
�>���G �A�/�, �i�2�H�@�y�R�R�j�R�9�k�e

�?�i�i�T�b�,�f�f�T���b�i�2�H�X�?���H�X�b�+�B�2�M�+�2�f�i�2�H�@�y�R�R�j�R�9�k�e

�a�m�#�K�B�i�i�2�/ �Q�M �R�j �J���` �k�y�R�8

�>���G �B�b �� �K�m�H�i�B�@�/�B�b�+�B�T�H�B�M���`�v �Q�T�2�M ���+�+�2�b�b
���`�+�?�B�p�2 �7�Q�` �i�?�2 �/�2�T�Q�b�B�i ���M�/ �/�B�b�b�2�K�B�M���i�B�Q�M �Q�7 �b�+�B�@
�2�M�i�B�}�+ �`�2�b�2���`�+�? �/�Q�+�m�K�2�M�i�b�- �r�?�2�i�?�2�` �i�?�2�v ���`�2 �T�m�#�@
�H�B�b�?�2�/ �Q�` �M�Q�i�X �h�?�2 �/�Q�+�m�K�2�M�i�b �K���v �+�Q�K�2 �7�`�Q�K
�i�2���+�?�B�M�; ���M�/ �`�2�b�2���`�+�? �B�M�b�i�B�i�m�i�B�Q�M�b �B�M �6�`���M�+�2 �Q�`
���#�`�Q���/�- �Q�` �7�`�Q�K �T�m�#�H�B�+ �Q�` �T�`�B�p���i�2 �`�2�b�2���`�+�? �+�2�M�i�2�`�b�X

�G�ö���`�+�?�B�p�2 �Q�m�p�2�`�i�2 �T�H�m�`�B�/�B�b�+�B�T�H�B�M���B�`�2�>���G�- �2�b�i
�/�2�b�i�B�M�û�2 ���m �/�û�T�¬�i �2�i �¨ �H�� �/�B�z�m�b�B�Q�M �/�2 �/�Q�+�m�K�2�M�i�b
�b�+�B�2�M�i�B�}�[�m�2�b �/�2 �M�B�p�2���m �`�2�+�?�2�`�+�?�2�- �T�m�#�H�B�û�b �Q�m �M�Q�M�-
�û�K���M���M�i �/�2�b �û�i���#�H�B�b�b�2�K�2�M�i�b �/�ö�2�M�b�2�B�;�M�2�K�2�M�i �2�i �/�2
�`�2�+�?�2�`�+�?�2 �7�`���M�Ï���B�b �Q�m �û�i�`���M�;�2�`�b�- �/�2�b �H���#�Q�`���i�Q�B�`�2�b
�T�m�#�H�B�+�b �Q�m �T�`�B�p�û�b�X

�A�M�~�m�2�M�+�2 �Q�7 �B�M�i�2�`���+�i�B�Q�M �i�2�+�?�M�B�[�m�2�b �Q�M �p�B�K�b �B�M �p�B�`�i�m���H
�2�M�p�B�`�Q�M�K�2�M�i�b �, �2�b�i�B�K���i�B�Q�M �2�i �T�`�û�/�B�+�i�B�Q�M

�J�Q�?���K�K���/ ���H�B �J�B�`�x���2�B

�h�Q �+�B�i�2 �i�?�B�b �p�2�`�b�B�Q�M�,

�J�Q�?���K�K���/ ���H�B �J�B�`�x���2�B�X �A�M�~�m�2�M�+�2 �Q�7 �B�M�i�2�`���+�i�B�Q�M �i�2�+�?�M�B�[�m�2�b �Q�M �p�B�K�b �B�M �p�B�`�i�m���H �2�M�p�B�`�Q�M�K�2�M�i�b �, �2�b�i�B�K���@
�i�B�Q�M �2�i �T�`�û�/�B�+�i�B�Q�M�X �h�`���B�i�2�K�2�M�i �/�m �b�B�;�M���H �2�i �/�2 �H�ö�B�K���;�2 �(�2�2�b�b�X�a�S�)�X �1�+�Q�H�2 �M���i�B�Q�M���H�2 �b�m�T�û�`�B�2�m�`�2 �/�ö���`�i�b �2�i
�K�û�i�B�2�`�b �@ �1�L�a���J�- �k�y�R�9�X �6�`���M�Ï���B�b�X ���L�L�h �, �k�y�R�9�1�L���J�y�y�8�e���X ���i�2�H�@�y�R�R�j�R�9�k�e��

https://pastel.hal.science/tel-01131426
https://hal.archives-ouvertes.fr


N°:  2009 ENAM XXXX 
 

Arts  et Métiers ParisTech - Centre de Cluny  
Le2i �± UMR CNRS 6306 

 

  

2014-ENAM-0056 

École doctorale n° �������������6�F�L�H�Q�F�H�V���G�H�V���0�p�W�L�H�U�V���G�H���O�¶�,�Q�J�p�Q�L�H�X�U 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 

présentée et soutenue publiquement par 

 
Mohammad Ali MIRZAEI  

 

le 16 décembre 2014 
 

Influence of interaction techniques on  VIMS in virtual environments : 

estimation and prediction   

Doctorat ParisTech  
 

T H È S E 
pour obteni r le grade de docteur délivré par  

 

�O�¶�e�F�R�O�H���1�D�W�L�R�Q�D�O�H���6�X�S�p�U�L�H�X�U�H���G�
�$�U�W�V���H�W���0�p�W�L�H�U�V 

�6�S�p�F�L�D�O�L�W�p���³ Informatique -traitement du signal  �  ́

 

 
 

Directeur de thèse : Frédéric MERIENNE   
Co-encadrement de la thèse : Jean-Rémy CHARDONNET   

 

T 

H 

È 

S 

E 

Jury  
M. Luis PASTOR , Directeur de recherche, CRVM, Université de la Méditerranée   Président 
M. Daniel MESTRE, Directeur de recherche, CRVM, Université de la Méditerranée   Rapporteur 
M. Guillaume MOREAU , Professeur des universités, CERMA, Ecole Centrale de Nantes  Rapporteur 
M. Frédéric MERIENNE , Professeur des universités, Le2i, Arts et Métiers ParisTech   Examinateur 
M. Jean-Rémy CHARDONNET , Maître de conférences, Le2i, Arts et Métiers ParisTech  Examinateur 
M. Trino BELTRAN , Directeur R&D Innovation, Bouygues Bâtiment International   Invité 
M. Christian PERE           Invité 

 
 
 
 



�*�O�¸�¼�V�F�O�D�F �P�G �J�O�U�F�S�B�D�U�J�P�O �U�F�D�I�O�J�R�V�F�T �P�O �7�*�.�4
�J�O �W�J�S�U�V�B�M �F�O�W�J�S�P�O�N�F�O�U�T�� �F�T�U�J�N�B�U�J�P�O �B�O�E

�Q�S�F�E�J�D�U�J�P�O

	Ó 	Ö	Û	å	å	×	ä	æ	Ó	æ	Û	á	à 	â	ä	×	å	×	à	æ	×	Ö
	Ô	ë

�.	á	Ú	Ó	ß	ß	Ó	Ö �"	Þ	Û �.	Û	ä	ì	Ó	×	Û
	æ	á

�5	Ú	× �%	×	â	Ó	ä	æ	ß	×	à	æ 	á	Ø �&	Õ	á	Þ	× 	Ö	á	Õ	æ	á	ä	Ó	Þ	× 	à�� ������ �� �4	Õ	Û	×	à	Õ	×	å 	Ö	×	å �.
2	æ	Û	×	ä	å 	Ö	× 	Þ�!�*	à	Ù
2	à	Û	×	ç	ä

	Û	à 	â	Ó	ä	æ	Û	Ó	Þ 	Ø	ç	Þ	Ø	Û	Þ	Þ	ß	×	à	æ 	á	Ø 	æ	Ú	× 	ä	×��	ç	Û	ä	×	ß	×	à	æ	å
	Ø	á	ä 	æ	Ú	× 	Ö	×	Ù	ä	×	× 	á	Ø

�%	á	Õ	æ	á	ä 	á	Ø �1	Ú	Û	Þ	á	å	á	â	Ú	ë
	Û	à 	æ	Ú	× 	å	ç	Ô	Ü	×	Õ	æ 	á	Ø

�$	á	ß	â	ç	æ	×	ä 	å	Õ	Û	×	à	Õ	×��	å	Û	Ù	à	Ó	Þ 	â	ä	á	Õ	×	å	å	Û	à	Ù

�&	Õ	á	Þ	× �/	Ó	æ	Û	á	à	Ó	Þ	× �4	ç	â
2	ä	Û	×	ç	ä	× 	Ö�!�"	ä	æ	å 	×	æ �.
2	æ	Û	×	ä	å
�$	×	à	æ	ä	× 	Ö	× �$	Þ	ç	à	ë�
 �'	ä	Ó	à	Õ	×

�%	×	Õ	×	ß	Ô	×	ä ��������



�i�������� �� �.	á	Ú	Ó	ß	ß	Ó	Ö �"	Þ	Û �.	Û	ä	ì	Ó	×	Û
	Ó	Þ	Þ 	ä	Û	Ù	Ú	æ	å 	ä	×	å	×	ä	è	×	Ö��



�5�I�F�T�J�T �B�E�W�J�T�P�S�� �1�S�P�G�F�T�T�P�S �'�S�©�E�©�S�J�D �.�©�S�J�F�O�O�F �B�O�E �+�F�B�O���3�©�N�Z �$�I�B�S�E�P�O�O�F�U�.�P�I�B�N�N�B�E �"�M�J �.�J�S�[�B�F�J

�*�O�¸�¼�V�F�O�D�F �P�G �J�O�U�F�S�B�D�U�J�P�O �U�F�D�I�O�J�R�V�F�T �P�O �7�*�.�4 �J�O �W�J�S�U�V�B�M
�F�O�W�J�S�P�O�N�F�O�U�T�� �F�T�U�J�N�B�U�J�P�O �B�O�E �Q�S�F�E�J�D�U�J�P�O

�"	Ô	å	æ	ä	Ó	Õ	æ

�6�O�E�F�S�T�U�B�O�E�J�O�H �P�D�V�M�P���W�F�T�U�J�C�V�M�B�S �E�Z�O�B�N�J�D�T �E�V�S�J�O�H �T�F�O�T�P�S�Z �S�F�B�S�S�B�O�H�F�N�F�O�U �J�O �U�I�F �D�F�O�U�S�B�M �O�F�S�W�P�V�T �T�Z�T�U�F�N
�Q�M�B�Z�T �B�O �F�Y�U�S�F�N�F�M�Z �J�N�Q�P�S�U�B�O�U �S�P�M�F �J�O �C�F�U�U�F�S �V�O�E�F�S�T�U�B�O�E�J�O�H �I�V�N�B�O �Q�F�S�D�F�Q�U�J�P�O�
 �B�O�E �J�N�Q�S�P�W�F�T �U�I�F �U�F�D�I�O�P�M��
�P�H�Z �J�O �N�B�O�Z �F�O�H�J�O�F�F�S�J�O�H �·�«�F�M�E�T�� �#�F�T�J�E�F�T�
 �U�I�F �T�F�O�T�P�S�Z �D�P�O�¸�¼�J�D�U �U�I�B�U �P�D�D�V�S�T �C�F�U�X�F�F�O �P�D�V�M�B�S�
 �W�F�T�U�J�C�V�M�B�S �B�O�E �Q�S�P��
�Q�S�J�P�D�F�Q�U�J�P�O �E�V�S�J�O�H �T�F�O�T�P�S�Z �S�F�B�S�S�B�O�H�F�N�F�O�U �B�U �D�F�S�U�B�J�O �P�D�D�B�T�J�P�O�T �N�J�H�I�U �B�E�W�F�S�T�F�M�Z �B�¶�G�F�D�U �U�I�F �V�T�F�S �Q�F�S�G�P�S�N�B�O�D�F
�J�O �B �X�J�E�F �W�B�S�J�F�U�Z �P�G �E�P�N�B�J�O�T �J�O�D�M�V�E�J�O�H �¸�¼�J�H�I�U���D�B�S �T�J�N�V�M�B�U�P�S�T�
 �T�D�B�M�F���P�O�F ���% �T�Z�T�U�F�N�T�
 �M�B�S�H�F���T�D�B�M�F �E�J�T�Q�M�B�Z�T�
 �T�F�S�J��
�P�V�T �H�B�N�F�T�
 �B�O�E �T�P �P�O�� �5�I�F�S�F�G�P�S�F�
 �L�O�P�X�J�O�H �U�I�F �D�P�O�E�J�U�J�P�O �J�O �X�I�J�D�I �U�I�F �T�F�O�T�P�S�Z �D�P�O�¸�¼�J�D�U �I�B�Q�Q�F�O�T �I�B�T �B �H�S�F�B�U
�E�F�B�M �P�G �J�N�Q�P�S�U�B�O�D�F�� �5�I�J�T �T�U�V�E�Z �B�J�N�T �B�U �V�O�E�F�S�T�U�B�O�E�J�O�H �U�I�F �O�B�U�V�S�F �P�G �T�F�O�T�P�S�Z �D�P�O�¸�¼�J�D�U �C�Z �N�P�E�F�M�J�O�H �B�O�E �T�V�C��
�K�F�D�U�J�W�F �T�U�V�E�J�F�T�
 �B�O�E �U�I�F �D�P�O�E�J�U�J�P�O�T �J�O �X�I�J�D�I �J�U �U�B�L�F�T �Q�M�B�D�F �J�O �B �T�Z�O�U�I�F�U�J�D �F�O�W�J�S�P�O�N�F�O�U�� �5�I�F �S�F�T�V�M�U�T �U�I�F�O
�X�J�M�M �C�F �V�T�F�E �U�P �E�F�T�J�H�O �C�F�U�U�F�S �O�B�W�J�H�B�U�J�P�O �B�O�E �N�B�O�J�Q�V�M�B�U�J�P�O �J�O�U�F�S�G�B�D�F�T �J�O �J�N�N�F�S�T�J�W�F �B�O�E �J�O�U�F�S�B�D�U�J�W�F �7�J�S�U�V�B�M
�&�O�W�J�S�P�O�N�F�O�U�T�� �" �T�F�U �P�G �O�P�W�F�M �G�F�B�U�V�S�F�T �J�O�D�M�V�E�J�O�H �U�I�F �B�S�F�B���T�I�B�Q�F �P�G �U�I�F �V�T�F�S�!�T �$�0�( �Q�P�T�U���F�Y�Q�P�T�V�S�F �Q�P�T�U�V�S�B�M
�T�X�B�Z�
 �U�I�F �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �-�' �B�O�E �)�' �D�P�N�Q�P�O�F�O�U�T �P�G �U�I�F �T�X�B�Z �J�O �B �G�S�F�R�V�F�O�D�Z �T�Q�B�D�F�
 �B�O�E �U�I�F �U�J�N�F �P�G �F�Y��
�Q�P�T�V�S�F �X�J�M�M �C�F �Q�S�P�Q�P�T�F�E �B�T �J�O�E�J�D�B�U�P�S�T �P�G �U�I�J�T �D�P�O�¸�¼�J�D�U �J�O �S�F�B�M���U�J�N�F �Q�S�P�D�F�T�T�F�T�� �'�J�O�B�M�M�Z�
 �U�I�F �Q�S�P�Q�P�T�F�E �N�F�U�I�P�E
�X�J�M�M �C�F �V�T�F�E �U�P �F�W�B�M�V�B�U�F �B �T�F�U �P�G �O�B�W�J�H�B�U�J�P�O �J�O�U�F�S�G�B�D�F�T�� �5�I�F �J�O�U�F�S�G�B�D�F�T �J�O�D�M�V�E�F �E�F�W�J�D�F���C�B�T�F�E�
 �X�B�M�L�J�O�H �J�O �Q�M�B�D�F�

�T�Q�F�F�D�I �Q�S�P�D�F�T�T�J�O�H�
 �J�%�F�W�J�D�F���C�B�T�F�E�
 �B�O�E �·�«�O�B�M�M�Z �T�F�O�T�P�S �G�V�T�J�P�O�� �*�U �X�J�M�M �C�F �T�I�P�X�O �U�I�B�U �O�B�U�V�S�B�M�M�Z �J�O�T�Q�J�S�F�E �J�O�U�F�S��
�G�B�D�F�T �D�S�F�B�U�F �M�F�T�T �D�P�O�¸�¼�J�D�U �D�P�N�Q�B�S�J�O�H �U�P �B�S�U�J�·�«�D�J�B�M �P�O�F�T�� �.�P�S�F�P�W�F�S�
 �V�T�F�S �U�S�B�K�F�D�U�P�S�J�F�T �B�O�E �J�O�B�Q�Q�S�P�Q�S�J�B�U�F �T�F�U�U�J�O�H�T
�P�G �O�B�W�J�H�B�U�J�P�O �Q�B�S�B�N�F�U�F�S�T �D�B�O �M�F�B�E �U�P �I�J�H�I�F�S �D�P�O�¸�¼�J�D�U�� �*�O �T�V�N�N�B�S�Z�
 �U�P �B�W�P�J�E �V�T�F�S�!�T �H�F�O�F�S�B�M �E�J�T�D�P�N�G�P�S�U�
 �U�I�F
�Q�B�S�B�N�F�U�F�S�T �P�G �O�B�W�J�H�B�U�J�P�O �O�F�F�E �U�P �C�F �T�F�U �J�O �B �D�F�S�U�B�J�O �S�B�O�H�F��

�J�J�J



�$�P�O�U�F�O�U�T

�� �*	à	æ	ä	á	Ö	ç	Õ	æ	Û	á	à ��

�� �1	ä	á	Ô	Þ	×	ß 	Ö	×	Ø	Û	à	Û	æ	Û	á	à ��
������ �$�P�O�U�F�Y�U �P�G �U�I�F �U�I�F�T�J�T�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��
������ �0�C�K�F�D�U�J�W�F �P�G �U�I�F �U�I�F�T�J�T �B�O�E �S�F�T�F�B�S�D�I �D�I�B�M�M�F�O�H�F�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��
������ �0�W�F�S�B�M�M �P�S�H�B�O�J�[�B�U�J�P�O �P�G �U�I�F �U�I�F�T�J�T�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����

�� �0	Õ	ç	Þ	á���7	×	å	æ	Û	Ô	ç	Þ	Ó	ä 	Ö	ë	à	Ó	ß	Û	Õ	å 	Ó	à	Ö �7�*�.�4 	ß	á	Ö	×	Þ	Û	à	Ù����
������ �#�B�Z�F�T�J�B�O �N�P�E�F�M �B�O�E �T�U�P�D�I�B�T�U�J�D �Q�S�P�D�F�T�T�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �4�U�B�U�F �F�T�U�J�N�B�U�J�P�O �U�I�F�P�S�Z �V�T�J�O�H �,�B�M�N�B�O �'�J�M�U�F�S�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �/�F�V�S�B�M �O�F�U�X�P�S�L �B�O�E �D�P�H�O�J�U�J�W�F �Q�S�P�D�F�T�T �N�P�E�F�M�J�O�H�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �0�D�V�M�P�N�P�U�P�S �D�P�O�U�S�P�M �T�Z�T�U�F�N�� �U�I�F�P�S�Z �B�O�E �N�P�E�F�M�J�O�H�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �#�J�O�P�D�V�M�B�S �W�J�T�J�P�O �N�P�E�F�M�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �7�J�T�V�B�M �D�P�S�U�F�Y �B�O�B�U�P�N�Z �B�O�E �C�J�P�M�P�H�J�D�B�M �N�F�D�I�B�O�J�T�N �P�G �7�J�T�V�B�M�M�Z �*�O�E�V�D�F�E �.�P�U�J�P�O �4�J�D�L�O�F�T�T

�	�7�*�.�4�
�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �7�*�.�4 �N�P�E�F�M�J�O�H �V�T�J�O�H �U�I�F �#�B�Z�F�T�J�B�O �U�I�F�P�S�Z�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �$�P�O�D�M�V�T�J�P�O�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����

�� �*	à	æ	×	ä	Ó	Õ	æ	Û	á	à 	æ	×	Õ	Ú	à	Û��	ç	×	å 	Ó	à	Ö 	Û	ß	â	Þ	×	ß	×	à	æ	Ó	æ	Û	á	à����
������ �*�O�U�S�P�E�V�D�U�J�P�O�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �*�O�U�F�S�B�D�U�J�P�O �J�O �T�D�B�M�F���P�O�F ���% �7�&�T �V�T�F�E �G�P�S �N�P�E�F�M�J�O�H �B�O�E �T�J�N�V�M�B�U�J�P�O�� �� �� �� �� �� �� �� �� �� �� �� ����
������ �/�B�W�J�H�B�U�J�P�O �Q�S�J�O�D�J�Q�M�F�T �B�O�E �J�O�U�F�S�G�B�D�F�T�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �.�B�O�J�Q�V�M�B�U�J�P�O �Q�S�J�O�D�J�Q�M�F�T �B�O�E �J�O�U�F�S�G�B�D�F�T�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �/�B�W�J�H�B�U�J�P�O���N�B�O�J�Q�V�M�B�U�J�P�O �J�O�U�F�S�G�B�D�F �N�B�U�I�F�N�B�U�J�D�B�M �E�F�·�«�O�J�U�J�P�O�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �*�O�U�F�S�G�B�D�F �E�F�T�J�H�O�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �4�P�G�½�X�B�S�F �Q�M�B�U�G�P�S�N �B�O�E �I�B�S�E�X�B�S�F �B�S�D�I�J�U�F�D�U�V�S�F�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �$�P�O�D�M�V�T�J�P�O�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�� �4	Û	Ù	à	Ó	Þ 	ß	×	Ó	å	ç	ä	×	ß	×	à	æ 	Ó	à	Ö 	â	ä	á	Õ	×	å	å	Û	à	Ù 	æ	×	Õ	Ú	à	Û��	ç	×	å������
������ �*�O�U�S�P�E�V�D�U�J�P�O�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �1�T�Z�D�I�P�M�P�H�J�D�B�M �N�F�B�T�V�S�F�N�F�O�U�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �4�V�C�K�F�D�U�J�W�F �N�F�B�T�V�S�F�N�F�O�U�T �B�O�E �T�U�B�U�J�T�U�J�D�B�M �E�B�U�B �B�O�B�M�Z�T�J�T�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �4�J�H�O�B�M �Q�S�P�D�F�T�T�J�O�H �B�Q�Q�S�P�B�D�I�F�T�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �$�P�O�D�M�V�T�J�P�O�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�J�W



�� �6	å	Ó	Ô	Û	Þ	Û	æ	ë 	á	Ø 	ß	Ó	à	Û	â	ç	Þ	Ó	æ	Û	á	à 	Û	à	æ	×	ä	Ø	Ó	Õ	×	å 	Û	à 	Ó 	ä	×	Ó	Þ 	è	å 	è	Û	ä	æ	ç	Ó	Þ 	×	à	è	Û	ä	á	à	ß	×	à	æ������
������ �"�Q�Q�B�S�B�U�V�T �B�O�E �U�F�T�U �T�F�U�V�Q�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �$�P�N�Q�B�S�J�T�P�O �C�F�U�X�F�F�O �W�J�S�U�V�B�M �B�O�E �S�F�B�M �P�C�K�F�D�U �N�B�O�J�Q�V�M�B�U�J�P�O�T�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �$�P�O�D�M�V�T�J�P�O�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�� �7�*�.�4 	×	å	æ	Û	ß	Ó	æ	Û	á	à 	æ	á 	Ù	ç	Û	Ö	× 	à	Ó	è	Û	Ù	Ó	æ	Û	á	à 	æ	×	Õ	Ú	à	Û��	ç	×	å������
������ �'�F�B�U�V�S�F�T �G�P�S �7�*�.�4 �Q�S�F�E�J�D�U�J�P�O �B�O�E �F�T�U�J�N�B�U�J�P�O�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �&�Y�Q�F�S�J�N�F�O�U�B�M �W�B�M�J�E�B�U�J�P�O�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �1�S�F�E�J�D�U�J�P�O �P�G �7�*�.�4 �J�O �B �S�F�B�M���U�J�N�F �Q�S�P�D�F�T�T�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �&�¶�G�F�D�U �P�G �U�I�F �O�B�W�J�H�B�U�J�P�O �Q�B�S�B�N�F�U�F�S�T �P�O �7�*�.�4�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �$�P�O�D�M�V�T�J�P�O�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�� �$	á	à	Õ	Þ	ç	å	Û	á	à ������
������ �$�P�O�D�M�V�T�J�P�O�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �'�V�U�V�S�F �X�P�S�L�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�"	â	â	×	à	Ö	Û	ê �" �2���� �&	ê	Ó	ß	Û	à	×	× 	Ù	×	à	×	ä	Ó	Þ 	Û	à	Ø	á	ä	ß	Ó	æ	Û	á	à �		â	ä	×��	×	ê	â	á	å	ç	ä	×�
������
�"���� �&�O�H�M�J�T�I�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�"���� �'�S�F�O�D�I�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�"	â	â	×	à	Ö	Û	ê �# �,	×	à	à	×	Ö	ë�!	å �4	Û	ß	ç	Þ	Ó	æ	á	ä �4	Û	Õ	Ý	à	×	å	å �2	ç	×	å	æ	Û	á	à	à	Ó	Û	ä	× �	�4�4���
������
�#���� �Õ�V�F�T�U�J�P�O�O�B�J�S�F �B�O�E �S�F�Q�P�S�U �F�Y�B�N�Q�M�F�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�#���� �$�B�M�D�V�M�B�U�J�P�O �J�O�T�U�S�V�D�U�J�P�O�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�"	â	â	×	à	Ö	Û	ê �$ �-	Û	å	æ 	á	Ø 	â	ç	Ô	Þ	Û	Õ	Ó	æ	Û	á	à	å ������
�$���� �+�P�V�S�O�B�M �Q�B�Q�F�S�T�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�$���� �$�P�O�G�F�S�F�O�D�F �Q�B�Q�F�S�T�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�3	×	Ø	×	ä	×	à	Õ	×	å ������

�W



�-�J�T�U�J�O�H �P�G �·�«�H�V�S�F�T

������ �$�B�M�M�J�T�U�P �J�N�N�F�S�T�J�W�F �S�P�P�N �E�V�S�J�O�H �U�I�F �·�«�O�B�M �D�P�O�T�U�S�V�D�U�J�P�O �T�U�F�Q�T���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��
������ �*�N�N�F�S�T�J�W�F �S�P�P�N �J�O �P�Q�F�S�B�U�J�P�O���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��
������ �1�S�P�Q�P�T�F�E �X�P�S�L �¸�¼�P�X���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �'�J�O�B�M �P�C�K�F�D�U�J�W�F �P�G �U�I�F �U�I�F�T�J�T �B�O�E �E�F�T�J�H�O���F�W�B�M�V�B�U�J�P�O �X�P�S�L �¸�¼�P�X���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �)�B�S�E�X�B�S�F���T�P�G�½�X�B�S�F �E�F�T�J�H�O �B�O�E �W�F�S�J�·�«�D�B�U�J�P�O �X�P�S�L���¸�¼�P�X �G�P�S �O�B�W�J�H�B�U�J�P�O���� �� �� �� �� �� �� �� �� �� ����
������ �)�B�S�E�X�B�S�F���T�P�G�½�X�B�S�F �E�F�T�J�H�O �B�O�E �W�F�S�J�·�«�D�B�U�J�P�O �X�P�S�L���¸�¼�P�X �G�P�S �N�B�O�J�Q�V�M�B�U�J�P�O���� �� �� �� �� �� �� �� �� ����
������ �&�W�B�M�V�B�U�J�P�O �B�O�E �W�B�M�J�E�B�U�J�P�O �Q�S�P�D�F�T�T �P�G �O�B�W�J�H�B�U�J�P�O���J�O�U�F�S�B�D�U�J�P�O �J�O�U�F�S�G�B�D�F�T���� �� �� �� �� �� �� �� �� �� ����

������ �4�F�N�J���D�J�S�D�V�M�B�S �D�B�O�B�M �B�O�E �P�U�P�M�J�U�I �&�O�E���0�S�H�B�O�T �J�O �U�I�F �N�J�E�E�M�F �F�B�S���� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �#�P�S�B�I�!�T �N�P�E�F�M �G�P�S �U�I�F �W�F�T�U�J�C�V�M�B�S �T�Z�T�U�F�N���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �-�J�O�F�B�S �T�Z�T�U�F�N �N�P�E�F�M �J�O �,�' �T�D�I�F�N�F���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �,�B�M�N�B�O �·�«�M�U�F�S �J�O�D�M�V�E�J�O�H �U�I�F �F�T�U�J�N�B�U�J�P�O �Q�B�S�U���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �/�F�S�W�P�V�T �D�F�M�M �B�O�E �J�U�T �C�B�T�J�D �F�M�F�N�F�O�U�T���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �&�Y�B�N�Q�M�F �P�G �"�S�U�J�·�«�D�J�B�M �/�F�V�S�B�M �/�F�U�X�P�S�L �	�"�/�/�
���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �,�P�I�P�O�F�O �/�F�V�S�B�M �/�F�U�X�P�S�L���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �5�Z�Q�J�D�B�M �O�F�V�S�B�M �O�F�U�X�P�S�L �X�J�U�I �J�O�Q�V�U���P�V�U�Q�V�U �B�O�E �I�J�E�E�F�O �M�B�Z�F�S�T���� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �4�B�D�D�B�E�J�D �F�Z�F �N�P�W�F�N�F�O�U���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �.�P�E�F�M �P�G �U�I�F �T�B�D�D�B�E�F �N�F�D�I�B�O�J�T�N �Q�S�P�Q�P�T�F�E �C�Z �:�P�V�O�H �F�U �B�M���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �.�P�E�F�M �P�G �U�I�F �T�B�D�D�B�E�F �N�F�D�I�B�O�J�T�N �Q�S�P�Q�P�T�F�E �C�Z �3�P�C�J�O�T�P�O���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �'�P�W�F�B�M �F�D�D�F�O�U�S�J�D�J�U�Z �E�F�·�«�O�J�U�J�P�O���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �$�I�B�S�B�D�U�F�S�J�T�U�J�D �P�G �U�I�F �N�B�J�O �T�F�R�V�F�O�D�F �B�E�B�Q�U�F�E �G�S�P�N���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �/�F�V�S�B�M �C�B�T�F�E �B�S�D�I�J�U�F�D�U�V�S�F �G�P�S �T�B�D�D�B�E�F �N�P�E�F�M�J�O�H���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �$�P�N�Q�B�S�J�T�P�O �P�G �N�P�E�F�M �W�F�M�P�D�J�U�Z �Q�S�P�·�«�M�F�T �U�P �F�Y�Q�F�S�J�N�F�O�U�B�M �E�B�U�B���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �:�P�V�O�H�!�T �N�P�E�F�M �P�G �T�N�P�P�U�I �Q�V�S�T�V�J�U���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �3�P�C�J�O�T�P�O�!�T �N�P�E�F�M �P�G �T�N�P�P�U�I �Q�V�S�T�V�J�U �F�Z�F �N�P�W�F�N�F�O�U���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �4�N�P�P�U�I �Q�V�S�T�V�J�U �N�F�D�I�B�O�J�T�N �P�G �U�I�F �F�Z�F �N�P�W�F�N�F�O�U �D�P�O�U�S�P�M �T�Z�T�U�F�N���� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �4�U�F�Q �S�F�T�Q�P�O�T�F �U�P �B �T�V�E�E�F�O �N�P�W�F�N�F�O�U �P�G �U�I�F �U�B�S�H�F�U �P�C�K�F�D�U���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �&�Z�F �N�P�W�F�N�F�O�U �E�V�F �U�P �7�F�T�U�J�C�V�M�B�S �0�D�V�M�B�S �3�F�¸�¼�F�Y���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �7�0�3 �T�J�N�Q�M�J�·�«�F�E �N�P�E�F�M �B�M�P�O�H �X�J�U�I �O�F�V�S�P�O �Q�B�U�I�X�B�Z���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �$�P�N�Q�M�F�U�F �7�0�3 �N�P�E�F�M �Q�S�P�W�J�E�F�E �G�P�S �T�J�N�V�M�B�U�J�P�O �Q�V�S�Q�P�T�F���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �	�B�
 �4�N�B�M�M �B�O�E �M�B�S�H�F �W�F�S�H�F�O�D�F�
 �	�C�
 �W�F�S�H�F�O�D�F �C�J�P�M�P�H�J�D�B�M �N�P�E�F�M���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �4�B�D�D�B�E�F���W�F�S�H�F�O�D�F �D�P�O�U�S�P�M �N�F�D�I�B�O�J�T�N���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �.�P�E�J�·�«�F�E �D�P�O�U�S�P�M �N�F�D�I�B�O�J�T�N �C�B�T�F�E �P�O �W�F�S�H�F�O�D�F���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
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�������� �/�F�V�S�B�M �Q�B�U�I �P�G �U�I�F �P�D�V�M�P�N�P�U�P�S �N�F�D�I�B�O�J�T�N���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �$�P�N�Q�M�F�U�F �N�P�O�P�D�V�M�B�S �W�J�T�J�P�O �N�F�D�I�B�O�J�T�N���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �4�J�N�Q�M�J�·�«�F�E �W�F�S�T�J�P�O �P�G �U�I�F �F�Z�F �N�P�W�F�N�F�O�U �N�F�D�I�B�O�J�T�N���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �/�F�V�S�B�M �Q�B�U�I�X�B�Z �P�G �U�I�F �C�J�O�P�D�V�M�B�S �W�J�T�J�P�O �T�Z�T�U�F�N���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �$�P�N�Q�M�F�U�F �N�P�E�F�M �G�P�S �C�J�O�P�D�V�M�B�S �W�J�T�J�P�O �T�J�N�V�M�B�U�J�P�O �X�J�U�I �'�M�P�D�D�V�M�V�T �D�P�N�Q�P�S�U�N�F�O�U���� �� �� �� �� ����
�������� �4�J�N�Q�M�J�·�«�F�E �C�J�O�P�D�V�M�B�S �W�J�T�J�P�O �O�F�V�S�B�M �N�P�E�F�M���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �4�J�N�Q�M�J�·�«�F�E �C�J�O�P�D�V�M�B�S �W�J�T�J�P�O �N�P�E�F�M���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �&�Z�F �N�P�W�F�N�F�O�U �D�P�O�U�S�P�M �T�Z�T�U�F�N �G�P�S �B �T�J�O�H�M�F �F�Z�F���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �%�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �U�I�F �-���3 �F�Z�F�T �B�O�E �U�I�F �P�C�K�F�D�U �Q�P�T�J�U�J�P�O �B�U �U�J�N�Ft = 0 + �� �� �� �� �� �� �� �� �� ����
�������� �0�V�U�Q�V�U �P�G �U�I�F �'�M�P�D�D�V�M�V�T �O�F�U�X�P�S�L �X�J�U�I�P�V�U �N�P�W�F�N�F�O�U���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �B�
 �0�S�J�H�J�O�B�M �Q�B�U�U�F�S�O! = 0 �p���T�
 �C�
 �Q�B�U�U�F�S�O �J�O �N�P�U�J�P�O �G�P�S! = 20 �p���T �D�
60�p���T���� �� �� �� �� �� �� ����
�������� �0�V�U�Q�V�U �P�G �U�I�F �'�M�P�D�D�V�M�V�T �O�F�U�X�P�S�L �G�P�S �B �Q�B�U�U�F�S�O �J�O �N�P�U�J�P�O���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �	�B�
 �%�J�¶�G�F�S�F�O�U �T�F�D�U�J�P�O�T �P�G �B �C�S�B�J�O�
 �	�C�
 �E�F�U�B�J�M �P�G �T�V�C���B�S�F�B�T �B�T�T�P�D�J�B�U�F�E �X�J�U�I �U�I�F �W�J�T�V�B�M �D�P�S�U�F�Y���� ����
�������� �)�Z�Q�P�U�I�B�M�B�N�V�T �Q�P�T�J�U�J�P�O �J�O �U�I�F �C�S�B�J�O���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �$�P�O�O�F�D�U�J�P�O �C�F�U�X�F�F�O �U�I�F �I�Z�Q�P�U�I�B�M�B�N�V�T �B�O�E �U�I�F �W�J�T�V�B�M �D�P�S�U�F�Y���� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �7�B�H�V�T �O�F�S�W�F �B�D�U�J�W�B�U�J�P�O �B�O�E �C�J�P�M�P�H�J�D�B�M �N�F�D�I�B�O�J�T�N �P�G �O�B�V�T�F�B���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
�������� �B�
 �.�P�E�J�·�«�F�E �.�4 �N�P�E�F�M �Q�S�P�Q�P�T�F�E �C�Z �0�N�B�O �G�P�S �U�I�F �T�F�O�T�P�S�Z �D�P�O�¸�¼�J�D�U �U�I�F�P�S�Z�
 �C�
 �E�Z�O�B�N�J�D

�N�P�E�F�M �P�G �U�I�F �C�P�E�Z�
 �T�F�O�T�P�S�Z �P�S�H�B�O�T �B�O�E �U�I�F�J�S �T�J�H�O�B�M�J�O�H �X�J�U�I �U�I�F �$�/�4���� �� �� �� �� �� �� �� �� �� �� ����

������ �&�Y�B�N�Q�M�F �P�G �M�B�T�F�S �C�B�T�F�E �U�S�B�D�L�J�O�H �T�Z�T�U�F�N���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �&�Y�B�N�Q�M�F�T �P�G �O�B�W�J�H�B�U�J�P�O �J�O�U�F�S�G�B�D�F�T �C�B�T�F�E �P�O �Q�I�Z�T�J�D�B�M �M�P�D�P�N�P�U�J�P�O���� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �B�
 �5�B�T�L �E�F�·�«�O�J�U�J�P�O �P�G �U�I�F �T�U�F�F�S�J�O�H �U�F�D�I�O�J�R�V�F�
 �C�
 �O�B�W�J�H�B�U�J�P�O �J�O �7�&�T �C�Z �H�F�T�U�V�S�F���C�B�T�F�E �T�U�F�F�S��

�J�O�H �U�F�D�I�O�J�R�V�F���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �*�3 �J�N�B�H�F �B�O�B�M�Z�T�J�T �G�P�S �T�L�F�M�F�U�P�O �E�F�U�F�D�U�J�P�O���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �&�Y�B�N�Q�M�F �P�G �C�P�E�Z �H�F�T�U�V�S�F �B�O�B�M�Z�T�J�T �G�P�S �·�«�W�F �B�D�U�J�P�O�T���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �0�V�U�Q�V�U �P�G �U�I�F �H�F�T�U�V�S�F �E�F�U�F�D�U�J�P�O �Q�S�P�D�F�T�T�J�O�H �V�O�J�U���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �8�*�1 �J�O�U�F�S�G�B�D�F �E�F�T�J�H�O�F�E �C�Z �T�X�J�O�H �X�J�S�F�T �G�P�S �T�F�O�T�P�S�Z �J�O�D�P�S�Q�P�S�B�U�J�P�O���� �� �� �� �� �� �� �� �� �� �� �� ����
������ �$�Z�C�F�S���X�B�M�L �P�O �B�O �P�N�O�J�E�J�S�F�D�U�J�P�O�B�M �U�S�F�B�E�N�J�M�M���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �)�B�O�E �U�S�B�D�L�J�O�H �C�Z �T�L�F�M�F�U�P�O �E�F�U�F�D�U�J�P�O���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
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 �U�I�F �Q�S�J�O�D�J�Q�M�F �P�G �#�B�Z�F�T�J�B�O

�N�P�E�F�M�������X�J�M�M �C�F �C�S�J�F�¸�¼�Z �S�F�W�J�F�X�F�E �J�O �U�I�J�T �T�F�D�U�J�P�O�� �5�P �E�F�·�«�O�F �U�I�F �Q�S�P�C�M�F�N�
 �D�P�O�T�J�E�F�S �U�I�F �F�W�P�M�V�U�J�P�O �P�G �U�I�F �T�U�B�U�F

�T�F�R�V�F�O�D�Ff xk ; k 2 Ng �P�G �B �U�B�S�H�F�U �T�Z�T�U�F�N �H�J�W�F�O �C�Z

xk = f k (xk� 1; vk� 1) �	�������


�X�I�F�S�F�
f k : Rnx � Rnv ! Rnz �J�O �	�������
 �E�F�O�P�U�F�T �B �Q�P�T�T�J�C�M�Z �O�P�O�M�J�O�F�B�S �G�V�O�D�U�J�P�O �P�G �U�I�F �T�U�B�U�Fxk� 1

�B�O�Evk� 1�
 �Q�S�P�D�F�T�T �O�P�J�T�F �E�J�T�U�S�J�C�V�U�J�P�O��f vk� 1; k 2 Ng�
nx �
nv �
nz �S�F�Q�S�F�T�F�O�U �U�I�F �Q�S�P�D�F�T�T �O�P�J�T�F �T�F�R�V�F�O�D�F�


�U�I�F �E�J�N�F�O�T�J�P�O�T �P�G �U�I�F �T�U�B�U�F �B�O�E �Q�S�P�D�F�T�T �O�P�J�T�F �W�F�D�U�P�S�T�
 �B�O�E �N�F�B�T�V�S�F�N�F�O�U �O�P�J�T�F �W�F�D�U�P�S�T�
 �S�F�T�Q�F�D�U�J�W�F�M�Z�� �5�I�F

����



�P�C�K�F�D�U�J�W�F �P�G �U�S�B�D�L�J�O�H�
 �G�P�S �J�O�T�U�B�O�D�F�
 �J�T �U�P �S�F�D�V�S�T�J�W�F�M�Z �F�T�U�J�N�B�U�Fxk �G�S�P�N �U�I�F �N�F�B�T�V�S�F�N�F�O�U�T

zk = hk (xk ; nk ) �	�������


�X�I�F�S�F�
hk : Rnx � Rnn ! Rnz �J�O �	�������
 �T�J�N�J�M�B�S�M�Z �E�F�O�P�U�F�T �B�O�P�U�I�F�S �Q�P�T�T�J�C�M�Z �O�P�O�M�J�O�F�B�S �G�V�O�D�U�J�P�O�


f nk ; k 2 Ng�J�T �B �N�F�B�T�V�S�F�N�F�O�U �O�P�J�T�F �T�F�R�V�F�O�D�F�
 �B�O�Enn �E�F�N�P�O�T�U�S�B�U�F�T �U�I�F �E�J�N�F�O�T�J�P�O �P�G �U�I�F �N�F�B�T�V�S�F�N�F�O�U�T��

�*�O �Q�B�S�U�J�D�V�M�B�S�
 �X�F �B�S�F �M�P�P�L�J�O�H �G�P�S �·�«�M�U�F�S�F�E �F�T�U�J�N�B�U�F�T �P�Gxk �C�B�T�F�E �P�O �U�I�F �T�F�U �P�G �B�M�M �B�W�B�J�M�B�C�M�F �N�F�B�T�V�S�F�N�F�O�U�T

z1:k = f zi ; i = 1 : : : kg �V�Q �U�P �U�J�N�Fk��

�'�P�S �B �H�J�W�F�O �F�W�F�O�U �T�Q�B�D�F �X�J�U�I �U�X�P �N�F�N�C�F�S�T�
A �B�O�EB �
 �U�I�F �#�B�Z�F�T�J�B�O �U�I�F�P�S�F�N �H�J�W�F�T �U�I�F �S�F�M�B�U�J�P�O�T�I�J�Q �C�F��

�U�X�F�F�O �U�I�F �Q�S�P�C�B�C�J�M�J�U�J�F�T �P�GA �B�O�EB �
p(A) �B�O�Ep(B )�
 �B�O�E �U�I�F �D�P�O�E�J�U�J�P�O�B�M �Q�S�P�C�B�C�J�M�J�U�J�F�T �P�GA �H�J�W�F�OB �B�O�E

B �H�J�W�F�OA�
p(AjB ) �B�O�Ep(B jA)�� �'�P�S�N�V�M�B �	�������
 �E�F�O�P�U�F�T �U�I�F �N�P�T�U �D�P�N�N�P�O �G�P�S�N �P�G �U�I�F �U�I�F�P�S�F�N��

p(AjB ) =
p(B jA)p(A)

p(B )
�	�������


�0�G�½�F�O�
 �G�P�S �T�P�N�F �Q�B�S�U�J�U�J�P�Of A j g �P�G �U�I�F �F�W�F�O�U �T�Q�B�D�F�
 �U�I�F �F�W�F�O�U �T�Q�B�D�F �J�T �H�J�W�F�O �P�S �D�P�O�D�F�Q�U�V�B�M�J�[�F�E �J�O �U�F�S�N�T

�P�Gp(A j ) �B�O�Ep(B jA j )�� �*�U �J�T �U�I�F�O �V�T�F�G�V�M �U�P �D�P�N�Q�V�U�Fp(B ) �V�T�J�O�H �U�I�F �M�B�X �P�G �U�P�U�B�M �Q�S�P�C�B�C�J�M�J�U�Z��

p(B ) =
X

j

p(B jA j ) p(A j ) �	�������


�5�I�F�O �D�P�O�E�J�U�J�P�O�B�M �Q�S�P�C�B�C�J�M�J�U�Z �P�GA j �H�J�W�F�OB �J�T �D�B�M�D�V�M�B�U�F�E �C�Z �	�������
��

p (A j jB ) =
p(B jA j ) p(A j )

P
j p(B jA j ) p(A j )

�	�������


�'�S�P�N �B �#�B�Z�F�T�J�B�O �Q�F�S�T�Q�F�D�U�J�W�F�������
 �U�I�F �U�S�B�D�L�J�O�H �Q�S�P�C�M�F�N �J�T �T�J�N�Q�M�J�·�«�F�E �U�P �S�F�D�V�S�T�J�W�F�M�Z �D�B�M�D�V�M�B�U�F �T�P�N�F �E�F��

�H�S�F�F�T �P�G �C�F�M�J�F�G �J�O �U�I�F �T�U�B�U�Fxk �B�U �U�J�N�Fk�
 �H�J�W�F�O �N�F�B�T�V�S�F�N�F�O�U �W�B�M�V�F�T �V�Q �U�P �U�J�N�Fk�
z1:k ���5�I�V�T�
 �J�U �J�T �S�F�R�V�J�S�F�E

�U�P �D�P�O�T�U�S�V�D�U �U�I�F �Q�S�P�C�B�C�J�M�J�U�Z �E�J�T�U�S�J�C�V�U�J�P�O �G�V�O�D�U�J�P�O �	�Q�E�
�
p (xk jz1:k )�� �*�U �J�T �B�T�T�V�N�F�E �U�I�B�U �U�I�F �J�O�J�U�J�B�M �Q�E�G

p(x0jz0) � p (x0) �P�G �U�I�F �T�U�B�U�F �W�F�D�U�P�S�
 �X�I�J�D�I �J�T �B�M�T�P �L�O�P�X�O �B�T �B �Q�S�J�P�S�
 �J�T �B�W�B�J�M�B�C�M�F�� �5�I�F�S�F �J�T �B �T�F�U �P�G �O�P

�N�F�B�T�V�S�F�N�F�O�U�T �B�U �U�J�N�Fk = 0 �
z0 = 0 �B�M�X�B�Z�T��

�5�I�F�O�
 �B�Q�Q�M�Z�J�O�H �U�I�F �#�B�Z�F�T�J�B�O �U�I�F�P�S�F�N�
 �U�I�F �Q�E�Gp(xk jz1:k ) �N�B�Z �C�F �P�C�U�B�J�O�F�E �J�O �U�X�P �T�U�B�H�F�T �S�F�D�V�S�T�J�W�F�M�Z��

�Q�S�F�E�J�D�U�J�P�O �B�O�E �D�P�S�S�F�D�U�J�P�O�� �4�V�Q�Q�P�T�F �U�I�F �S�F�R�V�J�S�F�E �Q�E�Gp(xk� 1jz1:k� 1) �B�U �U�J�N�Fk � 1 �J�T �B�W�B�J�M�B�C�M�F�� �5�I�F

�Q�S�F�E�J�D�U�J�P�O �T�U�B�H�F �J�O�W�P�M�W�F�T �V�T�J�O�H �U�I�F �T�Z�T�U�F�N �N�P�E�F�M �	�������
 �U�P �P�C�U�B�J�O �B �Q�S�J�P�S �Q�E�G �P�G �U�I�F �T�U�B�U�F �B�U �U�J�N�Fk �W�J�B �U�I�F

�$�I�B�Q�N�B�O���,�P�M�N�P�H�P�S�P�W �F�R�V�B�U�J�P�O �	�������
��

p (xk jz1:k� 1) =
Z

p(xk jxk� 1) p(xk� 1jz1:k� 1) dxk� 1 �	�������


�/�P�U�F �U�I�B�U �J�O �	�������
�
 �U�I�F �G�B�D�U �I�B�T �C�F�F�O �V�T�F�E �U�I�B�Up(xk jxk� 1; z1:k� 1) = p(xk jxk� 1)�
 �B�T �	�������
 �E�F�T�D�S�J�C�F�T �B

����



�.�B�S�L�P�W �Q�S�P�D�F�T�T �P�G �P�S�E�F�S �P�O�F�� �*�U �N�F�B�O�T �U�I�F �E�J�T�U�S�J�C�V�U�J�P�O �P�G �B �T�U�B�U�F �B�Uk �L�O�P�X�J�O�H �U�I�F �T�U�B�U�F �B�Uk � 1 �B�O�E

�U�I�F �N�F�B�T�V�S�F�N�F�O�U�T �G�S�P�N �U�I�F �C�F�H�J�O�O�J�O�H �U�Pk � 1 �J�T �F�R�V�B�M �U�P �J�U�T �E�J�T�U�S�J�C�V�U�J�P�O �L�O�P�X�J�O�H �P�O�M�Z �U�I�F �T�U�B�U�F �B�U

k � 1 �C�F�D�B�V�T�F �U�I�F �E�J�T�U�S�J�C�V�U�J�P�O �I�B�T �C�F�F�O �D�P�S�S�F�D�U�F�E �B�M�S�F�B�E�Z�� �5�I�F �Q�S�P�C�B�C�J�M�J�T�U�J�D �N�P�E�F�M �P�G �U�I�F �T�U�B�U�F �F�W�P�M�V��

�U�J�P�Op(xk jxk� 1) �J�T �E�F�·�«�O�F�E �C�Z �U�I�F �T�Z�T�U�F�N �F�R�V�B�U�J�P�O �	�������
 �B�O�E �U�I�F �L�O�P�X�O �T�U�B�U�J�T�U�J�D�T �P�Gvk� 1�� �"�U �U�J�N�Fk�
 �B

�N�F�B�T�V�S�F�N�F�O�Uzk �C�F�D�P�N�F�T �B�W�B�J�M�B�C�M�F�
 �B�O�E �U�I�J�T �N�B�Z �C�F �V�T�F�E �U�P �D�P�S�S�F�D�U �U�I�F �Q�S�J�P�S �	�D�P�S�S�F�D�U�J�P�O �T�U�B�H�F�
 �W�J�B �U�I�F

�#�B�Z�F�T�J�B�O �U�I�F�P�S�F�N �	�������


p (xk jz1:k ) =
p(zk jxk ) p(xk jz1:k� 1)

p(zk jz1:k� 1)
�	�������


�X�I�F�S�F�
 �U�I�F �O�P�S�N�B�M�J�[�J�O�H �D�P�O�T�U�B�O�U �	�������
 �J�T �D�B�M�D�V�M�B�U�F�E �V�T�J�O�H �U�I�F �M�B�X �P�G �U�P�U�B�M �Q�S�P�C�B�C�J�M�J�U�Z �	�������
��

p (zk jz1:k� 1) =
Z

p(zk jxk ) p(xk jz1:k� 1) dxk �	�������


�*�U �E�F�Q�F�O�E�T �P�Op(zk jxk )�
 �U�I�F �M�J�L�F�M�J�I�P�P�E�
 �B�O�Enk �
 �U�I�F �E�J�N�F�O�T�J�P�O �P�G �U�I�F �N�F�B�T�V�S�F�N�F�O�U �W�F�D�U�P�S�
 �E�F�·�«�O�F�E �C�Z

�U�I�F �N�F�B�T�V�S�F�N�F�O�U �N�P�E�F�M �	�������
�� �5�I�F �N�F�B�T�V�S�F�N�F�O�U �B�U �U�J�N�Fk�
zk �
 �J�T �V�T�F�E �U�P �N�P�E�J�G�Z �B �Q�S�J�P�S �E�F�O�T�J�U�Z �U�P �P�C�U�B�J�O

�U�I�F �S�F�R�V�J�S�F�E �Q�P�T�U�F�S�J�P�S �E�F�O�T�J�U�Z �P�G �U�I�F �D�V�S�S�F�O�U �T�U�B�U�F �J�O �U�I�F �D�P�S�S�F�D�U�J�P�O �T�U�B�H�F �	�������
��

�5�I�F �S�F�D�V�S�S�F�O�D�F �S�F�M�B�U�J�P�O�T �	�������
 �B�O�E �	�������
 �G�P�S�N �U�I�F �C�B�T�J�T �G�P�S �U�I�F �P�Q�U�J�N�B�M �#�B�Z�F�T�J�B�O �T�P�M�V�U�J�P�O�� �5�I�J�T �S�F�D�V�S�T�J�W�F

�D�B�M�D�V�M�B�U�J�P�O �P�G �U�I�F �Q�P�T�U�F�S�J�P�S �E�F�O�T�J�U�Z �J�T �P�O�M�Z �B �D�P�O�D�F�Q�U�V�B�M �T�P�M�V�U�J�P�O �B�O�E �D�B�O�O�P�U �C�F �E�F�U�F�S�N�J�O�F�E �B�O�B�M�Z�U�J�D�B�M�M�Z �J�O

�H�F�O�F�S�B�M�� �4�P�M�V�U�J�P�O�T �P�O�M�Z �E�P �F�Y�J�T�U �J�O �B �S�F�T�U�S�J�D�U�J�W�F �T�F�U �P�G �D�B�T�F�T �	�F���H���
 �J�U�F�N�T �������
�� �5�I�F �#�B�Z�F�T�J�B�O �N�P�E�F�M �Q�S�P�W�J�E�F�T �B

�W�F�S�Z �H�F�O�F�S�J�D �T�P�M�V�U�J�P�O �G�P�S �U�I�F �T�U�B�U�F �F�T�U�J�N�B�U�J�P�O �Q�S�P�C�M�F�N�� �"�T�T�V�N�Q�U�J�P�O�T �B�O�E �T�P�M�V�U�J�P�O�T �G�P�S �G�P�V�S �N�P�T�U �D�P�N�N�P�O

�D�B�T�F�T �P�G �#�B�Z�F�T�J�B�O �N�P�E�F�M �X�J�M�M �C�F �S�F�W�J�F�X�F�E �C�F�M�P�X��������

�����,�B�M�N�B�O �'�J�M�U�F�S �	�,�'�
�� �5�I�F �,�B�M�N�B�O �·�«�M�U�F�S �B�T�T�V�N�F�T �U�I�B�U �U�I�F �Q�P�T�U�F�S�J�P�S �E�F�O�T�J�U�Z �B�U �F�W�F�S�Z �U�J�N�F �T�U�F�Q �J�T �(�B�V�T��

�T�J�B�O �B�O�E�
 �I�F�O�D�F�
 �Q�B�S�B�N�F�U�S�J�[�F�E �C�Z �B �N�F�B�O �B�O�E �D�P�W�B�S�J�B�O�D�F�� �5�I�F�T�F �B�T�T�V�N�Q�U�J�P�O �B�O�E �P�Q�U�J�N�J�[�F�E �T�P�M�V�U�J�P�O

�B�S�F �P�O�M�Z �B�Q�Q�M�J�F�E �U�P �M�J�O�F�B�S �T�Z�T�U�F�N�T�� �5�I�J�T �D�B�T�F �X�J�M�M �C�F �E�J�T�D�V�T�T�F�E �J�O �N�P�S�F �E�F�U�B�J�M �M�B�U�F�S �J�O �T�F�D�U�J�P�O��������

���� �&�Y�U�F�O�E�F�E �,�B�M�N�B�O �'�J�M�U�F�S �	�&�,�'�
�� �*�G �	�������
 �B�O�E �	�������
 �D�B�O�O�P�U �C�F �S�F�X�S�J�U�U�F�O �J�O �U�I�F �G�P�S�N �P�G �,�' �C�F�D�B�V�T�F �U�I�F

�G�V�O�D�U�J�P�O�T �B�S�F �O�P�O�M�J�O�F�B�S�
 �U�I�F�O �B �M�P�D�B�M �M�J�O�F�B�S�J�[�B�U�J�P�O �P�G �U�I�F �F�R�V�B�U�J�P�O�T �N�B�Z �C�F �B �T�V�¶�·�«�D�J�F�O�U �E�F�T�D�S�J�Q�U�J�P�O

�P�G �U�I�F �O�P�O�M�J�O�F�B�S�J�U�Z��

���� �"�Q�Q�S�P�Y�J�N�B�U�F �(�S�J�E���#�B�T�F�E �.�F�U�I�P�E�T �	�"�(�#�.�
�� �*�G �U�I�F �T�U�B�U�F �T�Q�B�D�F �J�T �D�P�O�U�J�O�V�P�V�T �C�V�U �D�B�O �C�F �E�F�D�P�N��

�Q�P�T�F�E �J�O�U�PNs �T�V�C�T�Q�B�D�F�T �	�#�D�F�M�M�T�$�
�

�

x i
k : i = 1 ; : : : ; Ns
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�V�O�E�F�S�M�B�Z �U�I�F �L�J�O�F�N�B�U�J�D �D�I�B�S�B�D�U�F�S�J�T�U�J�D�T �P�G �T�B�D�D�B�E�F�T�� �5�I�F �·�«�O�B�M �P�C�K�F�D�U�J�W�F �P�G �B�M�M �U�I�F�T�F �F�¶�G�P�S�U�T �X�B�T �U�P �Q�S�P�Q�P�T�F �B

�G�V�O�D�U�J�P�O�B�M�M�Z �P�Q�U�J�N�B�M �B�O�E �C�J�P�M�P�H�J�D�B�M�M�Z �Q�M�B�V�T�J�C�M�F �D�P�T�U �G�V�O�D�U�J�P�O�� �5�P �U�I�J�T �F�O�E�
 �T�F�W�F�S�B�M �T�U�V�E�J�F�T �I�B�W�F �T�V�H�H�F�T�U�F�E

�E�J�¶�G�F�S�F�O�U �D�P�T�U �G�V�O�D�U�J�P�O�T�� �&�O�E�F�S�M�F �B�O�E �8�P�M�G�F���� �Q�S�P�Q�P�T�F�E �B �D�P�T�U �G�V�O�D�U�J�P�O �U�P �N�J�O�J�N�J�[�F �U�I�F �U�J�N�F �U�P �S�F�B�D�I �U�I�F

�U�B�S�H�F�U �	�T�B�D�D�B�E�F �U�S�B�K�F�D�U�P�S�J�F�T �P�Q�U�J�N�J�[�B�U�J�P�O�
�� �5�I�F�J�S �B�T�T�V�N�Q�U�J�P�O �M�F�B�E�T �U�P �B �C�B�O�H���C�B�O�H �D�P�O�U�S�P�M �T�P�M�V�U�J�P�O�������
 �I�P�X��

�F�W�F�S �U�I�F �S�F�T�V�M�U�J�O�H �W�F�M�P�D�J�U�Z �Q�S�P�·�«�M�F �X�B�T �O�P�U �C�J�P�M�P�H�J�D�B�M�M�Z �Q�M�B�V�T�J�C�M�F������ �*�O �D�P�O�U�S�P�M �U�I�F�P�S�Z�
 �B �C�B�O�H���C�B�O�H �D�P�O�U�S�P�M�M�F�S

�L�O�P�X�O �B�T �B�O �P�O���P�¶�G �D�P�O�U�S�P�M�M�F�S �J�T �B �G�F�F�E�C�B�D�L �D�P�O�U�S�P�M�M�F�S �U�I�B�U �T�X�J�U�D�I�F�T �B�C�S�V�Q�U�M�Z �C�F�U�X�F�F�O �U�X�P �T�U�B�U�F�T�� �4�J�O�D�F �&�O��

�E�F�S�M�F �B�O�E �8�P�M�G�F�!�T �N�P�E�F�M �B�O�E �J�U�T �D�P�T�U �G�V�O�D�U�J�P�O �X�F�S�F �C�J�P�M�P�H�J�D�B�M �J�N�Q�M�B�V�T�J�C�M�F�
 �I�J�T �T�V�D�D�F�T�T�P�S�T �S�F�M�J�F�E �N�P�S�F �P�O

�)�B�S�S�J�T �T�P�M�V�U�J�P�O�����
������

�)�B�S�S�J�T �B�O�E �8�P�M�Q�F�S�U���� �T�J�N�Q�M�J�·�«�F�E �U�I�F �Q�S�P�C�M�F�N �U�P �·�«�O�E �U�I�F �P�Q�U�J�N�B�M �U�S�B�K�F�D�U�P�S�Z �U�I�B�U �N�J�O�J�N�J�[�F�T �U�I�F �U�P�U�B�M �D�P�T�U

�B�T�T�P�D�J�B�U�F�E �X�J�U�I �N�P�W�J�O�H �U�I�F �F�Z�F �U�P �B �U�B�S�H�F�U �J�N�B�H�F�E �P�O �U�I�F �S�F�U�J�O�B �B�U �B �T�Q�F�D�J�·�«�F�E �Q�P�T�J�U�J�P�O �B�T �G�P�W�F�B�M �F�D�D�F�O�U�S�J�D�J�U�Z��

�5�I�F�Z �B�Q�Q�S�P�Y�J�N�B�U�F�E �U�I�F �U�P�U�B�M �D�P�T�U �P�G �B�O �F�Z�F �N�P�W�F�N�F�O�U �J�O�U�F�H�S�B�U�F�E �P�W�F�S �U�I�F �N�P�W�F�N�F�O�U �B�T �C�F�J�O�H �D�P�N�Q�P�T�F�E

�P�G �U�X�P �D�P�N�Q�P�O�F�O�U�T�� ���
 �U�I�F �D�P�T�U �B�T�T�P�D�J�B�U�F�E �X�J�U�I �S�F�U�J�O�B�M �T�M�J�Q �	�N�P�W�F�N�F�O�U �D�P�T�U�
�
 ���
 �U�I�F �·�«�Y�B�U�J�P�O �D�P�T�U �	�B�G�½�F�S �U�I�F

����



�)�L�J�X�U�H �����������)�R�Y�H�D�O �H�F�F�H�Q�W�U�L�F�L�W�\ �G�H���Q�L�W�L�R�Q��

�N�P�W�F�N�F�O�U �F�O�E�T�
�� �&�R�V�B�U�J�P�O �	���������
 �T�I�P�X�T �U�I�J�T �D�P�T�U �G�V�O�D�U�J�P�O��

�D�P�T�U=
Z T

0
� dt

| {z }
�.�P�W�F�N�F�O�U �D�P�T�U

+
Z T + F

T
�e (t)2dt

| {z }
�'�J�Y�B�U�J�P�O �D�P�T�U

�	���������


�X�I�F�S�F�
e(t) �J�T �U�I�F �G�P�W�F�B�M �F�D�D�F�O�U�S�J�D�J�U�Z �P�G �U�I�F �U�B�S�H�F�U �B�U �U�J�N�Ft �	�U�I�F �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �U�I�F �G�P�W�F�B �D�F�O�U�F�S �B�O�E

�U�I�F �D�V�S�S�F�O�U �Q�P�T�J�U�J�P�O �P�G �U�I�F �P�C�K�F�D�U �J�N�B�H�F �P�O �U�I�F �S�F�U�J�O�B�
 �B�T �T�I�P�X�O �J�O �'�J�H�����������
 �B�O�E� �J�T �B �D�P�O�T�U�B�O�U �W�B�M�V�F�� �0�O�D�F

�U�I�F �T�B�D�D�B�E�F �I�B�T �C�F�H�V�O �B�O�E �W�J�T�J�P�O �J�T �M�P�T�U�
 �U�I�F �D�P�T�U �J�T �B �D�P�O�T�U�B�O�U� �	�Q�F�S �V�O�J�U �U�J�N�F�
 �V�O�U�J�M �U�I�F �T�B�D�D�B�E�F �F�O�E�T��T

�B�O�EF �S�F�Q�S�F�T�F�O�U �N�P�W�F�N�F�O�U �B�O�E �Q�P�T�U���N�P�W�F�N�F�O�U �Q�F�S�J�P�E�T��

�5�P �F�Y�Q�M�B�J�O �C�S�J�F�¸�¼�Z �)�B�S�S�J�T �B�O�E �8�P�M�Q�F�S�U�!�T �T�P�M�V�U�J�P�O�
 �X�F �E�F�O�P�U�F �U�I�F �F�Z�F �Q�P�T�J�U�J�P�O �B�U �U�J�N�Ft �G�P�S �B �N�P�W�F�N�F�O�U

�N�B�E�F �P�G �E�F�T�J�S�F�E �B�N�Q�M�J�U�V�E�FP�
 �B�TxP (t) �� �8�F �B�T�T�V�N�F �U�I�B�U �U�I�F �B�H�H�S�F�H�B�U�F �O�F�V�S�B�M �D�P�N�N�B�O�E�
u(t)�
 �J�T �Q�F�S�U�V�S�C�F�E

�C�Z �B �[�F�S�P���N�F�B�O �B�E�E�J�U�J�W�F �X�I�J�U�F �O�P�J�T�F �Q�S�P�D�F�T�T �X�J�U�I �J�O�T�U�B�O�U�B�O�F�P�V�T �T�U�B�O�E�B�S�E �E�F�W�J�B�U�J�P�O �	���������
 �Q�S�P�Q�P�S�U�J�P�O�B�M �U�P

�U�I�F �N�F�B�O��

� u(t) = k ju(t)j �	���������


�8�F �D�B�O �S�F�X�S�J�U�Fxp(t) �B�T �	���������
 �C�Z �U�I�F �M�J�O�F�B�S�J�U�Z �P�G �U�I�F �T�Z�T�U�F�N�
 �X�I�F�S�F�
g �	g = P
A �
A �J�T �U�I�F �N�P�W�F�N�F�O�U

�S�F�T�P�M�V�U�J�P�O�� �U�I�F �E�J�T�U�B�O�D�F �C�F�U�X�F�F�O �U�X�P �D�P�O�T�F�D�V�U�J�W�F �T�U�F�Q�T �B�O�EP �J�T �U�I�F �B�N�Q�M�J�U�V�E�F �P�G �U�I�F �T�B�D�D�B�E�F�
 �J�T �B �S�B�O�E�P�N

�W�B�S�J�B�C�M�F �X�J�U�I �N�F�B�O�
�g �B�O�E �W�B�S�J�B�O�D�F�
� 2
g��

xp(t) = gxA (t) �	���������


�5�I�F �D�P�T�U �G�V�O�D�U�J�P�O �D�B�O �C�F �E�F�·�«�O�F�E �C�Z �	���������
�


J = E(�D�P�T�U) = �T + � 0
Z T + F

T
� 2

x (t)dt + 
 �	���������


����



�X�I�F�S�F�
� 2
x (t) �J�T �U�I�F �W�B�S�J�B�O�D�F �P�G �U�I�F �F�Z�F �Q�P�T�J�U�J�P�O �J�O �U�I�F �·�«�Y�B�U�J�P�O �Q�F�S�J�P�E�


� 0 =
�
�g2 + � 2

g

�
� �	���������


�B�O�E


 = F �
h
(A � A�g)2 + � 2

gA2
i

�	���������


�8�F �E�F�O�P�U�F �U�I�F �F�Z�F �Q�P�T�J�U�J�P�O �B�Tx(t) �X�I�J�D�I �J�T �U�I�F �P�V�U�Q�V�U �P�G �B �M�J�O�F�B�S �Q�P�M�F���P�O�M�Z �P�D�V�M�B�S �N�P�U�P�S �Q�M�B�O�U�
 �X�J�U�I �B�O

�J�N�Q�V�M�T�F �S�F�T�Q�P�O�T�Fp(t)�
 �X�I�P�T�F �J�O�Q�V�U �J�T �B �T�J�O�H�M�F �T�D�B�M�B�S �B�H�H�S�F�H�B�U�F �N�F�B�O �O�F�V�S�B�M �D�P�N�N�B�O�Eu(t)�� �#�Z �E�F�·�«�O�J�U�J�P�O�


�U�I�F �N�F�B�O �B�O�E �W�B�S�J�B�O�D�F �P�G �B �S�B�O�E�P�N �W�B�S�J�B�C�M�Fx(t) �J�T �E�F�·�«�O�F�E �C�Z �	���������
 �B�O�E �	���������
��

E [x(t)] =
Z t

0
ku(� )p(t � � )d� �	���������


� 2
x (t) = �7�B�S(x(t)) =

Z t

0
k2u2(� )p2(t � � )d� �	���������


�'�P�S �N�P�S�F �E�F�U�B�J�M �P�O �	���������
�
 �T�F�F������ �#�B�T�F�E �P�O �U�I�J�T �B�T�T�V�N�Q�U�J�P�O�
 �U�I�F �W�B�S�J�B�O�D�F �P�G �U�I�F �F�Z�F �S�F�T�Q�P�O�T�F �J�O�D�S�F�B�T�F�T

�X�I�F�O �P�O�F �U�S�J�F�T �U�P �E�F�D�S�F�B�T�F �U�I�F �T�B�D�D�B�E�J�D �E�V�S�B�U�J�P�O �C�Z �S�F�D�S�V�J�U�J�O�H �M�B�S�H�F�S �D�P�N�N�B�O�E �T�J�H�O�B�M�T�� �"�T �B �S�F�T�V�M�U�
 �B �U�S�B�E�F��

�P�¶�G �O�F�F�E�T �U�P �C�F �N�B�E�F �C�F�U�X�F�F�O �U�I�F �T�Q�F�F�E �B�O�E �U�I�F �B�D�D�V�S�B�D�Z �P�G �T�B�D�D�B�E�F�T�� �5�I�F �P�Q�U�J�N�B�M �T�P�M�V�U�J�P�O �U�P �U�I�J�T �U�S�B�E�F���P�¶�G

�J�T �B �U�S�B�K�F�D�U�P�S�Z �U�I�B�U �J�T �C�J�P�M�P�H�J�D�B�M�M�Z �Q�M�B�V�T�J�C�M�F�� �*�G �	���������
 �J�T �T�V�C�T�U�J�U�V�U�F�E �J�O �	���������
�
 �U�I�F �·�«�O�B�M �D�P�T�U �G�V�O�D�U�J�P�O �X�J�M�M �C�F

�B�D�I�J�F�W�F�E �C�Z �	���������
��

J = �T + � 0
Z T + F

T
� 2

x (t)dt + 
 = 
 + �T + � 0
Z T + F

T

� Z t

0
k2u2(� )p2(t � � )d�

�
dt �	���������


�8�F �D�B�O �T�Q�M�J�U �U�I�J�T �G�V�O�D�U�J�P�O �J�O�U�P �N�P�W�F�N�F�O�U �	0 � t � T �
 �B�O�E �·�«�Y�B�U�J�P�O �	T � t < T + F �
 �B�T �	���������
��

J = 
 + �T + � 0k2
Z T + F

T

� Z T

0
u2(� )p2(t � � )d� +

Z t

T
u2(� )p2(t � � )d�

�
dt �	���������


�B�O�E �·�«�O�B�M�M�Z�
 �	���������
 �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E �C�Z �	���������


J = 
 + �T + � 0k2
Z T + F

T
u2(� )qT (� )dt �	���������


����



�)�L�J�X�U�H �����������&�K�D�U�D�F�W�H�U�L�V�W�L�F �R�I �W�K�H �P�D�L�Q �V�H�T�X�H�Q�F�H �D�G�D�S�W�H�G �I�U�R�P�� �� �V�R�O�L�G �O�L�Q�H �G�H�P�R�Q�V�W�U�D�W�H�V �G�D�W�D �I�U�R�P �V�L�P�X�O�D�W�L�R�Q �D�Q�G �D�Q�D�O�\�W�L�F�D�O

�D�S�S�U�R�D�F�K�H�V�� �D�Q�G �V�F�D�W�W�H�U �S�R�L�Q�W�V �V�K�R�Z�V �W�K�H �G�D�W�D �I�U�R�P �H�[�S�H�U�L�P�H�Q�W�V��

�X�I�F�S�F

qT (� ) =
Z T + F

T
p2(t � � )d� �	���������


�5�I�F�O�
 �C�Z �B�T�T�V�N�J�O�H �U�I�F �F�Z�F �Q�M�B�O�U �B�T �	���������
�
 �X�I�J�D�I �J�T �B�O �P�S�E�F�Sn �T�U�B�U�F �T�Q�B�D�F �N�P�E�F�M�
 �U�I�F �P�Q�U�J�N�J�[�B�U�J�P�O �S�F�T�V�M�U

�X�J�M�M �C�F �B�T �T�I�P�X�O �J�O �	���������
��

_x = Ax (t) + Bu(t) �	���������


�'�S�P�N �1�P�O�U�S�Z�B�H�J�O�!�T �N�J�O�J�N�V�N �Q�S�J�O�D�J�Q�M�F �U�I�F �P�Q�U�J�N�B�M �D�P�O�U�S�P�M �T�J�H�O�B�M �J�T �H�J�W�F�O �C�Z

u(t) =
nX

r =1

Cr
e
 r t

qT (t)
(0 � t � T) �	���������


�X�I�F�S�F�
n �B�O�E
 r �B�S�F �U�I�F �P�S�E�F�S �P�G �U�I�F �T�Z�T�U�F�N �B�O�E �B �E�B�N�Q�J�O�H �D�P�O�T�U�B�O�U �S�F�T�Q�F�D�U�J�W�F�M�Z�� �$�P�F�¶�·�«�D�J�F�O�UCr �J�T

�E�F�U�F�S�N�J�O�F�E �C�Z �U�I�F �C�P�V�O�E�B�S�Z �B�O�E �J�O�J�U�J�B�M �D�P�O�E�J�U�J�P�O�T�� �-�B�U�F�S �)�B�S�S�J�T �B�O�E �8�P�M�Q�F�S�U�!�T �N�P�E�F�M �X�B�T �F�Y�U�F�O�E�F�E �C�Z

�J�O�U�S�P�E�V�D�J�O�H �B�O �J�O�U�F�S�O�B�M �G�F�F�E�C�B�D�L �X�I�J�D�I �D�P�O�T�J�T�U�T �P�G �U�X�P �T�U�B�U�F �F�T�U�J�N�B�U�P�S�T������ �0�O�F �Q�S�F�E�J�D�U�T �U�I�F �T�U�B�U�F �P�G �U�I�F

�F�Z�F�
 �B�O�E �U�I�F �P�U�I�F�S �F�T�U�J�N�B�U�F�T �U�I�F �T�U�B�U�F �P�G �U�I�F �U�B�S�H�F�U�� �5�I�J�T �G�F�F�E�C�B�D�L �J�T �V�T�F�E �U�P �H�F�O�F�S�B�U�F �U�I�F �O�F�V�S�B�M �D�P�O�U�S�P�M
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�M�F�B�S�O�J�O�H �M�J�L�F �U�I�F �'�M�P�D�D�V�M�V�T�
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�P�G �U�X�P �M�F�B�S�O�J�O�H �T�Z�T�U�F�N�T�� ���
 �P�O�F �"�/�/ �	�'�M�P�D�D�V�M�V�T�
 �X�J�U�I �T�M�P�X �B�O�E �Q�S�F�D�J�T�F �M�F�B�S�O�J�O�H �X�I�J�D�I �X�J�M�M �C�F �G�F�B�T�J�C�M�F �C�Z

�T�F�U�U�J�O�H �U�I�F �M�F�B�S�O�J�O�H �D�P�O�T�U�B�O�U �T�N�B�M�M�
 ���
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� (T(k + 1)) = � (kT ) + � (� � � (kT )) + �� (kT + � )Hv(kT + � ) �	���������


�X�I�F�S�F�
� �J�T �B �G�P�S�H�F�U�U�J�O�H �D�P�O�T�U�B�O�U�
� �J�T �U�I�F �T�U�B�O�E�B�S�E �W�B�M�V�F �P�G� (t)�
� �J�T �U�I�F �M�F�B�S�O�J�O�H �D�P�O�T�U�B�O�U�
k �J�T �U�I�F

�M�F�B�S�O�J�O�H �U�J�N�F�
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�C�J�O�P�D�V�M�B�S �W�J�T�J�P�O�� �4�P�
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�8�F �B�T�T�V�N�FTn � ge �B�O�ETe = ge �U�P �T�J�N�Q�M�J�G�Z �U�I�F �F�R�V�B�U�J�P�O �B�O�E �U�I�F �U�S�B�O�T�G�F�S �G�V�O�D�U�J�P�O�
 �B�O�E �D�P�O�T�F�R�V�F�O�U�M�Z

�U�I�F �N�P�O�P�D�V�M�B�S �W�J�T�J�P�O �N�P�E�F�M �J�O �'�J�H������������ �/�P�X�
 �X�F �D�B�O �S�F�X�S�J�U�F �U�I�F �O�F�V�S�B�M �J�O�U�F�H�S�B�U�J�P�O �	�/�*�
 �B�T �	���������


�/�*(s) = ge +
Tn

sTn + 1
=

sgeTn + ( Tn + ge)
sTn + 1

�	���������


�6�T�J�O�H �U�I�F �·�«�S�T�U �B�T�T�V�N�Q�U�J�P�O�
 �	���������
 �J�T �X�S�J�U�U�F�O �J�O �U�I�F �G�P�S�N �P�G �	���������


�/�*(s) =
Tn (sge + 1)

sTn + 1
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 �U�I�F �F�Z�F�C�B�M�M �U�S�B�O�T�G�F�S �G�V�O�D��

�U�J�P�O�
 �	g
sTe+1 �
 �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E �C�Z �	���������


HE (s) =
Tn (sge + 1)

sTn + 1
�

g
sTe + 1
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�(�B�J�Og = 1 �
 �U�I�F�S�F�G�P�S�F�
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HE (s) =
Tn

sTn + 1
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H �7�0�3(s) =
�T vTns2 + Tn (
s + � ) (Tns + 1) e� s�

(Tns + 1) [(1 + 
e � s� ) Tns + �T ne� s� + 1]
�	���������


H �0�,�3(s) =
Tn (
s + � )e� s�

(Tns + 1) + Tn (
s + � )e� s� �	���������


� (s) = � E (s) � � o(s); � H (s) = 0 �	���������


Hs(s) =
(sTn + 1) e� s� s + ( 
s + � )e� s�

sTn + 1
�	���������
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�� �" �T�J�N�Q�M�J�·�«�F�E �W�F�S�T�J�P�O �P�G �C�J�O�P�D�V�M�B�S �W�J�T�J�P�O �X�B�T �E�F�S�J�W�F�E

�C�Z �;�I�B�O�H �B�O�E �8�B�L�B�N�B�U�T�V�������� �)�J�T �N�P�E�F�M �G�P�S�N�T �U�I�F �C�B�D�L �C�P�O�F �P�G �U�I�J�T �S�F�T�F�B�S�D�I �X�I�J�M�F �U�I�F �T�B�D�D�B�E�J�D �F�Z�F �N�P�W�F��

�N�F�O�U �N�F�D�I�B�O�J�T�N �J�T �J�O�U�F�H�S�B�U�F�E �B�O�E �U�I�F �'�M�P�D�D�V�M�V�T �O�F�U�X�P�S�L �J�T �F�N�C�F�E�E�F�E �J�O�U�P �U�I�F �"�/�/ �G�P�S �T�J�N�Q�M�J�D�J�U�Z�� �5�I�F

�N�P�E�F�M �J�T �N�P�E�J�·�«�F�E �U�P �C�F �N�P�S�F �D�P�O�T�J�T�U�F�O�U �X�J�U�I �J�U�T �C�J�P�M�P�H�J�D�B�M �F�R�V�J�W�B�M�F�O�U �B�T �T�I�P�X�O �J�O �'�J�H�����������
 �B�O�E �U�I�F �Q�S�F�W�J��

�P�V�T �N�P�E�F�M �P�G �U�I�F �N�P�O�P�D�V�M�B�S �W�J�T�J�P�O �N�F�D�I�B�O�J�T�N �B�T �J�O�U�S�P�E�V�D�F�E �J�O �'�J�H�����������B�O�E �'�J�H�����������J�O �T�F�D�U�J�P�O������������ �5�I�F

�T�Z�N�C�P�M �P�G �U�I�F �D�P�O�T�U�B�O�U �W�B�M�V�F�T �X�F�S�F �D�I�B�O�H�F�E �T�M�J�H�I�U�M�Z �J�O �U�I�J�T �N�P�E�F�M �D�P�N�Q�B�S�F�E �U�P �U�I�B�U �P�G �'�J�H�����������C�F�D�B�V�T�F

�U�I�F�S�F �B�S�F �U�P�P �D�P�O�T�U�B�O�U�T �J�O �U�I�F �N�P�E�F�M�� �*�O �H�F�O�F�S�B�M�
� �B�O�E� �

 �B�S�F �V�T�F�E �U�P �F�Y�Q�M�B�J�O �U�I�F �7�/ �B�O�E �U�I�F �0�.�/

�D�P�O�T�U�B�O�U�T �S�F�T�Q�F�D�U�J�W�F�M�Z�� �#�F�T�J�E�F�T�
 �U�I�F �S�V�M�F �P�G �U�I�F �H�B�O�H�M�J�P�O �O�V�D�M�F�J �	�D�S�P�T�T���P�W�F�S �F�¶�G�F�D�U�
 �J�T �J�O�D�P�S�Q�P�S�B�U�F�E �J�O �U�I�F

�N�P�E�F�M�
 �U�I�F �C�M�V�F �B�S�F�B �J�O �'�J�H������������ �"�T �T�F�F�O�
 �O�P�U �P�O�M�Z �U�I�F �J�O�D�P�N�J�O�H �W�J�T�J�P�O �J�O�G�P�S�N�B�U�J�P�O �J�T �D�S�P�T�T�F�E �P�W�F�S �C�V�U �U�I�F

�P�V�U�H�P�J�O�H �N�P�U�P�S �D�P�N�N�B�O�E �G�P�S �F�B�D�I �F�Z�F �J�T �B�¶�G�F�D�U�F�E �C�Z �U�I�F �P�U�I�F�S �F�Z�F �U�P�P��

�5�I�F �Q�S�P�Q�P�T�F�E �N�P�E�F�M �J�T �D�P�N�Q�M�F�U�F �G�P�S �T�U�V�E�Z�J�O�H �U�I�F �F�¶�G�F�D�U �P�G �E�J�¶�G�F�S�F�O�U �Q�B�S�B�N�F�U�F�S�T �J�O�W�P�M�W�F�E �J�O �B�O �F�Z�F �N�P�W�F��

�N�F�O�U �B�O�E �C�F�U�U�F�S �V�O�E�F�S�T�U�B�O�E�J�O�H �P�G �U�I�F �N�F�D�I�B�O�J�T�N �P�G �C�J�O�P�D�V�M�B�S �W�J�T�J�P�O�
 �B�M�U�I�P�V�H�I �U�I�J�T �N�P�E�F�M �J�T �B �M�J�U�U�M�F �C�J�U

�D�P�N�Q�M�J�D�B�U�F�E �J�O �H�F�O�F�S�B�M�� �"�T �B �S�F�T�V�M�U�
 �U�I�J�T �D�P�N�Q�M�F�Y�J�U�Z �N�P�U�J�W�B�U�F�T �V�T �U�P �U�I�J�O�L �P�G �B �T�J�N�Q�M�F �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �T�V�D�I

�B�T �U�I�F �P�O�F �T�I�P�X�O �J�O �'�J�H�����������
 �X�I�J�D�I �D�B�O �C�F �B�Q�Q�M�J�F�E �U�P �U�I�F �R�V�B�M�J�U�B�U�J�W�F �T�U�V�E�Z �D�P�O�E�V�D�U�F�E �M�B�U�F�S �P�O�M�Z �U�P �I�B�W�F �B

�H�F�O�F�S�B�M �J�E�F�B�� �'�J�H�����������J�O�U�S�P�E�V�D�F�T �B �C�M�P�D�L �E�J�B�H�S�B�N���C�B�T�F�E �P�G �U�I�F �N�P�E�F�M �X�I�J�D�I �N�B�L�F�T �U�I�F �·�«�O�B�M �T�U�V�E�Z �F�B�T�J�F�S �B�O�E

�U�I�F �N�P�E�F�M �N�P�S�F �D�P�N�Q�S�F�I�F�O�T�J�W�F�� �*�O �T�F�D�U�J�P�O�����������
 �J�U �X�J�M�M �C�F �F�Y�Q�M�B�J�O�F�E �I�P�X �U�I�F �N�P�E�F�M �X�B�T �E�F�S�J�W�F�E �B�O�E �X�I�B�U

�F�B�D�I �F�M�F�N�F�O�U �N�F�B�O�T�� �-�B�U�F�S�
 �U�I�F �N�P�E�F�M �X�J�M�M �F�Y�Q�M�B�J�O �T�P�N�F �W�J�T�V�B�M �D�P�O�¸�¼�J�D�U�T �E�V�S�J�O�H �T�F�O�T�P�S�Z �S�F�B�S�S�B�O�H�F�N�F�O�U��

����



�)�L�J�X�U�H �����������&�R�P�S�O�H�W�H �P�R�G�H�O �I�R�U �E�L�Q�R�F�X�O�D�U �Y�L�V�L�R�Q �V�L�P�X�O�D�W�L�R�Q �Z�L�W�K �)�O�R�F�F�X�O�X�V �F�R�P�S�R�U�W�P�H�Q�W��
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�)�L�J�X�U�H �����������6�L�P�S�O�L���H�G �E�L�Q�R�F�X�O�D�U �Y�L�V�L�R�Q �Q�H�X�U�D�O �P�R�G�H�O��
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�)�L�J�X�U�H �����������6�L�P�S�O�L���H�G �E�L�Q�R�F�X�O�D�U �Y�L�V�L�R�Q �P�R�G�H�O��
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�;�I�B�O�H �B�O�E �8�B�L�B�N�B�U�T�V�������E�F�S�J�W�F�E �B�O �F�Z�F �N�P�W�F�N�F�O�U �D�P�O�U�S�P�M �T�Z�T�U�F�N �G�S�P�N �I�V�N�B�O �W�J�T�J�P�O �G�P�S �S�P�C�P�U�J�D �B�Q��

�Q�M�J�D�B�U�J�P�O�T�� �5�I�F �N�P�E�F�M �J�T �D�B�Q�B�C�M�F �P�G �F�Y�Q�M�B�J�O�J�O�H �N�P�S�F �W�J�T�V�B�M �F�¶�G�F�D�U�T �B�O�E �Q�I�F�O�P�N�F�O�B �P�D�D�V�S�J�O�H �E�V�S�J�O�H �F�Z�F

�N�P�W�F�N�F�O�U�T�� �)�P�X�F�W�F�S�
 �U�I�F �N�P�E�F�M �X�J�M�M �C�F �V�T�F�E �U�P �J�O�U�F�S�Q�S�F�U �C�J�O�P�D�V�M�B�S �E�J�T�Q�B�S�J�U�Z�������J�O �E�F�U�B�J�M �B�O�E �X�J�U�I �N�P�S�F

�Q�S�F�D�J�T�J�P�O �M�B�U�F�S�� �)�P�X�F�W�F�S�
 �T�P�N�F �F�M�F�N�F�O�U�T �T�V�D�I �B�T �T�B�D�D�B�E�F �T�U�J�M�M �O�F�F�E �U�P �C�F �J�O�U�F�H�S�B�U�F�E �J�O �U�I�F �N�P�E�F�M �D�P�N�Q�B�S��

�J�O�H �U�I�F �N�P�E�F�M �T�I�P�X�O �J�O �'�J�H������������ �8�F �J�O�D�P�S�Q�P�S�B�U�F �U�I�F �T�B�D�D�B�E�F �D�P�O�U�S�P�M �N�F�D�I�B�O�J�T�N �	�3�P�C�J�O�T�P�O�������
 �J�O�U�P �U�I�F

�N�P�E�F�M �B�O�E �T�V�N�N�B�S�J�[�F �U�I�F �P�U�I�F�S �F�M�F�N�F�O�U�T �J�O �C�M�P�D�LA�
B �
 �B�O�EC �U�P �N�B�L�F �U�I�F �Q�S�P�D�F�T�T �N�P�S�F �V�O�E�F�S�T�U�B�O�E�B�C�M�F

�	�T�F�F �.�F�S�H�F�O�U�I�B�M�F�S �B�O�E �&�O�H�C�F�S�U�������G�P�S �N�P�S�F �E�F�U�B�J�M�
�� �5�I�F �E�F�U�B�J�M �P�G �U�I�F �N�P�E�F�M�
 �P�O�M�Z �G�P�S �P�O�F �F�Z�F�
 �J�T �F�Y�Q�M�B�J�O�F�E

�C�F�M�P�X �U�P �N�B�L�F �F�B�D�I �F�M�F�N�F�O�U �D�M�F�B�S �B�O�E �V�O�E�F�S�T�U�B�O�E�B�C�M�F �	�'�J�H�����������
�� �5�I�F�O �U�I�F �N�P�E�F�M �J�T �S�F�Q�F�B�U�F�E �G�P�S �U�I�F �M�F�G�½

�B�O�E �S�J�H�I�U �F�Z�F�T �J�O �D�P�O�K�V�O�D�U�J�P�O �U�P �D�P�O�T�U�S�V�D�U �B �N�P�E�F�M �G�P�S �C�J�O�P�D�V�M�B�S �W�J�T�J�P�O �T�J�N�J�M�B�S �U�P �X�I�B�U �T�I�P�X�O �J�O �'�J�H������������

�*�O�Q�V�U���P�V�U�Q�V�U���5�I�F �F�Z�F �N�P�W�F�T �E�V�F �U�P �F�J�U�I�F�S �I�F�B�E �P�S �P�C�K�F�D�U �N�P�U�J�P�O �P�S �C�P�U�I�� �5�I�F �I�F�B�E�
 �U�I�F �U�B�S�H�F�U �P�C�K�F�D�U�


�U�I�F �T�Z�T�U�F�N �J�O�Q�V�U�T�
 �B�O�E �U�I�F �F�Z�F �N�P�W�F�N�F�O�U �	�E�F�H�S�F�F�
�
 �U�I�F �T�Z�T�U�F�N �P�V�U�Q�V�U�
 �B�S�F �E�F�O�P�U�F�E �C�Z� H �
� o�
 �B�O�E� E

�S�F�T�Q�F�D�U�J�W�F�M�Z �J�O �'�J�H������������ �0�C�K�F�D�U �N�P�U�J�P�O �J�T �E�F�U�F�D�U�F�E �C�Z �U�I�F �W�J�T�V�B�M �D�P�S�U�F�Y�
 �7�� �S�F�H�J�P�O �P�G �U�I�F �W�J�T�V�B�M �D�P�S�U�F�Y

�	�#�P�S�O�����
�
 �B�O�E �I�F�B�E �N�P�W�F�N�F�O�U �C�Z �U�I�F �T�F�N�J�D�J�S�D�V�M�B�S �D�B�O�B�M �B�O�E �D�P�D�I�M�F�B �	�0�N�B�O�������
�� �5�I�F �I�F�B�E �S�P�U�B�U�J�P�O �B�O�H�M�F

�J�T �D�P�O�W�F�S�U�F�E �U�P �B �O�F�S�W�F�T �T�J�H�O�B�M �C�Z �B �#�T�F�N�J�D�J�S�D�V�M�B�S �D�B�O�B�M �U�S�B�O�T�G�F�S �G�V�O�D�U�J�P�O�$�
H1(s)�� �5�I�F �U�S�B�O�T�G�F�S �G�V�O�D�U�J�P�O

�J�T �B �G�V�O�D�U�J�P�O �U�I�B�U �D�P�O�W�F�S�U �U�I�F �T�J�H�O�B�M �G�S�P�N �P�O�F �U�Z�Q�F �U�P �B�O�P�U�I�F�S�� �4�J�O�D�F�
 �U�I�F �P�Q�U�J�D�B�M �B�Y�J�T �B�M�X�B�Z�T �N�P�W�F�T �J�O �U�I�F

�P�Q�Q�P�T�J�U�F �E�J�S�F�D�U�J�P�O �P�G �U�I�F �I�F�B�E �S�P�U�B�U�J�P�O �X�I�J�D�I �J�T �N�V�M�U�J�Q�M�J�F�E �C�Z� 1 �C�F�G�P�S�F �F�O�U�F�S�J�O�H �J�O�U�P �U�I�F �T�F�N�J�D�J�S�D�V�M�B�S

�U�S�B�O�T�G�F�S �G�V�O�D�U�J�P�O �B�T �T�U�B�U�F�E �B�C�P�W�F��
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�)�L�J�X�U�H �����������(�\�H �P�R�Y�H�P�H�Q�W �F�R�Q�W�U�R�O �V�\�V�W�H�P �I�R�U �D �V�L�Q�J�O�H �H�\�H��

�#�M�P�D�L�T���#�M�P�D�L� (t) �S�F�Q�S�F�T�F�O�U�T �U�I�F �T�Z�O�B�Q�U�J�D �U�S�B�O�T�N�J�T�T�J�P�O �H�B�J�O�T �P�G �U�I�F �O�F�V�S�B�M �·�«�C�F�S�T �U�I�B�U �U�S�B�O�T�G�F�S �U�I�F �I�F�B�E

�W�F�M�P�D�J�U�Z �T�J�H�O�B�M�� �5�I�F �T�Z�O�B�Q�U�J�D �H�B�J�O�T �B�S�F �N�P�E�F�M�F�E �C�Z �B �T�F�U �P�G �O�F�V�S�P�O�T �	�B �T�J�N�Q�M�F �Q�F�S�D�F�Q�U�S�P�O �"�/�/ �X�J�U�I �B

�U�S�B�J�O�J�O�H �B�M�H�P�S�J�U�I�N �F�Y�Q�M�B�J�O�F�E �J�O �T�F�D�U�J�P�O�����������
 �B�O�E �J�T �U�S�B�J�O�F�E �J�O �S�F�B�M���U�J�N�F �C�Z �U�I�F �E�B�U�B �D�P�N�J�O�H �G�S�P�N �U�I�F �'�M�P�D��

�D�V�M�V�T �	�C�M�P�D�LB �J�O �'�J�H�V�S�F���������
�� �*�U �B�D�U�T �B�T �B �U�S�B�O�T�G�F�S �G�V�O�D�U�J�P�O �P�G �U�I�F �W�F�T�U�J�C�V�M�B�S �O�V�D�M�F�V�T �X�I�F�S�F �U�I�F �P�D�V�M�B�S �B�O�E

�W�F�T�U�J�C�V�M�B�S �T�J�H�O�B�M�T �B�S�F �N�J�Y�F�E �V�Q�� �8�I�F�O �B �N�P�W�F�N�F�O�U �J�T �E�F�U�F�D�U�F�E�
 �U�I�F �P�D�V�M�P�N�P�U�P�S �D�P�O�U�S�P�M �T�Z�T�U�F�N �J�T �U�S�J�H�H�F�S�F�E

�U�P �Q�F�S�G�P�S�N �E�J�¶�G�F�S�F�O�U �L�J�O�E�T �P�G �F�Z�F �N�P�W�F�N�F�O�U�T �B�D�D�P�S�E�J�O�H �U�P �U�I�F �Q�P�T�J�U�J�P�O�
 �N�P�W�F�N�F�O�U�T �P�G �U�I�F �U�B�S�H�F�U �P�C�K�F�D�U�


�B�O�E �U�I�F �I�F�B�E�� �5�I�F �·�«�O�B�M �N�P�U�P�S �D�P�N�N�B�O�E �J�T �D�P�O�W�F�S�U�F�E �U�P �B �S�P�U�B�U�J�P�O �B�O�H�M�F �C�Z �B�O �#�&�Z�F�C�B�M�M �B�O�E �N�V�T�D�M�F �U�S�B�O�T��
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Ŝ�
�
 �S�F���D�B�M�D�V�M�B�U�F�TK �B�O�E �V�Q�E�B�U�F�T �U�I�F �D�P�O�U�S�P�M �T�U�S�B�U�F�H�Z �	C�
 �G�P�S �U�I�F �O�F�Y�U �J�U��

�F�S�B�U�J�P�O �	�U�I�F �$�/�4 �S�F�Q�F�B�U�T �U�I�J�T �D�I�B�J�O �J�O�·�«�O�J�U�F�M�Z �B�O�E �O�P�O���T�U�P�Q�
�� �5�I�F �T�F�O�T�P�S�Z �D�P�O�¸�¼�J�D�U �W�F�D�U�P�Sc �	�'�J�H�������������C�
�


�E�J�W�F�S�H�F�O�D�F �W�F�D�U�P�S�
 �J�T �P�C�U�B�J�O�F�E �C�Z �T�V�C�U�S�B�D�U�J�O�H �U�I�F �B�D�U�V�B�M �T�F�O�T�P�S�Z �G�S�P�N �U�I�F �F�Y�Q�F�D�U�F�E �J�O�Q�V�UŜX̂ �� �8�I�F�O �U�I�F
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�5�I�F �S�F�B�M���U�J�N�F �V�T�F�S�!�T �Q�P�T�J�U�J�P�O(xp(t); yp(t); zp(t)) �B�O�E �P�S�J�F�O�U�B�U�J�P�O(p0(t); p1(t); p2(t); p3(t)) �B�S�F �N�F�B��

�T�V�S�F�E �C�Z �U�I�F �I�F�B�E �U�S�B�D�L�F�S �T�Z�T�U�F�N �X�J�U�I �S�F�T�Q�F�D�U �U�P �U�I�F �J�N�N�F�S�T�J�W�F �S�P�P�N �	�I�F�S�F �B �$�"�7�&�
 �P�S�J�H�J�O �	x = 1 :5�


y = 1 :5�
z = 0 �G�P�S �B �$�"�7�& �X�J�U�I �T�J�[�F3 � 3 � 3 �N�
 �B�O�E �F�Y�Q�S�F�T�T�F�E �C�Z �	�������
��

~P(t) = ( xp(t); yp(t); zp(t)) = xp(t)~i + yp(t)~j + zp(t)~k �	�������
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j �B�O�Ek �B�S�F �U�I�F �V�O�J�R�V�F �W�F�D�U�P�S�T �B�M�P�O�Hx�
y�
 �B�O�E

z �B�Y�F�T �S�F�T�Q�F�D�U�J�W�F�M�Z�� �5�I�F �Q�P�T�J�U�J�P�O �W�F�D�U�P�S �B�U �U�J�N�Ft + � t �J�T �S�F�Q�S�F�T�F�O�U�F�E �C�Z~P(t + � t) �B�O�E �F�Y�Q�S�F�T�T�F�E �C�Z �	�������
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~P(t + � t) = ~P(t) + � ~P �	�������
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 �W�F�D�U�P�S� ~P �J�T �D�B�M�M�F�E �U�I�F �U�S�B�O�T�M�B�U�J�P�O �W�F�D�U�P�S �B�O�E �J�T �D�B�M�D�V�M�B�U�F�E �C�B�T�F�E �P�O �B �D�P�O�T�U�B�O�U �P�S �W�B�S�J�B�C�M�F �T�Q�F�F�E��

�5�I�F �U�S�B�O�T�M�B�U�J�P�O �W�F�D�U�P�S �E�F�Q�F�O�E�T �P�O �U�I�F �M�J�O�F�B�S �W�F�M�P�D�J�U�Z�
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 �J�G �U�I�F �N�B�Q�Q�J�O�H �G�V�O�D�U�J�P�O �	f �
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�J�T �D�P�O�T�J�E�F�S�F�E �M�J�O�F�B�S��

d = f (a(t)) � v = kt a(t)v �	�������
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�"�T �X�F �X�J�M�M �T�F�F �M�B�U�F�S�
 �S�F�E�J�S�F�D�U�J�P�O �J�T �D�B�M�D�V�M�B�U�F�E �C�Z �R�V�B�U�F�S�O�J�P�O �B�M�H�F�C�S�B��

���������� �3	á	æ	Ó	æ	Û	á	à	Ó	Þ 	ß	á	è	×	ß	×	à	æ 	Ó	à	Ö 	â	Ó	æ	Ú 	Õ	á	ä	ä	×	Õ	æ	Û	á	à 	ç	å	Û	à	Ù 	æ	Ú	× 	á	ä	Û	×	à	æ	Ó	æ	Û	á	à 	è	×	Õ��

	æ	á	ä

�4�Q�B�U�J�B�M �S�P�U�B�U�J�P�O�T �J�O ���% �D�B�O �C�F �Q�B�S�B�N�F�U�S�J�[�F�E �V�T�J�O�H �C�P�U�I �&�V�M�F�S �B�O�H�M�F�T �B�O�E �V�O�J�U �R�V�B�U�F�S�O�J�P�O�T�� �" �R�V�B�U�F�S�O�J�P�O

�J�T �B�O �F�Y�U�F�O�T�J�P�O �P�G �&�V�M�F�S�!�T �G�P�S�N�V�M�B�� �" �H�J�W�F�O ���% �Q�P�J�O�Uq �X�J�U�I �D�P�P�S�E�J�O�B�U�F(r; � ) �J�O �U�I�F �D�P�N�Q�M�F�Y �Q�M�B�O�F �B�O�E

(x; y) �J�O �$�B�S�U�F�T�J�B�O �D�P�P�S�E�J�O�B�U�F�T �D�B�O �C�F �S�F�Q�S�F�T�F�O�U�F�E �F�J�U�I�F�S �C�Z �B �W�F�D�U�P�S �	�������
 �P�S �&�V�M�F�S �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �	�������
��

q = xâx + yây = îx + ĵy �	�������


x + jy = rej� = r (cos(� ) + j sin(� )) �	�������


����



�)�L�J�X�U�H �����������5�R�W�D�W�L�R�Q �R�I� �G�H�J�U�H�H�V �D�U�R�X�Q�G �Y�H�F�W�R�U~u �L�Q ���' �V�S�D�F�H��

�X�I�F�S�F�
r =
p

x2 + y2 �B�O�E� = tan � 1
� y

x

�
�B�O�Eâx = î �
ây = ĵ �B�S�F �V�O�J�U �W�F�D�U�P�S�T �B�M�P�O�Hx �B�O�Ey

�B�Y�F�T�� �&�R�V�B�U�J�P�O �	�������
 �D�B�O �C�F �J�O�U�F�S�Q�S�F�U�F�E �B�T �B �S�P�U�B�U�J�P�O �P�G� �E�F�H�S�F�F�T �B�S�P�V�O�Ez �B�Y�J�T�� �*�O ���% �T�Q�B�D�F�
 �Q�P�J�O�Uq �X�J�U�I

�	x; y; z�
 �J�O ���% �$�B�S�U�F�T�J�B�O �D�P�P�S�E�J�O�B�U�F�T�
 �B�T �T�I�P�X�O �J�O �'�J�H�����������
 �J�T �S�F�Q�S�F�T�F�O�U�F�E �C�Zxî + yĵ + zk̂ �W�F�D�U�P�S�� �5�I�F

�S�P�U�B�U�J�P�O �B�O�H�M�F �P�G� �E�F�H�S�F�F�T �B�S�P�V�O�E~u = ( ux ; uy ; uz) �J�T �E�F�·�«�O�F�E �B�T �	�������
 �C�B�T�F�E �P�O �R�V�B�U�F�S�O�J�P�O �H�F�P�N�F�U�S�Z��

q = e
1
2 � (ux i + uy j + uz k) = cos

�
1
2

�
�

+ ( ux i + uy j + uzk) sin
�

1
2

�
�

�	�������


�/�P�X�
 �V�T�J�O�H �F�R�V�B�U�J�P�O �	�������
�
 �B �V�O�J�U �R�V�B�U�F�S�O�J�P�O �D�B�O �C�F �E�F�T�D�S�J�C�F�E �B�T �	���������
��

q =
h

q0 q1 q2 q3

i T
�	���������


�X�I�F�S�F�
q2
0 + q2

1 + q2
2 + q2

3 = 1 �B�O�E �U�I�F �V�O�J�R�V�F �R�V�B�U�F�S�O�J�P�O~q�J�T �S�F�Q�S�F�T�F�O�U�F�E �C�Z �W�F�D�U�P�S~q= q0 + q1î +

q2ĵ + q3k̂�� �Õ�V�B�U�F�S�O�J�P�Oq�D�B�O �C�F �X�S�J�U�U�F�O �X�J�U�I �S�F�T�Q�F�D�U �U�P �&�V�M�F�S �S�P�U�B�U�J�P�O �B�O�H�M�F �C�Z �	���������
 �B�T �T�I�P�X�O �J�O �'�J�H������������

q =

2

6
6
6
6
6
6
4

cos
�

�
2

�
cos

� �
2

�
cos

�
 
2

�
+ sin

�
�
2

�
sin

� �
2

�
sin

�
 
2

�

sin
�

�
2

�
cos

� �
2

�
cos

�
 
2

�
+ cos

�
�
2

�
sin

� �
2

�
sin

�
 
2

�

cos
�

�
2

�
sin

� �
2

�
cos

�
 
2

�
+ sin

�
�
2

�
cos

� �
2

�
sin

�
 
2

�

cos
�

�
2

�
cos

� �
2

�
sin

�
 
2

�
+ sin

�
�
2

�
sin

� �
2

�
cos

�
 
2

�

3
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7
7
7
7
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�&�R�V�B�U�J�P�O �	���������
 �M�J�O�L�T �&�V�M�F�S �U�P �R�V�B�U�F�S�O�J�P�O �B�O�E �E�F�·�«�O�F�T �U�I�F �D�P�O�W�F�S�T�J�P�O �G�S�P�N �&�V�M�F�S �U�P �R�V�B�U�F�S�O�J�P�O �B�O�E �W�J�D�F

����



�)�L�J�X�U�H �����������5�R�W�D�W�L�R�Q �D�Q�J�O�H �L�Q �&�D�U�W�H�V�L�D�Q �F�R�R�U�G�L�Q�D�W�H�V �Z�L�W�K �(�X�O�H�U �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q��

�W�F�S�T�B�� �"�T �B �S�F�T�V�M�U�
 �U�I�F �S�P�U�B�U�J�P�O �B�O�H�M�F�T �B�S�F �D�B�M�D�V�M�B�U�F�E �C�Z �	���������
��

2

6
4

�

�

 

3

7
5 =

2

6
6
6
6
4

arctan
�

2(q0q1+ q2q3 )
1� 2(q2

1 + q2
2 )

�

arcsin (2 (q0q2 � q3q1))

arctan
�

2(q0q3+ q1q2 )
1� 2(q2

2 + q2
3 )

�

3

7
7
7
7
5

�	���������


arctan �B�O�Earcsin �I�B�W�F �B �S�F�T�V�M�U �C�F�U�X�F�F�O� �
2 �B�O�E�

2 �� �8�I�F�O �U�I�F �S�P�U�B�U�J�P�O �B�O�H�M�F�T �M�B�Z �C�F�U�X�F�F�O� �
2 �B�O�E

�
2 �J�U �J�T �O�P�U �Q�P�T�T�J�C�M�F �U�P �J�E�F�O�U�J�G�Z �J�O �X�I�J�D�I �R�V�B�S�U�F�S �X�F �I�B�W�F �C�F�F�O �M�P�D�B�U�F�E �J�O�
 �B�O�E �T�P�N�F �P�S�J�F�O�U�B�U�J�P�O�T �N�J�H�I�U �C�F

�N�J�T�D�B�M�D�V�M�B�U�F�E�� �5�I�F�S�F�G�P�S�F�
 �X�F �O�F�F�E �U�P �S�F�Q�M�B�D�Farctan �C�Zatan2 �J�O �	���������
 �U�P �H�F�O�F�S�B�U�F �B�M�M �U�I�F �P�S�J�F�O�U�B�U�J�P�O�T �B�T

�S�F�T�U�B�U�F�E �J�O �	���������
��

2

6
4

�

�

 

3

7
5 =

2

6
4

atan2
�
2 (q0q1 + q2q3) ; 1 � 2

�
q2

1 + q2
2

��

arcsin (2 (q0q2 � q3q1))

atan2
�
2 (q0q3 + q1q2) ; 1 � 2

�
q2

2 + q2
3

��

3

7
5 �	���������


�" �S�P�U�B�U�J�P�O �X�J�U�I �B�O�H�M�F� �
 �B�S�P�V�O�E �B �V�O�J�U �W�F�D�U�P�S~u�
 �U�I�F �S�P�U�B�U�J�P�O �B�Y�J�T�
 �J�O �B ���% �T�Q�B�D�F �G�P�S �&�V�M�F�S �S�F�Q�S�F�T�F�O�U�B�U�J�P�O

����



�J�T �E�F�·�«�O�F�E �C�Z �	���������
�� �5�I�S�P�V�H�I�P�V�U �U�I�J�T �U�I�F�T�J�T�
 �F�R�V�B�U�J�P�O �	���������
 �X�J�M�M �C�F �V�T�F�E �G�P�S �S�P�U�B�U�J�P�O��

R =

2

6
4

cos(� ) + u2
x (1 � cos(� )) uxuy (1 � cos(� )) � uz sin(� ) uxuz (1 � cos(� )) + uy sin(� )

uyux (1 � cos(� )) + uz sin(� ) cos(� ) + u2
y (1 � cos(� )) uyuz (1 � cos(� )) � ux sin(� )

uzux (1 � cos(� )) � uy sin(� ) uzuy (1 � cos(� )) + ux sin(� ) cos(� ) + u2
z (1 � cos(� ))

3

7
5

�	���������


�6�T�V�B�M�M�Z�
cos(� ) �B�O�Esin(� ) �B�S�F �S�F�Q�M�B�D�F�E �X�J�U�IC �B�O�ES �S�F�T�Q�F�D�U�J�W�F�M�Z �U�P �N�B�L�F �U�I�F �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�G �U�I�F

�S�P�U�B�U�J�P�O �N�B�U�S�J�Y �T�J�N�Q�M�F�S �B�T �T�F�F�O �J�O �	���������
��

R =

2

6
4

C + u2
x (1 � C) uxuy (1 � C) � uzS uxuz (1 � C) + uyS

uyux (1 � C) + uzS C + u2
y (1 � C) uyuz (1 � C) � uxS

uzux (1 � C) � uyS uzuy (1 � C) + uxS C + u2
z (1 � C)

3

7
5 �	���������


�*�G �U�I�F �S�P�U�B�U�J�P�O �U�B�L�F�T �Q�M�B�D�F �B�S�P�V�O�Ez �B�Y�J�T �J�O �U�I�F �Q�M�B�O�Fz = z0�
 �U�I�F �S�P�U�B�U�J�P�O �B�Y�J�T �J�T �E�F�·�«�O�F�E �C�Z~u = (0 ; 0; 1)

�U�I�F�O �U�I�F �S�P�U�B�U�J�P�O �N�B�U�S�J�Y �J�T �S�F�X�S�J�U�U�F�O �B�T �	���������
 �X�I�J�D�I �J�T �U�I�F �G�B�N�P�V�T �S�P�U�B�U�J�P�O �N�B�U�S�J�Y �X�F �L�O�P�X �G�S�P�N �B�O�B�M�Z�U�J�D�B�M

�H�F�P�N�F�U�S�Z��

R =

2

6
4

cos(� ) � sin(� ) 0

sin(� ) cos(� ) 0

0 0 1

3

7
5 �	���������


�*�U �D�B�O �C�F �T�I�P�X�O �U�I�B�U �U�I�J�T �S�P�U�B�U�J�P�O �D�B�O �C�F �B�Q�Q�M�J�F�E �U�P �B�O �P�S�E�J�O�B�S�Z �W�F�D�U�P�S~p = ( px ; py ; pz) = px~i + py~j +

pz~k �J�O �B ���% �T�Q�B�D�F�� �7�F�D�U�P�S~p�D�B�O �C�F �D�P�O�T�J�E�F�S�F�E �B�T �B �R�V�B�U�F�S�O�J�P�O �X�J�U�I �B �S�F�B�M �D�P�P�S�E�J�O�B�U�F �F�R�V�B�M �U�P �[�F�S�P �B�O�E �U�I�F

�S�P�U�B�U�J�P�O �P�Q�F�S�B�U�J�P�O �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E �C�Z �	���������
 �	�X�F�M�M �L�O�P�X�O �B�T �U�I�F �)�B�N�J�M�U�P�O �Q�S�P�E�V�D�U�
�
 �X�I�F�S�F�

�
p0

x ; p0
y ; p0

z

�

�J�O �	���������
 �J�T �U�I�F �O�F�X �W�F�D�U�P�S �B�G�½�F�S �S�P�U�B�U�J�P�O�� �*�Gp �B�O�Eq�B�S�F �R�V�B�U�F�S�O�J�P�O�T �S�F�Q�S�F�T�F�O�U�J�O�H �U�X�P �D�P�O�U�J�O�V�P�V�T �S�P�U�B�U�J�P�O�T�


�U�I�F�O �	���������
 �J�T �U�I�F �S�F�T�V�M�U �P�G �U�I�F �·�«�O�B�M �S�P�U�B�U�J�P�O �X�I�J�D�I �J�T �U�I�F �T�B�N�F �B�T �S�P�U�B�U�J�O�H �C�Zq �B�O�E �U�I�F�O �C�Zp�� �5�I�F �Q�P�X�F�Sn

�P�G �B �R�V�B�U�F�S�O�J�P�O �S�P�U�B�U�J�P�Oqn �J�T �B �S�P�U�B�U�J�P�O �C�Zn �U�J�N�F�T �U�I�F �B�O�H�M�F �B�S�P�V�O�E �U�I�F �T�B�N�F �B�Y�J�T �B�Tq��

p0 = qpq� �	���������


pq~v(pq) � = pq~vq� p� = p(q~vq� ) p� �	���������


�X�I�F�S�F�
q� �J�T �D�B�M�M�F�E �U�I�F �D�P�O�K�V�H�B�U�F�E �R�V�B�U�F�S�O�J�P�O �B�O�E �J�T �E�F�·�«�O�F�E �C�Zq� = [ a � b � c � d ]T �J�Gq =

[ a b c d ]T �� �5�I�F �D�P�O�K�V�H�B�U�J�P�O �E�F�·�«�O�J�U�J�P�O �J�O �R�V�B�U�F�S�O�J�P�O �B�M�H�F�C�S�B �J�T �U�I�F �H�F�O�F�S�B�M�J�[�F�E �G�P�S�N �P�G �B �D�P�N�Q�M�F�Y

�O�V�N�C�F�S�� �5�I�F �D�P�O�K�V�H�B�U�J�P�O �P�G �B �D�P�N�Q�M�F�Y �O�V�N�C�F�Sz = x + jy �J�T �E�F�·�«�O�F�E �C�Zz� = x � jy �� �"�T �T�F�F�O�
 �P�O�M�Zj

�J�T �D�P�O�W�F�S�U�F�E �J�O�U�P� j �U�P �D�B�M�D�V�M�B�U�F �U�I�F �D�P�O�K�V�H�B�U�F�E �D�P�N�Q�M�F�Y �O�V�N�C�F�S�� �5�I�F �T�B�N�F �P�Q�F�S�B�U�J�P�O �D�B�O �C�F �E�P�O�F �I�F�S�F�


����



�)�L�J�X�U�H �����������5�H�R�U�L�H�Q�W�D�W�L�R�Q �G�X�U�L�Q�J �Q�D�Y�L�J�D�W�L�R�Q��

q = a + bi + cj + dk �J�T �D�P�O�K�V�H�B�U�F�E �C�Z �D�P�O�W�F�S�U�J�O�Hi �
j �
k �J�O�U�P� i �
� j �
� k�
q = a � bi � cj � dk��

�4�P�N�F�U�J�N�F�T �U�I�F �S�P�U�B�U�J�P�O �U�B�L�F�T �Q�M�B�D�F �B�S�P�V�O�Ez �B�Y�J�T�� �*�O �U�I�J�T �D�B�T�F�
 �J�U �J�T �N�V�D�I �F�B�T�J�F�S �U�P �Q�S�P�K�F�D�U �U�I�F �O�B�W�J�H�B��

�U�J�P�O �Q�B�U�I �P�Oxy �Q�M�B�O�F �U�P �N�B�L�F �U�I�F �D�B�M�D�V�M�B�U�J�P�O �T�J�N�Q�M�F�S �B�O�E �P�G �D�P�V�S�T�F �G�B�T�U�F�S�� �*�O ���%�
 �P�Oz = 0 �Q�M�B�O�F�
 �U�I�F

���% �S�P�U�B�U�J�P�O �N�B�U�S�J�Y �	���������
 �E�F�T�D�S�J�C�F�T �U�I�F �L�J�O�F�N�B�U�J�D�T �P�G �U�I�F �V�T�F�S �S�P�U�B�U�J�P�O�� �5�I�F �D�V�S�S�F�O�U �B�O�E �U�B�S�H�F�U �P�S�J�F�O�U�B��

�U�J�P�O�T �B�S�F �S�F�R�V�J�S�F�E �U�P �D�B�M�D�V�M�B�U�F �U�I�F �S�P�U�B�U�J�P�O �N�B�U�S�J�Y �B�O�E �N�B�L�F �S�P�U�B�U�J�P�O �J�O �7�&�T �Q�P�T�T�J�C�M�F �	�'�J�H�����������
�� �$�P�N�N�P�O

�E�F�T�D�S�J�Q�U�J�P�O�T �P�G �B �S�P�U�B�U�J�P�O �J�O�D�M�V�E�F �&�V�M�F�S �B�O�H�M�F�T �B�O�E �N�B�U�S�J�Y �Q�S�P�E�V�D�U�T �B�T �F�Y�Q�M�B�J�O�F�E �B�C�P�W�F �	���������
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��

���� �#�V�U�U�P�O �G�P�S �U�B�T�L �E�F�·�«�O�J�U�J�P�O��

�4�P�N�F �Q�B�S�B�N�F�U�F�S�T �T�V�D�I �B�T �U�I�F �N�P�W�F�N�F�O�U �S�F�T�P�M�V�U�J�P�O �B�S�F �W�F�S�Z �J�N�Q�P�S�U�B�O�U�� �#�V�U�
 �J�G �U�I�F �E�F�W�J�D�F �I�B�T �O�P�U �U�I�J�T

�D�B�Q�B�C�J�M�J�U�Z �J�U �J�T �Q�P�T�T�J�C�M�F �U�P �D�P�E�F �J�U �J�O �U�I�F �D�M�J�F�O�U �B�Q�Q�M�J�D�B�U�J�P�O�� �#�F�T�J�E�F�T�
 �U�I�F �'�M�Z���T�U�J�D�L �I�B�T �B �N�F�D�I�B�O�J�D�B�M �S�F�T�P�M�V��

�U�J�P�O �I�P�X�F�W�F�S�
 �J�U �J�T �S�F�D�P�N�N�F�O�E�F�E �U�P �E�F�B�D�U�J�W�B�U�F �U�I�J�T �D�B�Q�B�C�J�M�J�U�Z �B�O�E �B�D�U�J�W�B�U�F �U�I�F �T�P�G�½�X�B�S�F �S�F�T�P�M�V�U�J�P�O�� �.�P�S�F

�B�D�D�V�S�B�U�F �N�P�W�F�N�F�O�U �D�B�O �C�F �E�F�T�J�H�O�F�E �C�Z �U�I�F �T�P�G�½�X�B�S�F �S�F�T�P�M�V�U�J�P�O�� �/�B�W�J�H�B�U�J�P�O �Q�B�U�I�T �B�S�F �V�T�V�B�M�M�Z �Q�S�F�E�F�·�«�O�F�E

�B�O�E �N�B�S�L�F�E �V�Q �J�O �U�I�F ���% �T�D�F�O�F �U�P �I�F�M�Q �U�I�F �T�V�C�K�F�D�U�T �G�P�M�M�P�X �U�I�F�N �F�Y�D�M�V�T�J�W�F�M�Z �G�S�P�N �E�F�Q�B�S�U�V�S�F �U�P �U�I�F �E�F�T�U�J��

�O�B�U�J�P�O �E�V�S�J�O�H �U�I�F �Q�F�S�G�P�S�N�B�O�D�F �F�W�B�M�V�B�U�J�P�O�� �*�O �T�V�D�I �D�B�T�F�T�
 �U�I�F �U�S�B�D�L�F�S �Q�P�T�J�U�J�P�O �J�T �S�F�D�P�S�E�F�E �U�P �D�B�M�D�V�M�B�U�F �U�I�F

�F�¶�·�«�D�J�F�O�D�Z �P�G �U�I�F �O�B�W�J�H�B�U�J�P�O �E�F�W�J�D�F�� �"�O�Z �L�J�O�E �P�G �D�P�N�Q�M�F�Y �N�P�W�F�N�F�O�U�T �D�B�O �C�F �C�V�J�M�U �C�Z �D�P�N�C�J�O�J�O�H �U�I�F �F�M�F��

�N�F�O�U�T �X�I�J�D�I �I�B�W�F �C�F�F�O �J�O�U�S�P�E�V�D�F�E �	�J�U�F�N�T �������
�� �5�I�V�T�
 �U�I�F�T�F �Q�B�S�B�N�F�U�F�S�T �B�S�F �U�I�F �N�J�O�J�N�V�N �S�F�R�V�J�S�F�N�F�O�U�T �G�P�S

�B�O�Z ���% �O�B�W�J�H�B�U�J�P�O �E�F�W�J�D�F�� �5�I�F�T�F �S�F�R�V�J�S�F�N�F�O�U�T �O�F�F�E �U�P �C�F �J�O�D�P�S�Q�P�S�B�U�F�E �J�O �U�I�F �O�B�W�J�H�B�U�J�P�O �E�F�W�J�D�F�T �B�O�E �O�P�U

�H�F�T�U�V�S�F���C�B�T�F�E �J�O�U�F�S�G�B�D�F�T �X�I�J�D�I �X�J�M�M �C�F �F�Y�Q�M�B�J�O�F�E �M�B�U�F�S��

�" �U�S�B�O�T�G�P�S�N�B�U�J�P�O �G�V�O�D�U�J�P�O �V�T�V�B�M�M�Z �N�B�Q�T �B�O�B�M�P�H �W�B�M�V�F�T �	�B�O�H�M�F�T�
 �U�P �U�I�F �O�B�W�J�H�B�U�J�P�O �Q�B�S�B�N�F�U�F�S�T�� �'�P�S �F�Y��

�B�N�Q�M�F�
 �U�I�F �S�P�U�B�U�J�P�O �B�O�H�M�F �	� �
 �P�G �U�I�F �K�P�Z�T�U�J�D�L �	�Z�F�M�M�P�X �C�V�U�U�P�O �J�O �'�J�H�������������C�
 �J�T �V�T�F�E �U�P �S�P�U�B�U�F �U�I�F ���% �T�D�F�O�F �U�P

�U�I�F �M�F�G�½���S�J�H�I�U �E�V�S�J�O�H �O�B�W�J�H�B�U�J�P�O�� �*�U �J�T �N�B�Q�Q�F�E �U�P �U�I�F �S�F�B�M �S�P�U�B�U�J�P�O �B�O�H�M�F �C�Z �	���������
��

� r (t) = f (� (t)) �	���������


�X�I�F�S�F�
 �G�V�O�D�U�J�P�Of �J�T �B�O�Z �B�O�B�M�Z�U�J�D�B�M �G�V�O�D�U�J�P�O �J�OR �B�O�E �J�T �E�F�·�«�O�F�E �J�O �U�I�F �G�P�S�N �P�G �B �D�P�O�T�U�B�O�U �W�B�M�V�F �	���������
 �P�S

�B �Q�P�M�Z�O�P�N�J�B�M �G�V�O�D�U�J�P�O �	���������
 �N�P�T�U �P�G �U�I�F �U�J�N�F��

������



f (x) = kr �	���������


f (x) = an� 1xn + an� 2xn� 1 + � � � + a1x + a0 �	���������


�'�P�S �U�I�F �T�J�N�Q�M�J�D�J�U�Z �P�G �U�I�F �B�O�B�M�Z�T�J�T�
 �F�R�V�B�U�J�P�O �	���������
 �J�T �T�F�M�F�D�U�F�E �G�P�S �U�I�J�T �T�U�V�E�Z�� �5�I�F�S�F�G�P�S�F�
 �U�I�F �B�D�U�V�B�M �S�P�U�B�U�J�P�O

�B�O�H�M�F �J�T �E�F�·�«�O�F�E �C�Z �	���������
 �B�O�E �D�P�O�T�F�R�V�F�O�U�M�Z �U�I�F �S�P�U�B�U�J�P�O �N�B�U�S�J�Y �J�T �D�B�M�D�V�M�B�U�F�E �C�Z �	���������
 �P�S �	���������
 �J�G �U�I�F �T�D�F�O�F

�S�P�U�B�U�F�T �B�S�P�V�O�Ez �B�Y�J�T�� �*�G �U�I�F �S�P�U�B�U�J�P�O �B�Y�J�T �J�T �E�J�¶�G�F�S�F�O�U�
 �F�R�V�B�U�J�P�O �	���������
 �X�J�M�M �C�F �B�Q�Q�M�J�F�E��

� r (t) = kr � (t) �	���������


R =

2

6
4

cos (kr � (t)) � sin (kr � (t)) 0

sin (kr � (t)) cos (kr � (t)) 0

0 0 1

3

7
5 �	���������


�&�B�D�I ���% �Q�P�J�O�U �B�T�T�P�D�J�B�U�F�E �X�J�U�I �B �H�J�W�F�O �T�D�F�O�F�
 �X�J�U�I �D�P�P�S�E�J�O�B�U�FA =

2

6
4

xA

yA

zA

3

7
5�
 �X�J�M�M �C�F �J�O �Q�P�T�J�U�J�P�OB =

2

6
4

xB

yB

zB

3

7
5 �B�G�½�F�S �S�P�U�B�U�J�P�O �C�Z �B�Q�Q�M�Z�J�O�H �U�I�F �S�P�U�B�U�J�P�O �N�B�U�S�J�Y��
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4

xB

yB

zB

3

7
5 =

2

6
4

cos (kr � (t)) � sin (kr � (t)) 0

sin (kr � (t)) cos (kr � (t)) 0

0 0 1
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7
5
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6
4
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yA
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3

7
5 �	���������


�)�P�X�F�W�F�S�
 �C�F�D�B�V�T�F �P�G �U�I�F �T�J�N�Q�M�J�D�J�U�Z �P�G �U�I�F �D�B�M�D�V�M�B�U�J�P�O�
 �R�V�B�U�F�S�O�J�P�O �F�R�V�B�U�J�P�O�T �B�S�F �B�Q�Q�M�J�F�E �J�O �Q�S�B�D�U�J�D�F�� �*�O

�U�I�B�U �X�B�Z�
 �U�I�F �·�«�S�T�U �S�P�U�B�U�J�P�O �W�F�D�U�P�S �	���������
 �J�O �$�B�S�U�F�T�J�B�O �D�P�P�S�E�J�O�B�U�F�T �J�T �D�B�M�D�V�M�B�U�F�E�� �*�O �	���������
�
 �X�F �B�T�T�V�N�F �U�I�B�U �U�I�F

�T�D�F�O�F �S�P�U�B�U�F�T �B�S�P�V�O�Ez �B�Y�J�T��

2

6
4

� r

� r

 r

3

7
5 =

2

6
4

0

0

kr � (t)
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7
5 �	���������


������



�5�I�F�O�
 �R�V�B�U�F�S�O�J�P�Oq �J�T �D�B�M�D�V�M�B�U�F�E �C�Z �	���������
 �B�O�E �Z�J�F�M�E�T �	���������
��

q(t) =

2

6
6
6
6
6
4
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�

kr
� (t )
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�

0

0

sin
�

kr
� (t )
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7
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�'�J�O�B�M�M�Z�
 �U�I�F �S�P�U�B�U�J�P�O �P�G �U�I�F �T�D�F�O�F �	���������
 �J�T �B�D�I�J�F�W�F�E �C�Z �B�Q�Q�M�Z�J�O�H �U�I�F �)�B�N�J�M�U�P�O �Q�S�P�E�V�D�U �	���������
��
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�"�T �T�F�F�O�
 �U�I�F �D�B�M�D�V�M�B�U�J�P�O �J�T �G�B�J�S�M�Z �U�J�N�F �D�P�O�T�V�N�J�O�H �J�O �B �S�F�B�M���U�J�N�F �Q�S�P�D�F�T�T �F�T�Q�F�D�J�B�M�M�Z �X�I�F�O �N�J�M�M�J�P�O�T �P�G �Q�P�J�O�U�T

�B�S�F �S�P�U�B�U�J�O�H �X�J�U�I �B �T�J�N�Q�M�F �D�P�N�N�B�O�E�� �5�I�F�S�F�G�P�S�F�
 �J�U �J�T �O�P�U �F�B�T�Z �U�P �T�F�M�F�D�U �B �U�S�B�O�T�G�F�S �G�V�O�D�U�J�P�O �X�J�U�I �N�P�S�F �Q�B��

�S�B�N�F�U�F�S�T �M�J�L�F �	���������
 �U�P �N�B�Q �U�I�F �B�O�B�M�P�H �W�B�M�V�F �U�P �U�I�F �S�F�B�M �S�P�U�B�U�J�P�O �B�O�H�M�F�
 �U�I�F �N�P�S�F �Q�B�S�B�N�F�U�F�S�T �U�I�F �N�P�S�F �E�F�M�B�Z��

�5�I�F �U�S�B�O�T�M�B�U�J�P�O �N�P�W�F�N�F�O�U �J�T �D�B�M�D�V�M�B�U�F�E �B�M�P�O�H �B �H�J�W�F�O �N�P�U�J�P�O �W�F�D�U�P�S �J�O �U�I�F �T�B�N�F �X�B�Z�� �'�P�S �J�O�T�U�B�O�D�F�
 �J�G �U�I�F

�T�F�D�P�O�E �B�O�B�M�P�H �W�B�M�V�F �J�T �T�F�M�F�D�U�F�E �G�P�S �U�S�B�O�T�M�B�U�J�P�O �	�B �K�P�Z�T�U�J�D�L �H�F�O�F�S�B�U�F�T �U�X�P �B�O�B�M�P�H �W�B�M�V�F�T�
�
 �J�U �X�J�M�M �C�F �D�P�O�W�F�S�U�F�E

�U�P �S�F�B�M �E�J�T�Q�M�B�D�F�N�F�O�U �W�B�M�V�F�T �C�Z �	���������
 �C�Z �B �U�S�B�O�T�G�F�S �G�V�O�D�U�J�P�O �T�J�N�J�M�B�S �U�P �U�I�B�U �P�G �S�P�U�B�U�J�P�O�
 �I�P�X�F�W�F�S �U�I�F �N�P�U�J�P�O

�W�F�D�U�P�S �B�M�P�O�Hx �B�Y�J�T �J�T �D�B�M�D�V�M�B�U�F�E �C�Z �	���������
��

� d = kt d(t) �	���������


�!
� d =

2

6
4

kt d(t)

0

0

3

7
5 �	���������


�*�G �U�I�F �U�B�S�H�F�U �E�J�S�F�D�U�J�P�O �J�T �B�M�P�O�Hx �B�Y�J�T�
 �U�I�F�O �T�J�N�Q�M�Z �U�I�F �U�S�B�O�T�M�B�U�J�P�O �N�B�U�S�J�Y �J�T �D�B�M�D�V�M�B�U�F�E �C�Z �	���������
 �B�O�E �U�I�F

�T�D�B�M�F �G�B�D�U�P�S �J�T �T�F�U �U�P1 �C�F�D�B�V�T�F �U�I�F �F�O�W�J�S�P�O�N�F�O�U �J�T �S�F�B�M���T�D�B�M�F�� �5�I�F �G�V�U�V�S�F �Q�P�T�J�U�J�P�O �P�G �H�J�W�F�O �Q�P�J�O�U�TA �B�O�EB �


�J�T �D�B�M�D�V�M�B�U�F�E �C�Z �B�Q�Q�M�Z�J�O�H �U�I�F �U�S�B�O�T�M�B�U�J�P�O �N�B�U�S�J�Y �U�PA �B�T �T�I�P�X�O �J�O �	���������
��

������
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0 0 1 � z

0 0 0 1
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� x + xA

� y + yA

� z + zA
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�*�G �U�I�F �U�B�S�H�F�U �E�J�S�F�D�U�J�P�O �J�T �E�J�¶�G�F�S�F�O�U�
 �X�F �O�F�F�E �U�P �S�P�U�B�U�F �U�I�F �T�D�F�O�F �U�P �S�F�P�S�J�F�O�U �B�M�P�O�H �U�I�F �E�F�T�J�S�F�E �E�J�S�F�D�U�J�P�O

�·�«�S�T�U�� �*�O �C�P�U�I �F�Y�B�N�Q�M�F�T �X�F �B�T�T�V�N�F�E �U�I�F �W�F�M�P�D�J�U�Z �J�T �D�P�O�T�U�B�O�U�� �8�F �D�B�O �B�T�T�V�N�F �B �B�D�D�F�M�F�S�B�U�F�E �N�P�W�F�N�F�O�U �C�Z

�B�E�E�J�O�H �P�O�F �N�P�S�F �Q�B�S�B�N�F�U�F�S �U�P �U�I�F �F�R�V�B�U�J�P�O�T�� �*�O �B �B�D�D�F�M�F�S�B�U�F�E���D�P�O�T�U�B�O�U���T�Q�F�F�E �N�P�W�F�N�F�O�U�
� r (t) �J�T �E�F�·�«�O�F�E

�C�Z �	���������
 �B�O�E �	���������
�
 �S�F�T�Q�F�D�U�J�W�F�M�Z��

� r (t) = kr (!t ) �	���������


� r (t) = kr
�
!t + at2�

�	���������


�5�I�F �T�B�N�F �B�T�T�V�N�Q�U�J�P�O �D�B�O �C�F �N�B�E�F �G�P�S �U�S�B�O�T�M�B�U�J�P�O�B�M �N�P�W�F�N�F�O�U�� �)�F�S�F�
 �U�I�F �T�F�M�F�D�U�J�P�O �P�G �B �T�J�N�Q�M�F �U�S�B�O�T�G�F�S
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�E�F�Q�U�I �D�B�N�F�S�B �J�T �X�P�S�L�J�O�H�� �'�P�S �U�I�B�U�
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�4�V�C�T�U�J�U�V�U�J�O�HD �G�S�P�ND
b = Z0 � Zk

Z0
�	�G�S�P�N �U�I�F �T�J�N�J�M�B�S�J�U�Z �P�G� OCL �B�O�E� OMK �U�S�J�B�O�H�M�F�T�
 �J�O�U�Pd

f = D
Zk

�	�G�S�P�N �U�I�F �T�J�N�J�M�B�S�J�U�Z �P�G� HKC �B�O�E� CGA �U�S�J�B�O�H�M�F�T�
 �B�O�E �F�Y�Q�S�F�T�T�J�O�HZk �J�O �U�F�S�N�T �P�G �P�U�I�F�S �W�B�S�J�B�C�M�F�T �Z�J�F�M�E�T

�	���������


Zk =
Z0

1 + Z0
fb d

�	���������


�X�I�F�S�FZk �E�F�O�P�U�F�T �U�I�F �E�J�T�U�B�O�D�F �	�E�F�Q�U�I�
 �P�G �Q�P�J�O�Uk �J�O �U�I�F �P�C�K�F�D�U �T�Q�B�D�F�
b�J�T �U�I�F �C�B�T�F �M�F�O�H�U�I �C�F�U�X�F�F�O �U�I�F

�D�B�N�F�S�B �B�O�E �U�I�F �Q�S�P�K�F�D�U�P�S�
f �J�T �U�I�F �G�P�D�B�M �M�F�O�H�U�I �P�G �U�I�F �J�O�G�S�B�S�F�E �D�B�N�F�S�B�
D �J�T �U�I�F �E�J�T�Q�M�B�D�F�N�F�O�U �P�G �Q�P�J�O�Uk �J�O

�U�I�F �P�C�K�F�D�U �T�Q�B�D�F�
 �B�O�Ed �J�T �U�I�F �P�C�T�F�S�W�F�E �E�J�T�Q�B�S�J�U�Z �P�O �U�I�F �J�N�B�H�F �Q�M�B�O�F�� �5�I�F �D�P�O�T�U�B�O�U �Q�B�S�B�N�F�U�F�S�TZ0�
f �
 �B�O�E

b�D�B�O �C�F �E�F�U�F�S�N�J�O�F�E �C�Z �U�I�F �D�B�N�F�S�B �D�B�M�J�C�S�B�U�J�P�O�� �5�I�FZ �D�P�P�S�E�J�O�B�U�F �P�G �B �Q�P�J�O�U �U�P�H�F�U�I�F�S �X�J�U�If �E�F�·�«�O�F�T �U�I�F

�J�N�B�H�J�O�H �T�D�B�M�F �G�P�S �U�I�B�U �Q�P�J�O�U�� �5�I�F �D�P�P�S�E�J�O�B�U�F�T �P�G �F�B�D�I �Q�P�J�O�U �P�O �U�I�F �P�C�K�F�D�U �D�B�O �U�I�F�O �C�F �D�B�M�D�V�M�B�U�F�E �G�S�P�N �J�U�T

�J�N�B�H�F �D�P�P�S�E�J�O�B�U�F�T �B�O�E �U�I�F �T�D�B�M�F �C�Z �	���������
 �B�O�E �	���������
��
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X k =
Zk

f
(xk � x0 + �x ) �	���������


Yk =
Zk

f
(yk � y0 + �y ) �	���������


�X�I�F�S�Fxk �B�O�Eyk �B�S�F �U�I�F �J�N�B�H�F �D�P�P�S�E�J�O�B�U�F�T �P�G �U�I�F �Q�P�J�O�U�
x0 �B�O�Ey0 �B�S�F �U�I�F �D�P�P�S�E�J�O�B�U�F�T �P�G �U�I�F �Q�S�J�O�D�J�Q�B�M

�Q�P�J�O�U�
 �B�O�E�x �B�O�E�y �B�S�F �D�P�S�S�F�D�U�J�P�O�T �G�P�S �M�F�O�T �E�J�T�U�P�S�U�J�P�O��
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 �U�I�F
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�8�I�F�O �U�I�F �V�T�F�S �J�T �X�B�M�L�J�O�H �J�O �Q�M�B�D�F�
 �U�I�F �M�F�G�½ �B�O�E �S�J�H�I�U �B�O�L�M�F�T �B�S�F �N�P�W�J�O�H �V�Q �B�O�E �E�P�X�O �P�O�F �B�G�½�F�S �B�O�P�U�I�F�S

�	�'�J�H�������������B�
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�T�I�P�X�O �J�O �'�J�H�������������D�
 �J�T �D�B�Q�U�V�S�F�E �C�Z �*�3���D�B�N�F�S�B�T �	�'�J�H�������������C�
 �B�O�E �U�I�FX �
Y �
 �B�O�EZ �D�P�P�S�E�J�O�B�U�F�T �P�G �U�I�F �Q�P�J�O�U

�B�S�F �D�B�M�D�V�M�B�U�F�E �C�Z �F�R�V�B�U�J�P�O�T �	���������
���	���������
�
 �U�I�F �W�B�S�J�B�U�J�P�O �T�J�H�O�B�M �B�M�P�O�HY �B�Y�J�T �	�U�I�FY �B�Y�J�T �J�T �J�O �B�D�D�P�S�E�B�O�D�F �X�J�U�I

�U�I�F �D�P�P�S�E�J�O�B�U�F�T �E�F�·�«�O�F�E �J�O �'�J�H�����������
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�� �5�I�J�T �D�B�O �C�F �E�F�E�V�D�U�F�E �G�S�P�N �	���������
 �B�T �X�F�M�M�� �"�O �F�Y�B�N�Q�M�F �P�G �U�I�F �B�D�U�V�B�M �T�J�H�O�B�M �J�T �T�I�P�X�O �J�O
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�O�B�W�J�H�B�U�J�P�O �U�B�T�L�T �P�G �U�I�F �D�M�J�F�O�U �B�Q�Q�M�J�D�B�U�J�P�O�� �*�G �U�I�F �V�T�F�S �T�U�B�S�U�T �X�B�M�L�J�O�H �J�O �Q�M�B�D�F�
 �U�I�F �I�F�B�E �X�J�M�M �T�X�J�O�H �U�P �U�I�F �M�F�G�½

�B�O�E �U�I�F �S�J�H�I�U�� �5�I�J�T �N�P�W�F�N�F�O�U �D�B�O �C�F �V�T�F�E �U�P �J�O�J�U�J�B�U�F �P�S �U�F�S�N�J�O�B�U�F �B �O�B�W�J�H�B�U�J�P�O �G�V�O�D�U�J�P�O �T�V�D�I �B�T �U�S�B�O�T�M�B�U�J�P�O

�P�S �S�P�U�B�U�J�P�O��

�'�J�H�����������T�I�P�X�T �U�I�F �T�Z�T�U�F�N �B�S�D�I�J�U�F�D�U�V�S�F �G�P�S �X�B�M�L�J�O�H �J�O �B �W�J�S�U�V�B�M �F�O�W�J�S�P�O�N�F�O�U�� �5�I�F �T�Z�T�U�F�N �I�B�T �T�J�Y �N�B�J�O

�Q�B�S�U�T �J�O�D�M�V�E�J�O�H�� �N�F�B�T�V�S�F�N�F�O�U �E�F�W�J�D�F�T�
 �N�P�W�F�N�F�O�U �E�F�U�F�D�U�J�P�O�
 �J�O�G�S�B�S�F�E �I�F�B�E �U�S�B�D�L�J�O�H �T�Z�T�U�F�N�
 �Q�B�U�I �D�P�S�S�F�D��

�U�J�P�O �B�O�E �D�P�N�N�B�O�E �H�F�O�F�S�B�U�J�P�O�
 �T�Q�F�F�E �B�E�K�V�T�U�N�F�O�U �B�O�E �W�J�T�V�B�M �E�J�T�Q�M�B�Z��
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�5�I�F �S�F�B�M���U�J�N�F �V�T�F�S�!�T �Q�P�T�J�U�J�P�O(x; y; z) �B�O�E �P�S�J�F�O�U�B�U�J�P�O(p0; p1; p2; p3) �B�S�F �N�F�B�T�V�S�F�E �C�Z �"�3�5 �I�F�B�E �U�S�B�D�L�F�S��

�"�T �J�O �T�F�D�U�J�P�O�����������
 �U�I�F �Q�P�T�J�U�J�P�O �W�F�D�U�P�S �J�T �S�F�Q�S�F�T�F�O�U�F�E �C�Z~P(t)�
 �	���������
��

~P(t) = ( xp(t); yp(t); zp(t)) = xp(t)~i + yp(t)~j + zp(t)~k �	���������


�5�I�F �Q�P�T�J�U�J�P�O �W�F�D�U�P�S �B�Ut + � t �J�T �S�F�Q�S�F�T�F�O�U�F�E �C�Z~P(t + � t) �B�O�E �U�I�F �E�J�¶�G�F�S�F�O�D�F �W�F�D�U�P�S �X�J�U�I �S�F�T�Q�F�D�U �U�P

�U�J�N�Ft �J�T �F�Y�Q�S�F�T�T�F�E �C�Z �	���������
��

� ~P = ~P(t + � t) � ~P(t) �	���������
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�)�L�J�X�U�H �����������%�O�R�F�N �G�L�D�J�U�D�P �R�I �D �Q�D�Y�L�J�D�W�L�R�Q �V�\�V�W�H�P �E�\ �Z�D�O�N�L�Q�J �J�D�L�W �D�Q�D�O�\�V�L�V��

�/�P�X�
 �U�I�F �E�F�U�F�D�U�J�P�O �G�V�O�D�U�J�P�O �J�T �E�F�·�«�O�F�E �B�T �	���������
��

D =

8
<

:

1 �J�G
�
�
� � ~P

�
�
� � �

0 �J�G
�
�
� � ~P

�
�
� < �
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�5�I�F �E�F�U�F�D�U�J�P�O �U�I�S�F�T�I�P�M�E�
� �
 �J�T� = 0 �J�O �U�I�F�P�S�Z�� �)�P�X�F�W�F�S �J�U �J�T �O�P�O���[�F�S�P �Q�S�B�D�U�J�D�B�M�M�Z �	�E�V�F �U�P �J�O�W�P�M�V�O�U�B�S�Z

�N�P�W�F�N�F�O�U �P�G �U�I�F �C�P�E�Z �X�I�J�D�I �D�S�F�B�U�F�T �O�P�O���[�F�S�P �N�P�W�F�N�F�O�U �F�W�F�O �J�G �U�I�F �V�T�F�S �T�U�B�O�E�T �T�U�J�M�M�
�� �*�O �G�B�D�U�
 �J�G �U�I�F �Q�P��

�T�J�U�J�P�O �P�G �U�I�F �V�T�F�S �D�I�B�O�H�F�T �G�S�P�Nt �U�Pt + � t �P�SD = 1 �
 �U�I�F �U�S�B�O�T�M�B�U�J�P�O�B�M �N�P�W�F�N�F�O�U �X�J�M�M �T�U�B�S�U �B�O�E �N�P�W�F�T

�U�I�F �T�D�F�O�F �J�O+ y �P�S+ x �E�J�S�F�D�U�J�P�O�T �	z �V�Q�X�B�S�E�
�� �5�I�J�T �N�P�W�F�N�F�O�U �X�J�M�M �T�U�P�Q �X�I�F�O �U�I�F �V�T�F�S �T�U�P�Q�T �X�B�M�L�J�O�H�


D = 0 �� �5�I�F �S�P�U�B�U�J�P�O �J�T �E�P�O�F �C�B�T�F�E �P�O �U�I�F �I�F�B�E �P�S�J�F�O�U�B�U�J�P�O �J�O�T�U�B�O�U�B�O�F�P�V�T�M�Z�� �8�I�F�O �U�I�F �I�F�B�E �P�S�J�F�O�U�B�U�J�P�O

�J�T �D�I�B�O�H�F�E�
 �U�I�F �S�P�U�B�U�J�P�O �N�B�U�S�J�Y �B�T �F�Y�Q�M�B�J�O�F�E �J�O �	���������
 �D�I�B�O�H�F�T �D�P�O�T�F�R�V�F�O�U�M�Z��
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�5�X�P �T�F�O�T�P�S �D�P�O�·�«�H�V�S�B�U�J�P�O�T �X�J�M�M �C�F �J�O�U�S�P�E�V�D�F�E �J�O �U�I�J�T �T�U�V�E�Z�� ���
 �N�J�D�S�P�Q�I�P�O�F���B�S�S�B�Z �	�W�P�J�D�F�
 �B�O�E ���
 �J�O�G�S�B�S�F�E

�E�F�Q�U�I �	�*�3�Ÿ�%�
 �T�F�O�T�P�S �	�W�J�E�F�P�
�� �&�B�D�I �T�F�O�T�P�S �F�N�Q�M�P�Z�T �J�U�T �P�X�O �V�O�J�R�V�F �D�P�O�·�«�H�V�S�B�U�J�P�O �B�O�E �Q�S�P�D�F�T�T�J�O�H �B�Q�Q�S�P�B�D�I�F�T

�U�P �D�B�Q�U�V�S�F �B�O�E �B�O�B�M�Z�[�F �U�I�F �B�T�T�P�D�J�B�U�F�E �T�J�H�O�B�M��
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�)�L�J�X�U�H �����������6�F�K�H�P�H �I�R�U �P�L�F�U�R�S�K�R�Q�H���D�U�U�D�\ �V�R�X�Q�G �F�D�S�W�X�U�L�Q�J �D�Q�G �V�S�H�H�F�K �S�U�R�F�H�V�V�L�Q�J �L�Q �D �Q�R�L�V�\ �D�F�R�X�V�W�L�F�D�O �H�Q�Y�L�U�R�Q�P�H�Q�W��
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�" �S�P�C�V�T�U �S�F�B�M���U�J�N�F �T�Q�F�F�D�I �Q�S�P�D�F�T�T�J�O�H �B�Q�Q�S�P�B�D�I �X�J�U�I �U�I�F �Q�S�F�T�F�O�D�F �P�G �O�P�J�T�F �X�I�J�M�F �D�S�F�B�U�J�O�H �M�F�T�T �E�F�M�B�Z �X�J�M�M

�C�F �B�E�E�S�F�T�T�F�E �I�F�S�F�� �8�F �D�P�O�T�J�E�F�S �B �T�P�V�O�E �D�B�Q�U�V�S�F �T�J�U�V�B�U�J�P�O�
 �O�P�J�T�F�
 �F�D�I�P�F�T �B�O�E �S�F�W�F�S�C�F�S�B�U�J�P�O �B�T �T�L�F�U�D�I�F�E �J�O

�'�J�H������������ �5�I�F �D�I�B�O�O�F�M �J�N�Q�V�M�T�F �S�F�T�Q�P�O�T�F�Thi (r; t ) �E�F�T�D�S�J�C�F �U�I�F �T�P�V�O�E �Q�S�P�Q�B�H�B�U�J�P�O �G�S�P�N �U�I�F �T�P�V�S�D�F �U�P �U�I�F

�J�O�E�J�W�J�E�V�B�M �N�J�D�S�P�Q�I�P�O�F�T�� �5�I�F �E�J�T�D�S�F�U�F���U�J�N�F �C�F�B�N�G�P�S�N�F�S �J�T �N�P�E�F�M�F�E �C�Z �B�O �'�'�5 �P�W�F�S�M�B�Q���B�E�E �·�«�M�U�F�S �C�B�O�L��

�5�I�F �.�J�O�J�N�V�N �7�B�S�J�B�O�D�F �%�J�T�U�P�S�U�J�P�O�M�F�T�T �3�F�T�Q�P�O�T�F �	�.�7�%�3�
 �#�F�B�N�G�P�S�N�F�S �B�M�H�P�S�J�U�I�N �J�O �U�I�F �G�S�F�R�V�F�O�D�Z �E�P��

�N�B�J�O �J�T �V�T�F�E �U�P �B�O�B�M�Z�[�F �U�I�J�T �N�V�M�U�J���D�I�B�O�O�F�M �T�Z�T�U�F�N�� �"�O �.�7�%�3 �#�F�B�N�G�P�S�N�F�S �P�Q�U�J�N�J�[�F�T �U�I�F �Q�P�X�F�S �P�G �U�I�F

�P�V�U�Q�V�U �T�J�H�O�B�M �V�O�E�F�S �U�I�F �D�P�O�T�U�S�B�J�O�U �U�I�B�U �U�I�F �T�J�H�O�B�M�T �G�S�P�N �U�I�F �E�F�T�J�S�F�E �E�J�S�F�D�U�J�P�O �B�S�F �N�B�J�O�U�B�J�O�F�E��

�0�Q�U�J�N�J�[�B�U�J�P�O �D�P�O�T�U�S�B�J�O�U�T �	���������
 �D�B�O �C�F �T�P�M�W�F�E �V�T�J�O�H �-�B�H�S�B�O�H�F�!�T �N�F�U�I�P�E �	���������
��

w0 = arg min
w

wH Sxx w �X�J�U�IwH h = 1 �	���������


r w
�
wH Sxx w + �

�
wH h � 1

��
= Svvw + �h = 0 �	���������


�X�I�F�S�F�
Sxx �
w�
r w �B�S�F �U�I�F �T�Q�B�U�J�P���T�Q�F�D�U�S�B�M �D�P�S�S�F�M�B�U�J�P�O �N�B�U�S�J�Y�
 �C�F�B�N�G�P�S�N�F�S �X�F�J�H�I�U�T �B�O�E �U�I�F �H�S�B�E�J�F�O�U

�X�J�U�I �S�F�T�Q�F�D�U �U�P �U�I�F �X�F�J�H�I�U �W�F�D�U�P�S�
 �S�F�T�Q�F�D�U�J�W�F�M�Z�� �4�V�Q�F�S�T�D�S�J�Q�UH �B�O�Eh �E�F�O�P�U�F �U�I�F �D�P�O�K�V�H�B�U�F �U�S�B�O�T�Q�P�T�F �B�O�E

�U�I�F �D�I�B�O�O�F�M �U�S�B�O�T�G�F�S �G�V�O�D�U�J�P�O �W�F�D�U�P�S�� �$�P�N�C�J�O�J�O�H �U�I�F �D�P�O�T�U�S�B�J�O�U �F�R�V�B�U�J�P�O �G�S�P�N �	���������
 �X�J�U�I �	���������
 �M�F�B�E�T �U�P

�U�I�F �X�F�M�M���L�O�P�X�O �T�P�M�V�U�J�P�O �G�P�S �U�I�F �P�Q�U�J�N�V�N �X�F�J�H�I�U �W�F�D�U�P�S �	���������


w0 =
S� 1

vv h

hH S� 1
vv h

�	���������


�*�G �U�I�F �O�P�J�T�F �J�T �B�T�T�V�N�F�E �B�T �B�O �I�P�N�P�H�F�O�F�P�V�T �E�J�¶�G�V�T�F �O�P�J�T�F �B�O�E �J�G �X�F �F�T�U�J�N�B�U�FSvv �G�P�S �F�B�D�I �T�J�H�O�B�M �G�S�B�N�F
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�X�J�U�I �J�O�E�F�Ym �C�Z

Svv

�
ej� ; m

�
= �S vv

�
ej� ; m � 1

�
+ (1 � � )v

�
ej� ; m

�
vH

�
ej� ; m

�
�	���������


�X�I�F�S�F� = 2 � f
f s

�J�T �U�I�F �G�S�F�R�V�F�O�D�Z �W�B�S�J�B�C�M�F �B�O�E� � 0:8 �	v �J�T �U�I�F �W�F�D�U�P�S �P�G �U�I�F �O�P�J�T�F �T�Q�F�D�U�S�B�
�
 �U�I�F

�P�Q�U�J�N�V�N �X�F�J�H�I�U �W�F�D�U�P�S �D�B�O �C�F �G�P�V�O�E �J�U�F�S�B�U�J�W�F�M�Z �X�J�U�I �B �T�U�F�F�Q�F�T�U �E�F�T�D�F�O�U �B�M�H�P�S�J�U�I�N �F�Y�Q�S�F�T�T�F�E �C�Z �	���������
��

wk+1 = wk � � r w
�
wH

k Sxx wk + �
�
wH

k h � 1
��

= wk � � (Svvwk + �h ) �	���������


�-�B�H�S�B�O�H�F �N�V�M�U�J�Q�M�J�F�S�
� �
 �J�T �D�B�M�D�V�M�B�U�F�E �C�Z �T�V�C�T�U�J�U�V�U�J�O�H �U�I�F �T�F�D�P�O�E �D�P�O�T�U�S�B�J�O�U �P�G �	���������
 �J�O �	���������
�� �#�Z �F�M�J�N�J��

�O�B�U�J�O�H� �G�S�P�N �	���������
�
 �X�F �·�«�O�B�M�M�Z �H�F�U �U�I�F �V�Q�E�B�U�F �F�R�V�B�U�J�P�O �	���������
��

wk+1 = wk � �
�

I �
hhH

jjhjj2

�
Svvwk

| {z }
gk
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�*�O �	���������
�
 �U�I�F �X�F�J�H�I�U �W�F�D�U�P�S �J�T �V�Q�E�B�U�F�E �C�Z �V�T�J�O�HSvv �F�T�U�J�N�B�U�F�E �G�S�P�N �	���������
 �B�O�E �J�U�F�S�B�U�F�E �J�O �F�B�D�I �G�S�B�N�F��

�'�V�S�U�I�F�S�N�P�S�F�
 �U�I�F �D�P�O�W�F�S�H�F�O�D�F �T�Q�F�F�E �J�T �J�N�Q�S�P�W�F�E �C�Z �D�P�N�Q�V�U�J�O�H �B�O �P�Q�U�J�N�V�N �T�U�F�Q �T�J�[�F �G�B�D�U�P�S� �� �8�F �D�I�P�P�T�F

�U�I�F �T�U�F�Q �T�J�[�F �T�P �U�I�B�U �J�U �N�J�O�J�N�J�[�F�T �U�I�F �O�P�J�T�F �Q�P�X�F�S �B�U �U�I�F �C�F�B�N�G�P�S�N�F�S �P�V�U�Q�V�U �J�O �F�B�D�I �J�U�F�S�B�U�J�P�O��
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�
wH

k+1 Svvwk+1
�

@��
= 0 �	���������


�$�P�N�C�J�O�J�O�H �	���������
 �B�O�E �	���������
 �S�F�T�V�M�U�T �J�O �	���������
��

� k =
gH

k Svvwk

gH
k Svvgk

�	���������


�4	â	×	×	Õ	Ú 	â	ä	á	Õ	×	å	å	Û	à	Ù

�'�J�H�����������T�I�P�X�T �U�I�F �T�Q�F�F�D�I �S�F�D�P�H�O�J�U�J�P�O �B�Q�Q�S�P�B�D�I �B�O�E �U�I�F �T�Z�T�U�F�N �D�P�N�Q�P�O�F�O�U�T�� �5�I�F �L�F�Z �T�J�H�O�B�M �Q�S�P�D�F�T�T�J�O�H
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�5�I�F �'���U�F�T�U �J�T �V�T�F�E �U�P �D�P�N�Q�B�S�F �U�X�P �W�B�S�J�B�O�D�F�T �P�S �T�U�B�O�E�B�S�E �E�F�W�J�B�U�J�P�O�T�� �8�I�F�O �V�T�J�O�H �U�I�F �'���U�F�T�U�
 �X�F �B�H�B�J�O �S�F�R�V�J�S�F

�B �I�Z�Q�P�U�I�F�T�J�T�
 �C�V�U �U�I�J�T �U�J�N�F�
 �J�U �J�T �U�P �D�P�N�Q�B�S�F �T�U�B�O�E�B�S�E �E�F�W�J�B�U�J�P�O�T�� �5�I�B�U �J�T�
 �X�F �X�J�M�M �U�F�T�U �U�I�F �O�V�M�M �I�Z�Q�P�U�I�F�T�J�T

Ho : � 2
1 = � 2

2 �B�H�B�J�O�T�U �B�O �B�Q�Q�S�P�Q�S�J�B�U�F �B�M�U�F�S�O�B�U�F �I�Z�Q�P�U�I�F�T�J�T�� �8�F �D�B�M�D�V�M�B�U�F �U�I�F �'���W�B�M�V�F �B�T �U�I�F �S�B�U�J�P �P�G �U�I�F �U�X�P

�W�B�S�J�B�O�D�F�T �X�I�F�S�F�
s2
1 � s2
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 �T�P �U�I�B�UF � 1�� �5�I�F �E�F�H�S�F�F�T �P�G �G�S�F�F�E�P�N �G�P�S �U�I�F �O�V�N�F�S�B�U�P�S �B�O�E �E�F�O�P�N�J�O�B�U�P�S

�B�S�Fn1 � 1 �B�O�En2 � 1�
 �S�F�T�Q�F�D�U�J�W�F�M�Z�� �"�T �X�J�U�I �U�I�F �U���U�F�T�U�
 �X�F �D�P�N�Q�B�S�FF�D�B�M�D�U�P �B �U�B�C�V�M�B�U�F�E �W�B�M�V�FF�U�B�C�
 �U�P �T�F�F

�J�G �X�F �T�I�P�V�M�E �B�D�D�F�Q�U �P�S �S�F�K�F�D�U �U�I�F �O�V�M�M �I�Z�Q�P�U�I�F�T�J�T��
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�H�S�P�V�Q �N�F�B�O�T �B�O�E �U�I�F�J�S �B�T�T�P�D�J�B�U�F�E �Q�S�P�D�F�E�V�S�F�T �	�T�V�D�I �B�T �#�W�B�S�J�B�U�J�P�O�$ �B�N�P�O�H �B�O�E �C�F�U�X�F�F�O �H�S�P�V�Q�T�
�� �5�I�F �G�P�M��

�M�P�X�J�O�H �G�P�S�N�V�M�B�T �B�S�F �V�T�F�E �U�P �D�B�M�D�V�M�B�U�F �B�OF �W�B�M�V�F �G�P�S �U�I�F �W�B�M�J�E�B�U�J�P�O �P�G �U�I�F �I�Z�Q�P�U�I�F�T�J�T�� �4�V�N�T �P�G �T�R�V�B�S�F�T �B�S�F

�D�B�M�D�V�M�B�U�F�E �C�Z �	�������
 �U�I�S�P�V�H�I �	�������
 �X�I�F�S�F�
p �B�O�Enj �S�F�Q�S�F�T�F�O�U�T �U�I�F �O�V�N�C�F�S �P�G �H�S�P�V�Q�T �B�O�E �U�I�F �O�V�N�C�F�S �P�G �D�B�T�F�T

�J�O �F�B�D�I �H�S�P�V�Q �S�F�T�Q�F�D�U�J�W�F�M�Z��

SS�U�P�U�B�M=
pX

j =1

n jX

i =1

(x ij � �x)2 �	�������


SS�C�F�U�X�F�F�O=
pX

j =1

nj (�x j � �x)2 �	�������


SS�X�J�U�I�J�O=
pX

j =1

n jX

i =1

(x ij � �x j )2 �	�������
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MS �C�F�U�X�F�F�O=
SS�C�F�U�X�F�F�O

p � 1
�	�������


N =
pX

j =1

nj �	�������


MS �X�J�U�I�J�O=
SS�X�J�U�I�J�OP p

j =1 nj � p � 1
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�'�J�O�B�M�M�ZF �J�T �D�B�M�D�V�M�B�U�F�E �C�Z �	�������
 �B�T �G�P�M�M�P�X�T

F�D�B�M�D=
MS �C�F�U�X�F�F�O

MS �X�J�U�I�J�O
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 �T�J�N�J�M�B�S �U�P �U�I�F
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�$�P�S�S�F�M�B�U�J�P�O �J�T �E�F�·�«�O�F�E �B�T �B�O�Z �P�G �B �C�S�P�B�E �D�M�B�T�T �P�G �T�U�B�U�J�T�U�J�D�B�M �S�F�M�B�U�J�P�O�T�I�J�Q�T �J�O�W�P�M�W�J�O�H �B �E�F�Q�F�O�E�F�O�D�F �C�F�U�X�F�F�O �U�X�P

�W�B�S�J�B�C�M�F�T�� �1�F�B�S�T�P�O�!�T �Q�S�P�E�V�D�U �N�P�N�F�O�U �D�P�S�S�F�M�B�U�J�P�O �D�P�F�¶�·�«�D�J�F�O�U �	r �
 �J�T �H�J�W�F�O �B�T �B �N�F�B�T�V�S�F �P�G �B �M�J�O�F�B�S �B�T�T�P�D�J�B�U�J�P�O

�C�F�U�X�F�F�O �U�I�F �U�X�P �W�B�S�J�B�C�M�F�T�
x i �
yi �	���������
��

r =
P n

i =1 (x i � �x) (yi � �y)
q P n

i =1 (x i � �x)2 P n
i =1 (yi � �y)2
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�*�G �U�I�F �U�X�P �W�B�S�J�B�C�M�F�T �B�S�F �D�P�S�S�F�M�B�U�F�E�
 �U�I�F�O �J�U �J�T �Q�P�T�T�J�C�M�F �U�P �·�«�U �B �M�J�O�F �U�P �U�I�F �E�B�U�B �C�Zyi = b0 + b1x i �X�I�F�S�Fb0

�B�O�Eb1 �B�S�F �D�B�M�D�V�M�B�U�F�E �C�Z �	���������
 �B�O�E �	���������
��

b1 =
P n

i =1 (x i � �x) (yi � �y)
P n

i =1 (x i � �x)2 �	���������


b0 = �y � b0 �x �	���������
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 �U�I�F

�T�F�O�T�P�S�T �B�U�U�B�D�I�F�E �U�P �U�I�F �·�«�O�H�F�S�T �N�F�B�T�V�S�F �U�I�F �W�P�M�V�N�F �P�G �C�M�P�P�E �Q�V�N�Q�J�O�H �U�I�S�P�V�H�I �U�I�F �·�«�O�H�F�S�T �X�J�U�I �F�B�D�I �Q�V�M�T�F
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�U�I�F �G�S�F�R�V�F�O�D�Z �E�P�N�B�J�O�� �"�M�Q�I�B �B�O�E �C�F�U�B �T�J�H�O�B�M�T �B�S�F �E�J�¶�G�F�S�F�O�U�J�B�U�F�E �C�Z �U�I�F�J�S �B�N�Q�M�J�U�V�E�F �B�O�E �U�I�F �Q�F�S�J�P�E�
 �X�I�J�M�F

�U�I�F �T�B�N�F �U�I�J�O�H �J�T �E�J�¶�·�«�D�V�M�U �U�P �B�Q�Q�M�Z �U�P �U�I�F�U�B �B�O�E �E�F�M�U�B �T�J�H�O�B�M�T�� �*�O �U�I�J�T �D�B�T�F�
 �J�U �J�T �C�F�U�U�F�S �U�P �E�J�B�H�O�P�T�F �P�O�F �G�S�P�N

�B�O�P�U�I�F�S �C�Z �U�I�F�J�S �T�Q�F�D�U�S�V�N �J�O �U�I�F �G�S�F�R�V�F�O�D�Z �E�P�N�B�J�O �B�T �T�I�P�X�O �J�O �'�J�H�������������C�� �)�P�X�F�W�F�S�
 �P�U�I�F�S �Q�I�Z�T�J�P�M�P�H�J�D�B�M

�D�I�B�S�B�D�U�F�S�J�T�U�J�D�T �B�T �T�I�P�X�O �J�O �5�B�C�M�F�T�������B�O�E�������D�B�O �C�F �V�T�F�E �U�P �J�E�F�O�U�J�G�Z �F�B�D�I �T�J�H�O�B�M��

�5�I�F �N�P�T�U �J�N�Q�P�S�U�B�O�U �G�F�B�U�V�S�F�T �P�G �U�I�F�T�F �X�B�W�F�T�
 �&�#�"�8�
 �T�V�D�I �B�T �U�I�F �C�B�O�E�X�J�E�U�I�
 �U�I�F �B�H�F �E�F�Q�F�O�E�F�O�D�Z�
 �U�I�F

�W�B�S�J�B�U�J�P�O �T�Q�F�F�E �	�T�M�P�X �P�S �G�B�T�U�
 �B�O�E �T�P �P�O �B�S�F �E�F�U�B�J�M�F�E �J�O �5�B�C�M�F��������

�4�P�N�F �Q�I�F�O�P�N�F�O�B �D�B�O �C�F �S�F�D�P�H�O�J�[�F�E �C�Z �U�I�F�J�S �&�&�( �X�B�W�F �G�P�S�N�T�� �*�O �G�B�D�U�
 �P�O�M�Z �C�Z �M�P�P�L�J�O�H �B�U �U�I�F �X�B�W�F�G�P�S�N

�X�F �D�B�O �T�B�Z �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z �X�I�B�U �L�J�O�E �P�G �F�W�F�O�U �J�T �I�B�Q�Q�F�O�J�O�H�� �5�I�F�T�F �X�B�W�F�T �B�S�F �S�F�D�P�H�O�J�[�F�E �C�Z �U�I�F�J�S �T�I�B�Q�F �B�O�E

�G�P�S�N �B�O�E �T�F�D�P�O�E�B�S�J�M�Z �C�Z �U�I�F�J�S �G�S�F�R�V�F�O�D�Z�� �5�I�F�Z �J�O�D�M�V�E�F �X�B�W�F�T �U�I�B�U �N�B�Z �C�F �O�P�S�N�B�M �J�O �T�P�N�F �T�F�U�U�J�O�H�T �B�O�E

�B�C�O�P�S�N�B�M �J�O �P�U�I�F�S�T�� �5�B�C�M�F�������T�I�P�X�T �B �T�V�N�N�B�S�Z �P�G �U�I�F�T�F �X�B�W�F�T �B�O�E �U�I�F�J�S �D�I�B�S�B�D�U�F�S�J�T�U�J�D�T �	�T�F�F �'�J�H�����������
��
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�)�L�J�X�U�H �����������)�H�Z �H�[�D�P�S�O�H�V �R�I �Z�D�Y�H �S�D�W�W�H�U�Q�V �L�Q �D�Q �(�(�* �V�L�J�Q�D�O��
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�8�B�W�F �O�B�N�F�3�B�O�H�F �	�)�[�
�$�I�B�S�B�D�U�F�S�J�T�U�J�D�T

�"�M�Q�I�B 8:0 � 13:0

�B�E�V�M�U�T

�D�M�P�T�F�E �F�Z�F�T �B�O�E �X�J�U�I �S�F�M�B�Y�B�U�J�P�O

�E�J�T�B�Q�Q�F�B�S�T �X�J�U�I �B�U�U�F�O�U�J�P�O �	�N�F�O�U�B�M �B�S�J�U�I�N�F�U�J�D�
 �T�U�S�F�T�T�
 �P�Q�F�O�J�O�H

�F�Z�F�T�


�#�F�U�B f � 13:0

�B�M�M �B�H�F �H�S�P�V�Q�T

�P�Q�F�O �F�Z�F�T �B�O�E �B�O�Y�J�F�U�J�F�T

�T�N�B�M�M �J�O �B�N�Q�M�J�U�V�E�F�
 �T�Z�N�N�F�U�S�J�D�
 �B�O�E �G�B�T�U

�B�D�D�F�O�U�V�B�U�F�E �C�Z �T�F�E�B�U�J�W�F���I�Z�Q�O�P�U�J�D �E�S�V�H�T �	�F�Y�� �C�F�O�[�P�E�J�B�[�F�Q�J�O�F�T�


�5�I�F�U�B 3:5 � 7:5
�B�X�B�L�F �B�E�V�M�U�T �B�O�E �D�I�J�M�E�S�F�O �V�Q �U�P ���� �Z�F�B�S�T

�T�M�P�X

�%�F�M�U�Bf � 3:0

�J�O�G�B�O�U�T �V�Q �U�P �P�O�F �Z�F�B�S �B�O�E �J�O �T�U�B�H�F�T �� �B�O�E �� �P�G �T�M�F�F�Q �	�B�C�O�P�S�N�B�M

�J�O �B�O �B�X�B�L�F �B�E�V�M�U�


�I�J�H�I �B�N�Q�M�J�U�V�E�F �B�O�E �T�M�P�X �	�U�I�F �T�M�P�X�F�T�U �B�N�P�O�H �U�I�F �G�P�V�S �X�B�W�F�T�


�7�D�E�O�H ���������)�R�X�U �H�V�V�H�Q�W�L�D�O �E�U�D�L�Q �D�F�W�L�Y�L�W�\ �Z�D�Y�H�I�R�U�P�V��

�&�&�( �T�J�H�O�B�M�T �B�S�F �B�O�B�M�Z�[�F�E �J�O �E�J�¶�G�F�S�F�O�U �X�B�Z�T�� �'�P�V�S�J�F�S �U�J�N�F���G�S�F�R�V�F�O�D�Z�
 ���% �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�G �U�J�N�F���G�S�F�R�V�F�O�D�Z��

�B�N�Q�M�J�U�V�E�F�
 �X�B�W�F�M�F�U �B�O�B�M�Z�T�J�T �B�O�E �C�S�B�J�O �N�B�Q�� �5�I�F �C�F�T�U �X�B�Z �P�G �B�O�B�M�Z�[�J�O�H �B�O �&�&�( �T�J�H�O�B�M �J�T �N�V�M�U�J���T�Q�F�D�U�S�V�N

�B�O�B�M�Z�T�J�T�� �*�O �U�I�J�T �N�F�U�I�P�E�
 �E�J�¶�G�F�S�F�O�U �S�F�T�P�M�V�U�J�P�O�T �P�G �U�J�N�F �B�O�E �G�S�F�R�V�F�O�D�J�F�T �B�S�F �B�Q�Q�M�J�F�E �U�P �B �T�J�H�O�B�M �X�J�U�I �B �Q�B�J�S �P�G

�·�«�M�U�F�S�T�
 �B �T�D�B�M�F �B�O�E �B �X�B�W�F�M�F�U �·�«�M�U�F�S�� �"�O �F�Y�B�N�Q�M�F �P�G �U�I�J�T �N�V�M�U�J���S�F�T�P�M�V�U�J�P�O �B�O�B�M�Z�T�J�T �J�T �T�I�P�X�O �J�O �'�J�H������������

���������� �8	Ó	è	×	Þ	×	æ 	ß	ç	Þ	æ	Û��	å	â	×	Õ	æ	ä	ç	ß 	Ó	à	Ó	Þ	ë	å	Û	å

�4�J�O�D�F �X�B�W�F�M�F�U �N�V�M�U�J �T�Q�F�D�U�S�V�N �B�O�B�M�Z�T�J�T �J�T �W�F�S�Z �J�N�Q�P�S�U�B�O�U �J�O �T�J�H�O�B�M �Q�S�P�D�F�T�T�J�O�H�
 �U�I�J�T �Q�B�S�U �X�J�M�M �Q�S�P�W�J�E�F �B �C�S�J�F�G

�F�Y�Q�M�B�O�B�U�J�P�O �P�G �X�B�W�F�M�F�U �B�O�B�M�Z�T�J�T�� �.�P�S�F �J�O�G�P�S�N�B�U�J�P�O �J�T �B�W�B�J�M�B�C�M�F �J�O �U�I�F �S�F�M�B�U�F�E �M�J�U�F�S�B�U�V�S�F �	�T�F�F �.�B�M�M�B�U�������B�O�E

�"�O�U�P�O�J�O�J �F�U �B�M���� �Q�V�C�M�J�D�B�U�J�P�O�T�
��

�.�B�U�I�F�N�B�U�J�D�B�M�M�Z�
 �B �T�J�H�O�B�Mx(t) 2 L 2(R) �D�B�O �C�F �E�F�D�P�N�Q�P�T�F�E �J�O�U�P �B �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O �P�G �B �T�F�U �P�Gn �C�B�T�F

�G�V�O�D�U�J�P�O�Tf � 0; � 1; � � � ; � ng �J�G �U�I�F �T�J�H�O�B�M �J�T �J�O �U�I�F �T�Q�B�D�F �T�Q�B�O�O�F�E �C�Z �U�I�F �C�B�T�J�T�� �5�I�F �M�J�O�F�B�S �D�P�N�C�J�O�B�U�J�P�O �P�G

�G�V�O�D�U�J�P�Ox(t) �J�T�


x(t) =
X

k

ak � k (t); k � n(k � 1 ); k 2 Z �	���������


�X�I�F�S�F�
k �J�T �B�O �J�O�U�F�H�F�S �J�O�E�F�Y �P�G �U�I�F �·�«�O�J�U�F �P�S �J�O�·�«�O�J�U�F �T�V�N �B�O�Eak �
� k (t) �B�S�F �F�Y�Q�B�O�T�J�P�O �D�P�F�¶�·�«�D�J�F�O�U�T �B�O�E

�F�Y�Q�B�O�T�J�P�O �G�V�O�D�U�J�P�O�T �S�F�T�Q�F�D�U�J�W�F�M�Z�� �'�P�V�S�J�F�S �	� k (t) = e
2fktj

T �
 �B�O�E �X�B�W�F�M�F�U �	� j;k (t)�
 �B�S�F �U�X�P �X�F�M�M �L�O�P�X�O

������



�8�B�W�F �O�B�N�F�3�B�O�H�F �	�)�[�
�'�F�B�U�V�S�F

�4�Q�J�L�F �B�O�E �X�B�W�F3 �B�O�E6
�D�I�J�M�E�S�F�O

�M�B�S�H�F �B�N�Q�M�J�U�V�E�F�
 �T�M�P�X �X�B�W�F �	�E�F�M�U�B�
�
 �H�F�O�F�S�B�U�F�E �J�O �U�I�F

�U�I�B�M�B�N�V�T

�1�P�M�Z �T�Q�J�L�F �B�O�E �X�B�W�F3:5 � 4:5
�X�J�U�I �N�V�M�U�J�Q�M�F �T�Q�J�L�F�T�
 �T�M�P�X�
 �H�F�O�F�S�B�U�F�E �J�O �U�I�F �N�Z��

�P�D�M�P�O�V�T

�-�B�N�C�E�B �B�O�E �Q�P�T�U�T

�P�D�D�V�S�T �J�O �U�I�F �T�F�D�P�O�E �T�U�B�H�F �P�G �T�M�F�F�Q �B�O�E �B�X�B�L�F�O �Q�B�U�J�F�O�U

�X�I�F�O �U�I�F �F�Z�F�T �T�U�B�S�F �B�U �B �C�M�B�O�L �T�V�S�G�B�D�F

�U�S�J�B�O�H�V�M�B�S �T�I�B�Q�F

�, �D�P�N�Q�M�F�Y f � 13:0

�T�M�F�F�Q �X�I�F�O �B�S�P�V�T�F�E �	�� �T�U�B�H�F�T �P�G �T�M�F�F�Q�
�
 �T�M�F�F�Q �B�H�B�J�O �P�S

�U�I�F �B�X�B�L�F �T�U�B�U�F

�T�J�N�J�M�B�S �U�P �C�F�U�B �X�B�W�F

�7���X�B�W�F
�T�F�F�O �J�O �U�I�F �T�F�D�P�O�E �T�U�B�H�F �P�G �T�M�F�F�Q

�P�D�D�V�S�T �J�O �U�I�F �Q�B�S�B�T�B�H�J�U�U�B�M �B�O�E �C�J���Q�B�S�J�F�U�B�M

�.�6 �B�D�U�J�W�J�U�Z
(1=2) � f �P�G�T�I�B�Q�F �P�G �B �X�J�D�L�F�U �G�F�O�D�F �X�J�U�I �T�I�B�S�Q �U�J�Q�T

�G�B�T�U �B�D�U�J�W�J�U�Z�Q�I�B�T�F �S�F�W�F�S�T�B�M �C�F�U�X�F�F�O �U�X�P �D�I�B�O�O�F�M�T

�1�T�Z�D�I�P�N�P�U�P�S �W�B�S�J�B�O�U

�S�B�S�F �S�I�Z�U�I�N

�I�J�H�I�F�S �J�O �B�N�Q�M�J�U�V�E�F �U�I�B�O �U�I�F �T�V�S�S�P�V�O�E�J�O�H �X�B�W�F�T

�B�T�Z�N�N�F�U�S�J�D�B�M �	���� �� �� �S�I�Z�U�I�N�


���� �� �� �S�I�Z�U�I�N 6 � 14

�D�I�J�M�E�S�F�O �B�O�E �B�E�P�M�F�T�D�F�O�U�T

�P�Q�Q�P�T�J�U�F���T�B�N�F �E�J�S�F�D�U�J�P�O �X�J�U�I �U�I�F �X�B�W�F

�J�O �T�M�F�F�Q �B�O�E �N�P�O�P���Q�P�M�B�S �S�F�D�P�S�E�J�O�H

�1�F�S�J�P�E�J�D �-�B�U�F�S�B�M�J�[�F�E�B�D�V�U�F �C�S�B�J�O �J�O�K�V�S�Z �P�S �E�B�N�B�H�F

�&�Q�J�M�F�Q�U�J�D �%�J�T�D�I�B�S�H�F�T�B�T�T�P�D�J�B�U�F�E �X�J�U�I �T�F�W�F�S�F �G�P�D�B�M �T�J�H�O�T �B�O�E �N�V�D�I �J�M�M�O�F�T�T

�5�S�J���Q�I�B�T�J�D �X�B�W�F

�U�I�F �X�B�W�F �X�B�T �G�P�V�O�E �X�J�U�I �I�F�Q�B�U�J�D �F�O�D�F�Q�I�B�M�P�Q�B��

�U�I�Z�
 �T�V�C�T�F�R�V�F�O�U�M�Z �C�F�F�O �B�T�T�P�D�J�B�U�F�E �X�J�U�I �N�B�O�Z �P�U�I�F�S

�N�F�U�B�C�P�M�J�D �F�O�D�F�Q�I�B�M�P�Q�B�U�I�J�F�T

�#�V�S�T�U �T�V�Q�Q�S�F�T�T�J�P�O
�T�M�P�X �B�O�E �N�J�Y�F�E �X�B�W�F�T �P�G�½�F�O �P�G �I�J�H�I �B�N�Q�M�J�U�V�E�F

�T�F�F�O �B�G�½�F�S �B �T�F�W�F�S�F �C�S�B�J�O �J�O�K�V�S�Z �T�V�D�I �B�T �Q�P�T�U���J�T�D�I�F�N�J�B �P�S

�Q�P�T�U���B�O�P�Y�J�B
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�8�B�W�F �O�B�N�F�3�B�O�H�F �	�)�[�
�'�F�B�U�V�S�F

�"�S�U�J�G�B�D�U
�Q�S�P�E�V�D�F�E �C�Z �U�F�D�I�O�J�D�B�M �P�S �P�U�I�F�S �E�J�T�U�V�S�C�B�O�D�F�T

�T�P�M�V�U�J�P�O �C�F�U�X�F�F�O �F�M�F�D�U�S�P�E�F�T �T�I�P�S�U�J�O�H �U�I�F�N �P�V�U

�&�,�( �B�O�E �Q�V�M�T�F �B�S�U�J�G�B�D�U

�S�F�D�P�H�O�J�[�F�E �C�Z �U�I�F�J�S �Q�F�S�J�P�E�J�D�J�U�Z

�N�V�D�I �M�B�S�H�F�S �F�M�F�D�U�S�J�D�B�M �T�J�H�O�B�M �U�I�B�O �&�&�(

�D�B�V�T�F�E �C�Z �B�O �F�M�F�D�U�S�P�E�F �N�P�W�J�O�H

�1�P�Q
�Q�B�U�J�F�O�U �N�P�W�F�N�F�O�U �B�S�U�J�G�B�D�U�T

�M�B�S�H�F �J�O �B�N�Q�M�J�U�V�E�F �B�O�E �M�B�T�U �B �M�P�O�H �U�J�N�F �C�Z �&�&�( �T�U�B�O��

�E�B�S�E�T
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�N�P�U�J�P�O �T�J�D�L�O�F�T�T �F�W�B�M�V�B�U�J�P�O�� �5�I�F �B�O�B�M�Z�T�J�T �I�B�T �C�F�F�O �E�P�O�F �C�Z �*�$�" �	�T�F�F �C�F�M�P�X�
 �B�O�E �U�J�N�F���G�S�F�R�V�F�O�D�Z �B�O�B�M�Z�T�J�T��

�5�I�F �S�F�T�V�M�U �P�G �U�I�F�T�F �B�O�B�M�Z�T�F�T �J�T �T�I�P�X�O �J�O �'�J�H�������������D��

�5�I�F �S�J�H�I�U �T�J�E�F �T�I�P�X�T �U�I�F ���% �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �P�G �U�I�F �C�S�B�J�O �B�O�E �U�I�F �M�F�G�½ �T�J�E�F �J�T �U�I�F �C�S�B�J�O �N�B�Q�� �" �U�S�B�O�T�G�P�S��

�N�B�U�J�P�O �J�T �V�T�F�E �U�P �U�S�B�O�T�G�F�S �E�B�U�B �G�S�P�N ���% �U�P ���%�� �5�I�J�T �D�P�N�C�J�O�F�E �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �X�J�M�M �I�F�M�Q �C�F�U�U�F�S �V�O�E�F�S�T�U�B�O�E

�X�I�F�S�F �U�I�F �T�P�V�S�D�F �P�G �B�D�U�J�W�J�U�Z �J�T�� �)�P�X�F�W�F�S�
 �·�«�O�E�J�O�H �B �N�B�Q�Q�J�O�H �U�S�B�O�T�G�P�S�N�B�U�J�P�O �J�T �O�P�U �B�M�X�B�Z�T �F�B�T�Z�� �'�J�H�������������D �J�T

�B�O �F�Y�B�N�Q�M�F �P�G �B�O �.�4 �T�U�V�E�Z �P�O �B �D�B�S �N�P�U�J�P�O �Q�M�B�U�G�P�S�N �	�D�B�S �T�J�N�V�M�B�U�P�S�
�� �'�J�H�������������D �D�P�N�Q�B�S�F�T �U�I�F �N�F�B�O �D�P�N��
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 �U�I�F �B�M�Q�I�B �Q�P�X�F�S�T �P�G �U�I�F �S�J�H�I�U�
 �M�F�G�½ �N�P�U�P�S�T �B�O�E �U�I�F �Q�B�S�J�F�U�B�M �D�P�N�Q�P�O�F�O�U�T �X�F�S�F �T�V�Q�Q�S�F�T�T�F�E �G�S�P�N �B
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�T�F�O�T�B�U�J�P�O�� �'�V�S�U�I�F�S�
 �U�I�F �P�D�D�J�Q�J�U�B�M �N�J�E�M�J�O�F �*�$ �D�M�V�T�U�F�S �F�Y�I�J�C�J�U�F�E �T�J�H�O�J�·�«�D�B�O�U �B�M�Q�I�B �Q�P�X�F�S �T�V�Q�Q�S�F�T�T�J�P�O��
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�V�T�F�S�� �4�P�N�F �P�G �U�I�F �N�F�U�I�P�E�T �E�F�T�D�S�J�C�F�E �S�F�R�V�J�S�F �T�Q�F�D�J�·�«�D �U�P�P�M�T �B�O�E �N�B�U�F�S�J�B�M�T �U�I�B�U �D�B�O �C�F �W�F�S�Z �F�Y�Q�F�O�T�J�W�F �B�O�E

�I�B�S�E �U�P �V�T�F�� �8�F �X�J�M�M �T�F�F �J�O �U�I�F �G�P�M�M�P�X�J�O�H �D�I�B�Q�U�F�S�T �I�P�X �X�F �X�J�M�M �V�T�F �T�P�N�F �P�G �U�I�F�T�F �N�F�U�I�P�E�T �U�P �N�F�B�T�V�S�F �7�*�.�4

�J�O �B�O �J�O�U�F�S�B�D�U�J�P�O �	�O�B�W�J�H�B�U�J�P�O���N�B�O�J�Q�V�M�B�U�J�P�O�
 �U�B�T�L��

������



5
�6�T�B�C�J�M�J�U�Z �P�G �N�B�O�J�Q�V�M�B�U�J�P�O �J�O�U�F�S�G�B�D�F�T �J�O �B �S�F�B�M

�W�T �W�J�S�U�V�B�M �F�O�W�J�S�P�O�N�F�O�U

�%�J�¶�G�F�S�F�O�U �O�B�W�J�H�B�U�J�P�O �B�O�E �N�B�O�J�Q�V�M�B�U�J�P�O �J�O�U�F�S�G�B�D�F�T �X�F�S�F �J�O�U�S�P�E�V�D�F�E �J�O �D�I�B�Q�U�F�S���� �5�I�F�T�F �J�O�U�F�S�G�B�D�F�T �G�B�D�J�M�J�U�B�U�F

�U�I�F �O�B�W�J�H�B�U�J�P�O �B�O�E �N�P�W�F�N�F�O�U �J�O �B �W�J�S�U�V�B�M �F�O�W�J�S�P�O�N�F�O�U�� �5�I�J�T �D�I�B�Q�U�F�S �X�J�M�M �Q�S�P�W�J�E�F �B �T�F�U �P�G �I�F�V�S�J�T�U�J�D �N�B��

�O�J�Q�V�M�B�U�J�P�O �J�O�U�F�S�G�B�D�F�T �U�P �J�O�U�F�S�B�D�U �B�O�E �N�P�E�J�G�Z �E�J�¶�G�F�S�F�O�U �F�M�F�N�F�O�U�T �P�G �B �M�B�S�H�F���T�D�B�M�F ���% �T�D�F�O�F�� �"�O �F�O�E �V�T�F�S �J�T

�G�V�M�M�Z �J�N�N�F�S�T�F�E �J�O �B �W�J�S�U�V�B�M �F�O�W�J�S�P�O�N�F�O�U �E�V�S�J�O�H �N�B�O�J�Q�V�M�B�U�J�P�O�� �U�I�B�U �J�T �U�I�F �S�F�B�T�P�O �X�I�Z �U�I�F �Q�S�P�Q�P�T�F�E �N�B��

�O�J�Q�V�M�B�U�J�P�O �J�O�U�F�S�G�B�D�F�T �Q�S�P�Q�P�T�F�E �J�O �U�I�J�T �D�I�B�Q�U�F�S �B�S�F �J�N�Q�P�S�U�B�O�U�� �5�I�F �G�F�F�E�C�B�D�L �J�T �U�B�L�F�O �G�S�P�N �U�I�F �T�Z�T�U�F�N �T�J�E�F�


�J�O�D�M�V�E�J�O�H �H�S�B�Q�I�J�D �Q�S�P�D�F�T�T�P�S�T�
 �W�J�T�V�B�M�J�[�B�U�J�P�O �B�O�E �P�U�I�F�S �E�F�W�J�D�F�T�� �*�O �B�E�E�J�U�J�P�O�
 �Q�T�Z�D�I�P�Q�I�Z�T�J�P�M�P�H�J�D�B�M �E�B�U�B �B�S�F
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�" �U�F�T�U �T�F�U�V�Q �X�B�T �F�T�U�B�C�M�J�T�I�F�E �U�P �Q�F�S�G�P�S�N �U�I�F �F�Y�Q�F�S�J�N�F�O�U�T�
 �B�T �T�I�P�X�O �J�O �'�J�H���������� �5�I�F �U�F�T�U���C�F�O�D�I �D�P�O�T�J�T�U�T �P�G �B

�N�V�M�U�J���T�D�S�F�F�O �T�D�B�M�F���P�O�F ���% �E�J�T�Q�M�B�Z �T�Z�T�U�F�N�
 �B �O�B�W�J�H�B�U�J�P�O �E�F�W�J�D�F �B�O�E �J�U�T �J�O�U�F�S�G�B�D�J�O�H �T�Z�T�U�F�N �C�B�T�F�E �P�O �B �7�3�1�/

�T�F�S�W�F�S�
 �B �-�"�/ �O�F�U�X�P�S�L�
 �B �X�J�S�F�M�F�T�T �B�O�E �&�U�I�F�S�O�F�U �S�P�V�U�F�S�
 �B �-�"�/ �)�V�C �B�O�E �B �7�& �X�P�S�L�T�U�B�U�J�P�O �D�P�N�Q�V�U�F�S �B�M�P�O�H

�X�J�U�I �J�U�T �B�D�D�F�T�T�P�S�J�F�T�� �%�J�¶�G�F�S�F�O�U �W�F�S�T�J�P�O�T �P�G �T�D�B�M�F���P�O�F ���% �E�J�T�Q�M�B�Z �T�Z�T�U�F�N�T �X�F�S�F �Q�S�P�Q�P�T�F�E �B�O�E �F�Y�Q�F�S�J�N�F�O�U�F�E

�J�O �U�I�F �M�J�U�F�S�B�U�V�S�F������ �" �$�"�7�& �T�Z�T�U�F�N �J�T �V�T�F�E �U�P �Q�F�S�G�P�S�N �U�I�F �F�Y�Q�F�S�J�N�F�O�U�T �B�O�E �U�I�F �T�V�C�K�F�D�U�J�W�F �F�W�B�M�V�B�U�J�P�O �U�F�T�U

�T�F�U�V�Q�T�� �5�I�F �$�"�7�& �T�Z�T�U�F�N �X�B�T �B�M�S�F�B�E�Z �Q�S�F�T�F�O�U�F�E �J�O �D�I�B�Q�U�F�S���� �5�X�P �J�N�B�H�F�T �B�S�F �H�F�O�F�S�B�U�F�E �G�P�S �F�B�D�I �X�B�M�M �B�O�E

�B�S�F �T�F�O�U �U�P �B �(�1�6 �D�M�V�T�U�F�S �W�J�B �.�V�M�U�J���1�S�P�D�F�T�T�P�S �*�O�U�F�S�G�B�D�F �	�.�1�*�
 �G�P�S �E�J�T�Q�M�B�Z �B�O�E �Q�S�P�K�F�D�U�J�P�O�� �#�B�T�F�E �P�O �U�I�F

�T�P�G�½�X�B�S�F �Q�M�B�U�G�P�S�N �Q�S�F�T�F�O�U�F�E �J�O �D�I�B�Q�U�F�S���
 �U�I�F �W�J�T�V�B�M�J�[�B�U�J�P�O �I�B�S�E�X�B�S�F �B�S�D�I�J�U�F�D�U�V�S�F �B�O�E �T�P�G�½�X�B�S�F �Q�M�B�U�G�P�S�N

�E�F�T�J�H�O�F�E �G�P�S �U�I�F �F�Y�Q�F�S�J�N�F�O�U �J�T �T�I�P�X�O �J�O �'�J�H����������
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�� �5�I�F �M�F�O�H�U�I �P�G �U�I�F �N�P�W�F�N�F�O�U�
' 1�
 �U�I�F �B�N�P�V�O�U �P�G �S�P�U�B�U�J�P�O�
' 2�
 �B�O�E �U�I�F �D�P�N�Q�M�F�U�J�P�O

�U�J�N�F�
t �
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�P�O�F �T�I�P�X�O �J�O �'�J�H���������J�T �D�B�M�D�V�M�B�U�F�E �C�Z �	�������
 �J�O ���% �B�O�E �	�������
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�*�O ���% �T�Q�B�D�F�
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 �D�B�O �C�F �F�B�T�J�M�Z �T�V�C�T�U�J�U�V�U�F�E �C�Z �	�������
 �G�P�S �B �D�V�S�W�F �X�J�U�I �T�B�N�Q�M�F�E �E�B�U�B �X�J�U�I� t = 1 ��

L =
n� 1X

i =1

�
(x i +1 � x i )

2 + ( yi +1 � yi )
2 + ( zi +1 � zi )

2
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I 2�
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 �	�������
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0
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�5�S�J�Q�M�Fx i �
yi �
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 �P�O �D�V�S�W�FF �� �8�F �B�T�T�V�N�F�
 �U�I�F �S�F�G�F�S�F�O�D�F

�T�F�N�J���D�J�S�D�V�M�B�S �Q�B�U�I �M�J�F�T �P�OY Z �Q�M�B�O�F�
x = 0 �
 �U�I�F�S�F�G�P�S�F� = �
2 �� �.�P�S�F�P�W�F�S�
 �U�I�F �S�F�T�P�M�V�U�J�P�O �P�G �B�O �B�O�H�M�F� �J�T

�D�I�P�T�F�O�
n �G�P�S �T�J�N�Q�M�J�D�J�U�Z�� �"�T �B �S�F�T�V�M�U�
 �	�������
 �D�B�O �C�F �S�F�X�S�J�U�U�F�O �B�T �	�������
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 �U�I�F �M�F�O�H�U�I �P�G �U�I�F �N�P�W�F�N�F�O�U �D�B�O �C�F �D�B�M�D�V�M�B�U�F�E �G�P�S �F�B�D�I �D�V�C�F�� �5�I�F �S�F�T�V�M�U�T �P�G �U�I�J�T �D�B�M�D�V��

�M�B�U�J�P�O �B�S�F �T�I�P�X�O �J�O �'�J�H�����������G�P�S �F�B�D�I �Q�B�S�U�J�D�J�Q�B�O�U�� �5�I�F �M�F�O�H�U�I �P�G �U�I�F �N�P�W�F�N�F�O�U �J�O �B�O �F�O�W�J�S�P�O�N�F�O�U �G�P�S �B

�H�J�W�F�O �U�B�T�L �	�T�F�M�F�D�U�J�P�O�
 �N�P�W�F�N�F�O�U �B�O�E �Q�M�B�D�F�N�F�O�U �P�G �U�I�F �·�«�S�T�U �D�V�C�F�
 �J�T �B �D�S�J�U�F�S�J�P�O �U�P �B�T�T�F�T�T �U�I�F �U�B�T�L �J�O �E�J�¶�G�F�S�F�O�U

�F�O�W�J�S�P�O�N�F�O�U�T�� �#�F�T�J�E�F�T�
 �J�U �D�B�O �C�F �V�T�F�E �U�P �D�P�N�Q�B�S�F �B �N�B�O�J�Q�V�M�B�U�J�P�O �N�F�D�I�B�O�J�T�N �P�S �U�P �D�P�N�Q�B�S�F �U�I�F �T�B�N�F �U�B�T�L

�J�O �U�X�P �E�J�¶�G�F�S�F�O�U �F�O�W�J�S�P�O�N�F�O�U�T�� �"�T �B �S�F�T�V�M�U�
 �U�I�F �M�P�O�H�F�S �U�I�F �M�F�O�H�U�I �P�G �U�I�F �N�P�W�F�N�F�O�U�
 �U�I�F �I�B�S�E�F�S �U�I�F �U�B�T�L �J�T��

�8�F �G�P�V�O�E �B �T�J�H�O�J�·�«�D�B�O�U �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �U�I�F �M�F�O�H�U�I �P�G �U�I�F �B�W�F�S�B�H�F �N�P�W�F�N�F�O�U �J�O �U�I�F �W�J�S�U�V�B�M �	M =

2:48�
SD = 0 :53�
 �B�O�E �U�I�F �S�F�B�M �	M = 1 :58�
SD = 0 :13�
 �F�O�W�J�S�P�O�N�F�O�U�T�
p < 0:001�	p = 0 :039�


�B�O�Et(9) = 5 :41 �B�T �T�I�P�X�O �J�O �'�J�H������������ �"�O �"�/�0�7�" �U�F�T�U �T�I�P�X�T �U�I�B�U �O�F�J�U�I�F�S �J�O �U�I�F �S�F�B�M �O�P�S �J�O �U�I�F �W�J�S�U�V�B�M

�F�O�W�J�S�P�O�N�F�O�U �U�I�F �E�J�¶�G�F�S�F�O�D�F �P�G �U�I�F �N�P�W�F�N�F�O�U �B�N�P�O�H �U�I�F �U�I�S�F�F �D�V�C�F�T �J�T �T�J�H�O�J�·�«�D�B�O�U�
p = 0 :141�
p = 0 :243��
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�� �$�P�O�T�U�B�O�Un �J�O �	�������
 �S�F�Q�S�F�T�F�O�U�T �U�I�F �O�V�N�C�F�S

�P�G �Q�P�J�O�U�T �P�OF �� �5�I�F �B�N�P�V�O�U �P�G �U�P�U�B�M �S�P�U�B�U�J�P�O �E�V�S�J�O�H �U�I�F �F�Y�Q�F�S�J�N�F�O�U �G�P�S �F�B�D�I �T�V�C�K�F�D�U �J�T �T�I�P�X�O �J�O �'�J�H������������
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�S�P�O�N�F�O�U�T �T�I�P�X�T �U�I�B�U �J�O �U�I�F �W�J�S�U�V�B�M �F�O�W�J�S�P�O�N�F�O�U �U�I�J�T �W�B�M�V�F �J�T �T�J�H�O�J�·�«�D�B�O�U�M�Zp < 0:001�	p = 0 :0035�
 �I�J�H�I�F�S
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�'�J�H�����������T�I�P�X�T �U�I�F �U�J�N�F �U�B�L�F�O �U�P �D�P�N�Q�M�F�U�F �U�I�F �N�B�O�J�Q�V�M�B�U�J�P�O �U�B�T�L �C�P�U�I �J�O �U�I�F �W�J�S�U�V�B�M �	�C�M�B�D�L�
 �B�O�E �U�I�F �S�F�B�M

�	�H�S�B�Z�
 �F�O�W�J�S�P�O�N�F�O�U�T�� �8�F �G�P�V�O�E �B �T�J�H�O�J�·�«�D�B�O�U �E�J�¶�G�F�S�F�O�D�F�
p < 0:005�	p = 0 :0026�
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�C�P�E�Z �G�S�P�N �G�B�M�M�J�O�H �G�P�S�X�B�S�E�� �(�B�U�F�W �F�U �B�M������ �S�F�Q�P�S�U�F�E �B �T�J�H�O�J�·�«�D�B�O�U �T�U�B�U�J�T�U�J�D�B�M �D�P�S�S�F�M�B�U�J�P�O �C�F�U�X�F�F�O �B �M�B�U�F�S�B�M

�H�B�T�U�S�P�D�O�F�N�J�V�T �N�V�T�D�M�F �B�D�U�J�W�J�U�Z �B�O�E �U�I�F �Q�P�T�J�U�J�P�O �P�G �B �T�Q�P�O�U�B�O�F�P�V�T �C�P�E�Z �T�X�B�Z�
 �X�I�J�D�I �X�B�T �N�F�B�T�V�S�F�E �B�T �U�I�F

�$�0�( �Q�P�T�J�U�J�P�O�� �5�I�F �H�B�T�U�S�P�D�O�F�N�J�V�T �N�V�T�D�M�F �J�T �B �W�F�S�Z �Q�P�X�F�S�G�V�M �T�V�Q�F�S�·�«�D�J�B�M �C�J�Q�F�O�O�B�U�F �N�V�T�D�M�F �M�P�D�B�U�F�E �J�O �U�I�F

�C�B�D�L �Q�B�S�U �P�G �U�I�F �M�P�X�F�S �M�F�H�� �5�I�J�T �·�«�O�E�J�O�H �T�V�Q�Q�P�S�U�T �U�I�F �O�P�U�J�P�O �U�I�B�U �U�I�F �B�D�U�J�W�F �U�P�S�R�V�F �J�T �Q�S�P�W�J�E�F�E �C�Z �M�B�U�F�S�B�M

������



�)�L�J�X�U�H ���������'�\�Q�D�P�L�F �P�R�G�H�O �R�I �W�K�H �E�R�G�\ �V�Z�D�\ �G�X�U�L�Q�J �D �T�X�L�W�H �X�S�U�L�J�K�W �V�W�D�Q�F�H��

�H�B�T�U�S�P�D�O�F�N�J�V�T �N�V�T�D�M�F �D�P�O�U�S�B�D�U�J�P�O�T �J�O �S�F�T�Q�P�O�T�F �U�P �C�P�E�Z �T�X�B�Z��

�'�J�H���������J�M�M�V�T�U�S�B�U�F�T �U�I�F �T�D�I�F�N�B�U�J�D �P�G �U�I�F �N�P�E�F�M �J�O �X�I�J�D�I �U�I�F �C�P�E�Z �J�T �S�F�H�V�M�B�U�F�E �C�Z �B �T�J�N�Q�M�F �1�S�P�Q�P�S�U�J�P�O�B�M

�%�J�¶�G�F�S�F�O�U�J�B�M �	�1�%�
 �D�P�O�U�S�P�M�M�F�S�� �5�I�F �N�P�E�F�M �X�B�T �B�E�B�Q�U�F�E �G�S�P�N�������
 �U�I�F �D�P�N�Q�P�O�F�O�U�T �P�G �U�I�F �O�F�V�S�P�M�P�H�J�D�B�M �U�J�N�F

�E�F�M�B�Z �	�D�M�P�T�F�E���M�P�P�Q �T�Z�T�U�F�N �X�J�U�I �B �U�J�N�F �E�F�M�B�Z�
 �X�F�S�F �D�I�P�T�F�O �B�D�D�P�S�E�J�O�H �U�P �S�F�D�F�O�U �·�«�O�E�J�O�H�T �B�W�B�J�M�B�C�M�F �J�O �U�I�F �M�J�U��

�F�S�B�U�V�S�F �B�T �E�J�T�D�V�T�T�F�E �J�O��������

�5�I�F �C�P�E�Z �E�Z�O�B�N�J�D�T �B�O�E �L�J�O�F�N�B�U�J�D�T �E�V�S�J�O�H �B �R�V�J�F�U �T�U�B�O�D�F �X�F�S�F �E�F�T�D�S�J�C�F�E �V�T�J�O�H �B�O �J�O�W�F�S�U�F�E �Q�F�O�E�V�M�V�N

�	�'�J�H���������
�� �5�I�F �J�O�Q�V�U �U�P �U�I�F �C�P�E�Z �N�P�E�F�M �X�B�T �U�I�F �U�P�U�B�M �U�P�S�R�V�F �F�Y�F�S�U�F�E �B�C�P�V�U �U�I�F �B�O�L�M�F �K�P�J�O�U�� �5�I�F �1�% �D�P�O��

�U�S�P�M�M�F�S �X�B�T �V�T�F�E �U�P �T�J�N�V�M�B�U�F �U�I�F �S�F�H�V�M�B�U�J�P�O �P�G �U�I�F �C�B�M�B�O�D�F �Q�F�S�G�P�S�N�F�E �C�Z �U�I�F �$�/�4 �B�T �E�F�·�«�O�F�E �C�Z �U�I�F �Q�S�P�Q�P�S��

�U�J�P�O�B�M �B�O�E �E�F�S�J�W�B�U�J�W�F �H�B�J�O�T�
K p �B�O�EK d�
 �S�F�T�Q�F�D�U�J�W�F�M�Z�� �" �M�P�X���Q�B�T�T �·�«�M�U�F�S �B�G�½�F�S �U�I�F �Q�S�P�Q�P�S�U�J�P�O�B�M �H�B�J�O �J�T �V�T�F�E �U�P

�T�N�P�P�U�I �U�I�F �D�P�O�U�S�P�M�M�F�S �P�V�U�Q�V�U �T�J�H�O�B�M�� �5�I�F �U�J�N�F �E�F�M�B�Z�
� F �
 �S�F�Q�S�F�T�F�O�U�T �U�I�F �M�B�U�F�O�D�Z �S�F�D�P�S�E�F�E �G�S�P�N �U�I�F �J�O�T�U�B�O�U

�U�I�F �T�F�O�T�P�S�Z �T�U�J�N�V�M�B�U�J�P�O �J�T �Q�S�P�W�J�E�F�E �U�P �U�I�F �G�P�P�U�
 �U�P �U�I�F �J�O�T�U�B�O�U �U�I�F �T�F�O�T�P�S�Z �F�W�P�L�F�E �Q�P�U�F�O�U�J�B�M �J�T �S�F�D�P�S�E�F�E �J�O

�U�I�F �T�P�N�B�U�P�T�F�O�T�P�S�Z �B�S�F�B �* �P�G �U�I�F �C�S�B�J�O �B�T �F�Y�Q�M�B�J�O�F�E �J�O �D�I�B�Q�U�F�S�� �	�T�F�F �T�F�D�U�J�P�O�������
��

�5�I�F �F�M�F�D�U�S�P�N�F�D�I�B�O�J�D�B�M �S�F�T�Q�P�O�T�F �U�J�N�F�
� E �
 �S�F�Q�S�F�T�F�O�U�T �U�I�F �U�J�N�F �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �U�I�F �N�P�N�F�O�U �B �N�V�T�D�M�F

�B�D�U�J�W�J�U�Z �T�J�H�O�B�M �J�T �H�F�O�F�S�B�U�F�E �J�O �U�I�F �T�F�O�T�P�S�Z�N�P�U�P�S �B�O�E �U�I�F �N�P�N�F�O�U �U�I�F �N�V�T�D�M�F �S�F�B�D�U�T�� �5�I�F �N�P�U�P�S �D�P�N�N�B�O�E

�U�J�N�F �E�F�M�B�Z�
� M �
 �S�F�Q�S�F�T�F�O�U�T �U�I�F �D�V�N�V�M�B�U�J�W�F �U�J�N�F �M�P�T�T �E�V�F �U�P �U�I�F �T�F�O�T�P�S�Z���N�P�U�P�S �J�O�G�P�S�N�B�U�J�P�O �Q�S�P�D�F�T�T �J�O �U�I�F

�$�/�4 �B�O�E �U�I�F �O�F�V�S�B�M �U�S�B�O�T�N�J�T�T�J�P�O �G�S�P�N �U�I�F �$�/�4 �U�P �U�I�F �Q�M�B�O�U�B�S �¸�¼�F�Y�P�S�T�� �5�I�F�T�F �U�I�S�F�F �U�J�N�F �D�P�O�T�U�B�O�U�T�
� E �
� M

�B�O�E� F �
 �B�S�F �S�F�G�F�S�S�F�E �U�P �B�T �U�I�F �D�P�H�O�J�U�J�W�F �Q�B�S�B�N�F�U�F�S�T �P�G �U�I�F �N�P�E�F�M�� �5�X�P �S�F�N�B�J�O�J�O�H �D�P�N�Q�P�O�F�O�U�T �S�F�Q�S�F�T�F�O�U

�U�I�F �C�P�E�Z �N�P�E�F�M �X�I�J�D�I �X�J�M�M �C�F �F�Y�Q�M�B�J�O�F�E �C�F�M�P�X �J�O �E�F�U�B�J�M�� �5�I�F �N�P�U�P�S �D�P�N�N�B�O�E �	M c�
 �J�T �D�B�M�D�V�M�B�U�F�E �V�T�J�O�H

������



�)�L�J�X�U�H ���������,�Q�Y�H�U�W�H�G �S�H�Q�G�X�O�X�P �P�R�G�H�O �D�Q�G �F�O�R�V�H�G���O�R�R�S �F�R�Q�W�U�R�O �V�F�K�H�P�H �R�I �D �T�X�L�H�W �V�W�D�Q�F�H��

�U�I�F �$�0�( �Q�P�T�J�U�J�P�O �B�O�E �W�F�M�P�D�J�U�Z �J�O�G�P�S�N�B�U�J�P�O �B�D�D�P�S�E�J�O�H �U�P �U�I�F �G�P�M�M�P�X�J�O�H �F�R�V�B�U�J�P�O�T�
 �	�������
���	�������
��

M c(t) = � K p� (t � � F � � M ) � K d
_� (t � � F � � M ) �	�������


�&�R�V�B�U�J�P�O �	�������
 �J�T �B�D�I�J�F�W�F�E �B�G�½�F�S �B�Q�Q�M�Z�J�O�H �U�I�F �-�B�Q�M�B�D�F �U�S�B�O�T�G�P�S�N �U�P �	�������


M c(s) = [ � K p � K ds] � (s)e� (� F + � M ) �	�������


�5�P �T�I�P�X �U�I�F �F�¶�G�F�D�U �P�G �J�O�E�J�H�F�O�P�V�T �	�J�O�U�F�S�O�B�M �G�S�P�N �U�I�F �$�/�4�
 �B�O�E �F�Y�P�H�F�O�P�V�T �	�F�Y�U�F�S�O�B�M �Q�I�Z�T�J�D�B�M�
 �G�P�S�D�F�T�


�F�R�V�B�U�J�P�O �	�������
 �J�T �X�S�J�U�U�F�O �B�T �	�������


M c(s) = [ K p + K ds] � (s)e� � M �
�
0 � e� � F

�
�	�������


�8�F �I�B�W�F �J�O�U�S�P�E�V�D�F�E� �U�P �E�F�T�D�S�J�C�F �U�I�F �B�O�H�V�M�B�S �E�F�W�J�B�U�J�P�O �G�S�P�N �U�I�F �V�Q�S�J�H�I�U �Q�P�T�J�U�J�P�O�
 �B�O�E �B�T�T�V�N�F �U�I�B�U �X�F

�D�B�O �B�¶�G�F�D�U �U�I�F �C�P�E�Z �C�Z �U�I�F �U�P�U�B�M �U�P�S�R�V�FT = Tc + Td �B�U �J�U�T �C�B�T�F�� �"�T �J�M�M�V�T�U�S�B�U�F�E �J�O �'�J�H���������
 �H�S�B�W�J�U�Z �G�P�S�D�F�T �U�I�F

�C�P�E�Z �U�P �H�F�U �B�X�B�Z �G�S�P�N �J�U�T �V�Q�S�J�H�I�U �F�R�V�J�M�J�C�S�J�V�N�� �5�I�F �N�P�U�J�P�O �P�G �U�I�F �I�V�N�B�O �C�P�E�Z �E�V�S�J�O�H �U�I�F �T�U�B�O�D�F �Q�P�T�U�V�S�F

�J�T �S�P�U�B�U�J�P�O�B�M �S�B�U�I�F�S �U�I�B�O �U�S�B�O�T�M�B�U�J�P�O�B�M�
 �T�P �X�F �X�J�M�M �I�B�W�F �U�P �V�T�F �U�I�F �G�P�M�M�P�X�J�O�H �W�B�S�J�B�U�J�P�O �P�G �/�F�X�U�P�O�!�T �M�B�X

M = I •� (t) �	�������


�$�P�F�¶�·�«�D�J�F�O�UI �J�O �	�������
 �S�F�Q�S�F�T�F�O�U�T �U�I�F �N�P�N�F�O�U �P�G �J�O�F�S�U�J�B�
 �B�O�EM �E�F�O�P�U�F�T �U�I�F �U�P�U�B�M �N�P�N�F�O�U�V�N �B�D�U�J�O�H �P�O

�U�I�F �C�P�E�Z��

M = T(t) + mgl sin (� (t)) � b_� (t) �	�������


������



�5�I�F �·�«�S�T�U �U�X�P �U�F�S�N�T �J�O �	�������
 �S�F�Q�S�F�T�F�O�U �U�I�F �G�P�S�D�F �B�Q�Q�M�J�F�E �B�U �U�I�F �C�B�T�F �	�U�J�N�F���W�B�S�Z�J�O�H�
 �B�O�E �U�I�F �J�O�¸�¼�V�F�O�D�F �P�G

�H�S�B�W�J�U�Z�
 �X�I�J�M�F �U�I�F �M�B�T�U �U�F�S�N �E�F�T�D�S�J�C�F�T �B �E�B�N�Q�J�O�H �Q�S�P�Q�P�S�U�J�P�O�B�M �U�P �U�I�F �B�O�H�V�M�B�S �W�F�M�P�D�J�U�Z�� �8�F �D�B�O �O�P�X �D�P�N�C�J�O�F

�	�������
 �B�O�E �	�������
 �U�P �D�P�O�T�U�S�V�D�U �	�������
��

I •� (t) = T(t) + mgl sin (� (t)) � b_� (t) �	�������


�5�I�F �T�P�M�V�U�J�P�O� (t) �U�P �U�I�J�T �P�S�E�J�O�B�S�Z �E�J�¶�G�F�S�F�O�U�J�B�M �F�R�V�B�U�J�P�O �Q�S�F�E�J�D�U�T �U�I�F �N�P�U�J�P�O �P�G �U�I�F �C�P�E�Z �B�S�P�V�O�E �U�I�F

z �B�Y�J�T�� �8�F �B�T�T�V�N�F �U�I�F �I�V�N�B�O �C�P�E�Z �B�T �B �T�Z�T�U�F�N �X�J�U�I�P�V�U �M�P�T�T �B�O�E �E�B�N�Q�J�O�H�
 �K�V�T�U �G�P�S �U�I�F �T�J�N�Q�M�J�D�J�U�Z �P�G �U�I�F

�T�J�N�V�M�B�U�J�P�O �B�O�E �B�O�B�M�Z�T�J�T�� �5�I�F�S�F�G�P�S�F�
 �U�F�S�Nb _� (t) �J�T �F�M�J�N�J�O�B�U�F�E �G�S�P�N �	�������
�
 �T�F�F������ �G�P�S �N�P�S�F �E�F�U�B�J�M�� �"�T �J�U �J�T

�P�G�½�F�O �I�B�S�E �U�P �·�«�O�E �B�O�B�M�Z�U�J�D�B�M �F�Y�Q�S�F�T�T�J�P�O�T �B�O�E �T�P�M�V�U�J�P�O�T �G�P�S �O�P�O�M�J�O�F�B�S �E�J�¶�G�F�S�F�O�U�J�B�M �F�R�V�B�U�J�P�O�T�
 �X�F �X�J�M�M �B�T�T�V�N�F

�U�I�B�U �U�I�F �E�F�W�J�B�U�J�P�O �G�S�P�N �U�I�F �V�Q�S�J�H�I�U �Q�P�T�J�U�J�P�O �J�T �T�N�B�M�M�
 �T�P �U�I�B�Usin (� (t)) � � (t)�
 �B�O�E �D�P�O�T�J�E�F�S �U�I�F �M�J�O�F�B�S�J�[�F�E

�N�P�E�F�M �B�T �	�������
��

I •� (t) = T(t) + mgl� (t) �	�������


�"�G�½�F�S �B�Q�Q�M�Z�J�O�H �U�I�F �-�B�Q�M�B�D�F �U�S�B�O�T�G�P�S�N �U�P �	�������
 �B�O�E �B�T�T�V�N�J�O�H �B�M�M �U�I�F �J�O�J�U�J�B�M �D�P�O�E�J�U�J�P�O �[�F�S�P�
 �U�I�F �·�«�O�B�M �F�R�V�B��

�U�J�P�O �	�������
 �X�J�M�M �C�F �B�D�I�J�F�W�F�E

T(s) = Is 2� (s) � mgl� (s) ) H (s) =
� (s)
T(s)

=
1

Is 2 � mgh
�	�������


�&�R�V�B�U�J�P�O�T �	�������
 �U�I�S�P�V�H�I �	�������
 �B�M�M�P�X �T�J�N�V�M�B�U�J�O�H �I�V�N�B�O �Q�P�T�U�V�S�B�M �T�X�B�Z �C�Z �T�V�C�T�U�J�U�V�U�J�O�H �U�I�F �T�Z�T�U�F�N �Q�B�S�B�N�F��

�U�F�S�T �X�J�U�I �B�Q�Q�S�P�Q�S�J�B�U�F �O�V�N�F�S�J�D�B�M �W�B�M�V�F�T�� �5�I�F �C�P�E�Z �N�P�E�F�M�
 �B�T �T�I�P�X�O �J�O �'�J�H���������
 �X�B�T �T�J�N�V�M�B�U�F�E �J�O �.�"�5�-�"�#��

�4�J�N�V�M�J�O�L�� �5�I�F �1�% �D�P�O�U�S�P�M�M�F�S �J�T �P�C�U�B�J�O�F�E �C�Z �T�F�U�U�J�O�H �J�O�U�F�H�S�B�U�P�S �H�B�J�OI = 0 �J�O �U�I�F �4�J�N�V�M�J�O�L �T�U�B�O�E�B�S�E �1�*�%

�D�P�O�U�S�P�M�M�F�S �E�F�·�«�O�J�U�J�P�O �	�������
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�5�I�F �N�P�E�F�M �P�G �C�P�E�Z �T�X�B�Z �E�V�S�J�O�H �V�Q�S�J�H�I�U �T�U�B�O�E�J�O�H �J�O�D�M�V�E�J�O�H �D�P�H�O�J�U�J�W�F �Q�B�S�B�N�F�U�F�S�T �X�B�T �E�F�S�J�W�F�E�� �5�I�F �N�P�E�F�M

�D�B�O �T�V�D�D�F�T�T�G�V�M�M�Z �E�F�T�D�S�J�C�F �C�P�E�Z �N�P�W�F�N�F�O�U�T �V�O�E�F�S �E�J�¶�G�F�S�F�O�U �D�P�H�O�J�U�J�W�F �Q�B�S�B�N�F�U�F�S�T �S�F�D�P�O�·�«�H�V�S�B�U�J�P�O�T�� �5�I�F

�B�S�F�B �B�T�T�P�D�J�B�U�F�E �X�J�U�I �B �T�D�B�U�U�F�S �Q�M�P�U �P�G �-�F�G�½���3�J�H�I�U �	�-���3�
 �B�O�E �'�P�S�X�B�S�E���#�B�D�L�X�B�S�E �	�'���#�
 �T�J�H�O�B�M�T �J�OXY �Q�M�B�O�F

�J�T �E�F�·�«�O�F�E �B�T �B�O �F�M�M�J�Q�T�F �P�S �B �D�J�S�D�M�F �X�I�J�D�I �I�P�M�E�T ����	— �P�G �U�I�F �T�D�B�U�U�F�S �Q�P�J�O�U�T�� �#�P�U�I �-���3 �B�O�E �'���# �T�J�H�O�B�M�T �B�S�F

�O�F�F�E�F�E �U�P �E�F�Q�J�D�U �U�I�F �$�0�( �N�P�W�F�N�F�O�U �P�OXY �D�P�P�S�E�J�O�B�U�F�T�
 �I�P�X�F�W�F�S �U�I�F �N�P�E�F�M �D�B�O �Q�S�P�W�J�E�F �F�J�U�I�F�S �'���# �P�S

�-���3 �N�P�W�F�N�F�O�U�� �5�P �P�W�F�S�D�P�N�F �U�I�J�T �Q�S�P�C�M�F�N�
 �U�I�F �'���# �B�O�E �U�I�F �-���3 �N�P�W�F�N�F�O�U�T �X�F�S�F �T�J�N�V�M�B�U�F�E �X�J�U�I �U�I�F

�T�B�N�F �N�P�E�F�M �I�P�X�F�W�F�S �E�J�¶�G�F�S�F�O�U �W�B�M�V�F�T �X�F�S�F �T�F�U �V�Q �G�P�S �U�I�F �D�P�H�O�J�U�J�W�F �Q�B�S�B�N�F�U�F�S�T �	�1�% �H�B�J�O�T �B�O�E �U�J�N�F �E�F�M�B�Z�T�
��

������



�1�B�S�B�N�F�U�F�S�T

�4�U�B�U	v � F �	�N�T�
 � E �	�N�T�
 � M �	�N�T�
 kp kd N

�4�F�M�F�D�U�J�P�O �S�B�O�H�F35:1 � 40:1 10:54� 11:5 25� 215 50� 3000 50� 2000 5 � 2000

�4�U�B�C�M�F �-���3 40 11 135 750 350 20

�4�U�B�C�M�F �'���# 40 11 135 680 320 15

�.�B�S�H�J�O�B�M�M�Z �T�U�B�C�M�F �-���340 11 175 750 392 27

�.�B�S�H�J�O�B�M�M�Z �T�U�B�C�M�F �'���#40 11 175 750 380 25

�7�D�E�O�H ���������6�L�P�X�O�D�W�L�R�Q �S�D�U�D�P�H�W�H�U�V �I�R�U �V�W�D�E�O�H �D�Q�G �P�D�U�J�L�Q�D�O�O�\ �V�W�D�E�O�H �V�W�X�G�L�H�V �R�I �D �V�W�D�Q�F�H �S�R�V�W�X�U�H��

�*�O �U�I�F �T�J�N�V�M�B�U�J�P�O�
 �X�F �L�F�Q�U �U�I�F �U�J�N�F �E�F�M�B�Z �V�O�D�I�B�O�H�F�E �B�O�E �N�P�E�J�·�«�F�E �1�% �Q�B�S�B�N�F�U�F�S�T �U�P �H�F�O�F�S�B�U�F �'���# �B�O�E

�-���3 �T�J�H�O�B�M�T �	�T�F�F �U�B�C�M�F�������
��

�#�B�T�F�E �P�O �U�I�F �D�M�B�T�T�J�D �D�P�O�U�S�P�M �U�I�F�P�S�Z���� �G�P�S �B�O�Z �D�M�P�T�F���M�P�P�Q �D�P�O�U�S�P�M �Q�S�P�D�F�T�T�
 �U�I�F�S�F �F�Y�J�T�U �U�I�S�F�F �T�U�B�U�F�T�� �T�U�B�C�M�F�


�N�B�S�H�J�O�B�M�M�Z �T�U�B�C�M�F �B�O�E �V�O�T�U�B�C�M�F�� �4�U�B�C�J�M�J�U�Z �E�V�S�J�O�H �B �T�U�B�O�D�F �Q�P�T�U�V�S�F �J�O�E�J�D�B�U�F�T �U�I�F �T�J�U�V�B�U�J�P�O �U�I�B�U �U�I�F �C�P�E�Z �T�U�B�Z�T

�V�Q�S�J�H�I�U �X�J�U�I �W�F�S�Z �U�J�O�Z �N�P�W�F�N�F�O�U�T�� �0�O �U�I�F �D�P�O�U�S�B�S�Z�
 �U�I�F �C�P�E�Z �U�F�O�E�T �U�P �G�B�M�M �E�P�X�O �X�I�F�O �J�U �J�T �V�O�T�U�B�C�M�F�� �%�V�S��

�J�O�H �N�B�S�H�J�O�B�M�M�Z �T�U�B�C�M�F�
 �U�I�F �C�P�E�Z �U�F�O�E�T �U�P �C�F�D�P�N�F �V�O�T�U�B�C�M�F �X�I�J�M�F �U�I�F �$�/�4 �U�S�J�F�T �U�P �L�F�F�Q �J�U �V�Q�S�J�H�I�U �C�Z �T�F�O�E�J�O�H

�D�P�N�N�B�O�E�T �U�P �E�J�¶�G�F�S�F�O�U �K�P�J�O�U�T �V�T�J�O�H �U�I�F �S�J�H�I�U�J�O�H �S�F�¸�¼�F�Y �G�V�O�D�U�J�P�O�� �$�P�O�T�F�R�V�F�O�U�M�Z�
 �U�I�F �C�P�E�Z �Q�I�Z�T�J�D�B�M�M�Z �¸�¼�V�D��

�U�V�B�U�F�T �B�S�P�V�O�Ez �B�Y�J�T �B�O�E �U�I�F �$�/�4 �B�M�U�F�S�O�B�U�F�T �C�F�U�X�F�F�O �T�U�B�C�M�F �B�O�E �V�O�T�U�B�C�M�F �T�U�B�U�F�T�� �"�O �F�Y�B�N�Q�M�F �P�G �'���# �B�O�E

�-���3 �N�P�W�F�N�F�O�U�T �G�P�S �N�B�S�H�J�O�B�M�M�Z �T�U�B�C�M�F �B�O�E �T�U�B�C�M�F �T�U�B�U�F�T �B�S�F �T�I�P�X�O �J�O �'�J�H�T�����������" �B�O�E���������# �S�F�T�Q�F�D�U�J�W�F�M�Z�� �"�T

�T�I�P�X�O �J�O �'�J�H�T�����������" �B�O�E���������#�
 �U�I�F �B�N�Q�M�J�U�V�E�F �P�G �U�I�F �T�J�H�O�B�M �J�T �I�J�H�I�F�S �G�P�S �U�I�F �N�B�S�H�J�O�B�M�M�Z �T�U�B�C�M�F �T�U�B�U�F �D�P�N�Q�B�S��

�J�O�H �U�P �U�I�F �T�U�B�C�M�F �T�U�B�U�F �X�I�J�D�I �J�O �U�V�S�O �N�F�B�O�T �U�I�F �D�P�V�S�T�F �P�G �N�P�W�F�N�F�O�U �J�O �N�B�S�H�J�O�B�M�M�Z �T�U�B�C�M�F �J�T �I�J�H�I�F�S�� �#�F�T�J�E�F�T�


�U�I�F �B�N�Q�M�J�U�V�E�F �P�G �U�I�F �U�X�P �T�J�H�O�B�M�T �G�P�S �N�B�S�H�J�O�B�M�M�Z �T�U�B�C�M�F �B�U �U�I�F �C�F�H�J�O�O�J�O�H �J�T �M�P�X �B�O�E �J�O�D�S�F�B�T�F�T �F�Y�Q�P�O�F�O�U�J�B�M�M�Z

�C�Z �U�J�N�F�
 �X�I�J�M�F �U�I�F �F�Y�U�F�S�O�B�M �J�O�Q�V�U �	�T�F�F �J�O�Q�V�U �W�B�M�V�F�T�
 �3�F�G= 0 �
 �J�O �'�J�H���������
 �B�M�X�B�Z�T �J�T �[�F�S�P �E�V�S�J�O�H �U�I�F �F�O�U�J�S�F

�T�J�N�V�M�B�U�J�P�O �U�J�N�F��

�5�I�F �D�P�O�U�S�P�M�M�F�S �B�O�E �U�I�F �D�P�H�O�J�U�J�W�F �	�$�/�4�
 �Q�B�S�B�N�F�U�F�S�T �B�S�F �T�F�U �U�P �W�B�M�V�F�T �T�I�P�X�O �J�O �U�B�C�M�F�������� �%�J�¶�G�F�S�F�O�U �D�P�O��

�T�U�B�O�U�T �P�G �U�I�F �C�P�E�Z �U�S�B�O�T�G�F�S �G�V�O�D�U�J�P�O �B�S�F �D�B�M�D�V�M�B�U�F�E �G�P�S �B �N�B�M�F �B�E�V�M�U �B�T �G�P�V�O�E �C�Z�������	m = 76 �L�H�
I = 66

�L�H���N2 �B�O�Eh = 0 :87�N�
�� �5�I�F �T�B�N�F �D�P�O�T�U�B�O�U�T �X�J�M�M �C�F �V�T�F�E �M�B�U�F�S �G�P�S �G�S�F�R�V�F�O�D�Z �D�P�N�Q�P�O�F�O�U �B�O�B�M�Z�T�J�T��

�5�I�F �T�J�N�V�M�B�U�J�P�O �E�B�U�B �X�J�M�M �C�F �B�O�B�M�Z�[�F�E �J�O �U�I�F �U�J�N�F �B�O�E �G�S�F�R�V�F�O�D�Z �E�P�N�B�J�O�T �T�F�Q�B�S�B�U�F�M�Z �B�T �G�P�M�M�P�X�T��
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�'�J�S�T�U�
 �U�I�F �T�J�N�V�M�B�U�J�P�O �E�B�U�B �	�'�J�H�T�����������" �B�O�E���������#�
 �X�J�M�M �C�F �B�O�B�M�Z�[�F�E �C�Z �F�Y�U�S�B�D�U�J�O�H �G�F�B�U�V�S�F�T �J�O �U�I�F �U�J�N�F �E�P�N�B�J�O

�X�J�U�I�P�V�U �D�P�O�W�F�S�U�J�O�H �U�I�F �T�J�H�O�B�M �J�O�U�P �B�O�P�U�I�F�S �T�Q�B�D�F �T�V�D�I �B�T �G�S�F�R�V�F�O�D�Z�
 �U�J�N�F���G�S�F�R�V�F�O�D�Z �B�O�E �N�V�M�U�J���S�F�T�P�M�V�U�J�P�O��

�5�I�F �'���# �B�O�E �-���3 �T�J�H�O�B�M�T �B�U �U�J�N�Ft �	�P�Sk�U�I�T�B�N�Q�M�F�
 �E�F�U�F�S�N�J�O�Fx �B�O�Ey �D�P�P�S�E�J�O�B�U�F�T �J�O �$�B�S�U�F�T�J�B�O �D�P�P�S�E�J�O�B�U�F�T��

�5�I�F�T�F �U�X�P �T�J�H�O�B�M�T �B�S�F �Q�S�P�K�F�D�U�F�E �J�O�U�PXY �Q�M�B�O�F �C�Z(x(t); y(t)) �D�P�V�Q�M�F�
 �B �$�0�( �T�D�B�U�U�F�S �Q�M�P�U�
 �B�T �T�I�P�X�O �J�O

������



�)�L�J�X�U�H �����������$�� �)�R�U�Z�D�U�G���E�D�F�N�Z�D�U�G �D�Q�G �O�H�I�W���U�L�J�K�W �V�L�J�Q�D�O�V �I�R�U �D �P�D�U�J�L�Q�D�O�O�\ �V�W�D�E�O�H �V�W�D�W�H�� ���%�� �I�R�U�Z�D�U�G���E�D�F�N�Z�D�U�G �D�Q�G �O�H�I�W���U�L�J�K�W

�V�L�J�Q�D�O�V �I�R�U �D �V�W�D�E�O�H �V�W�D�W�H �����&�� �&�2�* �D�U�H�D �F�U�H�D�W�H�G �E�\ �S�U�R�M�H�F�W�L�Q�J �W�K�H �I�R�U�Z�D�U�G���E�D�F�N�Z�D�U�G �D�Q�G �O�H�I�W���U�L�J�K�W �F�R�U�U�H�V�S�R�Q�G�L�Q�J �Y�D�O�X�H�V �R�Q�W�R

XY �S�O�D�Q�H�� �D�� �S�R�L�Q�W�V �D�V�V�R�F�L�D�W�H�G �Z�L�W�K �W�K�H �V�W�D�E�O�H �V�W�D�W�H�� �E�� �S�R�L�Q�W�V �D�V�V�R�F�L�D�W�H�G �Z�L�W�K �W�K�H �P�D�U�J�L�Q�D�O�O�\ �V�W�D�E�O�H �V�W�D�W�H�� �F�� �]�R�R�P �L�Q �W�R �V�K�R�Z

�G�H�W�D�L�O �R�I �W�K�H �V�W�D�E�O�H �V�W�D�W�H �Z�K�L�F�K �L�V �K�L�G�G�H�Q �X�Q�G�H�U �W�K�H �P�D�U�J�L�Q�D�O�O�\ �V�W�D�E�O�H �S�R�L�Q�W�V��

�'�J�H�����������$�� �5�I�F �B�S�F�B �B�O�E �U�I�F �T�I�B�Q�F �B�S�F �F�Y�U�S�B�D�U�F�E �G�S�P�N �U�I�F �$�0�( �T�D�B�U�U�F�S �Q�M�P�U �B�T �G�F�B�U�V�S�F�T�� �5�I�F �G�F�B�U�V�S�F�T �X�J�M�M �C�F

�V�T�F�E �B�T �D�S�J�U�F�S�J�B �U�P �D�P�N�Q�B�S�F �C�P�E�Z �T�X�B�Z �E�V�S�J�O�H �U�I�F �T�U�B�C�M�F �B�O�E �N�B�S�H�J�O�B�M�M�Z �T�U�B�C�M�F �T�U�B�U�F�T�� �"�T �N�F�O�U�J�P�O�F�E �B�C�P�W�F�


�C�Z �E�F�·�«�O�J�U�J�P�O�������
 �U�I�F �$�0�( �B�S�F�B �J�T �E�F�·�«�O�F�E �B�T �B�O �P�Q�U�J�N�V�N �F�M�M�J�Q�T�F �	�D�J�S�D�M�F�
 �T�V�S�S�P�V�O�E�F�E �C�Z ����	— �P�G �U�I�F �Q�P�J�O�U�T��

�5�I�F �D�P�O�·�«�E�F�O�U�J�B�M �J�O�U�F�S�W�B�M �J�T �D�B�M�D�V�M�B�U�F�E �G�S�P�N �U�I�F �T�D�B�U�U�F�S �D�F�O�U�F�S �O�P�U �G�S�P�N �U�I�F �P�S�J�H�J�O �P�G �U�I�F �D�P�P�S�E�J�O�B�U�F�T��

�5�I�F �N�B�S�H�J�O�B�M�M�Z �T�U�B�C�M�F �B�O�E �T�U�B�C�M�F �T�J�H�O�B�M�T �B�T �T�I�P�X�O �J�O �'�J�H�T�����������" �B�O�E���������#�
 �C�M�V�F �B�O�E �S�F�E �D�V�S�W�F�T�
 �B�S�F �Q�S�P��

�K�F�D�U�F�E �P�OXY �Q�M�B�O�F�� �4�J�O�D�F �U�I�F �C�M�V�F �Q�P�J�O�U�T �D�P�W�F�S �U�I�F �S�F�E �Q�P�J�O�U�T�
 �X�F �[�P�P�N�F�E �J�O �B �T�N�B�M�M �S�F�H�J�P�O �P�G �'�J�H�����������$

�U�P �T�I�P�X �U�I�F �Q�P�J�O�U�T �B�T�T�P�D�J�B�U�F�E �X�J�U�I �B �T�U�B�C�M�F �T�U�B�U�F�
 �S�F�E �Q�P�J�O�U�T�� �$�J�S�D�M�F�T �#�C�$ �B�O�E �#�B�$ �	�'�J�H�����������$�
 �E�F�N�P�O��

�T�U�S�B�U�F �U�I�F �$�0�( �B�S�F�B �G�P�S �U�I�F �T�U�B�C�M�F �B�O�E �N�B�S�H�J�O�B�M�M�Z �T�U�B�C�M�F �T�U�B�U�F�T �P�G �U�I�F �C�P�E�Z�� �"�T �T�F�F�O�
 �U�I�F �C�P�E�Z �E�P�F�T �O�P�U

�N�P�W�F �X�J�E�F�M�Z �E�V�S�J�O�H �U�I�F �T�U�B�C�M�F �T�U�B�U�F�
 �I�F�O�D�F �U�I�F �$�0�( �B�S�F�B �	�'�J�H�����������$���C�
 �J�T �R�V�J�U�F �E�F�O�T�F �B�O�E �T�N�B�M�M�F�S �U�I�B�O �J�O

�U�I�F �N�B�S�H�J�O�B�M�M�Z �T�U�B�C�M�F �T�U�B�U�F �J�O �X�I�J�D�I �U�I�F �C�P�E�Z �N�P�W�F�N�F�O�U �J�T �M�B�S�H�F�S �B�O�E �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �B�S�F�B �E�J�M�B�U�F�T �T�J�H��

�O�J�·�«�D�B�O�U�M�Z �	�'�J�H�����������$���B�
�� �"�T �T�I�P�X�O�
 �U�I�F �B�S�F�B �B�T�T�P�D�J�B�U�F�E �X�J�U�I �U�I�F �T�U�B�C�M�F �T�U�B�U�F �I�B�T �B�O �F�M�M�J�Q�U�J�D�B�M �T�I�B�Q�F �X�I�J�M�F

�N�B�S�H�J�O�B�M�M�Z �T�U�B�C�J�M�J�U�Z �J�T �D�J�S�D�V�M�B�S��
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�5�I�F �-���3 �B�O�E �'���# �T�X�B�Z �T�J�H�O�B�M�T �B�S�F �H�F�O�F�S�B�U�F�E �V�T�J�O�H �U�I�F �Q�S�P�Q�P�T�F�E �N�P�E�F�M �G�P�S �U�I�S�F�F �E�J�¶�G�F�S�F�O�U �T�U�B�U�F�T�� �N�B�S�H�J�O�B�M�M�Z

�T�U�B�C�M�F �	�'�J�H�����������B�
�
 �V�O�T�U�B�C�M�F �	�'�J�H�����������C�
 �B�O�E �T�U�B�C�M�F �	�'�J�H�����������D�
�� �'�J�S�T�U�
 �U�I�F �'���# �B�O�E �-���3 �T�J�H�O�B�M�T �B�S�F �D�P�O�W�F�S�U�F�E

�U�P �B �T�Q�F�D�U�S�V�N���G�S�F�R�V�F�O�D�Z �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �V�T�J�O�H �U�I�F �'�B�T�U �'�P�V�S�J�F�S �5�S�B�O�T�G�P�S�N �	�'�'�5�
 �J�O �P�S�E�F�S �U�P �B�O�B�M�Z�[�F �B�O�E

�J�O�U�F�S�Q�S�F�U �U�I�F �T�J�H�O�B�M�T �J�O �U�I�F �G�S�F�R�V�F�O�D�Z �E�P�N�B�J�O �B�O�E �E�J�T�D�M�P�T�F �U�I�F�J�S �I�J�E�E�F�O �B�T�Q�F�D�U�T��
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�)�L�J�X�U�H ���������%�R�G�\ �)���% �S�R�V�W�X�U�D�O �V�Z�D�\ �V�L�J�Q�D�O �I�R�U �W�K�H �D�� �P�D�U�J�L�Q�D�O�O�\ �V�W�D�E�O�H�� �E�� �X�Q�V�W�D�E�O�H�� �F�� �V�W�D�E�O�H �V�W�D�W�H�V �L�Q �W�K�H �W�L�P�H �G�R�P�D�L�Q ���O�H�I�W �F�R�O��

�X�P�Q�� �D�Q�G �D�V�V�R�F�L�D�W�H�G �V�S�H�F�W�U�X�P �L�Q �W�K�H �I�U�H�T�X�H�Q�F�\ �G�R�P�D�L�Q ���U�L�J�K�W �F�R�O�X�P�Q����

�1�B�S�B�N�F�U�F�S�T

�4�U�B�U	v � F �	�N�T�
 � E �	�N�T�
 � M �	�N�T�
 kp kd N

�1�P�T�T�J�C�M�F �D�I�P�J�D�F35:1 � 40:1 10:54� 11:5 25� 215 50� 3000 50� 2000 5 � 2000

�4�U�B�C�M�F 40 11 135 750 350 20

�.�B�S�H�J�O�B�M�M�Z �T�U�B�C�M�F40 11 175 750 380 9:5

�6�O�T�U�B�C�M�F 40 11 190 850 590 10

�7�D�E�O�H ���������6�L�P�X�O�D�W�L�R�Q �S�D�U�D�P�H�W�H�U�V �I�R�U �G�L�I�I�H�U�H�Q�W �V�W�D�W�H�V �R�I �W�K�H �V�W�D�Q�F�H �S�R�V�W�X�U�H��

�4�J�O�D�F �U�I�F �'���# �B�O�E �-���3 �T�J�H�O�B�M�T �B�S�F �T�J�N�J�M�B�S �C�P�U�I �J�O �D�I�B�S�B�D�U�F�S�J�T�U�J�D�T �B�O�E �J�O �T�I�B�Q�F�
 �P�O�M�Z �U�I�F �'���# �T�J�H�O�B�M �X�J�M�M

�C�F �B�O�B�M�Z�[�F�E �J�O �U�I�J�T �T�F�D�U�J�P�O�� �5�I�F �I�J�H�I �B�O�E �M�P�X �G�S�F�R�V�F�O�D�Z �D�P�N�Q�P�O�F�O�U�T �X�J�M�M �C�F �F�Y�U�S�B�D�U�F�E �B�T �G�F�B�U�V�S�F�T �U�P �T�U�V�E�Z

�U�I�F �V�Q�S�J�H�I�U �Q�P�T�U�V�S�B�M �T�X�B�Z�� �5�I�F �U�J�N�F �E�F�M�B�Z �B�T�T�P�D�J�B�U�F�E �X�J�U�I �G�F�F�E�C�B�D�L �	� f �
 �B�O�E �G�F�F�E �G�P�S�X�B�S�E �	� e�
�
 �	� m �
 �E�F�M�B�Z�T

�X�F�S�F �T�F�U �U�P40�N�T�
11�N�T �B�O�E135�N�T �S�F�T�Q�F�D�U�J�W�F�M�Z �J�O �U�I�J�T �T�J�N�V�M�B�U�J�P�O �	�U�B�C�M�F�������
�� �)�P�X�F�W�F�S�
 �U�I�F �F�Y�B�D�U �W�B�M�V�F

�P�G �U�I�F �N�P�U�P�S �D�P�N�N�B�O�E �U�J�N�F �E�F�M�B�Z�
 �J���F���
 �U�I�F �U�J�N�F �O�F�F�E�F�E �G�P�S �U�I�F �T�F�O�T�P�S�Z�N�P�U�P�S �J�O�G�P�S�N�B�U�J�P�O �U�P �C�F �Q�S�P�D�F�T�T�F�E

�J�O �U�I�F �$�/�4�
 �J�T �V�O�L�O�P�X�O�� �4�J�O�D�F �U�I�F �V�Q�S�J�H�I�U �Q�P�T�U�V�S�B�M �T�X�B�Z �J�T �J�N�Q�P�S�U�B�O�U �J�O �U�I�J�T �T�U�V�E�Z�
 �P�O�M�Z �U�I�F �T�U�B�C�M�F �B�O�E

�N�B�S�H�J�O�B�M�M�Z �T�U�B�C�M�F �T�U�B�U�F�T �X�J�M�M �C�F �D�P�O�T�J�E�F�S�F�E��

�5�I�F �C�P�E�Z �D�B�O �G�B�M�M �J�O�U�P �N�B�S�H�J�O�B�M�M�Z �T�U�B�C�M�F �V�O�E�F�S �E�J�¶�G�F�S�F�O�U �T�J�U�V�B�U�J�P�O�T�� �"�T �T�I�P�X�O �J�O �'�J�H�����������B�
 �U�I�F �T�Q�F�D�U�S�V�N

�P�G �U�I�F �N�B�S�H�J�O�B�M�M�Z �T�U�B�C�M�F �'���# �T�X�B�Z �I�B�T �U�X�P �D�P�N�Q�P�O�F�O�U�T�� �I�J�H�I �	�)�'�
 �B�O�E �M�P�X �G�S�F�R�V�F�O�D�Z �	�-�'�
�
 �S�F�H�B�S�E�M�F�T�T �P�G

�U�I�F �T�U�J�N�V�M�V�T �D�B�V�T�J�O�H �U�I�F �T�X�B�Z�
 �F�Y�U�F�S�O�B�M �P�S �J�O�U�F�S�O�B�M�� �5�I�F �-�' �B�O�E �)�' �D�P�N�Q�P�O�F�O�U�T �B�S�F �B�T�T�P�D�J�B�U�F�E �X�J�U�I �W�P�M�V�O��

�U�B�S�Z �B�O�E �J�O�W�P�M�V�O�U�B�S�Z �N�P�W�F�N�F�O�U�T�� �5�I�F �)�' �D�P�N�Q�P�O�F�O�U �T�U�S�F�U�D�I�F�T �C�F�Z�P�O�E1�)�[ �	�T�F�F �'�J�H�����������B�
�
 �X�I�J�M�F �U�I�F �-�'

�D�P�N�Q�P�O�F�O�U �S�F�N�B�J�O�T �C�F�M�P�X1 �)�[�� �" �Q�S�F�W�J�P�V�T �T�U�V�E�Z �C�Z �#�P�T�����T�I�P�X�F�E �U�I�B�U1 �)�[ �J�T �B�O �J�N�Q�P�S�U�B�O�U �G�S�F�R�V�F�O�D�Z

�C�F�D�B�V�T�F �J�U �J�T �B �D�S�J�U�F�S�J�P�O �U�P �N�F�B�T�V�S�F �U�I�F �C�P�E�Z �N�P�U�J�P�O�� �"�T �T�I�P�X�O �J�O �'�J�H���������
 �V�O�E�F�S �B �D�P�N�Q�M�F�U�F�M�Z �T�U�B�C�M�F �T�U�B�U�F�
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�U�I�F �C�P�E�Z �T�U�B�Z�T �V�Q�S�J�H�I�U �X�J�U�I �N�J�O�J�N�V�N �T�X�B�Z �B�O�E �P�O�M�Z �W�P�M�V�O�U�B�S�Z �N�P�W�F�N�F�O�U �D�B�O �P�D�D�V�S�� �7�P�M�V�O�U�B�S�Z �N�P�W�F��

�N�F�O�U �J�T �T�M�P�X �U�I�V�T �J�U�T �T�Q�F�D�U�S�V�N �I�B�T �G�S�F�R�V�F�O�D�Z �D�P�N�Q�P�O�F�O�U�T �D�M�P�T�F �U�P �[�F�S�P �	f #= 1
T " �
�� �5�I�F �C�B�O�E�X�J�E�U�I �P�G

�W�P�M�V�O�U�B�S�Z �N�P�W�F�N�F�O�U �	�T�U�B�C�M�F �T�U�B�U�F�
 �J�T �M�J�N�J�U�F�E �U�P0 �)�[��0:5 �)�[ �X�I�J�M�F �U�I�F �C�B�O�E�X�J�E�U�I �G�P�S �V�O�T�U�B�C�M�F �N�P�W�F�N�F�O�U

�I�B�T �U�X�P �D�P�N�Q�P�O�F�O�U�T0:3 �)�[��0:4 �)�[ �B�O�E0:5 �)�[��1:0 �)�[ �	�'�J�H�����������C�
�� �"�T �T�F�F�O �J�O �'�J�H�����������B�
 �U�I�F �T�F�D�P�O�E �G�S�F��

�R�V�F�O�D�Z �D�P�N�Q�P�O�F�O�U �	�)�'�
 �G�B�M�M�T �C�F�Z�P�O�E1:0�)�[ �J�O �U�I�F �N�B�S�H�J�O�B�M�M�Z �T�U�B�C�M�F �T�U�B�U�F�� �*�U �N�F�B�O�T�
 �N�P�S�F �I�J�H�I �G�S�F�R�V�F�O�D�Z

�D�P�N�Q�P�O�F�O�U�T �E�V�F �U�P �B �N�B�M�G�V�O�D�U�J�P�O�J�O�H �P�G �U�I�F �$�/�4 �P�S �B�O �J�O�B�D�D�V�S�B�U�F �F�T�U�J�N�B�U�J�P�O �P�G �U�I�F �C�P�E�Z �T�U�B�U�F �B�Q�Q�F�B�S �J�O

�U�I�F �T�X�B�Z �T�J�H�O�B�M��

���������� �#	Û	à	á	Õ	ç	Þ	Ó	ä 	Ö	Û	å	â	Ó	ä	Û	æ	ë

�4�J�O�D�F �O�F�B�S�M�Z �B �D�F�O�U�V�S�Z �U�I�F �U�I�F�P�S�Z �P�G �T�F�O�T�P�S�Z �D�P�O�¸�¼�J�D�U �I�B�T �C�F�F�O �U�I�F �T�V�C�K�F�D�U �P�G �N�B�O�Z �T�U�V�E�J�F�T�����
�����
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�5�I�F�S�F �J�T �O�P �E�P�V�C�U �J�O �U�I�F �F�¶�·�«�D�J�F�O�D�Z �P�G �7�3 �U�F�D�I�O�P�M�P�H�Z �G�P�S �D�P�N�N�F�S�D�J�B�M �V�T�B�H�F �T�V�D�I �B�T �N�B�O�V�G�B�D�U�V�S�J�O�H�
 �E�F�T�J�H�O�


�D�P�O�T�U�S�V�D�U�J�P�O�
 �F�Y�I�J�C�J�U�J�P�O�T �B�O�E �J�O�E�V�T�U�S�J�B�M �Q�V�C�M�J�D �T�I�P�X�T�� �)�P�X�F�W�F�S�
 �U�I�F �N�B�J�O �J�T�T�V�F �P�G �7�*�.�4 �T�U�J�M�M �S�F�N�B�J�O�T �V�O��

�T�P�M�W�F�E �B�O�E �N�P�S�F �S�F�T�F�B�S�D�I �J�T �G�F�M�U �N�P�S�F �U�I�B�O �B�O�Z �U�J�N�F �J�O �U�I�J�T �·�«�F�M�E�
 �F�T�Q�F�D�J�B�M�M�Z �X�J�U�I �U�I�F �S�B�Q�J�E �H�S�P�X�U�I �P�G �W�J�E�F�P

�H�B�N�F�T�
 �7�3 �B�O�E �E�J�T�Q�M�B�Z �U�F�D�I�O�P�M�P�H�J�F�T�� �5�I�F �T�F�W�F�S�J�U�Z �P�G �7�*�.�4 �J�O �T�P�N�F �B�Q�Q�M�J�D�B�U�J�P�O�T �T�V�D�I �B�T �W�J�S�U�V�B�M �S�F�B�M�J�U�Z

�X�B�T �T�P �T�F�W�F�S�F �U�I�B�U �U�I�F �*�O�U�F�S�O�B�U�J�P�O�B�M �0�S�H�B�O�J�[�B�U�J�P�O �G�P�S �4�U�B�O�E�B�S�E�J�[�B�U�J�P�O �	�*�4�0�
 �I�B�T �I�F�M�E �T�F�W�F�S�B�M �T�Z�N�Q�P�T�J�V�N�T

�B�O�E �X�P�S�L�T�I�P�Q�T �J�O �E�Z�O�B�N�J�D �J�N�B�H�F �T�B�G�F�U�Z �B�O�E �S�F�Q�P�S�U�F�E �U�I�B�U �N�P�S�F �S�F�T�F�B�S�D�I �J�T �O�F�F�E�F�E �U�P �E�F�U�F�S�N�J�O�F �U�I�F �D�B�V�T�B�M

�G�B�D�U�P�S�T �B�O�E �J�O�E�F�Y�F�T �G�P�S �7�*�.�4�������� �"�C�P�V�U ����	— �P�G �U�I�F �Q�P�Q�V�M�B�U�J�P�O �B�S�F �T�V�T�D�F�Q�U�J�C�M�F �U�P �N�P�U�J�P�O �T�J�D�L�O�F�T�T�������
��������

�*�O �U�I�J�T �S�F�H�B�S�E�T�
 �E�J�¶�G�F�S�F�O�U �T�U�B�U�J�T�U�J�D�T �I�B�W�F �C�F�F�O �Q�V�C�M�J�T�I�F�E �T�P �G�B�S �U�P �T�I�P�X �U�I�F �J�N�Q�P�S�U�B�O�D�F �P�G �7�*�.�4 �T�V�T�D�F�Q�U�J��

�C�J�M�J�U�Z�� �'�P�S �J�O�T�U�B�O�D�F�
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�U�I�F�J�S �I�F�B�M�U�I �D�P�O�E�J�U�J�P�O �	�T�F�F �B�Q�Q�F�O�E�J�Y�"�
�� �5�I�F �S�F�T�V�M�U �P�G �U�I�F �R�V�F�T�U�J�P�O�O�B�J�S�F �T�I�P�X�F�E �U�I�B�U �U�I�F�S�F �X�B�T �O�P �U�F�T�U

�T�V�C�K�F�D�U �X�I�P�T�F �Q�B�S�U�J�D�J�Q�B�U�J�P�O �J�O �U�I�F �F�Y�Q�F�S�J�N�F�O�U �X�P�V�M�E �C�F �V�O�T�V�J�U�B�C�M�F �E�V�F �U�P �I�F�B�M�U�I �J�T�T�V�F�T�� �,�F�O�O�F�E�Z�!�T �4�4�2

�R�V�F�T�U�J�P�O�O�B�J�S�F �	�T�F�F �B�Q�Q�F�O�E�J�Y�#�
 �X�B�T �V�T�F�E �X�J�U�I �U�I�F �T�B�N�F �T�D�P�S�J�O�H �J�O�E�F�Y�F�T �B�E�B�Q�U�F�E �U�P �D�P�M�M�F�D�U �B �T�F�M�G���S�F�Q�P�S�U

�R�V�F�T�U�J�P�O�O�B�J�S�F �B�O�E �D�B�M�D�V�M�B�U�F �U�I�F �T�J�D�L�O�F�T�T �U�P�U�B�M �T�D�P�S�F��
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�5�I�F �Q�S�P�D�F�E�V�S�F �X�B�T �E�F�T�J�H�O�F�E �B�T �G�P�M�M�P�X�T��

�����" �Q�S�F���F�Y�Q�P�T�V�S�F �R�V�F�T�U�J�P�O�O�B�J�S�F �X�B�T �B�T�L�F�E �U�P �C�F �·�«�M�M�F�E �P�V�U �	�2���
 �C�Z �F�B�D�I �Q�B�S�U�J�D�J�Q�B�O�U��

���� �4�J�O�D�F �U�I�F �Q�B�S�U�J�D�J�Q�B�O�U�T �O�F�F�E�F�E �U�P �L�O�P�X �I�P�X �U�P �O�B�W�J�H�B�U�F �X�J�U�I �E�F�W�J�D�F�T �X�F �I�B�E �B �U�S�B�J�O�J�O�H �Q�F�S�J�P�E �	������

�N�J�O�
 �C�F�G�P�S�F �F�Y�Q�P�T�J�O�H �Q�B�S�U�J�D�J�Q�B�O�U�T �U�P �W�J�T�V�B�M �T�U�J�N�V�M�J �	�C�B�T�F �M�J�O�F�
��

���� �5�I�F �$�0�( �P�G �F�B�D�I �Q�B�S�U�J�D�J�Q�B�O�U �X�B�T �S�F�D�P�S�E�F�E �G�P�St1 = 30 �T �	�Q�S�F���F�Y�Q�P�T�V�S�F �N�F�B�T�V�S�F�N�F�O�U�
��

������



�)�L�J�X�U�H ���������D�� �(�[�S�H�U�L�P�H�Q�W �L�Q�V�L�G�H �W�K�H �&�$�9�(�� �E�� �S�D�W�K �L�Q�G�L�F�D�W�R�U �D�Q�G �H�Q�Y�L�U�R�Q�P�H�Q�W �S�D�W�W�H�U�Q��

���� �5�I�F �Q�B�S�U�J�D�J�Q�B�O�U�T �O�B�W�J�H�B�U�F�E �B�M�P�O�H �B �Q�B�U�I �	�E�F�U�B�J�M�F�E �J�O �'�J�H�����������B�
 �G�P�St2 �T��

���� �5�I�F �$�0�( �T�J�H�O�B�M �X�B�T �S�F�D�P�S�E�F�E �J�N�N�F�E�J�B�U�F�M�Z �B�G�½�F�S �O�B�W�J�H�B�U�J�P�O �G�P�St3 = 30 �T �	�Q�P�T�U �F�Y�Q�P�T�V�S�F �N�F�B�T�V�S�F��

�N�F�O�U�
��

���� �"�O �4�4�2 �	�2���
 �X�B�T �·�«�M�M�F�E �C�Z �U�I�F �Q�B�S�U�J�D�J�Q�B�O�U�T��

���� �4�U�F�Q�T �� �U�P �� �X�F�S�F �S�F�Q�F�B�U�F�E �� �U�J�N�F�T��

�*�O �U�I�F �G�P�M�M�P�X�J�O�H �T�F�D�U�J�P�O�
 �U�I�F �E�B�U�B �X�J�M�M �C�F �B�O�B�M�Z�[�F�E �C�P�U�I �J�O �U�I�F �U�J�N�F �B�O�E �G�S�F�R�V�F�O�D�Z �E�P�N�B�J�O�T �U�P �W�B�M�J�E�B�U�F �U�I�F

�S�F�T�V�M�U�T �B�O�E �D�P�N�Q�B�S�F �U�I�F�N �X�J�U�I �U�I�F �T�J�N�V�M�B�U�J�P�O �S�F�T�V�M�U�T�� �*�O �H�F�O�F�S�B�M�
 �B �G�F�B�U�V�S�F �F�Y�Q�M�B�J�O�T �D�F�S�U�B�J�O �D�I�B�S�B�D�U�F�S�J�T�U�J�D�T

�P�G �B �H�J�W�F�O �T�J�H�O�B�M�
 �N�F�B�T�V�S�F�N�F�O�U�
 �B�O�E �U�J�N�F �T�F�S�J�F�T�� �5�I�F �N�F�B�O�
 �N�F�E�J�B�O�
 �W�B�S�J�B�O�D�F�
 �N�B�Y�J�N�V�N �B�O�E �N�J�O�J�N�V�N

�P�G �B �T�J�H�O�B�M �B�S�F �U�I�F �N�P�T�U �L�O�P�X�O �G�F�B�U�V�S�F�T�
 �I�P�X�F�W�F�S �B�O �F�¶�·�«�D�J�F�O�U �G�F�B�U�V�S�F �I�B�T �B �N�P�S�F �D�P�N�Q�M�J�D�B�U�F�E �E�F�·�«�O�J�U�J�P�O �J�O

�Q�S�B�D�U�J�D�F�� �5�I�F �F�¶�·�«�D�J�F�O�D�Z �P�G �U�I�S�F�F �G�F�B�U�V�S�F�T�
 �J���F���
 �U�I�F �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �-�' �B�O�E �)�' �D�P�N�Q�P�O�F�O�U�T�
 �U�I�F �B�S�F�B �B�O�E

�U�I�F �T�I�B�Q�F �P�G �U�I�F �$�0�(�
 �B�O�E �C�J�O�P�D�V�M�B�S �E�J�T�Q�B�S�J�U�Z �X�J�M�M �C�F �T�U�V�E�J�F�E �V�T�J�O�H �F�Y�Q�F�S�J�N�F�O�U�B�M �E�B�U�B��
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�5�I�F �F�Y�Q�F�S�J�N�F�O�U �I�B�T �C�F�F�O �D�B�S�S�J�F�E �P�V�U �G�P�S �B �Q�F�S�J�P�E �P�Gt = 50 � 20�N�J�O �C�B�T�F�E �P�O �U�I�F �Q�S�P�D�F�E�V�S�F �F�Y�Q�M�B�J�O�F�E

�J�O �T�F�D�U�J�P�O������������ �5�I�F �'���# �B�O�E �3���- �T�J�H�O�B�M�T �B�S�F �S�F�D�P�S�E�F�E �E�J�S�F�D�U�M�Z �C�Z �U�I�F �$�0�( �T�F�O�T�P�S �	�I�F�S�F �B �5�F�D�I�O�P���D�P�O�D�F�Q�U

�T�F�O�T�P�S�
 �B�O�E �U�I�F�O �U�I�F �Q�B�S�B�N�F�U�F�S�T �B�S�F �D�B�M�D�V�M�B�U�F�E �C�Z �U�I�F �J�O�U�F�S�G�B�D�J�O�H �T�P�G�½�X�B�S�F �	�T�F�F �U�I�F �5�F�D�I�O�P���D�P�O�D�F�Q�U �N�B�O�V�B�M

�G�P�S �G�V�S�U�I�F�S �E�F�U�B�J�M�������
�� �'�J�H���������T�I�P�X�T �B�O �F�Y�B�N�Q�M�F �P�G �B �S�F�D�P�S�E�F�E �'���# �	�S�F�E�
 �B�O�E �-���3 �	�C�M�V�F�
 �T�J�H�O�B�M �G�P�S �Q�S�F �B�O�E

�Q�P�T�U���F�Y�Q�P�T�V�S�F�T�� �"�T �T�F�F�O�
 �J�U �J�T �G�B�J�S�M�Z �E�J�¶�·�«�D�V�M�U �U�P �D�P�N�Q�B�S�F �U�I�F�T�F �U�X�P �T�J�H�O�B�M�T �J�O �U�I�F �U�J�N�F �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �X�J�U�I��

�P�V�U �B�O�Z �G�F�B�U�V�S�F �F�Y�U�S�B�D�U�J�P�O�� �'�F�B�U�V�S�F �F�Y�U�S�B�D�U�J�P�O �G�B�D�J�M�J�U�B�U�F�T �U�I�F �D�P�N�Q�B�S�J�T�P�O �C�F�U�X�F�F�O �U�I�F�T�F �U�X�P �S�B�X �T�J�H�O�B�M�T��

������



�)�L�J�X�U�H ���������(�[�D�P�S�O�H �R�I �)���% �D�Q�G �/���5 �V�Z�D�\�V �V�L�J�Q�D�O�V �I�R�U �S�U�H �D�Q�G �S�R�V�W �H�[�S�R�V�X�U�H�V��

�.�P�S�F�P�W�F�S�
 �U�I�F �B�O�B�M�Z�T�J�T �P�G �B �I�V�H�F �B�N�P�V�O�U �P�G �E�B�U�B �C�Z �G�F�B�U�V�S�F �F�Y�U�S�B�D�U�J�P�O �J�T �M�J�N�J�U�F�E �U�P �U�I�F �T�U�V�E�Z �B�O�E �D�P�N��

�Q�B�S�J�T�P�O �P�G �B �G�F�X �T�F�U �P�G �G�F�B�U�V�S�F�T�� ���� �G�F�B�U�V�S�F�T �	�T�F�F �U�I�F �·�«�S�T�U �D�P�M�V�N�O �J�O �U�B�C�M�F�������
 �B�S�F �D�B�M�D�V�M�B�U�F�E �V�T�J�O�H �U�I�F �Q�S�F

�B�O�E �Q�P�T�U���F�Y�Q�P�T�V�S�F�T �N�F�B�T�V�S�F�N�F�O�U�T �B�T �T�I�P�X�O �J�O �U�B�C�M�F�������� �5�I�F �Q�S�F �B�O�E �Q�P�T�U���F�Y�Q�P�T�V�S�F�T �W�B�M�V�F�T �S�F�G�F�S �U�P�N�J�O

�	�Q�S�F���F�Y�Q�P�T�V�S�F�
 �B�O�E�N�B�Y�	�Q�P�T�U���F�Y�Q�P�T�V�S�F�
 �W�B�M�V�F�T �B�N�P�O�H �U�I�F �Q�B�S�U�J�D�J�Q�B�O�U�T�� �/�P�X�
 �N�P�S�F �F�¶�·�«�D�J�F�O�U �Q�B�S�B�N�F�U�F�S�T

�D�B�O �C�F �J�E�F�O�U�J�·�«�F�E �P�O�M�Z �C�Z �M�P�P�L�J�O�H �B�U �U�I�F �W�B�S�J�B�U�J�P�O �	�G�P�V�S�U�I �D�P�M�V�N�O �J�O �U�B�C�M�F�������
�� �5�I�F �D�P�M�V�N�O �B�T�T�P�D�J�B�U�F�E �U�P

�#�7�B�S�J�B�U�J�P�O�$ �T�I�P�X�T �U�I�F �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �Q�S�F �B�O�E �Q�P�T�U���F�Y�Q�P�T�V�S�F�T �N�F�B�T�V�S�F�N�F�O�U�T �	�D�P�M�V�N�O�T �� �B�O�E ���
��

�4�U�B�U�J�T�U�J�D�B�M �B�O�B�M�Z�T�J�T �G�P�Sn = 17 �Q�B�S�U�J�D�J�Q�B�O�U�T �T�I�P�X�T �U�I�B�U �� �P�V�U �P�G ���� �$�0�( �G�F�B�U�V�S�F�T �J�O�D�M�V�E�J�O�H �"�S�F�B �	F (1; 16) =

198:6; p < 0:005�
�
 �-�F�O�H�U�I �	F (1; 16) = 154:9; p < 0:005�
�
 �-�O�H�� �-���3 �	F (1; 16) = 105:2; p <

0:001�
�
 �-�O�H�� �'�S�����#�L�� �	F (1; 16) = 149:5; p < 0:001�
�
 �4�M�P�Q�F �	F (1; 16) = 91:23; p < 0:01�
�
 �4 �7�B�S��

�	F (1; 16) = 98:23; p < 0:001�
 �I�B�W�F �F�Y�Q�F�S�J�F�O�D�F�E �T�J�H�O�J�·�«�D�B�O�U �W�B�S�J�B�U�J�P�O�T�� �0�U�I�F�S �G�F�B�U�V�S�F�T �F�J�U�I�F�S �E�P �O�P�U

�G�P�M�M�P�X �B �T�Q�F�D�J�·�«�D �U�S�F�O�E �P�S �E�J�E �O�P�U �V�O�E�F�S�H�P �T�J�H�O�J�·�«�D�B�O�U �W�B�S�J�B�U�J�P�O�T�� �5�I�F �U�F�S�N �#�O�P �U�S�F�O�E�$ �N�F�B�O�T �U�I�F �Q�S�F �B�O�E

�Q�P�T�U���F�Y�Q�P�T�V�S�F�T �E�J�¶�G�F�S�F�O�D�F �J�T �O�P�U �T�J�H�O�J�·�«�D�B�O�U �B�O�E �U�I�F �W�B�S�J�B�U�J�P�O �B�D�S�P�T�T �U�I�F �T�V�C�K�F�D�U�T �J�T �S�B�O�E�P�N�� �0�O �U�I�F �P�U�I�F�S

�I�B�O�E�
 �U�I�F �U�F�S�N �#�X�J�U�I �U�S�F�O�E�$ �N�F�B�O�T �U�I�F�S�F �J�T �B �N�F�B�O�J�O�H�G�V�M �E�J�¶�G�F�S�F�O�D�F �F�J�U�I�F�S �Q�P�T�J�U�J�W�F �P�S �O�F�H�B�U�J�W�F �	�T�P�N�F �S�F��

�N�B�J�O�T �V�O�D�I�B�O�H�F�E�
 �C�V�U �J�U �J�T �O�P�U �T�J�H�O�J�·�«�D�B�O�U�� �-���3 �"�W�H�� �	F (1; 16) = 1:23; p = 0 :46�
 �O�P �U�S�F�O�E�
�
 �'�S�����#�L��

�"�W�H�� �	F (1; 16) = 2:19; p = 0 :58�
 �O�P �U�S�F�O�E�
�
 �"�/���� �-���3�� �	F (1; 16) = 3:94; p = 0 :17�
 �X�J�U�I �U�S�F�O�E�
�


�"�/���� �'�S�����#�L�� �	F (1; 16) = 2:98; p = 0 :96�
 �X�J�U�I �U�S�F�O�E�
�
 �-�'�4 �	F (1; 16) = 1:73; p = 0 :64�
 �O�P �U�S�F�O�E�
�


�4�7 �'�S�����#�L�� �	F (1; 16) = 1:05; p = 0 :31�
�
 �4 �"�W�H�� �	F (1; 16) = 2:87; p = 0 :08�
 �O�P �U�S�F�O�E�
 �I�B�W�F �O�P�U

�D�I�B�O�H�F�E �E�S�B�N�B�U�J�D�B�M�M�Z�� �5�I�F�S�F�G�P�S�F �U�I�F�Z �I�B�W�F �O�P�U �C�F�F�O �D�P�O�T�J�E�F�S�F�E �J�O �U�I�J�T �T�U�V�E�Z�� �"�T �T�F�F�O �J�O �T�F�D�U�J�P�O�����������	�Q�P�T��

�U�V�S�B�M �T�X�B�Z �T�U�V�E�Z�
�
 �T�P�N�F �S�F�T�F�B�S�D�I�F�T �X�F�S�F �G�P�D�V�T�F�E �P�O �U�I�F �B�S�F�B �B�T �X�F�M�M�� �'�V�S�U�I�F�S�N�P�S�F�
 �U�I�F �B�J�N �J�T �U�P �T�F�F �J�G �U�I�F

�T�J�N�V�M�B�U�J�P�O �S�F�T�V�M�U�T �D�B�O �C�F �Q�S�P�W�F�O �C�Z �F�Y�Q�F�S�J�N�F�O�U�T �P�S �O�P�U�� �"�N�P�O�H �B�M�M �U�I�F �G�F�B�U�V�S�F�T �U�I�B�U �F�Y�Q�F�S�J�F�O�D�F�E �B �T�J�H�O�J�·�«��

�D�B�O�U �E�J�¶�G�F�S�F�O�D�F�
 �U�I�F �#�B�S�F�B�$ �B�O�E �U�I�F �#�T�I�B�Q�F �P�G �U�I�F �B�S�F�B�$ �B�S�F �T�F�M�F�D�U�F�E �U�P �C�F �B�O�B�M�Z�[�F�E��
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�S�R�V�W���H�[�S�R�V�X�U�H �������F���� �D�Q�G �F�R�U�U�H�O�D�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �S�U�H���H�[�S�R�V�X�U�H �������� �S�R�V�W���H�[�S�R�V�X�U�H �������� �D�W �W�K�H �V�L�F�N�Q�H�V�V �R�Q�V�H�W ������ �D�U�H�D�V �D�Q�G �W�K�H

�6�6�4 �W�R�W�D�O �V�F�R�U�H��
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�5�*�$�" ������ �B�O�E �.�"�5�-�"�# �����������C �T�U�B�U�J�T�U�J�D �U�P�P�M�C�P�Y�F�T �X�F�S�F �V�T�F�E �G�P�S �E�B�U�B �B�O�B�M�Z�T�J�T�� �5�I�F �S�F�T�V�M�U �P�G �U�I�F �E�B�U�B �B�O�B�M��

�Z�T�J�T �T�I�P�X�O �J�O �'�J�H���������������� �J�T �Q�S�F�T�F�O�U�F�E �J�O �N�P�S�F �E�F�U�B�J�M �J�O �'�J�H���������U�I�S�P�V�H�I �'�J�H������������ �"�T �T�F�F�O�
 �Q�S�F�@�T�J�D�L�@�B�S�F�B

�	M = 198:13�
SD = 10:898�
 �B�O�E �4�4�2�� �	M = 184:02�
SD = 19:83�
�
 �Q�S�F�@�Q�P�T�U�@�B�S�F�B �	M = 383:19�


SD = 18:97�
 �B�O�E �4�4�2�� �	M = 294:89�
SD = 15:3�
�
 �B�O�E �T�J�D�L�@�Q�P�T�U�@�B�S�F�B �	M = 185:35�
SD = 7 :44�


�B�O�E �4�4�2�� �	M = 111:8�
SD = 7 :7�
 �B�S�F �I�J�H�I�M�Z �D�P�S�S�F�M�B�U�F�E�
r = 0 :96�
r = 0 :97�B�O�Er = 0 :98�S�F�T�Q�F�D�U�J�W�F�M�Z��

�5�I�F �N�F�B�O �P�G �U�I�F �E�J�M�B�U�F�E �B�S�F�B �	�T�J�D�L�@�Q�P�T�U�@�B�S�F�B= 185:35�B�O�E �Q�S�F�@�T�J�D�L�@�B�S�F�B= 198:13�
 �Q�S�F�@�Q�P�T�U�@�B�S�F�B=

383:19�
 �B�T �N�F�O�U�J�P�O�F�E �B�C�P�W�F�
 �B�O�E �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �4�4�2 �T�D�P�S�F�T �	�4�4�2��= 184:02�
 �4�4�2��= 296:42�
 �4�4�2��=

111:34�
 �B�S�F �D�B�M�D�V�M�B�U�F�E �B�D�S�P�T�T �U�I�F �T�V�C�K�F�D�U�T�� �5�I�F �4�4�2 �T�D�P�S�F �W�F�S�T�V�T �U�I�F �$�0�( �B�S�F�B �E�J�M�B�U�J�P�O �J�T �E�F�Q�J�D�U�F�E �J�O

�'�J�H�����������G�P�S �U�I�S�F�F �J�O�T�U�B�O�D�F�T�� �"�T �T�F�F�O�
 �U�I�F �$�0�( �B�S�F�B �C�F�D�P�N�F�T �M�B�S�H�F�S �X�J�U�I �B�O �J�O�D�S�F�B�T�F �J�O �U�I�F �T�J�D�L�O�F�T�T �T�D�P�S�F

�T�J�N�V�M�U�B�O�F�P�V�T�M�Z�
 �C�V�U �O�P�U �X�J�U�I �U�I�F �T�B�N�F �S�B�U�F �O�F�D�F�T�T�B�S�J�M�Z�
 �X�I�J�D�I �N�F�B�O�T �U�I�F �$�0�( �B�S�F�B �J�T �B �H�P�P�E �G�F�B�U�V�S�F �G�P�S

�7�*�.�4 �E�F�U�F�D�U�J�P�O��

�5�I�F �$�0�( �B�S�F�B �J�T �Q�M�P�U�U�F�E �B�U �� �Q�P�J�O�U�T �G�P�S �U�X�P �F�Y�B�N�Q�M�F �Q�B�S�U�J�D�J�Q�B�O�U�T �U�P �F�Y�Q�M�B�J�O �I�P�X �U�I�F �H�F�P�N�F�U�S�J�D �T�I�B�Q�F

�P�G �U�I�F �$�0�( �B�S�F�B �W�B�S�J�F�T �X�J�U�I �7�*�.�4 �	�'�J�H�����������
�� �*�O �U�I�F �·�«�S�T�U �F�Y�B�N�Q�M�F�
 �U�I�F �B�S�F�B �T�U�B�S�U�T �X�J�U�I �B�O �F�M�M�J�Q�U�J�D�B�M �T�I�B�Q�F

�	�"�S�F�B= 234:38�N�N2�
 �C�F�G�P�S�F �T�J�D�L�O�F�T�T�
 �U�I�F �T�I�B�Q�F �S�F�N�B�J�O�T �B�O �F�M�M�J�Q�T�F �	�"�S�F�B= 423:13�N�N2�
 �E�V�S�J�O�H �U�I�F ���U�I

�T�U�F�Q �B�O�E �U�I�F �T�I�B�Q�F �T�X�J�U�D�I�F�T �G�S�P�N �B�O �F�M�M�J�Q�T�F �U�P �B �D�J�S�D�M�F �	�"�S�F�B= 553:41�N�N2�
 �J�N�N�F�E�J�B�U�F�M�Z �B�G�½�F�S �U�I�F �T�J�D�L�O�F�T�T

�P�O�T�F�U�� �*�O �U�I�F �T�F�D�P�O�E �F�Y�B�N�Q�M�F�
 �U�I�F �F�M�M�J�Q�T�F �U�P �D�J�S�D�M�F �B�M�U�F�S�O�B�U�J�P�O �P�D�D�V�S�T �J�O �U�I�F ���U�I�T�U�F�Q�
 �I�P�X�F�W�F�S �U�I�F �E�J�M�B�U�J�P�O

�P�G �U�I�F �B�S�F�B �D�B�S�S�J�F�T �P�O �U�J�M�M �U�I�F �F�O�E �P�G �U�I�F �F�Y�Q�F�S�J�N�F�O�U��

�"�O �F�M�M�J�Q�T�F �D�B�O �C�F �S�F�D�P�H�O�J�[�F�E �G�S�P�N �B �D�J�S�D�M�F �V�T�J�O�HR = r 2
r 1

�G�S�B�D�U�J�P�O�
 �X�I�F�S�Fr1 �B�O�Er2 �S�F�Q�S�F�T�F�O�U �U�I�F �T�I�P�S�U

�B�O�E �M�P�O�H �S�B�E�J�V�T�� �*�Gr 2
r 1

= 1 �U�I�F �T�I�B�Q�F �J�T �B �D�J�S�D�M�F�
 �P�U�I�F�S�X�J�T�F �	r 2
r 1

6= 1 �
r2 6= r1�
 �J�U �J�T �B�O �F�M�M�J�Q�T�F�� �5�I�F
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�)�L�J�X�U�H �����������6�K�D�S�H �Y�D�U�L�D�W�L�R�Q �R�I �W�K�H �&�2�* �D�U�H�D �E�H�I�R�U�H �D�Q�G �D�I�W�H�U �W�K�H �V�L�F�N�Q�H�V�V �R�Q�V�H�W �L�Q�F�U�H�D�V�H��
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�G�S�B�D�U�J�P�O �B�O�E �U�I�F �4�4�2 �U�P�U�B�M �T�D�P�S�F �B�S�F �D�B�M�D�V�M�B�U�F�E �G�P�S �U�I�F �T�J�D�L�O�F�T�T �P�O�T�F�U �	�4�0�
 �B�O�E �P�O�F �T�U�F�Q �B�G�½�F�S �	�4�0+1 �
��

�5�I�F�O�
 �U�I�F �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �U�X�P �G�S�B�D�U�J�P�O�T �	�
�

r 2
r 1

�
= R�4�0+1 � R�4�0�
 �B�O�E �U�X�P �4�4�2 �T�D�P�S�F�T �	�4�4�2=

�4�4�2�4�0+1 � �4�4�2�4�0�
 �B�S�F �F�Y�U�S�B�D�U�F�E �G�P�S �F�B�D�I �Q�B�S�U�J�D�J�Q�B�O�U�� �4�U�B�U�J�T�U�J�D�B�M �B�O�B�M�Z�T�J�T �B�D�S�P�T�T �U�I�F �T�V�C�K�F�D�U�T �T�I�P�X�T �U�I�B�U

�U�I�F �G�S�B�D�U�J�P�O �E�J�¶�G�F�S�F�O�D�F �	M = 0 :41�
SD = 0 :17�
�
�
�

r 2
r 1

�
�B�O�E �4�4�2 �	M = 112:4�
SD = 8 :98�
 �B�S�F

�I�J�H�I�M�Z �D�P�S�S�F�M�B�U�F�E �	r = 0 :95�
 �B�T �T�I�P�X�O �J�O �'�J�H������������ �"�T �B �S�F�T�V�M�U�
 �U�I�F �$�0�( �T�I�B�Q�F �J�T �B�O �F�¶�·�«�D�J�F�O�U �J�O�E�J�D�B�U�P�S �P�G

�7�*�.�4��

�'�S�B�D�U�J�P�OR �J�T �P�O�F �P�G �U�I�F �T�I�B�Q�F �E�F�T�D�S�J�Q�U�P�S �X�I�J�D�I �D�B�O �C�F �V�T�F�E �X�I�F�Or1 �B�O�Er2 �B�S�F �B�W�B�J�M�B�C�M�F �J�O �U�I�F �N�F�B��

�T�V�S�F�N�F�O�U �B�O�E �D�B�O �C�F �S�F�D�B�M�D�V�M�B�U�F�E �G�S�P�N �N�F�B�T�V�S�F�N�F�O�U�� �0�U�I�F�S�X�J�T�F�
 �U�I�F �T�I�B�Q�F �D�B�O �C�F �B�M�U�F�S�O�B�U�J�W�F�M�Z �E�F�T�D�S�J�C�F�E

�C�Z �B �O�F�X �E�F�T�D�S�J�Q�U�P�SR =
q

S
2� ��
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�5�I�F �'���# �T�X�B�Z �T�J�H�O�B�M�T �P�G �U�I�F �F�Y�Q�F�S�J�N�F�O�U �B�S�F �U�S�B�O�T�G�P�S�N�F�E �J�O�U�P �U�I�F �G�S�F�R�V�F�O�D�Z �T�Q�B�D�F �V�T�J�O�H �U�I�F �'�B�T�U �'�P�V�S�J�F�S

�5�S�B�O�T�G�P�S�N �	�'�'�5�
�� �5�I�F �G�S�F�R�V�F�O�D�Z �D�P�N�Q�P�O�F�O�U�T �P�G �U�I�F �'���# �T�J�H�O�B�M �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�P �U�I�F �P�O�F �P�G �U�I�F �Q�B�S��

�U�J�D�J�Q�B�O�U�T �B�U �U�I�S�F�F �J�O�T�U�B�O�D�F�T�
 �J���F���
 �Q�S�F���F�Y�Q�P�T�V�S�F�
 �B�U �U�I�F �T�J�D�L�O�F�T�T �P�O�T�F�U�
 �B�O�E �Q�P�T�U���F�Y�Q�P�T�V�S�F�
 �B�S�F �J�M�M�V�T�U�S�B�U�F�E �J�O

�'�J�H���������������� �" �D�V�S�W�F �J�T �·�«�U�U�F�E �P�W�F�S �F�B�D�I �T�J�H�O�B�M �	�T�B�N�Q�M�F�T�
 �U�P �N�B�L�F �U�I�F�N �W�J�T�V�B�M�M�Z �S�F�D�P�H�O�J�[�B�C�M�F �B�O�E �E�J�T�U�J�O�H�V�J�T�I��

�B�C�M�F �G�S�P�N �P�O�F �U�P �B�O�P�U�I�F�S�� �5�I�F �W�F�S�U�J�D�B�M �S�F�E �E�P�U�U�F�E �M�J�O�F �J�O�E�J�D�B�U�F�T �U�I�F �·�«�S�T�U �G�S�F�R�V�F�O�D�Z �D�P�N�Q�P�O�F�O�U �P�G �W�P�M�V�O�U�B�S�Z

�N�P�W�F�N�F�O�U�T �B�O�E �U�I�F �H�S�F�F�O �B�O�E �C�M�V�F �E�P�U�U�F�E �M�J�O�F�T �T�I�P�X �U�I�F �·�«�S�T�U �D�P�N�Q�P�O�F�O�U�T �P�G �J�O�W�P�M�V�O�U�B�S�Z �N�P�W�F�N�F�O�U�T�� �"�T

�B �N�B�U�U�F�S �P�G �G�B�D�U�
 �U�I�F �N�P�T�U �J�N�Q�P�S�U�B�O�U �D�S�J�U�F�S�J�P�O �J�T �U�I�F �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �U�I�F �G�S�F�R�V�F�O�D�Z �D�P�N�Q�P�O�F�O�U�T �B�T�T�P�D�J��
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�*�O �H�F�O�F�S�B�M�
 �U�I�F �G�S�F�R�V�F�O�D�Z �D�P�N�Q�P�O�F�O�U�T �P�G �U�I�F �C�P�E�Z �N�P�W�F�N�F�O�U �D�B�O �F�Y�U�F�O�E �V�Q �U�P20 �)�[ �I�P�X�F�W�F�S �I�F�S�F

�P�O�M�Z0 � 3 �)�[ �I�B�T �C�F�F�O �E�F�Q�J�D�U�F�E�� �5�I�J�T �J�T �C�F�D�B�V�T�F �U�I�F �B�N�Q�M�J�U�V�E�F �P�G �U�I�F �T�Q�F�D�U�S�V�N �J�T �B�M�N�P�T�U �D�M�P�T�F �U�P �[�F�S�P �G�P�S

f � 6 �)�[�� �5�I�F �Q�S�F���F�Y�Q�P�T�V�S�F �'���# �T�J�H�O�B�M �	�J�O �S�F�E �D�P�M�P�S�
 �I�B�T �U�X�P �G�S�F�R�V�F�O�D�Z �D�P�N�Q�P�O�F�O�U�T��0:0 � 0:36 �)�[�


0:43 � 0:93 �)�[�� �$�P�N�Q�B�S�J�O�H �U�I�F�T�F �G�S�F�R�V�F�O�D�Z �D�P�N�Q�P�O�F�O�U�T �X�J�U�I �U�I�F �P�O�F �U�I�B�U �I�B�T �B�M�S�F�B�E�Z �C�F�F�O �Q�S�F�T�F�O�U�F�E

�J�O �'�J�H���������	�T�F�F �T�F�D�U�J�P�O�����������
 �G�S�F�R�V�F�O�D�Z �D�P�N�Q�P�O�F�O�U�T �J�O �U�I�F �T�U�B�C�M�F �T�U�B�U�F��0 � 0:5 �)�[�
 �N�B�L�F�T �U�I�J�T �Q�P�J�O�U �D�M�F�B�S

�U�I�B�U �U�I�F�T�F �D�P�N�Q�P�O�F�O�U�T �B�S�F �S�F�M�B�U�F�E �U�P �W�P�M�V�O�U�B�S�Z �N�P�W�F�N�F�O�U�T �C�F�D�B�V�T�F �U�I�F�Z �B�S�F �T�N�B�M�M�F�S �U�I�B�O1 �)�[�� �5�I�F �'���#

�T�J�H�O�B�M�T �B�T�T�P�D�J�B�U�F�E �X�J�U�I �U�I�F �T�J�D�L�O�F�T�T �P�O�T�F�U �	�J�O �H�S�F�F�O �D�P�M�P�S�
 �I�B�T �U�X�P �G�S�F�R�V�F�O�D�Z �D�P�N�Q�P�O�F�O�U�T �G�P�S �W�P�M�V�O�U�B�S�Z

�N�P�W�F�N�F�O�U�T�
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�3�B�X �T�F�O�T�P�S �N�F�B�T�V�S�F�N�F�O�U�T �J�O�D�M�V�E�F �U�I�F �M�F�G�½���S�J�H�I�U �F�Z�F �J�N�B�H�F�T�
 �J�O �D�P�O�U�S�B�T�U �J�N�B�H�F�
 �B�O�E �D�B�N�F�S�B �D�B�M�J�C�S�B�U�J�P�O �E�B�U�B��

�5�I�F �S�P�U�B�U�J�P�O�B�M���U�S�B�O�T�M�B�U�J�P�O�B�M �D�P�N�N�B�O�E�T �P�G �U�I�F �O�B�W�J�H�B�U�J�P�O �E�F�W�J�D�F �B�S�F �S�F�D�P�S�E�F�E �T�Z�O�D�I�S�P�O�P�V�T �X�J�U�I �U�I�F �4�.�*

�H�M�B�T�T�F�T �V�T�J�O�H �U�J�N�F �T�U�B�N�Q�T�� �5�I�F �M�F�G�½ �B�O�E �U�I�F �S�J�H�I�U �J�N�B�H�F�T �X�F�S�F �B�O�B�M�Z�[�F�E �B�O�E �T�F�M�F�D�U�F�E �E�V�S�J�O�H �U�S�B�O�T�M�B�U�J�P�O

�	�'�J�H�������������������
 �B�O�E �S�P�U�B�U�J�P�O �	�'�J�H�������������������
 �V�T�J�O�H �U�I�F �U�J�N�F �T�U�B�N�Q�T�� �5�I�F �U�X�P �J�N�B�H�F�T �B�S�F �Q�V�U �T�J�E�F���C�Z���T�J�E�F �V�T�J�O�H

�J�N�B�H�F �Q�S�P�D�F�T�T�J�O�H �U�F�D�I�O�J�R�V�F�T �U�P �E�J�T�Q�M�B�Z �U�I�F �F�Z�F �T�J�U�V�B�U�J�P�O �B�U �F�B�D�I �U�J�N�F �T�U�B�N�Q�� �5�I�F �J�N�B�H�F�T �B�S�F �T�V�Q�F�S�J�N�Q�P�T�F�E

�C�Z �U�X�P �S�F�G�F�S�F�O�D�F �M�J�O�F�T �X�I�J�D�I �T�I�P�X �U�I�F �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �U�I�F �U�X�P �F�Z�F�T �N�P�W�F �F�W�J�E�F�O�U�M�Z��

�"�T �T�I�P�X�O �J�O �'�J�H�����������
 �U�I�F �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �U�I�F �M�F�G�½ �B�O�E �S�J�H�I�U �F�Z�F�T �X�J�U�I �S�F�T�Q�F�D�U �U�P �U�I�F �S�F�G�F�S�F�O�D�F �M�J�O�F�T �J�T

�O�P�U �W�F�S�Z �O�P�U�J�D�F�B�C�M�F �	�'�J�H�������������������
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�N�P�W�F�N�F�O�U�
 �S�J�H�I�U �C�F�G�P�S�F �U�I�F �B�D�U�J�W�B�U�J�P�O �P�G �U�I�F �S�P�U�B�U�J�P�O�B�M �D�P�N�N�B�O�E�� �5�I�J�T �T�F�M�F�D�U�J�P�O �J�T �E�P�O�F �P�O �Q�V�S�Q�P�T�F �B�O�E

�U�I�F �S�F�B�T�P�O �X�J�M�M �C�F �F�Y�Q�M�B�J�O�F�E �M�B�U�F�S�� �0�O �U�I�F �D�P�O�U�S�B�S�Z�
 �U�I�F �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �U�I�F �U�X�P �F�Z�F�T �J�T �T�J�H�O�J�·�«�D�B�O�U�M�Z

�O�P�U�J�D�F�B�C�M�F �E�V�S�J�O�H �S�P�U�B�U�J�P�O �B�T �T�I�P�X�O �J�O �'�J�H�������������������� �5�I�F �E�J�¶�G�F�S�F�O�D�F �J�T �D�B�M�D�V�M�B�U�F�E �G�P�S �U�X�P �T�B�N�Q�M�F�T �E�V�S�J�O�H

�U�S�B�O�T�M�B�U�J�P�O �	�'�J�H�������������B�
 �B�O�E �S�P�U�B�U�J�P�O �	�'�J�H�������������C�
 �U�P �H�J�W�F �B �O�V�N�F�S�J�D�B�M �F�T�U�J�N�B�U�J�P�O �D�P�O�D�F�S�O�J�O�H �U�I�F �B�N�P�V�O�U �P�G

�U�I�F �E�J�¶�G�F�S�F�O�D�F �N�F�O�U�J�P�O�F�E �B�C�P�W�F�� �5�I�F �F�Z�F �Q�P�T�J�U�J�P�O �J�T �E�F�·�«�O�F�E �B�T �U�I�F �D�F�O�U�F�S �P�G �U�I�F �Q�V�Q�J�M �P�O �U�I�F �F�Z�F �J�N�B�H�F �B�O�E

�J�T �N�F�B�T�V�S�F�E �J�O �Q�J�Y�F�M �J�O �U�I�F �J�N�B�H�F �D�P�P�S�E�J�O�B�U�F�T �	�T�F�F �U�I�F �4�.�* �7�J�T�J�P�O �N�B�O�V�B�M�4�.�*�
�� �5�I�F �Q�V�Q�J�M �J�T �M�P�D�B�U�F�E �X�J�U�I�J�O

�U�I�F �B�S�F�B �F�O�D�M�P�T�F�E �C�Z �U�I�F �-�&�%�T �	�I�J�H�I�M�J�H�I�U�F�E �J�O �S�F�E �J�O �'�J�H�������������B�
 �C�
�� �5�I�F �Q�P�T�J�U�J�P�O �P�G �U�I�F �M�F�G�½ �B�O�E �S�J�H�I�U �F�Z�F�T

�C�F�G�P�S�F �	�E�V�S�J�O�H �U�S�B�O�T�M�B�U�J�P�O�
 �B�O�E �E�V�S�J�O�H �S�P�U�B�U�J�P�O �J�T �T�I�P�X�O �J�O �'�J�H�������������B �B�O�E �'�J�H�������������C�
 �S�F�T�Q�F�D�U�J�W�F�M�Z�� �5�I�F

�S�F�E �E�P�U���M�J�O�F �T�I�P�X�T �U�I�F �Q�P�T�J�U�J�P�O �P�G �U�I�F �F�Z�F�T �B�U �U�I�F �D�V�S�S�F�O�U �U�J�N�F �T�U�B�N�Q �B�O�E �U�I�F �H�S�F�F�O �E�P�U���M�J�O�F �J�M�M�V�T�U�S�B�U�F�T �U�I�F

�Q�P�T�J�U�J�P�O �P�G �U�I�F �F�Z�F �J�O �U�I�F �Q�S�F�W�J�P�V�T �U�J�N�F �T�U�B�N�Q �	�U�I�F �U�J�N�F �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �U�X�P �T�U�B�N�Q�T �J�T� t = 30 �N�T�
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�/�F�B�S�M�Z�
 �U�I�F�S�F �J�T �O�P �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �U�I�F �M�F�G�½���S�J�H�I�U �F�Z�F�T �E�V�S�J�O�H �U�S�B�O�T�M�B�U�J�P�O�
 �I�P�X�F�W�F�S �U�I�J�T �E�J�¶�G�F�S�F�O�D�F �J�T3:8

�N�N �G�P�S �S�P�U�B�U�J�P�O��

�3�F�H�B�S�E�J�O�H �U�I�F �Q�S�F�W�J�P�V�T �E�J�T�D�V�T�T�J�P�O �J�O �D�I�B�Q�U�F�S�� �	�T�F�F �T�F�D�U�J�P�O�����������
�
 �E�V�S�J�O�H �O�B�W�J�H�B�U�J�P�O �J�O �W�J�S�U�V�B�M �F�O�W�J�S�P�O��

�N�F�O�U�T�
 �C�J�O�P�D�V�M�B�S �E�J�T�Q�B�S�J�U�Z �J�T �E�F�U�F�S�J�P�S�B�U�F�E �B�O�E �M�F�B�E�T �U�P �7�*�.�4�� �)�P�X�F�W�F�S�
 �Q�S�F�W�J�P�V�T �P�C�T�F�S�W�B�U�J�P�O�T �T�I�P�X�T �U�I�B�U
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�'�B�D�U�P�S�T�.�F�B�O �4�% �������ã �������ã

�P�D�V�M�P�N�P�U�P�S12:45455 2:487655 6:911704 17:99739

�O�B�V�T�F�B6:00000 1:095445 3:559196 8:44080

�E�J�T�P�S�J�F�O�U�B�U�J�P�O7:18182 1:605775 3:603929 10:75971

�7�D�E�O�H ���������6�W�D�W�L�V�W�L�F�D�O �L�Q�I�R�U�P�D�W�L�R�Q �R�I �H�D�F�K �V�X�E���V�F�R�U�H �L�Q �W�K�H �6�6�4��

�'�B�D�U�P�S�T �P�D�V�M�P�N�P�U�P�S �O�B�V�T�F�B �E�J�T�P�S�J�F�O�U�B�U�J�P�O

�P�D�V�M�P�N�P�U�P�S �� p = 0:006=F = 12:296 p = 0:0034=F = 14:550

�O�B�V�T�F�Bp = 0:006=F = 12:296 �� p = 0:302=F = 1:851

�E�J�T�P�S�J�F�O�U�B�U�J�P�Op = 0:0034=F = 14:550 p = 0:302=F = 1:851 ��
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�P�H�Q�W �R�I �I�H�D�W�X�U�H ����

2:625�
�� �4�J�N�J�M�B�S�M�Z�
 �U�I�F �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �T�B�D�D�B�E�J�D �F�Z�F �N�P�W�F�N�F�O�U �J�T �O�P�U �T�J�H�O�J�·�«�D�B�O�U �	p = 0 :0787�
F =

3:93�
 �F�J�U�I�F�S�� �)�P�X�F�W�F�S�
 �B�T �T�F�F�O �U�I�F �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �S�P�U�B�U�J�P�O �B�O�E �U�S�B�O�T�M�B�U�J�P�O �E�V�F �U�P �T�B�D�D�B�E�J�D �F�Z�F �N�P�W�F��

�N�F�O�U �J�T �W�F�S�Z �D�M�P�T�F �U�P �T�J�H�O�J�·�«�D�B�O�U��
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�#�B�T�F�E �P�O �Q�S�F�W�J�P�V�T �S�F�T�F�B�S�D�I�������
 �.�4 �D�B�O �B�Q�Q�F�B�S �W�J�B �U�X�P �E�J�¶�G�F�S�F�O�U �Q�S�P�D�F�T�T�F�T �X�J�U�I �U�X�P �E�J�¶�G�F�S�F�O�U �U�J�N�F �D�P�O��

�T�U�B�O�U�T��Ts �	�T�I�P�S�U�� �M�F�T�T �U�I�B�O30�T�
�
TL �	�M�P�O�H�� �N�P�S�F �U�I�B�O10�N�J�O�V�U�F�T�
�� �6�T�V�B�M�M�Z �U�I�F �M�B�U�F�S �Q�S�P�D�F�T�T �X�J�U�I �B �M�P�O�H�F�S

�U�J�N�F �D�P�O�T�U�B�O�U �B�Q�Q�F�B�S�T �C�F�D�B�V�T�F �P�G �B�D�D�V�N�V�M�B�U�J�P�O �F�¶�G�F�D�U�������� �'�S�P�N �U�I�J�T �Q�F�S�T�Q�F�D�U�J�W�F�
 �.�4 �B�Q�Q�F�B�S�T �B�G�½�F�S �Q�B�T�T�J�O�H

�B �Q�F�S�J�P�E �P�G �U�J�N�F�� �%�V�S�J�O�H �U�I�F �F�Y�Q�F�S�J�N�F�O�U�
 �X�F �I�B�W�F �O�P�U�J�D�F�E �U�I�B�U �7�*�.�4 �I�B�T �B �M�P�O�H �U�J�N�F �D�P�O�T�U�B�O�U �E�V�S�J�O�H

�U�S�B�O�T�M�B�U�J�P�O�B�M �N�P�W�F�N�F�O�U�
 �F�W�F�O �M�P�O�H�F�S �U�I�B�O �.�4�� �'�P�S �U�I�B�U �S�F�B�T�P�O�
 �O�P�U �P�O�M�Z �U�I�F �4�4�2 �B�O�E �S�F�M�F�W�B�O�U �G�F�B�U�V�S�F�T

�	�G�F�B�U�V�S�F�T �������
 �X�F�S�F �N�F�B�T�V�S�F�E �E�V�S�J�O�H �U�I�F �F�Y�Q�F�S�J�N�F�O�U�T �C�V�U �B�M�T�P �U�I�F �U�J�N�F �P�G �U�I�F �F�Y�Q�F�S�J�N�F�O�U�T �X�F�S�F �D�B�S�F�G�V�M�M�Z

�N�P�O�J�U�P�S�F�E�� �'�P�S �J�O�T�U�B�O�D�F�
 �'�J�H�����������T�I�P�X�T �U�I�F �U�J�N�F �D�P�O�T�U�B�O�U�T �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�P �U�I�F �� �·�«�S�T�U �Q�B�S�U�J�D�J�Q�B�O�U�T �X�I�P

�D�P�N�Q�M�F�U�F�E �U�I�F �F�Y�Q�F�S�J�N�F�O�U �P�G �G�F�B�U�V�S�F �� �	�T�P�M�J�E���M�J�O�F�
�� �5�I�F �N�F�B�T�V�S�F�N�F�O�U �T�I�P�X�T �U�I�F �B�W�F�S�B�H�F �U�J�N�F �D�P�O�T�U�B�O�U �P�G

TL = 24 �N�J�O �	M = 23:89�
SD = 11:54�
 �G�P�S �U�S�B�O�T�M�B�U�J�P�O�B�M �N�P�W�F�N�F�O�U�� �5�I�F �U�P�U�B�M �U�J�N�F �P�G �U�I�F �U�B�T�L �D�P�N��

�Q�M�F�U�J�P�O �E�V�S�J�O�H �U�I�F �T�U�V�E�Z �P�G �G�F�B�U�V�S�F �� �X�B�T �T�F�U �U�P< 5 �N�J�O�� �5�I�F �U�J�N�F �D�P�O�T�U�B�O�U �E�V�S�J�O�H �S�P�U�B�U�J�P�O�B�M �N�P�W�F�N�F�O�U

�J�TTs � 5 �N�J�O �	M = 2 :34�
SD = 1 :75�
 �X�I�J�D�I �N�F�B�O�T �Q�S�P�C�B�C�M�Z �U�I�F �T�I�P�S�U �Q�S�P�D�F�T�T �	Ts = 30 �T�
 �P�G �N�P�U�J�P�O

�T�J�D�L�O�F�T�T �B�Q�Q�F�B�S�F�E �E�V�S�J�O�H �S�P�U�B�U�J�P�O�B�M �N�P�W�F�N�F�O�U �U�P�P�� �5�I�J�T �J�T �C�F�D�B�V�T�F �U�I�F �F�Y�Q�F�S�J�N�F�O�U �J�T �O�P�U �M�P�O�H �F�O�P�V�H�I

�G�P�S �U�I�F �B�D�U�J�W�B�U�J�P�O �P�G �U�I�F �M�P�O�H �Q�S�P�D�F�T�T�� �5�I�B�U �J�T �U�I�F �S�F�B�T�P�O �X�I�Z �U�I�F �Q�B�S�U�J�D�J�Q�B�O�U�T �N�J�H�I�U �H�F�U �T�J�D�L �J�N�N�F�E�J�B�U�F�M�Z

�E�V�S�J�O�H �S�P�U�B�U�J�P�O�B�M �N�P�W�F�N�F�O�U��
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 �7�*�.�4 �J�T

�U�J�N�F �E�F�Q�F�O�E�F�O�U�
 ���
 �U�I�F �B�N�P�V�O�U �P�G �U�I�F �$�0�( �B�S�F�B �E�J�M�B�U�J�P�O�
 �U�I�F �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �U�I�F �)�'�Ÿ�-�' �D�P�N�Q�P�O�F�O�U�T

�P�G �'���# �T�X�B�Z �B�O�E �U�I�F �$�0�( �T�I�B�Q�F �B�T �X�F�M�M �B�T �U�I�F �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �U�I�F �U�X�P �F�Z�F�T �	�G�P�V�S �G�F�B�U�V�S�F�T�
 �J�O�E�J�D�B�U�F �U�I�F

�M�F�W�F�M �P�G �T�J�D�L�O�F�T�T�� �/�P�X �X�F �D�B�O �V�T�F �U�I�F�T�F �U�X�P �S�F�T�V�M�U�T �U�P �Q�S�F�E�J�D�U �U�I�F �P�O�T�F�U �P�G �7�*�.�4 �B�O�E �U�S�B�D�L �U�I�F �M�F�W�F�M �P�G

�T�J�D�L�O�F�T�T �E�V�S�J�O�H �O�B�W�J�H�B�U�J�P�O �B�O�E �Q�S�F�T�F�O�D�F �J�O �B �W�J�S�U�V�B�M �F�O�W�J�S�P�O�N�F�O�U�� �8�I�F�O �U�I�F �M�F�W�F�M �P�G �T�J�D�L�O�F�T�T �H�P�F�T �B�C�P�W�F �B

�D�F�S�U�B�J�O �U�I�S�F�T�I�P�M�E �X�F �D�B�O �J�O�G�P�S�N �U�I�F �F�O�E �V�T�F�S �P�S �T�U�P�Q �U�I�F �Q�S�P�D�F�T�T�� �'�J�H�����������T�I�P�X�T �B �Q�S�F�E�J�D�U�J�P�O �T�Z�T�U�F�N �X�I�J�D�I

�V�T�F�T �P�O�M�Z �U�I�F �T�I�B�Q�F�
 �U�I�F �B�S�F�B�
 �U�I�F �G�S�F�R�V�F�O�D�Z �D�P�N�Q�P�O�F�O�U�T �B�O�E �U�I�F �U�J�N�F �G�F�B�U�V�S�F�T �U�P �Q�S�F�E�J�D�U �B�O �P�D�D�V�S�S�F�O�D�F �P�G

�7�*�.�4��

�'�S�P�N �B�O �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �Q�F�S�T�Q�F�D�U�J�W�F�
 �X�F �D�B�O �E�F�W�F�M�P�Q �B�O �F�Y�U�S�B �N�P�E�V�M�F �B�O�E �B�U�U�B�D�I �J�U �U�P �U�I�F �+�7�. �B�O�E
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 �U�I�F �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �U�I�F �-�' �B�O�E �)�' �D�P�N�Q�P�O�F�O�U�T �P�G �U�I�F

�'���# �T�X�B�Z�
 �U�I�F �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �U�I�F �M�F�G�½���S�J�H�I�U �F�Z�F�T �B�O�E �U�I�F �U�J�N�F �P�G �U�I�F �T�J�D�L�O�F�T�T �P�O�T�F�U �X�F�S�F �J�O�U�S�P�E�V�D�F�E �B�T

�B �T�F�U �P�G �F�¶�·�«�D�J�F�O�U �G�F�B�U�V�S�F�T �U�P �Q�S�F�E�J�D�U �B�O�E �F�T�U�J�N�B�U�F �7�*�.�4 �E�V�S�J�O�H �O�B�W�J�H�B�U�J�P�O �J�O �B �7�&�� �4�J�D�L�O�F�T�T �F�N�F�S�H�F�T �E�V�F �U�P

�B�O �J�O�B�Q�Q�S�P�Q�S�J�B�U�F �B�E�K�V�T�U�N�F�O�U �P�G �U�I�F �O�B�W�J�H�B�U�J�P�O �Q�B�S�B�N�F�U�F�S�T�
 �U�I�F �O�B�W�J�H�B�U�J�P�O �J�O�U�F�S�G�B�D�F�
 �B�O �J�O�D�P�S�S�F�D�U �T�F�M�F�D�U�J�P�O

�P�G �U�I�F �T�D�F�O�F �D�P�O�U�F�O�U�T �B�O�E �T�P �P�O�� �5�I�F �G�P�M�M�P�X�J�O�H �T�F�D�U�J�P�O �T�U�V�E�J�F�T �P�O�M�Z �U�I�F �F�¶�G�F�D�U�T �P�G �U�I�F �O�B�W�J�H�B�U�J�P�O �Q�B�S�B�N�F�U�F�S�T

�T�V�D�I �B�T �U�I�F �W�F�M�P�D�J�U�Z �B�O�E �U�I�F �E�J�T�U�B�O�D�F �B�T �X�F�M�M �B�T �U�I�F �O�B�W�J�H�B�U�J�P�O �J�O�U�F�S�G�B�D�F �P�O �U�I�F �M�F�W�F�M �P�G �T�J�D�L�O�F�T�T�� �4�J�Y �E�J�¶�G�F�S�F�O�U

�O�B�W�J�H�B�U�J�P�O �J�O�U�F�S�G�B�D�F�T �X�F�S�F �Q�S�P�Q�P�T�F�E �J�O �D�I�B�Q�U�F�S�� �V�T�J�O�H �W�B�S�J�P�V�T �U�F�D�I�O�P�M�P�H�J�F�T�� �5�I�F�Z �D�B�O �C�F �E�J�W�J�E�F�E �J�O�U�P

�U�X�P �N�B�J�O �H�S�P�V�Q�T�� �O�B�U�V�S�B�M �B�O�E �B�S�U�J�·�«�D�J�B�M�� �/�P�X�
 �X�F �X�J�M�M �T�F�M�F�D�U �U�X�P �O�B�W�J�H�B�U�J�P�O �J�O�U�F�S�G�B�D�F�T �P�G �F�B�D�I �H�S�P�V�Q �B�O�E
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�P�G �$�0�( �T�X�B�Z �X�J�M�M �H�S�P�X �V�Q �E�S�B�N�B�U�J�D�B�M�M�Z �J�G �U�I�F �M�F�W�F�M �P�G �7�*�.�4 �J�O�D�S�F�B�T�F�T�� �#�B�T�F�E �P�O �U�I�J�T �·�«�O�E�J�O�H�
 �J�U �J�T �F�B�T�J�F�S �U�P

�I�Z�Q�P�U�I�F�T�J�T �U�I�B�U �U�I�F �E�J�T�U�B�O�D�F �C�F�U�X�F�F�O �)�' �B�O�E �-�' �J�O �/�(�#�/�* �J�T �T�N�B�M�M�F�S �U�I�B�O �J�O �%�#�/�*�� �5�I�F�S�F�G�P�S�F�
 �U�I�F �Q�S�F

�B�O�E �Q�P�T�U���F�Y�Q�P�T�V�S�F �$�0�( �T�J�H�O�B�M�T �B�S�F �D�P�M�M�F�D�U�F�E �G�S�P�N �U�I�F �T�V�C�K�F�D�U�T �J�O �U�I�F �T�B�N�F �X�B�Z �B�T �E�P�O�F �J�O �T�F�D�U�J�P�O������������
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�'�J�S�T�U �U�I�F �Q�S�F �B�O�E �Q�P�T�U���F�Y�Q�P�T�V�S�F�T �'���# �T�J�H�O�B�M�T �B�S�F �U�S�B�O�T�G�P�S�N�F�E �J�O�U�P �U�I�F �G�S�F�R�V�F�O�D�Z �T�Q�B�D�F �B�O�E �U�I�F �T�Q�F�D�U�S�V�N �J�T

�D�B�M�D�V�M�B�U�F�E �G�P�S �F�B�D�I �Q�B�S�U�J�D�J�Q�B�O�U �V�T�J�O�H �U�I�F �'�'�5�� �5�I�F�O�
 �B�U �F�B�D�I �G�S�F�R�V�F�O�D�Z�
 �U�I�F �T�Q�F�D�U�S�V�N �N�F�B�O�
 �W�B�S�J�B�O�D�F �B�O�E

�D�P�O�·�«�E�F�O�U�J�B�M �J�O�U�F�S�W�B�M �	�$���*���
 �B�S�F �D�B�M�D�V�M�B�U�F�E �C�Z �F�R�V�B�U�J�P�O �	���������
 �B�T �F�Y�Q�M�B�J�O�F�E �J�O �T�F�D�U�J�P�O�����������B�D�S�P�T�T �U�I�F �T�V�C�K�F�D�U�T��

�5�I�F �B�N�P�V�O�U �P�G �U�I�F �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �)�' �B�O�E �-�' �D�P�N�Q�P�O�F�O�U�T �J�T �F�W�B�M�V�B�U�F�E �C�Z �B �5���U�F�T�U �	�B�T �T�F�F�O �J�O �'�J�H�T����������

�B�O�E���������
�� �8�I�F�O �X�F �D�I�B�O�H�F �U�I�F �O�B�W�J�H�B�U�J�P�O �J�O�U�F�S�G�B�D�F �G�S�P�N �%�#�/�* �U�P �/�(�#�/�*�
 �U�I�F �)�' �D�P�N�Q�P�O�F�O�U�T �P�G �U�I�F

�Q�P�T�U���F�Y�Q�P�T�V�S�F �T�X�B�Z �	�'�J�H�����������
 �T�J�H�O�B�M �J�O �C�M�V�F�
 �H�F�U �D�M�P�T�F�S �U�P1 �)�[ �B�T �T�I�P�X�O �J�O �'�J�H�����������X�I�J�D�I �N�F�B�O�T �M�F�T�T

�T�J�D�L�O�F�T�T �J�T �J�O�E�V�D�F�E �C�Z �U�I�F �O�B�W�J�H�B�U�J�P�O �J�O�U�F�S�G�B�D�F�� �#�F�D�B�V�T�F �X�F �I�B�W�F �C�F�U�U�F�S �Q�P�T�U�V�S�B�M �T�X�B�Z �S�F�T�Q�P�O�T�F�T�
 �J�U �N�F�B�O�T

�C�F�U�U�F�S �T�U�B�C�J�M�J�U�Z �J�O �U�V�S�O�� �5�I�F �·�«�S�T�U �D�P�N�Q�P�O�F�O�U �T�F�F�N�T �U�P �C�F �N�P�S�F �W�P�M�V�O�U�B�S�Z �C�P�E�Z �N�P�W�F�N�F�O�U �E�V�F �U�P �Q�S�F�T�F�O�D�F

�B�O�E �U�I�F �T�F�D�P�O�E �D�P�N�Q�P�O�F�O�U �S�F�G�F�S�T �U�P �U�I�F �E�F�H�S�F�F �P�G �J�O�T�U�B�C�J�M�J�U�Z �P�G �U�I�F �V�T�F�S �Q�P�T�U�V�S�F �E�V�F �U�P �Q�S�F�T�F�O�D�F �B�O�E �U�I�F

�J�O�U�F�S�G�B�D�F�� �*�O�U�F�S�W�B�M4:32 � 4:35 �)�[ �S�F�Q�S�F�T�F�O�U�T �U�I�F �)�' �D�P�N�Q�P�O�F�O�U�T �P�G �U�I�F �Q�P�T�U���F�Y�Q�P�T�V�S�F �T�X�B�Z �G�P�S �%�#�/�*

�X�I�J�D�I �J�T �T�J�H�O�J�·�«�D�B�O�U�M�Z �G�B�S �G�S�P�N �U�I�F �-�' �D�P�N�Q�P�O�F�O�U�T �	t(14) = 4 :19�
p < 0:001�
�� �*�O�U�F�S�W�B�M1:26 � 1:35
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�)�L�J�X�U�H �����������6�S�H�F�W�U�X�P �D�Q�D�O�\�V�L�V �I�R�U �1�*�%�1�,��

�)�[ �D�P�O�U�B�J�O�T �U�I�F �-�' �D�P�N�Q�P�O�F�O�U�T �P�G �U�I�F �Q�P�T�U���F�Y�Q�P�T�V�S�F �T�X�B�Z�� �"�U �U�I�F �T�B�N�F �U�J�N�F�
 �U�I�F �)�' �D�P�N�Q�P�O�F�O�U�T �P�G

�Q�P�T�U���F�Y�Q�P�T�V�S�F �J�T �R�V�J�U�F �G�B�S �B�X�B�Z �G�S�P�N �U�I�F �-�' �D�P�N�Q�P�O�F�O�U�T �P�G �Q�S�F���F�Y�Q�P�T�V�S�F �U�P�P �	t(14) = 2 :93�
p < 0:05�


�X�I�J�D�I �D�S�F�B�U�F�T �B �E�J�¶�G�F�S�F�O�D�F �O�F�B�S�M�Z3:1 �)�[�
 �B�T �T�I�P�X�O �J�O �'�J�H������������ �0�O �U�I�F �P�U�I�F�S �I�B�O�E�
 �B�O �)�' �D�P�N�Q�P�O�F�O�U

�P�G �U�I�F �Q�P�T�U���F�Y�Q�P�T�V�S�F �T�X�B�Z �G�P�S �/�(�#�/�* �J�T �M�P�D�B�U�F�E �J�O �J�O�U�F�S�W�B�M2:94 � 2:97 �)�[�� �5�I�J�T �)�' �D�P�N�Q�P�O�F�O�U �J�T

�T�J�H�O�J�·�«�D�B�O�U�M�Z �G�V�S�U�I�F�S �B�X�B�Z �G�S�P�N �U�I�F �-�' �D�P�N�Q�P�O�F�O�U�T�
1:1 � 1:4 �)�[�
 �	t(14) = 2 :33�
p < 0:05�
 �X�I�J�D�I

�D�S�F�B�U�F�T �B �E�J�¶�G�F�S�F�O�D�F �P�G1:9 �)�[ �B�T �T�I�P�X�O �J�O �'�J�H������������ �$�P�N�Q�B�S�J�O�H �U�I�F �E�J�¶�G�F�S�F�O�D�F �P�G �U�I�F �)�'�Ÿ�-�' �D�P�N�Q�P�O�F�O�U�T

�P�G �/�(�#�/�* �B�O�E �%�#�/�* �T�I�P�X�T �B �E�J�¶�G�F�S�F�O�D�F �P�G1:2 �)�[ �X�I�J�D�I �N�F�B�O�T �U�I�F �'�M�Z���T�U�J�D�L �	�%�#�/�*�
 �J�O�E�V�D�F�E �N�P�S�F

�T�J�D�L�O�F�T�T �D�P�N�Q�B�S�J�O�H �U�P �X�B�M�L�J�O�H �J�O �Q�M�B�D�F �	�/�(�#�/�*�
�� �"�T �B �S�F�T�V�M�U�
 �X�F �D�B�O �D�P�O�D�M�V�E�F �U�I�B�U �/�(�#�/�* �Q�S�P�W�J�E�F�T �B

�C�F�U�U�F�S �O�B�W�J�H�B�U�J�P�O �J�O�U�F�S�G�B�D�F �G�P�S �U�I�F �V�T�F�S�T �D�P�N�Q�B�S�J�O�H �U�P �%�#�/�*��
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�*�U �I�B�T �C�F�F�O �T�I�P�X�O �U�I�B�U �7�*�.�4 �B�¶�G�F�D�U�T �U�I�F �Q�P�T�U�V�S�B�M �C�P�E�Z �T�X�B�Z �X�I�J�D�I �J�O �U�I�F �G�S�F�R�V�F�O�D�Z �E�P�N�B�J�O�
 �N�F�B�O�T �U�I�F

�C�P�E�Z �T�X�B�Z �T�X�J�U�D�I�F�T �G�S�P�N �B �T�U�B�C�M�F �T�U�B�U�F�
 �X�J�U�I �P�O�M�Z �W�P�M�V�O�U�B�S�Z �N�P�W�F�N�F�O�U�T�
 �U�P �B �N�B�S�H�J�O�B�M�M�Z �T�U�B�C�M�F �T�U�B�U�F�
 �X�J�U�I

�W�P�M�V�O�U�B�S�Z �B�O�E �J�O�W�P�M�V�O�U�B�S�Z �N�P�W�F�N�F�O�U�T�� �4�J�N�V�M�B�U�J�P�O �S�F�T�V�M�U�T �T�I�P�X �U�I�B�U �U�I�F �T�F�D�P�O�E �G�S�F�R�V�F�O�D�Z �D�P�N�Q�P�O�F�O�U

�	�)�'�
 �P�G �U�I�F �C�P�E�Z �T�X�B�Z �N�P�W�F�T �U�P �U�I�F �G�B�S �F�O�E �P�G �U�I�F �T�Q�F�D�U�S�V�N�� �*�O �G�B�D�U�
 �U�I�F �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �U�I�F �M�P�X �G�S�F��

�R�V�F�O�D�Z �	�-�'�
 �B�O�E �I�J�H�I �G�S�F�R�V�F�O�D�Z �D�P�N�Q�P�O�F�O�U�T �H�S�P�X�T�� �5�I�F�S�F�G�P�S�F�
 �X�F �D�B�O �T�B�Z �U�I�F �E�J�¶�G�F�S�F�O�D�F �C�F�U�X�F�F�O �-�' �B�O�E

�)�' �D�P�N�Q�P�O�F�O�U�T �J�T �B�O �J�O�E�J�D�B�U�P�S �P�G �7�*�.�4 �T�V�T�D�F�Q�U�J�C�J�M�J�U�Z�� �5�I�J�T �J�T �F�R�V�J�W�B�M�F�O�U �U�P �U�I�F �E�J�M�B�U�J�P�O �P�G �U�I�F �$�0�( �B�S�F�B

�B�O�E �D�I�B�O�H�J�O�H �G�S�P�N �B�O �F�M�M�J�Q�U�J�D�B�M �T�I�B�Q�F �U�P �B �D�J�S�D�V�M�B�S �T�I�B�Q�F �J�O �U�I�F �U�J�N�F �E�P�N�B�J�O�� �#�F�T�J�E�F�T�
 �C�J�O�P�D�V�M�B�S �E�J�T�Q�B�S�J�U�Z

�D�B�O �C�F �V�T�F�E �B�T �B �T�J�N�Q�M�F �G�F�B�U�V�S�F �U�P �D�B�M�D�V�M�B�U�F �U�I�F �M�F�W�F�M �P�G �7�*�.�4 �B�O�E �J�U�T �P�O�T�F�U��

�7�*�.�4 �J�O�D�S�F�B�T�F�T �M�J�O�F�B�S�M�Z �C�Z �U�S�B�O�T�M�B�U�J�P�O�B�M �W�F�M�P�D�J�U�Z �B�T �T�I�P�X�O �J�O �'�J�H�������������C �X�I�J�M�F �U�I�F �F�¶�G�F�D�U �P�G �U�I�F �S�P�U�B�U�J�P�O�B�M
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�)�L�J�X�U�H �����������6�S�H�F�W�U�X�P �D�Q�D�O�\�V�L�V �I�R�U �'�%�1�,��

�1�B�S�B�N�F�U�F�S�T �3�B�O�H�F

! �	�p���T�
 15:0 � 55:0 15:0 � 55:0 15:0 � 55:0

v �	�N���T�
 0:5 � 2:5 2:5 � 6:5 > 6:5

d �	�N�
 1:0 1:0 � 4:0 > 4:0

�7�D�E�O�H ���������3�R�V�V�L�E�O�H �V�H�W�W�L�Q�J�V �I�R�U �Q�D�Y�L�J�D�W�L�R�Q �S�D�U�D�P�H�W�H�U�V��

�W�F�M�P�D�J�U�Z �P�O �7�*�.�4 �I�B�T �B �(�B�V�T�T�J�B�O �E�J�T�U�S�J�C�V�U�J�P�O�
 �X�J�U�I �B �N�F�B�O �M�P�D�B�U�F�E �J�O� = 60�p���T �B�T �T�I�P�X�O �J�O �'�J�H�������������B��

�.�P�S�F�P�W�F�S�
 �7�*�.�4 �E�F�D�S�F�B�T�F�T �M�J�O�F�B�S�M�Z �C�Z �J�O�D�S�F�B�T�J�O�H �U�I�F �E�J�T�U�B�O�D�F �G�S�P�N �U�I�F �W�J�S�U�V�B�M �C�B�S�S�J�F�S �B�T �T�F�F�O �J�O �'�J�H�������������D��

�*�O �B�E�E�J�U�J�P�O�
 �U�I�F �W�B�S�J�B�U�J�P�O �P�G �7�*�.�4 �E�V�S�J�O�H �S�P�U�B�U�J�P�O �D�I�B�O�H�F�T �J�O�E�F�Q�F�O�E�F�O�U �P�G �U�I�F �S�P�U�B�U�J�P�O �S�B�E�J�V�T�
 �X�I�J�M�F

�7�*�.�4 �E�V�S�J�O�H �U�S�B�O�T�M�B�U�J�P�O �E�F�Q�F�O�E�T �P�O �U�I�F �E�J�T�U�B�O�D�F �B�O�E �U�I�F �W�F�M�P�D�J�U�Z�� �'�P�S �J�O�T�U�B�O�D�F�
 �X�I�F�O �U�I�F �W�F�M�P�D�J�U�Z �J�T �M�P�X

�	2:5 �N���T�
 �B�O�E �U�I�F �E�J�T�U�B�O�D�F �J�T �G�B�S �	4 �N�
 �U�I�F �M�F�W�F�M �P�G �7�*�.�4 �J�T �M�P�X �	150�
�
 �X�I�J�M�F �X�I�F�O �U�I�F �E�J�T�U�B�O�D�F �J�T �D�M�P�T�F

�U�P �U�I�F �W�J�S�U�V�B�M �C�B�S�S�J�F�S �	1 �N�
 �B�O�E �U�I�F �W�F�M�P�D�J�U�Z �J�T �M�P�X �	2:5 �N���T�
 �7�*�.�4 �J�T �I�J�H�I �	400�
�� �5�I�V�T�
 �X�I�F�O �U�I�F �V�T�F�S �J�T

�O�B�W�J�H�B�U�J�O�H �J�O�T�J�E�F �B �O�B�S�S�P�X �D�P�S�S�J�E�P�S�
 �I�F �O�F�F�E�T �U�P �E�F�D�S�F�B�T�F �U�I�F �T�Q�F�F�E �B�O�E �T�I�J�G�½ �I�J�T �U�S�B�K�F�D�U�P�S�Z �U�P �U�I�F �N�J�E�E�M�F �P�G

�U�I�F �D�P�S�S�J�E�P�S��

�5�P �N�B�L�F �U�I�F �M�P�O�H �T�U�P�S�Z �T�I�P�S�U�
 �U�I�F �O�B�W�J�H�B�U�J�P�O �Q�B�S�B�N�F�U�F�S�T �B�S�F �T�V�H�H�F�T�U�F�E �U�P �C�F �T�F�M�F�D�U�F�E �G�S�P�N �U�I�F �S�B�O�H�F

�T�Q�F�D�J�·�«�F�E �J�O �5�B�C�M�F�������� �"�M�U�I�P�V�H�I �T�F�U�U�J�O�H �U�I�F �W�B�M�V�F�T �Q�S�P�Q�P�T�F�E �J�O �U�B�C�M�F�������B�T �O�B�W�J�H�B�U�J�P�O �Q�B�S�B�N�F�U�F�S�T �E�F�D�S�F�B�T�F�T

�U�I�F �7�*�.�4 �M�F�W�F�M�
 �U�P �N�J�O�J�N�J�[�F �U�I�F �7�*�.�4 �M�F�W�F�M�
 �B�O �P�Q�U�J�N�J�[�B�U�J�P�O �Q�S�P�C�M�F�N �O�F�F�E�T �U�P �C�F �T�P�M�W�F�E �J�O �S�F�B�M���U�J�N�F �U�P
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DANS LES ENVIRONNEMENTS VIRTUELS : ESTIMATION ET PREDICTION  

RESUME : La compréhension de la dynamique oculo-vestibulaire pendant un réarrangement 
sensoriel dans le système nerveux central joue un rôle extrêmement important pour mieux 
appréhender la perception humaine, et améliore la technologie dans de nombreux domaines de 
�O�¶�L�Q�J�p�Q�L�H�U�L�H�����3�D�U���D�L�O�O�H�X�U�V�����O�H���F�R�Q�I�O�L�W���V�H�Q�V�R�U�L�H�O���T�X�L���D�S�S�D�U�D�v�W���H�Q�W�U�H���O�H�V���V�\�V�W�q�P�H�V���R�F�X�O�D�L�U�H�����Y�H�V�W�L�E�X�O�D�L�U�H��
et proprioceptif pendant un réarrangement sensoriel à certains instants peut affecter 
�J�U�D�Q�G�H�P�H�Q�W�� �O�D�� �S�H�U�I�R�U�P�D�Q�F�H�� �G�¶�X�Q�� �X�W�L�O�L�V�D�W�H�X�U�� �G�D�Q�V�� �X�Q�� �J�U�D�Q�G�� �Q�R�P�E�U�H�� �G�¶�D�S�S�O�L�F�D�W�L�R�Q�V telles que la 
simulation de vol/conduite, les systèmes �G�¶�D�I�I�L�F�K�D�J�H��3D échelle 1, les affichages de grande 
taille, les serious games, etc. De fait, connaître la condition dans laquelle le conflit sensoriel 
�D�S�S�D�U�D�v�W�� �H�V�W�� �G�¶�X�Q�H�� �J�U�D�Q�G�H�� �L�P�S�R�U�W�D�Q�F�H���� �&�H�W�W�H�� �p�W�X�G�H�� �D�� �S�R�X�U�� �R�E�M�H�F�W�L�I�� �O�D�� �F�R�P�S�U�p�K�H�Q�V�L�R�Q�� �G�H�� �O�D��
nature du conflit sensoriel par la modélisation et des études subjectives, ainsi que les conditions 
dans lesquelles ce conflit apparaît dans un environnement synthétique. Les résultats sont 
ensuite utilisés pour concevoir de meilleures interfaces de navigation et de manipulation dans 
des environnements virtuels immersifs et interactifs. Plusieurs éléments, tels que la 
surface/taille projetée du balancement postural �G�¶�X�Q�� �X�W�L�O�L�V�D�W�H�X�U�� ���P�H�V�X�U�p�H�� �S�D�U�� �O�H�� �F�H�Q�W�U�H�� �G�H��
gravité) après exposition au conflit, la différence entre les composantes hautes et basses 
fréquences du balancement, et �O�H���W�H�P�S�V���G�¶�H�[�S�R�V�L�W�L�R�Q, seront proposés comme indicateurs de ce 
conflit dans des processus temps réel. Enfin, la méthode proposée sera utilisée pour évaluer 
plusieurs interfaces de navigation. Celles-ci sont basées sur des périphériques, la marche sur 
place, la reconnaissance vocale, les supports nomades, ou une fusion multi-sensorielle. Nous 
montrerons que les interfaces naturelles engendrent moins de conflit que celles artificielles. De 
�S�O�X�V���� �O�H�V�� �W�U�D�M�H�F�W�R�L�U�H�V�� �G�H�� �O�¶�X�W�L�O�L�V�D�W�H�X�U�� �H�W�� �G�H�� �P�D�X�Y�D�L�V�� �U�p�J�O�D�J�H�V�� �G�H�V�� �S�D�Uamètres de navigation 
peuvent amener à un conflit plus élevé. 

Mots clés  : conflit sensoriel, dynamique oculo-�Y�H�V�W�L�E�X�O�D�L�U�H���� �L�Q�W�H�U�I�D�F�H�V�� �G�¶�L�Q�W�H�U�D�F�W�L�R�Q���� �p�O�p�P�H�Q�W�V��
�W�H�P�S�V���U�p�H�O�����H�Q�Y�L�U�R�Q�Q�H�P�H�Q�W���Y�L�U�W�X�H�O���j���O�¶�p�F�K�H�O�O�H���������U�p�D�O�L�W�p���Y�L�U�W�X�H�O�O�H. 

INFLUENCE OF INTERACTION TECHNIQUES ON VIMS IN VIRTUAL 
ENVIRONMENTS : ESTIMATION AND PREDICTION  

ABSTRACT:  Understanding oculo-vestibular dynamics during sensory rearrangement in the 
central nervous system plays an extremely important role in better understanding human 
perception, and improves the technology in many engineering fields. Besides, the sensory 
conflict that occurs between ocular, vestibular and proprioception during sensory rearrangement 
at certain occasions might adversely affect the user performance in a wide variety of domains 
including flight/car simulators, scale-one 3D systems, large-scale displays, serious games, and 
so on. Therefore, knowing the condition in which the sensory conflict happens has a great deal 
of importance. This study aims at understanding the nature of sensory conflict by modeling and 
subjective studies, and the conditions in which it takes place in a synthetic environment. The 
results then will be used to design better navigation and manipulation interfaces in immersive 
and interactive Virtual Environments. A set of novel features including the area/shape of the 
�X�V�H�U�¶�V���&�2�*���S�R�V�W-exposure postural sway, the difference between LF and HF components of the 
sway in a frequency space, and the time of exposure will be proposed as indicators of this 
conflict in real-time processes. Finally, the proposed method will be used to evaluate a set of 
navigation interfaces. The interfaces include device-based, walking in place, speech 
processing, iDevice-based, and finally sensor fusion. It will be shown that naturally inspired 
interfaces create less conflict comparing to artificial ones. Moreover, user trajectories and 
inappropriate settings of navigation parameters can lead to higher conflict. 

Keywords  : sensory conflict, oculo-vestibular dynamics, interaction interfaces, real-time 
features, scale-one virtual environment, virtual reality. 


