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Préambule:

La présente thése, commencée en septembre 201tk dause d'une thése sur travaux au laboratoire
Navier, est en fait la continuité d’un travail coemeé en septembre 2009 lors d’'un stage de fin
d’étude chez SETEC-TPI, dont le titre était « EtddeGauchissement des Sections Soumises aux
Cisaillements » [6]. Ce travail a été poursuivitaed au sein de SETEC-TPI, puis chez STRAINS en
collaboration avec le laboratoire Navier. Apresriesultats encourageants obtenus et la publicdgon
deux articles scientifiques dans des journaux atédecture, la décision de valoriser le travall
effectué par une thése sur travaux a été priseatl@iment, et c’est dans cet objectif que la
collaboration entre STRAINS le laboratoire Navieité entamée.

1 Introduction :

Les poutres sont certainement les modéles mathguneaties plus utilisés par les ingénieurs strusture
dans leurs différents projets. Ceci est principaiendd & leur simplicité d’utilisation, que ce gwur
modeéliser un ouvrage de pont, une charpente ngatallbu un immeuble d’habitation. Elles
permettent a I'ingénieur d’avoir accés au compoetenglobal de ce type de structure d’'une maniére
simple, fiable et rapide. Ainsi, les ponts les ptusdernes construits actuellement dans le monde ont
été modélisés avec des éléments de poutres. Cadi@igation simplifi€ée n'empéchant pas dans une
deuxieme phase, de construire des modeles awediplus riches, en utilisant des éléments de coques
ou volumiques, pour étudier les phénomeénes locpparaissant dans la structure. On peut donner
comme exemple le viaduc de Millau, dont le tabkege de 32m (Fig.1), a été étudié avec un modéle
constitué principalement d’éléments finis de pautMais si le modele représentant la réalité phsiq
de l'ouvrage est ainsi trés simplifié, il doit pesttne néanmoins d’effectuer plusieurs calculs,
nécessaires pour une étude compléte de I'ouvrelgegue la prise en compte du phasage de
construction, des non linéarités géométriques|uagé/retrait du béton....

Figure 1 : le viaduc de Millau en construction. @itphoto : groupe Eiffage.

Cependant, si le modéle de poutre a pour prinaipahtage sa simplicité, il est, comme tout modeéle
mathématique, basé sur certaines hypothéses soapiites, dont il est nécessaire, pour tout



ingénieur faisant usage de ces éléments, de comtestimplications, pour pouvoir préciser la
pertinence et les limitations de son modéle.

Aprés la définition des notations, on détaille diangartie suivante quelques théories de poutres
classiques, pour donner apres un résumé des tticiegqui composent le présent manuscrit.

Notations:

- Une poutre est un objet 3D prismatique, occuparntaluimeV dans I'espace. Elle est paramétrée
par une courbe continue et différentiable, pourdgcihague abscisse, on associe une section droite
S En général cette courbe représente la ligne mmayaqui est par définition la courbe reliant les
centres de gravité de toutes les sections.

- La position d’'un point quelconque du voluvig@eut étre représentée pair:= (x;, x,, x3). Avec
x5 représentant la position du point dans la ligngenoe efx := (x;, x,) la position dans la
section.

X2

Figure 2 : une poutre droite rectangulaire avec sepéere
- Les lettres écrites en gras représentent des vecaiaules tenseurs.

- La convention de sommation pour des indices rémistas une méme équation sera toujours
utilisée, sauf pour certains cas ou le contraira siirement exprimé. Si les indices sont desdlett
de I'alphabet latin, alors elles prennent des valailant de 1 a 3, et si ce sont des lettres de
I'alphabet grec, elles prennent des valeurs atlart & 2 :

3 2

a;b; == z a;b; , agb, = Z ayby

i=1 a=1

- Pour les dérivées on utilise les notations suivante

da da da da
aqi=— A, i=— ag: a;:
A0k, T TP T ax, T AT oy T 9x;



2 Lesthéories de poutres les plus courantes et leur domaine de
pertinence :

La théorie des poutres a aujourd’hui plusieurdagederriere elle. Certaines sources font remdeser
premieres avancées dans ce domaine a Leonard Dee¥iBalilée [2]. Dans cette partie on expose
guelques-unes des théories de poutres les pluaromgnt utilisées, ou on se limite au cas élastique
linéaire, et en utilisant les approximations dettpdéplacements/rotations et des petites
déformations.

2.1 Poutre d’Euler-Bernoulli :

La théorie d’Euler-Bernoulli est probablement ues glus anciennes théories de poutres connues.
Elle est basée sur les trois hypothéses suivantes :

- Les sections droites restent perpendiculairedigia moyenne aprés déformation. H1
- Les sections planes restent planes apres déforméatib
- Les sections sont indéformables dans leurs plaBs. H

Les hypothéses ci-dessus permettront de défiginEmatique de la poutre, qui définit la forme
générale du déplacement de la poutre, quel quéesdiargement auquel elle sera soumise. On
analyse donc I'effet de chacune de ces hypothésds somportement de la poutre, mais pour cela il
est nécessaire de définir au préalable deux noitiopsrtantes qui seront utilisées/analysées darts to
ce qui suit, le gauchissement et la déformatiamstrarsale (distorsion) des sections.

Définition 1: on appelle gauchissement d’une section droite,déplacement dans le sens
longitudinal de la poutre (hors plan de la sectianfre que les mouvements rigides longitudinaax, d
déplacement uniforme et de rotation de flexion.

Définition 2: on appelle déformation transversale d’'une sectioite] tout déplacement de la section
dans son plan, autre que les mouvements de cgige (déplacement vertical/horizontal et rotation
de torsion).

Les hypotheses H2 et H3 impliquent donc que larpau subira ni gauchissement ni déformation
transversale. Quant & I'hypothese H1, elle implique la rotation de flexion de la section est
proportionnelle a la dérivée de la déformée deolitne.

Ces hypothéses sont traduites par la cinématiguarde :

uq(x3)
d:= uy (x3) (1)
u3(x3) — x404(x3)

dug(x3)
dxs

Avec, selon I'hypothése H18,,(x3) =



état déformé

état initial non déformé [______ J _____
XZ T
X1 _'xs

Figure 3: une poutre avec une cinématique d’Eulers®ulli

La cinématique d’'une poutre d’Euler-Bernoulli (égxfon uniqguement Eg.1) contient donc trois
parameétres indépendants (ou degrés de libertég datiant le long de la poutre. Les équations
d’équilibre permettent le calcul de ces d.d.l.,pou chargement donné appliqué a la poutre.

Pour ce qui suit, on se pose dans le cas ou lessdexdéfinition de la section sont les axes prancip
d'inertie, centrés au centre de gravité de la secties coordonnées des points dans la section
vérifient donc par définition les équations suint

f X, dS=0 J x1%,dS = 0 2)
S S

De la cinématique dans Eq.1, le tenseur des défmmsaest déduit :

1 0 0 0
£€=3 (Vxd + (Vxd)") = [ 0 0 ] )
sym U3z 3 — XqUg,33

Avec Vy I'opérateur gradient par rapporka

Dans la théorie classique de la poutre d’Euler-Belli le tenseur des contraintes s’expriment de la
maniére suivante (hypothése des contraintes planes)

0 0 0
o= 0 0 4
sym E(u3,3 - xaua,33)

AvecE le module d’Young.

Or, on constate que le tenseur exprimé dans Equénifee pas la vrai loi de comportement pour un
matériau élastique isotrope (sauf dans le casabefficient de Poisson nul), et qui s’exprime



par :o = C : € = 2ue + Atr(e). L'erreur vient du fait qu'a cause de I'effet Bms, on ne peut pas
avoir des états plans de contraintes et de défamnsaén méme temps.

Pour ré-exprimer les déformations et les contraidtene maniéere rigoureuse, on suppose uniquement
un état plan de contrainte ou le tenseur des dotesaest toujours donné par Eq.4. En utilisaiila
de comportement, le tenseur des déformations sesiadenné par :

—v(u3’3 — xaua’33) 0 0
e=C'l:0= —v(u3’3 - xaua’33) 0 )
sym U3z 3 — XqUg,33

De la relation ci-dessus on voit bien gye = &,, = —vez3 # 0 (pour v # 0). Pour respecter la
condition de compatibilité, I'intégration des dezomposantes de déformatiofzs,, €,,) donnera une
contribution au déplacement transversal de la po@ette contribution sera négligeable devant les
autres mouvements de corps rigide, puisque lesrdiimes de la section sont petites devant la
longueur de la poutre. Elle ne sera donc pas pre&siams la cinématigue exprimée dans Eq.1,
respectant toujours ainsi I'hypothese H3.

De I'expression des déformations dans Eq.5, onrebam des aspects importants de la théorie
d’Euler-Bernoulli. Les déformations de cisaillen®abnt nulles. Pour des poutres trés élancées, les
cisaillements d’efforts tranchants peuvent étrdigég, dans ce cas la théorie d’Euler-Bernoulli est
pertinente, mais pour des poutres avec un faiblecément, négliger les déformations de cisaillement
mene a des erreurs non négligeables dans le ciddalréponse de la poutre. On verra que le modéle
de Timoshenko tente de pallier & ce manquement.

Pour écrire les équations d’équilibre de la podteEuler-Bernoulli, on utilise le principe des trava
virtuels (PTV). Pour ce faire on commence par erprile travail virtuel interne :

Wit = J g:0edlV (6)
14

Wine = f 033(5113,3 - xa5ua,33)dV (7)
v

L’expression ci-dessus est intégrée sur la segibom obtenir :

L
Wine = f (N5u3,3 + Ma5ua,33)dx3 8)
0

AvecL la longueur de la poutre et:

N = J 0'33d5 = E5u3'3 (9)
S



M, = —f Xq033dS = Elyuy 33 (pasdesommesura) , [, = J x2dS (10)
s s

En intégrant par partie I'équation Eq.8 on obtient:

L
8Wi1’lt = J (_N36u3 + Ma'336ua)dX3 + [N6U,3 + Ma6ua'3 - Ma’gaua]o (11)
L

6Wext

Du principe des travaux virtuels, on a :

6Wint - 5Wext =0 (12)
Et donc :

J- (_N35u3 + Ma’336ua)dX3 = O (13)
L

L'expression ci-dessus étant vérifiée pour tounghae déplacement virtuel admissibder;), on
déduit les équations d’équilibre de la poutre :

N3 =0 » Mgzz3 =0 (14)

L’équilibre est donc obtenu avec trois équationsotal, ce qui est en concordance avec le fail gu'i
a trois inconnues (d.d.l.) & déterminer le londedgoutre.

En utilisant dans les équations d’équilibre I'exgsien des efforts généralisés, on obtient les é&nsat
suivantes:

Uz33 =0 ) Ug,3333 =0 (15)

En introduisant les conditions aux limites, on paéterminer les constantes d’intégration des
équations ci-dessus, et donc en obtenir une solutigue.

La poutre d’Euler-Bernoulli reste un modele trésme pour I'étude des poutres. Elle est plus adapté
a I'étude d’éléments en flexion trés élancés, bypbthese des déformations de cisaillements
négligeables sur la section est valide. Néanmainzratique I'ingénieur a besoin d’avoir accés a la
distribution du cisaillement transversal dans [&isa, pour ce faire I'effort tranchant est d’abord
déterminé comme étant la dérivée du moment deofkexiuis en utilisant la formule de Jouravsky
Eq.16 & Fig.4, la distribution des contraintes dmitlements est obtenue.



AR

L

X1

Figure 4: coupe droite d'une section

t(h) = (h) X, dA (16)

Te() " " Te(h) )y

Avect les contraintes tangentielles & I'endroit de lapenT I'effort tranchantg I'épaisseur a
I'endroit de la coupd, I'inertie de flexion em(h)le moment statique.

2.2 Poutre de Timoshenko :

La poutre de Timoshenko représente une évolutiongpgort a la poutre de Bernoulli, en permettant
d’obtenir une moyenne des déformations d’effomi¢reant dans la section. Pour cela, on s’affranchit
de I'hypothese H1, en considérant les deux rotattEnflexions comme des parameétres indépendants
de la déformée. Les deux hypotheses H2 & H3 regtdittes pour ce modeéle. La cinématique d'une
poutre de Timoshenko s’écrit donc exactement deflae maniere que pour celle d’Euler-Bernoulli,

a la difference que maintenat # u, 3.

De la nouvelle cinématique, on déduit les nouvdangeurs des déformations et des contraintes,
toujours dans le cadre de I'hypothése de contrmajpines :

0 0 G(uy3—6,)

g = O G(u2,3 - 92) (17)
sym E(u3,3 — xaem)
1
—v(u3,3 - xaga,3) 0 2 (u1,3 - 91)
— 1 18
€ —v(u3,3 - xaea,3) E (uz,s - 92) (18)
l sym Uz 3 — Xqblg3

Dans ce modele, les contraintes de cisaillemeatsigent sous la forme suivante :

Oq3 = G(ua,3 - 90{) (19)

10



Ces contraintes sont constantes dans la sectimgyaul’expression ci-dessus ne dépend que de
Or du théoréme de Cauchy, si la surface extérideila poutre n’est pas chargée, la composante
normale au bord de la section des contraintessadéleiments doit étre nulle :

Og3Ng =0 (20)

Avecn = (nq,n,) le vecteur normal au bord de la section.

Ce qui pose un probléme de compatibilité, puisqpéeer cette condition serait revenir au modele
d’Euler-Bernoulli, ou tout simplement les contramte cisaillements sont nulles partout dans la
section. La poutre de Timoshenko a donc aussirséations, mais a défaut d’une représentation
réaliste du comportement de la poutre, elle peméahmoins de prendre en compte les déformations
d’effort tranchant d’'une maniéere approximative.

En utilisant maintenant le PTV de la méme mani@&empur la poutre d’Euler-Bernoulli, on obtient
les équations d’équilibre suivantes :

Uz33 =0 ,  Ug3z3—0a3=0 , Oa333 =0 (21)

Ces équations peuvent étre résolues aisémentlisanities conditions aux limites pour obtenir les
constantes d’intégration. En intégrant la loi dmportement sur la section, on obtient la relatiant|
les efforts généralisés et les déformations:

(NY [ES ( Us3

T, GS 0 |luz—01]
! T, L = GS Uy3 — B, (22)
lMl Ell 61,3

M, 0 El, 63

La poutre de Timoshenko est tres utilisée pamigénieurs pour la modélisation de leurs structures,
cependant en pratique la version qu’on trouve géerent dans les logiciels de calcul, ne respecte
pas parfaitement la relation dans Eq.22, puisquaideur a I'effort trancharttS est remplacé par
GS,, ousS, est la section réduite a I'effort tranchant.

2.3 Poutre de Vlassov :

2.3.1 Gauchissement uniforme :

Le gauchissement des sections d’'une poutre sounisda torsion a été mis en évidence
expérimentalement par Duleau (1820) puis Saint-xeair figure ci-dessous).

11



Figure 5: Dessin originaux de Saint-Venant de tondbarres a section elliptique, carré et
rectangulaire. Crédit photo :Adhémar Barré de Saiehant.

Une analyse extensive de la torsion et son effetinstabilité des structures (flambement par i@mns
déversement) est donnée dans [10]. Dans I'étudarsig, on commence par le cas le plus simple ou la
poutre est soumise a un couple de torsion unif@hael les sections sont libres de se gauchir. Bans
cas, le gauchissement est uniforme et n’'induitdqeashangement dans les longueurs des fibres
longitudinales composant la poutre, ce qui se ttgdw I'équation suivante :

93,33 =0 (23)

Avec 05 (x3) la fonction représentant I'angle de torsion leglole la poutre.

Pour ce cas d'étude particulier, on souhaite détennta fonction variant sur la section et repréasn
le gauchissement dd a la torsion. Pour ce faipelisgu’on s'intéresse seulement a la torsion, o éc
ici la cinématique représentant uniguement ce tgpmouvement :

—X503
d = { X103 } (24)

Q(x)

Avec Q(x) une fonction représentant le déplacement longialdgauchissement) de la section di a la
torsion et qui a une forme inconnue pour le moment.

Les tenseurs des déformations et des contraini@gdé&sa partir de la cinématique Eq.24 tout en
utilisant la condition dans Eq.23, s’expriment par

1
0 0 5(9.1 - x293,3)]| 0 0 G(Q—x3635)
0 G(Qy+x1633) (25)
sym 0

Q
Il

[

T |

[ 0 2 (Qy +x,6033)
sym 0

12



Pour déterminer la fonctiaR(x), on utilise I'équation d’équilibre locale de laytre:

03 =0 (26)

= AO=0 (27)

o2 | 9% ., .
AvecA, = a7 + 92 I'opérateur de Laplace sur la section.

On écrit ensuite la condition aux limites, expritkenfait que le cisaillement normal au bord de la
section doit étre nul :

03qMq =0 (28)
= VxQ ‘n = 93,3(362711 - xlnz) (29)

7] 7]
0x,’ 0x,

Avec :V, = ( ) I'opérateur gradient sur la section.
La fonctionQ(x4, x,) est donc déterminée a partir de Eq.27 et Eq.20dot le probleme a dérivés
partielles (PDP) suivant :

{Axﬂ =0 sur S (30)

V.Q-n=xn —xn, sur [

La résolution sur la section du (PDP) ci-dessumpede déterminer la fonctidi(x) a une condition
additive prés. Cette résolution est effectuéeidd’d’une des nombreuses méthodes numeériques
disponibles, tels que la méthode des éléments finis

Figure 6: exemple de mode de gauchissement demngosiur des sections en forme de caisson et
rectangulaire.

2.3.2 Modele de Vlassov :

Vlassov [18] a proposé un modele de poutre oulelgjasement des sections soumises a de la torsion
est pris en compte. Dans ce modéle, le gauchisserstreprésenté par la méme fonction obtenue
dans Eq.30, méme si cette fonction a été déternginégilisant la condition de gauchissement

13



uniforme, qui n'est pas forcément vérifiée ici (v{di0]). Pour ce modele, la cinématique de la poutr
en torsion s’exprime donc par :

—X,03
d =1 %103 (31)
Q 63'3

Les tenseurs des déformations et des contrairdas,lthypothese des contraintes planes, sont donnés
par :

[—vao ! 0.,
0 0 G(Q;—x;)635 | 700333 0 7 (21— x2)05;5 |
= = 1
o 0 G(Q’z +x1)93’3 ) & | _VQB3 33 _(Qz +x1)633 | (32)
sym EQB; 33 [ 20 ’

sym 003 33

Des expressions des tenseurs déformations et caagr@i-dessus, le travail virtuel interne essain
exprimé sous la forme suivante:

SWine = f (9203380335 + (013(Q1 = x2) + 023(2 +11) ) 6855 ) AV (33)
14

Aprés intégration sur la section de I'expressiedassus, elle devient:

L
Wint = f (B663 33 + (M3 + (p)593,3)dx3 (34)
0

Ou les efforts généralisés ci-dessus sont expnrags

B = f Q033dS = EK03 35 avec K := J Q%dS (35)
s s

M; = J Y& 043dS = GJO33 avec  J:= f 'l’geor(ﬂ,a + ‘l’&or)ds (36)
s s

Q= f 0 ,03,dS = GPO33 avec P = f Qo(Qg +PT)dS (37)
s s

Ouyter est le mode de corps rigide de torsion sous faectorielle:

14



YT = (—x,x1) (38)

B le bi-moment,] la constante de torsion ktla constante de gauchissement. Le calcul de Istaote
J fait intervenir la fonctiorf), une attention particuliére doit donc étre appoetéa maniére dont cette
constante est déterminée dans les différents amlealculs commerciaux.

La constanté est en fait égal a zéro. Pour pouvoir démontrite @firmation, on intégre par parties
I'expression intégrale de la constante dans Eq.37 :

P=— f Q (8,0 + div,p™T) dS + f Q (V,Q + T - n dl; (39)
s T

Les fonctions) etytor vérifient par construction les équations suivantes

AD=0 S
{ x sur ,  div,pr =0 (40)

V.Q-n=—-ytor.n sur I

Et donc en remplacant les équations ci-dessusEaB9, on obtient le résultat recherché suivant:

P=0 (41)

En intégrant par partie I'expression du travaituet interne dans EQq.34 et en utilisant le résuita
dessus, on obtient :

L
L
6Wint = f (B'33 - M3'3)663dx3 + [3693'3 + (M3 - B'3)693]0 (42)
0 6Wext
L
f (3’33 - M3‘3)693dx3 = 0 (43)
0
= B’33 - M3’3 = 0 (44)

Si on remplace par les expressions des effortsrgkisés dans I'équation d’équilibre ci-dessus, on
obtient :

EK633333 — G]0333 =0 (45)
033333 — (*)293,33 =0 (46)

G
Avec :w? =L
EK
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La solution de Eq.46 s’exprime par :

05(x3) = ae®*s + be ®*3s + cx; +d (47)

Les constantes d’intégrations seront déterminéesiksant les conditions aux limites sur la robati
de torsion et le gauchissement des deux sectiexsrémités.

2.4 Poutre de Benscoter :

Une modification proposée par Benscoter [3-10] @onéliorer le modéle de Vlassov dans le cas de la
torsion non uniforme, consiste a introduire un reawdegré de liberté lié au gauchissement de
torsion, indépendant de la dérivée de I'angle d&da. Dans ce cas, la nouvelle cinématique pour la
torsion s’exprime par :

—Xx,05
d = { x193 } (48)
Q¢

Avec ¢(x3) le nouveau degré de liberté associé au gauchisseRa contre, on note que la fonction
Q est celle calculée précédemment en résolvanblagme dans Eq.30.

Remar que : Cette maodification peut étre vue comme étantognee a celle apportée par le modele de
Timoshenko au modele d’Euler-Bernoulli, ou I'angkeflexion n’est plus exprimé comme étant la
dérivée de la déformée mais en lui attribuant wnveau parameétre indépendant.

En utilisant le PTV exactement de la méme maniaeegpur le modele de Vlassov, on obtient les
équations d’équilibre suivantes :

B3z —¢@3=0 ) M35 =0 (49)

Avec les nouvelles expressions des efforts gésésali’écrivant sous les formes suivantes:

M; = G(Iy053 + LE) avec L= J V,Q-yPprds =] -1, (50)
S

B = EK& avec K :=J Q%ds (51)
S

@ =G(Q& +LOs3) avec Q:= f v,Q-V,.QdS (52)
S
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Avecl, := I; + I, I'inertie polaire de la section.

En remplagant les expressions ci-dessus dans Em4fhtient :

EK¢§ 335 — G(Qf,s + L93,33) =0 ;o dpb333+LE3 =0 (53)
) L
=  $333—wé3=0 ) 0333 = —1_5,3 (54)
0
2.6 (H L _ 6L
Avee : w® = EK (Q IO) T EKI,

La forme de la solution des équations d’équilibrdessus peut étre exprimée de la maniere suivante

L
§ =ae®*s + be™®%s 4 ¢ , 63= —m(aew% —be™®*3) +dxz +e (55)
0

Les constantes d’intégration dans les expressiethsssus sont obtenues en fonction des conditions
aux limites de chaque cas.

Quelques éditeurs de logiciels de calcul de stragimposent des poutres a 7 d.d.l. en incluant le
gauchissement di a la torsion. Cependant, I'ingémjei souhaite utiliser ces éléments, plus riches
que le modele de poutre classique de Timoshenkboyéfifier si I'élément utilise le modéle de

Vlassov ou celui de Benscoter. En effet, ils dohes résultats différents dans le cas d’'un
gauchissement géné ou d’'une torsion non uniformeegprésentent des cas usuels dans une structure
soumise a de la torsion.

3 Résumé de l'article 1 [7]:

Dans les théories de poutres classiques d’EulanéBdli ou de Timoshenko, on fait I'hypothése que
les sections droites restent toujours planes (pamdchissement). Des théories plus avancées telles
gue celles de Vlassov ou Benscoter, permettenhette amélioration pour I'étude de la torsion, en
prenant en compte le gauchissement di & ce moutveN#&ammoins ces modéles sont toujours
insuffisants pour représenter un gauchissementouogle d’'une section, puisque la torsion n’est pas
la seule a provoquer un gauchissement des sedtigresaussi les efforts tranchants, ayant pofat ef
de faire apparaitre ce qui est communément appéléihage de cisaillement (shear lag) [6,14].

Le trainage de cisaillement est un phénoméne cdansi les poutres de largeur importante. Il a
comme conséquence défavorable une surconcentd#socontraintes normales a certains endroits de
la section. L’Eurocode 3 permet de prendre en cero@tphénoméne pour des poutres métalliques, en
considérant une largeur effective (ou réduite)iew dle la largeur totale, voir fig.7.
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Figure 7 : trainage de cisaillement dans une sectéa T d'une poutre en flexion

Dans cette partie, on résume le travail dévelopgpé darticle 1 de cette thése. On considére togjou
I’hypothese H3 (section indéformable dans son ptam)me valide. On s’intéresse donc au
gauchissement des sections, soumises au seul menvgansversal de corps rigide, c.a.d. soumises a
des efforts tranchants plus la torsion.

Notre objectif est de construire une base de fonstiou le gauchissement quelconque (sous
I'hypothese H3) des sections sera décomposé. Grillepces fonctions des ‘modes de
gauchissement’ qui ne dépendront que de la géandiria section. Dans un premier temps des
modes de “Lordre seront déterminés, en utilisant I'hnypothdsgauchissement uniforme le long de la
poutre. Vu que cette hypothése est rarement v@rifadds un cas réel, des modes d’ordres supérieurs
seront déterminés pour représenter le cas plusaéegauchissement non uniforme.

3.1 Détermination des modes de gauchissement de 1¢" ordre :

Le mode de gauchissement deatdre pour la torsion a déja été déterminé pourddele de Viassov.
On détaille ici uniqguement la détermination desxdmodes de cLordre pour des efforts tranchants
dans les deux sens horizontal et vertical, saauamta méthode est la méme maniere pour les deux
sens.

Soit donc une poutre libre de se gauchir, soumige &ffort trancharif; constant On considére ici la
cinématique d’Euler-Bernoulli représentant la ftexdans le sens vertical a laquelle ait ajouté un
mode de gauchissement (la flexion dans I'autre ae¥é omise par souci de simplification, puisque
son traitement se fera de la méme maniere) :

uq(x3)

d = 0 (56)

du
—x; d—x: + 0, (%)

Avec Q!(x) représentant le gauchissement (d@rdre) de la section (uniforme le long de la peutr
dd a I'effort tranchant, et dont on souhaite déteeml’expression.
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De la cinématique on déduit les expressions deetes des déformations et des contraintes toujours
sous I'hypothese de contraintes planes:

[vx u 0 lﬂ ]

0 0 GQqpq | 141,33 2 1 |
g = 0 G'Ql,Z , & = | 1 | (57)

VXiUizz 58 J

sym —Exjuy 33 2
sym —X1U1,33
On écrit I'équation d’équilibre locale :

031 = 0 (58)
= 0-33’3 + GAXQI - 0 (59)

Or pour une poutre soumise a un effort tranchaxpiession des contraintes normales est donnée
par:
M, L5t

033 = ?xl = 0O333=—"7X (60)

L’expression ci-dessus est remplacée dans Eq.59mbenir:

T

Ay = G_lel

(61)

On écrit la condition aux limites, exprimant letfaile le cisaillement normal au bord de la sedtioib
étre nul :

03qMg = 0 = Vy'n=0 (62)

Le probléme a dérivées partielles, permettant terohiner le mode de®lordre d a un effort
tranchant horizontal, s’exprime donc par :

{ AQy =4 sur S

Vel - n=0 sur [ (63)

Le terme constalﬁl— a été supprimé de I'équation au laplacien Eq.8d.ce qui nous intéresse ici est
1

d’obtenir la forme du mode de gauchissement, et derle déterminer & une constante multiplicative
pres.
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Figure 8: exemple des modes gauchissement8 dedte d’une section en |, pour un effort tranchant
vertical et horizontal.

3.2 Détermination des modes de gauchissement d’ordre supérieur :

Dans ce qui précéde, les modes d@rre, pour des efforts tranchants dans les drextl et 2, ont

été déterminé en faisant I'hypothése que l'effi@emthant était uniforme le long de la poutre etlgue
gauchissement est non géné, donc uniforme le lerig doutre. Ceci bien sar représente rarement un
cas réel ou le gauchissement est généralementnifonme (variable le long de la poutre).

Dans le cas de I'effort tranchant, on a détermgngaluchissement dé€ drdre en équilibrant les
contraintes normales dues a la flexion par degaioes de cisaillements dues au gauchissement. Or
ce mode créera a son tour des contraintes normafesle cas d’un gauchissement non uniforme, qui
seront par construction du modele non équilibrBési vient I'idée de restaurer I'équilibre, & undoe
plus élevé, en déterminant un nouveau mode de gmechent, dont les contraintes de cisaillements
associées, équilibreront précisément ces conteaimtemales non-équilibrées du mode précédent.
Cette procédure peut étre vue comme le point dartddfun processus itératif, permettant de
déterminer des modes de gauchissement d’ordreisupgour représenter le gauchissement non
uniforme de la poutre.

Pour exprimer ce processus itératif, on supposdaqm®de de gauchissement d’un certain ondest
connu, et qu’on souhaite de déterminer le modeddéar+1. Pour ce faire on écrit I'équation
exprimant la restauration de I'équilibre a I'aidembuveau mode :

0¥s3+ 030z =0 (64)

Avec 103y = E&, 30, , 0 = G&y 1Oy q, €18, &4q étant les d.d.l. associés aux modes de
gauchissement d’'ordreetn+1, respectivement.

On remplace par les expressions des contraintesEp64 :

Efn,3-Qn + G§n+1Ax-Qn+1 =0 (65)
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De méme que pour les modes deotdre, pour les ordres supérieurs aussi on nggiisse qu'a la
forme des fonctions de gauchissement pour constialibase des modes. Donc de Eq.65, on déduit le
PDP menant a la détermination du nouveau mode :

{ AQy =0y sur S
Ve -m=0 sur [

Figure 9: modes de gauchissements d'ordre supédé@uaux efforts tranchants pour une section en |

Maintenant que les modes de gauchissement somiriiéés, la forme générale pour la cinématique de
la poutre dans ce cas, s'exprime par :

( U — X505 \
Uy + x105

d:= lug — XqUg3z + 2 Q (x)ff(x3)J
J

Ou tous les modes de gauchissement sont mis danmiae ci-dessus, indistinctement du fait qu'ils
soient déterminés pour la torsion ou un effortahemt.

A partir de la cinématique ci-dessus, les équatitéguilibre peuvent étre déduites a partir du IV
résolues exactement pour construire la matricaidieur de I'élément de poutre. Dans ce nouvel
élément, il y a aura autant de nouveaux d.d.l.dgueodes de gauchissement introduits dans la
cinématique.
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4 Résumeé de |'article 2 [8]:

Le travail effectué dans |¢#2¢ article est une généralisation de celui 8udli seul le mouvement
transversal de corps rigide avait été considérgatingse H3). Dans cette partie, on abandonne® cett
derniere hypothese, pour considérer une poutrebtaada se déformer d’'une maniere quelconque.
Pour cela, il nous faut construire une base de mtrdasversaux, sur laquelle le déplacement
transversal de la section sera projeté.

La méthode proposée dans l'article 2 pour la détextion de cette base, est basée sur une analyse au
valeurs propres d’'un modele mécanique de la sedtBpeection est maillée a I'aide d’éléments
triangulaires, auxquels on associe une matricaideur (hypothése de déformations planes). De la
méme maniére que pour une structure 2D, ces maBa® assemblées pour obtenir la matrice de
raideur globale de la sectidf,. Une analyse aux valeurs propres sur cette mapé&enet de

déterminer les coupldd, ) vérifiant :

Ky=4p , Yp+0 (68)

La base des vecteurs propres, est par construatierhase de I'espace des déformations
transversales. Une méthode analogue a été utilaéiéreutz [13] pour la détermination de cette base
pour des sections épaisses, alors que Jang &]arjalysent des sections minces en utilisant des
poutres 3D pour mailler la section, obtenant aigies une analyse aux valeurs propres, la base des
modes transversaux en méme temps que la basew#dssgaments.

Un des inconvénients de la méthode est que ladesseecteurs propres peut étre composeée de
plusieurs milliers d’éléments. On ne peut/veut dpas utiliser tous les vecteurs de cette base pour
enrichir la cinématique de la poutre. Un criterecdeix entre ces modes est donc nécessaire, et on
choisit de prendre les vecteurs propres ayantllesfaibles valeurs propres. Pour comprendre ce qui
motive ce choix, considérant un vecteur prapravec) la valeur propre qui lui est associée.
L'énergie de déformation élastique U associéemage est donnée par :

2U=y T Kp=21 (69)

Les trois modes de corps rigide auront une valeyprg nulle, ce sont les modes prépondérants
présents dans toutes les cinématiques de poutnee@rpoursuivre la sélection de modes avec ceux
ayant les plus petites valeurs propres, puisqua ddation ci-dessus on peut déduire qu’un mode
avec une plus faible valeur propre mobilise moigaergie, et donc a plus de chance d’'apparaitse lor
de la déformation de la poutre. Cet argument nt&atheuristique, il ne suffit donc pas pour assure
gue le mode ait une participation non nulle a frée de la poutre. Mais c’est le seul criteretagxc
entre modes utilisé dans cet article.

Les modes transversaux ainsi déterminés, on seumaintenant obtenir la base des modes de
gauchissement. On va donc, d’'une maniére simitalitarticle 1, déterminer des modes de
gauchissement dé"brdre, associé a chague mode transversal daadie de I'hnypothése d'un
gauchissement uniforme, puis des modes d’ordrerigupg pour représenter le cas général de
gauchissement non uniforme avec le méme proce&smiltbre itératif.

Pour comprendre cette procédure, on peut assileddrois modes de corps rigide a des modes
transversaux. Le mode de gauchissement'dedre associé a un déplacement vertical serait la
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flexion par rapport a I'axe horizontal. Pour lasion, le mode de gauchissement Beofdre serait le
mode Vlassov donné par Eq.30. Notre but est ddnoednaniére tout a fait analogue, d'étendre cette
procédure a tous les modes transversaux.

Soit donc une cinématique avec un mode transveusdtonquap(x) = (z/)l(x), wz(x)) :

P1(x) {(x3)
d = {1, (x) {(x3) (70)
Q(x)

Avec {(x3) le d.d.l. associé au mode transversal considefix9 représentant le gauchissement

uniforme dans la poutre dOy&(x), et dont on souhaite déterminer la forme dansuceut.

Pour cela on utilise I'équation d’équilibre localexprimant de la maniere suivante :

0-33’3 + divxt = 0 (71)

Avec :T = (013,0,3) = G(VxQ +y (,3) le vecteur des contraintes de cisaillements dassdtion et
0333 = 0 d'apres la condition de gauchissement uniforme.

L’équation d’équilibre Eq.71 devient donc :

A = =03 div, ¢ (72)

Pour former le PDP qui permet d’obtenir la fonctitfx), on a besoin des conditions aux limites :

Tn=0 (73)
= VQ-n=-{3¢-n (74)

On obtient ainsi le PDP permettant de déterminerdde de gauchissement déatdre pour un mode
transversal quelconque donné :

{ A Q =div, P sur S 75)

V,l-n=¢y-n sur [

Ici aussi on a laissé tomber le terfig vu qu’on est uniquement intéressé par la form@ dans la
section.

La détermination des modes d’ordres supérieurerepas détaillée ici, puisqu’une fois le mode de
1°" ordre déterminé, on suit exactement la méme pureédicrite dans I'article 1 et déja présentée a
la partie précédente, pour la détermination desasiddbrdres supérieurs.
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4.1 Equations d’equilibre :

On suppose que la cinématique de la poutre a éstrode et s’écrit sous la forme générale suivante

IRGIIED)

v
—
N
&)
~

g Zwé(xw(xg)

> 008
7 J

Dans la cinématique ci-dessus, la base des modgsudbissement et la base des modes transversaux,
doivent étre libres, une condition nécessaire peyoas avoir plus tard de singularité dans la oetri

de raideur de I'élément de poutre. Les fonctiomsémt les deux bases doivent étre continues et
dérivables. Sinon, pour ce qui sulit, il 'y a aueautre condition devant étre satisfaite par la
cinématique, les modes ainsi présents dans EquR@peétre quelconques, obtenus par la méthode
gui nous parait la plus judicieuse, d'ailleurs diangicle 3 une nouvelle méthode sera proposée pou

la construction de la cinématique, tout en utitlidarformulation de I'élément de poutre développée
dans l'article 2, basée sur une résolution exaesedguations d’équilibre.

Pour simplifier I'écriture des équations, on vaslaatte partie et uniquement dans cette partie,
autoriser a ce que les lettres latinest ‘k’ prennent des valeurs allant ti@u nombre total des
modes de gauchissement présents dans la cinémadtoquee les lettres latings ét ‘I’ varient del au
nombre total de modes transversaux utilisés daciséamatique.

De la cinématique Eq.76, on détermine les exprassies tenseurs des déformations et des
contraintes :

T N | .y
Va8t 5 (Wia +92:)¢" S (28 +183)

_1 Ty o 1 o
€=y (Tud+ () = Wt (008 +wigh) 7
| sym 0¢s
2upi ¢+ o p(Pip +5a)¢t (48 +¥idh)
o=C:¢= 2uph i+ op  u(Q28) + Phdh) (78)

sym 2uQé; 5 + oy

Avec 10, = A tre = A({Mdiv ' + Q€ ).

On note ici que pour un matériau quasi-incomprésgib— 0.5 = 1+ +o0), il faut étre capable
de représenter la conditiore = 0 sinong, — +oco, ayant pour conséquence de provoquer un
‘verrouillage incompressible’ (incompressible lanlfj. Pour pouvoir étre capable de vérifier cette
condition, il faut que des ‘modes de déformatioasgversales incompressibles’ sont inclus dans la
cinématique. Par exemple pour un mode de gauchésgequelconqu€, le mode transversal
incompressible correspondant doit véritiév,p = Q. A cause de ce probléme de verrouillage, les
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exemples présentés dans l'article 2 ont été réptisév = 0, sachant que ce probléme sera résolu
plus tard dans l'article 3 avec la méthode desldgpements asymptotiques.

Pour la détermination des équations d’équilibre@utiliser comme précédemment le PTV. On
commence par écrire le travail virtuel interne :

Wine = f

o:8edV = f (033 Q) 683 + 03000 6&; + 034565 + 0aply 567 dV (79)
%4 |4

En intégrant sur la section, I'équation ci-desseseht :

L
SWine = f (M;8&; 5 + T;6&; + A'8C% + D6 )dxs (80)
0

Avec les expressions des efforts généralisés somtébs par :

M; = L 0338 dS = Kj &y 5 + Q]i'(i (81)
T; = L 030,odS = Jjiéx + Djif,is (82)
@i= Js TapapdS = Qjéjs + H'S! 9

Et les difféerents coefficients :

Kjx = fs Qu+DYYdS , Jp= fs 1o QyedS , D= fs 1L, dS 85)
0= | 20ubads  CU=| wukubds , H'= | (ublglp  Ahath)ds 69
Aprés intégration par partie de Eq.80 et en utiisa PTV, on obtient les équations d’équilibre:
L
fo (M5 = 1)88; + (s — 01)5¢7) dovs = 0 (87)

25



= Mj;—-T;=0 ) Ay — i =0 (88)

En remplacant par les expressions des efforts gis#s dans les équations d’équilibre ci-dessus, le
systéme d’équations différentielles suivant es¢iobt

{Kjkfkss + (le - Dji)(,% —Jikék =0 (89)
€4y — (Qj —Dj)Ejs —HU =0
Pouvant aussi étre exprimé sous la forme matricgllvante :
Mu" 4+ Cu'—Ku=0 (90)
Avec :
3 Ko 0 0 Q'-Dt o0
u={ji} ,M=[’ .l] R T ,K=[]J ] (91)
¢ 0o ' Dj-Q; 0 0o H!

Dans I'équation E.90, les notations matriciellesété choisies de maniére a faire sortir 'anaogi
avec I'équation de la dynamique. Ce systeme eslurédune maniere exacte en le transformant en un
probleme a valeurs propres quadratiques [17]. Liaiceade raideur de I'élément sera assemblée a
partir de cette solution. Les détails de la procédiont donnés dans l'article 2.

5 Résumé de l'article 3 [9] :

5.1 Exemple d’introduction a la méthode des développements asymptotiques:

La méthode des développements asymptotiques (A&yimptotic expansion method) est une
méthode générale pour la résolution d’équatiorférihtielles. Pour introduire la méthode, on
consideére I'exemple suivant d’'une équation difféedie trés simple, qu'on souhaite résoudre en
utilisant la AEM :

u'(x) —nux) =0 (92)

Avecn # 0 une constante réelle non nulle.

On cherche la solution de I'équation ci-dessugidld de la AEM. Le principe de la méthode est
d’exprimer la solution, qui dépend du paramétreous forme d’une série entiererde

u(x) = uo(x) + nuy () + Ny (x) + - (93)

Cette série est remplacée dans Eq.92, pour endeittfier les termes associés a la méme puissance
den:
(o +nuy + ) —n(ug +nuy +-) =0 (94)
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up + z P (up —up-1) = 0 (95)

p=1

Les termes associés a chaque puissangealdes I'équation ci-dessus seront nuls, ce qui mdae
suite d’équations suivante :

! — O
{“9 (%)
Uy —uUp,_1=0 , p=1

Ces équations sont résolues itérativement pounisbte

xP
up=cF , PEN, ceR (97)

Avecu, =c.

En remplacant les expressions ci-dessus dans Em@htient la forme générale de la solution :

x? x3
u(x)=c<1+nx+n2?+n3§+---> (98)

u(x) = ce™ (99)

On retrouve donc bien avec la AEM, la solution sigse d’une équation différentielle du type Eq.92.

5.2 Probleme d’une poutre 3D :

Malgré les bons résultats de la méthode proposéel@aticle 2 pour enrichir la cinématique de la
poutre, elle comporte deux points faibles. Le pegrétant que le choix des modes transversauxtse fai
d’'une maniere heuristique, et donc ne forment pasbase optimale pour la description de la
déformation de la poutre. Et le deuxiéme concegr@dbléme de verrouillage incompressible déja
mentionné.

Dans cette partie, on utilise la AEM pour décrine mouvelle méthode pour I'obtention d’'une base de
modes transversaux et de gauchissements, plusabgtipour enrichir la cinématique. La AEM va

étre appliquée, de la méme maniere que pour I'ekediptroduction, a la forme forte du systéme
d’équations d’équilibre mécanique d'une poutre BEksticité linéaire, qui s’écrit sous la forme
générale suivante :

divy(6) +b =0 surV

&= Vyd (100)
o=C:¢
o-n=t sur
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Avec Vg := %(Vx + (Vx)T) l'opérateur gradient symétriquk les forces volumiques étles forces

surfacique. Les inconnues de ce systemedponeto, respectivement, le vecteur déplacement et les
tenseurs des déformations et des contraintes.

Avant d’écrire le développement asymptotique déémdintes grandeurs du systeme précédent. On
effectue le changement de variable suivant, néicegsaur séparer les variables transversales de la
variable longitudinale :

(x1,x2,x3) = (hyy, hy,, Lys) (101)

Avec h une dimension de la sectionLela longueur de la poutre.

Ce changement de variable est appliqué aux opésaldférentiels présents dans le systéme Eq.100 :

VS — 1 VS 1VS
X~ Z y3 +ﬁ y
1 1 (102)
divy = I (ley3 + Edlvy)

h i) hY " H ” H HH A 4 H
Avecy = (y1,y,) etn = 7 cequon appellera le parametre de “scaling”, s utilisé pour écrire
toutes les données et les inconnues du systemeEdal30 sous forme de série entiére.

Exactement de la méme maniére que pour I'exempigraiuction, on exprime sous forme de série
entiére dey, les inconnues du probleme que sont les dépladsmes déformations et les contraintes :

1
d:=L(Ed‘1+d°+nd1+n2d2+~-) (103)
o:=0°+nol +n20? + - (104)
e ) b pel 4 nZel 4o (105)

Les efforts dans le systeme Eq.100 doivent aussidéveloppés asymptotiquement. lls seront
introduits & des ordres bien définis (c.a.d. aplessances définies ¢¢, de la méme maniere que
Buannic & Cartraud [4] et Lebée & Sab [15]:

_ 1 _

bo =7 b f(3) , T =n"ta(¥) f(¥3) (106)
_ 1 _
bs = 7 nbs(y) f(y3) , t3:=nt3(y) f(y3) (107)

Avec f (y3) une fonction de classe’C

Dans les équations ci-dessus on a supposé unaseépales variables pour les différends efforts
externes. Cette hypothése aura pour conséquenc@paration des variables dans I'expression du
déplacement, permettant ainsi d'obtenir des modedetbrmations transversales ou de
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gauchissements ne dépendant que de la géométaesédetion, ayant des variables (d.d.l.) qui leurs
sont associés, représentant leurs variations ggdera poutre.

On introduit toutes ces expressions dans les diftés équations du systéme Eq.100. Pour illustrer |
procédure on considére I'équation de compatihilité

1 1
s=(vys3+gvys) (ﬁd‘1+d°+nd1+-~-) (108)
e=n"2V;d ™t + 71 (V5d° + V5 d7t) + (Vpd' +V5.d°) + - (109)

En comparant les deux expressions du tenseur fmsddions dans Eq.109 et Eq.105, on obtient les
relations suivantes en identifiant les termes apwadant au méme ordre :

£2=Vd =0 , £'=Vd°+V5d =0 (110)

e =V;jdP*' +V; d° pour pe€EN (111)

Les deux équations présentes dans Eg.110 sontjdasahs différentielles résolues indépendamment
de I'équilibre de la poutre, obtenant ainsi la ferdes vecteurs déplacemeddts etd®:

UT(ys) U (y3) — ¥20°(y3)
d7' =qusl(ys) ¢ o+ d° =1 U2(y3) +y16°(y3) (112)
0 U3 (¥3) = YaUg ' (73)

L’expression du déplacement a I'ordre O ci-dessas;ontient que les mouvements de corps rigide,
plus les rotations de flexions.

De méme que pour I'équation de compatibilité, largiement de variable et les expressions des
développements asymptotiques des différentes gunasideront utilisés dans les équations restantes du
systéme Eq.100. On obtiendra ainsi pour chaque gpdiissance dg) un probleme a résoudre. On
donne ci-dessous I'expression, sous forme inde&ielk ces différents problémes pour les différents
ordres. Pour plus de détails sur la procédure niénlur obtention voir article 3.

- Probléme P:
O-((Z)ﬁ,ﬁ = 0 (a)
1 1
) 52/3 = E(d;"ﬁ + dé,a) , €93 = 2 (d%,a + d(o)z,s) , &35 = d??,3 (113)
o) = 2ue; + Aegy by
\Gi(}nj =0
Avecu =——, 1:= — Y |es deux coefficients de Lamé.
2(1+v) 2(1+v)(1-2v)
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On remarque qu’a cet ordre I'inconnue est le veaiéplacemendl?, alors quel®, dont la forme est
connue, sert en quelque sorte de chargement alepr®bOn note aussi que les chargements externes
qui varient selon la fonctioh) n'apparaissent pas encore.

- Probléme P:

U;ﬁ,ﬁ +0g33=0
0-3:'[/3,3 + 0'393’3 + b3f =0

1 1
\ Eap = E(dé,ﬁ +dge) o €as = E(dg,a +dgs)  edz =dis (114)

0y = 2uel; + Aegy by

1. 1, —
\oqjn; =0 , o3n; =tzf

A cet ordre les forces externes longitudinales,nidues et surfaciques, apparaissent. lls ménaront
la détermination d’'un mode de gauchissement spéeifiqui dépendra donc de la répartition
transversal€b;(y), t3(y)) des forces longitudinales.

- Probléme P:

Oapp + Oazz + baf =0

0'325_3 +0333=0

A

1 1
Séﬁ = E(d;ﬁ + d;,a) ) 553 = E(dg'“ + dés) ) 53%3 = d§,3 (115)

O'L-Zj = ZMSL-ZJ- + Asﬁk&j

2. _ 2.0
\ogjnj =tof , o3n;=0

Dans le probleme3Pc’est au tour des forces externes transversapparaitre(b,, t,), pour
lesquelles un mode transversal spécifique serandigi®. Dans Pun mode de gauchissement associé
au chargement sera déterminé, désigné par la éorieti®, apparaissant donc dans la composante
longitudinale du vecteur déplacemeitde la maniére suivante:

d3 =+ Q%?3f (116)

L’expression de la déformation longitudinafy dans Pfera donc intervenir la dérivée tidans le
probléme, ce qui aura pour effet la déterminatieeteordre d’'un mode transversal assocfé a

- Probleme Ppour p>4:

p p—1 _
(aiﬁ’ﬁ +0535 =0
1 1
P _ p+1 p+1 P _ p+1 p P _ b
€ap = E(da,/j’ +d @ ) » Ep3 = E(d3,a + da,B) , €33 =d33
05' = Zusipj + /'ls,fk&j

(117)

kai’}nj =0
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Pour les ordres supérieurs @, le seul chargement viendra de la variationitodgnale du
déplacement de I'ordre précédent exprimée parrieéedl’,. On déterminera ainsi des modes de

gauchissements et/ou de déformations transverdaleke supérieur, a I'aide d’'une relation de
récurrence, ou les nouveaux modes a détermingurieant en fonction de ceux des ordres
précédents.

Le probléme initial dans Eq.100, de I'équilibre me@icue d’une poutre occupant un voluWe été
transformé en une série de problémes a résoudreadue ordre, le probléme correspondant donne la
forme du vecteur déplacement pour I'ordre considénéremplacgant toutes ces expressions dans
Eq.103, on obtiendrait au final la forme généralaléplacement. Mais ici la résolution du probleme
ne sera pas poussée jusqu’a I'obtention de lati@rides différents degrés de libertés. On appligue
AEM uniquement pour déterminer la forme de la ciatque, I'équilibre sera ensuite résolu par la
méthode de l'article 2. On ne s'intéresse dondgaaix différentes conditions d’appuis de la peutr

ni a comment elles sont traduites dans le cadta AEM, a l'inverse de la procédure proposée dans
[5] et [11].

5.3 Solution du probleme et forme du déplacement :

Les détails de la solution des différents problemgsimeés ci-dessus seront donnés dans l'article 3.
Ici on exprime puis on analyse la forme finale épldcement aprés la solution des différents
problemes :

N [
dy :[Ua + 1/J3°r9]+[n Ve’ Uss + Uzlp;'BUﬁ,M u Z n? (wglf(p_g) + wﬁ'zf(p_z))] (118)

\p=3 impair

-

2023 f + Z P (Qr1f®=3 +Qp'2f(p_2))] (119)

\ p=24 pair

d3 =[U3 + T)(—xa Ua'3]+[ﬂ.1'10'3) + rIZQZIQTa

J

—+

Avec f® = % exprimant la ™ dérivées dé par rapport &5. U;(x3) et8(x;) des fonctions

3
variant le long de la poutre représentant les mmevds de corps rigide &} les deux composantes de
I'effort tranchant dans la section. On rappelle gi® := (—x,, x,) représente le mode de torsion, les

fonctions qui sont désignées g8t‘ (x) des modes de gauchissements et les fonafidhge) =

( f"(x),z,bé’"(x)) des modes transversaux, apdordre auquel ils ont été déterminés &turs
numéros dans l'ordre.

Les termes encadrés en bleu représentent la cingmatassique d’une poutre d’Euler-Bernoulli. Les
termes encadrés en rouge sont quant & eux obtansdadsolution de Saint-Venant du probléme de
I'équilibre d’'une poutre. Ces termes ne dépendastdqu chargement extérieur sur la poutre, mais
seulement des conditions aux extrémités sur lelac@ments. La contribution du chargement
extérieur a la cinématique sera donnée par lesteemcadrés en vert, qui sont tous assodiés @

une de ses derivées.
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Pour illustrer les modes de déformations translesset de gauchissements introduits dans la
cinématique Eq.118-119, on considére I'exemple &’section rectangulaire :

(b)

(c)

Figure 11: (a) modep®!  (b) modap'? (c) modap'3

(b)

X
(€)

Figure 12: (@) mod&!! (b) mode2?! (c) moden?2
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Dans le cas particulier d’'une section & matériandg®ne, I'expression analytique des mogiés
peut étre donnée :

v 12 _
P =26i ) =y P = v

2 , 12_Y 2 2 ) (120)
11 _ 2 =—(xF—x7) 13 = —yx
Y2 =V ax; z 22 ! z 2

Avecv le coefficient de Poisson.

Pour illustrer les modes dus aux forces, on considge section en forme de caisson, une géométrie
tres utilisée dans des projets réels. Les modeégseptés ci-dessous sont tous déterminés pourcka fo
verticale, répartie sur le hourdis supérieur :

(b) (d)

Figure 13: (a) mode transversgi®>!  (b) mode de gauchissemgxit!
(c) mode transvergpt!  (d) mode de gauchissemesit

De l'analyse de la cinématique écrite dans Eq.11B-flusieurs remarques peuvent étre faites:

Rq.1 : La méthode des développements asymptotjzpreset de retrouver (ou justifier) d'une maniere
rigoureuse des modeles de poutres existants,uelkeqg modéles d’Euler-Bernoulli, Vlassov ou Saint-
Venant.

Rq.2 : Le gauchissement de Vlassov (term@®h) est du ¥ ordre (méme ordre que la flexion), ce
qui confirme I'importance de ce terme pour le cortgament des poutres en torsion.

Rq.3 : En I'absence de force extérieure, la sautiéterminée par la AEM correspond en fait a la
solution de Saint-Venant pour les poutres.

Rq.4 : La cinématique ne prend pas en compte fetsefe bords aux extrémités de la poutre. Ceci
revient & avoir considéré une poutre infinie ouefésts peuvent étre négligés.
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Rq.5 : Lorsque la fonctiof) représentant la variation longitudinale des ¢$fax une forme
polynomiale, la forme exacte du déplacement (poerpoutre infinie) est obtenue en tronquant les
deux sommes infinies a I'ordre du polynéme.

Rq.6 : Chacun des modes d'ordres supérieurs assamieefforts extérieurs, varient selon une dérivée
def. Dans le cas ou cette fonction n’est pas de clasgeas d’'une force ponctuelle), la cinématique
déterminée par la AEM donnera quand méme d’exdsligsultats (loin des extrémités) avec tres peu
de modes.

6 Discussion générale et analyse des résultats :

Dans les trois articles présentés ici, la consonau modele de poutre enrichi est effectuée e de
étapes principales. La premiere est la déterminatéla cinématique qui va régir le mouvement de la
poutre. Cette étape est importante puisque quliesoient les charges auxquelles sera soumise la
poutre plus tard (forces, poids propre, fluage.|lg, e pourra se déformer que selon la cinématique
adoptée initialement. Le choix de cette derniéiesiofaire donc en fonction des chargements que va
subir la poutre, pour qu'il soit le plus optimalgsile. La deuxieme étape est I'obtention et la
résolution des équations d’équilibre pour constriarmatrice de raideur de I'élément. Deux choix
s'offrent & nous dans cette étape, le premier staai utiliser des fonctions d’interpolations
(polynébmes de Lagrange, Spline...) pour I'approxioaties degrés de libertés, le deuxiéme consiste
a résoudre les équations d’équilibre d’'une margaeete. C'est ce second choix qui a été adopté dans
ce travail. Cependant la solution exacte ne peatddtenue (du moins a notre connaissance) que pour
le cas linéaire élastique avec des sections cdestaim cas plus général complique considérablement
les équations d’équilibres pour qu’elles puissecbee étre résolues d’'une maniére exacte. Dans ces
cas, l'utilisation des fonctions d’interpolatiorisrgpose. La solution exacte est relativement faaile
obtenir dans l'article 1 (section infiniment rigidans leur plan mais pouvant gauchir), mais pour le
cas général de l'article 2 et 3 (section pouvarttéfermer dans son plan et gauchir) elle n’estraée
gu’apres un long processus de résolution des @msatiéquilibre. La solution exacte permet de
s'affranchir d’'un maillage trop fin et des problesrde verrouillage numérique pouvant apparaitre. Ce
qui en fait, malgré sa difficulté, une approcheyéhée, qui doit toujours étre adoptée quand etle es
possible.

La méthode des développements asymptotiques (AHK4) une approche efficace et générale pour
déterminer une base réduite adaptée pour enr&chinématique de la poutre. Elle peut étre congidér
comme une approche plus simple que les méthodesddetion de modeéle, tels que la PGD (proper
generalized decompostion) ou la POD (proper orthabdecompostion), voir Ryckelynck & al [16].
Ces approches ont pour point de départ les éqeatiéquilibre 3D de la poutre, seulement pour la
AEM seule une pré-analyse de la section est ndoeggaur déterminer les modes de déformations, au
lieu d'un calcul 3D global de la poutre pour lesrasiapproches.

La AEM suppose que la poutre est infiniment longieytilise une séparation de variables pour les
efforts, variant longitudinalement selon une fometinfiniment dérivable. En considérant toutes ces
hypotheses, la forme générale du déplacementsteulcture est obtenue.

Pour 'usage qu’on fait de la AEM, I'expression eteade la fonction représentant la variation
longitudinale des efforts ne nous intéresse pdsgpea la AEM nous sert seulement a déterminer des
modes de déformations associés a chacune desatedgdadite fonction. Cependant, parmi les cas de
charges usuels qui se présentent a I'ingénieurinersont ponctuels (fonction delta de Dirac) munb
répartis sur une longueur réduite de la poutrecffon porte). On serait donc en droit de suppases,
pour ces types de fonctions, il faut pousser letigpement asymptotique a un ordre tres élevé pour
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obtenir de bons résultats. Cependant dans tous$etests proposés dans l'article 3 ou le chargeme
est ponctuel, on obtient de tres bon résultatoemparaison avec ceux obtenus avec des modeles de
référence en éléments de coques ou volumiquesleeen s’arrétant aux modes liés a la dérivée
cinguieme de la fonction de répartition longitudindes efforts. On a donc, méme pour le cas de
comparaison extréme d’une force ponctuelle, debioés résultats avec trés peu de modes.

Il faut noter ici un point de différence importanttre les résultats des deux premiers articles eauec

du dernier. Dans les exemples proposés dans legptemiers articles, la comparaison est faite aur |
distribution des contraintes normales ou tangdesie€lu voisinage de I'encastrement des poutres, qui
représente la zone de perturbation. Les résubbatscomparés a des modeéles de références, et
montrent une tres bonne concordance. Ces résaoéigisuvent pas étre reproduits en utilisant les
modes provenant de la AEM, puisque une des hypeshdes la méthode est qu’on est dans une poutre
infinie (et donc trés loin des zones de perturlmalioMalheureusement ici pas de miracle, les r&sult
concernant les contraintes deviennent médiocra&gprochant des appuis. Ces résultats peuvent
néanmoins étre améliorés en incorporant les moelgadchissement obtenus par la méthode
développée dans l'article 1, ce qui peut étre olésdans la figure 11 de l'article 3.

Une remarque dans l'article 2 précisait que I'effetsson allait étre négligé a cause de I'appariio
verrouillage incompressible, et que par conségdans tous les exemples proposeés, un coefficient de
Poisson nul a été considéré. Pour résoudre cegmeblil faut, comme expliqué dans la remarque,
inclure des modes de déformations d’'une maniemr@penser (ou représenter) les déformations
créées par 'effet Poisson. En utilisant la AENffiet Poisson sera naturellement pris en compts dan
les modes qui seront déterminés, ce qui résoubldgme du verrouillage incompressible.

De I'’AEM on obtient un résultat intéressant conesitria définition du centre de gravité et les axes
principaux d’inerties. Pour déterminer la positthncentre de gravité et I'orientation des axes
principaux, la définition classique est que le &y de coordonnées doit vérifier les trois équation
suivantes:

f Ey,dS=0 f Ey y,dS =0 (121)
s s

Avecy = (y,,y,) les coordonnées des points de la sectid@(g} le module dYoung.

Cependant cette définition n’est valable que darta$ d’'une section avec un coefficient de Poisson
constant, sinon elle n’a plus aucun sens. Une rleudéfinition peut néanmoins étre adoptée, en
utilisant les relations dans Eq.96 de l'article&Bqui s’expriment par :

f 1 (2 = div, (') ) yudS = 0 (122)
S

-fs U (2y1 + divy(lpl'l))yzdS = -fs U (Zyz + divy(lpl'z))yldS =0 (123)

Avec'' les trois modes de déformations transversalesausefficient de Poisson Eq.. Ces
relations définissent le centre de gravité et éotation des axes principaux, permettant ainsi un
découplage entre I'effort normal et les momentfiadéons.
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7 Conclusion et perspective future:

En couplant la AEM pour la détermination de la ciaéique de la poutre, présentée en détail dans
I'article 3, avec la résolution exacte des équatid@quilibres développée dans I'article 2, on erfuti

une procédure efficace pour la construction d'u@h® de poutre enrichie, basée sur une résolution
analytique des équations d’équilibre, capable ddiser avec des modéles en éléments de coques ou
briques.

Dans l'article 3, la AEM a été utilisée pour détaren des modes spécifiques aux forces extérieures
appliguées a la poutre. La procédure peut étré adaptée, sans trop de difficultés, pour détermine
des modes spécifiques a des déformations impogésti€nt thermique, fluage...).

Le modéle présenté dans ce travail ne concernel’pmiant que des poutres a sections constantes.
Pour le cas des sections variables, une solutinérgie exacte n’est plus possible. Il faut doniiseti
des fonctions d’interpolations (Spline, Nurbs...) papproximer la géométrie arbitraire de la poutre,
ainsi que la variation des différents degrés dertés pour construire la matrice de raideur de
I'élément.

Cependant, pour des poutres a section variablebespubiaises, ou plus généralement initialement
déformées d’une maniére quelconque, la différemee kes poutres a sections constantes ne réside pas
seulement dans le fait que la solution exacte plest possible, mais surtout dans le fait que la
géomeétrie initiale quelconque de la poutre, proded effets non négligeable sur la déformatiorade |
poutre, qui de la méme maniére que pour le changeextérieur, nécessitent de déterminer des modes
de déformations (gauchissements et transversaégjfisues pour pouvoir les représenter.

Le traitement des non linéarités géomeétriques peuype de poutre enrichie est, comme on peut s'y
attendre, un sujet complexe. Ici aussi, comme [goprise en compte de la géométrie initiale, il
faudrait imaginer qu'a chaque itération d'un pratesde résolution d’équations non-linéaires
(Newton-Raphson...), on détermine des modes spéeffiqu’état de déformation atteinte par la
poutre. Cette premiére idée laisse entrevoir laptexité de cette problématique, qui reste un des ax
de recherche & poursuivre.

La prise en compte des non linéarités matériebes ¢ cadre de la méthode des développements
asymptotiques, est tout autant, si ce n’est plfficith que celle des non linéarités géométriques.
Plusieurs pistes sont envisageables, mais postdii ce sujet est encore a I'état embryonnaire, et
représente un axe de développement futur en cours.

Des sujets pouvant paraitre moins théoriques auiprebord, sont en réalité tout aussi difficiles e
importants que les problématiques de non linéagiéésnétriques et matérielles, puisqu’ils sont
essentiels pour l'usage pratique de cet élémepbdee enrichi. On peut notamment citer la question
de la prise en compte I'effet des raidisseurs trarsaux, présents généralement dans la grande
majorité des tabliers de ponts. Celle de savoirment connecter une poutre venant se raccorder
latéralement a une autre poutre (par des boul@sssaudures...) et quel est I'effet de cette conmexio
sur la cinématique a choisir.

La liste des sujets de développement futurs, déaii-dessus, est loin d’étre exhaustive. La
résolution de tous les problémes liés aux poutngstdges nécessite certainement des années
recherches. Mais qui nous le croyons, ouvre la &aiae nouvelle génération des logiciels de calcul
de structures, offrant ainsi des outils modernasirrgénieurs pour une meilleure compréhension du
comportement de leurs ouvrages.
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1. Introduction

In bridge engineering, it is often needed to analyze the effect of
torsional warping and shear lag on the stress distribution of beam
cross-sections. This can not be achieved by using a model of clas-
sical beam finite element, based on either Bernoulli or Timoshenko
theory. Two differents approaches are common: The first is based
on shell element models, that can be costly with respect to engi-
neer time or computer time calculation, whereas the second relies
on analytical methods, based for example on a Fourier series
decomposition of forces (see Fauchart [8]), which is valid only for
one-span system, can miss some effect when the section is not
bi-symmetric, and can hardly be integrated in finite element pro-
grams. The lack of an easy-to-use general method has motivated
the present work to develop a new beam finite element able to de-
scribe very accurately the non-uniform warping of sections, either
caused by non uniform torsion or shear lag.

The problem of warping have been widely treated in the existing
literature. In Bauchau [1], a similar approach of the one exposed
here is used, consisting in ameliorating the Saint-Venant solution,
that considers only the warping modes for a uniform warping, by
adding new eigenwarping modes, derived from the principle of
minimum potential energy. We propose here a different approach,
that has the advantage to separate the determination of the
warping modes from the equilibrium solution, and to propose a
finite element formulation using this modes. Sapountzakis and
Mokos [2] calculate a secondary shear stress, due to a non-uniform

* Corresponding author. Tel.: +33 182516209; fax: +33 619326432.
E-mail address: mohammed-khalil.ferradi@tpi.setec.fr (M.K. Ferradi).

0141-0296/$ - see front matter © 2012 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.engstruct.2012.07.038

torsion warping, this can be considered here as the derivation of the
second torsion warping mode, however in many cases this is not
sufficient to represent accurately the stress distribution over the
beam cross-section.

This paper presents a new kinematics for beams, that describe
the out of plane displacements in the case of a non-uniform warp-
ing of a non-symmetric section. This is achieved with using “warp-
ing functions” defined on the beam cross section. The warping
functions are determined iteratively using equilibrium equations
along the beam, leading to partials derivatives problems. This can
be considered as a generalization of the work of Sapountzakis
and Mokos [2,3], where a secondary shear stress is considered, ob-
tained by the equilibrium of the normal stress due to the non-uni-
form warping. In the present work this secondary shear stress
would represent the second warping mode. The idea is therefore
to go further, considering that this secondary shear stress will in-
duce a new warping mode with its associated normal stresses, that
can be at its turn equilibrated, inducing a third shear stress corre-
sponding to the third warping mode, etc. Iterative equilibrium
scheme is continued until a sufficient number of mode is obtained
to represent accurately the non-uniform warping effects.

In the second part of this work, the variational principle is used
to determine the equilibrium equations, containing the new terms
introduced by the warping. Analytical resolution of these equa-
tions will lead to results that are completely mesh-independent,
and avoid shear locking problem in finite element formulation.
The main difficulty to perform the exact solution of equilibrium
equations is that the number of unknowns and thus of equations,
depend on the number of the warping mode used. The size of the
stiffness matrix will be then variable, equal to 12 + 2n, with n the
number of warping modes.
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Finally, the results are presented for different examples of
beams, that will be compared to those obtained using a four noded
shell elements (MITC-4) model of the beam.

2. Determination of the warping functions

The beam is described on (x,y,z) axis system, x being the longi-
tudinal axis, and y and z principle inertia axes, centered in the
gravity center.

Ug, g, Wq are the displacements of a material point q along x,y,z
axes.

Where in Fig. 1, A is the cross section area and I = | o;I'; the
border of the section.

We assume the following displacement field of the beam:

ZQ& 1)

Vq(X,,2) = v(X) — 20x(X) (2)
Wq(X,y,2) = W(X) + Y0x(X) 3)
where Q; are the functions of the warping modes, and ¢&; the gener-

alized coordinate associated to each mode.
Thus the resulting stress field for an homogenous cross section:

Uq(X,_y,Z):U( ) y9 +Z€

du do, d¢;

o= E(a —+z—+ZQ ) (4)
dv 9)( i

Txyc<a—01—za+za—yfi> (3)
d doy &

szG<dW+0y+y Z_£l> (6)

where E and G are respectively the elasticity and shear modulus.
The following sections will present in details the derivation of
the different warping modes, characterized by their Q2 functions.

2.1. 1st Modes determination

For the derivation of 1st warping modes, it is necessary to dis-
tinguish between those due to shear, and the one related to tor-
sion. This modes correspond to the Saint-Venant warping
functions [9].

Let us start with the 1st warping mode for a shear force along y.

In the case where the beam is submitted to a uniform warping
along the beam, due only to a bending in the xy plane, ¢ will be
constant and we take it equal to 1.

The displacement field becomes:

Ug = =Y0,(X) + 21y
Vg = v(X)
wy=0

e i
O 0 J
= Z =

. Rl
7 I/ \) \\
// \\:!Tl A \
/ A\
[ \
| oy —
( )

™

’ N 4
(A
~~ ~
0 " —

> — e

Fig. 1. Cross section of the beam.

Thus the resulting stress field:

dHZ
=-E—= 1
i) (10)
. dv 8Q1y
fxy,c@_eﬁ ay) (11)
0y
= 12
Te =G 9z (12)
Assuming no body forces, the equilibrium equation is written
as:
00 0Ty 0Ty
el =0 13
ox 0y 0z (13)
Substituting the stresses with their expressions, it comes:
T.V
AQyy = G_Izy (14)

With 4 = §%/ay? + 9*]0z° is the Laplace operator, I, the moment of
inertia and T, the shear force along y.
The warping must not generate either normal force nor bending

moment, which leads to the following orthogonalization

equations:

/ QydA=0 (15)
A

/yﬂlydAZO (16)

JA

/ zQydA=0 (17)
A

With these additional conditions, the solution of (1
unique.

Using the same method to derive the 1st warping mode for a
shear effort along z, we will have to resolve the following partial
derivative problem:

4) will be

T,

A2 = iz (18)

/ QLdA =0 (19)
A

/ 20,,dA = 0 (20)
A

/lesz:o 21)
A

The detail for the derivation of the 1st torsion mode of the
Vlassov theory is given in [5] and in [4,6,7] for thin walled section.
We give here the stated problem:

AQ;;=0 onA (22)
aQ" =yn,—zn, onT (23)
/ 1dA =0 (24)

All of this partial derivatives problems can be resolved by differ-
ent methods as finite difference (FDM), finite element (FEM) or
boundary element method (BEM).

5 Ty=1000KN
163

Fig. 2. Shell model of the beam with an external load T, = —1000 kN.
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2.2. Determination of the warping function for some modes

In the case of a non-uniform warping, the 1st modes will not be
enough to describe the warping of a section, especially in the vicin-
ity of a support section where warping is constrained. This is be-
cause the 1st warping modes are calculated by equilibrating the
normal stress (¢ = 2y - My 7z for bending) for a uniform warping
(&= cst), but in a non umform case we will have g‘ # 0, which will
lead to the apparition of a warping normal stress ¢ = Ed‘ Q that are
not equilibrated in Eq. (13).

Restoring equilibrium leads to the determination of a secondary
shear stress associated to a 2nd warping mode. This reasoning can
be considered as an iterative equilibrium schemes, converging to
the exact shape of the warping in a section.

We assume that we have determined the nth warping mode,
whether for shear or torsion, and we wish to determine the
n + 1th warping mode. The nth warping normal stress ¢" will be
equilibrated by the n + 1th warping shear stress:

gg" oty ot

ox ay 0z (25)
where
dé 0Q 002
o"=E—== dx n Qu: T)r:;] ngﬂ al;r] n+1 GCnH (;ZH
Thus
d2z
EQ, e ” + GE A2y =0 (26)

The functions 2,.; and €2,, depends only of the geometry of the
cross section, whereas ¢+ and ¢, depends of the abscissa x, so Eq.
(26) implies that it necessarily exists two constants Y, and f.1,
related to the equ111br1um of the beam, verifying: AQ,,1 =
Yni1€n; Enpa = Buir & ™ g

Our goal is to construct a base of warping functions, where any
section warping can be decomposed linearly with the aid of the ¢&;
coefficients, that can be seen as the participation rate of the warp-
ing modes. In practice we need only to determine the warping
functions to a multiplicative constant, and the participation rate
for each mode will be obtained by writing the equilibrium of the
beam. Thus, only the problem AQ,.; = Q, has to be solved. More
details on the resolution of this partial derivative problem are gi-
ven in Appendix B.

Q1 has to comply with the orthogonality conditions with
respect to the n warping functions of the lower modes, this will as-
sure the uniqueness of the function. To this aim the Gram-Scmidt
orthogonalization process can be used:

/A Q{HI Qj dA

Q)H QJH
Q7 dA

n+1 = "n+1

Q forj=1,n

At the end of the process we have QZE

n + 1th orthogonalized warping function.

which is the researched

3. Equilibrium equations and their resolutions
3.1. Determination of the equilibrium equations
The internal virtual work may be written as:

Wi = / o’ sedV (27)
v

where V is beam'’s volume o7 = ( 0y
0eT = (5&y 208y

Ty Tx ) the stress vector and
24¢y; ) the virtual strain vector.

Using the expression of the strain in the internal virtual work:
" déu dso, déo, do
5Wint:/v (Uxa—y dx —+ZQ Ox §,>

+ / T @ —00, | +71 dé—
v ¥\ Tdx z 2\ "dx

4o, Qi Q
5 —2T,) + Z&g, (rxy %y + T %;)) v (28)

After integrating over the whole section, it comes:

+ (soy)

. dou d(soz d()() doé;
Wine = (N(T +M, ax T My dx ZB >

dév dow < .
+/L (Ty<d 501>+TZ( X +(>0y> +Mx 2 (piégi)dx
(29)
where L is the beam’s length.
The expressions of the generalized stresses are:
N = / o, dA (30)
M, = / —yoydA = El, LZHZ (31)
M, 7/zadi EI - (32)
dc,
B — / Q0 dA = EZK,J (33)

TZ_/Arxsz_c;((‘;—Wwy > (35)

M, — / (Ve — 2T4y)dA = c(zo ‘;0* N) (36)
A

Ty_/AerdA_G<<dy Z ) (34)

/ . 8Q+ 080
;= 1, (5 %y xzaz

_G<<¥‘HZ>P1 <C;W+6y>Q, dox N,+Z';IM,,> (37)

where Ip = I, + I, is the polar inertia, and the warping-related coeffi-
cients are:

Ku_/QQdA P_/‘m’dA Q= %dA

h 0Z
v-f (2

a—y’)dA; M, = /A VO, VO dA
The efforts due to warping are B; and ¢;, respectively the bi-
moment and the bi-shear, associated to the ith warping mode.
After an integration by parts of the internal virtual work in Eq.
(29), one obtains:

_ [ (dN dM, . dM,
Wi = | <?5 +< e ny>oez+< r +T>
+Z&gi<—d—’+<p>+dlév—‘fjla dfjw 36 >d
i=1

L
+ [Nou+T, 060+ T.ow+ Mot +My59y+Mz(sez+2?:13i55i]o

Wexe

(38)
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NORMAL STRESS (KN/m?)
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\ 40000 — - beam model (1Y 1T)
N 30000

Ty=-1000KN o o~
o Yy ﬁ X (m)
. Tt . - .
-2 _ \\EZE:/ 1 1.5 2
Y
002m | L;
im

Fig. 3. Comparison of the normal stresses between the shell and the beam model, at x = 0.05 m and at mid-depth of the upper slab (T, = —1000 kN).
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Fig. 4. Shear along y warping d.o.f. along the beam.
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Fig. 5. Torsion warping d.o.f. along the beam.
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-4.00E-02 A
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-6.00E-02 - —rotation teta x
—rotation teta 'y
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Fig. 6. Displacement and rotations of the beam.
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Fig. 7. Comparison of the normal stresses between the shell and the beam model, at x = 0.05 m and at mid-depth of the upper slab (T, = 1000 kN).
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Fig. 8. Shear along z warping d.o.f. along the beam.
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Fig. 9. Torsion warping d.o.f. along the beam.
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Fig. 10. Displacement and rotations of the beam.
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Fig. 11. Measure points in the cross section.
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Fig. 12. Shell model of the beam with an external load T, = —1000 kN.
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From the expressions of the shear efforts and the torsion mo-

(42)

(43)

(44)

After substituting in the expression of the bi-shear ¢; in Eq.

From the principal of virtual work 6W;,; — W,y = 0, it comes: 3.2. Eigenmodes of warping
/ Ny (~ Mz 1 )o0,4 (M, 7,50,
L \dx dx dx have-
B ir ir i ment, we have:
1 Zy (=225 X
+Z§é,( +o >+(dx>5v (dx)bw <d )b@x)dx 0 @—Ozzi—ié&
dx AG &"'A
(39) =1
dw T, ., Q
This relation is valid for any admissible virtual displacements, dx +0 = AG Zéij
then all the expressions between brackets have to be zero: =
M, M dN dr A0 _ M zn:cf N
- y —0. ——0. =Y_0. dx ~Gly &I
dedeTZO"de’de’ 0 = 0
ar, _  dM,
- 0; v 0 (40)
dB; @, =0 1<i<n 41) (37), we obtain:
dx
80000 -
60000 -
MRS
N 40000 -
Ty=-1000KN

NORMAL STRESS (KN/m?)

0.01m

'\40000 -
\
-60000

-80000 -

—a=— shell model
—— beam model (4Y)

beam model (1Y)

Fig. 13. Comparison of the normal stresses between the shell and the beam model, at x = 0.05 m and at mid-depth of the upper slab (T, = —1000 kN).
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Fig. 14. Shear along y warping d.o.f. along the beam.
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2 . N,
®;= KITy +%T2+T01Mx
n NiN;  QiQ; +PiP;
+GY_§ (Mj,,» - ,'O - %) (45)
=1

The n equilibrium equations for warping efforts in (41), can now
be re-written in a system of differential equations:

P.

g Koo K] ' [RS %] o1, Kii - Kia]™

¢
E

| —
>

= S A s

= .

é;{ sym. Kun S % Ny My sym. Knn

N Qiip} NiNy  Q1Qu+P;P,
M]_lfTolf% M].n* 1Nn @ "A 1Pn él

Io

2 2
sym. MnAn _I;J_D"_—Q"XPZ" Cn

For what follows, we introduce some notations:

500 1 bimoment

-500 1

-1000 1

-1500 1

-2000 1

-2500 1

-3000 -

-3500 -

& Kix - Kin
=9 ;5 K= R
n sym. Kin
Lo W S R\
. A A T T,
Pl=¢ K] : fr=4T:
Pn Qu Nn M,
A A T
2 2. p2
. Ml, _ ’;Lol Qlj‘r 1 M],n _ NllUNn _ Qn/;rpl Pn
_ - -1
[M] = £ [K] ' -
sym. My — I;IT: - QHXP"

We note that [K] is the Gramian matrix attached to the warping
functions, and since all diagonal terms are strictly positive, the
matrix will be then positive definite and inversible whatever num-
ber of modes considered.

x(m)

— mode 1Y

— mode 2Y x 1.e+03

— mode 3Y x 1.e+04

mode 4Y x 1.e+06

Fig. 15. Bi-moments along the beam.
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Fig. 16. Displacement and rotation of the beam.
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Fig. 17. Measure points in the cross section.

Fig. 18. Brick model of the beam with an external load T, = —1000 kN.

The system of differential equations can now be written in a
compact matrix form:

{&") =[P} + IMI{&} (46)

Let: (4)1<i<n represent the eigenvalues of [M], and [R] the corre-
sponding eingenvectors matrix.
Writing [¢] = [R]{X}, we have:

1000KN

Table 1
Coordinate of the measure points.
y (m) z (m)
1 0 -1.45
2 0 -0.95
3 0 -045
4 0 -0.05
5 0 0.05
6 0 0.45
7 0 0.95
8 0 1.45
9 -1 —0.45
10 -1 -0.05
11 -1 0.05
12 -1 0.45

[R{X"} = [PI{f} + M][RI{X}
{X"} = R [PI{f} + (R M]RI{X} (47)
X"} = R [P} + (XD

where [/] is the diagonal matrix containing the eigenvalues.
The system being now uncoupled, it can be solved as :

X} ={z} - "' [R)'[PKS} (48)
where z; = Aich(v/Zix) + Bish(+/7:x) and A;, B; integration constants
depending on the boundary conditions.
Hence, {¢} is obtained as :
{¢} = [RI{z} — [RIIZ] "R [PHFY
= {¢} = [Ri{z} — [M]""[PI{f} (49)
[H]

We re-write the solution of the system under the following ma-
trix form :

{&}x = [RI([ch] {A} + [sh],{B}) — [HI{f} (50)
ch(v/71x) 0
where [ch], = ;
0 ch(v/7aX)
sh(v/71x) 0 A B,
[sh], = s At =9 BY=9
0 Sh(v/7nX) Ay B,

We will now determine the vectors {A} and {B} in function of
the boundary conditions of {¢}:

1000 1 NORMAL STRESS KN/m?

X(m)

——&— BRICK MODEL(ANSYS)

BEAM MODEL 3Y 3X

=+ = - BEAM MODEL 1Y 1X

0.6

-2000 1

-2500 1

-3000

Fig. 19. Comparison of the normal stresses between the brick and the beam model, at x = 0.05 m and at the upper fiber of the section (T, = —1000 kN).



M.K. Ferradi et al./Engineering Structures 46 (2013) 748-762 757

{&o = {&} = (&) = [R{A} - [HI{f} (51)

{¢}, = (&) = {&) = [RI((ch], {A} + [sh],{B}) — [H]{f} (52)
Thus

{A} = R ({&a} + HI{f}) (53)

{B} = [sh],'[R]"" ({¢g} + [HI{f}) — [th],'[RI " ({&4} + HI{f)  (54)
If we note the hyperbolic matrices:

[H1), = R][chl, — [shl,[th], )[R (55)

[Ha], = [R][sh],[sh], ' [R]™" (56)

We can write {¢} as a function of its end values and the abscissa
x in the following form:

{She = Hil{éa} + [Hal { &} + ((Hn]c + [Hal, — In) [H{f} (57)

3.3. Resolution of the equilibrium equations and determination of the
stiffness matrix

In classical beam finite element formulation “arbitrary” inter-
polation functions are used for the displacements, and then varia-
tional principle is used to derive the stiffness matrix. The accuracy
of the calculation results obtained with this formulation would be
mesh dependent, especially for warping coordinates, which are of
hyperbolic form, and we can also have shear locking problem for
thin walled beams, due to the fact that we can not assure exactly

dT,

a:O:»Tz(x):TzA inx=1L:
Toa =Ty (60)
w(L) = wg (61)
dM .
dXX:0:>MX(x):MxA inx=1L:
Mg = My (62)
Ox(L) = Oxp (63)
dM .
d—xz+Ty:O§Mz(x):MzA—TyA~x inx=1L: (64)
Mz = Mz — Tysl
_ Ma Tya 5 .
0,(X) = 0,4 + EIZX_ZEIZX inx=1L:
M T (65)
— Ay 1yA 12
0,8 = 0,4 + EL L ZEIZL
am,

I T,=0=M,(x) =Mja+Tux inx=L: (66)

MyB B MyA + TZAL

. . . . M, T .
the constraints of zero shear deformations in every position in Oy(x) = Oya +Fy"x+ﬁx2 inx=1L:
the beam. Y Y (67)
In the following work a different approach is used to determine 0 0 Mya L T 12
the stiffness matrix. From the resolution of the equilibrium equa- v = Uya EI, + 2EI,
tions, we will express the n + 6 external generalized forces at each
node of the beam, as a function of the 2n + 12 nodal displacements. dN .
With these expressions the stiffness matrix can be assembled. Nev- ax - 0=N(x)=Ns inx=L:
ertheless, performing the exact solution has a major difficulty, con-
sisting in that our stiffness matrix has a variable length, depending ~ Na = N (68)
on the number of warping modes, but must be always derived
from the exact solution of the equilibrium equations. u(l) = us (69)
We write the 12 + 2n equations from the equilibrium Egs. (40) And the additional 2n equations for the bi-moment :
and (41) :
Bi(0) =By; Bi(l)=Bjp for1<i<n (70)
dat, .
dx 0=Ty(*)=Ty Inx=L: We have then 2n + 12 equations for 2n + 12 unknowns.
Tya = Typ (58) Egs. (59), (61), (63), (69) and those of biforce (70), need to be
(L) = vg (59) developed more explicitly.
For Eq. (59) :
Table 2
Normal stress (kN/m?) in the measure points for T, = —1000 kN.
Measure points
1 2 3 4 5 6 7 8 9 10 11 12
Shell (MITC4) 21,516 8431 22,528 1385 2705 —2452 7737 -1136 12,777 8483 8361 13,505
Beam 4YAT 26,372 7970 -22,026 220 1437 —4940 6103 -1146 7152 9463 -8571 18,909
Beam 1Y1T 53,175 18,457 -32,755 -11,310 -8744 —9661 11,540 10,363 3144 —-9404 —6977 24,986
Table 3
Normal stress (kN/m?) in the measure points for T, = 1000 kN.
Measure points
1 2 3 4 5 7 8 9 10 1 12
Shell (MITC4) —23,844 4961 8774 869 -869 8774 —4961 23,844 -5339 -177 177 5339
Beam 4Z4T —22,633 5859 9360 958 —965 -9361 —5855 22,640 —7579 —240 243 7581
Beam 1Y1T —26,451 6856 14,069 1743 -1741 —14,067 -6856 26,449 -10,055 -938 939 10,056




758 M.K. Ferradi et al./Engineering Structures 46 (2013) 748-762

Table 4
Coordinate of the measure points.
y (m) z(m)
1 0 -0.45
2 0 -0.25
3 0 -0.05
4 0 0.05
5 0 0.25
6 0 0.45

Table 5
Normal stress (kN/m?) in the measure points for T, = —1000 kN.

Measure points

1 2 3 4 5 6

Shell (MITC4) 23,022 14,371 -33,110 -33,110 14,371 23,022
Beam 4Y4T 22,630 14,742 33,668 33,627 14986 22,988
Beam 1Y1T 54,827 21,204 57,258 57,267 21,206 54,841

Table 6
Coordinate of the measure points.
y (m) z (m)

1 -05 —-0.45
2 -05 -03
3 -0.5 -0.15
4 -05 0
5 -0.5 0.15
6 -05 0.3
7 -0.5 0.45

dv Ty n P,‘

&= Tac 25

d M, T 0
av _ May yaye a1

ax VAR X T3, +AG A{P} &

T 2 YT - N )
0

= Oxa — Oxp + E{N} [T1]({¢a} + {&s}) (74)

where {Q}" = {Q, Q) {INYT={N; - N,}.

For the 2n equations in (70), related to bi-moment:

{B(0)} = {Ba} = E[K|{¢'}o={Ba} (75)

{B(L)} ={Bs} = E[K[{&'}, = {Bs} (76)
From the expression of {¢} it comes :

{&0 = [Tal{éa} + [Ts{&} + ([T2] + [Ts))HI{f} (77)

{&h = —[Ts|{&} - [T2l{&} — ([T2] + [Ts])HI{f} (78)

where

T)) = (% [Hl}x)xzo == <% [HZ]*)XZL

— RIVER(/ A0 jlR and B =

X)
T3] = (% [th)XZO = <% [Hl]*>X:L

= IRIVAHAL R and e = s
Thus we write:
{Ba} — E[K]([T2] + [Ts])[HI{f} = [T2l{éa} + [T3]{¢s} (79)
{Bg} + EIK]([T2] + [Ts)[H{f} = —[Ts[{&a} — [T2]{&} (80)
And finally for Eq. (69):
Z—Z:g—zég—zL:UB—uA (81)

By assembling all of the 2n + 12 equations, we obtain the fol-
lowing system:

where {P}" = {P;

P, }

Integrating (71) from O to L:

[Ke{#} = [Kp]{d}

(82)

where {d} and {¥} represent, respectively, the displacements and

the generalized efforts vector.

We deduce the stiffness matrix [Ks]:

3
—IZWTZI’ZLZ—i-TyA(GI;ﬂ GLA>+ PTG -5 PYHI)
= 00— 5+ 04l + 7 (PTG} + {65)) (72)

With: [T = fiH k= [lrbldx— R e (VADs| R

1<ij<n
and g(x) = rhljx) - sh]W
The same method is applied for Egs. (61) and (63), leading to the
following equations:

3
Moz, (BLEI GLA>+ (QVITIHI) — H(Q)HY)

= wa — g — OyaL + 1 (QY T4} + (o)) 73

Table 7
Normal stress (kN/m?) in the measure points for T, = —1000 kN.

[Ks] = [K¢] ' [Kp] (83)

4. Numerical examples

Three examples are presented below, all being a 10 m-length
cantilever beam, Young’s modulus E =40 GPa, Poisson’s ration
v =0, but with different cross sections. The comparisons will be
performed with a finite element model of the cantilever beam
using MITC 4 noded shell elements, described in [10], for thin
walled profiles, and with brick elements (SOLID186 in Ansys, 20
nodes non-layered structural solid) for the thick walled profile. In
exception of the beam model with brick elements, all the compar-
isons have been performed with Pythagore Software.

Measure points

1 2 3 4 5 6 7
Brick (ANSYS) —279.049 367.0382 —251.6 -1150.67 —2049.74 —2668.38 —2022.29
Beam 3Y3X —288.801 337.883 —257.383 —1131.33 —2000.44 —2600.65 —1971.92
Beam 1Y1X —343.017 384.433 -108.373 -1103.42 —2095.53 —2591.74 —1862.76
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Fig. 20. Measure points in the cross section.

We only compare the normal stress due to warping:

e On the shell or brick finite element model, warping normal
stress is obtained by deducing an assumed linear stress state
from the actual calculated stress.

e On the beam model, we use the stress calculated by
c=EY, Q%

The boundary conditions of the beam model for this example
are:

e Restrained warping at the beam’s bearing: &; =0
e No warping restraining at the free end: ‘fj—x =0

The comparison of the normal stresses between the different
models is carried out at x = 0.05 m from the fixed end, sufficiently
far from load application point to respect the Saint-Venant princi-
ple, and where the restrained-warping effect is important. The
higher eigenmodes of warping will not be neglectable and so we
can see their effects on the normal stress.

For the following examples, we will mean by ‘beam model(iY jZ
kT), a model with beam finite element with i-warping modes of
shear along y, j-warping modes of shear along z and k-warping
modes of torsion.

4.1. Box girder

The comparison of the normal stresses in the section will be car-
ried out at mid-thickness of the upper slab.

From Figs. 4 and 5, we can clearly see that the effect of the
higher warping modes will be non negligible in the fixed end,
and disappear when we moves away from it. If we have used
interpolation functions, it will have been necessary to use a
refined meshing near the fixed end, to obtain the higher order
mode with precision, this shows the advantage of using an exact
solution of the equilibrium equations to construct the stiffness
matrix.

4.2. I-beam

See Figs. 12-17.

4.3. Thick walled section

In Fig. 2, 12 and 18 we illustrate the shell and brick model and
the position of the load vector, these models are used for compar-
ison with our beam model. In Figs. 4-6, 8-10, and 14-16 we illus-
trate the resulting distribution of the displacement, the rotation
and the generalized coordinate of the warping mode in the beam
length.

5. Conclusion

A new beam element has been derived, allowing an accurate
representation of the restrained warping effect. It can be used for
shear lag representation or restrained torsion. We note that all
the stresses measures performed in the numerical examples and
represented in Figs. 3, 7, 13 and 19, were done in the vicinity of
the support section at x =L/200, the results shows that we can
not neglect the effect of the higher warping modes, if we want to
obtain an accurate description of warping.

The number of additional d.o.f. is user-determined. The element
has shown very precise results with four warping parameters at
each node, for torsion and for each shear direction - total 24 addi-
tional d.o.f. on the element. The numerical results are presented in
Tables 2, 3, 5 and 7, giving the value of the normal stress in
different measure points, which coordinates and position are given
in Table 1, Table 4 and Table 6 and Figs. 11, 17 and 20.

Longitudinal interpolation is exact for linear-elastic behavior, so
that the results are totally mesh-independent. This important fea-
ture allows the use of this new element with coarse discretization,
in a similar way as Euler-Bernoulli traditional elements.

The formulation used here can be generalized easily to aniso-
tropic materials, the main difference will be in the derivation of
the warping functions.

Appendix A

We give here some examples of warping modes for different
section.

A.1. Rectangular section

Figs. A1, A2, A3, A4, A5 A6 and A7.

im

v

Fig. A.1. Section mesh, 2164 triangular elements and 1151 nodes.
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"
y

Fig. A.3. 3 first warping modes of torsion.

1m

-

Fig. A.4. Section mesh, 2384 triangular elements and 1788 nodes.

1

Appendix B

We will detail in this section a method detailed in [11] to solve
the partial derivative problem, that we name SF, of the type:

AQu 1 =Q,0nA (a.1)
0Q

6”n“ =t, onT (a.2)
Q.1 =0 in a section point (a.3)
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Fig. A.5. 3 first warping modes of shear along y.
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Fig. A.7. 3 first warping modes of torsion.

Let ©,,.; be a solution of SF, and f e C! a continious and a derivable
real function. We can write then:

@00 -anpda=o (a4)

We use the Green identity to obtain:

/A (AQu.y — Q)f dA = — /A QufdA - /A VO - VfdA
+/FfVQ-ndF =0 @5)

Where n is the normal vector at a boundary point, V the gradient
operator, and - the dot product.

Using the boundary condition (a.2), we can write the weak
form, WF, of the problem SF:

/A VQu1  VfdA = — /A Q.fdA - /F ft,dr (a.6)

Thus we have demonstrated that if Q,.; is a solution of SF, then
(a.6) is verified for every fe C'. We can easily demonstrate the in-
verse implication.
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To solve the weak form WF of the problem, our cross section
will be discretized into triangular element, where we suppose that
Qn41 vary linearly. In a triangular element, the warping @ ina
point p, will be written in function of the warping €, , at the tri-
angle vertices, by using linear shape functions N :

3 s
Q=) NQ,, (a.7)

i=1

We note for the following a(f,g) = [, Vf - VgdAand (f,g) = [, fgdA,
two symmetric and bilinear forms. We replace (a.7) into (a.6) to
obtain:

a(Qni1,f) = —(Qn.f)
0D Ny YoONE) = (20, YO NF)

(a.8)
Z (Za(Niij)gﬁH)fi = _Z(thNi)ﬁ
i\ i
The relation (a.8) is verified for every f, thus:
> a(Ni, N)@,.; = —(2a,Ni) for1<i<3 (a.9)
J
This equations can be written in a matrix form:
a(Ni,Ni) a(Ni,Ny) a(Ni,Ns)] (@ (N1, 2)
a(N2,Nz) a(Nz2,Ns) [ Q2 b =—{ (N2, @)
sym a(Ns,N3) Qﬁﬂ (N3, Q)
For a linear element I'; in the border of the section:
f=M fi+M: f,
(a.10)

[ adim [ Mfy+ Mao)dr = My, 6l + Mo, )

where [f,g] = [, fedrI.

To calculate the integrals a(N;N;), (N; €2,) and [M;,t,], we can
use a numerical integration method, such as the gaussian quadra-
ture. After assembling Egs. (a.9) and (a.10) for all the triangular ele-
ments and the border of the section mesh, we obtain an equation
system, which solution gives the warping value at each node. This
warping map is not yet the one desired, we have to perform the
Gram-Schmidt orthogonalization process, to finally obtain the
n + 1th warping mode.
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1. Introduction

The classical beam theories are all based on some hypothesis
that are sufficient in most cases for structure analysis, but fail in
more complex cases to give accurate results and can lead to non-
negligible errors. For Timoshenko beam theory, widely used by
structural engineers, two assumptions are made, the cross section
remains plane after deformation and every section is infinitely ri-
gid in its own plane, this means that the effects of warping shear
lag and transversal deformation are neglected, these phenomenon
are important in bridge study, especially when dealing with bridge
with small width/span ratio, and with thin walled cross section.

The problem of introducing the warping effect into beam theory
has been widely treated. The most classical approach is to intro-
duce extra generalized coordinates, associated with the warping
functions calculated from the Saint-Venant solution, which is ex-
act for the uniform warping of a beam, but gives poor results in
the inverse case, especially near the perturbation where the warp-
ing is restrained. Bauchau [1], proposes an approach that consists
in improving the Saint-Venant solution, that considers only the
warping modes for a uniform warping, by adding new eigenwar-
ping modes, derived from the principle of minimum potential en-
ergy. Sapountzakis and Mokos [2,3] calculate a secondary shear
stress, due to a non-uniform torsion warping, this can be consid-
ered as the derivation of the second torsion warping mode in the

* Corresponding author.
E-mail address: mohammed-khalil.ferradi@tpi.setec.fr (M.K. Ferradi).

0045-7949/$ - see front matter © 2013 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.compstruc.2013.10.001

work of Ferradi et al. [4], where a more general formulation is
given, based on a kinematics with multiple warping eigenmodes,
obtained by considering an iterative equilibrium scheme, where
at each iteration, equilibrating the residual warping normal stress
will lead to the determination of the next mode, this method has
given very accurate results, even in the vicinity of a fixed end
where the condition of no warping is imposed.

The aim of this paper is to propose a new formulation, which not
only takes into account the warping of the cross section, but also its
transversal deformation, an element of this type falls in the category
of GBT (generalized beam theory), which is essentially used to study
elastic buckling of thin walled beam and cold formed steel members
[5,6], this is done by enriching the beam'’s kinematics with transver-
sal deformation modes, and then determining the contribution of
every modes to the vibration of the beam. In the formulation devel-
oped by Ferradi et al. [4], a series of warping functions are deter-
mined, associated to the three rigid body motions of horizontal
and vertical displacements and torsion, which can be considered
as the three first transversal deformation modes. The main idea of
this article is to go beyond these three first modes, and determine
a series of new transversal deformation modes, calculated for an
arbitrary cross section, by modeling this section with triangular
or/and 1D element, assembling its rigidity matrix and extracting
the eigenvalues and the corresponding eigenvectors, for a desired
number of modes. Then, for each determined mode, we will derive
a series of warping functions, noting that we will need at least one
to represent exactly the case of uniform warping in the beam. With
all these additional transversal and warping modes, we will obtain
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an enhanced kinematics, capable of describing accurately, arbitrary
displacement and stress distribution in the beam. Using the princi-
pal of virtual work we will derive the new equilibrium equations,
which appear to have the same form as the dynamical equations
of a gyroscopic system in an unstable state. Unlike classical finite
element formulation, where interpolation functions are used for
the generalized coordinates, we will perform for this formulation,
as in [4], an exact solution for the arising differential equations sys-
tem, leading to the formulation of a completely mesh free element.
The results obtained from the beam element will be compared
to those obtained from a shell (MITC-4) and a brick (SOLID186 in
Ansys™) model of the beam. Different examples are presented to
illustrate the efficiency and the accuracy of this formulation.

2. Determination of transversal deformation modes

For an arbitrary beam cross section, composed of multiple con-
tours and thin walled profiles, to calculate the transversal deforma-
tion mode, we use a mesh with triangular elements for the 2D
domain delimited by some contours and beam element for the thin
walled profiles. As for a classical structure with beam and shell ele-
ments, we assemble the rigidity matrix K for the section, by asso-
ciating to each triangular and beam element a rigidity matrix (see
Appendix A.1) calculated for a given thickness. We calculate the
eigenvalues and their associated eigenvectors of the assembled
rigidity matrix of the section, by solving the standard eigenvalue
problem (SEP):

Kv=/ v (1a)

We note that for all that will follow, if it’s written in bold, a lower-
case letter means a vector and an uppercase letter means a matrix.

The strain energy associated to a transversal mode represented
by its Eigen-pair (4,v) will be given by:

1, 1 1

=~ vKv=- v"v=2) 1
u FVKv=5/vv=5 (1b)
Thus, the modes with the lowest eigenvalues mobilize less energy
and then have more chances to occur. From the resolution of the
SEP, in Eq. (la) we obtain a set of vectors that we note
Y= (z//'y, ), where ¢, and ¢, are the vertical and horizontal

displacement, respectively, for the ith transversal deformation mode
(Figs. 1 and 2). We note that the three first modes with a zero eigen-
value, corresponds to the classical modes of a rigid body motion:

¥'=(1,0), ¥*=(0,1), ¥’ =(-(z2-20).y o) (2)

where (y,20) are the coordinates of the torsion center of the section.

In our formulation, the only conditions that needs to be satisfied
by the set of transversal modes functions, is that they are linearly
independent, not necessarily orthogonal. Thus, an important fea-
ture of our formulation is that any linearly independent set of func-
tions can be used to enrich our kinematics, the resolution of the
differential equation system, performed later, being completely
independent from the choice of the transversal and warping modes
functions. In our case, the condition of linear independency is sat-
isfied by construction, from the solution of the SEP by the well-
known Arnoldi iteration algorithm, implemented in ARPACK
routines.

In [7] the same method is used to determine the transversal
mode for a thin walled profile, with the difference that they use
a 3D Timoshenko beam for their section discretization, thus from
the resolution of the SEP they derive the transversal modes and
also their corresponding warping mode. We use here a different
approach for the determination of the first warping mode for each
transversal mode, based on the equilibrium of the beam element in
the case of uniform warping; the higher order warping modes will
be derived by using an iterative equilibrium scheme.

3. Determination of warping functions modes for a given
transversal mode

3.1. The first warping mode determination
We consider the kinematics of a beam element, where we in-

clude only one transversal deformation mode. We then write the
displacement vector d of an arbitrary point P of the section:

Up up
d=< v, ;=< ¢ ¥y (3)
wy &b,

Fig. 1. Examples of transversal deformation modes for a thin walled profile I-section with 1D elements.

K
|
|
|

Vv,
!
J
1

Fig. 2. Examples of transversal deformation modes for a rectangular section with triangular elements.
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u, Represents the longitudinal displacement due to the warping
induced by the transversal mode and ¥ = (/, ;) the displacement
vector of the transversal deformation mode at the point P.

From the condition of uniform warping in every section (all the
beam’s cross section will deform in the same manner), we can
write:

oup
0X
This relation expresses the fact that uniform warping doesn’t induce

any change in the length of all the beam’s fibers.
From the displacement vector, we deduce the strain field:

Ex =

=0 (4)

ou Ny,
8xx287xp:07 8yyzaiyyé
8u 0
26 = 52+, dx =22 5)
8up _ l:[’y al//z
28y +¢de yz—é<az+8y

And the stress field:
Ox = AL divy, gy, = (2,u Y4 Alel/I) 4

Oy = ,u(au” + 1, dx)’ ( ,uﬁJr)dm//) (6)

8up Ny, oy,
Ox; = gy, =
x ( 9 dx> i “<az Sy )¢
where 1 = oz and (= 5, are the Lamé coefficients, E the
elasticity modulus and v the Poisson coefficient, and div is the
divergence operator: divy = % + %z
We note the stress vector: T =(0yy,0y;), that will be expressed

by:
d
- M(wp +?§¢> (7)

where V = 0—"y .2 ) is the gradient operator.
We write the ‘equilibrium equation of the beam:

O00xx

w divt=0 (8)
idiv://a + 1(Au, +% divy) =0 (9)
Au, = —<1 +ﬁ> diw/;% (10)
where A = )yz +2 azz is the Laplace operator.

From the last equation, we can see that the displacement u, can
be written in the following form u, = —-Q%, where Q is the warp-
ing function, verifying the relation:

AQ = <1

The normal component of the stress vector t has to be null on the
border of the cross section, this condition is expressed by:

+/§> divy (11)

T-n=0 (12)
”ZC( VO+y) n=0 (13)
@ _yon (14)

where n is the normal vector to the border of the section and
()Q VQ n.

We resume here the equations of the partial derivatives prob-
lem, leading to the determination of the warping function Q:

AQ = (1

()Q l// n
[ods—0

+ﬁ>div¢ onS
on I (15)

where S is the cross section area.

The last relation was added to derive Q uniquely. This relation
corresponds to the condition that warping doesn’t induce any uni-
form displacement.

The resolution of this problem can be performed by using one of
the many numerical methods available, such as finite element
method (FEM), finite difference method (FDM) or boundary ele-
ment method (BEM), see [4] for more details.

If we consider the rigid body motion of the beam section, corre-
sponding to the displacements v and w in the two directions of the
principle axes and the rotation around the normal axis to the sec-
tion 0,, we will obtain the flexural modes and the Vlassov torsion
warping [8], by solving the problem above, this shows the analogy
between rigid body motion modes and the other transversal defor-
mation modes.

Details about the derivation of the first warping mode, for a thin
walled profile section, are given in Appendix A.2.

3.2. Determination of higher modes warping functions

In the case of non-uniform warping, the condition of ¢, = 0 is no
longer verified, thus we cannot state that the longitudinal displace-
ment is of the form u, = —Q%, but instead we make the assump-
tion that up, can be written in the following form:

up:Q(ﬁ:Q(’f%) (16)

where ¢ is the new rate function of the corresponding warping
mode.
Thus the new normal stress is:

O = AL divy + 2,qug
N——

\W__/
a2

(17)

al

The warping function Q has been calculated in such a way that the
normal stress ¢ is equilibrated and the condition 7 - n = 0 verified,
thus in the case of a non-uniform warping the total normal stress
will not be equilibrated due to the presence of the residual normal
stress 2. Restoring equilibrium leads to the determination of a sec-
ondary shear stress associated to a second warping mode. This rea-
soning can be considered as the first step of an iterative equilibrium
scheme, converging to the exact shape of the warping due to the
considered transversal deformation mode.

We assume that we have determined the nth warping mode,
and we wish to determine the (n+ 1)th warping mode. The nth
warping normal stress ¢" will be then equilibrated by the
(n + 1)th warping shear stress:

n
a‘; +dive™! =0 (18)
where 0" = 200, % T = e, VO,
Thus:
dz,
2uQy v + Un1AQn =0 (19)

The functions Q.+, and Q, depends only of the geometry of the
cross section, whereas &, and ¢, depends of the abscissa x, so it
implies that there exists necessarily two constants o,.; and .1, re-
lated to the equilibrium of the beam, verifying: AQu 1 = 0,1,
CurHl = ﬁn+1 %
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Our goal is to construct a base of warping functions, where any
section warping can be decomposed linearly with the aid of the
generalized coordinates ¢; that can be seen as a participation rate
for the corresponding warping mode. In practice we need only to
determine the warping functions to a multiplicative constant,
and the participation rate for each mode will be obtained by writ-
ing the equilibrium of the beam. Thus, at the cross section level,
only the problem AQ,.; = Q, has to be solved. For this problem,
we need to define the Neumann and Dirichlet conditions to solve
the problem uniquely. The Neumann condition, which specify the
value of the derivative of Q,.; on the border of the section, will
have the same form of the 1st warping function (%2 =y -n), in
practice we can use the condition "9';1“ = 0 to solve the problem,
and the uniqueness will be assured by the orthogonalization with
the lower modes, to this aim the modified Gram-Schmidt orthogo-
nalization process can be used. For the Dirichlet condition, we im-
pose Q.1 =0 at an arbitrary point to solve the problem, and the
condition [;Q,,1dS = 0 will assure the uniqueness.

4. Equilibrium equations and the stiffness matrix
4.1. Kinematic, strain and stress fields

In this part we will consider general beam kinematics, with n
transversal deformation modes and m warping modes, we note
as mentioned before, that in this section the transversal deforma-
tion and warping modes can be completely independent and can
be chosen arbitrarily from the set of continuous functions, on the
unique condition that the family of warping functions and the fam-
ily of transversal functions are linearly independent. We write the
enriched kinematics:

m
U+Zijj
=1
Up n
dy=3 2 =1 Dt (20)
Wp lznl
>l
i=1

We note that the first transversal deformation modes will correspond
to the rigid body motion, and the first warping modes will correspond
to the beam flexion in the direction of the two principal axes.

The strain field obtained from this kinematics will be expressed
by:

du dg _0Uy
b = dx+Q’ dx’ Eyy_ic
a¢ E)
2ty =2 ’cj+¢y di '/’ (1)
e (9, EMZ
26 = 0z J+WZ dx 2éy. = (82 + ay

We have used above and in all that will follow, the Einstein summa-
tion convention, to simplify as much as possible the equations
expressions.

To determine the stress field from the strain field, we have to
make use of the constitutive relation:

o 2u+4 A A Exx
J“ 2+ 0 &y
» 22U+ &
0= 0,0y )= (22)
o H 26y
GXZ sym u 260
yz ul 2y,

Thus:
d
—2u<dX+QJ C’>+6r Oy = Zﬂﬂél"l‘ar
QY
Oy = U ( f@ww ) Oz =210 a‘pzé +0; (23)

(09, g _ %,
O-xz—ﬂ<82 JrWde)v O-yz—ﬂ<az 8y>C

where: 6, = Ar(€) = (& + &y + &) = )( + {divy' +Q dx)
4.2. The principle of virtual work and the equilibrium equations

We write the expression of the internal virtual work:

Wit = / o'oe dV (24)
v

_— dou dog; 0 09

Wipe = /V (O-xx (WJF JW) + (O' ay + Ox; )(551
dst

+(owlh + o)

o} P oy, o
+<ayy0—yy+azz 8'/;“+ (E)zy ;;Z)) g)dv (25)

We integrate over the whole section to obtain:

L déu d(SCJ 1d é 1 vt
5W,-m7/0 (NWA-M] I +T5§]+Ad—+<b dx (26)
Where the expressions of the generalized efforts are:
N = / OwdS = 21+ ;,)sd—“ + AP (27)
5 dx
de o
M, — / QS = 241+ 1)Ky g+ 2Q)¢ (28)
s
o0, d¢'

Tj = / <O'xy (?yj + Oy, )ds l"’(jjkék + j’ dX) (29)
Al = i Nas— ul e+t d¢' 30

= Js (nylﬁy + szl//z) =u kfk + a ( )

P oy, ) oy

(D_/5<E)z ”+8y owt\ oz ay ds

_ il | il i idg;

= (uH" + 2F"){! P—+QJ 31)

And of the coefficients:

Ky = /5 QQds, D= /s W vauds,

cl - /5 s, = /S VO, - VOdS
:/sdivwidiv://’dS, Q;:/SdeiV!PidS,

P /S divyids, H'— /5 AW, yhdS

where the operator A is defined by: AWy =
vyl - Vy!) — curlyicurly' And: curly = %7%

After integration by parts of the internal v1rtua1 work in Eq. (26),

we obtain:
L dN dM; dA'
5Wint:/0 <_Ka (d Tj)(Sé <d—_q)) >dX

. L
+ [Nau + Mg + Alag’} . (32)

2(Viy - Vi +

Wext
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From the principal of virtual work we have Wi, = 6Wey, thus we

obtain:

L (dN dM; L fdA N\
A (E(5U+<W—Tj>5§j+ a—q) (SC dx=0 (33)
This relation is valid for any admissible virtual displacements, it

imply that the expressions between brackets have to be null, which
represents the equilibrium equations of the beam:

dN dM; . dAt
a70, W—TJ;O for 1<j<m, W_(D =0 for 1
<ign (34)

We develop the two last equations from the right in Eq. (34):

2u+ /L,)I(Jkd & + /LQ (]]kék +D ] dx) =0

(35)
”(DL%?+C”Z7§)*(,UH”+),F”)§ J(Pe+ Qi) =0
21+ MK; [ Bl =0
N Qu+2) kg — MBia ,UJJJT k | 6
uC' 5+ Bl G — (uH" + 2F") = P&

From the expression of the normal force in Eq. (27) we have the fol-
lowing relation:

du 1

T WP (37)

Thus, if we replace it in the second equation in (36) we obtain:

p ) ) 2pipl
uc"d i +uB}(%— (,uH"—s—/lF”—i( 2 PP) )c’

dx 21+ 2)S
2P
S l— 38
(2u+2)S (38)
At this stage we introduce some matricial notations:
00 ... QQ,
K:(Z/J—M)/ s,
S
sym Q.Qn
y'oy! vy
C-u / . ds
. . :
sym vyt
VQ, - VQ, VQ, - VQ p!
y)
= - : ds = -
J=u /S . : C P T
sym vVQ, - VQ, P!
[ever Lyt vy
D=y / : " : ds,
Js ’ ’ ’
Ly' - VQn Y VQy
[ QldiV!Pl . Q1diVlﬁn
Q= /1/ : - : ds
8 : . :
| Qndivy! Qndivy"
. divy'divy! ... divy'divy”
F=) : ds,
N
sym divy"divy"
i AWl yh) AW
H= - : dS
u o
sym A" ")

and A=H+F—-(2u+/.)Spop,B=D - Q.

With these notations, the system of differential equations in the
first equation in (36) and in (38), can be written now in the follow-
ing matrix form:

-Jé=0 (39)

C" +B'¢ — AL =pN (40)
& e
where é=4¢ @ 3, (=1
ém CH

We note that the matrix C will be diagonal, but not necessarily
the matrix K, since the warping functions from different transver-
sal modes are not necessarily orthogonal. We note also that the
differential equation system obtained in (39) and (40), is analog-
ical to a dynamical equilibrium equation system for a gyroscopic
system in an unstable state. In the next part, we will solve this
system exactly to assemble the rigidity matrix; the general solu-
tion will prove to be a little exhaustive because we need to sep-
arate in our system the rigid body motion and flexural modes
from the others, and this is done by making two variable changes,
one for the transversal modes and another for the warping
modes.

4.3. Resolution of the equilibrium equations and derivation of the
stiffness matrix

In order to solve the differential equation system written in (39)
and (40), we first need to extract the rigid body motion modes, to
this aim we will start by solving the generalized eigenvalue prob-
lem (GEP) Az = oCz. The matrix C is the gramian matrix attached to
the basis formed by the transversal deformation mode vectors, it
will be then a definite positive matrix, and by noticing that A is a
symmetric matrix, we can say then that the eigenvalues of our
problem will be positive « > 0, and the number of zero eigen-
values will in fact be equal to the number of rigid body motion
modes, that can be superior to three for some cases, for example
for a global cross section formed by n disjoints sections, then the
number of rigid body modes will be equal to 3n.

After solving the GEP, we obtain the eigenvectors matrix P
verifying:

0.
PTAP:{ 1 G}, P'cP=1 (41)
where G is the diagonal matrix containing the non-zero eigenvalues

and q the number of rigid body modes.
We proceed with a variable change in the eigenvectors base:

C:Pﬂ[:P{%’}.

And we note: P =[P, P,],B;=BP, p,=P/pfori=1,2.
We substitute this in Eq. (40) to obtain:

P'CPY, + P'B'¢ — PTAPY, = P'pN

¥, + B¢ =p;N (42)
~GY +By¢ =p,N (43)

We make also the variable change into the Eq. (39
transform our system with the new variables:

K& —J¢ - B9, — Byd' =0 (44)

) to fully

We integrate the Eq. (42
¥, =¥y — Bj (& — &) + P Nx (45)

) between 0 and x:

We also transform the generalized effort vector y={A"}Kl<n
associated to ¢:
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r
Ie= { o } =P'y=v,+P'D'¢ (46)
L [P0=To-Di& _ [0, =Tw-Qa+pNc-Bt
=49 +D¢ r =49 +D¢

where Ql =QP1 =(D 7B)P1 =D, — B;.

If we substitute the expression of ¥, obtained in (47) into the
Eq. (44) we obtain:

K&~ (J— BiB})& — B9 = By (T — Q& + PyNx) (48)
Thus, the system to solve is transformed into a new equivalent one:
K& — B9 —J & = Bi(Tgo — Q& + P Nx) (49)
¥ + B¢ — G = p,N (50)

where J, =] — B{Bj.

As for the matrix A, the symmetric matrix J; will contain some
zero eigenvalues that correspond this time to the flexural modes,
and in order to solve our system we also need to extract these
modes and separate them from the other warping modes, thus
we have to solve the GEP J,z = aKz, with K the gramian matrix at-
tached to the warping functions base, thus it’s a definite positive
matrix, and as previously stated, this means that oc > 0.

After solving the eigenvalue problem, we obtain the eigenvec-
tors matrix R verifying:

0.
RTqR:[ B s}’ R'KR =1 (51)

where S is the diagonal matrix containing the non-zero eigenvalues
and [ the number of the flexural modes, that will be equal in general
to l=2q/3.

We proceed to a second variable change: ¢ = Rg, = R{ (5)’ }

And we note: R=[R; R}, Bj=R/B;, Q; =R/Q, for i=1,2
andj=1,2.

We replace in the Eq. (49) to obtain:
R'KR¢! — R'J,Rp, — R'B,9' = R'B (rqo —Qlg + ple> (52)

¢/ — B2’ = By (Too — Q1o + P \x) (53)
@' —S¢ — B¥' = Bia(Too — Q]& + P Nx) (54)
We integrate the Eq. (53) from 0 to x:

@, =ByY +h, (55)

where h, = ¢}, — By19 + By ((rqo - Qfl‘?lo - Q?z‘Po)x +p1N§).
By replacing (55) in the Eq. (50) after making the variable

change, we have:

9"~ G9 + By, ¢ + B, 9] = p,N (56)

7'~ (G~ B}By )9+ BLg = p.N ~ By hy 57

We transform the generalized effort vector m = {M;}; <j<m associated
to &:

Y
Y = { Y’} =R'm=R"(K¢ +Q¢)=¢,+R' Q= ¢, +R'Q,9,+R'Q,¥

(58)

{ﬂl’;o:YlO*QnﬁqO*Qzﬂ% {‘P}Zleﬁ-i-hx

= , = ,

Y= +Q;9; + QY Y =¢ +Qp9 +Qyp?
(59)

where h, becomes: = Yio—Dz190 — Qi 90+ Bin ((qu Q¢

Q12‘P0)X+P1N%>-

We note:
G.=G-B},B,,,
f.= {fl } _ {Blz (qu - Q{l‘l’lo - Q?z(l’o +1’1NX> }
= =
f2 p,N — B h,

B Q B I 0 B 0 —Bzz B S 0
4’*{0}’ T*[o I}' "’{BL 0 } V*{o cj

Thus, from (54) and (57) we can write the final system to solve:

{"’”‘322‘9/—5‘/’ S tyug-ve-s, 0

9"+ B¢ —G.9 =f,

We resume here all the equations that form our new system, that
we will solve exactly, equivalent to the initial system in (39) and
(40):

U =i — P19 — Py Y

2u+4)s
¥, =T — Q119 — Q129 — Bl @, — B¢ +piNx (61)
(p; =By19 + hx

T¢" +U¢' — Vo =f,

We note k =m +n — q — | the dimension of the last second order dif-
ferential equation system in Eq. (61).

Now that we have uncoupled the rigid body motion and flexural
modes from the other modes, we detail the solution of the differ-
ential equation system (62) without the second member:

T¢"' +U¢ — V=0 (62)
T ¢ +Udyp —Vhp=0= (TP +Ud—V)p=0 (63)
where 9y is the derivate about x operator.

To solve the system we will need then to solve its characteristic
equation:

det(Tw? + Uw — V) = det(T)w* + lower order term = 0 (64)

Tis a positive definite matrix, thus det (T) > 0, this implies that the
roots of the Eq. (64) with their multiplicity will be equal to 2 k. Solv-
ing this equation corresponds in fact to solving a special class of
eigenvalue problem called the quadratic eigenvalue problem QEP,
see [9], where we need to find (,z) € C**! verifying:

G(w) = (Tw* +Uw - V)z=0

Proposition 1. If T and V are definite positive matrices, then the
eigenvalues of the QEP G(w)z = 0 will be finite and non-null.

Proof. We introduce some notations: t(z)=z"Tz, u(z)=z*Uz,
«z) = z*Vz, where * define the conjugate transpose of a matrix.
For (w,z) an Eigen-pair, we can write:

Gw)z=0=2Gw)z=tz)w*+u@)w-vz) =0 (65)

The solution of the second order equation z*G(w)z = 0 will be writ-
ten in the following form:

2
o —u(z) £\/u(2)” +4tz)v(z) (66)

2t(z)

Tis a definite positive matrix thus t(z) > 0, it implies that « will have
finite values. V is also a definite positive matrix then t(z)¥/(z) > 0,

thus \/u(z)® + 4t(z)v(z) # [u(z)| = w #0. O
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Proposition 2. For T and U real symmetric matrices and V a real
skew-symmetric matrix, then the eigenvalues of the QEP will have
Hamiltonian properties, which mean that they are symmetric about
the real and imaginary axis of the complex plane.

Proof. Gverifies the following relations:

G(w) =G(w) =Ta? —Uw -V = G(-®) (67)

T, U and V are real matrices, thus from Eq. (67): G(w)" = G(—w).

From these two relations verified by G we can deduce that if @
is an eigenvalue then @, —@® and —w are also eigenvalues of the
problem. O

The solution of a QEP is performed with the aid of a lineariza-
tion, which transforms the problem to a classical generalized
eigenvalue problem:

[3 _'UHZ"}ZCUH ﬂ{fvv} (68)

where w=2z,y=wz.

After the resolution of this problem we obtain 2k eigenvalues ver-
ifying the properties of propostion 1 and 2, assembled in the diago-
nal matrix S, and Ry, there corresponding eigenvectors matrix.
Thus the solution of the system can be written in the following form:

6, = Re%a (69)

where a € R?* is a vector of arbitrary constants that will be ex-
pressed later in function of the boundary conditions.

Knowing that the eigenvalues verify Hamiltonian properties, we
can re-arrange the matrix S and R in the following way:

S, S
0 0
-8 -S
5= S, N Sor
0 0
§2 SZr
0
0
) 0 )
i —S, 1S (70)
Sy
0
—S8i
R=[0;, -® @, ®]=R +iR (71)

where S,, S;, R, and R; are real matrices, and i is the complex number
verifying i = —1.

Proposition 3. The solution of the differential equation system in
(62) can be written in a real form as follows:

¢x = (Rryx + Rizx)esyxa (72)
where
1
I 0 0
I
I
Yx = 0 sz ) Zx = ch ’
X 0
“ sz

X = €05(82iX), Xsx = Sin(82iX) (73)

Proof. See Appendix A.3. O
To complete the solution of our system, we write its particular
solution:

— * (x—t) _ X * —St
b /0 ReS*-OLf,dt — ReS /0 e-Sf.dt (74)

where R and L are respectively the right and left eigenvectors, ver-
ifying the following relations:

RL=0, TRSL=1I (75)
And:

=11}

By, (rqO -Q1,9,-QL,0, +p1NX)
p,N-B}, (TIO —D2190 — Q190 + By ((rqo -Ql 0 _Q-{2¢O>X+plN§>)

(76)
oo { B, (qu - Qi - Q112‘P0> }
PoN — B}, (Xio — D219 — Q41940

81

By,p;N 1 { 0 } ,
+ X—= p
_Bngll (Fqﬂ - Q1T1 P — Q1Tz‘/’o> 2 BngllplN
— ——————

2 83

(77)

fo=81+8:x g%

Proposition 4. For a differential equation system: T¢" + U¢' — V¢
=f. if the second member f, has the following form: f, = S ofix',
then the particular solution ¢, of the system can be written as
follows:

n . X

¢, =—> RSLLY (78)
i=0

where f denote the ith derivate of f, about x.

Proof. See Appendix A4. O
Thus, the particular solution of our system is:

bp= -V ', — VUV (g, - 2g%) +2(V TV
VOV, (79)
We can write the total solution of the system:
¢y =Wia+ G199 + G2 + (G3
+640)(Too — Q110 — Q1,00 + G5 io + (Gs + G
+ Ggx*)N (80)
where
W, = (R,Y, + RZ,)e5*

0 0
3 G = 7‘/71 |: :| 3
B,Q; } ’ B}, D;;

- 7o B, 7T o
3 B! B o) ™ B! By,

G =-Vv' [
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0
GS:V’l{ - }
BZ]

Go=V" ((Tv-1 + v [B;,;’“pj —uv {Bltzypl] - L?ZD

0 B;p 1 0
SRCAMREC PN
’ Bl,B::p, 0 ) Bl,B.1p,

We express the limit conditions at the two extremities of the beam,
inx=0and L:

¢o — G199 — G299 — G3 (qu - QL0 — QIZ(P()) —GsYyo

— GsN = Wya (81)
¢, — G19q0 — G290 — (G3 + G4l) (FqO - Qi - Q1Tz(/’0)
—GsYjg — (GG + G;L + GgLZ)N =W,a (82)
We assemble (81) and (82) to obtain the expression of the vector a:
W,
a=
W,
(1 0 -G, -G, —G3 —Gs —Gg
_0 I -G -G *(Gg -+ G4L) —Gs *(GG + G7L + Gng)
$o
¢
Iq0
Yo
Tgo — Q1,0 — Q1,9
Yo
N

Thus, we can express the vector a in function of the boundary
values:

a=Hy¢p,+H ¢ +Hi9g +Hy9
+H (Too — QT 10 — Q,9, ) + HaXo + HsN (83)

And by noting:  Hayp, = [0 Hz}{‘gg}, Gy =[0 Gy,

Hs; = [H:QT, 0], Gy =[GiQY, 0], i=3,4 We can re-express
our solution in the following form:

¢y = (G2 + G3y + Gygx + Wy (Ho + Hyy + H3y)) g + W H ¢,
+ (G + WiH )P + (G3 + Gax

+ WiHs) (qu -Qj ¢IO> + (Gs + WH4)Ypo + (Ge

+ G+ Gax* + WiHs)N (84)
&y = Eyxilo, + E=xEor (85)
u N
T, -
where: 11, = Yo » oL = {"0 }-Ex: Y| o, BoL = {:0}
i n Y o
¢ r

Ex=[0 G +WH, —(Gs+Gsx+W,H5)Q", Gy +Gsyx+W,Hps 0 0 0 W,H,] (86)
E==[(Gs + G7x+Gsx* + W Hs) G3+Gsx+W,H; Gs+W,H; 0 0 0 0 0]
(87)

And: Hpys = Ho + Hy + H3y, Go3 = Gy + G3,y
We note:

X
¢71x = / ¢tdt = E—lJ]X'IOL + E—l.ExEOL, E—l,nx
0

X "X
~ [ Byt Eoz= [ st (88)
Jo Jo
X
¢72x = / ¢—1tdt = E—Z.WX”OL + E—Z,EXEOL E,z‘,ix
0
- / E i ydt, E oz = / E i =dt (89)
Jo Jo
, _ dE dE-
$1x = &5 = Evpploy + ErzxBor, Evge = W’W Eiz = T;( (90)

For the calculation of the integrals and derivative of ¢,, see Appen-
dix A.5.

By using the solution of the system, we obtain « that we can re-
place in the third equation of (61) to obtain ¢; and by integrating
we obtain ¢; in function of the boundary conditions:

@, =BV +h,
"X
Q=@ +h_1x+ By /o odt
@, =@ +h_1x+By1Ay(E_1 x1o, + E-124Z01)
= @ = Fr]x"ol_ + F=xEor
where Ay = [0 ’}, h,]x = f(;‘ h[dt = (Y[o — D790 — Q“ﬂqo)x +B
11 ((qu T Q1Tz¢o> x2_2 +p1N%>'

With ¢ and ¢, obtained, we can replace then in the second
equation of (61) to obtain ¥ and by integrating we obtain 1, in
function of the boundary conditions:

19; =T — Q1T1 P — sz‘l’o - B1Tl ¢ — B1Tz‘P
9y ="Tq — Q1,0 — QL. — Bl (¢ + hiy+BnAso 1)

- B-]FZA(qux

¥g = g0 + (qu -Q, ¢, - QIz‘Po)X (92)
— BT, (@X + h_ox + B3, Ag(E 2l + E 22:E01))

— B12Ap (E_1utlop + E-1.24Z01)
= ﬂq = an"OL + HEXEOL

91)

where Aq, = [I 0], h—2x = f())( h,]rdt = (Y[o — 021190 — Q

11940)% + Bny ((qu SCHU Q1Tz(l’o) 5 +P1N’z%)-

The resolution is completed by performing a simple variable
change to obtain the original vectors ¢ and ¢. To derive the rigidity
matrix, we will as in Ferradi et al. [4], assemble all the equilibrium
equations that we will express at the two extremities of the beam,
inx=0and x=L.

From (47) and (59) we have:

Y =¢ + QY + QY T
{ 12 - é{ }:El,nx%L-i—El,ExEOL

I'=9 +Dj, ¢+ D¢ r
0Q; 0 0 Qp
93
P

This system is expressed at the two extremities of the beam, at x = 0
and x = L, so we obtain 2k equations:

Y
0 Ei=0]_
LoYy » — E’— =
rL 1.ZL
0Q; 0 0 Qy o
B [517,10% 0 0 D! D), O
| En 0Q, 0 0 Q| |™

0
0 0 D} D], O
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Table 1
The transversal modes with their corresponding warping modes for the beam models
used in the listed figures.

Table 2
The transversal modes with their corresponding warping modes for the beam models
used in the listed figures.

Beam model (type of Transversal Corresponding Beam model (type of Transversal Corresponding
cross section) modes warping modes cross section) modes warping modes
Fig.5 A(1D) 1 5 Fig. 18 A (1D) 1 2
2-3 1 2-3 1
Fig.6 A (2D) 1 4 B (1D) 1 2
2-3 1 2-6 1
B (2D) 1 2 C (1D) 1 2
2-3 1 2-10 1
Fig.7 A (2D) 1 2 P D) ; 10 ?
2-10 1 -
B (2D) 1 2 Fig. 19 A (1D) 1 4
2-12 1 2 1
C (2D) 1 2 3 4
2-20 1 B (2D) 1 4
D (2D) 1 2 2 1
2-3 1 3 4
Fig.8 A (2D) 1 2 Fig. 20 A (1D) 1 4
2-3 1 2 1
B (2D) 1 2 3 4
2-20 1 B (2D) 1 4
Fig. 12 A (2D) 1 2 § 411
2-3 1
B (2D) 1 2
2-6 1
C(2D) 1 2
2-10 1 By expressing ¥, and ¢, at x=L, we obtain the remaining q+!
Fig. 14 A (2D); B(1D) 1 5 equations:
2 1
3 4 Hz _ Hy 0000 O0OTI OOTU O
. =0L = -
Fig. 15 A (2D) 1 5 Fz | 000000071 00 M
2 1
3 4 (97)
4-6 1 . . . .
B (2D) 1 2 And finally from the integration of the first equation in (61) and the
2-3 1 equilibrium equation & = 0, we add the two following Egs. (98) and

We also have from (47) and (59) the expression of the generalized
efforts vectors I'y and Y, that we will express in function of the

boundary values:
r,=9 +D] DT r Hy H =
q ¢ tP1o+ 12(P:>{ Q}:{ Ll}’im*[ 1—X}EOL
Y‘l Fl‘r,x Fl.Ex

Y =@+ Q19 + QY

T T
[0 o bl D, o }nx (95)
0 Q; 0 0 Qy
WherEFlv'/X_dx'F1~"_dx’Hl"/X_dx'HlJ_g):'

We express (95) only at x = L, to obtain q + [ equations:

| ) Hiz_ Hi 0 0 D, D, O
- =oL = Mo + n

Y Fiz Fiy 0 Q; 0 0 Qy
(96)

(99):

Nol L L

- ddx —p, - | vd

U, —Up = Cu+ S =P /0 q@X — P, /o X

NoL -
Uy —Ug = m — D1 - (Hoy i, + H 1 2Bor)

=Py Ay(E_1 o, + E-12Z01)

= U — U+ (H ]nxp1+E111X D2) Mo,
_ NoL T T =
VTES (H—l,Expl +E—1.ExAﬂp2) 2oL (98)
N.—No=0 (99)
where  F_qu= [(Fpdt, F_iz= [jFzdt, H_j,;= [y Hydt,

H—l‘Ex = ]g HErdt.
Thus, by assembling all these equations we obtain a system of
2(m + n+1) equations, written in the following form:

K=Eo = K, 1o, = Eo = K"K, 1, (100)
N——

K

% !
0.05m L
e

Fig. 3. A view of the shell model of the beam andits cross section.
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K is then the rigidity matrix of the beam element, derived from
the exact solution of the equilibrium equation. This matrix was
implemented in Pythagore™ software.

1MN

0.05m

Fig. 4. Beam cross section with the centred applied load.

0000
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An important remark concern the case of quasi-incompressible
materials (v+ 0.5 = 2+ +o00), where a special attention must be
given to the transversal modes we are using in our kinematics
to avoid incompressible locking. In the expression of the stress
tensor in Eq. (23), we have the apparition of the stress
o= Atr(g) = 2(L+ ddivy' + Qj% , thus when 1+ +oo we need
to be able represent tr(¢) = 0, and this can be assured by associating
to every warping mode €, a transversal deformation mode y*,
constructed in a way to compensate the warping mode, and thus
to satisfy tr(g) = 0 when it's needed. These newly determined trans-
versal modes will be called ‘incompressible deformation modes’
and will verify the relation divy’* = Q;. We have also noticed that
even for 0 <v < 0.5 (for example v = 0.3 for steel) the error in the
results cannot be negligible if we do not consider the ‘incompress-
ible deformation modes’, thus we have chosen in all our examples
to take v = 0 to avoid any discrepancy, noting that this subject will
be treated in detail in upcoming work.

60000

= 4= = SHELL

=== Beam model A (cross
section with 1D element)

-74000 -

2
Z(m)

NORMAL STRESS KN/m?

Fig. 5. Comparison of the normal stresses between the shell and the beam model, at x = 0.05 m and at mid-depth of the upper slab (Ty = —1 MN).
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= 4= < SHELL MODEL 6000

=== BEAM MODEL A

4000
= =/r= BEAM MODEL B

000

Shear stress xz (KN/m?)

(e}

-2000

-4000

-6000

-8000

Fig. 6. Comparison of the shear stress xz between the shell and the beam models, at x = 0.95 m and at mid-depth of the upper slab (Ty = —1 MN).
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5. The generalized effort vector

We have the displacement vector of an arbitrary point P of the
section:

" fﬁ

U+Zgjéj 8

U ! 10 .09 .0

d=q v =9 YWl r=d=|0 Yy ¥y 0 0 &
i=1

w, i 0 l//; LYy 0 ... 0 &

z

il F
i1

(101)

where d is the vector representing the generalized coordinates.

If we apply at the point P a force represented by its vector f,
we will have the following equivalent generalized stress
resultants:

N
Uy Ty + ;T
N :
fo=S Ty o =f=Ff,=f={ YT, + yIT, (102)
T, QN
Q.N

6. Numerical examples

In all the examples presented in this section, we will perform
three types of comparisons, one concerns the comparison of the
displacement at the section where the load is applied and where
the effect of the higher transversal modes will be important, the
second concerns the normal stress at x=0.05 m the vicinity of
the fixed end, where the effect of restrained warping is the most

r T T T 0-67 T T T ]
-2 -1.5 -1 -0.5 000 0.5 1 1.5 Z(rT%
-0.11
Ks Koo 3

e o¥e+ Beam model A
= 4= = Shell model

== Beam model B
=—6=— Beam model C

= =/ = Beam model D

-0.27 -

VERTICAL DISPLACEMENT(m)

Fig. 7. Comparison of the displacement between the shell and the beam models, at x = 10 m and at mid-depth of the upper slab (Ty = —1 MN).

0 @&
-0.05
0.1
015 = 4= - SHELL MODEL
—&— BEAM MODEL A
0.2 1 —? = BEAM MODEL B
-0.25 -
VERTICAL DISPLACEMENT (m)
_03 J

Fig. 8. Comparison of the vertical displacement along the beam length between the shell and the beam models.
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important and the effect of the higher warping modes are non-neg-
ligible and the third concerns the shear stress in the upper slab at
x=0.95m.

For all the figures representing the numerical results, the Tables
1 and 2 give the transversal modes used for each beam model in
the figure and the number of corresponding warping modes used
for each transversal mode and gives also the type of cross section
used in the beam models, 1D if the cross section is discretized with
1D (or beam) element and 2D if it’s discretized with triangular
element.

6.1. Box girder

We consider in the following examples a 10 m length cantilever
beam, with E = 40 GPa and v = 0, loaded at its free end. The compar-
isons will be performed between a shell model of the cantilever
beam using the well-known MITC- 4 shell element described
in [10], and a model with just one element of the new beam finite

0.06 -
———=MT=4
MT=5
0.05 - MT=6
—_— —MT=7
- — -MT=8
MT=9
0.04 MT = 10
ceceee MT=11
MT = 12
0.03 ~ MT =13
MT =14
MT =15
0.02 MT =16
MT =17
MT =18
0.01 - MT = 19
MT =20
0 - . -
2 4
-0.01 -+
-0.02 -

element, using different numbers of transversal modes. All com-
parisons have been performed with Pythagore™ Software.
The boundary conditions of the considered example are:

o No displacement at the beam’s bearing: u =0, & =0, ¢'=0for all
warping and transversal modes.
o At the free end: % — 0, & — 0.

For the beam cross section we choose a box girder represented
in Fig. 3. Some numerical values for the matrices in p. 12 are given
in Appendix A.7.

The beam cross section will be discretized in two manners, the
first one with 7024 2D triangular elements, and the second one as a
thin walled section with 6 1D elements. For the representation of
the warping and transversal modes see Appendix A.6.

For the shell model of the beam, to obtain accurate results we
use a refined meshing, where the dimension of the small square
element is 0.1 m, the model will then comport 6000 shell element,
6060 nodes and 36360 degree of freedom. To measure the effect of

!
!
1
]
!
!
!
1
!

1
]

X(m)

Fig. 9. representation of the generalized coordinates associated with the higher transversal modes (4-20) along the beam'’s length, for the beam model C in Fig. 7.

e oo eeMESHSIZE =0.2m o
=== MESH SIZE = 0.5m
= 4= < MESH SIZE = 0.1m

-0.25 -

v

VERTICAL DISPLACEMENT (m)

Fig. 10. Comparison of the results obtained from the shell model with different mesh size.
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the meshing refinement and its necessity for the shell model of the
beam, we will compare the different results obtained from shell
models with different meshing.

1MN

Fig. 11. Beam cross section with the excentred applied load.

We consider as a first load case a centred force T, =—1 MN at
the upper slab of the box cross section and at the free end of the
cantilever beam, see Fig. 4.

The Fig. 5 illustrate the fact that in this example the shear lag
effect near the fixed end is correctly predicted by using five warp-
ing modes for the vertical displacement mode. Fig. 6 shows that we
have a precise representation of shear stress distribution with only
three transversal modes (rigid body motion) and four warping
modes associated to the vertical displacement mode.

In Fig. 7, we can see that the beam model B (12 transversal
modes) gives satisfactory results that still can be refined by using
more transversal modes, and this is performed with the beam
model C (20 transversal modes). We can see also from Fig. 7 that
at the connections between the upper slab and the two webs
(z=-0.5m and z=0.5m), the vertical displacement is exactly
the one corresponding to a rigid body motion, and this is valid
for the shell and all the beam models. Figs. 8 and 9 shows that
the effect of the higher order transversal modes become more
and more important when we approach the loading zone, Fig. 8
shows also that we obtain a precise description of the vertical

= =/r= = Beam model A

—=>¢=— Beam model B
-0.185
=—g=— Beam model C

— + -Shell model -0.19

-0.195 -

0.5 1 15 Z(m) 2

-
e~y
S oy
-~
~
+

VERTICAL DISPLACEMENT (m)

Fig. 12. Comparison of the displacement between the shell and the beam models, at x = 10 m and at mid-depth of the upper slab (Ty = —1 MN).
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Fig. 13. representation of the generalized coordinates associated to the higher transversal modes (4-10) along the beam’s length, for the beam model B in Fig. 12.
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50000
500006

-2 -1.5 -1

-80000 -

0.5 1 1.5 2
Z(m)
= 4= - Shell model

= =/ = Beam model A

=== Beam model B

NORMAL STRESS (KN/m?)

Fig. 14. Comparison of the normal stresses between the shell and the beam model, at x = 0.05 m and at mid-depth of the upper slab (Ty = —1 MN).
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Fig. 15. Comparison of the shear stress xz between the shell and the beam models, at x = 0.95 m and at mid-depth of the upper slab (Ty = —1 MN).

10 MN

wan]|

T
[

0.2m

Fig. 16. A view of the beam cross section.

displacement distribution along the beam, especially near the
loading zone.

From Fig. 10, we deduce that the refined shell model of the
beam, with a mesh size equal to 0.1 m, is necessary to obtain

Fig. 17. A view of the brick model of the beam.

accurate prediction of the vertical displacement at the loading
cross section. This model has 6000 shell elements, 6060 nodes,
with a total of 36360 d.o.f.,, and compared to the beam model B
with one beam element and twelve transversal modes, with a total
of 50 d.o.f,, it shows the advantage of using such enriched beam
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element, even if it necessitate some preliminary cross section
treatment to obtain the transversal and warping modes character-
istics, because this step will be done only once and we can after
perform as many calculation as we want with different loadings
and configurations with the same reduced number of degree of
freedom. We can see also that solving the equilibrium equations
exactly, allows us to obtain accurate results without using a refined
meshing of our beam element, and this is showed in the numerical
examples where only one beam element is needed.

As a second load case, we apply the same vertical force
T,=—1MN at the upper slab but eccentric from the centre of
gravity and torsion (z=0.5 m), see Fig. 11.

From Fig. 12, we obtain satisfactory result with only six trans-
versal modes, and always with just one beam element, which corre-
sponds to a model with a total of 28 d.o.f. Fig. 13 shows that only
the fifth and the sixth transversal modes give a substantial

0.1
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contribution to represent the beam behaviour; this is in accor-
dance with the results of Fig. 12, where there is no difference in
the displacement distribution obtained with a beam model en-
riched with 6 or 10 transversal modes.

Figs. 14 and 15 compare the stress distribution between shell
and beam models, the results clearly show the effectiveness of
the enriched beam model.

6.2. Double T cross section

In this example we consider a 12 m beam clamped at its both
end and loaded with an eccentric (z=2 m) vertical force of 10MN
in its middle (x = 6 m), see Figs. 16 and 17, the material character-
istics will be the same as the previous example. We will use two
beam finite elements to discretize the whole beam. To test the per-
formance of our beam element, we will perform a comparison with

Vertical displacement (m)

-2.5

= += -shell model

Beam model B

-------- Beam model A o1
——6— Beam model C
====Beam model D 02
—— = Brick element

-0.25

Fig. 18. Comparison of the displacement between the brick, shell and the beam models, at x =6 m and at mid-depth of the upper slab (Ty = —10 MN).

40000

Normal stress (KN/m?)

Z(m)

= === Shell model
== Beam model A

-60000
= = -Brick element

—x == Beam model B
-80000

-100000

1 15 2 25

Fig. 19. Comparison of the normal stresses between the brick, shell and beam model, at x = 0.05 m and at mid-depth of the upper slab (Ty = —10 MN).
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25000 +

= === Shell model
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-2500
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Fig. 20. Comparison of the shear stress xz between the brick shell and beam models, at x = 0.95 m and at mid-depth of the upper slab (Ty = —10 MN).
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Fig. 21. representation of the generalized coordinates associated to the higher transversal modes (4-10) along the beam’s length, for the beam model C in Fig. 18.

a shell (MITC-4 element) and a brick (SOLID186 in Ansys™) model
of the beam (Fig. 17).

Figs. 18-20 illustrate the comparison between a brick & shell
models of the beam with our beam finite element models, showing
the efficiency and the accuracy of our formulation. We note from
Figs. 19 and 20 that the beam models B, with a cross section
meshed with 2D triangular element is more close to the brick mod-
el. The beam models A, with a cross section meshed with 1D ele-
ments can be more closely compared to the shell model. In
Fig. 21 we have the distribution in the beam length of the higher
transversal modes coordinates.

7. Conclusion

In this work, we have presented a new beam finite element
based on a new enhanced kinematics, enriched with transversal

and warping eigenmodes, capable of representing the deformation
and the displacement field of the beam in a very accurate way. A
complete description of the method to derive these modes for an
arbitrary section form is given. Theoretically we can determine
as many warping modes as we want to enrich our kinematics,
but we have observed that the number of modes that we can de-
rive accurately is limited, due to the numerical errors accumulated
in every new iteration of the iterative equilibrium process.

The additional transversal and warping modes give rise to new
equilibrium equations associated with the newly introduced d.o.f.
corresponding to each mode, forming a system of differential equa-
tions that can be assimilated to a one obtained from a gyroscopic
system in an unstable state. An exact solution of these equations
is performed, leading to the formulation of the rigidity matrix of
a mesh free element. However we must note a limitation to this
formulation: we need to calculate the exponential of a scalar
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(corresponding to an eigenvalue of the equation system)
multiplied by the beam'’s length, if this product is great enough,
its exponential cannot be calculated in the range of a classical
machine precision, a solution would be to discretize sufficiently
the beam to reduce the length of the beam elements, or to
eliminate the corresponding mode associated to this eigenvalue.

Appendix A

A.1. Stiffness matrices for the triangular and the 1D element

For the 1D element, we use the stiffness matrix of a planar Eu-
ler-Bernoulli element, expressed by:

MES ES 7
B0 0 -% 0
12EI  GEI 0 12E1 6E1
[ 1? [ ?
4E1 0 _ Lgﬂ 2E1
I T
K, = £ ! (1)
o 0 0
12E1 6EI
sym e
4EI
L [

where S = £? is the surface, t the thin walled profile thickness, 1 its
length and I = t4/12 its inertia.
For the triangular element, we use the rigidity matrix in planar
stress, expressed by:
Et
l(f:m
a? +ocbf (e+v)arby ajay +obyb, vaib, +aazby  ajas +obybs  vaybs + oasby

bf +aa?  vayby +iarb, biby +oaya, vasby +oaibs ayas +abibs
_ @+obs  (V+w)ah,  aas+abybs vasbs +aash,
B bg +oa3  vashy+oabs aya3 +absybs
sym a +ab? (v+0a)asbs
b3 + o3

where A is the triangular element surface, t its thickness and
oa=(1-0)2.

And for (x1,y1), (x2,¥2), (x3,y3) the triangular element nodes coor-
dinate we have:

M =Y, —Y3 G2=Y3—Y1, G3=Y1 =)
b1 =x3—x3, by =x1 —X3, b3 =% —x

A.2. Derivation of the warping functions for thin walled profiles
For thin walled profiles we make two approximations:
o The tangential shear stress in the cross section is tangential to
the thin walled profile.
o The tangential shear stress is constant in the thin walled profile

thickness.

The expression of the tangential shear stress vector is given by:

d
T = - V) &
Ts=1T-t
_ ac_ o Ts
rs_u(u//-t—VQ~t)a:>g_|//:>t—M% (a.3)

where t is the tangential vector to the thin walled profile, and
VQ.-t =%

os*

For a section free to warp, we have as already written:

d’¢ d¢

ou, B

= cst
X
We consider then that ;1% = 7» with J a constant. We can then write:

Q0 a1s

0Q

We write the equilibrium equation of the beam:

OO0 xx . 00y  0Ts
ox +dive = ox = 0Os =0
ots A .
15_ my divy (a.5)
After replacing this in the Eq. (a.2), we obtain:
’rQ 9 s
ng(l/rt)-‘rﬁdlvw (a.6)

By integrating this equation twice, we obtain Q as a function of its
limit values in the extremities of the thin walled profile. After
assembling the equations expressing Q for each thin profile consti-
tuting the section, we obtain a system of equations that can be
solved to an additive constant, thus to solve the problem uniquely
we add the condition [, QdA = 0.

A.3. Proof of Proposition 3

We replace the obtained solution Re¥*a in the equation system:
(TRS? + URS — VR)e%a = 0 (a.7)
This relation is valid for an arbitrary vector a, thus:

TRS® + URS — VR =0 (a.8)
By developing this relation we obtain:
(T(R, (sf - s,?) - 2R,~s.~s,) +UR,S, - RS;) — VR,)

+ i(T (Ri (sf - s,?) + 2R,s,-s,)

+U(R:S; + RiS;) — VR;) =0 @.9)
Thus, we have the following two formulas:
T(Rr (si - s,?) - 2R,~SiS,> +UR,S, —RS;) — VR, =0 (2.10)

T(R,- (sf - s,?) + 2RrS,-Sr> +URS; +RS,) — VR; = 0 (@.11)

We calculate now the first and second derivate of

6, = (RY + RiZ)eS*a:
¢, = (RS,Y + R.S:Z + RS,Z — RS;Y)e*a
o = (R, (sﬁ - s,?) Y + 2R,S:S.Z + R; (sf - s,?)z - 2RiSiS,Y) ea

We replace the expressions of the derivatives in the equation sys-
tem (62) to obtain:

Te! + Ug, — Ve, = (T(R, (si - s,?) - 2R,-S,-S,)
+U(R,S, — RiS;) — VR,)e5*Ya
+ (T(R,- (sf - s,?) + 2R,s,-s,)
+U(R,S; + RiS;) — VR))e*Za (a.12)

Thus, from the Eqgs. (a.10) and (a.11) that we replace in (a.12), we
obtain T¢y + U¢;, — V¢, =0, which verify that ¢, = (RY + RiZ)
eS*a is a solution of the system.
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A.4. Proof of Proposition 4

We suppose that the second member f is of the form f, = f,x",
we suppose then that the particular solution will be given by:

n . . n . . |
$p = —> RS TLFY — SRS IS, @ ™ o (@.13)
iz0 i-0 A
We calculate the expression of V¢,,U¢, and Té,:
n i1 . n!
_ —1i— n—i :
Vo, = ;VRS Lf x G
— _URS-If x' _ VRS2 1 NSRS i
= —VRS™'Lf X" — VRS*Lf ,nx ,-;VRS Lf x G
& i-1 i1 n!
o 1= n—i— :
Ug), = ;URS Lf x CEEY
n . . |
— —URS'Lf X" — S URS 'Lf X G T B
i=2 )
&2 i1 i2 n!
"n_ —1— n—i—. :
Te),; = ;TRS Lf x T2
 NCReH i T
= ;TRS Lf x ]
Thus:
T¢, +U¢, — V¢, = VRS 'Lf X" — (URS — VR)S °Lf ,nx""
n . X !
—3 (TRS’ + URS — VR)S " 'Lf " =
— (n—1)!
(a.14)

By using the following relations deduced from the Eq. (75):
TRS® + URS — VR =0, (URS — VR)S ’L=TRL=0,RS 'L=V"'

We verify that: T, + U¢, — V¢, = f,x", thus ¢, is a particular solu-
tion system, and by the superposition principle, its straightforward
that for a second member in the differential equation system of the
form f, = Y_! of ¥’ the particular solution is ¢, = —>" (RS 'Lf}.

A5

In the calculation of the integrals and the derivative of ¢, ex-
pressed in the relations (85)-(87), the only difficulty is the calcula-
tion of the integrals and derivative of W, = (R, Y, + RiZ,)eS* used
in its expression. Thus, we want to calculate the expression of
W—Mv W—Zx: W—3x and W1x:

X X
W, = / Wdt, W= / W dt, Wos,
0 0

X
_ / Woodt, Wi =W, (a.15)
0
We have the expression of W,:
W, = (R.Y, +RZ,)e*
eslx . 0 eslx 0
e—Six R e—Slx
=|R -
r 0 ), R 0 X 52
xo(eszﬂ‘ szeSZrX
0 0 (a.16)
0

If we note Q = and R;=R,+R;Q then we can

L -

I
0 0

express W, in the following form:

eS X
1 S 0
e—x
W, =R, ) X6 (a.17)
chesz,x
The first integral of W, will be expressed by:
[; eSitdt
: 0
Ji XeSitdt
W—lx = Rri 0 X
0 Jo XseS2tdt
f(’)‘ X eSrtdt
(a.18)

We need to calculate: [j X eS»'dt and [; X;.eSrdt. This is performed
easily by using the complex number:

X X "
/ XcteSZf‘dt + l/ XS[eSerdt = / e(SZr‘*'iSzi)fdt
0 0 Jo
= (SZT + l’szl')*l (e(Sz,+iSZi)X _ I)
-1
= (Sgr + Sgi) (S2r — 182i) (Xex
+ iXs)e5* — 1)
= (((AZVXCX +A2ixsx)eszrx — A2r)
+ i((AZTXSX - AZchx)eser + Az,‘))
2 2\ ! ) o1
where A, = (52r + 52i> S, Ay = (SZr + SZi) Syi.

Thus:
X
/ XdeSerdt = (A X —s—Az,-XSX)eSZf* — Ay (a.19)
0
"X
/ Xyt = (A Xy — AXo) € + A (a.20)
0

With (a.19) and (a.20) we can then determine W_1, easily.

In the same way, for the calculation of W_,, we will need to cal-
culate  [J((AzrXce +AsiXs )€t — Ap)dt  and [ ((AxrXsx — AniXcx)
eSr* 4 Ay;)dt, this can be done by using the expressions in (a.19)
and (a.20). Thus:

X
/ (Ao Xer + AgiXsr) St — Aoy )t
0

= AZr((Aercx + Azixsx)eszrx - AZr) + Azi((AZrsz
— ApiXo)e% + Ayi) — AgeX

= ((A; - A;)xcx + 2A2rA2,-XSX) S Ayx + AL — AL (a21)
X
| (A~ e+ o
0
= A2r((A2rsz - AZchx)eszrx + AZi) - AZi((AZrch
+ AziX) € — Azy) + AxiX
- ((Agr - A;)xsx - 2A2,-A2rXCX) e 4 Apx + 2A0iAy  (2.22)

Finally for the third integral, it will be expressed with the aid of the
two following integrals:

/O (A A3) K+ 20 X ) — At + AL — )
= (B + A2 Kox — (B3 + Al )X )55 — Aoy g
+ (A3 - A3 )x - (A3, - A3Ay )

(a.23)
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/Ox (((Agr - Ag")X“ - 2A2iA2rXct> et 4 Ayt + ZAZ,-AZr) dt
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- ((Agr ~ 3850 )Xo + (A3 - 3A2iA§r)ch) e + Ay

A6

XZ
X j + 2A5A5:X + 3A21A§r - A;l

Rigid body motion modes:

(a.24)

Transversal modes

1st warping mode

2nd warping mode

3rdwarping mode

P, g
: =TI~ T 7
L ) —— i ; ]\/
Y J
i~ e — P~ -~ 5 :,’f, L —
[T — e | li - ' /
‘ L s l |
B~ Y f = L E——
— ~_ —— . I —d
T | - —_ &= (f o 4
| 4 ra \ w r
1 ‘ 1 J b

Transversal modes

1st warping mode

2nd warping mode

3rdwarping mode

—

T
L//)
/-7\, > 4

1T
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Higher transversal modes:

A7

For the box girder section, we consider 10 transversal modes,
with one warping mode associated to each one of them. We give

Corresponding 1st Corresponding 1st
Transversal mode Transversal mode
warping mode warping mode
’fmi — :;‘ AN T V4 Ve e “";‘
=N - ’7(7 ri —
e = e —
i ‘ \
L Lo
’A v‘ 1 . 'f T \_al —
‘ l| [ 'I E g ‘ ) ‘ )
- ‘ =
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the numerical values of the matrices introduced in page 12. The
authors are also disposed to provide to the interested reader, more

29750
29750
19090
3070
0

000 0 0 0
000 0 0 0
000 0 0 0
0 0 0 570 005 0.04
0 0 0 005 1649 022
0 0 0 004 022 6468
0 0 0 -006 -0.05 -0.11
0 0 0 011 0.08 0.16
00 0 -005 -025 -043
0 0 0 -005 -009 -038

0
5170
10410 '
9090
5650
6600
4930
0 0 0 0
0 0 0 0
0 0 0 0
-0.06 011 -0.05 -0.05
-0.05 008 -025 -0.09
-0.11 016 -043 -038
22739 -0.68 041 0.47
-0.68 32032 -145 -156
041 145 43229 393
047 —-156 393 529.50

2u+7s

3.43
21070 0
-0.27
3.21
—73.75
-2.10
3.75

numerical values for different cross section form and for any
number of distortion modes with their associated warping modes.
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000 O 0 0 0
000 0 0 0 0
000 0 0 0 0
000 1213 010 009 -0.10
Fo105,0 0 0 010 3513 025 011
000 009 025 13822 -024
000 -010 —011 -024 48453
000 011 019 032 -099 6
000 —010 —037 —-054 089
000 —011 —019 -079 099
1410970 0 0 0
0 498274 0 0
0 0 22873 118
0 0 _118 085
,5 0 0 -20443 128
k=10"2u+n1 0 23124 184
0 0 _004 006
0 0 089 014
0 0 -4312 021
0 0 5220 —041
29750.00 0 118652 985
0 2975000 —0.63  —4725.72
118652 -063 13997.50  17.58
985  -472572 1758  3811.80
J_ 103, 213678 5602 22767 1623
608240 1607 207611  —10.50
_881 154338 442 24805
13219  —427253 -3787 66451
_6168.80 -151.85 149599  17.18
311252 —139.75 20945  22.32
000 2975000 0 0
2975000 0 0 0
063  —118652 1395030 17.67
472572 985 17.83  3060.96
b_igf, 5602 213678 231204 790
_16.07 608240 183355 637
154338  -881 4.06 268
427253 13219 —3273 1441
15185 —6168.80 124990 —4.69
13975 311252 33354  —1.05
000 —006 —1067 085 —0.12
000 520 -005 -005 —17.64
000 -002 —171 —-349 006
000 -029 —001 -002 413
. |0 00 000 —-094 -199 —-006
Q=10"10, o 0 002 213 607 002
000 102 -002 -001 1841
000 02 001 00l 065
000 0 —-039 -028 003
000 -003 -106 -098 005

0 0 0
0 0 0
0 0 0
011  -010 -0.11
019 -037 -0.19
032 -054 -0.79
-099 0.89 0.99
8520 -3.01 -3.28
-3.01 92440 597
-3.28 597 113380
0 0 0 0 0
0 0 0 0 0
-204.43 23124 -0.04 089 —-43.12 5220
1.28 -1.84 006 0.14 0.21 -0.41
23741 -36259 -0.05 -0.53 3459 -80.86
-362.59 70144 023 0.06 -30.16 154.81
-0.05 0.23 212 0.07 0.02 0.05
—-0.53 0.06 0.07 137 -020 0.03
34.59 -30.16 0.02 -020 1044 -7.12
-80.86 15481 005 0.03 -7.12 3550
2136.78 -6082.40  -8.81 13219 -6168.80 3112.52
56.02 16.07 —-1543.38 —-4272.53 -151.85 —139.75
222767  2076.11 4.42 —37.87 1495.99  209.45
-16.23 —-10.50 248.05 664.51 17.18 22.32
4263.84 128547 5128 15.71 -990.77 96.36
—1285.47 10945.70 -1.36 -16.49 83241 -732.00
-5.28 -1.36 9083.50 238.16 9.36 5.56
15.71 -16.49 238.16 6166.33 2.10 37.52
-990.77 832.41 9.36 2.10 745576  —753.63
96.36 —732.00 5.56 37.52 —753.63 5127.14
0 0 0 0 0 0
0 0 0 0 0 0
2313.21 1834.02 438 —33.31 1249.04 333.72
-8.11 —6.03 297 -1411 -4.71 -0.70
411037 -848.01 -2.01 1477 —548.58 —-128.97
—848.81 970045 —-1.56 11.41 -42751 -94.34
-1.69 —-2.26 9002.08 16.18 -0.47 —-0.90
14.21 12.77 16.88  5550.64 7.83 3.80
-547.69 -429.27 -0.69 8.31 6176.07 -107.71
-126.75 -95.57 -0.51 319  —-109.54 4799.30
1.07 -2494 -85.70
-2983 -053 -1.68
-0.74 2544 16.90
-6.25 -0.17 0.16
0.27 -9.77 416
-0.59 24.04 1.99
0.97 0.03 -0.01
13,51 -0.01 0.15
-0.01 1733 -3.08
-0.11 3.46 15.21
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Abstract:

In this paper, we apply the asymptotic expansion method to the mechanical problem of beam
equilibrium, to derive a new beam model. The asymptotic procedure will lead to a series of
mechanical problems at different orders, solved successively. For each order, new transverse (in-
plane) deformation and warping (out of plane) deformation modes are determined, in function of the
applied loads and the limits conditions of the problem. The presented method can be seen as a more
simple and efficient alternative to beam model reduction techniques such as POD or PGD methods. At
the end of the asymptotic expansion procedure, an enriched kinematic describing the displacement of
the beam is obtained, and will be used for the formulation of an exact beam element by solving exactly
the arising new equilibrium equations. A surprising result of this work, is that even for concentrated
forces (Dirac delta function), we obtain, with only few additional modes, a very good representation
of the beam’s deformation.

1. Introduction:

The development of higher order beam model that are able to represent accurately the transverse
deformation and the warping of the cross section, is of great interest for bridge and structural
engineers. These kind of elements have the advantage to contain in a single beam model, the global
and local response of the structure, instead of multiple models with different type of elements. Thus,
using higher order beam elements will result in a major time reduction and work simplification for
their users. In practice however, there are very few engineering offices and software editors for bridge
analysis that uses these kind of elements, mainly because the many necessary aspects for bridge
analysis, such as shrinkage, creep, skewed curved slab ..., are not yet completely treated for these
elements, and still the subject of an intense research work.

Many higher order beam element has been developed using different approach [9-17], for example the
GBT (generalized beam theory) theory, developed mainly for thin walled profiles, the VABS
(variational asymptotic beam sectional analysis) method, all giving very good results in comparison
with reference models made with shell or 3D finite elements. In all the aforementioned methods, the
beam model is derived in two step as in [1-2]. First, a cross section analysis to determine an
appropriate kinematics (or a basis in which the model is reduced) and then to solve the equilibrium
equations, generally by using one of the available numerical method (FEM, BEM...).

In a previous work [1-2], a new beam model was presented and its derivation was performed in two
independent steps. The first one is the construction of an enriched kinematic of the beam, with the aid
of transverse deformation modes, obtained from an eigenvalue analysis of the cross section, and their
associated warping modes, obtained from an iterative equilibrium schemes. Once the kinematic is
obtained, the second step consists in using the principle of virtual work to obtain the new equilibrium
equations associated to the newly introduced degrees of freedom. These equations were solved
exactly in order to assemble the stiffness matrix of the element. The advantages of the beam model in



[1], in comparison to other higher order beam element present in the literature, is its validity for thick
and thin-walled profile and its stiffness matrix derived from the exact solution of the equilibrium
equations. Nevertheless, the main weakness of the element is that the transverse deformation and
warping modes representing its kinematic, aren’t specific to the applied loadings, and thus may or
may not have an effect on the beam’s response, which may results only in adding unnecessary degrees
of freedom to the system. From here originate the idea of instead of using arbitrary modes from an
eigenvalue analysis, to determine specific modes to the loading that will have by definition an effect
on the beam’s response under the considered loading. These modes will allow us to obtain the same
accurate results in [1], but with much less additional degrees of freedom in the kinematics.

The asymptotic expansion method (AEM) can be seen as more simple and efficient alternative to the
model reduction techniques such as POD and PGD, for which a complete 3D pre-analysis of the beam
needs to be performed, whereas only a cross section pre-analysis is necessary for the AEM, to
determine the prominent modes into the beam’s response, under a definite loading. An implicit
hypothesis is used in all beam’s theory, which is a separation of the longitudinal variation with the
transversal one, into the kinematics description. It can be seen from the asymptotic expansion method
that this hypothesis is valid if a variable separation is verified by the external forces.

In section 2 of this work, we give a summary of the previous work developed in [1], then in section 3
the objective of this paper is stated. In section 4, the asymptotic expansion method (see [3-8]) is
developed in details, to derive the enriched kinematic of the beam in function of the applied external
forces and limits conditions. Finally in section 5, the principle of virtual work is used to derive the new
equilibrium equations, which will be solved exactly as in [1], to obtain the stiffness matrix of the beam.

In all the numerical results obtained from the developed beam model, and compared to reference
models with shell or brick elements, the AEM has proven to be a very efficient method to determine
the minimum basis representing the deformation of the beam.

Notations:

We set the notations used in this paper:

- The letters written in bold will designate tensors or vectors.

- The coordinates system attached to the beam will be expressed by X = (x1,x,,x3) or Y = (¥1,¥,,¥3),
where the longitudinal component is represented by x; or y; and the transversal components by x =

(x1,x2) or y = (¥4, ¥2).
- The repeated index summation convention will always be used (unless the contrary is explicitly

specified), where the latin letters indices takes the values from 1 to 3 and the greek letters indices the
values 1 and 2 :

- For the derivation we use the following notations:

da da da
allzalaza—yl ’ a‘2=62a=a—yz f a,azaaaza
9da 0%a @ 0"a
aij i0;a ayiayj ’ ar = ay3n



2. Summary of previous work:

Before developing the asymptotic expansion method for a beam element, we explain in this section the
general philosophy of the paper. Our goal is to develop a beam element capable of representing
accurately the transverse deformation (in-plane deformation) and the warping (out of plane
deformation) of the cross sections under arbitrary loadings, and thus to obtain with the beam model,
equivalent results to those of a shell or brick models. The starting point for the development of a beam
element is not the equilibrium equations, but its kinematic, which is the key element of every beam
model. For example in the well-known Euler-Bernoulli beam theory, the model fails to give the shear
strains because of the choice made on the kinematic, which is that the rotation of the cross section is
equal to the deflection derivate. Another example concerns the torsion in both Timoshenko and Euler-
Bernoulli beam theory. In those two models the torsion inertia is equal to the polar inertia, which is
wrong in most cases. Thus, the accuracy of the beam model will depend crucially on its adopted
kinematic.

In [1], a kinematic was proposed to describe the arbitrary transverse deformation and warping of the
cross section. To determine first the transverse deformation modes, the section surface is discretized
with 2D triangular elements, to which a stiffness matrix is associated, then the global stiffness matrix
K; of the section is assembled, for which an eigenvalue analysis is performed by solving the following
standard eigenvalue problem:

find (1, v) / K,v =2 (1)

The eigenvectors will form a basis of transverse deformation modes that will be used to enrich the
kinematic’, and where an arbitrary transverse deformation will be decomposed. We note that by
construction of this basis, the modes are linearly independent, and that the strain energy U associated
to a mode is given by:

2U=v'Kv=Wwv=21 )

From Eq.2, it can be deduced that the modes with the lowest eigenvalues mobilizes less energy, and
thus have more chances to occur. From this argument, if we want to determine a basis of n transverse
deformation functions to enrich our kinematic, we will use then the 1 eigenvectors with the lowest
eigenvalues. But the main drawback of this procedure, is that the selected modes may not participate
to the beam’s response, depending on the applied loads and boundary conditions.

For the determination of the warping mode basis in [1], we start by deriving for each transverse
deformation mode, an associated warping mode of the first order, by making the assumption of
uniform warping. To develop the procedure, let us consider the following kinematic:

Y1
{1
u

Where P(x) = (1,01 ), ¥, (x)) is a known arbitrary transverse deformation mode, {(x3) its associated
degree of freedom, and u(xy, x;, x3) the longitudinal displacement that has an unknown form for the
moment that need to be defined.

In order to determine the form of #, we make the assumption of uniform warping along the beam,
which means that the length of the beam’s fiber does not change. This condition is expressed with the
following equation:

&33 =0 (4)

ou . N .
Where €35 = 5 is the longitudinal strain component.
3

We use now the following equilibrium equation:
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+div,t=0 5
T+ div, ©)
Where t = (0y3,0,3) = Vyu + ¥ {3 is the shear stress vector, div,(-) = :7' + :7' the divergence
1 2
operator, and V,(-) == (a%’a%) the gradient operator on the cross section.
1 2

By replacing the stresses with their expression in Eq.5, and using the condition in Eq.4 (in the case of a
null Poisson coefficient v = 0), Eq.5 becomes:

= -5 g 6
xU = dX3 lelIJ ()

9% | 0% . .
Where A, () = axZ + oz 18 the Laplace operator on the cross section.

From Eq.6 we can deduce that the longitudinal displacement can be expressed in the following way:
u=-230 )

Where Q(x) is a warping (out of plane) deformation, depending only on the cross section geometry
and verifying the following relation:

AQ = div, ¥ ®)

To solve the equation in Eq.8, we need to define its boundaries conditions. We use then the condition
expressing the fact that the normal component of the shear stress vector T on the section border has to
be null:

T-n=0 )
VQ-n=v¢y-n (10)
Where n = (ny,n,) is the normal vector to the border of the cross section.

The relations in Eq.8 and 10 defines a partial derivative problem that can be solved uniquely up to an
additive uniform displacement:

AQ = div, ¢ in S
{Vxﬂ~n=1p-n in T (1)

Where I is the cross section border.

Thus, we can determine for each transverse deformation mode, the first warping mode Q associated to
it. For the general case of non-uniform warping, the warping mode derived from Eq.11 will generate a
normal stress that will not be equilibrated. By restoring equilibrium with shear stresses generated by a
new mode, we can define an iterative equilibrium scheme, based on the following relation:

ol +div, T =0 (12)

Where o35 = E£3Q" is the non-equilibrated normal stress of the nth warping mode.

And T = GE™V, 0" the shear stress vector of the n+1th warping mode. We note that Eq.12 was
stated in [1] based on a physical intuition, where the normal stress of the old warping mode is
equilibrated by the shear stress of the new warping mode. A rigorous justification will be instead
obtained in this paper, by using the AEM.



By replacing with the expressions of the stresses, Eq.12 becomes:
EE% Q" 4+ GEMTA Q™ =0 (13)
Qn+1

Since the functions and Q" depends only of the geometry of the cross section, we can deduce
from Eq.13 that these functions verifies:

A Q™ = g Q7 (14)
Where a is a constant.

Our goal here is to form a basis for the description of the section warping. Since the participation rate
of each mode will be obtained from the equilibrium of the beam, we need only the form of the
warping modes on the cross section. Thus, the constant a will be dropped from Eq.14, and by using
the boundary condition "*! - n = 0, we obtain the partial derivative problem leading to the
derivation of the new warping mode Q"**:

Axﬂn+1 =QO"

{Vxﬂn“ n=0 (15)

The problem above can be solved uniquely up to an additive uniform constant. The n+1th warping
mode is then deduced, which in turn give arise to a non-equilibrated normal stress that will be
equilibrated by the n+2t warping mode. This iterative equilibrium procedure can be developed until
the desired precision is reached.

3. Objective of this paper:

We summarized in the last section the method used in [1] to obtain the enriched kinematic for the
description of the beam’s deformation. We can imagine using an infinitely great number of warping
and transverse deformation functions to enrich our model, allowing us to represent accurately any
arbitrary deformations. The difficulty then, is not mainly in enriching the beams kinematic, but in
finding the minimum functions that describes the deformation of the beam while minimizing the
error. To achieve this goal, the AEM has proven to be a powerful tool, since from the applied forces,
we will determine an associated transverse deformation and warping modes basis, which means that
by construction, these modes will participate to the beam’s response under the considered forces.

Our objective in this work is to use the AEM only to determine the transverse deformation and
warping modes basis for the enrichment of the beam’s kinematic. The general equilibrium equations
are obtained in section 5 from the principle of virtual work. Their exact solution, will follow exactly
the same method described in [1], and therefore will not be detailed in this work.

To illustrate the advantage of using the AEM instead of the method in [1] to enrich the beam’s
kinematic, we consider the example of the 10m cantilever beam with a box girder cross section (Fig.1),
treated in [1]. The material characteristics are E=40 GPa and v=0. We apply a concentrated vertical
force of IMN at the center of the beam’s free end. The comparison will be performed between the
results of a shell (MITC- 4) model of the cantilever beam, the results of the beam model in [1] and the
results of the present beam model, with no meshing used, since the equilibrium equations are solved
exactly as in [1].
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Fiqure 2: the transverse deformation and warping modes due to the vertical force from the AEM.
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Fiqure 4: Comparison of the displacement between the shell and the beam models, at x= 10m and at mid-
depth of the upper slab.

For the result obtained in this study and represented in Fig.4 with the blue curve, the AEM was used
to enrich the kinematic, leading to the derivation of the transverse deformation and warping modes
associated to the external force (Fig.2), plus the mode corresponding to the Saint-Venant solution,
obtained also from the AEM. Thus, a total of nine warping modes and nine transverse deformation
modes were used to enrich the present beam model. This result is compared to the one from [1], where
we have used twenty transverse deformation modes and twenty-two warping modes, obtained from

7



the procedure summarized above. Clearly, the results represented in Fig.3-4 shows that the same
accurate displacement is obtained but with much less modes, even for this extreme comparison case,
where the external force is concentrated (a Dirac delta function).

4. The asymptotic expansion method:
4.1 The 3D elastic beam problem:

The starting point of the AEM is the general 3D equilibrium equations. For a prismatic beam element
with a length L, occupying a volume V = [0, L] X S, where S is the beam’s cross section. The standard
strong form of the equilibrium equations, for an elastic mechanical problem, can be written in the
following form:

(divy(e) +b =0 inV

£=Vyd

oc=C:¢ (16)
| 6-n=t inT
\d=d inT,

Where b is the applied body force, n the normal vector to the surface I, £ the applied surfacic force
vector, d the imposed displacements on the surface I; and X = (x4, x,, x3) the global coordinate of an
arbitrary point of the volume. The unknowns of this system are the displacement vector, the
deformation and the stress tensors fields d, € and o respectively (in the elastic case, the only unknown
is the displacement, from which the deformation and the stress fields are deduced).

4.2 Change of coordinates, scaling and statement of the problems to solve :
The starting point of the asymptotic expansion method is a variable change on the global coordinates:
(x1, %3, %3) = (hyy, hy,, Lys) 17)

Where h is the dimension of the beam’s cross section.

This variable change is applied to the differential operators used in Eq.16, to re-express them into the
new coordinates system:

VS_1VS 1VS
X~ 3’3+E y

. 1/ 1.
kdlvx =7 (ley3 + Edlvy)
Where n = %is the scaling parameter and y = (yy,¥,).

The asymptotic expansion method is based on the assumption that the unknowns and the entries of
the mechanical problem are written as power series of the scaling parameter 7. We write then the
displacement, stress and strain fields in the following forms:

1
d::L(Ed‘1+d°+nd1+n2d2+---> (19)
o= a'0+170'1+1120'2+"' (20)
e=e"+ne +n¥e?+ - (21)



We assume for the applied forces a variable separation and that they vary longitudinally according to
the function f(y3). The forces are introduced at definite powers of 7:

1 1
b =4 b)) f(ys) , bsy:= 5 1) f(73) (22)

ta =02t f3) , T=nt;(0) f3) (23)

We assume for the AEM that the function f(y3) is infinitely differentiable (class C*). But it can be seen
from all the examples presented in this paper, that the applied forces can be punctual, representing a
case where fis a Dirac delta function that is clearly not differentiable. Still, we see that for these
extreme comparison case, using the kinematic obtained from the AEM will give very good results.

Replacing now all the asymptotic expressions above (Eq.19-23) into the general equilibrium equations
in Eq.16, leads to a set of problems for each power of 7.

By using the expression of the displacement vector in Eq.19 and of the symmetric gradient operator in
Eq.18 into the compatibility equation in Eq.16, the following equation is obtained:

& = V)?d = r]_zv;d_l + n_l(V;do + V;gd—l) + (V;dl + V;3d0) 4. (24)

By identifying the terms corresponding to the same power of the scaling parameter between Eq.21 and
Eq.24, the following set of equations is obtained (written also in a simpler indicial form):

£2=Vyd'=0 o  dyp+dp,=0 , d3z=0 (25)
e'=Vd°+V;d' =0 o d3;=0 , dop+dp,=0 , di,+d;3=0 26)
B RS T P %(dgf; F ), el = %(dé’;l +d’,), ely=d’, forpeN -
Using the same procedure, the expression of the stress tensor in Eq.20 is used into the equilibrium
equation in Eq.16 to obtain:
divy(e) +b=0 = %(divy3 + %divy> (6°+not +n%e*+-)+b=0 (28)
div, (0°) +n (div,, (6°) + div,(6¥)) +n? (div,, (6) + divy(6?)) + - = ~Lb (29)

By replacing b in the equation above by its asymptotic expression in Eq.22 and identifying the terms
corresponding to the same power of 7, the set of the following equations is obtained:

O-i(l)l,ot =0 (30)
{U;B'B + 0’33'3 = 0 (31)
0-3}[?,!? + 0-3?3’3 + b3f = 0
{O‘;B'B + 0-&3’3 + baf = 0 (32)
03pp + 0333 =0
ol s +0h, =0 for p=3 (33)



To finish re-expressing the mechanical problem according to the new variables from the asymptotic

expression, the constitutive equation is considered:
c=C:¢ = o6=2C: (+ne +n%e+-)
= o’=C:e#» , peN
And the boundary condition on the stress field:

conei — {(02+n0é+-~)-n=n2taf
“)-n

(63 +nos+- =ntsf
Thus:
> n=0
{a}x-nzo
oy n=t;f
{afx-nztaf
o3 -n=

g?> - n=0 for p=3

Summary of the problems to solve:

For each order (or power of #), the corresponding equations are assembled, leading to a series of

hierarchal problems to solve:
- The problem P constituted from Eq.25-26 :

d;_}g +d§3z =0 , dsz=0

ds;3=0 , dyg+dg, =0 , df,+dzs=0

- The problem P! constituted from Eq.27,30,35 and 37 :
(g° =0 (a)
Oap.p
I35, = 0 (b)
1 1
) 823 =3 (dé,ﬁ + dﬁlv’,a) , €3 = E(d§,a + dg,s) ., €33 =d3s

0'8- = 2.[1810] + Aglgk6ij

0 —
\0;;1nj = 0

E

, A= vE are the Lamé coefficients.
2(1+v) 2(1+v)(1-2v)

Where : u =

- The problem P2 constituted from Eq.27,31,35 and 38 :

10



G;ﬁ,ﬁ + 0(23,3 =0 (@)

O3pp + 0333 +bsf =0 (b)

=2 (d2p+dhy) o eho= o (dhatdla) L ed=di W)
0y = 2uel; + Aeg Sy

oain; =0

a3 = tsf

- The problem P? constituted from Eq.27,32,35 and 39 :

o-afﬁ,ﬁ + ‘7;3,3 +b.f =0 (a)

032/3,3 +0333=0 (b)

=g (@t dl) . eh=g(detdiy) o ch=di "
ol = 2uel + Aefy 8y

ogin = tof

o3m; =0

- And the problem Pr for p > 3, constituted from Eq.27,33,35 and 40 :

( Ui’;w + al.z;,—; =0 (a)
1 1
P _ p+1 | p+1 P _ p+1 | p P _ gp
! Eap = E(da,ﬁ + dﬁ,a ) » Eq3 = 2 (d3,a + da,3) , €33 =dg; (45)
lai’;- = 2uef; + Aegy Sy
P _
o;in; = 0

The solution of the problems:

We give here directly the solution of the problems established from the AEM for a homogeneous
material. The general case of a composite material will be given in the next section, along with the
details of the solution derivation.

From the problems in Eq.41-45 we can deduce the expressions of the displacements vectors d? forp > —1,
and by replacing them into Eq.19, we obtain the form of the displacement vector d :

do = Uy + 9270 + 1 923Us5 + 1?95  Ug s + Z P (Y fPD + YR f@-2) (46)
odd p=3
ds = Us + n(=yUps + Q1103) + n°029T, + n2Q%3f + Z nP(QPf®P=3 4 P2 f(P-2)) (47)
even p=4

Where f®) := Z:;z}; is the pth derivate of f with respect to the longitudinal variable x3. U;(x3) and 6 (x3)
3

are the components of the rigid body motion, " := (—y,, y,) represents the torsion mode expressed
in a vector form, and T, the shear efforts. In this article, all the warping modes (cross section out of
plane deformation) will be designated with the greek letter Q(y) and the transverse deformation
modes (cross section in-plane deformation) with the letter ¥(y) = (1,[}1 M, Y, (y)). The notation p.i’
into the exponents of the warping and transverse deformation modes means: ‘p’ the order to which
they correspond and ‘i” simply represents the number of the mode in the considered order.
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We note that Q1'1, Q%% and ¥, are the particular warping and transverse deformation modes
corresponding to the well-known Saint-Venant solution, and are determined independently of the
external loading. The higher order modes of warping (2**) and transverse deformation

(1[)”'“ = (Y, ¢7 “)) associated to f or one of its derivative, depends by construction of the applied

loads. We note that if the form of the variation of the external force is polynomial, f(y;) = X, a;y%,
the infinite sums in Eq.46-47 will be truncated at the order of the polynomial, since f "% = 0.

Remark: From Eq.46-47, we note that for the case of no external forces applied to the beam (f = 0), the
displacement obtained from the AEM will take exactly the form of the classical Saint-Venant solution.

The transverse deformation modes ¥**(y) can be written explicitly in the case of a homogeneous
material, in the following way:

v 1.2 _
1t=507f-yD) 1= Ve P=-vy
2 , 12 _Y 22y 13 (48)
1 — == — S=—vy
Vil =vyy, 2 2(3’2 yi) 2 2
Where v = is the Poisson’s coefficient.
2(A+w)
The warping modes (' (y), 0*%(y)) are obtained from the solution of the following partial
derivatives problems, expressed on the beam’s cross section in the following manner:
A,QM =0 in$
onrt _ (49)
on —Yy2n1 tyin; in I
AP = =2y, inS
ot v _ (50)
an 2 i =y +vyiyan, inT
A2 = =2y, inS
02 Vo, _ (51)
o VYt vz —yin, in T
2 2
Where we remind that n = (n,,n,) is the normal vector to the cross section border I, and 4, = aa? + %
1 2

is the Laplace operator.

For the higher order warping and transverse deformation modes associated to the external forces, we
obtain a recurrence relation from the AEM. If we want to determine the warping mode QP, while we
know the modes of the last order Y?~! and 0”72, the recurrence relation is written by:

pA QP = (u+ Ddivy, (PP~ — ®P) + (2 + 1) (QP 72 — 9P) inS
907 » . (52)
W:(11,17 —®P) -n in [
Where :
pr QP QP pr QP QP
p.__ 13 1 411 4 ¥2 12 p.—___* ., _ X2 53
Po 1= pg¥a” t g Ve g Ve R TR TR (53)
PP = f (Qu+nor?+aypy)ds , QF= f Yo (@u+ D72 + 2y ) ds (54)
s s

12



We note that PP and Q¥ can be assimilated to a normal effort and bending moments, respectively,
obtained from the transverse deformation and warping modes of the last orders.

The problem in Eq.52 represents a Poisson equation with a Neumann boundary condition. The
problem is solved up to an additive uniform displacement. Generally, to assure the uniqueness, we

add the condition |, ¢ 9PdS = 0. But in order to obtain a solution independent of the choice of the
condition to add, the problem needs to be self-equilibrated. We mean by self-equilibrated that the
“source functions” charging the Poisson problem, do not generate any normal force or bending
moments, which in terms of equations is expressed in the following way:

J-gd5+f qdly, =0 , fyagd5+f Ve qdly =0 (55)
s r s r

N S

Where g(y) and q(y) are the “source functions” charging the Poisson problem in Eq.52:
9= (u+ Ddivy P — @) + QuA D@2 = 87) g =p@P - ®P) n (56)

We can see that, by construction of the functions ®? and 97, g and g will verify the relations in Eq.55.
Thus, we can say that the problem in Eq.52 is self-equilibrated.

To determine the transverse deformation mode ¥?, we have the following recurrence relation
obtained from the AEM:

p

z zv
~Z (x4 ¢;°f)> We dS — f a(orr - —191-1> WeadS — (57)
N

find P /vw, WYL, w,) = f pl Qo +yh?
s ’ 1 K

Where Wis a symmetric bilinear form expressed by:

W(ua, Wa) = f u(ua,[; + 'U.ﬁ’a)Waﬁ as + f AuB’ﬁWa’a ds (58)
N N

And:

7P = f e (P + E7*)ds (59)
N

We can see that ZP corresponds to the torsion moment created by the shear strains due the last orders
modes. Being present in Eq.57, it assures the problem to be torsion free, and can be solved uniquely on
the cross section, up to a rigid body motion.

We will detail now the derivation of the solution of the problems stated in Eq.41-45. At the exception
of the problem P? and P, the procedure needs to be performed, for each order, in two levels. A
macroscopic level where the macroscopic equilibrium equations are determined, and a microscopic
level where the form of the displacement vector is obtained from the solution of local problems, which
are expressed on the beam’s cross section and that are self-equilibrated by using the macroscopic
equilibrium equations.

4.3 Solution of the problem P for an arbitrary order n:

Problem PO :

From Eq.25, the following form of the displacements vector d-! can be easily deduced:

13



Ut (ys) — y,0 1 (v3)
aptdpa=0, diz=0 = d7=U7"(y:) + .07 (7s) (60)
U3_1(}’3)

From Eq.26, the form of the displacements vector d° is obtained along with a condition on d3*:

d;3=0 = Us'=cte=0 (61)

Uf()’s) - J’290(}’3)
dyg+dg, =0, d+dz3=0 = d°=4 U7(y3) +y,0°(y3) ¢ , 671 =0 (62)
U2(y3) = Ya Uz 3(y3)

If we stop the asymptotic expansion at this order and we sum the two displacements vectors obtained
above, we obtain a kinematic to the Timoshenko beam theory. We note that the transversal rigid body
motion due to Uz ' in d-, has led, in the next order, to the flexural longitudinal motion (—ya Ug %) in do.

Problem P! :

Our goal for this order is to solve the local equilibrium problem P! in Eq.42 and determine the form, in
the beam’s cross section, of the displacement vector d’. The derivation of the transversal components
(d},d}) will lead to the determination of transversal deformation modes and the derivation of the
longitudinal component dj will lead to the determination of warping modes. For an isotropic material,
the two problems are completely independent and will be solved by using a variational formulation in
the cross section S.

The problem leading to the derivation of the transversal deformation modes at this order, is obtained
by writing the weak form of Eq.42a :

|| o pmes =0 (63)
N

After an integration by parts:

—f Jgﬁwaﬁ as + f Jgﬁnﬁ w, dls =0 (64)
S Ts h_,—/
Using the constitutive relation, Eq.64 becomes:
f (2uels + AeRyBop)Wap dS = 0 (65)
s

Replacing the strains in Eq.65 with their expressions in function of the displacements, we obtain:

j u(dg p + dj o )Wep dS + f Adp pWe o dS + f A3 3We o dS =0 (66)
S S S
WL wy) + f AdS W q S = 0 (67)
S
W(dhawe) = Uy [ Avpweq dS = U3y | 2w ds (68)
S S
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Where W is a symmetric bilinear form (already defined in Eq.58), representing an elastic energy and
from which the stiffness matrix of the cross section will be deduced.

The vector dj in Eq.68 will be obtained up to a rigid body motion and by noticing that the problem is
linear, the form of dj is stated to be written in the following form:

{d%} _ {U% - yzel} .\ {wi'ﬁ Upds + 913 Ué’,3} )
11— 1 1 . _
a2 Uz + 7.0 lpzl ﬁuﬁés + 1/)%3 Ué),s

Where 14 (yy, y,) designate the transversal deformation modes for this order.

From Eq.68, we deduce the variational equations leading to 2"

find Y / vw, W(lp;'ﬁ,wa) = f AYpWe q dS (70)
s

find Y3 /vw, WL w,) = — f Mg g dS (71)
S

The three independent problems expressed in Eq.70-71 are solved in the beam’s cross section by using
a finite element discretization (triangular elements). The left part of the equations will gives arise to a
stiffness matrix, and the right parts to three different effort vectors. Finding the values of the modes

4 on the cross section, is then reduced to solving a linear system of equations. For the special case of
homogeneous material, it is possible to write the functions 1 explicitly (Eq.48).

For the derivation of the form of the longitudinal displacement, Eq.42b is considered:

Ofua =0 = UeSgq+ Hala =0 (72)
W(daa + df3a) + 1a(dia +d2s) =0 (73)
phyds + Vyu - Vyds = —p,d (74)
plydy + Vyu - Vydd = —p o (U2 5 + 9i0T0%) (75)

Where we remind that y*" := (—y,,y;) represents the rigid body mode of torsion.

And from the boundary condition:

agm; =0 = ding, =—dsn, (76)
od:
0—3 = —(US; + YL o9)n, (77)
n
ad3 1
Where el dz o ng

The terms associated to U$ ; will only give the flexural modes already introduced at the last order for
d?. The new warping mode at this order is the one associated to 0%, that corresponds to the well-
known warping mode of torsion (in Vlassov or Saint-Venant theory), obtained from the solution of the
following partial derivatives problem:

pA QM + Vyp - VN = =V - aptor inS
a0t T - (78)
on . $
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Since it is only needed to determine Q' up to an additive constant, we can add the condition

Jo Q''dS = 0 to determine Q' uniquely. The equivalent weak form of Eq.78 is given in appendix A.1.

The complete form of the displacement vector d' can know be written:

1.8y7—
Ul —y,6* P, BUB.§3 +y1° Ug'3
1 1 1 1. -
di=) Up+3,0" o+ Py P UGS + 933U, (79)
U3 - yaUa,3 Q“H%
p-1
PO

Remark: the longitudinal variation of the rotation 6° at the last order is not necessarily null (83 # 0).
This non null variation has led, in the next order problem P!, to the derivation of a warping mode Q!
weighted by 69. This allow us to introduce a general and important feature about the asymptotic
expansion method in this work: the longitudinal variation of a transverse deformation mode, will give
arise, at the next order, to a warping mode and vice versa.

Problem P2:

At this order the external longitudinal forces appears and will naturally give arise to a corresponding
new warping mode. But before starting to solve the problem P? to find the form of the displacement
vector d?, we need to determine the macroscopic equilibrium equations for this order that will be used
to obtain self-equilibrated problems. We take then the mean values of Eq.43a and 43b:

<Uolz,8,,8 + 033’3) =0 ) (lpgzor(aéﬁ,ﬁ + 023,3» =0 (80)
(Uélﬁ,ﬁ + 0353 +b3f) =0 , (ya(as‘lﬁ,ﬁ + 0933 +b3f)) =0 (81)

Where: () = [, - dS

By replacing with the expression of the stresses and using the boundaries conditions, we obtain from
Eq.80-81 six macroscopic equilibrium equations:

To(¢),3 = ’ M§,3 =0 (82)
N3 +7f=0 , MY+ Ti+mef=0 (83)

Where r; and m,, are the resultants of the external longitudinal force on the cross section:

T3 :ZJ b3d5+f tSdFs y My ::f yab3d5+f y“t3drs (84)
s r s r

S N

And the expression of the generalized internal efforts are given by:

T [ abds = | w(di+ d2s)ds = w0 (85)
S S

Mg = [ wirads ds = o3 (86)
S

NO = L 0%, dS = L (@ + D)+ AdLe) dS = As3Ufs + AseUzhs (87)

MY = — L Va0l dS = AU + AggUiks (88)
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And the coefficients:

W= L upet (QH +pEr)ds (89)
Wa = fs n(QL +pier)ds (90)
Agy = fs (20 + 2+ Adiv, (")) dS = fs 1 (2 - div, (') ds (1)
Ay = fs (Adiv, (Y1) — (2 + D)y, )dS = — fs (29, + div, (W) ) ds (92)
Ags = — fs (21 + 2+ Adiv, (")) yodS = — fs 1 (2 - div, @) yods (93)
Augp= [ (@u+ 2y = 2divy 919)) ypds = | (2 + v, @) ypdS (94)

The constant ] corresponds to the torsion inertia as obtained in the Saint-Venant or Vlassov beam
theory. It can easily be proven that by construction of the function 0, the constants J, are equal to
zero and that by construction of the functions ¥'*, the matrix 4;; is symmetric definite positive.

For a homogeneous material, we can use the expressions of the functions 3 in Eq.48 to obtain a
simplified form of the coefficients expressed in Eq.91-94:

A33 =ES ) A3a = Aa3 = _Ef Yads ) Aa/} = Ef yadeS (95)
S S

Where E = 2283 40 the Young modulus.
u+i

We define the gravity center and the principal axis orientation of the cross section by the following
equations:

A(l3 = 0 ) Alz == 0 (96)

From Eq.95-96, we note that the definition of the principal axis for a homogeneous material,
corresponds to the classical definition that is commonly used. In the case of an arbitrary composite
material, the expressions of the functions ¥ in Eq.48 are no longer valid, and thus the relations in
Eq.95 will also be no longer valid. In order then to find the principal axis of the cross section in
accordance to the conditions defined in Eq.96, it is necessary, in a first step, to determine the functions
Y for an arbitrary set of orthogonal axis in the section, and then, in a second step, find the position
and the orientation of the axis that verifies Eq.96.

By replacing the expressions of the internal efforts in Eq.85-88 into the macro equilibrium equation in
Eq.82-83, the following relations are obtained:

T3

1
E_Sf , U;,§33 = -7 (To} + mgf) (nosumon a) (97)

9,%3 =0 , U§,33 = - El,
These relations are important for what follows. For example we can deduce that the warping mode
due to torsion O, determined for d! and weighted by 8%, will not induce any transverse deformation
mode at the next order, since its longitudinal variation is equal to zero (6%; = 0). We can say the same
thing for U35 if f = 0, but what import most is that these equations will allow us to obtain self-
equilibrated microscopic problems for the determination of the warping modes of this order.
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Let us now solve the microscopic problem at the cross section level to obtain the form of the
displacement vector d2. Since at this order no new transversal modes are determined, we consider
only the equation Eq.43b in which the stresses are replaced by their expression in function of the
displacements to obtain:

0 (Hd3a)— -0 (ﬂd 3) Ady oz — Qu+ A)d3 33 — bsf (98)

The equation above will have the same form for any arbitrary order, only the exponents” needs to be
incremented for each order.

The expressions of the displacements components d and dj are substituted in Eq.98 to obtain:
Ou(d3 o) = —(0a(upi®) + M + 21 + U333 — (8 (uihy®) + Myt — Q2 + Dya)Uisss — bsf (99)

And by using the expressions of UJ 33 and U, 333 in Eq.97, the equation above becomes:

0o (nd3,) = (0, (i) + WLt — u + /1)y1) + (0, (i) + APL% — (2u + /1))’2) —=

(100)
+ (0a(upd) + 195 + 21 + A)ﬁz = bs)f
Where :
2__13_11 21.2 2. r3 ﬁ ﬂ
bai =gV tpp Ve tEp Ve o U R T TR (101)
We develop now the boundary condition for this order:
0'31]-71]- = t3f0 = #dg,ana = _#désna (102)
9d3 1.3770 lTaj—-1 103
Hon = _#(lpy' U3z + ¢y oc,333)ny + t3f (103)
ad; Tf 5
U— an EI at —% ng |+ (ﬂqba,ana + t3)f (104)
The longitudinal component d3 has the same form as in Eq.79 for d3 with the addition of the new
warping modes that will be derived from Eq.100 and Eq.104:
d3 = Ui = yUss + Q105 + Q*FT5 + Q*3f (105)

The problem formed by the relations in Eq.100 and Eq.104 can then be decomposed into three separate
independent problems:

( .
| aa(un?f) = (a (ua®) + et — u+ Dy) inS
9028 (no sum on f3) (106)
etn, inT,
{ on EIB
0, (u0%3) = 8, (ugp2) + Ap2 o + p + D% — inS
0923 107
= “¢aana +t;3 in [ ( 0 )
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We note that the functions Q?# determined in Eq.106, corresponds to the classical warping modes, for
shear efforts, in the Saint-Venant solution of beam elements.

We can write now the complete form of the displacement vector d

U3 +y,6% + 1/’11'BU[(3)33 + l/)%'3U§,3
\ U2 - y,Uls + 01104 + 02T} )

St—Venant kinematic

!Uf — .07 + 1/)11'ﬁU;(?),33 + w%SU?},sl 0
d? = +4 0
2] s

Problem P3:

At this order the transversal forces appears, leading to the determination of a corresponding
transversal deformation mode. We note that since no new transversal modes have been determined at
the last order, no new warping modes will appears for this order. Thus, only the relation in Eq.44a is

used to obtain the new transversal modes, but, as for the last mode, we determine first the
macroscopic equilibrium equations. From the integration of Eq.44a we obtain:

(0agp + Oaz3 +baf) =0 W& (0lpp + Gazs + baf)) =0 (109)
= Tazs+7,f=0 , M3s;+msf =0 (110)

Where 7, and m; are the shear and torsion resultants, respectively, of the external transverse forces
acting on the cross section:

T, = f bedS + f tedly ,  my= f e bedS + f Vi tadl (111)
S Ts S Ts

And the expression of the generalized internal efforts:

T} = f olds ., M= f Pral, ds (112)
S S

By developing the expression of the internal torsion moment and replacing it into the torsion macro
equilibrium equation in Eq.110, we obtain the following relation:

6%; = —%((m3 + Z39n)f + Z33f;) (113)

Where the constants Z3! can be assimilated to the torsion moment created by the shear stresses of the
last order modes, and expressed by:

220 |yl (03 + pi)ds (114)
S

The weak form of Eq.43a is now considered, and after using the same operations for P! that led to
Eq.66, we obtain for this order:

w(d3,w,) = —f Ad3 3wy o dS + f Oa33We dS + f (J- baw, dS + f taWy dl‘s> (115)
s s r

S s

From the expressions of the displacements vectors d! and d2 in Eq.79 and 108, d3 ; and o5 ; are
expressed by:
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3.3

_91.1) fa— (QZ-ﬁrB + % (m3 + Z3'5T5)91'1> f (116)

d?2,'3 — 91.19,133 + QZ.ﬁTBl,3 + 92.3f’3 — (QZB _ o

a3 = 1(d3 o3 + d33)

733
— oL tor
< = 0%~ (O + ug )) f3 (117)
—u( Q% THULTRY) T 1'2+i(m3+Z3'ﬁr ) +vl) ) f
p EI EL"* "y BIN T P
We use the following notations:
Y = Q0%Fry + i(m3 + Z3Frg)att = —1,[; L2 4 1 (ms + Z3Frp)plor (118)
f g Elz W pore
Thus Eq.116-117 can be re-written in the following form:
Z3.3
d§’3 — Ql.lgé?’ + QZ'BTﬁls + 92.3]¢:3 — (QZ.S _ #_]Q1.1> f:3 _ Yf (119)
ot = it dh) = (05 - 03 - 2 0 ) ) o= ) 020

By replacing these relations above into Eq.115, we can deduce the form of the transversal components
of the displacements vector d°, corresponding to the same form in Eq.108 for d? plus the contribution
of the two new transverse deformations modes ¥3* and 32, associated to f and f; respectively.

These modes are obtained from the solutions of the following variational problems:

Wit w,) =f b,w, dS +f
s

s

t W, dls + f YW, o dS — f t(Yq + @ )w, dS (121)
S S

Z3.3
W32 wy) = — f 2 (Q“ - —91-1) We,dS + f
S

i ) (QZ 3 — g ——— (n1 14 wmr)) w, dS (122)

In Eq.121 a new transversal mode associated to the transversal forces is obtained. We note that the two
first integrals will be equilibrated by the two last integrals, so that the variational problem is self-
equilibrated on the cross section. The problem will be then solved uniquely up to a rigid body motion.
From Eq.122, a new transversal mode is obtained, due to the variation of the longitudinal external
forces (f3 # 0).

We write now the displacement vector for this order:

3 3 1851 13772
Up — 20" + ¢11gUﬁ'33 + 17Uz, Y3+ piif,
3 _ .
d> = U3 +y,6° + ¢, U§,33 + Y3305 ¢ H Y3 + 3if, (123)
— YoUls + Q11035 + Q*FTF 0

St—Venant kinematic

We note that in all the following orders, the even number order will give arise to two new warping
modes and the odd number order will, instead, give arise to two new transversal modes. Both
problems are solved in the cross section and are self-equilibrated by construction by using the macro
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equilibrium equations. In the next parts we will derive the formulations for the determination of the
new modes, for the odd and even order problem types.

Problem Pk (k>2) for k even:

For the problem Pk when k is even, we determine a new warping mode. Thus, to define the iterative
procedure from the asymptotic expansion method, leading to the derivation of this new warping
mode, we suppose known the form of the displacement, for the two last orders P<2 and P&1:

UF2 = 3,052+, PUSSE + 912uks? 0
a2 = { yk- 2_|_y gk- 2+¢’2BUZ§(3§+¢%3U +{ 0 } (124)
Qr-2fle=4)
U3 _YaUa,3 +‘Qll‘9.§ 3+‘QZBTI§ -

Uk — Y2 6" 1 +l/)1 B3§ + l/) l,bk_lf(k_3)
dk U 1+y gk~ 1+l/)2 /333"'1/) l,bk 1f(k 3) (125)

Ut~ -y, U3 +Q“9k2+92ﬁrk 2)

Our goal is to determine the form of the displacement vector d¥, which will contain the Saint-Venant
kinematic plus the new warping mode Q¥:

0
dk = U + {Qkf(gk_z)} (126)

St—Venant kinematic

We re-write the relation in Eq.98 for this order by incrementing the exponents to the order k:
P (/"dé{,a) = —0q (ﬂd ) Ada az — Qu+ A)d3 33 (127)

0a(pdle) = =0, (n(wi P USSE + WA3ULSE + P D)) = AUk + YA ULSE +what FO?)

(128)
- Qu+ A)(U3 33 — YaUda3s + Qk_zf(k_z))
From the boundary condition, we obtain:
ofi'n; =0 = pdf,n, =—pdisin, (129)
By using the expression of dX3' in Eq.125 into the relation above, Eq.129 becomes:
ad¥
> = =i D+ PUSE + i US g (130)
At this stage, we must note that the problem defined with Eq.128, 130 is not necessarily self-
equilibrated, since we haven’t used yet the macro equilibrium equations. Let us now determine the
expressions of the normal force and flexion moments for the last even order k-2:
Nk2 = f ols?ds = f (@u+ Daks? + 2di5) dS = ESUSS? + PRFE) (131)
s s
Mk-2 = f Vo052 dS = EL,USSS + QF £*=®  (no sum on a) (132)
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Where:

Pk = fs (@u+ D2+ 2yf5)ds (133)

0k = f Ve (@i 4+ DQ2 + 2yf5 ) ds (134)
S

We use the macroscopic equilibrium equations for this order to obtain:

k
k-2 Uks2 = _P_ f-2)
N3 =0 333 = T g
MEPHTE =0 1 (135)
oo Ugshs = = (T&7 + @ f*)  (no sum on o)
a

By replacing U¥3% and U ﬁ 333 in Eq.128, 130 with their expressions in Eq.135 and identifying the terms
associated to f*~2), we obtain a self-equilibrated partial derivative problem, leading to the derivation
of the new warping mode for this order:

0, (nQ%) = =0, (u(lk™ — @8)) — A(YEt — @k ) — Qu+D(Q2-9%)  inS

00" (136)
P U Al AL in T

Where :

01 N L PEoQF ok
_ -2 Y2 137
d’ @’ 5L A T TR TR (137)

It can be easily verified that the problem in Eq.136 is self-equilibrated, and thus can be solved
uniquely, up to an additive uniform displacement.

Problem Pk (k>3) for k odd:

For this category of problems (k an odd number), a new transversal mode has to be determined. As for
the Pk problem (with k an even number), we suppose given the form of the displacement for the two
last orders d*2 and d+, expressed in the following form:

UF™ = 0% + P USSS H OIPUSS®) (g2 pes)
di2 = { yk-2 4 y gk-2 +¢2BU§3§+¢13U" 304k pes) (138)
UE2 — y,UKS? + 0110573 + QT2 ) 0

d<1 (139)

U§1+}’9k1+¢2 ,833"'11)%3[] 0

(Ut _y9k1+¢1 B33+¢%3U§32\ { 0
Qk—l (k—4—)}
vk — y, k32 + Q1192 4 Q2B T2 ) f

And that we want to determine the form of the displacement vector for the problem P (k odd), which
will contain the Saint-Venant kinematic plus the new transversal mode *:

Pk Fk=3)
dk = {} +{ypk fle3) (140)
wes 0

N —
St—Venant kinematic
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The relation in Eq.115 is re-written for this order by incrementing the variables exponents:
Wk w,) = = | Aditwyads + [ ol ds (141)
s

The expression of dé";l and 052 are deduced from the expressions of the displacements vectors in
Eq.138-139:

ds3t = ekt + k=3 (142)
0ks3 =u(dizs +dkz3) =u ((Ql L+ Pt)ekst + (k1 + w,’{‘z)f("‘”) (143)

We need to eliminate the terms associated to 8%~2 in the expressions above, to this aim the torsion
macroscopic equilibrium equation is used. Let us determine the expression of the torsion for the last
odd order k-2:

M§ Z= f l/)mraa_a, 2ds (144)
M;c—z — J. tor ((Ql 14 lptor)eﬁ—Z + (Q,Ifx_l + lpg—z)f(k—‘l')) ds (145)
N
ME"2 = pjgk=2 4 Zkfl®) (146)
Where:
zZk = f ytpglor(ﬂllfx_l + ¢§‘2)d5 (147)
N

As previously defined in the problem P3, the constants Z¥ correspond to the torsion moment created
by the shear strains of the last order modes.

From the torsion macroscopic equilibrium equation, we obtain the relation between 8%~ and f:
Zk
M%CEZ =0 = 9’;52 = ——]f(k_3) (148)
. : I

We replace the expression of 6532 in Eq.148 into Eq142-143 and then replace the newly obtained
expressions into Eq.141. Identifying the terms associated to f =), leads to a self-equilibrated problem
for the new transversal mode 3p*:

k
- 91-1> We oS (149)

W (g, Wa) =f u(ﬂ,’f;l + Yk — (911 + LT >wa ds — f (Qk 1-

N

We note that we didn’t equilibrate the above problem in accordance to shear efforts since by
construction of the functions Q*~* and X2, the resultants of their shear strains are equal to zero.
Thus, we needed only to equilibrate the problem from the torsion resultant Z¥.

4.4 General form of the displacements:

Now that the solutions of the problems in Eq.41-45 are detailed for an arbitrary order, the resulting
displacements vector d in Eq.19 is obtained by summing all the displacements vectors from the
different order and expressed by:
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1
dy = (5 Ua" + VS + UL+ ) 470" 46" +) + 9 (a0 ks +n2Ufss + )

+oo (150)
+ L (UU§,3 + ané)’3 + ) + Z n2k+1(¢ék+1.1f(2k—2) + ¢§k+1.2f(2k—1))

k=1

ds = (U + Ut + ) =y, (UZ3 +nUS5 + -+ ) + Q11 (003 + 1204 + -+ ) + n2Q24T,

+00

F 2023 F + nzk(QZR.lf(zk—3) + QZk.Zf(Zk—Z)) (151)
k=2
Where: T, = |, ¢ 0Oq3dS are the components of the shear effort.
To re-write the above relations in a condensed form, we introduce the following notations:
1
Uy = Eugl +UQ+nUE+- , Us=UJ+nUi+- , 6:=0°4+n0"+-- (152)
Thus Eq.150-151 becomes:
do = Ug + P70 + 23 Uss + 02y  Upss + Z (e fE + k2 fE?) (153)
o0dd k=3
ds = Us + n(=y,Upss + Q¥103) + n2Q%T, + n?Q*3f + Z nk(Qktfk=3) 4 gk2fl=2)) (154)

even k=4

The infinite sums in the equations above, represents the contribution of the applied loading to the
displacement response of the beam. If there is no applied efforts, the displacement of the beam can be
written exactly in the following form:

do = Uy + Y270 + 1 933 Us 5 + 1790 Up s (155)

ds = Us + =y, Uy s + Q1105) — n?Q24T, (156)

Where the expression of the displacement vector in Eq.155-156 correspond to the classical Saint-
Venant solution.

5. The general equilibrium equations:

The asymptotic expansion method (AEM) applied to a beam element, as described in the last sections,
will give arise to an enriched kinematics with pre-determined warping and transverse deformation
modes, where the displacement of an arbitrary point of the beam can be given as a projection into
these modes basis:

Pid!
d =5l (157)
A5

Where ©; and ' are the warping and transverse deformation modes obtained from the AEM
respectively, and (;,¢") the generalized coordinates associated to the different modes. In this section,
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we note that the latin letter indices ‘i’ and ‘j” are no longer restricted to the values from 1 to 3, but

varies from 1 to the total numbers of the transverse deformation and warping modes, that are
arbitrary.

We recall that the AEM was only used to obtain the kinematic of the beam written in Eq.157, the

general equilibrium was not obtained in the iterative process. Thus, the goal of this section is to follow
exactly the same procedure in [1], in which the equilibrium equations of the beam were obtained and

solved exactly. From the exact solution, the variation along the beam’s length of the introduced

degrees of freedom (¢;,{") is known and the stiffness matrix is assembled.

To obtain the equilibrium equations, we use, as in [1], the principle of virtual work. The expression of

the internal virtual work, using the kinematic in Eq.157, is given by:

6Wint=f o:0egdV
14

Wit = [ (035 0 8815+ 03080086 + 0300085 + Gl 586 )V
14
After integrating over the cross section, Eq.159 becomes:
L . . . .
SWine = f (M;6&; 5+ T;68; + N'6T5 + 16" )dxs
0
Where the expression of the generalized efforts are:

M; = f 0330 dS = Kpeéyes + Q"
S

1= | aufyads =i + Dj¢h

A= f O304 dS = D}&; + C 4
S

P = f Tapthi pdS = Qi€ 5 + H'S!
s

And the coefficients:

Ky = f Qut+ DY dS | Jy = f O QpedS , D= f WL Qg dS
S S S

0i = j AQpilds ,  Cl= f wgiylds , Hi= f (il g 5 + Al ) dS
S S S

After an integration by parts Eq.160 becomes:

L
Wine = _j ((Mj.e» —T;)88; + (A5 — ‘Di)SZi) dxs + [M;8¢; + Aiaqi]z
0

SWext

= fOL ((M;5 = 17)88; + (A — @)8¢") dx; =0
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The relation in Eq.168 is valid for an arbitrary virtual displacement (8¢}, 5¢"), thus the expressions
between brackets have to be null, representing the equilibrium equations :

Mjs—T; =0 . ANy —9'=0 (169)

By replacing in the equations of Eq.169 with the expressions of the generalized efforts in Eq.161-164,
the following system of differential equations is obtained:

{K,-ké’k,ss +(Qj = Dj)¢s = Jjuéi = 0 (170)

€y — (Qj — Dj)éjs —HUS =0
This system is solved exactly. All details of the solution can be found in [1].

In [1] we discussed that for v = 0.5 incompressible locking occurs, and can be overcome by
introducing specific transverse deformation or warping modes. By using the asymptotic expansion
method, these ‘incompressible deformation modes” are automatically obtained in the iterative process.

6. Examples:

We will use the same examples in [1], to demonstrate that with fewer modes, derived from the
asymptotic expansion method, we can obtain the same accurate results. The comparisons are
performed with Qantara software, in which the present beam model is implemented. We note that in
all the following examples “p” will denote the order where the asymptotic expansion of the
displacement is stopped.

Box girder:

We consider here the same example of the 10m cantilever beam presented in the beginning of the
article in section 2 (Fig. 1-4). For this case, the applied load will be changed to the middle of the beam,
at the abscissa x = 5m.

@) (b)

Fiqure 5: the deformation of the cantilever beam: (a) present beam model with one element (b) shell model
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Fiqure 6: comparison of the vertical displacement at the cross section where the external force is applied.

For this example we stopped the asymptotic expansion at the seventh order (p = 7), thus the kinematic
obtained for this order is formed by the Saint-Venant modes, plus the warping and transverse
deformation modes associated to the applied force, which are the same as those represented in Fig.2.
The present beam model contain only one beam, and has then a total of 36 degrees of freedom. For the
shell model, we used 6000 MITC-4 shell elements (6060 nodes), representing a total of 36360 degrees of
freedom.

In this example, a concentrated vertical force was applied, thus the function representing its variation
longitudinally is a Dirac delta function. We remind that the AEM is developed for smooth functions
along the beam length, thus using a Dirac delta function is the most extreme case of comparison to test
the efficiency of the AEM. We observe indeed in Fig.6, where we have compared the vertical
displacement at x = 5m (applied force section) and at the mid-depth of the upper slab, a very good
agreement between the result of the present beam model (p = 5) and the shell model, when we
needed to go in the asymptotic expansion up to the seventh order.

In Fig.5, we drew the global deformation of the cantilever beam obtained from the present beam and
the shell model. We observe also a very good accordance between the iso-deformation lines of the two
models.

Double T cross section:
In this example we consider a 12m beam clamped at its both end and loaded with an eccentric
(z=2m) vertical force of 10MN in its middle(x=6m), see Fig.7, the material characteristics will be the

same as the previous example. We will use as usual only one beam finite element. The results will be
compared to a brick model of the beam.
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Fiqure 7: A view of the beam cross section.

Fiqure 8: the transverse deformation and warping modes due for the vertical force applied to on the section.
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Figure 9: A view of the amplified deformation of the beam model with only one element.

0,05 4

Vertical displacement (m)

-2,5

------- Beam model Ferradi & Cespedes [1]

= = -Brick model

Present beam modelp =7

0,2 -

Fiqure 10: Comparison of the displacement between the brick, shell and the beam models, at x= 6m and at mid-
depth of the upper slab (Ty = -10 MN)
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Figure 11: Comparison of the shear stress xz between the brick and beam models, at x= 0.95m and at mid-depth
of the upper slab (Ty = -10 MN)

For this example we stopped the asymptotic expansion at the ninth order (p = 9), giving a beam model
with seven transverse deformation modes and ten warping modes, where the modes associated to the
applied force are in Fig.8. The results of the present beam model are compared to the one obtained in
[1], where we have chosen a total of ten transversal deformation modes and eleven warping modes.
Fig.10 shows a very good agreement between the results of the brick model, the present beam model
and the beam model in [1]. In Fig.9 we have the global deformation of the beam, obtained with one
beam.

The comparison of the horizontal shear stresses in Fig.11 is interesting, it shows that near the
clamping, considering only the modes from the asymptotic expansion method (doted green line), do
not give very accurate result in comparison to the one from the brick model of the beam, but by
adding some warping modes corresponding to the higher warping modes of horizontal shear (see [1]
and [2]), that cannot be obtained from a rigorous application of the asymptotic expansion method, we
observe a clear amelioration in the result (continuous blue line). The result in Fig.11 shows one of the
drawback of the AEM, it does not give good results near the region where the limits conditions on the
displacements are applied.

7. Conclusion and future research direction:

The asymptotic expansion method (AEM) was used successfully to obtain an enriched kinematic for
the beam, capable of describing the local deformations shapes due to the applied forces in a very
accurate, and with using a minimum number of modes. This is done with the aid of transverse
deformation and warping modes that are specifically determined for the applied loading, and thus,
will have by construction a non-null contribution to the deformation of the beam.
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The AEM gives also an original approach for the justification of the Saint-Venant solution, which
corresponds to the exact kinematic of an infinite beam, in absence of external forces. An exact
kinematic can also be obtained in the case of an external force varying in accordance to a polynomial.

The kinematic obtained from the AEM was combined with an exact solution of the general
equilibrium equations of the beam, allowing us to use only one beam element, to obtain the exact
variation along the beam’s length of the introduced degrees of freedom. The obtained results in the
proposed examples, shows a very good accordance with the one from reference models of the beam
with brick or shell elements. However, the kinematic obtained from the AEM fails to give good results
in the vicinity of the clamping. Finding a method to solve this drawback can be a subject for future
investigation to ameliorate the method, along with taking into account material and geometric non
linearities within the AEM framework.

Appendix A.1:

The general strong form, for an arbitrary order p, of the problem leading to the determination of a new
warping mode, is written in the following way:

O (1) = —0a (™) — Wi — @u+ QP> forS
00P (171)

S —yPn, for T

Where QP is the unknown warping mode of the problem, and §?~!, OP~2 represents the entries (or the
loading) of the problem.

The problem in Eq.171 can be re-written differently, in a more convenient way to obtain the weak form:

div, (y(vym + 1 )) = —Adiv, (P — Qu+DAP2  forS a7
(V0P +yP~1).-n=0 for I
We write the equivalent weak form of this problem:
f (divy (u(vynp +ypp1 )) + Adiv, (PP1) + (2u + l)ﬂp‘z) wds =0 (173)
s
Where u is an arbitrary (virtual) longitudinal displacement.
After integrating by parts and replacing with the boundary condition, Eq.173 becomes:
f u(V, 07 + 9P~1) - nudl; — f u(v, 0P + 9P~1) - vu ds + f (Adiv, P~ + u + DQP"?)udS =0 (174)
s N N
f UV, QP - Vyu dS = —f PPt - Vyu ds +f Adivy, (PP Mu dS +f Qu+D)QP2u ds (175)
s s s s

From the above equations, the problem can be solved by discretizing the cross section with finite
elements, and choosing adequate interpolation functions, as it is done in a classical way with the FEM.
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