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Fondements mathématiques et numériques de la méthode des pseudopotentiels
Résumé: Les contributions de cette thése consistent en trois principaux résultats.

Le premier résultat concerne la théorie des perturbations analytique pour les modéles
de type Kohn-Sham. Nous montrons, sous certaines conditions techniques, [’existence,
lunicité et 17 analyticité de la matrice densité de ’état fondamental du modéle de Hartree-
Fock réduit pour des perturbations réguliéres provenant d’un potentiel extérieur. Notre
analyse englobe le cas ou le niveau de Fermi de l’état fondamental non-perturbé est une
valeur propre dégénérée de l'opérateur de champ moyen et ou les orbitales frontiéres sont
partiellement occupées.

Le deuziéeme résultat concerne la construction mathématique de pseudopotentiels pour
les modeéles Kohn-Sham. Nous définissons [’ensemble des pseudopotentiels semi-locauz a
normes conservées de régularité de Sobolev donnée, et nous prouvons que cet ensemble
est non-vide et fermé pour une topologie appropriée. Cela nous permet de proposer une
nouvelle fagon de construire des pseudopotentiels, qui consiste a optimiser sur cet ensemble
un critére tenant compte des impératifs de régularité et de transférabilité.

Le troisiéme résultat est une étude numérique du modéle de Hartree-Fock réduit pour
les atomes. Nous proposons une méthode de discrétisation et un algorithme de résolu-
tion numérique des équations de Kohn-Sham pour un atome soumis a un potentiel ex-
térieur a symétrie cylindrique. Nous calculons les niveaux d’énergie occupés et les nombres
d’occupations pour tous les éléments des quatre premiéres rangées du tableau périodique et
considérons le cas d’un atome soumis & un champ électrique uniforme.

Mathematical and numerical foundations of the pseudopotential method
Abstract: The contributions of this thesis consist of three main results.

The first result is concerned with analytic perturbation theory for Kohn-Sham type mod-
els. We prove, under some technical conditions, the existence, uniqueness and analyticity
of the perturbed reduced Hartree-Fock ground state density matrixz for reqular perturbations
arising from an external potential. Our analysis encompasses the case when the Fermi level
of the unperturbed ground state is a degenerate eigenvalue of the mean-field operator and
the frontier orbitals are partially occupied.

The second result is concerned with the mathematical construction of pseudopotentials
for Kohn-Sham models. We define a set of admissible semilocal norm-conserving pseudopo-
tentials of given local Sobolev reqularity and prove that this set is non-empty and closed for
an appropriate topology. This allows us to propose a new way to construct pseudopoten-
tials, which consists in optimizing on the latter set some criterion taking into account both
smoothness and transferability requirements.

The third result is a numerical study of the reduced Hartree-Fock model of atoms. We
propose a discretization method and an algorithm to solve mumerically the Kohn-Sham
equations for an atom subjected to a cylindrically-symmetric external potential. We report



the computed occupied energy levels and the occupation numbers for all the atoms of the
four first rows of the periodic table and consider the case of an atom subjected to a uniform
electric-field.
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Preface (Fr)

L’objectif du premier chapitre est de donner un apercgu de la théorie de la fonctionnelle
de la densité et de la théorie des perturbations pour les opérateurs auto-adjoints, ainsi
qu’un résumé des résultats nouveaux présentés dans cette thése.

Les résultats obtenus au cours de ce travail de thése sont rassemblés dans les trois
chapitres suivants:

Chapitre 2. Un point de vue mathématique sur la DFPT (Density Functional
Perturbation Theory)

Le contenu de ce chapitre reprend un article publié dans Nonlinearity [23|, complété
par une annexe sur la théorie des perturbations au deuxiéme ordre. L’article est consacré
a lapplication de la méthode des perturbations analytiques a la théorie de la fonctionnelle
de la densité. Nous introduisons d’abord le modéle de Hartree-Fock réduit et expliquons
la distinction entre le cas non-dégénéré et le cas dégénéré. Nous établissons également des
conditions suffisantes assurant I'unicité de la matrice de densité de I’état fondamental non
perturbé de référence. Ensuite, un potentiel de perturbation est ajouté a la fonctionnelle
d’énergie. L’objectif de cette contribution est de comprendre I'influence de ce potentiel sur
I’énergie et sur la matrice densité de ’état fondamental. Les résultats de base dans le cas
non-dégénéré sont rappelés, principalement ’existence, 'unicité et 'analyticité de la ma-
trice densité perturbée par rapport a la perturbation. En outre, nous donnons une formule
de récurrence permettant de calculer les coefficients du développement en perturbation.
Le cceur de cet article est 'extension de ces résultats au cas dégénéré. Sous certaines hy-
pothéses, nous prouvons des résultats similaires a ceux établis dans le cas non-dégénéré :
la matrice densité de I'état fondamental perturbé existe, est unique et est analytique en
la perturbation. En outre, une formule de récurrence permet de calculer les coefficients de
la série de Rayleigh-Schrodinger. L’approche décrite dans ce chapitre peut étre appliquée
a d’autres modéles quantiques de champ moyen, comme le modéle de Kohn-Sham LDA
(sous certaines hypothéses supplémentaires). Enfin, des démonstrations rigoureuses de la
régle (2n 4 1) de Wigner sont fournies.

Chapitre 3. Existence de pseudopotentiels & normes conservées optimaux pour
le modéle de Kohn-Sham

Ce chapitre traite de la construction mathématique de pseudopotentiels pour le calcul
de structures électroniques. Nous rappelons pour commencer la structure et les propriétés
de base du modéle de Kohn-Sham pour un atome, d’abord pour un potentiel tous-électrons,
puis pour des pseudopotentiels & normes conservées. L’Hamiltonien de champ moyen de
I’état fondamental de ’atome est invariant par rotation et ses fonctions propres ont donc
des propriétés spécifiques, que nous étudions en détail car elles jouent un réle important
dans la théorie du pseudopotentiel. Nous décrivons la facon de construire des pseudopoten-
tiels & normes conservées et nous définissons ’ensemble des pseudopotentiels semi-locaux
¢ normes conservées admissibles. Nous montrons que, pour le modeéle de Hartree (égale-
ment appelé modéle de Hartree-Fock réduit), cet ensemble est non-vide et fermé pour
une topologie appropriée. Nous démontrons également quelques résultats de stabilité du



modéle de Hartree avec pseudopotentiel, par rapport aux perturbations extérieures et aux
variations du pseudopotentiel lui-méme. Nous étendons ensuite quelques-uns des résultats
obtenus au Chapitre 2 dans le cadre de la théorie des perturbations réguliéres au cas d’une
perturbation par un champ électrique uniforme (potentiel de Stark). Nous construisons en
particulier la perturbation au premier ordre de la matrice densité a la fois pour le modéle
tous-électrons et pour le modéle avec pseudopotentiel. Nous proposons enfin une nouvelle
fagon de construire des pseudopotentiels consistant a choisir le "meilleur" pseudopotentiel
selon un certain critére d’optimalité, et nous montrons ’existence d’un pseudopotentiel op-
timal pour divers critéres d’optimalité (certains d’entre eux impliquant la réponse linéaire
de la densité atomique de 'état fondamental a des potentiels de Stark). Enfin, nous discu-
tons des extensions possibles de nos résultats au modéle de Kohn-Sham LDA. Ce travail a
fait 'objet d’une pré-publication [25] et a été soumis pour publication.

Chapitre 4. Une étude numérique du modéle de Kohn-Sham pour les atomes

Ce chapitre traite de la simulation numérique du modéle de Kohn-Sham pour les atomes
soumis & des potentiels extérieurs a symétrie cylindrique. Nous traitons a la fois le modéle
de Hartree et le modéle Xa. Nous commencgons par présenter ces modéles avec et sans
perturbation et par rappeler quelques résultats théoriques bien connus dont nous avons
besoin. L’approximation variationnelle du modéle et la construction d’espaces de discréti-
sation appropriés (en utilisant les éléments finis P4) sont détaillées, ainsi que I'algorithme
pour résoudre les équations de Kohn-Sham discrétisées utilisé dans notre code. La derniére
section est consacrée aux résultats numériques que nous avons obtenus : d’abord, nous
présentons les niveaux d’énergie calculés de tous les atomes des quatre premiéres lignes du
tableau périodique. Fait intéressant, nous observons dégénérescences accidentelles entre
des couches s et d ou p et d au niveau de Fermi de quelques atomes. Ensuite, nous con-
sidérons le cas d’un atome soumis & un champ électrique uniforme. On trace la réponse
de la densité de ’atome de bore pour différentes amplitudes du champ électrique, calculée
numériquement dans une grande boule avec des conditions aux limites de Dirichlet, et
on vérifie que, dans la limite de petits champs électriques, cette réponse est équivalente
a la perturbation au premier ordre de la densité de I’état fondamental. Quelques détails
techniques sont rassemblés dans une annexe a la fin du chapitre.
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Chapter 1

Introduction and summary of results

The aim of this chapter is to give a brief overview of the density functional theory and of
the perturbation theory for self-adjoint operators, as well as a summary of the new results
presented in this thesis.

Several models are used to describe the electronic structure of atoms and molecules.
The electronic Schrédinger equation is a very accurate ab-initio model, but unfortunately,
it is difficult to deal with it numerically, since it is a high-dimensional partial differen-
tial equation. Nonlinear mean-field models, which are approximations of the electronic
Schrédinger equation, are on the other hand widely used in computational physics and
chemistry. The most commonly used among these models are the Hartree Fock (HF) and
Kohn-Sham (KS) models. The HF model is a variational approximation of the electronic
Schrodinger equation. An introduction to density functional theory (DFT) and the Kohn-
Sham models is given in Section 1.1.

Perturbation theory (PT) is an important tool in quantum chemistry. One of its ap-
plication is that it can be used to compute the response properties of molecular systems
to external electromagnetic fields. In Section 1.2, the main results of the perturbation
theory for linear self-adjoint operators in both degenerate and non-degenerate cases are
recalled. Perturbation methods for some nonlinear mean-field models [21] are dealt with
in Chapter 2.

The contributions of this thesis are summarized in Section 1.3. First, we describe
the results on density functional perturbation theory clarified in Chapter 2 and published
in [23]. Second, we give an overview of our study of the pseudopotential method presented
in Chapter 3. Finally, we summarize the numerical results presented in Chapter 4.

1.1 Mathematical modeling of molecular systems

Density functional theory is the most widely used approach in ground state electronic
structure calculations. The purpose of this section is to give an introduction to DFT. We
explain in particular how it is derived from the many-body Schrodinger equation describing
a finite molecular system.

15



1.1.1 Many-body Schrodinger equation

A non-relativistic isolated quantum system consisting of N particles can be modeled by a
separable complex Hilbert space H, called the state space, and a self-adjoint operator on
‘H, denoted by H, called the Hamiltonian. The time-dependent Schrodinger equation has

the form 4T
ih—(t) = HU(1), (1.1)

dt
where £ is the reduced Planck constant. The wave function W(t) is a normalized vector in

‘H. It is the object which completely describes the state of the quantum system at time ¢.

Equation (1.1) is a first order linear evolution equation. The stationary states are of
special interest. They have the form W(t) = e’ where |[1h||yy = 1 and a(t) = —iEt/h.
Inserting W(¢) in equation (1.1), one gets that the function 1 satisfies the time-independent
Schrodinger equation

Hy = FEq. (1.2)

The number F is from a physical point of view the energy of the state .

The state space associated to a one-particle system with spin s is H = L?(R3 x 3, C),
where 3 is a discrete set of cardinality 2s + 1. For a system consisting of N-particles, the
state space is a subspace of the tensor product of the N one-particle state spaces. For
simplicity, let us first consider two particles with spins s and so. If the two particles are of
different nature then the state space of the two-particle system is L?(R3 x X1, C) ® L?(IR3 x
¥y, C) = L2(RS, C2s1+D2s241)) [f the two particles are identical we get:

e for bosons, the state space is the symmetrized tensor product of the one-particle state
space, denoted by L*(R3 x 3,C) vV L*(R3 x X, C), where ¥ = 31 = 3,

e for fermions, the state space is the antisymmetrized tensor product of the one-particle
state space, denoted by L?(R? x ¥, C) A L?(R3 x ¥, C).

More explicitly, the wave function ¥ satisfies the following symmetry properties: for
all (I‘1,0'1;I'2,(72) €R3 x ¥ x R? x >,

U(t;re,09;11,01) = VU(t;r1,01;T2,09) (for two identical bosons),

U(t;re,09;11,01) = —V(t;r1,01;r2,02) (for two identical fermions).

Consider now the general case of N-particles, where the i-th particle has a mass m;
and is subjected to an external potential Vi and where the interaction between the
i-th and the j-th particles is described by the two-body potential W;;. The quantity
|U(t;r1,00;--;rN,0N)|? can be interpreted as the probability density of observing at
time ¢, the first particle at position r; € R? with spin o1, the second particle at position
ro with spin o3, etc. The Hamiltonian H is the equal to

9 N
H = —ZLAri+Z%xt(ri)+ Z Wl](r17rj)

— 2m; ; —
i=1 =1 1<i<j<N

In the sequel the spin variable is omitted for simplicity.
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1.1.2 Quantum description of a molecular system
In the sequel, we will work with the atomic units, so that
h=1, me=1, e=1, 4dme =1,

where m,. is the electron mass, e is the elementary charge and ¢ is the dielectric permittivity
of the vacuum.

Consider an isolated molecule composed of M nuclei and N electrons. Denote by
Hy = /\NL2(R3),

the subspace of the N-tensor product of L?(R?), consisting of antisymmetric functions.
A time-dependent molecular wavefunction is, in the position representation, a function
U(t,Ry,--- ,Ra;ry,--- ,ry) and belongs to L2(R3M) @ Hy. The Hamiltonian of this
molecular system is

M 1 N
Hyol = —Zk:1mARk—Zz 12 Zz 1Zk 1 Jri—Ry]| Rk\

1
+ 2 1<icj<n ] T Do i<kal<M 7|R'zk_zﬁl|v (1.3)

where my, and z; are the mass and the electric charge of the k-th nucleus, respectively. The
first two terms in H,,, correspond to the kinetic energy of the nuclei and the electrons,
respectively. The later three terms correspond to the electrostatic energy of the interaction
between electrons and nuclei, between electrons, and between nuclei, respectively.

It is to be remarked that this model does not depend on empirical parameters specific
to the molecular system. It only depends on fundamental constants of physics, of the
number of electrons, and of the masses and charges of the nuclei. On the other hand, it is
difficult to use it to compute the properties of the molecular system, as it requires solving
a 3(M + N)-dimensional partial differential equation. In practice, this becomes hard as
long as M + N > 3.

1.1.3 Born-Oppenheimer approximation

Since the nuclei are much heavier than the electrons, the mass ratio me/m,, is a small
parameter, and it is possible to decouple the nuclear and electronic degrees of freedom by
means of an adiabatic limit [62]. It can then be shown that, in most cases, nuclei behave
as classical point-like particles interacting through an effective potential energy function
W:RM LR,

W(Ry,- Ra) = IRy, Rp)+ Y kAL (1.4)
1<k<I<M Ry, — Ryl

where I(Ry,---,Ry) is the effective potential created by the electrons and where the
second term in (1.4) is due to the repulsive Coulomb forces between the nuclei. In fact,
the value of I(Rq,---,Ry) is the ground state energy of the electronic Hamiltonian

riBe}

Hyee” = ZA“ ZZ|I. _Rk| Z —r[

i=1 k=1 1<1<]<N Ti =1
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which is a self-adjoint operator on Hy = AN L?(R?), parametrized by the nuclear positions.
It can be obtained by solving the following minimization problem

I(Ry,-- Ry) = int { (U[HE|9), @ € Qn, [y = 1}, (15)

elec

where

O =HnyN HI(R?’)
is the form domain of the electronic Hamiltonian He{lik}. Note that to solve (1.5), it suffices
to minimize on real-valued wavefunctions. We therefore considered here Qn as a space of
real-valued functions. In what follows, we will focus on the electronic problem (1.5) for a
given configuration {Ry} of the nuclei. For simplicity we will denote by

Eo:=I(Ry,---,Ry) and Hy:=Hi

elec
so that
1 al 1
HN = _5 ZAri + ZVne(ri) + Z m
i=1 i=1 1<i<j<N
with
M 2
Vie(r) = = >
and
Eo = inf {(U|Hy|T), ¥ € Xy}, (1.6)
where

Xy ={V € Qn, [ ¥[py =1}
is the set of admissible wavefunctions.

The operator Hy is always bounded below, and its essential spectrum is a half-line:
Oess(Hy) = [EN, +00[. For neutral or positively charged molecules, Hy possesses infinitely
many discrete eigenvalues below ZV := min oee(Hy). For N = 1, we have Z' = 0, and
for N > 2, 2V is equal to the ground state energy of Hy_; (see figure 1.1). This is a
special case of the HVZ theorem (see e.g. |69, p.120, 343] and [97]), which was proved by

Hunziker [45], van Winter [95] and Zhislin [96].

ground state

¥
.
|

ground state

+III
LI
N=1

0 excited states

sN-1

Figure 1.1 — The graphs of the spectra of HY and HY ! respectively (HVZ-theorem).

18



Even though applying the Born-Oppenheimer approximation simplifies the original
fully quantum problem, solving (1.6) for N large remains extremely difficult. Nonlinear
mean-field models such as Hartree-Fock and Kohn-Sham models provide relatively accurate
approximations of (1.6) at a reasonable computational cost.

It should be noted that the Born-Oppenheimer approximation does not account for
correlated dynamics of ions and electrons, such that polaron-induced superconductivity, or
some diffusion phenomena in solids. See [14, 31| for mathematical studies of cases when
this approximation breaks down.

1.1.4 Density functional theory

The idea of the density functional theory (DFT) is to replace the minimization (1.6) over
admissible wavefunctions by a minimization over the set of admissible electronic densities.
Let us recall that the density associated with a wavefunction ¥ € Hy is defined by

pu(r) =N |W(r,ro,--- ,rn)|*dry-- - dry. (1.7)
RS(Nfl)

Density functional theory was introduced first by Hohenberg and Kohn [53] and Kohn
and Sham [51], and formalized by Levy [54], Valone [89, 90] and Lieb [55]. The first step
consists in writing the electronic Hamiltonian as

N N
. 1 A
HN = H]l\z + E Vne(ri) with H])\} = —5 E Ari + E W
i=1 i=1 1<i<j<N'*? J

(1.8)

The operator H}V is generic and only depends on the number N of the electrons in the
system, while Vj,¢ is specific, in the sense that it depends on the molecular system under
consideration. Note that, for any ¥ € Xy, we have

N N
<\IJ| Z Vne(ri)|‘1f> = Z /3N Vne(ri)|qj(r1, . ’I.N)|2 dI‘l . dI‘N
i=1 i—1 7R

= /]R3 p\ane. (1.9)

Define the set of the admissible electronic densities
Ry ={p| 3V € Xy s.t. py = p}.
It is proved in [55] that
Ry = {pZO\\/ﬁeHI(R?)), /RS :N}.
Using (1.8) and (1.9), problem (1.6) is equivalent to

Ey = inf {{¥[HN|Y) + [ps puVae, ¥ € Xn}.
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An elementary calculation shows that

Ey = inf{F}vL(p) +/ PVae, p € RN}, (1.10)
R3

where F ]I(,L is the Levy-Lieb functional defined by

FE(p) = inf {(W|H W), W € Xy, py = p} . (1.11)
It is a universal density functional, in the sense that it does not depend on the considered
molecular system. It only depends on the number of electrons.

The states that can be described by a single wave function W € X are called pure
states. The N-body density operator associated with W is the operator I'y on Hy defined
by

Ty = |U)(P].

By definition, the density associated with I'y is the density associated with the wave
function ¥, that is

pry(r) = py(r) =N |U(r,ry, - ,ry)|>dry---dry. (1.12)
R3(N-1)

The one-body reduced density matrix associated with W is the operator vy on L2(R?)
defined by the integral kernel

")/\I/(I‘,I") =N \I/(I',I'Q,--- ’I‘N)\I/(I‘/,I‘%n- ,I'N)dI‘Q---dI‘N. (113)
R3(N-1)

Recall that we only deal with real-valued wavefunctions W. In fact, not all molecular
states can be described by a single wavefunction. This is the case of mized states, which
are fundamental objects in statistical physics, and are convex combinations of the pure
states. A mixed state can be described by a N-body density operator

o0 o0
T=> plT)(Tl; 0<p <1, Y pi=1 WeXy; ieN (1.14)
=1 =1

From a physical point of view, the coefficient p; is the probability for the system to be in
the pure state ¥;. The density and the one-body reduced density matrix associated to the
N-body density operator I' defined by (1.14) are respectively defined by

o0
pr(r) = pipw,(r)
i=1
and
o0
= Py (1.15)
=1

where py, and vy, are defined by (1.12) and (1.13), respectively. An important point to
be mentioned is that the mappings I' — pr and I' — A are linear. Denote by

Dy={TeSHn) 0<T' <1, Tr(I)=1, Tr(—ATl)< oo},
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where S(Hy) is the space of bounded self-adjoint operators on Hy, 0 < I' < 1 means
0 < (I'T,¥) <1, for any ¥ in Hy, and Tr (—AL") = Tr (|V|T'|V|). In fact, the set Dy is
the convex hull of the set of the density operators associated with pure states. It can be
checked that

Tr (HyD) = Tr (HLT) + / prVie
R3
and

Ry ={p |3V € Xy s.t. py = p}
={p |3l € Dy s.t. pr = p}

= {pZO\\/ﬁeHl(R‘q’), / p=N}-
R3
The above results are known as the N-representability of densities. As

Eo = inf {(U|HN|T); ¥ € Xy}
= inf {Tr (HNTy); ¥ € Xy}
= inf {Tr (HyT); T € Dy},

we get, with the help of (1.8) and (1.9),

Fo —mf{F]%(p) s [ Vi e RN}, (1.16)
Rlﬂ

where F' ]I\“, is the Lieb functional, defined by

FX(p) = inf {Tr (H\T), T € Dy, pr = p}.
Formulation (1.16) is more satisfactory than (1.10) from a mathematical point of view, as
it is a convex problem.

We have thus formulated the ground state electronic problem, as a function of the
density. Unfortunately, there is no simple way to evaluate FII\‘, and FJI\}L.

1.1.5 Thomas-Fermi and related models

The idea underlying the Thomas-Fermi model 32, 84| (1927) is to approximate

e the electronic kinetic energy by C'rp ng p(x)gd:x. This approximation is based on the
fact that the kinetic energy denséty of a homogeneous gas of non-interacting electrons
with density p is equal to Ctrp3, where

10

Crop = 3(3#)%

is the Thomas-Fermi constant;
e the electron repulsion energy by % fR3 ng %dw dy, which is the electrostatic
energy of a classical charge distribution of density p.
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The Thomas-Fermi (TF) energy functional, then reads

1
Frr(p) = CTF/ P+ 2 // Mdfﬂd%
R3 2 JJrsxmrs |7 —yl

In the Thomas-Fermi-von Weizséicker (TFW) model, the term Cyy [ps |[V/p|? is added
as a correction to the TF approximation of the kinetic energy to account for the non-
uniformity of electron densities in molecular system [92]. The TFW energy functional thus

reads
1 x
Frrw(p) = CW/ Vb2 + CTF/ 3+ = // p(x)p(y) dz dy,
R3 R3 2 ) Jraxmrs |z —

where Cyy takes different values depending on how the correction is derived [28].

4
3

In the Thomas-Fermi-Dirac-von Weizsidcker (TFDW) model, a term of the form —C'p ng P
is added to the TFW, where
§(§)%
4 7
is the Dirac constant, to deal with exchange effects. The TFDW energy functional reads

Cp =

Frepw (p) CW/ IV/pl* — CD/ PB+CTF/ p°/3

// d dy.
R3xRR3 ‘x_y‘

The minimization problem of the Thomas-Fermi type models has the form

By WY — g {FTF,TFW,TFDW(P) T /Rg PVue; p € RN} ’

where Frp rw TFDW is one of the above defined energy functionals.

It is to be remarked that Thomas-Fermi energy functionals are explicit functionals of
the density. They belong to the class of orbital-free models, in contrast with the Kohn-
Sham models, in which the energy functional is expressed in terms of one-electron Kohn-
Sham orbitals and associated occupation numbers, or equivalently in terms of one-body
reduced density matrix. Thomas-Fermi models are not used much anymore in chemistry
and physics, but they are still of interest from a mathematical point of view, since they
are used to test mathematical techniques.

1.1.6 Kohn-Sham models

The Kohn-Sham method [51], introduced in 1965, is currently the mostly used approach
for electronic structure calculation in materials science, quantum chemistry and condensed
matter physics, as it provides the best compromise between computational efficiency and
accuracy. This method proceeds from DFT as follows:
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e the kinetic energy is approximated by the kinetic energy of a system of N non-
interacting electrons. We then obtain for the pure states

Tks(p) = inf {(U|HY|T), ¥ € Xy, py = p}, (1.17)
and for the mixed states
Ty(p) = inf {Tr (HYT), T € Dy, pr = p}. (1.18)
The functional T} is called the Janack kinetic energy functional,

e the repulsion energy between electrons is approximated by the classical Coulomb
electrostatic energy
1
J(p) = // p()p(y) dz dy;
2 R3xR3 ‘SC - y‘

e the errors on the kinetic energy and the electron repulsion energy are put together
in a single term, called the exchange-correlation functional, defined by the difference

Eye(p) = FxH(p) — Tks(p) — J(p)

Exe(p) = FN(p) — Ty(p) — J(p),

depending on the choice of whether working with the pure or mixed states. It is
numerically shown that the exchange-correlation energy is about 10% of the total
energy.

The Janack kinetic energy defined by (1.18) can be rewritten as a functional of the
one-body reduced density matrix yp defined by (1.15). Indeed

Tr (HYT) = Tr (—%A"}T)

and
{7/ 3T € Dy, v =7} =Ky,

where
Kn={veSL*R*)[0<y<1, Tr(y) =N, Tr(-Ay) < oo}. (1.19)

The above result is known as the mixed-state N-representability of one-body reduced
density matrices (1-RDM). Thus the Janack kinetic energy is equal to

) 1
y(p) = nt { T (- 380), 7 € K, =}
Note that any v € K can be written as

v = Zni|¢i><¢i\7
i=1
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with

¢ € H'(R?), /R3 ¢idj = ij, mi €[0,1], Y ni=N,
i=1

and Zni\|v¢i||%g(R3) < 0.

i=1

In particular, the density associated with v € Cp is
oo
2
py(x) =D milei(x)]*.
i=1

Hence, the Janack kinetic energy can be equivalently rewritten as
1 oo
Ty(p) = inf {2 an/ IVoil*, @ = (¢3)ien+ € W,
-1 IR

v = (ni)ien € N, Zml@'\Q = P} ;

i=1
where
W= {@ = (¢)ien+, ¢ € H'(R?), / Pij = 51’1’}
R3
and

oo
NN = {l/: (ni)iGN*a Ognl < 1, ZTLZ :N}

i=1
Unfortunately, no such simple expression for TKS(p) is available. In the standard Kohn-

Sham model, it is assumed that a minimizer of (1.17) is a Slater determinant (which is not
always the case [55]), so that Tks(p) can be replaced by

1 N
TKS<p) = inf {2 ;/]Rg ’v¢z’27 ¢ = (¢17' e 7¢N) S (Hl(Rg))N7

N
/R3 Gipj = dij, po = ; |¢i* = P} :
We recall that a Slater determinant is a wave function ¥ of the form
W(rr, ) = det(di(r)), with 6 € I2(RY), and /RS bidj = b.5.
Note that, for any p € Ry, it holds
Ty(p) < Ts(p) < Tis(p)-

The standard Kohn-Sham model, built from the Levy-Lieb functional, with integer
occupation numbers, reads

EXS = inf{EKS(cb), = (¢1, - ,0n) € (H (R, /RS bipj = 5ij}, (1.20)
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with

N
1
ES(@) =5 ) /IR Vil + /R paVae + J(pa) + Exe(pa).
i=1

The Kohn-Sham equations obtained from the first-order optimality conditions associ-
ated with the constrained optimization problem (1.20) read (after some algebraic manip-
ulation)

= (¢17 e 7¢N) € (Hl(Rg))N
HES ¢ = 5i¢ia
fRs ¢z¢j zya
HES = —3A + Vie + (pgo x| - |71) + v*(pgo),

where v*¢ = 2E7°(0)
dp

The extended Kohn-Sham model, built from the Lieb functional, with possibly frac-
tional occupation numbers, reads

EEXS — inf{EEKS(v), v e )CN}, (1.21)

with
EKS 1
E¥S(0) = Tr (=38) + [, Voo + T(0) + Brclp),

which is equivalent to (with slight abuse of notation) the following orbital formulation
EFKS — inf{EEKS(y, D), DeW, ve NN},

with
EFRS(,, ) an / Vol + / pooVae + T(pvd) + Exc(pna),
R3

where p,o = Y oo, ni|¢i|?>. The Euler-Lagrange equation of problem (1.21) is (after
algebraic manipulation)

P = (¢i)ien € W, v = (n;)ien- € Ny,
PO(r) = Doy malei(r),
HEES i = e,
n; =1 if ei<e%,
n; =0 if 6i>6%,
Oﬁnzﬁl if 62'26%,
[ HJES = =3 A + Ve + o % |- |71+ 079(p0),

where the Fermi level eOF is the Lagrange multiplier associated with the constrained Y ;2 n; =
N. The difficulty of studying these models arises from the nonlinearity, non-convexity, and
possible loss of compactness at infinity when Ey. # 0 [1, 81].
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Approximations of the exchange correlation energy

There are a large number of approximations of the exchange-correlation energy in the
literature. Some of them, for instance the B3LYP functional [8] or the PBE functional [63]
are very successful in many cases. However, despite recent progress |75, there are still
problems for certain situations, for instance when Van-der-Waals (VDW) interaction plays
a major role. Approximate exchange-correlation functionals can be classified in several
groups:

e when Fy. is chosen identically equal to zero, we obtain the reduced Hartree-Fock
model (rHF), also called the Hartee model;

e the simplest approximation actually used in practice is the local density approxima-
tion (LDA) [51, 65]:
EMNp) = /Rgg(p(r))dr,
where g : Ry — R_ is the exchange-correlation energy density of the homogeneous
electron gas. An approximation of the LDA model is the so-called Xa model [79]:

(o) =~Cp [ o,
R3
where Cp is the Dirac constant;

e the generalized gradient approximation [63]. gives raise to exchange-correlation func-
tionals of the form

1
B (p) = / hp, 5IVv/ol),
R3

where h : Ry x Ry — R_. The PBE functional previously mentioned belong to this
class.

Let us mention more sophisticated approximations, such as meta-GGA [83] (e.g TPSS),
hybrid functionals [8] (B3LYP, PBEO, HSE,...), range-separated functional [85], exact ex-
change (Ex), the random phase approximation for correlation [11, 12, 13] (cRPA), and
functionals originated from the adiabatic connection fluctuation-dissipation theorem [60]
(ACFD). As the complexity of the exchange-correlation energy functional increases, com-
putational efficiency decreases [64]. This is represented usually by Jacob’s ladder in
DFT, which was first formulated by Perdew. It depicts five generations of exchange-
correlation energy functionals leading from Hartree (the less accurate model) to the N-
body Schriodinger equation (the most accurate model), see figure (1.2).

A proof of existence of a Kohn-Sham ground state for neutral or positively charged
systems was given in [81] for Hartree and in [1] for LDA. This question remains open for
GGA and more complicated functionals.

1.2 Perturbation theory

Perturbation theory has various applications in quantum chemistry. It is used for instance
to compute the response of the system under consideration to different chemical or elec-
tromagnetic environments. From a mathematical point of view, it aims at investigating
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Chemical accuracy

unoccupied orbitals cRPA: random phase approximation for correlation
occupied orbitals Ex: exact exchange functionals
7(r) meta-GGA: meta generalized gradient approximation
Vpl(r) GGA: generalized gradient approximation
p(r) LDA: local density approximation

Hartree world

Figure 1.2 — Jacob’s ladder of exchange-correlation energy functional [64].

how the eigenvalues and the eigenfunctions of a reference operator change when the later
is slightly modified.

Eigenvalue perturbation theory was first introduced by Rayleigh [67] in the 1870’s.
The mathematical theory of the perturbation of linear operators has been first studied by
Rellich [70]. We refer the reader to the reference books [47, 69].

The main results of perturbation theory will be recalled in this section. We will restrict
ourselves to linear analytic perturbations in the sense of Kato [47]. A mathematical study
of perturbation theory for some nonlinear quantum chemistry models, under some assump-
tions, can be found in the reference [21]. In chapter 2, we present a new approach to study
the perturbation of such models, under more general assumptions. An important case for
physical applications, which is not covered by analytic perturbation theory, namely the
"stark effect”, will be dealt with in chapters 3 and 4.

1.2.1 Finite dimensional perturbation

In this section, we present perturbation theory for the eigenvalue problem in a finite di-
mensional complex vector space X. We first focus on this case not only for simplicity, but
also because the perturbation theory of discrete eigenvalues in infinite dimension can be
reduced to the finite dimensional case.

For zp € C and R > 0 we denote by D(zp, R) = {z € C| |z — 29| < R} the disc in the
complex plane of center zp and radius R and by C(z9,R) = {z € C| |z — z9| = R} the
circle in the complex plane of center zy and radius R.

Let 5+ T(B) € L(X) be an operator-valued function of a complex variable 5. Suppose
that 7'(/3) is analytic in a given domain € of the complex plane. Without loss of generality,
we can assume that 0 € 2. We have

T(6) = S BT,
B=0
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with () € £(X), the series being convergent for || small. The operators T' = T©) = T(0)
is the unperturbed operator and A(S) = T(8) — T(0) is the perturbation. The eigenvalues
of T'(B) satisfy the following characteristic equation

det(E — T(B)) = 0. (1.22)

Let N = dim(X). Equation (1.22) is a polynomial in F of degree N, with analytic
coefficients in 8. Thus, solving equation (1.22) for a given f is equivalent to finding the
roots of

4(B, E) := det(E = T(8)) = EN + a1(B)EN "' + -+ an(B).

The functions a1 (5) - - - an () are analytic for | 3| small enough. Let Ey be a root of ¢(0, E)

of multiplicity m. For || small enough, it is known [50] that ¢(3, E) has exactly m roots

near Fy and that these roots are the branches of one or more multivalued analytic functions.

More precisely, there exist positive integers pi,--- , pr, with Zle p; = m, such that the

m roots of ¢(8, F) near Fy are given by multivalued functions E1(f8),- - , Ex(3) analytic
1

in 87, fori=1,---,k, that is

E(8) = Fo+ >l g, (1.23)

j=1
These series are known as Puiseux series.

In particular, if Ey is a simple root, then for |3| small enough, there is exactly one root
E(pB) of q(B, F) near Ey. Moreover, E(f) is analytic in [ in the vicinity of 0.

For any operator A, we denote by o(A) the spectrum of A, and by p(A) = C\ o(A)
the resolvent set of A. The resolvent of T'(3) is defined by

V2 e p(T(B), R(B,2):=(z—T(8)"

In fact, R(f, z) is analytic in the two variables (f3,z) in each domain in which z is not
equal to an eigenvalue of T'(f) [47]. This result is obtained by writing R(f, z) as follows

R(B,2) = R(0,2) [1 + (z — 20 — A(B)) R(0, 20)] ",

where zy € p(T"), and proving that the operator (z — zp — A(5)) R(0, zp) is small in norm
for |z — zp| and |B| small enough.

Let E be one of the eigenvalues of T', with multiplicity m, and € > 0 be such that
o(T)ND(E,e) = {E}. Denote by, ¢ = C(F,¢) the circle in the complex plane of center F
and radius e. The analyticity of the resolvent R(f, z), for |3| small, insures the analyticity
of the projector

Y(B) = —— & R(B,2)dz.

A% &€

In particular, if Ej is a simple root of T' with associated eigenvector g, then for |n]
small enough there exit analytic functions § +— E(8) and 5 — () from D(0,7) into C

and X respectively, satisfying T'(8)y(8) = E(B)v(5).
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Additional results can be established when T'(53) is self-adjoint for g real. In this
case, if B is an eigenvalue of T of multiplicity m, then there exist k& < m distinct
analytic functions in § near 0: E1(f), -+, Ex(f), which are all the eigenvalues of T'(3).
This is known as Rellich’s theorem [69]. In this particular case, one can show that in

formula (1.23) for a given i, for any j, either agz) =0 or 137 is an integer. Moreover, the
associated eigenfunctions {1;()}1<i<m can be chosen orthonormalized and ~(f) is then
the orthogonal projector on the subspace spanned by those eigenfunctions.

Here are some elementary examples of linear perturbation in dimension two. For sim-
plicity, T'(3) is identified by its matrix representation.

-(. %)

This is an example where the eigenvalues form the branches of one double-valued

function, with two exceptional points, where there is "level Crolssing” between the two

eigenvalues. The eigenvalues of T(3) are: Ex = +(1 + $%)2, and 3 = +i are the
exceptional points. The eigenprojectors are:

1 L+ (14 4%): 8
P -t 1.
+(6) 2(1 + 42)3 ( 5 —1i(1+52)2>

-1 3)

This is an example where the eigenvalues are two distinct analytic functions, with
an exceptional point. The eigenvalues of T'(8) are: EFyx = £, and f = 0 is an
exceptional point. The eigenprojectors are:

Pi(B) = % G 1) . Py(B) = % (_11 —;) .

T(5) = (8 ﬁ) .

This is an example where we have two identical analytic functions, with no excep-
tional points. For all 8 € C, 0 is an eigenvalue of T'(3) of multiplicity two. The

eigenprojector is the identity.
0 1

This is an example where the eigenvalues are the branches of one double—\lfalued
function, with one exceptional point. The eigenvalues of T'(f) are: EL = £52, and
B = 0 is an exceptional point. The eigenprojectors are:

1 -3
piw):Q(jE;_é = )
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1. First example:

2. Second example:

3. Third example:

4. Fourth example:



5. Fifth example:

75~ (5 o)

This is an example where the eigenvalues are two distinct analytic functions, with no
exceptional point. The eigenvalues of T'(3) are: 0 and 1. The eigenprojectors are:

ne=(y o) ro=(y )

T(8) = (ﬁ é) |

This is an example where the eigenvalues are two distinct analytic functions, with
one exceptional point. The eigenvalues of T'(5) are: 0 and 3, and 5 = 0 is the
exceptional point. The eigenprojectors are:

Pi(B) = (é 501>, Py(8) = (8 _511>_

1.2.2 Regular perturbation theory

6. Sixth example:

In the previous section, we introduced perturbation theory in finite dimensional complex
vector spaces. In this section, we will extend the results to an infinite-dimensional complex
Hilbert space X.

Let T'(8) be an operator-valued function on a domain §2 of the complex plane, such that
for every 5 € Q, the operator T'(5) is closed and the resolvent set p(7'(/)) is non-empty.
We define the following two types of analytic operators:

e we say that the operator T'(f) is analytic in the sense of Kato, if and only if, for
every [y € €, there exists z9 € p(T'(5p)) and n > 0 such that zp € p(T(8)) for all
B € D(Bo, ) and D(Bo,n) 3 B = (20 — T(B))™" is analytic.

e we say that T'((3) is an analytic family of type (A) if and only if

— the operator domain of T'(3) is some dense subspace D C X independent of f3;
— for each ¢ € D, T(f) is a vector-valued analytic function of 5. That is

Ty =T+ TVY + BTy + -
which is convergent in a disc independent of .

It is to be remarked that an analytic family of type (A) is analytic in the sense of Kato.

We assume here that 5 +— T'(3) is self-adjoint for § real and analytic in the sense of
Kato. It is straightforward to show that the results obtained in finite dimension can be
extended to isolated eigenvalues of T'(0), without substantial modifications. This can be
achieved by restricting the operator 7'(5) to the subspace spanned by the eigenfunctions
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associated to the discrete eigenvalue under consideration and using the results obtained
for the finite-dimensional problem.

Without loss of generality, we can suppose that 0 € Q and By = 0. Let E© be
an eigenvalue of T' of multiplicity m. Then there exist ¢ > 0 and n > 0 such that for
all B € D(0,n), T(B) has exactly m eigenvalues Ei(B),---, En(f) in D(E© €). The
functions 8 +— Ey(B),---,B — En(B) are simple valued analytic functions in D(0,7),
with E(0) = E©).

The set

F={(8,2); BeQ, zepT(B)}

is open, and the resolvent function

R(B,z) == (2 —T(B))""

defined on T' is analytic in the two variables (3, 2) [69]. Let € = C(E(® ¢€) be a circle in
the complex plane of center E(®) and radius ¢ > 0 such that o(T) N D(E©),¢) = {E©)}.
Since € is compact and I is open, there exists 7 > 0, such that z ¢ o(T(B)) if |z —E(©)| = ¢
and |B| <n. Therefore the projector
1
1(B) = i § R(5.2)ds (1.24)
T )
is well-defined and is analytic for |3| < §. The analyticity of the above projector follows
from the analyticity of the resolvent R(f3, z). In fact, when £ is real, the projector defined
in (1.24) is the orthogonal projector over the vector subspace of dimension m generated

by the eigenvectors of T'(f) associated to the eigenvalues F1(53),- -+, En(5).

In particular, we get the Kato-Rellich theorem [69]: if Ej is a simple eigenvalue of

T with associated eigenvector ¢y, then there exists one point E(3) € o(T(5)) N D(Ey, €),
such that E(f) is a simple eigenvalue of T'(/3), which is analytic for |3| small. Furthermore,
there exists an analytic associated eigenvector 1 (3):

T(B)p(B) = E(B)p(B)-

when £ is real, one can take ¥(3) = 17(T(53))vo, where I =|Eg—¢, Ey+¢| or the normalized
eigenvector

$(8) = (o, 11(T(8))wo) 211 (T(5))o.
Note that, (v, 17(T(8))vo) # 0 for || small, since 17(T(5))vo — 1o as § — 0.

1.2.3 Linear Perturbation theory

We now consider a special family of analytic operators, which is often encountered in
quantum chemistry,namely the following linearly perturbed operator

H(B) = Hy + BV, (1.25)

where Hj is a self-adjoint operator on H with domain D(Hy), H being a real Hilbert space,
and where V' is the perturbation operator. The number [ is called the coupling constant in
quantum mechanics. The operator H (), defined on D(Hy) N D(V), is an analytic family
of type (A), for 8 near 0, if and only if V' is Hyp-bounded, that is
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e D(Hy) C D(V),
e there exist a,b > 0 such that |V|y < a||Hov||y + b||¢]|n, for any ¢ € D(Hp).

For example, let V € L2(RY) 4+ L>°(R?) and Hy = —A on R?, then Hy+ 3V is a family
of type (A) on H = L?*(R?) with D = H?(RY).

Moreover, if the function V' is infinitesimally small with respect to Hy (that is if a can
be chosen as small as we wish), then Hy 4+ SV is an entire family of type (A), that is
analytic on C.

Note that an operator Hy+ 8V, where V' is symmetric and Hy-bounded, is self-adjoint
for |B| small enough. This result is known as the Kato-Rellich theorem [61, p 145-167 |.

Let Hy + SV be an analytic family in the sense of Kato. Let Ey € 04(Hp) be a simple
eigenvalue of Hy. The results stated above are valid for this type of operators, that is the
existence, uniqueness and analyticity of the eigenvalues of Hy + SV, in a neighborhood
of Ey, and of their associated eigenprojector is guaranteed for |3| small. In the following,
we will recall well-known formulas for the computation of the coefficients in the Taylor
expansions. We distinguish two cases:

o case 1: EO is a simple eigenvalue of Hy with associated eigenvector 1(9) € D(Hy).
The simple perturbed eigenvalue in I =|Ey — ¢, Ey + €[ of the linearly perturbed
operator H(f3) = Hy + BV and its associated eigenvector exist and are analytic for
|3| small enough. Their Taylor series are, respectively,

E(B)=> p"EM™ and ¢(8)=> gy (1.26)
neN neN

These series are called Rayleigh-Schrodinger series. They are normally convergent
in R and D(H)y), respectively. For || small, the Rayleigh-Schrédinger coefficients of
(1.26) are determined by the well-posed triangular system

(Ho _ E(U)) = fn 4+ EMyp®)

W Olp™) = ay,

where f, = —Vp(r=D 4 ST ERp(n=k) and o, = -3 P () [p(n=R)) T particular,

Vn € N* {

EW = O|v]p©®).

If Hy is diagonalizable in an orthonormal basis, that is if

Ho = exlow) (o,

keN

with (¢;|éx) = 0 and (eg, ¢o) = (E®, (), we have the sum-over-state formula

1% % 2
¢(1) _ _ZkeN* (D] \¢o>, B2 — _ZkeN* [(¢r|V]do)|

€k —€0 €k —€0

In numerical simulations, it is preferred to solve the triangular system (1.27) rather than
using the sum-over-state formula, as the later requires the knowledge of all the eigenstates
of H 05
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e case 2: E is a multiple eigenvalue of Hy. Denote by Py = v(0) = 1;(Hp). The eigen-
projector of the linearly perturbed operator H(3) = Hy + SV defined by (1.24) is analytic
in 3, for || small. This projector can be written as a convergent series, called the Dyson
expansion, as follows

N )
1;(Ho+BV)=> B"P,+ """ Ry = B"P,,

n=0 n=0

with N
Po=5 ¢, [(z— Ho)"'V]" (2 — Hp) "' dz,

Ry = 5§ [(z = Ho) V] (2 = (Ho + BV)) 1 de,
where € is a circle in the complex domain of center E(®) and small radius. This Dyson series
is normally convergent in the space L(H) of bounded operators on H. It is also convergent
in stronger topologies such as &1 (H) = {y € L(H); Tr (]y]) < co}.

One can find an explicit lower bound on the radius of convergence of the above stated
series [47]. For simplicity, suppose that V is Hg-bounded, and that E© is a simple
eigenvalue of Hy. We have, [|[Vlly < alHo|y + bll¢||, for any ¢ € D(Hp). Let
d = idist (E®),o(Hy) \ {E}) . Then the eigenvalue E(B) of Hy+3V near E() is analytic
in the disc of radius rg, given by

ro=[a+d™! [b+a(E) +d)”_1.

Finally, we will illustrate with the following example that the analytic continuation of
an eigenvalue is not necessarily an eigenvalue. This is in contrast to the finite dimensional
case, where the analytic continuation of an eigenvalue always remains an eigenvalue. Let
Hy = —A — ﬁ and V = ﬁ Then the eigenvalues of Hy + BV are — (1 — 3)2, for

T 4n?
n=1,2,---, and || small. The ground state energy is E(*)(3) = —% + %6 + iﬁz. Even
though E© is given by an entire function, Hy + SV has no eigenvalues at all for § > 1.

1.3 Main results

In this section, we summarize the results obtained during this PhD work, which are detailed
in the coming three chapters.
1.3.1 Density functional perturbation theory

Consider a neutral or positively charged molecular system, containing N electrons sub-
jected to a nuclear potential V. We define the following energy functional

. 1 1
EM (3, W) :=Tr -4y +/‘ PV + =D(py, py) +/[ P W,
2 R3 2 R3
and the minimization problem
EMF(W) = inf { B (1, W), v € Ky}, (1.27)

where Ky is defined in (1.19). The potential W is the perturbation potential and it belongs
to the space C’, the dual of the Coulomb space C (see Section 2.2) for precise definition of
these spaces.

33



Unperturbed system

When the perturbation is turned off, i.e. W = 0, it is known that problem (1.27) has a
minimizer 79 and that all the ground states share the same density pp. The mean-field-
Hamiltonian )

Ho:=—5A+V +pox| |7

is a self-adjoint operator on L?(IR?) and any ground state 7q is of the form
Yo = ]l(—oo,e%)<H0) + 507

with €2 <0, 0 < &y < 1, Ran(dp) C Ker(Hp — €) [81]. The number e < 0 is the Fermi
level. We distinguish the following three cases

e case 1 (non-degenerate case): Hj has at least N negative eigenvalues and ey <
en+1 <0,

e case 2 (degenerate case): H has at least N 4 1 negative eigenvalues and ey =
EN,

e case 3 (singular case): €% = ey =0,

where €; is the i’s non-positive eigenvalue of Hy. We denote by (gi)?) an orthonormal family
of associated eigenvectors. In the non-degenerate case, the ground state is unique: it is
the orthogonal projector 79 = ]]'(—oo,e%)(HO) = ZZ]\LI 169)(¢?]. In the degenerate case, we
introduce the following assumption: for any real symmetric matrix M of dimension Np,

we have
Np

Vo € R Y MijdR (@) dyy(2) =0 | = M =0,
ij=1
where Ny := Rank (]1.(_0076(})? ) (H0)> is the number of (fully occupied) eigenvalues lower than
e), and N, := Rank (]I{E%}(H())) is the number of (partially occupied) bound states of

Hy with energy e%. This assumption guarantees the uniqueness of the ground state g in
the degenerate case. In Section (2.2), we identify two situations where this assumption is
valid.

Perturbed system

Let us now turn on the perturbation, that is we consider the case when W # 0. For the
non-degenerate case, we prove that there exists 7 > 0, such that for all W € B, (C"), (1.27)
has a unique minimizer vy . In addition, vy is an orthogonal projector of rank N and

1

— _ -1
= Loy (W) = 5 f (2= Hw) ™

where )
Hy = —5A+V+pw|- [T+ W,

34



pw being the density of yy. Moreover, the mappings W — vy, W — py and W —
EMF(W) are real analytic from B,(C’) into &1, C and R respectively, where B, (C’)
denotes the ball of C' with center 0 and radius n and &1 := {7 € &, | |V|T|V]| € &1}
where &1 is the space of trace class operators. Therefore, for all W € €’ and all 777HWHE,1 <
B <nllwlla',

+o0 +00
k k
Yow =0+ Y B, paw = po + > Brol,
k=1 k=1

and

“+oo
M (BW) = £(0) + ) phey),
k=1

the series being normally convergent in &1 1, C and R respectively. A recursion relation is

given to compute the Rayleigh-Schrodinger coefficients 'yl(/‘lj), pg:,) and Eé"j). Finally, Wigner’s

(2n+ 1)-rule, which states that the knowledge of 'y‘(,,;) for k < n is enough to compute 718‘2,”)
and 'y‘(ffnﬂ), is rigorously proved. Some of these results were already known in the literature

(for instance see [21]).

Our main original results are concerned with the degenerate case. We assume that the
natural occupation numbers at the Fermi level are strictly comprised between 0 and 1. As
a consequence, o belongs to the subset

Kn;.n, == {7 € Ky | Rank(y) = Nt + Ny, dim(Ker(1 —~)) = Nt}

of x. In order to establish similar results as in the non-degenerate case, we proceed as
follows

1. we first construct a real analytic local chart of Ky, n, in the vicinity of ~o;

2. we use this local chart to prove that, for ||W|¢ small enough, the minimization
problem B
ErHF(W) = inf {ErHF(% W), ~ € ICNf,Np}

has a unique local minimizer vy in the vicinity of 79, and that the mappings W —
yw € &11 and W EHF () are real analytic; we then prove that 7y is actually
the unique global minimizer of (2.4), hence that ™M (W) = £™HF (1),

3. we finally derive the coefficients of the Rayleigh-Schrédinger expansions of yy and
EMF(W), and prove that Wigner’s (2n + 1)-rule also holds true in the degenerate
case.

Finally, we comment on the ability of extending our approach to other settings, such as
Kohn-Sham LDA model (under some additional assumptions).

1.3.2 Pseudopotentials

Pseudopotential methods are widely used in electronic structure calculations. These meth-
ods rely on the fact that the core electrons of an atom are hardly affected by the chemical
environment experienced by this atom. In pseudopotential methods, core electrons are
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frozen in a state computed once and for all from an atomic calculation, while valence elec-
trons are described by pseudo-orbitals. As a pseudopotential is constructed from atomic
calculation only, we just consider atomic models in this section. We restrict ourselves to
the Hartree model. Extensions to the Kohn-Sham LDA model are discussed in Chapter 3.

On one hand, we have the ground state all-electron density matrix 70 of the atom with
nuclear charge z (which we abbreviate as atom z in the sequel), which is a solution to

2 = inf {E2(y), v € K.},

where

EM () =Tr (—1aq —z/ 1) et 2D ).
2 R3 |I'| 2

The ground state all-electron density (which is unique by a strict convexity argument) is
defined by p% := p0- The Hartree all-electron atomic Hamiltonian

z
- |

is a bounded below self-adjoint operator on L?(R3) with domain H?(R?). Due to symme-
tries, WZAA is radial so that finding the eigenfunctions of H ?A reduces to solving the family
of radial Schrodinger equations (index by the quantum number | € N, see Chapter 3 for
details),

1
HjA:—iAJrWZAA, where WA = — 24 )07,

RZ,”J € H' (R)’ Rz,n,l(_'r) = Rz,n,l("”) for all r € R,

- % . (T) + l(;;:l) Rz,n,l(r) + WZAA(T)Rz,n,l(T) = 6z,n,le,n,l(r)’

z,m,l

fR Rz,n,l = 17

where €, ,,; are the eigenvalues of HAA | ordered in such a way that €210 < €397 < ve

for all 1. For each [ <1, (I, is a well-chosen non-negative integer), we denote by n ,, the
unique non-negative integer such that e, ,+ ; correspond to a valence electron. The choice

of I and the existence of n],; are discussed in Chapter 3.

On the other hand, the ground state pseudo-density matrix 7% of atom z is the solution
of
LY =mf {E°(), 7 € Kn..},

where

~ 1 - 1

N . is the number of valence electrons and VPP is the pseudopotential, which is a non-
local rotation-invariant operator. The pseudo-density is defined by p! := p50 is unique and
radial. The Hartree pseudo-Hamiltonian

1
HPP = —§A+WZPP, where WP = VPP 4 50571
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corresponding to the pseudopotential VZPP, is a bounded below self-adjoint operator on
L?(R?) with domain H?(R?). Due to symmetries, its eigenvalues are obtained by solving
the family of Schrédinger equations

RZ,TL,Z € Hl (R)7 Ez,n,l(_r) - EZ,TL,Z (T) fOI‘ all r e R’

= SR (0) + G Ren () + WP () Ren(r) = €3 Rena(r), (1.28)
I]R Rg,n,l = 17

where WZP’ ZP = Pﬂ/VzP P P, P, denoting the orthogonal projector from L?(R3) on the subspace
Ker(L? — (I +1)) (L is the angular momentum operator). For semilocal norm-conserving
pseudopotentials, WZP lP is a multiplication operator.

The norm-conserving pseudopotentials V' are constructed in such a way that

1. the occupied eigenfunctions of the pseudo-Hamiltonian agree with the valence all-
electron eigenfunctions outside the core region, more precisely

Rz,l,l = Rz,n* 1 on (Tcy +OO)7

z,

where 7. is the core radius, chosen larger than the largest node of Romx 15 for all
1< 7

2. the functions }NEZ,U have no nodes other than zero;

/Eil»lzl and R.1;>0 on (0,00);
R

3. the lowest eigenvalues of the pseudo-Hamiltonian are equal to the valence all-electron
eigenvalues, more precisely

62,71;’”[ = GZ,l,l'

The advantage of the pseudopotential methods, besides the fact that they reduce the
number of electrons explicitly dealt with, is that the pseudo-orbitals can be made more
regular in the core region than the valence all-electron orbitals. The former can therefore
be represented numerically in less expensive ways (with a lower number of basis functions
or on coarser meshes). In addition, pseudopotentials can be used to incorporate relativistic
effects in non-relativistic calculations.

In Chapter 3, we prove that, if the Fermi level 62 r is negative and 7. is large enough,
there exists a pseudopotential of arbitrary Sobolev reéularity satisfying the above require-
ments. We also prove that, under the assumption that 6271;\ is not an accidentally degenerate
eigenvalue of H2A the set of the admissible pseudopotentials of local regularity H* (s > 0)
is a weakly closed subset of an affine space endowed with an H® norm.

Moreover, with more restricted conditions, for each 0 <[ < [,, the radial function RZJ,Z
is regular and

R.1,(r)=0(") as r—o.
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The above property is used in practice to build pseudo-orbitals from which the local and
nonlocal components of the atomic pseudopotential are calculated by inversion of the radial
Schrodinger equations (1.28) (see e.g. [87]).

Some stability results of the Hartree ground state with respect to both external pertur-
bations and small variations of the pseudopotential are proved. Our analysis encompasses
the case of Stark perturbation potentials generated by uniform electric fields.

Finally, we propose a new way to construct pseudopotentials, consisting in choosing the
best candidate in the set of all admissible pseudopotentials for a given optimality criterion.

1.3.3 Numerical simulations

This section is devoted to stating the numerical results obtained for the discretization
of the Kohn-Sham model for atoms in the reduced Hartree-Fock and Kohn-Sham LDA
models [51, 65]. Both isolated atoms and atoms subjected to cylindrically symmetric
external potentials are considered. For simplicity, we restrict ourselves to restricted spin-
collinear Kohn-Sham models. Recall that, for a molecular system with one nucleus of
charge z and N electrons subjected to an external potential SW (8 € R is the coupling
constant), the energy functional to be minimized reads

ESNPA 8w = BOy PR () + /R BWps, (1.29)

and is well-defined for any v € K, W € C' and 8 € R, for both the reduced Hartree-Fock
model
rHF 1 Py 1
EEN():=Tr [ —5Ay ) -2 + 5D(py: py);
’ 2 R || 2

and the Kohn-Sham LDA model

1 Py o, 1
BB = T (~3a7) == [ P+ 5000 + 2P

(see Section 1.1.6). Denote by

TP BW) = inf { B PA (L W), v € Ko (1.30)
In Chapter 4, a-finite dimensional submanifold Ky j of Ky is constructed, and a vari-
ational approximation of (1.30) is obtained by minimizing the energy functional (1.29)
over the approximation set Kp . A practical reformulation of the discretized problem
and of its Euler-Lagrange equations is presented. Solving these Euler-Lagrange equations
amounts to solving a generalized nonlinear eigenvalue problem. The description of the self-
consistent algorithm we use to solve this problem is also detailed. Our numerical results
can be divided into two categories:

1. for isolated atoms (W = 0):

e we study the ground state energy and the energy levels of the discretized problem
as a function of the cut-off radius (we solve the Kohn-Sham equations in a large
ball centered at the nucleus with Dirichlet boundary conditions) and the mesh
size;
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e we provide the occupied energy levels in the rHF and X« cases for all the atoms
of the first four rows of the periodic table (1 < z < 54). It is to be noted that
there are few of these atoms for which, in the rHF case, it was difficult to infer
from our numerical simulations whether the Fermi level is a slightly negative
accidentally degenerate eigenvalue of the mean-field Hamiltonian, or whether
the Fermi level is equal to zero. However, in the Xa case, atoms whose Fermi
level is an accidentally degenerate eigenvalue of the mean-field Hamiltonian are
clearly identified.

2. for atoms subjected to an external cylindrically-symmetric perturbative potential

(W #0):

e we plot the variations of the density when the atom is subjected to an external
uniform electric field (W (r) = —e, - r, which is a Stark potential). For § small,
we simply observe a polarization of the electronic cloud (recall that we solve
the Kohn-Sham equations in a large ball with Dirichlet boundary conditions),
while as 3 increases, we observe boundary effects: part of the electronic cloud is
localized in the region where the external potential takes highly negative values;

e we extract the first-order perturbation of the ground state density matrix in the
case when W(r) = —e, - r. Note that for such a potential W, (1.30) has no
ground state; however, the first-order perturbation is well defined [25].
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Chapter 2

A mathematical perspective on
density functional perturbation
theory

The content of this chapter is an article published in Nonlinearity [23]|, complemented
with an appendix on second order perturbation theory. The article is devoted to analytic
density functional perturbation theory. We first introduce the reduced Hartree-Fock model
and explain the distinction between the non-degenerate and the degenerate case. Some
conditions which insure the uniqueness of the reference density matrix (the ground state
of the rHF unperturbed energy functional) are stated and proved. Then a perturbation
potential is added to the energy functional. The aim of this contribution is to understand
the influence of this potential on the energy and the ground state density matrix. The
basic results in the non-degenerate case are recalled, mainly the existence, uniqueness and
analyticity of the perturbed density matrix with respect to the perturbation. Moreover,
a recursion formula is stated to calculate the coefficients of the perturbation expansion.
The heart of this paper is the extension of those results to the degenerate case. Under
some conditions, we were able to recover similar results as in the non-degenerate case: the
perturbed ground state density matrix exists, is unique and analytic in the perturbation.
Also, a recursion formula is found to compute the coefficients of the Rayleigh-Schrodinger
series. The approach described in this chapter can be applied to other quantum mean-field
models, such as the Kohn-Sham LDA model (under some additional assumptions). Finally,
rigorous proofs of Wigner’s (2n + 1)-rule are provided.
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2.1 Introduction

Eigenvalue perturbation theory has a long history. Introduced by Rayleigh [67] in the
1870’s, it was used for the first time in quantum mechanics in an article by Schrodinger [74]
published in 1926. The mathematical study of the perturbation theory of self-adjoint
operators was initiated by Rellich [70] in 1937, and has been since then the matter of a
large number of contributions in the mathematical literature (see [47, 71, 78] and references
therein).

Perturbation theory plays a key role in quantum chemistry, where it is used in particular
to compute the response properties of molecular systems to external electromagnetic fields
(polarizability, hyperpolarizability, magnetic susceptibility, NMR shielding tensor, optical
rotation, ...). Unless the number NV of electrons in the molecular system under study is very
small, it is not possible to solve numerically the 3/N-dimensional electronic Schrédinger
equation. In the commonly used Hartree-Fock and Kohn-Sham models, the linear 3N -
dimensional electronic Schrodinger equation is approximated by a coupled system of N
nonlinear 3-dimensional Schréodinger equations. The adaptation of the standard linear
perturbation theory to the nonlinear setting of the Hartree-Fock model is called Coupled-
Perturbed Hartree-Fock theory (CPHF) in the chemistry literature [59] (see also [21] for a
mathematical analysis). Its adaptation to the Kohn-Sham model is usually referred to as
the Density Functional Perturbation Theory (DFPT) |7, 40]. The term Coupled-Perturbed
Kohn-Sham theory is also sometimes used.

The purpose of this article is to study, within the reduced Hartree-Fock (rHF) frame-
work, the perturbations of the ground state energy, the ground state density matrix, and
the ground state density of a molecular system, when a “small” external potential is turned
on.

In the case when the Fermi level eOF is not a degenerate eigenvalue of the mean-field
Hamiltonian (see Section 2.2 for a precise definition of these objects), the formalism of
DFPT is well-known (see e.g. [28]). It has been used a huge number of publications in
chemistry and physics, as well as in a few mathematical publications, e.g. [22, 29]. On the
other hand, the degenerate case has not been considered yet, to the best of our knowledge.
An interesting feature of DFPT in the degenerate case is that, in contrast with the usual
situation in linear perturbation theory, the perturbation does not, in general, split the
degenerate eigenvalue; it shifts the Fermi level and modifies the natural occupation numbers
at the Fermi level.

The article is organized as follows. In Section 2.2, we recall the basic properties of rHF
ground states and establish some new results on the uniqueness of the ground state density
matrix for a few special cases. The classical results of DFPT in the non-degenerate case
are recalled in Section 2.3, and a simple proof of Wigner’s (2n + 1) rule is provided. This
very important rule for applications allows one to compute the perturbation of the energy
at the (2n + 1)* order from the perturbation of the density matrix at the n'" order only.
In particular, the atomic forces (first-order perturbations of the energy) can be computed
from the unperturbed density matrix (Wigner’s rule for n = 0), while hyperpolarizabili-
ties of molecules (second and third-order perturbations of the energy) can be computed
from the first-order perturbation of the density matrix (Wigner’s rule for n = 1). In Sec-
tion 2.4, we investigate the situation when the Fermi level is a degenerate eigenvalue of the
rHF Hamiltonian. We establish all our results in the rHF framework in the whole space
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R3, for a local potential W with finite Coulomb energy. Extensions to other frameworks
(Hartree-Fock and Kohn-Sham models, supercell with periodic boundary conditions, non-
local potentials, Stark external potentials, ...) are discussed in Section 2.5. The proofs of
the technical results are postponed until Section 2.6.

2.2 Some properties of the rHF model

Throughout this article, we consider a reference (unperturbed) system of N electrons
subjected to an external potential V. For a molecular system containing M nuclei, V is

given by
M

Ve eR3, V(r)=— Z zpv(r — Ry),
k=1
where z; € N* is the charge (in atomic units) and Ry € R3 the position of the ™" nucleus.
For point nuclei v = | - |71, while for smeared nuclei v = px|- |71, where p € C(R?) is a
non-negative radial function such that flR3 w=1.
In the framework of the (extended) Kohn-Sham model [28], the ground state energy of
this reference system is obtained by minimizing an energy functional of the form

1 1 c
BS0) =T (<580) 4 [ oV 5D00nepr) + B0 (2.)
over the set
Ky :={yeS(L*R*))|0<y <1, Tr(y) =N, Tr(~Ay) < oo}

of the admissible one-body density matrices. To simplify the notation, we omit the spin
variable. In the above definition, S(L?(R?)) denotes the space of the bounded self-adjoint
operators on L?(R?), 0 < v < 1 means that the spectrum of + is included in the range [0, 1],
and Tr (—A~) is the usual notation for Tr (|V|y|V|), where |V| := (—=A)'/2 is the square
root of the positive self-adjoint operator —A on L%(R?). The function Py R3 — R, is the
electronic density associated with the density matrix . Loosely speaking, p(z) = v(z, x),
where y(z,y) is the kernel of the operator ~. It holds

py 20, / py =N, / |V\//)7|2§Tr(—Afy)
R3 R3

(Hoffmann-Ostenhof inequality [52]) so that, in particular, p, € L*(R®) N L3(R3). The
first term in the right-hand side of (2.1) is the Kohn-Sham kinetic energy functional, the

second one models the interaction of the electrons with the external potential V', D(-,) is
the Coulomb energy functional defined on LS/5(R?) x L%/°(R3) by

L[ [ @,
Difg)= [ [ L day

and E*° is the exchange-correlation functional. In the reduced Hartree-Fock (rHF) model
(also sometimes called the Hartree model), the latter functional is taken identically equal
to zero. In the Local Density Approximation (LDA), it is chosen equal to

Bipa(p) = [ exclo@)do. 2:2)
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where the function ey, : Ry — R_ is such that for all p € R, the non-positive number
exc(p) is (an approximation of) the exchange-correlation energy density of the homogeneous
electron gas with constant density p. It is known that for neutral or positively charged
molecular systems, that is when Z = Z,]cwzl zr > N, the minimization problem

Eo :=inf {E*S(y), v € Kn'}, (2.3)

has a ground state g, for the rHF model [81] (E*¢ = 0), as well as for the Kohn-Sham
LDA model [1] (B = E3S,).

This contribution aims at studying, in the rHF setting, the perturbations of the ground
state energy Ej, of the ground state density matrix g, and of the ground state density
pPo = P, induced by an external potential W. In order to deal with both the unperturbed
and the perturbed problem using the same formalism, we introduce the functional

EM (5, W) :=Tr <—;A7) +/ PV + %D(P%Pv) +/ W,
R3 R3
and the minimization problem
EME W) i=inf {EMF (4, W), vy € Ky} . (2.4)
We restrict ourselves to a potential W belonging to the space
C' = {ve L%R? | Vv e (L*(R%)%},
which can be identified with the dual of the Coulomb space
Ci={pe SR |pe L (R%), |- 15 e AR}

of the charge distributions with finite Coulomb energy. Here, &'(R?) is the space of tem-
pered distributions on R? and p is the Fourier transform of p (we use the normalization
condition for which the Fourier transform is an isometry of L?(R3)). When W € ', the
last term of the energy functional should be interpreted as

/RB,OVW:/RSEJ(k)ﬁ/\(k)dk.

The right-hand side of the above equation is well-defined as the functions k — |k|~'p, (k)
and k +— |k|W (k) are both in L?(R3), since p, € L'(R?) N L3(R?) ¢ LS/5(R3) c C.

The reference, unperturbed, ground state is obtained by solving (2.4) with W = 0.

Theorem 1 (unperturbed ground state for the rHF model [81]). If
M
Z = Z zp > N (neutral or positively charged molecular system), (2.5)
k=1

then (2.4) has a ground state for W =0, and all the ground states share the same density
po. The mean-field Hamiltonian

1
Hy := —§A+V+p0*]-|71,
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is a self-adjoint operator on L?(R3) and any ground state o is of the form
Y0 = L(_oo,0)(Ho) + o, (2.6)

with €% <0, 0 < §y <1, Ran(dp) C Ker(Hy — €).

The real number eOF, called the Fermi level, can be interpreted as the Lagrange multiplier
of the constraint Tr (y) = N. The Hamiltonian Hj is a self-adjoint operator on L?(R3) with
domain H?(R?) and form domain H'(R?). Its essential spectrum is the range [0, +00) and
it possesses at least N non-positive eigenvalues, counting multiplicities. For each j € N*
we set

€j = _inf sup (v|Hylv),

XjCXj ’UEX]', ||U||L2:1

where X; is the set of the vector subspaces of H!(R?) of dimension j, and v — (v|H|v)
the quadratic form associated with Ho. Recall (see e.g. [69, Section XIIL.1|) that (€;);en-
is a non-decreasing sequence of real numbers converging to zero, and that, if €; is negative,
then Hj possesses at least j negative eigenvalues (counting multiplicities) and €; is the gt

eigenvalue of Hy. We denote by ¢, ¢9, - - an orthonormal family of eigenvectors associated
with the non-positive eigenvalues €; < €5 < --- of Hyg. Three situations can a priori be
encountered:

e Case 1 (non-degenerate case):
Hj has at least N negative eigenvalues and ey < eyt1 < 0. (2.7)

In this case, the Fermi level E(F) can be chosen equal to any real number in the range
(en, €n+1) and the ground state g is unique:

N
i=1

e Case 2 (degenerate case):
Hj has at least N + 1 negative eigenvalues and ey11 = en. (2.8)
In this case, e% =en =€eny1 <05
e Case 3 (singular case): € = ey = 0.

In the non-degenerate case, problem (2.4), for W € C’ small enough, falls into the scope
of the usual perturbation theory of nonlinear mean-field models dealt with in Section 2.3.
The main purpose of this article is to extend the perturbation theory to the degenerate
case. We will leave aside the singular case ey = 0. It should be emphasized that the
terminology degenerate vs non-degenerate used throughout this article refers to the possible
degeneracy of the Fermi level, that is of a specific eigenvalue of the unperturbed mean-field
Hamiltonian H,, not to the possible degeneracy of the Hessian of the unperturbed energy
functional at vg. The perturbation method heavily relies on the uniqueness of the ground
state density matrix v9 and on the invertibility of the Hessian (or more precisely of a
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reduced Hessian taking the constraints into account). In the non-degenerate case (Case 1),
the minimizer 7p is unique and the reduced Hessian is always invertible. We will see that
the same holds true in the degenerate case (Case 2) under assumption (2.9) below. We
denote by

N; == Rank (]1(700,4; )(Ho))
the number of (fully occupied) eigenvalues lower than eOF, and by
Np := Rank (]I{E%}(Ho)>

the number of (partially occupied) bound states of Hy with energy eX. We also denote by
]R]SVPXNP the space of real symmetric matrices of size N, X Nj,.

Lemma 2. Assume that (2.5) and (2.8) are satisfied. If for any M € R]SVPXNP,
Np
Vo € RS, D" MydRs(2)d%5(@) =0 | = M =0, (2.9)
ij=1

then the ground state vy of (2.4) for W =0 is unique
The sufficient condition (2.9) is satisfied in the following cases.

Proposition 3. Assume that (2.5) and (2.8) are satisfied. If at least one of the two
conditions below is fulfilled:

1. N, <3,
2. the external potential V' is radial and the degeneracy of eOF is essential,

then (2.9) holds true, and the ground state vy of (2.4) for W = 0 is therefore unique.

Let us clarify the meaning of the second condition in Proposition 3. When V is radial,
the ground state density is radial, so that Hy is a Schrédinger operator with radial potential:

1
Ho = ~5 A+ (|,

It is well-known (see e.g. [69, Section XIII.3.B]) that all the eigenvalues of Hp can be
obtained by computing the eigenvalues of the one-dimensional Hamiltonians hg,, | € N,
where hq is the self-adjoint operator on L?(0, +00) with domain H?(0, +00) N HE (0, +00)
defined by ,
ho; == —%% l(l2;1) + v(r).

If e% is an eigenvalue of hg, then its multiplicity, as an eigenvalue of Hy, is at least 2] + 1.
It is therefore degenerate as soon as [ > 1. If E(F) is an eigenvalue of no other hgy, I # 1,
then its multiplicity is exactly 2/ + 1, and the degeneracy is called essential. Otherwise,
the degeneracy is called accidental. It is well-known that for the very special case when
v(r) = —Zr~! (hydrogen-like atom), accidental degeneracy occurs at every eigenvalue
but the lowest one, which is non-degenerate. On the other hand, this phenomenon is
really exceptional, and numerical simulations seem to show that, as expected, there is no
accidental degeneracy at the Fermi level when v is equal to the rHF mean-field potential
of most atoms of the periodic table (see Chapter 4).
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2.3 Density functional perturbation theory (non-degenerate
case)

We denote by B(X,Y) the space of bounded linear operators from the Banach space X to
the Banach space Y (with, as usual, B(X) := B(X, X)), by S(X) the space of self-adjoint
operators on the Hilbert space X, by &1 the space of trace class operators on L?(R?), and
by &a the space of Hilbert-Schmidt operators on L?(R3) (all these spaces being endowed
with their usual norms [68, 76]). We also introduce the Banach space

6171 = {T € 6, ’ |V‘T|V‘ S 61},

with norm

ITlle1, = Tlle, + IIVITIV]|e,-
We denote by B, (#) the open ball with center 0 and radius n > 0 of the Hilbert space H.
Let us recall that in the non-degenerate case,
70 € Prn = {7 € S(L*(R%)) | v* =, Tr(7) = N, Tr(=Av) < oo},
that is o is a rank-N orthogonal projector on L?(R?) with range in H'(R?), and

1
Yo = ]l(_oo’e%](Ho) e ig)(z — f’I())i1 dz,

um

where € is (for instance) the circle of the complex plane symmetric with respect to the
real axis and intersecting it at points ¢; — 1 and eOF.

2.3.1 Density matrix formulation

The linear and multilinear maps introduced in the following lemma will be useful to write
down the Rayleigh-Schrédinger expansions in compact forms.

Lemma 4. Assume that (2.5) and (2.7) are satisfied.

1. For each k € N*, the k-linear map

Q¥ . ek = &5,
1
(vi,--+ o) = % (z — Ho) 'vi(z — Ho) tvg -+ (2 — Ho) tog(z — Hp) ' dz
17 &

1s well-defined and continuous.

Rank(Q(k)(vl, <o yv)) < N and Tr (Q(k)(vl, o)) =0, forall (v, -+ ) € (CF,
and there exists 0 < o, C' < 0o such that for all k € N* and all (vy,--- ,v;) € (C)F,

1Q¥ (w1, wi)lles < Catllenller -+ gl (2.10)
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2. The linear map
L:C — C
P TPQW (px|| 1)
associating to a charge density p € C, minus the density PQM) (pi]-|~1) of the trace-
class operator QW (p+ |- |71), is a bounded positive self-adjoint operator on C. As a
consequence, (1 + L) is an invertible bounded positive self-adjoint operator on C.

The main results of non-degenerate rHF perturbation theory for finite systems are
gathered in the following theorem.

Theorem 5 (rHF perturbation theory in the non-degenerate case). Assume that (2.5) and
(2.7) are satisfied. Then, there exists n > 0 such that

1. for all W € By(C'), (2.4) has a unique minimizer vy . In addition, yw € Pn and

1 _
YW = ]l( 0,e2] (Hw) f (Z — Hw) ! dz, (2.11)
where )
Hw =—SA+V+pw |- [T+ W,
pw being the density of yw ;

2. the mappings W — vy, W py and W+ EHE (W) are real analytic from B, (C')
into &1,1, C and R respectively;

3. for all W € C' and all —n||W o' < B < n||W| ",

Yow = ’70+Zﬁk'7wa pBW—pO+ZBkPW7 SrHF(BW +Zﬁk5
k=1 k=1

the series being normally convergent in &y1, C and R respectively;

4. denoting by W) = W+p *] |~ and W*) = pW *] |7 for k > 2, the coefficients
(k)

pw of the expansion of pgw can be obtained by the recursion relation

(1+ L)) =5y (2.12)

where [){mk,) 1s the density of the operator QW defined by

@%)zcz(l( W),

vk > 2, S S e, QUYL ), (213)
Zy, 1]7 =k
5. the coefficients 7‘(};) and Eél;) are then given by
1 ~
Ty = 2 }i(z — Ho)"'W® (2 — Ho) " dz + QY (2.14)
and
) 1Y L LN p (0 (D (k—1)
5&, =Tr (HO’y > 3 (pW,pW )+/ pyw W (2.15)
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2.3.2 Molecular orbital formulation

When €1 < 69 < - < ey < eOF, that is when the lowest N eigenvalues of Hy are all
non-degenerate, it can be seen, following the same lines as in [21], that, for all W € (',
there exist real analytic functions 8 — e ;(8) € R and 8 — ¢w,i(8) € H*(R?) defined in
the neighborhood of 0 such that ey ;(0) = €;, ow,i(0) = ?, and

Hgwow,i(B) = ew,i(B)dw,i(8),
(Pw,i(B), dw,j(B)) 2 = dij,

ew,1(8) < ewa(B) < --- < ewn(B) are the lowest eigenvalues of Hgyy (counting multiplicities).

The coefficients of the Rayleigh-Schrédinger expansions

“+oo
ewi(B) = > At owalB Zﬁ L
k=0

where 6%, ; = € and qb?/v ;= gb?, are obtained by solving the system

| 6 4 (9 g0
VkeN', VI<i<N (Ho — i) &) +Zﬂ VKGO, = A + e (2.16)
’ - = f (Z)(k) Oz(k :
R3 VV,Z Wi

where
Vo € LA(R%), Ko =2(¢f¢+|-17")
and where the right-hand sides

N
U RED DD DI C A R L +Zewz¢§’;zl,

J=1 1<ly,l2,l13 <k—1,
i +la+1l3 =k

9 / ¢W2¢W1 :

at order k only depend on the coefficients ngj and e%/‘;j at order [ < k — 1. System (2.16)
can therefore be considered as an infinite triangular system with respect to k.

and

The fact that all the terms of the Rayleigh-Schrodinger series are defined unambiguously
by (2.16) is guaranteed by the following lemma and the fact that for all ¢ and ¢ in H'(R3),
W¢ € HL(R?) and ¢yp x| - |71 € L=(R3).

Lemma 6. Assume that (2.5) and (2.7) are satisfied and that €; < €5 < -++ < enx < €p.
Forall f = (f1,-,fn) € (HY RN and all o« = (ay,--- ,an) € RY, the linear problem

— &) N 04y — f. . A0
V]. S Z S N, { ‘([How (;O’L) w2a+ 2]21 szw_] fZ + "774d)17 (217)
r3 Yi®; — Qg

has a unique solution (¥,n) = ((zpl, N, (1, -+ ) in (HY(R3))N xRN, Moreover,
if e (L2R))N, then U € (H*(R?))N.
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Let us notice that, although the constraints [zs ¢w,i(8)¢w,;(8) = 0 for i # j are not
explicitly taken into account in the formal derivation of (2.16), the unique solution to (2.16)
is compatible with these constraints since it automatically satisfies

Vk e N*, V1<i,j<N, / ZngZQS(k b~ (2.18)
R3 950

A proof of the above result is provided in Section 2.6.6, together with the proof of Lemma 6.

Let us finally mention that the Rayleigh-Schrodinger expansions of the density matrix
vpw and of the molecular orbitals ¢y ;(5) are related by

N

k
7W _ZZ|¢W’L ¢Wz )

i=1 1=0

where we have used Dirac’s bra-ket notation.

2.3.3 Wigner’s (2n + 1)-rule

According to (2.15), the first n coefficients of the Rayleigh-Schrodinger expansion of the
density matrix allows one to compute the first n coefficients of the perturbation expansion
of the energy. Wigner’s (2n+1)-rule ensures that, in fact, they provide an approximation of
the energy up to order (2n+1). This property, which is very classical in linear perturbation
theory, has been extended only recently to the nonlinear DFT framework [5]. In the present
section, we complement the results established in [5] by providing a different, more general
and compact proof, which also works in the infinite dimensional setting.

In the density matrix formulation, the Wigner’s (2n 4 1)-rule can be formulated as
follows. We introduce the nonlinear projector IT on S(L?(R?)) defined by

VT € S(LA(R?)), TUT) = 1p1/2400)(T),
and, for W € C' and 8 € R, we denote by
73 (8) =10 <70 +3 ﬂ’%@) .
k=1
For T' € B(L?(R?)), resp. T € &, we denote by
dist(T, Py ) := inf {||T = [, v € Pn},

resp.
diSt62 (T, PN) = inf{HT — '7”627 v e PN},

the distance from T' to Py for the operator, resp. Hilbert-Schmidt, norm. The projector
IT enjoys the following properties.

Lemma 7. For each T € Q := {T € S(L*(R?)) | dist(T, Py) < 1/2, Ran(T) C H'(R?)},
II(T) € Pn. Besides, for each T € QN &g, II(T) is the unique solution to the variational

problem
Hz H(j )”62 = min HQ )”62 - diSt62(1 7; N)- (2-19)
YE€PN
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It follows from Lemma 7 that, for all W € C’ and |3| small enough, ﬁ(wn)(ﬁ) is the
projection on Py (in the sense of (2.19)) of the Rayleigh-Schrodinger expansion of the
density matrix up to order n.

Theorem 8 (Wigner’s (2n + 1)-rule in the non-degenerate case). Assume that (2.5) and
(2.7) are satisfied. For eachn € N and all W € C', it holds

0 < B (8), W) — £ (BW) = O(|51 ). (2.20)

Note that as v + >, 5’“7‘9;) has finite-rank N,,, it can be diagonalized in an or-
thonormal basis of L?(R?) as

n Nn, _ .
Y0+ > B =3 gwa(B)|w.(8)) (dwa(B)], (2.21)
k=1 =1

with (¢w,i(8), dw,i(B8))r2 = 6ij, gw,i(B) € R, and |gwi(B)| > |gw,;(B)| for all i < j. We

also have N
> gwi(B) =Tr (’Yo + Zﬁk’h(/é)) =N,
i=1 k=1

since, in view of (2.13), (2.14) and Lemma 4, 'I“r('y‘(/é)) = 0 for all £ > 1. For |3| small
enough, the above operator is in €, and therefore, gw1(8) > gw2(8) > -+ > gw,n(5) >
1/2 and |gw,;(B)| < 1/2 for all j > N 4+ 1. We then have

N
0B =3 1w (B) (Gwa(B)!. (2.22)
=1

2.4 Perturbations of the rHF model in the degenerate case

We consider in this section the degenerate case. We assume that (2.9) is satisfied, yielding
that the ground state 7y of the unperturbed problem (2.4) with W = 0 is unique. We also
make the following assumption:

ed <0, Rank(dy) =N, Ker(l—d)={0}, (2.23)

where dp is the operator in (2.6). Assumption (2.23) means that the natural occupation
numbers at the Fermi level (or in other words the N, eigenvalues of 50’Ker(H0—eO)) are

F
strictly comprised between 0 and 1. As a consequence, vy belongs to the subset

Kn;.n, == {7 € Ky | Rank(y) = Nt + Ny, dim(Ker(1 —~)) = Nt}

of ICN.

We are going to prove that, under assumptions (2.9) and (2.23), the rHF problem
(2.4) has a unique minimizer for ||[W{|c; small enough, which belongs to Kn;,n, and whose
dependence in W is real analytic. To establish those results and compute the perturbation
expansion in W of the minimizer, we proceed as follow:

o1



1. we first construct a real analytic local chart of K, n, in the vicinity of vo (Sec-
tion 2.4.1);

2. we use this local chart to prove that, for ||IW| ¢ small enough, the minimization
problem

EM (W) = inf { BN (4, W), v € Ky v, } (2.24)

has a unique local minimizer vy in the vicinity of 4o, and that the mappings W —
yw € 611 and W — E'MF (W) are real analytic; we then prove that vy is actually
the unique global minimizer of (2.4) (Section 2.4.2), hence that E™1F (W) = &™HF (W);

3. we finally derive the coefficients of the Rayleigh-Schrédinger expansions of vy and
EMF(W), and prove that Wigner’s (2n + 1)-rule also holds true in the degenerate
case (Section 2.4.3).

2.4.1 Parametrization of Ky, n, in the vicinity of

We first introduce the Hilbert spaces Hy = Ran(1(_ 0)(Ho)), Hp = Ran(]l{eg}(Ho))

and H, = Ran(]l(eg 7 JrOo)(HO)), corresponding respectively to the fully occupied, partially
occupied, and unoccupied spaces of the unperturbed ground state density matrix 7. For
later purpose, we also set H, = Hy @ Hp. As

L*(R?) = He & Hp & Hau,
any linear operator T on L?(R?) can be written as a 3 x 3 block operator
Ty Ty Th

T= Ty Tpp Tpul,

Tuf Tup Tuu

where T, is a linear operator from Hy to Hy. In particular, 9 and Hy are block diagonal
in this representation, and it holds

10 0 Hy~ 0 0
=10 A 0], Hy = 0 eOF 0
000 0 0 Hff
with0 < A = 50|q.[p <1, H(]**—EOF < —g_ = eNf—e% and HSLJr—eOF > gy = eNf+Np+1—6(F).

We then introduce

e the spaces of finite-rank operators
A 1= { Aux € B(H, M) | (Hy ™ — )2 Ay € B(H, Ha) }
for x € {f,p}, endowed with the inner product

(Aux, Bux) Ay, i= Tr (AlﬁX(H(T+ - 6OF)BuX)§
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e the finite dimensional spaces

.Apf := B(H;, Hp)

and
App = {App € S(Hp) | Tr (App) =0}

e the product space

A= Aue X Aup X Apr X App,

which we endow with the inner product

(A, B)A = Z (Auxy Bux)Aux + Z Tr (APXB;X) )
xe{f,p} xe{f,p}

To any A = (Aus, Aup, Apt, App) € A, we associate the bounded linear operator I'(A) on
L?(R3) defined as

[(A) := exp (Luo(A)) exp (Lp(A)) (Y0 + Lpp(A)) exp (=Lp(A)) exp (= Luo(4)),

(2.25)

where
0 0 =A% 0 —A% 0 0 0 0
Luo(A):=| 0 0 —Ai |, Lp(A):= Ay 0 0|, Lyp(A):=1]0 Ay 0
Auf Aup 0 0 0 0 0 0 0

Note that I' is real analytic from A to &1, I'(0) = 70, and I'(4) € Ky for all Ay, such
that 0 < A+ App < 1. In addition, it follows from Assumption (2.23) that I'(A) € K, N,
for all A € A small enough. The following lemma provides the parametrization of Kx; n,
near 7o our analysis is based upon.

Lemma 9. Assume that (2.5), (2.8), (2.9) and (2.23) are satisfied. Then there exists an
open neighborhood O of 0 in A and an open neighborhood O" of vy in &1, such that the
real analytic mapping

0 — ’CNf7Np no’

A T(A) (2.26)

1s bijective.

In other words, the inverse of the above mapping is a local chart of Ky, n, in the vicinity
of 79. Note that a similar, though not identical, parametrization of the finite-dimensional
counterpart of Ky, n, obtained by discretization in atomic orbital basis sets, was used
in [18] to design quadratically convergent self-consistent algorithms for the extended Kohn-
Sham model.
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2.4.2 Existence and uniqueness of the minimizer of (2.4) for W small
enough

We now define the energy functional
E(A,W) = E"F (T (A), W), (2.27)

for all A € O and all W € C’, which, in view of Lemma 9 allows us to study the existence
and uniqueness of local minimizers of (2.24) in the vicinity of 79 when ||W||¢/ is small
enough. The functional F is clearly real analytic; we denote by

F(A, W) = VAE(A,W), (2.28)

the gradient of F with respect to A, evaluated at point (A, W). As g is the unique
minimizer of the functional v — E™F(y,0) on Ky, hence on Ky, N,, 0 is the unique
minimizer of the functional A — E(A,0) on O, so that

F(0,0) = 0.
Lemma 10. Assume that (2.5), (2.8), (2.9) and (2.23) are satisfied. Let

1
0 := §F,/4(070)‘A><{0}a

where Fy(0,0)] 4x{oy is the restriction to the subspace A x {0} = A of A x C' of the
derivative of F with respect to A at (0,0). The linear map © is a bicontinuous coercive
isomorphism from A to its dual A’.

We infer from Lemma 10 and the real analytic version of the implicit function theorem
that for W € C’ small enough, the equation F'(A, W) = 0 has a unique solution A(W) in
O, and that the function W — A(W) is real analytic in the neighborhood of 0. It readily
follows from (2.28) and Lemma 9 that for W € C’ small enough,

w = T(A(W)) (2.29)

is the unique critical point of (2.24) in the vicinity of 9. This critical point is in fact a
local minimizer since ©, which is in fact the second derivative of the energy functional
A E(A,0), is coercive. We have actually the following much stronger result.

Lemma 11. Assume that (2.5), (2.8), (2.9) and (2.23) are satisfied. Then, for ||W||c
small enough, the density matriz vy defined by (2.29) is the unique global minimizer of

(2.4).

We conclude this section by providing the explicit form of @, which is useful to prove
Lemma 10, but also to compute the Rayleigh-Schrodinger expansion of ~yy:

0 1

O = —Au(Hy ™~ )+ (B — A + 51T (A
Oy = (HF™ — &) Auh + 51T (A,
O = ~(1 = A) Ayt (Hy ™~ ) + 51T (A,

O = T (A,
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J denoting the linear operator from A to A’ defined by
V(A, A/) eAx A, (J(A), AI) = D(p%(/\)? le(A'))y

where
1(A4) = (I'(0), A) = [Luo(A) + Lpt(A), 70] + Lpp(4). (2.30)
A key observation for the sequel is that

VAe A, Tr (Hyn(A)) = 0. (2.31)

2.4.3 Rayleigh-Schrédinger expansions

It immediately follows from the previous two sections that, for any W € C’, the functions
B — Aw(B) == A(BW) and S — vyaw = I'(A(BW)) are well-defined and real analytic

in the vicinity of 0. The purpose of this section is to provide a method to compute the

coefficients Agf,), 71(/113) and 6'%) of the expansions

+00 400 +00
Aw(B) =3B AW, yaw =0+ 85y and EMT(BW) = M (0) + Y pre).
k=1 k=1 k=1

We can already notice that the coefficients ’yl(,{j) and Eé‘lﬁ) are easily deduced from the

coeflicients A%). Using the following version of the Baker-Campbell-Hausdorff formula

AXYe X =Y +[X, Y]+ %[X, (X, Y]]+ %[X, X, (X, Y]] + ...,

we indeed obtain

k (e} . o « «
’YI(/V) = Z Z Wi with vy = w(A(W”, e ,A<Wl)), (2.32)
1<k ae(N*)!||al1=k

where for all a = (ay, -+, ) € (N*)! |ali = a1 + -+ + aq, |0 = max(a;), and

WAL A) = 3 Lol A oA, e i), IEpe(A ] -]
itj=l

+ Z Z.!E.![Luo(Al)a ) [Luo(Ai)7 [Lpf(AiJrl)a ) [Lpf(Al—1)> LPp(Al)] e

itj=l-1

for all (Ay,---, A;) € Al. Note that for [ = 1, the above definition agrees with (2.30), and
that, more generally,

+o0
VAc A, T(A) =7+ w4, A). (2.33)
=1

It follows from (2.31) and (2.32) that
& = [ ot (2.34)
R3
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and that for all £ > 2,

k
B _ oy (I AN®) 1 ( )
&y =Tr ( 2A’yw> + /R3 p7$)V + 5 ZZ%D p’y‘(/:',)’p'y&j_” + o p7$_1)W (2.35)

We will see however that the above formula is far from being optimal, in the sense that
5‘(,5) can be computed using the coefficients Ag,{,) for 1 < j < k/2 only (see formulation
(2.39) of Wigner’s (2n 4 1)-rule), whereas the direct evaluation of Sél;) based on (2.32) and

. () .
(2.35) requires the knowledge of the Ay;/’s up to j = k.

2.4.4 Main results for the degenerate case

The following theorem collects the results obtained so far, and provides a systematic way

to construct the A(V’;)’s, as well as an extension to Wigner’s (2n + 1)-rule to the degenerate

case.
Theorem 12. Assume that (2.5), (2.8), (2.9) and (2.23) are satisfied. Then there exists
n > 0, such that

1. existence and uniqueness of the ground state: for all W € B, (C’), the THF model
(2.4) has a unique ground state Yy ;

2. no energy level splitting at the Fermi level: the mean-field Hamiltonian
1
Hw =—SA+V+pw+| [T +W

(where pw is the density of yw ) has at least N, = Ny + N, negative eigenvalues
(counting multiplicities), the degeneracy of the (N + 1) eigenvalue, which is also
the Fermi level eg/ of the system, being equal to Ny, and it holds

Ww =1y (Hw) + 0w,

where 0 < &y < 1 is an operator such that Ran(dw) C Ker(Hw — el ) with mazimal

rank Ny ;

3. analyticity of the ground state: the functions W s vy and W+ EHF (W) are real
analytic from By (C') to &1,1 and R respectively. For all W € C' and all —n|W |5 <
B < TIHWHE/l;

+00 +oo
ow =0+ B, EMT (W) =M (0) + 3 g,
k=1 k=1

the series being normally convergent in G171 and R respectively;

4. Rayleigh-Schrodinger expansions: the coefficients fyl(/é) are given by (2.32), where the

A%f) ’s are obtained recursively by solving the well-posed linear problem in A

1
O(Ay)) = —5 By . (2.36)



where the BI(/I’? ’s are defined by

vAe A (BY,A)= /R oW, (2.37)

and for all k > 2 and all A € A,

k+1
G- Y (Bl A )
=3 aE(N*)l 1 =1

|l =k, |loo <k—1

l/
+ Z Z ZD <pv‘%’l,p @) () )
i—1

-1
3<IH <k+1 aE(N)L, o/ €(N#)V~1 W (T (A Ay T A)

7
1>1,1'>1 |a|1+]e! |1 =k, max(|ca|oo, | |oo) <k—1

k
a Wi 2.38
+lz; Z Z/s vz(m p(Aly ~-,A(Wl_1>,A)) ( )

Oée N* -1
a1 =k—-1, |o¢\oo<k 2

where 7(; ;) 15 the transposition swapping the it and j™ terms (by convention T(i,i)
is the identity);

5. first formulation of Wigner’s (2n + 1)-rule: for alln € N, and all € € {0,1},

gEro — 3 3 Tr (Horfy)

2<i<2n+e  ae(N*)!||al1=2n+¢€, |a|o<n

1
) Z Z D (pﬁv,l’pﬁvl,z)

2§l+l’/§2n+e ae(N*)l,a’E(N*)l/ |la|i+]a/ [1=2n+e
Li'>1 max(|a|co, [/ |co)<n

+ Z Z /RS P, W (2.39)

1<I<2n+e—1  ae(N*)!||ali=2n+e—1, |a|cc<n

6. second formulation of Wigner’s (2n + 1)-rule: it holds

0 < E'HF (r (i 5’%93) ,W> — &F(31) = O(| 82" 2). (2.40)

k=1

Note that both formulations of Wigner’s (2n + 1)-rule state that an approximation
of the energy E™F(BW) up to order (2n + 1) in B, can be obtained from the A(Mk/) for

1 < k < n. They are yet different since the first formulation consists in computing all

the coeflicients 81(,;;) up to order (2n + 1), while the second formulation is based on the
computation of the density matrix I <ZZ:1 BkAél;)).

Remark 13. Although we were not able to rigorously prove that assumptions (2.5), (2.8),
(2.9) and (2.23) were actually satisfied for a specific molecular system, we strongly believe
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that this is the case for some atoms. Recall that the singlet-spin state THF model is obtained
from the spinless rHE model dealt with here by replacing N by N/2 (the number of electron
pairs) and py by 2p, (each state is occupied by one spin-up and one spin-down electron),
so that all our results can be applied mutatis mutandis to the singlet-spin state rHF model.
We have performed numerical simulations of a carbon atom within the singlet-spin state
rHF model (see Chapter /) and observed that for this system, the lowest two eigenvalues of
Hy, corresponding to the 1s and 2s shells, are negative and non-degenerate, while the third
lowest eigenvalue, corresponding to the 2p shell, is threefold degenerate. As the carbon atom
contains six electrons, that is three electron pairs, the Fermi level coincides with the third
lowest eigenvalue. Using the first statement of Proposition 3, we obtain that assumptions
(2.8) is satisfied, hence that the ground state density matriz o is unique, yielding that,
by symmetry, all the occupation numbers at the Fermi level are equal to 1/3. Numerical
simulations therefore suggest that assumptions (2.8), (2.9) and (2.23) are satisfied for the
singlet-spin state THF model of a carbon atom, while (2.5) is obviously satisfied since this
system is electrically neutral.

Remark 14. In order to illustrate what may happen when assumption (2.23) is not satis-
fied, we consider the toy model

E™ (w) = inf {ETM(%w), v € Ks}, (2.41)

where
E™ () = Te (HPMy) + 3 (Tr (v = 28™)2))” + Tr (),

Hy ™ = =2ler)(er| — lea)(ea| — lea)(eal, g™ = ler)(er] + |e2)(eal,

e1, e, e3 being pairwise orthonormal vectors of L*(R3). For w = 0, the unique ground
state of (2.41) is ’ng and the mean-field Hamiltonian of the unperturbed system is HOTM.
We are therefore in the degenerate case with ¢ = —1 and 5g™M = |e2){ea|, and we have
Nt =1, 1 = Rank(6f™) < N, = 2, Ker(1 — 64 ™M) = Rey # {0}, so that condition (2.23) is
not fulfilled. A simple calculation shows that for w = |es)(es|, it holds

=3 g[BIY* forp <0,

gTM(ﬁw) —| -3 for 8> 0.

Clearly, real-analytic perturbation theory cannot be applied.

Remark 15. The block representation of 71(,‘1,), the first-order term of the perturbation
expansion of the ground state density matriz, is given by

0 (A1 -4) (A9 ]
W= la-ma AR Al (242)
LAY AlYA 0 |
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where the above operators solve the following system

1
fy 2
where Wy is the xy-block of the operator “multiplication by W7. We also have

(AW, AW AW ALY = — (W, WipA, (1 — M)W,

up > ““pf > < pp

Wpp), (2.43)

2 _ ( <1,1>> 1
&y =Tr HU'YW,Z +2D pVéxlz?l’p%(nl/,)1 + ; p 1y W.

3 Twi
The second-order term 7‘(/‘2,) 1s also useful to compute nonlinear responses. The explicit
formula is given in an appendiz at the end of the chapter.

Remark 16. In the degenerate case, there is no analogue of (2.12), that is no explicit
closed recursion relation on the coefficients of the Rayleigh-Schridinger expansion of the
density.

2.5 Extensions to other settings

Although all the results in the preceding sections are formulated for finite molecular systems
in the whole space, in the all-electron rHF framework, some of them can be easily extended
to other settings:

e all the results in Sections 2.3 and 2.4 can be extended to valence electron calculations
with nonlocal pseudopotentials, as well as to regular nonlocal perturbations of the
rHF model, that is to any perturbation modeled by an operator W such that W (1 —
A) is a bounded operator on L*(R?), the term [g; p,W being then replaced with
Tr (YW);

e all the results in Section 2.3 can be extended to the rHF model for locally perturbed
insulating or semiconducting crystals (see in particular [22]|, where the analogues of
the operators £ and Q®) in Lemma 4 are introduced and analyzed); the extension
to conducting crystals is a challenging task, see [34] for results on the particular case
of the homogeneous electron gas;

e extending our results to the Kohn-Sham LDA model for finite molecular systems in
the whole space is difficult as the ground state density decays exponentially to zero at
infinity while the LDA exchange-correlation energy density is not twice differentiable
at 0 (it behaves as the function R. 3 p — —p*3 € R_). On the other hand, all
the results in Sections 3 and 4 can be extended to the Kohn-Sham LDA model on
a supercell with periodic boundary conditions as well as to the periodic Kohn-Sham
LDA model for perfect crystals, as in this case, the ground state density is periodic
and bounded away from zero (see e.g. [16, 17]). Let us emphasize however that in the
LDA setting, it is not known whether the ground state density of the unperturbed
problem is unique. We must therefore restrict ourselves to local perturbation theory
in the vicinity of a local minimizer and make a coercivity assumption on the Hessian
of the energy functional at the unperturbed local minimizer . In the supercell
setting, the operator £ was used in [29] to study the stability of crystals;
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e the Hartree-Fock model consists in minimizing the energy functional

1 1 1 z,y)|?
B, W) i=To (=389 )+ [ o (VAW +3D(r0)—5 [ ] M@l 4 4,
2 R3 2 2 R3 JR3 |LL‘ — y|
over the set Py of Slater determinants with finite kinetic energy. It turns out that all
the local minimizers of E¥ (v, W) on Ky are on Py (Lieb’s variational principle [56]).
Consequently, an equivalent formulation of the Hartree-Fock model is

E(W) :=inf {EHF(% W), veKn}. (2.44)

Uniqueness for problem (2.44) is an essentially open question (see however [42| for
partial results). In order to apply perturbation theory, we therefore need a coercivity
assumption on the Hessian at the minimizer 7y, just as in the LDA setting. It is
known that there are no unfilled shells in the Hartree-Fock theory [6], which implies
that we are always in the non-degenerate case. The first three statements and the
fifth statement of Theorem 5 can be transposed to the Hartree-Fock setting under
the above mentioned coercivity assumption. On the other hand, there is no analogue
of (2.12) for the Hartree-Fock model. A mathematical analysis of the perturbation
theory for the molecular orbital formulation of the Hartree-Fock model was published
in [21]. It is easily checked that our proof of Wigner’s (2n + 1)-rule also applies to
the Hartree-Fock setting;

e the extension to some of our results to Stark potentials W (z) = —E-z, where E € R3
is a uniform electric field, will be dealt with in a future work [25].

2.6 Proofs

2.6.1 Proof of Lemma 2

Let v and 7)) be two ground states of (2.4) for W = 0. By Theorem 1, 79 — 7, = o, with
o € S(L*(R?)), Ran(o) C Ker(Hg — €2), Tr (o) = 0. Therefore,

NP
0 0
0= D MigloR i) (SRl
ij=1
for some symmetric matrix M € ]R]SV"XNP such that Tr (M) = 0. As, still by Theorem 1,
70 and 7, share the same density, the density of o is identically equal to zero, that is

Np
Vo R > Mol 1i(2)dR, 4 (x) = 0.

i,j=1

If Assumption (2.9) is satisfied, then M = 0; therefore o = 0, and uniqueness is proved.
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2.6.2 Proof of Proposition 3

Let us first notice that as for all 1 < ¢ < N, qb?vfﬂ- € D(Hp) = H%*(R3) — C(R?),
condition (2.9) is mathematically well-defined.

Case 1: Let M ¢ ]RJSV"XNP be such that

Np
vz € R3, Z Mz‘j¢[z)vf+i(33)¢9\ff+j($) = 0.
ij—1

The matrix M being symmetric, there exists an orthogonal matrix U € O(N,,) such that
: . ~ N,

UMUT = dla%(nl,--- ,ny,) with ng < --- < ny,. Let ¢9Vf+i(x) =25 Uij¢?vf+j(x).

The functions qﬁ?vf 4; form an orthonormal basis of Ker(Hp — €2) and it holds

NP
Ve e B Y nild (@) =0,
=1

from which we deduce that Ef\ﬁ’l n; = 0. Consider first the case when N, = 2. If M # 0,
then ny = —ny; =n > 0, so that

vx € RS? ’5[])\[{-}-1(1.)’2 = ’$9Vf+2(x)‘2'

In pfrticular, the tWS eigenfunctions d:?vf 41 and q~59vf o have the same nodal surfaces (that
is (¢?Vf+1)_1(0) = (¢9Vf+2)_1(0)). Consider now the case when N, = 3. If M # 0, then

either ny = 0 and (b?\,f 41 and E&J)vf 43 have the same nodes, or ny # 0. Replacing M with
— M, we can, without loss of generality assume that n; < 0 < no < ng, which leads to

gy [nl = n3]|
vz € R3, |¢?Vf+1($)|2 = W|¢?vf+2(33)’2 + W’¢9vf+3($)|2-
We infer from the above equality that the nodal surfaces of qg(j)vf 41 () are included in those
of gg?VerQ(x). Let £2 be a connected component of the open set R3 \ (~9Vf+1)*1(0), and let
HE be the self-adjoint operator on L?(§2) with domain

D(H) = {u e H)(Q) | Au € L*(2)}

defined by
1
Yu e D(HY), Hfu= —iAu +Vau+ (po* || Hu.

As both ¢ = 59\,{“\9 and 1Yy = (Z?Vf+2‘g are in D(H§?) and satisfy H{i1 = ey,
Hy = eXiba, 11| > 0 in £2, we deduce from [69, Theorem XIII.44] that € is the non-
degenerate ground state eigenvalue of HOQ , so that there exists a real constant C € R

such that 1 = Ct;. It follows from the unique continuation principle (see e.g. [69,
I‘heorem XIIL.57]) that <Z>9Vf 4o = C’qb?vf 4 on R3, which contradicts the fact that gb?vf 41 and

ng?Vf 4o are orthogonal and non identically equal to zero. Thus, M = 0 and the proof of
case 1 is complete.
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Case 2. The degeneracy being assumed essential, eOF is (2 4 1)-times degenerate for some

integer [ > 1, and there exists an orthonormal basis of associated eigenfunctions of the
form

VI<i< Ny =204+1, X (@) =Ri(r) Y710, ),

where (7,0, ) are the spherical coordinates of the point z € R?, and where the functions
V" are the spherical harmonics. In particular,

20+1 2041
Ui —l+j—1
D MijdR i (@) (1) = Ra(r)? D Mg 37 10,0) 37710, ).
i,j=1 1,j=1
We therefore have to prove that for any symmetric matrix M € Ré21+1)x(21+1)7
20+1 ' '
S Myuytty T =0 = M=o,
ij=1
Let M € R(S2Z+I)X(2l+1) a symmetric matrix such that
20+1 4 '
Z Mijyz_lﬂ_lyz_lﬂ_l =0
ij=1
on the unit sphere S?. Using the relation
21 l l L I 1 L
yml mo Z (2l + 1)2(2L + 1) yml+m2
1Y = e L
L=0

mi my —(mi+mg) 0 0 O
lh s I3
where the

denote the Wigner 3-j symbols (see [15] for instance), and
mip mg M3

where, by convention, )" = 0 whenever |m| > L, we obtain

vim ! —lti—1~y—l+ji—1
0 = 2z+14ZM""‘y’ G
2,j=1

204+1 2l l l L I 1 L o

SN HNE O
ij=1  L=0 ~l+i—1 —l4+j—1 20+2—i—3j/ \0 0 0
20 2 I | L l l L
IPRCES > M
m=—2] L=0 0 0 O 1<4,j<2+1 —l+i-1 —l+j—-1 -m

i+j—2—2=m
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l l L
Using the fact that the Wigner 3-j symbol is equal to zero unless
my ma —(mi+ma)

mi| <1, |me| <1, |mi+mo| <L, 0<L<2, and L€2Nifm;=my=0,

we obtain that for all L € {0,2,---,2[} and all —-L <m < L,

l l L
> M;; = 0. (2.45)
1<ij<2+1 \“l+i=1 —l4+j—1 —-m
i+j—20—2=m
For m = —2[ and L = 2[, the above expression reduces to

1 2 L1 2 1

My =0, where = .
) -1 o) VAL

Hence M7; = 0. More generally, for each integer value of m in the range [—21, 2], equation
(2.45) gives rise to a linear system of n,,; equations (obtained for the various even values
of L in the range [|m/|, 2{]) with n,,; unknowns (the M; ;’s satisfying i < j - recall that the
matrix M is symmetric - and i + j = 2l + 2 + m). Using the symmetry property

l l L l l L

—Il+i—1 —-l4+j—1 —-m —l+7j—1 —=l+i—1 —m
and the orthogonality relation stating that for all —2 < m < 2[, and all |m| < L, L' < 21,

l l L l l L/
Z _ orr
QL+ 1)

1<, j<20+1 —l+i—1 —l+5—-1 —m —l+i—-1 —l+j57—-1 —m
i+7—20—2=m

it is easy to see that this linear system is free, and that the corresponding entries of M are
therefore equal to 0. Hence, the matrix M is identically equal to zero, which completes
the proof.

2.6.3 Proof of Lemma 4

As % is a compact subset of the resolvent set of Hy and as the domain of Hy is H?(R?),
there exists Cp € R4 such that

max (= = Ho) ™, (1 = &)z = Ho) ", | (= = Ho)(1 = &) 1) < Gy,

It follows from the Kato-Seiler-Simon inequality [76] that for all v € C’,

lo(z = Ho) || < Collv(l = A)7H < Collu(1 = A) e < Cllollze < allv]ler,
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for constants o, C' € R, independent of v. The k-linear map Q™) is therefore well-defined
and continuous from (C’)* to the space of bounded operators on L?(R3). Denoting by
fyd- =1 — 7, we have

k
Q(k)(vb"' L Ug) = Z ! (z — Hp) 1Pol_I vj(z — Ho)~ l‘PJ) dz.

- 2 @ 1
(Po<j<w€{v05} =

In the above sum, the term with all the P;’s equal to ’yoL is equal to zero as a consequence of
Cauchy’s residue formula. In all the remaining terms, one of the P;’s is equal to the rank-N
operator 9. The operators (z — Ho) ™" and v;(z — Hp) " being bounded, Q") (vy, - -, v,
is finite-rank, hence trace-class, and it holds

13
1Q®(wr, - v, < AN Coatfunllr -l
Likewise, the operator

VIQM) (y, - -- vk)!VI

= fm 2 — Hy) 1/2POH( Ho)™/2u;(2 — Ho)™/2P}) (= — Ho)™/*|V ] dz
6{70770 }kJrl
is finite rank and
HVIQW (o1, -+, o)V lle; < Ca¥lfurlicr - [[vgler,
for some constant C' independent of vy, - - - , vj,. Therefore Q¥ is a continuous linear map

from (C’')* to &11 and the bound (2.10) holds true. It then follows from Cauchy’s residue
formula and the cyclicity of the trace that, for £ > 1,

1 k
T (QW (vy, -+ ,up)) = Tr f%(z—Ho H vj(z — Ho)™') dz

2

k
1
- Z Tr 2méz—H0 E[v]z—Ho Pj)dz

(Pj)G{WoﬁoL}kH

k
= Z > o T <2m 745 H VUt mod(k) (2 — Ho) "' Py) vj(z — Ho) 70 d2> = 0.

Pz)E{’Yo,’Y } =1

Let p € C and Q := QW(p«|-|~!). Proceeding as above, we obtain that for all
¢ € C&(R?),

[

ITr (Q9)| = |Tr
Cliplcloller

(217r y{g (= = Ho) Mpx ||z~ Ho)_lqbdz)’

IN
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for a constant C' € R, independent of p and ¢. Therefore, pg is in C and ||pg|lc < C|lpllc.
This proves that £ is a bounded operator on C. In addition, for all p1, ps in C,

1
@orsple ==Tr (51 f (o= ) Mo - 1706 = Ho) (a1 d2) = (on, e,
where we have used again the cyclicity of the trace. Thus, £ is self-adjoint. Lastly, for all
p€eC,

N

(Lp,p)e =D (o (x| ITYDI(Hy —e) g ((ox |- 17H)e) = 0,
i=1

where Hg- is the self-adjoint operator on Ran(v3) = Ker(vg) defined by Vv € Ran(yy),
Hd-v = Hyw.

2.6.4 Stability of the spectrum of the mean-field Hamiltonian

We assume here that we are

e cither in the non-degenerate case (exy < 0 and ey < €n41), in which case we set
6% _ 5N+§N+1;
e or in the degenerate case (exy = eny1 = eoF <0).
We recall that Ny = Rank(]l(_oo7€%)(H0)), N, = Rank(]l{eg}(Ho)) and N, = Ny + N,. We
also have g_ = e — en, and g4 = ENp+Np+1 — €. By definition g_ > 0 and g4 > 0 since
0
ep < 0.

Lemma 17. Let

3
054:6%4-%, 055:6%4-%.

39— _
051:61_11042:6013_%1@3:6013_%7
There exists n > 0 such that for all v € By(C'),

Rank(]l(—oo,al](HU + U)) = 0, Rank(]l(ozl,ag)(HO + U)) = Nf, Rank(]l[a%ag}(Ho + ’U)) = 0,
Rank(]l(ag,a4](H0 + v)) = Np, Rank(]l(a47a5} (HQ + ’U)) =0.

Proof. Let z € {a1, a2, a3, a4,a5}. As z ¢ o(Hy), we have
z— (Hy+v) = (1+v(l—=A)"Y(1—A)(z— Hy)™") (2 — Hy).

Besides, as D(Hp) = H?(R3?), there exists a constant C' € R, independent of the choice of
z € {a1, g, a3, a4, a5}, such that

I(1 = A)(z = Ho) M| < C.
In addition, there exists a constant C’ € R such that for all v € C’,

(@ = 2)7H < Jlo(1 = A) e < Cvller.
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Let n = (CC")~!. We obtain that for all v € B, (C’),
lo(1 = A)7H1 = A)(z = Ho) | < 1,

so that z — (Hy + v) is invertible. Therefore, for all v € B,(C’), none of the real numbers
a1, o, a3, 04, a5 are in o(Hy + v). It also follows from the above arguments that for
all v € C’, the multiplication by v is a Ho-bounded operator on L?(R3). Using Kato’s
perturbation theory, we deduce from a simple continuity argument that the ranks of the
spectral projectors

]l(foo,aﬂ(HO_'_v)a ]l(al,az)(H0+U)a ]l[ag,ag}(HO +U)7 1((13,(14](H0 +U)7 and ]1(014,045](H0+7))

are constant for v € B, (C’), and therefore equal to their values for v = 0, namely 0, Ny, 0,
Np and 0 respectively. O

2.6.5 Proof of Theorem 5
Step 1: proof of statement 1.

Let us introduce the relaxed constrained problem

grg}]I\F(W) = inf {ErHF(’% W)> v e ICSN} ) (246>

where
Ken={7€SI*R*)|0<y <1, Tr(y) <N, Tr(-Ay) < oo}

As € < 0, v is the unique minimizer of (2.46) for W = 0, and as K<y is convex, the
corresponding optimality condition reads

Yy € ICSN, Tr (HQ(’Y — ’}/0)) > 0. (2.47)

Let W e C’, and (7,)ren+ a minimizing sequence for (2.46) for which
1
VE>1, E™F(y, W) < EIFW) + - (2.48)

Set pj, = p~; - We obtain on the one hand, using (2.47),

T T 1
M) > BTG W) -

1
= ErHF(%Q,O)Jr/ AU
s 2
1 1
= EO) + e (Fooh =)+ 5Dk~ poosh =) + [ AW =
1 1
> €2y (0) + 5Dk = po. Pk = po) + /Rs W =

and on the other hand

e W) < B0 W) = O + [ oW
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Therefore,
1 1
gD(Pﬁc — po, P — Po) < / (po — pi)W + o
]R3
from which we get
1

1
3Pk = pollg < [IWllerllpk — polle + 2

and finally
_1\1/2
Ik = polle < 2W e + (26712

Then, using Cauchy-Schwarz, Hardy and Hoffmann-Ostenhof [52| inequalities, we obtain

(2.49)

O = &) = B 0.0) = B 0. W) — [ oW

1
> e - [ Wz BT GLW) - [ oW -
R3 R3

1 1 1
= TY(—M&H/ V02+D(p§mp2;)+/ pﬁcW—/ poW — —

2 R3 2 R3 R3 k

1 1 1 1
> STr(—Anp) — 22N (T (~Aq)2 + Skl = kel ller = ool Wl — 1

1 1 1 1 1
> (T (=A)Y2 = 2ZN3 + L (llle — W ler)? = 222N = Clpolld — IWIZ - ¢

1 1 1 1
> S ((Te (= Aq)!2 = 2ZN2)° 225N = Jpllé ~ W — 1

from which we infer that
Tr (—Ay;) < Co(1+ W2,

for some constant Cy € Ry independent of W and k. This estimate, together with (2.49)
and the fact that ||v,||e, = Tr(v;) < N, shows that the sequences (7} )ken+ and (p},)ken
are bounded in &1 ; and C respectively. We can therefore extract from (7;)gen+ a subse-
quence (fy,’cj )jen+ such that ('y,’cj )jen converges to vy for the weak-+ topology of &1 1, and
(pfcj )jen converges to pw 1= p.,,, weakly in C and strongly in LfOC(R?’) forall 1 < p < 3.
This implies that

yw € K<y and  E™MF (4, W) < liminf ErHF(fy,'gj, W) = EEI}VF(W)

j—00

Thus vy is a minimizer of (2.46). In addition, as the rHF model is strictly convex in the
density, all the minimizers of (2.46) have the same density py, and, passing in the limit in
(2.49), we obtain that py satisfies

low = polle < 2[Wller.

Denoting by
-

vw =W+ (pw —po) x| - |7, (2.50)

we have 1
Hw == A+V+ Wt pw |- |7 = Ho+ow, (2.51)
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with
lowller < IWller + l(ow = po) * |- |7 Hler < 3[W e (2.52)

By Lemma 17, for all W € B, ;3(C’), we have
Rank(]l(_ooﬁ%_gi/g](HW)) =N and Rank(]l(eg—g,/zegw,/z] (Hw)) = 0.

In particular, Hy has a least N negative eigenvalues, from which we infer that Tr (yw) =
(Hw) and it holds

N. Therefore, vy is a minimizer of (2.4). In addition, vy = LY
! 7{ (z— Hy) 1d (2.53)
=— ¢ (z— 2. :
=g w

Step 2: proof of statement 2.
It follows from (2.50), (2.51) and (2.53) that

VIV € Bn/S(C,)a X(UW) =W,

where X is the mapping from B, /3(C’) to C" defined by

X(V) =0 =P 1 ¢ (o Hy )1 (z—Ho)1)dz ¥ | I~

The mapping X is real analytic. Besides, denoting by v, the Coulomb operator associating
to each density p € C the electrostatic potential v.(p) = p* ||~ € C’, we have

X'(0) = v.(1 4 L)v L.

It follows from the second statement of Lemma 4 and from the fact that v. : C — C’ is
a bijective isometry that X’(0) is bijective. Applying the real analytic implicit function
theorem, we obtain that the mapping W +— vy is real analytic from some ball B,,(C’) (for
some 1’ > 0) to C’. By composition of real analytic functions, the functions

1
7W_2z'7r

72 (2= Ho —vw) ™" dz, pw = po+ve ' (vw = W) and EMF(W) = BT (yy, W)
are real analytic from B,/ (C’) to &11, C and R respectively.
Step 3: proof of statements 3 and 4.

Let W € B,/(C'). It follows from the above result that the functions 5 — vysw, 8 — pgw,
and 3 — EHF(BW) are real analytic in the vicinity of 0, so that, for |3| small enough,

+oo +oo =
ow =0+ 3B oaw = pot DB, ET(BW) = £ (0) + 3 A,
k=1 k=1 k=1

the series being normally convergent in &1, C and R respectively. The Dyson expansion
of (2.11) gives

+o0
vow = 0+ > Q" (vaw, -+ vpw).
k=1
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+oo +oo
vaw = BW + Y Rl + |- 1T = S gtw ),
k=1 k=1

where we recall that W) =W + p%/) *|-|7' and W) = pgf,) x| - |71, we obtain

k=1

+o0o +o00 +o00
Yaw :’YO‘i‘ZQ(k) ZB]W(J)7... 7ZBJVV(J)
j=1 j=1

from which we deduce (2.14). Taking the densities of both sides of (2.14), we get
k k k
= Lo\ + Ay -
This proves (2.12).

2.6.6 Proof of Lemma 6 and of (2.18)

The proof of Lemma 6 is similar to the proof of Lemma 1 in [21]. We only sketch it here
for brevity. We denote by V := (HL(R3))V | by ®° = (¢9,--- ,¢%)T € V and by # the
bounded linear operator from V to V' = (H~(R3))" defined by

N
VU eV, (HT),=(Ho—e)i+ » K.
j=1
We then decompose V as
V=50 + AdY + 0% = DD +S°9° + AD? + 3T,

where D, A, S, and S° denote the vector spaces of N x N real-valued matrices which are
respectively diagonal, antisymmetric, symmetric, and symmetric with zero entries on the
diagonal, and where

) = {® = (¢i)icicn €V VI <i,j <N, (61,0))2 =0} .
Likewise, it holds
V' =80+ A® + @) with @ = {g=(g:)1<i<n €V'[V1 <4, <N, (g;,¢]) =0}
and it is easily checked that
{geV |Vxe ], (g,x) =0} =S2° + AQ". (2.54)

Denoting by F' = (f1,---, fx)? €V and by o € D the N x N diagonal matrix with entries
a1, ,an, we have to show that there exists a unique pair (¥, n) € V x D such that

_ 0
{ HV =F +nd, (2.55)

U —ad® € S°90 + AdY 4 99 .
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For this purpose, we first introduce the matrix S € S defined by

(f3,89) — (fi, 80)

Gj—Ei

VléZSN, S”:Oél and Vlgl#]SN, SU:

and observe that F := F — #(S®°) € S®° + @Y . Next, using the fact that ¢ < -+ <
en < eOF and the positivity of the operator K°, namely

N
VU = (Pihicien €V, Y (K, i) =2D (Z ¢°wz,§j¢%z) >
i,j=1 i=1

we can see that the operator . is coercive on ®Y . Therefore, by Lax-Milgram lemma and

(2.54), there exists a unique ¥ € @Y such that AU —F eSO+ AP, As F e SO0 + 9,
and

N
V1<i k<N, VU= (icjen €V, Z K, 00) = > (KR, 07),
7=1

j=1

we have in fact U — F € S®°. Setting U/ = ¥ + SB°, we get SV — F € SB°. We
now observe that # is an isomorphism from A®° to S°®°. Decomposing £V — F as
AV — F = —8'd% 4 n®° with S’ € S” and € D, and denoting by A the unique element
of A such that /#(A®Y) = §'®° and by ¥ = ¥’ + A®Y we finally obtain that the pair
(U, n) is the unique solution to (2.55) in V x D.

The fact that ¥ € (H%(R?))" whenever f € (L*(R?))" follows from simple elliptic
regularity arguments.

To prove (2.18), we introduce, for k € N*,

k
Xik(B ZB OSe mik(B) = By

N
Hy(B) = *%A+V+ (Z Xi,k(5)2> <17 BW, fik(B) = Hi(B)Xiwk(8) =ik (8) Xk (B)-

=1
By construction, [n:x(8) — eswiil + [xix(8) — dswall 2 + 1 i (8) ;1 € O(BF1) when 4
goes to zero, for all 1 < i < N. As the operator Hy(/3) is self-adjoint, it holds
(fiks X))+ Mk Xk Xiok) = (Hk Xk X.k) = (HiXgks Xik) = (Fihs Xak) + 15,6 (X ks Xi k)

(the variable 8 has been omitted in the above equalities). As by assumption €1 < €z <
- < €N+1, we obtain

ik (8), X5(B)) = {f5£(B), Xk (B))
.k(8) = ik (5)

(Xie(B), x3,k(8)) = o),

from which we deduce (2.18).
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2.6.7 Proof of Lemma 7

Let T € Q and v € Py such that [|[T —v|le, < 1/2. As [|[T — 7] < |T —9|e, < 1/2,
o(y) = {0,1} and Rank(y) = N, Rank(II(T")) = Rank(1[;/240)(T)) = N. Therefore
II(T) € Py. If, in addition, T € G, then

IT-I(D)|E, = IT—~+~ D),

= [IT=All&, + v = LD)IE, + 2T (T —)(y — I(T)))

= |IT =&, + v = LDIE, + 2Tx (T(y — I(T))) — (2N — 2Tx (YII(T)))

= |IT—1ll&, +2Tx (T(y — I(T)))

= |IT—~l§, +2Tx (T - 1/2)(y — I(T))),
where we have used that both v and II(7T") are in Py and that for all P € Py, ||PH262 =
Tr(P?)=Tr(P)=N. Let A=T —1/2 and Q = v — II(T). The self-adjoint operator A
has exactly N positive eigenvalues (counting multiplicities), and all its other eigenvalues
are negative. Remarking that TI(T') = 1y o)(4), and denoting ATt = TI(T)ATI(T),

A7 = (1 -I(T))AQ = I(T)), Q™ = I(T)(y — I(D)IT), Q" = (1 — I(T))(y —
I(T))(1 — II(T)), and g := dist(0,0(A)), we obtain, using the fact that AT+ > ¢, A7~ <

—¢, Q™" >0,Q7 " <0and Q*=QT" —Q ",
Tr (T —1/2)(y—I(T))) = Tr(ATTQ™~+A~Q™)
< —gTr(QTT —Q ) = —gTr(Q%) = —g|y — (D[,

Hence, II(7T) is the unique minimizer of (2.19).

2.6.8 Proof of Theorem 8

Throughout the proof, W is a fixed potential of C’, chosen once and for all, and C' denotes
a constant depending on W but not on 8, which may vary from one line to another. For all

B € R, we denote by Qg;) (B) = W(Wn)(ﬁ) — vgw. When |5] is small enough, %(;) (B) € Pn,
so that we have

EMF (), W) > €M (sW)
= ErHFmW,ﬁW)
= EE ) - QW (8), W)

_  prHF (n) 1
= EEGERE),60) - T (Haw QW (9)) = 5D (g sy Poin )
_  rHF _ (n) _1 2
= ETED),8W) = T (1Haw — QP (8))2) = 5 logum s 17
where we have used Lemma 18 below. We thus obtain that for |3| small enough,
rHF rHF _ _ 01nHn) 2 1 2
0 < BV (8), BW) — EMF(BW) = Tr (|Haw — RIQ (8)) + 5 l1pg00 5 I
Using (2.51), (2.52) and the bound |Jv(1 — A)~1|| < C||v||e: for all v € C’, we obtain that
for all |3| small enough,

|Haw — el < C(1—A).
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Hence, for || small enough,

0< BIGEE),5W) ~ £ (W) < CTr (1= AYQWB)?) + g I2
< QW BIE, ..

where we have used the continuity of the linear mapping G171 > v = py € C. The latter
property is proved as followed: we infer from the Kato-Seiler-Simon inequality and the
Sobolev inequality |[V|[zems)y < Col|VV | r2msy = Cg||V||er that there exists a constant
C € Ry such that for all v € &11 NS(L*(R?)),

A

Tr Vv Tr 1—A 1/2 1—A 1/2 1_A *1/2V 1_A 71/2
le = sup 2OV Tl AV - A)PO - A)TPVA - AT
veerjoy IVIlle  veenqoy Ve

Denoting by

wa(B) =10+ Br,
k=1

we get

0 < BT (8), BW) - (3W) < € (IG5 (B) — wn(B)IE, , + Iwn(B) — v 1, )
We infer from the third statement of Theorem 5 that
5n+1-

H'VW,n(B) - 76W||61,1 <C

We now observe that as W is fixed, all the functions 5{/{/’@(,8) in (2.21)-(2.22) lay in a finite
dimensional subspace of H'(R?) independent of 3. Using the equivalence of norms in finite

dimension, the fact that ﬁ(Wn)(ﬁ) = Il (ywn(B)) and Lemma 7, we obtain that

75 (8) = 1w (Bllers < CIFS (B) = ywn(B)liess < Cllvsw —wn(B)lls, < CH™,

which completes the proof of (2.20).

Lemma 18. Let H be a bounded below self-adjoint operator on a Hilbert space H, ep € R,
and v = 1(_oo ep)(H). Assume that Tr(y) < oo. Then, for all orthogonal projector
v € S(H) such that Tr (v') = Tr (v), it holds

0<Tr(HQ) =Tr(|H — er|Q%),
where Q =" — 7.
Proof. We first observe that
Q=7 -7=0")V -7V =@+ +¥v—2,
H—ep = (1=7)(H —ep)(1 —7) +v(H — €er)7,
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H —ep| = (1 =7)(H —ep)(1 =) —7(H — er)7,
Q*=(1-7Q(1 —v) — Q.
As Tr (Q) = 0, it follows that

Tr (HQ) = Tr((H—er)Q)=Tr ((H—er)Q?) +Tr ((H — er)(77' +1'7 — 27))
= Tr (H-er)Q*) +2Tr (v(H — er)7Q)
(H — EF)QQ) +2Tr (Y(H — er)7Qy)
(H — ) —2Tr ( (H — ep)yQ* )
|H — GFIQ %).

i

= Tr

(
(
o (
(

Note that all the terms in the above series of equalities containing ~ are finite, since
Tr (y) < oo and H is bounded below, while the other terms may be equal to +oo. O

2.6.9 Proof of Lemma 9
Using the fact that L?(R3) = H,®H,, any linear operator T on L?(R3) can be represented

by a 2 x 2 block operator
Too T
T — 00 ou ,
( Two Tuu >

where Ty is a linear operator from Hy to Hy (with z,y € {o,u}). In particular, the
operators Py := ]l(—oo,e%](Ho) (the orthogonal projector on H,), Py := 11(6%7+Oo)(H0) and
Hj are block diagonal in this representation, and we have

(10 L {00 [ He O
PO_(O 0)’ PO_(O 1)’ H°_<o Huu>’

WithHoo—e%SOandHuu—eOF:HJ+—eF>g+>0

We consider the submanifold
Pn, = {P € S(L*(R%)) | P> = P, Tr (P) = N,, Tr (—AP) < o0}

of S(L*(R?)) consisting of the rank-N, orthogonal projectors on L?(R3) with range in
H'(R?), and the Hilbert space

Z = {Z = ( ZO _guo ) | (Huu — 60F)1/2Zu0 € B(HOaHu)} )

endowed with the inner product
(27 Z/)Z =Tr (Z:;O(Huu - 6%)2(10)‘

We are going to use the following lemma, the proof of which is postponed until the end of
the section.
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Lemma 19. There exists an open connected neighborhood O of Py in Pn,, and n > 0 such
that the real analytic mapping

By(Z) — O
7 eZPoe*Z

s bijective.
By continuity, there exists a neighborhood O of 0 in A such that
VA€ O, 1y (I(A)cCO.
Let A and A" in O be such that I'(A) = T'(A’). Then
elweld) ppeueh) = 1 1y (T(A')) = Lg,1) (T(A)) = el e el
and we infer from Lemma 19 that Ly, (A’) = Lyo(A). Therefore,
o) (yg 4 Ly (A'))e o) = elot() (yg 4 [ (A))eLor(A), (2.57)

In particular (using again functional calculus),

elot(A) Lyt (A7) —Lpe(4)

Using the finite dimensional analogue of Lemma 19 (a standard result on finite dimensional
Grassmann manifolds), we obtain that, up to reducing the size of the neighborhood O if
necessary, Lpf(A’) = Lpe(A). Getting back to (2.57), we see that Ly,(A") = Lpp(A).
Therefore, A = A’, which proves the injectivity of the mapping (2.26).

We now consider a neighborhood O’ of vy in &1 in such that I'(O) C O and
Lo, (ICNf,Np ﬂ(’)’) c O. Let v € Kngn, N O’. By Lemma 19, there exists a unique
Z € By(Z) such that 1 q(y) = e? Pye=%, and by the classical finite-dimensional ver-
sion of the latter lemma, there exists a unique Apr € Ape in the vicinity of 0 such that
Tiny(y) = eZeLPf(O’O’APf’O)]l{l}(70)€*Lpf(0’0’APf’0)e*Z. It is then easily seen that the operator

e_Ze_Lpf(Ovo,ApfaO) Lpf(o)ovApﬁO) €Z

ye

is of the form 7y + Lpp(0,0,0, Ayp) for some Ay, € App, which is close to 0 if O is small
enough. Decomposing Zy, as (Ays, Aup) and setting A = (Aus, Aup, Apt, App), We obtain
that A is the unique element of A in the vicinity of 0 such that v = T'(A).

Proof of Lemma 19. Let
U:={UeGLH'R) [ [|U¢] 2 = |6]l2, V¢ € H'(R®)}

where GL(H'(R?)) is the group of the inversible bounded operators on H'(R3). In view
of [26, Theorem 4.8|, the mapping

uU — Pn,
U — UPU!
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is a real analytic submersion. Besides [26, Lemma 2.5], U is a Banach-Lie group with Lie
algebra
U ={Z e B(L*(R%) | 2* = -z, Z(H'(R*)) c H'(R?)}

(with the slight abuse of notation consisting of denoting by Z the restriction to H'(R?) of
an operator Z € B(L?(R?)) such that Z(H'(R3)) ¢ H'(R?)), and [26, Remark 4.7], the
isotropy group of the action of & on Py, is the Banach-Lie group with Lie algebra

U= {2 € BUARY)) | 2" = 2, Z(H'(R®) C H'(R), Zyo = 0}.

Hence, denoting by

Z= {Z: < ZO _guo > (1= A)2Z,, ¢ B(’HO,HH)},

there exists an open connected neighborhood O of Py in Pn,, and 1 > 0 such that the real
analytic mapping

BE(Z) — O
YA eZP()e—Z

is bijective. As there exists 0 < ¢ < C' < oo such that ¢(1 — A) < (Hyy — €2) < C(1 — A)
on Hy, we have Z = Z, which concludes the proof of the lemma. O

2.6.10 Proof of Lemma 10

In view of (2.33), the density matrix I'(A) can be expanded as

D(A4) = 50+ 71(4) +12(A, 4) + O(AI) (259)
with
WA = ([(0), A) = [LuoA) + Lyr(4), 0] + Lpp(4)
1A A) = S04, 4)
1

= 5 [ZuolA), [Fuo(A),20]] + [Luo(A), [Lpe(A), 30]] + 5 (Lt (A), [Lpi(4), 0]
+ [LuoA), Lyp(A)] + [Lpe(4), Lyp(4)]
= 2 {Zaol AP + Lyr(A4, 70} + [Luol4) + Lyr(A), Lyp(A)]
+Luo(A) Lpt(A)70 + 70 Lpt (A) Luo(A) — (Luo(A) + Lpt(A))70(Luo(A) + Lpt(4)),

where {X,Y} = XY + Y X denotes the anticommutator of X and Y. As in Section 2.4,
we denote by F(A,0) = V4E(A,0) and © = %FA(O,O)\AX{O}. It follows from (2.58) and
the analyticity properties of the mapping A — FE(A,0) that for all (4, A’) € A x A,

\V)

1
E(A,0) = Eo + Tr (Hom(4)) + Tr (Hov2(A, A)) + 5D (py4) P () + O([|A[2y),
and 1
(©(A4), 4) = Tr (Hov2(4, 4)) + 5D (P31 (4), P (4))-
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Besides, a simple calculation leads to

Tr (Hoyva(A,A) = Tr (A (Hi " —ep) Aur) — Tr (A (Hy ~ — €p) Aly)
P ((HH — &) AupAAL) = Tr ((Hy ~ — <) A%(1— A)Ayy)

Hence,
1
<®(A)7 Al> = G(A, A/) + §D(p71(A)7 p’yl(A’))7 (259)

where

a(A, A" = Tr (A (HiT —ep) Ay) — Tr (Al (Hy ™ —ep) Aly)

+Tr ((Haer — e%) A{lpAAflp) —Tr ((Hoff — e%) ;f(l —A) ;)f) )

For all A and A’ in A, we have

€ — €1
ja(A, )] < (1 + Fg+ ) At e AT D e+ Aup s | Al + (B =€) | Ape e | A,
We thus deduce from (2.56) that there exists a constant C’ € R such that for all A € A,

Py alle < ClmAlle, . < A4

The bilinear form in (2.59) is therefore continuous on the Hilbert space A. It is also positive
since for all A € A,

1
(0(4), A) > [[Autllh, + A-Aupll,, + (1= A)g-lApelli,, + S llonalle,  (2:60)

where 0 < A_ < Ay < 1 are the lowest and highest eigenvalues of A. To prove that
it is in fact coercive, we proceed by contradiction and assume that there exists a nor-
malized sequence (Ag)ren in A such that limg o (©(Ag), Ax) = 0. We infer from (2.60)
that || (Ag)ufllaee |(Ak)upllaugs [[(Ak)pella,e and ||py,(a,)llc converge to zero when k goes
to infinity. Denoting by (M) := (qﬁ?vfﬂ, (Ak)pp¢9vf+j)[/27 this implies that ||Mg|l2 =
I(Ax)pplla,, — 1 and

Np

ij=1 c

Extracting from (My)gen a subsequence (Mg, )nen converging to some M € RJSV"XN" ,

letting n go to infinity, we obtain

and

NP
M|z =1  and > M0, = 0.
ij=1

This contradicts (2.9). The bilinear form (2.59) is therefore coercive on A. As it is also
continuous, we obtain that the linear map © is a bicontinuous coercive isomorphism from

Ato A
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2.6.11 Proof of Lemma 11

We can prove the existence of a minimizer Jy to (2.4) reasoning as in the proof of the
first statement of Theorem 5 (non-degenerate case) up to (2.52). Only the final argument
is slightly different. In the degenerate case, we deduce that Hy has at least N negative
eigenvalues from the fact that Rank(1(_o oy (Hw)) = No > N.

We now have to prove that Jyw = vy, where vy is defined by (2.29). We know that
~w is the unique local minimizer of (2.24) in the neighborhood of 7. Decomposing the
space L2(R3) as

LR =H eH) eH, (2.61)

where H{" = Ran(1g1y(yw)), H) = Ran(L(1)(yw)), and H}" = Ran(L o) (yw)), we can
parametrize Ky, n, in the neighborhood of vy using the local map

FW(A) = exp (LK(A)) exp (LE{(A)) (’yw—i-LgI;(A)) exp (—Lg[f/(A)) exp (—LKZ(A)),
where
0 0 A} 0 —A;f 0 0 0 O
Lig(A)y=10 0 =A|, LA :=|Ax 0 0|, LY(A):=1]0 Ay, 0
Ay Ay 0 0 0 0 0 0 0

the block decomposition of the operators Lg(A) being done with respect to the decom-
position (2.61) of the space L?(R3). As A = 0 is the unique minimizer of the functional
A EHE(TW(A), W) in the neighborhood of 0, we obtain that the block decomposition

of the operator H = — 1A +V +p, + |- |71 + W reads

(He 0 0

0 0 Hy

(first-order optimality conditions), and that there exists ¢ € R such that

ﬁﬁ—ego, Hy,—e=0, Hy—€¢2>0
(second-order optimality conditions). These conditions also read
W = L(—oo0)(H) + dw, (2.62)

with 0 < &y < 1, Ran(dy) € Ker(H — ¢), Tr (yw) = N, which are precisely the Euler
conditions for problem (2.4). Thus, vy is a minimizer to (2.4).

It follows that all the minimizers 4y of (2.4) have density pw := p,,, and are of the
form

?W = ]l(—oo,e) (ﬁ) + SW’
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with 0 < dy < 1, Ran(dw) C Ker(H —¢), Tr (3w) = N. As the optimization problem
(2.4) is convex, the set of its minimizers is convex. Therefore, for any t € [0, 1]

(1 - t)’YW + tA'YJW = ]1(—0076)(E[) + (1 - t)(SW + tha

is a global minimizer of (2.4), hence of (2.24) for ¢ small enough. As we know that vy is
the unique minimizer to (2.24) in the vicinity of 7o, we obtain that dy = dy, which proves
that ~p is the unique minimizer of (2.4).

2.6.12 Proof of Theorem 12

The first statement of Theorem 12 has been proved in the previous section. The second
statement is a consequence of (2.62) and of the fact that vy € K, n,. The third statement

follows from the real analyticity of the mappings B,(C") > W — Z(W) ceA A5 A~
[(A) € G131, and &1 1 x C' 2 (v, W) = E™HF (4 W) € R and the chain rule.

It follows from (2.33) that for all A € O and all W € (’,

E(A,W) = E0+/ pVOW+<®(A),A>—|—/ W+ S Te (Hoy(A, -, A))
R3 1>3

1
+ ) Z D(pw(Aa A)s Py (A, A) +Z/ Py (A

I+1'>3 1>2
1L,U>1

As a consequence, we obtain that that for any A’ € O,

(VAE(A, W), ANa = 2(6(4),4) + /PM(AI)W%-ZTY (Hol'i(A, A))

>3
+ E '0% e, A) PTy (ALAY) +Z/ PFZ(AA’)W (2.63)
>3 1>2
1>1,1'>1

with where I'1(A, A") = ~1(A’) is in fact independent of A, and where for all [ > 2,
I(AA) = Zi‘:l (7 (A, -, A A”)) (recall that ;) denotes the transposition swap-
ping the ¢*" and [*®

Aw (), we have

elements, and that, by convention 7;; is the identity). By definition of

VA" e A, (VAE(Aw(B), W), A)a = 0. (2.64)
Using (2.63) and observing that

LAwB),A) = > 88 Y Zw (A, A AT (2.65)

k>1—1 ac(N*)i-1 i=1
|al1=k,|a|co <k

we can rewrite (2.64) by collecting the terms of order Bk as

VEeN*, VA e A, (20(AP) + B Ay =
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where B‘(,[li) is given by (2.37) for £ = 1 and by (2.38) for the general case k& > 2. Thus

(2.36) is proved.
Using (2.30) and (2.32), we can rewrite (2.35) for k =2n+¢€ (n € N, e € {0,1}) as

EFY) = T (Hop(AF N+ Y > Tr (Hovy,)
2<i<2n+e  ae(N*)!||ali=2n+¢

1
+ 5 Z Z D(p’)"%’l 3 'O“Y%;,u )

2SHIInbe  ag(N') /€N | faly+ali =20 +e
' >1

DS > e

2<i<2n+e—1  ae(N*)!||ali=2n+ec—1

= > > Tr (Hovi,)

2<I<2n+e  ae(N*)!||al1=2n+¢, |a|co<n

> > Dlpagyis Prer )

2SUSIte  ag(N), o €)Y | fali +Ha'h=2n e
AW >1

N =

max(|aloo, o/ |oo) <n

+ Z Z /R3 p’y‘cfv’lw—i_JQn—&-e(A%/),,“’A%nJre—l)),

2<I<2n+e—1  ae(N*)!||ali1=2n+e—1, |a|o<n

where

o e(AD), .., A1) = 3 S Tr(H ™)
2<I<2n+e  ae(N*)!||a|1=2n+e¢

laloo>n

1
- D @)y P (o
t 3 E E (,07[(1> ,0%<2 )

2<lhi+l2<2n4e  ac (N9, o/ € (N*)V | |a|1+|a/|1=2n+¢
fola 21 max(|arfoo,|af [o0)>n

+ Z Z /R3 p%(o»W-

1<I<2n+e—1 ae(N*)!||al1=2n+e—1

[aloo >n

2n+e—1
Ty AR, s AT = 3T 20(ART ) £ BER Al =0,
k=n

the proof of the fifth statement is complete. Lastly, the sixth statement can be established
reasoning as in the proof of Theorem 8.
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2.A Second order perturbation theory

The block representation of 71(/12/), the second order perturbation expansion of the ground

state energy density is given by the sum of

[0 (ADY (1 —8)  (AD) ]
(T-MAP MO AR
A® AQA 0
and
[ (A9 (1 - n)Al — 1AWy AD (A + 1) (ADY (1 - A)(AG)*]
1)\ % 1 % 1
—(AlP) Ay —(A{) AL

1)\ % 1 1)\ % 1 1)\ % 1 1 1)\ %
3 DA AD 1A ABA AR AD (- m)AD(AD)

~Ap Al 51— n)AY (Al +AD A,

AT~ p)AY AR (A1 - ) ADAAY)*
1) (1 1 D %
+A51p) AI(3P) +Aflf) (Aflf)) i

where the above operators solve the following systems

o ((A(l) AW 40 A<1>)) = —((1 = AWy, Wag, Wap A, W), (2.66)

pf > “*uf > “Tup > “ pp

and
1
O (A%, AR, A2, A2)) = -5 ((BY. BY . BE. BY). (2.67)

The right hand side of (2.67) is equal to
B = (1= M(AR)" (2Hy AL — AR — AH; ) + [7(aR)]
+245) AT (Hy ~ = ) +2 [—(I — M)A Wip = AWyt
AW (T = M)A + (T — M) (AR Wae + 31— MWpp Al
(I — A)W;pA(ulf)} :
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B = (HJY - @)AR( ~ NAY - AU - MAFHy ™ + [ 7(aR)]

+2 [fAE}QWff — LA (A + DWot + W (T — AL + Wy Aue],

BY = (2T Ay Ay —AQHTT) (A0 -8+ [T
F2(HTH — )AL AG + [~ AuWyi (A + 1) — AGAW,,

AW A + 2We(AD) (1 — A) + 2Wp M + 2WWA$.?A} ,

Biy = AR (Hy = @) (AR — (AW (HT = Al + [T (4y)]

Doprrs . 41
+2 [~ AW+ WA

while, J(A)) = (17 (AR ot [T (At [T (A ups [T (AG)]pp ) i defined as follows:
for any A’ € A,

(1)y. _
(T (A ) A) =2 [D (p%(A/)’ p72(A(vs1/):A$/1v))) +D (p’h(AS/))’ '0“12(14541/)714')>

+D (p'yl(A%))’p'Yz(A’,A%)))} ‘
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Chapter 3

Existence of optimal
norm-conserving pseudopotentials for

Kohn-Sham models

This chapter is concerned with the mathematical construction of pseudopotentials for elec-
tronic structure calculation. We first start by recalling the structure and the basis prop-
erties of the Kohn-Sham model for an atom, first with all-electron potentials, and second
with norm-conserving pseudopotentials. The ground state mean-field Hamiltonian of an
atom is rotation-invariant and its eigenfunctions therefore have specific properties, which
we study in details since they play an important role in pseudopotential theory. The way of
building norm-conserving pseudopotentials is described and the set of admissible semilocal
norm-conserving pseudopotentials is defined. We prove that, for the Hartree (also called
reduced Hartree-Fock) model, the latter set is nonempty and closed for an appropriate
topology. We also prove some stability results of the Hartree model with pseudopotential,
with respect to both external perturbations and variations of the pseudopotential itself.
We then extend some of the results obtained in the framework of regular perturbation
theory in Chapter 2 to the case of a perturbation by a uniform electric field (Stark po-
tential). We construct in particular the first-order perturbation of the density matrix for
both the all-electron and the pseudopotential Hartree model. We finally propose a new
way to construct pseudopotentials consisting in choosing the “best” pseudopotential for
some optimality criterion, and we prove the existence of an optimal pseudopotential for
a variety of optimality criteria (some of them involving the linear response of the ground
state atomic density to Stark potentials). Finally, we discuss possible extensions of our
results to the Kohn-Sham LDA model. This work has been preprinted [25] and submitted
for publication.
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3.1 Introduction

It is a well-known theoretical and experimental fact that the core electrons of an atom are
hardly affected by the chemical environment experienced by this atom. Pseudopotential
methods are efficient model reduction techniques relying on this observation, which are
widely used in electronic structure calculation, especially in solid state physics and mate-
rials science, as well as for the simulation of molecular systems containing heavy atoms. In
pseudopotential methods, the original all-electron model is replaced by a reduced model ex-
plicitly dealing with valence electrons only, while core electrons are frozen in some reference
state. The valence electrons are described by valence pseudo-orbitals, and the interaction
between the valence electrons and the ionic cores (an ionic core consists of a nucleus and
of the associated core electrons) is modeled by a nonlocal operator called a pseudopoten-
tial, constructed once and for all from single-atom reference calculations. The reduction
of dimensionality obtained by eliminating the core electrons from the explicit calculation
results in a much less computationally expensive approach. The pseudopotential has the
property that, for isolated atoms, the valence pseudo-orbitals differ from the valence or-
bitals in the vicinity of the nucleus, i.e. in the so-called core region, but coincide with the
valence orbitals out of the core region, i.e. in the region where the influence of the chemical
environment is important. In addition to the reduction of dimensionality mentioned above,
an advantage of pseudopotential models is that pseudopotentials are constructed in such
a way that the valence pseudo-orbitals oscillate much less than the valence orbitals in the
core region, hence can be approximated using smaller planewave bases, or discretized on
coarser grids. In addition, pseudopotentials can be used to incorporate relativistic effects
in non-relativistic calculations. This is of major interest for the simulation of heavy atoms
with relativistic core electrons.

The concept of pseudopotential was first introduced by Hellmann [43]| as early as in
1934. Several variants of the pseudopotential method were then developed over the years.
Let us mention in particular Kerker’s pseudopotentials [48], Troullier-Martins [87] and
Kleinman-Bylander [49] norm-conserving pseudopotentials, Vanderbilt ultrasoft pseudopo-
tentials [91], and Goedecker pseudopotentials [37]. Blochl’s Projected Augmented Wave
(PAW) method [10] can also be interpreted, to some extend, as a pseudopotential method.
Although existing pseudopotential methods can be justified by convincing chemical argu-
ments and work satisfactorily in practice, they are obtained by ad hoc procedures, so that
the error introduced by the pseudopotential approximation is difficult to quantify a priori.

The purpose of this article is to clarify the mathematical framework underlying the
construction of semilocal norm-conserving pseudopotentials for Kohn-Sham calculations,
and to prove the existence of optimal pseudopotentials for a natural family of optimality
criteria. We focus here on theoretical issues; the practical interest of this approach will
be investigated in future works. In Section 3.2, we recall the mathematical structures of
all-electron and norm-conserving pseudopotential Kohn-Sham models. In Section 3.3.2, we
provide some results on the spectra of Hartree Hamiltonians for neutral atoms upon which
the construction of pseudopotentials is based. Recall that the Hartree model is obtained
from the exact Kohn-Sham model by discarding the exchange-correlation energy functional.
We then define and analyze in Sections 3.3.3 to 3.3.5 the set of admissible semilocal norm-
conserving pseudopotentials. After establishing in Section 3.3.6 some stability results of the
Hartree ground state with respect to both external perturbations and small variations of
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the pseudopotential, we propose in Section 3.3.7 a new way to construct pseudopotentials,
consisting of choosing the best candidate in the set of all admissible pseudopotentials for
a given optimality criterion. Most of our results are concerned with the Hartree model.
Extensions to the LDA (local density approximation) model are discussed in Section 3.4.
All the proofs are collected in Section 3.5.

3.2 Kohn-Sham models

Throughout this article, we use atomic units, in which A =1, m, =1, e = 1 and 4mweg = 1,
where £ is the reduced Planck constant, m,. the electron mass, e the elementary charge, and
€ the dielectric permittivity of the vacuum. For simplicity, we only consider here restricted
spin-collinear Kohn-Sham models (see [38] for a mathematical analysis of unrestricted and
spin-noncollinear Kohn-Sham models) in which the diagonal components 7' and v+ of
the spin-dependent density matrix are equal, and the off-diagonal components y™ and ~++
are both equal to zero. A Kohn-Sham state can therefore be described by a density matrix

= AT A = a1t =9yl
satisfying the following properties:

e v € S(L*(R?)), where S(L?(IR?)) denotes the space of the bounded self-adjoint op-
erators on L?(R3);

e 0 <~ <2, which means 0 < (¢,7¢) 2 < 2|¢[|3, for all ¢ € L*(R3);
e Tr(v) equals the number of electrons in the system.

As we do not consider here molecular models with magnetic fields, we can work in the
space L?(IR?) of real-valued square integrable functions on R3.

3.2.1 All electron Kohn-Sham models

Consider a molecular system with N electrons and K point-like nuclei of charges Z =
(21,--+,2K) € NE located at positions R = (Ry, - ,Rg) € (R3)%. The Kohn-Sham
ground state of the system is obtained by solving the minimization problem

Izr =inf{Ezr(y), v € Cn}, (3.1)

where

K
Ezm(7) =T ((—QA -3l —Rk\*) v> £ 3D (i) + B (p), (32)

and
Ky = {fy IS S(LQ(]RB)) |0<~y <2, Tr(y) =N, Tr(-Ay) < oo},

where Tr (—Ay) := Tr (|V|y|V]), with |V| := (=A)Y2. Recall that any v € Ky has a
density p, € L'(R3), defined by

W e L@, TOW)= [ .
RS
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which satisfies p, > 0 in R?® and VP, € HY(R3), so that p, € LY(R3) N L3(R3). In

particular,

K
1 -1
T (<_2A_]§:12k| - —Ry| )7) fTr —Avy) — E Zk/s \r—Rk|

where the second term of the right-hand side is well-defined by virtue of Hardy and
Hoffmann-Ostenhof inequalities [44]

0< / LIC . <2NY2|V\/p_ |12 < 2NV2Tr (—Ay)Y/? < .
s v — Ry 7

The bilinear form D(-,-) in (3.2) is the Coulomb interaction defined for all (f,g) €

L6/5(R3) % L6/5(R3) by

/

D(f,g) :/ JO) 9 g, (3.3)
R Jrs [T — |

Lastly, the exchange-correlation energy functional Fy. depends on the Kohn-Sham model

under consideration. We will restrict ourselves to two different Kohn-Sham models, namely

the Hartree model, also called the reduced Hartree-Fock model, for which

E}Ii)artree(p) — 0’

and the Kohn-Sham LDA (local density approximation) model [51], for which

LDA = € r r
EEPNp) = [ esclpto)ar,

where for each p € Ry, ex.(p) € R_ is the exchange-correlation energy density of the
homogeneous electron gas with uniform density p. The function 7 — €x.(p) does not have
a simple explicit expression, but it has the same mathematical properties as the exchange

energy density of the homogeneous electron gas given by ex(p) = —% (%)1/ s /3.

We are now going to recall some existence and uniqueness results for the Hartree model
proved in |23, 81]. Although general results for neutral and positively charged molecular
systems are available, we focus here on the case of a single neutral atom, which is of
particular interest for the study of pseudopotentials. Weaker results have been obtained
for the Kohn-Sham LDA model [4] (see also Section 3.4).

For convenience, we will call atom z the neutral atom with atomic number z.

Proposition 20 (All-electron Hartree model for neutral atoms [23, 81|). Let z € N*. The
all-electron Hartree model for atom z

]AA uf {EAA = Kz} ’ (3.4)
where 1 1
EXM(y) =Tr [ —zAy —Z/ okr) dr + 5D (py, py)
2 rs [T 2

has a minimizer 72, and all the minimizers of (3.4) share the same density pY. In addition,
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1. the ground state density p? is a radial positive function belonging to H?(R*)NC%(R3)N
C>=(R3\ {0}) (hence vanishing at infinity);
2. the Hartree Hamiltonian
z
- |
is a bounded below self-adjoint operator on L*(R3) with domain H?(R®) and such
that Gess(HM) = [0, +00);

1
HA = _QA + WAL where WAA = — =t

+ 2 x| -

3. the minimizers 72 satisfy the first-order optimality condition
0 AA
Yz = 2]1(700,6271;) (Hz ) +0,

where ESF < 0 is the Fermi level (that is the Lagrange multiplier of the constraint
Tr () = z), and where § is a finite-rank operator such that 0 < ¢ < 2 and Ran(d) C
Ker(HéAA - E(Z),F);

4. if eg’F 1s megative and is not an accidentally degenerate eigenvalue of H?A, then the
minimizer v° of (3.4) is unique.

Remark 21 (on the Fermi level). Consider, for each j € N*, the real number

HAA
€, = inf sup 7<¢| = |9)

; (3.5)
X;€X; pex\foy €72

where X is the set of the vector subspaces of HY(R3) of dimension j and (p|HAM ¢)
the quadratic form associated with the self-adjoint operator H?A (whose form domain is
HY(R3)). According to the minmaz principle [69, Theorem XIII.1], €, ; is equal to the
7™ lowest eigenvalue of H?A (counting multiplicities) if H?A has at least j non-positive
eigenvalues (still counting multiplicities), and to min(ces(H2Y)) = 0 otherwise. If z is
odd, then GQ’F = &.(41)/2- 1f z is even, that is if = = 2Ny, where Ny is the number
of electron pairs, two cases can be distinguished: if €, N, = €, n,+1, then 6271;‘ = €2Np
otherwise, any number in the interval (EZ7NP, €z7Np+1) 1s an admissible Lagrange multiplier
of the constraint Tr () = z.

Remark 22 (on essential and accidental degeneracies). Let us clarify the meaning of
the last statement of Proposition 20. The mean-field operator H ?A being invariant with
respect to rotations, some of its eigenvalues may be degenerate. More precisely, all its
eigenvalues corresponding to p, d, f, ... shells (see Section 3.5.2) are degenerate, and only
those corresponding to s shells are (in general) non-degenerate. FEigenvalue degeneracies
due to symmetries are called essential. By contrast, eigenvalues degeneracies of HA which
are not due to rotational symmetry are called accidental. For instance, the fact that the
2s and 2p shells of the Hamiltonian H = —%A — ﬁ (hydrogen atom) both correspond to

the eigenvalue —1/8 is an accidental degeneracy. We have checked numerically that 62,F
is negative and is not an accidentally degenerate eigenvalue for any 1 < z < 20. On the
other hand, for z = 21, 6271; is very close or equal to zero (see [24]).
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3.2.2 Kohn-Sham models with norm-conserving pseudopotentials

In pseudopotential calculations, the electrons of each chemical element are partitioned
into two categories, core electrons on the one hand and valence electrons on the other
hand, according to the procedure detailed in Section 3.3.4 below. We denote by N, .
the number of core electrons in atom z, and by N., = z — N, . the number of valence
electrons. Each chemical element is associated with a bounded nonlocal rotation-invariant
self-adjoint operator VZPP, called the atomic pseudopotential, a core pseudo-density ﬁ(z],c €
LYR3)NL3(R?), and a core energy E, . € R which will be precisely defined in Section 3.3.5.
Only valence electrons are explicitly dealt with in pseudopotential calculations. For the
molecular system considered in Section 3.2.1, the pseudopotential approximation of the
ground state energy is given by

K
15 =it (B (), 5 € K} + 3 Bape (36)
k=1
where
K
Ny=N-> Ny
k=1

is the total number of valence electrons in the system (N, = Zszl N, v if the system is
electrically neutral). The Kohn-Sham pseudo-energy functional is

K K
~ 1 ~ 1
EE,PI){(’Y) =Tr (<_2A + E TRy, VZIZPT—Rk> 7) +§D (p§7 Pﬁ) +Exc (pﬁ + 2 :TRk (ﬁgk,c)>

k=1 k=1

where for all R € R3, 7j is the translation operator defined on L?(R3) by (tr¢)(r) =
o(r — R).

We will describe the precise nature of the atomic pseudopotentials V.FF in Section 3.3.5.
Let us just mention at this stage that V¥ is a rotation-invariant operator of the form

VZPP = Vz,loc + Vz,nl (37)

where V1o and V, 1 are respectively the local and nonlocal parts of the pseudopotential
operator VF'F. The operator V.1oc is a multiplication operator by a real-valued radial
function V joc € L? (R3) satisfying

loc
N Z,V

~ - .
t|so0 |T]

‘/z,loc(r) (38)

The operator V, 1 is a —A-compact, rotation-invariant, bounded self-adjoint operator on
L?(R?) such that

Vo € L*(R%), (ess-Supp(¢) CR*\B,.) = (V.m¢=0), (3.9)

where r. is a positive real number (depending of z) called the core radius of atom z, and
where B, is the closed ball of R3 centered at the origin, with radius 7.

The results below are straightforward extensions of the existence and uniqueness results
established in [4, 23, 81|. We skip their proofs for brevity.
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Proposition 23 (Kohn-Sham models with norm-conserving pseudopotential). Assume
that the molecular system is neutral or positively charged, and that the atomic pseudopo-
tentials satisfy (3.7)-(3.9). Then

1. the Hartree model (3.6) with Ey. = EX*%¢® = 0 has a minimizer and all the mini-
mizers share the same density;

2. the Kohn-Sham LDA model (5.6) with Eyx. = EXPA has a minimizer.

Proposition 24 (Hartree model for neutral atoms and norm-conserving pseudopotentials).
Let z € N*. If the atomic pseudopotential VI satisfies (3.7)-(3.9), then the Hartree model

inf {EPY(3), ¥ € Kn., } (3.10)
where
EPP(§) = Tr <<—;A 4 VZPP) i) + %D (505
has a minimizer 30 and all the minimizers share the same density p°. In addition,

1. the pseudo-density p0 is a radial positive function belonging to H*(R3) (hence van-
ishing at infinity); ;

2. the Hartree pseudo-Hamiltonian
HEP:—%A+WZPP, where. WIT = VPP 4504 |71, (3.11)
corresponding to the pseudopotential VZPP, is a bounded below self-adjoint operator
on L*(R?) with domain H*(R3) and such that cess(HEY) = [0, 4+-00);
3. the minimizers 30 satisfy the first-order optimality condition
Ve = 2]1(700,237F)(H5P) +9,

where EQF < 0 the pseudo Fermi level (the Lagrange multiplier associated with the

constraint Tr (7) = N,y ), and where § is a finite-rank operator such that 0 < § < 2
and Ran(d) C Ker(HPP — EQF),

4. if EQF is negative and is not an accidentally degenerate eigenvalue of HEY | then the
minimizer 3° of (3.4) is unique.

Remark 25. We will see in Section 3.3.5 that, by construction, the Fermi level eQ’F and
the pseudo Fermi level E‘Z)F are actually equal, and that if eQ}F 1s negative and is not an
accidentally degenerate eigenvalue of HﬁA, then E(;F is (obviously) negative and is not an
accidentally degenerate eigenvalue of HET .

3.3 Analysis of norm-conserving semilocal pseudopotentials

In this section, we restrict ourselves to the Hartree model. Extensions to the Kohn-Sham
LDA model are discussed in Section 3.4.
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3.3.1 Atomic Hamiltonians and rotational invariance

In both all-electron and pseudopotential calculations, atomic Hartree Hamiltonians are
self-adjoint operators on L?(R3) invariant with respect to rotations around the nucleus
(assumed located at the origin). These operators are therefore block-diagonal in the de-
composition of L?(R?) associated with the eigenspaces of the operator L? (the square of
the angular momentum operator L = r x p = r x (—iV)). More precisely, the Hilbert
space L?(R3) can be decomposed as the direct sum of the pairwise orthogonal subspaces
H; = Ker(L2 - 1(1 +1)):

L*(R*) = P H:. (3.12)

leN

It is convenient to introduce the spaces

Li(R) = {f € L*(R) | f(~7) = —f(r) a.c.}
(odd square integrable functions on R) and
LZ(R?) = {u € L*(R%) | u is radial}

(radial square integrable functions on R3). To any u € L?(R?) is associated a (unique)
function R, € L2(R) such that
_ Rullr)

V]
When there is no ambiguity, we will also denote by
R, (r)

2rr

for a.e. r € R>.

u(r)

for a.e. r € R

u(r) =

(r — u(r) then is an even function of r, belonging to the weighted L? space L? (R, r?dr)).
It is easily checked that the mapping
R:L*R%) >uw R, € L2(R)
is unitary. For s € R, we denote by
H:(R®) and HE(R)

the subspaces of the Sobolev spaces H*(R3) and H?®(R) consisting of radial, and odd
distributions respectively, and, for s € Ry, we denote by HISOH(RS) the space of radial

locally H* distributions in R3.

Lemma 26. For all s € R, and all u € H3(R3), we have that R, € H(R). In addition,
the mapping HE(R3) > u v R, € HS(R) is unitary.

Denoting by P, € S(L*(R?)) the orthogonal projector on H;, the spaces H; = Ran(P,)
are given by

l

m=—I

vm € LE(R), V—l<m<l},



where (V]")1>0, —i<m< are the real spherical harmonics [94], normalized in such a way that
/ ylmylm = O Omm’ »
S2

where S? is the unit sphere of R3. Clearly,

Yo € Hy, [uill2ams) = Z!lvzmlle

m=—I

We also have for all s € R,

H*(R®) = € (M. n H(R?))

leN

l
H; N HS(R?)) _ {vl(r) _ Z \@Ul,m(’rDylm <I‘)

um € H(R), V—lgmgl},

I I
Vo € H N H'Y(R?), HUZH%II(RS) = Z ”W,m”?—[l(ﬂg) +1(l+1) Z HT_lUl,mH%Z(R)

m=—I m=—I

_ 2
Yo € HiN HQ(Rg), ”UlH%Iz(Rs Z H—Ul m L+ 1)r 2Ul,m + Ulva[ﬂ(R)

m=—I
By rotational invariance, any atomic Hamiltonian H, is block-diagonal in the decomposi-
tion (3.12), which we write

H.=H., (3.13)

leN

3.3.2 All-electron atomic Hartree Hamiltonians

All-electron atomic Hartree Hamiltonians are Schrédinger operators of the form
1
HA = —5A+ WAA (3.14)
where WZAA is the multiplication operator by the radial function

WA (r) = ﬂ+( pex |17 (x),

p? being the radial all-electron atomic Hartree ground state density of atom z (see Propo-
sition 20). The operator H flA associated with the decomposition (3.13) is the self-adjoint

operator on H; with domain H; N H?(R3) defined for all v; € H; N H2(R3) by

l
e = 3 L2 (=gt + S i) + W e ) 91 ().
m=—1
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This leads us to introduce, for each [ € N, the radial Schrédinger equations

I(1+1)
2r2

—%R”(r) + R(r)+ WA G)R(r) = eR(r), R e HAR), / R2=1. (3.15)
R

Recall that, for convenience, we also denote by WZAA the even function from R to R such
that for all r € R?, WAA(r) = WA (|r|).

The spectral properties of atomic Hartree Hamiltonians which will be useful to con-
struct atomic pseudopotentials are collected in the following proposition.

Proposition 27 (spectrum of atomic Hartree Hamiltonians). Let z € N* for which GS’F <
0. The atomic Hartree Hamiltonian H2? is a bounded below self-adjoint operator on L*(R?)
with domain H*(R®), and it holds for any | € N, Oess(HMY) = 0ess(HM) = [0, +00). In
addition,

1. H?A has no strictly positive eigenvalues and the set of its non-positive eigenvalues is
the union of the non-positive eigenvalues of the operators HﬁlA, which are obtained
by solving the one-dimensional spectral problem (3.15);

2. for each | € N, the negative eigenvalues of (3.15), if any, are simple, and the eigen-
functions associated with the n™ eigenvalue have exactly n — 1 nodes on (0, 4+00);

3. for each 1 € N, (3.15) has at most a finite number n,; of negative eigenvalues. The
sequence (n;))en s non-increasing and n,; =0 for 1 large enough. We denote by

l:‘ =min{l € N|n, ;41 = 0};

4. denoting by (€. ni1)1<n<n,, the negative eigenvalues of (3.15), ranked in increasing
order, we have

VO< I <y < lj, Vn < Nalys  €xmly < €znla- (3.16)

We denote by R, ,,; the L?-normalized eigenfunction associated with the (simple) eigen-
value €, ,,; of (3.15) taking positive values for r > 0 large enough:

I(1+1)

272 Rz,n,l(r) + W?A(T)Rz,n,l(r) = ez,n,le,n,l(T)a

z,n,l

1
Roni € Hy(R), =R, (r)+
/ R2,,=1, R.n(r)>0 forr> 1
R

An orthonormal family of eigenfunctions of the negative part of the atomic Kohn-Sham
Hamiltonian HA is thus given by

2Rzn
Zn,l(r):—\[ |;|’l(r‘)ylm <|i|> 0<I<If,1<n<n,, -1<m<I

Note that ¢, € H; N H2(R3).

92



Remark 28. The integers | and m are respectively called the azimuthal and magnetic
quantum numbers. With the labeling of the eigenvalues of H?A we have chosen, the so-
called principal quantum number is equal to (n +1). Thus, the 2p and 4d shells of atom
z respectively correspond to the eigenvalues €, 11 (first eigenvalue of HA gy, ) and €2,2,2
(second eigenvalue of HA 3, ).

The ground state density matrix 40 can be written as

l+ Nzl

ZZ Z pzn”gbznl zn,l|’ (3.17)

=0 n=1m=-—1

where 0 < p, ,; < 2 is the occupation number of the Kohn-Sham orbital ¢7" ;. Note that
Dz, is independent of the magnetic quantum number m. The occupation numbers are
such that

: 0 : 0
Pznl = 2 if €zm,l < 62 Fo 0< Pzl <2if €znl = €2 Fs  DPznl = 0 if €zm,l > €2 Fs (318)

and
lj Nzl

Z Z(Ql + l)pz’n,l =z.

=0 n=1
We call occupied I-shells of atom z the shells s (I =0),p (I =1),d (I =2), f (I =3),
for which n,; > 0 and p,1; > 0. In view of (3.16)-(3.18) if a shell [ is occupied, then so
are all the shells I’ with I’ < [. Denoting by
-

z

:max{Oglglj |pz717l>0},

we thus obtain that all the shells [ < [ are occupied, and all the shells I; < [ <[} (if
any, see Remark 29 below) are unoccupied

It follows from (3.17)-(3.18) that if €Y > is not an eigenvalue of H AA (non-degenerate
case in the terminology used in [23]), that is if the highest occupied shell is fully occupied,
then the ground state density matrix is unique and is the orthogonal projector

=2 Z |67 1) (Pl (non-degenerate case).

0
n,l,m | €2, 1<€, p

We also know (see Proposition 20 and Remark 22) that if egF is an eigenvalue €, ,, 1,
of HA* which is negative (degenerate case in the terminology used in [23]), and is not

accidentally degenerate, then the ground state density matrix is still unique and is given
by

lo
— N
'72 =2 Z ’d)z n, l> <¢z n,l 2[0 +1 Z ‘d)z no,lo> <¢Z,Ln0,l0’ (degenerate case),

nzlvm | €z,n,l<6z, m:—lo

where
Ne=2 Y (20+1)

n,l | ez,n71<eZ,F

is the number of electrons in the fully occupied shells.
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3.3.3 Atomic semilocal norm-conserving pseudopotentials

Atomic norm-conserving pseudopotentials are operators of the form
L

VP =V, 10 + Z PV.,pP, for some I <1, <1}, (3.19)
=0

where V1. € Hﬁ;cr(Rg) and where we recall that P, € B(L?*(R3)) is the orthogonal

projector on the space H;. The first term in the right-hand side of (3.19) therefore is
a local operator, while the second term is nonlocal. The structure of the operator V,;
depends on the nature of the pseudopotential under consideration:

e in semilocal pseudopotentials, V., ; is a multiplication operator by a function V,; €
H?(R3); otherwise stated, V. is a local operator on H;;

e in Kleinman-Bylander pseudopotentials, V,; is a finite-rank rotation-invariant oper-
ator.

We restrict our analysis to semilocal pseudopotentials. The overall regularity of the pseu-
dopotential is governed by the parameter s. For each 0 < I < [., the function V,; is
supported in a ball of radius 7.;. The positive number

re i= Imax Ty
0<i<l.

is called the core radius.

The operators HZPTIP involved in the decomposition (3.13) of the atomic Hartree pseudo-
Hamiltonian HEF are then given by: for all 0 <1 <1,

!
(H lvl Z ] | < 92 Vi (I]) + (2|+|21)vl,m(’r’)+(Wz,loc+Vz,l)(r)w,m(!r|)> yr <;>7

and for all [ > [,,

l

( lUl Z I‘2 <_;Uﬁ (| |) (2|+|21)Ulm(|r|)+wzloc( )Ul,m(|r|)> ylm <I‘>’

“, Irl ]
where
Wz,loc = Vz,loc + ,52 * | : ‘717
P2 being the ground state pseudo-density defined in Proposition 24.

The mathematical construction of a semilocal pseudopotential for atom z goes as fol-
lows:

Step 1: choose an energy window AE = (E_, Ey) C R_, which, in particular, defines a
partition between core and valence electrons;

Step 2: choose the core radius r. and the Sobolev exponent s, and check that the so-
obtained set M, Agr.s of admissible pseudopotentials (see Section 3.3.5) is non-
empty;

94



Step 3: choose the "best" pseudopotential in the set M, Ap . s-

Steps 1 and 2 are detailed in the next two sections. In Section 3.3.6, we investigate the
stability of the atomic ground state of the pseudopotential model with respect to both
external perturbations and variations of the pseudopotential itself. In Section 3.3.7, we
address the existence of optimal pseudopotentials for a variety of optimality criteria.

3.3.4 Partition between core and valence electrons

As mentioned above, the first task to construct a pseudopotential is to partition the elec-
trons into core and valence electrons. We assume here that z € N* is such that eg r <0.
This partitioning is made through the choice of an energy window AE = (E_, E+’), with
—o0 < E_ < E; < 0, containing the Fermi level 62 p (or a Fermi level in the case when
the highest occupied energy level is fully occupied, see Remark 21) and such that there

exists an integer [, satisfying [; <[, <[} and

V<L, #({enit,en NAE) =# ({ezni},ey NAE) =1, (3.20)
V> 1, #({enit,en NAE) =0. (3.21)

All the electrons occupying the shells such that €, ,,; < E_ are considered as core electrons.
For each I <., we denote by n ;, the unique non-negative integer such that €, ,,» | € AE.

The set {ezﬂ* l}0<l< constitute the set of the valence energy levels, which can a priori

z,
be fully occupied (F_ < €xnt 0 < 627F), partially occupied (ezm;“l = eng) or unoccupied

(eg,F <€zl < Ey).

Remark 29. Let us emphasize that it is not clear a priori that one can find energy windows
AE satisfying (3.20)-(3.21). Here again, we need to rely on numerical simulations to
establish that our assumptions make sense and are satisfied in practice, at least for some
atoms. In another contribution [24] more focused on numerical simulations, we show in
particular that for most atoms of the first four rows of the periodic table, E(Z)’F < 0 and
energy windows AE satisfying (3.20)-(3.21) do exist. Besides, for most atoms of the first
four rows, atomic Hartree Hamiltonians do not seem to have unoccupied energy levels with
negative energies, so that for those atoms, I} = 17 and therefore I, = I = 1. For
instance, it can be checked numerically that the Hartree valence energy levels of the copper
atom (z =29) are such that

* 0
l.=2, njg=4, ni;=2 ni,=1 FE <epi1<euo<éerp=c12<by, (for Cu)

This is the situation depicted on Fig. 1. The core and valence configurations are respectively
denoted by 1s% 252 2p8 3s? and 3p® 4s? 3dY in the chemistry literature. Let us observe that
the valence configuration of Cu for the Hartree model differs from the one obtained from
the N-body Schridinger equation with infinitesimal Coulomb repulsion [35], that is 3p°® 3d*°
45t

We therefore have

NZ,C = Z (2l =+ 1)pz,n,l and Nyw=2— Nz,m
n,l ‘ ez,n,lgE—
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Figure 3.1 — Sketch of the spectra of the operators H ﬁA\HZ and admissible energy window
AE = (E_, E,) for the copper atom (z = 29). The energy scale is arbitrary. The actual
values of the energy levels are the following: €, 19 ~ —312.78 Ha (1s), €, 20 ~ —36.42 Ha
(2s), €;1,1 ~ —31.57 Ha (2p), €230 ~ —3.716 Ha (3s), €, 21 ~ —2.294 Ha (3p), €,40 =~
—5.540 x 1072 Ha (4s), 627F =e€,12~ —1.371 x 1072 Ha (3d). The self-consistent Hartree
Hamiltonian HA* seems to have no negative eigenvalue above the Fermi level 6271;.

where we recall that IV, . and IV, ; respectively denote the numbers of core and valence elec-
trons. We also introduce the core and valence all-electron Hartree ground state densities,
respectively defined as

l L l
Rami=2 3 3 P and 0 =30 3 e il L)

nlle; n i <E_ m=-l =0 m=-—1

Note that the core density pgc should not be confused with the core pseudo-density ,5276
mentioned in Section 3.2.2 and whose expression will be given below (see (3.32)).

3.3.5 Admissible pseudopotentials

Let z € N* be such that €’ ; < 0, and let AE = (E_, E4) be an energy window satisfying
the properties (3.20)-(3.21). An admissible semilocal norm-conserving pseudopotential
with core radius 7. and regularity H* (s > 0) is an operator V' of the form

Lz
VIP =Votoe + Y PVauP,  forsomel; <I. <If,
1=0

for which the radial functions V j,. and V,; satisfy the following properties:

1. values out of the core region:

z

in R3\BTC, Viloc = ]

+ pgc* |-|7' and V,;=0forall 0 <1<, (3.22)
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2. H?-regularity:

Vetoc € Hi\o (R%) and for all 0 <1 <1, V.; € H}(R®); (3.23)

3. comnsistency: the atomic Hartree pseudo-Hamiltonian

l
1 z
HPP = _iA + WP, where WP =W, 100 + E PV,.P,
=0

obtained with the pseudopotential V.'F (see Proposition 24) is such that

l

L oo m)(HET) = Z > o) (3.24)

=0 m=-—1

l. l
Wz,loc = sz,loc + ﬁ(z) * ’ : |_17 ﬁ(z)(r) = Z Z pzvn;l,l’¢gfn;pl(r)‘2’ (325>
=0 m=-1

where

“m r) = ﬂéz,l( )
mi(r) = ] —" <|r|) (3.26)

with, for each 0 <1 <1,

R.; € H(R), (3.27)
1~ I(1+1) = ~ -
- §R/z,,l(r) + (2’1"2 )Rz,l(r> + (Wz,loc(r) + ‘/;:',l(r)) Rz,l(r) = Ez,n;,l,le,l(r)a (3'28)
/jaggl _, (3.29)
R )
R.i=R.n: 1 on (re, +00) for some 0 < ro; < 7, (3.30)
R.; >0 on (0,400),. (3.31)

We can therefore define the set of admissible semilocal norm-conserving pseudopotentials
with energy window AFE = (E_, F,), core radius r. and regularity H*®, for the atom z as

L

Mz,AE,rc,s = {VZPP = ‘/z,loc + ZBVZ,I-PZ
=0

such that (3.22) — (3.31) hold} .

Several comments are in order:

e condition (3.22) implies conditions (3.8)-(3.9), so that the existence and uniqueness
of the atomic ground state valence pseudo-density p? is guaranteed by Proposition 24
as soon as (3.22) is satisfied;

e it follows from (3.27)-(3.29) and (3.31) that €.+ ; is the ground state eigenvalue of

HEP|3,, and that the (21 + 1) functions @” , =1 <m <[, form an orthonormal basis
of associated eigenfunctions;
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e it also follows from (3.24) that the €, ,+ ;’s are the only eigenvalues of HPP in the

energy range (—oo, F1). This property is referred to as the absence of ghost states
in the physics literature;

e out of the core region, (3.22) is compatible with (3.28) and (3.30). Indeed, (3.28)
and (3.30) imply that

vr € R? \ By, ﬁg(r) = pg’v(l‘) and = W, joc(r) + V2, (r) = WzAA(r)v

hence, applying Gauss theorem, that p)|-|~! = p? x|-|~! in R?\ B,,, which finally
leads to

z

szyloc + Vz,l = WzAA - Pg,v*| ! |_1 = +p2,c* | : |_1 in R3 \ BT‘C;

e the core energies and the core pseudo-densities pg . of the atoms appearing in (3.6)
are defined in such a way that for an isolated atom, the pseudopotential calculation
gives the same energy as the all-electron model. In the Hartree case, the core energy
of atom z is therefore given by

E..=IM —inf {EYT (), 7 € Kn.,}

1 - 1
e (<A ) R) - S Y
L

1
= I?A - 2(21 =+ 1)pz,n;l,lez7n;l,l + §D (,52, ﬁg) .
=0

The core pseudo-density of atom z is defined by
) (3.32)

Note that atomic core pseudo-densities do not play any role in the Hartree model,
since they are only involved in the exchange-correlation energy functional.

The rest of this section is devoted to the study of the set M, Ag .. s. We assume here
that 2 € N* is such that €2 < 0 and that AE = (E_, E) is a fixed energy window
satisfying (3.20)-(3.21). It readily follows from the definition of M, Ag r. s that

VO <re < Té < 400, Mz,AE,rc,s C Mz,AE,Té,Sv (333)

Vo <s< s’ < +00, Mz,AE,TC,s’ - Mz7AE,rc,s‘ (334)

Let

- -1
r = max (maxR 0 ) >0
z,AFE,c 0<I<l, ( z,n;l,l( ) =

be the maximum over 0 < [ < [, of the largest node of the function Rz,n; ol Ifre <71, apes
then (3.30) and (3.31) are obviously inconsistent, and M, Ag . s = 0. On the other hand,
we are going to see that M, Ag .. s is not empty, for any s > 0, as soon as r. is large
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enough. To any potential W &€ L?

defined for all » > 0 by

1
Tw (r) := inf / <2|V¢|2 + W¢2> ,
o e b)) SO
1811 .2 (erryy = 1

/2(R3), we associate the function Ty : (0, 4+00) — R_

where Q(r) = R?\ B,. We will prove in Section 3.5.3 that Twaa is continuous and non-
decreasing, and that it maps (0, +00) onto (£,,1,0] (where we recall that e, ; is the lowest
eigenvalue of H2 see (3.5)).

Lemma 30. Let z € N* be such that 627F < 0. Let AE = (E_,E.) be an energy window
satisfying (3.20)-(3.21). The equation Tyyaa(r) = Ey has a unique solution TZAE,C > 0.
In addition, r;AE’C < TZAE& and for all ro > rZAE’C and all s > 0, the set M, AE . s 05
nonempty.

We were not able to provide a simple characterization of the critical core radius rg AE.c
- 0 -
T AE.c SToAEe S T AR such that for all s > 0,

0 0
\VITC < T2, AEc» MZ»AEJ“C,S =0 and VTC > T2 AE ) MZ:AE,TmS 7é 0.

We can only show, using the same regularization argument as in the proof of Lemma 30,
that 7‘27 AEc 18 indeed independent of s.
Our next results will be established under the following:
Assumption 1: z € N* is such that eQ’F is negative and is not an accidentally degenerate
cigenvalue of HAA AE = (E_, E,) satisfies (3.20)-(3.21), re > TS,AE,C and s > 0.
Consider now the Hilbert space

Lz

Xz,AE,Tc,s = {U = Vloc + Z P Py
=0

(Vioc, (V1)o<i<i.) € (Hg,r(BTc))lz+2} = (H{.(Br.)" ",

where Hg,(By,) is the closure in H* (R3) of the space of radial, real-valued, C*° functions
on R? with compact supports included in the open ball B, = {r eR3||r| < rc}, and the
affine space

Iz
X AByres = {V = Viee + »_ PVIP
=0

such that (3.22) — (3.23) hold} .

Note that
vV e XZ,AE,T‘g,S? XZ,AE,TC,S =V + XZ,AE,TC,S'

As M, AE s is a subset of X, Ap . s, Wwe can endow the former set with the topology of
the latter, and say that a sequence (V;T,iD Jken € M AE .. of admissible pseudopotentials

e strongly converges to some V € X; aAp . s if (with obvious notation)

L

HVz,loc,k - ViocH%{S + Z ||‘/z,l,k: - VZH%F k;—_>>oo 0§ (3'35)
=0
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e weakly converges to some V' € X, Ap r. s if

L
V'€ Xoamres:  (Vatook = Viee: Vioe) o + D (Veas = Vi Vi) o = 0. (3.36)

—00
=0

Theorem 31 (properties of the set of norm-conserving pseudopotentials). Under Assump-
tion 1, M, AE . s 1S a nonempty weakly (hence strongly) closed subset of the affine space

Xz,AE,rc,s-

In practice, pseudopotentials are constructed by first selecting optimal (for some cri-
terion) pseudo-orbitals R,;, 0 <1 <., and then deducing from these functions the local
and nonlocal components of the atomic pseudopotential using the relations

LR 1+ 1)
Vr e R3 0}, Vidoe(r) +Voi(r) = €spr |+ === — —“2*-*1 r),
\ {0} Joc(T) A1) = €xnx 2T a(r) 2P (P2 *|-171) (r)

where 5 is defined by (3.26) and (3.25).

The following lemma is useful to select admissible functions RZJ.

Lemma 32. Let VZPP € M, AEr.,s for some s > % (so that the functions Vo and V

are continuous). For each 0 <1 <1, the radial function RZ,Z, defined by (3.27)-(3.31) in
is HST2(R) and

R. (r) =00 as r—0.

)

3.3.6 Some stability results

Let z, AE, re, s satisfying Assumption 1. Let V¥ € M 2 AE,r.s be a reference pseudopo-
tential. It follows from Proposition 24 and the definition of M; Ag . s (see also Remark 25)
that 62,F is not an accidentally degenerate eigenvalue of HI'P and that the ground state

pseudo-density matrix 79 corresponding to V.F'F is unique.

We can study the sensitivity of 7Y with respect to both an external perturbation and
the choice of the pseudopotential by considering the minimization problem

Eypr (v, W) = inf {EV F,0,W), 7 € /CNZ,V} , (3.37)
where the energy functional EVpr is defined on K Now X X2 AEre,s X C' by
- 1 PP ~ 1
Bype (3,0, W) :=Tr [ { —5A+ V" +0 )7 | +5D(p5,05) + | oW,
R3

and where we have denoted by

C' = {W € LS(R3) | VIV € (L2(R?))3}
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the space of potentials with finite Coulomb energies, endowed with the scalar product
defined by

V(Wl, Wz) eC x C/, (Wl, Wg)c/ = / VWi - VWs.
R3

For 7 > 0 and X a normed vector space, we denote by B, (X) the open ball of X with
center 0 and radius 7. The following result guarantees the stability of the pseudopotential
model with respect to the choice of the pseudopotential.

Proposition 33. Let 2, AE, 1, s satisfying Assumption 1. Then, for all VEY € M, ap s,
there exists n > 0 such that for all (v,W) € Byp(X: AEr.s) X By(C'), problem (3.37)
has a unique minimizer %M/(VZPP), Moreover, for each VY € M AEr,s; the function
(0, W) = Fow (VET) is real analytic from By (X, AEr.s) X By(C') to the space

611 := {T € 61(L*(R%)) N S(L*(R?)) | [VIT|V| € &1(L*(R%))},

S1(L%(R?)) denoting the space of the trace-class operators on L*(R3). For allv € X, Apr. s,
all W e C', and all real numbers o and B such that —77||UH)_(i g, <a< T]HUH)_(i s

and —77HWHE/1 <p< 7]||WHE,1, we have

Fau,ow(V2T) =72 + > o gE U (VED), (3.38)
(G R)EMXI\{(0.0))

where 30 is the ground state density matriz for the pseudopotential VEY , where the coeffi-
cients ﬁgj{f/)(nPP) of the expansion are uniquely defined in &1 1, and the series is normally

convergent in Sy 1.

In the next section, we will define optimality criteria based on first-order perturbation
method for choosing the "best" pseudopotential in the class M, Ag,.s- These criteria
will involve the difference between the first-order response of the all-electron model and
that of the pseudopotential model to a given external perturbation W. A natural external
perturbation is the one obtained by subjecting the atom to an external uniform electric
field (Stark effect):

whtatk(p) — _r e, (3.39)

where e is the unit vector of the vertical axis of the reference frame. As the unperturbed
system is rotation-invariant, the direction of the electric field is unimportant. So is its
magnitude since we only consider here first-order perturbations (linear responses).

Note that it is not possible to apply the results in Proposition 33 to the perturba-
tion (3.39) since WS is not in C’. In the framework of the linear Schrodinger equation
(see e.g. [69] for a detailed analysis of the case of the Hydrogen atom), the spectrum of a
molecular Stark Hamiltonian is purely absolutely continuous and equal to R for all non-
zero values of the electric field. The eigenstates of the unperturbed Hamiltonian turn into
resonances. On the other hand, the perturbation series is well-defined; its convergence
radius is equal to zero, but the energies and widths of the resonances can nonetheless be
computed from the perturbation expansion using Borel summation techniques.
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For the atomic Hartree model under consideration here, the perturbed energy functional
has no minimizer: for all g # 0,

inf S EM () =B | py(r-e), yekp =~
(=2, |

The same holds true for the corresponding pseudopotential model for any VT € M 2,AE,r¢,s-
Physically, this corresponds to the fact that the infimum of the energy is obtained by al-
lowing the electrons to go to infinity towards the regions where W(r) = —fr - e goes to
—o00. As in the linear framework, each term of the perturbation series is well-defined, but
the convergence radius of the series is equal to zero. We will only prove here the part
of this result we need, namely that the first-order term of the perturbation expansion is
well-defined, and, in the pseudopotential case, that the linear response is continuous with
respect to the choice of the pseudopotential (see Theorem 34 below). We are not aware
of an extension of the theory of resonances to nonlinear mean-field models of Kohn-Sham

type.
For VI € M, AEr.s and W e ', we denote by v(k)(VZPP) = ﬁé?t}’;)(VZPP), where the

right-hand side is defined in Proposition 33. We also denote by yiﬁzv the k*-order pertur-

bation of the all-electron ground state 7Y when atom z is subjected to an external potential
W e (. A consequence of [23, Theorems 5 and 12] and of the above Proposition 33 is that
the linear maps

CoWralh e and C3Wea (VIR ey, VIT € Moapss (3.40)

are continuous.

Theorem 34. (Stark effect) Let z, AE,r¢,s satisfying Assumption 1. The continuous
linear maps defined by (3.40) can be extended in a unique way to continuous linear maps

V.oWealledy and .5W PP ey, VP e Moapr. (341)

where ), is the Banach space

- 60 r
L :=C'+ L2 where L2 := {W e L2 (R?) | / W (r)[%e e rllrl gy < oo} .
R3

In addition, WS ¢ Y. and the mapping M aBres 2 VEY = ’y‘(,[l,)Stark(VPP) € Gy, is
compact.

3.3.7 Optimization of norm-conserving pseudopotentials

A natural way to choose a pseudopotential in the class M Ag,. s is to optimize some
criterion J(VFT) combining the two requirements that the pseudopotential must be as
smooth as possible and as transferable as possible. The smoothness requirement leads us
to introduce the criterion

l
1 z
T(VEP) o= SIWEP e o= (HWZ,MH%{S +2 Hvz,zH%s) , (3.42)
=0
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where WZP P is the self-consistent pseudopotential corresponding to the pseudopotential
VPP (see Proposition 24). Note that it is natural to use the self-consistent pseudopotential
WPFP rather than VP in the right-hand side of (3.42) since the smoothness of the Kohn-
Sham pseudo-orbitals is controlled by W', Let us first state a general result.

Theorem 35. Let z, AE,r., s satisfying Assumption 1. Consider the criterion
JVIT) = ado(V7) + RV,

where the smoothness criterion Js is defined by (3.42), where the transferability criterion
Jo : ML AE s — R is a bounded below weakly lower-semicontinuous function, and where
a > 0 1s a parameter allowing one to balance the smoothness and transferability require-
ments. Then, the optimization problem

inf { J(VIT), VI € Monpres) (3.43)

has a minimizer.

Many different transferability criteria J;, based on various physical and chemical prop-
erties, can be considered. A natural choice is the criterion

1 1 1 2
JtStark(‘/ZPP) = 5 H]IRB\BT‘C <ﬁ/(W)Stark (‘/;JPP) - pi,{)/VStark) ‘CJ (344)
here p) ¢ = d P (VEPY = tively the first-
where p s = 0 and pysan(VaT) = pro) (ypey are respectively the firs
z,WStar W otar z

order perturbations of the all-electron and pseudo densities of atom z, when the latter is
submitted to the Stark potential (3.39). The Coulomb space C is defined as

C={pe SR [pe Liw(R’), |Ipll¢ = D(p,p) < o0},

where

(k) (k)
e e

Let us recall that L6/5(R3) C C, that the definitions (3.3) and (3.45) agree for (f,g) €
LO/5(R3) x LS/5(R3), and that C is therefore the space of all charge distributions p with
finite Coulomb energy.

The following lemma shows that the transferability criterion
falls into the scope of Theorem 35.

D(f,g):=4n (3.45)

Jtk is well-defined and

Lemma 36. Let z, AE,r., s satisfying Assumption 1. Then, J2'™% is a well-defined
bounded below weakly continuous mapping from M, Apr..s to Ry.

3.4 Extensions to the Kohn-Sham LDA model

It is probably quite difficult to extend to the LDA model the results established above
for the Hartree model. As usual in the mathematical analysis of Kohn-Sham models, the
main obstacle is that we do not know whether the atomic ground state density of atom
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z is unique. We will therefore limit ourselves to comment on the extensions of our main
results under some additional assumptions on the Kohn-Sham LDA ground state.

Assuming that the LDA ground state density p? of atom z is unique, hence radial, and
that the LDA Fermi level of atom z is negative, it is then easy to show that the properties
of the ground state density and of the atomic Hamiltonian listed in Propositions 1 and 8,
as well as the result of uniqueness of the ground state density matrix, still hold for the
all-electron Kohn-Sham LDA model. Likewise, the results in Proposition 5 are still valid
for the LDA model under the assumption that the ground state pseudo-density ¥ of atom
z is unique. Note that the self-consistent potentials are then given, in the all-electron

setting, by
z

|- |
where vy (p?) = dé%c (p2) is the exchange-correlation potential, and, in the pseudopotential

setting, by

WA = — 4 0% |7+ v (D),

WP = VIV 4+ 00 |- |7+ 0xe (P + 50).

Still under the above assumptions, Lemma 30 (nonemptyness of the set M, ap . s of
admissible pseudopotentials), Theorem 31 (M, apr. s is a weakly closed subset of the
affine space X, A r.s), and Theorem 35 (existence of an optimal pseudopotential in an
abstract framework) can all be extended to the LDA setting.

Note that, in practice, the calibration of pseudopotentials is made under the assump-
tion that the LDA ground state density (with or without pseudopotential) is radial. The
calculations then boil down to solving coupled systems of radial Schrédinger equations
(see [24, 49, 87] for details). To the best of our knowledge, no numerical evidence that the
radial LDA ground state of an atom might not be unique has been published so far.

The extensions of our results involving nonlinear perturbation theory (Proposition 14,
Theorem 15, and Lemma 17) require, on top of the above assumptions, an additional
assumption on the uniform coercivity of the Hessian of the energy functional at the unper-
turbed local minimizer. As the exchange-correlation energy density is not twice differen-
tiable at 0 (it behaves as the function Ry 3 p +— —pt3 e R_), it is not clear that such an
assumption is satisfied. As already mentioned in [23, Section 5|, this technical problem is
not encountered in Kohn-Sham calculations with periodic boundary conditions due to the
fact that the ground state density then is both bounded and bounded away from zero.

3.5 Proofs

3.5.1 Proof of Lemma 26

The three-dimensional Fourier transform of a radial function u € L2(R3) is related to the
one-dimensional Fourier transform of the function R, = R(u) by the simple relation

1

Falu) = o

F1(Ru)([k]).-
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The above expression is a special case of the Grafakos-Teschl recursion formula [41]. We
therefore have

L[ (KR
Tamsy = | (14 [k[*)? k)|*dk = — W) (k) dk
sy = |1+ P17 )00 die = o [ Ee A () ()P
[e'] “+00
=2 [Ta+ R ARIOEE = [0+ R RGP o= Rl

3.5.2 Proof of Proposition 27

The proof of Proposition 27 is based on the following observation.

Lemma 37. Let z € N* such that ES’F < 0. The Hartree potential WA is a radial
increasing negative function of L2(R3) N C>(R3\ {0}) converging exponentially fast to 0.

Proof. The Hartree potential WA satisfies —AWAA = 47(p% — 240g), where the ground
state density p? is in C and satisfies fR3 p% = 2. We also know from Proposition 20 that
p? is a radial positive function belonging to C>°(R3\ {0}). Therefore, W24 is radial and
belongs to C*°(R3 \ {0}), and we infer from Gauss theorem that for all r > 0,

d AA
47rr2%(7') = —47 <—Z +/ Pg> = 4”/ P2 >0,
B, R3\ B,

where B, is the ball of R? with center 0 and radius . Hence, W24 is a radial increasing
function. Tts limit at infinity is necessarily equal to zero since WAA = —ﬁ +pY |-t

with pd |- |7t € ¢’ € L5(R3). As €2 < 0, the ground state density of the atom z is of
the form

plr) = Zpi|¢z‘(r)’2,
i=1

where the occupation numbers p; are such that 0 < p; < 2 and >, p; = z, and where
the orbitals ¢; satisfy

1
6 HP®Y), —5A0+Woto = con [ 0y =3y

Ase < 62 r < 0and WZAA goes to zero at infinity, we deduce from the maximum principle

oI
for second-order elliptic equations (see e.g. [36]) that for each 1 <1i < mn, ¢;e el
L% (R3). Therefore, there exists C, € Ry such that
_ 0

VreR3, 0<plr)<C.e ez pllel (3.46)

Hence,
AA ,
vr>0, 0< aw; (r) = 12/ pg < C—; e €2 pllr’l dr’.
dr r R3\ B, r R3\ B,
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Integrating the above inequality leads to

2 _ 0
L 0w > AT i
1/ |62,F \/ ‘62,F|

Together with the fact that WAA = | + p2 x| |7t e L (R?), this bound implies that
WAA € L2(R?). O

Vr >

The proof of Proposition 27 then follows from classical results on the spectra of rotation-
invariant Schrodinger operators (see e.g. [69]), which we recall here for completeness. First,
as the function WA is in L2(IR?), the operator WAA (1 —A) 7Yy, = (WAL (1 —A) )|y, is
Hilbert-Schmidt for each I € N by the Kato-Seiler-Simon inequality [77] and the continuity
of P;. Therefore, I/VZAA is a compact perturbation of the operator —%A|H“ and we deduce
from Weyl’s theorem that aeSS(HilA) = Oess(—3A[n,) = [0, 400).

The absence of strictly positive eigenvalues of HA is a consequence of Lemma 37 and [69,
Theorem XIII.56]. The set of the negative eigenvalues of H ?A is the union of the sets of
the negative eigenvalues of (3.15) for [ € N; this is a straightforward consequence of the
decomposition (3.13).

The fact that for each [ € N, the negative eigenvalues of (3.15), if any, are simple and that
the eigenfunctions associated with the n'' eigenvalue have exactly n — 1 nodes on (0, +00)
is a standard result on one-dimensional Schrodinger equations (Sturm’s oscillation theory),
which can be read in |27, 46| for instance.

Lemma 37, together with [69, Theorem XIII.9|, implies that for each [ € N, (3.15) has
at most (20 + 1)~ [ O WA (r )]dr < oo negative eigenvalues. Since this number is
lower than 1 for [ large enough, H has no negative eigenvalue for [ large enough. The
monotonicity of the sequence (nz,l)leN readily follows from the minmax principle. So does
the last assertion.

3.5.3 Proof of Lemma 30

Let us first establish a couple of intermediate results.

Lemma 38. Let W € LS’/Q(Rg) N CO'R3\ {0}). We denote by Q(r) =
Tw, the self-adjoint operator on L*(2(r)) with domain H(2(r)) N H?(Q(r
Twy¢ = —3A¢+Wo for all ¢ € H(Qr)) N H?(Q(r)), and by

R3\ B,, by
)) defined by

1
Tw (r) :=min (¢ (Tw,)) = inf / <2|V¢|2 + W¢2) .
b € HY(Qr)) Q(r)
ol L2y =1

We also introduce the self-adjoint operator Ty on L*(R?) with domain H?(R?) defined by
Twoop = —%Aqf) + W for all p € H*(R?). Then, two situations may occur:

e either min (o(Tw,)) = 0, in which case the function Ty is identically equal to zero
n (0, +00);

106



e or min (o(Tw,p)) < 0, in which case there exists . € (0,400) such that the function
Tw is differentiable, strictly increasing and bijective from (0,7.) to (min (o(Tiw,)),0),
and identically equal to zero on (T, +00).

Proof. Let W € L?m(R?’) N C°(R3 \ {0}). Since for any 0 < r < r’ < oo, we have
Q(r") € Q(r), the function Ty is non-decreasing on (0, 400). As dess(Tw,r) = [0, +00), we
have for all 0 < r < oo,

. 1 2 2
0>Tu)> it [ (G90R o wieP).
and it follows from [69, Theorem XIII.9| that the right-hand side is equal to zero for r
large enough.

It also holds that oess(Tw,0) = [0,+00). If Ty has no negative eigenvalue, then the
function Ty is identically equal to zero by the minmax principle. Otherwise, denoting by
€1 the lowest negative eigenvalue of Tyyp, we have

li = €.
7"1_I>I(1) TW (7") €1
This follows from the fact that C°(R? \ {0}) is dense in H'(R?).

Lastly, for any r € (0, +00) such that Ty () < 0, the operator Tyy, has a negative non-
degenerate ground state eigenvalue and a radial ground state ¢y, € H(Q(r)) N H2(Q(r))
such that |[¢w.r|2((s,)) = 1 and ¢w,» > 0in Q(r). By the Hopf’s maximum principle for

second-order linear elliptic equations [36], a%V:’T > 0 on d(r) = 0B,. It is then well-known

[80] that Ty is differentiable at r and that

Odw,r / Odw,r
! _ LA k)
Tw(r) = /89(r) on oB, Or

Therefore, if Tyo has a negative eigenvalue, then the function 7y is continuous, there
exists 0 < 7. < 400 such that Ty is differentiable and strictly increasing on (0,7¢), and
identically equal to zero on [, 4+00), and Ty maps (0,400) onto (e1,0). O

> 0.

It follows in particular from Lemma 38 that, since WAA ¢ ¥ 2(]R?’) N COYR3\ {0})
by Lemma 37, and min(o(H24)) < Ey < 0, the equation Twaa(r) = E4 has a unique

o et
solution T AR

The second intermediate result we need is the following.

Lemma 39. Letl e N, se Ry, By <0 and W € Lf/g(R?’) vanishing at infinity and such
that W € H*(Q(e)), for any e > 0. Let Ry € H2(R) and ¢; < Ey be such that

I(1+1)
272

~5RI)+ SR+ WORG) = aRi(r), [ B =1,

Let v} be the unique positive real number such that Ty (r}) = E+. Then, for all rc > rt,
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there exists W € HE(R3) such that

R, € HA(R), (3.47)
- %ég'(r) + l(l;zl)él(r) + W) Ri(r) = e Ri(r), (3.48)
/Fz? =1, (3.49)
R
Ri=R, on (re,+00), (3.50)
R >0 on (0,+00), (3.51)
o ((—;A + W) ) \{ea} C [Ef, +00). (3.52)
Hi

Proof. Using the notation and the results in Lemma 38, we see that ¢ is an eigenvalue of
(Tw,0)l4,,- so that B4 € (min(o(Tw,)),0), which implies that there exists a unique positive
real number " such that Ty (rf) = Ey. Let re > rl and me = [;° Rf. We denote by R
the unique odd function in H'(—7.,7.) such that

1 I(1+1)

R//
2 * 2r2

R—-—€R=0, R(r.)=1,

db
an Y re—d
F(d) = / R(r)dr.
0

Note that the function u(r) = chff"r"y;“(ﬁ) is the unique solution in H'(B,,) to the

boundary value problem —fAu—eu = 0in By, ulpp,, = Y™, and that F(d) = r;? [, » |ul?.
Forall0 < a < 1 <€ A < o0, we introduce

0, 4 = arcsin(a/A), H;A =7 — arcsin(R(rc)/A) — 0, 4,
dq, 4 the unique solution in (0,7¢) of

sin(2(0F , + 67 —sin(20°
042F(d)+A2g (1 B ( ( a,A a,A)) ( oz,A)> ———

207 4
oF k2
ka/—l: a7A7 Va,A = €] — a7A7
’ da,A ’ 2
C haadcos(, ) Rlre—das) .. B —haadcos(8) 4 +6, )
@A T 20 2R(re —da,a)’ 04T 2R (1) ‘
When o — 07 and A — 400, the above quantities behave as follows
2m. wA? w2 A4
— + + — C
90&,14*}0 ) ea’Ag)Tr ) da,ANFa a,A ™ 2mca UQ,AN7W5
A3 A3
o~ — U — 3.53
Ba’A dmeor’ BO"A dmcRy(re) ( )

108



Consider the function R, 4 € HL(R) defined on (0, +00) by

R . _ +
Roa = amﬂ(o,rc—da,A)ﬂLA SH1 (k?a,A(T —7e) + ea,A + 00&,14) ]l(rc—da,A,rc)+Rl]l(Tc,+<><>)'

It is easily checked that R; = Ry 4 is solution of (3.47)-(3.51) for W= Wa,a € HTH(R?),
with radial representation given by

I(1+1)

22

Wa,A - ﬁ;’Aéchda,A + <'Ua,A - > ]l(rcfdmA,rc) + ﬁotA(src + W]]-(rc,Jroo)'

Ry(r)l - 4 - -

Ve, A

Figure 3.2 — Sketch of the function R, 4 (green) and of the potential W, 4 +

1(+1
(2:52 )]l(Tc—da,A,rc) (red).

Denoting by
1
Ha,A = *iA + Wa,Aa

we are going to show that for a > 0 small enough and A < +oo large enough

o (H%A

Let ftq, 4 = min <0 (HQ,A ) \{q}) . Assume that p1o,4 < E4. As 0ess(Ha aln,) = Ry,
H;

[a,A is a discrete eigenvalue of H, aly,. We denote by U, 4 an associated normalized
eigenfunction and by us 4 € HL(R) the odd extension of its radial component multiplied
by 7. As piq 4 is in fact the second lowest eigenvalue of H, 4|y, (counting multiplicities),
the function u, 4 satisfies

1, I(l+1)
_Eua,A -+ W

) \{a} C (B4, +00).

H,i

Ua, A + Wa,Aua,A = Mo, AUa, A,
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and has exactly one node 'r’g’ 4 in (0,400). This node cannot lay in the interval [r¢, +00);
otherwise, the function ¢(r) = Uq,a(r)1},0 A7+m)(\r|)y{) <|r7‘) would belong to H&(Q(T&A))\

{0} and we would have

<¢’TW7'O ’¢>
By =Tw(rd) <Twlraa) £ — 25— = flaa,
(¢l¢)
which contradicts the assumption that p, 4 < E,. It cannot either lay in the interval
(0,7¢ — dq,a]; otherwise, as the potential W, 4 is equal to zero on this interval, we would

have
0

1 Ta,A I(l+1 T?x,A Ua. AT 2 Tg,A
2/ |u/a,A‘2 + ( 9 ) / ’ = 2( )‘ dr = Noz,A/ |uoz,A|2 <0,
0 0 r 0

which is obviously not possible. We therefore have rq 4 € (re — dg,a,7c), and without loss
of generality, we can assume that wu, 4 is positive in the neighborhood of +oo. As W,
is equal to zero on (0,7¢ — da,A), Ua,4 is negative and concave on this interval, so that
Ug,A(Tc = da,a) < 0 and uf, 4((re — da,a)") < ug, 4((re — da,a)7) < 0. We therefore have

Vr e [Tc - dOc7A7 Tc]v Ua,A = 2[04,14 sin <Ea,A(T - (Tc - da,A)) + 504,A> )
with XZLLA < 0, E%A = \/2(fta,A — Va,4), 0 < ga,A < 7/2and 7 < Ea,Ada,A + ga,A < 2.

It follows from the jump condition at r. —dq, 4 and from the fact that u, 4 is negative and
concave on (0,r; — dq 4) that

Ea,A - Up 4 (e — da,a)") Up 4 (e — da,a)") — Up 4((re — da,a)™) — 5
tan(gaﬂ) U, A (rc - da,A) - ua,A(Tc - da,A) A
Thus,
~ ko 2 4
tan(fy,4) < 4 < T~ when o — 0% and A — +oc. (3.54)

Bon ~ Baadaa A
We can distinguish two cases:

e case 1: ug’A(rC —0) < 0. In this case, Ea7Ada,A + 5a,A > 37”, which, together with
(3.54), implies that for v > 0 small enough and A > 0 large enough,

% > —k q ivalentl > - — 72
or equivalently W € v, ~
a,A Z | a,A a,A Z € 16 a,A 128 27

which contradicts the assumption that o 4 < Ey;

e case 20 uy 4(rc —0) > 0. In this case, the function uq 4 is positive on (re,+00)
and the pair (uq, A, fa,4) is solution to the spectral problem on (7., +00) with Robin
boundary conditions

Ll () + v () + Wg a(r) = pa,atia, a(r), 7 € (re, +00)

(3.55)

u,a,A(rC + O) = < ko, a ) + ,B;_’A> ua,A(rc)'

tan(Ea,Ada,A‘i’ga,A
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+ ka,A +
When a — 0™ and A — +o0, the parameter tan(hn e At0on) + 50[7A goes to 400,

so that 14,4 converges to the ground state eigenvalue of Ty, |7, which implies

li = > N=F,.
o m o Tw(re) > Tw(r,) = Ey

Choosing a > 0 small enough and A large enough, we obtain a contradiction with
the assumption that po 4 < EL.

We therefore have obtained a function fil =Rqoa € H g (R) and a potential W = Waa €
H1(R3) such that (3.47)-(3.52) are satisfied. As R, 4 is in C®(R\ {£(rec — do.a), £7c})
and is positive on (0,+00), we can construct a sequence (él,n)neN of odd functions of
C>®(R) N HL(R) positive on (0, +oc) and converging in HL(R) to R, 4, such that }Nilm =
Ry 4 = Ry on (r¢,+00), fil,n = Ro.a on (0,7 — dg ) and [ \ISLMP = 1. Consider the
sequence of radial potentials defined by

Vn €N, Vr € (0,400), Wn(r)=e + —El’" -

As Elyn(r) is bounded away from zero on the interval [(r. — du,a)/2,7c + 1] uniformly

in n, each Wn is in H$(R3) for all s > 0, and the sequence (Wn)neN converges to Wy, 4

(0] = 52 + Wal)
[l

for any ¢ € H; N HY(R3), which implies, by the minmax

in H7'(R3). Consequently, the Rayleigh quotients R,,(¢) =

_ AW
o Ry = 1T

principle, that the k" negative eigenvalue of (—%A + Wn>

converge

o converges to the k' negative
!

eigenvalue of (—%A + W, A) "Hz when n goes to infinity. Therefore, for n large enough,

conditions (3.47)-(3.52) are satisfied for W =W,. O

We are now in position to prove the non-emptiness of M, A ;. s under the assumptions
of Lemma 30. Applying Lemma 39 successively for each 0 < [ < [, with W = WZAA,
Ry =R p» 1, €= €02 g and re > r1., we obtain [, + 1 functions W; € H*(R?) and [, + 1

Z,C0

functions El, satisfying for each 0 <[ < [,,

R, € HA(R), (3.56)
1~ I(1+1) = — ~
— §REI(T) + (21_2)Rl(7“) + VVIRZ(T) = 5z,n;l,ZRl(T)a (357)
/ R} =1, (3.58)
R
Ry=R.pr ¢ and Wy=WM  on (rc,+00), (3.59)
R, >0 on (0,400). (3.60)

We then introduce the functions

= 2y (2 st (3.61)

x| x|
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and the density
Il l
~0 ~ 2
PP =" pe aled" (o),
=0 m=—1
and we consider a sequence (Wiee)k>1 of local potentials in the class Hf(R3) such that
Wioe ke > WZAA on R3, Wioe e = VVZAA in Q(rc) and Wige = k on B, _y/,. We finally set
Vioc,k = VVloc,k - ﬁo *‘ : ’71 and V0 < l < lz7 ‘/l,k = Wl - I/Vloc,lm

and
I,

Vi = Viees + > PVii P
1=0
By construction, the self-adjoint operator

1
Hk=—§A+Vk+ﬁ0*"|_1,

on L%(R3) is rotation-invariant, and for all 0 <1 <1,

l
): S 1
Hy

m=—I

U oo,m) (Hilny) = Lo, B4) ((—;A + Wz)
Lastly, for all [ > [,
min o (Hy|y,) > mino <—;A + T/Vloc,k> = Twaa(re) > Tyaa (rf.) =E;.
Therefore, for k large enough, Vi, € M, AE 1. s-

3.5.4 Proof of Theorem 31

Let us prove that M, ap,. s is weakly closed in the affine space X, Ap,. . For this
purpose, we consider a sequence (VZPkP Jken of elements of M, ap . s weakly converging
to some VZPP in X, AEr.s- We denote by HEE the Hartree pseudo-Hamiltonian obtained

with the pseudopotential VZPkP and by 5;73 i its eigenfunctions of the form (3.26). We have
for all k£ € N,

1 - - -
PP PP
H.} = —gA + W, H 071k = €xnt 0020 00 o7 kllz2 =1, (3.62)

L1
pE) =D D> e a0l e =k 7
1=0 m=—1
lx
Wi =V, ock + Uk + Z BV, kB
1=0

Note that for all 0 <1 <1[,, =1 <m <[, and k € N, we have @nlk = ‘ZSZLn;,l,l on R3 \ By,

and
WA ()T . i (r) if |r| > re,

=z ~

Wi, =
(WiedZ4)(r) (Vz toc,k () 4+ vg () + Va ke (r)) @7 (x)  if |2 < 7.
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As €, 20 < 0,0, 20in R3, and H(;SzlkHLz = 1 we obtain, using the Sobolev inequality
in R3, the boundedness of the sequence (||V|l12)ken and Lemma 37, that for all k € N,

Hv¢z,z,kHL2 = —( Zbl,k Wk’¢2}l,k> + €zn% )l
S T AT B
rc Tc
5t 1/2 3/2
< (HVz,loc,k + Vet 8Tk NGT 76+ 1WA e, )

3/2
C(1L+ VT30,

where the constant C' is independent of k. This implies that for all 0 < [ < [, and all
—1 <m <, the sequence (¢ ; )ken is bounded in H'(IR?). We can therefore extract from
(&an 1 )JkeN @& subsequence (gg’znl k., JneN Which weakly converges in H 1(R3) to some function
Nm € H'(R3) NH;. As for all k € N, gzNSTZ p= O - in R?\ B, , we can assume, without

loss of generality, that the convergence of (d)z Lk Jnen to &an also holds strongly in LP(R?)
for all 1 < p < 6 and almost everywhere in R3 In particular,

VO<II<l, V—Il<m<l, V-U<m </, /5;}15;71’,:5”,5%,,
R3

and the associated functions Rzl defined by (3.26) satisfy (3.27) and (3.29)-(3.31). We
also infer from the strong convergence of (QSZ Uk JneN to gbml in L?(R3) N L*(R?) that the

sequence (pg, Jnen strongly converges in Ll(R3 )NL?(R3), hence in L5/5(R3) to the function
p defined by

I, l ~
— Z Z pz7n;l,l’¢g?l(r)’27

=0 m=-—1

which, in turn, implies that the sequence (v, )nen strongly converges in C’, hence in L9 (IR?),
to the function v = px |- |~'. Lastly, as (V. k, )nen weakly converges to V. in H ,.(By,)
for s > 0, we can assume without loss of generality that the sequence (V. , )k, en strongly
converges to V., in L?(B,,). Passing to the limit in (3.62), we obtain that the functions

c

ﬁzl satisfy

1 1

2 Z,l

(1 +1)
272

(r) + Ray(r) + (v(r) + Vay(r)) Rey(r) = ez,n;l,léz,l(r)'

To conclude that VzPP € M, AE s, We just need to show that

L (oo () = Z Z [62) (3.63)
=0 m=—1
where HFY = —%A + VPP 4. If this was not the case, there would exists A < E, and

o e 1@ N (Span {0 0 <1<l L2 m<t})
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such that ||¢[/;2 = 1 and H P ¢ = A¢. Consider, for n large enough, the function

L. l e o
b= 10 m:fl((ﬁgfl,kn’ ¢)L2¢Z,Ll,kn

Pn = HQS— Zézzo in:_l@?qub)Lz%;’jl,kn Lo
We have
b € HP®) N (Span {37, 0< 1< t<m<i}) . oullz=1. (364)
and

l ~
NHBIVz Joe ki + Va1 kn ) = (Ve doetVa, D18V g3 (vky, —0)92 =120 Soney €2t 1l (BT gy #2172
Zv

(n|HTY, |dn)=

m=

[ 6=tz ol @y 287 (|

Using the weak convergence of Vzl?,i to VZPP in X, AE s, the strong convergence of vy, to
vin L?(R?) and the strong convergence of 7k, to o7 in L?(R?), we obtain that

yhvn

lim
n—o0
Together with (3.62) and (3.64), this implies that for n large enough, HZPER has at least

(I, +1)% + 1 eigenvalues in (—oo, ), which contradicts the fact that VZP,EL € M, AEre,s-
Therefore, V¥ € M, Ap . s, which proves that M, A s s is weakly closed in X, A . s-

3.5.5 Proof of Lemma 32

The function @,zm is an eigenfunction of the Schrédinger operator —%A + W 1oc + V2 on
L*(R3), with W, j0c+ V., € HE(R?). By elliptic regularity, @m € H**2(R3), and therefore
}3%1 € H:T2(R) in view of Lemma 26. It follows from the unique continuation principle
for nonnegative solutions of second-order ordinary differential equations that EZJ > 0 on
(0, 400). The function éz,l is an odd function which solves a differential equation, with

regular singular point, of the form
r2y" — 11+ 1)y +Vi(r)y =0, with V;(0) =0. (3.65)

Its indicial equation is
s(s—=1)—=1Il(l+1)=0,

with roots s; = [+1 and s9 = —I. Since s1—s3 = 2[+1 is an integer, Fuch’s theorem [46, 93]
states that the fundamental system of solutions of (3.65) is

{ yi(r) = r¥p(r)
ya(r) = ¢ p(r)r*t In(r) + r52q(r),

where p(0) # 0, ¢(0) # 0 and ¢ is a constant. As y2 does not vanish at zero, Ez,l is
proportional to ;.
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3.5.6 Proof of Proposition 33
Observing that

Evzppﬁ,v,W):Tr(( A+VPP) >+ ~D(p5,p5) + Tr (F(v + W))

allows us to follow the same lines as in the proofs of [23, Theorems 5 and 12| (see also the
first point in [23, Section 5]). Indeed, the operator H f P has the same spectral properties as
the operator Hy in 23], and the key property on the perturbation that we need to proceed
as in [23] is that there exists a constant C' € Ry such that

T F(v+ W) < C (WX s T 1Wle) [Flle: 1 (3.66)
for all (,v,W) € &11 X X, Apr.s X C'. Let us prove that (3.66) actually holds true. On
the one hand, we have for all (7, W) € &1 x (',

T (FW)| = ‘Tr ((1 CA)T2(1 - A2 - A2 - A)*I/QWM

<@ =272 = 2) (1 - 8)2e, 11— A) AW

<@ =272 = 2) 251 = 8) e, 11— A) AW e,

< ClAlle,, Wlizs < ClFlle,, W e,

where we have used the Kato-Seiler-Simon inequality [77] for p = 6. Likewise, we have for
all (A’YJ, ’U) € 61’1 X XZ,AE,TC,Sa

l.
Tr ((Uloc + Z ]Dlvlpl> ?) |
=0

< ‘Tr ((1 - A)_1/21}10c(1 - A)_l/z(l - A)1/2§(1 B A)l/z) ‘
I

+2 |t

=0

Tr (v)| =

v (R0 = A)72u(1 - )7 2R - A1 - A)12)|

I
< ClAle1s (Hvlocllm + ||vz!L2> < ClAllers 0llx. ap re s
1=0

where we have used that the P,’s commute with the Laplace operator and the fact that for
all w € L*(R3),

11 = 2)" w1 = A) T2 < w2 (1= A) V2P < w21 = A) TV, < Clwl e,

by the Kato-Seiler-Simon inequality for p = 4.

Proceeding as in the proofs of Theorems 5 (non-degenerate case) and 12 (degenerate
case) in 23], we obtain that there exists n > 0 such that for all (v, W) € B, (X, AE,rc,s) X
B, (C"), problem (3.37) has a unique minimizer J,1w (VFT) and that, for each VP €
M AE s, the function (v + W) = Fow (VET) is real analytic from By (X, Apr.s) +
B, (C') to &1,1. Expanding o — Fa(uiw) (V2T as

+oo

~ ~ k

Ya(v+W) (VZPP) = ’Y,(z) + Z ak’Yf;Jr)W(VTZPP)u
k=1
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the coeflicients 'y(j k)(VZPP) in (3.38) are connected to the coefficients 'yéi)W(VZPP) in the
above expansion by the relation

,k
P)/é'u)qLﬁW VPP Zajﬁk i~ ] 7) (VzPP)'

3.5.7 Proof of Theorem 34

It suffices to prove the results in the degenerate case, since, in this setting, the non-
degenerate case can be seen as a special case of the degenerate case (take N, = 0 in [23,
Section 4]). We can also restrict ourselves to the pseudopotential case, as the all-electron
case works the same.

Let Vit € M. AEr.,s be a reference pseudopotential fixed once and for all and M €
Ry. We are going to establish a series of uniform bounds valid for all VZPP € M, AE re.s
satisfying

IV = Vet x <M. (3.67)

z,AE,rc,s —

In the sequel, we will denote by C'j; constants depending on Vi¢f and on M, but not on VZP P
It follows from the arguments used in Section 3.5.4 that the pseudo-orbitals associated with
VPP satisfy

max max < Cum,

max max |32 : < Ca
which implies that [|p2]|;1nzs < Car, and therefore that |[p2 x| - |71||pe < Chy, from which
we infer that

Oréllax W10 + Vaillpse < Cu, (3.68)
and finally that
o < 2 < .
Jmax Mrg?gllw Zallee < 2 max rnﬁéHd)zzlle Cu. (3.69)

Using the fact that WFP = WA in Q(r.) and the maximum principle for second-order
elliptic equations [36], we obtain that

max max H¢m Vi pll/2 || oo (3.70)

0<I<l. |m|<I

As in 23], we decompose L?(R3) as the orthogonal sum of the fully occupied, partially
occupied, and unoccupied spaces

L*(R3) := He @ Hyp © Hu, (3.71)

where H¢ = Ran(1(_ & )(HP ), Hp = Ran(]l{eoF}(HfP)) and H, = Ran(]l(€(Z)F7+OO)(HfP)),

and where P, P, and Pu are the orthogonal projectors from L2(R3) to H;, Hp and H,
respectively. We then introduce

e the spaces

Ay = {Aux € B(Hx, Hu) | (Pa(HPY — Q) P2 Ay € B(HX,HH)} ,

116



for x € {f,p}, endowed with the inner product

(Aux, Bux) Ay = Tr (AszU(HEP - eg)PuBuX)3

e the finite dimensional spaces
Ape :=B(He, Hp)  and  App := {App € S(Hp) | Tr (App) = 0}
e the product space
A= Ay X Ayp X Apg X App,
which we endow with the inner product

(AvB)A: Z (Aux,Bux Aux T Z Tr A B*
xe{f,p} xe{f,p}

Note that the decomposition (3.71), as well as the space A, depend on VFF. Following
[23, Eq. (43)], let us first show that the continuous linear map

¢(:C = A
W — —(P,W P, PLWP,A, (2 — A)P,W Py, PB,WP,),
where A is the diagonal matrix containing the partial occupation numbers at the Fermi
level, can be extended in a unique way to a continuous linear map from C’ + L2 to A’. We
first observe that for all W € C°(R3) (where C°(IR?) is the space of the C*° functions on
R3 with compact support), and all A € A,
|Tr (PuWPr)"Ayyp)| = |Tr (PeW Py Aye)|

:‘Tr (RWHE? = )32 (PaHET = ) P) 2 A0 ) |

P, (

where (HPY — eF)} Y2 denotes the bounded operator on L?(R?) block-diagonal in the
decomposition (3. 71) 1dentlcally equal to zero on Hf @ Hp and equal to the inverse square
root of the invertible positive operator (H, PP _ eF }H on H,. As the space Ay consists
of finite-rank operators with rank lower or equal to Nf, the operator and trace norms are
equivalent on this space, and we therefore obtain

VAEA |Tr (PaWP) Aug)l < (By = ) I PW || At e

< (B4 — GQ,F)_1/2  ax W onllre | Autll Ay

where (¢n)1<n<n; is an orthonormal basis of H¢. Similar arguments applied to the other
components of (W) lead to

o (3 , < m
W e CRE), W) < Cor o WA

Using (3.70), we deduce from the above inequality that

YW e CE([RY), [lc(W)llar < CarlW iz,
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As ( is continuous from C’ to A’ (see [23]), we also have
YW e CE[R?), [lc(W)llar < CarlWllery 12 (3.72)

The space C2°(R3) being dense in C'+ L2, we obtain that the linear map ¢ can be extended
in a unique way to a continuous linear map from €’ + L2 to A’.

Let us now consider a sequence (VZP:IS Jken of elements of M, ap,. s which weakly
converges to some V' in M AEre,s- As V. loc,k coincides with —ﬁ + pg’c x|+ |7 outside
B,., we obtain that (V;/f)keN converges to VP strongly in M AEr.,s/2- To prove the
compactness of the mapping M, ap,r.s D VIE — ?%)Stark(‘/zpp) € 61,1, it is therefore
sufficient to show that the mapping VP %})Stark(VPP) is strongly continuous from
M AEr.,s to &1,1 for any s > 0. Let us therefore consider a sequence (V;,f)keN of

elements of M, AE s Which strongly converges to some VZPP in M, Ag.s and M € Ry
such that

sup ||‘/le)]5 - ‘/;EfHXz,AE,TC,S S M
keN
Using [23, Egs. (42)-(43)], (3.72), the bound
IHE (1= A)7Y < Cw,
and the fact that there exists 0 < ¢j; < Cps < +o0 such that
V(A A) e Ax A, (O(A), A) > en|| Ay and  (O(A), A') < Curl|Allall A4,
where the bilinear form © is defined in [23, Eq. (59)], we obtain that

~(1
sup A (VER e, < CarllWllersra,- (3.73)

Let € > 0 and W € C2°(R3) be such that ||[W — WStark\|C/+Lgv < ¢/(3Ch), where Cyy is
the constant in (3.73). By the triangular inequality,

~(1 ~(1 2¢e ~(1 (1
Aoy s (V) = Ao (V) < 5+ 13 (VD) =30 (V)
2 im 87! (¥ PPy _ PP
<3 s <7VZ‘TE—VZPP,BW(VZ ) = Yo,sw (V2 )) .

We then infer from the analyticity properties of the mapping (v, W) ~ F, w (VFF) (cf.
Proposition 33) that for k large enough, the second term of the right-hand side is lower than
g/3. Therefore, the mapping VP s il(;/)smk(VZPP) is strongly continuous from M, Ag r. s

to 6171.

3.5.8 Proof of Theorem 35

Let (VFF)ren be a minimizing sequence for (3.43). As o > 0 and .J; is bounded below, the
sequence (WEF)ren is bounded for the norm | - || g« defined in (3.42). As WP} coincides
with WfA outside B, , we can assume, without loss of generality, that (WZP };) keN converges
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to some WP = loc + Z o PiV., P, weakly for the norm || - || s, and strongly for the
norm || - || gs—n for any 1 > 0. We then have

1
S < timin L (VEF). (3.74)

Reasoning as in the proof of Theorem 31, we obtain that the ground state density pg of

inf{Tr((—A—i—V ) >+2D(p7,p»y) WGICNZ,V}

converges, when k goes to infinity, to some p in H*(R3), which is in fact the ground
state density associated with the self-consistent pseudopotential I/VZP P This implies that
VZ Tock = sz}zqk — pr % |- |71 weakly converges to V Toc 1= WZ oo — P - |=! in HISOC(R?’)
Therefore, (V;,f)keN weakly converges in X, Ag . s to VPP = loc+2l 2o BV, Py, which
belongs to M, AE .,s by virtue of Theorem 31, and WPFP is the self-consistent pseudopo-
tential associated with VI'F. Using (3.74) and the weak lower-semicontinuity property of
Ji, we finally obtain that
J(VEP) < liminf J(VI)),

k—o0

which implies that V' is a minimizer to (3.43).

3.5.9 Proof of Lemma 36

Let (VPP)keN be a sequence of elements of M, Ag ¢ s weakly converging to VPP in &, AB.cs-

By Theorem 31, VI € M, ag s and by Theorem 34, the sequence (’y‘(/V)Stark(V ) ken

strongly converges to vév)s,tark(‘/fp) in &1,1. Consequently, (ﬁ(W)Stark(Vz &+ ))ken converges to

ﬁ(ml/)Stark(IQPP) strongly in L6/5(R3), which implies that (Igs\p,, ﬁ{ml/)smk(nf’,f ))ken converges
to Igs\p,_ ﬁ‘vysmk(nPP) in L/5(R3), hence in C, which implies that the sequence of non-
negative real-numbers (JtSth(Vz{D,iD ))ren converges to JOk(TPPY,
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Chapter 4

A numerical study of the Kohn-Sham
ground states of atoms

This chapter is concerned with the numerical simulation of the Kohn-Sham model for
atoms subjected to cylindrically-symmetric external potentials. We deal with both the
Hartree model and the Xa model. We start by presenting these models with and without
perturbation and by recalling some well-known theoretical results we need. The variational
approximation of the model and the construction of appropriate discretization spaces (using
P,-finite elements) are detailed together with the algorithm to solve the discretized Kohn-
Sham equations used in our code. The last section is devoted for the numerical results
we have obtained: first, we report the computed energy levels of all the atoms of the four
first rows of the periodic table. Interestingly, we observe accidentally degeneracies between
s and d shells or between p and d shells at the Fermi level of some atoms. Second, we
consider the case of an atom subjected to a uniform electric-field. We plot the response
of the density of the boron atom for various magnitudes of the electric field computed
numerically in a large ball with Dirichlet boundary conditions, and we check that, in the
limit of small electric fields, it is equivalent to the first-order perturbation of the ground
state density. Some technical details are gathered in an appendix at the end of the chapter.
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4.1 Introduction

This chapter is concerned with the numerical computation of the extended Kohn-Sham
ground states of atoms for the reduced Hartree-Fock (rHF, also called Hartree) and LDA
(local density approximation) models. We consider the case of an isolated atom, as well as
the case of an atom subjected to cylindrically symmetric external potential. We notably
have in mind Stark potentials, that are potentials of the form W (r) = —& - r generated by
a uniform electric field £ # 0.

We first propose a new method to accurately solve the extended Kohn-Sham problem for
cylindrically symmetric systems, using spherical coordinates and a separation of variables.
This approach is based on the fact that, for such systems, the Kohn-Sham Hamiltonian
commutes with L,, the z-component of the angular momentum operator, z denoting the
symmetry axis of the system. We obtain in this way a family of 2D elliptic eigenvalue
problems in the r and 6 variables, index by the eigenvalue m € Z of L, all these problems
being coupled together through the self-consistent density. To discretize the 2D eigenvalue
problems, we use harmonic polynomials in @ (or in other words, spherical harmonics Y,?,
which only depend on 0) to discretize along the angular variable, and P4 finite element
methods to discretize along the radial variable r € [0, L¢]. We then apply this approach to
study numerically two kind of systems.

First, we provide accurate approximations of the extended Kohn-Sham ground states
of all atoms of the first four rows of the periodic table. These results allow us to test
numerically the assumptions on the negative spectra of atomic rHF Hamiltonians that
we use in our theoretical works on density functional perturbation theory [23] and norm-
conserving semilocal pseudopotentials [25]. We show in particular that for most atoms of
the first four rows of the periodic table, the Fermi level is negative and is not an accidentally
degenerate eigenvalue of the rHF Hamiltonian, and that there seems to be no unoccupied
orbitals with negative energies. On the other hand, for a few atoms, the Fermi level
seems to be an accidentally degenerate eigenvalue (for example the 5s and 4d states being
degenerate).

Second, we study an atom subjected to uniform electric field (Stark effect). In this case,
the system has no ground state (the Kohn-Sham energy functional is not bounded below),
but density functional perturbation theory (see [23, 25| for a mathematical analysis) can be
used to compute the polarization of the electronic cloud caused by the external electric field.
The polarized electronic state is not a steady state, but a resonant state, and the smaller
the electric field, the longer its life time. Another way to compute the polarization of the
electronic cloud is to compute the ground state for a small enough electric field in a basis
set consisting of functions decaying fast enough at infinity for the electrons to stay close
to the nuclei. The Gaussian basis functions commonly used in quantum chemistry satisfy
this decay property. However, it is not easy to obtain very accurate results with Gaussian
basis sets, since they are not systematically improvable (over-completeness issues). Here we
consider instead basis functions supported in a ball By, where L. is a numerical parameter
chosen large enough to obtain accurate results and small enough to prevent electrons from
escaping to infinity (for a given, small, value of the external electric field £). We study the
ground state energy and density as functions of the cut-off radius L., and observe that for
a given, small enough, uniform electric field, there is a plateau [Le min, Lemax] on which
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these quantity hardly vary. For L. < Le¢ min, the simulated system is too much confined,
which artificially increases its energy, while for Lo > Le max, @ noticeable amount of charge
accumulates at the boundary of the simulation domain, in the direction of £ (where the
potential energy is very negative). On the other hand, for L¢min < Le < Le¢max, the
simulation provides a fairly accurate approximation of the polarization energy and of the
polarized density.

The chapter is organized as follows. In Section 4.2, we recall the mathematical for-
mulation of the extended Kohn-Sham model, and some theoretical results about the rHF
and LDA ground states of isolated atoms and of atoms subjected to an external cylin-
drically symmetric potential. In Section 4.3, we describe the discretization method and
the algorithms used in this work to compute the extended Kohn-Sham ground states of
atoms subjected to cylindrically symmetric external potentials. Some numerical results
are presented in Section 4.4. Lastly, some details about the practical implementation of
our methods are provided in Appendix.

4.2 Modeling

In this article, we consider a molecular system consisting of single nucleus of atomic charge
z € N* and of N electrons. For N = z, this system is the neutral atom with nuclear charge
z, which we call atom z for convenience.

4.2.1 Kohn-Sham models for atoms

In the framework of the (extended) Kohn-Sham model [28], the ground state energy of
a system with one nucleus with charge z and N electrons is obtained by minimizing an
energy functional of the form

E.n(y) =Tt <_;M> B Z/R {1+ 3D 02) + Brclp) -

3 |-
over the set
Ky = {7 €SL*R*)|0<y <2, Tr(y) =N, Tr(-Ay) < oo},

where S(L?(R3)) is the space of the self-adjoint operators on L?(R?) and Tr(—A~y) :=
Tr (|V|v|V]). Note that, Cx is a closed convex subset of the space &1 defined by

61’1 = {T € 61 | |V‘T|V‘ € 61},

endowed with norm
1Tle,, = [ITlle;, + IIVITIV]e,-

The function —f is the attraction potential induced on the electrons by the nucleus,

and p- is the density associated with the one-body density matrix . For v € Ky, we have

py >0, /RBpW:N, /]R3 V52 < Tr (—Ay) < .
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The last result is the Hoffmann-Ostenhof inequality [52]. Therefore \/p, € H(R?), and in
particular, p, € L*(R3) N L3(R3). For p € Lg(R?’), D(p,p) is equal to [ps VH(p)p, where
VH is the Coulomb, also called Hartree, potential generated by p:

V() =px|- 7"

Recall that VH can be seen as a unitary operator from the Coulomb space C to its dual
C’, where

~ 1~ p1(k)pa(k
Ci= {pe SE) e LB, |- |7 @)} (pnpie=tn [ PO ai,
(4.2)

and

1 1 —
C':={ve SR | Vve (L*R*)*}, (v,m)e=-— [ VuuVuy= / k|?01 (k)2 (k) dk.
47T R3 47'(' R3
(4.3)

The term FE\. is the exchange-correlation energy. We will restrict ourselves to two kinds
of Kohn-Sham models: the rHF model, for which the exchange-correlation energy is taken
equal to zero

BT =0,

and the Khon-Sham LDA (local density approximation) model, for which the exchange-
correlation energy has the form

EPMNp) = [ eplr)dr,
RS
where €. is the sum of the exchange and correlation energy densities of the homogeneous
electron gas. As the function ey, : R4 — R is not explicitly known, it is approximated in
practice by an explicit function, still denoted by ey, for simplicity. We assume here that
the approximate function e, is a C! function from R, into R_, twice differentiable on R%
and obeying the following conditions

exe(0) =0, €.(0) <0, (4.4)
< b < By < 3 s.t  sup ;;Ci)g < 0, (4.5)
2 peRy PP+ pPt
3
N <a< - st limsupM <0, (4.6)
2 p—04+ Pa
IN> -1 st €l(p) v cp. (4.7)

Note that these properties are satisfied by the exact function ey.

To avoid ambiguity, for any z and N in R’ , we denote by

TN = inf {EXN (7), v € Kn ), (4.8)
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where

and
IR = inf {EXRA(7), v € Kn ), (4.9)

where

1 p
ELDA( ):=Tr (—2A7> _ Z/Rs | '7| + D(pv,py) +E£?A(Pv).

We recall the following two theorems which insure the existence of ground states for
neutral atoms and positive ions.

Theorem 40 (Ground state for the rHF model [23, 81]). Let z € RY and N < z. Then

the minimization problem (4.8) has a ground state 'yg’;\?F

0,rHF

, and all the ground states share

the same density PN - The mean-field Hamiltonian

is a bounded below self-adjoint operator on L*(R?), oess(H.Ny ) = Ry, and the ground
state ’yg’]]r\lfF is of the form

OrHF _ 59 OHF

TaN (—oo,ctEy ()

)

0,rHF
5Z,N

where € NF ¥ <0 is the Fermi level, 0 < 50 THE <9 and Ran(60 rHF) C Ke (HO’IHF egr]\?g)

If 62 1}\},15 1$ negative and is not an acczdentally degenerate eigenvalue of HO tHF , then 'yo THE

18 unique.

Theorem 41 (Ground state for the LDA model [1]). Let z € RY and N < z. Suppose
that (4.4)- (4 6) hold. Then the minimization problem (4.9) has a ground state ’yo DA

addition, 'yz N DA satisfies the self-consistent field equation

TN = 21(_0076313?;)(H5,’1%PA) O (4.10)
where ¢ ?\,F < 0 is the Fermi level, 0 < (50 LDA <9 Ra n((50 LDA) C Ker (H0 LDA _ S?VDFA)
and the mean-field Hamiltonian

HIPN = —%A - ﬁ + VIR + e (0030,
where p(z) NDA = poLpA and vx(p) = dde;c (p), is a bounded below self-adjoint operator on

z,N

L2(R3) and aess(HO N =Ry
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4.2.2 Density function perturbation theory

We now examine the response of the ground state density matrix when an additional
external potential W is turned on. The energy functional to be minimized over Ky now
reads

T DA r DA
EzSg/L (77BW) = Ezs\l;/]-* ('y) -+ /R3 ﬁWpW, (411)

and is well-defined for any v € Ky, W € €’ and 8 € R. The parameter (3 is called the
coupling constant in quantum mechanics. Denote by

IoNMPN(BW) = inf {Ez}F/LDA(% BW), v € ICN} : (4.12)

The following theorem insures the existence of a perturbed ground state density matrix
for perturbation potentials in C’.

Theorem 42 (Existence of a perturbed minimizer [23|). Let z € R}, N <z, W € C’ and
B € R, B small enough. In the rHE framework, problem (4.12) has a unique minimizer

yﬁvF’BW. The Hamiltonian

1 z
Hg,}zl\lfjﬁw = _iA -t VH(PI;I,{J\};ﬁW) + BW, (4.13)

-
where p?’{]\k;ﬁw = Pyr is a bounded below self-adjoint operator on L*(R3) with form
domain H'(R?) and UeSS(HS:;\IggW) = R4. Moreover, VE,P}\{ﬁW and pfj\gﬁw are analytic in
B, that is
HF _ k. (k),rHF HF o k (k)rHF
VeN pW = Zﬁ Ve NW and  poN sw = ZB PzNW »
k>0 k>0

the above series being normally convergent in &11 and C respectively.
In the sequel, we will refer to vik])vw as the k-th order perturbation of the density
matrix.

The unperturbed Hamiltonians Hg]r\?F are self-adjoint operators on L?(R?) invariant
with respect to rotations around the nucleus (assumed located at the origin). These oper-
ators are therefore block-diagonal in the decomposition of L?(R?) as the direct sum of the
pairwise orthogonal subspaces H; := Ker(L? — I(I + 1)):

L*(R*) = P, (4.14)

leN

where L = r x (—iV) is the angular momentum operator. Since we are going to consider
perturbation potentials which are not spherically symmetric, but only cylindrically sym-
metric, or in other words independent of the azimuthal angle ¢ in spherical coordinates,
the H;’s are no longer invariant subspaces of the perturbed Hamiltonians. The appro-
priate decomposition of L?(R?) in invariant subspaces for Hamiltonians H;I}VF gw with W
cylindrically symmetric, is the following: for m € Z, we set

H™ = Ker(L, —m),
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where L, is the z-component of the angular momentum operator L (L, = L.e,).
Note that

VIEN, Hi=q¢eLl*R%, st o(rb0)= D  R™r)YV"0,9);,
and
VmezZ, H"=<¢eLl’R), st ¢(rb.9)= > Rir 0,0) ¢,

1z|m|

where Y, are the spherical harmonics, the joint eigenfunctions of the Laplace-Beltrami
operator Ag and the generator of rotations about the azimuthal axis £, on L%(S?), where
S? is the unit sphere of R3. More precisely, we have

—AgY" =1(l+1)Y/" and LY =mY™,
where, in spherical coordinates,

—1£59—+18—2ad£——i
S~ sinaag \""V o0 sin?(0) 02 " § Z(?cp

These functions are orthonormal, in the following sense:

T 21 *
V(v ) = / Y7 (0.) (Y (0.9)) sinbd0do = dudyr,  (415)
S2 6=0 =0

where d;; is the Kronecker symbol and (Y;™)* = (—1)™Y,”™ is the complex conjugate of
vy
We also define
V= H" N HY(R?),

so that L2(R?) and H'(R?) are decomposed as the following direct sums:

LR = PH" and H'R®RY) = PV, (4.16)

meZ meZ

each H™ being H'MY su-stable (in the sense of unbounded operators) for W cylindrically
symmetric. This is due to the fact that, for W being cylindrically symmetric, the operator

H;Iﬁﬁw commutes with L,. Note that J(H;PJI\%W) = U 0 (Hg}]I\I;ﬁW’Hm>' Same argu-

H LDABW under the assumption that the ground state density po ?VD;W

is cylindrically symmetric (which is the case whenever it is unique).

ments hold true for

With the new decomposition defined in (4.16), the ground state density matrix ’yo rHE/LDA

can be written as

rHF LDA
v 3 O @], (4.17)

0,rHF /LDA
(m,k) e kﬁfz N,F
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0,'HF /LDA .

where e?n i 1s the k-th negative eigenvalue of the Hamiltonian H,’y in the subspace
H™, (cI)ETOL)k) is an L%-orthonormal family of associated eigenvectors (HZO:;\I,{F/ LDA(I)SE?]C =

60 (I)(O) (CI)(O) (I)(O)

e Lok )12 = Omum/Okks ), while 0 < n(o)k < 2 is the occupation number of

m,k> = m’ K’ m,

the orbital q>7(72?k' Let us denote by

O, n = {(m, k) eZx N &, < egjﬁg/LDA} (4.18)

)

the set of indices (m, k) such that the eigenfunction associated to the k-th lowest eigenvalue
(counting multiplicity) in the V™ subspace is an occupied orbital (i.e n® # 0). By

m,k
convention, we take €9n7k = min Uess(Hg’j\I,{F/ LDA|Hm) =0if HS’,;\EIF/ LDA|Hm has at most
(k — 1) negative eigenvalues.

We are interested in the Stark potential
WStark(r) = —€z T, (419)

which does not belong to C’, and thus does not fall into the scope of Theorem 42. We
therefore introduce the classes of perturbation potentials

W2
Ws:_{WGHOOC /’<oo},
ol o (4 )

where ’H?OC =H'N L%OC(R?’), which contain the Stark potential Wgiay whenever s > 5/2.
For W € W, \ C’, the energy functional (4.11) is not necessarily bounded below on Ky for
B # 0. Thus the solution of (4.12) may not exist. This is the case for the Stark potential
Wstark.- However, the k-th order perturbation may exist, as this is the case when the linear
Schrodinger operator of the hydrogen atom is perturbed by the Stark potential Wsgapi (see
e.g [69]). The following theorem ensures the existence of the first order perturbation of the

density matrix.

Theorem 43 (First order perturbation [25]). Let z € R%, 0 < N < z, such that eg’ﬁg <

0,! s€ R and W € W,. In the rHF framework, the first order perturbation of the density

matric fyilj)\}rtl,{VF is well defined in &y 5.

4.3 Numerical method

In this section, we will present the discretization method and the algorithms used to cal-
culate numerically the ground state density matrices for (4.8), (4.9) and (4.12) for cylin-
drically symmetric perturbation potentials W, together with the minimum energy and the
lowest eigenvalues of the associated Kohn-Sham operator. From now on, we make the
assumption that the ground state density of (4.12), if it exists, is cylindrically symmetric
which is always the case for the rHF model. Using spherical coordinates, we can write

+oo
W(r.0) =) Wiy (0) e H°
=0

'Note that, egj\l,ﬂ; < 0 whenever 0 < N < z (see e.g. [81]).
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(since Y, is independent of ¢, we use the notation Y,°(6) instead of Y,°(6,)). As the
ground state density p, ny gw is assumed to be cylindrically symmetric as well, one has

+00
pzNpw (. 0) = Z pznpwa(r)Y2(0).
1=0

The Hartree and the exchange-correlation potentials also have the same symmetry. For
p € LY(R3) N L3(R3) NHO, we have

+00 +oo
VE(p)(r,0) = > _VX(r)Y2(0), and  vye(p)(r,0) =Y (03 )u(r)Y,2(0),
=0 =0

where, for each [ > 0, VpPlI (r) solves the following differential equation

1 d? I(l+1
— V) + (Tg )Vplf=47fpl

with boundary conditions

roo0t Pl r—+o0

+oo
lim 7VHA(r) =0 and lim erI:I(r) = <47r/ 2 po(r) dr) 10,
0
while (v;‘c)l can be computed by projection on the spherical harmonics YZO:

(W) (r) = 2 /0 " () (. 0)Y,2(8) sin 0.

4.3.1 Discretisation of the Kohn-Sham model

Recall that for W € W, and § # 0, the energy functional defined by (4.11) is not
necessarily bounded below on Ky, which implies in particular that (4.12) may have no
ground state. Nevertheless, one can compute approximations of (4.12) in finite-dimensional
spaces, provided that the basis functions decay fast enough at infinity. Let N, € N* and
mp, > m} := max{m|3k > 0; eg%k < 62,N7F}, and let {X;}i1<i<n, € (H3(0,+oo))Nh be a
free family of real-valued basis functions. We then introduce the finite-dimensional spaces

X,
phm . — Y™ A span < z(T)Y,m(e, ¢)> C HY(R?)
r 1<i< Ny,
Iml<I<my,
and
X" = span(Xy, - - - ,XN,) C HE(0,400),
and the set

mp,
Knp = {fy eKn| = Z y" 4™ e S(H™), and Ran(y™) C Vh’m} C Kn.

m=—mp,
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Ny

)

Variational approximation

A variational approximation of (4.12) is obtained by minimizing the energy functional
(4.11) over the approximation set Ky :

fﬂﬁLDAWW) = inf {ESJI\E/LDA(’WBW); Th € /CN,h} . (4.20)

Any v;, € Ky, can be written as

Th = ) T e Phm ) (P k] (4.21)

—mp<m<myp,
1<k<(mp,—|m|+1)Ny,

with

h
P €V, / Ph ik Phomgr = Okkrs 0 < <2, Z Nk = V.
R3

—mp<m<myp
1<k<(mp —|m|+1)Np,

The functions ®,,, 1 being in Yhm they are of the form

mp uh,m,k(,r_)
‘ph,m,k(r?ea ()D) = Z 4

I=|m)|

Y™ (0, ), (4.22)

where for each —myp < m < mp, 1 <k < (mp—|m|+1)Np and |m| <1 < my, u?mk c xh,
Expanding the functions u?’m’k in the basis (X;j)1<i<n, as

Np
u ™ () = U (), (4.23)
=1

and gathering the coefficients Ui";’k for fixed m and k in a rectangular matrix U™F €

RNw*(ma=ml+1) “any ~, € K, can be represented via (4.21)-(4.23) by at least one element
of the set
MN,h = uN,h XNNJ“ (4.24)

where

uN,h — {(Um,k) iy <m<my, ‘ Um,k e ]RNhX(7rzh—|m|—&—1)7 Tr ([Um,k]TMOUm,k') _ 5kk’} ’

1<k<(myp, —|m|+1)Np,

and

= (nm,k) —mp<m<m;, > 0 <Ny <o < N, (my, —|m|+1) Ny, <2 Z N,k = N

<k< _
1<k<(mp,—|m|+1)Np, —mp<m<my,

1<k<(myp, —|m|+1)Np,

The matrix My appearing in the definition of Uy, is the mass matrix defined by

+00
[Molij = X Xj,
0
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and the constraints Tr ([U™*]T MoU™*') = s come from the fact that

* oo h mk‘X( ) m - mk X * 2
R 8 UZ e RN DY Z yl/ (0)* | r2dodr

"Ll l/ |m|7,1

mp
=3 Z FIMoli U = T (U™ MoU™*).

I=|m|,5=1

Remark 44. An interesting observation is that, if there is no accidental degeneracy in

0, rHF JLDA

the set of the occupied energy levels of H’ , and if the occupied orbitals are well

enough approzimated in the space V™, then the approzimate ground state density matriz

’ySZﬁ?LDA has a unique representation of the form (4.21)-(4.23), up to the signs and the

numbering of the functions u?’m’k, that is up to the signs and numbering of the column vec-
tors of the matrices U™ . By continuity, this uniqueness of the representation will survive
if a small-enough cylindrically-symmetric perturbation is turn-on. This is the reason why
this representation is well-suited to our study.

Let us now express each component of the energy functional E’ZI}F’LDA (Y, BW) using
the representation (4.21)-(4.23) of the elements of Ky 5. For this purpose, we introduce
the Np x Nj, real symmetric matrices A and M,,, n = —2, —1,0, 1 with entries

+00 +o0
Aij = . X’L/X], and [Mn]ij == A ’I“nXi(T‘)Xj (’r‘) dr. (425)

The weighted mass matrices M_s and M_; are well-defined in view of the Hardy inequality

1 +o00 UQ(T) +o00 )
Vu € Hy (0, +00), / 5 dr < 47r/ |u'|”.
0 r 0

We assume from now on that the basis functions X; decay fast enough at infinity for the
weighted mass matrix M; to be well-defined.

In the representation (4.21)-(4.23), the kinetic energy is equal to

1
STr (=) = 5 3 ton e (T (U7 AU™) 4 T (DU M7 MU ) )
1gk£$’;§%§ﬁf‘xwh

where D,, € R(mr=lml+1)x(mn—[m|+1) i the diagonal matrix defined by
D,, = diag(|m|(|m|+1),--- ,mp(mp + 1)). (4.26)
All the other terms in the energy functional depending on the density

Ph = Py = > Mo o | @ i (4.27)

—mp<m<mp,
1<k<(mp,—|m|+1)Nyp,
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we first need to express this quantity as a function of the matrices U™ and the occupation
numbers n,, ;. As the function pj, is in HO, we have

2myp,
pu(r,0) = o (r)Y(6). (4.28)
=0
Inserting (4.22) in (4.27), we get
2
mp uh,m,k(r)
p(r0)= Y k| D Y (09)| (4.29)
—mp<m<my, I=|m|
1<k<(mp—|m|+1)Np,
We recall the following equality [72]
li+lo
DO = GO =Y Y (4.30)

I3=|l1—12]

o _(_1)m\/(211+1)(212+1)(213+1) Loy I3\ (L Iy I3
lila)ls — At m —m 0 0 0 0)°

where < bl > denote the Wigner 3j-symbols. Inserting the expansion (4.23) in
mp M2 M3

(4.29) and using (4.30) and the fact that

with

(ll Iy l3> =0 wunless [l3 —lo| <3 <11 +1o,
mi1 M2 M3

we obtain
2mh Nh Mp
m,kyrm,k XZ(T) Xj(T) 0
=3 | S X e 3 e | MO8 e
1=0 | 4,j=1 —mp<m<my, VV'=Im|

1<k<(mp—|m|+1)xX Ny,

from which we conclude that

Nh mp
h m,kyrm,k XZ(T) Xj(?")
p(r) = E E Nom, ke § , le”,le‘,Z' Uj,l” r o
i,5=1 —mp<m<my, U =|m|

1<k<(mp —|m|+1)xX Ny,
For 0 < < 2my,, we introduce the matrix R; € RV»*Nn defined by

R = > N U™ ECHm [k T (4.31)

—mp<m<my,
1<k<(mp —|m|+1)x Ny,
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where Cb™ e ROmn—lml+D)x(mr—lml+1) j5 the symmetric matrix? defined by

V!m\ < l < mp, Cll/”rlr/l/ =Vdr Cﬁl”,l’ (432)
so that
2my,  Np, X(T)
) 12 2y0(). 4.33
)= = > X a2 E0) (43

Note that C%™ is the identity matrix, so that

Ry = Z nm,kU7ml€ [Um7k]T

—mp<m<mp,
1<k<(m}, —|m[+1)x N},

and
Tr (MoRy) = > Nk Tr (MoU™ R UMK T = > Nt = N,
—mp<m<my —mp<m<mp
1<k<(mp —|m|+1) X Ny, 1<k<(mp —|m|+1) X Ny,

and that C1™ is a symmetric tridiagonal matrix whose diagonal elements all are equal to
Zero.

The Coulomb attraction energy between the nucleus and the electrons then is equal to

P ! D& X(r)
—z — =z - Ry);, Y(o) | r2drdo
r3 |- /0 /Szr N IZ;Z;I Wy r 1 (o)
00 2my, N,
(S A0 ) s
0 s2 T 1=0 i,j=1 l Y " " : ’

h
=—2 Y [Rolij[M1]ij = —2Tr (M_1Ry),
ij=1
where we have used the orthonormality condition (4.15) and the fact that Y7 = \/%.
Likewise, since Y{*(6) = /- cos(6), the Stark potential (4.19) can be written in spher-

ical coordinates as
/4 14
Wstark (7, 0) ITY1 - gﬂ/lo(‘g)*a

and the potential energy due to the external electric field is then equal to

1
Wstark = ———= [R1]i;[ M) i = ———=08Tr (M1 Ry).
B/RSPh Stark \fﬁdz1 )i [Mil; \/§5 (MiRy)

2The symmetry of the matrix C'™ comes from the following symmetry properties of the 3j-symbols:

bl 3 = (—1)lrtiatis b L 13 — (1)tiats l2 h Is
mi1 M2 Mms me M1 M3 —ma2 —mi —ms3 ’
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Let 1 be a radial, continuous function from R? to R vanishing at infinity and such that
f]RS 1= 1. The Coulomb interaction energy can be rewritten as follows:

%D(ph,ph) = %D (Ph - (/R& ph> 1 P — (/]Rd ph> u) +ND(u,ph)—N22D(u,u)- (4.34)

The reason why we introduce the charge distribution p is to make neutral the charge

distributions pp, — (fR3 ph)  in the first term of the right-hand side of (4.34), in such a way

that the physical solution Qg g, to the equation (4.37) below for [ = 0 is in H} (0, +00).
Introducing the real symmetric matrix V,, € RN»*Nn with entries

+oo
Vi = /0 (VA (0)](re) (1) X; (r) dr, (4.35)

where e is any unit vector of R? (the value of V(y)(re) is independent of e since V1 (p)
is radial) the sum of the last two terms of the right-hand side of (4.34) can be rewritten as

N2 N2
ND(p, pn) = = D(p p) = NTr (Vi Ro) — —-D(u, p).-

Vi(py) = V1 <Ph - </R3 ph> M) :

we have by symmetry VH(p,) € H° and

Denoting by

2mp,

2mp,
V5 enltr0) = 3 Tlo ¥ (0) = 3 Ay )
=0

where @ g, is the unique solution in Hol(O, +00) to the differential equation

d*Qu.r l(l —l— 1) Xi(r);(r)
gy (M Qur,(r) = dar f Z i |~ VA
(4.36)
Note that the mappings R; — @ g, are linear. We therefore obtain
PR SE [ (% DG 2 a
2 I Ty Ly dr p2z bR
N2
Finally, the exchange-correlation energy is
+o00 th Nh (7")
E.(pn) = 27r/ / xc = Z Z I22Y0(0) | r?sinfdr dh. (4.38)
l 014,9=1 "
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Approximation of the Hartree term

Except for very specific basis functions (such as Gaussian atomic orbitals), it is not possible
to evaluate exactly the first contribution to the Coulomb energy (4.37). It is therefore
necessary to approximate it. For this purpose, we use a variational approximation of
(4.36)-(4.37) in an auxiliary basis set {Cp}lgpgNh,a € (HE(0,+00))Nma, which amounts to

replacing %D(ph, pr) by its lower bound

ID 1 +oo dQlRl ’ I(+1) 2| 4
3Dsonon) 5= | [ Ly ) 4 DOl 02 | ar

8T
N2
where QZRZ is the unique solution in ¢" = span((1,- -+, (n,_,) to the problem
too (dQr e duy, I(1+1)
e, | (d;l(r)dm D g () ) ar

+oo (r
:471/0 r \/ZE Z Ry JX( iX( ) — Nu(r)dy | vp(r)dr,

1,j=1

which is nothing but the variational approximation of (4.36) in the finite dimensional space
¢". Expanding the functions Q/ R, in the basis set {(x}<pep, . a8

Nha

Qr ‘ry (7 Z QpaCp(r)

and collecting the coefficients @p,;, 1 < k < Nj,, in a vector @Q; € RNra | we obtain that
the vector @); is solution to the linear system

(A* + UL+ 1)M?y) Q= 47 (F : Ry — N§,oG), (4.40)
where the N, 5 X Nj, , real symmetric matrices A* and M?, are defined by
oo 20 G (r)Gy(r ) 4
M= [ GG = [ g (4.41)
0 0
where F € RNnaXNoxNu g the three-index tensor with entries
1 T X (1) X
Fpij — / Z(T) ](T)Cp(r) dT, (442)
Var Jo r
and where G € RVra is the vector with entries
+00
Gp :/ ru(r)Cp(r) dr. (4.43)
0

Note that since N = Tr (MyRy), the mappings R; — @ are in fact linear. We finally get

th 2

 Dulonn) = r 2 Q4 (4 DM@+ VTV, Ro) D), (444)

where @) is the solution to (4.40).
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Final form of the discretized problem and Euler-Lagrange equations

We therefore end up with the following approximation of problem (4.1):

N PA(BW) i=inf {sfﬁgwf*(wmk) (No))s (U™ o <<y € Ui,

1<k<(mp—|ml+1)Ny,

(nm,k) —mp<m<m;, € NN’h}' (4'45)
1<k<(mp—|m|+1)Ny,
where
*HF /LDA | /7 7m 1 " " " "
—mp<m<my,
1<k<(myp,—|m|+1)Np,
2mp,
1 T/ 1a a
= 2Tr (M_yRo) + ¢ >~ QF (A +1(1+ 1)M?,)Q1 + N'Tr (VuRo)
=0

2

— N7D(,u, M) + Exc(ph) - ngr (MlRl)’

where for each [, the matrix R; and the vector @) are respectively defined by (4.31) and
(4.40), and where the last but one term in the right-hand side is given by (4.38).

The gradient of IrHF/ LDA (BW) with respect to U mk g

r 1
Vymr€ln 4o —2nmk( AU™ 4 S M_oU™ Dy — 2M U™ 4 NV, U™
th 2mh B
+ . Um k:Cl m + VlcUm,kCl,m - M Um,kcrl,m> ’
> o > S

where for each 0 < 1 < 2my, the Nj, x Nj, real matrix V. is defined by

Np,

Feo Xi(r)X;(r ,
cij = \F/ / Uxe [Rl]i,jw X;(r) X (r)Y2(0) sin 6 dr do,
4j= 1
(4.46)
where vy (p) = ds—;‘f(p) is the exchange-correlation potential.

Diagonalizing simultaneously the Kohn-Sham Hamiltonian and the ground state density
matrix in an orthonormal basis, we obtain that the ground state can be obtained by
solving the following system of first-order optimality conditions, which is nothing but a
reformulation of the discretized extended Kohn-Sham equations exploiting the cylindrical
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symmetry of the problem:

2mh

1 1
5AUch + §M_2Um’kDm — 2M_ U™ + NV,U™ 43 Q] - F)(U™* ch™)
=0
2mp, 1
+ Z V)chm,kCl,m - 7B]\41[]m,lccvl,m _ Em7kM0Um’k, (447)
=0 3
Tr ([Um’k]TMoUm’k/) = Ok (4.48)
(A* + 11+ 1)M?5) Q= F : R — Tr (MoRo)d10G, (4.49)
+o0o ™ 1 Nh X(T’)X(T)
Vi =T / / Uxe | —F— [Ry)i; =512 ) Ay(r) X (r)Y,2(0) sin@drdf,  (4.50)
clv) 0 0 \/E iJZ:1 J r2 J l
Nk = 2 if €Emk < €F, 0< N ke < 2 if €mk = €F, Mupk = 0if €m,k > €F, (4.51)

> e = N, (4.52)

—mp<m<mp
1<k<(mp —|m|+1)Np,

R = > N U™ FCEMUmHFT (4.53)

—mp<m<mp
1<k<(mp—|m|+1)Np,

where the matrices A, M_o, M_y, My, My, Dy, V,, A%, M?,, C“™ the 3-index tensor F
and the vector G are defined by (4.25), (4.26), (4.32), (4.41), (4.42), (4.43).

P4-finite element method

In our calculations, we use the same approximation space to discretize the radial compo-
nents of the Kohn-Sham orbitals and the radial Poisson equations (4.36), so that, in our
implementation of the method, IV}, , = N}, and xXh = Ch. We choose a cut-off radius L, > 0
large enough and discretize the interval [0, L¢] using a non-uniform grid with Ny + 1 points
0=mr <ryg<---<rn, <rn+1 = Le. The positions of the points are chosen according
to the following rule:

1—s

- 1 — sN1 Le, Ty = shi,

Ty = rg—1 + hi, hn,

where 0 < s < 1 is a scaling parameter leading to a progressive refinement of the mesh
when one gets closer to the nucleus (r = 0). To achieve the desired accuracy, we use the
P4-finite element method.
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All the terms in the variational discretization of the energy and of the constraints can be
computed exactly (up to finite arithmetics errors), except the exchange-correlation terms
(4.38) and (4.46), which requires a numerical quadrature method. In our calculation, we
use Gauss quadrature formulas of the form

+oo  pm +oo 1
/ / J(r,0)sin€drdd = / / f(r,arccosty) dr dte
0 0

Ny Ngr

~ Z Z Z hiw;yw;o f (1 + hitir, arccos(tjg)),

k=1 i=1 j=1

where the 0 < t1, <--- <tn,,» <1 (resp. =1 <t1p<---< INg 0.0 < 1) are Gauss
points for the r-variable (resp. for the tp-variable) with associated weights wy ,,- -+, w Ng.r7
(resp. wyg, - ,ngyg’g).

More details about the practical implementation of the method are provided in Ap-
pendix.

4.3.2 Description of the algorithm

In order to solve the self-consistent equations (4.47), we use an iterative algorithm. For
clarity, we first present this algorithm within the continuous setting. Its formulation in the
discretized setting considered here is detailed below. The iterations are defined as follows:
an Ansatz of the ground state density p™ being known,

1. construct the Kohn-Sham operator

1 z
g = —58 - B + VI + vy (p") + W

where vy, = 0 for the rHF model and vy = vLDA for the Kohn-Sham LDA model;

2. for each m € Z, compute the negative eigenvalues of Hy, = = I1,,, H11,,,, where II,,
is the orthogonal projector on the space H":
+1 +1 +1 [n+1]* | [n+1]
HL?%LZ,k} ,[Zk}é[ﬁ,k]v / ¢n | 7214;/ = Ok

3. construct a new density

an—&-l] _ Z n+1]|¢n+1 |

m,k
where
n[an’;l] =2 if 6£Z+1] < e%”l],
0< n["ﬂ} <2 if EEZ;H = e%””, and Z nmj;” = N;
LI ) i
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4. update the density:
n n+1 n
b1 = gl (1 — g, 0,

where t,, € [0, 1] either is a fixed parameter independent of n and chosen a priori, or
is optimized using the Optimal Damping Algorithm (ODA), see below;

5. if some convergence criterion is satisfied, then stop; else, replace n with n+ 1 and go
to step 1.

In the non-degenerate case, that is when e%n s not an eigenvalue of the Hamiltonian

H" | the occupation numbers ngzn are equal to either 0 (unoccupied) or 2 (fully occu-

pied), while in the degenerate case the occupation numbers at the Fermi level have to be
determined. We distinguish two cases: if W = 0, or more generally if W is spherically
symmetric, and if egb 1 is not an accidentally degenerate eigenvalue of H™, then the
occupation numbers at the Fermi level are all equal; otherwise, the occupations numbers
are not known a priori. In our approach we select the occupation numbers at the Fermi
level which provide the lowest Kohn-Sham energy. When the degenerate eigenspace at the
Fermi level is of dimension 3, that is when the highest energy partially occupied orbitals
are perturbations of a three-fold degenerate p-orbital, the optimal occupation numbers
can be found by using the bisection method since, in this case, the search space can be
parametrized by a single real-valued parameter (this is due to the fact that the sum of
the three occupation numbers is fixed and that two of them are equal by cylindrically
symmetric). In the general case, more generic optimization methods have to be resorted
to.

In the discretization framework we have chosen, the algorithm can be formulated as
follows.

Initialization.

1. Choose the numerical parameters my, (cut-off in the spherical harmonics expansion),
L. (size of the simulation domain for the radial components of the Kohn-Sham or-
bitals and the electrostatic potential), Nj (size of the mesh for solving the radial
equations), Ng, (number of Gauss points for the radial quadrature formula), Ngg
(number of Gauss points for the angular quadrature formula), and € > 0 (convergence
threshold),

2. assemble the matrices A = A*, M_o = M?,, M_y, My, M, chm, V), and the vector

G. The tensor F' can be either computed once and for all, or the contractions F : Rl[n}
can be computed on the fly, depending on the size of the discretization parameters
and the computational means available;

3. choose an initial guess (RI[O])Dglg?mh for the matrices representing the discretized
ground state density at iteration 0 (it is possible to take R; = 0 for all [ if no other
better guess is known).

Iterations. The matrices (Rl[n])oglgzmh at iteration n being known,

1. construct the building blocks of the discretized analogues of the operators HT[Z]. For
this purpose,
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2

solve, for each [ =0, --- ,2my, the linear equation

(A* +1(1 + 1)M™,) Q" = 4 <F R — NalOG>

xc,[n]

assemble, for each [ = 0,---,2my, the matrix V,

quadrature rules

Ny Ng,r Ng,@

Linl1 § E E L
k) q7 2 bl
[‘/XC ]U \/77- hkwp rWw efz](rk + hktp ratq 9)7

k=1 p=1 g=1
where

mp  Np

Uxc \/—ZZ Rl i,j

=0 3,5=1

fz’lj(rv tg) = ( )Yo(arccos tg)

2. solve, for each —my < m < my,, the generalized eigenvalue problem

2myp,

AUm K, [n+1] + M Um Jk, [n+1]D — M. U’m K, [n+1] + NV U K, [n+1] + Z l['fl]T )

=0

2mp,
Z Vl [n] Ums k [n+1}Cl m _ /B?)MlUm,k,[n-i-l]Cl,m _

T ([Um’k’[n+1]]TM[)Um’k/’[n+1]) — 6k,’k2’7

by means of use Gauss

Xi(r)&; (r)Y;°(arccos ty);

F) (Um,k7 [n+1] Cl,m)

e MU,

(4.54)

(4.55)

3. build the matrices R[ ntl using the Aufbau principle and, if necessary, optimizing the

. [n+1}
occupation numbers n, ",

leading to the lowest Kohn-Sham energy?:

R[[Z—‘rl] Z E?L-i];l} U™ Ky [n+1] Cl m[Um ke, [n+1]]
—mp<m<mp,
1<k<(mp,—|m|+1)Ny,
where
=2 if et < et
0< n[nﬂ} <2 if e[n—H] ?H] and Z n[mn;u = N;
o e =

by selecting the occupation numbers at the Fermi level

3In practice, this optimization problem is low-dimensional. Indeed, the degeneracy of the Fermi level

is typically 3

(perturbation of p-orbitals) or 5 (perturbation of d-orbitals) for most atoms of the first four

rows of the periodic table, and some of the occupation numbers are known to be equal for symmetric

reasons.

140



4. update the density:
W0 <1<2my, RV =t,R 4 (1 t,)R,

where t,, € [0, 1] either is a fixed parameter independent of n and chosen a priori, or
is optimized using the ODA, see below;

[n+1]

5. if (for instance) maxo<j<om, || - Rl[n} || < e then stop; else go to step one.

Note that the generalized eigenvalue problem (4.54)-(4.55) can be rewritten as a stan-

dard generalized eigenvalue problem of the form

H™V), = " IMV,,  VIMVy = 6, (4.56)

where the unknowns are vectors (and not matrices) by introducing the column vectors
Vj € Rmrt1=lmDNw and the block matrices

H™ e Rmat1=|m[)Npx(mp+1=|m[)Np and M e Rmat1=[m)Npx (mp+1=|m[)Np,

defined as
m,k,[n‘i’l] m ™m m m
v mlfm| | ] jmj 1 =1, | Hingmy,
m m m m
: g1l | Wi 1,jm)41 e 1my =1, | B 1my
Vy = . 7 "™ —
m m m m
) Hmhfl,lml Hmhfl,[m[Jrl Hmh—l,mh—l, Hmh—l,mh
Um,k, n+1 m m m H™
Mp mp,|m| mp,|m|+1 mp,mp—1, mp,Mp,
and

M = block diag(My,--- , Mp),
where each of the (my, — [m|+ 1) block HJ'}, is of size N}, x N, with

2mp,
1. I(l+1 (i .
V| <1 <mp, H}}= 2A+(2)M_2—zM_1+NVu+Z Crim (IR F+ Vi)
1"=0
2myp, : ] . B
Vim| <U#£U <mp, H=Y Y ([Qlff 17 F+ V,fcv[nl) — %clvalau_l,‘,l.

1"=0

If 8 = 0 and if the density p" is radial, then R = 0 for all I € N*, and the matrix
H™ is block diagonal. The generalized eigenvalue problem (4.56) can then be decoupled
in (mp — |m| + 1) independent generalized eigenvalue problems of size Nj,. This comes
from the fact that the problem being spherically symmetric, the Kohn-Sham Hamiltonian
is block diagonal in the two decompositions

PRY=PH and L*R)=PH™

leN meZ

Let us conclude this section with some remarks on the Optimal Damping Algorithm
used to find an optimal step-length ¢,, to mix the matrices an
(ODA) [20, 19], used to find an optimal step-length ix th ices R and RI™
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in Step 4 of the iterative algorithm. This step-length is obtained by minimizing on the
range t € [0, 1] the one-dimensional function

PN ErHF/LDA ((1 _ t),_%[kn—&-l] n t'y[”],ﬁW> 7

where 71" is the current approximation of the ground state density matrix at iteration n

and [n+1] L1l [n+1]
n+1 n+1 n+1] n+1
e = Z |(I)hmk><q>hmk|
—mp<m<mp,
1<k<(mp—|m|+1)Np,
with

mp
@ﬁjﬁlk (r0.9)= > ZU’”’“ [n+1] )Ym(e ),
I=|m| i=1

A key observation is that this optimization problem can be solved without storing den-
RLn—i—l} L

sity matrices, but only the two sets of matrices RM = (Rl[n])()Sngmh and

(Rl[n:rl])OSZSth, and the scalars

El[(?l]l = Tr (—;A’y[”]>

and

1 Z 1] (Tr ([Um,k;,[n—&—l}]TAUm,k,[n—&—l])

m,k
—mp<m<mp
1<k<(mp —|m|+1) X Ny,

+Tr (Dm[Um’k’["+1]]TM_2Um’k’[n+ ”)) ,

Indeed, we have for all ¢ € [0, 1],

EINIPA (= 0 ™, 6w ) = (=) BB+ 7 (1 = R 4 eRP), 6w )
where the functional F*HF/EDA collects all the terms of the Kohn-Sham functional depend-
ing on the density only. When FEy. = 0 (rHF model), the function

PR ErHF/LDA ((1 _ t),)/in-&—l] +t7[”],ﬂW)

is a convex polynomial of degree two, and its minimizer on [0, 1] can therefore be easily
computed explicitly. In the LDA case, the minimum on [0, 1] of the above function of ¢
can be obtained using any line search method. We use here the golden search method [66,
Chapter 10]. Once the minimizer ¢, is found, the quantity El[{?r]l
relation

is updated using the

MY = (1 — )BT 1t B

kin kin,*
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4.4 Numerical results

As previously mentioned, we use in our code the same basis to discretize the radial com-
ponents of the Kohn-Sham orbitals and of the Hartree potential, that is (Xj)i<i<n, =
(Ci)1<i<n,, and the P4 finite elements method to construct the discretization basis.

We start this section by studying the convergence rate of the ground state energy and
of the occupied energy levels of the carbon atom (z = 6) as functions of the cut-off radius
L. and the mesh size N (see Section 4.3.1). The errors on the total energy and on the
occupied energy levels for the rHF model are plotted in Fig. 4.1 (for L. = 50 and different
values of Ny) and Fig. 4.2 (for Ny = 50 and different values of L. ), the reference calculation
corresponding to L. = 100 and N; = 100. We can see that the choice L, = 50 and N; = 50
provide accuracies of about 1 pHa (recall that chemical accuracy corresponds to 1 mHa).
Similar results are obtained for the Xa model.

2 T T T T T T T A T
— 1091 <6 -1

L 4 N 0 (0

2 ~ e okl 4|~ |
— T 0) (0

. — S 104 64|
“r ~— 7 e ©) 0

o togiel’} ¢} .1
~— 3 e

Figure 4.1 — Error on the total energy (left) and the occupied energy level (right) of the carbon atom for the rHF
model as a function of the cut-off radius L. for a fixed mesh size Ny = 50 (the reference calculation corresponds to
Le =100 and Ny = 100).

0 T T T T T 1

T T
O 0
logle} <6
s i L {0, 0 ]
1 0 10gIe%p ek | -
0 O
loglefd s <64,..|

©) 0

2 i a b
- logler,t p -&1,1,0.|

8L ~ 1 pan

9 L L L L L 8 L L L L L L L
13 14 15 16 1.7 18 19 1 1.1 1.2 13 14 15 16 17

Figure 4.2 — Error on the total energy (left) and the occupied energy level (right) of the carbon atom for the rHF
model as a function of the mesh size Ny, for a fixed cut-off radius L. = 50 (the reference calculation corresponds to
Le =100 and Ny = 100).

4.4.1 Electronic structures of isolated atoms

We report here calculations on all the atoms of the first four rows of the periodic table
obtained with the rHF (Section 4.4.1) and X« (Section 4.4.1) models respectively.
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Occupied energy levels in the rHF model

The negative eigenvalues of H*!F for all 1 < 2z < 54 (first four rows of the periodic table)
are listed in the tables below. The results for 1 < z < 20, 27 < z < 39, 42 < z < 45 and
48 < z < 54 correspond to L, = 50 and N; = 50 (these values are sufficient to obtain
chemical accuracy). The remaining atoms are more difficult to deal with because the Fermi
level happens to be an accidentally degenerate eigenvalue associated with

e the 4p and 3d shells for z = 21 and z = 22;

e the 5s and 3d shells for 23 < z < 26, with a Fermi level very close (or possibly equal)
to zero;

e the 5p and 4d shells for z = 40, with a Fermi level very close (or possibly equal) to
Z€ero;

e the 6s and 4d shells for z = 41 and z = 42, with a Fermi level very close (or possibly
equal) to zero;

e the 5s and 4d shells for 2z = 46 and z = 47.

0,rHF
2|€z,rz,F ‘

Since the radial component of the highest occupied orbital typically vanishes as e

if 62’5\1,{5 < 0 and algebraically if eo’rHFF =0, we used L, = 200 and N; = 100 for the atoms

for which the Fermi level is Veryzglose or possibly equal to zero. In the next version of
the code, we will implement Robin boundary conditions to deal with these cases. When
the accidental degeneracy involves an s-shell and since the density is radial, the problem
of finding the occupation numbers at the Fermi level reduces to finding a single parameter
to € [0, 1], which encodes the amount of electrons on the upper s-shell. In other word, one

can write
0,rHF

pz,z = pPf + tOpS + (1 - t()),Od,
where p; is the density corresponding to the fully occupied shells, and where ps and pq are
densities corresponding to the accidentally degenerate s and d shells. Using the same trick
for accidentally degenerate p and d shells, we manage to obtain a self-consistent solution
to the rHF equations, which is necessarily a ground state since the rHF model in convex
in the density matrix.

Hydrogen and Helium:

z 1s

-0.046222441
-0.18488978

First row:

1s [ 2s [ 2p ]
-1.20270301 -0.01322136
-2.90243732 -0.04372294 -
-5.40709672 -0.16484895 -0.00228929
-8.55573207 -0.26568197 -0.01204656
-12.39017752 -0.38469911 -0.02731211
-16.91253830 -0.52288300 -0.04728083
-22.12352496 -0.68047933 -0.07166353
-28.02348145 -0.85759726 -0.10342071

S| ©| 0o ~i| f onf [ cof | &

Second row:
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Third row:

[ z [ 1s 2s 2p [ 3s 3p
11 -35.06531327 -1.45387137 -0.51433947 -0.01247334 -
12 -42.96317835 -2.16934853 -1.03789169 -0.03403618 -
13 -51.83361292 -3.11883641 -1.78980637 -0.13539872 -0.00236049
14 -61.53217897 -4.16012798 -2.62905505 -0.20880306 -0.01076743
15 -72.08395183 -5.31952891 -3.58242198 -0.28419984 -0.02343144
16 -83.48974606 -6.59848973 -4.65155127 -0.36358542 -0.03974632
17 -95.74953576 -7.99740416 -5.83693061 -0.44762885 -0.05940137
18 -108.86319120 -9.51643491 -7.13877263 -0.53666989 -0.08223377

[ z [ 1s [ 2s [ 2p [ 3s [ 3p [ 4s ]

[19]-123.09371155]-11.41336398 | -8.81578407 [-0.86617519]-0.32610851 [-0.00949680 |
[20[-138.23385507 | -13.47856459 | -10.65883777 | -1.22593632 | -0.59655446 | -0.02427523 |

[z] 1s T 25 T 2p ] 3d  [to on 3d]

[21]-154.3586]-15.7853]-12.7415-1.6900]-0.9696[-0.0864[-0.0026]-0.0026 ] 0.028 |
[22]-171.131 [-17.9548[-14.6900 [-1.9168-1.1152]-0.0082[-0.0005 [-0.0005[ 1.5380 |

3s [ 3p [ 4s [ 4p |

3d

-0.00044
-0.00020
-0.00005

0.00006

[z]
23
24
25
26

1s [
-188.7708
-207.2745
-226.6420
-246.8743

2s [
-20.2407
-22.6427
-25.1593
-27.7923

2p [
-16.7539
-18.9327
-21.2249
-23.6325

3s [
-2.15109
-2.3922
-2.6388
-2.8922

3p [
-1.26708
-1.4240
-1.5844
-1.7496

4s [
-0.07796
-0.0702
-0.0638
-0.0582

5s [
-0.00044
-0.00020
-0.00005
0.00006

[ tp on 5s ]
0.1689
0.1028
0.0566
0.0214

[z]
27
28
29
30

1s [
-267.97358
-289.94359
-312.78011
-336.48291

2s [
-30.54466
-33.42047
-36.41574
-39.53046

2p [
-26.15796
-28.80557
-31.57124
-34.45490

3s [
-3.15500
-3.43107
-3.71624
-4.01038

3p [
-1.92170
-2.10456
-2.29392
-2.48957

4s [
-0.05437
-0.05459
-0.05539
-0.05646

3d |
-0.00119
-0.00722
-0.01370
-0.02026

[z

[ 1s 2s [ 2p 3s 3p [ 3d [ 4s 4p ]

31

-361.30915373|-43.03685995 [-37.72686012|-4.57587907 [-2.95111519 |-0.26410850 |-0.16513180 |-0.00225054

32

-387.03964375|-46.71169384 -41.16430511|-5.18276103 | -3.44948249 |-0.53374871 |-0.22933666 [-0.01054116

33

-413.70410266 |-50.58386786 [-44.79632026 |-5.85675241 [-4.01109639 [-0.86072524 |-0.29329191 [-0.02257476

34

-441.29732764 |-54.64718844 |-48.61688712|-6.59013132|-4.62885611 |-1.24022451 |-0.35879526 [-0.03741385

35

-469.81532351 |-58.89678392 (-52.62128841 |-7.37731085|-5.29767763 |-1.66831339 |-0.42619337 [-0.05462542

36

-499.25546693 |-63.32932357 [-56.80632165 |-8.21464148 [-6.01429770 |-2.14232300 [-0.49563869 |-0.07399144

Fourth row:

(=]

1s

[ 2s [ 2p [ 3s [ 3p [ 3d [ 4s [ 4p [ 5s

[

5p ]

37

-529.82601790

-68.15068857 [-61.37833545 | -9.30643156 |-6.98331877|-2.86700686 |-0.76009595 |-0.27190798

-0.00873608

38

-561.33920001

-73.17198115 |-66.14866074 |-10.46284560 [-8.01515628|-3.65305106 [-1.03266673 |-0.47589319

-0.02158602

39

-593.86428446

-78.46184644 |-71.18601398 |-11.75196775 |-9.17808919|-4.56895864 |-1.38316482 |-0.75715385

-0.07643896

-0.00257626

[z

[ 1s [ 2s [ 2p [ 3s [ 3p [ 3d [ 4s [ 4p [ 5s [ 5p [ 4d [to on 4d]

[40][-627.1736]-83.7796 | -76.2511 | -12.9368 | -10.2352 | -5.3771 | -1.

5820]-0.8924]-0.0736]-0.0004]-0.0004] 1.603_|

(=]

1s [ 2s [ 2p [ 3s [ 3p [ 3d [ 4s [ 4p [ 5s [ 6s [ 4d [to on 6s]

[41]-661.3853]-89.2541 | -81.4718-14.1458 | -11.3153 | -6.2066 |

7642 ]-1.0128]-0.0626 ] -0.0001]-0.0001] 0.0079 |

[22

1.
[-696.5125 | -94.8971 | -86.8598 | -15.3909 | -12.4302 | -7.0694 | -1.9422 | -1.1300 | -0.0494 | 0.0001 | 0.0001 | 0.0076 |

(=]

1s

[ 2s [ 2p [ 3s [ 3p [ 3d [ 4s [ 4p [ 5s

[

4d ]

43

-732.56043462

-100.7181380[-92.42481893 |-16.68177062 |-13.58963868 | -7.97538494 |-2.12654690 |-1.25415793

-0.04455432

-0.00944404

44

-769.53351308

-106.7135989 [-98.16322266 |-18.01497015 |-14.79032927 | -8.92098014 |-2.31409507 |-1.38184648

-0.04320371

-0.02418577

45

-807.42521

-112.88068 -104.07219 -19.38777 -16.02955 -9.90351 -2.50245 -1.51046

-0.04269

-0.04081

[ z [ 1s [ 2s [ 2p [ 3s [ 3p [ 3d [ 4s [ 4p [ 5s [ 4d [to on 5s]
[46]-846.2173-119.1003 [-110.1229[-20.7717 |-17.2789 | -10.8943 | -2.6643 | -1.6133 ] -0.0384 [-0.0384 | 1.6723 |
[47] -885.906 | -125.660 | -116.341 | -22.192 | -18.564 | -11.910 | -2.824 | -1.714 | -0.033 | -0.033 | 1.353 |

(=]

1s

[ 2s [ 2p [ 3s [ 3p [ 3d [ 4s [ 4p [

4d

[ 5s

[

5p

48

-926.60969514

-132.40974761

-122.82066065

-23.74286025

-19.97783049

-13.07178064

-3.07367236

-1.90166791

-0.09671315

-0.04286172

49

-968.39851855

-139.49293764

-129.64090781

-25.50170538

-21.59919010

-14.43055667

-3.48770732

-2.25177074

-0.31074362

-0.13152493

-0.00244819

50

-1011.10988776

-146.75529247

-136.63892941

-27.30519988

-23.26432592

-15.83203278

-3.90095895

-2.59906146

-0.51756218

-0.18185504

-0.010597961

51

-1054.77491808

-154.22790173

-143.84587070

-29.18404362

-25.00398086

-17.30702665

-4.34350846

-2.97392511

-0.74975726

-0.23082157

-0.021622274

52

-1099.39181535

-161.90882447

-151.25984753

-31.13608167

-26.81603535

-18.85346237

-4.81292425

-3.37420604

-1.00615152

-0.28009664

-0.034651269

53

-1144.95872041

-169.79608757

-158.87893701

-33.15920544

-28.69841162

-20.46929504

-5.30700485

-3.79792519

-1.28524929

-0.33010152

-0.049319259

54

-1191.47425451

-177.88824165

-166.70173403

-35.25187508

-30.64959710

-22.15303866

-5.82421316

-4.24371893

-1.58593153

-0.38102733

-0.065446657
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Remark 45. Our numerical simulations seem to show that for all 1 < z < 54, there are
no unoccupied negative eigenvalues in the rHF model.

We end this section by the following figures, which back up the conjecture rHF atomic
densities are strictly decreasing radial functions of the distance to the nucleus.
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0.05 0 5 10 15 20 25 30 35 40 45 50

Figure 4.3 — The left figure is the plot of the densities of all the atoms 1 < z < 54 with non-accidental degeneracy
at the Fermi level, as a function of the distance to the nucleus, on the interval [0,0.05]. The right one is the plot of
the logarithms of those densities on the interval [0, 50] (with L. = 50.

Occupied energy levels in the Xa model

Recall that, in the Xa model, we have vy.(p) = —(%)%p% and Ey(p) = —32 (%)% Jrs p%, S0
that the exchange-correlation contributions must be computed by numerical quadratures.
We use here the Gauss quadrature method with Ny, = 15 and N, 9 = 30 (see Section 4.3.1).
The tables below provide the negative eigenvalues of the Kohn-Sham Xa Hamiltonian for
all the atoms of the first four rows of the periodic table. We observe that atoms z, with
23 < z < 28 and 41 < z < 44 have accidentally degenerate Fermi levels, the degeneracy
occurring in all cases between an s-shell and a d-shell (4s-3d for 23 < z < 28, 5s-4d for

41 < z < 44) . All the results of this section are obtained for L, = 50 and N; = 50.
Hydrogen and Helium:

z 1s

-0.19425006
2 | -0.51696819

First row:

[ z [ 1s [ 2s [ 2p ]
3 -1.82059688 -7.903269E-2 -0.01980414
4 -3.79318208 -0.17002882 -0.04568118
5 -6.50218508 -0.30537740 -0.10004190
6 -9.88411109 -0.45738266 -0.15795225
7 -13.94600837 -0.62884191 -0.22100492
8 -18.69081532 -0.82059960 -0.28951252
9 -24.12007582 -1.03296355 -0.36353478
10 -30.23473335 -1.26604957 -0.44305634
Second row:
[z ] 1s 2s [ 2p 3s 3p
11 -37.64758180 -2.00773745 -1.00602899 -0.07701608 -
12 -45.89700050 -2.84556771 -1.66130099 -0.14212957 -
13 -55.08056245 -3.87797891 -2.50729361 -0.25134003 -0.07177562
14 -65.10729333 -5.01701318 -3.45670306 -0.35912165 -0.11781396
15 -75.98288074 -6.26974906 -4.51657129 -0.47007048 -0.16667495
16 -87.70907634 -7.63874114 -5.68939939 -0.58562735 -0.21887553
17 -100.2866151 -9.12522188 -6.97637829 -0.70643843 -0.27456776
18 -113.7158648 -10.7298831 -8.37817028 -0.83284590 -0.33379865
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Third row:

[ z [ 1s [ 2s [ 2p [ 3s [ 3p [ 4s [ 3d ]
19]-128.33088855(-12.77542310(-10.21910630|-1.23313747 |-0.64663669 | -0.06446060 -
20(-143.84855797 [-14.98113891|-12.21828949 |-1.65584549 [-0.98139181(-0.11135946 -
21|-160.10133445|-17.14580897[-14.17782407 |-1.94114079 |-1.18677960 |-0.12562079 [-0.08993616
22(-177.19446604 |-19.39840741|-16.22419871|-2.21070037 |-1.37630293 [-0.13516712 |-0.12742135

[z ] 1s [ 2s [ 2p [ 3s [ 3p [ 4s [ 3d [ to onds |
23 -195.11079 -21.72028 -18.33888 -2.44810 -1.53340 -0.13684 -0.13684 1.80348
24 -213.87746 -24.14440 -20.55424 -2.68033 -1.68342 -0.13575 -0.13575 1.56344
25 -233.50874 -26.68762 -22.88689 -2.92165 -1.83995 -0.13474 -0.13474 1.36094
26 -254.00468 -29.35014 -25.33699 -3.17214 -2.00304 -0.13379 -0.13379 1.18853
27 -275.36533 -32.13213 -27.90468 -3.43191 -2.17274 -0.13292 -0.13292 1.04052
28 -297.59072 -35.03373 -30.59009 -3.70102 -2.34907 -0.13212 -0.13212 0.91251

[=z] 1s [ 2s [ 2p [ 3s [ 3p [ 3d [ 4s [ 4p ]
29(-320.71113046 |-38.08838872(-33.42631684 [-4.01075021 [-2.56269325 [-0.15772095 [-0.13853326 -

30|-344.88588666 |-41.47118261 [-36.58668322|-4.51985307 | -2.96945715 |-0.34823478 |-0.18536698 -

31(-370.08694818 [-45.14035375 [-40.03094135 |-5.18870626 | -3.53208119 |-0.68572747|-0.29087281 |-0.07062410
32[-396.20670224 [-48.99180349 |-43.65480075 [-5.90610365 | -4.13981877 [-1.06418169 [-0.38678393|-0.11469598
33[-423.24795332[-53.02694591 |-47.45990056 |-6.67318606 | -4.79450154 |-1.48714865 [-0.48133889 |-0.15888526
341-451.20940700|-57.24351130|-51.44413418 |-7.48771399|-5.49435363 |-1.95357905 -0.57651339 |-0.20426009
35(-480.08984982(-61.63957319 |-55.60570006 |-8.34791183 |-6.23792096 |-2.46234253 |-0.67311692|-0.25119926
36 |-509.88839450 [-66.21370906 | -59.94327472(-9.25254377 |-7.02419663 [-3.01257433 [-0.77157332|-0.29987488

Fourth row:

[=z] 1s [ 2s [ 2p [ 3s [ 3p [ 3d [ 4s [ 4p [ 5s [ 4d ]
37[-540.86299141 [-71.21967003 [-64.71130538 |-10.45230037 | -8.10401360 |-3.85483317|-1.08806572 [-0.54736605|-0.06148775 -
38|-572.77371002|-76.41823515 [-69.67048854 [-11.70829319 | -9.23867588 |-4.75086849 [-1.40702066 [-0.79807906 |-0.10273762 -
39[-605.53830731(-81.71901613|-74.73119930 [-12.93252908 |-10.34028964 |-5.61229300 [-1.65169456 |-0.98042181 [-0.12072164 |-0.07191940
40(-639.19811617 |-87.16714952|-79.93818365|-14.17103753 [-11.45501932|-6.48554899 [-1.87316127|-1.14187376 |-0.13103765|-0.11153445

[ z [ 1s [ 2s 2p [ 3s [ 3p [ 3d [ 4s [ 4p [ 5s [ 4d [to on 5s
41(-673.73| -92.74 | -85.27 |-15.40|-12.56| -7.35 | -2.05 |-1.27(-0.131|-0.131 0.43
421-709.14| -98.44 | -90.72 |-16.63|-13.66| -8.20 | -2.19 |-1.35| -0.11 | -0.11 0.49
431-745.47(-104.31| -96.35 |-17.90(-14.80| -9.10 | -2.34 |-1.43|-0.106 [-0.106 0.52
44 1-782.72|-110.36(-102.15|-19.20|-15.98|-10.03 |-2.482|-1.52|-0.091 [-0.091 1.58

[=z] 1s [ 2s [ 2p [ 3s [ 3p [ 3d [ 4s [ 4p [ 4d [ 55 [ 5p.

45| -820.92037210 [-116.61462706 |-108.16375469 [-20.58519414 |-17.23463593 [-11.03598845 |-2.66114841[-1.64573152[-0.10328896 - -

46| -860.04005143 [-123.04183023|-114.34293438|-22.00846063 |-18.52807961 |-12.07926430 |-2.84546201 |-1.77155380 |-0.11897024 - -

47| -900.22199578 |-129.79046984 |-120.84193123|-23.62015666 |-20.00902516 [-13.30887072|-3.17386649 |-2.03765069 |-0.25210378 |-0.12413645 -

48| -941.36800831 [-136.75927851 |-127.55983800 [-25.31799286 |-21.57523963 [-14.62254311 |-3.54347710|-2.34306170 [-0.42072334 |[-0.16782523 -

49| -983.53661310 [-144.00564974 |-134.55408885[-27.15937608 |-23.28414797 |-16.07767931 |-4.01092920 | -2.74459266 | -0.68157835 |-0.25392457|-0.07116224

50(-1026.64612079|-151.44937883|-141.74444883|-29.06302510|-25.05452546 |-17.59329598 |-4.49305138|-3.15921725|-0.95435554 |-0.33058463 | -0.11021256

51(-1070.70153266 |-159.09520245 |-149.13571744 |-31.03355268|-26.89101534 |-19.17406284 |-4.99473289|-3.59218268|-1.24495452|-0.40462751 |-0.14839056

52|-1115.70333560|-166.94345654 |-156.72827917 |-33.07120441 [-28.79389045 |-20.82027875 [-5.51644865 |-4.04419106 |-1.55433179|-0.47795434 [-0.18678349

53(-1161.65132530|-174.99385350|-164.52188686 |-35.17562866 |-30.76282361 |-22.53163992 |-6.05805748|-4.51525592|-1.88259825|-0.55138448 |-0.22581410

541-1208.54517097|-183.24602834 |-172.51621060 |-37.34641486 |-32.79742631 |-24.30777853 |-6.61934032|-5.00526767 | -2.22967177 |-0.62535460 | -0.26568953

4.4.2 Perturbation by a uniform electric field (Stark effect)

In this section, we consider atoms subjected to a uniform electric field, that is to an external
potential SWsgar with

WStark(r) = —€z'T,
or, in spherical coordinates,
4
Wtark(r, 0, ) = — 37"3/10(97 ).
~rHF /LDA

As already mentioned in Section 4.2.2, 7", (6Wstark) = —oo whenever 5 # 0, and the
corresponding variational problem has no minimizer. However, one can find a minimizer

Y € Ky to the approximated problem fiI}FQLDA(BWSth). The following figures are

147



the plot in the xy-plane of the density pj, multiplied by |r|? for the boron atom (z = 4)
obtained for different values of 3:
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Figure 4.4 — rHF case: the left figure is a plot of the density of an isolated boron atom. The other ones
are plots of the density of the boron atom subjected to a uniform external electric field, with coupling constants
B =10"3,10"2,10"1, respectively.
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Figure 4.5 — Xa case: The first figure is a plot of the density of an isolated boron atom. The other ones
are plots the density of the boron atom subjected to a uniform external electric field, with coupling constants
B =10"3,10"2,10"1, respectively.
For B3 = 1072 and 3 = 10~ !, we clearly see boundary effects: part of the electronic cloud
is localized in the region where the external potential takes highly negative values. This
result is obviously not physical. On the other hand, for the Xa model and for 8 = 103
we simply observe a polarization of the electronic cloud. The perturbation potential being
not spherically symmetric, it breaks the symmetry of the density. This numerical solution
can probably be interpreted as a (nonlinear) resonant state. We will come back to the
analysis of this interesting case in a following work.

Fig. 4.6 shows the amount of electrons in the boron atom which escape to infinity as a
function of the coupling constant 5 (for L. = 100), in the rHF case.

While f;lj\lf?/ LDA(BWStark) = —oo and the corresponding variational problem has no

minimizer, the first-order perturbation ,yilj)\}r‘l/ivi . of the ground state density matrix does

exist (see Theorem 43). If we consider the boron atom, it can be expressed as a function of
the unperturbed occupied Kohn-Sham orbitals and of their first-order perturbations. We
indeed have : ( : "
1),rHF 0 1 1 0
i = 2 2P (] + 200 ()
(m,k)€O4 4
where 044 = {(0,1),(0,2)}, where ¢ is the k-th lowest eigenvalue of Hg:iHF in the

m,k
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Figure 4.6 — The plot of the integral on Bjgy \ Bso of the density pp for L. = 100 as a
function of § in the rHF and X« case.

(1)

subspace H™ and @fqg)k an associated normalized eigenfunction, while eg)k and @, satisfy
the following self-consistent equation

(H = D) el 2| 30200 o) w17 | B, + W@l =€), 0f)

m, m,k = m,k>
(m/,k")€O4,4
M 0 _
/]R3 @, kP = 0.
We denote by e,(lO?)nk, e,&lzn s <I>(0) mk and <I>( ) ok the approximations of €£2)k, g)k, ‘D(O)k and
@S)k. For each (m, k) € O44, define

~ 1
ey L(8) = 5(@nmi(B) - o)) ).

Recall that, (@h,m,k(ﬂ))(m ke, Are the eigenfunctions of the density matrix ~;, the
IrHF

minimizer of the approximated problem 77"\ 1 (BWstark)-
Let U™ and U™ (B) be such that

Mp

CI)EH)nk(T 0,p) = Z (ZUﬁk /r) (0, ¢) and

I=|m]|
&5l L(B)(r,0,¢) = 2 (ZU{?’C /r) (0, ).
I=|m)|

To show that E)gzn L (B) = ‘IDELILL x When 3 — 0, it is enough to show that for each [ > 0
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1 1i+1 _ o o
(214 + ( 5 )M—2 —zM_y + NV, — €(O)MO> U.(B) - ﬁcl’ MU ;1 — %Cl* MU 111
mp  2myp
" Z| | lzo Oy QU™ F)U1(8) +20 (@ (A" - YU = MUy = 0.
I=|m| "=

(4.57)

The index (m, k) is omitted for simplicity and the vector @l( ) is the solution to the linear
system _ _
(A* + 11+ 1)M?y) Q; = 47F : Ry,
with B B B
R = Z 2Um,kcl,m[Um,k:]T_

—mp<m<my,
1<k<(mp —|m|[+1)x Ny,

Our numerical results show that, as expected by symmetry, eglzn , = 0 for all (m,k) €
Oy4, and that the left-hand side of (4.57) converges to zero linearly in 3.

Appendix: discretization with P4 finite elements

In this appendix, we elaborate on the details of the calculation.

A1l. Basis functions

We have chosen the following form functions to build the finite element matrices and
tensors:
2(t)=1—t, z(t)=t, 2z3(t) =4t(1 —t) = —4t* + 4¢,

128 (1 3 128 9, 13, 3
ty=—t|=—t)(S—t)|Q—-t)=-—"—(t' -3+ 42— ¢
all) =3 (2 ><4 >( ) 3( iR 8)’

128 1 1 198, T T, 1
=t (t—2) (t—2) -t =2 (= L34 L2 ).
() =3 < 4)( 2>( ) 3( 1" 738 8)

Their derivatives are given by:

)= -1, HE)=1, ()= —8t+4,

128 27 13 3 128 21 7 1
A =1 (=5 e e-) a0 =1 (w0 -Fep-g),

Finite element basis:

e the 1D Schrodinger equation is solved on the finite interval [0, L.] with zero Dirichlet
boundary conditions

e the interval [0, L¢] is decomposed in N intervals of positive lengths hy,---hpy,. Let
0=mr <ry<---<rn, <rn;+1 = Le be such that hy = 111 — g3
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e we denote by
Vi, = {v e C%0, L) s.t. Ol ] € Pay 0(0) = v(Le) =0}
the P4 finite element space associated with the so-defined mesh. We have
dim(Vp,) = 4Ny — 1,

e we then set for all 1 <k < Njyand 1< j <35,

p;(r) =z (T ;km)

so that pg‘?(rk +thy) = z;(t), and define the basis (x1,--- , xan,—1) of V}, as follows:

X1(r) = p3(r) Ly raps X2(r) = 230 L o), X3(r) = D5(1) Ly o)
and for all 2 < k < Ny,

Xak—4(1) = p’; 1( )]l[rk 17k +p1( )]l[rk T
X4k—3 (T) p’?f (T) [Piori+1]
Xak—2(r) = pi (7“) [Tk sE+1]
Xak—1(1) = p’g (r)1 [PksmE41]

A2. Assembling the matrices
Let A be the bijective mapping from {0, 1,2,3,4} to {1,2,3,4,5} defined by
A0)=2, A(1)=5, A(2)=4, ABB)=3, and A4) =

Recall that the density is equal to

th Nh

=3 3 r, MO By,

=0 i,5=1

Using the finite element basis defined above, one gets that pp(r, 6) is equal to

m NG (r) .
12:0h Zz] U[Rl]4 1,4— ]1’/\%?/\(]) YO(H) if re (7“1,7”2)

Pk () k() .
12:6h Zij:O[Rl]llkfiAkfj% Ay 0(6) if re(rg,rg1), 1<k<Np

2mp, pf\V{)( )pA(J)( )YO(H)

S [Rian, —ian, 0 if € (rn,rN+)-

In particular, for 0 < t,, < 1 and —1 < t,9 < 1, we have that (¢, hr + 1) p(tprhe +
Tk, arccos(ty 9)) is equal to

St o[ Rilaciasjzne (tor)2nc) (boa )\ 22 Piltge) i k=1

th

S o R ak—ian—i2a0) (tor) 2 () (o) B Piltqe) - if 1<k < Np (4.58)

S [Ran, —ian—i2a6) (tor) 26 () (o) A/ 2 Pilte)  if k= N,
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where P, are the Legendre polynomials, which can be calculated using the recurrence
relation

2n —1 n—1
Py (x) =

with Py(z) =1 and Pl(:b) =

For u(re) = Z

S | =

VE()(re) =~ (1-¢7).

Thus the vector G in (4.43) has the following form

T
k— kE k k _k Nr—1
G=|gh gt gt o gt gk gk gt g g g g gl } :

where

1
k n? r —nth
b= 1 pyyem nthi (1) dt.
ot = e [ e

We denote by

th

Hl N Z C/ l// l” : ) 5 (459)

1"=0
where Cb™ @Q; and F are defined by (4.32), (4.40) and (4.42), respectively.
All the matrices A, M_o, M_y, My, My, V,, [VL] and [Hl ] defined in (4.25), (4.35),

Xc

(4.59) and (4.46) are symmetric and have the same pattern:

k=1 k
1T
B S S .
1!
k=1 2
3,
e AN HE N S M S
4k—4
4k-3
k 4k-2
4k-1 |
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Yik—a k-1 = Yhy
Yik—34k—1 = Y
Yik—24k-4 = Y5
Yig—1,4k—1 = Y&y

S+ k)

Yip—aak—3 = Yi3
Yik—34k-3 = Y5y
Yik—2.4k—3 = Yhs
Yik—1,4k-3 = Yby

Yigp—aak—2 = Yy
Yik—34k—2 = Yoy
Yik—o24k—2 = Yk
Yik—1,4k—2 = Yoy

Their entries can be computed using elementary assembling matrices:

e diagonal blocks: forany 2 < k < Njy,and any 1 < ¢ < 4 such that 1 <4k—i <4N;—1

Yip—aak—1 = Y5
Yik—3,45-1 = Y55
Yik—24k-1 = Yhs
Yig—1,4k-1 = Yis

e off-diagonal blocks
k k k k
Yar—aak = Yoy Yak-34k = Y23, Yak—24k = Yo4, Yak—14k = Y5,
k k k k
Yikak—a = Y31, Yakak—3 = Y32, Yakak—2 = Ysoo Yakak—1 = Yso-

The y;;’s are the entries of the elementary assembling matrices. The latter are defined for
the matrices A, M_o, M_y, My, My, V,,, V%] and [Hl ] as follows

Xc

Tkl
afj = / pf,pil—h / —h Qi
Tk
ress pf (r)pf (r) /1 zi(t)z(t)
o)k = S e =y | R g
(m—2);; /Tk 72 g o (i +thy)?

2 .
hiry fo 1+th /r zdt itk >2

hllolzl(?f()dt ith=1
Tk+1 ()P it (¢
(m_1)fy = / Pp ()  ar = hy, / )z g,
Tk r 0 Tk+thk
-1 1 zi(t)z(1) :
e o f+chf/rk dt  ifk>2
Jy 200 gy ith=1

Th41 1
(mo)l; = / ;ﬁmﬁ@mw:m/nm@q@ﬁ:hww

Tk 0

Tk4+1 1
(ml)fj = / rpf(r)p?(r)dr = hi/ tzi(t)zj(t)dt + hyry vij = hiﬁij + hpry vij
Tk 0
(W) = (m_1)k — hge m’k/le"thk ()2 (1) dt
witg 1 k o TE —|—thk j
_ o—nth .
I R L e 1+t2k/’;k (t)z(t)dt  if k> 2
(m_y)* —ean“”lk 2;(t) dt ifk=1
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Ny r 0
/21 + 1w & 1
(Uic)flfj = Cxchi E E pr p(tpchi + i, arccos(tqe)))® Pi(tqe)zi(tpr)zj(tpr)

p=1 ¢=1

B! 2l+1 ZNQ x Z 90 W, ((tpwhs + 1i)? p(tp b + 1, arceos(typ)))

Wl

i(tp,r tp,r =
= ¢ Pl(tqﬁ)zti fhk)ji‘;(@—il) (tp,rhk + Tk‘)d if k>2
= Cxc N, 1
2”1 Z - Zq | Wplg ((tp hie)2p(tpchi + rk,arccos(tq,g))) 3
Pi(ty )22l (4, )5 it k=1
in the Xa-case, that is vx.(p) = —(%)%p%,
2 .
l2/7Lh0 n=1 Cl N l"fl]A n Ql//747n lf k =1
A~ 4 .
()l = | Xy n=0 Gl l"fZEA(n)Ql"Ak—n if 1<k <N;
2myp,

1= 2in=1CLV l”fng n)Ql”ANz—n if k= N,

where
Tht1 pk(r kTﬁT’ Lo ()2 (¢ t
fz’in=/ p; (r)pf (r)pn( )dT:hk/ 2i(1) 2 () zn( )dt’
- r o (thx+mk)
and 5
Cxc = _\/7?(7)%
T

Note that p(t,hy + 71, arccos(ty 9)) will be calculated with the help of (4.58). In addition
to assembling the matrices, we need to deal with the following term

Np,
> FinlRili

,j=1

in order to calculate the right-hand side of (4.40). Let k, = 14 int(%) and ¢, = 4 —
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(nmod4), so that n = 4k,, — g,,. Then Z%ﬁzl Fyjn[Ry)i j is equal to

3 im0 P A A At [Bila—ia—g if kn =1

Y=o hknfk?i)A(j)A(qn)[Rl]4kn—z‘,4kn_j if gu#4 and 1<k, <N;
Z;{jzl hk, iggA(j)A(qn)[thkNI—z‘AkNI_j if ¢,#4 and k,=N;

Z?,j:O ha f21A(i)A(j) [Rilaiaj + Zijzo h2f12A(i)A(j) [Rils—i8-j
if ¢go=4 and k=2

Z?,j:o [hknflffﬂ(;)l,\(j) (R ak,—a—iak,—a—j
if gpo=4 and 2<k<N;

ey Fin iy ) Bk =i, 48—

4 kn,—1
> i j=0 hkalfzj\V(Ii)A(j) [Rilakn, —a—iaky, —4—;
if ¢g,=4 and k= Nj.

4 kn
+ 2 5=1 e, Fin gy Bidakn, —ian, —
We end this section by providing the values of «;;, 8;; and v;;, for 1 <4, <5,

a1 =1  app=-1 a3=0 apg =0 as =0

a1 =—1 ax=1 a3=0 a9y =0 ags =0

a31] = 0 39 — 0 33 = 16/3 34 = 128/45 as35 — 128/45
g1 = 0 g2 = 0 Q43 = 128/45 gq4 = 3328/189 g5 = 5888/945
as1 =0 aso =0 as3 = 128/45 54 = 5888/945 55 = 3328/189

I/11:1/3 V12:1/6 1/13:1/3 1/14:4/15 1/15:4/45
1/21:1/6 V22:1/3 V23:1/3 1/24:4/45 1/25:4/15

V3] = 1/3 V3o = 1/3 V33 = 8/15 V34 = 64/315 V35 = 64/315
Vi = 4/15 Vg9 = 4/45 V43 = 64/315 |ZV 128/405 Vps — 128/2835
vs1 = 4/45 sy = 4/15 sz = 64/315 sy = 128/2835 w55 = 128/405

B =1/12 Bia =1/12 Bis =2/15  Bia=16/315 S5 = 16/315
fo1 = 1/12 Po2 =1/4 P2z =1/5 fos = 4/105  [a5 = 68/315
Bs1 = 2/15 B2 =1/5 Bz =4/15 P34 =16/315 B35 = 16/105

B =16/315 PBio=4/105  Bys=16/315 Puy=64/945 By5 = 64/2835
Bs1 = 332/105 Psy = 1852/105 fs3 = 592/63 P54 = 704/315 Bs5 = 704/2835.
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Appendix A

Spherical harmonics

The spherical harmonics are extensively used in basis functions in the computation of
atomic orbital electron configuration. They were introduced as the joint eigenfunctions of
L. and L?, in the spherical coordinates. The L, is the generator of rotations about the
azimuthal angle

0
L,=—i—.
z 6()0
While, L? is the square of the orbital angular momentum operator L = —iz x V. That is,

1 0 0 1 0?
L? = — — (sinf—= —_—
500 90 (Sm ae) T m2(0) 92
known also by the Laplace-Beltrami operator, denoted by Ag. More precisely, we have
0
AgY" = —-l(I1+ 1)y and - za—YQm =mY,",
¥

where [ is the angular momentum quantum number and m is the magnetic quantum
number. There explicit expression is

20+ 1)l —m)
(I +m)!

Y/ (6, 0) = <—1>m\/ P (cos )™, (A1)

where P/ denotes the Legendre functions. The latter are obtained from the m-th derivative
of the Legendre polynomials P, as follows: for 0 < m <

{ P/ (cosf) = (sinf)™ Pl(m) (cos @)

P ™ (cosf) = (—1)™ 8;:3: Pl(m) (cosB).

The Legendre polynomials can be computed using the Rodrigues’ formula:

(_1)l dl
Pie) = g g1 27"

Note that, the Legendre polynomials satisfy the following recurrence relation

2n —1 n—1
P, (x) = - xP_1(x) —

Pn—2(l‘)7 n Z 27

157



with Py(z) =1 and P(z) = =.
To fix the idea, the spherical harmonics for [ = 0,1 and 2 are given by

Y90, 9) = 34/ 7
YL(0, ) = %\@COSQ YT (0. 9) = Fg1/ 55 sin e,
Y2(0,0) = %\/%(300829 —1), Y6, 9) = F31/32sin6 cosf et

Y;Q(G, ) = %@ / % sin? § eF2i¥,

Properties of spherical harmonics

The spherical harmonics, given by (A.1), satisfy the following properties
e They are orthonormal functions, that is for I > 0, - < m <l and I' > 0, —I' <
m/ < I', we have
s 21

Y () = /O Y™ (0,0)Yi (6, 0)" sin 6 dip 8 = /6

S? 0

where 0;; is the Kronecker symbol, S? is the unit sphere of R?, and Y0, )" =
(—1)™Y, 7™ (0, ).
e The set {Y"};>0,—1<m<i form a basis of the Hilbert space L?(S?).

e Any f € L*(S?) can be expressed uniquely as a linear combination of the spherical
harmonics, as

m=l
F=Y0 0 0 PraenYi™
>0 m=—1

The coefficients (Y}, f) 122y = [o2 V"' f

Furthermore, the spherical harmonics satisfy an addition theorem, which states

m=l
D Y01, )Y (62, 02)" = =~ Pi(cosw),

m=—I

where w describes the angle between two unit vectors oriented at the polar coordinates
(01, ¢1) and (02, 2) with

cosw = cos 0y cos by + sinf; sin by cos(p; — p2).

In particular, when 6; = 63 = 6 and 1 = pa = ¢, gives the Unsold’s theorem [88]
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m=l
D YO0, 0) == —

m=—1
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Since the solutions of the non-relativistic Schréodinger equation can be made real, it is
important to define the real forms of the spherical harmonics. Thus using these later func-
tions, the programs don’t need anymore to use complex algebra. Real spherical harmonics
are defined from the complex ones by

B (Yl—lm| _ (_1)my2‘m‘) if m<0

V2
"= YZO if m=0
| mylml)
L (v oy im0

Graphical representation of spherical harmonics

The spherical harmonics are usually represented graphically. Here are two figures: first for
some complex spherical harmonics, second for their linear combinations which correspond
to the angular functions of orbitals.

a) m=-4m=-3m=-2m=-1m=0m=1m=2 m=3 m=4

¢=0 C
d=1 ™ $ ®
h 0
=12 & ] & & ©
€=3 e 8 & & & ¢ o

Figure A.1 — Plot of the spherical harmonics where the phase of the function is color coded.

Product of two spherical harmonics

The product of two spherical harmonics can be expressed in terms of spherical harmonics,
since they form an orthonormal basis set. The product is written with the help of the
Wigner 3j-symbols [15, 30], as follows

ymiyme _ l:llzﬂg 2+ 1)+ 1)(203+1) (11 1y I3
h "k 4 0 0 0
I3=|l1—l2]

ll lQ l3 mi1-+mao\*
Y 1 2 .
<m1 my  —(mq + m2)> (¥ )
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b)\ml =4|m =3|ml =2|ml =1|ml =0|ml = 1|ml = 2|m| = 3|m| = 4

t=0 ‘
. L.
t=2 ® & & s & -
t=3 % K ¢ & X X

t=ioe % % F ¢ K ¥ e e

Figure A.2 — Plot of the real spherical harmonis, which are usually shown as the atomic orbitals.

mip mz m3
instance). It is related to the Clebsh-Gordan coefficients by

jl j2 j3 _ i14jo+7 1 . . .
= (=1)T2TBS ———oc(f1, ma, J2, ma, J3, —M3).
<m1 Mo m3> (=1) 275 + 1 (J1,m1, j2, ma, js 3)

It is identically zero unless all these conditions are satisfied

The Wigner 3j-symbol (jl /2 ]3> can be found in tables in books (see 73] for

e mi+mg+m3 =0,

e ji + jo + j3 is an integer (or an even integer if m; = mgo = mg = 0),

° [mil <ji,

o |1 —ja2l <Jjs < ji+

We will give some useful properties of this symbol, which facilitate the calculations.

We start with the symmetry properties: a Wigner 3j-symbol is invariant under an even
permutation of its columns, i.e

JuoJ2 g3\ _ (J2 Iz g1\ _(J3 J1 2
m1 Mg M3 mo M3 M1 m3 MMy M2 ’
while an odd permutation of the columns gives a phase factor
JiooJ2 J3\ _ (—1)/1 2t J2 1 J3
mp Mm2 M3 ma Mmi Mg

— (_1)j1+j2+j3 <.71 J3 ]2) )

mip m3 ma

The change of the sign of the m quantum numbers also gives a phase factor

it J2 J3 _ (—1)ititis o J2 s
—mi —mao —ms3 miy mo ms)

Moreover, let us note that these symbols satisfy the following important orthogonality

relations . . . . . )
. Z JrooJ2 g2 I ) s ,
(27 +1) <m1 mo m) (m1 me m’> = 01 Omm’

mima2
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and . . . . . .
‘ JuoJ2 ) JuooJ2 7\
2(2'7 +1) <m1 ma m> (m’l mb m) = Omymi Omams,
jm
The integration of the product of three spherical harmonics can be simplified using the
product rule and the orthogonality condition. This leads to

T 2
/ Y (60, )Y (8, )Y, (0, ) sin B dip df
0 0

_ \/(2l1 T 1)(20 + 1)(203 + 1) (h Iy 13>

a7 0 0 0

lh s I3
mi1 Mg M3 '
For the formulas stated in this appendix, we refer for instance to the following refer-
ences [15, 30, 72|.
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