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Résumé

Cette thése porte sur I'étude probabiliste des réponses démographique et génétique de

populations a certains événements ponctuels. Elle a donné lieu a trois travaux. Les deux
premiers ont été publiés :

o [BPSI3] Vincent Bansaye, Juan Carlos Pardo Millan, and Charline Smadi, On the extinction
of continuous state branching processes with catastrophes, Electron. J. Probab. 18 (2013), no.
106, 1-31

e [Smal4] Charline Smadi, An eco-evolutionary approach of adaptation and recombination
in a large population of varying size, Stochastic Processes and their Applications, DOI :
10.1016/j.spa.2014.12.007

e [BSS15a] Rebekka Brink-Spalink and Charline Smadi, Genealogies of two neutral loci after
a selective sweep in a large population of varying size, in preparation

Ces trois travaux constituent, aprés une introduction au sujet, les trois chapitres de cette
thése.

Processus de branchement a états continus avec catastrophes

Les processus de branchement ont été introduits en temps et espace discrets au 19éme siécle
pour modéliser la dynamique des noms de famille illustres en Grande Bretagne. Les individus
meurent et se reproduisent de maniére indépendante et identiquement distribuée; il n’y a
donc pas d’interactions entre eux, et en particulier pas de limitation de ressources. Ces
processus ont été particuliérement utilisés en biologie, car 'indépendance des comportements
individuels permet des calculs explicites. Afin de modéliser de grandes populations d’individus
de petite taille, des processus de branchement & états continus ont été construits, comme
limites d’échelle des processus discrets initiaux. Ils peuvent étre réalisés en particulier comme
l'unique solution forte de ’équation différentielle stochastique :

t t t poo pZs
Zr=Zo+f gZSds+f ZazstBpL/ f f zNy(ds,dz,du), 0
0 0 0oJo Jo

ou Zy >0 p.s. est la taille initiale de la population, B est un mouvement Brownien standard,
No(ds,dz,du) une mesure aléatoire de Poisson d’intensité dsu(dz)du (ou p est une mesure



a support dans (0,00) qui vérifie f(o,oo) (zA zz)u(dz)) indépendante de B, et No la mesure
compensée de Ny. Le dernier terme est un terme de sauts dont 'intensité est proportionnelle
a la taille de la population. Il représente les gros événements de naissance, lorsqu'un individu
"infinitésimal” donne naissance & un nombre d’individus "infinitésimaux” si grand que cet
événement augmente la taille de la population d’une quantité macroscopique.

Dans le Chapitre 2, nous avons cherché avec Vincent Bansaye et Juan Carlos Pardo a
comprendre 'impact de catastrophes tuant une fraction de la population, ou d’événements
d’immigration proportionnels a la taille de la population survenant de maniére répétée. Nous
avons dans un premier temps construit une nouvelle classe de processus, les processus de
branchement a états continus avec catastrophes, en les réalisant comme I'unique solution forte
(sous certaines conditions) de I’équation différentielle stochastique :

t t t Yo o
Y, =Y, +[ Yds+f \/202Y;dB; + f f f zNy(ds,dz,du)
R & 0 e 0 Jio,00)Jo 0

t
+ f[ (m—l)Ys_Nl(ds,dm), (2)
0 J[0,00)

ou Yp >0 p.s., et N} est une mesure aléatoire de Poisson sur [0,00)? d’intensité dtv(dm).

Deux termes de sauts de natures différentes apparaissent dans cette équation. Le premier,
dont nous avons déja parlé, correspond aux grands événements de naissances et est lié a la
démographie intrinséque de la population. Le second correspond aux événements extérieurs.
Lorsqu’une catastrophe survient, la taille de la population est multlipliée par un facteur
m € (0,1), et lorsque qu'un événement d’immigration se produit elle est multlipliée par un
facteur m > 1.

Nous avons déterminé les conditions sous lesquelles la taille de la population tend vers 0.
Enfin, dans les cas d’absorption presque stire nous avons déterminé la vitesse d’absorption
asymptotique du processus.

Ce dernier résultat a une application directe a la détermination du nombre de cellules
infectées dans un modéle d’infection de cellules par des parasites. En effet, la quantité de
parasites dans une lignée cellulaire suit dans ce modéle un processus de branchement a états
continus, et les "catastrophes” surviennent lorsque, lors des divisions cellulaires, la quantité de
parasites est partagée entre les deux cellules filles.

Signature génétique de la sélection

Un individu est caractérisé par son matériel génétique. Celui-ci détermine (pour une grande
partie) son phénotype et en particulier certains traits quantitatifs comme le taux de naissance,
le taux de mort intrinséque, ou sa capacité d’interaction avec les autres individus (compétition,
coopération,...). Mais son génotype seul ne détermine pas son histoire de vie, le fait qu’il
soit plus ou moins bien “adapté” que les autres individus : ’espérance de vie d’un humain
par exemple, n’est pas fonction seulement de son génotype, mais aussi de 'environnement
dans lequel il vit (accés a ’eau potable, a des infrastructures médicales, qualité et quantité
de I'alimentation, ...). Capproche éco-évolutive cherche & prendre en compte I'importance de
Penvironnement en modélisant les interactions entre les individus. Ainsi, en fonction de la
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composition de la population (nombre d’individus de chaque trait) et du milieu (quantité et
qualité des ressources), un individu vivra plus ou moins longtemps et laissera plus ou moins
de descendants.

Lorsqu’une mutation ou une modification de I’environnement survient (catastrophe climatique,
déplacement de la population, ...), des alléles peuvent envahir la population et s’y fixer au
détriment des autres alléles initialement présents : c’est le phénomeéne de balayage sélectif.
Ces événements évolutifs laissent des traces dans la diversité neutre au voisinage du locus
auquel I'alléle s’est fixé. En effet ce dernier “emmeéne” avec lui des alléles qui se trouvent sur
les loci physiquement liés au locus sous sélection : c’est le phénoméne d’auto-stop. La seule
possibilité pour un locus de ne pas étre “emmené” avec I’alléle sous sélection est I'occurence
d’une recombination génétique, qui I'associe a un autre haplotype dans la population.

Dans le Chapitre 3, je quantifie la signature laissée par un tel sweep sélectif sur la diversité
neutre. Je me concentre dans un premier temps sur la variation des proportions neutres dans
les loci voisins du locus sous sélection sous différents scénarios de balayages : balayages
doux, balayages durs dans un régime de recombinaisons rares ou fréquentes. Je montre que
ces différents scenari évolutifs laissent des traces bien distinctes sur la diversité neutre, qui
peuvent permettre de les discriminer. Dans le Chapitre 4, nous nous intéressons avec Rebekka
Brink-Spalink aux généalogies jointes de deux loci neutres au voisinage du locus sous sélection
dans le cas du balayage dur. Cela nous permet en particulier de quantifier des statistiques
attendues sous certains scenari de sélection, qui sont utilisées par les biologistes pour détecter
des événements de sélection dans I’histoire évolutive de populations a partir de données
génétiques actuelles. Dans les Chapitres 3 et 4, la population évolue suivant un processus de
naissance et mort avec compétition. Si un tel modéle est plus réaliste que les processus de
branchement, la non-linéarité introduite par les compétitions entre individus en rend I'étude
plus complexe.
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CHAPITRE 1

Introduction

La premiére partie de cette thése est consacrée au comportement en temps long de processus de
branchement soumis a des catastrophes répétées qui suppriment une fraction de la population
(catastrophes climatiques, divisions en plusieurs sous-populations, grands événements de
prédation, ...). Un intérét particulier est porté aux conditions de survie de la population et a la
vitesse d’absorption dans le cas de 'absorption presque stre.

La seconde partie est dédiée aux réponses démographique et génétique de populations a
une modification des conditions de sélection (arrivée d’un mutant favorable ou déplacement
de la population dans un nouvel environnement par exemple). En particulier on détermine la
signature génétique laissée sur la diversité neutre par la fixation d’un alléle au détriment des
autres, ce qui peut permettre de détecter une sélection récente grace aux données génétiques
des populations actuelles.

11 Extinction des processus de branchement a états continus
avec catastrophes

La premiére partie de cette thése, qui a fait 'objet d’une publication en collaboration avec
Vincent Bansaye et Juan-Carlos Pardo [BPS13], traite des processus de branchement continus
avec catastrophes. Aprés une description de la problématique et des travaux antérieurs nous
présentons les résultats du Chapitre 2 et les perspectives de ce travail.

Processus de branchement discrets en environnement aléatoire
Processus de Galton-Watson

Ces processus trouvent leur origine dans I’étude des probabilités d’extinction des noms
de famille illustres en Grande-Bretagne au dix-neuviéme siécle. En 1873, Galton soumit le
probléme suivant a I’ Educational Time [Gal73] :

PROBLEM 4001 : A large nation, of whom we will only concern ourselves
with adult males, N in number, and who each bear separate surnames colonise a
district. Their law of population is such that, in each generation, a0 per cent of



1. Introduction

the adult males have no male children who reach adult life ; al have one such male
child ; a2 have two; and so on up to a5 who have five. Find (1) what proportion of
their surnames will have become extinct after r generations; and (2) how many
instances there will be of the surname being held by m persons.

Galton ne recut pas de solution satisfaisante, et demanda de I'aide a Watson, qui utilisa les

N

fonctions génératrices pour étudier le probléme [W(G75]. Mais il fallut attendre les années 1930
pour que le probléme soit complétement résolu, grace a la contribution de Fisher, Haldane,
Erlang et Steffenson [Lr]129, Iis30, Ken66, GASK95]. Ce processus de branchement a temps
discret est le processus connu sous le nom de processus de Galton-Watson, ou processus de
Bienaymé-Galton-Watson, du nom d’un probabiliste et statisticien frangais qui avait étudié
indépendamment ces processus dés 1845 [Bie45], et dont le travail était passé inapergu.

La présentation qui suit est inspirée de 'ouvrage de Athreya et Ney [AN72]. Soit ¢ une
variable aléatoire a valeurs entiéres de loi P({ = k) = px, k=0, et Z, la taille de population au
temps 7. La génération n+1 est composée des descendants des individus de la génération
n, et conditionnellement a Z,, l'individu i (1 <i < Z,) de la génération n engendre &(; p
descendants ou les ¢(; ) sont indépendants et de méme loi que ¢, ce qu'on peut écrire :

Z’l
Zne1=)_Elin)-
i=1

Ce procédé est ensuite itéré, les {(; ) étant indépendants des ¢(;j ) pour p # n.

La chaine de Markov (Z,,,n = 0) est appelée processus de Galton-Watson. Si Z(x) est un
processus de Galton-Watson avec un nombre d’individus initial Zy = x, on a la propriété de
branchement qui découle directement de la définition du processus :

Zx+NZ 200+ 29 (y)

ot ZW et Z@ sont des copies indépendantes de Z. En terme de modélisation, cette propriété
implique I'absence de compétition entre individus. Elle est donc bien adaptée lorsque l'on consi-
dére de petites populations ou des populations ayant accés a une grande quantité de ressources.

On exclura les cas peu intéressants ot pgp =1 ou p; = 1. En I’absence de précision, on
supposera que Zy = 1. Pour s €[0,1], la fonction génératrice f de la variable aléatoire ¢ est
définie par

o0

fO=Es1=Y pis’, selo1].
i=0

On remarque alors que pour tout (s,n) €[0,1] x N,
E[s”] = E[E[s%!| Z,]] = E[E[s* 0 e *8Cm | Z,]) = E[f(5) 7).
En itérant on obtient

Els?] = f"(s)= fo..of(s), (s,m)€[0,1] xN.
——

n fois
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Les moments du processus, lorsqu’ils existent, peuvent s’exprimer a I'aide des dérivées de

fs):
E(Z)=f'(1) et E(Z)=F")1)='an"

ce qui conduit a la définition suivante qui sera justifiée par la suite :

Définition 1. Silog f'(1) est strictement inférieur a 0, égal @ 0, ou strictement supérieur d 0, le
processus est appelé sous-critique, critique ou surcritique respectivement.

Cette classification revient & distinguer les processus qui en moyenne décroissent, restent
stables ou croissent.

On se restreint au cas po+ p1 < 1. f est alors strictement convexe et croissante sur [0,1].
Soit g la plus petite racine de f sur [0, 1]. Elle vaut 1 dans les cas sous-critique et critique,
et est strictement inférieure a 1 dans le cas surcritique (cf figure 1.1). C’est cette racine qui va
nous indiquer le comportement en temps long du processus :

(x) £(x)

Figure 1.1: Position de la plus petite racine de f sur [0,1] : quand m < 1, pas de racine sur
[0,1], et quand m > 1, une unique racine sur [0, 1]

Proposition 1. Les processus sous-critique et critique s’éteignent presque siirement. Le processus
surcritique s’éteint avec probabilité q < 1, ou q est la plus petite racine de x — f(x) — x sur [0,1].

Connaissant la probabilité d’extinction des différents processus, une question naturelle est
de s’intéresser aux vitesses d’extinction des processus qui s’éteignent presque siirement, et au
comportement en temps long des processus qui survivent. La chaine de Markov :

Wy = Z,(f'aN7™", neN

est une martingale positive, et donc converge presque siirement vers une variable aléatoire
positive W. La loi de W peut alors nous donner des informations sur le comportement en
temps long d’un processus surcritique lorsqu’il ne s’éteint pas.

Théoréme 1. o Processus sous-critique : Si log f'(1) < 0 et E[Z11og"™ Z1] < oo, il existe une
constante finie c telle que

P(Zy>0) ~c(f'1)", (n—o0).
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e Processus critique : Silog f'(1) =0,

P(Z,>0) ~ (n — 00).

nVar(Z)’
e Processus surcritique : Silog f'(1) >0 et E[Z;log Z;] < 0o, alors E[W] =1, et

PW=0)=P@EneN,Z,=0[Z=1) =g4.

Processus de Galton-Watson en environnement aléatoire

Dans le processus de Galton-Watson, la loi des naissances est la méme a chaque génération,
ce qui signifie que la population vit dans un environnement constant. Au début des années 70
Smith et Wilkinson [SW69], puis Athreya et Karlin [AK"71b, AK71a] ont cherché a comprendre
leffet de I’environnement sur la dynamique d’une population. Ils ont alors introduit une
variabilité des lois de naissance traduisant une variabilité de I’environnement au cours des
générations. Si on pense a une population de plantes annuelles, cette variabilité peut traduire
la variabilité de I'ensoleillement, de la pluviométrie ou du taux de pollinisation par les abeilles
d’une année a l'autre, variables qui ont une grande influence sur la quantité de descendants
produits par les plantes. Ces processus ont par la suite été étudiés par de nombreux auteurs.
Nous renvoyons a [BGK05, DVSII] pour les résultats connus sur les processus critique et
sous-critique (cf Définition 2) et pour une bibliographie exhaustive a ce sujet. Nous renvoyons
également a [BB11, BB13, Bsil4] pour des résultats récents concernant le cas surcritique. Nous
nous limiterons dans cette présentation au cas monotype et aux environnements indépendants
et identiquement distribués.

Un processus de Galton-Watson (Z;,S;,n € N) en environnement aléatoire (GWEA) peut
étre décrit par la suite de ses fonctions génératrices. &, est I’état de 'environnement au temps
n—1. A cet état est associée une suite de réels (p;cn),k € N) ou p;cn) est la probabilité qu’un
individu de la génération n— 1 produise k descendants dans la génération 7. On obtient ainsi

la suite de fonctions génératrices suivante :
z () k
fa(8) =E[s™|Ep, Zny =11 = Y pPsk, (s, € 10,11 x N
k=0

La fonction génératrice de la chaine de Markov inhomogéne (Z,, n € N) correspondant a la
suite des tailles de population dans I'environnement (&1, ...,&p,...) est alors obtenue en itérant
les fonctions génératrices successives :

E[s%|&),....En] = fio fro..0 fuls), (s,m)€[0,1] xN.

En conséquence, la moyenne de la taille de population Z, dans 'environnement (&3, ...,65)
est:
E(Znl&Ly e Enl = fi)..fi(D) = €5, neN, (1)

ou la marche aléatoire Sj, est définie par :

So=0, Sp=logfi)+...+logf,(1), neN. 2)
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Lexemple le plus simple de GWEA est le cas linéaire fractionnaire, caractérisé par les fonctions

génératrices
tn S

1-(1—t,)s’
ou les parameétres (ry, t;) décrivant I’état de 'environnement a la génération n—1 sont dans

fn(s) =rpt+1-ry)

[0,1) x (0,1] pour tout entier 7. On peut alors exprimer la probabilité de survie jusqu’au temps
n de la chaine de Markov (Z,,n€N) :

P(Z,>0l&8),..., &) = ( ~Su 4 Z :’; e~ Sk 1) g (3)
Légalité (3) implique que sous certaines conditions de moments, la probabilité de survie du
processus, P(Z;, > 0[&},...,6y), est gouvernée par le minimum de la marche aléatoire (S;,n €N)
définie dans (2). En effet le membre de droite de (3) est de 'ordre de exp(min(Sy, S1,...Sp)).
De maniére générale on verra que la marche aléatoire (S;,n € N) est intimement liée au
comportement en temps long du processus (Z,, n € N). Mais avant de préciser davantage cette
relation, remarquons que :

P(Z,>0) = P(P(Z, > 0|81, ..., En)) P( min P(Z; > 0|6, éfn))

0<i<n

I\

u»( min E(Z|&), .. gn))

0<i<n

[E[exp(min(Sg,Sl,...Sn)) R

(4)

ou on a appliqué I'inégalité de Markov, I’égalité (1) et la définition (2). Mais si la marche aléatoire
(Snyn €N) n’est pas dégénérée (c’est-a-dire qu'on exclut le cas S = 0), elle a seulement trois com-
portements possibles a 'infini [Fel71] : lim;—.oo Sy = +00, lim; .o Sy = —00, et limsup,, ., Sy =
—liminf, .. S; = +00, qui correspondent respectivement aux cas [E[logfl’(l)] <0,>0,et =0
lorsque [E[Ilogfl’(l)l] < 0o. Dans la suite de cette présentation on se restreindra au cas ou
log f{(1) est intégrable. Cette condition peut étre relaxée dans la plupart des résultats men-
tionnés, mais cela permet d’en alléger la présentation. On peut définir une classification des
GWEA analogue a la Définition 1 :

Définition 2. Si E[log fl' ()] est strictement inférieur a 0, égal @ 0, ou strictement supérieur d
0, le processus de Galton-Watson en environnement aléatoire est appelé sous-critique, critique ou
surcritique.

Dinégalité (4) suffit & montrer que le processus (Z;,, n € N) s’éteint presque stirement dans
les cas sous-critique et critique. On a en fait ’équivalent du Théoréme 1 :

Proposition 2 (Théoréme 3.1 [SW69]). Les processus sous-critique et critique s’éteignent presque
sirement. Le processus surcritique survit avec une probabilité strictement positive si E[|log(1 —

fO)]] <oo

La condition E[|log(1 — f1(0))|] < co exclut la possibilité qu’une suite d’environnements
"catastrophiques” conduise a la mort de la population en quelques générations. Enfin, on a
I’équivalent suivant du Théoréme 1 concernant la vitesse d’extinction du cas critique et le
comportement en temps long du processus surcritique dans le cas de la survie :
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Théoréme 2 ([AK71a, K74, Koz76, GKO0]). o Processus critique : Si [E[logfl'(l)] =0,0<
Var[logfl’(l)] <oo et fl’(l) a une distribution non lattice', il existe des constantes positives
Sfinies ¢y et ¢y telles que

C
P(Z, > 0) ~ c;P(min(Sy, ..., S,) = 0) ~ —=, (1 — o).

Vvn

o Processus surcritique : Si E[Zy logZI/fl’(l)] < o0 et [E[logfl’(l)] > 0, alors la martingale
(Znexp(=Sp),n € N) a une limite finie non nulle sur lévénement de non-extinction du
processus :

lim Z,e ™" =W as, PW>0)=P(¥neN,Z,>0/Z=1>0.

Le cas sous-critique est plus complexe dans le cas des GWEA que dans le cas des processus
de Galton-Watson classiques. En particulier, savoir que E[log f{(1)] <0 n’est pas suffisant pour
connaitre le comportement du processus en temps long. La vitesse d’extinction dans le cas sous-
critique a été étudiée, dans des cas de plus en plus généraux par Dekking [Dek87], D’Souza
et Hambly [DI197], Guivarch et Liu [GLO01], et enfin par Geiger, Kersting et Vatutin [GKV03].
Lheuristique que 'on va présenter pour bien comprendre l'origine des différents sous-cas est
inspirée de [BGKO5]. On rappelle la définition (2) de la marche aléatoire (S,,n € N) et on
suppose qu’il existe € > 0 tel que E[e!!*¥51] < co. On introduit, pour B € [0, 1], la probabilité

p® .
[E[(b(é"l, s &y 21y ey Zy) P51 ]
[E[eﬁsn]

_ ([E[eﬂsl])_n[E[¢(£1,...,$n,Zl,...,Zn)eﬁs"],

EP (P&, .cor s Z1yoor Zn)] =

pour ¢ fonction positive. La probabilité de survie au temps 7 peut donc s’exprimer en fonction
de cette nouvelle probabilité : pour tout f€ R* tel que E[efS1] < 0o,

P(Z,>0) = ([E[eﬁsl])”[E(ﬁ) [[P’(Zn > 0|£1,...,£n)e‘ﬁ3"].

On poursuit maintenant ’heuristique en admettant que P(Z, > 0|8}, ...,&,) est de 'ordre de

eMin(So:S1-5) et on s’intéresse au comportement limite de I'espérance :

[E[emin(So,Sl,...,S,,)] _ ([E[eﬁsl ])"[E(ﬁ) [emin(so,sl,...,sn)—ﬁs,,]'

On va alors chercher un réel f tel que le dernier terme n’ait pas une croissance ou une décrois-
sance exponentielle. Le terme E[exp(8S1)] nous donnera alors la décroissance exponentielle
de la probabilité de survie, et le terme E®) [eMin(S0,S1+2S2)=BSn] sa décroissance polynomiale.
On peut déja exclure les > 1. En effet dans le cas sous-critique la marche aléatoire (S,, n € N)
dérive vers moins l'infini et le terme min(Sy, Sy, ..., Sy) — BS, dérive vers l'infini pour tout

10n dit qu’une variable aléatoire X a une distribution lattice s’il existe (a, b) € R tel que P(X € a+ bZ) =1.
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B> 1. Soit B €[0,1]. On va voir qu’on peut distinguer trois cas suivant le comportement de
la fonction f— E[exp(B8S1)] sur lintervalle [0, 1] (cf figure 1.2). Cette fonction est bien définie
sous nos hypothéses et admet méme une dérivée et une dérivée seconde sur [0,1] qui ont pour
expressions :

0pElexp(BS1)] =E[S1exp(BS1)], dppElexp(BS1)] = [E[Sf exp(f$S1)] > 0.

C’est donc une fonction convexe qui atteint son minimum en 7 € (0,1) si E[S;exp(S1)] >0 et
en 1 si E[S; exp(S1)] = 0. On va donc considérer successivement les différents signes que peut
prendre E[S; exp(Sy)].

0 =) 0 P ]

Figure 1.2: Comportement de f — Elexp(fS1)] : lorsque E(S;exp(S;)) <0 le minimum est
atteint en 1, et lorsque E(S; exp(S1)) > 0 le minimum est atteint en 7 € (0, 1)

o E[S1exp(S51)] >0 : Alors B+— E[exp(S))] atteint son minimum sur [0,1] en T € (0,1), et
0=E[S;e"5] =E[e"SEP[S].

La marche aléatoire (S, n €N) est de moyenne nulle et de variance finie sous PO, La
seule possibilité pour que min(Sy, S1, ..., Sp) =TSy, soit proche de 0 est que min(Sy, Sy, ..., Sx)
et 7S, soient proches de 0. U'événement {Sp,...,Sy—1 20,5, <0} a une probabilité de
Pordre de n=3/?

et [AD99] pour le cas lattice). On s’attend donc dans ce cas a

sous P (voir [Epp79] Equation C du Théoréme pour le cas non lattice,
[E(T) emin(80,81 ..... Sn)—-185, - n—3/2.

e E[S;exp(S1)] =0 : Alors de la méme maniére, EV[S;] =0 et min(Sy, S, ..., Sn) — Sy
est proche de 0 si (S, n €N) atteint son minimum sur {0,...,n} prés de n. Comme la
probabilité de I’événement {Sy,...,S,—1 = Sy} est de Pordre de n~Y2 sous PW (Equation
(7.12) Chapitre XII de [Fel71]) , on s’attend a avoir :

ED [emin(so,sl,...,sn)—sn] —_—

o E[S;exp(S1)] >0: Alors EW[S;] <0 et min(Sy, Sy, ..., Su)—S,, reste borné puisque (Sp,n €
N) dérive vers moins I'infini sous la probabilité PW. On aura donc :

ED [emin(Sg,Sl,...,Sn)—Sn] = const.
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Le traitement précis de cette heuristique méne aux asymptotiques suivantes pour la probabilité
de survie dans le cas sous-critique :

Théoréme 3 ((GKVO03]). On considére le cas sous-critique, E[log f(1)] <0, et on introduit

T2 argmin E[f](1)P].
pe,1)

Sous des hypotheéses additionnelles de moments on a les asymptotiques suivantes, ot ¢ désigne une
constante finie dont la valeur peut changer d’une ligne a Uautre :

o Cas sous-critique fort : Si E[f{(1)log f{(D]1 <0, alorsT=1 et

P(Z,>0) ~ c(E[fi()D", (n—o0).

o Cas sous-critique intermédiaire : Si E[f](1)1og f{(1)]1 =0, alorst=1 et

P(Z,>0) ~ cELffLN" n 2, (n— o0).

o Cas sous-critique faible : i 0 <E[f](1)1og f](1)] < oo, alors T € (0,1) et

P(Zy>0) ~cELfi)N"n%2%,  (n—o0).

Ainsi le cas sous-critique fort, dans lequel ’environnement est peu variable est similaire
au cas sous-critique du processus de Galton-Watson. Pour un taux de croissance moyen
ElZ1|Zy=1] = [E[logfl’(l)] <0, la vitesse d’extinction exponentielle ne dépend de la loi de
Ienvironnement que si ce dernier est suffisamment variable, plus précisément a partir du
moment ou E[f{(1)log f{(1)] > 0. Pour voir que la variabilité de 'environnement est liée a cette
inégalité on peut remarquer que pour que cette inégalité soit vérifiée il faut que f'(1) puisse
prendre de grandes valeurs. De plus, puisque [E[logfl'(l)] est négatif dans le cas sous-critique,
f'(1) doit également pouvoir prendre de petites valeurs.

Processus de branchement a états continus en environnement aléatoire
Processus de branchement a états continus

Les processus de branchement a états continus (CSBP pour Continuous State Branching
Processes) sont ’analogue en temps et espace continus des processus de Galton-Watson. IIs
ont été introduits par Jirina [Jir58] et étudiés par de nombreux auteurs. On mentionnera
en particulier [Lam67a, Lam67b, Gre74, Gri74, Bin76] pour les premiers travaux sur le sujet,
et [Kyp06, Lil0] pour des reviews récentes. Un CSBP Z = (Z;,t € R*) est un processus de
Markov fort, cadlag, a valeurs dans R* et qui satisfait la propriété de branchement. Z admet
0 et co comme points absorbants, et P, désigne la loi du processus partant de x. Lamperti
[Lam67b] a montré que les CSBP sont les seules limites d’échelles possibles des processus de
Galton-Watson et que, réciproquement, tout CSBP peut étre obtenu comme une telle limite

d’échelle.
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Ici encore dans un souci de simplicité nous supposerons que (Z;, t € R") admet un premier
moment. La propriété de branchement du processus implique que son exposant de Laplace a
la forme :

Exle %1 =e O, (x,1,0) RS, ()

ot ([Sil68]) la fonction (u,(0), (¢,0) € R?) est I'unique solution de I'équation différentielle :

0
5710 +y(u 0) =0, uo(6) =6, (6)

ou pour A =0,

w)=0’A*—gh +f (eM-1+ Az2)u(dz),
(0,00)
pour 0,8 €R, et £ une mesure a support dans (0,00) qui vérifie f(O,oo) (zA zz),u(dz).

Les processus de branchement continus sont spectralement positifs, les sauts représentant
des événements de naissance macroscopiques (un individu infinitésimal donne naissance a un
nombre suffisamment grand d’individus infinitésimaux pour que cela soit visible macroscopi-
quement). Cette propriété n’est pas directement apparente dans la définition du processus, elle
le devient dans ’énoncé de la transformée de Lamperti. Ce dernier a montré [Lam67a] qu’un
CSBP pouvait étre réalisé comme un processus de Lévy spectralement positif changé de temps.

Un CSBP peut également étre défini via une équation différentielle stochastique, représen-
tation qui nous servira par la suite :

Théoréme 4 ([FL10]). Le processus (Z;, t € RY) est Punique solution forte de I'équation

t t t poo pZs
7, =7, +f st+f \/202ZdB +f f f zNy(ds,dz, du), 7
¢ 0 ) 8Z4s 0 s Dg o Jo Jo 0 ()

ol B est un mouvement Brownien standard, No(ds,dz,du) est une mesure aléatoire de Poisson
d’intensité dsu(dz)du indépendante de B, y vérifie [ (zAZ*)udz), et Ny est la mesure
compensée de Np.

Remarque 1. Nous nous sommes placés dans le cas on Z admet un premier moment. Cela entraine
en particulier [ ) (z A z2)u(dz), ce qui permet de compenser également les grands sauts et de faire
sortir le terme de drift g qui gouverne le comportement en temps long du processus. Dans le cas
général on a seulement [ . (1 A z*)ju(dz) et on ne compense que les saut de taille inférieure a 1.

Le mécanisme de branchement ¢ détermine de maniére unique la loi du CSBP Z. C’est
une fonction convexe nulle en 0. Sa forme dépend du signe de ' (0) (cf figure 1.3). La dérivation
de (5) en 6 >0 donne :

0
El[Zie %) = x=o uy(0)e ¥

et en passant a la limite lorsque 6 tend vers 0 on obtient :

0
Ex[Z:] = x£ u:(0).
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0 6(0) | @(0)=0

Figure 1.3: Forme de v : lorsque g >0, w(n) =0 pour un 1 > 0, qu'on note ®(0), et lorsque
g<0,¥(n) =0 seulement en n=0

D’autre part la dérivation en 6 de (6) pour (£,0) € (R*)? conduit a I'égalité :

9 : 9 -
&@ut(& +y (ut(Q))gut(e) =0.

On en déduit qu’il existe une contante finie ¢ telle que :

0 ot
@ut(e):ce Jow'us@)ds

En prenant la limite lorsque ¢ tend vers 0, on voit que ¢ =1, et la limite quand 0 tend vers 0
nous permet de conclure :
E([Z;] = xe8".

On a alors I'analogue des Définitions 1 et 2 :

Définition 3. Si g est strictement inférieur @ 0, égal a@ 0, ou strictement supérieur a 0, le CSBP Z
est appelé sous-critique, critique ou surcritique respectivement.

Lévénement d’extinction de la population est défini par :
Ext:={lim Z; =0}, (8)
[—o0
ce qui conduit a I’analogue des Propositions 1 et 2 :

Proposition 3. Les processus sous-critique et critique s'éteignent presque sirement, le processus
surcritique survit avec probabilité positive. Plus précisément,

Py(Ext) =e 0, vx>0,
ot ©(0) est la racine strictement positive de .

Mais dans le cas des CSBP il faut faire la distinction entre deux événements, I'extinction
et I’absorption du processus. Le premier a été défini en (8), le second correspond au cas ou le
processus touche 0 en temps fini :

Abs:= {31 < 00, Z; = 0}. 9)

10
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Ces deux événements ne coincident pas nécessairement. Par exemple le CSBP Z = (2 e L t=0)
vérifie pour tout x € R}, Py(Ext) =1 et Px(Abs) = 0. On peut donc avoir extinction et pas
absorption. En revanche, si la probabilité que le processus soit absorbé est positive, les
événements d’absorption et d’extinction sont presque sirement confondus :

Py(Abs) >0, Vx>0 <= Abs=Ext p.s.

© ds

—— <00
w(s)

Les CSBP sont donc des objets plus complexes que les processus de Galton-Watson. En
particulier, la détermination de leur vitesse d’extinction pose probléme puisqu’ils peuvent

< Y(oo)=o00 et f

tendre vers 0 sans s’annuler. Une classe de CSBP cependant est bien connue. Il s’agit des CSBP

a-stables, pour @ dans (1,2]. Leur mesure de sauts p (voir Théoréme 4) vérifie :
ca
dx)= ———, > 0.
A0 = T e

Déquation différentielle (6) se résout alors explicitement et on obtient une expression de la
vitesse d’extinction (voir par exemple Proposition 4 de [BPSI3]) :

L -1/(a-1)
IPxO(Zt>0):1—exp(—x0(c(a—1)j(; e_(“_l)gsds) ¢ )

Cela permet de dériver ’'analogue suivant du Théoréme 1 (on peut trouver le résultat pour le
cas critique dans [KP08] p. 12) :

Théoréme 5. Soit Z = (Z;,t =0) un CSBP a-stable avec o dans (1,2] :

o Si g =0 (cas critique)
X0
(cla-1ptia-b’

Py, (Z:>0) ~ (f — 00).

o Si g <0 (cas sous-critique)

E1 (21D, (& — o0).

1/(a-1) |g|\1/(a-1)
o8 = xo(é)

P70~ xo( )

En particulier dans le cas a =2 (diffusion de Feller) on retrouve une vitesse d’extinction
analogue a celle des processus de Galton-Watson dans le cas critique :

X0
I]:on(Zt>0)~E7 (t — 00).

Cela est une conséquence du fait que les diffusions de Feller sont des limites d’échelles de
suites de processus de Galton-Watson dont la loi de reproduction a une variance finie. Si :

ou (Z™ neN) est une suite de processus de GW de loi de naissance ¢ et vérifiant Z(g") =n

et [E[(Zl("))z] < oo pour tout n €N, alors (Z[("), t€]0,T]) converge en loi lorsque n tend vers
Pinfini (ici T est un réel positif) vers une diffusion de Feller sur 'intervalle [0, T7].

1
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Diffusions branchantes en environnement brownien

La construction des CSBP comme limites d’échelle de processus de Galton-Watson souléve
alors une question naturelle. Peut-on, a I'instar des processus de Galton-Watson, plonger un
processus de branchement continu dans un environnement aléatoire, pour prendre en compte
I’évolution des conditions de vie et de reproduction des individus (infinitésimaux) constituant
les populations modélisées ? Mais ici la question est plus délicate. En effet, faire varier ’envi-
ronnement dans un cadre discret revenait a considérer de nouvelles lois de naissances a chaque
pas de temps discret. Ici les variations d’environnement peuvent prendre des formes multiples.
Lenvironnement peut varier continuement, brutalement, plus ou moins fréquemment et avec
une amplitude variable. A notre connaissance, deux cas seulement ont été étudiés jusqu’a
présent : des diffusions branchantes en environnement brownien et des CSBP soumis a des
catastrophes qui surviennent a des temps poissonniens et multiplient la taille de la population
par un réel positif. Le premier cas a fait l'objet d’un article de Boinghoff et Hutzenthaler [BHI2]
(voir aussi [Hutll] pour le cas surcritique) dont je vais maintenant présenter les principaux
résultats, et le second cas est étudié dans le Chapitre 2 de cette thése.

Lexistence des diffusions branchantes en environnement brownien (DBEB), construites
comme des limites de processus de Galton-Watson en environnement aléatoire a été conjec-
turée par Keiding [Kei75] et rigoureusement établie par Kurtz [Kur78]. On considére une
suite ((ZP), 8P, p €N) de processus de Galton-Watson en environnement aléatoire. &P .=

(Qip ),Qép ),...) est une suite de probabilités sur N représentant les environnements succes-
sifs. Conditionnellement a la suite d’environnements &) le processus de Galton-Watson en

environnement aléatoire (Z,(f ), n€N) est défini récursivement par :

Z(p)
» = L (p)
Zn+1 = Zé nen,
i=1

(i,n)’

ou Zép) est indépendant de &P, conditionnellement & &P les (¢ Ef)n))(i, menz sont des variables

aléatoires indépendantes et les (¢ Ef’ )n)) ien sont des variables aléatoires identiquement distribuées
avec pour fonction génératrice :

o0
P =EE 2P = Y. 2P ks, selo,1l.
k=0

En conséquence, la moyenne de la taille de population 7 dans Penvironnement &) vérifie :
EZP16P) = fP . P W =, (np) eN?, (10)
ou la marche aléatoire (551’7 ), neN) est définie par :
sP =0, S =logfP W)+...+logf ), (n,p)en?.

Les hypothéses suivantes assurent la convergence de la marche aléatoire P neN) changée
de temps :

Jim p.El P -1=acr, (11)

12
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lim pEI( AP0 -1? =02 €[0,00), (12)

supE| )"

3,
peN k=o' i (1)

Le processus de branchement est donc proche d’un processus critique, et o2 rend compte

de la stochasticité environnementale. On fait également une hypothése de convergence de la
stochasticité démographique,

o0

lim E| )’

2 2
— 1| 2P ()| = 0% €0,00). (14)
p—o0 k:()(fl(p) (1) ) 1 ] b

Kurtz démontre le résultat suivant :

Théoréme 6 ([Kur78]). On suppose que Zép '1p— Zy en loi lorsque p — oo. Sous les hypotheses (11)
a (14),

()
(ZLPtJ (»

S gy SO0

dans la topologie de Skorohod * oi la diffusion limite (Z;, Sy, t = 0) est la solution forte de

dZt = %O%tht-*' th8t+ \/ U%Z;th(b)

: (15)
dS; = adt+\/o2dW®.

avec W) et W@ deux mouvements browniens indépendants.

En particulier, en combinant le dernier couple d’équations, on obtient :

1
dZ, = (a+ Eai)ztdlur ZnJo2dW® +\/o2 Z, dW ")

Cette représentation met en lumiére la perte de la propriété de branchement lorsqu’on ne
conditionne pas a I'environnement. En effet vivre dans le méme environnement introduit une
corrélation dans le comportement des individus. On peut également montrer a l'aide de cette
repésentation ’égalité presque sure suivante :

E[Z,1S,] = E[Zy) e, (16)

a rapprocher de (1). En compensant par 'environnement aléatoire et en effectuant un change-
ment de temps, on peut retrouver un processus branchant de loi connue :

2Soient D 'ensemble des fonctions cadlag sur [0,1],
A:={1:[0,1] — [0, l],(go, strictement croissante, A(0) =0,A(1) = 1}.
et la distance d pour x,y€D :

d(x,y):=infle >0,3A € A, sup |A(H)—tl|<g, sup |x(1)—y(A(D) I< e}
t€(0,1] t€[0,1]

Alors (D, d) est un espace métrique séparable mais pas complet.

13
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Proposition 1 ([Kur78]). Soient a € R, o € (0,00), 0 € [0,00), et (W?)150 et (W?) 120 deux
mouvements browniens standards indépendants, (Fy) =0 la solution forte de

dF; = Fdw®, t=0,

et Sii=at+0o, Wt(e), t = 0. De plus on définit le temps aléatoire

t
T(1) ::f e‘sfo%ds, t=0.
0
Alors
(Frne, S0
est solution forte de (15).
En particulier, (Z;e751) 120 est une diffusion de Feller changée de temps, ce qui permet d’ob-

tenir une expression explicite de la transformée de Laplace du processus Z conditionnellement
a Penvironnement.

Corollaire 1 ([BHI12]). Soient a € R, 0} € (0,00), 0, € [0,00), et (Z;,S1) =0 la solution forte de
(15). Alors

X
E,lexp(=AZ)|(Ss)s<:] = exp| — )
x1exp pRSsis=t p( fotaiexp(—Ss)dSIZ+exp(—St)/A)

pout tous (t,x,1) € [0,oo)3 presque surement. En [)articulier,

X
Px(Z: > 01(Ss)s<r) = l_eXp(_ fotU%,eXp(—Ss)dS/z),

pour tous t € (0,00) et x € [0,00) presque surement.

Ce lien avec les diffusions de Feller permet d’obtenir des formules explicites pour de
nombreuses expressions. En particulier, cela permet de distinguer les contributions respectives
des stochasticités démographique et environnementale dans les différentes vitesses d’extinction
des DBEB. L'expression de la moyenne conditionnelle dans (16) indique que la encore le
comportement du processus (S;) ;=0 va avoir une grande influence. Ce dernier tend vers +oo,
oscille ou tend vers —oo si @ >0, @ =0 ou a > 0 respectivement, et en conséquence la DBEB
sera appelée surcritique, critique ou sous-critique :

Théoréme 7 ([BHI2]). Soient @ €R, 0,0, € (0,00), et (Z;,S1) =0 la solution forte de (15). Alors :
o Cas surcritique : si a >0

Px(Z:>0) ~ filx,a,0¢,0p), (t—00).
o Cas critique : si a =0

Px(Z;>0) ~ %fz(x,ae,ob), (t — 00).
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L1. Extinction des processus de branchement a états continus avec catastrophes

o Cas sous-critique :

2
a -2t
si— €(=1,0), Py(Z>0)~1e ¥ fi(x,,0.,0p), (t—00)
06

a o}
si—=-1, Pu(Z;>00~t 2 2 xf1(00,0p), (t—o00)

a o2
si—<-1, Py(Z>0)~e " 2 xfs(@,000p), (—o0)

pour tout x € (0,00) ou les f; sont des fonctions d valeurs dans R’.

La encore on voit apparaitre une transition de phase dans le cas sous-critique, qui dépend
du rapport entre le drift et le bruit de 'environnement. Lorsque I'environnement est peu
variable (0, petit), le comportement du processus est proche de celui des CSBP sous-critiques
en environnement constant, dans le sens ou Py(Z; > 0) ~ const.Ex(Z;). Mais lorsque le bruit
de 'environnement dépasse une certaine valeur la décroissance exponentielle de la vitesse
d’extinction n’est plus égale au paramétre malthusien a +02/2 (qui peut étre positif). Nous
verrons dans le Chapitre 2 que nous obtenons des régimes de vitesses d’extinction similaires
dans le cas des processus de branchement avec catastrophes, alors que la construction et les
techniques de preuves utilisés sont trés différents.

Résultats du Chapitre 2

Le Chapitre 2, résultat d’une collaboration avec V. Bansaye et J. C. Pardo a été motivé par
des expériences du Laboratoire Tamara montrant une asymétrie entre les deux cellules filles
issues d’'une méme mére chez E. Coli. Bansaye et Tran [B11]] ont alors développé un modéle
d’infection de parasites dans une lignée cellulaire dans lequel les parasites étaient distribués de
maniére asymétrique entre les deux cellules filles : chaque cellule peut contenir des parasites,
dont la dynamique suit un processus de Feller, et se divise indépendamment des autres cellules.

Nous nous sommes intéressés de maniére plus générale au comportement en temps long de
processus de branchement soumis de facon répétée a des catastrophes, comme Iest la quantité
de parasites dans une lignée cellulaire a chaque division, et comme peut I'étre également
une population soumise a des catastrophes environnementales ou a 'arrivée de nouveaux
prédateurs. Lorsqu’une catastrophe survient, elle tue chaque sous-population avec la méme
probabilité, et résulte donc en la multiplication de la taille de la population par une fraction
aléatoire. Nous avons également considéré le cas des sauts positifs, qui peuvent représenter des
événements d’immigration proportionnels a la taille de la population. On renvoie au Chapitre
12 de [DGCO8] pour des exemples et explications de tels comportements d’agrégation, ou a
[RLET13], qui montre qu’ils peuvent résulter de manipulations par des parasites, dans le but
d’accroitre leur transmission.

Reprenant les notations du Théoréme 4, nous introduisons une mesure aléatoire de
Poisson N sur [0,00)? d’intensité dtv(dm). Cela nous permet de définir le CSBP (g, 0, 1) avec
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1. Introduction

catastrophes v comme la solution de I’équation différentielle stochastique :

t t t Yoo
;=Y +f gYSds+f 202Y,dB; + f f f zNy(ds,dz,du)
0 0 0 Ji0,00)Jo

t
+ f f (m—l)YS_Nl(dS,dm), (17)
0 J[0,00)

ou Yy >0 p.s. et N] est indépendante de B et Ny. Ainsi le processus Y se comporte comme un
CSBP en dehors des catastrophes, et est multiplié par une variable aléatoire de loi v a chaque
nouvelle catastrophe. Si m <1 la taille de la population décroit, et si m > 1 elle croit, ce quon
peut interpréter comme un événement d’immigration. On introduit alors le processus de Lévy
A = (A4, t 2 0) représentant les catastrophes :

t
A = f f log(m)Ny(ds,dm) = }_ log(ms).
0 J(0,00)

S<t

Le choix de cette représentation, qui est équivalent a la donnée de la mesure Nj, découle du
constat suivant : en 'absence de catastrophes, le processus se comporte en moyenne comme
e8! et g est le paramétre Malthusien de la population. Lorsqu’une catastrophe d’intensité m
survient, la taille de la population est multlipliée par un facteur m = 198 En définitive, le
processus va se comporter, en un certain sens qui sera précisé par la suite, comme le processus
e81A1 et Iintroduction du processus (Ay, t = 0) permettra d’exprimer de maniére explicite les
conditions sous lesquelles la population peut survivre avec probabilité positive. Notre premier
résultat en ce sens est le suivant :

Théoréme 8. Léquation différentielle stochastique (17) admet une unique solution forte positive Y
pour tous g €R,0 =0, u et v vérifiant

f (zA zz),u(dz) < 00, (18)
0

v(iOn =0 et 0<[ A Alm—1)v(dm) < co. (19)
(0,00)

Alors le processus Y = (Y, t = 0) est un processus de Markov cddlag satisfaisant la propriété de
branchement conditionnellement a A. De plus, pour tout t =0,

E, [exp{—/lexp{—gt—A[}YtH A] :exp{—yvt(O,A,A)} p.s., (20)

ot pour tous A € R, et O fonction d variations bornées de R, dansR, v;:s€[0,t] — v:(s,A,06) est
lunique solution de Uéquation différentielle rétrograde :

0
SV A0) =8y (e B (s 4,8)),  vi(6A,8)=A, (21)

et
woh) =0?A% + f (e -1+ A2)u(dz). (22)
0
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L1. Extinction des processus de branchement a états continus avec catastrophes

Nous restreignons donc notre étude a des CSBP qui sans les catastrophes seraient d’es-
pérance finie (condition (18)) et a des processus de catastrophes A qui sont des processus de
Lévy a variations bornées (condition (19)). Lexistence et 'unicité des solutions de I'équation
différentielle stochastique (17) n’est pas un résultat classique car les fonctions ne sont pas
lipschitziennes. Elles découlent de la Proposition 2.2 et des Théorémes 3.2 et 5.1 de [FL10].
Pour obtenir (20), 'idée est de compenser les sauts du processus Y afin d’obtenir une martingale
locale. Soit Z; = Y, exp{—gt—A;}. La formule d’It6 conduit a

t t poo pYs _
Zi=Yy+ f e 85785, [202Y,dB + f f f e 85z Ny(ds,dz, du).
0 0 JO 0

Le processus Z est donc une martingale locale conditionnellement a A. Enfin, en introduisant
F(s,x) :=exp{—xv(s,A,A)}, avec v;(s,A,A) différentiable par rapport a s, positive et telle que
v¢(t,A,A) = A pour A =0, on montre que (F(s, Z,),0<s<1) est une martingale si et seulement
si pour tout s€ [0, ]

0
SV AR = e Ry (78 i(5,4,0), ps,
s

ou Yo est définie en (22).

Lespérance de Y vérifie pour £ >0,

E[Y;|A] = E[Yple8 .

Le processus de Lévy t— gt+A; va donc jouer le méme role que la marche aléatoire ou la
diffusion S dans le cas des processus de Galton-Watson et des diffusions en environnement
aléatoire respectivement. En particulier, le taux de croissance malthusien et les catastrophes
interagissent de la maniére suivante :
Corollaire 2. On a les trois régimes suivants :

i) Sous-critique : Si (A;+ gt) =0 tend vers —oo, alors P(Y; — 0| A) =1 p.s.

ii) Critique : Si (A + g1t) =0 oscille, alors P(iminf, ..o Y; =0 A) =1 p.s.

iii) Surcritique : Si (A + g1t) =0 tend vers +oo et qu’il existe € >0 tel que
(e}
f zlog' "¢ (1 + 2)u(dz) < oo, (23)
0
alors Pliminf, .o Y; >0 | A) >0 p.s. et il existe une variable aléatoire positive W telle que

est-dy, W s, (W=o0j= { lim Y, = o}.
t—00 [—oo

17
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Le processus Z=(Y; exp(—gt—A;) : t = 0) est une martingale locale positive. En particulier
c’est une surmartingale positive et elle converge p.s. vers une variable aléatoire finie W. Cela
prouve i)-ii). Pour prouver iii) on étudie finement les propriétés de la fonction v,(.,A,A) solution
de (21) afin de minorer sa valeur en 0 par une quantité strictement positive. Cela permet de
montrer que

Eylexp{-W} |A] = exp{ — ylim (0, 1,A)} <1,
t—o00

ce qui entraine P(W >0 | A) >0 p.s.

Dans le cas ii) on n’a pas de résultat général concernant le comportement de la limite
supérieure : on verra dans la Proposition 3 que dans le cas d'un CSBP stable avec catastrophes,
limsup Y; =liminfY¥; = 0; on a également des cas ou limsupY; = co presque surement, le
processus Y; = exp(gt+A;) qui vérifie =0 =0 entre dans cette catégorie.

La condition (23) est réminiscente des conditions des Théorémes 1 et 2 pour le cas
surcritique. Notre conviction profonde est que le € n’est pas nécessaire mais nous ne sommes
pas parvenus a montrer la validité de ce résultat pour £ =0.

Comme dans le cas des CSBP on peut avoir extinction sans absorption dans les cas
sous-critique et critique. Dans le cas critique, on a 'apparition d’un nouveau phénoméne qui
n’a pas lieu en environnement constant. Non seulement le CSBP avec catastrophes peut ne
pas étre absorbé en temps fini, mais on peut méme avoir des phénoménes d’oscillations, avec
limsup;_, ., Y; = co. Par exemple cela arrive si u=0, 0 =0, et Y; =exp(gt+A,).

Nous nous sommes ensuite penchés sur la vitesse d’extinction de ces processus (nous pré-
senterons une application de ces résultats au modéle d’infection parasitaire d’une population
de cellules a la fin de cette section). Nous avons en particulier étudié cette vitesse dans le
cas des CSBP stables et ce pour deux raisons. D’une part les événements d’absorption et
d’extinction coincident pour cette classe de processus et la probabilité P(Y; > 0) tend bien vers
0. D’autre part, comme on le verra dans le Corollaire 3, ’étude de cette classe de processus
nous permet d’obtenir des bornes pour la vitesse d’extinction d’une large classe de CSBP avec
catastrophes.

Le mécanisme de branchement d’'un CSBP stable avec un taux de croissance g a la forme
suivante :

W) = —gh+c, AP (24)

avec f€(0,1], c; >0 et g dans R. Dans ce cas particulier, 'équation différentielle rétrograde
(21) peut étre résolue explicitement, ce qui fournit une expression de la probabilité d’absorption
du processus :

Proposition 4. On suppose (24) vérifiée. Alors pour tous xo >0 et t=0 :

t -1/p
Py, (Y;>0|A) =1 —exp{—xo (c+,6f e‘ﬁ(g”As)ds) } ps. (25)
0

De plus,
P,@r>0, V;=0|A)=1 ps,
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L1. Extinction des processus de branchement a états continus avec catastrophes

si et seulement si le processus (gt + Ay, t = 0) ne tend pas vers +oo.

Cette expression va nous permettre de déterminer 'asymptotique des vitesses d’extinction
en temps long. Nous sommes donc ramenés a déterminer le comportement asymptotique
d’une fonctionnelle exponentielle de processus de Lévy qui tend vers +oo. L'approche naive
consistant a utiliser ’équivalent 1 —exp(—x) ~ x en 0 et & penser que I’équivalent suivant est
vérifié

t -1/p
Py, (Y >0) ~—o0 Xo (c+ﬂf0 e_ﬁ(g”Af)ds)

est pertinente dans les cas sous-critiques fort et intermédiaire mais s’avére fausse dans le cas
sous-critique faible. La méthode que nous avons retenue consiste & discrétiser le processus
Y avec des pas de temps 1/g pour g dans N. Nous avons ensuite obtenu un équivalent de
P(Yy/4 > 0) pour p tendant vers +oo et en avons déduit un équivalent pour ¢ tendant vers
+oo dans Ry en écrivant ¢ = |g|/q et en prenant ¢ et g tendant vers 'infini. De ce fait nous
avons eu recours a des résultats asymptotiques sur les fonctionnelles de marches aléatoires.
Plus précisément, nous introduisons K; := gt + A et les variables aléatoires

p
Ap,q = Z exp{—BKiiq}, ((p,q) eNxN"). (26)
i=0

Cela nous permet d’encadrer la fonctionnelle intégrale par des fonctionnelles des variables
(Ap,q>(p,q) €N xN*) sous la forme

1 4 1
T CO RN EN) —BK; - (=) 4@2)
qf( Ullq)AthJ—l,quo e ds< qf(allq)AthJ,q’

)
q

(=)

U q) est indépendant de AS')q (resp

ou f(x) ~1,x — 0% et pour tous (p,q) € NxN*, (IY;
2
A;,)q) et

(resp o

@ 1 @ ,2
AP"? - AM - AP:Q'

Les processus 0™ et 0™ qui apparaissent dans cette décomposition sont des subordi-
nateurs de sauts purs indépendants et a accroissements bornés. Nous cherchons donc un
équivalent de

[E[l —exp(—xo(c+ﬁy)_1/ﬁ)],
lorsque y prend la valeur des variables aléatoires encadrant fot e PKsds et voulons montrer
qu’on obtient le méme équivalent pour les deux encadrants. Comme la fonction x — 1—exp(—x)
est croissante, cela permettra de conclure.
Sous les hypothéses additionnelles :

30max >0, G(A) :=logE[e] =f (m*—1v(dm)<oo pour A€[0,0,max),  (27)
0

et
f (log m)*v(dm) < oo, (28)
(0,e7']ule,00)
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nous prouvons alors les asymptotiques suivantes pour les probabilités de survie des processus
stables :

Théoréme 9. On suppose que v vérifie (19) et (28), et que W et P vérifient (24) et (27) respectivement.
a/ Si¢'(0)+ g <0 (cas sous-critique) et 6,45 > 1, alors

(i) Si ¢'(1) + g <0 (régime sous-critique fort), alors il existe ¢; >0 tel que pour tout
X0 >0,
Py, (Y;>0) ~ c1xpeP+8) quand t — oo.

(ii) Si¢p'(1)+g =0 (régime sous-critique intermédiaire), alors il existe co > 0 tel que pour
tout xg >0,

Py, (Y:>0) ~ c2xo 2t d+g) quand t— oo.

(iii) Si ¢’ (1) + g > 0 (régime sous-critique faible) et 0,4 > B+ 1, alors pour tout xy > 0,
il existe c3(xg) >0 tel que

Py, (Y >0) ~ c3(x0) 132t +eD) quand t— oo,
ot T est la racine de ' + g sur0,1[ : (1) + g7 = Ominl{gb(s) + gs}.
<$s<
b/ Si¢'(0)+ g =0 (cas critique) et Opqx > B, alors pour tout xo > 0, il existe c4(xg) >0 tel que

Py, (Yr>0) ~ cq(xo)t ™2, quand  t— oco.

Nous verrons une illustration de ce résultat dans le cas de l'infection parasitaire d’une
population de cellules a la fin de cette section.

On retrouve donc ici encore des régimes similaires au cas des processus de branchement
discrets en environnement aléatoire et a celui des diffusions branchantes en environnement
brownien, mais les preuves sont trés différentes du cas des diffusions branchantes. En particulier,
on suppose que le processus de Lévy décrivant les catastrophes est a variations bornées, alors
qu’il s’agit d’un mouvement Brownien dans [BII12]. La discrétisation du processus pose
probléme pour pouvoir étendre notre résultat au cas de I'environnement brownien. Cependant,
cette similarité des régimes obtenus laisse penser qu’ils pourraient étre généralisés a des
processus de branchement et des environnements plus complexes. Il est possible, a partir
du Théoréme 9, de faire un pas dans cette direction et d’étudier les vitesses d’extinction
de processus de branchement plus généraux que les processus stables, mais cette approche
donne des encadrements et pas des équivalents de ces derniéres, et on suppose toujours que le
processus de Lévy des catastrophes est a variations bornées.

Corollaire 3. On suppose (27) vérifiée et

f zz,u(dz) <00, o’ > 0, f (log m)*v(dm) < oo.
(0,00) (0,00)
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L1. Extinction des processus de branchement a états continus avec catastrophes

a/ Si¢'(0)+g<0 etOpax>1, alors

(1) Sip'(1)+g <0, il existe 0 < ¢ < ¢} <oo tels que pour tout xo,
c1x0e" PV <P, (Y, > 0) < ¢ xpe P8 pour t assez grand.

(it) Sip'(1)+g =0, il existe 0 < ¢ < ¢ < 00 tels que pour tout xo,

coxot V2" P <p (Y, >0) < chxot V2! DT pour t assez grand.
(iii) Si ' (1) +g >0 et Oax > P+ 1, pour tout xo, il existe 0 < c3(xp) < c§(xg) < oo tels que
c3(x)t 732"+ <P (Y, > 0) < ¢4 (xp) 22D (1>,
ot T est la racine de ¢' + g sur]0,1].

b Si¢'(0)+g =0 et Opmax> B, alors pour tout xo, il existe 0 < c4(xg) < cy(xg) < oo tels que

V2 <py (Y, >0) < chxo) ™2 (2> 0).

cq(xo)t

La preuve consiste a encadrer le mécanisme de branchement du CSBP avec catastrophes

par les mécanismes de branchement de diffusions de Feller avec catastrophes dont on connait
I’asymptotique (cas B =1). On rappelle (21) et (22). Alors la dérivée seconde de v vérifie

20% <y (A) =20° +[

2e_’lzp(dz) <20? +f zz,u(dz).
(0,00)

(0,00)

La formule de Taylor-Lagrange conduit alors, pour tout A positif, a

o’A? < Yol < %(202 +f zzu(dz))/lz.

(0,00)
Cela permet de comparer la fonctionnelle v;(0,1,A) avec la méme fonctionnelle pour des
diffusions de Feller, de coefficients de diffusion respectifs 0% et 0%+ f(O,oo) zz,u(dz)/ 2, soumises
aux mémes catastrophes A, et on conclut grice a I'égalité :

P, (Y; =0) = [E[exp{—yvt(o,oo,A)H.

Pour finir, nous revenons au modéle d’infection cellulaire [BT11] qui a constitué la motivation
initiale de ce travail. La quantité de parasites dans chaque cellule évolue selon une diffusion
de Feller et chaque cellule, aprés une durée de vie exponentielle de paramétre r indépendante
des autres cellules, donne naissance a deux cellules filles : une fraction © des parasites est
transmise 4 une cellule fille, et une fraction 1—0 a Pautre cellule fille, ou © est une variable
aléatoire dans (0,1). Les auteurs montrent que le nombre moyen de cellules infectées au
temps t, N7, est égal a E[N;] = e""P(Y; >0), ou le processus Y suit I’équation différentielle

stochastique
t t t pl
Yt:Y0+f0 gsts+f0 \/202Y5d35+f0 fo (0-1)Ys_p(ds,do). (29)
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Yo > p.s., B est un mouvement Brownien et p(ds,df) une mesure aléatoire de Poisson
d’intensité 2rdsP (O € dO).

Le processus Y se comporte donc comme un processus de Feller entre les temps de saut
et est multliplié par une variable aléatoire ® a chaque temps de saut. Linterprétation est la
suivante. On veut connaitre la probabilité qu’une cellule ’typique’ soit infectée au temps ¢.
On choisit donc une cellule uniformément au temps ¢ et on suit I’évolution de la quantité
de parasites le long de la lignée ancestrale de cette cellule, en particulier on veut savoir si
cette quantité est strictement positive au temps f. Cependant la loi de Y n’est pas la loi de
la quantité de parasites dans une lignée quelconque, puisque le taux de saut est 2r et non
pas r. Ce biais est di au fait qu’en choisissant une cellule uniformément au temps £, on a
davantage de chances de choisir une lignée qui a connu de nombreuses divisions. Ainsi la
lignée ancestrale d’un individu ’typique’ au temps ¢ a un taux de division 27.

Le Théoréme 9 nous permet alors de déterminer le nombre asymptotique moyen de
cellules infectées selon les paramétres de I'infection. Nous renvoyons au Chapitre 2 pour un
énoncé précis. Nous pouvons cependant mentionner ici un cas particulier dans lequel on
peut décrire simplement la dépendance du comportement en temps long de l'infection en
fonction des paramétres du modéle : si on considére les variables aléatoires © qui vérifient
PO©=0)=P©=1-0) =1/2 pour un 0 €]0,1/2[, alors les differents regimes peuvent étre
décrits graphiquement (voir Figure 1.4).

i 7] 112

Figure 1.4: Régimes d’extinction dans le cas P(© =0) =P(© = 1-0) = 1/2. Les frontiéres entre
les différents régimes sont données par g/r = —log(@(1 —6)) (surcritique et sous-critique) et
g/r=—-0logh — (1-6)log(1 —0) (fortement et faiblement sous-critiques).
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1.2 Signature génétique d’un balayage sélectif dans une
population sexuée

La seconde partie de cette thése est consacrée a ’étude de la signature génétique laissée par un
événement de sélection dans des modéles de populations de taille variable prenant en compte
la compétition entre les individus. En particulier, nous allons voir comment les processus de
recombinaison et d’adaptation interagissent au cours de ’évolution des populations sexuées. Je
vais introduire dans un premier temps les notions biologiques nécessaires a la compréhension
de ces processus, avant de présenter les travaux antérieurs consacrés a cette problématique et
les résultats obtenus.

Quelques notions biologiques
Haploidie, hermaphroditisme, reproduction sexuée et panmictique

Nous nous intéresserons a des populations haploides et hermaphrodites avec une reproduction
sexuée et panmictique. Cette section est consacrée a la définition de ces termes.

L’ADN (Acide Désoxyribo-Nucléique) est un ensemble de molécules, présentes dans toutes
les cellules vivantes, qui contiennent I'information génétique, et sont transmises lors de la
reproduction. Chaque molécule d’ADN, associée a des protéines, constitue un chromosome,
lui-méme divisé, pour simplifier, en plusieurs unités d’information génétique, les génes. Un
géne détermine donc une propriété héréditaire d’un étre vivant. Chaque géne peut exister dans
la population sous différentes formes, ou alléles. La plupart des caractéres sont polygéniques,
c’est-a-dire dépendent de 'expression de plusieurs génes, mais certains caractéres sont mo-
nogéniques : par exemple une mutation du seul géne CFTR est responsable de la mucoviscidose.

Une cellule est dite haploide lorsque les chromosomes qu’elle contient sont chacun en
un seul exemplaire (n chromosomes), et diploide lorsqu’ils sont en double exemplaire (2n
chromosomes). On parle de reproduction sexuée lorsque deux individus d’'une méme espéce
sont nécessaires pour donner naissance a un nouvel individu. Cette derniére implique donc
un échange génétique et met en jeu des mécanismes de réduction (méiose) et d’augmentation
(fecondation) de la répétition des chromosomes (ploidie). Le cycle de vie d’un organisme
eucaryote comprend donc nécessairement une alternance de stades avec des niveaux de
répétition chromosomique différents : on parle d’alternance de phases. Chez les humains la
phase haploide (n) est trés réduite. Elle correspond a la formation des gamétes : spermatozoide
ou ovocyte. Nous sommes donc des individus dits diploides. Chez les mousses (cf figure 1.5),
chez certaines algues et champignons, la phase diploide (2n) est au contraire beaucoup plus
limitée (restreinte au zygote). Ces organismes sont alors appelés haploides.

Un individu est dit hermaphrodite lorsqu’il posséde les fonctions sexuelles male et femelle.
Par exemple, de nombreuses espéces de plantes présentent des organes de reproduction
femelles et males sur un méme organisme. C’est également le cas des escargots, des sangsues
ou des lombrics.
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Figure 1.5: Cycle de vie des mousses [fig]

Enfin on parle de reproduction panmictique lorsque l'on considére que les individus
sont répartis de maniére homogéne au sein de la population et choisissent leur partenaire
uniformément parmi tous les individus de la population.

Processus d’adaptation et recombinaison génétique

Ladaptation est un processus de transformation d’organismes conduisant a une plus grande
adéquation a leur environnement. Elle opére par la modification des propriétés héritables des
organismes (mutations) et par Paugmentation progressive des fréquences des génotypes qui
favorisent la survie et/ou la reproduction (sélection naturelle).
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Figure 1.6: Méiose et recombinaison [mei]

La recombinaison génétique est "le phénomeéne conduisant a 'apparition, dans une cellule
ou dans un individu, de génes ou de caractéres héréditaires dans une association différente de
celle observée chez les cellules ou individus parentaux” [JO00]. Elle se produit au cours de la
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méiose (cf figure 1.6), qui est la division cellulaire conduisant a la formation des gamétes ou
des spores. La méiose donne quatre cellules haploides (n) a partir d’une cellule diploide (2n)
contenant un exemplaire ‘'maternel’” et ’paternel’ de chaque chromosome (on a donc également
un doublement du matériel génétique durant ce processus). Au cours de appariement des
chromosomes homologues, des enjambements et des échanges de fragments entre chromo-
somes homologues peuvent se produire (cf figure 1.6). On dit qu’il y a une recombinaison. Cela
crée de nouvelles combinaisons d’alléles qui n’étaient présentes chez aucun des deux parents.

Nous venons de décrire deux phénoménes, 'adaptation et la recombinaison, qui ont des
effets opposés sur la diversité génétique. D’une part la sélection naturelle entraine 'augmen-
tation de la fréquence de certains alléles, et en conséquence d’alléles voisins présents sur
le méme chromosome que I'alléle sélectionné. En effet, en 'absence de recombinaison, les
chromosomes sont transmis tels quels aux descendants et la sélection positive d’un alléle
entraine 'augmentation en fréquence de la combinaison d’alléles du chromosome sur lequel il
se trouve. D’autre part, la présence de recombinaisons chez les espéces qui se reproduisent de
maniére sexuée est a 'origine d’un brassage génétique et de la formation incessante de nou-
veaux chromosomes, qui différent de ceux des générations précédentes par leurs combinaisons
alléliques.

Nous nous sommes donc intéressés a l'interaction entre ces deux processus, et en particu-
lier & ce que cette interaction pouvait nous apprendre sur histoire évolutive des populations.
Quelles informations les variations de diversité génétique engendrées par ces deux processus
nous donnent sur les régions chromosomiques qui ont connu une sélection récente ?

Actuellement, de nombreuses méthodes sont développées pour détecter les génes récem-
ment sélectionnés ou encore sous sélection a partir de données moléculaires [K502, FW05,
SSET06]. Mais pour que ces méthodes de détection soient efficaces, il est nécessaire de s’ap-
puyer sur des modéles les plus réalistes possibles. C’est 'objectif de la seconde partie de cette
thése.

Balayages sélectifs (selective sweeps)

Lorsqu’un alléle avantageux parvient a se fixer dans une population, les loci voisins du locus ou
lalléle s’est fixé se retrouvent également dépourvus d’une part de leur variation neutre comme
simple conséquence de leur liaison génétique, les alléles du mutant initial étant “auto-stoppés”
par la fixation de I'alléle avantageux (voif figure 1.7). Ce phénoméne s’appelle le "balayage
sélectif” (selective sweep). A plus longue distance, I'effet de balayage s’estompe progressivement
en raison des recombinaisons, jusqu’a ne plus étre repérable.

La sélection laisse donc un "trou" de variation neutre dans le génome. C’est la signature
génétique de la sélection naturelle. La longueur de la région affectée fournit de I'information.
Damplitude de leffet d’auto-stop augmente avec la force de la sélection et dépend du scenario
ayant conduit a la fixation. Elle décroit avec celle du taux de recombinaison, qui tend a
découpler I’association entre régions voisines.

On distingue le balayage sélectif dur (hard sweep) du balayage sélectif doux (soft sweep). Le
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Figure 1.7: Schéma d’un balayage sélectif [NHH07]

premier découle de 'apparition dans une population d’une nouvelle mutation positivement
sélectionnée qui se fixe dans la population. Dans le second cas, un alléle déja présent en
plusieurs exemplaires dans la population voit ses conditions de sélection changer (déplacement
de la population, apparition d’un nouveau prédateur, catastrophe climatique,...) et devient
avantageux. Les nouvelles mutations sont des sources de diversité, et les balayages durs ont
longtemps été les seuls vecteurs d’adaptation considérés. Les balayages doux permettent une
adaptation plus rapide aux nouveaux environnements, et leur importance est croissante, tant
dans les études théoriques qu’empiriques (Hermisson et Pennings [HP05, PHO6a, PHO6D],
Prezeworski, Coop et Wall [PCW05], Barrett et Schluter [BS08]). En particulier Messer et Petrov
[MP13] passent en revue un grand nombre d’exemples de soft sweep mis au jour récemment
qui montrent que ces derniers sont courants dans de nombreux organismes, des virus aux

insectes en passant par les mammiféres.

Auto-stop génétique et invasion d’un mutant
Auto-stop génétique, une littérature foisonnante

Nous allons maintenant présenter les principaux travaux traitant de I'effet d’auto-stop géné-
tique dans le cas des balayages durs sur lesquels nous nous sommes davantage penchés. Pour
un résumé des travaux antérieurs & 2000, on pourra pour plus de précisions se référer a [Bar(00].

Les premiers biologistes & avoir étudié cette question sont Maynard Smith et Haigh en 1974
[SH74]. s considérent une population de taille infinie et 4 générations discrétes. Ils distinguent
un locus sous sélection (alléle b ou B) et un locus neutre (alléle a ou A). L'alléle B est favorable.
Sa fitness est caractérisée par un paramétre s> 0 et un individu portant I’alléle B laisse 1+
fois plus de descendants dans la génération suivante qu’un individu portant I’alléle b. Les
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fréquences des différents génotypes a la génération n sont notées :

Génotype  AB aB Ab ab
Fréquence pnQn pn1-Qn) (A-pr)R, A-pu)A-Ry)
Fitness 1+s 1+s 1 1

Qn et R, représentent donc les proportions d’alléles A dans les populations de types B et b
respectivement, a la génération n. En examinant successivement les dix génotypes possibles
pour les couples de parents a la génération n, les auteurs dérivent des expressions explicites
des fréquences génotypiques a la génération n+ 1. En particulier ils obtiennent la relation
suivante :

Qni1=Rur1=A=1)(Qn=Rp) =...= =R -1)"",

si on suppose que le premier mutant a le génotype aB. Cette égalité traduit le fait que les
recombinaisons cassent les liaisons préférentielles entre alléles : tant que les proportions
d’alléles A ne sont pas les mémes dans les populations de types b et B, la recombinaison réduit
lécart entre ces deux proportions. Cette réduction est rapide, géometrique en le nombre de
générations. Cela permet & Maynard-Smith et Haigh de déduire la proportion finale d’alléles
A apreés fixation du mutant B :

Qoo =rRo—po) 3 a-n"
=r - .
o T TP T e oL+ 9

C’est le premier résultat quantitatif sur I'effet de la recombinaison sur les proportions neutres.

IIs dérivent ensuite des équations analogues dans le cas diploide. Comme les expressions
obtenues sont plus complexes ils les approchent par des équations différentielles partielles
lorsque le coefficient de sélection s et la probabilité de recombinaison r sont suffisamment
petits. Ils obtiennent ainsi un équivalent de dQ/dp. Pour en déduire la proportion finale Qu
d’alléles A il suffit donc d’intégrer cet équivalent en dp entre 'arrivée du premier mutant et
la fixation de l’alléle B. Malheureusement dans le cas de la dominance® cette intégrale est
divergente en p = 1. Ils résolvent ce probléme de maniére arbitraire en intégrant entre p =€ et
p=1-¢€ pour € >0 petit.

Comme les auteurs de cet article ne manquent pas de le faire remarquer, ce modéle
déterministe comporte deux faiblesses majeures. D’une part la croissance initiale du nombre
de mutants est aléatoire et la population mutante, méme favorable peut s’éteindre. Ainsi,
la croissance initiale des populations mutantes qui arrivent effectivement a se fixer devrait
étre supérieure a celle du modéle déterministe. D’autre part dans le modéle déterministe la
proportion finale d’alléles B tend vers 1 sans jamais ’atteindre, alors que les fluctuations réelles
de fréquences dans la population permettent d’atteindre 1 en temps fini.

Dans un article de 1992 [SWL92], Stephan, Wiene et Lenz se penchent a leur tour sur la
question de I'autostop génétique. La encore ils introduisent un € > 0 petit et se concentrent sur
I'intervalle de temps [f;,1— t;] pendant lequel la fréquence de I'alléle positivement sélectionné,

30n dit que l'alléle B est dominant si les individus de génotype (b, B) et (B, B) ont la méme fitness 1+ s alors
que les individus de génotype (b, b) ont une fitness 1.
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B, appartient a I'intervalle [¢,1 —€]. IIs considérent qu’il n’y a pas de recombinaison avant le
temps . La fréquence de l'alléle sous sélection B suit une équation logistique déterministe,

dp(1) _
ar sp()(1—p(1),

qui se résout explicitement

€
e+(1—gest-t)’

p(t) = [2 L.
Suivant approche de Ohta et Kimura [OK75] qui s’étaient intéressés a une question légérement
différente, ils modélisent la fréquence des alléles neutres par des diffusions avec des dérives
résultant des échanges entre les populations B et b via les recombinaisons. En particulier
ils obtiennent ainsi des équations différentielles ordinaires vérifiées par les moments d’ordre
1 et 2 de Q(?) et R(2), les fréquences respectives d’alléles A dans les populations B et b,
toujours dans l'intervalle de temps [, 1 — ], et en déduisent la variation d’hétérozygotie au
locus neutre due au balayage sélectif. Dans leur modéle, la différence des proportions neutres
satisfait :

dE[Q(7) — R(1)]
dt

On peut remarquer que les équations déterministes obtenues dans ce modéle (taille de
la population de type B et moment d’ordre 1 pour la différence des proportions neutres)

=—rE[Q(®) — R(1)].

correspondent 4 un développement limité du premier ordre en s < 1 des équations continues
(obtenues comme limites des équations pour les générations discrétes) de [SH74]; en effet
Maynard Smith et Haigh avaient dérivé les équations :

dp(t
% =sp(0)(1—p(0)/ A+ sp(1)),

et
dEIQW)-RW] _ 1-sp(®) ~
ar = r1+sp(t)[E[Q(t) R(1)].

Jusqu’a présent, les nombres d’individus portant les alléles B et b étaient modélisés par des
processus déterministes. Barton reprend I’étude de I'auto-stop génétique en 1998 [Bar08] avec
pour but la prise en compte de la stochasticité initiale de la taille de la population mutante,
négligée dans les travaux précédents. Cependant il suppose comme ses prédécesseurs que la
taille de la population totale est constante égale a 2N et que le coefficient de sélection est
petit, mais grand devant 1/2N (1/N <« s < 1). Il distingue quatre phases dans le processus de
fixation de ’alléle B :

1. Durant une premiére phase stochastique le nombre de mutants k varie selon un processus
de branchement de paramétre malthusien s. Seule une fraction 2s des trajectoires va
conduire a la fixation.

2. Lorsque k a atteint une valeur suffisante (ks > 2) les mutants sont suffisamment nombreux
pour considérer leur croissance comme déterministe mais constituent encore une fraction
négligeable de la population (k < 2N)

28



1.2. Signature génétique d’un balayage sélectif dans une population sexuée

3. Durant la troisiéme phase, qui a une durée de l'ordre de 1/s, la fréquence du mutant
dans la population augmente de maniére déterministe jusqu’a atteindre une valeur
proche de 1.

4. Enfin dans la quatriéme et derniére phase I'alléle résidant b s’éteint.

Pour déterminer I'effet du balayage sélectif sur la distribution d’un alléle neutre voisin de
Ialléle sous sélection, il s’intéresse a la généalogie de cet alléle neutre. Plus précisément, il
échantillonne des individus a la fin du balayage et il remonte la généalogie de leurs alléles
neutres pour savoir s’ils descendent du premier mutant ou s’ils étaient associés a un alléle b
au moment de la mutation. Son approche cherche a corriger les estimations précédentes en
prenant en compte la phase stochastique. En particulier Barton intégre le fait que le nombre
de mutants augmente plus vite peu aprés la mutation si la trajectoire considérée conduit a la
fixation que si elle conduit a la disparition du mutant, et que les probabilités de coalescer ou
de recombiner pour deux lignées neutres dépendent du nombre d’alléles b et B a I'instant
considéré.

Cette approche généalogique, introduite par Barton, a été reprise par la suite dans de
nombreuses études du hitchhiking, en particulier par Schweinsberg et Durrett [SD05] et par
Etheridge et ses coauteurs [EPWO06], mais le papier reste heuristique et ne développe pas
complétement les preuves mathématiques.

Durrett et Schweinsberg [DS04, SD05] reprennent cette idée de suivre les généalogies
neutres et font une analyse rigoureuse des échanges d’alléles neutres durant le balayage sélectif.
La encore tous les individus portent ’alléle b jusqu’a l'arrivée d’un mutant favorable B. IIs
modélisent la dynamique de la population par un processus de Moran avec sélection prenant
en compte deux loci :

e La taille de population 2N est constante

e Chaque individu a une durée de vie indépendante des autres individus et qui suit une
loi exponentielle de paramétre 1

e Lorsqu’un individu meurt il est remplacé par un autre individu :

e avec probabilité 1 —ry il n’y a pas de recombinaison et le nouveau né est choisi
uniformément parmi tous les invididus (y compris celui qui va mourir)

e avec probabilité ry il y a une recombinaison et on choisit uniformément deux
individus dans la population : le premier transmet son alléle sous sélection, b ou
B, et le deuxiéme son alléle neutre, a ou A.

e Pour prendre en compte la meilleure fitness de la nouvelle mutation on ajoute la
régle suivante : si I'individu qui meurt porte ’alléle mutant B et que 'individu choisi
uniformément pour transmettre son alléle sous sélection porte I’alléle résident b, le
remplacement est rejeté avec probabilité 0 < s <1 et I'individu portant I'alléle B reste en
vie. Ainsi un individu portant I’alléle B a en moyenne davantage de descendants qu'un
individu portant alléle b.
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o le procédé est réitéré lorsqu’une nouvelle horloge exponentielle sonne.

Schweinsberg et Durrett cherchent a comprendre I'influence du balayage sélectif sur la diversité
neutre en fonction de la probabilité de recombinaison. Ils échantillonnent donc 7 individus
(n entier donné) a la fin du sweep sélectif et retracent leur généalogie pour savoir s’ils
descendent du mutant initial ou d’un individu portant I'alléle b, et combien d’alléles neutres
ont le méme ancétre. Ils montrent que les généalogies des alléles neutres échantillonnés sont
asymptotiquement indépendantes, avec une erreur de 'ordre de 1/logN. L’alléle neutre de
chaque individu échantilloné descend du mutant initial avec probabilité py := e~ "™108@N/s ot
descend d’un individu de type b avec probabilité 1 — py. D’autre part, deux alléles neutres
échappant au sweep descendent de deux individus b distincts.

Pour prouver ce résultat, 'idée consiste a suivre la généalogie des alléles neutres échan-
tillonnés a la fin du balayage sélectif. Deux types d’événements ont une influence sur la
généalogie :

1. les événements de coalescence : on dit que deux alléles neutres coalescent a la génération
n €N si 'un des alléles est porté par un individu qui vient de naitre et a été transmis
par 'autre individu. En d’autres terme les généalogies de ces deux alléles neutres sont
confondues avant la génération n.

2. les événements de recombinaison : on dit qu’un alléle neutre recombine a la génération
n s’il est porté par un individu qui vient de naitre et si cet individu a hérité son alléle
neutre et son alléle sous sélection de deux parents distincts.

La probabilité pour deux alléles neutres donnés de coalescer a la génération n ne dépend
que du nombre d’individus de type b et B aux générations n—1 et n. Ainsi la premiére
étape de la preuve consiste & compter le nombre de sauts de [ a [+1,de [ a -1 et de
I a I pour le processus représentant le nombre d’individus portant l'alléle B. Ensuite, il
faut dénombrer le nombre d’événements de coalescence et de recombinaisons le long des
généalogies, conditionnellement au processus de taille de la population B.

Ce résultat permet d’avoir une approximation des moments d’ordre d de fonctionnelles
liées a la partition (sous réserve que N soit suffisamment grand), et quantifie erreur qui est
commise en utilisant cette approximation. Durrett et Schweinsberg vont méme plus loin en

construisant une partition qui approche la distribution du modéle avec une erreur 1/log? N
([SD05] Théoréme 1.2).

Etheridge, Pfaffelhuber et Wakolbinger [EPW006] s’intéressent & leur tour a cette question,
mais dans un cadre un peu différent. Ils considérent une population de taille constante 2N
constituée de deux types d’individus. Les individus portant I’alléle B ont un avantage sélectif
par rapport aux individus portant l'alléle b. Ils s’intéressent a la proportion d’individus P
porteurs de I'alléle B et approchent cette derniére, lorsque N est grand, par une diffusion de
Wright-Fisher avec sélection :

dP=+/2P(1-P)dW +aP(1-P)dt,
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ou W est un mouvement brownien standard et s = a/2N est Pavantage sélectif de I'alléle B
par individu. La probabilité de recombinaison entre I’alléle sous sélection et un alléle neutre
voisin est 7, ce qui conduit & un taux de recombinaison p =2Nr. IIs considérent la limite en
grande sélection, a > 1. La durée du sweep est de l'ordre de loga/a. En conséquence, si l'on
veut observer un nombre non trivial de recombinaisons, p doit étre de 'ordre de a/loga. Ils

supposent donc :
a

= .0 . 30
P Yloga <y<oo (30)

IIs introduisent la définition suivante pour la partition ancestrale au locus neutre :

Définition 4. On échantillonne un alléle neutre chez n individus a la fin du balayage sélectif- On
peut alors distinguer différentes familles en fonction de la généalogie :

1. Une famille est appelée non-recombinante si les lignées neutres de tous les individus de la
famille sont restées dans la population de type B.

2. Une famille est appelée recombinante-primitive si aucune lignée n’a quitté la population B
avant la premiére coalescence (en remontant le temps) mais si tous les individus de la famille
descendent d’un individu de type b au début du sweep.

3. Une famille est appelée recombinante-tardive si au moins une lignée a quitté la population B
avant la premiére coalescence (en remontant le temps) et si tous les individus de la famille
descendent d’un individu de type b au début du sweep.

4. Dans les autres cas, la famille est appelée exceptionnelle.

Ils dérivent alors une approximation de la partition ancestrale d’un échantillon de n
individus a la fin du sweep et donnent la loi de répartition des quatre types de familles décrites,
avec une erreur de I'ordre de 1/log” a.

La preuve de ce résultat suit essentiellement quatre étapes. De maniére analogue a [SD05],
ils raisonnent conditionnellement a la taille (ici la proportion) de la population B. Il s’agit donc
de déterminer la loi de cette derniére lorsque I'alléle B parvient a se fixer. Conditionnellement
a la fixation de 'alléle B, la proportion d’alléle B suit I’équation différentielle stochastique :

dX = 2X(1=X)dW + aX(1 - X) coth(%X)dt, £>0

et est issue de 0 au temps ¢ = 0. La seconde étape consiste a prouver que les événements
qui ont lieu au sein de la population de type b (coalescences et retour d’un alléle neutre
dans la population de type B (en remontant le temps)) sont des événements négligeables.
Ainsi, il suffit de prendre en compte les coalescences au sein de la population de type B
et les recombinaisons de B vers b (toujours considérées en remontant le temps). Seule une
fraction (1 — X) des recombinaisons est une recombinaison de B vers b. Ainsi, la troisiéme
étape consiste a ajouter au coalescent décrivant la généalogie des alléles sélectionnés B un
processus de Poisson d’intensité p(1 — X;)dt pour représenter ces recombinaisons. Enfin, la
derniére étape consiste & comparer I'évolution du nombre d’individus porteurs de I'alléle B au
début du sweep a un processus de Yule de taux de branchement a.
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Les auteurs font remarquer que leurs résultats sont en accord avec ceux obtenus dans
[SD05] dans le sens suivant : si les parameétres a, p et y vérifient

r
a=2Ns, p=2Nr, et y= ;loga,
alors la différence entre la deuxiéme approximation de [SD05] et la leur est d’ordre 1/ log® N.

Nous concluons ici notre exposé bibliographique sur le phénoméne du hitchhiking car
il donne une idée assez précise de I’évolution des modéles étudiés. Dans un premier temps,
les tailles des populations de types B et b ont été modélisées de maniére déterministe, avec
dans certains cas de la stochasticité dans I’évolution du nombre d’alléles neutres. Dans un
deuxiéme temps les modéles ont pris en compte la stochasticité de la taille de la population
mutante, mais les auteurs se sont restreint a une taille totale de population constante. Une des
finalités de Papproche que nous allons présenter dans la section suivante est de relacher cette
hypothése de taille de population fixe, difficile 4 justifier dans de nombreuses situations réelles.
Mentionnons cependant avant de conclure cette introduction bibliographique quelques travaux
ultérieurs qui étendent certains des résultats présentés. Pfaffelhuber et Studeny [PS07], puis
Léocard [LLeo0Y] ont étendu les résultats de [EPW06] a deux et a un nombre quelconque de
loci neutres respectivement, et Barton et ses coauteurs [BEKV13] se sont intéressés a I'influence
d’une structure spatiale sur le phénoméne d’auto-stop génétique.

L’approche éco-évolutive

Les modéles que nous avons présentés ont deux points communs : d’une part, la population
est de taille constante (finie ou infinie); d’autre part, chaque individu de la population a une
fitness donnée, 1 pour les individus résidants et 1+ s> 1 pour les individus mutants, qui ne
dépend pas de I’état de la population. C’est une bonne approximation au début du balayage
sélectif. En effet 4 ce moment la, les mutants sont en faible nombre et n’influencent pas la
dynamique du résident largement majoritaire. Les résidents sont donc proches de I'équilibre et
ont un parameétre malthusien nul alors que les mutants sont en compétition avec des individus
moins bien adaptés a I’état actuel de la population et ont un paramétre malthusien strictement
positif. En revanche lorsque le nombre de mutants augmente ces derniers sont en compétition
avec des individus semblables de plus en plus nombreux et ils deviennent moins bien adaptés
relativement a I'ensemble de la population.

Il est important de comprendre que ce qui fait qu’un individu est bien adapté ou non
n’est pas seulement une caractéristique intrinséque (son génotype ou son phénotype suivant
I’échelle de modélisation) mais dépend du milieu dans lequel il évolue. Ainsi, les "traits” des
individus vont avoir une influence sur ses interactions avec les autres individus (compétition,
coopération, descendance plus ou moins grande dans la population), et ces interactions a
leur tour vont générer de la sélection sur ces traits. C’est 'idée fondamentale de Darwin : la
variabilité apparait & échelle de I'individu qui subit les influences de toute la population;
ainsi la composition génétique de la population, sa taille, sa structure (spatiale, en ages, en
types sexuels,...) évoluent de maniére interdépendante. La formalisation mathématique de ce
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type d’approche éco-évolutive a été initiée dans les années 90 dans le cadre déterministe par
Hofbauer et Sigmund [HS90], et largement développée et étudiée par Metz et ses coauteurs
[MGM™96, GMKEMY97, DMMO8]. Bolker et Pacala [BP99] et Law et Dieckmann [LD00] se
sont intéressés & des modéles aléatoires et ont dérivé des approximations déterministes des
moments du processus au cours du temps. Fournier et Méléard [I'M04] ont introduit et étudié
de maniére précise un processus stochastique microscopique exhibant des comportements
macroscopiques analogues a ceux du modéle introduit par Bolker et Pacala. Cette approche
probabiliste initiée par Fournier et Méléard a ensuite fait I'objet de nombreux développements,
que ce soit dans le cas haploide asexué avec une ou plusieurs ressources par Champagnat,
Ferriére, Méléard et leurs coauteurs (voir [Cha06, CEMO6, CMI11, BEMT13] et leurs références),
ou dans le cas diploide sexué par Collet, Méléard et Metz [CIVIM1]], puis Coron et ses coauteurs
[CMPRI13, Corl3, Corl4].

Les modéles de I'auto-stop génétique que nous avons présentés sont des modéles de géné-
tique des populations. Cette derniére, qui a pris son essor a partir des travaux de Mendel, se
concentre sur la distribution et les changements de fréquence des alléles dans les populations
sous l'influence des pressions sélectives : sélection naturelle, dérive génétique, mutations,
recombinaisons,... mais elle ne s’intéresse pas a 'effet de ces modifications de fréquences sur
la taille de la population et sur I’évolution des interactions entre individus. La dynamique des
populations quant a elle étudie la répartition et le développement quantitatif de populations
d’individus. Elle s’intéresse aux mécanismes d’auto-régulation (compétition pour les ressources
ou l'espace, contrdle des naissances, ...) des populations, au probléme de 'extinction d’une
population ou a 'existence d’un éventuel état stationnaire ou quasi-stationnaire.

Notre but dans I’étude de la signature de la sélection est de faire le lien entre génétique
des populations et dynamique des populations, avec un point de vue unifié prenant en compte
a la fois la composition génétique et la généalogie des populations étudiées et la dynamique
quantitative du nombre d’individus et des caractéristiques des interactions entre les individus
de ces populations.

Invasion d’'un mutant positivement sélectionné

Champagnat décrit précisément dans [Cha(6] la dynamique de I'invasion d’'un mutant dans
une population initialement monomorphe et a ’équilibre. Nous nous appuierons sur cette
description pour étudier, dans les Chapitres 3 et 4, la signature laissée par un balayage sélectif
dans une population haploide sexuée. C’est pourquoi nous présentons maintenant ce travail.

Chaque individu est caractérisé par un trait, @ ou A et on note Ny et N, les tailles des
populations respectives. Les interactions entre les individus sont décrites par des paramétres
écologiques qui dépendent des traits de chaque individu. Un individu de trait «

¢ donne naissance a taux fy
e meurt de mort naturelle a taux Dy

e subit une compétition Cy o, de chaque individu de la population de trait a;.
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On introduit de plus un paramétre K qui permet de modifier la force de la compétition. Ce
paramétre quantifie les ressources et 'espace disponibles. Lidée est de modéliser le fait que la
compétition diminue lorsque la quantité de ressource augmente, et que la taille d’équilibre
que peut atteindre une population dans un environnement donné dépend des ressources dont
elle dispose. On notera NX la population pour indiquer la capacité de charge, puisque celle-ci
a une influence sur les taux de morts. Si 'on considére une population dans laquelle deux
types d’individus A et a coexistent, le taux de naissance agrégé des individus portant I’alléle
aeof ={A a}l est:

ba(N¥) = fu Ny, (31)

et le taux de mort agrégé :

C C
do(N¥) = (Dg + —RANS TN |NE, (32)
ot NK = (NK, NK) est I’état courant de taille de la population. On peut quantifier ’adaptation
d’un mutant de type @ dans une population de type a # a a ’équilibre a 'aide de la fitness
d’invasion

Saa = fa—Dg— Ca,alla
ou la densité d’équilibre 71, est définie par

-D
5 fe=Da
Ca,a

La fitness d’invasion Sy est donc la croissance initiale d’'un mutant de type a qui apparait

dans une population de type & a ’équilibre. Le role de la fitness d’invasion Syq et la définition
de la densité d’équilibre 77, découlent des propriétés du systéme compétitif de Lotka-Volterra :

fh(xz) =(fa—Dq - Ca,Anfqz) —Cqa n;Z))nng): néz) 0) =24, aed. (33)

Si on suppose que Sa, <0< Sy4, alors le systéme (33) a un unique équilibre stable (0, 72,)
et deux états stationnaires instables (0,0) et (724,0). A I'aide du Théoréme 2.1 p. 456 de
Ethier and Kurtz [EK86] on peut montrer que si N§ (0) et N (0) sont de l'ordre de K, alors
dans la limite en grande population (K — oc0), le processus (Nf(O)/K, NX(0)/K) converge en
probabilité vers la solution de (33) sur tout intervalle de temps fini (voir Proposition 2 de
[Cha06] pour un énoncé précis de ce résultat). De plus, quand le mutant a apparait dans
une population monomorphe d’individus A a I'équilibre (taille 724K), la fitness d’invasion S,
correspond a la croissance individuelle initiale de la population mutante. Ainsi, la dynamique
de la population de type a est trés dépendante des propriétés du systéme (33) et Champagnat
a prouvé que sous ’hypothése

Hypothése 1.
na>0, 1nz;>0, e Sps<0<844,
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l'alléle a a une probabilité positive de se fixer dans la population et de remplacer I’alléle
résident A. Il donne méme un équivalent de cette probabilité en grande population (Equation

(39) de [Cha06]) :

Jim P(fixation de al(NX(0), NX(0)) = (7aK, 1)) = S;A. (34)

. K

naK p———————— e e s =

log K log K
Saa : [S4al

Figure 1.8: Les trois phases de I'invasion d’un mutant; dans cette simulation, K = 10 000 et
Saa=1Saal =4

On peut diviser les trajectoires conduisant a la fixation du mutant en trois phases suc-
cessives (cf figure 1.8). Durant la premiére phase, qui a une durée de l'ordre de logK, le
mutant constitue une fraction de la population inférieure a € (choisi positif et petit) et a peu
d’influence sur la dynamique du résident. Ce dernier reste donc proche de son état d’équilibre
14K alors que la taille de la population mutante, comparable a un processus de naissance
et mort surcritique de paramétres f, (naissance) et D, + Cg 714 = fu — Saa (mort) évolue de
1 (état initial) a |€K] (fin de la premiére phase). Une fois que les deux populations ont une
taille de 'ordre de K, on peut comparer leur évolution a celle des solutions du systéme (33).
Durant la phase 2, la solution du systéme dynamique atteint un état proche de I'équilibre
stable. Plus précisément, on s’arréte lorsque n4(t) < €% et |ng(t) — gl < €. Durant la troisiéme
phase du balayage sélectif, les individus de type A sont rares. Il faut donc de nouveau étudier
la population de maniére stochastique. En effet, si les fluctuations étaient négligeables durant
la phase 2 par rapport a I'effet de moyenne décrit par le systéme déterministe (33), elles
deviennent de nouveau prépondérantes lorsque 'une des populations est en effectif restreint
(en particulier la solution du systéme dynamique 74 tend vers 0 sans jamais ’atteindre). Durant
cette derniére phase, qui a une durée de l'ordre de logK, la population a reste proche de sa
taille d’équilibre et la dynamique de la population A peut étre approchée par un processus de
naissances et morts sous-critique de paramétres f, (naissance) et f4 +|Saql (mort) qui s’éteint
presque srement.
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Résultats du Chapitre 3

Dans le Chapitre 3, j’étudie la signature sur la diversité neutre laissée par un balayage sélectif
dans une population haploide sexuée. Comme je I’ai mentionné précédemment, je m’intéresse
a des populations de taille variable et modélise de maniére précise les interactions entre les
individus. Les populations évoluent selon des processus de naissance et mort multitypes et
non-linéaires. Nous considérons deux loci voisins sur un méme chromosome : le premier porte
lalléle A ou l'alléle a, qui donnent lieu a des paramétres écologiques différents; le second
locus porte I’alléle by ou lalléle by qui n'ont aucune influence sur les paramétres écologiques
que l'on considére. On dira qu’ils sont neutres. Chaque individu a donc un génotype (a, f8),
avec a € of :={A,a} et B € B :={b1,by}. Les paramétres écologiques ne dépendent que de
Ialléle sous sélection, A ou a, et sont définis comme dans [Cha(O6]. On obtient donc des taux
de mort analogues a (32) :

() = [Do+ Co,anal K+ Co,attal K] nap, (@, ) € & 1= of x B. (35)

Les taux de naissance en revanche sont différents, puisque l'on considére une population
sexuée qui se reproduit de maniére Mendélienne. Il faut maintenant deux invididus pour
engendrer un descendant. Le paramétre f, représente a la fois le taux auquel un individu
donne naissance (“fonction femelle”) et le taux de production de gamétes males (“fonction
male”). Ainsi, un individu de type (a, f) engendre un descendant au taux fy, et la proportion
de gamétes males de type (a, B) est

fa Nap
fana+ fana’
ou 1= (N ap,, NAb,> Nab,» Nab,) désigne le nombre courant d’individus des différents génotypes.
Lorsque un individu de type a donne naissance, il choisit un partenaire uniformément parmi
les gamétes disponibles. A chaque événement de naissance, une recombinaison peut avoir
lieu avec une probabilité ri. S’il n’y a pas de recombinaison, le nouveau-né est le clone d’'un

paﬁ(n) =

de ses parents (chacun avec probabilité 1/2), sinon il hérite son alléle sous sélection d’un de
ses parents et son alléle neutre de son autre parent (la aussi avec la méme probabilité), ce
qu'on peut résumer ainsi : deux parents de génotypes respectifs aff et a’f’ peuvent avoir un
descendant parmi les suivants,

génotype possible événement probabilité
ap,a' ' pas de recombinaison 1-rg
af,a'p recombinaison rx

Pour calculer le taux de naissance des individus de type (a, ) il faut donc prendre en
compte tous les couples de parents qui peuvent engendrer un descendant avec ce génome. On
détaille le calcul de bfbl (n) :

bfb1 (n) = fanap,[pab, +Pav,!2+ Pap, 2+ A =1K)Pap, /21 + fanap, [P ap, /2 + Tk Pap, /2]
+fanab1[pAb1/2+erAb2/2]+fanab2(1—rK)pAb1/2

fanap, + rx fafa(Map, nap, — Nap, Nap,) | (fana+ fana).
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Figure 1.9: Les différents descendants possibles pour un couple de parents donné

Si on note @ (resp. f) le complémentaire de a dans « (resp. § dans %), on obtient de maniére
analogue :

Raplyp— Naplgp
fana+ fana

K
baﬁ(n) = fanaﬁ+r1<faf,4 , (a,ﬁ)eéo. (36)
Si l'on se restreint aux populations de types A et a sans tenir compte des alléles neutres, on
obtient les taux de naissance et de mort :

n n
5= Y. dfym = [De+Con=2 + Cau=2|na, BEM = Y bXym = fana,  (37)
PesB K K PeB

qui sont précisément les taux (31) et (32) décrits par Champagnat dans [Cha(06]. On peut donc
appliquer ses résultats sur la dynamique d’un balayage sélectif.

Comme nous allons le montrer, les balayages doux et durs laissent des signatures trés diffé-
rentes sur la diversité génétique. L'étude de cette signature peut donc permettre de discriminer
entre différents scenari d’évolution.

Penchons nous tout d’abord sur le cas du balayage dur dans lequel un mutant apparait et se
fixe dans la population. La signature dépend nécessairement de la probabilité de recombinaison.
En effet, si on suppose que cette derniére est nulle la fixation de I’alléle a va entrainer avec
lui la fixation de I’alléle neutre porté par le mutant initial. A contrario, si la probabilité de
recombinaison est élevée, cela va séparer les deux alléles du mutant initial chez de nombreux
individus, et la signature laissée par le sweep sera plus faible. Reste a déterminer ce que I'on
entend par "probabilité élevée” et a quantifier la variation de la signature en fonction de la
probabilité de recombinaison. En fait la réponse a la premiére question est assez intuitive. On
a vu que la durée du balayage sélectif était de I'ordre de logK. On a alors deux possibilités :
soit la probabilité de recombinaison est de l'ordre de 1/logK. Dans ce cas le nombre de
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recombinaisons durant le balayage n’est pas trop élevé et ce dernier laissera une signature
détectable ; soit la probabilité de recombinaison est grande devant 1/logK. Dans ce cas le
nombre de recombinaisons sera suffisamment élevé pour répartir également les alléles neutres
dans les populations A et a durant le balayage, et la répartition des alléles neutres dans la
population a aprés la fixation sera la méme que la répartition dans la population A au moment
de l'arrivée de la mutation. On distingue donc deux régimes :

Hypothése 2. Régime de forte recombinaison
lim rglogK =oo.
K—oo

Hypothése 3. Régime de faible recombinaison

limsup rxlogK < oo.
K—o0

On note FixX ’événement de fixation et TFIi(x le temps de fixation qui correspond a la mort
du dernier individu de type A. On définit également

Ny (1)
PapD=—p

, (a,p)eé&,KeN, 38
NE® p (38)
la proportion d’alléles § dans la population de type @ au temps ¢, avec la convention 0/0 =0,
et on rappelle que la probabilité de I'événement de fixation FixX converge vers Sg 4/ f, >0
lorsque K tend vers l'infini (34). Alors les proportions neutres vérifient les asymptotiques
suivantes :

Théoréme 10. On suppose que Uhypothése 1 est vérifiée et que (N 114( 0),N 5b1 0), Nsz (0)) = (14K, 1,0).

Alors sur Uévénement de fixation Fix¥ et sous Uhypothése 2 ou 3, la proportion d’alléles by au temps
de fixation T} converge en probabilité. Plus précisément, sous Uhypothése 2,

. K K K —
}erolou»(lmx Paybl(TFm)—PAybl(O)‘ >£) =0, Ve>0,

et sous Uhypothése 3,

rxlogK
lim P(1|PK, (TR )= [PK, ©)+ PK, (O)exp(—f“K—g)” >e)=0, Ve>o.
K—o00 Y U1 Y U1 Y U2 A

Sa

Avant de présenter les idées de preuve de ces résultats nous allons introduire une représen-
tation semi-martingale des proportions neutres dans les populations a et A, qui est a la base
de notre approche :

Proposition 2. Soit (a,K) dans of xN. Le processus (bel(t),t > 0) défini en (38) est une
semi-martingale et on a la décomposition suivante :

t NK (s)NK (s)-NK (s9NK (s)
PE )+ MK(n) + af ab ab, ab, ab;
a,bl( ) a( ) rKfAf 0 (Ng(s)+1)(fANII4<(S)+faN‘II((s))

PX, )+ MK ft N3 (ING (9)(Pg,p, () = Pgy, (5))
+ t) + a © X
ab, a rk faf 0 (N(If(s)"'1)(fAN§(S)+f“N§(S))

P§ p, (D)

ds, (39)
ott le processus (MX (1), t = 0) est une martingale bornée sur tout intervalle [0, t].
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En particulier, on remarque dans la deuxiéme formulation de (39) que lorsque les propor-
tions neutres dans les populations de types a et A sont proches, le terme de dérive est presque
nul et Pg p, €st proche d’'une martingale. C’est I'idée que I'on va développer pour montrer
le comportement asymptotique dans le régime fort de recombinaisons (rxlog K — co). Nous
introduisons le processus stochastique

2
v = ﬂ{Nf(t)zl,Nf(t)zl}(p§b1 ® _p(I;.bl (t)) KA, i =0,

Ce dernier vérifie alors

Sa
[E[YK(IA TSK/\ TgK)] < CeTK(fA/\fa)t(e—rk(fA/\fa)t + L + e_z(ko/:n)t), V=0
KT‘K

pour un c¢ fini qui peut étre choisi indépendamment de ¢ si ce dernier est suffisamment petit.
Cela permet de montrer qu’en un temps T satisfaisant 1/rx < T < logK, les proportions
neutres s’égalisent dans les populations de types a et A. Léquation (39) permet de montrer que
la proportion neutre dans la population A varie peu (comme l'intégrale devient rapidement
petite et la variation quadratique de la martingale MX est de I'ordre de 1/K), ce qui permet de
conclure qu’a la fin de la premiére phase les proportions d’alléles b; dans les deux populations
sont sensiblement égales a P114<, p, (0), c’est-a-dire la proportion initiale dans la population A.
Durant la seconde phase du sweep, on peut comparer la dynamique de la population renorma-
lisée par K a celle des solutions du systéme dynamique :

@R = (fa —(Dg + Ca,An;Z’K) + Ca,anﬁf’m)) n=l 4

af ap
(2,K)  (2,K) (z,K) . (2,K)
z S —-n n-r
refaf Nap naﬁ af  ap
KJAJa )
AnELlZ,K) +fan£zZ'K)

(@,f) €8, (40)

avec pour condition initiale nfxsz) (0) = z. Mais 'introduction des fonctions

(z,K) (z,K) _ (2,K)

(2,K) (2,K) ; ., (2,K) —
/na - pA,bl pa,bl ’

pa’bl :]’lab1 , a€d, et 14

permet d’écrire le systéme (40) sous la forme équivalente :

g™ = (fa— (Da+ Coan't™ + Co,anENnEN, aeot

50 = g @ (1 2 fa(nF 0 4 nE OV 1(fans X + fun'e ™) (41)

A vK vK » vK
pilz’bl):g(Z'K)(rKfAfan(AZ )/(fAnEfK)"'fanEzZ )))-

En particulier, si la condition initiale g@%(0) de (41) est proche de 0 elle le reste sur tout
intervalle de temps (comme (g(#%))2 <0). Ainsi, les proportions neutres évoluent peu durant
la seconde phase.

Enfin, pour montrer que la proportion neutre reste stable dans la population a durant
la troisiéme phase on utilise de nouveau la décomposition martingale établie dans la Pro-
position 2. Elle entraine que la proportion neutre dans la population a est proche d’une
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a ‘ WM@

I S ‘ 3.
\ oty
SN @

Figure 1.10: Exemple de généalogies de deux loci neutres d’un échantillon de taille 5 : les
alléles neutres bleu foncé descendent du mutant et les bleu clair d’un individu de type A.
On a indiqué T’alléle sous sélection, A ou a, associé aux alléles neutres durant le balayage
sélectif. Il peut changer lors d’une recombinaison. Les courbes en gras représentent les tailles
des populations de type A (vert) et a (rouge). Dans cet exemple, les deux alléles neutres de
I'individu 1, le premier alléle neutre de I'individu 2 et le second alléle neutre de 'individu 5
descendent du mutant ; les deux alléles neurtes de I'individu 3 descendent du méme individu
de type A, et les deux alléles neutres de I'individu 4 descendent de deux individus A différents.

martingale dont la variation quadratique est de 'ordre de 1/K. Comme la durée de la troi-
siéme phase est de l'ordre de log K qui est négligeable devant K, la proportion neutre varie peu.

La preuve du Théoréme 10 dans le régime faible de recombinaisons requiert des outils trés
différents de celle du régime fort. Nous nous sommes inspirés des travaux de Schweinsberg et
Durrett [SDO05] étudiant une population de taille fixée. L'idée, introduite par Barton [Bar98],
consiste a considérer un échantillon d’individus a la fin du sweep sélectif et de suivre leur
généalogie neutre en remontant le temps pour déterminer si des recombinaisons ont eu lieu
et si Pancétre des alléles neutres au moment de 'apparition de la mutation portait ’alléle a
(auquel cas 'alléle neutre est nécessairement un b;) ou l’alléle A (dans ce cas il peut s’agir
d’un b; ou d’un by).

Dans la Figure 1.10 on a représenté un exemple de généalogie dans lequel on suit deux
alléles neutres dans le voisinage de ’alléle sous sélection (j’ai fait ce choix de représentation
car I’étude de la généalogie de deux alléles neutres liés a I’alléle sous sélection constitue I'étape
suivante de mon travail de thése).

Les recombinaisons ont lieu au moment des naissances. La premiére étape consiste donc a
approcher la loi du nombre de naissances. Plus précisément, on approche la loi du nombre
de naissances faisant passer la taille de la population mutante de k a k+1 ou de k a k
(naissance d’un individu de type A) pour k < [¢K]. Pour de tels événements de naissance
on peut quantifier précisément la probabilité d’avoir une recombinaison en fonction de &,
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K et rg. La derniére étape de la preuve pour la premiére phase consiste & approcher les
proportions neutres dans la population de type A pour connaitre la probabilité de choisir
un alléle by lorsqu’il y a une recombinaison avec la population de type A. La décomposition
semi-martingale (39) nous permet de montrer que ces proportions restent inchangées durant
la premiére phase. Comme la durée de la seconde phase du sweep est de 'ordre de 1, trop
peu de recombinaisons se produisent durant cette phase pour que cela ait un effet sur les
proportions neutres dans les populations de types A et a. Enfin, la troisiéme phase est traitée
de la méme maniére que dans le régime de recombinaison forte.

Comme nous allons le voir maintenant, les balayages doux laissent une signature trés
différente de celle des balayages forts pour un méme taux de recombinaison. En effet les loci
neutres dont la distribution allélique était impactée dans le cas d’un balayage fort étaient ceux
qui avaient un taux de recombinaison de l'ordre de 1/logK et ce en raison de I’échelle de
temps du balayage fort qui a une durée de I'ordre de log K. Dans le cas d’un balayage doux, les
alléles positivement sélectionnés sont déja en grand nombre au début du sweep. Leur fixation
va étre plus rapide : en un temps qui ne tend pas vers I'infini avec la taille de la population.
Ainsi la zone neutre impactée par le balayage sera plus grande.

Dans le cas des balayages doux, comme l’alléle positivement sélectionné constitue une
fraction positive de la population au début du sweep, on peut comparer la dynamique de la
population aux solutions du systéme dynamique (33) dés le début et il y a fixation avec grande

probabilité :

Jim PFix" (N} (0), NS (0) = (na(0K, na(0K) =1,  ¥(na(0),n4(0)) € (R}).

Afin de présenter le résultat on introduit la fonction F, définie pour tout (z,7,1) € (Rf’:)* X
[0,1] x R, par

t rfafan?(s) s n@w)+n? ()
F(z,r0) = f (Z];Af A ——exp(~rfafa f 4 5 —du)ds,
0 fan,’(s)+ fang’ (s) 0 fany’ (W) + fang’ (W)

N (2)
ou (nA

converge (uniformément en r) lorsque ¢ tend vers 'infini vers une limite dans [0,1]. On peut

,n'?) est la solution du systéme dynamique (33). On peut montrer que F(z,7,1)

donc définir :
F(z,r):= tlim F(z,rt)e[0,1].
—00

Comme nous I'avons dit précédemment, le balayage doux a une durée qui ne tend pas
vers 'infini avec la taille de la population, et qui dépend du systéme dynamique (41). Les
proportions finales dans le cas du balayage sélectif doux vérifient alors :

Théoréme 11. Soit z dans R*% x (RY*#)*. On suppose que NX(0) = z et que Uhypothése 1 est
vérifiée. Alors sur I'événement de fixation Fix", la proportion d’alléles by au temps de fixation Th_
converge en probabilité :

lim P(1p | PX, (TR = [P, 0F(z 10+ PX, 1= F(z )] | >€) =0, ve>o.
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La limite est moins explicite que dans le cas du balayage fort, mais comme elle dépend
seulement des solutions d’un systéme de Lotka-Volterra de dimension 2 elle est trés facile a
calculer numériquement.

La preuve de ce Théoréme repose essentiellement sur une comparaison de la population
aux solutions du systéme dynamique (40). En particulier, c’est le systéme équivalent (41), plus
maniable, qui nous permet d’obtenir cette expression.

Résultats du Chapitre 4

Dans le Chapitre 3 nous avons déterminé la variation de fréquence des alléles neutres dans le
voisinage d’un alléle positivement sélectionné aprés sa fixation. Mais les proportions neutres
sur deux loci distincts au voisinage de 'alléle sélectionné ne nous donnent pas d’information
sur la corrélation de ces proportions neutres, et de nombreux tests statistiques utilisés pour
détecter la sélection a partir de données génomiques s’appuient sur ces corrélations. On peut
citer notamment le déséquilibre de liaison [SSLO6, McV07] ou la statistique D de Tajima
[BHK*95].

Dans le Chapitre 4, qui est un travail commun avec Rebekka Brink-Spalink, nous étudions
la généalogie de deux alléles neutres dans le voisinage de I’alléle sélectionné dans le cas d’un
balayage fort lorsque la recombinaison est faible, c’est-a-dire de 'ordre de 1/logK (on a vu
qu’en cas de forte recombinaison le balayage fort ne laissait pas de signature sur la diversité
neutre). Nous supposons comme précédemment que toute la population est de type A jusqu’a
larrivée d’un mutant a positivement sélectionné. Nous considérons un locus sous sélection
SL et deux loci neutres, N1 et N2. Nous prenons les mémes notations que précédemment
pour SL et N1, c’est-a-dire qu’ils portent des alléles dans o/ et 98. Les individus portent
lalléle y € € :={cj, c2} au locus neutre N2. On considére les deux géométries possibles : une
géometrie dans laquelle les alléles neutres sont adjacents, SL— N1 — N2, et une géométrie dans
laquelle ils sont séparés par le locus sous sélection, N1 —SL— N2. On note 1 i la probabilité
de recombinaison entre SL et N1, et r, g la probabilité de recombinaison entre N1 et N2 ou
entre SL et N2 a chaque naissance et on suppose que les recombinaisons entre les deux paires
de loci se produisent indépendamment. Ainsi, des parents de génotypes respectifs a1y et
a2 fB2y2 peuvent donner naissance & un descendant d’un des types suivants dans la géométrie
SL-N1-N2:

génotype possible événement probabilité
apy,a' By’ pas de recombinaison (1-r,x)-(1-r2k)
af'y’,a' By une recombinaison entre SL et N1 rk-(1—=rag)
apy’,a' By une recombinaison entre N1 et N2 (1—rg) T2k
af'y,a' By’ deux recombinaisons rLK-T2,K

Enfin, on se place en régime de recombinaisons faibles :
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Hypothése 4. Les probabilités de recombinaison vérifient :

limsup rjglogK <oo, j=1,2.
K—o0
Ce travail constitue donc une généralisation du Théoréme 10 dans le cas de la recombinai-
son faible.

Soit un entier d. On cherche a quantifier 'effet d’un balayage sélectif sur la diversité neutre.
Notre méthode consiste a remonter les généalogies neutres de d individus échantillonnés a la
fin du balayage, jusqu’au temps d’apparition de la mutation Deux types d’événements peuvent
modifier les relations ancestrales des alléles échantillonnés : les coalescences correspondent a
une fusion des généalogies neutres de deux individus a un ou plusieurs loci, et les recombi-
naisons redistribuent les alléles d’un individu en deux groupes portés par ses deux parents.
Nous allons représenter les généalogies neutres a I'aide d’une partition G)I; appartenant a
I’ensemble 9’; des partitions de {(i,k),i € {1,...,d}, k € {1,2}} avec au plus un block distingué
par la marque *. Dans cette notation (i,1) (resp (7,2)) est I'alléle neutre au locus N1 (resp N2)
du i-éme individu échantillonné. @5 est rigoureusement définie de la maniére suivante :

Définition 5. Soit d un entier. On échantillonne d individus uniformément et sans remplacement
d la fin du balayage (temps TX). On suit les généalogies des premier et second alléles neutres du
i-éme individu échantillonné, (i,1) et (i,2) pour i€ {l,...,d}. Il y a au plus 2d ancétres pour ces 2d
alléles. Alors la partition G)I; € P est définie de la maniére suivante : un bloc de la partition @I;
est constitué des alléles neutres qui descendent d’un individu donné vivant au début du sweep; le
bloc qui contient les descendants du mutant a, s’il y en a un, est distingué par la marque *.

Nous allons montrer dans les Théorémes 1 et 2 qu’a la limite lorsque K est grand, la
partition @I; appartient & un sous-ensemble A; de 277,

Définition 6. Soit d un entier. Ay est le sous-ensemble de 2 dont les blocs non marqués, s’il y en
a, sont soit des singletons, soit des paires de la forme {(i,1),(i,2)} pour un i € {1,...,d}.

Un échantillon de taille d dont la loi est représentée par une partition dans Ay vérifie la
propriété suivante : deux alléles neutres de deux individus distincts ne peuvent pas descendre
du méme individu de type A.

Exemple 1. Dans l'exemple de la Figure 1.10, la partition marquée 7' appartient d Ay :
ne = {{(1, 1),(1,2),(2,1),(5,2)}%,1(2,2)},13,1), (3,2)}, {4, 1)}, {(4,2)},{(5, 1)}}.
On définit, pour une partition 7 € 27, le nombre d’individus avec certaines généalogies :
Définition 7. Soient d un entier et w une partition marquée dans &). Alors :
m =#1<i<d tel que (i,1) et (i,2) appartient au bloc marqué}

o =#1<i<d tel que (i,1) appartient au bloc marqué et (i,2) est un bloc non marqué;
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n3=#1<i=<d tel que (i,2) appartient au bloc marqué et (i,1) est un bloc non marqué}
my=#1<i=<d tel que {(i,1),(i,2)} est un bloc non marqué}
ns=#{1<i=<d tel que (i,1) et (i,2) sont deux blocs non marqués distincts

Pour exprimer la distribution limite de la partition A4 on introduit :

. farlogK B faralogK
0 .—exp(—T), o = exp(—v),
7 far2logK fana fulf,
TOEPT s S BT “—q1q2). 42
q2 P( 1Saal ) qs3 fa(r1+r2)—fArz(q2 qlqg) (42)

Nous n’avons fait aucune hypothése sur le signe de f,(r; +1r2) — far2, mais g3 peut s’écrire
sous la forme 6(e™# —e™")/(v—p) pour 8, 1, v € R, et est donc bien défini et positif. On vérifie
facilement que g3 < 1. Ces quatre réels nous permette d’introduire I’ensemble (py,1 < k <5)
qui va permettre de décrire la loi de la partition limite dans la Théoréme 1 :

Pii=qiqll-01-q1)(1—-qg2)], p2:=qil0-q192) — q2G2(1 — q1)],
pP3:=q1g2(1-q2)A—q1), pa:=q2q3, ps:=1-q)1—-q1g2(1-32)) - G2qs. (43)

On remarque que ) 1<k<5 Pr = 1. Finalement, on introduit une hypothése qui résume des
différentes hypothéses faites dans la Chapitre 4 :

Hypothése 5. (NE(O),N‘I,((O)) = (114K, 1) et les Hypothéses 1 et 4 sont vérifiées.

On rappelle les Définitions 1, 2 et 7. On peut maintenant énoncer notre principal résultat
sur les relations ancestrales des alléles neutres échantillonnés a la fin du balayage :

Théoréme 12 (Généalogie d’un échantillon, géométrie SL— N1 — N2). Soit un entier d. Alors
sous UHypothese 1, on a pour tout m € P

Iggr;o [P’(@)g = | Fix®) - Ligeagp1 " p22 p3™ pa™ ps" | = 0.

On remarque que lorsque K est grand, @5 appartient & Ay avec une probabilité proche
de 1, et que (1™ p,™2 3™l p, Tl pslmls 71 € A ;) est une probabilité sur Ay. La premiére
implication de ce résultat est 'indépendance asymptotique des généalogies neutres des
individus échantillonnés. Les alléles neutres d’un individu échantillonné i soit descendent du
mutant initial et sont dans le bloc marqué, soit échappent au balayage sélectif et descendent
d’un individu A. Dans ce cas ils sont dans un bloc non marqué de la forme {(i,1)}, {(i,2)}
ou {(i,1),(i,2)} d’aprés la Définition 7. En conséquence, le Théoréme 12 implique que si
des alléles neutres de deux individus distincts échappent au sweep, ils descendent de deux
individus de type A distincts. Cependant, les généalogies des deux alléles neutres d’un
individu échantillonné ne sont pas indépendantes. Par exemple la probabilité que (i,1) et (i,2)
échappent au balayage est ps + ps; la probabilité que (i,1) (resp. (i,2)) échappe au balayage
est p3+ pa+ ps (resp. p2 + pa+ ps), et pour tout K €N tel que r1 #0

(p3+pa+ps)(p2+pa+ps)=1-q1)A-q1g2) <1 —-qg1)(1—q192 + G192G2) = pa+ ps.
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Cela vient du fait que si une recombinaison a d’abord lieu entre SL et N1, I'alléle neutre en
N2, lié a N1, échappe aussi au balayage. Comme le terme ¢; 424> ne tend pas vers 0 quand
K tend vers I'infini sous 'Hypothése (4), la seule possibilité d’avoir une égalité a la limite est
le cas r; < 1/1ogK, ou, en d’autres termes, lorsque la probabilité de voir une recombinaison
entre SL et N1 est négligeable.

On considére maintenant la seconde géometrie, N1 -SL— N2 :

Théoréme 13 (Généalogie d’'un échantillon, géométrie N1 —SL— N2). Soit d un entier. Alors
sous UHypothése 1, on a pour tout m € P}

I}I_I};O PO = m1Fix®) = Lizea s [q192™ [q1(1 = g2)1™[(1 - q1) 21 ™ [(1 - g1) (1 - g2)1™ | = 0.

De nouveau, cela implique que les généalogies neutres des d individus échantillonnés sont
asymptotiquement indépendantes. On a de plus indépendance entre les loci neutres dans
la seconde géometrie. En effet, le résultat du Théoréme 13 établit que chaque alléle neutre
situé au locus Nk échappe au sweep indépendamment des autres alléles neutres (dont celui
situé sur I'autre locus neutre du méme individu) avec probabilité 1 — g, et dans ce cas est le
seul descendant d’un individu de type A vivant au début du sweep. Cela vient du fait que
dans la deuxiéme géométrie, une recombinaison entre SL et un locus neutre n’affecte pas
I’environnement génétique de l’alléle situé sur 'autre locus neutre. On remarque qu’il n’y a pas
de bloc de la forme {(i,1), (i,2)} dans la partiton limite, comme les deux alléles neutres d’un
individu ont une trés faible probabilité de recombiner lors du méme événement de naissance.

Les preuves des Théorémes 12 et 13 suivent les mémes idées que la preuve du régime faible
de recombinaisons dans le cas du sweep fort (Théoréme 10). Comme on s’intéresse maintenant
a deux loci neutres on a davantage de scenari possibles pour les généalogies neutres et on a
besoin de quantifier plus précisément la distribution du nombre de naissances. Par exemple,
les deux alléles neutres peuvent se séparer au sein de la population de type A aprés une
premiére recombinaison (toujours en regardant le temps dans le sens rétrograde) entre SL et
N1 qui les a liés simultanément au méme alléle A. Pour approcher la probabilité de ce type
d’événement, il faut quantifier précisément la loi du nombre de naissances dans la population
A, ce qui n’était pas nécessaire lorsqu'on ne s’intéressait qu’a un locus neutre. Le traitement de
la troisiéme phase est également plus précis que dans le Chapitre 3, dans lequel on s’intéresse
seulement aux proportions neutres et on ne considére pas la généalogie.

Le déséquilibre de liaison est I’écart a ’association uniforme des alléles. Dans notre cas,
c’est la valeur du déséquilibre de liaison entre les deux loci neutres a la fin du sweep qui va
apporter de I'information. Il peut s’exprimer de la maniére suivante :

(1)

abic; ab;c;

K K K
Navie, ) Nap, e, + Nap,e) O Nap, ¢, + N,

ab;cj ab;c

NK (@) NK(1) NK ()

D(a, 1) := , (i, ) e1,2)?,

ou Nfﬁy est le nombre d’individus portant les alléles (a, 8,7). En d’autres termes, c’est la

valeur absolue de la différence entre la fréquence des individus portant les alléles b; et c; et
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le produit des fréquences des individus portant I’alléle b; et des individus portant lalléle c;.
On peut vérifier aisément que la valeur du déséquilibre de liaison ne dépend pas du choix de
(i, j) €11,2}%.

Des études théoriques et expérimentales ont montré que le déséquilibre de liaison constitue
une signature importante de la sélection [Asm86, PMHO1, KS02, Prz02, SRH"02, WFF02].
Au début, les biologistes se concentraient sur le déséquilibre de liaison entre le locus sous
sélection et un locus voisin. Leffet attendu du balayage sélectif était alors d’accroitre le niveau
de déséquilibre de liaison, puisque la variation génétique était réduite. Mais comme I’a noté
Gillepsie [Gil97], puis [KNO4, SSLO6, McV07], "linked selection can reduce variation without
building up high levels of linkage disequilibrium, contrary to our intuition". Nous montrons
également ce phénoméne dans notre modéle. Plus précisément, il s’agit de distinguer les
loci neutres séparés par le locus sous sélection, et les loci neutres qui se trouvent du méme
coté du locus sous sélection. Supposons que le déséquilibre de liaison entre les loci neutres
était nul au début du sweep (D(A,0) =0, c’est une hypothése classique, faite par exemple
dans [T'K87]), et rappelons (42). On note D6? (et D'8Y) les déséquilibres de liaison pour la
géometrie SL— N1— N2 (et N1—-SL— N2). Alors nous montrons que le déséquilibre de liaison
prend les formes suivantes dans les deux géométries :

Proposition 5. On suppose que D(A,0)8% = D(A,0)8%) =0 et que le premier mutant est de type
(a, B,y). On note ug et uy les proportions initiales d’alléles B et y dans la population A. Alors sous
UHypothése 1

Jim E[D8Y (a, T IFix"] - (1 - up) (1 - uy) (1 - q1) 1 G2G2| =0,
lim E[D®Y (a, TX)IFixX] = 0.
K—o0

Ainsi, le déséquilibre de liaison entre deux loci neutres est trés dépendant de la position
relative du locus sous sélection (entre les deux loci neutres ou adjacent a ces derniers, plus
ou moins proche de 'un d’entre eux,...). En utilisant cette propriété, on peut construire des
tests statistiques pour distinguer les loci qui ont connu un événement récent de sélection et
la force de sélection durant cet événement. On peut également donner une expression du
déséquilibre de liaison lorsque sa valeur initiale est différente de zéro, mais le résultat est bien
plus complexe dans ce cas.

1.3 Perspectives

Une question pertinente dans la suite du Chapitre 2 est 'étude de distributions quasi-
stationnaires pour les CSBP avec catastrophes. La motivation biologique de '’étude de tels
objets est de se demander si, sur une échelle de temps plus courte que ’extinction on observe
une forme de stationnarité parmi les individus encore vivants. Cette question vient du constat
que toutes les populations sont vouées a I’extinction et que ce que l'on observe est une
population qui va s’éteindre mais qui n’est pas encore éteinte. On pourra consulter [MV12]
pour une review récente sur les distributions quasi-stationnaires.
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Un autre point particuliérement intéressant a étudier est la nature des environnements
sur ’événement de non-extinction : si 'on conditionne a la non extinction du processus au
temps f, que peut-on dire sur ’environnement dans lequel la population a évolué avant le
temps ¢? Dans le cas discret [Ban09], deux comportements distincts ont été exhibés : dans les
régimes sous-critiques fort et intermédiaire, conditionner a la non-extinction ne change pas le
caractére sous-critique de ’environnement, et la survie est expliquée par une reproduction
exceptionnelle des individus malgré un environnement défavorable. Dans le cas sous-critique
faible en revanche, conditionnellement & la non-extinction au temps 7, la suite d’environne-
ments est surcritique. La survie est donc expliquée par une reproduction normale dans un
environnement particuliérement bon. Nous souhaiterions également étudier ces questions dans
le cas continu.

Dans leur article [BSI11], Bansaye et Simatos établissent une condition suffisante pour qu’une
suite de processus de Galton-Watson en environnement fluctuant admette une limite. Cette
condition est assez générale. En particulier elle inclut des cas ou la loi de naissance a une
variance infinie, des processus limites faisant apparaitre des goulots d’étranglement, ou des cas
ou le processus peut exploser en temps fini. Ce travail montre Iexistence d’une grande classe
de processus en environnement fluctuant et motive ’étude de CSBP en environnement aléa-
toire (survie, taux d’extinction, distributions quasi-stationnaires, environnements permettant la
survie, ...) plus généraux que les CSBP avec catastrophes auxquels nous nous sommes intéressés.

Dans la suite des travaux des Chapitres 3 et 4, une premiére idée consiste a généraliser
létude de la signature laissée par un balayage fort a un nombre quelconque d € N de loci
neutres. Cependant il parait malaisé d’étendre les techniques de preuves developpées, qui
consistent a évaluer la probabilité de chaque scenario de généalogie des alléleles neutres. Un
challenge serait de développer de nouvelles techniques de preuves généralisables & un nombre
quelconque de loci neutres.

Dans les Chapitres 3 et 4 nous avons fait implicitement une hypothése de mutations rares,
ce qui permet d’étudier le balayage sélectif en supposant qu’il y a seulement des individus
de type A et a dans la population entre la mutation A — a et la fixation de 'alléle a (ou la
disparition de ce dernier §’il ne se fixe pas). Dans [LBDI1l, LRH"13] les auteurs suivent I’évolu-
tion de quarante populations de levures sur 1000 générations. Ils séquencent le génome de ces
populations a des intervalles de temps successifs, ce qui leur permet de suivre 'apparition
et évolution des mutations positivement sélectionnées. En particulier ils remarquent que
plusieurs mutations surviennent et évoluent simultanément dans la population, et que plusieurs
cohortes sont réguliérement présentes en méme temps et sont en compétition les unes avec les
autres. Une question particuliérement intéressante serait donc d’étudier 'auto-stop génétique
dans le cas ou plusieurs mutations favorables sont en compétition. A ma connaissance cette
question a été peu étudiée. La seule référence que jaie trouvée est [CB*08], mais dans ce
modéle comme dans les modéles précédents de hitchhiking la population est de taille constante,
les fitness s7 et s, des nouveaux mutants ne dépendent pas de ’état de la population et sont
supposées petites (51, 52 < 1), ce qui permet aux auteurs de négliger les termes contenant le
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produit des fitness. Comme la dynamique d’un tel processus est particuliérement complexe (au
moins trois loci & considérer dont un seul neutre, quatre ensembles de paramétres écologiques
suivant les alléles portés par un individu : pas de mutation, une des deux mutations ou les
deux mutations, ...), un travail préliminaire consisterait a étudier le phénoméne d’interférence
clonale dans une population asexuée, et de s’appuyer sur cette dynamique comme nous nous
étions appuyés sur la dynamique de I'invasion d’un mutant dans une population haploide
développée par Champagnat [Cha(06] dans les Chapitres 3 et 4.

Jai développé et étudié dans cette thése des modéles probabilistes de populations soumises
a des événements ponctuels, extérieurs dans le cas des processus de branchements continus
soumis & des catastrophes et des balayages sélectifs doux, ou internes a la population dans
le cas de 'apparition des mutations conduisant a des balayages forts. Je souhaite poursuivre
le développement de ce type de modéles pour aider & comprendre l'influence de certains
paramétres dans le comportement des populations. Un aspect, absent de cette thése, que je
souhaiterais également développer est 'influence de la dimension spatiale dans ces comporte-
ments : évolution en une ou plusieurs dimensions, espace homogéne ou inhomogéne, espace
variant de maniére déterministe ou aléatoire, ...
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CHAPITRE 2

On the extinction of Continuous State
Branching Processes with catastrophes

Introduction

Continuous state branching processes (CSBP) are the analogues of Galton-Watson (GW)
processes in continuous time and continuous state space. They have been introduced by Jirina
[Jir58] and studied by many authors including Bingham [Bin76], Grey [Gre74], Grimvall [Gri74],
Lamperti [Lam67a, Lam67b], to name but a few.

A CSBP Z = (Z;,t=0) is a strong Markov process taking values in [0,00], where 0 and
oo are absorbing states, and satisfying the branching property. We denote by (Py, x > 0) the
law of Z starting from x. Lamperti [Lam67b] proved that there is a bijection between CSBP
and scaling limits of GW processes. Thus they may model the evolution of renormalized large
populations on a large time scale.

The branching property implies that the Laplace transform of Z; is of the form

E, [ exp(—/th)] —expl—xu; ()},  for 120,

for some non-negative function u;. According to Silverstein [Sil68], this function is determined

by the integral equation
A
f du=t,
ur (1) 1//(”)

where ¥ is known as the branching mechanism associated to Z. We assume here that Z has
finite mean, so that we have the following classical representation

) = —gA+0A%+ f (e =1+ 22} u(da), (2.0.1)

0
where g€ R, 0 =0 and p is a o-finite measure on (0,00) such that f(o,oo) (z A zz),u(dz) is finite.
The CSBP is then characterized by the triplet (g,0, 1) and can also be defined as the unique
non-negative strong solution of a stochastic differential equation. More precisely, from Fu and
Li [FL10] we have

t t t poo pZs
Zt:20+f0 ngds+f0 \/202st33+f0f0 fo zNy(ds,dz,du), (2.0.2)
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where B is a standard Brownian motion, Ny(ds,dz,du) is a Poisson random measure with
intensity dsp(dz)du independent of B, and Nj is the compensated measure of Np.

The stable case with drift, i.e. (1) = -gA+ C/l”ﬁ, with B in (0, 1], corresponds to the
CSBP that one can obtain by scaling limits of GW processes with a fixed reproduction law. It
is of special interest in this paper since the Laplace exponent can be computed explicitly and
it can also be used to derive asymptotic results for more general cases.

In this work, we are interested in modeling catastrophes which occur at random and kill
each individual with some probability (depending on the catastrophe). In terms of the CSBP
representing the scaling limit of the size of a large population, this amounts to letting the
process make a negative jump, i.e. multiplying its current value by a random fraction. The
process that we obtain is still Markovian whenever the catastrophes follow a time homogeneous
Poisson Point Process. Moreover, we show that conditionally on the times and the effects
of the catastrophes, the process satisfies the branching property. Thus, it yields a particular
class of CSBP in random environment, which can also be obtained as the scaling limit of GW
processes in random environment (see [BS11]). Such processes are motivated in particular by a
cell division model; see for instance [B111] and Section 2.4.

We also consider positive jumps that may represent immigration events proportional to the
size of the current population. Our motivation comes from the aggregation behavior of some
species. We refer to Chapter 12 in [DGCO8] for adaptive explanations of these aggregation
behaviors, or [RLF"13] which shows that aggregation behaviors may result from manipulation
by parasites to increase their transmission. For convenience, we still call these dramatic events
catastrophes.

The process Y that we consider in this paper is then called a CSBP with catastrophes.
Roughly speaking, it can be defined as follows : The process Y follows the SDE (2.0.2) between
catastrophes, which are then given in terms of the jumps of a Lévy process with bounded
variation paths. Thus the set of times at which catastrophes occur may have accumulation
points, but the mean effect of the catastrophes has a finite first moment. When a catastrophe
with effect m; occurs at time £, we have

Yt = th[_.

We defer the formal definitions to Section 2.1. We also note that Brockwell has considered birth
and death branching processes with another kind of catastrophes, see e.g. [Bro85].

First we verify that CSBP with catastrophes are well defined as solutions of a certain sto-
chastic differential equation, which we give as (2.1.3). We characterize their Laplace exponents
via an ordinary differential equation (see Theorem 1), which allows us to describe their long
time behavior. In particular, we prove an extinction criterion for the CSBP with catastrophes
which is given in terms of the sign of E[g + ) ;<;logm;]. We also establish a central limit
theorem conditionally on survival and under some moment assumptions (Corollary 2.2).

We then focus on the case when the branching mechanism associated to the CSBP with
catastrophes Y has the form (1) = —gA + C/lHﬁ, for B € (0,1], i.e. the stable case. In this
scenario, the extinction and absorption events coincide, which means that {lim; .o, Y; =0} =
{3t = 0,Y; = 0}. We prove that the speed of extinction is directly related to the asymptotic
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behavior of exponential functionals of Lévy processes (see proposition 3). More precisely, we
show that the extinction probability of a stable CSBP with catastrophes can be expressed as
follows :

’

t
P(Y,>0)=F [F(f e‘f’sts)
0

where F is a function with a particular asymptotic behavior and K; := gt +} ;-;logms is a
Lévy process of bounded variation that does not drift to +oco and satisfies an exponential
positive moment condition. We establish the asymptotic behavior of the survival probability
(see Theorem 2) and find four different regimes when this probability is equal to zero. Actually,
such asymptotic behaviors have previously been found for branching processes in random
environments in discrete time and space (see e.g. [GLOL, GKV03, AGKV05]). Here, the regimes
depend on the shape of the Laplace exponent of K, i.e. on the drift g of the CSBP and the
law of the catastrophes. The asymptotic behavior of exponential functionals of Lévy processes
drifting to +oo has been deeply studied by many authors, see for instance Bertoin and Yor
[BY05] and references therein. To our knowledge, the remaining cases have been studied only
by Carmona et al. (see Lemma 4.7 in [CPY97]) but their result focuses only on one regime. Our
result is closely related to the discrete framework via the asymptotic behaviors of functionals
of random walks. More precisely, we use in our arguments local limit theorems for semi direct
products [LPPY7, GLOI] and some analytical results on random walks [Ko0z706, Hir98], see
Section 2.3.

From the speed of extinction in the stable case, we can deduce the speed of extinction
of a larger class of CSBP with catastrophes satisfying the condition that extinction and
absorption coincide (see Corollary 2.3). General results for the case of Lévy processes of
unbounded variation do not seem easy to obtain since the existence of the process Y and
our approximation methods are not so easy to deduce. The particular case when y =0 and
the environment K is given by a Brownian motion has been studied in [BI12]. The authors in
[BHI2] also obtained similar asymptotics regimes using the explicit law of fot exp(—pBK;)ds.

Finally, we apply our results to a cell infection model introduced in [BT1]] (see Section
2.4). In this model, the infection in a cell line is given by a Feller diffusion with catastrophes.
We derive here the different possible speeds of the infection propagation. More generally,
these results can be related to some ecological problems concerning the role of environmental
and demographical stochasticities. Such topics are fundamental in conservation biology, as
discussed for instance in Chapter 1 in [LESO3]. Indeed, the survival of the population may be
either due to the randomness of the individual reproduction, which is specified in our model
by the parameters o and u of the CSBP, or to the randomness (rate, size) of the catastrophes
due to the environment. For a study of relative effects of environmental and demographical
stochasticities, the reader is referred to [Lan93] and references therein.

The remainder of the paper is structured as follows. In Section 2, we define and study
the CSBP with catastrophes. Section 2.2 is devoted to the study of the extinction probabilities
where special attention is given to the stable case. In Section 2.3, we analyse the asymptotic
behavior of exponential functionals of Lévy processes of bounded variation. This result is

51



2. CSBP with catastrophes

the key to deducing the different extinction regimes. In Section 2.4, we apply our results to a
cell infection model. Finally, Section A contains some technical results used in the proofs and
deferred for the convenience of the reader.

2.1 CSBP with catastrophes

We consider a CSBP Z = (Z;, t 2 0) defined by (2.0.2) and characterized by the triplet (g, 0o, 1),
where we recall that y satisfies

f (z A 24 u(dz) < co. (2.11)
0

The catastrophes are independent of the process Z and are given by a Poisson random measure
Ny =Y er ati,mti on [0,00) x [0,00) with intensity dtv(dm) such that

v({0}) =0 and 0< f (IAIm—=1))v(dm) < co. (2.1.2)
(0,00)

The jump process

t
At:f f log(m)Ni(ds,dm) = )_ log(my),
0 Jo,00

S<t

is thus a Lévy process with paths of bounded variation, which is non identically zero.
The CSBP (g,0, 1) with catastrophes v is defined as the solution of the following stochastic
differential equation :

t ¢ ¢ Yoo o
Y:Y+f Yds+f \/202Y,dB; + ff f zNy(ds,dz,du)
S &l 0 o 0 Jio,c0)Jo 0
t
+ f f (m—l)Ys_Nl(ds,dm), (2.1.3)
0 Ji0,00)

where Yy >0 a.s.

Let 987 (R;) be the set of cadlag functions on R, := [0,00) of bounded variation and Ci the
set of all functions that are twice differentiable and are bounded together with their derivatives,
then the following result of existence and unicity holds :

Theorem 1. The stochastic differential equation (2.1.3) has a unique non-negative strong solution
Y for any g€ R,0 20, pu and v satisfying conditions (2.1.1) and (2.1.2), respectively. Then, the
process Y = (Y;,t 2 0) is a cddldg Markov process satisfying the branching property conditionally on
A= (A, t=20) and its infinitesimal generator </ satisfies for every f € Ci

A () = gxf' () +axf" () +f0 (f(mx) —f(x))v(dm)
(2.1.4)

+f0 (f(x+Z) -fx) —zf’(x))x,u(dz).
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2.1. CSBP with catastrophes

Moreover, for every t =0,

E, [exp{ —dexp{-gr—As} Yt}| A] = exp{ —yvt(O,]L,A)} a.s.,

where for every (A,6) € (R, BV (R,)), vs:s€[0,t] — vi(s,A,6) is the unique solution of the
Jollowing backward differential equation :

a
SV A8) = e85 0y (e85 0,(5,4,8)),  vi(5,4,6) = A, (2.1.5)

and
Wod) = () — Ay (0) = 0?A% + f (e -1+ A2)ud2). (2.1.6)
0

Démonstration. Under Lipschitz conditions, the existence and uniqueness of strong solutions
for stochastic differential equations are classical results (see [[W89]). In our case, the result
follows from proposition 2.2 and Theorems 3.2 and 5.1 in [FL10]. By It&’s formula (see for ins-
tance [[W89] Th.5.1), the solution of the SDE (2.1.3), (Y, t = 0) solves the following martingale
problem. For every f e C2,

t
f(Yy) = f(Yp) + loc. mart. +g/ f'(Yy) Ysds
0
t t poo
+°2f0 f”(Ys)stHfo fo Y( £V 2= £V = F(V)2)pid2)ds
t poo
+f f (f(mYs)—f(Ys))v(dm)ds,
0 Jo

where the local martingale is given by
t t proo
f F(Y\/202Y,dB; + f f ( FmYs) - f(Yr))f\'f1 (ds,dm) (2.17)
0 0 JO
t poo pYso _
+f f f (f(Ys_ +2) —f(Ys_))No(ds, dz,duw),
0 JO 0

and Nj is the compensated measure of Nj. Even though the process in (2.1.7) is a local
martingale, we can define a localized version of the corresponding martingale problem as in
Chapter 4.6 of Ethier and Kurtz [EK86]. We leave the details to the reader. From pathwise
uniqueness, we deduce that the solution of (2.1.3) is a strong Markov process whose generator
is given by (2.1.4).

The branching property of Y, conditionally on A, is inherited from the branching property
of the CSBP and the fact that the additional jumps are multiplicative.

To prove the second part of the theorem, let us now work conditionally on A. Applying
It6’s formula to the process Z; =Y, exp{—gt—A,}, we obtain

t t poo pYs _
Z; =Yg+ f e 8578, /202 Y,dB; +f f f e 858z Ny(ds,dz, duw),
0 0o Jo Jo
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2. CSBP with catastrophes

and then Z is a local martingale conditionally on A. A new application of It&’s formula ensures
that for every F € C;’z, F(t,Z;) is also a local martingale if and only if for every ¢ =0,

t 62 _ ~ t
f ——F(s, Zs)0? Zse 85 Nsds + f
0

o -
= | 55 F(:Z)ds (2.1.8)

t poo 5 - _ 6 -
+ f f Zs([F(s, Zo+ze 8570 _F(s, Zs)] o850 _ T ps, Zs)z) p(dz)ds = 0.
o Jo 0x

In the vein of [[W8Y9, BT1l], we choose F(s,x) := exp{—xv;(s,A,A)}, where v:(s,A,A) is diffe-
rentiable with respect to the variable s, non-negative and such that v,(f,1,A) = A, for 1 = 0.
The function F is bounded, so that (F(s,Z,),0< s < t) will be a martingale if and only if for
every s€ [0, f]
%vt(s, A A) = e85 sy (678 Ay, (5,1,A)),  as.,
where 1 is defined in (2.1.6).

Proposition 5 in Section 6 ensures that a.s. the solution of this backward differential equa-
tion exists and is unique, which essentially comes from the Lipschitz property of 9 (Lemma
8) and the fact that A possesses bounded variation paths. Then the process (exp{—Zs ve(s,A,A)}0<
§ < 1) is a martingale conditionally on A and

E, [exp{ —Ztvt(t,)L,A)H A] =E, [exp{—Zovt(O,/l, A)HA] as.,

which yields

Ey [exp{ - /IZ[}| A] = exp{ - yv:(0, )L,A)} a.s. (2.1.9)
This implies our result. O

Referring to Theorem 7.2 in [Kyp06], we recall that a Lévy process has three possible
asymptotic behaviors : either it drifts to co, —oo, or oscillates a.s. In particular, if the Lévy
process has a finite first moment, the sign of its expectation yields the regimes of above. We
extend this classification to CSBP with catastrophes.

Corollary 2.1. We have the following three regimes.

i) If (At + g18) =0 drifts to —oo, thenP(Y; — 0| A) =1 as.

ii) If (A + g 1) =0 oscillates, then P(liminf, .o Y; =0 A) =1 a.s.

iii) If (A; + g 1) 1=0 drifts to +oo and there exists € > 0, such that

o0
f zlog' (1 + 2)u(dz) < oo, (2.1.10)
0

then P(liminf; .o, Y; >0 | A) >0 a.s. and there exists a non-negative finite r.v. W such that

e 8Ny W oas, {W:O}:{lim Yt:O}.
f—00

t—oo
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2.1. CSBP with catastrophes

Remark 1. In the regime (ii), Y may be absorbed in finite time a.s. (see the next section). But Y;
may also a.s. do not tend to zero. For example, if 1 =0 and 0 =0, then Y; = exp(gt+A,) and
limsup,_ ., Y; = oco.

Assumption (iii) of the corollary does not imply that {lim;_.., Y; =0} = {3¢:Y; = 0}. Indeed,
the case u(dx) = x‘zl[o,l](x)dx inspired by Neveu’s CSBP yields w(u) ~ ulogu as u — oo. Then,
according to Remark 2.2 in [LamO8], P(At:Y;=0)=0 and 0 <P(lim;_. Yy =0) < 1.

Démonstration. We use (2.1.8) with F(s,x) = x to get that 7 =(Y; exp(—gt—A):t=0)is a
non-negative local martingale. Thus it is a non-negative supermartingale and it converges a.s.
to a non-negative finite random variable W. This implies the proofs of (i-ii).

In the case when (gt+A;, t = 0) goes to +oo, we prove that P(W >0 | A) >0 a.s. According
to Lemma 9 in Section 6, the assumptions of (iii) ensure the existence of a non-negative
increasing function k on R* such that for all 1 >0,

Yo(A) <Ak(A) and C(A):=f k(e_(gtmf))dkoo as.
0

For every (£,1) € ([Rfr)z, the solution v; of (2.1.5) is non-decreasing on [0, ¢]. Thus for all
se[0,t], vi(s,1,A) <1, and

Wwole 8 M u,(s,1,A)) < e 8 M uy(s5,1, A k(e 85 2w (5,1,A))

<e 8 Dy(s,1,A) k(e 878) s,
Then (2.1.5) gives

0
——01(5,1,2) = vy(s, 1, A) k(e E ),
S

implying
¢
—In(v.(0,1,A)) Sf k(e 8 2)ds<c(A)<oo  as.
0

Hence, for every t =0, v4(0,1,A) = exp(—c(A)) > 0 and conditionally on A there exists a
positive lower bound for v;(0,1,A). Finally from (2.1.9),

E, lexpi—W} [A] = exp{ — ylim v,(0, 1,A)} <1
t—o0
and P(W >0 A)>0 a.s.
Moreover, since Y satisfies the branching property conditionally on A, we can show (see
Lemma 10 in Section 6) that
(W =0} :{}LTOYFO} as.,
which completes the proof. 0

We now derive a central limit theorem in the supercritical regime :
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2. CSBP with catastrophes

Corollary 2.2. Assume that (gt+ Ay, t = 0) drifts to +oo and (2.1.10) is satisfied. Then, under the
additional assumption

f (log m)*v(dm) < oo, (2.1.1)
(0,e71uU[e,00)

conditionally on {W > 0},
log(Y;) —
og(Yy)—mt 4 O,
p\/? t—o0

where 4, means convergence in distribution,
o0
m:= g+f logmv(dm) < oo, p2 :=f (logm)zv(dm) < 00,
{llogx|=1} 0

and N (0,1) denotes a centered Gaussian random variable with variance equals 1.

Démonstration. We use the central limit theorem for the Lévy process (gt + As, ¢ = 0) under
assumption (2.1.11) of Doney and Maller [DMO02], see Theorem 3.5. For simplicity, the details
are deferred to Section A. We then get

t+A;—mt
g+ \}m . Ko,0). (2.112)
pvVi e

From Corollary 2.1 part iii), under the event {W > 0}, we get
logY; — (gt+A;) [“—5 log W € (—00,00),
—00

and we conclude using (2.1.12). 0

2.2 Speed of extinction of CSBP with catastrophes

In this section, we first study the particular case of the stable CSBP with growth g € R. Then,
we derive a similar result for another class of CSBP’s.

The stable case

We assume in this section that

YD) = —gA+c AP (2.2.0)

for some f€(0,1], ¢+ >0 and g in R.
If B=1 (ie. the Feller diffusion), we necessarily have 1 =0 and the CSBP Z follows the
continuous diffusion

t t
Zi =7y +f gZSds+f 2027Z.dB;, t=0.
0 0
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2.2. Speed of extinction of CSBP with catastrophes

In the case when f € (0,1), we necessarily have 0 = 0 and the measure u takes the form
udx) =ci(B+ Dx @Adx/T( - B). In other words, the process possesses positive jumps with
infinite intensity [Lam07]. Moreover,

t t
Z: = Zo +f ngderf zYPVax,, t=0,
0 0

where X is a (8 + 1)-stable spectrally positive Lévy process.

For the stable CSBP with catastrophes, the backward differential equation (2.1.5) can be
solved and in particular, we get

Proposition 3. For all x>0 and t=0 :

t -1/p
Py (Y;>0]A)=1-exp { —X (C+,3f e_ﬁ(g”AS)ds) } a.s. (2.2.2)
0

Moreover,
Py, (there exists t >0, Y; =0 A) =1 a.s.,

if and only if the process (gt + Ay, t = 0) does not drift to +oo.

Démonstration. Since wo(A) = c+/1ﬁ+1, a direct integration gives us

vi(u,A,0) =

’

t -1/p
c+,3f e PEsTAIqs 4 A‘ﬁ]
u

which implies

[E Xo

- t -1/p
e—“t’ A] = exp { —Xo (c+ B f e PEsHAI g5 4 A‘ﬁ) } as. (2.2.3)
0
Hence, the absorption probability follows by letting A tend to co in (2.2.3). In other words,
t -1/p
Py, (Y;=0]A)= eXp{_XO (C+ﬁf e_ﬁ(gHAS)ds) } a.s.
0
Since Py, (there exists £=20:Y; =0 | A) =lim;_.oc Py, (Y; =0 | A) a.s., we deduce
00 ~1pB
Py, (there exists r1=20:Y; =01 A) = exp{—xo (C+ﬁf e_ﬁ(gHAS)ds) } a.s.
0

Finally, according to Theorem 1 in [BY05], [5°exp{—B(gs+ Ay)}ds = oo a.s. if and only if the
process (gt + Ay, t = 0) does not drift to +oo. This completes the proof. OJ
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2. CSBP with catastrophes

In what follows, we assume that the Lévy process A admits some positive exponential
moments, i.e. there exists A > 0 such that ¢(1) < co. We can then define 0,4, = sup{d >
0, (1) < oo} € (0,00] and we have

BA) :=logE[e™] = f (m* —1)v(dm)<oo  for A€ 1[0,604x). (2.2.4)
0
We note that ¢ can be differentiated on the right in 0 and also in 1 if 0,45 > 1 :
¢'(0):= ¢’ (0+) =f log(m)v(dm) € (—o0,00), ¢'(1) =f log(m)mv(dm).
0 0

Recall that A/t converges to ¢'(0) a.s. and that g+ ¢'(0) is negative in the subcritical case.
proposition 3 then yields the asymptotic behavior of the quenched survival probability :

t -1/B
e 8NPy (V> 0] A) ~ xo(c+ p f eﬁ(g”At‘gs‘As)ds) (t — 00),
0
which converges in distribution to a positive finite limit proportional to xp. Then,
1 '
;loglPxo(Yt>0| A)— g+¢'(0) (t — o0)

in probability.
Additional work is required to get the asymptotic behavior of the annealed survival
probability, for which four different regimes appear when the process a.s. goes to zero :

Proposition 4. We assume that v satisfies (2.1.2) and (2.1.7]), and that v and ¢ satisfy (2.2.1) and
(2.2.4) respectively.

a/ If ¢'(0) + g <0 (subcritical case) and 0y > 1, then

(i) If ¢'(1) + g < 0 (strongly subcritical regime), then there exists c; >0 such that for
every xo >0,
Py, (Y;>0) ~ 1 xpe'P+8) as t— oo.

(i) If ¢'(1) + g = 0 (intermediate subcritical regime), then there exists c; > 0 such that
Jor every xo >0,

Py (Y >0) ~ coxot 12 PD+8)] as t—oo.

(iii) If ¢'(1) + g > 0 (weakly subcritical regime) and 0,45 >  + 1, then for every xo > 0,
there exists c3(xg) >0 such that

Py, (Y:>0) ~ c3(x)t /2 P08 as t— oo,

where T is the root of ¢’ + g on 10,1[ : p(7) + g7 = Or?igkp(s) + gst.
N
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2.2. Speed of extinction of CSBP with catastrophes

b/ If ¢'(0) + g = 0 (critical case) and Opmax > B, then for every xo >0, there exists ca(xp) >0
such that
Py, (Y >0) ~ ca(xo) 2, as t— oo.

Démonstration. From Proposition 3 we know that

t -1/p t
exp < —xo (c+,6f e_ﬁ(g5+A~‘)ds) =E [F(f e‘ﬁKSds)] ,
0 0

where F(x) =1 —exp{—xo(c+ﬂx)_1/ﬁ} and K; = Ag+ gs. The function F satisfies assumption
(3.1.12) which is required in Theorem 2 (which is stated and proved in the next section). Hence
Proposition 4 follows from a direct application of this Theorem. O

P, (Y;>0)=1-E

In the case of CSBP’s without catastrophes (v = 0), the subcritical regime is reduced to (i),
and the critical case differs from b/, since the asymptotic behavior is given by 1/¢.

In the strongly and intermediate subcritical cases (i) and (i), E[Y;] provides the exponential
decay factor of the survival probability which is given by ¢(1) + g. Moreover the probability of
non-extinction is proportional to the initial state xo of the population. We refer to the proof of
Lemma 3 and Section 2.3 for more details.

In the weakly subcritical case (iii), the survival probability decays exponentially with rate
¢(r)+g7, which is strictly smaller than ¢(1)+g. In fact, as it appears in the proof of Theorem 2,
the quantity which determines the asymptotic behavior in all cases is E[exp{infse[o,;(As + )}
We also note that ¢z and ¢; may not be proportional to xp. We refer to [Ban(09] for a result in
this vein for discrete branching processes in random environment.

More generally, the results stated above can be compared to the results which appear in
the literature of discrete (time and space) branching processes in random environment (BPRE),
see e.g. [GLOL, GKV03, AGKV05]. A BPRE (X,,,n € N) is an integer valued branching process,
specified by a sequence of generating functions (f;, n € N). Conditionally on the environment,
individuals reproduce independently of each other and the offsprings of an individual at
generation n has generating function f,,. We present briefly the results of Theorem 1.1 in
[GKO0] and Theorems 1.1, 1.2 and 1.3 in [GKV03]. To lighten the presentation, we do not
specify here the moment conditions.

In the subcritical case, i.e. when E[log f;(1)] < 0, we have the following three asymptotic
regimes as 7 increases,
P(X;, >0) ~cay, as n—oo,

where c is a positive constant and a; is given by
1" —12g] e ey " -3/2 / !
an=E[f0]", an=n"E[f0]" or ay=n (Om'nl[E[(fo(l))s ) ,
<

<$

when [E[fo’(l)logfo'(l)] is negative, zero or positive, respectively.
In the critical case, i.e. E[log f;(1)] =0, we have

P(X, >0) ~cn 2 as n— oo,
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2. CSBP with catastrophes

for some positive constant c. In the particular case when 8 = 1, these results on BPRE and the
approximation techniques implemented in Section 2.3 can be used to get Proposition 4. We
refer to Remarks 2 and 3 for more details.

Finally, in the continuous framework, such results have been established for the Feller
diffusion case, i.e. f =1, whose drift varies following a Brownian motion (see [BI12]). In other
words the process K is given by a Brownian motion plus a drift. The techniques used by the
authors rely on an explicit formula for the Laplace transform of exponential functionals of
Brownian motion which we cannot find in the literature for the case of Lévy processes. These
results have been completed in the surpercritical regime in [Hutll].

Beyond the stable case.

In this section, we prove a similar result to Proposition 4 for CSBP’s with catastrophes in
the case when the branching mechanism v is not stable. For technical reasons, we assume
that the Brownian coefficient is positive and the associated Lévy measure u satisfies a second
moment condition.

Corollary 2.3. Assume that (2.2.4) holds and
f zz,u(dz) < 00, o> 0, [ (log m)zv(dm) < o0.
(0,00) (0,00)

a/ If ' (0)+g <0 and O gy > 1, then
(i) If ¢'(1) + g <0, there exist 0 < c; < ¢] < oo such that for every xo,

c1xe" P8 <P, (Y, > 0) < c] xge P1+8) for sufficiently large t.

(it) If ' (1) + g =0, there exist 0 < ¢y < ¢}, < oo such that for every xo,

coxot 12! <P (Y, >0) < chxot” V2" PV for sufficiently large t.

(iii) If '(1) + g > 0 and 0,05 > B+ 1, for every xo, there exist 0 < c3(xo) < c4(xg) < 0o such
that

c3(x0) 132 PMTED < (v, > 0) < ¢ (xg) 12 PITED (1> 0),
where T is the root of ¢’ + g on 10,1[.
b If '(0) + g =0 and O pax > P, then for every xo, there exist 0 < c4(xp) < ¢ (Xp) < 0o such

that

V2 <y, (Y, >0) < ch(xo)t ™2 (£>0).

ca(xo)t™
Note that the assumption o2 > 0 is only required for the upper bounds.
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2.3. Local limit theorem for some functionals of Lévy processes

Démonstration. We recall that the branching mechanism associated with the CSBP Z satisfies
(2.0.1) for every A =0. So for every A =0,

20 <y"(N) =207+ f Z2e M u(dz).

(0,00)

Since ¢ := g’o zz,u(dz) < oo, ¥" is continuous on [0,00). By Taylor-Lagrange’s Theorem, we

get for every 1 =20, v_(A) =y (1) <y (1), where
v_(A) =AMy (0)+0°A? and (1) =AY (0) + (02 + c/2)A%.

We first consider the case v(0,00) < oo, so that A has a finite number of jumps on each
compact interval a.s., and we also introduce the CSBP’s with catastrophes Y~ and Y* which
have the same catastrophes A as Y, but with the characteristics (g, 02,0) and (g, o2 +¢/2,0),
respectively. We denote u_; and u, ; for their respective Laplace exponent, in other words
for all (A, 1) € IR_%,

[E[ exp{—/lY[}] = exp{—u_ (D)}, [E[ exp{—/lY;}] = exp{—ts,; (D)}

Thus conditionally on A, for every time ¢ such that A; = A;_, we deduce, thanks to Theorem
1, the following identities

ul A =-y_(u_p), ul (A = -y (us), uy(A) = =y (uy).
Moreover for every t such that 0; = exp{A; —A;_}#1,

u-(A) _ ur(A) _ U, (A) _
Uu_—(A) ur-(A)  ug—(A)

9[!

and u_o(A) = up(A) = u4+ (A1) = A. So for all £,A, we have
Uy (D) = u(t, ) < u_ (L.

The extension of the above inequality to the case v(0,00) € [0,00] can be achieved by succes-
sive approximations. We defer the technical details to Section A.
Having into account that the above inequality holds in general, we deduce, taking 1 — oo,
that

P(Y, >0) <P(Y; >0) <P(Y; >0).

The result then follows from the asymptotic behavior of P(Y;” > 0) and I]J’(Yt+ > 0), which are
inherited from Proposition 4. OJ

2.3 Local limit theorem for some functionals of Lévy processes

We proved in Proposition 3 that the probability that a stable CSBP with catastrophes becomes
extinct at time ¢ equals the expectation of a functional of a Lévy process. We now prove
the key result of the paper. It deals with the asymptotic behavior of the mean of some Lévy

61



2. CSBP with catastrophes

functionals.
More precisely, we are interested in the asymptotic behavior at infinity of

ar(t):=E

’

I3
F (f exp{—ﬁKs}ds)
0

where K is a Lévy process with bounded variation paths and F belongs to a particular class
of functions on R,. We will focus on functions which decrease polynomially at infinity (with
exponent —1/f). The motivations come from the previous section. In particular, the Proposition
4 is a direct application of Theorem 2.

Thus, we consider a Lévy process K = (K¢, t = 0) of the form

(+)

Ky=vyt+o, —U(t_), =0, (2.3.1)

where ¥ is a real constant, ) and o'~ are two independent pure jump subordinators. We
denote by IT, IT™) and M) the associated Lévy measures of K, o) and ), respectively. We
also define the Laplace exponents of K, 0™ and ¢ by

¢K()L)=1og[ﬁ[e“<l], ¢,+<()L)=1og[ﬁ[ew‘1”] and (b,}(/l):log[E[e"w(l_]], (2.3.2)

and assume that

O max = sup{)t € R+,f
[

From the Lévy-Khintchine formula, we deduce

M (dx) < oo} >0. (2.3.3)

,00)

PxA) = Y/“'f

. (e“ - 1)H(+) (dx) + f( - (e‘“ - 1)11(‘) (dx).

Finally, we assume that [E[Kf‘] < 00, which is equivalent to
f x*TI(dx) < co. (2.3.4)
(—00,00)

Theorem 2. Assume that (2.3.7), (2.3.3) and (2.3.4) hold. Let B € (0,11 and F be a positive non
increasing function such that for x =0

F) = Cple+ D714 L+ 0 ™), (2.3.5)

where ¢ = 1, Cr is a positive constant, and h is a Lipschitz function which is bounded.
!
o/ If . (0) <0
(i) If Omax > 1 and ¢ (1) <0, there exists a positive constant ¢\ such that
ap(t) ~c1e"*V a5 t—o0.
(ii) If Opmax > 1 and (1) = 0, there exists a positive constant c; such that

112 ptrc(1).

ap(t) ~cot™ as | — oo.
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2.3. Local limit theorem for some functionals of Lévy processes

(iii) If Omax > B+ 1 and P (1) >0, there exists a positive constant c3 such that

=312 y1prc()

ar(t) ~ cst as t— oo,

where T is the root of(,b’K on 10, 1[.

b/ IfOmax > P and (/)'K(O) =0, there exists a positive constant c4 such that

ap(t) ~cyt™ Y2, as  t—oc0.

This result generalizes Lemma 4.7 in Carmona et al. [CPY97] in the case when the process
K has bounded variation paths. More precisely, the authors in [CPY97] only provide a precise
asymptotic behavior in the case when <p’K(1) <0.

The assumption on the behavior of F as x — oo is finely used to get the asymptotic
behavior of ap(t). Lemma 2 gives the properties of F which are required in the proof.

The strongly subcritical case (case (i)) is proved using a continuous time change of measure
(see Section 2.3). For the remaining cases, we divide the proof in three steps. The first one
(see Lemma 1) consists in discretizing the exponential functional fot exp(—pBK;)ds using the
random variables

p

p i-1
Apg =Y expl=BKigh =Y []exp{ = B(Kjeig—Kjig)} (p@eNxN).  (23.6)
i=0 i=0j=0

Secondly (see Lemmas 3, 4 and 5), we study the asymptotic behavior of the discretized
expectation

Fpq=E[F(Apq/q)] @eny, (2.3.7)

when p goes to infinity. This step relies on Theorem 2.1 in [GLO01], which is a limit theorem for
random walks on an affine group and generalizes theorems A and B in [LPPY7].

Finally (see Sections 2.3 and 2.3), we prove that the limit of F|;; 4, when g — oo, and ar(f)
both have the same asymptotic behavior when ¢ goes to infinity.

Discretization of the Lévy process

The following result, which follows from the property of independent and stationary increments
of the process K, allows us to concentrate on A, 4, which has been defined in (2.3.6).

Lemma 1. Let t=1 and g e N*. Then

t _
L -Buyiigrat)) 4 < [ PR < L pligral) g2
q lgti-1.q = J, T q lgtl.q’

where for every (p,q) € N xN*, 05731 (resp 05721) is independent ofA;,ll)q (resp Ag)ci) and

@ 1) d ,2
APJJ - Apyq - AP,Q'
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2. CSBP with catastrophes

Démonstration. Let (p,q) be in NxN* and s€ [p/q,(p+1)/q]. Then

(+) (+) ( )
Ks<Kpig+lyllg+ [U(p+1)/q p/q] and K;=Kp/q—1lyl/q- O pi1yiqg ™ p/q]
Now introduce
(+) (+) (+) ( )

Kp =Kpiq+ [U p+1)/q p/q] l/q =yp/q+ [U(p+1 Ul/q] Opiq

and
2) _ (+) (=)

Kp/q Kp/q [U(p+1)/q p/q]+a —YP/(J‘FUp/q— [U(p+l)/q I/q]

Then, we have for all (p,q) € N xN*
d) (1) ) 2) @2 (2)
(KO,Kl/q, Kp/q) (KO ’Kl/q Kp/q) - (K Kl/q Kp/q)
Moreover, the random vector (K, ) Kl(} e LK ;(;1/)q) is independent of 01 Iq ) and (K, 2 Kﬁ)q
is independent of 05717. Finally, the definition of
Z exp(-pK))}

for 7 € {1,2} and the inequalities in (2.3.8) complete the proof.

Asymptotical behavior of the discretized process

(2.3.8)

@
Kp/ q

First, we recall Theorem 2.1 of [GL.01] in the case where the test functions do not vanish. This

is the key result to obtain the asymptotic behavior of the discretized process.

Theorem 3 (Giuvarc’h, Liu 01). Let (ay, by) n=o be a ([Rj‘r)2 -valued sequence of iid random variables
such that Ellog(ag)] = 0 Assume that byl (1 — ag) is not constant a.s. and define Ay =1, A, =
H ak and By, = Z Akbk, Jor n=1. Let n,x,¢ be three positive numbers such that x <&, and
é and W be two posztwe continuousfunctions on Ry such that they do not vanish and for a constant

C >0 and for every a>0, b=0, b’ =0, we have

¢(a) < Ca, &(b)sﬁ, and |@(b)—-ybB" <Clb-b|".

Moreover, assume that
K -1 Ul =1 3,-1
[E[ao] < 00, [E[a0 ] < 00, [E[bo] <oo and [E[a0 b, ] < oo.
Then there exist two positive constants c(p, ) and c(@) such that

lim n*2E[QANTB] = c@,y)  and  lim n'*E[§(By)] = c@).

Let us now state a technical lemma on the tail of function F, useful to get the asymptotical

behaviour of the disretized process. Its proof is deferred to Section A for the convenience of

the reader.
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2.3. Local limit theorem for some functionals of Lévy processes

Lemma 2. Assume that F satisfies (3.1.12). Then there exist two positive finite constants n and M
such that for all (x,y) in Ri and € in [0,7],

IA

|[Fog - CoxVP| < Mam P, (2.3.9)

IA

[Fe-F| = mlx Py VA, (2.3.10)

Recall the definitions of A, ; and F), 4 in (2.3.6) and (2.3.7), respectively. The three following
lemmas study the asymptotic behavior of F), , and the mean value of (Ap4/q)"''? in the
regimes of (ii), (iii) and b/.

Lemma 3. Assume that |7 (0+)| < 00, Omax > 1 and ¢ (1) = 0. Then there exists a positive and
finite constant c>(q) such that,

Fpq~Crea(q)(plq) 2P PPx® g5 p— oo, (2.3.1)
and
E [(Ap,q/q)_l/ﬁ] ~cz(q)(p/q)_”ze(p/q)(p’((l), as p— oo. (2.3.12)
Démonstration. Let us introduce the exponential change of measure known as the Escheer
transform

dpW AK—pr ()t 31

—| =YK for 1 €[0,0max), (2.3.13)
dP lz,

where (&;) ;>0 is the natural filtration generated by K which is naturally completed.
The following equality in law

14 14
— ¢ BKpiq (Z eﬁ(Kp/q—Ki/q)) @ e BKpiq (Z eﬁKilq)’
i=0 i=0

Ap,q

leads to e~ P/D¢xME [A;ylo;ﬁ] =~[E(D [A;,lqlﬁ] , where Ap,q = Zfzoeﬁl(i/q, Let € > 0 be such that
(2.3.9) holds and observe that A, ;=1 a.s. for every (p,q) in N xN*. Thus,

M| z-A+aip | 4718 0]
O [ 4,57 <€V [4,0F] <k

inf e Kia|,
i€[0,p]NN

Since (/,‘)’K(l) =0 and IE[Klz/q] <00, Theorem A in [Koz76] implies

gD inf e Kina

~Colplq)™V%,  as — 00,
i€[0,pINN q(P 6]) p

where Cq is a finite positive constant. We define for z =1,

Moreover, we note that there exists pg € N such that for p = po, Dy(1, p) < ZC’q.
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2. CSBP with catastrophes

Our aim is to prove that D,(1, p) converges, as p increases, to a finite positive constant
d>(g). Then, we introduce an arbitrary x € (0, (CF/M)l/Eq_”ﬁ) and apply Theorem 3 with

W(2)=F(z), $p@=2"%F  m,x8=0,1/2p),1/p).

Observe that F is a Lipschitz function and that under the probability measure PD, (a,, by) pso =
(exp(B(Kn+1)/g—Knig)), x P q_l)nzg is an i.i.d. sequence of random variables with EW [log(ap)] =
0, since ¢ (1) = 0. Moreover, a simple computation gives

[E(l)[aal] — e(¢K(1—ﬁ)—¢K(1))/q < 00,

so that the moment conditions of Theorem 3 are satisfied. We apply the result with
n-1
By=q 'x Py PR, nent
i=0
and we get the existence of a positive finite real number b(qg, x) such that
(/)" 2ED [F(x P Ay q/q)| = blg, 0, as  p—oo.
Taking expectation in (2.3.9) yields
(0! @) BV [F(xP Ay q1q)| - Crxq"P Dy, p)| < Mx' g1 D1, p). (23.14)
Defining Qq :=liminf, ., Dg4(1, p) and Eq = limsupp_,OO Dy4(1, p), we combine the two last
dispalys to get

Crxq"'PDq < blg,x)+ Mx'**q" ' Plimsup Dy(1 +¢, p),

p—o0

and
Crxq""PDg = b(q,x) - Mx"*¢q"*"Plimsup D, (1 + ¢, p).

p—oo

Adding that D,(z, p) is non-increasing with respect to z, Dy(1+¢,p) < Dy(1,p) < ZC’q for
every p = po and
4AMCyx€qe'P

D,-D,<
g~ Dgq Cr

Finally, letting x — 0, we get that D (1, p) converges to a finite constant d»(gq). Moreover,
from (2.3.14), we get for every integer p :

(Crxq"'P + Mx"*¢q"9'P)D (1, p) = (p/ @) 2EV [F(x‘ﬁAp,q/q)] .

Letting p — oo, we get that da(q) is positive, which gives (2.3.12).
Now, using (2.3.9), we get

[E’Fp»q —Cr (Ap,q/q)_l/ﬁ ) <E [(Ap,q/q)‘(“g)/ﬁ] ’
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2.3. Local limit theorem for some functionals of Lévy processes

so the asymptotic behavior in (2.3.11) will be proved as soon as we show that
[E[A (L+e)/p ( [A g ) as  p—oo.

From the Escheer transform (2.3.13), with A = 1+¢, and the independence of the increments
of K, we have

[E[A 1+e/ﬁ] _ e(p/q)(pK(l)[E(l)[(ie_ﬁKi/q)_E/ﬁ(ieﬁ(Kp/ti_Ki/q))_l/ﬁ]

IN

e(p/q)¢x(l)[E(l)[ inf efKiie inf e—(K,,/q—Kj/q)]
0<i<|p/3] 12p/3l<j<p

— e(p/q)w(l)[Em[ inf esKi,q][Em[ inf e—Kﬂq]_
0<i<|p/3] 0<j<|p/3]

Using (2.3.4), we observe that EV[Kj/4] =0 and EWV[K? 174) <00 We can then apply Theorem
Ain [Koz70] to the random walks (—Kj/4)i>1 and (EKl/q),>1 Therefore, there exists C(g) >0
such that

[E[A (1+¢e)/p <(C(q)/p)ep/q)¢’< 1) _0( [A—l/ﬁ ), as p — oo.

Taking c2(q) = dz(ﬂ)quﬁ leads to the result. O

Remark 2. In the particular case when B =1, it is enough to apply Theorem 1.2 in [GKV 03] to a
geometric BPRE (Xp,, n = 0) whose p.g.f’s satisfy

fn(s) = anq l—pqn

with 1/py = 1+ exp{(Ku+1/q—Knig)}, and qn = 1— py. Using E[A,}] = P(X, > 0) and
log fy (1) = K14, allows to get the asymptotic behavior of IE[A;,,lq] Jfrom the speed of extinction of
BPRE in the case of geometric reproduction law (with the extra assumption Ppx(2) < o).

Recall that 7 is the root of ¢} on ]0,1[, i.e. ¢x (1) = ming<s<1Px(s).

Lemma 4. Assume that ¢ (0) <0, ¢} (1) >0 and Oax > B+ 1. Then there exist two positive
constants d(q) and c3(q) such that

Fpg ~ cs(@)(plq) 2P D@ g5 p—oo, (2.3.15)
and

E{(Apg/@) VP ~ d(@(p/q)32eP! D@ a5 p— oo (2.3.16)
Démonstration. First we apply Theorem 3 where, for z =0,

W(2)=F(z), P@=z"P,  mx8=0,7/61/p).
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2. CSBP with catastrophes

Again F is a Lipschitz function, and under the probability measure P (a,,bp)nso =
(exp(=B(Kn+1)/g—Kniq)), q_l)nzo, is an i.i.d. sequence of random variables such that E® [log(ap)] =
0, since ¢ (1) = 0. The moment conditions

ED ag/ﬁ] —e "Moo and  EP[ay'] = @k BrI-oxVa < o

enable us to apply Theorem 3. In this case,

n-1
By=q ') e PRia, peN.
i=0

Then there exists c3(g) > 0 such that
E[F(Apq/ @) e PP =ED [F(A, 4/ q)e ™ 1]~ c3(q)(plq)~%2,
as p — oo. This gives (2.3.15).
To prove
E[(Apg/ 7P| ~ d@)(pl )21 P, a5 p—oo

for d(q) > 0, we follow the same arguments as those used in the proof of Lemma 3. In other
words, we define for z=1,

Dy(z,p) = (plq)3/2e~ P Do [A;’Zq/ﬁ] ,

which is non-increasing with respect to z. We obtain the same type of inequalities as in
Lemma 3, for the random variable A instead of A.

Again we take € >0 such that (2.3.9) holds. Then Lemma 7 in [Hir08] yields the existence
of C; >0 such that for p large enough,

inf e Kia

i€[0,plnN a\Pq

B4, P <E[4,4F] <E

Finally, we use Theorem 3 to get 0 <liminf,_, D4(1,n) = limsup,,_., D4(1, n) < oo, which
completes the proof. 0

Lemma 5. Assume that ¢ (0) =0 and Opmax > B. Then there exist two positive constants b(q)
and c4(q) such that
Fpg~ca(@plg)"?, as p—oo, (2.3.17)
and
E [(Ap,q/q)‘“ﬁ] ~b(@(plg)V2, as  p— oo (2.3.18)

Démonstration. The proof is almost the same as the proof of Lemma 4. We first apply Theo-
rem 3 to the same function ¥ and sequence (a;,by) =0 defined in Lemma 4 but under the
probability measure P instead of P(”). Then, we get

[E[F(Ap,q/q)]~c4(q)(p/q)‘”2, as  p— oo.

Now, we define for z =1,
Dy(zp) = (p1 ) | 4,57,

and from Theorem A in [K0z76] and Theorem 3, we obtain that D,(1, p) has a positive finite
limit when p goes to infinity. 0
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2.3. Local limit theorem for some functionals of Lévy processes

From the discretized process to the continuous process

Up to now, the asymptotic behavior of the processes was depending on the step size 1/4. By
letting g tend to infinity, we obtain our results in continuous time. To do this we shall use
several times a technical Lemma on limits of sequences.

Lemma 6. Assume that the non-negative sequences (@n,q) (n,q)enes (a;l,q)(n,q)eNz and (by) nen
satisfy for every (n,q) e N? :

/
n,q’

and that there exist three sequences (a(q)) gen, (™ (q)) gen and (c+(q)q€,\| such that

ang<bp<a

lim ap,q = c™ (q)a(q), y}ilrc}o“lw =c' (qalq), and C}iggoc‘(q) = ;ggoc+(q) =1.
Then there exists a non-negative constant a such that
C}i_{god(q) = r}l_lgobn =da.
Démonstration. From our assumptions, it is clear that for every g € N

limsup b, <c*(g)alq) and ¢ (q)a(g) <liminfby.

n—o0

Then letting g go to infinity, we obtain

li b,, <liminf d I <liminfb,,,
1151_)301<1>p n 1££ a(q) an 1grl§£pa(q) 1ﬂ£ n

which ends the proof. 0
Recalling the notations (2.3.11) to (2.3.18), we prove the following limits :
Lemma 7. There exist five finite positive constants b, d, ¢z, c3 and ¢4 such that
(b(q),d(q),c2(q),c3(q), ca(q)) — (b, d,co,c3,¢4), as gq— oo. (2.3.19)

Démonstration. First we prove the convergence of d(g). From Lemma 1, we know that for
every neN*

oIyl Pp W+l

e [E[(Am,,q/q)_”ﬁ]s[E[(fone—ﬁKudu)_”ﬁ]se 7 [E[(Anq_l,q/q)_”ﬁ]. (2.3.20)

A direct application of Lemma 6 with

a@=d(@), ¢ (q)=eP O and ¢ (q) =KD,

yields that d(q) converges as g — oo to a finite non-negative constant d. Let us now prove
that d is positive. Let (q1,g2) be in N2, According to (2.3.16) and (2.3.20) there exists n €N
such that

dr -yl PR W+yI-¢g (1)

3/2 —ngy(r) " _BK -1/ K
O0<e @ d(q)/2=n’“e ”d’KTE[(f e P “du) ]528 a2 d(qo).
0
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2. CSBP with catastrophes

Letting g» go to infinity, we conclude that liminf; .., d(g) > 0. Similar arguments imply the
convergence of b(q) to a positive constant.

Now, we prove the convergence of c2(q), c3(q) and c4(g). Again the proofs of the three
cases are very similar, so we only prove the second one. From Lemmas 1 and 4, we know that
for every (n,q) € N?,

) +)
E [F(eﬁ(lwqwl/a)Anq,q/CI)] <ap(n) <E [F(e_ﬁ(lyllq+gl/q)Anq—l,q/q)] :
Using (2.3.10), we obtain
-) A -1
e N
<ar(n) =<

(+) A, _1
an—l,q‘f'M[E[eIYl/qual/q—1][E[( nc; l,q) ,3] .

Thus, dividing by n73/2exp(n¢g(r)) in the above inequality, we get the convergence using
Lemmas 4, 6 and Equation (2.3.10) with

Md (PxM=lyD/q _y Md @rM+lyhig _q
al@) =cs(@), ¢ (@) =1- (q)(e'Px ) =1+ (q)(e )‘

c3(q) cs(q)

We then prove that lim, . c3(q) is positive using similar arguments as previously. 0

Proof of Theorem 2
Proof of Theorem 2 a/ (i). Recall from Lemma II.2 in [BLGOO0] that the process (K;—K(;—g-,0 <

s<t) has the same law as (K;,0<s<t). Then

"Bk "Bk _pk, [ pr.-pK @ —px, [* px
feﬁsdszf e PKu-9 5= o P zf eBKi=BKiu-y9 g ¢'L o=B tf PKs g6,
0 0 0 0

We first note that for every g e N* and = 2/¢g, Lemma 1 leads to

t -1/p
(f e‘ﬁKSds)
0

2/q -1/p
E < E (f e‘ﬁKSds) ]
0
< qUeeIag(erh Ay 1)
- <PK(1)+|Y|+(PI+<(1)

) <o,

qll,B exp( .

where ¢ was defined in (2.3.2). Hence using (2.3.13), with A =1, we have

t -1/p t -1/p t -1/p
([ e‘ﬁKSds) ek (f eﬁKSds) (f eﬁKSds) ] .
0 0 0

— !PxE)

E =E
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2.3. Local limit theorem for some functionals of Lévy processes

The above identity implies that the decreasing function ¢ — ED[( fot ePKs d5)~1/P] is finite for
all £>0. So it converges to a non-negative and finite limit c;, as ¢ increases. This limit

is positive, since under the probability PO, K is still a Lévy process with negative mean
EV(Ky) = (,D’K(l) and according to Theorem 1 in [BY05], we have

(e}
f eﬁKSds<oo, PW as.
0
Hence, we only need to prove
4 -1/
ar(t) ~ CrE( f e PR ds) ﬁ], as  t—oo. (2.3.21)
0

Recall that 0,,, > 1 and (/)’K(l) < 0. So we can choose € > 0 such that (2.3.9) holds, 1+ ¢ <
Omax, Px(1+€) < px(1) and (p}((l +¢) < 0. Therefore

t t -1/p
F([ e‘ﬁK‘ds) - Cr f e‘ﬁsts)
0 0

In other words, it is enough to show

t —-(1+¢&)/B
[a
0

From the Escheer transform (2.3.13), with A =1+ ¢, we deduce

t —(1+¢e)/B
(f e‘ﬁKSds) } = E
0

— et([)K(l+£)[E(1+£)

t —-(1+¢e)/B
sM(/ e’ﬁKSds) .
0

E =0(et¢’K(D), as t— oo.

-(1+&)/p
E |

t
p1+EK, (f PKs s
0

P —(1+&)/pB
(/ eﬁsts) .
0

PprA+e)+1ylA+e) +¢pr(1+e)
q

Again from Lemma 1, we obtain for = g/2,

l+e

t T
(f e‘ﬁKSds)
0

implying that the decreasing function f+— E(!*¢ [(fot exp(BK;)ds)~1+/P] is finite for all £ > 0.
This completes the proof. 0

E

< q(“g)/ﬁexp( )<oo,

Remark 3. In the particular case when B =1, it is enough to apply Theorem 1.1 in [GK VO3] to the
geometric BPRE (X, n = 0) defined in Remark 2 to get the result.

Proof of Theorem 2 a/ (ii), (iii), and b/. The proofs are very similar for the three regimes, for
this reason we only focus on the proof of the regime in a/(iii).

Let € > 0. Thanks to Lemma 7, we can choose g € N* such that ¢ = 1/¢ and (1 —-¢€)c3 <
c3(q) = (1+¢€)cs. Then for every ¢ =1, the monotonicty of F yields

E[F(Clar,q€®" 91 )] < ar(0) <E[F(D gy -1,4¢ P91 )]
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2. CSBP with catastrophes

Applying (2.3.10), we obtain :

|[E[F(CLq[queﬁ|Y|/Q/q)] _FWM) <(1- e—e(lyl—d);(l)))M[E[(Amtm/q)_l,ﬁ]’

|[E[F(DWJ_I"’e_ﬁWq/q)] - qut—lm) < (eSO UM[E[(ALqu—l.q/LI)_Uﬁ].
Taking ¢ to infinity, it is clear from Lemma 4 that both terms are bounded by

I(e) t—3/Zet(l71<(T) — [ZMd(eE(IYH([);}(l)) _ e—8(h/|—¢}(1)))e—8471<(1’)] t—3/2et¢7k(r) (2.3.22)

where ¢ and ¢ are defined in (2.3.2), and I(¢) goes to 0 when & decreases. On the other
hand, for t large enough

(1-26)cst 2D < Fl gy 4 < ap(t) < Flgr-1,4 < (1+28)cs 1>/,

which completes the proof of Theorem 2. O

2.4 Application to a cell division model

When the reproduction law has a finite second moment, the scaling limit of the GW process
is a Feller diffusion with growth g and diffusion part o. That is to say, the stable case with
B =1 and additional drift term g. Such a process is also the scaling limit of birth and death
processes. It gives a natural model for populations which die and multiply fast, randomly,
without interaction. Such a model is considered in [BT11] for parasites growing in dividing
cells. The cell divides at constant rate r and a random fraction © € (0,1) of parasites enters
the first daughter cell, whereas the remainder enters the second daughter cell. Following
the infection in a cell line, the parasites grow as a Feller diffusion process and undergo a
catastrophe when the cell divides. We denote by N; and N; the numbers of cells and infected
cells at time ¢, respectively. We say that the cell population recovers when the asymptotic
proportion of contaminated cells vanishes. If there is one infected cell at time 0, E[NV;] = et
and E[N}] = e"'P(Y; > 0), where

t t tr pl
Y,:1+f0 gsts+f0 \/202Y5d35+f0 fo @-1)Ys_p(ds,do). (2.4.0)

Here B is a Brownian motion and p(ds,df) a Poisson random measure with intensity
2rdsP(© € d). Note that the intensity of p is twice the cell division rate. This bias fol-
lows from the fact that if we pick an individual at random at time #, we are more likely to
choose a lineage in which many division events have occurred. Hence the ancestral lineages
from typical individuals at time t have a division rate 2r.

Corollary 2.1 and Proposition 4 with =1, y(1) = -gA + 02A and v(dx) = 2rP@ € dx)
imply the following result.

Corollary 2.4.  a/ We assume that g < 2rE[log(1/0)]. Then there exist positive constants
c1,Co, c3 such that
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(i) If g <2rE|[@log(1/0©)], then
E[N}]~cie8!, as t—oo.
(ii) If g =2rE[Olog(1/@)], then
E[N]] ~cot V?e8", as t— oo
(iii) If g > 2rE[Olog(1/0©)], then
E[N]] ~c3t™3%e™, as t—oo.
where a = minyepp 17{gA +2r([E[OM -1/2)) < g.
b We now assume g = 2rE [log(1/@©)], then there exists ¢y >0 such that,

[E[N;‘]~C4t_”2e”, as t— oo.

¢ Finally, if g >2rE [log(1/@)], then there exists 0 < c5 <1 such that,
E[N;]~cse’’, as 1—oo.

Hence if g > 2rE[log(1/0)] (supercritical case c¢/), the mean number of infected cells is
equivalent to the mean number of cells. In the critical case (b/), there are somewhat fewer
infected cells, owing to the additional square root term. In the strongly subcritical regime (a/
(i), the mean number of infected cells is of the same order as the number of parasites. This
suggests that parasites do not accumulate in some infected cells. The asymptotic behavior in
the two remaining cases is more complex.

We stress the fact that fixing the growth rate g of parasites and the cell division rate
r, but making the law of the repartition © vary, it changes the asymptotic behavior of
the number of infected cells. For example, if we focus on random variables © satisfying
PO=60)=P©=1-0)=1/2 for a given 0 €]0,1/2], the different regimes can be described
easily (see Figure 2.1).

If g/r >1log2, the cell population either recovers or not, depending on the asymmetry of
the parasite sharing. If g/r <log2/2, the cell population recovers but the speed of recovery
increases with respect to the asymmetry of the parasite sharing, as soon as the weakly
subcritical regime is reached. Such phenomena were known in the discrete time, discrete space
framework (see [Ban(8]), but the boundaries between the regimes are not the same, due to the
bias in division rate in the continuous setting. Moreover, we note that if g/r € (log2/2,log2),
then parasites are in the weakly subcritical regime whatever the distribution of ® on ]0,1[.
This phenomenon also only occurs in the continuous setting.

A Auxiliary results

This section is devoted to the technical results which are necessary for the previous proofs.
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2. CSBP with catastrophes

0 o 12

Figure 2.1: Extinction regimes in the case P(©@ =0) =P(®© =1-0) = 1/2. Boundaries between
the different regimes are given by g/r = —log(0(1 —0)) (supercritical and subcritical) and
glr =—-0logf —(1-0)log(1—-0) (strongly and weakly subcritical).

Existence and uniqueness of the backward ordinary differential equation

The Laplace exponent of Z in Theorem 1 is the solution of a backward ODE. The existence
and uniqueness of this latter are stated and proved below.

Proposition 5. Let § be in BV (RY). Then the backward ordinary differential equation (2.1.5)
admits a unique solution.

The proof relies on a classical approximation of the solution of (2.1.5) and the Cauchy-
Lipschitz Theorem. When there is no accumulation of jumps, the latter provides the existence
and uniqueness of the solution between two successive jump times of §. The problem remains
on the times where accumulation of jumps occurs. Let us define the family of functions 6" by
deleting the small jumps of 6,

61=6,-Y (63 - 6s—)1{|as—6s-|<1/n}-

S<t

We note that 1y is continuous, and s — 85105 ig piecewise C 1 on R* with a finite number
of discontinuities. From the Cauchy-Lipschitz Theorem, for every n € N* we can define a
solution v}'(.,A,6) continuous with cadlag first derivative of the backward differential equation :

a n _ _An
avf(s,/lﬁ):eg”‘sswg(e 80y (5,1,8)), 0<s<t, v, A,0) = A.

We want to show that the sequence (v]'(.,A,6)),=1 converges to a function v,(.,A,6) which
is solution of (2.1.5). This follows from the next result. We fix £ >0 and define

S:= sup {eg”‘s?, e 85708 } (A)

s€(0,t],neN*
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Lemma 8. For every A >0, there exists a positive finite constant C such that for all0 <n<x < AS,
0=<syox)—ywon) <Cx—n). (A.2)

Démonstration. First, we observe that S is finite and that for all 0 =n <x < AS, we have
Ose™—e M+ (x-—nx<(x-n)x for x>0 since x— e "+ x is increasing and e ** < e™*.

Moreover
0<se ™ —1+x<sxnx? (A.3)

and combining these inequalities yields
Wo(x) —wo(n)
=22 - + floo (67 =™ + (= x) ()
+(k—1) fol x(1—e ™) u(dx) + fol (e_(K_")x P n)x) e u(dx)
<o’ -1 +x-1n) floo xp(dx) + (K—n)nfol x*p(dx) + (K—n)zfol x*p(dx)
< [2/1802 +floo xp(dx) + Asfol xzp(dx)] (x—1),

which proves Lemma 8. 0
Next, we prove the existence and uniqueness result.

Proof of Proposition 5. We now prove that (v}'(s,A,0),s € [0, t]) ;=0 is a Cauchy sequence. For
simplicity, we denote v"(s) = v}(s,A,6), and for all v=0:

w" (s, v)=eg5+5?1//0(e_g5_5?v) and (s, v)=eg5+631//0(e_g3_53v).

We have forany 0<s<tand m,n=1:

t t
" (s)—v™(s) = [w"(u,v”(u))du—f wm(u,vm(u))du| (A4)
t t
< f(R”(u)+Rm(u))du+f 1//°°(u,v”(u))—w‘x’(u,vm(u))’du,
N N

where for any u € [0, 1],

R'w = ]u/"(u,v"(un—wm(u,v"(u))j

n

egu+6,’j wo(e—gu—éu Un(u)) _ wo(e—gu—éu Un(u))| + eguwo(e—gu—(?u Un(u))|e61’j _ 65” )

IN

Moreover, from (A.l) to (A.2), we obtain

A

R"(w) =< sca‘e—‘?ﬁ - 6_5”' + e‘g”wO(AS)]eéﬁ - e‘s"'
Ou

(SC/l + e‘gltt//o(/lS)) sup {|e“SZ —e 0|, |e‘sZ —e

uel0,t]

IN
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2. CSBP with catastrophes

Using similar arguments as above, we get from (A.2),

Y, 0" () -y, v )| = 82 [v" ) - v ().

From (A.4), we use Gronwall’s Lemma (see e.g. Lemma 3.2 in [Dyn91]) with

t t
Rm,n(s):f R"(u)du+[ R™(w)du,

N

to deduce that forall 0<s<1t,
t
[0"(5) = V"™ (5)] < R n(s) + cszecsz“‘”f Ripn(wdu.
N

Recalling that R, (u) < s, and f;R”(u)du < ts, for u<t, we get for every ng e N*,

2
sup [V (s) — v™(9)| < t[1+CSZeCS tt] sup (Sp + Spm).
m,n=nyg,s€|0,1] m,n=ngy

Adding that s, — 0 ensures that (v"(s),s € [0, t]) ;=0 is a Cauchy sequence under the uniform
norm. Then there exists a continuous function v on [0, f] such that v" — v, as n goes to oco.

Next, we prove that v is solution of the Equation (2.1.5). As § satisfies (A.1), we have for
any s€[0,¢] and ne N* :

t
|v(s)—f w“(s,v(s))ds—/l)
t
< |1/(s)— U"(s)| +f W (s, v(s) —y (s, v"(s))|dss
S

<ts,+1+ CSZ)sup{|v(s) - v”(s)|,S€ [0, t]},

t
W (s, v(s) —w" (s, v(s) |ds +f
N

so that letting n — oo yields ’v(s) —fst Wy s, v(s))ds—/l‘ = 0. It proves that v is solution of
(2.1.5). The uniqueness follows from Gronwall’s lemma. Ul
An upper bound for v

The study of the Laplace exponent of Z in Corollary 2.1 requires a fine control of the branching
mechanism .

Lemma 9. Assume that the process (gt + A, t = 0) goes to +oo a.s. There exists a non-negative
increasing function k on RY such that for every =0

woA) < Ak(1) and f k(e_(g”A’))dt<oo.
0

Démonstration. The inequality (A.3) implies that for every A =0,

IA

Wo(A) a’)? +f0 (A2 2212y + Azl g0y ) 1(d2)

A

1 1/A oo
02+f Z?u(dz) /12+/121M<1}f zz,u(dz)+/lf zu(dz).
0 1 /A
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Now, using condition (2.1.10) we obtain the existence of a positive constant ¢ such that
oo (e 9]
Af zp(dz) < Alog” 191 + 1//1)[ zlog' e (1 + 2)u(dz) < cAlog" Mo (1 +1/7).
1/A 1/A

Next, let us introduce the function f, given by
f@=z""log'"*(1+2), forz€[l,00).

If we derivate the function f, we deduce that there exists a positive real number A >1 such
that f is decreasing on [A,o0). Therefore, for every A <1/A,

1/ 1/A 1 1+e 1

V2udz) = Mog P+ pam [ ZE_LrE
A f(@
1/

Alog 1€ (1+1/1) zlog' e (1 + 2)u(dz).
A

p(dz)

IA

Adding that A2 IA Z*u(dz) < A*A [{° zu(dz) and using again condition (2.1.10), we deduce
that there exists a positive constant ¢’ such that for every 1 =0,

o = /(A2 + Alog™ 191 +1/2)).

Since A? is negligible with respect to Alog”*€(1+1/1) when A is close enough to 0 or
infinity, we conclude that there exists a positive constant ¢” such that

woA) < ¢"AMog™ 1+ (1 +1/1).
Defining the function k(z) = ¢” log_a”)(l +1/2), for z>0, we get that :
k(e—(gl""A[)) NCIIIOg_(1+£)(2); (Z._>0)’

thus the integral of k(exp(—gt—A;)) is finite in a neighborhood of zero, and
o0 oo
0 Sf k(e—(gHAt))dtS C//f e—(gt+A,) (gt+A[)_(1+£)dt,
1 1

which is finite since the process (gt + A, ¢ = 0) drifts +0o and has finite first moment. This
completes the proof. 0

Extinction versus explosion

We now verify that the process (Y;);=0 can be properly renormalized as t — co on the
non-extinction event. We use a classical branching argument.
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2. CSBP with catastrophes

Lemma 10. Let Y be a non-negative Markov process satisfying the branching property. We also
assume that there exists a positive function a; such that for every xo > 0, there exists a non-negative
finite random variable W such that

t—o00

W as, P,W>0>0, a; —>0.

arY;

—00

Then
(W =0} = {Yt — 0} Py, a.s.

Démonstration. First, we prove that

Py, (limsup Y; =oo | limsup Y; >0) =1. (A.5)

t—o0 t—o0

Let 0 < x < x9 < A be fixed. Since a; — 0 and P,(W > 0) > 0, there exists fy > 0 such that
a :=Py(Y;, = A) > 0. By the branching property, the process is stochastically monotone as a
function of its initial value. Thus, for every y = x (including y = xo),

Py(Yy, = A) = a>0.
We define recursively the stopping times
To:=0, Tivi=inf{t=T;+1ty: Y = x} (i=0).
For any i € N*, the strong Markov property implies
Py (Ve = Al (V1< Tp), T <o0) = a.

Conditionally on {limsup,_ ., Y; > x}, the stopping times T; are finite a.s. and for all 0 < x =<
Xo < A,
Py, (Vi=0: Y74 <A limsup Yy > x) =0.

t—o0

Then, Py, (limsup,_. Y; < oo, limsup, ., Y; > x) = 0. Now since {limsup,_.Y; >0} =
Uxe(0,x] imsup,_ o, Y; > x}, we get (A.5).

Next, we consider the stopping times T), =inf{z = 0: Y; = n}. The strong Markov property
and branching property imply

Py (W =0; T <00) = Ex, (17,<00Py, (W = 0)) <Pyl ¥y — 0) =Py(a,¥; — 0",

t—oo

which goes to zero as n — oo, since Py (a;Y; — 0) =P (W =0) < 1. Then,

0=Py,(W=0;Vn:T, <oo0) =Py (W =0,limsup Y; = 00) =P, (W =0,limsup Y; > 0),

t—oo t—o00

where the last identity comes from (A.5). This completes the proof. 0
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A Central limit theorem
We need the following central limit theorem for Lévy processes in Corollary 2.2.

Lemma 11. Under the assumption (2.1.7]) we have

[+, —mt
gtrdi=mb _d 41
p\/; t—oo

Démonstration. For simplicity, let  be the image measure of v under the mapping x — e*.
Hence, assumption (2.1.11) is equivalent to f|x\21 xzn(dx) < 00, or [E[A%] < oo.

We define T'(x) = n((—0o,—x)) +n((x,00)) and U(x) =2 f; yT(y)dy, and assume that
T(x) >0 for all x> 0. According to Theorem 3.5 in Doney and Maller [DMO02] there exist two

functions a(t), b(t) >0 such that
t+A;—alt U
gt+ai—alt) d A(0,1), if and only if & —_—
b(t) t—oo x2T(x) x—oo

If the above condition is satisfied, then b is regularly varying with index 1/2 and it may be
chosen to be strictly increasing to oo as t — co. Moreover b?(t) = tU(b(t)) and a(t) = tA(b(1)),
where

X
Alx) = g+[{| . zn(dz) +n((1,00)) =1 ((—00,-1)) +[l (n((y,oo)) —n((—oo,—y)))dy.
z|I<
Note that under our assumption x2 T(x) — 0, as x — co. Moreover, note
U = T + f 2n(dx + f 2n(dx),
(—x,0) (0,%)

and

A(x) :g+f zn(dz)+x(n((x,oo))—17((—oo,—x))).

{lzl<x}

Hence assumption (2.1.11) implies that

U(x) — z°n(dz) = p?, A(x)

X060 J(~00,00)

X—00

g +/ zn(dz) = m,
R

Therefore, we deduce U(x)/(x*T(x)) — oo as x — 0o, b(t) ~ pﬁ and a(t) ~mt, as t — oo.
Now assume that T'(x) =0, for x large enough. Define
gt+A;— a(t))}]
b(t) ’

where the functions a(t) and b(t) are defined as above. Hence since the process (A, £=0) is
of bounded variation, from the definition of a(¢) and the Lévy-Khintchine formula we deduce

Y(A, 1) =-logk

exp{i/l

. 8t d(l‘)) f Ay
YA, =—in| 2 -2 1— et
A, 1) M(b(t) b0 +t R( ehn )n(dx)
I Y R (7 NE 1(iL)? 2
=t l1—ebt®” + ——x+ dx) - —— d
f{|x|<b(t)}( ¢ b(t)x 2b2(l‘)x )77( ) 2b2(1) {|x|<b(t)}x n(dx)

+ tf (1- e%x)n(dx) +iAL{n(b(1), 00) = (=00, ~b(1)).
{lx|=b(1)}
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2. CSBP with catastrophes

Since T(x) =0 for all x large, b(f) — oo and B2 () — pz, as t — oo, therefore

12
YA, 1) oo 2
which implies the result thanks to Lévy’s Theorem. 0

A technical Lemma

We now prove a technical lemma that is needed in the proofs of Section 2.3.

Proof of Lemma 2. To obtain (2.3.9), it is enough to choose £ <1 as we assume in (3.1.12) that
¢=1.

In order to prove (2.3.10), we first define the function h:xeRt — (1+x)1Ch(x) and let
0<x<y. Then,

F(x)-F(y)

< ((x+ DV (y+ 1)‘”ﬁ) +( +y)‘”ﬁ‘1|fz(x) _ fz(y)|
Cr

+|fz(x)‘((1 #0714y TP, (A.6)

We deal with the second term of the right hand side. Denoting by k the Lipschitz constant of
h and applying the Mean Value Theorem to z€ Ry — (z+ Y8 on [x, y1, we get

a +y)‘”ﬁ‘1(i‘z(x) - fz(y)| <k(y+1) VP l(y—x) < k,B((x+ DV (y+ 1)‘“ﬁ).

Moreover, as ff € (0, 1], we have the following inequalities :

ﬂ) 1< (ﬂ) 1 (ﬂ_l)s((l) P
1+x 1+x 1+x X

Dividing by (1+)"A*! and using (1+y)/[(1+x) (1 + )1 < y VP yield

1+y

1+x

A+x) VPl 4y VA1 < 2(x—1/ﬁ _y—llﬁ).
Similarly (1+x)""P —(1+y)7"/P < x7/P — y=1/F and equation (A.6) give us
0<F@X)-F(y) = Crl+2[lhle+ kﬁ])(x—”ﬁ _ y—l/ﬁ).

This completes the proof. 0

Approximations of the survival probability for v(0,00) = oo

Finally, we prove Corollary 2.3 in the case when v(0,00) = co.
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End of the proof of Corollary 2.3. We let A*1%2 = (0,1—¢€;) U (1 +€2,00), where 0<1—¢; <1<
1+ &, and define the Poisson random measure Nfl’gz as the restriction of Nj to Rt x Aféz,
We denote by dtv®¥2(dm) for its intensity measure, where v¥1%2(dm) = 1{e ae1.62)v(dm), and
the corresponding Lévy process A®1¢2 is defined by

t
A‘?'Ezzfo [(0 )logm N;V#2(ds,dm).
,00

We also consider the CSBP’s Y142 (resp Y12~ and Y*'*2*) with branching mechanism 1
(resp. w— and ) and the same catastrophes A®*2 via (2.1.3). Since v*1'¥2(0,00) < oo, from
the first step we have uil,'fz()l) < ufre(t, ) < uf"’fz (A1), where as expected E[exp{—/lYtgl’gz’*}] =
exp{—uif'f2 (M)} for each * € {+,®,—}.

Similarly, let A*! =(0,1—¢1) U (1,00) and define the Poisson random measure N‘f ! as the
restriction of Nj to R* x A®! with intensity measure d¢v®! (dm), where v¥1 (dm) = 1{pe a1y v(dm).

Let us fix # in R}, and define Y?' as the unique strong solution of

t t t
Y= Y0+f nglds+f \/2021751st+[ f
0 0 0 JI

0,00)
t

+ff (m=1) v Ny s, dm).
0 J[0,00)

We already know from Theorem 1 that Equation (A.7) has a unique non-negative strong
solution. Moreover, from Theorem 5.5 in [F1.10] and the fact that N;' has the same jumps as
N;"*? plus additional jumps greater than one, we conclude

v
f 2No(ds, dz, du)
0 (A7)

£1,E; £
Yy, sy, a.s.

Using assumption (2.1.2), we can apply Gronwall’s Lemma to the non-negative function ¢ —
[E[Yt‘€1 - Yfl’gz] and obtain

E|IY/" - Y/ || ——0.

52—>0

. . . . a.s. .
Now, since Y®'#2 is decreasing with €,, we finally get, Yf"gz — Yfl, as €2 — 0. Using

similar arguments as above for Y*9%2% and Y*%2~, we deduce
ut () =t (1, ) < ut ).

In order to complete the proof, we let £; tend to 0. 0
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CHAPITRE 3

An Eco-Evolutionary approach of
Adaptation and Recombination in a large
population of varying size

Introduction

There are at least two different ways of adaptation for a population : selection can either act
on a new mutation (hard selective sweep), or on preexisting alleles that become advantageous
after an environmental change (soft selective sweep from standing variation). New mutations
are sources of diversity, and hard selective sweeps were until recently the only considered way
of adaptation. Soft selective sweeps from standing variation allow a faster adaptation to novel
environments, and their importance is growing in empirical and theoretical studies (Orr and
Betancourt [OB01], Hermisson and Pennings [[{P05], Prezeworski, Coop and Wall [PCW05],
Barrett and Schluter [BS08], Durand and al [DTR10]). In particular Messer and Petrov [MP13]
review a lot of evidence, from individual case studies as well as from genome-wide scans,
that soft sweeps (from standing variation and from recurrent mutations) are common in a
broad range of organisms. These distinct selective sweeps entail different genetic signatures in
the vicinity of the novely fixed allele, and the multiplication of genetic data available allows
one to detect these signatures in current populations as described by Peter, Huerta-Sanchez
and Nielsen [PHSNIZ]. To do this in an effective way, it is necessary to identify accurately
the signatures left by these two modes of adaptation. We will not consider in this work

the soft selective sweeps from recurrent mutations. For a study of these sweeps we refer to
[PHO6a, PHO6b, HP0S].

In this work, we consider a sexual haploid population of varying size, modeled by a birth
and death process with density dependent competition. Each individual’s ability to survive
and reproduce depends on its own genotype and on the population state. More precisely, each
individual is characterized by some ecological parameters : birth rate, intrinsic death rate and
competition kernel describing the competition with other individuals depending on their geno-
type. The differential reproductive success of individuals generated by their interactions entails
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progressive variations in the number of individuals carrying a given genotype. This process,
called natural selection, is a key mechanism of evolution. Such an eco-evolutionary approach
has been introduced by Metz and coauthors in [MGM " 96] and made rigorous in the seminal
paper of Fournier and Méléard ['M04]. Then it has been developed by Champagnat, Méléard
and coauthors (see [Cha06, CMI1, C]MI4] and references therein) for the haploid asexual case
and by Collet, Méléard and Metz [CMMI]] and Coron and coauthors [Corl3, Corl4] for the
diploid sexual case. The recent work of Billiard and coauthors [BFMT13] studies the dynamics
of a two-locus model in an haploid asexual population. Following these works, we introduce a
parameter K called carrying capacity which scales the population size, and study the limit
behavior for large K. But unlike them, we focus on two loci in a sexual haploid population and
take into account recombinations : one locus is under selection and has two possible alleles
A and a and the second one is neutral with allele b; or b,. When two individuals give birth,
either a recombination occurs with probability rx and the newborn inherits one allele from
each parent, or he is the clone of one parent.

We first focus on a soft selective sweep from standing variation occurring after a change
in the environment (new pathogen, environmental catastrophe, occupation of a new ecologi-
cal niche,...). We assume that before the change the alleles A and a were neutral and both
represented a positive fraction of the population, and that in the new environment the allele a
becomes favorable and goes to fixation. We can divide the selective sweep in two periods : a
first one where the population process is well approximated by the solution of a deterministic
dynamical system, and a second one where A-individuals are near extinction, the deterministic
approximation fails and the fluctuations of the A-population size become predominant. We
give the asymptotic value of the final neutral allele proportion as a function of the ecological
parameters, recombination probability rx and solutions of a two-dimensional competitive
Lotka-Volterra system.

We then focus on hard selective sweeps. We assume that a mutant a appears in a mono-
morphic A-population at ecological equilibrium. As stated by Champagnat in [Cha06], the
selective sweep is divided in three periods : during the first one, the resident population
size stays near its equilibrium value, and the mutant population size grows until it reaches
a non-negligible fraction of the total population size. The two other periods are the ones
described for the soft selective sweep from standing variation. Moreover, the time needed for
the mutant a to fix in the population is of order log K. We prove that the distribution of neutral
alleles at the end of the sweep has different shapes according to the order of the recombination
probability per reproductive event rx with respect to 1/logK. More precisely, we find two
recombination regimes : a strong one where rxlogK is large, and a weak one where rxlogK
is bounded. In both recombination regimes, we give the asymptotic value of the final neutral
allele proportion as a function of the ecological parameters and recombination probability rg.
In the strong recombination regime, the frequent exchanges of neutral alleles between the A
and a-populations yield an homogeneous neutral repartition in the two populations and the
latter is not modified by the sweep. In the weak recombination regime, the frequency of the
neutral allele carried by the first mutant increases because it is linked to the positively selected
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allele. This phenomenon has been called genetic hitch-hiking by Maynard Smith and Haigh
[SH74].

The first studies of hitch-hiking, initiated by Maynard Smith and Haigh [SH74], have
modeled the mutant population size as the solution of a deterministic logistic equation
[OK75, KHL89, SWLI2, SSLO6]. Kaplan and coauthors [KIHL89] described the neutral genea-
logies by a structured coalescent where the background was the frequency of the beneficial
allele. Barton [Bar98] was the first to point out the importance of the stochasticity of the
mutant population size and the errors made by ignoring it. He divided the sweep in four
periods : the two last ones are the analogues of the two last steps described in [Cha(06], and
the two first ones correspond to the first one in [Cha(6]. Following the approaches of [KHL8Y)]
and [Bar98], a series of works studied the genealogies of neutral alleles sampled at the end
of the sweep and took into account the randomness of the mutant population size during
the sweep. In particular, Durrett and Schweinsberg [DS04, SD05], Etheridge and coauthors
[EPWO6], Pfaffelhuber and Studeny [PS07], and Leocard [Leo0Y] described the population
process by a structured coalescent and finely studied genealogies of neutral alleles during
the sweep. Eriksson and coauthors [EFMS08] described a deterministic approximation for
the growth of the beneficial allele frequency during a sweep, which leads to more accurate
approximation than previous models for large values of the recombination probability. Unlike

)«

our model, in all these works, the population size was constant and the individuals’ “selective

value” did not depend on the population state, but only on the individuals’ genotype.

The structure of the paper is the following. In Section 3.1 we describe the model, review
some results of [Cha(06] about the two-dimensional population process when we do not consi-
der the neutral locus, and present the main results. In Section 3.2 we state a semi-martingale
decomposition of neutral proportions, a key tool in the different proofs. Section 3.3 is devoted
to the proof for the soft sweep from standing variation. It relies on a comparison of the
population process with a four dimensional dynamical system. In Section 3.4 we describe a
coupling of the population process with two birth and death processes widely used in Sections
3.5 and 3.6, respectively devoted to the proofs for the strong and the weak recombination
regimes of hard sweep. The proof for the weak regime requires a fine study of the genealogies
in a structured coalescent process during the first phase of the selective sweep. We use here
some ideas developed in [SD0J5]. Finally in the Appendix we state technical results.

This work stems from the papers of Champagnat [Cha06] and Schweinsberg and Durrett
[SDO5]. In the sequel, ¢ is used to denote a positive finite constant. Its value can change from
line to line but it is always independent of the integer K and the positive real number €. The
set N:={1,2,...} denotes the set of positive integers.

3.1 Model and main results

We introduce the sets of = {A, a}, B = {b1, b2}, and & = {A, a} x {b;, b2} to describe the genetic
background of individuals. The state of the population will be given by the four dimensional

85



3. Recombination and adaptation

Markov process N@K) = (Nézﬁ’m(t),(a,ﬁ) € &,t = 0) where NL(Z[%K)(t) denotes the number of
individuals with alleles (a, B) at time ¢ when the carrying capacity is K € N and the initial state
is |zK] with z = (Zap) (a,f)eé) € IR‘E. We recall that b; and by are neutral, thus ecological
parameters only depend on the allele, A or a, carried by the individuals at their first locus.
There are the following :

e For a € o/, f, and D, denote the birth rate and the intrinsic death rate of an individual
carrying allele a.

o For (a,a’) € 42, Cy o represents the competitive pressure felt by an individual carrying
allele @ from an individual carrying allele a’'.

e KeNis a parameter rescaling the competition between individuals. It can be interpreted
as a scale of resources or area available, and is related to the concept of carrying capacity,
which is the maximum population size that the environment can sustain indefinitely. In
the sequel K will be large.

e rg is the recombination probability per reproductive event. When two individuals with
respective genotypes (a, ) and (a’, ') in & give birth, the newborn individual, either is
a clone of one parent and carries alleles (a, §) or (a', B") each with probability (1-rx)/2,
or has a mixed genotype (a, ') or (a’, B) each with probability rg/2.

We will use, for every n = (n4p,(a,p) €&) € Zf, and (a, B) € &, the notations
Ng = Ngp, + Ngp, and [n]=ns+ng.

Let us now give the transition rates of N @K) when N@K () =ne Zf. An individual can die
either from a natural death or from competition, whose strength depends on the carrying
capacity K. Thus, the cumulative death rate of individuals af, with (a, ) € & is given by :

dys(n) = [Dg + Co,anal K+ Co,attal K| ngp. (3.L1)

An individual carrying allele @ € o produces gametes with rate f, thus the relative frequencies
of gametes available for reproduction are

paﬁ(n)=fanaﬁ/(fAnA+fana)y (a,ﬁ)eéa.

When an individual gives birth, he chooses his mate uniformly among the gametes available.
Then the probability of giving birth to an individual of a given genotype depends on the
parents (the couple ((a, b2), (a, b1)) is not able to generate an individual (A, by)). We detail the
computation of the cumulative birth rate of individuals (4, by) :

bl (1) = fanap, (Pab, + Pab,/2+ Pap, 12+ (1= 1K) Pab, 121 + fanap, [P ab, 12+ Tk Pab, 12]
+fanab, [Pab, 12+ kP ab, 121+ fanab, (1 — 1K) pap, 12

fanap, + rx fafa(Map, nap, — Nap, Nap,) ! (fana+ fana).
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If we denote by @ (resp. f8) the complement of @ in of (resp. § in 98), we obtain in the same

way the cumulative birth rate of individuals (a, f) :

NapNgp— Napligp
fana+ fana

The definitions of death and birth rates in (3.1.1) and (3.1.2) ensure that the number of jumps is
finite on every finite interval, and the population process is well defined.

bfﬁ(n) = faltap+ Tk fafa , (a,peé. (3.1.2)

When we focus on the dynamics of traits under selection A and a, we get the process
(fo'lo, Néz'm), which is also a birth and death process with competition. It has been studied
in [Cha06] and its cumulative death and birth rates, which are direct consequences of (3.1.1)
and (3.1.2), satisfy for a € o :

n n
dy(m=Y dig(n)=|Dg+ Con—2+Coa—2|ne, bXm=Y bYs0) = fang.  (313)
peoa K K pea

It is proven in [Cha(06] that when Ni‘z,K) and N%™ are of order K, the rescaled population
process (NZZ’K) 1K, N0 IK) is well approximated by the dynamical system :

1 = (fu = Da— Ca,an'? = CanP)ng, n@0)=z., acd. (3.1.4)
More precisely Theorem 3 (b) in [Cha(0] states that for every compact subset
Bc RY%<(0,0)) x R*? < (0,0))
and finite real number T, we have for any 6 >0,

lim sup [P>( sup IN((XZ'K)(t)/K— nff)(t)| > 6) =0. (3.1.5)
K—o0o z¢p  ‘o<t<T,aews

Moreover, if we assume

fa>Da,  fu>Da and fa—Da>(fA—DA).sup{Ca_A/CA,A,Ca,a/CA,a}, (3.16)

then the dynamical system (3.1.4) has a unique attracting equilibrium (0, 72,,) for initial condition
z satisfying z; > 0, and two unstable steady states (0,0) and (7i4,0), where
-D
fg=1"Pe S0 gew. (3.1.7)
C«x,a
Hence, Assumption (3.1.6) avoids the coexistence of alleles A and a, and 714 is the equilibrium
density of a monomorphic a-population per unit of carrying capacity. This implies that when
K is large, the size of a monomorphic a-population stays near 714K for a long time (Theorem 3
(c) in [Cha(6]). Moreover, if we introduce the invasion fitness Sy of a mutant « in a population
@,
Sad = fa — Da — Ca,d fl@, a € .szf, (318)

it corresponds to the per capita growth rate of a mutant a when it appears in a population @
at its equilibrium density 71. Assumption (3.1.6) is equivalent to
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3. Recombination and adaptation

Assumption 1. Ecological parameters satisfy
na>0, n,>0, and Sp,<0<S44.

Under Assumption 1, with positive probability, the A-population becomes extinct and the
a-population size reaches a vicinity of its equilibrium value 71,K.

The case we are interested in is referred in population genetics as soft selection [Wal75] : it
is both frequency and density dependent. This kind of selection has no influence on the order
of the total population size, which has the same order as the carrying capacity K. However, the
factor multiplying the carrying capacity can be modified, as the way the individuals use the
resources depends on the ecological parameters. We focus on strong selection coefficient, which
are caracterized by S;4 > 1/K. In this case the selection outcompetes the genetic drift. Ho-
wever we do not need to assume S,4 < 1 to get approximations unlike [SH74, Bar98, SSLO6].
To study the genealogy of the selected allele when the selection coefficient is weak (S 4K
moderate or small) we refer to the approach of Neuhauser and Krone [NK97].

Let us now present the main results of this paper. We introduce the extinction time of the
A-population, and the fixation event of the a-population. For (z,K) € RS x N :

ext ext ext

7@K . —1nf{t>0 NZK)(I) }’ and Fix®© . {T(z,K) <OO’N(ZK (T(Z K)) >0}. (3.L.9)

We are interested in the neutral allele proportions. We thus define for £ =0,

(2,K) ap &
Paz, (t)_(z—K)’ (a,ﬁ)€g,K€N,Z€R+, (3110)
N ™ (1)

the proportion of alleles § in the a-population at time ¢. More precisely, we are interested in
these proportions at the end of the sweep, that is at time Text when the last A-individual

dies. We then introduce the neutral proportion at this time :

g,g,bm P(z K) (170, (3.1.11)

ext

We first focus on soft selective sweeps from standing variation. We assume that the alleles
A and a were neutral and coexisted in a population with large carrying capacity K. At time 0,
an environmental change makes the allele a favorable (in the sense of Assumption 1). Before
stating the result, let us introduce the function F, defined for every (z,1,1) € (Rf’:)* x [0,1] x R,
by

¢ rfafani(s) n w) + g (u)
Flz,r1) = / (ZJ:Af e P~ f 4 o —du)ds,  (3112)
fany () + fang fan,’(w) + fang” (W)

where (nA ,na ) is the solution of the dynamical system (3.1.4). We notice that F: t € Rt —
F(z,1,1) is non-negative and non-decreasing. Moreover, if we introduce the function

h:(z,r,0) € R x[0,1] xRy — 1 fafa f n@ () (fan? (s) + fanP () ds
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3.1. Model and main results

non-decreasing in time, then
t
0<F(zr11) s/ dsh(z,r,s)e M2n9 gs = ¢ M@n0) _ p=h(znt < q
0

Thus F(z,r, ) has a limit in [0,1] when ¢ goes to infinity and we can define

F(z,r):= tlirgoF(z, r,t) € [0,1]. (3.1.13)

Noticing that for every r €[0,1] and =0,

(2)
00 ny(s)
OSF(z,r)—F(z,r,t)sf (Jz?‘f“ A" —ds — 0,
t fan, ($)+ fang'(s) 7

we get that the convergence of (F(z,r,1),t=0) is uniform for r € [0, 1].
In the case of a soft sweep from standing variation, the selected allele gets to fixation with
high probability. More precisely, it is proven in [Cha06] that under Assumption 1,

lim PFix®X) =1, vVzeR™% x RY*%\(0,0)). (3.114)
K—o0

Then recalling (3.1.11) we get the following result whose proof is deferred to Section 3.3 :

Theorem 1. Let z be in fo‘gg X (Rf_x‘@ \ (0,0)) and Assumption 1 hold. Then on the fixation event
Fix®X) " the proportion of alleles by when the A-population becomes extinct (time Te(jt’m ) converges
in probability :

ZAb1 Z

Flz,ri) + (1= F(z, rK))] ] >e]=0, Ve>0.
ZA Zq

I}EI;OP(IFiX(z,K) @;Zblf) - [

The neutral proportion at the end of a soft sweep from standing variation is thus a weighted
mean of initial proportions in populations A and a. In particular, a soft sweep from standing
variation is responsible for a diminution of the number of neutral alleles with very low or
very high proportions in the population, as remarked in [PCW05]. We notice that the weight
F(z,rk) does not depend on the initial neutral proportions. It only depends on rx and on the
dynamical system (3.1.4) with initial condition (z4,z,4). The proof consists in comparing the
population process with the four dimensional dynamical system,

(&,K) ,(2,K) _ 1, (%K) ) (2,K)

n. n - z
. ap af a
I’ll(xZBK) = (fa, — Da - Ca,A n(AZ’K) — Ca,,a n(aZ'K)) nfobK) +rfAfa n((ij) " f n(z,K‘)lﬁ , (a, ﬁ) € é‘),
ATt 4 altqg
(3.115)

with initial condition n*X)(0) = z € RS. Then by a change of variables, we can study the
dynamical system (3.1.15) and prove that

My, ©9) 2y, Zab

A
e = F )+ =1~ Fzm),
n@M o)  za Zq
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3. Recombination and adaptation

which leads to the result.

Now we focus on hard selective sweeps : a mutant a appears in a large population and
gets to fixation. We assume that the mutant appears when the A-population is at ecological
equilibrium, and carries the neutral allele b;. In other words, recalling Definition (3.1.7), we
assume :

Assumption 2. There exists zap, €]0, 4] such that NEOK) () = 12K with

2% = (zap,, 1A — zap,, K1, 0).

In this case, the selected allele gets to fixation with positive probability. More precisely, it is
proven in [Cha06] that under Assumptions 1 and 2,

S
lim P (Fix =00 = 242, (3.1.16)
K—o00 fa

In the case of a strong selective sweep we will distinguish two different recombination regimes :

Assumption 3. Strong recombination

lim rglogK =oo.
K—oo

Assumption 4. Weak recombination

limsup rxlogK < oo.
K—o0

Recall (3.1.11) and introduce the real number

_ farKlogK)_

3.1.17
S (3.L17)

px:=1-exp (
Then we have the following results whose proofs are deferred to Sections 3.5 and 3.6 :

Theorem 2. Suppose that Assumptions 7 and 2 hold. Then on the fixation event Fix“"X and
under Assumption 3 or 4, the proportion of alleles by when the A-population becomes extinct (time

A ) converges in probability. More precisely, if Assumption 3 holds,

ext

(K) ZA
P 'K)——bl’ >£) =0, Ve>0,

lim P(lFix(z(m‘K) a,b, ZA

K—o0

and if Assumption 4 holds,

. z®,K) ZAb _
lim [P’(lFix(Zuo_K) |‘@a,b1 - [(1 - pK)+ pKZ] ’ > 5) =0, Ve>0.

K—o00
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3.2. A semi-martingale decomposition

As stated in [Cha06], the selective sweep has a duration of order log K. Thus, when rglog K
is large, a lot of recombinations occur during the sweep, and the neutral alleles are constantly
exchanged by the populations A and a. Hence in the strong recombination case, the sweep
does not modifiy the neutral allele proportion. On the contrary, when r is of order 1/logK
the number of recombinations undergone by a given lineage does not go to infinity, and
the frequency of the neutral allele b; carried by the first mutant a increases. More precisely,
we will show that the probability for a neutral lineage to undergo a recombination and be
descended from an individual of type A alive at the beginning of the sweep is close to pk.
Then to know the probability for such an allele to be a by or a by, we have to approximate the
proportion of alleles b; in the A-population when the recombination occurs. We will prove that
this proportion stays close to the initial one z4j,/z4 during the first phase. With probability
1 - pk, a neutral allele originates from the first mutant. In this case it is necessarily a b;. This
gives the result for the weak recombination regime. In fact the probability for a neutral lineage
to undergo no recombination during the first phase is quite intuitive : broadly speaking, the
probability to have no recombination at a birth event is 1 —r, the birth rate is f; and the
duration of the first phase is logK/S,4. Hence as rg is small for large K, 1 — rx ~ exp(—rg)
and the probability to undergo no recombination is approximately

(1 — rg) 108K /Sar _ exp(—rg falogK/Saa) = 1— pk.
Remark 4. The limits in the two regimes are consistent in the sense that

lim K= 1.
rxlog K ﬂoop

Moreover, let us notice that we can easily extend the results of Theorems 1and 2 to a finite number
of possible alleles by, bo, ..., b; on the neutral locus.

Remark 5. As it will appear in the proofs (see Sections 3.5 and 3.6), the final neutral proportion
in the a population is already reached at the end of the first phase. In particular, the results are
still valid if the sweep is not complete but the allele a only reaches a fraction 0 < p <1 of the
population at the end of the sweep. The fact that the final neutral proportion is mostly determined
by the beginning of the sweep has already been noticed by Coop and Ralph in [CR12].

3.2 A semi-martingale decomposition

The expression of birth rate in (3.1.2) shows that the effect of recombination depends on the
recombination probability rx but also on the population state via the term nagn,g—nqpngg.
Proposition 1 states a semi-martingale representation of the neutral allele proportions and
makes this interplay more precise.
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3. Recombination and adaptation

Proposition 1. Let (a,z,K) be in of x ([Rif)* x N. The process (Péz'blf)(t), t=20) defined in (3.1.10)
is a semi-martingale and we have the following decomposition :

(z,K) _ p(z,K) (2,K)
Pmb1 (1) _Pa,b1 0) + M, ™ (1)
(z,K) (z,K) (2,K) (z,K)
t Ndb1 (YN (s)—Nab] (S)Ndbz (s)

+ rKfAf f I{N ab
a 2 (8)=1}
0 (NER () + DFANEO (5) + fu N ()

ds, (3.2.)

where the process (M,(f’K) (1), t=0) is a martingale bounded on every interval [0, t] whose quadratic
variation is given by (3.2.7).

To lighten the presentation in remarks and proofs we shall mostly write N instead of N=X),

Remark 6. The process Nyp, Nap, — Nap, Nap, will play a major role in the dynamics of neutral
proportions. Indeed it is a measure of the neutral proportion disequilibrium between the A and
a-populations as it satisfies :

NANa(Pap, = Pap,) = Nap, Nap, = Nap, Nap, - (3.2.2)

This quantity is linked with the linkage disequilibrium of the population, which is the occurrence
of some allele combinations more or less often than would be expected from a random formation of
haplotypes (see [Dur03] Section 3.3 for an introduction to this notion or [McV07] for a study of its
structure around a sweep).

Remark 7. By taking the expectations in Proposition 1 we can make a comparison with the results
of Ohta and Kimura [OK75]. In their work the population size is infinite and the proportion of
Javorable allele (y;, t = 0) evolves as a deterministic logistic curve :

d
% =sy:(1=yy).

Moreover, x1 and x, denote the neutral proportions of a given allele in the selected and non selected
populations respectively, and are modeled by a diffusion. By making the analogies

Nq(1) Nap, (1) _ Nap, (1)

Ne(t) = Na(8) + Ng(1), yr= m, x1(8) = m, X2(8) = m,

where N, is the effective population size, the results of [OK75] can be written

dE[Pq,p, ()] _ ElNap, () Na, (£) = Nab, (1) Nap, (1)]

dr g Na((NAD) + Na(1) ’
and
dE[P ), (D] E[Pyap, (1)(1~ Pgp, (1)) + o ENab, () (Nap, () Nap, (1) = Nab, () Na, (1))
dt - 2Ny (1) N2(£)(Na(1) + Ng(t)) '

Hence the dynamics of the first moments are very similar to these that we obtain when we take
equal birth rates fa = fa and a recombination rx =r/ fu. In contrast, the second moments of neutral
proportions are very different in the two models.
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Proof of Proposition 1. In the vein of Fournier and Méléard [FM04] we represent the population
process in terms of Poisson measure. Let Q(ds, df) be a Poisson random measure on Ri with
intensity dsd0, and (eqp, (a, ) € &) the canonical basis of R®. According to (3.1.3) a jump
occurs at rate

Y. (byg(N) +dgs(N)) = falNa +dg (N) + faNa+d (N).
(a,p)e&

We decompose on possible jumps that may occur : births and deaths for a-individuals and
births and deaths for A-individuals. It’s formula with jumps (see [[W89] p. 66) yields for every
function /2 measurable and bounded on R? :

t
h(N(1) = h(N(0) +f f { 2 (h(N(s_)  €aby ) o<o-1, 4(fuNuls) +dX (N(s)=bE, (N(s)

0 JR: “geos aby
+h(N(s™) + eqp,) lb{;bl (N(57))<O0-Lama(faNa(s7)+dX (N(s7)= faNa(s7)
+h(N(s7) - eqp,) Lo<O fuNa (57 ~LamaUfuNa(s7) 4 (NGsD=dE, (N(s)
+h(N(s™) — eqp,) ik, (N(s*))<9—faNa(s*)—la:A(faNa(s*)+d{f(N(s*))Sd§(N(s*)))
~ RN N g f. (5o (Vs )+ fANA(S_de(N(S_))}Q(ds, do).  (3.2.3)

Let us introduce the functions u% defined for a € o and (s,0) in R, x R by,

lNa(s)leabz (s)

a
Mg (N,s,0) (No(s) + DNa(5) 0<0—La=a(fuNa(9)+df (N()=DE, (N(s))

(3.2.4)

1N, (921 Nap, (5)
" (N (s) + )Ny (s) Dan, N<0-Taa(faNa(s)+dg (N(9)=faNals)

lNa(s)zzNabz (s)
- K K
(Ng(s) = D) Ng(s) 0<0—faNg () =1a=a(faNa($)+dg (N(S))Sdahl (N(s)

1N, (922 Nap, (5)
(Ng () — )Ny (s)  Yan, NV$N<0~faNa(9)=1a=a(faNa(s) +dg (N(s)<dg (N(s))"

Then we can represent the neutral allele proportions Py p, as,

t poo
Pgp, () = Py p, (0) +f f LN, s™,0)Q(ds,df), t=0. (3.2.5)
0 JO

A direct calculation gives

Nap, ($)Nqp, () — Ngp, (8) Nap, ($)
(N (8) + D) (faNa($) + faNa(s)) -

Thus if we introduce the compensated Poisson measure Q(ds,dO) := Q(ds,d) — dsdf, then

fo Hx (N, 5,0)d0 =k fafalNy(9)=1)

t proo
M (1) ::f f L% (N, s~,0)Q(ds, db)
0 JO

t Nap, (8)Nab, (8) = Nap, (5) Nap, (5)
= P t)— P O - l >
a,b, (1) = Py, p, (0) rKfAfafO (Na(s)21} (Na () + D (faNA®) + faNa(s)
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is a local martingale. By construction the process Py ;, has values in [0,1] and as rg <1,

fs Nd’blNC(bz_NdblNdbz

1y > < t<f,t, t=0. 3.2.6
o NeEY NG+ 1) (faNA + faNa) "k fal < Ja (8.2.6)

sup |rKfAfa

S<t

Thus M, is a square integrable pure jump martingale bounded on every finite interval with
quadratic variation

t proo 2
Mgy, = f f (1, 5,0)) dsas
0 Jo
t Cw,A Ctx,a lNazthx
- fo {Pan (1= Pap)| (D + LN+ N N1
f(ZN(Z (NdblNocbz_NablNdbz)(l_ZPa bl)
— = |47 1inv = . .(3.2.7
(Na+1)2] KAL) ™ (N N (FuNa + fale) -827)
This ends the proof of Proposition 1. 0

Remark 8. By definition of the functions u$ in (3.2.4) we have for all (s,0) in Ry xRy,
Ui (N, s,0)u% (N, s,0) = 0. (3.2.8)

Lemma 1 states properties of the quadratic variation (M) widely used in the forthcoming
proofs. We introduce a compact interval containing the equilibrium size of the A-population,

XK= [K(ﬁA—Zs%),K(ﬁA+2£%)] AN, (3.2.9)

and the stopping times TgK and Sf , which denote respectively the hitting time of [eK] by the
mutant population and the exit time of IX by the resident population,

X =inf{r=0,Nf (0= leK]}, SK:=inf{r=0,N5(® eI}, (3.2.10)
Finally we introduce a constant depending on a € of and v e R},
C(a, v) 1= 4Dg +2fy +4(Can + Ca,a)V. (3.2.11)
Lemma 1. For v<oo and t =0 such that (NI(L‘Z’K)(I),N,(IZ’K)(I)) € [0, vK]?,

d 0 2 1N, (021
i@ K)y a (n1(z,K) 2N (f)z1
<Mar >t _‘[(; (I’LK(N ’ t’e)) do = C(a’ U) Na(t) ’

. 3.2.12
PP ae (3.2.12)

Moreover, under Assumptions 7 and 2, there exist ko €N, €9 >0 and a pure jump martingale M
such that fore < ey and t =0,

SaA

oo 2 -
eThm NTEASE f (e NETD, A TEASE,0)) d0 < (ko + DC(@, 270 My g s, (3:213)
0 £ =

and
1
<

B k()+1.

(3.2.14)

[E[Mt/\TSK/\Sf
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3.3. Proof of Theorem 1

Démonstration. Equation (3.2.12) is a direct consequence of (3.2.7). To prove (3.2.13) and
(3.2.14), let us first notice that according to Assumption 1, there exists ko € N such that for €
small enough and ke Z,,

fa(ko +k-1)—(Dg+ Ca,AflA + E(Ca,a + 2CA,aCa,A/CA,A))(ko +k+1)
ko + k-1

S
= —.
2

This implies in particular that for every t < TX A SK,

FaNa(1)(Na (1) + ko — 1) — dX (N(£)) (N4 (1) + ko +1) o _ SaaNa(®) _ SaalN,m=1

(Ng(8) + ko —1)(Ng(8) + ko +1) T 2(Ng(D+ko+1) T 2(ko+1)
(3.2.15)
where the death rate dX has been defined in (3.1.3). For sake of simplicity let us introduce the
process X defined as follows :

X(1) =

e s)

1
NoD+ ko P ok + 1))

Applying It’s formula with jumps we get for every £ >0 :
X(tATEASK) = M(enTE A S+

f‘ATeK nSE ( San__ faNa(s)(Na(s) + ko= 1) — d (N($)(Na(s) + ko + 1)
0 2(ko+1) (Na(s) + ko= D) (Na(s) + ko + 1)

|X9ds, (3.216)

where the martingale M has the following expression :

_ S
M(t ds,do aA
(= H Qs vy exp ;%)
1 < 1 < - 1 < - -
[ 9—_fa al n faNa(s™ )<9__faNa(S )+d,(N(s7)) _ 9_fuNa(S_)+du(N(S ) (3‘2‘17)
Na(s)+k0+1 No(s)+ko—1 N, (s7) + ko

Thanks to (3.2.15) the integral in (3.2.16) is nonpositive. Moreover, according to (3.2.12), for
< TSK A Sf, as 26Cx,q/Ca,a < 714 for € small enough,

> 2 _ An,m=1
@ (NER 1 0))"do < Cla,2i,) —2=L
fo (.UK( )) =C(a,2na) AT
Saat
< (ko +1)C(a,272) X (D) exp - 2(/:—/11)) (3.2.18)
0
which ends the proof. 0

3.3 Proof of Theorem 1

In this section we suppose that Assumption 1 holds. For € < Cy 4/Cya A 2[Saal/Caq and
z in IRAX@ x (IR“X‘@ \ (0,0)) we introduce a deterministic time f.(z) after which the solution
(nff) (Z)) of the dynamical system (3.1.4) is close to the stable equilibrium (0, 72,) :

t:(2) :=inf{s 20,V 2 5, (n? (1), n? (1)) € [0,6% /2] x [71 — £/2,00)}. (3.3.1)
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3. Recombination and adaptation

Once (nff), nﬁf)) has reached the set [0,£2/2] x [71, —€/2,00) it never escapes from it. Moreover,

according to Assumption 1 on the stable equilibrium, #(z) is finite.

First we compare the population process with the four dimensional dynamical system (3.1.15)
on the time interval [0, Zz(2)]. Then we study this dynamical system and get an approximation
of the neutral proportions at time f.(z). Finally, we state that during the A-population extinction
period, this proportion stays nearly constant.

Comparison with a four dimensional dynamical system

Recall that n®X) = (nfle’aK), (a, B) € &) is the solution of the dynamical system (3.1.15) with initial
condition z. Then we have the following comparison result :

Lemma 2. Let z be in RS and € be in R*. Then

lim sup IN®EO (s)/ K- n®O )1 =0 in probability (3.3.2)

K—oo $<t:(2)
where ||.| denotes the L' -Norm on R®.

Démonstration. The proof relies on a slight modification of Theorem 2.1 p. 456 in Ethier and
Kurtz [EK86]. According to (3.1.1) and (3.1.2), the rescaled birth and death rates

ndﬁnaﬁ — naﬁndﬁ
fana+ fana

- 1
bgﬁ(m = Ebgﬁ(Kn) = fallap + Tk fafa , (a,pe&neN® (333

and
< 1
dep(n) = Edfﬁ (Kn) = [Dg + Co,ania+ Coalia) nap, (@, ) €&, ne N, (3.3.4)

are Lipschitz and bounded on every compact subset of N€. The only difference with [EK80] is
that i)fﬁ depends on K via the term rg. Let (Yl.(aﬁ), i€{1,2},(a, B) € &) be eight independent

standard Poisson processes. From the representation of the population process N'*X) in (3.2.3)
we see that the process (N@K)(£), t = 0) defined by

t 3
NEO (f) = 1zK] + y@p f K (N@K () ds| - v %P f dX . (N@K s)yds)|,
3 [ agnonas) vty

has the same law as (N®X) (), t = 0). Applying Definitions (3.3.3) and (3.3.4) we get :

N&EK) (1) |zK] t - N&K) (s) . (N®K (s)
= Mart®0(t [ b | ————| - dap| ————||ds,
K g Mo, (a%ege“ﬁ( A o |

where we recall that (eqg, (a, B) € &) is the canonical basis of R‘f and the martingale Mar &K
is defined by

Mart®% .= l Z

% i V&l - r . NGEK
D R e R ]
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3.3. Proof of Theorem 1

and (Yl.(aﬁ)(u) = Yl,(aﬁ)(u) —-u,u=0,i€{l,2},(a,p) € &) are the Poisson processes centered at
their expectation. We also have by definition

t

n(z'K)(t)=Z+f Y eap(bip (0 (9) = dap (0 ()] ds.

0 (a,Be&
Hence, for every f =< t:(2),
NGO (¢ zK
— ( )—n(“o(t)| < —LKJ — 2|+ |Mar (=0 (1)

! _ L NGEK ) i
+f(; (a%eg’(bgﬁ - daﬁ)(w) _ (bgp _ daﬁ)(n(z'K)(S)) )ds,

and there exists a finite constant £ such that

N(z,K) (1)

1 t) N@&K (g
n@ 0| = < + [Mar =9 1) +Jff ‘—( ) n“5(s)|ds.
K K ol K

But following Ethier and Kurtz, we get

lim sup |[Mart®®|=0, as.,

K—005<1,(2)
and using Gronwall’s Lemma we finally obtain

lim sup [[N®®(s)/K-n®B(s)]=0 as.

K—oo ¢< te(2)

As the convergence in law to a constant is equivalent to the convergence in probability to the
same constant, the result follows. ]

Once we know that the rescaled population process is close to the solution of the dynamical
system (3.1.15), we can study the dynamical system.

Lemma 3. Let z be in RS such that z4 >0 and z, > 0. Then n#0 (1) and nilzéf()(t) have a finite
limit when t goes to infinity, and there exists a positive constant €y such that for every € < €,

(z,K) (z,K)
| nab1 (00) _ nab1 (£ (2) < 2fa£2
n0 o) n@M (1. (2))! " nalSaal
Démonstration. First notice that by definition of the dynamical systems (3.1.4) and (3.1.15),
n$* = nl for a € of and ze RE. Assumption 1 ensures that n'? (1) goes to 71, at infinity. If

we define the functions

(z,K) _ (2,K); .(2) (z,K) _ ,(,K) _  (2,K)
P = b, Iny’, ae€gl, and g =Pab ~Pap
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3. Recombination and adaptation

. K ,
we easily check that ¢: (n(sz), n(zb ), n;zbfo, n%® K)) (nff), nE,Z),g(Z’K) (2 K)) defines a change

of variables from ([R?fr)g to IRZ* x]—1,1[x]0,1[, and (3.1.15) is equivalent to :
1 = (fa— (Do + Caan'? + Co,anPNny, aeot

g (z,K) — _g(z K)(rKfAfa(n(Z) + nﬁf))/(fAn(Z) + fan(Z) ) (335)

py =g= o (foAfan(Z)/(fAn + fang )
with initial condition

(n(0),nP ), 0 0), pZ,) ) (0) = (24, 24 246, 24 = Zab, | 2as Zab, | 2a)-
Moreover, a direct integration yields
K K K
pi (0 = pE @ - (pE 0 - pii O F(z, 7k, 1), (3.3.6)

where F has been defined in (3.1.12). According to (3.1.13), F(z,rk, t) has a finite limit when ¢
goes to infinity. Hence p(ZK) also admits a limit at infinity. Let € < [Saql/Caq A Cyal/Caa A
N4/2, and t.(z) defined in (3 3.1). Then for t = t,(2),

AP (1) < (fa=Da=Caalita—€/2))n (1) < Saan§ (1)/2 <0.

Recalling that rg <1 and |g(#)| <1 for all £=0 we get :

P (00) - (Zm(tg(z))|f fafany — _ fae feSAaS’st<( 2fa€

Pab t:(2) fAnff) + fun?  fla—€l2 Jo T (g —€/2)|Sqal’
(3.3.7)
which ends the proof. 0

A-population extinction

The deterministic approximation (3.1.15) fails when the A-population size becomes too small.
We shall compare N4 with birth and death processes to study the last period of the mutant
invasion. We show that during this period, the number of A individuals is so small that it has
no influence on the neutral proportion in the a-population, which stays nearly constant. Before
stating the result, we recall Definition (3.1.9) and introduce the compact set © :

0:={zeRPZxRV? zy<e? and |z,— gl <€}, (3.3.8)
the constant M" =3+ (fz + Cy,4)/ Cy,a, and the stopping time :
UK(z):= inf{ t=0, NP () > eK or INFR (1) - K| > M”eK}. (3.3.9)

Lemma 4. Let z be in ©. Under Assumption 1, there exist two positive finite constants ¢ and &
such that for € < €,

limsup P( sup P;Zif)(t) - Pif}flo (0)’ > e) < ce.

Koo i
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3.3. Proof of Theorem 1

Démonstration. Let z be in ® and Z' be a birth and death process with individual birth rate
f4, individual death rate D4+ (i, — M"€)C 4 4, and initial state [¢2K]. Then on [0, UX (2)[, Na
and Z! have the same birth rate, and Z! has a smaller death rate than Ny4. Thus according
to Theorem 2 in [Cha(6], we can construct the processes N and Z! on the same probability

space such that :
Na(t)< 7}, Vi<UKX(2). (3.3.10)

Moreover, if we denote by TO1 the extinction time of Z!, TO1 :=inf{r =0, le = 0}, and recall
that

fa—=Da—(lg—M"€)Cpq=Saa+M"Cpae<Saal2<0, Ve<|SaqllCM"Caq), (3.311)
we get according to (A.10) that for z <&? and

L(g,K) =210gK/|Spaq+ M"€Cp 4l,

P (TO1 < L(s,K)) > exp ([SZK] [1og(K2 —1) —log(K? — fa(D g + (fig — M”e)cA,a)‘l)] )

Thus :
lim Progg (13 < Le,0) = 1. (3.3.12)

Moreover, Equation (A.4) ensures the existence of a finite ¢ such that for £ small enough,
P(Le, K) < U (D)= 1-ce. (3.3.13)
Equations (3.3.12) and (3.3.13) imply

liminf (T} < Lz, K) < UK (2)) = 1 ce (3.3.14)

K—o0

for a finite ¢ and € small enough. According to Coupling (3.3.10) we have the inclusion
(T} < L(e, K) < UX(2)} <{TK, < L(e, K) < UK (2)}.
Adding (3.3.14) we finally get :

liminf P(TX, < Le, K) < UX(2) = 1-ce. (3.3.15)
—00

Recall the martingale decomposition of P, in (3.2.1). To bound the difference [P, (£) —
P, p, (0)] we bound independently the martingale M,(¢) and the integral |P, p, (£) — Py p, (0) —
M (2)]. On one hand Doob’s Maximal Inequality and Equation (3.2.12) imply :

£
IP( sup IMa(t)|>—)
t<L(g, K)AUK 2

IA

4
E—Z[E[<Ma>L(£,K)/\U§(Z)

4C(a,fig+ M"e)L(g, K)
2K (iiy— M"¢)
8C(a, fiq+ M"e)logK

= . 3.3.16
2K (ig— M"€)|Saq+ M"eCy 4l ( )

IA

99



3. Recombination and adaptation

On the other hand the inequality |[Nap, Nap, — Nap, Nap,| < NaNg yields for £ =0
‘ftAUgK(Z) rx fafa(Nap, Nab, — Nab, Nap,) <ft/\UgK(z) faNa
(Na+1)(fANA+faNa) B 0 (_ —EM”)K.

Hence decomposition (3.2.1), Markov’s Inequality, and Equations (3.3.10), (A.8) and (3.3.11)
yield

ZfAE t SAaS 4fpe

K

P(|(Pusy ~ M A UE @) - Pa O] > §) = f e T
(3.3.17)

Taking the limit of (3.3.16) when K goes to infinity and adding (3.3.17) end the proof. 0

End of the proof of Theorem 1
Recall Definitions (3.1.9) and (3.3.1). We have :

P(zK (TZK)) (zK (OO)|

PEOTE) - PEO 12|+

ext

ZK)(tE(Z)) (z, K)(OO)

P te(2) - p &P (tg(z))|

To bound the two last terms we use respectively Lemmas 2 and 3. For the first term of the
right hand side, (3.1.5) ensures that with high probability, N®X)(#:(z)) € © and #.(2) < T,Z (@ K).
Lemma 4, Equation (3.1.14) and Markov’s Inequality allow us to conclude that for & small
enough

K)(T(Z

= piE Y (00)] > 3e) < ce,

limsup P(Ly0|P%;

K—oo
for a finite ¢, which is equivalent to the convergence in probability. Adding (3.3.6) completes
the proof.

3.4 A coupling with two birth and death processes

In Sections 3.5 and 3.6 we suppose that Assumptions 1 and 2 hold and we denote by NX
the process NER | Ag it will appear in the proof of Theorem 2 the first period of mutant
invasion, which ends at time TX when the mutant population size hits |eK], is the most
important for the neutral proportion dynamics. Indeed, the neutral proportion in the a-
population has already reached its final value at time TX. Let us describe a coupling of the
process NX with two birth and death processes which will be a key argument to control the
growing of the population a during the first period. We recall Definition (3.2.10) and define for
€<8aal2Cq4CAal Can+Caa),

SaA 2Ca,ACA,a + Ca,a CA,A SaA Ca ACA a

s_(&)i=——¢ , and s.(g):= +2e———"—. 3.4.1
fa faCA,A i fa faCA,A ( )
Definitions (3.1.3) and (3.1.8) ensure that for # < TX A SK,
dX(NK (1) C )
faQ=54(€) < =" = f=Saa+ —=A (NK (1) - L) < fa(-s_(e), (3.4.2)

NK()
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3.5. Proof of Theorem 2 in the strong recombination regime

and following Theorem 2 in [Cha06], we can construct on the same probability space the
processes Z., NX and Z} such that almost surely :

Z: ()< NNy <zH @, forall t<TXASK, (3.4.3)

where for * € {—,+}, Z7 is a birth and death process with initial state 1, and individual birth
and death rates f; and f;(1 — s.(€)).

3.5 Proof of Theorem 2 in the strong recombination regime

In this section, we suppose that Assumptions 1, 2 and 3 hold. We distinguish the three periods
of the selective sweep : (i) rare mutants and resident population size near its equilibrium value,
(ii) quasi-deterministic period governed by the dynamical system (3.1.4), and (iii) A-population
extinction. First we prove that at time TX proportions of b; alleles in the populations A and a
are close to z4p,/z4. Once the neutral proportions are the same in the two populations, they
do not evolve anymore until the end of the sweep.

Lemma 5. There exist two positive finite constants ¢ and €y such that for e < g :

ZAb,

lim sup E[ 175 { +| Pk, (8 = K, ()]} < ce.

K—o0

K (7K
Pande)- zA

Démonstration. First we bound the difference between the neutral proportions in the two

populations, |Pg p, (£) — P p, ()], then we bound |Py4 p, (£) — zap, / zal. For sake of simplicity we

introduce :

Nap, () N ap, (1) = Ngp, (1) Nap, (1)
Na(t)Ng(1)

Y(t)=GA(pe'*/a1"2 V=0, (3.5.2)

G(t):= Pap, (1) = Py p, (1) = , V=0, (3.5.)

Recalling (3.2.8) and applying It’s formula with jumps we get
¢
Y (£ ATEASK) = Y(0) + N, iy g + rKf Liqsnst (Fal2= H©)| Y (9)ds
£ £ 0 £ &

t
rKfs/Z
+f 15<T§/\S§e ¢ dsf
0 R,

where M is a martingale with zero mean, and H is defined by

(v, s,e))2 + kv, s,e))z] do, (3.5.3)

2 N4 (B)N, (¢ 1 1
H(p) = 2LafaNAONa(D) [ + ]z&, t<TKASK, (3.5.4)
JaNa(O) + faNa(£) LNaA(£) +1  Ng(1)+1 2
for € small enough. In particular the first integral in (3.5.3) is non-positive. Applying Lemma
1 we obtain :
2C(A,2n rxfat
ElY(tATEAS)) < 1+ _20(4,2n,) e 5"
rk fa(fia—2€Ca,al Ca,A) K
t ~ Kfa __Saa )s
+f (ko + 1)C(a,2ﬁA)[E[MMTKASK ez Tmm ¥ g
0 € €
rxfat rxfa Sa
< c(l PRSI _Z%f”)t), (3.5.5)
KI’K
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3. Recombination and adaptation

where ¢ is a finite constant which can be chosen independently of € and K if ¢ is small en-
ough and K large enough. Combining the semi-martingale decomposition (3.2.1), the Cauchy-
Schwarz Inequality, and Equations (3.2.12) and (3.5.5) we get for every £ =0,

Lzap, K] ”

E[[Pan (e TS A SE) - e

<E[IMs(t A TEASEN] + i Ja€

t
El1l G(s)lds
nA—ZECA’u/CA’Aj(; [ s<TXnsk] ()I]

<E'? [<MA> tATEASK

t
+ch£f [EUZ[Y(S/\ TEA Sf)]e_r’(f““‘lds
0

t
c(\/ t/K+£rKf

- 1 _ 1/2
(e rifasi2 | te SaAs/Z(kOH)) ds),
0

Kr[(

where c is finite. A simple integration then yields the existence of a finite ¢ such that :

6 [Pasy e 78 58 - | < of L ref1+ L) .50

Let us introduce the sequences of times

t() 1- cs)

logK
and t}:) =1+ ce) 8 ,
aA aA

where ¢ is a finite constant. Then according to Coupling (3.4.3) and limit (A.11),

: K (=)7K Ky _ 13 K () K Ky _
lim P(TE < 1T < 57 = Jim P(TE > 21T < 55 =0, (3.5.7)

Hence applying (3.5.6) at time tg) and using (A.3) and (3.5.7), we bound the first term in the
expectation. To bound the second term in the expectation, we introduce the notation

Ale, K) := [E[lt}g)sT§SS§/\t}j) Pibl(TeK/\Sf) _Pclz(,hl(TsK/\Sf

From (3.5.7) we obtain

limsup [E[l TK <K
K—oco

P, (15~ P, (T5)]] = limsup A(e, K0, (3.5.8)

K—o0

and by using (3.5.2), the Cauchy-Schwarz Inequality, and (3.5.5) we get

_rkfa (-
Ale,K) < [E[\/Y(t(+)ATg<AS§)]e ol
Kfu —
< [E”Z[Y(t“)ATKAsK)] e
K [ S, (+\1/2 -
< C(1+Le”<fﬂtf(<+)’2+e(ga 2<’<{3fl])t+) ey
'k
rxfa (=) 1 crerg falogK (clerfalogK SaA [(H)
= C(e i 4 e 2Saa +e 2544 4(kg+1) “K )
KTK
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3.5. Proof of Theorem 2 in the strong recombination regime

where the value of the constant ¢ can change from line to line. Assumption 3 then yields

limsup A(e,K) =0,

K—o0
and we end the proof of the second bound by applying (3.5.8). 0

The following Lemma states that during the second period, the neutral proportion stays
constant in the a-population.

Lemma 6. There exist two positive finite constants ¢ and €y such that fore <e :

NK(TeK))) _ Zab

limsup E [ Lk gk X Z

K—o00

Py, (T +1e(

]SCE.

Démonstration. Let us introduce, for z € R‘f and € > 0 the set I and the time ¢, defined as
follows :

- &
r:={zerf,

_ CA,a
za—Tig| <2e—2,
Caa

za—£| sg}, te :=supit.(z),z €T}, (3.5.9)

where #;(z) has been defined in (3.3.1). According to Assumption 1, #; < oo, and

I(T,¢) :=inf inf {n'? (1), nE (1)} >0,
zel t<t,

and we can introduce the stopping time
LX(2) =inf{t =0, (NN (), NEX (1) € (1T, )K /2, (7a + 72 K1*}. (3.5.10)

Finally, we denote by (gtK,t > 0) the canonical filtration of NX. Notice that on the event
{TEK < Sf}, N(TEK)/Ke I, thus tE(N(TEK)/K) < t¢. The semi-martingale decomposition (3.2.1)
and the definition of G in (3.5.1) then twice the Strong Markov property and the Cauchy-
Schwarz Inequality yield :

N(TS)

N(TK
Pa,bl(TgK+ tE(T) AL?(%)) _Pa,bl(TgK)”

E[1T§Ss§
N(TS)

T€K+t£/\Lf(T)
+faf |G||9‘TK”
TX €

N(TX)
K

N(TX)
K

< B[ 1o B[ | Mo TE + 1RG0 A LKD) - Mo(T5)

N(TK)

12 TE+ 6 A LS (—F)
fuVGE [ [

<E |1 g {E2] (M0) Fy

2|7}

(3.5.11)

Ky —(Mg) 1k
TK+t. ALK (—N(I? )) Te

To bound the first term of the right hand side we use the Strong Markov Property, Equation
(3.2.12) and the definition of LX in (3.5.10). We get

< ft‘fc(“’ Ratia 509

1/2
[E[ITEKSsg;[E [(Ma> IT,e)K

F TEK]

Ky —{(Mpg)x
T§+tSAL§(%) T
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3. Recombination and adaptation

Let us now focus on the second term. It’s formula with jumps yields for every ¢ =0,
2 K /N 2
E[G2(en LEAR)| <EIGP ) +E <MA>ML§($)] +[E[(Mu)ML§($) ,
and adding the Strong Markov Property we get

PRLE 5)
TR+t ALK (—5)

< sup [E“Z[f (&( s/\Lf(%))—GZ(O))ds)N(O): 2K | + 1 e VEIG(TE)

zel

2 1/2
— K
Ssup[f E[(Ma) s +(Ma)sAL§(NI(<0))”N(O)—LzKJ]ds] + Lyross VEIGTO).

zel

Using again Equation (3.2.12) and the definition of LX in (3.5.10), and adding Lemma 5 finally
lead to

fsare{ [ e
TK<sK TX

for € small enough and K large enough, where c is a finite constant. Moreover (3.1.5) ensures
that

< c(%{ +e), (3.5.13)

N(TX) N(TK)

[FD(TEKSSK LK( N(TH NS )

)= (M) <p(ME e 0, LKA < (MY ) =0

where © has been defined in (3.3.8). Adding Equations (3.5.11), (3.5.12), (3.5.13) and Lemma 5,
we finally end the proof of Lemma 6. 0

Proof of Theorem 2 in the strong recombination regime. Let us focus on the A-population extinc-
tion period. We have thanks to the Strong Markov Property :

K N(T
P(IN(Tf+t€(N(TEK)/K))€® abl(TXt) Pop, (T + te( ))’>\/_)

< sup P(|Py,, (TS - a,bl(0)|>\/E|N(0)=LzKJ). (3.5.14)
ze®

But Equation (3.1.5) yields P(N(TX + £ (N(TX)/K))/K € OIN(TX)/K €T) » k00 1, and {TX <
SK} < {N(TX)/K € T}. Adding Equation (A.6) and Lemmas 4 and 6, the triangle inequality
allows us to conclude that for £ small enough

ZAp,

limsup IP( >\/_’F1x ) CE.

K—o0

b( t)_

As PFixX) = g_oo Saa/ fa >0, it is equivalent to the claim of Theorem 2 in the strong
regime. ]
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3.6. Proof of Theorem 2 in the weak recombination regime

3.6 Proof of Theorem 2 in the weak recombination regime

Coupling with a four dimensional population process and structure of the
proof

In this section we suppose that Assumptions 1, 2 and 4 hold. To lighten the proofs of Sections 3.6
to 3.6 we introduce a coupling of the population process N with a process N = (Nyp, (@, f) € &)
defined as follows for every £ =0 :

N = 1o N+ 1sgrean, Nan, (557 + ean, Nan, ((S5)7) (3.6.)

t
+f f {eabllesbe (N(s) T €aby 1pk (N(s)<0<f, N (s)
0 JR, aby aby
~€ab Lo<o- 1, N, (s)=d¥, (N(s )
_eabg ldé(bl (N(s‘))<9—faNa(s')Sd§(N(s")) }Q(ds, d@)), (3.6.2)
where the Poisson random measure Q has been introduced in (3.2.3). From (A.5) we know that

limsup P({3t < TX, N(t) # N(1)}, TX < 00) < ce. (3.6.3)

K—o0o

Hence we will study the process N and deduce from this study properties of the dynamics
of the process N during the first phase. Moreover, as we want to prove convergences on
the fixation event FixX, defined in (3.1.9), inequalities (A.6) and (3.6.3) allow us, to study the
dynamics of N during the first phase, to restrict our attention to the conditional probability
measure :

PL) =P(ITX <o00), (3.6.4)

where TX is the hitting time of [¢K] by the process N, :
X =inf{r=0, N (0 = Lek1}. (3.6.5)

Expectations and variances associated with this probability measure are denoted by £ and Var
respectively.

Let us notice that, as by definition Na(t) € If for all £ =0, Coupling (3.4.3) with birth and
death processes Z; and Z; holds up to time TX for the process N :

Z;(<NKwy <z @), forall t<TK (3.6.6)

The sketch of the proof is the following. We first focus on the neutral proportion in the a
population at time TX. The idea is to consider the neutral alleles of the a individuals at time
TEK and follow their ancestral lines back until the beginning of the sweep, to know whether
they are descended from the first mutant or not. Two kinds of events can happen to a neutral
lineage : coalescences and m-recombinations (see Section 3.6); we show that we can neglect
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3. Recombination and adaptation

the coalescences and the occurrence of several m-recombinations for a lineage during the first
period. Therefore, our approximation of the genealogy is the following : two neutral lineages
are independent, and each of them undergoes one recombination with an A-individual during
the first period with probability pg. If it has undergone a recombination with an A-individual,
it can be an allele by or by. Otherwise it is descended from the first mutant and is an allele b;.
To get this approximation we follow the approach presented by Schweinsberg and Durrett in
[SDO5]. In this paper, the authors described the population dynamics by a variation of Moran
model with two loci and recombinations. In their model, the population size was constant and
each individual has a constant selective advantage, 0 or s. In our model the size is varying
and each individual’s ability to survive and give birth depends on the population state. After
the study of the first period we check that the second and third periods have little influence on
the neutral proportion in the a-population.

Coalescence and m-recombination times

Let us introduce the jump times of the stopped Markov process (NX(1),t < TX), 0=:7§ <
X <. <78 := TK, where JX denotes the jump number of N between 0 and TX, and the
time of the m-th jump is :

o =inf{e>78 | WK # N @K _p} 1=m< 5.

Let us sample two individuals with the a allele uniformly at random at time 7X and denote
by B, and (4 their neutral alleles. We want to follow their genealogy backward in time and
know at each time between 0 and TX the types (A or a) of the individuals carrying §, and f.

We say that B, and B, coalesce at time 7%, if they are carried by two different individuals
at time 7X, and by the same individual at time ‘[ 1- In other words the individual carrying
the allele Bp (or Bg) at time 75, is a newborn and has inherited his neutral allele from the
individual carrying allele , (or ) at time & _,. The jump number at the coalescence time

is denoted by

sup{m < ]K,,Bp and f, coalesce at time T8y, if Bp and B4 coalesce
—00, otherwise.

TCX (B, By) ::{

We say that 5, m-recombines at time 7K if the individual carrying the allele Pp at time
Tﬁ is a newborn, carries the allele a € o, and has inherited his allele 5, from an individual
carrying allele @. In other words, a m-recombination is a recombination which modifies the
selected allele connected to the neutral allele. The jump numbers of the first and second

(backward in time) m-recombinations are denoted by :

TRK(,B )im sup{m < ]K,ﬁp m-recombines at time TI,;}, if there is at least one m-recombination
LR —oo, otherwise,
sup{m < TRF(,Bp),,Bp m-recombines at time Tﬁ}, if there are at least two
TRf(,Bp) = m-recombinations

—00, otherwise.
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3.6. Proof of Theorem 2 in the weak recombination regime

Let us now focus on the probability for a coalescence to occur conditionally on the state of
the process (N4, N,) at two successive jump times. We denote by pg<,, (1) the probability that
the genealogies of two uniformly sampled neutral alleles associated respectively with alleles a
and aj € of at time TK coalesce at this time conditionally on (NK(Tm D NK(Tm ) =ne N2
and on the birth of an individual carrying allele a; € &/ at time T . Then we have the following
result :

Lemma 7. For every n=(na,ng) € N? and a € of, we have :

rk fa
(Mg +1)(fana+ fang) ’

( __rkfana
ng(ng +1) fana+ fang

pk(n) = ) and pi(n)= (3.6.7)
Démonstration. We only state the expression of pa’fx(n), as the calculations are similar for

CK (). If there is a m- recombination we cannot have the coalescence of two neutral alleles
assoc1ated with allele a at time ‘r . With probability 1 —rx fang/(fana+ fang) there is no
m-recombination and the parent giving its neutral allele carries the allele a. When there is no
m-recombination, two individuals among those who carry allele @ also carry a neutral allele
which was in the same individual at time T - We have a probability 2/n,(nq +1) to pick

this couple of individuals among the (n4 + 1) a -individuals. ]

Remark 9. A m-recombination for a neutral allele associated with an « allele is a coalescence
with an @ individual. Thus if we denote by p;¥(n) the probability that an a-individual, chosen
uniformly at time T¥,, is the newborn and underwent a m-recombination at his birth, conditionally

on (N¥ (X _),NX@X ) =neN? and on the birth of an individual a at time T%, we get

narx fa
(ng + 1)(fAnA +fana) .

& (n) = napgs(n) = (3.6.8)

Moreover, if we recall the definition of IX in (3.2.9), we notice that there exists a finite constant c
such that for k < |eK|,

(l—cs)er < inf pa(na, k)< sup PZK(HA,k)Sk—

nAE nAEIf 1

(3.6.9)

Jumps of mutant population during the first period

We want to count the number of coalescences and m-recombinations in the lineages of the
two uniformly sampled neutral alleles 5, and f,. By definition, these events can only occur
at a birth time. Thus we need to study the upcrossing number of the process NX before
TX (Lemma 8). It allows us to prove that the probability that a lineage is affected by two
m-recombinations or that two lineages coalesce, and then (backward in time) are affected by a
m-recombination is negligible (Lemma 9). Then we obtain an approximation of the probability
that a lineage is affected by a m-recombination (Lemma 10), and finally we check that two
lineages are approximately independent (Equation (3.6.31)). The last step consists in controlling
the neutral proportion in the population A (Lemma 11). Indeed it will give us the probability
that a neutral allele which has undergone a m-recombination is a by or a bs.
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3. Recombination and adaptation

Let us denote by ¢ Ik( the jump number of last visit to k before the hitting of |eK],
Clk( :=sup{m < JK Nf(rﬁ) =k}, 1<k<|eK]. (3.6.10)

This allows us to introduce for 0 < j < k < [¢K| the number of upcrossings from k to k+1 for
the process NX before and after the last visit to j :

U](.i'” = #me0,..., 05 =13, (Nf (1)), N (1h,,1)) = (k k+ D}, (3.6.11)
U](ﬁf) =#me (5 T -1, (VK@) NE@K L ) = (k k+ 1)) (3.6.12)

We also introduce the number of jumps of the A-population size when there are k a-individuals
and the total number of upcrossings from k to k+ 1 before TX :

HS =#{m<J5, NS @l) =NF X, 0=k, (3.6.13)

Uk = U}ﬁ’” + Uﬁf) =#m < J5, (NK@K), NK @K ) = (k, k+ 1)), (3.6.14)

The next Lemma states moment properties of these jump numbers. Recall Definition (3.4.1).
Then if we define
 (1-s_(e)?

= 3.6.15
(1-s54+(8))? ( )

£

which belongs to (0,1) for € small enough, we have

Lemma 8. There exist two positive and finite constants €y and c such that for € < €y, K large
enough and 1 < j < k < |eK],

_ k—j
. 12fanaK o (k12 41,
lHK) < ZSATAR D g gKD2 < e 3.6.16
Hil=Geon Yk = Tea—se (3.616)
- 2 N K2) 1K k-]
U = 5 ’COV(UJ.]k ,Uj)’Sc(£+(1—s_(£)) ), (3.6.17)
and
leK]-1 F[UK]
Ik i _JalogK |<ce. (3.6.18)

=1 k+1 SaA

This Lemma is widely used in Sections 3.6 and 3.6. Indeed, we shall decompose on the
possible states of the population when a birth occurs, and apply Equations (3.6.7) and (3.6.8)
to express the probability of coalescences and m-recombinations at each birth event. The
proof of Lemma 8 is quite technical and is postponed to Appendix B.
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3.6. Proof of Theorem 2 in the weak recombination regime

Negligible events

The next Lemma bounds the probability that two m-recombinations occur in a neutral lineage
and the probability that a couple of neutral lineages coalesce and then m-recombine when we
consider the genealogy backward in time.

Lemma 9. There exist two positive finite constants ¢ and €y such that for K €N and € < ¢,

. and B(0=TRK(B,) = TCX (B, By)) = ——.

B(TRE(B) # ~o0) < e K

c
logK
Démonstration. By definition, the neutral allele 5, is associated with an allele a at time TX. If
there are at least two m-recombinations it implies that there exists a time between 0 and TX
at which 8, has undergone a m-recombination when it was associated with an allele A. We
shall work conditionally on the stopped process ((NA(Tfn),Na(Tﬁ(n)),m < JK) and decompose
according to the a-population size when this m-recombination occurs. We get the inclusion :

lek)-1 JK . 5
{TRX By #£-c0tc I U {TRﬁ‘(ﬁp) =m, N(tX ) = N,(%) = k}.
k=1 m=1

We recall the definition of Ig in (3.2.9). Thanks to Equations (3.6.8) and (3.6.16), we get :
leK]-1

P(TRy (Bp)#-00)= 3. sup p(na EIH] = o0

k=1 I’ZAEI§

12rxnipe
A—2€Ca4/Caa)%

Assumption 4 on weak recombination completes the proof of the first inequality in Lemma
9. The proof of the second one is divided in two steps, presented after introducing, for
(a,a’) € o2, m< JX the notations

(@Bp)m := {the neutral allele , is associated with the allele « at time TI,;},

(@Bp, @' Bgm = (@Bp)m (@ Bg)m-

First step : We show that the probability that §,, is associated with an allele A at the coales-
cence time is negligible. We first recall the inclusion,

lek]-1 J¥ _
{TCX(Bp, Bg) # —00, (ABp) rcx(p,.8,)) kU UI{TCK(ﬁp,ﬁq) =m,N,(tX_) =k, (Aﬁp)m},
=1 m=

and decompose on the possible selected alleles associated with f; and on the type of the
newborn at the coalescence time. Using Lemma 7, Equations (3.6.16) and (3.6.17), and rg < 1,
we get

P(TCX (B, Bg) # —o0, (ABp)Tcxp,.p,))

leK]-1 . . leK]-1 1
< > | sup pZ’;l(nA,k)+ sup PZZ(”AJC) [E[H,If]-# sup pZ’fq(nA,k)[E[U,f] < I > %
k=1 "~ nueIX naelk naeIk k=1
(3.6.19)
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3. Recombination and adaptation

for a finite ¢, which is of order logK/K.

Second step : Then, we focus on the case where §,, and f; are associated with an allele a at
the coalescence time. The inclusion

- A -
{N“(TI;CK(ﬁ,,,ﬁq)—l) =k, (aPp, “ﬂq)TcK(ﬁn,ﬁq)} c UI{TCK(:BPHB‘?) = m,Na(TI,;_l) =k, (aﬁp,aﬁq)m},
m=
and Equations (3.6.7) and (3.6.17) yield for every ke {l,...,|eK] =1} :

A ~ K _ C T K
P(No(rTceis 1) = b @B aBodrcrip, o) < sup pilitna DBV = G,

If B and B4 coalesce then undergo their first m-recombination when we look backward
in time, and if the a-population has the size k at the coalescence time, it implies that the
m-recombination occurs before the { Ik< -th jump when we look forward in time. For k, [ < [eK],

~f ~ K _ K K N K —
B(Na(Th g s,) = 10 = TREBR) = TC By, Bo)| N5, 1) = o (@B aBrcx s, o)

21 ALK )

~ o 2rx
< sup pg(na, l)(1k>l[E[UlK] + lksl[E[U,g(l'l)]) = FEO0—s.@)
2 — S

S———(li>1+
ik U+ 1)s2(e) (1t
where the last inequality is a consequence of (3.6.9), (3.6.16) and (3.6.17). The two last equations
finally yield the existence of a finite ¢ such that for every KeN:

A leK] 1 +1 < Al—k
PO < TR (Bp) < TCX(Bp, Ba), (@B, aPo)1cx(p, p)) < €Tk Y. = e

ke S

which completes the proof of Lemma 9 with Assumption 4. OJ

Probability to be descended from the first mutant

We want to estimate the probability for the neutral lineage of f, to undergo no m-recombination.
Recall Definition (3.1.17) :

Lemma 10. There exist two positive finite constants ¢ and €y such that fore < €y :

limsup ||ﬁ>(TR{<(/3,,) = —o0)—(1 —pK)| < cel’2,

K—o0

Démonstration. We introduce pX, the conditional probability that the neutral lineage of £,
m-recombines at time Tﬁ, given (NA(TI;),Na(II,f),n < J&) and given that it has not m-

recombined during the time interval ]11,2, TSK ]. The last condition implies that f,, is associated

K

with an allele a at time 73,.

Pm = I{Nf(rﬁ)—ﬁf(rfml):l}pg((NIILI((Tfn—l)’NtI;(TIn(i—l))' (3.6.20)
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3.6. Proof of Theorem 2 in the weak recombination regime

We also introduce 17X, the sum of these conditional probabilities for 1 < m < JX :
]K
= e
m=1
We want to give a rigourous meaning to the sequence of equivalencies :
J* J*
B(TRE (Bp) = —oo|(Na(th), Nalhh meye) = [1 (1= pf) ~ [T &7 ~ 751,
m=1 m=1

when K goes to infinity. Jensen’s Inequality, the triangle inequality, and the Mean Value Theo-
rem imply

A

E

B(TRE () = —0o| (Na(T), Na(rk)) peye) - 1 - pro)| <
[E([@(TRf(ﬁp) = —m|(NA(T§),Na(r§))mS,K) - e_”K) + |e‘fE’7K - pK)| + [E|nK - [EnK|.
(3.6.21)
We aim to bound the right hand side of (3.6.21). The bounding of the first term follows the

method developed in Lemma 3.6 in [SD05]. We refer to this proof, and get the following
Poisson approximation

LEKJ—I 2A
< Y sup (piFouak) BUK)

k=1 I’ZAEIEK

K

[E(u%(TRf(ﬁp) =0 (NA(T{;),Na(Tﬁ))mS,K) —em

2.2
Jl'rK

IR (3.6.22)

where IX has been defined in (3.2.9) and the last inequality follows from (3.6.9) and (3.6.17).
To bound the second term, we need to estimate F[nX]. Inequality (3.6.9) implies

lek]-1 K lek]-1 yK
k K k
1- —— <" < — 3.6.23
(1= celrg k; K+l ST - k+1 ( )
Adding (3.6.18) we get that for £ small enough,
limsup | exp(-E[nX) -1 - pK)| < ce. (3.6.24)

K—o00

The bounding of the last term of (3.6.21) requires a fine study of dependences between upcros-
sing numbers before and after the last visit to a given integer by the mutant population size.
In particular, we widely use Equation (3.6.17). We observe that E|nX —EnX| < (Var nX)1/2, but
the variance of nX is quite involved to study and according to Assumption 4 and Equations
(3.6.23) and (3.6.17),

lek)-1 K leKl-1 UK 5
21 nK Vo _k_ = _k_
Var n Var (rK kX:‘i k+1)| cs[E[(rK kZ::1 k+1) ]
leKI-1 E[(UK)?) + E[(UK)?)
< cery Y. k L2 <ce, (3.6.25)

! (k+1DU+1)
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for a finite ¢ and K large enough. Let k <[ < [eK], and recall that by definition, UlK =
U ](CKI'D +U ](CKI'Z). Then we have

R . . 2
|Cov(UK, UIK)| < ([E[(sz)zl[E[(Uiﬁ’n)Z]) + |C0V(UK, Ul(fl'Z)) )

Applying Inequalities (3.6.16) and (3.6.17) and noticing that (1 —s_(g)) < A}/? <1 (recall the
definition of A in (4.5.8)) lead to

‘cav(U,f, UlK)| < c(AUP2 4 e (-5 () 7F) = c(AUP2 4 g (3.6.26)

for a finite ¢ and € small enough. We finally get :

L leKi-e gk , eKI-1 LKl Cov(U, UY)
Var(rg ), —— 2rg — ST
o k+1 - k+1 = I+1

[eK]-1 1 leK]-1 Aél—k)/Z

IA

cr12< < cr12<£10g2 K, (3.6.27)

- k+1 = [+1

where we used (3.6.26) for the second inequality. Applying Jensen’s Inequality to the left hand
side of (3.6.21) and adding Equations (3.6.22), (3.6.24), (3.6.25) and (3.6.27) we obtain

E[B(TRE (By) = 00| (NA(Tf), Na(T ) ey )~ (1= pi0)|

w272
< ?(I; +ce+cle+ r1,2<f:log2 K2, (3.6.28)
This completes the proof of Lemma 10. O

We finally focus on the dependence between the genealogies of ,, and 8, and to this aim
follow [SD05] pp. 1622 to 1624 in the case J = 1. We define for m < JX the random variable

Kim =YK (p,)=my * LirrE B )=mp

which counts the number of neutral lineages which recombine after the m-th jump (forward in
time) among the lineages of , and f,. First we will show that for d € {0, 1,2},

o d\ .1 . -
P(Ko=d) - (2) [E[[P’(TR{( (Bp) = 0l(NAGR), Na (w2 j)?

(1=P(TRE (By) = 0(NATS), Na(T o) mey)?™] | < (3.6.29)

c
logK
for £ small enough and K large enough, where c is a finite constant. The proof of this inequality

can be found in [SDO5] pp. 1622-1624 and relies on Equation (A.13). The idea is to couple the
process (K, 0=m < JX) with a process (K;n,O <m=<JK satisfying for every m < ]K,

L(Kpyy = Kyl (Na(T), Na(ThD) e (K mzuzy | = Bin(@ = Ky, p5),
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3.6. Proof of Theorem 2 in the weak recombination regime

where Bin(n, p) denotes the binomial distribution with parameters 7 and p, and plrfl has been
defined in (3.6.20). This implies

(K| (MA@, Na( i) ey | = Bin@ BTRE(B,) = 01(NAS), Na(T5)) 2y,
and the coupling yields
I]ﬁ’(K;n # Ky, for some 0<m < 75 < c/logk,

for £ small enough and K large enough, where c is a finite constant. In particular, the weak
dependence between two neutral lineages stated in Lemma 9 is needed in this proof. We now
aim at proving that

E[R(TRE(Bp) = 01(NA(X), Na(wh)) e j)?
(1 =B(TRE(Bp) 2 01(Na(T), No(t)) e )4 - 04 (1 - pr)* % < ce'’?, (3.6.30)

where we recall the definition of px in (3.1.17). Equation (A.12) involves
E[P(TRE (Bp) = 01(Na(TX), Na(t5)) e ) A=B(TRE (Bp) = 01(NAG), Na(t5)) e i) ?
—p1-pr)*? \ < 2E|P(TR{ (Bp) = Ol(NA(TR), Na(Th)) s ) — pi.
Applying Equation (3.6.28) and adding (3.6.29), we finally get for 4 in {0,1,2},

: - a\ a 2-d 1/2
limsup P rgrrp,)=0+ 1rrE(p,)20 = d)— (Z)pK(l - PK) <ce'”. (3.6.31)

K—o0

Neutral proportion at time TgK

Let us again focus on the population process N. By abuse of notation, we still use (TR{< (Bp),i€
{1,2}) and TCK(,Bp,ﬁq) to denote recombination and coalescence times of the neutral genea-
logies for the process N. According to Lemma 9, Equation (3.6.31), and Coupling (3.6.3),

1imsupnﬂ>({TR§(ﬁp) >0}u{0< TRX(B,) < TCX (B, By}

K—o0

TEK<oo)sce,

and

liznfolip 'P(ITR{((ﬁp)ZO + 17K (=0 = dITE <00) = (Z)P?((l - PK)Z_d| <ce'”,
for a finite ¢ and € small enough. Hence, it is enough to distinguish two cases for the randomly
chosen neutral allele §,, : either its lineage has undergone one m-recombination, or no m-
recombination. In the second case, §, is a b;. In the first one, the probability that §, is a b;
depends on the neutral proportion in the A population at the coalescence time. We now state
that this proportion stays nearly constant during the first period.
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3. Recombination and adaptation

Lemma 11. There exist two positive finite constants ¢ and €g such that for € < &,

<Ab
K _ 1
P (0= —

limsup I]:"(sup >e, TX < oo) < ce.

K—o0 t=TK
Lemma 11, whose proof is postponed to Appendix B, allows us to state the following lemma.

Lemma 12. There exist two positive finite constants ¢ and € such that for € < €,

limsup P (

K—oo

ZAb
K K 2 1/6 1/6
Pa,bz(TE)_ZpK|>£ )SCE .

Démonstration. The sequence (B;,i < |eK]) denotes the neutral alleles carried by the a-
individuals at time TX and

A§ (i) := {B; has undergone exactly one m-recombination and is an allele b}.

If B; is a by, either its genealogy has undergone one m-recombination with an individual Ab,,
or it has undergone more than two m-recombinations. Thus

e e leK] leK]
0 < Nubg(Tf )_ Zl lAé((l) < Zl 1{TR§([3,)¢—OO}
i= i=
Moreover, the probability of AX(i) depends on the neutral proportion in the A-population

when B; m-recombines. For i < [eK],

ZAb,

[B(a% )| TRE B = 0, TRE (i) = —c0, sup [P, (-
i<tk T ZA

< Ve)-(1-222)| < V. (3.6.32)

ZA

Lemma 11 and Equation (A.5) ensure that limsupKﬂoo[|3>(supt5TE1<Ibe1 (t) — zap, /24l > VE) <
ce, and Lemmas 9 and 10, and Coupling (3.6.3) that I[ﬁ’(TRf(,Bi) >0, TRX(Bi) = —00) — pk| =
ce. It yields :

‘[ﬁ’(TRf(ﬁi) >0, TRK(B;) = —o0, f}ﬁﬂpfh(r) - Z;‘;ﬂ < \/E) —pK’ <cvVE

for a finite ¢ and € small enough. Adding (3.6.32) we get :

N V4
limsup [E[PL, (T)] —pK(l _ Ahl)

< Ve (3.6.33)
K—o0 ZA

In the same way, using the weak dependence between lineages stated in (3.6.31) and Coupling
(3.6.3), we prove that imsupg_, [E[PL , (T5)?] = p§ (1~ zap, /24)*| < ¢/e. This implies, ad-
ding (3.6.33) that limsup K_,OOVEH(PE bZ(TgK)) < ¢y/e. We end the proof by using Chebyshev’s
Inequality. 0
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3.6. Proof of Theorem 2 in the weak recombination regime

Second and third periods

Thanks to Lemma 4 we already know that with high probability the neutral proportion in the
a-population stays nearly constant during the third phase. We will prove that this is also the
case during the second phase This is due to the short duration of this period, which does not
go to infinity with the carrying capacity K.

Lemma 13. There exist two positive finite constants ¢ and €y such that for € < &,

limsup[lﬁ’( > 51/3) < ce'l3. (3.6.34)

K (7K K (7K
Pop, (Text) = Pgp, (I
K—o0
Démonstration. Let us introduce the stopping time VX :
K
VE = inf{t < te, Supge,y [N§ (T + 0/ K = ng V10 )] > £},

where f; has been introduced in (3.5.9). Recall that (gtK ,1=0) denotes the canonical filtration
of NK. The Strong Markov Property, Doob’s Maximal Inequality and Equation (3.2.12) yield :

P(Tf < SK sup IMX(TX + t A VE) = MX (15| > \/E)
t<t,

= E[ L ogeP(sup I MK (TX + e A VE) - ME(TE) > Vel
t<t.

teC(a, g+ N p)
1T§ss§(<Ma>TgK+tsAVeK - <M“>TeK)] = e —K’

1
=-E
£

for £ small enough, where I(I',€) has been defined in (3.5.9). But according to Equation (3.1.5)
with § = &3, limsupy_ ., P(VX < 1| TX < SX) = 0. Moreover, Equations (3.2.1) and (3.2.6) imply
for every £=0

sup |[PX, (TN + 10— PX, (TS) < sup|My (T + 1) = My (T + rc e fa.
It I=te

As rg goes to 0 under Assumption 4, we finally get :

limsup P(sup|PX, (X + 1= PX, (TX)1> Ve, 15 < 5K) =0. (3.6.35)
K—o0 t<t, ’ ’
Adding Lemma 4 ends the proof of Lemma 13. 0

End of the proof of Theorem 2 in the weak recombination regime

Thanks to Lemmas 12 and 13 we get that for £ small enough,

. z
limsup[P’( bez(Tgt) _pKA_b2 > 251/6) < cell8.
g z

K—o0

Moreover, (A.6) ensures that liminfx_., P(TX < SX|FixX) = 1 - ce, which implies

z
K K Ab
Pa, Tew) = Pk

limsupP (lFixK

> 281/6) < ce”s.
K—o0

This is equivalent to the convergence in probability and ends the proof of Theorem 2.
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3. Recombination and adaptation

A Technical results

This section is dedicated to technical results needed in the proofs. We first present some results
stated in [Cha06]. We recall Definitions (3.1.8), (3.1.9), (3.3.8), (3.3.9), (3.2.10) and (3.5.9) and
that the notation .X refers to the processes that satisfy Assumption 2. Proposition 2 is a direct
consequence of Equations (42), (71), (72) and (74) in [Cha00] :

Proposition 2. There exist two posivite finite constants My and €y such that for every € < g

Saa

lim [FD(|N{§ (TX) - Kig <Me. (A))
K—o0

>£K‘FixK):0, and limsup |P(T§<oo)—

K—o0

a

Moreover there exists Mo > 0 such that for every € < €, the probability of the event
2
e“K B eK
FE = {15 < SENS(TE + 10 < 5 INE (TS + 1) = Rkl < 7} (A.2)

satisfies
Saa

liminf P(TX < $X) > liminf P(FX) = =22 — Mye, (A.3)
K—oo K—o00

a

and if z€ ©, then there exist two posivite finite constants V and c such that :

liminf P(UX (2) > %) > 1 - ce. (A.4)
K—oo

Thanks to these results we can state the following Lemma, which motivates the coupling of
N and N and allows us to focus on the event {TgK < oo} rather than on FixX in Section 3.6.

Lemma 14. There exist two posivite finite constants ¢ and €y such that for every € < g9

limsup P(TX < oo, TX > $K) < ce, (A.5)
K—o0
and
limsup [PTL < SK)\Fix®) + PO\ (T < 55| < ce. (A.6)

K—o0o

Démonstration. We have the following equality

P(TX < oo, TX > 5K) P(TX < 00) = P(TX < 00, TK < §K)

P(TX <00) -P(TX < 5,

where we used the inclusion {TX < SX} < {TX < 00}, as SX is almost surely finite (a birth and
death process with competition has a finite extinction time). Equations (A.1) and (A.3) ends
the proof of (A.5). From Equation (A.1), we also have that for € < 71,/2

lim P(TX = colFix¥) < lim P(|Nf (1K) - K7q
K—oo K—oo

> eK|Fix¥) = 0. (A7)
This implies that

P(TX > 8K Fix®) < P(TX > SK, TX < 00) + P(TX = 00, FixX) < ce,
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A. Technical results

where we used (A.5). Moreover,

IA

P(TX < 8K, (Fix®)) P(TX < oo, (FixX))

P(TX < 00) —P(TX < 0ol Fix®)P(FixX) < ce,

where we used (A.l), (A.7) and (3.1.16). 0

We also recall some results on birth and death processes whose proofs can be found in
Lemma 3.1 in [SD05] and in [AN72] p 109 and 112.

Proposition 3. Let Z = (Z;) =0 be a birth and death process with individual birth and death rates
b and d. ForieZ", T; =inf{t =0, Z; = i} and P; (resp. E;) is the law (resp. expectation) of Z
when Zo=1i. Then

e ForieNand t=0,

E;[Z] = ie’~D1, (A.8)
o For(i,j, k) e Z‘j’r such that j € (i, k),
1—(d/b)i~
Pi(Ty < Ti):W. (A.9)

e Ifd#beR}, foreveryieZ, and t =0,

d( - e(d—b”))i

Pitto =0 = (% g oamnr

(A.10)

o If0<d < b, on the non-extinction event of Z, which has probability 1—(d/b)?, the following
convergence holds :

Ty/logN — (b-d)™', a.s. (A.11)
N—oo

Finally, we recall Lemma 3.4.3 in [Dur08] and Lemma 5.1 in [SD0J5]. Let d € N. Then

Lemma 15. o Letay,...ag and by, ..., by be complex numbers of modulus smaller than 1. Then

d
= Z |a; — bi|. (A.IQ)
i=1

d d
[Tai-T1b:
i=1 i=1

o Let V and V' be {0,1,...,d}-valued random variables such that E[V] =E[V']. Then, there
exist random variables V and V' on some probability space such that V and V have the same
distribution, V and V' have the same distribution, and

P(V # V') < dmax{P(V = 2),P(V' = 2)}. (A.13)
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3. Recombination and adaptation

For 0<s<1, if Z'¥ denotes a random walk with jumps +1 where up jumps occur with
probability 1/(2—s) and down jumps with probability (1 —s)/(2 - s), we denote by IP?) the law
of Z¥ when the initial state is i € N and introduce for every a € R, the stopping time

T,:=inflnez,, 2 = |al}. (A.14)

We also introduce for € small enough and 0 < j, k < |eK], the quantities

(s1) =J
PV (Tex < Tk) S 1—-(1—sp)eKl=J

q('SIIC’SZ) — f:)l 3 _ 1 — ( 2)k+1_ . 0<s,sy <1, (A.15)
» P (Tex<1) 1-(1-s)¥ 1= (=850

whose expressions are direct consequences of (A.9). Let us now state a technical result, which
helps us to control upcrossing numbers of the process NX before reaching the size |eK] (see
Appendix B).

Lemma 16. For a€]0,1/2[, (s1,52) € [a,1—al?, and 0< j<k <1< |eK],

1 1 4(1+1/s 1 —sp)lr1k
q(()slchSZ’SIVSZ) zs1ns2  and (51,5) (52,51 = 2( 2 |Sz—81|+%. (A.16)
, agy™ gy eallogll—a)l S

Démonstration. The first part of (B.3) is a direct consequence of Definiton (A.15). Let a be in
10,1/2[ and consider functions Jap:x— (- X% /(1 - xP, (a,p) € N2, x € [a,1 — a]. Then for
x€la,1—al,

I £ gllo < 4(ea®|log(1 —a))™". (A17)

Indeed, the first derivative of f g is :

BxP1(1—x%) —ax® (1 -xP)
(1-xP)?

fé,ﬁ(x) =
Hence, for x€ [a,1—al,

Bl-a)lf +a(l-a)® _,B0- a)P + a(l - a)®
(1-a)a? -

|fap0 < "

where we used that 1—xf > 1~ (1 - @) and that 1 - a>1/2. Adding the following inequality

sup k(1-a)* <sup x(1-a)* = (ellog1-a)},
keN xeR*

completes the proof of (A.17). From (A.9), we get for 0<s<1and 0= j<k< K],
(1-A -9 N -9tk -glkkk

11— -9)EK=ky1 - (1 -g)leki=)
1-slti-Fks2, (A.18)

P ek <T0) —P (Tex <T))

I+1

IA
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B. Proofs of Lemmas 8 and 11

The triangle inequality leads to :

1 1 | P ek < 7)) P (Tex <75) ‘
agyasy P (Tek <71) PV (Tek < 7))
1 1
_ (52)
|P(s1) p(s?) |Pl+1(TEK <TH)
1 Tek <11 P7 (Tex <7))
1
[P (k< T) — PV (Tex < 7))
P(SQ) G K<Tl) I+1 I1+1
[+1\° €
1 (s1) (52)
+m||pl+l(l'g]( < T]) _[p)l+l(T'SK < Tj)|
I+1'\"€

Noticing that P{*) (Tex < 7)) 2 PV (Too < T7) = P{? (Too < T¢) = 52, and using (A.18) and the

Mean Value Theorem with (A.17), we get the second part of (B.3). 0

B Proofs of Lemmas 8 and 11

Proof of Equation (3.6.17). In the whole proof, the integer 114 denotes the state of N4 and thus
belongs to IX which has been defined in (3.2.9). P(s,,n,) (resp. P(n,,n,)) denotes the probability
P (resp. ﬂﬁ’) when (N4(0), N,(0)) = (na,n,) € Zi. We introduce for u € R, the hitting time of
Lu] by the process N, :

oX :=inf{t =0, NX () = |ul}. (B.1)

Let (i, ], k) be in Z‘j’r with j < k < [€K]. Between jumps (5.( and JX the process N, ne-
cessarily jumps from k to k+ 1. Then, either it reaches |eK]| before returning to k, either
it again jumps from k to k+1 and so on. Thus we approximate the probability that there
is only one jump from k to k+1 by comparing U](.'I;'Z) with geometrically distributed ran-
dom variables. As we do not know the value of N4 when N, hits k+1 for the first time,
we take the maximum over all the possible values in IX. Recall Definition (3.6.4). We get, as
{T§<U§<}C {T§<Ulk<} c {TgK<oo} :

HrrK,2) _ K _ . N ~K KK K K
IP(U].’k —llUj =i) = sup Py, k(T <o |T; <Uj’Uj =)
nAelf
= sup P, k40 (TF <0fITS <o, U = 1)
I’ZAEIL{(

Piny ks (TX <o, U =1)

= sup =
K K 17K _ ;
nAEIEK[FD(nA,k+1)(T5 <O'j rU] =1)

Py 1) (TX < 0X)
= sup )’

7K
naelf Pk (T <0

where we used that on the events {TX < 05.(} and {TX < UIk(} the jumps from j to j+ 1 belong
to the past, and Markov Property. Coupling (3.6.6) allows us to compare these conditional
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3. Recombination and adaptation

probabilities with the probabilities of the same events under P©-€) and P+ and recalling
(A.15) we get

(s+ (&)
I]],(UKz) 1|UK D < Preir " Tek <Tk) (05 )
= k
[P’;;rig)) (Tex <T ) b

(K2) _ 1|UK =)= q(s ©,5:() e deduce that we

can construct two geometrically d1str1buted random Varlables G; and Ga, possibly on an
(55D A 7 and q(s ©5+®) such that on the

In an analogous way we show that IP(U

enlarged space, with respective parameters ik
event {UJK =1},
G < U(.K’Z) < G,. (B.2)

(€),5+(€) < P(U K2) —1)< q(s+(£) ,5-(€))

For the same reasons we obtain q A1, and again we can

construct two random variables G’l 4 G; and G2 4 G such that
Gl <UL <G, (B.3)

Recall that U, (K 2 = UK Hence taking j =0 and adding the first part of Equation (B.3) give
the first 1nequahty of (3 6.17). According to Definition (3.4.1), |s4(€) — s—(¢)| < ce for a finite c.
Hence Equations (B.2), (B.3) and (B.3) entail the existence of a finite ¢ such that for & small
enough IE[U;{;Z)IU;( =i]- l]AE[U](.i’z)]I <ce+(1-s_(€)**17/s3 (€). Thus according to the first
part of Equation (3.6.17),

A rp(K2) 11K K (K2) 77K _ a1 _ K2
Cov(U; Y ,Uj)| < l§’*zP(U —z)|[E U710 =i =EU 7
2 (1—s_(e))k*1
s2 (e) ( s3 (&) )’ (B4)
where we use that U]K < (U]K)z. This ends the proof of (3.6.17). 0

Proof of Equation (3.6.16). Definitions (3.1.3) and Coupling (3.6.6) ensure that for ns € IX, ¢
small enough and K large enough,
P, k41) (TX < 00)

P N,dt)=k+1) = _ P N,dt)=k+1
(k) (Na(d?) ) Por 0 (TK <o) (k) (Na(d?) )

PY D ek <70)

\%

Fukdi
PO (o <1g)

1-(1-s_(eNFl1-0- s+(e))LfKJf
1-(1-s_(e)Ekl 1-(1-s,(e)k '*
s_(e)fakdt,

kdt

v

and

P ek < 10)

|]ﬁ)(nA,k) (NA(dt) #ng) [FD(nA,k) (NA(dt) #na)

IA

P (rex < 19)
(I+ce)2fanaKdt

IA
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B. Proofs of Lemmas 8 and 11

for a finite ¢, where we use (A.9) and that D4 + Cq afia = fa. Thus for € small enough :

2 (e) fak

DN K N Ky n Ky _
P(Na(Tp11) # Na(Ty)INa(T),) = k) = SFanaK

If Df denotes the downcrossing number from k to k—1 before TX, then under the probability
P, we can bound U If +D1k< +H IIc( by the sum of Ulf +Df independent geometrically distributed
random variables GX with parameter % (¢) f,k/3 faiaK and H]f = L1<isyK+DK (GF—1). Let

us notice that if k=2, Df = Ulf—l —1, and Df = 0. Using the first part of (3.6.17) twice we get

4 3faiiak
52 (g) _1)(&([;:’)121/6_1)’

which ends the proof of the first inequality in (3.6.16).

Bl <

As the mutant population size is not Markovian we cannot use symmetry and the Strong
Markov Property to control the dependence of jumps before and after the last visit to a given
state as in [SD05]. Hence we describe the successive excursions of NX above a given level to
get the last inequality in (3.6.16). Let U](’;C be the number of jumps from k to k+1 during the

ith excursion above j. We first bound the expectation [E[(U](.izc)z]. During an excursion above

j, Ng hits j+1, but we do not know the value of N at this time. Thus we take the maximum
value for the probability when 74 belongs to IX, and

[|3’(l~]](’])c >1)< supnAngﬁ’(jH,nA)(allfﬂ < 0'§<|0'§< < TEK).
Then using Coupling (3.6.6) and Definition (3.6.4) we obtain

K K _ 7K
P(]""L”A)(Uk_;.l <0']. < T‘€ < 00)

(7))
I]D(Uj,kz 1)

IA

sup =
el Pi+1ng (Uj-( < TX <o0)

(s4(€) (s-(&) (s+ (&)
P e < TP (1) < Ter)P ) (k1 <T))

IA

_( (s+ (&)
Pf (g, < 1P (1) < Tex)

Adding Equation (A.9) we finally get

(1—s_(e)k+1-J
<

5[ ()
IP(U].,k > 1) TR (B.5)

Moreover if U](’])C > 1, N, necessarily hits k after its first jump from k to k+ 1, and before its
return to j. Using the same techniques as before we get :

&) _ (1) : i) K K K 7K
B0 =10%, =1) = nf P, (0 <o lof < T

P;S_(E)) (TgK < TO)P§€S+(S)) (T] < Tk+1)

P D ek <P (1) < 7er)
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3. Recombination and adaptation

which yields

1—s+(£))k—j - s%(e)(l_ s+(£))k—j —q

(77 _ 1,770
I]J’(Uj'k—llU. >1)23_(£)s+(e)(1_s_(€) =58

k= (B.6)

Hence, given that U](l])c is non-null, U](I;C is smaller than a geometrically distributed random
variable with parameter g. In particular,

B[40 =1

s%— 2 (1—8_(8))2(’6—]).

g? ste)\1-si(e)

Adding Equation (B.5) and recalling that |s, (€) — s—(€)| < ce for a finite ¢ yield

_(-s5-(e)°

k—j
N 27
(ORY/ € P
[E[(U].yk) ] < 3 where A := 1-s. )2 <1.

)1 -s4(8))

Using that for neN and (x;,1<i<n) €R”, (X1<jcpXi)? < nzlsisnxl? and that the number
of excursions above j before TX is U]K -1, we get

Y apk-i
£ < fol
s2(e)1—s.(8)) ~ s7(e)A—s.(e)’

=lrEny2] < gl 7K
] el
where we used the first part of Equation (3.6.17). This ends the proof of Equation (3.6.16). [

Proof of Equation (3.6.18). Definition (A.15), Inequality (B.3) and Equation (A.9) yield :

lek]-1 [‘E[Ulf] lek]-1 1 re(A—B)
> k+1 (s4(€),5-(€) — K ’
L 2k [t 0a ] = o i
with
leK]-17 _ _ k+1 leK]-1 7 _ _ k+1
A:= L0 @ nd Bi= (s, ()X Y il Gt 1)
k=1 k+1 o A=se@kk+1)

For large K, A =log(eK) + O(1), and for every u > 1 there exists D(u) < oo such that
thfflj uk/(k+1) < D(w)u¥X!/|eK]. This implies that B < ¢/|eK] for a finite c. Finally, by
definition, for € small enough, |s;(€) — Sga/ ful < ce for a finite constant c. This yields

leK]|-1 [E[Ulf]

'k
kzl k+]. dA

for a finite ¢ and concludes the proof for the lower bound. The upper bound is obtained in
the same way. This ends the proof of Lemma 8. O

Proof of Lemma 71. We use Coupling (3.4.3) to control the growing of the mutant population
during the first period of invasion, and the semi-martingale decomposition in Proposition 1
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B. Proofs of Lemmas 8 and 11

to bound the fluctuations of My4. The hitting time of |eK] and non-extinction event of Z are
denoted by :

oK =inf(r=0,2; () = eK)}, and F={Z/@0=1Ve=0}, se(-+.

Let us introduce the difference of probabilities

<Ab,

Bf::IP’(sup

t=TK

z
P, (1) - Aby >\/E,T5K<oo)—lP( sup
» M1 ZA

t<TK

K
Py p, ()=

> Ve By, TX <85).
<A

Then BX is nonnegative and we have

By

IA

P(TX <o0) - P(F,, TX < 8K)
P(TX < 00) = P(TKX < S5 + (TP < 00, TK < K —P(F;, TK < 85,
where the inequality comes from the inclusion {F, TgK < Sf} c {TEK < oo}, as Sf is almost

surely finite. The equality is a consequence of Coupling (3.4.3) which ensures that on the
event {TK < Sf}, {Tg(+’K) < oo} holds. By noticing that

(F7, TX < S5 c (T0) < 00, TK < §K) c (TP < 00, TX < 5Ky
we get the bound
BX <P(TX < 00) = P(TX < 85 + P(T5) < 00) = P(F)). (B.7)

The values of the two first probabilities are approximated in (A.1) and (A.3), and (A.9) implies
that P(T;"X < 00) = P(F;) = 5, (€)/(1 - (1 — 54 (€))¥X)) = 5_(¢). Hence

limsup BX < ce, (B.8)
K—oo
where c is finite for € small enough, which allows us to focus on the intersection with the
event {F;, TK < SK}. We recall that INab, Nab, — Nab, Nab,| < NaNg, and that Assumption 4
holds. Then (3.2.1) and (3.2.10) imply for & small enough

<Ab,
ZA

N, (1) } ri fa€TX - ceTK

<
NAGIE ﬁA—2€CA,a/CA,A - lOgK’

—MA(t)| < rKfan sup {

t<TKASK

sup
t<TKASK

Pyp, () -

for a finite ¢. Moreover, F; N (TX < Sf} cF N (TX < TE(_’K)}. Thus we get

VE Kk _ oK ce T -
_MA(t)|>7,F£,T£ ssg)s[FD(W>\/E/2,FE).

<Ab
Pyp, (1) - !
ZA

P(sup

t=TK

Finally, Equation (A.11) ensures that limg_. TS0 /logK = 5_(€) 7! a.s. on the non-extinction
event F, . Thus for £ small enough,

z I
A0 M| > ﬁ,F;, K < Sf) =0. (B.9)
ZA 2

lim IP’( sup

K=oo %, 7K

Pyp, (1) -
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3. Recombination and adaptation

To control the term | M|, we introduce the sequence of real numbers tx = (2f,10gK)/S44 :
£ £ _
P(sup [Ma(5)] > K,Fg, T < SK) < P(sup|Mao)l> VE rk SE A tic) + P(TE > 1, 7).
t<T, 2 r=TK 2

Equation (3.4.1) yields for € small enough, tx.s_(¢)/logK >3/2. Thus thanks to (A.1l) we get,

lim P(TX > tx, F;) < lim P(T. X > tg, F2) =0.
K—o0 K—o0

Applying Doob’s maximal inequality to the submartingale |M4| and (3.2.12) we get :

P(sup |Ma(2)| > Vel2, TX < SK A tx) P(sup|Ma(t A TX A S5 > Vel2)

t<TK I=stx

IA

4
= E[E <MA>tK/\T€K/\S§
4 C(A,2np)tx
& (ﬁA—ZECA'a/CA'A)K’

=

which goes to 0 at infinity. Adding Equation (B.9) leads to :

Z
Pyp, (1) = ;Lb] > e F, TK < Sf) =0.
A

lim IP( sup

K=oo %, 7K

Finally, Equation (B.8) complete the proof of Lemma 11. O
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CHAPITRE 4

Genealogies of two linked neutral loci after
a selective sweep in a large population of
varying size

Introduction

We study the hitchhiking effect of a beneficial mutation in a sexual haploid population of
varying size. We assume that a mutation occurs in one individual of a monomorphic population
and that individuals carrying the new allele a are better adapted to the current environment
and spread in the population. We suppose that the mutant allele a eventually replaces the
resident one, A, and study the influence of this fixation on the neutral gene genealogy of
a sample taken at the end of the selective sweep. That is, in each sampled individual we
consider the same set of partially linked loci including the locus where the advantageous
mutation occurred. We then trace back the ancestral lineages of all loci in the sample until
the beginning of the sweep and update the genetic relationships whenever a coalescence or a
recombination (see Definition 5) changes the ancestry of one or several loci. Our main result is
the derivation of a sampling formula for the ancestral partition of two neutral loci situated in
the vicinity of the selected allele. Such a result allows us to derive the expression of the linkage
disequilibrium (see Section 4.2) which is more and more used to understand past evolutionary
and demographic events [KINO4, Sla08].

The first studies of hitchhiking, initiated by Maynard Smith and Haigh [SH74], have
modeled the mutant population size as the solution of a deterministic logistic equation
[OK75, KHL89, SWL92, SSLO6]. Barton [Bar98] was the first to point out the importance of
the stochasticity of the mutant population size. Following this paper, a series of works took
into account this randomness during the sweep. In [DS04, SD05] Schweinsberg and Durrett
based their analysis on a Moran model with selection and recombination, while Etheridge
and coauthors [EPW06] worked with the diffusion limit of such discrete population models.
Then Brink-Spalink and Sturm [BSS15b], Pfaffelhuber and Studeny [PS07] and Leocard [Leo0Y)]
extended the respective findings of these two approaches for the ancestry of one neutral locus
to the two-locus (resp. multiple-locus) case.
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4. Genealogies of two neutral loci after a selective sweep

However, in all these models, the population size was constant and each individual had
a “fitness” only dependent on its type and not on the population state. The fundamental
idea of Darwin is that the individual traits have an influence on the interactions between
individuals, which in turn generate selection on the different traits. In this paper we aim at
modeling precisely these interactions by extending the model introduced in Chapter 3 where
we only considered one neutral locus. Such an eco-evolutionary approach has been introduced
by Metz and coauthors [M(GM"96] and made rigorous in the seminal paper of Fournier and
Méléard [FMO4]. Then they have been developed by Champagnat, Méléard and coauthors
(see [Cha(O6, CMI11, CJMI4] and references therein) for the haploid asexual case and by Collet,
Méléard and Metz [CMMI1] and Coron and coauthors [Corl4, Corl3] for the diploid sexual
case.

The population dynamics, described in Section 4.1, is a multitype birth and death Markov
process with competition. We reflect the carrying capacity of the underlying environment by
a scaling parameter K € N and state results in the limit for large K. In [Cha06] it was shown
that such kind of invasion processes can be divided into three phases (see Figure 4.2) : an
initial phase in which the fraction of a-individuals does not exceed a fixed value £ >0 and
where the dynamics of the wild-type population is nearly undisturbed by the invading type. A
second phase where both types account for a non-negligible percentage of the population and
where the evolution of the population can be well approximated by a deterministic competitive
Lotka-Volterra system. And finally a third phase where the roles of the types are interchanged
and the wild-type population is near extinction. The durations of the first and third phases of
the selective sweep are of order log K whereas the second phase only lasts an amount of time
of order 1.

In Section 4.3 we precisely describe these three phases and introduce two couplings of the
population process, key tools to study the dynamics of the A- and a-population dynamics.
Section 4.4 is devoted to the proofs of the main theorems on the ancestral partition of the two
neutral alleles. Sections 4.5 to 4.7 are dedicated to the proofs of auxiliary statements. Finally,
we state technical results needed in the proofs in the Appendix.

41 Model and results

We consider a three locus model : one locus under selection, SL, with alleles in o/ := {A, a} and
two neighboring neutral loci N1 and N2 with alleles in the finite sets 8 and % respectively.
We denote by & = of x 98 x € the type space. Two geometric alignments are possible : either
the two neutral loci are adjacent (geometry SL— N1— N2), either they are separated by the
selected locus (geometry N1—SL— N2). We introduce the model and notations for the adjacent
geometry and their analogues for the separated one can be deduced straightforward.

Whenever a reproduction event takes place, recombinations between SL and N1 or between
N1 and N2 occur independently with probabilities 7; and ry, respectively. These probabilities
depend on the parameter K, representing the environment’s carrying capacity, but for the
purpose of readability we do not indicate this dependence. We assume a regime of weak
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recombination :

limsup rjlogK <oo, j=1,2. (4.1.1)
K—o0

This is motivated by Theorem 2 in Chapter 3 which states that this is the good scale to
observe a signature on the neutral allele distribution. If the recombination probabilities are
larger (which means that neutral loci are more distant from the selected locus), there are
many recombinations and the sweep does not modify the neutral diversity at these sites.
Recombinations may lead to a mixing of the parental genetic material in the newborn, and
hence, parents with types (a,8,y) and (@', #',y') in & can generate the following offspring :

possible genotype event probability
apy,a' p'y no recombination A-r)A -1
ap'y’,a By one recombination between SL and N1 r1(1—r9)
apy’,a' By one recombination between N1 and N2 1-r)ro
ap'y,a' By two recombinations rr

We will see in the sequel that the probability to witness a birth event with two simultaneous
recombinations in the neutral genealogy of a uniformly chosen individual is very small.

As we assume the loci N1 and N2 to be neutral, the ecological parameters of an individual
only depend on the allele a at the locus under selection. Let us denote by f, the fertility of
an individual with type a. In the spirit of [CMMII], such an individual gives birth at rate fy
(female role), and has a probability proportional to f, to be chosen as the father in a given
birth event (male role). Addressing the complementary type of the allele a by a we get the
following result for the birth rate of individuals of type (&, 5,y) €& :

K fanaﬂy"'fdndﬁy
byg, (m) = (1=r)(A=r2)fanapy +11(1-72) fana Fanta ¥ faria
Z ’ Z / n r( Nopv+ Talap )
A= r)rafa peB Ly'e€ aPy fa apf'y fa ap'y
Jana+ fana
Y pen Lyee Napy(falapy + fanay)

+1172.fo : (4.1.2)

fana+ fana

where 74p) (resp. nq) denotes the current number of afy-individuals (resp. @-individuals) and
n=n,n9) = (napy, (B,Y) € BxE), (Mapy, (B,Y) € B xE)) (4.1.3)

is the current state of the population. An a-individual can die either from a natural death
(rate Dy), either from type-dependent competition : the parameter C, o models the impact an
individual of type a' has on an individual of type @, where (a,a’) € o/2. The strength of the
competition also depends on the carrying capacity K. This results in the total death rate of
individuals carrying the alleles (a, 8,y) €& :

Cas  Ca,
dapy () = | Do+ —=na+ =25 Na | Napy. (4.1.4)
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4. Genealogies of two neutral loci after a selective sweep

Hence the population process
NK = (VK (), 62 0) = (VK (D)@ pyresr 2 0),

where Nfﬁy(t) denotes the number of afy-individuals at time #, is a multitype birth and
death process with rates given in (4.1.2) and (4.1.4). We will often work with the trait population
process ((Nf(t),fo(t)), t =0), where Nf(t) denotes the number of a-individuals at time z.
This is also a birth and death process with birth and death rates given by :

C A Caa
bYmy= Y DX, () =fane and dim= Y di, (n)=(Do+—na+ —ng|na.
ORI sm= T dapn) = (DarZgtnar T

As a quantity summarizing the advantage or disadvantage a mutant with allele type a has
in an @-population at equilibrium, we introduce the so-called invasion fitness Sgq through

Saa = fa—Da— Ca,alia, (4.1.5)
where the equilibrium density 714 is defined by

fa_Da

Ng =
Ca,a

The role of the invasion fitness Sy3 and the definition of the equilibrium density 71, follow
from the properties of the two-dimensional competitive Lotka-Volterra system :

1 = (fo— Do = Ca,an'? = Ca,an?In$, zeRY, nP0)=z4, acd. (4.1.6)

If we assume
na>0, 7n,>0, and Sa,<0<S,4, (4.1.7)

then 71, is the equilibrium size of a monomorphic a-population and the system (4.1.6) has
a unique stable equilibrium (0, 77,) and two unstable steady states (714,0) and (0,0). Thanks
to Theorem 2.1 p. 456 in [EK86] we can prove that if NE(O) and NX(0) are of order K and
K is large, the rescaled process (N} /K, NS/K) is very close to the solution of (4.1.6) during
any finite time interval. The invasion fitness S;4 corresponds to the per capita initial growth
rate of the mutant a when it appears in a monomorphic population of individuals A at their
equilibrium size 714K. Hence the dynamics of the allele a is very dependent on the properties
of the system (4.1.6) and it is proven in [Cha06] that under Condition (4.1.7) one mutant a has
a positive probability to fix in the population and replace a wild-type A. More precisely, if we
use the convention

P() :=P(INX(0) = |74K], N (0) = D), (4.1.8)

Equation (39) in [Cha00] states that

S
lim P(Fix<) = 24 = , (4.1.9)
K—oo fcl
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where s is called rescaled invasion fitness, and the extinction time of the A-population and the
event of fixation of the a-allele are rigorously defined as follows :

TX :=inf{r=0:NX()=0}, and Fix":={TX <oo, NX(1X)>0}. (4.1.10)

ext * T

Let d be in N. We aim at quantifying the effect of the selective sweep on the neutral
diversity. Our method consists in tracing back the neutral genealogies of d individuals sampled
uniformly at the end of the sweep (time TX,
(see Definition 5) may affect the relationships of the sampled neutral alleles : coalescences

) until the beginning of the sweep. Two event types

correspond to the merging of the neutral genealogies of two individuals at one or two neutral
loci, and recombinations redistribute the selected and neutral alleles of one individual into two
groups carried by its two parents. We will represent the neutral genealogies by a partition @5
which belongs to the set 9’; of marked partitions of {(i, k),i € {1,...,d}, k € {1,2}} with (at most)
one block distinguished by the mark *. In this notation (i,1) (resp. (i,2)) is the neutral allele
at locus N1 (resp. N2) of the ith sampled individual. Let us define rigorously the random
partition G)I(; :

Definition 1. Let d be in N and sample d individuals uniformly and without replacement at the
end of the sweep (time TX,). Follow the genealogies of the first and second neutral alleles of the
i-th sampled individual, (i,1) and (i,2) fori€{1,...,d}. Then the partition @5 € @; is defined as
Jollows : each block of the partition ©F is composed of all those neutral alleles which originate from
the same given individual alive at the beginning of the sweep; the block containing the descendants
of the mutant a (if such a block exists) is distinguished by the mark *.

We will show in Theorems 1 and 2 that when K is large the partition @I; belongs with a
probability close to one to a subset Ay of 227, which is defined as follows :

Definition 2. Let d be in N. Ay is the subset of 2 consisting of those partitions whose unmarked
blocks (if there are any) are either singletons either pairs of the form {(i,1), (i,2)} for one i € {1,...,d}.

A d-sample whose genealogy is represented by a partition in A, satisfies the following
property : two neutral alleles of two distinct sampled individuals cannot originate from the
same A-individual alive at the beginning of the sweep.

Example 1. In the example represented in Figure 4.7, the marked partition 1 belongs to Ay :

me = {{(1, 1),(1,2),(2,1),(52)}",{2,2)},{3,1),3,2)}, {4, D}, {(4,2)}, {5, 1)}}-

For a partition 7 € 2}, we define for some possible ancestral relationships the number of
individuals in the sample whose two neutral loci are related in that particular way :

Definition 3. Let deN and n € 9’;. Then we set :
|7l =#{ 1 <i<d such that (i,1) and (i,2) belong to the marked block }
|7lp =#{ 1 <i<d such that (i,1) belongs to the marked block and {(i,2)} is an unmarked block}

|l3 =#{ 1 <i<d such that (i,2) belongs to the marked block and {(i,1)} is an unmarked block}
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Figure 4.1: Example of genealogy for a 5-sample : dark blue neutral alleles originate from
the mutant and light blue ones from an A-individual. We indicate the selected allele, A or
a, associated with the neutral alleles during the sweep. It can change when a recombination
occurs. Bold lines represent the A(green)- and a(red)-population sizes. In this example, the
two neutral alleles of the first individual, the first neutral allele of the second individual and
the second neutral allele of the fifth individual originate from the mutant; the two neutral
alleles of the third individual originate from the same A-individual, whereas the two neutral
alleles of the fourth individual originate from two distinct A-individuals.

|mly =#{ 1<i<d such that {(i,1),(i,2)} is an unmarked block}
|7m|ls =#{ 1<i<d such that {(i,1)} and {(i,2)} are two distinct unmarked blocks}

To express the limit distribution of the partition @I(; we need to introduce :

log K 2 logK farplogK
_rnlog _rplog _ - ! Al fa

= s, = s, = 1S Aal d =
n=e T2=e fer=e e and s r1+r2(1_fA/fa)(q2

- q142),

(4.1.10)
where S, has been defined in (4.1.5) and s in (4.1.9). We did not make any assumption on the
sign of f,(r1+712)— far2, but g3 can be written in the form 6(e™#—e™")/(v—p) for (5, u,Vv) € Ri
so that it is well defined and non-negative. It is easy to check that g3 < 1. We now define five

non-negative numbers (pi, 1 < k < 5) which will quantify the law of @I(; for large K in Theorem
1:

pri=qiqell-0-qi)A-q2)l, p2:=qill-q1g2) —q2G2(1—q1)], (4.112)
pP3:=q1g2(1-q2)1—q1), pa:=q2q3 and ps5:=1-qg1)(1—-q1G2(1-G2)) - G2qs.

Note that } 1<r<5 pr = 1. Finally, we introduce an assumption which summarizes all the
assumptions made in this work :

Assumption 1. (N%(0), N5 (0)) = (124K,1) and Conditions (4.11) on the recombination probabi-
lity and (4.1.7) on the equilibrium densities and fitness hold.

With Definitions 1, 2 and 3 in mind, we can now state our main results :
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4.1. Model and results

Theorem 1 (Genealogy of a sample, geometry SL— N1— N2). Let d be in N. Then under
Assumption 1, we have for every m€ &

[h o, I7l2

p3|ﬂ|3p4|ﬂ|4p5|ﬂ|5 =0.

lim |POF = n|FixX) - Lizeat P17 P2
K—oo

Notice that when K is large, @5 belongs to A, with a probability close to one, and that

I7la o, 713

(p1|7f|1p2 p3 p4\ﬂ|4p5|ﬂ|5,n€Ad)

is a probability on A; (depending on K). Moreover, this result implies that the d sampled
individuals have asymptotically independent neutral genealogies. With high probablity, the
neutral alleles of a given sampled individual i either originate from the first mutant a and
belong to the marked block, or escape the sweep and originate from an A individual. In this
case they belong to an unmarked block which is of the form {(i, 1)}, {(i,2)} or {(i,1),(i,2)},
according to Definition 3. As a consequence, if some neutral alleles of two distinct sampled
individuals escape the sweep, they originate from distinct A-individuals with high probability.
However, the genealogies of the two neutral alleles of a given individual are not independent.
For example the probability that (i,1) and (i,2) escape the sweep is ps + ps ; the probability
that (i,1) (resp. (i,2)) escapes the sweep is p3+ pa+ ps (resp. p2 + pa+ ps), and for every KeN
such that r; #0

(p3+pa+ps)(p2+pa+ps)=1-q1)A—q1g2) <A —q1)) (1 —q192+ G192G2) = pa+ ps.

This is due to the fact that if (backwards in time) a recombination first occurs between SL and
N1, the neutral allele at N2, linked to N1, also escapes the sweep. As the term q;g2g> does
not tend to 0 when K goes to infinity under Condition (4.1.1), the only possibility to have an
equality in the limit is the case where r;10g K « 1 or in other words when the probability to
see a recombination between SL and N1 is negligible.

Let us now consider the separated geometry, N1-SL— N2 :

Theorem 2 (Genealogy of a sample, geometry N1—SL— N2). Let d be in N. Then under
Assumption 1, we have for every m€ 2

Jim |P©F =7IFix") — Lirea, [9162) ™" (91 (1= 42)) ™11 = 4 q2) ™((1 = g (1 - )] 7| = 0.

Again the neutral genealogies of the d sampled individuals are asymptotically independent.
Furthermore, we have independence between the neutral loci. Indeed the result stated in
Theorem 2 means that a neutral allele at locus Nk escapes the sweep with probability 1— g
independently of all other neutral alleles, including the allele at the other neutral locus of
the same individual. This is due to the fact that in the separated geometry a recombination
between SL and one neutral locus has no impact on the genetic background of the allele at
the other neutral locus. Note in particular that there is no block of the form {(7,1), (i,2)} in
the limit partition, as the two neutral alleles have a very small probability to recombine at the
same time.
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4. Genealogies of two neutral loci after a selective sweep

4.2 Application and comparison with previous work

K

From this point onward we will write Ny (resp. Ngpy) instead of NK (resp. Nyg for sake of

’)/)
readability.

Linkage disequilibrium

The linkage disequilibrium (LD) is the non-uniform association of alleles at several loci. For
sake of simplicity we suppose for this application that % = {8, 8} and ¢ = {y,7}. The LD
between the two neutral loci in the a-population at time ¢ can be expressed by :

Napy(t)  Napy (D) + Napy(8) Napy (D) + N, ()
Ng(t) N, (8) N, (1)

D(a,t):=

In other words it corresponds to the absolute value of the difference between the frequency
of the combination of alleles f and y and the product of frequencies of allele f and of allele
Y. We can check that the value of D(a, t) does not depend on the choice of (8,7) € Bx €.
Theoretical and empirical studies have shown that LD is an important signature of selection
[Asm86, PMHOL, KS02, Prz02, SRH" 02, WEF"02]. Initially, biologists only focused on the LD
between the selected locus and a neighboring locus. The expected effect of selective sweeps
was then to increase the level of LD as the genetic variation is reduced. However, as first
observed by Gillespie [Gil97], then followed by [KNO04, SSLO6, McV07], "linked selection can
reduce variation without building up high levels of linkage disequilibrium, contrary to our
intuition”. Suppose that the LD between the neutral loci in the A-population was zero at the
beginning of the sweep (D(A,0) =0, which is a classical assumption, see [’ K87] for instance),
and recall (4.1.11). Let D'6® (and D89) denote the LD between loci N1 and N2 for the adjacent
(SL— N1- N2) (and separated (N1 - SL— N2)) geometry. Then the patterns of LD are the
following :

Proposition 1. Suppose that D(A,0)8% = D(A,0) 6% = 0 and that the first mutant is of type
(a,B,y) €. Denote by ug and uy the initial proportions of alleles B and y in the A-population.
Then under Assumption 1

lim [E[D¥Y (a, T)IFix"] - (1 - up) (1 - u) (1 - 6]1)6]16]26_]2‘ = lim E[D®% (a, TX,)FixX] = 0.

K—oo0 K—oo0

Hence the LD between two neutral loci is very dependent on the relative position of the

selected locus (between the two neutral loci or adjacent to these latter, more or less close to
one of them,...). By using this property it is possible to construct statistical tests (see [McV07]
for example) to distinguish loci which have undergone a recent selective event, and further the
selection strength during this event. We could also express the expectation of the LD when its
initial value is not zero, but the result is much more complex in this case.

Previous work

In [SDO05] the authors gave an approximate sampling formula for the genealogy of one neutral
locus during a selective sweep. In their work, the population evolved as a two-locus modified
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Moran model with recombination, selection, and in particular constant population size. They
introduced the fitness s°° of the mutant a as follows : when one of the iid exponential
clocks of the living individuals rings, one picks two individuals uniformly at random (with
replacement), one dies, and the other one gives birth. But a replacement of an a-individual
by an A-individual is rejected with probability sSP_In this case, nothing happens. In Chapter
3, the author studied the two-locus version of the here presented model. It was shown that
the ancestral relationships in a sample taken at the end of the sweep correspond to the
ones derived in [SD05] when we equal the fitness of [SD05] and the rescaled invasion fitness
sSP = Saal fo and when we have the equality |Saul/ fa = Saa/ fa (in this case the first and third
phases have the same duration, S,410g K/ fy).

In [BSS15b], the authors generalized the model introduced in [SD05] towards two neutral
loci and used similar methods to derive a corresponding statement for the genealogy of a
sample taken at the end of the sweep. If we however make the analogous comparison and try
to match our result for the adjacent geometry with the statement from [BSS15b], we observe an
interesting phenomenon : the probabilities of the different types of ancestry only coincide if the
birth rates of a- and A-individuals are the same, that is, if f; = f4 holds true. In biology, the
fitness describes the ability to both survive and reproduce, and can be defined by the average
contribution of an individual with a given genotype to the gene pool of the next generation.
Hence a mutation which affects the fitness of an individual in a given environment can either
act on the fertility (f in our model), either on the death rate, intrinsic (Dy) or by competition
(Ca,a), or on both. Our result is comparable to this of [SD05] if the mutation only affects the
death rate (and still if sSP = Saal fa=1Saall fa).

In [PS07], instead of a birth and death process, the authors modeled the population with a
structured coalescent. It is shown that this process can be approximated by a marked Yule tree
where the different marks are realized by Poisson processes and indicate a recombination of
one or two loci into the wild-type background. The impact of the third phase is taken into
account by a certain refinement prior to the beginning of the coalescent which leads to the
same effect of splitting of the two neutral loci as it is seen here. We again find similarities with
our results when f4 = f,;. Moreover, the techniques used in [P’S07] yield that coalescent events
with A-individuals cannot be ignored, that is, there are neutral loci of different individuals
from the sample which have the same type-A-ancestor. The structure of the sample is therefore
different from our results here.

4.3 Dynamics of the sweep and couplings

Description of the three phases

We only need to focus on the trajectories of the population process where the mutant allele
a goes to fixation and replaces the resident allele A. Champagnat has described these
trajectories in [Cha06] and in particular divided the sweep into three phases with distinct A-
and a-population dynamics (see Figure 4.2). In the sequel, € will be a positive real number
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independent of K, as small as needed for the different approximations to hold.

. K = g5

K

log K K
o > te ~ 1
Su A : B ‘sJu‘ o

Figure 4.2: The three phases of a selective sweep; in this simulation, K = 10 000, 7, = 2714 =2
and S;4 =|Sasl =4. We have also indicated some of the notations introduced in Section 4.3

First phase

The resident population size stays close to its equilibrium value 774K as long as the mutant
population size has not hit |eK] : if we introduce the finite subset of N

X.= [K(ﬁA—Ze%),K(ﬁA+2£%)] AN, (4.3.1)
AA AA

and the stopping times TX and SX, which denote respectively the hitting time of |eK] by the
mutant population size and the exit time of IEK by the resident population size,

TX :=inf{t = 0,N,(t) = leK]} and SX:=inf{r=0,Na(1) ¢ I}, (4.3.2)

then we can deduce from [Cha(6] (see Equations (A.5) and (A.6) in Chapter 3 for the details
of the derivation) that the events FixX ,{TK < Sf } and {TEK < oo} are very close :

limsupIP({TEK < Sf}AFixK) <ce, and limsup IP’({TEK < oo} AFixK) < ce, (4.3.3)
K—o0 K—oo
for a finite ¢ and € small enough, where we recall convention (4.1.8). In this context, /\ is
the symmetric difference : for two sets B and C, B\ C = (BN C°) U (Cn B°). From this point
onwards, "first phase” will denote the time interval [0, TX] when the a-population size is
smaller than [eK].

Second phase

When N, and N, are of order K, the rescaled population process (Na/K,N,/K) is well
approximated by the Lotka-Volterra system (4.1.6). Moreover, under Condition (4.1.7) the
system (4.1.6) has a unique attracting equilibrium (0, 72,) for initial condition z satisfying
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zq >0, where 71, has been defined in (4.1.7). In particular, if we introduce for (n4,n,) € N? the
notation,

P(r4,n0 () :=PLINA) = 14, Na(0) = na), (4.3.4)
then Theorem 3 (b) in [Cha06] implies :
lim sup [FD(I_ZAKJyI_ZaKJ)( sup % - n,(f)(t)‘ > 5) =0, (4.3.5)
K—o0 zer 0<t<t, acsd
for every 6 > 0, where
ri={zeR?, 24Kl € If, 2 € [e/2, €1}, (4.3.6)
te(2):=inf{s =0,V = 5, n'? (1) €0,6?/2],n? (1) € [2 — €12, 1g + £/2]}, (4.3.7)
and
te :=sup{t:(z),z €T} <oo. (4.3.8)

In the sequel, "second phase” will denote the time interval [TX, TX + t,] when the population
process is close to the system (4.1.6).

Third phase

Equation (4.3.5) also implies that

K K K K
Jim P(MATEN ¢ (g ] | NI | < (M) NlT)) ) 2,
where
20 :=inf(n?(t,),2€T} >0, and wy/2:=sup{n'? (t;),ze T} <€’/2. (4.3.9)

The "third phase”, which corresponds to the time interval [TgK + g, Teit
symmetric counterpart of the first phase, where the roles of A and a are interchanged : during
the extinction of the A-population, the a-population size stays close to its equilibrium value
naK.

Let us introduce the positive real number M" :=3 + (f; + Cg,4)/ Cg,q, the finite subset of N

], can be seen as the

JE = K0~ M"e), K (72 + M"e) | AN, (4.3.10)

and the stopping times T,SK’A) and SEK'a), which denote respectively the hitting times of [uK]
by the A-population for u € Ry, and the exit time of JX by the a-population during the third
phase,

TN :=inf{t = 0, NA(TE + to + ) = [uK]}, SE? :=inf{t >0, No(TX + t. + 1) ¢ JX}. (4.3.11)

If we define the event

Nao(TK+1,)

Ng(TX+1) -
JVEKZZ{TEKSSE}O{TE[WLWZ], —x I

K a

<ef, (4.3.12)
we get from the proof of Lemma 3 in [Cha06] that for a finite ¢ and € small enough,

limsup {PFix’ A NI < TEDASE D) +pE’ \AFKATE? < T < ce.
K—oo
(4.3.13)
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Couplings for the first and third phases

We are interested in the law of the neutral genealogies on the event FixX. Equations (4.3.3) and
(4.3.13) imply that it is enough to concentrate our attention on the event AKX ﬂ{TéK'A) < 1My,
but the dynamics of the population process N conditionally on this event is complex to study.

Hence we couple N with two jump processes N and N, easier to study, and satisfying

limsup P({3t < TX, N(1) # N(1)}, TX < 00) < ce. (4.3.14)

K—oo

limsup P(3 0< < T N(TX + 40 # N(TX + 14+ 0}, T < TR 4K < 00) < ce.

K—o00

(4.3.15)
To describe the couplings we need to introduce a version of Moran process with recombination.

Definition 4. Recall notation (4.1.3). Let a be in of and n'® be in N**#*C. We call Moran
process of type a with recombination and population size Y. g y)ezx< n((;gy a process M R™) with

values in NY*%*€  initial state n'®, and which evolves as follows :

o After an exponential time with parameter faniaK we pick uniformly and with replacement
three individuals and draw a Bernoulli variable R with parameter r»

o The first individual dies, the second one gives birth to an individual carrying its alleles at
loci SL and N1

o IfR=0, there is no recombination and the allele at locus N2 of the newborn is also inherited
Jrom the second individual; if R =1 there is a recombination and the newborn inherits its
second neutral allele from the third individual

o We again draw an exponential variable with parameter fanaK and restart the procedure

Let us first describe the coupling with N : N and N are equal up to time SX; after this
time the A individuals in the population process N follow a Moran process with recombination
independent of the a-individuals. The a-individuals evolve as if all the A-individuals had the
same genotype. More precisely we choose an individual in the A-population and decide that
this individual exerts a competition C4 ,N4/K on each a-individual and the probability that
an a-individual recombine with this A-individual is faN4/(faNa+ fzN,) at each birth of an
a-individual. To choose the individual A which interacts with the a-population we introduce a
total order < on the pairs (f,y) € 2 x 6 and define for every ¢ = S‘f,

By (1) :=1{(B,y) € B xE€,Napy (1) Z0,Y(B,Y) # (B,Y) € B x €, Nagy (1) 0= (,7) < (B, 7))},
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4.3. Dynamics of the sweep and couplings

the minimum label of the A-individuals in the process N at time ¢. The process N is defined

by :

~. A)¢K
N = 1egNO+ 1o MRV @-s5 4 ¥ gy

(B, Y)EBxE
t
[ fs ) fR QV(ds,dO) 1y 5

/(Na(sT)eapy (s7),N@ (s))sbl, (Na(s™)eapy(sT) N‘“)(§4))$ 16)
(B YH=<By)

aﬁ’

t
_fo Q¥ds,dg- v a W Jeapy (s7),N@ (s <d¥ (NA(s-)eAﬁy(s-),Nm)(s-))}])’
Se JRy @h<pm P =
where MRN™) has been defined in Definition 4, QW and Q@ are two independent Poisson
Point processes with density dsd6, also independent of MR(N(A)), and (eapy, (@, B,y) € &) is

the canonical basis of R®. Let us notice that N is a Markov process.

The coupling with the process N is simpler : we assume that #,X holds; N and N are equal
from time TX + £ and during a time SEA A TEAD Then the a-individuals in the population
process N follow a Moran process with recombination independent of the A-individuals,
and each APy-population evolves as a birth and death process with individual birth and
death rates f4 and fa+1Saql, independent of the a-individuals and the AB'y’-population with

B, #PByY:

= (a) (Q(K,@)
NCTE+ 1+ 0 =1, g NOTE + £+ 0+ 1, [ MRV (0 - 5000

T i+t
+(ﬁ7)e§8x<geA [fT K g 1,455 fm Qﬁy(ds,dg){1{0<05f‘*mﬂ7(5_”_1{°<6‘fAﬁ’AﬁY(S_)S(fA”SAaDﬁ’Am(S‘)}H)’
(43.17)

where MRM) has been defined in Definition 4 and is independent of the sequence of

independent Poisson measures (Qpy: (B,7) € 9B x €), with intensity dsdf. The process N is
also Markovian.
Inequality (4.3.14) follows from (4.3.3). Moreover, from the proof of Lemma 3 in [Cha(0]
we know that
11Knli£fuw(TgK'A’ < TR NSED| 4Ky 7~ ce

for a finite ¢ and € small enough. Adding (4.3.13) we get that (4.3.15) is also satisfied. Hence we
will study the processes N and N and deduce properties of the dynamics of the process N
during the first and third phases. Let F (resp. F ) be the filtration generated by the process N
(resp. N) and C (resp. C) a F-measurable (resp. F- -measurable) event. Then we define

PY(C):=P(CITX <o0), and PV (C):=PClNK, T < TEA), (4.3.18)

where TX is the analogues of TX for the process N, and T(K A and TEY the analogues
of T(K 2 and T for the process N. Expectations and variances associated with these
probablhty measures are denoted by EV, Var| E®) and Var® respectively. Equations (4.3.3)
and (4.3.13) to (4.3.15) imply that we can concentrate our attention to P and P® to prove

convergences on the fixation event FixK.
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4. Genealogies of two neutral loci after a selective sweep

4.4 Proofs of the main results

Events impacting the genealogies in each phase

Let us now summarize the results on the genealogies for the three successive phases of the
sweep that we will derive in Sections 4.6 and 4.7.

First phase : As explained in the previous section, we work with the process N to study the
first phase. Let us introduce the jump times of N :

t8=0 and 7K =infir>7K [ NO£NEE_DL, m=1 (4.4.1)
The number of jumps during the first phase is denoted by JX(1) :
JX(1) :=inf{m e N, N,(tX) = |eK]}. (4.4.2)

Coalescence and recombination events are defined as follows (see Figure 4.3) :

Definition 5. We sample two distinct individuals at time T¥, and denote by (a, B,7) and (&', B,y
their type.

We say that B and B’ coalesce at time TX, if they are carried by two distinct individuals at time
X, and by the same individual at time T%_,. Seen forwards in time it corresponds to a birth and
hence a copy of the neutral allele. Seen backwards in time it corresponds to the fusion of two neutral
alleles into one, carried by one parent of the newborn. We define in the same way coalescent events

at locus N2 (resp. loci N1 and N2) for allelesy andy' (resp. allele pairings (B,y) and (B',7")).

We say that 8 (and/or y) recombines at time TX, from the a- to the o' -population if the
individual carrying the allele B (and/or y) at time TX, is a newborn, carries the allele a inherited
from it first parent, and has inherited its allele B (and/ory) from a different individual carrying
allele a'.

We are interested in recombinations which provoke new associations of alleles. In particular,
in the adjacent geometry SL— N1— N2 we will not consider the simultaneous recombinations
of a pair (f,y) within the a-population.

Let us now describe the genealogical scenarios which modify the ancestral relationships
between the neutral alleles of one individual and occur with positive probability when K
is large. Let us first focus on the first phase and pick uniformly an individual i from the
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4.4. Proofs of the main results

— | H — A

Figure 4.3: Illustration of Definition 5 : the newborn (individual k) has inherited the selected
allele from its "white" parent and the two neutral alleles from its "blue” parent; hence the
encircled neutral loci (of individuals i and k) coalesce at time 7X,. In terms of recombinations,
the two neutral loci of the newborn individual recombine at time 7X from the a- to the A-
population

a-population at time TX. We introduce for the adjacent geometry SL— N1— N2 :

NR(@)W: there is no recombination into the A-population affecting (i,1) or (i,2)
and both neutral loci of the i-individual originate from the first mutant,
R2(i)(l) : only the neutral allele (,2) is affected by a recombination with the A-population,
hence (i,1) originates from the first mutant and (7,2) from an A-individual,
R12())Y:  one recombination between SL and N1 from the a- into the A-population occurs
and both neutral alleles (7,1) and (i,2) originate from the same A-individual,
2, I]fo: first (backwards in time) (i,2) recombines into the A-population, then (7,1)
recombines into the A-population and connects to a different individual than (i,2).
[12,2]2‘;-6: first (backwards in time) the tuple {(i,1), ({,2)} recombines into the A-population,
then a second recombination splits the two neutral loci inside the A-population.

R112() 8P (2,119 U [12,2)77¢" (see Figure 4.4)
Hence, recalling the definition of (g1, g2, g3) in (4.1.11) we will prove in Section 4.6 :

Proposition 2 (Neutral genealogies during the first phase, geometry SL— N1— N2). Let i be
an a-individual sampled uniformly at the end of the first phase (time TX). Under Assumption 1,
there exist two finite constants c and €y such that for every € < ¢,

limsup{‘lpm (NR(DHW) - ¢, 6]2‘ + ([P“) R2()Y) - q1(1 - qz)’

K—o0

+POR12()D) - 5| + [PV R1126)VE) - (1 - g1 - g3)|} = ce.

For large K, the sum of the four probabilities of Proposition 2 equals one up to a constant
times €. Hence, in the limit we only observe the events described page 139. The probabilities
of the first two events are quite intuitive : broadly speaking, the probability to have no
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4. Genealogies of two neutral loci after a selective sweep

Figure 4.4: Illustration of events [2, l]fqel? (individual 1) and [12,2]261? (individual 2)

recombination at a birth event is 1 —r; — ry, the birth rate is f,; and the duration of the first
phase is logK/S,4. Hence under P, the probability of the event NR(i)1) is approximately

(1= (r1 + 1)) /198K San _ exp(—(r) + 1p))fa108KSas = g, g,

Similarly the probability to have no recombination between SL and N1 is close to q; and
subtracting the probability of NR(i)V) we get this of R2(i)!). The probabilities of R12(i)
and R1|2(i)18% are more complex. The proofs rely on a fine study of the different possible
scenarios.

Let us now introduce the possible genealogical trajectories for the separated geometry
N1-SL— N2 during the first phase :
NR(HW,R2(i))V :  defined as for the adjacent geometry SL— N1 — N2
R1()Y: only (i,1) is affected by a recombination with the A-population;
(,2) originates from the first mutant and (i,1) from an A-individual
R112()18Y . (i,1) and (i,2) are affected by a recombination with the

A-population ; they originate from two distinct A-individuals
We will prove in Section 4.6 the following asymptotics for the separated geometry N1-SL—-N2:

Proposition 3 (Neutral genealogies during the first phase, geometry N1—SL— N2). Let i be
an a-individual sampled uniformly at the end of the first phase (time TX). Under Assumption 1,
there exist two finite constants ¢ and €y such that for every € < €,

lirnsup{|l]3’(”(NR(i)(U) —q q2| + |[FD“’ R2()D) — g1 (1 — q2)|

K—o0

HPORIOD) - (1 - g0 o]+ [PV RL2MEY) - (1 - g1 (1 - g2} < ce.

For this geometry, the intuitive interpretation gives the good results. The independence of
the two neutral loci follows from the fact that a recombination which affects one neutral locus
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4.4. Proofs of the main results

does not change the genetic background of the second neutral locus.

Second phase : We work with the process N to study the second phase. The latter one has a
duration of order 1, and the recombination probabilities are negligible with respect to one
(Condition (4.1.1)). Consequently, no event impacting the genealogies of the neutral loci occurs
during the second phase. More precisely, let us sample uniformly two distinct a-individuals i
and j at the end of the second phase (time TX + ) and introduce the events :

NR(i)®: there is no recombination affecting (7,1) or (i,2),

NC(i, ]-)(2) . there is no coalescence between the neutral genealogies of i and j.
Then we have the following result, which will be proven in Section 4.7.

Proposition 4 (Neutral genealogies during the second phase for the two geometries). Let i
and j be two distinct a-individuals sampled uniformly at the end of the second phase (time TX + t,).
Then under Assumption T,

Jim P(NR()H® nNC(, )HPITK <K =1.
—00

Third phase : Finally, we focus on the process N. When K is large, there is only one event
occurring with positive probability during the third phase which may modify the ancestry of
the neutral alleles of an individual i sampled at the end of the sweep in the adjacent geometry :

R2(i)*89:  a recombination between loci N1 and N2 occurs and separates (14.3)
(i,1) and (7,2) within the a-population, o

Indeed, if we also define the events

NR()®: there is no recombination affecting (i,1) or (7,2) and they both
originate from the same a-individual at the end of the second phase
NC(i, j)(s) . defined as NC(i, ]-)(2) for two distinct individuals sampled

uniformly at the end of the sweep.
Then we will prove in Section 4.7 :

Proposition 5 (Neutral genealogies during the third phase, geometry SL— N1 - N2). Let i
and j be two distinct a-individuals sampled uniformly at the end of the sweep. Under Assumption 7,
there exist two finite constants c and €y such that for every € < ¢,

limsup{’uw(3) (R2(1)®8) — (1 - 5;2)| + ‘[FD(E‘) (NR()H®) - 5,2’ +POWNC, D)} = ce.

K—o0

In particular, there is no recombination with the A-population during the third phase. As
for Proposition 3 this result is quite intuitive, as the duration of the third phase is close to
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4. Genealogies of two neutral loci after a selective sweep

logK/|S Aql-

Independence : Finally we again consider the population process N and state a proposition
which enables us to give the statement of Theorem 1 independently for all sampled individuals,
that is, jointly for the whole sample. To this aim, let us introduce a partition @;K’D € 27 which
is the analogue of ®§ where the d individuals are sampled at the end of the first phase and not
at the end of the sweep. Recall Definitions 2 and 3, and denote by |R2®89|; (resp. INR®|,)
the number of a-individuals in a d-sample taken at the end of the sweep whose neutral alleles
originate from two distinct a-individuals (resp. from the same a-individual) at the beginning
of the third phase. Then we have the following result :

Proposition 6. Let d € N and Assumption 1 hold. Then there exist two finite constants ¢ and €
such that for every € < €, the ancestral relationships of a d-sample taken at the end of the first
phase (time TX) satisfy in the adjacent geometry SL— N1— N2, for every (my,1<k<4)e 7% :

limsup |IP(|®EiK’1)|k = my, 1< k=4/TK < 5
K—o0
d!
< CE.

(@192)™ (1 (1= g2) " 43" (1 — g1 — g3)™

- 1{m1+m2+m3+m4:d} ml'mzlm 'm I
In the same way, the neutral genealogy of a d-sample taken at the end of the sweep satisfies for every
(mp,1<k<2)ez?:

d!
limsup [P((|R2%89|4,INR® | 4) = (my, ma)| A5) = 1y 4y = R ( — )™

K—oo

< CE.

Proposition 6 is a key result : we only need to focus on individual neutral genealogies to
get general results on the genealogy of a d-sample with respect to the neutral loci. It will be
proven in Section 4.8.

Proof of Theorem 1

Let i be an individual sampled uniformly at the end of the sweep. The idea of the proof is the
following : in a first step, we list certain compositions of coalescent and recombination events
leading to specific ancestral relationships which could be described by blocks of a partition of
Ag4. Then we approximate the probabilities of the described events and finally prove that these
probabilities sum to one up to a constant times /¢ for some fixed small . This shows that in
the limit for large K the neutral genealogy of the individual i belongs to these described page
139 with a probability close to one. In a second step we use Proposition 6 to treat the neutral
genealogies of the d sampled individuals independently.

i) We consider two possible trajectories such that the alleles at both neutral loci originate
from the mutant : either the two neutral loci separate inside the a-population during
the third phase and coalesce during the first phase, or they stay in the a-population and
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4.4. Proofs of the main results

do not separate during the whole sweep (see individual 1 in Figure 4.1); more rigorously,
this corresponds to the event :

(R2(i)(3’g“) ANRGDPNNRG2)PNNC(1,i2)P N INRGDHPUR21)V) mNR(iZ)(D)

LJ(NRO® A NRG n NRD®D),

where we denote by i1 and i2 the labels of the parents of the first and second neutral
loci of i, respectively, at the end of the second phase (the way we label the a-individuals
has no importance as they are exchangeable).

ii) We consider two possible trajectories such that (i,1) originates from the mutant and
(,2) originates from some A-individual

(RZ(i)(S’g“) ANRGDPNNRi2)®PnNC(i1,i2)? nINRGDP uR2(i11)M]

n[R12(i2)Y uR12(i2)P L R2(i2)(1)]) L (NR(i)(g) NNR(H® n R2(i)(1)).

Note that the first bracket considers a separation of the two neutral loci during the third
phase. As a consequence, the fate of the first neutral locus of individual i2 during the
first phase has no consequence on the neutral genealogy of i. This is why we consider the
event {R12(i2)M U R112(i2)™ U R2(i2)V} and not only {R2(i2)V}. The second bracket
corresponds to individual 2 in Figure 4.1.

iii) We consider one possible trajectory such that (7,1) originates from some A-individual
and (i,2) originates from the mutant (see individual 5 in Figure 4.1)

R2()®EYANRG1PNNR(2)PnNC(1,i2)Pn[R12G1DPUR1I2(i11) 891N NR(i2)V

iv) We consider one possible trajectory such that (i,1) and (i,2) originate from the same
A-individual (see individual 3 in figure 4.1)

NRH® nNR{H® nR12(i)Y

v) Finally, we consider two possible trajectories such that (7,1) and (i,2) originate from
different A-individuals

(R2(i)(3’g“) ANRGDPNNRE2PnNCi1,i2)? nR1261)Y uR112(11)M]
n[(R12(2)" U R1262)V U R2(2) V1) L (NRO® 0 NRG)® 0 R1j200) 57

The second bracket corresponds to individual 4 in figure 4.1.

Thanks to (4.3.3), and (4.3.13) to (4.3.15) we know that for every measurable events CV,
C® and Cc® occurring during the first, second and third phase respectively,

PCYnC?ncPFix) = Pc®1cVnc?, aK 18D < 18,
y £ — L+
PCPHTE < sK}, cDPcW | TX < 00) + Ok (€)
= POCOHPCA|TE < sSKPD(CD) + O le), (4.4.4)
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4. Genealogies of two neutral loci after a selective sweep

where CV (resp. ~é(3)) corresponds to the event CV) (resp. C®)) expressed in terms of the
process N (resp. N), and Ok (e) is a function of K and ¢ satisfying
limsup |Ok (e)| < ce, (4.4.5)

K—o0
for € < g9 where gy and ¢ are finite. Then by applying Propositions 2, 4, 5 and 6 we get for
these five successive events the value of the probabilities (pg, 1 < k <5) defined in (4.1.12), which
sum to one. Let us detail the calculations for the case i) : by applying (4.4.4) and Proposition
4, the probability to see one of the two trajectories described in i) is

23i,1) =P® (R2()F8NPY (INRGHP U R2G1D) V1 n NR(i2)D)
+PONRGHDPY(NR(HY) + Ok (e). (4.4.6)

But thanks to Proposition 6 we know that the neutral genealogies of individuals i and j are
nearly independent. Hence adding Proposition 2 leads to

POUNRGDD LR2(11) V1N NR(i2)P) = (g12 + 11 = 2)) 1 g2 + Ok (€).
Applying Propositions 2 and 5 in (4.4.6) yields
2(i,1) = 1-G2)G* g2 + G241 G2 + Ox (V&) = p1 + Ox (Ve),

where we recall the definition of p; in (4.1.12).

Finally, we get the asymptotic independence of the neutral genealogies of the d sampled
individuals during the first and third phases by applying the multinomial version of de Finetti
Representation Theorem (see [DP14] Chapter 4 for a simple proof) to the result of Proposition
6. The asymptotic independence during the second phase follows from Proposition 4 as, with
high probability, nothing happens.

Proof of Theorem 2

It follows the same ideas that the proof of Theorem 1: Proposition 3 states that in the separated
geometry, N1 —SL— N2, the two neutral loci recombine independently with the A-population
during the first phase. Propositions 4 and 5 state that coalescences and recombinations
between A- and a- populations during the second and the third phases are negligible. Hence
the ancestral relations are not modified by these two phases and the overall ancestral relations
are those stated in Proposition 3. In the separated geometry, the independence between
genealogies is even easier to derive as the genetic background of a neutral allele does not
depend on the recombinations undergone by the individual’s other neutral allele.

4.5 Number of births and deaths during the selective sweep

In this section we derive some results on birth and death numbers of the population processes
N and N, needed in Sections 4.6 and 4.7 to prove Propositions 2, 4 and 5. This technical part
may be skipped on first reading.
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Coupling with supercritical birth and death processes during the first phase

We are interested in the dynamics of the process N, during the first phase, that is, before the
time TX. The idea is to couple this process with two supercritical birth and death processes,
and thus deduce its dynamics from well known results on birth and death processes. Recall the
definition of the rescaled invasion fitness s in (4.1.9), and for € < S;a/(2Cu,4Caa/Caa+ Cya)
define the two approximations,

2C,4Ca40+C,haC CaaC
s— @A Aa @4 A'Ae =:s_(e)<s<s,(e):=s+ ZM& (4.5.1)
JaCaa faCa,a

Then for t < TX A SK the death rate of a-individuals in the process N equals this of the process
N, defined in (4.1.5) and satisfies

daN@) o Ca g i, Caa
falNa(t) fak A AMTTEK

For SX < 1< TX, the death rate of a-individuals also satisfies

1-s.(e) < Na(0) <1-s5_(¢). (4.5.2)

dg (Naeapyn, N (1))
faNa(®)

1-s4(e) = <1-s_(&). (4.5.3)

Hence following Theorem 2 in [Cha06], we can construct the processes Z;, (N4, N,) and Z;
on the same probability space such that almost surely :
77 ()< Na(t) < ZF (1), forall t< TXK, (4.5.4)

where for * € {—,+}, Z} is a birth and death process with initial state 1, and individual birth
and death rates f; and f;(1 — s.(€)).

We end this section with the definition of two stopping times used on several occasions in
Section 4.5. Let 0¥ denote the time of the first hitting of |u] by the process N, :

oK =inflt=0,N, () = [u)}, ueR,. (4.5.5)

If for 0< s<1, Z¥ is a random walk with jumps +1 where up-jumps occur with probability
1/(2—-s) and down-jumps with probability (1—s)/(2—s), we denote by @l.(s) the law of Z
when the initial state is i € N and introduce for every p € R, the stopping time

Tp:=inflnez,, Z,(ls) = [pl}. (4.5.6)

Number of jumps of N, during the first phase
Expectation of the number of upcrossings

Let us recall Equation (4.4.1) and consider k < |eK]. Then the number of upcrossings from k
to k+1 during the first phase is :

UK(1) :=#m, 78 < TX, (N, (X)), No 25 1 1) = (ke ke + 1) (4.5.7)
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4. Genealogies of two neutral loci after a selective sweep

If we recall Equations (4.3.1) and (4.5.1), and introduce a real number A,
Aei=(1—s_()>(1 - s4:(e) 7%, (4.5.8)
which belongs to (0,1) for € small enough, then we have the following result :
Lemma 1. There exist three positive finite constants ¢, Ko and €g such that for K = Ky and e < ¢ :
Ifj<k<|eK] and ny € IX1,

1-(1- S)LEKJ—IC —-(1- S)k+l
Eqy,. i [UF (D] - - < ce. (4.5.9)

Ifk<j<|eK] and ny € IX1,

(1-s_(e)/F
EV ko) ————— 4.5.10
wp Ve W= =02 0 (1:5.10)
Ifk' <k<|eK]| and nye IX1,
Covly (UM, UEM)| = c(AEH"2 1), (4.5.11)

Démonstration. The idea, which will be used several times throughout Section 4.5, is to com-
pare the number of upcrossings with geometric random variables. Suppose first that j < k.
Then on the event {TX < oo} the process N, necessarily jumps from k to k+1. Being in k+1,
it either reaches |eK] before k, or it goes back and again from k to k+1 and so on. We
first approximate the probability that there is only one jump from k to k+1. As we do not
know the value of Ny when N, hits k for the first time, we bound the probability by the
extreme values it can take. Recall Definitions (4.5.5) and (4.5.6). The upper bound is derived
as follows :

A

PL, UM =1) < sup P) (TX <op) (4.5.12)

(na,j (na,k+1)
v naelk1 4

7K K
PonkrnTe <03) 5.5 )

k )

sup _ <
naer¥1 Py ke (TX < 00)

where we use (4.3.18) and for (s1, s2) € (0, 1)2

P (Tex <Tk)

y,:_z)l (Tex <To)

(s1,%2) ._

ay (4.5.13)

Similarly, we show that IP’&)A j)(Ulf(l) =1)= q](cs_(s),5+ ©) In the same way, we can approximate
the probability that there are least three jumps from k to k+ 1 knowing that there are at least
two jumps, and so on. We deduce that we can construct two geometric random variables
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(s4(€),5-(€)

G1 and G, possibly on an enlarged space, with respective parameters ¢, Al and
q](CL €5+ such that
G =Uf(1)=G,, as. (4.5.14)
In particular, taking the expectation we get from (B.1)
(- -5 @) - A -s-(eD*
s+(e)(1—(1—s_(e)ek))
@ K
<E), IUfW)=
1-(1-s_ leK]-k 1—(1—- k+1
1-(0-s-(e) JA = (1=s4(e)™) (4.5.15)

s-(e)(1—(1—s4()ek])
According to (4.1.9) and (4.5.1), 0 < s <1 and |s;(€) =s_(€)| = (4Cp,aCa,a+Ca,aCa )l (faCa a).
Hence the last inequality and straightforward calculations lead to (4.5.9).

Let us now assume that k < j. Then we have

(1) K (1) K _ 7K
IP(nA’].)(Uk M=1) = nsg};lﬂj’mw)(ak <T;)
A=Le

P, (TX <o0lok < TP, (0% < TF)

= sup -
K
naelX1 P, j (T <00)

g,l(ch(e)) (Tex < 70)9;3—(5)) Tk <Tex) (1-s_(g))ik
<

IA

9;3*(5))(18K <o) o s@s-(8)

where we again used (4.3.18) and (B.1). Moreover, the same proof as for (4.5.14) leads to :

-1
[E(l) )[U5(1)|UI€((1) > 1] < (qI(CS_(E),S+(E))) < 8:1(8),

(nArj
where we used Equation (B.3). This ends the proof of (4.5.10).
The last inequality, (4.5.11), has been stated in Chapter 3 (Equation (7.26)). 0

Remark 10. Let ¢, K and € be defined as in Lemma 1. If we define the total number of downcros-
sings from k to k-1,

DY) :=#{m,1h < TK, (No(h), Na(th, 1) = (k, k- 1)}, (4.5.16)
then by definition of the probability PV, for every 2 < k < |eK]|
D =Uf -1, PY-as, (4.5.17)

and for j < k < |eK| and nAelfl,

1
Efy ) [DF D) = —— 21— 9k - 9F Y| < ce. (4.5.18)
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4. Genealogies of two neutral loci after a selective sweep

Expectation of hitting numbers

Let us recall (4.5.7), (4.6.12) and (4.5.16), and introduce for 0 < j < k < |eK]| the number of
hittings of the state k by the process N, before the time TX :

VEQ :=U ) +DE, (V) =#m, 78, = TX, Na(th) = k, Na(rh, 1) # k. (4.5.19)

Recall the definition of A, € (0,1) in (4.5.8). We can state the following Lemma, which will
be useful to get bounds on the number of upcrossings of the A-population during the first
phase (see Lemma 4) :

Lemma 2. There exist three finite constants c, Ky and €y such that for K = Ko, € < €y and
k'<k<|eK] :

2-91-Q1-9EKF_1-gk
S

EVvEWI- < ce, and |Cov'V (VEQ), VE@)I = ce+A%F)72),

Démonstration. Under PV the a-population size goes from 1 to |€K], thus the number of
downcrossings from k+1 to k is equal to the number of upcrossings from k to k+1 minus 1.
Adding (4.5.19) yields

vio=uf,0+ufw-1, PY-as.

We get the first part of the Lemma by taking the expectation and applying (4.5.18). The proof
of the second part follows that of (4.5.11), and once again we can find the details in the proof
of Equation (7.26) in Chapter 3. OJ

Number of upcrossings during an excursion above or below a given level

We now focus on the number of upcrossings from k to k+ 1 during an excursion above or
below [. Let us denote by U;( (1) the jump number of the first hitting of / before the end of the
first phase : for [ < [eK],

o (V) :=inf{m, 75, < TX, Na(th) =1}, (4.5.20)
and for 1 < k,l< |eK] and n4 € IEKl,
US e =#{m <ol (), (@), Na(wh ) = (k, K+ 1)}, (4.5.91)
Then, if we denote by p, the real number
pe =1 —s_(€)*(1—s.(e) 7}, (4.5.22)
which belongs to (0,1) for £ small enough, we can derive the following bounds :

Lemma 3. There exist three positive finite constants c, Ky and €y such that for K = K, € < ¢,
l1<k<l<|eK] and nye IX1,

1) K K 1) K -k
Enks) Uny it Wloe () <ool VE ' U, (D] = cpe ™
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4.5. Number of births and deaths during the selective sweep

Démonstration. Equations (B.5) and (B.6) in Chapter 3 state that for k < < [¢K] and n4 € IX1,

P iy Uh =1k () <o) < c(l-s_ ()" F,
and
W e 1-s4(8)\I-k
Pon ki1 Unot W =1Uy (1) 21,08 (1) <o0) 2 ( —s_(E))

for a finite c. By comparing U l(l) with a geometric random variable we get the first
inequality. To bound the expectatlon of upcrossings from k to k+1 during an excursion
under [ we first bound the probability to have at least one jump from k to k+1 during an
excursion below I. By definition, N, necessary hits /—1 during such an excursion. Recall
Definitions (4.3.18), (4.5.5) and (4.5.6). Then for every ny4 in IX1,

P(nA,l—l)(TgK < OO|O'Ik( < U;()lp(n,q,l—l) (O'Ik( < 0'5()

pW (O'K < O'K|0'K < 00)
k 1 ) =
(ng,l-1) I]:D(nAl 1)(TK<::)

@(s+(5))(T£K<T )'@(5 (5))(Tk<.rl) (1_3_(6))l_k_1
<

2 1k <10) S s®

’

where we used (B.1). The next step consists in bounding the number of upcrossings from k to
k+1 during the excursion knowing that this number is greater than one : for n4 € IX1,

P+ (TK < 00lo] < 0P, k+1) (01 < Ok)

Pl (01<0)) ~
(na,k+1) [FD(FZA k+l)(TK < OO)

g;,(s (€)) (T5K<T0)g’(s 8))(T1<Tk)

k+1
(s+
‘@kﬂ

=52 (e),

IV

() (Tex <To)

where we again used (B.1). Hence on the event {U,IfA =1 Urll(A L) s smaller than a

geometric random variable with parameter s2 (¢) and we get :

(1-s_(g)~k1
s3 ()

’

wX 1 = sPerl (OF W= <

(nll) (na,l-1)

which ends the proof of Lemma 3. OJ

Number of jumps Ny during the first phase

We introduce for k < |eK] the number of upcrossings of the A-population when the a-
population is of size k :

UL Q) =#m, TN < TX Na(x Na@X)=1,N,6%) = k. (4.5.23)

m+1)

We are now able to get bounds for the expectations and covariances of these quantities :
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4. Genealogies of two neutral loci after a selective sweep

Lemma 4. There exist three finite constants ¢, Ky and €y such that for K = Ky, € < €y and
k< |eK],

aKlogk
fAnA—Og| <cK(l+elogk) and Var“)(
sfa i

k k
I PAOIE %K (1) < cK?*(1+10g? k).
i=1 =1
Démonstration. The proof is based on the comparison of the A- and a-population jump rates.
Let us first focus on the a-population. For k < [¢K] and ny4 € IX1,

. P K Nydt) =k=1
PO (N.(dD) # k) (nak) (Tg <oo|Ng(dt) * 1)

>

P, k) (Na(dt) = k1)

(na,k) *el+,—} I]:D(nA,k)(TEK < 0)
< = *
e 20T <o0) b
1
. _U+cd) _ ((1 —A-9F Yk + (1-9)(1 -1 -9 (Dg + CaAﬁA)k)dt
1-(1-9)
= (+ce)fa2-9)kdt, (4:5.24)

for a finite constant ¢ and € small enough, where we used the definition of PY in (4.3.18)
for the equality, Coupling (4.5.4) for the first inequality, (B.1) for the second one, and equality
Saa=fa—Dg—Cgyaiiyg for the last one. Reasoning similarly we get :

(1-ce) fa2= )kdt <P{)  (Na(dD) # k). (4.5.25)

Let us now focus on the number of upcrossings of the A-population. The definition of N in
(4.3.16) and Bayes’ Theorem yield

(1 - ce) fanaKdt < IP&)A o Naldt) = na+1) < (1+ce) fanaKdt, (4.5.26)

for a finite ¢ and € small enough. Indeed, from Coupling (4.5.4) and Equation (B.1) we get the
following bound, independent of 7, in IX1 :

1-(1-sp(e)F
1—(1—s4(e)ekl”

1-(1-s_(e)k
1—(1—s_(g)leK

<P, 0(TK <o00) <

Hence there exist two finite constants ¢ and &y such that for every € < €y, if we introduce
the parameters

7 7 1
L 1+ oy AR e JAMAK — (4.5.27)
we can deduce from (4.5.24) to (4.5.26) that for k < [eK]
Y (G 1= = Y (G  —1), (4.5.28)
V,CK(U( q; (&) ) VkK(l)( q; (&) )
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4.5. Number of births and deaths during the selective sweep

where for j € {1,2}, (G! ,i €N) is a sequence of geometric random variables with parameter
q

(e

ql(cj \(©) independent of VlK (1) (defined in (4.5.19)) for all / < [eK]|. Hence a direct application
of Lemmas 2 and 13 leads to

W [ Ky] _ faRaK = e ekl—k K
’[E |2k ) S Gm -t a9 e, (4.5.29)

for a finite ¢ and € small enough. This implies the first inequality of Lemma 4.

Let us now bound the second moment of %,f(l) and the expectation of %5(1)%5(1) for
k # 1. The first upper bound follows again from a direct application of Lemmas 2 and 13. We

get

2 2@V VED? faiiaK\2
ED | @K ))?| <™ G, <k 2a+ce)E22), (4.5.30)
k] e[ £ et < o sy ol 2

for a finite ¢ and € small enough. A new application of the same Lemmas yields, for k<[ <
leK]

EDVEm VAW

(-k)12) (fanaK)?

1 K K
EV | )| < okl

sc(l+e+A (4.5.31)

a2 €)q? (&)

where we used that EV[XY] = EQ[X]IEV[Y] + CovP (X, Y) for any real random variables
(X,Y). From (4.5.28) to (4.5.31) and (B.2) we deduce that there exists a finite ¢ such that for €
small enough and k < [eK],

[E“)[(i%fu))z] < (1+C£)(W)2+CKZ- (4.5.32)
i=1 a

Reasoning similarly to get the lower bound, we obtain

k 21 (fafiaKlogk)2
EO[Y K@) | - (22222 < ck2( + elog? k). 4.5.33
| [(;:21 t ) ] ( fas ) | 8 ( )
Adding the first inequality if Lemma 4 we conclude the proof. O

Coupling with subcritical birth and death processes during the third phase

We couple the process N, with two subcritical birth and death processes to control its dynamics.
We recall the definition of 4K in (4.3.12) and introduce

Si= |SAa|/fA. (4-.5.34-)
Let us define for € small enough,
M'C Caa+M'C
§- A5 (6) <S<§(e)= 5+ AT Ad, (4.5.35)
Ja fa
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4. Genealogies of two neutral loci after a selective sweep

where M" has been defined just before Definition (4.3.10). Then according to the definition of
N in (4.3.17), we can follow Theorem 2 in [Cha(6] and construct the processes Y, N and Y,
on the same probability space such that on the event AKX

Y <Na <Y (1), forall TN+, <r< T+ +TEY, as, (4.5.36)

where for * € {—,+}, Y.* is a birth and death process with initial state N A(TEK + t¢) and indivi-
dual birth and death rates f4 and fa(1 + 5. (€)).

If for 0 < s<1, Z® denotes a random walk with jump +1 where up-jumps occur with
probability 1/(2 + s) and down-jumps with probability (1 +s)/(2+ s), we denote by Ql(.s) the
law of Z'9 when the initial state is i € N and introduce for every p € R, the stopping time

vp:=infine 7,7 =pl}. (4.5.37)

Number of jumps of Ny during the third phase

Similarly as in (4.5.19) we introduce for 1 < k < [¢K]| the random variable VkK (3) which

corresponds to the number of hittings of state k by the process N during the third phase.
Recall Definitions (4.3.9), (4.3.10) and (4.5.35). We have the following approximations :

Lemma 5. Let u be in [wy,w2]. There exist three finite constants c, Ky and €y such that for
K=Ky, e <&g and n, in J¥1, if [uK| < k < |eK],

E®

2+S
K < luK|-k
(LMKJ,,IH)W,C @A) = (1+C£)T(1+8_(£)) “ )

and if k < |uK],

‘[EEEL‘LKJM X @) - %(1 —1+9F -1+~ < ce.
Démonstration. The proof is very similar to that of (4.5.9), hence we do not detail all the
calculations and refer to the proof of Lemma 1. First we consider |uK] < k < [¢éK]| and
approximate under P® the probability for N A to hit k before the A-population extinction.
Indeed, if k < [uK], we know that ﬁA hits k P®-a.s. Let |uK| < k < |eK]. Then for every
ng € JX1, Equation (B.1) implies

5 Q(§+ (€) (,VO <v K)Q(g_ (€) (,Vk < ,VO)
P® (N hits k) < —& _ k] < tree 453
(LuK],nq) 9B-©) (Vo < Vex) (1+ 5_(g))k—LuK]

[uK]

for a finite ¢, € small enough and K large enough. The second step consists in counting
how many times the process N A hits k during the third phase knowing that it happens at
least once. Once again we will compare this number with geometric random variables, by
approximating the probability to have only one jump. The following inequality follows the
spirit of (4.5.12). The only difference is that in the third phase Ny is coupled with subcritical
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4.6. First phase

birth and death processes, whereas in the first phase N, was coupled with supercritical birth
and death processes. For every n, € JX1 and k < [eK],

25 P wo<v 2y P vy <vi)
P) I(c§+ © (vo < ver)
(1-ce)s
C+HA -1+, —(1+35kLekly’

IV

P (Na(D) < k,VE=0)

We derive the upper bound similarly and end the proof by comparing the hitting numbers
with geometric random variables. For |uK]| < k < [eK] we have to multiply the expectation
of the geometric random variables by the probability to hit k at least once, approximated in
(4.5.38). O

Number of births of a-individuals during the third phase

Let U ]f (3) be the number of births in the a-population during the third phase when Ny equals
k < |eK]

K NaA@K)=k, and ({N,(zK, ) - N,z5) =1}

or IN,(t8, ) = N,K), N9 @K )z NOTK.  (4.5.39)

m

UL @) :=#m, TN+, <1h, < TX

We now state an approximation for the expectation of Ulf (3). We do not prove this result as it
is obtained in the same way as Lemma 4 : the birth rate of the a-population is close to f;7,K,
the jump rate of the A-population is of order (2 +3) fak when Ny =k and the expectations of
the hitting numbers for the A-population are given in Lemma 5. The only difference is that the
A-population size can hit values bigger than the initial value of the third phase, N A(TK + 2).
However the probabilities to hit such values decrease geometrically (see Lemma 5) and they
will have a negligible influence on the final result. Thus we get

Lemma 6. There exist three finite constants c, €9 and Ky such that for € < €y and K = Ko,

k K log k k
‘E(3)[21U{((3)] —f“n“S_Tog < cK(1+¢elogk), and Var® (Zluf(ss)) < cK2(1+£log? K).
1= 1=

4.6 First phase

This section is dedicated to the proof of Propositions 2 and 3. We first consider in detail
the alignment SL— N1— N2 and prove that there are only four different possible ancestral
relationships of the two neutral loci, then we calculate the probabilities for the non-negligible
possibilities. In Section 4.6 we briefly consider the separated geometry, N1—-SL— N2.
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4. Genealogies of two neutral loci after a selective sweep

Coalescence and recombination probabilities, negligible events

Recall Definition 5 and define, for j € {1,2}

r¥

] =1+ 1{];2}(?‘2 -1 rg), and r(*lyz) =T119,

which denote the probability to have (only) one (resp. two) recombination(s) somewhere before
the locus Nj (resp. before the locus N2) at a birth event.

Definition 6. For (a,a’) € /%, j€{1,2} and ne N“ we define :

p((f‘;),(n) := probability that two randomly chosen neutral alleles, located at locus Nj and associa-
K

ted respectively with alleles a and &' at time T, coalesce at this time conditionally on
(NA,Na)(Tﬁ_l) =n and on the birth of an individual carrying allele @ at time Tﬁ.
9
par;, (n) := probability to have one (and only one) recombination from the a- into the a'-population
before locus Nj conditionally on (NA,Na)(TI,;_l) =n and on the birth of an individual

carrying allele a at time T,

(r )
pag;” (n) := probability to have a double recombination under the same conditions

Then we have the following result :

Lemma 7. Let a € o/, ne N? such that n, < |€K|, ny € Ifl and j € {1,2}. Then there exists a
finite ¢ such that,

rifa
J (ci) C

, and () < —=.
(g + D (fana+ fana) Pa K2

a

. 2 rifana ,
put () = (1-+-2 ) P

ng(ng+1) _fAnA+fana Paa (m=

Démonstration. The proof of the two equalities can be found in Chapter 3 (Lemma 7.1) as
the expression is the same for n4 € IEK or d(nA,Ig() = 1. The only difference is that we
consider two neutral loci and have to exclude the double recombination case. Indeed, if there
are simultaneous recombinations the alleles located at SL. and N2 in the newborn originate
from the same parent. The expressions of pf:é) (n) in the case where n4 € IX are also stated in
Chapter 3 (Lemma 7.1), and from the definition of N in (4.3.16) we get that when d(n4, IX) =1,

pf:f:(n) = 2/ni and pf:;)(n) =0. This ends the proof. ]

Next we focus on the recombination probabilities :

Lemma 8. Let a € of, n€ N such that na < |€K|, na € Ifl and j€{1,2,(1,2)}. Then there
exist two finite constants ¢ and € such that for every € < €,

) rifa(ng=1) ) rifana
Paa (n) = Py ()= :
(na+1)(fAnA+fana) (na+1)(fAnA+fana)
(r?) CE 2 (1) r
Pl (n) < KlogK and (1- cs)n—A <pi(nak) < o (4.6.1)
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4.6. First phase

Démonstration. The second equality is stated in Chapter 3 Equation (7.2).

Conditional on the birth of an a-individual and the state of the process at the (m —1)-th
jump, the probability of picking the newborn when choosing an individual at random amongst
the a-individuals is equal to 1/(n,+1). A recombination before the locus Nj (or before locus
N1 and locus N2 if j = 12) happens with probability r]’.k, independent of all other events.
Finally, the probability that the second parent is an a-individual but is different from the first
parent is equal to f,(ng,—1)/(fana+ fang). This proves the first equality.

When n4 € IX we get similarly that

r*) rifana=1) r*) ri fana
PNOE and p,; (n)= ,
(nA+1)(fAnA+fana) a (na+ 1D (fana+ fana)

and from the deflmtlon of N in (4.3.16) we obtain that when d(nA,IK) =1, pAA (n)=ry(nag—

1)/n? and pAil (n) = 0. Condition (4.1.1) completes the proof. 0

Remark 11. Let us recall the definition of IX in (4.3.1). Then there exist three finite constants c, €
and Ky such that for € < €9, K= Ky, j€{1,2,(1,2)}, ns€ Ifl and k < |eK],

r]’.k ’.*
a- ce)— < paA (nA,k)

and p?(na k) < Ja 2 _ ¢

. 4.6.2
k+1 fana KlogK ( )

Recalling the definition of the mth jump time in (4.4.1), we define for k€ {1,2,(1,2)} and
meN,

(aik)y,:={m< J%(1) and the k-th locus/loci of the i-th individual is/are associated
to an allele a at the m-th jump time}. (4.6.3)

The notation (@il)m,, (@'i2),, here implies that the two neutral loci of individual i are associa-
ted to two distinct individuals at the mth jump time, for any a,a’ € of.

To approximate the genealogy of the neutral alleles sampled at the end of the first phase
we will focus on the recombinations and coalescences which may happen during this time
interval. We first prove that we can neglect some event combinations. Let d be in N. Sample d
distinct individuals uniformly at the end of the sweep and define :

aAa : a neutral allele recombines from the a-population to the A-population, and then
(backwards in time) back into the a-population

CR : two neutral alleles coalesce in the a-population, and then (backwards in time) recombine
into the A-population

CA : two neutral alleles coalesce and at least one of them carries the allele A at the time of
coalescence

2R : a neutral allele takes part in a double recombination (i.e. a recombination before N1
and a recombination before N2 at the same birth event)
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4. Genealogies of two neutral loci after a selective sweep

R2a : a recombination separates the two neutral loci of an individual within the a-population
We can bound the probability of these events as follows :

Lemma 9. There exist three positive finite constants ¢, Ky and €y such that for € < €y and K = Ky

clogKk

PY(aAa) + PP (CR) + PV 2R) + PV (R2a) < and PY(CA) < —

c
logK’

Démonstration. The probabilities of events aAa, CR and CA are bounded in Chapter 3
Lemma 7.3 and Equation (7.19) for the process N. But according to Lemmas 7 and 8 the
coalescence and recombination probabilities for the process N are very close or even smaller
when d(na, If) =1 than when N and N are equal. Hence we just have to bound the probabi-
lity of 2R and R2a. If a neutral allele experiences a double recombination, it happens either
when it is associated with an allele a, or with an allele A. From Lemma 8 and the fact that r;
and r, are of order 1/logK we get for k < [eK] :

) (rt ) c
nak)+p (2 (na k)| € ———,
(12,04 Paa™ (14 )) (k+1)log? K

[
sup (pas”

nAelfl

and
c

(riz) (i)
su (na, k) + (na k)| ———.
nAEII;(I (pAa 8 Paa 4 ) KlogzK

Recall the definitions of Ulf(l) and %If(l) in (4.5.7) and (4.5.23) respectively. As a birth of
an a-individual is needed to have a recombination from the a- to the a’-population, we can
bound the probability to have a double recombination by :

leKi-1 UK k)
M ¢ Y %k
POCR < —5E [ k; (k+1 ke )|

By applying inequality (4.5.9) and Lemma 4 we succeed in bounding P! (2R) by a constant
over log K. It remains to consider the event R2a of a recombination within the a-population.
Define the first time (with respect to the backwards-in-time process) that this event happens :

RW(i) := sup{m, m < JX(1) and both neutral loci of the i-th individual are (16.4)
associated to distinct a-individuals at the (72— 1)th jump, o
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where R{) (i) = —oo if the event does not happen during the first phase of the sweep. Then,

leK]-1
PYRUDz0= Y PYPRYG) =0, N,05
=1
leK]-1 B B
= Y Y PYm=JNW,NGh_ ) =L Nah) =1+1,

[=1 m<oo

RW (i )) D

(@il) m, (@i2)p,Ym' > m: (ail2) )
leK]-1
< Y Y sup (phH Rl | (Ym=0:(ai12),))
I=1 m<oopn,elf1
PO m < 7KW, NoX ) = L N, aK) = 1+1)
leK]-1

C C
[E‘“ U
< l; Klogk™ W M=o

’

by (4.5.9) and (4.6.2). O
To simplify the notations we will denote the union of all negligible events by

NE:=aAauCRUCAU2RUR2a. (4.6.5)

The two loci of one individual separate within the A-population

Having excluded events of small probability, there are exactly two ways for the neutral alleles of
an individual sampled at the end of the first phase to originate from two distinct A-individuals.
These two ways are described page 139 and represented in Figure 4.4.

Event [2, I]Z‘ef

The aim of this section is to prove the following approximation :

Proposition 7. Let i be an a-individual sampled uniformly at the end of the first phase. There
exist two finite constants ¢ and €y such that for € < €,

T _n r _ntrp
limsup [PV (12,117¢6) - [ 2 _ pHloglek) T -t 1°gL£KJH5c\/E.
K—o0 r+rnr rn+rnr

We first give a preliminary Lemma before proving Proposition 7. Recall (4.4.1) and define
for k€ {1,2,(1,2)} and meN,

R(i, k) :=sup{m,m < JX(1) and the k-th locus/loci of the i-th individual
is/are associated to an allele A at the (m — 1)th jump time}, (4.6.6)

the last jump (forwards in time) when the k-th locus/loci of the i-th individual belongs to the
A-population (with sup @ = —c0). To prove Proposition 7 the idea is to decompose the event
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4. Genealogies of two neutral loci after a selective sweep

(2,11’ according to the different possible a-population sizes when the first (backwards in
time) recombination between N1 and N2 occurs.

PY (2, 1756 PY(R(,2) > R(i,1) = 0)

leK]
= Y PURG, 1) 20,R(,2) > R, 1), Na(rK ) = )
=1
leK]-1 ~
= Y PW(RG,2) >R, 1)»Na(7§(i,2)) =10
=1

PY(R(,1) 2 0IR(,2) > R(i,1), Na(t ;) = . (4.6.7)

In the following Lemma, which then gives rise to the proof of Proposition 7, we consider
separately the two probabilities of the above product :

Lemma 10. There exist three finite constants ¢, Ky and €y such that for K = Ko, € < &g and
< |eK],

5 1-(1-)EK~ Q- nn e cy/E
(1) . . K _ I
PY(R(E,2) > R(i,1), Na(T; ) = D=12 TR o tlogly SllogK
(4.6.8)
and
W p(i ; . K K T g
P (R(l,l)20|R(l,2)>R(l,1),Na(TRU.,Z))ZI)—ZS(k+1)e S8 | <cve.  (4.6.9)
k=1

Proof of Proposition 7. From Lemma 10 and Equation (4.6.7) we get the existence of a finite ¢
such that for K large enough and € small enough,

LEKJ 1

r1+r2 10g LeK]

s(l+1) llogKHZ s(k+1)

e TIET 4 ovE]. (46.10)

Rewritting the second term in brackets and applying Lemma 14 with cy/log N =r1/s yields :

e %1 log(l-1) r_
S

n
NG

IA

_n - n 3!
e logll D(es 1Ogl—1+c—)+c\/5
s

< 1-—e ¥logl +cVe,

for K large enough, € small enough and a finite ¢, whose value can change from line to line
and which can be chosen independently of /. We use in the last inequality Condition (4.1.1)
which claims that limsupg_.., 7110g K < co. Including the last inequality in (4.6.10) gives

leK]-1
I _Intry ntrp 2
P(l)([z l]rec < Z 2 e 1= 2longzKJ(e 1—2]ogl _ eflogl) + eV,
- sU+1)
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4.6. First phase

for a finite ¢, K large enough and € small enough, where we again use (4.1.1) which ensures
that exponential terms are bounded away from zero and infinity in the following sense :

rtry rp+ro

1 .
~ <liminfe "+ 108leKl < limsupe s logleK] _
C K—o0 Koo

for a finite ¢. Applying again Lemma 14, we get :

T _n r _ntr2
PY (2,117 < ( 2 _pvloglekl 1 oK logLfKJ) NG
’ ry+ro r+rnr

The lower bound is obtained in the same way. Notice that it is a little bit more involved as we
need to use (B.2) in addition. O

The end of this section is devoted to the proof of Lemma 10.

Proof of Equation (4.6.8). We can decompose the event {R(i,2) > R(i, 1)’NG(T§(1',2)) = I} accor-
ding to the jump number of the (backwards in time) first recombination. Recall the definition
of NR(H)W page 139. We will use this event with a different initial condition for (NA,Na),
which will not necessarily be (|724K],1). It will however still correspond to the absence of any
recombination before the end of the first phase. We recall conventions (4.1.8) and (4.3.4). With
the definition of (aik),, in (4.6.3) we get

PV (R(,2) > R, 1), Na(TRy; ) = )
=Y POm=J5Q), Na(th,_)) = 1-1, No(t ) = 1, (@il) i, (Ai2) oy, Ym < m' < J(1) 2 (ai12) )

m>1
<) sup P ma1-1p) VRO < JK), Natrl_ ) = 1-1, Na(rh) = D
m>1nyel; 1

= sup {p;’;)(nA,l—l)P(l) (NR(i)(”)}[E(”[U,’il(l)], (4.6.11)

(na,D)
naelk1 4

and the same expression with the infimum on 714 € IX1 for a lower bound. To enlight the

proof the approximation of the second probability, P&)A, N (NR(i)M), is derived in Lemma 11

in Appendix A. The first probability in the sum, p;r;‘)(n 4,1—1), can be bounded thanks to
(4.6.2). This yields,

A

- T ry+r €
PY(RG,2) > RG, 1), Na(Ty o) =D < (1 +cg)ﬁ(e—%1°g*+“ +cvVOEY UK (1)]

ry+rp LeK]
-——~log=;

IA

:
a +c\/5)ﬁe EV U, ),

for a finite ¢, € small enough and K large enough, where we used that (r; + r2)logK is
bounded. We similarly get a lower bound and end up the proof of Equation (4.6.8) by applying
(4.5.9). O

159



4. Genealogies of two neutral loci after a selective sweep

Proof of Equation (4.6.9). We will decompose the event considered here according to the value
of N, when the first (backwards in time) recombination occurs. Let us denote by { Ik< (1) the
jump number of the last hitting of k < |eK] by N, during the first phase,

(R (1) :=supim, 78, < TK, No(th) = &3, (4.6.12)

and recall (4.5.20). Then we can define the events

NR(1,¢,1) := {the first locus of individual i sampled at jump time K

rK(l
does not recombine from the a- to the A-population between 0 and TEK(I)} (4.6.13)
where ¢ € {¢,0}. Similarly as in (4.6.11), Bayes’ rule leads to :
PO(R(,1) = 0| R(i,2) > R(i,1), Na(Th; ) = 1) (4.6.14)
LeK] 5 .
= Y PU(R(,1) 20, No(t]y;1))= k| R(i,2) > R(, 1), Na(T g 5) = D),
k=1
leK]
< 3 { sup pRna k= VP (NR(L0, D)2 (KD,
=1 nuelfl

where for sake of simplicity we have introduced the notation

(kD= Yy PYm<R(,2),Na(th,_) =k=1,Na(rh) = k| Na(Tp; 5) = D).

m<oo

The lower bound is obtained by taking the infimum for 7,4 in IX1 and replacing o by {. To
enlight the proof, the expectations of these two quantities are stated in Lemma 11.

First we prove that with a probability close to one the a-population size is bigger when the
(backwards in time) first recombination occurs than when the second, of locus (7,1), occurs.
Note that by (4.5.9) and Lemma 3, there exists a finite ¢ such that for every [ < k < |eK] :

2k, ) <EV[UF )] sup E) o lUK e (Dlof (1) <ool < cuf ™,

(na,l+1)
nAE

where we recall that p, <1 for € small enough, and we used (4.5.9) and Lemma 3. Hence,
recalling (4.6.14) and (4.6.2), we obtain for k> [

- N leK] k=1 c
PO (R(,1) =0, N (8 ;1)) = lIR(1,2) > R(, 1), Na (0 R ;) = D= crp Y. =*

= )
ks ko logK

for a finite ¢ and & small enough. We therefore can ignore all k> [ in the sum in (4.6.14) and
continue with the case k < [. Here, we can bound the sum as follows :

EV U 1= sup E) U8 IEP U] <2k ) <EV UL ().

nAEI 1
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4.6. First phase

Bounding the difference between the two bounds within Equation (4.6.14) then yields

c
logK’

l l
n m K M 7K
Y 2 osup B WUy MEVIUF M <c Z

for a finite ¢ by (4.6.2), (4.5.9) and Lemma 3 and thus we can work with [E(U[U,f_l(l)] as an
approximation for the sum X(k, /). Reasoning in the same way to get a lower bound and using
(4.6.2) and (A.2) we get the existence of a finite ¢ such that for K large enough and ¢ small
enough,

-1

PU(RG, 1) 2 01R(i,2) > R(i, 1), Ng (T 0) = D= 3 rkl e VB TEV UK )| < evE.

k=1
Applying (4.5.9) and (B.2) yields Equation (4.6.9). Notice that we have replaced 1/k by 1/(k+1).
We used Condition (4.1.1) to do this. 0

Event [12,2]”?

Recall the definition of [12, 2]"“ page 139. This section is devoted to the proof of the following
result :

Proposition 8. Let i be an individual sampled uniformly at the end of the first phase. There exist
two finite constants ¢ and €y such that for € < €,

rp+r r 4 fare
—-172 Jog|eK) - 172 10g|eK]| -~-=logleK]|
l1—e 5 98 e~ "5 log —e fas
limsup [PV (112,217 - 11 | + || =eve
K—oo0 r+r r+r2(1— fal fa)

Démonstration. As the proof is very similar to the proof of Proposition 7 we will be very brief
here and only give the ingredients. Let us introduce for I < [¢K] the event :

RA(, 1) := {[12,2)¢,R(i,2) = R(i,1) 2 0, No(tK ;) = I} (4.6.15)
Then we can rewrite the probability of [12, 2]’“ as follows :

leK]
PO (12,210 = Y PYRAW )PM(R(,2) = R(i,1) =0, Ny (T ;) = D. (4.6.16)
=1

Apart from the point of recombination, the second probability in the above sum coincides
with the probability studied in Equation (4.6.8) and we obtain for € small enough and K large
enough,

sup LIPMW(R(i,2) =R(i,1) =0, Ny (Th; ) = D—
I<|eK] '

(1 — o leKl=1 _ (1 _ ol+1 ey .
r(l—-(1-s) (1-3) )e—%log*ff” —¢ Ve

s(l+1) logK’ (+.6.17)
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4. Genealogies of two neutral loci after a selective sweep

for a finite ¢, when substituting r» by r; in the fraction which mirrors the recombination
probability. The probability of RA(/,i) is derived in Lemma 1l. Inserting (4.6.17) and (A.3)
into (4.6.16) yields

LeK]

,fArll rl _rn+tn eK]
P22 < Y (Q1-e s ogl)ﬁe ol | o e
' +
=1
ntra ntra—farelfa
- —rlHZIOgI_EKJ e s lOgI.SKJ_l e S logLEKJ_l . \/_
= re s — c\VeE
rn+r 11+ 12— faral fa

where we again applied Lemma 14 to express the sum in a different way, and used the finitness
of limsupg_ . (r1 + 12)logK assumed in Condition (4.1.1). Reasoning similarly for the lower
bound and rearranging the terms ends the proof of Proposition 8. 0

Proof of Proposition 2

Event R2(1)W : By definition and from Lemma 9,

1
oIg<K)’

where R(i,1) and R(i,2) have been defined in (4.6.6). But these probabilities have already been
derived in Chapter 3 Lemma 7.4, and we get :

POR2(HM) =PV(R(,2) =0) - PV (R(i,1) = 0) + o(

PO R2()V) = (1 - g1g2) — 1= 1) + +Ok (€) = g1 (1 — g2) + Ok (€),

where Ok (¢) satisfies (4.4.5).
Event R1|2(i)189 : By definition (see page 139)
PO (R12(0)M89) = PD (12,1756 + PO ([12,21759).

The result then follows from Propositions 7 and 8.

Event R12(i)V : From Definition (4.6.15) and Equation (A.3) we obtain for K large enough,

leK] ~
PORI2OY) = Y a-PPRAUL PP RG,1) = R(,2) 20, Ny(T;) = 1)
=1
K] fa 2] ll_ (l—S)LEKJ_l —(1 —S)l+1 rn+r LeK]

=y e faslo8 e” = 8T 4 Ox(Ve

1 l:Zi S(l+ 1) K(\/—)
n —Qf—AlogLsKJ —0*72 00| eK]

= e s Ja —e s 8 +0 £),

r1+r2—fAr2/fa( ) K(\/_)

where we again used the statement of Lemma 14 to substitute the sum, and Equation (B.2).
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4.7. Second and third phases

Event NR(i)V : From Lemma 9,

PONRGHD) =1 -POR2()D) =PV (R12()DY) =PV (R2(1) V) + o(lolgéK).

This ends up the proof of Proposition 2.

Proof of Proposition 3

All results concerning the background birth and death process (N4, N,;) are independent of
the geometry. The statements derived in Section 4.5 and the conclusions on negligible events
can be used without modification. Note that we can stick with the recombination probabilities

5

from Lemma 8 but have to keep in mind that the recombination probability pf:é ,) (n) now
refers to the probability to see a recombination between SL and Nj. Following the reasoning
in Section 4.6, there are exactly two non-negligible events which lead to two singletons in the
A-population : if k # k" € {1,2},

e First (i,k) recombines into the A-population, then (i,k’) recombines into the A-
population (and connects to a different individual than (i, k)). This event will be called

kK.

A close look at the proofs of Lemma 10 shows that the calculations stay the same also in

the case of the separated geometry. We therefore have an analogous statement. As both

rec
Al

in the expression of P(l)([Z,l]fo), and the asymptotical probability of R112())189 follows
by adding the probabilities for the events [I,Z]X’f and [2,1] Irff Due to symmetry reasons
we can treat the probabilities of R1()Y and R2())Y in one step. As the proof for R1(H)W
from Proposition 2 only uses the results from Lemma 10 which still hold true in the second
geometric alignment both claims follow at once. Finally, the statement about N R()W results

from the previous observations about negligible events.

situations are symmetrical, the probability of [1,2] is obtained by exchanging r1 and r,

4.7 Second and third phases

This section is devoted to the proofs of Propositions 4 and 5.

Proof of Proposition 4

We need to show that two distinct lineages picked uniformly at the end of the second phase
coalesce or recombine during that phase only with negligible probability. Let us recall the
definition of the jumps 7%, in (4.4.1) and denote by UX(2) the number of upcrossings of the
a-population during the second phase :

UX@)i=#im, 1K <X < 75+ 1, N,X ) - N, 5) = 1), (4.7.1)
Let us introduce the event CX :

CK=(1X <S5y niNK (2 ?K1a,v TN <t < TN + 1.
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4. Genealogies of two neutral loci after a selective sweep

In particular on the event CX, for TX < 7K < TX 4+ ¢, and je (1,2}

. 8r; .
p;'j;(N(rfi))sgz—IQ and p'?(NEK)) <

eAKe’
Then if we recall the definition of NR(i)® page 141 we have for meN,

8(r + Tz))m

) @1 17K () — 1 K B
POWNRGDPIUN @) = m,c) 2 (1- =

(4.7.2)

But for K large enough, log(1—8(r; + 1)1 (€2K)) = —=10(r1 + 2)/ (€2K) and hence

8(rp+19) )
2K

PY(NR(HP|CK)

vV

(1-PV WX @ > Kloglog KICK) | * 818K 1080~

10(rq +19)loglog K

(I—IP’(”(UK(Z) >KloglogK|Cf))e_ e

\%

But according to Condition (4.1.1) the exponential term is equivalent to 1 when K is large.
Moreover, according to (4.3.5), NX is smaller than 272,K on the time interval [TX, TX + t,]
with probability close to 1. When this property holds, we can bound the birth number U K2
by the sum of 271,K iid Poisson random variables with parameter f; . The strong law of large
numbers then yields

Jim PO WX (2) > KloglogK|CX) = 0.

Applying again (4.3.5) to get lirnK_,OOlP(Cf | TEK <o00) =1 finally gives
lim P(NR(i)?|TX < 00) = 1.
K—o0

We prove in the same way the coalescence part in Proposition 4.

Proof of Proposition 5

The proof of the asymptotic probability of R2(i)®8% is the same as for (A.3), except that the
roles of A and a are exchanged. Hence we do not give more details. Note however that it
extensively uses Lemma 6. Let us now focus on the event NR(i)®, and introduce

NRA®)® := {no neutral allele of individual i recombines from the a to the A population}.

Recall the definitions of P® and UX(3) in (4.3.18) and (4.5.39) respectively. We decompose the
probabilities according to the number of upcrossings of N,; during the third phase and get in
the same way as in (4.7.2), for meN

: (ri+r2)e \m
PO NRAGO|UK @) = m, (T < TEA p sy 5 (1T :
(NRADP|UX3) = m, (T ; deay = ( fa(ﬁa_M,,g)zK)
where TéK'A), T and S have been defined in (4.3.11). But for K large enough and €
small enough,

falri+ e

(r +r)e
falig—M"€)2K

fan2K

log(1 )=-2f4
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4.8. Independence of neutral lineages

Hence we get for a finite constant ¢ and € small enough :

PONRAD®) = (I—P(g)(UK(3)>—KIOgK))eXp(—2fA(r1+r2)\/ElOgK)
£

fail
VEER UK (3)] 2fa(r1 +12)velogK )
= (1_ KlogK )(1_ faﬁ?l )2(1_6\/2) '

where we used Lemma 6 and that (r; +r2)logK is bounded (Condition (4.1.1)).

The proof of the last part of Proposition 5 is very similar to that of Proposition 4. The
key arguments are that the expectation of the birth number of a-individuals during the third
phase under P® is of order KlogK (Lemma 6), whereas the probability for two neutral alleles
associated with an allele a to coalesce is of order 1/K? at each birth of an a-individual (Lemma

7).

4.8 Independence of neutral lineages

This section is dedicated to the proof of Proposition 6. We sample d € N distinct individuals

uniformly at the end of the first phase. We recall the definitions of the genealogical events for

the adjacent geometry SL— NI — N2 during the first phase page 139 and introduce :

R(112) := Z Lpy20)0g@, R(1):=R(1|2) + Z LRi2(iym and  R(2):=R(D)+ Z Lroiym
1=i=d 1=i=d 1=i=d

From Proposition 2 we know that R(1), R(2) and R(1|2) are sufficient to describe the neutral

genealogies at the end of the first phase up to a probability negligible with respect to one for

large K. Let j, k, [ be three integers such that [ < j and j+ k < d. We aim at approximating

p(,k,1):=PR(1) = j,RQ2) = j+ k,R(Q,2) = 1|]TX < §K) (4.8.1)
=P(RQ) = jITK < SEPRE) = j+ KITK <S5 RQ) = )
P(R(1,2) = | TX < SK,R(1) = j,R(2) = j+ k).
The approximations of the two first probabilities are direct adaptations of Lemma 5.2 and
proof of Proposition 2.6 in [SD05] pp 1623-1624. More precisely, Lemma 7.3 in Chapter 3

which states that with high probability two neutral lineages do not coalesce then recombine
(backwards in time) allows us to get an equivalent of Lemma 5.2 (with J =0) in [SD05] :

P(R(1) =j|TKss§)—(7
J

OiE - ") < o = +e),

logK
for € small enough, where c is a finite constant,
Fr:=PY(R(>,1) 20(Ng, No) (x ), n < T (1)),

and R(i,1) is defined in (4.6.6). Then Equations (7.21), (7.23), (7.24) and (7.26) of Chapter 3
yield
limsup |[EV[F/ (1 - F)@ 71— - g/ q\" | < ce,

K—o0
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4. Genealogies of two neutral loci after a selective sweep

where q; has been defined in (4.1.11), which allows to conclude

d dej
limsup P(R(l):j|TKss§)—(j)(1—q1)1q{d M <ce, (4.8.2)

K—o0

for £ small enough where c is a finite constant.

The derivation of the second probability, P(R(2) = j + kITK < Sf,R(l) = j), follows the
same outline. The lineages where N1 does not escape the sweep can be seen as lineages where
SL and N1 are the same locus and the recombination probability between SL— N1 and N2 is
r2. This is due to the independence of the recombinations between SL and N1 and between
N1 and N2. Hence we can rewrite the probability as follows :

P(R2) = j+kITX <SK,R(1) = j) =P(R@) - R = kITX < SX,d-RQ)=d - )).
We can then directly apply the result (4.8.2) for the law of R(1) and get :

d-j-k)| _

g
limsup |P(R2) = j+ k|TX < K, R(1) :j)—( k])(l—qg)kqé < ce, (4.8.3)

K—o0

for £ small enough where c is a finite constant and ¢» has been defined in (4.1.11).

The derivation of the last probability in (4.8.1) is more involved but follows the same spirit.
First let us notice that we only have to focus on genealogies where N1 escapes the sweep.
Hence the derivation of the probability comes down to the derivation of P(R(1]|2) =/ ITgK <
SK,R(1) = j). According to Lemma 9, with high probability there is no recombination between
SL and N1 after (backwards in time) a coalescence among the d sampled individuals. There
is no coalescence either after a recombination between SL and N1 (this is due to the large
number of A-individuals; similar proof as for the last probability of Proposition 5). Hence if
we introduce

NC(2,0) := {there is no coalescence between those of the d sampled neutral alleles

located at N1 which undergo a recombination between SL and N1},
we get :

P(R(1,2) = [|TK < S5 R(1) = j) =P(RA,2) = I|TK < SK,RQ) = j, NC(2,0)) + o(k’%]().

Let us denote by (iy,...,i;) the j sampled lineages which undergo a recombination between
SL and N1. We will construct the neutral genealogies to get a property of "nearly indepen-
dence" : first we add the recombinations between SL and N1. As we restrict our attention to the
event {R(1) = j, NC(2,0)}, the lineages whose allele at N1 escapes the sweep do not coalesce.
We add the recombinations between N1 and N2 in the lineage i;. If the lineage i; do not
coalesce at locus N2 with a lineage i with 1 < k < j (event called NC(2, 1)), then we add the re-
combinations between N1 and N2 in the lineage i,. On the event {R(1) = j, NC(2,0), NC(2,1)}
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4.8. Independence of neutral lineages

these recombinations are independent from the recombination between N1 and N2 in the
lineage i;. Then if the lineage i» does not coalesce at locus N2 with a lineage i with 1< k< j
(event called NC(2,2)), then we add the recombinations between N1 and N2 in the lineage
i3, and so on. At each step the probability to coalesce with a lineage in (iy, ..., i;) is negligible
thanks to Lemma 9, and hence the lineages whose allele at N1 escapes the sweep undergo
"independently” a recombination between N1 and N2 on an event of high probability. More
precisely, if we introduce for 1 < k< j and 6 € {0,1}

{ri, = 0} :={there is 6 recombination between N1 and N2 in the lineage i},

then for (61,...,6 ) € {0,1}

P(ri, =0k 1<k<jITN <SSR =j) =
log K
[T Py, = 647X < SK,R(1) = j, NC(2,0), NC@2, 1), ..., NC(2, k= 1)) + o(%).
1<ks=j

Indeed, the probability that the event NC(2, k) is not realized after adding the recombinations
between N1 and N2 in lineage i has order logK/K according to Lemma 9. But for 1<k < j,

P(r;, = 8, TX < SK R = j, NC(2,0),..., NC(2, k- 1))
_ P(rj, =61, R1) = j,NC(2,0),..,NC2,k - 1)|TX < SF)
~ P(R(1) =j,NC(@2,0),..,NC2,k—-1)|TX < sK)
_ P(ry, =6k, RQ) = jITX < S5 - P(r, =61, R(1) = j,(NC(2,0)n...n NC(2,k - 1)°|TX < S§)
- P(R() = j|ITK < S5 -P(RQ) = j,(NC(2,0)n...AnNC(2, k- 1))|TX < §K)

’

(4.8.4)

and according to Lemma 9 and Coupling (4.3.14), there exists a finite ¢ such that for K large
enough and ¢ small enough,

logK
P((NC2,0)n...n NC(2, k—1)|TX < $K) < c(% +e).

As P(r;, =6, R(1) = jITX < SK) does not go to 0 when K goes to infinity, we get

log K
P(r;, =8, TX < K RQ) = j,NC(2,0),..., NC(2,k-1)) = P(r;, = 6 ITX < SK,R(1) = j)+o( OIg< +£)

P(R1|2(i;) 189 | TK < gK
_ 5, PRL2( D8] <£)+(1_5k)(1_

P(R1|2(i) 189 | TK < sf)) (logK +€)

¢ P(R(ir,1) = 0| TX < SK) P(R(ir,1) = 0| TX < SK) K
1-q1-q3 1-q1—-qgs logK
=6 ————+(1-6p)|1- 0] :
Ok - +( 6k)( = )+ ( +£)

where we recall the definition of R(if,1) in (4.6.6), the definition of R1|2(i) 189 page 139,
and we used Proposition 2. Adding Equations (4.8.2) and (4.8.3) we finally obtain :

n [ k (n-j-k[J a3 \'(_43 i
1-q1)’ 1- 1-—— @)
(].)( wlaq" | )( a2) 4, (l)( =) () ox@
n!

NG - Dkl (n—j—k)!

p(, k1D

(@1g2" (11— @))% (1= g1 - g2)" + Ok (e). (4.8.5)
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4. Genealogies of two neutral loci after a selective sweep

This ends the proof of the independence between genealogies during the first phase.

The derivation of the asymptotical independence of neutral lineages during the third phase
is an easy adaptation of Lemma 5.2 and proof of Proposition 2.6 in [SD05] pp 1623-1624 as
with high probability two lineages do not coalesce during this phase.

A Lemma 11

Recall the definition of NR(i)!) page 139, and Definitions (4.6.13) and (4.6.15). Then we have
the following approximations for large K.

Lemma 11. There exist three finite constants c, Ko and € such that for every K = Ky and € < g

€] (1) T+ leK]
sup P’ (NR(i)W)—exp| - ——log——|| < cV¢, (A])
naclk1,1<|eK] ’ (.0 ( s ! )‘
sup sup |[F"$l) o (INR(,7,0) — exp(— ﬂlogl_—1)| < Vg, (A.2)
1€{(,0} nyeIX1,k<l<|eK] o S k
sup ’IP(D(RA(Z, ) — (1 - exp(— EQlog l))’ <cve. (A.3)
I<|eK] fa's

Démonstration. Let us introduce the sigma-algebra generated by the trait population process
F = o((Na, N ), 75 < 7X).

We use some ideas developed in [SD05]. The proof, although quite technical, can be summa-
rized easily : for (g, b, ¢, d, f) € R3, Triangle Inequality and the Mean Value Theorem imply

lg—ebI<lg—e | +lc—dl+|d—fl+|f - bl.

Hence for every random variables (X7, X5) € Ri and measurable event C :

n+rz log LeK]
1

PYCIF) —e s

<[PV iz - e

+|X1 —X2|

r+rnr leK ]
logT

+ X ~EV 6]+ [EV 1] -
By taking the expectation and applying Jensen and Cauchy-Schwarz Inequalities, we obtain :

rn+rz LeK]
5 log =

PYC) -e”

<EVpV(ClF) - e

K
+V/Var(e) + [EV 1%, - Lﬁlog% . (A4

+ED X - |

Hence the idea is to find the appropriate random variables (X;, X») € [R%_ZF to get small quanti-
ties on the right hand side.
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Proof of Equation (A.l) : The first step consists in working conditionally on &, describing
this probability as a product of conditional probabilities close to one, and derive a Poisson
approximation. To this aim, we define for meN:

+ L () )y, 7 «© K
0" (m) '_l{rﬁsff}INa(rﬁ)—Na(rﬁ,l)zl}(pa/lx + Py Y(Na, N (Th, ),

where we recall the definition of the p o in Definition 5. Notice that Remark 11 implies that
for p€{1,2}, na € IX1 and I < [eK],

- (1) UK() [E(l) UK(l)
- p Einad M (r+72) o (nah) Uk
e (kZ::1 o) = 2 Z“’ (M5, ce5y<1)”) = i+ (k; )

(A.5)
Then, similarly as in [SD05], we have for n4 € IX1 and I < [eK]

(e0)
(D N gy = (r1+72) M
P (o NR(D) |9)—rrl;[1(1—9 P m), P —as.

If we introduce the variable,
(e.0)
n(lz) = Z 8(””2)(771),
m=1

which will play the role of X in (A.4), we get by following the path of Lemma 3.6 in [SD05] :

1 1472 1 1+72 c
[E( ) l)’ H (1 B(T +7- )(m)) eXp( n(l?_))‘ < [E( ) l)[ Z (0(1’ +r- )(m)) OgZK, (A6)

for K large enough, n4 € IX1,1 < |¢K] and a finite ¢ (which can be chosen independently of ),
where we used Equations (4.5.9) (4.5.10) and (A.5), and Condition (4.1.1) for the last inequality.

Next we introduce an approximation of the random variable 7%, namely
12)._ 3 plr+r)
7%= ) 0T M, )2 8, 01 (A7)
m=1
which will play the role of X, in (A.4). For ny € Ig(l and [ < |eK] :
o0
a 12) _ =(12 1)
0<[E(n) N)) [77( )—TI( '] [EEnA 1)[ Zle(rﬁrz}(m)l{muﬁ)d} (A.8)
m=

-1 _ -k
(1-s5-(g) - (r1 +12)

r+rnrs
>

Tsp@82@ o k+1 T r

(A.9)

for a finite ¢ and € small enough, where we used (A.5) and (4.5.10) for the first inequality, and
(B.2) for the second one. This latter ensures that ¢ can be chosen independently of I. The
expected value of 712’ can be bounded by using (A.5), (4.5.9) and (B.2)

leK]-1 1 1 (1 _ S)I_EKJ—]C_ (1 _ s)k+1
(1) ~(12)
712 (= ce)r+r2) ,;, k+1( s -]
r -+ leK]| c
>(1- | — , A.10
(1=ce s 08T logK (A.10)
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for a finite ¢ and € small enough. For the upper bound we get similarly,

K
EV 1] = 1+ ce) lzrzlogu. (A1)

(na,D) l
The last step consists in bounding the variance of 71?. As the calculation of this variance is
quite involved, we introduce an approximation of 7j!?), namely
rn+rnr [E% ! rn+r

— UK(I)
Na(‘rm NE S S .0 k+1

= 12) _ _
' Z LR ek 2N Ll ) - Nk _p=1)

Equation (4.6.2) yields (1 —ce)7? <712 <712 for a finite ¢ and & small enough. Hence

2
7(12) 5(12) 1 =(12)
‘Var(n 1)77 Var(n 1)77 ’<CE|E(n l)[(n ) ]
s )ZLE%—l[E(”[(U,f(l))z]+[E(1)[(U,§(1))2]< (A1)
<ce(rp+r < C¢, .
SR (k+ D (K +1)

where we used (4.5.14) and (B.3) which ensure that U, K(1) is smaller than a geometric random

variable with parameter q(s @5+ ) 5 5 (¢). Thus it is enough to bound Var(l) D 7](12 Thanks
to (4.5.11) and Condition (4 1.1) we get :

leKI=1 Cov(,) (U, US M)
kel (k+1)(K'+1)
leK]-1 ) (K'=k)/2
£

2(rp+r 2 c
1+ 72) ks%:l k+D(K'+1) " log?K

vard 302 _

2
nAl)ﬂ (ri+r2)

+e€ - log[;s K]

IA

(c+elogleK]).

Recalling (A.12) and again Condition (4.1.1), we finally obtain

liglsupVar&) i 12) < ce, (A.13)
—00

12)

for a finite ¢ independent of / and & small enough. Applying (A.4) with X; = 7" and

Xp =71? yields

ritry LeK]
~log =

(NR(i)M) -

[E(l) [)‘ 1_[ (1- 9(r1+r2)(m)) exp( TI(IZ))

o) 12) _ ~(12) O =012 W a2, Nntre. leK]
+E, ] ]+\/Var(nA'l)n( )+|[E(nA’l)[17 ] S log |

We end the proof of Equation (A.1) with Inequalities (A.6), (A.8), (A.13), (A.10) and (A.11).

(n )l

Proof of (A.2) : There is a supplementary difficulty due to the randomness of Na(rg(i 2)- In
the previous case we were interested in an event before the first hitting of [¢K|, while in the
current case, the conditioning on the value of Na(rg( ; 2)) does not tell us how many times N,
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has hit this value before. This is why we have introduced NR(/,0,i) and NR(l,{,i) in (4.6.13).
Define for m =1,

~ ~ K
0" (m) =1k <1y LR, (1) - Rk =1 P (N, N (T)).

We again condition on the trait population process and get for n4 € IX1 and k <1< |eK],

ol
P (NRUo,DIF) = [T A-0"0m), PY | —as, (A.14)
m=1

and the same expression with o replacing {. We define the corresponding parameters for the
Poisson approximation as follows :

ok ok
ngl) Z H(TI)(m) and n(1)+ Z 6(’1)(m)
m=1

They will play the role of X; in (A.4). We will show that both can be approximated by :

X rm
il = Ze(“)(m)lN(o)<N @ y<lpy (A.15)

m=1

which will play the role of X, in (A.4). Recall Definitions (4.5.7), (4.5.16) and (4.5.21). On the
one hand, for n4 € 151 and k< [eK],

g
W) g ()
E i M I=E,, k)[ Z O (M) (AN k) <hy T LinE k) >l})]

k-1
<EVDEWIY. sup plY(na, j) sup [E&) e 1)[UK k]
K

j=1nA€I nAE
leK]

+EVUF W1 Y, sup pU(na, j) sup En 1oy Un, ;Do (1) <ool,
j=l+1n,elk naeIX

(A.16)

where we used that in the first phase, under P), the number of excursions below k (resp.
above [) is equal to le((l) (resp. UlK(l) —1). Applying Inequalities (4.5.9), (4.5.18), Lemma 3,
and Equation (4.6.2), we get the existence of a finite ¢ such that for & small enough :

leK] |] ]

W+ _ 1) c
nA k)["z I=cn Z

j+1 logK

as g € (0,1) for € small enough and by Condition (4.1.1). On the other hand, by using the
same results as in (A.16), we get

ol rm
m ~(1) M (r) (r) _
E ot (173 = K, k[ Z O Mg, aryey+ 2 07 Mg, @<
m=0¥(1)+1
k=1, k=j 11 =i
c
< crl( HE +Z He )< .
Ziirl S+l logK
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4. Genealogies of two neutral loci after a selective sweep

This shows that it is enough to use f](ll) for the Poisson approximation. From (A.6) we deduce
that this approximation holds true up to terms of order 1/log” K. Recalling once again (A.4),
we see that it only remains to calculate the expected value of f](l) and to bound its variance.
The expectation can be approximated in the same way as the expected value of 17(12) from
the previous part in (A.10) and (A.11) :

I-1

_c <E (n » [n 1)] <1+ ce)—log— (A.17)

-1
(l—ce)—log T

k  logk

A comparison of the definitions of T](D in (A.15) and 7% in (A.7) shows that the variance of

17(11) can be bounded by the same expression, that is, a constant times €. This ends the proof

of Equation (A.2).

Proof of Equation (A.3) It can be done in a similar way as for Equations (A.l) and (A.2). We
have the following lower and upper bounds :

H [1 PR WA, (k)] < 1-PYRAWLDIF) < 1‘[ [1 PN, N k)| (A1)

Once again we aim at deriving a Poisson approximation. As a birth event in the A-population
is needed to see a recombination within the A-population, bounds on the expected number
of jumps will concern the process N4 and we have to use Lemma 4. O

B Technical results

This section is dedicated to technical results needed in the proofs. First we recall a well known
result on the hitting times of birth and death processes which can be found in [AN72] :

Proposition 9. Let Z = (Z;) =0 be a birth and death process with individual birth and death
rates b and d. For i € Z*, T; = inf{t = 0, Z; = i} and P; is the law of Z when Zy = i. Then for
(i,j, k)e Zi such that j € (i, k),

1—(d/b)l~t

P(Tp<T;) = . B.I
W< T = 1= s (B1)

We also recall Lemma 3.5 in [SD05] and the first part of Equation (A.16) in Chapter 3
which are used several times :
Lemma 12.

o Ifa>1 thereis a C such that for every N €N,
al

N
1
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o Recall Definition (4.5.13). Then for (s, s2) € (0,1)? and k < K],

(S1A 82,81V $2)

6]k ERI AR (B3)

Finally, we state two technical results. The first one can be proven by using characteristic
functions, the proof of the second Lemma is given below :

Lemma 13. Let V be a geometric random variable with parameter py and (G',i € N) a sequence of
independent geometric random variables with parameter p,, independent of V. Then the random

variable : .
7= Z G
i<V

is geometrically distributed with parameter p; po.

Lemma 14. Let (cn, N €N) be a bounded sequence of R. Then there exists a finite constant ¢ such

that o
k-1 ,onn 108!
. elog logN o~
lim sup sup Z _ 98 (eTosn 108K _ 1)‘ <c.
N—oo k=N'iZ3 I+1 CN

Démonstration. We prove the Lemma for a sequence (cy, N € N) in R* and extend the result

by using the convention

(FBN (o

(elogNlogk_ 1)) 0 :logk‘

CN len=

The idea is to compare the sum with the integral
ko ooy _ logN v
f x logN ldx: i(elogNlng_l)‘
1 N

Let [ be in {1,..., N—1}. Then we have

ll c ;71\] C C OLviN
f+ xﬁ_ldx—llgzv = logN((l+l)$—l$— = llgN)
i I+1 CN logN [+1
_ logNllsgN((Hl)%_ )
N l (I+1)logN

An application of the Taylor-Lagrange formula yields that

SN N _
1+ %)W 1= llsgN " lngNN(lngNN B 1)#(1 #x) ™ 2

where x belongs to [0,1/]]. As the sequence (cy, N € N) is bounded, we deduce that there
exists a finite constant ¢ such that

‘N
I+1 ¢y [logN c
lo N_1 — J—
’f XTeN " dx |s .
! I+1 12

This ends up the proof of Lemma 14. 0
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Résumé. Cette thése porte sur ’étude probabiliste des réponses démographique et gé-
nétique de populations a certains événements ponctuels. Dans une premiére partie, nous
étudions 'impact de catastrophes tuant une fraction de la population et survenant de maniére
répétée, sur le comportement en temps long d’une population modélisée par un processus
de branchement. Dans un premier temps nous construisons une nouvelle classe de processus,
les processus de branchement a états continus avec catastrophes, en les réalisant comme
l'unique solution forte d’une équation différentielle stochastique. Nous déterminons ensuite les
conditions d’extinction de la population. Enfin, dans les cas d’absorption presque stire nous
calculons la vitesse d’absorption asymptotique du processus. Ce dernier résultat a une applica-
tion directe a la détermination du nombre de cellules infectées dans un modéle d’infection de
cellules par des parasites. En effet, la quantité de parasites dans une lignée cellulaire suit dans
ce modéle un processus de branchement, et les "catastrophes” surviennent lorsque la quantité
de parasites est partagée entre les deux cellules filles lors des divisions cellulaires. Dans une
seconde partie, nous nous intéressons a la signature génétique laissée par un balayage sélectif.
Le matériel génétique d’un individu détermine (pour une grande partie) son phénotype et en
particulier certains traits quantitatifs comme les taux de naissance et de mort intrinséque,
ou sa capacité d’interaction avec les autres individus. Mais son génotype seul ne détermine
pas son “adaptation” dans le milieu dans lequel il vit : I’espérance de vie d’'un humain par
exemple est trés dépendante de ’environnement dans lequel il vit (accés a I’eau potable,
a des infrastructures médicales,...). approche éco-évolutive cherche a prendre en compte
Ienvironnement en modélisant les interactions entre les individus. Lorsqu’une mutation ou
une modification de environnement survient, des alléles peuvent envahir la population au
détriment des autres alléles : c’est le phénomeéne de balayage sélectif. Ces événements évolutifs
laissent des traces dans la diversité neutre au voisinage du locus auquel Ialléle s’est fixé. En
effet ce dernier “emmeéne” avec lui des alléles qui se trouvent sur les loci physiquement liés au
locus sous sélection. La seule possibilité pour un locus de ne pas étre “emmené” est I'occurence
d’une recombination génétique, qui I’associe a un autre haplotype dans la population. Nous
quantifions la signature laissée par un tel balayage sélectif sur la diversité neutre. Nous nous
concentrons dans un premier temps sur la variation des proportions neutres dans les loci
voisins du locus sous sélection sous différents scénarios de balayages. Nous montrons que
ces différents scenari évolutifs laissent des traces bien distinctes sur la diversité neutre, qui
peuvent permettre de les discriminer. Dans un deuxiéme temps, nous nous intéressons aux
généalogies jointes de deux loci neutres au voisinage du locus sous sélection. Cela nous permet
en particulier de quantifier des statistiques attendues sous certains scenari de sélection, qui sont
utilisées a 'heure actuelle pour détecter des événements de sélection dans Ihistoire évolutive
de populations a partir de données génétiques actuelles. Dans ces travaux, la population évolue
suivant un processus de naissance et mort multitype avec compétition. Si un tel modéle est
plus réaliste que les processus de branchement, la non-linéarité introduite par les compétitions
entre individus en rend I’étude plus complexe.
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Abstract. This thesis is devoted to the probabilistic study of demographic and genetical
responses of a population to some pointwise events. In a first part, we are interested in the
effect of random catastrophes, which kill a fraction of the population and occur repeatedly,
in populations modeled by branching processes. First we construct a new class of processes,
the continuous state branching processes with catastrophes, as the unique strong solution of a
stochastic differential equation. Then we describe the conditions for the population extinction.
Finally, in the case of almost sure absorption, we state the asymptotical rate of absorption.
This last result has a direct application to the determination of the number of infected cells in
a model of cell infection by parasites. Indeed, the parasite population size in a lineage follows
in this model a branching process, and catastrophes correspond to the sharing of the parasites
between the two daughter cells when a division occurs. In a second part, we focus on the
genetic signature of selective sweeps. The genetic material of an individual (mostly) determines
its phenotype and in particular some quantitative traits, as birth and intrinsic death rates, and
interactions with others individuals. But genotype is not sufficient to determine “adaptation”
in a given environment : for example the life expectancy of a human being is very dependent
on his environment (access to drinking water, to medical infrastructures,...). The eco-evolutive
approach aims at taking into account the environment by modeling interactions between
individuals. When a mutation or an environmental modification occurs, some alleles can
invade the population to the detriment of other alleles : this phenomenon is called a selective
sweep and leaves signatures in the neutral diversity in the vicinity of the locus where the
allele fixates. Indeed, this latter “hitchhikes” alleles situated on loci linked to the selected locus.
The only possibility for an allele to escape this “hitchhiking” is the occurrence of a genetical
recombination, which associates it to another haplotype in the population. We quantify the
signature left by such a selective sweep on the neutral diversity. We first focus on neutral
proportion variation in loci partially linked with the selected locus, under different scenari
of selective sweeps. We prove that these different scenari leave distinct signatures on neutral
diversity, which can allow to discriminate them. Then we focus on the linked genealogies of
two neutral alleles situated in the vicinity of the selected locus. In particular, we quantify some
statistics under different scenari of selective sweeps, which are currently used to detect recent
selective events in current population genetic data. In these works the population evolves as
a multitype birth and death process with competition. If such a model is more realistic than
branching processes, the non-linearity caused by competitions makes its study more complex.
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