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1.1 Contexte et motivations industrielles

La mécanique des fluides est au coeur des activités de 'industrie de 1’énergie et de I'aéro-
nautique. C’est le cas notamment en ce qui concerne les activités de EDF R&D, et plus parti-
culicrement celles du département Mécanique des Fluides, Energie et Environnement (MFEE),
qui étudie le renforcement de la sureté et I'optimisation du fonctionnement des moyens de pro-
duction d’énergie. A ces fins, des codes de simulation numérique sont développés au sein de ce
département, notamment Code_Saturne! pour les problémes issus de la thermohydraulique &
I’échelle locale.

Le cadre général de cette these est de proposer de nouveaux schémas numériques pour le
code de référence Code_Saturne développé depuis la fin des années 90 (voir e.g., Archambeau
et al. (2004)). Ce code, open-source depuis 2007, propose différentes approches numériques
utilisant la méthode des volumes finis a variables co-localisées, afin de résoudre les probléemes
modélisant les écoulements monophasiques. Parmi les nombreuses applications, ce code est
notamment utilisé pour simuler les écoulements au sein des turbo-machines et des réacteurs
des centrales du parc nucléaire francais, pour simuler les écoulement souterrains, ou bien encore
pour I’étude du productible éolien ou pour la modélisation des incendies.

Cette these s’inscrit dans la continuité des travaux de these de Bonelle (2014), portant sur
les méthodes numériques utilisant 'approche Compatible Discrete Operator (CDO). L’objectif
de ces méthodes est de préserver lors du passage du niveau continu au niveau discret, cer-
taines propriétés du probléeme, comme le noyau des opérateurs mis en jeu et leurs relations
d’adjonction. De ce fait, ces méthodes appartiennent a la classe des méthodes mimétiques (ou
structure-preserving). Utilisant les travaux de Tonti (1975, 2013), de Bossavit (2000) et de Mat-
tiussi (2002), les méthodes CDO consistent & dégager une structure mathématique générale des

1. http://www.code-saturne.org
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principaux phénomenes physiques a partir de concepts issus de la géométrie différentielle et de
la topologie algébrique. Ces méthodes ont pour 'instant été analysées dans le cas du probleme
de la diffusion pure par Bonelle & Ern (2014a) ainsi que dans le cas du probleme de Stokes
par Bonelle & Ern (2014b). L’objectif de cette these est d’étendre ces travaux afin de traiter
plus généralement les phénomenes de transport sur maillages polyédriques, et notamment ceux
liés a I’advection.

1.1.1 Utilisation de maillages polyédriques

Comme son nom l'indique, un maillage polyédrique d’'un domaine connexe borné poly-
édrique € de dimension 3 est un pavage de Q formé de polyedres de R?, constitué de mailles
délimitées par un nombre fini de faces planes polygonales. Contrairement a un maillage formé
de simplexes, les éléments d’un maillage polyédrique ont des caractéristiques géométriques dif-
férentes. Un maillage polyédrique peut par exemple contenir a la fois des mailles convexes
et non convexes, ainsi que des mailles possédant un nombre variable de faces. D’un point de
vue pratique, 'utilisation de maillages polyédriques est plus délicate que celle de maillages clas-
siques, généralement de type structuré ou bien formé d’un seul type d’élément simple (tétraedre,
hexaedre, prisme a base triangulaire). D’un point de vue théorique, il est alors nécessaire d’in-
troduire un formalisme adapté afin de prendre en compte ces généralités. En comparaison, les
schémas de discrétisation classiques considerent généralement des maillages spécifiques, comme
par exemple ceux de type structurés dans le cas des méthodes aux différences finies, ou bien
ceux formés d’un seul type d’élément simple pour la méthode des éléments finis.

Plusieurs raisons motivent 'utilisation de maillages polyédriques dans l'industrie. La pre-
mieére concerne les aspects "colit mémoire" liés a l'utilisation de gros maillages (contenant
généralement plusieurs dizaines voire centaines de millions de mailles) lors des simulations sur
des géométries de grande taille avec des mailles tres fines. Grace a 'utilisation de polyedres, il
est possible de diminuer le nombre nécessaire de mailles en utilisant plusieurs types d’éléments.
L’utilisation simultanée d’hexaedres, de pyramides a base carrée et de tétraedres dans un méme
maillage permet par exemple de diviser localement par 3 le nombre de mailles, comme on peut
l'observer sur la Figure 1.1. Ces maillages multi-éléments sont également utilisés en pratique
pour mailler finement les couches limites.
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FIGURE 1.1 — Un pavage de R3 formé de 9 tétraedres & gauche et de 3 polyedres & droite.

La deuxiéme raison motivant 1'utilisation de maillages polyédriques est la possibilité de
considérer des recollements non-conformes de sous-maillages. Dans ce cas, le maillage poly-
édrique est obtenu en deux étapes. La premiere étape consiste a décomposer le domaine initial
Q) en sous-domaines 2 = U;(2; d’intersection vide deux a deux et a mailler séparément ces
sous-domaines €2;. La deuxiéme étape consiste ensuite a agglomérer les maillages de tous ces
sous-domaines §2; afin d’obtenir un maillage du domaine €2. Les non-conformités qui résultent
de ces recollements conduisent alors & des mailles comportant plusieurs faces dans un méme
hyperplan. Les mailles en question sont alors vues comme des polyedres contenant plus de
faces. Dans le cas par exemple du recollement non-conforme représenté sur la Figure 1.2, la
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non-conformité de recollement modifie ’élément de gauche de telle sorte qu’on ne le consideére
plus comme un hexaédre, mais comme un nonaedre. En pratique, les maillages obtenus par

F1GURE 1.2 — Recollement non-conforme de deux maillages hexaédriques.

ce procédé correspondent a ceux utilisés dans l'industrie. Ces maillages ont I’avantage d’une
part de pouvoir étre générés successivement a partir de mailleurs classiques et d’autre part
d’offrir la possibilité de pouvoir étre raffinés localement en fonction de la physique étudiée. La
Figure 1.3 illustre deux situations considérées dans le cadre des études menées a EDF R&D,
ou 'on observe notamment les différents recollements non-conformes entre les sous-domaines
constitutifs de la géométrie globale.

FIGURE 1.3 — Exemples de recollements non-conformes pour des applications industrielles a
EDF R&D.

1.1.2 Des équations de Navier-Stokes aux problémes de transport

Les équations de Navier-Stokes modélisent I’écoulement des fluides a 1’échelle macroscopique
(voir e.g., Darrozes & Francois (1982)). Dans le cas de 1’écoulement incompressible dans un
domaine © de R? (fixe au cours du temps) d’'un fluide de masse volumique constante p, de
viscosité constante A et soumis & une densité de champ de force s (typiquement la gravité), le
probléme de Navier-Stokes traduit la conservation de la masse et de la quantité de mouvement
et consiste & déterminer la pression p : @ — R et la vitesse u : Q — R3 vérifiant

ou

Par + p(u-V)u — AAu + Vp = ps dans (, (1.1a)

V-au=0 dans €, (1.1b)

ainsi que des conditions & la limite (que nous omettons ici pour simplifier la discussion). Lorsque
I’écoulement est supposé de surcroit stationnaire et en renormalisant la viscosité et la pression

3
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par p # 0, le probléme (1.1) se simplifie pour devenir

(u-V)u — AAu+ Vp = s dans ©, (1.2a)
V-u=0 dans . (1.2b)

Malgré ces simplifications, I’analyse mathématique du probléme (1.2) est délicate dans son
ensemble (voir e.g., Temam (1977) ou Galdi (1994)), en raison notamment de la présence
du terme d’advection non-linéaire (ou de convection) (u-V)u. En pratique, 'approximation
numérique de la solution (u,p) du probléme (1.2) peut étre obtenue par 'intermédiaire d’un
probléme linéarisant le terme de convection dans I’équation (1.2a). Pour un champ vectoriel
B : Q — R3 donné, cette linéarisation conduit au probléme de Oseen :

(B-V)u — AAu+ Vp = s dans , (1.3a)
V-u=0 dans Q. (1.3b)

La solution du probleme (1.2) est alors obtenue par itération afin de déterminer un point fixe
de la fonctionnelle qui & 3 associe wu.

Une méthode permettant de résoudre numériquement le probléme (1.3) consiste & découpler
les inconnues vitesse et pression. Dans cette approche, on est alors amené a considérer le cas
du probléme de transport vectoriel de la vitesse. En plus de ce probleme, il est également
intéressant d’introduire le probleme de transport scalaire, notamment dans le cas ot 'on adopte
une vision composante par composante du probleme de transport vectoriel. L’étude du probleme
de transport scalaire est également pertinente dans le cas de la modélisation du transport de
la concentration d’espéces chimiques ou de grandeurs turbulentes.

Le probléme de transport scalaire. Dans un domaine 2 de R? de frontiere 052, considérons
p: Q — R un coefficient de réaction, B : Q — R? un champ d’advection et A : Q — R3*3 un
tenseur de diffusion & valeurs symétriques. Le probléme de transport scalaire considéré dans
cette these consiste a déterminer la fonction u :  — R résolvant le probléeme

—V-(AVu) + B-Vu+ pu=s dans Q, (1.4a)
u=up sur 0f, (1.4Db)

ot s : 2 — R est le terme source et up : 9 — R est la donnée au bord de Dirichlet (d’autres
conditions & la limite peuvent étre considérées, comme par exemple celles de type Neumann ou
de type Robin).

Selon les valeurs que prennent les différents coefficients physiques du probleme (1.4), on
distingue plusieurs régimes. Pour simplifier la discussion, nous ne considérons pas le cas de la
réaction dominante et nous supposons que les effets réactifs sont au plus du méme ordre de
grandeur que les effets advectifs. L’écoulement associé au probléme (1.4) est alors caractérisé
par un seul nombre adimensionnel, le nombre de Péclet. Ce nombre traduit le rapport des effets
advectifs sur les effets diffusifs. Il est défini sur le domaine 2 par

_ Lo Ba

1I
Q )\Q’

(1.5)

ou L correspond & une longueur caractéristique du domaine €2, 8o a une échelle de vitesse
du champ B et A\qg a une échelle de diffusion du tenseur A. Lorsque les effets diffusifs do-
minent, i.e., Il — 0, le probléeme (1.4) tend formellement vers le probléme elliptique de diffusion
pure consistant a déterminer la fonction u :  — R solution du probleme

—V-(AVu) =s dans Q, (1.6a)
u=1up sur Of. (1.6b)
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A Tinverse, lorsque les effets advectifs dominent, i.e., Il — +o0, le probléme (1.4) tend for-
mellement vers le probléeme du premier ordre d’advection-réaction ou 'on cherche la fonction
u : 0 — R solution du probleme

B-Vu+ pu=s dans €, (1.7a)

u=up sur 0N, (1.7b)

ou la condition & la limite de Dirichlet est uniquement posée sur la frontiere entrante (ou

inflow) 00~ = {x € 90| n(x)-B(x) < 0}, avec n la normale sortante a Q. La formulation

du terme d’advection dans le probleme (1.7) est dite non-conservative, tandis que 1’on obtient

la formulation conservative (1.8) grace a la formule de Leibniz V-(Bu) = B-Vu + (V-B)u en
choisissant = V-8 :

V-(Bu) =s dans Q, (1.8a)

u=1up sur 00 . (1.8b)

Signalons que I’étude des problemes (1.7) et (1.8) peut notamment étre appliquée a I’équation de

conservation de la masse lorsque 1’écoulement modélisé par le probleme de Navier-Stokes (1.1)
est non-homogene (i.e., Vp # 0).

Le probléme de transport vectoriel. Dans un domaine 2 de R? de frontiere 052, le pro-
bleme de transport vectoriel consiste & déterminer la fonction u : Q — R? solution du systéme

Vx(AVxu) +V(B-u)+ (Vxu)xB + pu=s dans Q, (1.9a)
U =up sur 09, (1.9b)
uxn =upxn sur 0N\, (1.9¢)

avec p : Q — R3*3 un tenseur de réaction, B :  — R3 un champ advectif, A : Q — R3*3 un
tenseur de diffusion & valeurs symétriques, s : Q — R? le terme source et up, : 9Q — R? la
donnée au bord de Dirichlet. Plusieurs formulations du probléme de transport vectoriel (1.9)
sont disponibles dans la littérature, notamment en ce qui concerne I’écriture du terme de
diffusion. Ici, nous avons retenu la formulation dite curl-curl, en cohérence avec le probleme de
Stokes étudié par Bonelle & Ern (2014b), et initialement analysée par Nédélec (1982). Dans le
cas d’'un tenseur de diffusion constant et isotrope A = Ald, observons que le terme Vx (AV xu)
se réécrit —AAu + AV (V-u), permettant de retrouver le terme de diffusion du probléeme de
Oseen (1.3) lorsque la vitesse u satisfait la contrainte d’isovolume V-u = 0.

En ce qui concerne le terme d’advection, il est composé de deux termes : V(B-u) et
(Vxu)xB. Le premier terme correspond aux variations de la fonction w le long des lignes
de courant du champ 3, tandis que le second terme décrit la rotation de la fonction u perpen-
diculairement a ces lignes de courant. Cette formulation du terme d’advection est pertinente
dans de nombreuses situations, et notamment dans le cas du probleme de Oseen. En effet, en
supposant les champs u et 8 suffisamment réguliers, on rappelle que I'on a :

V(B-u)+ (Vxu)xB = (B:-V)u+ (u-V)B — (VxB)xu, (1.10a)
(u-V)B = (VxB)xu + (VB) "u. (1.10Db)
En combinant ces expressions, on obtient alors V(8-u) + (Vxu)xB = (B-V)u + (VB)"u. Le

terme de droite est ainsi composé du terme d’advection composante par composante (3-V)u,
considéré dans le probléme de Oseen (1.3), et d’un opérateur d’ordre zéro (V) u. En parti-

culier, le choix p = —VB" dans le probléeme (1.9) permet de considérer le probléme suivant
Vx(AVxu) + (B-V)u =s dans ©, (1.11a)

u=up sur 00, (1.11b)

uxn =upxn sur IQ\IN~, (1.11c)
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ol le terme d’advection est écrit en formulation non-conservative tandis que le choix p =
—VB" + (V-B)ld fournit

VX (AVxu) + V-(uxp) = s dans (2, (1.12a)
uU=1up sur 0, (1.12b)
uxn =upxn sur IN\ON, (1.12¢)

correspondant a la formulation conservative du terme d’advection. Comme dans le cas du
probleme de transport scalaire, et en supposant que les effets réactifs sont au plus de 'ordre de
grandeur des effets advectifs, I’écoulement modélisé par le probléeme de transport vectoriel (1.9)
est caractérisé par le nombre de Péclet. Dans le régime advectif, le probleme (1.9) tend alors
formellement vers le probléeme du premier ordre d’advection-réaction vectoriel

V(B-u)+ (Vxu)xB+ pu=s dans Q, (1.13a)
u=up sur 0Q . (1.13b)

Le probleme de transport en géométrie différentielle. Plus généralement, les pro-
blemes de transport (1.4) et (1.9) peuvent étre reformulés dans le cadre de la géométrie diffé-
rentielle a l'aide de trois opérateurs : la dérivée extérieure, I'opérateur de Hodge et I'opérateur
de contraction. Considérant 2 une variété de dimension d, ’espace des k-formes différentielles
pour k € [[0,d] est noté A*(Q). En dimension d = 3, une 0-forme est appelée potentiel, une
1-forme est appelée circulation, une 2-forme est appelée flur et une 3-forme est appelée den-
sité. Dans le formalisme de l’analyse vectorielle, I’équivalent (correspondant au proxy) d’une
0-forme et d’une 3-forme est une fonction 2 — R, tandis que le proxy d’une 1-forme et d’une
2-forme est une fonction Q — R3. La dérivée extérieure est notée d : A¥(Q) — A*1(Q) pour
k € [[0,d — 1] et admet pour proxy en dimension d = 3 les opérateurs différentiels v — Vo
pour k =0, v — Vxv pour k =1 et v — Vv pour k = 2. L’opérateur de Hodge associé au
parameétre X est quant & lui noté %y : AF(Q) — ATF(Q) et admet pour proxy en dimension
d = 3 lapplication u — Au pour k = 1 et k = 2. Les opérateurs de diffusion u — —V-(AVu)
et u — VX (AV xu) se représentent ainsi de maniére abstraite par I’application

AF(Q) 3 WP = (=1)Md %y dw” € AR (Q), (1.14)

pour k = 0 et k = 1, respectivement. Dans ce méme formalisme, on représente les termes
advectifs & 1'aide de 'opérateur de contraction noté 15 : A¥(Q) — A*=1(Q) pour k € [[1,d],
ou B : 2 — TQ est un champ vectoriel donné, défini comme une section du fibré tangent
TQ de Q (voir Abraham et al. (1988)) isomorphe & I'espace des 1-formes différentielles A*(€2).
L’opérateur de contraction tg admet pour proxy en dimension d = 3 les applications v — v-3
pour kK = 1, v — vxB pour k = 2 et v — PBv pour k = 3. Les opérateurs d’advection
linéaires v — B-Vv et v — V(v-8) + (Vxv)x 3 se représentent ainsi de maniére abstraite par
I'application

AF(Q) 3 WP s (dig + 15d) WF € AF(Q), (1.15)
pour £ = 0 et k = 1, respectivement, avec la convention Lﬂwﬂ = 0 pour tout w® € A%(Q).
L’opérateur défini par (1.15) est plus communément appelé dérivée de Lie. A la maniére de la
dérivée extérieure (cf. Palha et al. (2010) ou Abraham et al. (1988)), on montre que I'opérateur
de contraction est nilpotent d’ordre 2 i.e., qu’il satisfait 13013 = 0. Le proxy de cette propriété
en dimension d = 3 n’est rien d’autre qu’une conséquence de la définition du produit scalaire,
du produit vectoriel et du produit de colinéarité : pour k = 2, on a B-(vxf3) = 0 pour tout
flux v et tout champ B et pour k = 3, on a (Bv)x B = 0 pour toute densité v et tout champ .

1.2 Etat de I’art et contributions

L’objectif de cette thése est 'analyse et la résolution sur maillages polyédriques tridimen-
sionnels des problémes de transport scalaire et vectoriel lorsque les effets advectifs prédominent
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sur les effets diffusifs. On s’intéressera en particulier (mais pas uniquement) aux équations
d’advection-réaction d’un scalaire et d’un vecteur en négligeant les termes de diffusion. Cette
étude est essentielle car la possibilité de traiter de maniere robuste le probleme complet avec
une diffusion faible requiert la maitrise du cas limite ou la diffusion est nulle.

1.2.1 Analyse des problémes continus

Un cadre adapté a I’étude mathématique des problemes linéaires d’advection-réaction sca-
laire (1.7) et vectoriel (1.13) est celui des systemes de Friedrichs (1958). Ces systémes englobent
un certain nombre de problémes physiques, qu’ils soient de nature elliptique (e.g., le probleme
de diffusion (1.6) ou le probleme de Maxwell dans le régime diffusif), hyperbolique (e.g., le
problémes d’advection-réaction scalaire (1.7) ou vectoriel (1.13)) ou bien comportant & la fois
des termes elliptiques et hyperboliques (e.g., le probléme de diffusion-advection-réaction sca-
laire (1.4) ou vectoriel (1.9)).

Les travaux récents de Ern & Guermond (2006a,b), de Ern et al. (2007) et de Ern & Guer-
mond (2008) ont établi 'existence et I'unicité de la solution faible dans les espaces du graphe
associé a L?(€2). Outre le fait de caractériser les bonnes conditions & la limite & imposer, cette
analyse met en évidence 'existence d’un tenseur, que nous appelons tenseur de Friedrichs, dont
la positivité est une condition suffisante pour établir la bonne position du probleme. Dans le cas
des problemes elliptiques, cette condition de positivité est généralement trivialement satisfaite
pour des coefficients associés a une physique représentative (e.g., des coefficients de diffusion,
de perméabilité ou de conductivité positifs). En ce qui concerne les problemes d’advection-
réaction (1.7) et (1.13), cette condition de positivité n’est généralement pas satisfaite pour
des champs advectifs et réactifs quelconques. Pour le probleme scalaire (1.7), le tenseur de
Friedrichs dans L?(€2) est & valeurs scalaires et s’écrit

1
OB = b — §Vﬂ : Q=R (1.16)

La condition de positivité correspond alors a ’existence d’un réel og > 0, homogene a l'inverse
d’une échelle de temps caractéristique des phénomenes d’advection-réaction, tel que og, > og
presque partout dans 2. De maniere analogue, le tenseur de Friedrichs associé au probléeme
vectoriel (1.13) dans L?(Q;R?) est & valeurs tensorielles et s’écrit

VB+VB" p+u”
O-B,/L: 9 + 9 -

%(Vﬂ)ld D — R3S, (1.17)

La condition de positivité correspond alors & 'existence d’un réel Xy > 0 (également homogene
a l'inverse d’un temps) tel que X > Ry presque partout dans 2, ot N correspond a la plus petite
valeur propre du tenseur symétrique og, .

Les conditions de positivité ci-dessus limitent la portée de 'analyse mathématique car elles
ne sont pas toujours satisfaites. Dans le cas du probleme (1.7) et en 'absence de terme réactif ,
la condition de positivité impose notamment que le champ advectif soit strictement contractant,
i.e.,qu’il satisfasse —V-B > oy > 0 presque partout dans 2. Il ne peut alors par exemple étre
constant. De maniére analogue, pour le probléeme d’advection vectorielle

(B-V)u=s dans Q, (1.18a)
u=wup sur 0N, (1.18b)

obtenu a partir du probléme (1.11) pour un tenseur de diffusion nul et en choississant p =
—VB" si bien que og, = —%(Vﬂ)ld, la condition de positivité contraint également le champ
B a étre strictement contractant.
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Contributions. Dans cette theése, nous identifions les tenseurs de Friedrichs relatifs aux
problémes (1.7) et (1.13) dans les espaces du graphe associés aux espaces de Lebesgue LP(()
pour p € (1,00]. Dans le cas ou la plus petite valeur propre des tenseurs (1.16) et (1.17) prend
des valeurs nulles ou raisonnablement négatives, nous introduisons a la place les tenseurs

1 1
0= (OB — iﬂ.vg Q=R et op,=Cop,— iﬁ-vg ldgs : Q — R¥3, (1.19)

pour p = 2, fonction d’un potentiel ¢ : 2 — R. Dans ce cas, nous établissons les conditions
suffisantes permettant d’établir 'unicité de la solution faible pour p € (1, o] et nous montrons
'existence de la solution faible pour p € (1, 2].

1.2.2 Résolution du probleme d’advection-réaction scalaire

Dans un domaine 2 de R3, le probléeme d’advection-réaction scalaire consiste & déterminer
la fonction u :  — R solution du systéme

B-Vu+ pu=s dans §, (1.20a)
u=up sur 0. (1.20b)

Pour des maillages généraux, la méthode des volumes finis permet de résoudre ce probleme
en considérant un degré de liberté sur chaque cellule du maillage et en approchant les termes
de flux sur les faces du maillage par des méthodes upwind. Ces méthodes, trés utilisées dans
I'industrie, ont un cofit relativement faible, sont faciles a implémenter mais sont peu précises,
avec typiquement une convergence de lerreur en norme L? & 'ordre % Les méthodes dis-
continuous Galerkin (dG), introduites pour les équations de la neutronique par Reed & Hill
(1973) et analysées pour la premiere fois par Lesaint & Raviart (1974) (voir également Johnson
& Pitkaranta (1986) et Ern & Guermond (2006a,b)), étendent les méthodes volumes finis en
considérant des polynoémes de degré k£ > 0 au sein de chaque cellule, i.e.,en considérant %
degrés de liberté par cellule en dimension d. Pour des solutions suffisamment régulieres, ces
méthodes fournissent typiquement une estimation de I’erreur en norme L? & 'ordre k + % et
une estimation de lerreur sur la dérivée advective en norme L? & 'ordre k. Néanmoins, ces
méthodes ont souvent un cotit prohibitif pour des applications industrielles.

Une alternative aux méthodes dG permettant d’approcher a 'ordre élevé la solution du
probléme d’advection-réaction (1.7) est la méthode des éléments finis H'-conformes d’ordre
k sur maillages formés de simplexes. Ces méthodes sont basées sur la formulation de Galer-
kine standard (ou l’espace des solutions coincide avec celui des fonctions tests) a laquelle on
rajoute un terme de stabilisation symétrique, positif et consistant de maniére exacte ou asymp-
totique. Parmi les méthodes les plus récentes, citons la stabilisation par viscosité de sous-maille
proposée par Guermond (1999), la méthode de projection locale LPS proposée par Becker &
Braack (2001) (voir également Matthies et al. (2007, 2008)), ainsi que la méthode CIP intro-
duite par Burman & Hansbo (2004) et Burman (2005), consistant & pénaliser sur les faces du
maillage les sauts de la dérivée advective (voir également Burman & Ern (2007) pour I'extension
aux systemes de Friedrichs). Pour des solutions suffisamment régulieres, toutes ces méthodes
fournissent des résultats de convergence similaires aux méthodes dG.

Contributions. Dans cette these, nous considérons dans un premier temps un schéma équi-
valent aux méthodes volumes finis sur maillages polyédriques considérant les cellules duales
associées aux sommets du maillage comme volumes de contrdle. Les degrés de libertés sont
associés aux sommets du maillage et 'on obtient, pour des solutions suffisamment régulieres,
une estimation de lerreur en norme L? & lordre % lorsque le tenseur de Friedrichs satisfait
la condition de positivité. Une contribution originale (voir aussi les travaux de Deuring et al.
(2015) et de Ayuso & Marini (2009)) est ’analyse dans le cas ou le tenseur de Friedrichs prend

des valeurs nulles, si bien qu’il ne satisfait plus la condition de positivité. Dans un second temps,
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nous proposons un nouveau schéma sur maillages polyédriques issu de I'approche par éléments
finis stabilisés H'-conformes. Les degrés de libertés sont toujours associés aux sommets du
maillage et I'on obtient pour des solutions suffisamment régulieres, une estimation de l’erreur
en norme L? & l'ordre % et de lerreur sur la dérivée advective en norme L? & I'ordre 1.

1.2.3 Résolution du probleme de diffusion-advection-réaction scalaire

Dans un domaine 2 de R3, le probleme de diffusion-advection-réaction scalaire consiste a
déterminer la fonction u : 2 — R solution du systeme

—V-(AVu) + B-Vu+ pu=s dans Q, (1.21a)
u=up sur 0f, (1.21b)

quel que soit la valeur du nombre de Péclet (1.5) (et lorsque les effets réactifs sont au plus
du méme ordre de grandeur que les effets advectifs). Bien que le cas de la réaction dominante
ne soit pas étudié dans cette these, signalons néanmoins les travaux de Apel & Lube (1998),
de Xenophontos & Fulton (2003) et de Heuer & Karkulik (2015) étudiant entre autres la
transition entre la diffusion et la réaction.

Une idée afin d’approcher la solution du probleme (1.21) consiste a coupler I'une des ap-
proches citée dans la Section 1.2.2 pour les termes d’advection-réaction avec une approximation
par éléments finis du terme de diffusion. Parmi les travaux traitant ce sujet sur maillages formés
de simplexes, citons par exemple ceux de Ohmori & Ushijima (1984) et de Angot et al. (1998)
utilisant les volumes duaux associés aux arétes du maillage en dimension 2 ainsi que les travaux
de Baba & Tabata (1981) et de Risch (1990) utilisant les volumes duaux associés aux sommets
du maillages. De maniére générale, Roos et al. (2008) proposent un bon apercu des différentes
techniques utilisant la méthode des différences finies et des éléments finis, disponibles dans la
littérature afin de résoudre sur maillages classiques le probleme de diffusion-advection (1.21).

Pour des maillages généraux, un certain nombre de méthodes numériques sont également
disponibles. Appartenant & la famille des gradient schemes ( cf. Droniou et al. (2016) pour les
problémes de diffusion), les schémas Vertex Approzimate Gradient (VAG) proposés par Gui-
chard (2011) et par Eymard et al. (2012a,b), permettent de résoudre a ordre bas le pro-
bléme (1.21) en considérant des degrés de liberté associés a la fois aux cellules et aux sommets
du maillage. Dans une approche différente, les méthodes hybrides considérent des degrés de
libertés associés aux faces et aux cellules du maillage. A I'ordre bas, citons les méthodes Hybrid
Mimetic Mized (HMM) introduites par Droniou et al. (2010), Droniou (2010) et par Beirao da
Veiga et al. (2011), combinant les approches Mimetic Finite Difference (MFD) proposée par Hy-
man et al. (2002), Hybrid Finite Volume (HFV) proposée par Eymard et al. (2010) et Mized
Finite Volume (MFV) proposée par Droniou & Eymard (2006). Pour des méthodes d’ordre
k > 1, citons les méthodes Hybridizable discontinuous Galerkin (HdG) introduites par Cock-
burn et al. (2009) ainsi que les méthodes Hybrid High-Order proposées récemment par Di Pietro
& Ern (2015), ou les inconnues cellules sont statiquement condensées, afin de ne considérer que
(,’:!J(rj__ll))!! degrés de liberté par face en dimension d. Une autre méthode d’ordre k£ > 1 est la mé-
thode des Virtual Elements (VEM) proposée par Beirao da Veiga et al. (2013) pour le probléme
de diffusion et par Beirdo da Veiga et al. (2016b,a) pour le probléme de diffusion-advection dans
le régime diffusif.

Contributions. Dans cette thése, nous proposons un nouveau schéma a partir des travaux
de Bonelle & Ern (2014a) traitant le terme diffusif, afin d’approcher la solution du probleme
de transport (1.21) en fonction d’un nombre de Péclet local I}, associé aux échelles de maille,
de maniére a retrouver dans les cas limites, le schéma d’ordre % présenté dans la Section 1.2.2
pour le probleme d’advection-réaction (1.20) lorsque II, = +oo et le schéma associé au pro-
bleme de diffusion de Bonelle & Ern (2014a) lorsque II;, = 0 avec des conditions & la limite &
la Nitsche (1971). Les degrés de liberté sont associés aux sommets du maillage polyédrique et
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nous obtenons, pour des solutions suffisamment réguliéres et pour des tenseurs de Friedrichs a
valeurs positives ou nulles, une estimation de l’erreur en norme L? convergeant & I’ordre % si
les effets advectifs dominent et a 'ordre 1 si les effets diffusifs dominent.

1.2.4 Résolution du probleme de transport vectoriel

Dans un domaine  de R3, le probleme de transport vectoriel consiste & déterminer la
fonction u : Q — R3 solution du systéme

Vx(AVxu) +V(Bu)+ (Vxu)xB + pu =s dans ©, (1.22a)

u=up sur 09, (1.22b)

uxn =upxn sur IN\ON". (1.22¢)

Nous nous concentrons ici sur 1’étude de ce probléme dans le régime advectif, donné par (1.13)

dans le cas limite ou la diffusion A s’annule uniformément. Un traitement du probléme dans
le régime de diffusion pure, lorsque 8 = 0 et u = 0, peut étre envisagé a partir des travaux
de Bonelle & Ern (2014b) concernant le probleme de Stokes.

Les méthodes d’approximation du probléme modele (1.22) sont peu nombreuses dans la
littérature. Le plus souvent, seul un des deux termes de 'opérateur d’advection vectoriel est
considéré en présence d’un terme de diffusion. C’est le cas notamment du probléme modélisant
I'induction électromagnétique dans un plasma de vitesse B, ou l'on souhaite déterminer le
champ électromagnétique (E, B) satisfaisant le systéeme

VxE = f dans Q, (1.23a)
E-X\"'VYxB-BxB =g dans Q, (1.23b)

avec A le coefficient de permittivité du milieu. Sur des maillages tétraédriques, Guermond &
Minev (2003) proposent une alternative a l'utilisation classique des éléments finis d’aréte afin
de résoudre ce probléme en utilisant des éléments finis H'-conformes d’ordre bas.

Egalement motivé par des problémes issus de I’electromagnétisme, Heumann (2011) propose
et analyse dans le cas instationnaire des méthodes Eulériennes et semi-Lagrangiennes résolvant
le probléme d’advection vectorielle (1.13) & partir d’éléments H (curl)-conformes sur maillages
formés de simplexes. Les schémas proposés dans ces travaux font notamment écho au travaux
de Bossavit (2003) consacrés a l'approximation de la dérivée de Lie d'une forme différentielle
par extrusion des éléments du maillage. Cette approche est également considérée dans les
travaux de Mullen et al. (2011), ou la solution du probleme d’advection vectorielle (1.13)
est approchée par une méthode d’extrusion des arétes d’'un maillage formé de quadrangles.
Signalons finalement les travaux de Palha (2013) abordant également I'approximation de ce
probléme sur des maillages formés de quadrangles en approchant I'opérateur de contraction a
partir de son opérateur adjoint, appelé produit extérieur, dans le cadre des méthodes Mimetic
Spectral Elements (MSE).

Contributions. Dans cette theése, nous proposons un nouveau schéma approchant la solution
du probléme (1.13) en considérant un seul degré de liberté scalaire sur chacune des arétes d'un
maillage polyédrique. Le choix de ce positionnement des degrés de liberté permet non seulement
d’étre cohérent avec le positionnement de la vitesse dans le schéma CDO de Bonelle & Ern
(2014b) pour le probléeme Stokes, mais également avec la nature physique de la circulation
u, correspondant au proxy d’une 1-forme et donc discrétisée sur les 1-co-chaines (i.e.,sur les
arétes dans le formalisme de la topologie algébrique). Une estimation de I'erreur est obtenue
en norme L? & lordre % pour des solutions suffisamment régulieres et pour des tenseurs de
Friedrichs prenant des valeurs positives, nulles ou négatives. On notera la différence conceptuelle
de notre schéma avec le schéma volumes finis sur le maillage dual associé aux arétes du maillage,
considérant comme degrés de liberté les trois composantes de 'inconnue sur chaque volume
dual.
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1.3 Organisation de la these

Cette these est composée de 7 chapitres. Les Chapitres de 2 a 6, résumés ci-dessous, sont
globalement indépendants afin de permettre une lecture non-linéaire et par morceaux. Le Cha-
pitre 7 collecte les différents outils et résultats relatifs a 'utilisation des maillages polyédriques
et & analyse de nos schémas. Pour faciliter la lecture, les principaux résultats obtenus dans ce
dernier chapitre sont succinctement rappelés au cours des chapitres de 2 a 6.

Chapitre 2) Analyse des problémes continus. A partir de I’analyse Hilbertienne pro-
posée par Ern & Guermond (2006a) dans I'espace du graphe de L?(2), on étend l'analyse de
I'unicité de la solution des probléemes (1.7) et (1.13) dans I’espace du graphe associé a LP(2)
et LP(2), respectivement, pour p € (1,400). L’analyse relative a I’existence d’une solution est
quant & elle menée pour des exposants p € (1,2]. La bonne position de ces problémes pour
p € (1,2] permet par exemple de considérer des termes sources peu réguliers dans LP(Q) et
LP(Q), respectivement. Cette analyse est effectuée lorsque la plus petite valeur propre du ten-
seur de Friedrichs dans LP(f2) et LP(2), respectivement, prend des valeurs positives, nulles ou
raisonnablement négatives. L’extension de I’analyse dans ces deux derniers cas est notamment
envisageable a partir des travaux de Devinatz et al. (1974) et de Azérad & Pousin (1996).
Dans le cas ou pour tout point du domaine €2, il existe une caractéristique backward partant
de ce point et atteignant 92~ en un temps fini, ces travaux introduisent une fonction scalaire
¢ : Q — R permettant de construire un nouveau tenseur satisfaisant une condition de positivité.

Chapitre 3) Schéma d’ordre bas pour le probléme d’advection-réaction scalaire.
Un schéma approchant la solution du probléme modele (1.7) est proposé sur des maillages
polyedriques avec des degrés de liberté scalaires associés aux sommets. Ce schéma utilise le
formalisme des schémas CDO introduit par Bonelle (2014) et discrétise la dérivée advective v —
B-Vv en dissociant 'opérateur différentiel v — Vv et 'opérateur de contraction v — G-v. Nous
introduisons ainsi la notion d’opérateur de contraction discret, construit de maniere a satisfaire
au niveau discret la formule de Leibniz et la formule d’intégration par parties. Les conditions
a la limite sont imposées faiblement sur le bord entrant du domaine et ’analyse discrete du
schéma s’inspire de ’analyse des systémes de Friedrichs. Cette approche permet de retrouver en
particulier le schéma volumes finis upwind ot les volumes de contrdle correspondent aux cellules
duales associées aux sommets du maillage. Lorsque le tenseur de Friedrichs satisfait la condition
de positivité, le schéma est stable par coercivité. Lorsque ce tenseur prend des valeurs nulles, le
schéma est inf-sup stable pour un maillage suffisamment raffiné et inconditionnellement stable
si le champ advectif est a divergence nulle. Une estimation de 1’erreur discrete quasi-optimale
a lordre % est obtenue en norme de stabilité. Les résultats théoriques sont illustrés par deux
cas tests sur des maillages polyédriques.

Chapitre 4) Schéma d’ordre bas pour le probléme de diffusion-advection-réaction
scalaire. A partir du schéma CDO obtenu pour le probléme (1.7) dans le Chapitre 3 et
du schéma CDO proposé par Bonelle & Ern (2014a) pour le probleme de diffusion (1.6), un
nouveau schéma robuste en fonction du nombre de Péclet est obtenu afin d’approcher la solution
du probléme de diffusion-advection-réaction (1.4) sur maillages polyédriques. Ce schéma est
présenté dans le formalisme des schémas CDO et utilise des degrés de liberté associés aux
sommets du maillage. Afin de traiter de maniére cohérente les conditions a la limite quel que
soit le nombre de Péclet, le schéma proposé par Bonelle & Ern (2014a) est étendu afin d’imposer
faiblement la condition de Dirichlet par une méthode de pénalisation & la Nitsche (1971). Ce
schéma pour la diffusion est alors couplé au schéma associé au probleme d’advection-réaction
obtenu dans le Chapitre 3 en utilisant une méthode de décentrement en fonction du nombre
de Péclet local II;,. En ’absence d’advection et de réaction, i.e.,lorsque II;, = 0, on retrouve
le schéma associé au probleme de diffusion pure avec des conditions a la limite faible, tandis
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que lorsque II;, = 400, on retrouve le schéma d’advection-réaction proposé dans le Chapitre 3.
La stabilité du schéma est prouvée par coercivité lorsque le tenseur de Friedrichs est positif.
Lorsque celui-ci peut prendre des valeurs nulles, la stabilité uniforme en fonction du nombre de
Péclet est établie sous la forme d’une condition inf-sup, satisfaite si le maillage est suffisamment
raffiné. Une estimation de l'erreur discréete dépendante du nombre de Péclet est obtenue, de
telle sorte que le schéma converge a l'ordre 1 en norme de stabilité dans le régime diffusif
et a l'ordre % dans le régime advectif. Des simulations numériques sur maillages polyédriques

permettent d’illustrer les résultats théoriques.

Chapitre 5) Extension des schémas pour le probléeme de transport scalaire. Un
nouveau schéma pour le probleme de advection-réaction (1.7) est proposé sur maillages po-
lyédriques avec des degrés de liberté attachés aux sommets du maillage. Ce schéma est plus
précis que celui proposé dans le Chapitre 3. L’idée est d’introduire en plus des degrés de liberté
sommets, des degrés de liberté scalaires associés aux cellules du maillage. Ces degrés de liberté
supplémentaires ne sont pas couplés entre eux, ce qui permet de les éliminer a moindre cotit par
une méthode de condensation statique (également appelée complément de Schur). Le schéma
est stabilisé par une approche inspirée des méthodes continuous interior penalty (CIP), consis-
tant a pénaliser les sauts de la dérivée advective d’une certaine fonction reconstruite a partir
des degrés de liberté sommets et cellules, a travers les sous-faces contenues dans les cellules
du maillage. Le schéma est alors incondionellement inf-sup stable si la condition de positivité
sur le tenseur de Friedrichs est satisfaite, et ’on controle en plus de la norme de coercivité,
la norme L? de la derivée advective. Une estimation de 'erreur en norme L? de l'erreur est
obtenue a ’ordre % tandis que I'erreur en norme L? sur la dérivée advective converge a 1’ordre
1. Ce schéma est finalement couplé a une discretisation du terme diffusif afin de considérer
une approximation du probleme de transport complet avec un traitement des conditions a la
limite a la Nitsche (1971). Des résultats numériques illustrent les résultats théoriques et sont
comparés aux résultats des simulations précédemment obtenus dans les Chapites 3 et 4.

Chapitre 6) Schéma d’ordre bas pour le probléeme d’advection-réaction vectoriel.
Motivés par la discrétisation du probléme de Stokes sur maillages polyédriques considérée
par Bonelle & Ern (2014b), nous proposons un nouveau schéma permettant d’approcher la
solution du probléme d’advection-réaction vectoriel (1.13) a ’aide de degrés de liberté scalaires
associés aux arétes du maillage. Le schéma est basé sur la formulation de Galerkine standard
du probléme. A I'aide d’un opérateur permettant de reconstruire un champ vectoriel & partir
des degrés de liberté scalaires associés aux arétes, le schéma est stabilisé par une méthode de
pénalisation des sauts au travers des sous-faces induites par les volumes diamants entourant
les arétes du maillage. Le schéma est stable par coercivité dans la norme de stabilité si la plus
petite valeur propre du tenseur de Friedrichs (1.17) est strictement positive et inf-sup stable
pour des maillages suffisamment raffinés dans le cas ou cette valeur propre prend des valeurs
nulles ou raisonnablement négatives. Dans le cas du probleme (1.18), cette restriction sur le
pas du maillage disparait. Une estimation a priori de 'erreur discréte quasi-optimale a 'ordre
p est obtenue pour des solutions (peu réguliéres) appartenant a Wl’p+%(Q) avec p € (0, %]
Des résultats numériques sur maillages polyédriques sont présentés afin d’illustrer les résultats
théoriques.
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1.3. Organisation de la these

Publications. Les travaux de cette theése ont fait ’objet de trois publications soumises a des
revues internationales.

1) P. Cantin & A. Ern. "Vertez-based compatible Discrete Operator Schemes on Polyhe-
dral meshes for Advection-Diffusion Equations" publié dans Computational Methods in
Applied Mathematics. 2016.

2) P. Cantin, J. Bonelle, E. Burman & A. Ern. "A vertez-based scheme on polyhedral meshes

for advection-reaction equations with sub-mesh stabilization" a paraitre dans Computers
and Mathematics with Applications. 2016.

3) P. Cantin & A. Ern. "Edge-based low-order scheme on polyhedral meshes for vector
advection-reaction equations', soumis a M2AN. 2016.
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Chapter 2

On the Friedrichs positivity
assumption for advection-reaction
problems in Banach spaces
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Let Q be a domain of R?® with Lipschitz-continuous boundary 92. We are looking for
w:Q— Rand u: Q — R3 solving the following first-order boundary-value problems:

B-Vu+pu=s ae.in €, (2.1a)
u=0 a.e.on 00, (2.1b)
and
V(Bu)+ (Vxu)xB +pu=s ae.in Q, (2.2a)
u=0 a.e.on 00 . (2.2b)

Here, B denotes a smooth R3-valued vector field on 2, say Lipschitz-continuous, and p and g
are two bounded reaction terms taking values in R and R3*3, respectively. The inflow boundary
00~ is defined by 00~ = {z € 0| B(x)-n(x) < 0}, with n the outward unit normal to 9.
These problems (or variants) have been studied many times in the literature. We mention the
pioneering work of Bardos (1970) and of Beirdo da Veiga (1988) for the analysis of the well-
posedness in smooth domains with smooth model parameters and the work of DiPerna & Lions
(1989) when the problem is expressed in the whole space with irregular model parameters.
More recently, Girault & Tartar (2010) proved (using a viscous and a Yosida regularization
technique), for all p > 2, the well-posedness of these problems in LP(Q) if 8 € W12(Q) and
also the W1P(Q)-regularity of the solution of (2.1) if s € W'P(Q) and if 8 € WH®(Q) is

sufficiently small. Approximations of these problems in Banach spaces are extremely few; let
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us mention the work of Guermond (2005) presenting a finite element approximation in L' and
also the reweighted least-squares method of Jiang (1993).

This chapter analyzes the well-posedness of problems (2.1) and (2.2) when a weak solution
is sought in Lebesgue graph spaces of exponent p € (1,00). Observing that these problems
define two Friedrichs’ systems, it is well-known from Ern & Guermond (2006a) or from Ern
et al. (2007) that, for p = 2, the well-posedness for the problem (2.1) is a consequence of the
positivity of the R-valued Friedrichs tensor

1
OB.up = M — » VB, (2.3)

and for the problem (2.2) of the positivity of the lowest eigenvalue of the R3*3-valued Friedrichs
tensor Lut VBLVAT 1
OB,up = £ 2“ + B) - —=(V:8)Id. (2.4)
p
The first contribution of this chapter concerns the well-posedness of these two problems in
Banach graph spaces. Following the analysis of Friedrichs’ systems in Hilbert spaces and
assuming that the above tensors (2.3) and (2.4) are positive, we prove the uniqueness of the
weak solution of these two problems for p € (1, 00) while the existence is obtained if p € (1, 2].
The second part of this work is devoted to the analysis when these positivity assumptions
are not satisfied. Assuming the existence of a so-called potential (whose existence follows
from properties of the vector field B in €, see Devinatz et al. (1974)), we prove that one
may generalize the Friedrichs positivity assumptions so as to consider tensors whose lowest
eigenvalue is null or even reasonably negative.
This chapter is organized as follows. First, we introduce some notation and we recall the
classical statement of the Banach-Necas-Babuska (BNB) theorem. Section 2.2 is concerned
with the scalar-valued problem (2.1) and Section 2.3 with the vector-valued problem (2.2).

2.1 Continuous settings

In this section, we introduce some notation, in particular concerning functional spaces. In
order to stay general, we will write d = 3 the dimension of €.

2.1.1 Functional spaces

For all p € [1,00], p' € [1,00] denotes its conjugate real number such that ]% + ]% = 1.

(21, ...,xq) denotes the classical Cartesian basis of the Euclidean space R? and 9; is the weak
derivative in the direction ¢, for all 7 € [[1, d]]. Classical fonts are used for R-valued quantities
and boldface fonts are used for R? or R™“%valued quantities. The inner product in R? is
denoted by -, the cross product by x and the tensorial product by ®. To alleviate the notation,
|| denotes either the Lebesgue measure of a set, the absolute value of a real number, the
Euclidean norm of a vector or the Frobenius norm of a matrix.

For all ¢ € {1,d} and for all w C , the Banach space LP(w;R?) collects all Lebesgue
measurable functions v : w — R? whose the Euclidean norm raised to the power p is Lebesgue
integrable. We define the norm

1

Wlisoso = ([1o1)" foral1<p<o, (2.5)

and [v] poo (;ra) = €88 SUP ¢, |v(x)|. Similarly, for all s € N, W*P(w;R?) denotes the Banach
space collecting all Lebesgue measurable functions v : w — R? whose derivatives of global order
up to s belong to LP(w;RY?). We define the semi-norm

|V Wsp (ira) = ( Z \80‘1)”1;(%1&(1)) , foralll <p< oo, (2.6)

al1+...+og=s
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2.2. Scalar advection-reaction problem

and [0y .co(yre) = MaXa,+..+ag=s |00 L (w;re) With the d-uplet v = (av,..., aq) € N¢ and
the weak derivative of order a defined as 0% = 97" ... 9;%. In essence, we have v € W*P(w;RY)
if and only if |U\Wt,,,(w;Rq) < oo for all t < s. We use the following notations:

LP(w) = LP(w;R) and LP(w) = LP(w;RY),  for all p € [1,00],

WP (w) = WP (w;R) and W*P(w) = WP(w;RY), for all p € [1,00] and for all s € N.

Conventionally, we set W%P(w;R?) = LP(w;RY). The space of k-continuously differentiable
functions on w are denoted by CF(w;R?) and C§(w;RY) those functions that are compactly
supported in w. The space of Lipschitz continuous functions is denoted by Lip(w;R?) and we
recall that we always have Lip(w;R?) € W1°(w;R?), while the reverse inclusion holds for
domains w with smooth enough boundary, see Grisvard (2011).

Generic constants are denoted by C, and are always assumed to be independent of any
physical quantity, such as the model parameters or the size of the mesh for discrete problems.
The notation A < B means that A < C, B, where C, may change from one inequality to another.

2.1.2 Banach-Necas-Babuska (BNB) theorem

Hereafter, we recall the classical statement of the Banach-Necas-Babuska Theorem. Con-
sider the following abstract variationnal problem:

Findue U st. a(u,v)=(f,v)v v, YweV, (2.7)

where U and V' are two Banach spaces equipped with norms || and ||y, respectively, V' is
reflexive, a € LIUXV;R), f € V' and (-, )y v is the duality pairing between V' = L(V;R)
and V. A necessary and sufficient condition for (2.7) to be well-posed is given by the BNB
theorem, see e.g., Ern & Guermond (2004).

Theorem 2.1 (Banach-Necas-Babuska). The problem (2.7) is well-posed if and only if:
(BNB1) There exists Cy, > 0 such that

a(v,w)

Coo|v|u < sup , Yvel. (2.8)

wev\{oy wlv
(BNB2) For allw €V, (Vv e U, a(v,w) =0) = (w =0).
Remark 2.2 (Finite-dimensional case). In this thesis, the well-posedness of our numerical
schemes is obtained owing to (BNB1) since the two statements of Theorem 2.1 are equivalent
if U and V are two finite-dimensional spaces satisfying dimU = dimV .

2.2 Scalar advection-reaction problem

This section analyzes the well-posedness of the continuous problem (2.1) in Lebesgue graph
spaces and generalized the sign condition on the Friedrichs tensor og ., defined by (2.3).

2.2.1 The graph space
Let p € (1,00). The graph space associated with (2.1) is defined by
Vap() = {v € I(@)| §-V0 € I(Q)} (29)
and is equipped with the norm |v]y, (o) := (Hv||1£p(m + H,B-Vv”%p(m)% for all v € Vg,,(2). This

space defines a reflexive Banach space owing to the first and the second Clarkson inequalities
(see Brezis (2010)) where for all v € Vg,,(€2), B8-Vv € LP(€2) means that the linear form

G () 29— —/vi-(ﬂcp), (2.10)
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is bounded in L (Q), so that 8-Vu is the Riesz representative of (2.10) in LP(2). To specify
the meaning of the trace of a function in Vj3,,(£2), we introduce the space LP (|B-n|;0) given
by

LP (|B-n|;00) = {v : 092 — R is Lebesgue measurable on 012 | / |1B-n| v]P < oo} , (2.11)
[2}9]

which is a Banach space when equipped with the norm [v]zr(g.n;00) = (Joq 181 |v]p)% for
all v € LP (|8-n|;00). As observed by Ern & Guermond (2006a), the existence of traces in
L% (|B-n|;0Q) for function in Vg.2(Q2) is not always guaranteed. In particular, the boundary
00 must be well-separated with respect to the vector field 8 in the sense that

dist(9Q 7,097 > 0 with 9Q* = {x € 9Q| + B(z)n(x) > 0}. (2.12)

In this thesis, this condition will always be assumed to be satisfied. Let us adapt the proof
of (Ern & Guermond, 2006a, Lemma 3.1) to the general case p € (1,00) to prove the existence
of such traces.

Lemma 2.3 (Tracein L? (|8-n|;00)). Letp € (1,00). The trace map vy : C*(2) — LP (|B-n|;00N)

with y(p) = wjaq for all ¢ € C*(Q), extends continuously to Vg,,(Q), i.e., there exists C, > 0
such that

Y @)zr gm0 < Glvlvs, @), Vv € V().
Proof. Owing to the separation of the boundary from assumption (2.12), there exist ¥+, ¢~ €
C>°(Q) such that T 4+~ =1 on 99, ¥ >0, @Z)EQ, =0and ¢|?99+ = 0. Proceeding as in Ern
& Guermond (2006a), we infer that

L 1anllel = [ gnlelst —v7) = [ V(BlelWt —v7)), Ve e @),
oQ o0 Q

where we have used the partition of the unity on the boundary and the Stokes formula. Ap-
plying now the Leibniz product rule and recalling that V|p|P = pp|p[P~2Vp, we obtain

[ 18nller =p [ @ =0 BVe)elel? + [ JoPV-(BwT - 7).
o0 Q Q

Next, Holder’s and Young’s inequalities together with the identity ||g0|go|p_2||z£p,(ﬂ) = ||50||7£,,(Q)
yield

) S 1
/Q\wwwrp 2| < 18-Vl o lelig, < BVl + el

F 1
It follows that o] 1r(|g.n;00) < C/(||ﬂ'V<P||I£p(Q) ‘*‘19||30||I£70(Q))p with the constant €' = 27 ()" —
1 1 —1
V7 o) + V(BT =47 ))|oo(q))?. Then, observing that pr < e'7 < e, we obtain
lelze(Bnio0) < Clelvs, @)y Ve € CZ(Q),

with C, = eC’. Finally, recalling that C>°(2) is dense in Vj3.,(2) for all p € (1, 00) (see (Jensen,
2004, Theorem 2)), this inequality holds as well for any function in V3.,(2). O]

Owing to the existence of traces in LP (|8-n|;0), the following integration by parts for-
mulae hold.

Lemma 2.4 (Integration by parts). Let p € (1,00). Then, for all v € V3,(2) and for all
w € Vg (),

/Q(ﬁ-W)w+/Q(5.vw)v+/ﬂ(v.5)vw :/m(ﬂ-n) v, (2.13a)
In addition, for all v € V3.,(Q) and for all z € WH(Q),
/Q(B-Vv)v|v|p_2z+;/ﬂ(v-ﬂ) |v|pz+;/gﬂ-Vz|v\p - ;/E)Q(B-n)|v|pz. (2.13D)
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2.2. Scalar advection-reaction problem

Proof. These formulae follow from the density of C*°(£2) in Vg.,(€2) for all p € (1,00). The first
one results from the Leibniz product rule while the second one is a consequence of the identity

BV (plplP22) = @lelP2B-Vz + (p = 1P %2 8-V, (2.14)
for all ¢ € C°°(Q) and for all z € W1°(Q). O

The following proposition identifies some elements in the graph space V., (Q2) if p € [2, 00).

Proposition 2.5 (Elements of Vj., (). Let p € [2,00). Then, for all v € V., (Q), v |v|~* €
Vi (€2).

Proof. Let p € [2,00) and let v € Vj, (). Clearly, v v’ € L”(Q) so that it remains
to prove that 8-V (v|v|P™?) € LP (). Owing to the chain rule, we have 8-V (v|v|P~2) =
(p — 1)|v|P~2 B-Vv. Hence, using Hélder’s inequality with % + % = 1% since p > 2 (so that
r =t > 1), we infer that

18-V (@0~ 1t 0y < (= DIB-VUlogeyllloP 12 0).

Hence, since [[v[P~2] 1r(q) = ||’U||Iz;(29), we deduce that v|v[P~2 € Vg (). O

2.2.2 Well-posedness

To examine the well-posedness of (2.1), we introduce the bilinear form ag ,.., € E(Vé);p(Q) x L7 (Q); R),
where }/é);p(Q) = {w € Vgp(Q)| wjpa- = 0}, and such that for all v € VBO;p(Q) and all
w e LP(Q),

ag p(v; w) = /Q(B-Vv) w+ /Q pow. (2.15)
Observe that, for all p € (1, 00), Vé);p(ﬂ) is a closed subspace of Vj3.,(§2) owing to Lemma 2.3.

Assuming that s € LP(Q2), the weak formulation of (2.1) in the graph space Vé);p(Q) is:

Find u € V,(Q) st apup(u,v) = / s, Yue LV (Q). (2.16)
’ Q

It is readily seen that if u € Vé);p((l) solves (2.16), the PDE (2.1a) holds in LP(2) and the
boundary condition (2.1b) holds in LP(|8-n|;0f2). Note that the boundary conditions are
strongly enforced in (2.16). To prove the uniqueness of the solution of (2.16) for all p € (1, ),
we recall the R-valued Friedrichs tensor

1
TBip = V-8, (2.17)

and we assume that it satisfies the so-called Friedrichs positivity assumption (Hp):

(H,) ess infg 0p,, > 0. We define the reference time 7 = (ess infq 0g,,.,) "

Proposition 2.6 (Uniqueness under (#,)). Let p € (1,00) and assume that (H,) holds. Then,
aip (0, 002) = T oD g Yo € VAL (). (2.18)

Proof. Let v € Vé{p(Q). Observing that v[v[P=2 € LP'(Q), the quantity ag ., (v,v|v[P~?) is

well-defined. Owing to the integration by parts formula (2.13b) with z = 1 on Q (so that
B-Vz =0), we infer that

1 1
a0 olop ) = [ (= 08) 1o+ [ (B
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whence, using the definition (2.17) of the Friedrichs tensor og ., and the fact that vjso- = 0,
we obtain

_ 1
ag (v, vlvf? 2) = /Qgﬂ,u;p|v|p + 1; /89+ (B-n)fvf’.

The desired bound then follows from (#,) and the definition of 9Q™. O
Let us now prove the well-posedness of (2.16) under assumption (#,) for p € (1,2].

Theorem 2.7 (Well-posedness). Let p € (1,2] and assume that (H,) holds. Then the prob-
lem (2.16) is well-posed.

Proof. We apply the BNB Theorem 2.1. Adapting the proof of (Ern & Guermond, 2004,
Theorem 5.7), the condition (BNB1) follows from Proposition 2.6 with the constant C,, =

(P + 1+ ||,U||LOO(Q)T)p)%. Let us prove the second condition (BNB2). Consider w € L¥ ()
such that ag .p(v,w) = 0 for all v € Vﬁo;p(ﬂ). Owing to the inclusion C§°(2) C VBO;p(Q), it
follows that pw — V-(Bw) = 0 a.e.in Q, so that the dense inclusion C§°(Q) € LP' () implies
that 8-Vw = (u — V-B)w € LP (), whence w € Vg, (£2). Applying now the integration by
part formula (2.13a), we observe that

[ @m)ow = g eplv) ~ [0 V-8) vt [ (BFw)v =0

for all v € Vé);p(Q). Then, choosing v = ¥t w ]w|p,_2 belonging to VBO;p(Q) owing to Proposi-
tion 2.5 since p’ > 2 by assumption, we infer that

0= [ Bnwt il = [ (@n)f,

so that wpo+ = 0. Now, we test the identity pw — V-(Bw) = 0 by an arbitrary y € LP(Q2) and
we use the chain rule V-(Bw) = B-Vw + (V-B)w to infer that

0= [ (o= V-(Bu))y = [ (u=V-Buy— [ BVuy.

Hence, the particular choice y = w |[w|? -2 along with the identity (2.13b) with p replaced by
p’ and with z = 1 yields

/ 1 ’ 1 / / 1 /
0:/ - V- wp+—/ V- wp——/ ‘n wp:/a : wp——/ n [wl?
(=Bl + 5 [(@B) =5 [ (@)t = [ oglol 5 [ gnul
Z T_IHw”ip/(Q)’
where we have used that wgn+ = 0 and the assumption (Hp). As a result, w = 0 a.e.in Q,

so that the condition (BNB2) is satisfied. Hence, there exists a unique solution solving the
problem (2.16). O

Summarizing the results obtained so far, we have proved under assumption (H,) the unique-
ness of the solution for all p € (1, 00) while the existence has been obtained for all p € (1,2].
These results are now generalized under the following new assumption (H,,), for all p € (1, c0),
so as to include the situation where the infimum of the Friedrichs’ tensor og ., takes null or
even slightly negative values:

(H,,) essinfq 0g,p < 0 and there exists a non dimensional function ¢ € Lip(Q2) such that
¢ > (p in Q with o > 0 and

1
ess infgq (Caﬂ’ﬂ;p — p,B-VC) > 0. (2.19)
-1
We define the reference time 7 = (ess infq (Caﬂ%p — %ﬂVC)) .
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Proposition 2.8 (Uniqueness under (H,,)). Let p € (1,00) and assume that (H;,) holds. Then,
ag7u;p(v,gv|v|p_2) > 1||UHLp(Q Yv € Vé);p(ﬂ). (2.20)

Proof. Let p € (1,00) and let v € Vﬁo;p(Q). Owing to the integration by part formula (2.13b)
with z = (, we have

I ) I 1
J vy =" | @nycpy - [ (@8l - [ B

Hence, we obtain
pualv ol ) = [ ¢ (n=208) 1l =+ [ B9l 4 [ (Bm)clol

> /ﬂ <C0ﬂ,u;p - pﬂVC) |vf?,

where we have used that vjpo- = 0 and ¢ > 0. Hence, the expected result follows from (#,;,). O

Example 2.9. Assumption (H,,) indeed generalizes the assumption (H,) since it is now possible
to consider situations not handled by (H,). For ezample, in the domain Q = [0, 1]3, define u =0
and B = ((1+ ap)(1 + x),—y,0) for any a > 0, in the Cartesian coordinates. Observing that
ogup = —a < 0, the assumptwn (Hp) is not satisfied whereas (7-[ ) is satisfied for example
with the potential ((x) = (x — 2)? on Q. Indeed, a short calculation shows that

Caﬂ,u;p B VC - (2 - l‘) ((3ap + 2) x + 2) )

which is strictly positive on [0, 1].

Remark 2.10 (Existence of ). Following Devinatz et al. (1974) and considering a continu-
ously differentiable field B € C*(R?), the existence of the potential ¢ relies on the assumption
that every solution of the Cauchy problem dix(t) = B(x(t)), x(0) = xo € Q remains in the
domain ) for a finite time only. Observing that the proof is based on the flow box theorem, the
extension to a less reqular field (e.g. B € Lip(QY)) is a priori not obvious.

We are now in a position to state the well-posedness of (2.1) under assumption (#,,) for all
€ (1,2].

Theorem 2.11 (Well-posedness). Let p € (1,2] and assume that (H,,) holds. Then the prob-
lem (2.16) is well-posed.

Proof. We follow the same ideas as in the proof of Theorem 2.7. The condition (BNB1) is
inferred from Proposition 2.8 with C,y, = (||C||poo(9)7'p +(1+ ”H”LOO(Q)T”C”LOO(Q))Z))%. Turning
to the second condition (BNB2), we consider w € L¥ (Q) such that a%yu;p(v,w) = 0 for all
v € Vé);p(Q). Proceeding as in the proof of Theorem 2.7, this implies that w belongs to the
graph space Vg.,y(£2) and that it satisfies pw — V-(Bw) = 0 a.e.in Q and wyn+ = 0. Let us
prove that w = 0. First, we observe that replacing p by p’ and choosing z = ¢ in (2.13b)
yields

[Bvwwtr 2 = 5 Bl ¢ [ (98 ¢
1-9p

[ Bve ¢
Q
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Hence, testing the identity pw — V-(Bw) = 0 with the function w |w\pl72 ¢'7', we infer that
0= [u= VAl ¢ = [@vuyuhl’
Q Q
/ v ]_ / ! 1 )
= (=Bl ¢t (Tl = [ (B0l ¢
Q P Ja b Ja

- [ B

Then, collecting these terms and using the fact that wpo+ = 0, we obtain

1 —

/ (C‘Tﬁum -8 VC) ‘w’p ¢’ _*/ ’w’p ¢ /Q (Cgﬁ,u;p - pﬂ'VC> jw|” ¢7P

As a result, owing to (H,y) and the fact that ¢ € L>(Q) and ¢ > 0, it follows that w = 0 a.e.in

2. We conclude that (2.16) is well-posed under assumption (#,,) for all p € (1,2]. O
2.3 Vector advection-reaction problem

In this section, we apply similar ideas to analyze the well-posedness of the vector-valued
problem (2.2) in Lebesgue graph spaces where we generalize the assumption of the sign of the
Friedrichs tensor g, defined by (2.4). For the sake of brevity, the proofs are omitted if they
are straightforwardly adapted from those of the scalar case in Section 2.2.

2.3.1 The graph space
Let us introduce the graph space
Vg,p,(Q) :={v e LP(Q)| (B-V)v € LP(Q)}, (2.21)

where the i-th component in the Cartesian basis of (8-V)v is given by (;0;v; (where repeated
indices are summed) and where (8-V)v € LP(Q2) means that the linear form

CX(Q) 3 p s —/Qv.(f}@ogo).v, (2.22)

is bounded in L”'(2), so that (8-V)v is the Riesz representative of (2.22) in LP(2). Equipped
with the norm vy, (o) := (||U|\’£p(m + | (ﬁ-V)vHI}Jp(Q))% for all v € Vi3,,(2), this space defines
a reflexive Banach space. Owing to the following proposition, the problem (2.2) is well-defined
in the graph space V3.,(2).

Proposition 2.12 (Equivalent definition of V3.,(€2)). For all p € (1,00), we have
Vip(9) = {v € L() | V(B0) + (Vxv)xB € LX(Q)},
where V(B-v) + (Vxv)xB € LP(Q2) means that the linear form
CFW) 3¢~ [ (BV-0+Tx(pxB)) v, (223)
is bounded in L ().
Proof. Let v € Vg,,(€2). By definition, we have
/(5 Vo / V-(Bop)v, Ve e CR(Q).
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2.3. Vector advection-reaction problem

Now, recalling the identity V-(B®R¢) = BV - + Vx(pxB) + (¢-V)B for all B € Lip(2) and
for all ¢ € C5°(Q2), it follows that

[Bwe == | (BVo+Tx@xB) v [ (¢V)B)-v. Ve eCF®)
Q Q Q

Hence, observing that ((¢-V)8)-v = ((VB)p)-v, we obtain

[ (B0 +(V8)0) ¢ =~ [ (BV-+ Vx(pxB))v. Ve eCF®.
Q Q

Hence, the linear form (2.23) is bounded yielding V(8-v) + (Vxwv)x8 € LP(2), so that the
inclusion holds. Note that we have the identity (8-V)v+(VB) v = V(B-v)+(Vxv)x 3. Since
the proof of the converse inclusion is similar, the proof is completed. O

Recalling now that the boundary 02 is well-separated in the sense of (2.12), functions in
the graph space Vj3,,(€2) have a trace in the space

LP(|8n|;09) := {v: 0Q — R? is Lebesgue measurable | / |B-n||v]P < oo} (2.24)
oN

Equipped with the norm ||v||ip(|ﬂ_n“3m = [5q |B-n||v|P for all v € LP(|B-n|;0N), this space
defines a Banach space.

Lemma 2.13 (Trace in LP(|8-n|;09)). Let p € (1,00). The trace map v : C*(Q) —

LP(|B-n|;09) with y(p) = s for all p € CZ(Q) extends continuously to Vg,,(S2), i.e., there
exists C, > 0 such that

|v(0)|zr(gnpo0) < Glvlv,,@: Vv € Vap(€)).

Proposition 2.14 (Integration by parts). For all v € V3,(Q) and for all w € Vg.,y(2),

/'w-(,@'V)'v—k/ v-(ﬁ-V)w%—/(Vﬂ)v'w: (B-n)vw. (2.25a)

Q Q Q 09

In addition, for all v € Vz,,(Q) and for all z € W1>(Q),
/Q\U\P—wa-wu+]1)/Q(vﬁ)\u\pz+;/Qﬁ-vzw: ;Ag(ﬁ-n)]vlf”. (2.25b)

2.3.2 Well-posedness

Similarly to Section 2.2, we introduce the bilinear form ag ., € E(Vﬁo;p(Q) x L” (Q); R) with
Vﬁo;p(Q) = {w € V() | wgq- = 0} such that for all v € V() and for all w € L¥ (),

ap(v.w) = [ (V(B) + (Vxv)xB)w+ | pvw, (2.26)

As in the proof of Proposition 2.12, we observe that the bilinear form (2.26) can be reformulated
as

appp(v.w) = [0 (Bt [ w(V8"+pp. (2.27)
and the writing p/ = VB" 4+ p yields g’ € L*>(Q) and
ag up(v, w) = /Q(,B-V)v-w + /Q pow. (2.28)
Assuming that s € LP(2), the weak formulation of (2.2) in the graph space Vﬁ@;p(ﬂ) is:

Find w € Vs (Q)  st. agup(u,v) = / sv, Yoe LY (). (2.29)
Q
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Chp. 2. On the Friedrichs positivity assumption for advection-reaction problems in Banach spaces

We readily see that if u € VBO;p(Q) solves (2.29), the PDE (2.2a) holds in LP(2) and the bound-
ary condition (2.2b) holds in LP(|8-n|;0). The uniqueness of the solution of problem (2.29)
relies on the sign of the lowest eigenvalue of the R3*3-valued Friedrichs tensor

p+pt VB+VBT 1
Uﬂ,p;p'_ 9 + 9 _5

(V-8)Id. (2.30)

This lowest eigenvalue is denoted by

(Jﬁ,ﬂ;p(az)yay) vw c 97

N,(x) = min ,

yeR3\{0} ly|?

with (-, -) the classical Euclidean inner product in R3. The uniqueness of the solution of (2.29)
is then a consequence of the following Friedrichs positivity assumption.

(#H,) ess infg R, > 0. We define 7 = (ess infg R,) "

Proposition 2.15 (Uniqueness under (#,)). Let p € (1,00) and assume that (H,) holds.
Then,
a’ﬁvﬂ?P(”?” |,U|P—2) 2 T_1||,U||11)',P(Q)7 V’U € Vﬂo,p(Q)

Proof. Let v € Vﬁo;p(Q). First, observe that ag ,.,(v,v |[v[’"?) is well-defined since v [v[’~2 €
L” (€2). Owing to the identity (2.27), we infer that

aup(o 0ol 2 = [ ol 2o (@Yo + [ ol 2o (V8" + p)w.

Using now the integration by parts formula (2.25b) with z = 1, we obtain

1
-2 -2
ap(. 0ol ) = [l oo [ gnlop.

whence the result follows using (H,) and recalling that vjgq- = 0. O

To take into account situations where the smallest eigenvalue X, takes null or slightly negative
values in €2, we now consider the following assumption:

(’H;) ess info N, < 0 and there exists a non dimensional function ¢ € Lip(€2) such that { > (o
with (g > 0 and

ess infq <CNp — ;ﬂVC) > 0.

We define 77! = ess infq (CNp — %ﬁ-VC).
Observe the similar structure of the generalized positivity assumption (#,,) and (#,) for the

two problems (2.1) and (2.2).

Proposition 2.16 (Uniqueness under Hypothesis (#,,)). Let p € (1,00) and assume that (H,)
holds. Then,
aﬂ,u;p(”: € ’U’p_2) > 7_1”'0”11;?(9)’ Vo € Vﬁ(i);p(Q)'

Finally, the well-posedness of (2.2) holds under assumption (#,) or (’H;) for all p € (1,2].
The proof follows the same ideas used to prove Theorems 2.7 and 2.11, this time using Propo-
sitions 2.15 and 2.16, respectively.

Theorem 2.17 (Well-posedness). Let p € (1,2] and assume that (H,) or (H;,) holds. Then
the problem (2.29) is well-posed.
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Chapter 3

Vertex-based scheme for
advection-reaction
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This chapter devises and analyzes vertex-based schemes to approximate on polyhedral
meshes the solution of the scalar-valued advection-reaction problem

B-Vu+pu=s aein (3.1)

u=1up a.c.on 02" .

A salient feature of this chapter is that our schemes are formulated using the algebraic Compat-
ible Discrete Operator (CDO) framework proposed by Bonelle (2014). This framework takes
inspiration from the seminal works of Tarhasaari et al. (1999); Bossavit (1998, 2000) and from
the discrete Hodge operator setting proposed by Hiptmair (2001, 2002).

This chapter contains two main contributions. The first one is to devise a CDO scheme
for advection-reaction. The key idea is to build a discrete contraction operator that is the
discrete counterpart of the map v — [B-v. This operator maps degrees of freedom (dofs)
attached to mesh edges to dofs attached to mesh vertices, and is also called interior product
(see Abraham et al. (1988) or Gerritsma (2012)). The CDO framework allows one to discretize
the advective derivative 8-Vv by two distinct operators: a well-known topological discrete
gradient operator mapping dofs attached to mesh vertices to dofs attached to mesh edges and
the above discrete contraction operator. The second contribution is to extend at the discrete
level the classical positivity assumption (denoted by H, in the Chapter 2) so as to consider a
scalar-valued Friedrichs tensor taking possibly null values. This extension is rarely addressed
in the literature (see Deuring et al. (2015) or Ayuso & Marini (2009) for some examples). In
particular, the stability of the scheme now hinges on an inf-sup condition under a mesh-size
restriction, which becomes void if the advective field is divergence-free.
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Chp. 3. Vertex-based scheme for advection-reaction

Putting our schemes into perspective with existing schemes, we observe that our scheme is
essentially an upwind finite volume (or lowest-order dG) scheme on the dual mesh with vertex-
centered dual cells as control volumes. Taking inspiration from the analysis of Friedrichs
systems by Ern & Guermond (2006a,b) for dG methods, our analysis uses similar techniques
(see also the seminal work of Johnson & Pitkéranta (1986)). In particular, the present algebraic
point of view sheds new light on the theory of Friedrichs’ systems at the discrete level. We
also mention other approaches to discretize similar problems in the context of the differential
geometry. Using the notion of extrusion defined by Bossavit (2003), Heumann & Hiptmair
(2008) proposed a discretization of the aforementioned contraction operator on triangular and
Cartesian square meshes, respectively. Palha (2013) also investigates this problem using the
notion of wedge product, seen as the adjoint of the contraction operator.

This chapter is organized as follows. First, we introduce the discrete setting, namely the
polyhedral mesh, the dofs and some of the CDO tools from Bonelle (2014), i.e., duality products,
discrete differential operators and reduction maps. Next, we devise and analyze our schemes.
In Section 3.3, numerical results are presented on three-dimensional polyhedral meshes.

The content of this chapter is an extended version of some parts of the paper " Vertex-based
Compatible Discrete Operator Schemes on Polyhedral meshes for Advection-Diffusion Equa-
tions" by P. Cantin & A. Ern, published in Computational Methods in Applied Mathematics,
2016.

3.1 Discrete setting

This section introduces the main ingredients underlying the discrete setting: mesh entities,
degrees of freedom, reduction maps and discrete differential operators. For brevity, we only
present the concepts needed in this Chapter. A broader presentation can be found in Chapter 7.

3.1.1 Primal and dual meshes

The computational domain is denoted by €2 and is assumed to be an open, bounded, con-
nected, polyhedral subset of R3. Its boundary is denoted by 99 with n its outward normal
component.

Primal mesh. The primal mesh of the domain 2 is denoted by M := {V,E,F, C}, where V
collects the mesh vertices generically denoted by v (0-cell), E collects the mesh edges denoted
by e (1-cell), F collects the mesh faces denoted by f (2-cell), and C collects the mesh cells
denoted by ¢ (3-cell). For all k € [0, 3], these k-cell are homeomorphic by a bi-Lipschitz map
to the open unit k-ball of R*. Considering an arbitrary geometric set X € {E, F, C} with x € X,
we denote X the closure of x and 0x the boundary of x. We orient mesh edges by assigning
an arbitrary tangential unit vector t. for all e € E and we orient all mesh faces by assigning
an arbitrary normal unit vector ns for all f € F. An example of a simple polyhedral mesh is
depicted in Figure 3.1.

Mesh regularity. Hereafter, we consider families of polyhedral meshes M satisfying the
following requirements:

(C) The mesh M defines a cellular compler of Q: Q = U{c| ¢ € C}, edges are straight and
faces are planar, distinct elements have empty intersection and the boundary of all the
cells and all the faces is composed of a finite number of faces and edges, respectively.

(St) The mesh M is star-shaped: all the mesh cells and all the mesh faces are star-shaped with
respect to their barycenter.

(Sh) The mesh M is shape-regular: there exists a simplicial sub-mesh of M that is shape-regular
in the sense of Ciarlet (1978).
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3.1. Discrete setting

Figure 3.1 — A primal polyhedral mesh containing the cell ¢ € C, the face f € F, the edge e € E
and the vertex v e 'V

Definition 3.1 (Geometric subsets). Let X, Y € M and let y € Y. Then, we define
Xy:={xeX|yCox} or Xy :={xeX|xCay}, (3.3)

depending if the dimension of y is smaller or not than that of element of X. For instance,
E.:={e€ E|e C Oc} and C, :={c € C| e C dc} and so on. Owing to assumption (C), the
cardinal #X is uniformly bounded.

Dual mesh. In addition to the primal mesh M, Compatible Discrete Operator (CDO)
schemes are formulated using also a dual mesh. The dual mesh is denoted by M := {V, E, F, C}
and is composed of dual entities such that there is a one-to-one pairing between a primal k-cell
and a dual (3 — k)-cell. In essence, a primal vertex is associated with a dual cell, a primal edge
is associated with a dual face, and so on. Figure 3.2 represents dual elements of the primal
mesh depicted in Figure 3.1. To enhance the link between primal and dual entities, we write

Figure 3.2 — Dual elements of M: the dual face f(e) € F and the dual cell &(v) € C.

f(e) the dual face associated with the primal edge e € E and &(v) the dual cell associated with
the primal vertex v € V. We stress that the dual mesh is not seen by the final-user and that
its definition is not unique. In particular, we only consider in this thesis fully barycentric dual
meshes, built from the barycenters of the primal mesh entities owing to assumption (St). It
is also useful to notice that there exists a common simplicial sub-mesh of the primal mesh M
and the dual mesh M.
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Chp. 3. Vertex-based scheme for advection-reaction

In general, dual edges are not straight and dual faces are not planar, as can be seen from
Figure 3.2. For this reason, the normal component n;, attached to a dual face f(e) is only
piece-wise constant on each simplex composing this dual face. The normal vector Mo 8
oriented in the same direction as t., i.e., n;(e)-te > 0 holds almost everywhere.

Boundary meshes. Since boundary conditions are weakly enforced in our schemes, mesh
entities at the boundary play an important role. The trace of the primal mesh M at the
boundary 9 is denoted by M? := {V? E? F?} where V? collects all the primal vertices lying
at the boundary, and so on. Let &(v) be the dual cell attached to a boundary vertices v € V?.
An important observation is that its boundary 0¢(v) is not completely covered by dual faces.
For this reason, we additionally introduce the set F? collecting the boundary dual faces defined
by f2(v) = 9¢(v) N 9N for all v € V?; see Figure 3.3.

Figure 3.3 — The dual boundary face f2(v) associated with the boundary vertex v € V2.

3.1.2 Degrees of freedom

CDO schemes consider degrees of freedom (dofs) attached to mesh entities according to the
physical nature of the discrete field. For instance, dofs of a discrete potential field (also called
0-cochain in algebraic topology) are attached to mesh vertices, either primal or dual ones (also
called 0-chains in algebraic topology). In this chapter, we focus on vertex-based CDO schemes
where dofs are attached to primal vertices. For a discrete potential u, we use the notation
u eV =R#V, where V denotes the finite-dimensional space collecting dofs attached to the
mesh vertices and where #V denotes the cardinal of the set V. u, corresponds to the entry
of u attached to v € V. We also consider a discrete circulation field (also called 1-cochain),
attached to primal mesh edges (also called 1-chains) and collected in the set £. For all u € &,
ue denotes the entry of u attached to e € E. These dofs spaces are respectively equipped with
the following Euclidean inner products:

<<v,w>>v = Z vowy, YW,weV and (v,w)_ = Zvewe, Yv,w € &. (3.4)
vev eeE

3.1.3 Compatible Discrete Operator tools

Discrete differential operators. Recalling that mesh edges e € E are oriented by an
unit tangential vector te, ¢y denotes the incidence number equal to 1 if ¢, points toward v
and —1 otherwise. Similarly, Y (e),5(v) is the dual incidence number of ¢y ¢, equal to 1 if T (o)
points outward ¢(v) and —1 otherwise. One can verify that (e)e(v) = ~lvie: Key ingredients

to devise CDO schemes are discrete differential operators. Hereafter, we only introduce the
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3.1. Discrete setting

discrete primal gradient and the discrete dual divergence, which are defined, respectively, as

GRAD : V — £ such that Ve € E, GRAD(W).:= Y iyewy, Yw €V, (3.5a)
VGVe
DIV : £ =V such that Vv eV, DIV(w Z Y(e)e(v)Wer YW EE, (3.5b)
ecEy

with Vo :={v € V| v C 0e} for all e € E and E, := {e € E| v C e} for all v € V, owing to
Definition 3.1.

Remark 3.2 (Topological operators). Operators defined by (3.5a) and (3.5b) are topological
or metric-free since only the connectivity vertices-edges plays a role in their definition.

The discrete primal gradient and the discrete dual divergence are anti-adjoints with respect
to the Euclidean inner products (3.4).

Proposition 3.3 (Adjunction). For allv € V and for all w € £, we have

{w, GRAD(v) ), = —(v,DIV(w)) .. (3.6)
Proof. This identity is a direct consequence of definitions (3.4) together with the definitions (3.5a)
and (3.5b) of GRAD and DIV, respectively, and the relation ¢y = — U (e) &(v)" O

Reduction maps. To measure the approximation error resulting from CDO schemes and to
discretize continuous fields (such as the source terms or the boundary datum), we introduce
the notion of reduction map. The reduction map Ry : L(Q2) — V acts as follows:

¥ eV, Ry(w), = /( w Yue LY(Q), (3.7)

1
V)l
where |¢(v)| denotes the 3-dimensional Lebesgue measure of the dual cell ¢(v).

Remark 3.4 (Comparison with the de Rham map). Another reduction map mapping into V
is the classical de Rham map Ry : H%JFG(Q) — V with € > 0, such that for allv € V and for all
w e H%+E(Q), Ry(w), = w(zy), where zy denotes the coordinates of v. Compared with Ry,
the operator Ry requires more reqularity. This is the reason why we do not use this operator in
the context of low-order approzimation of first-order problems since typically, only the H'(£2)
reqularity of the exact solution is needed to achieve a quasi-optimal convergence rate.

Dual reduction maps attached to dual cells and dual faces are also used in the analysis.
These maps are denoted by Ry : L!(Q) — V and by Re : WP (Q) — £ with sp > 1, respectively,
and act as follows:

Vv eV, Ry(w), / w, Yw € LY(Q), (3.8a)
Ve € E, Rel(w / wngy, Vw e W(Q). (3.8b)

Finally, since the boundary conditions are weakly enforced, we also consider a dual reduction
map attached to boundary dual faces, denoted by R : L1(9Q) — V and acting as follows:

YwevV, Ryw), = /8 w, Yw e L'(8Q). (3.8¢)
fo(v)

By convention, since f2(v) = ) for all v € V° with V° = V\V?, we have RV( )iy = 0 for all

v € V°. The following Proposition 3.5 states that the differential operator DIV is indeed the
discrete counterpart of the classical divergence operator V-.
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Chp. 3. Vertex-based scheme for advection-reaction

Proposition 3.5 (Dual commutation). For all v € W*P(Q) with sp > 1, we have
Ry(V-v) = DIVRg(v) + R (v-n). (3.9)
Proof. This identity follows from the classical divergence formula. O

Remark 3.6 (Boundary contribution in dual operators). We have conserved the definition
of DIV proposed by Bonelle (2014), since it is naturally associated with the dual mesh, where
dual cells attached to boundary vertices are not covered at the boundary by dual faces in F. An
alternative choice is to modify the definition of this operator so as to include dual boundary
faces attached to primal boundary vertices; by doing so, the boundary term appears in (3.6) and
no longer in (3.9).

Restriction to mesh cells. It is convenient to localize discrete objects to the primal mesh
cells. For all ¢ € C, V. and & denote the dofs subspaces of V and &, respectively, collecting
dofs attached to V. and E.. Using straightforward notation, the local Euclidean inner products
on the dofs spaces V. and &, are denoted by (-, '>>vc and (-, ) ¢, Slightly abusing the notation,

GRAD and DIV also denote the discrete differential operators (3.5a) and (3.5b) restricted to the
local dofs spaces V. and &, respectively. We have the following local version of Proposition 3.3.

Proposition 3.7 (Local adjunction). For allv € V. and for all w € &, we have

{w,GRAD(v)), = —(v,DIV(w)), .

(e}

We also localize the primal and the dual reduction maps (3.7) and (3.8). The local primal
reduction map attached to V. is denoted by Ry, : L'(¢) — V. with the patch cell ¢ :=
U{¢(v) | v € V¢} and acts similarly to the global map Ry as follows:

Vv € Ve, Ry (w)y = | w, VYw € L'). (3.10)
Remark 3.8 (Comparison with the de Rham map). From Remark 3.4, the local de Rham map
defining elements of V, is defined as Ry, : H%Jre(c) — V. and acts similarly to the global map
Ry.. Observe that the domain of Ry, considers functions only defined on the cell ¢ whereas the
domain of Ry, considers functions defined on the slightly larger patch cell €.

The local dual reduction maps on dual cells and on dual faces are denoted by ﬁyc : LY(c) —
V. and by Rg, : W*P(c) — & with sp > 1, respectively. They are defined by

Vv e Ve, ﬁvc(w)‘v = [( . w, Yw € L(c), (3.11a)

Ve € E, ﬁgc(w)‘e =/ ( )w-nfc(e), Yw € W5P(c). (3.11b)

Here, f.(e) denotes the restriction of the dual face f(e) to c, defined as f.(e) = f(e) Nc and with
T (o) its normal vector oriented by %,

For any boundary face f € F?, ¢(f) denotes the unique cell containing f. The local reduction
map attached to dual boundary faces is denoted by R, : L(f) — Ve(r) and is such that

W E Ve, Ry (w)y = / o LY(h). (3.11¢)

Observe that fi‘;’,f( Iy =0 for all v & Vg NVE.
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3.2 Advection-reaction problem

This section is concerned with the derivation and the analysis of a vertex-based CDO scheme
to approximate the solution of the advection-reaction problem

B-Vu+pu=s ae.in (3.12a)
u=1up a.e.on 00, (3.12b)

with the advective field B € Lip(f2) and the reaction coefficient p € L (). We assume that
the data are such that s € L?(Q) and up € L?(|8-n|;9Q7). We also assume that the boundary
09 is well-separated with respect to 8, i.e.,the inflow part 9Q~ and the outflow part 9QT,
defined as 9QF = {x € 00| +B(z)-n(z) > 0}, are such that dist(9Q~,9QF) > 0. In addition,
we assume that the Friedrichs tensor

1
OB = — §v-5, (3.13)

satisfies one of the following assumptions:
(H) ess info 05, > 0. We define the reference time 7 = (ess infg argvu)fl

(H') ess infq 0g, = 0 and there exists a non dimensional function ¢ € Lip(Q) with ( > 1 in
2 such that

ess infg — %B-VC > 0. (3.14)

-1
We define the reference time 7 = (ess info — % B-V¢ ) .

Recalling the continuous analysis of Chapter 2, we observe that assumption (#) stands for
the assumption (Hs2) whereas (H') slightly differs from (H5) since we only assume here that
ess infg 0g,, = 0. However, we notice that (#’) implies (#5) since

ess infq ((O‘ﬂ# — ;,BVC) > ess infq <—;BVC> >0 (3.15)

whenever ess infg 05, = 0 with ¢ > 0. In addition, note that we have assumed in (#’) that
the potential satisfies ¢ > 1 without loss of generality since (3.14) is invariant by adding any
constant to (. Under either of the above assumptions, the problem (3.12) is well-posed owing
to Theorems 2.7 and 2.11.

Remark 3.9 (Negative Friedrichs tensor). We actually consider the case where the Friedrichs
tensor takes megative values in Chapter 6 concerning the vector advection-reaction problem.
Hence, we expect that the present analysis can be extended to the case where ess infq og,, < 0.

3.2.1 Discrete Friedrichs problem

Besides the classical CDO discrete operators presented in Section 3.1.3, vertex-based CDO
schemes for the advection-reaction problem are built using three additional discrete operators:
the discrete contraction operator JE : &€ — V which is the discrete counterpart of the map
w — B-w and two weighted mass operators, HY, : V — V and H%? : V — V (with a generic
parameter «) that are the discrete counterpart of the map u +— au in € and at the boundary,
respectively. Note that the operator HY? is defined from V since the information carried on by
the internal vertices is typically used to define the value at the boundary, while this operator
maps into V in order to alleviate the notation and we always have Hp?(-), = 0 for all v € V°.
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Chp. 3. Vertex-based scheme for advection-reaction

Bilinear forms. The discrete problem hinges on the bilinear form AY; :VxV — R, defined
as

A% . (v,w) = (J5 GRAD(v), w),, + (H},(v),w). + (HYS (8-n)e (V),w),, Yv,we. (3.16)

The first two terms approximate (3.12a), whereas the third term weakly enforces the boundary
condition on 92~. The discrete gradient GRAD : V — & is defined by (3.5a) and the discrete
contraction operator JE, : & — V is defined below. The reactive mass operator H}j V= Vis
defined as

(H2 (), ), = /Q“ Ly(v) Ly(w), Ww,w eV, (3.17)
where we have introduced the reconstruction map Ly : V — Po(C) defined by
Vv ev, LV(W)\E(V) =wy, VYwEeE. (318)

Note that if ess info u > 0, HY is positive and defines a Hodge operator in the sense of
statement (H) in (Bonelle, 2014, Section 3.4.2). Boundary conditions are weakly enforced on
the inflow boundary using the operator H( n)e :V — V, defined by

(Heg e (0w, = [ (B1)° L) Ly (), (3.19)

where we have introduced the reconstruction map L3, : V — Po(ﬁa ) on the boundary, such that

VeV (W) =wy, YweV. (3.20)

Observe that for all interior mesh vertices v € V°, H‘(;ﬂa )e( )jv = 0 since then fo(v) = 0.

Discrete problem. The scheme approximating (3.12) reads:
FindueV st. Af (u,v) =S$(s,up;v), eV, (3.21)

with the source linear form $(s,up;-) : V — R defined by

S(s,upiv) = [ sy + [ (Bm)Pun ) = (Ruls),v), + (RE(B1)°us).v),. (322

with the dual reduction maps Ry and K’% defined by (3.8a) and (3.8c), respectively, and the
reconstruction map Ly defined by (3.18) and (3.20).

Discrete contraction operators. The discrete contraction map Jg : & — V is built using
the algebraic parameters {fe}ecr and {fve}(v.e)eve With VE := {(v,e) € VXE| v C de}. For
all e € E, B, denotes the reduction of the vector field 8 on the dual face f(e):

Be:=Re(B)e= [ Bmj,, Ye€cE. (3.23)
o) (e)

For all v € V and for all e € E, we define ky € [—1, 1] satisfying the two following assumptions:

(ix) Yvev. Kve = 0 and setting ke := %Zveve Y(e) 2(v) Foves Beke > 0 holds.

(79x) There exists C, > 0, uniform with respect to the mesh size and the model parameters,
such that feke > C.|fel.

Remark 3.10 (Upwind schemes). The reason to distinguish the property Beke > 0 in (ix) from

the property Beke > Cy|Be| in (iiy), is that the former is satisfied by the so-called centered scheme
corresponding to kye = 0 for allv € Vo, and the latter by an upwind scheme, e.g., corresponding
t0 Kye = sign(bg(e) a(v)ﬁe)f with the sign function defined by sign(t) = —1 if t € R, sign(0) = 0,

and sign(t) = 1 if t € Rsg. For that particular choice, (ii.) holds with C, = 1.
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Proposition 3.11 (~Jump across dual faces). Let w € V and let e € E. Define the jump of w
across the dual face f(e) as [Wle = 3vev, te) o(vyWv- Then,

e”e = Z Wy Rvye- (324)
vEVe

Proof. Let e € E and denote v,v' € V. the two vertices that are the end points of the edge e.
Owing to the definition of ke and of the jump [w]., we have

1

[Wlete = 5 (Lﬂe),a( ) fiveli(e) a(v)Wv T+ Li(e) &(v) v eli(e) e(v) WV

) £(0) vl ()W L) ) Pl ) )W ) -
Hence, observing that Y(e) 5(v) LE(e),5(v) = 1 and U (e),e(v) () a(v) = —1, it follows that
eﬁe - Z WyKyve — Wv’/ive + Wy Ky’ e)
vGVe
whence the expected result follows from the identity ) oy, fve = 0 (see assumption (ix)). [

In the spirit of the analysis of Friedrichs’ systems (see Ern & Guermond (2006a,b)), we introduce
at the same time the contraction operator Jj : £ — V and its companion Jg : V — &, which
are somehow anti-adjoint, up to the stabilization term (see Lemma 3.14).

Definition 3.12 (Contraction operators). The contraction operator Jg : € =V is algebraically
defined by

Yvev, ﬁ - Z Wefe(l — Kyve), Yw € E. (3.25)
eEEv

The companion operator of Jg 2V — & is defined by
VeeE, Jj(w) - Z Wy Be(l 4 Kye), Yw € V. (3.26)
VGVe
These operators are jointly analyzed and satisfy the following two Lemmata 3.13 and 3.14.

Lemma 3.13 (Discrete Leibniz rule). Let J5 and Jg be defined by (3.25) and (3.26), respec-
tively. Assume that (i) holds. Then,

(HS 5(w).v), + (J5 GRAD(W),v), — (DIV J5(w),v), — (H{5.,y (w),v), =0, W,weV,
(3.27)
where HY 5 and H‘é’?n are defined by (3.17) with V-B instead of p and by (3.19) with (8-n)

instead of (B-n)°, respectively.
Proof. Owing to the definitions (3.25) and (3.26) of J3 and Jg, we infer that

<<J,3 GRAD Z Vy Z Z Ly’ e Wy! Be 1 - /‘Cve)

VEV ecE, v/ €V,

(DIV Jj(w ZVV YD te)ety) W Be(l + Kure)-

VEV ecEy, v/ €V,
Recalling that ty.e = —tf() z(y)» it follows that
(J5 GRAD(w),v}) —{(DIV Jj(w ZVV S wirBe (tvre(1 = Kve) + tve(1+ Kyre)) -
VGV ecE, v/ eV,
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Hence, using (i,) and the identity Y v, tve = 0, we infer that

Z Wy e (LV’,e(]- - Kfve) + Lv,e(l + ’Qv’e)) = Wy (Lv,e(l - Kfve) + Lv,e(l + ’Qve)) = 2LV,eWW

v/ €Ve
so that the definition of S, yields
{J5 GRAD(W), V), —(DIV J5 (W), V), = > viWy Y tyefe=— D VoWy D L) .a(v) / B -

veEV e€BEy veEV e€Ey fe)
To conclude, owing to the divergence theorem, observe that if v € V°,
o [, B = [ Bme = [ VB
eg];\, fe).e(v) f(e) f(e) 9e(v) ) g(v)

with 1, the unit normal at the boundary of &(v) and pointing outward, while for the boundary
vertices v € V7 we use the definition of the boundary Hodge operator to infer that

3w 3 tiecw o, B = 3 v [ B — (HEL W), ),
vevo e€by veveo

whence the expected result. O

Lemma 3.14 (Integration by parts). Let J5 and Jj be defined by (3.25) and (3.26), respectively.
Assume that (i) holds. Then, the bilinear form defined on VxV by

sh(v,w) == (J5 GRAD(v),w}) + (v,DIV I3 (w)), , (3.28)
defines a semi-inner product and we have
sp(v,w) = ZMe[W]eHeﬂe, (3.29)
ecE

with [wle the jump of w across the dual face f(e), defined in Proposition 3.11.
Proof. Owing to the definition of Jg and J‘ﬁ’ and recalling that ¢y e = —U(e)5(v)> W infer that

{J5 GRAD(v Z D) oWy Be(1—kve) = Z > wy[V]eBe(hve—1), (3.30)

VGV ecEy v eV, VGV eckEy
and
(v, DIVJB Z Z Z UE(e) 6(v) vvwvlﬁe(l + Kyre) = Z Z Wy [V]efBe (1l + Kye).
VEV ecEy v/eVe EGE vEVe

(3.31)

Exchanging the summations in the first line leads to
(45 GRAD(v),w)_ + (v,DIVI5(w)) = D" 3" wy[V]ehvefe.
ecEveVe

Then (3.29) follows from the identity Y cy, Wykve = [W]eke from Proposition 3.11. O

Remark 3.15 (Interpretations). Recalling from Remark 3.6 that the discrete dual divergence
operator DIV does not involve faces on the boundary 02, Lemma 3.13 is the discrete coun-
terpart of the Leibniz formula [, V-Bow + [o(B-Vw)v — [ V-(Bw)v = 0, where the two
rightmost terms in (3.27) form together the discrete counterpart of [oV-(Bw)v. Further-
more, Lemma 3.14 is the discrete counterpart of the integration by parts formula [o(8-Vw) v+
Jo V-(Bv)w — [4qw(B-n)v = 0. At the discrete level, this quantity is not equal to zero owing
to the use of stabilization. We also notice that the symmetry of the map s‘é(v,w) results from
sg(v,w) =sp(w,v) = (HG.5(v), W), — (v, HG.5(W)),, = 0 where we have used the self-adjointness
of H‘éﬂ and of H‘é’.an. Finally, we observe in general that neither Jg nor J/‘j depend linearly on
its argument B owing to the use of stabilization.
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3.2. Advection-reaction problem

Remark 3.16 (Conservative formulation). A possible variant of the continuous problem (3.12)
is the conservative form of the advective derivative. The equation (3.12a) becomes V-(Bu) +
wu=s a.e.in Q with y = pu— V-8 and the Dirichlet condition is still enforced on the inflow
boundary. Then, the stability hinges on the modified assumption (H) by replacing g, by
1+ 5V-B. The discrete bilinear form A, in (3.21) then becomes

A"ﬁ’#(u,v) = <<Ijlv J‘é(u),v»v + <<Hzl(u),v>>v + <<H‘(}§n)@(u),v>>v.

The source term remains unchanged.

Link with other advection schemes. For some particular choices of the algebraic parame-
ters Kve, the scheme (3.21) is equivalent to the lowest order dG scheme on dual cells attached to
primal vertices. Indeed, recalling the expression of the dG bilinear form a;”" (with no reactive
term) from (Di Pietro & Ern, 2012, Section 2.3.1), for all vy, wy, € Pk(é) with & > 0, we have

1
ay?™ (v, w B-Vup wy, + [v = 1B 150 [[wn] — B-156 {wn }
h h h VEZ\//CV h Wh GGZE/ h(2 f(e) h f(e) h)
+Z/ Sop w,

vevao

with [-] and {-} denoting the jump and the average operators, respectively. Then, choosing
vp = Ly(v) and wy = Ly(w), the first term on the right-hand side vanishes, and rewriting the
second term, we obtain

A (Lo (v), Lo(w) = 5 S e (we /%( Bl —Be 3 wv)+ ) / (B1)°3(v) By (w).

e€E veEVe evo
(3.32)

Comparing (3.32) with (3.30), we infer that
Y (Ly(v), Ly () = (J5 GRADW),wh, + (H2. (w), ), = A% (v, w),

where, for all e € E and for all v € V., we have Bo(kyve — 1) = YE(e) ( ff \,B-nf(e)| — Be,
Le., Behive = Ui(e) (v) Ji(e) BT (e)l- With this choice, assumptions (i) and (zz,.i) are satisfied
with C, = 1. Proceeding similarly, we prove as well that the scheme (3.21) is equivalent to the
upwind Finite Volume method (see Eymard et al. (2000)), with Sefive = () 5 |ff (e) B M) |-

Remark 3.17 (Upwinding). Generally speaking, there are several possible variations in the
geometrz’c quantities considered for upwinding. Instead of considering the full dual face f( )

n (3.23), one possibility is to consider the average of the normal advection velocity on the dual
sub -faces f.(e) = f(e) Nc and to design the upwinding parameters based on the sign of these
quantities. In general, the smaller the underlying geometric objects, the larger the dissipation
introduced by upwinding. The advantage of considering the dual sub-faces fc(e) is that upwinding
s then compatible with the assembly of the scheme on primal cells.

3.2.2 Analysis

Let us now analyze the scheme (3.21). First, we define the discrete 2-norm on the space V
as

=Y [e@)lwy[*, YweV. (3.33)
vev

Observe that this norm can be localized on primal mesh cells as |||WH\V g = Zcecmw”h%c,za where
the local discrete 2-norm on V, is defined by |||WW]2/C2 =Y vev. [8(v) Nellwy|?.
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Stability. For all v € V, the stability norm used to analyze (3.21) is defined by

VIS 2 := 77 IV 2 + 5B (v, v) + (Hy (V) v, (3.34)

where the parameter 7 > 0 is defined by assumption (#) or (H'), ||-|lv2 is defined by (3.33),
the bilinear form s‘,é(-, -) by (3.29) and the operator H]‘}l’fn' by (3.19). To alleviate the reading,
the proofs are postponed to the end of this Section.

Lemma 3.18 (Coercivity). Assume that assumption (H) holds. Then,
L2
A, (v,v) > §|”V”|V,a? WeVv.

Consequently, the problem (3.21) is well-posed.

The stability of the bilinear form A’ 3, 1s now studied under the assumption (H'). We
denote L¢ = |Clpn, oo and Lg = 1Bl (g the Lipschitz constant of ¢ and 8. To simplify
the tracking in the analysis of the dependency on the model parameter, we assume that there
exists a constant Cy,,, > 0, independent of the mesh-size and the physical parameters, such that

rmax (Lg, Lehlpl () LhIBlr=()) < Cv.s (3.35)

where h = max.cc h. denotes the size of mesh and h. denotes the diameter of c. For instance,
Cy,. < 1 yields TL¢h|p] (@) < 1, meaning that we do not consider strongly reactive regimes.
In addition, we introduce the reference length

-1
ho = (Lerl V-8l (o) (3.36)
where by convention, hg = 400 if B is divergence-free.

Lemma 3.19 (Inf-sup stability). Assume that assumption (H') holds. Assume that (3.35)
holds and that the mesh-size satisfies h < hg. Then, there is o > 0 such that

sup Al (v, w) = gllvllv.a, W eV
weViwlly =1

Consequently, the problem (3.21) is well-posed.

Remark 3.20 (Comparison with Cantin & Ern (2016b)). Lemma 3.19 extends Lemma 5.1
from Cantin & Ern (2016b) where the simpler case V-B =0 and 1 =0 a.e.in Q is considered
with mo mesh-size restriction.

The following Table 3.1 recapitulates the different conditions from Lemmata 3.18 and 3.19
for which the discrete problem (3.21) is well-posed.

Case ess info og,, >0 ess info og, =0
Assumption (H) (H")
Advective field V-B=0| V-B8#0
Mesh-size 0<h 0<h 0< h<hg

Table 3.1 — Stability conditions for the discrete problem (3.21) with hg defined by (3.36).
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3.2. Advection-reaction problem

Proof of Lemma 3.18. Using Lemmata 3.13 and 3.14, we observe that
1
{J5 GRAD(v),v),, = << V80V V), + 5sp(vv) £ 5 <<HY§n V), V),

so that, using the linear dependence of HY, with «, we rewrite the quantity A"@ M(v,v) as

A, (00) = (H, (0D, + 58 00v) + S (HE (0, 2 (HYS o (), v),

Hence, since HZ? for all o € L*°(0€) linearly depends as well on a, we infer that

1
Aﬂu(v V) = <<H§ﬁﬂ ),v>>v+ isg(v,v) <<H“’;n|( v), >> . (3.37)
The expected result then follows from the definition (3.17) of H}, and from the assumption
(H). O

To alleviate the proof of Lemma 3.19, we first consider the following proposition.

Proposition 3.21 (Multiplicative stability). Let v € V and define (v € V such that ({v)y =
C(xy)vy. Assume that (3.35) holds. Then,

lvliva < Clvilv.a, W eV, (3.38)

where C, linearly depends on (|| + G;,a)%.

Proof. Let v € V and let ¢v € V. Owing to the definition of the norm |||y 2, we readily infer
that lcvive < [Clzeoyvlive Similarly, (H5 (00, ), < 1€y {HY D (v),¥), 0 that
it remains to bound sj(Cv, Cv). Owing to Lemma 3.14 and recalling from assumption (i) that
Beke > 0, we observe that

S50, V) = SO [0v2Bere <23 ({012 W2+ (V12 [CJ2) Berie,
eck ecE
where, for all e € E, we have defined {C}, = &> cv.((my), [le = Yiev., U(e),6(v) & (®v),
{v}e = 3 Svev, Vv and Ve = S ey, U(e),o(v)Vv (already defined in Lemma 3.14). Noting that
{C}e <<l Lo () and that [CJe < Lche since ¢ is Lipschitz, we infer that

SB(CV, O) < 2CN o0 (S (v, v) +2 D {VIELERZ Beke.

ecE

Hence, since {v}? < 3 3 vev, V2 and observing that 0 < feke < H,@”Loo(mﬁ(e)], it follows from
mesh regularity (Sh) that

S50, &) S 16T 0:9) + (2RIl mas #E ) 3 eIV,
vev
whence sg(Cv, Qv) < ||C||%W(Q)s‘é(v,v) + Cv,a7_1|||V|”12/,2a using the mesh regularity (C) to bound
maxyey #Ey and recalling assumption (3.35). Collecting these estimates finally yields the
desired result. O

Proof of Lemma 3.19. Let v € V and let ¢v € V. Owing to Proposition 3.21, there is C;; > 0
such that [|Cv|ly,a < Ccaflvlv,a- Next, let us find 6, > 0 and C., > 0 such that A (v, Cv+0,v) >
Ceallvlls, .- First, we rewrite A% (v, Qv) as

Aﬁ,u(v Qv) = 5 vg(v Cv) +<< (v), CV>> = gﬂ gv.g(v’v)
+ A"ﬂ Vﬁ(v’ lv) — Mzﬁ,%cvﬁ(v’v)

+{Hz,, (v),Cv), =T + T + T3,
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Chp. 3. Vertex-based scheme for advection-reaction

with og ,, = pu— %V-,B and where we have used the linear dependency of HY, with . Proceeding
as in the proof of Lemma 3.18, we observe that

1 Vo
Ty = (H) L ),v>>v—|—§s‘£ﬂ(v,v) <<H\§,6n\ ),v>>v7

where TR —%B-VC, so that, using ¢ > 1, it follows that

Tl > <<Hli%ﬂ.vg(v)’ >> + ;SCﬂ(V V +35 <<Hrﬁam ) V>> ’

Now, let’s turn to the term 75. By definition,

— ({J5(GRAD(v)), v}, — (J£5(GRAD(v)).v), ) + <<<H*;V, S ), — (g, ﬂ(v,%)
(<<H\(};n)e( ), CV>> <<HV<f’ﬂ ) v>> ) = T271 + T2’2 + T2737

with
Toy = sg(v, Cv) —sgg(v,v) + (v, DIV( (J5 (@) ), — (v, DIV(IE(vV)),,»
owing to Lemma (3.14). Hence, using the identity (3.29), we rewrite 1oy = T5 4 + 15 where

TQ,a = ;Z[ ] CeBeke — 15([3(\/ V)
ecE
Ty = 500 ) = 5 S WEGu ke + (v, V(@) = (v DIV(Z3(4)),

ecE

where (. denotes the mean value of ¢ along the edge e. Then, using the identity (3.31), the
fact that ¢ > 1 and the definition of SE, we have

1 1
T2,a > 555(V7V) - §SZB(V V)

T2,b == Z Z VV[V]e(C( ) Ce 5e"<5e + = Z Z Vv(l + Hve)/ (C(.’BV> - C)/B'nf(e)

vEV e€E, eeE VEV, f(e)

Next, using the Lipschitz regularity of ( and assumptions (ii,) and (3.35), it follows that

1
Ts] < 285(v,v)% (Cuur VI 2)

Turning now to 75 and 75 3 and still using regularity of ¢, we easily infer that

To2| < Lch DR PIV-Bll Lo 3w
vev

and )

Tl < (Hy ), v)2 (Coar VIR )

1 1

Hence, thereis C; , > 0 such that |75 2+T5 3| < C.» (sg(v v) + <<Hrﬁ3n‘(v)7v>> ) (Cv,aT_1|||V\H\2,,2) 2
. . v

In addition, observing that A@ 1v.5

tity (3.37), we deduce

[

(v,v) = %s‘é(v v <<H|ﬁ ) (V) v),, owing to the iden-

1
o + Toa| < Coal 1 5 (v, V)7 (Coa M IvI2)” |

As a result, collecting T} and T and using Young’s inequality along with assumption (H’),
we obtain

1 1
Ti+T > §|||V\H12;a c? 2 A% 15.5(VoV) — §L4h”v'/6HL°°(Q)’”V|||12),2‘
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Now, recalling that A% (v, Cv) =Ty + T + T3, it follows that

1
BV, V) = |||vae C2aAY 10.5(v V) + (Hy, , (v), Q) = S Lkl VBl VI

Now, since A"ﬂ’%vﬂ(v, v) =A% (v,v) = (Hy, (v),v) by definition and observing that we have

I8,u

(Hy, . (v),qv), > 0and (Hy  (v),v), >0 since ess infg o, = 0 by assumption, we arrive at
Alg (v, v + av) = H\VWV 2t (0 = CZ)AG (v, v) — LCh||v':3”L°°(Q) IV 2.

so that choosing #, = CZ, yields A% (v, Qv+ Ov) > i (1 - h%) IVl .- The expected result
holds as soon as h < hy with hg defined by (3.36). ]

Error bound and a priori error estimate The study of the consistency error of the
scheme (3.21) relies on commutators in the spirit of Bossavit (2000), Hiptmair (2001), and Bonelle
& Ern (2014a).

Definition 3.22 (Commutators). For all v € W5P(Q) with sp > 1, we define

135, R1(v) := J5(Rv(v)) — Re(Bv), (3.39)
with Ry and Re defined by (3.7) and (3.8b) respectively,
[H)—v.5:R1(v) := H}_g.5(Ru(v)) = Ru((1 = V-B)v), (3.39D)
with Ry defined by (3.8a) and
[H{ ye» R1(0) i= H{g o (Ru(v) = RG((B-m)®w), (3.39¢)

with ﬁ% defined by (3.8c). Note that (3.39b) holds for all v € L*().

Lemma 3.23 (Consistency error). Let u be the unique solution of (3.12). Assume that u €
WeP(Q) with sp > 1. Then, for all w € V, the consistency error Ey(u,w) = A‘Z_W(Ry(u),w) —
S(s,up;w) is given by

Ev(u,w) = ([Hv.g.R1(u).w),, — (|35, R1(), GRAD(w)),, — ([HI5, . R](u), w),,

Proof. In the context of Friedrichs’ systems, the derivation of the consistency error bound
hinges on integration by parts. In the CDO framework, we use the continuous and the discrete
Leibniz formulae, as well as the properties of the discrete differential operators. Owing to the
definition (3.22) of the source term, we observe that

S(s,up;w) = (Ry(V-(Bu)),w), + (Ru((r— V-B)u),w), + (RH((Bn) up), w),
= (DIVRg(Bu),w),, + (Ry((n — V-B)u),w)_ + (RS((B-1)Pup), wh,
—(Re(Bu), GRAD(W)Y, + (Ry((1 — V-B)u),w)  + (RL((Bn)Pup),w) .

where we have used the continuous Leibniz formula, the commutation property of Proposi-
tion 3.5, the fact that (8-n) = (Bn)® — (Bn)°, and the discrete anti-adjunction identity
inferred in Proposition 3.3. Moreover, we observe that

A%, (Ro(u), w) = (J5 GRAD(Ry (1)), w),, + (H(Ry (1), w)),, + (H¥5,. o (Ru(u)), w),
:<<DIVJ5< p().w),, + (H g p(Ro(u).w),, + (HES, o (Ry(w) w),
(5 (Ry (), GRAD(W)), + (H} g 5(Ru(w)), w), + (HZS, o (Ry(u)),w),

where we have used the discrete Leibniz formula from Proposition 3.13, the fact that H), and
HY? depends linearly on « together with (8-n) = (8-n)% — (8-n)°, and the discrete anti-
adjunction identity from Proposition 3.3. The conclusion is straightforward. O
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Theorem 3.24 (A priori estimate). Let u be the unique solution of (3.12) and let u be the
unique solution of (3.21). Assume that one of the stability assumption from Table 3.1 holds.
Assume that u € H(Q). Then, the following estimate holds:

3 1 1 1 1
Jlu ~ Ry(w)lva < ( it = VBl + uﬁuzwm)) h Jul oy - (3.40)

Remark 3.25 (Regularity). Note that the regularity assumption u € H'(Q), which is made
to achieve the quasi-optimal %—th order convergence rate, is stronger than the intermediate
reqularity required to compute the consistency error, where we only assume u € W*P(Q) with
sp > 1. Recalling Remark 3.4, the situation would have been different if we had considered,
instead of ﬁy, the classical de Rham map Ry requiring u € W*P(Q) with sp > 3.

The estimate (3.40) is obtained by bounding the three right-hand side terms which composes
the consistency error Ey(u,w) from Lemma 3.23 and using the following interpolation error
estimates proved in Chapter 7.

Proposition 3.26 (Interpolation error estimates). Let Ty : LYQ) — Po(C) be defined as
Iy = Ly o Ry with the reconstruction map Ly defined by (3.18) and the reduction map Ry
defined by (3.7). Then, for all v € H (),

~ -~ 1
Yol =Ww@)l2ewy S bl and Yo =) 260 S 72 [vlgo)- (3.41)
vev eckE

To prove the estimate (3.40), we also need the following result obtained using the Lipschitz
regularity of the vector field 3.

Proposition 3.27 (Approximation of f). Let v € V. Then for all e € Ey,
o 18] = 18] S 1861+ Lale(v)]

Proof. Let e € E and consider the local dual faces f.(e) = f(e) Nc for all ¢ € Ce. Observe that
each dual face f(e) can be decomposed into two triangles fer . with f € F. N Fe, defined by the
three points {x,, xf, . }; see Figure 3.4.

Figure 3.4 — The dual face f.(e) composed of two triangles.

O c(e) := /f

e

Then, denoting

‘IB'nef,c
f,c

- / IB'nef,m
fef,c

with 7mef the unit normal attached to the elementary sub-face fefc, we have 0 < d¢c(e) =
2 ffcf,c (Befc)®. If (B-mer)® takes positive values on fer e, then 0 < d¢c(e) < 2|S3.]; otherwise,
B-ner . vanishes at some point in fer . so that, using the fact the Lipschitz regularity of B-ns .
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3.2. Advection-reaction problem

in ferc, we have 0 < drc(e) S Lghelferc|- As a result, since ‘ff(e)(')‘ > ff(e) ||, we sum these
bounds over ¢ € C, and the faces f € F;. N Fe, to obtain

o< [ 1B |—‘/ B

whence the result follows using mesh regularity. O

<D Y Grele) S 1Bl + Lphelf(e)l,

ceCe feFNF.

Proof of Theorem 3.24. The estimate (3.40) is obtained by bounding the three right-hand side
terms of Lemma 3.23 for all w € V such that ||w|y., = 1. A direct calculation shows that

<<|_Hu VBaR-I ZWV/ M vﬁ U_IV( ))
vev

Hence, using the Cauchy—Schwarz inequality together with the first interpolation error estimate
from Proposition 3.26, we infer that

_1 11 1
(LY v R1(w), W | < Cow (772 Wl 2) (R27% |1 = VB ey ) B2 [ul g1 o
Turning to the second term, owing to assumption (ix;) and the fact that wu is single-valued on
f(e) (since u € H(f2)), a direct calculation shows that
1 ~
(193 R1(), GRAD(w)),, = 3 Ylwle 3 (1+ rve) /f BT (420)

ecE VEV,

=D W] / By (u—Ty(u)). (3.42D)

eck

Hence, since |kve| < 1, and using the regularity of 8 and the second interpolation error estimate
from Proposition 3.26, we infer that

(193 R1(w). GRAD(w), | < (Z[w]i Lo |ﬂ-nﬂe)|) 181~ s il -

ecE

Next, using the triangle inequality along with Lemma 3.14 and assumption (#i,), we end up

with
2 - “3.w 1 2 . . ’
(Zwe A(e)\ﬂnf(e)|) < 6 Fsy(w,w) +(Z[w}e (/ﬂe) Bnigy| w)) .

eck ecE

To bound the second term on the right-hand side, we use Proposition 3.27 and the definition
of the discrete norm |-||y 2 to infer that

S ([ 1Bl - 191) % o

eck

Then, collecting these bounds yields

_ 5.k 1
{145, R1(w), GRAD(w) ) | < (s‘é(w,w) +Cy,.7 1WW|||V,2) ’ 18l 00 )P [l g1 )

Finally, observing that

(LH e RI() W), = 3w, /a @~ Ty(w)),

vevo
we infer that \((LH\(’;n)@', R}(u), wh| < <<Hrﬂ8n‘ W), ||5||L00(9)h2 [ulp1(q)- We obtain the
expected result by combining these estimates. O
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3.3 Numerical results

In this section, we numerically investigate the performance and the reliability of the discrete
problem (3.21). The contraction operator Jg, defined by (3.25), is built using the upwind

parameters corresponding to Kye = sign(Ltz( ¢)5(v) Be). We consider two test cases. The first one
aims to approximate a solution expressed as combination of sine functions under a rotating
advective field and constant reaction coefficients. The second test case considers the case of a
solution presenting a sharp internal layer under a constant advective field and a null reaction

coefficient.

3.3.1 Computational setting

This section presents the computational setting, namely the mesh sequences, the computed

quantities and the linear algebra.

Three-dimensional mesh sequences. Computations are run on three-dimensional mesh

sequences of the unit cube 2 = [0, 1]3. Each mesh sequence is obtained as an uniform refinement
of an initial mesh. We consider the four mesh sequences for which one element of the sequence
is represented in Figure 3.1. These mesh sequences have been initially proposed by Eymard
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Figure 3.5 — The four mesh sequences H, PrT, PrG and CB, respectively.

et al. (2011) in the FVCA benchmark for diffusion problems. The first sequence, denoted by H,
is composed of hexahedral cells, the second, denoted by PrT, is composed of prismatic cells with
a triangular basis, the third, denoted by PrG, is composed of prismatic cells with an polygonal
basis and the fourth, denoted by CB, is composed of checkerboard cells with non-conforming
interfaces. These mesh sequences are also considered in (Bonelle, 2014, Appendix A) where
mesh regularity criteria, such as cardinals, aspect ratios or non-orthogonality measurements

are reported.

Remark 3.28 (Kershaw mesh sequences). Another mesh sequence is also considered in Ap-
pendiz A, corresponding to the Kershaw mesh sequence. These meshes are composed of skewed
hexahedral cells. Since this sequence is not suited to study properly the convergence of our

scheme, numerical results are not presented here.

Computed quantities and linear algebra. Following Theorem 3.24, the convergence

study is performed using the relative discrete L?-error given by:

2

~

Seev )] (ue — Ruu)y, )’

> ovev [E(v)] ﬁv(u)‘zv (3.43)

}i}y(u) =

where u is the solution of the continuous problem (3.1) and u is the solution of the discrete
problem (3.21). Recall that Ry(u) evaluates the mean value of the exact solution over dual
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3.3. Numerical results

mesh cells (see (3.7)). To examine the cost of solving the discrete problem (3.21), we also
evaluate the quantity Co defined by

Co = nnz X Djte, (3.44)

where nnz denotes the total number of non-zeroes in the system matrix and nj, denotes the
number of iterations needed to bring the algebraic residual below a tolerance of 107'2. The
linear solver used in our simulation is the bi-Conjugate Gradient method preconditioned with
an incomplete LU factorization from the PETSc library; see Balay et al. (2016). Considering
two successive mesh refinements M,, and M, 41, we evaluate the convergence rate of a quantity
@ with respect to a quantity S by computing the quantity —31og(Qn+1/@n)/10g(Sn+1/5n)-

CDO schemes are interesting regarding their implementation since each discrete operator
is computed separately from the others, and the final scheme is obtained by multiplying these
operators together. For instance, to implement the discrete problem (3.21), the discrete gradi-
ent operator GRAD is computed once and for all since it only depends on the connectivity of
the mesh. The contraction operator Jé is also computed once and for all for steady problems
(while the parameters k. and [, may need to be updated in unsteady problems).

3.3.2 Test case 1. Rotating advective field
The solution u :  — R of this first test case is defined by

u(z,y, z) = sin(rz) sin(27y) sin(7z), (3.45)
vanishing at the boundary 9 of the unit cube €. The advection field 8 : Q — R3 is given by

y—1/2
Bz, y,z)=|1/2—=x|, (3.46)
z+1

and the reaction coefficient p is such that pu € {%,5}. Figure 3.6 presents some flow lines
of the rotating field B as well as the inflow boundary 9Q2~. The scalar Friedrichs tensor is
OBy = b — %, so that the continuous problem is well-posed owing to Theorem 2.7 if y > % and
owing to Theorem 2.11 if y = % e.g., with the potential ¢ = (z—2)2. Consequently, the discrete
bilinear form (3.16) is coercive if 1 > % and inf-sup stable if ;1 = % if the mesh size is such that
h < hg with hy defined by (3.36). However, this mesh-size restriction is always satisfied here
in practice since a short calculation shows that L¢ = 3 and —38-V( = —(2 — 2)(z + 1) so that

(') holds with 7 = 1, yielding ho = 1.

1
0.8

0.6

T Lo 02 0.4 y

Figure 3.6 — Test case 1. Some flow lines of the advective field 8 and the corresponding inflow
boundary 02~ in blue.

The discrete error E\ry(u) with respect to #V is depicted in 3.7 and the corresponding
legend is collected in Table 3.2.
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Chp. 3. Vertex-based scheme for advection-reaction

E\ry(u) on H and CB mesh sequences. E\ry(u) on PrT and PrG mesh sequences.
T T 11T T T T 11T T L] T T T T L] T L]
1070.5 - - 1070.5 - |
1071 1107t .
10—1.5 [ - 10—1.5 [ |
(| Lol Lol Ll L (| (|
103 10* 10° 103 10* 10°

i #V

Figure 3.7 — Test case 1. Discrete relative error fﬁ'v(u) with g = 5 (plain lines) and p = 0.5
(dashed lines).

w=>5 w=20.5
H PrT PrG CB H PrT PrG CB
B T - —— |-8- --- -o-

Table 3.2 — Test case 1. Legend for Figures 3.7 and 3.8.

Accuracy. These numerical results are in agreement with the theoretical results derived in
Section 3.2.2. First, we observe that the scheme converge on all mesh sequences, even when
the Friedrichs tensors is uniformly equal to 0. This reflects the robustness of the proposed
approach with respect to the mesh quality criteria. We also observe that the scheme is more
accurate when the assumption () is satisfied. This observation comes from the fact that the
inf-sup stability constant ¢ from Lemma 3.19 is smaller than the coercivity constant (which
is equal to % from Lemma 3.18). In addition, we observe a super-convergence behavior in the
discrete L?-norm on all mesh sequences since the convergence rates are closer to 1 than to %,
the latter corresponding to the theoretical convergence order inferred by Theorem 3.24.

In the right panel of Figure 3.8, we compare the discrete relative error I:]\rp(u) with the
discrete relative error Ery(u) defined by (3.43) replacing Ry with the de Rham map Ry eval-
uating point-wise the exact solution at each mesh vertex. We observe that these two errors
converge approximately at the same order and that Ery(u) < Ery(u) on all mesh sequences.
In terms of accuracy, the hierarchy is H>PrT>PrG>CB.

Efficiency and discret min./max principle. On the left panel of Figure 3.8, we present the
computational efficiency. It is described by representing the discrete error Ery(u) with respect
to the computational cost Co: the closer of the origin, the more efficient the computation.

We observe that the computation is more expensive for the CB mesh sequence containing
non-conforming interfaces, and not surprisingly, the cheapest computation is observed for the H
mesh sequence. For this test case, the efficiency hierarchy is then H>PrT>PrG>CB. Finally, we
mention that the discrete minimum /maximum principle is satisfied on all these mesh sequences.
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3.3. Numerical results

Computational efficiency for p =5 E\ry(u) and Ery(u) for p = 5.
TTTTT] T T T TTTTT] T T T TTTTT] T T T TTTTT] T T T 1T L] T T T 11T T L] T T
10—0.5 L -
1071 ]
107 ]
1071‘5 - — 1071.5 - N
WEET| Lol | Lol Lol (| Lol [ L1
10° 106 107 108 10° 103 10 10°
Co #V

Figure 3.8 — Test case 1. On the left, the discrete relative error E\rp(u) with respect to
computational cost Co for 4 = 5. On the right, comparison between the discrete relative error
Ery(u) (plain lines) with Ery(u) (dashed lines).

3.3.3 Test case 2. Sharp internal layer

Adapting the test case proposed by Burman (2005), we consider the following smooth
solution presenting an internal layer in the vicinity of the hyper plane § +y + 2z = V2

+z-1/2
$+W>7

2a a

u(z,y, z) = xy tanh ( (3.47)

with @ = 0.05. This solution is represented in Figure 3.9 for different value of z. We do not

T — T T N E——
- T T T // T T — T

Figure 3.9 — Test case 2. From the left to the right, exact solution (z,y) € [0,1]? — u(z,y, z0)
defined by (3.47) for zo = 0, zo = 0.5 and zp = 1, respectively.

consider reaction coefficient, so that u = 0, and we consider a constant advection field 8 =
(1,1,0)". Since V-8 =0 a.e.in , the scheme is unconditionally stable owing to Lemma 3.19.

In Figure 3.10, we present the discrete relative error Ery (u) with respect to #V on the left
panel and with respect to the computational cost Co on the right panel.

Accuracy, efficiency and discrete min./max. principle. Although these mesh se-
quences are not adapted to capture the internal layer, we observe that our scheme converges
with a rate closer to 1 than to % The hierarchy in terms of accuracy for this test case is H>CB>
PrG> PrT, which is different from that obtained in Section 3.3.2. In terms of efficiency, the
hierarchy is the same as for the first test case: H>PrT> PrG> CB
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E\rv(u) with respect to #V ]:]\rv(u) with respect to Co

T T T T LA LLELRRRAI L T T T T T T T T T T T T T T T T T T T T

10795 1 1 10795 1 o
1071 1 107t | -
Ll Lo nld Ll Ll — (T A W AT] B R RT] B 1] B R N1 S R R RTIT B |
102 10 10 10° 3104 107 6 7108 107

10 10 10 10 10 10 10

#V Co

Figure 3.10 — Test case 2. Discrete relative error }i}v(u) with respect to #V (left) and with
respect to the computational cost Co (right).

Finally, it is worthwhile to mention that the discrete minimum/maximum principle is re-
spected for the H, PrT and PrG mesh sequences, whereas it is violated around the internal layer
on the most refined mesh of the sequence CB by up to 4.3%.
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Chapter 4

Péclet-robust vertex-based scheme
for diffusion-advection-reaction
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In this chapter, we extend the scheme presented in Chapter 3 so as to devise a vertex-based
scheme approximating the scalar-valued solution of the following diffusion-advection-reaction
problem:

—V-(AVu) + B-Vu+pu=s ae.in §, (4.1a)
u=1up a.e.on . (4.1b)

This chapter contains three main contributions concerning CDO schemes. The first one is to
devise a CDO scheme for the pure diffusion problem with weakly enforced boundary conditions.
Indeed, as for stabilized finite elements, weak enforcement of Dirichlet conditions yields better
results for under-resolved outflow layers (see e.g., Bazilevs & Hughes (2007); Schieweck (2008)
or Burman (2012)). To this purpose, we extend Nitsche’s boundary penalty method to the
CDO framework. The second contribution is to propose a vertex-based scheme for (4.1) which
is robust with respect to the Péclet number by using a Péclet-dependent stabilization technique
so as to obtain a final a priori estimate on the discrete error depending on the local Péclet
number. The third contribution of this chapter is to establish the well-posedness of the discrete
problem when the Friedrichs’ tensor og,, takes null values in the presence of diffusion.

Our scheme defines an extension on polyhedral meshes of the classical finite element/finite
volume method combining a finite element treatment of the diffusive term and a finite volume
treatment of the advective term. This approach was initially proposed by Baba & Tabata
(1981) on triangular meshes using dual cells around vertices as control volumes and by Ohmori
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& Ushijima (1984) using diamond cells around mesh edges. More recently, Angot et al. (1998)
and Eymard & Hilhorst (2010) extended this approach to treat non-linear problems and Hil-
horst & Vohralik (2011) performed an a posteriori error analysis.

The present scheme seems to be the first polyhedral discretization that is only vertex-based
and that is robust for dominant advection up to the limit of zero diffusion. Recently, Beirdo da
Veiga et al. (2013) applied the Virtual Element Method (VEM) to handle vertex-based schemes
on polyhedral meshes for the pure diffusion problems. These results were extended in Beirao da
Veiga et al. (2016a,b) to the full problem (4.1) for diffusion dominant regime. Here the approach
is different since we use explicit reconstruction maps and our treatment includes dominant
advection regimes. However, our approach is only of lowest-order. An alternative to vertex-
based schemes is the face-based scheme, proposed by Di Pietro et al. (2015), which is of arbitrary
order and Péclet-robust. This latter work can be seen as an extension of the lowest-order HMM
scheme proposed by Beirdao da Veiga et al. (2011) for the diffusion-advection problem in the
diffusive regime.

This chapter is organized as follows. First, we recall from Chapter 3 the main concepts
and notation used to devise CDO schemes. Next, we extend and analyze the diffusion scheme
proposed by Bonelle & Ern (2014a) by weakly enforcing the boundary conditions using the
boundary penalty method of Nitsche (1971). Then, in Section 4.3, we derive and analyze a
Péclet-robust discrete problem approximating the solution of (4.1). Finally, Section 4.4 collects
the numerical results of two three-dimensional test cases on polyhedral meshes.

The content of this chapter is an extended version of some parts of the paper " Vertex-based
compatible Discrete Operator Schemes on Polyhedral meshes for Advection-Diffusion Equa-
tions" by P. Cantin & A. Ern, published in Computational Methods in Applied Mathematics,
2016.

4.1 Discrete setting

This section recalls and completes the discrete setting presented in Section 3.1 in the context
of CDO schemes for the scalar advection-reaction problem. A broader presentation can be found
in Chapter 7.

4.1.1 Mesh and degrees of freedom

Recalling that Q denotes an open, bounded, connected polyhedral subset of R?, we consider
M := {V,E,F,C} a polyhedral mesh, collecting vertices v € V, edges e € E, faces f € F and
cells ¢ € C. This mesh is assumed to be regular in the sense that it satisfies assumptions (C),
(St) and (Sh), i.e.,it defines a cellular complex, it is star-shaped and it is shape-regular.

In addition to the primal mesh M, the dual mesh M is also considered. The dual mesh
collects the dual faces f(e) eFforallee E, that are in general non planar, and the dual cells
¢(v) € C for all v € V. Since boundary conditions are weakly enforced in our scheme, we also
introduce boundary dual faces, covering the dual cells on the boundary 9. These boundary
dual faces are defined as f2(v) = 9¢(v) N dQ for all boundary vertices v € V?, and are possibly
broken. Primal, dual and boundary meshes are depicted in Figure 4.1.

Although our scheme is vertex-based, we also consider dofs attached to primal mesh edges.
The finite-dimensional dof spaces V and £ collect dofs attached to V and E, respectively. Since
our scheme is built cell-wise, we also consider local definitions. For all ¢ € C, V, and &. denote
the sub-spaces of V and £ collecting dofs attached to V. and E., respectively. In the context
of CDO schemes, we also recall the inner products on these dof spaces:

(v,w), = Z vyWy, Yv,w eV and Ve € C, <<v,w>>vc = Z VoWy, Yw,w e V.. (4.2)
vev veVe
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Figure 4.1 — Left panel: the primal mesh M and the dual mesh M. Right panel: the boundary
dual mesh.

(v,w), = Zvewe7 Yv,w € £ and Vc € C, <<v,w>>‘EC = Z VeWe, Yv,w € &. (4.3)
ecE ecE.

Local dual faces in ¢ are denoted by f.(e) and are defined as f.(e) = f(e) Nc for all e € E,
with unit normal vector T (o) oriented by t.. For any boundary face f € F?, ¢(f) denotes the
unique cell containing f.

4.1.2 Edge-based partition

In addition to the primal and the dual mesh, our scheme considers the partition composed
of local diamonds around mesh edges. For all ¢ € C, € denotes the partition of ¢ composed
of the sub-cells (also called diamonds) {¢ec}ecr, such that

Ce,c = int ( U U Co{mv,me,mf,mc}) , VeekE, (4.4)

fEFeNF; vEV,

where we have denoted by int(w) the interior of any set w C R3, &, the barycenter of any mesh
entity x € M and CO{xy, Te, x, @} the closed convex hull of the 4-uplet {@y, e, zf, T }. As
observed in Figure 4.2, diamonds {c¢e }ecr, are obtained collecting the 4 simplices attached to
each edge e € E.. Owing to the star-shaped assumption (Sh), we observe that ¢ = U{tc. | € €

Figure 4.2 — The sub-cell ¢, attached to e € E; (right panel) containing the simplex depicted
in left panel.
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4.1.3 Reduction maps

Reduction maps are used to reduce on mesh entities continuous fields, such as the data
or the exact solution. In addition to the reduction maps ﬁy LY Q) — VY, Ry : LY(Q) =V,
Re : W5P(Q) — € with sp > 1 and R, : L1(9Q) — V defined by (3.7), (3.8a), (3.8b) and (3.8c¢),
respectively, we consider in this Chapter the classical de Rham maps on primal mesh entities.
The de Rham reduction map on mesh vertices Ry, : W9P(Q) — V with sp > 3 is defined by

YWweV, Ry(w), =w(®my), YweWP(Q), (4.5a)

and the de Rham reduction map on mesh edges Rg : W*P(Q)) — &£ with sp > 2 is defined by
Ve € B, Re(w), = / wte, Yw e WP(Q). (4.5b)

Considering these two reduction maps, Proposition 4.1 states that the continuous gradient V
exactly commutes with the discrete gradient operator GRAD : V — & defined by (3.5a) as
follows:
Ve €E, GRAD(W)jc:= Y tyewy, Ywe V. (4.6)
vEVe

Proposition 4.1 (Primal commutation). For all w € W*P(Q) with sp > 3 such that Vw €
1
W »P(Q), we have
Re(Vw) = GRAD Ry (w). (4.7)

Proof. This identity follows from the fundamental theorem of calculus. O

For all ¢ € C, the local de Rham reduction maps are denoted by Ry, : W*P(c) — V. and
Re. : W3P(c) — & with sp > 3 and sp > 2 respectively, and act as their global counterpart,
namely as (4.5a) and (4.5b), respectively.

4.2 Pure Diffusion problem

This section extends the CDO scheme proposed by Bonelle & Ern (2014a) to approximate
the solution of the pure diffusion problem

—V:(AVu) =s ae.in Q, (4.8a)
u=1up a.e.on 0f, (4.8b)

so as to weakly enforce the Dirichlet boundary condition (4.8b). Weak enforcement of boundary
conditions is essential to couple properly the treatment of the diffusion term with the treatment
of the advection-reaction terms whenever the exact solution exhibits outflow layers. Recall also
that boundary conditions are weakly enforced (on the inflow boundary 9927) in CDO schemes
for advection-reaction problems.

Assume that the data satisfy s € L?(2) and up € H¢(9€) with € > 0, and consider a
diffusion tensor X : © — R3*3 taking symmetric and uniformly positive definite values. Then,
the continuous problem (4.8) is well-posed in H'(£2). For simplicity, we assume that X is piece-
wise constant in each mesh cell ¢ € C, i.e., A € Py(C;R3*3), and we denote A and Ag its
minimal and maximal eigenvalue in c, respectively. The local anisotropy ratio is denoted by
pe = Mg /N o Note that the present analysis can also be extended to locally Lipschitz diffusion
tensors.
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4.2.1 Discrete problem and weak boundary conditions

Vertex-based CDO schemes approximating the elliptic problem (4.8) are formulated in
terms of a discrete Hodge operator Hj : £ — &, which is the discrete counterpart of the map
w — A-w. Since boundary conditions are weakly enforced, our CDO scheme is also expressed
using two discrete boundary operators. The first one is denoted by Nf\‘a : £ — V and is the
discrete counterpart of the normal flux map w — n-A-w at the boundary 902. This map is
essential to preserve the consistency of the scheme when the boundary conditions are weakly
enforced. The second operator enforces the boundary conditions & la Nitsche on 92 and is
denoted by HY? : V — V where v € Py(F?;R) denotes the Nitsche penalty parameter such that
Yt = Nge(r)/ () for all f € F?. This operator is the discrete counterpart of the map w — vw
at the boundary. As for the discrete problem (3.21), boundary operator maps to V to simplify
the notation and the entries of N and H)? attached to internal vertices v € V° are always 0.

Bilinear forms and reconstruction maps. The CDO scheme approximating the contin-
uous problem (4.8) is formulated with the bilinear map AY : Vx)V — R such that

A% (v,w) := (H5 GRAD(v), GRAD(w)), — {N3” GRAD(v),w})  + ro{H;’(v),w) , (4.9)

for all v,w € V. The first term approximates (4.8a) and the two last terms weakly enforce
the boundary condition (4.8b) with the user-dependent real number v > 0 to be chosen large
enough (see Lemmata 4.7, 4.17 and 4.18). The map A extends that of Bonelle & Ern (2014a)
where the Dirichlet boundary condition was strongly enforced. The operator H§ : £ — € is
built cell-wise as follows:

(HAW) wh, =D (Hye(v) W), . WweE, (4.10)

ceC

with Hi;c : & — &. Strictly speaking, we should consider the full-rank transfer map T¢,. : &€ —
& from global to local dofs, so that the global operator Hf results from the cell-wise assembly
HS = Y eec TST;C-H&C‘T&C. However, to alleviate the notation, these maps are omitted. The
local operator Hi;c is defined as

(H5elv) W), = / Le. (V) ALe.(w), Wv,w € &. (4.11)

where we have introduced the reconstruction map Lg, : & — IPO(QE,C;Rd) on the diamond
partition €y = {¢ec}ecr, introduced in Section 4.1.2, and acting as follows:

Le, (w)(x) := Z Welec(x), VYw e & (4.12)
ecE¢

The local shape functions {£e}eck., spanning Po(Cg ¢; R9), are such that

fc(el)®e/> f‘c(e) + fc(e)

dleercl ) lel dleel

Vel e € B, £e7c|ce/,c = <|d — Oee’ (4.13)

where we have denoted d = 3, e := [, t. and f.(e) := Ji.(e) P5.()- This reconstruction map

was first considered by Codecasa & Trevisan (2007) in the context of the Discrete Geometric
Approach (DGA).

Remark 4.2 (Regularity along the edges). As mentioned in Bonelle (2014), the tangential
component of the reconstructed function Lg (w) along the edges contained in the interior of
the cell ¢ and induced by the partition €y, is not continuous, so that Lg (w) ¢ H (curl;c) in
general.
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The boundary condition (4.8b) is weakly enforced by means of the two last terms in (4.9).
The maps Ny : £ — V and H)? : V — V are built face-wise at the boundary as follows:

(NS (v), W), o= > <<N§7? (v),w>>v;c(f), WeéE Ywe, (4.14)
fero
and
<<H3‘8(V)aw>>v = Z <<Hl‘f§(v),w>>v;c(f), Yv,w €V, (4.15)
fero

where ¢ = c(f) is the unique cell containing the face f € F?. The local maps Nf\i? : & — Ve and
H’? : Ve — Ve are defined as

(N2 (v), w), = / Le. (V) AnLy (W), W&, Ywe V., (4.16)
b C f

and

<<HE’;?(V)7W>>V;C = /f’/ Ly, (v) Ly, (w)  Vv,w eV, (4.17)

where Ly, : Vo — Po(C€y;R) is the restriction to ¢ of the reconstruction map Ly defined
by (3.18) and such that

VV S VC? ch (W)|f8(v)ﬂf - WV7 VW € VC‘ (418)

Observe that the definition (4.18) leads to Nf\?()|V =0 and Hl‘j‘;?(-)‘v =0 for all v & Vy.

Discrete problem. The approximation of the continuous problem (4.8) with weakly enforced
Dirichlet boundary condition reads:

Findu eV s.t. Ay(u,v) = S(s,up;v), We, (4.19)
with the linear source form S(s,up;-) : V — R defined, for all v € V, by

(s, up5¥) = (Ry(s),v), + o HE” RO (), v, (4.20)
where RY,(+)y = Ry(+)}y for all v .€ V? and Rj(-)|, = 0 for all v € V\V?.

Remark 4.3 (Symmetric boundary penalty term). It is possible to consider a symmetric
bilinear form A by adding the term —(Ny” GRAD(w),v)), . The consistency of the scheme is
then preserved by adding the term —{Ny” GRAD(w), Ry(up)),, to the source term. Symmetry
is an tmportant property when invoking duality arguments for pure diffusion problem, e.q., to
apply the Aubin-Nitsche Lemma (see the Theorem 4.1 of Bonelle & Ern (2014a)). It is also
a relevant property when inverting the system matrixz. However, it is less important in the
presence of advection.

Remark 4.4 (Regularity of the boundary condition). For simplicity, we have assumed that
the Dirichlet condition satisfies up € HE(O8)) with € > 0 so as to be able to discretize it by

the reduction map Ry. Discontinuous boundary conditions in H%((‘?Q) could be considered as
well by using the reduction map RS : LY(9Q) — V defined by

~ 1
B P) o 1
Vv eV Ry(w)y = ) %B(V)w, Yw € L (09),

and with ﬁ%(')lv =0 for all v e V\V?.
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4.2.2 Analysis

This section is devoted to the analysis of the discrete problem (4.19). First, we introduce
the discrete 2-norm on the dof space £ as

: [we ) *
Iwliz o == > lIwliz.» with [Iwlz .= > | ec|< T vweé (4.21)

ceC e€Ec

Stability. The stability of the approximation (4.19) is analyzed using the following norms on
defined on £ and V:

Wiz x == D _lIwllz x with [[wliZ 5 = (H (W), w), , Yw € E, (4.22)
ceC

ol = 3 Il with iy, o= (HERw)w), vwev.  (4.28)
fcFo

The first discrete norm (4.22) corresponds to the classical energy norm while the second
norm (4.23) is related to the treatment a la Nitsche of the boundary condition. The diffu-
sion related stability norm is then

Wl := IGRAD(W)[IE x + IWll3,,  Vw € V. (4.24)

The two important properties in the analysis is the stability of the reconstruction map Lg, and
the continuity of the normal flux operator Nf\’a €= V.

Proposition 4.5 (Stability of Lg,). There exists C; > 0 such that
VeeC, w2 < ILe. W)z < Clwle.2, Yw € E.
Proof. See the proof of Proposition 7.39. O

Proposition 4.6 (Continuity of N3®). There is Cy > 0 such that
(NL7(v), wh,, < Gulvleallwlly,, W eE, YweV.

Proof. Let v € £ and let f € F? with ¢ = ¢(f). Applying the Cauchy—Schwarz inequality, we
observe that

2
S P (NEwL) = X P mf|1(/@(v)mftec<v>-xn>

veVe vEVe
< Z )‘ﬁ;cu)‘l/QLSc (V) ”iz(fa(v)mf) = )‘ﬁ;cn>‘1/2|—5c (V)||2L2(f)
vEVe

Then, using a multiplicative trace inequality (see Lemma 7.25) (since A is constant and Lg, (w)
is piece-wise constant) and definition (4.11) of the operator Hf_., we obtain

~ 2
S0 1 (NG ) < G AN 2L, W) 22y = G2 AWl
veVe

Assembling face-wise these estimates and recalling definition (4.23) of the norm |||y, leads
to

(NX7v),wh, = D (NS (V) = > > NFWpwie < €0 D IVl A lwllves

f)
feFd C< feF? vevy feFo

whence the result with Cy = Cr max.ec #(F? NF.), that is uniformly bounded owing to mesh
regularity. O
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Chp. 4. Péclet-robust vertex-based scheme for diffusion-advection-reaction

Lemma 4.7 (Coercivity). Assume that vg > 1+ 1C2. Then,
v L2
ANV v) 2 IV, v eV.

Consequently, the discrete problem (4.19) is well-posed.

Proof. Applying Proposition 4.6, we infer that
AL (v,v) > [GRAD(V)[IZ x — Cx[IGRAD(W)llg AllvIlv. + wollvI,.- (4.25)

b—a?
1+b
numbers x, y, a,b with b > 0) with a = %CN and b = 1y, we observe that the choice vp > 1+ %C]%

implies b > 1 + 2a® so that bf +ab2 > %, yielding the expected result. O

Then, owing to the quadratic inequality 2 — 2azy + by? > (22 + y?) (valid for any real

Consistency and a priori error estimate. We now address the consistency of the scheme
(4.19). This analysis uses on the one hand the Py-consistency of the reconstruction map Lg,
and on the other hand, the Py-consistency of the normal flux operator Nf"a.

Proposition 4.8 (Consistency of Lg_). For allc € C, g, (V) =V for all V € Py(c; R3), where
the interpolation map is lg, = Lg, o Re, : W*P(c) — Po(c; R3) with sp > 2.

Proof. See the proof of Proposition 7.40. O

Proposition 4.9 (Consistency of the normal flux).
VE€F?, Ry (V-An)=N{{(Re (V)), VV €Py(c(f);R),

where the reduction map FNQ%f cLY(f) — Vety acts as follows:

Vv € Vc(f), ﬁ%f (w)|v = /fa(v)mf w, Yw € ! (f).

Proof. This result is a consequence of Proposition 4.8. Let v € V¢. Then, Proposition 4.8
yields

N7 (Re.U)) = [

fo(v)N

Le. (Re, (U))-Am = / U-An =Ry, (UAn),,.
£ fo(v)nf

Let us now introduce the following commutators:

Definition 4.10 (Commutators). For all v € WHP(Q) with p € (2,2] and such that Vxv €

2
L%(Q), we define the two commutators

(Av) — H (Re(v)), (4.26a)

|HS, R](v) = Re
= R (n-Av) — N&2 (Re(v)), (4.26D)

R
(NS, R(v) == R
where Rg is defined by (4.5b), Ryo : LY(0Q) — V is defined (see (3.8¢)) as

W eV, Ry, = /fa( o Vw € L'(99),

and where Rg : W*P(Q) — € with sp > 1 is defined (see (3.8b)) as

Ve € E, ﬁg(w)|e = wng oy, Ywe WP (Q).

f(e)
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Lemma 4.11 (Consistency error). Let u be the unique solution of (4.8) and assume that
u € W2P(Q) with p € (3,2]. Then,

AX (Ry(u), w) — (s, up;w) = ([ H§, R1(Va), GRAD(w)), — ([N§”,R](Vu),w),. vw € V.

Proof. By definition, we have Vu € W1P(Q) so that the two commutators (4.26) are well-
defined. Let w € V. Owing to definition (4.20) of the source term and using successively the
commutation of DIV with V- from Proposition 3.5 and the anti-adjunction between GRAD and
DIV from Proposition 3.3, it follows that

S(s, un;w) = (Ru(s),w),, + r0(Hy” RS (up), w),
~(Ro(V-(A-Vu)),w), +vo(HS? RS (up), w),
= ~(DIVRe(A-Vu), w), — (RY(Vur-dn). w), + vo(Hy? RY(up). w),
= <<F~Q5(A-Vu), GRAD(W)>>v — <<§?;(Vu-)\-n),w>>v + v H°? R%(UD),W>V.
Moreover, recalling that
A% (Ry(u),v) = (H5 GRAD Ry (u), GRAD(w >> —{N5? GRAD(Ry (u) >> +vo(HY? RY (u), w >>V,

the expected result follows from the exact commutation of GRAD with V from Proposition 4.1
and observing that ujgn = up holds point-wise. O

Theorem 4.12 (Diffusive convergence rate). Let u be the unique solution of (4.8) and let u be
the unique solution of (4.19). Assume that vy > 14 1C2 (see Lemma 4.7) and that u € H?(12).
Then,

ceC

1
2
Ju = Ry(w)lva (chxu,chiwu@p(c)) - (4.27)

Remark 4.13 (Regularity). Observe that the reqularity H?(Q) on the exact solution is required
to achieve the first order convergence rate in the discrete coercivity norm ||-||y 4. This assump-
tion is stronger than the reqularity needed to compute the consistency error A% (Ry(u),w) —
S(s,up;w) in Lemma 4.11. Note also that the estimate (4.27) holds as well if v € H?(C),
i.e.,if u is only piece-wise H? on mesh cells.

The estimate (4.27) is a consequence of the following estimates:

Proposition 4.14 (Approximation on mesh edges and dual faces). Let w € H'(Q). Then,

Ve € C, ZHw—— ‘

3
|C’ S./ hg ’w‘Hl(C)

1
S he |wlg) and ZHw—— ‘

| Je

L'(e) L' (fc(e))
Proof. These estimates are obtained by proceeding as in the proof of (Bonelle & Ern, 2014a,
Theorem 3.3) and as in the proof of Lemma 7.41, using successive extensions from mesh edges
and mesh dual faces to mesh cells. O

Proof of Theorem 4.12. Let T1 and T5 be the two terms in the right-hand side of the consistency
error identified in Lemma 4.11. The term 77 has already been bounded in Bonelle & Ern
(2014a). We present here a somewhat simpler proof avoiding the algebraic identity on the
inverse of the discrete Hodge operator. Let g, denote the mean-value of Vu in c. Owing to the
local assembly (4.10) and the Py-consistency of the reconstruction map Lg, from Proposition 4.8,
we infer that

=" (Re.(AVu) — H5 o(Re.(Vu)), GRAD(v))

ceC
= 3 (Re.(A(Vu — 9)), GRAD(V)), — 3 (H5.o(Re. (Vu - g,)), GRAD(V)), = Th.1 + Th.
ceC ceC
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Chp. 4. Péclet-robust vertex-based scheme for diffusion-advection-reaction

Owing to the discrete Cauchy—Schwarz inequality, shape-regularity and the fact that the dif-
fusion tensor is positive, we have

rTu|2<(ZAwaGRAD W2, ) (Zhlx AV —gc>>uil(;c(e))),

ceC ceC

so that the stability of Lg. from Proposition 4.5 together with the definition of the discrete
energy norm |[|-|lg x and with the anisotropy ratio p. = Agc/Ny,c yield

‘Tl 1’2 < ”’GRAD |||g)\ (Z Z pc)\jjc 1HVU gc”%',l(fc(e))) ’

ceC e€Ec
Hence, owing to Proposition 4.14, we obtain
1l S IGRAD()I2 (Z pcAu;chauﬁp(C)) '
ceC

Proceeding similarly, the discrete Cauchy-Schwarz inequality (H5..(v),w), < [V][xc[lwlxc for
all v,w € &, the upper bound in Proposition 4.5 and Proposition 4.14 yield

T 2> < C,IGRAD(V)[IZ A (Z > AvchelVu—goli ) < IGRAD(v)[IZ (Z pCAﬁ,ChEIu!?p(c)) :
ceCecEc ceC

Turning to T», we use the local assembly (4.14) and Proposition 4.9 to infer that

Ty == 3 (Ryp (oA Vu) = NS Re (V). v),,

feF?
- Z Va n-A- VU - gc) Ve + Z <<N§,? Rgc (VU - gc)a V>>VC = T2,1 + T2,2a
feFa feFa

with ¢ = c(f). Proceeding as above, we end up with

feFo vev?y ferd

Toal < W | 3 32 Aachi 190 = 0l o srvn@,V(Z Au,chau@p(e)),

while using Lemma 4.9 we infer a similar bound on 73 2. The proof is completed since p. > 1
by definition. O

Remark 4.15 (On the proof of Theorem 4.12). Observe that this proof does not use explicitly
any estimate on the interpolation error |w — lg (w)|gz2( for all c € C. We only use the fact

that Lg, preserves exactly piece-wise constant polynomials in Po(C;R3) from Proposition 4.8
and the approximation results stated by Proposition 4.14.
4.3 Diffusion-advection-reaction problem

In this section, we devise a robust approximation with respect to the Péclet number of the
solution of the scalar diffusion-advection-reaction problem

—V-(AVu) + B-Vu+pu=s ae.in Q, (4.28a)
u=1up a.e.on 0. (4.28b)

The data are such that s € L?(2) and up, € H!T¢(Q) with € > 0. We recall that X : Q — R3*3
takes symmetric, positive, and piece-wise constant values on the mesh cells and we denote

o6



4.3. Diffusion-advection-reaction problem

Apie and Ay its minimal and maximal eigenvalue on ¢ € C, respectively. The continuous
problem (4.28) is well-posed if

Co Ay + esmseignf ogu(x) >0, (4.29)

with A\, = mincec Ay, 0 = 1 — %V-,B and where Cp > 0 denotes the Poincaré constant in
H} (). Assuming that assumption (#) holds, i.e.,ess infq g, > 0, the condition (4.29) is
always satisfied since X is positive. Then, it is possible to consider the limite case when the
diffusive tensor uniformly vanishes, i.e., when A, — 0. However, if the model parameters 8 and
p only satisfy the assumption (H') considered in Section (3.2), stating that ess infg og, = 0
and that there exists a Lipschitz function ¢ : € — R such that ess infqg — %ﬁ'VC > 0, the
condition (4.29) does not allow us to consider vanishing diffusive tensors. The condition (4.29)
then must be replaced by

Ce Ay + esmseignf (—;,@-V((@) > 0. (4.30)

4.3.1 Péclet-based upwind scheme

Vertex-based CDO schemes for the continuous problem (4.28) readily follow, on the one
hand, from the scheme (4.19) for the diffusion with weak boundary condition enforcement and
on the other hand, from the scheme (3.21) for the advection-reaction. We introduce the global
bilinear form A\X g V¥V =R, defined by

AY g, = AL+ A, (4.31)

where A is defined by (4.9) and where A% by (3.16) is modified by means of a local Péclet
number (see below).

Péclet-based upwinding. In the presence of diffusive and advective phenomena, we intro-
duce an algebraic local Péclet number on all mesh edges:

Ve € B, Tl = fche|f(e)]™'N\1, (4.32)

where A = maxcec, M, and where fo = ﬁg(ﬁ)‘e denotes the reduction on dual mesh faces
using the reduction map Re defined by (3.23). Then, recalling (see definition (3.25)) that

1
Wev, Jjw), = 3 D> WeBe(l — Kve), YW EE, (4.33)
eGEv

we consider the Péclet-dependent upwinding parameter e = W(Lf( o) E5(\,)]_[,3) where the function
7 : R — R satisfies
(ix) m(x) +7(—2) =0 and 7(z) > 0 for all z € R>.
(4irx) There exists C, > 0 such that w(x) > C, for all z > 1.
Observe that (i,) implies (i) since Beke = %)\e|f(e)|he_1 Yveve te) g(v) e W(Lf(e)ﬁ(v)ﬂe) > 0.
As a consequence, since (i, ) holds, Propositions 3.13 and 3.14 hold. An example for the function
7 is the Sharfetter-Gummel map defined as m(z) = coth (£) — 2; see Roos et al. (2008) for

further insights and examples. The lower bound on z in the second assumption (7i,) is arbitrary;
changing its value only changes the constants in the error bounds.

Remark 4.16 (Link with the HHO treatment of advection terms). It is also possible to consider
positive Péclet numbers with the symmetric function |A|(x) = xm(x) introduced by Di Pietro
et al. (2015) in the context of high order face-based (HHO) discretizations, where the function
7 satisfies assumptions (ir)—(iir).
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Discrete problem. The scheme approximating (4.28) reads:
FindueV st. AY 5 (u,v) =8(s,up;v), WeV, (4.34)
where the source term S(s,up;-) : V — R is defined as

S(s,up;v) = <<§V(s),v>>v + o (Hy? RY(up), v, + <<§%((B-n)@u[,),v>>v, WweV. (4.35)

4.3.2 Analysis

Following the definition (4.31) of A% 5  and the analysis of Sections 3.2.2 and 4.2.2, related
to the diffusion and the advection-reaction problems, respectively, the stability norm used to
analyze the discrete problem (4.34) is defined on V as

Wl ga = Wl + IWllSa, YW €V, (4.36)

where the advection-related stability norm |-||y,, is defined by (3.34) and where the diffusion-
related stability norm [|-[|y 4 is defined by (4.24).

Stability.  The following Lemma 4.17 analyzes the stability of the bilinear form A‘j\, 8. under
the assumption (H), so that the well-posedness condition (4.29) holds for all Péclet number.

Lemma 4.17 (Coercivity). Assume that assumption (H) holds and that vy > 1+ 1¢2. Then,

1
Apa(VV) 2 SIMbgar W EV.

Consequently, the discrete problem (4.34) is well-posed.

Proof. This estimate is a direct consequence of Lemmata 3.18 and 4.7. Ul

The stability of the bilinear form A“j\ﬁ,u is now analyzed under the assumption (H'). In
order to facilitate the tracking of the constant, we assume that there exists a constant C, 4, > 0,
independent of the mesh-size and the model parameter, such that

rmax (Lg, Lclul @by L2IBlr=@h: L) < Cu, (4.37)

with Ay = max.cc Ag,c. We also recall the definition of the reference length ho defined as

-1
ho = (LeIV-Bliqe) (4.38)
with the convention hg = +oo if B is divergence-free.

Lemma 4.18 (Inf-sup stability). Assume that assumption (H') holds. Assume that (4.37)
holds and that the mesh size satisfies 0 < 2h < hg. Then, provided vy large enough, there exists
o > 0 such that

sup AN g, (v,w) > oflv[lvda, YV EV.
weVs|wlly da=1

Consequently, the discrete problem (3.21) is well-posed.

Remark 4.19 (Comparison with Cantin & Ern (2016b)). Observe that this Lemma extends
Lemma 5.8 in Cantin & Ern (2016b) where the simpler case V-8 =0 and pp =0 a.e.in Q is
considered with no mesh-size restriction.
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4.3. Diffusion-advection-reaction problem

Case ess infg og,, >0and A\, > 0| essinfgog, =0and X\, >0
Assumption (H) (H')

Advective field V-8=0 V-B#0
Nitsche penalty term vp>1+ %Cf v > 14
Mesh-size 0<h 0<h 0 < 2h < hg

Table 4.1 — Stability of the discrete problem (4.34) with hg defined by (4.38) and vy defined
by (4.39).

Remark 4.20 (Lower bound on vy). More precisely, Lemma 4.18 holds if vy > vy with

1+ G2 (267 Cvany + ¢l ()
3(1+2C%Cy qnsv)

Vo = (4.39)

with ng v = maxyey #Ey. This lower bound slightly differs, up to a numerical factor, from that
obtained in Lemma (4.7) for zero advection since both proofs have not been optimized regarding
the lower bound in the quadratic inequality.

Table 4.1 recapitulates the different conditions from Lemmata 4.17 and 4.18 for which the
discrete problem (4.34) is well-posed.

Proof of Lemma 4.18. Following the proof of Proposition 3.19, there exist two real numbers
0a,C.. > 0 such that

1 1
A% (0, Qv+ 09) 2 SIMIB 2 = LI T-Blioe(oy IVIE 2 (4.40)

and such that ||Cv]lyv.a < Ce.|lv[lv,a < Ceoallv]lv,da since (ix) and assumption (4.37) hold. Now,
let us prove that there exists C.4 > 0 such that ||Cv|ly.d < Ciq|lV[v.da- First, recalling the
definition (4.15) of Hy?, it follows that ||Cv|lv., <[]z (@)lIVllv,,- Furthermore, owing to the

cell-wise assembly (4.10) of HY, we infer that

IGRAD(&V)[IX = > {H3..GRAD(Cv), GRAD(Cv))

Ec

ceC
=Y ({(H5GRAD(v), GRAD(v)), + D [IGRAD((¢ — Ce)v)IIZ, A
ceC ceC
< €70 ) IGRAD(W)[IZ » + D IGRAD((C — Ce)V) 12,
ceC

where (. denotes the mean-value of ¢ in c. Then, recalling the definition (4.22) of the local
norm ||-[|g.x, it follows that

IGRAD((C = CW)lI2.» = | Le. (GRAD((C = Gov))-MLe, (GRAD((€ = GoJv))

so that owing to the upper bound of Proposition 4.5, the Lipschitz regularity of ¢ and mesh-
regularity, we infer that

2
IGRAD((C = Gz a < CEAsiche D (Z ee(C(2y) —cc>vv> <2 N LERE Y Y i

ecE. \vEV, ecE. vEV,

Exchanging summations, introducing nyy = max,cy #E, and recalling the assumption (4.37)
imply that

IGRAD((C — Ce)IIZ, a < 26N LEns VI, 2 < 2C5 0y Cowam VIR, 2,

99



Chp. 4. Péclet-robust vertex-based scheme for diffusion-advection-reaction

whence the bound ||¢v]yg4 <
Proposition 4.6 and ¢ > 1, we first have

Next, let us bound from below AY (v, (v). Using

A (v, Ov) = (H5 GRAD(v), GRAD(tv) ), — (N5? GRAD(v), v, + o (H2? (v), Cv)),
> ((H5 GRAD(v), GRAD((v) ), — Cx]|GRAD(v)
> (HX GRAD(v), GRAD(Cv) ), — Cx[¢] () IGRAD(v)

vl

vt volvi,-

Using now the cell-wise assembly of H§ and proceeding as above, we infer that

(HS GRAD(v), GRAD(CV)>> > ||IGRAD(v |||5 A+ Z .« GRAD(v), GRAD((C — Cc)V)>>5
ceC

> [GRAD(v)|IZ » — (ZIIIGRAD((C — Ge)v) ”@C,)\) IGRAD(v)[le A

ceC
1
> [|IGRAD(v)[I? x — (2€2Cy wns)? (77 IvlI32)* IGRAD(V) [ .

As a result, considering A (v, (v + 64v) with 64 > 0 (to be chosen below) along with the
estimate (4.25), we arrive at

ARV, &V + 0av) = (1+ ) IWlIE 5 = (1] ) + Oa)Cxlwlle AV
1
— (262Cuamey)? (T IV ) * IWllen + (14 Ga)olvI,

where we have denoted w = GRAD(v). Young’s inequality for the third term on the right-hand
side yields

Cﬁ CV,da

204

AL (v, Qv+0av) > IWllE x— (<] zoe () +0a)Cx +(1+0a)rolvID,.-

C2Cy 4a
Hence, choosing Gd = 2C CyaaNe,v, SO that %TLEV =1, L along with quadratic identity 2 —

2axy + by? > =22 (2% 4y 2) with a = $(Cy + 1€ Lo (y) and b = (1 + Hd)uo, and observing that

1+b
2 2
the choice vy > Ly (Gf(ﬂlfeud%oo(m) implies that b > % + %a2 so that bl 5 = 1 we infer that
1 _
AL (v, Qv + bgv) > *WVIIIVd a7 VI - (4.41)

As a result, collecting (4.40) and(4.41) and denoting 04, = max {64, 0,}, we obtain

1 1 1 1
A g (v, Qv+ Ogav) > ZWVIH%,d 47 Hvie + §”|V”|)2/,a = 5 LchV-Blre(9) IV 2

1 2h
> 1 (1-70) Mo

< (C¢o + Cea + bda) [IV|lv,das the proof is completed. O

Hence, since [|Cv + 84aV||v da

A priori error estimate We now establish an a priori error estimate on the discrete error
with respect to the local Péclet numbers {ITe}ecr defined by (4.32).

Theorem 4.21 (Péclet dependent a priori error estimate). Let u be the exact solution of (4.28)
and let u be the discrete solution of (4.34). Assume that one of the stability assumption from
Table 4.1 holds. Assume that u € H*(Q)). Then,

ceC ceC

1 1
2 2
lu—=Ry()llv,ga < (Z pegchy ’U\?{'z(c)) + (Z wehe (’uﬁ-ﬂ(c) + he |U’?{2(c))) , (4.42a)
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where

. Lgh?
we = T = VBT (yhe + I 1Bl g, (e)) min (1, e + f\ > : (4.42b)

eEEc €

Remark 4.22 (Convergence rate with respect to the Péclet Number). In the advection-
dominant regime defined by Il > 1 for all e € E, the error estimate (4.42a) behaves as

lu = Ry (@)l = O (1815 @y ([ulsrcoy + 12 el ) (4.432)

since we = O([|B| e (c))- In the diffusion-dominant regime defined by Il < heLg' foralle € E,
where Lq is a characteristic length of €, the estimate (4.42a) behaves as

1
= Ro(llvas =0 (Al (4.43b)

since we = O([|B] L (c)h cLgt). The intermediary case hoeLg' < Ilo < 1 corresponds to transi-
tion regimes and mtermedzate orders of convergence.

Proposition 4.23 (Interpolation error estimates). Let ¢ € C and define the interpolation map
Iy, = Ly, o Ry, : W% (c) = Po(€yc;R) with s > 3 where Ry, is defined by (4.5a) and where
Ly, (W)je(v)ne = Wy for all w € Ve. Then, for all w € H?(c),

[w = v () 26 S he (1] e) + he Wl pragey ) » (4.44a)

and

1

D = e ()] ey S hE (Wl + he lwlegey) - (4.44b)

ecE¢
Proof of Theorem 4.21. The bound on the diffusion-related terms derived in Theorem 4.12
still holds. For the advection-related terms, there are two adaptations from the proof of The-
orem 3.24. The first one is that we consider the reduction map Ry defined by (7.30) in lieu
of FAQV, since we are now bounding the error u — Ry(u). The second adaptation is related to
the change in the semi-norm induced by the bilinear form sg owing to the use of Péclet-based
upwinding. We bound again the three terms on the right-hand side of Lemma 3.23 for allw € V
with [|w]ly d4a = 1. For the first term, we readily infer using the Cauchy-Schwarz inequality and
the interpolation error estimate (4.44a) that

ceC

1
2
_1
[(LH v RUT(w), W)y S G‘QMWMMQ)(}:7Wu-—ihﬂﬁ«x@h3(hd%u@-+h§hd%a@)) :

Turning to the second term, we introduce disjoint sets Es1 := {e € E| Il + LgA;1h2 > 1}
and E<; := {e € E| Il + LgA;'h2 < 1} and we split the summation in the right-hand side
of (3.42b) as Y e, (1) + Xeer., (+). Proceeding as in the proof of Theorem (3.24), we infer
that -

ecEsq ecEs ecEs

Z () S ( Z [W]?3 A(e) |:3nf(e)|) ( Z ”5'””L°°(f(e)”u_ IV(“)‘%@(%(G))) )

so that, owing to the property (i) (which implies that kef3e > C.|S.| for all e € E~1) and the
Proposition 3.27, we infer that

2

ijsGmwwwwwrWMmQQ(znwmmo hmchJ,

e€E>1 e€E>1
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where |“‘§{1+(ce) =D ceC. |“|§Il(c) + h?2 |u|§12(c). Furthermore, we observe that

2

Z () S ( Z [W]ghe)\e> ( Z he_l)‘e_1 Z ”B'nfc(e)(u_ IV.:(“))H%l(fQ@))) ) (4'45)

eeESl eEESI eeEgl ceCe

and observe that the first factor in the right-hand side of this inequality (4.45) is bounded by
IGRAD(w)]||e » owing to mesh regularity, the definition of A and the Proposition (4.5). Next,
still using Proposition 3.27 and mesh regularity, we infer that

1875, 0y (1 = W (W) 1 o < 1Bl e ey (186l + L) o= b () oz o) (4:46)

so that, combining the interpolation error (4.44b) from Proposition 4.23 with the estimates (4.45)
and (4.46) yields

2
> () S IGRAD(w)[le,x ( > heIATHB M e e (1 Bel + Lph)he IUI?{H(CE)) :

eEESl e€E§1

As a result, recalling the definition (4.32) of the Péclet number and owing to mesh regularity,
we end up with

> () S IGRAD(w

e€E§1

1
2
(Z 180l i >(|He+LBAg1hz)he|u|?p+<ce>) -

eEE§1

Collecting the bounds on > .cp_, and on  .cp_, yields

D=

2
(195 R1(u). GRAD(w)), | < Iy (ZIIB 1 1 e min (1 I+ 220 ) ruﬁm@e))

ecE

Since the boundary term is bounded as before, we infer the expected result by exchanging the
sum symbols and using mesh regularity. O

4.4 Numerical results

In this section, we investigate the reliability and the efficiency of the discrete problem (4.34)
for the diffusion-advection-reaction problem. In particular, we illustrate the advantage of con-
sidering a Péclet-based upwinding. Numerical results are presented on two test cases. The first
one considers an anisotropic diffusion tensor with a rotating advective field when the solution is
expressed as a combination of sine functions. The second one evaluates the numerical behavior
of our scheme when the solution exhibits a sharp boundary layer. The diffusion tensor and
the advective field are constant. We specifically study the influence of the Péclet number by
varying the value of the diffusion. Another specificity is that the mesh sequence is well-adapted
to capture the boundary layer.

Remark 4.24 (Pure diffusion problem and weak boundary conditions). We do not present
test cases evaluating the performance of the scheme (4.19) for the pure diffusion problem since
we numerically observed, when vy is large enough, that the solution coincides (up to an error of
order 10716 corresponding to the machine precision) with the solution of the discrete problem
proposed by Bonelle & Ern (2014a), when the boundary conditions are strongly enforced. In
addition, the computation of the constant Cy in Proposition 4.6 gives

Nf
Cy = max max max hCM . (4.47)
ceC feF. ecE¢ [ce

62



4.4. Numerical results

On hexahedral mesh sequences, this quantity is equals to 3v/3/2, so that choosing vy = 10 owing
to Lemma 4.7 is sufficient. However in practice, we choose vy = 500, so that the scheme is

stable on all mesh sequences.
Following the analysis proposed in Sections 4.2.2 and 4.3.2, the convergence study is per-
formed using the following relative discrete L2-error:
1
~ 2\ 2
Svev [6)] (ue = Ru(w)y,)
S eev EVRy (W),

with u the exact solution of the continuous problem (3.12) and u the solution of the discrete
problem (4.34). Compared to the discrete error Ery(u) defined by (3.43), the discrete relative
error now relies on the point-wise evaluation of the exact solution at all mesh vertices, using

the de Rham reduction map Ry.

(4.48)

Ery(u) :=

4.4.1 Test case 3. Anisotropic diffusion tensor and rotating advective field

In this first test case, the computations are run on the unit cube Q = [0,1]® using the
three-dimensional mesh sequences presented in Section 3.3, denoted by H, PrT, PrG and CB and

depicted in Figure 4.3.

|

S

R ———
————

I i ;"’

\Rﬂﬂ““‘\ gl “‘ i
SR = Vi
SN RS
SRS \Q“‘.‘t;;’;-
i

Figure 4.3 — The four mesh sequences H, PrT, PrG and CB, respectively.

The diffusion tensor A and the advective field are given by

1 1/2 0 y—1/2
A=|[1/2 1 1/2| and B=|1/2—2], (4.49)
0 1/2 1 —z

where the former corresponds to the diffusion tensor of anisotropic ratio 3 (see the FVCA
benchmark Eymard et al. (2011)), and the latter is adapted from the first test case presented
in Section 3.3.2, replacing z + 1 with —z. The reaction coefficient p is set to 0 so that the
scalar-valued Friedrichs tensor is og ,, = % As a result, the discrete problem (4.34) is well-posed
owing to Lemma 4.17. The exact solution is

u(z,y, z) = 1+ sin(nz) sin <7T (y + ;)) sin <7r (z + ;)) . (4.50)

Hereafter, we compare the two schemes when the discrete contraction operators Jf,, is defined
using either the full upwinding function by choosing 7(x) = sign(z) or the Sharfetter-Gummel
upwinding function by choosing 7(z) = coth(%) — 2.

Remark 4.25 (Samarskii map). Other Péclet-based upwinding strategies have also been im-
plemented, for example using the Samarskii map defined by w(x) = e* — 1 if x < 0 and
m(x) = 1 — e ® otherwise. However, these results are not presented here since they are very

close to those obtained with the Sharfetter-Gummel map.

The discrete relative error Ery(u) is represented in Figure 4.4 with respect to #V on the
left panel and with respect to the computational cost Co = nnz X njte on the right panel. The
corresponding legend is collected in Table 4.2.
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Ery(u) on all mesh sequences Computational efficiency
[TTTTTTT T TTTTT T TTTTT T [ T T T T T T T T T TTITT T T T TTITT ]
1072 F 11072 f
1072 11073 ]
1074 S (Ul g
Covvl Ll Ll — tl Lol Lol Lol Lol L1
10° 10* 10° 10° 106 107 10 10°
#V Co

Figure 4.4 — Test case 3. Numerical error Ery(u) with respect to #V and the computational
cost Co.

Upwind Sharfetter-Gummel
H PrT PrG CB H PrT PrG CB
B -o- |8 —— —e—

Table 4.2 — Test case 3: Legend of Figure 4.4.

Accuracy and efficiency. These numerical results are in agreement with the theoretical
results derived in Section 4.3.2. In essence, the convergence rates are of order 1 on the finer mesh
when we use the full upwinding strategy and approximately of order 2 when we use a Péclet-
dependent upwinding using the Sharfetter-Gummel map. In particular, this figure illustrates
that adapting the quantity of upwinding with respect to the Péclet-number significantly reduces
the discrete relative error Ery(u) than using the classical full upwinding strategy. Indeed,
observing that the ratio of advective effects to diffusive effects is approximately of order 1, so
that the local Péclet number is of order h, the use of Péclet-dependent upwinding reduces the
amount of artificial stabilization introduced to stabilize the scheme as the mesh size goes to 0.
These observations are particularly verified for the H and on the PrG mesh sequences. Finally,
let us mention that the discrete minimum/maximum principle is satisfied on all meshes.

4.4.2 Test case 4. Boundary layer on graded meshes

This test case considers the numerical behavior of the scheme (4.34) on the domain Q =
[0,2L]x[—1,1]x]0, L] with L = 3.2 when the numerical solution is given by

u(2Lx,y, Lz) = 122 (y2 - e%) , (4.51)

where the diffusion tensor is constant and isotropic of magnitude A > 0: A = Ald. This solution
presents a boundary layer of length O(\) in the plan {x € 9| y = 1} when the magnitude
of diffusion goes to 0. Then, we examine the approximation of the solution u when A €
{1,1071,1072,107%}. Figure 4.5 illustrates the function (x,y) € [0,1]x[—1,1] — w(2Lz,y, L)
with respect to .

The advection field and the reaction coefficient are constant and are given by 8 = (0,1,0)"
and p = 0. Owing to Lemma 4.18, the discrete problem is well-posed for all mesh-size h > 0.
For this test case, we consider a mesh sequence that is refined in the y direction when y = +1,
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4.4. Numerical results

Figure 4.5 — Test case 4. From the left to the right, exact solution (z,y) € [0,1]x[-1,1]
w(2Lx,y, L) for A\ =1, A\=10"1 and A\ = 1072,

accordingly to the boundary layer (see Figure 4.6). The discrete relative error Ery(u) is

Figure 4.6 — Test case 4. Graded mesh of the domain Q = [0,2L]x[—1,1]x[0, L] refined for
y = +1.

represented on this mesh sequence with respect to A € {1,107!,1072,10~*} using the full
upwinding and the Sharfetter-Gummel upwinding approaches.

Ery(u) with Sharfetter-Gummel Ery(u) with full-upwinding
7\ T T T 11T T T TTITr T T TTITr ] 7\ T T T 11T T T T T TTTT T T T T TTTT
.- | g
107! 1071
1072 1072
10_3’\ | Lol Lol | 10_3?\ Ll Lol Lol E
10* 10° 106 10 10° 106

#V #V
Figure 4.7 — Test case 4. Ery(u) using the Sharfetter-Gummel upwinding (on the left) and the

full-upwinding (on the right), for A\ =1 (—=-), A =10"! (-&#-), A\ =10"2 (-& )and A = 1074
(@)
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Accuracy. When A = 1, the diffusive and the advective effects are of the same order and
the numerical results depicted in the left panel of Figure 4.7 using the Sharfetter-Gummel
upwinding show that the discrete error Ery(u) decreases at order 2 as the mesh size goes to
0. On the right panel, we observe that the use of full-upwinding leads to an upper discrete
error (almost of a factor 10) and reduces the convergence rate to 1. When the magnitude A
reduces, the numerical results presented in the left panel are in agreement with our theoretical
results since we observe that the scheme converges at the order 1 instead of 0.5, even when
A = 10~%. Obviously, in the advection dominant regime, the choice between the Sharfetter-
Gummel upwinding or the full upwinding strategy is less important. We also observe that the
presence of the boundary layer directly impacts the accuracy of our scheme; reducing of one
order the diffusion tensor almost increases the discrete relative error of two orders on the finer
mesh.

Discrete min./max. principle. Finally, Table 5.4 collects the results on the discrete mini-
mum /maximum principle for this test case. We write Y if this principle is satisfied on all meshes
of the sequence. If not, we indicate how much this principle is not satisfied on the coarsest
mesh with respect to the exact solution.

A Full upwind Sharfetter-Gummel
Min Max Min Max
1 Y Y Y Y
107! Y Y Y Y
107210.003% < Y 0.05% < Y
1074 0.4% < Y 0.4% < Y

Table 4.3 — Test case 4. Discrete minimum/maximum principle with respect to A.

When the diffusion and the advection effects are approximately of the same order (i.e., A =
1 and A = 107!), the minimum/maximum principle is satisfied for both full-upwind and
Sharfetter-Gummel upwind strategies. However, when the diffusion effects diminish, we ob-
serve that the minimal bounds are not exactly satisfied, due to the presence of the boundary
layer (see Figure 4.5). Numerically, we observe that refining the mesh significantly diminishes
the violation of the minimal bound.
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Chapter 5

Improved vertex-based scheme for
scalar transport
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This chapter extends the vertex-based scheme presented in Chapter 3 to approximate the
continuous problem

B-Vu+pu=s aein (5.1a)
u=1up a.e.on 00 . (5.1b)

The main idea to devise our scheme consists of introducing, in addition to the vertex-based
degrees of freedom (dofs), one dof per mesh cell. These additional cell-based dofs are then
eliminated locally using a Schur complement technique (also called static condensation). This
step entails modest marginal costs since no matrix inversion is required. Indeed, we will see that
dofs attached to mesh cells are only coupled with vertex-based dofs while remaining uncoupled
from each other. At the end, the size of the final system matrix to invert is just the number of
mesh vertices, as the linear system resulting from the scheme presented in Chapter 3.

The first main ingredient in this chapter is the use of a polyhedral reconstruction map that
defines piece-wise linear polynomials from dofs attached to mesh vertices and mesh cells. This
map is defined from a simple simplicial partition of the mesh cells. The second important ingre-
dient is the stabilization technique. The crucial point is to devise a local stabilization term so
that it does not hamper the possibility to eliminate locally the cell-based dofs. We achieve this
point by adapting to our scheme the Continuous Interior Penalty (CIP) stabilization technique,
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first introduced by Burman & Hansbo (2004) and by Burman (2005). Compared to these refer-
ences, the major modification is that we only penalize the advective derivative across intra-cell
sub-faces resulting from the simplicial partition of the mesh cells. As observed in the different
context related to composite finite elements by Burman & Schieweck (2016), the CIP technique
with this type of modification still provides enough stabilization. Compared to the stability
analysis proposed in Chapter 3, the stability of the scheme is now inferred from on an inf-sup
argument instead of a coercivity argument when the Friedrichs tensor takes positive values.
Hence, similarly to dG methods (see Ern & Guermond (2006a)), we additionally control the
weighted advective derivative of the discrete solution.

To the best of our knowledge, there does not exist in the literature any vertex-based scheme
of order O(h%) on polyhedral meshes for the problem (5.1). In addition to the previously men-
tioned CIP method, many examples of stabilized P; Lagrange finite elements can be found
on matching simplicial meshes. Among various choices for the stabilization, we mention the
Streamline Diffusion method by Johnson et al. (1984), the Subgrid Viscosity method by Guer-
mond (1999, 2001), the Local Projection Stabilization method by Becker & Braack (2001) (see
also Braack et al. (2007); Matthies et al. (2007, 2008)).

Since we consider dofs attached to mesh vertices and mesh cells, an advantage of the present
scheme for the advection-reaction problem is that it can be combined with the recent Vertex
Approximate Gradient (VAG) schemes, introduced by Eymard et al. (2012a) for diffusion
problems in porous media and extended by Eymard et al. (2012b, 2014) for multiphase flows.
The following approach would then provide a higher-order alternative to the more usual finite-
volume treatment of advective terms based on standard upwinding.

This chapter is organized as follows. First, we present in Section 5.2 the approximation of
the pure advection-reaction problem (5.1). Then, we extend the scheme so as to approximate
the solution of the diffusion-advection-reaction problem in Section 5.3. Finally, we address
some implementation aspects and present numerical results on the three-dimensional test cases
already considered in Chapters 3 and 4.

The content of this chapter is an extended version of the paper "A vertez-based scheme on
polyhedral meshes for advection-reaction equations with sub-mesh stabilization", by P. Cantin,
J. Bonelle, E. Burman & A. Ern, to appear in Computers and Mathematics with Applications,
2016.

5.1 Discrete setting

This first section introduces and recalls some notation underlying the discrete setting. The
reader can refer to Chapter 7 for further insights.

5.1.1 Primal mesh and degrees of freedom

Let © denote an open, bounded, connected, polyhedral subset of R? and let M = {V,E, F, C}
be a polyhedral mesh of €2, composed of polyhedral cells ¢ € C, polygonal faces f € F, straight
edges e € E, and vertices v € V. Boundary faces are collected in the set F? = {f € F| f C 9Q}.
In this chapter, we consider families of polyhedral meshes satisfying the mesh assumptions
(C), (St) and (Sh) (see Chapter 3), namely, the mesh M defines a cellular complex, all mesh
entities are star-shaped with respect to their barycenter and there exists a simplicial sub-mesh
that is shape-regular in the usual sense of Ciarlet (1978). We denote xy, ®e, xf, and x. the
barycenters of v e V, e € E, f € F, and ¢ € C, respectively.

Our scheme is formulated using dofs attached to mesh vertices and mesh cells. These dofs
are collected in the finite-dimensional space P = VxC, where V collects scalar dofs attached
to mesh vertices and where C collects scalar dofs attached to mesh cells. For all w € P, wy,
denotes the entry attached to v € V and w, denotes the entry attached to ¢ € C. For all ¢ € C,
Pe = Ve xC. denotes the local dofs sub-space attached to the set Vex{c}.
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In this chapter, we only consider the reduction map Rp : W5P(Q) — P with sp > 3 acting
as follows:

Vv eV, Rp(w)y:=w(xy)and Vc e C, Rp(w).:=w(z:), Ywe W (Q). (5.2)

The local reduction map is denoted by Rp, : W*P(c) — P, and acts as the global reduction
map. The reduction map Rp generalizes the classical de Rham map Ry defined by (4.5a) to
the dof space P.

5.1.2 Edge-face-based partition

In addition to the primal mesh M, our scheme also considers a simplicial sub-mesh. For all
¢ € C, Cgp denotes the simplicial partition of ¢ composed of the simplices {cef ¢ } (e 5)err, With
EF. = {(e,f) € ExF| e C 0f}, such that

VGVe

Cof,c 1= int ( U Co{wv,we,wf,wc}) , V(e ) € EF, (5.3)

where we recall that int(w) denotes the interior of any set w C R3 and that CO{xy, T, Tf, T}
denotes the closed convex hull of the 4-uplet {xy, @, Tf, X}, which defines also a simplex (see
the left panel of Figure 5.1). Observe that #Cgp . = 2#E, since each mesh edge is shared by
two mesh faces. An important notion to devise our scheme is the use of intra-cell sub-faces,
defined as the sub-faces of the simplicial sub-mesh €y . that are contained in the cell c¢. This
sub-faces are collected in the set §gr . Which is defined as

gEF,C = {fvf,c = int(acef,c N ace/f,c) | feF., veVeande, = E:N Ev}
U {fe,c = int(atef’c N 8Cef/7c) | e € Eg, f,f/ eFeN FC}. (5.4)

As depicted in the right panel of Figure 5.1, we observe that this set collects two kind of sub-
faces: those that are shared by two simplices attached to one edge e € E., denoted by f. , and
those that are shared by two simplices connected by one vertex v € V¢ for all f € F., denoted

by fvf,c-

Figure 5.1 — Left panel: the sub-cell cef . € Crr attached to f € F. and e € E¢. Right panel:
two intra-cell sub-faces fe ¢ € Frr,c With e € Ec and fyf ¢ € Frr,c with f € Fe and v € Vy.

5.2 Advection-reaction problem

This section focuses on the approximation of the solution of the scalar advection-reaction
problem

B-Vu+pu=s ae.in (5.5a)
u=up a.e.on 0N, (5.5b)

69



Chp. 5. Improved vertex-based scheme for scalar transport

where we assume that s € L?(Q) and up € H'*¢(9Q) with € > 0. We assume as before that the
advective field 8 : Q — R? is Lipschitz-continuous and that the reaction coefficient p: @ — R
is bounded in Q. Denoting o, : €2 — R the Friedrichs tensor defined by

1
Uﬁ,,u Sl §VB, (56)
we assume that the following positivity assumption holds:

(H) ess info 05, > 0. We define the reference time 7 = (ess infg 05#)_1

Owing to Theorem (2.7), the continuous problem (5.5) is well-posed.

5.2.1 Discrete problem and piece-wise affine reconstruction

The discrete problem approximating (5.5) hinges on the bilinear map Aﬁ 0 PxP — R
defined as
(Vs W) = ZAﬁMCVW—i—ZA})ﬁa )efvw), Yv,w € P. (5.7)
ceC fero
The first term on the right hand-side approximates (5.5a) on every mesh cell and the second
term weakly enforces the boundary condition on every boundary face f € F? lying in the sub-set
o0~ C 0.

Bilinear forms and reconstruction map. Let ¢ € C. The local bilinear form /-\ﬂ i
PexPe. — R is composed of two bilinear forms, also defined on P, xP.:
A e (VW) = g e (v, W) +sg.c(v,w),  Vv,w e P, (5.8)

where v € (7, 1] is stabilization parameter with 4, > 0. The first map gg .. is devised as the
Galerkin approximation of (5.5a) using the reconstruction map Lp, : Pe — Py (€ c; R) NC(c)
as follows:

88, ;¢ = /B VL'pc ) |_'pC + /,u |_'pC L’pc( ), Yv,w € P.. (59)
The reconstruction map Lp,_ is defined as
Ve €c, Lp.(w Z Wyly o(x) + wele(x), VYw e P, (5.10)
vEV,

where the local shape functions ((¢yc)vev.,fc) are obtained by combining the usual Courant

)

(or P;-Lagrange) basis functions ((6y)vev., (6f)ter., 0c) associated with the simplicial partition
Curc = {Cef c e, ccr; defined by (5.3). We define

v e Vg, v,c Z ’f ne

9f, and £. := 0., (5.11)
ier, |

where we recall that ¢(v) denotes the dual mesh cell attached to v € V.

The local stabilization bilinear form sg.. penalizes jumps of the advective derivative of the
reconstruction map Lp, across the internal sub-faces of ¢ induced by the sub-mesh Cgr .. We
define

spre(v,w) = RZ|B[H Y /(ﬂc'[[VLPC(V)]])(ﬁC'[[VLPC(W)]]), W, w e P, (5.12)
fESEF;C

with B, = B(z.).
Finally, the boundary condition (5.5b) is weakly enforced by means of the local bilinear
maps A7()’a CrE : P. — P on every boundary face f € F?, where ¢ = c¢(f) denotes the unique

cell contalnlng the boundary face f € F?. The map A( n)S:f is defined by

A o a(vsw) = [(Bm)° Lp, () Lp, (W), Woow € P. (513
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Remark 5.1 (Hodge operator). Extending the CDO framework proposed in Section 3.1.3, one
may equip the dof space P. with the discrete inner product

<<v,w>>7)c = VeWe + Z VyWy, WYv,w € P, (5.14)
vEVe

so that the rightmost term of (5.9) can be represented as (H}..(v),w) , , where the entries of
HZ;C : Pe — P. are such that

’ P _ P _ (Y~ _
Vv € Ve, (Hmc)w/ - / f el e, (HMC>V’C _ (HMC)CN - / fby oo, (5.15)
and (HY.)ee = [ plele. Moreover, using the stability of Lp, from Proposition 5.4, this op-
erator defines a Hodge operator if u > 0 a.e.in c. Similarly, the map (5.13) can be rep-

P,0

resented as a boundary Hodge operator Hig o+ Pe — Pc defined as <<H7()b8-n)6;f v,w>>7)c =
J;(Bm)® Lp, (v)Lp, (w) for all v,w € P, with ¢ = c(f).

Discrete problem. The scheme approximating (5.5) reads:
Findu e P st. Al (u,v) =8(s,up;v), WeP, (5.16)
with the right-hand side linear form S(s,up;-) : P — R defined as

§(s, up; V) = Z/SLPC(V) + 3 /(B-n)@uD Lp, (V). (5.17)
ceCc”’¢ feFo £
Alternative definitions of the source term resulting from the use of quadratures are discussed
in Section 5.4.1.

Example 5.2 (Simplicial mesh). Let us briefly discuss our scheme in the case of a simplicial
primal mesh where each mesh cell ¢ is a tetrahedron, see Figure 5.2. In our scheme, the
tetrahedron c is then subdivided into 12 sub-tetrahedra composing the set Cxp, and there are
6 internal sub-faces in the set §ur . where the jump of the advective derivative is penalized;
instead, this jump is not penalized on the four faces of c. Obviously, standard stabilized finite
element methods can be used on simplicial meshes as well. However, the present scheme leads
to a smaller stencil and add less stabilization.

Ty,

Figure 5.2 — Simplicial partition €gr . on a tetrahedron c.

Remark 5.3 (Vertex-based scheme of order O(h%) in the spirit of dG methods). In order to de-
vise a vertez-based scheme of order %, one may consider other reconstruction maps considering
directly degrees of freedom in V. so as to avoid the static condensation of the additional cell-
based unknowns. For example, it is possible to consider the reconstruction map Ly, : Ve — P1(c)

defined as

Ve cc, Ly (w)(x)= Z

veV,

e(v

)Nl 1
et (@) (M/CLgC(GRAD(w))>, Yw € Ve, (5.18)
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where Lg, : & — Po(Cr ) is the DGA reconstruction map considered in Section 4.2 and GRAD is
the discrete gradient operator defined by (3.5a). One can prove that the interpolation map Ly, o
Ry. exactly preserves piece-wise affine polynomials in P1(C). However, since this reconstruction
map jumps across mesh faces f € F, it is necessary to add a consistency and a penalty term
attached to these faces (in the spirit of dG schemes) so as to preserve the stability of the bilinear
form. Compared to our scheme (5.16), the final system matriz will have more entries since
one vertex belonging to a given cell will be connected to all the vertices belonging to the cells
touching this cell. In other words, the matriz line associated with the vertex v € V in the final
system will contain at the most

#{v e V]|IceCy and I € Cyr s.t. dcnNoc € F}, (5.19)

i.e., 125 entries for a hexahedral mesh. Here, owing to the additional cell-based unknowns, we
significantly contain the stencil (see Section 5.4.1), e.g., 27 entries for a hexahedral mesh.

5.2.2 Analysis

This section analyzes the discrete problem (5.16). For all ¢ € C, the discrete 2-norm on the
local dof space P, is defined as

Iwli3, 2 = Bilwel* + R3S jwel?,  Yw e P, (5.20)
vEVe

and we denote [|w]|% 5 = > ccllwllp, o for all w € P the discrete 2-norm on P.

Stability.  The coercivity of the bilinear form (5.7) is established using the following discrete
norm defined on P:

Iwll® o = D> _Iwlip, o with [wlp, o =7 Wk, 2 wspe(w,w)+ > AT (w,w), (5.21)
ceC feEFONF,

for all w € P, where the reference time 7 is defined by assumption (#), sg;c by (5.12) and where

A7|)ﬂ8 it is defined by (5.13), replacing (8-n)® by |3-n|. An important property to analyze the

stability of the bilinear map AZ, . is the stability of the reconstruction maps Lp, for all c € C.
Proposition 5.4 (Stability). There exist C,, C;, > 0 such that

VeeC, Glvlp.2 < Itp.(Mliz) < GlvIpe2, W e Pe (5.22)
Proof. See the proof of Proposition 7.35. O
Proposition 5.5 (Coercivity). Assume that (H) holds. Then,

min(1, ¢?)

A%’#(v,v) > 5

VI, YveP.

As a consequence, the problem (5.16) is well-posed.

Proof. Let ¢ € C and let v € P.. Applying the Leibniz rule to integrate by parts the advective
derivative in (5.9) and recalling that Lp_(v) is a continuous function in ¢, we infer that

1
Gaevar) = [ 08,ulp (0 +935c(v) + 5 [ V-(BLR(W)).

with og, = pu — %Vﬂ Then, summing this relation for all ¢ € C yields

5 W eev) = X ([ opulp 0 +550000) ) + 5 T [ V(LW

ceC ceC M€ ceC ¢
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Let f € F° and let ¢,¢’ € Ct the two cells sharing f. Observing that Lp, (V) = Lp, (v)) since
these two functions are uniquely determined by the dofs of v attached to the mesh vertices
v € V¢, we infer that

/ﬁ g Lp, (v /ﬁ ngolp, (v)?, (5.23)

with n¢ . the normal vector attached to f pointing outward c. Hence, applying the divergence
theorem yields

5 el = X ([ aaaln P+ 35cv) ) + 3 3 [(Bm)Lp, 02

ceC ceC feFf’

so that the expected result follows by adding the term ) ;cpo A?gn)e ¢(v,v) with (8-n)® =

$(|8'n| — B-n) and using the stability of Lp, from Lemma 5.4 along with assumption (H) and
V=% > 0 O

The coercivity norm (5.21) is not strong enough to establish an a priori error estimate of

order % To this purpose, the following stronger norm, also called inf-sup stability norm, is

introduced:

Wl za = Wl + > helBel ™ 1Be-VLp (W) |72y, VW € P. (5.24)
ceC

To avoid the proliferation of constants in the analysis, we assume that there exists Cp, > 0
independent of the mesh size and the physical parameters, such that

max (mﬁ, i< sy, 7" max (hC],BC]_l)) <., (5.25)

where we denote as before Lg the Lipschitz constant of 3, satisfying |8 — B[ () < Lghc and
IV-Broo(e) < Lg for all c € C.

Lemma 5.6 (Inf-sup stability). Assume that (H) and (5.25) hold. Then, there exists o > 0
such that

sup A (v, w) > W e P. (5.26)

weP; [|wllp ga=1

The proof of Lemma 5.6 hinges on the following inequalities.

Proposition 5.7 (Face inequalities). Let ¢ € C and let w € P.. Then, there exist Cy, > 0,
Cr > 0 and Cy > 0 such that

IVLp, (W)l 20y < Gohe tILp. (W)l L2(c), (5.27a)
_1
i€ Buer 18VLn(liag < Gih1Be VLn (Wliaco (5.27h)
1
|8 VLp.(w) ~ Z BeVLp (W) , < Cuché Y 1B Vip W)]lizg)- (5:27¢)
# BFC ceCpr,c L) feSEF,C

Proof. These inequalities are proved in Chapter 7. In essence, the first inequality (5.27a) is the
classical inverse inequality, the second one (5.27b) is a discrete trace inequality and the last
one (5.27c) is the error estimate of the Oswald interpolation map. O

Proof of Lemma 5.6. Let v € P and let S := supyep, ju||p ;,=1 A, (v, w). Owing to the Propo-
sition 5.5, we first have

V% 2 S A% (v, v) < SVllpa. (5.28)

73
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Hence, it only remains to control the advective derivative of |- | 4a. To do so, recall that Lp, (v)
is a continuous piece-wise affine function on the partition €ur . of c and define the discrete test
function w € P defined by w;, = 0 for all v € V and by

1

We 1= hC|BC|‘1#¢EF

> BeVlp(v), VeeC, (5.29)

CEQEF’C

First, let us prove that ||w|ps < |V|lpta. Owing to the definition (5.20) of ||-||p.,2, we
observe that [|w]|%, 5 = hiwZ. Then, it follows that h.'|B.[lwll%, o = hZ|B.|wE, leading to

1

he HBellwll?, 2 < hé‘lﬂcl_l#6
EF,C

Y 1B Vip (V)%

CEQ:EF’C

owing to the Jensen inequality. Then, since B.-VLp_(v) is piece-wise constant on all ¢ € Cyp ¢
and owing to mesh regularity, we finally infer that

he 1Bellwll, 2 S helBel ™ 1B VLp. (W22 - (5.30)

In parallel, observe that for all f € F?, the boundary contribution of the norm ||w||p 4, vanishes,
i.e., ADG(w,w) = 0, since Lp, (w) vanishes at the boundary of all mesh cells ¢ € C since wy = 0
for all v € V. Hence, owing to the definition (5.24) of the inf-sup norm, we have

”|W|||2P,jja E : 7 1”|W|||2PC,2 hc|ﬂc| 1”ﬁc‘ y LPc(W) ”21 2(c )bSﬁQC(W’W) )
(c)
ceC

and denote by 17, T» and T3 the above three local contributions. First, using the inequal-
ity (5.30) and observing that 7= 1h¢|B.|™' < Cp., owing to (5.25), we observe that

Ty =77 Wi, 2 < Crahc BelIwlp, 2 S Crahel Bel ™M 1B VLp, (V)72 (). (5.31)

Turning to 75, we use the inverse inequality (5.27a) and the upper bound from Proposition 7.35,
to infer that

Ty = helBe| 7 BeVLp (W22 (o) < GG 1B Wl 2,
so that combined with the bound (5.31) on ||w||p, 2, this leads to
hel Bl B VLp (W) 720 S CpaClyCrhe |Bel ™ Be-VLp (V)72 (0)- (5.32)

Consider the last term T3. The definition (5.12) of sg.. along with the trace inequality (5.27b)
yields
Sgic (W, w) < Che| Be| B VL (W) 72 (-
Hence, using the bound (5.32) on T3 and recalling that v, < 1 yield
")/bsﬁ;C(W? W) ,S CP,aC%'CI?WCthC ’Bc’_l ”Bc'vLPc (V) H%Q(C) : (533)

As a first result, collecting (5.31), (5.32) and (5.33) yields

W% 52 < D helBel 1B VLp. D720y S VP o
ceC

Now, let us prove that A% (v,w) 2 H]v|||%jja First, observing that there is Cy > 0 such that

Colo]32 () < [ 0.¢? for any piece-wise affine function ¢ in ¢ with 6. the Courant basis function
attached to c, we observe that

Cohel Be| ™M Be VLp (V) 72e) < hel Bel ™ /(ﬂc-VLPC(V))(9CBC-VL7>C(V))~
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5.2. Advection-reaction problem

Next, we rewrite the right-hand side as [,(8.-VLp, (v))fcwe + Ac with w, defined by (5.29) and
with the perturbation term

Ac = el [ (BLp ()6 (BeVLp.(v) = K Belwe).

Observing now that Lp, (w) = wcf, (recalling that w, = 0 for all v € V), we finally obtain

CohelBo| 1B Lr W) < [ (BeVLn.(v)Ln (w) + A
C
Next, the perturbation term is bounded using the Cauchy—Schwarz inequality with 6. < 1 as

A2 < (helBel 1B VLp W) 320)) (el Bel T 1BeVLp.(v) = h|BelwelFa(e)) -

Recalling now the definition (5.29) of the discrete test function w € P corresponding to the
point-wise reduction of the discrete Oswald interpolation of B, -VLp,(v), we use the interpola-
tion error estimate (5.27c) to infer that

N

18] < (hel Bl 1B VLA () [2(0)) * (Cuespie(v:v))?

so that applying Young’s inequality leads to

1 _ 1

SCohelBl 1B VLR Wl < [(BTLr LR, (W) + 205 Cuusie(v,v).
C

Next, recalling the definition (5.8) of A  .(v,w), we rewrite the first right-hand side term of

this above bound as
/(IBC'VLPC (V))L'Pc (W) = A%,M;C(V7W) - AZ:)

where

A= [ ilp(Lp(w)+ [((B =B TLaW)Lp.(w) +75ac(v,w).

Then, owing to the inverse inequality from Proposition (7.26) and the upper bound of the
stability of Lp, from Proposition 7.35 together with the Cauchy—Schwarz inequality, we bound
the perturbation term A/ as

M\H

_ 1
AL < Sl oo (o) IV 2 MWl e 2+ Coe CE R M B—Bel e (o) IVIlpe 2 Wl P 24+75p: (v, v) 2 5pic (W, w) 2,
so that owing to the Lipschitz regularity of 8, and assumption (5.25), it follows that
A S Crallvllpallwlp..a-

As aresult, Toee [AL S Coalvlpalwllp s S Coalvlpalvlip sa since [wllpa < Crvllp s owing
to the first step of the proof. Finally, collecting the above bounds yields

th‘ﬂcrl”ﬂc-Vch ”L2 (c) ~ < ZABHC v, W +C7273||
ceC ceC

Recalling from the definition of w that

Y AG e (vow) = A% (v,w) < Slwllpga S SCpLIVIIP sa;
ceC

we end up with Vi35, S SCrlVipge + G2 Ivlpalvhpse: o that VI3, S SCr.lVlpsa +
c2, H|v|||%a owing to Young’s inequality and then

IVl s < (Cra +C3.)8,

using the first estimate (5.28). The proof is completed. O
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Remark 5.8 (Analysis under assumption (H')). Proving the inf-sup condition as stated in
Lemma 5.6 but under assumption (') (that is, if ess infq og, = 0) is still open for our
scheme. This assumption is barely addressed in the literature in the context of CIP methods
(see e.g., Burman (2014)), while in the context of dG methods, this assumption can be eas-
ily handled using the classical orthogonal subscales argument (see (Ern & Guermond, 2006a,
Lemma 4.3) and Ayuso & Marini (2009)).

Consistency and a priori error estimate. We measure the consistency error of the dis-
crete problem (5.16) with the reduction map Rp, : W*P(c) — P, with sp > 3 defined by (5.2).
Instead of introducing commutators as in Sections 3.2.2 and 4.2.2, the following Lemma 5.9
directly bounds the global consistency error

Ep(u) = sup ‘AZ# (Rp(u),v) — S(s, uD;v)‘ . (5.34)
vEP;[Ivlip sa=1

Lemma 5.9 (Bound on the consistency error). Let u the exact solution of (5.5) and assume
that it satisfies u € H?(C). Assume that (5.25) holds. Then,

N|=

Ep(u) S (Z (18l + Lg) B |u = o (w) e + [Belhe (lu = I, (w) s o + 12 |u|§p<c>)> ,

ceC
with the interpolation map lp, = Lp, o Rp, : H*(c) — P1(€Cgp ) NCO(c) with s > %

Proof. Let us set y|. = u|. — lp.(u) for all ¢ € C. Recalling the properties of the exact solution,
the definition (5.17) of the linear form (s, up;-) and owing to the definition (5.7) of Ay, w
infer that

S(s,up;v) — A%, (Rp(u),v) =T + Tz + T3,

where we have defined

T =3 - / (B Vip,(v) + (B — B)Vip. (v) — (1 — V-B) Lp.(v),

C

ceC

CEDTAREDY /(ﬂc-[[wwc-[[wc(v>ﬂ>,
ceC fESEF;C

7y = Lpp (¥)

3¢ fEZF:a/ Py Pes)

Indeed, using the identity
> [BVinm =X = [4(BVLn @) + (VAL W) + 3 [(Bn)ulp ).
ceC ceC fer?

we obtain 77, while [[Vu]]‘f = 0 for all § € Fpr;,c owing to the regularity of the exact solution,
yields the second term T5. Finally, since up = ujpn, we obtain the third term. Next, applying
the Cauchy—Schwarz inequality along with the inverse inequality (5.27a) and the Lipschitz
regularity of B lead to

TP < (Z (1Bel + Lo + I = VBl (ey7) uynig@> Wl

ceC

so that using (5.25), we obtain

ceC

SRS (Z (18| +Cﬁthﬂ)hc1Hy”%2(c)) VI ..
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5.2. Advection-reaction problem

To bound the second term, we use the multiplicative trace inequality from Lemma 7.25 (with
f € Ser,c) leading to

T2 < (Z > h?!ﬁc!_lﬂﬁc'[[w]]H%z(f)) VI 42

ceC feSEr;c
< (Z hel Bel Y] (o) (|y|H1(c) + he |u’H2(c))) VI s
ceC

Finally, still owing to this trace inequality (this time with f =f € F?), we infer that

T < (Z helBel 1911y (19111 0) + e ru|H2(c))) VI o
ferd

with the corresponding mesh cell ¢ = c(f). The expected result is then obtained collecting
these bounds. O

Theorem 5.10 (A priori error estimate). Let u be the unique solution of (5.5) and let u € P
be the unique solution of (5.16). Assume that assumptions (H) and (5.25) hold, and that
u € H?(C). Then,

2
lu = Rp(w)lpsa S (Z (18l + heLg) ¢ Iuléw) ‘

ceC

This theorem extends to polyhedral meshes the convergence rate of order % observed on
simplicial meshes using the stabilized Pi-Lagrange finite element method. One also retrieves
the classical a priori estimates obtained with the dG method of order k£ = 1.

Proof. The proof of Theorem 5.10 is a direct consequence of the proposition below. O
Proposition 5.11 (Interpolation error). There exists Cy, > 0 such that

veeC, fu—Ip()lL2(e) + he v = Ip.(v)l () € Cueh 0]y, Yo € HP(c).  (5.35)
Proof. See the proof of Proposition 7.37. O

Proceeding as the proof of Lemma 6.9, this result can be generalized to achieve an a priori
error estimate for solutions that do not belong to H?(C) .

Theorem 5.12 (A priori error estimate for rough solutions.). Let u be the unique solution
of (5.5) and letu € P be the unique solution of (5.16). Assume that assumptions (H) and (5.25)

hold, and that v € W2P(C) with p € (%, 2}. Then,

» PP B g
> (18l +héLf ) no- \uvam,p(c)) .

ceC

lu = Rp()llpsa < (

Remark 5.13 (Regularity). Note that the restriction p > % comes from the regularity of

the domain of the reduction map Rp, evaluating point-wise the exact solution. Considering
instead a reduction map evaluating the mean value of the exact solution (similarly to ﬁVC), it 1s
reasonable to think that Theorem 5.10 can be extended so as to infer an a priori error estimate
if the exact solution satisfies u € W*P(C) for all p € (1,2].
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5.3 Diffusion-advection-reaction problem

This section extends the scheme (5.16) devised for the advection-reaction problem so as to
approximate the solution of the following diffusion-advection-reaction problem:

—V-(AVu) +B-Vu+pu=s ae.in Q, (5.36a)
u=up a.e.on 0€, (5.36b)

with s € L%(Q), up € H'*¢(09Q) with € > 0 and where the diffusion tensor A : Q — R3*3 is
assumed to take symmetric and positive values. We recall that As,. and A,.. denote the minimal
and the maximal eigenvalue of A in c, respectively. The coefficient p and B satisfy the same
assumption as in Section 5.2. In particular, the Friedrichs tensor og , satisfies the assumption
(H), ie.,essinfq og, > 0. In what follows, proofs are omitted since they straightforwardly
follow from those of Chapter 4 and of Section 5.2.

5.3.1 Discrete problem

Proceeding similarly to Section 4.2, we first introduce the diffusion related bilinear form
A% : PxP — R which is composed of two terms:

AR (v,w) = ZA)‘CVW —{—ZA v,w), Yv,weP. (5.37)
ceC feFo

The first right-hand side term results from the Galerkin approximation of the diffusive-related
term in (5.36a) using the reconstruction maps Lp,:

VeeC,  ARo(v,w) /VLPC AVl (W), Yv,w € Pe. (5.38)

The boundary condition (5.36b) is weakly enforced using the local bilinear form AyS : P — P
(with ¢ = ¢(f)) defined as

W EF, M(v,w) = /VLpC )-An Lp, (w) /ch YLp, (W), W, w € P, (5.39)

with vy > 0 the Nitsche penalty term to be chosen large enough to guarantee the well-posedness
of the discrete problem (see Proposition 5.14).

Approximation of (5.36). The approximation of the continuous problem (5.36) hinges on
the bilinear form

A = AR +AT (5.40)

where A% is the advection-reaction related bilinear form defined by (5.7). The discrete prob-
lem then reads:

Findue P st. A5 ,(u,v) =S(s,up;v), WeP, (5.41)

where the source term $(s,up;-) : P — R is defined, for all v € P, as

( /UD ch(f) (V) + /f(ﬂ'n,)euD ch(f) (V)) . (542)
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ceC feFo
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5.3.2 Analysis

The dofs space P is equipped with the diffusive-related discrete norm defined as

IWlip.a == M VL, (W)[72 () + Z H Py WZ2(r), YW EP, (5.43)
ceC feFo C
and, for all w € P, we denote [w|% 4, = |||wm%GI + |||wm%a The following lemma establishes

the coercivity of the bilinear form (5.37).

Lemma 5.14 (Coercivity of A% 5 ). Assume that (1) holds and that vy is large enough. Then,

L.
A5 ,u(vov) = S min(L, G g W EP.

This stability result is extended in order to additionally control the advective derivative of
the discrete solution. We define the inf-sup stability norm as follows:

1wl taa = WP ga + D helBel ™" 1Be-VLip (W)|Z2(), YW € P. (5.44)
ceC

Lemma 5.15 (Inf-sup stability). Assume that (H) and (5.25) hold, and that vy is large enough.
Then, there exists o > 0 such that

sup A% 5, (v,w) > olVlipsda, WV EP. (5.45)
WEP; [[wllp gaa=1

Theorem 5.16. Let u be the unique solution of (5.36) and let u € P be the unique solution
of (5.41). Assume that (H) and (5.25) hold, and that u € H?($)). Then,

3
Ju— Rp () g < (2 (RelBl + H2Lg + pedgc) 2 |u|§p<c>) ,
ceC
with p. the anisotropy ratio of A defined as pc = Agc/Npic.

5.4 Numerical results

In this section, we investigate some implementation aspects for the discrete problems (5.16)
and (5.41). Numerical results for the test cases 1, 2 and 3 described in Chapters 3 and 4 are
considered so as to be compared with the previous results.

5.4.1 Implementation aspects

Elimination of cell-based unknowns. The algebraic realization of the discrete prob-
lems (5.16) and (5.41) is the linear system A”u = $ with u = (uy,u;) € P,

AP AP S
AP = [ Swv Bve)ang o= (2], 5.46
(szv A) (S) (5.46)

where 8, € X' is the restriction of $(s,up;-) to X and A%, : ¥ — X the restriction of A” to
X,Y for X, € {V,C}. Observing that A7, is diagonal since cell-based dofs are not coupled
to each other, one can easily compute its Schur complement so as to express uc in terms of
u, and obtain a linear system in terms of u, only. This operation, which is often called static
condensation in the finite element context, leads to the equivalent formulation A”u = $ where

AP, — AP (AR,)"1AP 0Oc $, — AT (A%,)"1S,
G 2% ve\Hee cv _ P
A= ( (AZC)_lAZV Idce and 8 = (AP )~ 1$c . (5.47)
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Chp. 5. Improved vertex-based scheme for scalar transport

In order to compare the stencils associated with the two blocks A%, and A, = A7,
A7 (AZ,)"1AZ | we introduce the following sub-sets of V:

VWeV, Sty(v)={v eV|AL, #0} and St,(v)={v e V| AL, #0}.

One can verify that St (v) = {v' € V| C, N Cy # 0}, yielding

WeV, #8t,(v)= > > 4 (C. mc O L) (5.48)

ceCy v EV,

In addition, we observe that
Sty(v) =st,(v)N{v' e V| W' €V, FyNFy # 0 and Fyr NFy # 0},
so that Sty (v) C St (v). The converse inclusion holds in the following situation.

Proposition 5.17 (Vertex stencil). Let v € V and assume that for all c € Cy, all the vertices
in V. are connected to v by a mazimum of two faces of c, i.e.,it is possible to find two faces
f,f" € Fe having in common at least one vertex such that v C Of and v/ C 0f’. Then, Sty(v) =
Sty(v).

Proof. Let v/ € St (v). Reformulating the definition of St (v) as {v' € V| 3¢ € Cy, v/ € V},
it follows, using the assumption of the proposition, that there exist f,f’ € F. having in common
at least one vertex and such that v C df and v/ C 9f’. Denoting v/ € 9f N 9t this common
vertex, it follows that {v,v”} C of and {v/,v"} C 9f’, so that Fy, NFy» # 0 and Fy NFyr # 0.
Hence, we infer that v/ € Sty (v). O

The assumption of Proposition 5.17 is often met in practice, as long as the mesh cells do not
have too many vertices. An example of a cell that does not satisfy this assumption is shown in
Figure 5.3. In this case, we stress that the static condensation is still possible, but it slightly
increases the original stencil of the block matrix A7,

S, I
,

;

,

Figure 5.3 — Example of cell ( cf. CB sequences) which does not satisfy assumption of Proposi-
tion 5.17: v and v’ are connected by at least 3 faces.

Computation of the source term. Quadrature rules may be used in the computation of
the source terms (5.17) and (5.42) and the system matrix (5.7). Practically, the source term
S related to the advection-reaction problem (5.16) (and similarly for the problem (5.41)) is
approximated as follows:

wWeP, $h(supiv)i=3 [l (s)Lp(v) + 3 / Vo (@) Lp.(v), (549

ceC ¢ feFo
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where |lp, = Lp o Rp is the interpolation map defined in Lemma 5.9 and where up, is a lifting
of up inside ) such that upy = upye for all f € F?. Note that |7>C<f> (7],5)|f is independent of
the choice of the lifting u, inside . The source term $" has the advantage of being exactly
computed using a second-order quadrature as soon as the boundary mesh is compatible with
the normal component of 8 in the following sense:

Definition 5.18 (Compatible boundary mesh). The boundary mesh M is compatible with the
normal component of B if, for all f € F?, the sign of (B-n) is constant on f.

However, the approximate source term $" introduces an additional consistency error, lead-
ing to the following additional term in the error bound inferred in Lemma 5.9:

sup (S — 8™ (s, up;V)|.
veP;lvilp,1a=1

Then, the error estimate from Theorem 5.10 still holds with the following proposition.

Proposition 5.19. Assume that the boundary mesh M is compatible in the sense of Defini-
tion 5.18. Assume that s € H?(C) and that up € H3/?(F?). Then,

2

sup (8 — Sh)(S,UD;VN S Z Thf:l |S|§{2(c) + Z ||ﬂHL°°(f)h§(f) |uD|§{3/2(f)
VEP;|Iv]p, ja=1 ceC feFoNaN-—

Remark 5.20 (Approximation of the source term). Note that it is possible to treat indepen-
dently the two right-most terms in (5.49), with corresponding modifications in the estimate of
Proposition 5.19.

Implementation of the stabilizing term. Numerically, we observe that the scheme (5.16)
is sensitive to the choice of the user-dependent parameter «. To reduce this dependency and
to avoid numerical divisions by zero if the absolute value of the advective field reduces to 0 at
some mesh cell coordinates, we numerically consider instead of definition (5.12) the following
expression:

here

VeeC, spolvw) = 12 X Sm(ﬁc Wl (G tnl),  G50)

Bl 8|

for all v,w € P., where h. and r. denotes the diameter of the circumscribed and inscribed ball
in c, respectively, and where we have defined hp,. = max;cr, by and rp,. = mingep, rr. Owing

to mesh regularity, we have hhci’"c = O(1) as numerically checked for all mesh sequences H,

hF;C TFic

Fic TF;c
PrT, PrG and CB (whose definition is recalled below), so that the stabilization is less dependent

on the shape of the mesh cells.

5.4.2 Computational settings

Hereafter, we compare the numerical results obtained for the test case 1, 2 and 3 presented
in Chapters 3 and 4 with the numerical solution of the two discrete problems (5.16) and (5.41).
We recall that the computational domain corresponds to Q = [0, 1]* and that we consider the
four mesh sequences denoted by H, PrT, PrG and CB (see Figure 5.4). Following the analysis
performed in Section 5.2.2 and 5.3.2, we study the convergence of our schemes by computing
the following relative discrete L?-norm on V

2

Svev 6] (us — Ro(u)y)”

Ery(u) := ZVGV \(NE(V)’RV(U)‘ZV )

(5.51)
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Figure 5.4 — The four mesh sequences H, PrT, PrG and CB, respectively.

where u is the exact solution and u the discrete solution. We always statically condensate cell-
based unknowns, even when the Proposition 5.17 is not satisfied (for the CB mesh sequence),
since it significantly reduces the size of the final system. We also recall the definition of the
computational cost Co = nnzXxnje used to measure the computational efficiency of the scheme,
where nnz is the total number of non-zeroes in the final system matrix and where nje is the
number of iterations needed to bring the relative residual below 107!, using a bi-Conjugate
gradient method preconditioned with an incomplete LU factorization.

5.4.3 Test case 1. Rotating advective field

This section presents the numerical results obtained with the advection-reaction scheme (5.16)
for the three-dimensional test case considered in Section 3.3.2, where the exact solution u and
the advective field 8 are defined as

u(zr,y, z) = sin(nz) sin(27y) sin(rz) and B = (y —1/2,1/2 —x,z+1)". (5.52)

Even if the analysis has only been performed under assumption () where we assume that the
Friedrichs tensor satisfies ess infg 0g,, > 0 (see Remark 5.8), numerical results are presented
when the reaction coefficient is given by p € {5,0.5}, yielding 03, = % and og, = 0, respec-
tively. The discrete relative error Ery(u) with respect to #V is represented on Figures 5.5
and 5.6 for the two schemes (3.21) and (5.16), when p = 5 and g = 0.5. The legend is collected
in Table 5.1.

Ery(u) on H and CB. Ery(u) on PrT and PrG.
[T T T T T T T T T T LI LI .|
- - Ae_ ~w.
T eal ”‘”*"L';"_':-_-----..O:?

10~ | 4 1071 e A B E

: ] : 1
1072 ¢ 4 107 E
1077 1 1070 ]

:\HH\ Lo il Lo il Lol L \\\: :\\ Lol Lol ]

102 10 10* 10° 10° 10 10°

#V #V

Figure 5.5 — Test case 1. Numerical results for the discrete problems (3.21) and (5.16) with
©w=>5.
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Ery(u) on H and CB. Ery(u) on PrT and PrG.
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Figure 5.6 — Test case 1. Numerical results for the discrete problems (3.21) and (5.16) with
©=0.5.

Scheme (3.21) Scheme (5.16)
H PrT PrG CB H PrT PrG CB
SEF- - R e e

Table 5.1 — Test case 1. Legend of Figures 5.5 and 5.6.

Accuracy. The numerical results represented in Figures 5.5 and 5.6 show that the discrete
error Ery(u) obtained for the two schemes (3.21) and (5.16) converges for all mesh sequences.
For the discrete problem (3.21), one retrieves the conclusions of Section 3.3.2, stating that the
convergence rates are closer to 1 than to % Regarding now the error obtained with the discrete
problem (5.16), a super-convergence behavior is also observed since the convergence rates are
closer to 2 than to % This behavior is not surprising since they are also observed on simpli-
cial meshes using the P; Lagrange finite element method stabilized with the CIP approach;
see Burman (2005). Comparing now the accuracy of the two schemes (5.16) and (3.21), we
observe that for all mesh sequences, the gain is almost of two orders on the finest meshes when
using the scheme (5.16). In terms of accuracy, the hierarchy is then H>PrT>PrG>CB. Since all
these observations hold in both cases = 5 and u = 0.5, these results are encouraging for the
validity of the inf-sup Lemma 5.6 under assumption (H’).

Efficiency. In the left panel of Figure 5.7, we compare the computational efficiency of the
two schemes (5.16) and (3.21) by plotting Ery(u) with respect to the the computational cost
Co. Not surprisingly, the scheme (5.16) is more efficient than the scheme (3.21). For a fixed
computational cost, the scheme (5.16) reduces the discrete relative error by more than one order
on the all the finest meshes. We also observe that the total number of non-zeroes nnz for these
two methods is identical, so that this figure indicates that (5.16) is slightly more expensive,
since we need more iterations. This observation says in particular that the matrix realization
of (3.21) is better conditioned than that of (5.16). The hierarchy in terms of efficiency is the
same for the two schemes: H>PrT>PrG>CB. In the right panel of Figure 5.7, we compare the
size of the final system matrix for dG methods of order £k = 1, where 4 dofs per mesh cells are
considered, with the scheme (5.16), that considers only 1 dof per mesh vertices. Clearly, for
all mesh sequences, the ratio 4#C/#V is greater than 1 indicating that the dofs positioning in
the scheme (5.16) is more competitive regarding the size of the final system. The advantage is
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Computational efficiency

[T

107!

10~2

1073

10%

Figure 5.7 — Test case 1. Left panel: Computational efficiency of the two schemes (5.16)
and (3.21). Right Panel: Comparison with dG methods of order k& = 1 regarding the total
number of dofs.

in particular substantial for the PrT mesh sequence, containing the lowest number of vertices

10°

per mesh cell.

Discrete min./max. principle.

106

107

Co

108

the magnitude of the exact solution.

Table 5.2 — Discrete minimum and maximum principle for the scheme (5.16) with p = 5.

Table 5.3 — Discrete minimum and maximum principle for the scheme (5.16) with p = 0.5.

10°

Dofs comparison

102

103

10*

#V

H PrT PrG CB
Min Max Min Max Min Max Min Max
23% 23% | 1.6% 2.0% | 1.5% 1.4% | 1.1% 1.1%
0.6% 0.6% [ 0.4% 04% | 0.4% 0.4% | 0.6% 0.6%
02% 02% [ 02% 0.3% | 0.2% 0.2% | 0.2% 0.2%
Y Y 0.1% 0.2% [ 0.1% 0.1% | 0.1% 0.1%

H PrT PrG CB
Min Max Min Max Min Max Min Max
25% 25% | 1.7% 1.9% | 1.7% 11% | 1.8% 1.8%
0.6% 0.6% [ 0.4% 0.2% | 04% 0.3% | 0.7% 0.7%
02% 02% [ 0.2% 0.3% | 0.2% 0.2% | 0.2% 0.2%
Y Y 0.1% 0.2% [ 0.1% 0.1% | 0.1% 0.1%
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In Tables 5.2 and 5.3, we collect results on the discrete min-
imum (denoted Min) and the discrete maximum (denoted Max) principle for the scheme (5.16)
when p = 5 and p = 0.5, respectively. We write Y if this principle is satisfied. If not, we
indicate with a precision of order 10~!, how much the bound is not respected with respect to
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We recall that the discrete solutions obtained with the scheme (3.21) respect this principle
on all mesh sequences. Here, the conclusion slightly differs since this principle is never exactly
satisfied. However, we observe that refining the mesh reduces the violation of this principle.

5.4.4 Test case 2. Sharp internal layer

This section considers the test case 2 presented in Section 3.3.3. We recall that the exact

solution is defined as
x Y+ z— ﬂ )
— =
2a a

u(z,y,z) = zytanh ( (5.53)
with @ = 0.05, that the advective field is 8 = (1,1,0) " and that the reaction coefficient is set
to 0. We also recall that the solution u presents an internal layer in the vicinity of the hyper
plane x + 2y + 2z = 2v/2. The discrete relative error Ery(u) is represented in Figure 5.8 with
respect to #V.

Ery(u) on H and CB. Ery(u) on PrT and PrG.

107!

102

102 103 104

10°

1071

1072

103

10%

10°

#V #V

Figure 5.8 — Test case 2. Numerical errors with the schemes (5.16) and (3.21).

Accuracy and discrete min./max. principle. Regarding the accuracy and the conver-
gence rates of the two schemes (5.16) and (3.21), the same observations as for the previous test
case hold. We observe that the scheme (5.16) leads to lower errors than the scheme (3.21) and
that the convergence rates are closer to 2 than to % However, Table 5.4 shows that the discrete
minimum/maximum principle are not satisfied on the coarser meshes. This can be explained
by the sharp variation of the exact solution that are not correctly captured on these meshes.
When we consider finer meshes, this principle tends to be satisfied. By comparison, we recall
that this principle is satisfied on all mesh sequences using the scheme (3.21), excepted on the
finer CB meshes, where the maximum principle is violated by up to 4.3%.
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H PrT PrG CB
Min Max Min Max Min Max Min Max
50.5% 29.7%(28.1% 11.0%|24.3% 11.8%25.9% 19.2%
122%  21% (14.7%  0.7% |17.3% 1.3% [26.8% 10.4%
0.3% Y 5.7%  04% |11.8% 0.6% [11.6% 0.6%
0.1% Y [06% 01%|51% 0.3% | 1.4% Y

Table 5.4 — Test case 2. Discrete minimum and maximum principle with the scheme (5.16).

5.4.5 Test case 3. Anisotropic diffusion tensor and rotating advective field

This third test case evaluates the numerical behavior of the scheme (5.41) approximating
the solution of the diffusion-advection-reaction test case presented in Section 4.4.1. We recall
that the exact solution is a combination of sine functions

1
(5.54)
and that we consider the following anisotropic diffusion tensor A and rotating advective field

)en e oo

u(w,y,z) = 1 + sin(7z) sin <7r (y + =

1 1/2 0 y—1/2
A=|[1/2 1 1/2| and B=|1/2—2 (5.55)
0 1/2 1 —z

The discrete relative error Ery(u) with respect to #V and to the computational cost Co are
represented in the left and in the right panel of Figure 5.9, respectively. The legend is collected
in Table 5.5.

EI'])(U) on on all mesh sequences. Computational efﬁciency

[T LLELURRARI ILRRRRL ILERRL UL L L 1 1 s 11 B A B L1 B IR AR
10’25* E 1072} E
1079 ¢ 1107 E
1074} 110t E

7\\\”‘ Ll Ll Ll — “7 T ) Y Y S N S A N ) \7

102 10 10 10° 10t 105 105 10" 108 107
#V Co

Figure 5.9 — Test case 3. Numerical error Ery(u) with respect to #V and the computational
cost Co for the discrete problems (5.41) and (4.34).

Accuracy. The left panel of Figure 5.9 show that the discrete error Ery(u) obtained for the
two schemes (5.41) and (4.34) converges for all mesh sequences at the order 2. Moreover, the
scheme (5.41) leads to lower discrete relative error on H, PrG and CB mesh sequences. Even if
the treatment of the diffusion term is not exactly the same in the two schemes (4.34) and (5.41),
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Scheme (5.41)

Scheme (4.34)

H PrT PrG

CB

H PrT PrG CB

—a—

—A

——

-£-

A - -

Table 5.5 — Legend of Figure 5.9.

this figure illustrates that the scheme (5.41) approximates more accurately the advection term.
For the PrT mesh sequence, this advantage is less pronounced. Observe also that the mesh
sequence CB yields more accurate results with the scheme (5.41) than the PrG mesh sequence
with the scheme (5.41), which is the contrary of the scheme (4.34). This can be a consequence
of the regularity of the supports of the reconstruction maps Ly and Lp on these two mesh

sequences.

Discrete min./max. principle and stencil.

We observe that the minimum/maximum
principle is preserved at the precision 10~ for all meshes. Finally, Table 5.6 collect the stencils
of our scheme. We denote St the means stencil, defined as nnz/#V and St.max the maximum
stencil. In particular, we observe that the two schemes (4.34) and (5.41) have the same stencil.

H PrT PrG CB
#V St St.max| #V St St.max| #V St St.max| #V St St.max
7.3e+02 21 27 11.3e+03 18 21 |3.1e+03 32 39 16.2e+02 36 93
4.9e+03 24 27 19.3e+03 19 21 |2.0e+04 35 39 |4.4e+03 43 93
3.6e+04 25 27 3.0e+04 20 21 6.3e+04 36 39 3.3e+04 46 93
2.7e+05 26 27 6.9e+04 20 21 1.4e+05 37 39 2.5e+05 48 93

Table 5.6 — Test case 5. Size of the system, mean stencil and maximum stencil.
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Chapter 6

Edge-based scheme for vector
advection-reaction
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This chapter devises and analyzes an edge-based scheme approximating the R3-valued so-
lution of the vector advection-reaction problem

V(Bu)+ (Vxu)xB+pu=s aein €, (6.1a)
u=up a.e.on 00 . (6.1b)

Edge-based schemes are rarely addressed in the literature, although they are the natural way to
discretize differential 1-forms in manifolds of R? since they consider dofs attached to 1-chains. In
the context of electromagnetism, we mention the work of Zaglmayr (2006) considering edge and
face finite elements to solve the Maxwell problem and the work of Campos Pinto et al. (2014),
proposing an edge finite element scheme for simulating plasma which preserves the charge
balance at the discrete level. Edge elements are also relevant to solve the Stokes and the Navier-
Stokes problems with non-standard boundary conditions; see Girault (1990). Starting from
the differential geometry, Heumann et al. (2015) proposed for the continuous problem (6.1),
an H (curl; Q)-conforming discretization using the edge finite elements on simplicial meshes
with a stabilization penalizing jumps of the normal component of the discrete solution in the
spirit of the interior penalty method, see Lesaint & Raviart (1974) or Johnson & Pitkdranta
(1986). In the same paper, they also devise a scheme based on cell-based fully discontinuous
polynomials. In the context of mimetic spectral element method, first introduced by Gerritsma
(2012), Palha (2013) treats a similar problem on square meshes motivated by the discretization
of the Lie derivative. Similarly, Mullen et al. (2011) devised an approximation of (6.1) using the
edge-based extrusion process, along the flow lines of the vector field 3, proposed by Bossavit
(2003).

To our knowledge, there does not exist in the literature any edge-based scheme approx-
imating the problem (6.1) on polyhedral meshes. One reason to consider dofs attached to
mesh edges is the possibility to combine the present scheme with the CDO scheme proposed
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by Bonelle & Ern (2014b) for the Stokes problem, where the velocity is attached to mesh
edges and the pressure to mesh vertices. This would then lead to a discretization of the Oseen
problem using edge-based and vertex-based degrees of freedom on polyhedral meshes.

This chapter contains two main contributions. The first one is to provide an edge-based
scheme, with scalar dofs attached to mesh edges, with an O(hP) convergence rate as soon as
the solution belongs to W'(Q) with p € (2,2]. To reach this goal, we consider an edge-based
reconstruction map defining piece-wise constant polynomials on the diamond cells surrounding
the mesh edges. Then, the scheme stems from a discrete Galerkin formulation stabilized by
penalizing jumps on sub-faces of these edge diamond sub-cells. Note that there is a substan-
tial difference with the finite volume approach since we do not consider one dof per vector
component on all mesh edge diamonds but only one dof per mesh edges.

Following the continuous analysis proposed in Section 2.3, the second main contribution
of this chapter is to extend at the discrete level the stability analysis when the R3*3-valued
Friedrichs tensor takes null or slightly negative values. Under this assumption, the analysis
is more elaborated since the stability now hinges on an inf-sup condition which is satisfied if
the mesh size is smaller than a reference length that linearly depends on |[VB™" + ;LHE;(Q). In
particular, if u = —VB", the scheme is unconditionally stable.

The content of this chapter is an extended version of the paper "FEdge-based low-order

scheme on polyhedral meshes for vector-reaction equations', by P. Cantin & A. Ern, submitted
to ESAIM: Mathematical Modeling and Numerical Analysis, 2016.

6.1 Discrete setting

This section recalls and introduces new concepts and notation to devise and analyze our
edge-based scheme approximating the solution of (6.1).

6.1.1 Primal mesh and degrees of freedom

We assume as before that  denotes an open, bounded, connected, polyhedral subset of R?
and we define M = {V,E, F, C} a primal mesh of  collecting vertices v € V, edges e € E, faces
f € F and cells ¢ € C. Boundary faces are collected in the set F? = {f € F | f C 9Q}. The mesh
M is regular in the sense that it defines a planar cellular complex, its entities are star-shaped
with respect to their barycenter, and their exists a simplicial sub-mesh that is shape-regular
in the usual sense of Ciarlet (1978). In essence, the mesh satisfies (C), (St) and (Sh) (see
Chapter 3). For any mesh entity x € M, @y denotes its barycenter.

In this chapter, we consider scalar degrees of freedom (dofs) attached to mesh edges collected
in the finite-dimensional space £ = R#E. For all v € &, v, denotes the entry attached to e € E.
For any mesh cell ¢ € C, & denotes the restriction of £ collecting the dofs attached to the
edges e € E.

Two different reduction maps attached to mesh edges are considered in this chapter. The
first one is the classical de Rham map Rg : W*P(Q)) — &£ with sp > 2 acting as follows:

Ve € B, Re(w), = / wte, Yw e WH(Q), (6.2)

where we recall that t. denotes a fixed unit tangential vector orienting the edge e. The local
reduction map in ¢ is denoted by Rg, : WP(¢c) — &, with sp > 2 and acts as the global
reduction map Rg. The second reduction map considered in this chapter is defined by ﬁg :
L'(Q) — € and acts as follows:

Ve € E, ﬁg(w)|e = ||ce]|/ wt,, Yw e L'(Q), (6.3)
(S Ce
where we have introduced the macro-diamond ¢e := U{cec| ¢ € Ce} collecting the local di-

amonds ¢ defined below. The local version of this map in the cell ¢ € C is denoted by
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Re. : LY(@) — & with the patch cell ¢ = U{ce| e € Ec} and acts similarly to the global

operator (6.3).

Remark 6.1 (Regularity). The operator (6.3) is important to establish a quasi-optimal con-
vergence rate without requiring too much regularity on the exact solution. Typically, low-order
methods for first-order problems require that the exact solution is H' to achieve a convergence
rate of order % in L?-norm, and the reduction map (6.2) is not well-defined in H* ().

6.1.2 Edge-based partition

In addition to the primal mesh, our scheme also considers the edge-based partition already
presented in Chapter 4 for the treatment of diffusion terms in the context of CDO schemes.
For all ¢ € C, €y denotes the partition of ¢ composed of the diamonds {ce}ecE,. such that

Cec = int ( U U C(){xv,xe,xf,:cc}) , VeekE,, (6.4)

feFcNFc vEVe

and shown in the left panel of Figure 6.1. Observe that #€y . = #E. and that ¢ = U{cec| e €
E.}, owing to assumption (St). For all e € E, the boundary of the diamonds ¢, is composed
of four intra-cell sub-faces and one inter-cell sub-face. Intra-cell sub-faces are collected in the
set §g.c, defined as

Sec = {fvrc = Int(dcec N ) | £ € Fe, v € Vi and e,e’ € EfNE,}, (6.5)

where we recall that int(w) denotes the interior of any set w C R3. This set collects the sub-
faces shared by two diamonds connected by one vertex; see the middle panel of Figure 6.1. For
all f € F, inter-cell sub-faces are collected in the set §r defined as

Tt := {fe,r = int(dcec NIcer) | € € Ef and ¢, ¢’ € Cr}, (6.6)

collecting the sub-faces shared by two diamonds connected by the mesh face f; see the right
panel of Figure 6.1.

Figure 6.1 — From left to right. One edge diamond sub-cell ¢¢ € €z . One intra-cell sub-face
fvt,c € Sr,c. One inter-cell sub-face for € §i -

6.2 Advection-reaction problem

This section is concerned with the derivation and the analysis of our edge-based scheme
approximating the solution u : Q — R3 of the vector advection-reaction problem

V(Bu)+ (Vxu)xB+pu=s ae.in Q, (6.7a)
u=up a.e.on 00, (6.7b)
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with the data s € L?(Q) and up € L*(0Q7;|8-n|). The advective field B : Q — R? is assumed
to be Lipschitz-continuous and the reaction tensor g : © — R3*3 is assumed to be bounded
and not necessarily symmetric. Following the analysis in Section 2.3, the Friedrichs tensor
ot 0 — R¥3 is defined as

\Y vt 1 T
Oy = u_,(v.ﬁ)k“ru’ (6.8)
2 2 2
whose lowest-eigenvalue is denoted by
R@) = min (Z8£@YY) g (6.9)

yeR4\ {0} ly|?

where (-, -) denotes the classical Euclidean inner product in R3. In this chapter, the analysis is
performed under one of the two following assumptions:

(H) ess infg R > 0. We define the reference time 7 = (ess infg 8) ™',

(H') —Cy < ess infg X < 0, where Cy is a constant defined by (6.32) below, and there exists a
non-dimensional function ¢ € Lip(2) satisfying ¢ > 1 and

ess infq <;B-VC> > —ess infq (V) > 0. (6.10)

-1
We define the reference time 7 = (ess infgq (—%ﬁ-VC)) .

Owing to Theorem 2.17, the continuous problem (6.7) is well-posed since (H') implies (H5).
Indeed, observe that

ess infq (CN = ;B-VC) > ess info ((N) + ess infq (—;,&V() , (6.11)

which is strictly positive owing to (6.10), so that assumption (H5) holds.

Remark 6.2 (On assumption (H')). Compared to the assumption (H') considered in Chap-
ters 3 and 4, assumption (H') is more general since it allows the Friedrichs tensor to take
null or negative values. In addition, observe that we have assumed that ¢ > 1. This assump-
tion simplify the proofs in the discrete analysis and changing the lower bound only change the
numerical constant.

6.2.1 Discrete problem
Our edge-based scheme hinges on the bilinear form Ag,, : £x& — R such that

A%,M(WW) = A%,N(V7W> + Z <<Hf§-n)®;f(v>vw>>
fer?

Y,w € &, (6.12)

gy’

where the first term AE& , approximates (6.7a) and the second term weakly enforces the bound-
ary condition (6.7b).

Bilinear forms and reconstruction maps. The bilinear form A“fC_, u’ ExE — Ris composed
of three bilinear forms, also defined on £x¢&, as follows:

A%#(v,w) = gg u(v,w) + ng(v,w) +vsg(v,w), Yv,weéE, (6.13)

where v € [v,,1] is a user-dependent penalty parameter with v, > 0. The bilinear form gg ,, is
assembled cell-wise as

ga.u(v,w) = Z g8, uc(V,w), Vv,we €, (6.14)
ceC
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where each local bilinear form gg ,,.c : £cx&: — R corresponds to the standard Galerkin ap-
proximation of (6.1a) in the cell c:

gruc(w) = 3 [ (V(BLe() + (TxLe(0)xB) - Le.(w) + (Hiovw) . (6.15)

C€€E7C ¢

for all v,w € &, using the DGA reconstruction map Lg, : & — Po(€g; R?) (see Section 4.2)
such that
Ve ec, Lg(v)(x):= Z Velec(x), WveC&. (6.16)
ecE.
The local shape functions {£ec}ecr, span Po(€gc;R3) and are defined as

fo(e)oe'\ fe(e)  fele)
Ve, € Be, foole, = (1d— Soer, 6.17
ot fack, ( deel ) il ™ (17

with d = 3, e = [, t. and f.(e) = f;c(e) (o) Where f.(e) = f(e) N ¢ denotes the local dual
face on c attached to e € E.. Using this reconstruction map and recalling from Chapter 3 the
definition of the inner product {v,w) e = Y ecE, VeWe for all v,w € &, the reaction-related
term in (6.15) corresponds to

(HE, o /,LLEC Lo (w), Y,w €& (6.18)

Using classical identities from vector calculus, the bilinear form (6.15) can be reformulated as

Buncvow) = 30 [ BVLE W) Lew) + (Hopr, V)W), = (Hogr, ()W), (619

CEQE C

for all v,w € &, where the last equality follows since Lg (v) is piece-wise constant on the
sub-mesh €. Because Lg, (v) jumps across inter-cell and intra-cell sub-faces induced by the
partition €, we consider in expression (6.13) the bilinear form ng such that

ng(v,w) = ancvw +Zn5fvw Yv,w € &, (6.20)
ceC feFe
where the local bilinear forms ng., with x = f or x = ¢, are defined as

v w) == 3 [(BrplleM-{Lew)}, Yv.w e &, (6.21)

feSEx

with [-] and {-} denoting the jump and average operator, respectively, and where the sets §g;x
are defined by (6.5) and (6.6), for x = ¢ and x = f, respectively. The stabilization bilinear form
sg is built similarly as follows:

sg(v,w) = Z sgic(v,w) + Z sgf(v,w), VYv,weCE, (6.22)
ceC feFe

where each local bilinear form sg., with x = f or x = ¢, penalizes the jump across the faces in
the sets §g.x as follows:

Sgx(V, W) = Z /]ﬁ-nf|[[Lg(v)]]-[[Lg(w)]], Yv,w € £. (6.23)
fESE;x

Remark 6.3 (Centered and upwind fluxes). The bilinear forms ng and sg are devised similarly
to the discontinuous Galerkin method. The bilinear form ng corresponds to the use of centered
fluzes while the bilinear form ng + sg corresponds to the use of upwind fluxes.

Finally, the Dirichlet boundary condition (6.7b) is weakly enforced for all f € F? using the
boundary operator H n)os : & — &, where we recall that ¢ = ¢(f) denotes the unique cell
containing the boundary face f:

VE e (Higmor (V) W), = /f(ﬁ-m@LgC(v)-LsC(w), Y, w € E. (6.24)

93



Chp. 6. Edge-based scheme for vector advection-reaction

Discrete problem. The discrete problem approximating the solution of (6.7) using edge-
based scalar degrees of freedom reads:

Findue & st. A% ,(u,v) =9$(s,up;v), We¢, (6.25)

with the source term linear form $(s,up;-) : £ — R defined as

S uD7 Z/S LSC + Z / UD‘L(S‘C(f)(V), VV 6 g (626)

ceC feFo

6.2.2 Analysis

This section is devoted to the analysis of the discrete problem (6.25). The dof space & is
equipped with the following discrete 2-norm:

|We|
Iwligo =D lIwllz, > with [wliz o:= > [cecl < , Ywecl. (6.27)

ceC ecE.

Stability. The analysis of (6.25) relies on the Friedrichs assumptions (H) or (#’) defining
the reference time 7 > 0. The coercivity norm on the dofs space £ is defined as

22+ wsp(w,w) + (HF (w),wh,, Ywee, (6.28)

Iwllz o =7

where sg is defined by (6.22) and where <<Hf;n|( W), W), = Drepo <<Hf;n|f( w),w), , for all
w € & with ¢ = c(f), following the definition (6.24) with (8-n)® in lieu of |3-n|. An important
result to prove the stability of the bilinear form (6.12) is the stability of the reconstruction
maps Lg, for all c € C.

Proposition 6.4 (Stability of Lg_ ). There exists C; > 0 such that
VeeC, fwle2 < le.W)lize) < Glwle.2,  Yw € .
Proof. See the proof of Proposition 7.39. O

Lemma 6.5 (Coercivity). Assume that () holds. Then,
Loone
A5, 2 LM, WeE.

Consequently, the discrete problem (6.25) is well-posed.

The stability of the bilinear form A% , is now studied under assumption (H'). First, we
introduce the reference length

ho = (C2L va" - 6.29
0—(Cu Tl +VB ”L°°(Q)) : (6.29)

with C, the constant appearing in the upper bound of the stability of Lg, in Proposition 6.4
and with L¢ = [(|jp1.ee @) the Lipschitz constant of (. If u = —VB", we set conventionally
ho = 4o00. To avoid the proliferation of constants and to simplify the proofs in the analysis,
we assume that there exists a constant Cg, > 0, independent of the mesh size and the physical
parameters, such that

L max (h, 18] LM(Q)T) <Ce. (6.30)

In addition, we assume that the minimal eigenvalue N of the Friedrichs tensor og , satisfies
the following assumptions:

1 1
1 + U7 (ess info X) >0 and h < hg (4 + U7 (ess infq N)) , (6.31)
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6.2. Advection-reaction problem

where the constant ¥ > 0 linearly depends on the quantity |(]pe(q) + Cgﬁa. From the first
condition in (6.31), we observe that the constant in assumption (H') is defined as

= (4r0)" . (6.32)
By convention, the second condition in (6.31) is void if p = -V ™.

Lemma 6.6 (Inf-sup stability). Assume that (H'), (6.30) and (6.31) hold. Then, there exists
o0 > 0 such that
sup A w(v,w) > oflvllea, WveE.
weg;[lwlle =1

Consequently, the discrete problem (6.25) is well-posed.

Before presenting the proof of Lemmata 6.5 and 6.6, Table 6.1 recapitulates the different
conditions for which the discrete problem (6.25) is well-posed.

Case ess info N >0 —Cy < essinfg N <0
Assumption (H) (H')

Advective field uw=-Vp" p#-Vp"

Mesh-size 0<h 0<h 0 <h < ho(l+CyilessinfgR) /4

Table 6.1 — Stability of the discrete problem (6.25) with hy defined by (6.29).

Proof of Lemma 6.5. Let ¢ € C and consider v,w € &. The definition (6.19) of the bilinear
form gg ,,.c together with the definition (6.8) of the tensor og , yield
B (Vo) + 8ac (W) = 2 [ L (V)0,Le (W) + [ (V-6) Le, (V) L (w)

+ 3 [(BVLEW Lew) +BTLeWLe ). (633)

CEQ:E ,C

Hence, combining the last two terms on the right-hand side yields

gg’u;c(v,w)—l—gg,u;c(w,v):2/CL5C(V)-0'g,u-Lg )+ 3 /v (BLe.(v)Le.(w).  (6.34)

CE@E I

Considering now the last term of (6.34), we choose w = v, leading to
3 X [T =5 S [BrolemP+ Y [Bn)item L)
CGQE c fGF fegE c

since [|Le(v)|*] = 2[Le(v)]-{Le(v)} and with n. the unit outward normal vector to c. Observ-
ing that the rightmost term of this identity is equal to —2ng..(v,v) owing to definition (6.21),
we combine this identity with (6.34) to obtain

S (g e v) + 5w, v) = 3 [ Lea(v) -0 uLe(v) + = ZZ / Bone)|Le. (v

ceC ceC ¢ CEC feF.

The above rightmost term is now reformulated as

D3PIy (CESENIETS S ICRAITMUIED b iy (CUA O R (HN}

ceCfeF, f Fo fEF° fESR ¢
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Chp. 6. Edge-based scheme for vector advection-reaction

so that we obtain, using the definition (6.21) of ng.,
,ZZ/ﬁnc\Lg Z/:Bn“-gcu |+Zn5fvv
ceCfeF, feFd feke

Finally, recalling the definitions (6.20) and (6.24) of ng and of {H?J (3nyt (V) V), " for all f € F?,

respectively, we end up with

85,u(V,v) +ng(v,v) = > V)-op ke (V) + 5 Z (Hignyr ()
ceC” ¢ feFf9
whence
1
A%,u(va V) = Z Lfc (V)'O‘I@#'Lgc( ) <<H\gﬂan‘ )7 V>>£ + 5’75,3 (Vv V)a (635)
ceCC
owing to the definition (6.12) of A% , and observing that Hfgn)e;f + %H‘za it = 5H|£ﬁ"’n‘ ¢ for

all f € F?. The expected result then follows from assumption (#) along with Proposition 6.4
and v > . O

In the proof of Lemma 6.6, we consider the function d(v) defined as
Ve e, 8(v) = Le(lv) = CLe.(v), W €&, (6.36)

with ¢ € Lip(Q) the potential defined in (H’) and where Cv € € is defined as (Cv)e = ((@e)Ve,
for all e € E. This function satisfies the two following propositions.

Proposition 6.7 (Bounds on d). For all c € C, we have
5z < 26EchelMls.2 W €. (6.37a)
and for all f € F,
[0 2y < 26,GLchE Il W € Ee. (6.37D)

Proof. Let us consider v € £.

i) Proof of (6.37a). Let ¢ € C. Let (. denote the mean-value of ¢ over ¢ defined by (. =
le| =1 [ ¢. Since Lg, (Cev) = (L, (v) because (. is constant, we infer that §(v Jje = ((—Ce)Le (v)—
Le, ((C — ¢c)v). Using the triangle inequality, the Holder inequality and the upper bound in
Proposition 6.4 yield

1602y < 1€ = Cellzoe(e) ILec (VI p2(e) + [Lec (€= CeV) 2 ()
< Cf¢ = Cellpoe (@) IVll2.e + Cell (€= Ce)vllz.e < 2C[C = Cell oo () IVl 2.c-

Observing that [ — (c] zec(c) < Lche, the expected result follows.
ii) Proof of (6.37b). Let f € F and let ¢ € C;. Let f € §rys and ¢ € €g such that § € Oc.
Owing to the multiplicative trace inequality from Lemma (7.25), we have

1 _1 1 1
18l z2g) < Gl o (e *160)aq + 1803 g ) -

Recall that [8(v)|g1( = V()| L2 with [VE(v)|* = 37, 10;8(v)i|*. Since L, (v) is piece-
wise constant on €y, it then follows that |V&(v)|* = Zf’] ILe, (v)i05¢I° = |Le. (V)|* |VC|?. As a
result, [6(v)| g1 () < Le[Le (V)] g2(o)- Moreover, proceeding as in i), we infer that |6(v)|g2() <
2L¢he||Le. ()]l g2 (o). Collecting these bounds yields

1
16022y < 2CrLhé |Le. (V) 2 (o)

Then, the summation over § € Fu since f = U{f| f € Fu ¢} owing to assumption (St), and the
upper bound of Proposition 6.4 yield the expected result. O

96



6.2. Advection-reaction problem

Proposition 6.8 (Multiplicative stability). Assume that (6.30) holds. Then, there exists C. > 0
independent of the mesh size and the model parameters, such that

lovlies < G (IChuoo) + Ce) IVlesr W EE.

Proof. Let v € € and let us rewrite || Cv|||§7a as

IevlEa = 3 7 e+ 3 e @000) + 3 (W@, ), |+ 3 (00,

ceC ceC feFo feFo°
::1},+—1§ +—7§ +—1l.

The idea of the proof is to use the Lipschitz regularity of { to bound separately these terms by
H]v|||§»a We recall the notation (. = |c|™! [ ¢ from the proof of Proposition 6.7.
i) Bound on Ty. First, we start using the triangle inequality to obtain

*Tl <Y TTHICVIE 2+ D TG = CovIIE o = Ty + Tha.
ceC ceC

Since [l < ¢l (o we infer that Ti1 < Seeo ™ ¢TIV < 11w IVIZ,, and the
bound on 71 easily follows from the Lipschitz regularity of ¢: T2 < Y .cc T_nghz |HV|||?:C,2 <
Lghz |va‘2£a Then, recalling assumption (6.30) yields

T <2(C2, + Il E ) M2

i) Bound on T,. Since the bilinear form sg.. is symmetric and positive, we claim that

*Tz <Y WS (Cevi Cev) + D BSgie (G = C)V, (C— Ce)v) = T + Tho.

ceC ceC
Obviously, we have Th1 < > cc 'ybHCHQm(C)s@C(V,V) < ||C||%OO(Q) HMH%a By definition, we have
(L= GV (€= W) = 30 [1BnyllILe((C= M
fESE,c

whence, using the multiplicative trace inequality from Lemma (7.25) and that Lg, is piece-wise
constant,

Sg:c((C = CoVo (= GoV) S 2C3 By D D he ' ILe((C—CV) 2,

fESE,c €y 5

with €g5 = {c € €y | f C Oc}. Recalling now that the boundary of each diamond ¢ € €y is
composed of 4 sub-faces in §g ¢, we exchange summation order to obtain

Sg:c((C = GV, (C = Co)v) < 8CHBlr>(e) D he ' ILec((C— G2y

CGCE,C
= 8CT1Bl > (0 he ILec (T~ CoV) T2 (o)

Hence, owing to upper bound from Proposition 6.4, the Lipschitz regularity of {, and assump-
tion (6.30), it follows that

5g:c((C = GV (€= Go)v) < 8CEC] Bl poe(oyhe (& — GV, 2 < 8CHCFCE 7 HIVIIZ, »-

As a result, collecting these two bounds leads to
Ty < 2 (ICI3 =) + 8C3CICE, ) IVIZ .-
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iit) Bound on T3. Proceeding as in the previous step i), we infer that

Ty < 2 (IC13 () + 7, 0C3C2C2,, ) IVI o,

where np 5 = (maxcec #(Fc NF?)) is the maximal number of boundary faces per mesh cells.
iv) Bound on Ty. We use a different decomposition to bound this last term. Namely,

Iy = Z PS¢z, (v, V) + Z W Ar(v) = Tyq + Ty,
feFke feFo

with Ag(v) = sgi(Qv, Qv) — sc2g.¢(v,v). Observing that se2g.¢(v,v) < ”C”%w(f)Sﬁ;f(V,V) for all
f € F, it follows that Tj; < ”CH%M(Q) IvilZ .. Now, introducing §(v) defined by (6.36), we
observe that

= [1Benl (B + CILe])” = ClLew)? )

Then, applying the Young’s inequality along with the trace inequality (6.37b), it follows that

A <2 [|Bnel [5G + [ 18] C[Le(v)]?

< 4(2CrC L) [Blr(ry Y hellvz, 2 + 1CI 700 gy Sp5t (v, V).
ceCs

Hence, since #C¢ = 2 for all f € F° and recalling (6.30), we infer that

Tiz < 326262G2 T VB + [Ty 3 wsae(vev) < (3262G2C2, + [T e ) IV

feFO
whence
Ty < 2 (166262¢2 , + <[ (o)
v) The expected result then follows by collecting the bounds on Ty, T5, T3 and Tj. O

We now turn to the proof of the inf-sup stability Lemma 6.6.

Proof of Lemma 6.6. Let v € & and define S = supyeg;jwfe ,—1 A%, (v, w). Let us take w =
(v + Ov with 8 > 0 to be chosen below. We infer from Proposition 6.8 that

A%, (v,w) < Sliwllga < 5 (04 (Il +Ce.) ) Ve

so that it remains to prove that A% ,(v,w) 2 IVl .. First, split A, as follows:

A% (v, Qv) = ﬂ _vaT4l (v.ﬂ)ld(v,w)#—(( VAT 1(vﬁ)|d Wy, =T + Ty,

using the definition (6.18) of H,.. (replacing pu by pu+ V8" — $(V-B)Id) and defining

{ Z+V/3T—%(V~ﬂ)ld(v)’w>>g Z <<H/,L+V5T LVB); C w>> Yv,w € &. (6.38)

ceC

i) Bound on T;. We bound from below T} by considering the decomposition

A‘%,—vzﬂ% L vgya (Vs OV) = A, ~V(¢B)T+L cw-gya(¥>V)
+ A Gpr(v, V) — Al _gegyr(viv)

<<H£ (V g)|d( )7 CV>>8 - <<H£%§(V-,8)Id (V)a V>>E - Tl,l + T1,2 + T1,3-
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6.2. Advection-reaction problem

Regarding T7 1, observe that O (8, -V(CB) T+ 1C(V-B)ld = —%B-VC Id and use the relation (6.35) to
infer that

T =3 [ (58 9¢) Lt L) + 5H)¥), + 5scs(v-)

ceC

>3y / <—;ﬁ vc) Le.(v)-Le(v) + 5 <<HT;n| >>g+%%-°’ﬂ<V»V)v

ceC

since ¢ > 1. Then, owing to assumption (') together with the lower bound of Proposition 6.4,
we infer that T ; > %|||vm§a The next step is to bound the perturbation term 77 . First, we
recall the identity (6.19) for gg ,.c, and we observe that 8s_vpTe = 0and geg _vpyre =0,
so that T7 o solely consists of surfacic terms:

Tio = (np(v, &) = np(v,v)) 43 (s(v, &) = scp(vsv))+ ((HEG 0 (v), &), = (HZp e (V) V), ) -

Now, recalling that 8 € Lip(f2), ¢ > 1, and ¢ € Lip(f2), so that ({Le.(v)} = {CLe.(v)}, we
observe that

(60~ nga () = 3 [(BmpILe (M),

IS

(400 sga (o) = 3 1Bl ILeFOW],

fegx

for all x € F. or x € C, where the function d(v) is defined by (6.36). Similarly, we have

= [(Br Lo,

e(f) f

<<H(5 o (V)s W) = <<H?<8/3.n)®;f(v)7 v)

Ec(f)
for all f € F?. Then, applying the Cauchy—Schwarz inequality to these three terms yields
1
1 2
Ty < 6 ((H, ()., +7ﬁﬁVV)2(2%yWhW@ P ru%&J L (639)
c el c

Observing now that T8, VaTLL(V-ANd = 0 by definition (see (6.8)), and using the iden-
tity (6.35), we observe that
A vprr1wpaY) <<<H|/3 |V >>s+%sﬁ(v"’)>’

so that combining this expression with the estimate (6.39) yields

N

Tip =12 (Agﬂ -vBT+3 (V,B)ld ) (Z”ﬂ”L”(C > l8(v ||L2(5t))

ceC CEQE ,C

Finally, we use the inequalities (6.37a)-(6.37b) together with assumption (6.30), to infer that

1 1
5, 1
T2 < CsCs., (A%,_VBT_F;(v.ﬂ)Id(VaV)) (7' 1|”Vm%) ’

where C; > 0 depends exclusively on the numerical constants C+ and C,. Now, we collect the
bounds on 711 and 772 and we apply the Young’s inequality to obtain

1
Agg,_vﬁT_,_%(v.ﬁ)w(VvW) > Z|||V|||?5,a + (60— Cgcg,a)Aﬂ,—VﬁT+%(V-B)ld (v,v) + T3,

99



Chp. 6. Edge-based scheme for vector advection-reaction

where we recall that w = (v + 6v. As a result, choosing § = CZC2 | yields

T = A (v.w) >

B,~VBT+1(v.8)ld atTis. (6.40)

it) Bound on T,. First, we rewrite this term as:

= (Hrvsr1waa(V) W, = 0(H, opr_1w.81a(V): Ve
+ <<H§(u+vg1%(v.5)|d)( )V,
+ (Huivsr 1w am™: Ve = (Meuivam 1w a0) (V) Ve
=Tr1+Tro+To3,

and we denote N, = ess infg N, so that —Cy < N, < 0 by assumption. Considering 751, we
observe that

2050 — (u VR - ;(Vﬂ)m) + (u VR - ;(V-B)Id)
so that we have

Tra —HZ/UMLS( ):Lec(v) = 08, Y Le (V)] 721y = CEONIVIIZ o,
ceC ¢ ceC

where we have used the upper bound from Proposition 6.4 (since 8 < 0). The second term 75 o
is treated similarly as follows:

Too =Y [ Copule.(v)Le.(v) = CIR[C] Loo (o IVIZ o-
ceC €

Hence, we infer that
Ty > ¥ 0|ull + To3, (6.41)

with ¢ = CZ (0 + [¢] o (0))-
iii) Bound on Ty + T. Collecting estimates (6.40) and (6.41), we obtain

1
Bau(vow) =Ti+ T > LVIza + NOIVIE + Tis + Tos.

In addition, from the definition of T3 3 and 753, we have
Tis+Tos = (H, op7(), V), = (H(upvpn) v ZC (e + VBT Leo(v)8(v).
ce

Applying the Holder inequality, the inequality (6.37a) and the upper bound from Proposi-
tion 6.4, it then follows that

T3+ Toal < D lw+ VB o) Ibe g2 6 2y < 1+ VB [ poe () G LehlIvI3-
ceC

By inference,

1 hy
85 t0w) 2 IR+ (700 - 1) R

-1
with the reference length hg = (Cf”u + VﬁT”LOO(Q)TLC) . Hence, there exists ¢’ > 0 such
that A% (v,w) > dIVIIZ ., as soon as R, and h satisfy (6.31), yielding the expected result. [
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Consistency error and a priori error estimate. We now study the consistency of the
discrete problem (6. 25) so as to achieve an a pmom error estimate. First, we define the consis-
tency error Eg using the reduction map Rg : L'(Q) — & defined by (6.3) as follows:

Ee(v) =  sup ’A‘%,u(ﬁg(v),v)—S(s,uD;v), Vv e LY(Q). (6.42)

vegifvlle,a=1

Lemma 6.9 (Consistency error). Let u be the exact solution of (6.25) and assume that u €
WP with p > 1. Then, for all p € (1,2],

=

~ p 4(p—2) p—2) ~
Be (u) < (Z N5 hE " g () + Y 3 1Bl ||u—|gc<u>||§p(8c)) ,

ceC ceCeelgc

with d = 3, Nooe = |[VB+p™ — (V-B)ld| g (c) and with the interpolation map 1e, = Lg oRg, :
L'(¢) — Py(Cpe; R3) for allc € C.

Proof of Lemma 6.9. Let y). = (u —Tg(w))| for all ¢ € C. Note that y|g. € LP(dc) for all
¢ € €ge. Let v € & Owing to the definitions of A% , and 8, it follows that S(s,up;v) —

A‘Sﬂ,u(ﬁg(u)vv) =T + Ty + T3 + T}y, with

ne=Y [(VB+u' — (VA ey, T= > Y Y [pnlemHy).

ceC Xe{Fe°,C} xeX fefE;x
e Y% Y [Ifnlitele) and Ti= XS [Bm0t, ()
Xe{F°,C} xeX feFmx feFafESEf

Indeed, the first term T is obtained using the identity (6.37b) of gg ... since Lg_ are piece-wise
constant, together with the integration by part formulae (6.33) and the identity

> [V e == X [(BVIL() v- [(VHL@ v+ 3 [V-(ByLew).

CG@E c CEQE celg ,C

holding for all ¢ € C and all v € &. The terms T5 and T3 result from the rightmost term of the
relation (6.33) and the fact that (8-n)[u]; = 0 for all § € Fg,x, owing to Lemma 2.13. Finally,
the term Ty is inferred observing that u, = u|sq. Let p € (1,2] and use the Holder inequality
to bound 77 as follows:

[ (V84 ™ = (VB Le )] < Nyl e, 0]

with Noo;e = [VB+p™—(V-B)ld| (). Using a local inverse inequality (see (Ern & Guermond,
2004, Lemma 1.138)), we infer that

(V84 T = (VB Le )] < NcchlllroLe. )] 52

C

with 6 = d ( p) so that applying once more the Holder inequality, we get

1 1
< Ngo cth ”y ”I},p (C) Z ” Lgc L2 (C) .
ceC ceC

Moreover, since p’ > 2 and using the upper bound in Proposition 6.4, we infer that

> [ (VB+u" = (VA)d)Le(v)y

ceC ¢

T3] = Z/ VB +pu” — (V-B)Id) Le. (v)y

ceC

1
P
0
N (Z Né’ohcpHyH’ip(C)> Ivlle 2-
ceC
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To bound the two terms 75 and T3, we consider a sub-face f € Fp,x for all x € X with
X € {F°,C}. As above, the Holder inequality yields

| / (B Le(-Awd| < 185~ Hu oo |18l Lol

so that using a local inverse inequality, we obtain
1
BTy < W 181 Bl B el

with ¢ = (d—1) (f — 7) and hj the size of the sub-face f. Hence, denoting > s = > xc(ro ¢} DoxeX 2ofeFma:
it follows from the triangle inequality, the Holder inequality and p’ > 2 that

vl-{y) s(zh“uﬂnm D\{{y}ﬂmf)) (znw-nf\%[[Lg<v>uuigm) .
f

f

Next, owing to the definitions (6.20) and (6.22) of ng and sg respectively, mesh regularity and
the inequality |a & b[P < 2P~ 1(|a|P + |b|P), we infer that

S

P
, P
Ty + T3] < (Z Z hgp”ﬁ”i%@)”ﬂ”i?(&)) (”yﬁg(v,v))

ceCreelpc

Proceeding similarly, we end up with

3=

’ 4 1
T < (Z W2 181 zm(f)nynfzp(f)> (HE2 (0.,

feFo

yielding the final result. O

When the solution w is smoother, so as to be in the domain of the de Rham reduction map
R¢ defined by (6.2), we can bound instead the consistency error

Ee(u) = sup ’A%#(Rg(u),v) — $(s, uD;v)‘ . (6.43)
veeilivlie =1

We omit the proof since it follows the same ideas as the proof of Lemma 6.9.

Lemma 6.10 (Consistency error). Let u be the exact solution of (6.25) and assume that u
2
satisfies u € WIP(C) and Vxu € Lﬁ(C) with p € (%7 2}. Then,

1
P

(Z Pl e @)+ Y 1815 ST ||"—'8c(“>”zip(ac>) )

ceC ceCeelgc
with d =3, Neo,e = |[VB+p" — (V-B)ld| () and with the interpolation map le, = Lg, o Re,.

Theorem 6.11 (A priori error estimate). Let u be the unique solution of (6.7) and let u
be the discrete solution of (6.25). Assume that one of the stability assumption from Table 6.1

holds. Assume that the exact solution satisfies u € Wl’p(Q) with p € (%, 2}. Then,

~ p D P g
Ju ~ Re(w)le. 5 (Z (V2T E0E + 181w ) ) 1 e )) 7

ceC

with Nogie = |[VB + p™ — (V-B)Id | Lo (c)-
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Proof. This result follows from Lemma 6.9 with Proposition 6.12 below, along with the multi-
plicative trace inequality from Lemma 7.25. O

Proposition 6.12 (Interpolation error). Let p € [1,00). Then, there exists Cyy > 0 such that

Vee C, v —Tle.(0)lrre) < Cuhelvlying, Vo€ WH(e). (6.44)

Proof. See the proof of Proposition 7.44. O

Theorem 6.13 (A priori error estimate). Let u be the unique solution of (6.7) and let u be the
discrete solution of (6.25). Assume that one of the stability assumption from Table 6.1 holds.

2
Assume that the exact solution u satisfies u € WHP(C) and Vxu € Lﬁ(C) with p € (%, 2}.
Then,

< D 2,5 £ 2p—3 P 3(p2_1) p !
lu—Re(u)llea S | D (Nowem2hé + 1Bl ) he [l (o) + e ||V><v||L327p( | :
ceC “Plc

with Neo;e = [VB + ™ — (V-B)Id [ Lo (o).

Proof. This result follows from Lemma 6.9 with Proposition 6.14 below, along with the multi-
plicative trace inequality from Lemma 7.25. O

Proposition 6.14 (Interpolation error). Let p € (%,2} and let ¢ € C. Then, for all v €
2
WLP(c) be such that Vxwv € Lﬁ(c), there exists Gy, > 0 such that

3(p—1)
v~ le.(0)|zr(e) < Gurhe (hc TVl o+ |v|wl,p<c>) - (6.45)

Proof. See the proof of Proposition 7.42. O

Remark 6.15 (Regularity of the exact solution). Observe that the regularity assumption in
Theorem 6.11 s stronger than the regularity needed in Lemma 6.9 to compute the consistency

Error.

6.3 Numerical results

In this section, we investigate numerically the edge-based scheme (6.25) for the vector
advection-reaction problem (6.1). To our knowledge, there does not exists any three-dimensional
test case for this problem in the literature. Hence, we propose to study the performance of our
scheme when the exact solution is adapted from the Green-Taylor vortex velocity field. The
computational domain is € = [0, 1]® and we consider the four mesh sequences H, PrT, PrG and
CB, previously considered in Chapters 3-5, and depicted in Figure 6.2.
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Figure 6.2 — The four mesh sequences H, PrT, PrG and CB, respectively.
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Chp. 6. Edge-based scheme for vector advection-reaction

Following the analysis of Section 6.2.2, the convergence analysis is performed by computing
the following relative discrete L?-norms:

~ 2
See [celle] 2 (ue — Re(w)ye)

Ere(u) = _ : (6.46a)
Yecn [celle] 2 Re (w)f,
1
2\ 2
2 ecE ‘CeHe’iZ (Ue - RS(U)\e)
Erec(u) = , 6.46b
() S ecn <elle PRe(u)? (6.460)

where u denotes the exact solution and u the discrete solution. We also recall the definition
of the computational cost Co = nnzxnjt used to measure the computational efficiency of the
scheme, where nnz is the total number of non-zeroes in the final system matrix and where nj is
the number of iterations needed to bring the relative residual below 10712, using a bi-Conjugate
gradient method preconditioned with an incomplete LU factorization (see Balay et al. (2016)).

6.3.1 Test case 5. Vortex solution

The exact solution u :  — R3 of this test case is defined as a combination of sine and
cosine functions on the three components:

sin(mx) cos(my/2) cos(mz/2)
u(x,y,z) = | cos(mz/2) sin(my) cos(mwz/2) | . (6.47)
cos(mxz/2) cos(my/2) sin(mwz)

This solution vanishes at the boundary 99 of the unit cube. The advective field B : Q@ — R3
and the reaction tensor p : Q — R3*3 are defined as follows:

1 T —2y
B(x,y,z) = il v 2x and p = pld. (6.48)
—2(z+1)

with ¢ : Q@ — R. In Figure 6.3, we plot some flow lines of 8 and we highlight the inflow
boundary 9€2~. A short computation shows that the advective field 8 is divergence-free and

00 z

08 06 04 43
y A

Figure 6.3 — Test case 5. Four flow lines of the advective field 8 and the corresponding inflow
boundary 02~ in blue.

that we have
1/4 —1/2 0
VBT =1-1/2 1/4 0
0 0 -1/2
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6.3. Numerical results

Hence, the eigenvalues of the Friedrichs tensor o g, defined by (6.8), are {4 — %, t,2+ pu}. The
discrete problem (6.25) is then well-posed if p > % owing to Lemma 6.5. If = %, the discrete
problem is still well-posed owing to Lemma 6.6 if the mesh-size satisfies h < 4hq, for example
with the potential ((z) = (2 + 1)2. N

In Figure 6.4, we plot the discrete relative errors Erg(u) and Erg(u) with respect to #E
when the reaction tensor is of magnitude p € {5,0.5}. The legend is collected in Table 6.2.

Erg(u) on all mesh sequences. E\I'g(’u,) on all mesh sequences.

100J: T IR AR IR ]_OOL T T T T T T T T T T T T T T

107!

102 10° 10% 10° 106 102 103 104 10° 109

#E HE

Figure 6.4 — Test case 5. The discrete relative error Erg(u) on the left and E\rg(u) on the
right, for the discrete problem (6.25) with =5 and u = 0.5.

H PrT PrG CB H PrT PrG CB
w=>5 pw=0.5

- —— |-8- -a- -o-

Table 6.2 — Test case 5. Legend of Figure 6.4.

Accuracy. The numerical results presented in Figure (6.4) show that the two discrete relative
errors take similar values and converge for all mesh sequences. Similarly to our schemes devised
in Chapters 3 and 5 for the scalar advection-reaction problem, we observe that if the lowest
eigenvalue of the Friedrichs tensor o g, is positive, the scheme is more accurate than when the
minimal eigenvalue is null (i.e.,when p = 0.5). However, the hierarchy in terms of accuracy
depends on the magnitude of p. In the case p = 5, we have H>PrT>CB>PrG, whereas if yu = 0.5,
we have H>CB>PrT>PrG. Regarding the convergence rates, we expect from Theorems 6.11
and 6.13, a convergence rate of order % for the two discrete relative error, since the solution is

smooth. Figure 6.4 shows actually that the convergence rates are closer to 1 than to %

Efficiency. In the left panel of Figure 6.5, we represent the error Erg(u) with respect to
the computational cost Co. For a given mesh sequence, changing the value of the reaction
coefficient does not significantly increases the cost to invert the system matrix, corresponding
to the number of iterations nje since the two system have the same nnz. In essence, this
indicates that the conditioning of the final matrix is not significantly influenced by the value of
. In the right panel of Figure 6.5, we compare the total number of dofs when considering one
dof per mesh edges, as in our scheme, with the total number of dofs when considering three
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Chp. 6. Edge-based scheme for vector advection-reaction

Computational efficiency Dofs comparison
0 T T T T T T T T T T T T T T T T T 17T [ T T ] R ooy
10 ; 14’ / |
| 1.2 -
i £a)
i =
~— 1+ -
: %
107" ¢
- o 0.8} -
I 0.6} @/@/ef/@/‘@ .
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10* 10 105 107 108 107 10° 10% 10° 10° 10°
Co #E

Figure 6.5 — Test case 5. Left panel: computational efficiency with the discrete relative error
Erg(u). Right panel: comparison with dG methods of order k£ = 0 regarding the total number
of degrees of freedom.

dofs per mesh cell for the three vector components, as in the standard finite volume schemes.
This comparison shows that edge-based schemes are well-suited to meshes with cells having
few edges (e.g., the PrT sequence). However, this is the converse for the CB and the PrG mesh
sequences. Finally, edge-based and cell-based schemes leads asymptotically to a similar size of
the final system for H mesh sequences.

Stencil. In Table 6.3, we collect the stencils of our scheme. We denote St the mean stencil,
defined as nnz/#E, and St.max the maximum stencil. This table illustrates in particular that
the stencil of our scheme can take important values, especially if the mesh contains cells with
a lot of edges (e.g., in the PrG and in the CB sequence). Investigations to reduce this stencil
are left for future work.

H PrT PrG CB

#E St St.max| #E St St.max| #E St St.max| #E St St.max
3.0e+2 21 39 |4.7e+3 38 70 |7.2e+3 83 149 |1.5e+3 112 272
1.9e+3 25 39 3.5e+4 46 70 4.9e+4 110 174 [1.2e4+4 144 272
1.4e+4 28 39 1.1e+5 48 70 1.5e+5 120 176 [8.9e+4 162 272
1.0e+5 30 39 2.7e+5 49 70 3.9e+5 125 177 [7.0e+5 180 276

Table 6.3 — Test case 5. Size of the system, mean stencil and maximum stencil.
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Chapter 7

Analysis on polyhedral meshes

Contents
7.1 Polyhedral meshes . . . . ... ... ... ... ... .. .. 105
7.1.1 Primalmesh . . ... ... ... ... ... .. 105
7.1.2 Star-shaped and shape-regular mesh . . . . . . ... ... ... .... 107
7.1.3 Mesh regularity . . . . . . . ... L L 109
7.2 Mesh partitions . . . . . . ... 0o o e 109
7.2.1 Vertex-based partition . . . . . . .. ... oL 109
7.2.2 Edge-face-based partition . . . . .. .. ... .. ... .. 110
7.2.3 Edge-based partition . . . . .. ... Lo oo 110
7.2.4 Abstract partition . . . .. ... L o 111
725 Thedualmesh . . ... ... ... .. .. oo 112
7.3 Functional inequalities in polyhedral meshes . . . .. ... .. ... 113
7.3.1 Poincaré-Steklov inequality and polynomial approximation . . . . . . 114
7.3.2 Face and inverse inequalities on polyhedral cells. . . . . . .. ... .. 115
7.4 Reconstruction and approximation . . . .. ... .... ... ..., 116
7.4.1 Piece-wise constant vertex reconstruction . . .. ... ... ... ... 117
7.4.2 Piece-wise affine vertex-cell reconstruction . . . . . . . ... ... ... 119
7.4.3 Piece-wise constant edge reconstruction . . . .. ... ... 122

This chapter summarizes and generalizes the notions used in Chapters 3, 4, 5 and 6 to
approximate on polyhedral meshes the solution of the scalar and the vector transport problems.

Section 7.1 introduces the main concepts attached to a polyhedral mesh M and introduces
the notion of regular mesh. Section 7.2 presents the different partitions used in this thesis,
with a special focus on the dual mesh. These partitions are employed in Section 7.3 to extend
on general meshes the classical analytic inequalities (e.g., the Poincaré or the multiplicative
trace inequalities) and in Section 7.4 to devise reconstruction and reduction maps.

7.1 Polyhedral meshes

Let © denote an open, connected, bounded, polyhedral subset of R?, with d the dimension.
Following the work of Christiansen (2008) and of Bonelle (2014), this section introduces the
essential concepts used to describe a primal mesh of 2. These concepts are illustrated in
particular for d = 3.

7.1.1 Primal mesh

We consider a mesh sequence My := (M, )nen, such that for all n € N, M, := {My,, | k €
[0,d] }, where My, is a finite collection of non-empty open k-cells, defined as being homeo-
morphic by a bi-Lipschitz map to the open unit ball of R* for the Euclidean metric.
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Chp. 7. Analysis on polyhedral meshes

Remark 7.1 (Generics names). Generally speaking, for all dimension d > 3 and for alln € N,
an element mg € Mo, is called a vertex, an element m; € My, is called an edge, an element
mgy—1 € My_1,, is called a facet and an element my € My, is called a cell.

In this thesis, mesh sequences are always assumed to define a refinement, i.e.,satisfying
#My, — +oo as n — oo, where # denotes the cardinal. Henceforth, indices n € N are
omitted to alleviate the reading, so that M = {My | k € [[0,d] }.

Definition 7.2 (Boundary and closure of a k-cell). Let k € [1,d]. The boundary of the k-cell
my, € My, is denoted by Omy, and is defined as

omy = U{m, € Mg | my C My, s < k},
where my, denotes the closure of my. Conventionally, we set Omy = () for all mg € M.

Definition 7.3 (Cellular complex). The mesh M defines a cellular complex of Q if:

(Ca) The union of all elements of M generates Q: Q@ = U{m|m € M}.

(Cb) For all k € [[1,d], the boundary of a k-cell is composed of a uniformly bounded number
of (k—1)-cells.

(Cc) Distinct elements have empty intersection.

The first assumption (Ca) is equivalent to saying that the closure of the elements of My
generates , ie.,Q = U{m|m € My}. Recursively, Assumption (Cb) means that for all
m € M, dm is composed of a uniformly bounded number of elements of M.

Definition 7.4 (Planar cellular complex). The mesh M defines a planar cellular complex of
Q if it defines a cellular complex of ) in the sense of Definition 7.3 and if:

(Cd) For all k € [[1,d — 1], each element of My, is contained in some affine sub-space of
dimension k.

We now distinguish boundary and internal k-cells.

Proposition 7.5 (Boundary mesh). For all k € [0,d— 1], the subset M7 of My, collects all k-
cells lying at the boundary 0, i.e., M) := {my € My, | my C 9Q}. By convention, M = 0. In
addition, if M defines a cellular complex of Q, the boundary mesh M? := {M? | k € [0,d — 1]}
defines a cellular complex of OS.

Definition 7.6 (Internal mesh). For all k € [[0,d—1]|, the subset My, of My, collects all internal
k-cells, i.e., My = Mp\Mj. The internal mesh is then M° := M\M? and M3 = M.

The following last definition introduces geometric subsets of My, for all k € [[0,d].

Definition 7.7 (Geometric mesh subsets). Let k, s € [0,d] such that k # s and let my, € M.
The subset Mg.m, of My is defined by

Msim, := {ms € Mg | mg C Omg} if k> s, (7.1)

or by
Mg, = {ms € M| my C Oms}  if s> k. (7.2)

Let us illustrate these concepts for d = 3. Recalling Remark 7.1, we use the following
classical terminology in R3: an element my € My is called a vertex and is denoted by v € V,
an element m; € M; is called an edge and is denoted by e € E, an element my € My is
called a face and is denoted by f € F and a element mg € Mj is called a cell and is denoted
by ¢ € C. A primal mesh of the subset € of R? is then denoted by M := {V,E,F,C}. A
simple three-dimensional polyhedral mesh composed of two polygonal prisms is depicted in
Figure 7.1. Owing to Definition 7.7, we obtain e.g., for all v € V and for all e € E, the subsets
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7.1. Polyhedral meshes

Figure 7.1 — An oriented polyhedral mesh containing the cell ¢ € C, the face f € F, the edge
e € E and the vertex v € V.

Ve:={veV|vCde} and E, :={eec E|v C de}.
We additionally introduce the notion of orientation: for all e € E, we assign an arbitrary
tangential unit vector t. and for all f € F we assign an arbitrary normal unit vector n¢. In

particular, we denote
e= /te and f:/nf. (7.3)
e f

Remark 7.8 (Orientation in the general case). The notion of orientation can be extended to
all dimension d > 1 and to all mesh elements using the notion of oriented atlas. Further insight
can be found e.g., in Gerritsma (2012).

7.1.2 Star-shaped and shape-regular mesh

Definition 7.9 (Barycenters). For allm € M, @, denotes the barycenter of m in the Cartesian

basis of R, i.e.,
1
Ty = —/ x,
m| Jm

where |m| denotes the dim(m)-dimensional Lebesgue measure of m.

Definition 7.10 (Star-shaped mesh). The mesh M is star-shaped if:
(St) For all k € [1,d], each element of My, is star-shaped with respect to its barycenter.

Such an assumption (St) is sufficient to assert optimal polynomial approximation (see Bren-
ner & Scott (1994)). Here, we have another route to prove polynomial approximation and the
motivation is different since assumption (St) allows us to consider sub-meshes (see Section 7.2).
In Figure 7.2, we present two non-convex polyhedral cells with two sustentation faces; the left
cell satisfies the star-shaped assumption whereas the right cell does not, since this cell is not
star-shaped with respect to its barycenter.

Definition 7.11 (Elements size). Let M be a planar cellular complex. Let k € [[1,d] and let
my € My. The circumscribed diameter (also called the size) of my, is denoted by hy,, and is
defined as the diameter of the smallest k-ball containing my. The inscribed diameter of my is
denoted by rm,, and is defined as the diameter of the largest k-ball that can be inscribed in my,.

Definition 7.12 (Shape regularity). The mesh M is shape regular if:

(Sha) There is a uniform constant Cy > 0 with respect to the mesh refinement such that

Vk € Hl,dﬂ, Vmy € My,  Cuhm, < Tm,-
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Chp. 7. Analysis on polyhedral meshes

Figure 7.2 — Two polyhedral cells in blue with two sustentation faces. The two vertices v and
v/ lie above and below these planes for the left cell and the right cell, respectively. Hence, the

left cell does satisfy (St) whereas the right cell does not.
(Shb) For all (mg,...,my) € X e [o.] My such that my, € My, , for all k € [[0,d — 1], there

., Cy > 0 such that

are uniform constants Cy,
thffld <|co{xmg,---sTmy} |
Coshthl < |co{@my, .. B, } ],

Gl < |CO{@rmg, Tiny s Ty }
where for any set {x1,...,xr}, CO{xy,...,x} denotes the interior of its convex hull (note that
for all k € [[2,d], cO{@mg, ..., Tm,} turns out to be the smallest k-simplex containing the

POINES Ty - -+ Ty,

e € Ef and for all v € V,, there are C;,C, > 0 such that

).
In dimension d = 3, Assumption (Shb) means that for all ¢ € C, for all f € F,, for all
Cs h3 < |co{xy, xe, x, )|, and C.h? < |co{xy, xe, x¢},

where the 3-simplex co{xy, x., xf, .} and the 2-simplex co{xy,z., ¢} are depicted in Fig-

ure 7.3.

Figure 7.3 — For a cell ¢, a face f € F¢, an edge e € E¢ and a vertex v € V,, we highlight the

3-simplex co{xy, Te, T, T} in orange and the 2-simplex co{xy, e, s} in blue.

110



7.2. Mesh partitions

7.1.3 Mesh regularity

Definition 7.13 (Mesh regularity (M)). We say that the mesh M is regular if it defines a
planar cellular complex in the sense of Definition 7.4, if it is star-shaped reqular in the sense
of Definition 7.10 and if it is shape reqular in the sense of Definition 7.12.

We keep this assumption for the rest of this Chapter.

7.2 Mesh partitions

Mesh partitions play a important role in this thesis, in particular to define reconstruction
maps mapping dofs spaces to functional spaces (see Section 7.4). These partitions are also
very useful in other contexts, as in co-volume methods (see e.g., Hu & Nicolaides (1992)) or
to extend the discrete Poincaré inequality for certain non-conforming functions in a general
domain (see e.g., Vohralik (2005)). A particular mesh partition is the dual mesh, explicitly
considered e.g., in the Discrete Duality Finite Volume (DDFV) method proposed by Hermeline
(2000) and by Andreianov et al. (2012)) or in the Mimetic Spectral Element (MSE) method
introduced by Kreeft et al. (2011) along with the recent compatible isogeometric schemes of Back
& Sonnendriicker (2012, 2014).

This section introduces the concept of X-partition of {2 based on a given subset X of M. To
simplify the reading, we only consider the case d = 3; however, we still write d instead of 3.

7.2.1 Vertex-based partition
For all ¢ € C, we define the set €y . = {cm}vevc which is composed of the sub-cells
Cy,c = int U U co{xy, e, s, x.} |, YV EV,, (7.4)
e€E,NE. fEFeNF.
as shown in the left panel of Figure 7.4, and where int(w) denotes the interior of any subset

w € R Note that €y . is a V-partition of ¢ owing to assumption (St), i.e.,¢ = U{tyc | v € V}.
The set §y . collects intra-cell sub-faces induced by this partition and is defined as

Svie = {fec = int(deyc N ey ) | € € Ee with v, v/ € Ve}, (7.5)

and one element is depicted in the middle panel of Figure 7.4. Finally, for all f € F., the set
Sv.t collects inter-cell sub-faces and is defined as

Svf = {fv.r = int(Ocyc N1) | v € Vi}, (7.6)

and one element is depicted in the right panel of Figure 7.4. The partition €y . is particularly
useful to express the coordinates of the barycenter of ¢ and of its faces f € F. as a convex
combination of the coordinates of the cell vertices v € V..

Proposition 7.14 (Cell and face barycenters). For all c € C and for all f € F., the following
identities hold:

Z level(xy —2c) =0  and Z Ifv.¢ (v —x¢) = 0. (7.7)

vEVe veVye

Proof. See (Bonelle, 2014, Proposition 5.23). O
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Figure 7.4 — From left to right: the sub-cell ¢, . attached to the vertex v within the cell c, one
intra-cell sub-face e € §v,c and one inter-cell sub-face f,r € v s-

7.2.2 Edge-face-based partition

For all ¢ € C, we define the set EF. = {(e,f) € EcxF.|e C 0f}. The edge-face-based
partition Cgp ¢ := {Cef ¢} (e r)cEF, 18 composed of the sub-cells cef . such that

Cof ¢ := int ( U Co{:r:v,:ce,acf,asc}) , V(e f) € EF, (7.8)

vEVe

as shown in the left panel of Figure 7.5. Owing to assumption (St), Cgp is a EF.-partition,
ie., € = U{terc| (e, f) € EF.}. This partition is of particular interest, since it is composed of
simplices. Observe that each cell edge is connected to two tetrahedra cef . since #(F.NF.) = 2,
so that we have #Cxr . = 2#E.. The set collecting intra-cell sub-faces induced by this partition
is defined as

S’EF’C = {fﬁ‘/’C = int((?cegc N atef/,c) | f, = F.NF; foralle e EC}
U {feer c = int(Ocer,c N Ocerse) | €€ € Eg NEy for all v e Vet (7.9)

with two elements illustrated in the middle panel of Figure 7.5. For all f € F, the set collecting
inter-cell sub-faces set is defined as

3EF7f = {fe’f = int(f)cef,c N f) ‘ e e Ef}, (7.10)

where one element is depicted in the right panel of Figure 7.5.

Figure 7.5 — From left to right: the sub-cell ¢ attached to (e, f)EF., two intra-cell sub-faces
firr ¢ € Ser,c and fee ¢ € Frr,c and one inter-cell sub-face fe ¢ € §pr ¢ with f € Fe.
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7.2.3 Edge-based partition

For all ¢ € C, the edge-based partition € = {ce’C}eeEc collects all the sub-cells defined by

Cec = Int ( U U Co{wv,we,wf,azc}) , Vee€E, (7.11)

feFeNFc vEVe

as depicted in the left panel of Figure 7.6. Owing to assumption (St), € . defines a E.-partition,
ie.,t=U{tec| e € Ec}. Observe that ccc = U{cerc | f € Foe NF.} and that #Cx . = #E, so
that Cgr can be interpreted as a sub-partition of €y .. The set collecting intra-cell sub-faces
corresponds to

Sue = {feerc = Int(Ocec N o) | 6,6’ € EgNE, for all f € F, and v € V¢}, (7.12)

with one element illustrated in the middle panel of Figure 7.6. Note that §gc C §rr,c. For all
f € F., the set collecting inter-cell sub-faces of f is finally

Sef = {fer = int(dcec NT) | e € Ex}, (7.13)

with one element depicted in the right panel of Figure 7.6.

Figure 7.6 — From left to right: a sub-cell c¢.. attached to e € E., one intra-cell sub-face
fee’.c € Sg,c and one inter-cell sub-face for € §pf.

Proposition 7.15 (Volume of a sub-cell). Let ¢ € C and let e € E; with fe. € v defined
by (7.5). Then, d|ccc| = |efe.| withe = [ te and fo. = [ ny,..

Proof. Observing that ce is composed of two pyramids of basis fe . and of apex one of the two
vertex of e, the identity follows from the volume of each of them. O

7.2.4 Abstract partition

Let us consider ¢ € C a cell of the mesh M and let X be a subset of {My, | k € [0,d — 1] }.
The set € . is composed of the open d-cells ¢y . with x € X, also called sub-cells, where X, is
the corresponding subset of {My..| k € [0,d — 1] }. Then, we have €x ¢ = {¢xc}xex.-

Definition 7.16 (X.-partition). €x . defines an Xc-partition of ¢ if ¢ = U{c| ¢ € €x . }.

Owing to this definition, an X.-partition defines a sub-mesh of ¢ and it is possible to define
the associated k-sub-cells for all k € [0,d — 1]]. For the sake of brevity, we only detail the
(d — 1)-sub-cells, also called sub-faces.

Definition 7.17 ((d — 1)-connected sub-cells). Two sub-cells are said to be (d — 1)-connected
if their intersection is a (d — 1)-sub-cell, i.e., a sub-face.
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Two kind of sub-faces induced by the X.-partition are considered: intra-cell sub-faces lying
inside a cell ¢ and inter-cell sub-faces lying on the boundary Jc.

Definition 7.18 (Intra-cell sub-faces). For all ¢ € C, Intra-cell sub-faces of ¢ are collected in
the set

Fxc = {f=int(dcN )| ¢c,¢’ € € such that ¢ and ' are (d — 1)-connected } . (7.14)

Definition 7.19 (Inter-cell sub-faces). For all c € C and for all f € F, inter-cell sub-faces of
f are collected in the set

Sxf={f =int(dcNf)| ¢ € € such that ¢ and f are (d — 1)-connected } . (7.15)

Collecting these local X -partitions, the global X-partition is defined by €x := {€x c}cecc.
Moreover, the set of internal sub-faces is defined by §% = {{§x,c}cec, {Fx }tere } and that of
boundary sub-face by §% := {Fx .t }tero-

As for the primal faces, sub-faces f € {J%, 5%} are oriented along a unit normal vector ;.
Since mesh faces are planar, the normal m; is chosen such that ng-n; > 0 in § for all § € Fx
with f € F° and such that n-n; > 0 in f for all f € §%, with n the outward normal to 2.

Definition 7.20 (Jumps and averages on §3). For all § € F3 such that § = int(dc N A¢') with
¢, ¢’ € Cx and such that ny points from ¢ to ', we define, respectively, the jump and the average
on § of a function v as

[v]jf = vje — v and {v} = % (U|c + U‘c/> .

7.2.5 The dual mesh

The dual mesh is built from the vertex based partitions {€y .}ccc. The material of this
section slightly differs from that of Bonelle (2014).

Internal dual mesh. As for the primal mesh, the internal dual mesh is denoted by M and
is composed of dual vertices v € V, dual edges € € E, dual faces f € 15, and dual cells ¢ € (~],
so that M = {\N/, E, f‘, (~3} The key concept of dual meshes is the one-to-one pairing between
primal and dual entities: each primal vertex v € V is associated with a unique dual cell &(v) € ¢,
each primal edge e € E is associated with a unique dual face f(e) € 15, and so on. Following this
principle, the definition of a dual mesh is however not unique. Hereafter, we only present the
so-called fully barycentric dual mesh based on the barycentric coordinates of the elements of
M. Recalling the construction of the vertex-based partitions €y ¢ for all ¢ € C in Section 7.2.1,
we define dual cells as

o(v) =int (J{ewelc€C}), WweV, (7.16)

with ¢y ¢ the sub-cell defined by (7.4). Dual faces correspond to the (d — 1)-dimensional bound-
ary of these dual cells and are defined as

f(e) = int (U {f,:\ ce Ce}) , VecE, (7.17)

with the intra-cell sub-face fe . defined by (7.5). Owing to (7.16) and (7.17), we have ¢y =
&v)Ncand foo = f(e) Nc = f.(e). Hence, ¢y can be interpreted as the local dual cell
attached to the vertex v, whereas fe. corresponds to the local dual face attached to the edge
e in the cell ¢ € C. For the sake of completeness, we also introduce dual edges and dual
vertices, although they are not used in this thesis. For all f € F, dual edges are defined by
é(f) = int(U{ CO{x¢, @} | ¢ € C¢}) and for all ¢ € C, dual vertices are defined by v(c) = x..
Figure 7.7 highlights a portion of the dual mesh of the primal mesh depicted in Figure 7.1.
In particular, we observe that dual faces and dual edges are oriented along the unit vector
attached to their respective primal entity. The proposition below expresses the volume of each
primal mesh cell in terms of its primal edges and its local dual faces.
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7.2. Mesh partitions

Figure 7.7 — The oriented primal mesh and a portion of the oriented dual mesh.

Proposition 7.21. Let M be a primal mesh and let M be its fully barycentric dual mesh. For
all c € C, we have

Y exfcle)= Y fcle)®e=lcld. (7.18)

ecBEc ecEc
with e = [ te and f.( = Ji.(e) P (o) -
Proof. See e.g., Codecasa & Trevisan (2007) or Droniou & Eymard (2006). O

A consequence of the one-to-one pairing principle is that the dual mesh M is composed of
a finite collection of k-cells, k € [[0,d]], since #C #V, #F = #E, and so on. However, it
does not define a cellular complex in the sense of Definition 7.3 since (Ca) is not satisfied.
Moreover, we observe that, even if the primal mesh satisfies the planar condition (Cd), the
dual mesh does not.

Boundary dual mesh. In order to satisfy the condition (Ca), we additionally introduce
the dual mesh attached to the boundary 92 and denoted by M2, Tt is composed of boundary
dual vertices ¥0 € V?, boundary dual edges & € E? and boundary dual faces f? € F?, so that
M? = {\76 ,E"’, ﬁ“"}. These entities are built following the same construction principle as for
the internal dual mesh M, namely the one-to-one principle, but within the (d — 1)-manifold
09Q. In essence, each primal boundary vertex v € V? is attached to a unique boundary dual
face f2(v) € F?, each primal boundary edge e € E? is attached to a unique boundary dual edge
&%e) € E?, and so on. Dual boundary faces are then defined by

P(v)=int (J{fer [ f€FNF}), eV, (7.19)

where the inter-cell sub-faces fy ¢ are defined by (7.6). Similarly, for all e € E?, boundary dual
edges are defined by &°(e) := int (U{CO{xe, s} | f € Fe NF?}) and for all f € F?, boundary
dual vertices are defined by v?(f) = x¢. Figure 7.8 highlights a portion of the boundary dual
mesh M? associated with the primal mesh presented in Figure 7.1.

Proposition 7.22 (Dual cellular complex). Owing to Definition 7.3, the boundary dual mesh

M? defines a cellular complex of the boundary 92 and the dual mesh {M,Ma} defines a cellular
complez of §2.
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Figure 7.8 — Portion of the dual boundary mesh.

7.3 Functional inequalities in polyhedral meshes

This section briefly recalls functional inequalities in polyhedral meshes used to analyze
our schemes, namely, the Poincaré(-Steklov) inequality, the multiplicative trace inequality, the
inverse inequality, and the interpolation error of the Oswald operator (see Oswald (1993)).
Following Ern & Guermond (2016), the following results can be extended to fractional Sobolev
spaces.

7.3.1 Poincaré-Steklov inequality and polynomial approximation

Lemma 7.23 (Poincaré-Steklov inequality). Let p € [1,00), let ¢ € [1,d], and let ¢ € C.
Then, there is Cp > 0, such that

”’U - ECHLP(C;]R‘I) < Ghhe |U‘W17P(C;Rq) y VE WLp(C; Rg)? (720)
with v° := |c|™! [ v.

The proof which relies on the compact embedding WP (c;RY) < LP(c; R?) does not define
explicitly the constant C,. Whenever the mesh cell ¢ is a convex set, one can take Cp = 1 if
p = 1 (see Acosta & Duran (2004)) and C, = 7! if p = 2 (see Bebendorf (2003)). We also

recall that the estimate Cp < 217% p% holds in the general case. If the cell ¢ is not convex, the
constant Cp can take larger values; however, following Ern & Guermond (2016), it is possible
to prove that it remains bounded if the mesh is regular in the sense of Definition 7.13.

A direct consequence of the Poincaré inequality is the following Corollary.

Corollary 7.24 (Polynomial approximation). Let p € [1,00), let ¢ € [1,d], let k € {0,1},
and let ¢ € C. Then, there is G.,, > 0 such that,

k
. r k k+1, .
vertum) <rzzohc\v—vrwrwq>> < G [olpis ez, V0 € WHIP(GRY). (721)

Proof. Let ¢ € C and let us consider the case ¢ = 1; the proof is identical for other choices of
g. Owing to the Poincaré inequality (7.20), there exists Cp > 0 such that

v =7 1r(e) < Cohe |vlwrney, Vv € W (c),
with 7¢ := ﬁ J.v € Py(c; R), whence (7.21) for k£ = 0.
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Let now v € W?P(c) and let us consider the affine polynomial V (z) := 7° + Vo°-(x — z.),
for all x € ¢, where . is the barycenter of c. Then, applying the Poincaré inequality (7.20)
with ¢ = d, we infer that

|’U — V‘Wl,p(c) = ”VU — WC”Lp(C) S Cphc ‘V’U‘Wl,p(c) S 2Cphc |U‘W2'p(c) s

since cross-derivatives are counted only once in the W?P? semi-norm. Moreover, observing
that the function v — V' has zero mean-value in ¢ by construction and applying once more the
Poincaré inequality, we infer that

lv=Vlr(e) < Cohelv - V|W1,p(c) < C2h; ‘U|W2,p(c) )

owing to the above bound on |v — Vy1,p(), so that (7.21) follows for k = 1. O

7.3.2 Face and inverse inequalities on polyhedral cells

Lemma 7.25 (Multiplicative trace inequality). Let p € [1,00), let ¢ € [1,d], and let ¢ € C.
Let § be any planar sub-face contained in €. Then, there is Cr > 0 such that

1

1-1 1
[0l 2o 50) < Celolodagey (10l + dhe Tolioemn)” . Vo € WP(RY).  (7.22)

We present here the proof inspired from Carstensen & Funken (2000) using the Raviart-
Thomas-Nédélec shape functions.

Proof of Lemma 7.25. Let ¢ € C and let ¢ = 1 with § C f for all f € F.. The case ¢ € [2,d]
follows similarly.

First, let ¢ be the (non-degenerate) pyramid of base f and of apex x.. Let us denote ;.
the Raviart-Thomas-Nédélec shape function in this pyramid attached to f:

(x — x)

— 7 Vzx e,
(x5 — ) g

of,c (m) =

where x; denotes any point belonging to f. Let s, be the outward unit normal on the boundary
Jc and observe that 0. ny. = 1 on | (since this face is planar) and that 8;.mns = 0 a.e.on
dc\f. Hence, for all v € W1P(c), we have

|vum(f)f/ lof? ofcnacf/v (o] 6;.),

owing to the divergence theorem. Then, applying twice the chain rule and Hélder’s inequality,
we obtain

ol = (015 ol + [0l V650 =p [ 010l 2850Vt [0 V65
¢ c

< p[6jcf L c)HUHLP(c [Vole) + 1V-BfclLoo () I l7n o)
Observing that V-0;. = miﬂ%h; L 165.clpoq < (wf_};ﬁ and invoking mesh regularity,
we infer that there exists C'. > 0 such that
P
o150 < G (el g 190l + g ol )
The result then follows since ¢ C c. O

Proposition 7.26 (Inverse inequality). Let ¢ € C, let ¢ € [1,d], and let € be a partition
of ¢ in the sense of Definition 7.16. Let ¢ € Cx .. Then, there exists Cy, > 0 such that

[0lwra(eray < Cnhe 10liremray, Vo € P1(Exc; RY). (7.23)
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Proof. Split the polyhedral cell ¢ into simplices and use the classical inverse inequality, e.g., from (Ern
& Guermond, 2004, Sect. 1.7). O]

The last important inequality needed in the analysis (in particular in Chapter 5), is the
estimate of the interpolation error of the Oswald of the average operator (see Oswald (1993)),
usually considered in the analysis of finite volume method (see e.g., Achdou et al. (2003)) or
to construct quasi-interpolation operator (see Ern & Guermond (2016)).

Proposition 7.27 (Oswald inequality). Let c € C, let p € [1,00) and let €x . be a partition of
¢ in the sense of Definition 7.16. Then, there is Cy, > 0 such that

1
1 p
v— Z V) < Cyohd Z 1112, H ) . Vv e Py(Cxe; R). (7.24)
H #Q:X’C celx c Lr(e) (fegx c (

Proof. Owing to Definition 7.16, we have

1

va ¢ >, v
# X,c CIGQX’C

p
Lr(c)

1
N v () c; H *#qxc A y = ce@Z&CH#@X’c cf%fv'cv"')

Hence, owing to Jensen formula, we infer that

p

1
’U|c/
#th,c CIE%(,C LP(C) X,C

|-

S e vl (7.25)

ceCx cC 'eCx C

Let us now consider a cyclic path 9 : €. — €, visiting at least once each sub-cell of
Cx,c and satisfying, for all ¢ € Cx, int(c N (c)) C Fx,c, meaning that two consecutive sub-
cells are (d — 1)-connected in §xc. Denoting n > #C€x . the cycle index integer defined by
1" = Id which is uniformly bounded owing to mesh regularity, we observe that for all ¢ € €y,
¢ = U{p®(c)|ie [1,n]}. Introducing now the length I« = min{j € [1,7]| ¥/(c) = ¢}
separating ¢ and ¢ along this path (in short 1), we infer that

l p l
P P
e = vpe| = ‘Z U1 — Ve <D [orre1 — vere
k=1 k=1
Hence, observing that [ < ' and that Vb1 = Vpg(o)IF = ]]HLP (r_rp) With

fe—1k = int(¢F=1(c) N9k (c)), we infer, owing to mesh regularity, that

n+1 n+1\?
e = vielig < (5=) 1ol X WMy S (5 ) e X 1ol

fESX,c IS

Finally, collecting these bounds along with estimate (7.25) yields

77 P
Lr(0) S5 (#Q:XC ( Z H[M]Lp(f)) :

fESX,c

H”‘#ém 2

’ CEQX,C

The expected result then follows since #€ . is bounded owing to mesh regularity and so is 7
as well. Note that the optimal situation corresponds to n = #Cx ., meaning that the path visit
each sub-cell exactly once. In other words, it means that 1 defines a Hamiltonian path on the
graph defined by the (d — 1) connectivity between the sub-cells of Cx . O
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7.4. Reconstruction and approximation

7.4 Reconstruction and approximation

This section analyzes the reduction and the reconstruction maps used to derive and analyze
our schemes. These notions were first introduced by the mimetic community, e.g., in the work
of Hyman & Scovel (1990), Bossavit (1998, 2000), or Arnold et al. (2006). In this context, these
maps aim to discretize differential forms as co-chains. Hereafter, reduction and reconstruction
maps somehow extend to polyhedral meshes the classical notion of a finite element based on
the triplet {K, P, X} introduced by Ciarlet (1978).

Reduction maps Ry reduce a continuous field onto mesh entities of a mesh set X (corre-
sponding hereafter to V, E or VxC) in order to define the finite-dimensional space X = R#X
collecting degrees of freedom attached to x € X. Reconstruction maps Ly generate continuous
fields from a dof vector in X. Combining these two operators, we obtain the interpolation map
lx = Ly o Ry. The interpolation error is then of order m € Ny if the reconstruction map Ly
is stable and if the reduction map Ry is the right inverse of Ly on the space of polynomials of
degree at most m. We can then consider the extended finite element formalized by the triplet
{X,Lx,Rx}.

The material of this section extends that presented by Bonelle (2014) since the analysis is
now performed in Lebesgue spaces of exponent p € [1,00) and not just in the Hilbert setting.
We also adopt a different point of view to emphasize the role of each of the two operators Ry and
Ly, especially regarding the regularity needed to obtain the convergence of the interpolation
error as the mesh size goes to 0. Hereafter, we only consider low-order elements attached to
mesh vertices, mesh edges and mesh vertices-cells; other elements are available in the literature,
such as the face elements presented by Lemaire (2013) and by Di Pietro & Ern (2015), extending
to polyhedral meshes the Crouzeix-Raviart elements.

7.4.1 Piece-wise constant vertex reconstruction

Let ¢ € C and let V. denote the finite-dimensional space collecting degrees of freedom
attached to cell vertices v € V.. The reconstruction map on V. is denoted by Ly, : V, —
Po(€yc; R) and generates piece-wise constant polynomials on the partition €y . introduced in
Section 7.2.1. It is defined by

Ly, (v)(x) := Z volyo(T), WWeX, Vo ec, (7.26)
VGVC

where for all v € V¢, the piece-wise constant shape function ¢y . € Py(Cy ¢;R) is given by
£V7c|cv/,c =0yy, W eV (7.27)

with d ,» the Kronecker symbol equal to 1 if v = v/ and 0 otherwise.

Remark 7.28 (General definition). From Bonelle et al. (2015), these shape functions are

obtained choosing o = 1 in the more general definition lyclc, = by + ‘TC"C‘ (1 —«) for all

v,v' € Ve where a > 0 is a stabilization parameter.

Stability. For all p € [1,00), the local discrete p-norm on V. is defined by
1
p
IVIvep == Z levellwlP |, We, (7.28)
VEVC
with ¢y . defined by (7.4).
Proposition 7.29 (p-Stability). Let p € [1,00). Then,

vee G, Vllvep = IbveMlze), WV € Ve (7.29)
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Proof. Owing to definitions (7.27) and (7.28), it follows that

Il = 3 [ P = 3 [ el = I,

VEVC VGVC

O

Consistency and interpolation error. Let us introduce the local reduction map Ry, :
W#P(c) — V. with sp > d acting as follows:

Ve Ve, Ry (v)y =v(py), YveW(c). (7.30)

This reduction map is referred as the de Rham map on 0-chains. The interpolation operator
resulting from the combination of Ly, with Ry, is defined by Iy, = Ly, o Ry, : W*P(¢c) —
Po(Cy,c; R) with sp > d.

Proposition 7.30 (Py-consistency). For allc € C, Iy (U) =U for all U € Py(c;R).
Proof. This property readily follows from definitions (7.30) and (7.26). O

Proposition 7.31 (Interpolation error). Let p € (4,00). Then, there exists Cy, > 0 such that
Ve e C, [v—I(0)rre) < Cur (hc [Vl (e) + he |U|W2,p(c)) , YweW(c).  (7.31)
Proof. Let c € C and let v € W2P(c). First, let us prove that there is Cx > 0 such that

IRve (0)lIvep < Cr ([0]20() + he [0lyprngey + 1 [0l ) - (7.32)
(c) (©)

To do so, let us consider the local edge-face based partition €gp. defined in Section 7.2.2
which is composed of tetrahedra ¢ € €ur .. Proceeding as for finite element proofs, we use the
reference tetrahedron and the continuous embedding W2P(¢c) < L>(c) for all p > %l (see, e.g.,
(Ern & Guermond, 2004, §1.5)) to infer that

[0 ) S 2 (010 e) + B2 [0Biney + B2 [0 - (7.33)
The estimate (7.32) then follows since

IRv. (), = D levello@)P ShE Y 2lvlfu g,

veVe CGCEF’C
owing to mesh regularity. Now, let V' € Py(c;R). Observe that
[v = We@)Lre) < v = Vi) + (v =V)lee) < v = Vo) + IRv.(v = V)llvep,

using the triangle equality along with Propositions 7.29 and 7.30. Hence, combining this
estimate with (7.32) yields

[o = o)) < (14 Collo = V(o) + Cahelv = Vwnoge) + Ceh2o — Ve

Then, observing that V' € Po(c;R) yields [v — Vi]pipe) = [vlwire) and [v — Vi]pzpe) =
\v]Wz,p(C). We infer that

[v =tz S |, dnf o= Vizre) + helvlwnee) + helvlwza(c)

The conclusion then follows using the polynomial approximation bound (7.21) with £ =0. O
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The interpolation error estimate (7.31) is not optimal since the regularity of v is over-
constrained by the regularity of the domain of the de Rham reduction map (7.30). To circum-
vent this difficulty, we introduce the patch cell ¢ = U{¢(v)| v € V.} with the dual cell &(v)
defined by (7.16) for all v € V. and the reduction map Ry, : L*(¢) — V. acting as follows:

We Ve, Ry(v)y = |C(1V)’ (/W v) . Ve L'(e). (7.34)

The interpolation map obtained with this reduction map is now denoted by TVC =Ly o ﬁvc :
Ll( ) _>PO(Q:VC7 )

Proposition 7.32 (Py-consistency). For all ¢ € C, Iy, (U) = Ule for all U € Po(&; R).
Proof. This property readily follows from definitions (7.30) and (7.26). O
Proposition 7.33 (Interpolation error). Let p € [1,00). Then, there exists Cy, > 0 such that
Vee C, o =Ty ()l < Guhe [vlyiae, Yo € WHP(E). (7.35)
Proof. Let V € Py(¢;R). Owing to the triangle inequality and Proposition 7.32, we infer that
lv =T, () o) < 10 = Vzoe) + [ (0 = V)lLoe)

Using the definition (7.30) of Ry, , we observe that for all w € LP(¢),

o

where we have used that |cy ¢| < |¢(v)] to infer the last inequality. Owing to Holder’s inequality,
= Hw||ip(6(v))|6(v)|p_1. Hence, recalling the

IRy, (W)Y, , = Zlvc!

vEV,

|ev.cl p
(v ”wHLl( Z ‘p 1||wHL1(CV))

e 2. TP vev |

we also have ||w||121(6(v)) < Hw||7£ ||1|\Lp @)

definition of ¢, we infer that
IRv. (@)llvep < lwlLe e

so that, using Proposition 7.29, it follows that
e (v = V)lzre) = IRve(v = V)llvep < v = Ve

As a result, |v — Iy, (v)] () < 2Jv — Ve and the expected result is obtained with the
estimate (7.21) with 7 = 1 by replacing ¢ by ¢ (observe that this estimate still holds up to a
different numerical constant). O

Remark 7.34 (Regularity). The benefit of using FAQVC instead of Ry, is that the regularity of v
s now optimal. The price to pay is a slight loss of locality since the upper bound now involves
¢ instead of c.

7.4.2 Piece-wise affine vertex-cell reconstruction

Hereafter, an extension of the classical P1-Lagrange finite element is proposed on polyhedral
meshes. Let ¢ € C and let P, denote the finite-dimensional space collecting the scalar degrees
of freedom attached v € V. and to c. The reconstruction map Lp, : P — P1(Cgpe, R) N
C%(c) generates a piece-wise affine continuous polynomial on the sub-mesh Cpr,c defined in
Section 7.2.2. This operator is defined as

Lp.(v)(x) = vele(x) + Z volyo(z), WveP, Vo ec, (7.36)
VEVC
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where the shape functions ((fyc)vev., ) span P;(€gp ., R) NC%(c) and are defined by

Ve Ve, fe(z) + > |f’Vf|f| x), and l.(x):=0.(x), Vz €, (7.37)
feF,

with fy ¢ the inter-cell sub-face attached to v on f defined by (7.6), and with the classical Courant
(or P; Lagrange, or nodal, or hat) basis functions ((6v)vev., (6¢)ter.,0c) on the simplicial sub-
mesh Crp ..

Stability. For all p € [1,00), the discrete p-norm on P, is defined by

1
d p
IVIlPep = he (Ivcer > !Vv|p> : (7.38)

vEV,

Similarly to the definition (7.28) of ||-||y. », and owing to mesh regularity, an equivalent definition
1
is [Vllp. p = (ellvel” + Xvev, levellve[P) 7.

Proposition 7.35 (p-Stability). Let p € [1,00). Then, there exist C,, C; > 0 such that
Vee G, Glvlipepy < ILp.(M)]re) < GlVIlpeps Vv € Pe. (7.39)

Proof. Let ¢ € C. Let us consider real numbers (ay)vev,, (af)ter, and a.. Proceeding as in
the proof of (Ern & Guermond, 2004, Lemma 9.17), we infer from the spectral properties of the
mass matrix of P;-Lagrange finite elements and from mesh regularity that there are uniform
constants 0 < C; < Cy, such that the function fo = > ey, avly + D e, affs + acl. satisfies

_d
Colalp < he " [falLre) < Callpw, (7.40)

1
where |af, = (Xev, [av|P + Yier, lagl? + |acP)». Considering now v € P., we observe that

ch(v): Z vy Oy + Z (Z ’fo‘ )ef‘f‘vcgm

veEV, feF. \veVg

owing to the definition (7.27) of ¢y .. Applying now the lower bound of (7.40) to f, = Lp_(v),

we obtain the expected lower bound with C, = C;. Now, turning to the upper bound, we

observe that ‘f“’f’lfl < 1 since fy ¢ C f, so that the discrete Holder inequality yields

4 v
<5 (51 (5r) <5 (0o g or)
feF. \veVs veVy feF. veVy

Next, exchanging the summations leads to

Z ’fvf‘

vEVe

D

feF.

s

Z ’fvf‘

vEVe

>

feFc

Zlvp( > (#Ver )
feFyNF.

VEVC

so that the expected upper bound holds with
1
P

C;, =G, 1+max( Z (#Vf)p’) )

VEVe \ tefonF,

which is uniformly bounded owing to mesh regularity. O
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Consistency and interpolation error. Let us introduce the reduction map Rp, : W*P(c) —
P. with sp > d acting as follows:

Ve Ve, Rp(v)c=v(x:) and Rp (v)y = v(zy), Yv e WP(c) (7.41)

and let us define the interpolation operator Ip, = Lp_ o Rp, : W*P(c) — P1(€gp; R) N CY(c)
with sp > d.

Proposition 7.36 (IPi-consistency). For allc € C, lp (U) =U for all U € P1(c;R).

Proof. Let ¢ € C and let U € Py(c;R) such that U(x) = a-x + b with (a,b) € R¢xR for all
x € c. By definition, we have

lp,(U)(x) = > (axy + b)lyc(x) + (a-@c + b)le(T)
vEV,

:a(z mvac( )+mcc ) (Z Evc )) b.
veEVe veEVe

Using definition (7.37) of the local shape functions ¢ and £, we observe that

Y bve(®) +le(x) = Y Ou() + Y (Z ’f“') z) + 0c(x).

vEV, vEV, feF. \veVg

Since > ey, ‘f‘vald = 1 owing to the star-shaped property, the partition of the unity satisfied by

the Courant basis functions yields

Z lyo(x) + le(x) = Z Oy(x) + Z Ot(x) + O.(x) = 1.

veEVe vEVe feF.

Similarly, recalling the identity 3 cv, |fv.tlzv = [f[zs from Proposition 7.14 and the linear
exactness of the Courant basis functions, it follows that

D @vbe(®@) T @clo(@) = ) @by(x +Z(ZM) () + Oc(x)

veVe veEVe feF. \veVg
:vav +Za}f9f )+ xb(x) = x,
VEVC fch
whence the result. O

Proposition 7.37 (Interpolation error). Let p € (%, o0). Then, there is Gy, > 0 such that
Ve e C, [v—lp(v)|zre) + helv = 1. (V) lyy1p(e) < Cuih? Vw2, YvE W?2P(c). (7.42)

Proof. We only sketch the proof since it follows the same ideas as those used to prove Propo-
sition 7.31. Let v € W?P(c) and let ¢ € C. There is Cg > 0 such that

IR (0)lpe < Cn (Il + B ol + 12 ol - (7.43)
Then, considering V' € P;(c; R) we infer that
lv=tp.(0)lLee) < v = VlLee) + 112 (v = V)Loe) < o = Vi) + GlIRp (v = V)2 p
owing to Propositions 7.36 and 7.35. Then using (7.43), we obtain
lo = 1. (V) £oe) < (1 + CCR)v — VlLa(e) + CiCrlclv — VIwrn(e) + CCrAEIY — V2 (o)

123



Chp. 7. Analysis on polyhedral meshes

v — Viwtee T 1P (v = V)|jy1p(c), so that owing to the inverse inequality (7.23) and the iden-
tity (7.43), we infer that

Moreover, still using Proposition 7.36 along with triangle inequality, we have |[v — Ip, (U)|W1,p(c) <

0= 1p (V)| wrne) < [0 = Viwiee + Covhe o (v = V)lLe(e)
< ‘U - V’WLP(C) + CIthc_:l”’U - VHLP(C) + Cmvhc_lHU - IPC(U)HLP(C)

Finally, combining these two bounds, using that |v — V]y2pc) = [v|p2s() and that V is
arbitrary in Py (c; R) yields

: 2
[v—Ip. (V)| Lr(c) +helv =P (V) [wrpe) S Peé,?fc;R)(||U —Vllre) +helv = V]wipe)) +helvlwre e,

whence the result using the polynomial approximation bound (7.21) with & = 1. O

7.4.3 Piece-wise constant edge reconstruction

Let ¢ € C and let & denote the finite-dimensional space collecting the scalar degrees of
freedom attached e € E.. Lg, denotes the edge-based reconstruction map from &, generating
piece-wise constant polynomials on the sub-mesh €., defined in Section 7.2.3. Lg : & —
Po(€sc; R?) is such that

Le(V)(@) = 3 velec(x), WeEE, Vaec, (7.44)
ecE.

where for all e € E, the shape function £, . € Py(Cg c; Rd) is defined as

fo(e)we'\ fo(e)  feole) ,
locle, = (1d— n boers Ve € e 7.45
el ( dlecrel ) Il dleee ™ ‘ (749

where d, - denotes the Kronecker symbol equals to 1 ife = ¢’ and 0 otherwise, fc(e) = f;c( ¢) T (e)
and e = [, t.. This reconstruction map corresponds to that proposed by Codecasa et al. (2010)
in the context of the Discrete Geometric Approach (DGA).

Remark 7.38 (General definition). From Bonelle et al. (2015), these basis functions are
obtained choosing v =1 in

fo(e))we' f. f.
ee,c’c e ld — o (e )®e (e) + « (e) 5e,e’7 Ve, e’ S EC, (7.46)
o dlcer cl ] dlcec|

where o > 0 is a free parameter related to the stabilization. Let us also mention that choosing
o = Vd yields the so-called SUSHI-like edge-based reconstruction map devised by Eymard et al.
(2010).

Stability. For all p € [1,00), we define the discrete p-norm on the space & as

1
Ve \* ’
IVle.p = | D leecl el , Wekl. (7.47)
eGEc

Proposition 7.39 (p-Stability). Let p € [1,00). Then, there exists C; > 0 such that

veeC,  |Vlep < Ilec(WlLee) < GlVllecps YV € & (7.48)
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7.4. Reconstruction and approximation

Proof. Owing to the definition (7.44) of Lg_, we infer that

ILe.(v Z [Veae + be ”Lp(ce,c)’
eeEc

where

a, = |e’2 and b, (ee,c r |2> Vet 3 Vel
e’cEc\{e}
Recalling the identity d|ce| = |e-f.(e)| from Proposition 7.15, we observe that for all e, ¢’ € E,
we have £, o(z)-€ = ¢ for all ® € ¢o .. Hence, we have ac-be = 0 on ¢, so that |veae + be| >
[Veae| and then

ILe, (v > Z ”Veae”LP(cec Z ’Ve|pHae”LP (corc)
ecE¢ ecEc
Hence, the expected lower bound follows observing that |a. ”]}J’(cc 0= ||c§"§‘. Now, turning to
the upper bound, the discrete Holder inequality yields 7
ILe. )0 < FEDP™ S el el
ecE¢
Since |£e, o CHLN(C), we infer that €|}, ) < Cf(#Ec)lfp‘rgﬁf' where the constant

1
_1 le| \*
- (#m)! mEx(<| |) |eruee,c||po<c)),

is uniformly bounded owing to mesh regularity. The expected upper bound thus holds. Specif-

ically, a calculation shows that
- - 1
2
O O |
lc|  \ d|cec| |c| cos?(ter, N (1))
leading to

_ 1
le[|fc(e)] ] 1 ?
e 0o < _— m X 1
[efle.clz=e) < ( |c| ax d|ce.c| ’e/eEfé(’;ée + cosQ(te/,n;C(e/)) ’

where (£, ng (o)) denotes the angle defined by these two vector. O

e,c‘c e,c’cc/,c

e,c

Consistency and interpolation error. Let us now introduce the de Rham reduction map
Re. : W3P(c) — &, with sp > d — 1 on mesh edges acting as

|
Ve e Re(v) = /v-e, Yo € WoP(c). (7.49)

Define the interpolation map lg, = Lg, o Re, : W*P(c) — Po(€g; RY) with sp > d — 1.
Proposition 7.40 (Po-consistency). For allc € C, lg,(U) = U for all U € Py(c; RY).

Proof. Let U € Py(c;R?) and let = € ¢er o with ¢’ € Ec. Owing to the definition (7.49) of Re,,
it follows that

= Y Re(U)jebec(@) = D (U-e)e, (Zeec )U.

ecE. ecE¢ ecE¢

Then, owing to the identity ) .cg_ e@f.(e) = |c| from Proposition 7.21 and proceeding as
in Bonelle (2014), we infer that ) .. £e.c(z)®e = Id, whence the result. O
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Chp. 7. Analysis on polyhedral meshes

In order to estimate the interpolation error of lg , let us prove that the domain of the
2
reduction map (7.49) can also be defined for all p € (3,2] as {v € W'P(c)| Vxwv € Lﬁ(c)}

(note that 35 € (2,4] if p € (3,2)).

Proposition 7.41. Let p € (%,2} and let ¢ € C. Then, for all v € WYP(c) such that
2

Vxwv € Lﬁ(c), there exists Cg > 0 such that

3(p—1)

IR, (v)lle.p < Gehe (hc TVl |v|W1,p<c>> - (7.50)

Proof. Let c € C and let e € E.. Let f € F. N F. and denote ¢ € Cxp the simplex associated
with (e, f) (see definition (7.8)) and f = dc N {.

Let ¢ > 2 and denote ¢ its conjugate number. We denote ¢, g5 the characteristic function of
e on Jf. Since g¢’ = (¢—1)~! < 1 by assumption, the zero extension of ¢, o5 to Of satisfies (with

the same notation) @e g € W%’ql(af) Let Pejf. denote the lifting from Wi (9f) to W' (f).
Next, extending ¢ to dc, we obtain Pedc ewao? (Oc) (by the same arguments) and we finally

denote . the lifting of pe 5 from Wi (d¢) to W' (¢). Owing to mesh regularity (using the
reference tetrahedron) and the surjectivity of trace maps, we infer that

2—q’ 12—

She? and |@eclypra o ShE he” (7.51)

|90e,f|wl,q’ )

Denoting T, = |e| ™! [, v-e and following Amrouche et al. (1998), we obtain

Te = /(VX’U)'V(,Oe?c + /f('vxnf)-vfcpe’f,
C
where V; denotes the tangential gradient on §f. Owing to Holder’s inequality, it follows that

Te| < ”VX'U”L‘I(c) |‘Pe,c|W1,q/(c) + ”anf”Lq(mff) |‘Pe,f|wl,q’(f) )

so that, using the estimates (7.51), we infer that

2-¢ 1
T S ke (I9x0lznh? + oxmlzg )

Now, recalling the continuous trace embedding W1P(¢) < L4(f) with ¢ = % (see Adams
(1975)) satistying ¢ > 2 for all p € (%, 2}, we obtain

2p=3 S(P;U
TdShe” (he 7 IVx0l 2+ lolwio |

. iys 1 _ 3(p-1) 2—¢ _ 2p-3 . . .
where we have used the identities T T e and the inclusion ¢ C ¢ owing to

the star-shaped property. As a result, owing to the definition of Rg, and using mesh regularity,
the expected result follows from the estimate

3=

1
p 3(p—1)
IRe.(V)llecp S (hi’_p > Te\p) S he(#Ec) (hc ¥ IIvaIIL;Tpp(C) + Ivlwwc)) :

ecE.
O

Combining Proposition 7.41 with the stability of Lg_ from Proposition 7.39, we now estimate
the interpolation error |v — lg (v)|r(c)-
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7.4. Reconstruction and approximation

Proposition 7.42 (Interpolation error). Let p € (%,2} and let ¢ € C. Then, for all v €
2
WP (c) such that Vxv € Lﬁ(c), there exists Gy, > 0 such that

3(p—1)

o~ 1. (0)|z(e) < Cuche (hc TVl |v|W1,p<c>) - (7.52)

Proof. Let ¢ € C and let v satisfy the assumptions of the proposition. Owing to Proposi-
tion 7.40 and the triangle inequality, we infer that v —lg (v)|zr(c) < v — Ve + e (V —
v)|Lr(e) for all V' € Py(c;RY). Then, recalling the definition of lg, and using successively
Propositions 7.41 and 7.39, the second term on the right-hand side is bounded as follows:

3(p—1)

e (V = 0)Lr(e) < CilRe(V = v)lec.p < C:Crhe (hc v IIVXUI\LB%(C) + |v|W1,p(c)> :

since V' is piece-wise constant on c. Finally, the expected result follows from (7.21) with r =0
and ¢ = 3. 0

The above estimate holds only for smooth functions, and is false e.g., for functions in
H'(Q). Similarly to Section 7.4.1, solutions that are not smooth enough to be reduced by
the de Rham map are handled using the reduction map ﬁg Ll( ) — & with the patch cell
¢ =U{ce; e € Ec} with ce =U{cec; ¢ € Ce}, acting as follows:

~ 1
Ve e B, Re(v), = |c|/ ve, YoeLl(@). (7.53)

The interpolation map is now denoted by Tgc =Lg o f{gc cLi(e) — Po(Cgc; RY).
Proposition 7.43 (Py-consistency). For all ¢ € C, Ig, (U) = U,. for allU € Py(¢; RY).
Proof. Similar to the proof of Proposition 7.40. O

Proposition 7.44 (Interpolation errors). Let p € [1,00). Then, there exists Cy, > 0 such that

Vo€ C, v —le.(0)lpr(e) < Cunhe [vlyine, Yo € WHP(). (7.54)

Proof. Let ¢ € C and let v € WP (¢) with p € [1,00). Owing to the triangle inequality and
Proposition 7.43, we infer that

[o —Te.(0)|Lre) < o = Vpoge) + e (v = V)lr(e)

for V' € Pyp(¢; R?). In addition, we observe that, for all w € LP(¢),

= [eecl | 1 P
IRe. ()l = > o | = [ weel < 3= ol
Eesp T egE:c |e|p |ce| Co ocE. |Ce|p EE: |c |p 1 L1
where we have used that [cc| < |[co| to infer the last inequality. Owing to Hoélder inequal-
ity, it follows that ”w”il < Hw”Lp (c0) HIHZP,(CE) with ”1“121”(%) = |ce[P7L, so that we obtain

FA{g w)||% < |w|¥ . Comblnlng this estimate with the upper bound from Proposition 7.39,
c Ee,p LP(¢)
we obtain

Ne.(v = V)lpr(e) < CelIRe.(v = Vlleep < Collv = V(o)
Hence,

o T ()l < (146 int o = Vi,

and the expected result follows from Corollary 7.24 with kK = 1, ¢ = d and replacing ¢ with ¢
(still valid up to a different numerical constant). O
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Chapter 8

Conclusions et perspectives

Les travaux menés dans cette these ont permis d’étendre I’analyse au niveau continu des
problemes d’advection-réaction scalaire et vectoriel, de proposer de nouveaux schémas sur
maillages polyedriques approchant la solution de ces problemes et d’étendre leur analyse en
présence de diffusion et/ou pour des tenseurs de Friedrichs & valeurs nulles ou négatives.

Dans un premier temps, nous avons étudié au niveau continu ces problemes dans le cadre
des systemes de Friedrichs. Cette analyse a permis d’établir la bonne position des problemes
d’advection-réaction scalaire et vectoriel dans les espaces du graphe associés aux espaces de
Banach LP pour des exposants p € (1, 2] et pour des tenseurs de Friedrichs prenant des valeurs
positives, nulles ou raisonnablement négatives. Cette analyse a également permis de prouver
I'unicité de la solution faible dans le cas p € (1,00), la encore pour des tenseurs de Friedrichs
positifs, nuls ou raisonnablement négatifs.

En parallele de ces travaux, nous avons proposé dans cette these plusieurs nouveaux schémas
approchant la solution des problemes de transport scalaire et vectoriel en prenant inspiration
des méthodes CDO, mais également des méthodes plus "classiques", comme la méthode des
éléments finis stabilisés, la méthode de Galerkine discontinue ou la méthode des volumes finis.

Tout d’abord, nous avons proposé deux schémas permettant d’approcher la solution du
probléeme d’advection-réaction scalaire utilisant des degrés de liberté associés aux sommets
d’un maillage, avec une précision en O(h%) et O(h%), respectivement. Le premier schéma,
assimilable & un schéma volumes finis sur les cellules duales attachées aux sommets, a permis
d’identifier d’une part une nouvelle structure géométrique en introduisant la notion d’opérateurs
de contraction discrets et d’autre part d’étendre ’analyse discrete dans le cas ou le tenseur de
Friedrichs prend des valeurs nulles. Le second schéma est nouveau et ouvre de notre point
de vue de nouvelles perspectives quant a I’amélioration de la précision du schéma upwind sur
maillages polyédriques.

Concernant le probleme de diffusion-advection-réaction scalaire, nous avons proposé deux
nouveaux schémas utilisant des degrés de liberté associés aux sommets du maillage. Le premier
schéma traite de manieére robuste le régime de ’écouelement en fonction du nombre de Péclet.
Pour des tenseurs de Friedrichs a valeurs positives ou nulles, ce schéma est précis a 1'ordre
(’)(h%“'s) avec s = 0 si les effets advectifs sont dominants et s = % si les effets diffusifs sont
dominants. Le second schéma permet quant a lui d’améliorer la précision du schéma a l’ordre
(’)(h%) lorsque les effets advectifs sont dominants.

Enfin, nous avons également proposé un nouveau schéma pour le probleme d’advection-
réaction vectoriel. Ce schéma considere un seul degré de liberté scalaire associé a chaque aréte
du maillage et permet d’approcher la solution de ce probleme a ’ordre (’)(h%) lorsque le tenseur
de Friedrichs prend des valeurs positives, nulles ou raisonnablement négatives.

Rappelons que les briques élémentaires a partir desquelles ces schémas sont construits et
analysés correspondent aux opérateurs de réduction et de reconstruction, dont nous avons
étendu l'analyse dans le cadre des espaces de Banach. Ces opérateurs étendent aux maillages
polyédriques la vision offerte par la méthode des éléments finis.

129
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Pour finir, soulignons que tous les schémas mentionnés ci-dessus ont été implémentés dans
un prototype de Code_Saturne et que les résultats numériques obtenus sur les différents mail-
lages polyédriques tridimensionnels ont permis d’illustrer les résultats théoriques et de mesurer
I'impact de la qualité du maillage sur différents cas tests.

Plusieurs développements complémentaires de nature mathématique et numérique ont été
identifiés au cours de cette these. Tout d’abord, en ce qui concerne I'analyse proposée dans le
Chapitre 2, il reste a établir la surjectivité de la trace des espaces du graphe V3.,(§2) dans les
espaces LP(|B-n|;0) dans le cas général des espaces de Banach. Ce résultat est important
puisqu’il permet d’étendre notre analyse pour des données au bord de Dirichlet non-homogenes.

Dans le Chapitre 3, nous avons identifié dans le cas scalaire deux opérateurs de contraction
discrets. Dans le cas du probleme vectoriel, ces opérateurs n’ont pu étre identifiés de telle
maniere & préserver au niveau discret les relations de nilpotence que 'opérateur de contraction
vérifie au niveau continu. Le paralléle avec les relations de nilpotence vérifiées par les opérateurs
différentiels CDO (voir Proposition 3.11 de Bonelle (2014)) semble indiquer qu’il existe une
granularité (ne correspondant par forcément a la dérivée de Lie) permettant d’exhiber une
structure topologique des opérateurs de contraction discrets.

Dans le Chapitre 5, une extension du schéma (5.41) pourra étre envisagée afin de traiter
de maniére robuste la transition entre la diffusion et I'advection. A partir du schéma proposé
dans la Section 4.3, cette extension consiste selon nous a déterminer une pondération de la
forme linéaire de stabilisation sg en fonction du nombre de Péclet. Une seconde amélioration
de ce schéma consiste a traiter symétriquement les conditions a la limite dans le but d’étendre
le Théoréme 4.1 de Bonelle & Ern (2014a) afin d’obtenir une estimation a priori de I'erreur en
norme L2 & Pordre 2, correspondant & ce qui est observé numériquement. Enfin, une derniére
amélioration que nous avons identifiée concerne ’analyse dans le cas ou le tenseur de Friedrichs
prend des valeurs nulles ou négatives. Observant que cette hypothése peut étre traitée dans
le cadre des méthodes de Galerkine discontinues (voir Ayuso & Marini (2009)), cette situation
nous semble envisageable dans le cadre des méthodes CIP s’il est possible de fournir une
estimation a priori en norme L? de la solution & I’ordre % sans controle de la dérivée advective.

Dans le Chapitre 6, le stencil du schéma que nous proposons pour le probleme d’advection-
réaction vectoriel est assez étendu, du fait de la pénalisation du saut a travers toutes les faces des
sous-diamants. Plusieurs pistes sont envisageables afin de réduire ce stencil, notamment en con-
sidérant d’autres fonctions de reconstruction considérant moins de degrés de liberté scalaires
associés aux arétes du maillage. Il est par exemple possible de proposer une reconstruction
n’utilisant que I'information portée par trois arétes non-coplanaires afin de reconstruire locale-
ment des fonctions constantes par morceaux a valeurs dans R?. Cependant, dans le cas des
maillages non-conformes, cette approche n’est a ’heure actuelle pas trés claire du fait de la
présence d’hyperplans contenant plusieurs faces. Une autre alternative permettant de réduire
le stencil, inspirée du schéma proposé dans le Chapitre 5, consiste a introduire des degrés de
liberté arétes supplémentaires, qui soient condensables statiquement, dans le but de ne pas
pénaliser le saut de la solution entre les cellules du maillage. La difficulté réside alors dans
l'analyse du probleme discret, dont la stabilité repose dorénavant sur une condition inf-sup
utilisant les bulles associées aux arétes portant ces degrés de liberté supplémentaires.

A partir de lanalyse proposée dans le Chapitre 2, il semble également intéressant d’étendre
Panalyse du probléme de Oseen proposée par Amrouche & Razafison (2007) et Amrouche et al.
(2011) permettant de prouver l'existence de solutions faibles et tres faibles pour des nombres
de Reynolds élevés. En ce qui concerne I'approximation du probleme de Oseen utilisant des
degrés de liberté associés aux sommets (pour la pression) et aux arétes du maillage (pour
la vitesse), la réduction du stencil du schéma proposé dans le Chapitre 6 est & notre avis
importante avant de le coupler avec le schéma CDO proposé par Bonelle & Ern (2014b) pour le
probléme de Stokes. Notons qu’une approche pragmatique permettant d’approcher la solution
du probleme de Oseen consiste a utiliser composante par composante le schéma proposé dans
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le Chapitre 5 en adaptant le traitement faible des conditions limites, notamment a partir des
travaux de Burman et al. (2006).

Finalement, signalons que des travaux sont actuellement en cours concernant une approxi-
mation du probleme d’advection-réaction scalaire instationnaire préservant le principe du max-
imum au niveau discret sur maillages polyédriques. A partir des travaux Burman & Ern (2005),
I’approche que nous avons retenu consiste & introduire un terme de diffusion non-linéaire arti-
ficielle dans les zones ou la solution varie fortement.
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Appendix A

Additional numerical results on
Kershaw mesh sequences

In this appendix, we collect the numerical results for the test cases 1 (see Section 3.3.2), 2

(see Section 3.3.3) and 3 (see Section 4.4.1) on the Kershaw mesh sequence. This sequence is
composed of distorted hexahedral meshes, as observed in Figure A.1.

h ===
N
Wt 4] i
SRR %Z}?;’/’/’W
Lv”';’"’ﬂ

Figure A.1 — Two elements of the Kershaw mesh sequence.

This sequence is treated separately from the others since it only illustrates the robustness
of our schemes with respect to mesh quality criteria. Indeed, this mesh sequence is not really
suited to study the convergence of a scheme since it does not exactly satisfy the mesh regularity
assumptions M (see Section 7.1.3) and it does not have constant mesh regularity criteria. In
particular, we observe that the aspect ratio of the barycentric subdivision (see definition (A.2)
in Bonelle (2014)) decreases as the mesh size goes to 0.

Hereafter, we collect the numerical results obtained on this mesh sequence, along with the
numerical results obtained on H and CB mesh sequences for comparison purposes. We use the

same labels as those defined in the previous chapters for these latter sequences, and we use the
labels —— and -+-- for the Kershaw mesh sequence.
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Test case 1. Rotating advective field

Ery(u) on H, CB and Ker mesh sequences.

Computational efficiency.

T T 1T T T T TTTTg LR L TTTTTT T T T TTTTT T T T TTTTT T T T T T T T T

LalS

C:)
10795 1 1 10705 |- i
1071 1 1 1071} |
10715 1 1 10-15 | |
Ll Ll Ll — Ll Lol Lol | Lol
103 10* 10° 10° 108 107 108 10°
#V Co

Figure A.2 — Numerical error Ery (u) with respect to #V and the computational cost Co when
=5 (plain lines) and p = 0.5 (dashed lines) for the scheme (3.21).

Ery(u) on H, CB and Ker mesh sequences. Computational efficiency.

:““\ T T TTTT T T TTTTT T T T TTTT L “7 :\\ LML 1 1 B 1Y \\:
1071 3 I s E
1072 1 11072 E
1073 8 E 1073 1 E

7\\\”‘ Ll Ll Ll — “7 7\\ Y T T Y S I VY Y AN TY \\7

10? 10° 10* 10° 10t 10° 10% 107 10% 107
#V Co

Figure A.3 — Numerical error Ery (u) with respect to #V and the computational cost Co when
= >5 (plain lines) and p = 0.5 (dashed lines) for the scheme (5.16).

(321), u=5| (321),u=05| (5.16),u=5| (5.16), u=0.5

Min Max Min Max Min Max Min Max
Y Y Y Y 21%  6.9% Y 20.8%
Y Y Y Y 79% 7.6% | 184% 13.3%
Y Y Y Y 1.8% 1.3% | 4.9% 2.1%
Y Y Y Y 0.2%  0.2% 0.3% 0.3%

Table A.1 — Discrete minimum and maximum principle on the Kershaw mesh sequence for the
schemes (3.21) and (5.16) with 4 = 0.5 and p = 5.
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Test case 2. Sharp internal layer

Ery(u) on H, CB and Ker mesh sequences. Computational efficiency.
TTTTIT UNRERRRN| LLELRRRAI ILRRRRL T 1T (LB LA 1 111 11 o B R A1 B MR
1070.5 - i 1070.5 | |
10t 1 10-1 |
NET Ll Ll Ll — T Y Y S Y B AN 1 M A W N 1| B Mt
102 103 10 10° 103 10* 10° 105 107 10% 10°
#V Co

Figure A.4 — Numerical error Ery(u) with respect to #V and the computational cost Co for
the scheme (3.21).

Ery(u) on H, CB and Ker mesh sequences. Computational efficiency.

Frrrore T TTTTT T TTTTT I r T T T T T T T T T T
107t 1107t E
10_2§ 1 1072} E

| Ll Ll L Ll Lol Lol Lol

103 10 10 106 107 10° 10°
#V Co

Figure A.5 — Numerical error Ery(u) with respect to #V and the computational cost Co for
the scheme (5.16).

(3.21) (5.16)
Min Max Min Max
21.8% | 35.3% 120.5%
26.0% | 15.3% 47.6%
32.8% | 0.8% 26.6%
30.6% Y 10.5%

<o

Table A.2 — Discrete minimum and maximum principle on the Kershaw mesh sequence for the
schemes (3.21) and (5.16).

135



Chp. A. Additional numerical results on Kershaw mesh sequences

Test case 3. Anisotropic diffusion tensor and rotating advective
field

Ery(u) on H, CB and Ker mesh sequences. Computational efficiency.
T T TTTTT T T T TIoTT T T T TIoTT T T T T T T T TTTTT T T T TTTTT T T T TTTT1] T T T TTTT1] T
107t F 1 107t E E
1072 g 11077 F E
1072 1 1073 F E
1074 F 11074} .
Ee il Ll Ll — o Lol Lol [ [ L

10 10* 10° 10° 106 107 108 10?
#V Co

Figure A.6 — Numerical error Ery(u) with respect to #V and the computational cost Co for
the scheme (4.34) using full-upwinding (dashed lines) and Sharfetter-Gummel upwinding (plain
lines).

Ery(u) on H, CB and Ker mesh sequences. Computational efficiency
T LLELRRRAI ILRRRRL LBRELRLRARI L [T T T T T T T T T T T T T T T T T 1
10_1 ; E 1071 ; O\e\\e é
1072 8 E 1072 8 E
1073 ¢ 1 1073 E
1074 ¢ 1 1071 E
10—5 bl bl Ll Ll — 10—5 | L] L] L] L] L] L
102 10° 10* 10° 10t 105 10 107 10® 107
#V Co

Figure A.7 — Test case 3. Numerical error Ery(u) with respect to #V and the computational
cost Co for the discrete problems (5.41).
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Résumé

Cette these étudie, au niveau continu et au niveau discret sur des maillages polyédriques, les
équations de transport tridimensionnelles scalaire et vectorielle. Ces équations sont constituées
d’un terme diffusif, d’'un terme advectif et d’un terme réactif. Dans le cadre des systémes de
Friedrichs, ’analyse mathématique est effectuée dans les espaces du graphe associés aux espaces
de Lebesgue. Les conditions de positivité usuelles sur le tenseur de Friedrichs sont étendues au
niveau continu et au niveau discret afin de prendre en compte les cas d’intérét pratique ou ce
tenseur prend des valeurs nulles ou raisonnablement négatives. Un nouveau schéma convergeant
a lordre % est proposé pour le probleme d’advection-réaction scalaire en considérant des degrés
de liberté scalaires associés aux sommets du maillage. Deux nouveaux schémas considérant
également des degrés de libertés aux sommets sont proposés pour le probléme de transport
scalaire en traitant de maniere robuste les différents régimes dominants. Le premier schéma
converge a l'ordre % si les effets advectifs sont dominants et & l'ordre 1 si les effets diffusifs
sont dominants. Le second schéma améliore la précision de ce schéma en convergeant a 1’ordre
% lorsque les effets advectifs sont dominants. Enfin, un nouveau schéma convergeant a l’ordre
% est obtenu pour le probleme d’advection-réaction vectoriel en considérant un seul et unique
degré de liberté scalaire sur chaque aréte du maillage. La précision et les performances de
tous ces schémas sont examinées sur plusieurs cas tests utilisant des maillages polyédriques

tridimensionnels.

Mot-clés. maillages polyédriques, systémes de Friedrichs, advection, diffusion, transport sca-
laire, transport vectoriel.

Abstract

This thesis analyzes, at the continuous and at the discrete level on polyhedral meshes, the
scalar and the vector transport problems in three-dimensional domains. These problems are
composed of a diffusive term, an advective term, and a reactive term. In the context of
Friedrichs systems, the continuous problems are analyzed in Lebesgue graph spaces. The
classical positivity assumption on the Friedrichs tensor is generalized so as to consider the case
of practical interest where this tensor takes null or slightly negative values. A new scheme
converging at the order % is devised for the scalar advection-reaction problem using scalar
degrees of freedom attached to mesh vertices. Two new schemes considering as well scalar
degrees of freedom attached to mesh vertices are devised for the scalar transport problem and
are robust with respect to the dominant regime. The first scheme converges at the order % when
advection effects are dominant and at the order 1 when diffusion effects are dominant. The
second scheme improves the accuracy by converging at the order % when advection effects are
dominant. Finally, a new scheme converging at the order % is devised for the vector advection-
reaction problem considering only one scalar degree of freedom per mesh edge. The accuracy
and the efficiency of all these schemes are assessed on various test cases using three-dimensional
polyhedral meshes.

Keywords. polyhedral meshes, Friedrichs systems, advection, diffusion, scalar transport, vec-
tor transport.
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