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Abstract

Inthisthesis,wereportthefirstrealisationoftheHong–Ou–Mandelexperimentwithmassive
particlesinmomentumspace.Thismilestoneexperimentwasoriginallyperformedinquantum
optics:twophotonsarrivingsimultaneouslyattheinputportsofa50:50beam-splitteralways
emergetogetherinoneoftheoutputports.Theeffectleadstoareductionofcoincidencecounts
whichtranslatesintoadipwhenparticlesareindistinguishable.

Weperformedtheexperimentwithmetastableheliumatomswherethespecificitiesofthe
Micro-Channel-Platedetectorallowsonetorecoverthemomentumvectorofeachindividual
atom.Afterlistingthenecessarytoolstoperformthisexperimentwithatoms,theexperimental
sequenceisdiscussedandtheresultsarepresented.Inparticularwemeasuredacoincidence
countreductionthatcannotbeexplainedthroughanysimpleclassicalmodel.Thiscorresponds
tothesignatureofatwo-particleinterference,andconfirmsthatouratomicpairsource
producesbeamswhichhavehighlycorrelatedpopulationsandarewellmodematched.This
openstheprospectoftestingBell’sinequalitiesinvolvingmechanicalobservablesofmassive
particles,suchasmomentum,usingmethodsinspiredbyquantumoptics.Italsodemonstrates
anewwaytoproduceandbenchmarktwin-atompairsthatmaybeofinterestforquantum
informationprocessing.

Keywords: Quantumatomoptics —Bose–Einsteincondensate —Four-wave mixing —
Atomicpairs—Opticallattices—Correlations—Single-Atomdetector—Metastablehelium

Résumé

Cettethèsedécritl’observationexpérimentaledel’effetHong-Ou-Mandelavecunesource
atomiqueultra-froide.L’expérienceoriginaleréaliséeen1987parC.K.Hong,Z.Y.OuetL.
Mandelillustredefaçonsimpleuneinterférenceàdeuxparticulesexplicableuniquementpar
lamécaniquequantique:deuxparticulesbosoniquesetindiscernables,arrivantchacunesur
unefaced’entréedifférented’unelamesemi-réfléchissanteressortentensemble. Ceteffetse
traduitparuneréductiondutauxdedétectionencoïncidenceentrelesdeuxvoiesdesortie
quandlesparticulesarriventsimultanémentsurlalame.Cetteexpériencefutoriginalement
réaliséeavecdesphotonsetnousrapportonsicilapremièremiseenoeuvreexpérimentaleavec
desparticulesmassivessepropageantdansl’espacelibre.

Aprèsprésentationdesdifférentestechniquesnécessairesàsaréalisation,nousdécrivons
cetteexpérienceetanalysonslesrésultatsobtenus. Enparticulier,laréductiondutauxde
coïncidenceestsuffisammentfortepourexcluretouteinterprétationclassique;l’observation
deceteffetconstitueunebriquefondamentaledansledomainedel’informationquantique
atomique.

Mots-clé: Optiquequantiqueatomique —CondensatdeBose–Einstein — Mélangeà
quatreondes —Pairesatomiques —Réseauoptique —Corrélations —Détecteuràatome
unique—Héliummétastable
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Introduction

Quantummechanicsoftensoundsabstractorinaccessiblewhentheoreticallydiscussed.Con-
ceptssuchasentanglementandnon-localityhaveforverylongseemedoutofreach.However,
continuoustechnicaladvancesopenthewaytoprobethistheoryinitsmoredeepdetailsand
toconstantlyputitsvaliditytothetest.Therealisationofbenchmarkexperimentsallowedto
trulyunderstandthetheorybehinditandtorealisehowvastandrichisitsfieldofapplications.

Entanglementisprobablyoneofthemostintriguingfeatureofquantummechanics,de-
scribedbyAlbertEinsteinasa"spookyactionatadistance".Thephysicalobjectisaffected
withoutbeingphysicallytouched,contrarilytothecontactdescriptionofinteractionssup-
portedbyearlyclassicalmechanicaltheories. Entanglement,initsmostbasicformulation,
correspondstotwoparticlesgeneratedorinteractingasapairinsuchwaythatthequantum
statedescriptionofeachparticlecannotbedoneindividually,instead,itdescribesthepair.This
means,forinstance,thatifthetwoparticlesaretravellingawayfromeachother,anymeasure-
mentperformedononeofthetwowillimmediatelyaffecttheotherone.ThisledEinstein,
PodolskyandRosentoquestionthecompletenessofquantummechanicsintheirfamous1935’s
paper[1]againsttheCopenhageninterpretation[2].Sincenoinformationcantravelfasterthen
thespeedoflight,thanhowcanaparticleimmediatelyfeeltheeffectoftheother?Arethere
hiddenvariablessharedbybothparticleswhichguaranteethatthetwo"combine"theiranswerat
thebeginningoftheexperiment?Thesequestionsraisedaspiriteddiscussioninthescientific
communitywithBohr[3]andSchrödinger[4,5]defendingthecompletenessofquantumtheory
contrarytothepredictionsofEinstein.Thesequestions,whichstayedforalongtimeinthe
epistemologicaldomain,wereconvertedtoanalgebraicformbyBellintheearly60’s,leading
tothefamousBell’sinequalitiestests[6].Thereforealllocaltheoriesofnaturalphenomena
formulatedwithintheframeworkoflocal-realismmaybetestedusingasingleexperimental
arrangementwhoseresultdiffersfromthepredictionofacompletequantumtheorydescription
[7,8],wherethetwoparticlesareinseparableandtheirdescriptionisnon-local.Sinceboth
descriptionsdonotleadtothesameresults,anexperimentalviolationofoneofthetests,cor-
respondinginmostcasestoanalgebraicinequality,provesthatlocal-realismcannotdescribe
theresultandthatquantummechanicsiscomplete.

Withtheadventofthefirstlaserinthe60’sandthedevelopmentofsinglephotonpairs,
opticsentereddeeplyintherealmofquantummechanics.Itbegantobepossible,viaapumped
radiativeatomiccascade[9–11]orspontaneousparametricdown-conversioninanon-linear
crystals[12,13],toproducecorrelatedsinglepairsofphotons.Thefirstexperimentalprotocols
fortestsofnon-localitywereformulatedinthe70’susingpolarisationdetection[9,14,15]and
thefirstexperimentsperformedjustafewyearslater[8,10,16,17]provingthatquantum
mechanicsisintrinsicallynon-local.Sincethen,testsofBell’sinequalitiesaregettingcloserto
theoriginalparadoxwithtestsonmomentumandphasemeasurements[18],withincreasing
space-likeseparationofthetwoobservers[19]andhigherdetectionefficiency[20,21].

Thisaction"atdistance"isattheheartofseveralrecentdevelopmentsinthetopicofquantum
cryptography[22,23],quantuminformation[24–26]orevenquantumteleportation[27,28].



Introduction

Theflexibilityoftheexperimentalrealisationsandtheincreasingdistancesbetweentheparticles
[29–32]makeusbelievethatthistopicofresearchwillrevolutioniseourfuture.

Almost40yearsafterthefirstlaser,anothertechnologicaljumpledtotheobservationof
thefirstBose–Einsteincondensate(BEC)[33].Thismacroscopicstateofmatterdescribedbya
singlewave-functionopenedthedoortoanincrediblevastfieldofresearchandapplications.
Oneofthemostinterestingfeatureofcoldatomsexperimentsistheabilitytosimulatemany
differentHamiltonian.Allowingus,fromverygeneralassumptions,tofollowtheevolutionof
asystemwiththeadvantageofcontrollingitsdifferentparameters.Thisallowsonetosimulate
thebehaviourofsolidstatephysics,gettingdeeperintheunderstandingofsuperconductivity
[34–36],torealiseanaloguesofcosmologicalobjects[37–39],tostudythelowenergystructureof
mattersuchastheHiggsamplitudemode[40,41],toperforminertialprecisionmeasurements
[42,43]ortogenerateentangledstatesinanalogytowhatisdoneinquantumoptics[44–46],
thelastbeingthemaininterestofourwork.

SincetheBose–Einsteincondensateisamacroscopiccoherentsourceofmatter-waves,asa
laserisinquantumopticsforphotons,itdidnottakelonguntilthefirstatomicpairsexperiments
wereperformed.Fromtheverystrongnon-linearityofthecondensate,duetotheatom-atom
interactions,ithasbeenpossibletocreateatomicpairsviacondensatecollisions[47,48]or
throughdissociationofweaklyboundmoleculesnearamagnetic-fieldFeshbachresonance
[49].Thedomainofbothatomicspinandatomicpairsinmomentumspacehave,inthelast
years,showedpromisingresultswiththemeasurementofsqueezinginmomentumspaceand
spindomain[50–52]andentanglement[53].

OneofthemilestoneexperimentsinquantumopticsistheoneperformedbyHong,Ouand
Mandel[54]in1987.Itcorrespondstoasimpleconceptualexperimentattheoriginofverypure
entangledstateproduction.Theexperimentconsistsoftwophotonsenteringa50:50beam-
splitter,oneineachinputport. Whenbothphotonsareidentical,theirprobabilitiesofexiting
indifferentoutputportscancelledoutduetodestructiveinterferenceeffect.Consequently,one
willalwaysdetectbothphotonsemergingtogetherinoneofthetwooutputports.Theresulting
outputstateisamaximallyentangledstatewhichiswidelyusedinquantumoptics[55,56].On
theotherhand,ifphotonsbecomedistinguishablethedestructiveinterferenceeffectvanishes
andtheoutputstateisnolongerentangled. Withthisexperiment,onecanmeasureaccurately
thecorrelationstrengthofthepair,thesourcebandwidth,pathlengthsandarrivaltimeofthe
twophotonsonthebeam-splitter.Itisalsowidelyusedforlogicaloperationsleading,for
instancetotherealisationofaC-NOTgate[57,58].Outsidequantumoptics,thisexperiment
hasbeenrecentlyrealisedinthemicrowavefrequencydomain[56],withlevitons[59],electrons
[60]andsurfaceplasmons[61,62].Similareffectshavealsobeenobservedwithindependently
preparedsingleatomsourcesinindividualopticaltweezers[63].

Inthismanuscript,wediscusstherealisationofaHong–Ou–Mandelexperimentwithatomic
pairsinmomentumspace,incloseanalogytotheoriginalquantumopticsexperiment[54].
Atomswithdifferentmomentaarerecombinedona50:50atomicbeam-splitterperformedby
Braggdiffraction[43].Viathecorrelationreductionattheoutputports,weidentifythequantum
destructiveinterferenceeffectbetweenidenticalpaths.
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Manuscriptorganisation

Manuscriptorganisation

Themanuscriptisorganisedasfollows:

•Chapter1

AbriefintroductiontotheHong–Ou–Mandeleffect,itsdescriptionandalinktothe
Cauchy–Schwarzinequalitywillbegiven.Thiswillallowustounderstandthefunda-
mentalinterestlyingbehindthisexperimentandhowcanoneuseittodescribethepair
source. Fromthisdiscussion,themostessentialtoolsinordertoadaptthephotonic
experimenttomatter-wavessourceswillbelisted;

•Chapter2

Anoverviewoftheapparatus,beforethisworkstarted,isgiven,pointingoutthedefi-
cienciesthatwerepresent.Thesolutionsadoptedinordertosuppressthoseweakpoints
andhowthisplayedanimportantroleintheexperimentalrealisationoftheatomicHong-
Ou-Mandeleffectwillbediscussed.Amongtheimprovementsmade,wewillgivespecial
attentiontothenewcrosseddipoletrapdesignedfortheexperiment;

•Chapter3

Wedivideourdiscussionontheroleofthedifferentlatticesatplayinourexperiment
intwochapters.Inthischapter,westartbyintroducingthemostbasicconceptsofthe
effectofaperiodicpotentialontheatoms.Sincethepairsareproducedviadynamical
instabilitiesofaBECplacedinamovinglattice,wewillthendiscussthetheorybehindit
andtheexperimentalrealisationofatomicpairsinmomentumspace;

•Chapter4

Thebasictoolstomanipulatetheatomswillbepresentedinthischapter. Wewillfocusour
discussioninhowtoperformanatomic50:50beam-splitterandmirror.Anotherlattice
willbepresentedanddiscussedindetail,thebeam-splitterlattice.Inthischapter,we
willgiveparticularattentiontothetheoryofBraggdiffractionattheheartoftheatomic
mirrorandbeam-splitter;

•Chapter5

Finally,the mainresultofthis manuscriptwillbepresented,namelytheHong–Ou–
Mandelexperimentwithmatterwaves. Wewillshowthatitispossiblewiththeatomic
sourcetorealiseatwo-particleinterferenceandthatnosimpleclassicaltheorycanexplain
ourresult.Theanalysiswillgivedeepinsightsontheatomicsourcepropertiesandhow
itcanbeusedfornon-classicalinterferometricstudies,openingthewaytomorecomplex
testsofquantumnon-localityviatestsofBell’sinequalities;
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Introduction

•AppendixA

Thisappendixcorrespondstothederivationofthespeedofsoundinacondensatefollow-
ingthemethoddescribedinRef.[64].Thisisusefulforsystemslyingintheintermediate
quasi-condensateregime.

•AppendixB

Amoredetailedcalibrationofthecrossed-dipoletrapisgivenwithemphasisonthe
experimentaldeterminationofthetrappingbeamswaists;

•AppendixC

Abriefdescriptionofstimulatedtwo-photonRamanscatteringisgiven.Themostimpor-
tantnumbers,specifically,thedetuningused,theanglebetweenthetwobeamsandthe
transferefficiencyarespecified;

•AppendixD

ThisappendixisacomplementtoChapter5. Wewilldescribethestepstowardsthe
expressionsusedfortheHOM-dipvisibilityandwidth.Aspecialattentionisalsogiven
tothemirroror50:50beam-splitterimperfectionswherewewillshowthattheseimper-
fectionsdonothaveastrongimpactontheHOM-dipvisibility;

•AppendixE

Intheconclusionofthismanuscript,abriefintroductiontoapossibleschemetoperform
thetestofBell’sinequalitiesinmomentumspacewillbediscussed.Thederivationofthe
mainresultsshowninthePerspectivesareheresummarised.
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Manuscriptorganisation

Asasidenote,althoughinthismanuscriptonlytheworkperformedtotherealisationoftheHong–
Ou–Mandelisdiscussed,IwouldliketopointoutthatIalsoparticipatedinotherprojectsduringmyPhD
whoserelatedpublicationsareaddedattheendofthismanuscript.Inparticular,Istronglyparticipated
intwoprojects:

TheacousticanalogtothedynamicalCasimireffectinaBose-Einsteincondensate[39].In
thisproject,wemodulatedthecondensatedensityviathemodulationoftheopticaltrapstiffness,inwhich
thecondensateisobtained.Thismodulationisperformedwithvelocitiesaboveandbelowthespeedof
soundofthecondensate.Thisisequivalenttomodulatingtheindexofrefractionofanopticalcavity
closetothespeedoflight,leadingtothepairwisecreationofphotons[65,66].Thisphenomenonhas
recentlybeenobservedinRef.[67]wherepairsofphotonsinthemicro-wavedomainwereproducedand
two-modesqueezingobservedintheemittedradiation.

Inourexperiment,weobservedtheproductionoftwoatomiccloudswithoppositemomentaand
proved,throughthemeasurementofthecorrelationbetweenthetwoclouds,thattheprocessispairwise.
Wealsostudiedtheresponseofthesystemtothemodulationfrequency. ViaBraggspectroscopy,we
wereabletoshowthattheenergygiventothesystemwassplitbetweenthetwocloudsformingthe
pairinanalogytoparametricdown-conversionforquantumoptics.Therefore,wewereabletoprove
pairwisecreationofparticleswithmomentarangingfromthephononicbranchtotheparticlebranchof
theBogoliubovdispersionrelation.

Thestudyof2ndordercoherenceofSuperradiancefromaBose–Einsteincondensate[68].In
ananisotropicsource,acollectiveemissionbuildsupmoreefficientlyinthedirectionsofhighestoptical
thickness.Forthatreason,inanelongatedBEC,weexciteatomssuchthatanallowedemissiondipole
canradiatealongtheelongatedBECaxis.Superradianceis,therefore,expectedtooccuralongthisaxis,
inthesocalled“endfire”modes[69,70].Justafterbeenreleasedfromthecrosseddipoletrap,theatoms
areexcitedthroughtheapplicationofaveryintenseandclosetoresonance(600MHzdetuned)laser
beam.Theatomsinitiallyinthemj=1stateareequallyscatteredintomj=±1andmj=0.

Wefocusedourstudyintheatomsscatteredtothetwoendfiremodeofthemj=0statecorresponding
toRamansuperradiance[71]. Weobservedthatthesecondorderauto-correlationfunctionreachesa
valuecloseto2.Thisshowsclearlythat,despitestrongamplifiedemissionintheendfiremodes,theatoms
undergoingasuperradiantprocesshavestatisticscomparabletothatofathermalsample.Theselarge
fluctuationscanbesimplyunderstoodbymodellingthesuperradiantemissionasafour-wavemixing
process;theyarisefromthefactthattheemissionistriggeredbyspontaneousemission.Inorderto
confirmthisexplanation,weperformedacoherenttransferofpopulationfromthestatemj=1tomj=0
viastimulatedRamanscattering.Inthiscase,vacuumfluctuationsdonotinitiatethescatteringprocess
andtheresultingmodeoccupationisnotthermalbutcoherentwhichtranslatesintothemeasurementof
avery-nearlyflatsecondordernormalisedauto-correlationfunctionequalto1.
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Allphotonsareequalbutsomephotons
aremoreequalthanothers

TitleofRef.[72]probablyinspiredby
GeorgeOrwell’sbook"AnimalFarm".

TheexperimentofC.K.Hong,Z.Y.Ou,andL.Mandelperformedin1987[54]andwidely
knownastheHong–Ou–Mandel(HOM)experimentisoneofthemostimportantdemonstration
ofquantum mechanics.Inthisexperiment,twophotonsproducedviaparametricdown-
conversionarerecombinedonabeam-splitter.Twophotodiodesplacedattheoutputportsof
thebeam-splitterregistertheoutputsignal.Asynchronisationisthenperformedtocompare
thesignalofbothdetectorsandrecoverthecoincidencecounts,meaningtheprobabilityfor
detectingaphotoninoneofthetwodetectorsattimeintervalt+dtknowingthattheother
photonhadbeendetectedattimetontheotherdetector.

AccordingtoNewtonianparticletheory,forthecaseofnon-interactingparticles,onewould
expecttodetectacoincidencecountforhalfoftherealisationssincethefourcasesillustrated
inFig.1.1areequallyprobable.However,forclassicalindistinguishablewavesaninterference
patternappears.Inthecaseconsideredhere,therelativephaseiskeptundetermined,suchthat
afteraveragingoverNrealisations,theinterferencewashesout.Bylookingatthecoincidence
count,onewouldfindthatforindistinguishablewavesthecoincidencecountisreducedbya
factortwocomparedtothecaseofdistinguishablewaves.Byindistinguishableclassicalwaves
onemeansthattheyhavethesamepolarisation,spatialmode,etc...Forsingleindistinguishable
photons,however,thesameresultdoesnotapply.The1987’sexperimentshowedthatinthis
casethecoincidencecountgoestozeroalthoughtherelativephaseofthetwophotonsis
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Figure1.1:Classicalscenariosfortwoincomingparticles.Schematicrepresentationofallfourcasescorrespondingto
thedifferentpossiblesarrangementsoftwoparticlesarrivingona50:50beam-splitter.Thebluearrowsrepresentthearriving
particles.Case:a)bothparticlesarereflected;b)bothtransmitted;c)andd)onereflectedandtheotheronetransmitted.

Figure1.2:Beam-splitterinputandoutputportsconvention.The50:50beam-splitterisschematicallyrepresented.Two
photonsarriveatthebeam-splitterthroughportsaandbrepresentedbyincidentbluearrows.Theoutputportsaredesigned
bycandd.

completelyrandom.Thismeansthatonewillneverdetectatthesametimeonephotonper
outputportandthatthetwophotonsalwaysemergetogether.Thistwo-photondestructive
interferenceeffectisknownastheHOMeffect[54].

Thischapterisorganisedasfollow.InSection1.1,thebasicunderstandingoftheHOMeffect
willbesummarised.Onewillalsodiscussedthequantumnessoftheeffectandthenecessary
conditionsthattheinputstatemustfulfil.InSection1.2,theconnectionbetweentheHOM-dip
visibilityandtheviolationoftheCauchy-Schwarzinequalitywillbepresentedandexploredin
ordertogeneralisetheinterpretationofthiseffecttoanarbitrarystate.Finally,inSection1.3,the
analogywithatomicpairswillbediscussed,introducingthemajordifficultiesandchallenges
associatedwiththisexperimentandtherequiredtoolstoperformit.

1.1 HOMeffect:basicexplanation

TheHOMexperimentcanhardlybeseenasaninterferometersinceitdoesnotcorrespondto
asituationwhereawaveissplitandrecombinedona50:50beam-splitter,buttoasituation
wheretwoparticles,herephotons,arriveontheinputportsofa50:50beam-splitter. The
easiestexperimentalwaytohavetwophotonsarrivingsimultaneouslyonabeam-splitteris
tocreatethemsimultaneouslyandatequaldistancefromthebeam-splitter.Thisiscommonly
performedinquantumopticsviagenerationofphotonpairswhenanintenselaserbeam,called
pumpbeam,passesthroughanon-linearmedium[13]. Anothermethodconsistsinusing
spontaneousemissionofphotonsfromtrappedatomssuchthatafiniteprobabilityofhaving
twoatomsemittingatthesametimeexists[73].

TheHOMeffectappearsviaareductionofthecoincidencecount. Whichtranslatesinthe
reductionofthecorrelatorĉ†d̂†̂ĉd,where accountsforthequantumaverage.Theoperators
â,̂bcorrespondtotheincomingfieldoperatorsofthebeam-splitterandĉ,d̂totheoutgoing
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HOMeffect:basicexplanation

fieldoperators(seeFig.1.2).Thesimplestwaytocalculatesuchacorrelatoristotransform
theoperatorsandthestatevectorbackintheinputspacebeforethebeam-splitterandtouse
theHeisenbergpicture.Thetransformationmatrixbetweentheoperatorŝc,̂dandâ,̂bcanbe
workedoutfromfirstprinciples,




ĉ

d̂



=Ŝ




â

b̂



.

ThescatteringmatrixŜrepresentsthe50:50beam-splitteroperatorandcanbewrittenas

Ŝ= 1√
2




1 ie−iφS

ieiφS 1



,

withφSaphaseassociatedtothebeam-splitter.
1Itisthenpossibletorewritetheoperators

suchthat

ĉ=
1
√
2
â+ie−iφŜb,

d̂=
1
√
2
b̂+ieiφSâ.

Consideringfirsttheidealcaseofaninputstatewithexactlyonephotonineachchannel,
|1a,1b,oneobtains

|1a,1b =â
†̂b†|0,0→

1

2
ĉ†d̂†|0,0+id̂†d̂†eiφS+ĉ†ĉ†e−iφS |0,0−d̂†ĉ†|0,0 . (1.1)

Oneimmediatelyseesthatd̂†̂c†|0,0andĉ†d̂†|0,0areidenticalbutassociatedwithopposite
phases,suchthatthesumoftheiramplitudesvanishes. Thiscorrespondstoadestructive
interferenceeffect,leadingtoasuppressionofcoincidencecountsbetweentheoutputports
ofthe50:50beam-splitter.ThissuppressionisthemarkingfeatureoftheHOMexperiment.
Pleasenotethatthisresultisonlytrueforidenticalphotons.

Letusconsiderthecaseoftwophotonsarrivingtoabeam-splitterbutwithperpendicular
polarizations,forexamplephotonawithhorizontalpolarization,aH,andbwithverticalpolar-
ization,bV,wherethesubscriptindexstandsforthepolarization.Consequently,afterthe50:50
beam-splitteroneretrieves

|1a,H,1b,V =â
†
Hb̂
†
V|0,0→

1

2
ĉ†Hd̂

†
V|0,0+id̂

†
Hd̂
†
Ve
iφS+ĉ†Hĉ

†
Ve
−iφS |0,0−d̂†Hĉ

†
V|0,0 . (1.2)

andsincetheoutputstatesd̂†
H
ĉ†
V
|0,0and̂c†

H
d̂†
V
|0,0aredifferenttheiramplitudedoesnotsum,

andnodestructiveinterferenceeffectisobserved.Thismeansthatfordistinguishablephotons,
onewillnotmeasureareductionofthecross-correlationorcoincidencecount.

Theoutputstate,forthecaseofindistinguishableparticles,canbewrittenviaEq.(1.1)as

|ψout=
1
√
2
ie−iφS|2c,0d+ie

iφS|0c,2d , (1.3)

1Thisnotationcanseemratherunsualforphotons,butaswewillseelaterinChapter4andinAppendixDitis
wellsuitedfordescribingtheeffectoftheatomicbeam-splitter.Theatomicbeam-splittercorrespondsthentoaπ/2
RabioscillationwithφScorrespondingtotherelativephasebetweenthelaserbeamsformingtheopticallattice.
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Figure1.3:1987Hong–Ou–Mandeldip.Measurement
ofthecoincidencecountreductionasfunctionofthebeam-
splitterdisplacement. Theminimumvaluecorrespondsto
thecaseofperfectindistinguishableparticles.Thesolidline
correspondstothetheoreticalpredictedcurvewhilethedashed
linecorrespondstoanattenuationof0.9ofthefirstcurve.
FigurecopiedfromRef.[54].

Figure1.4: Schematicrepresentationofthe1987’s
Hong–Ou–Mandelexperiment.Twophotonsproducedvia
parametricdown-conversionarepluggedintoa50:50beam-
splitter,afterpassingthroughafrequencyandspatialfilter.
Twophotodiodesregisterthenumberofdetectedphotonson
bothoutputports. Acoincidencecountisthenperformed
afterwards.FigurecopiedfromRef.[54].

whichisamaximallyentangledtwo-photonstate[24].Thecoalescenceeffect,whichtranslates
thetendencyofphotonstoalwaysexittogether,isafeatureofthesymmetryofthewavefunction
associatedtobosons[74].Forfermions,onewouldobtaintheoutputstate|ψout=ĉ

†d̂†|0,0,
correspondingtoamaximumcoincidencecount[75].

TheHOMeffecttranslatesthustoavanishingcoincidencecountwhenparticlesaremade

indistinguishable[76].Thismeansthatthecross-correlatorG
(2)

cd
,definedby

G
(2)

cd
= ĉ†d̂†ĉ̂d, (1.4)

tendstozero.Ontheotherhand,sinceweareconsideringa50:50beam-splitter,theaverage
outputpopulationsarethesame, n̂d = n̂c with n̂c = ĉ

†ĉthenumberofphotonsinthe
outputportcandn̂d = d̂

†d̂thenumberofphotonsintheoutputportd.

Aswehaveseentwoscenariosarethenpossible.Eitherthephotonsareindistinguishable,
meaningthatitisimpossibletoidentifywhichphotonhasbeenreflectedortransmitted,or
theyaredistinguishable,meaningthatonecanknow,viasomequantity,whichparticlehas
beenreflectedortransmitted.Thecrossoverbetweenthesetwoscenariosisresponsiblefor
theHOM-diprepresentedinFig.1.3.Goingfromdistinguishabletoindistinguishableparticles
wasoriginallyperformedbychangingtheopticalpath,thatis,bychangingthepositionofthe
beam-splitter,asitcanbeenseenintheschematicrepresentationoftheoriginalexperiment
showninFig.1.4. Whenthechangeintheopticalpathissuchthatthetwophotonsdonot
overlaponthebeam-splitter,theparticlesaredistinguishable. Ontheotherhand,whenthe
twoparticlesoverlaponthebeam-splittertheirpathsareindistinguishableandoneretrieves
thezerocoincidencecount2asshowninFig.1.3.Otherstrategiescanbeexploitedinorderto
controlthedistinguishabilitybetweenthetwoparticles[72].Forexample,inRefs.[74,77,78],
thepolarizationofthetwoproducedphotonswasusedinordertotunetheirdistinguishability.

Itisimportanttonotethatoriginally,theHOMexperimenthadforgoaltodeterminethe
wavepacketsizeofthephotonswitharesolutionofafewhundredsoffemtoseconds.Thesize
wasdeterminedthroughthewidthofthedipwhichisdirectlylinkedtothecorrelationlength
oftheparticles[54]. WewillseeinChapter5,however,thatthewidthoftheHOM-dipcanalso
beduetothecontributionofthespectralandspatialfilteringprocedure.

2Infact,thecross-correlationdoesnotreachzero.Accordingtotheauthorsthedifferenceisduetoanonperfect
spatialoverlap.
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1.1.1 GeneralisationoftheHOMeffect

Incontrasttotheprevioussituation,inputstatescontainingmorethanonephotonperchan-
nelleadtopartialdestructiveinterferenceand,consequently,toanonvanishingcoincidence
count.Considerthefollowingsituationwhereinsteadofhavingonephotonperinputportone
considerstheinputstate|2a,2b

|ψin=|2a,2b =
â†
2
b̂†
2

2
|0,0.

Applyingthesametransformationasbefore,onefinds

|ψout=−
1

8
e−2iφSd̂†d̂†d̂†d̂†+e2iφSĉ†ĉ†ĉ†ĉ†+2̂c†ĉ†d̂†d̂†|0,0. (1.5)

Oneseesthattheprobabilityofdetectingtwophotonscoincidentlydoesnotvanishandthe
destructiveinterferenceisonlypartial.Thismeansthat,althoughonewillneverdetectatthe
sametimeoneparticleperoutputport,onemaydetecttwoparticlesatthesametimeinboth
outputports. Consequently,thecoincidencecountdoesnotgotozerobutpresentsafinite
value.ThiseffectwasdiscussedindetailinRefs.[79,80].

Thesamecalculationcanbeperformedforatwin-FockstatewithNparticles

|Na,Nb

leadingtoamulti-particle-interferenceeffect.Thestatecanberewrittenas

|ψout=
iN

2NN!
eiφSd̂†

2
+e−iφSĉ†

2N
|0,0.

Theprobabilityofdetectingnparticles,nbeinganevennumber,atoneofthetwooutputports,
asafunctionofthetotalnumberofparticles2Nisequalto

P(n,even)=
1

2N
n

n/2

(N−n)

(N−n)/2
, (1.6)

whiletheprobabilitytodetectanoddnumberinoneofthetwooutputportsisalwayszero,
P(n,odd)=0.

Fig.1.5summarisesthedifferentdistributionsfor2N=2,2N=4and2N=10.Thesituation
with2N=2correspondstothediscussedtwophotoninterference[54,81]. Withincreasing
numberofparticles,2N=10forexample,oneretrievesthecharacteristicU-shapediscussed
inRef.[82].Thisshapeindicatesthatforindistinguishableparticles,whenthetotalnumber
ofparticlesattheinputportsincreases,theprobabilityofdetectingallparticlesinoneofthe
outputportsincreasesalthoughthecoincidencecountdoesnotstrictlyvanishes.Inthecase
ofdistinguishableparticles,theprobabilityofdetectingnbetween2Nparticlesfollowsthe
binomialdistribution,seeFig.1.6a).Onehasanincreasedprobabilityofdetectingtheaveraged
valueofNdueto50%transmissionofthebeam-splitter.Thesedistributionshavebeenrecently
studiedboththeoreticallyandexperimentallywithphotons[82,83].

Inconclusion,inthecaseofindistinguishableparticles,thevarianceofthedistributionsin-
creaseswhencomparedtothedistinguishablecase,seeFig.1.6b).

TheU-shape,however,correspondsonlytotheparticularcaseofaperfectdetection,any
losseswouldtranslateintoanon-vanishingprobabilitytodetectoddnumberofphotons.It
isalsoessentialtobeabletodetectsinglephotonsinordertodifferentiatetheevenfrom
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Figure1.5:U-shapeoftheHOMeffectwithincreasingnumberofparticlesperinputports.Eachcanvasrepresents
theprobabilitytodetectnparticles(P(n))ononeofthetwooutcomeportsforNincomingparticlesperport.Fromlefttoright,
thetotalnumberofincomingparticles2Nincreasesfrom2to10.ForthecaseofN=2,oneretrievestheexpectedannihilation
ofcoincidencecountswhichtranslatesinanullprobabilitytodetectoneparticleperoutputport. Whenthetotalnumber
ofparticlesincreases,althoughforoddnumberonestillhasanullprobability,onestartstodetectevennumbersofparticles
differentfromtheextremecases0or2

P(
n)

n

a)2N=10

n

b)2N=10
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Nwhichmeansthatthecoincidencecounthasacertainfinitevalue.

Figure1.6:Distributionofthenumberofparticlesatoneofthetwooutputportsforbothdistinguishableand
indistinguishable2N=10particles.Redhistogramcorrespondstothebinomialdistributionthatonewouldobtainwithout
interferenceeffect.Thiscorrespondstothecaseofdistinguishableparticles.Inblue,theindistinguishableparticleinterference
distributionfor2N=10particles.Onecanseethattheprobabilityofdetectingevennumbersinoneoftheoutputportsfollow
aU-shapedistribution.

theoddnumber.Furthermore,inthecaseofamultimodesource,theU-shapealsotendsto
vanishasdiscussedinRef.[82–84].InRef.[83],atwin-beamproducedviaparametricdown-
conversionisused.Althoughthetotalphotonnumberineachbeamcanfluctuate,therelative
populationisideallyverywelldefined,indicatingphoton-numbercorrelationsbetweenthe
beams.ThenumberofphotonsperbeamNissetto5×1010photons.Thetwobeamsarethen
filteredbothspatially(performedbythepresenceofapinholeontheincomingbeams)and
spectrally(viaaFabry–Perotinterferometer),beingafterwardsrecombinedona50:50beam-
splitter. MeasurementswithdifferentnumbersofmodesshowthattheU-shapebecomesless
visibleasthenumberofmodesincreases.ThisisrepresentedinFig.1.7foraselectionof1.2
modes,seeFig.1.7a),wheretheU-shapeisvisible.Forhighermodenumber,however,the
shapetendstodisappearasshowninFig.1.7b).Itisalsoimportanttonotethatthefiltering
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Figure1.7:Effectofthenumberofmodesintheoutputportnumberofatomsdistribution.Probabilitydistributions
P(∆)obtainedfortheeffectivenumbersofmodesm=1.2(a))andm=3.4(b)).Oneseesthatwhentheeffectivenumberof
modesincreasestheU-shapetendstodisappear.FigurecopiedfromRef.[83].

Figure1.8:U-shapeobtainedwithclassicalstates. U-shapeobservedforclassicalbeamswiththefluctuationsinthe
relativephaseincreasedartificially.TheprobabilitydistributionP(∆)for:a)thethermalstateandb)thecoherentstatewith
artificiallyrandomisedphase.FigurecopiedfromRef.[83].

procedurelowerstheefficiencyofdetection,sincephotonsarelostintheprocess.Consequently,
theprobabilityofdetectingoddnumbersincreasesandtheeffectislessmarked.

Inthesamearticle,theauthorsshowthatinthissituation,withhighnumberofphotons,
multimodesourceandimperfectdetectionefficiency,classicalstateswithrandomrelative
phasescanreproducethebehaviourofastronglycorrelatedstate,|N,N forexample. The
randomphasebetweenthetwoinputwavesallowstoreplicatetheenhancedrelativephase
uncertaintyofthestate|Na,Nb.

TheinterferometricresultforclassicalstatesisshowninFig.1.8.Boththesituationofa
thermalstate(a)andacoherentstate(b),withrelativerandom-phases,simulatethediscussed
U-shape.Oneconcludesthatinthecaseofmacroscopicpopulationswithimperfectdetection
efficiencyonecannotdistinguishtheresultobtainedforaclassicalstatefromaquantumstate.
Consequently,thisraisesthequestionofwhethertheHOMeffect,withanumberofinput
particlesclosetoone,canalsobereplicatedforaclassicalstate.
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1.1.2 Generalisationforanyinputstate

Asseenpreviously,increasingthenumberofparticlesattheinputportofa50:50beam-splitter
tendstoweakenthedestructiveinterferenceeffect. Althoughthepreviouscalculationswere
basedontwinFockstates,onecangeneralisetheresultwithoutanyassumptionontheincoming
state.

Thecross-correlationbetweenportscanddforthecaseofindistinguishablephotonsor
distinguishableonescanthenbewritten,respectively,as(seethedetaileddemonstrationsin
AppendixD)

G
(2)

cd,Ind.
=
1

4
G
(2)
aa+G

(2)

bb
, (1.7a)

G
(2)

cd,Dis.
=
1

4
G
(2)
aa+G

(2)

bb
+
1

2
G
(2)

ab
, (1.7b)

whereG
(2)
ii
= î†̂i†̂îistandsfortheautocorrelationoftheinputportsi=a,bandG

(2)

ab
= â†̂b†̂âb

forthecross-correlationbetweentheinputportsaandb.Inthecaseoftheinputstate|1a,1b,

G
(2)
aa=G

(2)

bb
=0,

G
(2)

ab
=1,

and,consequently,

G
(2)

cd,Ind.
=0,

G
(2)

cd,Dis.
=
1

2
,

leadingtothecompleteannihilationofcoincidencecountswhentheparticlesareindistin-
guishable. Thisformalismishoweverapplicabletoanyinputstateaswillbediscussedin
Section5.3.

Forthediscussedinputstate|2a,2b,oneimmediatelyseesthat

G
(2)
aa=G

(2)

bb
=2,

G
(2)

ab
=4

so,

G
(2)

cd,Ind.
=1,

G
(2)

cd,Dis.
=3

and,therefore,theindistinguishablecasedoesnotcorrespondtoafullyvanishingcoincidence
count.Thiseffectisrelatedtothevisibility[85]definedas

V̄=1−
G
(2)

cd,Ind.

G
(2)

cd,Dis.

(1.9)

whichforastate|2a,2b isequaltōV=0.66insteadofV̄=1forthetwoparticlecase|1a,1b.
Experimentally,thevisibilitycorrespondstothecontrastofthedippresentonthecoincidence
countasafunctionofτasshowninFig.1.3.Foracoincidencecountevolvingfromafinite
backgroundvaluetozero,thevisibilityreachesthemaximumvalueof1.Fornon-vanishing
minimumvaluesofthecoincidencecountthevisibilitydecreases.
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Parametricdown-conversion

Considertheoutputstateofa2-modeparametricdown-conversionprocess[86]whichisoften
usedinquantumoptics[13]

|ψin=

N

n=0

tanhn(λ)

cosh(λ)
|n,n

whereλisrelatedtotheaveragenumberofparticlesviatherelationn =sinh2(λ). The
autocorrelationandcross-correlationarethenequalto[87]

G
(2)
aa=G

(2)

bb
=2n2, (1.10a)

G
(2)

ab
= n(1+2n), (1.10b)

whichgivesthefollowingresultforthecross-correlationmeasuredontheoutputports

G
(2)

cd,Ind.
= n2, (1.11a)

G
(2)

cd,Dis.
= n22+

1

2n
, (1.11b)

inthecaseofindistinguishableanddistinguishableparticles,respectively. Thisleadstoa
visibilityV̄definedbyEq.(1.9)of

V̄=1−
1

2+ 1
2n

, (1.12)

thattendsto1whenn → 0andto0.5when n → ∞. Thefirstcase,whenn → 0,
correspondstothesituationforwhichitisveryunlikelytohavemorethanoneparticleper
inputport,thatis,tothecaseoftheinputstate|1a,1b. Whennincreases,theprobabilityof
havingmorethanoneparticleperinputportisnolongernegligibleandthevisibilitydecreases
towardstheasymptoticvalueof0.5.

Fig.1.9a)showstheevolutionofthevisibilityV̄asafunctionoftheaveragednumberof
particlesattheinputportsnvaryingbetween0.0and4.0.Oneseesthatastheaveragenumber
increasestowardsn=1thevisibilityreducesrapidly.Atlowpopulation(n<0.4),asshown
intheinsetthevisibilitygoesfrom1.0forn=0to0.75forn=0.2.Thisisduetothefactthat
theprobabilityofhavingmorethanoneparticleperinputportincreasesrapidlyasrepresented
inFig.1.9b)wheretheprobabilityofdetectingnparticlesforanaveragepopulationn

P(n,n)=
tanhnsinh−1

√
n

coshsinh−1
√
n

2

(1.13)

isrepresentedasafunctionofn. Asn increasestheprobabilityofdetectingmorethan
oneparticleisnolongernegligiblewhencomparedtotheoneofdetectingoneparticle.This
israpidlythecase,asshowninFig.1.9b)whereforanaveragepopulationofn =0.2the
probabilityofdetectingtwoparticlesisonlyafactorfourweakerthantheprobabilityof
detectingoneparticle.

Itisnowclearthatincreasingthenumberofparticlesperinputporthasasconsequencea
reductionoftheHOM-dipvisibilitytowardsafinitevalueof0.5. Thismeansthatforthe
caseoftwocorrelatedmacroscopicbeamsofindistinguishableparticles,thecross-correlation
afterpassingthrougha50:50beam-splitteristwicesmallerthanforthecaseofdistinguishable
particles.
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Figure1.9:EvolutionoftheHOM-dipvisibilityasafunctionoftheaveragedpopulation n.a)HOM-dip
visibilityV̄asafunctionoftheaveragedpopulationperinputport n.b)Evolutionoftheprobabilitytofindnparticles
(P(n))inoneoftheinputportasafunctionoftheaveragedpopulationn.Thedistributioncorrespondstotheparametric
down-conversionstate.

1.1.3 Classicalthreshold

AlthoughtheHOMeffecthasbeenpresentedanddescribedsofarasapurequantumeffect,a
naturalquestiontoaskiswhetheritispossibleornottore-interpretthisexperimentthrough
classicalwavearguments.Theanswertothisquestionisyesandno.Yes,becauseitispossible
topredictareductionofthecross-correlationwhenthepathsofourtwoparticlesbecome
indistinguishable.Andno,because,thecontrastinthissituationisboundto0.5.Forclassical
waveswithrandomphasesitisimpossibletomeasureavisibilityabove0.5.Thismeansthata
classicaldescriptiongivesathresholdvalueforthevisibilityabovewhichnosimpleclassical
explanationcanpredicttheresultaswewillsee.

ConsidertwoincomingelectromagneticwavesEaandEbofsameamplitudeE0butdifferent
phases

Ea=E0e
iφa,

Eb=E0e
iφb,

ona50:50beam-splitter.Thetwooutcomingwavescanbewrittenas

Ec=
1
√
2
Ea+ie

−iφSEb ,

Ed=
1
√
2
Eb+ie

iφSEa.

TheintensityatthetwooutputportsIcandIdbecomesthen

Ic=2I0sin
2 φb−φa+φS

2
,

Id=2I0cos
2 φb−φa+φS

2
,

and,consequently,theproductintensityIcIdisequalto

IcId=4I
2
0cos

2 φb−φa

2
sin2

φb−φa

2
=I20sin

2φb−φa+φS .
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Thequestionisthentoknowifitispossible,viaclassicalargumentstoretrieveavanishing
coincidencecount.Sinceclassicalwavesinterfere,itisindeedpossibletoselectanareawhere
theintensityisalwayszero.Then,ifthedetectorisatthispositionthecoincidencecountwould
gotozerowhenthewavesinterfere(indistinguishablewaves)andfinitewhenthewaves
aredistinguishable(orthogonalpolarisationsforexample).Ifnowonechangesrandomlythe
phasebetweenthetwoincomingwavesineachrealisation,theinterferometricpatternwill
moverandomlyand, whereverthedetectorisplaced,onceaveragedoverallrealisations,
thecoincidencecountwillneverbeequaltozero.ForatwinFockstate,however,itiswell
knownthattherelativephasebetweenthetwophotonsiscompletelyundefinedsinceitis
theHeisenbergconjugateoftheparticlenumberdifferencewhoseuncertaintyiszero[88–90].
Consequently,choosingrandomlytherelativephasebetweenthetwoincomingparticlesdoes
notchangeathing.Inthissituation,classicalwaveswouldneverpresentazerocoincidence
countwhileaquantumstate,asatwinFockstate,would.

Averagingtheclassicalwaveinterferenceoverthephasedifferenceφb−φa(φ)leadsto

Idφ= Icφ=I0 (1.14a)

IdIcφ=I
2
0/2, (1.14b)

andtothevisibility

V̄=1−
IdIcφ

IdφIcφ

=0.5.

Inordertorandomisethephase,onecanalsovaryfromrealisationtorealisationthephase
ofthe50:50beam-splitter,φS.Infact,thisiswhatweperformedexperimentallyaswillbe
discussedinChapter5.Thus,thevisibilitycannotexceedthethresholdvalueof0.5meaning
that,viaclassicalarguments,onecannevermeasureV̄>0.5.Infact,thisthresholdof0.5
corresponds,tothebestpossiblesituationforclassicalwavessincepopulationimbalanceatthe
entranceofthebeam-splitterorlossesatthebeam-splitterwouldalwaysleadtoareductionof
theinterferencecontrastand,consequently,of̄V.

Itisimportanttokeepinmindthat,viasimpleclassicalarguments,themaximumprediction
fortheHOM-dipvisibilitycannotexceedthevalueof̄Vthres=0.5.Anyresultabovethislimit
leadstotheconfirmationthatquantumdestructiveinterferenceareatplayandthattheinput
stateisnotaclassicalstate.

1.2 HOM-dipvisibilityandCauchy-Schwarzinequality

Asseenpreviously,inordertoquantifythedestructiveinterferencethevisibilityoftheHOM-
dipcanbeexpressedas

V̄=1−
G
(2)

cd,Ind.

G
(2)

cd,Dis.

whichcombinedwithEq.(1.7)leadstotheexpression

V̄=
2G
(2)

ab

G
(2)
aa+G

(2)

bb
+2G

(2)

ab

. (1.15)
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Figure1.10:Beamaandbsplitbyabeam-splitter,schematicrepresentation.Splittingoftheincomingbeamsaand
binordertodeterminetheirautocorrelation.Beama(blueincomingarrow)issplitona50:50beam-splitter(blacktrace)into
twooutcomingbeamscaandda.Thesameschemeisrepresentedforbeamb.

Fromthisexpression,onedirectlyseesthatifthecross-correlationbetweentheinputparticlesa
andbbecomesmuchstrongerthantheirrespectiveautocorrelationthenthevisibilityincreases
to1. Ontheotherhand,forasourcewithafiniteautocorrelationvalue,meaningthatthe
numberofphotonsperbeamishigherthanone,thevisibilityoftheHOM-dipdecreases.This
comparisonbetweencross-correlationandautocorrelationislinkedtotheCauchy-Schwarz
(CS)inequality[91–93].

TheCSinequalityisubiquitousinmathematicsandphysics[94].Itsutilityrangesfrom
proofsofbasictheoremsinlinearalgebratothederivationoftheHeisenberguncertainty
principle.Initsbasicform,theCSinequalitysimplystatesthattheabsolutevalueoftheinner
productoftwovectorscannotbelargerthantheproductoftheirlengths.Inthepresentsituation,
theinterestoftheCSinequalityisrelatedtothedetectedintensityfieldsofthetwoincoming
photons.Consideringthetwophotonsasclassicalelectromagneticwavestheinequalitywrites
as

IaIb ≤ I2a ·I
2
b
, (1.16)

whereIaandIbcorrespondstotheintensityofthebeamsaandb.InordertomeasureI
2
a,one

cannotjustmeasureIa andtakethevaluetothesquare.Sincenodetectordirectlymeasures
thesquareoftheintensityfield,oneneedstobeingenious.Thesolutionisthentoplacea50:50
beam-splitterinthepathofeachbeamasrepresentedinFig.1.10.Theelectromagneticfieldis
thensplitintotwooutputportscandd.Forthecaseofbeamaonehas

Ia= Ica+Ida

andforbeamb

Ib= Icb+Idb .

Letusfocusonthecaseofbeama(thecalculationsforbeambareidentical).Bymeasuringthe
cross-correlationattheoutputportsIcaIda,whichforaperfect50:50beam-splittercorresponds
to

IcaIda =
1

4
I2a,

onerecoversthevalueofI2a andI
2
b
.Eq.(1.16)canthenbewrittenas

IaIb ≤16Ic,aId,a Ic,bId,b. (1.17)

Inquantummechanics,however,theexpressionoftheCSinequalitychangesslightly.The
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beam-splitter,asdescribedinSection1.1,leadstothefollowingexpressions

ĉ†a=
1
√
2
â†+ie−iφSÔ† , (1.18a)

d̂†a=
1
√
2
ieiφSâ†+Ô† , (1.18b)

withÔ†theHeisenbergoperatorforvacuum.Asbefore,lookingatthequantityn̂cânda with
n̂i= î

†̂i,wherethenumberofatomsistheequivalentoftheintensity,weobtain

n̂c,ând,a=
1

4
â†â†â̂a=

1

4
n̂a(̂na−1)=

1

4
:̂n2a: (1.19a)

n̂c,b̂nd,b =
1

4
b̂†̂b†̂b̂b=

1

4
n̂b(̂nb−1)=

1

4
:̂n2b: (1.19b)

with ::standingforthenormalorderingaverage[95].Thisnon-intuitiveorderingaverage
caneasilybeseenasaconsequenceofthetotalnumberofparticlesconservationafterabeam-
splitter.Inthissense,ifonemeasures1particleofatotalnumberofNparticles,onehasto
detectN−1particlesontheotherport.Thus,theCSinequalitycannowbewrittenas

n̂ânb
2≤ :̂n2a::̂n

2
b:. (1.20)

PleasenotetheimportanceofthenormalorderinginthisnewexpressionoftheCSinequality.
Letusconsiderthecaseofthestateseenearlier,|1a,1b. Forthisparticular,caseonehas
:̂n2a:= :̂n

2
b
:=0whilen̂ânb

2=1.Theinequalitydoesnotholdanymoreandoneviolates
theCSinequality[96].Thisresultsshowsthatforthecaseofstronger-than-classicalcorrelations
theCSinequalityisviolated.Infact,itisimportanttonotethatfordistinguishableparticlesa
violationofsuchinequalitydoesholdinformationonthecorrelationstrength[97].Inthecaseof
indistinguishableparticles,however,theinequalityviolationisonlypossiblefornon-classical
states.

Theexperimentalproductionofsuchstatesiswidelyusedfortestsofquantummechanics
[56,98,99],quantumnetworking[100,101]andquantuminformation[31,32,102]forexample.
TheconnectionbetweentheCSinequalityviolationandthepropertiesofindistinguishability
forentanglementisdiscussedinRef.[103].ItstatesthattheviolationoftheCSinequalitycan
leadtoaproofofentanglementinthecaseofindistinguishableparticles.

TheCSinequalitycanthusbewrittenas

G
(2)

ab
≤ G

(2)
aaG

(2)

bb
. (1.21)

Inordertoeasilyexpresstheviolationofthisinequality,theparameterC

C=
G
(2)

ab

G
(2)
aaG

(2)

bb

(1.22)

correspondingtoacorrelationcoefficientisintroduced.Thisparameterissmallerthanunity
classically,butcanbelargerthanunityforstateswithstronger-than-classicalcorrelations.In
orderwords,C>1indicatesaviolationoftheCSinequality.Theideaisnowtoconnectthis
correlationcoefficientCtotheHOM-dipvisibilitȳV.StartingfromEq.(1.15)onecanexpress
V̄bythegeneralexpression

V̄=
1

1+(δ/C)
(1.23)
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Figure1.11:HOM-visibilityandvisibilitythresholdasafunctionofδandC.a)HOM-dipvisibilitythresholdV̄thres
asafunctionoftheimbalanceparameterδ.Onecanseethatthemaximumvalueissetto0.5sinceδ≥1.Theinsetshows
thethresholdinsidearangeclosetotheonemeasuredexperimentallyinoursystem.b)HOM-dipvisibilityasafunctionofC
forδ=1.Oneseesthatthevisibilitythresholdgoesabove0.5whenC>1andsaturatesat1forC→∞.Theinsetshows
thevalueofV̄forthecorrelationcoefficientCintherangeoftheexperimentalvaluesofC(seeSection3.4.2).Thegrayline
indicatesthethresholdvalueof0.5whilethedashedgraylinesindicatesC=1.

whereδ= G
(2)
aa+G

(2)

bb
2 G

(2)
aaG

(2)

bb
.

ForC=1,whichcorrespondstothemaximumreachablevalueforaclassicalstate,onegets
thethresholdlimitforthevisibility

V̄thres=
1

1+δ
, (1.24)

withδ≥1sinceallthecorrelatorsG(2)havepositivevalues.ThevalueofV̄thresisrepresentedin
Fig.1.11a)asafunctionofδ.Itisshownthatthemaximumvalueof̄VthresisequaltōVthres=0.5,
obtainedforδ=1.Forδ>1thevalueofV̄thresdecreasesandcorrespondstosituationswhere
thetwobeamshavedifferentautocorrelationvalueswhichcanbeexplainedfromimbalanced
populations,backgroundnoise,differentproductionprocesses,etc..

Forδ=1thevisibilitybecomes

V̄=
1

1+1/C
.

AsonecanseeinFig.1.11b),whenCishigherthan1thevisibilitȳVgoesover0.5andreaches
unitywhenC→ ∞,correspondingtoasituationwheretheautocorrelationvalueiszero.
Thismeansthattheprobabilitytofindmorethanonephotonperbeamvanishes.Suchstate
correspondsto|ψ =|1a,1bdiscussedatthebeginningofthischapter.
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WehaveseensofarthattheHOMeffectcorrespondstoadestructiveinterferencewhich
translatestoareductionofthecoincidencecountdependingonthepropertiesoftheinput
state.Thisinterferenceallowstoquantifythenumberofparticlespresentperinputportaswell
asthecorrelationbetweentheparticlesarrivingatthebeam-splitter.TheHOM-dipvisibility

V̄=1−
G
(2)

cd,Ind.

G
(2)

cd,Dis.

canreachthemaximumvalueof1andcannotbeexplainedthroughclassicalwaveinterference
ifV̄ > V̄threswith V̄thresbeingat mostequalto0.5. Thus, weconcludethatdespitethe
fundamentalinterestofperformingtheHOMexperiment,whichisanessentialproofofthe
validityofquantummechanics,thisexperimentisalsoafundamentaltooltodeterminecertain
propertiesofthesourceastheaveragedpopulation,stronger-than-classicalcorrelationsand
indistinguishability.

Theobjectiveoftheworkdoneduringthisprojectwas,basedonthewideexperience
accumulatedinthedomainofquantumoptics,toadaptthephotonicHOMeffecttocoldatom
experimentsandtoperformthesamekindofexperimentsbutwithasourceofcorrelatedatomic
pairs.Forthispurpose,inthenextsectiontherequiredtoolsandexpecteddifficultiestoprobe
thiseffectwithatomsaresummarised.

1.3 HOMexperimentwithatoms:necessarytools

ThemostdifficultparttoimplementtheHOMexperimentwithcoldatomsistheproduction
andcontrolofatomicpairs.Althoughthecoldatomcommunityisobtainingpromisingresults
foratomicpaircreationinbothspindomain[53,104]andmomentumspacedomain[47,48,
52,105],theabilitytoproduceanddetectsinglepairsof matterwavesthatcanbeeasily
manipulatedisstillnotcommon.Theknownexamplesincludethecaseoftrappedions[101]
andatoms[63,106,107].However,inthesecases,particlesarenottravellingapartfromeach
otherandtheinput/outputportsofthe50:50beam-splitterarethesamecontrarytothecaseof
theHOMexperiment.

Thedifficultywithatomicpairsinmomentumspaceliesinthefactthatparticlesaredistin-
guishedbytheirmomentawhicharecontinuousexternaldegreesoffreedom.Smallmodifica-
tionsoftheinitialconditionstranslatesintotheproductionofdifferentpairs.Inotherwords,
contrarytospinsqueezingwheretheparticleiseither↑or↓,inthecaseofmomentumpaircre-
ationtherearenoboundaries.Inthissense,theexperimentalrealisationisverydemandingin
termsofcontrolandstability. WewilldiscussinChapter3theachievedatomicpairproduction
inourexperimentbasedondynamicalinstabilities[105,108].

Anotherquestionthatnaturallyraisesfrominterferencephenomenonwithmatter-wavesis
theroleplayedbyinteractions[109].Incontrasttowhathappenswithphotons,particlescan
interactviacollisionsorinduceddipoleforces.However,whenthenumberofparticlesatplay
islow,astheHOMexperimentsrequires,theroleplayedbyinteractionsisnegligible[109](see
Section5.8).

Alsothedetectionofatomscanbeanissue.Alongthischapter,thediscussionwasalways
basedontheabilitytodetectsingleparticles.Inthatsense,thedomainofcoldatomshavedone
greatimprovementswithsingle-atom-resolvedfluorescenceofatomstrappedinalattice[36,
110–112]orviafluorescentresonantlightsheetlyingunderthecloud[113].Anothertechnique
reliesontheuniquepropertiesofmetastableheliumatomsusedinourexperiment.Thisvery
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stableexcitedstatelies20eVabovethegroundstate. Whenincontactwithametallicsurface,the
internalenergyoftheatomissufficienttoproduceanelectronicburstwhichislateramplified
andrecordedasexplainedinSubsection2.1.2.Thissingleatomdetectiontechniqueisatthe
heartofcorrelationmeasurementinourexperimentfromtheHanburyBrownandTwisseffect
withmatterwaves[114,115]totheviolationofCSinequalityonatomicpairsresultingfrom
Bose–Einsteincondensatecollisions[96].

Finally,thelastdifferencewhencomparedtotheoriginalHOMexperimentstandsfrom
theselectionofbothfrequencyandspatialmodesviapinholesorspectralfiltersandonthe
atomicbeam-splitter.Regardingtheatombeam-splitterthisisawellknowndomainwithavast
literature[116–118].Thefilteringprocedure,however,hasnodirectanalogue. Nevertheless,
onewillseeinChapter5thatinourexperiment,viathe3D-resolutionofthedetector,weare
abletofilterthecontributionofthedifferentmodes.

Inconclusion,inordertoefficientlyobservetheHOMeffectwithmatter-wavesfourmain
toolsneedtobeatourdisposal:

•asingleatomdetector;

•asourceofatomicpairswithstronger-than-classicalcorrelations(C>1);

•acoherentatomic50:50beam-splitter;

•afilteringprocedureinordertoguaranteeindistinguishabilitybetweenparticles.

Inthenextchapters,wewilldiscussindetailsthesekeytools.
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JRandRLinthelab...

InChapter1,fourfundamentalblockswerelistedinordertoexperimentallyaccomplish
theHOMexperimentwithatoms. Eachblockwillbediscussedinmoredetailinthenext
chapters.Inthischapter,wewillgiveanoutlineoftheexperimentalapparatus,pointingout
itsdeficienciesatthebeginningofthisprojectandhowwesolvedthem.

Thechapterisorganisedasfollow.InSection2.1,westartbyreviewingsomeofthemost
fundamentalprotocolsoftheexperiment. Abriefoverviewofthestatusoftheapparatus
whenthisworkstartedisgiven,indicatingthepointsthatweremissingornotadaptedtothe
realisationoftheatomicHOMexperiment.InSection2.2,theexperimentalrealisationofa
metastableheliumBEC,withhigherfocusonthenewdipoletrapconfigurationimplemented
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duringthisthesis,ispresentedandtheactualBECconditionsaresummarised,pointingoutthe
improvementsmadeandtheirsignificanceforpresentandfutureexperiments.

2.1 Statusoftheexperimentinthebeginningoftheproject

ThemetastableheliumexperimentattheInstitutd’Optiqueisoneoftheoldestcoldatoms
experimentswherethefirstBECofmetastablehelium4wasobtainedin2001byA.Robertetal.
[119].Thisset-upisattheoriginofmanydifferentimportantresultsinthedomainofquantum
atomopticssuchastheHanburyBrownandTwisseffectwithatoms[114,120,121],atomic
pairssourcesinmomentumspace[48,51,108],superradiance[68],dynamicalCasimireffect
withmatterwaves[39],andmorerecentlytheatomicHOMeffect[122].

Thismanuscriptisfocusedontheworkcarriedbetweentheyears2011and2014.During
thistimetheatomicHOMexperimentandtheatomicanaloguetothedynamicalCasimireffect,
alongsidewiththestudyofsuperradiance,wereperformed.Theresultspresentedinthisthesis
areaconsequencenotonlyofnewimprovementsdoneontheexistingset-upbutalsoallthe
workdonebypreviousresearcherssince1996.Thegoalofthissectionistosummarisethemain
characteristicsoftheapparatus,atthebeginningofthisthesis,anditsoperatingprocedure.

2.1.1 Metastablehelium

Thereasonforhelium4notbeingcooledinitsfundamentalstateliesinthefactthattheinternal
statecannotbemagneticallytrappedsinceithasnoglobalspinandthattheclosestexcitedstate
is19.8eVaboveit(seeFig.2.1).Thishugedifferenceofenergycorrespondstoawavelengthof
50nmthatisdifficulttoaddressexperimentally.Sincemostcoldatomtechniquesarebasedon
light-matterinteractions[123,124]itisthenabadcandidatetobecooled.

Ontheotherhand,the23S1metastablestatehasaspininducedmagneticdipolemoment
thatallowsonetotrapitmagneticallyandpresentsaccessibleopticaltransitionsat1.08µm
and389nmasrepresentedinFig.2.1.Forthesereasons,themetastablestate23S1isagood
candidatetobetrappedandcooled,makingHeliumoneofthefewnon-alkaliatomstohave
beencondensed[119,125–132].InTable2.1themostimportantvaluesofthemetastablehelium
4aresummarised.

Oneoftheparticularitiesofthismetastableatomisitsinternalenergy.Eachtrappedatom
hasaninternalenergyof19.8eVwhichislargecomparedtotheenergyscaleofsuchsystems
(therecoilenergybeingequaltoErec=10

−11eV).Thisisthemostimportantreasonwhywe
areworkingwiththisatom. Whenithitsametallicplateitsenergyissufficienttoreleasean
electronsincetheelectronbindingenergyofmostmetals(workfunction)isequaltoafeweV.
Thiselectroncanbeamplifiedleadingtoamacroscopicelectronicsignal.Experimentallythisis
performedbylettingtheatomsfalltowardsamicro-channel-plateattheendoftheexperimental
sequencewhichallowsustodetecteachatomindividually.

Anotherimportantcharacteristicofheliumatomisitslowmass.Thisimpliesthattherecoil
velocityallowsonetoresolveefficientlythemomentumdistributionofscatteredatoms.This
willbeanimportantfeaturetodistinguishtheatomicpairsfromtheinitialBECsourceandwe
willcomebacktothispointlater.
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Figure2.1:Helium4atomicstructure.Energylevelrepresentationofthefirstexcitedstatesofheliumatom.Themetastable
state23S1isrepresented19.8eVabovethefundamentallevelandtheopticaltransitionswiththeexcitedstate2

3P0,1,2usedfor
coolingandmanipulatethemetastablestatearerepresented.

Opticaltransitions

Twoopticaltransitionshavetobeconsidered(seeFig.2.1),

•theP2line,correspondingtothetransitionbetween2
3S1→ 2

3P2, whichisusedfor
allcoolingmechanisms,namelyforthemagneto-optical-trap(MOT),opticalmolasses,
Zeemanslower,re-pumpingand1DDopplercooling(seeSubsection2.1.3);

•andtheP0line,correspondingto2
3S1→2

3P0transition,throughwhichthebeam-splitter
andtheRamantransferareperformed(seeChapter4andAppendixCformoredetails).

ToaddressthesetwotransitionstwoDBRlaserdiodes[136]areusedontheexperiment,
onelocked,bysaturationabsorption,ontheP2transitionandanotheronelockedontheP0
transition.

2.1.2 TheMicro-Channel-Plate:He*detector

MoredetailsontheMicro-Channel-PlatedetectorcanbefoundinthethesisofLynnHoender-
vangerRef.[137]andRef.[138].

TheMicro-Channel-Plate(MCP),showninFig.2.2,correspondstothebestsuitedmetastable
heliumdetectorforcoldatomsexperiments.Itoperatesinthesamewayasaphotomultiplier
doesforphotons: whenametastableheliumatomhitsthemetallicplate,itsinternalenergy
issufficienttoextractatleastoneelectronfromtheplatewhichislateramplifiedthroughthe
channel(seeschemeofFig.2.2a)).Inordertoincreasetheelectronicsignal,twoplatesareplaced
onebehindtheotherwhichallowsustomultiplythefluxbyafactor107.Sincethepressure
inthesciencechamberisverylow(P≤10−10mbar)theprobabilityofdetectinganythingelse
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Figure2.2: Representationofthe
Micro-Channel-Plate. a)Schematicrep-
resentationofthemechanismofthechannel
platedetector.Theatomhitsthechanneland
releasesafewelectrons.Duetoahighvolt-
agedifferencebetweentheedgesofthemetal-
lictube,theelectronsignalisamplifiedand
correspondsattheendofthetubetoamacro-
scopicelectronbursteasilydetectable.b)The
plateisshowninitsmountwiththedelay
lineslayingbeneaththeMCP.TheMCPcor-
respondstohundredsoftubesastheonede-
scribedina)withaseparationbetweeneach
of5µm.Thetubesdrawanangleof7◦along
theverticaldirectionandhaveaneffectivedi-
ameterof25µm.Thisangleisresponsible
fortheverticalresolution.Twoatomsarriv-
ingatthesametimebutseparatedbyless
than25µmproducetwoidenticalelectron
burstandcannotbedistinguish.Thisleads
toaverticalresolutionof150µm,fullwidth
athalf-maximum

Figure2.3: Delaylineschematicrepresentation.TheelectronburstcomingfromtheMCPfallstothedelayline.The
electricsignalpropagatesthenalongthelineinbothdirections.Twodetectorsattheendsofthelinesregisterthearrivalstime
ofbothsignals.Acomparisonisperformedbetweentherecordedtimesofthetwodetectors.Knowingthelengthoftheline
andthepropagationvelocityalongit,oneinfersthepositionoftheelectronburstand,asaconsequence,oftheatomsonthe
MCP.Theprecisiononthepositionoftheatomislimitedbythefinitewidthoftheelectronicsignal.Thisisresponsiblefor
thetransverseresolutionofourdetectorof400µm,fullwidthathalf-maximum.Twoperpendiculardelaylinesarethenplaced
belowtheMCP,inordertodeterminebothcomponentsonthehorizontalplane.Thedelaylinesdoseveralloopsinorderto
completelymaptheareabeneaththeMCP.Thisallows,withthearrivaltime,toreconstructthepositionoftheatominallthree
directionsofspace.
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Quantity Symbol Value

Lifetimeofthe23S1metastablestate[133] 7870(510)seconds

Mass mHe 6.65×10−27kg

Wavelengthofthetransition(23S1→2
3P2) λrec 1083nm

Radiativedecayrate Γ 2π×1.62MHz

Saturationintensity Isat 1.6W/m2

Scatteringlengthforthes-wave(seeRef.[134,135]) a11 7.512×10−9m

Recoilmomentum krec=
2π
λrec

5.8×106m−1

Recoilvelocity vrec=
vrec
mHe

9.2cm/s

Recoilenergy Erec=
2k2rec
2mHe

2.8×10−29J

Recoiltemperature Trec=
Erec
kB

2.06µK

Table2.1:Mainvaluesofmetastablehelium4. Summaryofthemostimportantvaluesassociatedtothemetastable
helium4atom.

thansinglemetastableatomsisnegligible[139].Thistechniqueallowsustodetectindependent
singleatomsandavoidsanydoublecounting.Indeed,oncetheinternalenergyoftheatomhas
beentransferredintoanelectronbursttheprobabilityforthesameatomtoproduceanother
electronburstisnegligible. However,thedetectionefficiencyofthisprocessisquitereduced
sincenotallatomssucceedinextractinganelectron.Fromourmostrecentexperimentalresults,
weestimatethedetectionefficiencytobeatleastequalto25(5)%[68,122](seeSection3.4.2).

Sincetheelectronpropagationtimeisreduced,shorterthanananosecond,thearrival
timemeasurementoftheelectronburstreflectsdirectlythearrivaltimeoftheatom.Inour
experiment,thedetectorlays46cmbelowtheatomiccloudandsoweareessentiallysensitive
totheinitialspeedoftheatomor,asinthecaseofacondensate,tothevelocityoftheatoms
aftertheconversionoftheinteractionpotentialintokineticenergyhasbeendone.

Forthecaseofaveryelongatedcondensatewithlongaxisalongtheverticalzdirection,which
wasthecaseforacondensateobtainedintheverticaltrapalone,however,thisisuntrue.The
time-of-flightisnotsufficientlylongtoneglecttheinitialsizeofthecondensate.Consequently,
thearrivaltimeofeachatomisgivenbyitsinitialspeedandpositionalongthecondensate
[140].Thisanisotropyofthecloudhas,sincethen,changedwiththeadditionofanhorizontal
trap(seeSection2.2).Thetimedifferenceduetothefinitesizeofthecloudisnowcurrently
around34µsandliesbelowtheverticalresolutionofthedetectoraswewillseelateron.For
thecaseoftheatomicpairs,aswewillsee,thearrivaltimereflectsonlytheirinitialspeed(see
Section3.3).

Bymeasuringthearrivaltimeoftheatoms,onerecoverstheinitialvelocityofeachdetected
atomalongtheverticalz−axis.Fortheothertwotransversecomponentsofthevelocityvector,
itisimpossible,fromtheMCPsignalalone,todeterminetheircomponents.Inordertofully
describethevelocityvector,itisthennecessarytoaddtwodelaylines.
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Delaylines

Adelaylinecorrespondstoametallic,transmissionlinewithawelldefinedlength.Itisplaced
underthe MCPanditsfunctionalityisthefollowing. Theelectronburstproducedbythe
atomcomesoutofthechannelandfallsonthemetalliclinewhichlaysbelowtheMCP.The
electronspropagatealongthelineonbothdirectionsataspeedv≈c/3,withcthespeedof
light.Bymeasuringthearrivaltimeofbothpulsesoneachendofthelineonecan,knowing
thetotallengthoftheline,recoverthepositionoftheatomalongthisdirection(seeFig.2.3for
aschematicrepresentationoftheprocess).Ifnowoneplacestwoofthoselinesperpendicular
toeachother,itbecomespossibletogetthecoordinatesofeachatomonthehorizontalplan.
Combinedwiththearrivaltimemeasurement,oneisabletofullyreconstructthevelocityvector
ofeachdetectedindividualatom.Thepulsesareconvertedintodigital(binary)outputthrough
aTimetoDigitalConverter(TDC)tobelateranalysed(seeRef.[139]formoredetails).

Detectorresolution

Theresolutionofthedetectorismainlydeterminedbygeometricalandelectronicfeatures.
Transverselytheresolutionislimitedbythespreadoftheelectronburstwhichisapproxima-
tivelyequalto400µm,whileverticallythedominantlimitationisduetotheinclination(7-8◦)
ofthechannelsandleadstoadetectorresolutionof150µm(foradetaileddescriptionsee
Ref.[141]).

Convertedintospeed,thiscorrespondstoaresolutionof1.3×10−3m/sor1.4×10−2vrecalong
thetransversedirectionandof4.6×10−4m/sor5×10−3vreclongitudinally.

Detectorsaturation

Whenthefluxofincidentatomsishigh,asforthecaseofaBEC,alocalsaturationofthedetector
isnoticeable.1Anasymmetricarrivaltimedistributionisthenvisible(seeFig.2.7forinstance).
Thisasymmetrycanbedueto[142]:

•Localsaturation

Thesaturationcorrespondstoamassiveextractionofelectronsfromthewallsofthe
channelsthathaveacertainloadingtime.Ifmanyatomsarriveatthesametimethen
thefirstonesarenormallydetectedwhilethelatestaremorelikelymissed.Thiskind
ofphenomenontranslatestoanasymmetricshapeofthearrivaltimedistribution.This
usuallyhappensforalocalfluxof105atom/cm2/s.

•Electronicsaturation

Theconsecutivesignaltreatmentinducesadeadtimeofapproximatively20ns.Iftwo
atomsarrivewithatimedifferenceshorterthanthisvalue,theycannotproducetwodis-
tinguishableelectronburstand,consequently,oneofthetwoismissed.Thiscorresponds
thentoamaximumtemporalfluxof1/20ns=5×107atoms/s. However,thisvalueis
alsolimitedbythemaximumfluxoftheelectronicswhichsaturatesat5×106atoms/s.

•Reconstructionsaturation

Duringthereconstructionalgorithmsusedtotransformthefourelectronicsignals,cor-
respondingtothefouroutputsofthetwodelaylines,intoa3Dcoordinateofonesingle

1Consequently,noinformationcanbesortedoutfromthedensityprofileoftheBEC.Thiswillbediscussedin
Section2.2.
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atomaselectionisperformed.Iftheatomfluxincreasesstronglythenitbecomesdifficult
todifferentiatethefoursinceeachelectronbursthasafinitewidth.Itisthenimpossi-
bletoreconstructeachatomindividually[139].Thistranslatesintoadipcentredatthe
maximumintensityofthecloud.

Detectionefficiency

Withthepairproductionsystem,discussedalongthismanuscript,asub-shotnoisevariance
hasbeenmeasured.Consideringthattheproducedpairsaremaximallycorrelatedandthatthe
variancegoestozero(seeSection3.4.2andRef.[51]formoredetails)weestimatethedetection
efficiencytobehigherthan25(5)%.However,noupperboundhasbeenestimatedyet.

2.1.3 Coolingprotocol

Heliumsource

ThefirststepinordertocreateaBECofmetastableheliumistotransfersomeheliumatomsto
the23S1excitedstate.AsshowninFig.2.1,themetastablestatehasaninternalenergyof19.8eV
correspondingtoawavelengthofapproximatively50nm.Althoughonecannotaddressthis
transitionoptically,itispossibletoexciteatomsinaveryeasyanddirtywaybylettingthe
atomspassthroughahighelectricpotentialdifference.Aplasmaisthencreatedwithallkind
ofexcitedstatesandionisedparticles[143,144]. Averyweakfraction(≤10−2%)ofatoms
aretransferredtothe23S1metastablestatewhichcanbeaddressedopticallyusinglaserbeams
withwavelengthof1083nm[124].Afterthiselectricdischarge,theatomsmovefastonallthree
axis.

Onewouldthenliketocollimatetheproducedmetastableatomsinordertodirecttheminto
atrapwheretheycouldbeeffectivelycooleddown.Forthispurpose,fourlaserbeamscreate
theequivalentofalensforatomsviatransversemolassesandcollimatetheatomicbeam[136,
145].Thistechniqueallowsusnotonlytocapturetheatomsbuttokeeponlytheoneslying
onthemetastablestate.Thelongitudinalvelocityislimitedbycoolingthedischargestructure,
representedinFig.2.4by(b),withliquidnitrogendownto77K.However,afterthisprocedure
theatomsarestillmovingwithaspeedof1500m/salongtheaxisofpropagation.Inorderto
loadthemagnetic-optical-trap,onestillneedstostronglyreducetheirspeed.

Zeemanslower

A3mlongZeemanslowerisused[124,136]. ThelengthoftheZeemanslower,whichis
acharacteristicofallmetastableHeliumexperiments,isduetotheverylonglifetimeofthe
excitedstate23P2whichcorrespondstoτ=1/Γ=0.1µs.Sincetherecoilvelocity,givenbythe
absorptionofaphoton,isapproximativelyequalto0.1m/sandknowingthattheinitialspeed
isequalto1500m/sthen,itisnecessaryforeachatomtoperform15000cyclesofabsorption-
emissiontoslowdowntozero. Thetypicaltimeis1.5mswhichcorrespondstoadistance
travelledofapproximatively3m.Thelaserbeamresponsibleforthecyclingprocessisdetuned
400MHztotheredofthetransitionandaspatiallyvaryingmagneticfieldcompensatesthe
Dopplershiftalongthedistance[124].

39



ExperimentalrequisitestowardstheHOMexperiment:BEC-stability

Figure2.4: Sourceofmetastableheliumatoms.Aconstantfluxofheliumatomsissenttowardsametallicneedle
connectedtoa3kVpowersupply.Aplasmatakesplacebetweentheneedleandtheconeinfrontofitconnectedtotheground.
Thecontainerrepresentedin(b)iscooleddownbyliquidnitrogenduringthisphaseinordertoreducetheatomiclongitudinal
speed. Atransversemolassesisthenappliedinordertoreducethetransversalspreadingofthemetastableheliumatoms
allowingtoeffectivelyloadaMOTlocatedattheendofa3mlongZeemanslower.

Magnetictrap

TheZeemanslowerloadsdirectlyamagneto-opticaltrap(MOT)withafluxof108−109at/s
whichsaturatesafter2s.TheMOTbeamscorrespondtoasetofthreepairsoflaserbeamswith
polarizationσ+,fortwoofthepairs,andσ−fortheotherpair.Thesixbeamsaredetunedby
56MHztotheredofthetransition.

Upto108metastableHelium4atomswithanapproximatetemperatureof300µKarethen
loadedinaIoffre-Pritchardlikemagnetictrapwhereanopticalpumpingphaseisperformed
[136]. A1DDopplercoolingstageisalsoperformedinthemagnetictrapwhereaclose-to-
resonancelow-intensitylaserbeamisappliedontheatomsfor6s[146].Thecloudtemperature
isthenequalto150µK. Themagnetictrapisafterwardscompressedinordertoincrease
theclouddensityandtheatomsarecooledviaevaporativecoolingbyradiofrequency(RF)
coupling[147].TheRFisrampedbetween30to6.2MHzin6s,knowingthatthebiasfield
liesat5.5MHz. Attheendofthisstage,upto5×106metastableheliumatomsaretrapped
andcooledatatemperatureofapproximatively15µK. Theevaporationcanbecontinued
untilcondensationisreached,whichwastheprocedurethatallowedthefirstobservationof
metastableheliumcondensatein2001[119]. Nevertheless,duetothepresenceofmagnetic
instabilities,thebiasfieldfluctuatesbetweensuccessiveexperimentalcycles.Thisleadstoan
instabilityontheevaporationprocessand,asaconsequence,onthetotalnumberofatoms
presentintheBEC[148].Inordertoavoidtheseinstabilitiestheatomsarenowtransferredto
averticaldipoletrapsincetheyear2010[149,150].

2.1.4 Verticaldipoletrap

Inordertocreateanattractiveorrepulsivepotentialvialight-matterinteractiononecantake
advantageoftheinduceddipoleoftheelectromagneticfield[151](seeAppendixBformore
details). Theopticalverticaldipoletrap,whoseopticalbenchisrepresentedinFig.2.5,is
formedfromasinglefar-detuned1.5-µm-wavelengthlaser,fromIPGcompany.Thevertical
dipoletrapcorrespondstoalaserbeamfocusedtoawaistw0=43µm.Theinduceddipole

40

http://www.ipgphotonics.com/products_15_micron_lasers_cw_elr-lp_series.htm


Statusoftheexperimentinthebeginningoftheproject

Figure2.5: Pictureoftheopticalbenchoftheverticaldipoletrap.Thisopticalbenchissuspendedinthevertical
positionabovethesciencechamber.FigurecopiedfromRef.[150].

potentialplusgravitycanthenbewrittenas
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,

withΓ=2π×1.6MHzcorrespondingtotheradiativedecayrateofthetransition23S1→2
3P2,

ω0thefrequencyofthetransition,ωdipthefrequencyoftheelectromagneticfield,wvertthewaist

oftheverticalbeam,zvert= πw
2
vert λdiptheverticalbeamRayleighlengthandz0=2.3mm

thecentralpositionoftheverticalwaist.

TheintensityisrampeduptoafullpowerofP≈1.5Winapproximately1s.Themagnetic
trapisthenswitchedoffinatimescaleontheorderof100µsandabiasmagneticfieldB0=3G
isappliedinthehorizontaldirectioninordertomaintainthepolarisationoftheatoms.Atfull
power,thetrapprovidesapotentialdepthof50µK.However,sincethebeampropagatesalong
theverticaldirection(z−axis)duetogravityaneffectivelipisformedatthebottomofthevertical
potential[149].Theheightofthelipdefinestheeffectivedepthofthepotentialanddepends
stronglyontheopticalpower.Typicallyupto1−3×105atomsaretransferredinthispotential
withatemperature,afterthermalisationofthecloud,of3µK.Thetypicallifetimeofatomsin
thesub-levelstatemj=+1isthenof22s.Atfullpower,thetypicaltrappingfrequenciesare
ω⊥=2π×2.4kHzandωz=2π×15Hz.Furthercoolingisachievedbyevaporationasthetrap
laserintensityIisdecreasingfromitsmaximumvalue,I0,toaconstantnonzerovalue,IF,in
anexponentialwayoverapproximatively4sas

I(t)=(I0−IF)e
(−t/τev)+IF,

wherethetimeconstantτev=1s. Afterevaporation,acondensatewithupto3×10
4atoms

isobtainedwitharemainingthermalfractionontheorderof5%atatemperatureTtherm=
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Figure2.6: Schematicrepresentationofavertical
trapBECtime-of-flight.Theexpansionofthecondensate
obtainedinaverticaldipoletrapisschematicallyrepresented.
FigurecopiedfromRef.[150
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Figure2.7:Typicalarrivaltimedistributionofacon-
densanteobtainedintheverticaldipoletrap.Thecon-
densatearrivaltimedistributionpresentsahalf-widthathalf-
maximumof0.08msandaresidualthermalcloudattemper-
atureof200µK.Thecentraldipinthedensityprofileisdue
tosaturationofthedetector(seeSubsection2.1.2formore
information).t0correspondstothecentralarrivaltimeand
isequalto308ms.

300nK.ThecondensatehasthenaveryelongatedshapewithaverticalThomas-Fermiradius
ofL=400µmandatransverseradiusofR=4µm,seeSubsection2.2.2.Thetypicaltrapping
frequenciesarethen,attheendoftheevaporation,equaltoω⊥=2π×1.3kHzandωz=2π×7Hz.
Thetypicalcriticaltemperatureisaround600nK. Oncethetrappingbeamsareswitchedoff,
theatomsfalltotheMCPdetector,located46cmbelowthetrappingregion.Theexpansion
ofthecloudisschematicallyrepresentedinFig.2.6.Thedetectioncorrespondstoaverylong
time-of-flight(308ms)allowingustoreconstructtheinitialspeedoftheatoms.Atypicaltime-
of-flightdensitydistributionprofile,alongtheverticalaxis,isrepresentedinFig.2.7.Thehole
inthedistributionandtheanisotropicshapeareduetothesaturationofthedetector.

Theverticaldipoletrapallowedtheexperimenttogainstabilityoverdensityandtemper-
ature. However,anarrivaltimefluctuationoftheBECobtainedintheverticaldipoletrapis
noticeableandattributedtotheverticalopticalbenchstability.Inordertoimprovetheexperi-
mentalstabilityahorizontaldipoletrapwasaddedtotheset-up.Thisiswidelydiscussedon
Section2.2andcorrespondstooneoftheadditionstotheexperimentalapparatusduringthis
thesis.

2.1.5 The1Dopticallattice

Theexistinglattice,atthebeginningofthiswork,wasformedbytwocounter-propagating
laserbeamswithwavelengthofλlat=1064nm(detuned19nmfromresonance)comingfrom
aMephistolasersplitintwoindependentopticalpaths.Bothbeamswerefocusedtoa1/e2

Gaussianbeamwaistradiusof200µm.Thetwobeamswerecounterpropagatingandforming
anangleof7◦withrespecttotheverticalaxis.Thisangleisduetotherestrictedopticalaxisof
oursciencechamberanddeterminedbythepositionofthefourwindowsrepresentedbythe
lettersW1,2,3,4inFig.2.8.Theusualopticalpoweris13mWcorrespondingtoalatticedepthof
0.8ElatwithElatdefinedby

Elat=
2k2
lat

2mHe
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Statusoftheexperimentinthebeginningoftheproject

Figure2.8:Latticealignmentgeometry.Beforeandafterthisproject.Thelatticeisnowalignedwiththeverticalaxis
andsuperposedwiththeverticaldipoletrapdefiningthelongaxisofthecondensate.

and

klat=
2π

λlat
.

Thelatticedepthcan,however,betuneduptoamaximumvalueof4Elat.Aswewillseelater
on,weareinterestedinworkingwithveryshallowlatticesforthepaircreationprocess.

Sincethetwobeamsareindependent,onecanchangetheirrespectivefrequencyand,asa
consequence,changethelatticespeed.Thisisusedtogiveacertainvelocitytothelatticeand
tocreateatompairsviadynamicalinstabilities.

Oneparticularchangethathasbeendoneduringthisprojectisthegeometricalalignmentof
thelattice.Sincebothbeamsmadeanangleof7◦withrespecttotheverticalz−axis,thelattice
wasalsomakinganangleof7◦withrespecttotheverticaldirection,seeFig.2.8leftside.This
smallanglehadanoticeableeffectonthepaircreationprocessaswewillseeinSection3.3.
Thelatticebeamsarenowforminganangleof70and−70whichleadstoa1Dopticallattice
alignedalongthez−axis,seeFig.2.8rightpanel.

2.1.6 Summary

ThecharacteristicvaluesdiscussedsofararesummariseinTables2.2and2.3.

Wehaveshownthatseveraldifferenttoolswereatdisposalatthebeginningofthisproject.
However,therewerestillsomeissuestoaddress,namely:

•theverticaldipoletrapstability

•andthegeometricalalignmentofthe1Dopticallattice.

Thebeam-splitter,essentialfortheHOMexperiment,wasnotbuilt.Inthissense,alotof
experimentalworkwasneededbeforehoppingtoachievetheatomicHOMexperiment.The
followingsectionsdescribeindetailsallthischangesandtheirimpactsonthephysicsatplay.
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Step Temperature(µK) Numberofatoms

MOT+Molasses 300 108

Magnetictrap+opticalpumping+1D
Dopplercooling

150 1−5×107

RFevaporativecooling 15 5×106

Dipoletrap(loading) 3 1×105

BEC(verticaltrap) 3−6×104

Residualthermalcloud 0.3 103

Table2.2: Characteristictemperatureandatomnumberalongthecurrentexperimentalcycle. Summaryofthe
temperatureandnumberofatomsalongthedifferentstepsofthetypicalcyclingprocedure.

Geometrical
Details

Waist(µm)
Maximum
Power(mW)

Axisof
propagation

Wavelength
(nm)

43 2000 verticalz−axis 1550

BEC ω⊥(2π×Hz) ωz(2π×Hz)
Numberof
Atoms

Anisotropy
(L/R)

1550 7 3−6×104 100

Table2.3: TypicalvaluesoftheBECintheverticaldipoletrap. Wesummariseinthistablethemostimportant
informationabouttheverticaldipoletrapandtheobtainedBEC.

2.2 Bose–EinsteincondensateofmetastableHelium

ABose–EinsteincondensateisastateofmatterofadiluteBosegasobtainedwhenalarge
fractionofbosonsoccupythelowestenergeticquantumstate[147,152].Suchastateisreached
bycoolingdownthegasaswellasincreasingitsdensityleadingtoanincreaseofitsphase-space
density.Fora3Dgas,whennλ3

dB
>2.6,wherenandλdBcorrespondtothedensityandthe

thermaldeBrogliewavelengthrespectively,aBECisobtained[153].Thecondensationleadsto
theextinctionofphasefluctuationsanddensityfluctuationsoverthelengthofthecloud.

FortheexperimentreportedinthisthesistheinterestofusingaBECistwofold.First,itisa
sourceofhighdensityandallowsonetoeasilyprobenonlineareffectssuchassuperradiance
orspontaneousparametricdown-conversion.Second,thesourcehasaverysmallspreadin
momentumspacewhichallowsustoeasilydistinguishtheBECfromtheproducedatomic
pairsaftertime-of-flight.ForthesereasonsourstartingpointwillalwayscorrespondtoaBEC
ofmetastablehelium4.

2.2.1 Arrivaltimeinstabilityofthecondensate

AsdiscussedinRefs.[39,108,141,142]andinSubsection2.1.4,wenoticedthatthecentral
arrivaltimeofthecondensate,obtainedintheverticaldipoletrap(alone),wasfluctuatingfrom
shottoshotrealisations.ThefluctuationspresentedaRMSwidthof0.1msdeterminedfrom
2100repetitionsofthesameexperimentalcycle. Thishastobecomparedtoasingleevent
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Figure2.9:Jittereffectonthetwo-bodycorrelationfunction.Thefluctuationofthecondensateinducesfluctuationsof
theatomicpairsvelocitiesviaconservationofmomentum(upperpanel).Thesefluctuations,oncecomputed,translateintothe
appearanceofartificialstructuresonthenormalisedtwo-bodycorrelationfunction.FigurescopiedfromRef.[141].

arrivaltimedistribution,whichhasaRMSwidthofapproximatively0.08ms.Thearrivaltime
fluctuationisthencomparabletoasinglearrivaltimedistributionandcannotbeneglected.

Sincetheatomsaredetectedafteraverylongtime-of-flight,thefluctuationcorresponds
mainlytoaninitialspeedfluctuation[142]. Thisinitialinstabilityisprejudicialtoourpair
productionaswewillseeinSection3.2.Indeed,thephysicalprocessattheoriginofthe
pairproduction(dynamicalinstability,seeRefs.[105,108,154,155])dependsontheinitial
BECspeed.Ifthespeedisnotwelldefined,neitherarethevelocitiesofthepairsproduced
and,consequently,thesameinitialexperimentalconditionsarenotmaintainedinbetween
realisations.

Consequencesofthisinstability

OnespecificconsequenceoftheseinstabilitieswasreportedinRef.[142]page128, where
artificialtwo-bodycorrelationsappearduetoarrivaltimefluctuationsoftheatomicpairs.
Sincetheinitialvelocityofthecondensatefluctuatesthephase-matchingconditionsleadto
fluctuationsofthepairvelocities(seeSection3.2for moreinformations).InFig.2.9, we
schematicallyrepresentthetwoatomicbeamsaandb(correspondingtoouratompairs)with
initialspeedfluctuations(∆kaand∆kb,respectively,seeFig.2.9)duetofluctuationsoftheBEC
(∆k0seeFig.2.9).Theexpectedtwo-bodycorrelationfunctionbetweenatomswithmomentakz
andkzisrepresentedinthebottompanel.Onecanseethatartificialstructuresappear,centred
onthethreeclouds,whentheyshouldnot(seeRef.[141,142]formoreinformations).

Thismeansthatinordertoaccuratelymeasurethecorrelationsbetweenthetwobeams,for
instance,oneneedstoselectfromNrealisationstheM <Neventscorrespondingtosimilar
initialspeedinordertoavoidtheartificialcontributionfromBECfluctuations.This,however,
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Figure2.10:ArrivaltimefluctuationoftheBEC.FluctuationsofthearrivaltimedistributionoftheBECproducedinthe
verticaltrapalone.Eachdetectedcondensatedensityprofileisfittedandthecenterofitsdistributioncorrespondtooneentryof
therepresentedhistogram.Therepresenteddistributioncorrespondtotheadditionofthedifferentcentralarrivaltimeof2100
condensaterealisations.

stronglyreducesthetotalnumberofeventsunderconsiderationandisanissueintermsof
signal-to-noiseratio.

Anotherpossibilityconsistsinrefocusingeachcondensatearrivaltimedistributionand,
consequently,correctthefluctuationsafterdetection.Thisdoesnotallowustosafelycorrect
theshiftintheatompairsreconstructionsincetheatomstravelwithdifferentvelocities,see
Fig.2.9.Onecanthenfiteachcloudformingthepairandrefocusingit[39,108].However,this
becomesimpossibletoperformwhenonewantstoworkwithverylowpopulation,asinthe
caseoftheHOMexperiment.Thesolutionisthentousemoresophisticatedanalysisprotocols
suchasthePrincipalComponentAnalysis.

Whateveronemightchoosetodo,themostgeneralconsequenceisthatsomeeventshave
tobeselectedfromthetotalsampleofrealisations.Thisleadsunequivocallytoadiminution
ofthesignal-to-noiseratioandtoaneffectiveslowerexperimentalcycle,sinceitisnecessaryto
repeattheexperimentmoretimestoretrievethesamenumberofusefulevents.

Quantitativemeasurementofthefluctuations

Inordertoquantitativelydiscussthiseffect,letuslookatthearrivaltimedistributionofthe
condensate(seeFig.2.7forinstance)ontheMCPafterthetime-of-flightof308ms. Wefitthe
arrivaltimedistributionofoneBECretrievingitscentralarrivaltime.Fromoneexperimental
realisationtotheotherthiscentralvaluefluctuates. Wethusobtainadistributionofcentral
arrivaltimesasrepresentedinFig.2.10.Thefigurecorrespondsto2100identicalexperimental
sequences. OnecanidentifytwodistinctgroupsinthedistributionshowninFig.2.10.The
firstoneiscentredatapproximatively308mswithaRMSwidthof0.1ms.Thesecondgroup
correspondstocondensatesarrivingsooner,around307.3msandwithanRMSfluctuationof
0.2ms.Oncemore,bycomparingthosefluctuationstoasinglearrivaltime,withwidthequal
to0.08ms,oneimmediatelyseethatthefluctuationsarenotnegligible.Indeed,afluctuationof
0.1−0.2mstranslatesintoaninitialspeedfluctuationof1−2×10−2vrecwhich,aswewillseein
Chapter3,changethevelocityoftheproducedatomicpairsbyapproximatively1–5×10−2vrec.
Knowingthatthetypicalautocorrelationwidthisequalto1–2×10−2vrecalongtheverticalaxis
(wewillshowthisresultinSection3.4),itisimportanttosuppressthesefluctuations.
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2.2.2 AnisotropyoftheBEC:phasefluctuationissues

AnotherissuethatcomeswiththeverticaltrapisthattheresultingBECisveryelongatedsince
thetransversefrequencyofthetrapω⊥=2π×1275kHzismuchlargerthanthelongitudinal
frequencyωz=2π×7Hz.

ForsuchstronglyanisotropiccondensatethewellknowThomas–Fermiapproximationdoes
nolongerhold[156,157].2 Thisapproximationconsists,intheregimewheretheatomic
interactionsaredominant(µ ωi,kBT),inneglectingthekineticenergytermoftheGross-
Pitaevskiiequation

µψ(z)= −
2

2m

∂2

∂z2
+V(z)+gψ(z)

2
ψ(z),

wheremcorrespondstotheatomicmass,ψ(z)thewave-functioninrealspace,µthechemical

potential,V(z)thetrappingpotentialalongthelongitudinalaxisandg= 4π2a
m ,withathe

scatteringlength.ThecloudcorrespondsthentoaninvertedparabolawithradiiR,alongthe
transversedirection,andL,alongtheverticalaxis,givenbytheequations

R=
2µ

mω2⊥
, (2.2a)

L=
2µ

mω2z
, (2.2b)

withthechemicalpotentialdeterminedthroughnormalisationofthewavefunction

µ=
ω̄

2


15Nata

mω̄



2/5

(2.3)

whereω̄= ωzω
2
⊥

1/3
andNatthetotalnumberofatoms.

2.2.3 Quasi-BECorBEC?

Insomecases,suchasinatom-chipexperiments[158]or2Dlatticepotentials[159]oreven
anisotropicdipoletraps[160],thetransverseconfinementcanbecomesostrongcompared
tothechemicalpotentialthatthesystemis“frozen”inthetransversedirectionandbehaves
asarealunidimensionalsystem.Inthis1Dcase,thetransverseprofileofthecloudcorre-
spondstothefundamentalsolutionoftheharmonicoscillator,whichisaGaussianofwidth√
/2mω⊥,andthelongitudinalprofiletoaparaboladefinedbythe1Dchemicalpotential

µ1D= ω⊥
√
1+4an1D,withn1D=Nat/(2L)theone-1Ddensity,suchthat[161]

L=
2 ω⊥−µ1D

mω2z
. (2.4)

Inourcasethetransversetrappingfrequencyω⊥ismuchhigherthanthelongitudinalone,as
seensofar.Thisleadstoastrongertransverseconfinementthanlongitudinalandthequestion
isthentoknowhowtruly1Dthissystemis.

2Nevertheless,aswewillseeinSubsection2.2.4itisnowpossibletotunetheanisotropyofourcondensateand
toverifytheThomas–Fermiapproximation.Forthispurpose,weremindherethemostimportantresults.
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The3Dand1Dregimescanbedifferentiatedthroughtheparameter[161]

χ=N
ωza

ω⊥a⊥

wherea⊥,z= mω⊥,z
. Whenχ 1,the3DThomas-Fermiapproximationisvalidwhilefor

χ 1thesystemisunidimensional.

Foracondensateobtainedintheverticaldipoletrapωz=2π×7Hz,ω⊥=2π×1275Hzand
Nat=3×10

4atoms,onefindsavalueχ=0.88whichliesinbetweenthetwoscenarios.Forsuch
trappingpotential,thesystemisneitherfully1Dnor3Dbutcorrespondstoanintermediate
regimewhichisexploredinRef.[64].

BEClengthandchemicalpotentialforboth3Dandquasi-1Dregime

InRef.[64]3,theauthorshowsthatfortheintermediatecasewhereχ≈1itispossibletofind
anapproximatesolutionwhichcanbeappliedtoboth3Dand1Dsituations.Themethodused
inthearticleconsists,viaalocaldensityapproximation,toassumeaGaussianshapeforthe
radialcomponentofthewavefunction,f⊥(ρ),whosewidth(w⊥)isavariationalparameterthat
verifies

µl.e.=−
2

2m

∆⊥f⊥(ρ)

f⊥(ρ)
+
1

2
mω2⊥ρ

2+
4π2a

m
n1D(z)f⊥(ρ)

2
,

withµl.e.thelocalequilibriumchemicalpotentialandn1D(z)correspondstothe1D,integrated
overradialdegreesoffreedom,densityprofileofthecloud. Weconsiderasystemwherethe
longitudinalconfinementissufficientlyweaktoneglectthedensityderivativesofn1Dandf⊥
asafunctionofz.

Thefollowingequalitiesarethenobtainedbydevelopingf⊥(ρ)tothefirstorderinw⊥,

w⊥[n1D(z)]=a⊥[1+4an1D(z)]
1/4

and

µl.e.= ω⊥ 1+4an1D(z)

withthetotalchemicalpotentialµcorrespondingto

µ=µl.e.[n1D(z)]+V(z) (2.5)

whereVz=
1
2mω

2
zz
2isthetrappingpotentialalongthelongitudinalaxis.

Onecannowdeterminethecondensatelengths,itsdensityprofilealongthelongitudinal
axisandthechemicalpotential. Letusconsiderthecaseofz=Lwherethelocaldensity
n1D(L)=0andµl.e.= ω⊥,whichleadsto

µ= ω⊥+
1

2
mω2zL

2, (2.6)

andtothefollowingexpressionofL

L=
a2z
a⊥

√
α

3Typosarepresentinthispaper.Theresultspresentedherecorrespondtoareviewedversionofthearticle.
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withα=2(µ/ω⊥−1).UsingbothEq.(2.5)andEq.(2.6),oneretrievesthelongitudinaldensity
profile

n1D(z)= 1−z̃
22α

2

16a
+1−z̃2

α

4a
,

withz̃=z/L.Sincethetotalnumberofatomscorrespondstotheintegrationofn1D(z)

Nat=
L

−L

n1D(z)dz,

oneobtainsthefollowingequalityforthelengthofthecondensatealongthelongitudinalaxis

1

15γ
(LG)5+5(LG)3 =Nat (2.7)

withG=a⊥/a
2
zandγ=aa⊥/a

2.

KnowingNatandthetrappingfrequenciesitisthenpossibletoextractthevalueofL.From
thatoneretrievesthevalueofthechemicalpotentialµ,viaEq.(2.6)aswellasthevalueofα.
TheGaussianwidthofthecondensate,forz=0,correspondsthento

w⊥(0)=a⊥[1+4an1D(0)]
1/4 (2.8)

wheren1D(0)

n1D(0)=
a⊥

a2z

2

×
L2

4a



a⊥

a2z

2

×
L2

4a
+1


.

Quasi-condensateregime

ForanelongatedcondensatewithT=0K,thecloudexhibitsasuppressionofdensityfluctua-
tionsaswellasphasefluctuations.However,asitwasshowninRef.[162],atfinitetemperatures
T,belowcriticaltemperatureTc≈N

1/3 ω̄,excitationscanstillexist.Thelowenergyexcitations
contributetoaxialfluctuationsofthephase.InRef.[162]itisdiscussedthattheseexcitations
decreasewiththetemperatureandforsufficientlylowvaluescomparedtoacriticalphase
fluctuationtemperaturegivenby

Tφ=15(ωz)
2 Nat
32µkB

, (2.9)

canbesafelyneglected.ThismeansthatfortemperaturesTaboveTφandbelowTc(Tc>T>Tφ)
evenifdensityfluctuationsaresuppressed,thephasecanstillfluctuate.Inthatsense,thesystem
doesnotreachtrueBEC,sincephasefluctuationsarestillpresent.Thesystemistheninan
intermediatesituationoftencalledquasi-condensateincontrasttothe“real”condensateregime
(Tφ,Tc>T).

ForthecaseofaBECobtainedintheverticaldipoletrapalone(ωz=2π×7Hz,ω⊥ =
2π×1275HzandNat=3×10

4atoms),thephasefluctuationtemperatureisequalto14nK
whichiswellbelowthecondensationtemperatureofTc≈600nKandbelowtheestimated
temperatureoftheresidualthermalcloudofT≈200nK.Asaconsequence,phasefluctuations
arestillpresentwhichtranslatesaftertime-of-flightintodensityfluctuations. Thisleadsto
phasefluctuationsduringtheatomicpairproductionandinareducingcoherencelengthofthe
condensate.
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Figure2.11:Schematicrepresentationoftheopticalbenchforthehorizontalbeamtrap.Thelaserbeamissplitintwo
withonepartusedfortheverticaldipoletrapasdescribedinRef.[150]andtheotherinjectedintoapolarisation-maintaining
opticalfibersendingtheopticalpowertoanotheropticalbench.There,thebeamgoesthroughanacousto-opticmodulatorwhere
itisdiffractedtoorder+1withanefficiencyof90%.TheopticalpowerissetbyincreasingtheRFpowerattheacousto-optic
modulatorentrance.Thebeamisthensplitwith1%powersenttoaphotodiodeinordertolockthehorizontalbeamintensity.
Theotherpartisagaininjected.ThefinaloutputcouplercorrespondstoaF810APCfromThorlabscompanyleadingtoa
diameterbeamof7mm.Thebeamisthenfocusedbyafocuslensoff=400mmleadingtoawaistontheatomsof82µm.

2.2.4 Crosseddipoletrap:solutiontobothissues

InordertosolveboththearrivaltimefluctuationoftheBECanditsphasefluctuation,we
builtanewdipoletrap,ahorizontalone,crossedwiththeoriginalverticaltrapontheatoms.
Thehorizontallaserbeamisobtainedbysplittingtheoriginalverticaloneintwoindependent
opticalpathswithindependentacousto-optic modulatorsasrepresentedinFig.2.11. The
effectivemaximumpowerontheatomsisequalto2 W.Almost90%ofthetotalpoweris
usedfortheverticaldipoletrapandaround10%tothehorizontaltrap.Arelativefrequency
differenceissetto80MHzbetweenthetwobeamsinordertoavoidlowfrequencymodulation
ofthetrapintensity4.

Onebeampropagatesalongtheverticalz−axiscorrespondingtothe“original”trapde-
scribedinRef.[150]andthesecondonthehorizontalplane,forminganangle8.6◦respectively
tothex−axisdefinedbythemagnetictrap(seeFig.2.11andFig.2.12).Thetypicalopticalpower
attheendoftheevaporationis600mWfortheverticaltrapand30mWforthehorizontalone.

Withthenewcrosseddipoletrap,theverticalconfinementofthetrappingpotentialdoesno
longerdependontheverticalbeam.Thelongitudinaltrappingfrequencyisthenessentially
givenbytheintensityofthehorizontalbeam.Thetotaltrappingpotentialcanthenbewritten
as

4Ifthemodulationintensityisclosetoatrappingfrequency,thisinducesparametricexcitationofthecloud.Since
thetypicalfrequenciesofourtrapisontheorderofthekHz,adetuningby80MHzbetweenbothtrappingbeams
guaranteethatweavoidtheresonance.
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Figure2.12:Schematicrepresentationofthecrosseddipoletrap.

Vopt(x,y,z)=Vvert.(x,y,z)+Vhor

Exp



−
2(y2+(z−z0)2)

w2
hor

x
xhor

2

+1




x
xhor

2
+1

, (2.10)

whereVvert.(x,y,z)isgivenbyEq.(2.1)and

Vhor=−
3πc2

2ω3
0

2Phor

πw2
hor

Γ

ω0−ωdip
+

Γ

ω0+ωdip
,

wherexhor= πw
2
hor

λdipisthehorizontalbeamRayleighlengthandwhorthehorizontalbeam

radiuswaistat1/e2(seemoreinformationinAppendixB).

Arrivaltimefluctuations

InFig.2.13a)thearrivaltimefluctuationsbeforeaddingthehorizontaltrapisrepresented,
asdiscussedpreviously,whileinFig.2.13b)thesameanalysisisperformedforacondensate
obtainedinacrosseddipoletrap.

Onecanseethat,byaddingthehorizontaltrap,thefluctuationswerereducedtoaRMS
valueof0.04mswhichisveryclosetothetemporalresolutionofourdetector.Theaddition
ofthehorizontaltraphasprovedtoreducethearrivaltimefluctuationsand,atthemoment,
theremainingfluctuationsare,inpractice,completelynegligible.Indeed,thefluctuationsare
muchsmallerthanthetime-of-flightdistributionofacondensateobtainedinthecrosseddipole
trap(whichtrappingfrequenciesaredifferentfromtheoneoftheverticaltrap). Asingle
condensatearrivaltimedistributioncorrespondstoatypicalRMSvalueof0.5ms.Theresidual
fluctuationsarethenatenthofthearrivaltimedistributionwidth.Formostofouranalysisno
selections,basedonthearrivaltime-of-flight,arethennecessary.Thisdecreasessignificantly
theacquisitiontimeinordertoretrieveasatisfactorysignal-to-noiseratio.
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Figure2.13:CrosseddipoletrapeffectonthearrivaltimefluctuationoftheBEC.a)Fluctuationsofthearrivaltime
distributionforaBECproducedintheverticaltrapalone.b)FluctuationsofthearrivaltimedistributionforaBECproduced
inthecrosseddipoletrap.Thenumberoffilesforb)isapproximativelyequaltothoseina).Onecansee,thatthecrosseddipole
trapleadstoareducedarrivaltimefluctuations.

Obtainedcondensate:somenumbers

Withthetwoavailabletrappingbeams,itisnowpossibletoeasilytunethelongitudinal
frequencyfrom7to200Hzkeepingaconstanttransversefrequencyof1275Hz(seeSectionB.1
formoredetails).Theaspectratioofthecondensatecanthusbetunedbetween200to6.This
representsastrongimprovementintermsofcontrolandflexibilityofourexperiment.

Inthefollowingmanuscript,mostoftheresultscorrespondtoatrappingpotentialwith
frequenciesequaltoω⊥∼2π×1.275kHz,transversally,andωz∼2π×93Hz,alongthevertical
direction. Weobtainacondensatewith4−7×104atomsinthemj=1sub-levelstate,where
theuncertaintyontheatomicpopulationcomesfromthedetectionefficiencyofourMCP.In
thiscase,asonecanseeinTable2.4,χismuchlargerthan1indicatingthatonehadreach
the3Dcondensationregime. Asdiscussedbefore,fortheverticaltrapalone,corresponding
toaverticalfrequencyequaltoωz=2π×7Hz,thevalueofχ=0.88andcorrespondstoan
intermediateregime.

ω⊥=2π×1275Hz

ωz=2π×7Hz ωz=2π×93Hz ωz=2π×170Hz

Nat=3×10
4 Nat=5×10

4 Nat=7×10
4

χ 0.88 19.47 49.82

Table2.4: Typicalvaluesofχfordifferentopticaltrapsaccessibleinourexperimentalset-up.Bychangingthe
valueofωzitispossibletogofromthequasi-1Dregimeintodeep3D-regime.

Regardlessofthephasefluctuations,onecannowseeinTable2.5thedifferentregimes
availablewiththisnewtrappingpotential. Forωz=2π×7Hz(caseoftheverticaltrap
alone)thesituationcorrespondstothequasi-condensateregimewhileforfrequenciesωz=
2π×(93,170)Hz,obtainedinthecrosseddipoletrap,werecovertherealcondensationregime
withTφ>Tc>T.
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ω⊥=2π×1275Hz

ω =2π×7Hz ω =2π×93Hz ω =2π×170Hz

Nat=3×10
4 Nat=5×10

4 Nat=7×10
4

Tφ(µK) 0.014 1.53 5.00

Tc(µK)≈ 0.330 0.600 1.00

T(µK)≈ 0.200

Table2.5:TypicalvaluesofTφ,TcandT.ScalingofthephasefluctuationtemperatureTφfordifferenttrappingpotential
configurationsandcomparisonwiththerespectivecondensationtemperaturesTcandresidualthermalcloudtemperatureT.
Fortrappingfrequenciesofωz>2π×93Hz,onedoesnotexpectanyphasefluctuationsalongthecondensate.

Theadditionofthehorizontaldipoletrapallowedustoenterdeeplyintherealcondensate
regimeandtoavoidphasefluctuationsinthecondensate.

Thesefluctuations,ifremaining,translateintodensityfluctuationsaftertime-of-flight[163].
Bymeasuringthetwo-bodycorrelationfunction,onecanthenexperimentallyprobeiftheyare
stillpresentinthesystem.

Densityfluctuationsandautocorrelationmeasurement

Thelocaltwo-bodycorrelationcorrespondstotheprobabilityofdetectingaparticleatatime
intervalt+∆tknowingthatanotherparticlehasbeendetectedattimet.Foracondensate,the
normalisedsecondordercorrelationisflatandequalto1whichindicatesthesuppressionof
densityfluctuations. Ontheotherhand,ifthesecondorderautocorrelationpresentsavalue
superiorto1andstructures[142],thenonecanidentifydensityfluctuationsandlinkthisresult
tophasefluctuations,asseeninRef.[164,165]anddiscussedinRef.[166].

Thesecond-orderautocorrelationfunctionisobtainedforthecondensateas[68]

g(2)(∆kz)=
Ω1

d∆kxd∆ky
ΩV

d3k
:̂n(k)̂n(k+∆k):

n̂(k) n̂(k+∆k)
,

g(2)(∆ky)=
Ω2

d∆kxd∆kz
ΩV

d3k
:̂n(k)̂n(k+∆k):

n̂(k) n̂(k+∆k)
, (2.11)

wheren̂isthenumberoperatorsuchthatNat(k)= n(k).ThevolumeΩ1isdefinedbythe
boundaryconditions|∆kx|<3×10

−2krec,|∆ky|<3×10
−2krecandΩ2by|∆kx|<3×10

−2krec,
|∆kz|<3×10

−3krec.ΩVisthevolumecentredonthecloudwithahalf-widthat1/
√
ealongz

equalto0.1krecandnoconstraintinthexy−plane.

Itisfundamentaltoavoiddetectorsaturationinordertonotinfluencethedetectednumber
ofatoms. WethustransferasmallfractionoftheentireBECpopulationintoa magnetic
fieldinsensitivesub-levelstate(mj=0)viatwo-photonRamanscattering(seeAppendixC
formoredetails). Astrongmagneticgradientisafterwardsappliedinordertogetridofthe
non-transferredatoms.

InFig.2.14werepresentthesecondordercorrelationfunctionasafunctionof∆k,forthe
caseofatrappingpotentialwithverticaltrappingfrequencyofωz=2π×93Hzandtransverse
frequencyω⊥=2π×1275Hz[68],witha)correspondingtoacutalongthez−axisandb)along
thetransversey−axis. Analmostflatdependenceofg(2)(k)asafunctionof∆kisrecovered.
Theincreaseofg(2)at∆k→ 0caneitherbeaccountedbysmallphasefluctuationsinducedby
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Figure2.14:Autocorrelationfunctiong(2)oftheBEC.Condensateautocorrelationprojectiononthezandy−axis.An
almostflatdependenceofg(2)asafunctionof∆kisrecovered.

theresidualthermalfluctuationsofthecloudorduetoweakdetectorsaturation.Theobserved
correlationis,however,muchflatterthantheoneobservedinRef.[142]andwebelievethatthe
phasefluctuationsinthecondensatearealmostnegligible.

2.2.5 Condensate:determinationofthechemicalpotentialandsize

Oncethetrapisswitchedoffthecondensateexpands[167]. Thesizeofthecloud,inboth
transverseandlongitudinalaxisatacertaintimetafterreleasedfromthetrap,isgivenbythe
followingequations

R(t)=R(0) 1+(ω⊥t)
2, (2.12a)

L(t)=L(0)1+ 2(ωzt)arctan[ωzt]−log 1+(ωzt)
2 , (2.12b)

with =
ωz(0)
ω⊥(0)
.Forthetrappingfrequenciesunderconsideration,i.e.ωz=2π×93Hzand

ω⊥=2π×1275Hzonefinds(throughtheThomas-Fermiapproximation)acondensateradius
ofL(0)=58µmalongtheverticaldirectionandR(0)=4.4µmtransversally. Oneexpectsto
detect,after308mstime-of-flight,acloudwithsizeequalto

L(tof)=1.25mm (2.13a)

and

R(tof)=1.08cm. (2.13b)

Onecouldthenpredictthechemicalpotentialofthecondensatebymeasuringthearrival
timedistributionofthecloudaftertime-of-flight. However,thispredictionisnotdirectly
applicabletoourexperimentalsituation.Tworeasonsarebehindit:

•Thefirstreasonisthatthecondensatecorrespondstoaveryhighfluxofatomsresulting
inasaturationoftheMCP.Consequently,boththerealnumberofatomsandthesizeof
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Figure2.15:Time-of-flightdensityprofileofaBEC.a)Cutofthedensityprofilealongtheverticalz−axis.b)Cutof
thedensityprofilealongthetransversex−axis.Thedensityprofilescorrespondtoanintegrationontheothertwoaxisof
[0.14×0.14](cm2)fortheverticalcutandof[0.14×0.03](cm2)forthetransversecut.Thebluelineindicates,inbothpanels,a
fittingfunctioncorrespondingtoaparabolaplusGaussianfunction.Theorangedashedlinerepresentstheestimatedparabolic
shapeaftertime-of-flightobtainedbyEq.(2.13).

thecloudaftertime-of-flightareblurred.This,however,canbeavoidedbytransferringa
smallfractionofthecondensateintotheinsensitivesub-levelstatemj=0viastimulated
two-photonRamanscatteringevent(seeAppendixCformoredetails)andtopushthe
remainingatomsthroughamagneticfieldgradient;

•Thesecondreasonislinkedtothesolutionofthefirstone.Ifthecloudistransferredtothe
sub-levelmj=0afterbeingreleasedfromthetrapthescatteringlengthchangesbetween
≈7to≈5nm.Sincethisisdonejustafterreleasingthecloudfromthetrappingpotential,
thechangeontheinteractionpotentialisnotnegligible.Theexpansionofthecloudis
thusmodifiedinanon-trivialwayand,asaconsequence,theresultfromRef.[167]can
notbedirectlyapplied.Thesolutionwouldthenconsistintransferringtheatomsafter
afewhundredsofmicrosecondsofexpansion.Atthistimetheinteractionpotentialhas
reducedsufficientlytobenegligibleandachangeonthescatteringlengthwillnotchange
theBECexpansion. Nevertheless,thisimpliesthatduringtheinitialexpansion,with
theatomsstillinthemj=1stateandthussensitivetoanyresidualmagneticfield,the
expansionofthecloudcanalsobemodified.Atthemomentthiseffecthasnotbeenyet
calibratedexperimentally.

Experimentally,weweaklytransfertheBECintothestatemj=0justafterturningoffthe
trappingpotentialtoavoiddetectorsaturation. Althoughtheexpansionevolutiondescribed
byEq.(2.12)doesnotstrictlyapply,onecancompareroughlytheexperimentalresulttothe
theoreticalpredictions.Forthispurposeweperformcutsalongbothlongitudinalandtransverse
densityprofileaftertime-of-flightasrepresentedinFig.2.15a)andb),respectively.

ThearrivaltimedistributionisfittedonbothdirectionsbyaparabolicfunctionplusGaussian,
representedbythebluelineinbothpanels,inordertoaccountforthecontributionofaresidual
thermalcloud. Theexperimentalradiusisextractedforbothlongitudinal,Lexp=1.3mm,
andtransversedirections,Rexp=0.97cm.ComparedtothevaluesofEq.(2.13),onecansee
thattheexperimentalresultisingoodagreementwiththepredictions.Tohaveamorevisual
comparison,thedensityprofilegivenbyEq.(2.12a)andEq.(2.12b)arerepresentedbyanorange
dashedlineFig.2.15.
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Figure2.16:DeterminationofthenumberofatomsinsidetheBEC.a)Typicaldistributionalongtheverticalaxis
forthecondensateobtainedinthecrossed-dipoletrap.Thetotalnumberofdetectedatomsisaround1500.b)Arrivaltime
distributionofthecondensateafterapplicationofa1Dverticalmovinglatticewithspeedequalto9.3cm/s5anddepthequalsto
2Erecappliedfor200µsinsidethecrosseddipoletrap.Thecondensateisthenwidelyenlargedalongtheverticaldirection(the
distributiongoesfromawidthofapproximatively0.05vrecina)to2vrecinb))althoughitstransverseprofiledoesnotchange
much,guaranteeingthatalltheatomsfallonthedetector.Thenumberofdetectedatomsincreasesthenalmostbyafactor10
revealingthesaturationeffect.

Wethusconcludethattransferringtheatomsinthestatemj=0immediatelyafterreleasing
theBECfromthetrapdoesnotchangesignificantlytheexpansionofthecloud.Nevertheless,
thismeasurementisnotsufficientlyprecisetoquantitativelydeterminetheinitialBECsize
andchemicalpotential. Thesolutionisthentodeterminetherealnumberofatomsinside
thecondensate,thetrappingfrequenciesandapplythepredictionsgivenbyEq.(2.12a)and
Eq.(2.12b).

Determinationofthetotalnumberofatoms

ToavoidsaturationontheMCPandanerroneousdeterminationofthenumberofatomsin
theBEC,onesolutionconsistsinenlargingthearrivaltimedistribution. Bydoingso,the
arrivalfluxlowersandonecan,takingintoaccountthedetectionefficiencyoftheMCP,retrieve
thetotalnumberofatoms.Inordertodoso,adeepmovingopticallatticeisappliedtothe
condensate.Theatomsarethendiffractedintodifferentclassesofmomenta(seeSection3.4).
ThisisrepresentedinFig.2.16wheretheleftpanelcorrespondstoasaturateddetectionof
thecondensateandtherightpaneltothearrivaltimedistributionafterapplicationofthe
lattice.ThenumberofdetectedatomsisstronglyenhancedgoingfromNdet≈1500atomsto
Ndet≈10000atomswhichillustratethesaturationeffect.

Fromourdetectionefficiencyestimation(atleast25(5)%)weretrieveatotalnumberofatoms
around5×104atoms.However,thedetectionefficiencyuncertaintyleadstoanuncertaintyin
thetotalnumberofatomswhichisnotnegligible.

4ThecondensateisthenatresonancewiththeBraggdiffractioncondition,seeSection4.1.
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Figure2.17:Experimentalmeasurementofthetransversefrequenciesofthedipoletrap.Theopticalintensityofthe
dipoletrapbeamsismodulatedbetween1kHzand3kHz.Tworesonancesarevisiblecorrespondingthedipoleresonanceofthe
trapatω⊥/2πandthequadrupoleresonanceat2×ω⊥/2π.Thevalueofω⊥/2π=1275(8)Hzisingoodagreementwiththe
theoreticalpredictionsofω⊥/2π=1258Hzobtainedforaverticalbeamwaistof43µm.

Trappingfrequencies

Inordertoexperimentallyprobethetrappingfrequencies,oneneedstodecoupletransverse
andlongitudinaldirections.ForthecaseofanidealBosegaswithoutinteractionsthefirst
quadrupoleoscillationisexpectedtooccurattwicethetrappingfrequency[168,169].Inthe
caseofaveryelongatedBEChowever,thefirstresonancesareexpectedatω=

√
5/2ωzand

ω=2ω⊥[168].

Transversedirection

Toprobethetransversefrequency,theverticalbeamintensityismodulated,atatunablefre-
quencyωmod. Whenonemodulatesthetrapatafrequencyclosetotheresonancefrequency,
thecloudheatsandeventuallyexplodesdependingoftheamplitudeofthemodulation. When
themodulationfrequencyisfarfromtheresonancecondition,onerecoversaftertime-of-flight,
anarrivaltimedistributionverysharpcorrespondingtotheunperturbedcoldatomiccloud.
Whenonegetsclosertotheresonancecondition,thedistributiongetslargerandthenumber
ofdetectedatomswitharrivaltimeclosetot0lowers.Bylookingatboththecentralnumber
ofdetectedatomsandwidthofthedistribution,onecanidentifytheresonantfrequency.The
modulationfrequencyistunedfrom1kHzto3kHzandthenumberofatomsdetectedina
smallvolumearoundt0givenby

Nat(0)=
∞

−∞

∞

−∞

dxdy
t0+σt

t0−σt

dtnx,y,t,

withntheatomicdensityofthedetectedcloud,ismeasuredasafunctionofωmodasrepresented
inFig.2.17.Asacomplementarymeasurement,thearrivaltimedistributionwidthisextracted
fromaGaussianfitandrepresentedasafunctionofωmodinFig.2.17(inset).

Tworesonances,thefirstoneatωmod =2π×1275(8)Hzandthesecondatωmod =2π×
2542(15)Hz,arevisible. Whilethesecondresonanceisclearlynoticeableforbothquantities,
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thefirstoneisonlydiscernibleintheanalysisofthewidthdistribution. Weattributethesecond
resonanceto2ω⊥,whichagreeswiththetheoreticalprediction(ω⊥=2π×1258Hz)foranoptical
powerequaltoPhor=30mW,Pvert=585mWandwaistsof43µmand82µmforthevertical
andhorizontalbeamsrespectively.Thefirstresonancecorrespondstoresidualheatingdueto
dipoleoscillationsatω⊥.Thetransverseresonancehasalsobeencheckedforotherspowerof
theverticalbeam.Inallscenarios,thetheoreticalpredictionisalwaysclosetotheexperimental
resultwhichconfirmsourestimationoftheverticalwaist.

Longitudinaldirection

Theadditionofthehorizontalbeamismainlygoingtoaffecttheverticaltrapconfinement.In
thecrosseddipoletrap,thefrequencyalongthez−axiscaneasilybetunedfromafewHzto
afewhundredsofHzbychangingthehorizontalbeampower. Althoughthesameanalysis,
asforthetransversefrequency,couldbecarriedout,thiswouldcorrespondtoaverylong
modulationtimeinordertoprobeafewHzofconfinement.Forthisreason,wedecidedto
determinethelongitudinalfrequencyfromdirectobservationofthecloudoscillationinthe
dipoletrap.

Thisisperformedbygivinganinitialvelocity(viaBraggdiffraction,seeSubsection4.1),
alongtheverticaldirection,tothecondensate.TheBECisthenkeptinsidethetrapforacertain
holdingtime,thold.Forsmallenoughvelocitiesanddeeptraps,thetrappingpotentialcanbe
approximatebyanharmonicpotential.TheBECspeedoscillatesintime,withfrequencyequal
tothelongitudinaltrappingfrequency.Thisoscillationisrecoveredbyswitchingoffthetrap
atdifferentholdingtimes.Afteraverylongtime-of-flight,onehasaccesstotheinitialspeed
ofthecondensateattheinstantthetraphasbeenswitchedoff

S
p
ee
d
(c
m
/s
)

Time(ms)

-3.0

-2.0

-1.0

0.0

1.0

2.0

3.0

0.000 0.006 0.012 0.018 0.024

andcanthenreconstructthe
oscillation.

Figure2.18:VerticaloscillationoftheBECinthecrosseddipoletrap.Oscillationofthecentralarrivaltime,after
time-of-flight,ofacondensateasafunctionoftheholdingtimeinthecrosseddipoletrap.Thearrivaltimeoscillationcorresponds
tothevelocityoscillationofthecloudinsidethedipoletrap.Thefrequencycorrespondstotheverticaltrappingfrequency.

Fig.2.18showsthisoscillationforthecaseofahorizontalbeampowerPhor=110mW.The
trappingpotentialpresentsafrequencyequaltoωz=2π×210(1)Hzalongthelongitudinal
axiswithasmallattenuationduetoatomlosses. Forahorizontalbeampowerof30mW,
whichisthetypicalvalueinmostofourexperiments,thefrequencyoscillationisthenequalto
ωz=2π×93(4)Hz.
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Conclusion

TypicalBEC-sizedetermination

InTable2.6thedifferentpossibleconfigurationsoftheexperimentandthecharacteristicvalues
ofthecondensatefollowingbothRef.[64](1D–3Dintermediateregime)andtheThomas–Fermi
approximationaresummarised.InTable2.6,Lstandsfortheradiusoftheparabolaalongthe
longitudinallongaxisofthecondensate,Rthetransverseparabolicradiusaccordingtothe
Thomas–Fermiapproximationandw⊥(0)tothecentraltransverseradiusaccordingtoRef.[64].

ω⊥=2π×1275Hz

ω =2π×7Hz ω =2π×93Hz ω =2π×170Hz

Nat=3×10
4 Nat=5×10

4 Nat=7×10
4

Ref.[64]
L(µm) 323 55.00 37.00

(1D-3Dcrossover w⊥(0)(µm) 2.28 3.45 3.86

description)
µ
2π(kHz) 2.29 6.36 9.12

Thomas-Fermi
L(µm) 430 60.05 39.64

approximation R(µm) 2.36 4.40 5.30

µ
2π(kHz) 1.79 6.18 8.99

Table2.6: Typicalvaluesofµ,L,Randw⊥(0).Summaryofthedifferentaccessiblevaluesofthechemicalpotentialµ,
verticalradiusofthecondensateLandtransverseradiusRaccordingtotheThomas–Fermiapproximation.Comparisonof
thosevalueswiththeonesobtainedfollowingRef.[64],withw⊥(0)correspondingtotheGaussianwidthofthecondensateat
z=0.

2.3 Conclusion

Wehaveshownthatseveralexperimentallimitationshavebeensolvedwiththeconstruction
ofacrosseddipoletrap. Wehadinmindwiththismodificationtoincreasethestabilityof
theexperimentandtosimplifythecomprehensionofourresults.Thearrivaltimefluctuation
hasbeenstronglyreducedavoidingustoperformcomplexanalysis. Namely,sincenopost-
selectionisneededthisimpliesamoreeffectiveuseofthedataacquired.Thistranslates,forthe
samesignal-to-noiseratio,inareducedacquisitiontime6.Itwasalsoshownthatitispossible
totuneourchemicalpotentialandtrappingfrequenciessuchthatonecaneasilychoosethe
configurationoftheobtainedBEC.

6Togiveanorderofmagnitudealmosthalfoftherealisationswerenotusedafterpost-selectionduetoarrival
timefluctuations.Thusthearrivaltimefluctuationsmadetheexperimentalcycle,inpractise,twicelonger.
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ExperimentalrequisitestowardstheHOMexperiment:atomicpairproduction

ThenextexperimentalsteprequiredfortherealisationoftheatomicHOMexperimentis
thecreationandmanipulationofatomicpairs.Thisisachievedthroughthemanipulationof
opticalperiodicpotentialscreatedbythesuperpositionoflaserbeams.

Abrieftheoreticaldescriptionofweakperiodicopticalpotentialappliedtocoldatomsis
performedinSection3.1withemphasisontheappearanceofanenergybandstructure.In
Section3.2,basedonthedescriptionofdynamicalinstabilities,thetheorybehindtheatomic
paircreationmechanismisdiscussedandisfollowedbythedescriptionoftheexperimental
realisationinSection3.3.ThedetailedanalysisoftheproducedstateisperformedinSection3.4
andasummaryofthemostimportantresultsgiveninSection3.5.

3.1 Theoryofshallowopticalperiodicpotentials

Inthissection,thebasictoolstounderstandthedynamicsofatomsinthepresenceofan
opticallatticearesummarisedfollowingcloselyRefs.[170–172].Thetheoreticalbackground
hasmainlybeendevelopedincondensedmatterwheretheelectronsliveinaperiodicpotential
createdbythecrystallinestructureoftheatomsormolecules.Forcoldatoms,theanalogyis
almostdirectlyapplicable,sincethelight,withperiodicspatialmodulation,induces,viadipole
interaction,aperiodicpotentialseenbytheatoms.

3.1.1 Formationofaperiodicpotential

Theinduceddipoleproducedbytheelectromagneticfieldleadstothepotential[172]

Vlat(r)=
Γ2I(r)

8Isat
ij

d2
ij

∆ij
(3.1)

where∆ijdenotesthedetuningbetweenthelaserfrequencyandthetransitioni→ j,Γ−1

thelifetimeoftheexcitedstate,Isatthesaturationintensityanddijthespecificlinestrength
associatedtothedipolematrixelementbetweenlevelsiandj

µij= ei|̂µ|gj=dij||̂µ||,

withµ̂=e·r,representingtheelectricdipoleoperator.Therotatingwaveapproximationhas
beenappliedinEq.(3.1)sincethelaserwavelengthforthelattice(λlat=1064nm)issimilarto
theatomictransitionwavelength(λ0=1083nm)[151].

Inordertocreateaneffectiveopticallattice,thatis,aperiodicpotentialinspace,itis
necessarytoperformaspatialmodulationofthelightintensity.Thisisdonebytheinterference
oftwolaserbeamspropagatingwitharelativeangle2θ,withsamewavenumber2π/λlatand
polarisation,andwithfrequenciesω1,ω2asrepresentedinFig.3.1.Thetotalelectromagnetic
fieldcanbewrittenas

ET(z)=E1expiklatz+arctan(θ)klatx−ω1t+φ1

+E2expi−klatz+arctan(θ)klatx−ω2t+φ2

withI0=|E0|
2andklat=sin(θ)2π/λlat.Forsimplicity,theamplitudeofthetwoelectromagnetic

fieldsareassumedequalE1=E2=E0andthephasedifference,∆φ=φ2−φ1,constantover
time.Theintensityprofilecorrespondsto

I(z)=4I0sin
2klatz+

(ω2−ω1)t

2
(3.2)
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Theoryofshallowopticalperiodicpotentials

Figure3.1:Schematicrepresentationoftheopticallattice.Alaserbeam,called2,withfrequencyω2andintensityI2
comingfromthetopinterfereswithalaserbeam,called1,withfrequencyω1andintensityI1givingraisetoaperiodicintensity
modulationintheoverlappingzoneofthetwolaserbeams.

andthelatticeperiodicityisequaltoalat=λ/(2sin(θ)).

Twopossiblesituationscanoccur,eitherω2=ω1andtheopticallatticeisstationary,or
ω2 ω1andthelatticemoveswithavelocitydefinedalongtheverticaldirection(inthepicture
z−direction)by

vlat=−
(ω2−ω1)

2klat
=
δlat
2klat
. (3.3)

Inbothsituations,theperiodicpotential,inthelatticeframeofreference,correspondsto

Vlat(z)=V0sin
2(klatz) (3.4)

with

V0=−
Γ2I0

(2Isat∆lat)
,

where∆lat=2πc
1
λ0
− 1
λlat
.

Inthelaboratoryframeofreference,theatomsareatrestandthelatticemoveswithaspeed
givenbyEq.(3.3).Therefore,inthelatticeframeofreferencethiscorrespondstoatomsmoving
withthesamespeedbutinoppositedirection.

3.1.2 Energybandstructureinthepresenceofalattice

TheBECcorrespondstoaveryelongatedcloudofatomswithlongaxisalongthevertical
direction.Theopticallatticeisalsoalignedalongtheverticaldirectionandthusthesystemin
whichthedynamicstakesplaceisalmostunidimensional.The1DSchrödingerequationforan
atominsuchasystemcanbewrittenas1

Hψn,q(z)= −
2

2m

∂2

∂z2
+Vlat(z)ψn,q(z)=En,qψn,q(z) (3.5)

1Sincetheatomsareweaklyconfinedalongtheverticaldirection,theopticaldipoletrappotentialisnottaken
intoaccount.
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Figure3.2:EnergybandsasafunctionofthelatticedepthV0.Energybandstructurefora)V0=0.8Elatandb)
V0=4.0Elat,whereinbluewerepresentthelowerenergyband.Increasingthelatticedepthincreasestheenergygapbetween

thelowerenergybandandthesecond.TherecoilenergyofthelatticeisequaltoElat=
2k2
lat

2m
.

whosesolutionscorrespondtoBlochwavefunctions[170–172]thatcanbedecomposedtoplane
wavesofmomentaq+2mklat[173],

|ψn,q =

∞

m=−∞

an,m(q)|φq+2mklat, (3.6)

wherenstandsforthebandenergylevel,qforthequasi-momentumassociatedtotheBloch
functionandklatisthelatticeperiodicityinreciprocalspace.Thecoefficientsan,m(q)correspond
totheprojectionoftheBlochwavefunctionofenergyEn,qontheplanewave|φq+2mklat.

SubstitutingEq.(3.6)inEq.(3.5),onefinds




2q+2mklat
2

2m
+
V0
2


an,m(q)−

V0
4
an,m+1(q)+an,m−1(q)=En,qan,m(q). (3.7)

Duetothepotentialperiodicityonlythefirstneighbourscomponentsm+1andm−1contribute
tothesolutionoftheparticlewithquasi-momentumq.Solvingthesecoupledequationsis
equivalenttothediagonalisationofam×mmatrix.Theeigenvaluescorrespondtotheenergy
bandsEn,q,representedinFig.3.2inthefirstBrillouinzonewithnequalto0,1and2.

Thedispersionrelationofanatominaperiodicpotentialisnolongerquadraticallydependent
onthemomentumk,asitisthecaseinfreespace,evenforweaklatticedepths.

3.1.3 Adiabaticloading

Foratomicpaircreation,itisnecessarytoavoidBraggdiffraction,seeChapter4,orany
secondaryeffectthatcouldinducelossesornoiseinoneofthetwoatomicbeamsformingthe
pair[174,175].ForthispurposeonehastoadiabaticallyloadtheBECinthelatticesuchthat
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theprojectionofthestateinBlochwaveshasonlyanon-vanishingweightinthelowestenergy
band.Theadiabaticconditionreads[176]

ψn,q|
∂H

∂t
|ψ0,q

En,q(t)−E0,q(t)
2

, (3.8)

wherethelefttermisalwayssmallerthan
dV(t)
dt [173,176,177].

Inashallowlattice,wherethebandgapissmall,theenergydifferencereducesto

∆E(q,t)=E1,q(t)−E0,q(t).

Asanexample,letuslookatthesituationdepictedinFig.3.3correspondingtoalinearrampof
thelatticedepthbetweenV(t=0)=0andV(t=T)=V0.Theinequalitycanthenberewritten
as

V0

T∆E2(q,t)
1. (3.9)

Thedifferenceofenergybetweenthetwobandlevelsforanatomwithquasi-momentumq
dependsonthelatticedepth.Sincethelatticedepthchangesintime,itisthennecessaryto
ensurethatfortheentiredurationoftheloading,theinequalityEq.(3.9)holds[178].

Forthecaseofanatomatrestinthelatticeframeofreference(q=0),theenergydifference,
∆E2(0,t),islargerthan16E2

lat
[173,177,179]andEq.(3.9)simplifiesto

V0
T

16E2lat.

ForHelium4atoms,duetothelowatomicmass,thisiseasilyverifiedsincetherecoilenergy
isverylarge.

Considerthecaseoftheatomicpaircreationwherethelatticedepthistypicallyequalto
V0=0.8Elat.Foranatomatrestinthelatticeframeofreference,theadiabaticconditionisthen
equalto

T
0.8

16Elat
180ns.

Thetypicallatticerisetime,forasuddenloading,isaround200ns.Consequentlyanatomat
rest,eveninthissituation,willnotbediffracted.

However,toproduceatomicpairsinthe1Dopticallattice,theBECneedstobeloadedwith
aquasi-momentumhigherthan0.5klatinthelatticeframeofreference(thiswillbediscussed
inSection3.2).Thetimenecessarytoverifyadiabaticloadingwillthenbedifferent.Forthe
experimentaldatashowninthismanuscript,theBECisloadedat-0.57klat,inthelatticeframe
ofreference,andoneofthetwocloudsformingthepairhasaquasi-momentumclosetothe
1stBrillouinzoneboundary.FortheBEC,themaininterestistoavoiddiffractionduringthe
loadingofthelatticeaswellasduringitsextinction.Fortheatomicpairsonlywhathappens
atthemomentthelatticeisturnedoffneedstobeconsidered(beforetherearenopairs)2.

Theadiabaticthresholdconditioncorrespondsthento

V0

T∆E2(q,t)
=1. (3.10)

2Thepresenceofscatteringprocessesduringtheextinctionofthelatticewouldresultinlossesofatomsfromthe
pairs.Thisgivesusanideawhyitissoimportanttoverifytheadiabaticcriterion.
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Figure3.3:Adiabaticloadingconditionsfordifferentlatticedepths,V0,andquasi-momenta,q0.Thelatticedepth
isrampedonlinearlyasrepresentinthetoppanel.AdiabaticthresholdfordifferentlatticedepthV0(V0=0.8Elatfora)andb)
;V0=4.0Elatforc)andd))anddifferentquasi-momentumq0(q0=−0.57klatfora)andc);q0=−0.9klatforb)andd)).The
loadingcriterioncorrespondsfor:a)T 1.0µs,b)T 20µs,c)T 5µs,d)T 100µs.

InFig.3.3,werepresenttheadiabaticthresholdconditiongivenbyEq.(3.10)asafunctionofT
atthebeginningoftheloading.Foralinearramp,thiscorrespondstothecriticalsituation,since
thegapbetweenthetwoenergybandisatitsminimum.Theresultfortwodifferentmaximum
latticedepths(V0=0.8Elat,Fig.3.3a),b)andV0=4.0Elat,Fig.3.3c),d))andtwoquasi-momenta
(q0=0.57klat,Fig.3.3a),c)andq0=0.9klat,Fig.3.3b),d))arecompared.Theadiabaticcriterion
isrepresentedwithadashedline.Asexpected,fordeeperlatticestheadiabaticcriterionimplies
longerloadingtimes.Inthesameway,whentheatomreachestheborderoftheBrillouinzone,
ithasahigherprobabilitytransferand,asaconsequence,theadiabaticcriterionissatisfiedfor
slowerloadingfunctions.

InthecaseofalatticedepthequaltoV0=0.8Elat,theloadingofthecondensatewith
quasi-momentumq0=−0.57klatrequiresalinearrampdurationT 1.0µsinordertofulfil
theadiabaticcriterion.Foranatom(oneofthetwoatomsformingapairforinstance)with
quasi-momentumq=0.9qlat,theloading/extinctioncriterionrequiresT 20µs.Pleasenote
thatforshallowlatticepotentials,asinourcase,thelinearrampissufficienttoeasilysatisfythe
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adiabaticcriterionand,asaconsequence,wasusedintheexperimentalrealisation.However,
suchasimplerampdoesnotcorrespondtotheoptimisedloadingprocedure,whereonewould
ratherhaveasmootherincreaseofthelatticedepthovertime3[178,180,181].

3.1.4 Spontaneousemission

Duringtheloadingprocess,heatingcanalsoinducelosses.IthasbeenshowninRef.[142]that
heating,inourexperimentalset-up,ismostlyduetothespontaneousemissionrateinducedby
thelattice.Foronebeam,thespontaneousemissionrateisgivenby[151,182]

Γsp.,1beam=
Γ

2

s

s+1+(2∆lat/Γ)
2

(3.11)

withs=I0/Isat.Thiscanbesimplified,forthecaseofshallowlattices(s 1),into

Γsp.,1beam≈
Γ

2∆lat
V0=

Γ3P0

πIsw
2
lat
∆2
lat

(3.12)

whereΓ=2π×1.62MHzcorrespondstotheradiativedecayrateofthetransition,wlat=200µm

correspondstothewaistofthelatticebeamontheatomsand∆lat=2π×c
1
λlat
−1
λ0
to

thedetuning. Forapowerof13mW,correspondingtothecaseofV0=0.8Elat,wefind
Γsp.1beam=0.018s

−1.Thisleadstoaheatingof[151,183]

dE

dt
=2×Γsp.×Erec=72nK·s

−1.

Forourtypicallatticeduration,around1ms,thishasanegligibleeffectandjustifiestheuseof
alaserwavelengthλlat=1064nmwithadetuningapproximativelyequalto∆lat≈2π×5THz,
sufficientlylargetoavoidspontaneousemission.

3.1.5 Instabilitiesinthepresenceofalattice

Instabilitiescanariseevenifthecloudisadiabaticallyloaded.Theseoccurwhenthecondensate
isnotatrestinthelatticeframeofreference[184,185]. Weemphasiseheretwoinstabilities:the
energeticinstabilityandthedynamicalinstability.

•Theenergeticinstabilityisastaticinstability,thatis,theperturbationdoesnotgrowin
time.Itcorrespondstoasaddlepointintheminimisationofthefunctionalenergyandit
occurswhenaBECmovesrespectivelytoanimpurity(athermalatomforinstance[186])
withaspeedhigherthanthespeedofsoundinthecondensate[187–190].

•Thedynamicalinstabilitycorrespondstotheexistenceofanimaginaryeigenvalueofthe
Hamiltonianatagivenq,inthelatticeframeofreference,implyingthatthepopulation
atqgrowsexponentiallyovertime.ThisinstabilitywaswidelystudiedinRefs.[154,191,
192]anditsapplicationswerealsotreatedinRefs.[105,155]whereitwaspointedoutthat
themechanismbehinditispairwise,thatis,thegrowthofpopulationatqislinkedtoan
increasedpopulationat−q.Itisimportanttonotethatinthecaseofdynamicalinstabilities,

3InRef.[178],theoptimisedexpressionforthelatticeloadingisgivenandcorrespondsto

V(t)=
Vmax

1+exp−αt/τramp

whereαandτrampareadjustableparameters.
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atomswithquasi-momentaqand−q(theatomicpairs)arepresentinthecondensate.If
thepairshaveaspeedhigherthanthespeedofsound,energeticinstabilitiescanalsotake
place.Thusthesystem,whichisinitiallydynamicallyunstable,alsobecomesenergetically
unstableleadingtosecondordereffectsbothonthedistributionofthepairsandonthe
temperatureoftheBEC.

3.2 Dynamicalinstability:paircreation

Thefundamentalmechanismbehindtheatomicpairproductioninourexperimentalset-upis
thedynamicalinstability[188,193,194].Thiscanbeviewedasafour-wavemixingprocess,in
thesensethat,apairofatomsiscoherentlytransferredfromaninitialmomentumstatek0,in
thelaboratoryframeofreference,totwonewmomentastateskaandkbformingapair.

Four-wavemixing

Themechanismisinspiredfromnon-linearoptics,whereacoherentbeampassingthrougha
non-linearmediumleadstothecreationofapairofphotonsverifyingmomentumandenergy
conservation.

TheHamiltoniandescribingthisprocessisgivenby

ĤFWM=
j=p1,p2,s,i

hνjn̂j+1 + κâp1âp2â
†
ŝa
†
i+h.c., (3.13)

wherep1,p2arethetwophotonspumps,thatcanbeidentical,ands,iarethesignalandidler
photonsproducedbythenon-linearresponseofthenon-linearmediumandn̂jthenumber
operator.Theconservationofenergyandmomentumimpliesthat

kp1+kp2=ks+ki, (3.14a)

νp1+νp2=νs+νi. (3.14b)

Whenthepumpisweaklydepleted,theoperatorsofthepumpbeamscanbereplacedby
numbers,Np1andNp2,respectively,andEq.(3.13)canbere-writtenas

ĤFWM=Ĥ0+ κ Np1 Np2 â
†
ŝa
†
i+c.c.

withĤ0= j=p1,p2,s,ihνjn̂j+1.Thiscorrespondstotheparametricdown-conversionHamil-
tonianwhichisoftenusedinquantumoptics[13,86]. However,sincethephase-matching
conditionscanbeverifiedbyseveralsets{sl,il}ofphotonpairs,theHamiltoniancanbewritten
moregenerallyas

ĤFWM=
l

Ĥ0,l+
l

κ Np1 Np2 â
†
s,l̂a
†
i,l+c.c.

leadingtothestate

|ψ(t)=e−îHFWMt/|0, (3.15)
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thatcorrespondstoasuperpositionoftwin-Fockstateswith1,2,3,...pairsineachdistinct
model.Inquantumoptics,itisusualtofilteronlytwomodes.Thewave-functionisthengiven
by

|ψ =
n

tanh(λ)n

cosh(λ)
|n,ns,i, (3.16)

where|n,ns,icorrespondstoastatewithnparticlesinthesignalandidlermode,andλis
relatedtotheaveragedpopulation

n=sinh2(λ).

Withatomsthesamephysicsapply[195]. Thenon-linearitiesarethencomingfromthe
interactionbetweenatomsandtheHamiltoniancanbewrittenas

ĤFWM= dr̂ψ(r,t)†−
2∇

2m
+V(r,t)ψ̂(r,t)+

g

2
dr̂ψ(r,t)†ψ̂(r,t)†ψ̂(r,t)̂ψ(r,t), (3.17)

withg=4π2a
m andathescatteringlength.Thefieldoperatorψ̂(r,t)isdecomposedinthree

terms:thepumpfieldp,theidler(i)andsignal(s),

ψ̂(r,t)=Φp(r,t)̂ap+Φs(r,t)̂as+Φi(r,t)̂ai.

Thisallowsonetore-writetheinteractingcomponentoftheHamiltonianasasumofseveral
terms.Mostofthemarenon-resonanttermssincetheydonotconserveenergyandmomentum.
Theresonanttermthatconservesbothquantitiescanbewrittenas

Ĥ(int)FWM=2g drΦp
2Φ∗sΦ

∗
iâ
†
îa
†
ŝa
2
p+h.c.,

whichisequivalenttotheinteractiontermobtainedinEq.(3.13).ThisinteractionHamiltonian
describesthecoherenttransferoftwoatomsfromtheBECtotwonewmomenta.Fromnow
on,thetermidlerandsignalwillbereplacedbyaandb.

Theconservationofbothmomentumvectorandenergyoftheprocessleadstothefollowing
phase-matchingconditions

2k0=ka+kb (3.18a)

2E0=Ea+Eb, (3.18b)

wherek0andE0stand,respectively,forthemomentumandenergyofthecondensate.

Theseconditionscannotbefulfilledinfree-spaceforanyvaluesofk0sincethedispersion
relationisquadratic. Whenanopticallatticepotentialisadded,theenergydispersionrelation
becomesperiodicandthephase-matchingconditionscanbeverified.

Forsimplicity,insteadoftalkingaboutatomicpairs,sinceseveralpairscanbecreatedatthe
sametime,thetermatomicbeamswillbeoftenused.Twocloudofatomsarethengenerated.
Theonewithmomentum,inthelaboratoryframeofreference,closesttotheBECwillbecalled
beamaandthesecond,beamb.
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Figure3.4:Schematicrepresentationofphase-matchingconditionsforthepaircreationprocess.Twoatomsfrom
thecondensateq0(bluecircles)arescatteredintothequasi-momentaqa(redcircles)andqb+2klat(lightbluecirclesforqband
qb+2klat)suchthatbothenergyandmomentumconservationarefulfilled.

3.2.1 Determinationofthephase-matchingconditions

Theatomicpaircreationtakesplaceinthedipoletrapwhosetransversefrequenciesaremuch
largerthanthelongitudinalfrequencyand,assaidpreviously,thesystemcanbeapproxima-
tivelydescribedas1D.Moreinformationonthissubjectandthevalidityofthisapproximation
canbefoundinRef.[141],page77.

Therefore,onecanwritethephase-matchingconditionsofthe1Dsystemalongthelongitu-
dinalz−axisas

2E(q0)=E(qa)+E(qb), (3.19a)

2qz,0=qz,a+qz,b[2klat]
4 (3.19b)

where,sincetheatomsareevolvinginanopticallattice,themomentumhasbeenreplaced
bytheirrespectivequasi-momenta.Thephase-matchingconditionsarerepresentedinFig.3.4
wheretwoatomsfromthecondensatewithqz0=−0.57klat(darkbluecircle)aretransferredto
qza=0.15(redcircle)andqz,b=−1.3klat+2klat=0.7klat(bluecircle).Sincetheprocessis1D,
thequasi-momentumwillalwaysrefertotheverticalcomponentandtheindexzwillbe,from
nowon,dropped.

Knowingtheinitialquasi-momentumofthecondensateq0,itisthenpossibletoretrievethe
valuesofthepairsquasi-momentaqaandqbfromEq.(3.19b)andtheirrespectiveenergieswill
begivenbythedispersionrelationE0(qi)

5.

Meanfieldcorrection:asimpleapproach

Sincethefour-wavemixingprocessisbasedoninteractions,itisnecessarytoaddthemean-field
contribution(gn)tothephase-matchingcondition.Keepinginmindthatweareinterestedin

4Wherethenotation [2klat]correspondsto±2klatsuchthatbeambisprojectedintothe1stBrillouinzone,see
Fig.3.4.

5E0(q)correspondstothelowestenergybandwithoutinteractioncorrections.
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Figure3.5:Modulationofthecondensatewave-functionbytheopticallattice. SpacialmodulationoftheBECwave
functionwithinitialquasi-momentumofq0=−0.57qlatbyaperiodicopticallatticepotentialwithdepthV0=0.8Elat.

producingpairswithlowpopulations(necessaryfortheHOMeffect),themeanfieldcontribu-
tionduetothepairsisnegligible.However,thesamedoesnotholdforthecondensatemean
fieldcontribution.Theenergyconservationisthengivenby6

2E(q0)+gn0 =E(qa)+2gn0+E(qb)+2gn0,

2E(q0)=E(qa)+E(qb)+2gn0,

wheren0isthedensityoftheBECgivenby

n0=gN0 drψ0(r)
2
.

Asaconsequence,thephase-matchingconditionsofEq.(3.18)areshiftedandbroadened.
Indeed,thewave-functionoftheBECdescribedbytheBlochwave

ψ0(z)=

∞

m=−∞

a0,m(q0)e
iq0z, (3.20)

correspondstoamodulatedfunctioninspace.AsanexampleinFig.3.5,ψ0(z)
2
isrepresented

foralatticedepthV0=0.8ElatandBECinitialquasimomentumq0=−0.57qlat.Theenergy
conservationcanthenbewrittenas

2q0=qa+qb[2qlat], (3.21a)

E(qa)+E(qb)+2g(n0−δn0)≤2E(q0)≤E(qa)+E(qb)+2g(n0+δn0), (3.21b)

whereδn0correspondstothemodulationamplitude.Theenergyconservationconditiondoes
nolongercorrespondtoasinglesolution,buttoarangeofsolutionslimitedbytheconditions

E(qa)+E(qb)=2E(q0)−2g(n0+δn0),

E(qa)+E(qb)=2E(q0)−2g(n0−δn0).

Onewillthenhavearangeofq0satisfyingthephase-matchingconditions.Thisisrepresented
inFig.3.6forthecaseofV0=0.8Elat,q0=−0.57qlatandgn0=0.067Elat.Thesumoftheatomic
pairenergies(E(qa)+E(qb)),withqbverifyingtheconservationofmomentum

qb=qa−2q0[2klat],

6Theterm2×2gn0intherightsidecomesfromthefactthatanatomfromeitherbeamaorbisdistinguishable
fromthecondensate.Themean-fieldcontributionforoneatominsidethecondensate,onthecontrary,isequalto
gn0[153].
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Figure3.7: Determinationofthephase-matchingconditiontakingintoaccountthemean-fieldpotentialfor
differentcondensatequasi-momentumq0andlatticedepthV0.Phasematchingconditionsfortheatomicpairproduction
asafunctionofthecondensatequasi-momentumq0foralatticedepthV0of:a)V0=0.4Elat,b)V0=0.8Elat,c)V0=1.2Elat
andd)V0=2.0Elat.Theredshadedareaindicatestheatomicbeamaandthelightbluetheatomicbeamb.Thewidthsarefixed
bythemean-fieldmodulation.Thedarkbluelinerepresentsthecondensatequasi-momentum.

isplottedasafunctionofqa. Whenthetotalenergyofthepairintersectstheenergyzone
definedbytheboundaries

2E(q0)−2g(n0+δn0), (3.22)

2E(q0)−2g(n0−δn0), (3.23)

representedingrayonthegraph,thevaluesofqa(inred)andqb(inblue)arefound.These
correspondtobeamaandb,respectively.

ByapplyingthesameprocedurefordifferentvaluesoftheBECquasi-momentumq0,one
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obtainsthephasematchingcurvedisplayedinFig.3.7forfourdifferentlatticedepths.From
thesecurves,itispossibletoextracttheexpectedquasi-momentaofatomicbeamsaandb(qa,
qb)asafunctionofthecondensatequasi-momentumq0.Oneseesthatthepairproductionstarts
forvaluesofq0aboveacriticalvalueqc>0.5klatdependingonthelatticedepth. Whenq0is
closetothevalueofqc,theatomicpairsarenotwellseparatedinmomentumspace.Fordeeper
lattices,thespreadofthepairsandthethresholdvaluetendstoincrease.Theseobservations
areingoodagreementwiththenumericalresultsofRef.[154].

Meanfieldcorrection:anumericalmethod

Thepreviousprocedure,althoughveryintuitive,doesnotallowustopredicttheatomicbeam
shapenortheatomicbeamsdynamics.Inordertogetthisinformationwewill,following
Ref.[154],startbysolvingthestationaryGross-Pitaevskiiequation

µψ(z)= −
2

2m

∂2

∂z2
+V(z)+gψ(z)

2
ψ(z), (3.24)

whereV(z)correspondstothelatticepotential7.Thewave-functionofthecondensate,asin
Eq.(3.20),correspondsthentoaBlochwavewithinitialquasi-momentumq0.

ThisresolutionisperformednumericallybyfirstfindingthesolutionsofEq.(3.24)without
interactions,givenby

ψ0(z)=

∞

m=−∞

a0,m,0(q0)e
iq0z.

Bysolvingthemcoupledequations




2q0+2mqlat
2

2m
+
V0
2


a0,m,0(q0)−

V0
4
a0,m+1,0(q)+a0,m−1,0(q0)=E0,q0,0a0,m,0(q0),

onefindsthecoefficientsa0,m,0ofthewavefunctionψ0(z).Onecannowaddthecontribution
ofthemean-fieldpotential,suchthatthemcoupledequationsarenowgivenby




2q0+2mqlat
2

2m
+
V0
2


a0,m,1(q0)−

V0
4
a0,m+1,1(q0)+a0,m−1,1(q0)

+n0g
p,p

a0,p,0a
∗
0,p,0a0,m+p,1+n0ga0,m,0

2
a0,m,1=E0,q0,1a0,m,1(q0).

Thesolutionoftheseequationsgiveusthevalueofthecoefficientsa0,m,1andallowustorecover
thewave-function

ψ1(z)=
m

a0,m,1e
iq0z.

Doingthesameprocedurebutreplacinga0,m,0bya0,m,1,thesolutionofψ2(z)canbefind.This
self-consistentprocedureisdevelopeduntilbothenergyandwave-functioncorrectionofhigher
ordersbecomenegligible[141].

OnceasolutionofEq.(3.24)isobtained,oneneedstotestthestabilityofthewave-function.
Inordertodoso,weaddasmallperturbationtothecondensatewave-functionandstudy

7Thedipoletrappotentialisneglectedalongthelongitudinalaxis.
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itsresponse[154]. Thiscorrespondstoaddingtothewave-functionofthecondensatethe
perturbation

δφq0(z,q,t)=vq0(z,q,t)e
iqz+w∗q0(z,q,t)e

−iqz,

wherevq0(z,q,t)andwq0(z,q,t)aretwofunctionswiththesamespatialperiodicityofthelattice.
Thesefunctionscorrespondtoexcitationswithquasi-momentumq0+qandq0−q,inthelattice
frameofreference,andhaveweakamplitudes.BysolvingthetimedependentGross-Pitaevskii
equation

i
∂ψ(z,t)

∂t
=−

2

2m

∂2ψ(z,t)

∂z2
+
V0
2
1−cos2zqlat +gn0ψ(z,t)

2
ψ(z,t), (3.25)

onegets,infirstorderapproximation,

i
∂

∂t

vq0(z,q,t)

wq0(z,q,t)
=Mq0(z,q)

vq0(z,q,t)

wq0(z,q,t)
, (3.26)

whereMq0(z,q)isequalto

Mq0(z,q)=




L(q0+q) gn0ψ
2
q0

−gn0ψ
2∗
q0 −L(−q0+q)




(3.27)

and

L(q)=−
2

2m

∂

∂z
+iq

2

+
V0
2
sin2(zklat)−µ+2gn0ψq0

2
. (3.28)

ThroughthediagonalisationofthematrixM,onecandeterminetheeigenvaluesofthe
system.Ifoneoftheeigenvaluesiscomplex,thesystemisnotstableandtherespective
perturbationgrowthsexponentiallyintimeleadingtoadepletionofthecondensate. This
correspondstothedynamicalinstabilityor,inotherwords,theatomicpairproduction.

Theseinstabilitiescanbestimulatedwiththeintroductionofaseed —stimulatedprocess
—orcanhappenspontaneouslyduetovacuumfluctuations—spontaneouspaircreation.Our
maininterestisinthelatter.

TheeigenvaluesofM arecomputedbyfixingtheBECquasi-momentumq0andscanning
theperturbationquasi-momentum,q,inthe1stBrillouinzone.Eachimaginaryeigenvalue
correspondstoaquasi-momentumqverifyingthephase-matchingconditionsoftheatomic
pairs. Byidentifyingthevaluesofqforwhichtheeigenvaluehasanimaginarytermand
knowingq0,oneextractsthevaluesofqaandqb.Thecomplexpartoftheimaginaryeigenvalue
correspondstothegrowthrateoftheexcitation.InFig.3.8,onecanseethattherateincreases
withthelatticedepthandwiththeabsolutevalueofq0.Thismeansthatfordeeperlattices
andlargerBECquasi-momentathepairproductionrateincreases.Consequently,inorderto
producethesamenumberofatomicpairsfordifferentquasi-momentaorlatticedepths,one
hastoadaptthelatticeduration.

InFig.3.8,thequasi-momentaqaandqbareplottedfordifferentq0rangingfrom−0.9klat
to−0.5klat,withdifferentlatticedepths:V0=a)0.4Elat;b)0.8Elat;c)1.2Elatandd)2.0Elat.
Thedensityiskeptconstantandthe mean-fieldtermisequaltogn0=0.067Elat

8. One
recoverssimilarfeaturesasforthemethoddiscussedpreviouslyjustbyaddingthemean-field
contribution.Namely,thephasematchingconditions,thecriticalvalueqcandwidthsolutions
forbeamaandbarequalitativelythesame.

8ThisvalueisextractedfromthetypicalBECnumbersgiveninChapter2,Table2.6,withn0=
Nat

4
3πw

2
⊥(0)L

where

w⊥(0)andLareobtainedfromRef.[64].
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twomethods.

Comparisonbetweenthetwomethods

TheresonancewidthsarecomparedinmoredetailinFig.3.9wheretheresultfollowingthe
self-consistentsolution(redarea)issuperimposedtothenaivesolutionobtainedbyaddingthe
mean-fieldcontribution(blueshadedarea).Despiteasmallshiftintheupperqbranch,both
resultsagreeintermsofcentralphase-matchingcondition,aswellasintermsoftheresonance
width.Thefirsttreatmentoftheinteractionscannot,however,predicttheexpectedgrowthrate
asafunctionofq0and,inthissense,cannotexplaintheshapeoftheproducedpairs.
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3.2.2 Atomicbeamshapeprediction

FollowingRef.[154],itisnowpossibletoestimatetheshapeoftheatomicbeams.Forshort
latticeapplicationtime,suchthattheexponentialgrowthofthepairisstillclosetoalinear
growth,themomentumdistributionofthebeamisamultipleofthegrowthratevalueasa
functionofq9.Foralongerlatticeapplicationtime,thisisuntruesincetheprocessbecomes
tobeseededandtheshape"shrinks"aroundthemaximumeigenvalue. Nonetheless,wewill
alwaysworkintheweaklypopulatedregimewherethegrowthratedistributiongivesus
enoughinformationaboutthebeamshape.

Itisimportant,however,topointoutthatsincethecondensateisrepresentedbyaplane
waveofquasi-momentumq0,thegainwidthdoesnottakeintoaccounttheinitialmomentum
distributionoftherealBEC.Inordertobeabletopredictthecorrectshapeoftheatomicbeams,
oneneedstotakeintoaccounttheinitialmomentumspreadofthecondensate.

Theexactwavefunctionofthecondensatecanberetrievedbysolvingthetimedependent
Gross-Pitaevskiiequationinimaginarytime.Forourtypicalparameters,thedensityinmomen-
tumspacecanbeapproximatedbyaGaussianofwidthσ≈6×10−3klat. Wethusrepresentthe
distributionofthecondensateasacoherentsumofplanewavesconvolutedbythisGaussian

9ThegrowthratecorrespondstothecomplexpartoftheeigenvalueobtainedthroughthesolutionoftheGPE
asdescribedpreviously.Thecomplexpartisafunctionoftheperturbationquasi-momentumqand,consequently,
thegrowthratealsodependsonit.
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Figure3.11:Schematicrepresentationoftheopticalaccesstothesciencechamber.W1,W2,W3andW4correspond
tothefourwindowsthroughwhichtheopticallatticecanbealignedontheatoms.Twomirrorsinsidethesciencechamber
guaranteethatalaserbeamcentredoneitherW1orW2willexitthroughW3orW4,respectively.

shape.Theatomicbeamwidthcanthenbeestimatedthroughaconvolutionbetweenthegain
ateachqcentredaroundq0andthewidthoftheinitialBECdistribution. Asaconsequence,
onecanseeanenlargementofbeamaasrepresentedinFig.3.10forseverallatticedepths
(from0.8to2Elatfromtoptodown)anddifferentcentralBECquasi-momentaq0(from0.85
to0.55klatfromlefttoright)with,inblue,therealisticgrowth-ratepredictionfortheatomic
beamatakingintoaccounttheBECmomentumdistributionand,inred,thegrowth-ratefora
planewaveofquasi-momentumq0.Onecanseethatforashallowlatticeandasmallcentral
quasi-momentum,q0,thegrowth-rateofbeamaiswiderthanthecentral(q0)growth-rate.In
thisregime,thedominantcontributionfortheatomicbeamshapecomesfromthecondensate
initialmomentumdistribution.Thisispreciselythesituationinwhichthepairwereobtained
inordertoachievetheatomicHOMexperiment.

Inthissection,thephase-matchingconditionshavebeendiscussed.Bychangingthedetuning
betweenthetwolaserbeams,thequasi-momentumoftheBECinthelatticeframeofreference
ischangedandtheproducedatomicpairsselected.Thepopulationoftheatomicbeamscan
alsobecontrolledthroughthelatticeapplicationtime.Thismethodcorrespondsthentoavery
tunablewayofproducingatomicpairsinmomentumspaceandrepresentsahugeimprovement
overthecontroloftheatomicpairsproductioninourexperiment.

3.3 Paircreation:experimentalrealisation

Afterhavingbrieflydescribedthetheoreticalstepsrequiredtounderstandthepaircreation
mechanism,wewillnowfocusontheexperimentalrealisationandanalysisoftheatomic
beams.
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Figure3.12:Schematicsrepresentationoftheopticalbenchfortheopticallattice.

Theopticallatticeconsistsintwolaserbeamswithwavelengthof1064nm,seeFig.3.12.
Atthebeginningofthiswork,thelaserbeamsformedanangleof7◦degreeswithrespectto
theverticalz−axis.ThetwobeamswerethengoingthroughthesciencechamberwindowsW2
andW4(seeFig.3.11).Instead,wenowusethewindowsW1andW4(seeFig.3.11)toalign
thelatticealongtheverticalz−axis.Therelativeanglebetweenbothbeamscorrespondthento
θ=2θ=166◦andthebeamwaistisequalto200µmfortheupwardbeamand400µmforthe
downwardone.10

AsseeninSection3.1,bychangingthedetuningbetweenthetwolaserbeams,δlat,one
cancontrolthespeedofthecondensateinthelatticeframeofreference.Foravalueofδlat=
2π×100.5kHzthelatticespeedisequalto−0.57vlatandoneproducestwoatomicbeamswith
momentaka=0.73klatandkb=1.27klat,inthelaboratoryframeofreference.Thissituationis
interestingforperformingtheHOMexperimentaswewillexplaininChapter4.

Effectofverticalalignment

InFig.3.13andFig.3.14,the2Datomicdistributionsarerepresentedforδlat=2π×100.5kHz
andPup=13mW(V0=0.8Elat)inthexzandyz−plane,forthenewandoldopticallattice
alignment,respectively.Theoldconfigurationcorrespondstoanangleof7◦withrespecttothe
verticalz−axiswhilethenewconfigurationisalignedalongtheverticalaxis.Thelatticeiskept
for300µsatitsmaximumdepthand,inbothsituations,theloadingaswellastheextinctionof
thelatticeareperformedadiabatically.

10Atthetimethenewlatticealignmenthasbeenperformed,nocollimatorwasavailabletoguaranteethesame
waistontheatomsforbothbeams. Asatemporarysolution,thewaistofthedownwardbeamwaschangedto
400µmwhichistwotimeslargerthantheupwardbeam.Inordertohavethesameintensityprofileontheatoms,
thedownwardbeamhasfourtimesthepoweroftheupwardbeam.Sincethecondensatesizeismuchsmallerthat
thelatticebeamwaists,theintensityprofileisuniformoverthecondensate.
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Figure3.14: Two-dimensionalmomentumdistribu-
tionoftheatomicpairsobtainedintheoldoptical
latticeinthelaboratoryframeofreference.Paircreation
inlatticealigned7◦withregardtotheverticalz−axis.One
canseethatalongthey−axistheshapeofthepairsisnolonger
centredonzeroandfollowtheinclinationoftheopticallattice.

Inthecaseoftheoldgeometry,asonecanseeinFig.3.14,theatomicbeamsareno-longer
centredtransversallyaround{x,y}={0,0}butareasymmetricalongthey−axiscorresponding
totheinclinationofthelattice. Withthenewalignmentthisfeaturedisappears[108,141,142].
Thischangeiscrucialinordertoguaranteeagoodspatialoverlapofthetwoatomicbeamsin
theHOMexperimentasitwillbediscussedinChapter5.

3.3.1 Geometricalalignment

Thelatticealignmentisbasedontherepulsivedipolepotentialofeachlatticebeam.Oneturns
oneachlaserbeamindividually,for100µs,ontheatomsafterswitchingoffthedipoletrap.
Sincethelatticebeamsarebluedetuned,thelightinducesarepulsivedipoleforceontheatoms
thatarenowfallingduetogravity.Sincethelatticebeamsarealmostalignedalongthevertical
axis,theatomsfeelastrongrepulsivepotentiallyingbeneaththemandare,consequently,
repelledtransversally.Afteralongtime-of-flightof308ms,therepulsivedipoleforcetranslates
intoaholeinthe2Dxy−planedensitydistribution,seeFig.3.15.

Fig.3.15showstheobtainedresultsfortheupward(Fig.3.15a))anddownward(Fig.3.15
b))latticebeams.Theholeinthetransversedistributioncorrespondstotherepulsivepotential
ofthelatticebeamwhichiscentredontheatomiccloud.Agoodalignmentwouldcorrespond
toanalmostsymmetricringasseeninthefigure.

3.3.2 Loadingprocedureofthe1Dlattice

InordertoadiabaticallyloadtheBECinthelattice,theintensityofthelaserbeamshastobe
rampedslowlyoveratimeT.11TheminimalvalueofTforatomsatdifferentquasi-momenta

11Weconsideralinearramp,althoughthisisnottheoptimisedsituationasreportedinRef.[178].
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andlatticedepthwasdiscussedinSubsection3.1.3.Foracondensatewithquasi-momentum
q=−0.57qlat,whichisthecaseconsideredhere,theconditionT 1µshastobeverified.

Theprocedureisdone,asrepresentedinFig.3.16,byfirstrampingupthelatticedepthfrom
0toV0=0.8Elatin300µs. Duringthistime,thelatticespeediskeptatzerosothattheBEC
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iskeptatrestinsidethedipoletrap. AfterreachingthemaximumvalueofV0,thelatticeis
acceleratedfrom0to0.57vlatin50µs.Thecondensateisafterwardsmodulatedbytheoptical
latticepotentialfor350µsandundergoesspontaneouspairproduction.

Afterthistimethepaircreationprocessstartstobeslightlyseededbythefirstproduced
atoms.FortheHOMexperimentitisrequiredthattheaveragednumberofatomsremains
aslowaspossible.Itisthenessentialtostoptheprocessasquicklyaspossible.Thismeans,
however,toextinctthelatticeabruptlywhichcanleadtodiffraction.Theadoptedprocedure
istolowerthelatticedepthwithalinearrampfromthemaximumvalueV0to0in50µs.This
timeissufficienttoguaranteethattheatomsinbeamb,thatlieclosetotheboundaryofthe1st
Brillouinzone,donotundergoBraggdiffraction(forqb=0.72klat,theconditionT 4µsis
verified).Ontheotherhand,thetimeissufficientlyshorttoguaranteethattheaveragedpair
populationdoesnotgrowthduringtheadiabaticextinctionofthelattice.

Experimentally,theadiabaticityoftheloadingprocessischeckedbyabandmappingtech-
nique[179].Thetestconsistsinturningoffthelatticeinthesamemannerasitwasturned
on.Iftheatomshavebeentransferredtohigherenergybands,thantheywillbeprojectedto
Brillouinzonesoncethelatticeisturnedoff.Thiscanbecheckedbylookingatthepopulations
atk0±2nklat.Inourcase,nodiffractionisvisiblefortheloadingramp.Fortheextinctionramp,
lessthan0.02%oftheinitialBECpopulationistransferredtok0+2klatandnovisiblediffraction
ofthepairsisrecovered.

Thepairproductiontimecanthenbeestimatedas

Tprod.=[Timeofthemovinglatticeatfullpower]−[accelerationtimeofthelattice]=350µs.

Thisissufficienttoguaranteeanaveragepopulationofthepairsaround20−40ineachbeam.
BytakingintoaccounttheMCPdetectionefficiencyof25%thisleadstoapproximatively5−10
detectedatomsonaverage.

3.3.3 Atomicpairproduction

AsdescribedinSection3.2,itispossibletotheoreticallypredictthedistributioninmomentum
spaceoftheatomicbeams.Theexperimentaldensityprofileisthencomparedtothepredicted
oneinFig.3.17wherewerepresent,inblue,theexperimentaldensityprofileand,inred,the
theoreticalpredictionwithanadjustedgrowthtimeinordertofittheamplitudeoftheatomic
beama.Thedescriptionoftheatomicbeamwidthduetothemomentumdistributionofthe
BECagreeswellwiththeexperimentalobservation.However,twoimportantdiscrepanciesare
noticed.

•Firstthereisabackgroundnoisebetweenthetwoatomicbeamsthatisnotfullydescribed
bythetheoreticalmodel. Thisbackgroundcaneventuallybeexplainedbyenergetic
instabilities,sincethepairsare movingabovethespeedofsoundofthecondensate
(c=0.24vlatwithcthespeedofsound,seeAppendixA)[189,193,196].Thiswouldlead
tocollisionsbetweenthepairsandthecondensateandpossiblyexplainthisbackground
population.

•Second,thereisananisotropybetweenthepopulationofthecloudsaandb.Thetheoretical
modelisbasedonaHamiltoniancloselyrelatedtoparametricdown-conversionprocess
whichgivesraisetoasymmetricpopulationbetweenthetwobeams,seeEq.(3.17).
However,sincebeambhasaquasi-momentumabovethethresholdlimitvalue(qc)
fordynamicalinstabilityitcanleadtosecondaryfour-wavemixingevents.Thiseffect
should,inprinciple,benegligiblesincebeambisverydilute.However,four-wavemixing
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Figure3.17:Densityprofileofbeamsaandb,experimentalresultandtheoreticalpredictions.Thetheoretical
predictionfortheatomicbeamsshapeasafunctionofthemomentumkinthelaboratoryframeofreference(redshadedarea)
iscomparedtotheexperimentaldensityprofile(blueshadedarea).ThelatticedepthisV0=0.8Elatandthelatticeismoving
at−0.57vlat.Theamplitudeofthetheoreticalpredictionisadjustedtotheexperimentalprofilecorrespondingthentoafitting
parameter.

processestriggeredbyanatomfromtheBECandanatomfromcloudbcanhappen.This
wouldresultinlossesfrombeamb.

Thepopulationdifferencebetweenthetwoatomicbeamshavealsobeenreportedinthe
experimentofW.Ketterle’sgroup[105]and,inthissense,webelievethatitmustcorrespond
toaphysicalprocessratherthananexperimentalartefact.Furthertestsarebeingperformedin
ordertounderstandthisdiscrepancybetweenthetwobeams.Inparticularweareinterested
instudythedependenceoftheatomicbeampopulationdifferenceasafunctionofthespeedof
soundintheBECandasafunctionofbeambquasi-momentum.

InFig.3.18arerepresentedthedensityprofilesalongthelongitudinalz−axis(leftpanel)of
thecondensateandtheatomicpairsforthecaseofaninitialquasi-momentumq0=−0.57qlat
andalatticedepthV0=0.8Elat. Sincethecondensatesaturatescompletelythe MCP,no
informationcanbeextractedfromitstransverseprofile.Thetransverse2Ddistributionofboth
beamsaandbisalsoshown. Onecanseethatthetwocloudspresentshoulders(rightpanel)
whichindicatesthatpairsarealsocreatedinexcitedtransversemodes.Thosearenotdominant
sincetheirgrowthrateismuchweakerthanthefundamentalmodeasdiscussedinmoredetail
inRef.[141],page81.

3.3.4 Evolutionofthepairsinthetrappingpotential

Thethreecloudsofdifferentquasi-momenta(theBECatq0,beamaatqaandbeambatqb)evolve
inapotentialformedbythedipoletrapandthelattice. Althoughthetrappingpotentialhas
alwaysbeenneglectedinthe1Dtheoreticaltreatmentpresentedsofar,itplaysanimportant
roleonthetimeevolutionofthepairs.TheBECis,inthelaboratoryframeofreference,always
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Figure3.18:DensityprofilesoftheatomicpairsinthecaseoftheHOM-experimentalrealisationbeforeapplication
ofthebeam-splitterFromlefttoright:2Dmomentumdistributionoftheatomsinthexz−plane.Thecondensatesaturates
thedetectorand,asaconsequence,itswidthalongthex−axishasnophysicalmeaning. Thepairsappearwithmomenta
ka=0.73klatandkb=1.27klat.Wealsorepresenta2Dmomentumdistributioninthexy−planeforbeama(upperpanel)and
beamb(bottompanel).Theintegrationlengthalongtheverticalz−axisisequalto0.01klatandcentredonka=0.73klatand
onkb=1.27klat,respectively.Finally,weshowthecutalongthex−axisofthe2Dmomentumdistributiononxy−planefor
bothbeama(upperpanel)andbeamb(bottompanel).Thecutcorrespondstoanintegrationlengthalongthey−axisequalto
0.05klat.

atrestanddoesnotexplorespatiallythetrappingregion,however,thesamecannotbesaidfor
thepairs.

Theatomicbeamshaveafinitespeedinthelaboratoryframeofreferenceandthuscanmove.
Oneimportantpointistheirpositionwhentheopticaltrapisswitchedoff.Iftheydidnotleave
themaximumdensityregionoftheBEC,theirexpansion,oncethetrapisswitchedoff,canbe
stronglyperturbedbythemean-fieldpotential. Moreover,sincethespeedofthetwoatomic
beamsaredifferent,theeffectofthemean-fieldpotentialisgoingtoaffectthemdifferently.This
representsahugeexperimentaldifficultyinordertoachievetheHOMexperimentsincethe
particleshavetobewellmodematchedwhenoverlapped.

Experimentalobservationofthespatialshapedeformation

Thelatticeisadiabaticallyswitchedonandkeptatitsmaximumpowerfor400µs.Theexper-
imentisperformedforalatticedepthof0.8Elatandspeedvlat=0.77vlatwhichleadstothe
productionofcloudawithmomentum,inthelaboratoryframeofreference,equalto0.31klat.
Afterswitchingoffthelattice,thecloudiskeptinthedipoletrapforacertainwaitingtime(τw),
afterwhichthedipoletrapisswitchedoffinlessthanamicrosecond.Theatomsexpandand
theirlongitudinalaswellastransversevelocitiescomponentsarerecoveredaftertime-of-flight.
Themomentumdistributionofclouda,inthexy−planeisshowninFig.3.19.Itispossibleto
noticeaholeinthetransversedistributionforwaitingtimeslowerthan50µs.Forlongerτw,the
expectedtransverseGaussianshapeisrecoveredasdiscussedinRef.[141].
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Figure3.19:Transverseshapeoftheatomicbeamaasafunctionoftheholdingtimeintheopticaldipoletrap.
Forthefirstpanels,aholeappearsinthetransverseshapeofbeamawhichtendstodisappearforlongerholdingtimesτw.Each
panelcorrespondstoa2Dmomentumdistributioninthexy−plane.

Mathematicaldescriptionoftheproblem

Onepossibleexplanationforthespatialshapedeformation,wouldbethatifbeamaissuper-
posedtothecondensatewhenthetrapisswitchedoff,thenthecloudwouldfeelaverystrong
repulsivepotentialbeneathit.Thatwouldtranslateintoarepulsivetransverseforceand,after
time-of-flight,thiswouldleadtotheformationofaholeonthehorizontalplane.Inorderto
testthisassumption,letuslookattheatomicbeamsdynamics.Twodistinctsituationaretobe
considered.

First,onehastoconsidertheatomicbeamdisplacementintheopticalpotentialformed
bythedipoletrapandtheperiodicopticallattice.Thiscorrespondstothefirstinstantsafter
productionofthefirstatomicpairs.Theparticleevolutionequationsarethengivenby[186]

d2q

dt2
=−
∂V(0,0,z)

∂z
(3.29a)

dz

dt
=
1∂E(q)

∂q
−vlat, (3.29b)

wherevlatcorrespondstothespeedofthelatticeandthedipolepotentialistakenat{x,y}={0,0}.
Itisimportanttonotethattheatomspatialevolutiondependsonthegroupvelocitygivenby
1∂E
∂q
.

ConsiderthecaseofaweaklatticeandaBECquasi-momentumequalto−0.77klat.This
correspondstotheproducedatomicbeamsrepresentedinFig.3.19wheretheholehasbeen
identified,withbeamqa=−0.46klatandqb=0.92qlat,inthelatticeframeofreference.Since
beamaismovingslowerthanbeambwithrespecttothecondensate,theeffectoftheinteractions
willbemaximallyfeltonbeama.Inordertodeterminethespatialdisplacementoftheatomic
beam,oneneedstoevaluatethetimeafterwhichthefirstpairshavebeenproduced. We
experimentallyestimatedthatthefirstproducedpairsaregenerated,forthecurrentvalueof
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Figure3.20:Centralpositionofbeamaasafunctionoftheholdingtimeτw.Theexperimentalsituationcorresponds
toalatticedepthV0=0.8Elatandacondensatequasi-momentum,inthelatticeframeofreference,equaltoq0=−0.77vlat.
ThisisrelatedtotheobservationmadeinFig.3.19

q0,afterapproximatively200µsand,sincethelatticeapplicationtimeisequalto400µs,this
meansthatthepairsaretravellingfor200µsinanopticalpotentialformedbybothanoptical
latticeandadipoletrap.FromEq.(3.29b),werecoveraspatialdisplacementforbeamaequal
to7µm.Thismeansthatatthetimethelatticeisswitchedoff,beamahasalreadymoved7µm.

Thesecondsituationcorrespondstotheevolutionoftheatomiccloudinthedipoletrap
alone.Theequationsofpositionandmomentumcorrespondthentotheevolutionofaparticle
inaquasi-harmonicpotential.

InFig.3.20,oneshowstheevolutionofthecentralpositionofbeama,fromtheinitial
positionof7µm,whenthelatticehasbeenextincttothefinalpositionoftheparticle,after
τw=200µs,equalto13µm. WhencomparedtotheThomas-Fermiradiusofthecondensate,
approximativelyequalto60µm,oneconcludesthatbeamaisstilldeeplyinsidethecondensate.
Thismeansthattheobservedbehaviourasafunctionofthewaitingtime,τw,reportedinFig.3.19
cannotbeunderstandthroughasimplespatialargument.

Anotherexperimentprovidesmoreinsightinthisobservation.Inthisexperimentalse-
quence,afterproducingthepairsviadynamicalinstabilities,wechangethelatticespeedin
orderto,viaBraggdiffraction(seeChapter4),acceleratethebeama.Theatomswithinitial
momentumkaaretransferredtoamomentumka+2klat.Thedipoletrapisthenimmediately
switchedoff,suchthattheatomsdidnothaveenoughtimetosignificantlymove. Wethen
comparethesituationwithandwithoutBraggdiffractionasshowninFig.3.21andFig.3.22,
respectively. Onecanseethatforthesituationinwhichbeamaisnotdiffracted,aholeis
noticeableinthe2Datomicdistributionanddisappearswhenthebeamisdiffracted,showing
thatthespeedofthecloudduringtheexpansionplaysanimportantrole. Wealsonoticea
shrinkinthetransversedistributionofbeamb.
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Figure3.21:Effectoftheinitialspeedonthetrans-
verseshapeofbeama.a)Verticaldensityrepresentation
withcloudaatka=0.31klatinthelaboratoryframeof
referenceandcloudbat1.72klat. Braggdiffractionfrom
thecondensateatk=2klatisvisibleduetothefactthatthe
latticeisnon-adiabaticallyswitchedoff.b)Transverseprofile
ofbeama. Onecanseethatthecloudpresentaholeinthe
transverseplane.Thecutalongthex−axisrepresentedind)
allowustovisualisemoreclearlytheeffect.c)Transverse
profileofbeamb. Nostructuresimilartobeamaisvisible.
Thisis,oncemore,easiertoobservethroughthecutalong
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Figure3.22:Effectoftheinitialspeedonthetransverse
shapeofbeamaafterbeingBraggdiffracted.Beamais
diffractedjustafterbeingproducedandthedipoletrapis
immediatelyswitchedoffafterwards.a)Densityprofileofthe
cloudsalongtheverticaldirection. Theinitialmomentum
ofbeamaisrepresentedbytheredbox. Thearrowline
indicatesthediffractionperformed.Beamahasnowaninitial
momentumhigherthanbeamb.Braggdiffractionfromthe
condensateisalsonoticeableatk=2klat.b)2Ddensityprofile
onthexyhorizontalplanecentredonclouda.Theholein
Fig.3.21isnolongerpresenthasitispossibletocheckviathe
cutalongthex−axisrepresentedind).c)2Ddensityprofile
onthexy−planecentredoncloudb.Thecloudgetsthinner
whencomparedtothesituationofFig.3.21buthasstilla
similarshape.

Theformationofaholeinthetransversedensityprofileofbeama,aftertime-of-flight,isstill
anopenquestionthatneedstobefurtherinvestigated.Theexplanationbasedonthespatial
overlapbetweenbeamaandthecondensatecannotexplainentirelyourobservation.From
Fig.3.21andFig.3.22,weconcludethattheinitialspeedoftheatomsplaysanimportantrole,
andthatatomswithhighervelocitieswillbelessdisturbed.Sincethesituationofinterestfor
theHOMexperimentcorrespondstoabeamawithhigherverticalvelocitythantheonestudied
here,onecanexpectanegligibleeffect.Nevertheless,inordertoavoidanypossibledistortion
ofthecloud,wewill,fortheHOMexperimentalsequence,waitfor200µsbeforereleasingthe
atomsfromtheopticaldipoletrap(seeChapter5).

Withtheseresultsinmind,onecannowinvestigatethecorrelationpropertiesofthepairs
andtheirinterestfortherealisationofquantumatomexperiments.
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3.4 Correlatedpairsofatoms:analysis

InordertousetheatomicpairsfortheHOMscheme,oneneedstoguaranteethatthemomentum
differencebetweenthetwoatomicbeamsisequaltothemomentumtransferofthebeam-splitter.
AsitwillbeexplaininChapter4duetothelimitingopticalaccessofoursciencechamberthe
beam-splittermomentumtransfercorrespondsto∆k=0.55klat.Thepairsarethenproduced
withamomentumdifferenceequalto0.55klatasrepresentedinFig.3.18.Thisisachievedby
loadingthecondensateinamovinglatticewithspeedv0=0.57vlat.Thetwoatomicbeams,a
andb,arethencentredaroundmomentaka=0.73(1)klatandkb=1.27(2)klat,respectively.

3.4.1 Cross-correlationandautocorrelation

Themaininterestofanon-linearprocessasfour-wavemixingistheabilitytotransforma
classicalstate(acoherentstateforinstance)inastrongly,quantum,correlatedstatedueto
thenon-linearitiesofthesystem.Thisnon-classicalcharacteristicscanbequantifiedvianon-
localcorrelations,variancereductionbelowshot-noiseandentanglement.Followingthewell
knownresultsforparametricdownconversion[13],inthissection,thestudyofcorrelation
measurementisappliedtoouratomicpairs.

Theparametricdown-conversionHamiltoniangivenbyEq.(3.13)leadstomultimodestate
describedby

|ψ(t)=e−îHt/|0,

with

Ĥ=
l

Ĥ0,l+
l

κ Np1 Np2 â
†
s,l̂a
†
i,l+c.c..

Inordertodeterminethemodesize,wecomparethetwo-bodyautocorrelationfunctiontothe
densitydistribution[108].

Autocorrelationfunction:modecharacterization

Foratwomodestatecorrespondingto

|ψ =
n

tanhn(λ)

cosh(λ)
|n,na,b (3.30)

whereλisrelatedtotheaveragednumberofparticlespermode,throughtherelationn =
sinh2(λ),theautocorrelationcanbewrittenas

g
(2)
aa=

â†̂a†̂âa

â†̂aâ†̂a

=
1

8cosh2(λ)sinh4(λ)
8sinh2(λ)cosh2(λ)2sinh2(λ)

=2. (3.31)

Ifthesourceismultimode,theautocorrelationfunction

g
(2)
aa(k,∆k+k)

91



ExperimentalrequisitestowardstheHOMexperiment:atomicpairproduction

1.0

2.0

g
(
2)
(
∆k
)

1.0

2.0

0.00 0.04

g
(
2)
(
∆k
)

∆kz(klat)
0.00 0.06 0.12

∆ky(klat)

Paira Paira

Pairb Pairb

Figure3.23:2ndorderautocorrelationfunctionforbothbeamsaandb.Leftpanels:Projectionofthe2ndorder
autocorrelationfunctionalongthelongitudinalz−axisforbothatomicbeams. TheareaofintegrationisequaltoΩ2=

Lx×Ly = 2×10
−2 2k2

lat
.Rightpanels:Projectionofthe2ndorderautocorrelationfunctionalongthetransversey−axis

(thesameshapeisrecoveredalongthex−axis)forbothatomicbeams.TheintegrationareaisequaltoΩ1=[Lx×Lz]=
2×10−2×1×10−2 k2

lat
.

isnolongerflatbutevolveswiththemomentumdifference,∆k,where∆k=k−kwithkandk
correspondingtomomentavectoroftwoatomsinthesameatomicbeam.Theautocorrelation
functionwillreachthemaximumvalueof2inthecentralregionanddecreasesto1when∆kis
largerthanthemodesize.

Sinceseveralatomswithdifferentmomentaareproduced,itispreferable,inordertomax-
imisethesignaltonoiseratiooftheautocorrelationfunction,tointegrateoverkinavolume
ΩVcomparabletotheatomicbeammomentumspread.The3Dautocorrelationfunctioncorre-
spondsthento

g
(2)
aa(∆kx,∆ky,∆kz)=

ΩV

d3k
:̂n(k)̂n(k+∆k):

n̂(k) n̂(k+∆k)
, (3.32)

whichisprojectedintothelongitudinalaxis(z)andoneofthetransverseaxis(y)byintegration
overanarea,Ω1andΩ2smallwhencomparedtotheautocorrelationcrosssectionarea.The
autocorrelationprojectionsarethengivenby

g
(2)
aa(∆kz)=

Ω1

d∆kxd∆ky
ΩV

d3k
:̂n(k)̂n(k+∆k):

n̂(k) n̂(k+∆k)
,

g
(2)
aa(∆ky)=

Ω2

d∆kxd∆kz
ΩV

d3k
:̂n(k)̂n(k+∆k):

n̂(k) n̂(k+∆k)
, (3.33)

where ::correspondstothenormalorderingaverageandtheintegrationsurfacesareequal
to

Ω1= Lx×Ly = 2×10
−22k2lat,

Ω2=[Lx×Lz]= 2×10
−2×1×10−2 k2lat.
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Local

Clouda Cloudb

σz,l(klat) 0.012(2) 0.010(2)

σy,l(klat) 0.05(1) 0.04(2)

Al,z 0.70(5) 1.00(5)

Al,y 0.70(5) 0.90(5)

Table3.1: Autocorrelationfittingparametersforbeamsaandb.SummaryofthefittingparametersofEq.(3.35)
appliedtotheprojectionsofthe2ndordercorrelationfunctionalongthelongitudinalz−axisandtransversex−axisrepresented
inFig.3.23.

TheautocorrelationfunctionforbothcloudsarecomputedanddisplayedinFig.3.23.Thesolid
linesrepresentanempiricalGaussianfitgivenby

g
(2)
aa(∆kz)=Alzexp


−
z2

2σ2
z,l


+1, (3.34)

g
(2)
aa(∆ky)=Alyexp


−
y2

2σ2
y,l


+1. (3.35)

Thosefitsareusedinordertodetermineboththemaximumamplitudecorrelationandthe
correlationwidthdefinedasthehalf-widthat1/

√
e. Theresultingfittingparametersare

summarisedinTable3.1.Onecanseethattheamplitudesdifferandareequalto1.00(5),for
beamb,and0.70(5),forbeama.Thisdifferenceisprobablyduetothebackgroundpopulation
whichcanaffectdifferentlythetwocloudsortothelossesassociatedtobeamb.

Thetwoatomicbeamsshowthesameautocorrelationwidthinsidetheconfidenceinterval
givenbythestandarddeviation.Themodesize,inbothtransverseandlongitudinalaxis,is
attributedtotheautocorrelationwidthandthenumberofmodesisdeducedfromtheratio
betweenthedensitywidthandtheautocorrelationwidth.

Estimationofthenumberofmodes

Thewidthsoftheatomicbeamsdistributionsareretrievedbyfittingthedensityprofilebyan
empiricalGaussianfunction.Forthetwoclouds,thehalf-widthat1/

√
ecorrespondsto

σn(k)z=0.06(1)klat,

σn(k)⊥=0.08(1)klat.

Performingtheratiobetweenthesevaluesandthoseoftheautocorrelationfunction,onecan
estimatethenumberofmodesineachatomicbeamtobe

nmode,z=
σn(k)z

σz,l
=4−8,

nmode,⊥=
σn(k)⊥

σz,⊥
=1−2.
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Wethusconcludethateachcloudhas,roughly,between4to32modes.Furthermore,knowing
thatthetotalnumberofatomsineachatomicbeamisestimatedaround10−30,oneestimate
thatthenumberofatomspermodeisinbetween0.3and8.Althoughthistechniqueonlygives
aroughestimationofthenumberofmodesitallowsonetopredicttheorderofmagnitudefor
themodeoccupationinoursystem.

Cross-correlationfunction:pairproduction

Inthesamewayaswedidfortheautocorrelationfunction,onecandefinethecross-correlation
functionbetweenatomswithmomentakaandkb+∆kverifyingphase-matchingconditions[12].
Forthecaseofatwo-modestateproducedthroughspontaneousparametricdown-conversion
thecross-correlationisgivenby

g
(2)

ab
=
â†̂b†̂âb

â†̂ab̂†b̂

=
1

8cosh2(λ)sinh4(λ)
8sinh2(λ)cosh2(λ)1+2sinh2(λ)

=2+
1

n
. (3.36)

When n →∞,thecross-correlationamplitudetendstotheautocorrelationamplitudeof2,

andincontrast,whenthemodeoccupationisreduced,g
(2)

ab
increases.

Thecross-correlationfunctionisthengivenby

g
(2)

ab
(∆kx,∆ky,∆kz)=

ΩVa

d3ka
ΩVb

d3kb
:̂n(ka)̂n(kb+∆k):

n̂(ka) n̂(kb+∆k)
, (3.37)

whichisprojectedintothelongitudinalaxis(z)andoneofthetransverseaxis(y)byintegration
overthesurface,Ω1 andΩ2,thataresmallwhencomparedtothecross-correlationcross
section.Theprojectionsarethewrittenas

g
(2)

ab
(∆kz)=

Ω
1

d∆kxd∆ky
ΩVa

d3ka
ΩVb

d3kb
:̂n(ka)̂n(kb+∆k):

n̂(ka) n̂(kb+∆k)
,

g
(2)

ab
(∆ky)=

Ω
2

d∆kxd∆kz
ΩVa

d3ka
ΩVb

d3kb
:̂n(ka)̂n(kb+∆k):

n̂(ka) n̂(kb+∆k)
, (3.38)

withΩ1= Lx×Ly = 2×10
−2
2
k2
lat
andΩ2=[Lx×Lz]= 2×10

−2×1×10−2 k2
lat
.

ThedatashowninFig.3.24correspondstotheprojectionofthecross-correlationfunction
alongthelongitudinalaxis(z)andoneofthetransversedirection(y)(thesameshapecanbe
recoveredfortheothertransversedirection).Onecanseeanincreaseofthecross-correlation
for∆k→ 0,indicatingthatbeamaandbarecorrelatedandproducedinpairs.Theempirical
Gaussianfit

g
(2)

ab
(∆kz)=Ac,zexp−

z2

2σ2z,c
+1, (3.39)

g
(2)

ab
(∆ky)=Ac,yexp


−
y2

2σ2y,c


+1 (3.40)

isusedinordertodetermineboththeamplitudecorrelationandthecorrelationwidthdefined
asthehalf-widthat1/

√
e.TheobtainedfittingparametersaresummarisedinTable3.2.The
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Figure3.24:2ndordercross-correlationasafunctionofthemomentumdifferencebetweentwoatomsfrombeam
aandb.Leftpanel:Projectionofthe2ndordercross-correlationfunctionalongthelongitudinalz−axis.Theintegration

areainthetransverseplaneisequaltoΩ2 = Lx×Ly = 2×10−2
2
k2
lat
. Rightpanels:Projectionofthe2ndorder

cross-correlationfunctionalongthetransversey−axis(thesameshapeisrecoveredalongthex−axis).Theintegrationareais
equaltoΩ1=[Lx×Lz]=2×10

−2×1×10−2 k2
lat
.

Cross

σc,z(klat) 0.025(3)

σc,y(klat) 0.08(1)

Ac,z 0.27(3)

Ac,y 0.24(3)

Table3.2:Cross-correlationfittingparameters.SummaryofthefittingparametersofEq.(3.40)appliedtotheprojections
ofthe2ndordercross-correlationfunctionalongthelongitudinalz−axisandtransversey−axisrepresentedinFig.3.24.

cross-correlationfunctionis,forbothdirections,twotimeslargerthantheautocorrelation
function.SincetheaveragedpopulationisestimatedtoN≈0.3–8onewouldexpectfrom
Eq.(3.36)amaximumcorrelationvalueof2.1–5.3. Thisvalueisindisagreementwithour
resultof1.3.Thisindicatesthateithertheproducedatomicbeamscannotbetrustilydescribed
throughspontaneousparametricdown-conversionorthatsubsequentlossesarereducingthe
cross-correlationvalue.

3.4.2 Non-classicalcorrelations

Correlationsarepresentindaytodaylive.Inmostclassicalsystems,twoquantitiescanbe
associatedsuchthatthepresenceofoneofthetwoimpliesanincreasedprobabilityoffinding
theother.However,forastatisticalclassicalexperiment,relativenumberfluctuationscannever
correspondtoadistributionwithlowerthanPoissonianfluctuations.Forinstance,considera
systemthatproducesN/2classicalpairsofbulletswithoppositevelocities.Onaverage,onehas
N/2bulletsineachdirectionwithavariance,followingthePoissonlaw,equaltotheexpected
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valueN/2.Thevarianceofthebulletsdifferencecorrespondsthentothesumofthevariance
ofbothdistributionsandisequaltoN.Thisintrinsicfluctuationisoftencalledshotnoise.

Foraquantumstate,itispossibletomeasureavariancelyingbelowtheclassicalshotnoise
limit.Suchastateisoftencalledsqueezedstatesinceitcorrespondstoasqueezeddistribution
ofonevariabledescribingthestate.Inthecaseofaparametricdown-conversionstatedescribed
byEq.(3.16),thenormalisedvarianceofthepopulationdifferencebetweenbeamsaandbis
givenby

V=
∆N2−∆N2

Na+Nb
(3.41)

andisequalto0,since∆N2 = ∆N2=0,correspondingtoamaximallysqueezedstate.

However,thisresultassumesaperfectdetectionefficiency.Ifmostoftheatomsarelost
duetolowdetectionefficiency,thenthefluctuationincreasesand,sincethelossisaclassical
process,thedistributionevolvestoaPoissonlaw. Toquantifythiseffect,onecandescribe
thedetectionefficiencyasabeam-splitterwithacoefficientoftransmission

√
η,withηthe

detectionefficiency.Considertheeffectonthevarianceofthevariablen̂a=â
†̂a.Theoperator

â,duetotheactionofthebeam-splitter,transformsinto

â†=
√
η̂a†+ 1−ηÔ†,

whereÔ†isthevacuumoperatorattheotherinputportofthebeam-splitter.Theaveraged
quantitycanbewrittenas

n̂
2
a =η

2n̂2a+η(1−η)̂na,

while

n̂a
2=η2n̂a

2,

andn̂a=ηn̂a.Theexpressionforthedetectedvarianceisthengivenby

Vdet=ηV+(1−η), (3.42)

whereVcorrespondstotherealnormalisedvarianceofthevariable.Itisthenclearthateven
iftheinitialstatehasazerovariance,thedetectedvariancecanincreasetotheshotnoiselimit
(V=1)ifη→ 0. Ontheotherhand,ifoneassumesthattheinputstatehasanalmostzero
variance,thenthemeasurementofsubshotnoisefluctuationprovidesanestimationofthe
detectionefficiencyη.

ThenormalisedvarianceofthepopulationdifferencecorrespondingtoEq.(3.41)isrecovered
forouratomicbeams.Theatomnumberinsidetwodifferentboxes,A,fixedontopofbeam
a,andB,movingfromAtowardsbeamb,arecompared.Theintegrationvolumes(AandB)

correspondtoΩV= ∆k
2
⊥×∆kz = 0.26

2×0.19k3rec.Thevalueofthenormalisedvarianceis
showedinFig.3.25asafunctionoftheanalysisbox,B.ItispossibletoseethatwhenBisontop
ofAthevariancegoesartificiallytozeroandwhenBiscentredontopofbeamb(corresponding
totheredshadedarea)thevariancefallsbelowtheshot-noisethreshold,reachingaminimum
valueof0.75(5).

Thisresultmeansthatbeamaandbcorrespondtoapairandthattheirstatehasstronger-
than-classicalcorrelations. Thisisfundamentalinordertoperformquantumatomoptics
experiments.

Assumingthatthevarianceisequaltozero,onecanthenrecoverthedetectionefficiencyη.
SincenothingcanguaranteethatV=0,wecanonlyarguethatthedetectionefficiencycannot
belowerthanηmin=1−Vdet..Inourexperiment,thisresultsinηmin.=25(5)%.

Thisallowsustogivealowerboundof25(5)%toourdetectionefficiency.
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Figure3.25:Varianceofthedifferenceofpopulationasafunctionofthepositionoftheanalysedzones.Theatom
numberinsidetwodifferentboxes,A,fixedontopofbeama,andB,movingfromAtowardsbeamb,arecompared.Areduction
belowshot-noiseisclearlyvisiblewhenthesecondzone,B,iscentredontopofbeamb(bluecircles).Thebottomcanvas
correspondstoazoomperformedontheupperone.Beambisrepresentedinredshadedcolourforguidance.

Cauchy-Schwarzinequality

AcomplementarystudyisdoneusingtheCauchy–Schwarz(CS)inequality.InRef.[96],itis
shownthattheCSinequalitycanbeadaptedtointegratedquantities. Theviolationofthis
inequalityforthecorrelationfunctionsindicatesthatthecross-correlationbetweentheatomic
beamscannotbeclassicallydescribed.Thisisthenrelatedtothemeasurementofthenormalised
variancedescribedpreviously.

Letusconsiderthenon-normalisedcorrelationfunctiondescribedby

G
(2)
ij
= N̂îNj=

η2

ΩViΩVj ΩVi

d3ki
ΩVj

d3kj̃G
(2)ki,kj , (3.43)

whereG̃(2)ki,kj= n̂(ki)̂n(kj)correspondstothesecond-ordercorrelationfunctionbetween
theatomnumberdensitieŝn(k)attwopointsinmomentumspace.Thevolumesofintegration
ΩVi,jaredefinedas

ΩVi,j= ∆k
2
⊥∆kzk

3
lat
,

withtheintegrationlengthsalongthelongitudinal,z−axis(∆kz),andtransverseaxis,x−and
y−axis(∆k⊥).

Foridenticalmodeoccupancy,thatisna= nbandG
(2)
aa=G

(2)

bb
,thenormalisedvarianceof

thedifferencecanthenbewrittenas

V=1+
G
(2)
aa−G

(2)

ab

na

=1+(1−C)
G
(2)
aa

na
,
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wheretheparameterCcorrespondstothecorrelationcoefficient

C=G
(2)

ab
/G
(2)
aa,

orinitsmoregeneralform

C=G
(2)

ab
/ G

(2)
aaG

(2)

bb
. (3.44)

OnecanseethatforC>1itispossibletorecoverasub-shotnoisevarianceandcorrespondsto
aviolationoftheCauchy-Schwarzinequality

G
(2)

ab
≤ G

(2)
aaG

(2)

bb
. (3.45)

Thecorrelationcoefficient(C)isthensmallerthanoneforaclassicalstateandlargerfor
stateswithstronger-than-classicalcorrelations,inthecaseofindistinguishableparticles[97],as
discussedinSection1.2.

InFig.3.26thecoefficientparameterCismeasuredfromtheexperimentaldataasafunction
oftheintegrationvolumesΩVaandΩVbcentredontheatomicbeamsaandb,respectively.

TheintegrationvolumecorrespondstoaparallelepipedofsizeΩV = ∆k2⊥×∆kz k
3
lat
.In

Fig.3.26a)werepresentthevalueofCforafixedintegrationlengthalongthetransverse
direction,∆k⊥=0.048klat,asafunctionoftheintegrationlengthalongtheverticalaxis,∆kz.In
Fig.3.26b),ontheotherhand,werepresentCforafixed∆kz=0.028klatasafunctionofavarying
∆k⊥.Itispossibletoseethat,forsmallintegrationvolumes,theviolationoftheCSinequality
increasesuntilitreachesaplateau.Theoptimisedvolumeofintegrationisapproximatively
equaltothecross-correlationwidthassummarisedinTable3.1. Thisiscoherentwiththe
factthatCdecreaseswhenthevolumeofintegrationreachesthecross-correlationwidth(as
discussedinsupplementarymaterialofRef.[96]).

Anoptimisedvolumecorrespondingto

ΩVa=ΩVb= ∆k
2
⊥∆kz= 0.048

2×0.028 k3lat

isrepresentedinFig.3.26a)andb)byaredcircle.

Werecoveravalueof C=1.75(20)whichproves,oncemore,thatthetwoatomicbeamsare
stronglycorrelated.

3.5 Conclusions

Wehaveshowedthattheatomicbeamsproducedviadynamicalinstabilitiesinamoving1D
latticeconstituteapairwisesystemwithstronger-than-classicalcorrelation.Thispairproduc-
tionmechanismallowsustopreciselytunethemomentumdifferencebetweenthetwoatomic
beamsandtheirmodeoccupancy.

Certaindetailsconcerningtheatomicpaircreationandpropagationarestillopenquestions
thatwillbeaddressedinthenearfuture.However,thepaircreationprocessissufficientlyunder
controltoallowsustouseitininterferometricscheme,asforexample,theHOMexperiment.

Table3.3summarisesalltherelevantmeasurementsperformedalongthisChapter. The
differentwidthsmeasuredforboththeauto-andcross-correlationandtheoptimisedvolume
ofintegrationforCSinequalityviolationaregiven.Theestimatednumberofmodesalongthe
longitudinalandtransversedirectionandthedistributionwidtharealsoprovided.
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Figure3.26:CorrelationparameterCasafunctionoftheintegrationvolume.ThecorrelationparameterC,indicating
aviolationoftheCSinequalityforC>1,isrepresentedasafunctionoftheintegrationvolumealongthe:a)longitudinal
axiswithintegrationlengthalongbothtransversedirectionsfixedto∆k⊥=0.05klat;b)transverseaxiswithintegrationlength
alongtheothertransversedirectionsfixedto∆k⊥ =0.05klatandalongthelongitudinaldirectionto∆kz=0.028klat.The
thresholdlimitbetweenclassicalandquantumcorrelations(C=1)isrepresentedbythereddashedline.

Local Cross CSinequality

Clouda Cloudb

σz(klat) 0.012(2) 0.010(2) 0.025(3)

σ⊥ (klat) 0.05(1) 0.04(2) 0.08(1)

σn(k)z(klat) 0.06(1) 0.06(2)

σn(k)⊥ (klat) 0.08(1) 0.08(2)

Nmodes,z 5(1) 6(2)

Nmodes,⊥ 1.5(5) 1.5(5)

∆kc,z(klat) 0.028

∆kc,⊥(klat) 0.048

Table3.3:Summaryofthedensityprofilewidthsandcorrelationfunctionsforbeamsaandb.
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Thisisyourwork,enviousone!AndI
hardlythinkthefuturegenerationswill
blessyouforit...

StanisławLeminCyberiad

Inthischapter,wewilldiscusstherealisationofanatomic50:50beam-splitterandmirror.
Withthegoalofthisprojectbeingtherealisationofa two-atominterferometer,oneneedstobe
abletocoherentlymanipulatetheatomicpairs.Todoso,wewillshowinthischapterhowone
canuseBraggdiffractiontoperformanatomicmirrorand50:50beam-splitterinmomentum
space.ThebasictheoreticaldescriptionisbrieflyreviewedinSection4.1andthecalibrationon
theBECperformedinSection4.2andontheatomicpairsinSection4.3,respectively.Thenoise
addedbythebeam-spitteranditsphasestabilityaredescribedinSection4.4andSection4.5.
InSection4.6,theautocorrelationofbeambisrecoveredaftersplittingthebeamviaa50:50
beam-splitter,inverycloseanalogytowhatisperformedinquantumoptics.



ExperimentalrequisitestowardstheHOMexperiment:atomicbeam-splitter

4.1 Braggdiffraction

Braggdiffractionconsistsinanelasticmultiphotondeflectionprocessbywhichtheatomicde
Brogliewaveiscoherentlydiffractedbyaperiodicdipolepotential[116].Thistranslatestoa
populationtransferofanatomwithmomentumktoanothermomentumk.

FocussingonthetemporalevolutionofaBECinaperiodicpotential,letusconsiderthe
condensateasaplanewavewithquasi-momentumq0

φq0(z)=
1
√
Lz
eiq0z,

andstudyitstemporalevolutioninaperiodicpotentialasafunctionofthelatticeduration.
Thiswillshowushowtoperformanatomicmirroraswellasa50:50beam-splitter.

Attimet=0,anopticallatticeisturnedon.ThewavefunctionoftheBECisthenprojected
toBlochwavesdescribedby

|Φ(t=0)=

∞

n=0

|ψn,q0 ψn,q0|φq0 (4.1)

where ψn,q0|φq0 =a
∗
n,m=0

(q)asdescribedinChapter3.Thesystemevolvesand,atanygiven
timet,thestateisdescribedby

|Φ(t)=

∞

n=0

a∗n,0(q0)e
−iEn,q0t/|ψn,q0 , (4.2)

withEn,q0theenergyforthequasi-momentumq0intheenergybandnand

|ψn,q0 =

∞

m=−∞

an,m(q0)|φq0+2mklat

theassociatedBlochwave,where|φq0+2mklat correspondstoaplanewaveofquasi-momentum
q0+2mklatandklatrepresentstheperiodicityoftheconsideredlatticeinmomentumspace.For
ashallowlattice,forinstanceV0=0.8Elat(asusedinmostofourexperiments),onlythetwo
firstcoefficientsa0,0,a1,0arenonnegligiblesinceonlythosehavenonvanishingvaluesinthe
1stBrillouinzoneasshowninFig.4.1.Thereforethewave-functionatatimet,considering
onlyfirstneighbourscoefficients(m=±1),whichisagoodapproximationforshallowlattices,
canthenbere-writtenas

|Φ(t)=a∗0,0(q0)e
−iE0,q0t/|ψ0,q0 +a

∗
1,0(q0)e

−iE1,q0t/|ψ1,q0

=

m=1

m=−1

a∗0,0(q0)a0,m(q0)e
−iE0,q0t/+a∗1,0a1,me

−iE1,q0t/ |φq0+2mklat.

Fort=τ,thelatticeissuddenlyswitchedoffandthestateisprojectedtotheplanewave
basisthatcorrespondstothemeasurementbasis.Theamplitudeofprobabilityb0associatedto
thediffractedquasi-momentumq0andb±1associatedtoq0±2klatisthengivenby[173,179]

b0(q0,τ)=a0,0(q0)
2
e−iE0,q0τ/+a1,0(q0)

2
e−iE1,q0τ/, (4.3a)

b±1(q0,τ)=a
∗
0,0(q0)a0,±1(q0)e

−iE0,q0τ/+a∗1,0(q0)a1,±1(q0)e
−iE1,q0τ/. (4.3b)
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Figure4.1:CoefficientsvaluesofthedecompositionintoBlochwavesforaplanewavefunctionwithquasi-
momentumq0loadedsuddenlyinalatticeofdepthequalto0.8Elat.

Letusconsiderthesimplestcase,oftenusedfortheatomicbeam-splitter,ofq0=−klat.For

thisinitialquasi-momentuma0,0
2
=a1,0

2
=0.5(seeFig.4.1)anda∗

0,0
a0,1=−0.5,a

∗
1,0
a1,1=0.5,

a∗
0,0
a0,−1=a

∗
1,0
a1,−1=0(seeinFig.4.2).

Thewavefunctionattimeτ,inthemeasurementbasis,isthendescribedby

|Φ(τ)=e−iE1,−klat+E0,−klatτ/ cos
∆E
τ/2|φ−klat +e

iϕsin
∆E
τ/2|φ−klat+2klat

withϕaphaseaccumulatedduringtheBraggdiffractionprocess1and∆Eequalto[177]

∆E=E1,−klat−E0,−klat= ΩR=Elat+
3V0
4
−Elat+

V0
4
=
V0
2
,

whereΩRcorrespondstothetwo-photonRabifrequencyandElattotherecoilenergygivenby
thelattice.Thewavefunctionasafunctionofτcanthenbewrittenas

|Φ(τ)=eiθcos(ΩRτ/2)|φ−klat +e
iϕsin(ΩRτ/2)|φ−klat+2klat ,

andtheprobabilitytofindanatomineitherq=−klatorq=−klat+2klat=klatafteracertain
timeτisequalto

P−klat(τ)=cos
2(ΩRτ/2), (4.4a)

Pklat(τ)=sin
2(ΩRτ/2). (4.4b)

Thepopulationbetween−klatandklatoscillatesovertimeasitisrepresentedinFig.4.3for
thecaseofalatticedepthequalto0.8Elat.ThisoscillationcorrespondstoaRabioscillation
[177].

Thevalueofτallowsonetocoherentlyexchangethepopulationbetweenthetwomomenta,
withacertainprobability.Thetwoimportantcasesare
•ΩRτ=πthatcorrespondstoatotalinversionofpopulations—anatomicmirror;
•ΩRτ=π/2thatcorrespondstoa50:50exchangeofpopulations—50:50beam-splitter.

1Thisphasecancorrespondtothephasedifferencebetweenthetwolaserbeamsformingthelattice.
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Figure4.2:Crossedcoefficientsvaluesofa∗0,0a0,1,a
∗
1,0
a1,1,a

∗
0,−1
a0,−1anda

∗
1,0
a1,−1asafunctionofthequasi-momentum

q.Thecoefficientsproducta∗0,0a0,1(inorange),a
∗
1,0
a1,1(ingreen),a

∗
0,−1
a0,−1(indashedred)anda

∗
1,0
a1,−1(indashedblue)are

representedasafunctionofqforV0=0.8Elat.Fortheexamplegiveninthetextofq=−1klatoneseesthatnon-zeroterms
correspondtoa∗0,0a0,1anda

∗
1,0
a1,1correspondingtoadiffractionofpopulationintoq=+1klat
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Figure4.3:ExampleofaRabioscillation.Rabioscillationofthepopulationbetweenthequasi-momenta+klatand−klat
foralatticedepthofV0=0.8Elat.Theinitialquasi-momentumq0isequalto−1klatsuchthattheprobabilitytodiffractto
q0+2klat=klatismaximum.

Thesetwocasesareveryoftenusedasatomic mirrorandbeam-splitterin momentum
space[43].Forthe50:50beam-splitter,essentialfortheHOMexperiment,thewavefunction
correspondsthento

|Φ(τ=
π

2ΩR
)=

1
√
2
|φ−klat +e

iϕ|φklat

andonerecoversthescatteringmatrixnotationforthe50:50beam-splitterusedinChapter1.

Resonancecondition

Inthecaseofanon-resonantinitialquasi-momentum,meaningthatqiscloseto−klatbutnot
equal,theequationsaremorecomplicated. OnecanseefromFig.4.1andFig.4.2thatthe
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Figure4.4:ComparisonbetweenaRabioscillationatresonanceandoutofresonance.a)Rabioscillationatresonance
(δ=0),b)Rabioscillationoutofresonance(δ/ΩR=0.6).

probabilityamplitudesaredifferentwhencomparedtotheresonantcaseandthatthetransfer
probabilitylowers. Besidesthiseffectalsotheoscillationfrequencychanges. Theeffective
frequencyisnowequalto

Ωeff=
∆E
=
1 V2

0

4
+

2

2m

2

q2
0
−(q0+2klat)2

2
(4.5)

= Ω2
R
+δ2, (4.6)

whereδ= 2m q
2
0
−(q0+2klat)

2 correspondstothefrequencyshifttowardsresonance. The
transferprobabilitycanthenbewrittenas

P(q0+2klat)=
Ω2
R

Ω2
R
+δ2

×sin2 Ω2
R
+δ2τ/2. (4.7)

AsshowninFig.4.4,forδ=0thepopulationinklatand−klatoscillatewithfrequencyΩR
fromzerotounitywithoppositephase. Whenδ 0,thepopulationtransferdoesnotreach
unityandtheoscillationfrequencyincreasesasdescribedinEq.(4.6).

Inordertoeffectivelyexchangethepopulationsbetweenthetwomomenta,itisthencrucial
toverifytheresonancecondition,thatcorrespondstoq0=−klat.Considerthecaseofanatom
atrestinthelaboratoryframeofreference.Inthelatticeframeofreference,theatomhasa
velocityequaltothevelocityofthelatticebutintheoppositedirection.Theatomicvelocityis
thengivenby

vBEC=−vlat=−
klat
m
,

withvBECthespeedoftheatom.Theatomspeedcorrespondsthentotheinversevelocityof
theopticallatticewhichisgivenbythefrequencydifference,ω2−ω1,ofthetwolaserbeams
responsibleforthelattice.Onecanthuswritetheresonanceconditionas

δ0=ω2−ω1=−4Elat/, (4.8)
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Figure4.5:ResonanceconditionforBraggdiffraction.Braggdiffractionprobabilityasafunctionoftheresonance
detuningδforalatticedurationofa)τ=π/2ΩR,b)τ=3π/ΩRandc)τ=5π/2ΩR.

withδ0thefrequencydifferencebetweenthetwolaserbeamssuchthatq0=−klat.

Iftheatomisnotatrestinthelaboratoryframeofreference,theresonanceisshiftedbyδ
definedas

δ=−2vinit.·
vlat
|vlat|
klat/, (4.9)

withvinittheatomvelocityinthelaboratoryframeofreference.

Experimentally,onecanfindtheresonanceconditionbykeepingτconstantandvaryingthe
valueofδlat=ω2−ω1.Theresonancecorrespondsthentothevalueofδlat=δ0forwhich
thetransferefficiencyreachesitsmaximumvalue. However,thevalueofτhastobechosen
carefully.Thetransferofpopulationasafunctionofδlat/δ0iscomparedinFig.4.5fordifferent
durationτ. Onecanseethatforτ= 5π

2ΩR
,themostefficienttransferisreachedforavalueof

δlat δ0. Meaningthatonewilltend,inordertoincreasethetransferefficiencyatfixedvalue
ofτ,togetoutofresonance.Inordertoavoidthismisalignment,theresonancecalibrationhas
tobeperformedatτ≈ 3π

2ΩR
wherethetransferefficiencyisalwaysmaximumforδlat=δ0and

theresonanceisthinnerthaninthecaseτ= π
2ΩR
.

4.2 Beam-splittercalibrationwiththeBEC

InthisSection,thecharacterisationofthebeam-splitterlattice,responsibleforbothatomicmirror
and50:50beam-splitter,isdescribed.Thecalibrationisfirstperformedonthecondensate.This
allowsustocalibratethebeam-splitteronacoherentsourcewithasmallmomentumspread
andtolaterapplyourresultstotheatomicpairs.

Thebeam-splitterlatticeisformedbytwolaserbeamswithaflatintensityprofileofradius
1.0mm,wavelengthequaltoλ0=1083nmandrelativeanglebetweenthetwobeamsθ=32.5

◦.
Theperiodicityinmomentumspaceofthelatticeisequaltokbms/2=sin(θ/2)

2π
λ0
2.Thetwo-

2kbmscorrespondstothemomentumgiventotheatomsafterdiffraction.
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Figure4.6:Representationoftheatomictransition23S1→23P0usedfortheatomicbeam-splitter.Theenergetic
differencebetweenthesublevelsmj=±1isduetoamagneticbiasfieldof3G.Thiscorrespondstoanenergydifferenceof
×2π×8.2MHz.

photonRabifrequencyisequalto[153]

ΩR=
V0
2
=
Γ2I0d

2
0,0

4Isat∆
,

wherethedetuning∆isequalto2π×600MHzandd0,0=
1√
3
correspondstothedipolematrix

elementassociatedtothetransition23S1→2
3P0representedinFig.4.6.

Forthe600MHzdetuning,theeffectivespontaneousrateΓsp.isequalto0.17ms
−1.Forthe

applicationtimeofthemirror(100µs)theheatingduetospontaneousemissioncorrespondsto

Tmirror=64nK

andforthecaseofthe50-50beam-splitterduration(50µs)to

Tbms=32nK.

Theresonancecondition,accordingtoEq.(4.9),correspondsthento

δ0=−
k2
bms

2m
=−2π×13kHz,

foranatomatrestinthelaboratoryframeofreference.

4.2.1 Geometricalalignmentofthebeam-splitter

Sincethepaircreationisperformedalongtheverticalaxis,itisimportanttoguaranteethatthe
beam-splitterlatticeisalsovertical.Thealignmentisperformedbydiffractingthecondensate
toseveraldiffractionordersviatheapplicationofaverystronglatticeforaveryshorttime,
correspondingtotheKapitza-Diracregime[197].Ifthelatticeispurelyalignedalongthe
verticalaxis,themomentumdifferencevectorbetweenthedifferentordersofdiffractionwill
onlyhaveanon-zerocomponentalongtheverticalz−axis.Thiscorrespondstoseveralatomic
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cloudsseparatedinmomentumspacebythequantitykbmsalongthez−axisandwithzero
transversecomponents.However,ifthealignmentisnotperfect,thismeansthatthelatticehas
asmallanglewithrespecttotheverticaldirection,eachdiffractedcloudwillhaveanon-zero
momentumcomponentalongthex−and/ory−axis.ThekeyadvantageoftheKapitza-Dirac
regimeisthat,sincethecloudisdiffractedseveraltimes,wehaveaccesstoahighmultipleof
themomentumvectorgiventoeachatom.Evenifonevectorcomponentsissmall,sinceitis
multipliedseveraltimes,wewillbeabletomeasureit.

ThisisrepresentedinthetwoleftpanelsofFig.4.7. Weshowa2Dmomentumdistribution
onthexzandyz−planeafterstrongdiffractionofthecondensateinthebeam-splitterlattice.It
ispossibletoseefivediffractedcloudscorrespondingtothediffractionordersfrom−2to+3.To
avoidsaturationofthedetector,theRamantransferefficiencyisloweredsuchthatonlyasmall
fractionoftheBECisdetected(seemoreaboutourRamantransferinAppendixC).Fig.4.7a)
andc)correspondtoa2Ddistributiononthexy−planeofthediffractedpeakat+3kbmsand
−2kbms,respectively.Althoughitisnotpossible,withinourtransverseresolution,toidentifyany
modificationalongthetransversey−axis,asmallshiftisvisiblealongthex−axis.Toquantify
thisshift,acutalongthex−axisisshownincanvasb)andd).Byfittingthedistributionwith
aGaussian,wefindthatthediffractedcloudat+3kbmsiscentredat3×10

−2(1)klatwhilethe
diffractedcloudat−2kbmsisat−4×10

−2(1)klat.Thiscorrespondstoashiftalongthex−axisof
7×10−2(2)klataccumulatedover5diffractionorders. Wethusmeasureanacquiredmomentum
alongthex−axisof1.4×10−2(3)klatperorderofdiffraction.Thisisrelatedtoananglealong
thex−axisbetweenthetwolaserbeamsformingthelattice

θx=2sin
−11.4×10−2/2×

1083

1064
1/sin(166◦/2)=0.82◦.

Boththemirrorandthe50:50beam-splittercorrespondto1storderdiffractionandtheangle
alongthex−axiswillhaveanegligibleeffectsincetheaccumulatemomentumisofthesame
orderastheresolutionofthedetector.Inthissense,thebeam-splitterlatticecanbe,underfirst
orderdiffraction,consideredasa1Dverticallattice.

Sincethecloudisdiffractedseveraltimes,forthecaseoftheKapitza-Diracregime,alongthe
verticaldirectionandeachpeakofFig.4.7e)correspondstoanintegerofkbms,itispossibleto
measure,veryprecisely,thevalueofkbms.Byfittingthefivediffractedpeaksalongthevertical
directionwefindavalueofkbms=0.550(5)klat.

4.2.2 AlignmentviaBraggdiffraction

Asforthecaseofthepairproductionlattice,onehastoguaranteethatthelaserbeamsforming
thebeam-splitterlatticeoverlapontheatomiccloud.Sincethewavelengthofbothbeams
isclosetotheatomictransition,onecannotusetherepulsivedipoleforce,asperformedin
Chapter3andthealignmentisperformedthroughRabioscillationmeasurement.Asbefore,
theRabioscillationisobtainedbycomparingthenumberofatomsat+kbmswiththeones
stayingat0withatransferefficiencygivenby

eff=
N(kbms)

N(kbms)+N(0)
, (4.10)

whereN(k)standsforthenumberofatomswithmomentumk.Theoscillationisdisplayed
inFig.4.8whereamaximumtransferof0.94(3)isobtainedforatwo-photonRabifrequency
equalto6.0(1)kHz.Thisexperimentalvalueagreeswellwiththeexpectedtheoreticalvalueof

ΩR=
Γ2I0d

2
0,0

4Isat∆
=2π×7kHz,
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Figure4.7:Kapitza-Diracdiffractionofthecondensateviathebeam-splitteropticallattice.Eachimagecorresponds
toanaverageover30identicalexperimentalrealisations.Leftpanels:2Dmomentumdistributiononthexzandyz−planesofthe
atomsafterdiffractiononthebeam-splitteropticallattice.Diffractionofthecondensatebythebeam-splitterlattice:alignment
alongtheverticalaxis.Rightpanels:a)2Dmomentumdistributiononthexy−planeofthediffractionorder+3corresponding
toamomentumalongtheverticalz−axisof3kbms.b)Cutalongthex−axisofthe2Dmomentumdistributionofpanela).The
centerofthecloudisdeterminedbyaGaussianfitandequalsto3×10−2(1)klat.c)2Dmomentumdistributiononthexy−plane
ofthediffractionorder−2correspondingtoamomentumalongtheverticalz−axisof−2kbms.d)Cutalongthex−axisofthe
2Dmomentumdistributionofpanelc).ThecenterofthecloudisdeterminedbyaGaussianfitandequalsto−4×10−2(1)klat.

e)Cutalongthez−axisofthediffractionpattern.Thetransverseintegrationareaisequalto0.05×10−2
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Figure4.8:Optimisedtwo-photonRabioscillationofthecondensateonthebeam-splitteropticallattice. The
latticeisshinnedontheatomsandkeptforacertaindurationτ.Bycomparingthepopulationsbetweenthediffractedpeakand
theinitialcloudasdescribedbyEq.(4.10),weretrievethefollowingoscillationcurvecorrespondingtoaRabioscillation. We
usedafrequencysweepforoneofthelaserbeamsequalto4.7kHz/msinordertocompensatethegravityacceleration(blue
circles).TheoscillationisfittedbyEq.(4.7)withfreeparametersΩRandtheamplitudetransferprobability.
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obtainedforabeamintensityof10µW/mm2. Wethusconcludethatthelatticeiswellaligned
ontheatoms.

Thecurveof4.8givesustwoinformations. First,thatonecancoherentlytransferthe
populationbetweentheexternalstates|φk=0 and|φk=kbms formorethan1msafterwhichde-
coherence,mainlycomingfromspontaneousemission(Γsp=0.17ms

−1),lowersthetransfer
efficiency.Andsecond,itallowsustodeterminetheduration,τ,inordertoperformeithera
50:50beam-splitteroramirror.

4.2.3 Resonanceconditioninfreespace

Boththe50:50beam-splitterandmirrorareappliedafterreleasingtheatomsfromthetrapping
potential.Inordertostayatresonancewiththeatoms,onehastoplacethelatticeinan
acceleratingframeofreferenceinordertocompensatetheshiftinducedbythegravitational
acceleration.Forthispurposeafrequencysweepisappliedtooneofthelaserbeams.Another
frequencyshiftcomesfromthefactthattheatomsareimmediatelytransferred,viatwo-photon
Ramanscattering,totheinsensitivemagneticfieldmj=0. Duetothegeometryofthetwo
lasersbeamsresponsiblefortheRamantransitionasmallmomentum,kRaman=+0.2klat,along
theverticaldirectionisgiventotheatom(seeAppendixCformoredetails).

ThesetwoeffectsleadtoashiftintheBraggdiffractionresonancethatneedstobecompen-
sated.Theconditionofresonancecanthenbewrittenas

δlat=ω2−ω1=δ0=−
k2
bms

2m
+kbmsgt−

kRamankbms
m

, (4.11)

withkbmsg=2π×5.07kHz/ms.Thismeansthatifthelatticeisnotplacedinthefreefallframe
ofreference,after1ms,theresonancehasshifted2π×5.07kHz.Knowingthatforthetypical
intensityofthebeam-splitterlatticetheresonancewidthatt=3π/2ΩRisapproximatively
equalto2π×5kHz,seeFig.4.9forinstance,onecanimmediatelyunderstandthatiftheshift
isnotcompensateonegets,veryrapidly,outofresonance.

Toexperimentallygetthetemporalevolutionoftheresonancecondition,weprobethe
resonantfrequencydifferenceδ0asafunctionofthetimedelay,T,betweentheendoftheRaman
transferandthebeam-splitterlatticeapplication(seeFig.4.10toppanel,redcircles). Wefind,
fromthelinearfit,thatthefrequencydifferenceevolvesat4.7(5)kHz/ms,compatiblewiththe
theoreticalpredictionof5.07kHz/ms. Wethentestseveralcompensationratesat3.9(3),4.7(3)

and6.6(3)kHz/ms.Forafrequencysweeprateof4.7(3)kHz/ms,theresonanceisalmost
constantoverT,thismeansthatonehascompensatetheshiftinducedbythegravitational
acceleration3.TheeffectoftheoptimisedcompensationisvisibleintheRabioscillationas
showninFig.4.10(bottompanel). Whenthecompensationrateisequalto4.7kHz/ms,the
oscillationis maintainedovert>1ms(redcircles),whilewithoutanycompensation,the
oscillationvanishesafter200µs(bluecircles).

ThevalueofthedetuningattimeT=0correspondstothequantity

δ0=−
k2
bms

2m
−
kRamankbms
m

=−2π×23.6(3)kHz,

inagreementwiththeexpectedresultof−2π×22.7kHz.

3Thedifferencewithrespecttothetheoreticalpredictioncomesfromthefactthat,atthetimethismeasurement
wasdone,wedidnothaveinourexperimentaspectrumanalyserabletodemodulatethefrequencyramp. More
recently,thisalignmenthasbeenrepeatedandaoptimisedfrequencycompensationwasobtainedfor5.0kHz/ms
inagreementwiththetheoreticalprediction.
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Figure4.10:GravityaccelerationcompensationfortheBraggdiffractionresonance.Upperpanel:Displacementof
theresonanceforacompensationrateof0(redcurve),3.9(greenline),4.7(blueline)and6.6kHz/ms(orangeline).The
theoreticaloptimalgravitycompensationrateisequalto5.07kHz/msingoodagreementwithourmeasurement.Bottompanel:
Two-photonRabioscillationforthecaseofanoptimisedgravitycompensation(redcircles)andwithoutgravitycompensation
(bluecircles).

4.2.4 50:50beam-splitterandmirrorstability

TheatomicHOMexperimentconsistsinseveralrepetitionsofthesameexperimentalprocedure
wheretwoatomsarerecombinedona50:50beam-splitter.Oneimportantaspecttoensureis
thestabilityofthe50:50beam-splitteraswellastheoneofthemirror.

Forthispurpose,atestisdonewithaBECweaklytransferredtothestatemj=0to
avoiddetectionsaturation. Wethenperformamirrorand50:50beam-splitterover30different
realisations.Thetransmissionefficiencyandreflectanceforbothsituationsareestimatedandthe
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Figure4.11:Calibrationofthebeam-splittertransmittanceandlossesforbothmirrorandbeam-splitterapplica-
tions.Leftpanel:Reproducibilityofthe50:50beam-splitteroperation(redhistogram)andmirror(bluehistogram).Righttop
panel:Lossesinducedbythe50:50beam-splitter.Rightbottompanel:Lossesinducedbythemirror.

reflectanceofeachrealisationisshowninFig.4.11whereeachbincorrespondstoareflectance
ofonepercent,

•Fora50:50beam-splitter–ΩRτ=π/2=50µs–,thedistributioniscentredarounda
reflectanceof0.51andhasastandarddeviationof0.02(redhistograms);

•Forthemirror–ΩRτ=π=100µs–thereflectivityiscentredon0.93andthedistribution
presentsastandarddeviationof0.02(bluehistograms).

Wealsoobserveaweakpopulationtransfertohigherdiffractionorders.Thesehighorders
diffractionsrepresentlossesinourbeam-splitteroperations.Toquantitativelymeasurethem,
thepopulationspresentinnon-resonantdiffractionordersarecomparedtotheonespresentin
the0and+1.Thelossescorrespondto

Losses=
N(|k|>2kbms)

N(0)+N(2kbms)+N(|k|>2kbms)

andareplottedinthetworightpanelsofFig.4.11.Thelossesassociatedwiththemirrorhave
anaveragevalueof0.03andthedistributionover30realisationspresentsastandarddeviation
of0.01.Forthebeam-splitterthelosseshaveanaveragevalueof0.05andastandarddeviation
of0.01.However,asshownindetailinAppendixD,thesesmallimperfectionshavenegligible
impactontheHOMresult.

4.3 Beam-splitterusedontheatomicpairs

Withthefirstcalibrationsofthebeam-splitterdonesofaronthecondensate,letusnowadjust
themtotheatomicbeams.

Resonanceconditionfortheatomicpairs

Sincethepairsaremovinginthelaboratoryframeofreference,thefrequencydifferencebetween
thetwolaserbeamsformingthebeam-splitterlatticehastobeadjustedtothemomentum
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Figure4.12:Calibrationofthebeam-splitterresonanceontheatomicpairs. Fromtoptobottomthefrequency
differencecorrespondsto:a)δlat=2π×85kHz,b)74kHz,c)66kHz,d)57kHz.Theblueandredboxesrepresenttheinitial
positionsofbeamaandb.Thearrowsinorangeindicatethediffractedclassesofmomenta.Thedifferencebetweenthetwo
isalwaysequalto∆kbms=0.55klatandcorrespondstothemomentumperiodicityofthebeam-splitterlattice.Thediffraction
alwaysoccursfromlowertohighermomentumasindicatedbythedirectionoftheblackarrow.

differenceofatomicbeamsaandb.Sincethebeam-splitterexchangesthetwoatomicbeams,
theconditionofresonanceforbeama,withmomentumka,tobetransferredintoka+kbmsisthe
samethantheoneoftransferringbeamb,withmomentumkb,intokb−kbms.FromEq.(4.11)
andknowingthatbeamahasaninitialmomentumka=0.73(1)klatalongtheverticaldirection
(beambcorrespondstokb=1.27(2)klat=ka+kbms),wefindthatbeamaisatresonancefora
frequencydifferentequaltoδ0=2π×58kHz.

Contrarytowhathappenswiththecondensate,wherethediffractedpopulationiseasily
measurable,fortheatomicpairsthesituationismorecomplicatedsincethediffractionofbeam
aisgoingtosuperimposewithbeamb.Thus,bymeasuringthetransferefficiency,onecan
neverreachzeronorone,sincebothexternalstateshavenon-zeropopulationatthebeginning
oftheinteraction.

Thesolutionistotakeadvantageofthebackgroundpopulationbetweenbeamsaandb
seeninSection3.3. Onecanthenlookatthepopulationtransfertotheorder+1foratoms
withmomentumequalorlowerthankbbuthigherthanka,suchthattheydiffracttoclassesof
momentawherethepopulationsarezerobeforeapplicationofthebeam-splitter.
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Figure4.13:Effectofthebeam-splitterapplicationonthevarianceofthedifferencebetweentheatomicpairs.
Varianceasafunctionoftheanalysedzonefortheatomicpairsafterapplicationofamirror(redcurve)ordirectlyafter
producingthepairs(bluecurve).Theapplicationofthemirrorleadstoasmallincreaseofthefluctuations.

ThisisshowninFig.4.12wheretheeffectofthebeam-splitterlattice,calibratedsuchthatit
actsasamirror,ontheatomicdistributionisrepresentedasafunctionofthelaserdetuningδlat.
Theblueandredshadedareaindicatetheinitialcentralpositionofbeamaandb,respectively.
Theorangearrowsshowthediffractedpopulation,withthearrowontheleftindicatingthe
atomsatresonanceandtherightonethetransferredpopulation.

Fig.4.12a)correspondstothesituationforwhichthelatticehasafrequencydifferenceof
2π×84kHz,almostatresonancewithbeamb.Asexpectedforthecaseofaπpulse,theatomic
beambhasacentralholeandadiffractedcloudisvisibleatkb+kbms.Thehalf-widthofthe
diffractedpeakat1/

√
e,asafunctionofk,isequalto0.06klatandcorrespondstotheresonance

widthofthemirrorinmomentumspace.Canvasb)correspondstoδ0=2π×74kHzwhich,
theoretically,isresonantwithk=1.066klatandaholeisvisiblearoundthisvalue.Thethird
canvascorrespondstoδ0=2π×66kHz,thediffractedcloudisnolongerdistinguishablefrom
beamb,sincethetransferredatomsareexpectedat1.45klatandoverlapwiththoseofbeamb.
Forthesamereason,thetransferefficiencydoesnotreachavalueof1,sincethetwomomenta
haveanon-vanishinginitialpopulation.Finally,thelastcanvascorrespondstoδ0=2π×57kHz.
Thereareneitherholenordiffractedcloudmeaningthatbeamaandbareexchanged.Thisis
ingoodagreementwiththeexpectedresultof0.58klat.

4.4 Noiseinducedbythebeam-splitterontheatomicbeams

Inthissection,wewouldliketoseeifthebeam-splitterlatticeaddsnoisetothepopulation
differencebetweentheatomicbeamsaandb.Onecan,forexample,comparethevarianceofthe
populationdifferencewithoutmirrortothesituationinwhichtheatomicbeamsareexchanged
viatheapplicationofanatomicmirror.

Firstwecreatepairsofatomsinmomentumspacethen,theatomsaretransferredtothe
mj=0stateviatwo-photonRamanscatteringdonein300µsafterswitchingoffthedipole
trap.Theatomicmirroristhenimmediatelyapplied,andthepopulationsbetweenbeamaand
bareexchangedwithanefficiencyof93%.Thevarianceofthedifferenceisthenmeasured
asdescribedinSubsection3.4.2.ThenormalisedvarianceVpresentsaminimumwhenboth
zonesarecentredontopoftheatomicbeamsasseeninFig.4.13.Boththeobtainedresultswith
(redpoints)orwithoutthemirror(bluepoints)areplottedinthesamefigure.

Themeasurednormalisedvarianceofthedifferenceafterexchangingthetwoatomicbeams
isequalto0.80(5),whiletheminimumregisteredwithoutmirrorisequalto0.75(5). This
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differenceisnegligiblebutcanbepartiallyexplainedbythevalueofthemirrorreflectivityof
93%.Thiscorrespondstoareductionofthedetectionefficiencythatcanbewrittenas

η̃=
√
η×

√
R.

Assumingthattherealvarianceofthedifferenceiszero4thedetectedvarianceisthengivenby
Vdet.=1−η̃=0.77(seeSubsection3.4.2)andallowsonetopartiallyunderstandthemeasured
difference.

Thebeam-splitterlatticeappearstoberathernoiselessandcanbesafelyusedtocoherently
manipulatetheatomicpairs.

4.5 Phasestabilityofthebeam-splitter

AlthoughfortheHOMexperimentthephaseinducedbythe50:50beam-splitterontheatoms
doesnotmodifytheexperimentalresult(seeChapter1),itisinterestingtolookatitsstabilityfor
possiblefutureapplications.Thefirsttestswereperformedbyapplyingtwicethebeam-splitter
ontheBECinordertoproducetwocloudsofequalmomenta.Thosecloudsarethenoverlapping
onthedetectoraftertime-of-flightduetotheirexpansion.Thisleadstoaninterferencepattern
whosecentralpositiondependsontherelativephaseofthetwobeam-splitterpulses[198].

AfterreleasingtheBECfromtheopticaltrap,thebeam-splitterisshinnedonceandtwo
diffractedcloudswithmomenta0.55klatand1.10klatareproducedcorrespondingtofirstand
secondorderBraggdiffraction.Onemillisecondlater,thebeam-splitterisagainappliedonthe
atomicbeamsbutthistimeonlyfirstorderdiffractionfromthepeakat0.55klatoccurs.After
thesecondpulse,twocloudsofatomswithidenticalvelocitiespropagateinspace. Thisis
schematicallyrepresentedinFig.4.14a)andb),wherethebluelinecorrespondstothetrajectory
ofthecloudwithmomentum1.10klatandtheredonecorrespondstothetrajectoryoftheother
cloudthathadbeenfirstdiffractedat0.55klatandafterwardsinto1.10klat.Forsimplicity,let
uscallthebluecloud1andtheredone2.

Inordertoobserveinterferences,thetwocloudsneedtooverlapaftertime-of-flight.Their
spatialseparationaftertheapplicationofthelastbeam-splitterpulsecorrespondsto

z1(t)=z0+2vbmst−
1

2
gt2,

and

z2(t)=z0+2vbmst−vbmsτ−
1

2
gt2,

withτthetimedifferencebetweenthetwobeam-splitterpulses.

ThetwocloudsfallontheMCPandtheirrespectivearrivaltimeleadstotheequality5

1

2
gt21−t

2
2+2vbms(t2−t1)=vbmsτ.

Considerthesolutioninwhicht2=t1+∆twith∆tcorrespondingtoasmalltimedifference
whencomparedtothetime-of-flightoft1.Thisleadstotheexpression

−gt1∆t+2vbms∆t=vbmsτ,

4Thedetectionefficiencyηhasbeenestimatedto25%throughthevarianceofthedifferenceequalto0.75(5)
assumingthattherealvarianceisequaltozero.

5Itisimportanttonotethatweareonlylookingatthearrivaltimeofthedistributioncenter.Bothcloudshavea
certainspreadinmomentumspacewhichisgoingtobetranslatedinanarrivaltimewidth.
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Figure4.14:Representationoftheinterferencebetweentwocondensates.a)Atscalerepresentationofthetrajectories
ofthetwoatomiccloudsforatimeintervalbetweenthetwoBraggpulsesof5msinthelaboratoryframeofreference.b)
Schematicrepresentationoftheoverlapofthetwocloudsduringthetime-of-flight.Thesizeofthecondensateisnotatscale.
Thetwocloudsarerepresentedinredandblue.Theiroverlapcorrespondstotheinterferencezone.

wheresincegt1 2vbmsandτ=1ms

∆t=−
vbmsτ

gt1
=−17µs.

Knowingthatthearrivaltimeofthecondensatecorrespondstoadistributionwithhalf-width
at1/

√
eapproximativelyequalto400µs,onecanconcludethatforτ=1msthetwocloudsare

stillwelloverlapped.Itwouldbenecessarytowaitbetweenthetwobeam-splitterpulsesfor
morethanτ=27msinordertosubstantiallyreducetheirspatialoverlap.

Sincethetwocloudsareoverlappingaftertime-of-flight,onecannowdeterminetherelative
phasebetweenbothcloudsaccumulatedduringthesetrajectoriesinordertoestimatetheinter-
ferencepattern.Inthefree-fallframeofreference,therelativephasedifferenceisthenobtained
throughthepropagationoperatorinfreespace[115]andbyaddingthephasesimprintedby
thebeam-splitterlatticeontheatoms,ϕ1andϕ2(seeAppendixDformoredetails).Thephase
differenceisthenequalto

∆φ=
mz2
1

2t
−
mz2
2

2t
+ϕ1−ϕ2

=
m

2t
z21−z

2
2+ϕ1−ϕ2
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withz2=z1−vbmsτandvbmsτ z1,

∆φ=
mvbmsτ

2t
z1+∆ϕ,

where∆ϕ=ϕ1−ϕ2.

Aftertime-of-flight,cloud1correspondstoadistributionofatomscentredont0=321ms
andwithanhalf-widthof400µs.Anatomwitharrivaltimedifference∆t,respectivelytothe
centerofthedistribution,isthen,inthelaboratoryframeofreference,describedby

z1(t0+∆t)=z0+2vbms(t0+∆t)−
1

2
g(t0+∆t)

2.

Infirstorderin∆t,onecanwrite

z1(t0+∆t)=const.+
g∆t
mvbmsτ,

withtheconstanttermcorrespondingto
mvbmsτ
t0
+
2vbmst0−1/2gt

2
0

2t0
mvbmsτ.

Thephasedifferencecanthusfinallybewrittenas

∆φ=∆ϕ+const.−
g∆tmvbmsτ

,

whichforτ=1mscorrespondstoafringespacingtfringe=
1

kbmsgτ
=200µs.

Supposethatbothatomicwave-packetsaredescribedbytwoGaussianfunctions,withsame
half-widthat1/

√
eequaltoσsuchthat

f1(∆t)=exp
−(t0−∆t)

2

2σ2
,

f2(∆t)=exp
−(t0−dT−∆t)

2

2σ2
,

wheredT=−
vbmsτ
gt0
accountsforthearrivingtimedifferencebetweenthetwoclouds.Thenafter

time-of-flight,ifthetwocloudsoverlaponthedetectorinsidetheircorrelationlength,6their
amplitudessumandonerecoverthetotalintensity.Thephasedifferenceaccumulatedbythe
twodifferentcloudsinducesaperiodicdistributionofthenumberofatoms(atomicintensity)
onthearrivaltimedistributiondescribedby

Nat(∆t)= f1(∆t)+f2(∆t)
2

=2cos∆φ f1(∆t)×f2(∆t)+f1(∆t)
2
+f2(∆t)

2

=2cos∆φexp−
(t0−∆t)

2

2σ2
−
(t0−dT−∆t)

2

2σ2

+exp−
(t0−∆t)

2

σ2
+exp−

(t0−dT−∆t)
2

σ2
(4.12)

6Forapurecondensate,thecorrelationlengthisequivalenttothesizeofthecloud. However,duringthe
expansionofthecloudinteractionsplayaveryimportantroleandthedensityisnotthesamealongtheentirecloud
andso,thephasecoherencealongthecloudcanchange. Here,thenumberofatomsineachcloudisreducedin
ordertoavoidtheeffectofinteractionsaswellasthesaturationofthedetector.
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Figure4.15:Interferencebetweentwocloudsfromthecondensate.Twocloudsofatomsareextractedfromthecondensate
withmomentumofk=1.01kbms.Aftertime-of-flight,theyrecombineontheMCPandinterfereleadingtothefollowingpatterns.
a)Correspondstoanaverageover5identicalexperimentalrealisationsandb)correspondstoanaverageover87realisations.
Sincetheinterferencepatternisstillvisibleafteraveragingover87repetitions,onecanconcludethatthephasefluctuationis
small.

withperiodicitykbmsgτ.

Theinterferencepatternpositionisthengoingtodependonthephasedifferencebetweenthe
twoimprintedtermsϕ1andϕ2.Iffromoneexperimentalrealisationtoanother∆ϕfluctuates,
thecentralpositionoftheinterferencemoves,and,afteraveragingoverseveralrealisations,the
interferencepatternwashesout.

Experimentally,wedetectdensityfringesonthearrivaltimedistributionwithaperiodicity
of200µsasexpected.ThiscanbeseeninFig.4.15.InFig.4.15a),anaverageover5realisations
isperformed,whileinFig.4.15b)thedistributioncorrespondsto87realisations.Onecansee
thatthefringesneverreachacontrastofonewhichweattributetoanimbalancedpopulations
betweenthetwoatomicclouds.However,thefactthatafter87realisations,thesamecontrast
isrecoveredindicatesthattherelativephaseoftheinterferometricschemedoesnotfluctuate
much. Thisisaproofofarelativelystablephasedifferencebetweenthetwolaserbeams
formingthebeam-splitterlattice.

Onecanalsoestimatehowsensitiveisthecontrastoftheinterferencepatternonthefluc-
tuationoftheimprintedphasedifference∆ϕ.Forthispurpose,weconsiderthetheoretical
predictionoftwoequallypopulatedcloudsproducedwith1msdifferenceanddetected321ms
later,representedinFig.4.16.Ifthephaseisperfectlystable,Fig.4.15a),theinterferencesignal
hasacontrastof1andperiodicityof200µsasexpected.Fig.4.15b)correspondstoanintegration
overthephasedifference∆ϕperformedbetween−π/4toπ/4,whichaccountsforimprinted
phasedifferencefluctuationsbetween−π/4toπ/4.Thecontrastlowersslightly,meaning,that
eveniftherelativephasebetweenthetwobeam-splitterpulsesvaryoverπ/4,theinterference
contrastisalmostunaffected. Tomodifyitsignificantly,thefluctuationsneedtovaryover
±3π/4forwhichtheinterferencepatternwashesoutasshowninFig.4.16c).

Withtheseexperimentaltests,onecanguaranteethatthephasedifferencefluctuationissmaller
than3π/4.Thistestisonlyafirstqualitativeestimationofthephasefluctuationsinoursystem.
Othertestsarecurrentlybeingcarriedoninordertogetamorequantitativeestimationofthose
fluctuations.

Itisalsoimportanttonotethatthecurrentstudyisonlysensitivetothephasedifference
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Figure4.16:Effectofphasefluctuationsoncondensateinterference.Predictedinterferencepatternbetweentwocloud
ofatomsfromthecondensatewithequalspopulationandwithrelativephasefluctuationsofa)±π/8;b)±π/4,c)±3π/4.

betweenthetwopulsesanddoesnotgiveanyinformationabouttheabsolutephasestability
ofthebeam-splitter.ForEPR-likeexperiment,forexample,theabsolutephasestabilitycanbe
necessaryasproposedinRef.[199].

4.6 Autocorrelationmeasurementviaa50:50beam-splitter

Assaidpreviously,ourdetectionmechanismisverysimilartoaphoto-multiplierwhereeach
atomisconvertedintoanelectronicsignaland,asso,thesamequantumdetectiontheory[95,
200,201],canbeapplied.Themainadvantageofourdetectoristhatitsdeadtime,estimated
around20ns,aswellasitstemporalresolution,300ns,aresmallerthanthetypicalarrivingtime
differencebetweentwoatomsfromthesamemode,thatisusuallyontheorderof1µs.This
impliesthatonecan,withoutsplittingtheincomingbeam,doanautocorrelationmeasurement
asshowninSection3.4.1.

Howeverinoptics,thearrivaltimedifferencebetweentwophotonsfromthesamesource
laysbelowthetimeresolutionofthephoto-diodesanditisimpossibletodirectlymeasure
theautocorrelationfunction.Thesolutionisthentosplittheincomingbeamintwothrough
a50:50beam-splitter.Then,bydetectingthenumberofphotonsonthetwooutputportsof
the50:50beam-splitterandperformingacomparisonbetweenthetwosignalsonecanrecover
thenormalisedautocorrelationfunction.Sincewealsohaveanatomicbeam-splitter,wecan
compareourdirectmeasurementoftheautocorrelationfunction,totheusualmethodusedin
quantumoptics.

Thenormalisedautocorrelationisgivenby

g
(2)

bb
=

b̂†̂b†̂b̂b

b̂†̂b·b̂†̂b

where b̂†̂b†̂b̂b= n̂b(̂nb−1).Thisnormalorderingaveragecomesnaturallyfromthefactthat
whennparticlesareatplay,ifonedetects1particleononesideofthe50:50beam-splitter,n−1
particlesaredetectedontheotherside[202].AsinChapter1,theoutputportsfieldoperators
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Figure4.17:Autocorrelationmeasurementonbeambviaapplicationofa50:50beam-splitter.Theautocorrelation
isobtainedaftersplittingbeambintwoviaa50:50beam-splitterapplication. Leftpanel:2Dautocorrelationfunction
representationasafunctionofthemomentadifferencebetweenbeamkbandthediffractedbeamkb+kbms,onlongitudinalz−axis
∆kzandtransversedirection∆k⊥.Rightpanels:a)Projectionoftheautocorrelationfunctiononthetransversedirectionx(the
samebehaviourisrecoveredforthey−axis.).ThebluelinerepresentsaGaussianfitfromwhichtheamplitudeandwidthare
extracted.Theintegrationalongtheothertwoaxiscorrespondtoanintegrationareaof[Lx×Lz]=2×10

−2×1×10−2 k2
lat
.

b)Projectionoftheautocorrelationfunctionontheverticalz−axis.ThebluelinerepresentsaGaussianfitfromwhichthe

amplitudeandwidthareextracted.TheintegrationalongthetwoothersaxiscorrespondtoLx×Ly =2×10
−2 2k2

lat

(candd)canbewrittenas

ĉ=
1
√
2
(̂b+Ô)

d̂=
1
√
2
(̂b−Ô)

withÔthevacuumoperatorand,consequently,thecorrelationbetweenportscorrespondsto

ĉ†d̂†̂ĉd

ĉ†̂c·d̂†d̂
=

b̂†̂b†̂b̂b

b̂†̂b·b̂†̂b
.

Inordertocomparethesetwomethods,weexperimentallyperforma50:50atomicmirror
onbeamb.Thecross-correlationbetweenthenumberofatomspresentinN(kb)withtheonesat
N(kb+kbms)iscomputed,bythesamemethodasinSection3.4.1.Fig.4.17showstheobtained
correlationfunctionontheyz−planeaswellastheintegratedprojectionsonthexandz−axis.

ByfittingthecurveswithanempiricalGaussianfunction,weretrievethehalf-widthat
1/
√
eoftheobtainedautocorrelationσz=8.2×10

−3(1)klatalongtheverticalz−axisand
σ⊥=6×10

−2(1)klatalongthetransversedirections.Theamplitudeofthecorrelationisequal
to1.6(1)klatbelowthemeasuredautocorrelationvalueofbeambinSection3.4,thatwasequal
to2.00(5).Thereasonforthisdifferenceisstillunclearatthemoment.

Thewidthofthecorrelationis,inverygoodagreementwiththedirectmeasurement,allowing
ustoconcludethatthebeam-splittermomentumperiodicityisverywelldefined.Thismeans
thatanatomwithmomentumkisdiffractedintok+kbms±∆kbmswith∆kbmsmuchsmallerthan
theautocorrelationfunctionwidth,σz=8.2×10

−3(1)klat.
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4.7 Conclusion

InthisChapter,theatomicbeam-splitterbasedonBraggdiffractionhasbeenintensivelydis-
cussed.Thegeometricalalignmentandcalibrationofthebeam-splitter,aswellasthestabilityof
bothreflectanceandtransmittancewerediscussed.Preliminarycalibrationsofthephasestabil-
ityofthebeam-splitterviaBECinterferencehasbeenpresentedopeningthewaytopromising
futureexperiments.

Perspectives,theadiabaticpassage

Theactualcalibrationofthebeam-splittershowsthatitcanbedirectlyusedfortherealisation
oftheHOMexperiment. However,somelimitationsarestillpresent.Sinceweareinterested
indealingwiththeentireatomicbeam,thisimpliesabroadresonancecondition. Adirect
consequence,whenasquarepulseisused,isanon-vanishingprobabilitytodiffractthecloud
tohigherdiffractionorders. Thistranslatesintolossesforboththe50:50beam-splitterand
mirror,asdiscussedinSection4.2,thathavebeenestimatedtobeofafewpercentand,inthis
sense,arecompletelynegligible(seediscussioninAppendixD).

However,theuseofasquarepulsecanalsoleadtoanon-uniformvalueofthereflectivity
overtheentiremomentumspreadofthecloudasseeninSection4.1. Onepossiblesolution
forthisproblemwouldbetouseadiabaticpulsesinanalogywiththetechnologydeveloped
inRMN(seeforinstanceRef.[203]andRef.[204]formoredetails).Theideaisthen,through
acombinationofspecificintensities,frequenciesandphases,totransferthepopulationof
theatomicbeamswithequalefficiencyinsideatunablemomentumwidth,seeRef.[205]for
instance.Thisprojectiscurrentlybeingdevelopedinourteam.

Alongthepastthreechapters,wereportedthedifferentimprovementstotheexistingmetastable
heliumexperimentinordertoaccomplishtheHOMexperiment.Thethreefundamentalblocks
thathavebeendiscussedatthispointofthemanuscriptcorrespondto
•asingleatomdetector;
•asourceofatomicpairs;
•acoherentatomic50:50beam-splitterandmirror.

Wehaveshownthatthisthreeblocksarewellundercontrolinourexperimentandwearenow
readytofinallydiscusstheatomicHong–Ou–Mandelexperiment.
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Aristotle

AsdiscussedinChapter1,inordertoattaintheHOMexperiment,fourfundamentalexper-
imentalblocksarenecessary:

•asingleatomdetector—theMCPdetectorbrieflydiscussedinSubsection2.1.2.Thisis
theatomicequivalentofaphotomultiplierinoptics.Itallowsustoextractbothsecond
orderauto-andcross-correlation;
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•asourceofatomicpairs—thepairsareproducedviadynamicalinstabilitiesfromacon-
densateplacedonamovinglattice,asdescribedinSection3.2andSection3.3.Thepairs
showstronger-than-classicalcorrelations,asdemonstratedinSection3.4.Theaveraged
numberofatomsalsoneedstobelowerthan1,asdiscussedinSection1.2;

•acoherentatomic50:50beam-splitterandmirror—performedviaBraggdiffractionona
latticedesignatedbeam-splitterlatticeasdiscussedinChapter4;

•andafilteringprocedureinordertoguaranteetheindistinguishabilitybetweenparticles
—performedbyfilteringtheatomsourceafterthebeam-splitterviathe3Dreconstruction
inmomentumspaceofourdetector.Foralosslessbeam-splitteritistheequivalentofan
atomicpinhole.ThiswillbedevelopedinSection5.1.

Thischapterisorganisedasfollow.InSection5.1thefiltering methodadoptedinthe
experimentwillbediscussedandtheproceduretodetecttheHOMeffectpointedout.The
experimentalprotocoltoaccomplishthetwo-particleinterferometerwillbepresentedinSec-
tion5.2.TheanalysisoftheinterferometriceffectwillbediscussedinSection5.3,wherewe
identifyadecreaseofthecross-correlationbetweentwooutputportsasafunctionoftheoverlap
betweenthetwoatomicbeams.Theobtainedresultallowsustoconcludethatthedipcannot
beexplainedclassically.Thecomparisonwiththetheoreticalexpectedvisibilitywillbedevel-
opedinSection5.4andtheexpecteddipwidthinSection5.5.InSection5.6,thecoalescence
effect,correspondingtotheincreasedprobabilityofdetectingtwoparticlesinoneofthetwo
outputports,isdiscussedandcomparedtothedestructiveinterferenceresult.Linkedtoboth
quantitiesisthevarianceofthedifferenceofpopulationthatcanalsobeusedinordertoprobe
theinterferencebehaviour,asshowninSection5.7.Finally,theroleofparticleinteractionswill
bebrieflydiscussedinSection5.8closingtheanalysisofthetwo-particleinterferenceeffect.

5.1 HOMeffect:howtomeasure?

TheHOMeffectcorrespondstoasituationwheretwophotons,withundefinedrelativephases,
arepluggedattheinputportsofa50:50beam-splitter.Ifthetwophotonsareindistinguishable
thecoincidencecountbetweenthetwooutputportsofthebeam-splittervanishes,unlikewhat
onewouldexpectforclassicalparticlesorwaves.Onecanmeasurethisresultintwodifferent
ways,eitherbyfocusingonthecoalescenceeffectoftheout-comingstate[79]

|ψout=|0c,2d+|2c,0d,

thatis,theincreasedprobabilityofdetectingtwoparticlesinoneofthetwooutputports,orby
lookingatthereductionofthecoincidencecountsbetweenthetwooutputports.Inquantum
opticsexperiments,theHOMeffectisoftenprobedviathereductionofcoincidencecounts.In
thissituation,twophotodiodesattheoutputportsofthe50:50beam-splitter,candd,detectthe
outcomingphotonsandacoincidencecountisperformedbetweenthetwo.Thecoincidence
countcorrespondstotheprobabilityofdetectingonephotononatimeintervalt+∆tinoneof
theoutputportsknowingthatanotherphotonhasbeendetectedattimetattheother. When
thephotonsareindistinguishablethiscoincidencecountreacheszerobut,ontheotherhand,if
thephotonsaredistinguishable,thecoincidencecounthasafinite,non-zero,value.

5.1.1 Howtotunedistinguishability?

Distinguishabilitybetweenparticlescaneitherbeexperimentallyachievedwithachangeinthe
opticalpaths[54,206]orphasedifference[77].Inthe1987experimentofHong,OuandMandel,
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Figure5.1:Schematicrepresentationofthe1987’sHOMexperiment.Twophotonsproducedviaparametricdown-
conversionarepluggedintoa50:50beam-splitter,afterpassingthroughafrequencyandspatialfilter.Twophotodiodesregister
thenumberofdetectedphotonsonbothoutputports.Acoincidencecountisperformedafterwards.FigurecopiedfromRef.[54].

Figure5.2:Classicalscenariosfortwoincomingparticles.Schematicrepresentationofthefourpossiblecases.Theblue
arrowsrepresentthearrivingparticlesbeamsona50:50beam-splitter.Case:a)bothparticlesarereflected;b)bothtransmitted;
c)andd)oneparticleisreflectedandtheotheronetransmitted.

theopticalpathwastunedbychangingthepositionofthebeam-splitter.Ifthepathsofthe
photonsaredifferent,theydonotoverlaponthebeam-splitteranditispossibletodistinguish
them. Ontheotherhand,ifthephotonsoverlap,belowthecoherencelengthofthephoton
wavepacket,theparticle’spathsareindistinguishableandthecoincidencecountdecreasesto
zero.Theoriginalexperimentalset-upisschematicallyrepresentedinFig.5.1[54].Thesource
correspondstoapairofphotonsproducedviaparametricdown-conversion.Sincethisisa
multimodesource,afilterisappliedinordertoselectboththespatialandtemporalmodes.The
twophotonstravelapartfromeachotheruntiltheyreachthemirrorsM1,M2thatrecombine
thebeamsona50:50beam-splitter. Thephotonsaretheneithertransmittedorreflectedas
schematicallyrepresentedinFig.5.2.Twophotodiodesplacedateachexitofthebeam-splitter
recordthenumberofphotonsperport. Whentwophotonsexitcoincidentlythebeam-splitter
throughdifferentports,acoincidencecountisrecovered. Bychangingthepositionofthe
beam-splitterandcountingthenumberofcoincidences,oneretrievesthecelebratedHOM-dip
wheretheminimumcorrespondstothecaseofindistinguishablepathsandthebackgroundto
distinguishablepathsasshowninFig.5.3.

Adaptationtothecaseofatoms

Thebeam-splitter,inourcase,actsonmomentumspace.Bychangingtheapplicationtimeofthe
beam-splitter,wecantunethedistinguishabilityofthetwoatomicbeams.Theindistinguishable
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Figure5.3:1987HOM-dip.Itispossibletoseethatthecoincidencecountgoestozerowhenthepositionofthebeam-splitter
issuchthatthetwophotonsareindistinguishable.Sincetheirspeedisequaltothespeedoflight,thespatialwidthofthedip
givesanindirectinformationonthetemporalcorrelationlengthofthephotons.FigurecopiedfromRef.[54].

casecorrespondstothesituationinwhichthetwoatomsoverlaponthe50:50beam-splitter
andonecannotsaywhichonehasbeentransmittedorreflected,asrepresentedinFig.5.4a).In
thecaseofabadtemporaloverlapbetweenthetwobeams,duetoanapplicationtimeofthe
beam-splittersuchthattheatomsdonotoverlap,seeFig.5.4b),onegetsthedistinguishable
case.Theoutputportscanddcorrespondtothetwoatomicbeamsafterthe50:50beam-splitter.
Theirmomentaisequaltokcandkd,withkc=kaandkd=kb,whichleadstodifferentarrival
timesonthedetector. Withthetemporalresolutionofthedetectorbeingshorterthanthetime
differencebetweenthetwocorrelatedatoms,onecandirectlymeasuretheircross-correlations
andextractthecoincidencecount.TheHOMexperimentconsiststhentomeasurethecross-
correlationbetweenthetwocloudscanddasafunctionofthe50:50beam-splitterapplication
time,ts.

Knowingtheinitialspeedofthetwocloudsandthetimeatwhichtheatomicmirrorhasbeen
applied(tm),onecandeterminetheapplicationtimeofthe50:50beam-splitter,ts,corresponding
totheindistinguishablesituation.Considerthatbeamahasaninitialspeedvaandbeamba
speedvbalongtheverticaldirection.Inthelaboratoryframeofreference,thepositionofthe
twocloudscorrespondsto

za=z0+vat−
1

2
gt2,

zb=z0+vbt−
1

2
gt2.

Afteratimetm,thepositiondifferencebetweenbothcloudsalongzisequalto∆z=(va−vb)tm.
Atthismomentthemirrorisappliedandthevelocitiesareexchanged.Thepositiondifference
betweenthetwocloudsisthenequalto

∆z=(va−vb)tm−(va−vb)(t−tm).

Ifthe50:50beam-splitterisappliedatts=2tm,then∆z=0andthetwoatomicbeamsoverlap.
Thiscorrespondstoτ=ts−tm=tm−t0where,forsimplicity,wewillconsidert0=0. On
theotherhand,iftheatomsdonotoverlapatthemomentwhenthebeam-splitterisshinned
(ts 2tm),thenthereflectionofbeamaisdifferentthanthetransmissionofbeambandthe
pathsaremadedistinguishable,seeFig.5.4.
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Figure5.4:Schematicrepresentationoftwo-particlesinterference.
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a)Beam-splitterapplicationinthecaseofindistin-
guishableparticles.b)Beam-splitterapplicationinthecaseofdistinguishableparticles.

Figure5.5:Schematicrepresentationofmultimodetwo-particlesinterference.Severalmodesareoutcomingfromthe
initialsource,modeacorrelatedwithb,awithbandawithb.Themirrorandbeam-splitterarecalibratedsuchthataand
boverlaponthebeam-splitter.Thisimpliesthatmodeaoverlapwithmodebandawithb.

IncontrasttotheexperimentofHong,Ouand Mandelinwhichthebeam-splitterposition
definesthedistinguishabilityoftheparticles,inourcase,sincetheatomicbeam-splitteris
performedinmomentumspace,itistheapplicationtimeofthe50:50beam-splitterthatdefines
it.

5.1.2 Filteringmethod:3Ddetectionandnoiselessbeam-splitter

Similartothephotoniccase,ouratomicsourceisnotsinglemodebutmultimode,asdiscussed
inSection3.4. Thismeansthateachatomicbeamcorrespondstoseveralmodes,eachone
correlatedtoitssymmetricintheotherbeam. Duetophase-matchingconditions,thetwo
modeshavetoverifythemomentumconditionka+kb=2klat+2k0asdiscussedinSection3.2.
Attimets,thetwoatomicbeamsareswapped.Thismeansthatanatomwithinitialmomentum
kahasaprobabilityof50%tobediffractedintoka+kbms.Thisisalsovalidforbeambwith
momentumgivenbykb−kbmsafterthe50:50beam-splitter.Inordertoexchangeapairof
correlatedatomsonehastoverifyboth

|kb−ka−kbms|<δk (5.1a)
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and

|ka+kb−2klat−2k0|<δk, (5.1b)

whereδkaccountsforthemodesizeinmomentumspace.Onlytheatomswithmomentasuch
thatbothconditionsareverifiedwillcorrespondtoaperfectindistinguishablecase.Thosethat
areexchangedwithatomsfromanothermodewillalwaysbedistinguishable.

ThisisschematicallyshowninFig.5.5wheretwoatomicpairscorrespondingtoparticles
{a,b}and{a,b}areproduced,with

kb−ka=kbms−δk

and

kb −ka =kbms+δk,

where

kbms=kb−ka.

Inthisscenario,aandbarecorrelatedaswellasaandb,butnocorrelationexistsbetween
aandboraandb.Thiscorrespondstoatomswithmomentavectordifference

(kb −ka)−(kb−ka)=2δk≥σc

whereσcrepresentsthecross-correlationfunctionwidth.Inourexperimentalrealisation,both
mirrorand50:50beam-splitterhaveresonancessufficientlywideinordertoeffectivelyswap
theentirebeams.Thus,thesituationdiscussedaboveneedstobeconsidered.

InordertoobtainamaximumHOM-dipvisibility,itisnecessarytofilteroutthedistin-
guishablecases.InFig.5.5thiscorrespondstoneglectthecontributionofa,b anda,b.In
optics,thisiseasilydonebyplacingnarrow-bandinterferencefiltersjustbeforethedetectors
andpinholesintheopticalpaths[54,206]. Withatomsthisismoredemanding. Onecould
imagineanequivalentprocessviaselectiveBraggdiffraction.However,thistechniquecanonly
performselectionsalongtheaxisofthebeam-splitterlattice(z−axis)andnoselectionwouldbe
performedtransversally.Thesolution,forourexperiment,reliesonour3Ddetectorresolution.

Sinceweareabletoreconstructthevelocityvectorinallthreedirectionsofeachatom,
onecanselectthosethatarerecombinedwiththeirpartner. Experimentally,thisissimply
performedbyreducingtheintegrationvolumearoundthetwomomentaofinterestkc=kaand
kd=kb.Byreducingthebandwidthoftheselection,onecanrecoveratwo-modeconfiguration.
Itis,however,veryimportanttoselecttherightmomentakcandkd. Forthispurposewe
adjusttheatomicbeamproductioninordertomatch,ascloseaspossible,thebeam-splitter
latticeperiodicitykbms.Inthissense,weguaranteethatthepopulationmaximacorrespondtoa
recombinedpairasschematicallyrepresentedinFig.5.6.Itisimportanttonotethatthisfiltering
techniqueisonlypossibleifthebeam-splittertransferisverywelldefinedinmomentumspace,
whichwehaveprovedtobetrueinChapter4,otherwiseeachatomisarbitrarilyrecombined
withanother.Iftheuncertaintyisgreaterthanthecorrelationlength,nopost-filteringcanbe
performedsinceseveraldifferentmodeswouldhavebeenmixed.

Ourfilteringmethodconsiststhentoreducethevolumeofintegration,aroundthecentralzones
ofanalysis,untilamaximumvisibilityisobtainedasschematicallyshowninFig.5.7.Thisis
similartothedetectionmodetechniquesusedinquantumoptics[207–209].
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Figure5.6: Schematicrepresentation
oftheHOMexperimentwithmoderep-
resentation.Descriptionfromtoptobot-
tom. Theatomicbeamsareformedofsev-
eralmodes. Eachmodeisrepresentedby
adifferentcolorandthecorrelatedmodein
theotherbeamisrepresentedwiththesame
colour.Themirror,correspondingtoaBragg
diffractionprocess,leadstoatranslationof
eachatomicbeam. Thus,beamareplaces
beambandvice-versa.Afterthe50:50beam-
splitter,thecorrelatedmodesaremixedas
shownatthebottomofthisfigure. Wecan
seethatonlythecentralmode,inred,isover-
lappingwithitspeer.Thisisduetothefact
thatthemomentumgivenbytheBraggpulse
isequaltothemomentumdiff

Indistinguishable
case

Indistinguishable
case

Partial
indistinguishablecase

Partial
indistinguishablecase

Distinguishable
case

Distinguishable
case

erenceofthe
atomicbeamscentraldistribution.Theother
modeswillthen,never,beoverlappedwith
theirpeers.Thismeans,here,thatonlythe
centerofthedistributionwillcorrespondto
aperfectindistinguishablesituation.

Figure5.7: Schematicrepresentationofthe
modeselectionperformedinourexperiment.
AsexplainedinFig.5.6onlythecenterofthedistri-
butioncorrespondstoanoverlapbetweenidentical
modes. Byperformingaselectioninmomentum
space,correspondingtothevolumeofourintegra-
tion,onecanthenevolvefromaperfectindistin-
guishablesituation(onlyonemodeinsidetheinte-
grationvolume)ormixedsituationbetweenindis-
tinguishableanddistinguishablecases.

Adifferentapproachis,however,suggestedinRef.[85].Inthisarticle,insteadofvaryingthe
applicationtimets,themomentaunderanalysis{kc,kd}aretuned.Thisallowsonetopassfrom
adistinguishablecase,forexampleinFig.5.5{ka,kb},toanindistinguishablescenariowhen
lookingat{ka,kb}.However,thisanalysiscanonlybeperformedinasituationwhereτissuch
thatanindistinguishablecaseexists.Inorderwords,onewillinevitablyhavetoscanτinorder
tofindtheoverlapbetweenthetwoatomicbeams. Moreover,thepopulationsbetweenthe
distinguishableandindistinguishablecasescanbedifferentsincetheycorrespondtodifferent
classesofmomentaintheatomicdistribution.ThisleadstoamodificationoftheHOM-dip
shapeifthecross-correlationisnotnormalised.Forallthesereasons,wehavedecidedtonot
usethismethodofanalysisforourHOMexperiment.

Thedistinguishabilityofouratomicbeamsisdonebychangingtheapplicationtimeofthe
beam-splitter,ts.AselectioninkisperformedthroughtheMCPresolutioninordertofilterthe
modesinmomentumspaceandtomaximisethevisibilityoftheHOM-dip.
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Figure5.8:ExperimentalsequencefortheHOMexperiment.Insidethedipoletrap(powerindicatedinred),thelattice
isadiabaticallyswitchedon,byrampingbothitsdepth(blueskyshadedarea)anddetuning(greenshadedarea)in350µs.
TheBECisthen,inthelatticeframeofreference,movingataspeedv0=−0.57vlatandstarttoproduceatomicpairsdueto
dynamicalinstabilities.Attimet0,thefirstatomsformingthepairsstarttobeproduced50µsbeforethelatticeisadiabatically
switchedoff.Theatomsarethenkeptinthedipoletrapfor200µs.Atthispointtheopticaldipoletrap(ODT)isswitchedoff
andatomsarereleased.Theyarethentransferredtotheinsensitivesub-levelmj=0in300µsviastimulatedtwo-photonRaman
transfer.TheatomicmirroristhenshinnedontheatomsviaaBraggpulseof100µslength(darkblueshadedarea)attimetm.
Asecondpulseisperformedafteratimeτ=ts−tmcorrespondingtotheapplicationofthe50:50beam-splitter.

5.2 HOM:experimentalsequence

TheexperimentalsequenceinordertoachievetheatomicHOMexperimentisrepresentedin
Fig.5.8. Withtheatomsstilltrappedintheopticaldipoletrap,thelatticeisadiabaticallyturned
on,intwosteps(powerandfrequency),asexplainedinSubsection3.3.2.Thelatticespeedisset
to−0.57vlatandthelatticeiskeptonfor350µs.

1.Thelatticeisthenswitchedoffadiabatically
andtheatomsarekeptinthedipoletrapfor200µsinordertoavoiddistortionofthetransverse
profileduringtheexpansion,seeSubsection3.3.4. Theopticaltrapisafterwardsrapidly
switchedoffandtheatomsimmediatelytransferredtotheinsensitive magneticfieldstate
mj=0viastimulatedtwo-photonRamanscatteringin300µs(seemoredetailsinAppendixC).
Atthismoment,theatomshavealreadybeentravellingawayfromeachotherforatleast500µs
andthedistancebetweenthetwoatomicbeams,alongtheverticaldirection,isequalto25µm.

Themirroristhenapplied(correspondstotminFig.5.8)inordertoinvertthevelocitiesof
beamaandb,viaBraggdiffractionwithanefficiencyof93(2)%.Theindistinguishablecase
correspondsthentoatimetssuchthatts−tm =tm−t0estimatedatts−tm ≈550µs. The

1vlat=9.3cm/sasdefinedinSection3.3. Weestimatethatthefirstatomsareproducedapproximatively300µs
(correspondingtot0,seeFig.5.8)afterswitchingonthelattice.
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Figure5.9:SchematicrepresentationoftheatomicHOMexperiment.a)Thetimediagramshowstheevolutionofthe
atomicpairsalongtheverticalaxis(blueandredlines).Betweent0andtm,tmandts,andafterts,theatomsmoveunderthe
influenceofgravity(drawingnottoscale).Attm,thetwinatomvelocitiesareswappedusingBraggdiffractiononanoptical
lattice.Attimets,whentheatomictrajectoriescrossagain,thesamelatticeisappliedforhalftheamountoftimeinorderto
realiseabeam-splitter.b)Inthecentre-of-massframeofreference,thetrajectoriesoftheatomsresemblethoseofthephotonsin
theHOMexperiment.Ajointdetectionariseseitherwhenbothatomsaretransmittedthroughthebeam-slitter(upperpanel)or
whenbotharereflected(lowerpanel).Ifthetwoparticlesareindistinguishable,theseprocessesendinthesamefinalquantum
stateandtheprobabilityofcoincidencedetectionresultsfromtheadditionoftheiramplitudes.Forbosonstheseamplitudes
havesamemodulusbutoppositesigns,thustheirsumvanishesandsoalsotheprobabilityofcoincidencedetection.

difficultyofdeterminingtheexactvalueoftscomesessentiallyfromtheuncertaintyassociated
totheinstantatwhichthefirstpairsareproduced,t0.Sincethepopulationofbeamaandbare
rathersmall,weestimatethatthefirstpairsareproducedattheendofthelatticeapplication.
Furthermore,bothmirrorand50:50beam-splitterhavedurationsthatarenotnegligiblewith
respecttotm−t0.Thisincreasestheuncertaintyassociatedtotheinstanttsforwhichparticles
aremadeindistinguishable.

Aftertime-of-flight,theatomshittheMCPandtheirarrivaltimeisrecorded.Thevelocity
vectorofeachatomafterapplicationofthe50:50beam-splitterisrecoveredasdiscussedin
Subsection2.1.2.Theanalysisisthenperformedbyextractingthecross-correlationbetweenthe
twoatomicbeamscandd,where,kc=kaandkd=kb.Theinterferometerschemecorresponds
totheonerepresentedinFig.5.9a)wheregravityinducesparabolictrajectoriesontheparticles.
Inthebeam-splitterframeofreference,oneretrievesthewellknownmasslessinterferometric
schemerepresentedinFig.5.9b).

Weroughlyestimatethe50:50beam-splittertimeapplicationcorrespondingtoindistinguishable
pathstots−tm=τ=550(100)µs.

5.3 AnalysisandmeasurementoftheHOMeffect

Atomsfallonthedetectorandthecross-correlationbetweenbeamcanddgivenby

G
(2)

cd
(τ)=η2N̂c(τ)̂Nd(τ)=

η2

ΩVcΩVd ΩVc

d3kc
ΩVd

d3kdn̂(kc,τ)̂n(kd,τ), (5.2)
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isobtainedfordifferentvaluesofτ,withΩVc= ΩVd = L2⊥Lz k
3
lat
correspondingtothe

volumeofintegrationandηthedetectionefficiency. Wechosenottonormalisethecross-
correlationforeaseofcomparisonwiththeoriginalHOMrealisation. Theresultshownin

Fig.5.10correspondstotheoptimisedintegrationvolumeofΩV= 0.048
2×0.028(k3

lat
).The

cross-correlationfunctionG
(2)

cd
decreasesfrom0.060(8)to0.019(4)atτ=τ0=550µs.The

valueofτ0iscoherentwiththeexpectedoverlapbetweenthetwoclouds,ts=2tm≈550µs.

InordertoquantifythevisibilityoftheHOM-dip,thefollowingdefinition

V̄=1−
G(2)(τ0)

G
(2)
bg.

(5.3)

=1−
G
(2)
Ind.

G
(2)
Dis.

, (5.4)

isused,whereif̄V>0.5theeffectcannotbeexplainedclassically(seeChapter1).Thisthreshold
isrepresentedbytheredshadedareaandcorrespondstothemaximuminterferencecontrast
obtainedfortwoclassicalwaveswithrandomphasesattheinputports.Fromthevaluesof

G
(2)

cd
(τ0)andG

(2)

bg.
,werecoveravalueof̄V=0.65(7),twostandarddeviationsabovetheclassical

limit2.

Thiseffectcanonlycorrespondtoaquantumtwo-particledestructiveinterferenceandshows
thattheatomicpairshavemore-than-classicalcorrelationsandthatonecancoherentlymanip-
ulatetheinputstate.

AlongthisSectionwewilldiscussindetailtheanalysislyingbeneaththisresult.

5.3.1 Analysis:momentumselection

Inordertooptimisethedestructiveinterferenceeffect,onelooksatthecorrelationbetween
atomswithmomentakcandkdasdiscussedpreviously.Byfixingtheinitialcondensatequasi-
momentumat−0.57qlat,wegeneratetwoatomicbeamsaandbwithdistributionscentred
at0.73(1)klatand1.27(1)klatinthelaboratoryframeofreference. Thiscorrespondstoa
momentumdifferenceequalto0.54(2)klatconsistentwiththebeam-splitterperiodicitykbms=
0.55klat.Thismismatchcomesfromourdifficultyinmeasuringthecentraldistributionofbeam
bandisduetothelossesassociatedtobeambthattendtodistortitsprofilealongthevertical
z−axis.InSection5.5wewillseethatthismismatchingmaypartiallyexplaintheobtained
HOM-dipwidth.

Thevalueofkcandkdusedfortheanalysisaredeterminedinthefollowingway. Aswe
haveseeninSection3.3,thetwoatomicbeams,aandb,havedifferentpopulations. After
applicationofthe50:50beam-splitter,however,theirpopulationaremixedandshouldbeequal
afteraveragingoverseveralrealisations.Consequently,theanalysisisperformedbetweenthe
centraldistributionsofbeamscanddforwhichthemaximumpopulationisdetected.The
issuethatonecanfaceisthatthecentraldistributionsdonotcorrespondtothetwocorrelated
modes.Forthispurpose,weallowourselvestodisplaceslightlythetwoboxesofanalysisin
ordertomaximisetheHOM-dipvisibility.Thisdisplacementhasalwaystobesmallerthan
thecross-correlationlengthinordertoverifyEq.(5.1).Inpractise,thecentersoftheanalysis

2Itisimportanttonotethat,forourexperiment,fromrealisationtorealisation,thephaseofthebeam-splitter
wasrandomlychosen.Thisallowsustodirectlycomparetherecovereddipinthecross-correlationasafunction
ofτtotheexpectedclassicalthreshold. WewillshowinSection5.4,however,thatthisthresholdvalueisinfact
overvaluedandthatonecanestimatetherealthresholdknowingtheautoandcross-correlationsofbeamsaandb.
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Figure5.10:AtomicHOM-dipinthecross-correlationfunction.ThecorrelationG(2)
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betweentheoutputportsofthe

beam-splitter,definedinEq.(5.2),wasmeasuredasafunctionofthepropagationdurationτ=ts−tmbetweenthemirror
andthebeam-splitter.TheHOM-dipisdirectlyvisibleasamarkedreductionofthecorrelationwhenτequalstheduration
ofpropagationtm−t0 500µsbetweenthesourceandthemirror,correspondingtosymmetricpathsbetweenthesourceand
thebeam-splitter.AGaussianfit(blueline)preciselylocatesthedipatτ=550(50)µs,withahalf-widthathalf-maximum
of70(40)µs,wheretheuncertaintycorrespondstothe68%confidenceinterval.ThemeasuredvisibilityisV=0.65(7).
Itistwostandarddeviationsbeyondtheclassical-to-quantumthresholdrepresentedbytheredshadedarea,whichtakesinto
accounttheexperimentaluncertaintyoverthebackgroundcorrelationvalue.Eachdatapointwasobtainedfromanaveraged
overabout500to1000repetitionsoftheexperiment.Errorbarsdenotethestandarddeviationofthestatisticalensemble.The
meandetectedatomnumberwasconstantovertherangeofvaluesofτ
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Figure5.11:2Ddeterminationoftheoptimisedcentredanalysis{ka,kb}.Upperpanels,fromlefttoright,2Dmomenta
distributionforthedetectedatomnumberontheyz−plane,integratedoveralengthof0.048klatalongthex−axis,for
τ=150,550,900µs.Bottompanels,fromlefttoright:2Dcross-correlationbetweenmomentumkz,kzforanintegration
volumeofΩV= 0.048

2×0.028(klat3)forτ=150,550,900µs.Theredshadedsquarecorrespondtotheintegrationlength
onthelongitudinalz−axis.Thebinsizeisof0.014klatonbothaxis.

volumecorrespondtokc=0.740klatandkd=1.275klat,asrepresentedinFig.5.7.Inorderto
avoidthecontributionofseveralmodes,wearealsoselectiveontheintegrationvolume,as
discussedearlier.Theideaistoguaranteethatonlytwomodesareselected.
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InFig.5.11,toppanels,the2Dmomentumdistributionontheyz−planeforbothdistin-
guishablecase(leftandrightpanels)andindistinguishablecase(centerpanel)arerepresented.
Inallthreecases,itispossibletodistinguishthetwoatomicbeamscanddaswellasdiffracted
atomsfromthecondensatebythebeam-splitteralongthez−axis.Thediffractionprobabilityis
veryweakbut,sincethepopulationoftheBECismuchlargerthanthenumberofproduced
pairs,thediffractedfractionisstillclearlyvisible.However,sincetheBECdiffractedatomsare
wellseparatedfromthepairsinmomentumspacetheydonottarnishtheanalysisonthepairs.

Nonoticeablepairpopulationdifferenceisvisibleonthe2Ddistributioninaccordance
withthefactthatonaveragedbothdistinguishableandindistinguishablesituationshavethe
samedensitydistributions. The2Dcross-correlationfunction(bottomcanvas),definedby

Eq.(5.2),isestimatedforafixedvolumeofintegrationcorrespondingtoΩc,d= Lz×L
2
⊥ =

0.028×0.0482(k3
lat
)andcentredonCc=(0,0,kz)(klat)andCd=(0,0,kz)(klat). Onecan

immediatelyseethat,formostsetsof{kc;kd},thecross-correlationisweakerwhenτ=550µs

inaccordancetotheexpectedtimetm−t0≈550µs.TheminimumvalueofG
(2)

cd
,insidethe

atomicbeams,occurswhenkc=0.740klatandkd=1.275klat,correspondingtothevaluesofkc
andkdwithmaximumaveragedpopulations.

Thecentralpositions,kc=0.740klatandkd=1.275klatoptimisetheHOM-dipvisibilityand
hereafterwewillalwaysplacethecenterofouranalysisvolumeonCc=(0,0,0.740)(klat)and
Cd=(0,0,1.275)(klat).

5.3.2 Analysis:optimisationoftheintegrationvolume

Withthevalueofkcandkdfixed,onecannowtrytooptimisethesignalbychangingthevolume
ofintegration.Thiscorrespondstoadaptthepinholesizetoourmodesizeasoftenperformed
inquantumoptics[206].

Sincethecorrelationvarieswithtimeτ,onecanestimatethecontrastbyfittingthecross-
correlationasafunctionofτwiththeempiricalGaussianfunction

G(2)(τ)=G
(2)
bg.
1−V̄e

−
(τ−τ0)

2

2σ2 (5.5)

whereG
(2)
bg.
correspondstothebackgroundcorrelationobtainedfordistinguishableparticles

andV̄tothevisibilityoftheHOM-dip.InFig.5.12,leftpanel,thevisibilityisrepresentedas
afunctionoftheintegrationvolumeΩV.Foreach(L⊥;Lz)set,correspondingtoavolume

ΩV= L
2
⊥Lz,onegetstherelatedvisibility.Onecanseethatforsmallerintegrationvolumes

thevisibilityincreasesuntilreachingsaturation.Forlargevolumes,thevisibilitydecreasesasa
consequenceofthemultimodesourcecontribution(asdiscussedindetailinSubsection5.1.2).

ThevisibilityoftheHOM-dipcanbecomparedtothesituationinwhichtwocoherent
beamswithundeterminedrelativephasearerecombinedona50:50beam-splitter.Theobtained
reductionofthecross-correlationinthissituation,seeChapter1,correspondstotheclassical-
to-quantumthresholdandcanbewrittenas

Vthres.=
1

1+δ
, (5.6)

withδcorrespondingto

δ=
G
(2)
aa+G

(2)

bb

2 G
(2)
aaG

(2)

bb

, (5.7)
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Figure5.12:2DrepresentationofthevisibilityV̄andratiototheclassicalthresholdRfordifferentintegration
volumes.Leftpanel,2DrepresentationofV̄asafunctionoftheintegrationvolumeΩV = L

2
⊥×Lz(k

3
lat
).Forsmaller

volumesoneobserveanincreasedvisibilityuntilitsaturateswhileforlargervolumesthevisibilitydecreasestozero.Thebin
sizecorrespondsto0.004klatinbothdirections.Rightpanel,2DrepresentationofRasafunctionoftheintegrationvolume
ΩV=L

2
⊥×Lz(k

3
lat
).Forsmallerintegrationvolumestheratioincreasestoitsmaximumvalueof1.5.Theredboxesindicate

thevaluesofLzandL⊥correspondingtothecutsshowninFig.5.13.

seeAppendixDforcomplementaryinformation.Iftheincomingpairshavethesameautocor-
relationvalue,thenδ=1.Thisisusuallytrueforparticlesproducedinpairsandonerecovers
thethresholdvalueofV̄thres.=0.5.Inoursystem,beambhasalowerpopulationthanbeam
aand,consequently,δ 1.Thischangesthevalueofδand,asaconsequence,theclassical
thresholdisnolonger0.5.ThethresholdvalueV̄thresisobtainedasafunctionofΩVandthe
ratioRbetweentheobtainedHOM-dipvisibilityandthevisibilitythreshold

R=
V̄

V̄thres
, (5.8)

isrepresentedinFig.5.12(rightpanel). Oneseesthatforsmallvolumesofintegrationthe
HOM-dipvisibilityisalmosttwiceaslargethanthethresholdvalueandtendstozerofor
increasingvolumes.

Inordertoquantitativelyidentifytheoptimisedzonethe2DplotsofFig.5.12areprojected
alongtheverticalz−andtransversey−axisasrepresentedinFig.5.13. Canvasa)andc)
correspondtoasituationforwhichtheintegrationlengthonthez−axisiskeptconstantat
Lz=0.028klatandtheintegrationlengthonthetransversedirection,L⊥,isvaried(thecut
correspondstothehorizontalredboxesofFig.5.12). OnefindsanoptimumvalueatL⊥=
0.048klatforwhichweobtainanoptimisedvisibility,respectivelytothesignal-to-noiseratio,of
V̄=0.65(7)andaratioR=1.44(20).Canvasb)andd)correspondtotheinversesituation,for
whichL⊥=0.048,iskeptconstant,andLzisvaried(correspondstotheverticalredboxesof
Fig.5.12). Wethusobtaintheoptimisedvalueof̄V=0.65(7)forLz=0.028klat.Theoptimised
volumeofintegrationisobtainedbyperformingthesamemethodforalldifferentfixedvalues
ofLzandL⊥.

TheoptimisedresultcorrespondstotheonerepresentedhereforwhichweobtainV̄=
0.65(7)andathresholdvalueequaltoV̄thres=0.45(4). TheratiobetweentheHOM-dip
visibilityandthethresholdresultcorrespondstoR=1.44(20).Theseresultsareobtainedfor
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Figure5.13:Evolutionofboththevisibilityandthevisibility/thresholdratioasafunctionoftheintegration
volumeΩV = L

2
⊥×Lz(k

3
lat
).a)andc)Theintegrationlengthonthez−axisiskeptconstantatLz=0.028klat.The

visibilityV̄andtheratioRgivenbyEq.(5.8)arerespectivelyshownasafunctionoftheintegrationlengthonthetransverse
direction,L⊥.b)andd)TheintegrationlengthontheperpendiculardirectionsxandyiskeptconstantatL⊥=0.048klat.V̄
andRarerespectivelyplottedasafunctionoftheintegrationlengthonthelongitudinalz−axis,Lz.

avolumeofintegrationΩVequaltoΩV= 0.028×0.048
2 k3

lat
. WerepresentinFig.5.14,the

correlationdipasafunctionofτwiththeadaptedthresholdvalueof0.45(4)ingreen.

Toseemoredirectlytheeffectoftheintegrationvolume,weshowinFig.5.15theevolutionof

G
(2)

cd
(τ)fortwodifferentintegrationvolumes.Fig.5.15a)correspondstotheoptimisedvolume

discussedsofar,ΩV= 0.028×0.048
2 k3

lat
,whileFig.5.15b)correspondstoalargervolume

ofintegrationΩV= 0.048
3(k3

lat
).Itispossibletoseethatforanincreasedintegrationvolume

theHOM-dipwidthdecreases.Thedipwidthpassesfrom70(30)µsto40(20)µs. Alsothe
backgroundcorrelationincreaseswiththevolumeofintegrationwhichisexpectedsincethe
numberofdetectedatomsalsoincreases. Thevisibility,ontheotherhand,decreasesfrom
0.65(7)to0.39(7).

Theoptimisedvolumeofintegrationgivescomplementaryinformationaboutthemodesize
ofoursource[207–209]. AlongtheverticaldirectionthelengthofintegrationLz=0.028klat
isslightlylargerthanthecorrelationfunctionwidthobtainedinSection3.4. Transversally,
however,theintegrationlengthiscomparabletothe modesizerecoveredfromtheauto-
correlationfunction.

TheHOM-dipvisibilityhasbeenoptimisedasafunctionoftheintegrationvolume.Thevolume

forwhichthesignal-to-noiseratioismaximalcorrespondstoΩV= 0.028×0.048
2 k3

lat
.

5.3.3 Analysis:populationstability

Whencomparingthenon-normalisedcross-correlationasafunctionof τ,animportantpoint
istoguaranteethatthepopulationsinbeamcanddarestableovertheentireexperimental
realisation.

Incontrasttoquantumopticsexperiments,thecyclerateofcoldatomsexperimentsismuch
longer. EachdatapointofFig.5.10correspondstoanacquisitiontimeofapproximatively
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Figure5.14:Cross-correlationbetweenbeamscanddasafunctionofτwiththeadaptedthresholdvalue.
Representationofthecross-correlationasafunctionofτwiththerespectiveclassical-to-quantumthresholdvaluededucedfrom

Eq.(5.6)ingreen.OnecanseethattheminimumvalueofG(2)
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Figure5.15:Experimentalobservationofthedestructiveinterferenceeffectfortwodifferentintegrationvolumes.
Reductionofthecross-correlationbetweenportscanddasafunctionofτ.Forτ≈550µs≈τ0,oneretrievestheminimum

cross-correlationvaluecorrespondingtotheindistinguishablepathsscenario.a)EvolutionofG(2)
cd
asafunctionofτfor

avolumeofintegrationΩV = 0.048
2×0.028(k3

lat
).b)EvolutionofG(2)

cd
asafunctionofτforavolumeofintegration

ΩV=0.048
3(k3

lat
).

12hours.Togiveanidea,fortheoriginalHOMexperimenteachdatapointcorrespondstoan
acquisitiontimeof10min.[54].Thismeans,inourcase,thatovertheentirerealisationofthe
experimentalcurve,whichtookapproximativelytwoandhalfweeks,thenumberofproduced
atomsinbeamsaandbneededtobeconstant.

InFig.5.16a)andb),thenumberofdetectedatomsinbothoutputportscanddisrepresented
asafunctionofτ.Onecanseethatthepopulationinbothbeamsisratherstablewithanaveraged
numberofatomsinbeamcequalto0.18(1),and0.19(1)inbeamd.Furthermore,wecompare
thestabilityofthemeanaveragedproduct

nc·nd =
η2

ΩVcΩVd ΩVc ΩVd

d3kcd
3kdnkc ·nkd
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Figure5.16:Stabilityoftheoutputpopulationoverpropagationduration.a)AveragedatomnumberdetectedinVc
asafunctionofthepropagationtimeτ.Themeanvalueofncis0.19withastandarddeviationof0.01.b)Averagedatom
numberdetectedinVdasafunctionofthepropagationtimeτ.Themeanvalueofndis0.18withastandarddeviationof0.01.
c)Thecross-correlationbetweentheoutputportscandd(solidbluecircles),correspondingtotheHOM-dip,iscomparedtothe
productoftheaverageddensitypopulationsnc·nd (opengraycircles).Theproductoftheaveragedpopulationisconstant
whilethecross-correlationexhibitsadiparoundτ=550µs.

withtheintegratedcross-correlation

G
(2)

cd
=

η2

ΩVcΩVd ΩVc ΩVd

d3kcd
3kdnkcnkd .

IftheHOM-dipwasduetoapopulationreductionasafunctionofτ,thenthecurvenc·nd
wouldpresentthesamedipasthecross-correlationG

(2)

cd
.Thisis,however,clearlynotthecase

asonecanseeinFig.5.16c).

Onecanalsorepresentthenormalisedcross-correlationasafunctionofτ.Thisisshownin
Fig.5.17whereitispossibletoseethatthereductionofcoincidencecountsisstillpresentand

thattheminimumcorrelationvalueliesbelowtheclassicalthresholdvalueofG
(2)
thres
=0.81(7).

Inconclusion,althoughthedatacorrespondstoaverylongacquisitionperiod,theaveraged
atomnumberisratherstableoverτandtheHOM-dipcannotbeclassicallyinterpretedbya
variationofthepopulation.

Thevisibilitygivesusinformationabouttheinputstate,inparticular,iftheincomingatoms
arestronglycorrelated.Experimentally,weobservedanoptimisedvisibilityof0.65(7)which
allowsustoexcludeanypossiblesimpleclassicalexplanationofourresult3.Themostimportant
resultsoftheanalysisuntilnowaresummarisedinTable5.1.

5.4 Dipvisibility:theoreticalestimation

Foranincomingstatecorrespondingtoatwo-modeFockstatewithoneatompermode,|1,1,
itisexpectedthatthecross-correlationfunctionreachestheminimumvalueofzeroasfunction
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Figure5.17:Normalizedcross-correlationfunctionasafunctionofτ.Thedipisstillpresentalthoughthecross-
correlationisnowaveragedbythepopulationproductofbeamcandd.

Optimisedintegrationvolume

IntegrationlengthalongtheverticalaxisLz(klat) 0.028

IntegrationlengthalongthetransverseaxisL⊥(klat) 0.048

MaximumvisibilityV̄ 0.65(7)

ThresholdvisibilityV̄thres 0.45(4)

RatiobetweenobservedvisibilityandthresholdR 1.44(20)

δdefinedbyEq.(5.7) 1.15(5)

Table5.1:HOM-dipresultfortheoptimisedvolumeofintegration.

ofτ.ItisclearfromFig.5.10thatthisdoesnothappenhere.Twofactorsmayberesponsiblefor
thiseffect,eitherthedetectedparticlesarenotfullyindistinguishableorthenumberofatoms
containedintheintegrationvolumeexceedunityforeachbeam.

Itispossible,forperfectlyindistinguishableparticles,todeterminetheexpectedvisibility.
Forthis,oneonlyneedstomeasuretheautoandcross-correlationsbeforeapplicationofthe50:50
beam-splitter.Inourexperiment,thisconsistsinperformingthesameexperimentalprocedure
asfortheHOMexperimentbutwithoutapplicationofthemirrororthebeam-splitter.The
visibilityV̄correspondsthen,asseeninChapter1,to

V̄=
2G
(2)

ab

G
(2)
aa+G

(2)

bb
+2G

(2)

ab

=
1

1+(δ/C)
, (5.9)

withδ=
G
(2)
aa+G

(2)

bb

2 G
(2)
aaG

(2)

bb

andC=
G
(2)

ab

G
(2)
aaG

(2)

bb

(demonstrationscanbefoundinAppendixD).InSection3.4,

seeFig.3.26,onesawthatforLz=0.028andL⊥ =0.048,Creachesthevalue1.75(2)

and,forthesamevolumeofintegration,δ=1.15(5). Theexpectedvisibilityforperfectly
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Figure5.18:EvolutionoftheHOM-visibilityV̄asafunctionoftheaveragedpopulationn.Forn → 0,the
maximumdip-visibilityof1isobtainedforthecaseofastateobtainedthroughspontaneousparametricdown-conversion.For
n→∞,thevisibilitydecreasestotheclassicalthresholdof0.5.Inthegraphicrepresentation,westopatn=4forwhich
thevisibilityhasalreadydecreasedtōV=0.53.

indistinguishableatomsisthenequalto

V̄expect.=(1+1.15(5)/1.75(2))
−1

=0.60(1).

ThisvalueagreeswiththemeasuredvisibilityV̄=0.65(7).

ThefinitevalueofG
(2)

cd
atthecenterofthedipisnotduetoaweakindistinguishability.Therefore,

theobservedresultmustbeexplainedbythepopulationofthetwoincomingbeams.

5.4.1 Pairpopulation

AsdiscussedinChapter1,forasimplemodelwheretheproducedatomicstatecorresponds
toatwin-Fockstateobtainedthroughparametricdown-conversion,thedipvisibilitycanbe
relatedtotheaveragedpopulationviatherelation

V̄=1−
1

2+ 1
2n

. (5.10)

Foraveragedpopulationshigherthanone,n >1,thevisibilityisstronglyreduced,asitis
showninFig.5.18,andtendstotheasymptoticvalueof0.5forn→∞.

FromEq.(5.10),itisthenpossibletoextracttheexpectedvisibilityatagivenvalueofn.
Thiscanbeusedinordertounderstandourexperimentalresult.Nonetheless,itisimportantto
keepinmindthatthiscomparisonisonlyqualitative,since,asseeninSection3.4,theproduced
atomicpairshavedifferentpopulationsandtheircorrelationsdonotcorrespondtothoseofa
stategeneratedbyparametricdown-conversion.
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Figure5.19:Probabilityofthedetectedatomnumberbeforeapplicationofthebeam-splitterandafterthebeam-
splitterinthedistinguishableandindistinguishablecase.Probabilityofdetectingnatomsineitherbeamsa(leftpanels)
orb(rightpanels)beforethebeam-splitter(uppercanvas),afterthebeam-splitterinthecaseofdistinguishableparticles(mid
canvas)andforthecaseofindistinguishableparticles(bottomcanvas).Theprobabilityisobtainedforanensembleof1000
experimentalrealisations.Inallthreecases,theprobabilityofdetectingzeroparticlesisdominant(between80to90%)andthe
probabilityofdetectingtwoparticlesisatmostafactorfourweakerthantheprobabilityofdetectingoneparticle.Beforethe
beam-splitter,onecanseethattheprobabilitiesarenotthesamebetweenbeamaandbduepopulationimbalancebetweenthe
twobeams.

Determinationoftheaveragedpopulationinbeamaandb.

LetusassumeaninitialPoissonlawdistributionsuchthattheprobabilityofhavingnatomsin
eitherportsaorbcorrespondsto

P(n)=
Nn

n!
e−N

withNtheaveragednumberofatomsn=N.TheprobabilityofdetectingpatomsamongN,
knowingthattheefficiencyofdetectionisηcanbewrittenas

Pdet(p)=

N

n=0

Nn

n!
e−Nηp1−ηn−p

n

p
. (5.11)

Knowingthevalueofthedetectionefficiency,itispossibletoretrievetherealaveraged
population.Thevalueofηhasbeenprobedthroughthemeasurementofsub-shotnoisevariance
andestimatedtobeequalorhigherthanη=0.25(5),asdiscussedinSection3.4.2.Thereal
averagedpopulationisthenobtainedbyfittingtheprobabilitiesofdetectingpatoms,over1700
identicalrealisations,viaEq.(5.11)withNasfreeparameter.Theexperimentalprobabilitiesof

detecting0,1,2or3atoms,insidevolumeΩV= 0.048
2×0.028(k3

lat
),areshowninFig.5.19for

beamaandb.Onecansee,forinstance,thattheprobabilityofdetectingzeroatomsishigherin
beambthaninbeama.Thisreflectsthepopulationasymmetrybetweenthebeams.Byfitting
thosedistributions,theaveragedpopulationsofbeamaandbarerecovered.
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Pop.Det.Beama Pop.Det.Beamb

P(0) P(1) P(2) P(0) P(1) P(2)

Exp. 0.82(3) 0.16(1) 0.021(4) 0.90(3) 0.090(9) 0.005(6)

Theor.Pop.Det.Beama Theor.Pop.Det.Beamb

η P(0) P(1) P(2) P(0) P(1) P(2) Na Nb

0.15 0.82(3) 0.16(2) 0.016(5) 0.90(2) 0.094(6) 0.005(2) 1.3(2) 0.7(1)

0.25 0.82(2) 0.16(2) 0.016(3) 0.90(2) 0.090(11) 0.005(2) 0.8(1) 0.5(1)

0.35 0.81(3) 0.17(2) 0.018(5) 0.90(4) 0.094(10) 0.005(3) 0.6(1) 0.3(1)

Table5.2: Averagepopulationperatomicbeam. Theupperpartofthetableshowstheexperimentalprobabilitiesof
detecting0,1and2particlesforbothatomicbeamaandb.Theseprobabilitiesareextractedfromthenumberofatomsdetected
over1700identicalexperimentalrealisations.Inordertoretrievetherealpopulationdistribution,weassumethatthestatistical
distributionfollowaPoissonlawwherethefreeparameteristheaveragedpopulationNaforbeamaandNbforbeamb.Sincethe
valueofthedetectionefficiencyηplaysacrucialroleintherealpopulationdetermination,werepeatthisanalysisfordifferent
valuesofηfrom0.15,0.25and0.35.Thisisshowninthelowerpartofthetablewhereweadjustthepopulationaveragedof
bothbeamaandbinordertofitthevaluesofP(0,1,2).Foreachvalueofη,weextractthevaluesofNa= na andNb= nb
correspondingtotherealpopulationswhichbestfittheexperimentalresults.

ThevaluesofN= n aresummarisedinTable5.2fordifferentvaluesofthedetection
efficiencyη=0.15,0.25and0.35. Weextractavalueofna =0.8(3)andnb =0.5(3)

wheretheuncertaintiesareessentiallyduetotheuncertaintyonthedetectionefficiencyη.This
corresponds,usingEq.(5.10),toanexpectedvisibilityV̄=0.65(8)withuncertaintycoming
essentiallyfrompopulationdifferencesbetweenthetwobeams.SinceEq.(5.10)isbasedonthe
factthattheincomingmodeshavesymmetricpopulationsourcomparisoncorrespondstoa
veryroughestimation.Nonetheless,thissimpleinterpretationseemstoagreewithourresults.

5.4.2 EvolutionofthesignaltonoiseratiooftheHOM-dipvisibilitywithn

Aswehaveseensofar,thevisibilityoftheHOM-dipdependsontheaveragedpopulation n
asdescribedbyEq.(5.10).Howeverasmallerpopulationtranslatesintoahigherprobabilityof
havingzeroparticlesattheinputport.Aninterferometerwithzeroparticlesperinputportis
uselessintermsofstatisticaluncertaintyand,consequently,theerrorassociatedtothevisibility
increaseswhenonereducesn.Foraninfinitenumberofrealisationsthiswouldnotbean
issuesinceonewouldalwaysdetectaneventafterM→∞repetitions.Theproblemisthat,in
therealworld,onecannotperformaninfinitenumberofrepetitions.Thequestionisthento
knowifanoptimalsituation,intermofsignal-to-noiseratio,exists.

ConsiderthattheexperimentisperformedafinitenumberoftimesMandthatthepairs
correspondtotheresultofaspontaneousparametricdown-conversionprocess.Theincoming
pairsarethendescribedbythestate

|ψ =
n

tanhn(λ)

cosh(λ)
|n,n,

andthevisibilitycanthenbewritten,asshowedinChapter1,as

V̄=1−
1

2+ 1
2n
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Figure5.20:Optimisationofthesignal-to-noiseratiofortheHOM-visibilityasafunctionoftheaveraged
populationn.Representationofthevisibilityasafunctionoftheaveragedpairpopulation ninthecaseofaparametric
down-conversionstate.TheblueareacorrespondstotheexpectedstandarddeviationforMrepetitionsofthesameexperiment.
a)M=1000repetitions,b)M=500repetitions.Onecanseeanoptimisedvalueofαforn=0.2−0.6atomspermode.

withtheassociateduncertainty

δ̄V=
∂̄V

∂n
δn.

Thisuncertaintydependsontheaveragedpopulationuncertainty,δn,definedby

δn=
n(n+1)
√
M

, (5.12)

wheretheuncertaintycorrespondstothesquarerootofthevarianceforadistributioncor-
respondingtoaspontaneoustwo-modestateobtainedviaparametricdown-conversion.The
uncertaintyδ̄Visthengivenby

δ̄V=
n(n+1)
√
M

2

(4n+1)2
. (5.13)

Intheextremesituationn→0,theuncertaintyδ̄Vtendstozerowhichistotallyagainstwhat
onewouldintuitivelyexpect.

Totakeintoaccountthereductionofeffectiverealisations,Meff.,wesubtracttoMthenumber
ofeventswherethedetectedparticlesisequalto0.Theeffectivenumberofrealisationsisthen
equalto

Meff.=M(1−Pdet.(0)),

wherePdet.(0)correspondstotheprobabilityofdetectingzeroparticleseitheroneofthetwo
ports,andisequalto

Pdet.(0)=

∞

p

1−ηp
tanhp(λ)

cosh(λ)

2

Thevalueofδ̄Visthengivenby

δ̄V=
n(n+1)

M(1−Pdet.(0))

2

(4n+1)2
. (5.14)
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Figure5.21:Signal-to-noiseratiooftheHOM-dipabovethresholdof0.5.Werepresentthesignal-to-noiseratioofthe
HOM-dipasafunctionoftheaveragedpopulation ninthecaseof1000identicalexperimentalrealisations.Thegraylineat
1.0indicatesthatthevisibilityisatonestandarddeviationfromthethresholdvalue.

InFig.5.20,theevolutionof̄V,withuncertaintyδ̄V,representedbythebluearea,isrep-
resentedasafunctionofn,forthecaseofM =1000,Fig.5.20a),andM =500,Fig.5.20b).
OnecanseethatifMissufficientlylarge,theoptimisedvalueofV̄isrecoveredforthelowest
possiblevaluesof n.Thisguaranteesthattheprobabilityofhavingmorethanoneparticle
perinputchannelisasweakaspossible.Forthecaseofourexperiment,n=0.5–0.8≈0.65
andonerecovers,fromthismodel,avisibilityofV̄=0.635(35)withtheuncertaintygiven
byEq.(5.14). ComparedtotheexperimentalvalueofV̄=0.65(7),weseethatthevalueof
V̄agrees,however,theuncertaintyseemstobeunderestimateinourcalculation.Forhigher
valuesofnthevisibilitydecreasestotheasymptoticvalueofonehalfandtheerrorbarsget
smaller.Inarealexperiment,however,oneismoreinterestedinguaranteeingtheoptimised
signal-to-noiseratio.

InFig.5.21,werepresentthesignal-to-noiseratiodeterminedby

α=
V̄−0.5

δ̄V
,

Ifα=1,thevisibilityisonestandarddeviationabovetheclassicalthresholdof0.5. Onecan
thenseeforincreasingvaluesofnthatthesignal-to-noiseratioincreasestoanasymptotic
valuedependingonM.Thismeansthatforafixednumberofrepetitionsthesignal-to-noise
ratiotendstoincreasewhenngetslarger.Thisseemscontra-intuitivetothebasicexplanation
oftheHOM-experiment. Fortheaveragepopulationusedinourexperimentalrealisation,
n≈0.65,andknowingthatthenumberofrealisationsvariesbetween500to1000,onewould
expectasignal-to-noiseratioequalto4.3 whichistwotimeslargerthantheonemeasured
experimentallyandequalto2.Thisdifferencemightbeexplainedfromthefactthatourinput
statedoesnotcorrespondexactlytoaspontaneousparametricdown-conversionstateor,due
tofluctuationsoftheBECdensitythatwouldleadtoaveragepopulationfluctuations.

Inrealexperimentswithacquisitiontimeconstraints,thesignal-to-noiseratiooftheHOM-dip
visibilityincreaseswiththeaveragepopulation. Ourchoiceof n ≈0.5–0.8≈0.65seems
appropriatetoinvestigatetheHOMvisibility. Thisintermediateregimeguaranteesagood
signal-to-noiseratioand,ontheotherhand,allowsustomeasureavisibilitywellabovethe0.5
thresholdvalue.

Increasingthenumberofatomsperatomicbeams,however, mightincreasessecondary
four-wavemixingprocessesthattranslateintolossesinoursystem.Thiswouldtendtoweaken
theHOMeffect.

InTable5.3,wesummarisesomequantitiesthathavebeenextractedfromourexperimental
resultsandthataregoingtobeusefulinthenextsection,namely,thedensitywidthofbeams
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Clouda Cloudb Cloudc Cloudd

Densitycenter(klat) 0.73(1) 1.27(2) 0.735(7) 1.272(8)

Densitywidthat1/
√
e(klat)

ẑ 0.06(1) 0.06(1) 0.08(2) 0.08(2)

x̂ 0.08(2) 0.08(2) 0.10(3) 0.012(3)

ŷ 0.08(2) 0.08(2) 0.10(3) 0.012(3)

CauchyintegrationvolumeΩV(k
3
lat
)

Lx 0.048 0.048

Ly 0.048 0.048

Lz 0.028 0.028

CorrelationcoefficientC 1.75(20)

δfromEq.(5.9) 1.15(5)

HOM-dipvisibilityV̄fromEq.(5.9) 0.6(1)

HOMintegrationvolumeΩV(k
3
lat
)

Lx 0.048 0.048

Ly 0.048 0.048

Lz 0.028 0.028

HOM-integrationcenter(klat) 0.740 1.275

HOM-dipvisibilityV̄ 0.65(7)

AveragenumberofatomsdetectedinsideΩV 0.21 0.13 0.19 0.18

Averagedpopulation 0.84 0.52 0.76 0.72

HOM-dipV̄fromEq.(5.10)
0.64(8)

with n=0.5–0.8

HOM-dipV̄fromEq.(5.10)forn=0.65
0.64(2)

anduncertaintygivenbyEq.(5.14)

Table5.3:SummaryoftheHOManalysis.

beforeandaftertheinterferometricscheme,theintegrationvolumeinordertooptimisethe
HOM-dipvisibility,theaveragedpopulationandtheHOM-dipvisibilityamongothers.

5.5 HOM-dipwidth:someexplanation

FromtheHOM-dip,onecandeterminehowdifferentistheinputstatefromatwin-Fockstate
withoneatompermode. However,thisisnottheonlyinformationthatcanberecovered
fromthisexperiment.Forexample,themaininterestoftheoriginalHOMexperimentwasto
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determinethesizeofthephotonwavepacket[54].Throughthemeasurementofthedipwidth,
thewavepacketsizewasrecoveredwithaprecisionof1fs.InthisSection,theHOM-dipwidth
inourexperimentisdiscussed. Wewillshowthatasfortheoriginalexperimentof1987,the
HOM-dipwidthismostlydeterminedbythefilteringmethods.

5.5.1 Predictionofthewidth

ThegeneralexpressionofG(2)(τ)assuminga50:50beam-splitterandperfectmirrorcanbe
writtenas(seeAppendixDformoredetailsonthiscalculation)

G
(2)

cd
(τ)=

1

4
[̂a†ka+kbmsâ

†
kb−kbms

âka+kbmsâkb−kbms − ê
i(φ1−φ1+φ2−φ2)a†kâa

†
kb
âka+kbmsâkb−kbms

− ê−i(φ1−φ1+φ2−φ2)a†ka+kbmsâ
†
kb−kbms

âkaâkb + â
†
kâ
a†kb
âkaâkb]

+
1

4
[̂a†kâa

†
kb−kbms

âkaâkb−kbms + â
†
kb
â†ka+kbmsâkbâka+kbms] (5.15)

with

φ1=−(φS−φM)−
ts
2m
(ka+kbms)

2−
tm
2m
(k2a−(ka+kbms)

2), (5.16a)

φ1=−φM−
ts
2m
k2a+

tm
2m
(k2a−(ka+kbms)

2), (5.16b)

φ2=(φS−φM)−
ts
2m
(kb−kbms)

2−
tm
2m
(k2b−(kb−kbms)

2), (5.16c)

φ2=φM−
ts
2m
k2b+

tm
2m
(k2b−(kb−kbms)

2). (5.16d)

Thismeansthattheindistinguishablecase,correspondingtotheapplicationtimets,0,leadsto
avalueofτ0=ts,0−tm=tm.

Theextremecases

FromEq.(5.15),onecanidentifytheautocorrelationcontributionG
(2)
aa= â

†
ka
â†
kb−kbms

âkaâkb−kbms

andG
(2)

bb
= â†

kb
â†
ka+kbms

âkbâka+kbms aswellasthecross-correlations

G
(2)

ab
= â†kâa

†
kb
âkaâkb = â

†
kb−kbms

â†ka+kbmsâkb−kbmsâka+kbms

and

G
(2)

ab
= â†kâa

†
kb
âkb−kbmsâka+kbms = â

†
ka+kbms

â†kb−kbms
âkbâka ,

wherekb=ka+kbms.Thecross-correlationbetweentheoutputportsofthebeam-splittercan
thenberewrittenas

G
(2)

cd
(τ)=

1

4
G
(2)
aa+G

(2)

bb
+
1

2
G
(2)

ab
[1−cos(θ)] (5.17)

withθ=φ1+φ2−φ1−φ2=m[kbms(ka+kbms−kb)](τ−tm)andτ=ts−tm.Fortheindistin-
guishablecase,τisequaltotm,thuscos(θ)=1,andtheminimumvalueofthecross-correlation
functionisreachedcorrespondingto

G
(2)

cd
(τ0)=

1

4
G
(2)
aa+G

(2)

bb
.
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Ontheotherhand,ifτ→∞,thecosinetermaveragestozerointhevolumeofintegrationand

oneextractsthedistinguishablevalueofG
(2)

cd
,givenby

G
(2)

cd
(∞)=

1

4
G
(2)
aa+G

(2)

bb
+
1

2
G
(2)

ab
.

Multimodescenario

Fromthesinglemodepicture,onecannotdefineawidthsincethewavepacketisinfinitelylong
[76].Mathematically,thismeansthattheoscillatingterm

cos(θ)=cos
m
(kbms(ka+kbms−kb))(τ−tm),

isalwaysequalsto1,sinceka+kbms−kb=0.

Foramultimodesource,however,thecross-correlationdependson(ka+kbms−kb)(τ−tm),
and,afterintegrationoverk,willevolvewithτ.Alongthetransversedirection,wewillassume
thattheintegrationlengthissufficientlysmallsothatallthefunctionsatplayareuniformand,
asaconsequence,onlyintegrationalongtheverticalz−axisisgoingtodeterminethewidthof
theHOM-dip.Thisreducestheproblemtoa1Dtreatmentthatiseasiertotreat.

FromEq.(5.17),onecanidentifyfivefundamentalquantitiesthatcanprovideinsightson
thedipwidth(seeTable5.3andTable5.4),inparticular:

•theautocorrelationwidthsassociatedtoG
(2)
aaandG

(2)

bb
(σl,aandσl,b,respectively),although

theyarenotdirectlylinkedtotheoscillationtermandhaveanegligibleinfluence;

•thecross-correlationwidthassociatedtoG
(2)

ab
(σc);

•thedensitywidth,sincethecloudhasafinitesizeinmomentumspace(σnaandσnb);

•thestabilityofthebeam-splitterwhichrelatestoawidthinmomentumspaceofthe
diffractionmomentumkbms.ThiswidthhasbeenprobedinChapter4tobesmallerthan
theautocorrelationwidth;

•andthelengthsofintegrationLa,forbeamka,andLb,forbeamkb,alongthez−axisthat
areidenticalandequaltoLz/2.

Theintegratedcross-correlationfunctionbetweenportscanddcanthenbewritten,assuming
aGaussiandescriptionforthecorrelationsanddensity,as

G
(2)

cd,Meas.
(τ,kaC,kbC)=

η

Lz

2

NaNb

kbms,c+Lz/2

kbms,c−Lz/2

dkbms
Lz

kaC+La

kaC−La

dka

kbC+Lb

kbC−Lb

dkb

×exp−
(ka−k̄a)

2

2σ2na
exp


−
(kb−k̄b)

2

2σ2nb


exp


−
(kbms−kbms,c)

2

2σ2
bms




×





1

4


g
(2)
aa(0)exp


−
(ka−kaC)

2

2σ2
la


+g

(2)

bb
(0)exp


−
(kb−kbC)

2

2σ2
lb







+
1

2
g
(2)

ab
(0)exp−

((ka+kb)/2−1)
2

2σ2c
(1−cosθ) , (5.18)

withk̄aand̄kbthecentralpositionsforthetwoatomicbeams,kaCandkbCthecentralposition

aroundwhichtheintegrationisperformedandg
(2)
aa,g

(2)

bb
andg

(2)

ab
thenormalisedcorrelation

functionsgivenbytheanalysisperformedbeforethebeam-splitter.
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Local Cross

Cloudka Cloudkb

Correlation:σz(klat) 0.012(2) 0.010(2) 0.025(3)

Density:σn(k)z(klat) 0.06(1) 0.06(2)

Table5.4:Widthat1/
√
e
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Figure5.22:Experimentalobservationofthedestructiveinterferenceeffectfortwodifferentintegrationvolumes.
Reductionofthecross-correlationbetweenportscanddasafunctionofτ.Forτ≈550µs≈τ0,oneretrievestheminimum

cross-correlationvaluecorrespondingtotheindistinguishablepathsscenario.a)EvolutionofG(2)
cd
asafunctionofτfor

avolumeofintegrationΩV = 0.048
2×0.028(k3

lat
).b)EvolutionofG(2)

cd
asafunctionofτforavolumeofintegration

ΩV=0.048
3(k3

lat
).

5.5.2 Comparisonwiththeexperimentalresults

ConsiderthesituationofourexperimentalanalysisdiscussedinSection5.3.1.Inthiscase,
thebeam-splittercorrespondstoadiffractioninmomentumspaceequaltokbms,c=0.55klat
withanestimateduncertaintyequaltoσBMS=1×10

−2klat(seeChapter4). Thecentersof
thetwovolumesofanalysiskaC=0.740klatandkbC=1.275klatcorrespondtotheonesused
intheHOM-analysisdiscussedinSubsection5.3.1.Thevaluesofthehalf-widthsaregivenin
Table5.3andTable5.4(seeSubsection3.5formoredetails).Theonlyfreeparameteristhenthe
integrationvolumewhichisdefinedbyouranalysis.

ConsiderthetwocasesdiscussedearlierandrepresentedinFig.5.22,wheretheleftpanel
correspondstoLz=2La=2Lb=0.028klatandtherightpaneltotheintegrationlength
Lz=0.048klat.AGaussianfitgives,forthesecondcase,awidthsmallerthanforthefirstcase
(σHOM,Lz=0.028≈70(30)µsandσHOM,Lz=0.048≈45(10)µs).Thevisibilityisalsosmallersince
thesituationcorrespondstoasumofdistinguishableandindistinguishablepaths,evenwhen
τ=τ0,asschematicallyrepresentedinFig.5.7

OnecanthentrytoestimatethetheoreticalwidthoftheHOM-dipfromEq.(5.18)assuming
2La,b=0.028klatand2La,b=0.048klat.TheresultisrepresentedinFig.5.23a)andb)where
forbothcasesthedipiscentredaroundτ0=550µs.Inthefirstcase,Lz=0.028klat,the
theoreticalHOM-dipprediction,122µs,iswiderthantheonemeasured,70(30)µs.Forthe
secondsituation,Lz=0.048klatoneexpectsawidthof100µsstillfarawayfromthemeasured
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Figure5.23:TheoreticalpredictionfortheHOM-dipwidth.a)EvolutionofG(2)asafunctionofτforavolumeof
integrationofΩV = 0.048

2×0.028(k3
lat
)obtainedbyEq.(5.18).b)EvolutionofG(2)asafunctionofτforavolumeof

integrationofΩV=0.048
3(k3

lat
).Thesetwocurvesarethetheoreticalpredictionsoftheexperimentalsituationrepresentedin

Fig.5.22a)andb)respectivelywiththecenterofintegrationzonesdefinedbyCc=(0,0,0.74)(klat)andCd=(0,0,1.275)(klat)
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Figure5.24:DirectcomparisonbetweentheexperimentalHOM-dipandthetheoreticalprediction.Wecompare
theobtainedresultfortheHOM-dipviaintegrationofEq.(5.18)forkaC=0.74klatandkbC=1.275klatwiththeHOM-dip
obtainedexperimentally.Twosituationsareconsidered:a)withLz=0.028klatandb)withLz=0.048klat.

valueof45(10)µs.

Twoobservationscanbemade. Thefirstisthatinbothcasesthedipiswiderthanthe
oneobservedexperimentally.Thisdifferencemightcomefromtheuni-dimensionalityofour
analysis.Indeed,weassumedthatthetransverseoverlapwasperfectandthatintegrationalong
thetransverseaxishadnoinfluenceonthewidth. AsshowninChapter4thebeam-splitter
latticeisslightlytiltedonthex−axis,thustheoverlapisnotperfect.Thiswouldirremediably
translateintoathinnerdip.Also,thefactthatbothmirrorand50:50beam-splitterarepulsesof
durationlengthequalto100µsand50µs,respectively,leadtoafloatingaveragedoverG(2)(τ)
whichisnottakenintoaccountbyourmodel.

Second,thevolumeofintegrationseemstodeterminetheHOM-dipwidth.Forabroader

volumeofintegration,wefindthatnotonlythebackgroundvalueG
(2)

cd
(∞)increasesasexpected
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Lz=0.028klat Lz=0.048klat

σtheo.(klat) 122(4) 100(3)

σexp.(klat) 70(30) 45(10)

RatiobetweenwidthforLz=0.028andLz=0.048

σtheo.(klat) 1.22(5)

σexp.(klat) 1.56(75)

Table5.5:ComparisonbetweentheexperimentalHOM-dipwidthandthetheoreticallypredictedone.

sincethenumberofatomsunderanalysisincreases,butalsothedipgetsthinnerandsmaller
inconcordancetotheexperimentalresultsshowninFig.5.22.Oneexplanationisthatthatfor
largervolumes,oneaveragesoverpathsthatarebothdistinguishableandindistinguishable,
evenforτ=τ0,whichtendstosqueezethecurveofG

(2)(τ).Forthecaseofavanishinglocal
correlationandbroadcross-correlationsfunction,onecanassumethattheonlyvaryingterm

correspondsto(1−cosθ).ThenG
(2)

cd
(τ)simplifiesto

G
(2)

cd
(τ)=η2NaNb{1−αsinc

2(Lzkbms
2m
[τ−tm])} (5.19)

withτ=ts−tmandαacoefficientproportionaltokbms,kaCandkbC. Thecross-correlation
correspondsthentoasinuscardinalfunctionwhosewidthat1/

√
eisinverselyproportional

totheintegrationlength.Forsmallerintegrationvolumes,thedipgetlargerasobservedboth
experimentally,(Fig.5.22)andtheoretically(Fig.5.23).

Fromthisanalysis,oneisabletorecoverthequalitativebehaviouroftheHOM-dip.Namely,
wehaveseenthatforlargerintegrationvolumesthedipgetsthinnerandweakerwhichagrees
withtheexperimentalobservations.ThewidthsoftheobservedHOM-dipdonotmatchexactly
theexpectedvaluesasshowninTable5.5.Nevertheless,onecanseethatourdescriptionfollows
correctlytheevolutionofthewidthasafunctionoftheintegrationlength.Thisisshownby
theagreementbetweenthewidthsratioofLz=0.028and0.048klatfromboththeoreticaland
experimentalresults.

DifferenteffectsonG(2)(τ)

OnecannowstudythedependenceoftheHOM-dipwidthasafunctionofthedifferentquan-
titiesatplay,meaning,thecorrelationsfunctions,densityandmatchingconditionsbetween
ka+kbmsandkb.

Letusconsidertheeffectofboththecross-andlocalcorrelationwidths.Fig.5.25a)corre-
spondstothesituationinwhichtheintegrationlengthisequaltoLz=0.028klat,σc=0.025klat,
σla=0.010klat,σlb=0.010klat,σbms=0.010klatandthecentralpositionsofthevolumeof
analysisarekaC=0.740klatandkbC=1.275klat.Thiscorrespondstotheanalysisperformedin
theSubsection5.3.1andSubsection5.5.2.

ThetheoreticalHOM-dippresentsacontrastof0.65andahalf-widthat1/
√
eequalto

122µs. WecomparethissituationtoFig.5.25b)wherekaCisnowequalto0.8klat.Sincethetwo
cloudsunderanalysisbelongtodifferentmodesand,inthissense,arenotindistinguishable,one

expectsaflatdependenceofG
(2)

cd
withτ.Althoughthereisaslightoscillationaroundτ−tm=0
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Figure5.25:TheoreticalHOM-dipestimationsfordifferentinitialparameters.a)Sameparametersastheonesused
inFig.5.23a).b)Sameasa)butwithkaC=0.8klatinsteadof0.74klat.c)Sameasa)butforσla=σlb=0.050klatinsteadof
σla=0.010klat.d)Sameasa)butforσc=0.050klatinsteadofσc=0.025klat.

whichiscompletelynegligible,theresultshowsnosignificantreductionofG(2)asafunctionof
τ.

Fig.5.25c)andd)aresimilartothecasea),butthistimeforanautocorrelationwidth
σla=σlb=0.050klat(canvasc))andσc=0.050klat(canvasd)). Forthecaseofalarger

autocorrelationfunction,theonlyeffectisareductionofthebackgroundcorrelationG
(2)
bg.
dueto

thefactthattheintegratedvalueoftheautocorrelationfunctionsdecreases.Cased),however,
leadstobothareductionofthebackgroundcorrelationvalueaswellasareductionofthe
visibility. Thisisduetothefactthattheintegratedcross-correlationdecreasesand,asa
consequence

C=G
(2)

ab
/ G

(2)
aaG

(2)

bb
,

getssmaller,leadingtoaweakervisibilityasdiscussedinSection1.2.

TheHOM-dipwidthis,forourexperimentalconditions,definedbytheintegrationvolumeand
thecentralpositionsoftheanalysis,{kaC;kbC}.Thefundamentalpropertiesofthepairs,suchas
theauto-andcross-correlationscontributepoorly.

5.6 Coalescenceeffect

TheHOMeffectcanalsobeviewedasacoalescenceeffect,inthesensethattwophotonswill
alwaysemergetogetheratoneofthetwooutputports.Thistranslatesintothecreationofa
maximallyentangledstate

|ψout=
1
√
2
(|0c,2d+|2c,0d).

5.6.1 Autocorrelationmeasurement

Inordertodetectthiscoalescenceeffect,onehastoperformanauto-correlationmeasurement
atoneofthetwooutputports.Inquantumoptics,onecannotdirectlymeasurethisquantity
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Figure5.26:SchematicrepresentationoftheexperimentdescribedinRef.[206].Theexperimentallowsonetodetermine
theautocorrelationoftheoutputportscandd.Anotherbeam-splitterisplacedonthepathoftheoutputportcandthroughthe
cross-correlationmeasurementbetweentheoutputportsofthenewbeam-splittertheautocorrelationofcisrecovered.Figure
copiedfromRef.[206]

sincethedeadtimeofonephotodiodeislargerthanthetimedifferencebetweentwophotons.
Inordertogetridofthisproblem,itisusualinquantumopticstoplaceinoneofthetwooutput
portsanotherbeam-splitterandtolookatthejointprobabilitybetweenthetwonewoutput
ports[79,206].ThisisrepresentedinFig.5.26,wherea50:50beam-splitterisplacedattheexit
portc.

Theautocorrelationofoneoftheoutputports(letusconsideronlythecaseofportc)
evolvesbetweenthedistinguishablecaseandtheindistinguishablecaseasfollow(seemore
informationsinSectionD.4)

G
(2)
cc,Dis

=
1

2
G
(2)

ab
, (5.20a)

G
(2)
cc,Ind

=G
(2)

ab
, (5.20b)

andcorrespondstoanincreaseofG
(2)
cc(τ)whenτ=τ0.Inthecaseofthephotonicexperiment,

itisdifficulttoperformbothmeasurements,thatisthecross-correlationbetweenportscand
dandtheautocorrelationofeachport,atthesametime. Onthecontrary,inourexperiment,
theMCPdetectorhasadeadtimemuchsmallerthanthearrivaltimedifferencebetweenthe
twoatoms.Thus,onecandirectlycomparethecross-correlationbetweenportscandd,tothe
autocorrelationateachoutputport.

InFig.5.27,werepresentthenormalisedcross-correlation(bluecircles)aswellasthenor-
malisedautocorrelationattheoutputportcandd4(greencircles)asafunctionofτ.Itispossible
toidentifyanincreaseontheautocorrelationfunctionwithmaximumslightlydisplacedwhen
comparedtothecross-correlationdipandamplitude. Thebluelineindicatestheempirical
Gaussianfitfromwhichthevisibilityisobtained. Onecannowtrytopredicttheexpected
widthoftheautocorrelationfunction.Theautocorrelationfortheoutputportccanbewritten

4Weaveragedtheautocorrelationfunctionsofportcandd.
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Figure5.27:Crossandautocorrelationforoutputportsofthebeam-splitter.Comparisonbetweenthenormalized
cross-correlationasafunctionofτbetweenportscandd(bluecircles)andthenormalisedaveragedvalueoftheautocorrelation
ofportcanddasafunctionofτ(greencircles).ThebluelinecorrespondstotheaGaussianfitappliedtothecross-correlation
function. Thedashedgreenlinecorrespondstothesymmetricfitwhichshouldcorrespondtotheexpectedresultforthe
autocorrelationfunctionasafunctionofτ.
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Theautocorrelationattheoutputportc,G
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whereϑ=
kbms
m (ka−ka)(τ−tm).IfoneassumesthattheintegrationlengthLzissmallwhen

comparedtothetypicalwidthofthefunctionsatplay,thenG
(2)
ccrewritessimplyintermsof

G
(2)
cc=
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whichleadstoG
(2)
cc=η

2NaNb1+αsinc
2(2mLz(τ−tm))and,inthissense,theevolutionofG

(2)
cc

isthesymmetricfunctionofthecross-correlationdescribedbyEq.(5.19).Thus,thewidthand
theamplitudeofthebumpmustbeequaltothoseofthedip.However,thisisnottheobserved
resultasonecanseeinFig.5.27,wherethegreendashedlineindicatestheexpectedresult
fortheautocorrelationasafunctionofτ. Thecenterofthebumpisshiftedrespectivelyto
thecross-correlationdipwhichisunexpected.Thisdiscrepancywillbefurtherstudiedinthe
future.
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Figure5.30:ConditionalprobabilitydetectionP(n|m)
betweenportscanddfortheindistinguishablecase
zoomedonthetermsP(0|2),P(2|0)andP(1|1)
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Figure5.31:ConditionalprobabilitydetectionP(n|m)
betweenportscanddforthedistinguishablecase
zoomedonthetermsP(0|2),P(2|0)andP(1|1).

5.6.2 Conditionalprobability

Anotherproofofthecoalescenceeffectcancomefromthedirectmeasurementoftheconditional
probabilityofdetectingnatomsinportchavingdetectedmatomsinportd.Thisprobability
P(n|m)isrepresentedforboththeindistinguishablesituation(bluehistogram)τ=150µs(see
Fig.5.28)andforthedistinguishablesituation(redhistogram)τ=550µs(seeFig.5.29).Since
theaveragedpopulationisrathersmall,formostoftherealisationsnoatomiccountisregistered
inneitheroneofthetwooutputports.Forthisreason,wezoomonthejointprobabilityP(2|0),
P(0|2)andP(1|1)fortheindistinguishablecase(seeFig.5.31)aswellasforthedistinguishable
one(seeFig.5.30).

Wenotethatforindistinguishablepaths,theconditionalprobabilityP(1|1)reduces,whilethe
probabilityofhavingtwoatomsinoneoftheoutputportsandzeroontheotheroneincreases.
ThisreductionofthecoincidenceprobabilitycorrespondstotheHOMeffect.Theasymmetry
betweenP(0|2)andP(2|0)maycomefromthefactthatwedidnotaveragedoversufficient
realisationstorecoverasymmetricsituation(forthedistinguishablecaseitcorrespondstoan
averageover500realisationsandfortheindistinguishablecaseover1000realisations.)

However,onehastokeepinmindthattheseprobabilitiesareobtainedfordetectedatomsand
donotcorrespondtotherealdistributions.Sinceitisdifficulttorecovertheinitialconditional
probabilities,thisresultisonlyusefulasaqualitativeestimationofthecoalescenceatplayin
thisexperiment.
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5.7 Otherswaytomeasurethedestructiveinterference:varianceof

thepopulationdifference

Althoughoriginallycentredonthereductionofthecross-correlationbetweenportscandd,
theHOMeffectcanalsobestudiedthroughotherquantitiesasforexamplethenormalised
varianceofthedifferencebetweenthetwocloudscandd.Thiswillbediscussedinthissection
andconstitutesacomplementarymeasurementtothecross-correlationanalysis.

Thevarianceofthedifferencebetweenthetwooutputportscanddcorrespondsto(see
Section3.4.2andAppendixD.5formoredetails)
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andcanbere-writtenforthecaseofidenticalpopulationsbetweencandd,a†
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Whileforthecaseofindistinguishableparticles,wehave
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Onecanseethatthisnormalisedvarianceofthedifferenceincreasesforthecaseofin-
distinguishableparticles. Asafunctionofτ,itisthenexpectedtomeasureabumparound
τ=τ0.

ThevisibilityofthevarianceV̄Vcorrespondingto

V̄V=
VInd.
VDis.

−1, (5.27)

isthenequal,forthecaseofparticlesgeneratedthroughspontaneousparametricdown-
conversion,to

V̄V=
1

n
G
(2)

ab
=
1

n
n·(1+2n), (5.28)

anditscaleslinearlywithn.
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Forafinitedetectionefficiencyη,thedetectedvalueofthevarianceisequalto(seeSec-
tion3.4.2)

Vdet.=ηV+(1−η),

leadingtotheexpressions
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VDis.,det.=1. (5.29b)

Thevisibilityofthebumpisthenequalto

V̄V=
G
(2)

ab

n
η=η(1+2n). (5.30)

Whencomparedtothecross-correlationvisibility

V̄=1−
1

2+ 1
2n

,

oneimmediatelyseesthatbothquantitiesarepreferablyappliedtodistinctsituations:

•Largepopulations: n→∞,̄V→ 0.5whileV̄Vgrowslinearlywithηn.Inthissituation,
itisadvantageoustomeasurethevisibilityofthevarianceratherthanthevisibilityofthe
cross-correlation;

•Smallpopulations: n → 0,V̄tendstothemaximumvalueof1whileV̄Vreachesits
minimumvalueofη.Thenforalowernumberofparticles,itispreferabletolookatthe
cross-correlation.

Itisimportanttonotethatthesituationinwhichn→∞isratherdistinctfromtheoriginal
HOMexperiment.ThecoincidencecountwillnolongergotozeroasitisreportedinRef.[82]
anddiscussedinSubsection1.1.1. Thesesituationsareclosertothesqueezedexperiments
performedinthedomainofspinstatesasforexampleinRefs.[53,210].

Thevarianceofthepopulationdifference,V,asafunctionofτhasalsobeenexperimentally
probedinourexperimentalset-up.Sinceitispreferabletohavemorethanaparticleperinput
port,thepairproductionratewasincreased,byincreasingthelatticeduration.Theobtained
averagepopulationwasthenequalton ≈2.FromEq.(5.30)onewouldexpecttoobtaina
visibilityofη(1+2n)approximativelyequalto1.

Forthisexperimentalsequence,contrarytothedescriptionmadeinSection5.2,theRaman
transferfromsub-levelmj=1tothesub-levelmj=0wasperformedaftertheinterferometric
scheme. Asaconsequence,thetimebetweenthepairproductionandtheapplicationofthe
mirrorwasontheorderoftm−t0≈250(50)µs.Byvaryingthetimedelayτbetweenthemirror
andthe50:50beam-splitter,oneobservestheevolutionofVasshowninFig.5.32c).Onesees
thatwhentheatomsaremadeindistinguishable,thatisτ≈250µs,thevarianceincreasesfor
kd=1.275(andkc=0.74)(seeFig.5.32a)).ThevalueofthevisibilityV̄Visequalto1.0(2)

whichagreeswiththeexpectedresultofEq.(5.30).Thewidthofthebump,ontheotherhand,
istwotimeslargerthanthewidthofthecross-correlationbetweenportscanddasafunction
ofτ.ThiscanbeunderstoodbylookingattheevolutionofVoverτ,withoutintegrationover
ka,b(seeAppendixD.5forthedemonstration),whichisequalto

V(τ)=1+
α

2
G
(2)

ab
1+cos

2kbms
m
(τ−tm)(ka+kbms−kb). (5.31)
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Figure5.32:Varianceasafunctionofτ.a)Evolutionofthevarianceasafunctionofthemomentumvectorcomponent
alongtheverticalaxiskforindistinguishablepaths.b)Evolutionofthevarianceasafunctionofthemomentumvector
componentalongtheverticalaxiskfordistinguishablepaths.c)EvolutionofthevarianceVasafunctionofτ.Anincrease
ofthevarianceappearsclearlywhenthepathsareindistinguishable.Thecontrastofapproximatively1iscoherentwiththe
averagednumberofatomsn=2andthedetectionefficiencyη=0.25.

Onenoticesthattheoscillatingtermhasnowaperiodicitytwotimeslargerthanthecross-
correlation(seeEq.(5.17)),leadingtoabroaderwidthafterintegration.

Thevisibilityofthevariancegivesinsightonthe macroscopic(highnumberofparticles)
particle-interference.ThisstudydeviatesfromtheoriginalHOMexperimentandapproachthe
thematicofatomicinterferometryinmomentumspace.Thisdomainisverywelldevelopedin
thetopicofspinsqueezing[53,210–212]orwithtrappedatoms[213–215]andhasapplications
inmetrology[216,217].However,inourcase,particlesaremovinginrealspacewhichcan,in
thefuture,openthewaytoinertialmeasurementsinterferometrywithnon-classicalstates.

5.8 Roleoftheinteractions

Finally,incontrasttophotons,atomsinteractwitheachother. Letusconsidertheroleof
interactionsintheHOMeffect.InRef.[109],theeffectofinteractionsonthedip-visibilitywas
studiedindetail.ItwasshownthattheinteractionsareresponsibleforaneffectiveCoulomb
potentialandthatthevisibilitydecreasesrapidlywhentheinteractionpotentialislargewhen
comparedtothefrequencyofthetwophotonRabioscillation.

Intheexperimentdiscussedsofar,thefrequencyΩRisequalto6kHzwhilethechemical
potentialofthepairsisalmostnegligiblesincethepairsareweaklypopulated —thetotal
numberofatomsinbothcloudsdoesnotexceedthirtyatoms.Assumingthatthecloudhasa
sizecomparabletotheoneofthecondensate5,thechemicalpotentialisthenequalto400Hz
andweobtainaratioof

µ

2ΩR
=0.033. (5.32)

5Theexpansioneffectisnotconsidered,butitwillonlylowertheeffectofinteractions
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Figure5.33:HOM-visibilityasafunctionoftheinteractions.EvolutionoftheHOM-visibilityVasafunctionofthe
ratiobetweenthechemicalpotentialandthe2-photonRabifrequency.Figurecopiedfrom[109].

AsitcanbeseeninFig.5.33,foraratioof0.033,theinteractionswillnotinducechangesonthe
expectedvisibility. Wecanthensafelyneglecttheinfluenceoftheinteractionsontheobserved
HOMsignal.

5.9 Conclusion

AlongthischaptertheatomicrealisationoftheHOMexperimenthasbeendiscussed. Wehave
shownhowtocombinethedifferentblocksdiscussedinChapter2,Chapter3andChapter4in
ordertoperformtheanalogueexperimentwithatoms.

ThevisibilityoftheHOM-dip0.65(7)presentedinSection5.3wascomparedtotheclassi-
calvisibilitythresholdof0.45(4)abovewhichtheresultcannotbeexplainedthroughsimple
classicalmodels.Hereupon,ourexperimentalvisibilitycanonlybeexplainedviaquantumme-
chanicsanddemonstratestheabilityofproducingpairsofatomswithstronger-than-classical
correlationsinmomentumspaceandtomanipulatethemcoherently. Thevalueoftheob-
tainedvisibilityhasbeencomparedtotheoreticalmodelsassumingthattheincomingstate
wasobtainedthroughparametricdown-conversion(seeSection5.4).Theagreementbetween
thisidealmodelandourresultsisrathergood,showingthatsimpletheoreticalargumentscan
qualitativelydescribeourexperiment.However,theHOM-dipwidthhasprovedtobeharder
tofullyunderstand.ThequalitativemodelpresentedinSection5.5givessomeintuitiontothe
experimentalresultbutdoesnotfullydescribeourobservations.

Furthermore,wehaveshown,thatourexperimentallowsustoobservedirectlyboththe
reductiononthecross-correlationbetweenthetwooutputportscanddaswellastheau-
tocorrelationofeachport,althoughthelaterbehavesunexpectedlywhencomparedtothe
cross-correlationvalueasafunctionofτ.

Finally,wepointedoutthefactthatthroughthemeasurementofthevarianceofthedifference
ofpopulation,informationaboutmanyparticles-interferenceeffectcanberetrieved.Thiskind
ofmeasurementscouldbeusefulforfuturetestsofinertialmeasurementsusingpairsofatoms
inmomentumspace.
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Conclusionandperspectives

Wedevelopallthoselong-windedideas
whichcanjustinterprettherealityofour
livesindifferentways,withoutreally
extendingourbodyofworthwhile
knowledgeaboutthebigthings.

IrvineWelsh,Trainspotting

Forthepastyears,themetastableheliumexperimentofthelaboratoryCharles–Fabryhas
beenattheforefrontofdevelopmentinthedomainofatomicpairsourceinmomentumspace.
Atomicpairswerefirstproducedbycollisionbetweentwocondensatesin2007[48].From
thisexperimentithasbeenshownthatthepairsarecorrelatedinanonclassicalwayvia
measurementofsub-shotnoisevariance[51]andlaterthroughCauchy–Schwarzinequality
violation[96].Otherpairproductionmechanismhasbeendevelopedviamatterwaveanalogue
tothedynamicalCasimireffectin2012[39]andpaircreationinmomentumspaceviadynamical
instabilitiesin2013[108].Thelasttechniqueallowedustoproduceastableandtunablesource
ofatomicpairsinmomentumspacewithnon-classicalcorrelations.Thegoaloftheseyearsof
investigationhasbeentheaccomplishmentofmilestoneexperimentsofquantumopticswith
matter-waves.Inthismanuscript,wereportthefirstrealisationoftheatomicHOMexperiment
usingtheatomicpairsdevelopedinRef.[108].

Inthisthesis,wehavedescribedthedifferentstepstowardstherealisationoftheatomicHOM
experiment.InChapter1,thebasictheoreticalbackgroundfortheHOMexperimentforboth
photonsandatomsareexplained.Fromtheknowledgeofquantumoptics,weidentifiedthe
necessarypointstoaddressandpredictedthedifficultiestowardsitsexperimentalrealisation
withanatomicsource.DespitetheconceptualinterestoftheHOMexperiment,weshownthat
thisexperimentcanalsobeusedtoprobethepurityofouratomicsourceandhowfaritstands
fromatwo-modesqueezedstatewithoneparticlepermode.TheHOMexperimentisalsothe
firstevidenceofthemodematchingofournon-classicalatomicpairs.

InChapter2,abriefdescriptionoftheexperimentalstatusatthebeginningofthiswork
wasperformedshowingtheimperfectionsthatwerenecessarytoaddress.Inordertoimprove
thestabilityofthecondensate,ahorizontaltrapwasaddedasdiscussedinSection2.2.This
additionprovidedusamorestableandtunableinitialsourceofatoms.

Thepairproductionmechanismobtainedviadynamicalinstabilitiesofacondensateplaced
onamovinglatticeisdiscussedinChapter3.Thegeometricalalignmentofthelatticehasbeen
changedinordertodecoupletheverticalaxisfromthetransversedirectionsallowingusto
retrieveanexperimentalsituationclosertothe1Ddescriptionofthesystem.InSection3.3,we
haveprovidedthetheoreticalandexperimentalstepsbehindthepaircreationprocess,suchas
phase-matchingconditions,momentumspreadandrelativepopulationoftheatomicpairs.

InChapter4,theexperimentalrealisationandcharacterisationoftheatomicbeam-splitter
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hasbeenexplainedingreatdetail.Particularattentionwasgiventotheresonanceconditions
andhowtoperformthecalibrationontheatomicpairs. Wehavealsoshowedthatthebeam-
splitterdoesnotaddnoisetotheinitialstateformedbytheatomicpairs.Besides,wehave
shownhowtousetheatomic50:50beam-splitterinordertoperformautocorrelationmeasure-
mentsinanalogytoquantumoptics.Thisconfirmedpreviousexperimentalresultswherethe
autocorrelationwasdirectlyobtainedfromtheatomicdistributionofthecloud.

InChapter5,thefirstexperimentalrealisationoftheatomicHOMwasdiscussed. We
retrievedavisibilityof65±7%,thatcannotbeenexplainedwithclassicalwaves,showingthe
quantumnessofourstate. Weattributethenon-maximalvisibilitytotheaveragepopulation
whichliesaround0.8atoms.InSection5.5,weshowedthatthehalf-widthat1/

√
eofthe

HOM-dipisequalto70(40)µsandcomparedittoasimpletheoreticalprediction.Aneducated
guessforthediscrepancybetweentheexperimentalandtheoreticalresultswouldrelyonthe
measuredtransverseangleoftheatomicbeam-splitter(0.8◦alongthex−axis)leadingtoa
reductionofthespatialoverlapbetweenthepairs.

TheHOMeffectisoffundamentalinterestinordertostudythestatedescribingtheatomic
pairs.Theresultisaproofthatonecan,withthisexperimentalset-up,createatwinparticle
sourceforquantuminterferometry. Thepossibilityofapplyingsuchsystemtothecaseof
macroscopicatomicbeamsinmomentumspaceisdiscussedinSection5.7.Thiscouldopen
thedoortoquantuminterferometrysimilartowhatisperformedinthedomainofspinsqueez-
ingwiththeadvantagethattheparticlesarenottrappedand,so,couldbeusedforinertial
measurements.

Perspectives-testofBell’sinequalities

AlthoughhistoricallyantecedenttotheHOMexperiment,theviolationofBell’sinequalities
isaconceptualmorecomplicatedphenomenon[9,16–18].TheBell’sinequalitytestbasedon
thegedankenexperimentofEinstein,PodolskyandRosen[1],correspondstothetranslation
ofanepistemologicalproblemtothedomainofexperimentalphysics.Theproblemraisedby
Einsteinandco-authorsshowstheprofoundabstractnatureofquantummechanics.Intheir
paper,thefollowingquestionwasasked:Canquantum-mechanicaldescriptionofphysicalreality
beconsideredcomplete?Thequestionwascentredonthefactthat"Inquantummechanicsinthe
caseoftwophysicalquantitiesdescribedbynon-commutingoperators,theknowledgeofone
precludestheknowledgeoftheother.".

Thesituationcanbeeasilyexplainedconsideringthatonecreatesapairofentangledparticles
travellingawayfromeachother.Theparticlesaredescribedbythesamequantumstate,this
means,thatonecannotdescribeeachparticleindependentlyoftheother.Supposethenthe
situationinwhichafteracertaintimet,oneofthetwoparticlesisread.Forthecaseofphotons,
forexample,thesituationisoftenrepresentedbythemeasurementofthepolarisationaftera
certaintravellingtimet[218].Oncethemeasurementisperformed,theanswerononeofthe
two-particlesimmediatelyfixestheresultontheotherparticle.ThequestionraisedbyEinstein,
PodolskyandRosen,ishowcaninformationbeinstantlyexchangedbetweenthetwoparticles
knowingthatnothingcantravelfasterthanthespeedoflight? Onesolutionwouldbethat
ahiddeninformation,notdescribedbyquantummechanics,wouldimmediatelyfixtheresult
ofthetwoparticleswhentheyarestillclosetoeachother.Thiswouldmeanthatquantum
theoryisnotcompletewhichwasexactlythepointofviewoftheCopenhageninterpretation
[2]. Quantummechanicshowever,wouldarguethatalthoughthemeasurementofthetwo
particlesis100%dependentofeachother,thisstrongcorrelationwouldonlyappearoncewe
comparetheresultofthetwomeasurementsand,inthissense,noinformationhadtravelled
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Figure6.1:SchematicrepresentationofanexperimentalrealisationofBell’sinequalitytest.Severalmodesare
outcomingfromtheinitialsource,modeacorrelatedwithb,awithb anda withb.Themirrorandbeam-splitterare
calibratedsuchthataandboverlaponthebeam-splitter.Thisimpliesthatmodeaoverlapwithmodebandawithb.

fasterthanlight.

Belltransformedthisquestiontoanalgebraicprediction[6].Thelocalrealismdefendedby
Einsteinandco-authors,translatedthenintheverificationofacertaininequality,denominated
ofBell’sinequality.Aviolationofsuchinequalitywouldirremediablyproofthatthedescription
ofthesystembyquantummechanicsiscompleteandthattheparticlesareentangled.This
hasbeenprovedtobetrueinseveralexperiments,sincethefirstBell’sinequalitytestusing
polarisationofentangledphotons[9,16,17]totestsviolationsbasedonphaseandmomentum
variables[18].

ThemaingoalinthenearfuturewouldbetestBell’sinequalityinourexperimentalset-
up.Thestepstowardsthisresultwouldresembleverymuchtothe1990’sRarityandTapster
experiment[18].Inourcase,particlesareentangledinmomentumspaceandtheinequalitycan
besortedoutbyplayingwiththerelativephaseofthepairs[219].Theexperimentalsituationof
Bell’sinequalitiesviolationcorresponds,initssimplerform,totheonerepresentedinFig.6.1.
Twomodesdescribedbythemomenta{ka,kb}and{ka,kb}arecreatedattimet0=0.The
interferometricschemeissuchthatthemodesaremixed,thismeaningthatkaisrecombined
withkb andka withkb. Furthermore,themirrorforkaandkb imprintsaphaseφM on
theatomicbeamswhilethebeamska andkbgetadifferentphaseϕM.Thesamehappens
withthe50:50beam-splitter,withaphaseφSandϕS,respectively.Thisiseasilyperformed
experimentallybyapplyingthetwolaserpulsesatdifferenttimesandchangingtherelative
phasebetweenthelaserbeamsmeanwhile.

TheBell’sinequalitiescanbewrittenfromaparameterSintroducedinlate60’s,seeRef.[7],
andknownastheClauser–Horne–Shimony–Holt(CHSH)parametersuchthatif

|S|>2, (6.1)

withSbeingafunctiondependentofthecorrelationsbetweenthedifferentoutputports,the
stateisentangledandlocalhidden-variablescannotexplainrealmeasurements,seeAppendixE
fordetailscalculations.

Letusassumethatthestateisdescribedbytwoindependentparametricdown-conversion
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states,suchthat

|ψ =
n

tanhn(λ)

cosh(λ)
m

tanhm(λ)

cosh(λ)
|n,n,m,m ,

withsinh2(λ)= n= m.TheexpressionofScan,aftersomecalculations,bewrittenas[219]

S=2
√
2
(1+n)

(1+3n)
.

Forn=0,SreachesthemaximumvalueofS=2
√
2andforincreasingaveragepopulations,

n→∞,SdecreasestotheasymptoticvalueofS=23
√
2.Thus,theBell’sinequalityisviolate

whenthenumberofparticlesissmall.ThebehaviourofSasafunctionofnisrepresented
inFig.6.2. Onecanseethatforanaveragepopulationabove0.26theCHSH’sparameteris
smallerthan2andonedoesnolongerviolatedtheinequality.Onceagain,theimportanceof
havingalowpopulationnumberinthepairsisessentialtoincreasethedegreeofviolationof
theinequality.Thereductionoftheaveragepopulationisevenstrongerthantheoneneeded
fortheHOMexperimentwhichwillleadtoevenlongeracquisitiontimeinordertoincrease
thesignal-to-noiseratio.

Otherquestions,concerningthequantumefficiency,thechangeinthetwomirrororbeam-
splitterphasestiming,canstillleadtoloopholeswherehiddenvariablescouldexplainthe
resultthroughlocalrealism. However,inourexperimentthesequestionswouldprobablybe
ratherdifficulttoaddressexperimentally.Thisexperiment,nonetheless,canexploreinteresting
regimesfortheoriesofgravitationaldecoherence[219–222]andcanthereforebeofmaininterest
forthetheoreticalconstructionofquantumgravity.

Insummary,withtheresultsoftheHOMexperimentinmind,therealisationoftheBell’s
inequalitytestseemsratherstraightforwardtoperform.Theonlyexperimentaldifficulty,at
themoment,isrelativetothecontrolofthephaseofbothmirrorandbeam-splitter.Thisphase
determinesthevalueofθ.ItisfundamentaltoguaranteeastabilityofφM−φSandϕM−ϕS
wellbelowπ/4.AsdiscussedinChapter4,thestudyofthisstabilityhasalreadybeeninitiated
duringthepresentedworkandfurthertestsarebeingcarriedon.Itisalsoimportanttohave
inmind,asasidenote,thatnotonlythephaseofbothmirrorandbeam-splitterdeterminesthe
valueofθbutalsothecontributionofbothtimedifferencets−2tsandtheenergyconservation
k2a +k

2
b
−k2a−k

2
b
(seemoreinformationsinAppendixE).AsfortheHOMexperiment,an

integrationwillbeperformedinmomentumspaceinordertoincreasethesignal-to-noiseratio
and,consequently,thecontributionofk2a +k

2
b
−k2a−k

2
b
willnotbezero.Nevertheless,since
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itisassociatewithts−2tm,bychoosingts=2tmitispossibletocanceloutthisterm.Thisis
ensured,oncemore,viatheresultsofourHOMexperimentdiscussedinthismanuscript.
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AppendixA

Speedofsoundexpressioninthecase
ofaquasi-1DBose–Einsteincondensate

WepresentacontinuationoftheworkpresentedinRef.[64]allowingtothedeterminethespeed
ofsoundofthecondensatecintheintermediatequasi-1Dregime.Althoughthedetermination
ofthespeedofsoundiswellknownforboth3Dand1Dsystems,itsdeterminationinthe
intermediateregime,ofinterestinourwork,isherereported.

Startingfromthedispersionrelation

Ek(z)= EkEk+2
4π2a

m
n0,̄A(z)

whereEkisthekineticenergygivenby

Ek=
2k2

2m

andn0,̄A(z)isthelinearpeakdensity

n0,̄A(z)=n1D(z)
∞

0

2π

0

dρdθρ f⊥(ρ)
2
=

n1D(z)

2πw2⊥[n1D(z)]
.

Thechemicalpotentialcanthenbewrittenas

2
4π2a

m
n0,̄A(z)= ω⊥ µ̄[n1D(z)]−

1

µ̄[n1D(z)]

whereµ̄[n1D(z)]=µe.l.[n1D(z)]/(ω⊥),seeSubsection2.2.3.

Thespeedofsoundisusuallyintroducedinthedispersionrelationby

Ek= Ek(Ek+2mc2).

Bylookingatthepreviousequations,onefinds

c(z)=
ω⊥
2m

µ̄[n1D(z)]−
1

µ̄[n1D(z)]
.
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Thevalueofccanbeobtainedbyintegratingn(z)overz,soonefinallyretrieves

c=
ω⊥
m

L

Nat

L

−L

dz



1+
α

2
1−z2 −

1

1+α2(1−z
2)



. (A.1)

TableA.1summarisesthedifferentresultsofthespeedofsoundasfunctionofthetypical
trappingfrequenciesofourexperimentalset-up.

ω⊥=2π×1275Hz

ωz=2π×7Hz ωz=2π×93Hz ωz=2π×170Hz

Nat=3×10
4 Nat=5×10

4 Nat=7×10
4

c(cm/s) 1.14 2.28 2.8

TableA.1: Typicalvaluesofthespeedofsoundc.Thetypicalvaluesofthespeedofsoundinourset-uparegiven
followingRef.[64].
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AppendixB

Characterisationofthecrosseddipole
trap

ThecrosseddipoletrapcorrespondstooneIPGlaser,at1550nmwithmaximumpower5W,split
intwoindependentopticalpathswithindependentacousto-opticmodulators(seeFig.B.1).The
effectivemaximumpowerontheatomsisequalto2W.Mostoftheopticalpowerisdistributed
ontheverticalbeamandaround10%tothehorizontalbeam. Bothbeamsareredshifted
withrespecttotheatomictransition23S1→2

3P(wavelengthof1083nm)withtheirfrequency
shifted80MHzwithrespecttoeachother,inothertoavoidlowfrequencymodulationofthe
trapintensity1.Onebeampropagatesalongtheverticalz−axiscorrespondingtothe“original”
trapdescribedinRef.[150]andthesecondonthehorizontalplaneandformsanangleof
8.6◦withrespecttothex−axis,definedbythemagnetictrap(seeFig.B.1andFig.B.2).The
typicalpowerusedforthecrosseddipoletrapis600mWfortheverticaltrapand30mWfor
thehorizontaltrap.

Fortheverticalbeam,thewaistis43(1.5)µm. Thisvaluewasindirectlyobtainedby
parametricexcitationofthecloud[168]. However,thismeasurementdoesnotagreewith
anindependent,geometricalmeasurementrealisedontheopticalbench. Thisconsistedin
measuringthewaistofthebeamatdifferentpositionsafterthelens.Itwasthenexpecteda
waistontheatomsof35µm[150].Thisdifferenceisprobablyduetoaberrationsintroduced
eitherbythewindowofthesciencechamberorbyaccidentalmodificationsoftheopticalpath
duringthefinalalignment.FormoredetailsinthesecalculationspleaseseeRef.[150]

Forthehorizontalbeam,thesamegeometriccalibrationofthewaisthasbeencarriedout.
Severalmeasurementsofthespotsizewereperformedafteralensoffocal400mmasafunction
oftherelativepositiontothefocalplaneasshowninFig.B.3.Thedataisfittedbythefunction

w(x)=w0 1+



λx

πw2
0




2

,

withw(x)correspondingtothespotsizeatapositionx,w0thewaistradiusofthebeamand
λthewavelength. Fromthisfit,itwasextractedavalueofw0=58(1)µmcorresponding
tothetheoreticalexpectedwaistofthehorizontaltrapbeamonthefocalplane.Thelowest
experimentalmeasuredvalueofthewaistwasequalto65µm.Sincewedidnotmeasurethe
waistatx=0,onecanonlyguarantee,thateveninthepresenceofaberrations,theminimum
waistmustbe,atleast,of65µm.

1Ifthemodulationintensityisclosetoatrappingfrequency,thisinducesparametricexcitationofthecloud.Since
thetypicalfrequenciesofourtrapareontheorderofthekHz,adetuningof80MHzbetweenbothtrappingbeams
guaranteesthatweavoidtheresonance.

http://www.ipgphotonics.com/products_15_micron_lasers_cw_elr-lp_series.htm


Characterisationofthecrosseddipoletrap

FigureB.1:Schematicrepresentationoftheopticalbenchforthehorizontalbeamtrap.Thelaserbeamissplitin
twowithonepartusedfortheverticaldipoletrapdescribedinRef.[150]andtheotherinjectedintoapolarisation-maintaining
opticalfibertakingthebeamtoanotheropticalbench.There,thebeamgoesthroughanacousto-opticmodulatorwhereitis
diffractedintothe+1orderwithanefficiencyof90%.Theopticalpowerontheorder+1issetbyincreasingtheRFpoweron
theacousto-opticmodulator.Order+1isdetunedby40MHzwithrespecttotheorder0.Thebeamisthensplitwith1%of
thepowersenttoaphotodiodeinordertolockthehorizontalbeamintensity.Theotherpartisagaininjectedandtheoutput
collimatorcorrespondstoaF810APCfromThorlabsleadingtoadiameterbeamof7mm.Thebeamgoesthenbyafocuslens
of400mmleadingtoawaistontheatomsof82µm.

FigureB.2:Schematicrepresentationofthecrosseddipoletrap.

However,asforthecaseoftheverticaltrap,thisvaluedoesnotcorrespondtothemeasured
valueontheatoms.Indeed,oneretrievesfromparametricexcitationawaistof82(4)µm[168].
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FigureB.3: Waistcalibra-
tionofthehorizontalbeam.
Thespotsizeisdeterminedat
differentpositionsafterthefo-
cusinglensoffocallengthf=
400mm.Theminimumvalue
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FigureB.4: Loadingsequenceforthealign-
mentbetweentheverticalandhorizontal
dipoletraps.Theverticaldipoletrapisturned
onandsuperimposedwiththemagnetictrapfor
1s.Duringthistime,asmallfractionoftheatoms
aretransferredintheverticaldipoletrap.Themag-
netictrapisthenswitchedoffandtheatomsarekept
intheverticaltrapfor3s.Thehorizontalbeamis
turnedonin1sandkeptatitsmaximumintensity.
Theverticaltrapisthenswitchedoffand200ms
laterthehorizontaltrapisalsoswitchedoff. By
lookingatthenumberofatomsremaininginside
thehorizontaltraponecaninferthealignmentbe-
tweenthetwotraps.

Thissystematicdifferencecouldpointonthedirectionoftheroleplayedbythesciencechamber
window,although,atthemomentnoconcludingtesthasbeenperformed.

Alignmentprotocol

Inordertooverlapthetwobeams,theexperimentalsequencerepresentedinFig.B.4isapplied.
Theatomsareadiabaticallyloadedintheverticaldipoletrapfromthemagnetictrapbyramping
uptheintensityoftheverticalbeamin1s. Whentheintensityreachesitsmaximumvalue,
themagnetictrapisswitchedoffandtheatomsonlyremainintheverticaltrap. Thenon
transferredatomsfallduetogravityandarelost.Theintensityofthebeamisthenadiabatically
rampeddowntoagivenfinalvalue.Atthismoment,theroot-mean-squaresizeofthecloud
is200−300µmalongtheverticalaxisand5µmtransversally,givenbythetemperatureofthe
cloudandthetrappingfrequencies.Thehorizontalbeamisthenadiabaticallyturnedonand
whenitsmaximumvalueisreachedtheverticalbeamisswitchedoff.

Ifthehorizontalbeamoverlapsperfectlyandifatomsarecoldenoughtonotescapefrom
thehorizontaltrap,thenallofthemaretransferredtothehorizontaltrapandnoatomislost.
Thehorizontalbeamisthenswitchedoffand,aftertime-of-flight,werecordtheatomsonthe
MCP.

Thealignmentwiththehorizontaltrapisthenscannedbymovingtheverticalpositionofthe
horizontalbeam.Todoso,wemovetheverticalpositionofthelenswhichisfixedona3−axis
stage. Atypicaltransferredpopulationratioasafunctionofthehorizontalbeampositionis
plottedinFig.B.5.Thewidthofthetransferprofileisaconvolutionbetweenthesizeofthe
cloudandthewaistofthehorizontalbeam.Thefactthatthepopulationtransferdoesnotrise
upto1isduetoseveralreasons.First,thetypicaltemperatureofthecloudintheverticaltrap
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FigureB.5:Typicalloadingefficiency.Trans-
ferofpopulationbetweentheverticalandhorizon-
taldipoletrap. Thewidthofthetransfercorre-
spondstoaconvolutionbetweentheinitialcloud
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FigureB.6: Usualloadingsequenceofthe
atomsinthecrosseddipoletrap.Bothoptical
beamsintensitiesareturnedonadiabaticallyin1s
duringwhichtheyaresuperposedtothemagnetic
trap.Afterthisadiabaticloadingoftheatoms,the
magnetictrapisswitchedoffinafewms.Thehori-
zontalbeamiskeptatitsmaximumintensitywhile
theverticalundergoesanadiabaticdecreaseofits
intensityleadingtoevaporativecoolingofthether-
malcloud.Aftertheevaporation,theverticaltrap
alonecannottraptheatoms,and,asaconsequence,
theremainingatomshavetobeinthecrossedre-
gion.Thecondensateisthencreatedinthepotential
formedbythetwobeamswithtrappingfrequencies
givenbysecondderivativesofEq.(B.1).

(500nK)iscomparabletothetrapdepthofthehorizontaltrap(1µK)and,consequently,some
atomsescapefromthenewtrap.Second,weobservedthepresenceofresidualmagneticfields
whichinduceoscillationsalongthelongaxisofthehorizontaltrap. Whentheverticaltrapis
turnedofftheatomsareonlyconfinedbythehorizontalbeam.Ifamagneticgradientinduces
aforcealongitspropagationaxis,wherethetrappingpotentialisweaker,thentheatomsstart
tooscillateinthetrap.Iftheperturbationsarestrongenoughtopushatomsoutsideofthe
trappingpotentialitcanresultinlosses. Whenbothdipoletrapsareon,however,theresidual
magneticforceiscompletelynegligiblecomparedtotheverticalconfinementcreatedbyonly
theverticalbeam.

B.1 Crosseddipoletrappotential

Inordertocreateanattractiveorrepulsivepotentialvialight-matterinteraction,onecantake
advantageoftheinduceddipoleoftheelectromagneticfield[151].

ThefinalloadingsequencecorrespondstotheschemeofFig.B.6.Bothbeamsareadiabat-
icallyrampedonin1s,afterwhichthemagnetictrapisswitchedoff.Thehorizontalbeam
ismaintainedataconstantfinalvaluewhiletheverticalbeamperformsanevaporationramp
untilitreachesafinalvalue,whichiskeptconstant.Thefinalpoweroftheverticalbeamallows
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FigureB.7:Representationofthedipolepotentialfeltbytheatoms.a)Dipolepotentialasafunctionofzforthecase
oftheverticalbeam.Thedipolepotentialonlycompensatesgravityandnowellisvisible.b)Dipolepotentialasafunctionofz
forthecaseofacrossedbeamsituation.Awellappearsatz=0whichcorrespondstothecrossingofthetwobeams.

onetocompensatethegravitypotentialatthepositionofthehorizontalbeambutcannotform
atrappingpotentialalonealongthelongitudinaldirection.Thiscorresponds,forawaistof
wvert=43.0(5)µm,toanopticalpowerofPvert=585mWandresultsinthepotentialprofile
displayedinFig.B.7a). Whenthehorizontalbeamisaddedthepotentialpresentsawellcentred
atz=0asshowninFig.B.7b)with

Vopt(x,y,z)=Vvert

Exp


−

2(x2+y2)

w2vert
z−z0
zvert

2
+1




z−z0
zvert

2
+1

−mgz+Vhor

Exp



−
2(y2+(z−z0)2)

w2
hor

x
xhor

2

+1




x
xhor

2
+1

, (B.1)

where

Vvert=−
3πc2

2ω3
0

2Pvert

πw2vert

Γ

ω0−ωdip
+

Γ

ω0+ωdip

and

Vhor=−
3πc2

2ω3
0

2Phor

πw2
hor

Γ

ω0−ωdip
+

Γ

ω0+ωdip

withΓ=2π×1.6MHzcorrespondingtothewidthofthetransition23S1→ 2
3P2,ω0the

frequencyofthetransition,ωdipthefrequencyoftheelectromagneticfield,wvertthewaistof

theverticalbeam,zvert= πw
2
vert λdiptheverticalbeamRayleighlength,xhor= πw

2
hor

λdip
thehorizontalbeamRayleighlength,whorthehorizontalbeamwaistandz0=2.3mmthe
centralpositionoftheverticalwaist.TheusualapproximationwherethetermΓ/(ω0+ωdip)is
neglectedcannotbeperformedsincethewavelengthofthelaserλdip=1550nmisnotcloseto
theresonantwavelengthλ0=1083nm.

Asseenpreviously,wvert.=43µmwhilewhor=82µm.Intheinset,wecanseethatthewell,
forahorizontalbeampowerof30mW,isveryshallow,withadepthofonly400nK.Ashallow
wellhasitsownadvantagessinceitisveryeasyforatomswithnonzerospeedtoescapefrom
thetrap.Itisimportanttonotethatthetransverseconfinementisalmostunchangedsince
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FigureB.8: Determinationofthehorizontalbeamwaist.Indirectmeasurementofthehorizontalbeamwaistviathe
evolutionofthetrappingfrequencyalongtheverticalz−axisasafunctionofthehorizontalbeampower.Theredshadedarea
correspondstothetheoreticalestimationofthefrequencyevolutionusingEq.(B.2)forwhorrangingfrom78µmto88µm.In
insetthedipoletrapdepthisrepresentedasafunctionofthehorizontalbeampower.Thehorizontalbluelinecorrespondstothe
residualthermalcloudtemperature.

thecontributionofthehorizontalbeamisnegligiblewhencomparedtotheverticalone.It
istheinversesituationalongtheverticalaxiswherethehorizontaltrapdefinestheconfining
potential.

Determinationofthehorizontalbeamwaist

Onecanusetheproducedpotentialinordertoindirectlymeasurethewaistofthehorizontal
beam. Byscanningthelongitudinalfrequencyasafunctionofthehorizontalbeampower,
throughtheoscillationoftheBECinthedipoletrap(seeSubsection2.2.5),oneretrievesacurve
whichcanbefittedbythetheoreticalvalue

ωz=
1

m

∂2Vopt(0,0,z)

∂z2
, (B.2)

assuminganharmonicpotentialandwhereVopt(x,y,z)isdefinedbyEq.(B.1).Forsteeper
potentials,theoscillationfrequencyincreases.Sincethewaistoftheverticalbeamhasbeen
independentlycalibrated,theonlyfreeparameteristhenthevalueofthehorizontalbeamwaist
whor.

TheresultisplottedinFig.B.8.Thebluecirclescorrespondtotheexperimentalmeasurement
ofthelongitudinalfrequencyforpowersPhor=110mW,75mWand30mW.Thehorizontal
beamwaististhenestimatedatwhor=82(4)µmwheretheuncertaintyisduetothefactthat
forloweropticalpower,theatomsreachtheedgesofthetrap,asshownintheinsetofFig.B.8.
Consequently,theoscillationismodifiedbytheanharmonicityofthetrapand,forlowoptical
powers,thespeedgivenbytheatomsstarttobeequaltothetrapdepthandtheharmonic
approximationdoesnotholdanymore.ThisinvalidatesthefittingcurvedescribedbyEq.(B.2)
andthepointat30mWlaysoutsidetheprediction.
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FigureB.9: Determinationoftheverticaldipoletrapbeamwaist. Indirectmeasurementoftheverticaldipoletrap
beamwaistontheatomsviathealignmentofthehorizontalbeamwiththeverticaloneasafunctionoftheverticalbeam
power.Since,gravitytendstolowerthepositionofthepotentialminimum,thischangesasafunctionofthebeampower.By
scanningthepoweroftheverticalbeamandretrievingitsdisplacementbythetransferofpopulationwiththehorizontaltrap,
oneestimatesthewaistoftheverticalbeam.

Determinationoftheverticalbeamwaist

Asforthehorizontalbeamwaistdetermination,onecanalsoextractinformationofthevertical
trapviaEq.(B.1).Duetothegravity,thepositionofthepotentialwellminimumdependson
theverticalbeampowerand,asthepowerdecreasesthepotentialminimummovestonegative
positions.Bychangingtheverticalbeampower,oneinducesashiftoftheminimumpotential
positionand,consequently,oftheverticalpositionofthecloud.Thealignmentofthehorizontal
armisperformedasbefore,bychangingtheverticalpositionofthelens.Now,foreachpower
valueoftheverticalbeam,oneretrievesadifferentoptimisedalignmentbetweenthetwobeams
asshowninFig.B.9(bluedots).TheexperimentalresultscanbefittedbyEq.(B.2)withwvert.
asfreeparameter.Thereferenceframeorigincorrespondstotheretrievedexperimentalvalue
at800mW.

InFig.B.9,theexperimentalpointsarecomparedtothetheoreticalminimumtrappositionfor
differentverticalwaist.Theshadedredareacorrespondstotheexpectedtheoreticalevolution,
forawaistvaryingfrom43.5µmto42.5µmandassumingthatthemeasuredpowercorresponds
tothevalueontheatoms.Itispossibletoseethatourexperimentalpointsfitwellinbetween
thistwotheoreticalpredictionsgivingusanestimationofthewaistof43.0(5)µm.Thisvalue
agreeswiththepreviousmeasurementsdescribedinRef.[142].
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AppendixC

Ramantransferset-upforametastable
Heliumexperiment

Inourexperimentalprocedure,aftertheopticaltraphasbeenswitchedoff,transfertothem=0
stateisdone. Thisisnecessaryduetothepresenceofstraymagneticfieldsinthevacuum
chamberthatotherwisewouldleadtoaseveredeformationoftheatomicdistributionduring
thelongfreefall. Thetransferisachievedbyintroducingatwo-photoncouplingbetween
them=1state,inwhichtheatomsareinitially,andthem=0stateusingtwolaserbeams
resultantfromasinglesourceemittingat1083nmanddetunedby600MHzfromthe23S1to
23P0transitionasshowninFig.C.1.Theopticalpolarisationofthefirstbeamissethorizontally
inordertoperformtheπtransitionandtheotherbeamisverticallypolarisedguaranteeingthe
σ−transition.Becausetheverticalpolarisationbeamisdecomposedintoσ−andσ+,thepower
istwotimeslargerthanfortheotherlaserbeam.

Thefrequencydifferenceofthelaserbeamsischirpedacrossthetwo-photonresonanceso
astorealiseanadiabaticfastpassagetransition(thefrequencychangeis300kHzin300µs).
Wehavemeasuredthefractionoftransferredatomstobe94%.Thisiscalibratedbylookingat
thedetectednumberofatomsinstatemj=1withoutRamantransferandbycompareitwith
theremainingpopulationinthemj=1stateaftertransferasshowninFig.C.2.Thetransfer
efficiencycorrespondsthensimplytotheratiobetweenthepopulationsofbothsituations.The
remaining6%stayinthem=1stateandarepushedawayfromtheintegrationvolumesbythe
straymagneticfieldgradients.

Sincetherelativeanglebetweenthetwolaserbeamsisnonzero,asmallvelocityvectoris
giventothetransferredatoms.Thiscorrespondstoanincreaseofthespeedalongthevertical
directionof0.2vlat.ThisisaccountedintheconditionofresonanceofBraggdiffraction.



Ramantransferset-upforametastableHeliumexperiment

FigureC.1:Representationoftheatomictransition23S1→23P0usedfortheRamantransfer.Theenergeticdifference
betweenthesublevelsmj=±1isduetoamagneticbiasfieldof3G.Thiscorrespondstoanenergydifferenceof2π× ×8.2
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FigureC.2:Ramanefficiencycalibration.a)Remainingatomnumberinthestatemj=1afterapplyingtheRaman
transfer.Thenumberofdetectedatomsis272,averagedover40realisations.b)Detectednumberofatomsinthestatemj=1
withoutapplyingaRamantransfer.Thenumberofatomsis,inaverage,2910. However,thisnumberisprobablyalow
estimationsincethecloudseemstosaturatethedetector(seeSubsection2.1.2.)
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AppendixD

DetailedcalculationsfortheHOM
experiment

D.1 Beam-splitterscatteringmatrix

Inordertodescribetheevolutionoftheatomicpairsa2×2matrixdescriptionwillbeadopted.
ThiscorrespondstoaRabioscillationbetweentwoexternalstatesviatheapplicationofa
shallowopticallattice.Anopticallatticeiscreatedviatheinterferenceoftwolaserbeamsthat
giverisetoaspatialperiodicmodulationoflightintensity.Foranatomshinnedbybothlaser
beamsthiscorrespondstoaperiodicpotentialasseeninChapter3.Intheweakdepthregime,
theperiodicpotentialleadstoacouplingbetweenanatomwithmomentumkbmstoanatom
withmomentum−kbms,wherekbmsistheperiodicityofthebeam-splitterlatticeinmomentum
space.Thiscorresponds,effectively,toatwo-stateinteractionHamiltonian,describedinthe
centerofmassframeofreferenceby

Ĥ=




0 Ω/2

Ω̄/2 0



. (D.1)

where|Ω|=ΩRcorrespondstothetwo-photonRabifrequency.Thisfrequencycorrespondsto
acomplexnumberanditsphase,definedas

eiφ=Ω/|Ω|, (D.2)

playsanimportantrole.Itcorrespondstothephasedifferencebetweenthetwointerfering
laserbeamsand,inallthemanuscript,israndomlychosen.

TheHamiltonian(D.1)givesrisetoacoherenttransferofpopulationbetweentheexternal
statekbmsand−kbms. Thisisusedinthecaseoftheatomicpairstorealiseanatomic50:50
beam-splitterandmirror. AsseeninChapter4,thebeam-splittercorrespondstoalattice
withperiodicityinmomentumspaceequalto0.55klat. Theatomicbeamsaandbarethen
createdwithamomentumdifferenceof0.55klat.Themirrorexchangesthetwoatomicbeams
inmomentumspaceasrepresentedinFig.D.1andthebeam-splitterswapstheirmomentaas
schematicallydescribedinFig.D.2.

TheeigenvaluesandeigenvectorsoftheHamiltonianD.1aredefinedas

Ex=|Ω|/2, |x=
1
√
2
|a+e−iφ|b , (D.3a)

Ey=−|Ω|/2,|y=
1
√
2
−eiφ|a+|b , (D.3b)
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changedaftertheatomicmirror.Suchthattheinitialblue
atomisnowcentredon0.74klatandtheredoneat1.29klat.
Inournotationattheoutputofthebeam-splitterthebeam
centredat0.74klatiscalledcandtheoneat1.29klat
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FigureD.2:Schematicrepresentationoftheatomic
beam-splitterontheatomicbeams.Thetwoinputarrows
inblueandredcolourrepresentrespectivelybeambwith
momentumdistributioncentredonkb=1.29qlatandbeama
withmomentumdistributioncentredonka=0.74qlat.Ifthe
beam-splitterresonanceissufficientlywidethetwobeamsare
equallyswappedaftertheatomicbeam-splitter.Suchthatthe
halfthepopulationofbluebeamisnowcentredon0.74klat
andtheotherhalfstaysat1.29klat.Thesamethinghappens
withredatoms.Attheoutputofthebeam-splitterthebeam
centredat0.74klatiscalledcandtheoneat1.29klatd.

and,consequently,thetimeevolutionoffieldoperatorsâandb̂,correspondingtotheinput
fieldsofthebeam-splittercanbewrittenas

|a=
1
√
2
|x−e−iφ|y

t
−−−→

1
√
2
e−i|Ω|t/2|x−e−iφei|Ω|t/2|y , (D.4a)

|b=
1
√
2
eiφ|x+|y

t
−−−→

1
√
2
eiφe−i|Ω|t/2|x+ei|Ω|t/2|y . (D.4b)

D.1.1 50:50beam-splitter

Forthecaseofa50:50beam-splitter,asseeninChapter4,thetimeinteractioncorrespondsto
ΩRt=π/2whichtransformsEq.(D.4b)into

|a
π/2Ω
−−−−→

1

2
(1−i)|x−e−iφ(1+i)|y =|c=

1
√
2
|a−ie−iφ|b , (D.5a)

|b
π/2Ω
−−−−→

1

2
eiφ(1−i)|x+(1+i)|y =|d=

1
√
2
−ieiφ|a+|b . (D.5b)

whereĉandd̂standfortheoutputfieldoperatorsofthebeam-splitter,suchthatthetransfor-
mationisgivenby




ĉ

d̂



=
1
√
2




1 ie−iφS

ieiφS 1







â

b̂



,
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Fieldoperatorevolution

withφS=φ+π,thephaseassociatedtothebeam-splitteroperation.Thescatteringmatrix̂Sis
thendefinedas

Ŝ=
1
√
2




1 ie−iφS

ieiφS 1



. (D.6)

D.1.2 Mirror

ThetimeinteractioncorrespondingtoacompleteexchangeofmomentacorrespondstoΩRt=π
andmatchsthemirrorsituation.Theevolutionoftheoperatorsaandbcanthenbewrittenas

|a
π/Ω
−−−→

i
√
2
−|x−e−iφ|y =|c=−ie−iφ|b, (D.7a)

|b
π/Ω
−−−→

i
√
2
−eiφ|x+|y =|d=−ieiφ|a. (D.7b)

Finally,oneobtainsthetransformationassociatedtothemirror,suchthat,



ĉ

d̂



=




0 ie−iφM

ieiφM 0







â

b̂



,

leadingtothescatteringmatrixM̂,

M̂=




0 ie−iφM

ieiφM 0



, (D.8)

withφM =φ+πthephaseassociatedtothemirroroperation.ThephasehasbeennamedφM
inordertodifferentiateitfromthe50:50beam-splitterφS.AsseeninChapter4,forsmalltime
differencesbetweentheapplicationofthemirrorandthe50:50beam-splitter,thestabilityofthe
phaseissufficienttoobserveinterferencefringesafterintegratingoverseveralexperimental
realisations.Inthissense,onecanconsiderthatalthoughtheabsolutephaseisrandomly
defined,thedifferencebetweenthephasesisstable.Forrealinterferometers,alltermswould
onlydependofthisdifferenceandnotoftheabsolutevalue.Nevertheless,thisisuntrueinour
situationasdiscussedinthenextsection.

D.2 Fieldoperatorevolution

Inordertodeterminetheinterferenceeffect,westartbylookingatthetemporalevolutionof
theoperatorŝakaandâkbstandingfortheatomswithmomentakaandkbattheoutputportsof
thebeam-splitter.Thiscorrespondstochangingthepreviousnotation,suchthat̂a=âkaand

b̂=âkb.

Thetwoatomicbeamsmoveapartfromeachothersincetheirspeedisdifferent.Attimetm
themirrorisapplied,suchthattheirmomentaisexchangedmakingthetwobeamsrecombine
ona50:50beam-splitterattimetsasrepresentedinFig.D.3.

Attimet,theoperatorscansimplybewrittenas

âka(t)=âka(ts+)e
−i
k2a
2m(t−ts), (D.9a)

âkb(t)=âkb(ts+)e
−i
k2
b
2m(t−ts), (D.9b)
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FigureD.3:SchematicrepresentationofatomictheHOMexperiment. Thetwobeamsaandbinredandblue
respectively,producedattimet=0moveapartfromeachother.Attimet=tmtheirmomentaareexchangedsuchthatbeam
aisnowblue,andbeambisred.Thetwoatomicbeamarethenrecombinedonthe50:50beam-splitterattimets.Afterthe
beam-splittertheatomsexitineitherbeamcwithmomentumkc=kaorbeamdwithmomentumkd=kb.Ifts−tm=τ=tm
thenthetwobeamsareindistinguishableafterthebeam-splitter.

withtscorrespondingtotheapplicationtimeofthe50:50beam-splitter. Thebeam-splitter
operationcorrespondstothescatteringmatrix

Ŝ= 1√
2




1 ie−iφS

ieiφS 1



,

whereweattributealocalphaseφS.Inthesamemanner,themirrorisalsoassociatedtoa
scatteringmatrix

M̂=




0 ie−iφM

ieiφM 0



,

withφM thephaseassociatedtoit.Itisimportanttonotethatthephaseofthemirroror
beam-splitteriscompletelyrandomfromonerealisationtotheotherwhiletheirrelativephase
ismaintainedconstant.

Theoperatorscanthenbewrittenas

âka(t)=
e−i

k2a
2m(t−ts)

√
2

ieiφ1âka+kbms−e
iφ1âka , (D.10a)

âkb(t)=
e−i

k2
b
2m(t−ts)

√
2

ieiφ2âkb−kbms−e
iφ2âkb , (D.10b)

wherekbmscorrespondstothe momentumgivenbythebeam-splitterlattice. Thephases
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φ1,φ1,φ2andφ2correspondto

φ1=−(φS−φM)−
ts
2m
(ka+kbms)

2−
tm
2m
(k2a−(ka+kbms)

2), (D.11a)

φ1=−φM−
ts
2m
k2a+

tm
2m
(k2a−(ka+kbms)

2), (D.11b)

φ2=(φS−φM)−
ts
2m
(kb−kbms)

2−
tm
2m
(k2b−(kb−kbms)

2), (D.11c)

φ2=φM−
ts
2m
k2b+

tm
2m
(k2b−(kb−kbms)

2). (D.11d)

Thedetectionisperformedatatimetwhichasnoimportanceinthecalculationofthe
cross-correlationbetweentheoutputportsofthebeam-splitteraswearegoingtosee.

D.3 Cross-correlationandHOM-dip

Thecross-correlationfunctionafterapplicationofthe50:50beam-splittercorrespondsto

G
(2)

cd
= âka(t→∞)

†âkb(t→∞)
†âka(t→∞)̂akb(t→∞), (D.12)

where,experimentally, correspondstoastatisticalaverageoverNexperimentalrealisations
withN→∞.UsingEq.(D.39),oneobtainsthefollowingexpression

G
(2)

cd
=
1

2
∆+
1

4
[̂a†ka+kbmsâ

†
kb−kbms

âka+kbmsâkb−kbms −e
i(φ1−φ1+φ2−φ2)â†kâa

†
kb
âka+kbmsâkb−kbms

−e−i(φ1−φ1+φ2−φ2)â†ka+kbmsâ
†
kb−kbms

âkaâkb + â
†
kâ
a†kb
âkaâkb]

+
1

4
[̂a†kâa

†
kb−kbms

âkaâkb−kbms + â
†
kb
â†ka+kbmsâkbâka+kbms], (D.13)

wherefortheresonantsituationka+kbms=kb,onecanwrite

G
(2)

cd
=
1

4
∆+
G
(2)

ab

2
1−Re ei(φ1+φ2−φ1−φ2) +

1

4
G
(2)
aa+G

(2)

bb
. (D.14)

Thefirsttermcorrespondsto

∆=Re ei(φ1−φ1+φ2−φ2)̂a†ka+kbmsâ
†
kb
âkaâkb−kbms , (D.15)

anddependsonthephase

φ1−φ1+φ2−φ2=2(φS−φM)−2φM−2m
(kb−kbms)

2−(ka+kbms)
2−k2b−k

2
a (ts−2tm),

whichdependsoftheabsolutephaseφM.Aswesaidbefore,thisphaseiskeptrandom,such
thatafteraveragingoverthedifferentrealisationsitwashesout.

D.3.1 Visibilitywithoutassumptionoftheincomingstate

Inordertoexperimentallyverifythatthisisthecaseonecanre-writethecross-correlationfor
indistinguishableparticlesas

G
(2)
Ind
=
1

4
G
(2)
aa+G

(2)

bb
+
1

2
∆, (D.16)
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FigureD.4:Evolutionof∆asafunctionoftheintegrationvolumeΩV.Leftpanel:2Drepresentationof∆asafunction
oftheintegrationvolumeΩV = L

2
⊥×Lz.ThelengthofLzisincreasedbyvaluesof0.04klataswellasthelengthL⊥.

Rightcanvas:top;Evolutionof∆asafunctionofLzforafixedvalueofL⊥=0.048klat.Forshortintegrationlengthalong
thez−axis,onefindsavalueof∆=0. Onethesinceoftheintegrationincreases∆decreasestowardsnegativevaluesasa
consequenceofthemixingbetweenindistinguishableanddistinguishableparticles.Rightcanvas:bottom;Evolutionofthe
cross-correlationfortheindistinguishablecaseasafunctionofLz.Inbothcases,theredcirclesindicatestheoptimisedvolume
ofintegrationforwhich∆isstillapproximativelynull.

and,consequently,thevalueof∆canbeextractedfrom2G
(2)
Ind
−14G

(2)
aa+G

(2)

bb
withG

(2)
Ind.

correspondingtotheexperimentalvalueofG
(2)

cd
(τ=550µs).Thevalueof∆isthendetermined

asafunctionoftheintegrationvolumeΩVasshowninFig.D.4leftpanel.

Fig.D.4showstheevolutionof∆fordifferentintegrationvolumesdefinedbytheintegration
lengthonthetransversedirectionandlongitudinalone,L⊥andLz,respectively.Acutalong

LzisperformedforbothG
(2)

cd,Ind
and∆forafixedintegrationlengthonthetransversedirection

L⊥=0.048klat.Itispossibletonotethatforsmallintegrationvolume,∆→ 0andtendsto
decreasestowardsnegativevalueswhenthevolumeofintegrationincreases.Thisisrelated
tothefactthatwithanincreasedvolumeofintegrationdifferentmodesstarttobetaking

intoaccountasdiscussedinSubsection5.1.2. ThusthevalueofG
(2)

cd
(τ=550µs)doesnot

correspondanymoretotheindistinguishablecasewhichinvalidatetheuseofEq.(D.16).The
integrationvolumecorrespondingtotheoptimisedvolumeofintegrationdescribedinthemain
textisidentifiedbytheredcircle(Lz=0.028klat).Forthisvolume,wecanextractavalueof
∆=−2.8×10−3±6.0×10−3whichis,takingintoaccounttheerrorbars,negligible.

Althoughthegoalherewastodemonstratethat∆→0,onecannotethatforawelldefined
phase,themeasurementof∆givesimportantinformationonthephasedifferencebetweenthe
particles,viaφa−φbandontheproducedstatethroughthemeasurementofnonsymmetric
componentsleadingtoaquantumstatetomography[223].

D.3.2 Indistinguishableanddistinguishablecases

Letusconsiderthetwoextremecasescorrespondingtoeitherperfectindistinguishablepaths
ordistinguishableones.Thetwocasescanbeseenas:

•Indistinguishablecase,ka+kbms=kb;
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•Distinguishablecase,ka+kbms kbsuchthatka+kbmsandkbcorrespondstodifferent
modes.

FortheindistinguishablecaseG
(2)

cd
canbere-writtenas

G
(2)

cd
=
1

2
â†kâa

†
kb
âkaâkb −Re ei(φ1+φ2−φ1−φ2)â†kâa

†
kb
âkaâkb

+
1

4
[̂a†kâa

†
kâ
akaâka + â

†
kb
â†kb
âkbâkb] (D.17)

withφ1+φ2−φ1−φ2=0and,consequently,

G
(2)

cd
=
1

4
G
(2)
aa+G

(2)

bb
(D.18)

whereG
(2)
aaandG

(2)

bb
standfortheautocorrelationofkaandkb,thismeans,theautocorrelations

beforethemirrorandthe50:50beam-splitter.

Thedistinguishablesituationcorrespondstoka+kbms kbsuchthattheterm

φ1+φ2−φ1−φ2=
kbms
m
(kbms+ka−kb)(2tm−ts) (D.19)

oscillatesquicklyovertime.Thus,thistermvanishesandoneretrieves

G
(2)

cd
=
1

4
G
(2)
aa+G

(2)

bb
+
1

2
G
(2)

ab
. (D.20)

TheHOM-dipvisibilitycorrespondsthento

V̄=1−
G
(2)

cd,Ind.

G
(2)

cd,Dis.

=
2G
(2)

ab

G
(2)
aa+G

(2)

bb
+2G

(2)

ab

andcanberelatedtotheCauchy-Schwarzinequalitycoefficient,C=G
(2)

ab
/ G

(2)
aa+G

(2)

bb
,such

that

V̄=
1

1+δ/C

withthecoefficientδstandingfor

δ=
G
(2)
aa+G

(2)

bb

2 G
(2)
aaG

(2)

bb

.

Oneseesthatforthecaseofaninputstate|1a,1b,theautocorrelationbeforethebeam-
splitterisequaltozeroandonefinds,afterthebeam-splitter,avanishingcoincidencecount.In
thissituation,thevisibilityisequaltoone.

D.3.3 HOM-dipwidth

Inthecaseofamultimodesourceofatomicpairs,afinitewidthoftheHOM-dipcanappearas
aconsequenceofthedifferentmodescontributions.Sincethemeasurementcorrespondstoan
integrationoveracertainvolumeinmomentumspace,onecanretrievethetheoreticalwidth

byintegratingG
(2)

cd
(ka,kb)overkaandkb.
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Thecross-correlationcan,inthegeneralcase,bewrittenas

G
(2)

cd
(θ)=

1

4
G
(2)
aa+G

(2)

bb
+
1

2
G
(2)

ab
[1−cos(θ)] (D.21)

withθ=φ1+φ2−φ1−φ2=m(kbms(ka+kbms−kb))(ts−2tm).Onecanalreadyseethatseveral
widthswillbeatplay,inparticular,

•theautocorrelationwidthassociatedtoG
(2)
aaandG

(2)

bb
(σlcaandσlcb,respectively)although,

sinceitdoesnotinfluencethevisibilityitself,hasnegligibleinfluence;

•thecross-correlationwidthassociatedtoG
(2)

ab
(σCr);

•thedensitywidthsincethecloudhasafinitesizeinmomentumspace(σnkaandσnkb);

•thestabilityofthebeam-splitterwhichrelatesintoawidthinmomentumspaceofthe
differentpossiblekbms.ThiswidthσbmshasbeenprovedinChapter4tobesmallerthan
theautocorrelationwidth.

Withthisinmind,onecanwritesthemostgeneralsolutionofG
(2)

cd
as

G
(2)

cd,Measured
=
η

Lz

2

NaNb

kbms,C+Lz/2

kbms,C−Lz/2

dkbms
Lz

kaC+La

kaC−La

dka

kbC+Lb

kbC−Lb

dkb

×exp−
(ka−kaC)

2

2σnk2a
exp


−
(kb−kbC)

2

2σnk2
b


exp


−
(kbms−kbms,C)

2

2σ2
bms




×



1

4


g
(2)
aa(0)exp−

(ka−kaC)
2

2σlc2a
+g
(2)

bb
(0)exp


−
(kb−kbC)

2

2σlc2
b







+
1

2
g
(2)

ab
(0)exp−

((ka+kb)/2−1)
2

2σCr2
(1−cosθ) (D.22)

withLa=Lb=Lz/2standingfortheintegrationlengthalongthez−axisaroundthecentral
momentaunderstudykaCandkbC.

Considerthecaseinwhichtheintegrationvolume(La=Lb=Lz)ismuchsmallerthanall

thewidthsassociatedtoG
(2)

cd
.Inthiscase,onecanassumethatthefunctionsareconstantand

thattheonlyvaryingtermcorrespondsto(1−cosθ).G
(2)

cd,Measured
simplifiestheninto

G
(2)

cd
(τ,Measured)=η2NaNb{1−αsinc

2(Lzkbms
2m
[τ−tm])} (D.23)

withτ=ts−tmandαacoefficientproportionaltokbms.Thus,thewidthofthemeasuredcross-
correlationdependsonlyofthevolumeofintegration.Forsmallervolumesofintegration,the
dipwillgetlarger.

D.4 Autocorrelationandcoalescenceeffect

Thesametreatmentcanbeappliedtothecoalescenceeffect.Forthispurpose,welookatthe

evolutionofG
(2)
ccorG

(2)

dd
asafunctionofτ.Inthissituation,oneconsidersthemomentakaand

kacorrespondingoftwodifferentmodesattheoutputportc.Theoperatorevolutioncanthen
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bewrittenas

âka(t)=
e−i

k2a
2m(t−ts)

√
2

iaka+kbmse
iφ
1−akae

iφ1 , (D.24a)

âka(t)=
e−i

k2a
2m(t−ts)

√
2

iaka+kbmse
iϕ
1−akae

iϕ1 , (D.24b)

with

φ1=−(φS−φM)−
ts
2m
(ka+kbms)

2−
tm
2m
(k2a−(ka+kbms)

2), (D.25a)

ϕ1=−(φS−φM)−
ts
2m
(ka+kbms)

2−
tm
2m
(k2a−(ka+kbms)

2), (D.25b)

φ1=−φM−
ts
2m
k2a−

tm
2m

(ka+kbms)
2−k2a, (D.25c)

ϕ1=−φM−
ts
2m
k2a−

tm
2m

(ka+kbms)
2−k2a . (D.25d)

Theautocorrelationofbeamcthussimplifiesinto

G
(2)
cc= â

†
kâ
a†ka
âkaâka (D.26)

and,withthesameargumentasbefore1,theautocorrelationisgivenby

G
(2)
cc=

1

4
G
(2)
aa+G

(2)

bb
+
1

2
G
(2)

ab
1+cos

kbms
m
(ka−ka)(τ−tm) . (D.27)

Forthecaseofdistinguishableatomsattheentranceofthe50:50beam-splitter,meaningτ→∞,
onceintegratedoverkathecosinustermtendstozeroandtheautocorrelationisequalto

G
(2)
cc=

1

4
G
(2)
aa+G

(2)

bb
+
1

2
G
(2)

ab
,

whichcorrespondstothesameexpressionofthecross-correlationbetweenportscanddfor
distinguishableparticles. Onecanunderstandthisresultthroughthesimplepictureoftwo
distinguishableparticlesenteringabeam-splitter.Theprobabilityofhavingoneparticleon
eachoutputportis1/2whiletheprobabilityofhaving2particlesoneitheroneoftheoutput
portsisalso1/2.Thus,theprobabilityofdetectingeither2or1particleinoneoftheoutput
portsisequal.

Forindistinguishableatomsattheentranceofthe50:50beam-splitter,(ka−ka)(τ−tm)=0,
thesituationisratherdifferent.Theautocorrelationisthenequalto

G
(2)
cc=

1

4
G
(2)
aa+G

(2)

bb
+G

(2)

ab
, (D.28)

whichstronglydiffersofthecross-correlationresultG
(2)

cd
=1
4G

(2)
aa+G

(2)

bb
.Thissignalcorre-

spondstotheincreasedprobabilityofhaving2particlesineitheroneoftheoutputports.

1Weconsiderthattheabsolutephaseofthemirrororbeam-splitterisrandomlychosenforeachexperimental
realisation
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D.4.1 Widthoftheautocorrelationmeasurement

Theexperimentalmeasurementtranslatesintoanintegrationoftheautocorrelationdescribed
by

G
(2)
cc,Measured

=
η

Lz

2

NaNb

kbms,C+Lz/2

kbms,C−Lz/2

dkbms
Lz

kaC+La
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dka

kbC+Lb
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dkb

×e
−
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2

2σnk2a exp


−
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2
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b


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
−
(kbms−kbms,C)

2

2σ2
bms




×



1

4


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(2)
aa(0)exp−

(ka−kaC)
2

2σlc2a
+G

(2)

bb
(0)exp


−
(kb−kbC)

2

2σlc2
b







+
1

2
G
(2)

ab
(0)exp−

(ka+kb/2−1)
2

2σCr2
(1+cosϑ) (D.29)

withϑ=
kbms
m (ka−ka)τ.

Onenotesthatinthissituationthewidthofthedipisgoingtobedeterminedbythevolume
ofintegrationandthecorrelationswidth.

D.5 Varianceofthepopulationdifference

Anothervariablethatcanhelptotranslatetheeffectofthedestructiveinterferenceatplayis
theevolutionofthenormalisedvarianceofthedifferenceasafunctionofτ.Thevarianceofthe
differencecorrespondsto

V=
â†
ka
âka−â

†
kb
âkb

2
− â†

ka
âka−â

†
kb
âkb

2

â†
ka
âka + â

†
kb
âkb

(D.30)

whichsimplifies,forthecaseofarandomphaseφM,into

V=1+
1

2n
G
(2)
cc+G

(2)

dd
−2G

(2)

cd
(D.31)

with ntheaveragedpopulationinbothoutputportscandd.Thus,thetwolimitingcases
correspondto:

•Distinguishablecase,V=1;

•Indistinguishablecase,V=1+ 2
2nG

(2)

ab
.

Onceagain,itispossibletore-writetheobservableasafunctionofthedistinguishability
criterionτas

V=1+αG
(2)

ab
cos

kbms
m
(τ−tm)(ka−ka+ka+kbms−kb)×cos

kbms
m
(τ−tm)(ka+kbms−kb)

(D.32)

which,inthelimitofka=ka,simplifiesinto

V=1+
α

2
G
(2)

ab
1+cos

2kbms
m
(τ−tm)(ka+kbms−kb). (D.33)
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Onecandirectlyseefromthisresultthattheoscillationperiodistwicehigherthattheoneof
thecross-correlation.Consequently,theriseofVwillbetwicelarger,afterintegrationalongka

andkb,thanthedipofG
(2)

cd
.Thus,themeasuredvalueofthenormalisedvariancecanbewritten

as

VMeasured=VBg.+
2

2n
G
(2)

ab
4L2(1+2αsinc2(Lkbmsτ)), (D.34)

withVBg.standingforthebackgroundvalueofthevariance.Sinceforthecaseofaparametric

amplificationG
(2)

ab
=2n2+ntheriseofVgoesuptothevalueof

V=1+
(2n2+n)

n
=(2+2n) (D.35)

AsseeninSection3.4.2,thedetectionefficiencyaffectsthemeasuredvalueofthevariance
withVDet.=ηV+(1−η)whichimpliesthatafterthebeam-splitterfortheindistinguishable
case

VDet.,Ind.=(1−η)+η(2(1+n))=1+η+2nη. (D.36)

Forthedistinguishablecase,thevarianceisstillequalto

VDet.,Dis.=1.

Thevisibilityforthevarianceofthedifferenceasafunctionofτ,correspondingto

V̄V=
VInd.
VDis.

−1, (D.37)

isthenequalto

V̄V=η(1+2n). (D.38)

D.6 Effectofthebeam-splittertransmittance

Inthelastsections,itwasassumedthatboththemirrorandthe50:50beam-splitterhadperfect
coefficientsofreflectivityandtransmittance,thismeaning,thatthereflectivitywastotalfor
themirrorandof50%forthe50:50beam-splitter. However,thisisnottrueasithasbeen
showninEq.(4)whereweshowedthatthereflectivityofthemirrorisequalto93%andthe
transmittanceofthe50:50beam-splitterto49%. Whatistheimpactofthesesmallimperfections
onthevisibilityoftheHOM-dip?

Letusmodelthe50:50beam-splitterandmirrorbythefollowingscatteringmatrix

Ŝ=
1
√
2




t re−iφS

−r∗eiφS t∗



,

and

M̂=
1
√
2




T Re−iφM

−R∗eiφM T∗



,
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witht,rthetransmittanceandreflectivitycoefficientsofthe50:50beam-splitterandR,Tthe
coefficientsforthemirror.Twothingsaretobekeptinmind.First,evenifthemirrororthe50:50
beam-splitterhaveimperfections,theyarerathersmall.Thisimpliescertainapproximations
suchasT 1or|r|2≈|t|2.Second,itisimportanttorememberthattheabsolutephaseof
eitherthe50:50beam-splitterormirrorarerandomlychosenfromonerealisationtotheother
andthatcross-correlationcorrespondstoanaverageoverNrealisations.Thismeansthat,on
average,anyoscillatorytermdependingoftheabsolutevalueofeitherφSorφM willvanish.
Nevertheless,aswesawinChapter4,therelativephaseofthebeam-splitterφS−φMisrather
stable,andthus,onlythetermsdependingonthephasedifferencearekept.

ApplyingthenewmatricesM̂andŜ,onerecoverstheexpressionsfor̂akaandâkb

âka(t)=e
−i
k2a
2m(t−ts)âka tTe

−φ1−rR∗e−iϕ1 +âka+kbms tRe
−iϕ

1+rT∗e−iφ1 , (D.39a)

âkb(t)=e
−i
k2
b
2m(t−ts)âkb t

∗T∗e−φ2−r∗Re−iϕ2 −âkb−kbms t
∗R∗e−iϕ2+r∗Te−iφ2 , (D.39b)

with

φ1=
k2a
2m
ts, (D.40a)

φ2=
k2
b

2m
ts, (D.40b)

ϕ1= φS−φM +
2m
(ka+kbms)

2(ts−tm)+
k2a
2m
tm, (D.40c)

ϕ2= φM−φS +
2m
(kb−kbms)

2(ts−tm)+
k2
b

2m
tm, (D.40d)

φ1=
(ka+kbms)

2

2m
ts+φS, (D.40e)

φ2=
(kb−kbms)

2

2m
ts−φS, (D.40f)

ϕ1=φM+2m
(ka+kbms)

2tm+
k2a
2m
(ts−tm), (D.40g)

ϕ2=−φM+2m
(kb−kbms)

2tm+
k2
b

2m
(ts−tm). (D.40h)

ApplyingEqs.(D.39)andEqs.(D.40)tothecross-correlationG
(2)

cd
= â†

ka
â†
kb
âkaâkb(t)onegets,to

thefirstorderinT,

G
(2)

cd
=G
(2)

ab
|t|4|R|4+|r|4|R|4−2|R|4|r|2|t|2cosθ1−2(|t|

2−|r|2)(cosθ2+cosθ3)|R|
2rR∗tT

+|r|2|t|2|R|4−|R|2tRr∗Tcosθ4|t|
2−|r|2 G

(2)
aa+G

(2)

bb
, (D.41)

with

θ1=
kbms
m
(kb−kbms−ka)(τ−tm), (D.42a)

θ2=(φM−φS)+
kbms
2m

[(kb−kbms)(τ−tm)−(kbms+2ka)tm], (D.42b)

θ3=(φS−φM)+
kbms
2m

[−(kbms+ka)(τ−tm)−(kbms−2kb)tm], (D.42c)

θ4=(φS−φM)+
kbms
2m
τ(kbms+2ka), (D.42d)

(D.42e)
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FigureD.5:Influenceofthebeam-splittertransmittanceontheHOM-dipvisibility.ThevisibilityoftheHOM-dip
isplottedasafunctionofthetransmittanceofthebeam-splitter|t|2. Onecanseethatthevisibilityisratherstableoverthe
possiblevaluesof|t|2.

whereτ=ts−tm.

OneseesthatnotonlythetermsassociatedtoTaresmallsinceT 1,butalsothatthey
areinevitablyassociatedtothedifference|t|2−|r|2whichalsotendstobenegligible.Ingood
approximation,forourexperimentalconditionsthesetermsarecompletelynegligibleandone
retrievesthesimplerexpression

G
(2)

cd
=G

(2)

ab
|t|4|R|4+|r|4|R|4−2|R|4|r|2|t|2cosθ1+|r|

2|t|2|R|4G
(2)
aa+G

(2)

bb
, (D.43)

whichtendstotheexpectedvaluewhenr=t=1/
√
2andR=1,

G
(2)

cd
=
1

2
G
(2)

ab
(1−cosθ1)+

1

4
G
(2)
aa+G

(2)

bb
.

ThedipvisibilityV̄canthenbewrittenas

V̄=1−
G
(2)

cd,Ind.

G
(2)

cd,Dis.

=
2G
(2)

ab

G
(2)
aa+G

(2)

bb
+G

(2)

ab
|r|4+|t|4

|r|2|t|2

(D.44)

whichfortheidealinputstate|1a,1btranslatesinto

V̄=
2|r|2|t|2

|r|4+|t|4
. (D.45)

Fig.D.5showstheevolutionofV̄withthetransmissionprobability|t|2,assumingthatthe
energyisconservedsuchthat|r|2+|t|2=1.Onecanconcludethatevenif|t|2varybetween0.4
to0.6,thevisibilityvariesonlybetween0.92and1.00.Inourcase,since|t|2variesbetween0.49
and0.51,theeffectontheHOM-visibilityiscompletelynegligible.

Inthissense,weconcludethat,basedonthecalibrationofboththemirrorand50:50beam-
splitterperformedinSubsection4.2,theimperfectionsofourinterferometricschemedonot
playanymajorroleontheobservedHOMeffect.
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AppendixE

DetailedcalculationsfortestofBell’s
inequality

ThesituationofBell’sinequalitiesviolationcorresponds,initssimplerform,totheonerepre-
sentedinFig.E.1.Twopairswithmomenta{ka,kb}and{ka,kb}arecreatedattimet1=0.The
interferometricschemeissuchthatthepairsaremixed,thismeaning,kaisrecombinedwith
kb andkawithkb.Thephasedifferencebetweenthemirrorandthebeam-splitterisextremely
welldefinedwhiletheabsolutephaseofbothisrandomlychosenfromonerealisationtothe
other.Themirrorpulseforkaandkb imprintsaphaseφM ontheatomicbeamswhilethe
beamska andkbareimprintedwithaphaseϕM. Thesamethinghappenswiththe50:50
beam-splitter,withphasesφSandϕS,respectively.Thisiseasilyperformedexperimentallyby
applyingthetwopulsesatdifferenttimesandchangingtherelativephasebetweenthelaser
beamsinthemeanwhile. WealsoassumethatthephasedifferencesφM−ϕMandφS−ϕS

a’’

b’’

a’

b’

d
b’

c
a’

c
a’’

d
b’’

t
s

t
m

t
0

τ=τ
0

τ
0

φ
S

φ
M

φ
M

ϕ
S

ϕ
M

ϕ
M

are
welldefined.

FigureE.1:SchematicrepresentationofanexperimentalrealisationofBell’sinequalitytestSeveralmodesare
out-comingfromtheinitialsource,modeacorrelatedwithb,awithb anda withb.Themirrorandbeam-splitterare
calibratedsuchthataandboverlaponthebeam-splitter.Thisimpliesthatmodeaoverlapwithmodebandawithb.



DetailedcalculationsfortestofBell’sinequality

Considerthetimeevolutionofthefieldoperatorsâka,̂akb,̂aka andâkb

âka(t)=
e−ika(t−ts)
√
2

ieiφ1âka+kbms−e
iφ1âka , (E.1a)

âka(t)=
e−ika(t−ts)
√
2

ieiϕ1âka+kbms−e
iϕ1âka , (E.1b)

âkb(t)=
e−ikb(t−ts)
√
2

ieiφ2âkb−kbms−e
iφ2âkb , (E.1c)

âkb(t)=
e−ikb(t−ts)
√
2

ieiϕ2âkb−kbms−e
iϕ2âkb , (E.1d)

with

φ1=(φM−φS)−
tm
2m
k2a−

(ts−tm)

2m
(ka+kbms)

2, (E.2a)

φ1=−φM−
tm
2m
(ka+kbms)

2−
(ts−tm)

2m
(ka)

2, (E.2b)

φ2=−(φM−φS)−
tm
2m
k2b−

(ts−tm)

2m
(kb−kbms)

2, (E.2c)

φ2=φM−
tm
2m
(kb−kbms)

2−
(ts−tm)

2m
(kb)

2, (E.2d)

ϕ1=(φM−φS)−
tm
2m
k2a −

(ts−tm)

2m
(ka +kbms)

2, (E.2e)

ϕ1=−φM−
tm
2m
(ka +kbms)

2−
(ts−tm)

2m
(ka)

2, (E.2f)

ϕ2=−(φM−φS)−
tm
2m
k2b −

(ts−tm)

2m
(kb −kbms)

2, (E.2g)

ϕ2=φM−
tm
2m
(kb −kbms)

2−
(ts−tm)

2m
(kb)

2. (E.2h)

Theresonantsituationforwhichbeama isrecombinedwithbeambandbeamb witha,
suchthat,

ka +kbms=kb,

ka+kbms=kb.

TheviolationofBell’sinequalitiesisdeducedfromtheparameterSknownastheClauser–
Horne–Shimony–Holt(CHSH)parameter[7]

S=|E(θLR)−E(θLR)+E(θLR)+E(θLR)|, (E.3)

with

E(θ)=
G
(2)
14
(θ)+G

(2)
23
(θ)−G

(2)
12
(θ)−G

(2)
34
(θ)

G
(2)
14
(θ)+G

(2)
23
(θ)+G

(2)
12
(θ)+G

(2)
34
(θ)
, (E.4)
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where

G
(2)
14
(θ)= âkb(t)

†âkb(t)
†âkb(t)̂akb(t), (E.5a)

G
(2)
23
(θ)= âka(t)

†âka(t)
†âka(t)̂aka(t), (E.5b)

G
(2)
12
(θ)= âka(t)

†âkb(t)
†âka(t)̂akb(t), (E.5c)

G
(2)
34
(θ)= âka(t)

†âkb(t)
†âka(t)̂akb(t), (E.5d)

(E.5e)

and

θLR=π/4,

θLR=3π/4,

θLR=−π/4,

θLR =π/4.

ThevalueofSisbound,foranynon-entangledstate,between−2and2suchthatanymeasure-
mentof|S|>2indicatesthepresenceofentanglement.

Thecross-correlationcanbewritten,assumingthattheabsolutephaseoftheeachmirroris
undefined,as

G
(2)
14
(θ)=

1

4
G
(2)

ka ka
+G

(2)

kb kb
+G

(2)

kbka
+G

(2)

kb ka
+2Reeiθâ†ka
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âkb âka , (E.6d)

(E.6e)

where

θ=(φ2+ϕ2−φ2−ϕ2)=(φ1+ϕ1−φ1−ϕ1)=(ϕ1+ϕ2−ϕ1−ϕ2)=(φ1+φ2−φ1−φ2)

=2(φM−ϕM)+(ϕS−φS)+
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(tS−2tm)k

2
a+k

2
b−k

2
a −k

2
b .

Thisleadstotheexpression

E(θ)=
2Reeiθâ†
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andto

S=2
√
2

â†
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â†
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âka âkb

1
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(2)

kbkb
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. (E.8)

Ifoneisabletodeterminethevalueofâ†
ka
â†
kb
âka âkb,correspondingtotheprobabilityof

creatingapair(ka,kb)knowingthatapair(kakb)exists,Scanbeeasilypredicted.

Thisresultiscompletelyfreefromanyassumptionsontheproducedstate.Thefactthat
theabsolutephaseofbothφM andϕM israndomlychosenforeachexperimentalrealisation
guaranteesthatanyasymmetriccontributionofG(2)washesout.
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DetailedcalculationsfortestofBell’sinequality

Particularsolutionforaparametricconversionstate

Assumingthatthestateisdescribedbytwoindependentparametricconversionstate,suchthat

|ψ =
n

tanhn(λ1)

cosh(λ1) m

tanhm(λ2)

cosh(λ2)
|n,n,m,m ,

withsinh2(λ1)= nandsinh
2(λ2)= m,onefindsfortheautocorrelationthat

G
(2)

ka ka
=G

(2)

kb kb
= n m ,

andthecross-correlationtermscanbewrittenas

G
(2)

ka,kb
+G

(2)

ka,kb
= n(1+2n)+m (1+2m).

E(θ)thenbecomes

E(θ)=
2Reeiθâ†

ka
â†
kb
âkb âka

G
(2)

kakb
+G

(2)

kakb
+G

(2)

kaka
+G

(2)

kbkb

=
2Reeiθâ†

ka
â†
kb
âkb âka

2n m +n(2n+1)+m(2m +1)
,

whichsimplifiesinthecaseofasymmetricaveragepopulation n= m to

E(θ)=
Reeiθâ†

ka
â†
kb
âkb âka

n(3n+1)
.

Theunknowntermleftisthenthenumerator â†
ka
â†
kb
âkb âka .FromRef.[87],itispossibleto

expressthistermfortheparametricconversionstateas

â†ka
â†kb
âkb âka = n(1+n).

ThentheexpressionofE(θ)canfinallybeexpressedas

E(θ)=
cos(θ)(1+n)

(1+3n)
,

leadingto

S=|E(π/4)−E(−3π/4)+E(−π/4)+E(π/4)|=2
√
2
(1+n)

(1+3n)
,

whichreachesamaximumvalueofS=2
√
2≈2.8forn=0anddecreasestoS=23

√
2≈0.93

forn→∞.Thus,theCHSH’sinequalityisviolatedwhenthenumberofparticlesisreduced
andverifiedforincreasingaverageddensities.AsfortheHOMexperiment,itispreferableto
workwithveryweakaverageparticlenumberperinputbeam.Thethresholdvalue,above
whichtheinequalityisnolongerviolated,correspondstoanaveragepopulation n=0.26.
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Violation of the Cauchy-Schwarz Inequality with Matter Waves
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The Cauchy-Schwarz (CS) inequality—one of the most widely used and important inequalities in

mathematics—can be formulated as an upper bound to the strength of correlations between classically

fluctuating quantities. Quantum-mechanical correlations can, however, exceed classical bounds. Here we

realize four-wave mixing of atomic matter waves using colliding Bose-Einstein condensates, and

demonstrate the violation of a multimode CS inequality for atom number correlations in opposite zones

of the collision halo. The correlated atoms have large spatial separations and therefore open new

opportunities for extending fundamental quantum-nonlocality tests to ensembles of massive particles.

DOI:10.1103/PhysRevLett.108.260401 PACS numbers: 03.75.Be, 03.75.Gg, 34.50.Cx, 42.50.Dv

The Cauchy-Schwarz (CS) inequality is ubiquitous in
mathematics and physics [1]. Its utility ranges from proofs
of basic theorems in linear algebra to the derivation of the
Heisenberg uncertainty principle. In its basic form, the CS
inequality simply states that the absolute value of the inner
product of two vectors cannot be larger than the product of
their lengths. In probability theory and classical physics,
the CS inequality can be applied to fluctuating quantities
and states that the expectation value of the cross correlation
hI1I2ibetween two quantitiesI1andI2is bounded from
above by the autocorrelations in each quantity,

jhI1I2ij 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hI21ihI

2
2i

q
: (1)

This inequality is satisfied, for example, by two classical
currents emanating from a common source.
In quantum mechanics, correlations can, however, be

stronger than those allowed by the CS inequality [2–4].
Such correlations have been demonstrated in quantum
optics using, for example, antibunched photons produced
via spontaneous emission [5], or twin photon beams gen-
erated in a radiative cascade [6], parametric down conver-
sion [7], and optical four-wave mixing [8]. Here the
discrete nature of the light and the strong correlation (or
anticorrelation in antibunching) between photons is re-
sponsible for the violation of the CS inequality. The vio-
lation has even been demonstrated for two light beams
detected as continuous variables [8].
In this work we demonstrate a violation of the CS

inequality in matter-wave optics using pair-correlated
atoms formed in a collision of two Bose-Einstein conden-
sates (BECs) of metastable helium [9–12] (see Fig.1). The
CS inequality which we study is amultimodeinequality,
involving integrated atomic densities, and therefore is
different from the typical two-mode situation studied in

quantum optics. Our results demonstrate the potential of
atom optics experiments to extend the fundamental tests of
quantum mechanics to ensembles of massive particles.
Indeed, violation of the CS inequality implies the possi-
bility of (but is not equivalent to) formation of quantum
states that exhibit the Einstein-Podolsky-Rosen (EPR) cor-
relations or violate a Bell’s inequality [3]. The EPR and
Bell-state correlations are of course of wider significance

FIG. 1 (color online). Diagram of the collision geometry.
(a) Two cigar-shaped condensates moving in opposite directions
along the axial directionzshortly after their creation by a Bragg
laser pulse (the anisotropy and spatial separation are not to
scale). (b) Spherical halo of scattered atoms produced by four-
wave mixing after the cloud expands and the atoms fall to the
detector 46 cm below. During the flight to the detector, the
unscattered condensates acquire a disk shape shown in white
on the north and south poles of the halo. The (red) boxes 1 and 2
illustrate a pair of diametrically symmetric counting zones
(integration volumes) for the average cross-correlation and au-

tocorrelation functions,Gð2Þ12andG
ð2Þ
ii(i¼1;2) (see text), used in

the analysis of the Cauchy-Schwarz inequality.
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to foundational principles of quantum mechanics than
those that violate a CS inequality. Nevertheless, the im-
portance of understanding the CS inequality in new physi-
cal regimes lies in the fact that: (i) they are the simplest
possible tests of stronger-than-classical correlations, and
(ii) they can be viewed as precursors, or necessary con-
ditions, for the stricter tests of quantum mechanics.
The atom-atom correlations resulting from the collision

and violating the CS inequality are measured after long
time-of-flight expansion using time- and position-resolved
atom detection techniques unique to metastable atoms
[13]. The 307 ms long expansion time combined with a
large collision and hence scattering velocity results in a
6cmspatial separation between the scattered, correlated
atoms. This separation is quite large compared to what has
been achieved in recent related BEC experiments based on
double-well or two-component systems [14–16], trap
modulation techniques [17], or spin-changing interactions
[18,19]. This makes the BEC collisions ideally suited to
quantum-nonlocality tests using ultracold atomic gases and
the intrinsic interatomic interactions.
In a simple two-mode quantum problem, described by

boson creation and annihilation operatorsâyiandâi(i¼
1;2), the Cauchy-Schwarz inequality of the form of Eq. (1)
can be formulated in terms of the second-order correlation

functions,Gð2Þij¼h:̂nînj:i¼ĥa
y
iâ
y
jâĵaii, and reads [2–4]

Gð2Þ12 ½Gð2Þ11G
ð2Þ
22
1=2; (2)

or simplyGð2Þ12 Gð2Þ11in the symmetric case ofG
ð2Þ
11¼G

ð2Þ
22.

Here,Gð2Þ12¼G
ð2Þ
21,̂ni¼â

y
iâiis the particle number opera-

tor, and the double colons indicate normal ordering of the
creation and annihilation operators, which ensures the
correct quantum-mechanical interpretation of the process
of detection of pairs of particles that contribute to the
measurement of the second-order correlation function
[2]. Stronger-than-classical correlation violating this in-

equality would requireGð2Þ12>½G
ð2Þ
11G

ð2Þ
22
1=2,orGð2Þ12>

Gð2Þ11in the symmetric case.
The situation we analyze here is counterintuitive in that

we observe a peak cross correlation (for pairs of atoms
scattered in opposite directions) that is smaller than the
peak autocorrelation (for pairs of atoms propagating in the
same direction). In a simple two-mode model such a ratio
of the cross correlation and autocorrelation satisfies the
classical CS inequality. However, in order to adequately
treat the atom-atom correlations in the BEC collision
problem, one must generalize the CS inequality to a multi-
mode situation, which takes into account the fact that the
cross correlations and autocorrelations in matter-wave op-
tics are usuallyfunctions(in our case of momentum). The
various correlation functions can have different widths and
peak heights, and one must define an appropriate integra-
tion domain over multiple momentum modes to recover an

inequality that plays the same role as that in the two-mode
case andisactually violated, as we show below.
The experimental setup was described in Refs. [11,12].
Briefly, a cigar-shaped BEC of metastable helium,
containing approximately 105atoms, trapped initially
in a harmonic trapping potential with frequencies
ð!x;!y;!zÞ=2 ¼ð1500;1500;7:5ÞHz, was split by
Bragg diffraction into two parts along the axial (z-) direc-
tion [see Fig.1(a)], with velocities differing by twice the
single photon recoil velocityvrec¼9:2cm=s. Atoms in-
teract via binary, momentum conservings-wave collisions
and scatter onto a nearly spherical halo [see Fig.1(b)]
whose radius in velocity space is about the recoil velocity
[11,20]. The scattered atoms fall onto a detector that
records the arrival times and positions of individual atoms
[13] with a quantum efficiency of 10%. The halo diame-
ter in position space at the detector is 6cm. We use the
arrival times and positions to reconstruct three-
dimensional velocity vectorsvfor each atom. The unscat-
tered BECs locally saturate the detector. To quantify the
strength of correlations corresponding only to spontane-
ously scattered atoms, we exclude from the analysis the
data points containing the BECs and their immediate vi-
cinity (jvzj<0:5vrec) and further restrict ourselves to a
spherical shell of radial thickness0:9<vr=vrec<1:1
(where the signal to noise is large enough), defining the
total volume of the analyzed region asVdata.
Using the atom arrival and position data, we can mea-
sure the second-order correlation functions between the
atom number densitiesn̂ðkÞat two points in momentum
space,Gð2Þðk;k0Þ¼h:̂nðkÞ̂nðk0Þ:i(see Supplementary
Material [21]), withkdenoting the wave vectork¼
mv=@and@kthe momentum. The correlation measure-
ments are averaged over a certain counting zone (integra-
tion volumeV) on the scattering sphere in order to get
statistically significant results. By choosingk0to be nearly
opposite or nearly collinear tok, we can define the aver-
aged back-to-back (BB) or collinear (CL) correlation func-
tions,

Gð2ÞBBðkÞ¼
Z

V
d3kGð2Þðk;kþ kÞ; (3)

Gð2ÞCLðkÞ¼
Z

V
d3kGð2Þðk;kþ kÞ; (4)

which play a role analogous to the cross-correlation and

autocorrelation functions,Gð2Þ12andG
ð2Þ
ii, in the simple two-

mode problem discussed above. The BB and CL correla-
tions are defined as functions of the relative displacement
k, while the dependence onkis lost due to the averaging.
The normalized BB and CL correlations functions,

gð2ÞBBðkÞandg
ð2Þ
CLðkÞ, averaged over the unexcised part

of the scattering sphereVdataare shown in Fig.2. The BB
correlation peak results from binary, elastic collisions be-
tween atoms, whereas the CL correlation peak is a variant
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of the Hanbury Brown and Twiss effect [22,23]—a two-
particle interference involving members of two different
atom pairs [9,10,24,25]. Both correlation functions are
anisotropic because of the anisotropy of the initial collid-
ing condensates.
An important difference with the experiment of Ref. [9]

is that the geometry in the present experiment (with

vertically elongated condensates) is such that the observed
widths of the correlation functions are not limited by the
detector resolution. Here we now observe that the BB and
CL correlations have very different widths, with the BB
width being significantly larger than the CL width. This
broadening is largely due to the size of the condensate in
the vertical direction (1mm). The elongated nature of
the cloud and the estimated temperature of 200 nKalso
means that the condensates correspond in fact toquasicon-
densates[26] whose phase coherence length is smaller than
the size of the atomic cloud. The broadening of the BB
correlation due to the presence of quasicondensates will be
discussed in another paper [27], but we emphasize that the
CS inequality analyzed here is insensitive to the detailed
broadening mechanism as it relies on integrals over corre-
lation functions. This is one of the key points in consider-
ing the multimode CS inequality.
Since the peak of the CL correlation function corre-
sponds to a situation in which the two atoms follow the
same path, we can associate it with the autocorrelation of
the momentum of the particles on the collision sphere.
Similarly, the peak of the BB correlation function corre-
sponds to two atoms following two distinct paths and
therefore can be associated with the cross-correlation func-
tion between the respective momenta. Hence we realize a
situation in which one is tempted to apply the CS inequal-
ity to the peak values of these correlation functions. As we
see from Fig.2, if one naively uses only the peak heights,

the CS inequality isnotviolated sincegð2ÞBBð0Þ<g
ð2Þ
CLð0Þand

henceGð2ÞBBð0Þ<G
ð2Þ
CLð0Þdue to the nearly identical nor-

malization factors (see Supplementary Material [21]).
We can, however, construct a CS inequality that is

violated if we use integrated correlation functions,Gð2Þij,

that correspond to atom numberŝNi¼
R
Vi
d3k̂ayðkÞ̂aðkÞ

(i¼1;2) in two distinct zones on the collision halo [21],

Gð2Þij¼h:̂NîNj:i¼
Z

Vi

d3k
Z

Vj

d3k0Gð2Þðk;k0Þ: (5)

The choice of the two integration (zone) volumesViand

Vjdetermines whether theG
ð2Þ
ij-function corresponds to

the BB (i j)orCL(i¼j) correlation functions, Eqs. (3)
and (4).
The CS inequality that we can now analyze for violation

readsGð2Þ12 ½Gð2Þ11G
ð2Þ
22
1=2. To quantify the degree of vio-

lation, we introduce a correlation coefficient,

C¼Gð2Þ12=½G
ð2Þ
11G

ð2Þ
22
1=2; (6)

which is smaller than unity classically, but can be larger
than unity for states with stronger-than-classical
correlations.
In Fig.3we plot the correlation coefficientCdetermined
from the data for different integration zonesV1andV2,
but always keeping the two volumes equal. WhenV1and
V2correspond to diametrically opposed, correlated pairs

FIG. 2 (color online). Normalized back-to-back (a) and

collinear (b) correlation functions,gð2ÞBBðkÞandg
ð2Þ
CLðkÞ,in

momentum space integrated overVdatacorresponding tojkzj<
0:5krecand0:9<kr=krec<1:1, wherekrec¼mvrec=@is the
recoil momentum. The data are averaged over 3600 experimen-
tal runs. Because of the cylindrical symmetry of the initial
condensate and of the overall geometry of the collision, the
dependence on thekxandkycomponents should physically be
identical and therefore can be combined (averaged); the corre-
lation functions can then be presented as two-dimensional sur-
face plots on the (kz,kxy) plane. The two-dimensional plots were
smoothed with a nearest neighbor running average. The data
points along thekzandkxyprojections (corresponding to thin
slices centered atkxy¼0andkz¼0, respectively) are not
smoothed. The solid lines show the Gaussian fits to these
projections. The peak height of the back-to-back correlation
function is 1:2while that of the collinear correlation function
is 1:4, apparently confirming the Cauchy-Schwarz inequality.
The widths of the two distributions are, however, very different
(BB;x’ BB;y’0:21krec, BB;z’0:019krec, whereas CL;x’

CL;y’0:036krec, CL;z’0:002krec) and a multimode formula-
tion of the Cauchy-Schwarz inequality, which relates the relative
volumes of the correlation functions,isviolated.
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of zones (red circles),Cis greater than unity, violating the
CS inequality, while for neighboring, uncorrelated pairs
(blue squares) the CS inequality is not violated. The figure
also shows the results of a quantum-mechanical calculation
ofCusing a stochastic Bogoliubov approach (green thick
solid curve) [20,21,28]. The calculation is for the initial
total number of atomsN¼85 000and is in good agree-
ment with the observations. The choice of large integration
volumes (small number of zonesM) results in only weak
violations, while using smaller volumes (largeM) in-
creases the violation. This behavior is to be expected (see
Supplementary Material [21]) because large integration
zones include many, uncorrelated events which dilute the
computed correlation. The saturation ofC, in the current
arrangement of integration zones—with a fixed number of
polar cuts and hence a fixed zone size alongzwhich always
remains larger than the longitudinal correlation width—
occurs when the tangential size of the zone begins to
approach the transverse width of the CL correlation func-
tion. If the zone sizes were made smaller in all directions,
we would recover the situation applicable to the peak
values of the correlation functions (and hence no CS
violation) as soon as the sizes become smaller than the
respective correlation widths (see Eq. (S11) in the
Supplementary Material [21]).

We have shown the violation of the CS inequality using
the experimental data of Ref. [11] in which a sub-
Poissonian variance in the atom number difference
between opposite zones was observed. Although the two
effects are linked mathematically in simple cases, they are
not equivalent in general [8,21]. Because of the multimode
nature of the four-wave mixing process, we observe
stronger (weaker) suppression of the variance below the
shot-noise level for the larger (smaller) zones (see Fig. 3 of
[11]), whereas the degree of violation of the CS inequality
follows the opposite trend. This difference can be of im-
portance for other experimental tests of stronger-than-
classical correlations in inherently multimode situations
in matter-wave optics.
The nonclassical character of the observed correlations
implies that the scattered atoms cannot be described by
classical stochastic random variables [29]. Our experiment
is an important step toward the demonstrations of increas-
ingly restrictive types of nonlocal quantum correlations
with matter waves, which we hope will one day culminate
in the violation of a Bell inequality as well. In this case, the
nonclassical character of correlations will also defy a
description via a local hidden variable theory [4,29].
Nonoptical violations of Bell’s inequalities have so far
only been demonstrated forpairsof massive particles
(such as two trapped ions [30] or proton-proton pairs in
the decay of2He[31]), but never in the multiparticle
regime. The BEC collision scheme used here is particularly
well-suited for demonstrating a Bell inequality violation
[32] using an atom optics analog of the Rarity-Tapster
setup [33].
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Deuretzbacher, P. Hyllus, O. Topic, J. Peise, W. Ertmer,
J. Arlt, L. Santos, A. Smerzi, and C. Klempt,Science334,
773 (2011).

[19] E. M. Bookjans, C. D. Hamley, and M. S. Chapman,Phys.

Rev. Lett.107, 210406 (2011).
[20] V. Krachmalnicoff, J.-C. Jaskula, M. Bonneau, V. Leung,

G. B. Partridge, D. Boiron, C. I. Westbrook, P. Deuar, P.
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We have modulated the density of a trapped Bose-Einstein condensate by changing the trap stiffness,

thereby modulating the speed of sound. We observe the creation of correlated excitations with equal

and opposite momenta, and show that for a well-defined modulation frequency, the frequency of the

excitations is half that of the trap modulation frequency.

DOI:10.1103/PhysRevLett.109.220401 PACS numbers: 03.75.Kk, 42.50.Lc, 67.10.Jn

Although we often picture the quantum vacuum as con-
taining virtual quanta whose observable effects are only
indirect, it is a remarkable prediction of quantum field
theory that the vacuum can generate real particles when
boundary conditions are suddenly changed [1–4]. Known
as the dynamical Casimir effect, a cavity with accelerating
boundaries generates photon pairs. Recent experiments
have demonstrated this effect in the microwave regime
using superconducting circuits [5,6]. Hawking radiation
[7] is another situation characterized by spontaneous pair
creation and work on sonic analogs to the Hawking
problem [8] has led to the realization that Bose-Einstein
condensates (BEC) are attractive candidates to study such
analog models [9–11], because their low temperatures
promise to reveal quantum effects. Here we exhibit an
acoustic analog to the dynamical Casimir effect by modu-
lating the speed of sound in a BEC. We show that corre-
lated pairs of elementary excitations, both phononlike and
particlelike, are produced, in a process that formally
resembles parametric down-conversion [4,12].
The first analyses of the dynamical Casimir effect

considered moving mirrors, but it has been suggested that
a changing index of refraction could mimic the effect
[13,14]. Our experiment is motivated by a suggestion in
Ref. [12] that one can realize an acoustic analog to the
dynamical Casimir effect by changing the scattering length
in an interacting Bose gas. The change in the interaction
strength is analogous to an optical index change: the speed
of sound (or light) changes. Seen in a more microscopic
way, the ground state of such a gas is the vacuum of
Bogoliubov quasiparticles whose makeup is interaction
dependent. Changing the interaction strength projects this
old vacuum onto a new state containing pairs of the new
quasiparticles [12], which appear as pairwise excitations.
Instead of changing the interaction strength, we have sim-
ply modified the confining potential, which in turn changes
the density. Sudden changes such as these have also been
suggested as analogs to cosmological phenomena [15–17].
We study two situations, in the first the confining poten-

tial is suddenly increased and in the second the potential
is modulated sinusoidally. The sinusoidal modulation of
the trapping potential was studied in Refs. [18–20] in the

context of the observation of Faraday waves. Our results
on sinusoidal modulation are similar to this work and we
have extended it to observe correlated pairs of Bogoliubov
excitations. We produce these excitations in both the
phonon and particle regimes, and observe correlations in
momentum space. Parametric excitation of a quantum gas
was also studied in optical lattices in which the optical
lattice depth was modulated [21,22], although in that
experiment, the excitation was observed as a broadening
of a momentum distribution.
The experimental apparatus is the same as that described
in Refs. [23,24] and is shown schematically in Fig.1(a).
We start from a BEC of approximately 105metastable
helium (He) atoms evaporatively cooled in a vertical
optical trap to a temperature of about 200 nK. The trapped
cloud is cigar shaped with axial and radial frequencies of
7 and 1500 Hz. In the first experiment we raise the trapping
laser intensity by a factor of 2 with a time constant
of50 susing an acousto-optic modulator [see inset to
Fig.1(b)]. The trap frequencies thus increase by

ffiffiffi
2
p
. The

compressed BEC is held for 30 ms before the trap laser is
switched off (in less than10 s). The cloud falls onto a
position sensitive, single atom detector which allows us to
measure the atom velocities [25]. After compression, the
gas is excited principally in the vertical direction: trans-
versely we only observe a slight heating (about 100 nK).
Figure1(b)shows a single shot distribution of vertical
atom velocities relative to the center of mass and integrated
horizontally, while Fig.1(c)shows the same distribution
averaged over 50 shots. These distributions are more than 1
order of magnitude wider than that of an unaffected BEC.
The individual shots show a complex structure which is not
reproduced from shot to shot, as is seen from the washing
out of the peaks upon averaging.
We consider the correlations between atoms with verti-
cal velocitiesvzandv

0
z, by constructing a normalized

second-order correlation function,gð2Þðvz;v
0
zÞ[25], aver-

aged over thex-yplane and shown in Fig.2(a). The plot
exhibits two noticeable features along thev0z¼vzand
v0z¼ vzdiagonals. The former reflects the fluctuations
in the momentum distribution, as in the Hanbury Brown–
Twiss effect [26], except that this cloud is far from thermal
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equilibrium. Thev0z¼ vzcorrelation is a clear signature
of a correlation between quasiparticles of opposite veloc-
ities. A projection of this off-diagonal correlation is shown
in Fig.2(b). At low momentum, the excitations created by
the perturbation are density waves (phonons) which in
general consist of superpositions of several atoms traveling
in opposite directions. In the conditions of our clouds, a
phonon is adiabatically converted into a single atom of the
same momentum during the release by a process referred to
as ‘‘phonon evaporation’’ [27]. Therefore in the phonon
regime as well as in the particle regime, we interpret the
back-to-back correlation in Fig.2(a)as the production of
pairs of Bogoliubov excitations with oppositely directed
momenta as predicted in the acoustic dynamical Casimir
effect analysis [12].
To further study this process, we replace the compres-

sion by a sinusoidal modulation of the laser intensity
IðtÞ¼I0ð1þ cos!mtÞ[inset of Fig.1(d)]. We choose
such that the trap frequencies are modulated peak to peak
by about 10%. The modulation is applied for 25 ms
before releasing the condensate. Figures1(d)and1(e)
show, respectively, single shot and averaged momentum
distributions resulting from the modulation. One sees that
the momentum distribution develops sidebands, approxi-
mately symmetrically placed about the center. Figure3(a)
shows the normalized correlation function, plotted in the

same way as in Fig.2(a), for a modulation frequency
!m=2 ¼2170 Hz. We again observe antidiagonal corre-
lations as for a sudden excitation except that the correla-
tions now appear at a well-defined velocity, which
coincides with that of the sidebands [see Fig.3(b)].
We have examined sinusoidal modulation for frequen-
cies!m=2 between 900 and 5000 Hz and observed
excitations similar to those in Fig.3. We summarize our
observations in Fig.4(a)in which we plot the excitation
frequency as a function of the sideband velocity. We also
plot the locations of the peaks in the correlation functions
on the same graph. For modulation frequencies much
above 2 kHz, the antidiagonal correlation functions are
quite noisy preventing us from clearly identifying correla-
tion peaks. This noise may have to do with the proximity
of the parametric resonance with the transverse trap fre-
quency ( 3 kHz)[19].
A weakly interacting quantum gas obeys the well-known
Bogoliubov–de Gennes dispersion relation between the
frequency!kand wave vectork:

!k¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c2k2þ
@k2

2m

2
s

; (1)

with ¼1andc, the sound velocity. This relation
describes both phonons (long wavelength excitations)
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FIG. 1 (color online). Effects of time-varying potentials. (a) Schematic view of the experiment. Pairs of Bogoliubov quasiparticles
are created by varying the trap stiffness. After the flight to the detector these excitations appear as a broadening or sidebands on the
atom cloud in the vertical (z) direction. In the following plots we convert arrival times to relative velocities and average over the
transverse dimensions. (b) Single shot velocity distribution for a cloud which was subjected to a sudden increase in the trap stiffness.
The inset shows the time evolution of the trap stiffness. (c) As in (b) but averaged over 50 shots. (d) Single shot velocity distribution for
a cloud which was subjected to a weak, sinusoidal modulation of the trap stiffness at 2.17 kHz. The inset shows the time evolution of
the trap stiffness. (e) As in (d) but averaged over 780 shots.
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whose dispersion is linear and free particles, whose disper-
sion is quadratic. If our observation indeed corresponds to
the creation of pairs, we expect the total excitation energy
to be shared between the two excitations. Momentum con-
servation, on the other hand, requires that the two energies
be equal, implying!m¼2!k. Therefore the relation
between the modulation frequency and the sideband veloc-
ity should also be given by Eq. (1) but with ¼2and
k¼mvz=@. Fitting the points in Fig.4(a)to (1) with and
cas free parameters, we obtain ¼2:2 0:3. The fitted
sound velocity,8 3mm=s, is consistent with the value
one can calculate from the trap parameters and the esti-
mated number of atoms [25].
We can further corroborate our interpretation of pairwise

excitations by a method more direct and robust than the 2

parameter fit to the data in Fig.4(a). In Fig.4(b),we
compare the dispersion relation resulting from modulation
with that obtained by Bragg scattering. Bragg scattering
produces single excitations of quasiparticles at a definite
energy and momentum [28]. We excited the BEC with
two lasers in the Bragg configuration to determine the
frequency for a givenkvector [25]. Then, under the same
experimental conditions, using sinusoidal trap laser modu-
lation, we excited the BEC at various frequencies and
found the corresponding velocities. The lower curve in
Fig.4(b)is a fit to the Bragg data in which we fix ¼1
and fit the speed of sound. The upper curve is a fit to the
trap modulation data in which we set the speed of sound
to that found in the first fit and we allowed to vary. This
second fit yields ¼2:07 0:2. The fitted speed of
sound for this data set (about13 mm=s) is higher than in
the data of Fig.4(a), because during these runs the number
of atoms in the condensate was larger.
An even more dramatic confirmation of our interpreta-
tion would be the observation of sub-Poissonian intensity
differences in the two sidebands, as was observed in the
experiment of Ref. [5], as well as in Refs. [29]. The latter
experiment modulated the center of a trapped, one dimen-
sional gas producing transverse excitations which in turn

FIG. 3 (color online). Density correlations after a periodic
modulation. (a) Normalized correlation function gð2Þðvz;v

0
zÞ

measured after sinusoidal modulation of the trap frequency at
a frequency!m=2 ¼2:17 kHz, averaging over 243 experi-
mental shots. We observe a strong correlation between well-
defined, oppositely directed velocities. (b) Plot of the density
distribution (blue) and of the antidiagonal velocity correlation
function,gð2Þðvz;v

0
z¼ vzÞ(red).
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FIG. 2 (color online). Density correlations after a sudden
compression. (a) Normalized correlation functiongð2Þðvz;v

0
zÞof

the data in Fig.1(c)(50 shot average). The signal on the diagonal
results from the density fluctuations in the cloud. The antidiag-
onal line indicates the creation of correlated quasiparticles with
opposite momenta, and is the signature of the dynamical Casimir
effect. (b) Antidiagonal correlation functiongð2Þðvz;v

0
z¼ vzÞ.

The smooth line shows the result of smoothing the data over a
window of about1cm=s. The correlations apparently persist
over a scale comparable to that of the density distribution. (c)
Correlation function along the dashed line and integrated over a
region indicated by the dotted arrows, as a function of vz¼
v0z vz. The dips on either side of the peak may be related to the
effect reported in [32].
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produced twin beams. Equivalently, one could ask whether
the Cauchy-Schwarz inequality is violated [30], indicating
a nonclassical correlation. Comparing intensity differences
in the sidebands we observe a reduction of the fluctuations
compared to uncorrelated regions of the distribution.
However, we observe no sub-Poissonian fluctuations or
Cauchy-Schwarz violation, probably because of a back-
ground under the sidebands [see Fig.1(d)]. The back-
ground is due to atoms spilling out of the trap before
release.
Another difference between our experiment and an ideal

realization of the dynamical Casimir effect is that the
temperature is not negligible. This means that the pair
generation did not arise from the vacuum but rather from
thermal noise. For our temperature of 200 nK, the thermal
occupation of the mode of frequency 2 kHz is 1.6. In
the absence of a thermal background, the normalized

correlation function would show an even higher peak.
Using the perturbative approach of Ref. [12], one can

show thatgð2Þðvz;v
0
z¼ vzÞis a decreasing function of

the temperature, since thermal quasiparticles are uncorre-
lated and only dilute the correlation.
Many authors have discussed the relationship of the
dynamical Casimir effect to Hawking and Unruh radiation
(see [4] for a recent review). It has also been pointed out
that the two-particle correlations arising in the sonic
Hawking problem constitute an important potential detec-
tion strategy [10,31], although the above authors discussed
correlations in position space. The present study has con-
firmed the power of correlation techniques, and shown in
addition thatmomentum spaceis a good place to look for
them. We expect that a similar approach can be applied to
Hawking radiation analogs as well as the general problem
of studying the physics of curved spacetime by laboratory
analogies.
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We use a one-dimensional optical lattice to modify the dispersion relation of atomic matter waves. Four-wave

mixing in this situation produces atom pairs in two well-define beams. We show that these beams present a

narrow momentum correlation, that their momenta are precisely tunable, and that this pair source can be operated

in the regimes of low mode occupancy and of high mode occupancy.

DOI:10.1103/PhysRevA.87.061603 PACS number(s): 03.75.Lm, 34.50.Cx, 42.50.Dv, 67.85.Hj

In quantum optics, the existence of mechanisms to produce
photon pairs, such as parametric down-conversion, enabled the
realization of several fundamental experiments on quantum
mechanics. For example, the violation of Bell’s inequalities
[1] or the Hong-Ou-Mandel effect [2] reveal the surpris-
ing properties of quantum correlations in entangled photon
pairs. These fascinating properties have found applications in
quantum information and communications [3]. In analogy to
photon pairs, there have been several recent demonstrations
of correlated atom-pair production [4–10]. In particular,
momentum correlations of spatially separated samples is an
important requirement for the demonstration of an atomic
Einstein-Podolsky-Rosen state [11,12] and the violation of
Bell’s inequalities. Such momentum correlations were demon-
strated for atom pairs produced by molecule dissociation [4]
or by spontaneous four-wave mixing in free space through
the collision of two Bose-Einstein condensates (BECs) [5,13].
In these experiments the pairs which were produced lay on
a spherical shell. This geometry is disadvantageous because
many spatial modes are populated, and if one wishes to use
Bragg diffraction to manipulate and recombine the pairs on
a beam splitter [11,14], the vast majority of the pairs are
unusable.
On the other hand, if pair production is concentrated in

a small number of modes, experimenters can make more
efficien use of the generated pairs. One can then choose to
work either with low mode occupation, the well-separated
pair regime, or with high mode occupation, referred to as
the squeezing regime in Ref. [15]. An example of twin
beams generated in the latter regime is described in Ref. [6].
The squeezing regime is well suited to the study of highly
entangled multiparticle systems and for investigations of atom
interferometry below the standard quantum limit [16,17]. The
source we study in this Rapid Communication can be operated
in both regimes. We use atomic four-wave mixing in a one-
dimensional (1D) optical lattice, which results in production
of atom pairs in two well-define beams, as proposed in
Ref. [18] and demonstrated in Ref. [19]. We show that these
beams present a narrow momentum correlation, that their
momenta are precisely tunable, and that we can control their
intensities.

*bonneau@lens.unifi.it Present address: INO-CNR, via G. Sansone
1, 50019 Sesto Fiorentino - Firenze, Italy.
†Present address: Harvard-Smithsonian Center for Astrophysics,
Cambridge, Massachusetts 02138, USA.

In atom optics, four-wave mixing corresponds to scattering
into new momentum classes subject to energy and momentum
conservation. In a wave picture, the conservation requirements
can be thought of as phase-matching conditions. The presence
of an optical lattice modifie the free-space atomic dispersion
relation and therefore, for a range of initial quasimomenta
k0[20], the 1D scattering event 2k0→ k1+k2is allowed, as
shown in Fig.1(a). Thus, beginning from a BEC atk0,atom
pairs are spontaneously generated along the lattice axis with
well-define quasimomentak1andk2. We refer to this process
as four-wave mixing, but it can also be viewed as a special case
of a dynamical instability [21,22], which was studied in the

FIG. 1. (Color online) (a) 1D pair creation process in an optical
lattice with periodλlatt./2: The dispersion relation in the firs Bloch
band (green solid curve) allows scattering of atoms from a BEC with
quasimomentumk0(open red circle) in the lattice frame into pairs
with quasimomentak1(fille orange circle) andk2(fille blue circle),
so that phase-matching conditions given by energy and momentum
conservations are fulfilled The example here is for a lattice depth
V0=0.725Erecandk0=−0.65krec, withkrec=2π/λlatt.the recoil
momentum andErec=h̄

2k2rec/2m=h×44 kHz the recoil energy.
(b) Vertical single-shot momentum distribution (integrated over the
total transverse distribution) measured for these conditions. The three
main peaks correspond to the initial BEC and to the macroscopically
populated beams centered atk1andk2, which are mainly projected in
the f rst Brillouin zone (in white) when the lattice is switched off. As
expected, small diffraction peaks atk0+2krecandk2−2krecare also
visible, due to the proximity ofk0andk2to the band edge.

061603-11050-2947/2013/87(6)/061603(5) ©2013 American Physical Society
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FIG. 2. (Color online) Experimental setup and sequence: (1)
Initially, a BEC of metastable helium is trapped in a vertical optical
potential with a 43μm waist. (2) An optical lattice is suddenly
applied in the presence of the trap. It is tilted by 7◦with respect to
the trap axis, and is focused on the BEC with a 200μmwaist.(3)
After the dipole trap and optical lattice switch off, the cloud expands
and falls on the 3D resolved single atom detector. Given the values of
the vertical and transverse Thomas-Fermi radii (0.5 mm and 3μm),
the arrival time and position reflec the 3D momentum distribution,
provided the momenta are well above 3×10−2krecalongzand
2×10−4krectransversely.

context of coherence [23,24] and atomic [25] losses appearing
for a BEC moving in a lattice.
The experiment is performed on4He atoms in themx=1

sublevel of the 23S1metastable state. The experimental setup
and sequence are shown in Fig.2. After evaporative cooling
in an elongated, vertical dipole trap with frequenciesν⊥=
1.5 kHz andνz=6.5Hz[26], we produce a BEC (or more
precisely a quasi-BEC [27]) with about 105atoms. We then
apply a 1D optical lattice with a depthV0=0.725Erec.This
lattice is tuned 19 nm to the blue of the 1083 nm 23S1–2

3P
transition of helium. It is formed by two counterpropagating
17 mW beams with 200μm waists and whose relative detuning
δνcan be varied using acousto-optic modulators. We thus
control the value ofk0/krec=hδν/4Erec, the BEC’s momen-
tum in the lattice frame. The lattice is held on for a duration
TL=2 ms, and suddenly switched off, simultaneously with
the optical trap. To avoid magnetic perturbation of the cloud
during free fall, we apply an rf pulse that transfers 50% of
the atoms to the fiel insensitivemx=0 sublevel [26]. The
atoms remaining inmx=1 are subsequently removed by a
strong magnetic gradient. After a 307 ms mean time of f ight,
themx=0 atoms fall on a microchannel plate detector, which
permits 3D reconstruction of the atomic cloud [28].
As shown in Fig.1(b), we observe three main density peaks

after the time of f ight. The tallest is the initial BEC. The two
others are formed by atoms scattered into momentum classes
centered ink1andk2, whose values are consistent with those
expected from the phase-matching conditions illustrated in
Fig.1(a). Since the optical lattice is switched off abruptly,
the Bloch states of momentak0,k1, andk2are projected onto
plane waves, mainly in the f rst Brillouin zone due to the

low lattice depth. Each of the beams atk1andk2contains
about 102detected atoms, which we estimate to correspond
to about 2×103atoms per beam. We also detect some atoms
between the beams, which result from scattering into excited
transverse modes [29]. Due to the low overlap between the
transversely excited states and the initial wave function, this
transverse excitation is far less efficien than the previously
described 1D process. In addition, scattered atoms can also
undergo secondary scattering contributing to the background
between the beams.
In the following, we focus on the two beams. Using them

for quantum atom optics experiments or for interferometry
will require recombining them. It is therefore crucial to
know the width of their correlation. From the 3D-momentum
distributionn(k), we computed the normalized second-order
cross-correlation function,

g(2)C(k,k)=
n(k)n(k)

n(k)n(k)
, (1)

wherekbelongs to beam 1 andkto beam 2. The BEC is
not exactly at rest in the optical trap, but exhibits shot-to-shot
momentum fluctuation on the order of 10−2krec. We correct
for these fluctuation by recentering separately the single shot
momentum distributionsn(k) aroundk1andk2,usingthe
shift obtained from Gaussian fit to the peak atk1and to
the diffraction peak atk0+2krec. This correlation function
exhibits a peak forkz k1andkz k2[Figs.3(a)and3(b)].
The presence of this peak indicates that the two atomic beams
are indeed correlated.
We wish to determine the number of modes present in

each beam, and how many of these modes are correlated.
We therefore examine the localsecond-order correlation
function of a single beam,g(2)L(k,k), which is obtained as
in Eq.(1)but with bothkandkbelonging to beam 1. This
correlation function, plotted in Figs.3(c)and3(d), exhibits
bunching forkz kz k1, due to density fluctuation [as
in the Hanbury-Brown–Twiss (HBT) effect [30]]. Similar
bunching is observed atk2. If we suppose that the widths
of the local correlation defin the size of a single mode, we
can compare them to those of the density (longitudinal rms:
4×10−2krec;transverserms:4×10

−1krec). We see that about
10 longitudinal and 3 transverse modes are populated. Thus the
mode population is, roughly, 70 atoms/mode. For comparison,
in the case of free-space four-wave mixing [31], starting from
a similar initial BEC, 105modes were populated, with only
about 0.02 atoms/mode.
It appears in Fig.3that, while in the transverse direction,

the cross and local correlations have similar widths [Figs.3(a)
and3(c)], the cross correlation is 5 times broader than the
local one along the vertical axis [Figs.3(b)and3(d)]: each
mode is correlated with several modes of the other beam.
If one uses two such beams as inputs to a beam splitter,
this broadening amounts to a loss of coherence, and the
interference contrast would be reduced. We emphasize that
the observed widths may be broadened by other effects, and
so their numerical ratio is not exactly equal to the number of
correlated modes. For the local correlation, we estimate that
the finit vertical resolution of the microchannel plate detector
contributes notably to the observed width. This resolution
comes about because the surface which define the atom arrival
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FIG. 3. (Color online) (a) and (b) Cuts alongyandzof
the integrated, normalized cross-correlation function of the two
beams,g(2)C(k)= dkig

(2)
C(ki,kj+ k). The integration over the

momentum distributionkiis performed on a box with dimensions
Lkx=Lky=0.4krecandLkz=5×10

−2kreccentered on beam 1,
ki+kj=(k1+k2)̂ez, and the cuts have a thickness 10

−2krec(1.5×
10−1krec) alongz(xandy). The bunching, due to the correlation
between the two beams, has a longitudinal (transverse) widthσc,z=
1.8×10−2krec(σc,y=1.6×10

−1krec). (c) and (d) Cuts alongyand
zof the integrated, normalized local correlation function of beam
1,g(2)L(k)= dkig

(2)
L(ki,ki+ k). The integration region is the

same as for the cross correlation, and the cuts have a thickness
2.5×10−3krec(0.1krec) alongz(xandy). The bunching, due to
the HBT effect, has a longitudinal (transverse) widthσl,z=3.7×
10−3krec(σl,y=1.3×10

−1krec). Cuts alongx(not shown here) have
the same widths and amplitudes as cuts alongy. These correlation
functions are calculated using 850 experimental realizations, with
k0=−0.65krec, a lattice depthV0=0.725Erec, and a lattice duration
TL=2 ms. In all plots, the horizontal error bars indicate the bin size
and the vertical ones correspond to the statistical 1σuncertainties.
The solid lines are Gaussian fit to the data from which we extract
the correlation widths.

time is not fla but consists of tilted channels which intercept
the atoms at different heights. The width shown in Fig.3(d)
is consistent with this interpretation. For the cross correlation,
the observed width is broadened by the fact that the vertical
source size is not negligible [32]. Note also that the limited
coherence of the initial quasi-BEC plays a role in the cross
correlation width [32].
The use of an optical lattice permits control over the output

beam momenta. Changing the detuningδνbetween the lattice
beams results in varying the value ofk0.InFig.4,weplotthe
mean vertical momentak1andk2of both beams, measured for
differentk0, as well as the expectation (solid line) based on the
phase-matching conditions illustrated in Fig.1(a). We obtain
a fair agreement over a large range, even though the solid line
presents a small shift in comparison to the data points and
does not reproduce the observed shape for high values ofk0.
However, as already observed for four-wave mixing in free
space [33], phase-matching conditions can be influence by
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FIG. 4. (Color online) Measured mean momentak1andk2of the
beams (black dots, in units ofkrec) as a function ofk0(initial BEC
momentum in the lattice frame) for a depthV0=1.05Erecand a
durationTL=1.5 ms of the lattice. The solid line shows the phase-
matching curve expected without interactions, while the dashed line
includes the mean fiel [see Eq.(2)].

mean-fiel effects. A simple correction to the phase-matching
curve is found just by adding the mean fiel to the energy
conservation condition: Since the two atoms of a scattered
pair are distinguishable from the atoms of the initial BEC,
the mean-fiel energy experienced by each of them is notgn0
(withg=4π̄h2a/m,aandmthe scattering length and the
mass of He∗andn0 1013atoms/cm3the BEC density), but
2gn0, so that the energy conservation condition reads:

2E(k0)+2gn0=E(k1)+E(k2)+4gn0, (2)

where the energyE(k) is given by the dispersion relation in
the f rst Bloch band of the lattice without interaction. As seen
in Fig.4(dashed line), this correction leads to very good
agreement with the experimental data, and accounts for the
shift of the phase-matching curve and the change of its shape.
A more exact calculation of the phase-matching conditions,
inspired by Ref. [21], confirm the accuracy of Eq.(2)in our
experimental conditions and will be given in Ref. [34].
Another degree of freedom results from the fact that pair

creation only takes place while the lattice is on. We can thus
tune the beam populations with the lattice durationTL.Inthe
example of Fig.5these populations increase exponentially
withTLduring a few hundredμs, and then reach a plateau.
This saturation could be explained by several mechanisms
such as the decrease of spatial overlap between condensate and
scattered beams [19], multimode effects [35], and secondary
scatterings from the beams. Condensate depletion is at most
about 20% and should be of little importance in the saturation.
For smallTL, there is no discernible population difference
between both beams. By contrast, we observe that at largeTL
the population of beam 1 is almost twice that of beam 2, a
phenomenon also noticed in Ref. [19]. This may be due to
k2being in a dynamically unstable region while atoms with
quasimomentumk1can only undergo secondary scattering to
excited transverse modes.
At intermediateTL, we observe negligible losses due to

secondary scatteringandhigh mode population (around 60
atoms per mode atTL=0.2 ms in the example of Fig.5). The
resulting beams should contain strongly correlated pairs. In
an attempt to verify a nonclassical correlation, we examined
atom number difference between the two beams. By selecting
two regions around the centers of the two beams, we do indeed
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FIG. 5. (Color online) Dependence of the population of beam 1
(orange fille circles) and beam 2 (blue open circles) on the lattice
durationTLfork0=−0.67krecand for a lattice depthV0=1.05Erec.
The gray line is an exponential f t of the detected population in beam
2forTL<0.3 ms, which gives a time constant of 0.1 ms and an
offset of 11.5 detected atoms. This offset is due to the small thermal
part of the source cloud with quasimomentak1andk2. For a lower
lattice depth, as for the data of Fig.3, the temporal evolution is a few
times slower [21]. Inset: same data with linear scale.

observe a sub-Poissonian number difference [6,31], as shown
in Fig.6. The observed variance is consistent with that ob-
served in Ref. [31], and is limited in large part by the quantum
efficien y of the detector. Other features of the variance are
puzzling, however. First the minimum of the dip in the variance
occurs when the center of region 1 is shifted by 0.1krecwith
respect to the center of the density distribution in beam 1.
Second, in the transverse plane, the size of the regions over
which the variance is reduced is nearly an order of magnitude
smaller than the transverse width of the correlation function.
We plan to investigate these effects in future experiments.
To conclude, we have demonstrated an efficien process for

the production of correlated atom pairs. We have control over
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FIG. 6. (Color online) Normalized variance of atom number
difference between two regions selected close to beams 1 and 2.
The data are the same as those of Fig.3. Regions are vertical
cylinders of radius 2.5×10−2krecand height 8.5×10

−2krec.They
are centered on the two beams in the transverse plane. Along the
vertical axis, the center momentum (in the lattice frame) of region 1
is scanned, whereas region 2 is f xed. A variance below unity indicates
sub-Poissonian fluctuations

both the fina momenta and the intensity of the correlated
beams. We characterize the width of the correlation in
momentum and fin evidence of sub-Poissonian fluctuation
of population difference. This source should be useful in
multiple particle interference experiments both in the regime
of well-isolated pairs [12] and in the regime of large occupation
numbers [11].
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We have measured the two-particle correlation function of atoms from a Bose-Einstein condensate participating

in a superradiance process, which directly reflect the second-order coherence of the emitted light. We compare

this correlation function with that of atoms undergoing stimulated emission. Whereas the stimulated process

produces correlations resembling those of a coherent state, we fin that superradiance, even in the presence

of strong gain, shows a correlation function close to that of a thermal state, just as for ordinary spontaneous

emission.

DOI:10.1103/PhysRevA.90.013615 PACS number(s): 03.75.Kk,42.50.Lc,67.10.Jn

Ever since the publication of Dicke’s 1954 paper [1], the
problem of the collective emission of radiation has occupied
many researchers in the field of light scattering, lasers, and
quantum optics. Collective emission is characterized by a
rate of emission which is strongly modifie compared to
that of individual atoms [2]. It occurs in many different
contexts: hot gases, cold gases, solids and even planetary
and astrophysical environments [3]. The case of an enhanced
rate of emission, originally dubbed superradiance, is closely
connected to stimulated emission and gain and, as such,
resembles laser emission [4]. Lasers are typically characterized
by high phase coherence but also by a stable intensity,
corresponding to a Poissonian noise, or a fla second-order
correlation function [5]. Here we present measurements
showing that the coherence properties of superradiance, when
it occurs in an ultracold gas and despite strong amplifie
emission, are much closer to those of a thermal state, with
super-Poissonian-intensity noise.
Research has shown that the details of collective emission

depend on many parameters such as the pumping configura
tion, dephasing and relaxation processes, sample geometry,
presence of a cavity, etc., and, as a result, a complex
nomenclature has evolved including the terms superradiance,
superfluorescence amplifie spontaneous emission, mirrorless
lasing, and random lasing [2,4,6–9], the distinctions among
which we do not attempt to summarize here. The problem
has recently seen renewed interest in the fiel of cold
atoms [10–25]. This is partly because cold atoms provide a
reproducible, easily characterized ensemble in which Doppler
broadening effects are small and relaxation is generally limited
to spontaneous emission. Most cold-atom experiments differ in
an important way from the archetypal situation f rst envisioned
by Dicke: instead of creating an ensemble of excited atoms at
a well-define time and then allowing this ensemble to evolve
freely, the sample is typically pumped during a period long
compared to the relaxation time and emission lasts essentially
only as long as the pumping. The authors of Ref. [10], however,

*Current address: Vienna Center for Quantum Science and Technol-
ogy, Atominstitut, TU Wien, Stadionallee 2, 1020 Vienna, Austria.
†Current address: Laboratoire Kastler Brossel, Universit́e Pierre
et Marie Curie–́Ecole normale suṕerieure–CNRS, 4 place Jussieu,
75005 Paris, France.
‡christoph.westbrook@institutoptique.fr

have argued that there is a close analogy to the Dicke problem,
and we follow them in designating this process superradiance.
In the literature on superradiance there has been relatively

little discussion about the coherence and correlation properties
of the light. The theoretical treatments we are aware of
show that the coherence of collective emission can be quite
complicated but does not resemble that of a laser [2,13,20,26–
28]. These results, however, were obtained for simple models
that do not include all parameters relevant to laboratory
experiments. Experimentally, a study performed on Rydberg
atoms coupled to a millimeter-wave cavity [29]showeda
thermal mode occupation, and an experiment in a cold atomic
vapor in free space [24] observed a nonfla second-order
correlation function. In the present work, we show that even if
the initial atomic state is a Bose-Einstein condensate (BEC),
the second-order correlation function looks thermal rather than
coherent.
Such behavior, which may seem counterintuitive, can be

understood by describing superradiance as a four-wave mixing
process between two matter waves and two electromagnetic
waves. The initial state consists of a condensate, a coherent
optical pump beam, and empty modes for the scattered atoms
and the scattered photons. If we make the approximation that
the condensate and the pump beam are not depleted and can
be treated as classical fields the matter-radiation interaction
Hamiltonian is given by

Ĥ=
i

[χîa
†
at,iâ

†
ph,i+χ

∗
iâat,iâph,i], (1)

whereâ
†
at,i(̂aat,i) andâ

†
ph,i(̂aph,i) denote atom and photon

creation (annihilation) operators for a specifi pair of momenta
ifi ed by energy and momentum conservation andχiis a
coupling constant. Textbooks [30] show that, starting from
an input vacuum state, this Hamiltonian leads to a product
of two-mode squeezed states. When one traces over one of
the two modes,α={at,i}or{ph,i}, the remaining modeβ
has a thermal occupation with a normalized two-particle or
second-order correlator

â
†
βâ
†
βâβâβ

â
†
βâβ

2
=2, (2)

whereas it is unity for a laser. The problem has also been treated
for four-wave mixing of matter waves [31]. We emphasize

1050-2947/2014/90(1)/013615(5) 013615-1 ©2014 American Physical Society



R. LOPESet al. PHYSICAL REVIEW A90, 013615 (2014)

that, when starting from initially empty modes, the occupation
remains thermalregardlessof the gain.
In the experiment, we start from initially nearly motionless

atoms of a BEC and observe their recoil upon photon emission.
To the extent that each recoil corresponds to the emission
of a single photon, we can obtain essentially the same
information about the radiation from such measurements as
by observing it directly. In doing this, we are following the
approach pioneered in experiments such as [10] and [29]
and followed by many others, which uses highly developed
atom detection and imaging techniques to glean most of the
experimental information about the process. We are able to
make time-integrated measurements of the emission, resolved
in transverse and longitudinal momentum as well as in polar-
ization, and reconstruct the two-particle correlation function
of the recoiling atoms or, equivalently, the second-order
correlation function of the scattered light. We show that in the
configuratio of our experiment, the second-order correlation
is close to that of a thermal sample and very different from the
correlation properties of the initial, condensed atomic state.
We use helium in the 23S1,m=1 state confine in a crossed

dipole trap [see Fig.1(a)] with frequencies of 1300 Hz in the
xandydirections and 130 Hz in the (vertical)zdirection.
The dipole trap wavelength is 1.5μm. The atom number is
approximately 50 000, and the temperature of the remaining
thermal cloud 140 nK. A 9-G magnetic fiel along theyaxis
define a quantization axis. After producing the condensate, we
irradiate it with a laser pulse of 2.4 W/cm2tuned 600 MHz to
the red of the 23S1→ 2

3P0transition atλ=1083 nm and with
natural linewidth 1.6 MHz. The excitation beam propagates

(a) (b)

FIG. 1. (Color online) (a) Sketch of the experiment. A 9-G
magnetic fiel Bapplied along theyaxis define the quantization
axis. The excitation beam propagates with an angle of 10◦(not shown)
relative to thexaxis and its polarization is linear, with the same
angle relative to thezaxis. After emission, the atoms fall 46 cm
to a position-sensitive microchannel plate (MCP). The atom cloud
forms a sphere with enhanced occupation of the endfir modes. (b)
Atomic level scheme. The atoms, initially in the 23S1,m=+1 state,
are excited to the 23P0state. From there, they can decay with equal
branching ratios to the three sublevels of the ground state. We detect
only the atoms which scatter into them=0 state.

with an angle of 10◦relative to thexaxis and its polarization is
linear, with the same angle relative to thezaxis [see Fig.1(a)].
The pulse length is 5μs and it is applied with a delayτafter
switching off the trap. The expansion of the cloud during this
delay is a convenient way to vary both the optical density
and the anisotropy of the sample at constant atom number.
The absorption dipole matrix element is of theσ−form and
thus one-half of the laser intensity is coupled to the atomic
transition corresponding to a Rabi frequency of 56 MHz. The
excited atoms decay with equal branching ratios to the three
ground states. During the pulse, less than 10% of the atoms are
pumped into each of these states. Because of the polarization
selection rules, the atoms which are pumped into them=
0 state cannot reabsorb light from the excitation laser. By
focusing on these atoms, we study the regime of “Raman
superradiance” [15,32], by which we mean that an absorption
and emission cycle is accompanied by a change in the internal
state of the atom. When the trap is switched off, the atoms fall
toward a microchannel plate detector which detects individual
atoms with three-dimensional imaging capability and a 10%
to 20% quantum efficien y [33]. A magnetic-fiel gradient is
applied to sweep away all atoms except those scattered into
them=0 magnetic sublevel. The average time of f ight to the
detector is 310 ms and is long enough that the atoms’ positions
at the detector reflec the atomic momenta after interaction with
the excitation laser. Conservation of momentum then requires
that these atoms lie on a sphere with a radius equal to the
recoil momentumkrec=2π/λ. Any additional scattering of
light, whether from imperfect polarization of the excitation
laser or from multiple scattering by the atoms, will result in the
atoms lying outside the sphere. We see no significan signal
from such events, but in order to completely eliminate the
possibility of multiple scattering we restrict our analysis of the
data to the spherical shell with inner radius 0.8krecand outer
radius 1.2krec.
We excite atoms in an elongated BEC in such a way

that an allowed emission dipole can radiate along the long
axis. In an anisotropic source, collective emission builds up
more efficientl in the directions of highest optical thickness.
Superradiance is therefore expected to occur along the long
axis of the BEC, in so-called “endfire modes [10,34]. An
important parameter, then, is the Fresnel number of the
sample [2],F=2R2⊥/λRz, whereR⊥andRzare the horizontal
and vertical Thomas-Fermi radii of the condensate. The
Fresnel number distinguishes between the diffraction limited
(F<1) and the multimode superradiance regimes (F>1).
In our case,R⊥≈5μm andRz≈50μm, yielding a Fresnel
number of about unity.
Typical cuts through the atomic momentum distribution in

theyzplane are shown in Fig.2,forτ=500μs (left) and
τ≈0 (right). In both cases, the spherical shell with radius
1krecappears clearly. For the short delay, when the atomic
sample remains dense and anisotropic, we observe strong
scattering in the endfir modes at the top and bottom poles
of the sphere. In addition to this change in the profil of the
distribution, we measure an increase in thetotal numberof
atoms on the sphere by a factor of∼5 fromτ=500μsto
τ≈0. Because each atom has scattered a single photon, this
increase directly reflect an increase in the rate of emission
in the sample and therefore demonstrates the collective nature
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FIG. 2. (Color online) Momentum distribution of scattered
atoms in theyzplane (containing the emission dipole). Both
panels show the distribution in theyzplane, integrated between
kx=±0.1krecand summed over 100 shots. See the Supplemental
Information for a cut in thexzplane [35]. Left: Excitation laser
applied 500μs after the trap switch-off. Only the radiation pattern
for ay-polarized dipole is visible. Right: Excitation laser applied
immediately after the trap switch-off. Strong superradiance is visible
in the vertical, endfir modes.

of the scattering process. At long delays, the condensate has
expanded sufficientl that the optical thickness and anisotropy
have fallen dramatically, suppressing the collective scattering.
By looking at the number of scattered atoms in thexdirection
(perpendicular to the plane in Fig.2), we have verifie that,
away from the endfir modes, the rate of emission varies by
less than 10% for different delays [35].
To see the distribution in a more quantitative way, we show

in Fig.3an angular plot of the atom distribution in theyzplane.
Data are shown for three delaysτbefore application of the

FIG. 3. (Color online) Angular distribution of scattered atoms in
theyzplane (containing the emission dipole) for different values of
the delayτbefore the excitation pulse. From bottom to top: light-gray
(green) circles correspond toτ=500μs; dark-gray (blue) circles, to
τ=200μs; and light-gray (red) circles, toτ=0μs. Data forτ=
0 and 500μs are the same as those shown in Fig.2. Images were
integrated along thexaxis between±0.1krec, and only atoms lying
inside a shell with inner radius 0.8krecand outer radius 1.2krecwere
taken into account. The delaysτ=0, 200, and 500μs correspond to
peak densities of≈8, 2, and 0.4×1018m−3and to aspect ratios of 10,
5, and 2.5, respectively. The endfir modes are located at±π/2. The
half-width at half-maximum of the highest peak is 0.14 rad. Error
bars are shown, denoting the 68% confidenc interval.

excitation pulse. For the 500-μs delay, the angular distribution
follows the well-known “sin2θ” linear dipole emission pattern,
with the anglesθ=0 andπcorresponding to the orientation
of the dipole along theyaxis [35]. For the 200-μs delay, the
superradiant peaks are already visible at the top of the dipole
emission profile For the shortest delay, the half-width of the
superradiant peaks is 0.14krec,or0.14 rad, consistent with
the diffraction angle and the aspect ratio of the source. In the
vertical direction, the superradiant peaks are 10 times narrower
than in the horizontal direction [35].
In the strongly superradiant case, we observe large and

uncorrelated fluctuation of the heights of the two superradiant
peaks on a shot-to-shot basis. These fluctuation directly reflec
the fluctuation of the population of the superradiant modes.
We investigate these fluctuation further by measuring the
normalized two-particle correlation function of the scattered
atoms, define as

g(2)(k)=
:̂n(k)̂n(k+ k):

n̂(k) n̂(k+ k)
. (3)

Here,n̂is the atomic density and : : denotes normal ordering.
In practice, this function is obtained from a histogram of
pair separations knormalized to the autoconvolution of
the average particle momentum distribution [36,37]. Figure4
shows the experimentally measured correlation functions
integrated over the momentum along two of three axes, both

(a)

(b)

FIG. 4. (Color online) Correlation functions along the (a)zand
(b)yaxis forτ≈0. Darker (blue) circles correspond to superradiant
peaks (define by|kz|>0.95krec). Lighter (orange) circles corre-
spond to atoms from the scattering sphere away from the superradiant
peaks (define by|kz|<0.92krec). Solid lines are Gaussian fit
constrained to approach unity at large separation. Filled gray circles
correspond to a fraction of the initial condensate transferred to the
m=0 state via a stimulated Raman transfer. The dashed gray line
shows unity. Error bars denote the 68% confidenc interval.
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for the superradiant peaks and on the scattering sphere away
from the peaks [35].
We see that in both cases the correlation function at zero

separation reaches a value close to 2. This shows clearly
that, despite strong amplifie emission in the endfir modes,
the atoms undergoing a superradiant process have statistics
comparable to that of a thermal sample. As emphasized in the
introductory section, these large fluctuation can be simply
understood by modeling the superradiant emission as a four-
wave mixing process; they arise from the fact that the emission
is triggered by spontaneous emission. For the superradiant
peaks, the correlation actually is slightly larger than 2. Similar
behavior has appeared in some models [20,38], but these
models may not be directly applicable to our situation.
Figure4also shows that the correlation widths of the

superradiant modes are somewhat broader than those of the
atoms scattered in other modes. The effect is a factor of about
1.5 in the vertical direction and about 1.25 in the horizontal
direction [35]. The broadening indicates that the effective
source size for superradiance is slightly smaller than that for
spontaneous scattering. A decreased vertical source size for
superradiance is consistent with the observations in Refs. [39]
and [40], which showed that the superradiant emission is
concentrated near the ends of the sample. In the horizontal
direction, one also expects a slightly reduced source size
relative to the atom cloud since the gain is higher in the center,
where the density is higher. The fact that the correlation widths
are close to the widths of the momentum distribution [35]
indicates that the superradiant peaks are almost single mode as
expected for samples with a Fresnel number close to unity [2].
The spontaneous superradiant scattering process should

be contrasted with stimulated Raman scattering. In terms of
the model described by Hamiltonian (1), stimulated Raman
scattering corresponds to seeding one of the photon modes
with a coherent state. In this case, vacuum fluctuation do
not initiate the scattering process, and the resulting mode
occupation is not thermal but coherent. To study stimulated
scattering, we applied the excitation beam together with
another beam polarized parallel to the magnetic fiel and
detuned by the Zeeman shift (25 MHz) with respect to the
σ-polarized beam, inducing a stimulated Raman transition.
The laser intensities were adjusted to transfer a similar number
of atoms to them=0 state as in the superradiance experiment.
The normalized correlation functions in this situation, shown
in Fig.4, are very nearly fla and equal to unity as we expect
for a BEC [36,41,42]. The complementary experiment, seeding

theatomicmode with a coherent state has also been observed
to produce a coherent amplifie matter wave [43,44]. As a
side remark, we have also observed that the superradiant atom
peaks are 2.8 times narrower in the vertical direction than the
vertical width of the transferred condensate [35]. We attribute
this to a longitudinal gain narrowing effect [27].
We also investigated the influenc of several other ex-

perimental parameters on the second-order coherence of the
superradiant emission: We have excited the atomic sample with
a longer and stronger pulse (10μs, 3.2 W/cm2), so that the
initial condensate was entirely depleted. We have explored the
Rayleigh scattering regime, in which the atoms scatter back to
their initial internal state. We also changed the longitudinal
confinemen frequency of the BEC to 7 Hz, leading to a
much higher aspect ratio. These different configuration led
to two-particle correlation functions which were very similar
to the one discussed above. We believe that similar fluctuation
will occur in superradiance from a thermal cloud provided that
the gain in the medium is large enough. We were unable to
confir this experimentally in our system, precisely because
of the vastly reduced optical density. However, noncoherent
intensity fluctuation have been observed using magneto-
optically trapped atoms [24]. This seems to confir our
interpretation that the large fluctuation of the superradiant
mode occupation is an intrinsic property of superradiant
emission, reflectin the seeding by spontaneous emission. The
only way to suppress these fluctuation would be to restrict the
number of scattering modes to one by means of a cavity and
to saturate the gain by completely depleting the atomic cloud.
The occupation of the superradiant mode would then simply
reflec that of the initial atomic sample.
An interesting extension of the techniques used here

is to examine superradiant Rayleigh scattering of a light
pulse short enough and strong enough to populate oppositely
directed modes [45]. It has been predicted [13,14,46] that
the modes propagating in opposite directions are entangled,
similar to those produced in atomic four-wave mixing [47–49].
A similar measurement technique should be able to reveal
them.
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Quantummechanicsisaverysuccessfulandstillintriguingtheory,introducing

two majorcounter-intuitiveconcepts.Wave-particleduality meansthatobjects

normallydescribedasparticles,suchaselectrons,canalsobehaveaswaves,while

entitiesprimarilydescribedaswaves,suchaslight,canalsobehaveasparticles.

Thisrevolutionaryideaneverthelessreliesonnotionsborrowedfromclassicalphys-

ics,eitherwavesorparticlesevolvinginourordinaryspace-time.Bycontrast,en-

tanglementleadstointerferencesbetweentheamplitudesof multi-particlestates,

whichhappeninanabstract mathematicalspaceandhavenoclassicalcounter-

part.Thisfundamentalfeaturehasbeenstrikinglydemonstratedbytheviolation

of Bell’sinequalities1–4. Thereis,however,aconceptuallysimplersituationin

whichtheinterferencebetweentwo-particleamplitudesentailsabehaviourim-

possibletodescribebyanyclassical model.Itwasrealisedinthe Hong,Ouand

Mandel(HOM)experiment5,inwhichtwophotonsarrivingsimultaneouslyinthe

inputchannelsofabeam-splitteralwaysemergetogetherinoneoftheoutput

channels.Inthisletter,wereportontherealisation,withatoms,ofa HOMex-

perimentcloselyfollowingtheoriginalprotocol.Thisopenstheprospectoftesting

Bell’sinequalitiesinvolving mechanicalobservablesof massiveparticles,suchas

momentum,using methodsinspiredbyquantumoptics6,7,withaneyeontheor-

iesofthequantum-to-classicaltransition8–11. Ourworkalsodemonstratesanew

waytoproduceandbenchmarktwin-atompairs12,13that maybeofinterestfor

quantuminformationprocessing14andquantumsimulation15.

1

ar
Xi
v:
15
0
1.
03
0
6
5
v
2  
[
q
ua
nt
-
p
h]
  
1
5 
Ja
n 
20
15



Apairofentangledparticlesisdescribedbyastatevectorthatcannotbefactoredasa

productoftwostatevectorsassociatedwitheachparticle. Althoughentanglementdoesnot

requirethatthetwoparticlesbeidentical2,itarisesnaturallyinsystemsofindistinguishable

particlesduetothesymmetrisationofthestate. AremarkableillustrationistheHOMex-

periment,inwhichtwophotonsenterinthetwoinputchannelsofabeam-splitterandone

measuresthecorrelationbetweenthesignalsproducedbyphotoncountersplacedatthetwo

outputchannels.Ajointdetectionatthesedetectorsarisesfromtwopossibleprocesses:either

bothphotonsaretransmittedbythebeam-splitterorbotharereflected(Fig.1c).Ifthetwo

photonsareindistinguishable,bothprocessesleadtothesamefinalquantumstateandthe

probabilityofjointdetectionresultsfromtheadditionoftheiramplitudes. Becauseofele-

mentarypropertiesofthebeam-splitter,theseamplitudeshavesamemodulusbutopposite

signs,thustheirsumvanishesandsoalsotheprobabilityofjointdetection(Refs.[16,17]and

Methods).Infact,tobefullyindistinguishable,notonlymustthephotonshavethesame

energyandpolarisation,buttheirfinalspatio-temporalmodesmustbeidentical.IntheHOM

experiment,itmeansthatthetwophotonsenterthebeam-splitterinmodesthataretheexact

imagesofeachother.Asaresult,whenmeasuredasafunctionofthedelaybetweenthearrival

timesofthephotonsonthebeam-splitter,thecorrelationexhibitsthecelebrated‘HOMdip’,

ideallygoingtozeroatnulldelay.

Inthisletter,wedescribeanexperimentequivalentinallimportantrespectstotheHOM

experiment,butperformedwithbosonicatomsinsteadofphotons. Weproducefreelypropagat-

ingtwinbeamsofmetastableHelium4atoms18,whichwethenreflectandoverlaponabeam-

splitterusingBraggscatteringonanopticallattice(Ref.[19]andFig.1).Thephotoncounters

afterthebeam-splitterarereplacedbyatime-resolved,multi-pixelatom-countingdetector20,

whichenablesthemeasurementofintensitycorrelationsbetweentheatombeamsinwelldefined

spatialandspectralregions. Thetemporaloverlapbetweentheatomscanbecontinuously

tunedbychangingthemomentwhentheatomicbeam-splitterisapplied. Weobservethe

HOMdipwhentheatomssimultaneouslypassthroughthebeam-splitter.Suchacorrelation

hasnoexplanationintermsofclassicalparticles.Inaddition,aquantitativeanalysisofthevis-

ibilityofthedipalsorulesoutanyinterpretationintermsofsingle-particlematterwaves.Our

observationmustinsteadresultfromaquantuminterferencebetweenmulti-particleamplitudes.

2



OurexperimentstartsbyproducingaBose–Einsteincondensate(BEC)ofmetastableHe-

lium4atomsinthe23S1,m=1internalstate.TheBECcontains5to6×10
4atomsandis

confinedinanellipticalopticaltrapwithitslongaxisalongthevertical(z)direction(Fig.1a).

Theatomiccloudhasradiiof58and5µmalongthelongitudinalandtransverse(⊥)directions,

respectively.Amovingopticallattice,superimposedontheBECfor300µs,inducesthescat-

teringofatompairs(hereafterreferredtoastwinatoms)inthelongitudinaldirectionthrough

aprocessanalogoustospontaneousfourwavemixing(Refs.[18,21,22]andMethods). One

beam,labelleda,hasafree-spacevelocityvz 12.1cms−1inthelaboratoryframeofreference

andtheotherbeam,labelledb,hasavelocityvz 7.0cms−1(Fig.1b,c). Thetwinatom

beamsclearlyappearinthevelocitydistributionoftheatoms,whichisdisplayedinFig.2.

Thevisibledifferenceinpopulationbetweenthebeamsprobablyresultsfromsecondaryscat-

teringprocessesintheopticallattice,leadingtothedecayovertimeofthequasi-momentum

states18. Aftertheopticallatticehasbeenswitchedoff(timet1),thetwinatomspropagate

intheopticaltrapfor200µs. Atthismoment,thetrapitselfisswitchedoffandtheatoms

aretransferredtothemagneticallyinsensitivem=0internalstatebyatwo-photonRaman

transition(Methods).

Fromhereon,theatomsevolveundertheinfluenceofgravityandcontinuetomoveapart

(Fig.1b).Attimet2=t1+500µs,wedeflectthebeamsusingBraggdiffractiononasecond

opticallattice,soastomakethemconverge.Inthecentre-of-massframeofreference,this

deflectionreducestoasimplespecularreflection(Fig.1candMethods).Attimet3 2t2−t1,

weapplythesamediffractionlatticeforhalftheamountoftimeinordertorealiseabeam-

splittingoperationonthecrossingatombeams. Changingthetimet3allowsustotunethe

degreeoftemporaloverlapbetweenthetwinatoms. Fig.1cshowstheatomictrajectories

inthecentre-of-massframeofreferenceandrevealsthecloseanalogywithaphotonicHOM

experiment. Theatomsendtheirfallonamicro-channelplatedetectorlocated45cmbelow

thepositionoftheinitialBECandwerecordthetimeandtransversepositionofeachatomic

impactwithadetectionefficiencyη∼25%(Methods).Thetimeofflighttothedetectoris

approximately300ms,longenoughthattherecordedsignalyieldsthethreecomponentsofthe

atomicvelocity.Bycollectingdatafromseveralhundredrepetitionsoftheexperimentunder

thesameconditions,weareabletoreconstructalldesiredatomnumbercorrelationswithin
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variableintegrationvolumesofextent∆vz×∆v
2
⊥.Thesevolumesplayasimilarroletothat

ofthespatialandspectralfiltersintheHOMexperimentandcanbeadjustedtoerasethe

informationthatcouldallowtracingbacktheoriginofadetectedparticletooneoftheinput

channels.

TheHOMdipshouldappearinthecross-correlationbetweenthedetectionsignalsinthe

outputchannelsofthebeam-splitter(Ref.[16]andMethods):

G
(2)
cd=

η

∆vz∆v2⊥

2

Vc×Vd

â†vĉa
†
vd̂
avd̂avc d

(3)vcd
(3)vd. (1)

Here,âvand̂a
†
vdenotetheannihilationandcreationoperatorsofanatomwiththree-dimensional

velocityv,respectively,·standsforthequantumandstatisticalaverageandVc,ddesignate

theintegrationvolumescentredontheoutputatombeamscandd(Fig.1c). Wehavemeasured

thiscorrelationasafunctionofthedurationofpropagationτ=t3−t2betweenthemirrorand

thebeam-splitter(Fig.3)andforvariousintegrationvolumes(seesupplementarymaterial).

Weobserveamarkedreductionofthecorrelationwhen τisequaltothedurationofpropaga-

tionfromthesourcetothemirror(t3−t2 t2−t1)andforsmallenoughintegrationvolumes,

correspondingtoafulloverlapoftheatomicwave-packetsonthebeam-splitter.Fittingthe

datawithanempiricalGaussianprofileyieldsavisibility:

V=
maxτG

(2)
cd(τ)−minτG

(2)
cd(τ)

maxτG
(2)
cd(τ)

=0.65(7), (2)

wherethenumberinparenthesisstandsforthe68%confidenceinterval.Asweshrinktheinteg-

rationvolumes,weobservethatthedipvisibilityfirstincreasesandthenreachesasaturation

value,asisexpectedwhentheintegrationvolumesbecomesmallerthantheelementaryatomic

modes.ThedatadisplayedinFig.3wereobtainedfor∆vz=0.3cms
−1and∆v⊥=0.5cms

−1,

whichmaximisesthereductionofthecorrelationwhilepreservingastatisticallysignificant

numberofdetectionevents(seesupplementarymaterial).

Thedipinthecross-correlationfunctioncannotbeexplainedintermsofclassicalparticles,

forwhichwewouldhavenocorrelationatallbetweenthedetectionsintheoutputchannels.

Whentheatomsareviewedaswaveshowever,demonstratingthequantumoriginofthedip
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necessitatesadeeperanalysis. Thereasonisthattwowavescaninterfereatabeam-splitter

andgiverisetoanintensityimbalancebetweentheoutputports.If,inaddition,thecoherence

timeofthewavesisfinite,thecross-correlationcandisplayadipsimilartotheoneobservedin

ourexperiment.Butonceaveragedoverthephasedifferencebetweenthebeams,thevisibility

isboundedfromaboveandcannotexceed0.5(Refs.[23,24]andMethods).Inourexperiment,

thisphasedifferenceisrandomisedbytheshot-to-shotfluctuationsoftherelativephasebetween

thelaserbeamsusedforBraggdiffraction(Methods).Sinceourmeasuredvisibilityexceeds

thelimitforwavesbytwostandarddeviations,wecansafelyruleoutanyinterpretationofour

observationintermsofinterferencebetweentwo‘classical’matterwavesor,inotherwords,

betweentwoordinarywavefunctionsdescribingeachofthetwoparticlesseparately.

Twocontributionsmayberesponsibleforthenon-zerovalueofthecorrelationfunctionat

thecentreofthedip:thedetectedparticlesmaynotbefullyindistinguishableandthenumber

ofparticlescontainedintheintegrationvolumemayexceedunityforeachbeam(Refs.[23,25]

andMethods).Theeffectoftheatomnumberdistributioncanbequantifiedbymeasuringthe

intensitycorrelationsofthetwinatombeamsupstreamofthebeam-splitter(Fig.1c),which

boundthevisibilityofthedipthroughtherelation:

Vmax=1−
G
(2)
aa+G

(2)
bb

G
(2)
aa+G

(2)
bb+2G

(2)
ab

, (3)

whereG
(2)
aa,G

(2)
bb andG

(2)
ab aredefinedaccordingtoEq.1(Ref.[24]andMethods). Here,one

immediatelyseesthatthefiniteprobabilityofhavingmorethanoneatomintheinputchannels

willleadtofinitevaluesoftheauto-correlationsG
(2)
aa,G

(2)
bbandthereforetoareducedvisibility.

Wehaveperformedthemeasurementofthesecorrelationsfollowingthesameexperimental

procedureasbefore,exceptthatwedidnotapplythemirrorandbeam-splitter. Wefindnon-

zerovaluesG
(2)
aa=0.016(5),G

(2)
bb =0.047(9),andG

(2)
ab =0.048(7),yieldingVmax =0.60(10),

wheretheuncertaintyisthestandarddeviationofthestatisticalensemble.Becauseofthegood

agreementwiththemeasuredvalue,weconcludethattheatomnumberdistributionintheinput

channelsentirelyaccountsforthevisibilityoftheHOMdip.Forthepresentexperimentwe

estimatetheaveragenumberofincidentatomstobe0.5(1)inVaand0.8(2)inVb,corresponding

toaratiooftheprobabilityforhavingtwoatomstothatforhavingoneatomof0.25(5)and

5



0.40(10),respectively(Methods). Achievingmuchsmallervaluesispossible,forinstanceby

reducingthepairproductionrate,butatthecostofmuchlowercountingstatistics.

Althoughmulti-particleinterferencescanbeobservedwithparticlesemittedorprepared

independently13,26–29,twinparticlesourcesareattheheartofmanyprotocolsforquantum

informationprocessing14andquantumsimulation15. ThegoodvisibilityoftheHOMdipin

ourexperimentdemonstratesthatourtwinatomsourceproducesbeamswhichhavehighly

correlatedpopulationsandarewellmodematched.Thisisanimportantachievementinitself,

whichmayhavethesameimpactforquantumatomopticsasthedevelopmentoftwinphoton

sourcesusingnon-linearcrystalshadforquantumoptics(seeforinstanceRef.[30]).

6



z

x

y

4
5 
c
m

a

timep
os
iti
o
n 
z

t1 t2 t3

b

a

b

a

b

c

d

a

b

c

d

c

Figure1|Schematicoftheexperiment. a,ABose–Einsteincondensate(BEC,
whiteoval)ofmetastableHelium4atomsistrappedinanelongatedopticaltrap(red
shadedarea). Amovingopticallattice,heredepictedinblue,issuperimposedonthe
BECandtriggersthescatteringofatompairsalongthez-axis. Whenthislatticeandthe
trapareswitchedoff,theatomsfalltowardsamicro-channelplatedetectorlocated45cm
belowtheinitialpositionoftheBEC(drawingnottoscale).b,Thetimediagramshows
theevolutionofthetwinatomverticalcoordinates(blueandredlines).Betweent1and
t2,t2andt3,andaftert3,theatomsmoveunderthesoleinfluenceofgravity(drawing
nottoscale).Att2,thetwinatomvelocitiesareswappedusingBraggdiffractiononan
opticallattice.Attimet3,whentheatomictrajectoriescrossagain,thesamelatticeis
appliedforhalftheamountoftimeinordertorealiseabeam-splitter.c,Inthecentre-
of-massframeofreference,thetrajectoriesoftheatomsresemblethoseofthephotons
intheHong–Ou–Mandelexperiment. Ajointdetectionariseseitherwhenbothatoms
aretransmittedthroughthebeam-slitter(upperpanel)orwhenbotharereflected(lower
panel).Ifthetwoparticlesareindistinguishable,theseprocessesendinthesamefinal
quantumstateandtheprobabilityofjointdetectionresultsfromtheadditionoftheir
amplitudes. Forbosonstheseamplitudeshavesamemodulusbutoppositesigns,thus
theirsumvanishesandsoalsotheprobabilityofjointdetection.
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Figure2|Velocitydistributionofthetwinatoms.a,Two-dimensionalvelocity
distributionofthetwinatombeamsemittedbythesource.Theredshadedarea,drawn
hereonlyforthelowerbeam,labelledbinFig.1bandc,showstheintegrationvolumeused
forcomputingthecorrelationfunctiondisplayedinFig.3.Thedistributioncorrespondsto
anaverageoverabout1,100measurementsandisnotcorrectedforthelimiteddetection
efficiency. Thevelocitiesaregivenrelativetothelaboratoryframeofreference. The
sizeofeachpixelis0.25cms−1inthetransversedirections(xandy)and0.15cms−1in
thelongitudinal(z)directionandanintegrationover2pixelsisperformedalongthey
direction.b,c,Cutsofthetwo-dimensionalvelocitydistributionthroughthecentreof
thelowerbeamalongthelongitudinal(b)andtransverse(c)directions.Thedatapoints
resultfromtheaverageover2pixelsalongthedirectionperpendiculartothecut.The
fullwidthathalf-maximumofthedistribution,obtainedfromaGaussianfit,isabout
1.4cms−1alongboththelongitudinalandtransversedirections. Theredshadedarea
againshowstheintegrationvolume.
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Figure3|HOMdipinthecross-correlationfunction.ThecorrelationG
(2)
cdbetween

theoutputportsofthebeam-splitter,definedinEq.1,wasmeasuredasafunctionof
thedurationofpropagationτ=t3−t2betweenthemirrorandthebeamsplitter.The
HOMdipisdirectlyvisibleasamarkedreductionofthecorrelationwhenτequalsthe
durationofpropagationt2−t1 500µsbetweenthesourceandthemirror,corresponding
tosymmetricpathsbetweenthesourceandthebeam-splitter,i.e. whenonecannot
distinguishbetweenthetwodiagramsofFig.1c. AGaussianfit(blueline)precisely
locatesthedipatτ=550(50)µs,withafull-widthathalf-maximumof150(40)µs,where
theuncertaintycorrespondstothe68%confidenceinterval. Themeasuredvisibility
isV=0.65(7).Itistwostandarddeviationsbeyondtheclassical-to-quantumthreshold
representedbytheredshadedarea,whichtakesintoaccounttheexperimentaluncertainty
overthebackgroundcorrelationvalue. Eachdatapointwasobtainedfromanaverage
overabout500to1,400repetitionsoftheexperiment. Errorbarsdenotethestandard
deviationofthestatisticalensemble.Themeandetectedatomnumberwasconstantover
therangeofvaluesofτdisplayedhere(seesupplementarymaterial).
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Methods

Twinatomsource

ThetwinatombeamsresultfromascatteringprocessbetweenpairsofatomsfromtheBEC

occurringwhenthegasisplacedinamovingone-dimensionalopticallattice.Theexperimental

set-uphasbeendescribedinRef.[18].Thelatticeisformedbytwolaserbeamsderivedfrom

thesamesourceemittingatthewavelengthλ=1,064nm.Incontrasttoourpreviouswork,

theaxisoftheopticallatticewasnowpreciselyalignedwiththelongaxisoftheopticaltrap

confiningtheatoms. Thelaserbeamsintersectwithanangleofθ=166◦,theirfrequency

differenceissetto100.5kHzandthelatticedepthto0.4Erec.Thisconstrainsthelongitudinal

wave-vectorofthetwinatomstothevalueskz,a=0.75krecandkz,b=1.30krecinorderto

fulfiltheconservationofquasi-momentumandenergyintheframeco-propagatingwiththe

lattice.Here,krec=2πsin(θ/2)/λistherecoilwave-vectoralongthelongitudinalaxisgained

uponabsorptionofaphotonfromalatticelaserandErec=
2k2rec/2mistheassociatedkinetic

energy,with thereducedPlanckconstantandm=6.64×10−27kgthemassofanHelium4

atom.Theobservedvelocitiesofthetwinatombeamscoincidewiththeexpectedvaluesabove,

usingtherelationv= k/m. Theopticallatticeisturnedonandoffadiabaticallysoasto

avoiddiffractionoftheatomsduringthisphaseoftheexperiment.

Transfertothe magneticallyinsensitiveinternalstate

Transfertothem =0stateaftertheopticaltraphasbeenswitchedoffismadenecessary

bythepresenceofstraymagneticfieldsinthevacuumchamberthatotherwisewouldlead

toaseveredeformationoftheatomicdistributionduringthelongfreefall. Thetransferis

achievedbyintroducingatwo-photoncouplingbetweenthem=1state,inwhichtheatoms

areinitially,andthem=0stateusingtwolaserbeamsderivedfromasinglesourceemittingat

1,083nmanddetunedby600MHzfromthe23S1to2
3P0transition.Thefrequencydifference

ofthelaserbeamsischirpedacrossthetwo-photonresonancesoastorealiseanadiabaticfast

passagetransition(thefrequencychangeis300kHzin300µs). Wehavemeasuredthefraction

oftransferredatomstobe94%.Theremaining6%stayinthem=1stateandarepushed
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awayfromtheintegrationvolumesbythestraymagneticfieldgradients.

Atomic mirrorandbeam-splitter

Themirrorandbeam-splitterarebothimplementedusingBraggscatteringonasecondoptical

lattice.Thiseffectcanbeseenasamomentumexchangebetweentheatomsandthelaserbeams

formingthelattice,aphotonbeingcoherentlyabsorbedfromonebeamandemittedintothe

other.Inourexperiment,thelaserbeamsformingthelatticehaveawaistof1mmandare

detunedby600MHzfromthe23S1to2
3P0transition(theyarederivedfromthesamesourceas

thebeamsusedfortheRamantransfer).InordertofulfiltheBraggresonanceconditionforthe

atombeams,thelaserbeamsaremadetointersectatanangleof32◦andthefrequencyofone

ofthebeamsisshiftedby53.4kHz.Inadditiontothisfixedfrequencydifference,afrequency

chirpisperformedtocompensatefortheaccelerationoftheatomsduringtheirfreefall.The

interactiontimebetweentheatomsandtheopticallatticewas100µsforthemirroroperation

(π-pulse)and50µsforthebeam-splitteroperation(π/2-pulse). Theresonanceconditionfor

themomentumstatetransferissatisfiedbyallatomsinthetwinbeamsbutonlypairsof

stateswithawelldefinedmomentumdifferencearecoupledwitheachother. Wemeasuredthe

reflectivityofthemirrorandthetransmittanceofthebeam-splittertobe0.95(2)and0.49(2),

respectively.Spontaneousscatteringofphotonsbytheatomswasnegligible.

Detectionefficiency

Ourexperimentreliesontheabilitytodetecttheatomsindividually.Thedetectionefficiency

isanessentialparameterforachievinggoodsignaltonoiseratios,althoughitdoesnotdirectly

influencethevisibilityoftheHOMdip. Ourmostrecentestimateofthedetectionefficiency

reliesonthemeasurementofthevarianceoftheatomnumberdifferencebetweenthetwin

beams.ForthisweusethesameprocedureasdescribedinRef.[18],butwithanintegration

volumethatincludestheentirevelocitydistributionofeachbeam. Wefindanormalised

varianceof0.75(5),wellbelowthePoissonianfloor.Sinceforperfectlycorrelatedtwinbeams

themeasuredvariancewouldbe1−η,weattributethelowerlimitof25(5)%toourdetection

efficiency.Thisvalueforηisafactorofabout2largerthanthelowerboundquotedinRef.[31].
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Thedifferenceisduetothechangeofmethodemployedfortransferringtheatomsfromthe

m=1tothem=0stateaftertheopticaltraphasbeenswitchedoff. Wepreviouslyused

aradio-frequencytransferwithroughly50%efficiencywhereasthecurrentopticalRaman

transferhascloseto100%efficiency.

Distributionofthenumberofincidentatoms

Wehaveestimatedtheaveragenumberofincidentatomsineachinputchannelofthebeams-

splitter,naandnb,byanalysingthedistributionofdetectedatomsintheintegrationvolumes

VaandVb. WefittedthesedistributionsbyassuminganempiricalPoissonianlawforthe

distributionofincidentatomsandtakingintoaccounttheindependentlycalibrateddetection

efficiency.ThevaluesofnaandnbgiveninthemaintextarethemeanvaluesofthePoissonian

distributionsthatbestfitthedata.Theprobabilitiesforhavingoneortwoatomsineachof

theinputchannelsofthebeamsplitterwasobtainedfromthesameanalysis.Theuncertainty

onthesenumbersmostlystemsfromtheuncertaintyonthedetectionefficiency.

TheHOMeffect

TheHOMeffectappearsinthecorrelator â†vĉa
†
vd̂
avd̂avc ofEq.1.Thesimplestwaytocalculate

suchacorrelatoristotransformtheoperatorsandthestatevectorbackintheinputspace

beforethebeam-splitterandtousetheHeisenbergpicture.Thetransformationmatrixbetween

theoperatorŝavc(t3),̂avd(t3)andâva(t3),̂avb(t3)canbeworkedoutfromfirstprinciples.For

theBraggbeam-splitter,andusingaRabitwo-stateformalism,wefind:






âvc=
1
√
2
ieiφâva+̂avb ,

âvd=
1
√
2
âva+ie

−iφâvb ,

(4)
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whereφistherelativephasebetweenthelaserbeamsformingtheopticallattice.Intheideal

caseofaninputstatewithexactlyoneatomineachchannel,|1va,1vb,wethereforeobtain:

âvd̂avc|1va,1vb
2
=
1

4
ieiφâ2va+ie

−iφâ2vb+̂avaâvb+i
2âvb̂ava |1va,1vb

2
(5)

=
1

4
0+1+i2 |0va,0vb

2
(6)

=0. (7)

meaningthattheprobabilityofjointdetectionisstrictlyzero.Thedetailedcalculationabove

makesclearthattheperfectdestructiveinterferencebetweenthetwo-particlestateamplitudes

associatedwiththetwodiagramsofFig.1cisattheheartoftheHOMeffect.Bycontrast,input

statescontainingmorethanoneatomperchannelaretransformedintoasumoforthogonal

statesandtheinterferencecanonlybepartial.Taking|2va,2vb,forinstance,yields:

âvd̂avc|2va,2vb
2
=
1

4
ieiφâ2va+ie

−iφâ2vb+̂avaâvb+i
2âvb̂ava |2va,2vb

2
(8)

=
1

2
ieiφ|0va,2vb +ie

−iφ|2va,0vb +
√
21+i2 |1va,1vb

2
(9)

=
1

2
eiφ|0va,2vb +e

−iφ|2va,0vb
2

(10)

=1. (11)

Finally,wenotethatlossesinoneoftheincidentbeams,forinstancebeama,canbemod-

elledbyafictitiousbeam-splitterwithatransmissioncoefficientT.Intheabovecalculation,

theselosseswouldthereforeonlymanifestbyanadditionalfactor
√
Tinfrontofeveryoperator

âva,leavingunaffectedthedestructiveinterferencethatgivesrisetotheHOMeffect.

VisibilityoftheHOMdip

AslightlylessgeneralformofEq.3hasbeenderivedinRef.[24]assumingatwo-modesqueezed

stateasaninputstate.Thesamecalculationcanbeperformedforanarbitraryinputstate.

Leavingasidetheintegrationoverthevelocitydistribution,wefindthatthecross-correlation
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forindistinguishableparticlescanbeexpressedas:

G
(2)
cd indisc.

=
1

4
G(2)aa+G

(2)
bb+∆ , ∆=2η2Ree2iφâ†vaâ

†
vaâvb̂avb , (12)

whereasthatofdistinguishableparticlesreads

G
(2)
cd disc.

=
1

4
G(2)aa+G

(2)
bb+2G

(2)
ab . (13)

Here,thecorrelatorsappearingintheright-handsidearetakenattimet1,thatisimmediately

afterthetheatombeamshavebeenproduced. Theterm∆correspondstoaninterference

betweensingle-particlematterwaves.Itdependsonboththerelativephasebetweentheatom

beamsandtherelativephasebetweenthelaserbeamsusedforBraggdiffraction.Thelatter

iscountedoncefortheatomicmirrorandoncefortheatomicbeam-splitter. Twinbeams

withperfectcorrelationsintheirpopulationwouldhaveafullyrandomrelativephase.Inour

experimenthowever,thepopulationimbalancebetweentheatombeamscouldentailaresidual

phasecoherence.Instead,therelativephasebetweenthelaserbeamswasleftuncontrolledand

itsvaluewasrandomlydistributedbetweentworepetitionsoftheexperiment. Asaresult,

theterm∆mustaveragetozeroandthevisibilityoftheHOMdipbegivenbyEq.3,as

observedintheexperiment.FollowingRef.[24],wealsonotethatEq.3entailstheultimate

boundforwavesinterferingonthebeam-splitter:becausewavesmustfulfiltheCauchy–Schwarz

inequality,G
(2)
ab< G

(2)
aaG

(2)
bb,thevisibilityoftheclassicaldipcannotexceed0.5.

Theaboveresultsholdstrueforafiniteintegrationovertheatomicvelocitydistribution

iftwoconditionsaremet:(i)Itmustremainimpossibletodistinguishtheatomsentering

thebeam-splitterthroughchannelafromtheatomsenteringthroughchannelboncetheyhave

exitedthebeam-splitter;(ii)Thetransformationmatrixofthebeam-splittermustkeepthesame

formafterintegration.Inourexperiment,thesecondconditionisnaturallysatisfiedbecause

theBraggdiffractiononlycouplesatomicstateswithawelldefinedmomentumdifferenceand

wefulfilthefirstconditionbyreducingtheintegrationvolumeasmuchasitisnecessary.
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Supplementarymaterial

OptimizationoftheHong-Ou-Mandeldip

ThevisibilityoftheHong-Ou-MandeldipisplottedinFig.S1asafunctionofthelongitudinal

(a)andtransverse(b)integrationvolume.Thereddotsidentifytheintegrationvolumeused

inFig.3ofthemaintextandcorrespondtoacompromisebetweensignaltonoiseratioand

visibilityamplitude.Asweshrinktheintegrationvolumes,thedipvisibilityfirstincreasesand

thenreachesasaturationvalue,meaningthattheintegrationvolumebecomessmallerthan

theelementaryatomicmodes32–34. Reducingfurthertheintegrationvolumeonlyleadstoan

increaseofthestatisticaluncertainty.

ThevisibilityVisobtainedbyfittingthecross-correlationfunctionG
(2)
cd(τ)measuredinthe

experimentwiththeempiricalfunction:

f(τ)=G
(2)
bg 1−Vexp−(τ−τ0)

2/2σ2 ,

wherethebackgroundcorrelationG
(2)
bg,thecenterofthedipτ0andthewidthofthedipσare

allleftasfreeparameters.
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FigureS1|Visibilityasafunctionoftheintegrationvolume.a,Visibilityasa
functionofthelongitudinalintegrationinterval∆vz.Thetransverseintegrationinterval
iskeptconstantat∆v⊥ =0.48cms

−1.b,Visibilityasafunctionofthetransverse
integrationinterval∆v⊥.Thelongitudinalintegrationintervaliskeptconstantat∆vz=
0.28cms−1.Theredpointsmarkthevaluesdiscussedinthemaintext.

Stabilityoftheatomnumberintheoutputports

Themeandetectedatomnumberintheoutputportscanddisplottedasfunctionofτin

Fig.S2.Themeanatomnumberisconstantasfunctionofτwithinthestatisticaluncertainty.

Toeasilycomparetheatomnumberfluctuationstothevariationofthecross-correlationacross

theHOMdip,theproductoftheaveragedpopulationsnc·nd andthecross-correlationG
(2)
cd

aredisplayedtogetherasafunctionofτinFig.S2c.Incontrasttothecross-correlation,itis

impossibletoidentifyamarkedreductionofnc·nd aroundτ=550µs.Thisconfirmsour

interpretationofthedipasadestructivetwo-particleinterference.
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populationisconstantwhilethecrosscorrelationexhibitsadiparoundτ=550µs.
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