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.3*!!%0 '&*&% ,!4"#+*&,"!2 -%*+4"#+%#' .*! -% :",!&01 $%',;!%$ 4"# *00 &3%

67'8 <*!1 /"#= 3*>% -%%! $%>"&%$ &" '&($1 &3% $%',;! "4 -%*+4"#+%#8  !

;%!%#*02 )#%."$,!; $%',;! *0;"#,&3+' .*! -% .*&%;"#,?%$ ,!&" &/" $,5%#%!&

&1)%' @ 0,!%*# )#%."$,!; "# -%*+4"#+,!; *!$ !"!0,!%*# )#%."$,!;8

A"!0,!%*# )#%."$,!; *))#"*.3%' *#% -*'%$ "! &3% B,#&1 C*)%# D"$,!;

EBCDF GHIJ GKLJ *))#"*.3 /3,.3 *.3,%>%' &3% .3*!!%0 .*)*.,&18 7"+0,!'"!M

N*#*'3,+* )#%."$,!; GKHJ GKKJ ,' #%;*#$%$ *' * )#*.&,.*0 0"/M."+)0%O,&1 ,+M

)0%+%!&*&,"!' "4 &3% ")&,+*0 BCD8  & *.3,%>%' ;""$ )%#4"#+*!.% ,! &%##%'M

&#,*0 < <P 0,!=2 *5%.&%$ -1 ,!$%)%!$%!& Q*10%,;3 4*$,!; GRJ8 N"/%>%#2 ,!

)#*.&,.%2 !"!0,!%*# )#%."$,!; *))#"*.3%' *#% (!4%*',-0% &" ,+)0%+%!& -%M

.*('% &3%1 3*>% >%#1 3,;3 ."+)0%O,&18

S+"!; &3% 0,!%*# )#%."$,!; *))#"*.3%'2 T%#" U"#.,!; ETUF GKVJ *!$ <,M

!,+(+ <%*! 6W(*#%$ X##"# E+,!,+(+ +%*! 'W(*#%$ %##"#F -%*+4"#+,!;

*#% &3% +"'& /%00 =!"/!8

 ! &3% .*'% "4 -#"*$.*'& .3*!!%0' /,&3 #%.%,>%#' %W(,))%$ /,&3 * ',!;0%

*!&%!!* *!$ 4(00 D6 *& &3% &#*!'+,&&%#2 &3% $%',;! "4 *! ")&,+(+ 0,!%*#

-%*+4"#+%# '*&,'41,!; &"&*0 )"/%# ."!'&#*,!& ,' /%00 =!"/! *!$ (!$%#'&""$8

 &%#*&,>% '.3%+%' -*'%$ "! &3% $(*0 #%0*&,"! -%&/%%! &3% -#"*$.*'& .3*!!%0

*!$ &3% +(0&,)0% *..%'' .3*!!%0 4"# $%',;!,!; '(.3 -%*+4"#+%# *#% )#")"'%$

,! GKYJ GKRJ GKZJ GK[J GK\J GKIJ8

73% '*+% )#"-0%+2 /3%! &3% #%.%,>%#' *#% %W(,))%$ /,&3 +(0&,)0% *!&%!M

!*' *!$ D6 ,' *>*,0*-0% -"&3 *& &3% &#*!'+,&&%# *!$ &3% #%.%,>%#2 ,' +"#%

."+)0%O8 C"'',-0% *0;"#,&3+' 4"# 0,!%*# -%*+4"#+,!; $%',;! *#% )#")"'%$

,! GKRJ8 73%1 *#% *0'" -*'%$ "! &3% )#")%#&1 "4 $(*0,&1 8

A%>%#&3%0%''2 *' *0#%*$1 +%!&,"!%$2 ,! )#*.&,.*0 ."++(!,.*&,"! '1'&%+'2

)%#4%.& D6 ,! +*!1 .*'%' ,' !"& *>*,0*-0% *& &3% &#*!'+,&&%#8 73%#%4"#%2

-%*+4"#+,!; $%',;! /,&3 ,+)%#4%.& D6 ,' *! ,!&%#%'&,!; #%'%*#.3 &"),. ,!

)#*.&,.*0 '1'&%+'8 9%*+4"#+,!; -*'%$ "! ,+)%#4%.& D6 ,' "4&%! #%4%##%$ &"

*' #"-('& -%*+4"#+,!;8  ! &3% .*'% "4 * -#"*$.*'& .3*!!%0 /,&3 +(0&,)0%

('%#' %W(,))%$ /,&3 * ',!;0% *!&%!!* E< 6PF2 #"-('& -%*+4"#+,!; $%',;!

*,+,!; &" +,!,+,?% &3% /"#'& .*'% +%*!M'W(*#%M%##"# E<6XF ,' '&($,%$ ,!

GVLJ8  ! GVHJ GK\J2 &3% *(&3"#' ."!',$%# &3% )#"-0%+ &" +,!,+,?% &#*!'+,'',"!

)"/%# /,&3 &3% ."!'&#*,!& "4 ;(*#*!&%,!; W(*0,&1 "4 '%#>,.% E]"6F ,! < 6P

.3*!!%0 ,! &3% /"#'& .*'%8

^3%! -"&3 &#*!'+,&&%# *!$ #%.%,>%#' *#% %W(,))%$ /,&3 +(0&,)0% *!M

&%!!*' E< <PF2 #"-('& 0,!%*# -%*+4"#+%#' *;*,!'& .3*!!%0 (!.%#&*,!&1 *#%

,!>%'&,;*&%$ ,! GVKJ8 _!4"#&(!*&%012 &3% $(*0,&1 )#")%#&1 $"%' !"& 3"0$ 4"# *

-#"*$.*'& .3*!!%0 /,&3 4(00 D6 "!01 *>*,0*-0% *& &3% #%.%,>%# GVVJ *!$ &3%

.3*!!%0 .*)*.,&1 "4 &3% '1'&%+ ,' (!=!"/!8 6"+% ,!,&,*0 #%'(0&' *#% )#%'%!M
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 !" #$ %&&'( )#*#+,-+./ $0 ,+10-# 2* 30- ,$ 04 #*,+ 5!,*30-*#$1 "!6#1$ #6

,7,#+,5+! #$ +# !-, 8-! ,  2! 5!6 03  2! ,8 20-69 :$0;+!"1!(

<2! =,6!  2, >)? ,  2!  -,$6*#  !- 2,6 ,$ 8$=!- ,#$ . !--0- #6 ,+60 6 8@

"#!"( ?$ %&A'/  2! ,8 20-6 =0$6#"!- , 6=!$,-#0 ;2!-!  2! >)? ,  2!  -,$6*#  !-

2,6 ,$ 8$=!- ,#$ . !--0- 508$"!" 5. ,$ !++#460#",+ -!1#0$( <2!. 4-0406! ,

-0586 B0#$  -,$6=!#7!- 5!,*30-*!-  0 *#$#*#C!  2!  -,$6*# 40;!- ;2#+!

18,-,$ !!#$1  2! D0) #$  !-* 03 6#1$,+  0 $0#6!@#$ !-3!-!$=! -, #0 E)?FGH(

 !" #$%&'()* +,- .%/*$ 01 2(3('*$ 45%11*2 /'%'*

(16073%'(01

I! ,668*!  2, 0$+. 4,- #,+ :$0;+!"1! 03  2! =2,$$!+ #6 ,7,#+,5+! , 

 2!  -,$6*#  !- 6#"!( <2!  -,$6*#  !- 2,6 :$0;+!"1! 0$+. 03  2! "#-!= #7# .

*, -#J ,$"  2! 6 , #6 #=6 03  2! 4-04,1, #0$ *, -#J( <286/ ;! "!6#1$  2!

5!,*30-*!- 5,6!" 60+!+. 0$  2! "#-!= #7# . *, -#J D ,$"  2! 6 , #6 #=6 03

CαP 58 $0 0$  2! !J,= -!,+#C, #0$6( K0-! 64!=#L=,++./  2! 6 , #6 #=6 03  2!

*, -#J CαP ,-! 86!"  0 "! !-*#$! , "! !-*#$#6 #= =2,$$!+( <2! ,7!-,1! 6#@

1$,+  0 $0#6! ,$" #$ !-3!-!$=! -, #0 E)?FGH ,  2! 08 48 03  2! "! !-*#$#6 #=

=2,$$!+ #6 8 #+#C!" #$  2! "!6#1$ 03  2! 5!,*30-*!- *, -#J =0$6 -,#$!"  0 ,

 ,-1! )?FG6( <2! 5!,*30-*#$1 "!6#1$  ,:!6 ,+60 #$ 0 ,==08$  2! "#M!-!$ 

608-=!6 03 $0#6! #$ -0"8=!" #$ "#M!-!$ 40#$ 6 03  2! 6.6 !* E#$ !-*0"8+, #0$

$0#6! ,$"  2!-*,+ $0#6!H ,6 ,$ 8$#N8! ,""# #7! $0#6!/ !7!$ 8,++. =0+0-!"(

 !"!# $%%&'()* $

?$  2#6 ,44-0,=2/ -!3!--!" #$  2! 30++0;#$1 ,6 ,44-0,=2 O/ ;! *,:! 86! 03

 2! +#$!,- 5!,*30-*#$1 *! 20" "!6#1$!" 30- 5-0,"=,6 =2,$$!+6 ;# 2 6#$1+!

-!=!#7! ,$ !$$, ,$" 38++ >)? ,  2!  -,$6*#  !- ,$"  2! -!=!#7!-6(

 !!"#$%&'(%#) *%' ' +,(,"&%)%-(%. /0')),1

<2! "! !-*#$#6 #= =2,$$!+ #6 #++86 -, !" #$ P#18-! Q(R ,$" #6 05 ,#$!"

3-0*  2! 30++0;#$1 =0$6#"!-, #0$6 ,$" ,44-0J#*, #0$6 S

• <2! ;2# ! T,866#,$ #$ !-*0"8+, #0$ $0#6! e ∼ CN(0, σ2eI) #$ -0"8@

=!" #$  2! 6, !++# ! =,$ 5! !N8#7,+!$ +. *0"!+!" ,6 ,$ ,""# #7! $0#6!

ẽk(t) ,  2! -!=!#7!- k( O , 1#7!$  #*! #$6 ,$ t 68=2 , $0#6! #6 T,86@

6#,$ ;# 2 =07,-#,$=! *, -#J C ẽk(t) "!4!$"#$1 0$  2! -!,+#C, #0$ 03

 2! 4-04,1, #0$ *, -#J( F,*!+./ C ẽ(t) = σ2eCα,kkP kDkD
H
k PH

k CH
α,kk.

I2!$ =0$6#"!-!" 07!-  #*!/ ;! ,44-0J#*, !  2! "#6 -#58 #0$ 03  2!

!N8#7,+!$ $0#6! 5. , T,866#,$ "#6 -#58 #0$ ;# 2 =07,-#,$=! *, -#J

C ẽk
= σ2eE{Cα,kkP kDkD

H
k PH

k CH
α,kk.}

<2! !N8#7,+!$ $0#6! ,  2! -!=!#7!- #6  2!$ *0"!+!" ,6 ,$ ,""# #7!

=0+0-!" $0#6! zk ;# 2 C!-0 *!,$ ,$" =07,-#,$=! *, -#J Czk
= σ2nI +

C ẽk
.
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•  !" #$%#$&" '( )!" *+'*$,$)-'. /$)+-0 P k, )!" #'++"1$)-'. /$)+-0
Cα,kk, $.& )!" $&&-)-2" .'-%" 3-"1&% )' $ %3%)"/ /'&"1

rk = Cα,kkP kxc,k + zk 45678

9!"+" xc,k -% )!" -.*:) )' )!" #$%#$&"6  !-% /'&"1 -% ";:-2$1".)< -.

)"+/% '( =>?@ )' )!" /'&"1<

rk = Λ
−1/2
k UkCα,kkP kxc,k +wk 456A8

9!"+" wk -% $. $&&-)-2" 9!-)" B$:%%-$. .'-%" 9-)! #'2$+-$.#" /$)+-0

I $.& Λk $.& Uk $+" 'C)$-."& (+'/ )!" "-,".2$1:" &"#'/*'%-)-'. '(

Czk
, -6"6 Czk

= UH
k ΛkUk.  !" %3%)"/ /'&"1 -. 456A8 #$. C" +"9+-))".

$%

r̃k =

√
κk
2
C̃α,kkP̃ kxc,k +wk 456D8

9!"+"

κk = tr

(
E(P kCαkk

CH
αkk

PH
k )C−1

zk

2

)
, 456E8

C̃α,kk = Λ
−1/2
k UkCα,kk, $.& P̃ k = P√

κk
%:#! )!$) E{C̃α,kkP̃ kP̃

H

k C̃
H

α,kk} =
4R $.& κk +"*+"%".)% )!" =?@ '2"+ $11 $.)"..$% $.& *'1$+-F$)-'.%6

• >. )!" &"%-,. '( )!" C"$/('+/-., .")9'+G 9" $##':.) ('+ )!" +$.&'/
$))".:$)-'. -.)+'&:#"& C3 )!" #$%#$&" &"%#+-C"& -. )!" *+"2-':% -)"/

2-$ )!" #'.%)$.) ($#)'+ κk $.& 9" .",1"#) )!" "H"#)% '( )!" +$.&'/."%%
-. )!" /$)+-0 P̃ k $.& )!" "H"#)% '( )!" .'+/$1-F"& #'++"1$)-'. /$)+-0

C̃α,kk. I" $%%:/" )!$) )!" +"#"-2"+ '( = k, 9!-#! !$% G.'91"&," '(
)!" )+$.%/-%%-'. #!$.."1 C")9"". )!" %$)"11-)" $.& -)% +"#"-2" $.)"..$%<

-% $C1" )' #'/*".%$)" ('+ )!" .",1"#)"& 1'#$1 "H"#)% '( )!" ($&-.,6  !"

&")"+/-.-%)-# %3%)"/ :)-1-F"& ('+ )!" C"$/('+/-., &"%-,. -% %!'9. -.

J-,:+" 5676 >. J-,:+" 567< D̃ = KD, 9!"+" K = diag(κ⊗ (1, 1)) $.&
κ = (κ1, κ2, . . . , κK).

 !"#$%&#'() *+)%&',-#

>. )!" ('11'9-., 9" %*"#-$1-F" )!" &"%-,. '( C"$/('+/"+% -. KAEL )' )!"

('+9$+& 1-.G /'&"1

ỹ = D̃FQ1/2x+w 456M8

9!"+" ỹ -% )!" 2KN&-/".%-'.$1 2"#)'+ '( +"#"-2"& %-,.$1%< Q -% )!" 2K ×
2K &-$,'.$1 /$)+-0 '( )!" *'9"+ 1"2"1 ('+ )!" )+$.%/-) %-,.$1%< x -% )!"

)+$.%/-))"& %-,.$1 2"#)'+ %:#! )!$) E(xxH) = I, F -% )!" C"$/('+/-.,

/$)+-0 .'+/$1-F"& -. $ 9$3 )!$) diag(FHF ) = I, $.& w -% )!" $&&-)-2"

9!-)" B$:%%-$. .'-%" 9-)! :.-) 2$+-$.#"6  !" #'++"%*'.&-., &:$1 +"2"+%"

1-.G /'&"1 -%

ỹ(ul) = D̃
H
P

1/2x(ul) +w(ul)
45658
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 !"#$%  !" # $%&'() )*+(, -+*.'(+ /*0 1..0*-23 1

43(0( P 5& '3( 2K×2K +5-6*7-, )-'058 */ '3( .*4(0 ,(9(,& /*0 '3( '0-7&)5'

&567-,&: x(ul)
5& '3( '0-7&)5' &567-, 45'3 ;75' 2*9-05-72(:-7+w(ul)

5& '3( 435'(

-++5'59( <-;&&5-7 7*5&( 45'3 ;75' 9-05-72(!

=/ FH
5& -7% );,'5;&(0 +('(2'*0 /*0 '3( 0(9(0&( ,57>: 5!(!

x̂(ul) = FHy(ul), ? !@A

45'3 0*4& 7*0)-,5B(+ '* *7(: '3( &567-, '* 57'(0/(0(72( .,;& 7*5&( 0-'5* $=CDk

*/ '3( kE'3 $F 5& 659(7 G%

SINRk =
pk|(FHD̃)kk|2

1 +
∑

j 6=k pj |(FHD̃)kj |2
. ? !HA

I( +(J7( '3( 9(2'*0 a 45'3 '3( kE'3 2*).*7(7'

ak =
SINRk

(1 + SINRk)|(FHD̃)kk|2
? !KA

43(0( 9(2'*0 p = diag(P) 2-7 G( (8.0(&&(+ -&

(I − diag(a1, a2, . . . a2K)ΩT )p = a. ? !"LA

-7+ Ω 5& - &M;-0( )-'058 45'3 (k, j) 2*).*7(7'& (M;-, '*

∣∣∣(D̃F )kj

∣∣∣
2
! =' 5&

.*&&5G,( '* &3*4 '3-' - .*&5'59( &*,;'5*7 '* ?6.10A (85&'& 5/ -7+ *7,% 5/ '3(
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 !""#$%&"#'!$()* !(+!$,-.)! #/ 01! 2-0"(3 4(-+(a1, ...a2K)ΩT
(* .!** 01-$

56 789:; <(2(.-".=6 /#" 01! 4)-. >1-$$!. ?! >-$ >#$*(4!" 01! .($!-" '!-2/#"2($+

F ; @1! <ABC -0 01! k%01 "!>!(,!" >-$ '! ?"(00!$ -*

<ABCk =
qk

∣∣∣(D̃F )kk

∣∣∣
2

1 +
∑

j 6=k qj

∣∣∣(D̃F )kj

∣∣∣
2 DE;55F

-$4 ?! >-$ 4!G$! - ,-"(-'.! bk -*

bk =
<ABCk

(1 + <ABCk)
∣∣∣(D̃F )kk

∣∣∣
2 . DE;58F

@1!$6 01! ,!>0#" q = diag(Q) #/ 01! H#?!"* #/ 01! !$>#4!4 0"-$*2(00!4
($/#"2-0(#$ >-$ '! !3H"!**!4 -*

(I − 4(-+(b1, b2, ..., b2K)Ω) q = b DE;5IF

@1(* !J)-0(#$ -42(0* - H#*(0(,! *#.)0(#$ q (/ -$4 #$.= (/ 01! 2-0"(3 4(-+(b1, ...b2K)Ω
1-* 01!  !""#$%&"#'!$()* !(+!$,-.)! .#?!" 01-$ 5; <($>! 01! 2-0"(>!* 4(-+(a1, ...a2K)ΩT

-$4 4(-+(b1, ...b2K)Ω 1-,! 01! *-2! *H!>0"-. "-4()*6 (/ 01!"! !3(*0* - ,!>0#"

p ?(01 $#$$!+-0(,! >#2H#$!$0* ->1(!,($+ - 0-"+!0 <ABC ,!>0#"6 01!$6 01!"!

!3(*0* -.*# - ,!>0#" q /#" 01! *-2! 0-"+!0 <ABC ,!>0#"; A0 (* ?#"01 $#0(>($+

01-0 01!*! >#$*(4!"-0(#$* 1#.4 /#" -$= .($!-" 4!0!>0#"* FH
-$4 -$= .($!-"

'!-2/#"2!" F ;

K! -"! ($0!"!*0!4 ($ 4!*(+$($+ - .($!-" '!-2/#"2!" ($ - ?-= 01-0 01! 0"-$*%

2(00!4 ,!>0#" Q1/2x *-0(*G!* 01! >#$*0"-($0*

E
{∥∥xHQx

∥∥} = trace(Q) ≤ Pmax

-$4 (0 *-0(*G!* *#2! 2($(2)2 "!J)("!2!$0* #$ 01! <ABC* -0 01! "!>!(,!"*;

L!$#0! 01! 0-"+!0 <ABC* -* (χ1, ..., χ2K)6 *# 01-0 <ABCk ≥ χk -$4 DE;MF

(2H.=($+ 01-0

ak ≤
χk

(1 + χk)Ωkk
. DE;59F

N#$*!J)!$0.=6 01! <ABC /#" 01! /#"?-"4 .($O *-0(*G!* 01! ($!J)-.(0=

[I − 4(-+(a)Ω] q ≥ χ DE;5PF

?1(.! /#" (0* 4)-. "!,!"*! .($O6 (0 *-0(*G!*

[
I − 4(-+(a)ΩT

]
p ≥ a. DE;5EF

@1! >#$4(0(#$* /#" 01! /!-*('(.(0=

 

#/ 01(* H"#'.!2 -"! *)22-"(Q!4 ($ 01!

/#..#?($+ 01!#"!2;

 ! "#$%&'&(% () )#*+&,&-&'. &% '/&+ 0(%'#1' 2 3/#% 456 → ∞7 &!#! 8/#% Pmax → +∞,

8# +*. '/# +.+'#9 &+ )#*+&,-# &) '/# *,(:# ;(8#< *--(0*'&(% #=>*'&(%+ /*:# +(->'&(%+7 q∗ ≥ 0
*%? p∗ ≥ 0!
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 !"#$"% &'  !"# $%& '&()*+*,*-. /' -%& -(01&- 2345 6&7-/0 χ  ! "#$ %&%' ()*

+),$ *%&%*!% - ./ ".' ()*0"*' - ./ 0 ,$ - .%"* 1*)#%!! .2 3",* #%! FH
".'

F , *%!1%#, &%-45  ( ".' ).-4  ( ,$% .).6.%2", &% 3",* 7 ' "2(a)Ω $"! 8%**).6

9*)+%. :! % 2%.&"-:% ρ(' "2(b)Ω) < 1; <. ,$ ! #"!%5 ,$% "--)#", ). %=:", ).!

"*% 2 &%. +4

q∗ = [I − ' "2(a)Ω]−1 a  !"#$%

".'

p∗ =
[
I − ' "2(a)ΩT

]−1
a.  !"#&%

>$% !)-:, ).! q∗ ".' p∗ "*% ,$% #)31).%.,0 !% 3 . 3"- 1)0%*! ,$", "#$ %&%

,$% ,"*2%, ?<@A5 χ 0 ,$ %=:"- ,45 ".'

∑
k q

∗
k =

∑
k p

∗
k;

'()* +,- .(-/0)12 (-213+2 4)33)52 +,6+7 4)( 6 80/-9 21*:.)5-( ;)92+(609+

Q ≤ Pmax7 6 +6(8-+ <=>? /-;+)( χ 02 4-620@3- 04 69A )93B 04 C

• ρ(A068(a)Ω) < 17

• D,- 21* )4 +,- ;)*.)9-9+502- *090*1* .)5-( /-;+)( q∗ 26+02E-2

∑

k

q∗k = 1
T [I − A068(a)Ω]−1 a ≤ Pmax.  !"#F%

D,- A1630+B 6..()6;, B0-3A2 6 2)31+0)9 )4 +,- ;36220;63 @-6*4)(*098 .():

@3-*

minF ,q
∑

k qk

21@G-;+ +) <=>?k ≥ χk, k = 1, ..., 2K.
 !"HI%

')( 69B 2-+ )4 +(692*0+ .)5-( p7 0+ 02 5-33 J9)59 +,6+ +,- KK<L E3+-(

*6M0*0N098 +,- <=>?2 4)( -6;, <D 02 80/-9 @B

F =
[
I + D̃

H
diag(p)D̃

]−1
D̃

H
A068(X

′

)  !"H#%

5,-(- X
′

02 6 A068)963 *6+(0M 50+, .)20+0/- A068)963 -3-*-9+2"

D,- <=>? .-(4)(*69;- )4 6 A-+-;+)( 02 09/6(069+ +) (08,+ *13+0.30;6+0)9

)4 69B A068)963 *6+(0M 50+, 9)9:N-() A068)963 -3-*-9+2" O-9;-7 5- 6221*-

+,6+ A068)963 *6+(0M X
′

9)(*630N-2 +,- F 09 6 56B +,6+

[
FHF

]
kk

= 1 4)(

633 k" D,- (-/-(2- 309J <=>? )4 +,- k:+, <D 50+, +,- KK<L A-+-;+)( ;69 @-

5(0++-9 62

<=>?k = pkd̃kΣ
−1
i d̃

H

k  !"HH%

5,-(-

Σk , I +
∑

j 6=k

pjd̃
H

j d̃j  !"HP%

02 +,- 09+-(4-(-9;- .312 +,- 9)02- ;)/6(069;- *6+(0M 6+ +,- <D k"
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 !" #$%& '"("')" &*+, -'"./#*+0 -'/1&"2 .%+ 1" 3/'2$&%4"# %)

minF ,q
∑

k qk

)$15".4 4/ 6789k ≥ χk, k = 1, ..., 2K
:;<=>?

 !" %1/(" -'/1&"2 .%+ 1" '"@'*44"+ %)

minF ,p
∑

k pk

)$15".4 4/ pkd̃kΣ
−1
k d̃

H

k ≥ χk

:;<=A?

 !*) -'/1&"2 *) %  !"#$"%$ &'()% *'#!%'+ -'/1&"2 )4$#*"# %&'"%#B *+ CDAE<

 !"'"3/'"F *3 4!" -'/1&"2 *) 3"%)*1&"F *4) )/&$4*/+ *) -'/(*#"# 1B 4!" 3/&&/@*+0

*4"'%4*(" -/@"' ./+4'/& %&0/'*4!2<

64%+#%'# 3/'2 /3 -/@"' ./+4'/& %&0/'*4!2 *) %(%*&%1&" *+ G&0/'*4!2 H I

 J"4"'2*+" 4!" (".4/' p∗ 1B 4!" KL"# -/*+4 "M$%4*/+

p
(l)
k =

χk

d̃k[I +
∑

j 6=k p
(l−1)
j d̃

H

k d̃k]−1d̃
H

k

:;<=;?

3/' l = 1, 2, ..., @*4! *+*4*%& ./+#*4*/+ p(0) = 0F %+# liml→∞ p(l) = p∗<
! J"4"'2*+" 4!" 1"%23/'2*+0 2%4'*L

F ∗ =
[
I + D̃

H
diag(p∗)D̃

]−1
D̃

H
diag(X

′

). :;<=N?

" J"4"'2*+" 4!" (".4/' q∗ 1B %--&B*+0 :;<HD?<

 !"#$%&'( )* 64%+#%'# 3/'2 /3 O/@"' P/+4'/& G&0/'*4!2 3/' G#%-4*("

Q"%23/'2*+0 #")*0+

,)-"%. '# !/) 0)"-1'%-2#3 $) 23# 4

• 7+ C=;EF % 4!"/'B !%) 1""+ #"("&/-"# 4/ .!"., 4!" 3"%)*1*&*4B /3 4!*)
-'/1&"2<

H< R!"+ 4!" )"M$"+."

∑2K
k=1 p

(l)
k #*("'0")F 4!" -'/1&"2 *) +/4 3"%)*1&"<

=< 73 '%+,(D̃) = 2KF 4!" -'/1&"2 *) %&@%B) 3"%)*1&"<

D< 7+ %&& 4!" /4!"' .%)")F 4!" 3"%)*1*&*4B 2$)4 1" %&@%B) 4")4"#< 74 .%+

1" 4")4"# 1B *4"'%4*+0 %+# .!".,*+0 *3 4!" )$2 -/@"' *) %1/(" %

2%L*2$2 4!'")!/&#<

• 7+ 4!" ./+4"L4 /3 % )%4"&&*4" )B)4"2 4!" -'"(*/$) %&0/'*4!2 +""# 1"

*4"'%4"# )"("'%& 4*2") 1".%$)" 4!" +/*)" (%'*%+." #"-"+#) /+ 4!" -/S

@"' %&&/.%4"# 1B 4!" 1"%23/'2*+0< Q"3/'" 4!" 1"%23/'2"' #")*0+F +/
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 !"#$%&'% "( )*% )")+$ ,"#%- +../'!%& )" +$$ 01. /. +2+/$+3$% +) )*% .+4

)%$$/)% '+)%#+56 1*%!7 )*% 8"2+-/+!8% "( )*% /!)%-9"&:$+)/"! !"/.% σ2e /.
+$." :!+2+/$+3$%6 1" 8/-8:92%!) )*/. ,-"3$%97 )*% 3%+9("-9%- /. &%./4

'!%& 35 +..:9/!' )*+) )*%-% /. !" /!)%-9"&:$+)/"! !"/.% /! )*% .5.)%96

;!8% )*/. 3%+9("-9%- /. &%./'!%& 3+.%& "! )*/. +..:9,)/"!7 )*% )")+$

,"#%- +../'!%& ("- .:8* 3%+9("-9%- 8+! 3% :.%& +. /!/)/+$ %.)/9+)/"!

"( )*% /!)%-9"&:$+)/"! 8"2+-/+!8% 9+)-/<6 =5 /)%-+)/!' )*% ,-",".%& +$4

'"-/)*9 +&",)/!' )*% ,-%2/":. %.)/9+)/"! "( )*% /!)%-9"&:$+)/"! !"/.%

8"2+-/+!8% 9+)-/< #% 8"!2%-'% )" )*% &%./-%& $/!%+- 3%+9("-9%-6

 !"#$%& '( )**$'#+, )

• 1*% %>:/2+$%!) .5.)%9 /. &%)%-9/!%& /! + *%:-/.)/8 #+56

• 1*% 3%+9("-9/!' !%)#"- /. &%./'!%& /! .:8* + #+5 )*+) )*% ,-%.%!8%

"( 9:$)/,$% +!)%!!+. +) )*% -%8%/2%- /. /'!"-%&6 ?"-% .,%8/@8+$$57 )*%-%

%</.). + A2/-):+$ &%.)/!+)/"!B +.."8/+)%& )" )*% $%() ,"$+-/C+)/"! +!&

+ D2/-):+$ &%.)/!+)/"!D +.."8/+)%& )" )*% -/'*) ,"$+-/C+)/"! ("- %+8*

016 1*%.% 2/-):+$ &%.)/!+)/"!. +-% 8"!./&%-%& +. /!&%,%!&%!) +!& )*%

3%+9("-9%- /. &%./'!%& )" 8"!8%!)-+)% "!% /!("-9+)/"! E"# "! )*% $%()

,"$+-/C+)/"! +!& )*% ")*%- /!("-9+)/"! E"# "! )*% $%() ,"$+-/C+)/"!6

1*% %<,$"/)+)/"! "( )*% ,"../3/$/)/%. "F%-%& 35 9:$)/,$% +!)%!!+. /.

,%-("-9%& 35 + .:3.%>:%!) 9:$)/:.%- &%)%8)"- #*/8*  !"#. )*% %<+8)

8*+!!%$ -%+$/C+)/"! +!& /) /. !") $/9/)%& 35 + .)+)/.)/8+$  !"#$%&'% "(

)*% 8*+!!%$6

 !"!" #$$%&'() *

G,,-"+8* = -%$/%. "! ./9/$+- +..:9,)/"!. +. G,,-"+8* G H

• 1*% 8*+!!%$ 3%)#%%! )*% .+)%$$/)% +!& )*% -%8%/2%- "( +! /!("-9+)/"!

.)-%+9 /. +,,-"</9+)%& 35 + &%)%-9/!/.)/8 8*+!!%$ 3%)#%%! )*% .+)%$$/)%

+!& + ./!'$% -%8%/2% +!)%!!+7 /'!"-/!' )*% ,-%.%!8% "( %2%!):+$ 9:$)/,$%

+!)%!!+. +!& ")*%- /!("-9+)/"! E"#. /!)%!&%& ("- )*% .+9% -%8%/2%-6

• 1*% 3%+9("-9/!' +,,-"+8* /. )*% .+9% +. /! G,,-"+8* G +..:9/!' +

./!'$% +!)%!!+ +) )*% /!)%!&%& -%8%/2%-6

)**$'-."#/.'( 0.# # 1!/!$".(.&/.+ 2,#((!3

I%) Rk = Cα,kkP k 3% )*% (+&/!' ,+-) "( )*% 8*+!!%$ ("- )*% k4)* 01 +!&

Dk )*% 3$"8 -"# "( )*% &/-%8)/2/)5 9+)-/< D 8"--%.,"!&/!' )" )*% k4)* 01

+!& 8"!./.)/!' "( -"#. 2k−1 +!& 2k. 1*% 8+.8+&% "( )*% 8*+!!%$ ("- )*% k4)*
01 8+! 3% %>:/2+$%!)$5 &%.8-/3%& 35 )*% 8+.8+&% "( )*% &/-%8)/2/)5 9+)-/<

Dk, + 3+! "( 9:$)/,$/%-. #/)* + 9:$)/,$/%- ("- %+8* /!("-9+)/"! E"#7 + 3+! 

"( +&&%-. "( J+:../+! !"/.%.7 /! '%!%-+$7 + 9+)-/< R̃k, #*".% 8"$:9!. *+2%

:!/) K-"3"%!/:. !"-9. +!& +88":!). ("- )*% -+!&"9!%.. "( )*% 9+)-/< Rk.
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 ! "!#$%! &' gk = (gk,1, gk,2) %(! )*+,-! $. %(! /+0%1201!- 3!4%$- .$- %(! %5$
1#.$-/,%1$# 6$5) $. %(! k7%( 89: ;1<+-! =:> )($5) %(! 2-$2$)!" 4,)4,"!:

 !"#$% =:> ? 8')%!/ /$"!0 ,"$2%!" .$- @22-$,4( A

B# %(! .$00$51#< 5! "!%,10 %(! 4(,-,4%!-1)%14) $. %(! "1C!-!#% 4$/2$#!#%):

D!% rk,1 ,#" rk,2 &! %(! 4$0+/#) $. %(! %(! /,%-1E Rk ,#" 0!% gk,1 =
rH
k,1rk,1
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k,2rk,2

2 . 9(!#F 1% 1) 2$))1&0! %$ !E2-!)) Rk ,) %(! 2-$"+4%

Rk = R̃k

√
Gk

51%( Gk =
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gk,1 0
0 gk,1

)
. G$%! %(,% $# %(! ,3!-,<! %(! 4$0+/#) $. %(!

/,%-1E R̃k (,3! ;-$&$!#1+) #$-/ !*+,0 %$ > ,#" trace
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H

k R̃k
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= 2R. 9(!

#$1)! zk = (zk,1, zk,2)
T
1) $&%,1#!" ,) %(! )+/ $. %(! !*+13,0!#% 1#%!-/$7

"+0,%1$# #$1)! ,#" %(! !*+13,0!#% %(!-/,0 #$1)! &$%( ,% %(! $+%2+% $. %(!
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√
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√
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T . 9(! !*+13,0!#% 1#%!-/$"+0,%1$# #$1)! ẽk
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C ẽk
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√
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H
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√
Gk. 9(! %(!-/,0 #$1)! ,% %(! $+%2+% $. %(! /+0%17

201!-) 1) ,22-$E1/,%!" &' I,+))1,# ,""1%13! #$1)! 51%( 4$3,-1,#4! /,%-1E
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H
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√
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√
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√
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√
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√
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 !"#$%&#'() *"+&',

 !" 8"*09,/0"/ (- :"-(;#": .,#-(:"/(#; %!" -<-%"0 9/,0 %!" ;*%"=*<

%, %!" >,(#%- Ak,1 *#: Ak,2, (# ?(;'/" 3454  !" >,(#%- Ak,1 *#: Ak,2 .*#

8" /";*/:": *- %!" )(/%'*+ :"-%(#*%(,#- 9,/ x2k−1 *#: x2k, %!" (#9,/0*%(,#
-%/"*0- (#%"#:": 9,/ %!" k@%! A $ /"->".%()"+<4  !" -*0" *+;,/(%!0 *:,>%":

9,/ B>>/,*.! B (- *:,>%": !"/"4 C# %!(- .*-" %!" 0*%/(1 D̃ (- :"D#": (# *

=*< %!*% %!" 8+,.E /,= D̃k$ .,#-(-%(#; ,9 %!" /,=- 2k − 1 *#: 2k$ -*%(-D"-
%!" /"+*%(,#

D̃k = Λ
−1/2
k UH

k

√
GkDk 2345F7

=!"/" Dk (- %!" 8+,.E /,= ,9 0*%/(1 D .,#-(-%(#; ,9 %!" /,=- 2k− 1 *#: 2k
*#: Uk *#: Λk */" ,8%*(#": 9/,0 %!" "(;"#)*+'" :".,0>,-(%(,# ,9 %!" #,(-"

.,)*/(*#." 0*%/(1

Czk
= UkΛkU

H
k .

 !*#E- %, :"D#(%(,# 2345F7$ %!" 0*%/(1 D̃k *..,'#%- *+-, 9,/ %!" .,+,/":

#,(-"$ -(#." %!" *+;,/(%!0 :"-./(8": (# A".%(,# 3454G (- 9,/0'+*%": 9,/ -<-%"0-

=(%! *::(%()" =!(%" H*'--(*# #,(-" *#: '#(% )*/(*#."4

I,%" %!*% %!(- E(#: ,9 *>>/,*.! -'J"/- 9/,0 %!" -*0" +(0(%*%(,#- *-

B>>/,*.! B 2-"" KL"0*/E- ,# B>>/,*.! BM (# A".%(,# 3454G74

 !" # $%&'()*+, -.+ #/*0123% $%*)-.+)2&4 5 6.&3%&7

12.&*8 $%*)-.+)2&4

C# ,/:"/ %, *--"-- %!" >"/9,/0*#." (0>/,)"0"#%- ,9 %!" >/,>,-": *:*>@

%()" 8"*09,/0(#;$ =" '-" %!"  !"#$"%&!"'( )$'*+!,*$, *- * 8"#.!0*/E4 C#

%!" .,#)"#%(,#*+ D1": 8"*09,/0"/$ %!" ="(;!%- ,9 * N?I *% %!" -*%"++(%" *#@

%"##*- */" E">% .,#-%*#% *#: %!" N?I (- :"-(;#": %, -"/)" %!" .,)"/*;" */"*

,9 %!" -*%"++(%"4 C# ,/:"/ %, E""> +(0(%": (#%"/9"/"#." 9/,0 *:O*."#% 8"*0-$

9/"&'"#%+< /"'-" (- *:,>%":4 ?,/ (0>+"0"#%*%(,# (--'" (# ,'/ -(0'+*%(,#-$ *

.,+,/(#; 0*> P (- *--'0":$ (4"4 P :(J"/"#% 9/"&'"#.< 8*#:- */" '-": 9,/ P

*:O*."#% 8"*0-4 ?,/ #'0"/(.*+ -(0'+*%(,#-$ =" *:,>% * 8"*09,/0"/ .,)"/(#;

%!" /";(,#$ ([−10, 40], [−10, 60], [20, 40], [20, 60]) :"#,%": (# +,#;(%':" *#: +*@
%(%':" (# ?(;'/" 34Q *#: GRR S*+0,-% #,#@,)"/+*>>(#;S 8"*0- */" -'>>,/%":

8< %!" -*0" .*//("/4  !" N?I (- :"-(;#": *>>+<(#; %!" -*0" *>>/,*.! ="

*:,>%": %, :"-(;# *:*>%()" 8"*09,/0"/- 8'% %!" ."#%"/- ,9 8"*0- */" *-@

-(;#": (# ;()"# D1": >,-(%(,#- (#:">"#:"#% ,9 %!" >,-(%(,#- ,9 %!" A -4 ?,/

"1*0>+"$ %!" GRR >,(#%- :"#,%": 8< � (# ?(;'/" 34Q */" -"+".%": 9,/ :"-(;#(#;
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 !"#$%  !" # $%&'() )*+*,(*- .%/ -*)&0'&'0 1*23.%/3*/) &' -&4*/*'( ,2//&*/

(5* 1*23.%/3&'0 32(/&6 %. ,2//&*/ 7! 8) .%/ (5* 2-29(&:* 1*23.%/3&'0; <*

-*(*/3&'* (5* 1*23.%/3&'0 32(/&6 .%/ )=,5 -&/*,(&:&(> 32(/&6 &' %/-*/ (%

2,5&*:* 2 (2/0*( ?@AB! C2,5 %. (5* %1(2&'*- 1*23) 9%&'() 2( (5* 9%)&(&%')

&' (5* )*( %. D&0=/*  !"! ?&3&+2/+>; N; ⋆; � -*'%(* (5* 9%&'() )*+*,(*- .%/ (5*

-*)&0'&'0 %. (5* 1*23.%/3*/ (% (/2')3&( %' ,2//&*/ 2; 3 2'- 4 /*)9*,(&:*+>!

8++ (5*)* 9%&'() 2/* ='&.%/3+> -&)(/&1=(*- %' (5* 329! E5* -&)(2',* 1*(<**'

2-F2,*'( 9%&'() 2/* *G=2+ &' +2(&(=-* 2'- +%'0&(=-*!

?&',* (5* 0*'*/2(*- 1*23) /*32&' ,%')(2'( /*02/-+*)) %. (5* 9%)&(&%') %.

(5* ?E) &' (5* )>)(*3; (5* <*2H*)( ?@AB 2,5&*:*- &' (5* ,%:*/20* 2/*2 %. 2

)9*,&I, 1*23 )5%=+- )2(&).> 2 ,*/(2&' 2,(=2+ (2/0*( ?@AB! J* &(*/2(* 1*(<**'

2' 2-F=)(*- (2/0*( ?@AB .%/ (5* 1*23.%/3&'0 -*)&0' 2'- (5* ,%39*')2(&%'

%. (5* 3&'&32+ ?@AB &' (5* 2/*2 %. ,%:*/20* %. *2,5 1*23 (% -*(*/3&'* (5*

1*23.%/3&'0 32(/&6 )2(&).>&'0 (5* /*G=&/*3*'() %. 2 0=2/2'(**- ?@AB &' 2++

(5* +%,2(&%') ,%:*/*- 1> (5* 1*23)!

C2,5 ?E /*,*&:*) &'.%/32(&%' ./%3 (5* )(/%'0*/ 1*23 (52( 9%&'() (% &(!

K'* 1*23 ,2' )*/:* 2 )&'0+* ?E 2( %'* (&3*! 8--&(&%'2++>; *2,5 ?E -*)&0')

&() %<' 3=+(&L)(/*23 -*(*,(%/ 2,,%/-&'0 (% (5* 2,G=&/*- H'%<+*-0* 21%=(

(5* ,%33='&,2(&%' ,52''*+!

@' (5* .%++%<&'0; <* )=332/&M* (5* 2+0%/&(53 (% 2++%,2(* ?E) (% 1*23)!

J* 2))=3* (52( (5* ?E) 2/* )*G=*'(&2++> &')*/(*- &' (5* )>)(*3 &' 8+0%/&(53

N!
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!  !"# $%& '$()"*&'$ +&,- n '&(.!"* /0 k +1 #&$&2$!"* $%& "&,(&'$
3)!"$ )" $%& *(!# ,#)3$&# $) #&'!*" $%& +&,-4)(-&(
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' '(#

( '(#

 ) '(#
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 !" #$%&'()*+ ,(%$+*-(./0

=" $%!' '&2$!)": >& ,",61?& $%& 3&(4)(-,"2& )4 $%& 3()3)'&# ,6*)(!$%-'

+1 "7-&(!2,6 '!-76,$!)"'8 @& ,",61?& $%& '1'$&- 3&(4)(-,"2& 4)( +)$% 2,'&'

>%&(& $%& ',$&66!$& /0' ,(& !" A5 3)'!$!)"' B'$,$!2 /0C ,"# -).& >!$%!" $%&

2).&(,*& ,(&,8

=" $%!' 2%,3$&(: >& #) ")$ 3&(4)(- 2,((!&( ,66)2,$!)"8 @& 4)27' )" ,

'1'$&- >!$% , '!"*6& 4(&D7&"21 +,"#8  7($%&(-)(&: >& ,''7-& !" $%!' '&2$!)"

$%,$ $%& ',$&66!$& %,' $%& 3&(4&2$ E")>6&#*& )4 $%& ,2$7,6 #!(&2$!.!$1 -,$(!5:

,"# $%& +&,-4)(-!"* -,$(!5 !' #&'!*"&# )" $%!' ,2$7,6 #!(&2$!.!$1 -,$(!58

0%&(&4)(&: $%& !-3,2$ )4 $%& &'$!-,$!)" &(()( )4 #!(&2$!.!$1 .&2$)(' !' ")$

$,E&" !"$) ,22)7"$ !" $%!' '&2$!)"8 @& ,6') 2)-3,(& $%& 3&(4)(-,"2& )4 ,

'1'$&- +,'&# )" , A5&# +&,-4)(-!"* >!$% 4(&D7&"21 (&7'& F8

=4 !$ !' ")$ #!G&(&"$61 '$,$&#: $%()7*%)7$ $%!' '&2$!)" >& -,E& $%& 4)66)H

>!"* ,''7-3$!)"' I JC ,66 $%& '!-76,$!)"' ,(& 3&(4)(-&# 4)( ',$&66!$& /0'

&D7!33&# >!$% $>) ,"$&"",' ,"# (&2&!.!"* $>) !"#&3&"#&"$ !"4)(-,$!)"

'$(&,-' K LC $%& 2)((&6,$!)" 2)&M2!&"$' ,(& '&$ $) +& a = −15#9 ,"# b =
−22#9 K NC $%& 3)'!$!)"' )4 $%& /0' ,(& *&"&(,$&# (,"#)-61 ,"# 7"!4)(-61
!" $%& (&*!)" ([−10, 40], [−10, 60], [20, 40], [20, 60]) !"  !*7(& O8L K FC $%& (&H
'76$' '%)>" !" $%!' '&2$!)" ,(& )+$,!"&# +1 ,.&(,*!"* ).&( JPP !"#&3&"#&"$

(,"#)- *&"&(,$!)"' )4 $%& /0' ).&( $%& ',$&66!$& 2).&(,*& ,(&,8

 !"!# $%&'()*%+, -./'(*/ 0+1 $*)*%2 $)*.((%*. 3.1&%,)(/
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Algorithm B: at 0th second

Algorithm B: after 30 seconds

Algorithm B: after 60 seconds
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851.3' (%: ,=0 >'6?'-7 @() ,7 6'-'./'6! (2:7'8 :'77.=4: A

K = 100Bσ2n = −2009CB @)DE−1509

7&' ,-F;.6'0 G=5<3'04' 5? 7&' -&,=='3! )= 5;6 :.8;3,7.5=:B 7&' 7&'68,3 =5.:'

,7 7&' 6'-'./'6 .: H,;::.,= 0.:76.1;7'0 <.7& -5/,6.,=-' σ2n = −1009C! C'

,::;8' 7&,7 7&' 6,7.5 1'7<''= 7&' 757,3 76,=:8.7 >5<'6 ,=0 .=7'6850;3,7.5=

=5.:' .=0;-'0 5= 1,60 .: @)D= −1509!
%&' :.8;3,7.5= .= 7&.: :;1:'-7.5= ,6' >'6?568'0 ?56 /,6.': =;81'6 5? (%:

KB =,8'32B K = 80, 180, 280 ,=0 380! C' ,::;8' 7&,7 7&' 8,I.8,3 ,/,.3,13'

>5<'6 ?56 7&' -5=/'=7.5=,3 1',8 .: 1509CB <&.3' 7&' 8,I.8,3 >5<'6 ?56

7&' ,0,>7./' 1',8?568'6 .: 7&' ,-7;,3 >5<'6 6'F;.6'0 12 7&' -5=/'=7.5=,3

1',8?568'6! 957& :-&'8': '=:;6' 7&,7 7&' 35<':7 ,-&.'/'0 ()*+ ,85=4 ,33
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75 7&' 7,64'7 ()*+! N=-' 7&' -5=:7,=7 1',8?568'6 ?56 , 4./'= 7,64'7 ()*+

.: 517,.='0B 7&' 5;7,4' >651,1.3.72 .: 0'7'68.='0 12 7&' 4'546,>&.- 0.:76.O

1;7.5= 5? 7&' (%: :.=-' 5=' 1',8 -,= 5=32 :'6/' 5=' (% ,7 , 7.8'! L56 7&'

-5=/'=7.5=,3 1',8?568'6B <&'= K = 80B 7&' 5;7,4' >651,1.3.72 .: ,>>65I.O

8,7'32 10% <&.3' <&'= K = 280 ,=0 K = 380B 7&' 5;7,4' >651,1.3.72

.=-6',:': 75 =',632 28% ,=0 35%! L56 7&' ,0,>7./' 1',8?568.=4 :76,7'42B

7&' 5;7,4' >651,1.3.72 0'>'=0: 5= 7&' 7,64'7 ()*+! C&'= K = 280 ,=0
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Algorithm B: at 0th second, Perfect CSI

Algorithm B: at 0th second, training length=100 

Algorithm B: after 60 seconds, Perfect CSI

Algorithm B: after 60 seconds,  training length=100 
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Algorithm B: at 0 second

Algorithm B: after 60 second

 !"#$%  !"# $ %&'()*+,-.(/(0 1234 /()565 +,-.(/(0 1234 .7 &7( 8.769(

'.9- :();(,9 <12 +9 1=! 1>59(8 5(99.7?5 @ K = 100A σ2n = −200BCA

<2DE−150B

9-( 5+8( F(/(F &; +,-.(/(0 1234A 9-( 9)+758.9 :&'() )(G6.)(0 .5 5.?7.H,+79F>

F+)?() '.9- K = 380 ,&8:+)(0 9& K = 280! I.?6)(  !"J 5-&'5 9-( (K,.(7,>

8(9).,A .!(A )+9.& L(9'((7 9-( :&'() :() 65() 7((0(0 9& +,-.(/( + ,()9+.7

+/()+?( 1234 +70 56,- +/()+?( +,-.(/(0 1234 '.9- 0.M()(79 768L()5 &;

65()5! 29 5-&'5 9-+9 9-( +L&/( 8(79.&7(0 )+9.& .7,)(+5(5 +5 9-( 768L() &;

65()5 .7,)(+5(5 &) 9-( +,-.(/(0 1234 .7,)(+5(5! I.?6)(  !"N 5-&'5 9-( (KO

,.(7,> 8(9)., &; +0+:9./( L(+8;&)8.7? +70 ,&7/(79.&7+F L(+8;&)8.7? '-(7

K = 280! 3&9( 9-+9 9-( +/()+?( +,-.(/(0 1234 &; ,&7/(79.&7+F L(+8;&)8.7?

.5 86,- -.?-() 9-+7 9-( &7( ;&) +0+:9./( L(+8;&)8.7? 5.7,( + ,&7/(79.&7+F

L(+8;&)8() .5 7&9 &:9.8.P(0 9& 8.7.8.P( 9-( 9)+758.9 :&'()!

I.?6)(5  !" +70  !"Q 5-&' 9-( -.59&?)+8 &; 9-( +,-.(/(0 1234 '-(7

9-( 9+)?(9 1234 .5 #0B ;&) L&9- +0+:9./( L(+8;&)8.7? +70 ,&7/(79.&7+F

L(+8;&)8.7? '.9- K = 280 +70 K = 380A )(5:(,9./(F>! B&9- H?6)(5 5-&'

9-+9 ,&7/(79.&7+F L(+8;&)8.7? +,-.(/(5 -.?-() 1234 9-+7 +0+:9./( L(+8O

;&)8.7? 59)+9(?>! C-(7 K = 280A 9-( +/()+?( +,-.(/(0 1234 &; ,&7/(79.&7+F

L(+8;&)8() .5 4.20B -.?-() 9-+7 9-( 9+)?(9 1234 '-.F( 9-( +/()+?( +,-.(/(0

1234 &; +0+:9./( L(+8;&)8() .5 &7F> 0.860B -.?-() 9-+7 9-( 9+)?(9! =-65A

9-( +0+:9./( L(+8;&)8.7? 59)+9(?> .5 8&)( (K,.(79 +5 (R:(,9(0 5.7,( 9-(

L(+8 .5 9+.F&)(0 &7 9-( 1=S5 :&5.9.&75! D&)(&/()A 9-( 0.59).L69.&7 &; +,-.(O

/(0 1234 &; 9-( ,&7/(79.&7+F L(+8;&)8() .5 86,- 5:+)5() ,&8:+)(0 9& 9-(
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-6 "#) k;"# ?5 $% :$2)! 90 &-!2)B &-19$!'"$-! -6 "#) .$*)&"$2$"0 &-/71!
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τ(1) + αk
2G

τ(2) + αk
3G

τ(3)
CH4GF

,#)*) 0 ≤ αk
i ≤ 1+

∑
αk
i = 14 I)*)+ G .)!-")% "#) 1'"*$B '2'$/'9/) '" "#)
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.%*!/5 // -!/ -6 7 2-. /&C$&!3&/ 1; *22 *3. A& 9:/( :0& k8.0 9: .%*!/5 ./
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ĥn,r(q) = YYYn,rX
H
q (XqX

H
q )−1, 672F9

.,#/, %$0,(12
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k,(1)

n,r (q) + ε
k,(1)
n,r (q)

P
(1)
k,l (q)G̃

τ,k

n αk = ĥ
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l (q)− P (ℓ)
k,l (q)G̃

τ,k
α‖2

=

R∑

ℓ=1

Q−1∑

q=0

|P (ℓ)
k,r |2αHG̃

τ,k,H
G̃

τ,k
α−Re

(
P

(ℓ)
k,rĥ
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k,(ℓ)

l (q)

 !"#$%

&'( )**+,-).,/0 /1 .'( 23+(4 /1 -/5*+(6 72)8,(0. /*(2)./24  4(( ("7" 9:;<= 9:><% ?,(+84

∂f(α, τ,P k(q))

∂P
(ℓ)
k,o(q)

= 2P
(ℓ)
k,o(q)α

HG̃
τ,k,H

G̃
τ,k

α− 2αHG̃
τ,k,H

ĥ
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ĥ

k,(ℓ)H

1,o (q), ..., ĥ
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ĥ
k,(ℓ)

n,r (q) = (ĥ
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w

l (Q−1)) 2.?-.2 &-
L$50"&%+# M &/ #,I&#!#: D- %+. *,/. 03 #!$%&A$. .$.#.-%/ Πw> 4. ,". &-%."./%.2 &-

2.%."#&-&-5 ,$$ %+. $0*,$ #,I&#, 03 %+. A&.*.4&/. 3!-*%&0- f(α, τ ; ĥ
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w

l (Q−
1)) 01%,&-.2 16 *0-/&2."&-5 ,$$ A0//&1$. %"&A$.%/ &- T: D- 0"2." %0 /0$C. %+&/ A"01$.#>

4. 1.-.?% 3"0# %+. ,22&%&C. -,%!". 03 %+. %",-/#&%%.2 /&5-,$/ ,-2 %+. /%"0-5 2&'

".*%&0-,$&%6 03 %+. (L/ %0 A"0A0/. %40 +.!"&/%&* ,AA"0,*+./:

-1&&$44',$ 56+))$2 5+)&$2+%'() ;-55< =>>?(+&6 @ )+. ",%&0-,$ 1.+&-2

(JJ ,AA"0,*+ &/ %0 &%.",%. 0C." %+. *+,--.$ ./%&#,%&0- ,-2 %+. /!1/.7!.-% *,-*.'

$,%&0- 03 %+. *0""./A0-2&-5 /&5-,$ *0-%"&1!%&0- 3"0# %+. ".*.&C.2 /&5-,$:

G.% YYY
(0)
n,o(q) = YYYn,o(q): L% &%.",%&0- j> 4. ./%&#,%. %+. /!# 03 %+. *+,--.$/ 03

%+. *0$$&2&-5 ()/ %+,% +,C. -0% 1..- 2.%.*%.2 6.% 16 ,AA$6&-5

ĥ
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Data Oriented Channel: with Random QPSK Signals

Benchmark RACH 

RACH: GR  with Random QPSK Signals

RACH: GR  with Orthogonal Signals

RACH: SCC  with Random QPSK Signals

RACH:  SCC  with Orthogonal Signals
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RACH: GR  with Random QPSK Signals 

RACH: GR with Orthogonal Signals 

RACH: SCC with Random QPSK Signals 

RACH: SCC with Orthogonal Signals 

Data Orietned Channel: with Random QPSK Signals
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RACH: GR with Random QPSK Signals

RACH: GR with Orthogonal Signals

RACH: SCC with Random QPSK Signals

RACH: SCC with Orthogonal Signals
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RACH: GR with Random QPSK Signals, a=0,b=0

RACH: GR with Random QPSK Signals, a=−22dB,b=−15dB

RACH: SCC with Random QPSK Signals, a=0,b=0

RACH: SCC with Random QPSK Signals, a=−22dB,b=−15dB
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RACH: GR with Random QPSK Signals, a=−15dB,b=−22dB

RACH: GR with Random QPSK Signals, a=0,b=0

RACH: SCC with Random QPSK Signals, a=−15dB,b=−22dB

RACH: SCC with Random QPSK Signals, a=0,b=0
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RACH: SCC with Random QPSK Signals, L=160, U=50

RACH: SCC with Random QPSK Signals, L=200, U=50

RACH: SCC with  Orthogonal Signals, L=160, U=40

RACH: SCC with  Orthogonal Signals, L=200, U=50
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RACH: SCC with Random QPSK Signals, L=160, U=50

RACH: SCC with Random QPSK Signals, L=200, U=50

RACH: SCC with Orthogonal Signals, L=160, U=40

RACH: SCC with Orthogonal  Signals,L=200, U=50
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RACH: SCC  with Random QPSK Signals, L=160, U=50

RACH: SCC  with Random QPSK Signals, L=200, U=50

RACH:  SCC  with Orthogonal  Signals, L=160, U=40

RACH: SCC  with Orthogonal  Signals,L=200, U=50
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RACH: SCC  with QPSK Random Signals : K=25

RACH: SCC  with QPSK Random Signals : K=16

RACH: SCC  with QPSK Random Signals : K=9

RACH: SCC  with QPSK Random Signals : K=4
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<&+ 82 :&",+& =9 de
+/& :!'&.+!%!+9 %&.+,' ,> +/& e#+/ 01 &"+&'!") !" +/& 292+&4

(": ?!+/ D(u)
+/& :!'&.+!%!+9 4(+'!5 ?/,2& .,-84"2 ('& +/& :!'&.+!%!+9 %&.+,'2 ,>

+/& 012 (-'&(:9 (--,.(+&: !" .(''!&' u3
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+/& "&? +&'4!"(- e !> !+2 :!'&.+!%!+9 4(+'!5 D(u∗)
4!"!4!B&2 +/& 4(5!484 ,> +/&

.,''&-(+!," ?!+/ +/& :!'&.+!%!+9 %&.+,' de. @" ,+/&' ?,':2A
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u=1,...,U

(maxD(c)Hde). 7C3D*
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(" !".,4!") 01 e !> +/& (%&'()& (=2,-8+& .,''&-(+!," !2 4!"!4!B&:A !3&3

u∗av = argmin
u=1,...,U
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!  !" k = 1, ..., U #!

" *+,, $, k  ! +--%.+"$/ "% '( k  0 S1

# $%#

$  !" k = U + 1, ..., |S| #!

%  !" m = 1, ..., U #!

& .+-.2-+"$ d(k)D(m)H
1

' *#%%!$ "#$ 3+4 323 $0",5 %& "#$ 6$."%, d(k)D(m)H
+0/

+!! 70  " "% ψm,  )$)

( ψm = maxd(k)D(m)H .

 ) $%#

  '$-$." "#$ .+,, $, u∗ &%, 8# .# ψm  ! 3+4 3239  )$)
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%  !" m = 1, ..., U #!
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-++%+ %/ &%0('(%)0 +-0&-9'(3-,"7 ?) '.- 0(12,#'(%)0 '.- )21!-+ %/ 9%.-+-)9- '(1-

()'-+3#,0 (0 50 '.- '+#()()* ,-)*'. (0 400 #)$ '.- '+#()()* 0-' (0 &#+'('(%)-$ ()'%

100 *+%2&07 :(*2+- ;<7= #)$ :(*2+- ;<7> 02**-0' '.#' '.- (1&#9' %/ '.- &+-0-)9- %/

'.-+1#, )%(0- (0 1()%+7 8.- &+-0-)9- %/ ()'-+1%$2,#'(%) )%(0- $-*+#$-0 '.- 0"0'-1

&-+/%+1#)9- 0,(*.',"7

 !"#"$ %&''()*+&' ,-+('*(. %/0''(1 2(-3&-40')( 566(667

4('*

?) '.(0 02!0-9'(%) 4- #00-00 '.- @@ &-+/%+1#)9- () '.- 9%))-9'(%)A%+(-)'-$

9.#))-,7 B- 9%)0($-+ !%'. '.- +-3-+0- ,()C #)$ /%+4#+$ ,()C7

?) '.- +-3-+0- ,()C 4- &-+/%+1 '.- $(+-9'(3('" 3-9'%+0 -0'(1#'(%)7 B- #$%&'

'.- D#+#1-'+(9 E-#0' @F2#+- G++%+ HDE@GI #,*%+('.1 ()'+%$29-$ () @-9'(%) =7;7

8.- 1-'+(90 '.#' 4- #$%&' () '.- 9%))-9'(%)A%+(-)'-$ 9.#))-,J0 +-3-+0- ,()C #+- '.-

-0'(1#'(%) /#(,2+- &+%!#!(,('"

 

 #)$ '.- -++%+ %/ &%0('(%)0 -0'(1#'(%) %/ @80J7

?) '.- /%+4#+$ ,()C !#0-$ %) '.- $(+-9'(3('" 3-9'%+ -0'(1#'(%)0 4- #,,%9#'- '.-

@80 '% $(K-+-)' /+-F2-)9(-0 !#0-$ %) L()AL#5 #,*%+('.1 &+%&%0-$ () @-9'(%) M7N7

8.-) 4- $-0(*) '.- #$#&'(3- !-#1/%+1()* () -#9. /+-F2-)9" !#)$7 ?) '.(0 02!0-9A

'(%) 4- #$%&' '.- O&&+%#9. P &+%&%0-$ () @-9'(%) Q7N '% $-0(*) '.- !-#1/%+1-+7

8.- 1-'+(90 '.#' 4- #$%&' /%+ '.- /%+4#+$ ,()C #+- '.- #9.(-3-$ #3-+#*- @?RS '.-

%2'#*- &+%!#!(,('"

!

 '.- &%4-+ -T9(-)9" (7-7 '.- '+#)01(' &%4-+ &-+ @8 #)$ &-+

 ! "# $#%&'' (#$# )(&) &* #+),-&),.* /&,'0$# .%%0$+ 1(#* )(# 2,+)&*%# 3#)1##* )(#

&%)0&' &*2 #+),-&)#2 4.+,),.* ./ & 56 ,+ 7$#&)#$ )(&* 40 8-!

9! :* #;#*) ./ .0)&7# .%%0$+ 1(#* & 56 %&**.) 3# +#$;#2 3< )(# 7&)#1&<!
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QPSK Training, Training length=200, Groups=50

QPSK Training, Training length=400, Groups=100

 !"#$%  !"# $ %&& '(()*'+,- .*)/ *0 1,2 3.41'.1'.2*54 &%6 2413/'13*.

2))*) 72)454 '))37'8 )'12 *0 %94 :31, ;3<2)2.1 1)'3.3.= =)*5( +');3.'831>"

%>412/ 42113.=4 ? σ2n = −10;@A- &6B= −15;@- Q = 50

 !" #$!%"&"' ()*+,

)- % %. /0 .1"$%#223 %/'%$# "'4  !5067!06  !%. .68."$ %0/4 9" :#;"  !" -02209%/7

#..6:1 %0/. < =>  !" $055"2# %0/ $0"?$%"/ . #  !" 5"$"%&"5 #5" a = −15'@ #/'

b = −22'@ A>  !" .%7/#2.  5#/.:%  "' 83  !" 7# "9#3 #/' (B. #5" CD(E .%7/#2.4

F>  !"  !"5:#2 /0%." #  !" (B.G #/' 7# "9#3 5"$"%&"5. %. H#6..%#/ '%. 5%86 "' 9% !

$0&#5%#/$" σ2
n = −10'@I4 J>  !" 5# %0 8" 9""/  !" %/ "5:0'62# %0/ /0%." #/'  !"

5"$"%&" 109"5 #  !" 7# "9#3 %. −15'@4 K> -065 05 !070/#2 -5"L6"/$%". #5" #&#%2#82"

%/  !" ((,

 !"#"# $%&%'(% )*+, -./%'*012 3%'45'/1+0% 6((%((/%+7

M%5. 234 9" #/#23N"  !" .3. ": 1"5-05:#/$" 0-  !" $0//"$ %0/O05%"/ "' $!#//"2

%/  !" 5"&"5." 2%/;, I" 6 %2%N"  !" 06 16 -50:  !" +PQR $!#//"2, B!" (B. '"O

 "$ "' 83  !" +PQR #5"  5#/.:%  %/7 %/  !" $0//"$ %0/O05%"/ "' $!#//"2, )/  !"

5"&"5." 2%/;4  !" 7# "9#3 1"5-05:.  !" '%5"$ %&% 3 &"$ 05. ". %:# %0/ #/' ."#5$!".

 !"  5#/.:%  %/7 (B. %/ # $%5$2" 9% ! # $"5 #%/ 5#'%6., )/  !" .%:62# %0/4 9" #..6:"

 !" 5#'%6. %. 160 ;%20:" "5.4 #/'  !" $"/ "5 0-  !" $%5$2" %.  !" ". %:# "' 10.% %0/

08 #%/"' %/  !" +PQR, )/  !" $0//"$ %0/O05%"/ "' $!#//"24 CD(E 1%20 . ."L6"/$".

#'01 "' 83  !" (B. #5" ;/09/ 83  !" 7# "9#3, B!"  5#%/%/7 2"/7 ! %. "% !"5 200 05

400, B!" 109"5 0-  5#%/%/7 .%7/#2 %. ."  0 8" 0'@I,

M%765" =S,T .!09.  !" ". %:# %0/ "5505 0- (B.G 10.% %0/. 0-  !" DU(V #2705% !:

9% ! '%W"5"/ /6:8"5 0- #$ %&" (B., )/  !" .%:62# %0/4 9" #..6:"  !" /6:8"5 0-

$0!"5"/$"  %:" %/ "5&#2. %. Q = 50, I!"/  !" /6:8"5 0- (B. %. 75"# "5  !#/ 604
 !" ". %:# %0/ "5505 0- 10.% %0/. %/$5"#.". 5#1%'23 9!"/  !" 1%20 2"/7 ! %. 200,
X/  !" $0/ 5#534 9!"/  !" 2"/7 ! 0-  !"  5#%/%/7 1%20 %. 4004  !" "5505 0- 10.% %0/

". %:# %0/ %/$5"#.". &"53 .20923 #/'  !" DU(V #$!%"&". # &"53 700' ". %:# %0/ 0-

 !" 10.% %0/. %/  !" $0//"$ %0/O05%"/ "' $!#//"2, M%765" =S,=S .!09.  !" ". %:#O

 %0/ -#%265" 1508#8%2% 3 -05 '%W"5"/ /6:8"5. 0- #$ %&" (B., ) .!09.  !# %/  !"
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QPSK Training, Training length=200, Groups=50

QPSK Training, Training length=400, Groups=100

 !"#$%  !"# $ %&& '(()*'+,- .))*) */ %012 (*2343*52 .2436'43*5 7.)282

7')935: '))37'; )'4. */ %02 <34, =3>.).54 4)'3535: :)*8(2" %924.6 2.4435:2 ?

σ2n = −10=@A- &BC= −15=@- Q = 50

 !""# $%!"&!'%#"$#(  )*""#+, $)# #-$%.*$%!" /*%+0'# 1'!2*2%+%$3 '#.*%"- *$ * 4#'3

+!5 +#4#+6 7)#" K = 100, %/ 5# *(!1$ * $'*%"%"8 +#"8$) #90*+- $! 200, $)# !0$*8#

1'!2*2%+%$3 %- 0.03, *"( %/ 5# *(!1$ * $'*%"%"8 +#"8$) #90*+- $! 400, $)# !0$*8#

1'!2*2%+%$3 '#.*%"- :#'! %/ $)# "0.2#' !/ ;<- K %- +#-- $)*" 706
7# *+-! *"*+3:# $)# %.1* $ !/ $)# $)#'.*+ "!%-# *"( $)# %"$#'.!(0+*$%!" "!%-#

%" =%80'# >?6>> *"( >?6>@6 =%80'# >?6>@ %"(% *$#- $)*$ /!' $31% *+ 4*+0#- !/ 2!$)

$)#'.*+ "!%-# *"( %"$#'.!(0+*$%!" "!%-#, (! "!$ %.1* $ $)# #-$%.*$%!" /*%+0'# 1'!&

2*2%+%$36 A" =%80'# >?6>>, %$ %- %"$#'#-$%"8 $! "!$% # $)*$, *- $)# "0.2#' !/ ;<-

%" '#*-#-, 5%$) (%B#'#"$ +#4#+- !/ $)#'.*+ "!%-# *"( %"$#'.!(0+*$%!" "!%-#, $)# #'&

'!'- !/ ;<C- 1!-%$%!" #-$%.*$%!" *+.!-$  !%" %(#6 <)%- %- (0# $! $)# /* $ $)*$ $)#

%"$#'/#'#" # *.!"8 ;<- 1+*3- * .!'# '#+#4*"$ '!+# $)*" (%'# $%4%$3 4# $!'- #-$%.*$#-

!/ $)# ;<-6

 !"#"$ %&'()'*+,-& .//&//*&,0 )( 01& 2)'3+'4 56,7 89*&:

'6-+;

A" $)# /!'5*'( +%"D, 2*-#( !" $)# (%'# $%4%$3 #-$%.*$%!", 5# 1#'/!'. /'#90#" 3

*++! *$%!" *"( 2#*./!'.%"8 (#-%8" *$ $)# 8*$#5*36 E!'#!4#', #* ) ;< %- #90%11#(

5%$) E;F6 G$ #* ) ;<, $)# /!'5*'( +%"D  )*""#+ %- #-$%.*$#( %"(#1#"(#"$+3 *"(

$)# E;F %- (#-%8"#( *  !'(%"8+3 %" !'(#' $! (#$# $ $)# $'*"-.%$ -%8"*+6 H)*""#+

#-$%.*$%!" *"( .0+$%&-$'#*. (#$# $%!" *'# 1#'/!'.#(6 A" $)# -%.0+*$%!", 5# *--0.#

%" $)# /!'5*'( +%"D, $!$*+ *4*%+*2+# 1!5#' *$ $)# 8*$#5*3 %- 10(I76 <)# $'*%"%"8

+#"8$) $! 1#'/!'. E;F #90*+- $! 2006

 !"#$%&!'( )*+#$&+ ,'- .!(/.%0 1-*2#*(34 5$$'3%&!'( 566-'%37*+

=%'-$ !/ *++, 5# #4*+0*$# $)# E%"&E*J /'#90#" 3 *++! *$%!" -$'*$#83 5)#" $)#

*(*1$%4# 2#*./!'.#' %- (#-%8"#( 2*-#( !" $)# #-$%.*$#( (%'# $%4%$3 4# $!'-6 A" $)#
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 !"#$%  !"# $ %&& '(()*'+,- ./012'01*3 4'156). ()*7'715108 9.)/6/

9')813: '))19'5 )'0. *4 %;/ <10, =1>.).30 5.9.5/ *4 3*1/." %8/0.2 /.0013:/ ?

Q = 50- 0)'1313: 5.3:0,= 400- U = 100

 !"#$%&!'( ) &*+ (#",+- '. /0 ! 4001 2!3#-+ 45146 7'"8%-+ &*+ 9!(:9%; .-+:

<#+(7= %$$'7%&!'( %(> -%(>'" %$$'7%&!'( !( &+-" '. %7*!+?+> /@AB %& &*+ /0 C

-+7+!?+- 1 @&  *'D &*%& &*+ 9!(:9%; %$3'-!&*" %$$'D &' !(7-+% + &*+ /@AB ,= %8:

8-';!"%&+$= 4>E 7'"8%-+> &' -%(>'" %$$'7%&!'(1 2!3#-+ 4514F  *'D &*+ &-%( "!&

8'D+- 8+- /0 ('-"%$!G+> &' &*+ %7*!+?+> /@AB D*+( >!H+-+(& %$$'7%&!'( %88-'%7*+ 

%-+ %>'8&+>1 E= !"8$+"+(&!(3 &*+ 9!(:9%; %$$'7%&!'(  &-%&+3=) &*+ &-%( "!& 8':

D+- -+<#!-+> &' %7*!+?+ &*+  %"+ /@AB >+7-+% +  !3(!I7%(&$= 7'"8%-+> &' -%(>'"

%$$'7%&!'(1 2!3#-+ 4514J 7'"8%-+ &*+ '#&%3+ 8-',%,!$!&= '. &*+ &D' %$$'7%&!'(  &-%:

&+3!+ 1 K*+( &*+ %7*!+?+> /@AB ! *!3*+- &*%( 4>E) &*+ '#&%3+ .%!$#-+ 8-',%,!$!&=

!(7-+% +  *%-8$= !. D+ %>'8& -%(>'" %$$'7%&!'(1 L( &*+ 7'(&-%-=) !. &*+ 9!(:9%;

.-+<#+(7= %$$'7%&!'( ! %>'8&+>) &*+ '#&%3+ 8-',%,!$!&= -+"%!( %& % ?+-= $'D $+?+$

+?+( D*+( &*+ %7*!+?+> /@AB ! % *!3* % 7>E1

2!3#-+ 45146) 4514F %(> 4514J  *'D &*%&) D*+( &*+ ,+%".'-"+- ! >+ !3(+>

'( &*+ ,% ! '. &*+ + &!"%&+ '. >!-+7&!?!&= ?+7&'- ) ,= %>'8&!(3 &*+ 9!(:9%; .-+:

<#+(7= %$$'7%&!'( %$3'-!&*") &*+  = &+" 8+-.'-"%(7+ 7%( ,+ !"8-'?+>  !3(!I7%(&$=

7'"8%-+> D!&* -%(>'" %$$'7%&!'(1

 !"#$%&!'( )*+#$&+ ,') +&%&!- &*)"!(%$+

K+ %(%$=G+  = &+" 8+-.'-"%(7+ D*+( &*+ /0 %-+  &%&!71 K+ %>'8& &*+ 9!(:

9%; .-+<#+(7= %$$'7%&!'(  &-%&+3=1 K+ %  #"+ &*+ &'&%$ (#",+- '. /0 ! +!&*+- 200
'- 4001 /!(7+ %$$ &*+ 7%--!+- %-+ !>+(&!7%$) D+ +;%"!(+ '($= '(+ '. &*+ .'#- 7%--!+- 1

K+ %  +  &*+ >+3-%>%&!'( '. &*+ // 8+-.'-"%(7+ >#+ &' &*+ "! "%&7* ,+&D++(

&*+ + &!"%&+> %(> %7&#%$ >!-+7&!?!&= ?+7&'- 1 @( &*+  !"#$%&!'( ) &*+ (#",+- '. /0 

! 200 '- 4001 2!3#-+ 4514M 7'"8%-+ &*+ %7*!+?+> /@AB D*+( &*+ ,+%".'-"!(3

! >+ !3(+> '( &*+ ,% ! '. &*+ + &!"%&+> %(> %7&#%$ >!-+7&!?!&= ?+7&'- 1 @& ! ',:

?!'# &*%& &*+ ,+%".'-"+- ,% +> '( %7&#%$ >!-+7&!?!&= ?+7&'- '#&8+-.'-" &*+ '(+

,% +> '( + &!"%&+> >!-+7&!?!&= ?+7&'- 1 N'D+?+-) &*+ 8+-.'-"%(7+ >+3-%>%&!'( ! 



 !"# $%&'()*+, -'(./(&+0*' 122'22&'03  #4

10 20 30 40 50 60 70 80 90 100
0

0.5

1

1.5

2

2.5

3

Arrival rate of STs

P
o

s
it

io
n

 E
s

ti
m

a
ti

o
n

 E
rr

o
r 

o
f 

S
T

s
 e

x
p

re
s

s
e

d
 i

n
 k

m
σ

2

n
=−10dBW, CIM=−15dB

σ
2

n
=−∞ dBW, CIM=−15dB

σ
2

n
=−10dBW, CIM=−∞ dB

 !"#$%  !"# $ %&& '(()*'+,- ./012'01*3 4))*) *5 %67/ (*/101*3/ 84)/9/

8'):13; '))18'< )'04 *5 %6/ =10, >1?4)430 <484</ *5 3*1/4" %:/042 /40013;/ @

Q = 50- 0)'1313; <43;0,= 400- U = 100

 !" #$% $&'( ") *+, %(- $# (./(0# 1,.!/ 0.123) 4 #$5$.(6 "6, 2 $# (.#! #+!/ $ 

7$%86, 9:)9;) *+, #0#",5 -,6<!65( ', $ ",65# !< -!/,6 ,='$, '0 <!6 "+, "/! >$ 2#

!< 1,(5<!65,6# $# ?,60 '.!#,) 7$%86, 9:)9@ #+!/# "+, !8"(%, -6!1(1$.$"0 /+, "+,

1,(5<!65$ % $# 2,#$% ,2 1(#,2 ! ,#"$5(",2 ( 2 ('"8(. 2$6,'"$?$"0 ?,'"!6#) A" $#

/!6"+ 5, "$! $ % "+(" <!6 K = 400B /+, "+, ('+$,?,2 CADE $# +$%+ (# 6.523B "+,
!8"(%, -6!1(1$.$"0 #"$.. 6,5($ # (# F,6!)

422$"$! (..0B /, ,?(.8(", "+, CC -,6<!65( ', /$"+ ( 2$G,6, "  851,6 !< ('"$?,

C*#) 7$%86, 9:)9H ( 2 9:)I: #+!/ "+, #0#",5 -,6<!65( ', $ ",65# !< ('+$,?,2

CADE ( 2 -!/,6 ,='$, '0 /$"+ 2$G,6, "  851,6 !< ('"$?, C*#) A "+, #$58.("$! #B

"+, "(6%," CADE $# 223 !6 523) 4# (--(6, " <6!5 7$%86, 9:)9HB (# "+,  851,6 !<

C*# $ '6,(#,#B "+, ('+$,?,2 CADE 2,'6,(#,# #$% $&'( ".0) J+, "+,  851,6 !< C*#

$# ,K8(. "! 400B "+, (?,6(%, ('+$,?,2 CADE (.5!#" ,K8(. "! "+, "(6%," CADE) 7$%86,

9:)I: #+!/# "+, -!/,6 ,='$, '0 <!6 ( 2$G,6, "  851,6 !< C*# /+, "+, "(6%," CADE

$# 223) J+, "+,  851,6 !< C*# $# .(6%,6 "+( 200B "+, 6,K8$6,2 -!/,6 "! 5,," "+,

"(6%," CADE -,6 C* 1!!#"# %6,(".0)

 !"#$%&!'( )*+#$&+ ,') "'-!$* &*)"!(%$+

A "+$# #81#81#,'"$! B /, ( (.0F, #0#",5 -,6<!65( ', /+, "+, C*# (6, 5!L

?$ %) M('+ ",65$ (. $# 5!?$ % $ #$2, "+, 5(- (" ( 6( 2!5 %, ,6(",2 #-,,2 ( 2 $ 

( 6( 2!5 %, ,6(",2 2$6,'"$! ) N8, "! "+, 5!1$.$"0 !< C*#B "+, 2$6,'"$?$"0 ?,'"!6#

!< "+, C*# '+( %,#) O!/,?,6B #$ ', "+, #0#",5 8-2(",# "+, -!#$"$! # !< "+, #(",..$",

",65$ (.# ( 2 '!5-8",# (%($ "+, 1,(5<!65$ % 5("6$P (" 6,%8.(6 $ ",6?(.#B "+,

1,(5<!65$ % 5("6$P 6,5($ # #"("$' <!6 ! , 5$ 8",) Q!6,!?,6B /, (##85, "+(" "+,

5!1$., ",65$ (.# +(?, "+, (1$.$"0 "! (2R8#" "+,$6 !/ 58."$#"6,(5 2,",'"!6 $ #"( L

"( ,!8#.0) J, ( (.0F, "+, 6!18#" ,## !< "+, 1,(5<!65,6 "! 5!1$.$"0 ( 2 "+, #0#",5

-,6<!65( ', 2,%6(2("$! 28, "! "+, 2,.(0 $ 8-2("$ % "+, 1,(5<!65,6)

J, (##,## "+, #0#",5 -,6<!65( ', /+, "+,  851,6 !< C*# $# 400) *+, #-,,2
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 !"#$%  !"# $ %&'( )*+,-./012 3--,- ,4 '567 8,7./.,97 37/.1)/.,9 :3-7;7

<.=3-39/ 9;1>3- ,4 )?/.:3 '572 @./0 <.=3-39/ *3:3*7 ,4 /-).9.9+ *39+/0"

'A7/31 73//.9+7 B σ2n = −10<CD2 EFG= −15<C2 Q = 50

 ! "#$% &' () *+(! ,-./ 0()1,(2*1"0 (+ 1%" ,#+3" !, - 804-5% #+0 1404-5%6 '%"

- 7(+3 0(,"$1( +  ! "#$% 1",-(+#. () *+(! ,-./ 0()1,(2*1"0 2"18""+ 0 #+0 2π6

9(3*," :;6<: $ -=#,") 1%" #$%("7"0 &>?@ (+  +" -(+*1"6 A" $#+ )"" !, -

1%" B3*," 1%#1 1%" 0"3,#0#1( +  ! #$%("7"0 &>?@ 0*" 1 1%" - 2(.(1/ () .")) 1%#+

0.10C (+  +" -(+*1"6 '%() 0"3,#0#1( + () )1(.. #$$"=1#2."6 9(3*," :;6<< )% 8) 1%"

= 8", "D$("+$/ (+  +" -(+*1"6 '%" = 8", "D$("+$/ #.- )1 0 ") + 1 0"3,#0" (+

 +" -(+*1"6

 !"#$%&!'( )*+#$&+ ,'- ./%0&!1* 2*%",'-"!(3 1*-+#+ 4'(1*(&!'(%$

2*%",'-"!(3

A" $ -=#," 1%" =",! ,-#+$"  ! 1%" #0#=1(7" 2"#-! ,-(+3 #+0 $ +7"+1( +#.
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Conventional Beamforming system: SINR max=9.51dB, SINR min=2.81dB SINR mean=6.17dB

Adaptive Beamforming system: SINR max=5.16dB, SINR min=3.33dB, SINR mean=4.13dB
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'3-$'3)0/"!(!3- 5*$*5-%$')% ,*$ "3 3'C!*" 1'('-%  ! 1* 5..,%$*-'.3 !3-$! 1!) !3-'-%)

 ! 5.(("3'5*-'.3 /"' ).3- ,1") !3 5.35"$$!35! ,."$ 1!) (F(!) $!))."$5!) !- ,*$

"3! &!)-'.3  %5!3-$*1')%!  ! 5!)  !$3'0$!)7 G!) '3-!$*5-'.3) 5.(,1!#!) ,!"C!3- F-$!

(. %1')%!) *C!5 )"550)  " ,.'3-  ! C"!  ! 1* -9%.$'!  !) E!"#7 G!--! .$'!3-*-'.3

$!H.'- *5-"!11!(!3- "3! *--!3-'.3 5.3)' %$*61! IC.'$ ,*$ !#!(,1! JK;LKMNO7 A* (*P

E.$'-%  ! 5!) 5.3-$'6"-'.3) )! 5.35!3-$!3- )"$ 1! 5*)  ! 5.33*'))*35! ,*$4*'-!  !)

5*3*"#  ! -$*3)('))'.3 *" 3'C!*"  ! 12%(!--!"$7 8!) *1&.$'-9(!) '-%$*-'4) .3- %-%

,$.,.)%)= )*"4 /"! 1!"$ 5.3C!$&!35! C!$) "3 ,.'3-  2%/"'1'6$! !)- 6*)%! )"$ 1!) $!P

-."$)  !)  'C!$) $%5!,-!"$)7 Q3 !#!(,1! 6'!3 5.33" !- 1*$&!(!3- %-" '%  *3) 5!--!

51*))!  2*1&.$'-9(!) !)- 12*1&.$'-9(! '-%$*-'4 R*-!$S11'3& /"' 5.3C'!3- 6'!3 *"# 5*P

3*"# )%1!5-'4) D '3-!$4%$!35!) IC.'$ JKTN !- $%4%$!35!) '351")!)O7 G9*/"! $%5!,-!"$

5.3-$'6"! D 1*  !3)'-% ),!5-$*1!  ! ,"'))*35! &1.6*1! IUV8O  ! 12'3-!$4%$!35! ,1")

6$"'- *" 3'C!*"  ! 12%(!--!"$  2'3-%$F-= !- 12%(!--!"$ * *,-! 1* UV8  ! )* -$*3)P
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  !" #$% &'()'*+,-%$. /-%,0,1($ 2$ 3)45 $' #$% 6)7$4,$8  9:

 ! "# $#%$&'($ )$ %*+,*-./$% P = P1 × P2... × PK #0# 1/)$2 03 Pk )-#0*$

(4$#%$&'($ )$ %*+,*-./$% )5 605$5+ k ∈ S!

7! 5# $#%$&'($ )$ 80#9*/0#% )45*/(/*-% U = (U1(x), ...,UK(x))2 )4,9*/0#% x ∈ P

03 9:,;5$ 605$5+ k 9:0/%/* 5#$ ,9*/0# xk ;5/ /#)5/* 5# <+0=( )4,9*/0# x =
(x1, ..., xK) %5/*$ > ;50/ ($ 605$5+ k 0'*/$#* %0# 5*/(/*- #0*-$ Uk(x)!

  !"!" #$%&'&()* +* ,-./

?# %5<<0%$ ;5$ *05% ($% 605$5+% <+$##$#* )$% )-9/%/0#% %/&5(*,#-&$#* $* +,@

*/0##$(($&$#*! A/ ($ +-%5(*,* )-<$#) )$% %*+,*-./$% ,)0<*-$% <,+ ($% ,5*+$% 605$5+%2

0# #$ <$5* <,% <+-)/+$ (4/%%5$ )$% ,9*$5+% &5(*/<($% <,+ 5#$ %/&<($ ,#,(B%$ )45# )$%

605$5+% /%0(-! ?# )0/* *$#/+ 90&<*$ )$ *05% ($% 605$5+%! C4-;5/(/'+$ )$ D,%: EDFG

$%* 5# +-%5(*,* <0%%/'($ <05+ ($ 9,% )$ (, #0# <+/%$ )$ )-9/%/0#!

DF $%* #0&&- )4,<+H% ($ &,*:-&,*/9/$# ,&-+/9,/# I0:# D,%:2 ;5/ , /#*+0)5/*

9$ 90#9$<* $# JKLM NOMP! Q( %4,./* )45# 90#9$<* 80#),&$#*,( )$ (, *:-0+/$ )$% 6$5R!

S$ 90#9$<* <$5* T*+$ %/&<($&$#* $R<+/&- 90&&$ 5# $#%$&'($ )4,9*/0#%2 )$ %0+*$

;54,595# 605$5+ #$ <$5* 0'*$#/+ 5#$ <(5% .+,#)$ 5*/(/*- $# )-1/,#* 5#/(,*-+,($&$#*

%, <+0<+$ ,9*/0#2 *,#)/% ;5$ ($% ,5*+$% 605$5+% .,+)$#* ($5+% ,9*/0#% /#9:,#.-$!

;*<8,',=8 2$ 0>*-%,0,1($ 2$ 3)45 NOJP U C4-;5/(/'+$ )$ D,%: $%* 5# <+0=(

)4,9*/0#% x∗ ∈ P ,1$9 (, <+0<+/-*- ;5$ <05+ 9:,;5$ 605$5+ k ∈ S2 0# , U

∀xk ∈ Pk, xk 6= x∗k : Uk(x
∗
k, x

∗
∼k) ≥ Uk(xk, x

∗
∼k) EJJ!JG

A/ (4/#-.,(/*- )$ (4-;5,*/0# J !J $%* %*+/9*$2 ,(0+% (4-;5/(/'+$ 0'*$#5 $%* 5# %*+/9*$

DF2 ,5*+$&$#* )/*2 %/ 5# 605$5+ <$5* &0)/=$+ %0# ,9*/0# 5#/(,*-+,($ %,#% T*+$ (,/%-2

(, DF $%* ,<<$(- 5# 8,/'($ DF!

"# 6$5 03 5# 605$5+ <$5* 9:0/%/+ 5#$ %$5($ ,9*/0# > (, 80/% $%* )-=#/ 90&&$

5# 6$5 )$ <5+$ %*+,*-./$! V,#% ($% 6$5R )$ %*+,*-./$ <5+$2 ($ DF $%* #0&&- 90&&$

DF )$ <5+$ %*+,*-./$! V,#% 9$+*,/#% 9,%2 ,5 (/$5 )$ %/&<($&$#* 9:0/%/+ 5#$ ,9*/0#2

($% 605$5+% %0#* $# &$%5+$ )$ %-($9*/0##$+ <(5% ;45#$ %-+/$ )4,9*/0#% ,1$9 9$+*,/#$%

)/%*+/'5*/0#% )$ <+0','/(/*-! S$ *B<$ )$ 6$5 $%* ,<<$(- %*+,*-./$% &/R*$%! C$ DF

)$% %*+,*-./$% &/R*$% $%* ,(0+% 5# <+0=( )4,9*/0# &/R*$ ,1$9 (, <+0<+/-*- ;54,595#

605$5+ #$ <$5* 0'*$#/+ 5#$ <(5% .+,#)$ 5*/(/*- $%<-+-$ <,+ )$% 9:,#.$&$#*% 5#/(,*-@

+,5R )$ %0# <+0<+$ <+0=( )4,9*/0#2 ,(0+% ;5$ ($% ,5*+$% (,/%%$#* ($5+% <+0=(% <+0<+$%

/#9:,#.-%!

C$% 9,+,9*-+/%*/;5$% )$% 6$5R %0#* ,#,(B%-$% $# *$+&$% )4$R/%*$#9$2 )$ &5(*/@

<(/9/*- $* )$ %*,'/(/*- )$% DF%! V,#% NO P2 ($% ,5*$5+% )0##$#* 5# ,<$+W5 )$ 9$%

<+0'(H&$%!

"#$ 90#)/*/0# ;5/ ,%%5+$ (4$R/%*$#9$ )4,5 &0/#% 5# DF $%* )0##-$ ),#% ($

*:-0+H&$ %5/1,#*2

 !"#$%&' NO P U "# -;5/(/'+$ $R/%*$ <05+ *05* 6$5 90#9,1$ )$ K 605$5+%!

F# 05*+$2 ),#% NO P2 (, &5(*/<(/9/*- )$% DF% $%* ,#,(B%-$! C$% ,5*$5+% &0#*+$#*

;5$ <05+ 9:,;5$ 6$5 %*+/9*$&$#* 90#9,1$2 ($ DF $%* 5#/;5$!

  !"!0 1*% (-23.&*4

V,#% 5# 6$5 %*+,*-./;5$ )$ ',%$2 *05% ($% 605$5+% 0#* 5#$ <,+8,/*$ 90##,/%%,#9$

)$ (, %*+59*5+$ )5 6$52 94$%* > )/+$2 ($% <+0=(% )4,9*/0# )/%<0#/'($% <05+ ($% ,5*+$%

605$5+% $* ($% 80#9*/0#% )45*/(/*- )$% ,5*+$% 605$5+%! Q( %4,./* )45#$ :B<0*:H%$ ,%%$X
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*$) '-#"$) 2!-$-")% 7$) 2$-. 8 4( !"+'#4!( 4(/!+319#$ )!(# '33$15$)  !"# $%&'()!*(%

:' (!#4!( *$ +&,! $)# 4(#"!*-4#$ 3'" ;!<( ='")'>4 ?@AB 3!-" +!*514)$" 1$) 2$-.

,'>5)4$()% :$) 2!-$-") )!(# /'"'/#5"4)5$) 3'" *$) 4( !"+'#4!() 3"4C5$)0 /!++$ 1$)

-#414#5)0 1$) 3"5 5"$(/$) $# 1$) /"!>'(/$) '- )-2$# *D'-#"$) 2!-$-") 'C'(# 6-$ 1$ 2$-

($ /!++$(/$% EFG>3$ED /!(#4$(# #!-#$) 1$) 4( !"+'#4!() 3$"#4($(#$) )-" 1$) /'"'/H

#5"4)#46-$) 3"4C5) *$ /$"#'4() 2!-$-")% I( !-#"$0 1$ #>3$ *D-( 2!-$-" $)# )$-1$+$(#

/!((- 3'" 1-4H+J+$%

456/.'.,/ 0( 7(2 8%951.(/ ?@KB ?@LB M ;$- ,'>5)4$( $)# -( 2$- )!-)  !"+$

)#"'#5N46-$ 'C$/ *$) 4( !"+'#4!() 4(/!+319#$)% O1 )$ /!+3!)$ *$) 515+$(#) )-4C'(#) M

• P( $()$+,1$ Q(4 S = {1, ...,K} *$ K 2!-$-")%

• P( $()$+,1$ *$ )#"'#5N4$) (!( C4*$0 P = (P1× ...×PK) 3!-" #!-) 1$) 2!-$-")0

!R Pk "$3"5)$(#$ 1D$()$+,1$ *$ )#"'#5N4$) *4)3!(4,1$) 3!-"1$ 2!-$-" k ∈ S

• P( $()$+,1$ *$ #>3$) Θ0 Θ = Θ1 × ...×ΘK 0 !R Θk $)# 1D$()$+,1$ *$ #>3$)

3!-" 1$ 2!-$-" k%

• P($ *4)#"4,-#4!( *$ 3"!,',414#5 )-" 1$) #>3$) pk(θk) S*$) /!>'(/$) 8 3"4!"4

/!++-($) )-" 1$) #>3$) *$) 2!-$-")T 3!-" #!-# k ∈ S $# θk ∈ Θk

• P($  !(/#4!( *D-#414#5 3!-" /<'6-$ 2!-$-" k ∈ S uk M P1 × ... × PK × Θ1 ×
...×ΘK %

U$+'"6-$) M

• :$ 2!-$-" k -#414)$ -($ 3"!,',414#5 /!(*4#4!(($11$ p(θ∼k | θk) 3!-" 3"$(*"$

/$) *5/4)4!() $# +$##"$ 8 2!-" 1$) /"!>'(/$) )-" 1$) *4)#"4,-#4!() *$) #>3$) *$)

'-#"$) 2!-$-")%

• P($ )#"'#5N4$ 3$-# 'V$/#$" *4V5"$(#$) '/#4!() 8 *4V5"$(#) #>3$)% :$) )#"'#5N4$)

)!(# *!((5$) 3'" /!""$)3!(*'(/$) $(#"$ 1D$)3'/$ *$) #>3$) C$") 1D$)3'/$ *$)

'/#4!()0 xk : Θk → Pk W4#< $1$+$(#) xk(θk)
X4 1$ 2!-$-" k '*!3#$ -($ )#"'#5N4$ xk0 1$) '-#"$) 2!-$-") -#414)$(# *$) )#"'#5N4$)

*$ x∼k $# 1$ #>3$ *$ 2!-$-" k $)# θk0 *5#$"+4(5 $( +!>$(('(# )-" #!-) 1$) #>3$) $#

1$-") /"!>'(/$) /!(*4#4!(($11$) )-" 1$) '-#"$) #>3$)0 1'  !(/#4!( *D-#414#5 !,#$(-$ $)#

*!((5$ 3'" M

Euk(xk | x∼k, θk) =
∑

θ∼k∈Θ∼k

uk(xk, x∼k(θ∼k), θk, θ∼k)p(θ∼k | θk) SYY%ZT

P( 56-414,"$ *$ [')< ,'>5)4$( $)# )4+41'4"$ 8 1' (!#4!( *$ [I *'() -( 2$-
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ij .  !"#$%"&'"%( #$%)% )#*#+)#+,) *"% -.'/. #' 0'#$ )'!",%)1 2#

#$% "%,%+3%" #$% ,$*..%4 +) +&5*+"%6 07 *66+#+3% 8*!))+*. .'+)% /+#$ 3*"+*.,% N0.

 !"# $%&'()* +,-,)*).,

 !"#$%! &' ()! *#+(,#- ./&0-!12! &' ()! ")#//!- 34 ()! %&$+"!% #/1 ()! #%%$5*6

(,&/ &' 3-&". '#1,/27 +!-,#3-! "&55$/,"#(,&/%7 ,8!8 0,() !++&+ *+&3#3,-,(4 #+3,(+#+,-4

%5#--7 #+! /&( '!#%,3-! 9!8287 %!! :;<=> #/1 &$(#2! !?!/(% 5#4 )#**!/8 @' ()! %&$+"! i
(+#/%5,(% #( # "!+(#,/ +#(!7 !A*+!%%!1 ,/ /#(B%!"7 0,() "&/%(#/( (+#/%5,((!1 *&0!+

Pi, #/ &$(#2! !?!/( )#**!/% ,'
 

Ri > log

(
1 +

Pigi
N0 + Pjhji

)
, i, j = 1, 2 0,() i 6= j, 9CD8E>

#/1 ()! &$(#2! *+&3#3,-,(4 &' %&$+"! i 1!*!/1% &/ ()! ")&,"! &' Ri, Pi #/1 Pj . F!
1!G/! ()! ()+&$2)*$( #% ()!  !"# $" %&'(#) *%(& +(##"+*,- #"+"%!". /- *0" ."1*%& 2

*%(&8 H)!/7 ()! ()+&$2)*$( ,% 2,?!/ 34

Ti(Pi, Ri, Pj) = RiPr

{
Ri ≤ log

(
1 +

Pigi
N0 + Pjhji

)}
9CD8I>

0)!+! i, j = 1, 2 0,() i 6= j7 #/1 Pr{E} 1!/&(!% ()! *+&3#3,-,(4 &' ()! !?!/( E.
H)! (0& %&$+"!% /!!1 (& 1!(!+5,/! #$(&/&5&$%-4 #/1 ,/ # 1!"!/(+#-,J!1 5#//!+

()! (+#/%5,((,/2 *&0!+ Pi #/17 !?!/($#--4 #-%& ()! +#(! Ri8 K /#($+#- "+,(!+,&/ ,% (&

#--&"#(! %$") +!%&$+"!% ,/ &+1!+ (& 5#A,5,J! ()! ()+&$2)*$( 0),-! .!!*,/2 *&0!+

"&/%$5*(,&/ 5&1!+#(!8 H)!/7 0! 1!G/! ()! &3L!"(,?! '$/"(,&/ '&+ %&$+"! Si #%

ui((Pi, Ri), (Pj , Rj)) = Ti(Pi, Ri, Pj)− CiPi 9CD8M>

0)!+! Ci ,% ()! "&%( '&+ $/,( *&0!+8

 4 5#.,/2 $%! &' ()! #%%$5*(,&/ &/ ()! *&0!+ 2#,/ 1,%(+,3$(,&/% &' ()! ,/(!+6

'!+,/2 -,/.%7 ()! $(,-,(4 &' Si ,% 2,?!/ 34

ui((Ri, Pi), (Rj , Pj))

= RiPr

{
Ri ≤ log

(
1 +

Pigi
N0 + Pjhji

)}
− CiPi

=





Ri

(
1− exp

(
− ti

Pjσ
2
ij

))
−CiPi, {Pj > 0, Pi, Ri ≥ 0};

0, {Pj > 0, Pi = Ri = 0};
Ri − CiPi, {Pj = 0, Ri ≥ 0, Pi ≥ (eRi−1)N0

gi
};

−CiPi, {Pj = 0, Ri, Pi ≥ 0, Pi ≤ (eRi−1)N0

gi
};

=





RiFi(ti)− CiPi, {Pj > 0, Ri ≥ 0} \ {Pi = Ri = 0};
0, {Pj > 0, Pi = Ri = 0};
Ri − CiPi, {Pj = 0, Ri ≥ 0, Pi ≥ (eRi−1)N0

gi
};

−CiPi, {Pj = 0, Ri, Pi ≥ 0, Pi ≤ (eRi−1)N0

gi
};

9CD8;>

 ! "# $%&'( ()# *&($(+&* log ,&- *$(.-$/ /&0$-+()12 $*% -$(#2 $-# #3'-#22#% +* *$(42#5!
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 !"#" ti =
Pigi

eRi−1
− N0 $%& Fi(ti) = 1 − exp

(
− ti

Pjσ
2
ij

)
$%& Ci '( )!" *+() +, -%')

.+ "# /0 -("# i1
2" ()-&0 )!" #"(+-#*" $33+*$)'+% .#+/3"4 /0 ) + &'5"#"%) *#')"#'$1 6% )!" +.)'7

4'8$)'+% $..#+$*!9 )!" )#$%(4'))"#( *++."#$)" )+ 4$:'4'8" $ ;3+/$3 -)'3')0 ,-%*)'+%

$**+-%)'%; ,+# )!" )+)$3 )!#+-;!.-) $%& )!" *+()( &-" )+ )#$%(4'(('+%( <

u(P1, R1, P2, R2) = u1((P1, R1), (P2, R2)) + u2((P2, R2), (P1, R1)). =>?1@A

B+)" )!$) '% )!'( *$(" )!" *+()( C1 $%& C2 *$% /" '%)"#.#")"& $( )!" C$;#$%;'$%

4-3)'.3'"#( +, *+%()#$'%)( +% )!" $D"#$;" )#$%(4'))"& .+ "#( P1 $%& P2. E!"%9
)!" -)'3')0 ,-%*)'+% =>?1@A *+##"(.+%&( )+ )!" &-$3 ,-%*)'+% = "1;1 ("" FGHIA +, $

*+%()#$'%"& +.)'4'8$)'+% .#+/3"4  ')! +/J"*)'D" ,-%*)'+%

T (P1, R1, P2, R2) = T1(P1, R1, P2) + T2(P2, R2, P1). =>?1KA

L3)"#%$)'D"309  " '%D"()';$)" )!" *$(" $( )!" (+-#*"( S1 $%& S2 $#" #$)'+%$3

$%& ("3M(! $%& $33+*$)" )!"'# .+ "#( $%&9 "D"%)-$3309 )!"'# #$)"( )+ 4$:'4'8" )!"'#

+ % -)'3')0 ,-%*)'+%(1 6% )!'( *$(" )!" .#+/3"4 ,$33( %$)-#$330 '%)+ )!" ,#$4" +#N

+, *+4.")')'D" ;$4"(1 E!" +/J"*)'D" +, (+-#*" Si '( )+ &")"#4'%" )!" )#$%(4') .+7

 "# Pi, $%& "D"%)-$330 )!" #$)" Ri, )!$) ("3M(!30 4$:'4'8"( ')( -)'3')0 ,-%*)'+%
ui((Pi, Ri), (Pj , Rj)) -%&"# )!" $((-4.)'+% )!$) $ ('4'3$# ()#$)";0 '( $&+.)"& /0
)!" +)!"# (+-#*"1

 !"# $%&'()'('%*' +,-' ).( /.0'( 122.*,&3.%

6% )!'( ("*)'+%  " $((-4" )!$) )!" #$)"( R1 $%& R2 $#" $((';%"& )+ )!" (+-#*"

$%& &"M%" )!" .+ "# $33+*$)'+% .#+/3"4 $( $ ()#$)";'* ;$4" GP &"M%"& /0 )!" )#'.3"){
S,P, (ui)i∈S

}
9  !"#" S = {S1, S2} '( )!" (") +, .3$0"#( +# (+-#*"(9 P #".#"("%)( )!"

(") +, ()#$)";'"(9 $%& ui '( )!" -)'3')0 ,-%*)'+% +, (+-#*" Si1 E!" (") +, ()#$)";'"(

'( P = R+ × R+,  !"#" R+
'( )!" (") +, %+%%";$)'D" #"$3 %-4/"#(1 B+)" )!$) '%

)!'( *$(" Ri $%& Rj %""& /" '%)"#.#")"& $( .$#$4")"#( +, )!" -)'3')0 ,-%*)'+% =>?1OA

#$)!"# )!$% $( D$#'$/3"(1 P-#)!"#4+#"9  " $((-4" )!$) Ri 6= 0 ,+# i = 1, 2 +)!"# '("
)!" ;$4" /"*+4"( )#'D'$31 E!" &"M%')'+% +, )!" ;$4" &"."%&( +% )!" *+()( C1 $%&

C2 D'$ )!" -)'3')'"( '% =>?1OA1 2!"% *+%D"%'"%)9 ,+# )!" ($N" +, *+4.#"!"%('+%  "

":.#"(( )!'( &"."%&"%*0 ":.3'*')30 D'$ )!" %+)$)'+% GP(C1, C2).
2" (!$33 3++N ,+# $ B$(! "Q-'3'/#'-49 )!$) '(9 $ ()#$)";0 (P ∗1 , P

∗
2 ) ∈ P (-*! )!$)

,+# $%0 (P1, P2) ∈ P9

u1((R1, P1), (R2, P
∗
2 )) ≤ u1((R1, P

∗
1 ), (R2, P

∗
2 )),

u2((R2, P2), (R1, P
∗
1 )) ≤ u2((R2, P

∗
2 ), (R1, P

∗
1 )).

E!" ":'()"%*" +, B$(! "Q-'3'/#'$ ,+# ;$4" GP '( "()$/3'(!"& '% )!" ,+33+ '%;

.#+.+(')'+%1

;)-&-,2'2-3  =  !"#$ %&'()(*+(', -. /$% 0",% GP %1(#/# (2 "23 4)-#%5 (2/%+6")

"25 (/ (# " 71%5 8-(2/ -. /$% %&'"/(-2

ρ((P ∗1 , P
∗
2 ), (P

∗
1 , P

∗
2 );R1, R2) =

max
(π1,π2)∈P

ρ((P ∗1 , P
∗
2 ), (π1, π2);R1, R2) =>?1RA
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 !"#$

ρ((P1, P2), (π1, π2);R1, R2) =

u1((R1, π1), (R2, P2)) + u2((R2, π2), (R1, P1)).  !"#!$%

%&''( ) &' ()*+(, *-.*

∂2ui
∂P 2

i

= − Rig
2
i

P 2
j σ

4
ji(e

Ri − 1)2
exp

(
− ti
Pjσ2

ji

)
 !"#!!%

+/ (0,.*+10 0102'3-020 +( P, +( .(' 45)/06 .(6 4)(107 /0* )8 P *-0 .9)10 60:(06

,.;0 +/ .( N <4)(4.10 ,.;0 ./ 60:(06 +( =>"?# @-0(A @-0)20; ! +( =>"? ,B.2.(*00/

*-0 07+/*0(40 )8 . C./- 0DB+5+92+B; +( .(' 45)/06 .(6 4)(107 /0* )8 P. �
@-0 C./- 0DB+5+92+. )8 *-0 ,.;0 GP (006 *) /.*+/8' *-0 /'/*0; )8 0DB.*+)(/

∂ui
∂Pi

= − Ri

Pjσ2
ji

F ′(ti)− Ci = 0 i, j ∈ {1, 2}, i 6= j.  !"#!"%

E2);  !"#!"% +* +/ /*2.+,-*8)23.26 *) 07F20// Pi ./ . 8B(4*+)( )8 Pj A *-0 /*2.*0,' )8

*-0 )*-02 4);F0*+(, ()60 Sj A

Pi = pi(Pj)
def
=

(eRi − 1)

gi

(
N0 − σ2

jiPj log

(
Ci(e

Ri − 1)σ2
jiPj

Rigi

))
 !"#!G%

3+*- i, j = 1, 2 .(6 i 6= j. @-+/ 8B(4*+)( pi(Pj) F2)1+60/ *-0 90/* /*2.*0,' *-.* ()60

Si 4.( .FF5' 3-0( ()60 Sj .6)F*/ *-0 /*2.*0,' Pj , .(6 +* +/ /-)2*5' 20802206 *) ./ 90/*

20/F)(/0 )8 ()60 Si *) ()60 Sj . @-0 F5)* )8 *-0/0 4B210/ )( *-0 F5.(0 P1−P2 .6;+*/

+(*020/*+(, +(*02F20*.*+)(# @-0 F)+(*/ 3-020 *-0 *3) 4B210/ +(*02/04* 4)220/F)(6 *)

C./- 0DB+5+92+.# H66+*+)(.55'A +* F2)1+60/ +(8)2;.*+)( )( *-0 4)(102,0(40 )8 . 90/*

20/F)(/0 .5,)2+*-;#

@-0 .(.5'/+/ )8 *-0 90/* 20/F)(/0 .5,)2+*-; '+056/ *) *-0 8)55)3+(, F2)F)/+*+)(

4-.2.4*02+I+(, *-0 /0* )8 C./- 0DB+5+92+.#

/(.5.63&3.% !" *+! ,-&.-!$"/ $.0! GP 0"$+- +.1! .- 0',- -+&!! 2.,+ !34"5" &".

"# -+! "#-!&1.5 [0, PN
1 ]× [0, PN

2 ],  !"#$ PN
i = N0

gi
(eRi − 1) + Ri

Cie
6

%&''( ) C)*0 *-.* *-0 90/* 20/F)(/0 Pi +(  !"#!G% +/ 60:(06 8)2 Pj = [0, P j)
3-020 P j +/ *-0 F)+(* *-0 90/* 20/F)(/0  !"#!G% )8 Si *) Pj 42)//0/ Pi = 0, +#0#A +* +/

*-0 /)5B*+)( *)

σ2
jiPj log

(
Ci(e

Ri − 1)σ2
jiPj

Rigi

)
= N0.

J)B240 Si 20/F)(6/ 3+*- *-0 F)302 .55)4.*+)( P�
i = eRi−1

gi
N0 *) *-0 /*2.*0,' Pj = 0

)8 /)B240 j .(6 3+*- Pi = 0 *) Pj = P j . K* +/ +(420./+(, +( *-0 +(*021.5 [0, Pj) =[
0, Rigie

−1

Ciσ
2
ji
(eRi−1)

)
, 3+*- ;.7+;B; PN

i = N0

gi
(eRi − 1) + Ri

Cie
, 60420./+(, 05/03-020A

.(6 4)(4.10 0102'3-020# &./06 )( *-+/ .(.5'/+/ *-0/0 ,.;0/ ;+,-* -.10 .* ;)/*

*-200 C./- 0DB+5+92+. ./ .FF.20(* 82); E+,B20 !"#!# �
E+,B20/ !"#!# .%A !"#!# 9%A !"#!# 4% /-)3 *-0 90/* 20/F)(/0/  !"#!G% 8)2 *-0 /)B240/

+( *-0 (P1, P2)<F5.(0 +( *-0 4./0/ )8 *-200A *3)A .(6 )(0 C./- 0DB+5+92+.A 20/F04*+105'#



 !!"#$%&'(  ) *'+,-(.' /00,.$&1,2 12 30,4 5$6127 82&'(9'(127 "#$22'0+ 41&# :$(&1$0 ;2,40'67' ,9 &#' "#$22'0+

P2

 !

 !

 !

P1

"#$% &#$'()$# S2 %( S1PN

2

P0
2

P1 PN

1

"#$% &#$'()$# S1 %( S2

P0
1

P2

 !"

 !

P0
1

 !

P1

"#$% &#$'()$# S2 %( S1PN

2

P0
2

"#$% &#$'()$# S1 %( S2
P2

P2

PN

1
P1

 #"

"#$% &#$'()$# S2 %( S1

P1

P2

P0
2

PN

1 P1P0
1

PN

2

P2

 !

"#$% &#$'()$# S1 %( S2

 $"

 !"#$% %&'% ( )*++,#-. /!+0 .12,-,#3,24 +.5 6*3 7!4. GP

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018
0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

P
1

P
2

C
1
=C

2
=10,σ

12

2
=σ

21

2
=1,N

0
=0.01,g

1
=g

2
=0.1

Best response for P
1

Best response for P
2

 !"#$% %&'& ( 89!4:-. *6 ! +;+5.4 <,50 503.. /!+0 .12,-,#3,!
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 !"#$% &'(' )*+,) -*% .%)- $%)/+0)%) +1 2 )3)-%4 ,!-* 4+$% -*20 2 52)* %6#!7!8

.$!#4 209 -*% 1+77+,!0" )%--!0" : R1 = 0.1, R2 = 0.1, C1 = 10 C2 = 10, g1 = 0.1,
g2 = 0.1, σ2

12 = 1, σ2
21 = 1, 209 N0 = 0.01.

 $+4  !"#$% &'(' ,% ;20 !9%0-!13 -*% 1+77+,!0" /+!0-) ,*!;* 2$% %2)3 -+ 9%-%$8

4!0% 209 *2<% )+4% !0-%$%)-!0" 1%2-#$%) :

• =*% 4!0!4#4 -$20)4!--%9 /+,%$ P 1>P 2 1$+4 0+9% S1>S2 )#;* -*2- -*%

.%)- $%)/+0)% 1$+4 )+#$;% S2>S1 ;+$$%)/+09) -+ 2.)%0;% +1 -$20)4!))!+0? !(%(

p2(P 1) = 0 >p1(P 2) = 0. @#;* /+!0-) (P 1, 0) 209 (0, P 2) 2$% +.-2!0%9 2)

)+7#-!+0 -+ -*% %6#2-!+0)

σ2
12P 1 log

(
C2(e

R2 − 1)σ2
12P 1

g2R2

)
= N0 A&'(&BC

209

σ2
21P 2 log

(
C1(e

R1 − 1)σ2
21P 2

g1R1

)
= N0 A&'(&DC

$%)/%;-!<%73(

• =*% /+!0-) ;+$$%)/+09!0" -+ -*% 42E!42 +1 -*% .%)- $%)/+0)%) p1(P2) 209
p2(P1), !(%(

(PN
1 , P

o
2 ) =

(
N0

g1
(eR1 − 1) +

R1

C1e
,

g1R1

C1eσ2
21(e

R1 − 1)

)
A&'(&FC

209

(P o
1 , P

N
2 , ) =

(
g2R2

C2eσ2
12(e

R2 − 1), N0

g2
(eR2 − 1) + R2

C2e

)
, A&'(&GC

$%)/%;-!<%73(

=*% ;*2$2;-%$!)-!;) +1 -*% 52)* %6#!7!.$!#4 )%- 2$% +1 /$!42$3 $%7%<20;% -+

/$%9!;- -*% +#-/#- +1 2 "24%( =*% #0!6#%0%)) +1 2 52)* %6#!7!.$!#4 !) 20 2//%27!0"

/$+/%$-3 1+$ 20 #0;++$9!02-%9 )3)-%4( H0 -*% 1+77+,!0" /$+/+)!-!+0 ,% /$+<!9%

)#I;!%0- ;+09!-!+0) 1+$ -*% #0!6#%0%)) +1 -*% 52)* %6#!7!.$!#4(

/(.6.73&3.% 8"  !" Pi = pi(Pj) #!$%"! "&! '!(" )!(*%$(! %+ Si "% *%,!) -..%/-0

"1%$ Pj %+ Sj -( #!2$!# 1$ 34564786  !" P 19P 2 '! (%.:"1%$( "% 34564;8934564<8=

)!(*!/"1>!.?= -$# PN
1 9P

N
2 '! #!2$!# -( 1$ 34564@8934564A86 B+

PN
i ≤ P i, i = 1, 2

-$#

PN
2

γ2
+ P 1 ≤ p1(P

N
2 ) %)

PN
1

γ1
+ P 2 ≤ p2(P

N
1 )

'!1$C γi =
dpi

dPj

∣∣∣
Pj=P j

, "&!$ GP &-( - :$1D:! E-(& !D:1.1')1:F6

G)%%+ H J%- #) ;+0)!9%$  !"#$% &'(&(A;C( K% 1+;#) +0 -*% .%)- $%)/+0)% p2(P1)
+1 0+9% S2 -+ S1 209 +.)%$<% -*2- -*% ;#$<% p2(P1) 7!%) .%7+, -*% -20"%0- -+ p2(P1)
!0 P 1 .%;2#)% +1 -*% ;+0;2<!-3 +1 p2(P1). @#;* 2 -20"%0- !) "!<%0 .3

P2 = γ2(P1 − P 1) A&'(&LC
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 !"#" γi =
dpi

dPj

∣∣∣
Pj=Pj

. $%%&'&()*++,- *../0" '!*' PN
1 ≤ P 1 *)% P

N
2 ≤ P 2. 1!")-

*++ '!" 2*.! "3/&+&4#&* +&" 4"+( '!" '*)5")' 67897:; *)% '*)5")' 67897:; <#(..".

p1(P2), *' 0(.'- &) ' ( =(&)'.9 >? ()" (? '!" ' ( =(&)'. !*. <((#%&)*'". (P̃1, P̃2)

 &'! P̃2 ≥ PN
2 , '!") '!" ' ( </#@". p1(P2) *)% p2(P1) <#(.. ()+, &) ()" =(&)' *)%

'!" 2*.! "3/&+&4#&/0 &. /)&3/"9 2('" '!*'- ?#(0 7897: '!" <()%&'&() P̃2 ≥ PN
2 &.

"3/&@*+")' '( '!" <()%&'&() '!*' P1 =
PN

2

γ2
+ P 1 ≤ p1(P

N
2 ). AB<!*)5&)5 '!" #(+" (?

)(%" S1 *)% S2 * .&0&+*# <()%&'&() .!(/+% *+.( !(+%9 1!&. <(0=+"'" '!" =#((? (?

C#(=(.&'&() D9 �
>) '!" #".' (? '!&. ."<'&()  " 0(%&?, '!" 5*0" GP '( *<<(/)' ?(# '!" #"+"@*)'

=#*<'&<*+ &../" (? =( "# <().'#*&)'.9 1!" <().'#*&)"% 5*0" Gc
P
&. %"E)"% 4, Gc

P
=

{S,Pc, (Ti)i∈S},  !"#" S &. *. ?(# '!" 5*0" GP, Ti ≡ Ti(Pi, Ri, Pj) &. '!" '!#(/5!=/'
%"E)"% &) 6789F;- *)% '!" .'#*'"5, ."' Pc = [0, PMAX

1 ] × [0, PMAX
2 ], 4"&)5 PMAX

1

*)% PMAX
2 '!" 0*B&0/0 '#*).0&' =( "#.9 G*0". GP *)% Gc

P
*#" <+(."+, #"+*'"% *.

&++/.'#*'"% &) '!" ?(++( &)5 =#(=(.&'&()9

;)-&-,2'2-3 =>  !" #$%! "&'()(*+($ ,- .!" /$0" Gc
P
"1(%. $23 4,++"%5,23 ., .!"

#$%! "&'()(*+($ (P ∗1 , P
∗
2 ) ,- /$0"% GP(C1, C2) %'4! .!$. C1(P

MAX
1 −P ∗1 ) = C2(P

MAX
2 −

P ∗2 ) = 0 -,+ C1, C2 ≥ 0.

6+,,- 7 $. ?(# C#(=(.&'&() 7- &' &. .'#*&5!'?(# *#% '( @"#&?, '!*'

∂2Ti

∂P 2
i

≥ 0,

i = 1, 2. $%%&'&()*++,- '!" .'#*'"5, ."' &. <()@"B9 1!/.- 1!"(#"0 7 &) HI8J !(+%.9 $

2*.! "3/&+&4#&/0 "B&.'. *)% &' &. '!" EB"% =(&)' (P ∗1 , P
∗
2 ) .*'&.?,&)5 '!" "3/*'&()

ρc((P ∗1 , P
∗
2 ), (P

∗
1 , P

∗
2 );R1, R2) =

max
(π1,π2)∈Pc

ρc((P ∗1 , P
∗
2 ), (π1, π2);R1, R2) 67897K;

4"&)5 ρc((P1, P2), (π1, π2);R1, R2) = T1(π1, R1, P2) + T2(π2, R2, P1). L, *==+,&)5
'!" M*#/.!NM/!)N1/<O"# 6MM1; <()%&'&(). 6"959 ."" HFPJ;- &' &. .'#*&5!'?(# *#% '(

#"<(5)&Q" '!*' '!" 2*.! "3/&+&4#&* (? Gc
P
<(&)<&%"  &'! '!" 2*.! "3/&+&4#&* (P ∗1 , P

∗
2 )

(? 5*0" GP(C1, C2) ./<! '!*' C1(P
MAX
1 − P ∗1 ) = C2(P

MAX
2 − P ∗2 ) = 0. �

 !"# $%&'()'('%*' +,-'. )/( 0/1%& 2/3'( ,%4 5,&'

677/*,&1/%

>) '!&. ."<'&()  " <().&%"# * <(00/)&<*'&() .,.'"0  !"#" '!" '#*).0&''"#. )""%

'( *++(<*'" 4('! =( "# *)% #*'" R(&)'+,  &'! '!" *&0 (? 0*B&0&Q&)5 '!"&# ( ) /'&+&',

?/)<'&(). 6789S;9 1!" =#(4+"0 &. %"E)"% *. * .'#*'"5&< 5*0" G =
{
S,P, {ui}i∈{1,2}

}
-

 !"#" S &. '!" ."' (? =+*,"#.- &9"9- '!" ' ( '#*).0&''"#.- P &. '!" .'#*'"5, ."' %"E)"%

4, P ≡ {((P1, R1), (P2, R2))|P1, P2, R1, R2 ≥ 0} , *)% ui &. '!" /'&+&', ?/)<'&() %"EN
)"% &) 6789S;9 C( "# *)% #*'" *++(<*'&() &. (4'*&)"% *. *) "3/&+&4#&/0 =(&)' (? '!"

.,.'"09 T!") 4('! '#*).0&''"#. *&0 *' 0*B&0&Q&)5 '!"&# /'&+&', ?/)<'&()- * 2*.!

"3/&+&4#&/0 &. '!" *++(<*'&() .'#*'"5, (P ∗1 , R
∗
1, P

∗
2 , R

∗
2) ./<! '!*'

u1 (P
∗
1 , R

∗
1, P

∗
2 , R

∗
2) ≥ u1 (P1, R1, P

∗
2 , R

∗
2) ?(# ∀P1, R1 ∈ R+

u2 (P
∗
1 , R

∗
1, P

∗
2 , R

∗
2) ≥ u2 (P

∗
1 , R

∗
1, P2, R2) ?(# ∀P2, R2 ∈ R+.

>' &. .'#*&5!'?(# *#% '( @"#&?, '!*' '!" /'&+&', ?/)<'&() &. )(' <()<*@" &) Ri9 1!")-

'!" <+*..&<*+ #"./+'. () N N<()<*@" 5*0". &) HI8J <*))(' 4" *==+&"%9 1!" *)*+,.&.
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 ! "#$ %$&$'() *(+$ '$+,)"+ -$'. * /0)$12 3 0'$)4/4&('. *#('(*"$'45("4 &  ! 6(+#

$7,4)48'4( ! ' %(/$ G 4+ 0' -49$9 4& "#$ ! )) :4&% 0' 0 +4"4 &2 ;#4+ 0' 0 +4"4 &

0' -49$+ *) +$9 ! '/ $10'$++4 &+  ! "#$ 6(+# $7,4)48'4( (" "#$ 8 ,&9('.  ! "#$

+"'("$%. +$" < 4&"). :4"# $10)4*4" * &94"4 &+ ! ' "#$ 0 4&"+ " 8$ 6(+# $7,4)48'4(2

= ++48)$ 6(+# $7,4)48'4( 4&"$'&() " "#$ +"'("$%. +$" ('$ 0' -49$9 4& (& 4/0)4*4"

! '/ (&9 "#$. :4)) 8$ !,'"#$' (&().5$9 4& (994"4 &() 0' 0 +4"4 &+2

2(/9/.1&1/% :"  !"#$%&'( )"*$+ ", +-. /+'&+.0( /.+ P */ & 1&/- .2#*3*!'*#4 *,

&$% "$3( *,

Pi = Ri = 0 >?@2@AB

Pj =
1

Ci

− N0

gj
Rj = log

(
gj

N0Cj

)
>?@2@?B

&$% +-. ,"33"5*$0 6"$%*+*"$/ &'. /&+*/7.%

gj −N0Cj ≥0 >?@2@@B

giαj

Ciσ2
ji

exp

(
− giαj

Ciσ2
ji

+
1

N0αj

+ 1

)
≥1, >?@2@CB

!.*$0 i, j ∈ {1, 2}, i 6= j, &$% αj =
Cjgj

gj−N0Cj
.

 $ *$+.'$&3 )"*$+ ", +-. /+'&+.0( /.+ P */ & 1&/- .2#*3*!'*#4 *, &$% "$3( *, *+ */

/"3#+*"$ ", +-. /(/+.4 ", .2#&+*"$/

1

Pjσ2
ji

exp

(
− ti
Pjσ2

ji

)
=
Ci(e

Ri − 1)

Rigi
i, j = 1, 2. >?@2@DB

5-.'. ti =
Pigi

eRi−1
−N0 &$% P1 &$% P2 &'. 0*8.$ &/ ,#$6+*"$/ ", R1 &$% R2 !(

[
P1

P2

]
=

[

C1
eR1

eR1−1

C1σ
2
21

R1g1
(eR1 − 1)

C2σ
2
12

R2g2
(eR2 − 1) C2

eR2

eR2−1

]−1
[

1
1

]

>?@2@EB

&$% *+ /&+*/7./ +-. ,"33"5*$0 *$.2#&3*+*./

1 +Ri +
giRi

CiPjσ2
ji(e

Ri − 1)
− 2Rie

Ri

eRi − 1
> 0 >?@2@FB

R2
i gi

CiPjσ2
ji(e

Ri − 1)
−Ri −

(

1− Rie
Ri

eRi − 1

)2

> 0. >?@2@GB

9'"", : H$" ,+ * &+49$' I'+" ( 6(+# $7,4)48'4,/ 4&"$'&() " "#$ +"'("$%. +$"

P. J ' "#$ < 4&" ()) *("4 &  ! "#$ 0 :$'+ (&9 '("$+ "#$ 6(+# $7,4)48'4( &$*$++('4).

+("4+!. "#$ ! )) :4&% +.+"$/  ! $7,("4 &+

∂ui
∂Pi

=
Rigi

eRi − 1
F ′i (ti)− Ci = 0 i = 1, 2

∂ui
∂Ri

= Fi(ti)−
RiPigie

Ri

(eRi − 1)2
F ′i (ti) = 0 i = 1, 2 >?@2@KB



 !"#$%&'()  * +(,-.)/( 011-/%'2-3 23 41-5 6%7238 93'():()238 #$%33(1, 52'$ ;%)'2%1 <3-51(78( -: '$( #$%33(1,

 !" #$%&'()#*+)," +-# .,.+#/

1− exp

(

− ti
Pjσ2

ji

)

= PiCi

eRi

eRi − 1
i = 1, 2 0123245

1

Pjσ2
ji

exp

(

− ti
Pjσ2

ji

)

=
Ci(e

Ri − 1)

Rigi
i, j = 1, 2. 0123675

8, )&*#(!), 9 /:&*&*; 0123245 (*< 0123675 =&+- 9 #>9&#*+. 1 (*< Pjσ
2
ji, !#.?#9+&'#),"

=#  :+(&*

Ci

eRi

eRi − 1
Pi + Ci

eRi − 1

giRi

Pjσ
2
ij = 1 i, j = 1, 2. 0123615

@! / +-# .,.+#/  A 2B#$%(+& *. 0123615 &+ &. .+!(&;-+A !=(!< +  :+(&* 01232C53

D . )%+& *  A +-# +-# .,.+#/  A EB#$%(+& *. 0123245B0123675 &. ( F(.- #$%&)&:!&%/

&A &+ .(+&.G#. +-# 9 *<&+& *.

∂2ui
∂R2

i

< 0,
∂2ui
∂P 2

i

< 0, H =
∂2ui
∂R2

i

∂2ui
∂P 2

i

−
(

∂2ui
∂Pi∂Ri

)2

> 0. 0123625

F +# +-(+

∂2ui
∂R2

i

= − Pigie
Ri

Pjσ2
ji(e

Ri − 1)2
exp

(

− ti
Pjσ2

ji

)

(

2− 2Rie
Ri

eRi − 1
+Ri +

giRiPie
Ri

Pjσ2
ji(e

Ri − 1)2

)

0123665

∂2ui
∂P 2

i

= − Rig
2
i

P 2
j σ

4
ji(e

Ri − 1)2
exp

(

− ti
Pjσ2

ji

)

01236E5

(*< +-# H#..&(*

H =
g2i exp

(

− 2ti
Pjσ

2
ji

)

P 2
j σ

4
ji(e

Ri − 1)2

(

R2
i giPie

Ri

Pjσ2
ji(e

Ri − 1)2
−
(

1− Rie
Ri

eRi − 1

)2
)

. 01236C5

I-%." 9 *<&+& *. 0123625 !#<%9# + +-# 9 *<&+& *. +-(+ +-# .#9 *< A(9+ !. &* +-#

!3-3.  A 0123665 (*< 01236C5 (!# ? .&+&'#" &3#3"

2− 2Rie
Ri

eRi − 1
+Ri +

giRiPie
Ri

Pjσ2
ji(e

Ri − 1)2
> 0 01236J5

R2
i giPie

Ri

Pjσ2
ji(e

Ri − 1)2
−
(

1− Rie
Ri

eRi − 1

)2

> 0. 01236K5

8,  :.#!'&*; A! / 0123615" +-(+"

Pi =

(

1−
Ciσ

2
jiPj

giRi

(eRi − 1)

)

(eRi − 1)

CieRi
, 01236L5

(*< :, .%:.+&+%+&*; +-#/ &* 01236J5 (*< 01236K5" =#  :+(&* 01232J5B01232K53
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 !" #$ "#%& "' "(! )*$! '+ * ,*$( !-#./.0%.#1 *" "(! 0'#&2*%3 '+ "(! $"%*"!43

$!"5 6."('#" /'$$ '+ 4!&!%*/."3 7! *$$#1! "(*" Pi = Ri = 0. 8(!&9 "(! 0!$" %!$:'&$!
'+ #$!% j "' * $"%*"!43 Pi = Ri = 0 .$ '0"*.&!2 03 "%*&$1."".&4 *" "(! 1*;.1#1

%*"! Ro
j = log

(

1 +
Pjgj
N0

)

7."( * :'7!% 1*;.1.<.&4 "(! :*3'= uj = log
(

1 +
Pjgj
N0

)

−
CjPj .  ! "# $%%$&'(! !)$! !)' %$*+, "# -$."-"/'0 1+& P�

j = 1
Cj
−N0

gj
$(0 !)' #!&$!'2*

(Rj , Pj) "# 1'$#"34' "1 $(0 +(4* "1 gj−N0Cj ≥ 0. 5+4"6* 789:9;< "# $ =$#) '>?"4"3&"?-

"1 $(0 +(4* "1 Pi = Ri = 0 "# !)' 3'#! &'#%+(#' +1 %4$*'& i @)'( %4$*'& j !&$(#-"!#

@"!) %+@'& P�
j = 1

Cj
− N0

gj
. A)"# "# B'&"C'0 "1 $(0 +(4* "1 ui((Ri, Pi), (R

�
j , P

�
j )) 0+'#

(+! )$B' 4+6$4 -$."-$ "( !)' %+#"!"B' >?$0&$(! #?6) !)$! ui((Ri, Pi), (Rj , Pj)) > 0.
D 4+6$4 -$."-?- (Ri, Pi) #$!"#C'# 789:E;< $(0 789:EF< 1+& (Rj , Pj) = (R�

j , P
�
j ).

G?3#!"!?!"(2 789:EF< "( 789:E;< *"'40#

1− xiRi

eRi − 1
exp

(

− xi
eRi

+
eRi − 1

RieRi
+ ni

)

= 0 789:EH<

@"!) xi =
gigjCj

Ciσ
2
ji
(gj−N0Cj)

$(0 ni =
gj−N0Cj

CjN0gj
.  ! "# %+##"34' !+ #)+@ !)$! 789:EH<

$0-"!# $ #"(24' %+#"!"B' &++! @)"6) "# !)' 3'#! &'#%+(#' "( !'&-# +1 &$!' !+ !)'

#!&$!'2* (R�
j , P

�
j ) +1 ?#'& j "1 $(0 +(4* "1 1−xi exp(−xi+1+ni) > 0. A)' %&++1 +1

!)"# 6+(0"!"+( "# $ #%'6"$4 6$#' +1 !)' %&++1 +1 5&+%+#"!"+( 8; %&+B'( "( $ #?3#'>?'(!

$%%'(0".: A)'(I $ 4+6$4 -$."-?- "( !)' %+#"!"B' >?$0&$(! 0+'# (+! '."! "1 $(0 +(4*

"1 1−xi exp(−xi+1+ni) ≤ 0. J+& αj =
Cjgj

gj−N0Cj
@' +3!$"( 789:99<: A)"# 6+(64?0'#

!)' %&++1 +1 5&+%+#"!"+( K: �

 ( +&0'& !+ 2'! $00"!"+($4 "(#"2)!# "(!+ !)' #*#!'- 3')$B"+& $(0 "( %$&!"6?4$&

"(!+ !)' =$#) '>?"4"3&"$ "(!'&($4 !+ !)' #!&$!'2* #'! PI @' 6+(#"0'& C&#! +1 $44 !)'

1+44+@"(2 '.!&'-' 6$#'# 3'1+&' 0"#6?##"(2 !)' 2'('&$4 6$#' L 78< !)' (+"#' !'(0# !+

/'&+I 7 !"#$%#$#!&# ' ( "#) $#* (#<I 79< !)' (+"#' "# -?6) )"2)'& !)$( !)' !&$(#-"!!'0

%+@'& 7+ *+ !, -# $#* (#<:

 !"#" $%&'()'('%*' +,-,&'. /'0,-'

M)'( !)' (+"#' B$&"$(6' N0 "# ('24"2"34' 6+-%$&'0 !+ !)' "(!'&1'&'(6' %+@'&

4'B'4I !)' %$*+, 1?(6!"+( "# 'N6"'(!4* $%%&+."-$!'0 3* 789:O<I @"!) ti = Pigi
eRi−1

:

=+!' !)$! "( !)' "(!'&1'&'(6' 4"-"!'0 &'2"-'I !)' %$*+, 789:O< +1 (+0' Si "# 0'C('0

1+& 0 ≤ N0 ≪ Pj , ":': Pj > 0.  ( !)' 1+44+@"(2 %&+%+#"!"+( '>?"4"3&"$ +1 2$-' G

$&' +3!$"('0 $# '>?"4"3&"$ +1 $( '>?"B$4'(! 2$-' "( $ #"(24' 0'6"#"+( B$&"$34' xi 1+&

#+?&6' Si.

 !"#"$%&%"' () .+#! "+# "+# !, -# /0$ 0!&# "#!)- ", 1#$,2 0 30-+ #45 ' 6$ 5( ,%

*0(# G 0!)  !"#$!0' ", P -0" -%7 "+# -7-"#( ,% #450" ,!-

x1 = κ2f(x2) 789:P;<

x2 = κ1f(x1)

8+#$# xi =
gi

CiPjσ
2
ji

2 κi =
Cigj
Cjσ

2
ij

2 i, j ∈ 1, 22 i 6= j 0!)

f(x) =

(

1− eR(x) − 1

xR(x)

)−1
(

1− e−R(x)
)−1

789:P8<



 !"#$%&'()  " *(+,-).( /00,.%'1,2 12 30,4 5%6127 82'()9()127 #$%22(0+ 41'$ :%)'1%0 ;2,40(67( ,9 '$( #$%22(0+

 !" 1 < x <∞# $% &'(#)'*+ R(x) ,- ./0 1%,210  !"#$#%& -!31.,!% ! ./0 0214.,!%

1− xR

eR − 1
exp

(

− x

eR
+

eR − 1

ReR

)

= 0  !"#$"%

-15/ ./4.

−x+
eR − 1

R
6= 0.  !"#$&%

60. (x01, x
0
2) 70 -!31.,!%- ! -8-.09 &'(#):*# ;/0 5!""0-<!%=,%> ?4-/ 021,3,7",19 ,-

>,@0% 78

P1 =
g2

C2x02σ
2
12

, R1 = R(x01),

P2 =
g1

C1x01σ
2
21

, R2 = R(x02).

A"!! B '()*  !"#"+%,  !"#&!%, -./ ti =
Pigi
eR−1

, - 0-12 3456768(65* 1-961:31 923

;)77)<6.= 345-96).

∂ui
∂Ri

= 1− xiRi

eRi − 1
exp

(

− xi
eRi

+
eRi − 1

RieRi

)

= 0  !"#$$%

<692 xi =
gi

CiPjσ
2
ji

# >9 61 -??-(3.9 92-9 923 ?)6.9 Ri 6= 0 1-961;@6.=

−1− xiRi + eRi = 0  !"#$A%

61 -71) - 1)7596). );  12.44%# >9 61 <)(92 9) )813(B3 92-9  12.45% -/*691 - ?)1696B3

1)7596). ).7@ ;)( xi > 1 -./ ;)( xi > 1,  12.44% -/*691 9<) C3()1# D23 =(3-9319

C3() 61 923 ?)1696B3 ())9 );  !"#$A% <2673 923 1*-77319, /3.)93/ 8@ Ri = R∗i (xi), 2-1
-. 6.93(*3/6-93 B-7531 839<33. C3() -./ 923 ())9 );  !"#$$%# >9 E-. 83 /393(*6.3/

.5*3(6E-77@# F//696).-77@,

∂ui

∂Ri
61 ?)1696B3 6. 923 6.93(B-7 (0, R∗i (xi)) -./ 923. -793(G

.-931 691 16=.# D23., R∗i (xi) E)((31?)./1 9) - *-H6*6C3( -./ 61 923 8319 (31?).13

); 513( i 6. 93(*1 ); (-93 9) 923 923 ?)76E@ ); 513( j. I@ 1581969596.= Ri = R∗(xi),
xi =

gi
Pjσ

2
ji
Ci

-./ Pi =
gj

σ2
ij
Cixj

6.  !"#&!%, xj E-. 83 3H?(3113/ -1 - ;5.E96). ); xi

xj =
Cigj
Cjσ2

ij

(

1− eR
∗(xi) − 1

xiR∗(xi)

)−1
(

1− e−R∗(xi)
)−1

 !"#$J%

D2-.K1 9) 923 1373E96). ); 923 ())9 9)  !"#$$%, 923 1373E93/ xj 61 - *-H6*5*# >9

E-. 83 B3(6:3/ .5*3(6E-77@ 92-9 E)./696).1  12.26% -./  12.27% -(3 -7<-@1 1-961:3/

8@ Ri = R∗(xi) ;)( -.@ 6.93(;3(3.E3 E2-..37 6. 923 6.93(;3(3.E3 76*693/ (3=6*3

92-.K1 9) 923 ;-E9 923@ /3?3./ ). 923 1@193* ?-(-*393(1 ).7@ B6- xi# �
*(<%)=+

• D23 1)7596). R(xj) 9)  !"#$"% 61 923 (-93 <26E2 *-H6*6C31 923 596769@ ;5.E96).

E)((31?)./6.= 9) 923 9(-.1*69 ?)<3( ); 923 )923( 9(-.1*6993( Pi =
gj

Cjxjσ
2
ij

# >9

7631 6. 923 6.93(B-7

(
0, R(xj)

)
-./ <3 (3;3( 9) 69 -1 923 70-. "0-<!%-0 ,% .0"9-

! "4.0 ); ?7-@3( j 9) 19(-93=@ Pi ); ?7-@3( i# L6*67-(7@, κjf(xj) 61 6.B3(13

?()?)(96).-7 9) 923 70-. "0-<!%-0 ,% .0"9- ! <!C0" ); 513( j 9) 923 19(-93=@

Pi ); 691 )??).3.9#

• >.93(3196.=7@, 923 1)7596). (x01, x
0
2) 9) 1@193* (12.40) /3?3./1 ). 923 1@193*

?-(-*393(1 ).7@ 92()5=2 923 E).19-.91 κ1 -./ κ2#
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i
) in interference limited regime

Approximation R
i
=0.8 log(x

i
)

 !"#$%  !"# $ %&'( )&'*+,'& R∗(xi) +- .'&) i (+ (/& ()0,'12((&3 *+4&)

Pj =
gi

xiσjiCi
2, '+523 52,& 0,3 2(' 0**)+6210(2+, 0.8logxi 2, 30'/&3 52,&"

•  !" "#$%&"'(" )'* +'$,+"'"%% -. ) /)%! ",+$0$12$+3 .-2 &!" (0)%% -. %4%&"3%

(-'%$*"2"* $' 52-6-%$&$-' 7 2"*+("% &- &!" )')04%$% -. &!" %-0+&$-' -. %4%&"3

(12.40) )'* *"6"'*% -' &!" %4%&"3 8$) κ1 )'* κ29
•  !" %-0+&$-' &- (12.42) ()' 1" ":"(&$8"04 )662-#$3)&"* 14 R(x) ≈ 0.8 log(x)9
 !"'; &!" .+'(&$-' f(x) $% )662-#$3)&"* 14

f̃(x) =

(
1− e0.8 log(x) − 1

x0.8 log(x)

)−1 (
1− e−0.8 log(x)

)−1

. <=>9?@A

B' C$D+2" =>9?; f(x) $% 60-&&"* )'* (-36)2"* &- $&% )662-#$3)&$-' f̃(x).  !"

)662-#$3)&$-' f̃(x) 3)&(!"% )03-%& 6"2."(&04 f(x) $' ) E)4 &!)& $& ()' 1"
+&$0$F"* "G($"'&04 .-2 62)(&$()0 )'* )')04&$()0 -1H"(&$8"%9

 !" .-00-E$'D 62-6-%$&$-' 62-8$*"% %+G($"'& (-'*$&$-'% .-2 &!" "#$%&"'(" -. )

/)%! ",+$0$12$+39

2(/:/.1&1/% 8"  !"# $!" #%&'" ()*&)#+" &' #",-&,&.-" +%/0)*"1 $% $!" &#$"*2"*"#+"3

) 4)'! "56&-&.*&6/ %2 $!" ,)/" G "7&'$' &2

(κ1 − 1)(κ2 − 1) > 0 <=>9?IA

8&$! κi 1"9#"1 &# :*%0%'&$&%# ;<

:*%%2 = J"& +% -1%"28" &!)& &!" (+28" x2 = κ1f(x1) !)% &E- )%436&-&"% $'
x1 = 1 )'* x2 = κ1 )'* x1 = κ2f(x2) !)% &E- )%436&-&"% $' x2 = 1 )'* x1 = κ2.
B. κ1 > 1 <κ1 < 1A &!" (+28" x2 = κ1f(x1) 0$"% -' &!" 2$D!& <0".&A -. -&!"2 (+28"
)% x1 → +∞. K$3$0)204; $. κ2 > 1 <κ2 < 1A &!" (+28" x1 = κ2f(x2) 0$"% -' &!"
0".& <2$D!&A -. -&!"2 (+28" )% x2 → +∞.  !"'; 1"()+%" -. &!" (-'&$'+$&4 -. &!" &E-
(+28"%; &!"4 !)8" &- (2-%% )& 0")%& $' -'" 6-$'&9  !+%; &E- (+28"% (2-%% $. κ1 < 1
)'* κ2 < 1 -2 $. κ1 > 1 )'* κ2 > 1.  !"%" (-'*$&$-'% )2" $360$"* 14 <=>9?IA9  !$%
(-'(0+*"% &!" 62--. -. 52-6-%$&$-' @9 �
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Interference limited regime f(x
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) and its approaximation

f(x
i
)

approximation of f(x
i
)

 !"#$%  !"# $ f(xi) %& '()%* )%&+ ,&* %-' ,../(0%1,-%(& f̃(xi)

 !"!#$% &'"()*)'"+ ,'# *-! .")/.!"!++ ', *-! 0$+- !/.)%)1#).2 $#! ()3&.%* *'

(!*!#2)"! $"$%4*)&$%%45 6!* .+ '1+!#7! *-$*8 )" 9!"!#$%%4 +:!$;)"98 $ +4+*!2 )" *-!

)"*!#,!#!"&! %)2)*!( #!9)2! 2$4 -$7! 2'#! *-$" '"! 0$+- !/.)%)1#).25 6!* .+ &'"+)<

(!# $ +4+*!2 =)*- κ1 = κ2. >-! *=' &.#7!+ xj = κif(xi), i, j ∈ {1, 2}, i 6= j, &#'++
!$&- '*-!# )" x1 = x2. ?.#*-!#2'#!8 *-! &.#7! x2 = κ1f(x1) @x1 = κ2f(x2)A -$+ *='
$+42:*'*!+ )" x1 = 1 $"( x2 = κ1 @x2 = 1 $"( x1 = κ2A5 >-!"8 ,'# κ1 = κ2 = 1,
*-! *=' &.#7!+ &#'++ $9$)" )" (1,+∞) $"( (+∞, 1). 6!* .+ '1+!#7! "'= ?)9.#!

BC5D =-!#! *-! 1!+* #!+:'"+!+ ', *-! *=' +4+*!2+ &'##!+:'"()"9 *' *-! *=' :$)#+

', &'!3&)!"*+ κ
(1)
1 = κ

(1)
2 = 1.05 $"( κ

(2)
1 = κ

(2)
2 = 2 $#! :%'**!(5 E* 1!&'2!+ $:<

:$#!"* *-$* *-! &.#7!+ =)*- κ
(1)
1 = κ

(1)
2 = 1.05 =)%% &#'++ $9$)" ,'# %$#9! x1 $"( x2

7$%.!+ +)"&! x2 = κ
(1)
1 f(x1) -$+ *=' $+42:*'*!+ )" x1 = 1 $"( x2 = 1.058 =-)%!

x1 = κ
(1)
2 f(x2) -$+ *=' $+42:*'*!+ )" x2 = 1 $"( x1 = 1.05. >-!+! &#'++)"9 :')"*+

&'##!+:'"( *' 0F+5 E" &'"*#$+*8 *-! &.#7!+ =)*- κ
(1)
1 = κ

(1)
2 = 2 =)%% ()7!#9! ,#'2

!$&- '*-!#5 E* )+ ='#*- "'*)&)"9 *-$* ,'# x1 ≫ 18 x2 ≈ 1 $"( ,'# x2 ≫ 18 x1 ≈ 1.
?#'2 $ *!%!&'22.")&$*)'" :')"* ', 7)!=8 )* )+ "!&!++$#4 *' /.!+*)'" =-!*-!# *-!

2'(!% ,'# N0 ≪ Pjgj )+ +*)%% $::%)&$1%!5 E" ,$&*8 )" +.&- $ &$+!8 Pi ≪ gi
Ciσ

2
ij

8 1.* $%+'

Pi ≫ N0 -$+ *' 1! +$*)+G!( 1!&$.+! ', *-! +4+*!2 2'(!% $++.2:*)'"+5 >4:)&$%%48

*-! $(()*)'"$% 0F+ =)*- +'2! xi ≈ 1 $#! "'* )"*!#!+*)"9 ,#'2 $ :-4+)&$% :')"* ',

7)!= +)"&! *-! +4+*!2 2'(!% $++.2:*)'"+ $#! "'* +$*)+G!(5 >-.+8 $(()*)'"$% 0F+

$#! $#*),$&*+ )"*#'(.&!( 14 *-! $+42:*'*)& 2'(!%5

H4 ".2!#)&$% +)2.%$*)'"+8 =! &'.%( '1+!#7! *-$* 9$2!+ =)*- 2.%*):%! 0$+-

!/.)%)1#)$ !I)+* ,'# $ 7!#4 #!+*#)&*!( #$"9! ', +4+*!2 :$#$2!*!#+8 2'#! +:!&)G&$%%4

,'# 1 ≤ κi ≤ 1.15
J#':'+)*)'" K +.99!+*+ $%+' $" )*!#$*)7! $%9'#)*-2 ,'# &'2:.*)"9 $ 0$+- !/.)%)<

1#).2 1$+!( '" *-! 1!+* #!+:'"+!5 L-''+! $" $#1)*#$#4 :')"* x
(0)
1 $"( &'2:.*! *-!

&'##!+:'"()"9 7$%.! x
(0)
2 = κ1f(x

(0)
1 )5 ?#'2 $ :#$&*)&$% :')"* ', 7)!=8 *-)+ )+ !/.)7$<

%!"* *' &-''+! $#1)*#$#)%4 *-! *#$"+2)**!( :'=!# P
(0)
2 = g1

σ2
21x

(0)
1 C1

,'# *#$"+2)**!# C

$"( (!*!#2)"! *-! :'=!# $%%'&$*)'" ,'# +'.#&! S1 =-)&- 2$I)2)M!+ )*+ .*)%)*4 ,."&<

*)'"5 >-! ':*)2.2 :'=!# $%%'&$*)'" ,'# "'(! S1 )+ P
(0)
1 = g2

σ2
12x

(0)
2 C2

5 N! +-'#*%4
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 !"! #$ P
(0)
1 %& #'! (!&#  !&)$*&! $" *$+! S1 #$ *$+! S2. ,'!*- (. /&0*1 x

(0)
2 0# 0&

)$&&0(2! #$ 3$4)/#! x
(1)
1 = κ2f

(
x
(0)
2

)
- #'! (!&#  !&)$*&! $" *$+! S2 #$ &$/ 3! S1.

5. 0#! %#0*1 #'! 3$4)/#%#0$* $" #'! (!&#  !&)$*&!& $" *$+! S1 %*+ *$+! S2, 6! 3%*

$(#%0*  !&$/ 3! %22$3%#0$*& 32$&! %*+ 32$&! #$ #'! 7%&' !8/020( 0/4 %*+ 3$*9! 1!

#$ #'! 7%&' !8/020( 0/4: ;!  !"! #$ #'0& %21$ 0#'4 %& #'! (!&#  !&)$*&! %21$ 0#'4:

,'! (!&#  !&)$*&! %21$ 0#'4 0& 9! . %))!%20*1 "$ 0#& &04)2030#.: 7!9! #'!2!&&-

0#& 3$*9! 1!*3! 0& *$# 1/% %*#!!+: ,'0& 0&&/! 0& 022/&# %#!+ 0* <01/ ! =>:?: @!# /&

3$*&0+! #'! 0*#! "! !*3! 3'%**!2 60#' κ1 = κ2 = 1.05 %*+ #'! 3$  !&)$*+0*1 &$20+

%*+ +%&'!+ 3/ 9!& x2 = κ1f(x1) %*+ x1 = κ2f(x2): ,'! 7%&' !8/020( 0/4 !A0&#&

%*+ 0& /*08/!- (/# #'! (!&#  !&)$*&! %21$ 0#'4 +09! 1!& " $4 #'! 7%&' !8/020( 0/4

!9!* "$ 3'$03!& $" #'! 0*0#0%2 )$0*# % (0# % 02. 32$&! #$ #'! 7%&' !8/020( 0/4 (/#

+0B! !*# " $4 0#: 7/4! 03%2  !&/2#& &'$6 #'%#- 0" κ1 %*+ κ2 % ! ($#' 1 !%#! #'%*

=:=- #'! (!&#  !&)$*&! %21$ 0#'4 %26%.& 3$*9! 1!& #$ % 7%&' !8/020( 0/4:

2(/:/.1&1/% ;"  !" #$%&'()*+, +-".( κ1 -)/ κ20 *1( 23(/ 4!')* '*("-*'!)#

{
x
(k+1)
1 = κ2f(x

(k)
2 ),

x
(k+1)
2 = κ1f(x

(k)
1 ),

C=>:DEF

&!)5(".(6
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κ
1

(1)
=1.05

κ
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(1)
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κ
1

(2)
=2

κ
2

(2)
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 !"#$%  !"# $ %&'()*+', *-./01*2'1*3- 34 +3-./&2/-+/ 34 1)/ 5/01 &/0(3-0/

',23&*1)6 *- 1)/ *-1/&4/&/-+/ ,*6*1/7 &/2*6/

G* "%3#- 2% 1! 9%2/!& $" κ1 %*+ κ2 3$  !&)$*+ #$ ) %3#03%2 &0#/%#0$*& 6'! ! #'!

3'%**!2 1%0* $" #'! +0 !3# 20*H 0& '01'! #'%* #'! 9% 0%*3! $" #'! 0*#! "! 0*1 20*H:

7"!!8 9 @!# R(x) %*+ f(x) (! +!I*!+ %& 0* C=>:D>F %*+ C=>:D=F-  !&)!3#09!2.:

< $4 #'! #'!$ . $" 3$*# %3#0$* 4%))0*1- 6! H*$6 #'%# #'! IA!+ )$0*# 0#! %#0$*&

C=>:DEF 3$*9! 1! 0" #'! !01!*9%2/!& $" #'! 4%# 0A

[
0 κ1f

′(x∗2)
κ2f

′(x∗1) 0

]
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 !" #$  %&'()*" + ()" (',"! *- $ '$". /-" 01"2 3'#$* (x∗1, x
∗
2) #&  &'()*#'$ '4 *-"

&5&*"6 {
x∗1 = κ1f(x

∗
2),

x∗2 = κ2f(x
∗
1).

/-"  %'+" 6 *!#1 7'$2#*#'$ #& "8)#+ ("$* *'

κ1f
′(x∗1)κ2f

′(x∗2) < 1 9:;.<=>

?#$7" *-" 4)$7*#'$ f(x) - &  -'!#@'$* (  &563*'*" y = 1A ," 7'$7()2" *- *

x∗1 ∼ κ1, x∗2 ∼ κ2, κ1, κ2 →∞.

B$2 -"$7" *-" 7'$2#*#'$ 9:;.<=> %"7'6"&

κ1f
′(κ1)κ2f

′(κ2) < 1

/-)&A *-"  %'+" 7'$2#*#'$ #& & *#&0"2 #4 *-" ! *" '4 2"7!" &" '4 *-" 2"!#+ *#+" f ′(κ1)
#& 4 &*"! *- $ 1/κ1. C#!&*A ("* )& "&*#6 *" *-" ! *" '4 D!',*- '4 R(x). C'! ( !D" xA
*-" "8) *#'$ 9:;.E;> 7 $ %" ,!#**"$ #$ *-" 4'!6

eR

xR
= exp

(
− x

eR
+
eR − 1

ReR

)
+ o(1),

'!A %5 * F#$D ('D !#*-6A #$ *-" 4'!6

R = log(x) + log(R)− x

eR
+ o(1),

/-"  %'+" "8) *#'$ #63(#"& *- * *-"  &563*'*#7 ! *" '4 D!',*- '4 R(x) #&  * (" &*
log(x). G$ *)!$A *-#& #63(#"& *- * *-" 2"!#+ *#+" '4 f(x) 2"7!" &"&  &563*'*#7 ((5

 & 1/(x log(x)) '! 4 &*"!. H'$&"8)"$*(5A *-" 7'$2#*#'$ 9:;.<=> #& & *#&0"2 4'! ( !D"

"$')D- κ1  $2 κ2. �

 !"#"! $%&' ()%*+ ,+&%-+

I"* )& *)!$ *' *-" 7 &" ,-"$ $'#&" #& 6)7- -#D-"! *- $ *-" )&"4)( !"7"#+"2

3',"!A Pigi ≪ N0. /-" *-!')D-3)* 7 $ %"  33!'1#6 *"2 %5

T i (Pi, Ri, Pj , Pj) = RiJ!

{
Ri ≤ Pigi

N0+Pjhji

}

= RiJ!

{
hji ≤ 1

Pj

(
Pi

gi
Ri
−N0

)}
9:;.<:>

G$*"!"&*#$D(5A *-" *-!')D-3)* #$ 9:;.<:> #& $'$@"!' 4'!

Pk

Rk
> N0

gk
. ?#$7" J!'3'&#*#'$

< 2"0$"& 7'63("*"(5 *-" K &- "8)#(#%!# '$ *-" %')$2 !5 '4 *-" &*! *"D5 &"* #$ *-"

D"$"! ( 7 &"A #$ *-#& &"7*#'$ ," 4'7)& '$(5 '$ #$*"!$ ( 3'#$*& '4 P. /-"$A *-" )*#(#*5

4)$7*#'$ #& D#+"$ %5

vi(Pi, Ri, Pj , Rj) = Ri


1− "13


−

(
Pi

gi
Ri
−N0

)

Pjσ2
ji




− CiPi 9:;.<;>
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 !" i = 1, 2. #!""$%&!'()'*+,- .$ /!'%)($" 01$ *23$ G =

{
S,

o

P,V

}
, .1$"$ 01$ %$0

! &+2,$"% /!)'/)($% .)01 01$ /!""$%&!'()'* %$0 )' G  !"#$ %!$ &%"#"%' (&)*%"+) ,$% V

*+),",%, +( %!$ (&)*%"+), -12.52. /)0
o

P ", %!$ +1$) ")%$23/# +4%/")$0 (2+5 P. 6!$
7+")% 2/%$ /)0 1+ $2 /##+*/%"+) ", 8"3$) 4' / 9/,! $:&"#"42"&5 +( 8/5$ G;

6!$ (+##+ ")8 12+1+,"%"+) ,%/%$, %!$ *+)0"%"+), (+2 %!$ $<",%$)*$ /)0 &)":&$)$,,

+( / 9/,! $:&"#"42"&5 ") %!$ ,%2/%$8' ,$% /)0 12+3"0$, %!$ $:&"#"42"&5 1+")%;

 !"#"$%&%"' ()  !"# G !$"%&' ! (!') #*+%,%-.%+" %/ !0$ 10,2 %/

gi
Ci

> N0, i = 1, 2.

3/ &)# !-14# 510$%&%10' !.# '!&%'6#$7 G )!' ! +0%*+# #*+%,%-.%+"
(
(R∗i , P

∗
i ), (R

∗
j , P

∗
j )

)

8)#.# P ∗i !0$ P
∗
j !.# &)# +0%*+# .11&' 1/ &)# #*+!&%10'

(
1− ln

(
CjPiσ

2
ij

gj

))
Piσ

2
ij =

gj
Cj

−N0 -=>;?@.

!0$ (
1− ln

(
CiPjσ

2
ji

gi

))
Pjσ

2
ji =

gi
Ci

−N0 -=>;?A.

%0 &)# %0&#.4!,'

(
0,

gj
Cjσ

2
ij

)
!0$ (0, gi

Ciσ
2
ji

) .#'9#5&%4#,2: ;,'17

Ri =
PigiCi

gi − Pjσ2
jiCi

!0$ Rj =
PjgjCj

gj − Piσ2
ijCj

.

<.11/ = B) %!", */,$ %!$ ,',%$5 +( $:&/%"+), ,/%",C$0 4' 9/,! $:&"#"42"/ ", 8"3$)

4'

∂vi
∂Pi

=
gi

Pjσ2
ji

exp

(
− 1

Pjσ2
ji

(
Pi

gi
Ri

−N0

))
− Ci

/)0

∂vi
∂Ri

= 1−
(
1 +

Pigi
σ2
jiPjRi

)
exp

(
− 1

σ2
jiPj

(
Pi

gi
Ri

−N0

))

 "%! i, j = 1, 2, /)0 i 6= j.
D#,+E

∂v2
∂P2

=
g2

P1σ2
12

exp

(
− 1

P1σ2
12

(
P2

g2
R2
−N0

))
− C2

/)0

∂v2
∂R2

= 1−
(
1 +

P2g2
σ2
12P1R2

)
exp

(
− 1

P1σ2
12

(
P2

g2
R2
−N0

))
.

F&2%!$25+2$

∂2vi
∂P 2

i

= − g2i
σ4
jiP

2
j Ri

exp

(
− 1

Pjσ2
ji

(
Pi

gi
Ri

−N0

))
< 0,
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 !"

∂2vi
∂R2

i

= − g2i P
i
1

P 2
j R

3
i σ

4
ji

exp

(
− 1

Pjσ2
ji

(
Pi

gi
Ri

−N0

))
< 0.

#$%&' ($) *++(& +, ($) )-% (.+!&

∂vi
∂Pi

= 0  !"

∂vi
∂Ri

= 0 i, j = 1, 2, i 6= j /012334

&%5567 %& 8.($ ($) 9)&( *)&5+!&) &(* ():.)& ,+* &+%*;) Si.
<+() ($ ( ($) =*&( )-% (.+! .! /012334 .& )-%.> 6)!( (+ ($) ,+66+8.!: +!) ?

Pigi
Ri

= N0 − ln

(
CiPjσ

2
ji

gi

)
Pjσ

2
ji. /0123@4

A.B.6 *67 ($) &);+!" .& )-%.> 6)!( (+

(
1 +

Pigi
Ri

1

Pjσ2
ji

)
exp

(
− 1

Pjσ2
ji

(
Pigi
Ri

−N0

))
= 1 /0123C4

D7 &%9&(.(%(.!: /0123@4 .!(+ /0123C4 8) +9( .!

(
1− ln

(
CiPjσ

2
ji

gi

))
Pjσ

2
ji =

gi
Ci

−N0. /0123E4

F)( fi(Pj) =
(
1− ln

(
CiPjσ

2
ji

gi

))
Pjσ

2
ji, ($)!'

d fi(Pj)

dPj

= −σ2
ji ln

(
CiPjσ

2
ji

gi

)
.

#$%&' fi(Pj) .& .!;*) &.!: ,+* Pj ∈
(
0, gi

Ciσ
2
ji

)
 !" ");*) &.!: ,+* Pj ∈

(
gi

Ciσ
2
ji

,∞
)
2

#$%&'

fi

(
gi

Ciσ2
ji

)
= max

Pj

fi(Pj)

G( .& ;6) * ($ (

fi

(
gi

Ciσ2
ji

)
= gi/Ci > gi/Ci −N0.

#$%&' /0123E4 $ & (8+ *++(& Pj1∗  !" Pj2∗ &%;$ ($ ( Pj1∗ <
gi

Ciσ
2
ji

 !" Pj2∗ >
gi

Ciσ
2
ji

2

D7 /0123E4'

− ln

(
CiPjσ

2
ji

gi

)
Pjσ

2
ji =

gi
Ci

−N0 − Pjσ
2
ji.

8$.;$ .B56.)&' 97 /0123@4'

Pigi
Ri

=
gi
Ci

− Pjσ
2
ji.

A.!;) Pigi/Ri > 0 8) $ >) ($ ( Pj $ & (+ 9) &%;$ ($ ( Pj < gi/(Ciσ
2
ji)2 #$.&

;+B56)()& ($) 5*++, +, H*+5+&.(.+! I2 �
G!()*)&(.!:67' ($) 5+8)*  66+; (.+! +, !+") Si ");+%56)& ,*+B ($) +!) +, !+")

Sj  !" Pi ")5)!"& +! .(& +55+!)!( +!67 >. ($) &7&()B 5 * B)()* * (.+

Cj

gj
.
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 !"#"$ %&'&()* +),&

 !" #$ %&'$()!* '&+ ",! -!'!*./ %.$!0 +,!' ",! '&($!0 ",! 1&+!*$ &2 ('"!*2!*!'%!$

.') ",! "*.'$3(""!) 1&+!*$ .*! &2 ",! $.3! &*)!* &2 3.-'("#)!4 5 6.$, !7#(/(8*(#3

'!%!$$.*(/9 $."($:!$ ",! $9$"!3 &2 !7#."(&'$ ;12.24< .') ;12.25<4 =#8$"("#"('- ;12.25<
(' ;12.24< 9(!/)$

1− xiRi

eRi − 1
exp

(
− xi
eRi

+
eRi − 1

RieRi
+ ni

)
= 0 i = 1, 2 ;>?4@A<

+(", ni =
N0

Pjσ
2
ji

4 B7#."(&'$ ;>?4?@< .') ;>?4@A< 1*&C()! .' !7#(C./!'" $9$"!3 "& 8!

$."($:!) 89 . 6.$, !7#(/(8*(#34 D' &*)!* "& )!"!*3('! . 6.$, !7#(/(8*(#30 +! %.'

1*&%!!) .$ (' ",! %.$! &2 ",! ('"!*2!*!'%! /(3("!) *!-(3!4 E8$!*C! ",."0 (' ",($ %.$!0

;>?4@A< )!1!')$ &' ",! $9$"!3 1.*.3!"!*$ .') ",! &",!* 1/.9!* $"*."!-9 '&" &'/9

C(. xi 8#" ./$& C(. ni4 F,!'0 ",! -!'!*./ .'./9$($ 2!.$(8/! 2&* .'9 %&33#'(%."(&'
$9$"!3 (' ",! ('"!*2!*!'%! /(3("!) *!-(3! ($ '& /&'-!* 1&$$(8/! .') ",! !G($"!'%! .')

3#/"(1/(%("9 &2 6.$, !7#(/(8*(. $,&#/) 8! $"#)(!) (')!1!')!'"/9 2&* !.%, %&33#'(H

%."(&' $9$"!34 6!C!*",!/!$$0 +! %.' 2&//&+ .' .11*&.%, $(3(/.* "& ",! &'! .)&1"!)

2&* ",! ('"!*2!*!'%! /(3("!) *!-(3!4 D' ",! 2&//&+('-0 +! )!".(/ -#()!/('!$ 2&* ",($

.'./9$($4

I*&3 ;12.59<0 (" ($ 1&$$(8/! "& )!"!*3('! ",! 8!$" *!$1&'$! (' "!*3$ &2 *."! &2
"*.'$3(""!* i "& 1&/(%9 Pj &2 "*.'$3(""!* j4 J&')("(&'$ 2&* ",! !G($"!'%! &2 $#%, 8!$"
*!$1&'$! .*! )!".(/!) (' ",! 2&//&+('- $"."!3!'"4

2(/:/.1&1/%  ;"  ! xi > 1, "#$%&'( )*+,-. /0.,-,12 300-. ,! )4* 0456 ,!

1− xie−xi+1+ni > 0. ;>?4KL<

 ! "#$%78( ,. .)-,.92*: "#$%&'( )*+,-. ) .,4;52 /0.,-,12 300- ,4 -<2 ,4-231)5 (0, log xi),
=<,>< >0332./04*. -0 -<2 ?2.- 32./04.2 ,4 -23+. 0! 3)-2 -0 /05,>6 Pj 0! .0@3>2 Sj%

A300! M  !" #$ %&'$()!* ",! 2#'%"(&' &2 ",! C.*(.8/! R 1.*.3!"*(% (' x .') ζ

̥(R;x, ζ) = −ζ exp
(
− x

eR
+

eR − 1

ReR

)
+

eR − 1

xR
. ;>?4K><

6&"! ",." ",! !7#."(&' ̥(R;x, ζ) = 0 ($ !7#(C./!'" "& ;>?4N?< .') ;>?4@A< 2&*

ζ = 1 .') ζ = eni , *!$1!%"(C!/94 O! .'./9P! ",! 8!,.C(&#* &2 ̥(R;x, ζ) (' &*)!* "&
%,.*.%"!*(P! ("$ P!*&$ 2&* ζ ∈ [1,+∞). F,! .'./9$($ 2&* ζ = 1 +.$ ./*!.)9 %.**(!)
&#" (' ",! 1*&&2 &2 Q*&1&$("(&' K4

F,! 2&//&+('- /(3("$ ,&/)

lim
R→0+

̥(R;x, ζ) = ̥(0, x, ζ) = −ζ exp(−x+ 1) +
1

x

lim
R→+∞

̥(R;x, ζ) = +∞.

 !" #$ %&'$()!* ",! "+& 2#'%"(&'$ &2 ",! C.*(.8/! R

h(R;x) = − exp

(
− x

eR
+

eR − 1

ReR

)

.')

k(R;x) =
eR − 1

xR
.



 !"#$%&'()  * +(,-.)/( 011-/%'2-3 23 41-5 6%7238 93'():()238 #$%33(1, 52'$ ;%)'2%1 <3-51(78( -: '$( #$%33(1,

 !" #$%& '()*&+,) -./("% − exp(−x+1) +) R = 0 .)0 −1 ',$ R→ +∞. 1& 0"*$".%"%
(2 &, . 3+)+3(3 .)0 &!") +)*$".%"% .4.+)5  !" '()*&+,) k(R;x) +% +)*$".%+)4 ',$ .)6
2,%+&+-" -./(" ,' R.  !")7 &!" '()*&+,) ̥(R;x, ζ)3.6 0"*$".%" +) .) +)&"$-./ .$,()0
R = 0 +' &!" %/,2" 80"$+-.&+-"9 ,' &!" 2$,0(*& ζh(R;x) +% /,:"$ .)0 &!" 0"$+-.&+-"
,' k(R;x). ;,$ /.$4" R +& 0"#)+&+-"/6 +)*$".%"%5 1' ̥(R;x, ζ)|R=0 < 0 &!")7 &!"$"
+% .) R = R♦

%(*! &!.& ̥(R;x, ζ) < 0 ',$ R ∈ (0, R♦) .)0 ̥(R;x, ζ) > 0 ',$
R ∈ (R♦,+∞).  !")7 &!" 2,+)& R = R♦

+% . 3+)+3+<"$ ,' &!" (&+/+&6 '()*&+,) ,'

4.3" G.  !"$" +% ), 3.=+3+<"$ +)&"$)./ &, &!" %&$.&"46 %"&7 +5"5 &!" >"%& $"%2,)%"
&, x +% R = 0. 1' ̥(R;x, ζ)|R=0 > 0, &!") ̥(R;x, ζ) *,(/0 !.-" &:, <"$,%5  !" #$%&
8:+&! /,:"$ -./("9 <"$, *,$$"%2,)0% &, . 3.=+3+<"$ ,' &!" (&+/+&6 '()*&+,)5 ?) &!"

*,)&$.$67 &!" %"*,)0 *,$$"%2,)0% &, . 3+)+3+<"$5  !(%7 . )"*"%%.$6 *,)0+&+,) ',$

!.-+)4 . ),)<"$, >"%& $"%2,)%" +% &!.&

̥(0;x, ζ) = −ζ exp(−x+ 1) +
1

x
,

:!+*! *,+)*+0"% :+&! 8@A5BC9 ',$ x > 0 .)0 ζ = en. D"& (% 0"),&" >6 R(a)(x, ζ) .)0
R(b)(x, ζ) &!" <"$,% ,' ̥(R;x, ζ) *,$$"%2,)0+)4 &, &!" 3.=+3+<"$ .)0 3+)+3+<"$ ,'
&!" (&+/+&6 '()*&+,)5 E+)*" h(R;x) +% )"4.&+-" ',$ .)6 R > 0 .)0 x > 1, ',$ ζ ≥ 1 +&
$"%(/&%

̥(R;x, ζ) ≤ ̥(R;x, 1).

 !+% +32/+"% &!.& R(a)(x, ζ) ≤ R(a)(x, 1) .)0 R(b)(x, ζ) ≥ R(b)(x, 1).
F" ,>%"$-" &!.& ',$ x > 1

̥(log(x);x, 1) ≤ 0

.)0 $"*.// &!.& ̥(R;x, 1) < 0 ,)/6 +) &!" +)&"$-./ (R(a)(x, 1), R(b)(x, 1)).  !(%7 R =
log(x) %"2.$.&"% &!" <"$,% ,' ̥(log(x);x, 1), +5"5 R(a)(x, 1) ≤ log(x) ≤ R(b)(x, 1).
E+)*"

R(a)(x, ζ) ≤ R(a)(x, 1) ≤ log(x) ≤ R(b)(x, 1) ≤ R(b)(x, ζ),

R = log(x) ./%, %"2.$.&" &!" &:, "-")&(./ $,,&% ,' ̥(R;x, ζ).  !+% *,)*/(0"% &!"
2$,,' ,' G$,2,%+&+,) @C5 �

;$,3 &!" >"%& $"%2,)%"% +) &"$3% ,' $.&"7 +& +% %&$.+4!&',$:.$0 &, 0"&"$3+)" &!"

>"%& $"%2,)%" +) &"$3% ,' 2,:"$% ',$ &!" &:, 2/.6"$%5

 !"# $%&'()( *+',& -.&/ .,0 1+2/3 455+6.&'+,

1) &!+% %"*&+,)7 :" %&(06 &!" H,+)& $.&" .)0 2,:"$ .//,*.&+,) :!") >,&! &$.)%I

3+&&+)4 ),0"% *,,2"$.&" &, 3.=+3+<" &!" (&+/+&6 '()*&+,) +) &!" %.3" %&$.&"46 %"&

P ,' 4.3" G 8%"" E"*&+,) @A5B95

 !" ,>H"*&+-" '()*&+,) +% 0"#)"0 .%

u (P1, P2, R1, R2) =

2∑

i=1,i6=j

(Ti (Pi, Ri, Pj , Rj)− CiPi) 8@A5BA9

=
2∑

i=1

(RiFi(ti)− CiPi) . 8@A5BJ9

F" *,)%+0"$ .4.+) &!" &:, "=&$"3" $"4+3"% :!") &!" ),+%" +% -"$6 !+4! .)0

:!") +& +% )"4/+4+>/" *,32.$"0 &, &!" +)&"$'"$")*" 2,:"$ /"-"/5 1) >,&! *.%"% :"



 !"# $%&'()( *+',& -.&/ .,0 1+2/3 455+6.&'+,  7 

 !"# $!%$ $!& "'$()*) +& "*+,& %--",%$(". '+(/(-&0& %  (.0-& * &+ $+%. )(  (".1

2!& 3"--"#(.0 $#" '+"'" ($(".  $%$& $!& +& *-$ 1

13+%+8'&'+,   "  !" #$ %$$#&! "'%" "'! ()*$! *$ +!,- '*.' /)&0%,!1 ") "'! 0)2!,

",%($&*""!1 3- "'! ",%($&*""!,4 ), !5#*+%6!("6-4

gi
Ci

> N0 %(1

gi
Ci
≈ N04 i = 1, 27

8'!(4 *9

log
gi

CiN0
> log

gj
CjN0

i, j = 1, 2 i 6= j 4561789

",%($&*""!, Si ",%($&*"$ %" 0)2!, Pi =
1
gi

(
gi
Ci
−N0

)
%(1 ,%"! Ri = log

(
gi

CiN0

)
≈

gi
CiN0

4 %(1 "'! ",%($&*""!, j *$ $*6!("4 *7!7 Pj = Rj = 07

:()(-%+-;< #!&. $!& ."( & ( .&0-(0(=-& ,")'%+&> $" $!& (.$&+3&+&.,& 3+") $!&

"$!&+ * &+ $!& 3"--"#(.0 +& *-$ !"-> 1

13+%+8'&'+,  !"  !" #$ %$$#&! "'%" "'! ()*$! +%,*%(/! *$ +!,- 6)2 2'*6! "'! 0):

"!("*%6 *("!,9!,!(/! 9,)& "'! $)#,/! /)#61 3! $#3$"%("*%66- '*.'!,4 *7!4 N0 → 0 %(1
σ2
21

C2
≫ 0 9), ",%($&*""!, ; %(1 N0 → 0 %(1

σ2
12

C1
≫ 0 9), ",%($&*""!, <7 8'!,! 1)!$

()" !=*$" %( )0"*&#& %66)/%"*)( $",%"!.- 9), 3)"' P1, P2 > 0. >9 ?12.64@ *$ $%"*$A!14
",%($&*""!, i ",%($&*"$ %" 0)2!, %(1 ,%"!

Pi =
1

gi

(
gi
Ci

−N0

)
≈ 1

Ci

%(1 Ri = log

(
gi

CiN0
,

)

,!$0!/"*+!6-4 2'*6! ",%($&*""!, j $"%-$ $*6!("7

B,))9 C ?. "+>&+ $" '+"/& @+"'" ($(". 55 #& A+ $  !"# $!%$< 3"+ C1, C2 > 0
$!&+& ( ." "'$()*) ,"++& '".>(.0 $" +& "*+,& %--",%$(". ()'-;(.0 ="$! .">& (.

$!& (.$&+3&+&.,& -()($&> +&0(".1 2!&.< #&  !"# $!%$ %. "'$()*) ()'-;(.0 $!%$ ".&

"3 $!&  "*+,& ,%* & %. (.$&+3&+&.,& )*,! !(0!&+ $!%. $!& ."( & -&/&- "3 $!& "$!&+

,"))*.(,%$(". ,%.."$ =& (.$&+.%- $" P =*$ ($ ,"*-> -(& ". ($ ="*.>%+;1 B"+&

 '&,(A,%--;< ($ ( % #"+C(.0 '"(.$ #!&+& $!&  "*+,& ,%* (.0 !(0! (.$&+3&+&.,& ( $!&

".-; ".& $!%$ $+%. )($ 1 2!& %''-(,%=(-($; "3 $!& )">&- 3"+ $!& (.$&+3&+&.,& -()($&>

+&0()& 3"+ $!& "$!&+ ,"))*.(,%$(". '+"/(>& $!& ,".>($(". (. @+"'" ($(". 55 3"+

$!& "'$()%-($; "3 $!& '"(.$ %$ $!& ="*.>%+; "3 P.
D&$ * %  *)& $!%$ $!&+& &E( $ %. "'$()*) ,"++& '".>(.0 $" $!& % ,".>($(".

#!&+& ="$! ,"))*.(,%$(". ",,*+ (. $!& (.$&+3&+&.,& -()($&> +&0(".1 F&  !"# =;

,".$+%>(,$(". $!%$  *,! %  ($*%$(". >"& ."$ !%''&.1 D&$ * ,". (>&+ $!& *$(-($;

3*.,$(". (. 4561G91 ?$ >&+(/%$(/& #($! +& '&,$ $" Pi %.> Ri %+& 0(/&. =;

∂u

∂Pi

=
Rigi

Pjσ2
ij(e

Ri − 1)
exp

(
− ti
Pjσ2

ij

)
− Rjtj
σ2
jiP

2
i

exp

(
− tj
Piσ2

ij

)
− Ci 45617H9

%.>

∂u

∂Ri

= 1− exp

(
− ti
Pjσ2

ij

)
− RiPigie

Ri

Pjσ2
ij(e

Ri − 1)2
exp

(
− ti
Pjσ2

ij

)
, 4561779

+& '&,$(/&-;1 I. &E$+&)& 4)%E()(J&+ "+ )(.()(J&+9 "3 4561G9 (.$&+.%- $" P  !"*->

 %$( 3; $!&  ; $&) "3 &K*%$(". 

∂u

∂Pi

=
∂u

∂Ri

= 0, 45617G9



 !"#$%&'()  " *(+,-).( /00,.%'1,2 12 30,4 5%6127 82'()9()127 #$%22(0+ 41'$ :%)'1%0 ;2,40(67( ,9 '$( #$%22(0+

 !"!#

Rigi
σ2
ijPj(eRi − 1)

exp

(
− ti
Pj

)
− Rjtj
σ2
jiP

2
i

exp

(
− tj
σ2
jiPi

)
= Ci, i, j ∈ {1, 2}, i 6= j

$%&!'()

*+,

1− exp

(
− ti
Pjσ2

ij

)
=

PiRigie
Ri

(eRj − 1)2Pjσ2
ij

exp(− ti
Pjσ2

ij

), i, j ∈ {1, 2}, i 6= j. $%&!'-)

./01 $%&!'-) 2" 034* +

exp

(
− ti
σ2
ijPj

)
=

σ2
ijPj(e

Ri − 1)2

σ2
ij(e

Ri − 1)2Pj +RigieRiPi

, i, j ∈ {1, 2}, i 6= j. $%&!56)

7+ 48"  +4"/9"/"+:" ; 1 4", /"< 0+# ti =
Pigi

eRi−1
, *= *;/"*,> , =:?==",  + @":4 0+

%&!'! A8"+# =?3=4 4?4 +< $%&!56)  +40 $%&!'() > ";,=

Rigi(e
Ri − 1)

(eRi − 1)2Pj +RigieRiPi

− PjRjgj(e
Rj − 1)

Pi [(eRj − 1)2Pi +RjgjeRjPj ]
= Ci i, j ∈ {1, 2}, i 6= j.

$%&!5%)

B" =802 48*4 48" =>=4"1 09 "C?*4 0+= $%&!5%) ,0"= +04 *,1 4 *+> =0;?4 0+ =?:8

48*4 Pi > 0 *+, Ri > 0. D"4 ?= ,"E+"

Si =
Rigi(e

Ri − 1)

σ2
ij(e

Ri − 1)2Pj +RigieRiPi

$%&!5&)

*+, 03="/F" 48*4 Si > 0 90/ Pi > 0 *+, Ri > 0. A8"+# $%&!5%) :*+ 3" /"2/ 44"+ *=

[
1 −P2

P1

−P1

P2
1

] [
S1

S2

]
=

[
C1

C2

]
. $%&!5G)

@ +:" 48" 1*4/ H  + 48" ;!8!=! $;"94 8*+, = ,") 8*= /*+I %# 48" =>=4"1 20?;, *,1 4

 +E+ 4" =0;?4 0+=  9 *+, 0+;>  9

C2

C1
= −P1

P2
.

J02"F"/# C1, C2 > 0, 48?= 48" =>=4"1 $%&!5%) ,0"= +04 *,1 4 *+> K0= 4 F" =0;?4 0+!

D"4 ?= :0+= ,"/ +02 48" K0== 3 ; 4> 40 8*F" *+ 0K4 1?1 K0 +4 =?:8 48*4 0+"

+0,"  = 20/I +<  + 48"  +4"/9"/"+:" ; 1 4", /"< 0+! B 480?4 ;0== 09 <"+"/*; 4> 2" :*+

*==?1" 48*4 S1  = =?:8 * =0?/:" *+, 0 ≤ N0 ≤ P2! A8"+# $%&!'L)# $%&!'')# $%&!'()#

*+, $%&!'-) 80;, 90/

t1 =
P1g1

eR1 − 1
$%&!5M)

*+,

t2 =
P2g2

eR2 − 1
−N0. $%&!5L)

A8"+# 90;;02 +< 48" =*1" *KK/0*:8 *=  + 48" :*=" 28"+ 3048 :011?+ :*4 0+= 0::?/

 + 48"  +4"/9"/"+:" ; 1 4", /"< 1" 2" 034* +

[
1 −

(
P2

P1
− R2(e

R2−1)
P1g2

N0

)

−P1

P2
1

] [
S1

S2

]
=

[
C1

C2

]
. $%&!5')



 !"# $%&'()*+, -'.%,/.  #0

 !"#$ %&$ '(%)!* !" %&$ +,&,-, &(- )(". /0 %&$ -1-%$' (2'!%- ( 3"!43$ -5+3%!5"

6!%&

S2 =

(
C1 +

P2

P1
C2

)
P1g2

(eR2 − 1)N0R2
. 78/,99:

;&$ <)$=!53- $43(%!5" 78/,99: ("2 %&$ 2$>"!%!5" !" 78/,9/: 1!$+2

(
C1 +

P2

P1
C2

)
P1g2

(eR2 − 1)N0R2
=

R2g2(e
R2 − 1)

σ2
21(e

R2 − 1)2P1 +R2g2eR2P2
. 78/,9?:

@1 '(.!"A 3-$ 5B %&$ (--3'<%!5" %&(% P2, R2 > 0, 6$ #(" )$6)!%$ 78/,9?: (-

(C1P1 + C2P2)

[
P1

R2
2P2g2

+
g2e

R2

σ2
21(e

R2 − 1)2R2

]
=

N0

P2σ2
21

. 78/,9C:

 !"#$ 6$ (--3'$ %&(% N0 ≪ P20 %&3-0
N0

P2σ
2
21
→ 0 6&$" S1 !- !" %&$ !"%$)B$)$"#$

+!'!%$2 )$A!'$, ;&!- 5D-$)=(%!5" !'<+!$- (A(!" %&(%

C1P1 + C2P2 ≈ 0.

;&$)$B5)$0 %&$)$ !- "5 5<%!'3' !"%$)"(+ %5 P !" %&$ !"%$)B$)$"#$ +!'!%$2 )$A!5" 5B

 53)#$ 8, �
E+5-$2 B5)' )$-53)#$ (++5#(%!5" -%)(%$A!$- B5) %&$ A$"$)(+ #(-$ ()$ "5% (=(!+(D+$

("2 "3'$)!#(+ #5"-%)(!"$2 5<%!'!F(%!5" !- "$#$--()1,

 !"# $%&'()*+, -'.%,/.

G" %&!- -$#%!5"0 6$ (--$-- %&$ <$)B5)'("#$ 5B %&$ <)5<5-$2 (+A5)!%&'- ("2 #5'H

<()$ %&$', ;&$ )$-53)#$ (++5#(%!5" &(- ( #5'<+$* 2$<$"2$"#1 5" -$=$)(+ -1-%$'

<()('$%$)-0 $,A, "5!-$0 #&(""$+ A(!"-0 #5-%-, I$ &(=$ -$$" B)5' %&$ <)5<5-$2 D$-%

)$-<5"-$ (+A5)!%&' %&(%0 !" )$(-5"(D+$ #(-$-0 %&$ (+A5)!%&' #5"=$)A$- %5 %&$ J(-&

$43!+!D)!3' !" !"%$)"(+ <5!"%- 5B %&$ !"%$)=(+0 "5% 5" !%- D53"2()1, ;&!- &(- ( %65H

B5+2 D$"$>%, K!)-%+10 %&!- !'<+!$- %&(% ( #$"%)(+!F$2 #5''3"!#(%!5" !- 3""$#$--()1,

 $#5"2+10 B5) %&$ J(-& $43!+!D)!3' !" %&$ !"%$)=(+0 D5%& 3-$)- ()$ %)("-'!%%!"A ("2

%&!- A3()("%$$- %&$ B(!)"$-- 5B %&$ -1-%$', G" %&!- -$#%!5"0 6$ '(!"+1 #5"-!2$) J(-&

$43!+!D)!3' !"%$)"(+ %5 %&$ -%)(%$A1 -$%, I$ >)-% !"=$-%!A(%$ %&$ <$)B5)'("#$ 5B %&$

A('$ D(-$2 )$-53)#$ (++5#(%!5" 5" %&$ -1-%$' <()('$%$)-, I$ #5"-!2$) ( -1-%$'

6!%& <()('$%$)- σ2
12 = σ2

21 = 0.1 ("2 g1 = g2 = 1. K!A3)$ 8/,L -&56- %&$ %&)53A&H

<3% (%%(!"$2 D1 %&$ (+A5)!%&' B5) M5!"% <56$) ("2 )(%$ (++5#(%!5" D(-$2 5" @(1$-!("

A('$- B5) !"#)$(-!"A #5-%- Ci = Cj , N- $*<$#%$20 !" %&$ A$"$)(+ #(-$0 (" !"#)$(-$

5B %&$ #5-%- !'<+!$- ( 2$#)$(-$ 5B %&$ (#&!$=(D+$ %&)53A&<3%, ;&$ -5+!2 +!"$ !" K!H

A3)$ 8/,L -&56- %&$ %&)53A&<3% !" %&$ !"%$)B$)$"#$ +!'!%$2 )$A!'$, G" %&!- #(-$ %&$

-1-%$' <$)B5)'("#$ !- #5'<+$%$+1 !"2$<$"2$"% 5B %&$ #&(""$+ #5-%, N% >)-% A+("#$0

%&!- D$&(=!5) #53+2 (<<$() -3)<)!-!"A, O56$=$)0 !% !- ( -%)(!A&%B5)6()2 #5"-$43$"#$

5B P)5<5-!%!5" L 6&$" 6$ 5D-$)=$ %&(% %&$ D$-% )$-<5"-$- 2$<$"2 5" %&$ #5-%- 5"+1

=!( %&$ )(%!5 C1/C2. ;&$ 2$<$"2$"#1 5B %&$ %&)53A&<3% 5" %&$ #5-%- D$#5'$- '5)$

("2 '5)$ )$+$=("% 6&$" %&$ "5!-$ !"#)$(-$-, ;&!- !- (<<()$"% B)5' %&$ 25% #3)=$

("2 %&$ 2(-&$2 #3)=$ !" K!A3)$ 8/,L, ;&$ 2(-&$2H25%%$2 +!"$ !" K!A3)$ 8/,L -&56-

%&$ 2$A)(2(%!5" !" %$)'- 5B %&)53A&<3%0 6&$" %&$ <)$-$"#$ 5B "5!-$ !- "$A+$#%$2 !"
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0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0
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4

Cost C
1
=C

2

T
h
r
o
u
g
h
p
u
t

Game based resource allocation for g
1
=g

2
=1, σ

12

2
=σ

21

2
=0.1

N
0
=−10dB

N
0
=−∞ dB

N
0
=−20dB

N
0
=−10dB with resource allocation for N
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