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Introduction
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1.2.3 Résolution du probléme de di usion-advection-réaction scalaire . . .. 9
1.2.4 Résolution du probleme de transport vectoriel . . . . . ... ... ... 10

1.3 Organisationde lathése .. ... ... ... ... ... ........ 10

1.1 Contexte et motivations industrielles

La mécanique des uides est au c+ur des activités de l'industrie de I'énergie et de l'aéro-
nautique. C'est le cas notamment en ce qui concerne les activités de EDF R&D, et plus parti-
culierement celles du département Mécanique des Fluides, Energie et Environnement (MFEE),
qui étudie le renforcement de la sureté et I'optimisation du fonctionnement des moyens de pro-
duction d'énergie. A ces ns, des codes de simulation numérique sont développés au sein de ce
département, notamment Code_Saturné pour les problémes issus de la thermohydraulique a
I'échelle locale.

Le cadre général de cette these est de proposer de nouveaux schémas numeériques pour le
code de référenceCode_Saturneléveloppé depuis la n des années 90 (voir e.g., Archambeau
et al. (2004)). Ce code, open-source depuis 2007, propose di érentes approches numériques
utilisant la méthode des volumes nis a variables co-localisées, an de résoudre les problémes
modélisant les écoulements monophasiques. Parmi les nombreuses applications, ce code est
notamment utilisé pour simuler les écoulements au sein des turbo-machines et des réacteurs
des centrales du parc nucléaire francais, pour simuler les écoulement souterrains, ou bien encore
pour I'étude du productible éolien ou pour la modélisation des incendies.

Cette thése s'inscrit dans la continuité des travaux de thése de Bonelle (2014), portant sur
les méthodes numériques utilisant I'approcheCompatible Discrete Operator (CDO). L'objectif
de ces méthodes est de préserver lors du passage du niveau continu au niveau discret, cer-
taines propriétés du probléme, comme le noyau des opérateurs mis en jeu et leurs relations
d'adjonction. De ce fait, ces méthodes appartiennent a la classe des méthodesmétiques (ou
structure-preserving). Utilisant les travaux de Tonti (1975, 2013), de Bossavit (2000) et de Mat-
tiussi (2002), les méthodes CDO consistent & dégager une structure mathématique générale des

1. http://www.code-saturne.org
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principaux phénoménes physiques a partir de concepts issus de la geométrie di érentielle et de
la topologie algébrique. Ces méthodes ont pour l'instant été analysées dans le cas du probleme
de la di usion pure par Bonelle & Ern (2014a) ainsi que dans le cas du probléme de Stokes
par Bonelle & Ern (2014b). L'objectif de cette thése est d'étendre ces travaux a n de traiter
plus généralement les phénoménes de transport sur maillages polyédriques, et notamment ceux
liés a l'advection

1.1.1 Utilisation de maillages polyédriques

Comme son nom l'indique, un maillage polyédrigue d'un domaine connexe borné poly-
édrique  de dimension3 est un pavage de formé de polyédres deR®, constitué de mailles
délimitées par un nombre ni de faces planes polygonales. Contrairement a un maillage formé
de simplexes, les éléments d'un maillage polyédrique ont des caractéristiques géométriques dif-
férentes. Un maillage polyédrique peut par exemple contenir a la fois des mailles convexes
et non convexes, ainsi que des mailles possédant un nombre variable de faces. D'un point de
vue pratique, I'utilisation de maillages polyédriques est plus délicate que celle de maillages clas-
siques, généralement de type structuré ou bien formé d'un seul type d'élément simple (tétraedre,
hexaédre, prisme a base triangulaire). D'un point de vue théorique, il est alors nécessaire d'in-
troduire un formalisme adapté a n de prendre en compte ces généralités. En comparaison, les
schémas de discrétisation classiques considérent généralement des maillages spéci ques, comme
par exemple ceux de type structurés dans le cas des méthodes aux di érences nies, ou bien
ceux formés d'un seul type d'élément simple pour la méthode des éléments nis.

Plusieurs raisons motivent |'utilisation de maillages polyédriques dans l'industrie. La pre-
miére concerne les aspects "colt mémoire" liés a l'utilisation de gros maillages (contenant
généralement plusieurs dizaines voire centaines de millions de mailles) lors des simulations sur
des géométries de grande taille avec des mailles trés nes. Grace a l'utilisation de polyédres, il
est possible de diminuer le nombre nécessaire de mailles en utilisant plusieurs types d'éléments.
L'utilisation simultanée d'hexaédres, de pyramides a base carrée et de tétraedres dans un méme
maillage permet par exemple de diviser localement paB le nombre de mailles, comme on peut
l'observer sur la Figure 1.1. Ces maillages multi-éléments sont également utilisés en pratique
pour mailler nement les couches limites.

Figure 1.1 Un pavage deR® formé de9 tétragdres a gauche et de8 polyédres a droite.

La deuxiéme raison motivant l'utilisation de maillages polyédriques est la possibilité de
considérer des recollements non-conformes de sous-maillages. Dans ce cas, le maillage poly-
édrique est obtenu en deux étapes. La premiére étape consiste a décomposer le domaine initial

en sous-domaines = [; ; d'intersection vide deux a deux et a mailler séparément ces
sous-domaines ;. La deuxiéme étape consiste ensuite a agglomérer les maillages de tous ces
sous-domaines ; an d'obtenir un maillage du domaine . Les non-conformités qui résultent
de ces recollements conduisent alors a des mailles comportant plusieurs faces dans un méme
hyperplan. Les mailles en question sont alors vues comme des polyédres contenant plus de
faces. Dans le cas par exemple du recollement non-conforme représenté sur la Figure 1.2, la

2
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non-conformité de recollement modi e I'élément de gauche de telle sorte qu'on ne le considere
plus comme un hexaédre, mais comme un nonaédre. En pratique, les maillages obtenus par

Figure 1.2 Recollement non-conforme de deux maillages hexaédriques.

ce procédé correspondent a ceux utilisés dans l'industrie. Ces maillages ont l'avantage d'une
part de pouvoir étre générés successivement a partir de mailleurs classiques et d'autre part
d'o rir la possibilité de pouvoir étre ra nés localement en fonction de la physique étudiée. La
Figure 1.3 illustre deux situations considérées dans le cadre des études menées a EDF R&D,
ou l'on observe notamment les di érents recollements non-conformes entre les sous-domaines
constitutifs de la géométrie globale.

Figure 1.3 Exemples de recollements non-conformes pour des applications industrielles a
EDF R&D.

1.1.2 Des équations de Navier-Stokes aux problemes de transport

Les équations de Navier-Stokes modélisent I'écoulement des uides a I'échelle macroscopique
(voir e.g., Darrozes & Francois (1982)). Dans le cas de I'écoulement incompressible dans un
domaine de R3® (xe au cours du temps) d'un uide de masse volumique constante , de
viscosité constante et soumis a une densité de champ de force (typiguement la gravité), le
probléme de Navier-Stokes traduit la conservation de la masse et de la quantité de mouvement

et consiste a déterminer la pressiop: ! R etlavitesseu : ! RS vériant
@ _ :
@t+ (ur)u u+rp= s dans ; (1.1a)
ru=0 dans ; (1.1b)

ainsi que des conditions a la limite (que nous omettons ici pour simpli er la discussion). Lorsque
I'écoulement est supposé de surcroit stationnaire et en renormalisant la viscosité et la pression
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par 60, le probléeme (1.1) se simpli e pour devenir

(ur)u u+rp=s dans ; (1.2a)
ru=0 dans : (1.2b)

Malgré ces simpli cations, l'analyse mathématique du probléme (1.2) est délicate dans son

ensemble (voir e.g., Temam (1977) ou Galdi (1994)), en raison notamment de la présence

du terme d'advection non-linéaire (ou de convection)(u r )u. En pratique, I'approximation

numeérique de la solution(u;p) du probleme (1.2) peut étre obtenue par l'intermédiaire d'un

probléme linéarisant le terme de convection dans I'équation (1.2a). Pour un champ vectoriel
I RS donné, cette linéarisation conduit au probléme de Oseen :

( ru u+rp=s dans ; (1.3a)
ru=0 dans : (1.3b)

La solution du probléme (1.2) est alors obtenue par itération a n de déterminer un point xe
de la fonctionnelle qui & associeu.

Une méthode permettant de résoudre numériquement le probléme (1.3) consiste a découpler
les inconnues vitesse et pression. Dans cette approche, on est alors amené a considérer le cas
du probléme de transport vectoriel de la vitesse. En plus de ce probléme, il est également
intéressant d'introduire le probléme detransport scalaire, notamment dans le cas ou |'on adopte
une vision composante par composante du probleme de transport vectoriel. L'étude du probleme
de transport scalaire est également pertinente dans le cas de la modélisation du transport de
la concentration d'espéces chimiques ou de grandeurs turbulentes.

Le probléme de transport scalaire. Dans un domaine deR?3 de frontiére @ , considérons
I R un coecient de réaction, : ! R®unchamp d'advectionet : ! R® 3un
tenseur de diusion a valeurs symétriques. Le probleme de transport scalaire considéré dans
cette thése consiste a déterminer la fonctionn: ! R résolvant le probléme
r-(ru+ ru+ u=s dans ; (1.4a)
Uu=up Sur @ ; (1.4b)
ous: ! Restleterme source ey, : @ ! R estla donnée au bord de Dirichlet (d'autres

conditions a la limite peuvent étre considérées, comme par exemple celles de type Neumann ou
de type Robin).

Selon les valeurs que prennent les di érents coe cients physiques du probléme (1.4), on
distingue plusieurs régimes. Pour simpli er la discussion, nous ne considérons pas le cas de la
réaction dominante et nous supposons que les e ets réactifs sont au plus du méme ordre de
grandeur que les e ets advectifs. L'écoulement associé au probléme (1.4) est alors caractérisé
par un seul nombre adimensionnel, lmombre de Péclet Ce nombre traduit le rapport des e ets
advectifs sur les e ets di usifs. Il est dé ni sur le domaine  par

L
= ; (1.5)
ou L correspond a une longueur caractéristique du domaine , a une échelle de vitesse
du champ et a une échelle de diusion du tenseur . Lorsque les e ets di usifs do-
minent, i.e., I 0, le probléme (1.4) tend formellement vers le probleme elliptique de di usion
pure consistant a déterminer la fonctionu: ! R solution du probléme
r-(ruy=s dans ; (1.6a)
u=u, sur @: (1.6b)
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A linverse, lorsque les e ets advectifs dominent,i.e., ! +1 , le probléme (1.4) tend for-
mellement vers le probléme du premier ordre d'advection-réaction ou I'on cherche la fonction
u: ! R solution du probleme

ru+ u=s dans ; (1.7a)

U=up Sur @ ; (1.7b)

ou la condition a la limite de Dirichlet est uniguement posée sur la frontiéreentrante (ou

inow) @ =fx 2 @ jn(x) (x)< 0g, avecn la normale sortante a . La formulation

du terme d'advection dans le probléme (1.7) est ditenon-conservative tandis que I'on obtient

la formulation conservative (1.8) grace a la formule de Leibnizr ( u)= ru+(r )uen
choisissant =r

r ( u=s dans ; (1.8a)

Uu=u, sur @ : (1.8b)

Signalons que I'étude des problémes (1.7) et (1.8) peut notamment étre appliqguée a I'équation de
conservation de la masse lorsque I'écoulement modélisé par le probléme de Navier-Stokes (1.1)
est non-homogéne (i.er;, 60).

Le probléme de transport vectoriel. Dans un domaine de R® de frontiére @ , le pro-
bléme de transport vectoriel consiste & déterminer la fonctioru : ! R2 solution du systéme
r(r u)+r( u)+(r u) +u =s dans ; (1.93a)

U= up sur @ ; (1.9b)

U n=u, h sur @n@ ; (1.9¢)

avec : ! R3 3untenseur de réaction, : ! R3unchamp advectif, : ! R® 3un
tenseur de diusion a valeurs symétriques,s : ! R3 le terme source etu, : @ ! RS la

donnée au bord de Dirichlet. Plusieurs formulations du probléme de transport vectoriel (1.9)
sont disponibles dans la littérature, notamment en ce qui concerne I'écriture du terme de
di usion. Ici, nous avons retenu la formulation dite curl-curl, en cohérence avec le probléme de
Stokes étudié par Bonelle & Ern (2014b), et initialement analysée par Nédélec (1982). Dans le
cas d'un tenseur de di usion constant et isotrope = Id, observons que leterme  ( r u)
se réecrit u+ r (r u), permettant de retrouver le terme de diusion du probléme de
Oseen (1.3) lorsque la vitess@ satisfait la contrainte d'isovolume r u =0.

En ce qui concerne le terme d'advection, il est composé de deux termesr:( u) et
(r u) . Le premier terme correspond aux variations de la fonctionu le long des lignes
de courant du champ , tandis que le second terme décrit la rotation de la fonctionu perpen-
diculairement a ces lignes de courant. Cette formulation du terme d'advection est pertinente
dans de nombreuses situations, et notamment dans le cas du probleme de Oseen. En e et, en
supposant les champsi et su samment réguliers, on rappelle que l'on a :

r(¢ u+(r u =( r)u+(ur) (r ) u; (1.10a)
(ur) =(r ) u+(r )'u: (1.10b)
En combinant ces expressions, on obtient alors ( u)+(r u) =( r)u+(r )Tu.lLe

terme de droite est ainsi composé du terme d'advection composante par composante r )u,
considéré dans le probleme de Oseen (1.3), et d'un opérateur d'ordre zéfo )Tu. En parti-

culier, le choix = r " dans le probléme (1.9) permet de considérer le probléme suivant
rr(r u+( rju=s dans ; (1.11a)
U= up sur @ ; (1.11b)
U N=U, h sur @n@ ; (1.11¢)
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ou le terme d'advection est écrit en formulation non-conservative tandis que le choix =
r T+(r )ld fournit

r(r w+r (u )=s dans ; (1.12a)
U= up sur @ ; (1.12b)
U N=Up, h Sur @n@ ; (1.12¢)

correspondant a la formulation conservative du terme d'advection. Comme dans le cas du
probléme de transport scalaire, et en supposant que les e ets réactifs sont au plus de I'ordre de
grandeur des e ets advectifs, I'écoulement modélisé par le probléme de transport vectoriel (1.9)
est caractérisé par le nombre de Péclet. Dans le régime advectif, le probléme (1.9) tend alors
formellement vers le probléme du premier ordre d'advection-réaction vectoriel

r( uw+(r u) + u =s dans ; (1.13a)
Uu=u, Ssur @ : (1.13b)
Le probleme de transport en géométrie diérentielle. Plus généralement, les pro-

blémes de transport (1.4) et (1.9) peuvent étre reformulés dans le cadre de la géométrie di é-
rentielle a I'aide de trois opérateurs : la dérivée extérieure, l'opérateur de Hodge et I'opérateur
de contraction. Considérant une variété de dimensiond, I'espace dexk-formes di érentielles
pour k 2 0:d estnot¢ k() . En dimensiond = 3, une O-forme est appeléepotentiel, une
1-forme est appeléecirculation, une 2-forme est appeléeux et une 3-forme est appeléeden-
sité. Dans le formalisme de l'analyse vectorielle, I'équivalent (correspondant au proxy) d'une
O-forme et d'une 3-forme est une fonction ! R, tandis que le proxy d'une 1-forme et d'une
2-forme est une fonction ! RS. La dérivée extérieure est notée d k() ! *¥1() pour
k2 0;d 1 etadmet pour proxy en dimensiond = 3 les opérateurs di érentielsv 7! r v
pourk=0,v7!'r vpourk=1etv 7r v pourk=2.L'opérateur de Hodge associé au
paramétre estquantaluinoté? : K() ! 9 K() et admet pour proxy en dimension
d =3 l'application u 7! u pourk =1 etk =2. Les opérateurs de diusionu 7! r ( r u)
etu7!'r ( r u) se représentent ainsi de maniéere abstraite par I'application

k() 31k71( 1*td? dik2 9Kk ; (1.14)
pour k = 0 et k = 1, respectivement. Dans ce méme formalisme, on représente les termes
advectifs a l'aide de I'opérateur de contraction noté : X() | K1) pourk2 1d,
ou : ! T estun champ vectoriel donné, dé ni comme une section du bré tangent

T de (voir Abraham et al. (1988)) isomorphe a I'espace des-formes di érentielles () .
L'opérateur de contraction  admet pour proxy en dimensiond = 3 les applicationsv 7! v
pour k =1,v 7! v pour k =2 etv 7! v pour k = 3. Les opérateurs d'advection
linéairesv7! rvetv7ir (v )+(r v) se représentent ainsi de maniere abstraite par
I'application

k() 3171 + dytk2 X0 ; (1.15)
pour k = 0 et k = 1, respectivement, avec la convention ! % = 0 pour tout ! %2 9() .
L'opérateur dé ni par (1.15) est plus communément appelédérivée de Lie A la maniére de la
dérivée extérieure (cf. Palhaet al. (2010) ou Abraham et al. (1988)), on montre que I'opérateur
de contraction est nilpotent d'ordre 2 i.e., qu'il satisfait = 0. Le proxy de cette propriété
en dimensiond = 3 n'est rien d'autre qu'une conséquence de la dé nition du produit scalaire,
du produit vectoriel et du produit de colinéarité : pour k =2, ona (v ) =0 pour tout
ux v ettoutchamp etpourk=3,ona( v) = 0 pour toute densité v et tout champ

1.2 Etat de l'art et contributions

L'objectif de cette these est l'analyse et la résolution sur maillages polyédriques tridimen-
sionnels des problémes de transport scalaire et vectoriel lorsque les e ets advectifs prédominent
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sur les e ets diusifs. On s'intéressera en particulier (mais pas uniquement) aux équations
d'advection-réaction d'un scalaire et d'un vecteur en négligeant les termes de di usion. Cette
étude est essentielle car la possibilité de traiter de maniére robuste le probléme complet avec
une di usion faible requiert la maitrise du cas limite ou la di usion est nulle.

1.2.1 Analyse des problemes continus

Un cadre adapté a I'étude mathématique des problémes linéaires d'advection-réaction sca-
laire (1.7) et vectoriel (1.13) est celui des systémes de Friedrichs (1958). Ces systémes englobent
un certain nombre de problémes physiques, qu'ils soient de nature elliptique (e.g., le probleme
de diusion (1.6) ou le probléeme de Maxwell dans le régime di usif), hyperbolique (e.g., le
problemes d'advection-réaction scalaire (1.7) ou vectoriel (1.13)) ou bien comportant a la fois
des termes elliptiques et hyperboliques (e.g., le probléme de di usion-advection-réaction sca-
laire (1.4) ou vectoriel (1.9)).

Les travaux récents de Ern & Guermond (2006a,b), de Erret al. (2007) et de Ern & Guer-
mond (2008) ont établi I'existence et l'unicité de la solution faible dans les espaces du graphe
associé a2() . Outre le fait de caractériser les bonnes conditions a la limite & imposer, cette
analyse met en évidence I'existence d'un tenseur, que nous appelaesnseur de Friedrichs dont
la positivité est une condition su sante pour établir la bonne position du probléeme. Dans le cas
des problémes elliptiques, cette condition de positivité est généralement trivialement satisfaite
pour des coe cients associés a une physique représentative (e.g., des coe cients de di usion,
de perméabilité ou de conductivité positifs). En ce qui concerne les problemes d'advection-
réaction (1.7) et (1.13), cette condition de positivité n'est généralement pas satisfaite pour
des champs advectifs et réactifs quelconques. Pour le probleme scalaire (1.7), le tenseur de
Friedrichs dansL?() est & valeurs scalaires et s'écrit

= =r IR (1.16)

La condition de positivité correspond alors a I'existence d'un réel o > 0, homogene a l'inverse
d'une échelle de temps caractéristique des phénoménes d'advection-réaction, tel que. 0
presque partout dans . De maniére analogue, le tenseur de Friedrichs associé au probleme
vectoriel (1.13) dansL?(; R?3) est a valeurs tensorielles et s'écrit

r+r 7 + T 1
= + “r )d: ! R®S: 1.17
5 5 2( )ld (1.17)

La condition de positivité correspond alors a I'existence d'un réel@ > 0 (également homogene
a l'inverse d'un temps) tel que @ @ presque partout dans , ou @correspond a la plus petite
valeur propre du tenseur symétrique

Les conditions de positivité ci-dessus limitent la portée de l'analyse mathématique car elles
ne sont pas toujours satisfaites. Dans le cas du probléme (1.7) et en I'absence de terme réactif
la condition de positivité impose notamment que le champ advectif soit strictement contractant,
i.e., qu'il satisfasse r o > 0 presque partout dans . Il ne peut alors par exemple étre
constant. De maniére analogue, pour le probleme d'advection vectorielle

( r)u

u

s dans ; (1.18a)
Up Sur @ ; (1.18b)

obtenu a partir du probleme (1.11) pour un tenseur de diusion nul et en choississant =
r T sibienque . = %(r )Id, la condition de positivité contraint également le champ

\ A

étre strictement contractant.
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Contributions. Dans cette these, nous identi ons les tenseurs de Friedrichs relatifs aux
problemes (1.7) et (1.13) dans les espaces du graphe associés aux espaces de Lebédge
pour p2 (1;1 ]. Dans le cas ou la plus petite valeur propre des tenseurs (1.16) et (1.17) prend
des valeurs nulles ou raisonnablement négatives, nous introduisons a la place les tenseurs
1 1
= . Zr : 1 R et 9 = .21 ldgs: ! R®3 O (1.19)
' ’ 2 : ' 2
pour p = 2, fonction d'un potentiel : ! R. Dans ce cas, nous établissons les conditions
su santes permettant d'établir I'unicité de la solution faible pour p2 (1;1 ] et nous montrons
I'existence de la solution faible pourp 2 (1;2].

1.2.2 Résolution du probleme d'advection-réaction scalaire

Dans un domaine de R3, le probléme d'advection-réaction scalaire consiste a déterminer
la fonction u: ! R solution du systéme

ru+ u =s dans ; (1.20a)
Uu=u, Sur @ : (1.20b)

Pour des maillages généraux, la méthode des volumes nis permet de résoudre ce probléme
en considérant un degré de liberté sur chaque cellule du maillage et en approchant les termes
de ux sur les faces du maillage par des méthodes upwind. Ces méthodes, trés utilisées dans
l'industrie, ont un codt relativement faible, sont faciles a implémenter mais sont peu précises,
avec typiquement une convergence de l'erreur en normé? a l'ordre % Les méthodesdis-
continuous Galerkin (dG), introduites pour les équations de la neutronique par Reed & Hill
(1973) et analysées pour la premiére fois par Lesaint & Raviart (1974) (voir également Johnson
& Pitkaranta (1986) et Ern & Guermond (2006a,b)), étendent les méthodes volumes nis en
considérant des polynémes de degré 0 au sein de chaque cellule, i.e.,en considéra Tc?!)!
degrés de liberté par cellule en dimensiom. Pour des solutions su samment régulieres, ces
méthodes fournissent typiqguement une estimation de l'erreur en normé_2 & l'ordre k + % et
une estimation de l'erreur sur la dérivée advective en norme_? a l'ordre k. Néanmoins, ces
méthodes ont souvent un codt prohibitif pour des applications industrielles.

Une alternative aux méthodes dG permettant d'approcher a I'ordre élevé la solution du
probléme d'advection-réaction (1.7) est la méthode des éléments nisd 1-conformes d'ordre
k sur maillages formés de simplexes. Ces méthodes sont basées sur la formulation de Galer-
kine standard (ou I'espace des solutions coincide avec celui des fonctions tests) a laquelle on
rajoute un terme de stabilisation symétrique, positif et consistant de maniére exacte ou asymp-
totique. Parmi les méthodes les plus récentes, citons la stabilisation par viscosité de sous-maille
proposée par Guermond (1999), la méthode de projection locale LPS proposée par Becker &
Braack (2001) (voir également Matthies et al. (2007, 2008)), ainsi que la méthode CIP intro-
duite par Burman & Hansbo (2004) et Burman (2005), consistant a pénaliser sur les faces du
maillage les sauts de la dérivée advective (voir également Burman & Ern (2007) pour I'extension
aux systémes de Friedrichs). Pour des solutions su samment réguliéres, toutes ces méthodes
fournissent des résultats de convergence similaires aux méthodes dG.

Contributions. Dans cette thése, nous considérons dans un premier temps un schéma équi-
valent aux méthodes volumes nis sur maillages polyédriques considérant les cellules duales
associées aux sommets du maillage comme volumes de contrble. Les degrés de libertés sont
associés aux sommets du maillage et I'on obtient, pour des solutions su samment régulieres,
une estimation de I'erreur en normeL?2 a l'ordre 3 lorsque le tenseur de Friedrichs satisfait

la condition de positivité. Une contribution originale (voir aussi les travaux de Deuring et al.
(2015) et de Ayuso & Marini (2009)) est l'analyse dans le cas ou le tenseur de Friedrichs prend
des valeurs nulles, si bien gu'il ne satisfait plus la condition de positivité. Dans un second temps,
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nous proposons un nouveau schéma sur maillages polyédriques issu de l'approche par éléments
nis stabilisés H!-conformes. Les degrés de libertés sont toujours associés aux sommets du
maillage et I'on obtient pour des solutions su samment réguliéres, une estimation de l'erreur

en normel? & l'ordre % et de l'erreur sur la dérivée advective en normd_2 a l'ordre 1.

1.2.3 Résolution du probléme de di usion-advection-réaction scalaire

Dans un domaine de R3, le probléme de di usion-advection-réaction scalaire consiste a

déterminer la fonctionu: ! R solution du systéme
ro(ru+ ru+ u=s dans ; (1.21a)
u=u, sur @; (1.21b)

guel que soit la valeur du nombre de Péclet (1.5) (et lorsque les e ets réactifs sont au plus
du méme ordre de grandeur que les e ets advectifs). Bien que le cas de la réaction dominante
ne soit pas étudié dans cette these, signalons néanmoins les travaux de Apel & Lube (1998),
de Xenophontos & Fulton (2003) et de Heuer & Karkulik (2015) étudiant entre autres la
transition entre la di usion et la réaction.

Une idée an d'approcher la solution du probléme (1.21) consiste a coupler lI'une des ap-
proches citée dans la Section 1.2.2 pour les termes d'advection-réaction avec une approximation
par éléments nis du terme de di usion. Parmi les travaux traitant ce sujet sur maillages formés
de simplexes, citons par exemple ceux de Ohmori & Ushijima (1984) et de Angait al. (1998)
utilisant les volumes duaux associés aux arétes du maillage en dimensi@rainsi que les travaux
de Baba & Tabata (1981) et de Risch (1990) utilisant les volumes duaux associés aux sommets
du maillages. De maniére générale, Roost al. (2008) proposent un bon apercu des di érentes
techniques utilisant la méthode des di érences nies et des éléments nis, disponibles dans la
littérature a n de résoudre sur maillages classiques le probléme de di usion-advection (1.21).

Pour des maillages généraux, un certain nombre de méthodes numériques sont également
disponibles. Appartenant a la famille desgradient schemeg(cf. Droniou et al. (2016) pour les
problémes de di usion), les schémasvertex Approximate Gradient (VAG) proposés par Gui-
chard (2011) et par Eymard et al. (2012a,b), permettent de résoudre a l'ordre bas le pro-
bléme (1.21) en considérant des degrés de liberté associés a la fois aux cellules et aux sommets
du maillage. Dans une approche di érente, les méthodes hybrides considerent des degrés de
libertés associés aux faces et aux cellules du maillage. A I'ordre bas, citons les méthodibgorid
Mimetic Mixed (HMM) introduites par Droniou et al. (2010), Droniou (2010) et par Beirdo da
Veigaet al. (2011), combinant les approche®imetic Finite Di erence (MFD) proposée par Hy-
man et al. (2002), Hybrid Finite Volume (HFV) proposée par Eymard et al. (2010) et Mixed
Finite Volume (MFV) proposée par Droniou & Eymard (2006). Pour des méthodes d'ordre
k 1, citons les méthodesHybridizable discontinuous Galerkin (HdG) introduites par Cock-
burn et al. (2009) ainsi que les méthodeslybrid High-Order proposées récemment par Di Pietro
& Ern (2015), ou les inconnues cellules sont statiquement condensées, a n de ne considérer que
(l'(‘!"zdd 11))!! degrés de liberté par face en dimensiod. Une autre méthode d'ordrek 1 est la me-
thode desVirtual Elements (VEM) proposée par Beirdo da Veigaet al. (2013) pour le probléme
de di usion et par Beirdo da Veiga et al. (2016b,a) pour le probléme de di usion-advection dans
le régime di usif.

Contributions. Dans cette thése, nous proposons un nouveau schéma a partir des travaux
de Bonelle & Ern (2014a) traitant le terme di usif, a n d'approcher la solution du probléme

de transport (1.21) en fonction d'un nombre de Péclet local |, associé aux échelles de maille,
de maniére a retrouver dans les cas limites, le schéma d'ordrg présenté dans la Section 1.2.2
pour le probleme d'advection-réaction (1.20) lorsque , = + 1 et le schéma associé au pro-
bléme de di usion de Bonelle & Ern (2014a) lorsque 1, =0 avec des conditions a la limite a

la Nitsche (1971). Les degrés de liberté sont associés aux sommets du maillage polyédrigue et
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nous obtenons, pour des solutions su samment réguliéres et pour des tenseurs de Friedrichs a
valeurs positives ou nulles, une estimation de I'erreur en normé.? convergeant a I'ordre% Si
les e ets advectifs dominent et a I'ordre 1 si les e ets di usifs dominent.

1.2.4 Résolution du probléme de transport vectoriel

Dans un domaine de R3, le probléme de transport vectoriel consiste a déterminer la
fonction u : ! RS solution du systéme

r(r w+r( uw+(r u) + U =s dans ; (1.22a)
U= up sur @ ; (1.22b)
U nN=uUp N sur @n@ : (1.22c)

Nous nous concentrons ici sur I'étude de ce probléme dans le régime advectif, donné par (1.13)
dans le cas limite ou la diusion s'annule uniformément. Un traitement du probléme dans

le régime de diusion pure, lorsque = 0 et = 0, peut étre envisagé a partir des travaux
de Bonelle & Ern (2014b) concernant le probléeme de Stokes.

Les méthodes d'approximation du probleme modéle (1.22) sont peu nombreuses dans la
littérature. Le plus souvent, seul un des deux termes de l'opérateur d'advection vectoriel est
considéré en présence d'un terme de di usion. C'est le cas notamment du probléme modélisant
l'induction électromagnétique dans un plasma de vitesse , ol I'on souhaite déterminer le
champ électromagnétique(E ; B ) satisfaisant le systeme

r E=f dans ; (1.23a)
E Y B B =g dans ; (1.23b)

avec le coe cient de permittivité du milieu. Sur des maillages tétraédriques, Guermond &
Minev (2003) proposent une alternative a l'utilisation classique des éléments nis d'aréte an
de résoudre ce probléme en utilisant des éléments nisl 1-conformes d'ordre bas.

Egalement motivé par des problémes issus de I'electromagnétisme, Heumann (2011) propose
et analyse dans le cas instationnaire des méthodes Eulériennes et semi-Lagrangiennes résolvant
le probleme d'advection vectorielle (1.13) a partir d'élémentsH (curl )-conformes sur maillages
formés de simplexes. Les schémas proposés dans ces travaux font notamment écho au travaux
de Bossavit (2003) consacrés a l'approximation de la dérivée de Lie d'une forme di érentielle
par extrusion des éléments du maillage. Cette approche est également considérée dans les
travaux de Mullen et al. (2011), ou la solution du probléme d'advection vectorielle (1.13)
est approchée par une méthode d'extrusion des arétes d'un maillage formé de quadrangles.
Signalons nalement les travaux de Palha (2013) abordant également I'approximation de ce
probléme sur des maillages formés de quadrangles en approchant l'opérateur de contraction a
partir de son opérateur adjoint, appelé produit extérieur, dans le cadre des méthodeslimetic
Spectral Elements(MSE).

Contributions. Dans cette thése, nous proposons un nouveau schéma approchant la solution
du probléme (1.13) en considérant un seul degré de liberté scalaire sur chacune des arétes d'un
maillage polyédrique. Le choix de ce positionnement des degrés de liberté permet non seulement
d'étre cohérent avec le positionnement de la vitesse dans le schéma CDO de Bonelle & Ern
(2014b) pour le probleme Stokes, mais également avec la nature physique de la circulation
u, correspondant au proxy d'une 1-forme et donc discrétisée sur led-co-chaines (i.e., sur les
arétes dans le formalisme de la topologie algébrique). Une estimation de l'erreur est obtenue
en norme L? & l'ordre % pour des solutions su samment réguliéres et pour des tenseurs de
Friedrichs prenant des valeurs positives, nulles ou négatives. On notera la di érence conceptuelle
de notre schéma avec le schéma volumes nis sur le maillage dual associé aux arétes du maillage,
considérant comme degrés de liberté les trois composantes de l'inconnue sur chaque volume
dual.
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1.3 Organisation de la these

Cette thése est composée dé chapitres. Les Chapitres de 2 a 6, résumés ci-dessous, sont
globalement indépendants a n de permettre une lecture non-linéaire et par morceaux. Le Cha-
pitre 7 collecte les di érents outils et résultats relatifs a l'utilisation des maillages polyédriques
et a l'analyse de nos schémas. Pour faciliter la lecture, les principaux résultats obtenus dans ce
dernier chapitre sont succinctement rappelés au cours des chapitres de 2 a 6.

Chapitre 2) Analyse des problémes continus. A partir de l'analyse Hilbertienne pro-
posée par Ern & Guermond (2006a) dans I'espace du graphe de?() , on étend l'analyse de
l'unicité de la solution des probléemes (1.7) et (1.13) dans I'espace du graphe associd &()
et LP() , respectivement, pourp 2 (1;+1 ). L'analyse relative a I'existence d'une solution est
guant a elle menée pour des exposants 2 (1;2]. La bonne position de ces problémes pour
p 2 (1;2] permet par exemple de considérer des termes sources peu réguliers dar’§) et
LP() , respectivement. Cette analyse est e ectuée lorsque la plus petite valeur propre du ten-
seur de Friedrichs dansLP() et LP() , respectivement, prend des valeurs positives, nulles ou
raisonnablement négatives. L'extension de l'analyse dans ces deux derniers cas est notamment
envisageable a partir des travaux de Devinatzet al. (1974) et de Azérad & Pousin (1996).
Dans le cas ou pour tout point du domaine , il existe une caractéristique backward partant
de ce point et atteignant @ en un temps ni, ces travaux introduisent une fonction scalaire

I R permettant de construire un nouveau tenseur satisfaisant une condition de positivité.

Chapitre 3) Schéma d'ordre bas pour le probléme d'advection-réaction scalaire.
Un schéma approchant la solution du probléme modele (1.7) est proposé sur des maillages
polyédriques avec des degrés de liberté scalaires associés aux sommets. Ce schéma utilise le
formalisme des schémas CDO introduit par Bonelle (2014) et discrétise la dérivée advective?!

r v en dissociant I'opérateur di érentiel v 7! r v et I'opérateur de contractionv 7!  v. Nous
introduisons ainsi la notion d'opérateur de contraction discret construit de maniére a satisfaire
au niveau discret la formule de Leibniz et la formule d'intégration par parties. Les conditions
a la limite sont imposées faiblement sur le bord entrant du domaine et I'analyse discréte du
schéma s'inspire de I'analyse des systémes de Friedrichs. Cette approche permet de retrouver en
particulier le schéma volumes nis upwind ou les volumes de contrdle correspondent aux cellules
duales associées aux sommets du maillage. Lorsque le tenseur de Friedrichs satisfait la condition
de positivité, le schéma est stable par coercivité. Lorsque ce tenseur prend des valeurs nulles, le
schéma est inf-sup stable pour un maillage su samment ra né et inconditionnellement stable
si le champ advectif est a divergence nulle. Une estimation de l'erreur discréte quasi-optimale
a l'ordre % est obtenue en norme de stabilité. Les résultats théoriques sont illustrés par deux
cas tests sur des maillages polyédriques.

Chapitre 4) Schéma d'ordre bas pour le probléeme de di usion-advection-réaction

scalaire. A partir du schéma CDO obtenu pour le probléme (1.7) dans le Chapitre 3 et
du schéma CDO proposé par Bonelle & Ern (2014a) pour le probléeme de di usion (1.6), un
nouveau schéma robuste en fonction du nombre de Péclet est obtenu a n d'approcher la solution
du probleme de di usion-advection-réaction (1.4) sur maillages polyédriques. Ce schéma est
présenté dans le formalisme des schémas CDO et utilise des degrés de liberté associés aux
sommets du maillage. A n de traiter de maniére cohérente les conditions a la limite quel que
soit le nombre de Péclet, le schéma proposé par Bonelle & Ern (2014a) est étendu a n d'imposer
faiblement la condition de Dirichlet par une méthode de pénalisation a la Nitsche (1971). Ce
schéma pour la di usion est alors couplé au schéma associé au probléme d'advection-réaction
obtenu dans le Chapitre 3 en utilisant une méthode de décentrement en fonction du nombre
de Péclet local . En l'absence d'advection et de réaction, i.e.,lorsque , = 0, on retrouve

le schéma associé au probleme de di usion pure avec des conditions a la limite faible, tandis
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que lorsque =+ 1, on retrouve le schéma d'advection-réaction proposé dans le Chapitre 3.
La stabilité du schéma est prouvée par coercivité lorsque le tenseur de Friedrichs est positif.
Lorsque celui-ci peut prendre des valeurs nulles, la stabilité uniforme en fonction du nombre de
Péclet est établie sous la forme d'une condition inf-sup, satisfaite si le maillage est su samment
rané. Une estimation de l'erreur discréte dépendante du nombre de Péclet est obtenue, de
telle sorte que le schéma converge a l'ordrd en norme de stabilité dans le régime di usif
et a l'ordre % dans le régime advectif. Des simulations numériques sur maillages polyédriques
permettent d'illustrer les résultats théoriques.

Chapitre 5) Extension des schémas pour le probléme de transport scalaire. Un
nouveau schéma pour le probléeme de advection-réaction (1.7) est proposé sur maillages po-
lyédriqgues avec des degrés de liberté attachés aux sommets du maillage. Ce schéma est plus
précis que celui proposé dans le Chapitre 3. L'idée est d'introduire en plus des degrés de liberté
sommets, des degrés de liberté scalaires associés aux cellules du maillage. Ces degrés de liberté
supplémentaires ne sont pas couplés entre eux, ce qui permet de les éliminer a moindre codt par
une méthode de condensation statique (également appelée complément de Schur). Le schéma
est stabilisé par une approche inspirée des méthodesntinuous interior penalty (CIP), consis-

tant a pénaliser les sauts de la dérivée advective d'une certaine fonction reconstruite a partir
des degrés de liberté sommets et cellules, a travers les sous-faces contenues dans les cellules
du maillage. Le schéma est alors incondionellement inf-sup stable si la condition de positivité
sur le tenseur de Friedrichs est satisfaite, et I'on contrdle en plus de la nhorme de coercivité,

la norme L? de la derivée advective. Une estimation de l'erreur en normé.? de l'erreur est
obtenue a l'ordre % tandis que I'erreur en normeL ? sur la dérivée advective converge a l'ordre

1. Ce schéma est nalement couplé a une discretisation du terme di usif an de considérer

une approximation du probléme de transport complet avec un traitement des conditions a la
limite a la Nitsche (1971). Des résultats numériques illustrent les résultats théoriques et sont
comparés aux résultats des simulations précédemment obtenus dans les Chapites 3 et 4.

Chapitre 6) Schéma d'ordre bas pour le probleme d'advection-réaction vectoriel.

Motivés par la discrétisation du probléme de Stokes sur maillages polyédriques considérée
par Bonelle & Ern (2014b), nous proposons un nouveau schéma permettant d'approcher la
solution du probléme d'advection-réaction vectoriel (1.13) a l'aide de degrés de liberté scalaires
associés aux arétes du maillage. Le schéma est basé sur la formulation de Galerkine standard
du probléme. A l'aide d'un opérateur permettant de reconstruire un champ vectoriel a partir
des degrés de liberté scalaires associés aux arétes, le schéma est stabilisé par une méthode de
pénalisation des sauts au travers des sous-faces induites par les volumes diamants entourant
les arétes du maillage. Le schéma est stable par coercivité dans la norme de stabilité si la plus
petite valeur propre du tenseur de Friedrichs (1.17) est strictement positive et inf-sup stable
pour des maillages su samment ra nés dans le cas ou cette valeur propre prend des valeurs
nulles ou raisonnablement négatives. Dans le cas du probleme (1.18), cette restriction sur le
pas du maillage disparait. Une estimationa priori de I'erreur discréte quasi-optimale a I'ordre

p est obtenue pour des solutions (peu réguliéres) appartenant &V 1P+ %() avecp 2 (O; %].
Des résultats numériques sur maillages polyédriques sont présentés a n d'illustrer les résultats
théorigques.
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1.3. Organisation de la thése

Publications. Les travaux de cette thése ont fait I'objet de trois publications soumises a des
revues internationales.

1) P. Cantin & A. Ern. " Vertex-based compatible Discrete Operator Schemes on Polyhe-
dral meshes for Advection-Di usion Equations" publié dans Computational Methods in
Applied Mathematics. 2016.

2) P. Cantin, J. Bonelle, E. Burman & A. Ern. " A vertex-based scheme on polyhedral meshes
for advection-reaction equations with sub-mesh stabilizatioha paraitre dans Computers
and Mathematics with Applications. 2016.

3) P. Cantin & A. Ern. " Edge-based low-order scheme on polyhedral meshes for vector
advection-reaction equation$, soumis a M2AN. 2016.
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Chapter 2

On the Friedrichs positivity
assumption for advection-reaction
problems in Banach spaces
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Let be a domain of R® with Lipschitz-continuous boundary @ . We are looking for

u: ! Randu: ! R3 solving the following rst-order boundary-value problems:
ru+ u =s ae.in ; (2.1a)
u=0 aeon@ ; (2.1b)
and
r¢ w+((r u + u =s ae.in ; (2.2a)
u=0 aeon@ : (2.2b)

Here, denotes a smoothR3-valued vector eld on , say Lipschitz-continuous, and and

are two bounded reaction terms taking values inR and R® 2, respectively. The in ow boundary
@ isdenedby @ =fx2@ ] (x)n(x)< 0g, with n the outward unit normal to @ .
These problems (or variants) have been studied many times in the literature. We mention the
pioneering work of Bardos (1970) and of Beirdo da Veiga (1988) for the analysis of the well-
posedness in smooth domains with smooth model parameters and the work of DiPerna & Lions
(1989) when the problem is expressed in the whole space with irregular model parameters.
More recently, Girault & Tartar (2010) proved (using a viscous and a Yosida regularization
technique), for all p 2, the well-posedness of these problems ihP() if 2 W %2() and
also the WLP() -regularity of the solution of (2.1) if s 2 WXP() andif 2 W'l () is
su ciently small. Approximations of these problems in Banach spaces are extremely few; let
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Chp. 2. On the Friedrichs positivity assumption for advection-reaction problems in Banach spaces

us mention the work of Guermond (2005) presenting a nite element approximation inL* and
also the reweighted least-squares method of Jiang (1993).

This chapter analyzes the well-posedness of problems (2.1) and (2.2) when a weak solution
is sought in Lebesgue graph spaces of exponept2 (1;1 ). Observing that these problems
de ne two Friedrichs' systems, it is well-known from Ern & Guermond (2006a) or from Ern
et al. (2007) that, for p = 2, the well-posedness for the problem (2.1) is a consequence of the
positivity of the R-valued Friedrichs tensor

1
;P pr ; (2.3)
and for the problem (2.2) of the positivity of the lowest eigenvalue of theR® 3-valued Friedrichs
tensor e T o oar T o1
= > + > B(r ) Id: (2.4)
The rst contribution of this chapter concerns the well-posedness of these two problems in
Banach graph spaces. Following the analysis of Friedrichs' systems in Hilbert spaces and
assuming that the above tensors (2.3) and (2.4) are positive, we prove the uniqueness of the
weak solution of these two problems fop 2 (1;1 ) while the existence is obtained ifp 2 (1; 2].
The second part of this work is devoted to the analysis when these positivity assumptions
are not satis ed. Assuming the existence of a so-called potential (whose existence follows
from properties of the vector eld in , see Devinatzet al. (1974)), we prove that one
may generalize the Friedrichs positivity assumptions so as to consider tensors whose lowest
eigenvalue is null or even reasonably negative.
This chapter is organized as follows. First, we introduce some notation and we recall the
classical statement of the Banach-Ne£as-Babu2ka (BNB) theorem. Section 2.2 is concerned
with the scalar-valued problem (2.1) and Section 2.3 with the vector-valued problem (2.2).

2.1 Continuous settings

In this section, we introduce some notation, in particular concerning functional spaces. In
order to stay general, we will write d = 3 the dimension of

2.1.1 Functional spaces

For all p2 [1;1], p®2 [1;1 ] denotes its conjugate real number such that% + alJ =1.

(x1;::;Xg) denotes the classical Cartesian basis of the Euclidean spa® and @ is the weak
derivative in the direction i, forall i 2 1;d . Classical fonts are used foR-valued quantities
and boldface fonts are used forR® or RY 9-valued quantities. The inner product in RY is
denoted by , the cross product by and the tensorial product by . To alleviate the notation,

jj denotes either the Lebesgue measure of a set, the absolute value of a real number, the
Euclidean norm of a vector or the Frobenius norm of a matrix.

For all q 2 f1;dg and for all ! , the Banach spaceLP(! ;RY) collects all Lebesgue
measurable functionsv : ! ! RY whose the Euclidean norm raised to the powep is Lebesgue
integrable. We de ne the norm

4 1
Nivgry = P ", foralll p<1; (2.5)
and jvj 1 (1 ;ra) = €SS SUR,, jV(X)j. Similarly, for all s 2 N, WSP(! ;RY) denotes the Banach
space collecting all Lebesgue measurable functions: ! ! RYwhose derivatives of global order
up to s belong to LP(! ; RY). We de ne the semi-norm
0 1l
X P
jVst:P(! ;RQ) = @ ]@V]Ep(l ;Rq)A ; fOf a” 1 p < 1 ; (26)

1+t ¢=Ss
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2.2. Scalar advection-reaction problem

and jVjysi1 1 gay = MaX 144 4=sJ@VjL1 (1 ray With the d-uplet = ( 1;::15 g) 2 NY and
the weak derivative of order denedas@ = @' :::@"°. In essence, we have 2 WSP(! ;RY)
if and only if jvjyy i gey < 1 forallt s. We use the following notations:

LP(1) LP(I:R) andLP(!) LP(;RY; forallp2[1;1];

WSP(1)  WSP(I:R) and W SP(1) WSP(:RY); forall p2[1;1]andforall s2 N:

Conventionally, we set WOP(! ;RY) = LP(! ;RY). The space ofk-continuously di erentiable
functions on ! are denoted by C¢(! ;RY) and C§(! ;RY) those functions that are compactly
supported in ! . The space of Lipschitz continuous functions is denoted by Lig' ; RY) and we
recall that we always have Lig(! ;RY) W3t (1 ;R9), while the reverse inclusion holds for
domains! with smooth enough boundary, see Grisvard (2011).

Generic constants are denoted byC and are always assumed to be independent of any
physical quantity, such as the model parameters or the size of the mesh for discrete problems.
The notation A . B meansthatA CB, whereC may change from one inequality to another.

2.1.2 Banach-Nefas-Babu2ka (BNB) theorem

Hereafter, we recall the classical statement of the Banach-Ne£as-Babu2ka Theorem. Con-
sider the following abstract variationnal problem:

Findu2 U s.t a(u;v)= H,viyoy; 8v2V,; (2.7)

where U and V are two Banach spaces equipped with normgjy and jjv, respectively, V is
reexive, a2 L(U V;R), f 2 V%and h; iyoy is the duality pairing between VO L (V;R)
and V. A necessary and su cient condition for (2.7) to be well-posed is given by the BNB
theorem, see e.g., Ern & Guermond (2004).

Theorem 2.1 (Banach-Nefas-Babuzka) The problem (2.7) is well-posed if and only if:
(BNB1) There exists G, > 0 such that

GujViu sup a(v;_w); 8v2 U: (2.8)
w2vniog JWlv

(BNB2) For all w2V, (8v2 U; a(v;w)=0)=) (w=0).

Remark 2.2 (Finite-dimensional case) In this thesis, the well-posedness of our numerical
schemes is obtained owing to (BNB1) since the two statements of Theorem 2.1 are equivalent
if U and V are two nite-dimensional spaces satisfying dimU = dimV.

2.2 Scalar advection-reaction problem

This section analyzes the well-posedness of the continuous problem (2.1) in Lebesgue graph
spaces and generalized the sign condition on the Friedrichs tensor . ., de ned by (2.3).
2.2.1 The graph space
Let p2 (1;1 ). The graph space associated with (2.1) is de ned by
V()= fv2LP() j rv2LP() g; (2.9)

and is equipped with the normjvjv = (jvjl_p r v1|_p )% forallv2V ,() . This
space de nes a re exive Banach space owing to t%e rst and the second Clarkson inequalities
(see Brezis (2010)) where for alv 2 V ;5() , r v2 LP() means that the linear form

VA

GO 37 vr ('); (2.10)

17



Chp. 2. On the Friedrichs positivity assumption for advection-reaction problems in Banach spaces

is bounded in Lpo() , so that r v is the Riesz representative of (2.10) inLP() . To specify
the meaning of the trace of a function inV .5() , we introduce the spaceLP(j nj;@) given

by
Z

LP( nj;@:= v:@ ! RisLebesgue measurable o@ j i njjviP<1 ; (2.11)
@

which is a Banach space when equipped with the normjvj e nj@ = (R@ j njjvjp)% for
allv2 LP(j nj;@) . As observed by Ern & Guermond (2006a), the existence of traces in
L2(j nj;@) for function in V () is not always guaranteed. In particular, the boundary
@ must be well-separated with respect to the vector eld in the sense that

dist(@ ;@F)>0with @ =fx2@ j (x) n(x) > 0g: (2.12)

In this thesis, this condition will always be assumed to be satis ed. Let us adapt the proof
of (Ern & Guermond, 2006a, Lemma 3.1) to the general casp 2 (1;1 ) to prove the existence
of such traces.

Lemma 2.3 (TraceinLP(j nj;@) ). Letp2 (1;1). Thetracemap :C' () ! LP(j nj;@
with (")=";@ forall " 2 C! () , extends continuously toV p() , i.e. there existsC > 0
such that

I Miceg @ Clviv 03 8v2V () ¢

Proof. Owing to the separation of the boundary from assumption (2.12), there exist *; 2
Ct () suchthat *+ lon@, 0, J.+@ Oand ;5. 0. Proceeding asin Ern
& Guermond (2006a), we infer that

Z 4 4

jonjjptiP= nj' jPC " )= r (JPCT ); 8 2C () ;
@ @

where we have used the partition of the unity on the boundary and the Stokes formula. Ap-
plying now the Leibniz product rule and recalling that rj ' j° = p'j' j° ?r ', we obtain
y4 Y4 Z

@i njj' iP=p (° (G D N L Y e S G ):

Next, Holder's and Young's inequalities together with the identity j' j' jP ?j
yield 7

p = 3 ib
Lpo() _l ILP()

CovTEE o rting P S r il i
It follows that ' jog nj@ X0 T ifs * Pi" iPs(, )P with the constant = 27 (j *
jirg *ir (7 NiL: )%. Then, observing that p% epT1 e, we obtain
i"iteg nj@ Ci'iv,o: 8 2CH();
with C = eC. Finally, recalling that C' () is dense inV p() forallp2(1;1) (see (Jensen,
2004, Theorem 2)), this inequality holds as well for any function inV .5() . O

Owing to the existence of traces inLP(j nj; @) , the following integration by parts for-
mulae hold.

Lemma 2.4 (Integration by parts). Let p 2 (1;1 ). Then, for all v 2 V .,() and for all
W2V (),

A Z Z VA
( rvyiw+ ( rwv+ (r )vw= @( n)vw: (2.13a)
In addition, for all v2 V .,() and forallz2 Wkt () ,
Z 1Z 1Z 1Z
( rVVvP 2z+ = (r )jvjPz+ = rzjiviP= = ( n)jvjPz: (2.13b)
p p P e
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2.2. Scalar advection-reaction problem

Proof. These formulae follow from the density ofCt () inV .5() forall p2 (1;1 ). The rst
one results from the Leibniz product rule while the second one is a consequence of the identity

rCPP)E PR rze(p PP P2 (2.14)
forall' 2C!' () andforallz2 Wtt () . O
The following proposition identi es some elements in the graph space/ .o() ifp2[2,1).

Proposition 2.5 (Elements of V .po() ). Let p2 [2;1 ). Then, forall v2 V () , vjvj® 22
Vopo() .

Proof. Let p 2 [21) and let v 2 V 5() . Clearly, vjvj® 2 2 LP() so that it remains

to prove that r (vjvj’ ) 2 LP() . Owing to the chain rule, we have r (vjvjP 2) =
(p  1)jvi°P 2 r v. Hence, using Hélder's inequality with  + 1 = alj sincep 2 (so that

p r
r= p—pz > 1), we infer that

ior(vjvjP 2)ij°() (P i 1 Viee iivi® Fir)

Hence, sincejjviP %j r() = jvjfp(z) , we deduce thatvjvjP 22 V .po() . O

2.2.2 \Well-posedness

To examine the well-posedness of (2.1), we introduce the bilinear forra ; ., 2 L (Vo;p() Lpo(): R),
where E/O;p() = fw 2 V() j we = 0g, and such that for all v 2 VO () and all
w2 LP(), 7 7
a; pviw):=  ( rvyw+ VW (2.15)

Observe that, forall p2 (1;1 ), Vo;p() is a closed subspace df .,() owing to Lemma 2.3.
Assuming that s 2 LP() , the weak formulation of (2.1) in the graph spaceVO;p() is:

Z
Find u2 Vo () st a.p(uv)= sv; 8v2LP(): (2.16)

It is readily seen that if u 2 Vo;p() solves (2.16), the PDE (2.1a) holds inLP() and the
boundary condition (2.1b) holds in LP(j nj;@) . Note that the boundary conditions are
strongly enforced in (2.16). To prove the uniqueness of the solution of (2.16) for alp 2 (1;1 ),
we recall the R-valued Friedrichs tensor
1
;P T Br ; (2.17)

and we assume that it satis es the so-called Friedrichs positivity assumption Hp):
(Hp) ess inf . :;p> 0. We de ne the reference time = (ess inf : ) !

Proposition 2.6  (Uniqueness under Hp)). Let p2 (1;1 ) and assume that Hp) holds. Then,
a; p(viviviP %) Vit s 8v2 V() ¢ (2.18)

Proof. Let v 2 V° () . Observing that vjvjP 2 2 LP°() , the quantity a . p(V;VjvjP 2) is
well-de ned. Owing to the integration by parts formula (2.13b) with z 1 on (so that
r z 0), we infer that
Z 1Z
a; p(v;viviP ) = =T viP+ = n)jviP;
P e
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whence, using the de nition (2.17) of the Friedrichs tensor . ., and the fact that v =0,
we obtain Z Z

1
a . p(v;VvjvjP 2) = olViP+ = n)jvjP:
L op(VviviP ©) :plV) p@+( )ivi
The desired bound then follows from Hp) and the de nition of @ *, O

Let us now prove the well-posedness of (2.16) under assumptiorH(,) for p 2 (1;2].

Theorem 2.7 (Well-posedness) Let p 2 (1;2] and assume that Hp) holds. Then the prob-
lem (2.16) is well-posed.

Proof. We apply the BNB Theorem 2.1. Adapting the proof of (Ern & Guermond, 2004,
Theorem 5.7), the condition (BNB1) follows from Proposition 2.6 with the constant G, =

(P+@+j g )p)%. Let us prove the second condition (BNB2). Considerw 2 LP°()
such that a ; p(v;w) = 0 for all v 2 V© () . Owing to the inclusion G () Vo, () it
follows that w r ( w)=0 a.e.in , so that the dense inclusionG () Lpo() implies
that rw=( r w 2 Lpo() , whencew 2 V .o() . Applying now the integration by
part formula (2.13a), we observe that
Z Z A
( nmvw=a . p(v;w) ( r Jvw+  ( rw)v=0;

for all v 2 Vo () . Then, choosingv = +wjwj” 2 belonging to V2,() owing to Proposi-
tion 2.5 sincep® 2 by assumption, we infer that

Z 0 Z 0
0= ( n) "jwP= ( n)iwi®;
@ @*
so that wjg + = 0. Now, we test the identity w r ( w)=0 by an arbitrary y 2 LP() and
we use the chainruler ( w)= r w+(r )w to infer that
4 4 4
0= (w r (w)y= ( r Jwy rwy:

Hence, the particular choicey = ijjIOO 2 along with the identity (2.13b) with p replaced by
p’and with z 1 yields
o= (0 P L 6w LT (s L
p° P e P P e
. .n0
Wil

where we have used thatw;g + = 0 and the assumption Hp). As a result, w =0 a.e.in ,
so that the condition (BNBZ2) is satis ed. Hence, there exists a unique solution solving the
problem (2.16). O

Summarizing the results obtained so far, we have proved under assumptiorH(p) the unique-
ness of the solution for allp 2 (1;1 ) while the existence has been obtained for alp 2 (1;2].
These results are now generalized under the following new assumptionﬂg), forall p2 (1;1),

so as to include the situation where the in mum of the Friedrichs' tensor , ., takes null or
even slightly negative values:
(Hg) ess inf .:;p 0 and there exists a non dimensional function 2 Lip() such that
oin with ¢g> 0and
, 1

ess inf PP r > 0 (2.19)

1

We de ne the reference time = ess inf p % r .
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2.2. Scalar advection-reaction problem

Proposition 2.8  (Uniqueness under (—|g)). Let p2 (1;1 ) and assume that (—|g) holds. Then,
a ;v ViviP f) Tivibe 5 Bv2VE() (2.20)

Proof. Let p2 (1;1 ) and let v 2 Vo;p() . Owing to the integration by part formula (2.13b)
with z= |, we have

Y4
( rv)vivP 2=

Z Y4

Z
1 1 1
= n) jvi* = (r jvie = rojvjP:
o @( ) Vi 0 (r ) v 0 I\

Hence, we obtain

Z 1 lZ 12
a . p(vi VIVP ?)= HEN i NN
‘ 1 .
Dp B r WVIT

where we have used thatjg =0 and > 0. Hence, the expected result follows froml(-lg). O

Example 2.9. Assumption (H 8) indeed generalizes the assumptionHp) since it is now possible

to consider situations not handled by Hp). For example, in the domain =[0 ; 1®, de ne 0
and =(1+ p)1+ x); y;0)for any 0, in the Cartesian coordinates. Observing that
Cp = 0, the assumption Hp) is not satis ed whereas G—Ig) is satis ed for example

with the potential (x) =(x 2)? on . Indeed, a short calculation shows that

- ; r =;(2 X)((3p +2)x+2)

which is strictly positive on [0; 1].

Remark 2.10 (Existence of ). Following Devinatz et al. (1974) and considering a continu-
ously dierentiable eld 2 C(RY), the existence of the potential relies on the assumption
that every solution of the Cauchy problend;x (t) = (x(t)), x(0) = X9 2 remains in the
domain for a nite time only. Observing that the proof is based on the ow box theorem, the
extension to a less regular eld (e.g. 2 Lip () ) is a priori not obvious.

We are now in a position to state the well-posedness of (2.1) under assumptiorH(g) for all
p2(1;2]

Theorem 2.11 (Well-posedness) Let p 2 (1;2] and assume that Hg) holds. Then the prob-
lem (2.16) is well-posed.

Proof. We follow the same ideas as in the proof of Theorem 2.7. The condition (BNB1) is
inferred from Proposition 2.8 with G, = (j jfl 0 P+@+j jurg T )P)%. Turning
to the second condition (BNB2), we considerw 2 LPO() such that ao; o(Viw) =0 for all
v 2 Vo;p() . Proceeding as in the proof of Theorem 2.7, this implies thatw belongs to the
graph spaceV .o() and that it satises w r ( w)=0 a.e.in andwg- =0. Letus
prove that w 0. First, we observe that replacingp by p®and choosingz = 1! P in (2.13b)
yields

Z Y4 Y4

Crwwiw 2 1F= o0 e 1P S w1
P e p°
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Hence, testing the identity w r ( w)=0 with the function wjwj” 2 * P, we infer that

Z () Z (0]
o= ( r Hw” P (rwwjw 21
74 0 o 1 z 0 0 1Z 0 0
= (or o )wP PP )wiP PP = (o )jwiP P
p p 7
() ()
— n 'W'p 1 p:
0 @( ) Iwj
Then, collecting these terms and using the fact thatwj@ + =0, we obtain
z 1 0 0 z 0 0 z 1 0 0
0= ;o B r jwjP" P E, @( n) jw;j” te D B r jwj® P

As a result, owing to (Hpo) and the fact that 2 L1 () and > 0, itfollowsthat w 0 a.e.in
. We conclude that (2.16) is well-posed under assumptiorfH ) for all p 2 (1;2]. O

2.3 Vector advection-reaction problem

In this section, we apply similar ideas to analyze the well-posedness of the vector-valued
problem (2.2) in Lebesgue graph spaces where we generalize the assumption of the sign of the
Friedrichs tensor . ., de ned by (2.4). For the sake of brevity, the proofs are omitted if they
are straightforwardly adapted from those of the scalar case in Section 2.2.

2.3.1 The graph space
Let us introduce the graph space
V oo():= fv2LP() j( r)v2LP() g; (2.21)

where thei-th component in the Cartesian basis of( r )v is given by ;@v; (where repeated
indices are summed) and wheré r )v 2 LP() means that the linear form

Z
ci() 3' 7 r( ")v; (2.22)

is bounded iano() , so that ( r )v is the Riesz representative of (2.22) inLP() . Equipped
with the norm jvjy ¢y := (jvjﬁp() +j( r )vjEp() )% forall v 2 V .5() , this space de nes
a re exive Banach space. Owing to the following proposition, the problem (2.2) is well-de ned
in the graph spaceV () .

Proposition 2.12  (Equivalent de nition of V .,() ). Forall p2 (1;1 ), we have
V()= fv2LP() jr( v)+(r v) 2LP() g;
wherer ( v)+(r V) 2 LP() means that the linear form
cs() 3' 7 Z(r'+r ¢ ) v; (2.23)
is bounded inL P’() .
Proof. Letv 2V .5() . By de nition, we have

(rjvi = r( v 82G():
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Now, recalling the identity r ( ")= r " +r (' )+(' r) forall 2Lip() and
forall ' 2 C} () , it follows that

VA Z VA

( rv' = (r"+r ( )v C r)y)v, 8 2G():
Hence, observing that((" r) )v=(r )') v, we obtain

Z Z

C ryv+(r )v) ' = (r +r ( )v; 8 2C():

Hence, the linear form (2.23) is bounded vyieldingr ( v)+(r V) 2 LP() , so that the
inclusion holds. Note that we have the identity ( r )v+(r )'v=r ( v)+(r v) . Since
the proof of the converse inclusion is similar, the proof is completed. O

Recalling now that the boundary @ is well-separated in the sense of (2.12), functions in
the graph spaceV () have a trace in the space
z
LP(G nj;@:= fv:@ ! R®is Lebesgue measurablg i njjviP< 1g: (2.24)
@

R
Equipped with the norm jvjEp(j n@ - @ j njjvjPforallv2LP(j nj;@) , this space
de nes a Banach space.

Lemma 2.13 (Trace in LP(j nj;@) ). Let p 2 (1;1). The trace map : C' () !
LP( nj;@ with (" )=" j@ forall’ 2 C! () extends continuously toV p() , i.e, there
exists C > 0 such that

I Wieg njp@ Cliviv,0 0 8V 2V () :
Proposition 2.14  (Integration by parts) . Forall v2 V ,o() andforallw 2V .p() ,

zZ z zZ z
w(r)v+ v( r)w+ (r )vw= ( n)vw: (2.25a)

In addition, for all v2V .,() and forallz2 wil (),
Z Z Z Z

viP 2zv ( r)v+; (r ),-v,-pz+:) caviP= L mvit (2.25b)
@

Tl

2.3.2 Well-posedness

Similarly to Section 2.2, we introduce the bilinear forma , ., 2L (V O;p() L po( ); R) with
Vo;p() = fw2V () jwje = 0gsuchthatforallv2V () andforall w2 Lpo() ,
Z Z
a . p(v;w):= r( v+(r v) HYw+ Vo w; (2.26)

As in the proof of Proposition 2.12, we observe that the bilinear form (2.26) can be reformulated
as z z
a; pviw)=  w( r)v+ w(r T+ )v; (2.27)

and the writing °=r T+ yields °2L!() and
Z Z
a . pviw):=  (r)vw+ Y w: (2.28)

Assuming that s 2 LP() , the weak formulation of (2.2) in the graph spaceV O;p() is:
Z
Findu2V ,() st a. pu,v)= sv;, 8v2 Lpo() : (2.29)

23



Chp. 2. On the Friedrichs positivity assumption for advection-reaction problems in Banach spaces

We readily see thatifu 2 V O;p() solves (2.29), the PDE (2.2a) holds inLP() and the bound-
ary condition (2.2b) holds in LP(j nj;@) . The uniqueness of the solution of problem (2.29)
relies on the sign of the lowest eigenvalue of th&®? 3-valued Friedrichs tensor

T T
= LT ;(r )id (2.30)

This lowest eigenvalue is denoted by

@x)= min oY),

8x 2
y2R3nf0g IV

with ( ;) the classical Euclidean inner product inR3. The uniqueness of the solution of (2.29)
is then a consequence of the following Friedrichs positivity assumption.

(Hp) essinf @> 0. Wedene =(essinf @) .

Proposition 2.15 (Uniqueness under Hp)). Let p 2 (1;1 ) and assume that H p) holds.
Then,
a . p(viviviP ) Yviley s 8v2 Vo)

Proof. Let v 2 Vo;p() . First, observe that a . .p(v;Vjvj° 2) is well-de ned sincev jvjP 22
LP°() . Owing to the identity (2.27), we infer that
4 Z
a . p(viviviP = jviP Av( r)v+ viP AV (r T+ )we

Using now the integration by parts formula (2.25b) with z 1, we obtain
Z 1 A
a . p(v;vivi® = jvjP Zv . ;pv+6 @j njjvi®;

whence the result follows using K p) and recalling that v; =0. O

To take into account situations where the smallest eigenvalued takes null or slightly negative
values in , we now consider the following assumption:

(H 8) essinf @ 0Oand there exists a non dimensional function 2 Lip() such that 0
with o> 0 and
1

ess inf @ ro >0

1= i 1
We de ne = ess inf @ ;T

Observe the similar structure of the generalized positivity assumption Hg) and (H g) for the
two problems (2.1) and (2.2).

Proposition 2.16  (Uniqueness under Hypothesisif 8)). Letp2 (1;1 ) and assume that H 8)
holds. Then,
a (v viviP 3 Tjvile s 8v2 V()

Finally, the well-posedness of (2.2) holds under assumptionH ,) or (H 8) forall p2 (1;2]
The proof follows the same ideas used to prove Theorems 2.7 and 2.11, this time using Propo-
sitions 2.15 and 2.16, respectively.

Theorem 2.17 (Well-posedness) Let p 2 (1;2] and assume that H ) or (H g) holds. Then
the problem (2.29) is well-posed.
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Chapter 3

Vertex-based scheme for
advection-reaction
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This chapter devises and analyzes vertex-based schemes to approximate on polyhedral
meshes the solution of the scalar-valued advection-reaction problem

ru+ u =s ae.in ; (3.1)
Uu=u, ae.on@ : (3.2)

A salient feature of this chapter is that our schemes are formulated using the algebraic Compat-
ible Discrete Operator (CDO) framework proposed by Bonelle (2014). This framework takes
inspiration from the seminal works of Tarhasaariet al. (1999); Bossavit (1998, 2000) and from
the discrete Hodge operator setting proposed by Hiptmair (2001, 2002).

This chapter contains two main contributions. The rst one is to devise a CDO scheme
for advection-reaction. The key idea is to build a discrete contraction operator that is the
discrete counterpart of the mapv 7! v. This operator maps degrees of freedom (dofs)
attached to mesh edges to dofs attached to mesh vertices, and is also called interior product
(see Abrahamet al. (1988) or Gerritsma (2012)). The CDO framework allows one to discretize
the advective derivative r v by two distinct operators: a well-known topological discrete
gradient operator mapping dofs attached to mesh vertices to dofs attached to mesh edges and
the above discrete contraction operator. The second contribution is to extend at the discrete
level the classical positivity assumption (denoted byH, in the Chapter 2) so as to consider a
scalar-valued Friedrichs tensor taking possibly null values. This extension is rarely addressed
in the literature (see Deuring et al. (2015) or Ayuso & Marini (2009) for some examples). In
particular, the stability of the scheme now hinges on an inf-sup condition under a mesh-size
restriction, which becomes void if the advective eld is divergence-free.
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Chp. 3. Vertex-based scheme for advection-reaction

Putting our schemes into perspective with existing schemes, we observe that our scheme is
essentially an upwind nite volume (or lowest-order dG) scheme on the dual mesh with vertex-
centered dual cells as control volumes. Taking inspiration from the analysis of Friedrichs
systems by Ern & Guermond (2006a,b) for dG methods, our analysis uses similar techniques
(see also the seminal work of Johnson & Pitkaranta (1986)). In particular, the present algebraic
point of view sheds new light on the theory of Friedrichs' systems at the discrete level. We
also mention other approaches to discretize similar problems in the context of the di erential
geometry. Using the notion of extrusion de ned by Bossavit (2003), Heumann & Hiptmair
(2008) proposed a discretization of the aforementioned contraction operator on triangular and
Cartesian square meshes, respectively. Palha (2013) also investigates this problem using the
notion of wedge product, seen as the adjoint of the contraction operator.

This chapter is organized as follows. First, we introduce the discrete setting, namely the
polyhedral mesh, the dofs and some of the CDO tools from Bonelle (2014), i.e., duality products,
discrete di erential operators and reduction maps. Next, we devise and analyze our schemes.
In Section 3.3, numerical results are presented on three-dimensional polyhedral meshes.

The content of this chapter is an extended version of some parts of the papeMertex-based
Compatible Discrete Operator Schemes on Polyhedral meshes for Advection-Di usion Equa-
tions" by P. Cantin & A. Ern, published in Computational Methods in Applied Mathematics,
2016.

3.1 Discrete setting

This section introduces the main ingredients underlying the discrete setting: mesh entities,
degrees of freedom, reduction maps and discrete di erential operators. For brevity, we only
present the concepts needed in this Chapter. A broader presentation can be found in Chapter 7.

3.1.1 Primal and dual meshes

The computational domain is denoted by and is assumed to be an open, bounded, con-
nected, polyhedral subset ofR3. Its boundary is denoted by @ with n its outward normal
component.

Primal mesh. The primal mesh of the domain is denoted byM := fV;E;F; Cg, whereV
collects the mesh vertices generically denoted by (0O-cell), E collects the mesh edges denoted
by e (1-cell), F collects the mesh faces denoted by (2-cell), and C collects the mesh cells
denoted by c (3-cell). Forall k2 0;3 , thesek-cell are homeomorphic by a bi-Lipschitz map
to the open unit k-ball of RK. Considering an arbitrary geometric setX 2 f E; F; Cg with x 2 X,
we denoteXx the closure ofx and @ the boundary of x. We orient mesh edges by assigning
an arbitrary tangential unit vector t for all e 2 E and we orient all mesh faces by assigning
an arbitrary normal unit vector n; for all f 2 F. An example of a simple polyhedral mesh is
depicted in Figure 3.1.

Mesh regularity. Hereafter, we consider families of polyhedral mesheM satisfying the
following requirements:

(C) The meshM de nes a cellular complexof : = [f Tjc2 Cg, edges are straight and
faces are planar, distinct elements have empty intersection and the boundary of all the
cells and all the faces is composed of a nite number of faces and edges, respectively.

(St) The meshM is star-shaped all the mesh cells and all the mesh faces are star-shaped with
respect to their barycenter.

(Sh) The meshM is shape-regular there exists a simplicial sub-mesh oM that is shape-regular
in the sense of Ciarlet (1978).
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3.1. Discrete setting

Figure 3.1 A primal polyhedral mesh containing the cell c 2 C, the facef 2 F, the edgee2 E
and the vertexv 2 V

De nition 3.1  (Geometric subsets) Let X;Y 2 M and lety 2 Y. Then, we de ne
Xy =fx2Xjy @g or Xy:=fx2Xjx @g, (3.3)

depending if the dimension ofy is smaller or not than that of element of X. For instance,
Ec =fe2Eje @gandCe:=fc2Cje @qg and so on. Owing to assumption(C), the
cardinal #X y is uniformly bounded.

Dual mesh. In addition to the primal mesh M, Compatible Discrete Operator (CDO)
schemes are formulated using also a dual mesh. The dual mesh is denotedidy.= f9;E; E; €g
and is composed of dual entities such that there is a one-to-one pairing between a primétcell
and a dual (3 k)-cell. In essence, a primal vertex is associated with a dual cell, a primal edge
is associated with a dual face, and so on. Figure 3.2 represents dual elements of the primal
mesh depicted in Figure 3.1. To enhance the link between primal and dual entities, we write

Figure 3.2 Dual elements of M: the dual facef(e) 2 F and the dual cell e(v) 2 €.

f(e) the dual face associated with the primal edgee 2 E and €(v) the dual cell associated with
the primal vertex v 2 V. We stress that the dual mesh is not seen by the nal-user and that
its de nition is not unique. In particular, we only consider in this thesis fully barycentric dual

meshes, built from the barycenters of the primal mesh entities owing to assumptior(St). It

is also useful to notice that there exists a common simplicial sub-mesh of the primal mesi

and the dual meshM.
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Chp. 3. Vertex-based scheme for advection-reaction

In general, dual edges are not straight and dual faces are not planar, as can be seen from
Figure 3.2. For this reason, the normal componentn ., attached to a dual facef(e) is only
piece-wise constant on each simplex composing this dual face. The normal Vectory, is
oriented in the same direction aste, i.e., Nte) te™> 0 holds almost everywhere.

Boundary meshes. Since boundary conditions are weakly enforced in our schemes, mesh
entities at the boundary play an important role. The trace of the primal mesh M at the
boundary @ is denoted byM@:= fV@, E® F°, where V@ collects all the primal vertices lying

at the boundary, and so on. Lete(v) be the dual cell attached to a boundary verticesv 2 V@,
An important observation is that its boundary @&(v) is not completely covered by dual faces.
For this reason, we additionally introduce the setF@ collecting the boundary dual faces de ned
by f&v) = @(v)\ @ for all v 2 V@ see Figure 3.3.

Figure 3.3 The dual boundary face f4v) associated with the boundary vertexv 2 V.

3.1.2 Degrees of freedom

CDO schemes consider degrees of freedom (dofs) attached to mesh entities according to the
physical nature of the discrete eld. For instance, dofs of a discrete potential eld (also called
O-cochain in algebraic topology) are attached to mesh vertices, either primal or dual ones (also
called O-chains in algebraic topology). In this chapter, we focus on vertex-based CDO schemes
where dofs are attached to primal vertices. For a discrete potentialu, we use the notation
u2zvVv R*V  where V denotes the nite-dimensional space collecting dofs attached to the
mesh vertices and whereg#V denotes the cardinal of the setV. u, corresponds to the entry
of u attached to v 2 V. We also consider a discrete circulation eld (also calledl-cochain),
attached to primal mesh edges (also called-chains) and collected in the setE. For all u2 E,

Ue denotes the entry ofu attached to e 2 E. These dofs spaces are respectively equipped with
the following Euclidean inner products:
X X
viw = wWy, 8viw2V and viw e = VeWe, 8v;w 2 E: (3.4)
V2V e2E

3.1.3 Compatible Discrete Operator tools

Discrete di erential operators. Recalling that mesh edgese 2 E are oriented by an
unit tangential vector te, e denotes the incidence number equal tdl if te points toward v
and 1 otherwise. Similarly, ¢,.c., is the dual incidence number of v, equal to 1 if ng,
points outward €(v) and 1 otherwise. One can verify that fe):e(v) =  vier Key ingredients
to devise CDO schemes are discrete di erential operators. Hereafter, we only introduce the
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3.1. Discrete setting

discrete primal gradient and the discrete dual divergence, which are de ned, respectively, as

X
GRAD:V !'E suchthat 8e2 E; GRADW)e := veWy; 8w2V, (3.5a)
v2Ve
BIV:E!V suchthat 8v2V; BIV(w), = fle):e(v) Wer  BW 2 E; (3.5b)
e2Ey

with Ve := fv2Vjv @gforalle2 EandE, := fe2 Ejv @gforall v2V, owing to
De nition 3.1.

Remark 3.2 (Topological operators). Operators de ned by (3.5a) and (3.5b) are topological
or metric-free since only the connectivity vertices-edges plays a role in their de nition.

The discrete primal gradient and the discrete dual divergence are anti-adjoints with respect
to the Euclidean inner products (3.4).

Proposition 3.3 (Adjunction) . For all v2V and for all w2 E, we have
w;GRAD(V) _=  v;BIV(w) : (3.6)

Proof. This identity is a direct consequence of de nitions (3.4) together with the de nitions (3.5a)
and (3.5b) of GRAD and BIV, respectively, and the relation .e = fe):e(v) - O

Reduction maps. To measure the approximation error resulting from CDO schemes and to
discretize continuous elds (such as the source terms or the boundary datum), we introduce
the notion of reduction map. The reduction map Ry : L1() !V acts as follows:

z

sv2V; Ryw) = w, 8w2L() ; (3.7)

(V)i e
where je(v)j denotes the3-dimensional Lebesgue measure of the dual cedl(v).

Remark 3.4 (Comparison with the de Rham map). Another reduction map mapping into V
is the classical de Rham magry : H 3 () 'V with > 0, such that for all v 2 V and for all
w2 H3* () » Rv(w);y = w(xy), where x, denotes the coordinates of/. Compared with Ry,
the operator Ry requires more regularity. This is the reason why we do not use this operator in
the context of low-order approximation of rst-order problems since typically, only theH ()
regularity of the exact solution is needed to achieve a quasi-optimal convergence rate.

Dual reduction maps attached to dual cells and dual faces are also used in the analysis.
These maps are denoted bRy : L1() 'V andbyRg : W SP() 'E with sp > 1, respectively,
and act as follows:

Z

8v2V; Ry(w) = Wi 8w2 L) ; (3.8a)
Ze(v)

8e2 E; Re(w)je= W Neey 8W2 W SP() (3.8b)
fe)

Finally, since the boundary conditions are weakly enforced, we also consider a dual reduction
map attached to boundary dual faces, denoted byR@ : L}(@) 'V and acting as follows:
4
8v2V; RY(w) = . w; 8w2 LY@ : (3.8¢)
\")

By convention, sincefqv) = ; forall v2 V with V. =V nVe we haveRY(); = 0 for all

v 2 V . The following Proposition 3.5 states that the di erential operator BIV is indeed the
discrete counterpart of the classical divergence operator .
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Chp. 3. Vertex-based scheme for advection-reaction

Proposition 3.5 (Dual commutation). For all v 2 W %P() with sp > 1, we have
Ry(r v)= BIVRg(V)+ RZ(v n): (3.9)
Proof. This identity follows from the classical divergence formula. O

Remark 3.6 (Boundary contribution in dual operators). We have conserved the de nition
of BIV proposed by Bonelle (2014), since it is naturally associated with the dual mesh, where
dual cells attached to boundary vertices are not covered at the boundary by dual facesFinAn
alternative choice is to modify the de nition of this operator so as to include dual boundary
faces attached to primal boundary vertices; by doing so, the boundary term appears ({8.6) and
no longer in (3.9).

Restriction to mesh cells. It is convenient to localize discrete objects to the primal mesh
cells. For all c 2 C, V; and E; denote the dofs subspaces of and E, respectively, collecting
dofs attached to V. and E.. Using straightforward notation, the local Euclidean inner products
on the dofs spaced/; and E; are denoted by ; ve and ; e Slightly abusing the notation,

GRADand BIV also denote the discrete di erential operators (3.5a) and (3.5b) restricted to the
local dofs spaced/. and E, respectively. We have the following local version of Proposition 3.3.

Proposition 3.7 (Local adjunction). For all v2 V. and for all w 2 E;, we have
W, GRADV) _ = Vv, BIV(w) v

We also localize the primal and the dual reduction maps (3.7) and (3.8). The local primal
reduction map attached to V. is denoted by hvc - L) ! V ¢ with the patch cell ¢ :=
[f e(v)jVv 2 Vg and acts similarly to the global map Ry as follows:

4

8v2 Ve Ry (w)y = w; 8w2Le): (3.10)

je(V)i e

Remark 3.8 (Comparison with the de Rham map). From Remark 3.4, the local de Rham map

de ning elements of V is de ned as Ry, : H 3+ (¢) 'V ¢ and acts similarly to the global map
Rv.. Observe that the domain ofRy, considers functions only de ned on the cellc whereas the
domain of RVC considers functions de ned on the slightly larger patch celé.

The local dual reduction maps on dual cells and on dual faces are denoted I, : L1(c) !
V¢ and by Rg, : W P(c) ' E ¢ with sp > 1, respectively. They are de ned by
4
8v2 Ve Ry (W) = w; 8w 2 L(c); (3.11a)
Ze(v)\ [«

WNg o 8W2W >P(c): (3.11b)

8e2 E;; Re (W)je
fe(e)

Here, Tc(e) denotes the restriction of the dual facef(e) to ¢, de ned as fc(e) = f(e)\ ¢ and with
Nt e its normal vector oriented by te.
For any boundary facef 2 F@, c(f) denotes the unique cell containingf. The local reduction
map attached to dual boundary faces is denoted b)R\@}f L) 1V c(f and is such that
z
8v2 Vep; RY (W) = w; 8w2 L(f): (3.11c)
o)\ f
Observe that R ( );, =0 for all v 62/ \ Ve
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3.2. Advection-reaction problem

3.2 Advection-reaction problem

This section is concerned with the derivation and the analysis of a vertex-based CDO scheme
to approximate the solution of the advection-reaction problem

ru+ u=s ae.in ; (3.12a)
u=u, ae.on@ ; (3.12b)

with the advective eld 2 Lip () and the reaction coecient 2 L! () . We assume that
the data are such thats 2 L?() andu, 2 L?(j nj;@ ). We also assume that the boundary
@ is well-separated with respect to , i.e.,the inow part @ and the outow part @ ™,
denedas@ =fx2@ j (x) n(x) > Og, are such that dist(@ ;@ *) > 0. In addition,
we assume that the Friedrichs tensor

1
= =r 3.13
2 1 ( )
satis es one of the following assumptions:
(H) ess inf - > 0. We de ne the reference time = (ess inf ) L
(HY ess inf - =0 and there exists a non dimensional function 2 Lip() with lin
such that
ess inf % r > 0 (3.14)
1
We de ne the reference time = essinf 3 r :

Recalling the continuous analysis of Chapter 2, we observe that assumptionH) stands for
the assumption (H) whereas H9 slightly di ers from ( H9) since we only assume here that
essinf . =0. However, we notice that (H9 implies (H9) since

. 1 . 1
ess inf : > r ess inf > r >0 (3.15)

whenever ess inf . =0 with 0. In addition, note that we have assumed in H9 that
the potential satis es 1 without loss of generality since (3.14) is invariant by adding any
constant to . Under either of the above assumptions, the problem (3.12) is well-posed owing
to Theorems 2.7 and 2.11.

Remark 3.9 (Negative Friedrichs tensor). We actually consider the case where the Friedrichs
tensor takes negative values in Chapter 6 concerning the vector advection-reaction problem.
Hence, we expect that the present analysis can be extended to the case where ess inf < 0.

3.2.1 Discrete Friedrichs problem

Besides the classical CDO discrete operators presented in Section 3.1.3, vertex-based CDO
schemes for the advection-reaction problem are built using three additional discrete operators:
the discrete contraction operator J* : E ! V which is the discrete counterpart of the map
w 7! w and two weighted mass operatorsH" : VIV and H"®:V IV (with a generic
parameter ) that are the discrete counterpart of the mapu 7! u in and at the boundary,
respectively. Note that the operator H'® is de ned from V since the information carried on by
the internal vertices is typically used to de ne the value at the boundary, while this operator
maps into V in order to alleviate the notation and we always haveH"®();, =0 forallv2 V .
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Chp. 3. Vertex-based scheme for advection-reaction

Bilinear forms. The discrete problem hinges on the bilinear formA”. :V V! R, de ned
as

A", (v;w) = J GRADV);w  + H'(v);w  + Hz?@n) (Vw ; 8v,w2V: (3.16)

The rst two terms approximate (3.12a), whereas the third term weakly enforces the boundary
condition on @ . The discrete gradient GRAD: V | E is de ned by (3.5a) and the discrete
contraction operator JF : E !V is de ned below. The reactive mass operatoH” : V!V is
de ned as z

H'(v);w , = Lv(V) Ly(w); 8v;w2V; (3.17)

where we have introduced the reconstruction mapLy : V! Po(€) de ned by
8v2V;, Lv(W)ew) = Wy, 8w2V: (3.18)

Note that if ess inf > 0, H is positive and de nes a Hodge operator in the sense of
statement (H) in (Bonelle, 2014, Section 3.4.2). Boundary conditions are weakly enforced on
the in ow boundary using the operator Hz;@n) VIV | dened by
z
Hi®y (Wiw | = @( n) L§(v) LS (w); (3.19)

where we have introduced the reconstruction magd§, : V! Py(F® on the boundary, such that

8v2 Ve L (W)iay = Wi 8W2V: (3.20)

Observe that for all interior mesh verticesv 2 V , Hz?@n) (w)jy =0 since thentqv) = ;.

Discrete problem. The scheme approximating (3.12) reads:
Findu2V st A’". (uv)= S(s;up;Vv); 8v2V, (3.21)
with the source linear form S(s;uy; ): V! R de ned by
Z Z
S(s;up;Vv) = sLy(v)+ o ( n) wWl§MW= Ry(s)hv + RI( n) uw)v ; (322

with the dual reduction maps Ry and R$ de ned by (3.8a) and (3.8c), respectively, and the
reconstruction map Ly de ned by (3.18) and (3.20).

Discrete contraction operators. The discrete contraction map JF : E ! V is built using
the algebraic parametersf e¢ge2e and f veQy:e)2ve With VE := f(v;e)2 V Ejv  @yg. For
all e2 E, . denotes the reduction of the vector eld on the dual facef(e):
Z
= Re( )ie = Ny, 8e2E: (3.23)
) T 9 @

For aIIPv 2Vandforalle2 E,,wedene 2 [ 1;1]satisfying the two following assumptions:

(i) vave ve=0andsetting e:= 3 \ov, fe)e) ver e e O holds.

(ii ) There exists C > 0, uniform with respect to the mesh size and the model parameters,
suchthat ¢ ¢ Cj ¢.

Remark 3.10 (Upwind schemes) The reason to distinguish the property ¢ ¢ 0in (i ) from
the property ¢ ¢ Cj ¢ in (ii ), is that the former is satis ed by the so-called centered scheme
corresponding to e =0 forall v 2 V¢, and the latter by an upwind scheme, e.g., corresponding
to ve = sign( f(e):e(v) e), With the sign function de ned by signt) = 1ift 2 R<o, sign(0) =0,
and sign(t) =1 if t 2 R . For that particular choice, (ii ) holds withC =1.
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Proposition 3.11  (Jump across gual faces) Let w2 V and lete2 E. De ne the jump of w

across the dual facef(e) as[wle = 2y, f(e) :e(v) Wv- Then,
X
Wle e= Wy ve! (3.24)
V2Ve

Proof. Let e2 E and denotev;v°2 V. the two vertices that are the end points of the edgee.
Owing to the de nition of ¢ and of the jump [w]e, we have

1
Wle e= 5 fe)ew) Ve fe): )Wt tHe)ied) VO f(e);ev0) WO

T re)em) Ve 1e)ievd WO T feyievd) Ve ey W
Hence, observing that .. te):e) =1 @NA o)) fe):eve) = 1o it follows that

1 X 1
Wle e= > Wy ve > (Wyo ve + Wy yog) ;
v2Ve

. . P o
whence the expected result follows from the identity ,, ve =0 (see assumption(i )). [

In the spirit of the analysis of Friedrichs' systems (see Ern & Guermond (2006a,b)), we introduce
at the same time the contraction operator F : E ! V and its companionJ” : V ! E , which
are somehow anti-adjoint, up to the stabilization term (see Lemma 3.14).

De nition 3.12  (Contraction operators). The contraction operator J* : E ! V is algebraically
de ned by 1 X
8v2V;, F(w) =3 We o(1 ve); 8W2E: (3.25)

e2Ey
The companion operator of ¥ : V I E is de ned by
1 X

2 v2Ve

8e2 E; J'(We: Wy o(l+ e); 8w2V: (3.26)

These operators are jointly analyzed and satisfy the following two Lemmata 3.13 and 3.14.

Lemma 3.13 (Discrete Leibniz rule). Let J* and JV be de ned by (3.25) and (3.26), respec-
tively. Assume that (i ) holds. Then,

HY  (w);v ,+ JF GRADW);v = BIVJ'(w);v H‘(’?@n)(w);v =0; 8v,w2V;
(3.27)

where H'  and H"® are de ned by (3.17) with r instead of and by (3.19) with ( n)

n
instead of ( n) , respectively.

\Y

Proof. Owing to the de nitions (3.25) and (3.26) of JF and J¥, we infer that

1 X X X

v 3 \ voeWyo o1 ve);

v2V  e2E, v®2V,

o v . 1X A X .

VI (w);v > Vy f(e) e(v) WO e(l+  yog):
v2V  e2E, v®R2Ve

J¥ GRAD(W); Vv

Recalling that vie = ¢).¢,. it follows that
X X X

1
F GRADW);v ,  BIVJ(w);v = 5 W Wo e voe(l  ve)t vie(l+  yoe)
v2V  e2E, v®R2V,
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o P .
Hence, using(i ) and the identity =,y v:e =0, we infer that

X
Wyo e yvoe(l ve) t vie(l+ o) = Wy (vie(l ve) t vie(l+ ) =2 vieWy;
VOZVe
so that the de nition of ¢ yields
] ' X X X X Z
J* GRADW);V BIv JV(w); v vz Vy Wy ve e= Viy Wy fe):e() Ntey:
v2Vv e2Ey v2V e2Ey fle)
To conclude, owing to the divergence theorem, observe that it 2 V
X Z Z Z
. n = n = ro;
o, O g AT gy VT gy

with n ¢ the unit normal at the boundary of €(v) and pointing outward, while for the boundary
verticesv 2 V@ we use the de nition of the boundary Hodge operator to infer that

X X 4 X S )
vav : n = vav n e(V) ' W ; \Y y
vave e2Ey ) e 1 vave @) " '
whence the expected result. O

Lemma 3.14 (Integration by parts) . Let JF and J¥ be de ned by(3.25) and (3.26), respectively.
Assume that(i ) holds. Then, the bilinear form de ned onV V by

s'(v;w) == JFGRAQV);w , + Vv;BIVI'(w) ; (3.28)
de nes a semi-inner product and we have
X
s'(v;w) = [VeWle e e (3.29)
e2E

with [w]e the jump of w across the dual facef(e), de ned in Proposition 3.11.

Proof. Owing to the de nition of J* and J¥ and recalling that vie =  f).¢(y), We infer that
. 1 X X X 1 X X
\] GRA[XV),W v = é VO;eWVVVO e(l Ve) = E Wv[V]e e( ve 1), (330)
v2V e2E, V2V, v2V e2Ey
and
Y 1 X X X 1
v;BIVJ (w) | = 5 fe):e) WWWo e(1+  yoe) = 5 Wy[Vle e(1+ ve):
v2V e2E, vV, e2Ev2Ve
(3.31)
Exchanging the summations in the rst line leads to
X X
JGRADV);w  + Vv;BIVI(w) = Wy[V]e ve e:
e2EVv2Ve
. P "
Then (3.29) follows from the identity =, Wy ve = [W]e e from Proposition 3.11. O

Remark 3.15 (Interpretations) . Recalling from Remark 3.6 that the discrete dual divergence
operator BIV does not involve E{:\ces on the@oundar@ , Lemma 3.13 is the discrete coun-
terpart of the Leibniz formula r wvw+ ( rw)v r( w)& = 0, where the two
rightmost terms in (3.27) form together the discrete counterpart of r ( Whv. Further-
Rore, Lemma §.14 is the discrete counterpart of the integration by parts formula ( r w)v+

r(vyw g w( n)v=0. At the discrete level, this quantity is not equal to zero owing
to the use of stabilization. We also notice that the symmetry of the map’ (v; w) results from
s'(viw) s'(w;v)= HY (v);w  v;H' (w) , =0 where we have used the self-adjointness
of H' and of H"? . Finally, we observe in general that neitherJ® nor J" depend linearly on
its argument owing to the use of stabilization.
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3.2. Advection-reaction problem

Remark 3.16 (Conservative formulation). A possible variant of the continuous problem(3.12)
is the conservative form of the advective derivative. The equation§3.12a) becomesr ( u) +
U=saein with %= r and the Dirichlet condition is still enforced on the in ow
boundary. Then, the stability hinges on the modi ed assumption ) by replacing . by
+ %r . The discrete bilinear form A”. in (3.21) then becomes
A (uv)= BIVY(u);v , + Hou);v  + HY;@n) (u;v
The source term remains unchanged.

Link with other advection schemes. For some patrticular choices of the algebraic parame-
ters e, the scheme (3.21) is equivalent to the lowest order dG scheme on dual cells attached to
primal vertices. Indeed, recalling the expression of the dG bilinear forma,™" (with no reactive
term) from (Di Pietro & Ern, 2012, Section 2.3.1), for all vi;wy, 2 P(€) with k 0, we have

Z Z
X X 1. .
ap™" (Vh; Wh) = [ Vh Wh + vl 51 Negilwnl  Negf whg
v2V (V) e2E 7
X
+ ( N) VhWh;
vove v

with [] and f@ denoting the jump and the average operators, respectively. Then, choosing
Vh = Lyv(v) and wy = Ly(w), the rst term on the right-hand side vanishes, and rewriting the
second term, we obtain

0 1

Z Z
X X
a™" (Lv(v); Ly(w)) = 5 Me@Wle J Npgi e WA+ ( n) (V) K (w):
e2F fle) V2Ve vove Fav)

(3.32)

Comparing (3.32) with (3.30), we infer that
a™ (Lv(v); Ly(w)) = J° GRAD(V);w  + HChy WiV, = AV (v;w);
R

where, for all e 2 ERand for all v 2 Ve, we have o ve 1) = f(e):e(v) T,(e)j nf.(e)j e

i.e., e ve = fle) -e(v) f’(e)j nﬂe)j. With this choice, assumptions (i ) and (ii ) are satis ed
with C = 1. Proceeding similarly, we prove as well that the scheme (3.21) is eqyivalent to the
upwind Finite Volume method (see Eymard et al. (2000)), With ¢ ve = te).e)] 1e) Ntie)l-

Remark 3.17 (Upwinding). Generally speaking, there are several possible variations in the

geometric quantities considered for upwinding. Instead of considering the full dual fac&e)

in (3.23), one possibility is to consider the average of the normal advection velocity on the dual
sub-facesf;(e) = f(e)\ ¢ and to design the upwinding parameters based on the sign of these
guantities. In general, the smaller the underlying geometric objects, the larger the dissipation

introduced by upwinding. The advantage of considering the dual sub-facgge) is that upwinding

is then compatible with the assembly of the scheme on primal cells.

3.2.2 Analysis
Let us now analyze the scheme (3.21). First, we de ne the discret@-norm on the spaceV
as X
iwid, = jeWiwi% sw2V: (3.33)
v2V

P -
Observe that this norm can be localized on prlmal mesra, cells a;;wlv o = czcl wj {Z,C;z, where
the local discrete 2-norm on V. is de ned by jwj2 Vo2 vave W)\ cjj Wy j2.
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Chp. 3. Vertex-based scheme for advection-reaction

Stability. For all v 2V, the stability norm used to analyze (3.21) is de ned by

Viva= VG S(viv)+ HE W)V

e (3.34)

v

where the parameter > 0 is de ned by assumption (H) or (H9, jj v is de ned by (3.33),
the bilinear form s’ (; ) by (3.29) and the operator H}“@nj by (3.19). To alleviate the reading,
the proofs are postponed to the end of this Section.

Lemma 3.18 (Coercivity) . Assume that assumption H) holds. Then,
\Y . 1 =2 . .
A" (v;v) E]V]V;a, 8v2V:
Consequently, the problem(3.21) is well-posed.

The stability of the bilinear form A". is now studied under the assumption H9. We
denoteL = j jyi 0 andL =] jyu 0O the Lipschitz constant of and . To simplify
the tracking in the analysis of the dependency on the model parameter, we assume that there
exists a constantG,., > 0, independent of the mesh-size and the physical parameters, such that

max L ;L hj jizqysL%hj jor g Gl (3.35)

where h = max ¢ ¢ he denotes the size of mesh anti; denotes the diameter ofc. For instance,
G.. lyields L hj j1 1, meaning that we do not consider strongly reactive regimes.
In addition, we introduce the reference length

ho= L jr j|_1 0O (336)

where by convention,hg =+ 1 if is divergence-free.

Lemma 3.19 (Inf-sup stability) . Assume that assumption HY holds. Assume that (3.35)
holds and that the mesh-size satis e$ < hg. Then, there is % >0 such that

sup AV, (V;w) %BVjv.a; 8v2V:
w2V ;jwjy:a=1 '

Consequently, the problem(3.21) is well-posed.

Remark 3.20 (Comparison with Cantin & Ern (2016b)) . Lemma 3.19 extends Lemma 5.1
from Cantin & Ern (2016b) where the simpler caser =0 and =0 a.e.in is considered
with no mesh-size restriction.

The following Table 3.1 recapitulates the di erent conditions from Lemmata 3.18 and 3.19
for which the discrete problem (3.21) is well-posed.

Case essinf . >0 essinf . =0
Assumption (H) (HY
Advective eld r =0 r 60
Mesh-size O<h O0<h O<h<hg

Table 3.1 Stability conditions for the discrete problem (3.21) with hg de ned by (3.36).
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3.2. Advection-reaction problem

Proof of Lemma 3.18. Using Lemmata 3.13 and 3.14, we observe that

1
J* GRAD(V);v |, = 5 HY (v);v

so that, using the linear dependence oH" with , we rewrite the quantity A”. (v;v) as

l . 1 V@ . .
vt és"(v,v)+ 5 Hy(Div s

. — . 1 . 1 @ . 1 @ . .
A (viv)= HY (v);v o+ és\’(v,v)+ > H‘(’ ORI > H{ ny (WiV

Hence, sinceH"@forall 2 L! (@) linearly depends as well on , we infer that

A (viv) = HY (Vv Iy v (3.37)

1 . 1 V@ .
Jt Es"(v,v)+ > H"® . (v);v

The expected result then follows from the de nition (3.17) of H and from the assumption
(H). O
To alleviate the proof of Lemma 3.19, we rst consider the following proposition.

Proposition 3.21 (Multiplicative stability) . Let v2 V and dene v 2V such that( v), =
(Xv)vy. Assume that (3.35) holds. Then,

J Vivia CjVivia, 8v2V: (3.38)

where C linearly depends on(j jEl + Cv;a)%.

Proof. Let v2V and let v2 V. Owing to the de nition of the norm Jj v.2, we readily infer
that J Vivie j it () §Viv;e. Similarly, H}’?@nj( ) BN I T 0 va;@nj(v);v , so that
it remains to bound ' ( v; v). Owing to Lemma 3.14 and recalling from assumption(i ) that

e e 0, we observe that

X X
(v, V= [VP%ee 2 f EM2+IVRE[E e

e2E e2E
P P
where, for all e 2 E, we have denedf g, = % vave Xv)y [le = vav. f(e):e(v) (Xv),
fvg, = % vave W and [Vle = oy, fe):e) W (already de ned in Lemma 3.14). Noting that

f g ] Jui() andthat[]e L hesince is Lipschitz, we infer that

X
S(vi V) 2 S(viv)+2  fuvgil®hg e e
e2E

P
Hence, sincefvgﬁ_ % v2VeV\2/ and observing that 0 e e I Lt if(e)j, it follows from
mesh regularity (Sh) that

X
(Vv V). Jifig $(viv)+ L%hj jii () max#E, je(v)ijviz;
v2V
v2V
whences'( v; V). j jZ g SVV)+ G Y Z.,, using the mesh regularity (C) to bound
max,oyv #E , and recalling assumption (3.35). Collecting these estimates nally yields the
desired result. O

Proof of Lemma 3.19. Let v2V and let v 2 V. Owing to Proposition 3.21, there isC.; > 0
suchthatj Vjvia C.jVjvia- Next letus nd 5> 0andC,, > OsuchthatA’. (v; v+ av)
C.d vj\z,;a. First, we rewrite AY. (v; v) as

(viv)

(v; v) A
'2

A (v, v)=AV; (v v+ H (v); v =A

+ AV

b b
(v

r r

N

+ H (W) v, =Tt Tt T
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Chp. 3. Vertex-based scheme for advection-reaction

with . = %r and where we have used the linear dependency &F with . Proceeding
as in the proof of Lemma 3.18, we observe that

1 1 .
T.= HY " (Vv + és" (v;v) + 5 H}"@ a3V i
where ., = 3 r ,so that, using 1, it follows that

1 1
(Vv + 58 (MW + 5 HE )V

Now, let's turn to the term T,. By de nition,

v .
T H, J:

\%

T,= J(GRAOV); v J (GRADV);v , + Hi (v; v HY (v;v

zl‘ \ il’

HV?@n) v); v, H‘(’;@ n (V);v

( = Tor+ Too+ Tosz;

\

with
To1=8(v; v) s (vvv)+ v,BIVQ'(v) ,  vBIVI (v)

owing to Lemma (3.14). Hence, using the identity (3.29), we rewriteTy,1 = T2.a + To.p Where

1X 1
Toa= 5 [Vlé eee =5 (\;v)
2 2
e2E
1 X
Top= ' (V; V) > Maeeet VBV (V)  vBIV (V) :
e2E
where . denotes the mean value of along the edgee. Then, using the identity (3.31), the
fact that 1 and the de nition of ', we have
1 1
Tza 58 (viv) 58" (viv);
1X X X X 74
Top= 3 WiVle( (Xv) o) eet 5 Ve W(l+ ve) ( (Xv) ) Nget
2 2 te)
v2V e2Ey e2E v2Ve

Next, using the Lipschitz regularity of and assumptions(ii ) and (3.35), it follows that

1
. . 1 - - 5
Tl 28'(iV)Z G tjvid, *:

Turning now to T2 and T2.3 and still using regularity of , we easily infer that

1 X 1 s
iT2:2 QL h JeMIWIr  JLt ew) QL hjir — jua ¢y IVIV2s
v2V

and
1
2.

< N

jT2ai  H™ (v);v

1,2
i nj G “IVV2

=
-

Hence, there isC , > OsuchthatjTao+ Togj  C., &' (viv)+ H® .(Wiv , * G Yjvid, °
1

(v;v) = 38'(v;v) + 3 H"® (v);v  owing to the iden-

In addition, observing that AV; ; H™

tity (3.37), we deduce

r

N[

1
. . 1 .o 3
iTop+ Tasi  CoA" .1 (ViV)Z G, Nivido %

Nl

As a result, collecting T and T» and using Young's inequality along with assumption H9,
we obtain 1 1
Tt T2 Sivida CoAY 1 (vV) SLhIr i ividy
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3.2. Advection-reaction problem

Now, recalling that AV; (v; V)= Ty + T2+ Tg, it follows that

1 1 ; ; a2
> v 3t hjr — jLi () IVIV2!

(viv)= A”. (v;v) H’ (v);v , by de nition and observing that we have

AL V) SiViGa CLAT L (MWt HY () v

Now, sinceA" ;

N|=

HY (v); v, Oand HY (v);v, Osinceessinf . =0 byassumption, we arrive at
1. . 1 . . .
AL vE @) SiviGat(a CAY (M) SLhIr o ivides
so that choosing 5 = C?z yields AV, (v; v+ aV) % 1 % jvj\z,;a. The expected result
holds as soon a$ < h o with hy de ned by (3.36). O

Error bound and a priori error estimate The study of the consistency error of the
scheme (3.21) relies on commutators in the spirit of Bossavit (2000), Hiptmair (2001), and Bonelle
& Ern (2014a).

De nition 3.22  (Commutators). For all v2 WSP() with sp> 1, we de ne
b';Re(v) := ' (Ry(v)) Re( Vv); (3.39a)
with Ry and Re de ned by (3.7) and (3.8b) respectively,
bHY,  Re(v):= H', (Ry(v)) Rv( r )v); (3.39b)
with Ry de ned by (3.8a) and

bH{?,y iRe(v) = H®y (Ry(v)  RG(( n) v); (3.39¢)

with R$ de ned by (3.8c). Note that (3.39b) holds for all v 2 L1() .

Lemma 3.23 (Consistency error). Let u be the unique solution of(3.12). Assume thatu 2
WSP() with sp > 1. Then, for all w2V, the consistency error Ey(u;w) = A", (Ry (u); w)
S(s; Up ;W) is given by

Ev(uiw)= bHY, ;Re(u);w bJ*;Re(u); GRADw)  bH®

(n)
Proof. In the context of Friedrichs' systems, the derivation of the consistency error bound
hinges on integration by parts. In the CDO framework, we use the continuous and the discrete
Leibniz formulae, as well as the properties of the discrete di erential operators. Owing to the
de nition (3.22) of the source term, we observe that

S(siup; W)= Ru(r (u));w , + Ry(C r Jupw  + RI( n) w)w
BIVRe( u);w  + Ry(( Jusw o+ RG(( n) wp)iw

Re( U);GRADW) + Ry(( 1 Jusw ,+ RG( Nn) uo)iw

y Re(u);w

where we have used the continuous Leibniz formula, the commutation property of Proposi-
tion 3.5, the fact that ( n) = ( n) ( n) , and the discrete anti-adjunction identity
inferred in Proposition 3.3. Moreover, we observe that

A (Ry(u);w) = FF GRAD(Ry(U);w |, + HY(Ry(u);w , + H® ) (Ry(u);w
BIVY (Ry(u);w , + H (Ry(u)iw  + H ) (Ry(u);w

Y (Ry(u);GRADW) , + H'  (Ry(u);w ,+ H® (Ry(u)w ;

where we have used the discrete Leibniz formula from Proposition 3.13, the fact thaH’ and
HY® depends linearly on together with ( n) = ( n) ( n) , and the discrete anti-
adjunction identity from Proposition 3.3. The conclusion is straightforward. O
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Chp. 3. Vertex-based scheme for advection-reaction

Theorem 3.24 (A priori estimate). Let u be the unique solution of(3.12) and let u be the
unique solution of (3.21). Assume that one of the stability assumption from Table 3.1 holds.
Assume thatu 2 H() . Then, the following estimate holds:

. . 1. . 1. .1 1. .

ju RyWivia. 2] 1 g hzHj iy h2jujyag (3.40)
Remark 3.25 (Regularity). Note that the regularity assumptionu 2 H() , which is made
to achieve the quasi-optimal%-th order convergence rate, is stronger than the intermediate
regularity required to compute the consistency error, where we only assume2 WSP() with
sp > 1. Recalling Remark 3.4, the situation would have been dierent if we had considered,
instead of Ry, the classical de Rham magRy requiring u 2 WSP() with sp > 3.

The estimate (3.40) is obtained by bounding the three right-hand side terms which composes
the consistency errorEy(u; w) from Lemma 3.23 and using the following interpolation error
estimates proved in Chapter 7.

Proposition 3.26  (Interpolation error estimates). Let B, - L1() ! Po(€) be dened as
B, = Ly Ry with the reconstruction map Ly de ned by (3.18) and the reduction map Ry
de ned by (3.7). Then, for all v2 H() ,

X . . .. X - . 1. .
jv li’\,(v)j,_z(e(\,)) . hjviygy, and jv li\/(v)jl_z(r(e» - h2jvjyay o (3.41)
v2v e2E

To prove the estimate (3.40), we also need the following result obtained using the Lipschitz
regularity of the vector eld

Proposition 3.27 (Approximation of ). Let v2 V. Then for all e2 E,,
z
T N B A e
! Melloddd eV

Proof. Let e2 E and consider the local dual faced:(e) = f(e)\ cfor all c2 C.. Observe that
each dual facef(e) can be decomposed into two triangleder.c with f 2 Fc\ Fe, de ned by the
three points f X¢; Xt; X c0; see Figure 3.4.

Figure 3.4 The dual face fc(e) composed of two triangles.

Then, denoting 7 7

f.c(e) == j Netc Nefics
ef;c fef;C
wﬁh Ner.c the unit normal attached to the elementary sub-facefer.c, we have O f-.c(€) =
2 fef_C( Nere) - If ( Nerc) takes positive values onfer.c, then 0 f.c(€) 2] ¢; otherwise,
néf;c vanishes at some point infer.c SO that, using the fact the Lipschitz regularity of  nes.c
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3.2. Advection-reaction problem

R R
in fer.c, we haveO -.c(€) . L hejfercj. As a result, since T»(e)() f.(e)jj, we sum these
bounds overc 2 C. and the facesf 2 F.\ Fg, to obtain

Z Z X X
0 J Nie)l n ric(€) . ] ot L hejf(e);
fe) © e 2Ce f2Fe\ Fe ) ) )
whence the result follows using mesh regularity. O

Proof of Theorem 3.24. The estimate (3.40) is obtained by bounding the three right-hand side
terms of Lemma 3.23 for allw 2 V such that jwjv.a = 1. A direct calculation shows that
Z

X
bH',  Re(u);w = w2 ( r  )(u R(u):

V2V €(v)

Hence, using the Cauchy Schwarz inequality together with the rst interpolation error estimate
from Proposition 3.26, we infer that

j BH',  iRe(u)iw i G

Nl

— 1 1. - 1. .
IWive h2 2 1 Jui) hZjujya

Turning to the second term, owing to assumption (i ) and the fact that u is single-valued on
f(e) (sinceu 2 H1() ), a direct calculation shows that

1 X X z
bJ"; Re(u); GRADW) |, = > [Wle 1+ ) Ny (U By (u)) (3.42a)
y 2E V2V f(e)
= [Wle Nte) (u tl\/(U)) : (3.42b)
e F fle)

Hence, sincgd ] 1, and using the regularity of and the second interpolation error estimate
from Proposition 3.26, we infer that

0 1:
. v . X ZZ . . z . .; 1., .
j bJ;Re(u);GRADW) j. @ [Wg | npoiA § iy hZjuigs
e2E fe)
Next, using the triangle inequality along with Lemma 3.14 and assumption(ii ), we end up
with
0 y . 11 ) 1 0 y . |1
@ M j ngir CIEWwI+@ WE j ongi ) oo A
e2E fe) e2E fe)

[N

To bound the second term on the right-hand side, we use Proposition 3.27 and the de nition

of the discrete normj j v:2 to infer that
z

[l f‘(e)j Npgl 1 - SSWw)+ L jwjve:

e2E

Then, collecting these bounds yields

=

1 .
j bI';Re(U);GRADW) ,j. S'Wiw)+ G ‘fwivie “§ i1y h?jujys
Finally, observing that

z

bHv@ ‘Re(u);w = X Wy ( n) (u ki\/(u)),
( n) v V2V e Qv)

1
we infer that j bHY;@n) JRe(u);w j . H™ (w)w joji 0 h%jujHlo . We obtain the

- v . J N
expected result by combining these estimates. O

41



Chp. 3. Vertex-based scheme for advection-reaction

3.3 Numerical results

In this section, we numerically investigate the performance and the reliability of the discrete
problem (3.21). The contraction operator JF, de ned by (3.25), is built using the upwind
parameters corresponding to e = sign( fle) :e(v) e). We consider two test cases. The rst one
aims to approximate a solution expressed as combination of sine functions under a rotating
advective eld and constant reaction coe cients. The second test case considers the case of a
solution presenting a sharp internal layer under a constant advective eld and a null reaction
coe cient.

3.3.1 Computational setting

This section presents the computational setting, namely the mesh sequences, the computed
quantities and the linear algebra.

Three-dimensional mesh sequences. Computations are run on three-dimensional mesh
sequences of the unit cube= [0 ;1]°. Each mesh sequence is obtained as an uniform re nement
of an initial mesh. We consider the four mesh sequences for which one element of the sequence
is represented in Figure 3.1. These mesh sequences have been initially proposed by Eymard

Figure 3.5 The four mesh sequence#i PrT, PrGand CB respectively.

et al. (2011) in the FVCA benchmark for di usion problems. The rst sequence, denoted by H,

is composed of hexahedral cells, the second, denoted ByT, is composed of prismatic cells with

a triangular basis, the third, denoted by PrG is composed of prismatic cells with an polygonal
basis and the fourth, denoted by CB is composed of checkerboard cells with hon-conforming
interfaces. These mesh sequences are also considered in (Bonelle, 2014, Appendix A) where
mesh regularity criteria, such as cardinals, aspect ratios or non-orthogonality measurements
are reported.

Remark 3.28 (Kershaw mesh sequences)Another mesh sequence is also considered in Ap-
pendix A, corresponding to theKershaw mesh sequence. These meshes are composed of skewed
hexahedral cells. Since this sequence is not suited to study properly the convergence of our
scheme, numerical results are not presented here.

Computed quantities and linear algebra. Following Theorem 3.24, the convergence
study is performed using the relative discretel ?-error given by:

0p ,1
Er (U) o % vzvje(V)j Uy hV(u)jv

= @—P———

Y v it Ry ()2

N|=

; (3.43)

where u is the solution of the continuous problem (3.1) andu is the solution of the discrete
problem (3.21). Recall that Rv(u) evaluates the mean value of the exact solution over dual
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mesh cells (see (3.7)). To examine the cost of solving the discrete problem (3.21), we also
evaluate the quantity Code ned by

CO= NNz N, (3.44)

where nnz denotes the total number of non-zeroes in the system matrix and g denotes the
number of iterations needed to bring the algebraic residual below a tolerance of0 2. The
linear solver used in our simulation is the bi-Conjugate Gradient method preconditioned with
an incomplete LU factorization from the PETSc library; see Balay et al. (2016). Considering
two successive mesh re nementd1, and Mp+1, we evaluate the convergence rate of a quantity
Q with respect to a quantity S by computing the quantity 310g9(Qn+1 =Qn)=109(Sh+1=%).

CDO schemes are interesting regarding their implementation since each discrete operator
is computed separately from the others, and the nal scheme is obtained by multiplying these
operators together. For instance, to implement the discrete problem (3.21), the discrete gradi-
ent operator GRAD is computed once and for all since it only depends on the connectivity of
the mesh. The contraction operator JF is also computed once and for all for steady problems
(while the parameters e and ¢ may need to be updated in unsteady problems).

3.3.2 Test case 1. Rotating advective eld

The solutionu: ! R of this rst test case is de ned by
u(x;y;z) =sin( x)sin(2y)sin( z); (3.45)
vanishing at the boundary @ of the unit cube . The advection eld : ! R?®is given by
0 1
y 1=2
(x;y;2) = %)1=2 xg ; (3.46)
z+1

and the reaction coe cient is such that 2 f%;Sg. Figure 3.6 presents some ow lines
of the rotating eld as well as the inow boundary @ . The scalar Friedrichs tensor is
.= % so that the continuous problem is well-posed owing to Theorem 2.7 if > % and
owing to Theorem 2.11 if = % e.g., with the potential = (z 2)2. Consequently, the discrete
bilinear form (3.16) is coercive if > % and inf-sup stable if = % if the mesh size is such that
h < h with hg de ned by (3.36). However, this mesh-size restriction is always satis ed here
in practice since a short calculation shows thatL = % and % r = (z 2)(z+1) sothat

(H9 holds with = 3, yielding ho = %.

Figure 3.6 Test case 1. Some ow lines of the advective eld and the corresponding in ow
boundary @ in blue.

The discrete error Ery(u) with respect to #V is depicted in 3.7 and the corresponding
legend is collected in Table 3.2.
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Chp. 3. Vertex-based scheme for advection-reaction

Er\(u) on Hand CBmesh sequences. Ery(u) on PrT and PrGmesh sequences.
10 0:5 X 110 05 [ N
101! 1 10t y
10 15 -4 10 15 | |
Ll | (| [ 1| (| (|
103 10* 10° 1063 10t 10°
#V #V
Figure 3.7 Test case 1. Discrete relative errorEr,(u) with =5 (plain lines) and =0:5
(dashed lines).
=5 =05
H PrT PG CBl H PIT PrG CB
- —— |-8- -&- - -

Table 3.2 Test case 1. Legend for Figures 3.7 and 3.8.

Accuracy. These numerical results are in agreement with the theoretical results derived in
Section 3.2.2. First, we observe that the scheme converge on all mesh sequences, even when
the Friedrichs tensors is uniformly equal to 0. This re ects the robustness of the proposed
approach with respect to the mesh quality criteria. We also observe that the scheme is more
accurate when the assumption H) is satis ed. This observation comes from the fact that the
inf-sup stability constant %from Lemma 3.19 is smaller than the coercivity constant (which

is equal to% from Lemma 3.18). In addition, we observe a super-convergence behavior in the
discrete L2-norm on all mesh sequences since the convergence rates are closel than to %
the latter corresponding to the theoretical convergence order inferred by Theorem 3.24.

In the right panel of Figure 3.8, we compare the discrete relative errorry(u) with the
discrete relative error Er y(u) de ned by (3.43) replacing Ry with the de Rham map Ry eval-
uating point-wise the exact solution at each mesh vertex. We observe that these two errors
converge approximately at the same order and thatEr(u) < Ery(u) on all mesh sequences.
In terms of accuracy, the hierarchy isH> PrT>PrG CB

E ciency and discret min./max principle. On the left panel of Figure 3.8, we present the
computational e ciency. It is described by representing the discrete error Er (u) with respect
to the computational cost Ca the closer of the origin, the more e cient the computation.

We observe that the computation is more expensive for theCBmesh sequence containing
non-conforming interfaces, and not surprisingly, the cheapest computation is observed for thel
mesh sequence. For this test case, the e ciency hierarchy is theit PrT> PrG> CB Finally, we
mention that the discrete minimum/maximum principle is satis ed on all these mesh sequences.
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Computational e ciency for =5 Ery(u) and Ery(u) for =5.

10 05 | N

101 :
101,

10 15 | - 10 1:5 |

10° 10° 107 108 10° 10° 10* 10°
Co #HV

Figure 3.8 Test case 1. On the left, the discrete relative error Ery(u) with respect to
computational cost Cofor =5. On the right, comparison between the discrete relative error
Ery(u) (plain lines) with Er\ (u) (dashed lines).

3.3.3 Test case 2. Sharp internal layer

Adapting the test case proposed by Burman (2005), we consider the follo%ing smooth
solution presenting an internal layer in the vicinity of the hyper plane ¥+ y+ z= " 2
1
y+z P 2

X
u(x;y; z) = xy tanh £+ — (3.47)

with a = 0:05. This solution is represented in Figure 3.9 for di erent value of z. We do not

Figure 3.9 Test case 2. From the left to the right, exact solution (x;y) 2 [0; 1]? 7! u(x;y; zo)
de ned by (3.47) for zo =0, zg = 0:5 and z5 = 1, respectively.

consider reaction coe cient, so that = 0, and we consider a constant advection eld =
(1;1;0)". Sincer =0 a.e.in , the scheme is unconditionally stable owing to Lemma 3.19.

In Figure 3.10, we present the discrete relative errofr \,(u) with respect to #V on the left
panel and with respect to the computational costCoon the right panel.

Accuracy, eciency and discrete min./max. principle. Although these mesh se-
guences are not adapted to capture the internal layer, we observe that our scheme converges
with a rate closer to 1 than to % The hierarchy in terms of accuracy for this test case i+ CB
PrG PrT, which is di erent from that obtained in Section 3.3.2. In terms of e ciency, the
hierarchy is the same as for the rst test case:H>PrT> PrG CB
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Ery(u) with respect to #V Ery(u) with respect to Co
T ILRRRRL RN AR mT L AL DL ALL R R R L B R ALl B LU B RRL |
10 05 110 05| |
10 1+ 1 10 1n i
Ll Lol Lol Lol L1l T R B AR R B AR B R TT EE R R TIT B R
107 10° 10t 10° 10 100 160 100 100 16 10
#V Co

Figure 3.10 Test case 2. Discrete relative errorr (u) with respect to #V (left) and with
respect to the computational costCo (right).

Finally, it is worthwhile to mention that the discrete minimum/maximum principle is re-
spected for theH PrT and PrGmesh sequences, whereas it is violated around the internal layer
on the most re ned mesh of the sequenc€Bby up to 4:3%.
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Chapter 4

Péclet-robust vertex-based scheme
for di usion-advection-reaction
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In this chapter, we extend the scheme presented in Chapter 3 so as to devise a vertex-based
scheme approximating the scalar-valued solution of the following di usion-advection-reaction
problem:

r-(ru+ ru+u=s ae.in ; (4.1a)
u=u, ae.on@: (4.1b)

This chapter contains three main contributions concerning CDO schemes. The rst one is to
devise a CDO scheme for the pure di usion problem with weakly enforced boundary conditions.
Indeed, as for stabilized nite elements, weak enforcement of Dirichlet conditions yields better
results for under-resolved out ow layers (see e.g., Bazilevs & Hughes (2007); Schieweck (2008)
or Burman (2012)). To this purpose, we extend Nitsche's boundary penalty method to the
CDO framework. The second contribution is to propose a vertex-based scheme for (4.1) which
is robust with respect to the Péclet number by using a Péclet-dependent stabilization technique
so as to obtain a nal a priori estimate on the discrete error depending on the local Péclet
number. The third contribution of this chapter is to establish the well-posedness of the discrete
problem when the Friedrichs' tensor . takes null values in the presence of di usion.

Our scheme de nes an extension on polyhedral meshes of the classical nite element/ nite
volume method combining a nite element treatment of the di usive term and a nite volume
treatment of the advective term. This approach was initially proposed by Baba & Tabata
(1981) on triangular meshes using dual cells around vertices as control volumes and by Ohmori
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Chp. 4. Péclet-robust vertex-based scheme for di usion-advection-reaction

& Ushijima (1984) using diamond cells around mesh edges. More recently, Angait al. (1998)
and Eymard & Hilhorst (2010) extended this approach to treat non-linear problems and Hil-
horst & Vohralik (2011) performed an a posteriori error analysis.

The present scheme seems to be the rst polyhedral discretization that is only vertex-based
and that is robust for dominant advection up to the limit of zero di usion. Recently, Beirdo da
Veiga et al. (2013) applied the Virtual Element Method (VEM) to handle vertex-based schemes
on polyhedral meshes for the pure di usion problems. These results were extended in Beirdo da
Veigaet al. (2016a,b) to the full problem (4.1) for di usion dominant regime. Here the approach
is di erent since we use explicit reconstruction maps and our treatment includes dominant
advection regimes. However, our approach is only of lowest-order. An alternative to vertex-
based schemes is the face-based scheme, proposed by Di Piatal. (2015), which is of arbitrary
order and Péclet-robust. This latter work can be seen as an extension of the lowest-order HMM
scheme proposed by Beirdo da Veigat al. (2011) for the di usion-advection problem in the
di usive regime.

This chapter is organized as follows. First, we recall from Chapter 3 the main concepts
and notation used to devise CDO schemes. Next, we extend and analyze the di usion scheme
proposed by Bonelle & Ern (2014a) by weakly enforcing the boundary conditions using the
boundary penalty method of Nitsche (1971). Then, in Section 4.3, we derive and analyze a
Péclet-robust discrete problem approximating the solution of (4.1). Finally, Section 4.4 collects
the numerical results of two three-dimensional test cases on polyhedral meshes.

The content of this chapter is an extended version of some parts of the papeNertex-based
compatible Discrete Operator Schemes on Polyhedral meshes for Advection-Di usion Equa-
tions" by P. Cantin & A. Ern, published in Computational Methods in Applied Mathematics,
2016.

4.1 Discrete setting

This section recalls and completes the discrete setting presented in Section 3.1 in the context
of CDO schemes for the scalar advection-reaction problem. A broader presentation can be found
in Chapter 7.

4.1.1 Mesh and degrees of freedom

Recalling that denotes an open, bounded, connected polyhedral subset &, we consider
M := fV;E;F;Cg a polyhedral mesh, collecting verticesv 2 V, edgese 2 E, facesf 2 F and
cellsc 2 C. This mesh is assumed to be regular in the sense that it satis es assumptionsC),
(St) and (Sh), i.e.,it de nes a cellular complex, it is star-shaped and it is shape-regular.

In addition to the primal mesh M, the dual mesh M is also considered. The dual mesh
collects the dual facesf(e) 2 F for all e2 E, that are in general non planar, and the dual cells
€(v) 2 € for all v 2 V. Since boundary conditions are weakly enforced in our scheme, we also
introduce boundary dual faces, covering the dual cells on the boundary® . These boundary
dual faces are de ned ag9v) = @(v)\ @ for all boundary vertices v 2 V@, and are possibly
broken. Primal, dual and boundary meshes are depicted in Figure 4.1.

Although our scheme is vertex-based, we also consider dofs attached to primal mesh edges.
The nite-dimensional dof spacesV and E collect dofs attached toV and E, respectively. Since
our scheme is built cell-wise, we also consider local de nitions. For alt 2 C, V. and E; denote
the sub-spaces ol and E collecting dofs attached to V. and E, respectively. In the context
of CDO schemes, we also recall the inner products on these dof spaces:

X X

viw = wwy;, 8v;w2V and 8c2 C; Viw = vwWy; 8viw2V. (4.2)

v2V V2V
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4.1. Discrete setting

Figure 4.1 Left panel: the primal mesh M and the dual meshM. Right panel: the boundary
dual mesh.

X X

viw _ = VeWe; 8v;W2E and 8c2 C; viw = VeWe, 8v;w 2 Eg: (4.3)

e2E e2E¢

Local dual faces inc are denoted byf.(e) and are de ned asf.(e) = f(e)\ cfor all e2 E,
with unit normal vector Nt (@) oriented by te. For any boundary facef 2 F@, c(f) denotes the
unique cell containing f.

4.1.2 Edge-based partition

In addition to the primal and the dual mesh, our scheme considers the partition composed
of local diamonds around mesh edges. For alt 2 C, C:.c denotes the partition of c composed
of the sub-cells (also called diamondsj Ge.cQe2e. Such that

0 1

: [ [
Coc = Nt @ COfXy;Xe;Xf;XcQA ; 8e2 E; (4.4)
sze\ Fcv2Ve

where we have denoted by int! ) the interior of any set!  R3, x the barycenter of any mesh
entity x 2 M and CofXxy;Xe; Xt; Xcg the closed convex hull of thed-uplet fXy;Xe; Xf; Xcg. AS
observed in Figure 4.2, diamondd c.c0e2E. are obtained collecting the4 simplices attached to
each edgee 2 E.. Owing to the star-shaped assumption(Sh), we observe thatt = [f C¢je2

EcQ.

Figure 4.2 The sub-cell ¢ attached to e 2 E. (right panel) containing the simplex depicted
in left panel.
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4.1.3 Reduction maps

Reduction maps are used to reduce on mesh entities continuous elds, such as the data
or the exact solution. In addition to the reduction maps Ry : L1() 'V , Ry :LY() 'V ,
Re:WSP() 'E withsp>1landRg:LY@ !V denedby (3.7), (3.8a), (3.8b) and (3.8¢),
respectively, we consider in this Chapter the classical de Rham maps on primal mesh entities.
The de Rham reduction map on mesh verticeRy : WSP() 'V with sp > 3is de ned by

8v2V;, Ry(W), = w(xy);, 8w2WSP(); (4.5a)

and the de Rham reduction map on mesh edgeRe : W SP() !''E with sp> 2is de ned by

Z
82 E; Re(W)jy= Wte 8w2WSP(): (4.5b)
e

Considering these two reduction maps, Proposition 4.1 states that the continuous gradient
exactly commutes with the discrete gradient operatorGRAD: V | E dened by (3.5a) as
follows: X
8e2 E; GRADW)je := vieWy; 8w2V: (4.6)
v2Ve

Proposition 4.1  (Primal commutation) . For all w 2 WSP() with sp > 3 such thatr w 2
1.
w*® »P() | we have
Re(r w) = GRAD R/(w): 4.7

Proof. This identity follows from the fundamental theorem of calculus. O

For all ¢ 2 C, the local de Rham reduction maps are denoted byRy, : WSP(c) ! V . and
Re, : WSP(c) ' E . with sp > 3 and sp > 2 respectively, and act as their global counterpart,
namely as (4.5a) and (4.5b), respectively.

4.2 Pure Diusion problem

This section extends the CDO scheme proposed by Bonelle & Ern (2014a) to approximate
the solution of the pure di usion problem

r (ruy=s a.e.in ; (4.8a)
u=u, ae.on@ ; (4.8b)

so as to weakly enforce the Dirichlet boundary condition (4.8b). Weak enforcement of boundary
conditions is essential to couple properly the treatment of the di usion term with the treatment
of the advection-reaction terms whenever the exact solution exhibits out ow layers. Recall also
that boundary conditions are weakly enforced (on the in ow boundary @ ) in CDO schemes
for advection-reaction problems.

Assume that the data satisfys 2 L?() andup, 2 H* (@ with > 0, and consider a
diusiontensor : ! R3 3taking symmetric and uniformly positive de nite values. Then,
the continuous problem (4.8) is well-posed inH () . For simplicity, we assume that is piece-
wise constant in each mesh celt 2 C, i.e., 2 Po(C;R?® %), and we denote rcand jcits
minimal and maximal eigenvalue in ¢, respectively. The local anisotropy ratio is denoted by

¢ = 1c= c- Note that the present analysis can also be extended to locally Lipschitz di usion
tensors.
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4.2.1 Discrete problem and weak boundary conditions

Vertex-based CDO schemes approximating the elliptic problem (4.8) are formulated in
terms of a discrete Hodge operatoHH® : E ! E , which is the discrete counterpart of the map
w 7! w. Since boundary conditions are weakly enforced, our CDO scheme is also expressed
using two discrete boundary operators. The rst one is denoted byN*® : E | V and is the
discrete counterpart of the normal ux map w 7! n w at the boundary @ . This map is
essential to preserve the consistency of the scheme when the boundary conditions are weakly
enforced. The second operator enforces the boundary conditions a la Nitsche a@ and is
denoted by H"®:V 'V where 2 Pyo(F@ R) denotes the Nitsche penalty parameter such that
it = 1:ch) =hep for all f 2 Fe. This operator is the discrete counterpart of the mapw 7! w
at the boundary. As for the discrete problem (3.21), boundary operator maps toV to simplify
the notation and the entries of N®® and H":@ attached to internal vertices v 2 V are alwaysO.

Bilinear forms and reconstruction maps. The CDO scheme approximating the contin-
uous problem (4.8) is formulated with the bilinear map AY : VV ! R such that

A’ (v;w) :=  H° GRADV); GRADw) . NY9GRADV);w  + o H"(v);w (4.9)

v!?

for all v;yw 2 V. The rst term approximates (4.8a) and the two last terms weakly enforce
the boundary condition (4.8b) with the user-dependent real number o > 0 to be chosen large
enough (see Lemmata 4.7, 4.17 and 4.18). The ma@yY extends that of Bonelle & Ern (2014a)
where the Dirichlet boundary condition was strongly enforced. The operatorH® : E ' E is
built cell-wise as follows:

X
H*(v);w _ = HE..(v);w e BVIW2E; (4.10)
c2C

with H5.. 1 E. ' E (. Strictly speaking, we should consider the full-rank transfer mapTg; : E !
E fronE, global to local dofs, so that the global operatorH® results from the cell-wise assembly
H® = ¢ Tgc H . Tee. However, to alleviate the notation, these maps are omitted. The
local operator H., |s de ned as
z
Ho..(v;w _ = Lg(v) Le(w); 8v;,w2E: (4.11)
C

Ec

where we have introduced the reconstruction mapLg, : E. !  Po(Ceic; RY) on the diamond
partition Cg.c:= fCecOe2e, iNtroduced in Section 4.1.2, and acting as follows:

Le (W)(x) = * We ec(X); 8w 2 Eg: (4.12)
e2E,

The local shape functionsf " ¢cQe2 ., SPanning Po(Cec; RY), are such that

|
TPc(e% el fe(e) + fe(e)
djceocj id djCe;cj ©

8e%e2 Ec; ecico, = (4.13)

R R
where we have denotedd = 3, e := .te and f¢(e) = () Ny (). This reconstruction map
was rst considered by Codecasa & Trevisan (2007) in the context of the Discrete Geometric
Approach (DGA).

Remark 4.2 (Regularity along the edges) As mentioned in Bonelle (2014), the tangential
component of the reconstructed functionLg (w) along the edges contained in the interior of
the cell c and induced by the partition Cc.¢, iS not continuous, so that Lg (w) 62H (curl;c) in
general.
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The boundary condition (4.8b) is weakly enforced by means of the two last terms in (4.9).
The mapsN*®:E !V and H"@:V IV are built face-wise at the boundary as follows:

X
N=C(v);w = N=E (v); w
f2F@

8v2E; 8w2V; (4.14)

Vic(f) ’

and X
H"e(v);w  := H"2(v); w
f2F@

Vit * 8v;w2V; (4.15)
wherec  c(f) is the unique cell containing the facef 2 F@ The local mapsNE?;?: E.!'V ¢and
H"?: VeIV ¢ are de ned as
z
NE:;f@(v);w v = fLEC(V) nLy.(w); 8v2E; 8w2V; (4.16)

and z
H"?(v); w ve = f Lv.(V) Ly, (W)  8v;w 2 V; (4.17)

where Ly, : Ve ! Po(Cy.c;R) is the restriction to c of the reconstruction map Ly de ned
by (3.18) and such that

8v2Vg L\/C(W)j,r@(v)\f =w,; 8w2V (4.18)

Observe that the de nition (4.18) leads to N=();, =0 and H"¢();, =0 for all v 62V.

Discrete problem. The approximation of the continuous problem (4.8) with weakly enforced
Dirichlet boundary condition reads:

Find u2V st AY(u;v)= S(s;up;V); 8v2V; (4.19)
with the linear source form S(s;uy; ): V! R dened, forall v2V, by

S(s;up;V) = Ry(s);v ,+ o HR{(U);v ; (4.20)
where Rg( );, = Rv()jy for all v 2 V@and R§( );y =0 for all v2 Vnve.

Remark 4.3 (Symmetric boundary penalty term). It is possible to consider a symmetric
bilinear form AY by adding the term NS¢ GRADW); v - The consistency of the scheme is
then preserved by adding the term  N©GRADW); Ry (up) , to the source term. Symmetry

is an important property when invoking duality arguments for pure di usion problem, e.g., to

apply the Aubin-Nitsche Lemma (see the Theorem 4.1 of Bonelle & Ern (2014a)). It is also
a relevant property when inverting the system matrix. However, it is less important in the
presence of advection.

Remark 4.4 (Regularity of the boundary condition) . For simplicity, we have assumed that
the Dirichlet condition satises u, 2 H* (@ with > 0 so as to be able to discretize it by
the reduction map Ry. Discontinuous boundary conditions in H %(@) could be considered as
well by using the reduction map‘?\@; LY@ 'V dened by
Z
8v2Ve Re(w), = — w, 8w2 LY@ ;
VT ) e

and with Rg();, =0 for all v 2 vnve.
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4.2.2 Analysis

This section is devoted to the analysis of the discrete problem (4.19). First, we introduce
the discrete 2-norm on the dof spaceE as
. X . X jwe 2
iwig, = Iwjg, with jwjig ., = jCecc Wel . gw2E: (4.21)
c2C e2E¢ 18

Stability. The stability of the approximation (4.19) is analyzed using the following norms on
de ned on E and V:

X

iwig = jwig.  with jwjg, = Ho(wiw _; 8w2E; (4.22)
C%C

SR 2 a— Y4 : Y4 — v.@ . . .

Wy, = Wiy, with jwjy,. = H;f(w),wE(f),SWZV. (4.23)
f2F@ °

The rst discrete norm (4.22) corresponds to the classicalenergy norm while the second
norm (4.23) is related to the treatment a la Nitsche of the boundary condition. The di u-
sion related stability norm is then

jwjZ.q = jJGRADW)JE +jwjd. ; 8w2V: (4.24)

The two important properties in the analysis is the stability of the reconstruction map Lg, and
the continuity of the normal ux operator N5®:E !V .

Proposition 4.5 (Stability of Lg ). There existsG > 0 such that
8c2C; jWie2 j LeWizg GiWiez 8W2Ed
Proof. See the proof of Proposition 7.39. O
Proposition 4.6  (Continuity of N®©). There is G, > 0 such that
NTe(v);w ,  Gijvig; iwjv, ; 8V2E; 8w2V:

Proof. Let v2 E and let f 2 F@ with ¢ = c(f). Applying the Cauchy Schwarz inequality, we

observe that

z I'a

) . . 2 X .
rev\ fi D NER(), = W) fj Le (V) n
V2V V2V FE)\ f

ped L Mitzgayiy = 1d T LeMiteg:
v2Vs

Then, using a multiplicative trace inequality (see Lemma 7.25) (since is constant andLg, (w)
is piece-wise constant) and de nition (4.11) of the operatorH®. ., we obtain

. . . 2 . 1= . S
N i NPy Chet el PPLE Witz = Ghet 1 WIE,
v2V¢

Assembling face-wise these estimates and recalling de nition (4.23) of the nornpj v,. leads
to

E.@ . —_ X E.@ . — X X E:@ X - - - - .
N (V) W v N f (V) W - N f (V)jVWjV G’ Vi Ec(f) : JW) Vi;
f2F@ f2F@y2v@ f2F@

whence the result with G, = G maxgc #(F @\ F¢), that is uniformly bounded owing to mesh
regularity. O
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Lemma 4.7 (Coercivity). Assume that ¢ 1+ %c;& Then,
vV o(\ 1 =2 . .
AY (v;V) éjV]V;d, 8v2V:

Consequently, the discrete problen{4.19) is well-posed.

Proof. Applying Proposition 4.6, we infer that

A (v;v) j GRADV)jZ  GJGRADWje jviv; + ojvVid. : (4.25)

Then, owing to the quadratic inequality x> 2axy + by’ bljj (x2 + y?) (valid for any real
numbersx;y;a;bwith b 0) with a= %q and b= g, we observe that the choice ; 1+ %Cﬁ
d

impliesb 1+ 2a? so that % % yielding the expected result.

Consistency and a priori error estimate. We now address the consistency of the scheme
(4.19). This analysis uses on the one hand thé&y-consistency of the reconstruction mapLg,
and on the other hand, the Po-consistency of the normal ux operator N*©,

Proposition 4.8 (Consistency ofLg,). Forall c2 C, Ig,(V) = V forall V 2 Py(c; R%), where
the interpolation map is Ig, = L, Rg, : W SP(c) ! Po(c; R®) with sp > 2.

Proof. See the proof of Proposition 7.40. O
Proposition 4.9 (Consistency of the normal ux).

82 F% RG(V n)= NP(Re(V)): 8V 2 Po(c(f); R°);

where the reduction mapR\@,f L) 1V c(f) acts as follows:
Z

8v2Ven;: RE (W) = f@(V)\fw; 8w 2 Li(f):

Proof. This result is a consequence of Proposition 4.8. Lev 2 V. Then, Proposition 4.8
yields
z 4

NEQ(Rg.(U)):y, = Le (Re. (U = U = R (U -
’f( Ec( ))jV taw)\ 1 Ec( Ec( )) n ta)\ £ n Vf( n)Jv

Let us now introduce the following commutators:
De nition 4.10  (Commutators). For all v 2 W *P() with p2 (3;2] and such thatr v 2
2
L ﬁ() , we de ne the two commutators
bH®;Re(v) := Re( v) H° (Re(v)); (4.26a)
bN®% Re(v) := R9(n  v) N @(Rg(V)); (4.26b)

where Re is de ned by (4.5b), Rye: LY@ !V is de ned (see (3.8¢c)) as
Z
8v2V; RO(W) = w; 8w2 LY@ ;
V)

and whereRg : W SP() 'E with sp> 1is de ned (see (3.8b)) as
Z
8e2 E; Re(W)je= W N 8w 2 W SP() -
f(e) ¢
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Lemma 4.11 (Consistency error). Let u be the unique solution of (4.8) and assume that
u2 W2P() with p2 (3;2]. Then,

A’ (Ry(u);w)  S(s;up;w) = bH";Re(r u); GRADW) _ bN=€; Re(r u);w ; 8w2V:
Proof. By de nition, we have r u 2 W P() so that the two commutators (4.26) are well-
dened. Let w2 V. Owing to de nition (4.20) of the source term and using successively the

commutation of BIV with r from Proposition 3.5 and the anti-adjunction between GRAD and
BIV from Proposition 3.3, it follows that

S(s;up;W) = Ry(s);w , + o H®RY(up)iw
Rv(r ( ru);w + o HORY(U)iw
BIVRe( ruw . RY(ru n)w + o HCRG(up);w

Re( r u);GRADw) ., R{(ru n)w + o H®Rj(u);w

v
Moreover, recalling that
A" (Ry(u);v) = H® GRADR,(u); GRADwW) _  N¢GRADRy(u));w  + o H®Ry(u);w ;

the expected result follows from the exact commutation of GRAD with r from Proposition 4.1
and observing that ujg = Up holds point-wise. O

Theorem 4.12 (Di usive convergence rate). Let u be the unique solution of(4.8) and let u be
the unique solution of (4.19). Assume that ¢ 1+ %Cﬁ (see Lemma 4.7) and thatu 2 H?() .
Then,
0 1
- - X 2 2 A
ju RY(Wiva. @ ¢ LehciUifzg™ (4.27)
c2C

[N

Remark 4.13 (Regularity) . Observe that the regularityH () on the exact solution is required
to achieve the rst order convergence rate in the discrete coercivity norny j v.q. This assump-
tion is stronger than the regularity needed to compute the consistency erroAY (Ry(u);w)
S(s;up ;W) in Lemma 4.11. Note also that the estimate(4.27) holds as well ifu 2 H?(C),
i.e.,if uis only piece-wiseH? on mesh cells.

The estimate (4.27) is a consequence of the following estimates:

Proposition 4.14  (Approximation on mesh edges and dual faces)Let w 2 H 1() . Then,
12 . X 1%
— W . h&jwjy1e and w

I9 ¢ L'e 2E,

X
8c2 C; w
e2E.¢

3
— W . héjwj :
G oo tey MR
Proof. These estimates are obtained by proceeding as in the proof of (Bonelle & Ern, 2014a,
Theorem 3.3) and as in the proof of Lemma 7.41, using successive extensions from mesh edges
and mesh dual faces to mesh cells. O

Proof of Theorem 4.12. Let T1 and T, be the two terms in the right-hand side of the consistency
error identied in Lemma 4.11. The term T; has already been bounded in Bonelle & Ern
(2014a). We present here a somewhat simpler proof avoiding the algebraic identity on the
inverse of the discrete Hodge operator. Leg. denote the mean-value of u in c. Owing to the
local assembly (4.10) and thePp-consistency of the reconstruction mapg_g, from Proposition 4.8,
we infer that

X
Ty = Re( ru) H ((Re(r u));GRADV) _
% X
= Re.( (ru gc);GRADNV) H o (Re(r u  gc)); GRANV) _ = Tya+ Tyz:
c2C c2C
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Owing to the discrete Cauchy Schwarz inequality, shape-regularity and the fact that the dif-
fusion tensor is positive, we have
0 10 1

X X
JTl;ljz . @ [;C]GRA[XV)]%C;ZA @ hc ! [;clj (ru gC))jil(f’c(e))A ;
c2C c2C

so that the stability of Lg, from Proposition 4.5 together with the de nition of the discrete

energy normjj g; and with the anisotropy ratio ¢ = |.c= ,c yield
0 1
T2 s 2 X X 1; i2 A
LER T | GRAD(V)j E; @ c ]:Chc jru gC]Ll(f’c(e)) :
c2Ce2E.

Hence, owing to Proposition 4.14, we obtain
0 1

X
jT1;1]2. i GRAD(V)j %; @ c ]:chgluJaZ(c)A:
c2C

Proceeding similarly, the discrete Cauchy Schwarz inequality H®..(v);w .
all v;w 2 E¢, the upper bound in Proposition 4.5 and Proposition 4.14 yield
0 1 0 1

X X X
iTizi®  GiGRADV)jE, @ Jehel U Geifi® - IGRADV)iE @ ¢ ychijujfizA:
c2Ce2E. c2C

I VicJwj o for

Turning to T», we use the local assembly (4.14) and Proposition 4.9 to infer that
X
T, = Rye(n 1 u) N=ERe.(r u);v
@
f2F X B
= Rue(n  (ru goiv, + N"PRe(ru go)iv , = Tan+ To2
f2F@ f2F@

Ve

with ¢ = c¢(f) . Proceeding as above, we end up with
0

1 0
X X
JT2;1JZ J Vj\2/; % ];chcljl' u g(:]ﬁl(ﬂv)\f)X : IVI\Z/; @ ]?Chgjujlz—ﬂ(c)A;
f2F@y2v@ f2F@

1
X

while using Lemma 4.9 we infer a similar bound onT2.,. The proof is completed since . 1
by de nition. O]

Remark 4.15 (On the proof of Theorem 4.12) Observe that this proof does not use explicitly
any estimate on the interpolation error jw |EC(W)i|_2(C) for all c2 C. We only use the fact

that Lg, preserves exactly piece-wise constant polynomials iRo(C; R®) from Proposition 4.8
and the approximation results stated by Proposition 4.14.

4.3 Di usion-advection-reaction problem

In this section, we devise a robust approximation with respect to the Péclet number of the
solution of the scalar di usion-advection-reaction problem

r-(ru+ ru+ u=s ae.in ; (4.28a)
u=u, a.e.on@: (4.28b)
The data are such thats 2 L?() andu, 2 H* () with > 0. Werecallthat : ! R3 3

takes symmetric, positive, and piece-wise constant values on the mesh cells and we denote
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[.c and . its minimal and maximal eigenvalue onc 2 C, respectively. The continuous
problem (4.28) is well-posed if

G+ efg inf . (x)>0; (4.29)
with [ =mincc [ ; = %r and where G > 0 denotes the Poincaré constant in
H3() . Assuming that assumption (H) holds, i.e.,ess inf - > 0, the condition (4.29) is
always satis ed since is positive. Then, it is possible to consider the limite case when the
di usive tensor uniformly vanishes, i.e., when (! 0. However, if the model parameters and

only satisfy the assumption (H9 considered in Section (3.2), stating that ess inf . =0
and that there exists a Lipschitz function : ! R such that ess inf % r > 0, the

condition (4.29) does not allow us to consider vanishing di usive tensors. The condition (4.29)
then must be replaced by

G [+ essinf 1 r (x) >0 (4.30)
X2 2

4.3.1 Péclet-based upwind scheme

Vertex-based CDO schemes for the continuous problem (4.28) readily follow, on the one
hand, from the scheme (4.19) for the di usion with weak boundary condition enforcement and
on the other hand, from the scheme (3.21) for the advection-reaction. We introduce the global
bilinear form A”. . 1V V! R, dened by

A=A A (4.31)

where A" is de ned by (4.9) and where A”. by (3.16) is modi ed by means of a local Péclet
number (see below).

Péclet-based upwinding. In the presence of di usive and advective phenomena, we intro-
duce an algebraic local Péclet number on all mesh edges:

862 E, o= chejfle)i * % (4.32)

where ¢ = maXczc, [c and where ¢ = Re( )je denotes the reduction on dual mesh faces
using the reduction map Rg de ned by (3.23). Then, recalling (see de nition (3.25)) that

1 X
8v2V; JF(w)y = 5 We (1l ve); 8W2E; (4.33)
e2Ey

we consider the Péclet-dependent upwinding parametere = ( fe) e(v) e) Where the function
:R! R satises

i)y X))+ ( x)=0and (x) Oforall x2R o.
(it ) There existsC > Osuchthat (x) C forall x 1

Observe that (i ) implies (i ) since ¢ ¢= % ejT’(e)jhe1P V2Ve fe)ie(v) © (T'(e);e(v) e) O
As a consequence, sindg ) holds, Propositions 3.13 and 3.14 hold. An example for the function
is the Sharfetter-Gummel map de ned as (x) = coth 3 %; see Rooset al. (2008) for
further insights and examples. The lower bound orx in the second assumptior(ii ) is arbitrary;
changing its value only changes the constants in the error bounds.

Remark 4.16 (Link with the HHO treatment of advection terms) . It is also possible to consider

positive Péclet numbers with the symmetric functionjAj(x) = x (x) introduced by Di Pietro

et al. (2015) in the context of high order face-based (HHO) discretizations, where the function
satis es assumptions(i ) (ii ).
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Discrete problem. The scheme approximating (4.28) reads:
Findu2V st A’. . (uVv)= S(s;up;Vv); 8v2V; (4.34)
where the source termS(s;up; ): V! Ris de ned as

S(siup;Vv) = Ry(s);v , + o H®R{(Up);v ,+ RY(( n) w);v ,; 8v2V: (4.35)

\% v’

4.3.2 Analysis

Following the de nition (4.31) of A”. . and the analysis of Sections 3.2.2 and 4.2.2, related
to the di usion and the advection-reaction problems, respectively, the stability norm used to
analyze the discrete problem (4.34) is de ned onV as

jWi\Z/;da = jWi\Z/;a + jo\Z/;d; 8w2V; (4-36)
where the advection-related stability norm j j v.a is de ned by (3.34) and where the di usion-
related stability norm jj v.q is de ned by (4.24).

Stability. The following Lemma 4.17 analyzes the stability of the bilinear formA”. . under
the assumption (H), so that the well-posedness condition (4.29) holds for all Péclet number.

Lemma 4.17 (Coercivity) . Assume that assumption H) holds and that ¢ 1+ %Qf Then,

1

AV.. .
A >

1Vid.ga 8V2V:
Consequently, the discrete problen{4.34) is well-posed.

Proof. This estimate is a direct consequence of Lemmata 3.18 and 4.7. O

The stability of the bilinear form A'. . is now analyzed under the assumption 9. In
order to facilitate the tracking of the constant, we assume that there exists a constanG,.,, > 0,
independent of the mesh-size and the model parameter, such that

max L ;L j juigy hi L% juiigg hL? ] G (4.37)
with j =maxcc jc. We also recall the de nition of the reference lengthhg de ned as
. . 1
ho= L jr juig ; (4.38)

with the convention hg =+ 1 if is divergence-free.

Lemma 4.18 (Inf-sup stability) . Assume that assumption HY holds. Assume that (4.37)
holds and that the mesh size satis e® < 2h < h . Then, provided g large enough, there exists
% >0 such that
sup A (viw) BVividas 8v2V:
W2V jWj v;da=1

Consequently, the discrete problen{3.21) is well-posed.

Remark 4.19 (Comparison with Cantin & Ern (2016b)) . Observe that this Lemma extends
Lemma 5.3 in Cantin & Ern (2016b) where the simpler caser =0 and =0 a.e.in is
considered with no mesh-size restriction.
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4.3. Di usion-advection-reaction problem

Case essinf . >0and | Of essinf . =0and | O
Assumption (H) (H9

Advective eld r =0 r 60
Nitsche penalty term o 1+3C 0o o]
Mesh-size O<h O<h 0< 2h<hyg

Table 4.1 Stability of the discrete problem (4.34) with hg de ned by (4.38) and o; de ned
by (4.39).

Remark 4.20 (Lower bound on (). More precisely, Lemma 4.18 holds if o] With
_ 1+ Q\lz(zqzcv:danE;V +] J1 0O )2

o) 3(1+2GG when)
with ng., = max,,v #E . This lower bound slightly di ers, up to a numerical factor, from that

obtained in Lemma (4.7) for zero advection since both proofs have not been optimized regarding
the lower bound in the quadratic inequality.

(4.39)

Table 4.1 recapitulates the di erent conditions from Lemmata 4.17 and 4.18 for which the
discrete problem (4.34) is well-posed.

Proof of Lemma 4.18. Following the proof of Proposition 3.19, there exist two real numbers
a; C.. > 0 such that

1. . 1 .
AV (v, v+ V) EIV]\Z/;a SLhir g ivido (4.40)

and such thatj vjv.a C.jViva C.JVjv.da Since(i ) and assumption (4.37) hold. Now,
let us prove that there exists C., > 0 such that j Vjvgq C.adViv.da. First, recalling the
de nition (4.15) of H"@, it follows that J vjv; j j.: () Jviv; . Furthermore, owing to the
cell-wise assembly (4.10) oH®, we infer that

X
JGRAD( v)j? = H*.cGRADX V); GRAIX( V) _
C

X
_ 5 HE;CGRAEXV);GRAEXV) EC+ J GRAD(( C)V)j%c;
c2C X c2¢
i () IGRADVIE +  JGRAD(  oVIiE; ;
c2C

where . denotes the mean-value of in c. Then, recalling the de nition (4.22) of the local
norm jj g , it follows that
z

JIGRAD( oV, = CLEC(GRAD(( V)  Le(GRAX(  o)V));

so that owing to the upper bound of Proposition 4.5, the Lipschitz regularity of and mesh-
regularity, we infer that

0 1,
X X X X

J GRADQ( V] %c; Qz 1:che @ vie( (Xv) WA ZQZ ];cl—zhg Vg
€2Ec: Vv2Ve €2Ecv2Ve

Exchanging summations, introducing ng., = maxy,y #E  and recalling the assumption (4.37)
imply that

JGRAD(  oVi&.  2C jcl?nenivid,. 2GnevGa liVid, o
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whence the boundj Vvjv.q
Proposition 4.6 and 1, we rst have

A’ (v; V)= H° GRADV); GRAD( V) _
H® GRAD(v); GRAI( V) _

H® GRAD(v); GRAI( V) _

C.aJViv.da- Next, let us bound from below AY (v; v). Using

N"®GRADV); v , + o H"(v); v
GIGRADV)ie; § Viv; + oiVi¥,
Gij it () IGRADWV)jg; JViv; + olVi{. :

\

Using now the cell-wise assembly oH® and proceeding as above, we infer that

X
H® GRAD(vV);GRAD( V) _ j GRADW)jZ +

HE.. GRAD(v); GRAD(( V) .
c2C
0 1 L
X
j GRADOWV)jZ @ jGRAD( OVIE: A JGRADV)jE,
c2C
1
i GRADVIZ  (FGC.wnen)?  Yjvid, *iGRADV)jE

As a result, considering A" (v; v+ 4v) with
estimate (4.25), we arrive at

d > 0 (to be chosen below) along with the

AT(v; v @) L+ IwWiE (i + oG Vi,

1
QGG wnen)?  Yivide Tiwie @+ o) oivid
where we have denotedv = GRAD(v). Young's inequality for the third term on the right-hand
side yields

qzcl;danE;v

A(v; v gv) §Wig (i + OGIWEE BViv; 2 4 Vit q) od Vi,

Hence, choosing ¢ = 2GG,.wNe,v, SO that % = %, along with quadratic identity x2

2axy + by? blj‘é (x2+ y?) with a= (G +j jL1 () ) andb=(1+ 4) o, and observing that
i 2
the choice o 1+q2“(3§‘(;1 Lo implies that b+ 4a? so that 5.2 1 we infer that
vy 1. .o TR S
A (v; v+ gVv) ZlVlv;d 2 | K AVEPR (4.41)
As a result, collecting (4.40) and(4.41) and denoting 4o = max f 4; a0, we obtain
1. . 1 .. 1. . 1 . . .
AT VE aY) iU 3 TVt SiViGa SLhin o ivide
1 2h .
2 1 o lVl\Z/;da:
Hence, sincg v+ gaVivida (C.at C.ut da) JViv.da, the proof is completed. O]

A priori  error estimate
with respect to the local Péclet numbersf

We now establish ana priori error estimate on the discrete error
eOe2e de ned by (4.32).

Theorem 4.21 (Péclet dependenta priori error estimate). Let u be the exact solution of(4.28)
and let u be the discrete solution of(4.34). Assume that one of the stability assumption from
Table 4.1 holds. Assume thau 2 H?() . Then,

0 1. O
2

) X
RV(u)lv;da . @
c2C

N

1
X
ju ¢ 1ch2jUjfioA + @ $che juifiig + h2juifeg A i (4.42a)

c2C
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where
. , x o Ln
$c= 7 1 | 1§ (c)hC + J It (rie) MIN L) o+ : (4.42b)

e2 Ec

e

Remark 4.22 (Convergence rate with respect to the Péclet Number) In the advection-
dominant regime de ned by > 1 for all e2 E, the error estimate (4.42a) behaves as

L - 1,
ju RvWiviaa= O J i21 ) h? jujysgy + h2 jujys (4.43)

since$c= O(j j.t (). Inthe diusion-dominant regime dened by ¢ hel Lforall e2 E,
whereL is a characteristic length of , the estimate (4.42a) behaves as

1
2

U Ry(Wjviga= O fhjujye(, (4.43b)

since$c= O( jLt hcl 1), The intermediary caseheL 1< ¢ 1 corresponds to transi-
tion regimes and intermediate orders of convergence.

Proposition 4.23  (Interpolation error estimates). Let c 2 C and de ne the interpolation map
lv, = Lv, Ry, : WS2(c) ! Po(Cyic;R) with s > % where Ry, is de ned by (4.5a) and where
Lve(W)jew ¢ = Wy for all w2 Vc. Then, for all w2 H 2(c),

w veWiLze) - he Wiy + hejWigzg (4.44a)

and X

1
W Wi 2 @) - hé Wiy + hejWiyzegy (4.44b)
e2E,

Proof of Theorem 4.21. The bound on the diusion-related terms derived in Theorem 4.12
still holds. For the advection-related terms, there are two adaptations from the proof of The-
orem 3.24. The rst one is that we consider the reduction mapRy de ned by (7.30) in lieu
of Ry, since we are now bounding the erron Ry (u). The second adaptation is related to
the change in the semi-norm induced by the bilinear forms’ owing to the use of Péclet-based
upwinding. We bound again the three terms on the right-hand side of Lemma 3.23 for aliv 2
with Jwjv.qa = 1. For the rst term, we readily infer using the Cauchy-Schwarz inequality and
the interpolation error estimate (4.44a) that

0 1 L
X
. . 1. . . . - -
jbH . Rveuiw . Ziwive @ o1 P hE Ui + hEjuifae A
c2C
Turning to the second term, we introduce disjoint setsEs; := €2 Ej] o+ L o'hi>1
andE 1:= e2Ej o+ b <th2 1 and we split the summation in the right-hand side

of (3.42b) as g, ,()+ &g ,(). Proceeding as in the proof of Theorem (3.24), we infer
that
“ 0 « 7 1 %0 « 1
2 ; A @ ; ; : 2 A -
(). @ R | N I it MUILzge) ™
e2E- 1 e2E> fe) e2E> 1

N

so that, owing to the property (ii ) (which impliesthat ¢ ¢ Cj ¢ forall e2 E>;) and the
Proposition 3.27, we infer that

N

1
X . . .2 A
NI ey NelUWher ¢

N

0
lava 2 X .
(). gWww+ G. wii, @
e2Es 1 e2Es 1
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. P - -
Wherejuﬁl+ Co) = czcelulal(c) + hgjuﬁz(c). Furthermore, we observe that

0 1:0
2

Nl

1
X X X
() ' @ [W]ghe eA @ hel el ] nrc(e)(u IVc(u))jil(fc(e))A ; (4-45)
e2E 1 e2E 1 e2E 1 c2Ce

and observe that the rst factor in the right-hand side of this inequality (4.45) is bounded by
JGRADW)je. owing to mesh regularity, the de nition of ¢ and the Proposition (4.5). Next,
still using Proposition 3.27 and mesh regularity, we infer that

j nrc(e)(u IVc(u))jﬁl(fc(e)) J nj|_1 (fe(e)) J ej+ L hg jLI |V°(u)j52(fc(e)); (446)

so that, combining the interpolation error (4.44b) from Proposition 4.23 with the estimates (4.45)
and (4.46) yields
0

1
X
(). iIGRADW)jg @ he' &' Njis eyl el + L hg)helulal+ (Ce)A
e2E e2E

N

X

As a result, recalling the de nition (4.32) of the Péclet number and owing to mesh regularity,
we end up with

0

1
- - @ X - - . . 1.2 P A
(). 1GRADW)jE; I Nty 1t L e'he Rejujjy ¢,
e2E ; e2E 1

N[

X

. P P .
Collecting the bounds on' ¢, and on ¢ | Vyields

0 !
. S X ... L nhZ
j b)Y;Re(u);GRADW) j. jWivida@ | njiqephemin Lij o+
e2E

N[

1
A

ik e

Since the boundary term is bounded as before, we infer the expected result by exchanging the
sum symbols and using mesh regularity. O

4.4 Numerical results

In this section, we investigate the reliability and the e ciency of the discrete problem (4.34)
for the di usion-advection-reaction problem. In particular, we illustrate the advantage of con-
sidering a Péclet-based upwinding. Numerical results are presented on two test cases. The rst
one considers an anisotropic di usion tensor with a rotating advective eld when the solution is
expressed as a combination of sine functions. The second one evaluates the numerical behavior
of our scheme when the solution exhibits a sharp boundary layer. The di usion tensor and
the advective eld are constant. We speci cally study the in uence of the Péclet number by
varying the value of the di usion. Another speci city is that the mesh sequence is well-adapted
to capture the boundary layer.

Remark 4.24 (Pure diusion problem and weak boundary conditions). We do not present
test cases evaluating the performance of the schenf4.19) for the pure di usion problem since
we numerically observed, wheng is large enough, that the solution coincides (up to an error of
order 10 ' corresponding to the machine precision) with the solution of the discrete problem
proposed by Bonelle & Ern (2014a), when the boundary conditions are strongly enforced. In

addition, the computation of the constantG, in Proposition 4.6 gives
|

- ! f-.
G, = max max max hCJC‘?‘C\. I
c2C f2F¢ eZEf J%’CJ

(4.47)
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4.4, Numerical results

. o P . :
On hexahedral mesh sequences, this quantity is equals3o 3=2, so that choosing ¢ = 10 owing
to Lemma 4.7 is su cient. However in practice, we choose ¢ = 500, so that the scheme is
stable on all mesh sequences.

Following the analysis proposed in Sections 4.2.2 and 4.3.2, the convergence study is per-
formed using the following relative discretel 2-error:

Op . 211

vav eV Uy Ry(u)y

Erv(u):= &——P

v ieWiRV (W), ; (4.48)

with u the exact solution of the continuous problem (3.12) andu the solution of the discrete
problem (4.34). Compared to the discrete errorEr y(u) de ned by (3.43), the discrete relative
error now relies on the point-wise evaluation of the exact solution at all mesh vertices, using
the de Rham reduction mapRy.

4.4.1 Test case 3. Anisotropic di usion tensor and rotating advective eld

In this rst test case, the computations are run on the unit cube = [0 ;1] using the
three-dimensional mesh sequences presented in Section 3.3, denotedHpyPrT, PrGand CBand
depicted in Figure 4.3.

Figure 4.3 The four mesh sequences$i PrT, PrGand CB respectively.

The di usion tensor  and the advectivle eld are given 0by

0 1
1 1=2 0 y 1=2
=B1=2 1 =2k and = Bi= xK; (4.49)
0 1= 1 z

where the former corresponds to the diusion tensor of anisotropic ratio3 (see the FVCA
benchmark Eymard et al. (2011)), and the latter is adapted from the rst test case presented
in Section 3.3.2, replacingz + 1 with z. The reaction coe cient is set to O so that the
scalar-valued Friedrichs tensoris . = % As a result, the discrete problem (4.34) is well-posed
owing to Lemma 4.17. The exact solution is
. : 1 . 1

u(x;y;z)=1+sin( x)sin y+ > sin zZ+ 3 : (4.50)
Hereafter, we compare the two schemes when the discrete contraction operatods is de ned
using either the full upwinding function by choosing (x) = sign(x) or the Sharfetter-Gummel

2

upwinding function by choosing (x) =coth( %) £.

Remark 4.25 (Samarskii map). Other Péclet-based upwinding strategies have also been im-
plemented, for example using the Samarskii map dened by(x) = ¢ 1if x < 0 and

(x) =1 e * otherwise. However, these results are not presented here since they are very
close to those obtained with the Sharfetter-Gummel map.

The discrete relative error Er y(u) is represented in Figure 4.4 with respect to#V on the
left panel and with respect to the computational cost Co= nnz nje on the right panel. The
corresponding legend is collected in Table 4.2.
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Er v(u) on all mesh sequences Computational e ciency
[TTTTTTT T TTTTT T TTTTT T [ T T T T T T T T T TTITT T T T TTITT ]
10 2; E 10 2| B
10 3} 1 103%p ]
10 4 E 10 4| B
Covvl Ll Ll — tl Lol Lol Lol Lol L1
10° 10 1 ¢ 16 100 100 10°
#V Co

Figure 4.4 Test case 3. Numerical errorEr\(u) with respect to #V and the computational
cost Ca

Upwind Sharfetter-Gummel
H PrT PG CBlH PIT PrG CB
-B- A -o- | 8B —— —o—

Table 4.2 Test case 3: Legend of Figure 4.4.

Accuracy and e ciency. These numerical results are in agreement with the theoretical
results derived in Section 4.3.2. In essence, the convergence rates are of ortiein the ner mesh
when we use the full upwinding strategy and approximately of order2 when we use a Péclet-
dependent upwinding using the Sharfetter-Gummel map. In particular, this gure illustrates
that adapting the quantity of upwinding with respect to the Péclet-number signi cantly reduces
the discrete relative error Ery(u) than using the classical full upwinding strategy. Indeed,
observing that the ratio of advective e ects to di usive e ects is approximately of order 1, so
that the local Péclet number is of orderh, the use of Péclet-dependent upwinding reduces the
amount of arti cial stabilization introduced to stabilize the scheme as the mesh size goes t®.
These observations are particularly veri ed for the Hand on the PrG mesh sequences. Finally,
let us mention that the discrete minimum/maximum principle is satis ed on all meshes.

4.4.2 Test case 4. Boundary layer on graded meshes

This test case considers the numerical behavior of the scheme (4.34) on the domairr
[0;2L] [ 1;1] [O;L] with L =3:2 when the numerical solution is given by

1

u@lx:y:Lz) = x%z y2 e (4.51)

where the di usion tensor is constant and isotropic of magnitude > 0: = Id. This solution
presents a boundary layer of lengthO( ) in the plan fx 2 @ j y = 1g when the magnitude
of diusion goes to 0. Then, we examine the approximation of the solutionu when 2
£1;10 ;10 2;10 “g. Figure 4.5 illustrates the function (x;y) 2 [0;1] [ 1;1] 7! u(2Lx;y;L)
with respect to

The advection eld and the reaction coe cient are constant and are givenby =(0;1;0)"
and =0. Owing to Lemma 4.18, the discrete problem is well-posed for all mesh-size> 0.
For this test case, we consider a mesh sequence that is re ned in thedirection wheny = 1,
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4.4, Numerical results

Figure 4.5 Test case 4. From the left to the right, exact solution (x;y) 2 [0;1] [ 1;1] 7!
uLx;y;L)for =1, =10 'and =10 2

accordingly to the boundary layer (see Figure 4.6). The discrete relative errorEry(u) is

Figure 4.6 Test case 4. Graded mesh of the domain = [0 ;2L] [ 1;1] [O;L] re ned for
y= 1

represented on this mesh sequence with respect to 2 f1;10 1;10 2;10 “4g using the full
upwinding and the Sharfetter-Gummel upwinding approaches.

Er v (u) with Sharfetter-Gummel Er v (u) with full-upwinding
B ] B ]
10 ¢ 1 0% ]
10 2 = E 10 2 = E
= ] n < ]
103’\ Ll Lol Lol B 103j\ Ll Lol Lol |
10* 10° 10° 10t 10° 10°
#V #V

Figure 4.7 Test case 4. Ery(u) using the Sharfetter-Gummel upwinding (on the left) and the
full-upwinding (on the right), for =1 (—=), =10 !(-&-), =10 2(-z)and =10 *
(-@).
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Accuracy. When =1, the diusive and the advective e ects are of the same order and
the numerical results depicted in the left panel of Figure 4.7 using the Sharfetter-Gummel
upwinding show that the discrete error Er y(u) decreases at ordeR as the mesh size goes to
0. On the right panel, we observe that the use of full-upwinding leads to an upper discrete
error (almost of a factor 10) and reduces the convergence rate td. When the magnitude
reduces, the numerical results presented in the left panel are in agreement with our theoretical
results since we observe that the scheme converges at the ordérinstead of 0:5, even when

=10 “. Obviously, in the advection dominant regime, the choice between the Sharfetter-
Gummel upwinding or the full upwinding strategy is less important. We also observe that the
presence of the boundary layer directly impacts the accuracy of our scheme; reducing of one
order the di usion tensor almost increases the discrete relative error of two orders on the ner
mesh.

Discrete min./max. principle. Finally, Table 5.4 collects the results on the discrete mini-
mum/maximum principle for this test case. We write Y if this principle is satis ed on all meshes
of the sequence. If not, we indicate how much this principle is not satis ed on the coarsest
mesh with respect to the exact solution.

Full upwind Sharfetter-Gummel
Min Max Min Max
1 Y Y Y Y
10 ! Y Y Y Y
10 2|0:003%< Y 0:05%< Y
10 4| 0:4%< Y 0:4%< Y

Table 4.3 Test case 4. Discrete minimum/maximum principle with respect to

When the di usion and the advection e ects are approximately of the same order (i.e., =
1 and = 10 1), the minimum/maximum principle is satis ed for both full-upwind and
Sharfetter-Gummel upwind strategies. However, when the di usion e ects diminish, we ob-
serve that the minimal bounds are not exactly satis ed, due to the presence of the boundary
layer (see Figure 4.5). Numerically, we observe that re ning the mesh signi cantly diminishes
the violation of the minimal bound.
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Chapter 5

Improved vertex-based scheme for
scalar transport
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This chapter extends the vertex-based scheme presented in Chapter 3 to approximate the
continuous problem

ru+ u=s ae.in ; (5.1a)
u=u, ae.on@ : (5.1b)

The main idea to devise our scheme consists of introducing, in addition to the vertex-based
degrees of freedom (dofs), one dof per mesh cell. These additional cell-based dofs are then
eliminated locally using a Schur complement technique (also called static condensation). This
step entails modest marginal costs since no matrix inversion is required. Indeed, we will see that
dofs attached to mesh cells are only coupled with vertex-based dofs while remaining uncoupled
from each other. At the end, the size of the nal system matrix to invert is just the number of
mesh vertices, as the linear system resulting from the scheme presented in Chapter 3.

The rst main ingredient in this chapter is the use of a polyhedral reconstruction map that
de nes piece-wise linear polynomials from dofs attached to mesh vertices and mesh cells. This
map is de ned from a simple simplicial partition of the mesh cells. The second important ingre-
dient is the stabilization technique. The crucial point is to devise a local stabilization term so
that it does not hamper the possibility to eliminate locally the cell-based dofs. We achieve this
point by adapting to our scheme the Continuous Interior Penalty (CIP) stabilization technique,
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Chp. 5. Improved vertex-based scheme for scalar transport

rst introduced by Burman & Hansbo (2004) and by Burman (2005). Compared to these refer-
ences, the major modi cation is that we only penalize the advective derivative across intra-cell
sub-faces resulting from the simplicial partition of the mesh cells. As observed in the di erent
context related to composite nite elements by Burman & Schieweck (2016), the CIP technique
with this type of modi cation still provides enough stabilization. Compared to the stability
analysis proposed in Chapter 3, the stability of the scheme is now inferred from on an inf-sup
argument instead of a coercivity argument when the Friedrichs tensor takes positive values.
Hence, similarly to dG methods (see Ern & Guermond (2006a)), we additionally control the
weighted advective derivative of the discrete solution.

To the besst of our knowledge, there does not exist in the literature any vertex-based scheme
of order O(h2) on polyhedral meshes for the problem (5.1). In addition to the previously men-
tioned CIP method, many examples of stabilizedP; Lagrange nite elements can be found
on matching simplicial meshes. Among various choices for the stabilization, we mention the
Streamline Di usion method by Johnson et al. (1984), the Subgrid Viscosity method by Guer-
mond (1999, 2001), the Local Projection Stabilization method by Becker & Braack (2001) (see
also Braacket al. (2007); Matthies et al. (2007, 2008)).

Since we consider dofs attached to mesh vertices and mesh cells, an advantage of the present
scheme for the advection-reaction problem is that it can be combined with the recent Vertex
Approximate Gradient (VAG) schemes, introduced by Eymard et al. (2012a) for di usion
problems in porous media and extended by Eymarcet al. (2012b, 2014) for multiphase ows.
The following approach would then provide a higher-order alternative to the more usual nite-
volume treatment of advective terms based on standard upwinding.

This chapter is organized as follows. First, we present in Section 5.2 the approximation of
the pure advection-reaction problem (5.1). Then, we extend the scheme so as to approximate
the solution of the di usion-advection-reaction problem in Section 5.3. Finally, we address
some implementation aspects and present numerical results on the three-dimensional test cases
already considered in Chapters 3 and 4.

The content of this chapter is an extended version of the paperA vertex-based scheme on
polyhedral meshes for advection-reaction equations with sub-mesh stabilizatigrby P. Cantin,

J. Bonelle, E. Burman & A. Ern, to appear in Computers and Mathematics with Applications
2016.

5.1 Discrete setting

This rst section introduces and recalls some notation underlying the discrete setting. The
reader can refer to Chapter 7 for further insights.

5.1.1 Primal mesh and degrees of freedom

Let denote an open, bounded, connected, polyhedral subsetBf and letM = fV;E;F;Cg
be a polyhedral mesh of , composed of polyhedral cellx 2 C, polygonal facesf 2 F, straight
edgese 2 E, and verticesv 2 V. Boundary faces are collected in the seF®= ff 2 Fjf @ g.

In this chapter, we consider families of polyhedral meshes satisfying the mesh assumptions
(C), (St) and (Sh) (see Chapter 3), namely, the meshM de nes a cellular complex, all mesh
entities are star-shaped with respect to their barycenter and there exists a simplicial sub-mesh
that is shape-regular in the usual sense of Ciarlet (1978). We denotg,, Xe, X5, and X the
barycenters ofv2 V,e2 E, f 2 F, and c 2 C, respectively.

Our scheme is formulated using dofs attached to mesh vertices and mesh cells. These dofs
are collected in the nite-dimensional spaceP = V C, where V collects scalar dofs attached
to mesh vertices and whereC collects scalar dofs attached to mesh cells. For aliv2 P, wy
denotes the entry attached tov 2 V and w; denotes the entry attached toc2 C. Forall c2 C,

Pc = V¢ C ¢ denotes the local dofs sub-space attached to the s&t. f cg.
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5.2. Advection-reaction problem

In this chapter, we only consider the reduction mapRp : WSP() !'P with sp > 3 acting
as follows:

8v2V; Rp(W) = w(xy)and8c2 C; Rp(W)j:= W(Xc); 8w2 WSP() : (5.2)

The local reduction map is denoted byRp, : W3P(c) ! P . and acts as the global reduction
map. The reduction map Rp generalizes the classical de Rham maRy de ned by (4.5a) to
the dof spaceP.

5.1.2 Edge-face-based partition

In addition to the primal mesh M, our scheme also considers a simplicial sub-mesh. For all
c 2 C, G ¢ denotes the simplicial partition of ¢ composed of the simpliced Cef.cQe:r)2er, With
EF.=f(egf) 2 E Fje @g, such that
0 1

_ [
Cefrc := Int @ COfXy;Xe; Xf;Xc0A; 8(e;f) 2 EF; (5.3)
v2Ve

where we recall that int(! ) denotes the interior of any set! R3 and that COf Xy} Xe; Xf; X
denotes the closed convex hull of thel-uplet fXx.;Xe; Xt; X0, Which de nes also a simplex (see
the left panel of Figure 5.1). Observe that# Cer.c = 2#E . since each mesh edge is shared by
two mesh faces. An important notion to devise our scheme is the use oftra-cell sub-faces
de ned as the sub-faces of the simplicial sub-mesit: .. that are contained in the cell c. This
sub-faces are collected in the sef.c which is de ned as

Feric = e = INt(@eric\ @eor:c)j 2 Fe; v2 Ve and g 2 Ef\ Evg
[f fec= INt(@er:c\ @eroc)j €2 Eg; 192 Fe Fco: (5.4)

As depicted in the right panel of Figure 5.1, we observe that this set collects two kind of sub-
faces: those that are shared by two simplices attached to one edg2 E., denoted by fec, and
those that are shared by two simplices connected by one vertex 2 Vs for all f 2 F¢, denoted
by fut;c.

Figure 5.1 Left panel: the sub-cell Gf.c 2 Cer.c attached to f 2 F; and e 2 E;. Right panel:
two intra-cell sub-facesfec 2 Fee.c With €2 Ec and fys.c 2 Feec with f 2 F¢ and v 2 Vi.

5.2 Advection-reaction problem

This section focuses on the approximation of the solution of the scalar advection-reaction
problem

ru+ u=s ae.in ; (5.5a)
u=u, aeon@ ; (5.5b)
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where we assume thas 2 L?() andu, 2 HY (@ with > 0. We assume as before that the

advective eld : ! R®is Lipschitz-continuous and that the reaction coecient : ! R
is bounded in . Denoting . : ! R the Friedrichs tensor de ned by
1
= =r 5.6
5 (5.6)

we assume that the following positivity assumption holds:
(H) ess inf - > 0. We de ne the reference time = (ess inf ) 1
Owing to Theorem (2.7), the continuous problem (5.5) is well-posed.

5.2.1 Discrete problem and piece-wise a ne reconstruction

The discrete problem approximating (5.5) hinges on the bilinear mapA®. : P P ! R
de ned as X X
A" (v;w) = A (v;w) + AF(’?@n) f(v;w); 8Bv,w2P: (5.7)
c2C f2F@

The rst term on the right hand-side approximates (5.5a) on every mesh cell and the second
term weakly enforces the boundary condition on every boundary facé 2 F@lying in the sub-set

@ @ .
Bilinear forms and reconstruction map. Let c 2 C. The local bilinear form A". .. :
P.P ¢! R is composed of two bilinear forms, also de ned orP: P ¢:

A (viw)=g; (W) + s c(v;w); 8v;w2Pg; (5.8)

where 2 ( ;1] is stabilization parameter with ; > 0. The rst map g . . is devised as the
Galerkin approximation of (5.5a) using the reconstruction mapLp, : Pc! P1(Ce:c;R)\C °(c)
as follows:

Z Z
g c(vsw):= r Lp. (V) Lp (w) + Lp.(V)Lp . (W); 8v;w2Pg: (5.9)
C C
The reconstruction map Lp, is de ned as
X
8x 2 ¢ Lp (W)(X):= Wy vie(X) + W e(X); 8w2Pyg; (5.10)
v2V¢

where the local shape functions(("v:.c)v2v.; ¢) are obtained by combining the usual Courant
(or Py-Lagrange) basis functions(( v)vav.;( f)i2r.; c¢) associated with the simplicial partition
Ceric = fCercOr2F.;e2E, de ned by (5.3). We de ne

X i\ eW)j
. f

V2 Ve Tyci= vt
tor, M

;oand .= ¢ (5.11)
where we recall that€(v) denotes the dual mesh cell attached tos 2 V.

The local stabilization bilinear form s .. penalizes jumps of the advective derivative of the
reconstruction map Lp, across the internal sub-faces ot induced by the sub-meshCe.c. We

de ne
Z

X
S c(viw) = hgj ¢ ! ( cIr Lec(VDC cIr Lec(W)T);  8viw 2 P; (5.12)
f2Fer;c
with .= (X¢).
Finally, the boundary condition (5.5b) is weakly enforced by means of the local bilinear

maps Ap(?@n) ¢ Pc! P ¢ on every boundary facef 2 F@ wherec c(f) denotes the unique
cell containing the boundary facef 2 F€ The map A'zi@n) 1 is de ned by
4
Ay (vw) = ( n) Lp(v)Le(W); 8v;w2Pq: (5.13)
' f
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Remark 5.1 (Hodge operator). Extending the CDO framework proposed in Section 3.1.3, one

may equip the dof spacd with the discrete inner product
X

= VoW + WWy;, 8viw2 Pyg; (5.14)
v2V¢

V, W
Pc

so that the rightmost term of (5.9) can be represented as H”..(v); w bo where the entries of
H".. : Pc ! P ¢ are such that
z Z
8vivO2 Ve, H. = Ty H. o= H. o= uda (5.15)

/0 ) . ) .
viv c vic cv c

¢ cc Moreover, using the stability of Lp, from Proposition 5.4, this op-

erator de nes a Hodge operator if > 0 a.e.in c. Similarly, the map (5.13) can be rep-
resented as a boundary Hodge operatolH??@n) fPc P ¢ de ned as H;’?@n) fVIW =

¢ n) Lp(v)Lp,(w) for all v;w 2 P with ¢ =c(f).

R
and (H.c)cc =

Discrete problem. The scheme approximating (5.5) reads:
Findu2P st A”. (uv)= S(s;up;v); 8v2P; (5.16)
with the right-hand side linear form S(s;u,; ): P! R de ned as
X X
S(s;up;V) = SLp.(v) + ( n) UoLpg (V) (5.17)
c2c © f2F@

Alternative de nitions of the source term resulting from the use of quadratures are discussed
in Section 5.4.1.

Example 5.2 (Simplicial mesh). Let us brie y discuss our scheme in the case of a simplicial
primal mesh where each mesh celd is a tetrahedron, see Figure 5.2. In our scheme, the
tetrahedron c is then subdivided into 12 sub-tetrahedra composing the sé€k:.c, and there are

6 internal sub-faces in the setFg.c where the jump of the advective derivative is penalized,
instead, this jump is not penalized on the four faces o€. Obviously, standard stabilized nite
element methods can be used on simplicial meshes as well. However, the present scheme leads
to a smaller stencil and add less stabilization.

Figure 5.2 Simplicial partition Cg.c on a tetrahedron c.

Remark 5.3 (Vertex-based scheme of ordeO(h%) in the spirit of dG methods). In order to de-
vise a vertex-based scheme of orde;fr, one may consider other reconstruction maps considering
directly degrees of freedom inV; so as to avoid the static condensation of the additional cell-
based unknowns. For example, it is possible to consider the reconstruction méfy : Ve ! Py(c)

de ned as
Z

Mw\ﬁ(x X¢c) J; Le.(GRADW)) ; 8w2V; (5.18)
C

8x 2c Ly (w)(x)=
w00 =~ S
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whereLg, : Ec! Po(Ce.c) is the DGA reconstruction map considered in Section 4.2 andsRADis

the discrete gradient operator de ned by(3.5a). One can prove that the interpolation mapLy,

Ry, exactly preserves piece-wise a ne polynomials inP1(C). However, since this reconstruction
map jumps across mesh facef 2 F, it is necessary to add a consistency and a penalty term
attached to these faces (in the spirit of dG schemes) so as to preserve the stability of the bilinear
form. Compared to our scheme(5.16), the nal system matrix will have more entries since
one vertex belonging to a given cell will be connected to all the vertices belonging to the cells
touching this cell. In other words, the matrix line associated with the vertex 2 V in the nal
system will contain at the most

#fv°2Vj9c2 C, and9c°2 Cyo st. @\ @°2 Fg; (5.19)

i.e., 125 entries for a hexahedral mesh. Here, owing to the additional cell-based unknowns, we
signi cantly contain the stencil (see Section 5.4.1), e.g., 27 entries for a hexahedral mesh.

5.2.2 Analysis

This section analyzes the discrete problem (5.16). For alt 2 C, the discrete 2-norm on the
local dof spaceP. is de ned as

X
Jwj3, ., = h3jwe® + h3 jwij, 8w2Pyg; (5.20)
v2V¢

- P .
and we denotejwj3., = ,ciwj?_., for all w2 P the discrete 2-norm on P.

Stability. The coercivity of the bilinear form (5.7) is established using the following discrete
norm de ned on P:
R S =2 .= a2 : X P.@ A -
mwj Pa-— mwj Pc;a with 1w Pcia ™ 1w Pc;2+ (S ;C(Wa W)+ Aj nj;f(Wv W), (5-21)
c2C f2F@ F,

for all w2 P, where the reference time is de ned by assumption (H), s .c by (5.12) and where

AFJ.’;C"’nj;f is de ned by (5.13), replacing ( n) byj nj. Animportant property to analyze the

stability of the bilinear map A" . is the stability of the reconstruction maps Lp, for all c2 C.
Proposition 5.4  (Stability) . There exist G; G > 0 such that

8c2C; GjVir2 J Lpc(Mirz) GIVip2; 8v2Pec: (5.22)
Proof. See the proof of Proposition 7.35. O]
Proposition 5.5 (Coercivity) . Assume that (H) holds. Then,

A (v;V) Mivj%;a; 8V2P:

As a consequence, the problen.16) is well-posed.

Proof. Let c2 C and let v 2 P.. Applying the Leibniz rule to integrate by parts the advective
derivative in (5.9) and recalling that Lp (V) is a continuous function in c, we infer that
Z Z

1
K. ()= Lp (V)P + s c(viv)+ > r ( Lp(V)?);
C C
with . = %r . Then, summing this relation for all ¢ 2 C yields
X e x Z 2 1x ? 2
K. ()= DLe(V)TH s e(viv) 5 r ( Le(V)):
c2¢C c2c °© c2c ©
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Let f 2 F and let ¢c;c°2 C; the two cells sharingf. Observing that Lp.(V)jt = Lpo(V)jr since
these two functions are uniquely determined by the dofs ofv attached to the mesh vertices
v 2 Vs, we infer that 7 7

Nt.clp, (V)2 = f Nt.colp o(V)?; (5.23)

with n.c the normal vector attached to f pointing outward c. Hence, applying the divergence
theorem yields
X P . X z 2 . 1 X z 2.
A X ;C(V: V) = ) LPC(V) + S ;C(V: V) + 5 ( n)LPC(f) (V) ’
c2C c2c © f2F@

, P . .
so that the expected result follows by adding the term fZF@AFE'@n) f(viv) with ( n) =

%(j nj n) and using the stability of Lp, from Lemma 5.4 along with assumption {H) and
(> 0. O

The coercivity norm (5.21) is not strong enough to establish ana priori error estimate of
order % To this purpose, the following stronger norm, also calledinf-sup stability norm, is
introduced:

S22 X oo 1 2 . :
IWigja = IWIpat N o 71 cf Lec(W)i{2(); 8W2P: (5.24)
c2C

To avoid the proliferation of constants in the analysis, we assume that there existsG.., > 0
independent of the mesh size and the physical parameters, such that

- . 1 ; i1 .
max L ;j jurg ; max hej i G (5.25)
where we denote as before the Lipschitz constant of , satisfying j i L hcand

Jr jui L foralc2C.

Lemma 5.6 (Inf-sup stability) . Assume that (H) and (5.25) hold. Then, there exists% >0
such that

sup A", (v;w) %BVipja 8V2P: (5.26)
W2P Wi p o=l

The proof of Lemma 5.6 hinges on the following inequalities.

Proposition 5.7 (Face inequalities). Let c2 C and letw 2 P.. Then, there exist G,, > 0,
G > 0and G, > 0 such that

i Lec(Wii2)  Guhe filpc(WiL2(g) (5.27a)
;- -
8f 2 Fercs J of LeeWirLzy  Ghe?j o1 Lp (W)iL2(g); (5.27b)
1 1 X )
¢ Le(w) ¢l Lec(Wje G hé IL cr LecW)jLzry: (5-27¢)
# Cer e 2Ceric L@ f2Fer;c

Proof. These inequalities are proved in Chapter 7. In essence, the rst inequality (5.27a) is the
classical inverse inequality, the second one (5.27b) is a discrete trace inequality and the last
one (5.27c¢) is the error estimate of the Oswald interpolation map. O

Proof of Lemma 5.6. Let v2 P and let S := Supyop ;juwjp =1 A”; (ViW). Owing to the Propo-
sition 5.5, we rst have

JVida. A" (v;v)  Sjvieja (5.28)
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Hence, it only remains to control the advective derivative ofj j p;ja. To do so, recall that Lp_(V)
is a continuous piece-wise a ne function on the partition Cg.c of c and de ne the discrete test
function w2 P de ned by w, =0 for all v2 V and by

. 1

We = hc_l cl # CEF < @

¢l Lpe(V)je 8c2C; (5.29)

First, let us prove that jwjp;a . JVir;ja. Owing to the de nition (5.20) of jjp 2, We
observe thatjwj3 ., = h3wZ. Then, it follows that h.1j cjjwj ., = hZ jwZ, leading to

1

- i o1 Lp.(V)id?:
#CEF?CczcEF-CJ ¢ L (V)jd

heli diwig,, hd d

owing to the Jensen inequality. Then, since .r Lp (V) is piece-wise constant on alic2 Cg ¢
and owing to mesh regularity, we nally infer that

hc 1j cjiwilz%;z- th cj 1j el LPC(V)jEZ(C): (5-30)

In parallel, observe that for all f 2 F@, the boundary contribution of the norm jwj p.ja vanishes,
i.e.,APf‘?(W; w) = 0, sincelLp (W) vanishes at the boundary of all mesh cellx 2 C sincew, =0
for all v 2 V. Hence, owing to the de nition (5.24) of the inf-sup norm, we have

Y4 — X 1052 ; i1 £2 . .
W5 a = IWig o+ hej o 71 cf LecWifz) + (S c(Wiw)
c2C

and denote by T;, T, and T3 the above three local contributions. First, using the inequal-
ity (5.30) and observing that 'hj j * G., owing to (5.25), we observe that
Tl: 1in%c;2 CP;ahc lj cjiWiI%C;Z' CP;ath Cj 1j cf LPc(V)jEZ(c): (531)

Turning to T,, we use the inverse inequality (5.27a) and the upper bound from Proposition 7.35,
to infer that

T2=hgj o ' or LeeWifzy G Gheti ciwip,o;
so that combined with the bound (5.31) onjwjp,.2, this leads to

hei o 4 of LeeW)iZe - Gu@Chel o bi of Le (Vilz: (5.32)

Consider the last term T3. The de nition (5.12) of s .c along with the trace inequality (5.27b)
yields
s c(Wiw) . Chej ¢ Y o1 Lp.(WjZsi:

Hence, using the bound (5.32) orl, and recalling that ;| 1 yield

S c(WW) . GGG Ghe o i of Lr.(Vifz: (5.33)
As a rst result, collecting (5.31), (5.32) and (5.33) yields
X
IWII%;]a- Nej ¢ 1] cl LPc(V)lEZ(c)- ]VIIZD;]a:
c2C

Now, let us pgove that A”. (v;w) & jvj%;]a. First, observing that there is C > 0 such that
Cij jfz(c) c ¢ 2 for any piece-wise a ne function in cwith . the Courant basis function
attached to c, we observe that

Z

C hcj cj 1j cr LPc(V)jEZ(c) hcj cj ! c( cfl LPc(V))( c c:r LPC(V)):
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R
Next, we rewrite the right-hand side as  ( .r Lp.(V)) cWc+ ¢ Wwith we de ned by (5.29) and

with the perturbation term
z

c=hd o * (crlpV) e of Le(V) hlj ciwe :
C

Observing now that Lp_ (W) = w; ¢ (recalling that wy, =0 for all v 2 V), we nally obtain
z

Chej o i cf LeeMifeg  (cf LeMIlpc(W)+ o
Next, the perturbation term is bounded using the Cauchy Schwarz inequality with . 1 as
P2 hd d Y oor LeeMWifeg hd o N oof Leo(W)  heli cweiZeg

Recalling now the de nition (5.29) of the discrete test function w 2 P corresponding to the
point-wise reduction of the discrete Oswald interpolation of .r Lp_ (Vv), we use the interpola-
tion error estimate (5.27c) to infer that

o 1. . 3 1
jod o hd o fioer LeeWifze (GwS c(ViV)?2;
so that applying Young's inequality leads to

Z
1 1. .
5Chd d 1 or Lec(Witzg (et Le(W)Le, (W)+ SC Gy S (Vi V):

Next, recalling the de nition (5.8) of A". ..(v;w), we rewrite the rst right-hand side term of
this above bound as Z

(of LeeM)Lp(W) = A, c(viw) 3

C

where Z Z
0= _ Ll w+ - (( JT Lo, (V)Lp (W) + s (Vs W):

Then, owing to the inverse inequality from Proposition (7.26) and the upper bound of the
stability of Lp, from Proposition 7.35 together with the Cauchy Schwarz inequality, we bound
the perturbation term ¢ as

G ivirc2iWip2t G Ghe dir @IVirc2dWip 2t S (Vs V)2S (W W)7;
so that owing to the Lipschitz regularity of , and assumption (5.25), it follows that
0. GuaiVircaWipga:

Asaresult, cj J. G.dVieaiWira. GuaiViealViejaSincejwipa. G..jVip;a owing
to the rst step of the proof. Finally, collecting the above bounds yields

X i2 X e : T I P
hej o 71 o LMtz - A e(viw) + C . JViralVirja:
c2C c2C

Recalling from the de nition of w that

X
AF’; ;c(V;W)z AF’; (v;w) SinP;]a- SG’;aiVjP:]a;
c2C

we end up with jVjg 1, - SG.iVirja+ G ViralVirja, SO that jVjg, . SG.dvirja+
G..iVi3., owing to Young's inequality and then

Virja. (G.+ GS;

using the rst estimate (5.28). The proof is completed. O
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Remark 5.8 (Analysis under assumption (H9). Proving the inf-sup condition as stated in
Lemma 5.6 but under assumption H9 (that is, if ess inf . = 0) is still open for our
scheme. This assumption is barely addressed in the literature in the context of CIP methods
(see e.g., Burman (2014)), while in the context of dG methods, this assumption can be eas-
ily handled using the classical orthogonal subscales argument (see (Ern & Guermond, 2006a,
Lemma 4.3) and Ayuso & Marini (2009)).

Consistency and a priori error estimate. We measure the consistency error of the dis-
crete problem (5.16) with the reduction map Rp, : WSP(c) ! P ¢ with sp > 3 de ned by (5.2).
Instead of introducing commutators as in Sections 3.2.2 and 4.2.2, the following Lemma 5.9
directly bounds the global consistency error

Ep(u) = sup A”. (Rp(u);v) S(s;up;V) : (5.34)
V2P Sjvip ja=1
Lemma 5.9 (Bound on the consistency error) Let u the exact solution of (5.5) and assume
that it satises u 2 H?(C). Assume that (5.25) holds. Then,

0

N[

1
X
Ep(u). @ (j o+ L )htju Ip(Wilo + i cihc ju  Ip(Wif1g + M2juifzg A
c2C

with the interpolation map Ip, = Lp, Rp, :HS3(C)! P1(Cer:c) \C 9(c) with s > %

Proof. Let us sety;c = ujc Ip.(u) forall c2 C. Recalling the properties of the exact solution,
the de nition (5.17) of the linear form $(s; u, ; ) and owing to the de nition (5.7) of A”. , we
infer that

S(s;up;v) A", (Rp(u);v) = Ti+ To+ Tg;

where we have de ned

X Z

Ty = Y( cr Lp (V) +( Jrke(v) ( r  )Llp(V);
c2C ¢ 2

X

T,i= hg gt ( Ir yD( cIr Le.(W)D);
c2C fZFEF'C
x Z ’

T3 := ( n) yle,, (V)
f2F@

Indeed, using the identity
z x Z x Z
( ryle(v)= Cy( r ke (V) +(r )lp. (V) + ( n)yle,, (V);

c2c © c2C f2FE@

we obtain Ty, while [r u];s = 0 for all f 2 F,c owing to the regularity of the exact solution,
yields the second termT,. Finally, since u, = U;g , we obtain the third term. Next, applying
the Cauchy Schwarz inequality along with the inverse inequality (5.27a) and the Lipschitz
regularity of lead to
0 1
X
jle2 . @ J cjhc ! +L + ] r JEl (c) jijZ(c)A iViIZD;]a;
c2C

so that using (5.25), we obtain
0 1

N 2 X . . 1. .2 A- -2
iTij?. @ ( o+ Chel )he'iyifz® iVipa:
c2C

76



5.2. Advection-reaction problem

To bound the second term, we use the multiplicative trace inequality from Lemma 7.25 (with
f 2 Fer ) leading to

0 1

X X
jTo>. @ ha o i Ir ylifzm™ iVida
C2Cf2FE|:;C 1

X
@ h di¥inie Winie t Nejliyz A]Vl}%;]a:
c2C

Finally, still owing to this trace inequality (this time with f=f 2 F9), we infer that
0 1

X
jTsi>. @ hqj diYinie Winie * heiliyz AiVjIZD;]a;
f2F@

with the corresponding mesh cellc = c(f). The expected result is then obtained collecting
these bounds. O

Theorem 5.10 (A priori error estimate). Let u be the unique solution of(5.5) and letu 2 P
be the unique solution of (5.16). Assume that assumptions H) and (5.25) hold, and that
u2 H?(C). Then,

0

1
Ju Re(Wjpja- (i o+ hek )hgjuifzg
c2C

[N

This theorem extends to polyhedral meshes the convergence rate of orde;lr observed on
simplicial meshes using the stabilizedP;-Lagrange nite element method. One also retrieves
the classicala priori estimates obtained with the dG method of orderk = 1.

Proof. The proof of Theorem 5.10 is a direct consequence of the proposition below. O
Proposition 5.11 (Interpolation error) . There existsG, > 0 such that

8c2C; jv Ip(iLz * helv Ioc(Mipie GuhiiVigze: 8v2H?(c):  (5.35)
Proof. See the proof of Proposition 7.37. O

Proceeding as the proof of Lemma 6.9, this result can be generalized to achieve amriori
error estimate for solutions that do not belong to H?(C) .

Theorem 5.12 (A priori error estimate for rough solutions.). Let u be the unique solution
of (5.5) and letu 2 P be the unique solutipn of(5.16). Assume that assumptions ki) and (5.25)
hold, and thatu 2 W2P(C) with p2 3;2 . Then,

0
- - X . .
ju Re(Wipga. @ j
c2C

=1

P
2

N

1
B .
+héL? h3P l)JUJS\/z;p(C)A

Remark 5.13 (Regularity). Note that the restriction p > % comes from the regularity of
the domain of the reduction mapRp, evaluating point-wise the exact solution. Considering
instead a reduction map evaluating the mean value of the exact solution (similarly tBVC), it is
reasonable to think that Theorem 5.10 can be extended so as to infer anpriori error estimate

if the exact solution satis es u 2 W2P(C) for all p2 (1;2].
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5.3 Di usion-advection-reaction problem

This section extends the scheme (5.16) devised for the advection-reaction problem so as to
approximate the solution of the following di usion-advection-reaction problem:

rr(ru+ ru+u=s ae.in ; (5.36a)
u=u, ae.on@ ; (5.36b)
with s 2 L?() ,u, 2 HY (@ with > 0 and where the diusion tensor : ! R3 3is

assumed to take symmetric and positive values. We recall that j.c and . denote the minimal
and the maximal eigenvalue of in c, respectively. The coecient and satisfy the same
assumption as in Section 5.2. In particular, the Friedrichs tensor . satis es the assumption
(H), i.e.,ess inf - > 0. In what follows, proofs are omitted since they straightforwardly
follow from those of Chapter 4 and of Section 5.2.

5.3.1 Discrete problem

Proceeding similarly to Section 4.2, we rst introduce the di usion related bilinear form

AP :P P! R which is composed of two terms:
X X
AP (v;w) = A (viw) + A ¢(v;w); 8v,w2P: (5.37)
c2C f2F@

The rst right-hand side term results from the Galerkin approximation of the di usive-related
term in (5.36a) using the reconstruction mapsLp.,:

Z
8c2C; A . (viw)= rlp(v) rLp(w);, 8v,w2Pyg: (5.38)
C

The boundary condition (5.36b) is weakly enforced using the local bilinear formAP;ﬁ? PP ¢
(with ¢ c(f)) de ned as

Z Z
8f 2 F& A (v;w)= r Le.(v) nLp (w)+ 0% Lp. (V) Lp.(W); 8v;w2P¢; (5.39)
; ¢ f

c

with ¢ > 0the Nitsche penalty term to be chosen large enough to guarantee the well-posedness
of the discrete problem (see Proposition 5.14).

Approximation of  (5.36). The approximation of the continuous problem (5.36) hinges on
the bilinear form

A = AT AT (5.40)

where A" . is the advection-reaction related bilinear form de ned by (5.7). The discrete prob-
lem then reads:

Findu2P st A”. . (uVv)= S(s;Up;Vv); 8v2P; (5.41)

where the source termS(s;u,; ): P! Ris dened, forall v2P, as

z z z !
X X Jie(h)

S(s;up; V) = SLp (V) + 07— UWle, (M+ (n) Uplpy,(v) @ (542
c2c © f2F@ cf) f f
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5.3.2 Analysis
The dofs spaceP is equipped with the di usive-related discrete norm de ned as
FaE2 a— X ; 2 X lic() . 2 .
IWjp.q:= Ll ch(w)jl_z(c) + h iLp.y (W)]Lz(f), 8w2P; (5.43)
c2C fope@ 'c(f)

and, for all w 2 P, we denotejwj3.4, := jwj3.q+ jwjs ,. The following lemma establishes
the coercivity of the bilinear form (5.37).

Lemma 5.14 (Coercivity of A". . ). Assume that (H) holds and that ¢ is large enough. Then,
1 . -
A" (v;V) émln(l;qz)jVj%;da; 8v2P:

This stability result is extended in order to additionally control the advective derivative of
the discrete solution. We de ne the inf-sup stability norm as follows:

X
Wi 0= iWipgat  he o Ti of Le.(W)ilsy: 8W2P: (5.44)
c2C

Lemma 5.15 (Inf-sup stability) . Assume that (H) and (5.25) hold, and that g is large enough.
Then, there exists% >0 such that

sup A" (W)  %Vipjda; 8V2P: (5.45)
W2P jwipjea=l

Theorem 5.16. Let u be the unique solution of(5.36) and let u 2 P be the unique solution
of (5.41). Assume that (H) and (5.25) hold, and thatu 2 H?() . Then,

0

N|=

1
ju Re(u)j @ he o+ h2L h2juj oA
ju P(U)]P;]da- c ot Ne + ¢ Jc CJUJHZ(C) )

c2C

with ¢ the anisotropy ratio of dened as ¢= 7= [¢.

5.4 Numerical results

In this section, we investigate some implementation aspects for the discrete problems (5.16)
and (5.41). Numerical results for the test cases 1, 2 and 3 described in Chapters 3 and 4 are
considered so as to be compared with the previous results.

5.4.1 Implementation aspects

Elimination of cell-based unknowns. The algebraic realization of the discrete prob-
lems (5.16) and (5.41) is the linear systemAPu= Swith u=(uy;u;) 2P,
! !

AW Al S
and S= :
A% A S

where S, 2 X is the restriction of S(s;uy; ) to X and A%, : Y ! X the restriction of A” to
X;Y for X;Y 2 fV ;Cg Observing that A7 is diagonal since cell-based dofs are not coupled
to each other, one can easily compute itsSchur complementso as to expresdl. in terms of
u, and obtain a linear system in terms ofu, only. This operation, which is often called static
condensationin the nite element context, leads to the equivalent formulation A°u= Swhere
|
AP = A}z/v A?/C(Apcc) 1Apcv OCV
= (AR 1A%, Idcc

AP = (5.46)

!
S, AL(AL) 'S

and S=
= (A%) s

(5.47)
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In order to compare the stencils associated with the two blocksA?, and A}, = A%,
A% (A%.) AP, we introduce the following sub-sets ofV:

8v2V; St,(v)= VI2VjA% 060 and St,(v)= VP2 VjA%,060

One can verify that St, (v) = fv92 VjC,\ C,0 6 ;g, yielding
X 1

8v2V,; #St,(v)= m:
\ vV

c2Cy V2V,

(5.48)

In addition, we observe that
Sty(v) = St,(W)\ vP2VjovP%2 V; Fy\ Fyo6 ; and Fyo\ Fyo 6 ; ;
so that St, (v) St (v). The converse inclusion holds in the following situation.

Proposition 5.17  (Vertex stencil). Let v 2 V and assume that for allc 2 C,, all the vertices
in V¢ are connected tov by a maximum of two faces of, i.e.,it is possible to nd two faces
f:92 F¢ having in common at least one vertex such that @ andv® @° Then, Sty (v) =
Sty (v).

Proof. Let v02 St, (v). Reformulating the de nition of St (v) asfv®2 Vj9c2 C,; v°2 Vg,
it follows, using the assumption of the proposition, that there existf; f°2 F¢ having in common
at least one vertex and such thaty @ and v® @° Denoting v®°2 @\ @° this common
vertex, it follows that fv;v%y @ andfvev®y @° so that Fy\ Fy06 ; and Fyo\ Fy06 ;.
Hence, we infer thatv®2 St (v). O

The assumption of Proposition 5.17 is often met in practice, as long as the mesh cells do not
have too many vertices. An example of a cell that does not satisfy this assumption is shown in
Figure 5.3. In this case, we stress that the static condensation is still possible, but it slightly
increases the original stencil of the block matrixA?%, .

Figure 5.3 Example of cell (cf. CBsequences) which does not satisfy assumption of Proposi-
tion 5.17: v and v®are connected by at least3 faces.

Computation of the source term. Quadrature rules may be used in the computation of
the source terms (5.17) and (5.42) and the system matrix (5.7). Practically, the source term
S related to the advection-reaction problem (5.16) (and similarly for the problem (5.41)) is
approximated as follows:
x Z x Z
8v2P; S'(sjup;V):= Ip.(S) Lp (V) + ( n) lp (Bip) Lp(V); (5.49)
c2c © f2F@
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wherelp, = Lp Rp is the interpolation map de ned in Lemma 5.9 and wherefi, is a lifting
of up inside  such that di, s = upj; for all f 2 F@ Note that lp. (Bio)jt is independent of

the choice of the lifting @i, inside . The source termS" has the advantage of being exactly
computed using a second-order quadrature as soon as the boundary mesh is compatible with
the normal component of in the following sense:

De nition 5.18 (Compatible boundary mesh). The boundary meshM is compatible with the
normal component of if, for all f 2 F@ the sign of ( n) is constant onf.

However, the approximate source termS” introduces an additional consistency error, lead-
ing to the following additional term in the error bound inferred in Lemma 5.9:

sup  j(S S")(siup;V)j:

V2P ;jvjpja=l
Then, the error estimate from Theorem 5.10 still holds with the following proposition.

Proposition 5.19. Assume that the boundary mestM is compatible in the sense of De ni-
tion 5.18. Assume thats 2 H?(C) and that u, 2 H3%(F®. Then,

0

N[

1

; (s u- V)i @X 42 X - 3 a2 A

sup (S S")(siup;V)j- hcisihze + It heg ius i
v2P JVIp g a=1 c2C f2F@ @

Remark 5.20 (Approximation of the source term). Note that it is possible to treat indepen-
dently the two right-most terms in (5.49), with corresponding modi cations in the estimate of
Proposition 5.19.

Implementation of the stabilizing term. Numerically, we observe that the scheme (5.16)
is sensitive to the choice of the user-dependent parameter. To reduce this dependency and
to avoid numerical divisions by zero if the absolute value of the advective eld reduces td at
some mesh cell coordinates, we numerically consider instead of de nition (5.12) the following
expression:

z

here . .
8c2C; s (viw)= hzh et Y — [Lp. ] = [Lp. (W) ; (5.50)
Fic FFic Ferc J o J o

for all v;w 2 P, whereh; and r; denotes the diameter of the circumscribed and inscribed ball
in c, respectively, and where we have de nechg.c = maxszr, hy and rgc = min¢2g, r¢. Owing
to mesh regularity, we have I h”c = O(1) as numerically checked for all mesh sequencés$
PrT, PrGand CB(whose de nltlon |s recalled below), so that the stabilization is less dependent
on the shape of the mesh cells.

5.4.2 Computational settings

Hereafter, we compare the numerical results obtained for the test case 1, 2 and 3 presented
in Chapters 3 and 4 with the numerical solution of the two discrete problems (5.16) and (5.41).
We recall that the computational domain corresponds to =[0 ;1]® and that we consider the
four mesh sequences denoted bk PrT, PrG and CB(see Figure 5.4). Following the analysis
performed in Section 5.2.2 and 5.3.2, we study the convergence of our schemes by computing
the following relative discrete L2-norm on V

0 p 21 1
jeWi w Ry(Wy o
Erv(u) = % i g ;

" av VIRV (W, (5.51)
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Figure 5.4 The four mesh sequence#i PrT, PrGand CB respectively.

whereu is the exact solution andu the discrete solution. We always statically condensate cell-
based unknowns, even when the Proposition 5.17 is not satis ed (for th&CBmesh sequence),
since it signi cantly reduces the size of the nal system. We also recall the de nition of the

computational cost Co= nnz nje used to measure the computational e ciency of the scheme,
where nnz is the total number of non-zeroes in the nal system matrix and where nrye is the

number of iterations needed to bring the relative residual below10 2, using a bi-Conjugate

gradient method preconditioned with an incomplete LU factorization.

5.4.3 Test case 1. Rotating advective eld

This section presents the numerical results obtained with the advection-reaction scheme (5.16)
for the three-dimensional test case considered in Section 3.3.2, where the exact solutionand
the advective eld are de ned as

u(x;y;z)=sin( x)sin(2y)sin(z) and =(y 1=2;1=2 x;z+1) " : (5.52)

Even if the analysis has only been performed under assumptiorH) where we assume that the

Friedrichs tensor satis es ess inf . > 0 (see Remark 5.8), numerical results are presented
when the reaction coe cient is given by 2 f 5;0:5g, yielding . = % and . =0, respec-

tively. The discrete relative error Ery(u) with respect to #V is represented on Figures 5.5
and 5.6 for the two schemes (3.21) and (5.16), when =5 and = 0:5. The legend is collected

in Table 5.1.

Erv(u) on Hand CB Erv(u) on PrT and PrG
[T T T T T T T T T T LI LI .|
- - Ae_ ~w.
R i R
10 1 4 101} TTereea ==-1 E
: ] : 1
10 2} | 1020 E
10 %) 1 w03 :
:\HH\ Lo il Lo il Lol L \\\: :\\ Lol Lol ]
107 10° 10* 1° 10° 10* 10°
#V #V

Figure 5.5 Test case 1. Numerical results for the discrete problems (3.21) and (5.16) with
=5.
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Ery(u) on Hand CB

Erv(u) on PrT and PrG

T T T T T T T T T T T T T TTTT T T [=m T T T T T T E|
i R L i Loao___ Lew ]

i DT T Sl 0.5

L i L \__A_“h‘ -__~~~--.1.

S==A __ ~2
10 ¢ 1 10t - -
10 2 | 102p E
10 3 | 103 E
:\HH\ Lol Lol Lol ! \\\: :\\ Lol Lol ]

107 10° oy 10° 10° 10* 10°
#V #V

Figure 5.6 Test case 1. Numerical results for the discrete problems (3.21) and (5.16) with
=0:5.

Scheme (3.21)
PrT PrG CB

R N

Scheme (5.16)
H PrIT PrG CB

-\ —A

H

-£-

- - —p—

Table 5.1 Test case 1. Legend of Figures 5.5 and 5.6.

Accuracy. The numerical results represented in Figures 5.5 and 5.6 show that the discrete
error Ery(u) obtained for the two schemes (3.21) and (5.16) converges for all mesh sequences.
For the discrete problem (3.21), one retrieves the conclusions of Section 3.3.2, stating that the
convergence rates are closer tt than to % Regarding now the error obtained with the discrete
problem (5.16), a super-convergence behavior is also observed since the convergence rates are
closer to 2 than to % This behavior is not surprising since they are also observed on simpli-
cial meshes using theP; Lagrange nite element method stabilized with the CIP approach;
see Burman (2005). Comparing now the accuracy of the two schemes (5.16) and (3.21), we
observe that for all mesh sequences, the gain is almost of two orders on the nest meshes when
using the scheme (5.16). In terms of accuracy, the hierarchy is thehkt PrT> PrG> CB Since all
these observations hold in both cases =5 and = 0:5, these results are encouraging for the
validity of the inf-sup Lemma 5.6 under assumption (9.

E ciency. In the left panel of Figure 5.7, we compare the computational e ciency of the
two schemes (5.16) and (3.21) by plottingEr v (u) with respect to the the computational cost
Ca Not surprisingly, the scheme (5.16) is more e cient than the scheme (3.21). For a xed
computational cost, the scheme (5.16) reduces the discrete relative error by more than one order
on the all the nest meshes. We also observe that the total number of non-zeroesnz for these
two methods is identical, so that this gure indicates that (5.16) is slightly more expensive,
since we need more iterations. This observation says in particular that the matrix realization
of (3.21) is better conditioned than that of (5.16). The hierarchy in terms of e ciency is the
same for the two schemesiH> PrT>PrG> CB In the right panel of Figure 5.7, we compare the
size of the nal system matrix for dG methods of orderk = 1, where 4 dofs per mesh cells are
considered, with the scheme (5.16), that considers onlyL dof per mesh vertices. Clearly, for
all mesh sequences, the ratid#C =#V is greater than 1 indicating that the dofs positioning in
the scheme (5.16) is more competitive regarding the size of the nal system. The advantage is
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Computational e ciency

Dofs comparison

i‘\ LN L1 11 B 1 O B B L 1Y B B B MR 7 8 T T T T T T T T T
10 l§ é 6l / |
| i >
10 2| ] i
R 1
i ] <
10 3; E 2L W |
10 16 1P 10 1P 10° T T T T
Co #V

Figure 5.7 Test case 1. Left panel: Computational e ciency of the two schemes (5.16)
and (3.21). Right Panel: Comparison with dG methods of orderk = 1 regarding the total
number of dofs.

in particular substantial for the PrT mesh sequence, containing the lowest number of vertices
per mesh cell.

Discrete min./max. principle. In Tables 5.2 and 5.3, we collect results on the discrete min-
imum (denoted Min) and the discrete maximum (denotedMax principle for the scheme (5.16)
when =5 and = 0:5, respectively. We write Y if this principle is satis ed. If not, we

indicate with a precision of order 10 1, how much the bound is not respected with respect to

the magnitude of the exact solution.

H PrT PrG CB
Min  Max | Min  Max | Min Max| Min Max
2.3% 2.3%| 1.6% 2.0%| 1.5% 1.4%(1.1% 1.1%
0.6% 0.6%] 0.4% 0.4%]| 0.4% 0.4%( 0.6% 0.6%
0.2% 0.2%]| 0.2% 0.3%| 0.2% 0.2%]| 0.2% 0.2%
Y Y ] 0.1% 0.2%]| 0.1% 0.1%| 0.1% 0.1%

Table 5.2 Discrete minimum and maximum principle for the scheme (5.16) with =5,

H PrT PrG CB
Min  Max | Min  Max | Min Max| Min Max
25% 25%| 1.7% 1.9%| 1.7% 1.1%( 1.8% 1.8%
0.6% 0.6%]| 0.4% 0.2%| 0.4% 0.3%| 0.7% 0.7%
0.2% 0.2%]| 0.2% 0.3%| 0.2% 0.2%| 0.2% 0.2%
Y Y ]0.1% 0.2%]| 0.1% 0.1%| 0.1% 0.1%

Table 5.3 Discrete minimum

and maximum

principle for the scheme (5.16) with =
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5.4. Numerical results

We recall that the discrete solutions obtained with the scheme (3.21) respect this principle
on all mesh sequences. Here, the conclusion slightly di ers since this principle is never exactly
satis ed. However, we observe that re ning the mesh reduces the violation of this principle.
5.4.4 Test case 2. Sharp internal layer

This section considers the test case 2 presented in Section 3.3.3. We recall that the exact

solution is de ned as p_!
uxy:z)= xytanh X+ Y22 (5.53)
Y 2) =y 2a a '
with a = 0:05, that the advective eldis = (1;1;0)" and that the reaction coe cient is set

to 0. We also recall tBeg the solution u presents an internal layer in the vicinity of the hyper
planex +2y+2z =2 2. The discrete relative error Er y(u) is represented in Figure 5.8 with
respect to#V .

Eryv(u) on Hand CB Erv(u) on PrT and PrG
L“‘\B LR ULELRRRY LR T [TT T T T TTT] T T T Ty 7
10 ' 1 10t E
10 2| | w02 i
ol Lol Lol | I I Lol | Lo il
107 10° 104 10° 10° 104 10°
#V #V

Figure 5.8 Test case 2. Numerical errors with the schemes (5.16) and (3.21).

Accuracy and discrete min./max. principle. Regarding the accuracy and the conver-
gence rates of the two schemes (5.16) and (3.21), the same observations as for the previous test
case hold. We observe that the scheme (5.16) leads to lower errors than the scheme (3.21) and
that the convergence rates are closer t@ than to % However, Table 5.4 shows that the discrete
minimum/maximum principle are not satis ed on the coarser meshes. This can be explained
by the sharp variation of the exact solution that are not correctly captured on these meshes.
When we consider ner meshes, this principle tends to be satis ed. By comparison, we recall
that this principle is satis ed on all mesh sequences using the scheme (3.21), excepted on the
ner CBmeshes, where the maximum principle is violated by up to4:3%.
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Chp. 5. Improved vertex-based scheme for scalar transport

H PrT PrG CB
Min Max | Min Max | Min Max | Min Max
50.5% 29.79428.1% 11.09424.3% 11.89425.9% 19.2%
12.2% 2.1%|14.7% 0.7%(17.3% 1.3%|26.8% 10.4%
0.3% Y |57% 0.4%|11.8% 0.6%(11.6% 0.6%
0.1% Y |06% 0.1%|51% 0.3%| 1.4% Y

Table 5.4 Test case 2. Discrete minimum and maximum principle with the scheme (5.16).

5.4.5 Test case 3. Anisotropic di usion tensor and rotating advective eld

This third test case evaluates the numerical behavior of the scheme (5.41) approximating
the solution of the di usion-advection-reaction test case presented in Section 4.4.1. We recall
that the exact solution is a combination of sine functions

1 . 1
y+ = sin zZ+ =

5 5 (5.54)

u(x;y;z)=1+sin( x)sin

and that we consider the following anisotropic di usion tensor and rotating advective eld

1 1=2 0 °y 12"
= %;1:2 1 1=2%  and = %1—2 X% - (5.55)
0O 1=2 1

The discrete relative error Er y(u) with respect to #V and to the computational cost Coare
represented in the left and in the right panel of Figure 5.9, respectively. The legend is collected
in Table 5.5.

Er v(u) on on all mesh sequences. Computational e ciency

10 2 N 10 ? el

10 3 10 3

T R o o o
#V Co

Figure 5.9 Test case 3. Numerical errorEr(u) with respect to #V and the computational
cost Cofor the discrete problems (5.41) and (4.34).

Accuracy. The left panel of Figure 5.9 show that the discrete errorEr y(u) obtained for the
two schemes (5.41) and (4.34) converges for all mesh sequences at the or@efMoreover, the
scheme (5.41) leads to lower discrete relative error ol PrG and CBmesh sequences. Even if
the treatment of the di usion term is not exactly the same in the two schemes (4.34) and (5.41),
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Scheme (5.41)

Scheme (4.34)

H

PrT PrG CB

H

PrT PrG CB

—a—

—A

——

-£-

R N

- -

Table 5.5 Legend of Figure 5.9.

this gure illustrates that the scheme (5.41) approximates more accurately the advection term.
For the PrT mesh sequence, this advantage is less pronounced. Observe also that the mesh
sequenceCByields more accurate results with the scheme (5.41) than thd’rG mesh sequence
with the scheme (5.41), which is the contrary of the scheme (4.34). This can be a consequence

of the regularity of the supports of the reconstruction mapsLy and Lp on these two mesh
sequences.

Discrete min./max. principle and stencil.
principle is preserved at the precision10 # for all meshes. Finally, Table 5.6 collect the stencils
of our scheme. We denotét the means stencil, de ned asnnz=#V and St.max the maximum
stencil. In particular, we observe that the two schemes (4.34) and (5.41) have the same stencil.

We observe that the minimum/maximum

H PrT PrG CB
#V St Stmax | #V St Stmax | #V St Stmax | #V St St.max
7.3e+02 21 27 |[1.3e+03 18 21 ([3.1e+03 32 39 |6.2e+02 36 93
4.9e+03 24 27 [9.3e+03 19 21 |[2.0e+04 35 39 (4.4e+03 43 93
3.6e+04 25 27 |(3.0e+04 20 21 (6.3e+04 36 39 |3.3e+04 46 93
2.7e+05 26 27 16.9e+04 20 21 |1.4e+05 37 39 |2.5e+05 48 93

Table 5.6 Test case 5. Size of the system, mean stencil and maximum stencil.
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Chapter 6

Edge-based scheme for vector
advection-reaction
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This chapter devises and analyzes an edge-based scheme approximating tRé-valued so-
lution of the vector advection-reaction problem

r( w+(r u) +u =s ae.in ; (6.1a)
u, ae.on@ : (6.1b)

u

Edge-based schemes are rarely addressed in the literature, although they are the natural way to
discretize di erential 1-forms in manifolds of R® since they consider dofs attached td-chains. In
the context of electromagnetism, we mention the work of Zaglmayr (2006) considering edge and
face nite elements to solve the Maxwell problem and the work of Campos Pintoet al. (2014),
proposing an edge nite element scheme for simulating plasma which preserves the charge
balance at the discrete level. Edge elements are also relevant to solve the Stokes and the Navier-
Stokes problems with non-standard boundary conditions; see Girault (1990). Starting from
the di erential geometry, Heumann et al. (2015) proposed for the continuous problem (6.1),
an H (curl; ) -conforming discretization using the edge nite elements on simplicial meshes
with a stabilization penalizing jumps of the normal component of the discrete solution in the
spirit of the interior penalty method, see Lesaint & Raviart (1974) or Johnson & Pitkdranta
(1986). In the same paper, they also devise a scheme based on cell-based fully discontinuous
polynomials. In the context of mimetic spectral element method, rst introduced by Gerritsma
(2012), Palha (2013) treats a similar problem on square meshes motivated by the discretization
of the Lie derivative. Similarly, Mullen et al. (2011) devised an approximation of (6.1) using the
edge-based extrusion process, along the ow lines of the vector eld , proposed by Bossavit
(2003).

To our knowledge, there does not exist in the literature any edge-based scheme approx-
imating the problem (6.1) on polyhedral meshes. One reason to consider dofs attached to
mesh edges is the possibility to combine the present scheme with the CDO scheme proposed
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Chp. 6. Edge-based scheme for vector advection-reaction

by Bonelle & Ern (2014b) for the Stokes problem, where the velocity is attached to mesh
edges and the pressure to mesh vertices. This would then lead to a discretization of the Oseen
problem using edge-based and vertex-based degrees of freedom on polyhedral meshes.

This chapter contains two main contributions. The rst one is to provide an edge-based
scheme, with scalar dofs attached to mesh edges, with a@®(hP) convergence rate as soon as
the solution belongs toW P() with p2 (%; 2]. To reach this goal, we consider an edge-based
reconstruction map de ning piece-wise constant polynomials on the diamond cells surrounding
the mesh edges. Then, the scheme stems from a discrete Galerkin formulation stabilized by
penalizing jumps on sub-faces of these edge diamond sub-cells. Note that there is a substan-
tial di erence with the nite volume approach since we do not consider one dof per vector
component on all mesh edge diamonds but only one dof per mesh edges.

Following the continuous analysis proposed in Section 2.3, the second main contribution
of this chapter is to extend at the discrete level the stability analysis when theR® 3-valued
Friedrichs tensor takes null or slightly negative values. Under this assumption, the analysis
is more elaborated since the stability now hinges on an inf-sup condition which is satis ed if
the mesh size is smaller than a reference length that linearly depends gn " + jl_ll K In

particular, if = r T, the scheme is unconditionally stable.

The content of this chapter is an extended version of the paper Edge-based low-order
scheme on polyhedral meshes for vector-reaction equatiohdy P. Cantin & A. Ern, submitted
to ESAIM: Mathematical Modeling and Numerical Analysis, 2016.

6.1 Discrete setting

This section recalls and introduces new concepts and notation to devise and analyze our
edge-based scheme approximating the solution of (6.1).

6.1.1 Primal mesh and degrees of freedom

We assume as before that denotes an open, bounded, connected, polyhedral subset Bf
and we deneM = fV;E;F;Cga primal mesh of collecting verticesv 2 V, edgese 2 E, faces
f 2 F and cellsc 2 C. Boundary faces are collected in the seF®= ff 2 Fjf @ g. The mesh
M is regular in the sense that it de nes a planar cellular complex, its entities are star-shaped
with respect to their barycenter, and their exists a simplicial sub-mesh that is shape-regular
in the usual sense of Ciarlet (1978). In essence, the mesh satis e€], (St) and (Sh) (see
Chapter 3). For any mesh entity x 2 M, x, denotes its barycenter.

In this chapter, we consider scalar degrees of freedom (dofs) attached to mesh edges collected
in the nite-dimensional space E  R*E . For all v 2 E, v, denotes the entry attached toe 2 E.
For any mesh cellc 2 C, E. denotes the restriction of E collecting the dofs attached to the
edgese 2 E..

Two di erent reduction maps attached to mesh edges are considered in this chapter. The
rst one is the classical de Rham mapRg : W P() !'E with sp > 2 acting as follows:

Z

82 E; Re(W)je:= Wte 8w 2WSP() ; (6.2)
e

where we recall thatte denotes a xed unit tangential vector orienting the edge e. The local
reduction map in c is denoted by Rg, : W SP(c) ! E ¢ with sp > 2 and acts as the global
reduction map Re. The second reduction map considered in this chapter is de ned byRg :
LY() 'E and acts as follows:

4
8e2 E; ReW)ie:= 12 wte 8w2LY(); 6.3)
i e

where we have introduced the macro-diamondce = [f Gc] ¢ 2 Ceg collecting the local di-
amonds cec de ned below. The local version of this map in the cellc 2 C is denoted by

90



6.2. Advection-reaction problem

hEc : L1@) ! E . with the patch cell € = [f cj e 2 Ecg and acts similarly to the global
operator (6.3).

Remark 6.1 (Regularity) . The operator (6.3) is important to establish a quasi-optimal con-
vergence rate without requiring too much regularity on the exact solution. Typically, low-order
methods for rst-order problems require that the exact solution isH ! to achieve a convergence
rate of order % in L2-norm, and the reduction map (6.2) is not well-de ned in H () .

6.1.2 Edge-based partition

In addition to the primal mesh, our scheme also considers the edge-based partition already
presented in Chapter 4 for the treatment of di usion terms in the context of CDO schemes.
For all c2 C, C:.c denotes the partition of c composed of the diamondd cecQe2 g, Such that

0 1

. [ [
Cec = INt @ COfXy;Xe;Xf;Xc0A; 8e2 Eg; (6.4)
f2Fe\ Fcv2Ve

and shown in the left panel of Figure 6.1. Observe that# C..c =#E candthat T= [f ccje2
Ecg, owing to assumption (St). For all e2 E., the boundary of the diamondsce is composed
of four intra-cell sub-facesand oneinter-cell sub-face Intra-cell sub-faces are collected in the
set Fe.c, de ned as

Fec = ffype = int(@ec\ @eoc)jf2 Fe;v2 Vs andee’2 Ef\ Eyg; (6.5)

where we recall that int(! ) denotes the interior of any set! R3. This set collects the sub-
faces shared by two diamonds connected by one vertex; see the middle panel of Figure 6.1. For
all f 2 F¢, inter-cell sub-faces are collected in the seEg s de ned as

Feip = flgr = int(@ec\ @ec0)j €2 Ef and c; ®2 Ctg; (6.6)

collecting the sub-faces shared by two diamonds connected by the mesh fatgesee the right
panel of Figure 6.1.

Figure 6.1 From left to right. One edge diamond sub-cell ;¢ 2 Cc.c. One intra-cell sub-face
fui-c 2 Fe.c. One inter-cell sub-facefes 2 Fe .

6.2 Advection-reaction problem

This section is concerned with the derivation and the analysis of our edge-based scheme

approximating the solution u : ! R3 of the vector advection-reaction problem
r( uy+(r u)y +u =s aein ; (6.7a)
u=u, aeon@ ; (6.7b)
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withthe data s 2 L2() andup, 2L?(@ ;j nj). The advective eld : ! R3isassumed

to be Lipschitz-continuous and the reaction tensor : | R3 2 is assumed to be bounded

and not necessarily symmetric. Following the analysis in Section 2.3, the Friedrichs tensor
I R3 %isdenedas

ro+r T 1 + 7
= S Jd+ ——; (6.8)
whose lowest-eigenvalue is denoted by
@x)= min o yiy) _()fgy;y); 8x 2 ; (6.9)

y2Rd4nf0g Y]
where ( ;) denotes the classical Euclidean inner product irR3. In this chapter, the analysis is
performed under one of the two following assumptions:

(H) essinf @> 0. We de ne the reference time = (essinf @ .

(HY Gy<essinf @ 0, whereG,is a constant de ned by (6.32) below, and there exists a
non-dimensional function 2 Lip() satisfying 1 and

: 1 :
ess inf > r > essinf (@ O (6.10)
1
We de ne the reference time = essinf ( % r)

Owing to Theorem 2.17, the continuous problem (6.7) is well-posed sinceH% implies (H 9).
Indeed, observe that
1

ess inf @ > r essinf ( @+ ess inf % r ; (6.11)

which is strictly positive owing to (6.10), so that assumption (H 2) holds.

Remark 6.2 (On assumption (H9). Compared to the assumption H9 considered in Chap-
ters 3 and 4, assumption H 9 is more general since it allows the Friedrichs tensor to take
null or negative values. In addition, observe that we have assumed that 1. This assump-
tion simplify the proofs in the discrete analysis and changing the lower bound only change the
numerical constant.

6.2.1 Discrete problem

Our edge-based scheme hinges on the bilinear forda . :E E! R such that

AR (v;w) = A5 (v;w) + X HE@ (V);w 8v;w 2 E; (6.12)

opa M Bty

where the rstterm A°. approximates (6.7a) and the second term weakly enforces the bound-
ary condition (6.7b).

Bilinear forms and reconstruction maps. The bilinear form A*. :EE! Riscomposed
of three bilinear forms, also de ned onE E , as follows:

A (vw):=g . (vvw)+n (;w)+ s (v;w); 8v;w2E; (6.13)

where 2 [ ;1] is a user-dependent penalty parameter with ; > 0. The bilinear form g . is
assembled cell-wise as

X
g. (viw= g (viw); 8v,w2E; (6.14)
c2C
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where each local bilinear formg . . : EEE ¢! R corresponds to the standard Galerkin ap-
proximation of (6.1a) in the cell c:

X
g c(viw) = r¢ Le(W)+(r Le(v) Le(W)+ Hoviw _; (6.15)
@2Cec ©
for all v;w 2 E, using the DGA reconstruction map Lg, : E. ! Po(Ce.c; R®) (see Section 4.2)
such that X
8x 2 ¢ Lg(V)(x):= Ve ec(X); 8v2E:: (6.16)
e2Ec
The local shape functionsf " e.ce2e, Span Po(Ce.c; R%) and are de ned as
|

fo(€) € fele) , fele)

86”2 E¢; ecigo, = T jCec] ©°
c ecc)co, djCeoc] ici dice;c] o

(6.17)

with d = 3, e = Rete and f.(e) = Rf.c(e) Nt (o) where fc(e) = f(e) \ ¢ denotes the local dual
face onc attached to e 2 E¢. Using this recgnstruction map and recalling from Chapter 3 the
de nition of the inner product v;w e = e2E; VeWe for all v;w 2 E;, the reaction-related
term in (6.15) corresponds to

4
HE..(v);w _ = Lg(v) Le.(W); 8v;w2E: (6.18)
¢ c
Using classical identiges from vector calculus, the bilinear form (6.15) can be reformulated as
X
9 c(viw) = . e LeM)+ HE vy cWsw = HE o (Vw5 (6.19)
2Ce;c

for all v;w 2 E;, where the last equality follows sincelLg, (v) is piece-wise constant on the
sub-meshC;... BecauselLg (v) jumps across inter-cell and intra-cell sub-faces induced by the
partition Cg.c, we consider in expression (6.13) the bilinear forrm such that

X X
n (v;w)= n c(v;w)+ n s(v;w); 8v;w2E; (6.20)
c2C f2F
where the local bilinear formsn ., with x=f or x=c, are de ned as
X
n x(v;w) = ( nO[LeMIf Le(wW @, 8v;w2E; (6.21)
fZFE;X

with [ ] andf@ denoting the jump and average operator, respectively, and where the se: x
are de ned by (6.5) and (6.6), for x =c and x = f, respectively. The stabilization bilinear form
s is built similarly as follows:

X X
s (v;w) = S o(v;w) + s i(v;w); 8v;w2E; (6.22)
c2C f2F
where each local bilinear forms , with x =f or x = ¢, penalizes the jump across the faces in

the setsFe.x as follows:
Z

X
S x(viw) = i nglLe(V)] [Le(w)]; 8v;w2E: (6.23)
fZFE;x
Remark 6.3 (Centered and upwind uxes). The bilinear forms n ands are devised similarly
to the discontinuous Galerkin method. The bilinear formn corresponds to the use of centered
uxes while the bilinear form n + s corresponds to the use of upwind uxes.

Finally, the Dirichlet boundary condition (6.7b) is weakly enforced for all f 2 F® using the
boundary operator H?@n ¢ B! E ¢, where we recall thatc  c(f) denotes the unique cell

containing the boundary facef: .

8f 2 F@, H?@n) f(Vw o= f( n) Le (V) Le.(w); 8v;w2Eg: (6.24)
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Discrete problem. The discrete problem approximating the solution of (6.7) using edge-
based scalar degrees of freedom reads:

Find u2E s.t. A®. (u;v) = S(s;up;v); 8v2E; (6.25)
with the source term linear form S(s;up; ): E! R dened as
x £ x £
S(s;uUp;V) = S Le.(v) + ( n) up Le, (v); 8v2E: (6.26)
c2c © f2F@

6.2.2 Analysis

This section is devoted to the analysis of the discrete problem (6.25). The dof spade is
equipped with the following discrete 2-norm:

. X IR X jwe 2
Wiz, = jwig, with jwjg.,:= e el gw2E: (6.27)
c2C e2E. 9

Stability. The analysis of (6.25) relies on the Friedrichs assumptionsH ) or (H 9 de ning
the reference time > 0. The coercivity norm on the dofs spaceE is de ned as

I 1=,z 2 . 1 .
IWiga:=  IWigpt (s (wiw)+ HEC (w);w

e 8w 2 E; (6.28)

-

where s is de ned by (6.22) and where HjE?@nj(w);w .= f2re HjE?@nj;f(w);w .., for all

w 2 E with ¢ c(f), following the de nition (6.24) with ( n) inlieuofj nj. Animportant
result to prove the stability of the bilinear form (6.12) is the stability of the reconstruction
maps Lg, for all c2 C.

Proposition 6.4  (Stability of Lg.). There existsG > 0 such that

8c2C; Wie2 | LeWiLze GiWlie;2s 8w2Ec!
Proof. See the proof of Proposition 7.39. O]
Lemma 6.5 (Coercivity). Assume that (H) holds. Then,
1
2
Consequently, the discrete problen{6.25) is well-posed.

AS. (v;v)  ZjvjE. B8v2E:

The stability of the bilinear form A®. is now studied under assumption 9. First, we
introduce the reference length

1

ho= GL j +r Tj1g : (6.29)
with G the constant appearing in the upper bound of the stability of Lg, in Proposition 6.4
and with L = j jy1 0 the Lipschitz constant of . If = r T, we set conventionally

ho = + 1 . To avoid the proliferation of constants and to simplify the proofs in the analysis,
we assume that there exists a constant.., > 0, independent of the mesh size and the physical
parameters, such that

L max h;j jii G.. (6.30)
In addition, we assume that the minimal eigenvalue @of the Friedrichs tensor . satises
the following assumptions:
1 . 1 ,
Z+# (essinf @>0 and h<hyg Z+# (essinf @ ; (6.31)
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where the constant# > 0 linearly depends on the quantity j j 1 () + C‘Ez;a. From the rst
condition in (6.31), we observe that the constant in assumption {H 9 is de ned as

Co=@4 #) % (6.32)
By convention, the second condition in (6.31) is void if = r T
Lemma 6.6 (Inf-sup stability) . Assume that H 9, (6.30) and (6.31) hold. Then, there exists
% >0 such that
sup A" (v;w) %Vjga 8V2E:
W2E ;j Wj g;a=1
Consequently, the discrete problen{6.25) is well-posed.

Before presenting the proof of Lemmata 6.5 and 6.6, Table 6.1 recapitulates the di erent
conditions for which the discrete problem (6.25) is well-posed.

Case essinf @ O Ce<essinf @ O
Assumption (H) (H9

Advective eld =r T 6 r T

Mesh-size O<h O<h O<h<hg 1+ G2lessinf @=4

Table 6.1 Stability of the discrete problem (6.25) with hg de ned by (6.29).

Proof of Lemma 6.5. Let ¢ 2 C and considerv;w 2 E;.. The de nition (6.19) of the bilinear

form g . .c together with the de nition (6.8) of the tensor . yield
Z Z
9; c(viw)+ g ; c(wv) =2 CLEC(V) ; Le(w)+ C(r ) Le. (V) Le (W)
z
X
+ r Le,(v) Le(w) + 1 Lg.(w) Lg.(v) @ (6.33)
@2Cec ©

Hence, combining the last two terms on the right-hand side yields
z x Z
g; c(viw+ g, c(Wv)=2 Lg(v) ; LeW+ r ( Le(V) Le(w)):  (6.34)
Cc CZCE;C C
Considering now the last term of (6.34), we choosev = v, leading to
1x £ 1x Z R
> rCiteMi9 = 5 ( nojLe(v)ic+ ( nOlLeWIf Le(V @
CZOE;C ¢ fZFC f f2FE;C
sincefjLe(v)j?] = 2[Le(V)] f Le(v)@ and with n¢ the unit outward normal vector to c. Observ-
ing that the rightmost term of this identity is equal to  2n .c(v;Vv) owing to de nition (6.21),
we combine this identity with (6.34) to obtain
x Z 1X X Z . Y
(9 ; c(vivV)+ n (v;V)) = Le.(V) ; Le(W+ 5 ( noiLe(v)j=
c2C c2c © c2Cf2F

The above rightmost term is now reformulated as

1x x 2 oo 1x A , X x Z
> ( noiLleWi” = 5 ( MiLey (Vi ( n)lLeMWIf Le(V)
c2Cf2F, | for@ f f2F f2Fg
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so that we obtain, using the de nition (6.21) of n ,
1x x Z N S L X
é ( nC)JLE(V)J =5 ( n)JLEc(f) (V)J + n (V1 V):

c2Cf2Fe f 2f2F@ f f2F

Finally, recalling the de nitions (6.20) and (6.24) of n and of H?@n);f (Vv . 0 forall f 2 F¢,
respectively, we end up with

x 2 1X .
g, (MV)+n (vv)= Le(V) ; LeW+ 5 HE WiV
c2c © 2f2F@ Y el
whence
. x Z 1 o 1
A" (viv) = CLEC(V) DLW+ 5 HE WV o+ 5 s (vv); (6.35)
c2C
owing to the de nition (6.12) of A®. and observing that H{® |, .+ 3H(® )¢ 3H®, . for

all f 2 F@ The expected result then follows from assumption H ) along with Proposition 6.4
and [- O

In the proof of Lemma 6.6, we consider the function (v) de ned as
8c2 C; (Mje = Le( V) Le.(v); 8v2Eg (6.36)

with 2 Lip() the potential de ned in (H9 and where v2 E isdened as( V)e= (Xe)Ve,
for all e2 E. This function satis es the two following propositions.

Proposition 6.7 (Bounds on ). For all c2 C, we have
J Wiz 2GL hejvijg;2; 8v2E: (6.37a)

and for all f 2 F,
L
b Mizqy 2GGL héjvig2; 8v2Ec (6.37b)

Proof. Let us considerv 2 E.

i) Prqgwf of (6.37a). Let c 2 C. Let . denote the mean-value of overc dened by (=
jc 1. . Sincelg( cv) = cLg (V) because ¢ is constant, we infer that (v);c = ( c)Le. (V)
Le. (( c)V). Using the triangle inequality, the Holder inequality and the upper bound in
Proposition 6.4 yield

I (MiLze it @Ilee(MiLze +ILe(( IViLz(
Gi it (c)jVj 2¢+ Gi( oVize 2Gj i (c)iVj 2;ce
Observing that j i ¢ L he, the expected result follows.

ii) Proof of (6.37b). Letf 2 Fand letc?2 Cs. Let f 2 Fes and c2 Cc.c such that f 2 @.
Owing to the multiplicative trace inequality from Lemma (7.25), we have

1 1 1 . s
i Witz Gi Mifeg he®i Mifeg+1 Widg

Recall that j (V)jy1q = 0ir  (WiiLzg with jr (v)j? = P ,3J @ (V)ij?. SinceLg, (V) is piece-
wise constant onCe, it then follows that jr - (W)j®= " ¥ jLe(v)i@ j* = jLe (Wj®jr j% Asa
result, j (V)jy 19 L jLEC(v)jLz(C). Moreover, proceeding as in), we infer that j (V)jLz(C)
2L hejLe (V)i 2. Collecting these bounds yields

l- -
b iz 2GL héjLe(WiL2qg:

Then, the summation overf 2 Fc¢ sincef = [f fjf2 Fc.tg owing to assumption (St), and the
upper bound of Proposition 6.4 yield the expected result. O

96



6.2. Advection-reaction problem

Proposition 6.8 (Multiplicative stability) . Assume that(6.30) holds.Then, there existsC > 0
independent of the mesh size and the model parameters, such that

J Viea C jjui( *+Ga JVieas 8V2E:

Proof. Let v2E and let us rewrite j vj2, as

s 2 X 1z 2 X X E@ X
] IEa= ] VI3t (S el Vi V) + Hj’ nj;f( v); v Ec(h) + (s (Vi V)
c2C c2C f2F@ f2F

=T+ T+ Tg+ Ta:

The idea of the proof is to use the Lipsc@'tz regularity of to bound separately these terms by
ivi éa. We recall the notation .= jg ! . from the proof of Proposition 6.7.
i) Bound on T;. First, we start using the triangle inequality to obtain

1 X . X ] i
ETl .| chEC;z*' 1 ( c)VI%C;z = Tpa+ Ty
c2C c2C
sincej ¢ j i infer that Toa Y iy iViZ, 0 i%: . §viZ, and th
incej ¢j j i1 (g, We infer that Ty @c it @iVikz 1 it () iViga and the
bound on Ty.» easily follows from the Lipschitz regularity of : Ty wc  LZhEViE .,
L2hZjvjZ.,. Then, recalling assumption (6.30) yields

Tl 2 @:a+ j jEl () jVj%,a
i) Bound on T»,. Since the bilinear forms .. is symmetric and positive, we claim that
1 X X
ETZ (Sl eV V) + (S e (( A V) = To1+ To2:
c2C c2C

P
Obviously, we have T c2c t it1 S «(iV) § if1 () iViga By de nition, we have
X Z
sl Il V)= i ndilte(C VII®

f2 FE;C

whence, using the multiplicative trace inequality from Lemma (7.25) and that Lg, is piece-wise
constant,

o X X 1; 2
sl Vil IV 2C) Lt heliLe (. IV)ifeq;
fZFE;CCZCE;f

with G5 = fc2 Ccjf @g. Recalling now that the boundary of each diamondc 2 C;. is
composed of4 sub-faces inFe.c, we exchange summation order to obtain

- X 1; -2
s Ou( OV 8 jiig  hlle( Vil
2Ce:c

=8C i gheliLe( OVifzg:

Hence, owing to upper bound from Proposition 6.4, the Lipschitz regularity of , and assump-
tion (6.30), it follows that

sl Il V) 8EGI it @hti(  oJVik. 8EGGCE. 'vik:
As a result, collecting these two bounds leads to
T2 2 i +8CGCGC,. Vika
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Chp. 6. Edge-based scheme for vector advection-reaction

iii) Bound on T3. Proceeding as in the previous stepi) , we infer that

Ts 2 ik o7t nF;@{fcfzcg;a jVjé;a;

where ng.@= (Max c2c #(F ¢\ F9) is the maximal number of boundary faces per mesh cells.
iv) Bound on T4. We use a di erent decomposition to bound this last term. Namely,

X X
Ty = Sz f(v;v) + 0 (V) = Ta1+ Tap;
f2F f2F
with  ¢(v) = s (v, V) sz ¢(v;v). Observing that sz ¢(v;Vv) ] jfl S t(v;v) for all
f 2 Fe, it follows that Ta1 j j&u () iV 2., Now, introducing (v) de ned by (6.36), we
observe that 7

(V=1 nd [T MI+ [e(] Ok

Then, applying the Young's inequality along with the trace inequality (6.37b), it follows that
Z Z
i 2 fJ’ nigl WP+ § nij 2[LeW)]?

4(2C|'C]L )2j le U) thvj(Zec;Z"' j jEl (f)S ;f(V;V):
c2Cs

Hence, since#C ; =2 for all f 2 F and recalling (6.30), we infer that

X
Tiz 32GGC, Jviz+i it S (viv)  32GCGQG.+] ity IViga

f2F
whence
T4 2 16c$§@;a+ j jEl () jVj %;a:
v) The expected result then follows by collecting the bounds oy, T, T3 and T,. O

We now turn to the proof of the inf-sup stability Lemma 6.6.

Proof of Lemma 6.6. Let v 2 E and de ne S = SUP e juje,-1 A" (V;W). Let us take w =
v+ vwith > 0to be chosen below. We infer from Proposition 6.8 that

A®. (W) SjWjga S +C jjui +Ga IViea
so that it remains to prove that A®. (v;w) & jvj é;a. First, split A®. as follows:

AR (v; v) = AF

. E
10 )Id(V'W)+ H+r T 1

(e ya(V); W

=T+ T

E

using the de nition (6.18) of H*.. (replacing by +r T %(r )Id) and de ning

X
(Vw _= HE,,
c2C

HE . o T Lo )|d;c(V);W e BVW2E: (6.38)

i) Bound on T;. We bound from below T1 by considering the decomposition

AT Tere e VIEAT o e(Y)
+AT (i) AT (i)

*OH e M v HY (VY = Tt Tap + Tas!

98



6.2. Advection-reaction problem

Regarding Ty;1, observe that ., T4l (r yd = £ r 1d and use the relation (6.35) to
infer that

x % 1 Lico oy o1 o

Ty1 = —r Le. (V) Le (V) + = H? n.(v),v ct 5 (S (v;v)
c 2 2 1N 2

CZCZ

X 1 1 E@ . 1 . .

- > r Le (V) Lg.(v) + > Hj' nj(v),v ot > (S (v;v);

C

since 1. Then, owing to assumption (H 9 together with the lower bound of Proposition 6.4,
we infer that Tqq %j vj é;a. The next step is to bound the perturbation term Ty.p. First, we
recall the identity (6.19) for g . .c, and we observe thatg ., Oandg ., ( y1c O
so that T1.» solely consists of surfacic terms:

C

Tiz= n(v; v) n (vv) +( s(v;v) s (vv)+ H®, M v, H® 5 (v,

Now, recalling that 2 Lip () , 1, and 2 Lip() ,sothat fLg(V@="f Le (V)@ we
observe that
X A
nox(vi V) nox(viv) = ( nmlLeMIf (V@
f2 Fx
X Z
s x(v; V) s x(viv)= jo nglleWI T (VI
f2Fy

for all x 2 F; or x 2 C, where the function (v) is de ned by (6.36). Similarly, we have
VA
H%y (5 v H® oy s Miv = () Le(v) (W

c(f) Eerr)

for all f 2 F@ Then, applying the Cauchy Schwarz inequality to these three terms yields
0 1 L

' 1 X X ]
Tiz 6 HO WMV + s(vV) 7@ jjig j Mifygh : (6.39)
c2C CZCE;C

Observing now that ., el )i 0 by de nition (see (6.8)), and using the iden-
tity (6.35), we observe that

1.
A% i eV E 5 HIEGVY s (V)

so that combining this expression with the estimate (6.39) yields
0

1

1
7 X X .
T1;2 12 AE.r T+l(l’ )Id(V;V) @ l lLl (© l (V)IEZ(@)A
, 2
c2C 2Ce;c

N

Finally, we use the inequalities (6.37a)-(6.37b) together with assumption (6.30), to infer that

1=

1
Tz CGa A° viv) i

T+ Hd

where C > 0 depends exclusively on the numerical constant& and G. Now, we collect the
bounds onTy.1 and T1.2 and we apply the Young's inequality to obtain

1. .
i A é;a +( Cz(g;a)A v Tl )|d(V; V) + Tys;

AR, T+%(r )Id(V;W) 4

T
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Chp. 6. Edge-based scheme for vector advection-reaction

where we recall thatw = v+ v. As a result, choosing = CC, yields

Ti= A®, el J1a (Vi W) 21jvjéa+ Tya: (6.40)

i) Bound on Ta. First, we rewrite this term as:

— E . E .
T2= H, 1 HeWw Hr 7o eV ¢

E .
+ H( +r T L(r )Id)(v)’VE

+ HE+r T I )Id(v); Ve HE( +r T oL@ )Id)(v);v E

To1+ T+ Tags;

and we denote@ = essinf @ sothat Gy < @ 0O by assumption. Considering T, we
observe that

T

2 . = +r 7 %(r )d  + +r 7 %(r )Id

so that we have
Z

X X . -2 - o2
Ton = LW Le®) @ jLeWily G @ivids
c2c © c2C

where we have used the upper bound from Proposition 6.4 (sinc@ 0). The second termT,.,
is treated similarly as follows:

X . -
Top = - Le (V) Le(v)  G@j ji: () iVige:

Hence, we infer that
T, @#iuj5+ Tas; (6.41)

with # = Cf( +j i)
iii) Bound on Ti1+ T,. Collecting estimates (6.40) and (6.41), we obtain

1. . .o
A" (viw) = T+ T ik Eat @#IVIS+ Tz + T3

In addition, from the de nition of Ti.3 and T,.3, we have

Z
X
T3+ Toz = HEH 1(v); v e HE( +r T)(V);V £ c( +r T)LEC(V) (v):
c2C

Applying the Hoélder inequality, the inequality (6.37a) and the upper bound from Proposi-
tion 6.4, it then follows that

X
jTiz+ T3 it Ti ileMiLel Witz 1+ Ticr g GL hjvis:

c2C

By inference,
1. . h o
AE; (v;w) Z] V| %;a+ @# hio 1] A E;Z;
1

with the reference length hg = qzj +r Tjrg L . Hence, there exists®8 > 0 such
that A®. (v;w) %G vj E;a, as soon ag@ and h satisfy (6.31), yielding the expected result. [
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6.2. Advection-reaction problem

Consistency error and  a priori  error estimate. We now study the consistency of the
discrete problem (6.25) so as to achieve an priori error estimate. First, we de ne the consis-
tency error B using the reduction map Re:L Y() 'E dened by (6.3) as follows:

Be(v)= sup A%, (Re(v);iv) S(siup;v); 8v2LY(): (6.42)
V2E;jVjE.a=1
Lemma 6.9 (Consistency error). Let u be the exact solution of(6.25) and assume thatu 2
W P with p> 1. Then, for all p2 (1;2],

0
X d X X P d 1
Beu). @ NP the® Pju B (u)ify + i ghe? 2
c2C 2C 2Ce:c

=112

1
ju P Wileg”

withd=3, Ny c=jr + T (r )Idj 1 ) and with the interpolation map 'i’.;C = Lg REC ;
Li@)! Po(Cec;RS) forall c2 C.

Proof of Lemma 6.9. Let y;. = (u lPE(u))jC for all c 2 C. Note that yjg 2 LP(@) for all
€2 Ce. Let v2 E. Owing to the de nitions of A®. and S, it follows that $(s;u;;V)

AE. (Re(u);Vv) = Ty + To+ Ta+ Tg, with

x £ X x x Z
Ty = (r + 7 (r H)dLe(V)y;, T2:= N[LeM]f yw
c2c © X2f F ;Cg x2X f2Fg:xx
X x x £ X X
Ts:= ¢ nilLteMI Iyl and Ts:= ( n) Le, (V)y:
X2f F ;Cg x2X f2Fg:x f f2F@f2F:

Indeed, the rstterm T is obtained using the identity (6.37b) of g . .c sincelLg, are piece-wise
constant, together with the integration by part formulae (6.33) and the identity
z x Z z x Z
(( r)Y) Le(V) = (( ILeW)y (¢ ILe(My+ r(y Le(W):
2Ceic © 2Ce;c © ¢ @2Ceic ©

holding for all c2 C and all v2 E;. The terms T, and T3 result from the rightmost term of the
relation (6.33) and the fact that ( n)[u];s Oforall f2 Fe.x, owing to Lemma 2.13. Finally,
the term T, is inferred observing thatu, = ujg . Let p2 (1;2] and use the Holder inequality
to bound T; as follows:

4

o T ))eM Y NidyireilaMieg
with Ny c=jr + T (r )Idj 1 (. Using alocal inverse inequality (see (Ern & Guermond,
2004, Lemma 1.138)), we infer that

4

(r + 7 )dLe()y  Nicheiyioreile Wiz e:

c

with = d % % , SO that applying once more the Hélder inequality, we get
7 0 110 1 N
X ; X - PX o "
(r + r JLe(My @ NPhPiyitogh @ jLe(ifz”
c2c © c2C c2C

Moreover, sincep? 2 and using the upper bound in Proposition 6.4, we infer that
¥ Z o 1
jTij = r + 7 LWy - @ NPhEjYil A jviex
c2c © c2C
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Chp. 6. Edge-based scheme for vector advection-reaction

To bound the two terms T, and T3, we consider a sub-face 2 Fgx for all x 2 X with
X 2fF ;Cg. As above, the Holder inequality yields
z
..t . . .. 1 .
L nolbeWITy® 1 0 @ Y@l na? ILeMi e
so that using a local inverse inequality, we obtain
z

.. . . 1 .
L mlteMITyg hed iE olf Y@iLeii ( no)iZ ILeMTiL 2

, _ . P P P P
with °=(d 1) ¢ 5 andhsthesize of the sub-facé. Hence, denoting (=" yar .cg x2x  foFex:
it follows from the triangle inequality, the Holder inequality and p® 2 that
7 0 « 1 %O 1 1

0. .2 R R X .. L1 .
L mIlLeMIfyg @ 1Pt pif YEBILA @ di i LeW)ifz A
f

f f

Next, owing to the de nitions (6.20) and (6.22) of n and s respectively, mesh regularity and
the inequality ja BP 2P (jajP + jgP), we infer that
0 1

Ol

] ] X X . .p o 1
T+ Toj. @ hePi §2s iYilo@® (1S (Viv)2:
CZCCZCE;C

Proceeding similarly, we end up with
0 1

Tl

N X 0. .2 - . 1
iT4j . @ hc(g] ]El (f)]y]EP(f)A H;'i@nj(v);v Ez;
f2F@

yielding the nal result. O

When the solution u is smoother, so as to be in the domain of the de Rham reduction map
Re de ned by (6.2), we can bound instead the consistency error

Eg(u)=  sup A®. (Reg(u);v)  S(s;up;V) : (6.43)
V2E;jVjE:a=1

We omit the proof since it follows the same ideas as the proof of Lemma 6.9.

Lemma 6.10 (Consistency error). Let u be the exact slolution of (6.25) and assume thatu
2
satises u2 WLP(C) andr u2L7Z5(C) with p2 3,2 . Then,

=1l

0 1
X d X X p d 1
9o 2); : - > 2. : .
Ee(u). @ NP 2h¢" “ju e (Wifeg * i 07 ghe? ju eIy g?
c2C 2C2Cec

p
2

withd=3, Ny c=jr + T (r )Idj 1 and with the interpolation map Ig, = L, Re,.

Theorem 6.11 (A priori error estimate). Let u be the unique solution of (6.7) and let u
be the discrete solution of(6.25). Assume that one of the stability assumption from Table 6.1

holds. Assume that the exact solution satis es1 2 W *P() with p2 3;2 . Then,
0

) ) X
ju hE(U)] E;a - @ Nf ;C
c2C

Tl

1
he *Juify v
with Ny c=jr  + 7 (r )djL1 (.
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6.3. Numerical results

Proof. This result follows from Lemma 6.9 with Proposition 6.12 below, along with the multi-
plicative trace inequality from Lemma 7.25. O

Proposition 6.12 (Interpolation error) . Let p2 [1;1 ). Then, there existsG, > 0 such that
8c2C; jv Pe(Miiee Gu NejViwieg: 8v2WHP(E): (6.44)
Proof. See the proof of Proposition 7.44. O

Theorem 6.13 (A priori error estimate). Let u be the unique solution of(6.7) and let u be the
discrete solution of (6.25). Assume that one of the stability assumption from Table 6.1 ho;ds.
2
Assume that the exact solutionu satises u 2 W XP(C) andr u 2 L3 5(C) with p 2 3,2.
Then,
0

X
ju Re(Wjea. @ NP ¢

c2C

T~

ik 203 iyiP e P
10l DS T JUjyap the 0 Vi

11
2p A
L3 P(c)

[@INTE-}

h

Proof. This result follows from Lemma 6.9 with Proposition 6.14 below, along with the multi-
plicative trace inequality from Lemma 7.25. O

|
Proposition 6.14  (Interpolation error) . Let p 2 %;2 and letc 2 C. Then, for all v 2

2
W P(c) be such thatr v 2 L ﬁ(c), there exists G, > 0 such that
|
3p_1) '

iV Wit Gihe he ™ jr Vi 2+ jVjyieg (6.45)

L3 P(c)

Proof. See the proof of Proposition 7.42. O

Remark 6.15 (Regularity of the exact solution). Observe that the regularity assumption in
Theorem 6.11 is stronger than the regularity needed in Lemma 6.9 to compute the consistency
error.

6.3 Numerical results

In this section, we investigate numerically the edge-based scheme (6.25) for the vector
advection-reaction problem (6.1). To our knowledge, there does not exists any three-dimensional
test case for this problem in the literature. Hence, we propose to study the performance of our
scheme when the exact solution is adapted from the Green-Taylor vortex velocity eld. The
computational domain is =[0 ;1] and we consider the four mesh sequencé$ PrT, PrGand
CB previously considered in Chapters 3-5, and depicted in Figure 6.2.

Figure 6.2 The four mesh sequences$i PrT, PrGand CB respectively.
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Chp. 6. Edge-based scheme for vector advection-reaction

Following the analysis of Section 6.2.2, the convergence analysis is performed by computing
the following relative discrete L2-norms:

0p B 211
jcigf ? ue Re(u)
Ereu)= B—op Lk (6.46a)
eciciid 2Re(u)?
0 p 1:
2

o 2
wEiClig 2 Ue Re(U)je ¢
[»]

Erg(u) = %} f ——
(1) e 1ClI € 2RE(U),-ze

: (6.46b)

where u denotes the exact solution andu the discrete solution. We also recall the de nition
of the computational cost Co= nnz nje used to measure the computational e ciency of the
scheme, wheranz is the total number of non-zeroes in the nal system matrix and where n is
the number of iterations needed to bring the relative residual belowl0 12, using a bi-Conjugate
gradient method preconditioned with an incomplete LU factorization (see Balayet al. (2016)).

6.3.1 Test case 5. Vortex solution

The exact solution u : 7! R3 of this test case is de ned as a combination of sine and
cosine functions on the three components:

sin( x ) cos(y=2) cos(z=2)1
u(x;y;z) = %cos(x: 2) sin(y) cos(z:Z)S : (6.47)
cos(x= 2) cos(y=2) sin( z)

This solution vanishes at the boundary @ of the unit cube. The advective eld : ! R3
and the reaction tensor : ! RS2 3 are de ned as follows:
0 1
1 X 2y
(x;y;2) = Z%} y 22X E and = d: (6.48)
2(z+1)
with  : I R. In Figure 6.3, we plot some ow lines of and we highlight the in ow

boundary @ . A short computation shows that the advective eld is divergence-free and

Figure 6.3 Test case 5. Four ow lines of the advective eld and the corresponding in ow
boundary @ in blue.

that we have 0 1
1= 1=2 0
r =B 1= 1= ok:
0 0 1=2
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6.3. Numerical results

Hence, the eigenvalues of the Friedrichs tensor . de ned by (6.8), are f %; ; 2+ g. The
discrete problem (6.25) is then well-posed if > % owing to Lemma 6.5. If = % the discrete
problem is still well-posed owing to Lemma 6.6 if the mesh-size satis et < 4hg, for example
with the potential (x) = (z+1)2.

In Figure 6.4, we plot the discrete relative errorsEr g(u) and Er g(u) with respect to #E
when the reaction tensor is of magnitude 2 f 5;0:5g. The legend is collected in Table 6.2.

Er g(u) on all mesh sequences. Erg(u) on all mesh sequences.
1d)J: @\“““‘\ T T T 1d)L T T TTTTT] T T T TTTT] T T T T T TTTT

101 101

107 108 104 10° 10° 107 108 104 10° 10°
H#HE H#HE

Figure 6.4 Test case 5. The discrete relative errorEr g(u) on the left and Erg(u) on the
right, for the discrete problem (6.25) with =5 and =0:5.

H PrT PrG CB| H PrT PrG CB
=5 =05

—— e —— |-8- -a- -o-

Table 6.2 Test case 5. Legend of Figure 6.4.

Accuracy.  The numerical results presented in Figure (6.4) show that the two discrete relative
errors take similar values and converge for all mesh sequences. Similarly to our schemes devised
in Chapters 3 and 5 for the scalar advection-reaction problem, we observe that if the lowest
eigenvalue of the Friedrichs tensor . is positive, the scheme is more accurate than when the
minimal eigenvalue is null (i.e., when = 0:5). However, the hierarchy in terms of accuracy
depends on the magnitude of . Inthe case =5, we haveH> PrT>CB>PrG whereas if =0:5,
we have H> CB>PrT>PrG Regarding the convergence rates, we expect from Theorems 6.11
and 6.13, a convergence rate of orde for the two discrete relative error, since the solution is
smooth. Figure 6.4 shows actually that the convergence rates are closer tbthan to %
E ciency. In the left panel of Figure 6.5, we represent the errorEr g(u) with respect to
the computational cost Ca For a given mesh sequence, changing the value of the reaction
coe cient does not signi cantly increases the cost to invert the system matrix, corresponding
to the number of iterations nje since the two system have the samenz. In essence, this
indicates that the conditioning of the nal matrix is not signi cantly in uenced by the value of

. In the right panel of Figure 6.5, we compare the total number of dofs when considering one
dof per mesh edges, as in our scheme, with the total number of dofs when considering three
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Computational e ciency Dofs comparison
T T T T T T T T T T T T T T T T T 17T [ T T ] R ooy
1d)§ “ é Lar / N
: : 1.2 :
| | ow
| | .
O
10 1] l
F ] O¢ft) 0:8 | =
i | 0:6 |- @/@/ef/*’/@ -
TH‘ vl e vl il wu; L L il Ll Ll Lol
100 100 100 100 10®  10° 107 10° 10t 10° 10°
Co #HE

Figure 6.5 Test case 5. Left panel: computational e ciency with the discrete relative error
Er g(u). Right panel: comparison with dG methods of orderk = 0 regarding the total number
of degrees of freedom.

dofs per mesh cell for the three vector components, as in the standard nite volume schemes.
This comparison shows that edge-based schemes are well-suited to meshes with cells having
few edges (e.g., theé’rT sequence). However, this is the converse for th€EBand the PrG mesh
sequences. Finally, edge-based and cell-based schemes leads asymptotically to a similar size of
the nal system for Hmesh sequences.

Stencil. In Table 6.3, we collect the stencils of our scheme. We denot8t the mean stencil,
de ned as nnz=#E , and St.max the maximum stencil. This table illustrates in particular that
the stencil of our scheme can take important values, especially if the mesh contains cells with
a lot of edges (e.g., in thePrG and in the CBsequence). Investigations to reduce this stencil
are left for future work.

H PrT PrG CB
#E St Stmax | #E St Stmax | #E St Stmax | #E St St.max
3.0e+2 21 39 |4.7e+3 38 70 |7.2e+3 83 149 (1.5e+3 112 272
1.9e+3 25 39 |3.5e+4 46 70 |4.9e+4 110 174 |1.2e+4 144 272
l.4e+4 28 39 |l.le+5 48 70 |1.5e+5 120 176 |8.9e+4 162 272
1.0e+5 30 39 |2.7e+5 49 70 |3.5e+5 125 177 |7.0e+5 180 276

Table 6.3 Test case 5. Size of the system, mean stencil and maximum stencil.
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Analysis on polyhedral meshes
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This chapter summarizes and generalizes the notions used in Chapters 3, 4, 5 and 6 to
approximate on polyhedral meshes the solution of the scalar and the vector transport problems.

Section 7.1 introduces the main concepts attached to a polyhedral meskl and introduces
the notion of regular mesh. Section 7.2 presents the di erent partitions used in this thesis,
with a special focus on the dual mesh. These partitions are employed in Section 7.3 to extend
on general meshes the classical analytic inequalities (e.g., the Poincaré or the multiplicative
trace inequalities) and in Section 7.4 to devise reconstruction and reduction maps.

7.1 Polyhedral meshes

Let denote an open, connected, bounded, polyhedral subset 8¢, with d the dimension.
Following the work of Christiansen (2008) and of Bonelle (2014), this section introduces the
essential concepts used to describe a primal mesh of. These concepts are illustrated in
particular for d = 3.

7.1.1 Primal mesh

We consider a mesh sequendely := (M n)n2n, Such that for all n 2 N, M := My j k 2
0;d g, where M., is a nite collection of non-empty open k-cells, de ned as being homeo-
morphic by a bi-Lipschitz map to the open unit ball of R¥ for the Euclidean metric.
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Remark 7.1 (Generics names) Generally speaking, for all dimensiond 3 and for all n 2 N,
an elementmg 2 Mo, is called avertex, an elementm; 2 My, is called an edge an element
Mg 12 Mq 1.4 is called afacet and an elementmy 2 My, is called acell.

In this thesis, mesh sequences are always assumed to de ne a re nement, i.e., satisfying
#Mgn ! +1 asn! 1l , where# denotes the cardinal. Henceforth, indicesn 2 N are
omitted to alleviate the reading, so that M= fM¢jk 2 0;d g.

De nition 7.2  (Boundary and closure of ak-cell). Let k 2 1;d . The boundary of thek-cell
mg 2 My is denoted by@ny and is de ned as

@y = [f ms2 Msjms My, s<kg;
where m denotes the closure ofng. Conventionally, we set@ng = ; for all mg 2 M.

De nition 7.3  (Cellular complex). The meshM de nes a cellular complex of if:

(Ca) The union of all elements ofM generates : = [f mjm2 Mg.
(Cb) Forall k2 1;d, the boundary of ak-cell is composed of a uniformly bounded number
of (k 1)-cells.

(Cc) Distinct elements have empty intersection.

The rst assumption (Ca) is equivalent to saying that the closure of the elements oMy
generates , i.e., = [f Mjm2 Mqg. Recursively, Assumption (Cb) means that for all
m 2 M, @n is composed of a uniformly bounded number of elements d¥l.

De nition 7.4  (Planar cellular complex). The meshM de nes a planar cellular complex of
if it de nes a cellular complex of in the sense of De nition 7.3 and if:

(Cd) For all k 2 1;d 1, each element ofMy is contained in some ane sub-space of
dimension k.

We now distinguish boundary and internal k-cells.

Proposition 7.5 (Boundary mesh). Forall k2 0;d 1, the subsetM of My collects allk-
cells lying at the boundary@ , i.e., MZ:= fm 2 Mjmg @ g. By convention, M= ;. In
addition, if M de nes a cellular complex of , the boundary meshM®:= fMZ2jk2 0;d 1 g
de nes a cellular complex of @ .

De nition 7.6  (Internal mesh). Forall k2 0;d 1 ,the subsetM, of My collects all internal
k-cells, i.e.,M; =M nMZ2. The internal mesh is thenM =M nM®and My =M g.

The following last de nition introduces geometric subsets of My for all k 2 0;d .

De nition 7.7  (Geometric mesh subsets) Let k;s2 0;d such thatk 6 s and let my 2 M.
The subsetMgm, of Ms is de ned by

Msm, = fms2 Mgjms  @neg if k>s; (7.1)

or by
Msm, == fms2 Mgjmy @nsg if s>k (7.2)

Let us illustrate these concepts ford = 3. Recalling Remark 7.1, we use the following
classical terminology in R3: an elementmg 2 Mg is called a ertex and is denoted byv 2 V,
an elementm; 2 M; is called an @ge and is denoted bye 2 E, an elementm; 2 My is
called a face and is denoted byf 2 F and a elementms 2 M3 is called a_@ll and is denoted
by ¢ 2 C. A primal mesh of the subset of R3 is then denoted by M := fV;E;F;Cg. A
simple three-dimensional polyhedral mesh composed of two polygonal prisms is depicted in
Figure 7.1. Owing to De nition 7.7, we obtain e.g., for all v 2 V and for all e 2 E, the subsets
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Figure 7.1 An oriented polyhedral mesh containing the cellc 2 C, the facef 2 F, the edge
e2 E and the vertexv 2 V.

Ve=fv2Vjv @gandE,:=fe2Ejv @

We additionally introduce the notion of orientation: for all e 2 E, we assign an arbitrary
tangential unit vector te and for all f 2 F we assign an arbitrary normal unit vector ns. In
particular, we denote 7 b

e= teand f= ng: (7.3)

e f

Remark 7.8 (Orientation in the general case) The notion of orientation can be extended to
all dimensiond 1 and to all mesh elements using the notion of oriented atlas. Further insight
can be found e.g., in Gerritsma (2012).

7.1.2 Star-shaped and shape-regular mesh
De nition 7.9  (Barycenters). For all m 2 M, x, denotes the barycenter om in the Cartesian
basis ofRY, i.e., 7
1
Xm = — X
Timi m

where jmj denotes the dinfm)-dimensional Lebesgue measure ah.
De nition 7.10  (Star-shaped mesh) The meshM is star-shaped if:
(St) Forall k2 1;d , each element ofMy is star-shaped with respect to its barycenter.

Such an assumption(St) is su cient to assert optimal polynomial approximation (see Bren-
ner & Scott (1994)). Here, we have another route to prove polynomial approximation and the
motivation is di erent since assumption (St) allows us to consider sub-meshes (see Section 7.2).
In Figure 7.2, we present two non-convex polyhedral cells with two sustentation faces; the left

cell satis es the star-shaped assumption whereas the right cell does not, since this cell is not
star-shaped with respect to its barycenter.

De nition 7.11  (Elements size) Let M be a planar cellular complex. Letk 2 1;d and let
mx 2 My. The circumscribed diameter (also called the size) oy is denoted byhy,, and is
de ned as the diameter of the smallesk-ball containing my. The inscribed diameter of my is
denoted byry,, and is de ned as the diameter of the largesk-ball that can be inscribed inmy.

De nition 7.12  (Shape regularity). The meshM is shape regular if:
(Sha) There is a uniform constant G, > 0 with respect to the mesh re nement such that

8k2 1,d; 8mg2 My; Gihm, I'm,:
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Chp. 7. Analysis on polyhedral meshes

Figure 7.2 Two polyhedral cells in blue with two sustentation faces. The two verticesv and
V0 lie above and below these planes for the left cell and the right cell, respectively. Hence, the
left cell does satisfy(St) whereas the right cell does not.

My such thatmy 2 Mygm,,, forall k2 0;d 1, there

k2 0;d
are uniform constants G;:::; G > 0 such that
Ghd, J cOfXmoiiiiiXmyQi;
G 1hﬁ1d11 j CO XmgiiiiiXmy 4 I

Gha, § COfXmgi Xmyi Xm,0l;

where for any setf x1;::;; Xkg, cofXq;:::; Xkg denotes the interior of its convex hull (note that

In dimension d = 3, Assumption (Shb) means that for all c 2 C, for all f 2 F, for all
e2 E; and for all v 2 Vg, there are G; G > 0 such that

Gh3 j cofxy;Xxe xs;Xcgj; and Gh? | cofxy;Xe; Xt0j;

where the 3-simplex cofXxy; Xe; Xf; Xcg and the 2-simplex cof xy;Xe; X¢g are depicted in Fig-
ure 7.3.

Figure 7.3 For a cell ¢, a facef 2 F¢, an edgee 2 E; and a vertexv 2 Ve, we highlight the
3-simplex cofXxy;Xe; Xt; Xcg in orange and the 2-simplex cofXxy; Xe; Xtg in blue.
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7.1.3 Mesh regularity

De nition 7.13  (Mesh regularity (M)). We say that the meshM is regular if it de nes a
planar cellular complex in the sense of De nition 7.4, if it is star-shaped regular in the sense
of De nition 7.10 and if it is shape regular in the sense of De nition 7.12.

We keep this assumption for the rest of this Chapter.

7.2 Mesh partitions

Mesh partitions play a important role in this thesis, in particular to de ne reconstruction
maps mapping dofs spaces to functional spaces (see Section 7.4). These partitions are also
very useful in other contexts, as in co-volume methods (see e.g., Hu & Nicolaides (1992)) or
to extend the discrete Poincaré inequality for certain non-conforming functions in a general
domain (see e.g., Vohralik (2005)). A particular mesh partition is the dual mesh, explicitly
considered e.g., in theDiscrete Duality Finite Volume (DDFV) method proposed by Hermeline
(2000) and by Andreianov et al. (2012)) or in the Mimetic Spectral Element (MSE) method
introduced by Kreeft et al. (2011) along with the recentcompatible isogeometricschemes of Back
& Sonnendrticker (2012, 2014).

This section introduces the concept ofX-partition of  based on a given subseX of M. To
simplify the reading, we only consider the casal = 3; however, we still write d instead of 3.

7.2.1 Vertex-based partition

For all c2 C, we de ne the setC, ¢ = fQ/:cgvzvc which is composed of the sub-cells

0 1

[ [
Gc = int @ COfXy:Xe Xf:XcOA 8v2 V¢ (7.4)

e2Ey\ Ec f2F¢e\ F¢
as shown in the left panel of Figure 7.4, and where irt ) denotes the interior of any subset

I 2 RY. Note that C, . is aV-partition of ¢ owing to assumption(St), i.e.,T=[f Gcj V2 V0.
The set F, .. collects intra-cell sub-faces induced by this partition and is de ned as

Fyc = ffec = int(@yc\ @yoc)j €2 Ec with v;v02 Vg; (7.5)

and one element is depicted in the middle panel of Figure 7.4. Finally, for alf 2 F¢, the set
Fy collects inter-cell sub-faces and is de ned as

Fui= ffys = int(@y:c\ f)jVv2Vig; (7.6)
and one element is depicted in the right panel of Figure 7.4. The partitionC, . is particularly
useful to express the coordinates of the barycenter of and of its facesf 2 F; as a convex

combination of the coordinates of the cell verticesv 2 V..

Proposition 7.14 (Cell and face barycenters) For all ¢2 C and for all f 2 F, the following
identities hold:

X X
jGci(Xy Xc)=0 and ifvii(Xxy  x¢)=0: (7.7)
v2V¢ v2Vi
Proof. See (Bonelle, 2014, Proposition 5.23). O
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Figure 7.4 From left to right: the sub-cell ¢, attached to the vertex v within the cell c, one
intra-cell sub-facefec 2 Fy.c and one inter-cell sub-facef, s 2 F, .

7.2.2 Edge-face-based partition

For all ¢ 2 C, we dene the set EF; = f(g;f) 2 Ec Fcje @g. The edge-face-based
partition Cer:c := fCer.cl(en2eF, IS cOMposed of the sub-cellger,c such that
0 1
[
Cef:c := INt @ TOTXy;Xe; X1, Xc0A;  8(e;f) 2 EFg; (7.8)
v2Ve

as shown in the left panel of Figure 7.5. Owing to assumption(St), Ce: ¢ is a EFc-partition,

i.e.,C = [f Grcj (e;f) 2 EFcQ. This partition is of particular interest, since it is composed of
simplices. Observe that each cell edge is connected to two tetrahedi@s.c since#(F ¢\ F¢) =2,
so that we have# Cg:.c = 2#E . The set collecting intra-cell sub-faces induced by this partition
is de ned as

Feroc = ff oc = int(@ef.c\ @eroc)j F;°2 Fe\ Fe for all €2 Ecg
[f feewrc = INt(@ef.c\ @exc)] € "2 E;\ Ey forall v2 Vig: (7.9)

with two elements illustrated in the middle panel of Figure 7.5. For all f 2 F, the set collecting
inter-cell sub-faces set is de ned as

where one element is depicted in the right panel of Figure 7.5.

Figure 7.5 From left to right: the sub-cell c.c attached to (e; f)EF ¢, two intra-cell sub-faces
f oc 2 Fer:c and feec 2 Fer:c and one inter-cell sub-facefes 2 Fee ¢ with 2 Fe.
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7.2.3 Edge-based patrtition

For all ¢ 2 C, the edge-based partitionC;.c = fcezcgezEc collects all the sub-cells de ned by
0 1

. [ [
Cec = int @ COfXy;Xe;Xf;Xc0A; 8e2 Eg; (7.12)
f2Fe\ Fcv2Ve

as depicted in the left panel of Figure 7.6. Owing to assumptior(St), Cc.c de nes a Ec-partition,
i.e.,C=[f Gecj €2 Ecg. Observe that cec = [f Grc)j f 2 Fe\ Fcg and that # Cz.c = #E ¢, so
that C.c can be interpreted as a sub-partition of Cc.c. The set collecting intra-cell sub-faces
corresponds to

Fee = ffoe = iNt(@ec\ @oc)jee®2 Ef\ E, forall f 2 Fe and v 2 Vig; (7.12)

with one element illustrated in the middle panel of Figure 7.6. Note that Fz.c  Fge.c. For all
f 2 F¢, the set collecting inter-cell sub-faces of is nally

Fei = ffer = int(@ec\ f)j €2 Exg; (7.13)

with one element depicted in the right panel of Figure 7.6.

Figure 7.6 From left to right: a sub-cell ¢, attached to e 2 E¢, one intra-cell sub-face
feerc 2 Fe:c and one inter-cell sub-facefes 2 Fef.

Proposition 7.15 (Volume of a sub-ceﬁ) Letc2 C aﬁd let e 2 Ec with fec 2 Fy.c de ned
by (7.5). Then, djcecj = jefec) with e=  teandfec = ¢ nNi,..

Proof. Observing that c.¢ is composed of two pyramids of basi$e.c and of apex one of the two
vertex of g, the identity follows from the volume of each of them. O
7.2.4 Abstract partition

Let us considerc 2 C a cell of the meshM and let X be a subset off Mxjk2 0;d 1 g.
The set C,.c is composed of the operd-cells ¢,.c with x 2 X¢, also calledsub-cells where X is
the corresponding subset of My.cjk2 0;d 1 g. Then, we haveCy.c = fC.cOx2x.-

De nition 7.16  (Xc-partition) . C.c de nes an Xc-partition of cif ¢ = [f CTj c2 C,.c0.

Owing to this de nition, an X -partition de nes a sub-mesh ofc and it is possible to de ne
the associatedk-sub-cells for allk 2 0;d 1 . For the sake of brevity, we only detail the
(d 1)-sub-cells, also called sub-faces.

De nition 7.17 ((d 1)-connected sub-cells) Two sub-cells are said to b€d 1)-connected
if their intersection is a (d 1)-sub-cell, i.e.,a sub-face.

113



Chp. 7. Analysis on polyhedral meshes

Two kind of sub-faces induced by theX.-partition are considered: intra-cell sub-faces lying
inside a cellc and inter-cell sub-faces lying on the boundary@.

De nition 7.18  (Intra-cell sub-faces). For all ¢ 2 C, Intra-cell sub-facesof ¢ are collected in
the set

Fre= f=int(@\ @)jc 2 G suchthatcand are (d  1)-connected :  (7.14)

De nition 7.19  (Inter-cell sub-faces) For all c2 C and for all f 2 F, inter-cell sub-facesof
f are collected in the set

Fyx.s= ff=int(@\ f)jc2 C.c such thatcand f are (d 1)-connectedg: (7.15)

Collecting these local Xc-partitions, the global X-partition is de ned by C; = fC.cOc2c-
Moreover, the set of internal sub-faces is de ned byF, = ff Fyx.cOc2c;fFx:t0r2F g and that of
boundary sub-face byF? := fF,.tGore.

As for the primal faces, sub-faces 2 f F, ; F2g are oriented along a unit normal vector n.
Since mesh faces are planar, the normai; is chosen such thatns ny 0in f for all f 2 Fy
with f 2 F and such thatn ny Oin f for all f 2 F2, with n the outward normal to

De nition 7.20  (Jumps and averages orF, ). For all f 2 F, such thatf = int(@\ @% with
¢, 22 C, and such thatn¢ points from cto ¢, we de ne, respectively, the jump and the average
on f of a function v as

1
|[v]|jf = Vic Vj© and fvgf = > Vict Vjo -

7.2.5 The dual mesh

The dual mesh is built from the vertex based partitions fC,..gc2c. The material of this
section slightly di ers from that of Bonelle (2014).

Internal dual mesh. As for the primal mesh, the internal dual mesh is denoted byf\/l and
is composed of dual verticesy 2 ¥, dual edgese2 E, dual facest 2 E, and dual cellse2 €,
so that M = f¥;B;B;€g. The key concept of dual meshes is the one-to-one pairing between
primal and dual entities: each primal vertexv 2 V is associated with a unique dual cele(v) 2 €
each primal edgee 2 E is associated with a unique dual facé(e) 2 F, and so on. Following this
principle, the de nition of a dual mesh is however not unique. Hereafter, we only present the
so-calledfully barycentric dual mesh based on the barycentric coordinates of the elements of
M. Recalling the construction of the vertex-based partitionsC, .c for all c2 C in Section 7.2.1,
we de ne dual cells as

[
€(v) = int fagcjc2Cyg ; 8v2V; (7.16)

with ¢,.c the sub-cell de ned by (7.4). Dual faces correspond to th§d 1)-dimensional bound-

ary of these dual cells and are de ned as
)

[ n__
fle) = int fecjc2Ce ; 8e2E; (7.17)

with the intra-cell sub-face fec de ned by (7.5). Owing to (7.16) and (7.17), we havec,.c =
€(v)\ cand fec = f(e)\ c = T.(e). Hence, ¢, can be interpreted as the local dual cell
attached to the vertex v, whereasfe corresponds to the local dual face attached to the edge
e in the cell c 2 C. For the sake of completeness, we also introduce dual edges and dual
vertices, although they are not used in this thesis. For allf 2 F, dual edges are de ned by
e(f) = int([f cofx¢;xcgjc2 Ceg) and for all ¢ 2 C, dual vertices are de ned by ¥(c) X.
Figure 7.7 highlights a portion of the dual mesh of the primal mesh depicted in Figure 7.1.
In particular, we observe that dual faces and dual edges are oriented along the unit vector
attached to their respective primal entity. The proposition below expresses the volume of each
primal mesh cell in terms of its primal edges and its local dual faces.
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Figure 7.7 The oriented primal mesh and a portion of the oriented dual mesh.

Proposition 7.21. Let M be a primal mesh and letM be its fully barycentric dual mesh. For
all c2 C, we have

X
e fe(e)= fc(e) e=jqld: (7.18)
e2Ec e2Ec

_ R R
with e=  teandfe(e) = ) Ne (-

Proof. See e.g., Codecasa & Trevisan (2007) or Droniou & Eymard (2006). O

A consequence of the one-to-one pairing principle is that the dual mesM is composed of
a nite collection of k-cells,k 2 0;d , since# € = #V , # E = #E , and so on. However, it
does not de ne a cellular complex in the sense of De nition 7.3 sincgCa) is not satis ed.
Moreover, we observe that, even if the primal mesh satis es the planar condition(Cd), the
dual mesh does not.

Boundary dual mesh. In order to satisfy the condition (Ca), we additionally introduce

the dual mesh attached to the boundary@ and denoted byM®@. It is composed of boundary
dual vertices ¥® 2 ¥@, boundary dual edges€?2 E® and boundary dual facesf®2 E@, so that

Me = fgeeerey These entities are built following the same construction principle as for
the internal dual mesh M, namely the one-to-one principle, but within the (d  1)-manifold

@ . In essence, each primal boundary vertew 2 V@ is attached to a unique boundary dual
facef9v) 2 F9 each primal boundary edgee 2 E®is attached to a unique boundary dual edge
€e) 2 E?, and so on. Dual boundary faces are then de ned by

n 0
Tv) == int [ firif2Fe\ F, ; 8v2V© (7.19)

where the inter-cell sub-faced,.; are de ned by (7.6). Similarly, for all e2 E® boundary dual
edges are de ned by€¥e) := int ([f Cofxe;xsgjf 2 Fe\ F€) and for all f 2 F©@ boundary
dual vertices are de ned by v&f)  x;. Figure 7.8 highlights a portion of the boundary dual
meshM@ associated with the primal mesh presented in Figure 7.1.

Proposition 7.22 (Dual cellular complex). Owing to De nition 7.3, the boundary dual mesh
M@ de nes a cellular complex of the boundarny@ and the dual mestf M; M@g de nes a cellular
complex of
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Figure 7.8 Portion of the dual boundary mesh.

7.3 Functional inequalities in polyhedral meshes

This section briey recalls functional inequalities in polyhedral meshes used to analyze
our schemes, namely, the Poincaré(-Steklov) inequality, the multiplicative trace inequality, the
inverse inequality, and the interpolation error of the Oswald operator (see Oswald (1993)).
Following Ern & Guermond (2016), the following results can be extended to fractional Sobolev
spaces.

7.3.1 Poincaré-Steklov inequality and polynomial approximation

Lemma 7.23 (Poincaré-Steklov inequality). Let p 2 [1;1 ), letq2 1;d, and letc 2 C.
Then, there is G > 0, such that

IV Yiteery  GhelViwie cray v2 WhP(c;RY); (7.20)

R

with v¢:= jgj 1 v.

The proof which relies on the compact embeddingV P(c;RY) | LP(c; RY) does not de ne
explicitly the constant G.. Whenever the mesh cellc is a convex set, one can takes = 1 if
p =1 (see Acosta & Duran (2004)) andG = Lif p = 2 (see Bebendorf (2003)). We also

1 1

recall that the estimate G~ 2 ppp holds in the general case. If the celt is not convex, the
constant G can take larger values; however, following Ern & Guermond (2016), it is possible
to prove that it remains bounded if the mesh is regular in the sense of De nition 7.13.

A direct consequence of the Poincaré inequality is the following Corollary.

Corollary 7.24 (Polynomial approximation). Let p 2 [1;1 ), let g2 1;d, let k 2 f 0; 1g,
and letc2 C. Then, there is G, > 0 such that,

heiv Viwr (c;R9) G E™ Vit o Ry 8V2 WP RY):  (7.21)

inf
V2P(RY)

Proof. Let ¢ 2 C and let us consider the casel = 1; the proof is identical for other choices of
g. Owing to the Poincaré inequality (7.20), there existsG > 0 such that

IV Yiie GhejViwipy: 8v2 WEP(c);
R
with v¢:= J%J .V 2 Po(c; R), whence (7.21) fork = 0.
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Let now v 2 W2P(c) and let us consider the a ne polynomial V(x):= V¢+ 1 V' (X  X),
for all x 2 ¢, where x. is the barycenter of c. Then, applying the Poincaré inequality (7.20)
with q= d, we infer that

jV ijl;p(c) = jr Vv WCij(C) (:phcjr VJW 1;p(c) zc‘pthVj\NZ;p(C) ;

since cross-derivatives are counted only once in th&/2P semi-norm. Moreover, observing
that the function vV has zero mean-value irc by construction and applying once more the
Poincaré inequality, we infer that

IV Vit Ghejv Viwipg CghngjWZiP(c);

owing to the above bound onjv  Vjy1s (), so that (7.21) follows fork = 1. O

7.3.2 Face and inverse inequalities on polyhedral cells

Lemma 7.25 (Multiplicative trace inequality) . Let p2 [1;1 ), letg2 1;d , and letc2 C.
Let f be any planar sub-face contained irc. Then, there is G > 0 such that

1 1

- S . - .
JViLe(f.Ra) GjVij("c;Rq) Viw e :re) * dhcllijp(C;Rq) P. o 8v2 WEP(c; RY): (7.22)

We present here the proof inspired from Carstensen & Funken (2000) using the Raviart-
Thomas-Nédélec shape functions.

Proof of Lemma 7.25. Let c2 Cand let q=1 with f f forall f 2 F.. The caseq2 2;d
follows similarly.

First, let c be the (non-degenerate) pyramid of basd and of apexx.. Let us denote .
the Raviart-Thomas-Nédélec shape function in this pyramid attached tof:

(X X¢)

— = 8X 2c¢
(Xt Xc) ng

f;c(x) =

wherex denotes any point belonging tof. Let n g be the outward unit normal on the boundary
@ and observe that cng 1 onf (since this face is planar) and that rc.ng 0 a.e.on
@nf. Hence, for allv 2 WLP(c), we have

Z Z

jVjEp(f)z @jVjp ficN@= cr (jvi? f:c);

owing to the divergence theorem. Then, applying twice the chain rule and Hélder's inequality,

we obtain
Z Z Z Z

Vilo = el ViP+ VP re=p VIVIP 2 per v viPro g
C C C C
P
P feiLt (@iViloolt Vit * I reiLt @iVils(y

: - dh 15 . h ; : :
Observing that r ¢ = mhc dosdit (o m and invoking mesh regularity,
we infer that there exists @ > 0 such that
P
P - .p0 - - P
Vilery @ PIVIslf ViLrg + dhe Vil
The result then follows sincec c. O]

Proposition 7.26 (Inverse inequality). Let c2 C, let q2 1;d , and let C;.c be a partition
of c in the sense of De nition 7.16. Let c2 C.c. Then, there existsG,, > 0 such that

Miwipgray Gwhe YiViLp(cray; 8V 2 P1(Cici RY: (7.23)
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Proof. Split the polyhedral cell cinto simplices and use the classical inverse inequality, e.g., from (Ern
& Guermond, 2004, Sect. 1.7). O

The last important inequality needed in the analysis (in particular in Chapter 5), is the
estimate of the interpolation error of the Oswald of the average operator (see Oswald (1993)),
usually considered in the analysis of nite volume method (see e.g., Achdoet al. (2003)) or
to construct quasi-interpolation operator (see Ern & Guermond (2016)).

Proposition 7.27 (Oswald inequality). Let c2 C, let p2 [1;1 ) and let C,.c be a partition of
c in the sense of De nition 7.16. Then, there is G,, > 0 such that
0

1
L F@ P, A
#Cx;cczc_vjC LP (o) Gog N fZF_”[V]Ile(f) ;  8v2 Po(Cie; R): (7.24)
X ,C X C

Ol

Vv

Proof. Owing to De nition 7.16, we have

v 1 X L X y 1 X v = X 1 Vie Vo) P
# Caie 2Cxc o 2Cx;c # Cxie 2Cx;c ¥ e @2Cx:c # Cue @2Cx:c 0 e
Hence, owing to Jensen formula, we infer that
1 X p 1 X X .
v - iVjc vjcojfp(c): (7.25)

Vi
J
#CX;C(PZCX;C L) # Ge @2 Cx;c 2Cx;c

Let us now consider a cyclic path : Ci.c ! Cy., Visiting at least once each sub-cell of
Ci.c and satisfying, for all c 2 Cy.c, int(C\ (¢)) Fx., meaning that two consecutive sub-
cells are(d 1)-connected in Fy.c. Denoting # Cy.c the cycle index integer de ned by

Id which is uniformly bounded owing to mesh regularity, we observe that for allc2 C,.,
c=1[f O(ji2 1, g Introducing now the length lco = minfj 2 1, j J(9 = Y
separating ¢ and c® along this path (in short 1), we infer that

p
p_ X p X P,
Vjc de) = Vj k 1(g) Vj k(o) [ Vj k 1(g Vj k(g
k=1 k=1
Hence, observing thatl ~ —= and that jv « 1q Vi ki = ifc 1k TIVIILs, Lo With

fu 1k = int( kK 1(c\ ¥(0), we infer, owing to mesh regularity, that

i i +1 P X +1 P X
Vi Vidteg 5 14 I NIMibg - 5 he  iMITeg:
f2Fx;C fZFx;C

Finally, collecting these bounds along with estimate (7.25) yields

0 1

1 X +1 1 L X
Vi : (# Ce)PhE @ jIvIiDe A
jc ; LP(f

#Cc @0y LP(c) 2 2Py ()

ol

\Y

The expected result then follows since# C, .. is bounded owing to mesh regularity and so is
as well. Note that the optimal situation corresponds to =# C,.c, meaning that the path visit
each sub-cell exactly once. In other words, it means that de nes a Hamiltonian path on the
graph de ned by the (d 1) connectivity between the sub-cells ofC; . O
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7.4. Reconstruction and approximation

7.4 Reconstruction and approximation

This section analyzes the reduction and the reconstruction maps used to derive and analyze
our schemes. These notions were rst introduced by the mimetic community, e.g., in the work
of Hyman & Scovel (1990), Bossavit (1998, 2000), or Arnoldet al. (2006). In this context, these
maps aim to discretize di erential forms as co-chains Hereafter, reduction and reconstruction
maps somehow extend to polyhedral meshes the classical notion of a nite element based on
the triplet fK;P; g introduced by Ciarlet (1978).

Reduction maps Rx reduce a continuous eld onto mesh entities of a mesh seK (corre-
sponding hereafter toV, E or V C) in order to de ne the nite-dimensional space X  R**
collecting degrees of freedom attached t& 2 X. Reconstruction mapsLx generate continuous
elds from a dof vector in X. Combining these two operators, we obtain the interpolation map
Ix = Lx Rx. The interpolation error is then of order m 2 N g if the reconstruction map Lx
is stable and if the reduction map Ry is the right inverse of Ly on the space of polynomials of
degree at mostm. We can then consider the extended nite element formalized by the triplet
X7 Lx;Rx 0.

The material of this section extends that presented by Bonelle (2014) since the analysis is
now performed in Lebesgue spaces of exponept2 [1;1 ) and not just in the Hilbert setting.
We also adopt a di erent point of view to emphasize the role of each of the two operatorfy and
Lx , especially regarding the regularity needed to obtain the convergence of the interpolation
error as the mesh size goes t0. Hereafter, we only consider low-order elements attached to
mesh vertices, mesh edges and mesh vertices-cells; other elements are available in the literature,
such as the face elements presented by Lemaire (2013) and by Di Pietro & Ern (2015), extending
to polyhedral meshes the Crouzeix-Raviart elements.

7.4.1 Piece-wise constant vertex reconstruction

Let ¢ 2 C and let V; denote the nite-dimensional space collecting degrees of freedom
attached to cell verticesv 2 V.. The reconstruction map on V. is denoted by Ly, : V¢ !
Po(Cv.c; R) and generates piece-wise constant polynomials on the partitior€, .c introduced in
Section 7.2.1. It is de ned hy

X
Lve (V)(X) = Wivie(X); 8v2Xc; 8x 2¢; (7.26)
V2V

where for all v 2 V¢, the piece-wise constant shape functiony.c 2 Po(C,.c; R) is given by
e, = vwo 8V02 Ve (7.27)
with .,0 the Kronecker symbol equal tolif v v®and O otherwise.

Remark 7.28 (General de nition) . From Bonelle et al. (2015), these shape functions are
obtained choosing =1 in the more general de nition ‘V;Cjc\,qc = ot %(1 ) for all
v;v02 V. where > O0is a stabilization parameter.

Stability. For all p2 [1;1 ), the local discrete p-norm on V. is de ned by

0 11
p

X
Vivep = @ jonciwiPA ;5 8v2Vq; (7.28)
V2V
with ¢,.c de ned by (7.4).
Proposition 7.29  (p-Stability) . Let p2 [1;1 ). Then,

8c2C; JVivep = Ibve(MiLe); 8v2 Ve (7.29)
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Proof. Owing to de nitions (7.27) and (7.28), it follows that

z x Z
iLveMif o = Ly, (i = ivilP = jvif
vav, Qe v2v, e
O
Consistency and interpolation error. Let us introduce the local reduction map Ry, :
WSP(c) 'V  with sp >d acting as follows:
8v2 Ve Ry (V)= v(xy); 8v2WSP(c): (7.30)

This reduction map is referred as the de Rham map orD-chains. The interpolation operator
resulting from the combination of Ly, with Ry, is dened by Iy, = Ly, Ry, : WSP(c) !

c

Proposition 7.30 (Pg-consistency) For all c2 C, Iy (U) = U for all U 2 Py(c; R).
Proof. This property readily follows from de nitions (7.30) and (7.26). O

Proposition 7.31  (Interpolation error) . Let p 2 (g; 1 ). Then, there existsG, > 0 such that
8c2C; jv IN.Mite Gu heiViwing + heiViwze : 8v2W3P(c):  (7.31)

Proof. Let c2 C and let v 2 W2P(c). First, let us prove that there is G, > 0 such that
JIReWivep G iViLe *+ NeiViwin g + hiiViwze (g (7.32)

To do so, let us consider the local edge-face based partitio@:.. de ned in Section 7.2.2
which is composed of tetrahedrac 2 Cer.c. Proceeding as for nite element proofs, we use the
reference tetrahedron and the continuous embeddingv?P(c) ! L1 (¢ for all p > % (see, e.g.,
(Ern & Guermond, 2004, Y1.5)) to infer that

jVjEl © hcd jVjEp(c) + hrc)jVj\F;\/l;p(c) + hgpjvj\evzzp(c) : (7.33)
The estimate (7.32) then follows since

- -p X . . . d x - .p
JReMivp = Jodiv(xv)i® . he 2Vt (g
v2V¢ 2Cer:c

owing to mesh regularity. Now, let V 2 Py(c; R). Observe that
vV Wiy TV Vi T ilve(V Viee 1V Vieee * TR(V  V)ivep;

using the triangle equality along with Propositions 7.29 and 7.30. Hence, combining this
estimate with (7.32) yields

iV WeMWite @+ Q)IV Vi + Ghdv Vi + Ghav - Viwze(:

Then, observing that V 2 Po(c;R) yields jv = Vjwip) = Viwie) and jv Viwepe) =
IViwzp ). We infer that

v eWiLe) - VZL?IC.R) kv VKioe) + NejViwie(g) + hngjWZ:p(c)3

The conclusion then follows using the polynomial approximation bound (7.21) withk = 0. O
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The interpolation error estimate (7.31) is not optimal since the regularity of v is over-
constrained by the regularity of the domain of the de Rham reduction map (7.30). To circum-
vent this di culty, we introduce the patch cell ¢ = [f €(v)j v 2 Vg with the dual cell €(v)
de ned by (7.16) for all v 2 V. and the reduction map Ry, : L1() ! V . acting as follows:
|

v ; 8v2Li@e): (7.34)

1 z

8v 2 V¢, Ry (V)i = ——
C Vc( )]V ]B(V)] e(v)

The interpolation map obtained with this reduction map is now denoted by *PVC = Ly, RVC :
L'@)! Po(CvciR).

Proposition 7.32  (Pg-consistency) For all c2 C, l'I\,C(U) = Ujc for all U 2 Po(€; R).
Proof. This property readily follows from de nitions (7.30) and (7.26). O
Proposition 7.33 (Interpolation error) . Let p2 [1;1 ). Then, there existsG, > 0 such that
8c2C; jv RMWitr GuheiViwing i 8v2 WHP(E): (7.35)
Proof. Let V 2 Py(€¢; R). Owing to the triangle inequality and Proposition 7.32, we infer that
iV R.Wie iV Viwg+ iR Vig:

Using the de nition (7.30) of hvc. we observe that for allw 2 LP(¢),

Z p . .

. . X 1 X o .- X .
R, (WP = G —— W S jwiP —jwjP ;

VP v TR ey JEWIPTTEIEM L e(vp 1L
where we have used thajc,.cj j €(v)j to infer the last inequality. Owing to Holder's inequality,
we also havejijl(e(V)) j ijp(e(V»jlepo(e(V)) = jwjfp(e(v»je(v)jp 1. Hence, recalling the
de nition of ¢, we infer that
thc(W)jV(:;p J WiLeey:

so that, using Proposition 7.29, it follows that
NV Vite = TRV Vivep iV Vileg:

As a result, jv lPk/c(v)ij(c) 2]lv. Vjire and the expected result is obtained with the
estimate (7.21) with r = 1 by replacing c by ¢ (observe that this estimate still holds up to a
di erent numerical constant). O

Remark 7.34 (Regularity). The benet of using hvc instead of Ry, is that the regularity of v
is now optimal. The price to pay is a slight loss of locality since the upper bound now involves
¢ instead of c.

7.4.2 Piece-wise a ne vertex-cell reconstruction

Hereafter, an extension of the classicaP;i-Lagrange nite element is proposed on polyhedral
meshes. Letc 2 C and let P, denote the nite-dimensional space collecting the scalar degrees
of freedom attachedv 2 V. and to c. The reconstruction map Lp, : Pc ! P1(Cec;R) \
C°(c) generates a piece-wise ane continuous polynomial on the sub-mesiC .. de ned in
Section 7.2.2. This operator is de ned as

X
Lp.(V)(X) = Ve e(X) + Wivie(X); 8v2Py¢; 8x 2 ¢ (7.36)
V2Vc
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Chp. 7. Analysis on polyhedral meshes

where the shape functions(("v:c)v2v.; ¢) sSpanP1(Cec;R)\C 9(c) and are de ned by

jfvﬁj ‘
ifi

X
8v2 Ve TveX):i= y(x)+
szv

(x); and “¢(x):= (xX); 8x 2c; (7.37)

with fys the inter-cell sub-face attached tov on f de ned by (7.6), and with the classical Courant
(or P1 Lagrange, or nodal, or hat) basis functions(( v)v2v.;( f)f2r.; ¢) on the simplicial sub-
mesh Ce .c.

Stability. For all p2 [1;1 ), the discrete p-norm on P is de ned by
0 1l
d X P
IVircp = hé @y P+ jwiPA (7.38)
v2V¢
Similarly to the de nitior|13(7.28) of Jj v.;p and owing to mesh regularity, an equivalent de nition
is JViepcp == jCivel +  yav, iCuciwiP P
Proposition 7.35 (p-Stability) . Let p2 [1;1 ). Then, there existG; G > 0 such that
8c2C; Givircp | Lpc(iLre) GIViecp; 8v2Pe (7.39)

Proof. Let c 2 C. Let us consider real numbers( y)v2v., ( f)i2r. and . Proceeding as in
the proof of (Ern & Guermond, 2004, Lemma 9.17), we infer from the spectral properties of the
mass matrix of P;-Lagrange nite elements and fr?m mesh regulgarity that there are uniform

constants0< G G, such that the function f =,y v v+ fF. ft+ ¢ cSatises

d

Gjdv hePif jo Gi v (7.40)

L P . P . O | .
wherej jo» = = oy, viP+ g2 J 1P+ ] (P ». Considering nowv 2 P, we observe that
0 1
X X ifi
LPC(V) = VV v + @ ] .V’.fJ
V2V f2Fe  v2Vq

WA £+ Ve o

owing to the de nition (7.27) of "y.c. Applying now the lower bound of (7.40) tof = Lp_(V),
we obtain the expected lower bound withG = G. Now, turning to the upper bound, we

observe that jfjvf}fj < l1sincefys f, so that the discrete Holder inequality yields

D 0 01 %0 1 0 1
X X if i X X if .ip0 P X X X
LTI @ Mi”a" @" A @uv ()P juPA

p
f2Fc v2Vi ifj f2Fc  v2Vq ifj v2V¢ f2F¢ v2V¢

Next, exchanging the summations leads to

p 0 1
X X ifoi X X
Fetly, MPP@ T @ A
f2Fc v2Vi I V2V f2Fy\ F¢
so that the expected upper bound holds with
0 0 1.1
X p
G=GCBl+max @ #V )PA X
V2Ve (R Fe
which is uniformly bounded owing to mesh regularity. O
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Consistency and interpolation error. Let us introduce the reduction mapRp, : W=P(c) !
P¢ with sp > d acting as follows:

8v2 Ve Rp.(V)jc = v(xc) and Rp (v)jy = v(xy); 8v2 W*SP(c) (7.41)

and let us de ne the interpolation operator Ip, = Lp, Rp, : W3P(C) ! P1(Cer:c;R) \C%c)

with sp >d.

C

Proposition 7.36  (P:i-consistency) For all c2 C, Ip.(U) = U for all U 2 P1(c;R).

Proof. Let ¢2 C and let U 2 Py(c;R) such that U(x) = a x + bwith (a;b 2 RY R for all
X 2 c. By de nition, we have

lp.(U)(X) = (@axy+ b ve(X)+(axc+ b e(x)
2y 1 0 1
X . . X . .
—a@ Xv vie(X)+ X¢ C(X)A + @ vie(X) + C(X)A b:
v2V¢ V2V

Using de nition (7.37) of the local shape functions "y.c and "¢, we observe that

0 1
X . . X X X jfv;fjA
vie(X) + “e(X) = )+ @ == (X)) + (X))
V2V V2V, f2Fc  v2Vi 1
jfv;fj —

P
Since vy, ii 1 owing to the star-shaped property, the partition of the unity satis ed by
the Courant basis functions yields

. . X X
vie(X)+ “c(x) = v(X)+ f(X)+ ¢(x) It
v2V¢ v2V¢ f2F¢

. . , . P o - " .
Similarly, recalling the identity . jfvfjxv = jfjx¢ from Proposition 7.14 and the linear
exactness of the Courant basis functions, it follows that

0 1
X i X X X i, A
Xy vie(X) + X¢ ¢(X) = Xy v(X)+ ifi XyA f(X)+ o(X)
v2V¢ V>2(VC f2F:  v2Vs J
= Xy v(X)+ Xt £(X)+ Xc o(X) X
v2V¢ f2Fc
whence the result. O

Proposition 7.37  (Interpolation error) . Let p 2 (%; 1 ). Then, there is G, > 0 such that
8c2C; jV lpc(WMiLe * Neiv  Ipc(Wiwie GuhiiViweney: 8v2W2P(c): (7.42)

Proof. We only sketch the proof since it follows the same ideas as those used to prove Propo-
sition 7.31. Letv 2 W?2P(c) and let c2 C. There is G > 0 such that

iRe.WMircp G iViLre * helViwro g + NaiViwzo (7.43)
Then, consideringV 2 P1(c; R) we infer that
v IpcMite) 1V Vie +ilpc(V Viee 1V Viwee * GIRP.(V Vipep
owing to Propositions 7.36 and 7.35. Then using (7.43), we obtain
iV Wit 1+ GGV Viie + GGhejv Viwie + GGGV Viwes(g:
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Moreover, still using Proposition 7.36 along with triangle inequality, we havejv  Ip (V)jy 1p (g
V. Viwwe © jlec (v V)jwe (©) SO that owing to the inverse inequality (7.23) and the iden-
tity (7.43), we infer that

Vo lpWiwte § VYV Viwiee * Guhe Klp (v V)kia(
iV Viwiee + Guhe'kv VKo + Guhetkv I (V)KLp (o)

Finally, combining these two bounds, using that jv = Vjwze) = jViwze and that V is
arbitrary in P(c; R) yields

iV le.(Witee t hdv  lp.(Miwie - _inf (v VKipy+ hV Viwie )+ hdjiViwes g
P2P1(c;R)
whence the result using the polynomial approximation bound (7.21) withk = 1. O]

7.4.3 Piece-wise constant edge reconstruction

Let ¢ 2 C and let K denote the nite-dimensional space collecting the scalar degrees of
freedom attachede 2 E.. Lg, denotes the edge-based reconstruction map frork:, generating
piece-wise constant polynomials on the sub-mesk:.;, de ned in Section 7.2.3. Lg, : E !
Po(Ce.c; RY) is such that

X
Le. (V)(x) := Ve ec(X); 8v2E; 8x2c; (7.44)
ezEc

where for all e 2 E¢, the shape function " ¢¢ 2 Po(Ce.c; RY) is de ned as

|
fe(€) e° fe(e)  fe(e) 0
- - — -+ ——= o0, 8€°2 Eg.; 7.45
diced  id  diced % c (7.45)

“edco, =

R
where g denotes the Kronecker symbol equals td if e = e%and 0 otherwise, fo(€) = () Nt ()
ande = _te. This reconstruction map corresponds to that proposed by Codecasat al. (2010)
in the context of the Discrete Geometric Approach (DGA).

Remark 7.38 (General de nition) . From Bonelle et al. (2015), these basis functions are
obtained choosing =1 in

|
!
Tﬁo r ffg) * ;C(ee)l e¢i 82 (7.46)
,C. )

“edco, =

where > 0is a free parameter related to the stabilization. Let us also mention that choosing
= dyields the so-called SUSHI-like edge-based reconstruction map devised by Eymatal.
(2010).

Stability. For all p2 [1;1 ), we de ne the discrete p-norm on the spacek; as

0 11

- X v PAT
Viep = @ e e ; 8v2E:: (7.47)
€2Ec

Proposition 7.39  (p-Stability) . Let p2 [1;1 ). Then, there existsG > 0 such that
8c2C; JViep J Le(WiLr@e GiViep 8v2Ec (7.48)
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Proof. Owing to the de nition (7.44) of Lg., we infer that

X
i i = i iP :
ILEc(V)]Lp(C) - - JVele + bele(ce;c)’
eZkc

where
e e X

A= o andbe= ec o2 Ve + eOZEcnf(\:geO\eo;C:

Recalling the identity djcecj = je f¢(e)j from Proposition 7.15, we observe that for alle;e°2 E.,
we have’ ¢c(X) el= eeo forall x 2 coc. Hence, we haveae be 00N G, SO that jVeae + Dej
jVe@ej and then

X X
ILe(Vile( iVe@ellni,y = IVelPi@ellp (e
e2Ec e2Ec

Hence, the expected lower bound follows observing tha‘taejfp(%_c) = G Now, turning to
the upper bound, the discrete Holder inequality yields ’

X
jLEc(V)jEp(C) (HE ¢)P ! jVejpj‘e;chp(C):

e2Ec
Sincej‘e;cjfp(c) j Cii el () We infer that j‘e;cjf,,(C) Q#HE )* pjfgj?;j where the constant
0 1 1
1 ic Pl
=#E ! "max@ L . A -
G =(#E o)° » max g ol edi "

is uniformly bounded owing to mesh regularity. The expected upper bound thus holds. Specif-
ically, a calculation shows that

N[

ife(e)i id < ifc(e)i 1
: — —— and o — 1+ ;
% g diced eelaoe g o (ted; Ny (go))
leading to
! 8 ! 119
e jejitc(e)i ici 1 =T
o K — max —— ; _max 1+ ;
19 eclLt @ ici © diCee] ' e%Ec; ee CoL(teoi Ny g0)
where (teo; nfc(eo)) denotes the angle de ned by these two vector. O
Consistency and interpolation error. Let us now introduce the de Rham reduction map
Re, : WSP(c) 'E . with sp>d 1 on mesh edges acting as
z
8e2 E¢; R (V)= J; ve 8v2WS>3P(c): (7.49)
e

De ne the interpolation map Ig, = Lg, Rg, : W SP(c) ! Po(Ceic;RY) with sp>d 1.
Proposition 7.40  (Po-consistency) For all c2 C, Ig,(U) = U for all U 2 Po(c; RY).

Proof. Let U 2 Py(c;RY) and let x 2 o with €°2 E.. Owing to the de nition (7.49) of Rg,,

it follows that
0 1

X X X
le.(U)(X) = Re. (U )je‘ ec(X) = (U €) gclx) = @ “ec(X) eA U:
e2E¢ e2E. e2E¢

P
Then, owing to the identity 2E, € fe(e) = jc from Proposition 7.21 and proceeding as
in Bonelle (2014), we infer that e "ec(X) €= Id, whence the result. O
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In order to estimate the interpolation error of Ig, let us prove that the domain of the

reduction map (7.49) can also be de ned for allp 2 (%; 2lasfv2 WLP(c)jr v2L 327pp(c)g
(note that 28 2 (2;4]if p2 (3;2).

|
Proposition 7.41. Let p 2 %;2 and let c 2 C. Then, for all v 2 W YP(c) such that

2 .
r v2L3r(c), there existsG > 0 such that
|
3p_1) '

JREWiep Ghe he® jr vj 2 + Vit (7.50)

L3 P(c)

Proof. Let c2 C and lete2 E.. Let f 2 Fc\ Fe and denotec 2 C.c the simplex associated
with (e;f) (see de nition (7.8)) and f = @\ f.

Let g > 2 and denoted?its conjugate number. We denote' ¢ g the characteristic function of
eon @. Sinceqd=(q 1) !< 1by assumption, the zero extension of ¢g to @ satis es (with
the same notation) ' eg 2 Wa(@). Let ' of denote the lifting from W& (@) to WLe(f).
Next, extending ' ¢f to @, we obtain' ¢g 2 W%;qo(@) (by the same arguments) and we nally
denote’ ¢ the lifting of ' ¢g from W%;qo(@) to WL4°(c). Owing to mesh regularity (using the
reference tetrahedron) and the surjectivity of trace maps, we infer that

jl e;fle;qO(f) . hcq and j' e;CjW]';qo(C) . hg th (751)

R
Denoting Te = jg * oV € and following Amrouche et al. (1998), we obtain
4 Z
Te= (r Vv)r'ect f(V ner ¢ ef

wherer ¢ denotes the tangential gradient onf. Owing to Holder's inequality, it follows that
iTej Jr ViLal' e;cjwl:qo(c) + V. NejLamer )]’ e;fjwl;qo(f) ;

so that, using the estimates (7.51), we infer that

2 g9 1
iTei . he®™ jr ViLaghd + v nejLag

Now, recalling the continuous trace erlnbeddingW LP(g) | LY(f) with q = sz—r’p (see Adams
(1975)) satisfyingq > 2 for all p2 3;2 , we obtain

|
2p 3 3(p 1)

T b % : i :
jTej . hc he = jr V]L%(C) + Viwue gy
where we have used the identities} = 252, 2% = 23 and the inclusionc ¢ owing to

the star-shaped property. As a result, owing to the de nition of Rg, and using mesh regularity,
the expected result follows from the estimate
0 1. I
P 3p_ 1) '

X 1 . . .
JIREMW)iep. @3 P [TPA . he(HE )P he™ jr Vi = +jViyieg

e2Ec L3 7P()
O

Combining Proposition 7.41 with the stability of Lg, from Proposition 7.39, we now estimate
the interpolation error jv  Ig (V)jLr()-
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7.4. Reconstruction and approximation

|
Proposition 7.42  (Interpolation error) . Let p 2 %;2 and letc 2 C. Then, for all v 2

2
W YP(c) such thatr v 2 L ﬁ(c), there exists G, > 0 such that
|
3p_1) '

v IEc(V)ij(c) Guhe he » rovi 2 +jVjW1;p(c) . (7.52)

L3 P(0)

Proof. Let ¢ 2 C and let v satisfy the assumptions of the proposition. Owing to Proposi-
tion 7.40 and the triangle inequality, we infer that jv  Ig.(V)jir) § V  VivLe +ile(V
V)jLr for all V. 2 Po(c; RY). Then, recalling the de nition of Ig, and using successively

Propositions 7.41 and 7.39, the second term on the right-hand side is bounded as follows:
|
3p_1) '

eV Viee GiRa(V Wiep GGNe he™ it Vi zm + Mg

sinceV is piece-wise constant orc. Finally, the expected result follows from (7.21) withr =0
andq=3. O

The above estimate holds only for smooth functions, and is false e.g., for functions in
H () . Similarly to Section 7.4.1, solutions that are not smooth enough to be reduced by
the de Rham map are handled using the reduction mafRe, : L1(€) ! E . with the patch cell
€= [f c; e2 Ecgwith e = [f Cc; €2 Ceg, acting as follows:
17 .
8e2 Ec; Re (V)= — ve 8v2LYe): (7.53)
G
The interpolation map is now denoted by®z. = L, Rg, :L(€) ! Po(Cec; RY).
Proposition 7.43 (Pg-consistency) For all c2 C, lPEC(U) = Ujc for all U 2 Po(€; RY).
Proof. Similar to the proof of Proposition 7.40. O

Proposition 7.44  (Interpolation errors). Let p2 [1;1 ). Then, there existsG, > 0 such that

8c2C; jv Pe(Witre G NeiViying: 8v2WHP(@): (7.54)

Proof. Let c2 C and let v 2 W 1P(@) with p 2 [1;1 ). Owing to the triangle inequality and
Proposition 7.43, we infer that

iV P WMite iV Vil *ife(v Viee
for V 2 Py(¢; RY). In addition, we observe that, for all w 2 LP(¢),

L 7 o
JCe,CJ 1 p X JCE‘,CJ . D X ) L
we, 1897 1G] e 2, JCerl TS e, ICIP Wl 1(q)

iRe.(W)iE , =

where we have used thatjcecj | G to infer the last inequality. Owing to Hoélder inequal-
ity, it follows that joEl(%) j WjEp(Ce)jlepo(%) with jl]Epo(Ce) = jcjP 1, so that we obtain

i REC(;v)_j Ec;p i wj[’p(c) . Combining this estimate with the upper bound from Proposition 7.39,
we obtain

Pe(v Vi GiRe(v Vdiep Giv Viirg:
Hence,

v RMive @G it v Vie;

and the expected result follows from Corollary 7.24 withk = 1, q = d and replacing c with ¢
(still valid up to a di erent numerical constant). O
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Chapter 8

Conclusions et perspectives

Les travaux menés dans cette thése ont permis d'étendre l'analyse au niveau continu des
problémes d'advection-réaction scalaire et vectoriel, de proposer de nouveaux schémas sur
maillages polyédriques approchant la solution de ces problémes et d'étendre leur analyse en
présence de di usion et/ou pour des tenseurs de Friedrichs a valeurs nulles ou négatives.

Dans un premier temps, nous avons étudié au niveau continu ces problémes dans le cadre
des systemes de Friedrichs. Cette analyse a permis d'établir la bonne position des problemes
d'advection-réaction scalaire et vectoriel dans les espaces du graphe associés aux espaces de
Banach LP pour des exposant 2 (1;2] et pour des tenseurs de Friedrichs prenant des valeurs
positives, nulles ou raisonnablement négatives. Cette analyse a également permis de prouver
I'unicité de la solution faible dans le casp 2 (1;1 ), la encore pour des tenseurs de Friedrichs
positifs, nuls ou raisonnablement négatifs.

En paralléle de ces travaux, hous avons proposé dans cette thése plusieurs nouveaux schémas
approchant la solution des problémes de transport scalaire et vectoriel en prenant inspiration
des méthodes CDO, mais également des méthodes plus "classiques”, comme la méthode des
éléments nis stabilisés, la méthode de Galerkine discontinue ou la méthode des volumes nis.

Tout d'abord, nous avons proposé deux schémas permettant d'approcher la solution du
probleme d'advection-réaction scalaire utlllsant desé degrés de liberté associés aux sommets
d'un maillage, avec une précision erO(hZ) et O(h2), respectivement. Le premier schéma,
assimilable a un schéma volumes nis sur les cellules duales attachées aux sommets, a permis
d'identi er d'une part une nouvelle structure géométrique en introduisant la notion d'opérateurs
de contraction discrets et d'autre part d'étendre I'analyse discréte dans le cas ou le tenseur de
Friedrichs prend des valeurs nulles. Le second schéma est nouveau et ouvre de notre point
de vue de nouvelles perspectives quant a I'amélioration de la précision du schéma upwind sur
maillages polyédriques.

Concernant le probléme de di usion-advection-réaction scalaire, nous avons proposé deux
nouveaux schémas utilisant des degrés de liberté associés aux sommets du maillage. Le premier
schéma traite de maniére robuste le régime de I'écouelement en fonction du nombre de Péclet.
Pour des tenseurs de Friedrichs a valeurs positives ou nulles, ce schéma est précis a l'ordre

(hz+s) avecs = 0 si les e ets advectifs sont dominants ets = 35 SI les e ets di usifs sont
domlnants Le second schéma permet quant a lui d'améliorer la preC|S|on du schéma a l'ordre
O(h2) lorsque les e ets advectifs sont dominants.

En n, nous avons également proposé un nouveau schéma pour le probleme d'advection-
réaction vectoriel. Ce schéma considére un seul degré de liberté scalalre associé a chaque aréte
du maillage et permet d'approcher la solution de ce probleme a I ordr@(hZ) lorsque le tenseur
de Friedrichs prend des valeurs positives, nulles ou raisonnablement négatives.

Rappelons que les briques élémentaires a partir desquelles ces schémas sont construits et
analysés correspondent aux opérateurs de réduction et de reconstruction, dont nous avons
étendu l'analyse dans le cadre des espaces de Banach. Ces opérateurs étendent aux maillages
polyédriques la vision o erte par la méthode des éléments nis.
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Chp. 8. Conclusions et perspectives

Pour nir, soulignons que tous les schémas mentionnés ci-dessus ont été implémentés dans
un prototype de Code_Saturnet que les résultats numériques obtenus sur les di érents mail-
lages polyédriques tridimensionnels ont permis d'illustrer les résultats théoriques et de mesurer
I'impact de la qualité du maillage sur di érents cas tests.

Plusieurs développements complémentaires de nature mathématique et numérique ont été
identi és au cours de cette these. Tout d'abord, en ce qui concerne l'analyse proposée dans le
Chapitre 2, il reste a etablir la surjectivité de la trace des espaces du graph¥ .,() dans les
espaced P(j nj;@ dans le cas général des espaces de Banach. Ce résultat est important
puisqu'il permet d'étendre notre analyse pour des données au bord de Dirichlet non-homogénes.

Dans le Chapitre 3, nous avons identi & dans le cas scalaire deux opérateurs de contraction
discrets. Dans le cas du probléme vectoriel, ces opérateurs n'ont pu étre identi és de telle
maniére a préserver au niveau discret les relations de nilpotence que l'opérateur de contraction
véri e au niveau continu. Le paralléle avec les relations de nilpotence véri ées par les opérateurs
di érentiels CDO (voir Proposition 3.11 de Bonelle (2014)) semble indiquer qu'il existe une
granularité (ne correspondant par forcément a la dérivée de Lie) permettant d'exhiber une
structure topologigue des opérateurs de contraction discrets.

Dans le Chapitre 5, une extension du schéma (5.41) pourra étre envisagée an de traiter
de maniére robuste la transition entre la di usion et 'advection. A partir du schéma proposé
dans la Section 4.3, cette extension consiste selon nous a déterminer une pondération de la
forme linéaire de stabilisations en fonction du nombre de Péclet. Une seconde amélioration
de ce schéma consiste a traiter symétriquement les conditions a la limite dans le but d'étendre
le Théoréme 4.1 de Bonelle & Ern (2014a) a n d'obtenir une estimationa priori de l'erreur en
norme L? & l'ordre 2, correspondant & ce qui est observé numériqguement. En n, une derniére
amélioration que nous avons identi ée concerne I'analyse dans le cas ou le tenseur de Friedrichs
prend des valeurs nulles ou négatives. Observant que cette hypothése peut étre traitée dans
le cadre des méthodes de Galerkine discontinues (voir Ayuso & Marini (2009)), cette situation
nous semble envisageable dans le cadre des méthodes CIP s'il est possible de fournir une
estimation a priori en normeL? de la solution & l'ordre % sans contr6le de la dérivée advective.

Dans le Chapitre 6, le stencil du schéma que nous proposons pour le probléme d'advection-
réaction vectoriel est assez étendu, du fait de la pénalisation du saut a travers toutes les faces des
sous-diamants. Plusieurs pistes sont envisageables a n de réduire ce stencil, notamment en con-
sidérant d'autres fonctions de reconstruction considérant moins de degrés de liberté scalaires
associés aux arétes du maillage. Il est par exemple possible de proposer une reconstruction
n'utilisant que l'information portée par trois arétes non-coplanaires a n de reconstruire locale-
ment des fonctions constantes par morceaux a valeurs darR3. Cependant, dans le cas des
maillages non-conformes, cette approche n'est a I'heure actuelle pas trés claire du fait de la
présence d'hyperplans contenant plusieurs faces. Une autre alternative permettant de réduire
le stencil, inspirée du schéma proposé dans le Chapitre 5, consiste a introduire des degrés de
liberté arétes supplémentaires, qui soient condensables statiquement, dans le but de ne pas
pénaliser le saut de la solution entre les cellules du maillage. La di culté réside alors dans
l'analyse du probleme discret, dont la stabilité repose dorénavant sur une condition inf-sup
utilisant les bulles associées aux arétes portant ces degrés de liberté supplémentaires.

A partir de l'analyse proposée dans le Chapitre 2, il semble également intéressant d'étendre
I'analyse du probléme de Oseen proposée par Amrouche & Raza son (2007) et Amroucle¢ al.
(2011) permettant de prouver I'existence de solutions faibles et tres faibles pour des nombres
de Reynolds élevés. En ce qui concerne l'approximation du probléme de Oseen utilisant des
degrés de liberté associés aux sommets (pour la pression) et aux arétes du maillage (pour
la vitesse), la réduction du stencil du schéma proposé dans le Chapitre 6 est a notre avis
importante avant de le coupler avec le schéma CDO proposé par Bonelle & Ern (2014b) pour le
probléme de Stokes. Notons qu'une approche pragmatique permettant d'approcher la solution
du probléme de Oseen consiste a utiliser composante par composante le schéma proposé dans
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le Chapitre 5 en adaptant le traitement faible des conditions limites, notamment a partir des
travaux de Burman et al. (2006).

Finalement, signalons que des travaux sont actuellement en cours concernant une approxi-
mation du probléme d'advection-réaction scalaire instationnaire préservant le principe du max-
imum au niveau discret sur maillages polyédriques. A partir des travaux Burman & Ern (2005),
I'approche que nous avons retenu consiste a introduire un terme de di usion non-linéaire arti-
cielle dans les zones ou la solution varie fortement.
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Appendix A

Additional numerical results on
Kershaw mesh sequences

In this appendix, we collect the numerical results for the test cases 1 (see Section 3.3.2), 2
(see Section 3.3.3) and 3 (see Section 4.4.1) on ti&ershaw mesh sequence. This sequence is
composed of distorted hexahedral meshes, as observed in Figure A.1.

Figure A.1 Two elements of the Kershawmesh sequence.

This sequence is treated separately from the others since it only illustrates the robustness
of our schemes with respect to mesh quality criteria. Indeed, this mesh sequence is not really
suited to study the convergence of a scheme since it does not exactly satisfy the mesh regularity
assumptionsM (see Section 7.1.3) and it does not have constant mesh regularity criteria. In
particular, we observe that the aspect ratio of the barycentric subdivision (see de nition (A.2)
in Bonelle (2014)) decreases as the mesh size goestto

Hereafter, we collect the numerical results obtained on this mesh sequence, along with the
numerical results obtained onHand CBmesh sequences for comparison purposes. We use the
same labels as those de ned in the previous chapters for these latter sequences, and we use the
labels —— and -+-- for the Kershawmesh sequence.
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Chp. A. Additional numerical results on Kershawmesh sequences

Test case 1. Rotating advective eld

Eryv(u) on H CBand Ker mesh sequences.
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Computational e ciency.
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Figure A.2 Numerical error Ery(u) with respect to #V and the computational cost Cowhen

=5 (plain lines) and

Erv(u) on H CBand Ker mesh sequences.
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= 0:5 (dashed lines) for the scheme (3.21).

Computational e ciency.
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Figure A.3 Numerical error Ery(u) with respect to #V and the computational cost Cowhen
=5 (plain lines) and = 0:5 (dashed lines) for the scheme (5.16).

(3.21), =5 (3.21), =0:5]| (5.16), =5 (5.16), =05

Min Max | Min Max Min Max Min Max
Y Y Y Y 21% 6.9% Y 20.8%
Y Y Y Y 79% 7.6% | 18.4% 13.3%
Y Y Y Y 1.8% 1.3% | 4.9% 2.1%
Y Y Y Y 0.2% 0.2% | 0.3% 0.3%

Table A.1 Discrete minimum and maximum principle on the
schemes (3.21) and (5.16) with =0:5and =5.

Kershawmesh sequence for the
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Test case 2. Sharp internal layer

Ery(u) on H CBand Ker mesh sequences. Computational e ciency.
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Figure A.4 Numerical error Ery(u) with respect to #V and the computational cost Cofor
the scheme (3.21).

Erv(u) on H CBand Ker mesh sequences. Computational e ciency.
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Figure A5 Numerical error Ery(u) with respect to #V and the computational cost Co for
the scheme (5.16).

(3.21) (5.16)

Min  Max Min Max
Y 21.8%| 35.3% 120.5%
Y 26.0%| 15.3% 47.6%
Y 328%| 0.8% 26.6%
Y 30.6% Y 10.5%

Table A.2 Discrete minimum and maximum principle on the Kershawmesh sequence for the
schemes (3.21) and (5.16).
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Chp. A. Additional numerical results on Kershawmesh sequences

Test case 3. Anisotropic di usion tensor and rotating advective
eld

Erv(u) on H CBand Ker mesh sequences. Computational e ciency.
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Figure A.6 Numerical error Ery(u) with respect to #V and the computational cost Co for
the scheme (4.34) using full-upwinding (dashed lines) and Sharfetter-Gummel upwinding (plain
lines).

Erv(u) on H CBand Ker mesh sequences. Computational e ciency
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Figure A.7 Test case 3. Numerical error Er y(u) with respect to #V and the computational
cost Cofor the discrete problems (5.41).
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