �= 0¸ Û� ÓÒ×���Ö � ÔÓ�ÒØ Yt+h ∈ Yt+hº �

ÓÑÔ�ØÒ�×× �ÖÙÑ�ÒØ ×�ÓÛ× Ø��Ø �ÒÝ ×Ù�×�ÕÙ�Ò� Ó� (Yt+h) Û�Ø� h→ 0 ��×
� ÓÒÚ�Ö��Ò� ×Ù�×�ÕÙ�Ò�º Ï� ÓÒ×���Ö � ×�ÕÙ�Ò� hn → 0 ×Ù� Ø��Ø Yt+hn

ÓÒÚ�Ö��× �Ò� Û� �ÐÐ Y Ø�� Ð�Ñ�Øº �× v �× ÓÒØ�ÒÙÓÙ×¸ Y �× � Ñ�Ü�Ñ�Þ�Ö Ó� v
�Ø Ø�Ñ� t¸ �º�º Y ∈ Ytº

Ì��Ò �ÓÖ �ÐÐ n¸ �× Y �× � Ñ�Ü�Ñ�Þ�Ö �Ø Ø�Ñ� t¸

v(Yt+hn , t+ hn)− v(Y, t) ≤ v(Yt+hn , t+ hn)− v(Yt+hn , t). ´¿º½�µ

�ÙØ Û� ��Ú�

lim sup
h∈(hn)

v(Yt+h, t+ h)− v(Yt+h, t)

h
≤ Δv(Y, t)+f(v(Y, t)−pY )+εM [v(·, t)](Y ).

´¿º½�µ
Ï� ÒÓØ� Ø��Ø ���Ù×� Y �× � Ñ�Ü�Ñ�Þ�Ö �Ò� v ∈ C2,1(R×(0,+∞))¸ Δv(Y, t) ≤
0º �ÓÑ��Ò�Ò� ´¿º½�µ �Ò� ´¿º½�µ¸ Û� ��Ø

lim sup
h∈(hn)

m(t+ h)−m(t)

h
≤ f(v(Y, t)− pY ) + εM [v(·, t)](Y ).

�× Ø��× �× ØÖÙ� �ÓÖ �ÐÐ ÓÒÚ�Ö��Ò� ×Ù�×�ÕÙ�Ò� (hn) �Ò� �ÓÖ �ÐÐ �ÙÑÙÐ�Ø�ÓÒ
Ú�ÐÙ� Y ¸ Û� ��Ø Ø��Ø

lim sup
h→0, h �=0

m(t+ h)−m(t)

h
≤ max

Y ∈Yt

(f(v(Y, t)− pY ) + εM [v(·, t)](Y )) .

ÁÒ Ô�ÖØ�ÙÐ�Ö Ø��Ö� �Ü�×Ø× Yt ∈ Yt ×Ù� Ø��Ø

m′(t) ≤ f(v(Yt, t)− pYt) + εM [v(·, t)](Yt). ´¿º½�µ

Ë�Ñ�Ð�ÖÐÝ̧ Û� �Ò ×�ÓÛ Ø��Ø Ø��Ö� �Ü�×Ø× yt ∈ Y ′
t ´Û��Ö� Y ′

t �× Ø�� ×�Ø Ó�
Ñ�Ò�Ñ�Þ�Ö× Ó� vµ ×Ù� Ø��Ø

m′(t) ≥ f(v(yt, t)− pyt) + εM [v(·, t)](yt). ´¿º½�µ

ËÙ�×Ø�Ô ¾º¾ � �ÓÒ×ØÖÙØ�ÓÒ Ó� �Ò �Ò�ÕÙ�Ø�ÓÒ ÓÒ Ø�� Ó×�ÐÐ�Ø�ÓÒ �Ò�

ÓÒÐÙ×�ÓÒ
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Ï� �Ò Ø��� Ø�� ����Ö�Ò� Ó� Ø�� �Ò�ÕÙ�Ð�Ø��× ´¿º½�µ �Ò� ´¿º½�µ¸ �Ò� �� Û�
ÒÓØ�

σ′ = lim sup
h→0

σ(t+ h)− σ(t)

h
,

Û� ��Ø

σ′ ≤ f(v(Yt, t) + pYt, Yt)− f(v(yt, t) + pyt, yt)

+ε

�

R

J(z) (v(Yt + z, t)− v(Yt, t)− v(yt + z, t) + v(yt, t)) dz.

Ï� ���Ò� ct =
Yt + yt

2
¸ δt =

Yt − yt

2
¸ z′ = z + δt �Ò� z′′ = z − δtº Ï� ÒÓØ�

Ø��Ø Yt + z = ct + δt + z = ct + z′ �Ò� yt + z = ct − δt + z = ct + z′′º Ì��Ò
Û� ��Ú�

σ′ ≤ 2 �f�∞ +ε

�

R

J(z′ − δt)
�

v(ct + z′, t)− v(Yt, t)
�

dz′

+ε

�

R

J(z′′ + δt)
�

v(yt, t)− v(ct + z′′, t)
�

dz′′.

�Ý Ø�� ÓÒ×ØÖÙØ�ÓÒ Ó� Yt �Ò� yt¸ Û� ��Ú�

v(ct + z′, t)− v(Yt, t) ≤ 0

�Ò�
v(yt, t)− v(ct + z′′, t) ≤ 0.

Á� Û� Ö�ÔÐ�� Ø�� ×�Ð�ÒØ Ú�Ö���Ð�× z′ �Ò� z′′ �Ý Ø�� ×�Ñ� z¸ Û� ��Ú�

σ′ ≤ 2 �f�∞
+ε

�

R

inf(J(z − δt), J(z + δt)) (v(yt, t)− v(ct + z, t) + v(ct + z, t)− v(Yt, t)) dz

≤ 2 �f�∞ + ε

�

R

inf(J(z − δt), J(z + δt))(−σ(t))dz
≤ 2 �f�∞ − εσK,

Û��Ö� K =

�

R

inf(J(z + δt), J(z − δt))dzº ÆÓØ� Ø��Ø Û�Ø� Ø�� Ô�Ö�Ó���ØÝ Ó�

v Û� �Ò �Ò×ÙÖ� Ø��Ø
−1

2p
≤ δt ≤

1

2p
¸ ×Ó K �× ÔÓ×�Ø�Ú� �ÓÖ J = Jp �× ���Ò��

�Ò ´¿º½¾µ ´Ù×�Ò� Ø�� ÓÒØ�ÒÙ�ØÝ Ó� Jpµº
ËÓ �Ò�ÐÐÝ

σ ≤ 2 �f�∞
εK

,

Û��� �ÑÔÐ��× ´¿º½�µ �Ò� Ø��Ò ÓÒÐÙ��× Ø�� ÔÖÓÓ� Ó� Ø��× ×�ÓÒ� ×Ø�Ôº

ËØ�Ô ¿ � �ÓÒØÖÓÐ Ó� Ø�� ×Ô��¹Ø�Ñ� Ó×�ÐÐ�Ø�ÓÒ× (i)
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Ì�� �Ó�Ð Ó� Ø��× ×Ø�Ô �× ØÓ ×�ÓÛ Ø��Ø u ×�Ø�×��× Ô�ÖØ (i) Ó� ´¿º¿µ Û�Ø�
ÓÒ×Ø�ÒØ× Cε �Ò� λε ÔÓ××��ÐÝ ��Ô�Ò��ÒØ Ó� εº

�ÓÖ T > 0¸Û� ���Ò�

λ+(T ) = sup
t≥0

u(0, t+ T )− u(0, t)

T

�Ò�

λ−(T ) = inf
t≥0

u(0, t+ T )− u(0, t)

T
.

ÁÒ Ø�� �ÓÐÐÓÛ�Ò�¸ Û� ×Ø�ÐÐ Ù×� Ø�� ÒÓØ�Ø�ÓÒ v(x, t) = u(x, t)− pxºÅ
ËÙ�×Ø�Ô ¿º½ � �ÓÙÒ�× ÓÒ λ+(T ) �Ò� λ−(T )

Ï� �Ö×Ø ÔÖÓÚ� Ø��Ø Ø��Ö� �Ü�×Ø× � ÓÒ×Ø�ÒØ C1 �Ò��Ô�Ò��ÒØ ÓÒ T ≥ 1 ×Ù�
Ø��Ø

−C1 ≤ λ−(T ) ≤ λ+(T ) ≤ C1. ´¿º¾¼µ

ÁØ �× Ð��Ö Ø��Ø �ÓÖ �ÐÐ T ¸ λ+(T ) ≥ λ−(T )º
��Ü � Ø�Ñ� t0 ≥ 0º Ï� �ÒÓÛ Ø��Ø v(·, t0) ∈ C0(R) ∩ L∞(R) �Ò� v(·, t0)

�× Ô�Ö�Ó��º Ì��Ò Ø��Ö� �Ü�×Ø× k ∈ Z ×Ù� Ø��Ø min v(·, t0) ∈ [k, k + 1[º �Ý
Ø�� Ó×�ÐÐ�Ø�ÓÒ �×Ø�Ñ�Ø� ´¿º½�µ¸ �Ø �ÓÐÐÓÛ× Ø��Ø max v(·, t0) ≤ (k + 1) + C ′

εº
�ÕÙ�Ú�Ð�ÒØÐÝ̧ 0 ≤ v(·, t0)− k ≤ C ′

ε + 1º
ÆÓÛ ���Ò� Ø�� �ÙÒØ�ÓÒ×

v′ : τ �→ C ′
ε + 1 + τ�f�∞

�Ò�
u′(τ) = v′(x, τ) + px.

Ï� Ø��Ò ��Ú�

u′t ≥ Δu′ + f(x, u′) + εM [u′].

Ì��× �ÑÔÐ��× Ø��Ø u′ �× � ×ÙÔ�Ö×ÓÐÙØ�ÓÒ Ó� ´¿º½½µº Ï� �Ð×Ó ��Ú� Ø��Ø
(x, τ) �→ u(x, t0+τ)−2k �× � ×ÓÐÙØ�ÓÒ Ó� ´¿º½½µ¸ ×�Ò� Ø�� �ÕÙ�Ø�ÓÒ �× �ÒÚ�Ö��ÒØ
�Ý Ø�Ñ� ØÖ�Ò×Ð�Ø�ÓÒ �Ò� ����Ø�ÓÒ Ó� �ÒØ���Ö×º �Ø Ø�Ñ� τ = 0¸ Û� ��Ú�

u′(x, 0) = C ′
ε + 1 + px ≥ u(x, t0)− k.

�ÖÓÑ Ø�� ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� ´ÈÖÓÔÓ×�Ø�ÓÒ ¿º�µ¸ �Ø �ÓÐÐÓÛ× Ø��Ø �ÓÖ �ÐÐ τ ≥ 0¸

u′(x, τ) ≥ u(x, t0 + τ)− k.

ÁÒ Ô�ÖØ�ÙÐ�Ö¸ �ÓÖ τ = T ¸ Û� ��Ú�

C ′
ε + 1 + T�f�∞ + px ≥ u(x, t0 + T )− k.

�ÓÑ��Ò�� Û�Ø� Ø�� ��Ø Ø��Ø u(0, t0)− k ≥ 0¸ Ø��× �ÑÔÐ��× Ø��Ø

u(0, t0 + T )− u(0, t0)

T
≤ C ′

ε + 1

T
+ �f�∞.
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Ì��× �Ò�ÕÙ�Ð�ØÝ Ö�Ñ��Ò× Ú�Ð�� �ÓÖ �ÐÐ t0 ≥ 0¸ ×Ó¸ �ÓÖ T ≥ 1¸

λ+(T ) ≤ C ′
ε + 1 + �f�∞ = C1. ´¿º¾½µ

Ë�Ñ�Ð�ÖÐÝ̧ Û� �Ò ��Ö�Ú� Ø�� ÐÓÛ�Ö �ÓÙÒ� ´¿º¾¼µ �ÓÖ λ−(T ) Û��Ò T ≥ 1º

ËÙ�×Ø�Ô ¿º¾ � ÍÔÔ�Ö �ÓÙÒ� ÓÒ λ+(T )− λ−(T )
�ÓÒ×���Ö � ÔÓ×�Ø�Ú� Ö��Ð ÒÙÑ��Ö T > 0º
Ï� Û�ÐÐ �Ö×Ø ×ØÙ�Ý Ø�� �×� Û��Ö� �ÓØ� Ø�� �Ò�ÑÙÑ λ−(T ) �Ò� Ø��

×ÙÔÖ�ÑÙÑ λ+(T ) �Ö� Ö����� �Ò [0,+∞[¸ Û��� Ñ��Ò× Ø��Ø Ø��Ö� �Ü�×Ø×
t1 ≥ 0 �Ò� t2 ≥ 0 ×Ù� Ø��Ø

λ+(T ) =
u(0, t1 + T )− u(0, t1)

T

λ−(T ) =
u(0, t2 + T )− u(0, t2)

T
.

�ÓÒ×���Ö Ø�� �ÙÒØ�ÓÒ

u′(x, t) = u(x, t+ t2 − t1) +K

Û�Ø� K = ⌊u(0, t1)− u(0, t2) + 2C ′
ε⌋ + 1¸ Û��Ö� Ø�� �ÙÒØ�ÓÒ ⌊·⌋ �× Ø�� �ÓÓÖ

�ÙÒØ�ÓÒº Ì��Ò u �Ò� u′ �Ö� �ÓØ� ×ÓÐÙØ�ÓÒ× Ó� ´¿º½½µº ÆÓÛ �ÓÖ t = t1¸

u′(x, t1) = u(x, t2) + ([u(0, t1)− u(0, t2) + 2C ′
ε] + 1) ≥ u(x, t1)

Û��Ö� Û� ��Ú� Ù×�� Ø�� �×Ø�Ñ�Ø� ÓÒ ×Ô�� Ó×�ÐÐ�Ø�ÓÒ× ´¿º½�µº
Ì��Ò¸ �Ý Ø�� ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ�¸ �ÓÖ �ÐÐ t ≥ t1¸

u′(x, t) ≥ u(x, t).

ÁÒ Ô�ÖØ�ÙÐ�Ö¸ �ÓÖ t = t1 + T ¸ Û� ��Ú�

u(x, t2 + T )− u(0, t2) + 1 + 2C ′
ε ≥ u(x, t1 + T )− u(0, t1),

×Ó¸ Ø���Ò� x = 0¸ Û� ��Ø

λ−(T ) +
1 + 2C ′

ε

T
≥ λ+(T ),

Û��� Û� �Ò Ö�ÛÖ�Ø�

0 ≤ λ+(T )− λ−(T ) ≤ 1 + 2C ′
ε

T
. ´¿º¾¾µ

�Ú�Ò �� Ø�� �Ò�ÑÙÑ ÓÖ Ø�� ×ÙÔÖ�ÑÙÑ �× ÒÓØ Ö�����¸ Û� ��Ú� Ø��Ø¸ �ÓÖ
η > 0¸ Ø��Ö� �Ü�×Ø× t1 ≥ 0 �Ò� t2 ≥ 0 ×Ù� Ø��Ø

λ+(T ) <
u(0, t1 + T )− u(0, t1)

T
+ η
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λ−(T ) >
u(0, t2 + T )− u(0, t2)

T
− η.

Ì�� ×�Ñ� Ð�Ò� Ó� Ö��×ÓÒ�Ò� Ø��Ò Ð���× ØÓ

u(x, t2 + T )− u(0, t2) + 1 + 2C ′
ε ≥ u(x, t1 + T )− u(0, t1)

×Ó

λ−(T ) + η +
1 + 2C ′

ε

T
≥ λ+(T )− η.

�× Ø��× �× ØÖÙ� �ÓÖ �ÐÐ η > 0¸ ´¿º¾¾µ ×Ø�ÐÐ �ÓÐ�× �Ò Ø��Ø �×�º

ËÙ�×Ø�Ô ¿º¿ � �Ú�ÐÙ�Ø�ÓÒ Ó� Ø�� Ú�Ö��Ø�ÓÒ× Ó� λ+ �Ò� λ−

ÆÓÛ¸ Ð�Ø s ∈ N \ {0} �Ò �ÒØ���Öº
Ï� �Ö×Ø �××ÙÑ� Ø��Ø Ø��Ö� �Ü�×Ø× t1 ≥ 0 ×Ù� Ø��Ø

λ+(pT ) =
u(0, t1 + pT )− u(0, t1)

pT
.

ÁØ �× Ð��Ö Ø��Ø

sTλ+(sT ) = u(0, t1 + sT )− u(0, t1) ≤ sTλ+(T ),

×Ó
λ+(sT ) ≤ λ+(T ).

Á� Ø�� ×ÙÔÖ�ÑÙÑ λ+(sT ) �× ÒÓØ Ö�����¸ Ø��Ò �ÓÖ �ÐÐ η > 0 Ø��Ö� �Ü�×Ø× �
Ø�Ñ� tη ×Ù� Ø��Ø

sTλ+(sT )− η ≤ u(0, tη + sT )− u(0, tη).

�× ��ÓÚ�¸
u(0, tη + sT )− u(0, tη) ≤ sTλ+(T ),

×Ó Û� ��Ú�¸ �ÓÖ �ÐÐ η > 0¸

sTλ+(sT )− η ≤ sTλ+(T ),

Û��� �ÑÔÐ��× ����Ò Ø��Ø λ+(sT ) ≤ λ+(T )º Ë�Ñ�Ð�ÖÐÝ̧ �Ø �Ò �� ÔÖÓÚ�� Ø��Ø
λ−(sT ) ≥ λ−(T )º

ÆÓÛ Ø��� T1 > 0 �Ò� T2 > 0 �Ò� �××ÙÑ� Ø��Ø sT1 = rT2¸ Û�Ø� s ∈ N\{0}
�Ò� r ∈ N \ {0}º Í×�Ò� Ø�� ÔÖ����Ò� ÓÒÐÙ×�ÓÒ×¸ Û� ��Ú� Ø�� �ÓÐÐÓÛ�Ò�
�Ò�ÕÙ�Ð�Ø��× �

λ+(T1) ≥ λ+(sT1) = λ+(rT2) ≥ λ−(rT2) ≥ λ−(T2) ≥ λ+(T2)−
1 + 2C ′

ε

T2

×Ó

λ+(T2)− λ+(T1) ≤
1 + 2C ′

ε

T1
.
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�Ü��Ò��Ò� Ø�� �Ò���× 1 �Ò� 2¸ Û� ×�� Ø��Ø Ø��× �ÑÔÐ��×

�

�λ+(T1)− λ+(T2)
�

� ≤ (1 + 2C ′
ε)max

�

1

T1
,
1

T2

�

´¿º¾¿µ

�ÓÖ �ÐÐ T1, T2 > 0 ×Ù� Ø��Ø
T1
T2
∈ Qº

Ì�� ×ÓÐÙØ�ÓÒ u ���Ò� �Ò C2,1(R × (0,+∞))¸ Ø�� �ÙÒØ�ÓÒ u(0, ·) �× ÙÒ�¹
�ÓÖÑÐÝ ÓÒØ�ÒÙÓÙ× � �× � ÓÒ×�ÕÙ�Ò� Ø�� �ÙÒØ�ÓÒ λ+ �× ÓÒØ�ÒÙÓÙ× �Ò T ¸
Û��� �ÑÔÐ��× Ø��Ø Ø�� �Ò�ÕÙ�Ð�Ø��× ��ÓÚ� Ö�Ñ��Ò ØÖÙ� �ÓÖ �ÒÝ T1, T2 > 0º

Í×�Ò� Ø�� ×�Ñ� Ñ�Ø�Ó� Û� ��Ö�Ú� Ø�� ×�Ñ� ÔÖÓÔ�ÖØÝ �ÓÖ λ− � �ÓÖ �ÐÐ
T1, T2 > 0¸

�

�λ−(T1)− λ−(T2)
�

� ≤ (1 + 2C ′
ε)max

�

1

T1
,
1

T2

�

. ´¿º¾�µ

ËÙ�×Ø�Ô ¿º� � Ä�Ñ�Ø Ó� λ+ �Ò� λ− �Ò� �Ò� Ó� Ø�� ÔÖÓÓ�

Ì��Ò¸ �� (Tn)n∈N �× �Ò �ÒÖ��×�Ò� ×�ÕÙ�Ò� Û�Ø� Ð�Ñ�Ø +∞¸ �ÓØ� ×�ÕÙ�Ò�×
λ+(Tn) �Ò� λ−(Tn) �Ö� ��Ù�Ý ×�ÕÙ�Ò�× �Ò� Ø��Ò ÓÒÚ�Ö��º �× Ø��× �× ØÖÙ�
�ÓÖ �ÒÝ ×�ÕÙ�Ò� (Tn) Û�Ø� Ð�Ñ�Ø +∞¸ �ÓØ� λ+(T ) �Ò� λ−(T ) ��Ú� � Ð�Ñ�Ø
�ÓÖ T → ∞º �ÙÖØ��ÖÑÓÖ�¸ Ø�� �Ò�ÕÙ�Ð�ØÝ ´¿º¾¾µ ×�ÓÛ× Ø��×� ØÛÓ Ð�Ñ�Ø× �Ö�
�ÕÙ�Ðº ���Ò�

λ = lim
T→∞

λ+(T ) = lim
T→∞

λ−(T ).

Ï� ÓÒ×���Ö �Ò�ÕÙ�Ð�Ø��× ´¿º¾¿µ �Ò� ´¿º¾�µ �Ò� Ø��� Ø�� Ð�Ñ�Ø T2 → ∞ ØÓ
���Ù� Ø�� �ÓÐÐÓÛ�Ò� �Ò�ÕÙ�Ð�Ø��×¸ �ÓÖ T > 0

�

�λ+(T )− λ
�

� ≤ 1 + 2C ′
ε

T

�Ò�
�

�λ−(T )− λ
�

� ≤ 1 + 2C ′
ε

T
.

ÆÓÛ¸ �ÓÖ �ÐÐ T > 0¸ Û� ���Ù�

λT − (1 + 2C ′
ε) ≤ u(0, T )− u(0, 0) ≤ λT + (1 + 2C ′

ε).

�ÓÑ��Ò�Ò� Ø��× Û�Ø� ´¿º½�µ¸ Û� �Ò ÛÖ�Ø�

λT − (1 + 3C ′
ε) ≤ u(x, T )− u(0, 0) ≤ λT + (1 + 3C ′

ε).

�× Û� ��Ú� Ø���Ò u(0, 0) = 0¸ ÒÓØ�Ò� C ′ = 1 + 3C ′
ε¸ Û� ��Ú� Ø��Ò ÔÖÓÚ��

Ø��Ø¸ �ÓÖ �ÐÐ t ≥ 0

|u(x, t)− px− λt| ≤ C ′. ´¿º¾�µ

Ì��× ÔÖÓÚ�× Ø��× Ø��Ö� ×Ø�Ô �Ò� �Ò�×��× Ø�� ÔÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ ¿º½�º
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¿º� �ÓÒ×ØÖÙØ�ÓÒ Ó� �ÐÓ��Ð ×ÓÐÙØ�ÓÒ× Ó� Ø�� �ÔÔÖÓ����
ÔÖÓ�Ð�Ñ

Ï� �Ò ×�ÓÛ Ø��Ø Û��Ò Ø��Ö� �Ü�×Ø× � ×ÓÐÙØ�ÓÒ Ó� Ø�� ��Ù�Ý ÔÖÓ�Ð�Ñ
´¿º½½µ¸´¿º½¿µ Û�Ø� Ø��×� ÔÖÓÔ�ÖØ��×¸ Û� �Ò ÓÒ×ØÖÙØ � �ÐÓ��Ð ×ÓÐÙØ�ÓÒ ×�Ø�×¹
�Ý�Ò� ´¿º¿µ �Ò� ´¿º�µ �� λε �= 0º Ì��× �ÑÔÐ��Ø�ÓÒ Ö�Ñ��Ò× ØÖÙ� Û��Ò ε = 0¸
�º�º �ÓÖ Ø�� �ÕÙ�Ø�ÓÒ ´¿º½µº

ÈÖÓÔÓ×�Ø�ÓÒ ¿º½� ´�Ü�×Ø�Ò� Ó� � �ÐÓ��Ð ×ÓÐÙØ�ÓÒ �Ò� ÙÒ��ÓÖÑ �ÓÙÒ�×µº

Ï� ÓÒ×���Ö � ��Ú�Ò p > 0 Û�Ø� p−1 ∈ N �Ò� ε ≥ 0º Ï� ×ÙÔÔÓ×� Ø��Ø Ø��Ö�
�Ü�×Ø× � ×ÓÐÙØ�ÓÒ u Ó� Ø�� ��Ù�Ý ÔÖÓ�Ð�Ñ ´¿º½½µ¸´¿º½¿µ ´ÓÖ ´¿º½µ¸´¿º½¿µ �Ò
Ø�� �×� ε = 0µ ×�Ø�×�Ý�Ò� ´¿º¿µ¸ (i)¸ (ii)¸ (iv)º
Ì��Ò Ø��Ö� �Ü�×Ø× � ÙÒ�ÕÙ� λε ∈ R ×Ù� Ø��Ø Ø��Ö� �Ü�×Ø× � �ÐÓ��Ð ×ÓÐÙØ�ÓÒ �ÓÖ
�ÕÙ�Ø�ÓÒ ´¿º½½µ ÓÒ R× R ×�Ø�×�Ý�Ò� ´¿º¿µ �Ò� ´¿º�µº
ÅÓÖ�ÓÚ�Ö¸ Ø�� ÓÒ×Ø�ÒØ× λε Ö�Ñ��Ò �ÓÙÒ��� ÙÒ��ÓÖÑÐÝ �Ò ε ≥ 0 �Ò� p¸ �Ò�
Ø��Ö� �Ü�×Ø× C �Ò��Ô�Ò��ÒØ ÓÒ ε ×Ù� Ø��Ø Ø�� �×Ø�Ñ�Ø� ´¿º¿µ (i) �ÓÐ�× �ÓÖ
�ÐÐ ε ≥ 0º Ì��× Ö�×ÙÐØ Ö�Ñ��Ò ØÖÙ� Û��Ò ε = 0 ´�Ò Û��� �×� u �× � �ÐÓ��Ð
×ÓÐÙØ�ÓÒ Ó� ´¿º½µµ �Ò� �Ò Ø��× �×� Ø�� ÓÒ×Ø�ÒØ C �× �Ð×Ó �Ò��Ô�Ò��ÒØ ÓÒ pº

ÈÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ ¿º½�

Ì�� �ÓÐÐÓÛ�Ò� ÔÖÓÓ� ×Ø�Ò�× �ÓÖ Ø�� ×ÓÐÙØ�ÓÒ× Ó� �ÓØ� ´¿º½µ �Ò� ´¿º½½µº
Ì��Ö��ÓÖ�¸ Û��Ò Û� Ù×� Ø�� ÒÓØ�Ø�ÓÒ× λε ÓÖ uε¸ Ø�� Ö�×ÙÐØ× ×Ø�Ø�� Ö�Ñ��Ò
ØÖÙ� Û��Ò ε = 0º

ËØ�Ô ½ � �ÓÒ×ØÖÙØ�ÓÒ Ó� � �ÐÓ��Ð ×ÓÐÙØ�ÓÒ Ó� ´¿º½½µ ×�Ø��Ý�Ò� ´¿º¿µ¸
(i)¸ (ii) �Ò� (iv)

�Ý Ø�� Ö��ÙÐ�Ö�ØÝ Ö�×ÙÐØ �ÖÓÑ ÈÖÓÔÓ×�Ø�ÓÒ ¿º½�¸ Û� ��Ú� Ø��Ø u �× �ÓÙÒ���

�Ò C
2+α,1+α

2
x,t (Qr(P )) �ÓÖ � ÓÑÔ�Ø ÝÐ�Ò��Ö Qr(P )¸ �Ò� �ÓÖ ×ÓÑ� α > 0¸ �Ò�

Ø�� �ÓÙÒ� ÓÒÐÝ ��Ô�Ò�× ÓÒ Ø�� C0 ÒÓÖÑ Ó� u �Ò� ÓÒ rº ÅÓÖ�ÓÚ�Ö¸ u �Ò ��
�ÜØ�Ò��� ØÓ � �ÙÒØ�ÓÒ ÓÒ R× R Û��� ×Ø�ÐÐ ×�Ø�×��× Ø�� ÓÒØÖÓÐ ÔÖÓÔ�ÖØÝ

|u(x, t)− px− λεt| ≤ Cε

�Ò� Ø�� ×�Ñ� ÔÖÓÔ�ÖØÝ Ó� �ÓÙÒ�× ÓÒ Ø�� À�Ð��Ö ÒÓÖÑ× ÓÒ ÓÑÔ�Ø×¸ Ø��
�ÓÙÒ�× ���Ò� ÙÒ��ÓÖÑ Û�Ø� Ö�×Ô�Ø ØÓ Ø�� ×��Ô� Ó� Ø�� ÓÑÔ�Ø ´Ø�� �ÜØ�Ò¹
×�ÓÒ �Ò �� �Ö��ØÖ�ÖÝ �Ü�ÔØ �ÓÖ Ø�� ÔÖ�×�ÖÚ�Ø�ÓÒ Ó� Ø��×� ØÛÓ ÔÖÓÔ�ÖØ��×µº
Ï� ���Ò�

un(x, t) = u(x, t+ n)− ⌊λεn⌋.

Ï� ÒÓØ� Ø��Ø �ÓÖ �ÐÐ n > 0¸

�un�C0(BR(0,0)) = �u�C0(BR(0,n)) − ⌊λεn⌋
≤ �u�C0(BR(0,0)) + λεn+ 2Cε − ⌊λεn⌋
≤ �u�C0(BR(0,0)) + 2Cε + 1.
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Ì��Ò �ÓÖ �ÐÐ R > 0¸ Ø�� un ��Ú� � ÙÒ��ÓÖÑ �ÓÙÒ� �Ò C
2+α,1+α

2
x,t (BR(0, 0)) �ÓÖ

×ÓÑ� α > 0¸ ×Ó Ø��Ý �Ò �� �ÒÐÙ��� �Ò � ÓÑÔ�Ø ×Ù�×�Ø Ó�C
2+β,1+β

2
x,t (BR(0, 0))

�ÓÖ ×ÓÑ� β < α¸ �Ò� �Ý � Ñ�Ø�Ó� Ó� ����ÓÒ�Ð �ÜØÖ�Ø�ÓÒ Û� �Ò ÓÒ×ØÖÙØ �
�ÙÒØ�ÓÒ u∞ �Ò� �Ò �ÒÖ��×�Ò� �ÙÒØ�ÓÒ φ : N → N ×Ù� Ø��Ø¸ �ÓÖ �ÐÐ R > 0¸

u∞ ∈ C
2+α,1+α

2
x,t (BR(0, 0)) �Ò� uφ(n) → u∞ �Ò C

2+β,1+β
2

x,t (BR(0, 0))º �× Ø��

ÓÒÚ�Ö��Ò� �× �Ò C
2+β,1+β

2
x,t (BR(0, 0)) �ÓÖ �ÐÐ R > 0¸ u∞ ×�Ø�×��× ´¿º½½µ ´ÓÖ

´¿º½µ Û��Ò ε = 0µ¸ �Ò� �Ð×Ó (i)¸ (ii) �Ò� (iv)¸ Û��� ÓÒÐÙ��× Ø�� ÔÖÓÓ� Ó�
Ø��× �Ö×Ø ×Ø�Ôº ÁÒ Ø�� �ÓÐÐÓÛ�Ò�¸ Û� Û�ÐÐ ÒÓØ� Ø��× �ÐÓ��Ð ×ÓÐÙØ�ÓÒ uº

ËØ�Ô ¾ � ÈÖÓÓ� Ó� ´¿º�µ¸ (v) �ÓÖ Ø�� �ÐÓ��Ð ×ÓÐÙØ�ÓÒ Û��Ò λε �= 0º
��×� ½ � λε > 0

Ì��× ÔÖÓÓ� Ù×�× Ø�� ×Ð���Ò� Ñ�Ø�Ó� ��×Ö���� �Ò ��℄º ���ÙÖ� ¿º½ �ÐÐÙ×ØÖ�Ø�×
Ø�� ÔÖ�Ò�ÔÐ� Ó� Ø�� ×Ð���Ò� Ñ�Ø�Ó�¸ Û��� �× ØÓ ÓÑÔ�Ö� u + 1 �Ò� Ø�Ñ�
ØÖ�Ò×Ð�Ø�ÓÒ× Ó� uº

������ ¿º½ � ÁÐÐÙ×ØÖ�Ø�ÓÒ Ó� Ø�� ×Ð���Ò� Ñ�Ø�Ó� � �Ö�Ô�× Ó� u(x, t) �Ò�
u(x, t) + 1 �ÓÖ � �Ü�� Ú�ÐÙ� Ó� xº

�× λε > 0¸ �Ý (i) Û� �ÒÓÛ Ø��Ø Ø��Ö� �Ü�×Ø× α0 > 0 ×Ù� Ø��Ø �ÓÖ �ÐÐ
α > α0¸ u(x, t + α) ≥ u(x + 1, t)º ÁÒ Ø�� �ÓÐÐÓÛ�Ò� Û� Û�ÐÐ ÒÓØ� uα(x, t) =
u(x, t+ α)º Ï� ���Ò�

α∗ = inf {α0 ≥ 0 | ∀α ≥ α0, uα(x, t) ≥ u(x+ 1, t)} .
ÁÒ Ô�ÖØ�ÙÐ�Ö uα∗

(x, t) ≥ u(x + 1, t) �Ò� �ÓÖ �ÐÐ δ > 0¸ Ø��Ö� �Ü�×Ø× Pδ =
(xδ, tδ) ∈ R2 ×Ù� Ø��Ø uα∗

(xδ, tδ) < u(xδ + 1, tδ) + δ ´�� �Ø Û�× ÒÓØ Ø�� �×�¸
���Ù×� u �× Ä�Ô×��ØÞ ÓÒØ�ÒÙÓÙ×¸ Û� ÓÙÐ� �Ù�Ð� α∗′ < α∗ ×Ù� Ø��Ø �ÓÖ �ÐÐ
α ≥ α∗′¸ uα(x, t) ≥ u(x+ 1, t)µº À�Ö� Û� Û�ÐÐ ��×Ø�Ò�Ù�×� ØÛÓ ×Ù��×�× �
ËÙ��×� ½ � Ì��Ö� �Ü�×Ø× P0 ∈ R2 ×Ù� Ø��Ø Pδ → P0 ÙÔ ØÓ � ×Ù�×�¹

ÕÙ�Ò�º
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ÁÒ Ø��× �×� Û� ��Ú�
�

uα∗ ≥ u(·+ 1, ·) ÓÒ R2

uα∗
= u(·+ 1, ·) �Ø P0.

Ï� ÛÖ�Ø� w = uα∗ − u(·+ 1, ·)º Ì�� �ÙÒØ�ÓÒ w ×�Ø�×��×

wt = Δw + f(x, uα∗
)− f(x+ 1, u(x+ 1, t))

+M [uα∗
](x, t)−M [u(·+ 1, ·)](x, t)

= Δw +R(x, t)w

Û��Ö�

R(x, t) =

f(x, u(x, t+ α∗))− f(x+ 1, u(x+ 1, t)) +M [uα∗
](x, t) −M [u(·+ 1, ·)](x, t)

u(x, t+ α∗)− u(x+ 1, t)
.

Ì�� �ÙÒØ�ÓÒ 0 �× � ×ÓÐÙØ�ÓÒ Ó� Ø��× �ÕÙ�Ø�ÓÒ¸ �Ò� Û� �ÒÓÛ Ø��Ø w �× ÒÓÒ
Ò���Ø�Ú� �Ò� Ö����× Ø�� Ú�ÐÙ� 0¸ ×Ó �Ý Ø�� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� w = 0
�Ò� u(x+ 1, t− α∗) = u(x, t)º
ËÙ��×� ¾ � |Pδ| → +∞ ÙÔ ØÓ � ×Ù�×�ÕÙ�Ò�º

Ï� ���Ò� vn(x, t) = u((x−⌊xδ⌋, t− tδ)−P 1
n
)º Ì��Ò �ÓÖ �ÐÐ n ∈ N¸ Ø��Ö�

�Ü�×Ø× xn ∈ [0, 1) ×Ù� Ø��Ø vα∗
n (xn, 0) < vn(xn+1, 0)+

1

n
¸ �Ò� vn �× � ×ÓÐÙØ�ÓÒ

Ó� ´¿º½µº �× Ø�� vn �Ö� ÙÒ��ÓÖÑÐÝ �ÓÙÒ��� �Ò C2+γ,1+ γ
2 (BR(0, 0)) �ÓÖ �ÐÐ

R > 0¸ �ÓÖ ×ÓÑ� γ > 0¸ ×Ó �Ý � ÔÖÓ�×× Ó� ����ÓÒ�Ð �ÜØÖ�Ø�ÓÒ¸ ÓÒ� ×�ÓÛ× Ø��Ø
Ø��Ý ÓÒÚ�Ö�� ÙÔ ØÓ � ×Ù�×�ÕÙ�Ò� ØÓ � �ÙÒØ�ÓÒ v ∈ C2+γ,1+ γ

2 (BR(0, 0)) �ÓÖ

�ÐÐ R¸ Ø�� ÓÒÚ�Ö��Ò� ���Ò� �Ò C2+γ′,1+ γ′
2 (BR(0, 0)) �ÓÖ ×ÓÑ� γ′ < γº Ì��Ò

v �× �Ð×Ó � ×ÓÐÙØ�ÓÒ Ó� ´¿º½µ¸ �Ò� �� Û� ÛÖ�Ø� w = vα∗ − v(· + 1, ·)¸ Ø�� ×�Ñ�
Ð�Ò� Ó� Ö��×ÓÒ�Ò� �× �Ò ×Ù��×� 1 �ÔÔÐ��×¸ w = 0 �Ò� v(x+1, t−α∗) = v(x, t)º

ÁÒ �ÓØ� �×�× Ø��Ö� �Ü�×Ø× � �ÐÓ��Ð ×ÓÐÙØ�ÓÒ u ×Ù� Ø��Ø u(x+1, t−α∗) =

u(x, t)¸ ×Ó �Ø ÓÒÐÝ Ö�Ñ��Ò× ØÓ ×�ÓÛ Ø��Ø α∗ =
p

λε
º �ÓÖ Ø��Ø¸ Û� Ó�×�ÖÚ� Ø��Ø ��

Û� �Ò��Ø u(x+ 1, t− α∗) = u(x, t) �Ò Ø�� �ÓÙÒ�× (i)¸ Û� ��Ú� �ÓÖ �ÐÐ k ∈ Z¸

|u(x+ k, t− kα∗)− p(x+ k)− λε(t− kα∗)| < C.

����Ò� (i) �Ò� Ù×�Ò� Ø�� �Ò�ÕÙ�Ð�ØÝ |a− b| ≤ ||a|+ |b|| Û� ��Ø¸ �ÓÖ �ÐÐ k ∈ Z¸

|pk − λεα
∗k| = |k| |p− λεα

∗| < 2C.

Û��� �× ÓÒÐÝ ÔÓ××��Ð� �� α∗ =
p

λε
¸ Û��� ÓÒÐÙ��× Ø�� ÔÖÓÓ� Ó� Ø��× ×Ø�Ôº

��×� ¾ � λε < 0
Ì�� ×�Ñ� Ð�Ò� Ó� Ö��×ÓÒ�Ò� �ÔÔÐ��× Û��Ò λε > 0¸ Ø�� ����Ö�Ò� ���Ò� Ø��Ø

Ø�� ÕÙ�ÒØ�ØÝ α∗ �× Ò���Ø�Ú�º
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ËØ�Ô ¿ � ÅÓÒÓØÓÒ��ØÝ Ó� Ø�� �ÐÓ��Ð ×ÓÐÙØ�ÓÒ Û��Ò λε �= 0 � ÔÖÓÓ� Ó�

(iii)
À�Ú�Ò� Ù×�� Ø�� ×Ð���Ò� Ñ�Ø�Ó� ØÓ ×�ÓÛ Ø�� ×Ô��¹Ø�Ñ� Ô�Ö�Ó���ØÝ ÔÖÓÔ¹

�ÖØÝ̧ Û� �Ò Ù×� �Ø �× Û�ÐÐ ØÓ ×�ÓÛ ÑÓÒÓØÓÒ��ØÝº Ï� ×ÙÔÔÓ×� λε > 0º �×
��ÓÚ�¸ Û� ÒÓØ� uα(x, t) = u(x, t+ α) �Ò� Ø��× Ø�Ñ� Û� ���Ò�

α∗ = inf {α0 ≥ 0 | ∀α ≥ α0, uα(x, t) ≥ u(x, t)} .

Ì��× ���Ò�Ø�ÓÒ �× Ú�Ð�� ���Ù×� Ø�� ×�Ø Û� ÓÒ×���Ö �× ÒÓÒ �ÑÔØÝ ´�Ù� ØÓ
ÔÖÓÔ�ÖØÝ (i) �Ò� λε > 0µº Ï� Ö�Ñ�Ö� Ø��Ø u �× ÒÓÒ��Ö��×�Ò� �� �Ò� ÓÒÐÝ
�� α∗ = 0º �× ��ÓÚ�¸ uα∗

(x, t) ≥ u(x, t) �Ò� �ÓÖ �ÐÐ δ > 0¸ Ø��Ö� �Ü�×Ø×
Pδ = (xδ, tδ) ∈ R2 ×Ù� Ø��Ø uα∗

(xδ , tδ) < u(xδ + 1, tδ) + δ ´�� �Ø Û�× ÒÓØ Ø��
�×�¸ ���Ù×� u �× Ä�Ô×��ØÞ ÓÒØ�ÒÙÓÙ×¸ Û� ÓÙÐ� �Ù�Ð� α∗′ < α∗ ×Ù� Ø��Ø
�ÓÖ �ÐÐ α ≥ α∗′¸ uα(x, t) ≥ u(x, t)µº ����Ò Û� ��Ú� ØÛÓ �×�× �
��×� ½ � Ì��Ö� �Ü�×Ø× P0 ∈ R2 ×Ù� Ø��Ø Pδ → P0 ÙÔ ØÓ � ×Ù�×�ÕÙ�Ò�

ÁÒ Ø��× �×� Û� ��Ú�
�

uα∗ ≥ u ÓÒ R2

uα∗
= u �Ø P0.

�× u �× � ×ÓÐÙØ�ÓÒ Ó� ´¿º½µ¸ �Ý Ø�� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� uα∗
= uº �× u

�Ò ÒÓØ �� Ô�Ö�Ó�� �Ò Ø�Ñ� ´�Ù� ØÓ (i) �Ò� λε > 0)¸ Ø��× Ñ��Ò× Ø��Ø α∗ = 0
�Ò� u �× ÒÓÒ��Ö��×�Ò�º
��×� ¾ � |Pδ | → +∞ ÙÔ ØÓ � ×Ù�×�ÕÙ�Ò�

Ï� ���Ò� vn(x, t) = u
�

(x− ⌊xδ⌋, t− tδ)− P 1
n

�

º Ì��Ò �ÓÖ �ÐÐ n ∈ N¸

Ø��Ö� �Ü�×Ø× xn ∈ [0, 1) ×Ù� Ø��Ø vα∗
n (xn, 0) < vn(xn + 1, 0) +

1

n
¸ �Ò� vn �×

� ×ÓÐÙØ�ÓÒ Ó� ´¿º½µº �× Ø�� vn �Ö� ÙÒ��ÓÖÑÐÝ �ÓÙÒ��� �Ò C2+γ,1+ γ
2 (K) �ÓÖ �ÐÐ

ÓÑÔ�Ø K ⊂ R2¸ �ÓÖ ×ÓÑ� γ > 0¸ �Ý � ����ÓÒ�Ð �ÜØÖ�Ø�ÓÒ Ø��Ý ÓÒÚ�Ö��
ÙÔ ØÓ � ×Ù�×�ÕÙ�Ò� ØÓ � �ÙÒØ�ÓÒ v ∈ C2+γ,1+ γ

2 (K) �ÓÖ �ÐÐ ÓÑÔ�Ø K¸

Ø�� ÓÒÚ�Ö��Ò� ���Ò� �Ò C2+γ′,1+ γ′
2 (K) �ÓÖ ×ÓÑ� γ′ < γº Ì��Ò v �× �Ð×Ó �

×ÓÐÙØ�ÓÒ Ó� ´¿º½µ¸ ×Ó Ø�� ×�Ñ� Ö��×ÓÒ�Ò� �× �Ò �×� 1 �ÔÔÐ��× ØÓ v¸ ×Ó vα∗
= v¸

Û��� �ÑÔÐ��× Ø��Ø α∗ = 0 �Ò� u �× ÒÓÒ��Ö��×�Ò�º
ÁÒ �ÓØ� �×�× u �× ÒÓÒ��Ö��×�Ò�¸ Û��� ÓÒÐÙ��× Ø��× ×Ø�Ôº

ËØ�Ô � � �Ü�×Ø�Ò� Ó� � ÓÒ×Ø�ÒØ C �Ò��Ô�Ò��ÒØ Ó� ε
ÁÒ Ø��× ×Ø�Ô Û� ×�ÓÛ Ø�� �ÓÐÐÓÛ�Ò� Ö�×ÙÐØ× �

Ì�� ÓÒ×Ø�ÒØ λε Ö�Ñ��Ò× �ÓÙÒ��� Û��Ò ε → 0º ÅÓÖ�ÓÚ�Ö¸ Ø��Ö� �Ü�×Ø× �
ÓÒ×Ø�ÒØ C > 0 �Ò��Ô�Ò��ÒØ Ó� ε ×Ù� Ø��Ø Ø�� �×Ø�Ñ�Ø� ´¿º¿µ¸ (i)¸ �ÓÐ�× �ÓÖ
�ÐÐ εº

�× �Ò ËØ�Ô 2 Ó� Ø�� ÔÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ ¿º½� Û� ÛÖ�Ø� v(x, t) = u(x, t)−px¸
�Ò� Ù×� Ø�� ×�Ñ� ÒÓØ�Ø�ÓÒ σ �ÓÖ Ø�� Ó×�ÐÐ�Ø�ÓÒº Ì��Ò Û� �ÛÓÛ Ø��Ø λε �×
×Ù� Ø��Ø �ÓÖ Ø�� ×ÓÐÙØ�ÓÒ uc Ó� Ø�� ��Ù�Ý ÔÖÓ�Ð�Ñ¸

�uc − px− λεt� ≤ Cε.
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�× px + �f�∞t �Ò� px − �f�∞t �Ö� Ö�×Ô�Ø�Ú�ÐÝ � ×ÙÔ�Ö¹ �Ò� ×Ù�×ÓÐÙØ�ÓÒ
Ó� Ø�� ��Ù�Ý ÔÖÓ�Ð�Ñ¸ Û� ��Ú� Ø��Ø λε �× Ò��××�Ö�ÐÝ Ð�××�Ö Ø��Ò �f�∞
�Ò��Ô�Ò��ÒØÐÝ Ó� ε �Ò� pº

�ÓÖ Ø�� �Ü�×Ø�Ò� Ó� � �ÓÙÒ� C ′ �Ò��Ô�Ò��ÒØ ÓÒ ε¸ Û� ���Ò�

w(x) = sup
t∈R

(u(x, t)− λεt).

Ì�� Ö�Ð�Ø�ÓÒ× u

�

x, t+
p

λε

�

= u(x+1, t) �Ò� u

�

x+
1

p
, t

�

= u(x, t)+1 Û�Ø�

p−1 ∈ N �ÑÔÐÝ Ø��Ø

u

�

x, t+
1

λε

�

= u(x, t) + 1,

×Ó¸ �ÓÖ � �Ü�� Ú�ÐÙ� Ó� x¸ u(x, t) − λεt �× � Ô�Ö�Ó�� �ÙÒØ�ÓÒ �Ò t �Ò� �Ø×

×ÙÔÖ�ÑÙÑ �× Ö����� �ÓÖ ×ÓÑ� t(x) ∈
�

0,
1

λ

�

º

ÅÓÖ�ÓÚ�Ö¸ �ÓÖ �ÐÐ x ∈ R¸ �Ø Ø�� ÔÓ�ÒØ (x, t(x))¸ ut − λε = 0¸ ×Ó

λε = Δu+ f(x, u) + εM [u].

�× w(x) �× Ø�� Ñ�Ü�ÑÙÑ Ó� u(x, t) − λt¸ Û� ��Ú�

w(x) = u(x, t(x)) − λεt(x)

�Ò�
w(y) ≥ u(y, t(x))− λεt(x)

�ÓÖ y �Ò � Ò�����ÓÙÖ�ÓÓ� Ó� x¸ ×Ó

Δw(x) ≥ Δ(u(·, t(x)) − λεt(x))(x) = Δu(·, t(x))(x),

�Ò�
λε ≤ Δw + f(x, u) + εM [u].

Ï� �Ð×Ó ÒÓØ� Ø��Ø

w(x+ 1) = sup
t∈R

(u(x+ 1, t)− λεt)

= sup
t∈R

�

u

�

x, t+
p

λε

�

− λε

�

t+
p

λε

��

+ p = w(x) + p,

×Ó w̃ = w − px �× 1¹Ô�Ö�Ó�� �Ò�

Δw̃ = Δw ≥ λε + f(x, u) + εM [u].

Ï� �ÒÓÛ Ø��Ø |λε| ≤ C¸ f ∈ L∞(R×R) �Ò� |εM [u]| ≤
�
�

R

J(z)dz

�

2ε �f�∞
K

¸

×Ó Ø��Ö� �Ü�×Ø× C ′ > 0 ×Ù� Ø��Ø Δw̃ = w̃xx ≥ −C ′º Ï��Ò ε = 0¸ Ø�� ÓÒ×Ø�ÒØ
C ′ �Ó�× ÒÓØ ��Ô�Ò� ÓÒ pº
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�ÙØ w̃ �× 1¹Ô�Ö�Ó��¸ ×Ó w̃(0) = w̃(1) � �Ý ÊÓÐÐ�³× Ø��ÓÖ�Ñ¸ Ø��Ö� �Ü�×Ø×
x0 ∈ [0, 1] ×Ù� Ø��Ø w̃′(x0) = 0º �ÙØ Ø��Ò¸ �ÓÖ �ÐÐ y ∈ R Û� �Ò ÛÖ�Ø�

y = k + x0 + r Û�Ø� k ∈ Z �Ò� 0 ≤ r < 1.

�× � ÓÒ×�ÕÙ�Ò�¸ w̃′(y) ≥ w̃′(x0 + k)−C ′ = −C ′ �Ò� Ø�Ù× �ÓÖ �ÐÐ z, z′ ∈ R¸
Û� �Ò ÛÖ�Ø� z′ = z + k + r¸ k ∈ Z¸ 0 ≤ r < 1¸ ×Ó

w̃(z′) ≥ w(z + k)− C ′,

�Ò�
w̃(z) = w̃(z + k + 1) ≥ w̃(z′)− C ′.

��Ò�ÐÐÝ̧ Û� �Ò ÓÒÐÙ�� Ø��Ø |w̃(z) − w̃(z′)| ≤ C ′º ÍÔ ØÓ Ø�� ����Ø�ÓÒ Ó�

�ÒØ���Ö×¸ Û� �Ò ×ÙÔÔÓ×� |u(0, 0)| ≤ 1º �ÓÖ t ∈
�

0,
1

λε

�

¸

u(x, 0) ≤ u(x, t) ≤ u

�

x,
1

λε

�

= u(x+ p−1, 0) = u(x, 0) + 1,

×Ó
u(x, 0) − 1 ≤ u(x, t)− λεt ≤ u(x, 0) + 1.

ÁÒ Ô�ÖØ�ÙÐ�Ö¸ �ÓÖ t = t(x)¸

u(x, 0) − 1 ≤ w(x) ≤ u(x, 0) + 1,

Û��� �ÑÔÐ��× Ø��Ø¸ �ÓÖ �ÐÐ t ∈
�

0,
1

λε

�

¸

w(x)− 2 ≤ u(x, t)− λεt ≤ w(x),

�Ò�
w̃(x)− 2 ≤ u(x, t) − λεt− px ≤ w̃(x).

�Ý Ø�� Ô×�Ù�Ó¹Ô�Ö�Ó���ØÝ ÔÖÓÔ�ÖØÝ Ó� u¸ Ø��× Ö�Ð�Ø�ÓÒ �ÓÐ�× �ÓÖ �ÐÐ t ∈ Rº
ÆÓÛ Û� Ó�×�ÖÚ� Ø��Ø w̃(0) − 2 ≤ u(0, 0) ≤ w̃(0) ×Ó −1 ≤ w̃(0) ≤ 3¸ �Ò� �ÓÖ
�ÐÐ (x, t) ∈ R2¸

u(x, t)− λεt− px ≥ w̃(x)− 2 ≥ w̃(0)− C ′ − 2 ≥ −C ′ − 3,

�Ò�
u(x, t)− λεt− px ≤ w̃(x) ≤ w̃(0) + C ′ ≤ C ′ + 3,

×Ó Ø��Ö� �Ü�×Ø× � ÓÒ×Ø�ÒØ C ′′ �Ò��Ô�Ò��ÒØ Ó� ε ×Ù� Ø��Ø

|u(x, t) − λεt− px| ≤ C ′′.

��Ú�Ò �Ø× ÓÒ×ØÖÙØ�ÓÒ¸ Ø��× ÓÒ×Ø�ÒØ C ′′ Ñ�Ý ��Ô�Ò� ÓÒ p¸ Ú�� Ø�� �ÙÒØ�ÓÒ
Jp �Ò� Ø�� ÓÒ×Ø�ÒØ Kpº ÀÓÛ�Ú�Ö¸ �Ò Ø�� �×� ε = 0¸ C ′′ �Ó�× ÒÓØ ��Ô�Ò� ÓÒ
pº
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Ì��× �ÓÙÖØ� ×Ø�Ô ÓÒÐÙ��× Ø�� ÔÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ ¿º½� �Ò Ø�� �×�
λε �= 0º

ËØ�Ô � � �Ü�×Ø�Ò� Ó� � ×Ø�Ø�ÓÒ�ÖÝ ×ÓÐÙØ�ÓÒ Û��Ò λε = 0

ÁÒ Ø�� �×� λε = 0¸ Ø�� �ÙÒØ�ÓÒ u− px �× ÙÒ��ÓÖÑÐÝ �ÓÙÒ��� �Ò Ø�Ñ�¸ ×Ó
Û� �Ò ���Ò�

v = sup
t∈R

(u(x, t)− px)

v = inf
t∈R

(u(x, t)− px).

�× u − px �× Ä�Ô×��ØÞ ÓÒØ�ÒÙÓÙ×¸ �ÓØ� v �Ò� v �Ö� Ä�Ô×��ØÞ ÓÒØ�ÒÙÓÙ×º

Í×�Ò� Ø�� ��Ø Ø��Ø u ×�Ø�×��× (ii)¸ Û� ���Ù� Ø��Ø v �Ò� v �Ö�

�

1

p

�

¹Ô�Ö�Ó��º

Ï� �Ð×Ó Ö�Ñ�Ö� Ø��Ø ���Ù×� u ×�Ø�×��× ´¿º¿µ (iv)¸ v �× ×Ù� Ø��Ø v(x+1)+p ≥
v(x)¸ �Ò� ×Ó �× vº ��Ò�ÐÐÝ̧ v �× � ×Ù�×ÓÐÙØ�ÓÒ ´�ÓØ� �Ò Ø�� Û��� ×�Ò×� �Ò� �Ò
Ø�� Ú�×Ó×�ØÝ ×�Ò×�µ Ó�

0 = Δv + f(x, v + px) + εM [v] ´¿º¾�µ

ÓÒ R �Ò� v �× � ×ÙÔ�Ö×ÓÐÙØ�ÓÒ Ó� Ø�� ×�Ñ� �ÕÙ�Ø�ÓÒº
Í×�Ò� Ø�� ��Ø Ø��Ø |u− px| ≤ C¸ Û� �Ð×Ó ��Ú� Ø��Ø

v ≤ v + 2⌈C⌉,

�Ò� v + 2⌈C⌉ �× ×Ø�ÐÐ � ×ÙÔ�Ö×ÓÐÙØ�ÓÒ Ó� Ø�� �ÕÙ�Ø�ÓÒ ´¿º¾�µ ´��Ö� ⌈·⌉ �× Ø��
��Ð�Ò� �ÙÒØ�ÓÒµº Ì��Ò �Ý È�ÖÖÓÒ³× Ñ�Ø�Ó� Ø��Ö� �Ü�×Ø× � Ú�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ
ṽ Ó� ´¿º¾�µ¸ �Ò� � ×Ø�Ø�ÓÒ�ÖÝ Ú�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ ũ Ó� ´¿º½½µº �Ý ÓÒ×ØÖÙØ�ÓÒ¸
ũ ×Ø�ÐÐ ×�Ø�×��× (i)¸ �Ò� �× v �Ò� v �Ö� �ÓØ� Ô�Ö�Ó��¸ Û� �Ò �ÔÔÐÝ È�ÖÖÓÒ³×
Ñ�Ø�Ó� �Ò � Û�Ý Ø��Ø �Ò×ÙÖ�× Ø��Ø ũ ×Ø�ÐÐ ×�Ø�×��× (ii)º

��Ò�ÐÐÝ̧ Û� �Ò ×�ÓÛ �Ý ÓÒØÖ���Ø�ÓÒ Ø��Ø ũ(x+1) ≥ ũ(x)º ËÙÔÔÓ×� Ø��Ö�
�Ü�×Ø× x0 ∈ R ×Ù� Ø��Ø ũ(x0+1) < ũ(x0)¸ Û��� �Ò �� ÛÖ�ØØ�Ò �ÕÙ�Ú�Ð�ÒØÐÝ
ṽ(x0 + 1) + p < ṽ(x0)º Ì��Ò ṽ(· − 1)− p �× �Ð×Ó � ×Ù�×ÓÐÙØ�ÓÒ Ó� ´¿º¾�µ¸ �Ò�
�ÓÖ �ÐÐ x ∈ R¸ Û� ��Ú� Ø��Ø

ṽ(x− 1)− p ≤ v(x− 1) + 2⌈C⌉ − p ≤ v(x) + 2⌈C⌉.

�× � ÓÒ×�ÕÙ�Ò�¸ max(ṽ, ṽ(· − 1) − p) �× � ×Ù�×ÓÐÙØ�ÓÒ Ó� ´¿º¾�µ �Ò� �×
�ÓÙÒ��� ��ØÛ��Ò v �Ò� v + 2⌈C⌉º �ÙØ Ø��× ÓÒØÖ���Ø× Ø�� Ñ�Ü�Ñ�Ð�ØÝ Ó� ṽ
×�Ò� ṽ(x0)− p > ṽ(x0 + 1)º

Ì��× ÓÒÐÙ��× Ø�� ÔÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ ¿º½�º

Ï� �Ò Ù×� Ø�� ÙÒ��ÓÖÑ �ÓÙÒ� C ÓÒ Ø�� �ÐÓ��Ð ×ÓÐÙØ�ÓÒ ØÓ ×�ÓÛ Ø��Ø
Ø��Ö� �Ð×Ó �Ü�×Ø× ÙÒ��ÓÖÑ �ÓÙÒ�× ´Ø��Ø �×¸ �Ò��Ô�Ò��ÒØ ÓÒ εµ ÓÒ Ø�� ×ÓÐÙØ�ÓÒ
Ó� Ø�� ��Ù�Ý ÔÖÓ�Ð�Ñ ´¿º½½µ¸´¿º½¿µ �
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ÈÖÓÔÓ×�Ø�ÓÒ ¿º¾¼ ´ÍÒ��ÓÖÑ �ÓÙÒ�× ÓÒ Ø�� ×ÓÐÙØ�ÓÒ Ó� Ø�� ��Ù�Ý

ÔÖÓ�Ð�Ñµº
Ï� ÒÓØ� uε Ø�� ×ÓÐÙØ�ÓÒ Ó� Ø�� ��Ù�Ý ÔÖÓ�Ð�Ñ ´¿º½½µ¸´¿º½¿µº Ì��Ò Ø��Ö�
�Ü�×Ø× C > 0 ×Ù� Ø��Ø �ÓÖ �ÐÐ ε > 0¸ Ø��Ö� �Ü�×Ø× λε ∈ R ×Ù� Ø��Ø �ÓÖ �ÐÐ
(x, t) ∈ R× (0,+∞)¸

|uε − px− λεt| ≤ C.

Ê�Ñ�Ö� ¿º¾½ ´Á��ÒØ���Ø�ÓÒ Ó� λεµº

Ì�� Ö��Ð ÒÙÑ��Ö λε �× Ø�� ×�Ñ� �ÓÖ Ø�� ×ÓÐÙØ�ÓÒ Ó� Ø�� ��Ù�Ý ÔÖÓ�Ð�Ñ �Ò�
�ÓÖ Ø�� �ÐÓ��Ð ×ÓÐÙØ�ÓÒº

ÈÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ ¿º¾¼

Ï� ÒÓØ� Uε �Ò� uε Ø�� ×ÓÐÙØ�ÓÒ× Ó� Ø�� �ÐÓ��Ð ÔÖÓ�Ð�Ñ �Ò� Ø�� ��Ù�Ý
ÔÖÓ�Ð�Ñ Ö�×Ô�Ø�Ú�ÐÝ̧ �Ò� Û� �ÒÓÛ Ø��Ø �ÓÖ �ÐÐ x, t¸

|Uε − px− λt| ≤ C,

Û��Ö� C �× �Ò��Ô�Ò��ÒØ Ó� εº Ì��Ò¸ �Ò Ô�ÖØ�ÙÐ�Ö¸ �ÓÖ �ÐÐ x ∈ R¸

−C + px ≤ Uε(x, 0) ≤ C + px.

�× � ÓÒ×�ÕÙ�Ò�¸ Û� ��Ú� Ø��Ø

Uε(x, 0)(x, 0) − C ≤ px = uε(x, 0)(x, 0) ≤ U(x, 0) + C.

�ÙØ Û� �Ð×Ó �ÒÓÛ Ø��Ø Uε − ⌈C⌉ �Ò� Uε + ⌈C⌉ �Ö� ×ÓÐÙØ�ÓÒ× Ó� ´¿º½½µ ÓÒ
R× (0,+∞)¸ ×Ó Û� ��Ú� Ø��Ø

Uε − ⌈C⌉ ≤ uε ≤ Uε + ⌈C⌉

ÓÒ R× (0,+∞)º Í×�Ò� Ø�� �ÓÙÒ�× ÓÒ Uε¸ Û� ��Ú� Ø��Ø

−C + px+ λt− ⌈C⌉ ≤ uε ≤ C + px+ λtC⌈C⌉,

×Ó
|uε − px− λεt| ≤ C + ⌈C⌉,

Û��� �× Û��Ø Û� Û�ÒØ�� ØÓ ×�ÓÛ �Ò� ÓÒÐÙ��× Ø�� ÔÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ ¿º¾¼º

¿º� �ÓÒ×ØÖÙØ�ÓÒ Ó� ÔÐ�Ò�¹Ð��� ×ÓÐÙØ�ÓÒ× Ó� Ø�� �Ò�¹
Ø��Ð ÔÖÓ�Ð�Ñ

À�Ú�Ò� ÔÖÓÚ�� ÈÖÓÔÓ×�Ø�ÓÒ ¿º½� �Ò� ÈÖÓÔÓ×�Ø�ÓÒ ¿º¾¼¸ Û� �Ò ÒÓÛ ÓÒ¹
ÐÙ�� Ø�� ÔÖÓÓ� Ó� Ì��ÓÖ�Ñ ¿º½º

ÈÖÓÓ� Ó� Ì��ÓÖ�Ñ ¿º½
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ËØ�Ô ½ � �ÓÒ×ØÖÙØ�ÓÒ Ó� Ø�� Ð�Ñ�Ø ×ÓÐÙØ�ÓÒ Ó� Ø�� ��Ù�Ý ÔÖÓ�Ð�Ñ

Ì�� ÓÒ×Ø�ÒØ× λε ÓÒÚ�Ö�� ØÓ � ÓÒ×Ø�ÒØ λ ÙÔ ØÓ �Ò �ÜØÖ�Ø�ÓÒº Ì��
×ÓÐÙØ�ÓÒ× uε Ó� ´¿º½½µ Û�Ø� �Ò�Ø��Ð ÓÒ��Ø�ÓÒ ´¿º½¿µ �ÑÓÒ� Ø�� �ÜØÖ�Ø��
×Ù�×�ÕÙ�Ò� ÓÒÚ�Ö�� ØÓ � ×ÓÐÙØ�ÓÒ u Ó� ´¿º½µ¸´¿º½¿µ ÙÔ ØÓ �ÒÓØ��Ö �ÜØÖ�¹

Ø�ÓÒº ÁÒ����¸ �× Ø�� ÓÒÚ�Ö��Ò� �× �Ò C2+β,1+β
2 (K) �ÓÖ �ÐÐ ÓÑÔ�Ø ��ÐÐ

K ⊂ R × [0,+∞)¸ Û� ��Ú� Ø��Ø (uε)t(x, t) → ut(x, t) �Ò� Δuε(x, t) →
Δu(x, t) ÙÒ��ÓÖÑÐÝ ÓÒ R × [0,+∞)º �Ý Ø�� ÓÒØ�ÒÙ�ØÝ Ó� f ¸ Û� �Ð×Ó ��Ú�
f(x, uε(x, t))→ f(x, u(x, t)) ÙÒ��ÓÖÑÐÝ ÓÒ R× [0,+∞)º ��Ò�ÐÐÝ̧

M [uε] =

�

R

e−|z|(uε(x+ z)− uε(x))dz

=

�

R

e−|z|(uε(x+ z)− uε(x)− px)dz

≤ 2C

�

R

e−|z|dz

Ì�Ù× εM [uε]→ 0¸ ×Ó u �× � ×ÓÐÙØ�ÓÒ Ó� ´¿º½µ¸´¿º½¿µº
�ÙÖØ��ÖÑÓÖ�¸ u ×�Ø�×��× ´¿º¿µ¸ (i) �Ò� (ii)¸ Û�Ø� Ø�� ÓÒ×Ø�ÒØ λ �Ò� Ø��

ÓÒ×Ø�ÒØ C = C(p) = sup
ε>0

Cεº

ËØ�Ô ¾ � �ÓÒÐÙ×�ÓÒ

�× Ø�� ��Ù�Ý ÔÖÓ�Ð�Ñ ´¿º½µ¸´¿º½¿µ ��Ñ�Ø× � ×ÓÐÙØ�ÓÒ u ×�Ø�×�Ý�Ò� ´¿º¿µ¸
(i) �Ò� (ii)¸ Ù×�Ò� ÈÖÓÔÓ×�Ø�ÓÒ ¿º½� �Ò Ø�� �×� ε = 0¸ Û� ��Ú� Ø��Ø Ø��Ö�
�Ü�×Ø× � �ÐÓ��Ð ×ÓÐÙØ�ÓÒ Ó� ´¿º½µ¸ Û��� Û� Û�ÐÐ ×Ø�ÐÐ ÛÖ�Ø� u �ÓÖ ÓÒÚ�Ò��Ò�¸
Û��� ×�Ø�×��× ´¿º¿µ �Ò� ´¿º�µº

ÅÓÖ�ÓÚ�Ö¸ ÈÖÓÔÓ×�Ø�ÓÒ ¿º½� �Ð×Ó ×�ÓÛ× Ø��Ø ´¿º¿µ (i) �ÓÐ�× Û�Ø� � ÓÒ×Ø�ÒØ
C ′ > 0 �Ò��Ô�Ò��ÒØ Ó� p¸ �Ò� Ø��Ø Ø�� ÓÒ×Ø�ÒØ× λ(p) �Ö� ÙÒ��ÓÖÑÐÝ �ÓÙÒ���
�Ò pº

Ì��× Ð�×Ø ×Ø�Ô ÓÒÐÙ��× Ø�� ÔÖÓÓ� Ó� Ì��ÓÖ�Ñ ¿º½º

¿º� � ×ØÖÙØÙÖ�Ð ÔÖÓÔ�ÖØÝ �ÓÖ Ø�� ÔÐ�Ò�¹Ð��� ×ÓÐÙ¹
Ø�ÓÒ×

ÁÒ Ø��× ×�Ø�ÓÒ Û� ×�ÓÛ Ø��Ø Ø�� ÔÐ�Ò�¹Ð��� ×ÓÐÙØ�ÓÒ× ÓÒ×ØÖÙØ�� �Ò Ë�¹
Ø�ÓÒ ¿º� ×�Ø�×�Ý Ø�� ×ØÖÙØÙÖ� ÔÖÓÔ�ÖØÝ ´¿º�µ¸ Ø��Ö��Ý ×�ÓÛ�Ò� ÈÖÓÔÓ×�Ø�ÓÒ ¿º�º

ÈÖÓÔÓ×�Ø�ÓÒ ¿º¾¾º ´� Ö�Ð�Ü�� ÑÓÒÓØÓÒ��ØÝ ÔÖÓÔ�ÖØÝ �ÓÖ Ø�� �ÐÓ��Ð
×ÓÐÙØ�ÓÒµ

Ä�Ø u �� Ø�� ×ÓÐÙØ�ÓÒ Ó� ´¿º½µ ÓÒ R×R ×�Ø�×�Ý�Ò� ´¿º¿µ¸ ´¿º�µ ÓÒ×ØÖÙØ�� �Ò
Ø�� ÔÖÓÓ� Ó� Ì��ÓÖ�Ñ ¿º½º Ì��Ò u ×�Ø�×��× ´¿º�µº

ÈÖÓÓ� Ó� Ä�ÑÑ� ¿º¾¾

ÌÓ ÔÖÓÚ� Ø��× Ö�×ÙÐØ¸ Û� �ÒØÖÓ�Ù� Ø�� ×�Ø×

Ω+
a := {(x, t) | u(x, t) > a}
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�Ò�
Ω−

a := {(x, t) | u(x, t) < a} .
Ï� �Ö×Ø ÔÖÓÚ� Ø�� ÔÖÓÔ�ÖØÝ �ÓÖ Ø�� ×ÓÐÙØ�ÓÒ Ó� Ø�� ��Ù�Ý ÔÖÓ�Ð�Ñ ´¿º½µ¸´¿º½¿µ¸
Ø��Ø Û� ×Ø�ÐÐ ÛÖ�Ø� u �ÓÖ ÓÑÑÓ��ØÝº

ËØ�Ô ½ � � ÓÒÒ�Ü�ØÝ ÔÖÓÔ�ÖØÝ

�ÓÖ Ø�� ��Ù�Ý ÔÖÓ�Ð�Ñ¸ Û� �Ö×Ø ÔÖÓÚ� Ø��Ø �ÓÖ �ÐÐ T > 0¸ Ø�� ×�Ø

Ω+
a,T = Ω+

a ∩ (R× [0, T ])

�× ÓÒÒ�Ø��º �× u(x, 0) = px¸ Û� �ÒÓÛ Ø��Ø Ω+
a ∪(R×{0}) =

�

a
p ,+∞

�

×{0}º
ÅÓÖ�ÓÚ�Ö¸ �× |u(x, t)− px− λt| ≤ C ¸ Û� ��Ú� Ø�� �ÓÐÐÓÛ�Ò� �ÒÐÙ×�ÓÒ× �

{(x, t) | px+ λt > C + a} ⊂ Ω+
a ⊂ {(x, t) | px+ λt > −C + a} . ´¿º¾�µ

ÆÓÛ ×ÙÔÔÓ×� �Ý ÓÒØÖ���Ø�ÓÒ Ø��Ø Ω+
a,T �× ÒÓØ ÓÒÒ�Ø��¸ �Ò� ÓÒ×���Ö Ω1

� ÓÒÒ�Ø�� ÓÑÔÓÒ�ÒØ Ó� Ω+
a,T Ø��Ø �Ó�× ÒÓØ ÓÒØ��Ò ´�Ò� ��Ò� �× ÒÓØ

ÓÒÒ�Ø�� Û�Ø�µ Ø�� ��Ð�¹Ð�Ò�
�

a
p ,+∞

�

×{0}º ���Ù×� Ó� ´¿º¾�µ¸ Ω1 �× �ÒÐÙ���

�Ò Ø�� �ÓÙÒ��� ��Ò�

{(x, t) | −C + a < px+ λt ≤ C + a} ∪ (R× [0, T ]),

×Ó �Ø �× � �ÓÙÒ��� ×Ù�×�Ø Ó� R× [0, T ] Ø��Ø �× ÓÔ�Ò �Ò R× [0, T ]º ÆÓÛ ÓÒ×���Ö
�Ø× Ô�Ö��ÓÐ� �ÓÙÒ��ÖÝ ∂pΩ1 ´×�� ���Ò�Ø�ÓÒ ¿º�µ¸ �Ò� � ÔÓ�ÒØ (x, t) ∈ ∂pΩ1º
ÆÓÛ Û� ��Ú� ×�Ú�Ö�Ð �×�× �
�� 0 < t ≤ T ¸ Ø��Ò �Ý ÓÒØ�ÒÙ�ØÝ u(x, t) = a ´×�� ���ÙÖ� ¿º¾µº

�� t = 0¸ Û� Ö��ÐÐ Ø��Ø Ω1 �× ÒÓØ ÓÒÒ�Ø�� ØÓ Ø�� ��Ð�¹Ð�Ò�
�

a
p ,+∞

�

× {0}¸
×Ó u(x, t) ≤ a¸ �Ò� Û� �Ð×Ó ��Ø u(x, t) = a �Ý ÓÒØ�ÒÙ�ØÝº

������ ¿º¾ � ÁÐÐÙ×ØÖ�Ø�ÓÒ Ó� Ω+
a �Ò� Ω1 � u = a ÓÒ Ø�� Ô�Ö��ÓÐ� �ÓÙÒ��ÖÝ

Ó� Ω1º
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ËÓ Ω1 �× � �ÓÙÒ��� ×�Ø �ÓÖ Û��� u = a ÓÒ Ø�� Ô�Ö��ÓÐ� �ÓÙÒ��ÖÝ̧ �Ò�
u �× � ×ÓÐÙØ�ÓÒ Ó� ´¿º½µ ÓÒ Ω1¸ Û�Ø� ��Ö��Ð�Ø �ÓÙÒ��ÖÝ ÓÒ��Ø�ÓÒ a ÓÒ ∂pΩ1º
ÇÒ Ø�� ÓØ��Ö ��Ò�¸ Ø�� ÓÒ×Ø�ÒØ a �× �Ð×Ó � ×ÓÐÙØ�ÓÒ Ó� Ø��× ÔÖÓ�Ð�Ñº �Ý
Ø�� ÐÓ�Ð ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� ´ÈÖÓÔÓ×�Ø�ÓÒ ¿º�µ¸ u = a ÓÒ Ω1¸ Û��� �× �
ÓÒØÖ���Ø�ÓÒº Ì��Ö��ÓÖ�¸ Ω+

a,T �× ÓÒÒ�Ø��º

ÁÒ Ø�� ×�Ñ� Û�Ý̧ Û� �Ò ×�ÓÛ Ø��Ø Ω−
a,T �× ÓÒÒ�Ø��º

ËØ�Ô ¾ � ÈÖÓÓ� Ó� Ø�� ×ØÖÙØÙÖ� ÔÖÓÔ�ÖØÝ �ÓÖ Ø�� ��Ù�Ý ÔÖÓ�Ð�Ñ

´¿º½µ¸´¿º½¿µ
ÆÓÛ ×ÙÔÔÓ×� Ø��Ø ÔÖÓÔ�ÖØÝ ´¿º�µ �× ��Ð×� �ÓÖ Ø�� ×ÓÐÙØ�ÓÒ Ó� Ø�� ��Ù�Ý

ÔÖÓ�Ð�Ñ ´¿º½µ Û�Ø� �Ò�Ø��Ð ÓÒ��Ø�ÓÒ ´¿º½¿µº Ì��Ò Ø��Ö� �Ü�×Ø× � Ø�Ñ� t0 > 0
�Ò� ØÛÓ ÔÓ�ÒØ× (x1, t0) �Ò� (x2, t0) Û�Ø� x1 < x2 ×Ù� Ø��Ø

u(x2, t0) < a < u(x1, t0).

�× Ω+
a,t0 �× ÓÒÒ�Ø��¸ Ø��Ö� �× � Ô�Ø� �Ò Ω+

a,t0 ��ØÛ��Ò (x1, t0) �Ò�
�

a
p + 1, 0

�

º

Ë�Ñ�Ð�ÖÐÝ̧ Ω−
a,t0 �× ÓÒÒ�Ø��¸ ×Ó Ø��Ö� �× � Ô�Ø� �Ò Ω−

a,t0 ��ØÛ��Ò (x2, t0) �Ò�
�

a
p − 1, 0

�

º �ÙØ Ø��×� ØÛÓ Ô�Ø�× ÑÙ×Ø ÖÓ×× ��� ÓØ��Ö ´×�� ���ÙÖ� ¿º¿µ¸ Û���

�Ö�Ò�× � ÓÒØÖ���Ø�ÓÒ¸ ×Ó Ø�� ×ØÖÙØÙÖ� ÔÖÓÔ�ÖØÝ �ÓÐ�× �ÓÖ Ø�� ×ÓÐÙØ�ÓÒ Ó� Ø��
��Ù�Ý ÔÖÓ�Ð�Ñº

������ ¿º¿ � ÁÐÐÙ×ØÖ�Ø�ÓÒ Ó� Ø�� ÔÖÓÓ� Ó� Ä�ÑÑ� ¿º¾¾ �ÓÖ Ø�� ×ÓÐÙØ�ÓÒ Ó� Ø��
��Ù�Ý ÔÖÓ�Ð�Ñº
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ËØ�Ô ¿ � �ÓÒÐÙ×�ÓÒ

Ï� ×Ø�ÐÐ ÛÖ�Ø� u Ø�� ×ÓÐÙØ�ÓÒ Ó� Ø�� ��Ù�Ý ÔÖÓ�Ð�Ñ ´¿º½µ¸´¿º½¿µ¸ �Ò�
���Ò�

un = u(x, t+ n)− ⌊λn⌋
�× �Ò ËØ�Ô ½ Ó� Ø�� ÔÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ ¿º½�º Ì�� �ÙÒØ�ÓÒ× un ÓÒÚ�Ö��
×ØÖÓÒ�ÐÝ ØÓ � ×ÓÐÙØ�ÓÒ u∞ Ó� ´¿º½µ¸ �Ò� �Ø �× ��×Ý ØÓ ×�� Ø��Ø u∞ ×Ø�ÐÐ ×�Ø�×��×
´¿º�µº

ÁÒ Ø�� �×� Û��Ò λ �= 0¸ Ø��× ×ÓÐÙØ�ÓÒ u∞ �× Ø�� ×ÓÐÙØ�ÓÒ Û� ÓÒ×ØÖÙØ ØÓ
ÔÖÓÚ� Ì��ÓÖ�Ñ ¿º½¸ �Ò� �× u∞ ×�Ø�×��× ´¿º�µ¸ Ä�ÑÑ� ¿º¾¾ �ÓÐ�× �Ò Ø��× �×�º

Ê�Ñ��Ò× Ø�� �×� Û��Ö� λ = 0¸ Û��Ö� Û� Ù×� Ø�� ×ÓÐÙØ�ÓÒ u∞ ØÓ ÓÒ¹
×ØÖÙØ �ÒÓØ��Ö ×ÓÐÙØ�ÓÒ u Û���¸ �Ò ����Ø�ÓÒ ØÓ Ø�� ÔÖÓÔ�ÖØ��× Ó� u∞¸ �× �Ð×Ó
×Ø�Ø�ÓÒ�ÖÝº
ÁÒ Ø��Ø �×�¸ Ø�� ×ÓÐÙØ�ÓÒ u �× ÓÒ×ØÖÙØ�� �Ò ËØ�Ô � Ó� Ø�� ÔÖÓÓ� Ó� ÈÖÓÔÓ×�¹
Ø�ÓÒ ¿º½� Û�Ø� ε = 0º ËÓ Û� ���Ò�







u∞(x) = sup
t

(u∞(x, t))

u∞(x) = inf
t
(u∞(x, t))

�Ò� Û� �ÒÓÛ Ø��Ø u∞ �× � ×Ø�Ø�ÓÒ�ÖÝ ×ÙÔ�Ö×ÓÐÙØ�ÓÒ Ó� ´¿º½µ �Ò Ø�� Ú�×Ó×�ØÝ
×�Ò×�¸ �Ò� u∞ �× � ×Ø�Ø�ÓÒ�ÖÝ ×Ù�×ÓÐÙØ�ÓÒ Ó� ´¿º½µ �Ò Ø�� Ú�×Ó×�ØÝ ×�Ò×�º �×
u∞ �× �ÐÓ��ÐÐÝ Ä�Ô×��ØÞ ÓÒØ�ÒÙÓÙ×¸ �ÓØ� u∞ �Ò� u∞ �Ö� Ä�Ô×��ØÞ ÓÒØ�ÒÙ¹
ÓÙ×º ÅÓÖ�ÓÚ�Ö 0 ≤ u∞−u∞ ≤ 2C+1 �Ò� �ÓØ� u∞ �Ò� u∞ ×�Ø�×�Ý ´¿º¿µº Ï�
�Ò �Ð×Ó ×�ÓÛ Ø��Ý ×�Ø�×�Ý Ø�� ×ØÖÙØÙÖ� ÔÖÓÔ�ÖØÝ ´¿º�µº Ï� �Ó Ø�� ��ÑÓÒ×ØÖ�¹
Ø�ÓÒ �ÓÖ u∞¸ �Ø �× ×�Ñ�Ð�Ö �ÓÖ u∞º Ì��� x0 ∈ R ×Ù� Ø��Ø u∞(x0) > a � Ø��Ò¸ �Ý
Ø�� ÔÖÓÔ�ÖØÝ Ó� Ø�� ×ÙÔÖ�ÑÙÑ¸ Ø��Ö� �Ü�×Ø× t0 ∈ R ×Ù� Ø��Ø u∞(x0, t0) > aº
�× u∞ ×�Ø�×��× ´¿º�µ¸ �ÓÖ �ÐÐ x > x0¸ u∞(x, t0) ≥ a �Ò� Ø�Ù× u∞(x) > a¸
Û��� ×�ÓÛ× Ø��Ø u∞ ×�Ø�×�Ý ´¿º�µº

�Ý È�ÖÖÓÒ³× Ñ�Ø�Ó� ´ÈÖÓÔÓ×�Ø�ÓÒ ¿º�µ¸ Ø��Ö� �Ü�×Ø � ×Ø�Ø�ÓÒ�ÖÝ ×ÓÐÙØ�ÓÒ u
Ó� ´¿º½µ �Ò Ø�� Ú�×Ó×�ØÝ ×�Ò×� �Ò� u∞ ≤ u ≤ u∞+⌈2C⌉+1º �Ý Ø�� Ö��ÙÐ�Ö�ØÝ
Ö�×ÙÐØ Ó� ÈÖÓÔÓ×�Ø�ÓÒ ¿º½�¸ u ∈ C2,1

loc (R
2) �Ò� �Ò Ô�ÖØ�ÙÐ�Ö u �× Ä�Ô×��ØÞº Ï�

×�ÓÛ �Ý ÓÒØÖ���Ø�ÓÒ Ø��Ø Ø��× ×ÓÐÙØ�ÓÒ u ÓÒ×ØÖÙØ�� �Ý È�ÖÖÓÒ³× Ñ�Ø�Ó�
×�Ø�×��× Ø�� ×ØÖÙØÙÖ� ÔÖÓÔ�ÖØÝº

Ï� ×ÙÔÔÓ×� Ø��Ö� �Ü�×Ø× a ∈ R Û�Ø� f(x, a) = 0 �Ò� � ÓÙÔÐ� (x1, x2) ∈ R2

×Ù� Ø��Ø x1 ≤ x2 �Ò� u(x2) < a < u(x1)º Í×�Ò� ´¿º¿µ ´��µ¸ ÙÔ ØÓ Ö����Ò�Ò�
x1 �Ò� x2¸ Û� �Ò ×ÙÔÔÓ×� x2 − x1 < p−1º Ï� Ø��Ò ÓÒ×���Ö x3 = x1 + p−1¸
�Ò� Û� ��Ú� u(x3) = u(x1) + 1 > aº �× u∞(x1) + ⌈2C⌉+1 ≥ u(x1) > a �Ò�
u∞ + ⌈2C⌉+ 1 ×�Ø�×��× Ø�� ×ØÖÙØÙÖ� ÔÖÓÔ�ÖØÝ ´¿º�µ¸ Û� �ÒÓÛ Ø��Ø

u+ ⌈2C⌉+ 1 ≥ a ÓÒ [x1,+∞) ⊃ [x1, x3].

ÆÓÛ Û� Ó�×�ÖÚ� Ø��Ø Ø�� ÓÒ×Ø�ÒØ a �× � ×Ù�×ÓÐÙØ�ÓÒ Ó� ´¿º½µ ÓÒ [x1, x3]¸ ×Ó
�� Û� ÒÓØ�

ũ =

�

u(x) Û��Ò x /∈ [x1, x3]
max(u(x), a) Û��Ò x ∈ [x1, x3]

,



½¼� �������� �� ���������� ���� ���������

Ø��Ò ũ �× �Ð×Ó � ×Ù�×ÓÐÙØ�ÓÒ Ó� ´¿º½µ ÓÒ Rº ÁÒ����¸ ũ �× � ×ÙÔÖ�ÑÙÑ Ó�
×Ù�×ÓÐÙØ�ÓÒ× ÓÒ (−∞, x1)¸ (x1, x3) �Ò� (x3,+∞)º �× Ù �× Ä�Ô×��ØÞ¸ ũ = u �Ò
� Ò�����ÓÙÖ�ÓÓ� Ó� x1 �Ò� x3 ×Ó ũ �× � ×Ù�×ÓÐÙØ�ÓÒ Ó� ´¿º½µ ÓÒ Rº

ÅÓÖ�ÓÚ�Ö¸ u ≤ ũ ≤ u + ⌈2C⌉ + 1¸ �Ò� ũ(x2) = a > u(x2)¸ ×Ó Ø��×
ÓÒØÖ���Ø× Ø�� Ñ�Ü�Ñ�Ð�ØÝ Ó� Ø�� ×Ù�×ÓÐÙØ�ÓÒ u ÓÒ×ØÖÙØ�� �Ý È�ÖÖÓÒ³×
Ñ�Ø�Ó�º Ì��× ÓÒØÖ���Ø�ÓÒ ÓÒÐÙ��× Ø�� ÔÖÓÓ� Ó� Ä�ÑÑ� ¿º¾¾º

¿º� �Ò�ÐÝ×�× Ó� Ø�� ×��Ò Ó� λ

ÈÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ ¿º¾

ÁÒ Ø��× ÔÖÓÓ� Û� ÓÒ×���Ö p > 0¸ �Ò� Û� ×ÙÔÔÓ×�¸ �ÓÖ ×�ÑÔÐ��ØÝ̧ Ø��Ø λ > 0
´Ø�� ÔÖÓÓ� �× ÓÑÔÐ�Ø�ÐÝ ×�Ñ�Ð�Ö Û��Ò λ < 0µº

Í×�Ò� ´¿º¿µ¸ (ii) �Ò� ´¿º�µ¸ Û� ��Ú� Ø�� Ö�Ð�Ø�ÓÒ

u

�

x, t+
1

λ

�

= u(x, t) + 1.

Ì�� ÔÖÓ�×× Ó� Ø��× ÔÖÓÓ� �× Ø��Ò ØÓ ÑÙÐØ�ÔÐÝ ´¿º½µ �Ý Ø�� ÕÙ�ÒØ�ØÝ ut �Ò�

�ÒØ��Ö�Ø� ÓÒ Ø�� �ÓÜ

�

0,
1

p

�

×
�

0,
1

λ

�

¸ Û��� ��Ú�× Ø�� �ÓÐÐÓÛ�Ò� �ÕÙ�Ð�ØÝ

� 1
p

0

� 1
λ

0
u2t =

� 1
p

0

� 1
λ

0
uxxut +

� 1
p

0

� 1
λ

0
f(x, u(x, t))ut(x, t)

Ï� �Ò�ÐÝ×� ��� Ø�ÖÑ ×�Ô�Ö�Ø�ÐÝ �

� 1
p

0

� 1
λ

0
u2t > 0.

Ì��× Ø�ÖÑ �× Ð��ÖÐÝ ÒÓÒ¹Ò���Ø�Ú�¸ �Ò� �× λ > 0¸ �Ø �Ò ÒÓØ �� Þ�ÖÓ ���Ù×�
Ó� ´¿º¿µº �Ò �ÒØ��Ö�Ø�ÓÒ �Ý Ô�ÖØ× ×�ÓÛ× Ø��Ø Ø�� ×�ÓÒ� Ø�ÖÑ �× Þ�ÖÓ �

� 1
p

0

� 1
λ

0
uxxut

=

� 1
λ

0

�

−
� 1

p

0
uxuxt + ux

�

1

p
, t

�

ut

�

1

p
, t

�

− ux (0, t) ut (0, t)

�

dt

= −
� 1

p

0

�

u2x

�

x,
1

λ

�

− u2x (x, 0)

�

dx = 0.

��Ò�ÐÐÝ̧ Û� ÓÑÔÙØ� Ø�� Ð�×Ø Ø�ÖÑ Ù×�Ò� Ø�� ��Ò�� Ó� Ú�Ö���Ð� v = u(x, t) �

� 1
p

0

� 1
λ

0
f(x, u(x, t))ut(x, t)dtdx =

� 1
p

0

� u(x,0)+1

u(x,0)
f(x, v)dvdx

=
1

p

� 1

0

� 1

0
f(x, v)dvdx.



���� �������� �� ��� ���� �� λ ½¼�

�× � ÓÒ×�ÕÙ�Ò�¸ Û� ��Ú�
�

[0,1]2
f(x, v)dvdx > 0,

Û��� ÔÖÓÚ�× ÈÖÓÔÓ×�Ø�ÓÒ ¿º¾ �Ò Ø�� �×� λ > 0º
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Ê���Ö�Ò�×

�½℄ Çº �Ö�Ò�¸ � ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� �ÓÖ ÕÙ�×�Ð�Ò��Ö Ô�Ö��ÓÐ� ����Ö�Ò¹
Ø��Ð �Ò�ÕÙ�Ð�Ø��×¸ ÈÖÓº �Ñ�Öº Å�Ø�º ËÓº ¿¾ ´½��¾µ¸ �����¼¾º

�¾℄ �º ��ÖÐ�×¸ �º ���××���Ò�¸ �º ÁÑ��ÖØ¸ ÇÒ Ø�� ��Ö��Ð�Ø ÔÖÓ�Ð�Ñ �ÓÖ ×�ÓÒ�¹
ÓÖ��Ö �ÐÐ�ÔØ� �ÒØ��ÖÓ¹����Ö�ÒØ��Ð �ÕÙ�Ø�ÓÒ×º ÁÒ���Ò� ÍÒ�Úº Å�Ø�º Âº¸ ��
´¾¼¼�µ¸ ÒÓº ½¸ ¾½¿�¾��º

�¿℄ Ìº �Ð�××¸ Êº �� Ä� ÄÐ�Ú�¸ �º Î�Ð��ÒÓ�¸ � ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� �ÓÖ �
ËÓ�ÓÐ�Ú �Ö����ÒØ ×�Ñ�¹�ÓÛ¸ �ÓÑÑÙÒº ÈÙÖ� �ÔÔÐº �Ò�Ðº ½¼ ´¾¼½½µ¸ ÒÓº ½¸
����½º

��℄ Äº ����Ö�ÐÐ�¸ Êº �� Ä� ÄÐ�Ú�¸ ÈÐ�Ò�¹Ð���¹Ñ�Ò�Ñ�Þ�Ö× �Ò Ô�Ö�Ó�� Ñ����¸
�ÓÑÑÙÒº ÈÙÖ� �ÔÔÐº Å�Ø�º �� ´¾¼¼½µ¸ ÒÓº ½¾¸ ½�¼¿�½��½º

��℄ Åº �º �Ö�Ò��ÐÐ¸ Àº Á×���¸ Èº¹Äº Ä�ÓÒ×¸ Í×�Ö³× �Ù��� ØÓ Ú�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ× Ó�
×�ÓÒ� ÓÖ��Ö Ô�ÖØ��Ð ����Ö�ÒØ��Ð �ÕÙ�Ø�ÓÒ×º �ÙÐÐº �Ñ�Öº Å�Ø�º ËÓº ´ÆºËºµ¸
¾� ´½��¾µ¸ ÒÓº ½¸ ½���º

��℄ Àº ��Ö�×ØÝ��¸ Äº Æ�Ö�Ò��Ö�¸ ÌÖ�Ú�ÐÐ�Ò� �ÖÓÒØ× �Ò ÝÐ�Ò��Ö×¸ �ÒÒº ÁÒ×Øº Àº
ÈÓ�Ò�Ö� �Ò�Ðº ÆÓÒ Ä�Ò���Ö�¸ � ´½��¾µ¸ ÒÓº �¸ ������¾º

��℄ �º ��Ú�Ð�¸ ÈÐ�Ò�¹Ð��� Ñ�Ò�Ñ�Þ�Ö× �ÓÖ �Ò �Ö��¹��Ö��Ð�Ø �ÒØ��Ö�Ð¸ �Ö�º Ê�¹
Ø�ÓÒ�Ð Å��º �Ò�Ðº ¾¼� ´¾¼½¿µ¸ ��¿����º

��℄ Êº �� Ä� ÄÐ�Ú�¸ �º Î�Ð��ÒÓ�¸ � ��Ò�Ö�Ð�Þ�Ø�ÓÒ Ó� �Ù�ÖÝ¹Å�Ø��Ö Ø��ÓÖÝ
ØÓ Ô�ÖØ��Ð ����Ö�ÒØ��Ð �ÕÙ�Ø�ÓÒ× �Ò� Ô×�Ù�Ó¹����Ö�ÒØ��Ð �ÕÙ�Ø�ÓÒ×¸ �ÒÒ�Ð�×
�� Ð³ÁÒ×Ø�ØÙØ À�ÒÖ� ÈÓ�Ò�Ö� ´�µ ÆÓÒ Ä�Ò��Ö �Ò�ÐÝ×�× ¾� ´¾¼¼�µ¸ ÒÓº �¸
½¿¼��½¿��º

��℄ Çº �º Ä��ÝÞ�Ò×��Ý�¸ Îº �º ËÓÐÓÒÒ��ÓÚ¸ Æº Æº ÍÖ�Ð�Ú�¸ Ä�Ò��Ö �Ò� ÕÙ�×�¹
Ð�Ò��Ö �ÕÙ�Ø�ÓÒ× Ó� Ô�Ö��ÓÐ� ØÝÔ�º ´ÊÙ××��Òµ ÌÖ�Ò×Ð�Ø�ÓÒ× Ó� Å�Ø��Ñ�Ø��Ð
ÅÓÒÓ�Ö�Ô�×¸ ÎÓÐº ¾¿ �Ñ�Ö��Ò Å�Ø��Ñ�Ø��Ð ËÓ��ØÝ̧ ÈÖÓÚ���Ò�¸ ÊºÁº¸
½���º

�½¼℄ �º Åº Ä����ÖÑ�Ò¸ Ë�ÓÒ� ÓÖ��Ö Ô�Ö��ÓÐ� ����Ö�ÒØ��Ð �ÕÙ�Ø�ÓÒ×º ÏÓÖÐ�
Ë��ÒØ�� ÈÙ�Ð�×��Ò� �Óº¸ ÁÒº¸ Ê�Ú�Ö ����¸ ÆÂ¸ ½��� º

�½½℄ �º Î�Ð��ÒÓ� ÈÐ�Ò�¹Ð��� Ñ�Ò�Ñ�Þ�Ö× �Ò Ô�Ö�Ó�� Ñ���� � ��Ø �ÓÛ× �Ò�
��ÒÞ�ÙÖ�¹Ä�Ò��Ù¹ØÝÔ� �ÙÒØ�ÓÒ�Ð× Âº Ê��Ò� �Ò��Ûº Å�Ø�º ��� ´¾¼¼�µ¸
½���½��º

½¼�



½½¼ ����������



���Ô�ØÖ� �

ÈÙÐ×�Ø�Ò� ØÖ�Ú�ÐÐ�Ò� Û�Ú�×

�ÓÖ Ø�� ��×Ø��Ð� �×� �Ò

��Ñ�Ò×�ÓÒ ÓÒ�

Ì��× ÛÓÖ� ��× ���Ò ÛÖ�ØØ�Ò �Ò ÓÐÐ��ÓÖ�Ø�ÓÒ Û�Ø� Ê���× ÅÓÒÒ��Ù ´��Ê¹
ÅÁ�Ë¸ �ÆÈ�µº

��×ØÖ�Ø

ÁÒ Ø��× Ô�Ô�Ö Û� ÓÒ×���Ö � Ö��Ø�ÓÒ¹���Ù×�ÓÒ �ÕÙ�Ø�ÓÒ �Ò � Ô�Ö�Ó�� Ñ���ÙÑº

Ì��× �× � Ô�Ö��ÓÐ� ×�Ñ�Ð�Ò��Ö �ÕÙ�Ø�ÓÒ �Ò ��Ñ�Ò×�ÓÒ ÓÒ�º Ì�� ÒÓÒÐ�Ò��Ö�ØÝ �× ��×Ø��Ð�

�Ò� Ô�Ö�Ó�� �Ò ×Ô�� Û�Ø� �Ü�� Þ�ÖÓ× ´Û�Ø� Ö�×Ô�Ø ØÓ ×Ô�� Ú�Ö���Ð�µº ÍÒ��Ö �Ö¹

Ø��Ò �××ÙÑÔØ�ÓÒ×¸ Û� ÓÒ×ØÖÙØ ÔÙÐ×�Ø�Ò� ØÖ�Ú�ÐÐ�Ò� Û�Ú�× Û��� �Ö� ÙÒ�ÕÙ� ´ÙÔ ØÓ

ØÖ�Ò×Ð�Ø�ÓÒ×µ Û��Ò Ø���Ö Ú�ÐÓ�ØÝ �× ÒÓÒ Þ�ÖÓº Ï� �Ð×Ó ×�ÓÛ Ø�� ÙÒ�ÕÙ�Ò�×× Ó� Ø��

Ú�ÐÓ�ØÝº ÇÙÖ Ñ�Ø�Ó� Ó� ÔÖÓÓ� �× Ò�Û �Ò� �× Ö�Ð�Ø�� ØÓ Ø�� ÓÒ×ØÖÙØ�ÓÒ Ó� ÓÖÖ�ØÓÖ×

�Ò �ÓÑÓ��Ò�Þ�Ø�ÓÒ ÔÖÓ�Ð�Ñ×º

�ÅË �Ð�××���Ø�ÓÒ � ¿�Ã��

Ã�ÝÛÓÖ�× � ��×Ø��Ð�¸ ÔÙÐ×�Ø�Ò� ØÖ�Ú�ÐÐ�Ò� Û�Ú�¸ Ô�Ö�Ó�� Ñ���ÙÑ¸ ×�Ñ�Ð�Ò��Ö �ÕÙ�¹

Ø�ÓÒ×¸ �ÓÑÓ��Ò�Þ�Ø�ÓÒº

�º½ ÁÒØÖÓ�ÙØ�ÓÒ

�º½º½ Ë�ØØ�Ò� Ó� Ø�� ÔÖÓ�Ð�Ñ

Ï� ÓÒ×���Ö ×ÓÐÙØ�ÓÒ× u(x, t) Ó� Ø�� �ÓÐÐÓÛ�Ò� Ô�Ö��ÓÐ� ×�Ñ�Ð�Ò��Ö �ÕÙ�¹
Ø�ÓÒ �ÓÖ x ∈ R¸ t > 0 �

ut = uxx + f(x, u), ´�º½µ

�ÓÖ ×ÓÑ� �ÙÒØ�ÓÒ f Û��� �× 1¹Ô�Ö�Ó�� �Ò x �Ò� �× Ó� ��×Ø��Ð� ØÝÔ� �Ò uº
ÇÙÖ �Ó�Ð �× ØÓ ÓÒ×ØÖÙØ ÔÙÐ×�Ø�Ò� ØÖ�Ú�ÐÐ�Ò� Û�Ú�× ÑÓÚ�Ò� Û�Ø� � ×Ù�Ø��Ð�

½½½



½½¾ �������� �� ��������� ���������� �����

Ú�ÐÓ�ØÝ c0¸ �º�º ×�Ø�×�Ý�Ò� ´Û��Ò c0 �= 0µ �

u

�

x+ 1, t− 1

c0

�

= u(x, t).

ÌÓ Ø��× �Ò�¸ Û� �××ÙÑ� Ø��Ø Ø�� �ÙÒØ�ÓÒ f ×�Ø�×��× Ø�� �ÓÐÐÓÛ�Ò� ÓÒ��Ø�ÓÒ× �

Ê��ÙÐ�Ö�ØÝ �Ò� Z¹Ô�Ö�Ó���ØÝ ÔÖÓÔ�ÖØ��× �
�

f ∈ C1(R× [0, 1];R)
f(x+ k, v) = f(x, v) �ÓÖ �ÐÐ k ∈ Z, (x, v) ∈ R× [0, 1]

´�º¾µ

��×Ø���Ð�ØÝ � Ì��Ö� �Ü�×Ø× θ ∈ (0, 1) ×Ù� Ø��Ø






























f(x, 0) = f(x, θ) = f(x, 1) = 0 �ÓÖ �ÐÐ x ∈ R

f(x, v) < 0 �ÓÖ �ÐÐ v ∈ (0, θ), x ∈ R

f(x, v) > 0 �ÓÖ �ÐÐ v ∈ (θ, 1), x ∈ R

f ′
u(x, θ) > 0 �ÓÖ �ÐÐ x ∈ R

∃η0 > 0 ×Ù� Ø��Ø ,∀x ∈ R

Ø�� Ñ�Ô v �→ f(x, v) �× ��Ö��×�Ò� ÓÒ [0, η0] ∪ [1− η0, 1]
´�º¿µ

Û��Ö� f ′
u :=

∂f

∂u
º

Ï� Ö���Ö ØÓ ���ÙÖ� �º½ �ÓÖ �Ò �ÐÐÙ×ØÖ�Ø�ÓÒ Ó� Ø�� �ÙÒØ�ÓÒ f Û�Ø� Ø�Ö��
Þ�ÖÓ× Û��� �Ö� �Ò��Ô�Ò��ÒØ ÓÒ x � ØÛÓ ×Ø��Ð� Þ�ÖÓ× �Ø 0 �Ò� 1 �Ò� ÓÒ�
ÙÒ×Ø��Ð� Þ�ÖÓ �Ø θº

f(x,u)

0 θ 1 u

������ �º½ � Ì�� ��×Ø��Ð� ÒÓÒÐ�Ò��Ö�ØÝ f º

ÁÒ ÓÖ��Ö ØÓ ÔÖÓÚ� Ø�� ÙÒ�ÕÙ�Ò�×× Ó� Ø�� Ú�ÐÓ�ØÝ Ó� ÔÖÓÔ���Ø�ÓÒ Ó� Ø��
ÔÙÐ×�Ø�Ò� ØÖ�Ú�ÐÐ�Ò� Û�Ú� ´Û��� Û� Û�ÐÐ Ø��Ò ×ÓÑ�Ø�Ñ�× ÛÖ�Ø� ÈÌÏµ¸ Û�
Û�ÐÐ Ò��� Ø�� �ÓÐÐÓÛ�Ò� ����Ø�ÓÒ�Ð �××ÙÑÔØ�ÓÒ �



���� ������������ ½½¿

ËØÖÓÒ� ×Ø���Ð�ØÝ Ó� 0 �Ò� 1 �
�

f ′
u(x, 0) = −δ0 < 0 �ÓÖ �ÐÐ x ∈ R

f ′
u(x, 1) = −δ1 < 0 �ÓÖ �ÐÐ x ∈ R

´�º�µ

Û��Ö� δ0, δ1 �Ö� ×ÓÑ� ÔÓ×�Ø�Ú� ÓÒ×Ø�ÒØ×º

�º½º¾ Å��Ò Ö�×ÙÐØ×

Ì��ÓÖ�Ñ �º½º ´�Ü�×Ø�Ò� �Ò� ÙÒ�ÕÙ�Ò�×× Ó� ÔÙÐ×�Ø�Ò� ØÖ�Ú�ÐÐ�Ò�

Û�Ú�×µ

�××ÙÑ� ´�º¾µ¸´�º¿µº Ì��Ò Ø��Ö� �Ü�×Ø× c0 ∈ R �Ò� Ø��Ö� �Ü�×Ø× u ×ÓÐÙØ�ÓÒ Ó�
´�º½µ ÓÒ R× R ×Ù� Ø��Ø























c0ut ≥ 0
0 ≤ u ≤ 1
lim inf

x+c0t→+∞
u(x, t) = 1

lim sup
x+c0t→−∞

u(x, t) = 0

´�º�µ

�Ò�






u

�

x+ 1, t− 1

c0

�

= u(x, t), �� c0 �= 0

u(x, t) �Ó�× ÒÓØ ��Ô�Ò� ÓÒ t¸ �� c0 = 0.
´�º�µ

ÅÓÖ�ÓÚ�Ö¸ �� (c0, u) �× � ×ÓÐÙØ�ÓÒ Ó� ´�º½µ ×�Ø�×�Ý�Ò� ´�º�µ¸´�º�µ �Ò� �� c0 �= 0¸
Ø��Ò Ø�� ÔÖÓ�Ð� u �× ÙÒ�ÕÙ� ÙÔ ØÓ � Ø�Ñ� ØÖ�Ò×Ð�Ø�ÓÒº

Ê�Ñ�Ö� �º¾º ÍÔ ØÓ ÓÙÖ �ÒÓÛÐ����¸ Ø�� ÙÒ�ÕÙ�Ò�×× ÓÖ ÒÓÒ¹ÙÒ�ÕÙ�Ò�×× Ó� Ø��
ÔÖÓ�Ð� u �× ÙÒ�ÒÓÛÒ �ÓÖ c0 = 0º

Ì��ÓÖ�Ñ �º¿º ´ÍÒ�ÕÙ�Ò�×× Ó� Ø�� Ú�ÐÓ�ØÝ c0µ
ÍÒ��Ö �××ÙÑÔØ�ÓÒ× ´�º¾µ¸´�º¿µ¸´�º�µ¸ Ø�� Ú�ÐÓ�ØÝ c0 ∈ R ��Ú�Ò �Ò Ì��ÓÖ�Ñ �º½
�× ÙÒ�ÕÙ�º

Ê�Ñ�Ö� �º�º �ÓÒ��Ø�ÓÒ ´�º�µ �× � Ø��Ò��Ð �××ÙÑÔØ�ÓÒ¸ �Ò� �Ø ×��Ñ× Ö��¹
×ÓÒ��Ð� ØÓ Ø��Ò� Ø��Ø Ø�� ÙÒ�ÕÙ�Ò�×× Ó� c0 ÓÙÐ� �ÓÐ� ÙÒ��Ö Û����Ö ÓÒ��Ø�ÓÒ×º
ÁÒ Ô�ÖØ�ÙÐ�Ö¸ �Ø ×�ÓÙÐ� �� ÔÓ××��Ð� ØÓ ���ÔØ Ø�� ÙÒ�ÕÙ�Ò�×× ÔÖÓÓ� ��Ú�×�� �Ý
��Ö�×ØÝ�� �Ò� À�Ñ�Ð �Ò �¾℄ ØÓ ÓÙÖ �×�¸ Û��� ÛÓÙÐ� �Ò��Ð� Ù× ØÓ Ð��Ø �×¹
×ÙÑÔØ�ÓÒ ´�º�µ ÓÑÔÐ�Ø�ÐÝº

�º½º¿ Ê�Ú��Û Ó� Ø�� Ð�Ø�Ö�ØÙÖ�

Ì�� �ÓÑÓ��Ò�ÓÙ× Ö��Ø�ÓÒ¹���Ù×�ÓÒ �ÕÙ�Ø�ÓÒ

ut = uxx + u(1− u)
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Û�× �Ö×Ø ×ØÙ���� �Ò Ø�� Ô�ÓÒ��Ö�Ò� Ô�Ô�Ö× Ó� ÃÓÐÑÓ�ÓÖÓÚ¸ È�ØÖÓÚ×�Ý �Ò�
È�×�ÙÒÓÚ �½½℄¸ �Ò� ��×��Ö �½¼℄º Ì��× �ÓÑÓ��Ò�ÓÙ× �ÕÙ�Ø�ÓÒ ��Ñ�Ø× ×ÓÐÙØ�ÓÒ×
Ø��Ø ��Ú� Ø�� �ÓÖÑ Ó� ÔÐ�Ò�Ö �ÖÓÒØ× ´ØÖ�Ú�ÐÐ�Ò� �ÖÓÒØ×µ u(x, t) = U(x + ct)
Û�Ø� c Ø�� Ú�ÐÓ�ØÝ Ó� Ø�� Û�Ú�º Á� Û� ��� � ��Ø�ÖÓ��Ò�ÓÙ× ��Ú�Ø�ÓÒ Ø�ÖÑ �Ò�
ÛÓÖ� �Ò �����Ö ��Ñ�Ò×�ÓÒ¸ Ø�� �Ü�×Ø�Ò� Ó� ØÖ�Ú�ÐÐ�Ò� �ÖÓÒØ× ��× ���Ò ÔÖÓÚ��
�Ý ��Ö�×ØÝ�� �Ò� Æ�Ö�Ò��Ö� ��℄ �Ò� ��Ö�×ØÝ��¸ Ä�ÖÖÓÙØÙÖÓÙ �Ò� Ä�ÓÒ× ��℄
Û��Ò Ø�� ��Ú�Ø�ÓÒ Ø�ÖÑ �Ó�× ÒÓØ ��Ô�Ò� ÓÒ Ø�� Ú�Ö���Ð� Ó� Ø�� ��Ö�Ø�ÓÒ
Ó� ÔÖÓÔ���Ø�ÓÒº ÁÒ �½�℄¸ Ë����×���¸ Ã�Û�×��� �Ò� Ì�Ö�ÑÓØÓ �ÒØÖÓ�Ù�� Ø��
ÒÓØ�ÓÒ Ó� ÔÙÐ×�Ø�Ò� ØÖ�Ú�ÐÐ�Ò� �ÖÓÒØ×¸ Û��� ��Ò�Ö�Ð�Þ�× Ø�� ÒÓØ�ÓÒ Ó� ØÖ�Ú�ÐÐ�Ò�
�ÖÓÒØ× Û��Ò Ø�� �ÙÒØ�ÓÒ�Ð ÓÔ�Ö�ØÓÖ ÓÖ Ø�� ÒÓÒÐ�Ò��Ö�ØÝ f ��Ô�Ò� ÓÒ x �Ò�
�Ö� Ô�Ö�Ó��º

�Ü�×Ø�Ò� Ó� ÔÙÐ×�Ø�Ò� ØÖ�Ú�ÐÐ�Ò� �ÖÓÒØ× ��× ���Ò ÔÖÓÚ�� �Ò Ø�� �×� Ó�
×Ô��¹Ô�Ö�Ó�� ��Ú�Ø�ÓÒ �Ò� ÒÓÒÒ���Ø�Ú� ÒÓÒÐ�Ò��Ö�ØÝ f �Ý Âº ��Ò �Ò �½�℄
�Ò� Ø�� Ö�×ÙÐØ ��× ���Ò �ÜØ�Ò��� ØÓ � �ÙÐÐÝ ×Ô�� Ô�Ö�Ó�� �ÒÚ�ÖÓÒÑ�ÒØ¸
Û��Ò Ø�� �ÕÙ�Ø�ÓÒ ��× Ø�� �ÓÖÑ

ut = ��Ú(a(x)∇u) + b(x).∇u+ f(u, x),

Û�Ø� � ÔÓ×�Ø�Ú� ÒÓÒÐ�Ò��Ö�ØÝ f ¸ �Ý ��Ö�×ØÝ�� �Ò� À�Ñ�Ð �Ò �¾℄¸ �ÑÓÒ� ÓØ��Ö
ÑÓÖ� ��Ò�Ö�Ð Ö�×ÙÐØ×º ÅÓÖ� Ö��ÒØÐÝ̧ �Ü�×Ø�Ò� Ó� ÔÙÐ×�Ø�Ò� ØÖ�Ú�ÐÐ�Ò� �ÖÓÒØ×
��× ���Ò ÔÖÓÚ�� �Ò � ÑÓÖ� ��Ò�Ö�Ð ÓÒØ�ÜØ¸ Û��Ö� a¸ b �Ò� f �Ð×Ó ��Ô�Ò� ÓÒ
Ø�Ñ�¸ ×�� Æ���Ò �½�℄º

ÍÒØ�Ð Ö��ÒØÐÝ Ø��Ö� Û�Ö� ��Û Ö�×ÙÐØ× �ÓÖ Ø�� �Ü�×Ø�Ò� Ó� ÔÙÐ×�Ø�Ò� ØÖ�Ú�Ð¹
Ð�Ò� Û�Ú�× �Ò Ø�� �×� Ó� ÑÓÖ� ��Ò�Ö�Ð ÒÓÒÐ�Ò��Ö�Ø��× f º �ÓÒØ�ÒÙ�Ò� Ø�� Ö�×ÙÐØ×
Ñ�ÒØ�ÓÒ�� ��ÓÚ�¸ ��Ö�×ØÝ��¸ À�Ñ�Ð �Ò� ÊÓÕÙ�× �� ���Ö�××�� Ø�� �×� Ó�
� ÑÓÒÓ×Ø��Ð� ÒÓÒÐ�Ò��Ö�ØÝ Ø���Ò� Ò���Ø�Ú� Ú�ÐÙ�×º ÁÒ Ø�� ��×Ø��Ð� �×�¸ �º
��Ò �½�℄ ×�ÓÛ�� �Ò ½��½ Ø�� �Ü�×Ø�Ò� Ó� ÔÙÐ×�Ø�Ò� ØÖ�Ú�ÐÐ�Ò� Û�Ú�× �Ò � Ô�Ö�¹
Ó�� Ñ���ÙÑ �ÓÖ � ��×Ø��Ð� ÒÓÒÐ�Ò��Ö�ØÝ f ¸ Û��Ò Ø�� ��Ô�Ò��Ò� �Ò Ø�� ×Ô��
Ú�Ö���Ð� �× � ×Ñ�ÐÐ Ô�ÖØÙÖ��Ø�ÓÒ Ó� Ø�� �ÓÑÓ��Ò�ÓÙ× �×�¸ �Ò� f ÓÒÐÝ ��Ô�Ò�×
ÓÒ uº ÁÒ ��℄¸ ���Ò¸ �ÙÓ �Ò� ÏÙ ×�ÓÛ�� Ø�� �Ü�×Ø�Ò� Ó� ØÖ�Ú�ÐÐ�Ò� Û�Ú�× �Ò
� ��×Ö�Ø� Ô�Ö�Ó�� ×�ØØ�Ò� Û�Ø� ��×Ø��Ð� ÒÓÒÐ�Ò��Ö�ØÝ̧ �× Û�ÐÐ �× ÙÒ�ÕÙ�Ò�××
�Ò� ×Ø���Ð�ØÝ Ö�×ÙÐØ×º

ÁÒ ��℄ ��Ð�ØØ�¸ �ÙÖÓØ �Ò� Å�Ø�ÒÓ ×�ÓÛ Ø�� �Ü�×Ø�Ò� Ó� ÔÙÐ×�Ø�Ò� ØÖ�Ú¹
�ÐÐ�Ò� Û�Ú�× ÙÒ��Ö Ñ�Ð� �××ÙÑÔØ�ÓÒ× �Ò � Ú�ÖÝ ��Ò�Ö�Ð ÓÒØ�ÜØ¸ Û��Ö� Ø��
ÒÓÒÐ�Ò��Ö�ØÝ �Ò �� ÑÓÒÓ×Ø��Ð�¸ ��×Ø��Ð�¸ ÓÖ �Ú�Ò ÑÓÖ� ÓÑÔÐ�Üº ÁÒ Ø�� Ô�Ö¹
Ø�ÙÐ�Ö �×� Ó� � ��×Ø��Ð� ÒÓÒÐ�Ò��Ö�ØÝ̧ Ø��Ý ×�ÓÛ Ø�� �Ü�×Ø�Ò� Ó� ÔÙÐ×�Ø�Ò�
ØÖ�Ú�ÐÐ�Ò� Û�Ú�× ��ØÛ��Ò Ø�� ×Ø��Ð� ×Ø�Ø� 0 �Ò� � ÔÓ×�Ø�Ú� ×Ø��Ð� ×Ø�Ø� p(x)
ÙÒ��Ö ØÛÓ �ÑÔÐ��Ø ÓÒ��Ø�ÓÒ× �

� �ÓÒÚ�Ö��Ò� Ó� � ×ÓÐÙØ�ÓÒ Û�Ø� ÓÑÔ�ØÐÝ ×ÙÔÔÓÖØ�� �Ò�Ø��Ð

ÓÒ��Ø�ÓÒ

Ì��Ö� �Ü�×Ø× � ×ÓÐÙØ�ÓÒ u Ó� Ø�� ��Ù�Ý ÔÖÓ�Ð�Ñ Û�Ø� ÓÑÔ�ØÐÝ ×ÙÔ¹
ÔÓÖØ�� �Ò�Ø��Ð ��Ø� 0 ≤ u0(x) < p(x) ÓÒÚ�Ö��Ò� ÐÓ�ÐÐÝ ÙÒ��ÓÖÑÐÝ ØÓ p
�× t→ +∞º

� ÆÓÒ�Ü�×Ø�Ò� Ó� �ÒØ�ÖÑ����Ø� ×Ø��Ð� �ÖÓÑ ��ÐÓÛ ×ÓÐÙØ�ÓÒ×

Ì��Ö� �Ü�×Ø× ÒÓ 1¹Ô�Ö�Ó�� ×Ø�Ø�ÓÒ�ÖÝ ×ÓÐÙØ�ÓÒ q ×�Ø�×�Ý�Ò� 0 < q(x) <
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p(x) �Ò� ×Ù� Ø��Ø �Ø �× �×ÓÐ�Ø�� �Ò� ×Ø��Ð� �ÖÓÑ ��ÐÓÛ Û�Ø� Ö�×Ô�Ø ØÓ
Ø�� �ÕÙ�Ø�ÓÒº

Ì�� ��ÑÓÒ×ØÖ�Ø�ÓÒ Ó� ��Ð�ØØ�¸ Å�Ø�ÒÓ �Ò� �ÙÖÓØ �× ��×�� ÓÒ Ø�� ×ØÙ�Ý �Ò
Ð�Ö�� Ø�Ñ� Ó� ×ÓÐÙØ�ÓÒ× Ó� Ø�� ��Ù�Ý ÔÖÓ�Ð�Ñ

�

ut = uxx + f(x, u)
u(x, 0) = u0(x)

´�º�µ

Û�Ø� �Ò �Ò�Ø��Ð ��Ø� Ó� À��Ú�×��� ØÝÔ�º � ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� �× Ù×��
ØÓ ×�ÓÛ Ø�� ÔÙÐ×�Ø�Ò� ØÖ�Ú�ÐÐ�Ò� Û�Ú� ÔÖÓÔ�ÖØÝº

ÇÙÖ ÓÒ��Ø�ÓÒ× ÓÒ Ø�� �ÙÒØ�ÓÒ f �Ö� ÑÓÖ� ×Ô���¸ �ÙØ Ø��Ý ÓÙÐ� ÔÓ×¹
×��ÐÝ �ÐÐÓÛ �×�× Û��Ö� Ø��Ö� �Ü�×Ø× �Ò �ÒØ�ÖÑ����Ø� Ô�Ö�Ó�� ×Ø�Ø�ÓÒ�ÖÝ ×Ó¹
ÐÙØ�ÓÒ ��ØÛ��Ò 0 �Ò� 1 Ø��Ø �× ×Ø��Ð� � �� ×Ù� �ÒØ�ÖÑ����Ø� ×Ø��Ð� ×ÓÐÙØ�ÓÒ×
Û�Ö� ØÓ �Ü�×Ø¸ Ø��× Ö�×ÙÐØ ÛÓÙÐ� ÒÓØ �� ÓÒØ��Ò�� �Ò ��℄º Ì�� Ö�×ÙÐØ Ó� ÈÖÓÔÓ¹
×�Ø�ÓÒ �º½¼ �Ò��Ð�× Ù× ØÓ �ÜÐÙ�� Ø�� ÔÓ××���Ð�ØÝ Ø��Ø ÓÙÖ ×ÓÐÙØ�ÓÒ u Ô�Ò× ÓÒ �
ÔÓ××��Ð� �ÒØ�ÖÑ����Ø� ×Ø��Ð� ×ÓÐÙØ�ÓÒ¸ � ÔÖÓ�×× Ø��Ø �× Ò�Û ÙÔ ØÓ ÓÙÖ �ÒÓÛÐ¹
����º ÁÒ ÓÒØÖ�×Ø ØÓ ��℄¸ ÓÙÖ ÔÖÓÓ� Ö�Ð��× ÓÒ Ø�� ÓÒ×ØÖÙØ�ÓÒ Ó� ÔÐ�Ò� Ð���
×ÓÐÙØ�ÓÒ×¸ ��×Ö���� �Ò ���ÔØ�Ö ¿¸ ���ÓÖ� ÓÒ×ØÖÙØ�Ò� ÔÙÐ×�Ø�Ò� ØÖ�Ú�ÐÐ�Ò�
Û�Ú�× �ÓÙÒ��� ��ØÛ��Ò 0 �Ò� 1 �× Ð�Ñ�Ø× Ó� Ø��×� ÔÐ�Ò�¹Ð��� ×ÓÐÙØ�ÓÒ× Û��Ò
Ø�� ×ÐÓÔ� Ó� Ø�� ÔÐ�Ò� �Ó�× ØÓ Þ�ÖÓº Ä��� �Ò ��℄¸ Û� Ù×� � ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò¹
�ÔÐ� ØÓ ×�ÓÛ Ø�� ÔÙÐ×�Ø�Ò� ØÖ�Ú�ÐÐ�Ò� Û�Ú� ÔÖÓÔ�ÖØÝº Ï� �ÓÔ� Ø��× Ñ�Ø�Ó�
ÓÙÐ� �� � �Ù���Ð�Ò� ØÓ ×ØÙ�Ý Ø�� �×� Ó� Ø�Ñ�¹��Ô�Ò��ÒØ ÒÓÒÐ�Ò��Ö�Ø��× �Ò�
ÑÓÖ� ��Ò�Ö�Ð ÒÓÒÐ�Ò��Ö ÔÖÓ�Ð�Ñ×º

�º½º� ÇÖ��Ò�Þ�Ø�ÓÒ Ó� Ø�� Ô�Ô�Ö

Ì��× ��ÔØ�Ö Û�ÐÐ �� ÓÖ��Ò�Þ�� �× �ÓÐÐÓÛ×º Ë�Ø�ÓÒ �º¾ �× � ÌÓÓÐ�ÓÜ �Ò
Û��� Û� Ö��ÐÐ Ð�××��Ð Ö�×ÙÐØ× ´Ö��ÙÐ�Ö�ØÝ ÔÖÓÔ�ÖØ��×¸ ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ�
�Ò� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ�µ �Ò� ØÛÓ ÔÖÓÔÓ×�Ø�ÓÒ× ÔÖÓÚ�� �Ò ���ÔØ�Ö ¿ �
�Ü�×Ø�Ò� Ó� ÔÐ�Ò�¹Ð��� ×ÓÐÙØ�ÓÒ× �ÓÖ ´�º½µ �Ò� � ×ØÖÙØÙÖ� ÔÖÓÔ�ÖØÝ ÓÒ Ø��×�
×ÓÐÙØ�ÓÒ× ´���Ò ØÓ � Û��� ÑÓÒÓØÓÒ��ØÝ ÔÖÓÔ�ÖØÝ �Ò ×Ô��µº Ì�� �Ö×Ø ÔÖÓÔÓ×�¹
Ø�ÓÒ �× Ø�� ×Ø�ÖØ�Ò� ÔÓ�ÒØ ØÓ ÔÖÓÚ� Ø�� Ö�×ÙÐØ× Ó� Ø��× Ô�Ô�Ö¸ �Ò� Ø�� ×ØÖÙØÙÖ�
ÔÖÓÔ�ÖØÝ �× ÖÙ��Ð ØÓ ��Ö�Ø�Ö�Þ� Ø�� �ÓÙÒ��� ×ÓÐÙØ�ÓÒ× Û� Ó�Ø��Òº Ì�� �Ü�×¹
Ø�Ò� Ó� ÔÙÐ×�Ø�Ò� ØÖ�Ú�ÐÐ�Ò� Û�Ú�× ×ÓÐÙØ�ÓÒ× Ó� ´�º½µ �× ×�ÓÛÒ �Ò Ë�Ø�ÓÒ �º¿º
Ì��Ý �Ö� Ó�Ø��Ò�� �× Ð�Ñ�Ø× Ó� Ø�� ÔÐ�Ò�¹Ð��� ×ÓÐÙØ�ÓÒ× Û�Ó×� �Ü�×Ø�Ò� �×
Ö��ÐÐ�� �Ò Ë�Ø�ÓÒ �º¾º ÅÓ×Ø Ó� Ø�� ÔÖÓÔ�ÖØ��× Ó� Ø�� Ð�Ñ�Ø �ÓÐÐÓÛ �ÖÓÑ Ø��
ÔÖÓÔ�ÖØ��× Ó� Ø�� ÔÐ�Ò�¹Ð��� ×ÓÐÙØ�ÓÒ×º È�ÖØ�ÙÐ�Ö �Ö� ÑÙ×Ø �� Ø���Ò ØÓ ×�ÓÛ
Ø��Ø Ø�� Ð�Ñ�Ø �ÒÒÓØ �� Ø�� ÓÒ×Ø�ÒØ ×ÓÐÙØ�ÓÒ θº ÍÒ�ÕÙ�Ò�×× Ö�×ÙÐØ× ´ÙÒ�ÕÙ�¹
Ò�×× Ó� Ø�� ÔÖÓ�Ð� �ÓÖ ÒÓÒ Þ�ÖÓ Ú�ÐÓ�Ø��× �Ò� ÙÒ�ÕÙ�Ò�×× Ó� Ø�� Ú�ÐÓ�ØÝµ �Ö�
×�ÓÛÒ �Ò Ë�Ø�ÓÒ �º�º

�º½º� ÆÓØ�Ø�ÓÒ

Ì�� �ÙÒØ�ÓÒ f �Ò �� �ÜØ�Ò��� ØÓ � Z2¹Ô�Ö�Ó�� �ÙÒØ�ÓÒ f̃ �Ý Ø�� �ÓÐ¹
ÐÓÛ�Ò� ���Ò�Ø�ÓÒ

f̃(x, v) = f(x, v − ⌊v⌋)
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Û��Ö� ⌊·⌋ �× Ø�� �ÓÓÖ �ÒØ���Ö �ÙÒØ�ÓÒº Ì�� �ÙÒØ�ÓÒ f̃ �× Ø��Ò Z2¹Ô�Ö�Ó��
�Ò� Ä�Ô×��ØÞ ÓÒØ�ÒÙÓÙ× ÓÒ R2¸ �Ò� Ø�Ù× ×�Ø�×��× ÔÖÓÔ�ÖØÝ ´¿º¾µ ��Ú�Ò �Ò
���ÔØ�Ö ¿º ÁÒ Ø�� Ö�Ñ��Ò��Ö Ó� Ø�� Ô�Ô�Ö¸ f̃ Û�ÐÐ �� ×�ÑÔÐÝ ��ÒÓØ�� �Ý f º

�º¾ ÌÓÓÐ�ÓÜ

�º¾º½ �Ð�××��Ð ÔÖÓÔ�ÖØ��×

ÁÒ Ø��× ×Ù�×�Ø�ÓÒ Û� Ö��ÐÐ¸ Û�Ø�ÓÙØ ÔÖÓÓ�¸ Ö�×ÙÐØ× ÓÒ Ð�××��Ð ×ÓÐÙØ�ÓÒ×
Ó� Ô�Ö��ÓÐ� �ÕÙ�Ø�ÓÒ× Ø��Ø Û�Ö� ×�ÓÛÒ �Ò ���ÔØ�Ö ¿º

ÈÖÓÔÓ×�Ø�ÓÒ �º�º ´ÄÓ�Ð ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ�µ

Ï� �××ÙÑ� f ×�Ø�×��× ´�º¾µ¸´�º¿µº Ä�Ø Q �� � ÓÒÒ�Ø�� ÓÔ�Ò ×Ù�×�Ø Ó� R× I
Û�Ø� I � Ø�Ñ� �ÒØ�ÖÚ�Ðº Ä�Ø Ù× ��ÒÓØ� �Ý ∂pQ �Ø× Ô�Ö��ÓÐ� �ÓÙÒ��ÖÝº �ÓÖ
ε = 0¸ Ð�Ø u1 �� � ×Ù�×ÓÐÙØ�ÓÒ �Ò� u2 � ×ÙÔ�Ö×ÓÐÙØ�ÓÒ Ó� ´�º½µ ÓÒ Q Û��� �Ö�
�××ÙÑ�� ØÓ ��ÐÓÒ� ØÓ C2,1(Q) ∩ C(Q)º Á� u1 ≤ u2 ÓÒ ∂pQ¸ Ø��Ò u1 ≤ u2 ÓÒ
Qº

ÈÖÓÔÓ×�Ø�ÓÒ �º�º ´ËØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� �ÓÖ ×ØÖÓÒ� ×ÓÐÙØ�ÓÒ×µ

Ï� �××ÙÑ� f ×�Ø�×��× ´�º¾µ¸´�º¿µº Ä�Ø Q ⊂ R× I �� � ÓÒÒ�Ø�� ÓÔ�Ò ×Ù�×�Ø
Ó� R× Iº Ä�Ø u1 �Ò� u2 �� ØÛÓ ×ÓÐÙØ�ÓÒ× Ó�

ut = Δu+ f(x, u)

ÓÒ Q¸ ×�Ø�×�Ý�Ò�
�

u1 ≤ u2 ÓÒ Q
u1(x0, t0) = u2(x0, t0) �ÓÖ ×ÓÑ� (x0, t0) ∈ Q.

Ì��Ò u1 = u2 ÓÒ Qº

ÈÖÓÔÓ×�Ø�ÓÒ �º�º ´À�Ð��Ö �ÓÙÒ�× �ÓÖ ×ÓÐÙØ�ÓÒ× Ó� Ø�� �ÓÖÑ �Ð�Ò��Ö·

�ÓÙÒ����µ

Ï� �××ÙÑ� f ×�Ø�×��× ´�º¾µ¸´�º¿µº Ï� ÓÒ×���Ö � ×ÓÐÙØ�ÓÒ u Ó� Ø�� ÔÖÓ�Ð�Ñ

ut = Δu+ f(x, u) ÓÒ R× I. ´�º�µ

Ï� �Ð×Ó ×ÙÔÔÓ×� Ø��Ø �ÓÖ ×ÓÑ� λ ∈ R¸ Ø��Ö� �Ü�×Ø× � ÓÒ×Ø�ÒØ C > 0 ×Ù�
Ø��Ø

|u− px− λt| ≤ C.

Ì��Ò u ��× Ø�� �ÓÐÐÓÛ�Ò� �ÓÙÒ�× �Ò C
2+α,1+α

2
x,t (Qr(P0)) �ÓÖ ×ÓÑ� α > 0 �

�u�
C2+α,1+α

2 (Qr(P0))
≤ �u�C0(Qr(P0)) + C4

ÙÒ��ÓÖÑÐÝ �ÓÖ P0 ∈ R× Iº

�ÓÖÓÐÐ�ÖÝ �º�º ´Ê��ÙÐ�Ö�ØÝ Ó� Ø�� Ø�Ñ� ��Ö�Ú�Ø�Ú� Ó� uµ Ï� �××ÙÑ�
f ×�Ø�×��× ´�º¾µ¸´�º¿µº �ÓÒ×���Ö u � ×ÓÐÙØ�ÓÒ Ó� ´�º�µº Ì��Ò ut �× �ÓÙÒ���
�Ò C2+α,1+α

2 (K) �ÓÖ �ÐÐ ÓÑÔ�Ø× K ⊂ R2 �Ò� �ÓÖ ×ÓÑ� α > 0¸ �Ò� �Ø �× �
×ÓÐÙØ�ÓÒ Ó� Ø�� �ÕÙ�Ø�ÓÒ

(ut)t = (ut)xx + f ′
u(x, u)ut. ´�º�µ
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�º¾º¾ �Ü�×Ø�Ò� Ó� ÔÐ�Ò�¹Ð��� ×ÓÐÙØ�ÓÒ �Ò� ×ØÖÙØÙÖ�Ð ÔÖÓÔ�Ö¹

Ø��×

ÁÒ Ø��× ×Ù�×�Ø�ÓÒ Û� Ö��ÐÐ Ø�� Ö�×ÙÐØ× ×�ÓÛÒ �Ò ���ÔØ�Ö ¿ �Ò Ø�� �×�
Ó� ÓÙÖ ��×Ø��Ð� ÒÓÒÐ�Ò��Ö�ØÝ f ×�Ø�×�Ý�Ò� ´�º¾µ¸´�º¿µº Ì�� �Ö×Ø Ö�×ÙÐØ �× Ø��
�Ü�×Ø�Ò� Ó� ÔÐ�Ò�¹Ð��� ×ÓÐÙØ�ÓÒ× Ó� ´�º½µ �

Ì��ÓÖ�Ñ �º�º ´�Ü�×Ø�Ò� Ó� � �ÐÓ��Ð ×ÓÐÙØ�ÓÒ Û�Ø� ÔÐ�Ò� Ð��� ÔÖÓÔ¹

�ÖØ��×µ

ÍÒ��Ö �××ÙÑÔØ�ÓÒ ´�º¾µ¸ �ÓÖ � ��Ú�Ò p > 0 Û�Ø� p−1 ∈ N¸ Ø��Ö� �Ü�×Ø× �
ÙÒ�ÕÙ� λ ∈ R ×Ù� Ø��Ø Ø��Ö� �Ü�×Ø× � ÓÒ×Ø�ÒØ C > 0 �Ò��Ô�Ò��ÒØ Ó� p �Ò�
� ×ÓÐÙØ�ÓÒ u Ó� ´�º½µ ÓÒ R× R Û��� ×�Ø�×�Ý Ø�� �ÓÐÐÓÛ�Ò� ÔÖÓÔ�ÖØ��×























|u(x, t)− px− λt| ≤ C (i)

u

�

x+
1

p
, t

�

= 1 + u(x, t) (ii)

λut ≥ 0 (iii)
u(x+ 1, t) ≥ u(x, t) (iv).

´�º½¼µ

ÅÓÖ�ÓÚ�Ö
�

u
�

x+ 1, t− p

λ

�

= u(x, t) �� λ �= 0 (v)

ut = 0 �� λ = 0 (v)′.
´�º½½µ

��Ò�ÐÐÝ¸ Ø�� ÓÒ×Ø�ÒØ× λ(p) �Ö� �ÓÙÒ��� �Ò��Ô�Ò��ÒØÐÝ Ó� pº

���ÙÖ� �º¾ �ÐÐÙ×ØÖ�Ø�× Ø�� Ô�Ö�Ó���ØÝ �Ò� Ø�� Ð�Ñ�Ø ÔÖÓÔ�ÖØ��× Ó� � �ÙÒØ�ÓÒ
u(p)º ���Ù×� Ó� Ø�� Ô�Ö�Ó��ØÝ̧ �ÐÐ Ø�� �Ò�ÓÖÑ�Ø�ÓÒ × ÓÒØ��Ò�� �Ò Ø�� Ý�ÐÐÓÛ
��Ò�¸ �Ò� u(p) ��× Ø�� Ð�Ñ�Ø +∞ ´Ö�×Ô�Ø�Ú�ÐÝ −∞µ Û��Ò x + cpt → +∞
´Ö�×Ô�Ø�Ú�ÐÝ x+ cpt→ −∞µº

������ �º¾ � ÁÐÐÙ×ØÖ�Ø�ÓÒ Ó� Ø�� Ô�Ö�Ó���ØÝ �Ò� Ð�Ñ�Ø× Ó� u(p)º



½½� �������� �� ��������� ���������� �����

Ì�� ×�ÓÒ� ÔÖÓÔÓ×�Ø�ÓÒ �× � ��Ö�Ø �ÔÔÐ��Ø�ÓÒ Ó� ÈÖÓÔÓ×�Ø�ÓÒ ¿º� �Ò ���Ô¹
Ø�Ö ¿º Ì��× ÔÖÓÔ�ÖØÝ �× �ÑÔÓÖØ�ÒØ �Ò Ø�� Ö�Ñ��Ò��Ö Ó� Ø�� Ô�Ô�Ö ØÓ ÔÖ�Ú�ÒØ
Ø�� ×ÓÐÙØ�ÓÒ Û� ÓÒ×ØÖÙØ ØÓ �� �ÕÙ�Ð ØÓ �Ò �ÒØ�ÖÑ����Ø� ×Ø�Ø�ÓÒ�ÖÝ ×ÓÐÙØ�ÓÒ
��ØÛ��Ò 0 �Ò� 1 ´Ø��× ×Ø�Ø�ÓÒ�ÖÝ ×ÓÐÙØ�ÓÒ ���Ò� ��Ø��Ö ×Ø��Ð� ÓÖ ÙÒ×Ø��Ð�µº

ÈÖÓÔÓ×�Ø�ÓÒ �º½¼º ´� Ö�Ð�Ü�� ÑÓÒÓØÓÒ��ØÝ ÔÖÓÔ�ÖØÝ �ÓÖ Ø�� �ÐÓ��Ð

×ÓÐÙØ�ÓÒµ

Ì��Ö� �Ü�×Ø× � ×ÓÐÙØ�ÓÒ u Ó� ´�º½µ ÓÒ R × R ×�Ø�×�Ý�Ò� ´�º½¼µ¸ ´�º½½µ �× �Ò
Ì��ÓÖ�Ñ �º�¸ ×Ù� Ø��Ø

∀a ∈ Z+ {0, θ} , (u(x, t) < a < u(y, t))⇒ (x < y) . ´�º½¾µ

�º¿ �ÓÒ×ØÖÙØ�ÓÒ Ó� ÈÙÐ×�Ø�Ò� ÌÖ�Ú�ÐÐ�Ò� Ï�Ú�× �×
|p| → 0

Ì�� �Ó�Ð Ó� Ø��× ×�Ø�ÓÒ �× ØÓ ÔÖÓÚ� Ø�� �Ü�×Ø�Ò� Ô�ÖØ Ó� Ì��ÓÖ�Ñ �º½º
Ì�� ���� �× ØÓ ÓÒ×���Ö Ø�� ×ÓÐÙØ�ÓÒ× u(p) ÓÒ×ØÖÙØ�� �Ò Ì��ÓÖ�Ñ �º� �Ò�
Ô�×× ØÓ Ø�� Ð�Ñ�Ø p→ 0º

�º¿º½ �ÓÒ×ØÖÙØ�ÓÒ Ó� Ð�Ñ�Ø Ó���Ø× �× p→ 0

ÈÖÓÔÓ×�Ø�ÓÒ �º½½ ´�Ü�×Ø�Ò� Ó� Ð�Ñ�Ø Ó���Ø×µº �ÓÖ p−1 ∈ N \ {0}¸
Ð�Ø u(p) �� � �ÙÒØ�ÓÒ ��Ú�Ò �Ý Ì��ÓÖ�Ñ �º�¸ ×ÓÐÙØ�ÓÒ Ó� ´�º½µ ÓÒ R × R

×�Ø�×�Ý�Ò� ´�º½¼µ¸´�º½½µ �Ò� λ = λ(p) Ø�� ÓÒ×Ø�ÒØ �××Ó��Ø�� �Ò Ø�� ×Ô��¹
Ø�Ñ� Ó×�ÐÐ�Ø�ÓÒ �×Ø�Ñ�Ø� ´�º½¼µ (i)º Ì��Ò Û� ��Ú� Ø�� �ÓÐÐÓÛ�Ò� Ö�×ÙÐØ×
´½µ λ(p) −→

p→0
0º

´¾µ Ì��Ö� �Ü�×Ø× c0 ∈ R = R ∪ {−∞,+∞} ×Ù� Ø��Ø

cp =
λ(p)

p
−→
p→0

c0

ÙÔ ØÓ � ×Ù�×�ÕÙ�Ò�º
´¿µ Ì��Ö� �Ü�×Ø× � �ÓÙÒ��� ×ÓÐÙØ�ÓÒ u Ó� ´�º½µ ×Ù� Ø��Ø

u(p) −→
p→0

u

�Ò C2,1
loc (R

2) ÙÔ ØÓ � ×Ù�×�ÕÙ�Ò�º
��Ò�ÐÐÝ u ×�Ø�×��× Ø�� ÓÒÐÙ×�ÓÒ Ó� ÈÖÓÔÓ×�Ø�ÓÒ �º½¼¸ ´�º½¾µ¸ Ø��Ø �×

�ÓÖ �ÐÐ a ∈ Z+ {0, θ}¸ Û� ��Ú� Ø��Ø

u(x, t) < a < u(y, t) �ÑÔÐ��× x < y.

ÈÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ �º½½

�Ý Ì��ÓÖ�Ñ �º�¸ Û� ��Ú� Ø��Ø

|u(p) − px− λ(p)t| ≤ C



���� ������������ �� ��������� ���������� ����� ½½�

Û�Ø� � �ÓÙÒ� �Ò��Ô�Ò��ÒØ ÓÒ pº Í×�Ò� Ø�� Ö��ÙÐ�Ö�ØÝ Ö�×ÙÐØ ÈÖÓÔÓ×�Ø�ÓÒ �º�¸
Û� ��Ú� Ø��Ø Ø�� ×ÓÐÙØ�ÓÒ× u(p) �Ö� ÙÒ��ÓÖÑÐÝ �ÓÙÒ��� �Ò C2+α,1+α

2 (BR(0, 0))
�ÓÖ �ÐÐ R > 0 �Ò� �ÓÖ ×ÓÑ� α ∈ (0, 1)º

Ì��Ö��ÓÖ�¸ Ø��Ý �Ö� �Ò � ÓÑÔ�Ø ×Ù�×�Ø Ó� C2+β,1+β
2 (BR(0, 0)) �ÓÖ ×ÓÑ�

β < α¸ �Ò� ×Ó Ø��Ö� �Ü�×Ø× c0 ∈ R �Ò� u ∈ C2+α,1+α
2 (BR(0, 0)) �ÓÖ �ÐÐ R > 0

×Ù� Ø��Ø (cp, u
(p)) ÓÒÚ�Ö��× ØÓ (c0, u) �Ò R × C2+β,1+β

2 (BR(0, 0)) �ÓÖ �ÐÐ
R > 0¸ ÙÔ ØÓ � ×Ù�×�ÕÙ�Ò�º

�× Ø�� ÓÒÚ�Ö��Ò� �× �Ò C2+β,1+β
2 (BR(0, 0)) �ÓÖ �ÐÐ R > 0¸ u �× � ×ØÖÓÒ�

×ÓÐÙØ�ÓÒ Ó� ´�º½µº
ÆÓÛ Ð�Ø λ0 �� �Ò �ÙÑÙÐ�Ø�ÓÒ Ú�ÐÙ� Ó� λ(p)º È�××�Ò� ØÓ Ø�� Ð�Ñ�Ø �Ò

´�º½¼µ´�µ¸ Û� ��Ø |u(x, t)− λ0t| ≤ Cº ÅÓÖ�ÓÚ�Ö¸ Û� �ÒÓÛ Ø��Ø Ø�� �ÒØ���Ö×
�Ö� �ÐÓ��Ð ×ÓÐÙØ�ÓÒ× Ó� ´�º½µº ÆÓÛ Ø��Ö� �Ü�×Ø× k ∈ N ×Ù� Ø��Ø

−k ≤ −C ≤ u(x, 0) ≤ C ≤ k.

Ì��Ò¸ �Ý Ø�� ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� ÓÒ Ø�� �ÚÓÐÙØ�ÓÒ�ÖÝ ÔÖÓ�Ð�Ñ¸ Û� ��Ø Ø��Ø
�ÓÖ �ÐÐ t > 0¸

−k ≤ u(x, t) ≤ k.

Ì��× �× ÓÒÐÝ ÔÓ××��Ð� �� λ0 = 0º
��Ò�ÐÐÝ̧ �× �ÐÐ u(p) ×�Ø�×�Ý ÈÖÓÔÓ×�Ø�ÓÒ �º½¼¸ Ø��× Ö�×ÙÐØ �Ð×Ó �ÓÐ�× �ÓÖ uº

Ì��× ÓÒÐÙ��× Ø�� ÔÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ �º½½º

ÈÖÓÔÓ×�Ø�ÓÒ �º½¾ ´ÉÙ�Ð�Ø�Ø�Ú� ÔÖÓÔ�ÖØ��× Ó� uµº
Ï�Ø� Ø�� ÒÓØ�Ø�ÓÒ× Ó� ÈÖÓÔÓ×�Ø�ÓÒ �º½½¸ Ø�� Ð�Ñ�Ø (c0, u) Ó� (cp, u

(p)) ×�Ø�×��× �























u(x) = lim
t→∞

u(x, t) �× � ×Ø�Ø�ÓÒ�ÖÝ ×ÓÐÙØ�ÓÒ

u(x) = lim
t→−∞

u(x, t) �× � ×Ø�Ø�ÓÒ�ÖÝ ×ÓÐÙØ�ÓÒ

u+(x, t) = lim
n→∞

u(x+ n, t) �× � Ô�Ö�Ó�� ×ÓÐÙØ�ÓÒ

u−(x, t) = lim
n→∞

u(x− n, t) �× � Ô�Ö�Ó�� ×ÓÐÙØ�ÓÒ

´�º½¿µ

�Ò� u¸ u¸ u+ �Ò� u− �ÐÐ ×�Ø�×�Ý Ø�� ÓÒÐÙ×�ÓÒ Ó� ÈÖÓÔÓ×�Ø�ÓÒ �º½¼¸ ´�º½¾µº
ÅÓÖ�ÓÚ�Ö¸ Û� ��Ú� Ø�� �ÓÐÐÓÛ�Ò� ����Ø�ÓÒ�Ð ÔÖÓÔ�ÖØ��× Û��� ��Ô�Ò� ÓÒ

Ø�� ×��Ò Ó� Ø�� Ú�ÐÓ�ØÝ �Ò Ø�Ö�� �×�×º
ÈÓ×�Ø�Ú� �×�

ÁÒ Ø�� �×� Û��Ö� c0 > 0 ÓÖ c0 = 0 Û�Ø� cp > 0 �ÓÖ � ×Ù�×�ÕÙ�Ò� p→ 0¸







ut ≥ 0
0 ≤ u− u ≤ 1
u+ − u− ≤ 1.

´�º½�µ

�× ut �Ø×�Ð� �× Ø�� ×ÓÐÙØ�ÓÒ Ó� � Ô�Ö��ÓÐ� �ÕÙ�Ø�ÓÒ ´×�� ÈÖÓÔÓ×�Ø�ÓÒ �º�µ Ø��Ø
×�Ø�×��× Ø�� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� ´ÈÖÓÔÓ×�Ø�ÓÒ �º�µ �Ò� ut = 0 �× �
×ÓÐÙØ�ÓÒ¸ Û� Ø��Ò ��Ú� Ø�� �ÓÐÐÓÛ�Ò� �ÐØ�ÖÒ�Ø�Ú� �



½¾¼ �������� �� ��������� ���������� �����

��Ø��Ö ut > 0 ÓÒ R2

ÓÖ ut = 0 ÓÒ R2º
Æ���Ø�Ú� �×�

ÁÒ Ø�� �×� Û��Ö� c0 < 0 ÓÖ c0 = 0 Û�Ø� cp < 0 �ÓÖ � ×Ù�×�ÕÙ�Ò� p→ 0¸







ut ≤ 0
0 ≤ u− u ≤ 1
u+ − u− ≤ 1.

´�º½�µ

�× �Ò Ø�� ÔÖ����Ò� �×�¸ Û� ��Ú� Ø�� �ÐØ�ÖÒ�Ø�Ú� � ��Ø��Ö ut < 0 ÓÒ R2

ÓÖ ut = 0 ÓÒ R2º
�ÓÒ×Ø�ÒØ �×�

ÁÒ Ø�� �×� Û��Ö� c0 = 0 Û�Ø� cp = 0 �Ò � Ò�����ÓÙÖ�ÓÓ� Ó� 0¸ Ø��Ò







ut = 0
u = u = u
u+ − u− ≤ 1.

´�º½�µ

Ì�� Ð�Ñ�Ø �Ð×Ó ��× Ø�� �ÓÐÐÓÛ�Ò� ØÖ�Ú�ÐÐ�Ò� Û�Ú� ÔÖÓÔ�ÖØÝ

Ä�ÑÑ� �º½¿º ´ÌÖ�Ú�ÐÐ�Ò� Û�Ú� ÔÖÓÔ�ÖØÝ Ó� Ø�� Ð�Ñ�Øµ

Ä�Ø u¸ u �Ò� u Ø�� �ÙÒØ�ÓÒ× ���Ò�� �Ò ÈÖÓÔÓ×�Ø�ÓÒ �º½¾º Ì��Ò

�� c0 = 0, Ø��Ò u(x) ≤ u(x+ 1) �Ò� u(x) ≤ u(x+ 1),

�� c0 �= 0, Ø��Ò u

�

x+ 1, t− 1

c0

�

= u(x, t),
´�º½�µ

Û�Ø� Ø�� ÓÒÚ�ÒØ�ÓÒ Ø��Ø
1

c0
= 0 �� c0 = ±∞º

Ê�Ñ�Ö� �º½�º ´ÆÓØ� ÓÒ Ø�� Ò���Ø�Ú� �×�µ

Ï� �Ò Ö�Ñ�Ö� Ø��Ø Ø�� ÔÓ×�Ø�Ú� �×� �Ò� Ø�� Ò���Ø�Ú� �×� ��ÓÚ� �Ö� Ú�ÖÝ
×�Ñ�Ð�Ö ØÓ ��� ÓØ��Öº
ÁÒ����¸ �� Û� ÓÒ×���Ö � �ÙÒØ�ÓÒ f1 ×Ù� Ø��Ø Ø�� ×ÓÐÙØ�ÓÒ× u(p)1 �Ö� �Ò Ø��
Ò���Ø�Ú� �×�¸ Û� �Ò �Ù�Ð� Ø�� �ÙÒØ�ÓÒ

f2(x, u) = −f1(x, 1 − u)

Ì�� �ÙÒØ�ÓÒ f2 ×�Ø�×��× Ø�� ÓÒ��Ø�ÓÒ× ´�º¾µ¸´�º¿µ¸´�º�µ¸ Û�Ø� θ′ = 1 − θº
Ì��Ò Ø�� ÓÖÖ�×ÔÓÒ��Ò� ×ÓÐÙØ�ÓÒ× u(p)2 �Ö�

u
(p)
2 (x, t) = 1− u1(x, t)

�Ò� Ø��Ý �Ö� �Ò Ø�� ÔÓ×�Ø�Ú� �×�¸ ���Ù×� λ2(p) = −λ1(p)º
ÁÒ Ø�� Ö�Ñ��Ò��Ö Ó� Ø�� Ô�Ô�Ö¸ Û� Û�ÐÐ ÓÒÐÝ ÛÓÖ� ÓÒ Ø�� ÔÓ×�Ø�Ú� �×� �Ò� Ø��
ÓÒ×Ø�ÒØ �×�º



���� ������������ �� ��������� ���������� ����� ½¾½

ÈÖÓÓ� Ó� ÔÖÓÔÓ×�Ø�ÓÒ �º½¾

ËØ�Ô ½ � ÈÖ�Ð�Ñ�Ò�Ö��×

Ë�Ò� λ = λ(p)→ 0 �× |p| → 0¸ Ø��Ò Ô�××�Ò� ØÓ Ø�� Ð�Ñ�Ø �Ò Ø�� �Ò�ÕÙ�Ð�ØÝ
�

�u(p) − px− λt
�

� ≤ C¸ Û� ��Ø Ø��Ø u �× �ÓÙÒ���º
�× ×��Ò�ÐÐ�� ��ÓÚ�¸ �Ò Ø��× ÔÖÓÓ� Û� ÓÒÐÝ ØÖ��Ø Ø�� ÔÓ×�Ø�Ú� �×� �Ò ����Ø�ÓÒ
ØÓ Ø�� ÓÒ×Ø�ÒØ �×�º �× Ø�� �Ö�ÙÑ�ÒØ× �Ö� ×�ÑÔÐ�Ö �Ò Ø�� ÓÒ×Ø�ÒØ �×�¸ Û�
Û�ÐÐ ØÖ��Ø �Ø �× � �Ö×Ø ×Ø�Ô Ó� Ø�� ÔÖÓÓ� �Ò� Û�ÐÐ �ÓÙ× ÓÒ �Ö�ÙÑ�ÒØ× ×Ô���
ØÓ Ø�� ÔÓ×�Ø�Ú� �×� �Ò Ø�� Ö�Ñ��Ò��Öº

ËØ�Ô ¾ � ÈÖÓÓ� �ÓÖ Ø�� ÓÒ×Ø�ÒØ �×� �Ò� ÔÖÓÔ�ÖØ��× Ó� u+ �Ò� u−

ÁÒ Ø�� ÓÒ×Ø�ÒØ �×�¸ �ÓÖ �ÐÐ p > 0 ×Ñ�ÐÐ �ÒÓÙ��¸ cp = 0¸ Û��� Ñ��Ò×
Ø��Ø λ(p) = 0 �Ò� Ø�Ù× Ø��Ø Ø�� ×ÓÐÙØ�ÓÒ u(p) �× ×Ø�Ø�ÓÒ�ÖÝ �ÓÖ �ÐÐ pº �× �
×ØÖÓÒ� Ð�Ñ�Ø Ó� Ø��×� ×ÓÐÙØ�ÓÒ×¸ u �× �Ð×Ó ×Ø�Ø�ÓÒ�ÖÝ̧ �Ò� Û� ��Ú� u = u = uº
��×���×¸ �ÓÖ �ÐÐ p¸ u(p) ×�Ø�×��×

u(p)(x+ 1, t)− u(p)(x, t) ≥ 0, ´�º½�µ

×Ó Ø��× �Ò�ÕÙ�Ð�ØÝ Ö�Ñ��Ò× ØÖÙ� �ÓÖ uº �× � ÓÒ×�ÕÙ�Ò�¸ �× u �× �ÓÙÒ���¸ u+

�Ò� u− �Ö� Û�ÐÐ ���Ò�� �Ò� �ÓÙÒ���¸ �Ò� �× u �× �ÓÙÒ��� �Ò C2+α,1+α
2 (K)

�ÓÖ �ÐÐ ÓÑÔ�Ø× K¸ u+ �Ò� u− ��Ú� Ø�� ×�Ñ� Ö��ÙÐ�Ö�ØÝ �Ò� �Ö� ×ØÖÓÒ�
×ÓÐÙØ�ÓÒ× Ó� ´�º½µº Ï� �Ð×Ó ÒÓØ� Ø��Ø ÔÖÓÔ�ÖØÝ ´�º½¾µ �× ÔÖ�×�ÖÚ�� Û��Ò Û�
Ô�×× ØÓ Ø�� Ð�Ñ�Ø¸ ×Ó u+ �Ò� u− ×�Ø�×�Ý ´�º½¾µº �Ý ÓÒ×ØÖÙØ�ÓÒ¸ u+ �Ò� u−

�Ö� �Ð×Ó Ô�Ö�Ó�� �Ò ×Ô��º �ÓÖ �ÐÐ p ∈ N−1¸ Û� ��Ú�

u(p) (x, t) + 1 = u(p)
�

x+
1

p
, t

�

,

×Ó

u(p)
�

x+
1

2p
, t

�

− u(p)
�

x− 1

2p
, t

�

= 1.

Ì��Ò �� Û� ÒÓØ� N =
1

2p
Û��Ò Ø�� �Ö�Ø�ÓÒ �× �Ò �ÒØ���Ö¸ �ÓÖ �ÐÐ n ≤ N ¸ Û�

��Ú� Ø��Ø
u(p) (x+ n, t)− u(p) (x− n, t) ≤ 1

���Ù×� Ó� Ø�� Ö�Ð�Ø�ÓÒ ´�º½�µº Á� Û� Ø��� Ø�� Ð�Ñ�Ø p→ 0 ´Û��� �× �ÕÙ�Ú�Ð�ÒØ
ØÓ N →∞µ¸ Û� ��Ø �ÓÖ �ÐÐ n ∈ N¸

u(x+ n, t)− u(x− n, t) ≤ 1,

��Ò�¸ Ô�××�Ò� ØÓ Ø�� Ð�Ñ�Ø n→∞¸ Û� ��Ø

u+(x, t)− u−(x, t) ≤ 1.

Ì��× �Ò�×��× Ø�� ÔÖÓÓ� �Ò Ø�� ÓÒ×Ø�ÒØ �×�¸ �ÙØ ÓÒ� �Ò ÒÓØ� Ø��Ø Ø��×� �Ö¹
�ÙÑ�ÒØ× ÓÒ u+ �Ò� u− �Ó ÒÓØ ��Ô�Ò� ÓÒ Ø�� ×��Ò Ó� c0¸ ×Ó Ø��Ý �Ö� �Ð×Ó Ú�Ð��



½¾¾ �������� �� ��������� ���������� �����

�Ò Ø�� ÔÓ×�Ø�Ú� �×�º Ì�� Ö�Ñ��Ò�Ò� ×Ø�Ô× �Ò�×� Ø�� ÔÖÓÓ� �ÓÖ Ø�� ÔÓ×�Ø�Ú� �×�º

ËØ�Ô ¿ � ÅÓÒÓØÓÒ��ØÝ Ó� u¸ �Ü�×Ø�Ò� Ó� u �Ò� u
��Ö×Ø¸ u(p) �× ÒÓÒ��Ö��×�Ò� Û��Ò λ(p) > 0¸ ×Ó �Ø �× Ð��Ö Ø��Ø u �× ÒÓÒ��¹

Ö��×�Ò�º
�× � ÓÒ×�ÕÙ�Ò�¸ u¸ u �Ö� �Ð×Ó Û�ÐÐ ���Ò�� �Ò� �ÓÙÒ��� �Ò C2+α,1+α

2 (K)
�ÓÖ �ÐÐ ÓÑÔ�Ø× K¸ �Ò� Ø��Ý �Ö� ×ØÖÓÒ� ×ÓÐÙØ�ÓÒ× Ó� ´�º½µº Ì��Ý �Ð×Ó ×�Ø�×�Ý
´�º½¾µ ���Ù×� Ø��× ÔÖÓÔ�ÖØÝ �× ÔÖ�×�ÖÚ�� Û��Ò Û� Ô�×× ØÓ Ø�� Ð�Ñ�Øº �Ý ÓÒ¹
×ØÖÙØ�ÓÒ¸ u �Ò� u �Ö� ×Ø�Ø�ÓÒ�ÖÝº

ËØ�Ô � � ÈÖÓÔ�ÖØ��× Ó� u �Ò� u

Í×�Ò� Ø�� Ö�Ð�Ø�ÓÒ

u(p)
�

x+ 1, t− p

λ(p)

�

= u(p)(x, t),

Û� ��Ú�

u(p)(x, t) = u(p)
�

x+
1

p
, t− 1

λ(p)

�

= 1 + u(p)
�

x, t− 1

λ(p)

�

,

×Ó

u(p)
�

x, t+
1

2λ(p)

�

− u(p)
�

x, t− 1

2λ(p)

�

= 1.

�× u �× ÒÓÒ��Ö��×�Ò�¸ Û� ���Ù� Ø��Ø �ÓÖ �ÐÐ τ ≤ 1

2λ(p)
¸

u(p) (x, t+ τ)− u(p) (x, t− τ) ≤ 1.

Ì���Ò� Ø�� Ð�Ñ�Ø p→ 0¸ Û� ��Ú� λ(p)→ 0 ×Ó �ÓÖ �ÐÐ τ > 0¸

u (x, t+ τ)− u (x, t− τ) ≤ 1.

�× � ÓÒ×�ÕÙ�Ò�¸
u− u ≤ 1.

Ï� �Ð×Ó ��Ú�
0 ≤ u− u

���Ù×� u �× ÒÓÒ��Ö��×�Ò� �Ò tº
Ì��× ÓÒÐÙ��× Ø�� ÔÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ �º½¾º

ÈÖÓÓ� Ó� Ä�ÑÑ� �º½¿

Ä�ÑÑ� �º½¿ �× Ó�Ø��Ò�� �Ý ÓÒ×���Ö�Ò� Û��Ø ´�º½½µ (v)¸ Ò�Ñ�ÐÝ

u(p)
�

x+ 1, t− p

λ

�

= u(p)(x, t)
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�ÑÔÐ��× �Ò Ø�� Ð�Ñ�Ø p→ 0º
ÁÒ Ø�� �×� cp → ∞¸ �Ø �× Ð��Ö Ø��Ø λ(p) �= 0 �ÓÖ |p| ×Ñ�ÐÐ �ÒÓÙ�� �Ò�

Ô�××�Ò� ØÓ Ø�� Ð�Ñ�Ø p→ 0 �Ò ´�º½½µ (v)¸ Û� ��Ø

u(x+ 1, t) = u(x, t).

ÁÒ Ø�� �×� cp → c0 ∈ (0,+∞)¸ �Ø �× �Ð×Ó Ð��Ö Ø��Ø λ(p) > 0 �ÓÖ |p| ×Ñ�ÐÐ
�ÒÓÙ�� ´�Ú�Ò �� 0 �× �Ò �ÙÑÙÐ�Ø�ÓÒ ÔÓ�ÒØ Ó� λ(p)µ¸ �Ò� �Ò Ø�� Ð�Ñ�Ø Û� ��Ø

u

�

x+ 1, t− 1

c0

�

= u(x, t).

ÁÒ Ø�� �×� cp → 0¸ �Ò Ø�� ÔÓ×�Ø�Ú� �×� Û� ��Ú� Ø��Ø cp > 0 �ÓÖ � ×Ù�×�ÕÙ�Ò�
p→ 0¸ �Ò� �ÓÖ Ø��×� Ú�ÐÙ�× Ó� p Û� ��Ú� �

u(p)(x, t) = u(p)
�

x+ 1, t− 1

cp

�

.

�× cp → 0¸ �� Û� �Ü A > 0 �Ò� t ∈ R Û� ��Ú�
1

cp
> A �ÓÖ |p| ×Ñ�ÐÐ �ÒÓÙ��¸

×Ó �× u(p) �× � ÑÓÒÓØÓÒÓÙ× �ÙÒØ�ÓÒ Ó� t¸ Û� ��Ú�

u(p)(x, t) ≤ u(p)(x+ 1, t−A),

×Ó¸ �Ò Ø�� Ð�Ñ�Ø¸
u(x, t) ≤ u(x+ 1, t−A).

�× Ø��× �× ØÖÙ� �ÓÖ �ÐÐ A > 0 �Ò� �ÓÖ �ÐÐ (x, t) ∈ R×R¸ �Ò� �× u �× ÑÓÒÓØÓÒÓÙ×
�Ò t Û�Ø� lim

t→−∞
u(x, t) = u(x)¸ Û� ��Ú� Ø��Ø �ÓÖ �ÐÐ (x, t) ∈ R×R �

u(x, t) ≤ u(x+ 1)

ÆÓÛ �× u(x, t) ÓÒÚ�Ö��× ØÓ u(x) Û��Ò t→ +∞ �Ò� Ø�� ��ÓÚ� Ö�Ð�Ø�ÓÒ �ÓÐ�×
�ÓÖ �ÐÐ t¸ Û� �Ò ÓÒÐÙ��

u(x) ≤ u(x+ 1).

ÁÒ Ø�� �×� cp → 0 �Ò Ø�� ÓÒ×Ø�ÒØ �×�¸ Û� ��Ú� u = u = u �Ò� Ä�ÑÑ� �º½¿
�ÓÐ�× ���Ù×� u(x+ 1) ≥ u(x)º

Ì��× ÓÒÐÙ��× Ø�� ÔÖÓÓ� Ó� Ä�ÑÑ� �º½¿º

Ì�� �ÓÐÐÓÛ�Ò� ÔÖÓÔ�ÖØÝ Û�ÐÐ �Ð×Ó �� Ù×��ÙÐ¸ �× ×Ø�Ø�ÓÒ�ÖÝ Ô�Ö�Ó�� ×ÓÐÙØ�ÓÒ×
�ÔÔ��Ö �Ú�ÖÝÛ��Ö� �× Ð�Ñ�Ø× Ó� ×ÓÐÙØ�ÓÒ×º

Ä�ÑÑ� �º½� ´Á��ÒØ���Ø�ÓÒ Ó� Ø�� ×Ø�Ø�ÓÒ�ÖÝ Ô�Ö�Ó�� ×ÓÐÙØ�ÓÒ×µº

Á� u �× � ×Ø�Ø�ÓÒ�ÖÝ 1¹Ô�Ö�Ó�� ×ÓÐÙØ�ÓÒ Ó� ´�º½µ ×�Ø�×�Ý�Ò� Ø�� ÔÖÓÔ�ÖØÝ ´�º½¾µ
Ó� ÈÖÓÔÓ×�Ø�ÓÒ �º½¼¸ Ø��Ò u �× ÓÒ×Ø�ÒØ �Ò� u ∈ {0, θ}+ Zº
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ÈÖÓÓ� Ó� Ä�ÑÑ� �º½�

Ì�� ��Ø Ø��Ø u ×�Ø�×��× ´�º½¾µ Ñ��Ò× Ø��Ø �� a ∈ {0, θ} + Z¸ �ÓÖ �ÒÝ
t ∈ R¸ u(x0, t) > a �ÑÔÐ��× u(x, t) ≥ a �ÓÖ �ÒÝ x ≥ x0¸ �Ò� u(x0, t) < a
�ÑÔÐ��× u(x, t) ≤ a �ÓÖ �ÒÝ x ≤ x0º ���Ù×� Ó� Ø�� Ô�Ö�Ó���ØÝ Ó� u¸ �Ø �× ÓÒÐÝ
ÔÓ××��Ð� �� ��Ø��Ö u �× ÓÒ×Ø�ÒØ ´�Ò� �Ø× Ú�ÐÙ� �× � Þ�ÖÓ Ó� f µ¸ ÓÖ u �× �ÓÙÒ���
�ÖÓÑ ��ÓÚ� �Ò� �ÖÓÑ ��ÐÓÛ �Ý ØÛÓ ÓÒ×�ÙØ�Ú� Þ�ÖÓ× Ó� f ¸ Û��� Ñ��Ò× Ø��Ö�
�Ü�×Ø× k ∈ Z ×Ù� �× ��Ø��Ö k ≤ u ≤ k + θ ÓÖ k + θ ≤ u ≤ k + 1º

ËØ�Ø�ÓÒ�ÖÝ ×ÓÐÙØ�ÓÒ× ×�Ø�×�Ý

0 = Δu+ f(x, u)

ÁÒØ��Ö�Ø�Ò� Ø��× �ÕÙ�Ø�ÓÒ ÓÚ�Ö � Ô�Ö�Ó� ´[0, 1] �ÓÖ �Ü�ÑÔÐ�µ Ý��Ð�×
�

[0,1]
f(x, u(x))dx = 0.

�ÙØ �� k ≤ u ≤ k + θ¸ f(x, u) ≤ 0¸ �Ò� f(x, u) �× ���ÒØ��ÐÐÝ �ÕÙ�Ð ØÓ 0 ÓÒÐÝ
�� u �Ø×�Ð� �× ÓÒ×Ø�ÒØ �Ò� �ÕÙ�Ð ØÓ k ÓÖ k + θº Ì��Ò �� u �× ÒÓØ ÓÒ×Ø�ÒØ Û�
��Ú�

�

[0,1]
f(x, u(x))dx < 0,

Û��� �Ö�Ò�× � ÓÒØÖ���Ø�ÓÒº �Ý Ø�� ×�Ñ� �Ö�ÙÑ�ÒØ¸ k + θ ≤ u ≤ k + 1 �×
�Ð×Ó ÓÒÐÝ ÔÓ××��Ð� �� u �× ÓÒ×Ø�ÒØ¸ ×Ó Ø�� ÓÒÐÝ ÔÓ××���Ð�ØÝ �× Ø��Ø u �× ÓÒ×Ø�ÒØ
�Ò� �Ø× Ú�ÐÙ� �× � Þ�ÖÓ Ó� f º

�º¿º¾ �Ò�ÐÝ×�× Ó� Ø�� �×� cp → c0 ∈ (0,+∞)

ÈÖÓÔÓ×�Ø�ÓÒ �º½� ´ÈÖÓÔ�ÖØ��× Ó� Ø�� ×ÓÐÙØ�ÓÒ Û��Ò c0 ∈ (0,+∞)µº
Á� c0 ∈ (0,+∞)¸ Ø��Ò �ÒÝ u Ð�Ñ�Ø Ó� Ø�� u(p) ��Ú�Ò �Ò ÈÖÓÔÓ×�Ø�ÓÒ �º½½ ×�Ø�×��×
u = 0 �Ò� u = 1¸ Û�Ø� u �Ò� u ���Ò�� �Ò ´�º½¿µº

ÈÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ �º½�
Ï� �Ò ×ÙÔÔÓ×� cp > 0 �ÓÖ |p| ×Ñ�ÐÐ �ÒÓÙ��º

ËØ�Ô ½ � Á��ÒØ���Ø�ÓÒ Ó� u �Ò� u
Ï� �ÒÓÛ Ø��Ø u �× � ×ÓÐÙØ�ÓÒ Ó� ´�º½µ Û��� ×�Ø�×��× ÈÖÓÔÓ×�Ø�ÓÒ �º½¼º �Ý

�ÔÔÖÓÔÖ��Ø� Ø�Ñ� ØÖ�Ò×Ð�Ø�ÓÒ× Û� �Ò �Ò×ÙÖ� Ø��Ø u(p)(0, 0) = θ �ÓÖ �ÐÐ p¸ �Ò�
Ø�Ù× u(0, 0) = θº

Ì���Ò� Ø�� Ð�Ñ�Ø Ó�

u(x, t) = u

�

x+ 1, t− 1

c

�

�× |t| → ∞¸ Û� ��Ø Ø��Ø u �Ò� u �Ö� 1¹Ô�Ö�Ó��º �Ý Ä�ÑÑ� �º½�¸ u �Ò� u �Ö�
ÓÒ×Ø�ÒØ �Ò� Ø���Ö Ú�ÐÙ�× �Ö� �Ò {0, θ}+ Zº
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Ï� Ö��ÐÐ Ø��Ø u(0, 0) = θ¸ Û��� �ÑÔÐ��× u ≥ θ ���Ù×� u �× ÒÓÒ��Ö��×¹
�Ò� �Ò Ø�Ñ�º ÆÓÛ Û� ��Ú� ØÛÓ �×�× ´u = θ �Ò� u > θµº

��×� ½ � u = θ
Á� u = θ¸ �× u(0, 0) = θ �Ò� u �× ÒÓÒ��Ö��×�Ò� �Ò t¸ Ø��Ò Û� ��Ú� ut(0, t) = 0
�ÓÖ t > 0¸ �Ò� �Ý Ø�� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� ´ÈÖÓÔÓ×�Ø�ÓÒ �º�µ¸ ut ≡ 0¸
Û��� �ÑÔÐ��× Ø��Ø u �× ×Ø�Ø�ÓÒ�ÖÝ �Ò� u = u = θº
��×� ¾ � u > θ
Á� u > θ¸ ´�º½�µ �ÑÔÐ��× Ø��Ø u > θ − 1º

�Ý Ø�� ×�Ñ� Ð�Ò� Ó� Ö��×ÓÒ�Ò� ÓÒ u¸ �� u �× ÒÓÒ ×Ø�Ø�ÓÒ�ÖÝ̧ Ø��Ò u < θ �Ò�
u < θ + 1º
ÌÓ ×ÙÑÑ�Ö�Þ�¸ Û� ��Ú� Ø�� �Ò�ÕÙ�Ð�Ø��×

θ − 1 < u < θ < u < θ + 1

�Ò� Û� �Ò ÓÒÐÙ�� Ø��Ø Û��Ò u �× ÒÓÒ ×Ø�Ø�ÓÒ�ÖÝ Û� ��Ú� u = 1 �Ò� u = 0º

ËØ�Ô ¾ � �ÜÐÙ×�ÓÒ Ó� Ø�� �×� u ≡ θ
�Ý ´�º¿µ¸ Û� �ÒÓÛ Ø��Ø Ø��Ö� �Ü�×Ø× θ1¸ θ2 Û�Ø� 0 < θ1 < θ < θ2 < 1 ×Ù�

Ø��Ø �ÓÖ �ÐÐ x ∈ R¸ �ÓÖ u ∈ [θ1, θ2]¸

f ′
u(x, u) ≥ η > 0. ´�º½�µ

ËÙ�×Ø�Ô ¾º½ � Å�ÒÓÖ�Ø�ÓÒ Ó� ut �Ò Ø�� ×�Ø {u = θ1}
Ï� ���Ò�

A = { a ∈ R | ∃(pn) ∈ (N−1)N Û�Ø� pn → 0,

∃((xpn , tpn))pn , u
(pn)(xpn , tpn) = θ1, u

(pn)
t (xpn , tpn)→ a }

Ø�� ×�Ø Ó� �ÙÑÙÐ�Ø�ÓÒ Ú�ÐÙ�× Ó� ut �Ø ÔÓ�ÒØ× Û��Ö� u = θ1º ÌÓ Ñ��� Ø��
ÔÖÓÓ� ÑÓÖ� Ö�����Ð�¸ Û� Û�ÐÐ Ù×� Ø�� ��Ò�Ö�Ð ÒÓØ�Ø�ÓÒ× (p) �Ò� (xp, tp) �ÓÖ
Ø�� ×�ÕÙ�Ò�× �××Ó��Ø�� ØÓ �Ð�Ñ�ÒØ× Ó� Aº

Ï� ÒÓØ� Ø��Ø �� a ∈ R �× �Ò �ÙÑÙÐ�Ø�ÓÒ ÔÓ�ÒØ Ó� A¸ Û� �Ò ×�ÓÛ �Ý �
ÔÖÓ�×× Ó� ����ÓÒ�Ð �ÜØÖ�Ø�ÓÒ Ø��Ø a ∈ A¸ ×Ó A �× ÐÓ×�� �Ò Rº

Ï� ÓÒ×���Ö a ∈ A �Ò� ((xp, tp))p � ÓÖÖ�×ÔÓÒ��Ò� ×Ù�×�ÕÙ�Ò�º Í×�Ò�
Ø�� Ö�Ð�Ø�ÓÒ

u(p)(x, t) = u(p)
�

x+ 1, t− 1

cp

�

Û� �Ò ×ÙÔÔÓ×� 0 ≤ xp < 1¸ �Ò� Û� ���Ò� u(p)
′
= u(p)(·, · + tp)º Ï�Ø�

Ø��Ø ���Ò�Ø�ÓÒ¸ Û� ��Ú� u(p)
′
(xp, 0) = θ1º Ì�� ×�ÕÙ�Ò� u(p)

′
ÓÒÚ�Ö��× ØÓ �

×ÓÐÙØ�ÓÒ u′ Ó� ´�º½µ ÙÔ ØÓ � ×Ù�×�ÕÙ�Ò�º Á� Û� Ø��� x0 ∈ [0, 1] �Ò �ÙÑÙÐ�Ø�ÓÒ
Ú�ÐÙ� Ó� Ø�� xp �ÓÖ Ø��× ×Ù�×�ÕÙ�Ò�¸ Û� ��Ú� Ø��Ø u′(x0, 0) = θ1º

ÆÓÛ Û� �Ò Ö�Ñ�Ö� Ø��Ø �� u′t Ö����× Ø�� Ú�ÐÙ� 0¸ �Ý Ø�� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ
ÔÖ�Ò�ÔÐ� ´ÈÖÓÔÓ×�Ø�ÓÒ �º�µ¸ u′t ≡ 0 �Ò� u′ �× ×Ø�Ø�ÓÒ�ÖÝº �ÙØ �× u′ �Ò� u′ �Ö�
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ÓÒ×Ø�ÒØ ´�× �Ò ËØ�Ô ½µ¸ Ø��× ÛÓÙÐ� �ÑÔÐÝ Ø��Ø u′ �× ÓÒ×Ø�ÒØ¸ �Ò� Ø�Ù× Ø���×
Ø�� Ú�ÐÙ� θ1 �Ú�ÖÝÛ��Ö�¸ Û��� �Ö�Ò�× � ÓÒØÖ���Ø�ÓÒ Û�Ø� Ø�� ��Ø Ø��Ø �Ø
�× � ×ÓÐÙØ�ÓÒ Ó� ´�º½µº

�× Ø�� ÓÒÚ�Ö��Ò� Ó� u(p)
′
ØÓ u′ �× �Ò C2+α,1+α

2 (K) �ÓÖ �ÐÐ K ÓÑÔ�Ø¸
�Ò Ô�ÖØ�ÙÐ�Ö u(p)

′
t ÓÒÚ�Ö��× ÙÒ��ÓÖÑÐÝ ØÓ u′t¸ �Ò� ×Ó u′t(x0, 0) = a �Ò� a > 0º

�× A �× ÐÓ×��¸ A ∩ (−∞, 0] = ∅ �ÑÔÐ��× min {A} = δA > 0º

ËÙ�×Ø�Ô ¾º¾ � Å�ÒÓÖ�Ø�ÓÒ Ó� ut �Ò Ø�� ×�Ø {u = θ2}
Á� Û� ���Ò� �Ò ×�Ñ�Ð�Ö ��×��ÓÒ Ø�� ×�Ø B Ó� �ÙÑÙÐ�Ø�ÓÒ Ú�ÐÙ�× Ó� ut �Ø

ÔÓ�ÒØ× Û��Ö� u = θ2¸ Û� �Ò Ù×� Ø�� ×�Ñ� Ñ�Ø�Ó� ØÓ ×�ÓÛ Ø��Ø min {B} =
δB > 0º

ËÙ�×Ø�Ô ¾º¿ � �ÓÒÐÙ×�ÓÒ
Ï� ÒÓØ� δ = min(δA, δB)º Ì�� ÔÖ����Ò� Ö�×ÙÐØ× �Ò���Ø� Ø��Ø Ø��Ö� �Ü�×Ø×

p0 > 0 ×Ù� Ø��Ø �ÓÖ �ÐÐ p ×Ù� Ø��Ø 0 < p < p0¸ u(p)(x, t) ∈ {θ1, θ2} �ÑÔÐ��×

u
(p)
t (x, t) >

δ

2
º

ÆÓÛ Û� ×ÙÔÔÓ×� Ø��Ø � ×Ù�×�ÕÙ�Ò� Ó� u(p) ÓÒÚ�Ö��× ØÓ � ÓÒ×Ø�ÒØ ×Ó¹
ÐÙØ�ÓÒ u ≡ θº Ï� Ø��Ò ��Ú� ut ≡ 0¸ ×Ó Ø��Ö� �Ü�×Ø× pcut > 0 ×Ù� Ø��Ø �ÓÖ

�ÐÐ p < pcut¸ Û� ��Ú� u
(p)
t (0, 0) <

δ

2
´Û�Ø� u(p)(0, 0) = θµº Ï� ÓÒ×���Ö Ø��

×Ù�×�Ø Ωp ⊂ R2 ���Ò�� �Ý

Ωp =
�

(x, t) ∈ R2 | θ1 ≤ u(p)(x, t) ≤ θ2

�

.

ÁØ �× � ÐÓ×�� ×Ù�×�Ø �Ò� �Ý ÓÒØ�ÒÙ�ØÝ Ó� u(p) �Ø× �ÓÙÒ��ÖÝ ∂Ωp �× �ÒÐÙ���
�Ò Ø�� ×Ù�×�Ø

�

(x, t) ∈ R2 | u(p)(x, t) ∈ {θ1, θ2}
�

.

À�Ò�¸ u(p)t >
δ

2
ÓÒ ∂Ωpº Ï� Ö�Ñ�Ö� Ø��Ø �Ý ´�º½¼µ (i)¸ Û� ��Ú�

Ωp ⊂ {|x+ cpt| ≤ Kp}

�ÓÖ ×ÓÑ� ÓÒ×Ø�ÒØ Kp > 0¸ �Ò� �Ý ´�º½½µ (v)¸ Û� �Ð×Ó ��Ú� ´×�� ���ÙÖ� �º¿µ �

(x, t) ∈ Ωp ⇒ (x, t) +

�

1,− 1

cp

�

∈ Ωp �Ò� u(p)(x, t) = u(p)
�

x+ 1, t− 1

cp

�

.

Ï�Ø� Ø��×� ÔÖÓÔ�ÖØ��× Û� �Ò ÓÒÐÙ�� Ø��Ø

u(p)(Ωp) = u(p) (Ωp ∩ {x ∈ [0, 1]}) ,

Ø�� ×�Ø Ωp ∩ {x ∈ [0, 1]} ���Ò� �ÓÙÒ��� �Ò R2º

�× (0, 0) ∈ Ωp �Ò� u
(p)
t (0, 0) <

δ

2
�ÓÖ p ×Ñ�ÐÐ �ÒÓÙ��¸ Û� �Ò ���Ù� Ø��Ø

ut Ö����× � Ñ�Ò�ÑÙÑ �ÓÖ � ÔÓ�ÒØ (xp
min, t

p
min) ∈ Ω̊p ´���ÙÖ� �º¿µ �Ò� Û� �Ò
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������ �º¿ � ÁÐÐÙ×ØÖ�Ø�ÓÒ Ó� Ø�� Ô�Ö�Ó���ØÝ Ó� Ωpº

×ÙÔÔÓ×� xp
min ∈ [0, 1)º Á� Û� ÛÖ�Ø� v(p) = u

(p)
t ¸ �Ý ÈÖÓÔÓ×�Ø�ÓÒ �º� Û� �ÒÓÛ

Ø��Ø v(p) �× �Ò C2+α;1+α
2 (Qr) �ÓÖ �ÐÐ Ô�Ö��ÓÐ� ÝÐ�Ò��Ö Qr�Ò� ×�Ø�×��× Ø��

�ÓÐÐÓÛ�Ò� �ÕÙ�Ø�ÓÒ �Ò Ø�� ×ØÖÓÒ� ×�Ò×� �

v
(p)
t = Δv(p) + f ′

u(x, u
(p))v(p). ´�º¾¼µ

Ï�Ø� Ø��× �ÕÙ�Ø�ÓÒ Û� �Ò �Ö×Ø ×�ÓÛ Ø��Ø v(p) > 0º ÁÒ����¸ �� v(p) Ö����×
Ø�� Ú�ÐÙ� 0¸ �Ý Ø�� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� ´ÈÖÓÔÓ×�Ø�ÓÒ �º�µ¸ v(p) = 0
�Ú�ÖÝÛ��Ö�¸ �ÙØ Ø�� �Ò�ÕÙ�Ð�ØÝ

�

�u(p) − px− λt
�

� ≤ C �ÓÖ���× Ø��Ø u(p) �× ×Ø�¹
Ø�ÓÒ�ÖÝº

�× v(p) Ö����× � Ñ�Ò�ÑÙÑ ÓÒ (xp
min, t

p
min)¸ �Ø Ø��Ø ÔÓ�ÒØ v(p)t = 0 �Ò�

Δv ≥ 0¸ �Ò� �Ø Ø��Ø ÔÓ�ÒØ u(p) ∈ [θ1, θ2] ×Ó f ′
u(x

p
min, u

(p)) > 0¸ �ÙØ Û� �Ð×Ó
��Ú� v(p) > 0¸ ×Ó Û� ��Ú� � ÓÒØÖ���Ø�ÓÒ Û�Ø� ´�º¾¼µº

�× � ÓÒ×�ÕÙ�Ò�¸ u �Ò ÒÓØ �� ×Ø�Ø�ÓÒ�ÖÝ Û�Ø� Ú�ÐÙ� θº

�º¿º¿ �Ò�ÐÝ×�× Ó� Ø�� �×� cp → +∞
ÈÖÓÔÓ×�Ø�ÓÒ �º½� ´�ÜÐÙ×�ÓÒ Ó� Ø�� �×� cp →∞µº

Ì�� ×�ÕÙ�Ò� cp �Ò ÒÓØ ��Ú�Ö�� ØÓ +∞º

ÈÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ �º½�

ËØ�Ô ½ � Ê��ÙØ�ÓÒ ØÓ Ø�� �×� u ≡ θ

Ì�� ×�Ñ� Ö��×ÓÒ�Ò� �× Ø�� ÓÒ� �Ò Ø�� ËØ�Ô ½ Ó� Ø�� ÔÖÓÓ� Ó� ÈÖÓÔÓ¹
×�Ø�ÓÒ �º½� ´Û��Ö� c ∈ (0,+∞)µ �Ù�Ö�ÒØ��× Ø��Ø u �Ò� u �Ö� ÓÒ×Ø�ÒØ¸ �Ò�
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Ø��Ø ��Ø��Ö u ≡ θ ´Ø�� ÓÒ×Ø�ÒØ �×�µ¸ ÓÖ u = 1 �Ò� u = 0 ´Ø�� ÒÓÒ ×Ø�Ø�ÓÒ�ÖÝ
�×�µº

�ÖÓÑ ´�º½�µ Û�Ø� c0 = +∞¸ Û� ��Ú� Ø��Ø �ÓÖ �ÐÐ t¸ u(·, t) �× 1¹Ô�Ö�Ó��º
Ï� �ÒÓÛ Ø��Ø u(0, 0) = θ¸ ×Ó �� u ≤ θ¸ ÓÖ u ≥ θ¸ �Ý Ø�� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ
ÔÖ�Ò�ÔÐ� ´ÈÖÓÔÓ×�Ø�ÓÒ �º�µ¸ u ≡ θ �Ò �ÓØ� �×�×¸ �Ò� Û� �Ö� �Ò Ø�� ÓÒ×Ø�ÒØ
�×�º

�ÙØ �� u(·, 0) ≤ θ¸ Ø�� ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� ´ÈÖÓÔÓ×�Ø�ÓÒ �º�µ �Ù�Ö�ÒØ��×
u(·, t) ≤ θ �ÓÖ t > 0 �Ò� Ø�� ÑÓÒÓØÓÒ��ØÝ Ó� u �ÑÔÐ��× u(·, t) ≤ θ �ÓÖ t < 0º
ËÓ Û� ��Ú� u ≤ θ ÓÒ R2¸ Û��� Û� ��Ú� �ÐÖ���Ý Ö��Ù�� ØÓ Ø�� ÓÒ×Ø�ÒØ
�×�º Ë�Ñ�Ð�ÖÐÝ̧ Û� �Ò³Ø ��Ú� u(·, 0) ≥ θ �Ò Ø�� ÒÓÒ ×Ø�Ø�ÓÒ�ÖÝ �×�º

ËÓ Ø��Ö� �Ü�×Ø x1 ∈ R �Ò� x2 ∈ R ×Ù� Ø��Ø u(x1, 0) > θ �Ò� u(x2, 0) < θº
���Ù×� Ó� Ø�� 1¹Ô�Ö�Ó���ØÝ Ó� u �Ò x¸ Û� �Ò ×ÙÔÔÓ×� −1 ≤ x1 < 0 < x2 ≤ 1º
�ÙØ Ø��× ÓÒØÖ���Ø× Ø�� ��Ø Ø��Ø u ×�Ø�×��× ´�º½¾µº

ËØ�Ô ¾ � �ÜÐÙ×�ÓÒ Ó� Ø�� �×� u ≡ θ
Ì�� Ð�Ò� Ó� Ö��×ÓÒ�Ò� ��Ú�Ò �Ò ËØ�Ô ¾ Ó� Ø�� ÔÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ �º½�

´Û��Ö� c ∈ (0,+∞)µ �× �Ð×Ó Ú�Ð�� Û��Ò c0 = +∞¸ Ù×�Ò� Ø�� ÓÒÚ�ÒØ�ÓÒ
1

c
= 0º

�º¿º� �Ò�ÐÝ×�× Ó� Ø�� �×� cp → 0¸ Û�Ø� � ×Ø�Ø�ÓÒ�ÖÝ cp = 0 �ÓÖ
|p| ×Ñ�ÐÐ �ÒÓÙ��

ÈÖÓÔÓ×�Ø�ÓÒ �º½�º ´ÈÖÓÔ�ÖØ��× Ó� Ø�� ×ÓÐÙØ�ÓÒ Û��Ò c0 = 0 �Ò� cp = 0
�ÓÖ � ×Ù�×�ÕÙ�Ò� ´Ø�� ÓÒ×Ø�ÒØ �×�µµ

Á� cp = 0 �ÓÖ |p| ×Ñ�ÐÐ �ÒÓÙ��¸ Ø��Ò u �× ×Ø�Ø�ÓÒ�ÖÝ �Ò� �× � ØÖ�Ò×�Ø�ÓÒ ��ØÛ��Ò
u− = 0 �Ò� u+ = 1º

ÈÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ �º½�

ÁÒ Ø��× �×�¸ �ÓÖ Ø�� ×Ù�×�ÕÙ�Ò� Ñ�ÒØ�ÓÒ�� ��ÓÚ�¸ Ø�� ×ÓÐÙØ�ÓÒ× u(p) �Ö�
�ÐÐ ×Ø�Ø�ÓÒ�ÖÝ̧ �Ò� �× � ÓÒ×�ÕÙ�Ò� u �× ×Ø�Ø�ÓÒ�ÖÝº ÁÒ Ø�� �ÓÐÐÓÛ�Ò� Ó� Ø��×
ÔÖÓÓ� Û� Û�ÐÐ Ù×� Ø�� �ÙÜ�Ð��ÖÝ �ÙÒØ�ÓÒ w(p)(x) = u(p)(x+ 1) − u(p)(x) �Ò�
w(x) = u(x+ 1) − u(x)º �× Û� �ÒÓÛ Ø��Ø u(p)(x+ 1) ≥ u(p)(x)¸ Ø��×� �ÙÒ¹
Ø�ÓÒ× w(p) �Ò� w �Ö� ÒÓÒ¹Ò���Ø�Ú�º Ï� ����Ò Ø��× ÔÖÓÓ� �Ý ×�ÓÛ�Ò� Ø��Ø Ø��Ý
×�Ø�×�Ý � ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ�¸ Ø��Ø �× �� w ´ÓÖ w(p)µ Ö����× Ø�� Ú�ÐÙ�
0¸ Ø��Ò w ´ÓÖ w(p)µ �× ÓÒ×Ø�ÒØ Û�Ø� Ú�ÐÙ� 0º

ËØ�Ô ½ � � ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� �ÓÖ w
ËÙÔÔÓ×� Ø��Ø Ø��Ö� �Ü�×Ø× x0 ∈ R ×Ù� Ø��Ø w(x0) = 0¸ Ø��Ø �× u(x0) =

u(x0+1) = d0º �× u(x+1) ≥ u(x) �Ú�ÖÝÛ��Ö�¸ Ø��× �ÑÔÐ��× Ø��Ø Ø��Ö� �Ü�×Ø×
d1 ∈ R ×Ù� Ø��Ø ux(x0) = ux(x0 + 1) = d1º �× f �× 1¹Ô�Ö�Ó�� �Ò ×Ô��¸ Ø��
�ÙÒØ�ÓÒ× u �Ò� ũ = u(·+ 1) �Ö� �ÓØ� ×ÓÐÙØ�ÓÒ× Ó� Ø�� ��Ù�Ý ÔÖÓ�Ð�Ñ







0 = uxx + f(x, u) ÓÒ (x0,+∞)
u(x0) = d0
u′(x0) = d1
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�× f �× Ä�Ô×��ØÞ¹ÓÒØ�ÒÙÓÙ×¸ Û� ��Ú� Ø��Ø u �Ò� ũ Ó�Ò��� ÓÒ (x0,+∞)º ÁÒ
Ø�� ×�Ñ� Ñ�ÒÒ�Ö¸ Û� �Ò ×�ÓÛ Ø��Ý Ó�Ò��� ÓÒ (−∞, x0)¸ ×Ó u �Ò� ũ �Ö�
�ÕÙ�Ðº ÌÓ ×ÙÑ ÙÔ¸ Û� ��Ú� Ø��Ø �� w Ö����× Ø�� Ú�ÐÙ� 0¸ Ø��Ò �Ø �× Ò��××�Ö�ÐÝ
ÓÒ×Ø�ÒØº

ËØ�Ô ¾ � Á��ÒØ���Ø�ÓÒ Ó� u− �Ò� u+

Ì�� ×ÓÐÙØ�ÓÒ u �× ×Ø�Ø�ÓÒ�ÖÝ̧ ×Ó �ÓØ� u+ �Ò� u− �Ö� ×Ø�Ø�ÓÒ�ÖÝ 1¹Ô�Ö�Ó��
×ÓÐÙØ�ÓÒ× Ó� ´�º½µº �× � ÓÒ×�ÕÙ�Ò�¸ Ø��Ý �Ö� ÓÒ×Ø�ÒØ �Ò� Ø���Ö Ú�ÐÙ� �× �
Þ�ÖÓ Ó� f º

�Ý ×Ù�Ø��Ð� ×Ô�� ØÖ�Ò×Ð�Ø�ÓÒ× Û� �Ò �Ò×ÙÖ� Ø��Ø �ÓÖ �ÐÐ p > 0 Ø��Ö� �Ü�×Ø×
xp ∈ [0, 1) ×Ù� Ø��Ø u(p)(xp) = θº Á� Û� ÒÓØ� x0 �Ò �ÙÑÙÐ�Ø�ÓÒ Ú�ÐÙ�× Ó�
Ø�� ×�ÕÙ�Ò� xp �× p→ 0¸ Û� ��Ú� u(x0) = θº

�× u− ≤ u ≤ u+ �Ò� u+ − u− ≤ 1¸ u− �× ��Ø��Ö θ − 1¸ 0 ÓÖ θ¸ �Ò� u+ �×
��Ø��Ö θ¸ 1 ÓÖ θ + 1º Á� u+ ÓÖ u− �× �ÕÙ�Ð ØÓ θ¸ Ø��Ò u �× ÓÒ×Ø�ÒØ ´�Ò� �ÕÙ�Ð
ØÓ θµº ÁÒ����¸ u(0) = u+ = θ �Ò� u(x + 1) ≥ u(x) �ÑÔÐÝ Ø��Ø u(n) = θ �ÓÖ
n ∈ N¸ ���Ù×� u+ = limu(x+n)º ÁØ Ñ��Ò× Ø��Ø w = u(x+1)−u(x)¸ Û���
�× ÒÓÒ¹Ò���Ø�Ú�¸ Ö����× Ø�� Ú�ÐÙ� 0 �Ò� �Ý Ø�� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ�
´×�� ËØ�Ô ½ Ó� Ø��× ÔÖÓÓ�µ �Ø �× ÓÒ×Ø�ÒØ �Ò� �ÕÙ�Ð ØÓ 0¸ Û��� �Ò ØÙÖÒ �ÑÔÐ��×
Ø��Ø u �× ÓÒ×Ø�ÒØº Ì�� ÓÒÐÝ ÓØ��Ö �×� �× u− = 0 �Ò� u+ = 1º

ËØ�Ô ¿ � �ÜÐÙ×�ÓÒ Ó� Ø�� �×� u ≡ θ
ÁÒ � ×�Ñ�Ð�Ö Û�Ý �× �ÓÖ Ø�� ��ÓÚ� �×�×¸ Û� �ÒÓÛ Ø��Ø �ÓÖ �ÐÐ x ∈ R¸

f(x, u) �× �ÒÖ��×�Ò� �Ò u �ÓÖ u ∈ [θ1, θ2]¸ Û��Ö� 0 < θ1 < θ < θ2 < 1º Ï�
ÓÒ×���Ö θ3 ∈ (θ, θ2) �Ò� Ö�Ñ�Ö� Ø��Ø �ÓÖ �ÒÝ p > 0¸ �� θ1 ≤ u(p)(x) ≤ θ3 �Ò�
w(p)(x) < θ2 − θ3 := δθ¸ Ø��Ò θ1 ≤ u(p)(x+ 1) ≤ θ2º

ËÙ�×Ø�Ô ¿º½ � Å�ÒÓÖ�Ø�ÓÒ Ó� w ÓÒ Ø�� ×�Ø {u = θ1}
Ï� ���Ò�

A′ = { a ∈ R | ∃(pn) ∈ (N−1)N Û�Ø� pn → 0,

∃(xpn)pn , u
(pn)(xpn) = θ1, u

(pn)
t (xpn)→ a }

Ø�� ×�Ø Ó� �ÙÑÙÐ�Ø�ÓÒ Ú�ÐÙ�× Ó� w �Ø ÔÓ�ÒØ× Û��Ö� u = θ1º �× ���ÓÖ�¸ Û�
Û�ÐÐ Ù×� Ø�� ×�ÑÔÐ���� ÒÓØ�Ø�ÓÒ× (p) �Ò� (xp) �ÓÖ ×Ù�×�ÕÙ�Ò�× �××Ó��Ø�� ØÓ
�Ð�Ñ�ÒØ× Ó� A′º Ï� ÒÓØ� Ø��Ø �� a ∈ R �× �Ò �ÙÑÙÐ�Ø�ÓÒ ÔÓ�ÒØ Ó� A′¸ Û� �Ò
×�ÓÛ �Ý � ÔÖÓ�×× Ó� ����ÓÒ�Ð �ÜØÖ�Ø�ÓÒ Ø��Ø a ∈ A′¸ ×Ó A′ �× ÐÓ×�� �Ò Rº

Ï� ÓÒ×���Ö a ∈ A′ �Ò� (xp)p � ÓÖÖ�×ÔÓÒ��Ò� ×Ù�×�ÕÙ�Ò�¸ �Ò� Û� ���Ò�

u(p)
′
= u(p)(·+ ⌊xp⌋).

Ì��Ò u(p)
′

�× � ×ÓÐÙØ�ÓÒ Ó� ´�º½µ Û�Ø� u(p)
′
(xp − ⌊xp⌋) = θ1º Ì�� ×�ÕÙ�Ò�

u(p)
′
ÓÒÚ�Ö��× ØÓ � ×ÓÐÙØ�ÓÒ u′ Ó� ´�º½µ ÙÔ ØÓ � ×Ù�×�ÕÙ�Ò�¸ �Ò� �� Û� Ø���

x0 ∈ [0, 1] �Ò �ÙÑÙÐ�Ø�ÓÒ Ú�ÐÙ� Ó� xp − ⌊xp⌋¸ Û� ��Ú� Ø��Ø u′(x0) = θ1º
ÆÓÛ Û� Ö�Ñ�Ö� Ø��Ø �� w′(x) = u′(x + 1) − u′(x) Ö����× Ø�� Ú�ÐÙ� 0¸

�Ý Ø�� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ�¸ �Ø �× ÓÒ×Ø�ÒØ Û�Ø� Ú�ÐÙ� 0¸ Û��� �ÑÔÐ��×
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Ø��Ø u′ �× 1¹Ô�Ö�Ó��¸ u′ = u′+ = u′−¸ �Ò� u′ �× � ÓÒ×Ø�ÒØ �Ò� �Ø× Ú�ÐÙ� �× �
Þ�ÖÓ Ó� f ¸ Û��� ÓÒØÖ���Ø× u′(x0) = θ1º �ÙØ w(p)′ ÓÒÚ�Ö��× ÙÒ��ÓÖÑÐÝ ØÓ
w′¸ ×Ó

w′(x0) = lim
p→0

�

w(p)′(xp − ⌊xp⌋)
�

= a,

×Ó a > 0¸ �Ò� �× A′ �× ÐÓ×��¸ minA′ = δA′ > 0º

ËÙ�×Ø�Ô ¿º¾ � Å�ÒÓÖ�Ø�ÓÒ Ó� w ÓÒ Ø�� ×�Ø {u = θ3}
Á� Û� ���Ò� �Ò ×�Ñ�Ð�Ö ��×��ÓÒ Ø�� ×�Ø B′ Ó� �ÙÑÙÐ�Ø�ÓÒ Ú�ÐÙ�× Ó�

w �Ø ÔÓ�ÒØ× Û��Ö� u = θ3¸ Û� �Ò Ù×� Ø�� ×�Ñ� Ñ�Ø�Ó� ØÓ ×�ÓÛ Ø��Ø
min {B′} = δB′ > 0º

ËÙ�×Ø�Ô ¿º¿ � �ÓÒÐÙ×�ÓÒ

Ï� ÒÓØ� δ′ = min(δA′ , δB′ , δθ)º Ì�� ÔÖ����Ò� Ö�×ÙÐØ× �Ò���Ø� Ø��Ø Ø��Ö�
�Ü�×Ø× p′0 > 0 ×Ù� Ø��Ø �ÓÖ �ÐÐ p > 0 ×Ù� Ø��Ø p < p′0¸ u

(p)(x, t) ∈ {θ1, θ3}
�ÑÔÐ��× w(p)(x, t) >

δ′

2
º

ÆÓÛ Û� ×ÙÔÔÓ×� Ø��Ø � ×Ù�×�ÕÙ�Ò� Ó� u(p) ÓÒÚ�Ö��× ØÓ � ÓÒ×Ø�ÒØ ×Ó¹
ÐÙØ�ÓÒ u ≡ θ ´Ø��× �ÑÔÐ��× w ≡ 0µº �ÓÖ �ÐÐ p > 0¸ Ø�� �ÓÙÒ�×

|u(p)(x)− px| ≤ C

Ñ��Ò Ø��Ø Ø��Ö� �Ü�×Ø× xp ∈ R ×Ù� Ø��Ø u(p)(xp) = θº ÍÔ ØÓ � ØÖ�Ò×Ð�¹
Ø�ÓÒ u′(p)(x) = u(p)(x+ ⌊xp⌋)¸ Û��� ÔÖ�×�ÖÚ�× Ø�� ×ÓÐÙØ�ÓÒ¸ Û� �Ò ×ÙÔÔÓ×�
xp ∈ [0, 1)º �× � ÓÒ×�ÕÙ�Ò�¸ Ø��Ö� �Ü�×Ø× � ×�ÕÙ�Ò� pn → 0¸ � ×�ÕÙ�Ò�

(xn) ∈ [0, 1)N �Ò� p′cut > 0 ×Ù� Ø��Ø �ÓÖ |pn| < p′cut¸ w
(pn)(xn) <

δ′

2
´Û�Ø�

u(pn)(xn) = θµº ÆÓÛ �ÓÖ p ∈ (pn)n¸ p < min(p′0, p
′
cut)¸ Û� ÓÒ×���Ö Ø�� ×Ù�×�Ø

Ωp ⊂ R ���Ò�� �× ��ÓÚ� �

Ωp =
�

x ∈ R | θ1 ≤ u(p)(x) ≤ θ3

�

.

ÁØ �× � ÐÓ×�� ×Ù�×�Ø �Ò� �Ø× �ÓÙÒ��ÖÝ ∂Ωp �× �ÒÐÙ��� �Ò Ø�� ×Ù�×�Ø
�

x ∈ R | u(p)(x) ∈ {θ1, θ3}
�

.

À�Ò�¸ w(p) >
δ′

2
ÓÒ ∂Ωpº �× (xp) ∈ Ωp �Ò� w(p)(xp) <

δ′

2
¸ Û� �Ò ���Ù�

Ø��Ø w Ö����× � Ñ�Ò�ÑÙÑ �ÓÖ � ÔÓ�ÒØ (xp
min) ∈ Ω̊pº ÆÓÛ w(p) ×�Ø�×��× Ø��

�ÓÐÐÓÛ�Ò� �ÕÙ�Ø�ÓÒ

0 = Δw(p)(x) + (f(x, u(p)(x+ 1)) − f(x, u(p)(x)). ´�º¾½µ

�× w(p) Ö����× � Ñ�Ò�ÑÙÑ ÓÒ (xp
min)¸ �Ø Ø��Ø ÔÓ�ÒØ

Δw(p)(xp
min) ≥ 0. ´�º¾¾µ
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ÅÓÖ�ÓÚ�Ö¸ w(p) > 0 ���Ù×� �� �Ø Ö����× Ø�� Ú�ÐÙ� 0¸ �Ý Ø�� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ
ÔÖ�Ò�ÔÐ� ´×�� ËØ�Ô 1 Ó� Ø��× ÔÖÓÓ�µ¸ w(p) = 0 �Ú�ÖÝÛ��Ö�¸ �ÙØ Ø�� �Ò�ÕÙ�Ð�ØÝ
�

�u(p) − px
�

� ≤ C �ÓÖ���× Ø��Øº �× � ÓÒ×�ÕÙ�Ò�¸ Û� ��Ú� u(p)(xp
min + 1) >

u(p)(xp
min)º �Ý ÓÒ×ØÖÙØ�ÓÒ¸ θ1 ≤ u(p)(xp

min) ≤ θ3¸ �Ò� Û� ��Ú� ×Ô�����

w(p)(xp
min) ≤

δ′

2
< δθ¸ ×Ó θ1 ≤ u(p)(xp

min) ≤ θ3º �× �ÓÖ �Ú�ÖÝ Ú�ÐÙ� Ó� x¸ f �×

�Ò �ÒÖ��×�Ò� �ÙÒØ�ÓÒ Ó� u Û��Ò u �× �Ò Ø�� �ÒØ�ÖÚ�Ð [θ1, θ2]¸ Û� ��Ú�

f(xp
min, u

(p)(xp
min + 1))− f(xp

min, u
(p)(xp

min)) > 0. ´�º¾¿µ

�ÓÑ��Ò�Ò� ´�º¾½µ¸´�º¾¾µ �Ò� ´�º¾¿µ¸ Û� ��Ø � ÓÒØÖ���Ø�ÓÒº
�× � ÓÒ×�ÕÙ�Ò�¸ u �Ò ÒÓØ �� ×Ø�Ø�ÓÒ�ÖÝ Û�Ø� Ú�ÐÙ� θº

�º¿º� �Ò�ÐÝ×�× Ó� Ø�� �×� cp → 0¸ Û�Ø� cp > 0

ÈÖÓÔÓ×�Ø�ÓÒ �º½� ´ÈÖÓÔ�ÖØ��× Ó� Ø�� ×ÓÐÙØ�ÓÒ Û��Ò c0 = 0 �Ò Ø��

ÔÓ×�Ø�Ú� �×�µº Á� cp → 0 �Ò� Ø�� ×�ÕÙ�Ò� �× ÒÓØ ×Ø�Ø�ÓÒ�ÖÝ¸ Û�Ø� cp > 0¸
Ø��Ò Ø��Ö� �Ü�×Ø× � ×Ø�Ø�ÓÒ�ÖÝ ×ÓÐÙØ�ÓÒ u Ó� ´�º½µ Û��� ×�Ø�×��× ´�º�µ¸´�º�µ¸
�Ò� �× � ØÖ�Ò×�Ø�ÓÒ ��ØÛ��Ò u− = 0 �Ò� u+ = 1º

ÈÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ �º½�

ËØ�Ô ½ � ����Ú�ÓÙÖ Ó� u �Ò� u �ÓÖ Ø�� Ð�Ñ�Ø u Ó� u(p)

�× cp > 0 �ÓÖ p > 0¸ Û� �Ò ×ÙÔÔÓ×� Ø��Ø u(p)(0, 0) = θ¸ �Ò� ×Ó u(0, 0) = θº
Ï� �ÒÓÛ Ø��Ø u �Ò� u �Ö� ØÛÓ ×Ø�Ø�ÓÒ�ÖÝ ×ÓÐÙØ�ÓÒ× �Ò� Û� Ö��ÐÐ Ø��Ø

u(x+ 1) ≥ u(x).

Ï� ÒÓØ� Ø��Ø �× n → ∞¸ �ÓØ� u(x + n) �Ò� u(x + n) ÓÒÚ�Ö�� ØÓ Ô�Ö�Ó��
×Ø�Ø�ÓÒ�ÖÝ ×ÓÐÙØ�ÓÒ×¸ Ø��Ø �× ÓÒ×Ø�ÒØ× �Ò {0, θ} + Zº �ÙØ �× u(x) ≤ u(x) ≤
u(x + 1)¸ Ø��×� Ð�Ñ�Ø× �Ö� Ò��××�ÖÝ Ø�� ×�Ñ�¸ �Ò� u+ = u+ = u+º ÁÒ Ø��
×�Ñ� Û�Ý̧ u− = u− = u−º

�× u(0, 0) = θ¸ Û� ��Ú� u− = u− ≤ θ ≤ u+ = u+¸ �Ò� Û� �ÒÓÛ Ø��Ø
u+ − u− ≤ 1º

ÆÓÛ ×ÙÔÔÓ×� u+ = θº �× u(0, 0) = θ¸ u(0) ≥ θ ���Ù×� u �× �ÒÖ��×�Ò�
�Ò Ø�Ñ�º �ÓÑ��Ò�Ò� Ø��× Û�Ø� u+ = θ¸ �Ø �ÑÔÐ��× u(0) = θ �Ò� �× u(n) �×
ÒÓÒ��Ö��×�Ò�¸ u(n) = θ �ÓÖ �ÐÐ n ∈ Nº �ÙØ �Ò Ø��× �×�¸ w(x) = u(x+1)−u(x)
Ö����× Ø�� Ú�ÐÙ� 0¸ �Ò� �Ý Ø�� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� ´×�� ËØ�Ô 1 Ó� Ø��
ÔÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ �º½�µ¸ �Ø �× Ò��××�ÖÝ ÓÒ×Ø�ÒØ �Ò� �ÕÙ�Ð ØÓ 0º Ì��×
�ÑÔÐ��× Ø��Ø u �× ÓÒ×Ø�ÒØ �Ò� �ÕÙ�Ð ØÓ θ¸ �Ò� �×

0 = u+ − u+ = limu(x+ n)− u(x+ n)

�Ò�
0 = u− − u− = lim u(x− n)− u(x− n),

u �× �Ð×Ó ÓÒ×Ø�ÒØ Û�Ø� Ú�ÐÙ� θ¸ Û��� �Ò ØÙÖÒ �ÑÔÐ��× Ø��Ø u �× ÓÒ×Ø�ÒØ Û�Ø�
Ú�ÐÙ� θ¸ � �×� Û��� Û� Û�ÐÐ �ÜÐÙ�� ��ÐÓÛº
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Ì�� ×�Ñ� ��ÔÔ�Ò× �� u− = θº
Ì�� ÓÒÐÝ Ö�Ñ��Ò�Ò� �×� �× u− = 0¸ �Ò� u+ = 1º ÁÒ Ø��Ø �×�¸ �ÓØ� u �Ò�

u �Ö� ×Ø�Ø�ÓÒ�ÖÝ ×ÓÐÙØ�ÓÒ× Ó� ´�º½µ¸ Û�Ø� u− = u− = 0 �Ò� u+ = u+ = 1¸
Û��� �× Û��Ø Û� Û�ÒØ�� ØÓ ÔÖÓÚ�º ÆÓØ� Ø��Ø Ø��×� ØÛÓ ×Ø�Ø�ÓÒ�ÖÝ ×ÓÐÙØ�ÓÒ×
Ñ�Ý �� �ÕÙ�Ð¸ �Ò Û��� �×� u �Ø×�Ð� �× ×Ø�Ø�ÓÒ�ÖÝº

ËØ�Ô ¾ � �ÜÐÙ×�ÓÒ Ó� Ø�� �×� u ≡ θ

Ì��× ÔÖÓÓ� ��Ú�Ò �Ò Ø�� �×� cp → c > 0 ×Ø�ÐÐ �ÓÐ�× ��Ö�º �ØÙ�ÐÐÝ̧ �Ò Ø��
ÔÖÓÓ� �Ò Ø�� �×� c > 0¸ Û� Ò�Ú�Ö Ù×� Ø�� ��Ø Ø��Ø Ø�� Ð�Ñ�Ø c �× ÔÓ×�Ø�Ú�¸
ÓÒÐÝ Ø�� ��Ø Ø��Ø �ÓÖ p > 0¸ cp > 0º ËÓ �Ò ÓÙÖ �×� u �Ò ÒÓØ �� ×Ø�Ø�ÓÒ�ÖÝ
Û�Ø� Ú�ÐÙ� θ ��Ø��Öº

�º¿º� ÈÖÓÓ� Ó� Ø�� Ñ��Ò �Ü�×Ø�Ò� Ö�×ÙÐØ

ÁÒ Ø��× ×Ù�×�Ø�ÓÒ Û� Ù×� Ø�� ÔÖ����Ò� Ö�×ÙÐØ× ØÓ ÔÖÓÚ� Ø�� �Ü�×Ø�Ò� Ô�ÖØ
Ó� Ì��ÓÖ�Ñ �º½

ÈÖÓÓ� Ó� Ì��ÓÖ�Ñ �º½

Ã��Ô�Ò� �Ò Ñ�Ò� Ø��Ø Ø�� Ò���Ø�Ú� �×� �× ×�Ñ�Ð�Ö ØÓ Ø�� ÔÓ×�Ø�Ú� �×�¸
ÈÖÓÔÓ×�Ø�ÓÒ �º½� �Ò���Ø�× Ø��Ø c0 ∈ Rº ÈÖÓÔÓ×�Ø�ÓÒ �º½¾ �Ù�Ö�ÒØ��× Ø��Ø
Ø�� ×ÓÐÙØ�ÓÒ u Û� ��Ú� ÓÒ×ØÖÙØ�� ×�Ø�×��× ´�º�µ �Ò� c0ut ≥ 0º ��Ò�ÐÐÝ̧
ÈÖÓÔÓ×�Ø�ÓÒ �º½� ×�ÓÛ× Ø��Ø Ø�� Ö�Ñ��Ò��Ö Ó� ´�º�µ �ÓÐ�× Û��Ò c0 �= 0¸ �Ò�
ÈÖÓÔÓ×�Ø�ÓÒ �º½� �Ò� ÈÖÓÔÓ×�Ø�ÓÒ �º½� ×�ÓÛ Ø��Ø ´�º�µ �Ð×Ó �ÓÐ�× Û��Ò c0 = 0¸
Û��� ÓÒÐÙ��× Ø�� ÔÖÓÓ� Ó� Ø�� �Ü�×Ø�Ò� Ô�ÖØ Ó� Ì��ÓÖ�Ñ �º½º

�º� ÍÒ�ÕÙ�Ò�×× Ó� Ø�� ÔÖÓ�Ð� �Ò� Ó� Ø�� Ú�ÐÓ�ØÝ

ÁÒ Ø��× ×�Ø�ÓÒ Û� ×�ÓÛ Ø�� ÙÒ�ÕÙ�Ò�×× Ô�ÖØ Ó� Ì��ÓÖ�Ñ �º½ ´ÙÒ�ÕÙ�Ò�××
Ó� Ø�� ÔÖÓ�Ð� uµ �Ò� Ø�� Ö�×ÙÐØ Ó� Ì��ÓÖ�Ñ �º¿ ´ÙÒ�ÕÙ�Ò�×× Ó� Ø�� Ú�ÐÓ�ØÝ
c0µº

�º�º½ ÍÒ�ÕÙ�Ò�×× Ó� Ø�� ÔÖÓ�Ð�

ÁÒ Ø��× �Ö×Ø ×Ù�×�Ø�ÓÒ Û� ÔÖÓÚ� Ø�� ÙÒ�ÕÙ�Ò�×× Ó� Ø�� ×ÓÐÙØ�ÓÒ �ÓÖ � ��Ú�Ò
×Ô��� c0 �

ÈÖÓÔÓ×�Ø�ÓÒ �º¾¼º

�ÓÖ � ��Ú�Ò c0 > 0¸ Ø��Ö� �Ü�×Ø× � ÙÒ�ÕÙ� ´ÙÔ ØÓ Ø�Ñ� ØÖ�Ò×Ð�Ø�ÓÒ×µ ×ÓÐÙØ�ÓÒ
u Ó� ´�º½µ �Ò R2 ×�Ø�×�Ý�Ò� Ø�� ÔÖÓÔ�ÖØ��× ´�º�µ Û�Ø� u = 0 �Ò� u = 1 �Ò�

u

�

x+ 1, t− 1

c0

�

= u(x, t) ´Û�Ø� 0 < c0 < +∞µº

ÈÖÓÓ� Ó� ÔÖÓÔÓ×�Ø�ÓÒ �º¾¼

ËØ�Ô ½ � Ë�ØØ�Ò� Ó� Ø�� ÔÖÓÓ�
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�××ÙÑÔØ�ÓÒ ´�º¿µ �Ù�Ö�ÒØ��× Ø��Ø Ø��Ö� �Ü�×Ø θ1, θ2 ∈]0, 1[ ×Ù� Ø��Ø �ÓÖ
�ÐÐ x ∈ R¸ f(x, ·) �× ��Ö��×�Ò� ÓÒ [0, θ1] �Ò� ÓÒ [θ2, 1]º Ï� ÓÒ×���Ö ØÛÓ
×ÓÐÙØ�ÓÒ× u �Ò� v ×�Ø�×�Ý�Ò� Ø�� ÔÖÓÔ�ÖØ��× ��ÓÚ�º Ï� Ù×� Ø�� Ö�Ð�Ø�ÓÒ

u

�

x+ 1, t− 1

c0

�

= u(x, t)

�Ò� ���Ù� Ø��Ø Ø��Ö� �Ü�×Ø× � ��Ò� Σ = {−M ≤ x+ ct ≤ M} Ó� Û��Ø� R
×Ù� Ø��Ø �ÓÖ �ÐÐ (x, t) ∈ Σ− = {x+ ct < −M}¸ u(x, t) < θ1 �Ò� v(x, t) < θ1¸
�Ò� �ÓÖ �ÐÐ (x, t) ∈ Σ+ = {x+ ct > M}¸ u(x, t) > θ2 �Ò� v(x, t) > θ2º

ËØ�Ô ¾ � �ÓÑÔ�Ö�×ÓÒ Ó� u �Ò� v

��Ö×Ø¸ Û� �Ò ×�ÓÛ Ø��Ø Ø��Ö� �Ü�×Ø× τ > 0 ×Ù� Ø��Ø







v(·, · + τ) ≥ u ÓÒ Σ
v(·, · + τ) ≥ θ2 ÓÒ Σ+

u ≤ θ1 ÓÒ Σ−
´�º¾�µ

Ï� �ÐÖ���Ý �ÒÓÛ Ø��Ø u ≤ θ1 ÓÒ Σ−º
ÅÓÖ�ÓÚ�Ö¸ Û� �ÒÓÛ Ø��Ø �ÓÖ �ÐÐ x ∈ R¸ lim

t→+∞
v(x, t) = 1º Ì�� ×ÓÐÙØ�ÓÒ u

�× ÓÒØ�ÒÙÓÙ× ÓÒ Ø�� ÓÑÔ�Ø ×�Ø Σp = Σ∩ ([0, 1]×R)¸ ×Ó �Ø ��× � Ñ�Ü�ÑÙÑ
umax¸ �Ò� �× 0 < u < 1¸ umax < 1º ÆÓØ� Ø��Ø �Ý ÓÒ×ØÖÙØ�ÓÒ Ó� Σ¸ max

Σ
≥ θ2¸

�Ò� �Ý Ô�Ö�Ó���ØÝ umax > θ2º ÆÓÛ Ø�� Ð�Ñ�Ø v(x, t)→ 1 �× t→∞ �× ÙÒ��ÓÖÑ
ÓÒ x ∈ [0, 1] ´�Ý ÓÑÔ�ØÒ�××µ¸ ×Ó Ø��Ö� �Ü�×Ø× tm > 0 ×Ù� Ø��Ø �ÓÖ �ÐÐ

t > tm¸ x ∈ [0, 1]¸ v(x, t) > umaxº ËÓ �ÓÖ τ ���� �ÒÓÙ�� ´τ = tmax +
M + 1

c
�× ×Ù���ÒØµ¸ v(·, · + τ) > umax ÓÒ Σp¸ ×Ó v(·, · + τ) > u ÓÒ Σpº �Ý Ø��
Ô�Ö�Ó���ØÝ ÔÖÓÔ�ÖØÝ Ó� u �Ò� v¸ Ø��× �ÓÐ�× ÓÒ �ÐÐ Σº

��Ò�ÐÐÝ̧ v(·, · + τ) > umax ÓÒ Σ ∪ Σ+¸ ×Ó �Ò Ô�ÖØ�ÙÐ�Ö v > θ2 ÓÒ Σ+¸
Û��� ÔÖÓÚ�× ´�º¾�µº

Ï� ÒÓØ� w = v(·, · + τ)º Ï�Ø� Ø�� ÔÖÓÔ�ÖØ��× ��ÓÚ�¸ Û� �Ò ×�ÓÛ Ø��Ø
w ≥ u ÓÒ R2º Ï� �ÐÖ���Ý ��Ú� Ø��Ø w ≥ u ÓÒ Σº

ÁÒ Ø�� �ÓÐÐÓÛ�Ò� Ô�ÖØ Ó� Ø�� ÔÖÓÓ� Û� Ù×� Ø�� Ú�ØÓÖ×

e1 =
1

1 + c2
(1, c) �Ò� e2 =

1

1 + c2
(−c, 1).

Ï� ���Ò� m = sup
Σ+

(u − w)º Ï� Û�ÒØ ØÓ ×�ÓÛ �Ý ÓÒØÖ���Ø�ÓÒ m ≤
0¸ ×Ó Û� ×ÙÔÔÓ×� m > 0º �× (w − u)((x, t) + se1) → 0 �× s → +∞ �Ò�

(w−u)
�

(x, t) +

�

−1

c
e2

��

= (w−u)(x, t)¸ Ø��× ×ÙÔÖ�ÑÙÑ m �× Ö����� �ÓÖ

� �Ò�Ø� ÔÓ�ÒØ P0 = (x0, t0) ´�Ò� Û� �Ò �ÓÖ �Ü�ÑÔÐ� ×ÙÔÔÓ×� 0 ≤ x0 < 1µº
Ï� ��Ú� Ø�� �ÕÙ�Ø�ÓÒ

(u− w)t = Δ(u− w) + f(x, u)− f(x,w)
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�Ò� �Ø Ø�� ÔÓ�ÒØ P0¸ (u − w) Ö����× � Ñ�Ü�ÑÙÑ¸ ×Ó (u − w)t = 0¸ �Ò�
Δ(u − w) ≤ 0º �× m > 0¸ Û� �Ð×Ó ��Ú� u(P0) > w(P0) ≥ θ2 �Ò� �ÓÖ �ÐÐ
x ∈ R¸ f(x, ·) �× ��Ö��×�Ò� ÓÒ [θ2, 1]¸ ×Ó f(x0, u(P0)) < f(x0, w(P0))¸ Û���
�Ö�Ò�× � ÓÒØÖ���Ø�ÓÒº Ì��× ÔÖÓÚ�× Ø��Ø m ≤ 0º

ÁÒ Ø�� ×�Ñ� Û�Ý Û� ÔÖÓÚ� Ø��Ø m′ = sup
Σ−

(u−w) ≤ 0¸ �Ò� Û� �Ò ÓÒÐÙ��

Ø��Ø w ≥ uº

ËØ�Ô ¿ � �ÓÒÐÙ×�ÓÒ �Ý Ø�� ×Ð���Ò� Ñ�Ø�Ó�

Ì�� �ÙÒØ�ÓÒ× u �Ò� w �Ö� ØÛÓ ×ÓÐÙØ�ÓÒ× Ó� ´�º½µ ×�Ø�×�Ý�Ò� ´�º�µ Û�Ø�
u = w = 1¸ u = w = 0¸ �Ò� w ≥ uº Ï� �Ò ÓÒÐÙ�� Ø�� ÔÖÓÓ� �Ý Ø�� ×Ð���Ò�
Ñ�Ø�Ó�º

Ï� ���Ò� α∗ = sup{α ≥ 0 | ∀τ ≤ α, u(x, t + τ) ≤ w(x, t)}º Ï� Ø��Ò
��Ú� Ø��Ø u(x, t+α∗) ≤ w(x, t) �Ò� inf

R2
(w(x, t−α∗)− u(x, t)) = 0 ´�� �Ø Û�×

ÔÓ×�Ø�Ú�¸ �× u �Ò� w �Ö� Ä�Ô×��ØÞ¸ Û� ÓÙÐ� ÓÒ×ØÖÙØ α′ > α∗ ×Ù� Ø��Ø �ÓÖ
�ÐÐ τ ≤ α′¸ u(x, t+τ) ≤ w(x, t)¸ Û��� ÛÓÙÐ� ÓÒØÖ���Ø Ø�� ���Ò�Ø�ÓÒ Ó� α∗µº

ÅÓÖ� ÔÖ��×�ÐÝ̧ �� Û� ���Ò� Ø�� Û���Ò�� ��Ò�

Σ = {(x, t) | −A < x+ ct < A}

×Ù� Ø��Ø �ÓÖ ×ÓÑ� ε > 0¸ �ÓÖ �ÐÐ α ∈ [0, α∗ + ε]¸ w(·, · − α) ≥ θ2 ÓÒ Σ
+

=
{(x, t) | x+ ct ≥ A} ´�Ò ��Ø �Ý Ø�� ÑÓÒÓØÓÒ��ØÝ Ó� w �Ø �× ×Ù���ÒØ ØÓ ��Ú�
Ø��× ÔÖÓÔ�ÖØÝ �ÓÖ α = α∗ + εµ¸ Û� �Ú�Ò ��Ú� inf

Σ
(w(x, t − α∗)− u(x, t)) = 0º

ÁÒ����¸ �� �Ø Û�× ÔÓ×�Ø�Ú�¸ Ø��Ö� ÛÓÙÐ� �Ü�×Ø δ > 0 ×Ù� Ø��Ø w(·, ·−α∗)−
u ≥ δ > 0 ÓÒ Σº �× u �Ò� w �Ö� �ÓØ� Ä�Ô×��ØÞ¸ Ø��Ö� ÛÓÙÐ� Ø��Ò �Ü�×Ø

ε′ ∈ [0, ε] ×Ù� Ø��Ø �ÓÖ �ÐÐ α ∈ [α∗, α∗ + ε′]¸ w(·, · − α) − u ≥ δ

2
º �ÙØ �× �ÓÖ

α ∈ [0, α∗ + ε′] Û� �Ð×Ó ��Ú� w(·, · − α) ≥ θ2 ÓÒ Σ
+
¸ Û� ���Ù� �× �Ò ËØ�Ô 2

Ø��Ø w(·, ·−α) ≥ u �Ò R2 �ÓÖ α ∈ [0, α∗+ε′]¸ Û��� ÓÒØÖ���Ø× Ø�� ���Ò�Ø�ÓÒ
Ó� α∗º

ÆÓÛ Û� �ÒÓÛ Ø��Ø inf
Σ

(w(x, t−α∗)−u(x, t)) = 0¸ �Ò� �Ý Ø�� Ô�Ö�Ó���ØÝ

ÔÖÓÔ�ÖØÝ Ó� w(·, · − α∗) − u¸ Ø�� �Ò�ÑÙÑ �× Ö����� �Ø � �Ò�Ø� ÔÓ�ÒØ P0 =
(x0, t0) ∈ Σº ÁÒ Ø��Ø �×� Û� ��Ú� w(x, t) ≥ u(x, t+α∗) �Ò� w(x0, t0−α∗) =
u(x0, t0)º �Ý Ø�� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� ´ÈÖÓÔÓ×�Ø�ÓÒ �º�µ w = u(·, ·+α∗)¸
�Ò� u �Ò� v �Ö� �ÕÙ�Ð ÙÔ ØÓ � Ø�Ñ� ØÖ�Ò×Ð�Ø�ÓÒº

�º�º¾ ÍÒ�ÕÙ�Ò�×× Ó� Ø�� Ú�ÐÓ�ØÝ

ÈÖÓÓ� Ó� Ì��ÓÖ�Ñ �º¿

Ï� Ö��ÐÐ Ø��Ø Û� ��Ú� ×ÙÔÔÓ×��
�

f ′
u(x, 0) = −δ0 < 0 �ÓÖ �ÐÐ x ∈ R

f ′
u(x, 1) = −δ1 < 0 �ÓÖ �ÐÐ x ∈ R

.

Ï� ×�ÓÛ Ø�� ÙÒ�ÕÙ�Ò�×× Ó� c �Ý ÓÒØÖ���Ø�ÓÒº Ï� ×ÙÔÔÓ×� Ø��Ö� �Ü�×Ø
c1, c2 ≥ 0 Û�Ø� c1 > c2 �Ò� ×ÓÐÙØ�ÓÒ× u1 �Ò� u2 Ó� ´�º½µ ×�Ø�×�Ý�Ò� ´�º�µ
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�Ò� ´�º�µ Û�Ø� Ö�×Ô�Ø�Ú� Ú�ÐÓ�Ø��× c1 �Ò� c2º Ì�� Ó���Ø�Ú� �× ØÓ ×�ÓÛ Ø��Ø
u′2 ≥ u′1 �ÓÖ Ø�Ñ� ØÖ�Ò×Ð�Ø�ÓÒ× u′1 Ó� u1 �Ò� u′2 Ó� u2 �Ò� ���Ù� Ø��Ø Ø��Ö� �×
� ÓÒØÖ���Ø�ÓÒº Ì�� ��Ò�� Ó� Ú�Ö���Ð�

ϕ(x, t) = u(x− ct, t)

��×Ö���� �Ý ��Ö�×ØÝ�� �Ò� À�Ñ�Ð �Ò �¾℄ ÓÙÐ� �� ���ÔØ�� ØÓ �Ù�Ð� � ÑÓÖ�
��Ò�Ö� ÔÖÓÓ� Ø��Ò Ø�� ÔÖ�×�ÒØ ÓÒ� �Ò� Ð��Ø Ø�� Ö�×ØÖ�Ø�Ò� �××ÙÔØ�ÓÒ ´�º�µº

ÁÒ Ø�� Ö�Ñ��Ò��Ö Ó� Ø��× ×Ù�×�Ø�ÓÒ Ø�� ��Ò�Ö� Ú�ÐÓ�ØÝ c �Ò� Ø�� Ú�ÐÓ�¹
Ø��× c1 �Ò� c2 �Ö� �ÐÛ�Ý× Ø�� Ú�ÐÓ�Ø��× �× p→ 0º

ËØ�Ô ½ � Ë�ØØ�Ò�

�× ��ÓÚ�¸ �ÓÖ i = 1, 2¸ Û� ��Ú� ��Ò�× ΣM,ci = {−M ≤ x + cit ≤ M} Ó�
Û��Ø� Ri ×Ù� Ø��Ø �ÓÖ �ÐÐ (x, t) ∈ Σ−

M,ci
= {x + cit < −M}¸ ui(x, t) < θ1¸

�Ò� �ÓÖ �ÐÐ (x, t) ∈ Σ+
M,ci

= {x+ cit > M}¸ ui(x, t) > θ2º

ËØ�Ô ¾ � �ÓÒ×ØÖÙØ�ÓÒ Ó� ×Ù�×ÓÐÙØ�ÓÒ× �Ò� ×ÙÔ�Ö×ÓÐÙØ�ÓÒ× �Ò Ø��

Ð�Ñ�Ø× x+ ct→ +∞ �Ò� x+ ct→ −∞º

Ï� ���Ò�
u∗(x, t) = eµ̄(x+ct)

�Ò� ÐÓÓ� �ÓÖ � ÓÒ��Ø�ÓÒ ÓÒ µ̄ �ÓÖ u∗ ØÓ �� � ×Ù�×ÓÐÙØ�ÓÒ ÓÖ � ×ÙÔ�Ö×ÓÐÙØ�ÓÒ
Ó� ´�º½µ ÓÒ Σ−

A,c = {(x, t), x + ct < −A} ´Ø�� ×�Ñ� ÛÓÖ� �Ò �� �ÓÒ� ÓÒ

Σ+
A,c = {(x, t), x + ct > A}µº Ï� �ÐÙÐ�Ø�

u∗t = µ̄ceµ̄(x+ct)

Δu∗ = µ̄2eµ̄(x+ct)

e−µ̄(x+ct)f(x, u∗) = e−µ̄(x+ct)f(x, eµ̄(x+ct)) = −δ0 +O0(e
µ̄(x+ct))

�Ò� ���Ù×� Ó� Ø�� Ô�Ö�Ó���ØÝ Ó� f �Ò x¸ e−µ̄(x+ct)f(x, u∗)+δ0 = O0(e
µ̄(x+ct))

ÙÒ��ÓÖÑÐÝ �Ò x¸ Û��� Ñ��Ò× Ø��Ø Ø��Ö� �Ü�×Ø× Cf > 0 �Ò� ε > 0 ×Ù� Ø��Ø
eµ̄(x+ct) < ε �ÑÔÐ��×

�

�

�
e−µ̄(x+ct)f(x, u∗) + δ0

�

�

�
< Cfe

µ̄(x+ct).

ËÓ u∗ �× � ×ÙÔ�Ö×ÓÐÙØ�ÓÒ ÓÒ Σ
−
A,c �� µ̄c ≥ µ̄2 − δ0 + C ′ Û��Ö�

C ′ = sup
Σ

−
A,c

�

�

�
e−µ̄(x+ct)f(x, eµ̄(x+ct)) + δ0

�

�

�
.

�ÓÖ A Ð�Ö�� �ÒÓÙ��¸ Ø��× ÓÒ×Ø�ÒØ C ′ �Ò �� �× ×Ñ�ÐÐ �× ÓÒ� Û�ÒØ×º Á� Û�

���Ò� µ =
c+
√
c2 + 4δ0
2

Ø��Ò µc− µ2 = −δ0¸ �Ò� �� µ̄ < µ¸ Ø��Ò

µ̄c− µ̄2 + δ = µ̄c− µ̄2 − (µc− µ2) = η > 0.
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Ì��Ò �ÓÖ A Ð�Ö�� �ÒÓÙ��¸

e−µ̄(x+ct)f(x, eµ̄(x+ct)) + δ0 < η,

�Ò� u∗ �× � ×ÙÔ�Ö×ÓÐÙØ�ÓÒ Ó� ´�º½µ ÓÒ Σ
−
A,cº

�ÓÒÚ�Ö×�ÐÝ̧ u∗ �× � ×Ù�×ÓÐÙØ�ÓÒ ÓÒ Σ
−
A,c �� µ̄c − µ̄2 ≤ −δ − C ′º �× �

ÓÒ×�ÕÙ�Ò�¸ �� µ̄ > µ¸ �ÓÖ A Ð�Ö�� �ÒÓÙ��¸ u∗ �× � ×Ù�×ÓÐÙØ�ÓÒ Ó� ´�º½µ ÓÒ
Σ
−
A,cº

Ï� ÒÓÛ �Ó Ø�� ×�Ñ� ÛÓÖ� ÓÒ Σ
+
A,cº Ï� ���Ò� u∗ = 1− e−µ̄(x+ct) �Ò� Û�

�ÐÙÐ�Ø�

u∗t = µ̄ce−µ̄(x+ct)

Δu∗ = −µ̄2e−µ̄(x+ct)

eµ̄(x+ct)f(x, u∗) = eµ̄(x+ct)f(x, 1− e−µ̄(x+ct)) = δ1 +O0(e
−µ̄(x+ct))

�Ò� eµ̄(x+ct)f(x, u∗)− δ1 = O0(e
−µ̄(x+ct)) ÙÒ��ÓÖÑÐÝ �Ò xº Ì��Ò Ø�� �ÙÒØ�ÓÒ

u∗ �× � ×ÙÔ�Ö×ÓÐÙØ�ÓÒ Ó� ´�º½µ �Ò Σ+
A,c �� µ̄c+ µ̄2 ≥ δ1 +C ′′¸ Û��Ö�

C ′′ = sup
Σ+

A,c

(eµ̄(x+ct)f(x, 1− e−µ̄(x+ct))− δ1).

Ï� ���Ò� µ′ =
−c+

√
c2 + 4δ

2
º ÁÒ Ø�� ×�Ñ� Ñ�ÒÒ�Ö �× ��ÓÚ�¸ �� µ̄ > µ′¸

Ø��Ö� �Ü�×Ø× A > 0 ×Ù� Ø��Ø u∗ �× � ×ÙÔ�Ö×ÓÐÙØ�ÓÒ Ó� ´�º½µ ÓÒ Σ
+
A,cº

�ÓÒÚ�Ö×�ÐÝ̧ u∗ �× � ×Ù�×ÓÐÙØ�ÓÒ ÓÒ Σ
+
A,c �� −µ̄c − µ̄2 ≤ −δ − C ′º �× �

ÓÒ×�ÕÙ�Ò�¸ �� µ̄ < µ′¸ �ÓÖ A Ð�Ö�� �ÒÓÙ��¸ u∗ �× � ×Ù�×ÓÐÙØ�ÓÒ Ó� ´�º½µ ÓÒ
Σ
+
A,cº

ËØ�Ô ¿ � �ÓÑÔ�Ö�×ÓÒ Ó� u1 �Ò� u2
Ï� Û�ÒØ ØÓ ÓÑÔ�Ö� Ø�Ñ� ØÖ�Ò×Ð�Ø�ÓÒ× Ó� u1 �Ò� u2 ÓÒ ]−∞,−A]×{0}¸

�Ò� ÓÒ [A,∞[×{0} �ÓÖ ×ÓÑ� Aº �ÓÖ Ø��Ø Û� Û�ÐÐ ÓÑÔ�Ö� Ø��Ñ ØÓ �Ò×�ØÞ �ÓÖ
×ÓÐÙØ�ÓÒ× ÓÒ Σ−

A,ci
�Ò� Σ+

A,ci
�ÓÖ i = 1, 2º

�× c1 > c2¸ Û� ��Ú�

µ1 =
c1 +

�

c21 + 4δ0
2

>
c2 +

�

c22 + 4δ0
2

= µ2

�Ò�

µ′
1 =

−c1 +
�

c21 + 4δ1
2

<
−c2 +

�

c22 + 4δ1
2

= µ′
2

´���Ù×� x �→ −x+
√
x2 + 4δ1 �× ��Ö��×�Ò� �ÓÖ x > 0µº



���� ���������� ������� ½¿�

Ì��Ò Û� ÒÓØ�

µ2+ =
2µ2 + µ1

3

µ1− =
µ2 + 2µ1

3

µ′
2− =

µ′
1 + 2µ′

2

3

µ′
1+ =

2µ′
1 + µ′

2

3
,

�Ò� Û� ��Ú� Ø�� �ÓÐÐÓÛ�Ò� �Ò�ÕÙ�Ð�Ø��×

µ2 < µ2+ < µ1− < µ1

µ′
1 < µ′

1+ < µ′
2− < µ′

2.

Ï� ÓÒ×���Ö � Ö��Ð ÒÙÑ��Ö A0 > 0 ×Ù� Ø��Ø


















eµ1−(x+c1t) �× � ×ÙÔ�Ö×ÓÐÙØ�ÓÒ Ó� ´�º½µ ÓÒ Σ
−
A0,c1

eµ2+(x+c2t) �× � ×Ù�×ÓÐÙØ�ÓÒ Ó� ´�º½µ ÓÒ Σ
−
A0,c2

1− e−µ1+(x+c1t) �× � ×ÙÔ�Ö×ÓÐÙØ�ÓÒ Ó� ´�º½µ ÓÒ Σ
+
A0,c1

1− e−µ2−(x+c2t) �× � ×Ù�×ÓÐÙØ�ÓÒ Ó� ´�º½µ ÓÒ Σ
+
A0,c2

.

Ì�� ÔÖ����Ò� ×Ø�Ô �××ÙÖ�× Ø��Ø ×Ù� � A0 �Ü�×Ø×º Ì��Ò Ø��Ö� �Ü�×Ø× τ0 > 0
×Ù� Ø��Ø























u2(x, τ0) > u1(x,−τ0) �ÓÖ x ∈ [−A0, A0]

u2(x, t+ τ0) > eµ2+(x+c2t) �Ò {(x, t) | x+ c2t = −A0}
u2(x, t+ τ0) > 1− e−µ2−(x+c2t) �Ò {(x, t) | x+ c2t = A0}
u1(x, t− τ0) < eµ1−(x+c1t) �Ò {(x, t) | x+ c1t = −A0}
u1(x, t− τ0) < 1− e−µ1+(x+c1t) �Ò {(x, t) | x+ c1t = A0}

.

Ì��Ö� �Ü�×Ø× τ0 ×Ù� Ø��Ø Ø�� Ð�×Ø �ÓÙÖ Ð�Ò�× �ÓÐ� ���Ù×�

lim
x+c1t→−∞

u1(x, t) = 0 �Ò� lim
x+c2t→+∞

u2(x, t) = 1.

ÅÓÖ�ÓÚ�Ö¸ Ø�� �Ö×Ø Ð�Ò� �Ð×Ó �ÓÐ�× ���Ù×�

lim
t→−∞

u1(x, t) = 0 ÙÒ��ÓÖÑÐÝ �Ò x ∈ [−A0, A0],

�Ò�
lim

t→+∞
u2(x, t) = 1 ÙÒ��ÓÖÑÐÝ �Ò x ∈ [−A0, A0].

Í×�Ò� � ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� �Ò Ø�� ��Ð�¹ÔÐ�Ò�× ´Ø��× ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ�
Û�ÐÐ �� �Ù×Ø���� �Ø Ø�� �Ò� Ó� Ø�� ÔÖÓÓ� ´ËØ�Ô 5µ �Ò ÓÖ��Ö ÒÓØ ØÓ ��×ÖÙÔØ Ø��
Ö��×ÓÒ�Ò�µ Σ

−
A0,c1 ¸ Σ

−
A0,c2 ¸ Σ

+
A0,c1 ¸ Σ

+
A0,c2 ¸ Û� ��Ú� Ø��Ø

u1(x, t− τ0) ≤ eµ1−(x+c1t) �Ò Σ
−
A0,c1

u2(x, t+ τ0) ≥ eµ2+(x+c2t) �Ò Σ
−
A0,c2

u1(x, t− τ0) ≤ 1− e−µ1+(x+c1t) �Ò Σ
+
A0,c1

u2(x, t+ τ0) ≥ 1− e−µ2−(x+c2t) �Ò Σ
+
A0,c2 .



½¿� �������� �� ��������� ���������� �����

Ï� Ù×� Ø��×� �Ò�ÕÙ�Ð�Ø��× �Ø Ø�Ñ� t = 0 ØÓ Ó�Ø��Ò

u1(x,−τ0) ≤ eµ1−x ≤ eµ2+x ≤ u2(x, τ0) �ÓÖ x ≤ −A0

u1(x, τ0) ≤ 1− e−µ1+x ≤ 1− e−µ2−x ≤ u2(x, τ0) �ÓÖ x ≥ A0.

Ï� ���Ò� u′1(x, t) = u1(x, t− τ0) �Ò� u′2(x, t) = u2(x, t+ τ0)º �× Û� �ÐÖ���Ý
�Ò�Û Ø��Ø u′1 ≤ u′2 ÓÒ [−A0, A0] × {0}¸ Û� �Ò ÓÒÐÙ�� Ø��Ø u′1(x, 0) ≤
u′2(x, 0) �ÓÖ �ÐÐ x ∈ Rº

ËØ�Ô � � �ÓÒÐÙ×�ÓÒ

�× u′1 ≤ u′2 �Ø Ø�Ñ� t = 0¸ �Ý Ø�� ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� ´ÈÖÓÔÓ×�Ø�ÓÒ �º�µ
Û� ��Ú� u′1 ≤ u′2 �ÓÖ �ÐÐ t ≥ 0º �ÙØ Û� �Ð×Ó ��Ú� |ui − cit| ≤ C �ÓÖ i = 1, 2¸
�Ò� c1 > c2¸ Û��� �ÑÔÐ��× Ø��Ø �ÓÖ t ���� �ÒÓÙ��¸ u′1 > u′2¸ Û��� �× � ÓÒ¹
ØÖ���Ø�ÓÒº Ï� ��Ú� Ø�Ù× ÔÖÓÚ�� Ø�� ÙÒ�ÕÙ�Ò�×× Ó� cº

ËØ�Ô � � ÂÙ×Ø���Ø�ÓÒ Ó� Ø�� ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� �Ò ��Ð�¹ÔÐ�Ò�×

Ì��Ö� ÓÒÐÝ Ö�Ñ��Ò× ØÓ �Ù×Ø��Ý Ø�� Ù×� Ó� � ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� �Ò Ø��
��Ð�¹ÔÐ�Ò�× Σ

−
A0,c1 ¸ Σ

−
A0,c2¸ Σ

+
A0,c1 ¸ Σ

+
A0,c2 ¸ Û��� �× �ÓÒ� �Ò Ø��× ×Ø�Ôº Ï� �Ó

�Ø ÓÒÐÝ �Ò Ø�� �Ö×Ø �×�¸ �ÓÖ Ø�� ��Ð�¹ÔÐ�Ò� Σ
−
A0,c1 ´Û��� Û� Û�ÐÐ ÒÓØ� Σ

�Ò Ø�� Ö�Ñ��Ò��Ö Ó� Ø��× ×Ø�Ôµº Ï� �Ð×Ó ÒÓØ� h1(x, t) = u1(x, t − τ0) �Ò�
h2(x, t) = eµ1−(x+c1t)º Ï� �ÒÓÛ Ø��Ø











0 ≤ h1 ≤ 1
0 ≤ h2 ≤ 1

lim
x+c1t→−∞

h1 = lim
x+c1t→−∞

h2 = 0

�Ò�
h1 < h2 ÓÒ ∂Σ = {(x, t) | x+ c1t = −A0} .

���Ù×� Ó� Ø�� �ÓÙÒ�× ÓÒ h1 �Ò� h2¸ Û� �ÒÓÛ Ø��Ø h1− 1 ≤ h2º Ï� ÒÓØ�

α∗ = sup{α ∈ [0, 1] | ∀γ ≤ α h1 − 1 + γ ≤ h2 ÓÒ Σ}.

ËÙÔÔÓ×� �Ý ÓÒØÖ���Ø�ÓÒ α∗ < 1º Ì��Ò �Ý ÓÒØ�ÒÙ�ØÝ Ó� h1 �Ò� h2¸ Û� ��Ú�
h1 − 1 + α∗ ≤ h2¸ �Ò� inf

Σ
(h2 − h1 + 1 − α∗) = 0¸ ÓØ��ÖÛ�×� Û� ÓÙÐ� ×�ÓÛ

Ø��Ø α∗ �× ÒÓØ Ñ�Ü�Ñ�Ðº
Ï� ÓÒ×���Ö Pn = (xn, tn) � Ñ�Ò�Ñ�Þ�Ò� ×�ÕÙ�Ò� ×Ù� Ø��Ø xn ∈ [0, 1] �ÓÖ

�ÐÐ nº �× h1 �Ò� h2 ��Ú� Ø�� ×�Ñ� Ð�Ñ�Ø 0 �× x−c1t→ −∞¸ tn �Ò ÒÓØ ��Ú�Ö��
ØÓ −∞ ���Ù×� �Ø ÛÓÙÐ� �ÑÔÐÝ α∗ = 1¸ Ø��Ö��ÓÖ� �Ø Ö�Ñ��Ò× �ÓÙÒ��� �Ò� �Ý
ÓÑÔ�ØÒ�×× Ø�� Ñ�Ò�Ñ�Þ�Ò� ×�ÕÙ�Ò� ��× �Ò �ÙÑÙÐ�Ø�ÓÒ ÔÓ�ÒØ (x∞, t∞)º
�× h1 < h2 ÓÒ ∂Σ¸ (x∞, t∞) /∈ ∂Σ¸ ×Ó (x∞, t∞) ∈ Σ̊º

Ì��Ò h1− 1+α∗ ≤ h2 �Ò Σ �Ò� h1− 1+α∗ = h2 �Ø ÔÓ�ÒØ (x∞, t∞) ∈ Σ̊º
�Ý Ø�� ×ØÖÓÒ� ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� ´ÈÖÓÔÓ×�Ø�ÓÒ �º�µ¸ Ø��Ò h1−1+α∗ = h2º
�ÙØ Ø��Ò α∗ < 1 �× �Ò ÓÒØÖ���Ø�ÓÒ Û�Ø� Ø�� ��Ø Ø��Ø h1 �Ò� h2 ��Ú� Ø��
×�Ñ� Ð�Ñ�Ø �× x− c1t→ −∞º Ì��Ö��ÓÖ� Û� ��Ú� � ÓÒØÖ���Ø�ÓÒ �Ò� α∗ = 1º

ËÓ Û� ��Ú� ÔÖÓÚ�� Ø��Ø h1 ≤ h2 �Ò Σº



Ê���Ö�Ò�×

�½℄ �º ��ÖÐ�×¸ �º ���××���Ò�¸ �º ÁÑ��ÖØ¸ ÇÒ Ø�� ��Ö��Ð�Ø ÔÖÓ�Ð�Ñ �ÓÖ ×�ÓÒ�¹
ÓÖ��Ö �ÐÐ�ÔØ� �ÒØ��ÖÓ¹����Ö�ÒØ��Ð �ÕÙ�Ø�ÓÒ×º ÁÒ���Ò� ÍÒ�Úº Å�Ø�º Âº¸ ��
´¾¼¼�µ¸ ÒÓº ½¸ ¾½¿�¾��º

�¾℄ Àº ��Ö�×ØÝ��¸ �º À�Ñ�Ð¸ �ÖÓÒØ ÔÖÓÔ���Ø�ÓÒ �Ò Ô�Ö�Ó�� �Ü�Ø��Ð� Ñ����¸
�ÓÑÑº ÈÙÖ� �ÔÔÐº Å�Ø�º¸ �� ´¾¼¼¾µ¸ ÒÓº �¸ ����½¼¿¾º

�¿℄ Àº ��Ö�×ØÝ��¸ �º À�Ñ�Ð¸ ��Ò�Ö�Ð�Þ�� ØÖ�Ú�ÐÐ�Ò� Û�Ú�× �ÓÖ Ö��Ø�ÓÒ¹
���Ù×�ÓÒ �ÕÙ�Ø�ÓÒ×¸ �Ò È�Ö×Ô�Ø�Ú�× �Ò ÒÓÒÐ�Ò��Ö Ô�ÖØ��Ð ����Ö�ÒØ��Ð �ÕÙ�¹
Ø�ÓÒ×¸ ÚÓÐº ��� Ó� �ÓÒØ�ÑÔº Å�Ø�º¸ �Ñ�Öº Å�Ø�º ËÓº¸ ÈÖÓÚ���Ò�¸ ÊÁ¸
¾¼¼�¸ ÔÔº ½¼½�½¾¿º

��℄ Àº ��Ö�×ØÝ��¸ �º À�Ñ�Ð¸ Äº ÊÓÕÙ�×¸ �Ò�ÐÝ×�× Ó� Ø�� Ô�Ö�Ó���ÐÐÝ �Ö��¹
Ñ�ÒØ�� �ÒÚ�ÖÓÒÑ�ÒØ ÑÓ��Ðº ÁÁº ��ÓÐÓ���Ð �ÒÚ�×�ÓÒ× �Ò� ÔÙÐ×�Ø�Ò� ØÖ�Ú�Ð¹
Ð�Ò� �ÖÓÒØ×¸ Âº Å�Ø�º ÈÙÖ�× �ÔÔÐº ´�µ¸ �� ´¾¼¼�µ¸ ÒÓº �¸ ½½¼½�½½��º

��℄ Àº ��Ö�×ØÝ��¸ �º Ä�ÖÖÓÙØÙÖÓÙ¸ Èº¹Äº Ä�ÓÒ×¸ ÅÙÐØ�¹��Ñ�Ò×�ÓÒ�Ð ØÖ�Ú�ÐÐ�Ò�¹
Û�Ú� ×ÓÐÙØ�ÓÒ× Ó� � ��Ñ� ÔÖÓÔ���Ø�ÓÒ ÑÓ��Ð¸ �Ö�º Ê�Ø�ÓÒ�Ð Å��º �Ò�Ðº¸
½½½ ´½��¼µ¸ ÒÓº ½¸ ¿¿���º

��℄ Àº ��Ö�×ØÝ��¸ Äº Æ�Ö�Ò��Ö�¸ ÌÖ�Ú�ÐÐ�Ò� �ÖÓÒØ× �Ò ÝÐ�Ò��Ö×¸ �ÒÒº ÁÒ×Øº Àº
ÈÓ�Ò�Ö� �Ò�Ðº ÆÓÒ Ä�Ò���Ö�¸ � ´½��¾µ¸ ÒÓº �¸ ������¾º

��℄ �º ���Ò¸ Âº¹Ëº �ÙÓ¸ �º¹�º ÏÙ¸ ÌÖ�Ú�Ð�Ò� Ï�Ú�× �Ò ��×Ö�Ø� È�Ö�Ó��
Å���� �ÓÖ ��×Ø��Ð� �ÝÒ�Ñ�×¸ �Ö�º Ê�Ø�ÓÒº Å��º �Ò�Ðº¸ ½�� ´¾¼¼�µ¸ ÒÓº
¾¸ ½���¾¿�º

��℄ Åº �º �Ö�Ò��ÐÐ¸ Àº Á×���¸ Èº¹Äº Ä�ÓÒ×¸ Í×�Ö³× �Ù��� ØÓ Ú�×Ó×�ØÝ ×ÓÐÙØ�ÓÒ× Ó�
×�ÓÒ� ÓÖ��Ö Ô�ÖØ��Ð ����Ö�ÒØ��Ð �ÕÙ�Ø�ÓÒ×º �ÙÐÐº �Ñ�Öº Å�Ø�º ËÓº ´ÆºËºµ¸
¾� ´½��¾µ¸ ÒÓº ½¸ ½���º

��℄ �º �ÙÖÓØ¸ Ìº ��Ð�ØØ�¸ Àº Å�Ø�ÒÓ¸ �Ü�×Ø�Ò� �Ò� ÓÒÚ�Ö��Ò� ØÓ � ÔÖÓÔ�¹
��Ø�Ò� Ø�ÖÖ�� �Ò ÓÒ�¹��Ñ�Ò×�ÓÒ�Ð Ö��Ø�ÓÒ¹���Ù×�ÓÒ �ÕÙ�Ø�ÓÒ×¸ ÔÖ�ÔÖ�ÒØ¸
�Ö��Ú �½¾¼¿º�¾¼�º

�½¼℄ Êº �º ��×��Ö¸ Ì�� ��Ú�Ò� Ó� ��Ú�ÒØ���ÓÙ× ��Ò�× �ÒÒº �Ù��Ò�×¸ �
´½�¿�µ¸ ¿¿��¿��º

�½½℄ �º Æº ÃÓÐÑÓ�ÓÖÓÚ¸ Áº �º È�ØÖÓÚ×�Ý̧ Æº Ëº È�×�ÙÒÓÚ¸ �ØÙ�� �� Ð³�ÕÙ�Ø�ÓÒ
�� Ð� ���Ù×�ÓÒ �Ú� ÖÓ�××�Ò� �� Ð� ÕÙ�ÒØ�Ø� �� Ñ�Ø��Ö� �Ø ×ÓÒ �ÔÔÐ��¹
Ø�ÓÒ � ÙÒ ÔÖÓ�Ð�Ñ� ��ÓÐÓ��ÕÙ�¸ �ÙÐÐ�Ø�Ò ÍÒ�Ú�Ö×�Ø� �³�Ø�Ø � ÅÓ×ÓÙ ´��ÙÐº
ÅÓ×�ÓÛ×�Ó�Ó �Ó×º ÍÒ�Úºµ¸ ½�¿�¸ ÔÔº ½�¾�º

½¿�



½�¼ ����������

�½¾℄ Çº �º Ä��ÝÞ�Ò×��Ý�¸ Îº �º ËÓÐÓÒÒ��ÓÚ¸ Æº Æº ÍÖ�Ð�Ú�¸ Ä�Ò��Ö �Ò�
ÕÙ�×�Ð�Ò��Ö �ÕÙ�Ø�ÓÒ× Ó� Ô�Ö��ÓÐ� ØÝÔ�º ´ÊÙ××��Òµ ÌÖ�Ò×Ð�Ø�ÓÒ× Ó� Å�Ø�¹
�Ñ�Ø��Ð ÅÓÒÓ�Ö�Ô�×¸ ÎÓÐº ¾¿ �Ñ�Ö��Ò Å�Ø��Ñ�Ø��Ð ËÓ��ØÝ̧ ÈÖÓÚ�¹
��Ò�¸ ÊºÁº¸ ½���º

�½¿℄ �º Åº Ä����ÖÑ�Ò¸ Ë�ÓÒ� ÓÖ��Ö Ô�Ö��ÓÐ� ����Ö�ÒØ��Ð �ÕÙ�Ø�ÓÒ×º ÏÓÖÐ�
Ë��ÒØ�� ÈÙ�Ð�×��Ò� �Óº¸ ÁÒº¸ Ê�Ú�Ö ����¸ ÆÂ¸ ½���º

�½�℄ �º Æ���Ò¸ ÌÖ�Ú�Ð�Ò� �ÖÓÒØ× �Ò ×Ô��¹Ø�Ñ� Ô�Ö�Ó�� Ñ����¸ Âº Å�Ø�º ÈÙÖ�×
�ÔÔÐº ´�µ¸ �¾ ´¾¼¼�µ¸ ÒÓº ¿¸ ¾¿½�¾�¾º

�½�℄ Æº Ë����×���¸ Ãº Ã�Û�×���¸ �º Ì�Ö�ÑÓØÓ¸ ÌÖ�Ú�Ð�Ò� Ô�Ö�Ó�� Û�Ú�× �Ò
��Ø�ÖÓ��Ò�ÓÙ× �ÒÚ�ÖÓÒÑ�ÒØ×¸ Ì��ÓÖ�Øº ÈÓÔÙÐ�Ø�ÓÒ ��ÓÐº¸ ¿¼ ´½���µ¸ ÒÓº ½¸
½�¿�½�¼º

�½�℄ Âº �º ��Ò¸ �Ü�×Ø�Ò� Ó� ÔÐ�Ò�Ö ��Ñ� �ÖÓÒØ× �Ò ÓÒÚ�Ø�Ú�¹���Ù×�Ú� Ô�Ö�¹
Ó�� Ñ����¸ �Ö�º Ê�Ø�ÓÒ�Ð Å��º �Ò�Ðº¸ ½¾½ ´½��¾µ¸ ÒÓº ¿¸ ¾¼��¾¿¿º

�½�℄ �º ��Ò¸ �Ü�×Ø�Ò� �Ò� ×Ø���Ð�ØÝ Ó� ØÖ�Ú�Ð�Ò� Û�Ú�× �Ò Ô�Ö�Ó�� Ñ����
�ÓÚ�ÖÒ�� �Ý � ��×Ø��Ð� ÒÓÒÐ�Ò��Ö�ØÝ¸ Âº �ÝÒ�Ñº ����Ö�ÒØ��Ð �ÕÙ�Ø�ÓÒ×¸
¿ ´½��½µ¸ ÒÓº �¸ ��½���¿º



���Ô�ØÖ� �

�Ü�×Ø�Ò� Ó� � Ô�ÖÑ�Ò�ÒØ

Ö���Ñ� �ÓÖ �Ò �ÐÐ�Ò¹���Ò ØÝÔ�

�ÕÙ�Ø�ÓÒ �ÔÔÖÓ���Ò� �

�Ö�Ò�¹Ê��� ×ÓÙÖ� ÑÓ��Ð

��×ØÖ�Ø

ÁÒ Ø��× ��ÔØ�Ö Û� ×ØÙ�Ý � Ô��×�¹��Ð� ÑÓ��Ð �ÔÔÖÓÜ�Ñ�Ø�Ò� � ÑÓ��Ð �ÓÖ Ø��

�ÝÒ�Ñ�× Ó� ��×ÐÓ�Ø�ÓÒ× �ÖÓÙÒ� � �Ö�Ò�¹Ê��� ×ÓÙÖ� ÓÒ � �ÓÙÒ��� �ÓÑ��Òº Ì��

�ÕÙ�Ø�ÓÒ Û� ×ØÙ�Ý �× Ó� Ô�Ö��ÓÐ� ØÝÔ�¸ �Ø× ×ÓÐÙØ�ÓÒ× ��Ñ�Ø× ÙÒ��ÓÖÑ �ÓÙÒ�× �Ò

×Ô�� �Ò� �Ø× Ø�Ñ� �ÚÓÐÙØ�ÓÒ �Ò �Ð×Ó �� ÓÒØÖÓÐÐ��º Ï� �Ò Ø��Ò ÓÒ×ØÖÙØ Ô�ÖÑ�¹

Ò�ÒØ Ö���Ñ� ×ÓÐÙØ�ÓÒ×¸ �ÜØ�Ò��Ò� ØÓ Ø�� �Ö�Ò�¹Ê��� ×ÓÙÖ� Ø�� ÒÓØ�ÓÒ Ó� ÔÙÐ×�Ø�Ò�

ØÖ�Ú�ÐÐ�Ò� ×Ô�Ö�Ð× ÓÒ �ÒÒÙÐ�º ��Ò�ÐÐÝ̧ Û� ×�ÓÛ Ø��Ø Ø�� Ø�Ñ� �Ö�ÕÙ�ÒÝ Ó� Ø��× Ô�Ö¹

Ñ�Ò�ÒØ Ö���Ñ� ��× � ÑÓÒÓØÓÒÓÙ× ��Ô�Ò��Ò� ÓÒ Ø�� �ÜØ�Ö�ÓÖ ÓÒ×ØÖ��ÒØº

�ÅË �Ð�××���Ø�ÓÒ � ¿�Ê¿�º

Ã�ÝÛÓÖ�× � È�Ö��ÓÐ� �ÕÙ�Ø�ÓÒ¸ ×�Ñ�Ð�Ò��Ö �ÕÙ�Ø�ÓÒº

�º½ ÁÒØÖÓ�ÙØ�ÓÒ

�º½º½ Ë�ØØ�Ò� Ó� Ø�� ÔÖÓ�Ð�Ñ �Ò� Ñ��Ò Ö�×ÙÐØ×

Ï� ÓÒ×���Ö Ø�� �ÓÐÐÓÛ�Ò� �ÓÑ��Ò Ω ⊂ R2 �

Ω = B(0, R) \ (B(P+, ε) ∪B(P−, ε))

Û��Ö� Û� ÒÓØ� B(a, r) ´Ö�×Ô�Ø�Ú�ÐÝ B(a, r)µ Ø�� ÓÔ�Ò ´Ö�×Ô�Ø�Ú�ÐÝ ÐÓ×��µ
��ÐÐ Ó� �ÒØ�Ö a �Ò� Ö���Ù× rº Ì�� ÔÓ�ÒØ× P+ �Ò� P− �Ö� ���Ò�� �× P+ =
(1, 0) �Ò� P− = (−1, 0)¸ �Ò� Ø�� ÕÙ�ÒØ�Ø��× R �Ò� ε �Ö� ×Ù� Ø��Ø R > 2
�Ò� 0 < ε < 1º

½�½



½�¾ �������� �� ���������� ������

x

−−

= 0
+

2π
u+ θ +θ   −

QP−
P+

θ (x) θ (x)− +

������ �º½ � Ì�� �ÓÑ��Ò Ω
º

ÁÒ Ø��× ��ÔØ�Ö Û� ×ØÙ�Ý Ø�� �ÝÒ�Ñ�× Ó� ��×ÐÓ�Ø�ÓÒ× �Ò � �Ö�Ò�¹Ê���
×ÓÙÖ�º � �Ö�Ò�¹Ê��� ×ÓÙÖ� �× � ��×ÐÓ�Ø�ÓÒ Ô�ÒÒ�� ØÓ ØÛÓ �Ü�� ÔÓ�ÒØ×º Ì��
�ÚÓÐÙØ�ÓÒ Ó� Ø��× ��×ÐÓ�Ø�ÓÒ �Ò ��Ò�Ö�Ø� ��Ò��× �Ò �Ø× ØÓÔÓÐÓ�Ý̧ Ö��Ø�Ò�
�Ö�� ��×ÐÓ�Ø�ÓÒ ÐÓÓÔ× Û��Ð� � ��×ÐÓ�Ø�ÓÒ Ð�Ò� �ÐÛ�Ý× Ö�Ñ��Ò× Ô�ÒÒ�� ØÓ Ø��
ØÛÓ �Ü�� ÔÓ�ÒØ× Û��� ÓÒ×Ø�ØÙØ� Ø�� ×ÓÙÖ�º Ì�� ����Ð �ÓÑ��Ò �ÓÖ Ø�� ×ØÙ�Ý
Ó� Ø�� �Ö�Ò�¹Ê��� ×ÓÙÖ� ÛÓÙÐ� �� R2\{P−, P+}º Ì�� �ÓÑ��Ò Ω �ÔÔÖÓ���×
Ø��× ����Ð �ÓÑ��Ò �Ò� ��× Ø�� ��Ú�ÒØ���× Ó� ���Ò� �ÓÙÒ��� �Ò� ��Ú�Ò� ÒÓ
×�Ò�ÙÐ�Ö�ØÝ �Ø ÔÓ�ÒØ× P− �Ò� P+¸ Û��� Ñ���× Ø�� Ñ�Ø��Ñ�Ø��Ð �Ò�ÐÝ×�×
ÓÒ×���Ö��ÐÝ ��×��Öº

ÁÒ Ø�� �ÓÐÐÓÛ�Ò� Û� Û�ÐÐ ×ØÙ�Ý � Ô��×�¹��Ð� ÑÓ��Ð �ÔÔÖÓÜ�Ñ�Ø�Ò� Ø��
�ÝÒ�Ñ�× Ó� ��×ÐÓ�Ø�ÓÒ× ´�Ò �Ò �ÔÔÖÓÔÖ��Ø� Ð�Ñ�Ø¸ Ø��× ÑÓ��Ð �Ò��Ð�× ØÓ Ö�¹
ÓÚ�Ö Ø�� ÑÓÚ�Ñ�ÒØ Ó� ��×ÐÓ�Ø�ÓÒ× ÑÓÚ�Ò� Û�Ø� � ÒÓÖÑ�Ð ×Ô��� �ÕÙ�Ð ØÓ Ø��
ÙÖÚ�ØÙÖ� Ó� Ø�� �ÖÓÒØ ÔÐÙ× � ÓÒ×Ø�ÒØµº

Ï� ÓÒ×���Ö Ø�� �ÓÐÐÓÛ�Ò� �ÕÙ�Ø�ÓÒ¸ �ÓÖ t ∈ R �










ut = Δu−W ′

�

u+
θ+ − θ−

2π

�

+ σ �ÓÖ x ∈ Ω

∂u

∂n
= 0 �ÓÖ x ∈ ∂Ω

´�º½µ

Û��Ö� σ �× � Ö��Ð ÒÙÑ��Ö¸ �Ò� W ×�Ø�×��× Ø�� �ÓÐÐÓÛ�Ò� ÓÒ��Ø�ÓÒ× �
�

W ∈ C2(R)
W (v + k) = W (v) �ÓÖ k ∈ Z.

´�º¾µ

�ÓÖ x = (x1, x2) ∈ Ω¸ Ø�� �Ò�Ð�× θ+(x) �Ò� θ−(x) �Ö� ���Ò�� �× �ÓÐÐÓÛ× � ��

Û� ÒÓØ� Q = (R, 0)¸ θ+(x) �× Ø�� �Ò�Ð� ��ØÛ��Ò
−−−→
P+Q �Ò�

−−→
P+x¸ �Ò� θ−(x)

Ø�� �Ò�Ð� ��ØÛ��Ò
−−−→
P−Q �Ò�

−−→
P−xº �ÓØ� �Ò�Ð�× �Ö� ���Ò�� ÑÓ�ÙÐÓ 2π¸ �ÙØ



���� ������������ ½�¿

�× W �× ½¹Ô�Ö�Ó��¸ Ø�� Ö���Ø ��Ò� ×��� Ó� Ø�� �ÕÙ�Ø�ÓÒ �× Û�ÐÐ¹���Ò��º Ì��
ÑÙÐØ�¹Ú�ÐÙ�� �ÙÒØ�ÓÒ

v = u+
θ+ − θ−

2π
�Ò �� ÓÒ×���Ö�� �× � Ô��×� ØÖ�Ò×�Ø�ÓÒ �××Ó��Ø�� ØÓ Ø�� ÔÓØ�ÒØ��Ð W º Ì��
Æ�ÙÑ�ÒÒ �ÓÙÒ��ÖÝ ÓÒ��Ø�ÓÒ× �Ö� �Ó×�Ò ���Ù×� Ø�� Æ�ÙÑ�ÒÒ ÔÖÓ�Ð�Ñ �×
� ×�ÑÔÐ� �ÓÖÑÙÐ�Ø�ÓÒ �ÓÖ Û��� Û� �ÓÒ³Ø ��Ú� ØÓ ÔÖ�×Ö��� �ÓÙÒ��ÖÝ Ú�ÐÙ�×º
Ì��× �Ó�� �Ò��Ð�× Ø�� �ÓÖÑ�Ø�ÓÒ Ó� ��×ÐÓ�Ø�ÓÒ ÐÓÓÔ× �Ò� Ø�� �ÔÔ�Ö�Ø�ÓÒ Ó�
� Ô�ÖÑ�Ò�ÒØ Ö���Ñ�º ÁÒ Ø�� Ñ�Ø��Ñ�Ø��Ð �Ò�ÐÝ×�×¸ Ø��× �Ò��Ð� �Ò ��×Ý Ù×�
Ó� Ø�� ÀÓÔ� Ð�ÑÑ� �Ò ÓÑ��Ò�Ø�ÓÒ Û�Ø� Ø�� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ�º Æ�Ù¹
Ñ�ÒÒ �ÓÙ��ÖÝ ÓÒ��Ø�ÓÒ× �Ö� � �Ö�ÕÙ�ÒØ �Ó�� �ÓÖ Ø�� ×ØÙ�Ý Ó� ��×ÐÓ�Ø�ÓÒ
�ÝÒ�Ñ�× �Ò � �ÓÙÒ��� �ÓÑ��Ò¸ ×�� �ÓÖ �Ü�ÑÔÐ� ���� �Ò� Ë�ØÓ ´�¿℄ �Ò� ��℄µº

Ì�� �Ó�Ð Ó� Ø��× ��ÔØ�Ö �× ØÓ �×Ø��Ð�×� Ø�� �Ü�×Ø�Ò� Ó� � Ô�ÖÑ�Ò�ÒØ
Ö���Ñ� �ÓÖ Ø��× �ÕÙ�Ø�ÓÒº Ì�� ��×Ö�ÔØ�ÓÒ Ó� ×Ù� � Ô�ÖÑ�Ò�ÒØ Ö���Ñ� ÛÓÙÐ�
�Ò��Ð� ØÓ Ñ��� � ��Ö�Ø Ð�Ò� ��ØÛ��Ò Ø�� ÓÒ×ØÖ��ÒØ× �ÔÔÐ��� ØÓ Ø�� �Ö�Ò�¹
Ê��� ×ÓÙÖ� �Ò� Ø�� �Ö�ÕÙ�ÒÝ Ó� Ø�� Ö��Ø�ÓÒ Ó� ��×ÐÓ�Ø�ÓÒ× �Ý Ø�� ×ÓÙÖ�¸
�Ò� ÙÐØ�Ñ�Ø�ÐÝ Ø�� ÔÐ�×Ø� ���ÓÖÑ�Ø�ÓÒ× �ÖÓÙÒ� �Øº Ì��× Ô�ÖÑ�Ò�ÒØ Ö���Ñ�
Û�ÐÐ �� Ó�Ø��Ò�� �Ý ÓÒ×���Ö�Ò� Ø�� ÐÓÒ� Ø�Ñ� ����Ú�ÓÙÖ Ó� ×ÓÐÙØ�ÓÒ× Ó� �
��Ù�Ý ÔÖÓ�Ð�Ñ¸ ×Ó Û� Û�ÐÐ �Ò�Ø��ÐÐÝ �� �ÒØ�Ö�×Ø�� �Ò Ø�� ×ÓÐÙØ�ÓÒ Ó� Ø��×
ÑÓ��Ð �ÓÖ t > 0¸ Û�Ø� Ø�� �Ò�Ø��Ð ÓÒ��Ø�ÓÒ

u(x, 0) = u0(x) �ÓÖ x ∈ Ω. ´�º¿µ

Û�Ø� u0 ∈ C2(Ω̄) Û�Ø�
∂u0
∂n

= 0 ÓÒ ∂Ωº

ÁÒ Ø��× ��ÔØ�Ö¸ Û� ×�ÓÛ Ø�� �ÓÐÐÓÛ�Ò� Ö�×ÙÐØ× �

Ì��ÓÖ�Ñ �º½º ´�ÓÒØÖÓÐ Ó� Ø�� ×ÓÐÙØ�ÓÒµ

�ÓÒ×���Ö u Ø�� ×ÓÐÙØ�ÓÒ Ó� ´�º½µ Û�Ø� �Ò�Ø��Ð ÓÒ��Ø�ÓÒ u(x, 0) = 0º Ì��Ò¸ �ÓÖ
�ÒÝ σ ∈ R¸ Ø��Ö� �Ü�×Ø× � ÙÒ�ÕÙ� ω ∈ R ×Ù� Ø��Ø Ø��Ö� �Ü�×Ø× C ∈ R ×Ù�
Ø��Ø

|u(x, t)− ωt| ≤ C. ´�º�µ

Ì��ÓÖ�Ñ �º¾º ´ÅÓÒÓØÓÒ��ØÝ Ó� Ø�� �Ö�ÕÙ�ÒÝ ωµ
Ì�� �Ö�ÕÙ�ÒÝ ω �× � ÒÓÒ¹��Ö��×�Ò� �ÙÒØ�ÓÒ Ó� σº

Ì��ÓÖ�Ñ �º¿º ´�Ü�×Ø�Ò� Ó� � Ô�ÖÑ�Ò�ÒØ Ö���Ñ�µ

Á� ω �= 0¸ Ø��Ö� �Ü�×Ø× � ×ÓÐÙØ�ÓÒ u �ÓÖ �ÕÙ�Ø�ÓÒ ´�º½µ Ó� Ø�� �ÓÖÑ

u(x, t+ T ) = u(x, t) + 1 �ÓÖ �ÐÐ x ∈ Ω, t ∈ R ´�º�µ

Û�Ø� T = 1
ω º

�ÙÖØ��ÖÑÓÖ�¸ Ø��× ×ÓÐÙØ�ÓÒ u �× ×Ù� Ø��Ø ωu �× ÒÓÒ��Ö��×�Ò� �Ò Ø�Ñ�¸
�Ò� �Ø �× ÙÒ�ÕÙ� ÙÔ ØÓ Ø�Ñ� ØÖ�Ò×Ð�Ø�ÓÒ×º

Á� ω = 0¸ Ø��Ö� �Ü�×Ø× � ×Ø�Ø�ÓÒ�ÖÝ ×ÓÐÙØ�ÓÒ u Ó� �ÕÙ�Ø�ÓÒ ´�º½µ ÓÒ Ω×Rº

Ê�Ñ�Ö� �º�º �ÖÓÑ � Ô�Ý×��Ð ÔÓ�ÒØ Ó� Ú��Û¸ Ø�� �Ü�×Ø�Ò� Ó� � ×Ø�Ø�ÓÒ�ÖÝ
×ÓÐÙØ�ÓÒ ÓÖÖ�×ÔÓÒ�× ØÓ � ×�ØÙ�Ø�ÓÒ Û��Ö� Ø�� �ÜØ�ÖÒ�Ð ÓÒ×ØÖ��ÒØ σ �× ÒÓØ
���� �ÒÓÙ�� ØÓ ÓÚ�ÖÓÑ� Ø�� ���Ø× Ó� Ø�� ÙÖÚ�ØÙÖ� �Ò� ÔÙØ Ø�� ��×ÐÓ�Ø�ÓÒ
�Ò ÑÓØ�ÓÒº
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�º½º¾ �Ü�×Ø�Ò� Ö�×ÙÐØ×

Ï� �Ö� ÒÓØ �Û�Ö� Ó� ÛÓÖ�× ×ØÙ�Ý�Ò� Ø�� �ÝÒ�Ñ�× Ó� ��×ÐÓ�Ø�ÓÒ× �ÓÖ Ø��
×Ô��� ��ÓÑ�ØÖÝ Ó� Ø�� �Ö�Ò�¹Ê��� ×ÓÙÖ�¸ �ÙØ Ø��Ö� �Ü�×Ø ÔÖÓÑ�Ò�ÒØ �ÖØ�¹
Ð�× ×ØÙ�Ý�Ò� ��×ÐÓ�Ø�ÓÒ �ÝÒ�Ñ�× ÓÒ ×�ÑÔÐ�Ö ÓÒ��ÙÖ�Ø�ÓÒ×º ÁÒ Ø��× Ö�×Ô�Ø¸
Ø�� ×ØÙ�Ý Ó� ×Ô�Ö�Ð× �× Ô�ÖØ�ÙÐ�ÖÐÝ �ÒØ�Ö�×Ø�Ò� �Ò Ø�� ×�Ò×� Ø��Ø Û�Ø� �ÔÔÖÓÔÖ�¹
�Ø� �ÐÙ�Ò� ÓÒ��Ø�ÓÒ×¸ Ø�� ÑÓÚ�Ñ�ÒØ Ó� � �Ö�Ò�¹Ê��� ×ÓÙÖ� ÓÙÐ� ÔÓ××��ÐÝ
�� Ó�Ø��Ò�� �Ý Ø�� ×ØÙ�Ý Ó� Ø�� ÑÓÚ�Ñ�ÒØ Ó� ØÛÓ ×Ô�Ö�Ð× �ØØ���� ØÓ Ø��
ÔÓ�ÒØ× P+ �Ò� P−º Ì�� ÑÓØ�ÓÒ Ó� ×Ô�Ö�Ð ��×ÐÓ�Ø�ÓÒ× ��× ���Ò ×ØÙ���� Û�Ø�
Ø�� ��ÐÔ Ó� � Ð�Ú�Ð¹×�Ø �ÓÖÑÙÐ�Ø�ÓÒ �Ý Ç�Ø×Ù�� �½¾℄ �Ò� �Ý �ÓØÓ¸ Æ�����Û�
�Ò� Ç�Ø×Ù�� ��℄¸ Û�Ó Ó�Ø��Ò�� Ø�� �Ü�×Ø�Ò� Ó� ×ÓÐÙØ�ÓÒ× Ó� Ø�� Ð�Ú�Ð¹×�Ø �Ô¹
ÔÖÓ��¸ �Ò� Ø�� ÙÒ�ÕÙ�Ò�×× Ó� Ø�� �ÚÓÐÙØ�ÓÒ Ó� �Ò �Ò�Ø��Ð ÙÖÚ�º ËÑ�Ö��� �½�℄
�ÒØÖÓ�Ù�� �ÒÓØ��Ö ÓÖ���Ò�Ð Ð�Ú�Ð¹×�Ø �ÓÖÑÙÐ�Ø�ÓÒ ØÓ ×�ÑÙÐ�Ø� Ø�� �ÚÓÐÙØ�ÓÒ
Ó� ��×ÐÓ�Ø�ÓÒ× ÓÒ � Û���Ö �ÖÖ�Ý Ó� ��ÓÑ�ØÖ��Ð ÓÒ��ÙÖ�Ø�ÓÒ×¸ �ÒÐÙ��Ò� Ø��
�Ö�Ò�¹Ê��� ×ÓÙÖ�º ����¸ Á×��ÑÙÖ� �Ò� ÃÓ×���� ��℄ ×�ÓÛ�� Ø�� �Ü�×Ø�Ò� Ó�
×Ô�Ö�Ð¹×��Ô�� ×ÓÐÙØ�ÓÒ× �ÓÖ Ø�� ÑÓØ�ÓÒ Ó� ��×ÐÓ�Ø�ÓÒ× ÓÒ � ÓÑÔ�Ø �ÒÒÙÐÙ×
Ù×�Ò� � Ô�Ö�Ñ�ØÖ�Þ�Ø�ÓÒ Ó� Ø�� ×Ô�Ö�Ð ��×ÐÓ�Ø�ÓÒ ÙÖÚ�×º �ÓÖ���Ð¸ ÁÑ��ÖØ
�Ò� ÅÓÒÒ��Ù �¾℄ �Ð×Ó Ù×�� � Ô�Ö�Ñ�ØÖ�Þ�Ø�ÓÒ Ó� ×Ô�Ö�Ð× ØÓ ÔÖÓÚ� �Ü�×Ø�Ò�
�Ò� ÙÒ�ÕÙ�Ò�×× Ö�×ÙÐØ×¸ Ø��× Ø�Ñ� �Ò �Ò ÙÒ�ÓÙÒ��� �ÓÑ��Ò Û�Ø� � ×�Ò�ÙÐ�Ö�ØÝ
�Ø Ø�� ÓÖ���Òº Ì��× �ÖØ�Ð� ��×Ö���× Û�ÐÐ Ø�� ÔÖÓ�Ð�Ñ× �ÒÓÙÒØ�Ö�� Û�Ø� Ø��
×�Ò�ÙÐ�Ö�ØÝ Ó� Ø�� �ØØ��Ñ�ÒØ ÔÓ�ÒØ �Ò� Û�Ø� Ø�� ÙÒ�ÓÙÒ��� ��Ö�Ø�Ö Ó� Ø��
�ÓÑ��Òº Ã�ÖÑ� �Ò� ÈÐ�ÔÔ ��℄ �ÒØÖÓ�Ù�� � Ô��×�¹��Ð� �ÓÖÑÙÐ�Ø�ÓÒ ØÓ ×ØÙ�Ý
�Ò� ×�ÑÙÐ�Ø� Ø�� �ÓÖÑ�Ø�ÓÒ Ó� ×Ô�Ö�Ð ��×ÐÓ�Ø�ÓÒ×º È��×�¹��Ð� �ÔÔÖÓ���× Û�Ö�
Ø��Ò �Ð×Ó ØÖ��Ø�� �Ý ÊÓ�Ò�Ý̧ Ä� �ÓÙ�Ö �Ò� ��Ò�Ð �½¿℄¸ ÃÓ×ÐÓÛ×��¸ �Ù�Ø�ÒÓ �Ò�
ÇÖØ�Þ ��℄¸ Ï�Ò¸ Â�Ò¸ �Ù�Ø�ÒÓ �Ò� Ã����ØÙÖÝ�Ò �½�℄¸ ���Ò�¸ ���Ò�¸ ËÖÓÐÓÚ�ØÞ
�Ò� � �½�℄º ÁÒ �½½℄¸ Ç��Û�Ö� �Ò� Æ���ÑÙÖ� Ù×�� ×Ù� � Ô��×�¹��Ð� �ÔÔÖÓ��
�ÓÖ � Ø��ÓÖ�Ø��Ð ×ØÙ�Ý Ó� Ø�� ÑÓØ�ÓÒ Ó� ×Ô�Ö�Ð ��×ÐÓ�Ø�ÓÒ×¸ �Ò Ø�� �×� Ó�
� �ÓÙÒ��� �ÓÑ��Ò Û�Ø� ÒÓ ×�Ò�ÙÐ�Ö�ØÝ̧ �Ò� ÔÖÓÚ�� Ø�� �Ü�×Ø�Ò� Ó� ×Ô�Ö�Ð
ØÖ�Ú�ÐÐ�Ò� Û�Ú� ×ÓÐÙØ�ÓÒ×¸ Û��� �Ü����Ø � Ô�ÖÑ�Ò�ÒØ Ö���Ñ� ����Ú�ÓÙÖº Ì��
×�ØØ�Ò� Ó� ÓÙÖ Ô�Ô�Ö �× ×�Ñ�Ð�Ö ØÓ �½½℄¸ �Ò� ×ÓÑ� Ó� Ø���Ö ÓÒ×���Ö�Ø�ÓÒ× �Ò
�� ×Ù�××�ÙÐÐÝ Ù×�� �Ò Ø�� ÓÒØ�ÜØ Ó� Ø�� �Ö�Ò�¹Ê��� ×ÓÙÖ�¸ �Ú�Ò �� Ø��
×ÓÐÙØ�ÓÒ× Û� ×ÓÒ×ØÖÙØ �Ö� Ð�×× ÓÒ×ØÖ��Ò�� Ø��Ò ×Ô�Ö�Ð×º Ì�� Ù×� Ó� Æ�Ù¹
Ñ�ÒÒ �ÓÙÒ��ÖÝ ÓÒ��Ø�ÓÒ× �× ÓÒ×�×Ø�ÒØ Û�Ø� Ø��× �ÔÔÖÓ��º Ï� �Ð×Ó Ö���Ö ØÓ
���� �Ò� Ë�ØÓ ´�¿℄ �Ò� ��℄µ �ÓÖ ÓØ��Ö ×ØÙ���× Ó� ��×ÐÓ�Ø�ÓÒ �ÝÒ�Ñ�× Û�Ø�
Æ�ÙÑ�ÒÒ �ÓÙÒ��ÖÝ ÓÒ��Ø�ÓÒ×º

�º½º¿ ÇÖ��Ò�Þ�Ø�ÓÒ Ó� Ø�� Ô�Ô�Ö

Ë�Ø�ÓÒ �º¾ �× ��ÚÓØ�� ØÓ Ø�� Ö��ÐÐ�Ò� Ó� Ð�××��Ð Ö�×ÙÐØ× �ÓÖ Ô�Ö��ÓÐ�
�ÕÙ�Ø�ÓÒ× �Ò �ÓÙÒ��� Ö��ÙÐ�Ö �ÓÑ��Ò×º �Ô�ÖØ �ÖÓÑ Ø�� Ò��××�ÖÝ �Ü�×Ø�Ò�
Ö�×ÙÐØ×¸ Ø�� ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� �Ò� Ø�� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� �Ö� Ô�Ö¹
Ø�ÙÐ�ÖÐÝ Ù×��ÙÐ �Ò Ø�� Ö�Ñ��Ò��Ö Ó� Ø�� ��ÔØ�Öº Ì�� ÔÖÓÓ� Ó� Ì��ÓÖ�Ñ �º½ �×
��Ú�Ò �Ò Ë�Ø�ÓÒ× �º¿ �Ò� �º�º ÁÒ Ë�Ø�ÓÒ �º¿ Û� ×�ÓÛ Ø��Ø Ø�� ×Ô�� Ó×�ÐÐ�¹
Ø�ÓÒ× Ó� Ø�� ×ÓÐÙØ�ÓÒ Ó� Ø�� ��Ù�Ý ÔÖÓ�Ð�Ñ �Ö� �ÓÙÒ���¸ �Ò� �Ò Ë�Ø�ÓÒ �º�
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Û� ÓÒØÖÓÐ Ø�� Ø�Ñ� Ó×�ÐÐ�Ø�ÓÒ× �Ò� ×�ÓÛ Ø�� �ÓÙÒ� ´�º�µº Ì�� �Ü�×Ø�Ò� Ó�
� Ô�ÖÑ�Ò�ÒØ Ö���Ñ� ´Ì��ÓÖ�Ñ �º¿µ �× ×�ÓÛÒ �Ò Ë�Ø�ÓÒ �º�º ÁØ �× ��Ú�Ò �Ý
Ø�� ÐÓÒ�¹Ø�Ñ� ����Ú�ÓÙÖ Ó� Ø�� ×ÓÐÙØ�ÓÒ× Ó� Ø�� ��Ù�Ý ÔÖÓ�Ð�Ñº ��Ò�ÐÐÝ̧ Û�
�×Ø��Ð�×� Ø�� ÑÓÒÓØÓÒ��ØÝ Ö�Ð�Ø�ÓÒ Ó� Ì��ÓÖ�Ñ �º¾ �Ò Ë�Ø�ÓÒ �º�º

�º¾ ��Ò�Ö�Ð Ö�×ÙÐØ×

�º¾º½ Í×��ÙÐ ØÓÓÐ×

ÈÖÓÔÓ×�Ø�ÓÒ �º�º ´�ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� �ÓÖ ×ØÖÓÒ� ×ÓÐÙØ�ÓÒ×µ

�ÓÒ×���Ö P � ×�Ñ�¹Ð�Ò��Ö ÓÔ�Ö�ØÓÖ ���Ò�� �Ý

Pu = −ut +Δu+B(X,u) ´�º�µ

Û�Ø� X = (x, t) ∈ Q = Ω× (0, T )º
�ÓÒ×���Ö �Ð×Ó Ø�� �ÓÙÒ��ÖÝ ÓÔ�Ö�ØÓÖ M ���Ò�� �Ý

Mu = −∂u
∂n

, (x, t) ∈ ∂Ω× (0, T )

ËÙÔÔÓ×� B : (X, z) �→ B(X, z) �× ÓÒØ�ÒÙÓÙ×ÐÝ ����Ö�ÒØ���Ð� Û�Ø� Ö�×Ô�Ø
ØÓ zº

Á� u �Ò� v �Ö� �Ò C2,1(Q) ∩ C0(Q̄)¸ �� Pu ≥ Pv �Ò Q¸ Mu ≥ Mv ÓÒ
(∂Ω× (0, T )) �Ò� u ≤ v ÓÒ (Ω̄× {0})¸ Ø��Ò u ≤ v �Ò Qº

Ì��× Ö�×ÙÐØ �Ò �� �Ò��ÖÖ�� �ÖÓÑ �½¼℄¸ ÓÑ��Ò�Ò� Ø�� �Ö�ÙÑ�ÒØ× Ó� Ø��
ÔÖÓÓ�× Ó� Ì��ÓÖ�Ñ ¾º½¼ Ôº ½¿ �Ò� Ì��ÓÖ�Ñ �º½ Ôº ¾½¿º

Ï� �Ð×Ó ��Ú� � ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� �

ÈÖÓÔÓ×�Ø�ÓÒ �º�º ´ËØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ�µ
Ä�Ø u1 �Ò� u2 �� ØÛÓ ×ÓÐÙØ�ÓÒ× Ó�

�

ut = Δu+ f(u, x) (x, t) ∈ Ω× I
un = 0 (x, t) ∈ ∂Ω× I

Û�Ø� f ØÛ�� ����Ö�ÒØ���Ð� Û�Ø� Ö�×Ô�Ø ØÓ u �Ò� x¸ Û�Ø� ÓÒØ�ÒÙÓÙ× ×�ÓÒ�
��Ö�Ú�Ø�Ú�×º

Á� Û� ��Ú�

�

u1(x, t) ≤ u2(x, t) (x, t) ∈ Ω× I

u1(x0, t0) = u2(x0, t0) �ÓÖ � ÓÙÔÐ� (x0, t0) ∈ Ω̄× I̊

Ø��Ò u1(x, t) = u2(x, t) �ÓÖ �ÐÐ (x, t) ∈ Ω× Iº

Ì��× ÔÖÓÔÓ×�Ø�ÓÒ Ö�×ÙÐØ× � Ø�� ÓÑ��Ò�Ø�ÓÒ Ó� Ø�� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò¹
�ÔÐ� ´�× �Ø �× ×Ø�Ø�� �Ò �½℄ �ÓÖ �Ü�ÑÔÐ�µ �Ò� Ø�� ÀÓÔ� Ð�ÑÑ�º Ì�� ÀÓÔ�



½�� �������� �� ���������� ������

Ð�ÑÑ� ÓÚ�Ö× Ø�� �×�× Û��Ö� Ø�� ÔÓ�ÒØ x0 �× ÓÒ Ø�� �ÓÙÒ��ÖÝ ∂Ωº �ØÙ¹
�ÐÐÝ̧ Ø�� Ù×Ù�Ð �ÓÖÑÙÐ�Ø�ÓÒ Ó� Ø�� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� ´�× �Ò �½℄µ ÓÒÐÝ
��Ú�× Ø��Ø u1(x, t) = u2(x, t) �ÓÖ t < t0º À�Ö�¸ �× ÓÙÖ ×ÓÐÙØ�ÓÒ× �Ö� Ö��Ù¹
Ð�Ö �Ò� Ø�� ×Ô��¹Ø�Ñ� �ÓÑ��Ò �× � ÝÐ�Ò��Ö¸ Ø�� ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� ��Ú�×
u1(x, t) = u2(x, t) �Ð×Ó Û��Ò t ≥ t0º

ÈÖÓÔÓ×�Ø�ÓÒ �º�º ´ËÓ�ÓÐ�Ú �Ò��Ø�ÓÒ× �Ò � Ô�Ö��ÓÐ� ×�ØØ�Ò�µ

Ä�Ø Ω ⊂ R2 � �ÓÙÒ���¸ Ö��ÙÐ�Ö ÓÔ�Ò �ÓÑ��Òº
´�µ �ÓÒ×���Ö p ≤ 2º Ì��Ò �ÓÖ �ÐÐ u ∈ W 2,1

p (Ω × (T1, T2))¸ Û� ��Ú� Ø��Ø
u ∈ Lq(Ω× (T1, T2)) Û�Ø�

q ≤ p∗
1

p∗
=

1

p
− 1

2
�� p < 2

q < +∞ �� p = 2,

�Ò� Ø��Ö� �Ü�×Ø× � ÓÒ×Ø�ÒØ C¸ �Ò��Ô�Ò��ÒØ ÓÒ u¸ ×Ù� Ø��Ø

�u�Lq(Ω×(T1,T2)) ≤ C�u�W 2,1
p (Ω×(T1,T2))

.

´��µ �ÓÒ×���Ö p > 2º Ì��Ò �ÓÖ �ÐÐ u ∈ W 2,1
p (Ω × (T1, T2))¸ Û� ��Ú� Ø��Ø

u ∈ Cα,α
2 (Ω× (T1, T2)) Û�Ø�

α < α∗ α∗ = max

�

2− 4

p
, 1

�

�Ò� Ø��Ö� �Ü�×Ø× � ÓÒ×Ø�ÒØ C¸ �Ò��Ô�Ò��ÒØ ÓÒ u¸ ×Ù� Ø��Ø

�u�
Cα, α2 (Ω×(T1,T2))

≤ C�u�
W 2,1

p (Ω×(T1,T2))
.

Ì��× Ö�×ÙÐØ �× ×�ÓÛÒ �Ò ��℄¸ Ä�ÑÑ� ¿º¿ Ôº �¼º

�º¾º¾ �Ü�×Ø�Ò� Ó� ×ØÖÓÒ� ×ÓÐÙØ�ÓÒ×

ÈÖÓÔÓ×�Ø�ÓÒ �º�º ´�Ü�×Ø�Ò� Ó� ×ØÖÓÒ� ×ÓÐÙØ�ÓÒ× �ÓÖ Ø�� ��Ù�Ý ÔÖÓ�¹

Ð�Ñµ

ËÙÔÔÓ×� W ×Ø�×��× �º¾º Ì�� ��Ù�Ý ÔÖÓ�Ð�Ñ



















ut = Δu−W ′

�

u+
θ+ − θ−

2π

�

+ σ �ÓÖ x ∈ Ω

∂u

∂n
= 0 �ÓÖ x ∈ ∂Ω

u = 0 Û��Ò t = 0

´�º�µ

��Ñ�Ø× � ÙÒ�ÕÙ� ×ØÖÓÒ� ×ÓÐÙØ�ÓÒ u ∈ C2,1(Ω× (0,+∞) ∩ C(Ω̄× [0,+∞))

Ì��× �× � ×ØÖ����Ø�ÓÖÛ�Ö� �ÔÔÐ��Ø�ÓÒ Ó� �½¼℄¸ Ì��ÓÖ�Ñ ½�º¾¿ Ôº ¿��º
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�º¾º¿ ÁÒØ�Ö�ÓÖ �×Ø�Ñ�Ø�× �ÓÖ Ø�� ×ÓÐÙØ�ÓÒ Ó� Ø�� ���Ø �ÕÙ�Ø�ÓÒ

ÁÒ Ø��× ×�Ø�ÓÒ Û� ×Ø�Ø� �Ò �ÒØ�Ö�ÓÖ �×Ø�Ñ�Ø� ÔÖÓÔ�ÖØÝ �ÓÖ Ø�� ×ÓÐÙØ�ÓÒ Ó�
Ø�� ���Ø �ÕÙ�Ø�ÓÒ Ø��Ø Û�ÐÐ �� ÖÙ��Ð �Ò Ø�� Ö�×Ø Ó� Ø�� Ô�Ô�Ö

ÈÖÓÔÓ×�Ø�ÓÒ �º�º ´ÁÒØ�Ö�ÓÖ �×Ø�Ñ�Ø�× �ÓÖ Ø�� ���Ø �ÕÙ�Ø�ÓÒµ

�ÓÒ×���Ö Ø�� ���Ø �ÕÙ�Ø�ÓÒ Û�Ø� Ò�ÙÑ�ÒÒ �ÓÙÒ��ÖÝ ÓÒ��Ø�ÓÒ×







ut = Δu+ f(x, t) (x, t) ∈ Ω× (T1, T2)
u(x, 0) = u0(x) x ∈ Ω
∂u
∂n = 0 (x, t) ∈ ∂Ω× (T1, T2)

.

Ì��Ò¸ �ÓÖ �ÒÝ ε > 0 ´Û�Ø� ε ≤ T2 − T1µ¸
´�µ �� u ∈ Lp(Ω × (T1, T2)) �× � ×ÓÐÙØ�ÓÒ Ó� ´�º�µ¸ �Ò� f ∈ Lp(Ω × (T1, T2))¸
Ø��Ò u �× �Ð×Ó �Ò
W 2,1

p (Ω × (T1 + ε, T2)) �Ò� Ø��Ö� �Ü�×Ø× C > 0 �Ò��Ô�Ò��ÒØ Ó� u0 ×Ù� Ø��Ø

�u�
W 2,1

p (Ω×(T1+ε,T2))
≤ C

�

�u�Lp(Ω×(T1,T2))
+ �f�Lp(Ω×(T1,T2))

�

.

´��µ �� u ∈ Cα,α
2 (Ω × (T1, T2)) �× � ×ÓÐÙØ�ÓÒ Ó� ´�º�µ¸ �Ò� f ∈ Cα,α

2 (Ω ×
(T1, T2))¸ Ø��Ò u �× �Ð×Ó �Ò C2+α,1+α

2 (Ω × (T1 + ε, T2)) �Ò� Ø��Ö� �Ü�×Ø× C ′

�Ò��Ô�Ò��ÒØ Ó� u0 ×Ù� Ø��Ø

�u�
C2+α,1+α

2 (Ω×(T1+ε,T2))
≤ C ′

�

�u�
Cα,α2 (Ω×(T1,T2))

+ �f�
Cα,α2 (Ω×(T1,T2))

�

.

Ì��× Ö�×ÙÐØ �× � ÓÒ×�ÕÙ�Ò� Ó� �½¼℄¸ Ì��ÓÖ�Ñ �º¾¼ Ôº ½��¸ Ù×�Ò� �Ð×Ó ��℄¸
Ì��ÓÖ�Ñ ¿º¿ Ôº �¼ ØÓ ÓÒØÖÓÐ Ø�� �Ö×Ø ÓÖ��Ö ×Ô�� ��Ö�Ú�Ø�Ú�×º

�º¿ � �ÓÙÒ� ÓÒ Ø�� ×Ô�� Ó×�ÐÐ�Ø�ÓÒ Ó� Ø�� ×ÓÐÙØ�ÓÒ

Ì�� �Ó�Ð Ó� Ø��× Ô�ÖØ �× ØÓ ÔÖÓÚ� Ø��Ø �ÓÖ � ×ÓÐÙØ�ÓÒ u Ó� ´�º½µ Û�Ø� �Ò�Ø��Ð
��Ø� u(·, 0) ≡ 0¸ Ø�� ×Ô�� Ó×�ÐÐ�Ø�ÓÒ Ó� u Ö�Ñ��Ò× �ÓÙÒ��� �ÓÖ �ÐÐ Ø�Ñ�º

ÈÖÓÔÓ×�Ø�ÓÒ �º½¼º �ÓÙÒ� ÓÒ Ø�� ×Ô�� Ó×�ÐÐ�Ø�ÓÒ Ó� Ø�� ×ÓÐÙØ�ÓÒ

ËÙÔÔÓ×� W ×�Ø�×��× ´�º¾µº Ä�Ø u �� Ø�� ×ÓÐÙØ�ÓÒ Ó� ´�º½µ Û�Ø� �Ò�Ø��Ð ��Ø�
u(·, 0) ≡ 0º Ì��Ò Ø��Ö� �Ü�×Ø× � ÔÓ×�Ø�Ú� ÓÒ×Ø�ÒØ C �Ò��Ô�Ò��ÒØ Ó� t ×Ù�
Ø��Ø

max
x∈Ω̄

u(x, t)−min
x∈Ω̄

u(x, t) ≤ C, �ÓÖ �ÐÐ t ≥ 0. ´�º�µ

ÌÓ ÓÒØÖÓÐ Ø�� ×Ô�� Ó×�ÐÐ�Ø�ÓÒ× Ó� � ×ÓÐÙØ�ÓÒ u Ó� ´�º½µ �Ò� ÔÖÓÚ� ÈÖÓÔÓ¹
×�Ø�ÓÒ �º½¼¸ Û� Û�ÐÐ Ù×� � Ö�×ÙÐØ ÓÒØÖÓÐÐ�Ò� Ø�� ×ÓÐÙØ�ÓÒ Ó� Ø�� �ÓÑÓ��Ò�ÓÙ×
���Ø �ÕÙ�Ø�ÓÒ¸ ×Ø�Ø�� �Ò Ø�� �ÓÐÐÓÛ�Ò� Ð�ÑÑ� �
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Ä�ÑÑ� �º½½º ´� ��Ö��×�Ò� �ÓÙÒ� �ÓÖ Ø�� ×ÓÐÙØ�ÓÒ Ó� Ø�� �ÓÑÓ��¹

ÒÓÙ× �ÕÙ�Ø�ÓÒµ
�ÓÒ×���Ö Ø�� �ÕÙ�Ø�ÓÒ







ut −Δu = 0 ÓÒ Ω× (0,+∞)
∂nu = 0 ÓÒ ∂Ω × (0,+∞)
u(·, 0) = h0 ÓÒ Ω

´�º�µ

Û�Ø� h0 ∈ L∞(Ω)º
Ì��Ò Ø��Ö� �Ü�×Ø× � Ø�Ñ� T0 > 0 �Ò� � Ö��Ð ÒÙÑ��Ö µ ∈ ]0, 1[¸ �ÓØ�

�Ò��Ô�Ò��ÒØ Ó� h0 �Ò� u¸ ×Ù� Ø��Ø �ÓÖ �ÐÐ t > T0¸

�u(·, t)�L∞(Ω) ≤ µ �h0�L∞(Ω) .

ÈÖÓÓ� Ó� Ä�ÑÑ� �º½½

ÌÓ ÔÖÓÚ� Ø��× Ð�ÑÑ� Û� Ù×� Ø�� ��Ø Ø��Ø Ø�� ÓÔ�Ö�ØÓÖ (−Δ) ÓÒ Ω Û�Ø�
�ÓÑÓ��Ò�ÓÙ× Æ�ÙÑ�ÒÒ �ÓÙÒ��ÖÝ ÓÒ��Ø�ÓÒ× �× � ×�Ð�¹���Ó�ÒØ ÓÑÔ�Ø ÓÔ�Ö¹
�ØÓÖ ÓÒ Ø�� À�Ð��ÖØ ×Ô�� L2(Ω)¸ �Ò� Ø��Ø �Ø× Ñ�Ò�ÑÙÑ ����ÒÚ�ÐÙ� �× ×ØÖ�ØÐÝ
ÔÓ×�Ø�Ú�º Ï� ÛÖ�Ø� (λi)i>1 Ø�� ×�ÕÙ�Ò� Ó� �Ø× ����ÒÚ�ÐÙ�× �Ò ÒÓÒ¹��Ö��×�Ò�
ÓÖ��Ö¸ �Ò� (ψi)i>1 � ÓÖÖ�×ÔÓÒ��Ò� ×�ÕÙ�Ò� Ó� ÙÒ�Ø�ÖÝ ����ÒÚ�ØÓÖ×º Ï� Ø��Ò
��Ú� λ1 > 0º

Ï� Ó�×�ÖÚ� Ø��Ø �× Ω �× �ÓÙÒ���¸ Ø��Ö� �× � ÓÒØ�ÒÙÓÙ× �Ò��Ø�ÓÒ L∞(Ω)→
L2(Ω)¸ ×Ó Ø��Ö� �Ü�×Ø× C > 0 ×Ù� Ø��Ø �ÓÖ �ÐÐ h ∈ L∞(Ω)¸ Û� ��Ú� h ∈ L2(Ω)
�Ò�

�h�L2(Ω) ≤ C �h�L∞(Ω) .

ÆÓÛ �ÓÖ � ��Ú�Ò h ∈ L∞(Ω) ⊂ L2(Ω)¸ Û� �Ò ÛÖ�Ø� �Ø× ��ÓÑÔÓ×�Ø�ÓÒ ÓÒ
Ø�� ��×�× Ó� Ø�� ����ÒÚ�ØÓÖ× (ψi) Ó� Ø�� ÓÔ�Ö�ØÓÖ (−Δ) Û�Ø� �ÓÑÓ��Ò�ÓÙ×
Æ�ÙÑ�ÒÒ �ÓÙÒ��ÖÝ ÓÒ��Ø�ÓÒ× �

h =

+∞
�

i=1

ciψi �Ò L2(Ω)

Û�Ø�
�+∞

i=1 |ci|2 ≤ C2 �h�2L∞(Ω)º
Ì��Ò Û� ��Ú�

u =
+∞
�

i=1

cie
−λitψi �Ò L2(Ω).

�ÓÖ Ø�� �ÓÐÐÓÛ�Ò�¸ Û� Ù×� �ÒØ�Ö�ÓÖ �×Ø�Ñ�Ø�× ´ÈÖÓÔÓ×�Ø�ÓÒ �º�µ �Ò� ËÓ�ÓÐ�Ú
�Ñ�����Ò�× ØÓ ØÖ�Ò×ÔÓ×� Ø�� �×Ø�Ñ�Ø�× �Ò L2 ØÓ �×Ø�Ñ�Ø�× �Ò L∞º

Ï� Ö�Ñ�Ö� Ø��Ø Ø�� �×Ø�Ñ�Ø� Ó� ÈÖÓÔÓ×�Ø�ÓÒ �º� �Ò �� Ö�ÛÖ�ØØ�Ò¸ ÓÒ¹
×���Ö�Ò� � ×���Ø�� �ÓÑ��Ò¸

�u�W 2,1
p (Ω×(2ε,Tmax))

≤ C ′ �u�Lp(Ω×(ε,Tmax))
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�ÓÖ ×ÓÑ� ε > 0º Ï� ÓÒ×���Ö Ø��× �Ò�ÕÙ�Ð�ØÝ �ÓÖ Ø�� Ô�ÖØ�ÙÐ�Ö Ú�ÐÙ� p = 2¸
�Ò� Ù×� Ø�� �Ñ�����Ò� L∞((ε, Tmax), L

2(Ω)) ⊂ L2(Ω× (ε, Tmax)) ØÓ Ó�Ø��Ò

�u�
W 2,1

2 (Ω×(2ε,Tmax))
≤ C ′′ �u�L∞((ε,T ),L2(Ω)) .

Ì�� ×�ÓÒ� ÕÙ�ÒØ�ØÝ �× Ð��ÖÐÝ �Ò�Ø� ���Ù×� Ø�� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� �ÑÔÐ��×
Ø��Ø u ∈ L∞(Ω× (0,+∞))º Ï�Ø� Ø�� ×Ô�ØÖ�Ð ��ÓÑÔÓ×�Ø�ÓÒ Û� �Ð×Ó ��Ú� �
�ÓÙÒ� �ÓÖ Ø�� Ö���Ø ��Ò� ×��� Ó� Ø��× �×Ø�Ñ�Ø� � �ÓÖ �ÐÐ t > 0¸

�u(·, t)�2L2(Ω) ≤
+∞
�

i=0

|ci|2e−2λit ≤ C2e−2λ1t �h�2L∞(Ω) ,

Û��� �ÑÔÐ��×

�u�L∞((ε,+∞),L2(Ω)) ≤ C2e
−λ1ε �h�L∞(Ω) .

Ï� Ø��Ò ��Ú� Ø�� �Ò�ÕÙ�Ð�ØÝ

�u�W 2,1
2 (Ω×(2ε,Tmax))

≤ C3e
−λ1ε �h�L∞(Ω) .

ÌÓ ÓÒÐÙ�� Ø�� ÔÖÓÓ� Ó� Ø��× Ð�ÑÑ�¸ Û� Ò��� ØÓ ��Ú� Ø�� ×�Ñ� �×Ø�Ñ�¹
Ø�ÓÒ �ÓÖ �u�

W 2,1
p (Ω×(2ε,Tmax))

�ÓÖ ×ÓÑ� p > 2¸ Û��� ÛÓÙÐ� �Ò��Ð� Ù× ØÓ Ù×�

� ËÓ�ÓÐ�Ú �Ñ�����Ò� ØÓ ��Ö�Ú� �Ò �×Ø�Ñ�Ø�ÓÒ �Ò C0(Ω × (2ε, Tmax))º Ì��
�ÐÙÐ�Ø�ÓÒ× ��ÓÚ� ×�ÓÛ Ø��Ø �u�W 2,1

2 ((2ε,Tmax),Ω) �× �Ò�Ø�¸ ×Ó �Ý Ø�� ËÓ�ÓÐ�Ú
�Ñ�����Ò�

W 2,1
2 (Ω× (2ε, Tmax)) ⊂ Lp(Ω× (2ε, Tmax)) �ÓÖ p < +∞,

Û� ��Ú� Ø��Ø �u�Lp(Ω×(2ε,Tmax))
�× �Ð×Ó �Ò�Ø� �ÓÖ ×ÓÑ� p > 2º Í×�Ò� ����Ò Ø��

�ÒØ�Ö�ÓÖ �×Ø�Ñ�Ø�× Ø��ÓÖ�Ñ¸ Û� ��Ø

�u�
W 2,1

p (Ω×(3ε,Tmax))
≤ C4 �u�W 2,1

2 (Ω×(2ε,Tmax))
,

×Ó
�u�W 2,1

p (Ω×(3ε,Tmax))
≤ C5e

−λ1ε �h�2L∞(Ω) .

Ì��Ò Û� Ù×� �ÒÓØ��Ö ËÓ�ÓÐ�Ú �Ñ�����Ò� � �ÓÖ �ÐÐ Tmax > 0¸ Û� ��Ú� Ø��

ÓÒØ�ÒÙÓÙ× �ÒÐÙ×�ÓÒ Cβ, β
2 (Ω× (3ε, Tmax)) ⊂W 2,1

p (Ω× (3ε, Tmax)) �ÓÖ ×ÓÑ�
β > 0 ´ÑÓÖ� ÔÖ��×�ÐÝ Ø��× �× ØÖÙ� �ÓÖ β < 2− 4

p µº Ì��Ò Û� ��Ú� Ø�� �Ò�ÕÙ�Ð�ØÝ

�u�L∞(Ω×(3ε,Tmax))
≤ C6 �u�

Cβ,
β
2 (Ω×(3ε,Tmax))

≤ C7 �u�W 2,1
p (Ω×(3ε,Tmax))

≤ C8e
−λ1ε �h�2L∞(Ω) ,

Û��� ÓÒÐÙ��× Ø�� ÔÖÓÓ� Ó� Ä�ÑÑ� �º½½º



½�¼ �������� �� ���������� ������

Ï�Ø� Ø��× Ö�×ÙÐØ Û� �Ò ÔÖÓÚ� ÈÖÓÔÓ×�Ø�ÓÒ �º½¼º

ÈÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ �º½¼

ËØ�Ô ½ � �Ð�Ñ�Ò�Ø�ÓÒ Ó� Ø�� Ñ��Ò Ó� u ÓÒ Ω
ÌÓ ×ØÙ�Ý Ø�� Ó×�ÐÐ�Ø�ÓÒ Ó� u¸ �Ø �× Ù×��ÙÐ ØÓ ÓÒ×���Ö Ø�� ����Ö�Ò� ��ØÛ��Ò

u �Ò� �Ø× Ñ��Ò Ú�ÐÙ� ÓÒ Ωº Ï� ÖÖ�Ø�

ū(x, t) = u(x, t)− �u(·, t)�

Û�Ø�

�u(·, t)� = 1

|Ω|

�

Ω
u(y, t)dy.

Ï� �ÒÓÛ Ø��Ø u �× � ×ÓÐÙØ�ÓÒ Ó� ´�º½µ¸ ×Ó

ut = ūt + ∂t�u� = Δū−W ′

�

u+
θ+ − θ−

2π

�

+ σ ÓÒ Ω× (0,+∞) ´�º½¼µ

Ï� �Ð×Ó ��Ú�
∂nū = 0 ÓÒ ∂Ω× (0,+∞)

�Ò�
ū(x, 0) = 0 �ÓÖ x ∈ Ω

���Ù×� u(x, 0) ≡ 0º Ì��Ò¸ Û� �ÒØ��Ö�Ø� ´�º½¼µ ÓÒ Ωº ÆÓØ� Ø��Ø
�

Ω
Δū =

�

∂Ω
∂nū = 0

�Ò�
�

Ω
ūt = ∂t

�

Ω
ū = 0.

Ì��Ö��ÓÖ�¸ Û� ��Ú�

∂t�u� = −
1

|Ω|

�
�

Ω
W ′

�

u+
1

2π
(θ+ − θ−)

��

+ σ.

ËÓ¸ Ö�ÛÖ�Ø�Ò� ´�º½¼µ¸ Û� �Ò� Ø��Ø ū �× � ×ÓÐÙØ�ÓÒ Ó� Ø�� �ÓÐÐÓÛ�Ò� �ÕÙ�Ø�ÓÒ �






ūt −Δū = h ÓÒ Ω× (0,+∞)
∂nū = 0 ÓÒ ∂Ω× (0,+∞)
ū(x, 0) = 0 ÓÒ Ω

´�º½½µ

Û�Ø� �Ò�Ø��Ð ÓÒ��Ø�ÓÒ ū(0, x) = 0¸ �Ò�

h(x, t) = W ′

�

u(x, t) +
1

2π
(θ+ − θ−)

�

+ σ − ∂t�u(·, t)�.

Ì�� ÔÖ����Ò� �ÐÙÐ�Ø�ÓÒ× �Ò���Ø� Ø��Ø �ÓÖ �ÐÐ t > 0¸
�

Ω
h(x, t)dx = 0.



���� ���� ��������� ½�½

Ï� �Ð×Ó ÒÓØ� Ø��Ø¸ �× W ′ �× �ÓÙÒ���¸ h �× �ÓÙÒ���¸ �º�º h ∈ L∞(Ω×(0,+∞))º

ËØ�Ô ¾ � �ÓÙÒ�× �ÓÖ ū
�× Ø�� �ÖØ�Ð� Ó� Ç��Û�Ö� �Ò� Æ���ÑÙÖ� �½½℄¸ Û� ���Ò� Ø�� ×�Ø

X0 =

�

v ∈ C(Ω̄) |
�

Ω
v(x)dx = 0

�

.

Ì�� Ö�×ØÖ�Ø�ÓÒ Ó� Δ ÓÒ X0 ���Ò�× �Ò �Ò�ÐÝØ� ×�Ñ��ÖÓÙÔ
�

etΔ
�

t∈(0,∞]
ÓÒ

X0 �Ò� Ø�� �Ù��Ñ�Ð �ÓÖÑÙÐ� ��Ú�×

ū(·, t) =

� t

0
e(t−s)Δh(·, s)ds. ´�º½¾µ

Ì�� �ÓÙÒ� ��Ú�Ò �Ò Ä�ÑÑ� �º½½ �Ò �� ÛÖ�ØØ�Ò �ÕÙ�Ú�Ð�ÒØÐÝ �×

�

�etΔh0
�

�

L∞(Ω)
≤ µ �h0�L∞(Ω) �ÓÖ �ÐÐ t > T0.

�× � ÓÒ×�ÕÙ�Ò�¸ Ø��Ö� �Ü�×Ø× C > 0 �Ò� λ ∈ (0,+∞) ×Ù� Ø��Ø¸ �ÓÖ �ÐÐ
t > T0

�

�etΔh0
�

�

L∞(Ω)
≤ Ce−λt �h0�L∞(Ω) .

Ï�Ø� Ø��×¸ Û� �Ò ��Ö�Ú� � �ÓÙÒ� ÓÒ ū �ÓÖ �ÐÐ t ∈ (0,+∞)

�ū(·, t)�L∞(Ω) ≤
� t

0

�

�

�
e(t−s)Δh(·, s)

�

�

�

L∞(Ω)
ds

≤ C

� t

0
(1{t−s<T0} + 1{t−s>T0}e

−λ(t−s)) �h(·, s)�L∞(Ω) ds

≤
�

C

� t

0
(1{t−s<T0}ds+

C

λ

�

�h�L∞(Ω×(0,+∞))

≤
�

CT0 +
C

λ

�

�h�L∞(Ω×(0,+∞)) ,

Û��� �× �Ò���� � ÙÒ��ÓÖÑ �ÓÙÒ�º
��Ò�ÐÐÝ̧

max
x∈Ω

u(x, t)−min
x∈Ω

u(x, t) ≤ 2 �ū(·, t)�L∞(Ω) ,

Û��� ×�ÓÛ× Ø��Ø Ø�� Ó×�ÐÐ�Ø�ÓÒ Ó� u �× �Ò���� �ÓÙÒ���º

�º� Ä�Ò��Ö �ÖÓÛØ� Ó� Ø�� ×ÓÐÙØ�ÓÒ �Ò Ø�Ñ�

ÈÖÓÔÓ×�Ø�ÓÒ �º½¾ ´Ä�Ò��Ö �ÖÓÛØ� Ó� Ø�� ×ÓÐÙØ�ÓÒµº
Ä�Ø u �� Ø�� ×ÓÐÙØ�ÓÒ Ó� ´�º½µ Û�Ø� �Ò�Ø��Ð ��Ø� u(·, 0) ≡ 0º Ì��Ò Ø��Ö� �Ü�×Ø×
� ÓÒ×Ø�ÒØ ω ∈ R �Ò� � ÔÓ×�Ø�Ú� ÓÒ×Ø�ÒØ C ′ ×Ù� Ø��Ø¸ �ÓÖ �ÐÐ x ∈ Ω¸ t > 0¸

|u(x, t)− ωt| ≤ C ′ �ÓÖ �ÐÐ x ∈ Ω, t > 0 ´�º½¿µ
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ÈÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ �º½¾

Ì��× ÔÖÓÓ� �× Ú�ÖÝ ×�Ñ�Ð�Ö ØÓ Ø�� ÓÒ� ��Ú�Ò �Ò ËØ�Ô 3 Ó� Ø�� ÔÖÓÓ� Ó� ÈÖÓÔÓ¹
×�Ø�ÓÒ ¿º½� �Ò ���ÔØ�Ö ¿º ÁØ �× ��Ú�Ò ��Ö� ØÓ Ñ��ÒØ��Ò Ø�� �ÒØ�ÖÒ�Ð ÓÒ×�×Ø�ÒÝ
Ó� Ø�� ��ÔØ�Öº

Ï� Ö��ÐÐ Ø��Ø Ø�� ÔÓØ�ÒØ��Ð W �× � 1¹Ô�Ö�Ó�� �ÙÒØ�ÓÒº Ì��Ò �× u �× Ø��
×ÓÐÙØ�ÓÒ Ó� ´�º½µ Û�Ø� �Ò�Ø��Ð ÓÒ��Ø�ÓÒ u ≡ 0¸ u+ k �× �Ð×Ó � ×ÓÐÙØ�ÓÒ Ó� ´�º½µ
´�ÓÖ �ÒÓØ��Ö �Ò�Ø��Ð ÓÒ��Ø�ÓÒµ �ÓÖ �ÐÐ k ∈ Zº

ÆÓÛ¸ �ÓÖ T > 0¸ ���Ò�

λ+(T ) = sup
t≥0

u(0, t+ T )− u(0, t)

T

�Ò�

λ−(T ) = inf
t≥0

u(0, t+ T )− u(0, t)

T
.

Ï�Ø� Ø��× ÓÒ×ØÖÙØ�ÓÒ¸ λ+(T ) �Ò� λ−(T ) �Ö� �×Ø�Ñ�Ø�× Ó� Ø�� Ñ��Ò ×ÐÓÔ�
Ó� Ø�� ×ÓÐÙØ�ÓÒ u �Ò Ø�Ñ�º À�ÙÖ�×Ø��ÐÐÝ̧ Ø��×� �×Ø�Ñ�Ø�× ×�ÓÙÐ� ��ÓÑ� ÑÓÖ�
�ÙÖ�Ø� �× T → +∞º ÁÒ Ø�� Ö�Ñ��Ò��Ö Ó� Ø�� ÔÖÓÓ� Û� ×�ÓÛ Ø��Ø �ÓØ� �ÙÒ¹
Ø�ÓÒ λ+ �Ò� λ− ÓÒÚ�Ö�� ØÓ � ÕÙ�ÒØ�ØÝ ω Û��� �× ×Ù� Ø��Ø ´�º½¿µ �× ×�Ø�×���º

ËØ�Ô ½ � �ÓÙÒ�× ÓÒ λ+(T ) �Ò� λ−(T ) Û��Ò T > 1º
Ï� Û�ÐÐ ÔÖÓÚ� Ø��Ø Ø��Ö� �Ü�×Ø× � ÓÒ×Ø�ÒØ C1 �Ò��Ô�Ò��ÒØ ÓÒ T ≥ 1 ×Ù�

Ø��Ø
−C1 ≤ λ−(T ) ≤ λ+(T ) ≤ C1.

ÁØ �× Ð��Ö Ø��Ø �ÓÖ �ÐÐ T ¸ λ+(T ) ≥ λ−(T )º
��Ü � Ø�Ñ� t0 ≥ 0º Ï� �ÒÓÛ Ø��Ø u(·, t) ∈ L∞(Ω)º Ì��Ò Ø��Ö� �Ü�×Ø×

k ∈ Z ×Ù� Ø��Ø minu(·, t0) ∈ [k, k + 1[º �Ý Ø�� Ó×�ÐÐ�Ø�ÓÒ �×Ø�Ñ�Ø� ´�º�µ¸ �Ø
�ÓÐÐÓÛ× Ø��Ø maxu(·, t) ≤ (k+1)+Cº �ÕÙ�Ú�Ð�ÒØÐÝ̧ 0 ≤ u(·, t0)− k ≤ C+1º

ÆÓÛ ���Ò� Ø�� �ÙÒØ�ÓÒ v : τ �→ C + 1 + (|W ′|∞ + σ)τ º Ï� Ø��Ò ��Ú�

vt ≥ Δv −W ′(v) + σ.

Ì��× �Ò�ÕÙ�Ð�ØÝ �Ò� Ø�� �ÓÙÒ��ÖÝ ÓÒ��Ø�ÓÒ× �ÑÔÐÝ Ø��Ø v �× � ×ÙÔ�Ö×ÓÐÙØ�ÓÒ
Ó� ´�º½µº Ï� �Ð×Ó ��Ú� Ø��Ø (x, τ) �→ u(x, t + τ) − 2k �× � ×ÓÐÙØ�ÓÒ Ó� ´�º½µ¸
×�Ò� Ø�� �ÕÙ�Ø�ÓÒ �× �ÒÚ�Ö��ÒØ �Ý Ø�Ñ� ØÖ�Ò×Ð�Ø�ÓÒ �Ò� ����Ø�ÓÒ Ó� �ÒØ���Ö×º
�Ø Ø�Ñ� τ = 0¸ Û� ��Ú�

v(x, 0) = C + 1 ≥ u(x, t0)− k.

�ÖÓÑ Ø�� ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� ´ÈÖÓÔÓ×�Ø�ÓÒ �º�µ¸ �Ø �ÓÐÐÓÛ× Ø��Ø �ÓÖ �ÐÐ τ ≥ 0¸

v(x, τ) ≥ u(x, t0 + τ)− k.

ÁÒ Ô�ÖØ�ÙÐ�Ö¸ �ÓÖ τ = T ¸ Û� ��Ú�

C + 1 + (
�

�W ′
�

�

∞
+ σ)T ≥ u(x, t0 + T )− k. ´�º½�µ
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�ÓÑ��Ò�� Û�Ø� Ø�� ��Ø Ø��Ø u(0, t0)− k ≥ 0 Ø��× �ÑÔÐ��× Ø��Ø

u(0, t0 + T )− u(0, t0)

T
≤ C + 1

T
+

�

�W ′
�

�

∞
+ σ. ´�º½�µ

Ì��× �Ò�ÕÙ�Ð�ØÝ Ö�Ñ��Ò× Ú�Ð�� �ÓÖ �ÐÐ t0 ≥ 0¸ ×Ó¸ �ÓÖ T ≥ 1¸

λ+(T ) ≤ C + 1 +
�

�W ′
�

�

∞
+ |σ| = C1. ´�º½�µ

Ë�Ñ�Ð�ÖÐÝ̧ Û� �Ò ��Ö�Ú� � ÐÓÛ�Ö �ÓÙÒ� �ÓÖ λ−(T )º

ËØ�Ô ¾ � ÍÔÔ�Ö �ÓÙÒ� ÓÒ λ+(T )− λ−(T )
�ÓÒ×���Ö � Ö��Ð ÒÙÑ��Ö T > 0º
Ï� Û�ÐÐ �Ö×Ø ×ØÙ�Ý Ø�� �×� Û��Ö� �ÓØ� Ø�� �Ò�ÑÙÑ λ−(T ) �Ò� Ø��

×ÙÔÖ�ÑÙÑ λ+(T ) �Ö� Ö����� �Ò [0,+∞[¸ Û��� Ñ��Ò× Ø��Ø Ø��Ö� �Ü�×Ø t1 ≥ 0
�Ò� t2 ≥ 0 ×Ù� Ø��Ø

λ+(T ) =
u(0, t1 + T )− u(0, t1)

T

λ−(T ) =
u(0, t2 + T )− u(0, t2)

T
.

�ÓÒ×���Ö Ø�� �ÙÒØ�ÓÒ

v(x, t) = u(x, t+ t2 − t1) +K,

Û�Ø� K = ⌊u(0, t1) − u(0, t2) + 2C⌋ + 1¸ Û��Ö� Ø�� �ÙÒØ�ÓÒ ⌊·⌋ �× Ø�� �ÓÓÖ
�ÙÒØ�ÓÒº Ì��Ò u �Ò� v �Ö� �ÓØ� ×ÓÐÙØ�ÓÒ× Ó� ´�º½µ¸ �Ò� �ÓÖ t = t1¸

v(x, t1) = u(x, t2) + ([u(0, t1)− u(0, t2) + 2C] + 1) ≥ u(x, t1),

Û��Ö� Û� ��Ú� Ù×�� Ø�� �×Ø�Ñ�Ø� ÓÒ ×Ô�� Ó×�ÐÐ�Ø�ÓÒ× ´�º�µº Ì��Ò¸ �Ý Ø��
ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ�¸ �ÓÖ �ÐÐ t ≥ t1¸

v(x, t) ≥ u(x, t).

ÁÒ Ô�ÖØ�ÙÐ�Ö¸ �ÓÖ t = t1 + T ¸ Û� ��Ú�

u(x, t2 + T )− u(0, t2) + 1 + 2C ≥ u(x, t1 + T )− u(0, t1), ´�º½�µ

×Ó¸ Ø���Ò� x = 0¸ Û� ��Ø

λ−(T ) +
1 + 2C

T
≥ λ+(T ), ´�º½�µ

Û��� Û� �Ò Ö�ÛÖ�Ø�

0 ≤ λ+(T )− λ−(T ) ≤ 1 + 2C

T
. ´�º½�µ



½�� �������� �� ���������� ������

�Ú�Ò �� Ø�� �Ò�ÑÙÑ ÓÖ Ø�� �ÜØÖ�ÑÙÑ �× ÒÓØ Ö�����¸ Û� ��Ú�¸ �ÓÖ ε > 0¸
Ø��Ö� �Ü�×Ø× t1 ≥ 0 �Ò� t2 ≥ 0 ×Ù� Ø��Ø

λ+(T ) <
u(0, t1 + T )− u(0, t1)

T
+ ε

λ−(T ) >
u(0, t2 + T )− u(0, t2)

T
− ε.

Ì�� ×�Ñ� Ð�Ò� Ó� Ö��×ÓÒ�Ò� Ø��Ò Ð���× ØÓ

u(x, t2 + T )− u(0, t2) + 1 + 2C ≥ u(x, t1 + T )− u(0, t1),

×Ó

λ−(T ) + ε+
1 + 2C

T
≥ λ+(T )− ε. ´�º¾¼µ

�× Ø��× �× ØÖÙ� �ÓÖ �ÐÐ ε > 0¸ ´�º½�µ ×Ø�ÐÐ �ÓÐ�× �Ò Ø��Ø �×�º

ËØ�Ô ¿ � �Ú�ÐÙ�Ø�ÓÒ Ó� Ø�� Ú�Ö��Ø�ÓÒ× Ó� λ+ �Ò� λ−

ÆÓÛ¸ Ð�Ø p ∈ N \ {0} �� �Ò �ÒØ���Öº
Ï� �Ö×Ø �××ÙÑ� Ø��Ø Ø��Ö� �Ü�×Ø× t1 ≥ 0 ×Ù� Ø��Ø

λ+(pT ) =
u(0, t1 + pT )− u(0, t1)

pT
.

ÁØ �× Ð��Ö Ø��Ø

pTλ+(pT ) = u(0, t1 + pT )− u(0, t1) ≤ pTλ+(T ),

×Ó
λ+(pT ) ≤ λ+(T ).

Á� Ø�� ×ÙÔÖ�ÑÙÑ λ+(pT ) �× ÒÓØ Ö�����¸ Ø��Ò �ÓÖ �ÐÐ ε > 0 Ø��Ö� �Ü�×Ø× �
Ø�Ñ� tε ×Ù� Ø��Ø

pTλ+(pT )− ε ≤ u(0, tε + pT )− u(0, tε). ´�º¾½µ

�× ��ÓÚ�¸
u(0, tε + pT )− u(0, tε) ≤ pTλ+(T ), ´�º¾¾µ

×Ó Û� ��Ú�¸ �ÓÖ �ÐÐ ε > 0

pTλ+(pT )− ε ≤ pTλ+(T ), ´�º¾¿µ

Û��� �ÑÔÐ��× ����Ò Ø��Ø λ+(PT ) ≤ λ+(T )º Ë�Ñ�Ð�ÖÐÝ̧ �Ø �Ò �� ÔÖÓÚ�� Ø��Ø
λ−(pT ) ≥ λ−(T )º

ÆÓÛ Ø��� T1 > 0 �Ò� T2 > 0 �Ò� �××ÙÑ� Ø��Ø pT1 = qT2¸ Û�Ø� p ∈ N\{0}
�Ò� q ∈ N \ {0}º Í×�Ò� Ø�� ÔÖ����Ò� ÓÒÐÙ×�ÓÒ×¸ Û� ��Ú� Ø�� �ÓÐÐÓÛ�Ò�
�Ò�ÕÙ�Ð�Ø��× �

λ+(T1) ≥ λ+(pT1) = λ+(qT2) ≥ λ−(qT2) ≥ λ−(T2) ≥ λ+(T2)−
1 + 2C

T2
,
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×Ó

λ+(T2)− λ+(T1) ≤
1 + 2C

T2
. ´�º¾�µ

�Ü��Ò��Ò� Ø�� �Ò���× 1 �Ò� 2¸ Û� ×�� Ø��Ø Ø��× �ÑÔÐ��×

�

�λ+(T1)− λ+(T2)
�

� ≤ (1 + 2C)max

�

1

T1
,
1

T2

�

´�º¾�µ

�ÓÖ �ÐÐ T1, T2 > 0 ×Ù� Ø��Ø T1
T2
∈ Qº Ì�� ×ÓÐÙØ�ÓÒ u ���Ò� �Ò C2,1(Ω×(0,+∞)¸

Ø�� �ÙÒØ�ÓÒ u(0, ·) �× ÙÒ��ÓÖÑÐÝ ÓÒØ�ÒÙÓÙ× � �× � ÓÒ×�ÕÙ�Ò� Ø�� �ÙÒØ�ÓÒ
λ+ �× ÓÒØ�ÒÙÓÙ× �Ò T ¸ Û��� �ÑÔÐ��× Ø��Ø Ø�� �Ò�ÕÙ�Ð�Ø��× ��ÓÚ� Ö�Ñ��Ò ØÖÙ�
�ÓÖ �ÒÝ T1, T2 > 0º

Í×�Ò� Ø�� ×�Ñ� Ñ�Ø�Ó� Û� ��Ö�Ú� Ø�� ×�Ñ� ÔÖÓÔ�ÖØÝ �ÓÖ λ− � �ÓÖ �ÐÐ
T1, T2 > 0¸

�

�λ−(T1)− λ−(T2)
�

� ≤ (1 + 2C)max

�

1

T1
,
1

T2

�

. ´�º¾�µ

ËØ�Ô � � Ä�Ñ�Ø Ó� λ+ �Ò� λ− �Ò� �Ò� Ó� Ø�� ÔÖÓÓ�

ÆÓÛ¸ �� (Tn)n∈N �× �Ò �ÒÖ��×�Ò� ×�ÕÙ�Ò� Û�Ø� Ð�Ñ�Ø +∞¸ �ÓØ� ×�ÕÙ�Ò�×
λ+(Tn) �Ò� λ−(Tn) �Ö� ��Ù�Ý ×�ÕÙ�Ò�× �Ò� Ø��Ò ÓÒÚ�Ö��º �× Ø��× �× ØÖÙ�
�ÓÖ �ÒÝ ×�ÕÙ�Ò� Û�Ø� Ð�Ñ�Ø +∞¸ �ÓØ� λ+(T ) �Ò� λ−(T ) ��Ú� � Ð�Ñ�Ø �ÓÖ
T → ∞º �ÙÖØ��ÖÑÓÖ�¸ Ø�� �Ò�ÕÙ�Ð�ØÝ ´�º½�µ ×�ÓÛ× Ø��Ø Ø��×� ØÛÓ Ð�Ñ�Ø× �Ö�
�ÕÙ�Ðº ���Ò�

λ = lim
T→∞

λ+(T ) = lim
T→∞

λ−(T ).

Ï� ÓÒ×���Ö �Ò�ÕÙ�Ð�Ø��× ´�º¾�µ �Ò� ´�º¾�µ �Ò� Ø��� Ø�� Ð�Ñ�Ø T2 → ∞ ØÓ
���Ù� Ø�� �ÓÐÐÓÛ�Ò� �Ò�ÕÙ�Ð�Ø��×¸ �ÓÖ T > 0

�

�λ+(T )− λ
�

� ≤ 1 + 2C

T

�Ò�
�

�λ−(T )− λ
�

� ≤ 1 + 2C

T
.

ÆÓÛ¸ �ÓÖ �ÐÐ T > 0¸ Û� ���Ù�

λT − (1 + 2C) ≤ u(0, T )− u(0, 0) ≤ λT + (1 + 2C).

�ÓÑ��Ò�Ò� Ø��× Û�Ø� ´�º�µ¸ Û� �Ò ÛÖ�Ø�

λT − (1 + 3C) ≤ u(x, T )− u(0, 0) ≤ λT + (1 + 3C),

�Ò� Û� Ö��ÐÐ Ø��Ø u(0, 0) = 0º
Ì���Ò� ω = λ �Ò� C ′ = 1 + 3C¸ Û� ��Ú� Ø��Ò ÔÖÓÚ�� Ø��Ø¸ �ÓÖ �ÐÐ t ≥ 0¸

|u(x, t)− ωt| ≤ C ′. ´�º¾�µ

Ì��× ÓÒÐÙ��× Ø�� ÔÖÓÓ� Ó� ÈÖÓÔÓ×�Ø�ÓÒ �º½¾¸ Û��� �Ò ØÙÖÒ ÔÖÓÚ�× Ì��¹
ÓÖ�Ñ �º½º
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�º� È�ÖÑ�Ò�ÒØ Ö���Ñ� ×ÓÐÙØ�ÓÒ

ÈÖÓÓ� Ó� Ì��ÓÖ�Ñ �º¿ �Ò Ø�� �×� ω > 0
ËØ�Ô ½ � ���Ò�Ø�ÓÒ Ó� Ø�� �ÙÜ�Ð��ÖÝ �ÙÒØ�ÓÒ w �Ò� � ÔÖ�ÓÖ� �ÓÙÒ�×

ÁÒ Ø��× ×Ø�Ô Û� Û�ÒØ ØÓ ÔÖÓÚ� Ø��Ø Ø��Ö� �Ü�×Ø× � ×ÓÐÙØ�ÓÒ u Ó� ´�º½µ ÓÒ
Ω× R ×�Ø�×�Ý�Ò� �×Ø�Ñ�Ø�× ´�º�µ �Ò� ´�º½¿µº

Ä�Ø u �� Ø�� ×ÓÐÙØ�ÓÒ Ó� ´�º½µ Û�Ø� u(·, 0) = 0º Ï� ���Ò�

w(x, t) = u(x, t) − ωt.

�ÖÓÑ ÈÖÓÔÓ×�Ø�ÓÒ �º½¾¸ Û� �ÒÓÛ Ø��Ø

|u(x, t) − ωt| ≤ C ′ �ÓÖ �ÐÐ t ≥ 0.

�× � ÓÒ×�ÕÙ�Ò�¸ w ∈ L∞(Ω× (0,+∞)) �Ò�

�w�L∞(Ω×(0,+∞)) ≤ C ′.

Ì�� �ÙÒØ�ÓÒ w ×�Ø�×��× Ø�� �ÓÐÐÓÛ�Ò� �ÕÙ�Ø�ÓÒ �

wt = Δw + f,

Û�Ø�

f = −ω −W ′

�

w + ωt+
θ+ − θ−

2π

�

+ σ.

�Ý Ø�� �ÒØ�Ö�ÓÖ �×Ø�Ñ�Ø� Ø��ÓÖ�Ñ ´ÈÖÓÔÓ×�Ø�ÓÒ �º�µ¸ Û� ��Ú�¸ �ÓÖ �ÐÐ k ∈ N¸

�w�
C2+α,1+α

2 (Ω×(k+2
ω

, k+3
ω ))

≤ C1

�

�w�
Cα,α2 (Ω×(k+1

ω
, k+3

ω ))
+ �f�

Cα,α2 (Ω×( k+1
ω

, k+3
ω ))

�

,

Ø�� ÓÒ×Ø�ÒØ C1 ���Ò� �Ò��Ô�Ò��ÒØ ÓÒ kº � ËÓ�ÓÐ�Ú �Ñ�����Ò� �Ò� ����Ò
Ø�� �ÒØ�Ö�ÓÖ �×Ø�Ñ�Ø� Ø��ÓÖ�Ñ ��Ú�

�w�
Cα,α2 (Ω×(k+1

ω
, k+3

ω ))
≤ C2 �w�W 2,1

p (Ω×(k+1
ω

, k+3
ω ))

≤ C3

�

�w�Lp(Ω×( k
ω

, k+3
ω )) + �f�L∞(Ω×( k

ω
, k+3

ω ))

�

≤ C ′
3 �w�L∞(Ω×( k

ω
, k+3

ω )) + C ′′
3

�ÓÖ ×ÓÑ� p >
4

2− α
º Ì�� ÓÒ×Ø�ÒØ× C ′

3 �Ò� C ′′
3 �Ö� ×Ø�ÐÐ �Ò��Ô�Ò��ÒØ ÓÒ kº

�ÓÖ Ø�� ÓØ��Ö Ø�ÖÑ¸

�f�
Cα,α2 (Ω×( k+1

ω
, k+3

ω ))
≤ |ω|+ �W ′�L∞(R) + |σ|+ [f ]α,α

2
,Ω×(k+1

ω
, k+3

ω )
≤ |ω|+ �W ′�L∞(R) + |σ|

+

�

[w]α,α
2

,Ω×(k+1
ω

, k+3
ω ) +

1

2π
[θ+ − θ−]α,Ω + |ω|

�

�

�

�

2

ω

�

�

�

�

1−α
2

�

�W ′′�L∞(R)

≤ |ω|+ �W ′�L∞(R) + σ + (C4 + C ′
3 �w�L∞(Ω×( k

ω
, k+3

ω ))) �W
′′�L∞(R) .
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�× � ÓÒ×�ÕÙ�Ò�

�w�
C2+α,1+α

2 (Ω×( 2
ω

,+∞))
≤ C5 + C6 �w�L∞(Ω×(0,+∞)) ≤ C7

�ÓÖ ×ÓÑ� 0 < α < 1¸ Û��Ö� Ø�� ÓÒ×Ø�ÒØ C7 Ñ�Ý ��Ô�Ò� ÓÒÐÝ ÓÒ ωº

ËØ�Ô ¾ � ���Ò�Ø�ÓÒ Ó� Ø�� ×�ÕÙ�Ò�× un �Ò� wn �Ò� ÓÒ×ØÖÙØ�ÓÒ Ó�

� �ÐÓ��Ð ×ÓÐÙØ�ÓÒ

ÇÙÖ �Ó�Ð Û�ÐÐ �� ØÓ �Ü����Ø � Ô�ÖÑ�Ò�ÒØ Ö���Ñ�¸ Û��� �× �ÜÔ�Ø�� ØÓ ��
Ö����� �ÓÖ Ð�Ö�� Ú�ÐÙ�× Ó� tº �× w �× �ÓÙÒ��� �Ò � À�Ð��Ö ×Ô��¸ Û� ���Ò�

wn(x, t) = w
�

x, t+
n

ω

�

�ÓÖ (x, y) ∈ Ω×
�

−n
ω
,+∞

�

�Ò�
un(x, t) = wn(x, t) + ωt.

�×
un(x, t) = w

�

x, t+
n

ω

�

+ ω
�

t+
n

ω

�

= u
�

x, t+
n

ω

�

+ n,

un �× � ×ÓÐÙØ�ÓÒ Ó� ´�º½µ �Ò� ×�Ø�×��× Ø�� Ø�Ñ� �×Ø�Ñ�Ø�ÓÒ ´�º½¿µº

�× wn �× �Ù×Ø � Ø�Ñ�¹ØÖ�Ò×Ð�Ø�ÓÒ Ó� w0¸ �Ø �× �Ð×Ó �Ò L∞
�

Ω×
�

−n
ω
,+∞

��

�Ò� �Ò C
2+α,1+α

2
loc

�

Ω×
�

−n− 1

ω
,+∞

��

¸ Û�Ø� Ø�� ×�Ñ� �ÓÙÒ�× C ′ �Ò� C7º

�Ú�ÒØÙ�ÐÐÝ �ÐÐÓÛ�Ò� �ÓÖ Ø�Ñ� �ÓÑ��Ò �ÜØ�Ò×�ÓÒ× ØÓ R Û�Ø� �Ö��ØÖ�ÖÝ Ú�ÐÙ�×
Ø��Ø �Ó ÒÓØ ��Ò�� Ø�� À�Ð��Ö �ÓÙÒ�× �Ò� Ù×�Ò� � ÓÑÔ�Ø �Ò��Ø�ÓÒ¸ Û�

��Ú� Ø��Ø �ÐÐ wn ��ÐÓÒ� ØÓ � ÓÑÔ�Ø ×Ù�×�Ø Ó� C2+β,1+β
2 (Ω× (−M,M)) �ÓÖ

�ÒÝ M > 0 �Ò� β < α¸ Û�Ø� β > 0º
�× � ÓÒ×�ÕÙ�Ò� Ó� Ø��Ø¸ �ÓÖ �ÒÝ M > 0¸ Û� �Ò �ÜØÖ�Ø � ×Ù�×�ÕÙ�Ò�

w′
ϕ(n) Û��� ÓÒÚ�Ö��× ØÓ � Ð�Ñ�Ø wM

∞ �Ò Ø��× ÓÑÔ�Ø ×�Øº Í×�Ò� � ����ÓÒ�Ð
�ÜØÖ�Ø�ÓÒ ÔÖÓ��ÙÖ� �ÓÖ � ×�ÕÙ�Ò� Mn → ∞¸ Û� ��Ú� Ø��Ø Ø��Ö� �Ü�×Ø×
� �ÙÒØ�ÓÒ w∞ �Ò C2+α,1+α

2 (Ω × (−M,M)) �ÓÖ �ÐÐ M > 0 �Ò� ×Ù� Ø��Ø

wn ÓÒÚ�Ö��× ØÓ w �Ò C2+β,1+β
2 (Ω × (−M,M)) �ÓÖ �ÐÐ M > 0¸ ÙÔ ØÓ �

×Ù�×�ÕÙ�Ò�º
ÆÓÛ Ø��Ø Û� ��Ú� �Ù�ÐØ w∞¸ Û� ���Ò� u∞ �Ý u∞(x, t) = w∞(x, t) + ωtº

Ì��Ò un ÓÒÚ�Ö��× ØÓ u∞ �Ò C2+β,1+β
2 (Ω × (−M,M)) �ÓÖ �ÐÐ M > 0º �× �

ÓÒ×�ÕÙ�Ò�¸ �ÓÖ �ÐÐ M > 0¸














(un)t → (u∞)t �Ò L∞(Ω× (−M,M))
Δun → Δu∞ �Ò L∞(Ω× (−M,M))

W ′

�

un +
θ+ − θ−

2π

�

→W ′

�

u∞ +
θ+ − θ−

2π

�

�Ò L∞(Ω× (−M,M)).

Ì�� Ð�×Ø ÓÒÚ�Ö��Ò� ÓÙÖ× ���Ù×� W �× Ö��ÙÐ�Ö �ÒÓÙ�� ´�Ø �× ×Ù���ÒØ �ÓÖ
Ø�� ÓÒÚ�Ö��Ò� Ø��Ø W ′ �× Ä�Ô×��ØÞµº Ï� �Ð×Ó ��Ú� � ÓÒÚ�Ö��Ò� �ÓÖ Ø��
Ð�Ñ�Ø ÓÒ��Ø�ÓÒ× �

∂un

∂n
→ ∂u∞

∂n
�Ò L∞(Ω× (−M,M).
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�× � Ö�×ÙÐØ u∞ �× � ×ØÖÓÒ� ×ÓÐÙØ�ÓÒ Ó� ´�º½µ ÓÒ Ω× (−∞,+∞)º

ËØ�Ô ¿ � �Ü�×Ø�Ò� Ó� Ø�� Ô�ÖÑ�Ò�ÒØ Ö���Ñ� ×ÓÐÙØ�ÓÒ

Ì�� Ò�ÜØ ×Ø�Ô �× ØÓ ÔÖÓÚ� Ø��Ø Ø��× �ÙÒØ�ÓÒ u∞ ��× Ø�� �ÓÖÑ ´�º�µ Û�Ø�
T = 2π

ω º �ÓÖ ÓÑÑÓ��ØÝ Û� Û�ÐÐ ÛÖ�Ø� �Ø u �Ò Ø�� �ÓÐÐÓÛ�Ò�º
���Ò�

b = max
�

τ ≥ 0, ∀τ ′ < τ, u(x, t) + 1 ≥ u(x, t + τ ′)
�

.

Ì��× ×�Ø �× ÒÓÒ�ÑÔØÝ ���Ù×� �ÓÖ τ ′ ×Ñ�ÐÐ �ÒÓÙ��¸ u(x, t) + 1 ≥ u(x, t +
τ ′) ���Ù×� u �× Ä�Ô×��ØÞº ÅÓÖ�ÓÚ�Ö¸ b �× �Ò�Ø� ���Ù×� �ÓÖ t Ð�Ö�� �ÒÓÙ��¸
u(0, t) > u(0, 0) + 1 ´���Ù×� Ó� ´�º½¿µ �Ò� ω > 0µº

ÁÒ ����Ø�ÓÒ¸ �� Û� �Ü ε > 0¸ Ø��Ö� �Ü�×Ø× xε ∈ Ω¸ tε ∈ R ×Ù� Ø��Ø

u(xε, tε) + 1 ≤ u(xε, tε + b) + ε

���Ù×� u �× Ä�Ô×��ØÞ ´�� ×Ù� � xε ��� ÒÓØ �Ü�×Ø¸ Ø��Ö� ÛÓÙÐ� �Ü�×Ø τ > b

×Ù� Ø��Ø �ÓÖ �ÐÐ τ ′ < τ ¸ u(x, t) + 1 ≥ u(x, t + τ ′)µº Ì���Ò� ε =
1

n
¸ Û� �Ò

ÓÒ×���Ö ×�ÕÙ�Ò�× xn �Ò� tn ×Ù� Ø��Ø

u(xn, tn) + 1 ≤ u(xn, tn + b) +
1

n
.

��×� ½ �(xn, tn) ��Ú� � �Ò�Ø� Ð�Ñ�Ø Û��Ò n→∞
ÁÒ Ø��× �×� Ø��Ö� �Ü�×Ø× x∞ ∈ Ω̄ �Ò� t∞ ∈ R ×Ù� Ø��Ø u(x∞, t∞) + 1 =

u(x∞, t∞ + b) �Ò� Û� ×Ø�ÐÐ ��Ú� �ÓÖ �ÐÐ x ∈ Ω¸ t ∈ R¸ u(x, t) + 1 ≥ u(x, t +
b)º �Ý Ø�� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� ´ÈÖÓÔÓ×�Ø�ÓÒ �º�µ Û� Ø��Ò ��Ú� Ø��Ø
u(x, t) + 1 = u(x, t+ b) ÓÒ Ω× Rº
��×� ¾ � |tn| → ∞

ÁÒ Ø��× �×� Û� ØÖÝ ØÓ �Ö�� Ø�� ÓÒØ�Ø ÔÓ�ÒØ ØÓ 0 �Ý ���Ò�Ò� vn(x, t) =
u(x, t + tn) + 1− ⌊ωtn⌋ �Ò� v′n = u(x, t + tn + b)− ⌊ωtn⌋º Ï� ÒÓØ� Ø��Ø vn

�× ×Ø�ÐÐ � ×ÙÔ�Ö×ÓÐÙØ�ÓÒ Ó� ´�º½µ �Ò� v′n �× � ×Ù�×ÓÐÙØ�ÓÒ Ó� ´�º½µº
Á� Û� ���Ò� zn = vn − ωt �Ò� z′n = v′n − ωt¸ �ÓØ� ×�ÕÙ�Ò�× �Ö� ÙÒ�¹

�ÓÖÑÐÝ �ÓÙÒ��� �Ò C2+β,1+β
2 (Ω× (−M,M))¸ Û�Ø� Ø�� ×�Ñ� �ÓÙÒ�× �× Ø�Ó×�

Ó� w ´Û�Ø� � Ñ�ÒÓÖ �Ü�ÔØ�ÓÒ �ÓÖ Ø�� C0 �ÓÙÒ�¸ Û��� �Ò �� �����Ö �Ù�
ØÓ Ø�� Ù×� Ó� Ø�� �ÓÓÖ �ÙÒØ�ÓÒ¸ �ÙØ Ø�� ����Ö�Ò� �Ò ÒÓØ �� �����Ö Ø��Ò
1µº �× � ÓÒ×�ÕÙ�Ò�¸ �ÐÐ Ø�Ó×� �ÙÒØ�ÓÒ× ��ÐÓÒ� ØÓ � ÓÑÔ�Ø ×Ù�×Ô�� Ó�
C2+γ,1+ γ

2 (Ω× (−M,M))º �Ý Ø�� ×�Ñ� ÔÖÓ�×× Ó� ����ÓÒ�Ð �ÜØÖ�Ø�ÓÒ¸ Ø��Ö�
�Ü�×Ø �ÙÒØ�ÓÒ× z∞ �Ò� z′∞ ×Ù� Ø��Ø zn �Ò� z′n ÓÒÚ�Ö�� ØÓ z∞ �Ò� z′∞ Ö�¹
×Ô�Ø�Ú�ÐÝ̧ �Ò C2+γ,1+ γ

2 (Ω × (−M,M)) �ÓÖ �ÐÐ M > 0º �× � ÓÒ×�ÕÙ�Ò�¸
���Ò�Ò�¸ v∞ = z∞ + ωt¸ v′∞ = z′∞ + ωt¸ Û� ��Ú� Ø��Ø vn �Ò� v′n ÓÒÚ�Ö�� ØÓ
v∞ �Ò� v′∞ Ö�×Ô�Ø�Ú�ÐÝ̧ �Ò C2+γ,1+ γ

2 (Ω× (−M,M)) �ÓÖ �ÐÐ M > 0º
�× Ø�� ÓÒÚ�Ö��Ò� �× �Ò C2+γ,1+ γ

2 (Ω× (−M,M)) �ÓÖ �ÐÐ M > 0¸ v∞ �Ò�
v′∞ �Ö� ×Ø�ÐÐ ×ÓÐÙØ�ÓÒ× Ó� ´�º½µº
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ÆÓÛ Û� ÒÓØ� Ø��Ø �ÓÖ �ÐÐ n¸ Û� ��Ú� vn(x, t) ≥ v′n(x, t) �ÓÖ �ÐÐ x ∈ Ω¸ t ∈ R

�Ò� vn(xn, 0) ≤ v′n(xn, 0) +
1

n
º �× Ω̄ �× ÓÑÔ�Ø¸ Ø��Ö� �Ü�×Ø× x∞ ∈ Ω̄ ×Ù�

Ø��Ø xn ÓÒÚ�Ö��× ØÓ x∞ ÙÔ ØÓ � ×Ù�×�ÕÙ�Ò�º Ì���Ò� Ø�� Ð�Ñ�Ø �× n → ∞¸
�Ò� ÓÛ�Ò� ØÓ Ø�� ��Ø Ø��Ø �ÐÐ vn¸ v′n¸ v∞ �Ò� v′∞ �Ö� �ÓÙÒ��� �Ò C2,1

loc (Ω×R)¸
Û� ��Ú� Ø��Ø

v∞(x, t) ≥ v′∞(x, t)

�ÓÖ �ÐÐ x ∈ Ω¸ t ∈ R¸ �Ò�

v∞(x∞, 0) = v′∞(x∞, 0).

Ì��Ö� ����Ò¸ �Ý Ø�� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� ´ÈÖÓÔÓ×�Ø�ÓÒ �º�µ¸ Û� ��Ú�
v∞ = v′∞ ÓÒ Ω × Rº ÅÓÖ�ÓÚ�Ö¸ �ÓÖ �ÐÐ n ∈ N¸ Û� ��Ú� �ÓÖ �ÐÐ x ∈ Ω¸ t ∈ R¸
vn(x, t) − 1 = v′n(x, t − b)¸ ×Ó Ø��× Ö�Ð�Ø�ÓÒ �× ×Ø�ÐÐ ØÖÙ� �ÓÖ Ø�� Ð�Ñ�Ø× �Ò�
v∞(x, t) − 1 = v′∞(x, t− b)º �ÓÑ��Ò�Ò� Ø��× Û�Ø� v∞ = v′∞¸ Û� ��Ø Ø��Ø¸ �ÓÖ
�ÐÐ x ∈ Ω¸ t ∈ R¸

v∞(x, t+ b) = v∞(x, t) + 1

�Ò� v∞ �× �Ð×Ó � ×ÓÐÙØ�ÓÒ Ó� ´�º½µº �× u ×�Ø�×��× |u(x, t) − ωt| ≤ C ′¸ ��� vn

×�Ø�×��× |vn(x, t)− ωt| ≤ C ′ + 2¸ ×Ó Û� �Ð×Ó ��Ú� |v∞(x, t)− ωt| ≤ C ′ + 2º
�× � ÓÒ×�ÕÙ�Ò�¸ �Ò �ÓØ� �×�× Û� ��Ú� ÔÖÓÚ�� Ø��Ø Ø��Ö� �Ü�×Ø× � ×ÓÐÙ¹

Ø�ÓÒ u Ó� ´�º½µ ×Ù� Ø��Ø

u(x, t+ b) = u(x, t) + 1,

�Ò� �Ò �ÓØ� �×�× Ø�� Ö�Ð�Ø�ÓÒ |u(x, t)− ωt| ≤ C ′ + 2 �ÓÐ�×º

ÆÓÛ �Ø �Ò �� ×�ÓÛÒ Ø��Ø b =
1

ω
º ÁÒ����¸ ×ÙÔÔÓ×� b �= 1

ω
�Ò� ÒÓØ�

ε = |1− ωb|º Ì��� N ∈ N ×Ù� Ø��Ø Nε > |u(0, 0)| + C ′ + 2º Ì��Ò Û� ��Ú�

|u(0, bN) − ωbN | = |u(0, 0) +N − ωbN | ≥ ||N − ωbN | − |u(0, 0)||

�ÙØ |N − ωbN | = εN ¸ ×Ó

|u(0, bN) − ωbN | ≥ |εNε− |u(0, 0)|| > C ′ + 2,

Û��� �Ö�Ò�× � ÓÒØÖ���Ø�ÓÒ Û�Ø� Ø�� ��ÖÐ��Ö Ö�×ÙÐØ ÓÒ Ø�Ñ� Ó×�ÐÐ�Ø�ÓÒ×º

��Ò�ÐÐÝ̧ Û� �Ò ÓÒÐÙ�� Ø��Ø u(x, t+ T ) = u(x, t) + 1 Û�Ø� T =
1

ω
º

ËØ�Ô � � ÅÓÒÓØÓÒ��ØÝ Ó� Ø�� Ô�ÖÑ�Ò�ÒØ Ö���Ñ� ×ÓÐÙØ�ÓÒ
Ï� Ö��ÐÐ Ø��Ø Û� ×ÙÔÔÓ×� ω > 0º Ï� ÓÒ×���Ö u Ø�� ×ÓÐÙØ�ÓÒ Ó� ´�º½µ

�Ù�ÐØ �Ò Ø�� ÔÖ����Ò� ×Ø�Ô×¸ �Ò� �× ��ÓÚ�¸ Û� ���Ò�

b = max
�

τ ≥ 0, ∀τ ′ ≤ τ, u(x, t) + 1 ≥ u(x, t + τ ′)
�

.

�× u(x, t)+1−u(x, t+τ) �× � T ¹Ô�Ö��Ó�� �ÙÒØ�ÓÒ �ÓÖ �ÐÐ τ ≥ 0¸ �Ø× Ñ�Ò�ÑÙÑ
�× Ö����� �ÓÖ � �Ò�Ø� t ∈ Rº �ÓÖ τ = b¸ Ø��× Ñ�Ò�ÑÙÑ �× 0 ´�� �Ø Û�Ö� ÔÓ×�Ø�Ú�¸



½�¼ �������� �� ���������� ������

�× u �× Ä�Ô×��ØÞ¸ Ø��Ö� ÛÓÙÐ� �Ü�×Ø τ > b ×Ù� Ø��Ø u(x, t) + 1 ≥ u(x, t+ τ ′)
�ÓÖ �ÐÐ x ∈ Ω¸ t ∈ R¸ b ≤ τ ′ ≤ τ ¸ Û��� ÛÓÙÐ� ÓÒØÖ���Ø Ø�� ���Ò�Ø�ÓÒ Ó� bµº

�× � ÓÒ×�ÕÙ�Ò�¸ Ø��Ö� �Ü�×Ø× t0 ∈ R �Ò� x0 ∈ Ω̄ ×Ù� Ø��Ø u(x0, t1)+1 =
u(x0, t1 + b) �Ò� u(x, t) + 1 ≥ u(x, t + b) �ÓÖ �ÐÐ x ∈ Ω¸ t ∈ Rº ����Ò¸ �Ý
Ø�� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� ´ÈÖÓÔÓ×�Ø�ÓÒ �º�µ¸ Û� ��Ú� Ø��Ø u(x, t) + 1 =
u(x, t+ b) �× ØÖÙ� �ÓÖ �ÐÐ x ∈ Ω¸ t ∈ Rº

ÆÓÛ Û� ×�ÓÛ �Ý ÓÒØÖ���Ø�ÓÒ Ø��Ø u �× ÒÓÒ��Ö��×�Ò� �Ò Ø�Ñ�º ËÙÔÔÓ×�
Ø��Ø Ø��Ö� �Ü�×Ø× x0 ∈ Ω¸ t1, t2 ∈ R¸ t1 < t2 ×Ù� Ø��Ø u(x0, t1) > u(x0, t2)º
�× �ÓÖ �ÐÐ N ∈ N¸ u(x0, t1 +Nb) = u(x0, t1) +N ≥ u(x0, t1) > u(x0, t2)¸ Û�
�Ò ×ÙÔÔÓ×� Ø��Ø t1 < t2 < t1 + bº �ÙØ Ø��Ò¸ �� Û� ÒÓØ� τ ′ = t1 + b− t2 < b¸
Û� ��Ú� Ø��Ø u(x0, t2) + 1 < u(x0, t1) + 1 = u(x0, t1 + b) = u(x0, t2 + τ ′)º
Ì��× ÓÒØÖ���Ø× Ø�� ���Ò�Ø�ÓÒ Ó� bº

Ï� ��Ú� Ø�Ù× ÔÖÓÚ�� Ø��Ø u �× ÒÓÒ��Ö��×�Ò�º

ËØ�Ô � � ÍÒ�ÕÙ�Ò�×× Ó� Ø�� Ô�ÖÑ�Ò�ÒØ Ö���Ñ� ×ÓÐÙØ�ÓÒ �ÓÖ � ��Ú�Ò

ω
�Ý Ø�� ×�Ñ� ��Ò� Ó� Ñ�Ø�Ó�¸ Û� Û�ÒØ ØÓ ×�ÓÛ Ø��Ø Ø�� Ô�ÖÑ�Ò�ÒØ Ö���Ñ�

×ÓÐÙØ�ÓÒ u �× ÙÒ�ÕÙ� ÙÔ ØÓ Ø�Ñ� ØÖ�Ò×Ð�Ø�ÓÒ×º ËÓ Û� ÓÒ×���Ö u1 �Ò� u2 ØÛÓ
×ØÖÓÒ� ×ÓÐÙØ�ÓÒ× Ó� ´�º½µ ×�Ø�×�Ý�Ò� ui(x, t) + 1 = ui(x, t + T )¸ i = 1, 2º Á�
Û� ÒÓØ� w1 = u1 − ωt �Ò� w2 = u2 − ωt¸ �ÓØ� w1 �Ò� w2 �Ö� �ÓÙÒ��� �Ò
C2+γ,1+ γ

2 (Ω × (−M,M)) �ÓÖ ×ÓÑ� γ > 0¸ �ÓÖ �ÐÐ M > 0º �× � ÓÒ×�ÕÙ�Ò�¸
Ø��Ö� �Ü�×Ø× N ∈ N ×Ù� Ø��Ø w1 +N ≥ w2¸ Û��� �ÑÔÐ��× u1 +N ≥ u2º

�× ��ÓÚ�¸ Û� ���Ò�

b′ = max
�

τ ≥ 0, ∀τ ′ ≤ τ, u1(x, t) +N ≥ u2(x, t+ τ ′)
�

.

u1(x, t) + N − u2(x, t + b′) �× T ¹Ô�Ö�Ó��¸ ×Ó �Ø× Ñ�Ò�ÑÙÑ �× Ö����� �ÓÖ �
�Ò�Ø� t0 ∈ R¸ �Ò� x0 ∈ Ω̄º �× ���ÓÖ�¸ Ø��× Ñ�Ò�ÑÙÑ �× 0¸ ���Ù×� �� �Ø Û�Ö�
ÒÓØ Ø�� �×�¸ �× u1 �Ò� u2 �Ö� Ä�Ô×��ØÞ¸ Ø��Ö� ÛÓÙÐ� �Ü�×Ø τ > b′ ×Ù� Ø��Ø
�ÓÖ �ÐÐ τ ′ ≤ τ ¸ u1(x, t) +N ≥ u2(x, t+ τ ′) �ÓÖ �ÐÐ x ∈ Ω¸ t ∈ R¸ Û��� ÛÓÙÐ�
ÓÒØÖ���Ø Ø�� ���Ò�Ø�ÓÒ Ó� b′º ËÓ Û� ��Ú�

�

u1(x, t) +N ≥ u2(x, t+ b′) x ∈ Ω, t ∈ R

u1(x0, t0) +N = u2(x0, t0 + b′)

�Ý Ø�� ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� ´ÈÖÓÔÓ×�Ø�ÓÒ �º�µ¸ Û� ��Ú� Ø��Ø u1(x, t) +
N = u2(x, t+ b′) �ÓÖ �ÐÐ x ∈ Ω¸ t ∈ R¸ ×Ó u1 = u2(·, ·+ b′ −NT ) �Ò� u1 �Ò�
u2 �Ö� �ÕÙ�Ð ÙÔ ØÓ � Ø�Ñ� ØÖ�Ò×Ð�Ø�ÓÒ¸ Û��� �× Û��Ø Û� Û�ÒØ�� ØÓ ÔÖÓÚ�º

ÈÖÓÓ� Ó� Ì��ÓÖ�Ñ �º¿ �Ò Ø�� �×� ω < 0
ÁÒ Ø�� �×� Û��Ö� ω < 0¸ �Ø �× Ð��Ö Ø��Ø �� Û� ÓÒ×���Ö u Ø�� ×ÓÐÙØ�ÓÒ Ó�

´�º½µ Û�Ø� u(·, 0) = 0¸ Ø��Ò −u �× ×ÓÐÙØ�ÓÒ Ó� ´�º½µ Û�Ø� −u(·, 0) = 0 ÙÔ ØÓ
Ø�� Ö�ÔÐ��Ñ�ÒØ Ó� W �Ò� σ �Ý Ø���Ö ÓÔÔÓ×�Ø�×º Ì��Ò −u ×�Ø�×��× ´�º�µ¸ Ø��×
Ø�Ñ� Û�Ø� ω > 0¸ ×Ó Ø�� ��ÑÓÒ×ØÖ�Ø�ÓÒ ��Ú�Ò �Ò Ø�� �×� ω > 0 �Ð×Ó ÔÖÓÚ�×
Ì��ÓÖ�Ñ �º¿ Û��Ò ω < 0º
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ÈÖÓÓ� Ó� Ì��ÓÖ�Ñ �º¿ �Ò Ø�� �×� ω = 0
Ï� ÒÓÛ ÓÚ�Ö Ø�� �×� Û��Ö� ω = 0º Ä�Ø u �� Ø�� ×ÓÐÙØ�ÓÒ Ó� ´�º½µ

Û�Ø� �Ò�Ø��Ð ÓÒ��Ø�ÓÒ u(x, 0) = 0º �× ω = 0¸ Ø�� �ÓÙÒ� �º� �ÑÔÐ��× Ø��Ø
u �× �ÓÙÒ���º Ï� ÔÖÓÚ� Ø�� �Ü�×Ø�Ò� Ó� � ×Ø�Ø�ÓÒ�ÖÝ ×ÓÐÙØ�ÓÒ ØÓ ´�º½µ �Ý
×�ÓÛ�Ò� Ø��Ø u ��Ñ�Ø× � Ð�Ñ�Ø �× t → +∞ ´ÔÓ××��ÐÝ ÙÔ ØÓ Ø�� �ÜØÖ�Ø�ÓÒ
Ó� � ×Ù�×�ÕÙ�Ò� Ó� Ø�Ñ�× (tn)µ¸ �Ò� Ø��Ø Ø��× Ð�Ñ�Ø �× �Ò���� � ×Ø�Ø�ÓÒÒ�ÖÝ
×ÓÐÙØ�ÓÒ Ó� ´�º½µº

ÅÙÐØ�ÔÐÝ�Ò� �ÕÙ�Ø�ÓÒ ´�º½µ ÓÒ Ω× R �Ý ut �Ò� �ÒØ��Ö�Ø�Ò� ÓÒ Ω¸ Û� ��Ø

�

Ω
(ut)

2 +
d

dt

�
�

Ω

(∇u)2
2

+

�

Ω

�

W

�

u+
θ+ − θ−

2π

�

− σu

��

= 0.

Ì��× �ÜÔÖ�××�ÓÒ �× Ð��Ø ���Ù×� Ó� Ø�� Ö��ÙÐ�Ö�ØÝ Ó� u �Ò� W ¸ Û��� �ÑÔÐ��×
Ø��Ø Ø�� �ÜÔÖ�××�ÓÒ �ÓÖ Û��� Û� Ø��� � Ø�Ñ� ��Ö�Ú�Ø�Ú� �× �Ò���� ����Ö�Ò¹
Ø���Ð�º Ï� �Ò ���Ò� Ø�� �Ò�ÐÓ� Ó� �Ò �Ò�Ö�Ý �ÓÖ u �Ý

E(u(·, t)) =

�

Ω

(∇u)2
2

+

�

Ω

�

W

�

u+
θ+ − θ−

2π

�

− σu

�

.

Ì��Ò Û� ��Ø
dE(u)

dt
= −

�

Ω
(ut)

2 ≤ 0.

�× � ÓÒ×�ÕÙ�Ò�¸ Ẽ : t �→ E(u(·, t)) �× � ÒÓÒ�ÒÖ��×�Ò� �ÙÒØ�ÓÒ¸ �Ò� �× u
�× �ÓÙÒ���¸ �Ø �× �Ð×Ó �ÓÙÒ���º ËÓ Ø��Ö� �Ü�×Ø× � ÓÒ×Ø�ÒØ E∞ ×Ù� Ø��Ø
limt→∞ Ẽ(t) = E∞º ÏÖ�Ø�Ò� Ø�� �ÕÙ�Ð�ØÝ

E∞ − Ẽ(t0) =

� +∞

t0

�

Ω
|ut(x, t)|2dxdt,

Û� ���Ù� Ø��Ø ut ∈ L2(Ω× (t0,+∞))¸ �Ò� Ø��Ø

lim
t0→∞

�ut�L2(Ω×(t0,+∞)) = 0. ´�º¾�µ

ÁÒ ����Ø�ÓÒ¸ Ø�� Ð�Ò� Ó� Ö��×ÓÒ�Ò� Ó� ËØ�Ô 1 Ó� Ø�� ÔÖÓÓ� �Ò Ø�� �×� ω > 0
Ö�Ñ��Ò Ú�Ð��¸ �Ü�ÔØ �ÓÖ Ø�� ��Ø Ø��Ø ���Ù×� ω = 0¸ Ø��Ö� �× ÒÓ Ò�ØÙÖ�Ð Ø�Ñ�
Ô�Ö�Ó�º ÁÒ Ô�ÖØ�ÙÐ�Ö¸ u(·, t) �× �ÓÙÒ��� �Ò C2+α(Ω) �ÓÖ t ���� �ÒÓÙ��º �× �
ÓÒ×�ÕÙ�Ò�¸ �ÒÝ ×�ÕÙ�Ò� (u(·, tn))n Û�Ø� tn → +∞ �× Ö�Ð�Ø�Ú�ÐÝ ÓÑÔ�Ø
�Ò C2(Ω) �Ò� Ø�Ù× ÓÒÚ�Ö��× ØÓ � Ð�Ñ�Ø u∞ �Ò C2(Ω) ÙÔ ØÓ Ø�� �ÜØÖ�Ø�ÓÒ Ó�
� ×Ù�×�ÕÙ�Ò�º

Ï� ÓÒ×���Ö η > 0º �ÖÓÑ ´�º¾�µ¸ Ø��Ö� �Ü�×Ø× T > 0 ×Ù� Ø��Ø �ÓÖ �ÐÐ
t > T ¸

�ut�L2(Ω×(t,+∞)) < η.

�× � ÓÒ×�ÕÙ�Ò�¸ Ø�� ×�Ø

S = {t > T | �u(·, t)�L2(Ω) > η}



½�¾ �������� �� ���������� ������

��× � Ñ��×ÙÖ� m = |S| ≤ 1º Ï� �Ò ÓÒ×���Ö � ×�ÕÙ�Ò� (tn)n ×Ù� Ø��Ø
tn → +∞ �Ò� tn ∈ (T,+∞) \ S �ÓÖ �ÐÐ n ∈ Nº �× Û� ��Ú� ×�ÓÛÒ¸ Ø��
×�ÕÙ�Ò� un = u(·, tn) ��Ñ�Ø× �Ò �ÙÑÙÐ�Ø�ÓÒ Ú�ÐÙ� u∞ �Ò C2(Ω)º Á� Û�
���Ò�¸ �ÓÖ v ∈ C2(Ω)¸ Ø�� ÕÙ�ÒØ�ØÝ

F(v) = Δv −W ′

�

v +
θ+ − θ−

2π

�

+ σ,

Ø��Ò F(un) ÓÒÚ�Ö��× ØÓ F(u∞) �Ò C0(Ω) ´�Ò� Ø�Ù× �Ð×Ó �Ò L2(Ω)µ¸ �Ò� Ø��Ö�
�Ü�×Ø× N ∈ N ×Ù� Ø��Ø �ÓÖ �ÐÐ n > N ¸

�F(u∞)−F(un)�L2(Ω) ≤ η.

�× tn ∈ (T,+∞) \ S¸ Û� �Ð×Ó ��Ú� Ø��Ø

�F(un)�L2(Ω) = �ut(·, tn)�L2(Ω) ≤ η.

�× � ÓÒ×�ÕÙ�Ò�¸
�F(u∞)�L2(Ω) ≤ 2η.

�× Ø��× �× ØÖÙ� �ÓÖ �ÐÐ η > 0¸ Û� �Ò ÓÒÐÙ�� Ø��Ø �F(u∞)�L2(Ω) = 0¸ Û���
�ÑÔÐ��× Ø��Ø u∞ �× � ×Ø�Ø�ÓÒ�ÖÝ ×ÓÐÙØ�ÓÒ Ó� ´�º½µº Ì��× ÓÑÔÐ�Ø�× Ø�� ÔÖÓÓ�
Ó� Ì��ÓÖ�Ñ �º¿º

�º� �ÖÓÛØ� Ó� ω �Ò σ

ÈÖÓÓ� Ó� Ì��ÓÖ�Ñ �º¾
�ÖÓÑ Û��Ø Û� ��Ú� ×��Ò ���ÓÖ�¸ ω �Ò ��Ô�Ò� ÓÒ σ �Ò� ÓÒ Ø�� �Ò�Ø��Ð ÓÒ¹
��Ø�ÓÒ u(·, 0)º

��Ö×Ø¸ �Ø �× ÔÓ××��Ð� ØÓ ×�ÓÛ Ø��Ø ω �Ó�× ÒÓØ ��Ô�Ò� ÓÒ Ø�� �Ò�Ø��Ð ÓÒ��¹
Ø�ÓÒº Ï� ÓÒ×���Ö u1 �Ò� u2 ØÛÓ ×ÓÐÙØ�ÓÒ× Ó� ´�º½µ Û�Ø� Ø�� ×�Ñ� Ú�ÐÙ� Ó� σ¸
�Ò� Û�Ø� �Ò�Ø��Ð ÓÒ��Ø�ÓÒ× u1(·, 0) = u1,0 ∈ C2+α(Ω) �Ò� u2(·, 0) = u2,0 ∈
C2+α(Ω)¸ ×�Ø�×�Ý�Ò� Ø�� ÓÑÔ�Ø���Ð�ØÝ ÓÒ��Ø�ÓÒ×

∂u1,0

∂n
=

∂u2,0

∂n
= 0 ÓÒ ∂Ωº

Ì��ÓÖ�Ñ �º½ �Ò���Ø�× Ø��Ø Ø��Ö� �Ü�×Ø ω1 ∈ R �Ò� ω2 ∈ R ×Ù� Ø��Ø

|u1(x, t)− ω1t| ≤ C1, ´�º¾�µ

�Ò�
|u2(x, t)− ω2t| ≤ C2. ´�º¿¼µ

�× u1,0 �Ò� u2,0 �Ö� �ÓØ� �ÓÙÒ��� ÓÒ Ω¸ Ø��Ö� �Ü�×Ø× M ∈ Z �Ò� N ∈ Z

×Ù� Ø��Ø
u1,0 +M ≤ u2,0 ≤ u1,0 +N.

�× M �Ò� N �Ö� �ÒØ���Ö×¸ u1 +M �Ò� u1 + N �Ö� �ÓØ� ×ÓÐÙØ�ÓÒ× Ó� ´�º½µº
Ì��Ò¸ �Ý Ø�� ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� ´ÈÖÓÔÓ×�Ø�ÓÒ �º�µ¸ Û� ��Ú�

u1 +M ≤ u2 ≤ u1 +N. ´�º¿½µ



���� ������������ �� ω ½�¿

Ì�� Ö�Ð�Ø�ÓÒ× ´�º¾�µ¸´�º¿¼µ �Ò� ´�º¿½µ �ÑÔÐÝ Ø��Ø ω1 = ω2º
ÆÓÛ Û� ÓÒ×���Ö u1 � ×ÓÐÙØ�ÓÒ Ó� ´�º½µ Û�Ø� σ = σ1¸ Û�Ø� Ø�� �Ò�Ø��Ð

ÓÒ��Ø�ÓÒ u1(·, 0) = u1,0 ∈ C2+α(Ω) ×�Ø�×�Ý�Ò�
∂u1,0

∂n
= 0¸ �Ò� u2 � ×ÓÐÙØ�ÓÒ

Ó� ´�º½µ Û�Ø� σ = σ2¸ Û�Ø� Ø�� �Ò�Ø��Ð ÓÒ��Ø�ÓÒ u2(·, 0) = u2,0 ∈ C2+α(Ω)

×�Ø�×�Ý�Ò�
∂u2,0

∂n
= 0º Ï� ×ÙÔÔÓ×� Ø��Ø σ1 < σ2¸ �Ò� ÓÙÖ �Ó�Ð �× ØÓ ×�ÓÛ Ø��Ø

ω1 ≤ ω2º
Ï� Û�ÐÐ ×�ÓÛ Ø��× �Ò�ÕÙ�Ð�ØÝ �Ý ÓÒØÖ���Ø�ÓÒ¸ ×Ó Û� ×ÙÔÔÓ×� Ø��Ø ω1 >

ω2º �× ω1 �Ò� ω2 �Ó ÒÓØ ��Ô�Ò� ÓÒ u1,0 �Ò� u2,0¸ Û� �Ò ×ÙÔÔÓ×� Ø��Ø
u2,0 > u1,0º �ÙÖØ��ÖÑÓÖ�¸ Û� �ÒÓÛ Ø��Ø Ø��Ö� �Ü�×Ø× C > 0¸ ×Ù� Ø��Ø

|u1 − ω1t| ≤ C,

�Ò�
|u2 − ω2t| ≤ C,

×Ó¸ �ÓÖ ×ÓÑ� t0 >
2C

ω1 − ω2
¸ Û� ��Ú� Ø��Ø¸ �ÓÖ x ∈ Ω¸

u1(t0, x) ≥ ω1t0 − C > ω2t0 + C ≥ u2(t0, x)

Ì��× ÓÒØÖ���Ø× Ø�� ÓÑÔ�Ö�×ÓÒ ÔÖ�Ò�ÔÐ� ´ÈÖÓÔÓ×�Ø�ÓÒ �º�µ¸ �Ò� Ø��× ÓÒ¹
ØÖ���Ø�ÓÒ ÓÒÐÙ��× Ø�� ÔÖÓÓ� Ó� Ì��ÓÖ�Ñ �º¾º



½�� �������� �� ���������� ������



Ê���Ö�Ò�×

�½℄ Çº �Ö�Ò�¸ � ×ØÖÓÒ� Ñ�Ü�ÑÙÑ ÔÖ�Ò�ÔÐ� �ÓÖ ÕÙ�×�Ð�Ò��Ö Ô�Ö��ÓÐ� ����Ö�Ò¹
Ø��Ð �Ò�ÕÙ�Ð�Ø��×¸ ÈÖÓº �Ñ�Öº Å�Ø�º ËÓº ¿¾ ´½��¾µ¸ �����¼¾º

�¾℄ Æº �ÓÖ���Ð¸ �º ÁÑ��ÖØ¸ Êº ÅÓÒÒ��Ù¸ ÍÒ�ÕÙ�Ò�×× �Ò� �Ü�×Ø�Ò� Ó� ×Ô�Ö�Ð×
ÑÓÚ�Ò� �Ý �ÓÖ�� Ñ��Ò ÙÖÚ�ØÙÖ� ÑÓØ�ÓÒ¸ ÁÒØ�Ö���× �Ò� �Ö�� �ÓÙÒ��Ö��×
½� ´¾¼½¾µ¸ ÒÓº ¿¸ ¿����¼¼º

�¿℄ �º ����¸ Åº¹Àº Ë�ØÓ¸ ��Ò�Ö�Ð�Þ�� �ÒØ�Ö��� �ÚÓÐÙØ�ÓÒ Û�Ø� Ø�� Æ�ÙÑ�ÒÒ
�ÓÙÒ��ÖÝ ÓÒ��Ø�ÓÒ¸ ÈÖÓº Â�Ô�Ò ���º Ë�Öº � Å�Ø�º Ë�º �� ´½��½µ¸ ¾�¿�
¾��º

��℄ �º ����¸ Åº¹Àº Ë�ØÓ¸ Æ�ÙÑ�ÒÒ ÔÖÓ�Ð�Ñ �ÓÖ ×�Ò�ÙÐ�Ö ����Ò�Ö�Ø� Ô�Ö��ÓÐ�
�ÕÙ�Ø�ÓÒ×¸ ����Ö�ÒØ��Ð ÁÒØ��Ö�Ð �ÕÙ�Ø�ÓÒ× �¸ ÒÓº � ´½��¿µ¸ ½¾½��½¾¿¼º

��℄ �º ����¸ Æº Á×��ÑÙÖ�¸ �º ÃÓ�×���¸ ËÔ�Ö�Ð ×ÓÐÙØ�ÓÒ× �ÓÖ � Û���ÐÝ
�Ò�×ÓØÖÓÔ� ÙÖÚ�ØÙÖ� �ÓÛ �ÕÙ�Ø�ÓÒ¸ ��Úº Å�Ø�º Ë�º �ÔÔÐº¸ ½¾ ´¾¼¼¾µ¸
¿�¿��¼�º

��℄ Ëº �ÓØÓ¸ Åº Æ�����Û�¸ Ìº Ç�Ø×Ù��¸ ÍÒ�ÕÙ�Ò�×× �Ò� �Ü�×Ø�Ò� Ó� ��Ò�Ö�Ð¹
�Þ�� ÑÓØ�ÓÒ �ÓÖ ×Ô�Ö�Ð ÖÝ×Ø�Ð �ÖÓÛØ�¸ ÁÒ���Ò� ÍÒ�Úº Å�Ø�º Âº¸ �� ´¾¼¼�µ¸
¾��½�¾���º

��℄ � º Ã�ÖÑ�¸ Åº ÈÐ�ÔÔ¸ ËÔ�Ö�Ð ×ÙÖ��� �ÖÓÛØ� Û�Ø�ÓÙØ ��×ÓÖÔØ�ÓÒ¸ È�Ý×��Ð
Ê�Ú��Û Ä�ØØ�Ö×¸ �½ ´½���µ¸ ���������º

��℄ Åº ÃÓ×ÐÓÛ×��¸ �º Åº �Ù�Ø�ÒÓ¸ Åº ÇÖØ�Þ¸ � Ô��×�¹��Ð� Ø��ÓÖÝ Ó� ��×ÐÓ�¹
Ø�ÓÒ �ÝÒ�Ñ�×¸ ×ØÖ��Ò ��Ö��Ò�Ò� �Ò� �Ý×Ø�Ö�×�× �Ò �ÙØ�Ð� ×�Ò�Ð� ÖÝ×Ø�Ð×¸
ÂÓÙÖÒ�Ð Ó� Ø�� Ñ���Ò�× �Ò� Ô�Ý×�× Ó� ×ÓÐ��× �¼ ´¾¼¼¾µ¸ ÒÓº ½¾¸ ¾����
¾�¿�º

��℄ Çº �º Ä��ÝÞ�Ò×��Ý�¸ Îº �º ËÓÐÓÒÒ��ÓÚ¸ Æº Æº ÍÖ�Ð�Ú�¸ Ä�Ò��Ö �Ò� ÕÙ�×�¹
Ð�Ò��Ö �ÕÙ�Ø�ÓÒ× Ó� Ô�Ö��ÓÐ� ØÝÔ�º ´ÊÙ××��Òµ ÌÖ�Ò×Ð�Ø�ÓÒ× Ó� Å�Ø��Ñ�Ø��Ð
ÅÓÒÓ�Ö�Ô�×¸ ÎÓÐº ¾¿ �Ñ�Ö��Ò Å�Ø��Ñ�Ø��Ð ËÓ��ØÝ̧ ÈÖÓÚ���Ò�¸ ÊºÁº¸
½���º

�½¼℄ �º Åº Ä����ÖÑ�Ò¸ Ë�ÓÒ� ÓÖ��Ö Ô�Ö��ÓÐ� ����Ö�ÒØ��Ð �ÕÙ�Ø�ÓÒ×º ÏÓÖÐ�
Ë��ÒØ�� ÈÙ�Ð�×��Ò� �Óº¸ ÁÒº¸ Ê�Ú�Ö ����¸ ÆÂ¸ ½��� º

�½½℄ Ìº Ç��Û�Ö�¸ Ãº¹Áº Æ���ÑÙÖ�¸ ËÔ�Ö�Ð ØÖ�Ú�Ð�Ò� Û�Ú� ×ÓÐÙØ�ÓÒ× Ó� ÒÓÒÐ�Ò��Ö
���Ù×�ÓÒ �ÕÙ�Ø�ÓÒ× Ö�Ð�Ø�� ØÓ � ÑÓ��Ð Ó� ×Ô�Ö�Ð ÖÝ×Ø�Ð �ÖÓÛØ�¸ ÈÙ�Ðº Ê�×º
ÁÒ×Øº Å�Ø�º Ë�º ¿� ´¾¼¼¿µ¸ ÒÓº �¸ ������¿º

½��



½�� ����������

�½¾℄ Ìº Ç�Ø×Ù��¸ � Ð�Ú�Ð¹×�Ø Ñ�Ø�Ó� �ÓÖ ×Ô�Ö�Ð �ÖÓÛØ�¸ ��Úº Å�Ø�º Ë�º �ÔÔÐº¸
½¿ ´¾¼¼¿µ¸ ¾¾��¾��º

�½¿℄ �º ÊÓ�Ò�Ý̧ �º Ä� �ÓÙ�Ö¸ �º ��Ò�Ð¸ È��×� ��Ð� Ñ�Ø�Ó�× �Ò� ��×ÐÓ�Ø�ÓÒ×¸
�Ø� Å�Ø�Ö��Ð�� �½ ´¾¼¼¿µ¸ ½��¿¼º

�½�℄ Èº ËÑ�Ö���¸ ËÔ�Ö�Ð ÖÝ×Ø�Ð �ÖÓÛØ�¸ È�Ý×º �¸ ½¿� ´¾¼¼¼µ¸ ¾�¾�¿¼½º

�½�℄ �º ���Ò�¸ Äº¹Ìº ���Ò�¸ �º Âº ËÖÓÐÓÚ�ØÞ¸ Ïº �¸ � Ð�Ú�Ð¹×�Ø Ñ�Ø�Ó� �ÓÖ
��×ÐÓ�Ø�ÓÒ �ÝÒ�Ñ�×¸ �Ø� Å�Ø�Ö��Ð�� �½ ´¾¼¼¿µ¸ �������½�º

�½�℄ �º Íº Ï�Ò�¸ �º Åº Â�Ò¸ �º Åº �Ù�Ø�ÒÓ¸ �º �º Ã����ØÙÖÝ�Ò¸ Æ�ÒÓ×�Ð�
Ô��×� ��Ð� Ñ�ÖÓ�Ð�×Ø��ØÝ Ø��ÓÖÝ Ó� ��×ÐÓ�Ø�ÓÒ× � ÑÓ��Ð �Ò� ¿� ×�ÑÙÐ�¹
Ø�ÓÒ×¸ �Ø� Å�Ø�Ö��Ð�� �� ´¾¼¼½µ¸ ½����½���º


