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Résumé

Dans cette these, nous étudions I’équation de Landau-Lifshitz avec une anisotropie planaire en dimen-
sion un. Cette équation décrit la dynamique de I'aimantation dans des matériaux ferromagnétiques.
Elle admet des solutions particulieres de type onde progressive appelées solitons.

D’abord, nous montrons la stabilité asymptotique des solitons de vitesse non nulle appelés
solitons sombres dans 'espace d’énergie. Plus précisément, nous prouvons que toute solution
correspondant a une donnée initiale proche du soliton de vitesse non nulle, converge faiblement
dans l'espace d’énergie en temps long, vers un soliton de vitesse non nulle, sous les invariances
géométriques de I'équation. Notre analyse repose sur les idées développées par Martel et Merle pour
les équations de Korteweg-de Vries généralisées. Nous utilisons la transformée de Madelung pour
étudier le probleme dans le cadre hydrodynamique. Nous invoquons ensuite la stabilité orbitale
des solitons et la continuité faible du flot afin de construire le profil limite. Nous établissons de
plus une formule de monotonie pour le moment, ce qui nous permet d’avoir la localisation du profil
limite. Sa régularité et sa décroissance exponentielle découlent d’un résultat de régularité pour les
solutions localisées des équations de Schrodinger. Nous finissons la preuve par un théoreme de type
Liouville, qui nous indique que seuls les solitons vérifient ces propriétés dans leurs voisinages.

Nous nous intéressons également a la stabilité asymptotique d’une superposition de plusieurs
solitons appelées multi-solitons. Les solitons de vitesse non nulle sont ordonnés selon leurs vitesses
et sont initialement bien séparés. Nous démontrons la stabilité asymptotique autour et entre les
solitons. Plus précisément, nous montrons que pour une donnée initiale proche de la somme de N
solitons sombres, la solution correspondante converge faiblement vers un des solitons de la somme,
quand elle est translatée au niveau du centre de ce soliton, et converge faiblement vers zéro quand
elle est translatée entre les solitons.



Abstract

In this thesis, we study the one-dimensional Landau-Lifshitz equation with an easy-plane aniso-tropy.
This equation describes the dynamics of the magnetization in a ferromagnetic material. It owns
travelling-wave solutions called solitons.

We begin by proving the asymptotic stability in the energy space of non-zero speed solitons
More precisely, we show that any solution corresponding to an initial datum close to a soliton with
non-zero speed, is weakly convergent in the energy space as time goes to infinity, to a soliton with
a possible different non-zero speed, up to the geometric invariances of the equation. Our analysis
relies on the ideas developed by Martel and Merle for the generalized Korteweg-de Vries equations.
We use the Madelung transform to study the problem in the hydrodynamical framework. In this
framework, we rely on the orbital stability of the solitons and the weak continuity of the flow
in order to construct a limit profile. We next derive a monotonicity formula for the momentum,
which gives the localization of the limit profile. Its smoothness and exponential decay then follow
from a smoothing result for the localized solutions of the Schrodinger equations. Finally, we
prove a Liouville type theorem, which shows that only the solitons enjoy these properties in their
neighbourhoods.

We also establish the asymptotic stability of multi-solitons. The solitons have non-zero speed,
are ordered according to their speeds and have sufficiently separated initial positions. We provide
the asymptotic stability around solitons and between solitons. More precisely, we show that for an
initial datum close to a sum of N dark solitons, the corresponding solution converges weakly to one
of the solitons in the sum, when it is translated to the centre of this soliton, and converges weakly
to zero when it is translated between solitons.



Chapitre 1

Introduction.



1.1 Motivation physique

Dans un matériau ferromagnétique, les spins atomiques interagissent entre eux contrairement aux
atomes d’un matériau paramagnétique qui n’interagissent qu’avec un champ magnétique extérieur.
Plus précisément, chaque spin essaie d’aligner les autres spins dans sa direction propre. La mécanique
quantique analyse ce phénomene comme un échange d’énergie entre les spins. L’interaction d’échange
est décrite par le Hamiltonien d’échange de Heisenberg, qui est donné par

1
H - — = E Ji,jSi . Sj.
2 =
i#j

Dans cette expression, S; est 'opérateur de spin pour la ieme particule du réseau cristallin considéré
et J;; désigne 'intégrale d’échange. Le cas i = j est exclu car les spins n’interagissent pas sur
eux-mémes. Dans le cas d’'un matériau ferromagnétique, les nombres J; ; sont strictement positifs.

La dynamique des spins en présence d'un champ magnétique est donnée par 1’équation du
mouvement

hatSz = —2[,6()SZ X Heff, (]_].].)

ou h est la constante de Planck et pg est le magnéton de Bohr. Le champ magnétique effectif Hog
correspond a l'interaction des spins. Il s’écrit sous la forme

2
MW= %ZSZ-O-HQH, (1.1.2)
10
o > 1 OH
Ko 77k k k
S Hly = = Z (TiivioSEriy + Jii-ioStosg) = 55, k=1,23, (1.1.3)

et S; = (S}, 5% 53). Ces équations conduisent a une description macroscopique du matériau
ferromagnétique dans un régime de type ondes longues (16,27, 33].

En 1935, Landau et Lifshitz [34] ont établi que le vecteur m de magnétisation, qui correspond &
I'opérateur de spin S; dans le cadre atomique, est solution de I’équation

2
om = —%m X Heg —ym X (m X Heg), m(z,t) € S? (1.1.4)
ol 7 est la constante de relaxation qui caractérise 'amortissement du mouvement du vecteur m. Le
champ magnétique effectif H.g correspond a la dérivée variationnelle de I’énergie magnétique par

rapport a m
oE

Heff - 5m
L’équation de Landau-Lifshitz rend par exemple compte de la magnétisation d’une chaine
CsNiF3 [23,35,56] (Fluorure de Nickel(II)-Césium) en dimension un, d'une plaque ferromagnétique
en dimension deux et des matériaux ferromagnétiques plus généraux en dimension trois.

Dans la suite, nous nous intéressons au cas non amorti, c¢’est-a-dire au cas ou v = 0, et nous
nous restreignons a 1’énergie

E(m) = ;/R [|Vm(x,t)]2 - )xmg(x,t)}dx.

Le champ magnétique effectif associé est donné par I'expression

Heﬂ‘ =Am + /\77’1363,



ou ez = (0,0,1) et A € R. Le parametre A rend compte de I'anisotropie du matériau. Dans le cas
d’anisotropie planaire, A est strictement négatif. Le cas A > 0 correspond a une anisotropie axiale.
Dans le cas isotrope, i.e. A = 0, le probleme se réduit a ’équation des Schrodinger maps.

Dans la suite, nous nous placons dans le cas d’anisotropie planaire. Quitte a changer d’échelle,
nous pouvons supposer que A = —1. L’équation s’écrit alors de la fagon suivante

oym +m x (Am —mge3) =0, (LL)

pour une application m = (my, my, m3) : R x RY — S2. Cette équation est dispersive. La relation
de dispersion de I’équation linearisée autour de la solution constante (1,0,0) est donnée par la
formule

w(k)® = |k + |k
Les vitesses de groupe correspondantes sont égales a
2|k]? +1
A1

NI

La norme de la vitesse ¥, est toujours supérieure a la vitesse du son ¢, = 1 [18].

Comme les équations de Schrodinger, 1’équation de Landau-Lifshitz possede une forme hy-
drodynamique qui s’obtient par des changements de variables analogues a la transformation de
Madelung [38].

La terminologie hydrodynamique vient du fait que 1’équation ressemble alors a 1’équation
d’Euler pour un fluide irrotationnel. Sur le plan mathématique, ce cadre permet de s’abstreindre
des propriétés géométriques compliquées de ’équation et de se ramener a un systeme d’équations
proches de I'équation de Korteweg-de Vries. Cette proximité permet d’espérer étendre les nombreux
résultats de stabilité asymptotique pour cette derniere équation, qu’ont démontré Martel et Merle
[41-45,47,51].

Soit m une solution de I’équation de Landau-Lifshitz d’énergie finie, ¢’est-a-dire qui appartient
a l'espace

V,(k) == Vw(k) =+

E(R) := {U 'R — $? t.q. v € L*(R) et vs € LQ(R)}.

Puisque la fonction my appartient & H'(R), il résulte du théoréme d’injection de Sobolev que
I’application m := my + ims satisfait

rn()] = (1= mi(z))? — 1,
quand x — +o00o. Dans les variables m et mgz, I’équation de Landau-Lifshitz s’écrit
{ Zaﬂ’h - mgazx’l’h + Thaxxmg - mmg = O,

dyms + a$<¢m, axm>c =0.

Quand la fonction m ne s’annule pas, elle se reléve sous la forme m = (1 — m2)Y2expiyp. Les
variables hydrodynamiques v := mj3 et w := 0, vérifient le systeme suivant

o = 0, ((v? = D),

B Oy ¥ (0v)? )
ow = 896(1 — . +v(1 )2 —I—v(w — 1))

Dans ces nouvelles variables, I’énergie de Landau-Lifshitz est donnée par

E(v) ::/Re(n) - ;/R (1(11); 4 (1—v2)w2+v2>, (1.1.5)

2

(HLL)




ou v := (v, w) est le couple hydrodynamique associé a m. Le moment P est défini par

P(v) == /va. (1.1.6)

Ces deux fonctionnelles sont conservées par le flot de ’équation. Elles jouent un réle important
dans I'analyse des solitons. Notons que I'espace d’énergie est donné dans le cadre hydrodynamique
par ’ensemble

NV(R) = {n = (v,w) € H(R) x L*(R), t.q. max o] < 1},

et qu’il est possible de le munir de la structure métrique associée a la norme

2
oz i= (ol + fll2) "

1.2 Etat de ’art mathématique

Nous commencons par rappeler les principaux résultats mathématiques quant a I’équation de
Landau-Lifschitz, que ce soit dans les cadres anisotropes, ou dans le cadre isotrope. Nous présentons
les résultats d’une part sur le probleme de Cauchy, et d’autre part, sur les propriétés des solitons
pour les cas d’anisotropie.

1.2.1 Au sujet du probléeme de Cauchy
Le cas isotrope : I’équation des Schrodinger maps

L’équation des Schrodinger maps est définie par

Op = ¢ x A R? x R
t¢ ¢ gb sur ) (121)

¢(0) = ¢07
oud>1et¢:RIx R —S? — R3. Cette équation généralise celle de Schrédinger dans un cadre
géométrique. Différents travaux ont cherché a établir I’existence et 'unicité des solutions. Sulem,
Sulem et Bardos [61] ont d’abord construit des solutions faibles.

Théoréme 1.2.1 ( [61]). Soit ¢ : RN — S* avec V¢° € L*(RY). Il existe une solution faible ¢ de
(1.2.1) pour la donnée initiale ¢° telle que ¢ € L=¥(R,, H'(RY)).

Dans le méme papier, ils ont montré 'existence locale des solutions fortes dans des espaces de
Sobolev tres réguliers.

Théoréme 1.2.2. Soit k> 1+ 5 et ¢g : RY — S? avec V¢® € H*(RYN). 1l existe un nombre
T > 0 et une unique solution ¢ de (1.2.1) pour la donnée initiale ¢° tels que
V¢ € L>([0,T), H*(RY)).

Chang, Shatah et Uhlenbeck [10] ont montré l'existence globale et I'unicité en dimensions un

et deux pour des solutions moins régulieres, soit telles que la donnée initiale vérifie seulement
Voo e H ! (RN)

Théoréme 1.2.3 ( [10]). Soit N = 1,2 et ¢° € H*(RY). Il existe une unique solution globale
¢ € C(R, H*(RN)) N LY R, W2*°(RY)) de (1.2.1) pour la donnée initiale ¢°.



Bejenaru, lonescu, Kenig et Tataru [3] ont étudié le probleme de Cauchy en toute dimension
dans le cas critique pour des données initiales petites. Plus précisément, ils introduisent, pour tout
o > 0, 'espace métrique

Hy={f:R"=R*:|f(z)|=1pp.et f-Q€H}, (1.2.2)

ol Q € §?, qu'ils munissent de la distance induite d3(f, g) := ||f — gl/g-. Ils considerent également
les espaces métriques
H> = (] H et HY = ﬂHg?,
oceN oceN
munis des distances induites canoniques.
Le théoreme suivant résume leurs résultats d’existence et d’unicité des solutions régulieres.

Théoréme 1.2.4 ( [3]). Soit d > 2 et Q € S?. I existe un réel o(d) > 0 tel que pour toute
fonction ¢y € HE avec ||¢po — Qllgaz < eo(d), I'équation (1.2.1) admet une unique solution
¢ = Sq(¢o) € C(R, HZ) pour la donnée initiale ¢o. De plus, cette solution satisfait

sup [¢(t) = Qll a2 < Clldo = Qlljgarz: (1.2.3)
€
et pour tout T'> 0 et 0 € N,
sup |[|o(t)]lug < C(o, T, 1]l 1g), (1.2.4)
te[-T,T)

ot ||¢||ng = dj(9, Q).

Ils ont aussi établi que le probleme est bien posé dans l’ensemble BZ, lequel est défini pour
o > d/2 et e suffisamment petit par

“dj2—1 7
BZ={¢p € HY* "N H": |6 — Qllgar < c}.
Cet espace est muni de la distance induite par I'espace Hg/ *'nAH 7 ou H & est défini par
ng{f:Rd%R?’:f—QEHU, et |f| =1 p.p. dans R?}.
Le théoreme suivant présente leur résultat de propagation de la régularité des solutions.

Théoréme 1.2.5 ( [3]). Soit d > 2, Q € S* et o1 > d/2. Il existe un réel eo(d, 01) > 0 tel que
pour tout ¢o € HeY vérifiant ||¢o — Q|| a2 < €0(d, 01), la solution globale ¢ = Sg(¢o) € C(R, HY)
construite dans le Théoréeme 1.2.4 satisfait

Sup lo(t) — Qllue < Collpo — Qllue,  d/2 <o <oy. (1.2.5)

De plus, pour tout o € [d/2,01] lopérateur Sg admet une extension continue

S+ B gy — C(R,HT N HY).

Ces résultats reposent sur des transformations de jauges. La jauge calorique est introduite puis
son flot thermique est analysé. Ensuite, en écrivant les premiere dérivées de la solution ¢ dans un
nouveau repere contenant ¢ et deux fonctions repérant I’espace tangent a la sphere, on obtient
N équations de type NLS non homogene. Dans ce cadre, les estimées de Strichartz suffisent pour
obtenir le résultat.



Le cas anisotrope : 1’équation de Landau-Lifshitz

De Laire et Gravejat [19] ont analysé le probleme de Cauchy en dimension un dans le cadre
hydrodynamique. Leur théoréeme d’existence et unicité dans ce cadre s’énonce de la facon suivante.

Théoréme 1.2.6 ( [19]). Soit v° = (v°, w") € NV(R).

(i) Il existe un nombre positif Thyax et une unique solution v = (v,w) € C([0, Thax), NV(R)), d
(HLL) pour la donnée initiale v° tels qu’il existe des solutions réguliéres v, € C*(R x [0,T]) d
(HLL) qui satisfont

€
€

v, — v dans C°([0, T], NV(R)), (1.2.6)

quand n — 400, pour tout T' < Tpax.
(17) Le temps maximal Tyayx est caractérisé par la condition
lim max |v(z,t)| =1, si Tpax < +00.
t—Tmax TER

(1ii) L’énergie E et le moment P sont conservés par le flot.

(1v) Dans le cas ou
p) — v dans H'(R) x L*(R), (1.2.7)

quand n — +o0, le temps mazimal d’existence T,, des solutions v, de (HLL) pour la donnée initiale
00 satisfait

Tmax < liminf T, (1.2.8)
n—-+o0o
et
b, — v dans C°([0,7], H'(R) x L*(R)), (1.2.9)

quand n — 400, pour tout 0 < T < Thax-

Dans les variables originelles, ils introduisent la distance suivante
de(f,9) = |£(0) = GO+ |/ = gl e2w) + lfs — gsll2(m),

ou f=(f1, fa, f3) et f = f1 + ifs (respectivement pour g). Le résultat d’existence et d'unicité est
alors donné par le théoreme suivant.

Théoréme 1.2.7 ([19]). Soit m® € E(R) avec maxg |m3| < 1. On note v° le couple hydrodynamique
correspondant, et Ty. le temps d’existence maximal pour la solution

v € C°[0, Thnax), NV(R)) de (HLL) donnée par le Théoréme 1.2.6 pour la condition initiale v°. Il
existe une fonction m € E(R) satisfaisant les propriétés suivantes.

(i) Le couple hydrodynamique associé a m est bien défini sur R x [0, Ti.x) et il est égal d v.

(i) La fonction m est l'unique solution de (LL), de donnée initiale m°, telle qu’il existe des solutions
réguliéres m, € C*°(R x [0,T)) satisfaisant

m, —m, dans C°([0,T],&(R)),

quand n — oo et pour tout T € (0, Tinax)-
(1i1) L’énergie E est conservée par le flot.
(1v) Si
m? — m" dans E(R), (1.2.10)

alors la solution m,, de (LL) pour la donnée initiale m® satisfait
m, —m dans C°([0,7],E(R)), (1.2.11)

quand n — 400, pour tout 0 < T < Tiax.



Notons que I’étude du probleme de Cauchy en dimension plus grande reste ouverte.
Cependant dans le cas d’anisotropie axiale, Gustafson et Shatah [28] ont montré que 1’équation
admet une unique solution globale pour des données initiales équivariantes dans H?(R?) proches
d’une onde solitaire dans H'(R?). Pour m € Z \ {0} et w > 0, une onde solitaire v,,,, est ici une
fonction qui vérifie les propriétés suivantes :
(1) u(x,t) = R(wt)vpmw(z) est une solution de (1.2.1), oit R(v) est la rotation d’angle v autour de
I'axe Res,
(i1) U est m-équivariante i.e. vy, ,(Rx) = R™vy.(2) pour tout z € R? et toute rotation R
autour de l'axe Res,
(141) U (0) = —es,
(iv) (Umw)s est radiale et croissante,
(v) (Umw)s converge exponentiellement vite vers es quand |z| — oo.
Gustafson et Shatah [28] ont montré I'existence de cette solution particuliere. Leur résultat
d’existence et unicité s’exprime alors sous la forme suivante.

Théoréme 1.2.8. [28] Siuy € H'(R?) est m-équivariante et proche d’une onde solitaire vy,
dans H'(R?) alors (1.2.1) admet une unique solution u € C([0, 00), H*(R?)).

Ils ont aussi établi la stabilité orbitale des ondes solitaires en question.

Théoréme 1.2.9. Pour tout € > 0, il existe 0 > 0 tel que, si uy est m-équivariante et
luo — Vwm |1 < 0, alors

inf 1) — Ry m < €.
o () = R [r < €

1.2.2 Les solitons
En dimension un

A Téchelle atomique, les seules solutions m de types ondes progressives de vitesse supersonique
sont les ondes planaires appelées ondes de spins. Pour des vitesses non nulles et inférieures a la
vitesse du son, une onde progressive m processe sur la sphere dans un cone qui reste loin du pdle
nord. Ce type d’onde s’appelle soliton sombre. Lorsque la vitesse est nulle, I'onde progressive,
appelée soliton noir, tourne dans un plan vertical [33].

De manieére plus précise, un soliton de vitesse ¢ est une solution de (LL) de type onde progressive,
soit de la forme

m(z,t) :=u(z — ct).
Le profil u est solution de I’équation différentielle ordinaire
u” + v/ [Pu + uiu — uzes + cu x ' = 0. (TWE)

Les solutions de cette équation sont explicites. Si |¢| < 1, il existe des solutions non constantes u,,
qui sont données par la formule suivante.
Proposition 1.2.1 ( [17]). Soit ¢ € R et u € E(R) une solution de (TWE).
(i) Silc| > 1, alors u est constante.

(ii) Silc| <1 et wu est non constante, alors, aux invariances géométriques prés, u est donnée par
les formules

-t
cosh ((1 - 02)%m>

U1 () = € —, |U¢]2(x) = tanh 1—02%x, ucl3(x) =
[uch () conh (1= )2) [ucla(w) = tanh (1= ¢*)2x),  [ucs(z)

E(u.) =2V1 — 2.
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Notons que les invariances géométriques de (TWE) sont les translations, les rotations autour
de I'axe 3 et la symétrie orthogonale par rapport au plan 23 = 0. Dans le cas |c¢| > 1, les seules
solutions d’énergie finie sont les vecteurs constants dans S* x {0}. Cette propriété a été démontré
par de Laire [17]

Dans le cas ou ¢ # 0 le soliton u. ne s’annule donc pas. Il s’écrit sous forme hydrodynamique
comme le couple Q. := (v, w,), ou les fonctions v, et w. sont égales a

(1—¢?)z cvo(r)  c(l— )2 cosh ((1 — 02)%95)

ve(x) = , et we(x) = = (1.2.12)
cosh ((1 — 02)%x) 1 —we(z)? sinh ((1 - 02)%90)2 + c?
Les sommes de solitons sont de la forme
N
Sc,a,s = (‘/;,a,57 Wc,a,s) = Z ch-,aj,sj-, (1213)
=1

ot N € N* ¢ = (c,...,cn), avec ¢; # 0, a = (a1,...,an) € RV et s = (s1,...,sy) € {1}V Dans
les variables originelles, ceci peut étre exprimé de la facon suivante

Rc,a,s = <(1 - V2 )% COS(G)c,a,s)a (1 - V2 )% Sin(e)c,a,s)y ‘/c,a,s>a

,a,5 ,a,6

avec

@c,a,s(m) ::/0 Wc,a,s(y)dy7

pour tout € R. De Laire et Gravejat [19] ont montré la stabilité orbitale des solitons, et des sommes
bien préparées de solitons. Ils commencent par établir la stabilité dans le cadre hydrodynamique.

Théoréme 1.2.10 ( [19]). Soit s* € {£1}"Y et ¢* = (c},...,cxy) € (=1, 1)V, avec ¢; # 0, tel que

*

A <...<cy. (1.2.14)

Il existe des nombres positifs o, L* et A*, qui ne dépendent que de c*, tels que, si v° € NV(R)

satisfait la condition

ol = HUO — Sex g0 6*

ar, (1.2.15)

<
HlxL? —

pour des points a® = (a?,...,a%) € RY tels que

° ::min{a2+1—a2,1§j§]\f—1}EL*,

alors il existe une fonction a = (ay,...,ay) € CH(R,,RY) telle que
N *LO

) — o <A*< 0 (— Y )) 1.2.16

Z}“J” ¢l < A(a® v~ 5 (1.2.16)

et la solution globale v de (HLL) dans NV(R) pour la donnée initiale vy vérifie

* 0 VC*LO
2 <A (04 —|—exp<— o5 )), (1.2.17)

|06 ) = S ay

pour tout t € R,..

La stabilité orbitale d’un soliton dans le cadre hydrodynamique s’en déduit.



Théoréme 1.2.11 ( [19]). Soit s* € {+1} et ¢* € (—1,1)\ {0}. Il existe des nombres positifs a*
et A*, qui ne dépendent que de c* tels que, si v® € NV(R) satisfait la condition

o (1.2.18)

0._ 0
o = HU - UC*,aO,S* Hix2 S ;

pour un point a® € R, alors il existe une fonction a € C*(R,R) telle que

d(t) — | < A*a”, (1.2.19)
et la solution globale v de (HLL) dans NV(R) pour la donnée initiale vo vérifie
Hu(-,t) = O a(t),s* ||y e = A*a®, (1.2.20)

pour tout t € R,..

La stabilité orbitale dans les variables de départ découle du cas hydrodynamique. Pour les
multi-solitons, la stabilité orbitale est donnée par le théoreme suivant.

Théoréme 1.2.12 ( [19]). Soit s* € {1}V et ¢ = (cf,...,cx) € (=1, 1), avec ¢ # 0 et
satisfaisant (1.2.14). Pour tout nombre positif €*, il existe des nombres strictement positifs p* et L*
tels que, si m® € E(R) satisfait la condition

de (mO,RC*,uoﬁﬁ*) < p, (1.2.21)
pour des points a® = (al,...,a%) € RY tels que
min{a?Jrl —a?,l <j<N-— 1} > L~
alors il existe une fonction a = (ay,...,ay) € CH(R,,RY) telle que
N
> ldi(t) — ¢ < € (1.2.22)
=1
et la solution globale m de (LL) dans E(R) pour la donnée initiale m°® vérifie
N
inf{mwt,t — U (1).0:.5% (a5 (0)] + [|0em — Ul 4 1) 0. o+
2 gk 05 (00:8) = ey 00,5 (050 05005 20z .

+ ng - [uc*,aj(t),ej,s;} LQ(Ij)} < ¢,

3

pour toutt € R.

Ici, nous avons noté :
a+a aj—1+a; a;+a; an-1+a
11::(_007 - 2:|7 Ij::[] - J? ¢ ]+1:|7 IN::{NI N7+OO>
2 2 2
Pour un unique soliton, ce résultat s’écrit.

Théoréme 1.2.13 ( [19]). Soit s* € {£1} et c* € (—1,1)\ {0}. Pour tout nombre positif €, il
existe un nombre p* > 0 tel que, si m® € E(R) satisfait la condition

dg(mo,uc*7a079075*> < p*, (1.2.24)
pour des réels (6°,a°) € R?, alors il existe une fonction a € C*'(Ry,R) telle que,
a(t) —c*| < ¢, (1.2.25)

et la solution globale m de (LL) dans E(R) pour la donnée initiale m® vérifie

inf {\m(a@), ) = ety 50 (a(t))| + |

} <€, (1.2.26)

/
aﬁﬂm - uc*,a(t),@,s* 12 + ng - [uc*,a(t),97s*:| 3

L2

pour tout t € R.



En dimension supérieure

Contrairement au cas unidimensionnel, les ondes progressives ne sont plus explicites. En
dimension deux, Lin et Wei ont néanmoins montré 1’existence d’ondes progressives non constantes
de vitesses petites, et qui présentent de plus deux vortex de degré +1.

Théoréme 1.2.14 ( [36]). Pour ¢ suffisamment petit, il existe une solution u € C'(R? S?) de
(TWE) de vitesse c. De plus, la fonction u admet ezactement deux vortex en (+a.,0) € R? de degré
+1, ou a. = i lorsque ¢ — 0.

En dimension supérieure a deux, il n’existe aucune solution réguliere statique de (TWE), i.e. de
vitesse ¢ = 0.

Proposition 1.2.2 ( [17]). Soit N > 2. Supposons que u € E(RN) est une solution de (TWE)
avec ¢ = 0. On suppose de plus que u est uniformément continue si N > 3. Alors u est une solution
constante.

Plusieurs études qualitatives décrivent aussi les propriétés de ces ondes progressives. De Laire a
montré qu’il n’existe pas d’ondes progressives d’énergie petite en dimensions 2,3 et 4. Ce résultat
est résumé par le théoreme suivant.

Théoréme 1.2.15 ( [17]). Soit N € {2,3,4}. Il existe une constante universelle > 0 telle que si
u € ERN) est une solution non triviale de (TWE) avec ¢ € [—1,1] \ {0}, uniformément continue
pour N € {3,4}, alors

E(u) > p. (1.2.27)

La stabilité des solitons en grande dimension est un probleme ouvert. Les techniques utilisées
en dimension un ne suffisent pas dans ce cas. L’analyse du probleme de Cauchy est plus délicate,
et la formulation hydrodynamique plus difficile & manipuler par manque de controle uniforme des
solutions.

1.3 Stabilité asymptotique des solitons et multi-solitons de
(LL) en dimension un

Dans cette section nous présentons les résultats prouvés pendant la these. Nous avons établi la
stabilité asymptotique des solitons et des multi-solitons de (LL).

1.3.1 Cas d’un seul soliton
Le théoreme de stabilité asymptotique est donné par

Théoréme 1.3.1 ( [1]). Soit ¢ € (—1,1) \ {0}. Il existe un nombre positif é., qui ne dépend que de
¢, satisfaisant les propriétés suivantes. Pour tout m°® € E(R) vérifiant

dg (m07 uc) < 5ca
il existe un nombre ¢* € (—1,1)\ {0}, et deux fonctions b € C*(R,R) et 6 € C'(R,R) tels que
V)=, et 6()—0,

quand t — +o0o, et pour l'unique solution globale m € C°(R, E(R)), lapplication

me = (cos(G)ml — sin(0)my, sin(6)my + cos(f)ma, m3>,
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satisfait les convergences

@cmg(t)( : +b(t),t) — Qyu  dans L*(R), mg(t)( : +b(t),t) — ue  dans Ly (R),

et
mg( : —l—b(t),t) — [UC*L, dans L*(R),

quand t — +00.

Pour la preuve, on suit la stratégie de Martel et Merle pour 1’équation de Korteweg-de Vries [45].
Elle consiste a construire un profil limite a 'aide de la stabilité orbitale. Ensuite, ils montrent
que ce profil décroit exponentiellement pour tout temps en utilisant une formule de monotonie
sur la masse. Ils concluent par un théoreme de type Liouville indiquant que dans un voisinage du
soliton, la seule solution qui est localisée exponentiellement est le soliton. Ils s’appuient alors sur
une formule de monotonie pour I'énergie afin d’établir une convergence forte dans H'(z > ct/10)
ot ¢ est la vitesse du soliton. On ne peut pas avoir une convergence forte sur toute la ligne droite.
En effet, si une solution converge fortement vers un soliton alors elle a la méme masse et la méme
énergie que le soliton ce qui implique qu’elle est exactement un soliton.

Cette stratégie a été adaptée par Béthuel, Gravejat et Smets pour I’équation de Gross-Pitaevskii
[6]. Tls se sont placés dans le cadre hydrodynamique pour pouvoir I'appliquer. Ils utilisent le
moment qui est une quantité conservée. Cette quantité joue un role important dans la preuve de la
décroissance exponentielle du profil limite. Par contre, ils ne montrent qu'une convergence faible.
Il n’est pas clair qu’il y ait une monotonie pour I'énergie, car I’équation disperse dans deux sens
contrairement au cas de Korteweg-de Vries ou il y a un seul sens de dispersion. La situation est la
méme pour I'équation de Landau-Lifshitz. C’est pour cela que I'on n’établit que des limites faibles.
Comprendre ce probleme de dispersion reste toujours ouvert.

Le cadre hydrodynamique de Landau-Lifshitz ressemble a celui de Gross-Pitaevskii. Dans la
preuve on suit les étapes de Béthuel, Gravejat et Smets dans [6]. Par contre, le cas de Landau-Lifshitz
est plus difficile. En effet, en utilisant une transformation de type Hasimoto [29], nous relions notre
équation avec 1’équation de Schrodinger non linéaire. Cependant, on perd de la régularité. On se
place dans le cadre de ’équation NLS au niveau L? et non pas au niveau H' comme pour 1’équation
de Gross-Pitaevskii. Ceci entraine des difficultés techniques importantes.

Le Théoreme 1.3.1 est une conséquence de la stabilité asymptotique dans le cadre hydrodyna-
mique, qui est donnée par le théoreme suivant.

Théoréme 1.3.2 ( [1]). Soit ¢ € (—1,1) \ {0}. Il existe une constante positive B, < ., qui ne
dépend que de ¢, satisfaisant les propriétés suivantes. Pour tout (vg,wo) € X (R) vérifiant

H(Uo, wO) - Qc,a

v < e

pour un certain a € R, il existe un nombre ¢* € (—1,1) \ {0} et une application b € C*(R,R) tels
que l'unique solution globale (v, w) € C°(R,NV(R)) de (HLL) correspondant da la donnée initiale
(vo, wo) satisfait
(v(-+b(t), 1), w(- + b(t), 1)) = Qe dans X(R), (1.3.1)
et
V(t) — ¢,
quand t — +00.

Le cas du soliton de vitesse nulle a été exclu du résultat. En fait, la méthode utilisée ne permet
pas d’analyser les solitons noirs. Plus précisément, ces derniers s’annulent donc n’admettent pas un
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expression hydrodynamique. La stabilité orbitale des solitons noirs reste un probleme ouvert pour
I'équation de Landau-Lifshitz. Par contre, ce probleme a été résolu par Gravejat et Smets dans [25]
pour I'équation de Gross-Pitaevskii.

Le théoréme de stabilité orbitale suivant qui a été prouvé par de Laire et Gravejat dans [19],
nous assure que le soliton reste proche de 'orbite en tenant compte des invariances de I’'équation.

Théoréme 1.3.3. Soit ¢ € (—1,1) \ {0}. Il existe un nombre positif ., qui ne dépend que de c,
satisfaisant les propriétés suivantes. Pour tout (vg,wp) € X (R) := HY(R) x L*(R) vérifiant

< o,

e S 0 (1.3.2)

Qo -= H(Uoﬂﬂo) — Qca
pour a € R, il existe une unique solution globale (v, w) € CO(R, N'V(R)) de (HLL) de donnée initiale
(vo, wo), et deux applications ¢ € CH(R, (—1,1)\ {0}) et a € C(R,R) telles que la fonction € définie
par

e(,1) = (v(- + a(t), 1), w(- + a(t), 1)) — Quqo), (1.3.3)
satisfait les conditions orthogonalité
<8(', t), E)xQC(t)>L2(R)2 = <€(-, t), Xc(t)>L2(]R)2 =0, (134)

pour tout t € R. De plus, il existe deux nombres positifs o. et A., dépendant continiment de c, tels
que

<1—
max v(z,t) <1-—o0,, (1.3.5)
leC0) cw e(t) = ¢| < A, (1.3.6)

et

d(t)] +

a(t) — c(t)’ < A,

e(-, t)HX(R), (1.3.7)
pour tout t € R.

Les conditions d’orthogonalité (1.3.4) ne sont pas les mémes que celles dans [19]. On discutera
de ce choix ultérieurement.

Par (1.3.6), on peut conclure que € converge faiblement vers un certain € € X (R) et ¢(t) vers
un nombre ¢j pour une sous-suite de temps t,, — oo. Pour la donnée initiale (vg, wg) = f + Qcz, on
note (v*, w*) la solution globale correspondante de (HLL). Maintenant, on montre que (v, wg) — Q.
satisfait (1.3.2) ce qui nous permet d’utiliser le théoreme de stabilité orbitale pour établir que
I’application

(-, t) = (U*( +a*(t),t),w* (- + a*(t), t)) — Qe (1)

satisfait (1.3.4)—(1.3.7). Cela joue un role tres important dans la preuve du théoreme de type de
Liouville et de la monotonie du moment. Ensuite, on montre la continuité faible du flot de (HLL)
pour avoir la proposition suivante.

Proposition 1.3.1. Fizonst € R. Alors,
(v(- + altn), ta + ), w(- + alty) tn + 1)) = (v°( 1), w (1)) dans X(R), (1.3.8)

et de plus
a(t, +1t) —a(t,) — a*(t), et c(t,+1t) = c*(t), (1.3.9)

quand n — 400. En particulier, on a
ety +1t) —e*(-,t) dans X(R), (1.3.10)

quand n — 400.
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La preuve de la continuité faible du flot hydrodynamique utilise la transformation de type
Hasimoto introduite par de Laire et Gravejat dans [19], qui est donnée par

1 Oyv 1
\I/::(IIH‘ 1 —o? 2w> exp 16, 1.3.11
(o i) ew (13.11)
ol .
O(x,t) := —/ v(y, H)w(y,t) dy. (1.3.12)
L’application ¥ est une solution de I’équation Schrédinger non-linéaire
1 _
00 + 0,0 + 2WW + 0P — Re (qf(1 — 2R, xp))) (1-2F(v, ) =0, (1.3.13)
avec .
Fo,W)(w,0) = | oly.)W(y,0)dy, (1.3.14)

tandis que la fonction v satisfait les deux équations

O = 20, Im (\I/ (2F(?},$) — 1)>,

0.0 = 2Re (¥(1-2F(0, 7)), (13.15)

Le probléme de Cauchy local pour (1.3.13)-(1.3.15) a été étudié par de Laire et Gravejat dans [19]. Ils
ont montré la dépendance continue de la solution par rapport a la donnée initiale dans H'(R) x L?(R).

Proposition 1.3.2 ( [19]). Soit (v°,¥°) € H'(R) x L*(R) et (°, ¥°) € H'(R) x L*(R) vérifiant
9,0° = 2Re (@0(1 - 2F(v°,\1!0))>, ot 0,5 = 2Re (@0(1 - 2F(170,®0))>.

Soit (v, W) et (0,¥) deuz solutions dans C°([0,T.], H'(R) x L*(R)), avec (¥,¥) € L*([0,T.],
L=(R))?, de (1.3.13)-(1.3.15) de donnée initiale (v°, U°), respectivement (3°, ¥°), pour un temps
positif T.., il existe un nombre positif T, ne dépendant que de ||v°|| 12, ||7°]| 12, |[9°||L2 et |[U°|L2, et
une constante universelle A tels que 'on a

+w-

+|w-

L2+H\If°—\if°

o2 ), (1:3.16)

< A(HUO —°

Co([0,17,L?) €9([0,T7,L?) LA([0,T),L>®) —

pour tout T' € [0, min{7, T.}]. De plus, il existe un nombre positif B, ne dépendant que de 100 2,
10% 22, (|90 2 et ||WO) L2, tel que

OyU — Oy0

(< B( 10 = w0 - 9

Co([0,7], L2 L2>7 (1.3.17)

pour tout T' € [0, min{7, T} }].

Cette proposition joue un role crucial dans la preuve de la continuité faible du flot hydrody-
namique. En fait, elle nous permet d’affirmer que toute suite de solutions de (1.3.13)-(1.3.15) de
donnée initiale faiblement convergente (donc bornée) est bornée. Ceci implique qu’elle converge
faiblement dans H'(R) x L?(R). On montre aprés que cette limite faible est bien une solution de
(1.3.13)-(1.3.15). Plus précisément, on utilise 'effet régularisant de Kato [37] pour voir que cette
limite est une solution faible puis qu’elle est continue dans H'(R) x L?(R) par des estimations de
Strichartz. Ceci finit la preuve de la Proposition 1.3.1.
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L’étape suivante de la preuve du Théoreme 1.3.2 est de montrer la décroissance exponentielle
de la solution limite (v*,w*). On commence par établir la formule de monotonie du moment. Soit
R et t deux nombres réels, et notons

Ip(t) = 1V"(t) = ;/R vw|(z + alt), )®(z - R) da,

ou ® est la fonction définie sur R par
1
O(z) = 2(1 + th(ucx)), (1.3.18)
avec v, := 1 —¢2/8. On a

Proposition 1.3.3. Soit R € R, t € R, et 0 € [—0,0, avec o, := /1 —c2/4. Pour tout
(v,w) € NV(R) satisfaisant la conclusion du Théoréme 1.3.3, il existe un nombre positif B, ne
dépendant que de ¢, tel que

a [wat(t)} 21 L

/R [(axU)Q +v% + wﬂ (x+a(t),t)® (x — R — ot) dx

8 (1.3.19)
o Bc€_2VC|R+Jt|.

En particulier, on a
Ir(ty) > Ip(ty) — Boe 2Bl (1.3.20)

quels que soient ty < tq.

Ensuite, on montre que le moment du profil limite (v*, w*) est localisé. On note
I5(t) == Ig’ " )(t) pour tout R € Rett e R. On a

Proposition 1.3.4 ( [6]). Soit 6 > 0. Il existe Rs > 0, ne dépendant que de 0, tel que l'on a

()| <6, ¥R > Ry,
In(t) — P(v",w")| <6, VR < —Rs,

pour tout t € R.

La preuve est la méme que celle de la Proposition 3 dans [6]. Elle est basée sur un argument
de contradiction. Plus précisément, on établit a ’aide de la formule de monotonie (1.3.19) et la

Proposition 1.3.1 que si ‘I}E(t)‘ > ¢ alors le moment Ig(t,) tend vers +o0o quand n — +o00, ce qui
n’est pas possible du fait que 1’énergie de (v, w) est bornée.
Grace aux Propositions 1.3.4 et 1.3.3, on obtient

Proposition 1.3.5 ( [6]). Soit t € R. Il existe une constante positive A, telle que
t+1
/ / {(8,,;1}*)2 + (v*)? + (w*)ﬂ (z 4 a*(s), s)e™ "l dz ds < A..
t  JR

Par suite, on établit que la derniére estimation reste vraie uniformément en temps et pour toutes
les dérivées en espace de la solution limite (v*, w*).

Proposition 1.3.6. Le couple (v*,w*) est de classe C*> et décroit exponentiellement en espace
uniformément en temps. De plus, pour tout k € N, il existe une constante positive Ay, ne dépendant
que de k et ¢, telle que

/ [(0510%)? + (050°)? + (0Fw")?] (2 + a*(8), )™ dr < Ay, (1.3.21)
R
pour tout t € R.
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Pour la preuve, on montre d’abord que la solution (v*, ¥*) de (1.3.13)-(1.3.15) est de classe C* et
décroit exponentiellement ainsi que toutes ses dérivées en utilisant une estimation de régularisation
pour les solutions localisées de ’équation de Schrodinger linéaire.

Proposition 1.3.7 ( [6,20]). Soit A € R et u € CO(R,L*(R)) une solution de l’équation de
Schrodinger linéaire
100 + Opau = F), (LS)

avec F € L*(R, L*(R)). Alors, il existe une constante positive Ky, ne dépendant que de \, telle
que

T T+1
)\2/ /|8xu(x,t)|26’\””dxdt§K,\/ /(|u(x,t)|2+|F(x,t)|2)ewxdt, (1.3.22)
T JR —-T-1JR
pour tout T" > 0.

La preuve consiste a montrer (1.3.22) pour des solutions régulieres en dérivant deux fois par
rapport a t la fonction ¢ — [ |u(t, 2)|*®(x)dz, ot ® est & support compact. Puis, la conclusion se
déduit d’'un argument de densité.

Ensuite, on obtient (1.3.21) pour w* en écrivant cette application en fonction de (¥* v*), la
solution de (1.3.13)-(1.3.15) correspondant au profil limite (v*, w*) via la transformation (1.3.11).

La derniére étape est de montrer un théoreme de classification de type Liouville. Il s’agit d’établir
qu’au voisinage d’un soliton, toute solution de classe C* et qui décroit exponentiellement ainsi que
toutes ses dérivées est un soliton pur. Ceci est donné par le théoreme suivant.

Théoréme 1.3.4. Soit (vy, wy) € X(R) vérifiant les hypothéses du Théoréme 1.53.2. On note par
(v, w) la solution globale de (HLL) correspondant d (vo, wy). Si (v, w) vérifie (1.3.21), alors il existe
c* € (—1,1)\ {0} et z* € R tels que

(v, w)(t,7) = Qs (x — " — c't) V(z,t) € R

La preuve repose sur les idées développées par Martel et Merle dans [45] (voir aussi [40]), qui
ont été appliquées par Béthuel, Gravejat et Smets dans [6] pour I’équation de Gross-Pitaevskii.
On écrit 'équation vérifiée par *

0" = JHe)(E%) + TRewe™ + (a7 (t) = ¢ (1)) (0: Qe () + 0ut™) — ' (1)0eQerry,  (1.3.23)

ou J est 'opérateur symplectique

0 —20,
J = —250, == (—2@ . ) (1.3.24)

0 1
5 (1 O) |
et le terme R« ;)c* est donné par
Rene” = E'(Qer() + ") — E'(Qerry) — E"(Qer1)) (€7)-

On introduit le couple

avec

uw () = SHey (€7 (-, 1)). (1.3.25)
Puisque SHe+(1)(0:Qcx1)) = 0, on déduit par (1.3.23) que
o™ = S/Hc*(t)(JSu*> + S/Hc*(t)((]Rc*(t)&*> — (c*)’(t)S”HC*(t)(86626*@))
+ () (S0 H ey (%) + ((a7)(£) = ¢ (£) ) SHer (1) (Du™).

On a la formule de monotonie suivante.

(1.3.26)
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Proposition 1.3.8. Il existe deux nombres positifs A, et R,, ne dépendant que de ¢, tels qu'on a'

2
WD) gy = Al Dm0, (1.3.27)

d . . 1—¢
dt(/Ra:ul(x,t)uQ(x,t) dx) > 16 ’

pour tout t € R.

L ’ . * 2 .

Pour éliminer le terme négatif [|u*(-,?)|[% (5o r,) dans le terme droit de (1.3.27), on montre

une deuxieme formule de monotonie. L’idée consiste a voir que si on prend une matrice M carrée
symétrique, bornée et de coefficients réguliers, alors on obtient

i<Mu*, U*>L2(R)2 - 2<SMU*’ Her (_28‘”u*)>

p + ¢ des termes super-quadratiques ”. (1.3.28)

L2(R)2
Le choix de M vient du fait qu’on veut obtenir une forme quadratique positive pour le premier
terme du coté droit dans (1.3.28) sous une hypotheése d’orthogonalité sur u*. D’autre part, le noyau
de opérateur H.(0,-) est engendré par Q.. Si on choisit M de facon a ce qu’elle vérifie

MQe = 50,Qc+, (1.3.29)

le noyau de la forme quadratique <S Mu*, H o (—28$u*)>L2(R)2 sera engendré par Q.. Puisque Q.
ne s’annule pas, par le théoreme de Sturm-Liouville, on conclut que 'opérateur associé n’admet pas

de valeur propre négative. Par conséquent, la forme quadratique est définie positive sur Vect (Qc*)L
Ceci justifie le changement de variable u*. Cet argument n’est pas en effet évident pour £* parce qu’on
obtient une forme quadratique qui a pour noyau I'espace engendré par 0,Q).-. Cette fonction s’annule
une fois donc 'opérateur admet une valeur propre négative mais ni celle-ci, ni la fonction propre
associée, ne sont explicites. Par suite, on a besoin de faire face a deux conditions d’orthogonalités
et un opérateur qui n’est pas facile a étudier.

Pour ¢ € (—1,1) \ {0}, on note par M, la matrice carrée qui vérifie (1.3.29) et qui est donnée

par
_ 2cvc0zve Oz
M, := < 5’ S ) (1.3.30)

Ve

On a le lemme suivant.

Lemme 1.3.1. Soit c € (—1,1) \ {0}, v € H3(R) x H*(R) et

Ge(u) == 2<SMCU, HC(—Qﬁwu)>

LZ(R)Q'
Alors
cv? 2¢v,0,v 2 vt O, 2
c 22/ c( - —= - chx) /C(I _mc)a 11
Ge(u) Ru Uo MCU1 Mc(l_vg)ﬁul +3 e Oy o Uy (1.3.31)
ol
fre = 2(0,v.)* + v2(1 —v?) > 0. (1.3.32)

1. Dans (1.3.27), on utilise la notation

1G9 ey = [ (@8 + 77+ 42).

dans lequel 2 est un sous-ensemble mesurable de R.
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La fonctionnelle G, est une forme quadratique positive et son noyau est engendré par Q..
Par la deuxieme condition d’orthogonalité dans (1.3.4) et le fait que He (o) = —Aex Xex, ON &

0= <Hc*(Xc*)7€*>L2(R)2 = <Hc* (5*)>Xc*>L2(R)2 = <U*7SXC*>L2(R)2- (1-3-33)

D’autre part, on sait que
(Qer, Sxer) = P'(Qer) (xer) #0, (1.3.34)

de sorte que le couple u* n’est pas proportionnel a ().« sous la condition d’orthogonalité (1.3.33).
On établit la propriété de coercivité de G sous cette condition orthogonalité.

Proposition 1.3.9. Soit c € (—1,1) \ {0}. Il existe un nombre positif A., ne dépendant que de c,
tel que

Go(u) > A, /]R [(Bawn)? + (w)? + (u2)?] ()¢ d, (1.3.35)

pour tout u € X (R) vérifiant
<’LL, SXC)LQ(R)2 = 0. (1336)

La preuve est spectrale. Puisque les coefficients de G convergent vers 0 quand |z| — +o0, on
effectue deux changements de variable afin d’obtenir une forme quadratique dont les coefficients
ont des limites non nulles a I'infini. Son spectre essentiel se calcule par le critere de Weyl. Plus
précisément, a la limite || — 400, on obtient un opérateur a coefficients constants. Son spectre est
égal au spectre essentiel de 'opérateur a coefficients variables. Nous obtenons 0 comme valeur propre
simple et le spectre essentiel est inclus dans R . Ceci nous permet de déduire que notre opérateur
est strictement positif sous une condition d’orthogonalité. Ensuite, on revient a la formule initiale
de G, sous la condition d’orthogonalité (1.3.36). Cette condition d’orthogonalité est différente de
celle choisie par Béthuel, Gravejat et Smets dans [6]. Dans la preuve on a besoin d'une condition
d’orthogonalité avec v ¢ onl ¢ est une fonction telle que v, '¢ € L*(R) pour donner un sens a la
condition d’orthogonalité. On montre que la fonction propre associée a la valeur propre négative de
‘H. vérifie bien cette propriété.

Revenant a (1.3.28), on a la proposition suivante.

Proposition 1.3.10. ] existe un nombre positif B,, ne dépendant que de ¢, tel que

d . i 1 12 *\2 *\ 2 —2|z|
dt(<Mc*(t)U (- t),u ('7t)>L2(R)2) ZB*/]Ra [(8zu1) ()" () }(I,t)e o (1.3.37)
% * ; 3.
— B.|e (at) X(R)’u (.’t)HX(lR)’

pour tout t € R.

Pour la preuve, on écrit la forme explicite du terme droit de (1.3.37). Le premier terme s’exprime
par la Proposition 1.3.9 puisque u* vérifie (1.3.33), et on estime les autres termes de (1.3.37) par

1 2
* 2 * 1.
B.|le*(.,t) X(R)‘ u (-,t)HX(R) en utilisant (1.3.6) et (1.3.7).

Maintenant, on note

L(0 = R.
N(t) = 5 <x O) -+ A*B*€2 Mc*(t)‘

Par les Propositions 1.3.8 and 1.3.10, il existe une constante positive A, telle qu’on a

SN 0,0 D)) 2 A

2
X(R)’

w (1) (1.3.38)
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pour tout t € R. Ainsi, en intégrant,
+00
[
car u* est exponentiellement localisée par la Proposition 1.3.6. Il existe donc une suite de temps
(t5)ken telle que

2
u (.,t)HX(R) dt < 400, (1.3.39)

= 0. (1.3.40)

) 2
lim ) ‘X(R)

* *
k—4o00 v (,tk)

Par (1.3.4), (1.3.25) et la borne de 'inverse de l'opérateur H., on a

‘5*('vt>||X(IR) < A U*('7t)HX(R)- (1.3.41)
Alors, on peut appliquer (1.3.40) et (1.3.41) pour obtenir
: * * 2 _
Jim e 1) \X(R) = 0. (1.3.42)

Par (1.3.42) et la stabilité orbitale dans le Théoreme 1.3.3, on conclut que
go =0,

ce qui termine la preuve du Théoréme 1.3.4. A ce stade, nous avons montré le Théoréme 1.3.2 pour
une sous-suite de temps. Nous finissons la preuve en montrant que les convergences ne dépendent
pas du choix de la suite de temps.

1.3.2 Cas des sommes de solitons

On se place dans une situation plus compliquée qu’un seul soliton. Le multi-soliton est une
solution exacte de ’équation (LL) qui peut étre vue comme une superposition non linéaire de
plusieurs solitons découplés. Martel, Merle et Tsai [51] ont montré que si la donnée initiale est
proche de la somme de N solitons alors la solution correspondante de (gKdV) converge fortement
vers cette somme de soliton dans H'(z > ¢1t/10) o ¢; est la vitesse du premier soliton en utilisant
deux formule de monotonie, une sur la masse et l'autre sur ’énergie. On ne peut pas établir
une convergence forte sur toute la droite réelle car dans ce cas la solution est exactement un
multi-soliton [39]. Dans notre cas, on ne peut pas aboutir & une convergence forte comme pour les
équations (gKdV) par la méthode de Martel, Merle et Tsai [51] & cause de I'absence d’une formule
de monotonie sur I’énergie. La formule de monotonie sur le moment ne permet que d’analyser ce
qui se passe autour de chaque soliton. Pour cela, on montre pour (LL) que les solitons s’éloignent
I'un de l'autre de plus en plus c¢’est-a-dire qu’on ne peut pas avoir une interaction entre eux. On
établit ensuite la stabilité asymptotique autour de chaque soliton puis celle entre les solitons.

Soit N € N*, ¢ = (c1,...,cn), avec ¢; # 0, a = (a1,...,an) € RV et s = (s1,...,sy) € {1}V,
On rappelle les notations pour les sommes de solitons dans le cadre hydrodynamique et dans le
cadre de départ respectivement,

N
Sc,a,s = (‘/C,Cl,ﬁv Wc,a,ﬁ) = Z QCj,(lj,Sj?
j=1

et
Rc,a,s = <(1 - V2 )% COS<@c,a,s)> (1 - V2 )% Sin(@c,a,s)a ‘/c,a,s>a

,a,5 0,8

avec

@c,u,s(x) ::/0 Wc,a,s(y)dy7
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pour tout x € R.
Soit L > 0. On introduit I’ensemble des positions ordonnées et bien séparées

Pos(L) := {a: (a1,...,ay) €ERY, t.q. a1 >a;+ Lpour 1 <j< N — 1},
et on pose

V(a, L) = {n — (v,w) € H\(R) x I’(R), t.q. _inf [0 — Se oo

acPos(L)

iz Oé}’

pour a > 0.
Le résultat de stabilité asymptotique est donné par le théoréme suivant.

Théoréme 1.3.5. [2] Soit s € {£1}Y, ® = (c],...,cy) € (=1, 1)V, avec &) # 0, tel que

0 0
A <...<dc,

et a® = (a?,...,a%) € RN. Il existe un nombre positif B, ne dépendant que de ¢°, et un nombre

positif L° tels que, si
dé‘ (m07 Rco,a0,5> < Bcoa

et
a’ € Pos(LY),

alors il existe ¢ = (c‘fo,...,c%) € (=L, 1)Y, avec ¢ # 0, et 2N fonctions a; € C'(R,R) et

6; € CH(R,R), telles que
ay(t) — ¢, et Oi(t) =0,

quand t — +o00, et pour lesquelles l'application

my,; 1= (cos(ﬁj)ml — sin(6;)mg, sin(6;)my + cos(6;)ms, mg,),

correspondant da l'unique solution globale m € C°(R,E(R)) de donnée initiale m®, satisfait les

convergences
N
Z [(")Imgj(t)( - 4a;(t), t) — 6xu5]} — 0 dans L*(R),
j=1
N
> [mo, (- +a(t),t) —ug,| =0 dans LS,(R), (1.3.43)
j=1
N
et M [m3< : —i—aj(t),t> — [Ugj]g} — 0 dans L*(R),
j=1
quand t — +00. De plus, pour toute fonction b := (bl, e ,bN+1) avec b; satisfaisant les conditions
sutvantes :
bi(t) < a;(t)
bn+1(t) > an(?),
pour toutt € Ry et
lzm Jrinf b]ft) > 77,
— 400
limsupbj—(t) <, (1.3.45)
t—+o00
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avec
oo
= —1,
(o o] J—
CN4+1 = 17

nous avons les convergences

f:a:,;mo] )(-+bi(t),t) =0 dans L*(R),

=1

<.

i (6,0 (- +b;(8),t) —e2] = 0 dans L3, (R), (1.3.46)

=1

.

et ng( +a;(t )40 dans L*(R),

quand t — +00, avec ey = (0,1,0).

Comme chaque terme des sommes dans (1.3.43) et (1.3.46) converge faiblement vers zero, on
procede de la méme facon que pour un seul soliton. Le Théoréme 1.3.5 est une conséquence directe
du résultat suivant dans le cadre hydrodynamique.

Théoréme 1.3.6. [2] Soit ¢ = (],...,c}) € (=1, 1)Y, avec &) # 0 pour tout j =1,...,N, tel
qu’il existe Lo, a9 > 0 satisfaisant les propriétés suivantes. Pour tout (v, wo) € X (R), il existe
L> Ly et a<a tels que si (vo, wo) € V(a, L), alors il existe

a:= (al, . ) € CHR,RY), ¢:= (cl, . ,cN> € CHRy, (—1,1)\ {0}Y) et des vitesses distinctes
non nulles (c+°°,. cj&oo) tels que l'unique solution globale (v, w) € C°(Ry, NV(R)) de (HLL) de
donnée initiale (vo, wo) satisfait, pour tout j € {1,..., N},

e(t,. +a;(t)) == (v,w)(t, v+ a;(t Z Qepty(w + aj(t) —ap(t)) = 0 dans X(R), (1.3.47)
et

e(t,. +bi(t)) :== (v,w)(t,x + b;( ZQCk (x+bj(t) —ar(t)) = 0 dans X(R), (1.3.48)

pour tout b := (bl, e bN+1) € CH(Ry,RY*TY) quec b; satisfaisant (1.3.44) et

¢i2y < lim bi(t) < c°. (1.3.49)
De plus, on a
ci(t) = ¢, dj(t) = ¢, (1.3.50)

quand t — +00.

Remarque 1.3.1. Dans la preuve de (1.3.48), on commence par montrer la convergence pour des
fonctions b; réguliéres et satisfaisant (1.3.44) et (1.3.49) puis, on en déduit le résultat pour des
fonctions b; quelconque vérifiant (1.3.45).

La preuve de (1.3.47) ressemble au cas d'un seul soliton et celle de (1.3.48) repose sur une
stratégie similaire mais plus simple.
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Cas centré autour d’un soliton : Preuve de (1.3.47)

On remarque que tous les termes dans (1.3.47) convergent vers 0 pour k # j, puisque
a;j(t) —ag(t) = oo quand ¢ — oo pour j # k et les solitons convergent vers zero a 'infini. Par suite,
la preuve de (1.3.47) est la méme que celle de (1.3.1). On commence par construire le profil limite.
Puis on montre que cette solution translatée au centre du soliton j décroit exponentiellement pour
tout temps, ainsi que toutes ses dérivées. Ceci nous permet de conclure en utilisant le théoreme
de Liouville, qui a été établi pour le cas d’un seul soliton, que ce profil limite est exactement un
soliton.

Cas entre les solitons : Preuve de (1.3.48)

Pour la preuve de (1.3.48), on construit le profil limite (v}, w}) et on montre que sa norme X (R)
est petite et qu’il vérifie la proposition suivante.

Proposition 1.3.11. Le couple (v}‘, w;‘) est infiniment dérivable et décroit exponentiellement sur
R pour tout temps. De plus, pour tout k € N, il existe une constante positive Ay ., ne dépendant
que de k et ¢, telle que

/R (@5 107)? + (k) + (0Fw))?] (x + By (1), ) exp (%m) dz < Ay, (1.3.51)

J

pour tout t € R, o1l les fonctions b; satisfont (1.3.44)(1.3.49).

La preuve de cette proposition se déroule de la méme fagon que pour celle de la Proposition
(1.3.6) en se fondant sur une formule de monotonie et la localisation du moment. La conclusion de
(1.3.48) est donc obtenue par la proposition de classification suivante affirmant que toute solution
petite et exponentiellement décroissante est en fait entierement nulle.

Proposition 1.3.12. [2] I existe un nombre positif a* tel que, si (v, w) est une solution de (HLL)
satisfaisant (1.3.51) et

| (vo, wo)|| xmy < o,

alors,
(v,w)(t,z) =0 V(t,x) e R x R.

La preuve est plus simple que dans le cas d’un soliton. Elle consiste a établir une formule de
monotonie en introduisant un opérateur dont il aisé de voir qu’il est strictement positif. Ceci conduit
a montrer que la norme de (v, w) dans X (R) est contrdlée par la dérivée en temps d’une fonction
bornée. Nous concluons en intégrant en temps.

1.4 Conclusion

La stabilité des solitons n’est bien comprise qu’en dimension un. En dimension plus grande ce
probléme reste ouvert. En particulier, il faut d’abord résoudre le probleme de Cauchy. Notons que
Cote, Munoz, Pilod et Simpson ont prouvé la stabilité asymptotique des solitons de 1’équation de
Zakharov-Kuznetsov en dimension grande [15].

Dans le cas de plusieurs solitons, nous n’avons traité que le cas des solitons découplés et de
vitesses bien ordonnées. La collision n’est pas encore analysée. On ne sait pas ce qui se passe si deux
solitons interagissent. Martel et Merle ont donné une description de la collision pour I'équation de
Korteweg-de Vries [46,48-50] que 1'on peut espérer étendre ici.
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Chapitre 2

Asymptotic stability in the energy space
for dark solitons of the Landau-Lifshitz
equation.

This work is supported by a PhD grant from "Région Ile-de-France" and is partially sponsored
by the project “Schrodinger equations and applications” (ANR-12-JS01-0005-01) of the Agence
Nationale de la Recherche.

Abstract

We prove the asymptotic stability in the energy space of non-zero speed solitons for the one-
dimensional Landau-Lifshitz equation with an easy-plane anisotropy

om +m X (Opzm — mgez) =0

for a map m = (my,my,m3) : R x R — S?, where e3 = (0,0,1). More precisely, we show that
any solution corresponding to an initial datum close to a soliton with non-zero speed, is weakly
convergent in the energy space as time goes to infinity, to a soliton with a possible different non-zero
speed, up to the invariances of the equation. Our analysis relies on the ideas developed by Martel
and Merle for the generalized Korteweg-de Vries equations. We use the Madelung transform to
study the problem in the hydrodynamical framework. In this framework, we rely on the orbital
stability of the solitons and the weak continuity of the flow in order to construct a limit profile. We
next derive a monotonicity formula for the momentum, which gives the localization of the limit
profile. Its smoothness and exponential decay then follow from a smoothing result for the localized
solutions of the Schrédinger equations. Finally, we prove a Liouville type theorem, which shows
that only the solitons enjoy these properties in their neighbourhoods.
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2.1 Introduction
We consider the one-dimensional Landau-Lifshitz equation
atm +m X ((9mm + )\m3€3) = 0, (LL)

for a map m = (mq,mg,m3) : R x R — S?, where e3 = (0,0,1) and A € R. This equation
was introduced by Landau and Lifshitz in [34]. It describes the dynamics of magnetization in a
one-dimensional ferromagnetic material, for example in CsNiF3 or TMNC (see e.g. [30,33] and the
references therein). The parameter \ accounts for the anisotropy of the material. The choices A > 0
and A < 0 correspond respectively to an easy-axis and an easy-plane anisotropy. In the isotropic
case A = 0, the equation is exactly the one-dimensional Schrodinger map equation, which has been
intensively studied (see e.g. [27,31]). In this paper, we study the Landau-Lifshitz equation with an
easy-plane anisotropy (A < 0). Performing, if necessary, a suitable scaling argument on the map m,
we assume from now on that A = —1. Our main goal is to prove the asymptotic stability for the
solitons of this equation (see Theorem 2.1.1 below).

The Landau-Lifshitz equation is Hamiltonian. Its Hamiltonian, the so-called Landau-Lifshitz

energy, is given by
_ 1 2 2
E(m) = §/R(laxm| +m3>.

In the sequel, we restrict our attention to the Hamiltonian framework in which the solutions m to
(LL) have finite Landau-Lifshitz energy, i.e. belong to the energy space

EM) = {v 'R —§% st. v € L*(R) and v3 € LQ(R)}.
A soliton with speed c is a travelling-wave solution of (LL) having the form
m(z,t) :=u(z — ct).
Its profile u is a solution to the ordinary differential equation
u” + v/ [Pu + uiu — uzes + cu x ' = 0. (TWE)

The solutions of this equation are explicit. When |c| > 1, the only solutions with finite Landau-
Lifshitz energy are the constant vectors in S!' x {0}. In contrast, when |¢| < 1, there exist
non-constant solutions u. to (TWE), which are given by the formulae

(-
cosh ((1 - 02)%1’)

c
cosh ((1 — )2z

[Uc]l(fﬂ) = )

7 [ucla(z) = tanh (1 — ¢*)2z),  [u)s(z) =

up to the invariances of the problem, i.e. translations, rotations around the axis x5 and orthogonal
symmetries with respect to the plane z3 = 0 (see [17] for more details).

Our goal is to study the asymptotic behaviour for solutions of (LL) which are initially close
to a soliton in the energy space. We endow £(R) with the metric structure corresponding to the
distance introduced by de Laire and Gravejat in [19],

de(f.9) = 1£(0) = 3(0) + ' = ¢/l ey + I fs — gsll 2

where f = (f1, f2, f3) and f=fi+ifs (respectively for g). The Cauchy problem and the orbital
stability of the travelling waves have been solved by de Laire and Gravejat in [19]. We are concerned
the asymptotic stability of travelling waves. The following theorem is our main result.
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Théoréme 2.1.1. Let ¢ € (—1,1) \ {0}. There exists a positive number 0., depending only on c,
such that, if
df (m07 uc) < 5C7

then there exist a number ¢* € (—1,1)\ {0}, and two functions b € C*(R,R) and § € C*(R,R) such
that
V(t)— ¢, and 6&'(t) — 0,

as t — 400, and for which the map
me == <COS(9)m1 — sin(0)ma, sin(0)my + cos(f)ma, m3>,

satisfies the convergences
Doy (- +D(t),t) = Opuee in L*(R),  mgqpy (- +b(t),t) = ue  in LiS(R),

and

m3< . —i—b(t),t) — [uc*}g in L*(R),
ast — 400.

Remarques. (i) Note that the case ¢ =0, that is black solitons, is excluded from the statement of
Theorem 2.1.1. In this case, the map Uy vanishes and we cannot apply the Madelung transform
and the subsequent arguments. Orbital and asymptotic stability remain open problems for this case.
Note that, to our knowledge, there is currently no available proof of the local well-posedness of (LL)
in the energy space, when ug vanishes and so the hydrodynamical framework can no longer be used.
(17) Here, we state a weak convergence result and not a local strong convergence one, like the results
given by Martel and Merle for the Korteweg-de Vries equation [45,47]. In their situation, they can
use two monotonicity formulae for the L?> norm and the energy. This heuristically originates in the
property that dispersion has negative speed in the context of the Korteweg de Vries equation. In
contrast, the possible group velocities for the dispersion of the Landau-Lifshitz equation are given
by vy (k) = :l:\l/%, where k is the wave number. Dispersion has both negative and positive speeds.
A monotonicity formula remains for the momentum due to the existence of a gap in the possible
group velocities, which satisfy the condition |vy(k)| > 1. However, there is no evidence that one can
establish a monotonicity formula for the energy.

Similar results were stated by Soffer and Weinstein in [58-60]. They provided the asymptotic
stability of ground states for the nonlinear Schrédinger equation with a potential in a regime for
which the nonlinear ground-state is a close continuation of the linear one. They rely on dispersive
estimates for the linearized equation around the ground state in suitable weighted spaces, and
they apply a fixed point argument. This strategy was successful extended in particular by Buslaev,
Perelman, C. Sulem and Cuccagna to the nonlinear Schrodinger equations without potential (see
e.g. [7-9,11]) and with a potential (see e.g. [22]). We refer to the detailed historical survey by
Cuccagna [12] for more details. Later, Cuccagna proved in [13] stronger result for the ground
state satisfying the sufficient conditions for orbital stability of M. Weinstein, for seemingly generic
Non-Linear Schrédinger equation which has a smooth short range nonlinearity with the presence
of a very short range and smooth linear potential. In addition, asymptotic stability in spaces of
exponentially localized perturbations was studied by Pego and Weinstein in [54] (see also [53] for
perturbations with algebraic decay).

Our strategy for establishing the asymptotic stability result in Theorem 2.1.1 is reminiscent
from ideas developed by Martel and Merle for the Korteweg-de Vries equation [40,45,47], and
successfully adapted by Béthuel, Gravejat and Smets in [5] for the Gross-Pitaevskii equation.
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The main steps of the proof are similar to the ones for the Gross-Pitaevskii equation in [6].
Indeed, the solitons of the Landau-Lifshitz equation share many properties with the solitons of the
Gross-Pitaevskii equation. In fact, the stereographic variable ¢ defined by

Uy +tug
Q/)_ 1+U3 )
verifies the following equation
1 - |¢|2 . 2@[) 2
8LU.T + 5% — anar = T 1 ax )
T AT R

which can be seen as a perturbation of the equation for the travelling waves of the Gross-Pitaevskii

equation, namely
D2V + (1 — |U*)¥ —icd, ¥ = 0.

However, the analysis of the Landau-Lifshitz equation is much more difficult. Indeed, we rely
on a Hasimoto like transform in order to relate the Landau-Lifshitz equation with a nonlinear
Schrodinger equation. During so, we lose some regularity. We have to deal with a nonlinear equation
at the L?-level and not at the H'-level as in the case of the Gross-Pitaevskii equation. This leads
to important technical difficulties.

Coming back to the proof of Theorem 2.1.1, we first translate the problem into the hydrodynam-
ical formulation. Then, we prove the asymptotic stability in that framework. In fact, we begin by
refining the orbital stability. Next, we construct a limit profile, which is smooth and localized. For
the proof of the exponential decay of the limit profile, we cannot rely on the Sobolev embedding H*
into L™ as it was done in [6]. We use instead the results of Kenig, Ponce and Vega in [32], and the
Gagliardo-Niremberg inequality (see the proof of Proposition 2.2.7 for more details). We also have
to deal with the weak continuity of the flow in order to construct the limit profile. For the Gross
Pitaevskii equation, this property relies on the uniqueness in a weaker space (see [6]). There is no
similar result at the L2-level. Instead, we use the Kato smoothing effect. The asymptotic stability
in the hydrodynamical variables then follows from a Liouville type theorem. It shows that the
only smooth and localized solutions in the neighbourhood of the solitons are the solitons. Finally,
we deduce the asymptotic stability in the original setting from the result in the hydrodynamical
framework.

In Section 2 below, we explain the main tools and different steps for the proof. First, we
introduce the hydrodynamical framework. Then, we state the orbital stability of the solitons
under a new orthogonality condition. Next, we sketch the proof of the asymptotic stability for
the hydrodynamical system and we state the main propositions. We finally complete the proof of
Theorem 2.1.1.

In Section 3 to 5, we give the proofs of the results stated in Section 2. In Section 3, We deal
with the orbital stability in the hydrodynamical framework. In Section 4, we prove the localization
and the smoothness of the limit profile. In the last section, we prove a Liouville type theorem. In a
separate appendix, we show some facts used in the proofs, in particular, the weak continuity of the
(HLL) flow.

2.2 Main steps for the proof of Theorem 2.1.1

2.2.1 The hydrodynamical framework

We introduce the map m := m; + imy. Since m3 belongs to H'(R), it follows from the Sobolev
embedding theorem that X
()] = (1 —mg(x))? — 1,
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as x — F00. As a consequence, the Landau-Lifshitz equation shares many properties with the
Gross-Pitaevskii equation (see e.g. [4]). One of these properties is the existence of an hydrodynamical
framework for the Landau-Lifshitz equation. In terms of the maps m and mg, this equation may
be written as

{ z@tm - mgamm + Thawzmg - ﬁ”ng = O,

dyms + ax@m, azm>(c = 0.

1/2

When the map 77 does not vanish, one can write it as m = (1 —m3)"? expip. The hydrodynamical

variables v := mg and w := 0,y verify the following system

v = 895((1)2 - 1)w>,
B OV (0,v)? )
oyw = &E(l — —l—v(l )2 —|—v(w - 1))

This system is similar to the hydrodynamical Gross-Pitaevskii equation (see e.g. [6]).! We first
study the asymptotic stability in the hydrodynamical framework.
In this framework, the Landau-Lifshitz energy is expressed as

E(v) = /Re(n) - ;/R (1(71/); + (1= 0w’ + v2>, (2.2.1)

where v := (v, w) denotes the hydrodynamical pair. The momentum P, defined by

(HLL)

P(o) := /va, (2.2.2)

is also conserved by the Landau-Lifshitz low. The momentum P and the Landau-Lifshitz energy
E play an important role in the study of the asymptotic stability of the solitons. When ¢ # 0, the
function 1. does not vanish. The hydrodynamical pair @, := (v, w,) is given by

cvo(r) ol - ¢?)7 cosh ((1 — 02)%x) |

ve(z) = (1—c?)z _ _
1 —ve(x)? sinh ((1 - 02)%3;)2 + 2

~ cosh ((1 — 02)%£B)

, and  w.(x) (2.2.3)

The only invariances of (HLL) are translations and the opposite map (v, w) — (—v,—w). We
restrict our attention to the translation invariances. All the analysis developed below applies when
the opposite map is also taken into account. For a € R, we denote

Qea(z) = Qc(r —a) == (vc(x —a),w.(r — a)),

a non-constant soliton with speed c. We also set
NV(R) := {n = (v,w) € H'(R) x LA(R), s.t. max|o| < 1}.

This non-vanishing space is endowed in the sequel with the metric structure provided by the norm

2
folireze i= (ol + lwl3s )

1. The hydrodynamical terminology originates in the fact that the hydrodynamical Gross-Pitaevskii equation is
similar to the Euler equation for an irrotational fluid (see e.g. [5]).
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2.2.2 Orbital stability

A perturbation of a soliton is provided by another soliton with a slightly different speed. This
property follows from the existence of a continuum of solitons with different speeds. A solution
corresponding to such a perturbation at initial time diverges from the soliton due to the different
speeds of propagation, so that the standard notion of stability does not apply to solitons. The
notion of orbital stability is tailored to deal with such situations. The orbital stability theorem
below shows that a perturbation of a soliton at initial time remains a perturbation of the soliton,
up to translations, for all time.

The following theorem is a variant of the result by de Laire and Gravejat [19] concerning sums
of solitons. It is useful for the proof of the asymptotic stability.

Théoréme 2.2.1. Let ¢ € (—1,1)\ {0}. There exists a positive number «., depending only on c,
with the following properties. Given any (vy, wy) € X (R) := H'(R) x L*(R) such that

o’ = H(vo,wo) — Qe X®) < a, (2.2.4)
for some a € R, there exist a unique global solution (v,w) € C°(R,NV(R)) to (HLL) with initial
datum (vg,wp), and two maps ¢ € CH(R, (=1,1)\ {0}) and a € C*(R,R) such that the function €

defined by

e(,t) = (v(- + a(t), ), w(- + at), £)) = Qu), (2.2.5)
satisfies the orthogonality conditions
<5('7t)a ach(t)>L2(R)2 = <5(',t), Xc(t)>L2(]R)2 =0, (2.2.6)

for any t € R. Moreover, there exist two positive numbers o. and A., depending only and
continuously on c, such that

?Qﬁ”(x’t) <1-o, (2.2.7)
leC-1) x@ T e(t) — | < Aua®, (2.2.8)
and
/ !
O]+ a'(t) = et)] < AcfleC D) 4 - (2.2.9)
foranyt e R.

Remarque 2.2.1. In this statement, the function x. is a normalized eigenfunction associated to
the unique negative eigenvalue of the linear operator

H.:=E"(Q.) + cP"(Q.).

The operator H. is self-adjoint on L*(R) x L*(R), with domain Dom(H,.) := H*(R) x L*(R) (see
(2.6.42) for its explicit formula). It has a unique negative simple eigenvalue —Xe, and its kernel is
given by

Ker(#H.) = Span(0,Q.). (2.2.10)

Our statement of orbital stability relies on a different decomposition from that proposed by
Grillakis, Shatah and Strauss in [26]. This modification is related to the proof of asymptotic
stability. A key ingredient in the proof is the coercivity of the quadratic form G., which is defined
in (2.2.46), under a suitable orthogonality condition. In case we use the orthogonality conditions
in [26], the corresponding orthogonality condition for G. is provided by the function v;159.Q. (see
(2.2.40) for the definition of S), which does not belong to L*(R). In order to by-pass this difficulty,
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we use the second orthogonality condition in (2.2.6) for which the corresponding orthogonality
condition for G. is given by the function v, !S,, which does belong to L*(R) (see the appendix for
more details). This alternative decomposition is inspired from the one used by Martel and Merle
in [45].

Concerning the proof of Theorem 2.2.1, we first establish an orbital stability theorem with the
classical decomposition of Grillakis, Shatah and Strauss [26]. This appears as a particular case
of the orbital stability theorem in [19] for sum of solitons. We next show that, if we have orbital
stability for some decomposition and orthogonality conditions, then we also have it for different
decomposition and orthogonality conditions (see Section 2 for the detailed proof of Theorem 2.2.1).

2.2.3 Asymptotic stability for the hydrodynamical variables
The following theorem shows the asymptotic stability result in the hydrodynamical framework.

Théoréme 2.2.2. Let ¢ € (—1,1) \ {0}. There exists a positive constant B. < «., depending only
on ¢, with the following properties. Given any (vg, wo) € X(R) such that

H(an wO) - Qc,u

i < B

for some a € R, there exist a number ¢* € (—1,1) \ {0} and a map b € C(R,R) such that the
unique global solution (v,w) € C°(R,NV(R)) to (HLL) with initial datum (vo,wo) satisfies

(v(- +b(t), 1), w(- + b(t), 1)) = Qe in X(R), (2.2.11)
and
b(t) — ¢,
as t — 400.

Theorem 2.2.2 establishes a convergence to some orbit of the soliton. This result is stronger
than the one given by Theorem 2.2.1 which only shows that the solution stays close to that orbit.

In the next subsections, we explain the main ideas of the proof, which follows the strategy
developed by Martel and Merle for the Korteweg-de Vries equation [45,47].

Construction of a limit profile

Let ¢ € (—1,1) \ {0}, and (vg, wp) € X(R) be any pair satisfying the assumptions of Theorem
2.2.2. Since (. < a. in the assumptions of Theorem 2.2.2, we deduce from Theorem 2.2.1 that the
unique solution (v, w) to (HLL) with initial datum (vg, wg) is global.

We take an arbitrary sequence of times (%, )nen tending to +oo. In view of (2.2.8) and (2.2.9),
we may assume, up to a subsequence, that there exist a limit perturbation € € X(R) and a limit
speed ¢ € [—1,1] such that

e(tn) = (v(-+altn) tn), w(- + altn), 1)) = Qe — €5 in X(R), (2.2.12)

and
c(tn) — ¢, (2.2.13)

(see Corollary 2.2.2). For that, we establish smoothness and rigidity properties for the solution of
(HLL) with the initial datum Q. + €.
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First, we impose the constant 3. to be sufficiently small so that, when the number o which
appears in Theorem 2.2.1 satisfies a” < f3, then we infer from (2.2.8) and (2.2.9) that

min {c(t)2 a’(t)Q} > ¢ max {c(t)2 a’(t)2} < L+ ¢ (2.2.14)
) — 2 Y Y e — 2 Y te=.
and
ve(+) —v(- + a(t) t)H < min {CZ 1_C2} (2.2.15)
‘ Pl ®) = 4716 ) o

for any ¢ € R. This yields, in particular, that ¢ € (—1,1) \ {0}, and then, that Q. is well-defined
and different from the black soliton.
By (2.2.8), we also have

¢y —¢| < AB., (2.2.16)

and, applying again (2.2.8), as well as (2.2.12), and the weak lower semi-continuity of the norm, we
also know that the function

(Ugawé) = Q66 + 58,

satisfies
H(US,U)S) - Qc X(R) S Acﬁc + HQc - ch X(R). (2217)
We next impose a supplementary smallness assumption on . so that
H@&%%%&Xwﬁav (2.2.18)

By Theorem 2.2.1, there exists a unique global solution (v*,w*) € C°(R, NV(R)) to (HLL) with
initial datum (vg, wg), and two maps ¢* € C}(R, (=1,1) \ {0}) and a* € C}(R,R) such that the
function €* defined by

() == (v (- + @ (1), 1), w(- + a"(t), 1)) — Qero), (2.2.19)
satisfies the orthogonality conditions

(€"(-1), 02 Qe v)) 22 = (€7 (-, 1), Xer (1)) L2(m)2 = 0, (2.2.20)

as well as the estimates

¢ (t) — o +

a’'(t) — ¢ ()] < A

(U87 U}S) - Qc

(o8| o + (2.2.21)

(R) X(R)’

for any t € R.
We may take [, small enough such that, combining (2.2.16) with (2.2.17) and (2.2.21), we
obtain

min {¢"(t)%, (a*) (£)*} > ¢ max {c*(t)?, (") (t)*} < 1+ (2.2.22)
, >3 : <5
and
o) = v (a0, < min{c2 1_°2} (2.2.23)
P lLee(R) 47 16 )’
for any t € R.

Finally, we use the weak continuity of the low map for the Landau-Lifshitz equation. The proof
relies on Proposition 2.6.1 and follows the lines the proof of Proposition 1 in [6].
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Proposition 2.2.1. Lett € R be fized. Then,
(v(- + altn), tn + ), w( + altn), ta + 1)) = (V(,1),w (1)) in X(R), (2.2.24)

while
a(t, +t) —a(t,) — a*(t), and c(t, +1t) — c*(¢), (2.2.25)

as n — +o00. In particular, we have
e(ty+1t) —e*(-,t) in X(R), (2.2.26)

as n — +o0.

Localization and smoothness of the limit profile

Our proof of the localization of the limit profile is based on a monotonicity formula.
Consider a pair (v, w) which satisfies the conclusions of Theorem 2.2.1 and suppose that (2.2.14)
and (2.2.15) are true. Let R and ¢ be two real numbers, and set

Tn(t) = 109(#) = ;/R [vw] (@ + a(t), )0 (x — ) da.

where ® is the function defined on R by
1
O(x) = 5 (1 + th(uw)), (2.2.27)

with v, :== /1 — ¢2/8. We have

Proposition 2.2.2. Let R € R and 0 € [—o,0, with o, := /1 —¢2/4. Under the above
assumptions, there exists a positive number B., depending only on ¢, such that

d 1—¢ 2, .2 2 /
a0 2 /R [(0:0) + 0 + w?](x + alt), ) (x — R~ ot) du 2.2.28)
o Bc€72uc|R+at|’
for any t € R. In particular, we have
]R(t1> Z ]R(to) - BC€_2VC|R‘, (2229)

for any real numbers ty < t;.
For the limit profile (v*, w*), we set [}(t) := Ig*’w*)(t) for any R € R and any ¢ € R. We claim

Proposition 2.2.3 ( [6]). Given any positive number §, there exists a positive number Rs, depending
only on 6§, such that we have

IL(t) — P(v",w")| <6, VR < —Ry,

foranyt e R.

The proof of Proposition 2.2.3 is the same as the one of Proposition 3 in [6].
From Propositions 2.2.2 and 2.2.3, we derive as in [6] that
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Proposition 2.2.4 ( [6]). There exists a positive constant A, such that
t+1
/ / (007 + ()2 + (w)?] (& + a*(s), )e> 7 dards < A.,
t JR

for any t € R.

We next consider the following map which was introduced by de Laire and Gravejat in [19],

1 Oy 1
= ——— +i(1 —2? 2w> exp 16, 2.2.30
(o i) e (2:2.30)
where -
O(x,t) = —/ v(y, H)w(y,t) dy. (2.2.31)
The map V¥ solves the nonlinear Schrodinger equation
1 _
0 + 0,0 + 2WW + 0P — Re <x11(1 _2F (v, np))) (1-2F(v, ) =0, (2.2.32)
with -
F(o,9)(w,t) = [ oly.)W(y,0)dy, (2.2.33)

while the function v satisfies the two equations

ow =20,1m (¥ (2F (0, 7) - 1)),
9,0 — 2Re (@(1 _ 2F(U,\1/))). (2.2.34)

The local Cauchy problem for (2.2.32)-(2.2.34) was analyzed by de Laire and Gravejat in [19]. We
recall the following proposition which shows the continuous dependence with respect to the initial
datum of the solutions to the system of equations (2.2.32)-(2.2.34) (see [19] for the proof).

Proposition 2.2.5 ( [19]). Let (v°,¥°) € HY(R) x L*(R) and (2°,¥°) € H'(R) x L*(R) be such
that
9,0° = 2Re (\110(1 - 2F(v0,\110))>, and  9,7° = 2Re (@0(1 — 2F(170, \110))>

Given two solutions (v, V) and (0,¥) in C°([0,T.], H'(R) x L*(R)), with (¥,¥) e L*([0,T.],
L=(R))?, to (2.2.32)-(2.2.34) with initial datum (v°,¥°), resp. (0%, W), for some positive time
T,, there exist a positive number T, depending only on ||v°|| 2, |7°]| 12, [[9°|| 2 and |[9°| 2, and a
universal constant A such that we have

+H\If—¢;

+H\D ./

Hv—'&

€o([0,T7,L?) Co([0,T7,L?) LA([0,T],L>®)

2.2.
e (2:2.35)

SA(HUO —

L2)’

for any T € [0, min{7, T.}]. In addition, there exists a positive number B, depending only on |[v°| 12,
18°] L2, [[9°]| 2 and [|W°| L2, such that

O,V — Oy0

: < B(Hvo —

L2+Hq;0 -

co([0,T],L2 L2>> (2.2.36)

for any T € [0, min{7, T..}].
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This proposition plays an important role in the proof of not only the smoothing of the limit
profile, but also the weak continuity of the hydrodynamical Landau-Lifshitz flow.

In order to prove the smoothness of the limit profile, we rely on the following smoothing type
estimate for localized solutions of the linear Schrodinger equation (see [6,20] for the proof of
Proposition 2.2.6).

Proposition 2.2.6 ( [6,20]). Let A € R and consider a solution u € C°(R, L*(R)) to the linear
Schradinger equation
100 + Oppu = F), (LS)

with F € L*(R, L*(R)). Then, there exists a positive constant Ky, depending only on X, such that

T T+1
)\2/ /|8$u(x,t)|26”dmdt§lﬁ/ /(|u(x,t)|2+|F(x,t)|2)e”dxdt, (2.2.37)
—-T JR -T-1JR
for any positive number T'.

We apply Proposition 2.2.6 to U* as well as all its derivatives, where W* is the solution to
(2.2.32) associated to the solution (v*,w*) of (HLL), and then we express the result in terms of
(v*,w*) to obtain

Proposition 2.2.7. The pair (v*,w*) is indefinitely smooth and exponentially decaying on R x R.
Moreover, given any k € N, there exists a positive constant Ay, depending only on k and ¢, such
that
/ [(85“1}*)2 + (OFv*)? 4 (8];10*)2} (z 4 a*(t),t)e” " de < Ay, (2.2.38)
R

foranyt e R.

The Liouville type theorem

We next establish a Liouville type theorem, which guarantees that the limit profile constructed
above is exactly a soliton. In particular, we will show that e = 0.
The pair €* satisfies the equation

0" = JHew(€) + JRewe™ + (a”(t) = (1)) (0:Qer(t) + 0ut™) = ' (1)0eQery,  (2:2.39)

where J is the symplectic operator

0 —20,
J =—250, = <—28x 0 ) (2.2.40)

and the remainder term R )™ is given by
RC*(t)g* = E/(Qc*(t) + 5*) — El(Qc*(t)) - E//(QC*(t))(éf*).

We rely on the strategy developed by Martel and Merle in [45] (see also [40]), and then applied by
Béthuel, Gravejat and Smets in [6] to the Gross-Pitaevskii equation. We define the pair

uw (-, t) = SHey (€7 (-, 1)). (2.2.41)
Since SHe 1) (0xQex (1)) = 0, we deduce from (2.2.39) that
Ou* = SHC*(t)(JSU*) + SHc*(t)(JRc*(t)€*) — (") (1) SHer (1) (0cQer (1)) (2.2.42)
+ () (S0 H ey (%) + (@) (£) = () ) SHer (1) (D).

Decreasing further the value of S, if necessary, we have
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Proposition 2.2.8. There exist two positive numbers A, and R,, depending only on ¢, such that

we have?
2 [aui@ e de) > () = A GO0 - (2:2.43)
for any t € R.

We give a second monotonicity type formula to dispose of the non-positive local term
||t (-, t)||§((B(07R*)) in the right-hand side of (2.2.43). If M is a smooth, bounded, two-by-two
symmetric matrix-valued function, then

d

$<Mu*, u*>L2(R)2 = 2<SMU*, Hc*(—28xu*)>L2(R)2 + “super-quadratic terms”, (2.2.44)
where S is the matrix
(01
=11 o)
For ¢ € (—1,1) \ {0}, let M. be given by
_2cv68w112¢ _ Ozvc
M, = ( T ) | (2.2.45)

We have the following lemma.

Lemme 2.2.1. Let c € (—=1,1) \ {0} and u € X3(R). Then,

G.(u) ::2<SMcu,’HC(—28xu)>

L2(R)2 ( )
2 20,00, 2 1 D0, \2 2.2.46
:2/ He <U2 — Pe Uy — vaazul) + 3/ vc((?mul — Y Ul) ,
R He pre(l —v2) R fe Ue
where
fre = 2(0,v.)* + v2(1 — v?) > 0. (2.2.47)
The functional G, is a non-negative quadratic form, and
Ker(G,) = Span(Q.). (2.2.48)

We have indeed chosen the matrix M, such that M.Q. = 0,Q. to obtain (2.2.48). Since Q. does
not vanish, we deduce from standard Sturm-Liouville theory, that G. is non-negative, which is
confirmed by the computation in Lemma 2.2.1.

By the second orthogonality condition in (2.2.20) and the fact that He(Xer) = —AerXer, We
have

0= <'HC* (Xc*), 5*>L2(]R{)2 = <'HC* (6*), Xc*>L2(R)2 = (u*, SXc*)LQ(RP- (2.2.49)
On the other hand, we know that
(QurSxe ) = P(Q) () 0. (2.2.50)

so that the pair u* is not proportional to Q.- under the orthogonality condition in (2.2.49). We
claim the following coercivity property of GG. under this orthogonality condition.

2. In (2.2.43), we use the notation

.9 ey = [ (@52 + 7 +07).

in which Q denotes a measurable subset of R.
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Proposition 2.2.9. Let ¢ € (—1,1) \ {0}. There exists a positive number A., depending only and
continuously on c, such that

Ge(u) > AC/R {(Gxulf + (up)? + (u2)2] (z)e 2ol du, (2.2.51)

for any pair u € X(R) verifying
<U, SXC>L2(1R)2 =0. (2252)

Coming back to (2.2.44), we can prove

Proposition 2.2.10. There exists a positive number B,, depending only on ¢, such that

(O enwen), ) =g [ (@) + i)+ (i e
= B0 o )y
for any t € R.
Using Propositions 2.2.8 and 2.2.10, we claim
Corollaire 2.2.1. Set
N(t) := ; <2 g) + A, B, M. ).
There exists a positive constant A, such that we have
(N ()0 D) 2 A ) (2.2.54)
t X(R)
for any t € R. Since
/::O | u*(~,t)H;R) dt < +oo, (2.2.55)
there exists a sequence (t})ken Such that
Jim (- 8) i(R) —0. (2.2.56)
In view of (2.2.20), (2.2.41) and the bound for H. in (2.6.43), we have
e Dlxe < Acfu (0] - (2.2.57)
Hence, we can apply (2.2.56) and (2.2.57) in order to obtain
Jim = 87) ;R) — 0. (2.2.58)

By (2.2.58) and the orbital stability in Theorem 2.2.1, this yields

Corollaire 2.2.2. We have
g =0.

At this stage we obtain (2.2.11) for some subsequence. We should extend this result for any
sequence. The proof is exactly the same as the one done by Béthuel, Gravejat and Smets in [6] (see
Subsection 1.3.4 in [6] for the details).
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2.2.4 Proof of Theorem 2.1.1

We choose a positive number 4, such that ||(vo, wo) — Qcllx®) < B¢, whenever dg(m°, u;) < 6.
We next apply Theorem 2.2.2 to the solution (v,w) € C*(R, NV(R)) to (HLL) corresponding to
the solution m to (LL). This yields the existence of a speed ¢* and a position function b such
that the convergences in Theorem 2.2.2 hold. In particular, since the weak convergence for mg is
satisfied by Theorem 2.2.2, it is sufficient to show the existence of a phase function 6 such that
exp(10(t)) 0, (- + b(t),t) is weakly convergent to 9l in L*(R) as t — oo. The locally uniform
convergence of exp(if(t))m(-+b(t),t) towards . then follows from the Sobolev embedding theorem.
We begin by constructing this phase function.

We fix a non-zero function y € C(R, [0, 1]) such that y is even. Using the explicit formula of
U, We have

[ e @) de =2 [ o Xl(f)(c*)%) dz # 0. (2.2.50)

Decreasing the value of f3; if needed, we deduce from the orbital stability in [19] that

> [¢*] x() dz # 0, (2.2.60)

R cosh (1/1 - (c*)%)

/]R iz + b(t), £)x(z) dz

for any t € R.
Let T : R? — R be the C! function defined by

T(t,6) = Im (eia /R iz + b(t), )x(2) dx).

From (2.2.60) we can find a number 6, such that Y(0,60y) = 0 and 9,1 (0,6y) > 0. Then, using
the implicit function theorem, there exists a C' function 6 : R — R such that Y(¢,6(¢)) = 0. In
addition, using (2.2.60) another time, we can fix the choice of 6 so that there exists a positive
constant A. such that

9y (1,0(1)) = Re (e”@ [ e+ (), X () dx) > 4. >0 (2.2.61)
R
This implies, differentiating the identity Y(¢,6(t)) = 0 with respect to ¢, that

< o o)

(o) = 210D L

Op Y (t,0(t))

, (2.2.62)

for all £ € R. Now, we differentiate the function T with respect to ¢, and we use the equation of m
to obtain

9T (1,6()) =Tm (M [ (@) (uin(a + b(0), (1) — im0 + b(2), )0aiin(x + b(2), 1) e
it 4 b(t), D)uema (@ + b(E), 1) — ima(x + b(t), Din(a + b(1), 1)) dx). -

Since b € C}(R,R), and since both 9,7 and 9y belong to CP(R, H '(R)), it follows that the
derivative 6’ is bounded on R.
We denote by ¢ the phase function defined by

Pl -+ b(0).1) = o(b(t),0)+ [ wly +b(t),6)dy,
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with ¢(b(t),t) € [0, 2x], which is associated to the function m(x + b(t),t) for any (x,t) € R? in the
way that

N

x4+ b(t),t) = (1= mj(x +b(t), 1))

It is sufficient to prove that

exp (zgp(:c +0(t), t))

exp (Z (b(t),t) — H(t))) — 1, (2.2.64)

as t — oo to obtain
exp (Z (90( +0(t),t) — 9(75))) — exp (zgoc()) = exp (Z/o we (Y) dy) in L. (R),
as t — oo. This implies, using Theorem 2.2.2 once again, and the Sobolev embedding theorem, that

00 (- 4 b(t),1) = Ol in L(R),

IO b)) — e in LE(R), (2.2.65)

as t — 0o. Now, let us prove (2.2.64). We have
e— 00 /]R iz + b(t), £)x(z) dz
— exp (ilip(b(t), 1) — 6(1)
We use the fact that T(t, 6(t)) = 0
cos (p(b(t). 1) — 6(1)) Im ( /R (1 — (e + b(t),8))* exp (i /0 “w(y + 0(t), 1) dy> (@) dx)
(/R (1= m(w+b(0), 1)) exp (z [ty + b0, dy)x(x) dx)

to obtain

+sin ((b(t),t) — 0(t)) Re
=0.
On the other hand, by (2.2.61), we have

cos ((p(b(t), t) — H(t)) Re (/R <1 —m3(x + b(t), t))% exp (z /Ox w(y +b(t),t) dy)x(:c) d:v)
— sin (p(b(t), 1) — 6(t)) Im (/R (1= ma(x + b(1), 1)) * exp (z /O wly + b(t), 1) dy)x(x) dx)

> 0.

We derive from Theorem 2.2.2 and (2.2.59) that

Im (/R (1 —m3(z + b(t),t))% exp (z /:w(y +b(t),t) dy)x(m) dm) — Im (/R{Lc* (x)x(x) dx) =0,

and
Re </R (1 —m3(r + b(t),t))% exp (z /Oxw(y +b(t),t) dy)x(x) dx) — Re (/R?ic* (x)x(z) d:v) > 0.

This is enough to derive (2.2.64).
Finally, we claim that ¢'(t) — 0 as t — co. Indeed, we can introduce (2.2.65) into (2.2.63),
and we then obtain, using the equation satisfied by ., that

0/ Y(t,6(t) — 0,

as t — oo. By (2.2.62), this yields #'(t) — 0 as t — oo, which finishes the proof of Theorem 2.1.1.
[
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2.3 Proof of the orbital stability

First, we recall the orbital stability theorem, which was established in [19] (see Corollary 2,
Propositions 2 and 4 in [19]).

Théoréme 2.3.1. Let ¢ € (—1,1) \ {0} and (vo, wo) € X(R) satisfying (2.2.4). There exist a
unique global solution (v, w) € CO(R, NV(R)) to (HLL) with initial datum (vo,wy), and two maps
c1 € CH(R,(—1,1)\ {0}) and a; € C}(R,R) such that the function €1, defined by (2.2.5), satisfies
the orthogonality conditions

(e1(+,), 0sQer ) 122 = P'(Qey 1) (21 (1)) = 0, (2.3.1)
for any t € R. Moreover, £1(-,t), c1(t) and ay(t) satisfy (2.2.7), (2.2.8) and (2.2.9) for any t € R.
With Theorem 2.3.1 at hand, we can provide the proof of Theorem 2.2.1.

Proof. We consider the following map

E((U7 w)7 g, b) = <<axQo,h7 ‘€>L2><L27 <Xa,ba <C:>LQ><LQ>7

where we have set ¢ = (v,w) — Qp, and Xsp = Xo(- — b) (we recall that y, is the eigenfunction
associated to the unique negative eigenvalue —\, of the operator H, ). The map = is well-defined
for, and depends smoothly on, (v,w) € H'(R) x L*(R), o € (—1,1) \ {0}, and b € R.

We fix ¢ € R. In order to simplify the notation, we substitute (c¢;(t), a1(t)) by (c1,a1). We check
that

E(ch,ala C1, a’l) - 07

and we compute

aO'El (ch,ap C1, al) = 07
8052(ch,a17 1, al) - _<X01,a1 ) aa’ch,a1>L2><L2‘

Let ¢ € (—1,1) \ {0} and suppose by contradiction that

<XC7 ach>L2><L2 = 0.

Using the fact that H, (GCQC) = P'(Q.), it comes

<Xc> c(ach>>L2><L2 = - <XC7P/(QC)>L2XL2‘

ye‘ —

0= <Xc:7 ach>L2><L2 = —

ye‘ —

c

Since H. is self-adjoint, we also have

<Xcu 8xC2c>L2><L2 =0.

By Proposition 1 in [19], we infer that

0> —S\CHXC"%zxLz = <XC>HC<X0)>L2XL2 > ACHXCH%%@? >0,

which provides the contradiction and shows that

<XC7 ach>L2><L2 7£ 0, (2.3.2)
for all c € (—1,1) \ {0}. In addition, we have

abal (Qq,al , C1, @1)
abE2(ch,a17 C1, a’l) — 0



Therefore, the matrix

0 c1,a 780 c1,a
do,bE(Qm,alaclaal) = < <X o Q " 1>L2XL2>

2(1 —c%) 0

N

is an isomorphism from R? to R2.
Then, we can apply the version of the implicit function theorem in [5] in order to find a
neighbourhood V of @, 4,, a neighbourhood U of (¢, a1), and a map 7., 4, : 4 — V such that

Z((v,w),0,b) =0 < (c(v,w),a(v,w)) == (0,b) = Yea(v,w) Y(v,w) eV, V(o,b)eU.
In addition, there exists a positive constant A, depending only on ¢; such that
le@®llx + le(t) — er(B)] + la(t) — ar()] < Aller (@) x < A, Acaro, (2.3.3)

where c(t) := c(v(t),w(t)), a(t) := a(v(t),w(t)) and £(t) := (v(t),w(t)) — Qe(t)a(t), for any fixed
t € R. Using the fact that (v(t),w(t)) stays into a neighbourhood of Qc, (1), ) for all t € R by
Theorem 2.3.1, and also the fact that ¢; satisfies (2.2.8), we are led to the following lemma.

Lemme 2.3.1. Under the assumptions of Theorem 2.3.1, there exists a unique pair of functions
(a,c) € C° (R, R2> such that

e(t) := (v(t), w(t)) = Qe(r).a(o);

verifies the two following orthogonality conditions

(e(£), 0:Qettya)) 12 12 = Xea: € r2xrz = 0. (2.3.4)

Moreover, we have (2.2.8).

This completes the proof of orbital stability. Now, let us prove the continuous differentiability
of the functions a and ¢, as well as the inequality

c’(t)’ +

d/(t) = c(t)| < A

SO0)] e (2.3.5)

for all t € R. The C! nature of a and ¢ can be derived from a standard density argument as in [19].
Concerning (2.3.5), we can write the equation verified by e, namely

Biey, = ((a'(t) —c(t)>8xvc7a—c’(t)chC,a) +, (((vc,aﬂv)?_ 1) (vea+w) — (2, — 1)wc,a>, (2.3.6)

and
Orew = (' (t) = e(t)) Ortwea — ¢ (£) 0w
(Davea + 83;6v)2
(1= (veu +2.2)

+ ax < axI/UC,a + axxgv

1 (’Uc,a i EU)Q -+ (Uc,a + 51})

(2.3.7)

- Ve,a 2
1 — 2 ’ 2
c.a I —wz,

‘o, (< b ) ((wew 4 €0 — 1) — ta (- 1)).

&qua (aa:vc,a) ’ )
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We differentiate with respect to time the orthogonality conditions in (2.2.6) and we invoke equations
(2.3.6) and (2.3.7) to write the identity

M <ac_ C) — (9 . (2.3.8)

Here, M refers to the matrix of size 2 given by

Ml,l - <80Qc7 XC>L2><L2 + <8CXC,CL7 8>L2><L27
M1,2 = <Xc> aa:Qc)L?xL2 - <axXc,aa 5>L2><L2a
M2,1 - _<8$Qca accx?c>L2><L2 + <acaa:Qc,a7€>L2><L2a

M2,2 = a:]ch
The vectors Y and Z are defined by
— 2 _ _ (2 —
Y _<a:cwc,aa ((Uc,a + 51}) 1) (wc,a + 5w) (Uc,a 1)fwc,a>L2

+ <8xvc,aa ((wc,a + 5w)2 - 1) (Uc,a + 51}) - (wia - 1)UC7G>L2

8193“0,& + azmgv a:cmvc,a
_ <3m1)c,a, 1 (Uqa T 51})2 - 1— ’Uga>L2 + C<81Xc,a; €>L2><L2’

2
252 - <8£E:BQC,(Z7 €>L2><L2-

and

Z :<aa:acvc,aa ((Uc,a + 51})2 - 1) (wc,a + gw) - (Uz’a - 1)Iwc,a>L2

+ <a;va:wc,a7 ((wc,a + 5w)2 - 1) (Uc,a + 57}) - (wia - 1>UC7(1>L2

<a w amzvc,a + amxgv 8xxvc,a
zxx We,as -
I (vea t2)? 102,

> + C<achc,a75>L2><L2-
L2

We next decompose the matrix M as M = D + H, where D is the diagonal matrix of size 2
with diagonal coefficients

D171 = <66QcaXc>L2><L2 7é 07
by (2.3.2), and
Dyp = [10:Qeqn 172 = 2(1 — c(t)*)2,

so that D is invertible. Concerning the matrix H, we check that

<P/(QC>>anc>L2><L2 = <ach,ach>L2><L2 = 0.

Then,
H = <acXc,aa €>L2><L2 _<8J:Xc,aa 5>L2><L2
<acaxQC,aa 5>L2><L2 _<ax:0Qc,a7 5>L2><L2 .

It follows from the exponential decay of ()., and its derivatives that
[H| < Acllell 22

We can make a further choice of the positive number a., such that the operator norm of the matrix
D™'H is less than 1/2. In this case, the matrix M is invertible and the operator norm of its inverse
is uniformly bounded with respect to ¢t. Coming back to (2.3.8), we are led to the estimate

(1) +

a(t) — c(t)‘ < Ac<

Y ()| + \Z(t)]). (2.3.9)
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It remains to estimate the quantities Y and Z. We write

'<ach,a> ((Uc,a + Ev)Q - 1) (wc,a + Ew) - (Uia - 1)wc,a>L2

- ‘<8£wc,au (512; + 2Uc,a511>wc,a + Ew((ev + UC,a)2 - 1)>
.2

< Alle|lL2xr2-

Arguing in the same way for the other terms in Y and Z, we obtain
V] +12] = O(Jlel z2xzz),

which is enough to deduce (2.3.5) from (2.3.9).
To achieve the proof, we show (2.2.7). Using the Sobolev embedding theorem of H'(R) into C°(R),
we can write

rggﬂgw(x,t) < Uc(t)HLOO(R) + Hv(-, — Ve(t) HLOO ®) < UC(t)HLoo(R) + le()llx )
By (2.2.3), ® < 1, so that by (2.2.8) there exists a small positive number ~, such that
H < 1— .. We obtain
Lo(R) =

maxv(:v t) S<l—r.+ H ( )HX(R) < T =7+ ae.

zeR

For a. small enough, estimate (2.2.7) follows, with o, := —a, + 7. O

2.4 Proofs of localization and smoothness of the limit pro-
file

2.4.1 Proof of Proposition 2.2.2

The proof relies on the conservation law for the density of momentum vw. Let R and ¢ be two
real numbers, and recall that

Ir(t) = [}(__;J’w)(t) = ;/R [vw} (x 4+ a(t),t)®(z — R) dz,

where ® is the function defined on R by

O(z) := ;(1 + th(uaz)),

with v, := /1 — ¢2/8. First, we deduce from the conservation law for vw (see Lemma 3.1 in [19] for
more details) the identity

ccilt[[RJrat( )] =—(d'(t) + 0)/R [vw} (x +a(t),t)® (r — R— ot)dx

+/ {UQ + w? — 3v*w® + (13>(8 v)? | (z +a(t),t)® (z — R—ot)dx (2.4.1)
— 02
+/ n(1—?)](z + a(t),)@" (z - R - ot) da.
Our goal is to provide a lower bound for the integrand in the right-hand side of (2.4.1).
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Notice that the function ® satisfies the inequality
|0 < 429’ (2.4.2)
In view of the bound (2.2.14) on a/(t) and the definition of o, we obtain that

2
d@+0f§92h. (2.4.3)

Hence, we deduce

d

— [IRJFUt(t)} 2/ {4%2 In(1 —v?) + v + w? — 3*w?
dt R

2
+ (0,0)* — 4/ 0 +87c ’vw” (x+a(t),t)®(x — R—ot)dx := J, + Ja.

At this step, we decompose the real line into two domains, [— Ry, Ry| and its complement, where
Ry is to be defined below and we denote J; and .J; the value of the integral in the right-hand
side of (2.4.4) on each region. On R\ [—Ry, Ry], we bound the integrand pointwise from below
by a positive quadratic form in (v, w). Exponentially small error terms arise from integration on
[— Ry, Ro)-

For |z| > Ry, using Theorem 2.2.1, the Sobolev embedding theorem, and choosing o small
enough and Ry large enough, we obtain

(2.4.4)

1

(@ + a(t), )] < leo(@, )] + e ()] < Aclao + exp(—V1 = @Ry)) < 5 (2.4.5)
for any ¢ € R. Using the fact that In(1 — s) > —2s for all s € [0, ] and introducing (2.4.5) in
(2.4.4), we obtain

1— 2
hz—"= [zﬂ Fw? + (0,02 (z + a(t), )P (z — R — ot) da. (2.4.6)
|z|>Ro
We next consider the case x € [—Rg, Ry]. In that region, we have
|t — R — ot| > —Ry + |R + ot|.

Hence,
' (z — R — ot) < 2ueefog=2wlltot], (2.4.7)

Since the function |In | is decreasing on (0, 1], in view of (2.2.7) and (2.4.4),

J>

< 4, /x|<Ro [vz +w? 4 (azu)ﬂ (¢ +a(t), ) (z — R — ot) da.

Then, by (2.4.7) and the control on the norm of (v,w) in X (R) provided by the conservation of the
energy, we obtain

| < BCG_QVC‘R—’—UH.

This finishes the proof of (2.2.28). It remains to prove (2.2.29). For that, we distinguish two cases.
If R > 0, we integrate (2.2.28) from t =ty to t = (to + t1)/2, choosing 0 = o, and R = R — o.t,
and then from ¢ = (g + t1)/2 to t = t; choosing 0 = —o. and R = R+ o.t;. If R <0, we use the
same arguments for the reverse choices 0 = —o. and 0 = o.. This implies (2.2.29), and finishes the
proof of Proposition 2.2.2. O
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2.4.2 Proof of Proposition 2.2.7

Let W* and v* be the solutions of (2.2.32)-(2.2.34) expressed in terms of the hydrodynamical
variables (v*,w*) as in (2.2.30). We split the proof into five steps.

Step 1. There exists a positive number A, depending only on ¢, such that

!

By (2.2.23) and (2.2.30),

0. V" (z + a*(t), S)’QBVCM drds < A, (2.4.8)

foranyt e R.

07| < Ac(|0wv"| + [w]). (2.4.9)

In view of Proposition 2.2.4 and the fact that |a*(t) —a*(s)| is uniformly bounded for s € [t —1,t+2]
by (2.2.22), this yields

t+2 2

/ / ‘\IJ*(x + a*(t), 3)‘ el dy ds < A.. (2.4.10)

-1 Jr

We denote ]
F*i= — (0’0 + Re (qf(1 - 2F(v*,\If*))) (1—2F (", 0).

We recall that ||v*||Le®xr) < 1 — 0 by (2.2.23). Using the Cauchy-Schwarz inequality, the Sobolev
embedding theorem and the control of the norm in X (R) provided by the conservation of energy,
we have F(v*, U*) € L>°(R x R). Hence,

F*| < A0, (2.4.11)

where A, is a positive number depending only on ¢. Then, by (2.4.10),

t+2 2
/ ’F*($ +a*(t), s)‘ el dy ds < A, (2.4.12)
R

t—1

for any t € R. Next, by Proposition 2.2.5, we have

v

Indeed, we fix t € R and we denote (09, 0?) := (U*(- +a*(t — 1),t — 1),v*(- + a*(t — 1),t — 1))
and (¥y(s),v1(s)) := (V*(-+a*(t —1),t =1+ s),v*(-+a*(t —1),t — 1+ s)) the corresponding
solution to (2.2.32)-(2.2.34). Denote also (U3,v9) = (Wer_1), Verr—1)) and (Wa(s),va(s)) =
(Verp—ny (@ — c*(t = 1)8),verp—1y (@ — ¢*(t — 1)s)) the corresponding solution to (2.2.32)-(2.2.34),
where W) is the solution to (2.2.32) associated to the soliton Q.. We have, by (2.2.35),

)

< A. (2.4.13)

LA([t—1,t42]),L>°) —

|1 (s) = Ws(s)

2T H\D? -0

<A([ o8

LA([0,7c],L>®) —

Using (2.2.21), we obtain

C)

| @1(s) = Wa(s)

where 7. = T([[v{|| 22, [|[v9] 2, [19Y| 2, || U]l £2) depend only on ¢. Since [0,3] € U [k, (k+1)7],
0<k<3/7.

<
LA([0,7],L>®) —

we can infer (2.4.13) inductively .
In addition, by (2.4.9), we have

W (- +a* A.. (2.4.14)

(t)’ .)HLOO([t—l,t-&-Q],LQ) <
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Hence, applying the Cauchy-Schwarz inequality to the integral with respect to the time variable,
(2.4.10), (2.4.13) and (2.4.14),

t+2 4
/ / ‘\II*(x + a*(t),s)’ el dz ds
¢

2 vel|x| * 2
@t @), e ] 0 () [ sy ds
2 2

LA([t—1,t+2),L (R)) (2.4.15)

Pl

< qu +at(b),)e*
<o+ art), )ent

pr (- + a*(t),-)
H\II 4+ a’(

LA([t—1,t4+2],L2 (R

L2([t—1,t+2],L2(R)) HLOO [t—1,t+2],L2(R))

2

H‘I’ (-+a’(t),-) LA([t—1,t+2],L°(R))

< A..

In order to use Proposition 2.2.6 on ¥*, it is sufficient to verify

sup / ‘\I/*(x + a*(t), s)‘262”‘|’”‘ drds < A.. (2.4.16)

s€ft—1,t+2] /R

Indeed, using (2.4.16) and (2.4.13), we can write

/t+2/ ‘\II x+a*( )‘ 2velel g ds

<o +ar ), et
< A,

L (2.4.17)

LA([t—1,t4+2],L>°(R))

(- +a'(t), )

‘Lw([t 1,t+2],L2(R ‘

which proves that U* satisfies the assumptions of Proposition 2.2.6. Then, we apply Proposition
2.2.6 with v := U*(- + a*(t), -+ (t +1/2)), T :=1/2, F := |u|*u + F*(-,t + 1/2) and successively
A = tv, and we use (2.4.10) and (2.4.12) to obtain (2.4.8).

Now let us prove (2.4.16). First, we recall the next lemma stated by Kenig, Ponce and Vega [32].

Lemme 2.4.1. Let a € [-2,—1] and b € 2, 3]. Assume that u € C°([a,b] : L*(R)) is a solution of
the inhomogeneous Schridinger equation

100w + Oppu = H, (2.4.18)
with H € L'([a,b] : L?(eP*dx)), for some B € R, and
Uy = ul(-, a), uy = u(-,b) € L*(e"dz). (2.4.19)
There exist a positive number K such that

sup “u(v t) HLQ(eﬂwdx)
a<t<b

(2.4.20)
< K(|[uallr2(esraz) + sl 2(eseany + 1H | 21 (j0,8], L2 (B2 d))) -

In order to apply the lemma, we need to verify the existence of numbers a and b such that (2.4.19)
holds for u := U*(- + a*(t), - +t) and such that H := |u|?u + F*(-,- +t) € L'([a, b], L*(e*dx)), for
[ = +v, respectively and any ¢ € R. Our first claim is a consequence of (2.4.10) and the Markov
inequality. Indeed, there exist sy € [—2, —1] and s; € [2, 3] such that

/ ‘\II*(x +a*(t),s; + t)‘Qe%l“" de < A, forj=0,1.
R
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For the second claim, by (2.4.12) and the Cauchy-Schwarz estimate, it is sufficient to show that
lu|?u € L'([-2,3], L?(e**ldx)). To prove this we use the Cauchy-Schwarz inequality for the time
variable, (2.4.10) and (2.4.13),
3 * * 6 2, |z| %
/ (/ )\II (x+a (t),s+t)‘ e dx) ds
—2 \Jr

S H\I[ (' +CL (t)7' +t)e CH \Ij (' +Cl (t)7. +t) L4([—2,3],L°O)

< A..

L2([-2,3],L?)

Now, we are allowed to apply Lemma 2.4.1 with a = so and b = s; to deduce (2.4.16). This finishes
the proof of this first step.
In the next step, we prove that (2.4.8) remains true for all the derivatives of ¥* and v*.

Step 2. Let k > 1. There exists a positive number Ay, depending only on k and ¢, such that

I
I

The proof of Step 2 is by induction on k > 1. We are going to differentiate (2.2.32) k times
with respect to the space variable and write the resulting equation as

OF U (x + a* (1), s)‘ze”f‘x| drds < Ag,, (2.4.21)

and
2
OFv* (z + a*(t), 3)‘ el de < Ay, (2.4.22)

for any t € R.

i0,(O5U") + 00 (OEW) = Ry(v", W7). (2.4.23)

where Ry (v*,¥*) = 8];(]@*\2@*) + 0FF*. We are going to prove by induction that (2.4.21), (2.4.22)
and
t+1 2
/ / ’Rk(v*, U*)(x + a*(t), s)‘ el dy ds < Ay, (2.4.24)
t Jr

hold simultaneously for any ¢ € R. Notice that (2.4.21) implies that 9¥¥* € L2 (R, L*(R)), while

loc

(2.4.24) implies that Ry (v*, ¥*) € L} (R, L*(R)). Therefore, if (2.4.21), (2.4.22) and (2.4.24) are

loc

established for some k& > 1, then applying Proposition 2.2.6 to 9*¥* can be justified by a standard
approximation procedure.

For k =1, (2.4.21) is exactly (2.4.8). (2.4.22) holds from Proposition 2.2.4 and the fact that
la*(t) — a*(s)| is uniformly bounded for s € [t — 1,t 4 2]. Next, we write

Ry(v*,U") = =00, 0" W" — ;(v*)2ax\11* + Re (835\11* (1 - 2F(U*,\I’*))> (1 —2F(v", \Il*))
— 20" | W 2(1 = 2F (v, U")) — 20"¥" Re (xp(1 —2F(v", 7)) - 20, (qz*|qf*|2)).

We will show that
U e Lot — 1,t 4 2], L*(R)), (2.4.25)

in order to control the derivative of the cubic non-linearity by |0, ¥*| and then we will use the fact
that F(v*,¥*) € L*(R x R), |[v*||Le@®xr) < 1 and the second equation in (2.2.34) to get

Ry(v*, 0%) < K ([0, 97] + 0,07 07| + |07 [2). (2.4.26)
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Let us prove (2.4.25). We define the function H on R by

H(s) = ;/R(|8m\lf*(x,s)|2 0z, )| de

We differentiate it with respect to s, integrate by part and use (2.2.32) to obtain

H'(s) = — Re ( /R 00" (2, 5) [0, 0" + 20U (x, s)dx)
= Re (/Ras\ll*(x, s)F*(m,s)dx) (2.4.27)
< |0 () |1y 1F7 () || 111 ) -

We have
0. F*| < K(Iax‘l’*| + |00 W] + I‘If*|2),

using the fact that F'(v*, U*) € L®(R x R), [[v*| gecrxr) < 1 and the second equation in (2.2.34).
Hence, by (2.4.8), (2.4.10), (2.4.15), and the fact that |0,v*| < |U*| on R x R, we obtain

HGIF*HLQ([t,LHQLLz(R)) < Ac- (2428)

On the other hand, we infer from (2.2.32), (2.4.8), (2.4.12) and the fact that
U* e LAt —1,t+ 2], L2(R)) N L3([t — 1,t + 2], L*(R)), that

||88\I/*||L2([t—1,t+2},H71(R)) S AC' (2429)

Next, we integrate (2.4.27) between ¢t — 1 and t + 2 and we apply the Cauchy-Schwarz inequality
to obtain H € Whi([t — 1,t + 2]) for all t € R using (2.4.28) and (2.4.29). Notice that all
these computations can be justified by a standard approximation procedure. This yields, by
the Sobolev embedding theorem, that H € L*®([t — 1,t + 2]). We conclude that the derivative
0, U* € L>([t — 1,t + 2], L*(R)). Indeed, we can use the Gagliardo-Nirenberg inequality and the
fact that ¥* is uniformly bounded in L?(R) by a positive number to write

1 * * *
H(s) = §/R!3m‘11 (z, 5)|*dz — A9 ()| 72y 10297 ()| 2R
1
= /R 10,9 (2, 8)|Pdx — AK|0,0* ()] 2w

The function z — 2?2 — AM?z diverges to +oo when z goes to +oo. Since H is bounded, we infer
that [0, V" ()| L2(r) is uniformly bounded on [t — 1,¢ 4 2] for all t € R. This finishes the proof of
(2.4.25) by the Sobolev embedding theorem. Then, by (2.4.26), (2.4.24) for k = 1 is a consequence
of (2.4.8), (2.4.15) and the fact that |0,v*| < |U*| on R x R.

Assume now that (2.4.21), (2.4.22) and (2.4.24) are satisfied for any integer 1 < k < ky and
any t € R. Let us prove these three estimates for k = kg + 1. We apply Proposition 2.2.6 with
w = OFU*(-+a*(t), -+ (t+1/2)), T := 1/2 and successively \ := +v,. In view of (2.4.21), (2.4.23),
(2.4.24), and the fact that |a*(t) — a*(s)| is uniformly bounded for s € [t — 1,¢ + 2|, this yields

t+1
/ / |08 (1 4 a*(t), 5) [Pl dx ds < A, (2.4.30)
t Jr

so that (2.4.21) is satisfied for k = ko + 1.
Let k € {1,...,ko}. We use the induction hypothesis and (2.4.30) to infer that

OF1wr e LA([t,t + 1], H*(R)).
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Also, we have
OE1u € HY([t,t + 1], LX(R))

using (2.4.23) and (2.4.24). This yields, by interpolation,
OF 1 € Hi([t,t + 1], H3 (R)).
Hence, using the Sobolev embedding theorem, we obtain
O € L®([t, t + 1], L(R)) forall tcR. (2.4.31)

On the other hand, since |0,v*| < |U*|, we have, by (2.4.25), 0,v* € L*>®([t,t + 1], L*°(R)). For
k€ {2,..., ko}, we differentiate the second equation in (2.2.34) k times and we use (2.4.31) to obtain

k—1 k—2
o] < K (310007 + 3 104, (2.4.32)
j=1 j=0

where K is a positive constant. We infer from (2.4.31) by induction that
oFv* € L([t,t + 1], L°(R)) for all t¢€ R, (2.4.33)

for all k € {2,...,ko}. Then, we just compute explicitly Ry,+1(v*, ¥*) and we use (2.4.31) and

(2.4.33) to obtain
kotl koo
‘Rko+1<v*> ‘I’*)’ < Ako+1,c,K( IRANEDY \8;v*|>
§=0 J=1
Hence, by (2.4.21) for all k < ko, (2.4.22) and (2.4.30), we obtain (2.4.24) for k = ko + 1. Finally,
we introduce (2.4.21) for all £ < kg + 1 and (2.4.22) for all & < ko into (2.4.32) to deduce (2.4.22)
for k = ko + 1. This finishes the proof of this step.
In order to finish the proof of Proposition 2.2.7, we now turn these L

L™ in time estimates, and then into uniform estimates.

2

ive In time estimates into

Step 3. Let k > 0. There exists a positive number Ay, depending only on k and ¢, such that

J

for any t € R. In particular, we have

O (- + a*(t),t)e%HHLm(R) < Ap, (2.4.35)

OFU* (x + a* (1), t)‘Qe”“‘x' de < A, (2.4.34)

for any t € R, and a further positive constant Ay, depending only on k and c.

Here, we use the Sobolev embedding theorem in time and (2.4.23) for the proof. By the Sobolev
embedding theorem, we have

2

k(. * Ze | 2
(- + a0, e, gK(

0 (08U (- + a* (1), 5)e %)

L2([t—1,t+1],L2(R))
2

L2([t—1,t+1],L2 (]R))) ’

V¢

+ 08T (- + a*(t), s)e 2

while, by (2.4.23),

2
L2([t—1,t+1],L2(R))

Vg

AT (- 4 a*(t), s)e 2

0. (050 (- + a*(t), 5)e ¥1)

2 <2<
LQ([t—l,t-l—l],LQ(]R)) -

Ve

+ | RR(E) (- + a” (1), s)e 51

2
LQ([t—Lt-l—l},L?(R))) ’

so that we finally deduce (2.4.34) from (2.4.21) and (2.4.24). Estimate (2.4.35) follows from applying
the Sobolev embedding theorem to (2.4.34).
Similarly, the function v* satisfies
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Step 4. Let k € N. There exists a positive number Ay, depending only on k and ¢, such that
2
/ (Ohv* (@ +a*(t),1)) e dw < Ay, (2.4.36)
R

and

ko*(- 4+ a* CRR
O (a0, 0e2V| | < A, (2.4.37)
foranyt e R.

The proof is similar to the proof of Step 3 using the first equation in (2.2.34) instead of (2.2.32).
We use the Sobolev embedding theorem to write

BF0* (- + a* (t), ) el 0, (k0" (- + a*(8), s)er M)

‘2
L2(R)

<k

L2([t—1,t+1],L2(R))

+ 050" (- + a*(t), s)e”!!

2
LQ([t—l,t-i-l},LQ(R))) )
By the first equation in (2.2.34), (2.4.21), (2.4.23) and (2.4.33), we have

k(. * vel| 2
83@@‘” (- +a’(t),s)e ) L2([t—1,t+1],L2(R)) <
This leads to (2.4.36). The uniform bound in (2.4.37) is then a consequence of the Sobolev

embedding theorem.
Finally, we provide the estimates for the function w*.

c:

Step 5. Let k € N. There exists a positive number Ay, depending only on k and ¢, such that

J

a!,fw*( + a*(t)at)e%HHLoo(R) < Ak,ca (2439)

Ohw* (z + a*(t),1)] e d < Ay, (2.4.38)

and

foranyt € R.

The proof relies on the last two steps. First, we write
1
v = _gam ((1 — (v*)?) expi@*).
Since (1 — v*(x,t)?)"/? expif*(x,t) — 1 as x — —oo for any ¢t € R, we obtain the formula

2F(v*, U%) =1 — (1 — (v*)%)% exp i6*. (2.4.40)

N

Hence, using (2.2.30), we have

V(1 - 2F (v*, 0))
w* =2Im < ) (2.4.41)
1 — (v*)?
Combining (2.2.7) and (2.4.40), we recall that
1 —2F(v*, U~
| WLy (2.4.42)
1 — (v*)?
Hence, we obtain
|w*| < A|P™.

Then, (2.4.38) and (2.4.39) follow from (2.4.34) and (2.4.35) for k = 0. For k > 1, we differentiate
(2.4.41) k times with respect to the space variable, and using (2.4.35), (2.4.37) and (2.4.42), we are
led to

k k—1
0] < Awe( 100071+ X [0
§=0 j=1
We finish the proof of this step using Steps 3 and 4. This achieves the proof of Proposition 2.2.7. [
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2.5 Proof of the Liouville theorem

2.5.1 Proof of Proposition 2.2.8

First, by (2.2.38) and the explicit formula for v, and w, in (2.2.3), there exists a positive number
Ay such that

/R ((a,’;s:(x,t)f T (9t (o, t))Q)chlw dr < Ay, (2.5.1)

for any k£ € N and any ¢t € R. In view of the formulae of H, in (2.6.42) and for u* in (2.2.41), a
similar estimate holds for u*, for a further choice of the constant Ay .. As a consequence, we are
allowed to differentiate with respect to the time variable the quantity

Z5(t) ::/qui(:ﬁ,t)@(a:,t) dx,

in the left-hand side of (2.2.43). Moreover, we can compute

i(z*) = =2 [ p(He @) ou), + [ (Mo (TRe2") o),
-() /[ u<Hc*<ac@c*>7u Do (¢ ) / pOH ) "), (252)
(@) =) [ (e @)00),.,

where we have set u(x) = x for any x € R.
At this stage, we split the proof into five steps. The proof of these steps is similar to the proof
of Proposition 7 in [6]. We first show

Step 1. There exist two positive numbers Ay and Ry, depending only on ¢, such that

t) = —2/Ru<7-lc*(8$u*),u*>R2 > ! ; CZ‘

for any t € R.

u*("t)Hi(R) —Aifu

2

*("t)HX(Bm,Rl))’ (2.5.3)

We introduce the explicit formulae of the operator H.- in the definition of Zj(t) to obtain

xTxr * * * am 1 *
2/#8 ( ul )u1—2/lu 1—(6 )2_<5+(C )2)2]5* +2U§*)(1_:}L§*)2U1

1+Uc* * 1+Uc*)
+2/,uc Oy u3) —2/ 1—v)<au1)

+2/,ucl+v Dpuy) —2/ 1—1}*)(8u2)

Integrating by parts each term, we obtain

Ti(0) = [ dilat)da.

with
2 8£ c* Uc* 2 1 2* 4 8I o Uex
L :( I g ) (&mf) — 20*< v 4 e B )u;‘u“{

1 — 02 1 —0vZ 1 —vZ (1—1;(2:*)2
1+ 2((0*)2 — 3)1}2* + (2(0*)2 — 3)1)?* — 205,
(1 —v?:*)g
92— 3) + (2(c")? — 3)u2 — v
<<C ) ) + ( (c )2 )vc Ve (u’{)Q

(1-02)

+ (1 — Vg — 220,V “c*) (“2)2 +

+ 420,V Vo

47



Let 6 be a small positive number. We next use the exponential decay of the function v. and its
derivatives to guarantee the existence of a radius R, depending only on ¢ and § (in view of the
bound on ¢* — ¢ in (2.2.21)), such that

Uz, t) > (2 — 5) (8xu’{)2(x,t) + (

when |z| > R.
Then, we choose ¢ small enough and fix the number R, according to the value of the corresponding
R, to obtain

1—¢?

—8) () t) + ()2 (a.1)),

1 — 2
/ Gt de > ——° / (Do, )% + wi(, 1) + u(a, £)?) de. (2.5.4)
|z|>Ry 8 |z|>Ry

On the other hand, it follows from (2.2.3), and again (2.2.8), that

1—¢?
¥ > — * 2 * 2 * 2
/|T§R1 " <I7 t) a2 ( Al) /|ISR1 ((aﬂh (flf, t)) i (SE, t> + Uz(I, t> ) dz,

for a positive number A; depending only on ¢. Combining with (2.5.4), we obtain (2.5.3).

Step 2. There exist two positive numbers Ay and Ry, depending only on ¢, such that

50 = | o (o)) | < L o+ o)

- 64
foranyt € R.

2
X(

2
X(B(0,R2))’

]R)+A2‘

(2.5.5)

We refer to the proof of Step 2 in the proof of Proposition 7 in [6] for mare details.
Next, we infer from (2.2.9), (2.2.57), the explicit formula of H.+ in (2.6.42) and the exponential
decay of the function 0.Q).+ and its derivatives, that

Step 3. There exist two positive numbers As and Rz, depending only on ¢, such that

(C*)//RN<HC*<80Q0*)7U*>R2 < 16—4C2‘ u*(jt)H

2
X(B(0,R3))’

(2.5.6)

w1

Z;(t)] =

foranyt € R.

®t Ag\

We decompose the real line into two regions [— R, R| and its complement for any R > 0. We

clzl .
use the fact that |z| < e™+ for all |x| > R, to write

’%c* () (ach* (t)) (l’) ‘ ’U* (177 t) ‘ dr

Ii(t)| <R|(¢")(t)]

lz|<R

+31(Y )] | [Her9(0Qe ) ()| ()

jo|>R

for any t € R. We deduce from (2.2.9), the explicit formula of H.+ in (2.6.42) and the exponential
decay of the function 0.Q).~ and its derivatives that

velz|

e+ dz,

()] < A (R\

5*('at)

u' (s t)HX(B(O,R)) * 5’ u*<.’t)”X(R))

for any t € R. Hence, by (2.2.57),

L2(R)2 ’

R2
5

Zi0)| < A

w0 w0 )

We choose § so that 24,0 < (1 — ¢?)/64, and we denote by R4 the corresponding number R, we
obtain (2.5.6), with A, = A R3/4.
Similarly, we use (2.2.9), (2.2.21) and (2.2.57) to obtain

)+25]

(B(0,R)
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Step 4. There exists two positive numbers Ay and Ry, depending only on ¢, such that

1—¢? 2 2
* R *\/ * * *( *(
()] = |(e) /Ru@;rzc*(g 1t ) < o o G [y + A GO mony 25T
for any t € R.
We argue as in Steps 3 to show
Step 5. There exist two positive numbers As and Rs, depending only on ¢, such that
Ig‘(t)‘ = |((a*)' — c*) /Ru<7-lc*(8xe€*),u*>R2
(2.5.8)
Sl /Y I B
= 64 ’u (- )HX(R)Jr sljw” (-, )HX(B(O,RE)))’

for any t € R.

Finally, combining the estimates in Steps 1 to 5 with the identity (2.5.2), we obtain

d(_, 1—¢?

a(T®)= 5
this allow us to conclude the proof of (2.2.43) with R, = max{R;, Ry, R3, R4, Rs} and A, =
Al + A+ As+ Ay + As.

S t>Hi((B(O,R*))’

_(A1+A2+A3+A4+A5) u

w (1)

(R)

2.5.2 Proof of Lemma 2.2.1

When v € H3(R) x H'(R), the function d,u is in the space H?(R) x L*(R) which is the domain
of H.. The scalar product in the right-hand side of (2.2.46) is well-defined in view of (2.2.45). Next,
we use the formula for H. in (2.6.42) to express G.(u) as

<SMCu, HC(—Q@CU)>

L2 (R)Q

2 2Y,,2 4
T e e
_ 5 (%vcax( Opplly ) N 2/ Opve(1 — Ug)uzaxug (2.5.9)
R U, 1 —v? R Ve
+ QC/R (211}08 :j; 10U — 822}(1(1:;;)3)&; (muz)).
We recall that v, solves the equation
OpeVe = (1 — & — 202w, (2.5.10)
which leads to
(0,0.)* = (1 — & —v2)v?, and (%(afjvc) = —v2 (2.5.11)
Then, the third integral in the right-hand side of (2.5.9) can be written as
2/ Orve(1 uga Uy = /ucu2, (2.5.12)
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with g := 2(9,v.)* + (1 — v?)v2. Similarly, the last integral is given by

o0y UC Opve(1 + v?) Ve0y Vg
/]R(Z ax U — 8x(u1u2)> = _/R (U ULUy + 27@2 2(9 U1> (2513)

1— ve(1 —v2) 1
Combining (2.5.12) and (2.5.13) with (2.5.9), we obtain the identity
200,04V, 2
<SMCU,HC(—28 u L2(R)? ‘l‘/ MC<U2 m(‘? U1) s

where

835 . 1— 2 5 2\,,2 2 4 1 2 38£ .
]:/2 v< = (b+ )i+ vc+02 + v’ )_2621;07; rm
R\ v, ( )? )

=) (=2 (1 — 02
8$ C aZEfB 4 8$ c 2?2
— Y max( 5 ) - Ui —4c? 4( ) e (axul)2
R U 1—v?2 R [l R fe(1 — v2)?

Using (2.5.10) and (2.5.11), we finally deduce that

2/ (a e UCUI)Q’

which finishes the proof of (2.2.46).

2.5.3 Proof of Proposition 2.2.9

We first rely on (2.2.3) and (2.2.46) to check that the quadratic form G, is well-defined and
continuous on X (R). Next, setting
v = (Veur, Veu2), (2.5.14)

and using (2.5.10), we can express it as

2 2833 c 2 c >\c ca c 2
Ge(u) = K. (v) ::/RUC<8,31)1— Y v1> —{—/R':;<v2+(cvl—2wv(9 vl> , (2.5.15)

c c pe(l =) = pe(l = 07)
where we have set A\, := — . + 4(9,v.)%. From (2.2.48) and (2.5.14) we deduce that
Ker(K.) = Span(v.Q.). (2.5.16)
Let w be the pair defined in the following way
U0V,
w = (vl,vg — Qﬁﬁ 111)
We compute
K (v) = <7;(w),w>L2(R)2, (2.5.17)
with
Te(w) =
—3am<f581w1> n (81)3(61%)2#—3%2(1—1)2) EICAR 2(202(_1122))332@)% bRty @51

c(2¢?—1+02)
T Wt g

The operator 7 in (2.5.18) is self-adjoint on L?(R)?, with domain Dom(7.) = H*(R) x L*(R). In
addition, combining (2.5.15) with (2.5.17) we deduce that 7. is non-negative, with a kernel equal to

() = pan { (2, 202017

At this stage, we divide the proof into three steps.
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Step 1. Let ¢ € (—1,1)\ {0}. There exists a positive number Ay, depending continuously on c,
such that

(Tew), w) e = A [ <w§ + w§>, (2.5.19)
for any pair w € X*(R) such that
2cv2(0,0.)?
<w, (vf, M)> —0. (2.5.20)
pe(l —02) // r2my2
We claim that the essential spectrum of 7. is given by
Oess(Te) = [7er +00), (2.5.21)
with
Ly
Te = Tle — 57_2@ > 0. (2522)

Here, we have set

41— )+ A2 — 1)? N 3 —2c?
2(3 —2¢2) 2

Tle =

and

(4(1 — )+ A2 -1)2
T2, = -
3—2c?

In particular, 0 is an isolated eigenvalue in the spectrum of 7.. Inequality (2.5.19) follows with A4
either equal to 7., or to the smallest positive eigenvalue of 7. In view of the analytic dependence
on ¢ of the operator 7., A; depends continuously on c .

Now, let us prove (2.5.21). We rely on the Weyl criterion. It follows from (2.2.47) and (2.5.10)
that

(3 — 202))2 +4c(2¢2 — 1)2

fhe() (896110)2(1:) 1—¢
w2 (x) ne(z) 320

as © — to00. Coming back to (2.5.18), we introduce the operator 75, given by
4(1—(:2)—|—c2(2c2—1)2u}1 . C(202 . 1>w2>

— 2 Oy +
Teo = 3—2c2 ¥zl 3—2¢2
(w) < —c(2¢® — Dwy + (3 — 2¢*)wo

—3—-2¢% and

By the Weyl criterion, the essential spectrum of 7. is equal to the spectrum of 7.
We next apply again the Weyl criterion to establish that a real number A belongs to the spectrum
of T, if and only if there exists a complex number ¢ such that

(1—¢?) + (22 —1)?
3 —2c?

3 4
AZ—(3_202|§|Q+ +3—202>/\+3|§|2+4(1—02):0.

This is the case if and only if

4(1 = c?) + A(2c* — 1) + 3[¢)2 N 3 —2¢2

A:
2(3 — 2¢2) 2
L4l — )+ (2 — 1)% + 3¢ ) 20,2 2\ 2
ig(( dos —(3—20)) 1432 —1)) .

This leads to
Oess(Te) = 0(To) = |7, +00),

with 7, as in (2.5.22). This completes the proof of Step 1.

51



Step 2. There exists a positive number Ao, depending continuously on ¢, such that
K.(v) > A2/ ((01)? + 03+ 03), (2.5.23)
R

for any pair v € XY (R) such that
(v, v, SXe) r2r)y2 = 0. (2.5.24)

We start by improving the estimate in (2.5.19). Given a pair w € X!(R), we observe that

2
UC
‘(ﬁ(w),w>L2(R)2 —3‘/1[{”(8121)1)2 S AC/R(U)% —|—w§).

Here and in the sequel, A, refers to a positive number, depending continuously on c¢. For 0 < 7 < 1,
we have
2

(Te(w), w) g2y > (1= 7)(Te(w), w) oy + 37 /R ZC(axwl)? A /R (w? + wl).

Since v? /. > 1/(3 — 2¢?), this yields

(Te(w), w) p2(my2 > ((1 - T)Al - AJ) /R(wf +w3) + 3_37202 /R(axwl)2,

under condition (2.5.20). For 7 small enough, this leads to
(To(w), w) g2y > A, /R ((Den)? + w? +w), (2.5.25)

when w satisfies condition (2.5.20).
Since the pair w depends on the pair v, we can write (2.5.25) in terms of v. By (2.5.17), K.(v)
is equal to the left-hand side of (2.5.25). We deduce that (2.5.25) may be expressed as

201}6(811)6)8 >2
MC(l_UE) )

We recall that, given two vectors a and b in a Hilbert space H, we have

K.(v) > AC/R ((8357)1)2 + Uf) + AC/}R <7J2 —

2 T

o= L

2
2 7|all, -
H H

for any 0 < 7 < 1. Then, we deduce that

Ac V(05 ve) ?
> 2 .2 2) T ( > ‘
K.(v) > AC/}R ((8z1)1) + vy + TV, - /R (1 — Ug)(‘?mvl

We choose 7 small enough so that we can infer from (2.2.3) that
K. (v) > Ac/ ((8361)1)2 + v + v%), (2.5.26)
R

when w satisfies condition (2.5.20), i.e. when v is orthogonal to the pair

2c02(0,0:)%\ 2cv2(0yv,)?

= (o ) ) (2:5:27)

Next, we verify that (2.5.26) remains true, decreasing possibly the value of A., when we replace
this orthogonality condition by

<’U, Uch)LQ(R)Q =0. (2528)
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We remark that
<Uc7 UCQC>L2(R)2 7é 0.
Indeed, we would deduce from (2.5.26) that

0= Ke(v:Qe) > Ao [ ((002) + 0! + (vaw)?) > 0,

which is impossible. In addition, the number (v.,v.Q.)r2r)> depends continuously on ¢ in view of
(2.5.27). Given a pair ¥ satisfying (2.5.28), we denote by A the real number such that v = A\v.Q.+
is orthogonal to v.. Since v.Q). belongs to the kernel of K., we obtain using (2.5.26),

K.(7) = K.(0) > A, / ((0:01)% + 0% + 03). (2.5.29)
R
On the other hand, since ¥ satisfies (2.5.28), we have

)\ = <U, Uch)LQ(R)Q
HUcQCH%%R)?

Using the Cauchy-Schwarz inequality, this yields

X2 < Ac</]R (ve + (vcwc>2)> (/R (0f + n‘é)),

hence, by (2.2.3) and (2.5.29),
2N < ALK (0) = AK(D).

Using (2.5.29), this leads to
/Q@mﬁ+ﬁ+ﬁ@§2A{/ﬁ«@%f+ﬁ+w3+/(@wg?Hﬁ+@)
R R R
S AcKc(f))7

We finish the proof of this step applying again the same argument. We write v = Av.SQ. + ¥, with
(0,0:Q¢) r2)2 = 0. Since v.Q). belongs to the kernel of K., we infer from the same argument that

zg@o:}Q@)EAQ/«%mf+4ﬁ+@; (2.5.30)
R
Using the orthogonality condition in (2.5.24), we obtain

<'D7 UC_ISXC>L2(]R)2
<Qca SXC>L2(R)2

By the Cauchy-Schwarz inequality, we are led to

A= —

A2fgl4cuv515XkH22xL2J/ (@ + ).
R
Invoking the exponential decay of x. in (2.6.46), we deduce
lve ' Sxelliow e < A
As a consequence, we can derive from (2.5.30) that

N < AK(D) = ALK (v).
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Combining again with (2.5.30), we are led to

/]R ((@z01)? + v} + v3) §2<A2 /R V2 ((00e)? + 02 + w?) + /R ((0z01)* + 07 + @5))
<AK(v).
which completes the proof of Step 2.
Step 3. End of the proof.

Since the pair v depends on the pair u as in (2.5.14), we can write (2.5.23) in terms of u. The
left hand side of (2.5.23) is equal to G.(u) by (2.5.15). Moreover, for the right-hand side, we have

/R ((836111)2 + 07 + v%) = Avf((@xul)Z + (207 + A)uf + u%)
We deduce that (2.5.23) may be written as
) > A, / (Dpur)? + 13 + u%), (2.5.31)

when v.u verifies the orthogonality condition (2.5.24), which means that u verifies the orthogonality
condition (2.2.52). We recall that
V() = A,

by (2.2.3), which is sufficient to obtain (2.2.51). This completes the proof of Proposition 2.2.9.

2.5.4 Proof of Proposition 2.2.10

First we check that we are allowed to differentiate the quantity
j*(t) = <MC*(t)U*('> t)’ U*(" t)>L2(R)2'

Indeed, by (2.2.41), (2.5.1), and (2.6.42), there exists a positive number Ay such that

/ ((3k“1(x H) + (k1) ) vl dy < Age. (2.5.32)

Next, using (2.2.42) and (2.2.45), we obtain

i(J*) =2(SMu, He- (JSu™))

o +2(SMott”, He (JRere™) )

L2(R)2
+ 2((@*)' — c*) <SMC*U*, H o (aa:€*)>
= 2(c") (SMert, Hor (0.Q))
+ (c*)/<8cMc*u*,u*>L2(R)2 + 2(0*)/<Mc*u*, SO H o (5*)>L2(R)2.

The proof of (2.2.53) is the same as in [6]. We will give only the main ideas of the proof. We
will estimate all the terms in the right-hand side of (2.5.33) except the fourth term which vanishes.
For the first one, we infer from Proposition 2.2.9 the following estimate.

L2 (R)Q

LARy? (2.5.33)

Step 1. There exists a positive number By, depending only on ¢, such that

Ji(t) == 2<SMc*u*,7—[c*(JSu*)> > BI/R [(8xu’{)2+ (uh)? + (u§)2} (a:,t)e”'””' dr,

LQ(R)2
foranyt e R.
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For the second term, by (2.2.21), (2.2.57) and (2.5.1), we have

Step 2. There exists a positive number By, depending only on ¢, such that

u'(, t)H,QX(R)’

1
2

< B, X(R) ‘

5*('7t)

NAGIES 2‘<SMC*U*,HC*(JRC*e*)>L2(R)2

for any t € R.
For the third one, we use (2.2.21) to obtain

Step 3. There exists a positive number Bs, depending only on ¢, such that

T3 ()] = 2|(@) — <SMC*U*’HC*(&B€*>>L2(R)2 < Bl 1) i(R)‘u*("t)Hi(R)’
for any t € R.
We now prove the following statement for the fourth term.
Step 4. We have
Ti(t) = 2 (SMeru” He (0Qer)) 0 = O

foranyt e R.
Since He (0.Qe+) = P(Qer) = SQe and MyQ o = S0, Q.~, we have

(SMertr”, Her (0:Qe)) o = (Mot Qe ) o, = (07 50:Qc)
= <€*,Hc* (896Qc*)> =0

L2 (R)2

L2 (R)Q

This is the reason why we do not need to establish a quadratic dependence of (¢*)'(¢) on &*.
Next, we use (2.2.3), (2.2.9), (2.2.21) and (2.2.45) to bound the fifth term in the following way.

Step 5. There exists a positive number By, depending only on ¢, such that

w t)Hi((R)’

o
X(R)

|75 ()] = |()

(0. Mu” u") < Bs[e*(-,1)

L2(R)2
for any t € R.

Finally, we have in the same way.
Step 6. There exists a positive number Bg, depending only on ¢, such that

1
: ‘

S B@ u
X(R)

5*('7t)

Te (1) =)

(M, SO M (7))

LQ(R)Q
for any t € R.

We conclude the proof of Proposition 2.2.10 by combining the six previous steps to obtain
(2.2.53), with B, := max {1/B, By + Bs + Bs + Bg}. 0
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2.5.5 Proof of Corollary 2.2.1

Corollary 2.2.1 is a consequence of Propositions 2.2.8 and 2.2.10. We combine the two estimates
(2.2.43) and (2.2.53) with the definition of N(¢) to obtain
Lo
X(R)

(v, ) ) 2 (5

2

— A.Ble “*("t)me)’

5*("t)

for any t € R. In view of (2.2.21), we fix the parameter f, such that

1 1—¢?
2 < -
X(R) = 324, B2k

8*('7t)

for any ¢ € R, to obtain (2.2.54). In view of (2.2.3), (2.2.21) and (2.2.45), we notice that there
exists a positive number A, depending only on ¢, such that

| Mes o < A, (2.5.34)

HLOO(]R)

for any ¢ € R. Moreover, since the map ¢ +— (N (t)u*(-,t),u*(-,t))r2(r)> is uniformly bounded by
(2.5.32) and (2.5.34), estimate (2.2.55) follows by integrating (2.2.54) from t = —o0 to t = +o0.
Finally, statement (2.2.56) is a direct consequence of (2.2.55).

2.6 Appendix

2.6.1 Weak continuity of the hydrodynamical flow

In this section, we prove the weak continuity of the hydrodynamical flow which is stated in the
following proposition.

Proposition 2.6.1. We consider a sequence (v, wn0)neny € NV(R)N, and a pair (vo,wo) €
NV(R) such that
Vpo —vg in H'Y(R), and w,o— wy in L*(R), (2.6.1)

as n — +oo. We denote by (v,,w,) the unique solution to (HLL) with initial datum (vno, W)
and we assume that there exists a positive number T, such that the solutions (v,,w,) are defined
n (=T, T,), and satisfy the condition

sup  sup maxv,(z,t) <1-—o0, (2.6.2)
neN te(~T,,T,) %R

for a given positive number o. Then, the unique solution (v,w) to (HLL) with initial datum (vg,wo)
is defined on (—Tmax, Tmax), with®
Trax = liminf T,

n—-+o0o
and for any t € (—Tmax, Tmax), we have
vo(t) =) in H'(R), and w,(t) = w(t) in L*(R), (2.6.3)

as n — +o0.

3. See Theorem 1 in [19] for more details.
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First we prove a weak continuity property of the flow of equations (2.2.32)—(2.2.34). Next, we
deduce the weak convergence of w,, from (2.4.41).

More precisely, we consider now a sequence of initial conditions (U, 0, v,0) € L*(R) x H*(R),
such that the norms ||¥,, 0|2 and ||v, 0|22 are uniformly bounded with respect to n and we assume
that

sup ||'Un70||L°°(R) < 1. (264)
neN

Then, there exist two functions ¥y € L*(R) and vy € H'(R) such that, going possibly to a
subsequence,

U0 — ¥y in L*(R), (2.6.5)

Vno — vy in H'(R), (2.6.6)
and, for any compact subset K of R,

Un,0 — Vo in LOO(K>, (267)

as n — +0o. We claim that this convergence is conserved along the flow corresponding to equations
(2.2.32)-(2.2.34) 1.

Proposition 2.6.2. We consider two sequences (V,,0)neny € LA2(R)YN and (vn0)nen € HY(R)Y, and
two functions ¥y € L*(R) and vo € H'(R), such that assumptions (2.6.4)—(2.6.7) are satisfied,
and we denote by (V,,,v,), respectively (¥, v), the unique global solutions to (2.2.32)-(2.2.34) with
initial datum (U, 0, vn0), respectively (Yo, vy), which we assume to be defined on [0,T] for a positive
number T'. For any fized t € [0,T], we have

U, (-, t) = W(-,t) in L*(R), (2.6.8)
and

V(1) = v(-,t) in HY(R), (2.6.9)
when n — 400.

Proof. We split the proof into four steps.

Step 1. There exist three functions ® € L*([0,T], L*(R)) and v € L*([0,T], H'(R)) such that, up
to a further subsequence,
U, (t) = ®(t) in L*R), (2.6.10)

vu(-,t) = v(,t) in HY(R), (2.6.11)
O, t) — v(-,t) in L2 (R), (2.6.12)

for allt € [0,T], and
|V, [2¥, — [®*® in L*([0,T], L*(R)), (2.6.13)

when n — +00.

4. We only consider here positive time but the proof remains available for negative time.
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Proof. We recall that there exists a constant M such that
19aollse <M amd ool < M,

uniformly on n. Applying Proposition 2.2.5 to the pairs (¥,,, v,) and (0,0), we obtain

Wallegz +onlleg s+ Wlzgee < A(Inollzs + lonollm )
This leads to
H\IJHHL%LgQ S QAM, H‘PHHL%’L% S ZAM, and ”UTLHL%CH; S 2AM. (2614)

Hence, there exist two functions ® € L>([0,T], L*(R)) N L*([0, T], L>(R)) and
v € L>([0,T], H'(R)) such that

U, =& in L™([0,T], L*(R))
and
v, =0 in L2([0,T), H'(R))

Let us prove (2.6.10) and (2.6.11). We argue as in [6] and we introduce a cut-off function y € C°(R)
in the way that x = 1 on [—1,1] and x = 0 on (—o00,2] U [2,+00). Denote x,(-) = x(-/p)
for any integer p € N*. By (2.6.14), the sequences (x,V,)nen and (xpUn)nen are bounded in
C°([0,T7, L*(R)) and C°([0,T], H'(R)) respectively. In view of the Rellich-Kondrachov theorem,
the sets {x,¥,(-,t),n € N} and {x,v.(-,t),n € N} are relatively compact in H?(R) and H*(R)
respectively, for any fixed ¢ € [0, T]. In addition, since the couple (¥, v,) is solution to (2.2.32)-
(2.2.34), we have (0,¥,,, 0yv,) belongs to C°([0,T], H 2(R) x H~*(R)) and satisfies

10 (s )l 2y < Ky and | Gyon (-, 1) [ 1) < K-

This leads to the fact that the couple (x, V., x,vs) is equicontinuous in C°([0, 7], H*(R) x H*(R)).
Then, we apply the Arzela-Ascoli theorem and the Cantor diagonal argument, to find a further
subsequence (independent of p), such that, for each p € N*,

p¥n — x,® in C°([0, 7], H *(R)), (2.6.15)

and
XpUn = X0 in C°([0, 7], H'(R)), (2.6.16)

as n — +o00. Combining this with (2.6.14) we infer that (2.6.10) and (2.6.11) hold. By the Sobolev
embedding theorem, (2.6.12) is a consequence of (2.6.11).
Now, let us prove (2.6.13). Using the Holder inequality, we infer that

T
| [ 1t fdadt < [ Wl 1

By (2.6.14), we conclude that

Then, there exists a function ®; € L?(R x [0,7T]) such that up to a further subsequence,
U, [2¥, — &, in L*R x [0,T]).
Let us prove that ®; = |®|*®. To obtain this it is sufficient to prove that, up to a subsequence,

U, — ® in L*([0,T], L*([-R, R])), (2.6.18)
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for any R > 0, i.e the sequence (¥,,) is relatively compact in L?([—R, R] x [0,T]). Indeed, using
the Holder inequality, we obtain

[V 2T, — |2 = (s — ©)(| T, [* + [O*) + T, 2(T,, — D)

< 2| W — DI Wn[* + 2]
,R

<20 = Bllsg (10aliFg  + 11203, ),

6 6
5 5
LT!R LT,R

(2.6.19)

Soio

for any R > 0. By (2.6.17), (¥,,) is uniformly bounded in LS(R x [0,7]) and ® € L5(R x [0, 7).
Then .
|V, >, — |®*® in L5([-R,R]x [0,T)).

So that ®; = |®|?®. Now, let us prove that the sequence (,,) is relatively compact in L*([—R, R] x
[0,77). The main point of the proof is the following claim.

Fait 1. Let ¥ be a solution of (2.2.32) in C°([0,T], L*(R)) N L*([0, T], L>=(R)). Then,
e LQ([()?T]v Hl?)c(R))

Proof. The proof relies on the Kato smoothing effect for the linear Schrédinger group (see [37]).
Denote S(t) = %= and

1 _
F(W,0) 1= J0*W — Re (\Il(l —2F (v, q:))) (1-2F(v, w)). (2.6.20)
We recall that there exists a positive constant M such that

+o0 1
sup [ [DZS(t)f(x)dt < M| f]32, (2.6.21)

z€R J/ —00

and

when f € L*(R) and h € L'(R, L*(R)) (see [37] for more details). We prove that there exists a
positive constant M such that

/ S(—t')D2h(-, ¢')dt’
R

< Mhllgy 3, (26.22)
L2

1 1
1DF Wlsr < MIWollze + MIwlsg (12135 + TH(IollEz, + 11 - 2P, DI ). (2:623)

The claim is a consequence of this estimate, so that it is sufficient to prove (2.6.23).
We write

U(a,t) = S(t)o(x) + z'/ot S(t— ) (2(\\IJ|2\II)(:c,t’) + .F(\If,v)(x,t’))dt’,

for all (z,t) € R. First, using (2.6.21), we obtain
oo s 2 2
sup [ [D2S(t)Wo(w)|"dt < M|[Wol|z..

z€R J—o0

For the nonlinear term, we can argue as in [24] to prove that

t 1
/ S(t—t)Dzg(-,t")dt
0 L

< Mgy s (26.24)
L
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Using a duality argument, it is equivalent to prove that for any smooth function h that satisfies
1322 < 1, we have

1 _
[ st-t)Dig(r, t)h(:c,t)dt'dxdt’ < Mgl e (2.6.25)
Rx[0,T72 VL2

The left-hand side can be written, using the Cauchy-Schwarz and Stricharz estimates, and (2.6.22),

/R(/OT S(—t’)D%g(x,t’)dt’)(/OTS(—WL(:c,t)dt)d:c

/R ( /0 " S(—)g(a, t’)dt’> ( /0 ' S(—t)DEh(z, t)dt) du

T
< M| [ S(=t)ge,t)dt| < Milgllzy s
0 L2 ¥

This achieves the proof of (2.6.24). Similarly, we have

l

We next apply (2.6.24) and (2.6.26) on the nonlinear terms to obtain, using the Cauchy-Schwarz
and Holder estimates,

(2.6.26)

t 1
/ S(t—t)Dzg(-,t")dt
0 L L

t 1
H/ DES(t — ) (|ULY) (-, ¢)dt
0 L L2

2
< M|l [

g
LT

< M|V
T

and

25t — ) F (W, 0)(-, ¢')dt!

< MI|IF(W,0)ly 22
LgeL2

< Mz ([0l + 111 = 2F (0, 0)|f75 )
< MTW |z (lolgg, + 11— 2F (0, 0)|f7 ).

Since v € L*>([0,T], H'(R)) and ¥ € L>([0,T], L*(R)), we know that ¥ € L*>°([0,T], L*(R)) and
F(¥,v) € L*(R x [0,T]). Using the fact that ¥ € L5(R x [0,T]), we finish the proof of this
claim. 0

Applying this claim to the sequence (V¥,,) yields that (¥,,) is uniformly bounded in the space
LA([0,T1, HE (R)). On the other hand, we have F(¥,,v,) € L>=([0,T], L*(R)), since

loc

v, € L>([0,T], H'(R)), ¥,, € L>([0,T], L*(R)) and F(¥,,v,) € L>(R x [0,T]). Then, using
(2.2.32) and (2.6.17), we obtain that (¥,,) is uniformly bounded in H'([0, 7], H %(R)). Hence, by

interpolation (¥,,) € H19 ([0, 7], HIOC(]R)) so that it converges in L?([—R, R] x [0,T]) for any R > 0.

This finishes the proofs of (2.6.18) and of Step 1. O
Step 2. We have
F(U,,v,) = F(®,0) in L*R), (2.6.27)
for any t € [0,T), and
F(U,,v,) — F(®,0) in L[0,7], L} (R)). (2.6.28)
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Proof. Let ¢ € L*(R). We compute

Je (V2 (2, 1) W, (3,1) — 02(2, ) B(x, 1) ) 6 (x)da

= Jo (v3(2,t) = 02(2,1) ) Wy (2, ) (2)d + fio (W(,1) — D (1) )0*(2, t) () .

(2.6.29)

The second term in the right-hand side goes to 0 when n goes to +oo, since v?(t)¢ € L*(R) for
all t on one hand and using (2.6.10) on the other hand. For the first term in the right-hand
side, we consider a cut-off function x with support into [~1, 1] and denote xr(z) = x(%) for all

(x,R) € R x (0,400). We set
L(t) = /]R (022, 8) = v2(2, 1)) U, D) ) da,

1) = [ (31) = oz, 8)) o (. )xn(@)d(a)dz,

and

19() = [

R

(v2(2,t) — 0*(2,1) ) W (2, 1) (1 — xr(2)) dl@)da,

so that I,(t) = IV (¢) + I (t). By the Cauchy-Schwarz inequality, we have
IV @) < 1)l 2@ |01 2w Nl (8) = 0* ()| 2= (- R, 1)

Using (2.6.12) and (2.6.14), we infer that

IV(t) =0 forany tel0,T],

as n goes to +00. Next, we write

I (1)] < (||Un(t)||%oo(R) + ||U(t)||%oc(R))||‘1’n(t)||L2(R)||(1 — XRr)®||L2(®)-

Since ¢ € L*(R), we have
A [[(1 = xr)oll 2@ = 0.

In view of (2.6.14), this is sufficient to prove that
I,(t) — 0
as n goes to +oo, for all ¢t € [0, 7. This yields
(0 ¥n)(t) = (v*@)(t) in L*(R),
for any t € [0,7]. Now, we prove
V20, — v°® in  L'Y([0,7], L} .(R)).

We write as in (2.6.29),

lor @, = 07®| 13 12 < [[(v2 = 0°) W[ 1y 2 + [[(Fn — @) 0% 13 12,

(2.6.30)

(2.6.31)

(2.6.32)

(2.6.33)

(2.6.34)

For the first term in the right-hand side, we infer from the Cauchy-Schwarz inequality, that

(w7 — 02)\IJHHL1TL§{ < vy — UQHL%L%H\PHHL%L%C

1
< o = 0llzs o, (loallszg, + I0lzscs ) T2 1Wnll g ps -
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On the other hand, by (2.6.14), v,, is uniformly bounded on L?([0,T], H*(R)). By the first equation
of (2.2.34) and (2.6.14), v, is uniformly bounded in H'([0,7], H *(R)). We deduce that v, is
uniformly bounded in H3 ([0, 7], H3(R)) and so that v, converges to v in L*([0,T], L*([—R, R]))
when n goes to +00. Hence, using (2.6.14) once again, we obtain

I(v5, — UQ)WnHL;L% — 0,

as n goes to +00. For the second term we have by the Cauchy-Schwarz inequality and the Sobolev
embedding theorem,

(P — q))UQHLlTL; < ¥ — (I)HLQTL;HUQHLQTL%O < MZTl/ZH‘I’n - (I)”LQTL?{-

This yields using (2.6.18),
(P, — @)o*[| 1 L2, — 0,

as n goes to 400, which proves (2.6.34). Next, we set
G(vn, W) = Uy (1= F(vg, 0,)) (1 = Flug, V).

We have by (2.2.33),
O F (0, V,,) =v,V,, and 0,F(v,P) =0d.

Using the same arguments as in the proof of (2.6.32), we obtain
0. F (vn, ¥,) — 0, F(0,®) in L*(R)),

for any ¢ € [0, 7). Hence,
F(vp, W) — F(0,®) in LE(R), (2.6.35)

for any ¢ € [0, T]. Using (2.6.10), (2.6.35) and the same arguments as in the proof of (2.6.33), we
conclude that
G(vn, ¥,) = G(b,®) in L*R), (2.6.36)

for any t € [0, T]. Next, we use (2.6.18) and (2.6.35) to prove that

G(vn, W) — G0,@) in LY(0,T], I, (R)). (2637)
This finishes the proof of this step. O
Step 3. (®,v) is a weak solution of (2.2.32)—(2.2.34).

Proof. By (2.6.18), we have
i0¥, —i0® in D'(R x[0,7]), and 92,9, —92.® inD'(R x [0,T]),

as n — +o0o. It remains to invoke (2.6.13) and (2.6.35) and to take the limit n — 400 in the
expression

U (1000, + 2.0, + 20, P, + 220, Re (U(1 - 2F(0,,T,))) (1 - 2F (0, 0,)) )i = 0
/0 /R(Zt n 1 TT n 1 | n‘ n+§vn n e( ( - (Um n)))( - (Una n))) )
where h € C°(R x [0,7]), in order to establish that (®,v) is solution to (2.2.32) in the sense of
distributions. In addition, using the same arguments as above and (2.6.35) we prove that (®,v) is

solution to (2.2.34) in the sense of distributions. Moreover, we infer from (2.6.5) that ®(-,0) = ¥,
and from (2.6.6) that v(-,0) = wvy. O
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In order to prove that the function (®,v) coincides with the solution (¥, v) in Proposition 2.6.2,
it is sufficient, in view of the uniqueness result given by Proposition 2.2.5, to establish that

Step 4. ® € C([0,T], L*(R)) and v € C([0,T], H'(R)).
Proof. First, we prove that ® € C([0, 7], L*(R)). This is a direct consequence of the identity
t
O(z,t) = S(t)Pg +/ S(t—t)(2(2®) (') + F(®,0)(-, 1)) dt". (2.6.38)
0
Indeed, let us denote
t
G(®,0)(t) = /0 S(t — 1) (2(2®)(-, t') + F(®,0)(-, 1)) dt"

Since S(t)®y € C([0,T], L*(R)), it is enough to show that G(®,v) € C([0,T], L*(R)). We take
(t1,t2) € [0,T]* and we write

G(D,0)(t1) — G(P,v)(ts) = /0“ (S(ts —t') = S(ta — 1)) (2(|DPD) (-, ') + F(®,0)(-, 1) ) dt’

[T S = 1) (200L0) (-, ¢) + F(@,0)(-, 1)) dt.

t1

For the second term in the right-hand side, we use the Stricharz and Cauchy-Schwarz inequalities
to obtain

’ 25t — ) (2(1DPR) (- ') + F(D,0)(-,#))d’

L2
< M|]2[¢]QCI>1+ F(@,0)|| 21 (1t1,t2),22(R)) (2.6.39)
< Mty = G2 [[| @@ 2 + Mty — tof | F(P, 0) [ e 22

For the first term, we write

S(ty =) = S(ta—t) = S(ts — ') (1 = S(t2 — tn)).
Hence,
/Ot1 (S(ts =) = S(ta — 1)) (2(2@) (-, ) + F (@, 0) (-, t') ) dt

(1 St~ 1)) G(@,0) (1)

L2 (2.6.40)

L2

Taking the limit ¢, — ¢; in (2.6.39) and (2.6.40), we obtain that ® € C([0, T, L*(R)).
Now, let us prove (2.6.38). Denote ® the function given by the right-hand side of (2.6.38). We
will prove that
T, (t) = &(t) in L*R), (2.6.41)

for all t € R. This yields ® = ® by uniqueness of the weak limit. Let R > 0 and denote by yx the
function defined in Step 2. Set

GO (1) = /0 S~ )X (2 WP () F (W) () )

Q
Se
N/
-
~
SN—
I

8= )0 = x) (0P ) + F (W) (1))

0

GO 1) = [ 80— )xn(200PR)C,¢) + F(@,0)( 1))t
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and .

GO t) = [ SEt—1)(1 = xz)(2(2PP)(, ) + F(@,0)(-,t))dt

0

for all t € R, so that G(®,0) = G + G? and G(¥,,,v,) = GV + G?. Since S(t)V,, o — S(t)Pg
in L?(R) as n — +oo for all t € R, it is sufficient to show that G(U,,,v,)(t) — G(®,v)(¢) in L*(R)
as n — +oo for all t € R. We write

(G, va)(t) = G(®,0)(1), ) , = /

For the first integral, using the Cauchy-Schwartz inequality, the Strichartz estimates for the
admissible pairs (6,6) and (0o, 2), the Holder inequality as well as (2.6.19), there exists a positive
constant M such that for all ¢ € [0, 7] we have

)] < NG (@) = GOzl e
< M@l (110, - |9 Off ¢ +F (W, 0n) — F(®,0)||3 12

Ly r
< Mlgllzz (I1F (Pas vn) = F(@,0)lly 2z, + 1% = @z, (12allZ , + 12175, ))-
Then, using (2.6.18) and (2.6.28), we obtain for all £ € R
IIE(t)| — 0 as n — oco.
Next, using the Holder inequality we have
[T ()]
<2</ / ‘|\If 20, (2, ) — |BL2D(z, t')

+/0 (/OO ']—"(\Iln,vn)(x,t’) — F(®,0)(x, 1)

1

VT

da:) dt' sup (/MZR]S(t—t’)go(:c)]Qdaz)z.

t'e€[0,T7]

The terms in the right-hand side are bounded by a constant independent of n. Besides, since (6, 6)
and (oo, 2) are admissible pairs, we have [[S(t)¢[|s < M|lol|r2g) and

1S()ell e r2®y < M||@llL2(w), so that, by the dominated convergence theorem and the fact that
t — S(t) is uniformly continuous from [0, 7] to L*(R), we obtain

lim// dzdt = lim su (/ S(t)o(x 2d$)2:0.
Aim WR ()¢l Rﬁooie[o,%] |I‘ZRI (t)p(z)]

Hence,

I%lm |JE(t)] =0 uniformly with respect to n € N,
5

for any ¢ € [0, 7). This completes the proof of (2.6.41) and then of (2.6.38). This leads to the fact
that ® € C°([0,T], L*(R)).

Now, let us prove that v € C°([0,T], H'(R)). Since (®,v) verifies the first equation in (2.2.34),
& e 1([0,T], L*(R)) and F(¥,v) € L=([0,T], L=(R)), we have v € H'([0, T], H~}(R)). This
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yields, using the Sobolev embedding theorem, v € C([0,T], H ' (R)). Let (t1,t3) € [0,T]>. We can
write that

/ ’U ty,x) —o(ty, x )‘ dx = <U(t1,x) — 0(tg, x),0(t1, ) — U(t27x)>H1 o
< [o(t1, ) — o(t2, @) || g1 lo(t1, 2) — o(t2, 2)|| -

Since v € C°([0,T], H ' (R)) N L>([0,T], H'(R)), we obtain v € C°([0, T], L*(R)). Next, we write

|F(o.2)(0) — Flo.@)(12)], .
<W@%*WMWH@MW+WM@-®@NBW%WH

Using the fact that ®, v € C°([0,T], L*(R)), we infer that F'(v,®) € C°([0,T], L>(R)). Then, by
the second equation in (2.2.34), v € C°([0,T], H'(R)). This finishes the proof of this step. O

This achieves the proof of Proposition 2.6.2. O]
Finally, we give the proof of Proposition 2.6.1.

Proof. In view of Proposition 2.6.2, it is sufficient to prove the convergence of w,,. The proof follows
the arguments in the proof of (2.6.27). Let ¢ € L*(R). We rely on (2.4.41) to write

/ [w (t,2) — wa(t, x)}gb(x)dx

) (1= 2F*, W) (t,x))  Wu(t,2)(1 = 2F (v, V) (¢, 7))
=2 Im( 1= (0 2t 2) - 1= (02t 2) )gb(f")df”
U*(t, z) U, (t,x)
=2 Im( (t 1o (vn)Q(t,$))¢($)dx
(U U\ (t,z) W, (t,z)F (v, U,) (L, x)
SAL ( P 1= (o) >¢($)dx’

for all t € [0,T]. Then, we use the same arguments as in the proof of (2.6.27) to show that the
two last terms in the right-hand side go to 0 when n goes to +o0o. This finishes the proof of the
proposition. O]

2.6.2 Exponential decay of y.

In this subsection, we recall the explicit formula and some useful properties of the operator H..,
and then study its negative eigenfunction y.. For ¢ € (—1,1) \ {0}, the operator H. is given in

explicit terms by
2 2
(»Cc(5 v) e gl—i_v%gsgv - ?ﬁ%&u)

—ci+z2av + (1 —v?)ey

He(e) = (2.6.42)

where & = (g,,&,), and

€y

—v

)

2)—1—(1—0 —(5+c)v3+2v3>(1_vz)2-

c c

a@o:—@(l

In view of (2.6.42), the operator H,. is an isomorphism from H?(R) x L*(R) N Span(d,Q.)* onto
Span(9,Q.)*. In addition, there exists a positive number A,, depending continuously on ¢, such
that

H(7.0)

Al (£, 9)]

(2.6.43)

H++2(R) ka(R) HF*(R)?
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for any (f,g) € H*(R)? N Span(9,Q.)* and any k € N.
The following proposition establishes the coercivity of the quadratic form H. under suitable
orthogonality conditions.

Proposition 2.6.3. Let ¢ € (—1,1) \ {0}. There exists a positive number A., depending only on c,
such that

H.(2) > Acllel/ 2, (2.6.44)
for any pair e € HY(R) x L*(R) satisfying the two orthogonality conditions
<6$Q675>L2><L2 = <X675>L2><L2 =0. (2645)

Moreover, the map ¢ — A, is uniformly bounded from below on any compact subset of (—1,1) \ {0}.

The proof relies on standard Sturm-Liouville theory (see e.g. the proof of Proposition 1 in [19]
for more details).
Now, we turn to the analysis of the pair y..

Lemme 2.6.1. The pair x. belongs to C*(R) xC>*(R). In addition, there exist two positive numbers
A. and a., depending continuously on c, such that a. > /1 — ¢ and

10%xe| < Ace™ @l on R for k€ {0,1,2}. (2.6.46)

Proof. We denote x. := ((,&.). Since H.(xe) = —AcXe, we have the following system

ach CC 1+ g ?
—8,;(1 —v2> + (1 e (5+02)v3+2vf)(1 ) +c221 —Z§;3CC

c ‘ (2.6.47)
1+ v? <
- = c = _>\c cy
e = —A
eI Uggc = (1 —v. + )& (2.6.48)

It follows from standard elliptic theory that x. € H*(R) x L*(R). Since the coefficients in (2.6.48)
are smooth, bounded from below and above, we infer from a standard bootstrap argument that
Xe € C°(R) x C*(R). Notice in particular that, by the Sobolev embedding theorem, x. and 0, .
are bounded on R. Then, we deduce from the first statement in (2.5.11) that®

— Opale 4+ (14 X)Ce — cbe = O(0?), (2.6.49)
‘= 1+ A\
C

£+ O@W2). (2.6.50)
Note that, we have
B.exp(—V1 — e2|z|) < v.(7) < Acexp(—V1 — c2|z|) forall z € R, (2.6.51)

where B, and A. are two positive numbers.
In order to prove (2.6.46), we now introduce (2.6.50) into (2.6.49) to obtain,

— Oy + b2¢, = Ofexp(—2V1 — c2|z])), (2.6.52)

&= f&gc + Oexp(—2vT — &2Jz))), (2.6.53)

5. The notation O(v?) refers to a quantity, which is bounded by A.v? (pointwisely), where the positive number
A, depends only on c.
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. 2103 (3 \2
with b2 = Uti%m > 1 — % Next, we set

ge = _8ngc + szca (2654)

so that g.(x) = O(exp(—2v1 — ¢?|z|)) for all z € R. Using the variation of constant method, we
obtain, for all z € R,

Co(7) = A(2)e"® + A’ + B(z)e " + B.e e,

with 1 o
Alz) = — “bet g ()dt
() 2. Jo ge(t)dt,
and 1 o
B(r) = — bet o (1)dt
() %, 9e(t)

Since (. € L*(R), this leads to
Co(z) = O(eXp ( —2V1— 02]35\) + exp(—bc\x]))
Hence, we can take a, = min{2v/1 — ¢2,b.} and invoke (2.6.50) to obtain (2.6.46) for k = 0. Using

(2.5.10), (2.5.11), (2.6.47), (2.6.48) and (2.6.51), we extend (2.6.46) to k € 1, 2.
[
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Chapitre 3

On the asymptotic stability in the
energy space for multi-solitons of the
Landau-Lifshitz equation.

This work is supported by a PhD grant from "Région Ile-de-France" and is partially sponsored
by the project “Schrodinger equations and applications” (ANR-12-JS01-0005-01) of the Agence
Nationale de la Recherche.

Abstract

We establish the asymptotic stability of multi-solitons for the one-dimensional Landau-Lifshitz
equation with an easy-plane anisotropy. The solitons have non-zero speed, are ordered according to
their speeds and have sufficiently separated initial positions. We provide the asymptotic stability
around solitons and between solitons. More precisely, we show that for an initial datum close to a
sum of N dark solitons, the corresponding solution converges weakly to one of the solitons in the
sum, when it is translated to the centre of this soliton, and converges weakly to zero when it is
translated between solitons.
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3.1 Introduction

We consider the one-dimensional Landau-Lifshitz equation
Oym +m X (Opem + Amges) = 0, (LL)

for a map m = (my,my, m3) : R x R — S?, where e3 = (0,0,1) and A € R. This equation, which
was introduced by Landau and Lifshitz in [34], describes the dynamics of magnetization in a
one-dimensional ferromagnetic material, for example in CsNiF3 or TMNC (see e.g. [30,33] and the
references therein). A is the anisotropy parameter of the material. The case A > 0 gives account for
an easy-axis anisotropy and the case A < 0 of an easy-plane anisotropy. The equation reduces to
the one-dimensional Schrodinger map equation in the isotropic case A = 0. This equation has been
intensively studied (see e.g. [3,27,31]). In this paper, we are interested in the easy-plane anisotropy
case (A < 0). Scaling the map m, if necessary, we can assume from now on A = —1.

The Hamiltonian for the Landau-Lifshitz equation, the so-called Landau-Lifshitz energy, is given
by

E(m) = ;/R(|8xm|2 +m§).

In this paper, we study the solutions m to (LL) with finite Landau-Lifshitz energy, i.e. which
belong to the energy space

ER) := {U ‘R —§?% st. v € L*(R) and v3 € LQ(R)}.
A soliton with speed c¢ is a travelling-wave solution of (LL) which has the form
m(x,t) = u(z — ct).
Its profile u is solution to the ordinary differential equation
u” + v/ [Pu + uiu — uzez + cu x v’ = 0. (TWE)

The solutions of this equation are explicit. If |¢| < 1, there exist non-constant solutions u. to
(TWE), which are given by the formulae
(L—¢)2

sl = tanh (= %), ) = o Sy

Cc

e () cosh ((1 — c2)%x)
up to the invariances of the problem, i.e. translations, rotations around the axis x3 and the
orthogonal symmetry with respect to the plane x3 = 0 (see [17] for more details). Else, when
lc| > 1, the only solutions with finite Landau-Lifshitz energy are the constant vectors in S* x {0}.

In dimension one the equation is completely integrable using the inverse scattering method (see
e.g. [21]). This method allows to justify the existence of multi-solitons for (LL) and to compute
their expression (see [52,57]). Multi-solitons, which can be considered as a nonlinear superposition
of single solitons, are exact solutions to (LL). Our main goal is to prove the asymptotic stability of
multi-solitons (see Theorem 3.1.1 below).

Martel, Merle and Tsai proved the asymptotic stability for multi-solitons of the subcritical
gKdV equations in [51]. Martel and Merle stated this result for one soliton of the generalized
KdV equation in [42] and then they refined the results for multi-solitons in [47]. This method
was successfully adapted by Bethuel, Gravejat and Smets to prove the asymptotic stability for a
dark soliton of the Gross-Pitaevskii equation in [6] and then in [1] to show the same result for the
Landau-Lifshitz equation. Cuccagna and Jenkins proved similar results for the Gross-Pitaevskii
equation in [14] using the inverse scattering method. Perelman established the asymptotic stability
of multi-solitons for the nonlinear Schrédinger equation in [55].

In the next subsections, we first introduce the hydrodynamical framework in which we provide
all the analysis and we provide our main result.
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3.1.1 The hydrodynamical framework
We denote by m the map defined by m := m; + imo. We have

i(z)] = (1 - mi(x))? — 1,

as ¥ — oo, using the fact that ms belongs to H'(R), and the Sobolev embedding theorem.
This allows us, as in the case of the Gross-Pitaevskii equation (see e.g. [4]), to consider the
hydrodynamical framework for the Landau-Lifshitz equation. In terms of the maps m and ms, this
equation may be written as

’Latm - mgﬁmm + Thﬁmmg - Thmg = O,
s + 0, (i, axm>c =0.

When the map 772 does not vanish, one can write it as m = (1 —m2)/?

variables v := mg and w := 0,y verify the following system

exp1¢. The hydrodynamical

O = 81((1)2 — 1)w>,

B DV (8,v)2 ) (HLL)
8tw—8x(1_1}2 +v(1—v2)2 —H}(w - 1))

This system is similar to the hydrodynamical Gross-Pitaevskii equation (see e.g. [6]).! The Cauchy
problem in the space X (R) := H'(R) x L*(R) for this system was solved by de Laire and Gravejat
in [19], where local well-posedness is established.

In this framework, the Landau-Lifshitz energy is expressed as

E(v) = /Re(n) — ;/R (ﬁl)’; +(1—v?)w + qﬂ), (3.1.1)

where v := (v, w) denotes the hydrodynamical pair. The momentum P, defined by

P(o) := /va, (3.1.2)

is also conserved by the Landau-Lifshitz flow. When ¢ # 0, the function . does not vanish. The
hydrodynamical pair Q. := (v, w.) is given by

__cvfr) _l- ¢)% cosh ((1 - ¢)2x)
1 —ve(x)? sinh ((1 — 02)%$)2 2

(-
cosh ((1 - 02)%30)

ve(T) = , and  w.(x)

(3.1.3)

The flow of (HLL) is invariant by translations and the opposite map (v, w) + (—v, —w). These
geometric transformations play an important role in the stability statement. We will show that the
stability depends on these invariances.

We denote

Qeas(x) = 5Q(x —a) == (svc(:c —a), sw.(x — a)),
for a € R and s € {£1}. We also define

N
Sc,a,s = (Vc,u,ﬁa Wc,a,s) = Z QCj,(lj,Sj? (3.1.4)
J=1

1. The hydrodynamical terminology originates in the fact that the hydrodynamical Gross-Pitaevskii equation is
similar to the Euler equation for an irrotational fluid (see e.g. [5]).
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with N € N*, ¢ = (¢y,...,cn), with ¢; #0, a = (a1,...,ax) € RN and s = (s1,...,sy) € {£1}V.
In the original framework, this can be translated in the following way

Reas i= (1= V2,07 005(O000). (1= V) sin(@cae). Veas ).

where we have denoted -
@c,a,s(m) = /0 Wc,a,s(y)dy7

for any x € R. In this paper, we provide the proof of the asymptotic stability around any soliton
and between any two solitons of a sum of well-separated solitons with ordered speed, i.e.

aj—aj_1 > L, forany je{2,...,N}, where L >0, and ¢ <...<cp.

Multi-solitons are orbitally stable under these invariance parameters (see [19] for more details).
We recall this result in the next section (see Theorem 3.2.1 below).

3.1.2 Asymptotic stability in the original framework

In this subsection, we provide our main result. First, we introduce a metric structure on the
energy space £(R) in order to establish them. As it was done by de Laire and Gravejat in [19], we
define the following distance

de(f,g) = |f(0) = g(0)| + || f' — 92w + 11.fs — 9l L2w)

where f = (f1, fa, f3) and f = fi + ifs (respectively for g). With this choice, (E(R), dg) is a metric
space. The following theorem shows the asymptotic stability around each soliton and between the
solitons.

Théoréme 3.1.1. Let s € {£1}V, ¢ = (c},..., &) € (=1, 1), with & # 0, such that

0 0
A <...<cy,

and a® = (a?,...,a%) € RYN. There exist a positive number B, depending only on ¢, and a positive
number L° such that, if
d£ (mO, Rco,ao,s> < 5c07
and
a’ € Pos(L°),

then there exist N numbers ¢ := (51, o ,5N) € (=1, )N, with & # 0, and 2N functions
a; € CH(R4,R) and 6; € CH(R,R), such that

ay(t) —¢;, and () — 0,
as t — 400, and for which the map
my, 1= (cos(ﬁj)ml — sin(6;)mg, sin(6;)my + cos(6;)ms, mg,),

corresponding to the unique global solution m € C*(R,E(R)) with initial datum m°, satisfies the
convergences

M=

(Oamng, ) (- +a;(t),t) = Do) | = 0 in LX(R),

<
Il
-

‘Mz
. &

s (- Fai(t)t) —ug] =0 in LL(R), (3.1.5)

<
Il
-

and Z [mg( +a;(t t) — [Ugj]g} —0 in L*(R),
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as t — 4o00. In addition, for any map b; satisfying the following conditions :
bl (t) < aq (t),
Cljfl(t) < b](t) < Clj(t) vV2<j5<N, (316)
by+1(t) > an(?),

forallt € Ry and
bj(t

1}/§+i1’lf > 2,
o 1.
lim supb’g) <P (3-17)
t——+00
with
{ =1,
we have
N
> o+ +b;(1),t) = 0 in LA(R),
=1
N
> [mo, (- +bi(1),1) — e2] =0 in LE%(R), (3.1.8)
j=1

and ng( +a;(t )40 in L*(R),

as t — 400, with es = (0,1,0).

The proof of this theorem is similar to the one of Theorem 1.1 in [1]. It relies on a modulation
argument and Theorem 3.1.2. The proof still applies for our case of N solitons since each term of
the sums in (3.1.5) and (3.1.8) converges to zero. It remains to deal with each term separately and
apply the arguments used for the case of one soliton N times. In particular, (3.1.5) and (3.1.8) are
direct consequences of (3.1.9) and (3.1.10) respectively (see Subsection 2.4 in [1] for more details).

Remarque 3.1.1. The locally strong asymptotic stability result for multi-solitons, as stated by
Martel, Merle and Tsai in [51] for the KdV equation, is stronger than the two weak asymptotic
stability results stated in this paper. It is still an open problem for this equation. As a matter of fact,
the method used by Martel, Merle and Tsai is based on a monotonicity argument for the localized
energy. This argument is not obvious in our case, since dispersion has both positive and negative
speeds in contrast with the KdV case in which dispersion has only negative speeds.

3.1.3 Asymptotic stability in the hydrodynamical framework

The following theorem shows the asymptotic stability of multi-solitons in the hydrodynamical
framework. We show the asymptotic stability around and between solitons.
Théoréme 3.1.2. Let ¢ = (},..., %) € (=1, )N, with &§ # 0 forall j = 1,..., N, such that
there exist Lo, ag > 0 with the following properties. Given any (v, wo) € X (R), there exist L > Lg
and o < ag such that if (vo,wy) € V(a, L), then there exist a := (al,...,aN) € CHR,RY),
¢:= (cl, . ,CN) € CH Ry, (—1,1) \ {0}Y) and non zero different speeds ¢t = (cfoo,. cﬁ’o)
such that the unique global solution (v,w) € C°(R,N'V(R)) to (HLL) with initial datum (vo,wp)
satisfies, for all j € {1,... N},

e(t,. +a;(t)) == (v,w)(t,z + a;(t Z Qepty(x + a;(t) —ar(t)) = 0 in X(R), (3.1.9)
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as well as

e(t, .+ bi(t)) = (v, w)(t, x + b (¢ ZQck(t)x—Irb ) —ap(®) =0 in X(R),  (3.1.10)

for any b = (bl, . ,bN+1) € CHR ., RN*Y) with b; satisfying (3.1.6) and

¢y < tl}g_noob;( ) <. (3.1.11)
Moreover, we have
ci(t) = ¢, dj(t) = ¢, (3.1.12)

ast — +00.

In fact, all the solitons in (3.1.9) with speed ¢, for k # j are weakly convergent to 0 in X (R) as
t — 400, due to (3.1.12), so that (3.1.9) truly provides the asymptotic stability of the soliton with
speed ¢;. For (3.1.10), all the solitons are weakly convergent to 0 in X(R) as ¢t — +o00, so that
(3.1.10) provides the asymptotic stability of the zero solution between the solitons.

Remarque 3.1.2. (i) For (3.1.10), we begin by proving the convergence for b := (bl, o ,bN+1) €

CHR .y, RNTY) with b; satisfying (3.1.6) and (3.1.11). Then, we show that it remains also true for
any b; verifying (3.1.7) in order to deduce (3.1.8) (see the end of Subsection 4.1 for the proof).

(17) The case when c‘; # 0 is excluded from the statement. In fact, we cannot use the hydrody-
namical formulation in that case because the solitons can vanish. In addition, the Liouville type
theorem cannot be applied as well as the orbital stability theorem. To our knowledge, this is still an
open problem.

The proof relies on the strategy developed by Martel, Merle and Tsai in [51].

3.1.4 Plan of the paper

In the second section, we recall the orbital stability result for the multi-solitons, stated by de
Laire and Gravejat in [19], which is an important tool to prove our results.

In the third section, we prove the asymptotic stability around solitons. More precisely, we show
that any solution close to the sum of N solitons is weakly convergent to a soliton in the translating
neighbourhood of each soliton. We state that all other solitons stay far in the way that in this
region the problem reduces to the asymptotic stability for a single soliton. This is the reason why
we can use the Liouville type theorem proved in [1].

In the last section, we change the translation parameter to show that any solution, corresponding
to an initial datum close to the sum of N solitons, converges weakly to zero when it is moving
in the core of the region separating two solitons. For this, we establish a Liouville type theorem,
which affirms that small solutions which are smooth and exponentially localized are zero solutions.
As a consequence, (3.1.10) claims that there is no interaction between well separated solitons with
ordered speed.

3.2 Orbital stability in the hydrodynamical framework

In this section, we first recall the orbital stability result proved by de Laire and Gravejat in [19].
In order to quantify it precisely, we set

NV(R) := {n = (v.w) € H'(R) x LA(R), s.t. max|o| < 1}.
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In the sequel we consider this space as a metric space equiped with the metric structure provided
by the norm

2
folireze i= (ol + lwl3s )

Théoréme 3.2.1. [19] Let 5™ € {£1}Y and ¢* = (..., cy) € (=1, 1), with ¢; # 0, such that

*

g <...<cy. (3.2.1)

There exist positive numbers o, L* and A*, depending only on ¢* such that, if 0° € N'V(R) satisfies

the condition

OZO = HUO — Sc*7a075*

e S (3.2.2)

for points a® = (a?,...,a%) € RY such that
L0 = min{agﬂ ~al1<j<N- 1} > ¥,

then the solution v to (HLL) with initial datum v° is globally well-defined on R, , and there exists a
function a = (ay,...,ay) € CL(R,,RY) such that

I | < A% (a0 e L° 3.2.3
o[t~ ] < a7(a 4 exp (- ), (3.2.3)
j=1
and L0
* Vex
HU(,t) — Sc*’a(t)ﬁ* Hixl2 S A (040 + exXp < — 65 >>, (324)

foranyt e R,.
Given a positive number L > 0, we introduce the set of well-separated and ordered positions
Pos(L) := {a: (a,...,an) €RY, sit. aj1 >aj+Lfor1 <j<N— 1},
and we set

V(a,L) = {n = (v,w) € H'(R) x L*(R), s.t. _inf [jo = S g

acPos(L)

Hlx L2 < a}’

for a > 0. We also define

N

pe 1= min lc;|, and ve:= min (1-4)"
for any ¢ € (—1,1)". The following proposition provides some details contained in the proof of
Theorem 3.2.1. In particular, it shows the existence of the speed and the translation parameters for
each soliton (see [19] for the proof). It is an important tool for the proof of the asymptotic stability
result.

Proposition 3.2.1. [19] There exist positive numbers o and L}, depending only on ¢* and s*,
such that we have the following properties.
(i) Any pair v = (v,w) € V(af, L) belongs to NV(R), with

1—v?> —pk. (3.2.5)

ool =



(ii) There exist two maps ¢ € CY(V(aj, LY), (=1, 1)N) and a € C*(V(a3, L}),RY), and a positive
number A*, depending only on ¢* and s*, such that, if

HU - Sc*,a*,s* < a,

HlxL?

for a* € Pos(L), with L > L} and o < of, then we have

al * ol * * VC*L
el zsre + 221 ’cj(n) — |+ 231 ‘aj(n) - aj’ <A (a + exp ( ~ 5 )), (3.2.6)
j= J=
as well as ] ]
Cl(U) € POS(L — 1), IU/C(U) Z 5/1,5* and VC(U) Z il/c*’ (327)
where

€ =0 — Sc(v),a(0),5%

satisfies the orthogonality conditions

(€,0:Qc,(0)) L2(®)2 = (€, Xew()) L2(R)2 = 0, (3.2.8)

for any k € {1,...,N}. The function X, ) stands here for an eigenvector of the quadratic form
Henw) = E"(Qepv) — ci(0)P"(Qey(v)) associated to its unique negative eigenvalue.

Remarque 3.2.1. The second orthogonality condition in (3.2.8) is not the same as the one used
by de Laire and Gravejat in [19]. However, the resull remains true by the same argument used
in [1] (see Section 3 in [1] for more details). Moreover, we need this orthogonality condition in
order to apply the Liouville type theorem (Theorem 3.3.1 below) (see Subsection 2.3.3 in [1] for
more details).

Next, we recall the result for only one soliton which is a direct consequence of Theorem 3.2.1.
It is an important tool for the proof of (3.1.5) since we analyse the soliton around each soliton.

Théoréme 3.2.2. [19] Let ¢ € (—1,1) \ {0}. There exists a positive number «., depending only
on ¢, with the following properties. Given any (vg,wo) € NV(R) such that

<
XR) — Qe

o 1= H(vo,wo) — Qe (3.2.9)

for some a € R, there exist a unique global solution (v,w) € C°(R,NV(R)) to (HLL) with initial
datum (vg, wy), two maps ¢ € CH(R, (—1,1) \ {0}) and a € C*(R,R), and two positive numbers o,
and A., depending only and continuously on c, such that

<1_
r?gﬁw@?t) <1l-o,, (3.2.10)
0
He(.,t)HX(R) + |e(t) = | < Aca®, (3.2.11)
and
()] + |a/(t) = e(t)| < A 5(-,t)HX(R), (3.2.12)
for any t € R, where the function € is defined by
e(,t) = (v(- + a(t), ), w(- + aft), £)) = Qup, (3.2.13)
and satisfies the orthogonality conditions
(e(,1), 02Qer)) L2®)2 = (€(-+ 1), Xer)) L2(r)> = 0, (3.2.14)
foranyt e R.
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e(t) == c(o( 1) = (cr(t),...,en(t)) and a(t) == a(o(- 1) = (as(t),..., an(t)),

as well as

e(t) = (e1(1),22(, 1)) = 0(,) = Se(tyary - (3.2.15)
The pair ¢ is well defined and satisfies the orthogonality conditions

<5('7 t)> a’EQck(t)>L2(R)2 = <€('7 t)a Xck(t)>L2(]R)2 = 07 (3216)

for any t € Ry and for any k € {1,..., N} (see [19] for more details). For a and L given by
Proposition 3.2.1, we also infer from the results in [19] that

N VC*L
e e + 3 Jes(®) = 5| < A (a4 exp (= 22)), (32.17)
=1
and | .
a(t) € Pos(L — 1),  fieqry > e and vy > Ve (3.2.18)

3.3 Asymptotic stability around the solitons in the hydro-
dynamical variables

3.3.1 Proofs of (3.1.9) and (3.1.12)

Let ¢° be as in Theorem 3.1.2 and vy be any pair which belongs to the set V(«, L) with o and
L as in the hypothesis of Theorem 3.1.2.

Let j € {1,...,N}. By (3.2.17), the functions ¢ and ¢; are uniformly bounded in X (R),
respectively in R. Then, there exist £, € X(R)? and ¢;o € (—1,1) \ {0} such that, up to a
subsequence,

E(tn,.+aj(ty)) = &0 in X(R) and ¢(t,) = ¢o as n— +oo. (3.3.1)

Indeed, the bounds in (3.2.17) and the possibility to choose o small enough guarantee that ¢;
stays always close to c? which prevents ¢ to be in {—1,0,1} for any j € {1,...,N}.

We set b0 = (0,0, Wj0) = Qg,, + &j,0 and denote by v; = (9;,w;) the unique global solution to
(HLL) corresponding to this initial datum v;,. We claim that this solution exponentially decays
with respect to the space variable for any time, as well as all its space derivatives. More precisely,
we have

Proposition 3.3.1. The pair (v;,10,) is indefinitely smooth and exponentially decaying on R x R.
Moreover, given any k € N, there exist a positive constant Ay, depending only on k and ¢, and a
function a; € C'(R,R) such that

/R [(04715))2 + (952,)” + (9%10,)°) (& + (1), 1) exp (lal) dar < Ap (3.3.2)

for any t € R.

With this proposition at hand, we can finish the proof of (3.1.9). We recall the Liouville type
theorem stated in [1].

2. In view of (3.2.17), the norm of ; in X (R) is small.
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Théoréeme 3.3.1. [1] Let j € {1,...,N}, ¢; € (—1,1)\ {0} and (9;,w;) a solution of (HLL)
satisfying (3.3.2) and
(05,0, 0j0) — Qe;llxm) < a. (3.3.3)

Then, there ezist two numbers z* € R and ¢* € (—1,1) \ {0} such that
(0, 0;)(t,7) = Que (v — 2% — c't) ¥(t,z) € R x R.

Due to the orbital stability of Qg ,, condition (3.3.3) is satisfied when oq is small enough.
Applying Theorem 3.3.1, we get * € R and ¢* € (—1,1) \ {0} such that we have

0(t,2) = Qe (x — 2" —c't), V(t,z) e RxR.

In particular, we have Qz, ,(x) + &;0(7) = Qe (x — 2*). We claim that 2* = 0. Indeed, we use the
fact that ||€;0]|x®) < o and a modulation argument to obtain |[¢* — ¢;o| < Aca and |z*| < Acov.

We define
et 1) = [ {Que =)0,

We have
ax*h(éj,o,o) - —/ ‘Qlao|2 7'é 0.
R g

From the implicit function theorem, there exist a neighbourhood V' of (¢;0,0) and a function ¢
such that (¢*,z*) € V and h(c*,z*) = 0 if and only if z* = ¢(c*). Since, by parity, h(c*,0) = 0, we
infer that z* = 0.

Next, we set g(c¢*) = [ <Qc* — Qg0 ng,0>. Since ¢'(¢;0) # 0, we can prove that ¢* = ¢, which
leads to the fact that £y = 0. This allows us to deduce the convergence (3.1.9) for a subsequence of
(tn)nGN

Finally, we prove (3.1.9) and (3.1.12) for t — +o00. Since a;(t,,) — a;(t,,) — oo for all I # j ,
the solution converges to only one soliton because the other solitons converges to zero. This means
that we have

(00 + a5(tn). t)s W+ 05(tn,) 1)) — Qeyeny — 0 in X (R),

as k — 4o00. This restricts the problem to the case of only one soliton. The proof is then similar to
the one stated by Béthuel, Gravejat and Smets in [6]. It relies on the monotonicity formula for the
quantities Z;,, in Proposition 3.3.3.

The main idea is to show that ¢; is independent of the sequence (¢,),en. Assume by contradic-
tion that for two different sequences (t,)nen and (s, )nen, both tending to +oo, we have

Cj(tn) — Cj1 and & (Sn) — Cj2,
as n — 400, with ¢;; # ¢; 2 satisfying (3.2.17). In addition, we suppose that we have
(v(- + altn), ta), w(- + altn),tn)) = Qe — 0 in X(R), (3.3.4)

and
(v(- + alsn), sn), w(- + a(50), 50)) = Qeys) = 0 in X(R). (3.3.5)

Note that these two convergences are different since Q) — Qc;, and Q¢ (s,) — Qc;, as n — 00.
We may assume, without loss of generality, that ¢;; < ¢j» and that the sequences (t,)eny and
(Sn)nen are strictly increasing and are taken such that

th+1< sy <tner — 1, (3.3.6)
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for any n € N. Let 6 > 0. For y, sufficiently large, we can define the quantities Z;,, as in (3.3.28),
and deduce from (3.3.6) and (3.3.30) that

0 5
T ayo(Sn) = Tjayo(tn) — 10 and  Zj 1y, (tng1) = Zjayo(Sn) — 10’ (3.3.7)
for any n € N. On the other hand, by (3.3.4) and (3.3.5), there exists an integer ny such that
J
’ Tjyo(tn) — P(ch(tn))‘ < 5 (3.3.8)
and 5
T (50) = Zian (50) = P(Qey6))] < 5. (3.3.9)

for any n > ng and for y, large enough. From (3.3.7), (3.3.8) and (3.3.9), we have

)
Tio(sn) 2 Ljyo(tn) + 5%
for any n > ng, this yields, using (3.3.7) again, that
20

Ij,yo(tn-ﬁ-l) > IJ yo( ) + g»

for any n > ng. Therefore, the sequence (Z; , (¢,,))nen is unbounded, which leads to a contradiction

with the fact that the pair (v, w) has a bounded energy.
The second convergence in (3.1.12) follows from the fact that

aj(tn +1) — a;(tn) = ¢,

for any fixed ¢t € R and any sequence (t,)nen tending to +o0o (due to (3.3.21)), and Lemma 2 in [6]
(see [6] for more details). O

3.3.2 Localization and smoothness of the limit profile

In this section, we prove Proposition 3.3.1. First, we use (3.2.3) and (3.2.17) to claim that

2
He HJc
;Inin {02 dj(1)*} > oo max {0 aj(1)} <1455 5 (3.3.10)
and
2
/’LC yC
|Veato.s = v(ff)HLoo(R < mln{ 1 16} (3.3.11)

for any ¢t € R. In particular, we conclude that ¢;o € (—=1,1) \ {0}, so that Qg,, is a dark soliton.
In addition, for j € {1,..., N}, we have

0 — ¢j| < A (3.3.12)

On the other hand, by the weak lower semi-continuity of the norm, (3.2.17) and (3.3.1), we infer
that

| @0, @50) — Qo o < Aot |Qe, — Q2 iy < A (3.3.13)
Now, we suppose that « is sufficiently small so that, by (3.3.13),
H@yo, Wjo) — Qc, X®) = < Q. (3.3.14)
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By Theorem 3.2.2, there exist two maps ¢; € C*(R, (—1,1) \ {0}) and a; € C'(R,R) such that the
function &; defined by

21 ) o= (B + 50, ), 5 + 50, D) — sy, (3.3.15)
satisfies the estimates
~ ~ ~/ ~
Hej(.,t)HX(R)+ 2,(t) — o] + | (1) = &(8)] < Ac|[(B10,1D50) — Q, oy (3.3.16)
and the orthogonality conditions
(€5(+,1), 0:Qz; 1)) 2r)2 = (€5 (5 1), Xe;0)) 2 (w)2 = 0, (3.3.17)
for any t € R.
Using (3.3.13) and (3.3.16), and choosing « small enough we claim that
[ N2 21 (2 et S (2 A ()2 L+ g
min {¢;(t)?, @(t)?} > T max {¢;(t)?, &(t)*} < —5 (3.3.18)
and 2 )
- - . He — e
Ve, (+) — 0;(- + aj(t)’t)HLOO(R) < min {4, 76 }, (3.3.19)

for any t € R. We then prove the following weak continuity property in the hydrodynamical
framework.

Proposition 3.3.2. Let j € {1,...,N} and t € R be fivred. Then,
(0, w)(- + a(tn), tn +1) = (7,@)(-, 1)) in X(R), (3.3.20)

while
aj(tn -+ t) — aj(tn) — &](t>, and Cj(lfn + t) — 6J(t), (3321)

as n — +oo. In particular, we have
(v,w)(- + a;(t, +1),t, +t) = (0;,0;)(- + a;(t),t) in X(R), (3.3.22)
as n — +00.

The weak continuity of the flow and of the modulation parameters were proved in [1] in the
case of a simple soliton. The proof of Proposition 3.3.2 is similar.

Proof. Let j € {1,..., N} be a fixed integer. First, we prove (3.3.20). By the second convergence
in (3.3.1) and the explicit formula of Q.,,) in (3.1.3), we can infer that

QCj (tn) — Qéjyo in X(R)a
as n — +o00. This leads, using the first convergence in (3.3.1), to
(00 + aj(ta), ta), w(- + a(ta) 1)) = &0 + Qs in X(R),
as n — +o0o. In view of the fact that t — (v(- + a;(t,), t, + 1), w(- +a;(t,), t, + 1)) and (v;, ;) are

the solutions to (HLL) with initial data (v(- +a;(t,), tn), w(- +a;(tn), tn)), respectively f + Q. , we
deduce (3.3.20) from the weak continuity of the flow (see Proposition A.1 in [1] for more details.)
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Next, let us prove (3.3.21). By (3.2.11) and (3.2.12) the maps @, and ¢; are bounded on R, so
that the sequences (a;(t, +1t) — a;(t,))nen and (c;(t, +t))nen are bounded. Hence it is sufficient to
prove that the unique possible accumulation points for these sequences are a;(t), respectively ¢;(t).

We suppose now that, up to a possible subsequence, we have

aj(tn, +1t) —a;(t,) = a4, and c¢(t, +t) = oy, (3.3.23)

as n — +oo. Given a function ¢ € H'(R), we write

(v(-+ aj(tn + 1)t + 1), ¢>H1(R)
= (00 + ag(ta)stn + 1), 0 = a;(t + ) + a;(ta)) = &(- — ;)

+ <U( + aj(tn),tn +1),¢(- — aj)>H1(R)'

H(R)

Since we know that

¢(-+h) = ¢ in H'(R),
when h — 0, we can use (3.3.20) and (3.3.23) to infer that
v(- + aj(ty + 1), b, +t) = 05(- + a;,t) in H'(R),
as n — +o00. Similarly, we obtain
w(-+ a;(ty +t),tn +1) = @;(- + aj,t) in L*(R).

By (3.3.23) we also have
Qc]- (tn+t) — on in X(R)J

as n — +oo. This leads to
et 1) = (B + gy 1), B5(- + 05, 8)) = Qy,  in X(R), (3.3.24)

as n — +00.
Now, we use the fact that the function x. is continuous with respect to the parameter ¢, (3.1.3)
and the second convergence in (3.3.23) to prove that

8x@cj(thrt) — aanj and Xe;j(tn+t) —7 Xoy in LZ(R)27

as n — +o0o. Combining this with (3.3.24), we can take the limit n — +o00 in the two orthogonality
conditions in (3.3.17) to obtain

<<z~}j('+aj7t)7wj('+aj7t))_Qajaaonj> :<(®j<'+aj7t>7wj('+ajvt>)_QUj7XUj>L2 = 0.

L2(R)? (R)2

Since the parameters a;(t) and ¢;(t) are uniquely defined in (3.3.15), we infer that
Q; = &](t), and 05 = 6](t), (3325)

which is enough to complete the proof of (3.3.21). Convergence (3.3.22) follows combining (3.3.15)
with (3.3.24) and (3.3.25). O

80



Now, we consider the function ®, which is defined on R by
1 Ve
O(x) := 5 <1 + tanh (161>) (3.3.26)

Recall that @’ verifies the following property

" ()] < Ve gia) < Lo exp ( _ ”‘m) (3.3.27)
~ 04 — 512 16 ’ o
We set ]

O i= Emin{l +c,00— 1,03 —Coy ... 0N —CN_1, 1 — N}

for any ¢ € (—=1,1)".
Let (v,w) be a pair given by Theorem 3.2.1, j € {1,..., N} and yo € R. Denote

inn(t) i= | ®(@ = (a;(t) + o) o] (a, 1) da. (3.3.28)
We prove a monotonicity formula for these localized versions of the momentum following the
ideas used by Martel, Merle and Tsai in the proof of Lemma 3 in [51].

Proposition 3.3.3. Let yo € R, t € R, and 0 € [—4,,d,]. There exist positive numbers a; < «,
Ly > L* and Ay, A7 > 0, depending only on ¢ and s, such that, if g < aq and L > Ly, then the
map Z; is of class C' on R, and it satisfies

d
D)) 225 [ [0 0% 4 ] 0z~ (ay(6) + 30 + o)) d
dt 32
y (3.3.29)
— A = t
wm( %o+ ot]),
forany 1 <j <N and any t € R,. In particular, we have
* Ve
Tiao(t2) = Tielts) = Afexp (= 16l (33.30)

for any real numbers t; >ty > 0.

Remarque 3.3.1. In view of the proof below, Proposition 3.3.3 holds for any time t € R, when
there is only one soliton in the sum. In particular, this further property is true for the limit solution

(05, ;).
Proof. We differentiate the quantities Z; ;4 ,+ with respect to ¢t in order to obtain

d
dt[ Jyo+rft / <I> t) +yo + ot)) x

X (112 + w? — (a}(t) + a)vw — 3v*w? + 7>(8 V) > (3.3.31)

/ (- t)+yo +ot)) In (1—1}2),

for any ¢t € Ry. We decompose the real line into two regions,

R;(t) =

olt) = ) +
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and its complementary set. We set

[ Tiwin)] = T + T2,

where
z0 =5 [, ¥ a0+ m+o1)x
X <v2 + w? — (a’A(t) + a)vw — 3v*w? + (13_1)2)(8 v) )
2/ (- — (a;(t) + yo + ot)) In (1—1}2).

When z € R;(t), we have
L
|z —a;(t) —yo — ot| > -7t Yo + at|.
Hence, using (3.2.5), (3.3.19), and (3.3.27), we obtain

\If(t)\ < Acexp ( - %\yo + at!>, (3.3.32)

where A, denotes, here as in the sequel, a positive number depending only on ¢ and s.
Next, we use (3.2.5) and (3.3.27) to bound Z; (t) from below by

1
i (t) > (- = (a;(t) + 5o + ot)) %
2 JR\R;(t) (3.3.33)
2\ 1 2 o
x((@xv) + v? + w? —2<1—2> lv||w| — w2—|—g§11n(1—112)>.
For any x € R\ R;(t), we have
L
‘I‘ - ak(t)‘ > —

4 Y
for any 1 < k£ < N. This yields, by (3.2.15), (3.2.17), the Sobolev embedding theorem, the
exponential decay of the solitons and (3.2.18) , that

o(a,t)| < [eule,0)] + z ot — an(t)] < Acfa+exp (= 251)),
for any € R\ R;(t). For o small enough and L big enough, we have
1 v?
< 3.3.34
v mm{Q 96} (3.3.34)

on R\ R;(t). We conclude from (3.3.33), (3.3.34) and the fact that In(1 —s) > —2sfor 0 < s < 1/2,
that

1 v2\3 12
7! >(1—<1—‘> —°)/ (- — (a; L0)? 4 0% 4 w?).
HOES: ) 733) Jn @0~ @O w0+ ot) ((0w0)? +0* + w?)
Then, using the fact that 1 — (1 — s)'/2 > s/2 for 0 < s < 1, we obtain
THt) > 1(1 — (1 — ‘2) Vg) / (- — (a;(t) + yo + ot)) ((a v)? + v +w2)
T2 4/ 32) Jnws T ’

S 3v?
— 64 Jr\R;(t)

(- = (a;(t) + yo + ot)) ((0)* + 0* + w?).
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This concludes the proof of (3.3.29). Now let us prove (3.3.30). When y, > 0, we integrate

(3.3.29) from ty to B taking o = % and yp = yo — %to and from B34 to t; taking o = —% and
Yo = Yo + %tl, to obtain (3.3.30). The proof is similar when yy < 0. This finishes the proof of this
proposition. O]

Using Propositions 3.3.2 and 3.3.3 and Remark 3.3.1, we claim as in [1] that

Proposition 3.3.4 ( [1]). Let t € R. There ezists a positive constant Ao such that
t ~ \2 ~2 ~2 ~ ﬁm

The two lemmas below are the main ingredients for the proof of this proposition. For the limit

profile (;,10;), we set Z; 1y, (t) := J(zy?)(t) for any t € R and any yo > 0.

Lemme 3.3.1 ( [6]). For any positive number &, there exists a positive number ys, depending only
on o, such that for any t € R we have

Ijayo(t)‘ <¢ and |P<@j7wj) _Ij,—yo<t>| <9, (3'3'35)

for any yo > ys.

This lemma shows that the momentum of the limit profile is localized in a compact region of the
real line. This is a key point to claim that this momentum is exponentially decaying with respect

to Y.

Proof. The proof of this lemma is by contradiction. We assume that there exists a positive number
do such that, for any positive number yo, there exists a number ¢y € R such that either 1Z;.40 (to)] > do
or |Z; _y,(to) — P(;,w;)| > do. ) )
At initial time ¢t = 0, we have limy,_, . 7Z;,,(0) = limy, 4+ Z; _y,(0) — P(?;,w;) = 0. Hence,
there exists yg > 0 such that
~ ~ . 50 Ve 60
Zian ()] + 1L (0) = P ) < 5 and - Acexp (= Fe) < 32 (3.3.36)
Now, we prove that the case Z;,,(ty) > dy cannot hold for this choice of . The proof of the other
cases can be written in a very similar manner.
First, we deduce from (3.3.36) that

Using (3.3.30), we conclude that ¢y > 0. Next, from the fact that lim,, o Z; 4, (te) — P(;,10;) = 0
we can choose y) > yo such that

. o 5
Zj—y(to) = P(%“’j)’ <

<7 (3.3.37)

The choice of y, can be done to conserve (3.3.36) and to obtain

~ ~ o 30 ~ ~ o 1)
’Ij,—yg (to) = Zjy(to) — P(7y, wj)‘ > TO and ’Ijry() (0) = Zjye (0) — P(Ujawj)‘ < an

and therefore

| &

(T () = Zin () = (L t0) = T 1)) 2
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Using the fact that the integrands of the expressions between parenthesis are compactly supported
in the space, we infer from Proposition 3.3.2 that there exists an integer ng such that

do
‘(Ijb—yé (tn) —Zjy (tn)) - (Ij,—y() (tn + tO) —Zjy (tn + tO))‘ > ]
for any n > ng. Ordering well the terms in the previous inequality, we obtain

do
max {\Ij,% (tn) = Zj—yy (tn + t)|s [Zio (t) — T (ta + to)\} >0 (3.3.38)

Y

Since ty > 0, by (3.3.30), and (3.3.36), we deduce

50 50
and then we infer from (3.3.38) that, for any n > n,

. o
either  T; v (tn +to) — )y (tn) > 6

0
or Ly (tn +to) — Zjyo(tn) = T%-
This leads us to the possibility of choosing an increasing sequence (ng)ren such that
t > tn, + 1o for any k € N, and either

Nk+1

do
I]}yo (tnk + to) - Zj,yo (tnk) > Ea (3.3.39)
for any k € N, or

9o
for any k£ € N. Next, we suppose that (3.3.39) holds, the proof of the other case being exactly the
same. From the fact that ¢,, , > t,, -+ to, we conclude using (3.3.30), (3.3.36) and (3.3.39), that

%
32’

Nk+1

do
IM/O (tnk+1) > Ij}yo (tnk + to) — a5 2 Ij,yo (tnk) +

3.3.40
32— ( )

for any £ € N. Now, we recall that Z; ,(,,) is bounded by the energy of the initial datum. This
yields a contradiction with (3.3.40) and finishes the proof. [

At this stage, the problem reduces to the case of one soliton. The proof of the next statement is
exactly the same as the one given by the author in [1] for that case (see also [6] for more details).

Lemme 3.3.2 ( [1]). Let yo > 0. For any t € R we have

~ v o ~ U,
Ty (t) < Acexp < — 1éy0> and |P(0;,w;) — Z; _y,(t)| < Acexp < — 16y0>. (3.3.41)

The proof of Proposition 3.3.1 is then exactly the same as the one of Proposition 2.7 in [1].

3.4 Asymptotic stability between the solitons in the hy-
drodynamical framework

3.4.1 Proof of (3.1.10)

Let ¢® be as in Theorem 3.1.2 and v, be any pair which belongs to the set V(«, L) with o and
L as in the hypothesis of Theorem 3.1.2.

84



Let j € {1,...,N} and b; satisfying (3.1.6)—(3.1.11). By (3.2.17), € is uniformly bounded in
X(R). Then, there exists €5, € X(R) such that, up to a subsequence,

(tn, . +0i(tn)) =€ in X(R) as n— +oo. (3.4.1)

We set v = (v}, wh,) := €, and denote by v = (v}, w}) the unique global solution to (HLL)
corresponding to this initial datum v},. We claim that this solution exponentially decays with
respect to the space variable for any time, as well as all its space derivatives. More precisely, we
have

Proposition 3.4.1. The pair (v;, w;‘) is indefinitely smooth and exponentially decaying on R x R.
Moreover, given any k € N, there exists a positive constant Ay, depending only on k and ¢, such
that

* * * 7 Ve
/R (@5 107)2 + (k) + (9Fw))?] (x + by (1), £) exp (Em) dr < Ape, (3.4.2)
or anyt € ,were~-sati5 es (3.1.6)—(3.1.11).
f R, where b; fies (3.1.6)(3.1.1

In view of this proposition, we can establish a Liouville type theorem in order to finish the proof
of Theorem 3.1.2.

Proposition 3.4.2. There ezists a positive number o such that, if (v,w) is a solution of (HLL)
satisfying (3.4.2) and
[(vo, wo) || x(®) < a,

then,
(v,w)(t,z) =0 V(t,z) € R xR.

This result concludes the proof of Theorem 3.1.2 since €, = 0 for any sequence (tn)nen. Indeed,
if we suppose that there exists a sequence of time (s,) such that €9 # 0, then, in view of the
previous analysis, we get a contradiction from Proposition 3.4.2.

Now, we will show that (3.1.8) holds also when b; is an arbitrary map satisfying (3.1.6) and
(3.1.7) instead of (3.1.11).

Proof. Let (t,) be a sequence of time such that ¢, — co as n — oo. It follows from (3.1.7), up
to a subsequence, % has a limit [; as n — oo and ¢j2; <; < ¢j°. Next, we take b; a smooth

extension of b; such that b;(t,) = b;(t,) for all n € N. More precisely, b; € C'(R, R) verifies (3.1.6),

and, from (3.1.7), we have )
lim b (f) = lim =1;.

t—o0 n—oo ¢,

Hence, b; satisfies (3.1.11). Then, by (3.1.10), we obtain

(v,w)(tn, - +bi(t,)) =0 in X(R),

as n — o0o. This leads to
(v,w)(tn, - +bi(t,)) =0 in X(R),

as n — o0o. This finishes the proof since this convergence holds for any sequence (¢,) such that
t, — +00 as n — +o00. ]

In the next two subsections we begin by proving Proposition 3.4.2 and then we give the proof
of Proposition 3.4.1.
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3.4.2 Proof of the Liouville type theorem

First, we verify that our limit solution has a small norm. This is a direct consequence of the
conservation of the energy, (3.4.1), Theorem 3.2.1 and equivalence between the energy and the
norm of X (R). More precisely, we have

1500 50y < limin [t ey < Acc,
and then,

1w}, ) (O)llxmy < AL (5, w5 (1) = A€ (v50, who) < Adll@f0, o) lxam < Aca,

for all ¢ €]T_, T\ [, where |T_, T [ denotes the maximal interval of existence for the solution (v}, wj).
We derive from this inequality the existence of a number 0 < § < 1 such that

[oj ()]~ <6 <1,

for all ¢ €]T_, T [. It then follows from the result in [19] that the solution (v}, w}) is actually global,
and that it satisfies
(5, w)) ()| x@ < AL (v],w))(#) < Aca. (3.4.3)

Vi Y
for all t € R.
Next, we linearise (HLL) around zero. Let v := (v, w) be a solution of (HLL) verifying (3.4.3).
We obtain

oo = JLv + JDBy, (3.4.4)
where we have denoted
0 0,
J =850, = <3z 0) , (3.4.5)

LU = <_U ™ am’u> s
—w
(Opgv)v? (DR
Bo [ 1wr Tt T 0T

v?

Now, we consider the following quantity
U(t) = / rlvjwi|(t, x)dz,
R

for any ¢ € R. Since (v, w}) is a smooth solution of (HLL) which satisfies (3.4.2), the map U is of

class C! and it is possible to differentiate the integrand with respect to the time variable. Hence,
we deduce from (3.4.4) and an integration by parts that

U'(t) = <M(L]@»p®—<mﬂmu@@@>() @83%,»B® (3.4.6)

and

where u(x) = z for all x € R. For the linear terms, we integrate by parts to write

—<mymﬂaq@>:/

5O + 5@ )* + 5 (wi )] (3.47)

3 1
[2 2

<LU (1), J(t)>L2(1R)

For the other term, we use the Cauchy-Schwarz inequality, the Sobolev embedding theorem, (3.4.2)
and (3.4.3) to infer that

(10, B, 07) | JgAﬂwQO. (3.4.8)
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Indeed, let us estimate two terms of the right hand side. The other ones can be estimated in a
very similar way. Performing integrations by parts, and using the Cauchy-Schwarz inequality and
(3.2.10), we can write

| 20, (v (1)) *w] (8 2) ) (¢, )| <\ (1) oo 15 () oo 105 () 2 [ ()] 2

+ V7 ()| Zee 1w (D122,

and

A0z 07 (D) oo 10207 ()| 2 Ml 07 ()| 2 [l 07 (E) ] e

+ Al 000} ()| oo 105 () | oo 05 (£) |-
Then, by the Sobolev embedding theorem, 3.4.2 and (3.4.3), we obtain

[0, ((05(t.) P (4. 2) w5 (1. 2) | < Acallos (0]

(0] (8, @) (v]) (¢, )
/Rxa‘”( 1= ()2(t x) ) it w)de

and

O (L D)@ Pt
[0, () e )os (e,
)

Now, we introduce (3.4.7) and (3.4.8) into (3.4.6) and we choose a small enough to claim that
1 *
U'(8) 2 103 0) ey (3.4.9)

Since U is uniformly bounded on R, we infer that the map ¢ +— [|v%(¢)||x®) belongs to L*(R).
This yields the existence of a sequence of positive times (s, )nen, Which goes to +00 as n — +oo,
such that we have

< Al oj (0% ).

i 55 () = 0. (3.4.10)
In view of (3.4.2), this gives
lim U(+s,) = 0.

n—00

Integrating (3.4.9) from —s, to s, and taking the limit n — 400, we deduce that

[ 10503yt = 0.

Hence,
U;f =0 on RxR.

This finishes the proof of Theorem 3.4.2. O]

3.4.3 Proof of Proposition 3.4.1

In this section, we prove the exponential decay of the limit solution v}. First, we state the
monotonicity of the momentum. Let (v, w) be a pair given by Theorem 3.2.1, j € {1,..., N} and
Yo € R. Denote

Tin(®) = [ @@= (b5(0) + o)) o]z, ) do
for b; satisfying (3.1.6) and (3.1.11) and set

1 .
Acyy 1= §m1n{1 + 71,72 —C€1,62 — Y25, INF1 —CN, L — 7N+1}

for any ¢ € (—1,1)", where v := (y1,...,7n41) = limy o (b’l(t), . ,bﬁ\,H(t)). We claim the
following monotonicity formula for this localized version of the momentum.
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Proposition 3.4.3. There exist positive numbers as < «, Ly > L*, T > 0 and Ay, A5 > 0,
depending only on ¢ and s, such that, if ag < ag and L > Lo, then the map Z;,, is of class C* on
R, and it satisfies

d

L ®)] 255 [ [0:0)2 + 0% + w?) @, '@ = (b5(8) + o)) da

Ve
— Az exp ( - T6(|y0 + )‘c,vt|>»

forany 1 <j <N and any t >T. In particular, we have

* VC
Ij,yo (tl) > Ij,yo(to) — A exp ( - 16‘y0|>’ (3.4.12)

for any real numbers t;y > tqg > T.

(3.4.11)

The proof is very similar to the one of Proposition 5 in [19]. We will only sketch it.
Proof. As in the proof of Proposition 3.3.3, we write
Tjyo(t) = Ta(t) + Ia(t),

2,90

decomposing the real line into the region /;(t) and its complementary set, where I;(¢) is the interval
defined by

Li(t) = [bj (t) — i(L + Aent), by(t) + i( + )\wt)].

For Z,, we have (see the proof of Proposition 3.3.3 for more details)

(0] < 4 exp (= 5 (L4 Aeat))

For Z,(t), we first infer from (3.1.6) that there exists 7" > 0 sufficiently large such that for all ¢t > T,

2y < U(t) < ¢,

and then
/ 2 Vc2
i(t)" <1 - R
This leads, using (3.2.5) and (3.3.27), to
Zi(t) > 1 (13'( -—(b;(t) +y0)) ((3 v)? + 0% +w? — 2(1 — Vc2>é|v||w| —3v*w® + ver In (1 —v2>>.
~2Jn ! ‘ 4 64

Now, increasing the value of 7' > 0 if necessary, we infer from (3.1.11) that
1
Jax(t) = b (1) > 5 (Z+Ant),
for any t > T'and 1 <k < N. When z € [;(t), we have

o — ax(t)] > |ar(t) - bj(t)‘ - i(L + Aent) = i(L + Aent),

for any 1 < k < N. This yields, using (3.2.15), (3.2.17) (and the Sobolev embedding theorem),
(3.2.18) and the exponential decay of the solitons,

"U(x,t)‘ < ’el(x,t)‘ + g: Ve (1) (€ — ak(t))‘ < A* (a + exp ( - %(L + )\cﬁt))),
k=1

for any = € I;(t). We now decrease o and increase L, if necessary, to guarantee that |v| is sufficiently
small on the interval [;(¢). Then we can finish the proof as the one of Proposition 3.4.3. [
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Remarque 3.4.1. In view of the proof below, the limit solution (v;,w;f) satisfies the conclusions
of Proposition 3.4.3 for any time t € R, .

The following claim contains the weak continuity of the flow and the convergence of the parameter
b;.

Fait 2. Let j € {1,...,N} and t € R be fized. Then, there exist a map b; € C'(R,R) verifying
(3.1.6)-(3.1.11) such that

(00 4 b5 (tn) b + 1), (- 4 bj(tn), 1 + 1)) = (V] (1), w] (-, 1)) (3.4.13)
and
(00 4 bj(tn + 1)t + 1), w (- + bj(tn + 1), ta + 1)) = (03 + b)), w) (- + b}(),1))  (3.4.14)

in X(R), while

as n — +oo.

Proof. We take b3 (t) := v;t, for all t € R, where v; := lim; ;o b;(t). Clearly, b} satisfies (3.1.6)-
(3.1.11). Then, the proof remains exactly the same as the one of Proposition 3.3.2. O

As in the previous section, we claim the following lemma which shows the localisation of the

momentum for the limit solution. For the limit profile (v}, wj), we set

* (U;’w;) *, % *
T (t) = T2 () = [ [05uO0( — (290 +b5(1).
for any ¢t € R and gy > 0.

Lemme 3.4.1 ( [6]). For any positive number &, there exists a positive number ys, depending only
on 9, such that for any t € R we have

I, ()| <0 and |PW],w)) =T, (1) <4, (3.4.16)

7,90 77770

Jor any yo > ys.

In view of Remark 3.4.1, the proof is similar to the one of Lemma 3.3.1.
We also have

Lemme 3.4.2 ( [6]). Let yo > 0. For any t € R, we have

* v * * * Ve
77, () < Acexp < - 1éy0> and |P(vj,w;) —Z; _, (t)] < Acexp < - 16y0>. (3.4.17)

Using Proposition 3.4.3, we claim as in [6] that

Proposition 3.4.4 ( [1]). Lett € R. There exists a positive constant Ao such that
1 *\2 %\ 2 %\ 2 * e |z
/t /R {(&cvj) + (V)7 + (w]) }(a: +b3(s), s)ers ™ dr ds < Aeo.

At this stage, the proof of Proposition 3.4.1 remains exactly the same as in [1] (see Section 4.2
for more details).

89



Bibliographie

1]

[9]
[10]
[11]
[12]

[13]

[14]
[15]

[16]

Y. Bahri. Asymptotic stability in the energy space for dark solitons of the Landau-Lifshitz
equation. Analysis and PDFE, In press, 2016.

Y. Bahri. On the asymptotic stability in the energy space for multi-solitons of the Landau-
Lifshitz equation. Preprint, 2016.

I. Bejenaru, A.D. Ionescu, C.E. Kenig, and D. Tataru. Global Schréodinger maps in dimensions
d > 2 : Small data in the critical Sobolev spaces. Annals of Math., 173(3) :1443-1506, 2011.

F. Béthuel, P. Gravejat, and J.-C. Saut. Existence and properties of travelling waves for the
Gross-Pitaevskii equation. In A. Farina and J.-C. Saut, editors, Stationary and time dependent
Gross-Pitaevskii equations, volume 473 of Contemp. Math., pages 55-104. Amer. Math. Soc.,
Providence, RI, 2008.

F. Béthuel, P. Gravejat, and D. Smets. Stability in the energy space for chains of solitons of
the one-dimensional Gross-Pitaevskii equation. Ann. Inst. Four., 1(64) :19-70, 2014.

F. Béthuel, P. Gravejat, and D. Smets. Asymptotic stability in the energy space for dark
solitons of the Gross-Pitaevskii equation. Ann. Sci. Ec. Norm. Supér., 48(6) :1327-1381, 2015.

V.S. Buslaev and G. Perelman. Scattering for the nonlinear Schrodinger equation : states close
to a soliton. St. Petersburg Math. J., 4(6) :1111-1142, 1993.

V.S. Buslaev and G. Perelman. On the stability of solitary waves for nonlinear Schrédinger
equations. In N.N. Uraltseva, editor, Nonlinear evolution equations, volume 164 of American
Mathematical Society Translations-Series 2, pages 75-98. Amer. Math. Soc., Providence, RI,
1995.

V.S. Buslaev and C. Sulem. On asymptotic stability of solitary waves for nonlinear Schrodinger
equations. Ann. Inst. Henri Poincaré, Analyse Non Linéaire, 20(3) :419-475, 2003.

N.-H. Chang, J. Shatah, and K. Uhlenbeck. Schrodinger maps. Commun. Pure Appl. Math.,
53(5) :590-602, 2000.

S. Cuccagna. Stabilization of solutions to nonlinear Schréodinger equations. Commun. Pure
Appl. Math., 54(9) :1110-1145, 2001.

S. Cuccagna. On asymptotic stability of ground states of NLS. Rev. Math. Phys., 15(8) :877-903,
2003.

S. Cuccagna. The Hamiltonian structure of the nonlinear Schrodinger equation and the
asymptotic stability of its ground states. Communications in Mathematical Physics, 305(2) :279—
331, 2011.

S. Cuccagna and R. Jenkins. On asymptotic stability of N-solitons of the Gross-Pitaevskii
equation. arXiv :1410.6887., 2014.

R. Cote, C. Munoz, D. Pilod, and G. Simpson. Asymptotic stability of high-dimensional
Zakharov-Kuznetsov solitons. arXiv :1406.3196, 2015.

T. Dauxois and M. Peyrard. Physique des Solitons. EDP Sciences, 2004.

90



[17] A. de Laire. Minimal energy for the traveling waves of the Landau-Lifshitz equation. SIAM J.
Math. Anal., 46(1) :96-132, 2014.

[18] A. de Laire and P. Gravejat. Stabilité des solitons de 1’équation de Landau-Lifshitz a anisotropie
planaire. Séminaire Laurent Schwartz, (17), 2014-2015.

[19] A. de Laire and P. Gravejat. Stability in the energy space for chains of solitons of the
Landau-Lifshitz equation. J. Differential FEquations, 258(1) :1-80, 2015.

[20] L. Escauriaza, C.E. Kenig, G. Ponce, and L. Vega. Hardy’s uncertainty principle, convexity
and Schrodinger evolutions. J. Fur. Math. Soc., 10(4) :883-907, 2008.

[21] L.D. Faddeev and L.A. Takhtajan. Hamiltonian methods in the theory of solitons. Classics in
Mathematics. Springer-Verlag, Berlin-Heidelberg-New York, 2007. Translated by A.G. Reyman.

[22] Z. Gang and I.M. Sigal. Relaxation of solitons in nonlinear Schrodinger equations with potential.
Adv. in Math., 216(2) :443-490, 2007.

23] T. Goto and Y. Yamaguchi. Evidence for magnetic soliton in C'sNiF3 : Nuclear magnetic
relaxation studies. Journal of Magnetism and Magnetic Materials, 31-34 :1211-1212, 1983.

[24] O. Goubet and L. Molinet. Global attractor for weakly damped nonlinear Schrodinger equations.
Nonlinear Analysis Theory Methods and Applications, 71 :317-320, 2009.

[25] P. Gravejat and D. Smets. Asymptotic stability of the black soliton for the Gross—Pitaevskii
equation. Proc. London Math. Soc., 111(2) :305-353, 2015.

[26] M. Grillakis, J. Shatah, and W.A. Strauss. Stability theory of solitary waves in the presence
of symmetry 1. J. Funct. Anal., 74(1) :160-197, 1987.

[27] B. Guo and S. Ding. Landau-Lifshitz equations, volume 1 of Frontiers of Research with the
Chinese Academy of Sciences. World Scientific, Hackensack, New Jersey, 2008.

28] S. Gustafson and J. Shatah. The stability of localized solutions of Landau-Lifshitz equations.
Commun. Pure Appl. Math., 55(9) :1136-1159, 2002.

[29] H. Hasimoto. A soliton on a vortex filament. J. of Fluid Mech., 51(3) :477-485, 1972.

[30] A. Hubert and R. Schéfer. Magnetic domains : the analysis of magnetic microstructures.
Springer-Verlag, Berlin-Heidelberg-New York, 1998.

[31] R. Jerrard and D. Smets. On Schrédinger maps from T! to S2. Ann. Sci. Ec. Norm. Sup.,
45(4) :635-678, 2012.

[32] C. E. Kenig, G. Ponce, and L. Vega. On unique continuation for nonlinear Schrédinger
equations. Comm. Pure Appl. Math., 56(9) :1247-1262, 2003.

[33] A.M. Kosevich, B.A. Ivanov, and A.S. Kovalev. Magnetic solitons. Phys. Rep., 194(3-4) :117-
238, 1990.

[34] L.D. Landau and E.M. Lifshitz. On the theory of the dispersion of magnetic permeability in
ferromagnetic bodies. Phys. Zeitsch. der Sow., 8 :153-169, 1935.

[35] J.V. Lebesque, J. Snel, and J. J. Smit. CsNiF; : Ferromagnetic chains with x-y like anisotropie.
Solid State Communications, 13 :371-376, 1973.

[36] F. Lin and J. Wei. Traveling wave solutions of the Schrédinger map equation. Commun. Pure
Appl. Math., 63(12) :1585-1621, 2010.

[37] F. Linares and G. Ponce. Introduction to nonlinear dispersive equations. Universitext. Springer-
Verlag, Berlin-Heidelberg-New York, 2009.

[38] E. Madelung. Quantumtheorie in Hydrodynamische form. Zts. f. Phys., 40 :322-326, 1926.

[39] Y. Martel. Asymptotic N-soliton-like solutions of subcritical and critical generalized KdV
equations. Amer. J. of Math., 127 :1103-1140, 2005.

91



[40] Y. Martel. Linear problems related to asymptotic stability of solitons of the generalized KdV
equations. SIAM J. Math. Anal., 38(3) :759-781, 2006.

[41] Y. Martel and F. Merle. A Liouville theorem for the critical generalized Korteweg-de Vries
equation. J. Math. Pures Appl., 79(4) :339-425, 2000.

[42] Y. Martel and F. Merle. Asymptotic stability of solitons for subcritical generalized KAV
equations. Arch. Ration. Mech. Anal., 157(3) :219-254, 2001.

[43] Y. Martel and F. Merle. Instability of solitons for the critical generalized Korteweg-de Vries
equation. Geom. and Funct. Anal., 11(1) :74-123, 2001.

[44] Y. Martel and F. Merle. Asymptotic stability of solitons of the subcritical gKdV equations
revisited. Nonlinearity, 18(1) :55-80, 2005.

[45] Y. Martel and F. Merle. Asymptotic stability of solitons of the gKdV equations with general
nonlinearity. Math. Ann., 341(2) :391-427, 2008.

[46] Y. Martel and F. Merle. Note on coupled linear systems related to two soliton collision for the
quartic gKdV equations. Rev. Mat. Complut., 21 :327-349, 2008.

[47] Y. Martel and F. Merle. Refined asymptotics around solitons for the gKdV equations with a
general nonlinearity. Disc. Cont. Dynam. Syst., 20(2) :177-218, 2008.

[48] Y. Martel and F. Merle. Stability of two soliton collision for nonintegrable gKdV equations.
Commun. Math. Phys., 286(1) :39-79, 2009.

[49] Y. Martel and F. Merle. Description of two soliton collision for the quartic gKdV equations.
Ann. Math., 174(2) :757-857, 2011.

[50] Y. Martel and F. Merle. Inelastic interaction of nearly equal solitons for the quartic gKdV
equation. Invent. Math., 183(3) :563-648, 2011.

[51] Y. Martel, F. Merle, and T.-P. Tsai. Stability and asymptotic stability in the energy space of
the sum of N solitons for subcritical gKdV equations. Commun. Math. Phys., 231(2) :347-373,
2002.

[52] A.V. Mikhailov. The Landau-Lifschitz equation and the Riemann boundary problem on a
torus. Phys. Lett. A, 92(2) :51-55, 1982.

[53] T. Mizumachi. Large time asymptotics of solutions around solitary waves to the generalized
Korteweg-de Vries equations. SIAM J. Math. Anal., 32(5) :1050-1080, 2001.

[54] R.L. Pego and M.I. Weinstein. Asymptotic stability of solitary waves. Commun. Math. Phys.,
164(2) :305-349, 1994.

[55] G. Perelman. Asymptotic stability of multi-soliton solutions for nonlinear Schrodinger equations.
Communications in Partial Differential Equations, 29(7-8) :1051-1095, 2007.

[56] A.P. Ramirez and W. P. Wolf. Specific heat of CsNiF3 : Evidence for spin solitons. Phys.
Rev. Lett., 49(3) :227-230, 1982.

[57] Y.L. Rodin. The Riemann boundary problem on Riemann surfaces and the inverse scattering
problem for the Landau-Lifschitz equation. Phys. D, 11(1-2) :90-108, 1984.

[58] A. Soffer and M.I. Weinstein. Multichannel nonlinear scattering theory for nonintegrable
equations. In P. Lochak M. Balabane and C. Sulem, editors, Integrable Systems and Applications,
volume 342 of Lecture Notes in Physics, pages 312-327. Springer-Verlag Berlin Heidelberg,
1989.

[59] A. Soffer and M.I. Weinstein. Multichannel nonlinear scattering for nonintegrable equations.
Commun. Math. Phys., 133(1) :119-146, 1990.

[60] A. Soffer and M.I. Weinstein. Multichannel nonlinear scattering for nonintegrable equations II.
The case of anisotropic potentials and data. J. Diff. Eq., 98(2) :376-390, 1992.

92



[61] P.L. Sulem, C. Sulem, and C. Bardos. On the continuous limit for a system of classical spins.
Commun. Math. Phys., 107(3) :431-454, 1986.

93



o .
universite

PARIS-SACLAY

Ecole doctorale
de mathématiques
Hadamard (EDMH)

Titre
Mot clés : Stabilité, solitons, Landeau-Lifschitz.

Résumé : Dans cette these, nous étudions 1’équation de
Landau-Lifshitz avec une anisotropie planaire en dimension un.
Cette équation décrit la dynamique de l'aimantation dans des
matériaux ferromagnétiques. Elle admet des solutions particu-
lieres de type onde progressive appelées solitons. D’abord, nous
montrons la stabilité asymptotique des solitons de vitesse non
nulle appelés solitons sombres dans ’espace d’énergie. Plus pré-
cisément, nous prouvons que toute solution correspondant a une
donnée initiale proche du soliton de vitesse non nulle, converge
faiblement dans I’espace d’énergie en temps long, vers un soliton
de vitesse non nulle, sous les invariances géométriques de I’équa-
tion. Notre analyse repose sur les idées développées par Martel
et Merle pour les équations de Korteweg-de Vries généralisées.
Nous utilisons la transformée de Madelung pour étudier le pro-
bleme dans le cadre hydrodynamique. Nous invoquons ensuite la
stabilité orbitale des solitons et la continuité faible du flot afin de

construire le profil limite. Nous établissons de plus une formule

: Stabilité des solitons et des multi-solitons pour I’équation de Landau-Lifshitz.

de monotonie pour le moment, ce qui nous permet d’avoir la lo-
calisation du profil limite. Sa régularité et sa décroissance expo-
nentielle découlent d’un résultat de régularité pour les solutions
localisées des équations de Schrodinger. Nous finissons la preuve
par un théoreme de type Liouville, qui nous indique que seuls les
solitons vérifient ces propriétés dans leurs voisinages. Nous nous
intéressons également & la stabilité asymptotique d’une superpo-
sition de plusieurs solitons appelées multi-solitons. Les solitons
de vitesse non nulle sont ordonnés selon leurs vitesses et sont
initialement bien séparés. Nous démontrons la stabilité asymp-
totique autour et entre les solitons. Plus précisément, nous mon-
trons que pour une donnée initiale proche de la somme de N
solitons sombres, la solution correspondante converge faiblement
vers un des solitons de la somme, quand elle est translatée au
niveau du centre de ce soliton, et converge faiblement vers zéro

quand elle est translatée entre les solitons.
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Abstract : In this thesis, we study the one-dimensional
Landau-Lifshitz equation with an easy-plane aniso-tropy. This
equation describes the dynamics of the magnetization in a ferro-
magnetic material. It owns travelling-wave solutions called soli-
tons. We begin by proving the asymptotic stability in the energy
space of non-zero speed solitons More precisely, we show that any
solution corresponding to an initial datum close to a soliton with
non-zero speed, is weakly convergent in the energy space as time
goes to infinity, to a soliton with a possible different non-zero
speed, up to the geometric invariances of the equation. Our ana-
lysis relies on the ideas developed by Martel and Merle for the
generalized Korteweg-de Vries equations. We use the Madelung
transform to study the problem in the hydrodynamical frame-
work. In this framework, we rely on the orbital stability of the

solitons and the weak continuity of the flow in order to construct
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a limit profile. We next derive a monotonicity formula for the
momentum, which gives the localization of the limit profile. Its
smoothness and exponential decay then follow from a smoothing
result for the localized solutions of the Schréodinger equations. Fi-
nally, we prove a Liouville type theorem, which shows that only
the solitons enjoy these properties in their neighbourhoods. We
also establish the asymptotic stability of multi-solitons. The soli-
tons have non-zero speed, are ordered according to their speeds
and have sufficiently separated initial positions. We provide the
asymptotic stability around solitons and between solitons. More
precisely, we show that for an initial datum close to a sum of
N dark solitons, the corresponding solution converges weakly to
one of the solitons in the sum, when it is translated to the centre
of this soliton, and converges weakly to zero when it is translated

between solitons.
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