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Résumé

Un morphisme d’espaces de probabilité vers ’espace de Wiener, qui est de plus adapté, peut étre asso-
cié canoniquement & certaines lois d’équations différentielles stochastiques, une de ses propriétés essentielles
étant qu’il est un isomorphisme d’espaces de probabilité si et seulement si I’équation différentielle stochas-
tique associée admet une unique solution forte. Puisqu’on peut le voir comme un mouvement Brownien
canoniquement associé a une loi, on lui donnera le nom de transformée Brownienne de la loi, et il s’agira de
s’intéresser & son inversibilité. Comme on le verra en la présentant, cette notion, qui s’enracine autour de
résultats déja employés par Follmer il y a fort longtemps, prolonge naturellement la notion d’inversibilité
des dérives adaptées qui a été développée ces derniéres années dans les travaux d’ Ustiinel et de Zakai o elle
se trouve déja en germes. Cette approche présente I’ avantage d’impliquer des notations compactes, ainsi
que de permettre une exploitation directe des puissants théorémes de I’analyse fonctionnelle, ce qui produit
naturellement des énoncés trés généraux, et des preuves d'une grande efficacité. Par ailleurs du fait méme
qu’elle s’exprime en termes d’isomorphismes d’espaces de probabilité, cette notion se transporte naturelle-
ment dans des cadres géométriques. Pour exemple on la transportera dans ’espace des chemins & valeurs
dans des groupes de Lie de dimension finie. De plus, de nombreux problémes issus de thémes trés divers
s’intriquent spontanément avec cette notion, ce qui ouvre un large spectre d’applications et permet d’aborder
a la fois des problémes fondamentaux, mais aussi des problémes trés concrets et trés appliqués. Dans le cas
de probabilités absolument continues par rapport a la mesure de Wiener, on sera naturellement amené &
envisager des problémes issus de la théorie du filtrage, de la physique statistique, du controéle stochastique,
du transport optimal, ainsi que la théorie de I'information. En particulier, on donnera un résultat d’unicité
trajectorielle trés général pour la représentation stochastique de la mécanique quantique en temps Euclidien,
et on étendra l'inégalité de Shannon aux espaces de Wiener abstraits, cette derniére recevant au passage une

jolie interprétation en termes de perte d’information dans un canal Gaussien.
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Introduction (in French)

La structure de cette introduction est la suivante. Dans un premier temps je préciserai dans quelle
acception on entend ici le terme d’inversibilité. Je rappellerai ensuite le cadre précis dans lequel cette notion
a été progressivement introduite dans les travaux antérieur a cette thése, ou elle consiste essentiellement
en l'inversibilité de certaines dérives, anticipatives et non-anticipatives sur l’espace de Wiener. J’esquisserai
ensuite le mouvement général de cette thése en montrant comment cette notion s’élabore. En particulier
j’'indiquerai en quoi les concepts développés ici s’appuient sur les travaux antérieurs, et en quoi ils s’en
distinguent : précisément je montrerai comment on se détache progressivement d’une notion d’inversibilité
attachée a certaines perturbations de l'identité adaptées arbitraires, pour s’intéresser a l'inversibilité de
certains morphismes d’espaces de probabilité canoniquement associés & certaines lois d’équations différen-
tielles stochastique, celle-ci généralisant et éclairant celle la. Je présenterai ainsi, en la justifiant, la struc-
ture générale de cette thése ainsi que les thématiques abordées. Enfin, je donnerai un résumé détaillé ou

j’indiquerai les résultats obtenus qui me paraissent les plus significatifs.

Une notion d’inversibilité stochastique sur 1’espace de Wiener

Commencons par expliquer la maniére dont on emploiera généralement le terme d’inversibilité. Soit W
un espace de Banach séparable et P(W) des probabilités boréliennes sur W. Pour v, € P(W) considérons
deux applications mesurables V: W — W et U : W — W. Si les lois images Vv et Un vérifient Vv << n
(i.e. absolument continue) et Un << v, alors la composition V o U (resp. U o V') est définie sans ambiguité
comme classe d’équivalence par rapport a n (resp. par rapport a v). On peut ainsi trés naturellement définir
une notion d’inversibilité par rapport a n et & v de la maniére suivante : soit V : W — W tel que Vv << n
on dira que V est inversible par rapport a n et & v si on peut trouver un U : W — W dont la loi image

vérifie la condition d’absolue continuité Un << v et tel que n — p.s.

(1) VoU=Iw
et v —p.s.
(2) UoV =Iw

Dans (1) (resp. dans (2)) I’égalité est donnée n — p.s. (resp. v — p.s.) car V o U (resp. U o V) est défini
n—p.s. (vesp. v—p.s.), et Iy :w € W — w € W désigne I'identité sur W ce qui justifie 'emploie du
terme d’inversibilité. Par la suite W désignera l’espace de Wiener classique, H son espace de Cameron-
Martin associé (voir par exemple [25]), et p la mesure de Wiener : c’est dans ce cadre, ou dans certaines
de ses généralisations que l'on travaillera. Rappelons que 'espace de Wiener classique W = C/([0, 1], Rd) est
I’ensemble des fonctions continues a valeurs dans IR?. Un élément w € W représente une trajectoire et on
notera t — Wi(w) := w(t) le processus coordonnées. La mesure de Wiener pu est telle que lorsqu’on équipe
W de cette mesure, le processus coordonné est un mouvement Brownien pour sa propre filtration. L’espace

de Cameron-Martin associé est défini par

t 1
H:= {h 1t €[0,1] = hy ::/ hsds :/ |hs|zads < oo}
0

0

ix



X INTRODUCTION (IN FRENCH)

et sa propriété essentielle est que les translations selon H préservent les classes d’équivalences par rapport a
la mesure de Wiener. Plus précisemment pour tout h € H, si on note 7, : w € W — mp(w) :=w+h € W,
alors la mesure image 7,1 est équivalente & p. Afin de mieux faire ressortir les spécificités de cette these, re-
placons maintenant les choses dans leur contexte historique. La notion d’inversibilité de transformations sur
Iespace de Wiener a été introduite puis intensivement développée par Ustiinel et Zakai dans des contextes
variés ces dix derniéres années. Afin de parler précisément, introduisons d’abord des notations concer-
nant les perturbations (adaptées) de I'identité. Pour v € P(W) on notera L°(v, H) 'ensemble des classes
d’équivalences obtenues en identifiant les w : W — H mesurables qui coincident v presque partout. En
particulier on s’intéressera a L3 (v, H) qui est le sous ensemble de L°(v, H) constitué par les u € L°(v, H)
tel que (us,s € [0,1]) soit adapté a la filtration engendré par le processus coordonné qu’on note ¢t — Wy :
quand on parlera de processus adaptés ce sera par rapport a cette filtration. Soit v € P(W) et V := Iw +v
ou v € Lo(l/, H)etoulw :w €W — w € W : V est appelée une perturbation de l'identité, ou en-
core une dérive. Il s’agit, dans ces travaux antérieur de partir d’une perturbation de l'identité V telle que
Vi << p et de chercher & l'inverser : c’est ainsi que s’est développé le théme de l'inversibilité des per-
turbations de l'identité. De nombreux résultats ont ainsi été mis en évidence. Dans le cas ot V' est non
adapté, I'inversibilité intervient entre autre dans le théoréme de Ramer (voir [45]), et en transport optimal
puisque optimum du probléme de Monge est inversible (voir [12],[13]). Si I'inversibilité de certaines dérives
anticipatives interviendra parfois dans cette thése, pour I’essentiel nous nous intéresserons a l'inversibilité
de transformations adaptées. L’étude de l'inversibilité de transformations adaptées sur I’espace de Wiener a
été entreprise plus récemment par Ustiinel et Zakai sous des hypothéses bien précises, et ce sont ces travaux
(i.e. [53],[46],[47]) qui constituent & proprement parler le point de départ de ce travail. L’inversibilité des
dérives adaptés était défini essentiellement par deux hypothéses vraisemblablement héritées en partie de

leurs travaux dans le cas non adapté. La premiére qu’on notera (H — 1) est simplement
v € Lo(u, H)

(a pour adapté), et la seconde qu’on notera (H — 2) porte sur I'intégrabilité exponentielle

1 1
(3) E, [exp (f/ Vs dW — 1/ |@S|D§dds)} =1
0 2 0

Dans ce contexte, ils définissent l'inversibilité ainsi : on dira quun V' := Iw + v ol v satisfait (H — 1) et

(H — 2) est inversible si on peut trouver un U : W — W mesurable tel que Up << p et p — p.s.

(4) VoU=Iw
et u—p.s.
(5) UoV =1y

Dans ce cas précis il s’agissait donc exclusivement de classes d’équivalence pour la mesure de Wiener.
Certaines conditions suffisantes d’inversibilité pour ces dérives adaptées sous (H — 1) et (H — 2) ont ainsi
été mises en évidence, essentiellement au moyen du calcul de Malliavin et plus généralement de l'analyse
stochastique, tout comme c’est évidemment le cas concernant leurs travaux sur 'inversibilité des dérives
anticipatives. Deux motivations ont été avancées (dans [53]) pour justifier de la pertinence de I'inversibilité
des perturbations adaptées de l'identité. La premiére, qui trouve en fait son origine dans des problématiques
connexes au théoréme de Ramer porte sur la densité. Etant donnée un shift U := Iw 4+ u, u € L2(u, H), si

U posséde un inverse V', alors on dispose de la formule

dUp b 1/,
W-exp(/o uSdWS+§/O [tts|gads | oV



UNE NOTION D’INVERSIBILITE STOCHASTIQUE SUR L’ESPACE DE WIENER xi

La seconde consiste en un lien avec les équations différentielles stochastique : 'inversibilité de V := Iy + v

équivaut a existence d’une unique solution forte pour
(6) dXy =dBy — 0o Udt; Xo =0

Cette seconde motivation s’avérera tout & fait essentielle dans la seconde partie de la thése puisqu’on
s’appuiera dessus pour généraliser la notion d’inversibilité des perturbations adaptées de l'identité : il ne
s’agira plus d’inverser des perturbations de l'identité arbitraire, mais d’inverser certaines transformations
associées a des lois de solutions d’équations différentielles stochastiques. Mais avant d’aborder ce point, rap-
pelons un résultat récent qui justifie la connexion avec de nombreux thémes envisagés dans cette thése. Suite
a ces recherche de conditions suffisantes d’inversibilité, ([53]) Ustiinel a également mis en évidence (dans
[47]) une condition nécessaire d’inversibilité pour les dérives adaptés sur 'espace de Wiener (généralement
non- Markoviennes!) : il s’agit d’un critére saisissant qui se fonde sur une égalité entre énergie cinétique et
entropie. On rappelle que pour deux probabilités n et v telles que v << 7 (i.e. absolument continue), leur

entropie relative est définie par

H(vly) = B, {m %}

Pour étre concret, soit V' := I +wv (resp. U := I +u) induit par un v € LS (u, H) (resp. un u € LZ(u, H))
qui satisfont tous deux (3). Si U et V sont de plus liés par la relation

dUp t L[t .
il _ AW, — = <|2ad
exp< /o VsdW /0 |0s|gads

2H (Uplp) < By [[ul]

avec égalité si et seulement si V et U sont inverse 'un de l'autre. L’objectif de cette thése était initialement

alors on a

de généraliser ce critére, d’en développer des applications dans de nombreux domaines, et de contribuer aux
développement de I’étude de l'inversibilité des perturbations de l’identité adaptées sur l'espace de Wiener.
Ces développements font I'objet de la premiére partie de ce manuscrit qui s’étend des chapitres I a V. La
seconde partie de cette thése (Chapitre VI-VII), consiste a retourner le probléme dans I'autre sens, ce qui
aboutit & une notion d’inversibilité stochastique sur ’espace de Wiener. Il ne s’agira plus de partir d’une
dérive de I'identité arbitraire et de chercher des conditions suffisantes a son inversibilité, puis de justifier de sa
pertinence en évoquant un lien avec une équation différentielle stochastique. Au contraire, il s’agira de partir
d’une loi d’équation différentielle stochastique, de lui associer une certaine transformation et de chercher a
I'inverser. Donnons avec plus de détails les différentes étapes qui conduisent & cette notion. Il s’est d’abord
agit de généraliser la notion d’inversibilité de dérives adaptées qui induisent une loi v absolument continue
par rapport & la mesure de Wiener, mais pas équivalente. On s’appuie alors sur le résultat élémentaire
suivant dont 'usage est suggéré par les hypothéses du critére d’inversibilité fondé sur ’entropie. On rappelle
en effet le résultat suivant, déja employé par Follmer dans les annés soixante-dix, mais qu’on peut lire
aussi implicitement dans certains résultats de mécanique stochastique datant de la méme époque : étant
donné une probabilité v absolument continue par rapport a la mesure de Wiener, on peut trouver un unique
v € LY(v, H) tel que

dv L 1/,
(7) = exp (—/0 DsdWs — 5/0 \vs\wds)

Dans le cas Markovien, ce résultat semble en partie connu depuis les années 90, ol une partie du résultat apparait
sous des hypothéses restrictives dans des travaux en lien avec la mécanique stochastique, voir par exemple [34] (le
Théoréme 1.2, et les références qui s’y trouvent). Néanmoins, on est alors dans un cadre Markovien, et il est n’est
pas alors réellement question du probléme d’existence d’une unique solution forte qui est le propre de 'inversibilité.
Notons encore que nous avons appris récemment le lien de ce résultat avec le résultat principal de [3] : le lien entre

ces formules n’est pas envisagé dans cette thése.
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Dans cette thése on appellera V := Iy + v la dérive de Girsanov associée a v ce qui rappelle bien l'origine
de cette dérive. Rappelons qu'une application directe du théoréme de Girsanov prouve que t — V; est
Brownien sur (W, F”,v). Ainsi V est un morphisme de probabilité (adapté) entre (W, F", u) et (W, F*, u),

canoniquement associé & v. On dira naturellement que V est v—inversible si il existe un U : W — W
mesurable et adapté tel que Up << v et u — p.s.

8) VoU =TIy
v—p.s.
9) UoV =Iw

L’inversibilité de V' est donc précisément la condition qui fait du morphisme V' un isomorphisme d’espace de
probabilités (filtrés). De méme que dans le cas équivalent, I'inversibilité de la dérive de Girsanov associée a v
est équivalente a I’existence d’une unique solution forte pour (6) : la différence est que la loi de cette solution
est maintenant absolument continue par rapport a p et pas nécessairement équivalente. En outre, il est trés
facile de voir que I’étude de l'inversibilité des dérives de Girsanov associée & des lois v << p généralise
linversibilité des dérives adaptées telle qu’elle a été envisagée par Zakai et Ustiinel, c’est a dire sous (H-1)
et (H — 2). En effet étant donné un v qui satisfait (H — 1) et (H — 2), alors V' = Iy + v est la dérive de
Girsanov associée a la mesure v équivalente & p de densité donnée p — p.s. par (7). Dans ce cas v ~ p et les
conditions (8) et (9) deviennent précisement (4) et (5). Néanmoins il ne s’agit généralement plus d’inverser
n’importe quel V := Iy +v ot v € Lg(y, H), mais seulement les dérives de Girsanov associées a des lois
v << p. La question se pose alors de savoir si 'on peut traiter de la méme maniére des lois d’équations
différentielles stochastiques avec dispersion, dont la loi n’est plus absolument continue par rapport a la
mesure de Wiener. La densité j—; n’étant plus défini dans ce cas, il faut reformuler le résultat élémentaire
qu’on a rappelé sur les dérives de Girsanov dans le cas v << u. Le fait d’étre un morphisme adapté entre
(W, F”,v) et I'espace de Wiener ne caractérisant V qu’a une rotation prés sur (W, F”,v), il convient de se
donner une condition plus précise. Or pour v << u la dérive de Girsanov V est aussi caractérisé par le fait
que (Iw, V) est solution de (6) sur (W, F.,v). Dans le cas d’une solution v d’équation avec dispersion de la

forme
(10) dXt = Oét(X)dBt + ﬁt(X)dt, Xo =0

on peut encore, sous certaines conditions de non-dégénerescence du coefficient de dispersion, trouver un
morphisme V' canoniquement associée a v, telle que (Iw, V') est solution de I’équation sur (W, F¥,v). Quand
V existe, on I'appellera la transformée Brownienne de v. Par définition, en tant que processus t — V; est
Brownien sur (W, F”,v), et en tant qu’application V : W — W est un morphisme d’espaces de probabilité
entre (W,v) et (W, u) (V Brownien signifie Vv = p). On définit alors la v—inversibilité de la transformée
Brownienne V' de v de la méme maniére que précédemment comme ’existence d’'un U : W — W mesurable et
adapté tel que Up << v et dont les compositions avec V satisfont (4) et (5). Dans ce contexte, hormis dans
le cas d’une probabilité v << p ou la transformée Brownienne existe toujours et se confond avec la dérive
de Girsanov, V' n’est plus une perturbation de 'identité. Modulo des hypothése de non dégénerescences, on
peut encore montrer que (10) admet une unique solution forte si et seulement si la loi en question admet une
transformée Brownienne inversible. Conceptuellement, on s’est ainsi totalement détaché I'idée d’ inverser une
perturbation de l'identité arbitraire, pour s’intéresser au probléme d’existence d’un isomorphisme d’espace
de probabilité, canoniquement associée a une loi v d’équation différentielle stochastique, entre (W, F”,v)
et 'espace de Wiener. A travers cette notion, nous seront amenés a visiter et revisiter des champs divers,
dont certains sont trés récents, et d’autres sont déja forts anciens. Dans cette thése, outre des résultats
nouveaux qui ont un intérét propre, et des généralisations de résultats existants qui nous paraissent utiles

ou éclairantes, on trouvera également de nouvelles preuves courtes de résultats connus. La présence de ces



PRESENTATION DES RESULTATS PRINCIPAUX xiii

derniére, dans ce manuscrit, a pour but de convaincre le lecteur, comme nous 'avons été, de la puissance de
ce cadre de travail et de la pertinence de cette notion. Trois publications sont pour le moment associées a
cette these ([27], [28], [29]).

Structure de la thése

Donnons a présent la structure de cette thése qu’on vient de motiver : La partie I (Chapitre I — V),
S’intéresse a Pinversibilité de dérives adaptées dans le cadre de travail d’Ustiinel et Zakai i.e. sous H — 1 et
H — 2. On y développe certains résultats fondamentaux et des applications & la mécanique quantique et a
la théorie de I'information. En particulier, on donnera un résultat d’unicité trajectorielle pour la mécanique
quantique en temps Euclidien, et on donnera une version de I'inégalité de Shannon pour les espaces de Wiener
abstraits. Afin de faciliter la lecture en allégeant les notations, et en évitant certaines subtilités lices aux
classes d’équivalences, on a préféré présenter cette partie sous (H — 1) et (H — 2). Néanmoins on indiquera
en partie IT comment ces résultats se généralisent & des mesures absolument continues. La partie II (chapitre
VI-VII) définit la notion d’inversibilité stochastique qu’on a présenté plus haut i.e. la v—inversibilité d’une
certaine transformée Brownienne canoniquement associée a une loi v de solution d’E.D.S : on sort ainsi du
cadre de travail d’Ustiinel et Zakai. On traite d’abord le cas v << p dans un cadre abstrait en donnant
de nombreuses applications. Le second chapitre de cette partie traite le cas d’équations différentielles avec
dispersion. Le dernier chapitre de la thése est une ouverture vers la géométrie différentielle stochastique :
I’essentiel du travail consiste & transférer la notion d’inversibilité des perturbations de l'identité & ’espace

des chemins a valeurs dans certains groupes de Lie.

Présentation des résultats principaux

Partie I : Inversibilité des perturbations de 1’identité associées a des probabilités équiva-
lentes & la mesure de Wiener.

Chapitre I : Préliminaires et notations. On fixe le cadre de travail pour la partie I qui comprend les
Chapitres I & V. On remarque également (Proposition 1.1) qu'un changement de mesure permet de penser
a la variance de la dérive de Girsanov comme & une entropie, ce qui sera trés utile dans les applications a la
théorie de l'information.

Chapitre I : Inversibilité, Critére d’inversibilité basé sur l’entropie. On commence par une généralisa-
tion (Théoréme II.1) du critére d’inversibilité basé sur I’entropie qui relaxe les hypothéses sur le supposé
inverse U := Iw +u. La preuve donnée qui semble nouvelle, est trés courte et n’utilise ni la projection duale
prévisible, ni ne processus d’innovation. Notons que celle-ci s’étend au cas de mesures absolument continues
comme cela sera expliqué en Partie II. Ce résultat a de belles implications dans le domaine de la théorie de
Iinformation qui sont développées au Chapitre V, mais aussi en physique statistique. On donne aussi des
résultats de convergence. On montre également en toute généralité ’existence d’une expression explicite de
Iinverse d’une dérive inversible arrétée par un temps optionnel (Proposition II.2).

Chapitre 111 : L’inversibilité est une propriété locale. Dans cette partie on prouve qu’en toute généralité,
Pinversibilité est une propriété locale au sens usuel du calcul stochastique (Théoréme I11.2). La preuve
s’appuie sur les résultats du chapitre précédent. J’avais d’abord obtenu le résultat sous une condition
d’entropie finie a ’aide du critére d’inversibilité fondé sur I’entropie. Ce résultat est le Théoréme III.1.

Chapitre 1V : Résultats d’unicité pour certains ponts de Schrédinger, lien avec le transport optimal.
On prouve 'unicité trajectorielle pour la représentation stochastique de la mécanique quantique en temps
euclidien dans le cas libre : en toute généralité en dimension fini (Théoréme IV.2), et pour les densités
bornés en dimension infinie (Théoréme IV.3). La preuve s’appuie sur les propriétés locales de 'inversibilité
qui permettent de localiser des résultats déja existants en dimension finie, et sur un résultat obtenue par un

théoréme de point fixe et le calcul de Malliavin en dimension infinie. Un intérét de ce résultat est de donner
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plus de consistance au modéle stochastique, puisque l'inversibilité implique I'unicité trajectorielle qui est le
pendant stochastique du déterminisme des phénoménes physiques sous-jacents. Ce résultat permet d’obtenir
une représentation variationnelle de ’entropie (Proposition IV.3). Une formule similaire est ensuite obtenue
en transport optimal (Proposition IV.4).

Chapitre V : Application & certaines inégalités de la théorie de l'information. Le résultat principal de ce
chapitre est Pextension de I'inégalité de Shannon aux espaces de Wiener abstraits (Théoréme V.3). Celle-ci
s’obtient & partir d’'un changement de mesure qui permet de réécrire le critére d’inversibilité en terme de
variance. A travers la preuve produite, 'inégalité de Shannon résulte de la propriété d’additivité de la

variance, et de la perte d’information dans un canal Gaussien.

Partie II : Une notion d’inversibilité stochastique.

Chapitre VI : Inversibilité des dérives de Girsanov dans les espaces de Wiener abstraits. On se place dans
le cadre trés général d’un espace de Wiener abstrait, ou une structure temporelle peut étre obtenue a ’aide de
certaines suites de projections sur l'espace de Cameron-Martin introduites dans [49]. Par rapport a espace
de Wiener classique, la structure temporelle est apauvrie. Néanmoins ce cadre est suffisant pour construire
le calcul stochastique. L’intérét de ce cadre, outre sa plus grande généralité qui ouvre plus d’applications,
est d’épurer les démonstrations en interdisant certaines manipulations. On démontre d’abord ’existence
d’une dérive de Girsanov en toute généralité (Théoréme VI.3). Une partie de ce théoréme apparait déja
dans [50], mais avec une preuve fausse. On étudie ensuite l'inversibilité de ces dérives, généralisant ainsi les
résultats de la premiére partie. On généralise alors les résultats de [47] sur la conjecture de I'innovation de
la théorie du filtrage : on prouve qu’elle ne dépend que de la loi du signal regu a travers l'inversibilité de la
dérive de Girsanov associé (Théroréme VI.9). Un lien nouveau est aussi donné avec le transport de Monge
(Théroréme VI.8 et son corollaire).

Chapitre VII : Inveribilité stochastique pour des lois d’équations différentielles stochastiques avec dis-

persion. On généralise la notion d’inversibilité & des équations du type

Sous certaines hypothéses de non dégénerescence, sous lesquelles (8) présente des propriétés similaires au cas
Brownien, une application V' : W — W est associée a la loi v d’une solution de (8). V étant un mouvement
Brownien sur (W, v) on Pappelle la transformée Brownienne de v : dans le cas ot v << p V est la dérive
de Girsanov. On généralise alors le critére d’inversibilité basé sur I’entropie dans ce cadre, et on prouve que
Pinversibilité de V' est reliée a lexistence d’une unique solution forte pour (8). D’autres extensions de cette

notions sont également envisagées

Ouverture a la géométrie différentielle stochastique :

Chapitre VIII : Inversibilité sur l’espace des chemins & valeur dans un groupe de Lie. On utilise une
exponentielle stochastique pour relever la mesure de Wiener sur ’espace des chemins & valeur dans certaines
algébres de Lie sur I'espace des chemins & valeur dans le groupe de Lie associé. On généralise ensuite
dans ce contexte plusieurs résultats importants, dont le principal semble étre le critére basé sur I'entropie
(Théoréme VIIL5)). On montre également que l'inversibilité de ces perturbations de l'identité est encore

relié & l'existence d’une unique solution forte pour des équations différentielles stochastiques.



Abstract

In this work we investigate a notion of stochastic invertibility on Wiener space. Roughly speaking a
morphism of probability spaces with values on the Wiener space, which is further adapted, can be canonically
associated to the laws of the solutions to some stochastic differential equations. One of the main properties of
this morphism is to be invertible (i.e. to be an isomorphism of probability spaces) if and only if the underlying
stochastic differential equation has a unique strong solution. Since it may be seen as a Brownian motion,
we call it the Brownian transform of the associated law, and we will study the invertibility of this Brownian
transform. We will see that this notion, whose origins may be found in earlier results related to stochastic
mechanics, extends and enlightens the notion of invertibility of adapted shifts on Wiener space which was
investigated by Ustiinel and Zakai in their recent papers, where this notion already appears clearly between
the lines. Among other approaches to deal with strong solutions of stochastic differential equations, this
approach takes advantage of the compact notations it involves, and of the powerful theorems of functional
analysis which applies very naturally within this framework. Hence, this approach is very efficient : it
provides very general results together with very short proofs. On the other hand, since it essentially uses
some adapted isomorphisms of probability spaces, this notion naturally fits in more geometrical frameworks
and is fully compatible with stochastic differential geometry. To illustrate this point, we will transport this
notion on the space of the paths with values in a finite dimensional Lie group. Moreover, many problems
arising in various fields are deeply related to this notion. This opens to a wide spectrum of applications, some
of them being very concrete and applied. In the case of probabilities absolutely continuous with respect to
the Wiener measure, we will investigate problems of various origins such as statistical physics, information
theory, filtering, but also stochastic control and optimal transport. For instance, we will prove a very general
result of pathwise uniqueness for the stochastic picture of euclidean quantum mechanics, and we will extend
Shannon’s inequality to any abstract Wiener spaces. This latter also receives a nice interpretation in terms

of information loss in a Gaussian channel.
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Introduction

A notion of stochastic invertibility on Wiener space

Roughly speaking, the notion of stochastic invertiblity on Wiener space investigated in this work amounts
to express the problems of existence of a unique strong solution to a stochastics differential equation in terms
of invertibility of morphisms of probability spaces, which are further adapted. We now explain formally the
basic ideas. To be precise, we first introduce the set W := C([0, 1], R?) of the continuous paths with values
in R?. For any Borelian probability v on W we note t — W, the coordinate process i.e. for any w € W
and t € [0,1] we have W;(w) := w(t). This coordinate process generates a filtration (77) whose usual
augmentation with respect to v is noted (F{). We recall that the Wiener measure p is such that the
coordinate process is a Brownian motion on (W, u), with respect to its own filtration. This framework being

fixed, we consider the stochastic differential equation
(1) dXt = Oét(X)dBt + ﬁt (X)dt, Xo =0

where X; takes values in ]Rd, and where (Bt) is a d dimensional Brownian motion. Let us assume that this
equation has a weak solution whose law is noted v. Further assume that that there is a unique V' such that
(Iw, V) is a weak solution of (1) on (W, F”,v). Under this assumption, as a process t — Vi(w) € R? is a
Brownian motion on (W, F”,v), and as a mapping V : W — W defines an adapted morphism of probability
spaces between (W, F”,v) and (W, F*, ) (V is Brownian exactly means Vv = p). We call V : W — W the
Brownian transform of v. Since Vv = p, it is straightforward to check that for any U : W — W which is
measurable whith Uy << v, the pullback VoU : W — W (resp UoV : W — W) is well defined p — a.s.
(resp. v—a.s.). Hence we can define V to be v—invertible, if there is a U : W — W measurable and adapted

such that Up << v and with the further property that yu—a.s.

(2) VoU=Iw
and v—a.s.
(3) UoV = Iw

where Iw : w € W — w € W is the identity on the path space W. The interesting point is that, under some
further non-degeneracy assumption, one can prove that V is invertible if and only if (1) has a unique strong
solution. Hence, it is possible to turn the question of existence of a strong solution to (1) into the following
: is V v—invertible 7 Or is V an isomorphism of (filtered) probability space between (W, F”,v) and the
Wiener space ? In this thesis we will be mainly interested by the case where v is a probability absolutely
continuous with respect to the Wiener measure p. In that case (as we will recall it below), v is the solution

of a stochastic differential equation of the shape

(4) dX: = dB: — 0:(X)dt; Xo =0
where v—a.s.

(5) /01 [0s|2ads < oo

xvii
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Moreover, the Girsanov theorem then yields that (Iw, Iw + v) a weak solution of (4) on (W, F”,v). Hence,

in that case the Brownian transform V of v is given by
V=Iw+wv

Since in that case the existence of V' is a consequence of the Girsanov theorem, we also call it the Girsanov
shift associated with v.

In [53], Ustiinel and Zakai investigated the following notion, probably inherited from their study of
Ramer’s theorem (see [45] or [50]). Let v := [, ¥sds be an adapted shift on (W, F", ) which satisfies the
hypothesis

1 1
(6) E, [exp (7/ Vs dWy — 1/ |fos|§;dd5>} =1
0 2 0

and which is such that g — a.s. (5) holds. They consider the invertibility of V := Iw + v where v satisfies
the two above hypothesis. Precisely, they say V' to be invertible if there is a U such that Up << p with the
further property that u — a.s.

UoV =VolU=1Iw
And they found sufficient conditions for this to happen. In [47], Ustiinel discovered a necessary condition
for this to happen (in a general non-Markovian framework), and we will come back on this below.

The point is that the notion of invertibility of adapted shifts on Wiener space by Ustiinel and Zakai,
is exactly the restriction to probabilities v equivalent to the Wiener measure of the notion of stochastic
invertibility we introduced above. Indeed for any v := fo Usds adapted such that (5) holds p — a.s., and such
that (6) holds, we can define a probability v equivalent to u by setting p — a.s.

dv 1 1 1t 9
W oxp (= [ 0edWe— = [ J0s|2ud
dll exp< /0 ) 2/0 [0s|ra s)

Then, the Girsanov theorem implies that V := Iw + v is the Brownian transform of v. Conversely for
any v ~ g the associated Brownian transform comes with the shape V := Iw + v where v satisfies the
hypothesis of [53]. Hence, when restricted to probabilities equivalent to u the stochastic invertibility (i.e.
the invertibility of the Brownian transforms of laws of stochastic diffenrential equations) is equivalent to
their notion of invertibility.

Still within the framework of [53] hypothesis Ustiinel proved the following result ([47]) 2. Let U :=
Iw 4 u where u := [ usds satisfies (6) and

1
E, [/ \u5|]§dd$} < o0
0

Further assume that there is an adapted v := [; 9sds which satisfies (6),  — a.s. (5), and with the further
property that U and V are related by

dUp t LY e
(7) rm = exp <—/O Vs dWs —5/0 |0s|gads

Then, if we note H(Uu|u) the relative entropy which is defined by

dUp n dUu}

H =F

2In the Markovian case, at least a part of this result already appeared earlier in papers related to stochastic
mechanics. Hence, at least part of it may be known at least since the 90’s (See Theorem 1.2. of [34], and references
therein). However in these earlier works, it seams that the shifts are Markovian, and that this notion is related to
the existence of solution, and not to the existence of a unique strong solution which characterizes the invertibility on
Wiener space. We also recently learned that this result was related with the main result of [3] : the connexion with
this formula will not be investigated in this work. We hope that our results can enlighten some results obtained by

means of this formula.
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we have
2H(Uplp) < Epllulz)

with equality if and only if V' is invertible with inverse U. Note that the fact that V' is the Brownian transform
of Uyp is exactly the hypothesis (7). The notion of invertibility of adapted shifts on Wiener space of [53] and
the associated criterion of inveribility based on the entropy of [47] were the starting points of this thesis.
The main goal was to provide some applications of this formula, and to extend it. Hence, in the Part I of
this work we provide some general results related to the invertibility and we investigate various applications
of the invertibility of adapted shifts on Wiener space, under the hypothesis of [53] and [47]. In the Part II,
we extend the notion of invertibility of adapted shifts on Wiener space of [53] to the notion of stochastic
invertibility we presented above. We first extend it to probabilities absolutely continuous with respect to
the Wiener measures, and we explain how the results of Part I can be extended to probabilities absolutely
continuous with respect to the Wiener measure. Then we extend it to stochastic differential equations with
dispersion. In Part III we show how the notion of invertibility can fit in stochastic differential geometry
by taking the example of the path space with values in a finite dimensional Lie group. Three papers are
associated to this work ([27], [28], [29]).

Summary and main results

Part 1.

Chapter I. We fix the main notations for the whole Part I : we work on a generalization of the classical
Wiener space, and we study the notion of invertibility under the hypothesis of [53]. We also remark that
thanks to a change of measure, the variance of the Girsanov shift associated with a probability equivalent
to the Wiener measure may be seen as an entropy (Proposition I.1). This remark will play a key role in the
Chapter V.

Chapter II. In this chapter we generalize the criterion of invertibility based on the entropy we recalled
above, and we give a very short proof of it (Théoréme I1.1). We also provide some results of convergence,
and in the most general case, we provide an explicit formula for the inverse of a stopped invertible shift
(Proposition 1I.2).

Chapter III. In this section we show that the invertibility is a local property in the usual sense of
stochastic calculus. We first prove it under a finite entropy condition thanks to the criterion of invertibility
based on the entropy (Theorem III.1). Then we show that this result holds in the most general case
(Theorem III.2).

Chapter IV. We prove that pathwise uniqueness holds for the stochastic picture of euclidean quantum
mechanics with a great generality. We only investigated the free case, but our method easily extends
to the case of potentials. In the finite dimensional case, we prove that the result holds under a finite
entropy condition (Theorem IV.2) : the proof relies on the localization of well known results. In the infinite
dimensional case (Theorem IV.3), we use a fixed point method wich involves Malliavin calculus, and a
localization procedure. One aspect of these results is to provide a consistency to the stochastic picture
of euclidean quantum mechanics : indeed the pathwise uniqueness is the stochastic counter part to the
determinism of the underlying physic. Moreover these results provides a variational formula for the relative
entropy (Proposition IV.3). Then we get a similar formula for an analogous problem of optimal transport
(Proposition I1V.4).

Chapter V. The main result of this chapter is the Theorem V.3, which extends Shannon’s inequality to
any abstract Wiener space. We show that Shannon’s inequality may be seen as a consequence of information

loss in a Gaussian channels.

Part II.
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Chapter VI. In this chapter we extend the notion of invertibility to probabilities absolutely continuous
but not necessarily equivalent to the Wiener measure. We do it in a very general framework where the
temporal structure is poorer than on the classical Wiener space, but where it suffices to get the essential
results of stochastic calculus. These structures have been introduced in [49] and have been further studied
in [50]. To be precise we work on an abstract Wiener space where a temporal structure is given by a
continuously increasing sequence of projections on the Cameron-Martin space. This poorer structures don’t
allow some operations, and force to get more fundamentals proofs as the usual ones. In this general framework
we prove the existence of the Brownian transform for probabilities absolutely continuous with respect to the
Wiener measure (Theorem VI.3). This theorem was proved for measures equivalent to the Wiener measure
in [50], and part of it also appeared in the same reference, but with a wrong proof. Then we introduce the
notion of v invertibility of the Brownian transform of such a probability v and we generalize several results
within this context. For instance the criterion of invertibility based on the entropy. We also investigate some
applications. We show that the innovation conjecture of filtering only depends on the law of the received
signal : the innovation conjecture holds if and only if the Brownian transform of its law is stochastically
invertible (Theorem VI1.9), thus extending a result of [46]. We also give a new connexion between invertibility
and optimal transport (Theorem VI.8).

Chapter VII. We consider stochastic differential equations of the form

(8) dXt = Oét(X)th + Bt(X)dt, X() =0

In this chapter, under a non-degeneracy assumption under which (8) has very similar properties as in the
Brownian case, we define the Brownian transform for a law of (1.67), and we investigate several properties

related to its invertibility.

Part III.

Chapter VIII. We use the stochastic exponential to lift the Wiener measure to the space of the paths
with values in finite dimensional Lie groups. Then we translate the notion of invertibility of adapted shifts
within this framework. We show how this notion of invertibility is still related to the existence of a unique
strong solution to a stochastic differential equation on the Lie group, and we extend several results within this
context. Finally we extend the criterion of invertibility based on the entropy to this space (Theorem VIIL5),

which is the main result of the chapter.
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Preliminaries and notations

ABsTRACT. Main notations. Malliavin Calculus. Girsanov shift. Follmer’s theorem,

Sobolev’s inequality. Talagrand’s inequality

1. Notations

Let (S, Hs,is) be an abstract Wiener space (see [25]) where S is a separable Banach space, Hg the
associated Cameron-Martin space, and s the injection of Hg into S which is dense and continuous. In
this paper S will be the space where the processes take their values. Indeed we will work on the space
W := Co ([0,1],S5) of the continuous paths vanishing at 0 with values in S. We recall that W is also a

separable Banach space with an associated Cameron-Martin space H defined by

t 1
H = {77: [0,1] = Hs,m: :/ ﬁsds,/ |7'73\§{Sd5 < oo}
0 0

Moreover the scalar product on H is given by
1
<h,]€>H:/ <h5,k5 >Hg ds
0

for any h,k € H. The injection i of H into W is also dense and continuous and (W, H, i) is also an abstract
Wiener space. Let p be the Wiener measure on (W, B(W)) and let F be the completion of the Borelian
sigma—field B (W) with respect to p. We still note p the unique extension of the Wiener measure on (W,
F) and we still call it the Wiener measure. We also note Iy : w € W — w € W the identity map on W.
In the sequel Iy will be seen as an equivalence class of M, (W, F),(W,F)), where M, (W,F),(W,F))
is the set of the u— equivalence classes of mappings from W into itself, which are F/F—measurable. To
cope with adapted processes we need to introduce not only the filtration (.7:,9) generated by the coordinate
process t — Wi, but also the filtration (F;) which is the usual augmentation (see [6]) of (F{) with respect
to the Wiener measure p. We note L° (u, H) (resp. for a probability law v equivalent to p, L? (v, H)) the
set of the equivalence classes with respect to p of the measurable H—valued mappings u : W — H (resp.
the subset of the u € L° (i, H) such that E, [|u|%] < c0). We also set LY (u, H) (resp. L3 (v, H)) the subset
of the u € LY (i, H) (vesp. of the u € L? (v, H)) such that ¢ — . is adapted to (F3). Let v be a probability
equivalent to p, and t — By be a (F;) —Wiener process on (W, F,v). The abstract stochastic integral (see
[50]) of a a € LY (u, H) with respect to B will be noted §%a. In this context (W = Cy ([0, 1], 5)) it can also
be written

1
§%a :/ asdBs
0
For a shift U := B + u where u € LY (u, H) we set
Ya = 68a+ < U, a >y

In particular for a u € Lg (u, H), W = fol u:dWe. We recall that in the case where W is the classical

Wiener space, the abstract stochastic integral is nothing but the usual stochastic integral. For convenience

3
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of notations, for any optional time 7 with respect to (F;) we note (w-a) = [; 1jo,] (s) asds and a” := 7 a.
In particular for any t € [0,1] (ma) = [; 1jo,4 (s) asds. For a U € M, (W, F), (W, F)) and a probability v
equivalent to p, the image measure of v by U will be denoted by Uv. Moreover for any random variable L
on (W, F) such that E, [L] = 1 and p—a.s. L > 0, we will note L.u the probability on (W, F) whose density
with respect to the Wiener measure is L. To be consistent with [47] we set

(1.1) p (—5Wu) = exp (—(5Wu - %)

For the sections below Section IIT we need to consider the Wiener measure on S : we note it /1 and we recall
that we then have Wipu = fi. We will also consider some integrals over Borelian measures of S—valued or
Hs valued elements : all these integrals are Bochner integrals. Finally in the whole paper we adopt the
convention inf () = 1. We now give the notations of Malliavin calculus and then we give a brief reminder of
it (see [30], [44], [45], [40], [22], or [40] for much details). We note {dh,h € H} (resp.{< .,h >, h € Hg})
the isonormal Gaussian field which is the closure of W* (resp. of S*) in L? (1) (resp. in and L* (1)) and
V (resp. D) will denote the Malliavin derivative on W (resp. on S). We also note Ds¢ the density of
Vo ie Vpop = fol < Do, izs >ug ds for any h € H. We now recall the construction of the derivative
on W, but the construction on S is exactly the same (we don’t use the time structure at this point). Let
(ki);eny C H be an orthonormal basis of H, let £ be a separable Hilbert space and let (ei);.y C E be an
orthonormal basis of E. For every F' € Np~1LP (i, E) we say that F' is a cylindrical function and we note
F eS8, (F) CNps1LP (u, ) if there exist a n € N, (I1,..., 1) € (N*)", (kiy, ..., k1,,) C (ki);c and a f in the
Schwartz space of the smooth rapidly decreasing functions S (R™) such that u — as

F = Z fl (6/€11,..,,(5kln) €;
=1
If we set
d
VhFI aFOT}\h A=0

where for any h € H
ThiwEW =7 (W) =wt+heW
we then have
ViF =" "0 ki, , ... 0k1,) < h, ki, >n e
i=1 j=1
By construction, up to a negligible set, for every w € W the mapping defined by (VF)(w) : h € H —
(VioF)(w) € E is linear and continuous and even Hilbert-Schmidt with the property that V,F (w) =
(VF) (w) (h). Therefore, by using Hilbert-Schmidt tensor products we have the explicit formula :

VE =" "0;f (ki,, ... 0k1,) ki, @ e
i=1 j=1
and we have defined a linear operator V : S, (E) C L? (u, E) — L? (u, H® E). Thanks to the Cameron-
Martin theorem it is easy to see that although V is not a closed operator, it is however closable. We
still denote by V : Dom, (V,E) C L? (u, E) — LP (u, H® E) the closure of V : S, (E) C L? (u, E) —
L? (1, H® E) which can be built explicitly in the following way. Let Dom, (V, E) be the set of the F' €
L? (1, E) for which there is a sequence of cylindrical random variables (F,), oy C S, (E) with the property
that lim, e F5, = F in L? (u, E) and VF, is Cauchy in L? (4, H ® E). Then for any F € Dom, (V, E)
we can define VF = limy_, o VF, which is unique since V is closable. By construction Dom, (V, E) is the
completion of S, (E) with respect to the norm of the graph associated with V which is defined by || F||p,1;5 =
[|1Fllze(u,By + IVE||Lr(uHoE). We note D, 1 (&) the Banach space Dom,, (V, /) endowed with the norm

[|F||p,1;E. Of course V is nothing but the infinite dimensional version of the Sobolev derivative with respect to
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the Gaussian measure, and ID,, 1 (E) is the Sobolev space associated with the weak Gross-Sobolev derivative
V. We define the higher order derivatives and the associated Sobolev spaces by iterating the same procedure.
Thus, if VF"'F € D, 1 (E ® H®<k71)) we can define VFF := V (VkilF) and the associated Sobolev space
D, (E) as being the set of such F equipped with the norm ||F||p e = Z?:o HVZ'FHLP(M‘E@)H@). In
the sequel we will often deal with the case where £ = R. Note that in that case, because of the Riesz
representation theorem, H ® R ~ H so that we can identify (with fixed w) VF (w) with a vector of H
and we will write Vi, F =< h,VF >p. Still in that case we note ID,; instead of ID,: (R). Finally
we define the so called divergence operator. By the monotone class theorem and from the martingale
convergence theorem it is easy to see that S, (E) is dense in every L (u, E), p > 1. Since S, (E) C D, 1 (E),
the operator V : Dom, (V,E) C L? (n,E) — L? (u, H® E) has a dense support. Therefore there is
an operator d, the so called divergence, which is the adjoint of V. The domain Dom, (4, E) is defined
classically as being the set of the random variables £ € L? (u, H ® E) such that for any ¢ € IDg,1 (E) (where
% + % =1) Ey[< V$, & >uer] < cpq (|9lLag,m). For any £ € Dom, (6, E), 6¢ is characterized by the
relation E, [< ¢, >g] = E, [< V@, € >nee] which holds for any ¢ € Domg (V, E). Of course this relation
is the infinite dimensional counterpart of the integration by part with respect to the Gaussian measure. Note
that the set of the constant H valued random variables is a subset of all the Dom,, (§) := Dom,, (§,R), and
that the Cameron-Martin theorem implies E,, [¢pdh] = E [< V¢, h >g] for any h € H. Hence it is clear that
one may think to this operator as an extension of § : H — LP (u, H), which justifies the notations. The

divergence of a u on S can be defined likewise and we note it < u,. >.

2. The Girsanov shift

Let v be a probability which is equivalent to the Wiener measure pu. Then it is well known (see for
instance Section 2.6. of [50] or [27]) that there is a unique v € LY (u, H) such that ¢t — W, + v; is a
(Fi) —abstract Wiener process on (W, F,v) and p — a.s.

dv W
b (5
du p ( v
We say that v (resp. V := Iw + v) is the Girsanov drift (resp. shift) associated with v. We also recall that

when p —a.s. g—z =1+daforaa € LS (1, H) we have dt x dpu — a.s. 0y = —

37‘. If we further assume
2|8z ]7]
that Z—Z € ID3,; an easy application of the Clark-Ocone formula (see[45]) yields
vs = —E, |:DS In dv
dp

An old result of Follmer (see[14] and [15]) relates the integrability of the Girsanov drift to the relative
entropy. In the case of probabilities equivalent to u, a generalization of this result is the Proposition 1.1 (to

7]

recover Follmer result take 7 = p in (2.2) below) which shows that the relative entropy of two probabilities
equivalent to the Wiener measure is related to a distance between their Girsanov drifts. In particular it
shows that the variance of the Girsanov drift may also be seen as an entropy. We recall that the relative

entropy of a probability v absolutely continuous with respect to a probability 7 is defined by

~ dv
H(vlp)=E, [ln E}

Proposition I.1. Let v and v be two probabilities equivalent to the Wiener measure p. Then we have
(2.2) 2H (v|7) = By, [|v — 0|%]

where v (resp. V) is the Girsanov drift associated with v (resp. with v). In particular for any measure v

equivalent to p with a Girsanov drift v, if we set

(2.3) % =p (—5WE,, [1}])
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(see (1.1) for the definition of the right-hand term) we then have
2H (v|py) = Vary (v)
where Var, (v) = E, [|[v— E, [v] |%]

Proof: By definition we have

E, [In d—Z} = FE,|In d—y} - F, {ln d—y]
dv | dp

r ~12
- E, _5V(U_m+w]

If v—7o € L2 (v,H) we have E, [~ (v —7)] = 0 so that equality (2.2) holds. Conversely we assume
that H (v|7) < oo and for each n € N we set 7, = inf ({¢ € [0,1] : |7 (v — V) | > n}) with the convention
inf () = 1. Since v — v € LY (u, H) we have jt — a.s. 7, T 1. Therefore the monotone convergence theorem
implies
E v-3% = B [ lim |, (v — ) |H]
n— o0

lim E, [|7r, (v—"2) %]
n—o0

= nlLH;O (V | ]:7'71, |l7| ]:Tn )

< H(vpp)
Where 7|7, (resp. v|r, ) is the measure induced by v (resp. by v) on F,, . Hence we proved that
v—70 € L2 (v, H) if and only if H (v|V/) < oo, and that we always have (2.2). U

Remark I.1. Consider the function g* (n) := H (n|\) where n is any Borelian probability on R? which is
equivalent to Lebesgue measure A on RY. For any h € R? the translation T, : © € R — z + h € R? is
wnvertible and X is invariant under the action of T (i.e. ThA = X). Thus for any such n and any h € R?
g (Thn) = H (Tun|\) = H (Twn|Th)) = H (n|A) = g™ (). On the path space the Lebesgue measure is no
more defined and one often consider g" (v) := H (v|u) where v is a Borelian measure. For any h € H let
Thiw €W = w+heW. Since T # 1 for any h # 0, we generally don’t have g (v) := g* (thv). However
the function f (v) := H (v|u,) has the nice property to be invariant under translations along H (just as g*

was on ]Rd). Indeed an easy application of the Cameron- Martin theorem shows that for any h € H
dppry v

= p (—6W (T-n (B [U])))

where v is the Girsanov drift associated with v and that

(2.4)

Thiby = Mrpv

Hence for any h € H we have
fmv) = H(mnv|pir,v)
= H (ThI/|Th/LV)
H(

v

fw)
= f

where the last equalities hold since T is invertible.

~—
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Two straightforward consequences of Proposition 1.1 which we will use in the sequel are the following
path space version of two inequalities : The Talagrand inequality (see [42], [45], and references therein) and
the Sobolev inequality (see [45] and [19]). The following proofs are well known (see [45] and [47]). We
only give it here for the sake of completeness. However, before we do this we have to recall the following
definition :

Definition I.1. Let p and v be two probabilities on a Wiener space W (in the sequel we shall consider
W=28o W= W ). We then note X (p,v) the set of the probabilities on (W X W,B (W X W)) whose
first (resp. second) marginal is p (resp. v). A probability v € X (p,v) is said to be the solution of the
Monge-Kantorovitch problem if

se)= [ e =it ({ [ -y ez o))
WxW WxW
The Wasserstein distance between p and v is defined by \/d (p,v), where d (p,v) := J ()
Proposition 1.2. For any probability v equivalent to p we have
(2.5) d (v, 1) < 2H (v|p)

Proof: Let V be the Girsanov shift associated with v. It is a (F;) —Wiener process on (W, F,v). Therefore
(VxIw)v®@v € % (p,v). Together with the definition of d (v, y) it yields : d(v,u) < E, [|[V — IW|§I].
From Proposition 1.1 it implies 2.5 U

Proposition 1.3. Let v be a probability equivalent to p , and further assume that Z—Z € IDs,1. Then we have

H (v|p) < J (vw)

dv |?
Ml g

J (v|p) = E, UVIn o

where

Proof: Let v be the Girsanov drift associated with v. Together with Jensen’s inequality, Proposition 1.1

/ \US\HS ds

/

yields

H (v|p)

dv
dp

L

‘ {D In —

7

2
ds
Hg

IA

\ i

il
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Invertibility of adapted shifts on Wiener space

ABsTrACT. Invertibility of adapted shifts. Definition. From right Invertibility to
Invertibility. Explicit formula for the inverse of a stopped shift. Invertibility and
Entropy. Ustiinel’s criterion. A lemma of persistence

1. Invertibility of adapted shifts

Let v € L% (u, H) be such that FE, [p (—5Wv)] =1, and let v := p(—5wv) .t be the probability
associated with v. By definition v is equivalent to p, and from the Girsanov theorem Vv = u. Moreover
from Theorem 2.3.1 of [50], for any u € L2 (u, H) we have Uy << p where U := Iy + u. In particular
we have Up << p, Vv << p, and p ~ v. It is then routine to check that U € M, (W,F),(W,F)),
VeM,(W,F),(W,F)), and that VoU and U oV are well defined as elements of M, (W, F), (W, F)) i.e.
the equivalence classes of UoV and Vo U in M, (W, F), (W, F)) only depend on the equivalence classes of
Uand V in M, (W, F),(W,F)). Thus we can define :

Definition II.1. Let v € Lj (u, H) be such that E, [p(—6"v)] = 1. Then V := Iw + v is said to be
(globally) invertible with (a global) inverse U := Iw 4 u where u € L (u, H), if and only if u — a.s.

VOU:IW

and

UoV =Iw

The next proposition enlighten the hypothesis of [47] and is also very useful to get the invertibility from
the right invertibility .

Proposition I1.1. Let v be a probability equivalent to u, and let V = Iw +v be the Girsanov shift associated
with v. Further assume that there is a w € L2 (u, H) such that U := Iw + u is the right inverse of V i.e.

VoU=Iw p—a.s. Then the following assertions are equivalent
(i) Bu[p(—6"u)] =1

(i) Up~ p

(iwi) V is invertible with inverse U (see Definition I1.1)

(i) Up=v

Proof:

e (i) => (ii) : Sinceu € LY (u, H) and E,, [p (—6" u)] = 1 the Girsanov theorem implies U (p (—6"u) .u) =
. Furthermore, for the same reasons, the measure p (—5Wu) .1 is a probability equivalent to .

Hence u =U (p (—5Wu) .u) ~Upie Up~ .

9
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e (ii) => (i4i) Assume that (44) holds. We have
Un(lUoV =Iw}) = n(U ({wlU oV = Iw}))
= p{{wlUoVoU=U})
> p({wlVolU=1Iw})
= 1

where we have used that {w|V oU =Iw} C {w|lUoV oU =U}. Since Up ~ p we get p — a.s.
UoV =1Iw.

e (iit) => (i) : Suppose that we have (iii), then we also have U o Vv = v. Since Vv = u we get
Up=v.

o (iv) => (i) : Assume that Uy = v. Since both v and u are elements of L (41, H), we have y — a.s.

(5%) oU=56" (wolU)+ <u,volU >n
so that p — a.s.
p (—5Wv) oUp (—5Wu) =p (—5W (VoU — IW))
Together with the hypothesis i — a.s. V o U = I, it yields y — a.s.
o (—5%) oUp (—5%) =1

Hence we get

mlp (0] = 5 [5esre]

I
S|
<
—
S
n
q | =
S
4
~
[E—

O

The Proposition II.2 is an improvement of the Theorem 3.1 of [48]. Contrary to this latter, Proposi-

tion II.2 provides an explicit formula for the inverse of the stopped shift.

Proposition I1.2. Let v be a probability which is equivalent to p with an associated Girsanov shift V :=
Iw + v, and let T be a (F;) stopping time. We further assume that V is invertible with inverse U = Iw +u
(see Definition I1.1) where u € L2 (u, H). Then V™ := Iy + m,v is invertible with inverse

U := Iy + Trovu

PRrOOF. Since (F;) is right continuous it is well known (see for instance section IV.3 Theorem 59 of [6])
that there is a stopping time T with respect to (]—"to) such that u —a.s. T = 7. Let U™ := Iw 4+ mrovu and
VT .= Iw + mrv. Since v is adapted to (F;), and from the definition of U™ we have p — a.s. mroy (vo U) =

mrou (Vo UT™). Since U is the inverse of V' (in particular « = —v o U) this equality can be written
(1.6) Trovt = —Trory (Vo UT)

Moreover from the Theorem 100.a section IV.4 of [6] the fact that for any w € W and for every s < T (U (w))
we have U, (w) = U] (w), implies that for any w € W T (U (w)) =T (U™ (w)). Along with (1.6), this implies

Trout = —Trous (Vo U™)
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which yields p — a.s.

VIioU™ —Iw = (7rv)oU™ + Trovu
= (mrv)oU" — mrou~ (Vo UT)
= 0

i.e. U™ is the almost sure right inverse of VT, We set u™ = mroyu so that U™ = Iw + u™. Since U is
(F:) —adapted, u™ € 5 (1, H). On the other hand, since U is invertible we know from Proposition II.1
that E, [p (—5Wu)] = 1so that t — p (6W7rtu) is a martingale. Hence we can apply the Doob’s optional
stopping theorem from which we obtain y — a.s.

B o (7)) = 8 o (-0 eran)] = £ [ p (5] =

Therefore Proposition I1.1 implies that U™ is the inverse of VT, Since pp —a.s, V" = V7T and U™ = U, we

also have that V™ is invertible with inverse U. O
As a first consequence we have

Lemma IL1. Let v € L) (u, H) be such that E, [p (=" v)] =1, and let (1n),,cy

times such that i — a.s. T, 1 1. Further assume that there is a sequence (u™) C LY (u, H) such that for each

be a sequence of optional

n €N V" := Iy + m,,v is invertible with inverse U™ := Iy +u™. Then (u™) converges in L2 (u, H)

Proof: For convenience of notations we note v" := m, v. By definition and by Proposition I1.2, for each

n > m we have p — a.s.
V"o U™ =0v" o U"
This yields

w(u” —u"g >e€) = p [Ljun—umi g >e)

I3 1\v"'oU"'7v""oUm\H>s]

Il
3 o5 B o5 I 5|

[
[
w [1\U7LOU7L71)7’LOU"L\H>6}

W n
m 1\v“oU”oV”7vmoU”oV"\H>5P (—6 v )]

- E, [1‘U,,L,U,H|H>€p (—5Wv”)}

On the other hand (p (—6"v™)) and (v"), .y converge almost surely to p (—6"v) and v respec-
tively. Since (p (75Wv”))n€N

converges in L° (u, H) U

neN
is uniformly integrable, the dominated convergence theorem implies that (u™)

Remark I1.1. Of course since the norm |.|w is weaker than |.|g the convergence of (u™) in LS (u, H) to a

w € LS (u, H) also implies the convergence in probability of (U™) to U := Iw + u.

2. Invertibility and Entropy
We set
Definition I1.2. Let v be a probability equivalent to u, then we set
Ra (p,v) = {u € L2 (u, H): Up = v where U := Iy +u}
and we say that a u € L2 (u, H) represents v if u € Ra (11, V)

The Theorem II.1 extends the Theorem 7 of [47]. Our proof is straightforward and contrary to [47] we

neither use the innovation process, nor the dual predicable projection.
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Theorem II.1. Let v be a probability such that v ~ p (i.e. equivalent) and H (v|u) < oo, and let V = Iy +v
be the Girsanov shift associated with v. Then for every u € Rq (1,v) (see Definition I1.2), the following
inequality holds

(2.7) 2H (vlr) < B [Jul¥]

Moreover, the equality occurs in (2.7) if and only if V = Iw + v is invertible with inverse U = Iw + u
(see Definition I1.1), and in that case we also have E, [p (=" u)] =1

PRroOF. From Proposition 1.1 the finite entropy condition is equivalent to the finite energy condition
E, [v|%] < 0. Since V = Iw + v it implies

(2.8) E, [5%] -0

On the other hand, together with the hypothesis Up = v, the finite energy condition also implies v o U &€
L2 (p, H) so that

(2.9) E, [5”’ (vo U)] =0
Therefore, by putting together (2.8) and (2.9) we obtain
B, [Jv|%] E, 0] = B, [8"]

= -E, [(SU (vo U)}

= -—FE, [5W (voU)] —E,[<u,voU >p]

—E,[<u,volU >g|

so that Proposition 1.1 yields

(2.10) 2H (v|p) = —E, [< u,vo U >y

By applying the Cauchy-Schwarz inequality, the result follows from (2.10). Indeed we have
2H (v|lp) = —-E,[<u,volU >H]

VERTISIVERTREES

NCRUTANCATTS

Moreover form the case of equality in the Cauchy-Schwarz inequality, it is easy to see that the equality

IN

occurs in (2.7) if and only if p — a.s. u+voU =0 i.e. if and only if 4 — a.s. Vo U = Iw. The result then
follows directly form Proposition II.1. a

As a consequence we get

Lemma IL.2. Let v be a probability such that v ~ p (i.e. equivalent) and H (v|u) < co. Further assume
that there are two sequences (u™), . C Lo (1, H), and (v"), . C Lo (1, H) such that :

(i) Eu[Ln] =1 for every n € N, where Ly := p (—6"v™).

(i) For everyn € N the shift V" := Iw +v" is invertible with inverse U™ := Iw +u" (see Definition I1.1)
(iii) (LnInLy), oy is bounded in L' (1) or (u™), cyis bounded in L (p, H).

(iv) (Ln),cp converges weakly in L' (p) to L := g—:.

(v) H (v|p) =limp—oo By [Ln1In Ly,

(vi) (u™) converges in L° (u, H) to a %
Then @ € L2 (p, H) and U = Iy +  is the almost sure inverse of V = Iy + v.
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ProoF. First note that (i) means that v™ (resp. V™) is the Girsanov drift (resp. shift) associated with
the probability v»" defined by v" := L,,.uu. From Proposition 1.1 we then have

2B, [LynIn Ly = By [Lnlv"|%]

Moreover, since U™ is the inverse of V" we have u" = —v" o U", and by Proposition II.1 we also have
U"pw=v" = Ly.u. This yields

(2.11) E, [[u™] = Eu [[v" o U™ H] = Eu [La|v"|%] = 2B, [Ln In Ly

which shows that the two hypothesis of (ii7) are equivalent. By taking the limit in (2.11), the hypothesis
(v) yields

(2.12) lim E, Uu"ﬁq] =2H (v|p)

n—o0o

Let us now assume that (u™) is bounded in L? (u, H). Since L? (1, H) an Hilbert space it is also reflexive.
Therefore we can extract a sequence (u"™,v"),, <y With the property that (u™) converges in the weak topology
of L? (1, H) to a w € L? (1, H). Let 7 : L? (u, H) — L? (i, H) be the projection of L? (i, H) on the closed
subspace L2 (u, H). Since it is linear and strongly continuous, a classical theorem of functional analysis
directly implies that it is also weakly continuous. Hence 7¥u = u and u € L2 (u, H). On the other hand,
let 7 be the limit of (u™) in L° (u, H). We now show that @ = u. Indeed let X € L (i) and h € L* (u, H).
Then Xh € L? (u, H) where (Xh) (w) := X (w)h. (w). By definition of the weak convergence of (u™) we

then have

lim E,[<u",h>g X] = lim E,[<u",Xh >pg]
n—oo n—oo
= Eu[<u,Xh>pg]
= Eu[<u,h>p X]
This means that (< u™, h >p) converges weakly in L' (¢). The Dunford-Pettis criterion (see [6]) then implies
that for any h € L? (u, H) the family (< u",h >p) is uniformly integrable. Thus, from the dominated

convergence theorem, and by definition of the weak convergence, for any h € L? (u, H) we have

E.[<u,h>u] = Eu[lijﬂ <u",h >H]
= nILIEOEM[<u Jh >
= E,[<u,h>n|
This shows that v = u, from which it can be seen that u satisfies the hypothesis of Theorem II.1. Indeed,

note that together with (iv), the dominated convergence theorem yields
Eu,lexp(@)] = By fexp (il o U)]
= E, [ lim exp (il o U")}
n— 00
= nh_)rrolo E,lexp (iloU™)]
= lim E, [L,exp (il)]
n— oo
— BulLexp (i)
= Ey[exp (il)]

for any I € W*. Hence we have both Uy = v and u € L2 (u, H) so that we are allowed to apply Theorem II.1.

From this we obtain

(2.13) 2H (v|p) < B, [Jul%]
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On the other hand, since |.|2(, ;) is both convex and strongly lower semi-continuous, it is also lower
semi-continuous in the weak topology of L*(u, H) so that E, [|ul] < limn oo By [[u™|%]. Along with
equation (2.12), this yields

(2.14) 2H (v|p) > By [|ul#]
From (2.13) and (2.14) we obtain
(2.15) 2 () = B [Juf?]

Since u satisfies the hypothesis of Theorem II.1, equation (2.15) implies that U = Iw + w is the inverse of
V=1Iw+w. d
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Local properties

ABsTrACT. Local Invertibility. The problem of equivalence with invertibility. Equiv-
alence under finite energy condition. Equivalence in the general case

1. Local invertibility : definition and problem

In this chapter we prove that the invertibility of the Girsanov shifts associated with probabilities equiv-
alent to the Wiener measure is a local property in the usual sense of stochastic calculus. We first set the

definition of local invertibility :

Definition III.1. Let v € LS (u, H) be such that E,, [p (—5WU)] =1 andlet V := Iw +v. V is said to be

locally invertible if there is a sequence (u™), o C Ly (1, H) and a sequence (1) of (Fi) —optional times

neN
such that p—a.s. 7o T 1 and for eachn € N, V" := Iw + 7., v is invertible (see Definition II.1) with inverse

U" :=1Iw +u".

First note that any shift which is globally invertible is also locally invertible. Indeed, by taking the

sequence (7T7,) defined by T,, = 1—1/n for any n € N, the Proposition II1.1 appears as a direct consequence

neN
of Proposition I1.2. However Proposition III.1 is trivial to prove directly, and we only put it here for the

sake of completeness.

Proposition II1.1. Let v € LS (u, H) be such that E, [p (—5Wv)] =1, and let v := p(—éwv) . be the

probability law associated with v. Further assume that V := Iw +v is invertible. Then V is locally invertible

Conversely we will see that the local invertibility implies the invertibility in the general case.

2. Solution under finite energy condition

Theorem II1.1. Letv € LY (u, H) be such that E, [p (—6WU)] =1, andv:=p (—6Wv) . Further assume
that v satisfies the finite energy condition (i.e. v € L2 (v, H)), or equivalently that v has finite entropy with
respect to the Wiener measure (i.e. H (v|p) < 0o). Then V is locally invertible (see Definition I11.1) if and
only if it is (globally) invertible (see Definition II.1).

Proor. We already recalled in Proposition III.1 that if V' is globally invertible, it is also locally invert-
ible. Hence, we now assume that V = I + v, which is also the Girsanov shift associated with v, is locally
invertible, and we want to prove that it is globally invertible. Hence we assume that there is a sequence
(Tn)nen Of (F:) optional times announcing 1, and a sequence (u") C Lg (p, H), such that for every n € N
U™ := Iw + u" is the almost sure inverse of V™ where V" := Iw + 7., v. For convenience of notations we
set L= 9%, Ln := E, [L|F:,], v" i= Ln.p and 0" = mr,v. In particular L, = p (=6"v") and v" is the
Girsanov drift associated with ™. We want to apply Lemma II.2 with (u") and (v™). Thus, we have to
check that (u™) and (v™) satisfy the hypothesis (i — vi) of Lemma I1.2. From Lemma II.1 (vi) (u™) converges

that L, — L strongly in L' (u). Hence to prove (vi), we just have to show the uniform integrability of

15
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(LnInL,) Thanks to the Jensen’s inequality we have :

neN"
L,InL,

Ey [L|Fr,]In E, [L| F7,]
E,[LInL|F;,]

1

IN

Since for any z which is positive |zlnz| < zinz + 2e™ ", we get p — a.s.

(2.16) |LonL,| < E, [LInL|F;, ]+ 2"

Together with (2.16), the uniform integrability of (E, [LIn L|F,]), cy, implies the uniform integrability of

(LnInLy), oy ie. (v) is proved. We now check that (u,) is bounded in L? (, H). From Theorem I1.1, and

Jensen’s inequality, this is the case. Indeed :

E, Uunﬁl]

[ VAN
[\ [\ [\ [\
K:tq _:tij ttq ";tq
= =~

— 3
z =
= =
3,

= 2H (v|p)
< o0

The sequences (u") and (v™) satisfy the hypothesis (i — vi) of Lemma II.2, so that V is globally invertible

with inverse U := Iw + u. O
3. General case

The next theorem completely solves the problem of the equivalence between invertibility and local

invertibility.

Theorem II1.2. Letv € L° H) be such that £ —5")] = 1. Then V := Iw +v is locally invertible
o (u, H) e ( y

if and only if it is invertible.

Proof: The sufficiency is obvious by taking (7, := 1 — 1/n) and applying Proposition I1.2. Conversely we
henceforth assume that V is locally invertible. By hypothesis there is a sequence (7,) of optional times
and a sequence (u™) C LY (1, H) such that for each n € N V" := Iy 4 m,, v is invertible with inverse
U™ :=Iw +u" and pt — a.s. 7, T 1. By Lemma II.1 (u™) converges in L9 (u, H). We note u € L (i, H) this
limit and U := Iw + u. We will show that V is invertible with inverse U. For convenience of notations we
set v" = w0, L, :=p (—6WU”), L:=p (—(Swv) and v := L.u. From Doob’s optional stopping theorem
L, := E, [L|F,,] so that (L) is uniformly integrable and converges to L in L' (x). On the other hand (see

Remark I1.1), U™ converges to U in probability. Therefore the dominated convergence theorem yields
E, [e“] - B, [Le“]

= lim B, [Lne“]

n— o0

- lim B, [eiZOU"]

n— oo
o iloU

for any [ € W* i.e. Up = v. Thus from Proposition II.1 we know that V' is invertible with inverse U if and
only if U is the almost sure right inverse of V (i.e. u—a.s. VoU = Iw or equivalently p—a.s. u+volU = 0).

As we shall see we can show this last result thanks to Lusin’s theorem. Let ¢ > 0 we have
p(lvoU+u"lw>c) = p(lvolU —v"oU"w >c)

< p (|UOU_U°UH|H > g) + By [Lnllv —U”\H>%]
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Let a > 0, the dominated convergence theorem implies the existence of a Ny such that for any n > N;
E, |:Ln1‘u *v”\H>§i| < a/2

To control v ([voU —voU"|x > ) we will use Lusin’s theorem from which we know the existence of a
compact set Ko C W such that v (Ka) > 1 — «/8, and v is uniformly continuous on K,. We set

n—{w |voU—uoU"|H> (U, U™) € Kaq XK}
We then have
= p() +vw¢ Ka) + Epulp(—6v") Llugr,]

By definition of K v (w ¢ Ko) < /8. Moreover, by the dominated convergence theorem

p(jooU—voUmn>2) < p()+n(U ¢ Ka) +n(U" ¢ Ka)

lim B, [p(—00™) Lugr,] = v (w ¢ Ko) < &

n—0o0 8
Thus there is a N2 such that for any n > Na B, [p(—6v") lugk,] < a/4. We then have for any n >
sup ({ N1, N2})

. 7
(3.17) p(volU +u |W>c)g§+u(ﬂn)

On the other hand, the uniform continuity of v on K, yields the existence of a 84, such that |u" —u|g < Ba,c
and (U",U) € Ko X Ko imply [voU —voU"|g < §. To control the last term of (3.17) we then set

:{WGWZ|'U4n—’LL|<,Ba,c}

In particular €, N ﬁn = () so that we obtain

p@) < (2N 8a) (200 ()
= & (Qn N ( 2)
< p (Q )

= p(lun —ul > fac)

Since un, — w in L2 (u, H) there is a N3 such that for any n > N3 p(Q,) < «/8. Therefore for any
n > sup ({ N1, N2, N3}) we have
w(voU+u"lw >c¢) <a

this proves that 4" — —v o U in L° (u, H). By unicity of the limit v 4+vo U = 0 i.e. U is the right inverse
of V. But we already showed that this implies the invertibility of V' which is the result. L]

We now state the result which will be used in the applications :

Corollary IIL1. Let v € Lg (u, H) be such that E, [p (—5WU)] = 1. Assume that there is a sequence
(v™) C LY (u, H) with the property that for each n € N

B o ()] =1

and such that V" := Iw +v" is invertible. Further assume that there is a sequence of (Fi) stopping times
(Tn) such that p — a.s. 7o 11 and for each n € N y — a.s.

n
Trp U = 7, U
Then V := Iyw + v is tnvertible

Proof: By Proposition I1.2 for each n € N the shift defined by V"= Iw + ., 0" is invertible. Therefore
V' is locally invertible. Hence Theorem II1.2 yields the invertibility of V. U]
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Applications to stochastic mechanics: strong solutions for

some Markovian equations

AssTrACT. Locally bounded Markovian shifts are invertible. Free Schrédinger shifts.
Pathwise uniqueness for quantum euclidean mechanics : finite dimensional case, infi-

nite dimensional case. Invertibility of free Schrédinger shifts and optimal transport.

1. A sufficient condition for the invertibility of Markovian shifts with states in R?

In this section we will only consider the case where S = R? for a d € N. The main result of this section
is Theorem IV.1 which is a sufficient condition of invertibility for Markovian shifts. From the main result of
[54] any shift which is both Markovian and bounded is invertible. Here we give a local version of this fact.
Note that this extension is different from those of [24].

Definition IV.1. A v := fo Vsds € LO(p, H) is said to be locally bounded if there is a sequence of (Fi)—

stopping times (1) such that p — a.s., T T 1 and such that for each n € N we have p — a.s.

sup |Us|ag < 00
s<Tn

Proposition IV.1 will enable us to use the notion of Definition IV.1.

Proposition IV.1. Let v € L% (u, H) and

o, = inf t: sup |vs| >n Al
s€[0,t]

Then v is locally bounded (see Definition IV.1) if and only if p — a.s. op 71

Proof: If 6, T 1 ;1 — a.s. the sequence (0,,) satisfies the hypothesis of Definition IV.1. Conversely we assume
that v is locally bounded, and we define €2 to be the set of the w € W such that 7,(w) 1 1 and such that
for all n € N, sup, () [Vs(w)| < co. From the hypothesis () = 1. Given w € Q and € € [0, 1) there is a
np € N and a K > 0 such that 7,,(w) > € and

sup  |0s| < K
86[077'71,0 (W)]

Let mo € N be such that mo > K. Then SUD (0,771, () [0s] < K < mo so that om,(w) > T, (w) > €. Since

on(w) increases, this implies that o, (w) T 1. UJ

Under a mild condition, the next proposition shows that a Markovian shift which is locally bounded in

the sense of Definition IV.1 is invertible.

Theorem IV.1. Let v € L)(u,H) be such that E, [p (—5Wv)] = 1. Further assume that there is a
measurable b : [0,1) x RY = R? such that y — a.s. for each t € [0,1)

t
Vg = / b(s, Ws)ds
0
and that v is locally bounded in the sense of Definition IV.1. Then V := Iw + v is invertible.

19
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Proof: Let (o,,) be as in Proposition IV.1. Since v is locally bounded p — a.s. o, T 1. For each T' € [0,1)
and n € N we set
UT ::/ b(t,Wt)ltSTdt
0

and _
o™ T ::/ b (¢, Wy)dt
0
where
™7 (8, a) = b(t, @) Ljp(s,0)|<n Le<T
Since ™7 (¢, x) is both measurable and bounded the main result of [54] yields the existence of a strong

solution for the equation
(1.18) dX; = dB; —b™7" (¢, W;)dt

Thus V™7 := Iy +v™7 is right invertible with an inverse U™ := Iy +u™" ( note that since ™7 is bounded
the condition u™% € L (u, H) is filled). Moreover the fact that b™7 is bounded, together with the Novikov
criterion, yields E, [p(féwu”’T)} = 1. From Proposition II.1 it yields the invertibility of each V™T. On
the other hand from the hypothesis we obviously have 7o, vT = m,, v™7T. Hence Corollary IIL.1 implies the
invertibility of V7 := Iy +v” for each T < 1. In particular V is locally invertible (take 7, = 1 —1/n) and
therefore invertible (Theorem II1.2). UJ

2. Invertibility of free Schrédinger shifts

Let U be a probability equivalent to f, it is well known (see [16]) that

(2.19) H®|f) = inf ({H(v|p) : Wiv = D})
and that the optimum is attained by the probability v which is defined by
dv dv
an ~ i *M

Moreover v is an h-path process in the sense of Doob (see [16] and the references therein) so that the Girsanov
drift associated with the optimal v is Markovian. Such a process may be seen as a particular Schrédinger
Bridge (see [16] and alternatively [61] and references therein). Thus it is connected to stochastic mechanics
(see [37], [38], [39]) and to stochastic control problems (see [35], [36], [34] and references therein). The
connection of Schrodinger Bridges with stochastic mechanics was clearly shown in [61] and [62], and is trivial
to see in the special case of h-path processes. Moreover it is known for a long time that such mechanics are
related to stochastic control both through Yasue’s approach([58]) and through the Guerra-Morato(-Nelson)
approach (see [18], and [38]). Consider now the equation

(220) dUt = th — ’l.}t o Udt, UO =0

where v is the Girsanov drift associated with the optimal probability v. As it appears clearly from [61]
and [17] a solution of (2.20) may been interpreted physically as a free euclidean quantum (time imaginary)
particle starting from the origin whose final marginal is empirically estimated by 7. In this context the
equivalences investigated in [17] show that the relative entropy H(v|u) is the analogous of the Guerra-
Morato action associated with the free euclidean particle (or field). Furthermore as it is stressed in [16] and
[17] the formula (2.19) is also related to the large deviation theory through Sanov’s theorem which yields a
very concrete intuition of the experiment. Since the reader may be not familiar with these notions, it seams
necessary to recall here briefly and formally the main lines of this stochastic picture of euclidean quantum
mechanics. Let V : § — R be a smooth potential which is such that

duy o JE Vs

dp
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defines a probability equivalent to p. Jensen’s inequality easily implies that the infinimum of
{HV|py)[Wiv = v}

is attained by the probability v defined by
dv 1 dv

- U(Wl)] ?ﬁOWl

B [

Let
A

H = _5 + %
Then at least formally in the case dim S < oo, by noting A the Lebesgue measure on S, it is straightforward
to check that we have
thI/

(2.21) 0

=0(t,z)0" (¢, 2)
where 6 solves
0.0 = HO
and where 6” is the fundamental solution of the time reversed equation
—0,0" = HO*

By subsituting formally ¢ — it (this procedure is usually called the rotation of Wick) we would have density
p(t,x) with the shape

p(t,x) = V(t,z)U*(t, x)

where U (resp. ¥U*) solves the Schrédinger equation (its conjugate). For that reason v is said to model time
imaginary quantum mechanics. By considering the associated spacetime metric, it is also called euclidean

quantum mechanics. Note that within this framework, v is the law of a solution to
dXy = dW, — 0,0 Xdt; Xo =0

where v is the Girsanov drift associated with v. The possibility to deal with euclidean quantum mechanics
through stochastic mechanics in such a way was first showed in [61]. For that reason it seams relevant to
call the Girsanov shift V' := Iy + v associated with the above measure v, the Schrédinger shifts associated
with 7 under the potential V. Although our results and methods may extend to the case of potentials, we
prefered to focus on the free case (i.e. V = 0), and to treat both the finite and the infinite dimensional
cases. Henceforth we allow S to be of infinite dimensions, unless otherwise stated. In the next section we
will also see that these processes are also involved in information theory. Hence these processes are involved
in several fields in which it would be relevant to prove the pathwise uniqueness. For instance in the point
of view of stochastic mechanics, the pathwise uniqueness for (2.20) means that the stochastic description of
free euclidean quantum mechanics fits with the classical picture of determinism. This is the main motivation
of this section in which we give some (very large) sufficient conditions for the Girsanov shift associated with

such probabilities to be invertible. This motivates the following definition :

Definition IV.2. Let U be a probability such that v << . Further note v the probability on W which is

defined by

dv  dv

oW

du  dp o
and note v the Girsanov drift associated with v. We say that v is the (optimal) measure associated with
U (on the space on the path) and that V := Iw + v (resp. v) is the (free) Schrodinger shift (resp. drift)

associated with the final marginal U.
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We will show below that when dimS < oo (resp. dimS = oo) free Schrodinger shifts with a final
marginal of finite entropy (resp. with a bounded density with respect to the Wiener measure on S) are

always invertible. In particular we don’t assume any regularity conditions on the density.

Theorem IV.2. Let S = R? and let D be a probability equivalent to the Gaussian measure i on R with
finite entropy (H(V|@) < o). Then the free Schrodinger shift with final marginal U is invertible.

Proof: Let v be the optimal measure associated with 7 by Definition IV.2 and let v be the Girsanov drift
associated with v so that V := Iw + v is the Schrédinger shift associated with 7. It is well known (see[16])
and straightforward to see that the It6 formula yields the following expression for the Schrodinger drift v.
For each ¢ € [0,1)

(222) i)t(w) = b(t, Wt)

where b : (t,x) € [0,1) x R? — —DlnPl_t%(ac) and where (t,z) € [0,1) x R* — Pl_t%(m) is the heat
kernel defined by
dv

Pz @ = [ aut) Z Wit a)
We will show that the finite entropy condition implies that v is locally bounded (see Definition IV.1) so
that the shift V will be invertible. First note that for each integer i € [1,d] (v%,s € [0,1)) is a (Ft)iepo,1)
martingale on (W, F,v). Indeed for each t < 1 and s < ¢, let 6, € Cp(W) be Fs measurable. We then have

E, [-@;‘95} - E DllnP1 tg (Wt)e]
rd
= B, dlpl nP_ td Y (W }
= E,|E,. [d” ft} D'lnP_ t(‘j (Wt)a]

= E# P1 td (Wt)DzlnP1 td (Wt) :|

dv
= E, DP1 F (Wt)e}

[ dv
= E, -Pt D" ‘P Sdﬂ(W;)QS]
— B o P
— n 1— Sd’u s )VUs

— E, |D'WmpP g;l (W.)6. }

- B [—q}};as]
Hence t € [0,1) — E, [(4{)?] is increasing. Together with the finite energy condition v € L (v, H) it yields
0f € L*(v) for each t € [0,1). Therefore by Doob’s inequality we get that for each ¢ € [0, 1)

(2.23) sup |vs|za € L' (v)

s€[0,t]

Since v ~ p equation (2.23) implies that the hypothesis of Theorem IV.1 are satisfied with 7, := 1 — 1/n.
Therefore V' is invertible 0

In the case where dim S = oo it is harder to get a clean expression of the Schrédinger shift since we
need an It6 formula. To avoid the use of such a formula we give an elementary proof in Proposition 1V.2

which is in the spirit of the proof of the Clark-Ocone formula.
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Proposition IV.2. Let U be a probability such that U ~ 1 and Z—Z € L*(1). We further note v the free
Schrédinger drift associated with U (see Definition IV.2). We then have for each t € [0,1)

(2.24) B = b(t, Wy)

dp x dt a.s. where

-
b(t, z) = fDanl_té(x)

and where Qq is the heat kernel on S i.e. Qt%(x) =E, [Z—Z(x + Wt)] for each x € S.

Proof: Let v be the measure associated with 7 by Definition IV.2 and let v be the Girsanov drift associated
with v which is also the Schrédinger drift of 7. When j—; € L*(fi) the same proof as Lemma 3.3.2 of [50]
applies and we know that for each ¢ < 1 there is a modification of Qlft% such that for each w € S the
map h € Hs — Qlft%(w + h) is real analytic on Hs. We then chose this modification. Hence, it is
straightforward to check that for any k € Hs Q:DrQs = Dy Q:Qs = DiQ¢+s and that E, [% o W1 ‘J——t] =
Ql_t%(Wt). In order to avoid the use of the theory of Watanabe distributions, or of an It6 formula on
abstract Wiener space, we give an elementary proof. For any ¢t < 1 let Lz(u, H,t) be the subset of the
w € L2(u, H) for which the support of s € [0,1] — s € Hg is in [0,#] C [0,1). We recall that from the
martingale representation theorem which holds on W (see [50] chap.2), {6 «a, o € L2(p1, H,t)} is dense in

{X-E,[X]: X €L*(n), X is F: measurable}. Then we have for each h € L2 (u, H, t)

d [ d
E, {ﬁ O’Thp(*(sh)] = E,|E, {ﬁ oTh

7] oo

- [ [Zemnen

7] oo

= E, _(Qlft%)(Wt + ht)p(f(sh)}

Hence
d d d dv
ﬁEH |:|:de O TAxh — 1:| p(—é)\h)] |)\:() = djEu |:|:(Q1fté)(wt + Aht) - 1:| p(—(;)\h):| |A:0

dv dv
= Eu {Dthl_td—Z ° (Wt)] —E, HQl_td%(Wt) - 1} 5h]
On the other hand the Cameron-Martin theorem yields
d
E, Hﬁ o Tan — 1} p(—é)\h)} =0

By setting
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we obtain

n ]—"t] — 1)6h] = E, HQl—t%(Wt) - 1} 5h]

0
= E, {< DQlfté(Wt),ht >Hs:|

t @
- /EM < DQi W (W), ha >y | ds
0 L dp

¢ dv }
= E D; Q —t 7= W dS
/0 Iz I he @1 tdﬂ( t)
t [ dv
= /0 E, _Eu [Dthlft@(Wt)

7] |as

¢ I dv
= /0 EH _Qt*SDiLSQlft@(WS)} ds
t [ dv
= E, |Dj Qi-s (W, } ds
| B | o)

~

t [ dv .
= /EH < DQi-s— o (Ws),hs >ng| ds
0 L du

= E, [< at,h >H}
- B, [5Wof5wh]

which means that E, [g—;’]—}] —1=6"alie.

t
dv ft} _ 1+/ Q1.3 o (wyaw,
0 dp

by construction of v (see Section 2) it yields (2.24) 0

Lemma IV.1. Let L € L*™°(ii), e € (0,1) and T € [0,1). Let b:[0,1] x S — Hg be the mapping defined by
b(t,z) :=—DInPi_L(x)li<rlp, ,L(x)>c
and let v be defined by
vi= / b(s, Ws)ds
0

Then V := Iw + v is invertible.

Proof: For any h € Hg, € S and t < 1 we have (see [25])

1 Js(< hyy>)L(z + V1 —ty)fi(dy)
Vi—t [y L(z+V1—ty)a(dy)
|h|a K

S \/1 — tPlftL(ac)

where K is the essential supremum of L. Therefore |D1In Q1—+L(x)|

[DpIn Q1+ L(x)]

K
< VI—tP,_,L(z) and

Ib(t, )] = |DIn P L(@)Lirlp, ,niaysel < — e
evV/1—-1T

In particular v € L° (1, H) and together with Novikov’s criterion it yields F, [p (75Wv)] = 1. Moreover
if we assume that V is right invertible with an inverse U := Iw + wu, the boundedness of b will imply

E, [p(—JWu)] = 1 so that the invertibility will automatically follow from Proposition I1.1. Hence to get the
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invertibility of V', it suffices to prove that V is right invertible. Specifically, since b is bounded it suffices to
prove that

has a unique strong solution. Since S is a Polish space the Yamada-Watanabe criterion (see [22]) also applies
for (2.25). Therefore to prove the existence of a strong solution it suffices to check that a weak solution of
equation (2.25) exists, and that the pathwise uniqueness holds. Since b is bounded, we already have the
existence of a weak solution and the uniqueness in law for (2.25) by transformation of the drift (see[22]).
Hence we only have to prove the pathwise uniqueness. Before we do this, we have make some preparations

and to prove that p — a.s. for any t < 1 and (h, k) € Hy,w X Hi, we have
(2.26) |[DIn Pi_L(W; + h) — DIn Pi_L(W; + k)|us < Clh — k|ag
for a C' > 0 which depends on T. For any (t,w) € [0,1) x W we set

Hew :={h € Hs : P L(W; + h) > €}

Since x — Pi_¢L(x) is Hg-continuous (end even Hgs — C'™ see [25]) Hy,., is an open set. On the other hand
we have for any h,k € Hg, and z € S

DpDiQ1—tL  (DpQ1-+L)(DkQ1-¢L)
Ql—tL (Ql—tL)2

DixInQi_L(z) =

and
1
1—t
K

< ﬁ|h\Hs|k’|Hs

|D7 1 Q1—¢L(z)| ‘/(< hyy ><k,y>—<hk>pg)L(x+V1~—ty)(dy)

where the last inequality follows from

/ (<hy><hy>— < hk > Aldy) = |2, |kl

Hence by taking C' := ﬁ +( \/%e

Let U and U be two solutions with initial distribution «, which are defined on a same space (€2, G,P), with a

)2, we get (2.26). We can now begin the proof of pathwise uniqueness.

same filtration (G;) defined on it, and with a same (G;) —Brownian motion(B). We define two (G:)—optional

times :
(2.27) 7o=1inf ({t: Juy — Wl > 0}) A1

and

(2.28) o = inf ({t S(Pr_yLoU, — &) (Pi_iLoU, —¢) < 0}) Al

Let Q be the set of the w € Q for which both t — U; and t — L~/'t are continuous. By construction it is
such that P(€) = 1. Moreover for any w € Q the continuity implies that we have o(w) < 7(w) if and only if
7(w) = 1. Therefore, to prove pathwise uniqueness it suffices prove that y —a.s. sup,¢(g , () [ut —Ut|ng = 0.
For any ¢ € [0, 0(w)] the definition of o implies :

IN

t ~
[ue — Ut|mg /|b(s,U5)—b(s,U5)|ds
0
< A+B
where

t
A= / 165, ) — (s, T) Lt oot (t10, o)
0]
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and
t
B = / ‘b(& Us) - b(57 US)|1(,H31L4)CX<,H5,W)C(US) ﬁs)
0

and where (H,,)¢ is the complement of Hs,., in Hs. From the definitions of H; ., and of b(t,z) u — a.s.
B = 0. On the other hand (2.26) implies

A

IN

t
c / s — a1 Lot o o (t0: )
(0]

t
0/ e — el 1rg
(0]

Hence, up to a a negligible set, Gronwall’s lemma implies that u;(w) = @ (w) for every ¢t < o(w). This

IN

proves that p — a.s. o < 7, from which we know that u —a.s. 7 = 1. UJ

Theorem IV.3. Let U be a probability equivalent to i such that % € L*(u). Then the free Schrodinger
shift with final marginal U is invertible.

Proof: Let v be the Girsanov drift associated with the probability v := % o Wi. From Definition IV.2

V := Iw + v is the free Schrodinger shift associated with U. For any (n,T) € N x [0,1) we set

o™= / b (s, Ws)ds
0

where

n dv
b vT(t,;U) =—Dln Pl*t@(m)ltSTlPl,tZ—g(z)>

1
n
and

: dv
T = —/O DlnP17tﬁ(m)1tSTdt

By Lemma IV.1 all the V™7 := Iy +0™7 are invertible. Let 7, := inf({t P L(WR) < %}/\1. Since v ~ i
we have p — a.s. (T,) T 1. On the other hand from the definitions 7., v" = 7., v™%. From Corollary TI1.1 it
implies that V7 is invertible for any T' < 1. Taking 7, := 1 — % yields the local invertibility of V' which is
therefore invertible (Theorem III.2). U

3. Invertibility of the free Schrodinger shifts in the perspective of optimal transport
In this section we will handle the following sets
Definition IV.3. Let U be a probability equivalent to j1 then we set
R(p,v) :={ue L(u, H) : Uy = 0 where U := Iy + u}
and
Ra(p, V) == La(p, H) N R(p, D)
In Section 2 we have given mild sufficient conditions for the invertibility of free Schrédinger shifts. It

also involves a generalization for the representation formula of [26] which is given in Proposition IV.3. We

recall that in [26] the Proposition IV.3 is proved on the classical Wiener space under the condition that

j—g = ¢/ where f is C? with all its derivatives bounded. Moreover this latter does not relate the equality

case to invertibility but rather to right invertibility.
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Proposition IV.3. Let U be a probability equivalent to [ with finite entropy i.e. H(V|f) < co. Ifdim S = oo

further assume that % € L (). Then we have

(3.29) 2H(D|A) = min ({Ey, [|uly] : u € Ra(p,D)})

Moreover the infimum is attained by a U := Iw + u which is the inverse of the Schrodinger shift (see
Definition 1V.2) associated with U.

Proof: Let U be a probability equivalent to fi. From equation (2.19) for any u € R(u, V) we have
(3.30) H(v|p) < H(Up|p)

Then Theorem V.2 implies that

(331) 2H(Unln) < B [Juf?]

Together with (3.30) it yields the inequality in (3.29). Moreover from formula (2.19) the equality in (3.30)
is attained by the optimal measure associated with v. By applying Theorem IV.2 (or Theorem IV.3 if
dim S = o0) we get the existence of a u which attains the equality in (3.31). Hence the inverse of the free
Schrodinger shift associated with 7 attains the optimum in (3.29). 0

Naturally related questions are whether a similar representation formula holds for the Wasserstein
distance /d(v, 1) and whether the infimum is also attained by an invertible shift 7" with a given marginal
U. The answer is given by Proposition IV.4. Also note that the law of the non—adapted shift 7" which
appears in the statement of Proposition IV.4 is the analogous in the non-adapted case to the optimal law
V= S—Z o Wj.

Proposition IV.4. Let U be a probability equivalent to i of finite Wasserstein distance (see Definition I.1)
with respect to fi. Then d(V, i) is given by

(3.32) d@, ) = inf ({E, [|ul3] 1w € R(u,0)})

and the infimum is attained by an invertible shift T' such that

(3.33) WioT =T°% oW,

Moreover, let S be the inverse of T i.e. p—a.s. ToS=1Iw and SoT = Iyw. We also have

(3.34) WioS=25%ow,

where T and S° are the solutions of the Monge problem (resp. its inverse) on S defined in Theorem VI.2

Proof: We recall that Is denotes the identity map on S. We note R(fi, D) the set of the mappings u° €
L*(fi, Hs) such that US[i = © where U® = Is + u®. It may be seen as a subset of R(u, D). Indeed for any
such u¥ we can set i(u®). = N u® o Wids. Obviously i(u®) € R(u, D) so that i(R(, D)) C R(u,?) and

inf ({E, [|i(us)|§1] S € R(ﬁ,a)}) = inf ({B, [Jul}] : u € i(R(E, D)}
> inf ({E, [|u|§{] tu € R(u,v)})
Of course we have

(3.35) E, Ui(us)

and
A7) = inf ({Eﬁ [|u5|§,s] u® € R(E, D)})

inf ({Eu [|¢(us)|§1] S € R(G, ﬁ)})
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Hence we get

(3.36) d@, ) > inf ({E, [Julz] v € R(u,0)})
On the other hand for any u € R(u, V) Jensen’s inequality yields

(3.37) By [lurltig] < By [luli]

and since (U x W1i)p € X(v, i) we have

(3.38) d(@, i) < By [lu|7r]

The inequalities (3.37) and (3.38) clearly yield

(3.39) d@,p) < inf ({E, [Julz] v € R(u,0)})

Together with (3.36) the inequality (3.39) yields (3.32). Now we set T := Iw + i(t°) where t° := T — I
ie.
T: (o,w) €[0,1] x W = Ty := Wy + ot® o W,
and we want to show that it attains the infimum of (3.32). Indeed by hypothesis we have (3.33) so that
Tip = T%% = D. Hence
t:=T—Iw € R(p,7)
On the other hand (3.35) yields
BT —Iwly] = Eg[IT°-Isli]
— 45,7

Hence ¢ attains the infimum of (3.32). We now prove the last part of the claim. It is easy to see that if we
set §g =W, + 05° o W1 where 3 .=85_ Is we then have

(ToS)y = Wy+05 oWi+oTo(Wi+35 oWi)
= W,40(T°08° —Is)oW;
= W,
Which shows that T := Iw + t is invertible with inverse S. O

Under the hypothesis of Proposition IV.3, we then have
d(i, D) = inf ({ B, [Jul#] : v € R(,9)})
and
2H(v, ) = inf ({E, [Juf] 1 u € Ra(p,D)})
Since
Ra(p,v) C R(p, D)

we get again the Talagrand inequality. Moreover in the proof of Proposition IV.4 the existence of T' clearly
follows from the existence of an invertible shift on S which solves the Monge problem. This suggests to
investigate the connection between the invertibility of the Schréodinger shifts and the problem of invertibility
on S. For that reason henceforth and until the end of this section we assume that S = Co([0, 1], R?) (however

our results extend to the case where S is an abstract Wiener space with a time structure as in [49]). Let

¥ be a probability equivalent to fi, we then have the existence of a Girsanov shift V° := I's + v® such that

~ S
j—; = exp <_6WS’US — 7|/U 2|HS)

1 — a.s.
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~ . S
and such that ¢ — V,° is a Wiener process under o on S. We recall that in that case 8"~ v° denotes the
stochastic integral of v° with respect to the coordinate process t — W% on S. L (11, Hs) is the subset of the

elements of L°(fi, Hs) which are adapted to the filtration generated by the coordinate process on S . We call

v (resp. V° := Is + v° where Is is the identity map on S) the S—Girsanov drift (resp. shift) associated

with 7. In this case we also define
R(u,v) :={u e L%(u, Hs) : Ui = U where U := Is + u}

and R.(7,0) = R(ii,v) N LY(ji, H). Proposition IV.5 and Proposition IV.6 complete the analogy be-
tween (3.29) and (3.32) : in particular (3.43) has to be compared with (3.33).

Proposition IV.5. Let D be a probability equivalent to fi on S = Co([0,1],R%) which is such that % €
L (i), and let V := Iw + v be the Schrédinger shift associated with U (see Definition 1V.2). Then we have

(3.40) WioV=V5cWw;

where Vo := Is +v° is the S— Girsanov shift associated with U. If we denote by U := I + u the inverse of

the Schrédinger shift we also have equivalently
(3.41) VSolU, =W,

and
E, Uulﬁls] =E, Uuﬁl]

In particular the following variational formula holds

Ulﬁzs}

2
inf <{E# |a1;HS:| ta € Ralp, D)})

Proof: Let a € Ra(u, V) and let @' be the projection of a; on the closed subspace

E,

H(v|p)

{00As:0€ LD, Hs)}

Since
(6" 0) o A1 — 6" (0o A1) =< B0 A1, a1 >n.
we obtain
Eu[<a,00A >g,] = B, [(5Ws9) o Al] —E, [5W1 0o Al)]

_ B[]
- E, [6"59] - E; [< v°,0 >HS]
= _EH |:<1)SOA1,00A1 >Hs:|

Hence

(1A1A1 + v5o A =0
1 a.s. In particular together with Proposition I.1 it yields
SR s
2HER) = By [J0°fi)

By [10% o Al ]
B, [|&* s

E, |a1|?-ls]

IN
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Then Jensen’s inequality implies
(3.42) 2H (DIf1) < B, [Jaf4]
for any a € Ra(u, V). By applying this result to the optimal shift U := I'w + u which is the inverse of V and
the Theorem V.2 we obtain
2H(R) < B, [Jully] = 2H (vlp) = 2H(]A)

where the last equality is a consequence of Proposition V.1 and where v is the optimal probability associated

1

with 7 by Definition IV.2. Hence in that case the inequalities are equalities and WYt = uy so that uy =

—v% o Uy and (3.41) is proved. By applying V to both terms of (3.41) we get (3.40). From this the result

comes easily. L]

Proposition IV.6. With the same hypothesis and notations as in Proposition IV.5, let U be a probability
equivalent to i such that Z—Z € L= (). Moreover, let U be the optimal shift given by Proposition IV.8 which

is the inverse of the Schrédinger shift associated with U. Then the following assertions are equivalent
o There is a measurable mapping U : S — S such that W—a.s.
(3.43) WioU=U°oW,;
e There is a u® € Ra(i, V) such that U® = Is + u® is the both sided 1 almost sure inverse of
VS = Is +v° where v° is the S— Girsanov drift associated with U
Moreover, in that case, both the U° are the same and
S s
2H(7|7) = Bz (v},
Proof: Assume that there is a mapping U such that (3.43) holds. We have
USi=U oWipn=Uip=7v
Moreover, by (3.41) of Proposition IV.5 we get
ﬁ({weS:VSoUS:Is}) - p({wEW:VSoUSoV[/l:Wl})
- u({wEW:VSOUlzwl})
= 1
Hence V°oU? = Is fi—a.s. Since Ui = U ~ [i Proposition I1.1 also implies that 7i—a.s. we have U oV?® =
Is. Hence U® is the both sided inverse of V¥. This implies that ¢ — U; generates the same filtration as
the coordinate process on S. Let u® = U® — Is. Since u® = —v%oU?, E; [[u®|},] = Ev [[v°|%] = H(P|R).
Moreover, since v° € L%(fi, Hs) is adapted to the filtration generated by the coordinate process on S, u®
is also adapted to the filtration generated by U S and hence to the filtration generated by the coordinate

process on S, i.e. v’ € LO(fi, Hs). Conversely assume that US = Iy + u® where u° € R, (i, ?) is the
inverse of V9. By applying U® to both terms of formula (3.41) in Proposition IV.5 we finally get (3.43). [J
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Applications to information theory : Information loss on the

path space and Shannon’s inequality

ABsTrAcT. Talagrand and Sobolev’s inequality on abstract Wiener space. Criterion of
invertibility expressed with variance. Shannon’s inequality on abstract Wiener space.
Interpretation of Shannon’s inequality as an information loss in Gaussian Channel.

The idea to use h-path processes in information theory is not new and we found it implicitly in an original
but somehow misleading unpublished paper ([26]) in the case of the classical Wiener space. We generalized
and clarified some of these results. By completing that work we were acquainted that the author of [26] also
took the same way. Nevertheless our results are still more general and we find it interesting enough to be
presented here. Although the essential ideas of the proofs are not new there are several original contributions
in this chapter. First we give a version of a Brascamp-Lieb inequality which holds on any abstract Wiener
space. Then we give an abstract Wiener space version of Shannon’s inequality which holds on any abstract
Wiener space. Since the Lebesgue measure is no more well defined when dim S = co we had to write it in
terms of Gaussian measure. We succeeded in this task by making a change of measure from which we get
a formulation of Shannon’s inequality which seems to be new. By making an analogous change of measure
on the path space W we show that Ustiinel’s criterion (the main result of [47]) of which we present a slight
generalization here (Theorem V.2) may be written in terms of variance, which seems to be new. Within this
framework we reduce the proof of [26] as a consequence of the additive properties of variance. Moreover our
precise results show that Shannon’s inequality as well as the Brascamp Lieb inequality may be seen as the

result of information loss in a Gaussian channel.

1. Talagrand’s inequality and Sobolev’s inequality on any abstract Wiener space

The Monge-Kantorovich problem on abstract Wiener space has been investigated for instance in [12] or
[13] (see also [55] for a general overview on this topic). The results of this subsection are almost trivial and
may be well known. However it seems relevant to give it here for pedagogical reasons. As a matter of fact
here are the two simplest cases in which h-path processes can be used to yield inequalities on any abstract
Wiener space from inequalities on the path space. We first recall the following result which is a particular

case of the Theorem 3.2 of [13] in order to achieve the proof of Proposition V.1

Theorem V.1. Let U be a probability such that UV << [i (i.e. absolutely continuous). Assume that d(V, i) <
oo. Then there is a measurable mapping T° : S — S which is solution to the original Monge problem.

Moreover its graph supports the unique solution of the Monge-Kantorovitch problem =y i.e.
(Is x T%)i =~
in particular TS =0, T — Is € L*(i, H), and there is a mapping S5 = (T5)~" such that
0 ({w|§s oT® = Is}) =v ({w|TS 08°% = Is}) =1
The next Proposition sums up basic properties of the optimal measure associated with a marginal.

31
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Proposition V.1. Let U be a probability such that U ~ [ with H(D|f1) < co. Let v be the measure associated
with U by Definition IV.2. We then have

o H(o|R) = H(vlp)
o d(D,7) < d(v, )

where d(v, i) is given by Definition 1.1 If we further assume that j—g € D21 (1) we have

2
Hg

Proof: Let v be the Girsanov drift associated with v. The fact that H(v|i) = H(v|p) is obvious. Let

J@, ) = J(v, 1)
where

J(w,p) :=Ep ||Dln —

dp

‘ dv

and where J(v, ) is defined in Proposition 1.8

s—>T5::W5+/ tods
0

be the optimum given by Theorem VI.2 which attains d(v, u). By definition we have

1
d(v, ) = E, [/ \ts|§fsds}
0
On the other hand

Tip = WiTu
= Wll/
= U
and Wi = 1 so that :
d(©, i) < E, [|Ty = Whlh]

Hence Jensen’s inequality implies

d(l’), ﬁ) S EM I:‘Tl - Wl‘i(s]
1 2
< E, /isds :|
0 Hg
1
< B, U |is|‘;}sds]
0

= dv,p)
We now state the last part of the claim. From Proposition 1.1 we have

dv dv
Vh@ Vh?/;

o Wi

~

dv
< hl,DE oW1 >png

1 ~
. dv
< hs,D— oW >y, ds
/0 dp g

so that D, In Z—Z =Dln 3% oWi. We recalled above that Clark-Ocone formula yields 91 = D; In Z—Z However

in that case it can also be seen directly with the same proof as Proposition IV.2, but in that case with t = 1.
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Since Wiv = U we get

o) = B[V
1 2
= / E, ‘DS In d—y ds
0 dﬂ Hg
1 ~ 2
= / E, ‘D In d—z o Wi ds
0 d:u' Hg

dv 2
= FE,||Dln—oW;
di Hs
~ 12
= E; Dlnd—z
di Hs
= J(@.n

Proposition V.2 shows how we can use h-path processes to get inequalities on S from inequalities on
the path space W.

Proposition V.2. Let U be a probability equivalent to i with H(V|f) < oo. Let d(fi, V) be the Wasserstein

distance, then we have
d(7i,7) < 2H (7]7)

Assume henceforth that Z—Z € Dy,1 (1) and let J(V|ji) be the Fisher information, which is defined by

J(®f) = B> | |DIn %

2
di Hs:|

2J(01R) = Es [Jon %)

’ dv

Then we have

where v is the Schrodinger drift associated with v. In particular we get the logarithmic-Sobolev inequality
H(@|p) < J(v|m)

Proof: Let v be the probability associated with 7 by Definition IV.2 and v be the Girsanov drift of v which
is the free Schrodinger drift associated with 7. Then Proposition V.1 and Proposition 1.3 yield

H(@IR) = H(vlp) < J(vlp) < J(5I7)
Furthermore Proposition V.1 and Proposition 1.2 directly imply

d(fi,7) < d(v, p) < 2H (v|u) = 2H(P[7)
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2. Information loss on the path space

Let (Q,F°,P) be a complete probability space, and let (ft[P)te[O,l] be a continuous filtration which
satisfies the usual conditions. On this space let (By);cjo,1] be a (ff)te[o,u and S—valued Brownian motion
starting from the origin. In the point of view of information theory one may think of B as a Gaussian noise
in a transmission channel. Assume now that one sends a signal u through this channel, and that the receptor
observes U = B + u but not u. Let (F¢*) be the augmentation with respect to P of the filtration generated

by the observed signal ¢ — U;. If the receptor tries to estimate dynamically u, his best estimation will be
t
Uy :/ Ep [us|Fd]ds
0

which is usually called the causal estimate of u. Hence the estimated signal will be u, while the emitted
signal is u. Since @ is a projection of u, the energy of u is always bigger that the energy of u . With other

words, some energy will dissipate in the channel, and the value of this dissipated energy is
Ee [|ul#] — Ee [Jaf%]

As a matter of fact the value of this dissipated energy may be seen equivalently as an error or a loss of

information. Indeed
Ep [|ul%] — Ee [[G]7] = Be [Ju—al%)

is equal to the error of the causal estimate. The Theorem V.2 (which was first proved in [27] in the case
of the Wiener space) states that the dissipated energy (or information) only depends on two parameters
: the energy of the signal, and the law of the observed signal through its relative entropy. This loss of
information relies on the fact that the observer only gets the information of the filtration (F3*) generated
by t — U: € S which is smaller than (ff)te[o,l]- Moreover one expects the equality to occur if and only
if one can reconstruct the Brownian path until ¢ from F;*. This is exactly what shows the equality case in
Theorem V.2. Before going further we have to set some notations. We note L?((Q, F*,P), H)) or when there
are no ambiguity on the underlying filtered space L?(P, H) the set of the measurable mapping u : Q — H,
such that Ep [|u\?q] < oo We also define L2 (P, H), the subset of the u € L*(P, H) such that the mapping
t — 4 is adapted to (F; )sejo,1. We recall that we defined F (resp. (F%)) as the completion of the sigma
field B(W') with respect to u (resp. the augmentation with respect to u of the sigma field generated by the
coordinate process t — Wy).

Definition V.1. Let (Bt)ico,1 be a S—valued (f?)te[o,u Brownian motion starting from the origin on a
complete probability space (Q,]—"]P,IP’) with a continuous filtration (]:F)te[o,l] which satisfies the usual condi-
tions. Given a u € L2(P, H) such that UP ~ pu where U := Iw + u, we define (F*) as being the filtration
(0(Us, 8 < t))sejo) augmented with respect to P. We also note L (P, H) the subset of the u € L2 (P, H) such
that t —  is adapted to (F). Moreover G will denote the projection of u on L2(P, H) which is a closed
subspace of L2 (P, H)

As matter of fact u is the dual predicable projection of u (see [7]) on the augmentation with respect to
P of the filtration generated by ¢ — Uy = B; + u;. We recall that physically u may be seen as the causal

estimator of a signal u and is written
t
Uy :/ Ep [us|Fd]ds
0
We then have :

Lemma V.1. Let (Q,F°,P) be a complete probability space with a continuous filtration (ff)te[o,l] on it

which satisfies the usual conditions. Let (By)icjo,1] be a S—valued FF — Brownian motion on (Q,]—"]P,]P’) and
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U:tel0,1] = U €S be any (Ft)—adapted, continuous process. Further assume that UP ~ u. Then we
have P — a.s.

(2.44) u+volU =0
where v is the Girsanov drift associated with UP.

Proof: For any 6§ € L2(UP, H), since t — V; is an abstract Wiener process on (W, F, UP). Hence we have

1
E]p[<90U,’U,>H} = FEp / <930U,’113>Hsd5:|
0

1
= EP/OOUdB —|—/ < b OUus>HSds—/90UdB}

= Ip /HdWs YoU — /GOUdB}

- B /HdWs)oU}

= FEyup / Hde]

1 1
= FLyp edee +/ < 037@3 >HS ds _/ < 0377:)5 >Hg ds
L/ O 0 0

1 1
= FEyp / 0sdVs —/ < 057’[)3 >Hg d8:|
0 0

1
= —Lyp [/ < 0s,0s >Hg ds]
0

= —Ep[<volU,00U >4]

This shows (2.44) U

The following extends slightly the main result of [46]

Theorem V.2. Let (Q, FF,P) be a complete probability space with a continuous filtration (FF),&G[O,” which
satisfies the usual conditions. Let (Bi)ieo1) be a S—valued (F})—Brownian motion on (Q, F',P) and
U :[0,1] = S be any (FF)-adapted, continuous process such that UP ~ . Then

(2.45) 2H(UP|BP) < Ep [|U — B|%]

We further note u := U — B and henceforth assume that v € L*(P, H). If we note U the dual predicable
projection of u on (F{') which is the filtration o(Us, s < t) augmented with respect to P, we then have

(2.46) 2H(UP|p) = B¢ [|U — Bly] — v
where
ev =/ B [lu—ul3]
Morever the following assertions are equivalent
® cy — O

o VoU=B on (Q,F,P) where V = Iw + v is the Girsanov shift associated with the measure UP
on the Wiener space.

Finally for any probability v which is equivalent to the Wiener measure p

(2.47) 2H(v|p) = inf ({Ez [|U — Bl%]})
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where the infimum is taken on all the (Q, F*, (ftlp)te[oyll,ﬁ”) and all the (U, B) defined on it as above and such
that UP = v. Moreover, we can always find (at least) one space (Q, F", (F{ )iejo,1],P) and a (U, B) defined

on it with the same properties as in the first part of the claim, which attains the infimum.

Proof: If U — B ¢ L*(P, H) then (2.45) holds. Otherwise let u := U — Iy and let v be the Girsanov shift
associated to UP. By Proposition 1.1 and Lemma V.1 we have :

Eue [|v]%]

= Epllvo U|%1}

= B [[al%]

= EBe[Jut] — Be [Ju—al%]

2H(UP|p)

where the last line follows from the fact that @ is an orthogonal projection of u. This clearly yields (2.46) and
the equivalences in case of equality. The inequality (2.45) clearly yields the inequality of (2.47). By taking
(Q, FF, (Ff)te[oyl],P) = (W, F,(Ft)icjo1], ), and (U, B) = (Iw, V), where V' = Iw + v is the Girsanov shift
associated with v, we know (see Proposition I.1) that the optimum is attained in (2.47). U

Remark V.1. In Theorem V.2 we wanted to stress that the physical origin of the inequality in (2.45) is
the information loss. This is the reason why we need. Lemma V.1. We already showed this result in [27]
(the underlying space was the Wiener space but the proof is the same). However the inequality (2.45) as
well as the fact that the equality in (2.45) occurs if and only if V o U = B may be showed directly. Indeed
these results follow easily from Proposition 1.1 and the Cauchy-Schwarz inequality as we showed it in [28].
Henceforth, let us assume that the underlying probability space is the Wiener space W. As we have seen,
under the condition E,, [p(—&wu)] =1, U := Iw +u is the inverse of V if and only if it is the right inverse
of V.. Hence the equality in (2.45) is equivalent to the invertibility and we recover the main result of [47].

For that reason we refer to this result as Ustiinel’s criterion.

The Proposition V.3 is a path space version of the Brascamp-Lieb inequality. In Proposition V.4 we
apply it to an h-path process, so that we get a Brascamp-Lieb inequality which holds on any abstract Wiener
space. The proof of it is a generalization of the one given in [26], however the ideas are essentially the same.

As Theorem V.2 enlighten it the next inequalities are involved by information loss in the Gaussian channel.

Proposition V.3. Let (7') be a family of projections on Hs. Further assume that for any i, there is a
(€%)321 which is an Hilbert basis of Hs and a (I;) C N such that 7; = Yjer, < z,e} >ug e; and that

Z Oéi%i = IHS
for a sequence of positive numbers (c;) C RT. We then set
Tmzz <e§-,m>e§-
Jjel;
which is well defined as a measurable mapping from L° (@i, S) — L°(fi, S). We also note m; : H — H the
mapping such that (w;h)(t) = wi(he) for any (h,t) € H x [0,1] and T; : w € W — T;(w) € W the mapping
defined pathwise by Ti(w) : t € [0,1] — Ti(W:). Then for any measure v equivalent to p with H(v|p) < co

we have

(2.48) H(lp) = 3 e H(Tiv|Tp)

In particular for every t € [0,1] we have

(2.49) H(v|p) > Z o H(Tyvi | Typue)
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where vy := Wiv (resp. pe := Wip) is the marginal at t.

Proof: From the definitions it is straightforward to check that (7%) is a family of projections on H such
that >, ;7" = Ig. Let (U, B) be the pair defined on a space (Q, F",P) which attains the optimum in the

variational problem given in Theorem V.2, and set u := U — B. Theorem V.2 yields
2H(v|p) = Er [ulk]

= FEp |:< Zaﬂri%u >H:|

i

- ZaiE]p [|miul%]

= Y aFEp[|B+mu— Bl}]
> > aiH((B+ mu)P|u)

> Z o H(Ty(B + miu)P|T; 1)

where the last equality comes from the fact that H (v|u) > H(Xv|X p) for any measurable X : W — E where
E is a Polish space. By definition, we also have T% oh = 7’k for any h € H so that H(T;(B +mu)P|Tiu) =
H(T;UP|T;pu) = H(Tiv|Tip). Therefore we have (2.48). Since by definition for any ¢ € [0,1] u — a.s.
WioT! = i-(Wz), we also have

H(Tyw|Tip) > HWTo|WiTip) = H(T ve| Tipur)

O

Proposition V.4. Let (7%) be a family of projections on Hgs. Further assume that for any i there is a
(€5)52, which is an Hilbert basis of Hs and a (I;) C N such that 7; = Yjer, < z,e} > e}, and that

Z aiﬁi = IHS
i
for a sequence of positive numbers (c;) C RY We define
Tiw=> <e,z>¢
JEL;

which is well defined as a mapping from L°(fi, S) — L°(fi, S). Then for any measure U equivalent to fi such
that H(V|[1) < oo we have

H@IR) > S ai HTITR)
Proof: Let v be the measure associated with 7 by Definition IV.2 so that Wiv = U. By Proposition V.1
H(v|it) = H(v|p). Hence Proposition V.3 with ¢ = 1 implies
H(?|f) = H(v|p) > > i H(T,P|T: i)
i

O

Remark V.2. Note that in the case S = R we have T = ﬁ and if we note \ the Lebesque measure and
if we assume that U = X\ for a X, we have H(XAG) > 3, ai H((F' X)A\|[7'[) where 77 is the law of a
standard Gaussian vector with range in w(Hg). The relationship of this equality with the Brascamp-Lieb

inequality was shown in [4] as it is also recalled in [26].
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3. Ustiinel’s criterion in terms of variance and Shannon’s inequality

In finite dimension, Shannon’s inequality involves some entropies with respect of the Lebesgue measure.
When we seek to write it in terms of Gaussian measures some correlation terms appear since we then lose the
invariance under translations. Here we use a trick to recover the property of invariance under translation by
performing a change of measure. Under this change of measure Theorem V.2 takes the form of Corollary V.1.
The variational formulation of the entropy is then written in terms of variance instead of in terms of energy.
In Theorem V.3 we get the abstract Wiener space version of the Shannon inequality as a consequence of two
facts : the information loss on the path space, and the addition property of the variances of independent

random variables.

Corollary V.1. Let (Q,F",P) be a complete probability space with a continuous filtration (FF)tE[O,l] which
satisfies the usual conditions. Let (Bt)iejo,1] be a FF S—walued Brownian motion on that space, and U :
[0,1] — S be any (Fi)-adapted continuous process such that UP ~ u. Further assume that U is of the form
U:= B +u where u € LZ(P, H), and let pu be the probability defined by

d
dL: = p(6"Vmu)

where my (t) = fot Ep [t15) ds Then
2H(UP|pv) < Varp(u)
where
Varp(u) = Ep [|u — mU\fq]

Let u be the dual predicable projection of u:= U — B on (F*) which is the filtration o(Us, s < t) augmented

with respect to P. Then we have
2H(UP|uy) = Vare(u) — i
where
ev = (B [Ju—1l}])?
Moreover, the following assertions are equivalent

e u=1u

o VoU = B where V = Iw + v is the Girsanov shift associated with UP.
2H(UP|pv) = Varp(u)

2H(UP|) = Be [|U - BI%]

Finally for any probability v which is equivalent to the Wiener measure p,

dpiy

W
dp p(6™" my)

where my, (t) = — fot E, [0s]ds = —E, [v] Then

2H (v|py) = inf ({Varp(U — B)})

where the infimum is taken on all the (Q, F",(Fi )icjo1],P) and all the (U, B) defined on it as above and
such that UP = v. Moreover, we can always find (at least) one space (9, F", (ffn)te[oyl],P) and o (U, B)
defined on it with the same properties as in the first part of the claim, which attains the infimum. Finally

the optimum is attained by the same shifts as the variationnal problem of Theorem V.2
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Proof: From the definitions, and Theorem V.2 we have

2H(UP|py) = 2H(UP|p) — 2Ep {m %{ o U}
= 2H(UP|u) — [mul%
= Ee[[ulf] — Imolh

= Ep[Jalh] - Ee [Juli] — (B [Julk] - Imolh)

which is the main part of the result. Note that if UP = v we have

/0 e [0s] ds
= /0' Ep [ﬂs} ds

= —/'Ep[vsoU}ds
0

= —/'Eu[@soU}ds
0
my

mu

so that p, = py. By taking (Q,]-']P, (fip)ze[o,l],ﬂj’) = (W, F,(Ft)epo,1,v), and (U,B) = (Iw,V), where
V = Iw + v is the Girsanov shift associated with v, we know (see Proposition 1.1) that the optimum is
attained O

The next lemma is the price to pay for working with Gaussian measures instead of the Lebesgue measure
(which is not defined when dim S = o0)

Lemma V.2. Let v be a probability equivalent to p such that H(v|u) < oo, and let U a probability equivalent

to ji. Further assume that

Wiv=1v
and let 4
M w
= (0 v
i p(6" my)
where m,, (t) = — fot E, [0s]ds = —FE, [v:] where v is the Girsanov drift associated with v, vy = Wy and
" 2
CZS’ (z) :=exp << x, mp > —|mV2|HS>
where my is the mean of U;. Then
(3.50) H(Plfip) < H(v|pw)

Moreover, if v is the measure associated with U by Definition IV.2 the inequality (3.50) is an equality.
Proof: Since ji is centered ,Viv = fi, and Wiv = U we have
my (1) = —E, [or] = /da(x)x —
Hence by applying two times the Cameron-Martin theorem (see [25]) once on W, once on S we obtain
Wipy = (Wi +mu (1)) = (Wi +mp)p = (Is + mp)ii = [ip
Since we also have Wiv = U, we then obtain
H(@lfis) = HWiv|Wap,) < H(vl)

Moreover if v is the measure associated with 7 by Definition IV.2 it is straightforward to check that we have

an equality. (|
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We now give an abstract Wiener space version of Shannon’s inequality.

Theorem V.3. Let (D') be a sequence of probabilities equivalent to fi such that H(D'|fi) < co. For a sequence

we set D> = (>, V/Pimi) Qi D' where m; is the projection on the i-th coordinate of the product space S~. We

(pi) of positive reals such that

further define a family of measure (ji') by

~i

d N |3
K = exp <<m,mi>—| |HS>

di 2
where M; is the mean of D' and we set

m ; M3
—CZL = exp << x, Z it > 77| 2i p2 |HS>

1

Then we have

HE) < 3R

Proof: For any ¢ € N let ¢ be the optimal measure associated with 7¢ by Definition IV.2, and let V* be
the Girsanov shift associated with v*. For any i we also note p’ the measure associated with v* on W by

Lemma V.2. From Corollary V.1 we have
HW' |1’ = Var,: [(v" - IW)]
Thus Lemma V.2 yields
(3.51) H@'|R) = Var,: [(v" - IW)]
We set QF = WY P* .= ®,1/%, and we define the filtration (gi ) b
G =0 ({V; o Pritien,s < t})

for any t € [0,1], where Pr; is the projection on the i — th coordinate of W. We also set G* := G*. Then
from Paul Levy’s theorem

=" piVio Pr
is a (G7)—Brownian motion on (2”,G*,P¥). On the other hand U” := 3, /piPr; is adapted to (G).
Hence Corollary V.1 applies and we get
(3.52) H(UP”|us) < Vargs(U” — BY)

Where /12 is the measure defined in Corollary V.1. Since Wl(UZIPE) =W, \/pTPn]P’Z =7~ Lemma V.2
yields

(3.53) H (D" |fis) < Varps (U™ — B¥)
The property of the variance of a sum of independant variables writes

(3.54) Varss(U™ — BY) = > piVar,:(V' — Iw)

By gathering equations (3.51), (3.53) and (3.54) we get the result. UJ
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Remark V.3. In the finite dimensional case S = R™ with the Lebesgue measure X on it, let (X;) be a se-
quence of independent random elements with values in R™ defined on a space (2, F,P) such that H(X;P|\) <
o0. Shannon’s inequality can be written

(3.55) D P H(XPN) > HO VP XiP|))

where (pi) is a sequence of positive numbers such that Y. p; = 1. However, the Lebesgue measure is not
defined in infinite dimensions and we had to write it in terms of Gaussian measure (which still makes sense
in infinite dimension as a Wiener measure). Let -y be the standard Gaussian measure on R™. The trick to

keep a formula as simple as possible is then to introduce the following measures : for any i we set
dy' 1 — F[X;))?

T(0) = i onp (-

dA (2m)2 2

Oy L (_ (z - %, \/EE[Xi]V)
2

and

) = = ex
dX 2m3s P
We then have

H(X'Ply")

dX'P dy'
EX’]P’ |:ln W:| - EX’“]P’ |:1H d)\:|

_ i Pl
= H(X'P]A) - Exis [m dA}

- H(X'P]A) - /d)\(m) (X'(2) *2E X7 2 In(2m)

= H(X'P|\) — Vars(X?) — gln(QTr)

Since the X' are independent we have
V(IT]}P(Z VDiX') = Zinarp(X )
Hence if we set v= = > VDiXiP we get

Zpl (X'Ply') — H(W® sz (X'PA) — H(r™|)

Hence Shannon’s inequality may be written H(v™|y*) < ZipiH(X’IPh’). This is exactly what we proved in
this proposition.
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Invertibility of Girsanov shifts on abstract Wiener space :

general case

ABsTrRACT. Introduction. Stochastic calculus on abstract Wiener space with an ab-
stract time structure. The innovation process. vr—invertibility of adapted shifts.
v—invertibility and entropy. Local properties. Connexion with optimal transport.

Connexion with the innovation conjecture.

1. Introduction

In the first part of this work we considered the invertibility of a shift V' := Iw 4 v, where v is an adapted
drift on a classical Wiener space (W, H, i) which satisfies the two hypothesis of [53], namely

ve Ly (p H)

B (0] <1

Under these two hypothesis the notion of invertibility was well defined by using p almost surely defined

and

elements, and it was proved to be useful in various applications in Part I. In particular, we recalled that
this notion provides naturally variational formulas for the relative entropy H (v|u) in the case v ~ p. A
natural question is whether one can extend these formulas to the case of a probability v which is absolutely
continuous, but not equivalent to the Wiener measure p. We were interested in the invertibility of any
V := Iw + v, where v satisfies the two above hypothesis. In the case of a measure v << p we will see that
we are not interested in the invertibility of any V := Iy + v, v € L% (v, H), but that we have to focus on
the invertibility of a particular shift associated with v : the Girsanov shift. Indeed when we considered a
measure v equivalent to p it appeared that the relevant associated shift v was such that p—a.s.

(1.56) 3—: =p (75Wv>

In the case of the classical Wiener space, it is well known that this result also holds in the case of a measure
v absolutely continuous with respect to p but not necessarily equivalent. More accurately, it is well known
that for any v << p we can find a v € LY (v, H) such that v — a.s. (1.56) holds. We still call V := Iy + v
the Girsanov shift associated with v. Under the scope of the stochastic invertibility we introduced in the
introduction to the Thesis, we recall that V' is what we called the Brownian transform. However in the
case of probabilities absolutely continuous with respect to the Wiener measure, the name Girsanov shift
seems to be more suggestive. As a matter of fact we will work on a more abstract structure : an abstract
Wiener space where the time structure is given by a continuously increasing sequence of projections on the
Cameron-Martin space. In that case, the existence of a Girsanov shift for any measure absolutely continuous
with respect to the Wiener measure becomes non trivial. However, the poor structure of that space has the
advantage to force us to develop new proofs which appear most of the time to be more straightforward, and
more fundamentals than the known ones : we used the spirit of these proofs in Part I. Within this context,
we will see that we can still define a notion of invertibility for the Girsanov shifts of probabilities absolutely

continuous with respect to the Wiener measure, and we will extend the study of invertibility within this

45
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context : some other relations between invertibility, optimal transport, and information theory will also be
considered here. Furthermore, we also study of the local properties in that case. Here, we emphasize that
these general theorems enable to extend the results of part I to probabilities absolutely continuous with
respect to the Wiener measure. The main reason why we did not investigate the applications directly in the
case of measures absolutely continuous is that we did not want to disturb a potential reader only interested
in the applications, with some technical difficulties typically related to the fact that the negligible sets of
the probability may be larger than those of the Wiener measure.

The structure of the present chapter is the following. In Section 2 we recall some notions of abstract
stochastic calculus which are presented with much details in [50], and we also add some easy but useful
results. We also recall a result of optimal transport on Wiener space which will be used in the sequel. In
Section 3 we prove the existence of a Girsanov shift in this abstract framework for probabilities absolutely
continuous with respect to the Wiener measure. Although part of the claim already appeared in [50], the
proof was wrong in the general case. In Section 4 we study the pull-backs of the Girsanov shifts with some
related morphisms of probability space. The interesting point is our proofs which are very short, while
the results are very general. We want to emphasize that as long as we consider the stochastic processes
as some morphisms of probability space, most of the connexions of invertibility with the applications (for
instance, those investigated in [47]), can be obtained easily from these results. In Section 5, we give some
easy applications of these results, we define the innovation process, and we recall its main properties. In
Section 6, we investigate the connexion between energy, entropy, and mean square error. In Section 7 we
relate this problem to the invertibility of Girsanov shifts, and we state a generalization of the main result of
[47]. As a matter of fact, even on the classical case, our results are slightly more generals than the known
versions. In Section 8 we extend the general results of part I related to the local properties of invertibility.
In Section 9 and Section 10 we relate the invertibility to the Monge problem in a new way, and to the
innovation conjecture. Both of these applications come from a polar decomposition which can be obtained

if the Girsanov shift is invertible.

2. Preliminaries and notation

2.1. Abstract Wiener Space.
Let H be a separable Hilbert space and let W be the completion of H with respect to a measurable semi
norm (see [25]). Then W is a separable Banach space and the injection ¢ H < W is dense and continuous.
By identifying H with its dual thanks to the Riesz representation, we note ¢* the injection W* < H, which
is also dense and continuous.
W™ H<'W

In the sequel we shall always identify W* with a subset of H by means of this latter injection and the
notation |I|z will always mean [i* (I) |z. Moreover < .,. >w+ w will denote the duality bracket between W
and W*. The triplet (W, H,1) is an abstract Wiener space and H is the associated Cameron-Martin space.
Let B (W) be the Borelian sigma field on W. It is well know that there is a unique Borelian probability
on (W, B(W)) such that for each [ € W*

2
/u(dw) exp (i < l,w >w=* w) = exp <—%>

This probability is called the Wiener measure. In particular, this means that every | € W* is in every
LP (1), p > 1. By noting L” () the equivalence classes which identify the elements of £P (1) which are
equal pu — as, we can define 6 : W* C H — LP (i) as being the mapping which associates to any [ € W*
its equivalence class in L? (u). By construction the Wiener measure is characterized by the fact that ol is a

gaussian centered normal with a variance |I|3;, and the covariance between §l and 675 is < I,j >p. In other
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words § : W* C H — LP (u) is an isometry. Now, recall that W* may be viewed as a dense subspace of H.
Hence § extends as an isometry to an isometry on every LP (u), p > 1, which we also note 6 : H — LP (u).
More explicitly for each h € H there is a sequence (l), .y C W* converging strongly to h in H. Therefore
(<lnsw >w+ w), ey C LP (1) is Cauchy in the complete space LP (u) for every p > 1, and hence converges
in L? () to a random variable 0h = lim, oo < ln,w >w+,w where the limit is in L? (). In particular
0h(w+ k) = 6h+ < h,k >g for every k,h € H. The set {dh,h € H} is an isonormal Gaussian field.

2.2. Stochastic calculus in Abstract Wiener Space.

In this section we recall the construction of a stochastic calculus on the abstract Wiener space by means of a
sequence of continuous increasing projections which represents the arrow of time (for much details see [50]).
Let (m)te[o,l] be a continuous and increasing sequence of orthogonal projections on H such that 7o = On,
m1 = Iy and for any ¢ € [0,1] m¢ (W*) C W*. In this chapter we only consider Wiener spaces on which
such sequences exist. An example of such spaces is provided by the classical Wiener space C ([0, 1],R) with
the family m; defined by m¢h := fO'M hsds for any h € H. We can also note that such structures also apply
to the Gaussian Free Field which may be seen as an abstract Wiener space. In that case the sequence
(m¢) may be given by any resolution of the identity = : B([0,1]) — L (H) (£ (H) denotes the set of the
linear operators on H) by taking m¢ := 7 ([0,¢]) for any ¢ € [0,1], whenever (7 ([0,t])),c (o) satisfies the
above properties. For further interesting examples we refer to [49]. We further note B (W) be the Borelian
o— field on W. Since we shall deal with a notion of ”"adapted” process, we will also have to consider F*
which is the completion of B (W) with respect to the Wiener measure p. In order to handle F*, we note
©* the p—negligible sets of B(W). We will also consider the measure 1 which is the extension of p on
F*. Let v be another probability on (W, B (W)) such that v << pu (i.e. absolutely continuous) we recall
that v has a unique extension 7 on F" such that 7 << @. Moreover, v has also an extension ¥ on the
completion F” of B (W) with respect to v. Furthermore ©” will denote the r—negligible sets of B (W),
and we have ©" C ©" so that F* C F”. In the sequel  will be also noted p, and will be called the
Wiener measure : then it is defined on (W, F*). When we shall introduce a measure v such that v << p,
v will denote 7 i.e. it is defined on (W, F"). Moreover we will also sometimes consider v as a measure
n (W, F”), and in that case the letter v will also represent what should be noted v. If v and 7 are two
probabilities which are absolutely with respect to the Wiener measure p we note M ((VV7 .7:3) , (W, ]:”))
the set of the measurable maps from (VV7 .7:3) into (W, F"), and My ((W7 fﬁ) , (W, ]-'”)) the equivalence
classes of elements of M ((W, F D) , (W, F ”)) which is constructed by identifying the elements which are
equals U— almost surely. In particular we note £° (u, W) = M (W, F*), (W, F")) (resp. for a v << pu
we note L° (v, W) = M (W, F"),(W,F"))) and L° (u, W) = M, (W, F"),(W,F")) (resp. L°(v,W) =
M, (W, F*), (W, F*))). We also note L° (y, H) ={ue L’ (uW):|ulg <ocop—as} (resp. L°(v,H)
{ueL’(w,W):|uly <oov—as})and L7 (u, H) ={ue€ L(u, W) : |ulg < oo pu—as} (resp. L° (v, H) =
{fuel’w,W):|ulg <ocov—as}. L’ (v,H) denote the subset of the u € L° (v, H) such that E, [Ju|}] <
oo. More generally we will often deal with some filtered probability space of the form (W F,(Ge) te[O 1> )

where F is a sigma field, (gt)te[o’ll a filtration on it, and v is a probability on (W, F). Whenever Gi = F, we
will note (VV, (Qt)ie[()’l] ,1/) or (W,G.,v) instead of (I/V, F, (Qt)te[()’l] ,1/), and more generally G will denote
the filtration (Ge),c(o,)-

L2 (Gi,v) of the G, measurable functions which are square integrable with respect to v, which we get by

Moreover, for any t € [0,1], L? (Gi, v) will denote the equivalence classes of the set

identifying the elements of £? (G, v) which are equal v —a.s. Similarly we will deal, for a given t € [0, 1], with
the spaces L° (G, v, H) (L? (G, v, H)) which are the equivalence class with respect to v of the G; measurable
functions u such that v — a.s. w € H (resp. such that E, [|u|%] < 00). We denote by Iw the identity map

Iw : W — W

w — w
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Obviously Iw € L° (4, W) and for every probability v such that v << u we also have Iy € L° (v, W). Since
W is separable, it is well known that its Borelian sigma field is also the sigma field generated by the weak
open subsets of W, which is also the sigma field generated by the elements of W*. Hence, we can use Iy to

build a canonical filtration.

Definition VI.1. Let v be a probability which is absolutely continuous with respect to the Wiener measure
(possibly v = ) and X € L° (v, W). The natural filtration generated by X with respect to the time sequence
7., denoted by FX° is defined by

FXl=o(<ml, X >, e W)

for every t € [0,1]. The associated augmented filtration F~ is defined by
F=o(F0ve")

for every t € [0,1]. Since we will often deal with it, we adopt a special notation for F'W (resp. F'W-°) and
we note it F¥ (resp. FV'°). Note that FY = F". Conversely, a random mapping X € L° (v, W) will be said
adapted to a filtration G. if for every t € [0,1] FX C Gi. If X is adapted to the particular filtration F", it
will be said to be v—adapted.

Note that contrary to the natural filtration, the augmented filtration only depends on the equivalence
class of X € LY (v, W) so that it is meaningfull to speak of the augmented filtration of any X € L° (v, W).
Furthermore, when G. is a filtration on F” where v is a probability such that v << j, we note L2 (G.,v,H)
(resp. L2 (G.,v, H)) the subset of the u in L° (v, H) (resp. L? (v, H)) such that u is adapted to (G8)seio,1-
Since we will often deal with it, we adopt a special notation for LS (F¥,v, H) (resp. L2 (F”,v, H)) and we
note it LY (v, H) (resp. L2 (v, H)).

Definition VI.2. Let v << p be a probability which is absolutely continuous with respect to the Wiener
measure, G. be a filtration on (W, F"), and M € L° (v,W). Then the triple (M, H, 7.) is called an abstract
martingale on (W, G, v) if for every l in W* the process

(t,w) = M (ml) () =< ml, M (W) >w+.w
is a martingale on (W, G.,v).

The next definition of an abstract Wiener process is based on the idea of [32]. As a matter of fact, it

uses the Levy criterion to generalize the notion of Brownian motion :

Definition VI1.3. Let v be a probability which is absolutely continuous with respect to the Wiener measure
u, and X € L° (v, W), and G. be a filtration on (W, F"). Then the triple (X, H, ©.) is called an abstract
Wiener process on (W, G., v) if the two following conditions hold :

(1) (X, H, m.) is an abstract martingale on (W, G., v)
(2) <Mml>=|mlly

Remark VI.1. LetM be as in the last definition, then we also have Mv = p. Indeed, assume that for every

l € W*, we have <§M7T,l>t = |ml|3;. Then we also have :

M 2
E, {exp (%)} = exp <%> < 00

. 2
Hence by the Novikov criterion t — exp (i6M7rtl — %) is a martingale on (W, G ,v). In particular for

.12
gs] = exp <i5M7rsl — |m$2l|H)

every 0 < s <t <1 we have

.2
E, {exp (iéMﬂtl — |mt2l|H)
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Since mo =0 and m1 = I , the last equation with s =0 and t = 1 gives :

) 1)?
E,lexp (i <1, M >w~» w)] = exp (—%)
which implies Mv = p. Conversely, any abstract martingale M € L° (v, W) on (W,G.,v) which is such
that Mv = p is an abstract Wiener process with respect to its own filtration F™ . Indeed we have for every

0<s<t<1

E, [(szﬂfy}

Il
&
]
N
[«
g
E
|
3
w

)|+ (0¥mat)” 4 26V B [ (e — ) D] F]
)

FM| 4 (5Mwsz)2 2018, [By [ (0 — 7))

g

- B (5M (e — ) l))2 FM| ((5M7rsl>2
On the other hand, for every l,lNE W* and s < t,
B, [5M (e — 73) 1) 6™ (wf)] - Ew [5W (s — ) 1) 8% (wm
- E, [JW (e — ) 1) 8% (wm

= < (m—m7s) Lmal >u

Since for every 1 € W* the law of §™1 on (W, F”,v) is N(O, |l\fq), this implies that 6™ ((my — ms) 1) s
independent of F2' with law N (0, | (m — 7s)1|3;). Finally we have :

B, [(5%1)2 TS ]—'5‘4}

2
| (m = m) U+ (6¥md) = mells

_ (5M7rsl)2 — Il

Where the last equation comes from the equality < msl, mel >p= |7rsl|§1, which holds for any 0 < s <t < 1.

We recall the construction of the abstract stochastic integral over an abstract Wiener process. Since
most of the time we will deal with it, and to avoid to heavy notations, we build the stochastic integral with
respect to the canonical filtration. However it is obvious that, as in the classical case, this construction
and all the results we present here, can be directly transposed mutatis mutandis to the case of an arbitrary

underlying probability space with continuous filtration on it which satisfies the usual conditions.
Definition VI.4. Let v be a probability such that v << p. We note by € (x., F”,v, H), the set of the simple
process which is defined as the set of the v € L° (v, H), which are of the form

n—1

u(w) = Z a; (w) (mHl — 7th:) h;

i=1

with i € L* (F{,v), hi € H and 0 =t1 < ... <tn = 1.
We will sometimes use the notation ;41 = Tty — Tty

Proposition VI.1. With the notations of Definition VI.4 we have that £ (7., F¥,v, H) is dense in L2 (v, H)

Proof: Suppose that v € L2 (v, H) is orthogonal to & (w., F¥,v, H). Then for every 0 < s < t < 1 and
as € L? (FY,v) and | € W* we have E, [< as (m — ms)l,v >g] = 0. This means that < w.l,v >g is a
martingale on (W, F”,v). On the other hand it is straightforward that < 7.[,v >g can be written as the
difference between two increasing process, so that it vanishes as a martingale with finite variation. Hence
<l,v>g=<ml,v>g=<mol,v >g=0 and v = 0. OJ

FM ]
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Let v be a probability which is absolutely continuous with respect to p. Further, assume that there is a
V € L° (v, W) such that (V, H,7.) is an abstract Wiener process on (W, F¥,v). For u € & (m., F*,v, H) the
abstract stochastic integral of v with respect to V' is defined by :

n—1
5Vu = Z aiév (7Ti;i+1hi)
=1

Obviously, the mapping 6 : £ (x., F*,v, H) C L2 (v, H) — L? (v) is an isometry. Since his domain is dense
in L2 (v, H), it extends as a uniformly continuous map, and this map is also an isometry L2 (v, H) — L (v)
which we also note §". For every u € L2 (v, H) 6Vu is called the abstract stochastic integral of u with
respect to (V, H,m ). As in the classical case, this stochastic integral can be extended to a larger class,
namely L7, (v, H).

Definition VI.5. Let v be a probability which is absolutely continuous with respect to . We define the
set L, (v, H) as the set of the adapted H- valued random variables u for which there exists an increasing
sequence of F' stopping times (Tn), oy, such that
l/(lim Tnzl)zl
n— oo
and for every n € N
T, € Lo (v, H)

For every u in L}, (v, H), and (V, H, ) an (W, F",v) abstract Wiener process, it is easy to see that
limy,—e0 87 (7, u) exists independently of the stopping time sequence we choose. Then one define univocally
SVu = limp—oo 8V (77, u) for all such u. Moreover when v = p and V = Iw we will note 8" u instead of
§"Wu for u € LE, (1, H)

Proposition VI.2. Let v be a probability which is absolutely continuous with respect to p and let u €
L}, (u, H). Further, assume that there is a V € LY (v, W) of the form V = Iw +v, v € L (v, H) such that

(V,H,7.) is an abstract Wiener process on (V,F*,v). Then we have
§Vu=6"ut < VU >
v —a.s.

Proof: The claim is obvious when w is a step process since v << p and a fortiori F* C F” . The

generalization is straightforward. L]

Suppose now that for a v,b € L2 (v, H), (V = Iw + v, H,7.) and (B = Iw + b, H,7.) are two abstract
Wiener process on (W, F”,v). Then, it is easy to see that for any simple process u € & (w., F”, v, H) we have
v—a.s., 6"u— <v,u>g=6%u— < bu >y and to extend this property to L2 (v, H). Hence the following

definition, which is suggested by the last proposition, is unequivocal

Definition VI.6. Let v be a probability which is absolutely continuous with respect to p and letu € LY (v,H).
Further, assume that there is a V € LY (v, W) of the form V = Iw +v, v € LY (v, H) such that (V, H, =) is
an abstract Wiener process on (W, F”,v). Then we note 6" u the element of L° (v) defined by the relation

SWau=6"u— < VU >H

vV —a.s.

The following property is the key of almost all our further calculations.
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Proposition VI1.3. Let v be a probability which is absolutely continuous with respect to the Wiener measure
w, and let u € L}, (v, H). Further, assume that there is a V € L° (v, W) such that (V, H,T.) is an abstract
Wiener process on (W, F,v). Then the process (t,w) — 6" (msu) = my (w) is a continuous local martingale

on (W, F¥,v). Moreover, the associated increasing process is such that for every t € [0,1]
< 6" (mu) >i= |mul}
In particular, when u is an element of L2 (p, H), 6" (wu) is a martingale.

Proof: The result is straightforward in the case where u is a simple process. By a standard limiting
procedure, the results holds for u in L2 (v, H), and by usual stopping techniques it also holds when for any
u € L}, (v, H). When u is in L2 (v, H), since for every t € [0, 1]

E, [<5V (7r,u)>t] = B, [|mul%] < B, [Juf%]

we get by a classical result of stochastic calculus that 6" (7 u) is a martingale. U

The proof of the next proposition, uses an integration over a vector valued measures. Since we won’t
use this notion in the sequel, we won’t neither define it here and refer to [50] p42-44. for much details about

the notations we are using in the next proof.

Proposition VI1.4. Let v be a probability which is absolutely continuous with respect to p. Moreover, assume
that (V, H,7.) is an abstract Wiener process on (W, F”,v). Let u € L}, (v, H) and (Hs,s € [0,1]) be a real

valued measurable F* adapted random function such that
/1 Hid < msu,u >p< 00
0
v—a.s. Then there is a n € L}, (v, H) such that
/A H.d§V wou = 6" (m.n)
0
in particular, for all o« € L (v, H), <5V7r,o¢,5v7r,17>t = fot Hid < a,msu >H

Proof: The first point can be obtained by approximating H with simple adapted functions, for which the
result is obvious, and then extended to L2 (v, H) and then to L7, (v, H). We recall that if M and N are
two local martingale and H is integrable with respect to M, by a characteristic property of the stochastic
integral we have <f0 HSdMS,N.>t = fot H.d < M,N >,;. Hence by taking M. =8V 7nuand N, =6 7. :

<5V7T_7775V7[a> = </ Hsd5v7rsu,5v7|"0é>

t 0 .
¢ \% %

/OHsd<5 U, 7T,oz>S

t
/ Hsd < msu, a0 > g
0

O

With this proposition in hand, the proof of the following theorem is almost the same as in the classical

case (see [50] for a detailed proof).

Theorem VI1.1. Let v be a probability which is absolutely continuous with respect to the Wiener measure
w and (V, 7., H) be an abstract Wiener process on (W, v) with respect to its own filtration F" . Moreover,
assume that M is a continuous abstract local martingale on (VV7 ,FVJ/) and Mo = 0. Then there is a
a € Ly, (v, H) such that

M =—-6"nma
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2.3. The Monge-Kantorovich problem on Wiener space. The Monge and Monge-Kantorovich
problems on abstract Wiener space have been treated for instance in [12] or [13]. Some of these results
are summed up and used to get results in the classical Wiener space in [47]. In order to get the proof of
the results we present here and a more complete overview on this topic, we refer to these three articles and
to the references therein, in particular to [55]. In this section we only recall the main results that we will
use in further sections. We recall that the Wasserstein distance was defined in Definition I.1. In the sequel
we shall relate the invertibility of adapted perturbations of the identity to the existence of some variational
formulations of the Monge-Kantorovitch problem in the Gaussian case. We recall the following result which

is a particular case of the Theorem 3.2 of [13].

Theorem VI1.2. Let v be a probability which is absolutely continuous with respect to the Wiener measure
w. Assume that d (v, u) < oo (see Definition 1.1), then there is a measurable mapping T : W — W which
is solution to the original Monge problem. Moreover its graph supports the unique solution of the Monge-

Kantorovitch problem v i.e.
(w xT)p =~
in particular Ty =v, T — Iw € L (u, H), and there is a mapping T~" such that

,u({w|T71 ol = IW}) =v ({w’Tonl = IW}) =1

3. The Girsanov shift on abstract Wiener space

In this section we provide a sharp version of the Girsanov theorem on abstract Wiener space and we
extend some results of [14] and [15] to our framework. The Lemma VI.1 will be used to prove Theorem VI.3.
This latter theorem is very useful and we shall apply it implicitly whenever we will meet a probability v
which is absolutely continuous with respect to the Wiener measure pu. Part of this result already appears
in [50] (Proposition 2.5.1) but with a wrong proof. As in [50] the main idea of the proof of Theorem VI.3
is still to apply the theorem of representation. Here we correct the proof and avoid a vicious circle, by first

showing the existence of an abstract Wiener process on (W, F”,v) thanks to Lemma VI.1.

Lemma VI1.1. Let v be a probability which is absolutely continuous with respect to the Wiener measure ji
and let N be a semimartingale on (W, FY (F ) veqon ,u). Then there is a v € M, (W, F"),(W,B(W)))
such that
o v —as for every t € [0,1] and for everyl € W*, < N,§W .l > =< ml, v >w+w
o v LY (v,H) i.c. vis adapted to the v—augmented canonical filtration F* = o (fW’O U @”) and
v—as. veH

Proof: By the classical Girsanov theorem we know that for any h € H, the u—martingale (i.e. martingale
on (W, F#*, 1)) 6 n.h is also a v—semimartingale (i.e. a semimartingale on (W, F”,v)), so that the process
(t,w) =< W h, N >; (w) is well defined. We set

u : H — L° (v)
h — <&Wrh N>
Let (hi)ieN
(h1,..., hn), and Hy, = 7, (H). We note j, the canonical bijection such that j, (R"™) = H,, and we note i,

the inverse of j,,. We define

be an orthonormal basis of H, we note m, the projection on the vector space spanned by

U R L° (v)
r = <8rj.(x),N >

so that we have

|un (2) —tn (y) | < V< N, N >1]z — ylzn
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v — a.s. where < N, N >1 is finite v — as, and where the set on which the last inequality fails may depend

on z and y. Hence for every v > 0, there is a probability v, equivalent to v such that
By, [[un () = un (y) ] < Cylz — ylan

where C only depends on N and . Thus we can apply the Kolmogorov lemma to get a modification %, of
Un with the property that v— a.s., the map = — u, (w, ) is continuous. We set u, = u, on the set where
T — Up (w, ) is continuous, and u, = 0 otherwise. Therefore z — u, (w, ) is continuous for every w € W,
and u, (z) =< S g (z),N >1 v — a.s. where the set on which the equality fails may depend on z € R".
As a matter of fact, the continuity will enable us to choose a linear modification of u,,. For every n-uplet of
rationals (A1, ..., A\n) € Q", let

A1€Q,.,An€Q

where

QZZ{UJ

Moreover by definition of < .,. >1, v (Qx,,...,n,) = 1 so that v (£;) = 1. We also set

n
Ve € R" u, (z) = Z < x,e; >gn el}
i=1

Qp = {wlun (e;) < oo Vi € [1...n]}
By construction of < .,. >1, we still have v (2y) =1 . We set for every h € H and every w € W
Un (W, in 0 TRh)  if we Ny,

fn (w’h) _{

0 otherwise

By the continuity and the linearity of i, and mn, h € H — f, (w,h) € R inherit both the linearity and
the continuity of u, on every w € Q; Ny, so that it is both linear and continuous on the whole space W.
Hence we can define f; cw €W — H* where ?; (w):h € H — fn(w,h). However we can’t be sure to have
|Falr < V< N,N >1 v —a.s, and we will have to modify it. For that reason, let (k;)

of H. For every k;, we set:

ieN be a dense subset

i, = {w]lfn (@) | € VNN >1 @) [lslr }

By definition of f,, v (ﬁkl) = 1. Moreover, by the continuity of h € H — f, (w, h) € R, we also have

() %, =

ieN

where

Q= A{w|fn (w,h) | << N,N > (w) |h|a,Vh € H}
Thus v () = 1. We can now define a modification fn of f. by :

~ fn(w,h) if w € Qm,

fn(w,h) = .

0 otherwise

By construction, for every w € W, b — fn (w, h) is in H* with a norm in H* which is less than /< N, N > (w).
Finally for every w € W, we note v, (w) the element of H which is associated, through the Riesz represen-
tation theorem, with the element of H*, h — ]?n (w, h) . Still by construction, we have for every w € W for
every h € H < h,v, (w) >H= tn (W,in omph), if w € Uy NQy NQy, , and < h,v, >g= 0 otherwise. Hence
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we have T, = vy for every m < n. Together with the fact that |v,|g < /< N, N >1, and since there is
a K > 0 such that |.|w < K|.|g, we have

V(v —vmlw >¢) < v(K|vn —vmla > c)
= V(K| (Tn — Tm) Un|u > ¢)

< v (K< NN 1]t = Tlop > c)

— 0n,m— o

We note v € M, (W, F”),(W,B(W))) the limit in probability of (vs),, .- By construction we have |v|g <
V< N,N >1, so that v — a.s. v € H. On the other hand, still by construction, it is easy to see that
Up (w,in 0 Ty) converges to u under the probability v. Therefore v — a.s for every h € H < v,h >pg=
u(h) =< 8" h, N >,. Furthermore, we remark that, < N,6"n h >=< N,8"n ,th >1=< N, 6V n.mh >,
v —a.s., so that for every ¢t € [0, 1], v almost surely we have < N, W h >=< mh,v >g. in particular, let,
le W*, B e B(R), and
0= {w’< mel, v >g=< N, Wl >t}
Then,
(<7el,v >u) " (B) = (Qn (< mlv >u) ! (B))u (Q°n [(< md,v >u) ! (B)])

On the one hand, (< ml,v >p) " (B)NQ° C Q° € ©”. On the other hand (< ml,v >u) ' (B)NQ C
(< N,6Wrl >t)71 (B) € FY. Hence (< ml,v >H)71 (B) € F¢. This shows that < ml,v >p is F{
measurable for every t. Note that the fact that v is adapted doesn’t depend on the modification we choose,

since F{ is complete with respect to v. ]

Theorem VI.3. Let v be a probability which is absolutely continuous with respect to the Wiener measure
(v << ). Then there is a unique v € LS (v, H) such that (V = Iw +wv, H,7.) is an abstract Wiener process
on (VV, FY, (‘Fty)te[o 1] ,1/) with the property that v — a.s.

2
.7-}#} = exp <—5W7Tw — Lt;}m)

dv

for every t € [0,1], where the notation 6" v is defined in Definition VI.6. We call V = Iy +v (resp. v) the
Girsanov shift (resp. drift) associated with v.

dv|
Proof: In this proof we note L = Z—Z the associated Radon-Nykodym density and Ly = E,, [L|F{'] = d#lift:.
‘Ft
Since v is a probability measure we have Ly = 1, and L. = E, [L|F"] is a martingale on (W, F", u). Let
7o = inf{t: Ly =0} if {¢: Ly =0} # 0, and 70 = oo otherwise. By applying Doob’s optional stopping

theorem we have :

v({wlro < oo}) = w [Lllroe[o,l]]

E
= Eu[Lrlreon]
0

Hence, the random process (w,t) — InL; (w) is well defined with values in R v a.s. From the classical
Girsanov theorem we know that to every local martingale M on (W, F*, 1) we can associate a Girsanov
transform M defined by M = M + L™'. < L, M > (see for instance [7]) , which is such that M is a local
martingale on (W, F”,v). In particular every semimartingales on (W, F*, u), is also semimartingales on
(W, F¥,v). Therefore the Ito formula applied to (t,w) — In (L) (t,w) on (W, F”, v) yields

dLy d< L.,L.>;
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Thus, if we set N. = — [ dL—Lt‘, N. is a semimartingale on (W, F¥,v) such that v — a.s. for every t € [0, 1]
1
Ly =exp | —N¢ — 3 < N,N >,

Let | € W*, since 6" .l is a local martingale on (W, F*, 1), we know that its Girsanov transform
ol =8"rl+ < N,§Wrl>,

is a (W, F¥,v) local martingale. Hence, if we note v € LY (v, H) the H-valued and adapted random variable
associated with N. in Lemma VI.1, and V = Iw + v, we have for every t € [0, 1]

onl, = Vit <N,V rl>,
= "ml+ <mlo S w

= < 71'tl7 1% SWwr W

which shows that V' is an abstract martingale on (W, F”,v). Moreover, < (m >=< 6Vl > = |7rtl|§{ SO
that (V, H,.) is an abstract Wiener process on (W, F”,v). The existence of this Wiener process will enable
us to use the result of the previous section. Since L; is a martingale on (W, F* u), by Theorem VI.1 there is
a«a€ L}, (u, H) such that L. = —6"r «, and thus N; = é daVZ:_a. By using Proposition VI.2, it implies
that

/t A5V e /t d<wv,msa>g
Nt == _
0 LS 0 Ls

On the other hand, the Proposition V1.4 (with H, = ;-) shows the existence of a n € L{,. (v, H) such that

s

Ny = 5V7rt77— < (5V7r,7],<5v7r,v >i= 5V7rt17— < mn,v > v—a.s. Hence for | € W*, we have v — a.s.

< v, = <N,,5W7r,l>t - <5V7r,n,6vvr.l>t =< mn,l >u

where the set on which the identity fails may depend on 1. Let (l;),.y be a dense subset of W*. For every
l;, we set : ﬁli = {wl<n,l; >a=<v,l; >u} so that v (ﬁll> = 1. By the continuity of the scalar product
we also have
miENﬁli = Qe
where
Qe ={wl<n,l >g=<v,l >u,Vl€ W*}
Hence v (Q¢) = 1 which means that v =7 v — a.s so that

Ny = (5V7rw— < U, v >= (5W7rtv

v —a.s. Thus, v — a.s. for every t € [0, 1]

2
L; = exp (—6W7Tt’l) — ‘m;m)

and by taking ¢ = 1 we get the result (the proof of the uniqueness can be achieved the same way). Finally,

we prove the measurablity :
vy = v (e (F7uer))
o (v (Fuer))

o (V‘l (]—'W’O) uv! (@“))

o (Fruv=ter)

N

Where the last line comes from the fact that v € M (W, F"),(W,B(W))) and B(W) = F"° On the
other hand let N € ©", then there exist a A € B (W) such that N C A and p(A) = 0. We have
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0=p(A)=Vv(A) =v (V"' (A)). Hence V" (N) which is contained in the v— null set V" (A), is in ©”
so that V! (©*) C ©”. Finally V' (F*) C F¥. This prove that V € M (F¥, F"). O

Henceforth for any probability v which is absolutely continuous with respect to p and for any v €
L% (v, H) we set the following notation which will be used throughout the paper :

P (—6Wv) = exp (—5Wv - |U2|%f>

Corollary VI.1. Let v be a probability which is absolutely continuous with respect to the Wiener measure

w. Then we have

p~ v
if and only if there is a v € LY (u, H) such that
dI/ o w
g = (-0")

w—as and in that case V = Iy + v is the Girsanov shift associated with v

Proof: Since p ~ v if and only if j—: > 0 p — as, this is a straightforward consequence of Theorem VI.3. [J
Proposition V1.5 is well known in the classical case (see lemma 2.6 of [15] and Proposition 2.11 of [14])

: we omit the proof which is very similar.

Proposition VI.5. Let v be a probability which is absolutely continuous with respect to the Wiener measure
wu, and let V = Iw + v denote the Girsanov shift of v. Then we have

2H (v|u) = By [|vl]
In particular
veL? (v, H)
if and only if
H (v|p) < o0

As a first consequence we get the following Talagrand inequality (see [42] and [45] where this nice proof
seems to have appeared for the first time in the case of probabilities equivalent to the Wiener measure on

the classical Wiener space).

Proposition VI.6. Let v be a probability which is absolutely continuous with respect to the Wiener measure

w. Then
d(v,p) < 2H (v|p)

Proof: Because of Proposition VI.5, the Girsanov shift V' associated with v is such that
2H (v|u) = By [[V — Iw|%]

On the other hand by Theorem VI.3 we have (V x Iw)v € ¥ (p,v). Therefore d (v, ) < E, [|V — Iw|%]
and we get the result. L]

4. Pull-back of the Girsanov shift with related morphisms
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4.1. Some basic facts.

Definition VI.7. Let P and Q be two probabilities on (W,B (W) which are absolutely continuous with
respect to the Wiener measure. Denote by F& (resp. by F?) the completed sigma field of B (W) with respect
to P (resp. Q), and still note by P (resp. Q) the unique extension of P on FP (resp. of Q@ on F9). Then
we note R (P, Q) the set of the morphisms of probability spaces between (W, Fr, P) and (VV, Fe, Q) which
is defined by :

R(P,Q) ={ve M (W.F"), (W, 7%)):uP=q}
in particular :

e R (P, P) is called the set of the P— rotations

e When U € R (u,v) where p is the Wiener measure and v << p, we will say that U represents v.
Moreover we will note Rq (1, v) the subset of the U € R (u,v) such that U is an API, i.e. of the
form U = Iw +u with w € LY (u, H)

e Similarly we note Rq (v, u) the subset of the V € R (v, ) such that V is an v — API, i.e. of the
form V = Iy +v with v € L (v, H)

It is routine to check the following facts. Let v be a probability which is absolutely continuous with
respect to the Wiener measure p, U € £° (u, W) and V € L° (v, W). We further assume that Uy << v (resp.
Vv << p). Then VoU € LY (u, W) (resp. UoV € L% (v,W)) and the equivalence class of VoU in L° (u, W)
(resp. of U oV in L° (v,W)) only depends (in both cases) on the equivalence class of U in L° (u, W) and
of V in L°(v,W). As a consequence, if U € L°(u, W) and V € L° (v,W) are such that Uy << v and
Vv << p, then VoU and U oV are well defined as above and we have VoUpu << pand Uo Vv << v (in
particular this implies that U o V € M, (W, F"), (W, F"))). Similarly when v =V — I € L° (v, H) (resp.
v=V—-TIw € L2 (v,H)), and U € L° (u, W) such that Uy << v it is easy to see that vo U € L° (u, H)
(resp. that v o U € L° (u, H) is adapted with respect to the augmented filtration generated by U). The

following fact which is trivial has to be noticed :

Proposition VI.7. Let v be a probability which is absolutely continuous with respect to the Wiener measure.
Then

R (u,v)={U €L (n,W): Up=v}
Moreover for every (U,V) € R (u,v) X R (v, ), we have VoU € R (u,p) and UoV € R (v,v)

4.2. Some Inverse images associated with the Girsanov shift. We prove two theorems, and a
proposition. Theorem V1.4, already appeared for instance in [47] in the case of the adapted perturbations
of the identity : it deals with the pullback of morphisms of probability space under a related Girsanov shift.
On the contrary, Theorem VI.5 deals with pullbacks of the Girsanov shift under associated morphisms of
probability space. Within our framework, the proof of Theorem V1.4 is trivial, and the proof of Theorem V1.5

is very straightforward. However Theorem VI.5 has many important consequences.

Theorem VI.4. Let v be a probability which is absolutely continuous with respect to the Wiener measure
w, and let V.= Iw +v € Ra (v, u) be the Girsanov shift associated with v. For every X € L° (u, W), we
define L € L° (v, W) by

LX=XoV
Then X represents v (i.e. Xu = v) if and only if L~ € R (v,v). Moreover in that case (LX,H, 7T<) s an
abstract martingale on (I/V, fLX , 1/) if and only if (X, H,7.) is an abstract martingale on (W, .FXHu)

Proof: The Theorem VI.3 implies in particular that Vv = u so that we also have L*v = Xp. Therefore

L*v = vifand only if Xy = v. We focus on the second part of the proof which shows under which condition
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the triplet (LX, H, 71") is an abstract martingale on (W, fSX,u). Let [ be in W*. Then for all s < ¢t and
for all  which is 7 measurable, the Theorem V1.3 yields

E, {< (me — 1) 1, L >eoLX] = E.<(m-m)l,X>00X]

From which the result follows directly. U]

The next theorem is well known in the case of the classical Wiener space (at least in the case of measures
equivalent to the Wiener measure), and is very useful to study the quasi-invariant flows on Wiener space.
Within this framework, our proof is straightforward, and the result is very general : for instance it has to
be compared with the Proposition 2.5.1 of [50] in the classical case. As we shall see later, as long as we still
consider stochastic processes as morphisms of probability spaces, many known and unknown applications

can be obtained more or less directly from this result.

Theorem VI1.5. Let v be a probability which is absolutely continuous with respect to the Wiener measure
w. Let V. =Iw +v € Ra (v, ) denote the Girsanov shift associated with v and let X € R (u,v) (i.e. X
represents v). If we note RX =V o X, then (RX7H7 71‘) is a (VV7 .FX,u) abstract Wiener process, where
FX =0 (]—"X’O U 9”) is the augmented filtration of X.

Proof: Let R* =V o X which is a rotation by Theorem VI.3 (R*u =V o Xy = Vv = v), and let 1 be in
W*. Since V is adapted to F", 5r" nl=<mnl RX >w+,w is adapted to the augmented filtration associated
with X, FX = o (F*° U ©"). Indeed for every | € W* and B € B(R) and ¢ € [0, 1], we have

(< mil, R >)71 (B) (<ml,VoX>)"(B)

X (< ml,V>)"1(B))

c XTNF)

X! (g (]—'tW’O u@”))

o (X—l (]—'tW’O) ux! (@”))

= o(Fux(@)

Let N € ©", then there is a A € B(W) such that v(A) = 0 and N C A. Since Xy = v we have
p(X ' (A)) =v(A) =0. Hence X ' (N) C X' (A) is in ©*, so that X" (©”) C ©* Thus .FRX CcFX =
o (.FX’O U (9“) i.e. R is adapted to the augmented filtration generated by X. Moreover, let s and t be such
that s < ¢, and let € be a bounded and F. measurable mapping, we have

E, [(5Rxmz - 5Rstz) 9 oX} - B, [< mel — ml, RX > 00 X]
= Bul<ml-ml,VoX>00X]
= B [(8Vml—6"m1)0]

0

Where the last equality is a straightforward consequence of Theorem VI.3 which states that (V, H, 7.)
is an abstract Wiener process on (W, F”,v). Thus 0Bnlis a (X7 .FX,M) martingale. Moreover, with the
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same notations we have :

E, K(aRxwtl)z - |ml\§,> 9o X}

2
E, [<(< ml, RY >W*,W) - \mzﬁ{) 9o X]

= B, [((<ml,VoX >wew)®—|mllz) 00 X]

= Exu[((< ml,V >wew)? = |med|) 0]
= B [(<ml,V>wew)® —|md|) 0]
= B, [((< ml,V >wew)® = |msl|) 0]
= E.[((<

= Eu[ (SRXﬂ'sl)z—hslﬁI)HoX]

Where we also used that (V, H, 7.) is an abstract Wiener process on (W, F”,v) U]

Remark VI.2. When (W, H,p) is the classical Wiener space and w. the sequence defined by (mh) =
fo'M hsds. Let U = Iw +wu be such that Up = v, and RY :=VoU , where V. = Iw + v is the Girsanov shift
associated with Up. Then (U, RU) is the weak solution of the stochastic differential equation

dU; = dRY — vy o Udt, Uy =0

on the space (VV, .FU,,u). In particular it holds when U is the solution to the Monge problem. Hence the
Theorem 11 of [47] appears as a straightforward application of this theorem.

5. First applications, the innovation process

5.1. Adapted perturbations of the identity. We recall here that throughout this paper, for any

probability v which is absolutely continuous with respect to the Wiener measure and for any u € L° (v, H)

P (—5Wu) = exp (—5Wu — %)

Definition VI.8. Let v << p be a probability which is absolutely continuous with respect to p and u €
L° (v, H), and U = Iy + u. Then we will say that U is a perturbation of the identity (v — PI). If u is in
LY (v, H), we shall say that U = Iw + u is an adapted perturbation of the identity (v — API). If u is in
L? (v,H) and E,, [p (—5Wu)] =1, we will say that U = Iw +wu is a nice adapted perturbation of the identity
(v — NAPI). When v = p we will say API (resp. PI resp. NAPI) instead of p — API (resp. p— PI,
i — NAPI).

we set

Proposition VI.8. Let v be a probability which is absolutely continuous with respect to u and V = Iw +v €
Ra (v, i) be the associated Girsanov shift. Moreover, assume that there is a U = Iw + u € Ra (p,v) with
w € L, (u, H) Then we have i — a.s.

(5WU>OU:6W(UOU)+<voU,u>H

Proof: Suppose first that v is of the form v =", (mHl
of H, and a; € L? (1/, ]-'fb) As a matter of fact, since W* is dense in H we can even restrict ourself to v of
the form v = 37| (e,

a; as above. Then we have :

- TI'ti) h;a; where (h")neN is an orthonormal basis

— 7rti) l;a; where for every i l; € W*, and where the (I;) are orthogonal in H , and
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(5Wv)oU - <6vv7|v|%,)oU
= Z(aioU<(ﬂ'ti“—ﬂti)li,VoU>w*,w)—|voU|?{
i=1
= Z(aiOU < (Ttipr — ;) iy Iw +u+voU >wew) — [vo Ul

i=1
n n

= Zai olU (5W7rti+1li - 5W7rtili> + < Z (Wtz'+1 — 7rt,i) liaioUu+volU >w+w —|vo U|fH
i=1 i=1

= "W wol)+<volUu+volU >wew —|voUl|

= " (wol)+<wvol,u>p

Let (vn),cy C L2 (v, H) be a sequence which converges strongly in L* (v, H) to v € L? (v, H). Since
Up = v we also have that the sequence (vn o U), .y C L2 (u, H) converges strongly in L? (u, H) to vo U €
L? (u, H). Thus 6" (v, oU) — 6" (voU) in L? (). Moreover, since Uy = v, the convergence of §" v, to
6"v in L? (v) implies the convergence of (6" v,) oU to (6" v) oU in L? (u). Hence, the results holds again
for v € L? (v, H) by density. Finally, if v € L}, (v, H), let 7, a sequence which reduces v, we then have for
every n € N

(éwﬂ'fnv) olU =8 (mrpvoU)+ < (mr,v) o U,u >p

Since Up = v, (Th 0 U), oy also reduces v o U on (W, F*, ) and we can take the limit. U

5.2. Some straightforward corollaries.

Corollary VI.2. Let v be a probability which is absolutely continuous with respect to the Wiener measure
w and such that d (u,v) < co. We further note V.= Iw +v € L (v, W) the Girsanov shift associated with
v. Then

(5.57) d(p,v) = min (E, [|S — V|fg] 1S EeR(v,v))

Moreover the optimal rotation ST is such that ST = T oV where T is the solution of the Monge problem
(see Theorem VI.2).

Proof: By Theorem VI.3 we have Vv = p. On the other hand for any S € R (v,v) by definition Sv = v.

Hence (V x S)" v €  (p,v) so that
d(u,v) < B, [1S = VI3]

To see that the optimum is attained, let 7" be the solution of the Monge problem. Since T' € R (u,v) we get

By [IT = Iw 3]
Bv, [|IT - Iwl%]
= E,[|ToV-V|4]

d(p,v)

Together with the fact that V' € R (v, ), from the Proposition V1.7 we know that ST = T oV € R (v,v).
Thus the infimum of (5.57) is attained by Sp. UJ

Note that this corollary can be formulated as the research of an optimal element of R, (v, 1)
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Corollary VI.3. Let v be a probability which is absolutely continuous with respect to the Wiener measure
w such that d (v, u) < oo . Then there is a rotation S € R (v,v) such that

(5.58) d(p,v) =min ({E, [|S — A|2H] tA€Ra(v,p)})
Moreover the infimum is attained by a V € Raq (v, 1) such that S =T oV

Proof: It is the same principle as in the proof of Corollary VI.2. L]

The next Corollary has to be compared with the Theorem 1 of [11]

Corollary VI1.4. Let v be a probability which is absolutely continuous with respect to the Wiener measure

wand V = Iw +v € Ra(v, ) be the Girsanov shift associated with v. Then for every X € R(u,v) there

is a unique T € L°(u, H) which is adapted to the augmented filtration FX generated by X, and a unique

R € R(p, i) with the property that (R, H,w.) is an abstract Wiener process on (W, FX,u) such that
X=R+7T

Moreover we have R=V o X and T +vo X =0.

5.3. The innovation process.

Definition VI.9. Let U = Iw +u € L° (u, W) where u € L? (u, H). The dual predicable projection @
of u with respect to the augmented filtration FU generated by U, is defined as the projection of u on the
closed subspace of the elements of L* (u, H) which are adapted to FU. Moreover, the abstract innovation of
U=1Iw +u, u€ L?(u, H), is defined by ZU = U — U and the innovation process of U is defined by the
triplet (ZU7H, 7r,).

The dual predicable projection © of an adapted u is sometimes called its causal estimate. Its main

property is the following which is well known :

Proposition VI.9. Let U = Iy +u be in L2 (p, W), withu € L2 (u, H), and FU be the augmented filtration
generated by U. Then (ZU, H, 7T_) is an abstract Wiener process on (W, .FU,M) where ZY is the innovation
of U.

Proof: For every | € W*, for every 0 < s < ¢t < 1 and for every bounded function § on W which is F*
measurable, we have :
E, [< (mt — 7)1, ZY >wew eoU} — A+B

where

A:=E,[< (m —7s)l, Iw >w*w 6o U]
and

B:=E,[< (m —ms)l,u—0 >w+w 0oU]
Since u is adapted FY C F¥, the first term of the right hand term is null. The second term can be written :

E,[<O0oU (m —ms)l,u—10 >w+w]

Since 6 o U (mpvs — 7s) L is clearly adapted to FY, by definition of the dual predicable projection

E,[<0oU (m—ms)l,u—u >w+w]=0
for every s < t. This shows that ZY is an abstract martingale. Moreover, since t —< u — @, m,l >p is of

finite variation, < 62l >y=< Wl > = |7¢1|3;. Thus the proof is achieved. U]

The following Corollary provides a necessary and sufficient condition for the innovation process to be a

Wiener process.
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Corollary VI.5. Let v be a probability which absolutely continuous with respect to the Wiener measure p.
Let V = Iw +v € Ra (v, 1) denote the Girsanov shift of v. Moreover, assume that there is a U € R (u,v)
of the form U = Iy + u where w € L (u, H), and let FY be the augmented filtration generated by U. Then
the innovation process of U, noted by ZY, is a (W, fU,u)—abstract Wiener process if and only if u — a.s.

VoU=2Y

i.e. |4 — a.s.
u+volU=0
In particular for any U = Iw +u € Ra (i, v) with w € L2 (u, H), we have
o VoU = 2ZY where ZY is the innovation of U i.e. T+volU =0

evecl?(v,H)andvoU € L2 (u, H)

Proof: Assume that V o U = ZY. Then from the theorem VI.5 we have ZY = RY where (RU, H, 77_) is a
(VV, .FU,M) abstract Wiener process. Conversely, assume that (ZU, H, 71',) is a (W, FU, u) abstract Wiener
process. By linearity of the duality product, for all [ in W* we get :

1= rl+ <mlat+vol >g
which reads

RY A _ N

6" ml—90" wl=<wl,i4+volU >n

Since both (ZU, H, 7r,) and (RU,H, 7T_) are (W, fU,u) abstract Wiener process, the left hand side of the
latter equation is a FU martingale. Thus for all I € W*, the process (< 7.1, % +vo U >p) vanish as a FY
martingale with finite variation, which means that 4 +voU = 0i.e. VoU = ZY. As an application of these
result, assume that moreover U € R, (1, v) and v € L2 (u, H). Then, we know from proposition VI.9 that
(ZU,H, TI'_) is a (VV, .FU,,u) abstract Wiener process. Hence we have ji — a.s. V o U = ZY. Finally, since
w € L2 (u, H) then we have

[vo Ulpzgumy = tlr2(u,m) < lul2qum < 00

6. Entropy, energy, and mean square error

The next corrolary shows that the entropy is equal to the energy if and only if the mean square error of
the causal estimate of an adapted signal v is null (See [32] for analogous relationship between the mutual
information and the error). The Theorem VI.6 which will relate this result to the invertibility of the Girsanov
shift.

Corollary VI.6. Let v be a probability which is absolutely continuous with respect to the Wiener measure
u. Moreover, assume that there is a U = Iw 4+ u € Ra (p,v) such that u € L2 (u, H). Then

2H (v|p) = |m2L2(;L,H)

where U is the dual predicable projection of u on the augmented filtration FU generated by U. In particular

e=2 (Eu [‘“f’} —H (u\u)>

where € = |u — a|i2(u ) 18 the mean square error of the causal estimate of u.

we also have
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Proof: Let ZY be the innovation of U i.e. ZV := U — 4. Since U € Rq (11,v) and u € L2 (u, H), we know
from Corollary V1.5 that V o U = ZY, which also reads @ 4+ v o U = 0. Therefore

E, [[al] Ey [lvoUly]
E, [|v|#]

2H (v|p)

where the last equality is due to Proposition VI.5 . Since € = |u — ﬂ|2LQ(H’H) = ‘U'iz(H’H) — W|2LQ(M’H) we get
the last equality. (|

7. Variational formulation of the entropy

Lemma VI.2. Let v be a probability which is absolutely continuous with respect to the Wiener measure p.
Let U € R(p,v) and V € R(v,u). Then V is v — as injective with a left inverse U, if and only if it is
v — as surjective with a right inverse U. Moreover, in that case both U are the same and V is v—invertible
with inverse U. Furthermore we have the following criterion. Let V € R (v, ), and assume that there is a
U € L° (u, W) which is such that Uy << v and g —a.s. VoU = Iy. ThenUoV = Iw v — a.s. if and only

if Up ~ v. Moreover, in that case we also have U € R (u,v) and V is invertible with inverse U.

Proof: We first prove the second part of the claim. Let V € R (v,u) and U € L° (u, W) be such that

Up~vand p—a.s. VoU = Iy. Then we have :
Upn({wlUoV =Iw}) = p(U™ ({wlUoV =Iw}))

{wlUeVolU =U})

{w|VoU =1Iw})

>

= =T ® =

where we have used that {w|VoU =Iw} C {wlUoVoU =U}. Since Up ~ v we also have v — a.s.
U oV = Iw. In particular
Eu[foU] = E/[foUoV]
= E[f]
so that U € R (u,v). Conversely if V € R (v, 1), and v — a.s. UoV = Iy for a U such that Uy << v, then
we have Up = v, and in particular Up ~ v.

We now prove the first part of the claim. Assume that V' € R (v, u) is p almost surely surjective with a
right inverse U € R (p,v) i.e. p({w|V oU = Iw})). Since U € R (u,v) we have in particular that Up ~ v
so that v — a.s. U oV = Iw. Conversely, assume that V € R (v, ) is v — as injective with a left inverse
UeR(uv),ie v({w|lUoV = Iw}). We then have :

pwlVoU=1Iw}) = Vv{w|VoU=Iw})
= v(V'({w|VoU=1Iw}))
{wlVoUoV =V}
{wlU oV = Iw})

= 1/(
>
= 1

Where we have used that {w|[U oV =Iw} C{w|VoUoV =V}. Hence we have p —a.s. VoU =1Iw. [

Remark: Let U € R (p,v) where v << p is a probability, and let V' = Iw + v € Ra (v,p) be the

Girsanov shift associated with v. Further, assume that there is a V € R (v, u) such that v —a.s. UoV = Iy.
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Then we have not necessarily v — a.s. V. = V. As a matter of fact if we set RV := V o U (which we
know to be a rotation in R (i, ) and even an abstract Wiener process), then we have v — a.s. V =
Vo (U o ‘7) = (VoU)oV = RYoV. In the same way, assume that there is a V € R (v, 1) such that y—a.s.

VoU = Iw. If weset SY = U oV (which we know to be a rotation in R (v,v)), then we have v — a.s.
V= (?OU) oV =Vo(UoV)=VosV.
The next definition formalize the notions of invertibility of Lemma VI.2

Definition VI.10. Let v be a probability such that v << p (i.e. absolutely continuous). Let U € R (u,v)
and V € R (v,u). Then V is said to be v — invertible with an inverse U if and only if v —a.s. UoV = Iy
and p—a.s. VoU = Iw.

Note that when v ~ u, we recover the definition of [47], and we just say that V is invertible.

Proposition VI.10. Let v be a probability such that v << p, and let V' € Rq (v, ) be the associated
Girsanov shift. Further assume that there is a U € L° (u, W) such that V oU = Iy p as and Up << v,
then we have :

FrcFY

where FU is the augmented filtration associated with U. In particular, if U is adapted we have F* = FU

Proof: For every | € W* and A € B(R), and ¢ € [0, 1], we note l; = m¢l and Q = {w|V o U = Iw} which is
measurable. We decompose I;* (A) in the following way :

A = (NN U (4) N

Considering the first term of the right hand side, we have

LY ANQcU ' {wllioVeA) cU (VT ({wlls € A}))

() {wlli oV € A})
) (F) cot@F:)

where we used that V' is v — adapted. Moreover we have
Ut ) =a (U (FYO)uuT (@)

Since Up << v, U™ (@) C ©*. Furthermore U ™" (]_-tw,o) = F%9 Hence ;' (A) N Q C F On the other

hand, ;' (A) N Q° is in ©*. Finally we have [; ' (A) € F, so that F}* C F. The rest of the proof is
straightforward. U]

Proposition VI.11. Let v be a probability such that v << p (i.e. absolutely continuous with respect to
the Wiener measure j1) and V = Iw +v € Rq (v, 1) denote the Girsanov shift associated with v. Moreover,

assume that there is a U = Iw +u € Rq (,v) such that p — a.s. VoU = Iw. Then we also have :

o Bulp(=0"u)] = (% >0)
e V is v—invertible with inverse U (see Definition VI.10)
o 7 =FY and F* = FV

Furthermore, if p ~ v we have Vi = p (—5Wu) s
Proof: Since both U € Rq (i1, v) and V € Rq (i, v), we know from the Proposition VI.8 that

(6Wv)oU:6W(v0U)+<u,v0U>H
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so that

p (—6Wu) p (—5Wv) oU = exp

2 2
— W — |u|H) X exp ((—6wv) oU — %)

2 2
—"u— |u|H) X exp (—6W (voU)—= <u,volU >pg —%)

2 2
_5W(u+UOU)—%—<u,UOU>H—M>

= exp 5
2

— e _5W(U+U0U)_%>
_ 2

- p(féw (VonIW))

where we used that y —a.s., VoU —Iw =U+volU —Iw =1Iw+u+volU —Iw=u+volU

p (—(Swu) p (—5WU) oU=p (—5W (VoU— Iw))
Thus, from the hypothesis V o U = Iw pu — as, we get that

p(—éwu)j—;OUzl

Furthermore Upu = v, so that

({0

Il
=
TN TN
5
A~
S

and
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By applying Proposition VI.10 we have F, = FU. Since from Lemma V1.2 U oV = Iy v — a.s., the
augmented filtration associated with U o V' is equal to F{. Up to a v—negligible set, we have :
o (<ml,UoV >wew,l€W*) = V' (o(<mlU>wew,l€W"))
c v (#)
= VvI'@FHcFH

so that ¥ C FY. Since V is adapted to F” we get the equality of the filtrations. U]

As a consequence we have:

Theorem VI1.6. Let v be a probability which is absolutely continuous with respect to the Wiener measure
and let V = Iw + v denote the Girsanov shift of v. Then, for every U = Iw + u € Rq (u,v) the following
inequality holds

2H (v|p) < Ey [|ul#]

Moreover, if H (v|u) < oo we have the following equations

(7.59) 2H (v]s) = B, [Jul3y] — B, [V o U — T[]

and

€=E,[|[VoU—Iwlx]
where € denotes the mean square error of the causal estimate of u which is defined by € := E,, [|u — ﬂﬁ{]
In particular, in that case the following assertions are equivalent :
o 2H (vlu) = B, [Jul?]
e c=0
o V is v—invertible with inverse U (see Definition VI.10)
) — . dv
and in that case E, [p(—du)] = p ({w EW: > 0})

Proof: Assume that w = U — Iw is not in L? (u, H). Then the inequality is true since [ulp2(,, 1y = 00
Now suppose that u € L2 (i1, H). Since both U € R4 (,v) and V € Rq (v, it), we have (see the proof of
Proposition VI.11) :

P (—6Wu) o (_5%) oU=p (—5W (VoU — IW))

Therefore

H (v|p)

., [Inp (—5%) o U]

- B, [Inp (—5W (VoU— JW))] — B, [lnp (—5Wu)]

I
>
S
+

2
E, {*5W(V°U*IW)*%IVOU*Ivv|%;}+EM{ |’U/2|H:|

From the last point of Corollary V1.5 we know that vo U € L2 (u, H), so that (VoU — Iw) =u+voU €
L2 (u, H). Thus both 6" (VoU —Iw) and 6"'x (u) are martingale vanishing at 0, and E, [6"u] =
E, [6" (VoU —Iw)] = 0. Hence we get :

(7.60) 2H (v|u) = By [luly] = Bu [|V o U — Iw|%]

which yields the inequality in the case u € L2 (u, H). Thus, we have proved that the inequality holds for
all adapted measurable mapping U € R, (i, v) which represents v. Assume that H (v|p) < oo and that the
equality occurs in equation 7.59 for an API U such that Up = v. Since u € L? (u, H) we have Vo U = Iw
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i.e. U is the right inverse of V. Since U is an API which represents v, the Proposition VI.11 shows that U

is the inverse of V', and

Bulp-ow] = ({wew: ¢ >0})

Conversely, assume that V is the almost sure inverse of U and that the entropy is finite. Then we have:
B, [[uf] = By [loo U] = By [lofi] = H (v|u)

where the last equality comes from Proposition VI.5. To end the proof with, note that since from Corol-
lary VL5 we have i +voU = 0, we also have E, [|[VoU — Iw|}] = Eu [[u+voUl}] = Eu [[u—1l%] =€

O

Remark VI.3. Although we could have deduced this theorem from Corollary VI.6 and from the condition

u+voU =0, we preferred to give a direct proof.
An alternative way to formulate the latter theorem is the following Corollary VI.7 :

Corollary VI.7. Let v be a probability with finite entropy H (v|n) < oo which implies v << u, and let
V = Iw 4+ v € Ra(v,p) denote the Girsanov shift associated with v. Then the following assertions are
equivalent :

e The following variational representation of the entropy holds :
(7.61) 2H (v|p) = min (E, Uuﬁ{} U =1Iw+u€Ra(pv))

o V is v—invertible (see Definition VI.10) i.e. thereis a U = Iw+u € Ra (i, v), wherew € L2 (u, H)

which is the almost sure inverse of V.= Iw + v

When it occurs, let U denote the inverse of V', then the infimum of the variational formula is attained by U
and E, [p(—du)] = u ({w ew: Z—Z > 0})

Proof: Assume that there is an API U = Iw +u € Rq (i1, ), where u € LY (u, H) which is the inverse of
Viie. p—as. VoU=1Iw and v —a.s. UoV = . Since V o U = Iy and the entropy is finite, from the
Theorem VI.6 we get 2H (v|p) = |u|iz<“7H). Let A = Iw + a be another API in R, (u,v), then by applying
the Theorem VI.6 we get that H (v|u) < E, [|u|%]. Therefore we get the formula 7.61, with an optimum
attained in U. Conversely, assume that we have formula 7.61, and let U be the optimal shift. Since the

entropy is finite, u is in L? (4, H) and by Theorem V1.6 we know that V is v—invertible with inverse U [J

Remark VI1.4. Of course, contrary to equation 7.61, the next (weaker) formula (of stochastic control) holds
foranyv << p :

(7.62)

2H (v|p) = min ({E; [lU - B|§I] U €Ra(V,v),BERa(V,n) and BF” — Brownian, v probability ,7 << u})

where R (U,v) denotes the subset of the U € R (,v) for which there is a u € LS (U, H) such that U — a.s.
U = B+ u. Indeed the optimum is always attained by (U, B) = (Iw,V) on (W, F",v) t(i.e. forv =v), and

in that case the inequality can be proved with analogous calculus as for equation 7.61 .



68 VI. INVERTIBILITY OF GIRSANOV SHIFTS ON ABSTRACT WIENER SPACES

8. Local properties

In this section we check that the general properties we proved in part I still hold for the v—invertibility.
Thanks to these extensions, the applications of Part I to statistical mechanics and to information theory
easily extend to the case of probabilities absolutely continuous with respect to the Wiener measure (but not

necessarily equivalent).

Proposition VI.12. Let v be a probability absolutely continuous with respect to pu whose Girsanov shift is
noted V' := Iw + v. Further assume that V is v—invertible with an inverse U := Iw + u. Then, for any

(FY) optional time 7, V™ := Iw + mrv is V7 invertible with inverse
U™ :=Iw + Trovt

where VT is the probability absolutely continuous with respect to v whose density is defined by v — a.s.

T —Tr v|2
& = exp (6V ((Ig —7r)v) — | =)ol 3 ) l”)

Proof: First note that the Girsanov theorem directly yields that V" is the Girsanov shift associated with
v" and that since Up << v we have Uy << v". Thus, the proof can be obtained in the same way as in
Proposition I1.2 : we adopt here the same notations, and we follow its steps. First note that the Theorem
59 of [6] still applies by using v instead of u, and that since 7 is defined va.s. and Up = v, the inverse
images are still well defined. By working on simple processes (we do it in [27]), after a standard limiting
procedure, it is staightforward to check that mroy (v o U) = mror (v o U™). On the other hand, by definition
< msl,U(w) >=< wsl,U™ (w) > for any | € W* and s < T (U (w)). Moreover the proof of Theorem 100.a
of [6] clearly still holds mutatis mutandis (just change W (w) = Wy (@) by < ml,w >=< ml, & > for any
I € W* and follow the steps of the proof). Finally, the end of the proof is the same as Proposition I1.2. [

Definition VI.11. Let v be a probability absolutely continuous with respect to the Wiener measure whose
Girsanov shift is noted V := Iw +wv. We say that V' is locally invertible if there is an almost surely increasing

sequence of (F{) —optional times (1,) such that v — a.s.
™ T1

and for any n € N V" := Iw + 7, v is V" invertible, where v — a.s.

" Vo _ U =7l
7 .fexp<5 ((Ig — mr, ) V) 5

and where Iy is the identity map on H

Theorem VI1.7. Let v be a probability absolutely continuous with respect to the Wiener measure p. Then

V' is locally v—invertible if and only if it is v—invertible

Proof: Since v << p, Lusin’s theorem still applies as in the proof of Theorem III.2 and we only have to
check that the inverse images are well defined. As a matter of fact it is sufficient to check that for any

n > m the inverse image (7., v) o U™ is well defined where U™ is the v™™ inverse of V™ := Iw + 7, v and

(I —7r, vl
2

v’ << v™ whenever n > m, which is the case (we even have

where v := exp (8" ((Izr — 7r,, ) ¥) — .v. Since U™p = v™, we just have to check that

_ 2
V™ = exp (6V (770 — 7y, ) V) — W) "

where V™ := Iw + 7., v). O
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9. The Monge problem and the invertibility

The following lemma gives a polar decomposition of the R (i, ) under an invertibility assumption.

Lemma VI1.3. Let v be a probability which is absolutely continuous with respect to the Wiener measure
and let V = Iw +v € Rq (v, 1) denote the associated Girsanov shift. Further, assume that V' is v— invertible
(see Definition VI.10) with an inverse U € R (u,v). Then for any X € L° (u, W), the following assertions
are equivalents :

e X €c R(p,v)

e X=UoRpas. foraR€eR(uu)

Moreover, in that case we have R = RX where R :=V o X

Proof:
Assume that there is a rotation R € R (p, ) such that X = U o R. Since U € R (i, V), we have

Xp=UoR)p=U(Rp)=Up=v

In other words X represents v and X € R (u,v). Conversely, assume that X represents v. Then, if we set
R* = Vo X, we know by Theorem VL5 that RX € R (u, w). Together with the hypothesis that UoV = Iy
v — a.s. this implies

X=UoV)oX=Uo(VoX)=UoR"

Hence X is of the form X = U o R where R = R is a rotation and even an abstract Wiener process. (|

The next result gives the link between the Monge problem and the invertibility of API. It relates the
invertibility of the Girsanov shift associated with a law, to the existence of a dual formula to the one given
by Corollary VI.2

Theorem VI.8. Let v be a probability which is absolutely continuous with respect to the Wiener measure (i,
with the property that H (v|p) < co. Furthermore let V = Iw +v € Ra (v, ) be the Girsanov shift associated

with v. Then the following assertions are equivalent

(1) There is an API U = Iw +u € Ra (u,v), u € L2 (u, H) such that
(9.63) d(p,v)=min (E, [[Uo R~ Iw|%] : R € R (1, p))

and the infimum is attained for a given R such that (R, H,w.) is an abstract Wiener process on

W, FE )
(2) V is v—invertible (see Definition VI.10) with an inverse U = Iy +u € Rq (1, v), w € L2 (u, H)

In that case all the U are the same and of course U is a NAPI. Moreover let T be the optimal solution to
the Monge problem given by Theorem VI.2 and let R be the optimal rotation that attains the infimum. Then
the polar decomposition of T is given by T = U o R. In other words, let RT :=V oT. Then RT = R

Proof: Assume that the first point holds and denote by T shift which is solution of the Monge Problem
given in Theorem VI.2, and by R the optimal rotation of the variational problem 9.63. Then, the uniqueness
of the solution to the Monge problem implies T"= U o R. Since U is adapted to the filtration generated by
the coordinate process F*, we have FT C FT. If we set RT := V o T, we know from Theorem VI.5 that
(RT, H, 7r,) isa (W7 Fr, ,u) abstract Wiener process. Since (R, H,7.) is (W, ]-'_R,,LL) abstract Wiener process,
and FT C FE, this latter is also a (VV, FT ,u) abstract Wiener process. Hence, by linearity, (RT —R,H, 7r_)
is also a (VV, FT u) abstract Wiener process. Since U = Iw + u represents v and is adapted, we know from
Corollary VL5 that V o U = ZY where ZY is the innovation of U which is defined by ZY = U — @ where
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@ denotes the dual predicable projection of u with respect to the augmented filtration FU generated by U.

Then we have
R'=VoT=VoUoR=2Z"oR=({U-4)oR=R+(u—1a)oR

Let 1 be in W*, then we have 5RT_R7T_Z =< 7l,(u—1a)oR >w+w. Since (RT — R, H, TFA) is a (W, _FT,/,L)
abstract Wiener process, the right term of the last equality is a martingale, whereas the left hand term is
of finite variation. Therefore the process 6RT*R7r,l vanish as a martingale of finite variation and we get
R = R” (or equivalently T = UoV oT). On the other hand T is v—invertible with an inverse which we note
K. Thusv—as.UoV =UoVo(ToK)=(UoVoT)oK =ToK = Iw. Then, the Lemma VI.2 implies
that V is v—invertible with inverse U. Therefore we have proved that the first point implies the invertibility
of U. Conversely, assume that V' € R, (v, u) is v—invertible with inverse U € R (u,v) and let R € R (p, ).
Then we have U o R € R (u,v), so that (Iw x U o R) u € ¥ (,v). Thus the optimality condition reads :

d(p,v) < By [[Uo R~ Iwl]

Let T be the optimal solution of the Monge problem. Since U is the inverse of V and T' € R (p, v), thanks
to the lemma V1.3, we know that 7= U o RT so that

d(m,v) = E.[IT—wW]
B, [|U o RT — W]

Which shows that the infimum is attained O

We already said that the formula 5.57 was equivalent to an optimal problem in terms of elements of
Ra (v, ). As a matter of fact, the same approach can be performed for formula 9.63. Whenever V is
v—invertible, the following Corollary shows that under suitable conditions, the Monge problem can be seen
as the search of an optimal API, but this times in Rq (i,v). Thus the next Corollary VI.8 has to be

compared with Corollary VI.7 which deals with entropy instead of the Wasserstein distance.

Corollary VI.8. Let v be a probability with finite entropy with respect to the Wiener measure p (H (v|p) <
o0) and let V = Iw +v € Rq (v, 1) be the associated Girsanov shift. Then the following assertions are
equivalent

(1) There is an abstract process (R, H,m.) which is an abstract Wiener process on (W, F%, u) such
that

(9.64) d(p,v) =inf ({E, [[AoR—Iw|k] : A€ Ra (1,v)})

Moreover the infimum is attained for a given U = Iw +u € Rq (1,v), u € L2 (u, H)
(2) V = Iw + v is v—invertible (see Definition VI.10) with an inverse U = Iw +u € Ra (1, v),
ue Ly (p, H)

In that case, all the optimums U are the same, and the optimal rotation of 9.68 is the same that the one
noted by R in 9.64. Moreover let T be the optimal solution to the Monge problem, and let R be the optimal
rotation that realise the infimum. Then the polar decomposition of T is given by T = U o R. In other words,
R"=R

Proof: The proof follows easily from the equivalence of the v—invertibility of V' and formula 9.63, and by

the uniqueness of the optimal solution to the Monge problem just as in the second part of the last proof [
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10. Application to the innovation conjecture

In this section we use the Theorem V1.6 to enlighten the innovation conjecture : our results extend those of
[47]. The problem is sumed-up in the next definition, and we refer to [1], [60], or [47] for further details on
this topic.

Definition VI.12. Let A = Iw + a where a € L? (u, H), and Z* be its innovation. The innovation
conjecture is said to be satisfied iff F* = fZA, where FA (resp. fZA) is the augmented filtration of A
(resp. of Z4).

As a straightforward consequence of Lemma VI.3 and Corollary VI.5 we have

Lemma VI.4. Let v be a probability such that H (v|p) < oo and let V = Iw +v € Ra (v, 1) denote the
Girsanov shift associated with v. Moreover, assume that V = Iw + v € Rq (v, p) is v— invertible with an
inverse U = Iy +u € R (u,v). Finally, let A= TIw +a, a € L? (u, H) be such that its innovation process
is an abstract Wiener process on (W, F*, u), which happens in particular when a € L2 (u, H). Then the
following assertions are equivalents :

e Au=v

e A=Uoz*

where Z* is the innovation process of A

The following theorem shows that, under suitable conditions, the validity of the innovation conjecture
only depends on the law of the process, specifically of the invertibility of the Girsanov shift V' associated
with the law. In particular, note that under suitable conditions the Theorem VI.9 provides a criterion of

invertibility for the Girsanov shift associated with a given law.
Theorem VI.9. Let v be a probability such that H (v|p) < oo, and let V = Iw +v € Raq (v, p) be the
associated Girsanov shift. Then the following alternative holds:

e IfV is v— invertible with an inverse U € Rq (u,v), then for every A = Iw + a € Rq (u,v),
a € L2 (u, H), the innovation conjecture is true
o If V is v—invertible with an inverse U € Rq (u,v), then for every A = Iw + a € Ra (u,v),

a € L2 (u, H), the innovation conjecture is wrong

Proof: Let A = Iw +a € Ra (11,v), a € L2 (u, H). First assume that V is v—invertible, so that VoU = Tyy.
Thus from the Lemma VI.4 we know that A = U o Z*. Hence F4 C FZ Moreover, by definition
.7-'ZA C FA, so that F4 = }'ZA. Conversely, assume that FA = ]-'ZA. Then there is a measurable
a mapping D adapted to F” (which is the filtration of the coordinate process) such that A = Do z4.
Furthermore Z* € R (u, i) because of Corollary VI.5. Therefore

Du=AoZ%=Au<<p
On the other hand:

1 = u(VoA:ZA)
- M(VODOZA:ZA)
= Z'%u(VoD(w)=mw)
= p(VoD(w)=w)

Hence D is an API which represents v, and V is the almost sure right inverse of D . Thus the Proposi-

tion VI.11 yields ther—invertibility of V. By contraposition, we get the result. U]






VII

Stochastic invertibility on Wiener space for stochastic

differential equations with dispersion

ABSTRACT. A general result. The Brownian transform. Invertibility of the Brownian
transform. Invertible laws of diffusion. Quasi invariance with respect to an invertible
law of stochastic differential equation. Entropy based criterion for laws absolutely
continuous with respect to an invertible law of diffusion.

1. Introduction

In the previous chapter, we extended the notion of invertibility to the Girsanov shifts of any probability
which is absolutely continuous with respect to the Wiener measure, but not necessarily equivalent. The
natural question which arises is whether this notion can still make sense when one considers a probability v
which is not absolutely continuous with respect to the Wiener measure p. Since the notation j—; is no more
defined, we have to find another way to define it, instead of the property v — a.s.

(1.65) Z—: =p (—(5Wv>

which we used to define the Girsanov shift V' = Iy + v in the previous chapters. As a matter of fact in
the case of a probability ¥ << p on the classical Wiener space, we already noticed that it was equivalent to
define V := Iy + v, where v € L2 (v, H) satisfies (1.65), or to define V to be such that (Iw,V) is a weak

solution of
(1.66) dX: =dB; — v (X)dt; Xo =0

on (W, F¥,v). Hence, instead of considering a probability v << u, we can start from the equation (1.66),
and define v to be the law of a solution, and V' (if it exists) to be such that (Iw, V) is a solution of (1.66) on
(W, F”,v) : in that case, V is still the Girsanov shift associated with v. Similarly for a probability v which

is the law of a solution to a stochastic differential equation of the shape
(167) dXt = ¢ (X) dBt =+ Bt (X) dt; Xo =

we will assume that there is a unique V with the property that (Iw, V) is solution of (1.67) on (W, F”,v).
In that case, we have V : W — W and Vv = p so that V € M, (W, F"),(W,F*")). Hence we can still
define a notion of v—invertibility (formally the same as in Chapter VI) for this V. However, this assumption
does not seem sufficient to relate the invertibility of V' to the existence of a unique strong solution. For that
reason we have made some further non-degeneracy assumptions. However, even if it is necessary to relate
the invertibility of V' to the existence of a unique strong solution, this non-degeneracy assumption seems
very strong, so that we have weaken it in the last section, and we have explained how our previous results
naturally extend. Before going further we emphasize that if the law v of the solution is such that v << p,
the Brownian transform of v is the associated Girsanov shift, but that in the general case, the Brownian

transform is not a perturbation of the identity.

73
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The structure of this Chapter is the following. In Section 2 we fix the main hypothesis and notations
which enable us to handle with morphisms of probability spaces, and we show a result of representation. In
Section 3 we define the Brownian transform of a law, under a further assumption. In Section 4, we define the
invertibility of the Brownian transform, and we relate this result to the existence of a unique strong solution
for the underlying stochastic differential equation. In Section 5 we study the structure of quasi-invariant
flows with respect to a law whose Brownian transform is invertible. In Section 6 we make a further remark
on the Malliavin calculus with respect to such laws. In Section 7 we investigate the local properties of the
invertibility. We then extend the criterion based on the entropy to this framework (Section 8). In Section 9
we investigate some further extensions of the Brownian transform : its invertibility is then related to some

pathwise uniqueness among solutions with a same law.

2. Preliminaries and notations

Let (W, H, 1) be the classical Wiener space (C([0,1],R?%) for a d € N), t — W; the coordinate process,
and (F:) the associated filtration. We note AT the set of the progressively measurable processes (with
respect to the canonical filtrations) (as,s € [0, 1]) with values in R? @ R". Throughout these chapter we will
assume that o € Agq and B € Ay, and we fix a € R, Moreover we assume the set of the laws of the
weak solutions to (1.67), which we note P («, 3), to be not empty, and we call (H0) this hypothesis. Let
v € P(a,B) # 0, and 7" be the projection on the first coordinate of W x W. Then, (see 169 and 98 of [22])
there is a V € L° (v ® p, W) such that (TF, \7) is a solution of (1.67) on (W x W, F; x Fi,v ® u). Hence we

have v ® u — a.s.
w. (Trww) =z+ /0~ Qs (ﬂ'Ww) AV (w) + /0. Bs (Trww) ds

and V (v ® p) = p. We call V' the canonical Brownian associated with v. We note p the Wiener measure W
the Wiener space, and (Fy) the augmentation of the filtration generated by the coordinate process t — W,
with respect to a borelian probability v on W, and we note F” the completion of the borelian sigma field
B(W) with respect to v. We henceforth assume that v € P (a, 8) and we note V the associated canonical
Brownian. Let (©2,G,P) be a complete probability space we set Q:=Qx w, G:=0® FH P=P® n. We
note 7 : Q — Q (vesp. 7 : Q — W) the projection on the first (resp. second) coordinate of G. From the very
definition of the projection we have 7 € M (((NZ, Q~) ,(Q, g)) (see section 2 of Chapter VI for these notations)

and T € M ((ﬁ, 5) , (W, .7-'“)). We now consider a U € M ((Q2,G), (W, B (W))) such that UP << v, so that

we also have U € M ((,G), (W, F?)), and U o € M ((Q,G), (W, F")). We define the lift U of U on Q
by

‘ﬁ:zeﬁ%(Uow(z),ﬁ(z))EWXW‘

From the properties of the projections and since UP << v, we have UP << i and UeM ((52, 5) , (W, j-:”) )
Since Vi = 1 we have VeM ((W, .7-"’) , (W, ]-'“)) . It is straightforward to check that the equivalence class

of VoU in Mp ((ﬁ, 5) , (W, }'“)) only depends on the equivalence class of of Vin M5 ((W, ﬁ) , (W, .7-'“))
and of U in M5 (((NZ,GV) , (W,j}’j)) Hence, for a U € Mp ((22,G), (W, F”)) such that UP << v, VoUis
well defined as an element of Mg ((Q,QN) , (W, }"‘)). We assume henceforth that Q = W G = F¥ for a
v € P(a, ), and we still consider a measurable mapping U € M,, (W, F*), (W, F")) such that Up << v.
In that case not only V o U is well defined but also U o V. Indeed let U € M, (W, F*) (W, F")) and
let V e M, ((W,f”) (w, .7:“)) still denote the canonical Brownian associated with v we defined in the

introduction. It is easy to check that U o V is also well defined as an element of M; ((W,]?”) (W, .7-'”)).

To avoid any ambiguity, we note 7" (resp. @) instead of w (resp. of 7) in the case Q = W. With these
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notations we have P—a.s. 7'V X = X om. We note I : (z,y) € Qx W — (2,0) € 2 x W. In the case Q@ = W

we note IT". Since V o IV only depends on the first coordinate, we can find a V' such that 7 — a.s.

‘VOW:VOHW‘

Note that if V o I = V there is clearly no more need to consider the embeddings on the product space,
and we have Vv = pand V € M, (W, F”),(W,F*")) : in the next sections we shall focus on that case.
Under (HO0), for a v € P («a, ), we first prove that for any U which represents v, it is solution of (1.67)
on an extended space. This result may be well known but it will be very usefull in the sequel, and it will

motivate our non-degeneracy assumption :

Theorem VIIL.1. Assume that (HO) holds, and letv € P («, B), and V be the canonical Brownian associated
with v. Moreover, let (Q,G,P) be a complete probability space, and let U € Mp (W,G),(W,F")) be such
that
UP=v

forav e P (a,B). We note Ue M ((ﬁ, _C’7) , (W,ﬁ)) the lift of U (see the notations). Further, let (L?t)
be the filtration generated by t — l~]t, augmented with respect to ]?D, and set

RU:=VolU
Then (U o ﬂ,éb) is a weak solution of (1.67) on (ﬁ,éﬁ with the filtration (&t) In particular RU is a
(at) Brownian motion on (ﬁ, 5, ﬁ)
Proof: We first show that (]/%?Jt) is a Brownian motion. Let 85 € C} (W) be .7-';’ measurable. Since UP = v,

we have UP = 7. Hence for any t > s we obtain

By [(R7 = RU.)0.00] = Bp[(VioU-T.00)0.00]

where the last equality holds since (TZ) is a Brownian motion on (W, j:v”, D) . Hence (]/%?Jt) isa (th) martingale
on (5,5, ﬁ) From Paul Levy’s criterion we just have to prove that < RU >;=t. For as € [0,1] let
0, € Cy (W) be .7?;’ measurable, and ¢ > s. Since < V >;=t we have :

B |(70) =) 0.00] = B |((7o0)"1)0.00]

- (0 )
- B[40
= Ezﬁ{

- B [((@)2 = s) 0, o (7}

which prove the first assertion. We still have to prove that (U7 RU ) is a solution on the announced space. As

a matter of fact this is comes from the very definition of V', of 7, and of U (which is such that VU = Uonm).
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Indeed we have P — a.s.

(Uom) = W (Uon)

(=0)

+/0as dvoU+/'ﬁs(wWﬁ)ds

= 31:—}—/ozé (Uom) dRU /ﬂé(Uoﬂ)ds
0

= =

Il
8

O

We will also need the following notations to handle with morphisms of probability space. If (€2, G,P) is
a probability space, we note G¥ the completion of G with respect to P. We recall that P extends uniquely
on this sigma field, and we will note ©F the negligible sets associated with P. For two probabilities P (resp.
Q) defined on a space (€2,G) (resp. on a space (@ g~)) we set

R° (P, Q) := {X eM ((Q,g), (ﬁé)) ‘XIF’ - Q}
and

R(E,Q) ={x e ((2.67),(2.6%))|xr=0q}

3. The Brownian transform

Assume that (H0) holds, and let v € P (a, 8). We will further assume that V = Vor™, and that this has
further properties (which may be seen as a non-degeneracy assumption of the dispersion), so that (1.67) has
similar properties to the equations investigated the previous chapters. Roughly speaking this assumptions
means that we will focus on stochastic differential equations such that the observed signal (i.e. the solution
of the equation) carries much information than the associated noise, and that the way the information is
incorporated does not depend on the underlying solution : at least physically, this hypothesis seams very

reasonable. However, in the last section, we shall relax this hypothesis.

Definition VII.1. Assume that (HO) holds and let v € P(a, 3), we call (H1) the following assumption :
there exists a V€ M (W, B(W)), (W, B(W))) such that for any probability space (Q,G,P) and any X, B €
M((Q,G),(W,B(W))) the following assertions are equivalent

(i) (X, B) is a solution of (1.67) on (Q,G,P)

(ii) B€R°(P,p) and P — a.s.

(3.68) VoX =B
Whenever (H1) holds, we define the Brownian transform of v to be the equivalence class of V in R (v|p).

We now check briefly that this definition makes sense. First note that V' € R° (v, u). Indeed by definition
of v there is a (X, B) which is solution of (1.67) on some probability space (2, G,P) so that XP = v and of
course BP = ;. Then (3.68) implies Vv = u which exactly means that V' € R (v, z). On the other hand,
it obviously implies that V- € M (W, F*), (W, F")) so that it makes sense to consider its equivalence class
in R (v, ). We now check the uniqueness, and we investigate the main properties of V. Note that, with
the notations of Theorem VII.1, the lift of Iy is f;v =7V x ;V?, so that V o I;/V =V and Iwon™V =W,
Hence since v is the law of a solution and Iy = v, Theorem VIL1 implies that (7", V) is solution of (1.67)
on (W x W,v ® u). Together with (3.68) it yields yields v ® p a.s.

VorV =V
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so that v ® u a.s.
7TW:.T—i—/.ocSO?TWd‘/SOﬂ'W+\/‘ﬂSO7TWd5
0 0

W is a Brownian motion with respect to the filtration generated by #". This is equivalent to

where V o7
following main property of V : (Iw,V) is a solution of (1.67) on (W, F”,v) with respect to the filtration
generated by the coordinate process (F”). In particular we have the following which will be useful to achieve

JW:x+/‘anVS+/ﬁsd5
0 0

Note that the v almost sure uniqueness is a straightforward consequence of (3.68). Indeed any V with the
same property is such that (I, V) is a solution of (1.67) on (W, F”,v) so that (3.68) yields v —a.s. V = V.

Hence the Brownian transform is well defined, and unique v almost surely.

the calculus v — a.s.

Until the end of this section, we check some technical details which are thinner than what we will really
need. Indeed in the case of invertibility, which we will investigate latter, all these facts become trivial.
Specifically, for the sake of completeness, we check that some inverse images of the Brownian transform are
generally well defined.

Proposition VIL1. Let V € R%(v, ), set FV := V=1 (F*) and further assume that there is a (Q,G,P), a
X eMU(Q,G), W,B(W))) and a B € R° (P, 1) such that P — a.s.

(3.69) VoX =8B

xem((2.6), (wr"))
Proof: Since P — a.s., Vo X = B and B! (B(W)) C G, we obtain
X = xTe(vi(BmJe))
(X~ ( H(BnUe)))
(o)™ (BMUe"))
= (s ( UQ”))
(B Bw) (B (@)
C o(Gu(B” )))
)

On the other hand, since BP = u, B~! (©*) c ©F. Hence

Then we have

Il
q

Il
q

= g

X NF)co(gue’)=¢°
0

The following fact is clear, however it seams necessary to stress it explicitly for the reader’s convenience
Proposition VIL.2. For any V € R(v,u), V can be seen either as an element of
MV ((W7 }—U) ’ (W7 ]:H))

or as an element of the subspace M, _, (W, FV), (W, F*)) where FV' =V~ (F*), and where v|zv is the
trace of v on FV. Moreover V € R(v|zv, 1)



78 VII. STOCHASTIC INVERTIBILITY FOR S.D.E. WITH DISPERSION

We recall that since Iy € R (v, v|zv ), it defines an injection
Mo ((WFY) (W, F2)) = M (W, F), (W, 7))

Hence we will sometimes identify V with an element of this subspace. The next proposition is thinner than

what we will really need. We now investigate that the following pull-backs are generally well defined :

Proposition VIL3. Assume that (HO) holds, and let v € P («, 8) be such that (H1) holds. Further note
V the associated Girsanov transform, F¥ = V=Y (F*), and let U € M,, (W, F*), (Y, B)), where (Y,B) is a
measurable space. For any (X, B) which is solution of (1.67) on a probability space (2, G,P), we then have

that X is well defined as an element of R (P,v|zv). As a consequence we also have the following :

(i) V.o X (resp. Uo B) is well defined as an element of Mp ((Q,G"),(W,F")) (resp. as an element
of Mp ((Q,Q]P) (Y, B))) i.e. ils is measurable with respect to the related sigma fields and its equiv-
alence class only depends of the equivalence class of X € Mp ((Q,QP) , (W, }'V)) (resp. of B in
Mp ((Q,QP) , (W, ]-"‘))) and of the equivalence class of V € M,|fv ((VV, fv),(W, ]-'“)) (resp.  of
U € M, (W,F"),(Y.B))).

(i1) Uo(V o X) is well defined as an element of My ((%,G") , (Y, B)) i.e. its equivalence class only depends
of the equivalence class of U € M, (W, F*),(Y,B)), of V. € M,|_, (W, FY),(W,F*)) (and so in
M, (W, F¥),(W,F*))), and of X € Mp ((2,G7), (W, F")).

Proof: Note that (¢) clearly yields (éi). On the other hand to prove (4), it is sufficient to check that
X € R(P,v|zv) (resp. that B € R(P,1)). Note that B € R(P, i) is obvious, and that we already proved
in Proposition VII.2 that X € Mp ((Q, QP) , (VV7 ]:V)). In this proposition we see X as an element of this
space, and we just have to prove that XP = v|zv. Let A € FV, and let D € F* be such that A = V' (D).
Then, since P — a.s. V o X = B and BP = u, we obtain

XP (A)

P (X" (A))
= P(X ' (VD))
= P((VoX) ' (D))
= P(B~'(D))
= BP(D)
= u(D)

On the other hand we have Vv = p so that :

XP(A) = p(D)

4. Invertibility of the Brownian transform

Definition VIIL.2. Assume that (HO) holds, let v € P («, ) be such that (H1) holds, and let V be the
Brownian transform of v. We say that V' is v—right invertible if there is a U € M, (W,F*),(W,F"))
which is adapted to F", such that Up << v and p — a.s.

VOUIIW
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Moreover V' is said to be v—invertible if and only if it is right invertible and v — a.s.
UoV = IW

For short we will say that v € P («, ) is invertible if and only if (H1) holds for v, and if the Brownian

transform V' of v is invertible

Note that with the same proof as in the Brownian case (See Chapter VI), it is easy to check that the
left-invertibility (i.e. v—a.s. U o V = Iw ) implies the right invertibility, and that we still have

Proposition VIL.4. Assume that (HO) holds, let v € P (e, 3) be such that (H1) holds, and let V be the
Brownian transform of v. Further assume that V is right invertible with inverse U. Then the following

assertions are equivalent

(i) V is v—invertible with inverse U
(i) Up=v

Many good properties of invertible diffusions follows from the following proposition, which comes with

the same proof as Proposition VI.10 and Proposition VI.11

Proposition VIL.5. Consider the same hypothesis as in Definition VII.2, and take the same notations.

Further assume that V is invertible with inverse U, then we have
Fr=F"

and

]_—'u _ -F'V

Remark VIIL.1. LetV be the Brownian transform of a probability v under the two above assumptions. It can
be seen easily that the right invertibility is sufficient to get a left invertibility on (W, FY ,v|zv). Specifically,
let Ve M((W,B(W),(W,B(W))) be in the equivalence class of V and let U € M (W, B(W)), (W, B(W))
be such that p — a.s.

VoU=1I w
where Iyy is seen as an elements of M((W, B(W)), (W, B(W)). For instance such a U can be sometimes
obtained from fized point techniques, or variational techniques. By Proposition VII.2 and Proposition VII.3,

if we set U to be the equivalence class of U in R(u,v|zv ), and if we see V as an element of R(v|zv , 1), the

same proof implies that v|rv — a.s.
UoV = IW

where Iy is now seen as an element of R(v|zv,v|zv) and p— a.s.
VolU= IW

where Iy is seen as an element of R(p, ). Of course, the left invertibility in this relazed sense also implies
the right invertibility in this relaxed sense. With other words the existence of a strong solution U on the
Wiener space (i.e. p—a.s. VoU = Iw, and (U) adapted to the canonical filtration) is sufficient to get
an isomorphism of filtered probability space between (W, FY ,v|v) (where F¥ = V™' (F")) and the Wiener
space : this can be used to generalize the results of this whole chapter to the spaces (W, FV, v|v) where the
associated equation has a strong solution (not necessarily unique) on the Wiener space. Finally note that
this relaxed invertibility (which won’t be considered below) is equivalent with Definition VIL.2 if and only if
(Iw, V) is a strong solution on (W, F",v).
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Lemma VIIL.1. Assume that (HO) holds, let v € P (v, ) be such that (H1) holds, and let V' be the Brownian
transform of v. Further assume that V' is v—invertibile with inverse U. Then for nay (X, B) which is solution
of (1.67) on a probability space (2,G,P), X is well defined as an element of R (P,v), and we have P — a.s.

(UoV)oX =Uo(VoX)

and

(VoU)oB=Vo(UoB)

Proof: First note that since U is invertible U € R (u,v). Hence, together with Proposition VIL.5 (which
implies FV = F"), Proposition VIL3 implies that X is well defined as an element of Mp ((Q, QP) , (W, }'")).
Furthermore from Proposition VIL.3 we also know that F¥ = F” implies XP = v, so that we have X €
R (P,v). On the other hand we know that U o V is well defined as an element of R (v,v) and that its
equivalence class only depends on the equivalence class of U in R (u,v) and of the equivalence class of V' in
R (v, ). Hence (U o V) o X is well defined as an element of R (P, v) and its equivalence class only depends
on the equivalence class of U, V and X in the spaces we have recalled in this paragraph. On the other hand,
Proposition VIL.3 yields the similar result for U o (V o X)), with the same associated spaces since FV =F".
This is proves the first assertion. Similarly the fact that (V o U)o B =V o (U o B), is directly implied by
BeR(P,u), U€ R(uv), and on the other hand by U o B € R (P, v). OJ

Theorem VII.2. Assume that (HO) holds, and let v € P (c, B)be such that (H1) holds. Then the following

assertions are equivalent:

(i) The equation (1.67) has a unique strong solution

(i) The Brownian transform of v is v—invertible.

In that case, we will sometimes say shortly that v, which is then the law of the unique strong solution, is

invertible.

Proof: Assume that (1.67) has a unique strong solution, and note U the strong solution on (W, F*, 1) with
the canonical Brownian ¢ — W;. Then (H1) yields

VoU=Iw

1 — a.s. On the other hand, the uniqueness of the law implies Uy = v, so that U is the v inverse of V.
Conversely , assume that V' is v—invertible with inverse V. Let B be a Brownian motion on a probability
space (2, F,P). From Lemma VII.1 we obtain P — a.s.

B=(VoU)oB=Vo(UoB)

so that (H1) implies that (U(B), B) is solution of (1.67). Furthermore, let (X, B) be a solution of (1.67) on
(Q,F,P). Then (H1) yields P — a.s.

VoX =B
Together with Lemma VII.1, it yields
X=UoV)oX=Uo(VoX)=U(B)

which is the result.
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5. The structure of quasi-invariant flows

Assume that (HO0) holds and that (H1) holds for a v € P (a, ). Let V be the associated Brownian
transform : in this whole section and in the next one we assume that V' is v—invertible with an inverse U.
Then V may be seen as an isomorphism of filtered probability space and to any transformation 7: W — W
of the Wiener space under which 7p1 << p we can associate the transformation £ : W — W by £ :=Uo7oV
which is well defined. In that case we have v << v. Conversely for a £ : W — W such that (v << v we can
set 7=V o&oU, and we have Ty << p. Moreover Proposition VIL.5 implies that 7 is F* adapted if and
only if £ is ¥ adapted. That is, V generates a 1: 1 correspondence between the (adapted) quasi-invariant
flows on (W, F”,v) and (W, F*, ). We first use this correspondence to study the structure of quasi-invariant
flows on (W, F”,v). In the next section, we explain how to build naturally a weak Sobolev derivative with
respect to invertible laws. Note that the idea to introduce an analogous of the Girsanov drift to study the
absolute continuity of probabilities absolutely continuous with respect to the law of a diffusion, as well as
the idea to extend Follmer’s formulation of the relative entropy to this context is not new (for instance ([5])
and the references therein). On the other hand, since we learned the relation between the main result of
[46] and of 3], we noticed that some results of this this section has to be compared with the Section 4 of
[3]. Moreover, the study of quasi invariant flows for laws absolutely continuous with respect to the law of
a unique strong solution must be well known. However, our approach which focusses on isomorphisms of
probability spaces through the Brownian transform seems to be both concise and enlightening, and they

extend to the weaker hypothesis we will set in the last section.

Proposition VIL.6. Let v be the law of a stochastic differential equation which satisfies (H0) and (H1).
Further assume that the associated Brownian transform V" is v—invertible. Then for any probability n << v,

there is a unique v € LY (n, H) such that n — a.s.

dn _ vV
(5.70) L= (—5 v)
and
VT=V"+wv

is a Brownian motion on (W, F".n). We say that v is the Girsanov drift associated with n with respect to v

Proof: Since V" is invertible F¥ = F”. Hence the martingale representation theorem shows the existence
of a a € LY (v, H) such that v — a.s.

1
dn _ 1+ / G dVyY
dv o
Let Ls = E, [%]}"’], and set 05 = —%? The same argument as in the Brownian case shows that

v € LY (n, H). From the Girsanov theorem 5kvyv, which is seen as an element of LY (1), is well defined as the
stochastic integral on (W, F",n) of v with respect to V¥ which is a semi martingale under this probability.
Hence we get (5.70). From the Girsanov theorem, we directly obtain the last part of the claim. UJ

Proposition VIL.7. Let v be the law of a stochastic differential equation which satisfies (H0) and (H1).
Further assume that the associated Brownian transform V'V is v—invertible. For any n << v, there is a
veLd (n, H) such that n is the law of the stochastic differential equation

(571) dXt = Ot (X) dBt —+ (ﬂt (X) — Ot (X) [’Ut [e] X]) dt;X() =T

Moreover, the equation (5.72) has a Brownian transform V" := V¥ +wv. In particular, for any U : Q@ — W,
FF/B(W) measurable, such that UP << v, where (Q,F",P) is a complete probability space, we have that
(U, V"o U) is solution of :

(5.72) dX: = ¢ (X)dBy 4 (B¢ (X) — o (X) [0 0 X)) dt; Xo = x
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on (Q, F°,P) with respect to the filtration generated by U, where v is the Girsanov drift associated with UP

with respect to v.

Proof: From the very definition of V", and since n << v, we have n — a.s

(5.73) Iw =+ / adVy + / Bedt

0 0
Let v be the drift defined in Proposition VII.6 and V" := V¥ + v. Then, the last equation directly im-
plies (5.73), which is the first part of the claim. Theorem VII.1 achieves the proof. ]

Lemma VIL.2. Let v be an invertible law of (1.67) whose Brownian transform is noted V. Further assume
that V is v—invertible, and let U be its inverse. Then, for any a € L2 (v, H) and for any (Fy) Brownian
motion B on (W, F",v), and set A:=U o (B +a). Then (A, B) is solution of

(574) dAt = Ot (A) dBt + (,Bt (A) + (677 (A) [at]) dt; Ao =T
on (W, F¥,v). Moreover Av << v, and Av ~ v if and only if E, [p (—5Ba)] =1.

Proof: Let A := U (B + a), where U is the v—inverse of V. Then A = U o7, 0 V where 7, = B 4 @ and
B=BoUandd=aoU. The hypothesis on a and B together with the fact that U is the inverse of V' imply
that @ € LS (u, H) and that B is a (F!) Brownian motion on (W, F*, 1). Hence (see [50]) Tap << p i.c.
TooVv << psothat Av := Uor,oVv << Up = v. Moreover E, [p (—5Baﬂ = 1 implies E, [p (—5§5)] =1
which is well known to imply 7o ~ p. We only have to check that (A, B) solves (5.74). However, since
Av << v the pullbacks are well defined and the result directly follows from the very definition of U. U]

6. Remark : weak derivative along the quasi-invariant flows

In this section, we still work under the hypothesis of the previous section and we show how to extend
Malliavin calculus to invertible diffusion. Since it is very simple and natural within the framework of
stochastic analysis, the following results must be well known and that’s the reason why we just put it there
as a remark for the sake of completeness, instead of to develop it completely. We now recall the following
facts (See the Theorem 2.1 of [8] and see [10] where they use similar ideas for higher purposes than us, and
in finer framework). Let ¢ : W — W be such that ¢pu << p, then from the result of the last chapter, we
have ¢ = R® + $ where R? is a F® Brownian motion (i.e. with respect to the filtration generated by ¢).
If we further assume that ¢ is invertible in the sense that (.Ff) = (F}) for any ¢ € [0,1], the martingale
representation theorem together with Paul Levy’s criterion imply that there is a O (d) (d x d orthogonal
matrix) valued adapted process t — O; and a h € LS (i, H) such that pu — a.s.

¢:/‘otth+/'htdt
0 0

It is usual to consider following curves ¢ — ¢ [q, h] for a s — ¢s which is adapted process with values in

so0 (d)(antisymetric d x d matrix) vanishing at 0 and h € L9 (u, H): we set u — a.s.
¢ [q,h] = / exp (eqt) dWy + e/ hedt
0 0

For a fixed h, g, the tangent process to this curve is then defined by d&; = q:dW; + hedt. Since the Brownian
transform of v is assumed to be invertible, the associated flows on (W, F”,v) are given (see the proof of
Lemma VII.2) as being solutions of

vl = ot [ fah)es () avi+ [ (ca @ o) [be] + 50" b)) dt

0 0
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where h € LY (v, H) and t — ¢ is (F7) adapted with values in so (d) vanishing at 0. We now explain how
the Malliaivin derivative can be built on (W, F”,v). If we set for a deterministic ¢, R = 9 [¢, 0] (resp. for a
deterministic h Tj;, = ¢ [h,0]) we get a 1—parameter sub-group of rotations (resp. a 1 parameter subgroup
of translations) on (W, F”,v). We now show how the Malliavin derivative can be transported on that space :
for convenience of notations we build it for the translations, but this construction can be directly transported
to rotations, or in the direction of a general adapted tangent process. Note that the polynomial of the form
F=f (Jvhl, ...,5th) (where hi,...,h, € H and f is a polynomial function) are dense in all the L? (v).
We define the derivative on such functional in the direction h € H by :

d d
WP = —"FoTf|lc— = | —
Vi de © Thle=o (de

where 7, = Iw + h and where we used that Tj; = Uo7t 0o V. ie. ViF =3 hi(0if) (5Vh1, ...,6vhn) =
(VaFoU) oV where V denotes the weak Sobolev derivative on the Wiener space (W, F*, ) which was
defined at the beginning of the previous chapter. It is straightforward to check that V" is closable with

¥ (6Wh1, 6Whn) ° T€h|520) oV

dense domain and we note §” the associated adjoint (we have 6V F = (6 (F o U))oV). Moreover the associated
Sobolev space are easily seen to be the image of the Sololev space associated with V on the Wiener space
Dy (v, E) := V (Dpy (i1, E)). Since FY = Fy for any t, it is also straightforward to check that the

Clark-Ocone formula also holds with respect to v. Specifically we have
F=FE,[F]+¢§n"V'F
for any F € D21 (v) where n°u = [, E, [is|F;] ds. Concerning the generalized Wiener functional (see [45]

or [22],[56],[41] and [52],[57] for nice applications) we can still define some distributions in the sense of
Watanabe with respect to v. The space of the test function can be defined by

D (v) = Np>1,k>0Dpk (V)

we can still endow with the natural Fréchét structure, and we can define the distributions of (W, F”,v) to
be the elements of the dual space noted ID’ (v). The divergence in the sense of the distribution D*” (resp.
the derivative in the sense of distributions D*) on (W, F”,v) can still be defined as being the transpose of

V¥ (resp. the transpose of §") : of course D™ extends 6" and D" extends V".

7. Local properties

We still use the fact that invertible laws v induces an isomorphism of filtered probability space between

(W, F”,v) to transport the results on the Wiener space.

Proposition VIL.8. Let v be an invertible law of (1.67) whose Brownian transform is noted V¥, and let n
be a probability absolutely continuous with respect to v. We note V" the Brownian transform of n and v the
Girsanov drift associated with n with respect to v which is given in Proposition VII.6. Further assume that
there is a sequence (1) of optional times on (W, F",n) such that n — a.s. 7, T 1 with the further property
that for any n € N the law n™ defined by

_ 2
n" = exp (*5‘/” ((mr,, = Im)v) — [rm, = Tnr) ol 211-1) UlH) -n

is invertible. Then n is invertible.

Proof: We note U” the v—inverse of the Brownian transform V" of v, and for any n € N we set V" =

VY + 7., v so that V™ is the Brownian transform of n"™. We then have 1 — a.s.
V*oU" = Iw + 7rpouv (Vo U”)

and
VioU” =(Iw +voU”)o V¥
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Moreover by taking the sequence (7, o U"), the hypothesis directly imply that the shift Iyw +voU" is locally
invertible in the sense of Chapter VI, and hence invertible. Let U denote its inverse. On the other hand
V7T = (Iw +voU") o V". Therefore it is n—invertible with inverse U" := U" o U. UJ

8. Criterion of invertibility

Proposition VIL9. Let v be the law of a stochastic differential equation which satisfies (H0) and (H1).

Further assume that the associated Brownian transform V' is v—invertible. Then, for any n << v
2
2H (n|v) = By [[v]#]
where v is the Girsanov drift associated with n with respect to v.

Proof: By the same localization argument as in the Brownian case, it is sufficient to prove the formula for
a measure 7 such that n =p (—5‘/"11) with v € L (v, H). In that case we have

2 ] 5

Since E, [5‘/" v] = 0, we get the result. L]

Theorem VII.3. Assume that there is a v € P (o, 8), which is invertible in the sense of Definition VII.2.
Then for any a € LY (v, H) note (A, V") the solution of (5.74) on (W, F”,v) we defined in Lemma VIL2 .
Further assume that H (Av|v) < oco. We then have

2H (Avlv) < B [[af}]
with equality if and only if
a+voA=0

where v is the Girsanov drift of Av with respect to v.

Proof: For convenience of notations we set n := Av. From Proposition VII.9, the finite entropy condition
reads E,[|v|3;] < oo so that
E,[6V"v] =0
Moreover vo A € L2 (v, H) so that
E, [5‘/” (vo A)] =0
Hence we obtain
2H (nlv) = By [Jv[i]
= E, [6‘/7]1} — 5v"v]
= —FE, [5‘/"1)}
= —-F, [5VV°AU o A]
On the other hand from Lemma VIIL.2 v—a.s
A=U"(V"+a)
where U” is the v—inverse of VV”. Hence

ViocA=V"+a
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from which we obtain
2H (n|lv) = -—E, [JVV (voA)] —E,[<a,v0A>g|
= —-E,[<a,voA>pg]

As in the Brownian case, Proposition VII.9 and the Cauchy-Schwartz inequality yield the result. U]

9. Some further extensions

The hypothesis (H1) is the good one to get a direct link between the invertibility of the shift, and the
existence of a unique strong solution. However it is possible to weaken this hypothesis if we just want to get
pathwise uniqueness among solutions of law v € P(a, 8). In this section we introduce a new hypothesis :
(H2) will be weaker than (H1). We say that av € P («, 3) satisfies (H2) if there exists a unique V : W — W
such that (Iw,V) is a weak solution of (1.67) on (W, F”,v). This means that under (H1) there exists a

unique Brownian motion ¢t — V; on (W, F”,v) such that v—a.s. we have

IW:x+/4asts—|—/A,Bsds
0 0

where t — W, still denotes the coordinate process. Under (H1), we still call V' : W — W the Brownian
transform of v. If (H2) also holds, this definition is consistent with the previous one. Moreover, every result
from Section 5 to 8 have been written so that it remains true if you exchange (H1) with (H2), and it is easy
to see that the definition of the invertibility as well as Proposition VII.4 and Proposition VII.5 still hold
under (H2).

Definition VIL.3. Assume that (HO) holds, let v € P («, ) be such that (H2) holds, and let V' be the
Brownian transform of v. We set the following definitions :
(i) We say that a solution (X, B) of (1.67) on a complete space (Q,G,P) is a v— solution of (1.67) if
XP=v and P—a.s. VoX =B
(i) We say that a v—solution of (1.67) on (W, F*, u) is a strong solution on the Wiener space, if for any
W wvalued B defined on any complete space (2,G,P) such that BP = p, we have that (U (B),B) is a
v—solution.
(iii) We say that (1.67) has a unique v—solution, if there is a strong v—solution U on the Wiener space such
that for any other v—solution (X, B) defined on a complete space (Q2,G,P) we have P—a.s. X = U (B)

The next proposition shows that there are lot of such solutions

Proposition VIL.10. Assume that (HO) holds, let v € P (a, ) be such that (H2) holds, and let V be
the associated Brownian transform. Moreover, let (2,G,P) be a complete probability space. Then for any
X € Mp ((Q,G), (W, F")) such that XP =v, (X,V o X) is a v—solution to (1.67).

Proof: Since P—a.s. VoU=Vor"olU=VolUo 7, the result follows directly from Theorem VIL.1 [

We now relate the v—invertibility to the notion of v—solutions :

Theorem VIL.4. Assume that (HO) holds, let v € P («, ) be such that (H2) holds, and let V be the
associated Brownian transform. Then we have

(i) V is v—right invertible with inverse U if and only if (1.67) has a strong v—solution U on the Wiener
space. Moreover when one of these conditions is filled, both U are the same

(i) V is v—invertible with inverse U if and only if (1.67) has a unique v—solution U. Moreover when one
of these conditions is filled, both U are the same
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Proof: We first prove (i). Assume that U is a strong v—solution on the Wiener space. By definition we
then have that (U (Iw), Iw) is a v—solution. In particular g —a.s. V oU (Iw) = Iw. This means that U is
the right inverse of V. Conversely, assume that y — a.s. VoU = Iw. Then Vo U (B) = B P — a.s. for any
B such that BP = p on a space (2,G,P). Hence (U (B), B) is a v—solution. We now turn to the proof of
(44). Assume that (1.67) has a unique strong solution U. Since (Iw, V) is a v—solution it implies v — a.s.
Iwv = U (V). This prove that U is the left inverse of V. Since U is a strong v—solution the invertibility
follows from (i). Conversely, assume that V' is invertible with inverse U. Since it is right invertible (¢) implies
that for any B on a space (2,G,P), U (B) is a v— solution. Let (X, B) be a v—solution on that space, we
have P — a.s. V o X = B. By applying U to both sides, we get P —a.s. X =U oV o X =U (B). UJ

Of course the notion of r—solution does not fit in the applications in the general case, and to make
our results relevant we have to find a condition under which the v—solutions are exactly the solutions with
law v : in that case, the last theorem would provide a condition for the pathwise uniqueness to hold among

solutions of law v.

Proposition VIL.11. Assume that (HO) holds and let o« € P(c,3). Then, (H2) holds for v, and the
v—solution are exactly the solutions of (1.67) with law v if and only if, for any probability space (2,G,P)

and for any filtration G. on that space we have :

(i) For any (X, B) which is solution of (1.67) on that space we have FZ C FX where FB (resp. F*X)
denotes the filtration generated by B (resp. by X ).

(ii) For any X € R (P,v) which is adapted to G., if there are two (G.)—Brownian motion B and B in
R (P, u) such that both (X, B) and (X, E) are solutions of (1.67) on that space, with the filtration G.,
then P — a.s.

B=B

(iii) For any X € R (P,v) there is a Brownian motion B € R (P, u) such that (X, B) is a solution of (1.67)

on that space, with the filtration (.7-"tX)

Proof: Assume that (H2) holds for v and that the v—solutions are exactly the solutions of law v. Also
note V the Brownian transform of v. Let (X, B) be a solution, we have P — a.s. V o X = B. Together with
FV c FW, this implies FZ ¢ FX (for instance see the proof of Proposition VI.10). On the other hand, let
(G.) be a filtration on that space and let X € R (P,v) be (G;) adapted. From Proposition VIL.10 we have
that (X, V o X) is solution of (1.67) for the filtration (F~), on the same space : this proves (iii). Finally,
if (X,B) and (X, B) are two solutions of law v, from the definition of the v—solution we have P — a.s.
B=VoX = Bie. (i) is proved. Conversely, we now assume that (i),(ii) and (iii) holds. By taking the
space (W, F”,v), since Iwv = v, there is a V such that (Iw,V) is a solution of (1.67) on (W, F”,v) for the
filtration generated by the coordinate process. Moreover (i¢) implies this V' is unique : we have (H2) and
V' is the Brownian transform of v. We now consider a solution (X, B) of (1.67) on a space (2,G,P) for a
filtration (G;). From (i) we know that B is adapted to X C G. so that it is also a (F;*) —Brownian motion
on the same space. Hence (X, B) is also a solution on that space for the filtration generated by (}"tX ) On
the other hand Proposition VIL10 implies that (X,V o X) is a solution of (1.67) for the filtration (F;*).
Hence, by applying (ii) on the space (2,G,P) for the filtration (]-'tX), we have P — a.s. Vo X = B, ie.
(X, B) is a v—solution. UJ
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VIII

Invertibility of adapted shifts on the Lie-Wiener space

ABSTRACT. Introduction : Lepingle’s exponential. The left derivative on the Lie-Wiener space
and the stochastic integral. Girsanov shift on the Lie-Wiener space. Invertibility of the Girsanov
shift. Criterion of invertibility based on the entropy for the Lie-Wiener space. Remark on the
invertibility of adapted perturbations of the identity on the space of the paths with values in a

Riemanian manifold.

1. Introduction

In this chapter we study the transformations of measures induced by adapted shifts in the context of
Lie groups (see [23| and references therein), and we transport the notion of invertibility of adapted shifts
introduced in [53]. We provide an analogous version of the main result of [46], and we still relate it to
the existence of a unique strong solution for a related stochastic differential equation. As we told it in
the introduction, the main feature of what we called stochastic invertibility is to involve some adapted
isomorphisms of probability spaces which preserve the filtrations. In this chapter we will work on the space
of the paths with values in a finite dimensional Lie group where another adapted isomorphism of probability
spaces will be provided by Lepingle’s exponential (its definition will be recalled later). The main idea of
this chapter is to pullback the isomorphisms by Lepingle’s exponential. One reason to work on Lie groups
is that, together with Lepingle’s isomorphism we can use the stochastic Campbell-Haussdorf formula which
yields easily precise results. The structure of this chapter is the following. In section 2 we recall the main
features of Malliavin calculus on a Lie group and recall the definition of the Lie-Sobolev derivative L along
translations, and of the associated divergence L* (a derivative along rotations can be defined in the same
way, however we won’t use it here). Although we slightly modify the definition to make clearer the fact
that the results come of an isomorphism of probability spaces, our presentation is essentially the same as in
[51] and [45]. We then define the stochastic integral as the restriction of L* to adapted process in Section
3 : we could have defined it directly (similarly to [10] in the case of a Riemanian manifold for instance).
However it seamed interesting to notice that it is still the restriction to adapted processes of the divergence
associated with translations on the flat space. We then define the perturbations of the identity by using the
stochastic Campbell-Haussdorf formula and we transport the most important results of the transformations
of measure induced by adapted shifts on the flat space. In Section 4 we define an innovation process. In
Section 5 we introduce the notion of invertibility for adapted shifts. In Section 6, we then relate invertibility
to the existence of a unique strong solution for stochastic differential equations, and we extend the criterion
of invertibility based on the relative entropy within this framework. We end this chapter with a remark
which explains how the same procedure may be used to translate the notion of invertibility on the space
of the paths with values in a Riemanian Manifold. For convenience of notations, we only investigated the
case of probabilities equivalent to the Wiener measure. However our results may be extended to the case of

absolutely continuous probabilities by means of the results of Part II.
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2. Preliminaries and notation

Let G be a finite dimensional, connected, locally compact Lie group. We recall that the Lie algebra G of the
group GG may be seen as the tangent space T.G to the manifold G at its identity element e. Moreover the

right (resp. left) inner product on G will be denoted by R, (resp. L), and for any g € G we define
Ad(g): X € G — Ad(g9) X := L, *]A%gfl * X
so that for any left invariant vector field X € G and any « € G we have
[[4d(9) X] (£ o Ry)] (@) = (X1) (29)
We assume G to be an Hilbert space with a scalar product we note (., .>g

2.1. Malliavin calculus on the Lie algebra §.
Let W = Co ([0,1],G) be the space of the paths on the Lie algebra, and let H be the associated Cameron-
Martin space which is defined by

. 1
H:{h:[o,1]—>g’h;/ hsds;/ |h3@ds<oo}
0 0

We recall that H is an Hilbert space for the scalar product (h, k), = fol < hs, ks >g ds for any h,k € H.
We note ¢ the injection H — W which is dense and continuous. By identifying H with its dual thanks to

the Riesz representation, we note i* the injection W* < H, which is also dense and continuous.

W* Hi* H (_>i g
In the sequel we shall always identify W* with a subset of H by means of this latter injection, and the
notation |I|rr will always mean [i* (1) |rr. Moreover (.,.)g. 5 Will denote the duality bracket between W' and

W*. The triplet (W, H,4) is an abstract Wiener space (see [25]). Let B (W) be the Borelian sigma-field on
W. It is well know that there is a unique Borelian measure p on (W, B (W)) such that for each [ € W*

/u (dw) exp (z <l,w>W*7W) = exp —%

This measure is called the Wiener measure. LP (u) still denotes the space of equivalence classes which
identifies the elements of £ (1) which are equal p — as, and the spaces £° and L° are defined as in Section 2
of Chapter VI. We will still note V (resp. ) the weak Sobolev derivative (resp. the associated divergence)
on the path space (W, H, 1) : we have defined it in Chapter I. In the sequel LS (u, H) (vesp. L2 (u, H)) still
denotes the subset of the u € L° (u, H) (vesp. in L? (u, H)) such that t — 4, is adapted to (F;), where (F;)
denotes the augmentation of the filtration generated by the coordinate processt € [0,1] — Wi(w) := w(t) € G
with respect to pu. We also set F := F1, which is the completion of the Borelian sigma field with respect to
u, and the unique extention of u to F will still be denoted by u. We recall that L2 (1, H) C Doms (§) and
that

1
5u:/ UsdW
0

We will still note du the stochastic integral of u € LS (u, H). Let t € [0, 1], we note myu the process u stopped
at time ¢ which is defined by
A
(meu) = / Usds
0

Hence, with this notations
t
dmu = / UsdWs
0

If B is a Wiener process and if v € L° (u, H) is integrable with respect to B, we will note

t
5Bmu:/ tisdBs
0
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and for that reason we will sometimes note 6" u instead of du when we will want to stress the fact that we

are dealing with a stochastic integral with respect to the coordinate process ¢t — W4.

2.2. Brownian motion, and Malliavin calculus on the Lie group G.
It might seem astonishing to introduce Malliavin calculus, while we are mainly interested in the study of
"adapted shifts" on the Lie Group. As a matter of fact we will use it to get easily a stochastic integral form
the divergence. We follow the construction of [51] and [45] and all the results of this subsection can be found
with further details in the above references, up to a slight modification (see below). Let Cq = C. ([0,1],G)
where e is the identity element of G, and still note (t,w) € [0,1] x W — W; € G the coordinate process
on the space of the paths with values the Lie algebra, which is a Wiener process under p. With the same

notation as [45], we note p: w € W — p(w) € Cg the unique strong solution of the equation
t
(2.75) Xi=e +/ XdWs
0

By definition it is such that for every smooth function f : G — R with compact support we have y — a.s.
for any ¢ € [0,1]

(2.76) Foo =@+ [ C(HLf) (o) W

where the stochastic integral is written in the Stratonovich prescription (see [22]), where the (H') are a
basis of the Lie algebra whose elements are identified to the associated derivatives, and where t — W; is
the coordinate process which is Brownian on (W, F*, ). As we recalled it the exponential has the further
property to be an isomorphism of filtered probability spaces. Indeed, the existence of the stochastic logarithm
(see [20]) yields that p is invertible in the sense that there is a ¢ : C¢ — W such that qv << p (these laws

are the same) and pu— a.s.

qop=Iw
and v—a.s.

pogq=lIc

We also recall that ¢ — p; generates the same sigma field as ¢ — W; (see [20]), and we note v, the image of
1 though the mapping p (i.e. v = pu). Let (Ht)te[o,u be the augmented filtration of the coordinate process
on C¢ with respect to v, and H := H1, we say that (Cq, H,v) is the classical Lie-Wiener space. We further
recall that p (see [20]) can be used to define a left invariant (but not torsion free) connection I' on G, and so
an associated notion of martingale on G (precisely of I'-martingale in the sense of [33]) by saying that (M)
is a martingale on G if and only if it is the image through the exponential of a martingale on (W, F”,v).
In the flat Wiener space (W, F, i), the Malliavin derivative was built thanks to the translations, and to the
Cameron-Martin theorem. Hence, a natural way to build the Malliavin derivative is to find an operation
on C'¢ which corresponds to the translations, and then to find a correspondance to transport the Malliavin
Calculus from the flat algebra to the curved space G. Let h € H and 75, : W — W be the translation defined
by

Th:Ig+h

where Ig is the identity map on W (i.e. Ig : w € W — Ig(w) := w € W). The proposition 7 of [20]
which relates the martingale decomposition of a semi-martingale on G to the martingale decomposition of
its exponential on G suggests that the analogous transformation 7} : Cq¢ — Cg, may be defined by

Ty :=e(0h) I



92 VIII. INVERTIBILITY OF ADAPTED SHIFTS ON THE LIE-WIENER SPACE

where I is the identity map on Cq (i.e. Ig : ¢ € Cg — I (¢) := ¢), and where e (0h) is defined pathwise

to be the solution of the ordinary differential equation

( %) (t) = [e (BR) o d] () Adecihy

with [e (6h) (¢)] (0) = e, for any ¢ € Cg .
Proposition VIIL.1. For any he H, p— a.s
porp=Thop
Proof: The result may be seen as a direct application of the Campbell-Haussdorf formula of [20]. However,

we can also prove it more suggestively from the proof of Theorem 13. 7. 5 of [45]. For any h € H we

consider the stochastic equation

(2.77) X =e+ / X, d* W, + / X.hads
Since pu = v we have u — a.s
4eOMP) (1) = (e (9) ()] (1) Ad (p0)

Therefore the stochastic integration by part formula implies for any t € [0, 1]
(Thop), = [e(0h)(p)](t)p:

t ¢
= e+ / e (0h), op psd*Ws + / e (0h), o pAdpshspsds
0 0
t ¢ )
— e+/ e (0h), op psd*Ws +/ e (0h), o p pshsds
0 0

t t
— e+/ (Th Op)S d*W5+/ (T, op)S hsds
0 0

which means that (7}, o p) solves equation (2.77) On the other hand

t t t
(2.78) (/ psd*WS) oTy = / ps o Thd W +/ Ds © Thhsds
0 0 0

Together with the fact that (p;) is the solution of equation (2.75), equation (2.78) implies that po T, satisfies

for anyt € [0, 1]
t

t
ptoTh = e+/ ps o Thd W +/ ps © Thhsds
0 0
i.e. (po7x) also solves equation (2.77). By unicity of the solution to (2.77) we get the result. U
In particular Proposition VIIL.1 directly implies that {75, h € H} is a commutative group of transfor-
mations of C¢, which preserve the v—equivalence class (i.e. Tov ~ v for any h € H). Specifically, we have

v—a.s. ThoTy =TxoTh = Thyr and T, o T, = I for any h, k € H. For that reason it is natural to start
from that group to build the Malliavin calculus.

Definition VIII.1. Let F : Cq — R, F is said to be cylindrical if there is an € N, a f in the Schwartz
space of the smooth rapidly decreasing functions S (R™), and a n-uplet (t1,...,tn) € [0,1]" such that v — a.s.

F(c) = f(ctyy-scty)

We note Sy, (R) the set of this real valued cylindrical functions

As in the flat case (the same proof as in [45] holds) a monotone class argument together with the

convergence of martingales implies :

Proposition VIIL.2. The cylindrical functions on Ce are dense in LP (v) for every p > 1
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In [45] and [51] both a left and a right derivatives are built. However, in this paper we will only be
interested by the left derivative which has nicer properties, and we recall its construction. In order to more

be consistent we slightly modify the definitions of [45] and we set
Definition VIII.2. For any F : Cc — R which is cylindrical we define for any h € H :

d
LnF = -2 FoTul,_,

right/

Although this definition avoid heavy calculus, the results and the proof we present until the end of this
sections are nearly the same as in [45] and [51].

Proposition VIIL.3. For any h € H Ly, is a closable operator on L*? (v) and we have p — a.s.
(LphF)op =V (Fop)
on the extended domain of Ly,

Proof: Let f € S, (R), then since pu = v, we also have from Proposition VIIL.2 :

Vi (Fop) = %(FOP)OT)\H)\:O

= iFO(pOT)\hH)\—()
d\ -

= iF o (Txn ©p) |x=0
dA\ N

= iF(TAh) o pla=o
d\ -

= iF(TAh)|>\—0 op
d\ -

= (LaF)op

Hence we directly have p—a.s. Vi, (Fop) = (LpF)op . Let (F},) be a sequence of cylindrical functions with
the property that F,, — 0 in L (v) and such that (LF,)
pp = v, (Fnop), converges to 0 in L? (i), and (V (F,, o p)) is Cauchy in L? (u, H). Since V is closable, we
have limn— o0 Vi (Fr 0p) — 0 in LP () for any h € H. Hence for every h € H, lim, o0 LpFn, — 0 in L? (v)
and the operator is closable. By taking the limit we have directly (LrF) o p = Vj, (F op) on the extended

is a Cauchy sequence in L? (v, H). Then, since

n

domain. 0

We set Dom,, (L) to be the set of F' € L? (v) with the property that there is a sequence (F}), .y C Sv (R)
such that F, — F in L” (v) and (LFy), oy is Cauchy in L? (v, H). Then Domy (L) is the domain of L on
which L is defined by

LF = lim LF,

n—r00

We call L the Lie — Sobolev derivative. Note that the end of the last proof shows that F' € Dom,, (L) if and
only if Fop € Dom,, (V).

Proposition VIIL.4. For any u € Dom, (L), we have p — a.s.

(LuF) op = Vuop (Fop)
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Proof: Let (h;) be an orthogonal basis of H, then :

(L F)op = (ZLhiF<hi,u>H)op

= > (Ln,F)op(hi,uop)y

2

thi (Fop) (hi,u0p>H

(uop,V(Fop))y
= Vauop (Fop)

which is the result 0

Since L : FF € S, (R) C L? (R) — LF € L? (v, H) has a dense support, and its adjoint L* : Dom,, (L*) —
L? (v) is well defined. We note Dom, (L*) the set of the random variables n € L? (v, H) , such that for
any ¢ € Domy (L) (where  + & =1). E, [(Vd,n)y] < cpq (I¢law)). For any n € Domy, (L*) , L*n is

P
characterised by the relation E, [¢L*n] = E, [(L$,n),], which holds for any ¢ € Dom,, (L, E). It is easy

to see that n € Dom,, (L*) if and only if n o p € Dom,, (9).

Proposition VIIL.5. Moreover L* is characterised by the following relationship which holds for any u €
Domy (L) p— a.s.

(L*u)op =4 (uop)
Proof: By definition we have :
E,[L.F] = E,[FL"u
= Eu[Fop(L'u)op]
On the other hand
By [LuF] = Bu[(LuF)op]
= Eu [vqu (F op)]
= Eu[d6(uop)Fop]
Since p. generate the same sigma algebra as the coordinate process on W, we have y — a.s.

§(uop)=(L*u)op

3. Transformations of measure induced by adapted shifts on Lie groups

As we said it above, a natural approach is to start from the relationship between the martingale de-
composition on Cg and the martingale decomposition on W which is given by the the proposition 7 of [20],
and then to use a Cambpell-Haussorf type formula as a rule of translation. Before we start this work it
is important to notice that for any u € £2 (v, H), since pu = v and by unicity of solution to exponential
equations of [20] the equivalence class of p (Ig +u o p) € L° (i, H) only depends on the equivalence class of
w € LY (v, H).
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Definition VIIL3. Let u € LS (v, H), and
Q={ceCgluec H}
Let 7, : W — W be the translation of the path of the Lie algebra along the drift u o p, which is defined by
T =1Ig+uop
where Ig is the identity map on W. And we define T,, : Ca — Cqa by
T, :=e(0u) I

where Ig is the identity map on Cq, and where e (Qu) : (s,c) € [0,1] x Ca — e (Ou), (¢) is defined pathwise

to be the solution of the ordinary differential equation

(%) (5) = [e (Bu) (€)] (1) Ad(c2) iy 0 ¢

with the initial condition e (Ou) (c), = e if ¢ € Q, and by e (Ou) (c) = e if c € Q°. We will say that T (resp.
T.) is the perturbation of the identity associated with the shift w on W (resp. on Cg).

The Proposition VIIL.6 is a generalization of the Proposition VIII.1. As in this latter case, although the
result could be obtained from the Campell-Haussdorff formula which is given in the Proposition 5 of [20],

we prefer to prove it in a more suggesting way.

Proposition VIIL.6. For any u € LS (v, H) we have ju — a.s.
poty =Ty,0p

where T, and T, are given by Definition VIII.3

Proof: Since pu = v we have u — a.s

4e D) (1) = fe (0u) ()] (1) Ad (o) i o

Hence using the stochastic integration by part formula, we have :

t t
(Tuop), = e +/ e (0u), op psd Wi —i—/ e (0u), o pAdpsis o p psds
0 0

t t
e +/ e (Ou), op psd" Wi +/ e (0u), o p pstis o pds
0 0

On the other hand, since t — wu; o p is adapted, we have :

t t t
(/ psd*WS) 0Ty = / Ps © Tud Wi +/ Ps O Tulls © pds
0 0 0

so that p; o 7, also solves the stochastic differential equation :
t

t
ptoTu:e—i—/ pSoTud*Ws—i—/ Ps © Tulis © pds
0 0

by unicity of the solution we get the result. U]

From Proposition VIIL.6, it is straightforward to see that, just as in the flat case, the set of the invertible
API which induce a measure equivalent to v is a non-commutative group. The notations of the next definition

will be used implicitly in the sequel :

Definition VIIL.4. Let u € LY (v, H) and 1, and T, be as in Definition VIII.3. We note (]—"“)tE[OJ] the
filtration generated by 7. : (t,w) € [0,1] x W — 7, (t,w) augmented with respect to p, and Hicp ) the
filtration generated by Ty, : (t,c) € [0,1] X Ca — Ty (t,¢) € G, augmeted with respect to v
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Proposition VIIL7. Letu € L (v, H) and let (]-'“)te[O’l], and Hiepo ) be given by Definition VIII.4. Then
we have p — a.s.

Ey [¢|Hi] o p = Eu (¢ o p|lF']
for any ¢ € Cy (Ca)

Proof: For every f € S(R") we have :

B [o0nf (0om)y, oo 0om),, )] =

W [Bo o o pf (@eop),, oo (Tuop),)]

w Bl o (0om)y, o), )]

Since 7, and p o 7, generate the same sigma algebra, we get the result. U]

B |
B |
= BB e f (T, o (T),,)]
B |
B

Let u € L2 (v, H), then wop € LZ (i, H) C Doms (8) so that u € Doms (L*), and (L*u)op = 8" (u o p).
Assume now that u € LY (v, H), and let (7,) be an increasing sequence of stopping times on (Cq, H1, (Hz))
such that for any n € N, 7 u € L2 (v,H) and v — a.s. limp—00 7o — 1 . Then

v(|L*mru— Lmrul >€) = p(|(L¥nr,u)op— (L, u) op| > ¢€)
= 1 (16" (e, ) 0 p) = 6" (77, w) 0 1) | > €)
= 1 (16" (Tryon (wop) = 6" (mryep (wop)) | > €)

On the other hand let oy, := 7, o p for every n € N, then E, [\Trgnu opﬁl} =5, [|7r7nu|§1] < oo and o, is
increasing and p — a.s. converges to 1 . Hence it is well known that independantly of the choice of (1),
(6" (mrpop (wo p)))n converges in L° (11) to a random variable which is noted 6" (u o p). Hence we also have
v(|L*mr,u — L¥*mr ul > €) = 0, n,m — oo and (L*7,u), converges in L (v)independantly of the choice
of 7,. We note L*u this limit, and we call it the stochastic integral of u € L2 (v, H) with respect to the

coordinate process under v. By construction, we still have :
(L'u)op=6" (uop)

Note that we could have defined it directly, as it is sometimes made in the literature, but we wanted to show
that it could still be seen the divergence associated with a derivative along translations. This relationship
enables us to compose the stochastic integral with a shift on the lie group. Indeed, from Proposition VIII.6

we have u — a.s.

(L*v)oTy,op

(L*v)opoy,
= " wopom,
= sV (voporTy)+ (vopoTy,uop)y
= " WoTuop) + (woT, O P, U0 P
= (L"(woTu)+ (voTu,u)y)op
Since pp = v, we have proved :
Proposition VIIL.8. For any u,v € LS (v, H) the following relationship holds v — a.s.
(L*v)oTy=L"(voTy)+ (voTu,u)y

where T,, and T, are given by Definition VIII.3
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We can check quickly that, as it is expected, the process t — L*m .« has the following property of a

stochastic integral :

Proposition VIIL.9. For any a € LY (v, H), t — L*m« is a local martingale on (CG, (Ht)te[o,u ,1/) with

an associated increasing process (L*m.a, L*m.a), = |malf;.

Proof: Let a € L2 (v, H), from Proposition VIIL.6 , Proposition VIIL7 , and from the property of the

stochastic integral 8" 7. on the Lie algebra, u — a.s. we get :
E,[L'ma|Hs)op = Eu[(L*ma) o p|Fs]
= E, [((SWﬂ'ta Op) |.7-"s]
= v (msxop)
— (L*Wsa) op
Which shows that ¢t — L*m« is a martingale on (Cq, H1, (Ht),v). Simillary

E, [(L*ﬂ'toz)2 - |7Tto¢|§1\7-[5] op = E, [(L*ma op)® — |max opﬁﬂ]‘}}
2
= E, [(6W7rta op) — |7 op|§{|.7:s}

= (5W7rsa op)2 — |msa op\%,
= [@ma)’ —|mali] op
and we get the increasing process. The generalization to L (v, H) is the same as in the flat case.
U]
In the sequel we will also need a version of the martingale representation theorem :
Theorem VIIL.1. Let L € L? (v), then there is a o € L2 (v, H) such that
L—-E,/|L]=L"«
And for any local martingale M on (Cg, (Ht)te[o,l] ,V), there is a o € LY (v, H) such that
M, = My + L™ ma

Proof: Let L € L?(v), then Lop € L? (1) and the representation theorem applies on the flat space that
there is a 8 € L2 (i1, H) such that

Lop=E,[Lop]+46(B)
Moreover, since p generates the same sigma algebra as the coordinate process we know that there is a

a € L2 (v, H) such that 8 = a op. Hence we have u — a.s.
Lop = Eu[Lop]+d(aop)
= E,[L]+ (L*a)op
Since pp = v we have v — a.s.
L = E/JL|+ L«
The proof of the last claim can be deduced easily, either from the last result, or from the flat case by

reapeating the same procedure. U]

For any u € LS (u, H), we adopt the same notations as [47], and we note

2
p(—0u) := exp (—éwu — %)
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Moreover, for any u € LY (v, H) we also set

2
p(—L*u) := exp (—L*u - |u|H>

2
Theorem VIIL.2. Letu € LS (v, H), and let T, be as in Definition VIII.8. Then we have
Tww << v

Moreover, if we further assume that
B, lp(~Lu)] = 1
then we also have

Tww ~ v

Proof: If u € LY (u, H) , then wop € LY (u, H) so that we know from Theorem 2. 3. 1. of [50] that
Tupt << p so that prypu << pu = v. Together with Proposition VIIL6 it implies Tur = Ty (pu) =
(Tuop)p=(poTu) pp=p(Tup) << v. Suppose now that E, [p(—L*u)] = 1, then since

2
exp (fL*u - |u2|H) op

2
exp (f (L*u)op— [wopli Ozp‘H>

= exp (—6W (wop) — %)
p (—5W (uop))

we have E, [p(—6" (uop))] = 1, and from Proposition 2. 3. 1. of [50], we have 7uu ~ p so that
pTups ~ pp = v. Hence Tyv =T, o ppp = po Tyt ~ v O

We now give a sharp Girsanov theorem on the Lie group :

Theorem VIIL.3. Let U be a probability absolutely continuous with respect to v. Then there is a v €
LY (7, H) such that (t,w) = 7, (w,t) is a (Fi) —Brownian motion on (W, F, i), and T,v = v, (where T, and
T, are giwen by Definition VIII.8). Moreover

Gy (=" (won))

dp
1 — a.s. where [i is defined by % = g—z op Moreover U ~ v if and only if there is a v € LY (v, H) such that
v —a.s.
dv N
v p(—=L™v)

v will be called the Girsanov shift associated with v.

Proof: From the Theorem VIIL.1 we know that there is a a € LS (v, H) such that v — a.s.
Li=1+ L"ma
where L; = F, [%H{t]. Hence we have p — a.s.
Liop = 1+ (L*a)op
= 14+d(axop)
Let 1z be defined by % = % op so that pz = v. From Proposition VIIL.7 (with the same notations) we have

E, [j—ﬁ\}}] = L o p and by applying Doob’s optionnal stopping time theorem, it is easy to see that if we
set 7o :=inf ({¢t : Lyop =0}) A1, then 1z — a.s. we have 79 = 1. Hence fi — a.s. we have

t .
Llop = 1+/ gSZZLsOdeS
0 s
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where the stochastic integral has to be seen as the stochastic integral with respect to the semi-martingale
s — W, on (W, F,(F:),i). Then we define v € LS (7, H) to be v. = — [* %= Hence we have

0L,
t
Liop = 1—/1',vsopLSopdVV5
0

we can integrate this stochastic differential equation with respect to the semi-martingale W. on (W, 1) and
we get L — a.s.
d‘v 2
ﬁ =Liop=exp <—5(’Uop)—%>
Note that if 7 ~ v, L*v is well defined and, from Proposition VIIL.6, we have i — a.s.
dv [0l %
- — Ly — 22
so that v — a.s.
dv
R
o =P
The converse is obvious. It is then easy to see that T}, is a Brownian motion on (W, H_, 7). Indeed, since
w — Ty (w) is a (F¢) —Brownian motion on (W, F,v) and T, o p = po 7y, we get T,v =T, (pp) = Ty o pp =
(por)p=p(ropt) =pp=v O

As a matter of fact the integrability of v is related to the entropy and we have :

Proposition VIII.10. Let v be a probability which is equivalent to v and let v denote the Girsanov shift of
v. Then

B, [Jo[] = 2H (7|v)

Proof: Let it be as in Theorem VIIL.3, then 7, is a (F;) —Brownian motion on (W, F, 1) and from lemma
2. 6 of [15] and Proposition 2. 11 of [14] , we have 2H (fi|u) = E,, [|v o p|%]. Hence we get

2H (v|v) = 2H (pfilpp) = 2H (v|p) = B, [[vo pl%] = B, [Jv]%]

4. The innovation process

We first define the notion of representation of a measure by a shift on the Lie group, analogous to the
definition of [47] in the flat case

Definition VIIL.5. We note
Ra (v,0) ={u € L2 (v, H): Ty = v}

and we say that a u € LS (u, H) represents U (with respect to v) if u € R (v, D)

From Proposition VIII.6 v € R, (v,v) if and only if 7, = 1 where p is given by Theorem VIIL3.
Indeed Tyv = Tupp = prup and v = pu. Hence H (Tyuv|v) = H (pruplpit) = H (Tup|p), so that Tyv = v if

and only if 7,pu = . In the sequel we will use this result directly.

Theorem VIII.4. Let v be a probability absolutely continuous with respect to v, and let v be the Girsanov
shift associated with v (see Theorem VIII.3). Assume Furthermore that there is a w € R (v,v) and set
R" := T, o7y. Then (t,w) = R{ (w) is a (F;*) — Brownian motion on (W, (F"),n), where (F;') is given by
Definition VIII.4.
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Proof:
Let i be as in Theorem VIIL.3, then since 7uu = fi, for any f € Cy (W) which is F,s measurable, we

have :

Eu[((roomu), = (room),) for] = Bal[((r), = (7),) f]
0

Where the last equality is a consequence of Theorem VIIL3, from which we know that (t,w) — (7o), (w) is
a (F:) —Brownian motion on (W, F, ) . Hence (t,w) — (7 © Tw), (w) is a martingale on on (W, F*,v), and

by Levy’s criterion, it is also a Brownian motion with respect to (F*). U

Definition VIIL.6. Let u € L (v, H) we note U (resp. wop) the dual predicable projection of u on
(Hg)te[o,l] (resp. on (]:tu)te[o,l]) which is defined as the projection of u on the closed subspace of the elements
of L* (v, H) (resp. of L (u, H)) which are adapted to (Hi)ieo (resp. to (Fi')ieioq)) where (Hi) and (F¢')
are as in Definition VIII.4

For a uw € L° (v, H) we can note @ o p, = fot E, [ts o p|Fi]ds and uy = fot E, [us|H{]ds

Definition VIIL7. Let v € L? (v, H) and U (resp. wop) be the dual projection of u (resp. of uop) on
(Hi)eo (resp- on (Fi)ycpo,1))- Then the innovation of u (resp. of uop) noted Z* (resp. Z“?) is defined
by Z% =T, _q (resp. Z*? =Iw +uop—1uop)

The next proposition is well known (see [50] or [47] for some proofs).

Proposition VIIL.11. Let u € L2 (v, H) , then (t,w) — Z?(w) is a (F3*)—Brownian motion on
(W, F, )

Note that together with Proposition VIII.6 and Proposition VIIL.7, the last Proposition also implies
that the innovation Z“ on the Lie-Wiener space is a Brownian motion on the lie group. However we won’t
use that result directly. In order to use the two last proposition, we need the following Proposition, which
is an obvious (but useful) consequence of Proposition VIIL.7 :

Proposition VIII.12. For any v € L2 (v, H), we have i — a.s.
Uop=wuop

where @ and @ o p are given by Definition VIIL.7

In the flat case Corollary VIII.1 is a classical result widely used in stochastic mechanics, stochastic

control, and also in information theory. Corollary VIII.1 is a Lie-Group version of it which was unknown.

Corollary VIIL.1. Let 7 be a probability such that 7 ~ v and u € R (v,¥) such that u € L2 (v, H) we note

u the dual projection of u on (Hg)te[o,l]' Then we have
u=—-voTy
vV —a.s.

Proof: Since uwop € L2 (u, H) we know from Proposition VIIL.11 that ¢ — Z;*°" is a Brownian motion
with respect to (fg‘)te[o,l]. On the other hand if we set R* = 7,07, = Ig +uop+voporT, we know
from Theorem VIII.4 is also a Wiener process with respect to the same filtration. On the other hand, from
Definition VIIL.7, we have :

Rf -2 = (vopom), +uop,
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Hence t — R} — Z}* vanish as a martingale with finite variation, and we have
vopoT,+uop=0

1t — a.s. From Proposition VIII.12 we have %o p = 4 o p. Moreover, we know from Proposition VIII.6 that

voporT, =voT,op. Since pu = v it implies that v — a.s.

voTl,+u=0

5. Invertibility

Definition VIILS8. Let u € LY (v, H),we say that T, is invertible, with inverse T, if and only if there is a
v € LY (v, H) which is the both sided almost sure inverse of Ty 4. e if and only if v —a.s Ty 0o Ty = I and
v—a.s TyoT, =1Ig , where T, and T, are given by Definition VIII.3.

Proposition VIII.13. Let U be a probability which is absolutely continuous with respect to v, v be the
associated Girsanov shift, and let uw € Rq (v,v). Then the following assertions are equivalent :

(i) TuoT,=1IgV—a.s.

(i) TyoT, =Ic v —a.s.

(i4i) 7o o Ty = Iw 1 — a.s.

Proof: By iterating the Proposition VIII.6, we have y — a.s. po1, o7, = T, 0T, o p. Since pu = v, we
clearly have (ii7) implies (i¢). By taking the logarithm (see [20]) we get the converse implication. Hence (%)

and (i47) are equivalent. On the other hand

7 ({w|Tw o Ty = I6})

Tuv ({w|Tw o T, = Ic})
= v{{w/TwuoT,oT, =T.})
> v({w|TyoTu = Ic})

= 1

Where the last inegality is a consequence of the inclusion {w|T, o T\, = I¢} C {w|Tw o Ty o T, =T,}. Since
T,V = v, symmetrically v ({w|Ty o T = Ig}) > v ({w|Tu 0o Ty = Ig}) so that

v({wTwoTu =Ia}) = b({w|TuoTy =1Ia})

which clearly implies the result. L]

Proposition VIIL.14. Let v be a probability which is equivalent to v, and let v be the associated Girsanov
shift (see Theorem VIII.3). Further assume that there is a u € Rq (v,U) such that Ty o T, = Ig. Then we
have E, [p(—L*u)] =1

Proof: A straightforward calculation shows that

p(=S(op)omup(~d(uop) = p(=8uop+uopon))
= p(—(S(TUOTu—Ig))

Since T, 0 Ty, = I¢ v — a.s., from Proposition VIIL.6 we have 7, 07, = Ig 1 — a.s. so that p (—=d (vop))o
Tup (—0 (w0 p)) = 1 Hence, from Theorem VIIL.3 we have :
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E,[p(=L"w)] = Eulp(—=L"u)op]
= Eu.[p(=d(uop))]

= E, {m}
= En, {m]
Eg {m]

= 1

6. Criterion of invertibility based on the relative entropy

We now consider the following equation
(6.79) X =e+ / X, (AW, — 0y 0 Xdt)
0
which means, that for any smooth f with compact support
f(Xe)=f(e)+ /Ot (Hif) (Xs) * (dW; — 04 0 X dt)
where v € LY (v, H) is such that E, [p(—L*v)] = 1. Once again, we define two probabilities

% =p(=6" (von))
and

dv

o (—L*

o —PL)

As above, we still note 7, = Iw + v o p, and T, is defined as above. We also set ﬁ = qoT,. From the
definition of p, the Girsanov theorem directly implies

Proposition VIIL.15. (p,7,) is a weak solution of (6.79) on (W, F" i) with law v

Proposition VIII.16. Assume that there is a X defined on a space on a probability space (Q,]—'P, P) such
that XP =v. Then (X,ﬁ (X)) is a solution of (6.79) on (Q, F¥, P) with the filtration (o (Xs,s < t))

te[0,1]

Proof: Mutatis mutandis, the proof of Theorem VII.1 implies the result. With the suggesting notations of

the introduction for the exponential it can be written shortly. We have
p= e+/0‘pt (d (), — B+ 0 pdt)
Since X =po (go X) we get
X=e+ [ X(a((r), 000 X)  ivo xat)
0

On the other hand 7, 0qg = go (po7,) 0q = qo Ty, where we used that por, = T, op. This yields the result.
UJ



6. INVERTIBILITY AND ENTROPY 103

Proposition VIIL.17. T, is invertible if and only if (6.79) has a unique strong solution. In that case, let
f denotes the measurable function which generates the solutions, and let Ty, denote the inverse of T, then

we have 1 — a.s.
f=Tuop

Proof: The fact that all the inverse images we will use are well defined can be checked exactly in the same
way as we did it (with full details) in the Sections 3 and 4 of Chapter VII. We now begin the proof. Assume
that T;, is invertible with inverse T\, we set T, = T, o p. If B is a Brownian motion on a space (Q, Fr, P)
(ﬁ o B) P =T,opu = Tyv = V. Since ﬁ o '1/;; = qo (TyoTy,)op = Iw Proposition VIIL.16 implies
that (ﬁ o B,B) is solution. Moreover, if we have a solution (X, B) on a probability space (Q,fP,P)
with a filtration F;, we have X = ﬁ o ﬁ o X. Since (Xj“;o X) is solution on the same space with

respect to the filtration generated by X and F;¥ C F; (the filtration generated by X), B = T, o X. Hence
T (B) = TwoT,oX = X. This proves that (6.79) has a unique strong solution. Conversely, assume
that (6.79) has a unique strong solution, and note f the associated function. Since (p, 7,) is a weak solution
we have p = f (7,) i.e. Iw = qo for7,. On the other hand, (f, Iw) is also a solution on (W, F* ). Hence
from Proposition VIII.16 Iy = T, o f=qoT,of =qoT,opogof=m,0(qo f). This means that 7, is
invertible with inverse 7, := ¢f i.e. f =po(gof)=po(ru)=Tuop= ﬁ . But as we proved it above, the
invertibility of 7, is equivalent to the invertibility of T7,. U]

The next theorem is a Lie-group version of the main result of [47]. This result has various applications
to information theory and optimal transport. See [47] or even [48] for some these applications.

Theorem VIIL.5. Let U be a probability equivalent to v, and let v be the Girsanov shift associated with v
by Theorem VIIL.3. Furthermore, assume that there is a u € Rq (v,V), and let € be the mean square error

of the causal estimates (i.e. € = E, [[u —u|%}]). Then we have :
e=E, [[ulf] —2H (v|p) 2 0

Moreover the following conditions are equivalent :

T, is invertible with inverse T,, (where T, and T\, are given by Definition VIII.3)
e c=0
2H (v|v) = E, Uuﬁ{}

e The stochastic differential equation (6.79) has a unique strong solution which is given by Ty o p.

Proof: From Proposition VIIL.10 and Theorem VIIIL.1, we have 2H (P|v) = E, (||| Hence
2H (Ulv) = E5 [jofi]
= FEr,. UU@I]
= F, [|1) oTu\%I]
= E, [[afx]
< By [lufi]
with equality if and only if v — a.s. U = u, and we also have
¢ = B[l
= E [lul#] - B [Jafk]
B, [Juft] - 2 01)
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moreover € = 0 if and only if & = u v — a.s. and from Theorem VIII.1 this condition is also equivalent

to v —a.s., u = —voT,. Since pu = v it is also equivalent to uop = —vo T, op pu — a.s., and from
Proposition VIIIL.6, it is also equivalent to g — a.s. uop = —v opo 7,. Thus, we obtain
uop+vol,op = wuop+vopoT,

= Ig4+uop+vopor, —Ig
= Tu+vopor,—Ig
= TyoTu—Ig

so that ¢ = 0 if and only if u — a.s. 7, o 7, = Ig. From Proposition VIII.13 we know that this condition is

equivalent to the invertibility of T.,. Proposition VIII.17 achieves the proof. U]

Remark: Let (W =Ch ([07 1] ,”Rd) S FRO(FE) ,p) be the classical Wiener space, let M be a d dimensional
Riemanian Manifold (see [23]), and let W™ be the set of the continuous curves in M which start from a
given mo € M. It is well known that a Brownian motion on M can be built from the canonical Brownian
motion ¢ — Wy on W by the so called rolling without slipping procedure (for instance see [22], [31], or [21]).
This procedure provides an isomorphism Z of probability spaces between (W, u) and (WM M ), where pM
is the Wiener measure on M with the Riemanian connection. Z also preserves the filtrations i.e. Z; generates
the same filtration as t — W;. With other words, Z is both adapted and invertible in the sense that there
is a 77! such that Z7' ™ << p and p—a.s.

T 'oT=1Iw

and pMa.s.
Tol ' =1y

where Iy is the identity map on W, T is called the It6 map and enables to develop processes on the flat
space to W™ while its inverse enables to get anti-developements. This ismorphism of filtered probability
spaces enables to map directly the stochastic integral on W to a stochastic integral with respect to adapted
vector fileds on W™ (see [31], or [33], [9] for an alternative approach). On the other hand, the same
properties imply that quasi invariant flows on (W, u) are canonically associated through Z to quasi invariant
flows on (WM , uM). Hence the representations formula, as well as the variational formula for the relative
entropy can be transported in a straightforward fashion on (WM, uM ) by using the It6 map instead of
Lepingle’s exponential. However, on a Riemanian manifold, we don’t have the Campbel Hausdorf formula,

and the calculus of the transformations analogous to our 7T, may require to use the structural equations.
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