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Abstract

In telecommunications, rate-reliability and encoding-decoding computa-
tional complexity (floating point operations - flops), are widely considered
to be limiting and interrelated bottlenecks. For this reason, any attempt
to significantly reduce complexity may be at the expense of a substantial
degradation in error-performance. Establishing this intertwined relationship
constitutes an important research topic of substantial practical interest. This
dissertation deals with the question of establishing fundamental rate, reliabi-
lity and complexity limits in general outage-limited multiple-input multiple-
output (MIMO) communications, and its related point-to-point, multiuser,
cooperative, two-directional, and feedback-aided scenarios. Our interest in
the outage-limited (non ergodic) setting (reduced or no channel state infor-
mation at the transmitter, i.e., reduced or no CSIT), stems from the pivotal
role of non-ergodic scenarios in modern wireless communications. These in-
clude scenarios of delay-limited data transmission in the absence of CSIT, or
more importantly scenarios that consider quick and high rate communication
of CSIT in the absence of channel reciprocity (over the feedback link), as well
as transmission of CSIT in a multiuser setting, by each of the receivers back
to their transmitters, in the presence or absence of channel reciprocity. The
crucial role of such scenarios brings to the fore the need for maximal reliabi-
lity, in the presence of the inevitable computational constraints. Finally we
explore a large subset of the family of linear lattice encoding methods, and
we consider the two main families of decoders; maximum likelihood (ML)
based and lattice-based decoding. Algorithmic analysis focuses on the effi-
cient bounded-search implementations of these decoders, including a large
family of sphere decoders.

Specifically, the presented work provides high signal-to-noise (SNR) ana-
lysis of the minimum computational reserves (flops or chip size) that allow
for a) a certain performance with respect to the diversity-multiplexing gain
tradeoff (DMT) and for b) a vanishing gap to the uninterrupted (optimal)
ML decoder or a vanishing gap to the exact implementation of (regularized)
lattice decoding. The vanishing gap condition guarantees that the decoder’s
error curve is arbitrarily close, given a sufficiently high SNR, to the opti-
mal error curve of exact solutions, which is a much stronger condition than
DMT optimality which only guarantees an error gap that is subpolynomial
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iv Abstract

in SNR, and can thus be unbounded and generally unacceptable for practi-
cal implementations. In some cases, the presented performance-complexity
guarantees hold for a very broad setting of channel statistics, MIMO settings
and lattice implementations.

Applying the methods of the derived complexity exponent and of the
DMT, the work establishes the rate-reliability-complexity tradeoff of both
ML-based sphere decoding as well as regularized (i.e., MMSE-preprocessed)
lattice decoding. Specifically the work derives the complexity exponent for a
given achievable DMT, as well as the achievable DMT for a given constraint
on the computational resources. The derived complexity exponent describes
the asymptotic rate of exponential increase of complexity, exponential in the
number of codeword bits. This complexity exponent, albeit much reduced
compared to that of an exhaustive ML decoder, still reveals a very consi-
derable complexity. The same exponent reveals how this complexity can be
modulated down to the complexity of linear receivers, at the expense of a
specific amount of DMT loss. Interestingly we will see that sacrificing perfor-
mance does not always pay back in terms of complexity reductions. Another
conclusion is that, for a relatively broad setting of practical interest, the fa-
milies of ML-based and regularized lattice sphere decoding behave identically
(in terms of error and complexity exponents). Furthermore the work rein-
forces the role of halting policies that allow for complexity savings by being
selective as to when to decode and when to suspend operations. Interestin-
gly enough, such policies allow for a complexity that is not monotonically
increasing in the rate.

The above described exponential complexity tends to render such trans-
ceiver algorithms inapplicable to several MIMO scenarios. This served as
motivation to explore other decoders, and to provide the first ever lattice de-
coding solution and halting policy, that jointly achieve a vanishing gap to the
exact implementation of regularized lattice decoding with a complexity that
is subexponential in the number of codeword bits as well as in the rate. This
work was able to, for the first time, rigorously demonstrate and quantify the
pivotal role of lattice reduction as a special complexity reducing ingredient in
MIMO systems. We here note that while lattice reduction has indeed allowed
here for near-optimal behavior at very manageable complexity (with respect
to lattice decoding), it is the case that there exist scenarios for which these
same lattice reduction methods cannot be readily applied. Such problematic
cases include the ubiquitous scenario where outer binary codes are employed.
It is for this exact reason that analysis of non LR-aided schemes remains of
strong interest.

The work then addresses the fundamental question of establishing the
rate-reliability-complexity ramifications of feedback. This setting is very im-
portant because it can offer near ergodic behavior (high diversity), even at
high multiplexing gains. We focus on two fundamental questions. The first
question asks what is the complexity savings that feedback provides for a gi-
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ven fixed rate-reliability performance, and the second question asks what is
the complexity costs of achieving the full rate-reliability benefits of feedback.
The analysis and the constructed feedback schemes tell us how to properly
utilize a finite number of feedback bits to alleviate the adverse effects of com-
putational constraints, as those seen in the derived rate-reliability-complexity
tradeoffs of the previous chapters. Emphasis is placed on MIMO-ARQ feed-
back schemes, although we do also consider feedback with antenna selection.

Finally we present preliminary work on extending the rate-reliability-
complexity analysis to simple instances of the multiple access, relay, and
bidirectional channels, where again we identify the computational reserves
that guarantee a DMT optimality, as well as address user/relay selection
criteria and communication protocols that provide improved joint reliability-
complexity performance in the presence of computational constraints.

The above methodology can be applied to quantify the rate-reliability-
complexity performance of novel or existing coding schemes, decoders, as
well as cooperative and multiuser protocols. Despite the serious efforts to
resolve each problem in their most general form, the current work leaves out
ample space for exponential reductions in complexity, and improvements in
the joint performance-complexity measure, both on the side of decoders, as
well as for encoders, protocols or feedback schemes.
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Résumé

Dans les télécommunications, le débit-fiabilité et la complexité de I'en-
codage et du décodage (opération a virgule flottante-flops) sont largement
reconnus comme représentant des facteurs limitant interdépendants. Pour
cette raison, tout tentative de réduire la complexité peut venir au prix d’une
dégradation substantielle du taux d’erreurs. Cette thése traite de I’établisse-
ment d’'un compromis limite fondamental entre la fiabilité et la complexité
dans des systémes de communications outage-limités a entrées et sorties mul-
tiples (MIMO), et ses scénarios point-a-point, utilisateurs multiple, bidirec-
tionnels, et aidés de feedback. Nous explorons un large sous-ensemble de la
famille des méthodes d’encodage linéaire Lattice, et nous considérons deux
familles principales de décodeurs : les décodeurs a maximum de vraisem-
blance (ML) et les décodeurs Lattice. L’analyse algorithmique est concentrée
sur I'implémentation de ces décodeurs ayant comme limitation une recherche
bornée, ce qui inclue une large famille de sphére-décodeurs.

En particulier, le travail présenté fournit une analyse a haut rapport
Signal-a-Bruit (SNR) de la complexité minimum (flops ou taille de puce
électronique) qui permet d’atteindre a) une certaine performance vis-a-vis
du compromis diversité-gain de multiplexage et b) une différence tendant
vers zéro avec le non-interrompu (optimale) ML décodeur, ou une différence
tendant vers zéro comparé a 'implémentation exacte du décodeur (régula-
risé) Lattice. L’exposant de complexité obtenu décrit la vitesse asymptotique
d’accroissement de la complexité, qui est exponentielle en terme du nombre
de bits encodés. L’exposant de complexité, quoique beaucoup plus réduit
que le décodeur optimal exhaustif comporte toujours une complexité consi-
dérable.

La complexité exponentielle décrite ci-dessus tend a rendre tout algo-
rithme d’émission-réception inapplicable au cas de plusieurs sources MIMO.
Ceci fournit la motivation pour explorer d’autres décodeurs et pour appor-
ter la premiére solution de décodage Lattice avec des consignes d’arrét, qui
atteint une différence tendant vers zéro comparée a I'implémentation exacte
du décodeur Lattice régularisé avec une complexité qui est sous-exponentiel
vis-a-vis du nombre de bits encodés ainsi que vis-a-vis du débit. Ce travail
a permis de démontrer rigoureusement pour la premiére fois et de quanti-
fier le réle crucial de la réduction Lattice en tant que méthode réduisant la
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viii Résumé

complexité dans les systémes MIMO.

Ce travail adresse ensuite la question fondamentale de 'impact du feed-
back sur la relation débit-fiabilité-complexité. Ce scenario est trés important
car il offre un comportement presque ergodique (forte diversité¢), méme a
haut degré de multiplexage. Nous nous concentrons sur deux questions fon-
damentales. La premiére question consiste & se demander quelle est la réduc-
tion de complexité que le feedback permet pour une performance donnée en
terme de compromis débit-fiabilité, et la seconde question est de se deman-
der quel est le cout en terme de complexité pour atteindre la performance
maximale en terme de compromis débit-fiabilité avec du feedback. L’analyse
et les méthodes de feedback développées nous montrent comment utiliser ef-
ficacement un nombre fini de bits de feedback pour réduire les effets négatifs
dus aux contraintes de complexité, comme celles vues dans le compromis
débit-fiabilité-complexité dans les chapitres précédents.

Enfin, nous présentons un travail préliminaire sur I’extension de ’analyse
du compromis débit-fiabilité-complexité a des cas simples d’accés multiples,
de relai, et de canaux bidirectionnels, ol nous mettons encore en évidence
quelle est la complexité minimum qui garantie un DMT optimal. Nous identi-
fions aussi des critéres de sélection des utilisateurs/relais et des protocoles de
communication qui permettent une amélioration conjointe des performances
fiabilité-complexité en présence de contrainte de complexité.



Table of Contents

Acknowledgements . . . . ... L Lo i
Abstract . . . . . .. iii
Résumé . . . . . ..o vii
Contents . . . . . . . . . ix
List of Figures . . . . . . . . . ... xiii
Acronyms . . . . ... xvii
Notations . . . . . . . .. L Xix
1 Introduction 1
1.1  Multiple Antenna Systems : Error Performance and Complexity 1
1.2 Complexity characterization in outage-limited MIMO . . . . . 2
1.2.1  Complexity Exponent . . . . . ... ... ... .... 3

1.2.2 On the suitability and applicability of the complexity
measure and the complexity exponent . . . . .. ... 3
1.2.3 Vanishing Gap . . . . ... ... ... ... ... .. 4
1.3 Dissertation Outline and main Contributions . . . . .. . .. 6
2 Channel Model, Encoders and Decoders 19
2.1 Channel model . . . . . .. ... ... 21
2.1.1 Quasi-static MIMO . . . . . ... ... ... ... ... 22
2.1.2  MIMO-orthogonal frequency division multiplexing . . 22
2.1.3 MIMO-automatic repeat request (MIMO-ARQ) . .. 23
2.2 Encoding . . . .. ... 23
2.3 Decoding . . . . . ... 24
2.3.1 Sphere decoder (SD) . . . . ... ... L. 25
2.3.2  Sphere Decoding Algorithm . . . . . ... ... .. .. 25
Appendix 2A : Inter-symbol-interference (ISI) channel model . . . 28
3 Complexity of Maximum Likelihood Decoding 31
3.1 Introduction . . . . . . .. ... oo 31
3.2 Complexity analysis ML-based sphere decoding . . . . . . .. 33
3.2.1 Complexity for vanishing gap to ML performance . . . 34
3.2.2  Complexity for fixed decoding order . . . . . ... .. 35
3.2.3  Quasi-static MIMO with fixed decoding order . . . . . 43

1X



Table of Contents

3.2.4  Complexity for dynamically changing decoding order . 47

3.3 Reliability-Complexity Measure . . . . . . .. ... ... ... 48
3.4 Rate-Reliability-Complexity Tradeoff . . . . . . . . ... ... 49

3.4.1 Quasi-static MIMO channels . . . ... ... .. ... 51
Appendix 3A : Proof of Theorem 4 . . . . . . . .. ... ... ... 55
Appendix 3B : Proof of Corollary 5b . . . . . . .. ... ... ... 56
Appendix 3C : Proof of Proposition 2 . . . . ... ... ... ... 57
Appendix 3D : Proof of Theorem 6 . . . . . . ... ... ... ... 58
Appendix 3E : Proof of Theorem 7 . . . . . .. .. ... ... ... 64
Complexity of Lattice Decoding 67
4.1 Introduction . . . . . . .. ... 67

4.1.1 'Transition to lattice decoding for reducing complexity 68
4.2 Regularized Lattice Sphere Decoding . . . . . .. ... ... 70

4.2.1 Lattice sphere decoding . . . . . .. ... ... .... 70

4.2.2  Complexity of regularized lattice decoding . . . . . . . 73
4.3 LR-~aided Regularized Lattice Sphere Decoding . . . . . . .. 75

4.3.1 Complexity of LR-aided regularized lattice decoding . 77
4.3.2 Gap to the exact solution of regularized lattice decoding 80

Appendix 4A : Proof of Theorem 10 . . . . . . .. ... ... ... 82

Appendix 4B : Proof of Corollary 10d . . . . . . . ... ... ... 90

Appendix 4C : Proof of Lemma 2 . . . . . . .. ... ... ... 91

Appendix 4D : Proof of Lemma 3 . . . . . . . ... ... ... ... 94

Feedback aided Complexity 97

5.1 Introduction and MIMO-ARQ signaling . . . ... ... ... 97
5.1.1 Reliability and complexity implications of feedback :

from DMT to the improved DMD . . . . . ... .. .. 98

5.1.2 MIMO-ARQ signaling . . . .. ... ... ....... 99

5.2  Complexity reduction using ARQ feedback . . . . . . .. ... 100

5.2.1 Feedback reduction for asymmetric channels : ng < np 103
5.3 Complexity for harvesting the full rate-reliability benefits of

feedback . . . . . ..o 105
5.3.1 Complexity costs for DMD optimality : the case of
L>np ..o 110
5.4 Complexity reduction using antenna selection . . . . . . . .. 111
5.5 Proof of Theorem 13 . . . . . . .. .. ... ... ... ..., 114
5.6 Proof of Theorem 14 . . . . . . . . . . . ... ... ...... 117
5.7 Proof of Theorem 15 and Corollary 15a . . . . . . . .. ... 119
5.8 Proof of Proposition 7 . . . . . . . ... 123
5.9 Proof of Proposition 8 . . . . . .. ... L. 125
Appendix 5A : Proof of Lemma 4 . . . . . .. ... ... ... 126

Appendix 5B : Proof of Lemma 5 . . . . . .. ... ... ... ... 129



Table of Contents xi

6 Complexity Analysis for Multi-node Networks 133
6.1 Multiple Access Channel . . . . . . .. ... ... ... ..., 133
6.2 Relay channels with orthogonal amplify-and-forward protocol

(OAF) . . . 136
6.3 Two-way relay channel (TRC) . . . .. ... ... ... ... .. 139
6.3.1 Diversity-Multiplexing Tradeoff . . . . . . . . ... .. 140
6.3.2 Complexity Analysis . . . . . . ... ... ... . ... 142
6.3.3 Reliability-Complexity Measure for HBC and TDBC
Protocols . . . . . .. ... 144
Appendix 6A : Proof of Theorem 16 . . . . . . .. ... ... ... 145
Appendix 6B : Proof of Proposition 10 . . . . . . . .. .. ... .. 148
Appendix 6C : Proof of Lemma 6 . . . . . . . ... ... ... ... 149
Appendix 6D : Proof of Theorem 17 . . . . . ... ... ... ... 152
Appendix 6F : Proof of Theorem 18 . . . . . .. . ... ... ... 153

7 Conclusions and Future Work 155

8 French Summary 157
8.1 Systémes & antennes multiples : performance en terme d’erreur

de décodage et de complexité . . . . . . ... ... 157

8.2 Caractérisation de complexité en MIMO avec une outage-limitée158

8.2.1 Exponentiel de complexité . . . . . . . ... ... ... 159
8.2.2 Pertinence et applicabilité de la mesure de complexité

et 'exposant de la complexité . . . . . ... ... ... 159

8.2.3 Vanishing écart . . . . . . . ... ... ... ... 160

8.3 Contribution majeure et plan de thése . . . . . . .. ... .. 162



xii Table of Contents




List of Figures

1.1
1.2

1.3
1.4

2.1
2.2

2.3

24
2.5

3.1

3.2

3.3

3.4
3.5

3.6

3.7

3.8

3.9

4.1

Instantaneous algorithmic complexity fluctuations . . . . . . . 2
Comparison of brute force ML complexity exponent with the

universal upper bound for ML-based SD . . . . . ... .. .. 10
Rate-reliability-complexity tradeoff for 2 x 2 perfect codes. . . 11
Complexity reductions using ARQ feedback. . . . . . . . . .. 15
Outage-limited channel model - no CSIT . . . . . .. ... .. 19
Mutliuser MIMO downlink : In the absence of reciprocity each

receiver is required to transmit CSIT over feedback link. . . . 20
Schematic for multi-user interference channel . . . . . . . .. 20
Schematic for sphere decoder with search radius &. . . . . . . 26
Sample tree illustrating lattice points search in a Kk = 4 di-

mensional sphere. . . . . ... ... L 26

The complexity exponent ¢(r) for decoding threaded mini-
mum delay DMT optimal codes over np X ng (ng > ny) MIMO 46
The complexity exponent ¢(r) for decoding V-BLAST over

n X n iid. Rayleigh channel . . . . . . .. ... .. ... .. 47
The complexity exponent ¢(r) for decoding diagonal DMT

optimal codes over np x 1 MISO . . . .. ... .. ... ... 48
Reliability-Complexity Measure . . . . . . .. .. ... .... 49

The figure depicts the diversity gain region for which the re-
quired complexity exponent is given by ¢(r). . . . . . . .. .. 50
Achievable diversity gain for 2 ><12 Perfect code in the presence
of a complexity hardbound of p2 flops. . . . . . .. ... ... 53
Achievable diversity gain for 2 x 2 Perfect code in the presence
of a complexity hardbound that only allows for the computa-

tional resources required by 2 x 2 V-BLAST. . . ... .. .. 53
Achievable diversity gain for 3 x ? Perfect code in the presence
of a complexity hardbound of pz flops and p flops. . . . . .. 54

Sample complexity optimization problem solution for np = 2
MIMO system. . . . . . . . .. 56

2-dimensional lattice for regularized lattice decoder . . . . . . 71

xiii



xXiv List of Figures
4.2 2-dimensional lattice for LR-aided regularized lattice decoder 76
5.1 Schematic for MIMO-ARQ system . . . . ... ... ..... 98
5.2  Optimal DMT and DMD for 4 x 4 MIMO. . . . . . ... ... 98
5.3 Complexity reduction with minimum delay ARQ schemes. . . 103
5.4  Joint performance-complexity measures with minimum delay

ARQ schemes. . . . . . ... 103
5.5 Complexity reduction ng|ny i.i.d. Rayleigh channel with ARQ

feedback . . . . . ... 105
5.6 Complexity reduction for MISO channel with one bit feedback. 105
5.7 Complexity exponent for 6 x ng (nr > 6) DMD-optimal

MIMO system. L = 2 (top line), L = 3 and L = 6 (lowest line).108
5.8 Upper bound on complexity exponent for DMD optimal per-

formance . . . . . ... 108
5.9 Complexity exponent for 4 x ng MIMO system . . ... ... 109
5.10 Joint reliability-complexity measure for DMT and DMD op-

timal ARQ schemes . . . . . . ... ... ... L. 109
5.11 Achieving partial DMD with reduced computational resources.

3 x ng MIMO system. The left figure shows the complexity

exponent of the proposed scheme, interrupted for high r to

not exceed the complexity exponent of the feedback scheme. . 110
5.12 Plot corresponding to Proposition 7. . . . . . .. .. ... .. 111
5.13 Antenna selection . . . . . .. ... 112
5.14 Complexity savings : antenna selection vs ARQ . . . . . . .. 113
6.1 Symmetric multiple access channel with K-users . . . . . .. 134
6.2 Complexity bounds for K-user MAC withng =1 . . . .. .. 136
6.3 Complexity exponent for K-user MAC with ng = K. . . . . . 136
6.4 System model for relay channel . . . . . ... ... ... ... 137
6.5 System model for relay channel . . . . . ... ... ... ... 137
6.6 Complexity performance of OAF . . . . . .. ... .. ... .. 138
6.7 Relay cluster selection in the presence of run-time constraints 139
6.8 mnon-separated Two-way Relay Channel model . . . . . . . .. 140
6.9 DMT Comparison . . . . . . . .. .. ... ... 143
6.10 Reliability-Complexity Measure . . . . . . .. .. .. ... .. 144
8.1 Fluctuations de complexité algorithmique instantanées . . . . 159
8.2  Outage-limités systémes de communications - no CSIT . . . . 163
8.3 Mutliuser MIMO downlink - en ’absence de réciprocité de canal164
8.4  Schématique pour canal d’interférence multi-utilisateur . . . . 164
8.5 Comparaison de I'exposant vigueur de la complexité brute ML

avec la partie supérieure universelle a destination de ML &
basede SD . . . . . .. 168



List of Figures XV

8.6

8.7

8.8

8.9

8.10

8.11

8.12

8.13

Compromis de taux de fiabilité-complexité pour des codes 2 x 2

parfaits. . . . . .. oL 169
Réductions de complexité & 'aide du retour d’informations
ARQ. . . 173
Réduction de complexité pour ng|ny canal de Rayleigh i.i.d.
avec ARQ feedback . . . . . . ... ... L 174
Réduction de complexité pour canal de MISO avec un bit
feedback. . . . . ... 175
Complexité exposant pour 6 X ng (ngr > 6) pour atteindre

l'optimal DMD. L = 2 (top line), L = 3 and L = 6 (lowest line).176

Borne supérieure sur les exposants de la complexité pour at-
teindre 'optimal DMD. . . .. .. ... ... ... ... ... 177
Limites supérieures de complexité pour K-utilisateurs MAC
avec R =1 . . . .. 179
Complexité des OAF . . . . . . . . . ... ... .. .. ... 180



xvi List of Figures




Acronyms

Here are the main acronyms used in this dissertation. The meaning of
an acronym is usually indicated once, when it first occurs in the text. The
English acronyms are also used for the French summary.

ACK Acknowledgement

ARQ Automatic Repeat Request

BC Broadcast Channel

CSI Channel State Information

CSIR Channel State Information at Receiver
CSIT Channel State Information at Transmitter
CDA Cyclic Division Algebra

DMD Diversity-Multiplexing-Delay

DSP Digital Signal Processing

DF Decode-and-Forward

DMT Diversity-Multiplexing gain Tradeoff
FLOPS Floating Point Operations

HBC Hybrid Broadcast

i.i.d. Independent and Identically Distributed
ISI Inter-Symbol Interference

LDPC Low-Density Parity Check

LLL Lenstra-Lenstra-Lovész

LR Lattice Reduction

MAC Multiple Access Channel

ML Maximum Likelihood

MIMO Multi-Input Multi-Output
MIMO-ARQ MIMO Automatic Repeat Request
MISO Multi-Input Single-Output

ML-SD ML-based Sphere Decoder

MMSE Minimum Mean Square Error
MMSE-DFE MMSE Decision-Feedback Equalizer
NACK Negative Acknowledgement

NP Non-deterministic Polynomial-time
ns-TRC non-separated Two-way Relay Channel
OAF Orthogonal Amplify-and-Forward

Xvii



xviii

Acronyms

OFDM
SD

SIC
SIMO
SNR
SISO
ST
STBC
TDBC
TRC
ZF
V-BLAST

Orthogonal Frequency Division Multiplexing
Sphere Decoder

Successive Interference Cancelation
Single-Input Multi-Output

Signal-to-Noise Ratio

Single-Input Single-Output

Space-Time

Space-Time Block Coding/Code

Time Division Broadcast

Two-Way Relay Channel

Zero Forcing

Vertical Bell Laboratories Layered Space-Time



Notations

Throughout the dissertation, we use the bold uppercase letters, e.g., H,
to refer to matrices, while bold lowercase letters, e.g., h, to refer to column
vectors. We use = to denote exponential equality, i.e., we write f = p? to

denote lim
p—00

1 . .
M = B, < and > are defined similarly. Other notational

log p

conventions are summarized as follows :

R, C
RT

Sets of real and complex numbers, respectively

Set of positive real numbers

N dimensional Integer Lattice

The absolute value of a scalar

The nearest integer less than or equal to x

The nearest integer greater than or equal to x

Maximum of 0 and z, i.e. max{0,z}

The Euclidian () norm of a vector x

The cardinality of the set X, i.e. the number of elements in the set
X

The circularly symmetric complex Gaussian distribution with
mean 4 and variance o2

The expectation operator over the RV X

The conjugate operation on X

The complex conjugate (Hermitian) operation on X
The transpose operation on X

The trace of X

The determinant of X

The inverse of X

The Moore-Penrose pseudoinverse of X

The vector obtained by stacking the columns of X
The i-th singular value of X

m X m identity matrix

All zeros matrix of appropriate dimensions
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Chapter 1

Introduction

1.1 Multiple Antenna Systems : Error Performance
and Complexity

In wireless communications there is an ever increasing demand to support
higher data rates, better quality of service (such as error-performance, co-
verage) and a large number of users, while maintaining the transmit power
and bandwidth. This entails considering novel technologies like multiple-
input multiple-output (MIMO) communication systems that can improve
both, the data rate and the error-performance for the given transmit power
and bandwidth, but at the cost of a potentially more challenging decoding
task for the receiver. Specifically for the brute force maximum likelihood
(ML) decoder ! the decoding complexity grows exponentially in the number
of codeword bits as 287 for some coding duration 7. This number of bits
generally increase with the dimensionality.

In MIMO scenarios with large signal dimensionality, ML computatio-
nal costs can be prohibitively large. This motivates the use of suboptimal
transceiver designs, whose sub-optimality can often entirely negate the re-
liability benefits of MIMO. Most of the present day MIMO receivers employ
low computational complexity linear MIMO detection schemes (zero-forcing
(ZF), minimum mean square error (MMSE), successive interference cancel-
lation (SIC)) which have been shown to be highly suboptimal (cf. [1]). The
recent computational speed advancements have paved the way for the use of
state-of-art MIMO decoders employing non-linear MIMO detection schemes

1. The ML decoder is strictly speaking the only optimal decoder, in the sense that it
minimizes the probability of codeword error (irrespective of the code), and it is arguably
the slowest possible decoder, in the sense that it has to visit all possible codewords.
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based on more advanced bounded search algorithms, generally referred to
as sphere decoders (SD). Such decoders can provide complexity savings over
the brute force ML implementation, at the expense of a small gap to the
optimal error performance (cf. [2-7]). This variability of algorithms brings
to the fore the natural question as to what is the relationship between com-
plexity and reliability. Answering this question can be challenging, especially
since the algorithmic complexity tends to fluctuate randomly with the chan-
nel, noise and code word realizations. This randomness also brings to the
fore the potential of trading off computational complexity for error perfor-
mance by selectively choosing when to decode and when not to. Generally
though any attempt to significantly reduce complexity may be at the ex-
pense of a substantial degradation in error-performance. In the delay-limited
outage-limited MIMO settings, establishing this intertwined relationship of
the complexity and error performance constitutes an important research to-
pic of substantial practical interest.

1.2 Complexity characterization in outage-limited
MIMO

The complexity measure here is simply the amount of computational re-
serves (floating point operations - flops) that one is allowed to use during
the decoding of any given codeword. Given the aforementioned fluctuating
nature of the instantaneous algorithmic complexity (fluctuating with, for
example, the fading realization), it becomes clear that the presence of com-
putational constraints, can cause error performance degradation, as a result
of what can be perceived as a decoding outage caused whenever the run-time
constraints are violated (Fig. 1.1).

M 105 Decoding Complexity

T T
—— Required number of FLOPS
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FIGURE 1.1 — Instantaneous algorithmic complexity fluctuations
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1.2.1 Complexity Exponent

We denote the complexity constraint by Npax, where as stated, Npax
specifically describes the computational resources, in flops per T' channel
uses, that the transceiver is endowed with, in the sense that after Ny
flops, the transceiver must simply terminate, potentially prematurely and
before completion of its task. In establishing a meaningful representation
of the above, we draw from Zheng and Tse’s diversity multiplexing tradeoff
(DMT), which quantifies the relationship between rate (R) and probability of
error P, in the high SNR measure of multiplexing gain » = R/log SNR and
the diversity gain d(r) = — limgyp—00 10g Perr/ log SNR. In the same spirit
of high-SNR tail analysis (SNR will be henceforth denoted as p), we here
consider the complexity exponent, defined here as

c(r) = lim %.
p—oo  log p
We observe that ¢(r) > 0 implies a complexity that is exponential in the
rate.

1.2.2 On the suitability and applicability of the complexity
measure and the complexity exponent

A reasonable question at this point would pertain as to why the computa-
tional resources Nyax scale with p and are dependent on r, to which we note
that the complexity of decoding is generally dependent on the density and
cardinality of the codebook, which in turn depends on p and r. Furthermore
this dependence of the complexity exponent (and by extension of Nyax) on 7,
reflects a potential ability to regulate the computational resources depending
on the rate.

In further arguing that the above representation is a natural one (ra-
ther than a forced one), we also quickly note that ¢(r) captures the entire
complexity range

0<¢(r)<rT

of all reasonable transceivers, with ¢(r) = 0 corresponding to the fastest
possible transceiver (requiring a subexponential number of flops per T' chan-
nel uses), and with ¢(r) = T corresponding to the optimal but arguably
slowest, full-search uninterrupted ML decoder 2.

2. We here note that strictly speaking, a encoder-decoder may potentially introduce a
complexity exponent larger than r7". In such a case though, this encoder-decoder may be
substituted by a lookup table implementation of encoder and an unrestricted ML decoder
in the presence of a canonical code with multiplexing gain r, i.e., with the cardinality of
codebook |X,| = 2FT — p™T This encoder-decoder will jointly require resources that are a
constant multiple of |X,.| = p™ as it has to construct and visit all possible |X,| codewords,
at a computational cost of a bounded number of flops per codeword visit. It is noted that
the number of flops per visited codeword is naturally independent of p.
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In terms of the suitability of the asymptotic setting, i.e., the suitability of
the complexity exponent and the chosen scale of refinement, this is the scale
that best captures the entirety of the complexity problem. Similar to the
case of the probability of error, which varies from 1 to the values that scale
as K1 - p~7, bringing to the fore an error exponent d(r) € [0, z] (here K is a
subpolynomial function of p), in the case of complexity, we have a variation
from 1 flop to a maximum complexity that scales as K227 = Ky - p"T flops
(again Ko is essentially a constant), which naturally brings to the fore a
complexity exponent ¢(r) € [0, rT].

One can then argue that having the complexity cost share the same scale
as the probability of error, is not a forced choice but rather a natural conse-
quence of the fact that both the probability of error as well as the code
size are naturally polynomial functions of p, and (in the case of complexity)
exponential functions of R = rlogp. As a result the above error and com-
plexity exponents could be meaningfully combined to form a measure of the
overall rate-reliability-complexity capabilities of different transceivers. One
such measure could for example take the form of a joint reliability-complexity
measure I'(r) £ d(r) — yc(r), for some weighing factor v > 0. The measure
could be applied to describe, for example, the high-SNR error capabilities of
a particular encoder-decoder per unit power and per chip area. We note that
in nicely traversing the above reliability and complexity exponent tradeoffs,
what is important is to find proper encoding-decoding policies can regulate
complexity at a limited error performance loss. Such regulation could span
the two extremes of brute force MLL decoding to the highly inefficient linear
receivers. A special ingredient in traversing this tradeoff will be the halting
or requlating policies that we will employ.

1.2.3 Vanishing Gap

Finally, towards refining our above mentioned exponent analysis (DMT
and complexity exponent), we first note that DMT analysis fails to capture
potentially infinite (subpolynomial to SNR) gaps to the optimal error per-
formance. Towards this we are also interested in decoders that achieve a
vanishing gap to the brute force ML performance. This vanishing gap ap-
proach is a much stronger condition than DMT optimality which remains
insensitive to error gaps that could be unbounded.

In terms of error-performance gaps, one could consider the gap of a given
decoder D, to ML, i.e, the gap between the error performance P, of D, to
the optimal error performance P (8p/1, # s) of the brute force ML decoder,
where s denotes the transmitted symbol vector and where §,;7, denotes brute
force ML estimate of the transmitted symbol vector s. Given a certain com-
putational constraint Ny.x = p© for D,., this gap is quantified in the high
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SNR regime to be
- (1.1)
)

A wvanishing gap g(c) = 1 means that with Ny, = p¢ flops, D, can asymp-
totically have near identical error performance as the optimal ML decoder.

Similarly, when considering any other baseline decoder, such as the regu-
larized (MMSE-preprocessed) lattice sphere decoder, we would be interested
in the performance gap to the exact implementation of this lattice decoder.
As before, in the presence of Nyax = p°= flops for the lattice sphere decoder,
we would have a vanishing gap when

A 1 Py,
g(cr) :plggo m =1 (1.2)
where P;, describes the error probability of the preprocessed lattice sphere
decoder, and where P (87, # s) would describe the error probability of the
exact solution of MMSE-preprocessed lattice decoder.

One of our interests is to capture the minimum complexity that allows
for a vanishing gap to either full ML or full (regularized) lattice decoding.
We will study this and specifically expand the work of 7] to a very broad
setting.

Remark 1 (Comments on vanishing gap approach : a heuristic interpreta-
tion). The comments in this remark are not rigorous but do not affect at all
any of our analysis, but rather present heuristic insights on the utility of the
vanishing gap approach.

Consider, for a fized code and rate, the error curves (x axis is SNR, y
azis is the probability of error) corresponding to two different decoders. For
example let the first decoder be the optimal (uninterrupted) ML decoder. Let
the second decoder be an approximate implementation of the first decoder. Let
P(p) and Pyy(p) denote the actual probability of error curves, for increasing
p, respectively for the optimal and suboptimal decoders (P(p) < P,p(p) for
all p). Furthermore consider the following two assumptions.

Assumption 1 : There exists an SNR value p1 (resp. p2) after which the
error-curve slope dilpP (resp. d%Pap) 18 monotonically non-decreasing.

Assumption 2 : There exists an SNR value pg at which the error-curve
slope d%P of the first (ML) decoder attains its mazimum value in the mono-
tonic region, i.e., attains a value d%P|Po = max,>,, dipP.

Given the above two assumptions, one can see that the guarantee on the
vanishing gap implies that the two error curves coincide for any p > po, i.e.,

P(p)
Pap(ﬁ)

=1, VPZPO
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We here caution the reader that it is conceivably easy to violate the above
two conditions, for example by employing a decoding policy that alternates,
for different values of SNR, between two different decoders, or by employing
codes with specific distance distributions that may for example result in er-
ror floors. Despite this though, when the transceiver structure remains un-
changed, the two assumptions accept substantial validation by most empirical
observations, but have not been proven to be true.

Furthermore consider a third assumption, which asks that for any SNR
value in the monotonic region p > max{p1, p2}, the error-curve slope of the
exact (first) decoder, is not smaller than that of the approzimate solution,
1.e.,

iP > iP Vp > max{ }

dp = dp ap> p= P1,P25-
Then the three assumptions, together with the guarantee on the vanishing
gap, jointly imply that the error curves of the exact and approximate decoder,
match at (and after) the potentially much lower SNR value of max{p1, p2},

1.e., jointly imply that

P(p)
Pup(p)

Such values can indeed be moderate as they d