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Abstract

Maximum likelihood estimation is a widespread method for identifying
a parametrized model of a time series from a sample of observations. Un-
der the framework of well-speci�ed models, it is of prime interest to obtain
consistency of the estimator, that is, its convergence to the true parameter
as the sample size of the observations goes to in�nity. For many time series
models, for instance hidden Markov models (HMMs), such a �strong� con-
sistency property can however be di�cult to establish. Alternatively, one
can show that the maximum likelihood estimator (MLE) is consistent in a
weakened sense, that is, as the sample size goes to in�nity, the MLE even-
tually converges to a set of parameters, all of which associate to the same
probability distribution of the observations as for the true one. The consis-
tency in this sense, which remains a preferred property in many time series
applications, is referred to as equivalence-class consistency. The task of de-
riving such a property generally involves two important steps: 1) show that
the MLE converges to the maximizing set of the asymptotic normalized log-
likelihood; and 2) show that any parameter in this maximizing set yields the
same distribution of the observation process as for the true parameter.

In this thesis, our primary attention is to establish the equivalence-class
consistency for time series models that belong to the class of partially ob-
served Markov models (PMMs) such as HMMs and observation-driven mod-
els (ODMs). We �rst establish the result of Step 2), that is identifying
the maximizing set of the asymptotic normalized log-likelihood, under very
mild assumptions and under a general framework of PMMs. The novel con-
tribution of our approach is that, in contrast with previous approaches, the
identi�ability result is addressed by relying on the uniqueness of the invariant
distribution of the Markov chain associated to the complete data, regardless
of its rate of convergence to the equilibrium. This result then applies, for
example, to HMMs and ODMs in which speci�c models, namely, the polyno-
mially ergodic Markov chain, the negative binomial integer-valued GARCH
(NBIN-GARCH) and the normal mixture GARCH (NM-GARCH) models
are illustrated.
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Then, we establish the convergence of the MLE in Step 1) for two sep-
arate classes of models, namely, the class of fully dominated PMMs and
the class of ODMs by generalizing the existing results. For fully dominated
PMMs, formulating this convergence property is carried out through the
approach which consists in establishing a key property�the exponential for-
getting of the �ltering distribution by using coupling method. For ODMs,
this is performed by proving that the process is stationary and ergodic, and
by approximating the conditional likelihood by an appropriately de�ned sta-
tionary version of it, which is shown to converge using classical ergodic theory
arguments. The stationary and ergodic solutions for the family of ODMs are
obtained via the theory of Markov chains without irreducibility assumption.
All of these results are addressed under assumptions that are quite direct
and easy to check in concrete examples. As illustration, we examine three
examples, namely the NBIN-GARCH(1, 1), the NM-GARCH(1, 1) and the
threshold IN-GARCH(1, 1) models.

Finally, extension of ODMs to general-order versions is also considered.
By incorporating relevant lagged variables into the model, a general-order
ODM can be embedded in the classical �rst-order version of it. In this
extended class, the stationarity and ergodicity of the process are studied.
The consistency of the MLE is considered. The asymptotic normality of the
MLE is also treated in this general framework. All the results are reported
under su�cient and easy-to-check conditions. We apply these results to the
GARCH(p, q), the log-linear Poisson autoregression of order (p, q) and the
NBIN-GARCH(p, q) models. An empirical study completes this part.

Keywords: consistency, ergodicity, hidden Markov models, maximum like-
lihood, observation-driven models, partially observed Markov models, time
series of counts
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Résumé

L'estimation du maximum de vraisemblance est une méthode répandue
pour l'identi�cation d'un modèle paramétré de série temporelle à partir d'un
échantillon d'observations. Dans le cadre de modèles bien spéci�és, il est pri-
mordial d'obtenir la consistance de l'estimateur, à savoir sa convergence vers
le vrai paramètre lorsque la taille de l'échantillon d'observations tend vers
l'in�ni. Pour beaucoup de modèles de séries temporelles, par exemple les mo-
dèles de Markov cachés ou � hidden Markov models � (HMM), la propriété
de consistance � forte � peut cependant être di�cile à établir. On peut alors
s'intéresser à la consistance de l'estimateur du maximum de vraisemblance
(EMV) dans un sens faible, c'est-à-dire que lorsque la taille de l'échantillon
tend vers l'in�ni, l'EMV converge vers un ensemble de paramètres qui s'as-
socient tous à la même distribution de probabilité des observations que celle
du vrai paramètre. La consistance dans ce sens, qui reste une propriété pri-
vilégiée dans beaucoup d'applications de séries temporelles, est dénommée
consistance de classe d'équivalence. L'obtention de la consistance de classe
d'équivalence exige en général deux étapes importantes : 1) montrer que
l'EMV converge vers l'ensemble qui maximise la log-vraisemblance norma-
lisée asymptotique ; et 2) montrer que chaque paramètre dans cet ensemble
produit la même distribution du processus d'observation que celle du vrai
paramètre.

Cette thèse a pour objet principal d'établir la consistance de classe d'équi-
valence pour des modèles de séries temporelles qui appartiennent à la classe
des modèles de Markov partiellement observés, ou � partially observed Mar-
kov models � (PMM), comme les HMM et les modèles � observation-driven �
(ODM). Nous établissons le résultat de l'étape 2), qui identi�e l'ensemble
qui maximise la log-vraisemblance normalisée asymptotique, sous des hy-
pothèses assez faibles et dans un cadre général de PMM. La nouveauté de
notre approche est que, contrairement aux approches précédentes, le résultat
d'identi�abilité est traité en se basant sur l'unicité de la distribution sta-
tionnaire de la chaîne de Markov associée aux données entières, sans tenir
compte de son taux de convergence vers l'équilibre. Nous appliquons ensuite
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ce résultat, par exemple, aux HMM et ODM, dans lesquels des modèles spé-
ci�ques, à savoir la chaîne de Markov ergodique polynomialement, le modèle
� negative binomial integer-valued GARCH � (NBIN-GARCH) et le modèle
GARCH gaussien mélangé ou � normal mixture GARCH � (NM-GARCH),
sont détaillés.

Nous établissons ensuite la convergence de l'EMV dans l'étape 1) pour
deux classes de modèles distinctes, d'une part la classe des PMMs entière-
ment dominés et d'autre part la classe des ODM, en généralisant les résultats
obtenus. Pour les PMMs entièrement dominés, l'établissement de cette pro-
priété de convergence est faite selon l'approche qui consiste à établir une
propriété clé : l'oubli exponentiel de la distribution de �ltrage en utilisant la
méthode de couplage. Pour la classe des ODM, ceci est fait en montrant que le
processus est stationnaire et ergodique, et en donnant une approximation de
la vraisemblance conditionnelle par sa version stationnaire convenablement
dé�nie, dont nous montrons qu'elle converge selon des arguments classiques
relevant de la théorie ergodique. Les solutions stationnaires et ergodiques
pour la famille des ODM sont obtenues via la théorie des chaînes de Markov
sans condition d'irréductibilité. Tous ces résultats sont traités sous des hypo-
thèses relativement directes et faciles à véri�er dans des exemples concrets.
Pour illustration, nous examinons trois exemples, qui sont les modèles NBIN-
GARCH(1, 1), NM-GARCH(1, 1) et IN-GARCH à seuil de l'ordre (1, 1).

L'extension des ODM à des versions d'ordre général est aussi considé-
rée. En intégrant des variables décalées pertinentes dans le modèle, un ODM
d'ordre général peut avoir une représentation classique d'ODM de premier
ordre. Dans cette classe élargie, la stationnarité et l'ergodicité du processus
sont étudiées. La consistance de l'EMV est considérée. La normalité asympto-
tique de l'EMV est également traitée dans ce cadre général. Tous les résultats
sont obtenus sous des conditions su�santes facilement véri�ables. Nous ap-
pliquons ces résultats au modèle GARCH(p, q), à l'autorégression log-linéaire
de Poisson d'ordre (p, q), et au modèle NBIN-GARCH(p, q). Une étude em-
pirique complète cette partie.

Mots-clés : consistance, ergodicité, maximum de vraisemblance, modèles
de Markov cachés, modèles de Markov partiellement observés, observation-
driven, séries temporelles de comptage
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Chapter 1

Introduction

1.1 Background

A partially observed Markov model (PMM) is a bivariate Markov process
such that only one part of the complete process is observed�hence �par-
tially observed� and the other component, the state variable, is �hidden� or
�unobserved��and any statistical inference has to be carried out by means of
using a sample of realizations of the observation process. Notably, the class
of PMMs contains two prominent classes of statistical models commonly used
in examining serial-dependence sequences and time series data, namely, the
class of hidden Markov models (HMMs) and the class of observation-driven
models (ODMs). A common yet important feature of these two particular
subclasses lies on the fact that the hidden processes of the state variables
are Markov chains in their own right. This feature permits establishing some
important statistical properties such as stationarity and ergodicity for the
complete chains or models by relying on those inherited statistical properties
of the unobserved chains.

HMMs are applied widely in various areas ranging from biology (Churchill
[1992], Krogh et al. [1994]), econometrics (Hull and White [1987], Mamon and
Elliott [2007]), �nance (Zhang [2004]), neurophysiology (Fredkin and Rice
[1987]), signal processing (Crouse et al. [1998], Krishnamurthy and Chung
[2007]), speech recognition (Rabiner [1989], Huang et al. [1990], Juang and
Rabiner [1991]) to time series analysis (MacDonald and Zucchini [1997]).
Theory and inference for this class of models were developed by Baum and
coworkers in a series of contributions Baum and Petrie [1966], Baum and
Eagon [1967], Baum and Sell [1968], Petrie [1969], Baum et al. [1970], Baum
[1972] (see also Ephraim and Merhav [2002] for a brief historical note on
HMMs). These studies have later been further considered and developed
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1. Introduction

in a series of works by Finesso [1991], Leroux [1992], Mevel [1997], Bickel
et al. [1998], Jensen and Petersen [1999], Le Gland and Mevel [2000], Douc
and Matias [2001], Bickel et al. [2002], Mevel and Finesso [2004], Genon-
Catalot and Laredo [2006], Douc et al. [2009, 2011], Douc and Moulines [2012]
(see also Cappé et al. [2005] and the references therein for a comprehensive
discussion). Although there have been substantial studies for this important
class, so far some theoretical results have not become standard yet and thus
still need to be improved.

ODMs were introduced by Cox [1981] to describe statistical models with
a key feature that the hidden state variable can be represented explicitly
as a deterministic function of the past observation variables. This property
is of practical interest, since the associated (conditional) likelihood function
and its derivatives are easy to derive, the parameter estimation is hence rela-
tively simple, and the prediction, which is of prime importance in many time
series applications, is straightforward. The celebrated generalized autore-
gressive conditional heteroskedasticity of order (1, 1) model (well known as
GARCH(1, 1) model) introduced by Bollerslev [1986], as well as most of the
models derived from this one are typical examples of ODMs (see Bollerslev
[2008] for a list of some of them). In addition, these models are partic-
ularly useful for dealing with time series data with discrete nature, while
the classical autoregressive models are no longer appropriate (see [Kedem
and Fokianos, 2002, Chapter 4] for a comprehensive account and Tjøstheim
[2012] for a recent survey). The applications of ODMs can be found in a wide
variety of disciplines such as economics (Pindyck and Rubinfeld [1998]), en-
vironmental study (Bhaskaran et al. [2013]), epidemiology and public health
study (Zeger [1988], Davis et al. [1999], Ferland et al. [2006]), �nance (Liesen-
feld and Richard [2003], Rydberg and Shephard [2003], Fokianos and Tjøs-
theim [2011], Francq and Zakoian [2011]) and population dynamics (Ives
et al. [2003]). Theory and inference for this class of models when the obser-
vations are integer-valued have been developed in a series of contributions
including Streett [2000], Davis et al. [2003], Heinen [2003], Ferland et al.
[2006], Fokianos et al. [2009], Franke [2010], Woodard et al. [2010], Fokianos
and Tjøstheim [2011], Henderson et al. [2011], Neumann [2011], Davis and
Liu [2012], Doukhan et al. [2012], Douc et al. [2013], Fokianos et al. [2013],
Christou and Fokianos [2014, 2015] and Douc et al. [2015]. As in the case of
HMMs, some of existing theoretical results for these models have not become
standard yet and thus still need to be ameliorated.

Besides HMMs and ODMs, the class of PMMs include many other in-
teresting models that have potential applications in time series and other
�elds such as Markov switching models (see Hamilton [1988, 1989]), many
of Markov chains in random environment introduced by Cogburn [1980] and
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Bourgin and Cogburn [1981], pairwise Markov random �elds (see Pieczyn-
ski and Tebbache [2000]) and other instances considered e.g. by Pieczynski
[2003] and Ephraim and Mark [2012]. However, the theory and inference for
this general setting still remains meagre in the literature.

1.2 Motivation and Problem Statements

This thesis aims at developing theory and inference for parametric models
concerning in particular time series of counts under general frameworks of
PMMs and other variants. It is mainly driven by the following issues encoun-
tered in HMMs and ODMs in particular (and hence in PMMs in general).

1.2.1 Consistency

Maximum likelihood estimation is a natural and widespread method for
identifying a parametric model of a time series from a sample of realizations of
the observation process. Under a well-speci�ed model setting, that is when
the law of the observations is fully described by a parametrized member
of the class of PMMs, it is of prime interest to obtain the consistency of
the estimator, namely, its convergence to the true parameter, say θ?, as the
sample size goes to in�nity. The proof generally involves two important steps:

1. the maximum likelihood estimator (MLE) converges to the maximizing
set Θ? of the asymptotic normalized log-likelihood, and

2. this set Θ? indeed reduces to the singleton of the true parameter θ?.

The second step is usually referred to as solving the identi�ability problem,
but it can actually be split in two sub-problems:

2.1 show that any parameter in the maximizing set Θ? yields the same
distribution for the observations as for the true parameter θ?, and

2.2 show that for a su�ciently large sample size, the set of such parameters
reduces to the singleton of θ?.

However, at least in the case of HMMs, Problem 2.2 above appears to be dif-
�cult to solve; see Allman et al. [2009], Gassiat et al. [2016] and the references
therein for recent advances in the case of HMMs. Indeed, Problem 2.1 can
be solved independently, and with Step 1 above, this directly yields that the
MLE is consistent in a weakened sense, namely, that the estimated parameter
converges to the set of all the parameters associated to the same distribution
as the one of the observed sample. The consistency in this sense is referred
to as equivalence-class consistency, as introduced by Leroux [1992].
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Consistency issue in HMMs

For HMMs, the consistency of the MLE is of primary importance; it arises
either as a subject of study (see Baum and Petrie [1966], Petrie [1969], Leroux
[1992], Le Gland and Mevel [2000], Le Gland and Mevel [2000], Douc and Ma-
tias [2001], Douc et al. [2004], Genon-Catalot and Laredo [2006], Douc et al.
[2011]) or as a basic assumption (see Bickel et al. [1998], Jensen and Petersen
[1999]). Among these contributions, the consistency result obtained later in
Douc et al. [2011] appears to be quite general and can be applied to many
versions of HMMs with some general state and observation spaces. In this
contribution, identifying the maximizing set Θ? of the asymptotic normal-
ized log-likelihood is carried out by using the so-called exponential separation
of measures condition, which is apparently easy to apply when the underly-
ing model is geometrically ergodic. However, for non-geometrically ergodic
models such as the polynomially ergodic Markov chain (see Tuominen and
Tweedie [1994] and Jarner and Roberts [2002] for the existence and some
studies of such an example), checking this condition can be laborious and
involved. Hence the characterization of the maximizing set Θ? of the asymp-
totic normalized log-likelihood (and hence the equivalence-class consistency
of the MLE) remains a delicate question for HMMs.

Consistency issue in ODMs

In ODMs, the (conditional) likelihood function and its derivatives are
easy to compute, making the estimation at least numerically feasible. The
consistency of the MLE can however be cumbersome and is often derived
using computations speci�c to the studied model. Especially, when the ob-
served variable is discrete, general consistency results have been obtained
only recently in Davis and Liu [2012] or Douc et al. [2013] (see also in Hen-
derson et al. [2011] for the existence of stationary and ergodic solutions to
some ODMs). Nevertheless, in these contributions, the way of proving that
the maximizing set Θ? reduces to the singleton of the true parameter θ?
requires checking speci�c conditions in each given example and seems dif-
�cult to assert the result in a more general context, for instance when the
distribution of the observations given the hidden variable also depends on
an unknown parameter. The examples of such models include the nega-
tive binomial integer-valued GARCH (NBIN-GARCH) model introduced in
Zhu [2011] and the normal mixture GARCH (NM-GARCH) model proposed
by Haas et al. [2004] and Alexander and Lazar [2006]. To our best knowl-
edge, (complete) consistency of the MLE has not been treated for the NBIN-
GARCH model (see Davis and Liu [2012] for some partial treatement); and
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the usual consistency proof of the MLE for the GARCH model cannot be
directly adapted to the NM-GARCH model.

It is thus of great interest if this consistency issue can be tackled under
the general spirit of PMMs, and if the present approach is able to account
for the intractable versions of HMMs and ODMs mentioned hereinabove.

1.2.2 General-order Observation-driven Models

In many time series, solving Problem 1 and Problem 2.1 in Section 1.2.1,
that is, establishing the consistency of the MLE, usually requires assuming or
proving that the observation process is stationary and ergodic. Under HMM
framework, stationary and ergodic solutions for the model are inherited from
the stationarity and ergodicity of the underlying hidden process and are usu-
ally studied by using ϕ-irreducibility assumption. However, it may not be
at all the same fortune when the studied model is under ODM setting. In
this latter case, it turns out that a more subtle approach is required, at least
in the circumstance where the observed process assumes integer values. The
di�culty in this case, though in its own right it is a Markov chain, may arise
from the degeneracy of the hidden state process from its state equation. Up
to this point, several methods toward the solution of this problem has been
proposed. These include the perturbation technique (see Fokianos and Tjøs-
theim [2011]), the contractivity approach (see Neumann [2011]), the weak
dependence approach (see Doukhan et al. [2012]) and the approach based on
the theory of Markov chains without irreducibility assumption introduced in
Douc et al. [2013]. Among these, the result obtained recently in Douc et al.
[2013] appears to be able to cope with many models of interest lying in the
class of �rst-order ODMs, regardless of whether the observation process is
discrete or continuous. However, whether this same result applies to a more
general and �exible context of general-order ODMs or general-order GARCH
type models has not been known so far. The same question is for the asymp-
totic properties of the MLE for the class of general-order ODMs as posed by
Douc et al. [2013] and recently addressed in Tjøstheim [2015].

1.3 Approaches and Main Results

Throughout this thesis, the statistical inference is performed, unless oth-
erwise speci�ed, under the framework of the well-speci�ed models. The ap-
proaches and main results are outlined as follows.
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1.3.1 Identi�cation of the Maximizing Set Θ?

One of our primary objectives is to provide a general method toward solv-
ing Problem 2.1 as described in Section 1.2.1, that is, showing that any pa-
rameter in the maximizing set Θ? of the asymptotic normalized log-likelihood
yields the same distribution for the observations as for the true parameter θ?,
under the general framework of partially dominated and partially observed
Markov models in which many interesting models such as HMMs and ODMs
are included. Here, by �partially dominated�, we refer to a situation where
the distribution of the observed variable is dominated by some �xed σ-�nite
measure de�ned on the observation space. The proof of the main result is of
probabilistic-analytic nature. The novel contribution of our present approach
is that the characterization of the maximizing set Θ? is addressed by relying
mainly on the existence and the uniqueness of the invariant distribution of
the Markov chain associated to the complete data, regardless of its rate of
convergence to the equilibrium. This is indeed in deep contrast with existing
results in these models where the identi�cation of Θ? is established under the
assumption of exponential separation of measures (see Douc et al. [2011]) or
geometric ergodicity (see Douc et al. [2004]). The ways of how this general
result applies in the classes of HMMs and ODMs are also demonstrated.
As it will be later shown, our general result can be readily applied to solve
Problem 2.1 for some otherwise intractable versions of HMMs and ODMs
mentioned earlier in Section 1.2.1. All of these are reported in the journal
paper by Douc et al. [2014], which is going to appear soon in The Annals of
Applied Probability.

1.3.2 Consistency of the MLE for Fully Dominated and

Partially Observed Markov Models

In addition to solving Problem 2.1, our next objective is to investigate
Problem 1 within the general context of PMMs. In this thesis, however, this
task is performed separately in two directions; namely, we discuss this is-
sue independently for the class of fully dominated PMMs and for the class of
ODMs. A fully dominated PMM is a partially observed Markov model whose
conditional marginal laws of the observation and hidden state processes both
admit probability densities with respect to some σ-�nite measures. Many
HMMs, Markov switching models and Markov chains in random environ-
ment, for example, are members of this class. Solving Problem 1 for fully
dominated PMM, that is, formulating the convergence of the MLE, is car-
ried out by using the approach employed by Douc and Moulines [2012] as
to derive the convergence of the MLE to the minimizing set of the relative
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entropy rate in misspeci�ed HMMs. This approach consists in establishing
a key property�the exponential forgetting of the �ltering distribution by
using coupling method originated by Kleptsyna and Veretennikov [2008] and
further re�ned by Douc et al. [2009]. When the forgetting of the �ltering dis-
tribution is achieved, together with the assumption that the observation pro-
cess is strict-sense stationary and ergodic, then the normalized log-likelihood
can be approximated by an appropriately de�ned stationary version of it.
Then applying the results in classical ergodic theory, the latter is shown to
converge to a limit of functional of the parameter, say `(θ), where θ is the
parameter. It then implies by using standard argument (see for instance
Pfanzagl [1969]) that the MLE of the normalized log-likelihood converges
almost surely to a subset Θ? of the parameter set at which this limit `(θ) is
maximized. Using this same technique, meanwhile, we obtain an intermedi-
ary result showing that the block-type MLE converges to a maximizing set in
a similar sense as the classical MLE, regardless of whether or not the models
are well-speci�ed. These results are shown under similar conditions derived
in Douc and Moulines [2012]. Moreover, with these same assumptions, Prob-
lem 2.1 is also solved, yielding the equivalence-class consistency of the MLE
for the class fully dominated PMMs.

1.3.3 Consistency of the MLE for Observation-driven

Models

In this thesis, we consider among others a typically studied class of ODMs
de�ned in the following context. Let (X, dX) be a locally compact, complete
and separable metric space endowed with the associated Borel σ-�eld X ,
(Y,Y) be a Borel space and (Θ,∆), the set of parameters, be a compact
metric space. The observations {Yk : k ≥ 0} is said to be distributed
according to an observation-driven model if there exists a bivariate stochastic
process {(Xk, Yk) : k ≥ 0} de�ned on X × Y such that for all θ ∈ Θ and
integers k ≥ 0,

Xk+1 = ψθYk(Xk),

Yk+1|X0:k+1, Y0:k ∼ Gθ(Xk+1; ·),
(1.1)

where (x, y) 7→ ψθy(x) is a measurable function de�ned from X× Y to X and
Gθ is a probability kernel on X× Y.

Examination of the consistency of the MLE for this family is carried out
by relying on the approach recently developed by Douc et al. [2013], who con-
sidered Model (1.1) in the case where the probability kernel Gθ does not de-
pend on the parameter θ. A basic assumption to this approach is the unique-
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ness of invariant distribution for the complete chain {(Xk, Yk) : k ≥ 0}.
This assumption is obtained by using the theory of Markov chains without
irreducibility assumption. The uniqueness of the invariant distribution of
the Markov chain {(Xk, Yk) : k ≥ 0} allows us to extend this stationary
process over the integer indices and is later shown to yield the stationarity
and ergodicity for the observation process {Yk : k ≥ 0}. With some addi-
tional assumptions, by similar argument as in the case of fully dominated
PMMs, the conditional likelihood can be approximated by an appropriately
de�ned stationary version of it, which is then shown to converge to a limit
of functional of the parameter by classical ergodic theory arguments. It then
implies by Pfanzagl [1969] that the MLE of the normalized log-likelihood
converges almost surely to a subset Θ? of parameters at which this limiting
functional is maximized. In addition, Problem 2.1 is investigated and with
the earlier convergence result, the equivalence-class consistency of the MLE
for this class is then established. All of these results are addressed under
assumptions that are quite direct and easy to check in concrete examples.
As illustration, we examine three examples, namely, the NBIN-GARCH(1, 1),
the NM-GARCH(1, 1) and the threshold IN-GARCH(1, 1). A numerical sim-
ulation demontrating the convergence of the MLE for NBIN-GARCH(1, 1)
is also given. All of these results are also reported in the published paper by
Douc et al. [2015].

1.3.4 Generalizations of Observation-driven Models

Another focus of this thesis is on developing theory and inference for the
class of GARCH(p, q) analogue ODMs. In this consideration, we extend (1.1)
by allowing the function ψθ to depend also on the past lagged variables; that
is, we replace the function ψθy(x) de�ned from X × Y to X by a function
ψθy1,...,yq

(x1, . . . , xp) de�ned from Xp × Yq to X, for some positive integers p
and q. This yields the following setting: for all θ ∈ Θ and integers k ≥ 0,

Xk+1 = ψθYk−q+1,...,Yk
(Xk−p+1, . . . , Xk),

Yk+1|X−p+1:k+1, Y−q+1:k ∼ Gθ(Xk+1; ·).
(1.2)

We say that the observations {Yk : k ≥ −q + 1} taking values in (Y,Y) is
distributed according to an observation-driven model of order (p, q), in short
ODM(p, q), if there exists a stochastic process {Xk : k ≥ −p+ 1} de�ned on
(X,X ) such that the recursive relation (1.2) holds. Despite that this is just a
generalization, however, it is not always obvious that the results obtained in
the classical �rst-order ODM can be directly or easily applied to the general-
order setting. One reason may be due to the fact that the general-order ODM
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lacks of a direct and useful �rst-order ODM representation. Nevertheless,
this is not a serious problem since generally any general-order ODM can be
embedded in a �rst-order one. To see how, a subtle way is to incorporate the
trivial identity of lagged variables,

(Xk−p+2, . . . , Xk, Yk−q+2, . . . , Yk) = (Xk−p+2, . . . , Xk, Yk−q+2, . . . , Yk),

into the recursive relation (1.2) and set

Zk := (Xk−p+1, . . . , Xk, Yk−q+1, . . . , Yk−1),

Ψθ
Yk

(Zk) := (Xk−p+2, . . . , Xk, ψ
θ
Yk−q+1,...,Yk

(Xk−p+1, . . . , Xk)︸ ︷︷ ︸
p

, Yk−q+2, . . . , Yk︸ ︷︷ ︸
q−1

)

and
Hθ(Zk; ·) := Gθ(Xk; ·).

Then (1.2) can be transformed into the following equivalent one: for all θ ∈ Θ
and integers k ≥ 0,

Zk+1 = Ψθ
Yk

(Zk),

Yk+1|Z0:k+1, Y0:k ∼ Hθ(Zk+1; ·).
(1.3)

The form (1.3) is indeed a �rst-order ODM, but on the space (Xp×Yq−1)×Y.
With this �rst-order representation, the results obtained in (1.1) may be ap-
plied. By simple adaptations, the equivalence-class consistency of the MLE
for the general-order ODM or for (1.3) directly follows. However, it turns out
that more general assumptions may be required to establish the stationary
and ergodic solutions for (1.3), compared to the usual �rst-order ODMs de-
�ned by (1.1). Additionally, the strong consistency and the asymptotic nor-
mality of the MLE are also investigated in this general context. We treat the
asymptotic normality in a special but an important case where the function
Ψθ is linear with respect to the hidden state variable Zk. For establishing the
asymptotic normality result, we follow the classical approach by �rst approx-
imating the score function by the stationary version of it and then developing
Taylor expansion of the stationary score function around the true parameter
θ?. By appropriate assumptions, the central limit theorem for Martingale
di�erence applies and the stationary score function can then be shown to
be asymptotically Gaussian. Then by invertibility of the asymptotic Fisher
information matrix, the asymptotic normality immediately follows. All the
results are reported under su�cient and easy-to-check conditions. We apply
these results to the GARCH(p, q), the log-linear Poisson autoregression of
order (p, q) and the NBIN-GARCH(p, q) models. We provide an empirical
study showing that in some circumstance higher-order model may �t the data
better than the �rst-order one if the class of ODMs is used.
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1.4 Organization of the Thesis

This thesis is organized as follows. We devote Chapter 2 to identifying
the maximizing set of the asymptotic normalized log-likelihood under the
general framework of PMMs mentioned in Section 1.3.1. In Chapter 3, we
present approaches to obtain the convergence and the consistency of the
MLE under fully dominated versions of PMMs. Chapter 4 is dedicated to
studying ergodicity and consistency of MLE for the class of �rst-order ODMs.
Chapter 5 extends the results of Chapter 4 to the class of general-order
ODMs. Conclusions and future perspectives of the thesis are presented in
Chapter 6.
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Chapter 2

Partially Observed Markov

Chains: Identi�cation of the

Maximizing Set of the

Asymptotic Normalized

Log-likelihood

Summary This chapter, mostly inspired by Douc et al. [2014], consid-
ers a parametrized family of partially observed bivariate Markov chains. We
establish that, under very mild assumptions, the limit of the normalized log-
likelihood function is maximized when the parameters belong to the equiva-
lence class of the true parameter, which is a key feature for obtaining the con-
sistency of the maximum likelihood estimator (MLE) in well-speci�ed mod-
els. This result is obtained in the general framework of partially dominated
models. We examine two speci�c cases of interest, namely, hidden Markov
models (HMMs) and observation-driven models. In contrast with previous
approaches, the identi�ability is addressed by relying on the uniqueness of
the invariant distribution of the Markov chain associated to the complete
data, regardless of its rate of convergence to the equilibrium.

2.1 Introduction

Maximum likelihood estimation is a widespread method for identifying a
parametric model of a time series from a sample of observations. Under a
well-speci�ed model assumption, it is of prime interest to show the consis-
tency of the estimator, that is, its convergence to the true parameter, say
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θ?, as the sample size goes to in�nity. The proof generally involves two im-
portant steps: 1) the maximum likelihood estimator (MLE) converges to the
maximizing set Θ? of the asymptotic normalized log-likelihood, and 2) the
maximizing set indeed reduces to the true parameter. The second step is
usually referred to as solving the identi�ability problem but it can actually
be split in two sub-problems: 2.1) show that any parameter in Θ? yields the
same distribution for the observations as for the true parameter, and 2.2)
show that for a su�ciently large sample size, the set of such parameters re-
duces to θ?. Problem 2.2 can be di�cult to solve; see Allman et al. [2009],
Gassiat et al. [2016] and the references therein for recent advances in the case
of hidden Markov models (HMMs). Nevertheless, Problem 2.1 can be solved
independently, and with Step 1 above, this directly yields that the MLE is
consistent in a weakened sense, namely, that the estimated parameter con-
verges to the set of all the parameters associated to the same distribution
as the one of the observed sample. This consistency result is referred to as
equivalence-class consistency, as introduced by Leroux [1992]. In this contri-
bution, our goal is to provide a general approach to solve Problem 2.1 in the
general framework of partially observed Markov models. These include many
classes of models of interest; see, for instance, Pieczynski [2003] or Ephraim
and Mark [2012]. The novel aspect of this work is that the result mainly
relies on the uniqueness of the invariant distribution of the Markov chain
associated to the complete data, regardless of its rate of convergence to the
equilibrium. We then detail how this approach applies in the context of two
important subclasses of partially observed Markov models, namely, the class
of HMMs and the class of observation-driven time series models.

In the context of HMMs, the consistency of the MLE is of primary im-
portance, either as a subject of study (see Leroux [1992], Douc et al. [2004,
2011]) or as a basic assumption (see Bickel et al. [1998], Jensen and Petersen
[1999]). The characterization of the maximizing set Θ? of the asymptotic
log-likelihood (and thus the equivalence-class consistency of the MLE) re-
mains a delicate question for HMMs. As an illustration, we consider the
following example. In this example and throughout this thesis, we always
denote by R = (−∞,∞) the set of real numbers and by Z the set of inte-
gers. In addition, we denote by R+ = [0,∞), R− = (−∞, 0], R∗+ = (0,∞)
and R∗− = (−∞, 0), the sets of nonnegative, nonpositive, (strictly) positive
and (strictly) negative real numbers, respectively. Likewise, we use the no-
tation Z+, Z−, Z∗+ and Z∗− for the corresponding subsets of integers. For
a real number or a real function a, we denote by a+ = max(a, 0) and by
a− = max(−a, 0) the nonnegative part and nonpositive part of a, respec-
tively. Finally, for any set X, the collection B(X) denotes the Borel σ-�eld on
X.
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Example 2.1.1. Set X = R+, X = B(R+), Y = R and Y = B(R) and de�ne
an HMM on X× Y by the following recursions:

Xk = (Xk−1 + Uk −m)+ ,

Yk = aXk + Vk,
(2.1)

where (m, a) ∈ R∗+×R, and the sequence {(Uk, Vk) : k ∈ Z+} is independent
and identically distributed (i.i.d.) and is independent from X0. This Markov
model {Xk : k ∈ Z+} was proposed by Tuominen and Tweedie [1994] and
further considered by Jarner and Roberts [2002] as an example of polynomi-
ally ergodic Markov chain, under speci�c assumptions made on Uk's. Namely,
if Uk's are centered and E[eλU

+
k ] = ∞ for any λ > 0, it can be shown that

the chain {Xk : k ∈ Z+} is not geometrically ergodic (see Lemma 2.3.9 be-
low). In such a situation, the exponential separation of measures condition
introduced in Douc et al. [2011] seems di�cult to check. We will show, nev-
ertheless, in Proposition 2.3.10, that under some mild conditions the chain
{Xk : k ∈ Z+} is ergodic and the equivalence-class consistency holds.

Observation-driven time series models were introduced by Cox [1981]
and later considered, among others, by Streett [2000], Davis et al. [2003],
Fokianos et al. [2009], Neumann [2011], Doukhan et al. [2012] and Douc et al.
[2013]. The celebrated generalized autoregressive conditional heteroskedas-
ticity (GARCH) model of order (1, 1) introduced by Bollerslev [1986] is an
observation-driven model as well as most of the models derived from this
one; see Bollerslev [2008] for a list of some of them. This class of models has
the nice feature that the (conditional) likelihood function and its derivatives
are easy to compute. The consistency of the MLE can however be cumber-
some and is often derived using computations speci�c to the studied model.
When the observed variable is discrete, general consistency results have been
obtained only recently in Davis and Liu [2012] or Douc et al. [2013] (see
also in Henderson et al. [2011] for the existence of stationary and ergodic
solutions to some observation-driven time series models). However, in these
contributions, the way of proving that the maximizing set Θ? reduces to {θ?}
requires checking speci�c conditions in each given example and seems di�-
cult to assert in a more general context, for instance when the distribution
of the observations given the hidden variable also depends on an unknown
parameter. Let us describe two such examples. The �rst one (Example 2.1.2)
was introduced in Zhu [2011]. To our knowledge, the consistency of the MLE
has not been treated for this model.

Example 2.1.2. The negative binomial integer-valued GARCH (NBIN-
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GARCH) (NBIN-GARCH(1, 1)) model is de�ned by

Xk+1 = ω + aXk + bYk,

Yk+1|X0:k+1, Y0:k ∼ NB
(
r,

Xk+1

1 +Xk+1

)
,

(2.2)

where Xk takes values in X = R+, Yk takes values in Z+ and θ = (ω, a, b, r) ∈
(R∗+)4 is an unknown parameter. In (2.2), NB(r, p) denotes the negative
binomial distribution with parameters r > 0 and p ∈ (0, 1), whose probability
function is Γ(k+r)

k!Γ(r)
pr(1 − p)k for all k ∈ Z+, where Γ stands for the Gamma

function.

The second example, Example 2.1.3, proposed by Haas et al. [2004] and
Alexander and Lazar [2006], is a natural extension of GARCH processes,
where the usual Gaussian conditional distribution of the observations given
the hidden volatility variable is replaced by a mixture of Gaussian distribu-
tions given a hidden vector volatility variable. Up to our knowledge, the usual
consistency proof of the MLE for the GARCH cannot be directly adapted to
this model.

Example 2.1.3. The normal mixture GARCH (NM(d)-GARCH(1, 1))
model is de�ned by:

Xk+1 = ω + AXk + Y 2
k b,

Yk+1|X0:k+1, Y0:k ∼ Gθ(Xk+1; ·),

Gθ(x; dy) =

(
d∑
`=1

γ`
e−y

2/2x`

(2πx`)1/2

)
dy, x = (xi)1≤i≤d ∈ (R∗+)d, y ∈ R,

(2.3)

where d is a positive integer; Xk = [X1,k . . . Xd,k]
T takes values in X = Rd

+;
γ = [γ1 . . . γd]

T is a d-dimensional vector of mixture coe�cients belonging
to the d-dimensional simplex Pd = {γ ∈ Rd

+ :
∑d

`=1 γ` = 1}; ω, b are
d-dimensional vector parameters with positive and nonnegative entries, re-
spectively; A is a d × d matrix parameter with nonnegative entries; and
θ = (γ,ω,A,b).

This chapter is organized as follows. Section 2.2 is dedicated to the main
result (Theorem 2.2.7) which shows that the argmax of the limiting criterion
reduces to the equivalence class of the true parameter, as de�ned in Leroux
[1992]. The general setting is introduced in Section 2.2.1. The theorem is
stated and proved in Section 2.2.2. In Section 2.2.3, we focus on the kernel
involved in the assumptions, and explain how it can be obtained explicitly.
Our general assumptions are then shown to hold for two important classes
of partially observed Markov models:

14



2. Partially Observed Markov Models

� First, the HMMs described in Section 2.3, for which the equivalence-
class consistency of the MLE is derived under simpli�ed assumptions.
The polynomially ergodic HMM of Example 2.1.1 is treated as an ap-
plication of this result.

� Second, the observation-driven time series models described in Sec-
tion 2.4. The obtained results apply to the models of Example 2.1.2
and Example 2.1.3, where the generating process of the observations
may also depend on the parameter.

The technical proofs are gathered in Section 2.5.

2.2 A General Approach to Identi�ability

2.2.1 General Setting and Notation: Partially Domi-

nated and Partially Observed Markov Chains

Let (X,X ) and (Y,Y) be two Borel spaces, that is, measurable spaces
that are isomorphic to a Borel subset of [0, 1] and let Θ be a set of param-
eters. Consider a statistical model determined by a class of Markov kernels
{Kθ : θ ∈ Θ} on (X×Y)× (X ⊗Y). Throughout the chapter and in the fol-
lowing ones, unless it is otherwise speci�ed, we will always denote by Pθξ the
probability (and by Eθξ the corresponding expectation) induced on (X×Y)Z+

by a Markov chain {(Xk, Yk) : k ∈ Z+} with transition kernel Kθ and initial
distribution ξ on X×Y. In the case where ξ is a Dirac mass at (x, y), we will
simply write Pθ(x,y).

For partially observed Markov chains, that is, when only a sample Y1:n :=
(Y1, . . . , Yn) ∈ Yn of the second component is observed, it is convenient to
write Kθ as

Kθ((x, y); dx′dy′) = Qθ((x, y); dx′)Gθ((x, y, x′); dy′), (2.4)

where Qθ and Gθ are probability kernels on (X×Y)×X and on (X×Y×X)×Y ,
respectively.

We now consider the following general setting.

De�nition 2.2.1. We say that the Markov model {Kθ : θ ∈ Θ} of the
form (2.4) is partially dominated if there exists a σ-�nite measure ν on Y
such that for all (x, y), (x′, y′) ∈ X× Y,

Gθ((x, y, x′); dy′) = gθ((x, y, x′); y′)ν(dy′), (2.5)

where the conditional density function gθ moreover satis�es

gθ ((x, y, x′); y′) > 0, for all (x, y), (x′, y′) ∈ X× Y. (2.6)
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2. Partially Observed Markov Models

It follows from (2.5) that, for all (x, y) ∈ X× Y, A ∈ X and B ∈ Y ,

Kθ ((x, y);A×B) =

∫
B

κθ〈y, y′〉(x;A)ν(dy′),

where, for all y, y′ ∈ Y, κθ〈y, y′〉 is a kernel de�ned on (X,X ) by

κθ〈y, y′〉(x; dx′) := Qθ ((x, y); dx′) gθ ((x, y, x′); y′) . (2.7)

The dynamic of the partially observed bivariate Markov process can be de-
picted as in Figure 2.1.

Xk Xk+1

Yk+1Yk

Xk+2

Yk+2

Qθ

gθ gθ

Qθ

gθ

Figure 2.1 � Graphical representation of the partially observed bivariate
Markov model.

Remark 2.2.2. Note that, in general, the kernel κθ〈y, y′〉 is unnormalized
since κθ〈y, y′〉(x;X) may be di�erent from one. Moreover, we have for all
(x, y, y′) ∈ X× Y × Y,

κθ〈y, y′〉(x;X) =

∫
X

Qθ ((x, y); dx′) gθ ((x, y, x′); y′) > 0, (2.8)

where the positiveness follows from the fact that Qθ ((x, y); ·) is a probability
on (X,X ) and Condition (2.6).

In well-speci�ed models, it is assumed that the observations Y1:n are gen-
erated from a process {(Xk, Yk) : k ∈ Z+}, which follows the distribution Pθ?ξ?
associated to an unknown parameter θ? ∈ Θ and an unknown initial distri-
bution ξ? (usually, ξ? is such that, under Pθ?ξ? , {Yk : k ∈ Z+} is a stationary
sequence). To form a consistent estimate of θ? on the basis of the observa-
tions Y1:n only, that is, without access to the hidden process {Xk : k ∈ Z+},
we de�ne the maximum likelihood estimator (MLE) θ̂ξ,n by

θ̂ξ,n ∈ argmax
θ∈Θ

Lξ,n(θ),

16



2. Partially Observed Markov Models

where Lξ,n(θ) is the (conditional) log-likelihood function of the observations
under parameter θ with some arbitrary initial distribution ξ on X× Y, that
is,

Lξ,n(θ) := ln

∫ n∏
k=1

Qθ ((xk−1, yk−1); dxk) g
θ ((xk−1, yk−1, xk); yk) ξ(dx0dy0)

= ln

∫
κθ〈y0, y1〉κθ〈y1, y2〉 · · ·κθ〈yn−1, yn〉(x0;X)ξ(dx0dy0).

This corresponds to the log of the conditional density of Y1:n given (X0, Y0)
with the latter integrated according to ξ. In practice ξ is often taken as a
Dirac mass at (x, y) with x arbitrarily chosen and y equal to the observation
Y0 when it is available. In this context, a classical way (see, e.g., Leroux
[1992]) to prove the consistency of a maximum-likelihood-type estimator θ̂ξ,n
may be decomposed in the following steps. The �rst step is to show that θ̂ξ,n
is, with probability tending to one, in a neighborhood of the set

Θ? := argmax
θ∈Θ

Ẽθ?
[
ln pθ,θ?(Y1|Y−∞:0)

]
. (2.9)

This formula involves two quantities that have not yet been de�ned since
they may require additional assumptions: �rst, the expectation Ẽθ, which
corresponds to the distribution P̃θ of a sequence {Yk : k ∈ Z} in accordance
with the kernel Kθ, and second, the density pθ,θ?(·|·), which shows up when
taking the limit, under P̃θ? , of the P̃θ-conditional density of Y1 given its m-
order past, as m goes to in�nity. In many cases, such quantities appear
naturally because the model is ergodic and the normalized log-likelihood
n−1Lξ,n(θ) can be approximated by

1

n

n∑
k=1

ln pθ,θ?(Yk|Y−∞:k−1).

We will provide below some general assumptions, Assumptions (K-1) and (K-
2), that yield precise de�nitions of P̃θ and pθ,θ′(·|·).

The second step consists in proving that the set Θ? in (2.9) is related
to the true parameter θ? in an exploitable way. Ideally, one could have
Θ? = {θ?}, which would yield the consistency of θ̂ξ,n for estimating θ?. In
this work, our �rst objective is to provide a set of general assumptions which
ensures that Θ? is exactly the set of parameters θ such that P̃θ = P̃θ? . Then
this result guarantees that the estimator converges to the set of parameters
compatible with the true stationary distribution of the observations. If more-
over the model {P̃θ : θ ∈ Θ} is identi�able, then this set reduces to {θ?} and
consistency of θ̂ξ,n directly follows.
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2. Partially Observed Markov Models

To conclude with our general setting, we state the main assumption on
the model and some subsequent notation and de�nitions used throughout
this chapter.

(K-1) For all θ ∈ Θ, the transition kernelKθ admits a unique invariant probability
πθ.

We now introduce some important notation used throughout this chapter.

De�nition 2.2.3. Under Assumption (K-1), we denote by πθ1 and πθ2 the
marginal distributions of πθ on X and Y, respectively, and by Pθ and P̃θ the
probability distributions de�ned respectively as follows:

a) Pθ denotes the extension of Pθ
πθ

on the whole line (X× Y)Z.

b) P̃θ is the corresponding projection on the component YZ.

We also use the symbols Eθ and Ẽθ to denote the expectations corresponding
to Pθ and P̃θ, respectively. Moreover, for all θ, θ′ ∈ Θ, we write θ ∼ θ′ if and
only if P̃θ = P̃θ′ . This de�nes an equivalence relation on the parameter set
Θ and the corresponding equivalence class of θ is denoted by [θ] := {θ′ ∈ Θ :
θ ∼ θ′}.

The equivalence relationship ∼ was introduced by Leroux [1992] as an
alternative to the classical identi�ability condition.

2.2.2 Main Result

Assumption (K-1) is supposed to hold all along this section and Pθ, P̃θ
and ∼ are given in De�nition 2.2.3. Our main result is stated under the
following general assumption.

(K-2) For all θ 6= θ′ in Θ, there exists a probability kernel Φθ,θ′ on YZ− ×X such
that for all A ∈ X ,∫

X

Φθ,θ′(Y−∞:0; dx0)κθ〈Y0, Y1〉(x0;A)∫
X

Φθ,θ′(Y−∞:0; dx0)κθ〈Y0, Y1〉(x0;X)
= Φθ,θ′(Y−∞:1;A), P̃θ′-a.s.

Remark 2.2.4. Note that from Remark 2.2.2, the denominator in the left-
hand side of the last displayed equation is strictly positive, which ensures
that the ratio is well-de�ned.

Remark 2.2.5. Let us give some insight about the formula appearing in
(K-2) and explain why it is important to consider the cases θ = θ′ and
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2. Partially Observed Markov Models

θ 6= θ′ separately. Since X is a Borel space, [Kallenberg, 2002, Theorem 6.3]
applies and the conditional distribution of X0 given Y−∞:0 under Pθ de�nes
a probability kernel denoted by Φθ. We prove in Section 2.5.1 of Section 2.5
that this kernel satis�es, for all A ∈ X ,∫

X

Φθ(Y−∞:0; dx0)κθ〈Y0, Y1〉(x0;A)∫
X

Φθ(Y−∞:0; dx0)κθ〈Y0, Y1〉(x0;X)
= Φθ(Y−∞:1;A), P̃θ-a.s. (2.10)

Assumption (K-2) asserts that the kernel Φθ,θ′ satis�es a similar identity
P̃θ′-a.s. for θ′ 6= θ. It is not necessary at this stage to precise how Φθ,θ′ shows
up. This is done in Section 2.2.3.

Remark 2.2.6. The denominator in the ratio displayed in (K-2) can be
written as pθ,θ

′
(Y1|Y−∞:0), where, for all y ∈ Y and y−∞:0 ∈ YZ− ,

pθ,θ
′
(y|y−∞:0) :=

∫
X

Φθ,θ′(y−∞:0; dx0)κθ〈y0, y〉(x0;X) (2.11)

is a conditional density with respect to the measure ν, since for all (x, y) ∈
X× Y,

∫
κθ〈y, y′〉(x;X)ν(dy′) = 1.

Since Y is a Borel space, [Kallenberg, 2002, Theorem 6.3] applies and the
conditional distribution of Y1:n given Y−∞:0 de�nes a probability kernel. Since
P̃θ(Y1:n ∈ ·) is dominated by ν⊗n, this in turns de�nes a conditional density
with respect to ν⊗n, which we denote by pθn(·|·), so that for all B ∈ Y⊗n,

P̃θ (Y1:n ∈ B |Y−∞:0) =

∫
B

pθn(y1:n|Y−∞:0)ν(dy1) · · · ν(dyn), P̃θ-a.s. (2.12)

Let us now state the main result.

Theorem 2.2.7. Assume that (K-1) holds and de�ne Pθ, P̃θ and [θ] as in
De�nition 2.2.3. Suppose that Assumption (K-2) holds. For all θ, θ′ ∈ Θ,
de�ne pθ,θ

′
(Y1|Y−∞:0) by (2.11) if θ 6= θ′ and by pθ,θ(Y1|Y−∞:0) = pθ1(Y1|Y−∞:0)

as in (2.12) otherwise. Then for all θ? ∈ Θ, we have

argmax
θ∈Θ

Ẽθ?
[
ln pθ,θ?(Y1|Y−∞:0)

]
= [θ?]. (2.13)

Before proving Theorem 2.2.7, we �rst extend the de�nition of the con-
ditional density on Y in (2.11) to a conditional density on Yn.
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2. Partially Observed Markov Models

De�nition 2.2.8. For every positive integer n and θ 6= θ′ ∈ Θ, de�ne the
function pθ,θ

′
n (·|·) on Yn × YZ− by

pθ,θ
′

n (y1:n|y−∞:0) :=

∫
Xn

Φθ,θ′(y−∞:0; dx0)
n−1∏
k=0

κθ〈yk, yk+1〉(xk; dxk+1). (2.14)

Again, it is easy to check that each pθ,θ
′

n ( · |y−∞:0) is indeed a density on
Yn. Assumption (K-2) ensures that these density functions moreover satisfy
the successive conditional formula, as for conditional densities, provided that
we restrict ourselves to sequences in a set of P̃θ′-probability one, as stated in
the following lemma.

Lemma 2.2.9. Suppose that Assumption (K-2) holds and let pθ,θ
′

n (·|·) be as
de�ned in De�nition 2.2.8. Then for all θ, θ′ ∈ Θ and n ≥ 2, we have

pθ,θ
′

n (Y1:n|Y−∞:0) = pθ,θ
′

1 (Yn|Y−∞:n−1)pθ,θ
′

n−1(Y1:n−1|Y−∞:0), P̃θ′-a.s. (2.15)

The proof of this lemma is postponed to Section 2.5.2 in Section 2.5. We
now have all the tools for proving the main result.

Proof of Theorem 2.2.7. Within this proof section, we will drop the sub-
script n and respectively write pθ,θ

′
(y1:n|y−∞:0) and pθ(y1:n|y−∞:0) instead

of pθ,θ
′

n (y1:n|y−∞:0) and pθn(y1:n|y−∞:0) when no ambiguity occurs.
For all θ ∈ Θ, we have by conditioning on Y−∞:0 and by using (2.12),

Ẽθ?
[
ln pθ?(Y1|Y−∞:0)

]
− Ẽθ?

[
ln pθ,θ?(Y1|Y−∞:0)

]
= Ẽθ?

[
Ẽθ?
[

ln
pθ?(Y1|Y−∞:0)

pθ,θ?(Y1|Y−∞:0)

∣∣∣∣Y−∞:0

]]
= Ẽθ?

[
KL
(
pθ?1 ( · |Y−∞:0)

∥∥∥pθ,θ?1 ( · |Y−∞:0)
)]
, (2.16)

where KL(p‖q) denotes the Kullback�Leibler divergence between the densi-
ties p and q. The nonnegativity of the Kullback�Leibler divergence shows
that θ? belongs to the maximizing set on the left-hand side of (2.13). This
implies

argmax
θ∈Θ

Ẽθ?
[
ln pθ,θ?(Y1|Y−∞:0)

]
⊇ [θ?], (2.17)

where we have used the following lemma.

Lemma 2.2.10. Assume that (K-1) holds and de�ne Ẽθ and [θ] as in Def-
inition 2.2.3. Suppose that for all θ ∈ Θ, G(θ) is a σ(Y−∞:∞)-measurable
random variable such that, for all θ? ∈ Θ,

sup
θ∈Θ

Ẽθ? [G(θ)] = Ẽθ? [G(θ?)] .
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Then for all θ? ∈ Θ and θ′ ∈ [θ?], we have

Ẽθ? [G(θ′)] = sup
θ∈Θ

Ẽθ? [G(θ)] .

Proof. Take θ? ∈ Θ and θ′ ∈ [θ?]. Then we have, for all θ ∈ Θ, Ẽθ? [G(θ)] =
Ẽθ′ [G(θ)], and it follows that

Ẽθ? [G(θ′)] = Ẽθ′ [G(θ′)] = sup
θ∈Θ

Ẽθ′ [G(θ)] = sup
θ∈Θ

Ẽθ? [G(θ)] ,

which completes the proof.

The proof of the reverse inclusion of (2.17) is more tricky. Let us take
θ ∈ Θ? such that θ 6= θ? and show that it implies θ ∼ θ?. By (2.16), we have

Ẽθ?
[
KL
(
pθ?1 ( · |Y−∞:0)

∥∥∥pθ,θ?1 ( · |Y−∞:0)
)]

= 0.

Consequently,

pθ?(Y1|Y−∞:0) = pθ,θ?(Y1|Y−∞:0), P̃θ?-a.s.
Applying Lemma 2.2.9 and using that P̃θ? is shift-invariant, this relation
propagates to all n ≥ 2, so that

pθ? (Y1:n|Y−∞:0) = pθ,θ? (Y1:n|Y−∞:0) , P̃θ?-a.s. (2.18)

For any measurable function H : Yn → R+, we get

Ẽθ? [H(Y1:n)] = Ẽθ?
{
Ẽθ?
[
H(Y1:n)

pθ,θ?(Y1:n|Y−∞:0)

pθ?(Y1:n|Y−∞:0)

∣∣∣∣Y−∞:0

]}
= Ẽθ?

[∫
H(y1:n)pθ,θ?(y1:n|Y−∞:0)ν⊗n(dy1:n)

]
,

where the last equality follows from (2.12). Using De�nition 2.2.8 and
Tonelli's theorem, we obtain

Ẽθ? [H(Y1:n)] = Ẽθ?
∫
H(y1:n)

∫
Φθ,θ?(Y−∞:0; dx0)κθ〈Y0, y1〉(x0; dx1)×

n−1∏
k=1

κθ〈yk, yk+1〉(xk; dxk+1)ν⊗n(dy1:n),

= Ẽθ?
∫

Φθ,θ?(Y−∞:0; dx0)

∫
H(y1:n)κθ〈Y0, y1〉(x0; dx1)×

n−1∏
k=1

κθ〈yk, yk+1〉(xk; dxk+1)ν⊗n(dy1:n),

= Ẽθ?
∫

Φθ,θ?(Y−∞:0; dx0)Eθ(x0,Y0) [H(Y1:n)] ,

= Eθπθ,θ? [H(Y1:n)] ,
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where πθ,θ? is a probability on X× Y de�ned by

πθ,θ?(A×B) := Ẽθ?
[
Φθ,θ?(Y−∞:0;A)1B(Y0)

]
,

for all (A,B) ∈ X × Y . Consequently, for all B ∈ Y⊗Z∗+ ,

P̃θ?(YZ− ×B) = Pθπθ,θ? (XZ+ × (Y ×B)) . (2.19)

If we had πθ = πθ,θ? , then we could conclude that the two shift-invariant
distributions P̃θ? and P̃θ are the same and thus θ ∼ θ?. Therefore, to complete
the proof, it only remains to show that πθ = πθ,θ? , which by (K-1) is equivalent
to showing that πθ,θ? is an invariant distribution for Kθ.

Let us now prove this latter fact. Using that P̃θ? is shift-invariant and
then conditioning on Y−∞:0, we have, for any (A,B) ∈ X × Y ,

πθ,θ?(A×B) = Ẽθ?
[
Φθ,θ?(Y−∞:1;A)1B(Y1)

]
,

= Ẽθ?
∫

Φθ,θ?(Y−∞:0, y1;A)1B(y1)pθ?(y1|Y−∞:0)ν(dy1),

= Ẽθ?
∫

Φθ,θ?(Y−∞:0, y1;A)1B(y1)pθ,θ?(y1|Y−∞:0)ν(dy1),

where in the last equality we have used (2.18). Using (K-2) we then get

πθ,θ?(A×B)

= Ẽθ?
∫

Φθ,θ?(Y−∞:0; dx0)κθ〈Y0, y1〉(x0; dx1)1A(x1)1B(y1)ν(dy1),

= Ẽθ?
∫

Φθ,θ?(Y−∞:0; dx0)Kθ((x0, Y0);A×B),

= πθ,θ?Kθ(A×B).

Thus, πθ,θ? is an invariant distribution for Kθ, which completes the proof.

2.2.3 Construction of the Kernel Φθ,θ′ as a Backward

Limit

Again, all along this section, Assumption (K-1) is supposed to hold and
the symbols Pθ and P̃θ refer to the probabilities introduced in De�nition 2.2.3.
In addition to Assumption (K-1), Theorem 2.2.7 fundamentally relies on
Assumption (K-2). These assumptions ensure the existence of the probability
kernel Φθ,θ′ that yields the de�nition of pθ,θ

′

1 (·|·). We now explain how the
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kernel Φθ,θ′ may arise as a limit under Pθ′ of explicit kernels derived from Kθ.
It will generally apply to observation-driven models, treated in Section 2.4,
but also in the more classical case of HMMs, as explained in Section 2.3. A
natural approach is to de�ne the kernel Φθ,θ′ as the weak limit of the following
ones.

De�nition 2.2.11. Let n be a positive integer. For all θ ∈ Θ and x ∈ X,
we de�ne the probability kernel Φθ

x,n on Yn+1×X by, for all y0:n ∈ Yn+1 and
A ∈ X ,

Φθ
x,n(y0:n;A) :=

∫
Xn−1×A

n−1∏
k=0

κθ〈yk, yk+1〉(xk; dxk+1)

∫
Xn

n−1∏
k=0

κθ〈yk, yk+1〉(xk; dxk+1)

with x0 = x.

We will drop the subscript n when no ambiguity occurs.

It is worth noting that Φθ
x,n(Y0:n; ·) is the conditional distribution of Xn

given Y1:n under Pθ(x,Y0). To derive the desired Φθ,θ′ we take, for a well-chosen
x, the limit of Φθ

x,n(y0:n; ·) as n → ∞ for a sequence y0:n corresponding to
a path under P̃θ′ . The precise statement is provided in Assumption (K-3)
below, which requires the following de�nition. For all θ ∈ Θ and for all
nonnegative measurable functions f de�ned on X, we set

F θf :=
{
x 7→ κθ〈y, y′〉(x; f) : (y, y′) ∈ Y2

}
.

We can now state the assumption as follows.

(K-3) For all θ 6= θ′ ∈ Θ, there exist x ∈ X, a probability kernel Φθ,θ′ on YZ−×X
and a countable class F of X→ R+ measurable functions such that for all
f ∈ F ,

P̃θ′
(
∀f ′ ∈ Fθf ∪ {f}, lim

m→∞
Φθ
x,m(Y−m:0; f ′) = Φθ,θ′(Y−∞:0; f ′) <∞

)
= 1.

The next lemma shows that, provided that F is rich enough, Assump-
tion (K-3) can be directly used to obtain Assumption (K-2). In what follows,
we say that a class of X → R functions is separating if, for any two proba-
bility measures µ1 and µ2 on (X,X ), the equality of µ1(f) and µ2(f) over f
in the class implies the equality of the two measures.

Lemma 2.2.12. Suppose that Assumption (K-3) holds and that F is a sep-
arating class of functions containing 1X. Then, the kernel Φθ,θ′ satis�es As-
sumption (K-2).
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Proof. Let x ∈ X be given in Assumption (K-3). From De�nition 2.2.11, we
may write, for all f ∈ F , setting x−m = x,

Φθ
x,m(Y−m:0; f) =

∫
f(x0)

−1∏
k=−m

κθ〈Yk, Yk+1〉(xk; dxk+1)

∫ −1∏
k=−m

κθ〈Yk, Yk+1〉(xk; dxk+1)

and, similarly,

Φθ
x,m+1(Y−m:1; f) =

∫
f(x1)

0∏
k=−m

κθ〈Yk, Yk+1〉(xk; dxk+1)

∫ 0∏
k=−m

κθ〈Yk, Yk+1〉(xk; dxk+1)

. (2.20)

Dividing both numerator and denominator of (2.20) by∫ −1∏
k=−m

κθ〈Yk, Yk+1〉(xk; dxk+1),

which is strictly positive by Remark 2.2.2, then (2.20) can be rewritten as

Φθ
x,m+1(Y−m:1; f) =

Φθ
x,m

(
Y−m:0;κθ〈Y0, Y1〉(·; f)

)
Φθ
x,m (Y−m:0;κθ〈Y0, Y1〉(·;1X))

. (2.21)

Letting m→∞ and applying Assumption (K-3), then P̃θ′-a.s.,

Φθ,θ′(Y−∞:1; f) =
Φθ,θ′

(
Y−∞:0;κθ〈Y0, Y1〉(·; f)

)
Φθ,θ′ (Y−∞:0;κθ〈Y0, Y1〉(·;1X))

,

=

∫
Φθ,θ′ (Y−∞:0; dx0)κθ〈Y0, Y1〉(x0; f)∫
Φθ,θ′ (Y−∞:0; dx0)κθ〈Y0, Y1〉(x0;1X)

.

Since F is a separating class, the proof is complete.
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2.3 Application to Hidden Markov Models

2.3.1 De�nitions and Assumptions

Hidden Markov models belong to a subclass of partially observed Markov
models de�ned as follows.

De�nition 2.3.1. Consider a partially observed and partially dominated
Markov model given in De�nition 2.2.1 with Markov kernels {Kθ : θ ∈ Θ}.
We will say that this model is a hidden Markov model if the kernel Kθ

satis�es
Kθ((x, y); dx′dy′) = Qθ(x; dx′)Gθ(x′; dy′). (2.22)

Moreover, in this context, we always assume that (X, dX) is a complete sep-
arable metric space and X denotes the associated Borel σ-�eld.

In (2.22), Qθ and Gθ are transition kernels on X×X and X× Y , respec-
tively. Since the model is partially dominated, we denote by gθ the corre-
sponding Radon�Nikodym derivative of Gθ(x; ·) with respect to the domi-
nating measure ν: for all (x, y) ∈ X× Y,

dGθ(x; ·)
dν

(y) = gθ(x; y).

One can directly observe that the unnormalized kernel κθ〈y, y′〉 de�ned in
(2.7) does no longer depend on y, and in this case, one can write

κθ〈y, y′〉(x; dx′) = κθ〈y′〉(x; dx′) = Qθ(x; dx′)gθ(x′; y′). (2.23)

The dynamic of hidden Markov process can be depicted as in Figure 2.2.

Xk Xk+1

Yk+1Yk

Xk+2

Yk+2

Qθ

gθ gθ

Qθ

gθ

Figure 2.2 � Graphical representation of the hidden Markov Model by di-
rected arrows.

For any integer n ≥ 1, θ ∈ Θ and sequence y0:n−1 ∈ Yn, consider the
unnormalized kernel Lθ〈y0:n−1〉 on X × X de�ned by, for all x0 ∈ X and
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2. Partially Observed Markov Models

A ∈ X ,

Lθ〈y0:n−1〉(x0;A) =

∫
· · ·
∫ [n−1∏

k=0

gθ(xk; yk)Q
θ(xk; dxk+1)

]
1A(xn), (2.24)

so that the MLE θ̂ξ,n, associated to the observations Y0:n−1 with an arbitrary
initial distribution ξ on X is de�ned by

θ̂ξ,n ∈ argmax
θ∈Θ

ξLθ〈Y0:n−1〉1X.

We now follow the approach taken by Douc and Moulines [2012] in mis-
speci�ed models and show that in the context of well-speci�ed models, the
maximizing set of the asymptotic normalized log-likelihood can be identi�ed
by relying neither on the exponential separation of measures, nor on the rates
of convergence to the equilibrium, but only on the uniqueness of the invariant
probability. We note the following fact which can be used to check (K-1).

Remark 2.3.2. In the HMM context, πθ is an invariant distribution of
Kθ if and only if πθ1 is an invariant distribution of Qθ and πθ(dxdy) =
πθ1(dx)Gθ(x; dy).

We illustrate the application of the main result (Theorem 2.2.7) in the
context of HMMs by considering the assumptions of Douc and Moulines
[2012] in the particular case of blocks of size 1 (r = 1). Of course, general
assumptions with arbitrary sizes of blocks could also be used but this com-
plicates signi�cantly the expressions and may con�ne the attention of the
reader to unnecessary technicalities. To keep the discussion simple, we only
consider blocks of size 1, which already covers many cases of interest.

Before listing the main assumptions, we recall the de�nition of a so-called
local Doeblin set (in the particular case where r = 1) as introduced in [Douc
and Moulines, 2012, De�nition 1].

De�nition 2.3.3. A set C is local Doeblin with respect to the family of
kernels {Qθ : θ ∈ Θ} if there exist positive constants ε−C , ε

+
C and a family of

probability measures {λθC : θ ∈ Θ} such that, for any θ ∈ Θ , λθC(C) = 1,
and, for any A ∈ X and x ∈ C,

ε−Cλ
θ
C(A) ≤ Qθ(x;A ∩ C) ≤ ε+Cλ

θ
C(A).

Consider now the following set of assumptions.

(D-1) There exists a σ-�nite measure µ on (X,X ) that dominates Qθ(x; ·) for all
(x, θ) ∈ X×Θ. Moreover, denoting qθ(x;x′) := dQθ(x;·)

dµ
(x′), we have

qθ(x;x′) > 0, for all (x, x′, θ) ∈ X× X×Θ.
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(D-2) For all y ∈ Y, we have sup
θ∈Θ

sup
x∈X

gθ(x; y) <∞.

(D-3) (a) For all θ? ∈ Θ, there exists a set K ∈ Y with P̃θ?(Y0 ∈ K) > 2/3
such that for all η > 0, there exists a local Doeblin set C ∈ X with
respect to {Qθ : θ ∈ Θ} satisfying, for all θ ∈ Θ and all y ∈ K,

sup
x∈Cc

gθ(x; y) ≤ η sup
x∈X

gθ(x; y) <∞. (2.25)

(b) For all θ? ∈ Θ, there exists a set D ∈ X satisfying

inf
θ∈Θ

inf
x∈D

Qθ(x;D) > 0 and Ẽθ?
[
ln− inf

θ∈Θ
inf
x∈D

gθ(x;Y0)

]
<∞.

(D-4) For all θ? ∈ Θ, Ẽθ?
[
ln+ sup

θ∈Θ
sup
x∈X

gθ(x;Y0)

]
<∞.

(D-5) There exists p ∈ Z+ such that for any x ∈ X and n ≥ p, the function
θ 7→ Lθ〈Y0:n〉(x;X) is P̃θ?-a.s. continuous on Θ.

Remark 2.3.4. Under (D-1), for all θ ∈ Θ, the Markov kernel Qθ is µ-
irreducible, so that, using Remark 2.3.2, (K-1) reduces to the existence of a
stationary distribution for Qθ.

Remark 2.3.5. Assumptions (D-3), (D-4) and (D-5) and (2.6) in De�ni-
tion 2.2.1 correspond to (A1), (A2) and (A3) in Douc and Moulines [2012],
where the blocks are of size r = 1.

Remark 2.3.6. Assumption (D-4) implies (D-2) up to a modi�cation of
gθ(x; y) on ν-negligible set of y ∈ Y for all x ∈ X. Indeed, (D-4) implies
that supθ supx g

θ(x;Y0) <∞, P̃θ?-a.s., and it can be shown that under (D-1),
πθ?2 = πθ?(X× ·) is equivalent to ν for all θ ∈ Θ.

In these models, the kernel Φθ
x,n introduced in De�nition 2.2.11 writes

Φθ
x,n(y0:n;A) =

∫
Xn−1×A

n−1∏
k=0

Qθ(xk; dxk+1)gθ(xk+1; yk+1)

∫
Xn

n−1∏
k=0

Qθ(xk; dxk+1)gθ(xk+1; yk+1)

with x0 = x.

The distribution Φθ
x,n(Y0:n; ·) is usually referred to as the �lter distribution.

Proposition 2.3.7 (below) can be derived from [Douc and Moulines, 2012,
Proposition 1]. For blocks of size 1, the initial distributions in Douc and
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Moulines [2012] are constrained to belong to the setMθ?(D) of all probability
distributions ξ de�ned on (X,X ) such that

Ẽθ?
[
ln− inf

θ∈Θ

∫
ξ(dx)gθ(x;Y0)Qθ(x;D)

]
<∞, (2.26)

where D ∈ X is the set appearing in (D-3). It turns out that under (D-3)-(b),
all probability distributions ξ on (X,X ) satisfy (2.26), so the constraint on
the initial distribution vanishes in our case.

Proposition 2.3.7. Assume (D-3) and (D-4). Then the following assertions
hold:

(i) For any θ, θ? ∈ Θ, there exists a probability kernel Φθ,θ? on YZ− × X
such that for any x ∈ X,

P̃θ?
(
for all bounded f, lim

m→∞
Φθ
x,m(Y−m:0; f) = Φθ,θ?(Y−∞:0; f)

)
= 1.

(ii) For any θ, θ? ∈ Θ and probability measure ξ on (X,X ),

lim
n→∞

n−1 ln ξLθ〈Y0:n−1〉1X = `(θ, θ?), P̃θ?-a.s.,

where

`(θ, θ?) := Ẽθ?
[
ln

∫
Φθ,θ?(Y−∞:0; dx0)κθ〈Y1〉(x0;X)

]
. (2.27)

2.3.2 Equivalence-class Consistency

We can now state the main result on the consistency of the MLE for
HMMs.

Theorem 2.3.8. Assume that (K-1) holds and de�ne Pθ, P̃θ and the equiv-
alence class [θ] as in De�nition 2.2.3. Moreover, suppose that (Θ,∆) is a
compact metric space and that Assumptions (D-1)�(D-5) hold. Then, for any
probability measure ξ on (X,X ),

lim
n→∞

∆(θ̂ξ,n, [θ?]) = 0, P̃θ?-a.s.

Proof. According to [Douc and Moulines, 2012, Theorem 2], θ 7→ `(θ, θ?)
de�ned by (2.27) is upper semi-continuous (so that Θ? := argmaxθ∈Θ `(θ, θ?)
is non-empty) and moreover

lim
n→∞

∆(θ̂ξ,n,Θ?) = 0, P̃θ?-a.s.
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The proof then follows from Theorem 2.2.7, provided that `(θ, θ?) can be
expressed as in the statement of Theorem 2.2.7 and that (K-2) is satis�ed.
First note that, for θ 6= θ?, the integral appearing within the logarithm in
(2.27) corresponds to pθ,θ?(Y1|Y−∞:0) with pθ,θ? as de�ned in (2.11).

Let F be a countable separating class of nonnegative bounded functions
containing 1X, see [Parthasarathy, 2005, Theorem 6.6, Chapter 6] for the
existence of such a class. By Lemma 2.2.12, we check (K-2) by showing that
(K-3) is satis�ed. Condition (D-2) and (2.23) imply that for all bounded
functions f , F θf is a class of bounded functions, and this in turn implies (K-
3) by applying Proposition 2.3.7-(i) to all x. Thus, (K-2) is satis�ed, and for
θ 6= θ?, `(θ, θ?) can be expressed as in the statement of Theorem 2.2.7. To
complete the proof, it only remains to consider the case where θ = θ? and to
show that `(θ?, θ?) can be written as

`(θ?, θ?) = Ẽθ?
[
ln pθ?1 (Y1|Y−∞:0)

]
, (2.28)

where pθ?1 (·|·) is the conditional density given in (2.12). According to [Barron,
1985, Theorem 1], we have

Ẽθ?
[
ln pθ?1 (Y1|Y−∞:0)

]
= lim

n→∞
n−1 lnπθ?1 Lθ?〈Y0:n−1〉1X, P̃θ?-a.s. (2.29)

On the other hand, it follows from Proposition 2.3.7-(ii) that for any θ ∈ Θ
and any initial probability distribution ξ on (X,X ),

lim
n→∞

n−1 ln ξLθ〈Y0:n−1〉1X = `(θ, θ?), P̃θ?-a.s.,

where `(θ, θ?) is deterministic and is de�ned by (2.27). In particular, for
ξ = πθ?1 and for θ = θ?, it holds that

lim
n→∞

n−1 lnπθ?1 Lθ?〈Y0:n−1〉1X = `(θ?, θ?), P̃θ?-a.s. (2.30)

From (2.29) and (2.30) and by the uniqueness of the limit, (2.28) follows and
the proof is complete.

2.3.3 A Polynomially Ergodic Example

As an application of Theorem 2.3.8, we consider the HMM model de-
scribed in Example 2.1.1. In addition to the assumptions introduced in Ex-
ample 2.1.1, we assume that U0 and V0 are independent and centered and
they both admit densities with respect to the Lebesgue measure λ over R,
denoted by r and h, respectively, and

(E-1) the density r satis�es:
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(a) r is continuous and positive over R,
(b) there exists α > 2 such that r(u)|u|α+1 is bounded away from ∞ as
|u| → ∞ and from 0 as u→∞,

(E-2) the density h satis�es:

(a) h is continuous and positive over R, and lim|v|→∞ h(v) = 0,

(b) there exist β ∈ [1, α − 1) (where α is given in (E-1)) and b, c > 0
such that E(|V0|β) <∞ and h(v) ≥ be−c|v|

β
for all v ∈ R.

For example, a symmetric Pareto distribution with a parameter strictly larger
than 2 satis�es (E-1) and provided that α > 3, (E-2) holds with a centered
Gaussian distribution. The model is parameterized by θ = (m, a) ∈ Θ :=
[m,m] × [a, a] where 0 < m < m and a < a. In this model, the Markov
transition Qθ of {Xk : k ∈ Z+} has a transition density qθ with respect to
the dominating measure µ(dx) = λ(dx) + δ0(dx), which can be written as
follows: for all (x, x′) ∈ R2

+,

qθ(x;x′) = r(x′ − x+m)1{x′ > 0}+

(∫ m−x

−∞
r(u)du

)
1{x′ = 0}. (2.31)

Moreover, (2.1) implies

gθ(x; y) = h(y − ax). (2.32)

Following Jarner and Roberts [2002], we have the following lemma.

Lemma 2.3.9. Assume (E-1) and (E-2). For all θ ∈ Θ, the Markov ker-
nel Qθ is not geometrically ergodic. Moreover, Qθ is polynomially ergodic
and its (unique) stationary distribution πθ1, de�ned on X = R+, satis�es∫
πθ1(dx)xβ <∞, for all β ∈ [1, α− 1).

Proof. The proof of this lemma is postponed to Section 2.5.3 in Section 2.5.

Proposition 2.3.10. Consider the HMM of Example 2.1.1 under Assump-
tions (E-1) and (E-2). Then (K-1) holds and we de�ne Pθ, P̃θ and the equiv-
alence class [θ] as in De�nition 2.2.3. Moreover, for any probability measure
ξ, the MLE θ̂ξ,n is equivalence-class consistent, that is, for any θ? ∈ Θ,

lim
n→∞

∆(θ̂ξ,n, [θ?]) = 0, P̃θ?-a.s.

Proof. To apply Theorem 2.3.8, we need to check (K-1) and (D-1)�(D-5).
First observe that Assumption (K-1) immediately follows from Remark 2.3.2

30



2. Partially Observed Markov Models

and Lemma 2.3.9, and Assumptions (D-1) and (D-2) directly follow from the
positiveness of the density r and the boundedness of the density h, respec-
tively. Now, using (E-1)-(a), it can be easily shown that all compact sets
are local Doeblin sets and this in turn implies, via lim|x|→∞ h(x) = 0, that
Assumption (D-3)-(a) is satis�ed. We now check (D-3)-(b). By (E-1)-(a), we
have for all compact setsD, inf {r(x′ − x+m) : (x, x′,m) ∈ D2 × [m,m]} >
0, which by (2.31) implies

inf
θ∈Θ

inf
x∈D

Qθ(x;D) > 0.

To obtain (D-3)-(b), it thus remains to show

Ẽθ?
[
ln− inf

θ∈Θ
inf
x∈D

gθ(x;Y0)

]
<∞.

By (E-2)-(b), there exist positive constants b and c such that h(v) ≥ be−c|v|
β
.

Plugging this into (2.32) yields

Ẽθ?
[
ln− inf

θ∈Θ
inf
x∈D

gθ(x;Y0)

]
≤ Ẽθ?

[
| ln b|+ c

(
|Y0|+ a sup

x∈D
|x|
)β]

= Eθ?
[
| ln b|+ c

(
|aX0 + V0|+ a sup

x∈D
|x|
)β]

<∞,

where the �niteness follows from (E-2)-(b) and Lemma 2.3.9. Finally, (D-3)
is satis�ed. (D-4) is checked by writing

Ẽθ?
[
ln+ sup

θ∈Θ
sup
x∈X

gθ(x;Y0)

]
≤ ln+ sup

x∈R
h(x) <∞.

To obtain (D-5), we show by induction on n that for all n ≥ 1, y0:n−1 ∈ Rn

and x0 ∈ R+, the function θ 7→ Lθ〈y0:n−1〉(x0;X) is continuous on Θ. The
case where n = 1 is obvious since Lθ〈y0〉(x0;X) = gθ(x0; y0) = h(y0 − ax0).
We next assume the induction hypothesis on n and note that

Lθ〈y0:n〉(x0;X) = gθ(x0; y0)

∫
µ(dx1)qθ(x0;x1)Lθ〈y1:n〉(x1;X).

The continuity of θ 7→ gθ(x0; y0) follows from (2.32) and the continuity of
h. Similarly, the continuity of θ 7→ qθ(x0;x1) follows from (2.31) and the
continuity of r. Moreover, θ 7→ Lθ〈y1:n〉(x1;X) is continuous by the induction
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assumption. The continuity of θ 7→
∫
µ(dx1)qθ(x0;x1)Lθ〈y1:n〉(x1;X) then

follows from the Lebesgue convergence theorem provided that∫
µ(dx1) sup

θ∈Θ
qθ(x0;x1)Lθ〈y1:n〉(x1;X) <∞ (2.33)

holds. Note further that by the expression of qθ(x0;x1) given in (2.31) and
the tail assumption (E-1)-(b), we obtain for all x0 ∈ X,∫

µ(dx1) sup
θ∈Θ

qθ(x0;x1) <∞.

Combining with that Lθ〈y1:n〉(x1;X) ≤ (supx∈R h(x))n yields (2.33). Finally,
we have (D-5), and thus Theorem 2.3.8 holds under (E-1) and (E-2).

2.4 Application to Observation-driven Models

Observation-driven models are a subclass of partially dominated and par-
tially observed Markov models.

We split our study of the observation-driven model into several parts.
Speci�c de�nitions and notation are introduced in Section 2.4.1. Then we
provide su�cient conditions that allow to apply our general result Theo-
rem 2.2.7, that is, Θ? = [θ?]. This is done in Section 2.4.2.

2.4.1 De�nitions and Notation

Observation-driven models are formally de�ned as follows.

De�nition 2.4.1. Consider a partially observed and partially dominated
Markov model given in De�nition 2.2.1 with Markov kernels {Kθ : θ ∈
Θ}. We say that this model is an observation-driven model if the kernel Kθ

satis�es
Kθ ((x, y); dx′dy′) = δψθy(x)(dx

′)Gθ(x′; dy′), (2.34)

where δa denotes the Dirac mass at point a, Gθ is a probability kernel on
X×Y and {(x, y) 7→ ψθy(x) : θ ∈ Θ} is a family of measurable functions from
(X× Y,X ⊗Y) to (X,X ). Moreover, in this context, we always assume that
(X, dX) is a complete separable metric space and X denotes the associated
Borel σ-�eld.

Note that a Markov chain {(Xk, Yk) : k ∈ Z+} with probability kernel
given by (2.34) can be equivalently de�ned by the following recursions:

Xk+1 = ψθYk(Xk),

Yk+1|X0:k+1, Y0:k ∼ Gθ(Xk+1; ·)
(2.35)
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and can be graphically represented as in Figure 2.3.

Xk Xk+1

Yk+1Yk

Xk+2

Yk+2

ψθ

Gθ

Figure 2.3 � Graphical representation of the observation-driven model.

The most celebrated example is the GARCH(1, 1) process, where Gθ(x; ·)
is a centered (say Gaussian) distribution with variance x and ψθy(x) is an
a�ne function of x and y2.

As a special case of De�nition 2.2.1, for all x ∈ X, Gθ(x; ·) is domi-
nated by some σ-�nite measure ν on (Y,Y) and we denote by gθ(x; ·) its
Radon�Nikodym derivative, gθ(x; y) = dGθ(x;·)

dν
(y). A dominated parametric

observation-driven model is thus de�ned by the collection {(gθ, ψθ) : θ ∈ Θ}.
Moreover, (2.6) may be rewritten in this case: for all (x, y) ∈ X× Y and for
all θ ∈ Θ,

gθ(x; y) > 0.

Under (K-1), we assume that the model is well-speci�ed, that is, the obser-
vation sample (Y1, . . . , Yn) is distributed according to P̃θ? for some unknown
parameter θ?. The inference of θ? is based on the conditional likelihood of
(Y1, . . . , Yn) given X1 = x for an arbitrary x ∈ X. The corresponding density
function with respect to ν⊗n is, under parameter θ,

y1:n 7→
n∏
k=1

gθ
(
ψθ〈y1:k−1〉(x); yk

)
, (2.36)

where, for any vector y1:p = (y1, . . . , yp) ∈ Yp, ψθ〈y1:p〉 is the X→ X function
de�ned as the successive composition of ψθy1

, ψθy2
, ..., and ψθyp ,

ψθ〈y1:p〉 = ψθyp ◦ ψ
θ
yp−1
◦ · · · ◦ ψθy1

, (2.37)

with the convention ψθ〈ys:t〉(x) = x for s > t. Then the corresponding
(conditional) MLE θ̂x,n of the parameter θ is de�ned by

θ̂x,n ∈ argmax
θ∈Θ

Lθx,n〈Y1:n〉, (2.38)
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where

Lθx,n〈y1:n〉 := n−1 ln

(
n∏
k=1

gθ
(
ψθ〈y1:k−1〉(x); yk

))
. (2.39)

We will provide simple conditions for the consistency of θ̂x,n in the sense
that, with probability tending to one, for a well-chosen x, θ̂x,n belongs to a
neighborhood of the equivalence class [θ?] of θ?, as given by De�nition 2.2.3.

2.4.2 Identi�ability

Let us consider the following assumptions.

(C-1) For all θ 6= θ? ∈ Θ, there exist x ∈ X and a measurable function ψθ,θ?〈·〉
de�ned on YZ− such that

lim
m→∞

ψθ〈Y−m:0〉(x) = ψθ,θ?〈Y−∞:0〉, P̃θ?-a.s. (2.40)

(C-2) For all θ ∈ Θ and y ∈ Y, the function x 7→ gθ(x; y) is continuous on X.

(C-3) For all θ ∈ Θ and y ∈ Y, the function x 7→ ψθy(x) is continuous on X.

In observation-driven models, the kernel κθ de�ned in (2.7) reads

κθ〈y, y′〉(x; dx′) = gθ(x′; y′)δψθy(x)(dx
′)

= gθ
(
ψθy(x); y′

)
δψθy(x)(dx

′), (2.41)

and the probability kernel Φθ
x,n in De�nition 2.2.11 reads, for all x ∈ X and

y0:n ∈ Yn+1,
Φθ
x,n(y0:n; ·) = δψθ〈y0:n−1〉(x) (2.42)

(the Dirac point mass at ψθ〈y0:n−1〉(x)). Using these expressions, we get the
following result which is a special case of Theorem 2.2.7.

Theorem 2.4.2. Assume that (K-1) holds in the observation-driven model
setting and de�ne Pθ, P̃θ and [θ] as in De�nition 2.2.3. Suppose that As-
sumptions (C-1), (C-2) and (C-3) hold and de�ne pθ,θ?(·|·) by setting, for
P̃θ?-a.e. y−∞:0 ∈ YZ−,

pθ,θ?(y1 | y−∞:0) =

{
gθ
(
ψθ,θ?〈y−∞:0〉; y1

)
if θ 6= θ?,

pθ1(y1 | y−∞:0) as de�ned by (2.12) otherwise.
(2.43)

Then, for all θ? ∈ Θ, we have

argmax
θ∈Θ

Ẽθ?
[
ln pθ,θ?(Y1|Y−∞:0)

]
= [θ?]. (2.44)
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Proof. We apply Theorem 2.2.7. It is thus su�cient to show that (C-1), (C-2)
and (C-3) implies (K-2) with

Φθ,θ?(y−∞:0; ·) = δψθ,θ? 〈y−∞:−1〉, for all y−∞:0 ∈ YZ− , (2.45)

and that for θ 6= θ?, the conditional density pθ,θ? de�ned by (2.11) satis�es

pθ,θ?(y|Y−∞:0) = gθ
(
ψθ,θ?〈Y−∞:0〉; y

)
, P̃θ?-a.s. (2.46)

By Lemma 2.2.12, it is su�cient to prove that Assumption (K-3) holds for
the kernel Φθ,θ? de�ned above. Denote by C(X) the set of continuous functions
on X, and by Cb(X) the set of bounded functions in C(X). By [Parthasarathy,
2005, Theorem 6.6, Chapter 6], there is a countable and separating subclass
F of nonnegative functions in Cb(X) such that 1X ∈ F . Now, let us take
θ, θ? ∈ Θ and f ∈ F . Then, by (C-2), (C-3) and (2.41), we have

F θf =
{
x 7→ κθ〈y, y′〉(x; f) : (y, y′) ∈ Y2

}
⊂ C(X).

By (2.42), (C-1) and (2.45), we obtain (K-3) with x chosen as in (C-1).
To complete, we need to show (2.46). Note that (2.45) together

with (2.41) and the usual de�nition (2.11) of pθ,θ? yields

pθ,θ?(y|y−∞:0) = gθ
(
ψθy0

(
ψθ,θ?〈y−∞:−1〉

)
; y
)
.

By Assumption (C-3) and the de�nition of ψθ,θ?〈·〉 in (C-1), we get (2.46).

2.4.3 Examples

In the context of observation-driven time series, easy-to-check conditions
are derived in Douc et al. [2015] in order to establish the convergence of the
MLE θ̂x,n de�ned by (2.38) to the maximizing set of the asymptotic normal-
ized log-likelihood. It turns out that the conditions of [Douc et al., 2015,
Theorem 1] also imply the conditions of Theorem 2.4.2. More precisely, the
assumptions (B-2) and (B-3) of [Douc et al., 2015, Theorem 1] are stronger
than (C-2) and (C-3) used in Theorem 2.4.2 above, and it is shown that the
assumptions of [Douc et al., 2015, Theorem 1] imply (C-1) (see the proof
of Lemma 2 in Section 6.3 of Douc et al. [2015]). Moreover, the conditions
of Theorem 1 are shown to be satis�ed in the context of Examples 2.1.2
and 2.1.3 (see [Douc et al., 2015, Theorem 3 and Theorem 4]), provided that
Θ in (2.38) is a compact metric space such that:

1. in the case of Example 2.1.2, all θ = (ω, a, b, r) ∈ Θ satisfy rb+ a < 1;

2. in the case of Example 2.1.3, all θ = (γ,ω,A,b) ∈ Θ are such that the
spectral radius of A + bγT is strictly less than 1.
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Under these assumptions, we conclude that the MLE is equivalence-class
consistent for both examples, which up to our best knowledge had not been
proven so far.

2.5 Postponed Proofs

2.5.1 Proof of Eq. (2.10)

Let θ ∈ Θ. Recall that in Remark 2.2.5, Φθ is de�ned as the probability
kernel of the conditional distribution of X0 given Y−∞:0 under Pθ, that is, for
all A ∈ X ,

Φθ(Y−∞:0;A) = Pθ (X0 ∈ A |Y−∞:0) , P̃θ-a.s.
Conditioning on X0, Y0 and using the de�nition of κθ in (2.7), we get that,
for all A ∈ X , B ∈ Y and C ∈ Y⊗Z− ,

Pθ (X1 ∈ A, Y1 ∈ B, Y−∞:0 ∈ C)

= Eθ
[∫

B

κθ〈Y0, y1〉(X0;A)1C(Y−∞:0)ν(dy1)

]
= Ẽθ

[∫
X×B

Φθ(Y−∞:0; dx0)κθ〈Y0, y1〉(x0;A)1C(Y−∞:0)ν(dy1)

]
. (2.47)

Let us denote

Φ̂θ(Y−∞:0, y1;A) =

∫
Φθ(Y−∞:0; dx0)κθ〈Y0, y1〉(x0;A)∫
Φθ(Y−∞:0; dx0)κθ〈Y0, y1〉(x0;X)

,

which is always de�ned since the denominator does not vanish by Re-
mark 2.2.2. With this notation, we deduce from (2.47) that

Pθ (X1 ∈ A, Y1 ∈ B, Y−∞:0 ∈ C)

= Ẽθ
[∫

B

Φ̂θ(Y−∞:0, y1;A)

(∫
Φθ(Y−∞:0; dx0)κθ〈Y0, y1〉(x0;X)

)

1C(Y−∞:0)ν(dy1)

]
.

This can be more compactly written as

Pθ (X1 ∈ A, Y1 ∈ B, Y−∞:0 ∈ C) = Ẽθ
[∫

Φ̂θ(Y−∞:0, y1;A)

1B(y1)1C(Y−∞:0)Φθ(Y−∞:0; dx0)κθ〈Y0, y1〉(x0;X)ν(dy1)

]
. (2.48)
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Observe that (2.47) with A = X provides a way to write Ẽθ [g(Y−∞:0, Y1)] for
g = 1C×B that can be extended to any nonnegative measurable function g
de�ned on YZ− × Y as

Ẽθ [g(Y−∞:0, Y1)]

= Ẽθ
[∫

g(Y−∞:0, y1)Φθ(Y−∞:0; dx0)κθ〈Y0, y1〉(x0;X)ν(dy1)

]
.

Now, we observe that the right-hand side of (2.48) can be interpreted
as the right-hand side of the previous display with g(Y−∞:0, y1) =
Φ̂θ(Y−∞:0, y1;A)1B(y1)1C(Y−∞:0). Hence, we conclude that, for all A ∈ X
and C ∈ Y⊗Z− ,

Pθ (X1 ∈ A, Y1 ∈ B, Y−∞:0 ∈ C) = Eθ
[

Φ̂θ(Y−∞:0, Y1;A)1B(Y1)1C(Y−∞:0)

]
.

Notice that Φ̂θ(Y−∞:0, Y1;A) precisely is the probability kernel on(
YZ− × Y

)
× X appearing on the left-hand side of (2.10). The last display

implies that this probability kernel is the conditional distribution of X1 given
Y−∞:1 under Pθ, which completes the proof of (2.10).

2.5.2 Proof of Lemma 2.2.9

First observe that, by induction on n, having (2.15) for all n ≥ 2 is
equivalent to having, for all n ≥ 2,

pθ,θ?(Y1:n|Y−∞:0)

= pθ,θ?(Yn|Y−∞:n−1)pθ,θ?(Yn−1|Y−∞:n−2) · · · pθ,θ?(Y1|Y−∞:0), P̃θ?-a.s.,

which, using that P̃θ? is shift-invariant, is in turn equivalent to having that,
for all n ≥ 2,

pθ,θ?(Y1:n|Y−∞:0) = pθ,θ?(Y2:n|Y−∞:1)pθ,θ?(Y1|Y−∞:0), P̃θ?-a.s. (2.49)

Thus to conclude the proof, we only need to show that (2.49) holds for all
n ≥ 2. By De�nition 2.2.8, we have, for all n ≥ 2 and y−∞:n ∈ YZ− ,

pθ,θ?(y2:n|y−∞:1)pθ,θ?(y1|y−∞:0)

=

∫
Φθ,θ?(y−∞:1; dx1)pθ,θ?(y1|y−∞:0)

n−1∏
k=1

κθ〈yk, yk+1〉(xk; dxk+1).
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Using (K-2) we now get, for all n ≥ 2,

pθ,θ?(Y2:n|Y−∞:1)pθ,θ?(Y1|Y−∞:0)

=

∫
Φθ,θ?(Y−∞:0; dx0)

n−1∏
k=0

κθ〈Yk, Yk+1〉(xk; dxk+1), P̃θ?-a.s.

We conclude (2.49) by observing that, according to De�nition 2.2.8, the
second line of the last display is pθ,θ?(Y1:n|Y−∞:0).

2.5.3 Proof of Lemma 2.3.9

Let β ∈ [1, α − 1). Since 1 + β < α and by (E-1)-(b), we obtain
E
[
(U+

0 )1+β
]
< ∞. Combining this with E[U0 − m] = −m < 0, we may

apply [Jarner and Roberts, 2002, Proposition 5.1] so that the Markov kernel
Qθ is polynomially ergodic and thus admits a unique stationary distribution
πθ1, which is well-de�ned on X = R+. Moreover, [Jarner and Roberts, 2002,
Proposition 5.1] also shows that there exist a �nite interval C = [0, x0] and
some constants %, %′ ∈ (0,∞) such that

QθV ≤ V − %W + %′1C ,

where V (x) = (1+x)1+β andW (x) = (1+x)β. Applying [Meyn and Tweedie,
1993, Theorem 14.0.1] yields∫

πθ1(dx)xβ ≤ πθ1W <∞.

It remains to show that the kernel Qθ is not geometrically ergodic for all
θ ∈ Θ and this will be done by contradiction.

Now suppose on the contrary that the kernel Qθ is geometrically ergodic
for some θ ∈ Θ. Since the singleton {0} is an accessible atom (for Qθ), then
there exists some ρ > 1 such that

∞∑
k=0

ρk
∣∣(Qθ)k (0, {0})− πθ1 ({0})

∣∣ <∞.
Hence, the atom {0} is geometrically ergodic as de�ned in [Meyn and
Tweedie, 1993, Section 15.1.3]. Applying [Meyn and Tweedie, 1993, The-
orem 15.1.5], then there exists some κ > 1 such that E0[κτ0 ] < ∞, where
τ0 = inf{n ≥ 1 : Xn = 0} is the �rst return time to {0}.
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Recall that the i.i.d. sequence {Uk : k ∈ Z+} is linked to {Xk : k ∈ Z+}
through (2.1), and note that E0 [κτ0 ] = E

[
κτ(0)

]
, where we have set for all

u ∈ R,

τ(u) := inf

{
n ≥ 1 :

n∑
k=1

(Uk −m) < u

}
.

Now, denote

τ̃(u) := inf

{
n ≥ 1 :

n∑
k=1

(Uk+1 −m) < u

}
.

To arrive at the contradiction, it is �nally su�cient to show that for all κ > 1,
E
[
κτ(0)

]
=∞. Actually, we will show that there exists a constant γ > 0 such

that
lim inf
u→∞

κ−γuE
[
κτ(−u+m)

]
> 0. (2.50)

This will indeed imply E
[
κτ(0)

]
=∞ by writing

E
[
κτ(0)

]
≥ E

[
κτ(0)

1{U1 ≥ m}
]

= E
[
κ1+τ̃(−U1+m)

1{U1 ≥ m}
]

= E
[∫ ∞

m

κ1+τ̃(−u+m)r(u)du

]
= κ

∫ ∞
m

E
[
κτ(−u+m)

]
r(u)du, (2.51)

where the last equality follows from τ
d
= τ̃ . Provided that (2.50) holds, the

right-hand side of (2.51) is in�nite since r(u) & u−α−1 as u→∞ by (E-1)-(b).
We now turn to the proof of (2.50). By Markov's inequality, we have for

any γ > 0,
κ−γuE

[
κτ(−u+m)

]
≥ P (τ(−u+m) > γu) . (2.52)

Now, let Mn =
∑n

k=1 Ui, n ≥ 1, and note that for all nonnegative u,{(
inf

1≤k≤γu
Mk

)
− γum ≥ −u+m

}
⊂
{

inf
1≤k≤γu

(Mk − km) ≥ −u+m

}
= {τ(−u+m) > γu} . (2.53)

Moreover, since {Uk : k ∈ Z∗+} is i.i.d. and centered, Doob's maximal
inequality implies, for all γ̃ > 0,

P
(

inf
1≤k≤γu

Mk < −γ̃
)
≤ P

(
sup

1≤k≤γu
|Mk| > γ̃

)
≤

E
[
|Mbγuc|

]
γ̃

≤ bγucE [|U1|]
γ̃

. (2.54)
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Now, pick γ > 0 su�ciently small so that γE [|U1|] /(1 − γm) < 1. Observe
that for this γ, γ̃ = (1− γm)u−m is positive for u su�ciently large, so that
combining (2.54) with (2.53) and (2.52) yields

lim inf
u→∞

κ−γuE
[
κτ(−u+m)

]
≥ 1− lim sup

u→∞

bγucE [|U1|]
(1− γm)u−m

= 1− γE [|U1|]
1− γm

> 0.

This shows (2.50) and the proof is complete.
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Chapter 3

Consistency of the MLE for the

Class of Fully Dominated Markov

Chains

Summary. In this chapter, we investigate the consistency of the max-
imum likelihood estimator (MLE) for the class of fully dominated partially
observed Markov models (PMMs). Following the approach by Douc and
Moulines [2012] as to derive the convergence of the MLE to the minimiz-
ing set of the relative entropy rate in misspeci�ed hidden Markov models
(HMMs), under mild su�cient conditions, the convergence of the MLE for
this class is established. This result is obtained, regardless of whether or
not the model is well speci�ed, as a byproduct of the convergence of the
block-type MLE of some likelihood kernel. Moreover, when the model is well
speci�ed, following Douc et al. [2014], under these same conditions the iden-
ti�ability is also obtained, establishing the equivalence-class consistency of
the MLE.

3.1 Introduction

Maximum likelihood method is widely used for identifying a parametric
model of a time series from a sample of observations. When the studied
model is well-speci�ed, it is of prime interest to obtain the consistency of the
estimator, namely, its convergence to the true parameter, say θ?, as the sam-
ple size of the observations goes to in�nity. The proof toward this property
usually involves two important steps: 1) the maximum likelihood estimator
(MLE) converges to the maximizing set, say Θ?, of the asymptotic normal-
ized log-likelihood, and 2) this maximizing set Θ? is indeed the singleton set
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3. Fully Dominated and Partially Observed Markov Models

of the true parameter θ?. Identifying the maximizing set Θ? in the second
step is usually referred to as solving the identi�ability problem. This task
can actually be split in two sub-problems, that is, 2.1) showing that any
parameter in Θ? yields the same distribution for the observations as for the
true parameter, and 2.2) showing that for a su�ciently large sample size, the
set of such parameters reduces to θ?. Problem 2.2 can be hard to solve, for
example, for the models that belong to the class of hidden Markov models
(HMMs), see Allman et al. [2009], Gassiat et al. [2016] and the references
therein for recent advances in the case of HMMs. Nevertheless, Problem 2.1
can be handled independently, and with Step 1 above, this directly yields
that the MLE is consistent in a weakened sense that the estimator converges
to the set of all the parameters associated to the same distribution as the
one of the observed sample. The consistency of this type, according Leroux
[1992], is referred to as equivalence-class consistency.

In chapter, we investigate problem in Step 1 and Problem 2.1 together,
that is, deriving the equivalence-class consistency of the MLE under a general
framework of time series models, namely, the class of fully dominated PMMs.
Many HMMs developed by Baum and coworkers (see Cappé et al. [2005] and
the inferences therein for a list of examples and a comprehensive account
on HMMs), Markov switching models (Hamilton [1988, 1989]) and many of
Markov chains in random environment introduced by Cogburn [1980] and
Bourgin and Cogburn [1981], for example, are members of this class (see also
Pieczynski [2003] or Ephraim and Mark [2012] for other variants).

Formulating the convergence of the MLE in Step 1 is carried out by
relying on the approach employed by Douc and Moulines [2012] as to derive
the convergence of the MLE to the minimizing set of the relative entropy
rate in misspeci�ed HMMs. This approach consists in establishing a key
property, namely, the exponential forgetting of the �ltering distribution, by
using coupling method originated by Kleptsyna and Veretennikov [2008] and
further re�ned by Douc et al. [2009]. When the forgetting of the �ltering
distribution is achieved, together with the assumption that the observation
process is stationary and ergodic, then the normalized log-likelihood can
be approximated by an appropriately de�ned stationary version of it. Then
applying the results in classical ergodic theory, the latter is shown to converge
to a limit of functional of the parameter, say `(θ), where θ is the parameter. It
then implies by using standard argument (see, for instance, Pfanzagl [1969])
that the MLE of the normalized log-likelihood converges almost surely to a
subset Θ? of parameters at which the limit `(θ) is maximized. Using this
same technique, meanwhile, we obtain an intermediary result showing that
the block-type MLE converges to a maximizing set in a similar sense as the
classical MLE, regardless of whether or not the models are well-speci�ed.
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These results are shown under conditions similar to the conditions derived
in Douc and Moulines [2012].

To complete, we solve Problem 2.1 by applying the general result derived
in Douc et al. [2014] under the general framework of PMMs. Under these
same assumptions, the equivalence-class consistency of the MLE for the class
fully dominated PMMs is established.

The organization of this chapter is as follows. In Section 3.2, we establish
the convergence of the MLE for the block-type likelihood function. We then
apply this result in Section 3.3 to derive the consistency of the MLE for
the class of fully dominated PMMs. Finally, the postponed proofs and some
useful lemmas are gathered in Section 3.4.

3.2 Consistency of the Block-type Maximum

Likelihood Estimators

3.2.1 Notation and De�nitions

Let us �rst recall some notation pertaining to transition kernels in mea-
sure theory. Let L be a (possibly unnormalized) transition kernel de�ned on
a measurable space (S,S), that is,

� for all s ∈ S, L(s; ·) is a nonnegative measure on (S,S) and

� for all A ∈ S, s 7→ L(s;A) is a measurable function.

Let f be a (nonnegative) measurable function from (S,X ) to (R,B(R)), where
B(R) denotes the Borel σ-�eld on R, and let µ be a σ-�nite positive measure
on (S,S). The transition kernel L acts on the function f and the measure µ
via

Lf(s) = L(s; f) :=

∫
L(s; ds′)f(s′),

µL(A) = µL1A :=

∫
µ(dx)L(s;A).

Moreover, if L1 and L2 are two transition kernels on (S,S), then the kernel
application L1L2 also de�nes a transition kernel on (S,S) and is given by, for
any s ∈ S and A ∈ S,

L1L2(s;A) :=

∫
L1(s; ds′)L2(s′;A).

Now consider the following setting. Let (X,X ) and (Z,Z) be two Borel
spaces and Θ denote a parameter space, which throughout this chapter is
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moreover assumed to be a compact metric space equipped with the metric
∆. Let (Ω,F ,P) be a probability space, and let {Zk : k ∈ Z} be a stochastic
process taking values on (Z,Z), which is assumed to be observed. Within
this section, we assume the following assumption.

(L-1) The stochastic process {Zk : k ∈ Z} is stationary and ergodic on (Z,Z).

We denote by PZ the image probability of P induced by the stationary pro-
cess {Zk : k ∈ Z} on the product space (ZZ,Z⊗Z) and denote by EZ the
associated expectation. Let {Lθ〈z〉 : (θ, z) ∈ Θ×Z} be a family of transition
kernels on (X,X ) such that for all θ ∈ Θ, probability measure χ on (X,X )
and nonnegative measurable function f on X, the function z 7→ χLθ〈z〉f is
measurable on (Z,Z). Here we should stress that this family of transition
kernels may or may not link to the observed stochastic process {Zk : k ∈ Z}.
Let us now de�ne the following.

De�nition 3.2.1 (Likelihood kernel). Let θ ∈ Θ, n ∈ Z∗+ and z0:n−1 ∈
Zn. The (parametric) likelihood kernel with respect to the family {Lθ〈z〉 :
(θ, z) ∈ Θ× Z} of the sample z0:n−1, denoted by Lθn〈z0:n−1〉, is de�ned as the
successive kernel application of the transition kernels Lθ〈z0〉, . . . ,Lθ〈zn−1〉
from the family {Lθ〈z〉 : (θ, z) ∈ Θ× Z}. Formally, for all (x0, A) ∈ X×X ,

Lθn〈z0:n−1〉(x0;A) :=

∫
Lθ〈z0〉(x0; dx1) · · ·Lθ〈zn−1〉(xn−1; dxn)1A(xn). (3.1)

Note that by de�nition, Lθn〈z0:n−1〉 also de�nes a transition kernel on
(X,X ). Moreover, for all θ ∈ Θ, n, p ∈ Z∗+ and z0:n+p−1 ∈ Zn+p, the identity:

Lθn+p〈z0:n+p−1〉 = Lθn〈z0:n−1〉Lθp〈zn:n+p−1〉

holds true. In what follows, P(X,X ) will always denote the set of probability
measures on (X,X ). For notational convenience, when there is no possibility
of confusion, the subscript n will be dropped from Lθn which is de�ned earlier
in (3.1).

Next, we always assume that for all θ ∈ Θ, n ∈ Z∗+, z0:n−1 ∈ Zn and
probability measure χ ∈ P(X,X ),

0 < χLθ〈z0:n−1〉1X <∞. (3.2)

The following de�nition de�nes the conditional version of the likelihood ker-
nel.

De�nition 3.2.2. Let θ ∈ Θ. For all m,n ∈ Z+ with m < n, zm:n ∈ Zn−m+1,
χ ∈ P(X,X ) and measurable function f from (X,X ) to (R,B(R)), de�ne

χLθ〈zp:n|zm:p−1〉f :=
χLθ〈zm:n〉f

χLθ〈zm:p−1〉1X

, m < p ≤ n. (3.3)
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De�nition 3.2.3. Let n ∈ Z∗+, the sequence Z0:n−1 be observations realized
from the stochastic process {Zk : k ∈ Z} and let x0 ∈ X. The function
θ 7→ Lθn〈Z0:n−1〉(x0;X) is called the (conditional) L-likelihood function with
respect to the family {Lθ〈z〉 : (θ, z) ∈ Θ×Z} of the observations Z0:n−1 given
X0 = x0. We de�ne the maximum L-likelihood estimator with respect to the
family {Lθ〈z〉 : (θ, z) ∈ Θ× Z} associated to an arbitrary initial probability
distribution χ ∈ P(X,X ) by

θ̂Lχ,n ∈ argmax
θ∈Θ

χLθn〈Z0:n−1〉1X. (3.4)

When χ is δx, the Dirac mass at point x ∈ X, the maximum L-likelihood
estimator given in (3.4) will be simply denoted by θ̂Lx,n.

So far, we have not mentioned any speci�c statistical model, except that
we have introduced the family of transition kernels {Lθ〈z〉 : (θ, z) ∈ Θ×Z}.
To have some insights on how these kernels may arise in speci�c situations,
consider the following examples.

Example 3.2.4. Consider a family of HMMs {(Xk, Yk) : k ∈ Z+} on (X×
Y,X⊗Y), which is parametrized by θ ∈ Θ. For each θ ∈ Θ, the distribution of
the HMM is speci�ed by the transition kernel Qθ of the Markov chain {Xk :
k ∈ Z+} and by the conditional probability density gθ of the observation
Yk given the hidden state Xk, which is also known as the likelihood of the
obveration (see De�nition 2.3.1 in Section 2.3 of Chapter 2). The dynamic
of hidden Markov process can be depicted as in Figure 3.1.

Xk Xk+1

Yk+1Yk

Xk+2

Yk+2

Qθ

gθ gθ

Qθ

gθ

Figure 3.1 � Graphical representation of the hidden Markov Model by di-
rected arrows.

For any probability measure χ on (X,X ) and positive integer r, the like-
lihood of the observations Y0:r−1 ∈ Yr associated to χ, denoted by pθχ(Y0:r−1),
can be expressed by

pθχ(Y0:r−1) =

∫
χ(dx0)gθ(x0;Y0)Qθ(x0; dx1) · · · gθ(xr−1;Yr−1)Qθ(xr−1; dxr).
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Now, if we set Z := Yr, Z := Y⊗r, Z0 := Y0:r−1, and for all θ ∈ Θ, x0 ∈ X
and A ∈ X ,

Lθ〈Z0〉(x0;A) :=

∫ (r−1∏
k=0

gθ(xk;Yk)Q
θ(xk; dxk+1)

)
1A(xr),

we then have that χLθ〈Z0〉1X is indeed the likelihood of the observations
Y0:r−1 associated to the initial probability measure χ ∈ P(X,X ). Moreover,
for all n ∈ Z∗+, if we set Zi := Yir:(i+1)r−1, i ∈ {0, . . . , n− 1}, the conditional
likelihood kernel de�ned in (3.1) is given by

Lθ〈Z0:n−1〉(x0;A) =

∫ (nr−1∏
k=0

gθ(xk;Yk)Q
θ(xk; dxk+1)

)
1A(xnr).

This implies χLθ〈Z0:n−1〉1X = pθχ(Y0:nr−1), which is referred to as the block
likelihood function with block size equal to r in Douc and Moulines [2012]. In
this case, the maximum L-likelihood estimator θ̂Lχ,n coincides with the block

MLE θ̂χ,nr, a maximizer of pθχ(Y0:nr−1) on Θ. It turns out that, when r = 1,
the class of HMMs which is speci�ed by {(Qθ, gθ) : θ ∈ Θ}, can also be
speci�ed by the family {Lθ〈z〉 : (θ, z) ∈ Θ× Z}.

Example 3.2.5. Let {(Xk, Yk) : k ∈ Z+} be a parametric family of bivariate
Markov chains on (X×Y,X ⊗Y), whose parameters are θ ∈ Θ. As in HMM
case, we assume that only the process {Yk : k ∈ Z+} is observed. To
formulate the model, we moreover suppose that for each θ ∈ Θ, the process
{Xk : k ∈ Z+} is a Markov chain with transition kernelQθ; and conditionally
on the past variables up to time k− 1 with k ≥ 1, the law of the observation
Yk has density gθ ((Xk−1, Yk−1); ·) with respect to a �xed σ-�nite positive
measure ν on (Y,Y). The whole chain can then be fully speci�ed by the pair
(Qθ, gθ). By this de�nition, it is straightforward that for each θ ∈ Θ and for
all k ≥ 0 and B ∈ Y , we have

Pθ (Yk+1 ∈ B | Y0:k, X0:∞) =

∫
B

gθ ((Xk, Yk); y) ν(dy). (3.5)

Following the terminology of Cogburn [1980] and Bourgin and Cogburn
[1981], (3.5) suggests that the bivariate chain {(Xk, Yk) : k ∈ Z+} is a
Markov chain in random environment with the Markov environment process
{Xk : k ∈ Z+}. Markov chains in random environment have been studied ex-
tensively by Cogburn [1980], Bourgin and Cogburn [1981], Nawrotzki [1982],
Cogburn [1984, 1990, 1991], Orey [1991] in the case of countable spaces and
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by Van Handel [2009] in the case of general state spaces. Random walk in
random environment models introduced by Chernov [1967] are also embedded
in this class (see Comets et al. [2014a] and Comets et al. [2014b] for paramet-
ric versions of it). The dynamic of this bivariate process can be depicted as
in Figure 3.2. However, according to Nawrotzki [1982], we should be aware
that not all Markov chains in random environment are themselves Markov
chains; and thus Figure 3.2 depicts the case where the bivariate processes are
Markov only.

Xk Xk+1

Yk+1Yk

Xk+2

Yk+2

Qθ

gθ

Qθ

gθ

Figure 3.2 � Graphical representation of the Markov chain in random envi-
ronment

For any χ ∈ P(X,X ) and r ∈ Z∗+, the likelihood of the observations
Y0:r ∈ Yr associated to χ, denoted by pθχ⊗δY0

(Y1:r), is de�ned by

pθχ⊗δY0
(Y1:r) =

∫
χ(dx0)

(
r−1∏
k=0

gθ ((xk, Yk);Yk+1)Qθ(xk; dxk+1)

)
.

By setting Z := Yr+1, Z := Y⊗(r+1), Z0 := Y0:r, and for all θ ∈ Θ, x0 ∈ X
and A ∈ X ,

Lθ〈Z0〉(x0;A) :=

∫ (r−1∏
k=0

gθ ((xk, Yk);Yk+1)Qθ(xk; dxk+1)

)
1A(xr),

we then see that χLθ〈Z0〉1X is indeed the likelihood of the observations Y0:r

associated to the probability measure χ. Moreover, for any integer n > 0, by
setting Zi := Yir:(i+1)r, i ∈ {0, . . . , n − 1}, the conditional likelihood kernel
de�ned in (3.1) writes

Lθ〈Z0:n−1〉(x0;A) =

∫ (nr−1∏
k=0

gθ ((xk, Yk);Yk+1)Qθ(xk; dxk+1)

)
1A(xnr).

This yields that χLθ〈Z0:n−1〉1X = pθχ⊗δY0
(Y1:nr), which, as in Example 3.2.4,

may be referred to as the block likelihood function with block size equal to
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r. In this case, the maximum L-likelihood estimator θ̂Lχ,n coincides with the

block MLE θ̂χ,nr ∈ argmaxθ∈Θ p
θ
χ⊗δY0

(Y1:nr).

Example 3.2.6. Consider a parametrized family of Markov switching mod-
els {(Xk, Yk) : k ∈ Z+} on (X × Y,X ⊗ Y) with parameters θ ∈ Θ. As in
HMM case, we assume that only the process {Yk : k ∈ Z+} is observed.
For each θ ∈ Θ, the distribution of the Markov switching model is speci�ed
by the transition kernel Qθ of the Markov chain {Xk : k ∈ Z+} and by
the conditional probability density gθ of the observation Yk given the hidden
state Xk and the most recent past observation Yk−1 (gθ is also known as
the likelihood of the observation). The Markov switching model can the be
speci�ed by the pair (Qθ, gθ) and can be graphically represented as in Fig-
ure 3.3. More formally, the bivariate stochastic process {(Xk, Yk) : k ∈ Z+}
is a parametric Markov switching model if for all θ ∈ Θ, k ∈ Z+, A ∈ X and
B ∈ Y, we have

Pθ ((Xk+1, Yk+1) ∈ A×B | Y0:k, X0:k)

=

∫
A×B

Qθ(Xk; dx)gθ ((Yk, x); y) ν(dy). (3.6)

Xk Xk+1

Yk+1Yk

Xk+2

Yk+2

Qθ

gθ gθ

Qθ

gθ

Figure 3.3 � Graphical representation of the Markov switching model.

Markov switching models have been introduced by Hamilton [1988, 1989]
and further considered by many authors including Hamilton [1996], Tim-
mermann [2000], Fong and See [2002], Yoshida et al. [2005], Hamilton
[2008], Bauwens et al. [2010], Ailliot and Monbet [2012]; see also Frühwirth-
Schnatter [2006] for a comprehensive account. Note that if the transition
kernel Qθ in (3.6) is also allowed to depend on Yk, that is Qθ is no longer a
Markov kernel, the resulting model is called non-homogeneous Markov switch-
ing, see Ailliot and Pene [2013] and Ailliot et al. [2015].

For any χ ∈ P(X,X ) and r ∈ Z∗+, the likelihood of the observations
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Y0:r ∈ Yr associated to χ, denoted by pθχ⊗δY0
(Y1:r), is de�ned by

pθχ⊗δY0
(Y1:r) :=

∫
χ(dx0)

(
r−1∏
k=0

Qθ(xk; dxk+1)gθ ((Yk, xk+1);Yk+1)

)
.

By setting Z := Yr+1, Z := Y⊗r+1, Z0 := Y0:r, and for all θ ∈ Θ, x0 ∈ X and
A ∈ X ,

Lθ〈Z0〉(x0;A) :=

∫ (r−1∏
k=0

Qθ(xk; dxk+1)gθ ((Yk, xx+1);Yk+1)

)
1A(xr),

we then see that χLθ〈Z0〉1X is indeed the likelihood of the observations Y0:r

associated to χ. Moreover, for any integer n > 0, if setting Zi := Yir:(i+1)r,
i ∈ {0, . . . , n− 1}, the conditional likelihood kernel de�ned in (3.1) writes

Lθ〈Z0:n−1〉(x0;A) =

∫ (nr−1∏
k=0

Qθ(xk; dxk+1)gθ ((Yk, xk+1);Yk+1)

)
1A(xnr).

This yields that χLθ〈Z0:n−1〉1X = pθχ⊗δY0
(Y1:nr), which, as in Example 3.2.4,

may be referred to as the block likelihood function with block size equal to
r. In this case, the maximum L-likelihood estimator θ̂Lχ,n coincides with the

block MLE θ̂χ,nr ∈ argmaxθ∈Θ p
θ
χ⊗δY0

(Y1:nr). By these examples, the maxi-

mum L-likelihood estimator θ̂Lχ,n, in certain circumstances, can be referred
to as the block MLE.

The purpose of this present section is to investigate the asymptotic
properties of the maximum L-likelihood estimator θ̂Lχ,n of the L-likelihood
χLθ〈Z0:n−1〉1X. More precisely, we intend to establish that under some
certain conditions there exists a non-empty subset ΘL

? ⊆ Θ such that
∆(θ̂Lχ,n,Θ

L
? ), the distance between θ̂Lχ,n and ΘL

? , converges PZ-a.s. to zero
as n→∞. As illustrated by the above examples, the maximum L-likelihood
estimator is closely related to the classical MLE and thus studying the asymp-
totic properties of the maximum L-likelihood estimator can be bene�cial for
the case of the MLE. Our proof that will proceed follows similar lines of
Douc and Moulines [2012] as to obtain the same result when the family
{Lθ〈z〉 : (θ, z) ∈ Θ × Z} corresponds to the class of HMMs (however, we
should keep in mind that this family is far more general than that). As for
the case of classical likelihood, the proof commonly involves two main steps.
The �rst step consists in establishing the limit of the L-likelihood, that is to
show that there exists a functional L(θ) in θ ∈ Θ such that for all θ ∈ Θ,

lim
n→∞

n−1 lnχLθ〈Z0:n−1〉1X = L(θ), PZ-a.s. (3.7)
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The second step consists in proving that, when the �rst step is accomplished,
as n → ∞, the maximizer of θ 7→ χLθ〈Z0:n−1〉1X converges PZ-a.s. to the
maximizing set ΘL

? = argmaxθ∈Θ L(θ). Let us now brie�y describe how these
two essential steps are established herein. In formulating the �rst step, we
�rst note that from (3.3) of De�nition 3.2.2, we can write

n−1 lnχLθ〈Z0:n−1〉1X = n−1

n−1∑
k=0

lnχLθ〈Zk|Z0:k−1〉1X.

Next, we need to show that there exists a PZ-integrable function πθZ : ZZ− →
R such that

∣∣χLθ〈Zk|Z0:k−1〉1X − πθZ(Z−∞:k−1)
∣∣ converges PZ-a.s. to zero as

k → ∞. This result can be obtained by establishing the exponential for-
getting of the initial distribution of the conditional L-likelihood, and to this
end, we employ the coupling technique originally introduced in Kleptsyna
and Veretennikov [2008] and enriched by Douc et al. [2009]. Then since the
process {Zk : k ∈ Z} is stationary and ergodic, the Birkho� ergodic theo-
rem applies, and (3.7) follows with L(θ) = EZ

[
ln πθZ(Z−∞:0)

]
, provided that

the latter quantity is �nite (the approach used in this stage was originated
by Baum and Petrie [1966] for �nite state-space HMMs, and later extended
by Douc et al. [2004] for general state-space HMMs, but under stringent
technical conditions). When the �rst step is achieved, we apply Pfanzagl
[1969] to obtain the second step, provided that we can show that θ 7→ L(θ)
is semi-continuous.

The following assumptions can be used to yield the convergence of the
maximum L-likelihood estimator θ̂Lχ,n of the L-likelihood χL

θ〈Z0:n−1〉1X. Be-
fore listing these assumptions, let us invoke the following useful de�nition.

De�nition 3.2.7 (L-Local Doeblin set). Let C ∈ X be a nonempty subset
of X. The set C is called a L-local Doeblin set with respect to the family
{Lθ〈z〉 : (θ, z) ∈ Θ × Z} if there exist positive functions ε−C : Z → R+,
ε+C : Z → R+, a family of probability measures {µθC〈z〉 : (θ, z) ∈ Θ × Z} on
(X,X ) and a family of positive functions {ϕθC〈z〉 : (θ, z) ∈ Θ×Z} from X to
R such that for any (θ, z) ∈ Θ × Z, µθC〈z〉(C) = 1, and for any nonnegative
and measurable function f : (X,X )→ (R,B(R)) and x ∈ C,

ε−C〈z〉ϕ
θ
C〈z〉(x)µθC〈z〉(1Cf) ≤ δxL

θ〈z〉(1Cf) ≤ ε+C〈z〉ϕ
θ
C〈z〉(x)µθC〈z〉(1Cf).

(3.8)

Remark 3.2.8. The L-Local Doeblin set in De�nition 3.2.7 is similar to
the so-called r-local Doeblin set de�ned in [Douc and Moulines, 2012, De�ni-
tion 1], except that the former set is de�ned with respect to the general family
of kernels {Lθ〈z〉 : (θ, z) ∈ Θ × Z}, whereas the latter set is de�ned with
respect to the speci�c family of transition kernels that specify the HMMs.
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(L-2) There exists a set K ∈ Z such that the following hold.

(i) PZ(Z0 ∈ K) > 2/3.

(ii) For all η > 0 there exists a L-local Doeblin set C ∈ X such that for
all θ ∈ Θ and z ∈ K,

sup
x∈Cc

δxL
θ〈z〉1X ≤ η sup

x∈X
δxL

θ〈z〉1X <∞ (3.9)

and

inf
z∈K

ε−C〈z〉
ε+C〈z〉

> 0, (3.10)

where the functions ε+C and ε−C are given in De�nition 3.2.7.

(L-3) There exists a set D ∈ X such that

EZ
[
ln− inf

θ∈Θ
inf
x∈D

Lθ〈Z0〉(x;D)

]
<∞. (3.11)

(L-4) We have

EZ
[
ln+ sup

θ∈Θ
sup
x∈X

Lθ〈Z0〉(x;X)

]
<∞. (3.12)

(L-5) There exists a positive integer p such that for all n ≥ p and x ∈ X, the
function θ 7→ Lθ〈Z0:n−1〉(x;X) is PZ-a.s. continuous on Θ.

De�nition 3.2.9. Let A ∈ X be a measurable subset of X. The collection
M+(A) denotes the set of all probability distributions on (X,X ) that do not
vanish on A, that is, if χ ∈ P(X,X ) such that χ(A) > 0, then χ ∈M+(A).

3.2.2 Forgetting of Initial Distribution for the Condi-

tional L-likelihood

For all integer n > 0, z0:n−1 ∈ Zn, χ, χ′ ∈ P(X,X ) and nonnegative
measurable functions f and h on (X,X ), de�ne

∆θ
χ,χ′〈z0:n−1〉(f, h)

:= (χLθ〈z0:n−1〉f)(χ′Lθ〈z0:n−1〉h)− (χLθ〈z0:n−1〉h)(χ′Lθ〈z0:n−1〉f). (3.13)

Let X̄ := X×X, X̄ := X ⊗X and denote L̄ kernel on (X̄, X̄ ) such that for all
(x, x′) ∈ X̄, A× A′ ∈ X̄ ,

L̄ ((x, x′);A× A′) = L(x;A)L(x′;A′),
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where L is a kernel on X × X . For χ and χ′ two probability measures on
(X,X ) and f, h real-valued measurable functions on (X,X ), de�ne for Ā ∈ X̄
and x̄ = (x, x′) ∈ X̄,

(χ⊗ χ′)(Ā) :=

∫
χ(dx)χ′(dx′)1Ā(x, x′) and (f ⊗ h)(x̄) := f(x)h(x′).

With above notation we can rewrite (3.13) as:

∆θ
χ,χ′〈z0:n−1〉(f, h)

=

∫
(χ⊗ χ′)(dx̄0)

(
n−1∏
i=0

L̄
θ〈zi〉(x̄i; dx̄i+1)

)
(f ⊗ h− h⊗ f) (x̄n).

For a ∈ R, let bac denote the integer part of a and for any real-valued
function f on X, let |f |∞ := sup{|f(x)| : x ∈ X}. Following Douc and
Moulines [2012], we have the following results.

Proposition 3.2.10. Assume that (L-1) and (L-2) hold. Let 0 ≤ γ− < γ+ ≤
1. Then for any η > 0, there exists ρ ∈ (0, 1) such that for all positive integer
n and z0:n−1 ∈ Zn satisfying

n−1

n−1∑
i=0

1K(zi) ≥ max
(
1− γ−, (1 + γ+)/2

)
, (3.14)

for any β ∈ (γ−, γ+), nonnegative bounded functions f and h, probability
measures χ and χ′ on (X,X ) and θ ∈ Θ,∣∣∆θ

χ,χ′〈z0:n−1〉(f, h)
∣∣

≤ ρbn(β−γ−)c[(χLθ〈z0:n−1〉f)(χ′Lθ〈z0:n−1〉h) + (χLθ〈z0:n−1〉h)(χ′Lθ〈z0:n−1〉f)]

+ 2ηbn(γ+−β)c/2

[
n−1∏
i=0

∣∣Lθ〈zi〉(·;X)
∣∣2
∞

]
|f |∞|h|∞. (3.15)

Proof. The proof is identical to [Douc and Moulines, 2012, Proposition 5]
and is thus omitted.

Proposition 3.2.11. Assume that (L-1)�(L-4) hold. Then there exist a con-
stant τ ∈ (0, 1) and a PZ-a.s. �nite integer-valued random variable T such
that for all χ, χ′ ∈M+(D) and bounded measurable function f ≥ 1 on (X,X ),
PZ-a.s.,

sup
θ∈Θ

sup
k≥T

sup
m≥0

τ−(m+k)
∣∣lnχLθ〈Zk|Z−m:k−1〉f − lnχ′Lθ〈Zk|Z−m:k−1〉f

∣∣ <∞,
(3.16)
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sup
θ∈Θ

sup
k≥T

sup
m≥0

τ−(m+k)
∣∣lnχLθ〈Zk|Z−m:k−1〉f − lnχLθ〈Zk|Z−m−1:k−1〉f

∣∣ <∞,
(3.17)

sup
θ∈Θ

sup
m≥0

τ−m
∣∣lnχLθ〈Z0|Z−m:−1〉f − lnχLθ〈Z0|Z−m−1:−1〉f

∣∣ <∞. (3.18)

Proof. See Section 3.4.1.

As a consequence of Proposition 3.2.11, we have the following result.

Corollary 3.2.12. Assume that (L-1)�(L-4) hold. Then for all θ ∈ Θ, there
exists a nonnegative measure kernel λθZ on ZZ−×X such that for any probabil-
ity measure χ ∈ M+(D) and nonnegative and bounded measurable function
f on (X,X ),

lim
m→∞

χLθ〈Z0|Z−m:−1〉f = λθZ〈Z−∞:0〉f, PZ-a.s. (3.19)

Proof. Now let θ ∈ Θ. Results (3.16) and (3.18) of Proposition 3.2.11 ensure
that for each bounded measurable function f ≥ 1 and for all χ ∈ M+(D),
there exists a nonnegative measurable function z−∞:0 7→ λθZ〈z−∞:0〉f on(
ZZ− ,Z⊗Z−

)
satisfying (3.19). This result propagates to any nonnegative

and bounded measurable function h on (X,X ), by setting f = h + 1 and
noting that (3.19) also holds when f = 1X. Observe that each limit λθZ does
not depend on the initial probability distribution χ ∈M+(D). Furthermore,
since {χLθ〈Z0|Z−m:−1〉 : m ∈ Z+} is a sequence of �nite measures on (X,X )
and (3.19) holds for all nonnegative and bounded measurable function f ,
then by Vitali-Hahn-Saks theorem (see Brooks [1969]), λθZ〈Z−∞:0〉 de�nes a
(nonnegative) measure on (X,X ).

In what follows, for notational convenience, the measure λθZ〈Z−∞:0〉 will
be denoted by Lθ〈Z0|Z−∞:−1〉, and for all integer n > 0, the successive prod-
uct

∏n−1
k=0 λ

θ
Z〈Z−∞:k〉1X will be denoted by Lθ〈Z0:n−1|Z−∞:−1〉1X.

3.2.3 Convergence of the Maximum L-likelihood Esti-

mator

We now state the convergence result of the maximum L-likelihood esti-
mator as follows.

Proposition 3.2.13. Assume that (L-1)�(L-4) hold. Then

(i) For all θ ∈ Θ,
EZ
[∣∣lnLθ〈Z0|Z−∞:−1〉1X

∣∣] <∞. (3.20)
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(ii) For all χ ∈M+(D), PZ-a.s.,

lim sup
n→∞

sup
θ∈Θ

n−1
∣∣lnχLθ〈Z0:n−1〉1X − lnLθ〈Z0:n−1|Z−∞:−1〉1X

∣∣ = 0.

(iii) Assume moreover that (L-5) holds. Then the function

θ 7→ EZ
[
lnLθ〈Z0|Z−∞:−1〉1X

]
is PZ-a.s. upper semi-continuous.

Proof. For convenience, the proof is postponed to Section 3.4.2.

Theorem 3.2.14. Assume that (L-1)�(L-5) hold. Assume in addition that
for all χ ∈M+(D), PZ-a.s.,

lim sup
n→∞

sup
θ∈Θ

n−1
∣∣∣lnχĽθ〈Z0:n−1〉1X − lnχLθ〈Z0:n−1〉1X

∣∣∣ = 0,

where for all n ∈ Z∗+, z0:n−1 ∈ Zn and θ ∈ Θ, Ľ
θ〈z0:n−1〉 is a nonnegative

kernel on X × X and such that θ 7→ χĽ
θ〈z0:n−1〉1X is continuous. Then for

all χ ∈M+(D),
lim
n→∞

∆
(
θ̌Lχ,n,Θ

L
?

)
= 0, PZ-a.s., (3.21)

where
θ̌Lχ,n ∈ argmax

θ∈Θ
n−1 lnχĽ

θ〈Z0:n−1〉1X (3.22)

and
ΘL
? := argmax

θ∈Θ
EZ
[
lnLθ〈Z0|Z−∞:−1〉1X

]
. (3.23)

Proof. First note that from the compactness of Θ and the semi-continuity on
Θ of the objective functions in (3.22) and (3.23), the corresponding argmax's
are well de�ned. The rest of the proof directly follows from triangular in-
equality, from Proposition 3.2.13 and from Pfanzagl [1969].

Result below is a direct implication of Theorem 3.2.14.

Corollary 3.2.15. Assume that (L-1)�(L-5) hold. Then for all χ ∈M+(D),
PZ-a.s.,

lim
n→∞

∆(θ̂Lχ,n,Θ
L
? ) = 0, PZ-a.s.,

where θ̂Lχ,n is the maximum L-likelihood estimator de�ned in (3.4).
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3.3 Consistency of the MLE for Fully Domi-

nated Markov Models

In this section, we treat the consistency property of the MLE for a large
subclass of PMMs discussed in Chapter 2, namely the class of fully-dominated
PMMs, under the framework of the well-speci�ed models. This class contains
many models of interest, for instance HMMs, Markov switching models and
many Markov chain in random environment models, whose distributional
laws are dominated by some �xed σ-�nite measures. The main result of
this present section is obtained as a combination of convergence result of
the maximum L-likelihood estimator derived in Section 3.2 above and the
identi�ability result obtained in Chapter 2.

For self-contained representation, we should recall some notation and set-
tings already introduced in Chapter 2. Now, let (X,X ) and (Y,Y) be two
Borel spaces, that is, measurable spaces that are isomorphic to a Borel sub-
set of [0, 1]. Let Θ be a set of parameter, and as in Section 3.2, this set is
assumed to be a compact metric space equipped with a metric ∆. Consider
a statistical model determined by a class of Markov kernels {Kθ : θ ∈ Θ} on
(X×Y)×(X⊗Y). We denote by Pθξ the probability (and by Eθξ the correspond-
ing expectation) induced on (X×Y)Z+ by a Markov chain {(Xk, Yk) : k ∈ Z+}
with transition kernelKθ and initial distribution ξ on X×Y. In the case where
ξ is a Dirac mass at (x, y) we will simply write Pθ(x,y). For partially-observed
Markov chains, that is when only a sample Y1:n = (Y1, . . . , Yn) ∈ Yn of the
second component is realized, the transition kernel Kθ can be conveniently
written as

Kθ((x, y); dx′dy′) = Qθ((x, y); dx′)Gθ((x, y, x′); dy′), (3.24)

where Qθ and Gθ are probability kernels on (X×Y)×X and (X×Y×X)×Y ,
respectively. In this section, we investigate a particular case where both Qθ

and Gθ are absolutely continuous with respect to some �xed nonnegative
σ-�nite measures, namely the case where the model is fully-dominated.

De�nition 3.3.1. We say that the Markov model {Kθ : θ ∈ Θ} of the
form (3.24) is a fully-dominated and partially observed Markov model if
there exist some nonnegative σ-�nite measures µ on X and ν on Y such that
for all (x, y), (x′, y′) ∈ X× Y,

Qθ ((x, y); dx′) = qθ ((x, y);x′)µ(dx′) (3.25)

and
Gθ ((x, y, x′); dy′) = gθ ((x, y, x′); y′) ν(dy′), (3.26)
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respectively, where the conditional density functions qθ and gθ in addition
satisfy

qθ((x, y);x′) > 0, (3.27)

gθ ((x, y, x′); y′) > 0, (3.28)

for all (x, y), (x′, y′) ∈ X× Y.

It follows from (3.25) and (3.26) that for all (x, y) ∈ X × Y, A ∈ X and
B ∈ Y ,

Kθ ((x, y);A×B) =

∫
B

κθ〈y, y′〉(x;A)ν(dy′),

where, for all y, y′ ∈ Y, κθ〈y, y′〉 is a kernel de�ned on (X,X ) by

κθ〈y, y′〉(x; dx′) := qθ ((x, y);x′) gθ ((x, y, x′); y′)µ(dx′). (3.29)

Note that in the partially dominated setting we do not require (3.25)
and (3.27). The fully dominated PMM can be grahically represented as in
Figure 3.4.

Xk Xk+1

Yk+1Yk

Xk+2

Yk+2

qθ

gθ gθ

qθ

gθ

Figure 3.4 � Graphical representation of the fully dominated and partially
observed bivariate Markov chain.

In what follows, we will restrict our consideration on the case where X is
a complete and separable metric space equipped with a metric dX and X is
the associated Borel σ-�eld.

Remark 3.3.2. In this setting, for all θ ∈ Θ and positive integer s ≥ 1, the
kernel (Kθ)s is ϕ-irreducible with ϕ = µ⊗ ν.

In well-speci�ed models, it is assumed that the observations Y1:n are gen-
erated from a process {(Xk, Yk) : k ∈ Z+}, which follows the distribution Pθ?ξ?
associated to an unknown parameter θ? ∈ Θ and an unknown initial distri-
bution ξ? (usually, ξ? is such that, under Pθ?ξ? , {Yk : k ∈ Z+} is a stationary
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sequence). To form a consistent estimate of θ? on the basis of the observa-
tions Y1:n only, i.e., without access to the hidden process {Xk : k ∈ Z+}, we
de�ne the maximum likelihood estimator (MLE) θ̂ξ,n by

θ̂ξ,n ∈ argmax
θ∈Θ

n−1 ln pθξ(Y1:n), (3.30)

where pθξ(y1:n) is the (conditional) likelihood function of the observations y1:n

under parameter θ ∈ Θ with some arbitrary initial distribution ξ on X × Y,
that is,

pθξ(y1:n) :=

∫ n−1∏
i=0

Qθ((xi, yi); dxi+1)gθ((xi, yi, xi+1); yi+1)ξ(dx0dy0)

=

∫
κθ〈y0, y1〉κθ〈y1, y2〉 · · ·κθ〈yn−1, yn〉(x0;X)ξ(dx0dy0).

(3.31)

This corresponds to the conditional density of Y1:n given (X0, Y0) with the
latter integrated according to initial probability distribution ξ. In practice ξ
is often taken to be a Dirac mass at (x, y) with x arbitrarily chosen and y
equal to the observation Y0 when it is available. Yet for sake of generality, in
our study, the initial probability ξ will be the one of the form χ⊗ δY0 , where
χ is some probability distribution on (X,X ) and δY0 is the Dirac mass at the
observation Y0. We then refer to pθχ⊗δY0

(Y1:n) as the conditional likelihood of
the observations Y0:n associated to the probability measure χ.

Condition (3.28) guarantees that for all θ ∈ Θ, n ∈ Z∗+, y0:n ∈ Yn+1 and
χ ∈ P(X,X ), pθχ⊗δy0 (y1:n) given in (3.31) is positive. Now, de�ne

pθχ⊗δy0 (ym:n|y1:m−1) :=
pθχ⊗δy0 (y1:n)

pθχ⊗δy0
(y1:m−1)

, 1 < m ≤ n. (3.32)

The term in left-hand side of (3.32) can be interpreted as the conditional
density of the the observations ym:n given Y0:m−1 = y0:m−1 andX0 ∼ χ. For all
integer s ≥ 1, y0:s ∈ Ys+1 and θ ∈ Θ, we de�ne the (possibly unnormalized)
kernel `θ〈y0:s〉 on X×X by, for all (x0, A) ∈ X×X ,

`θ〈y0:s〉(x0;A) :=

∫
Xs
1A(xs)

s−1∏
i=0

Qθ ((xi, yi); dxi+1) gθ ((xi, yi, xi+1); yi+1) .

(3.33)
Note that for all θ ∈ Θ, the kernel `θ is nonnegative and from (3.31), for all
integer s ≥ 1, y0:s ∈ Ys+1 and χ ∈ P(X,X ), we have

χ`θ〈y0:s〉1X = pθχ⊗δy0 (y1:s) > 0. (3.34)
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Analogously to (3.32), we moreover de�ne, for all θ ∈ Θ, n ∈ Z∗+, y0:n ∈
Yn+1, χ ∈ P(X,X ) and real-valued measurable function f on (X,X ),

χ`θ〈ym:n|y0:m−1〉f :=
χ`θ〈y0:n〉f

χ`θ〈y0:m−1〉1X
, 1 < m ≤ n. (3.35)

To complete our setting, the following assumption is needed and is sup-
posed to hold throughout.

(F-1) For all θ ∈ Θ, the transition kernelKθ admits a unique invariant probability
distribution πθ.

Remark 3.3.3. Assumption (F-1) can be equivalently stated as: for all
positive integer r and θ ∈ Θ, the transition kernel (Kθ)r admits a unique
invariant probability distribution. Moreover, the invariant probability distri-
butions for Kθ and (Kθ)r are the same. To see this, �rst suppose that (F-1)
holds. It then implies that for any positive integer r, πθ is an invariant distri-
bution for (Kθ)r. By Remark 3.3.2, the skeleton (Kθ)r is also ϕ-irreducible
and by [Meyn and Tweedie, 2009, Theorem 10.0.1 and Proposition 10.1.1],
the skeleton (Kθ)r admits a unique invariant πθ. To see the converse, note
that for each r, if π̃θ is the invariant probability distribution for (Kθ)r, then
πθ = r−1

∑r−1
s=0 π̃

θ(Kθ)s de�nes an invariant for Kθ. The uniqueness of πθ for
Kθ follows from the uniqueness of π̃θ for (Kθ)r.

Finally, let us recall (from Chapter 2) the following notation and de�nition
regarding stationary distributions.

De�nition 3.3.4. Under Assumption (F-1), we denote by πθ1 and πθ2 the
marginal distributions of πθ on X and Y, respectively, and by Pθ and P̃θ the
probability distributions de�ned respectively as follows.

a) Pθ denotes the extension of Pθ
πθ

on the whole line (X× Y)Z.

b) P̃θ is the corresponding projection on the component YZ.

We also use the symbols Eθ and Ẽθ to denote the expectations corresponding
to Pθ and P̃θ, respectively. Moreover, for all θ, θ′ ∈ Θ, we write θ ∼ θ′ if and
only if P̃θ = P̃θ′ . This de�nes an equivalence relation on the parameter set
Θ and the corresponding equivalence class of θ is denoted by [θ] := {θ′ ∈ Θ :
θ ∼ θ′}.

The equivalence relationship ∼ was introduced by Leroux [1992] as an
alternative to the classical identi�ability condition.

Assumption (F-1) directly implies that the process {Yk : k ∈ Z} is sta-
tionary and ergodic; however, whether it also implies that {Yk:k+r : k ∈ Z},
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r ∈ Z∗+, is a stationary and ergodic process is not obvious though this may be
the case. Indeed, this result can be induced from the following construction.

Let for all integer k, Wk := (Xk, Yk) and let W := X × Y and W :=
X⊗Y . Now consider a stochastic process {W̄k : k ∈ Z+} on

(
Wr+1,W⊗(r+1)

)
with W̄k = Wkr:(k+1)r. Obviously, {W̄k : k ∈ Z+} is a Markov chain on(
Wr+1,W⊗(r+1)

)
with transition kernel denoted by K̄θ. The Markov kernel

K̄θ can be explicitly expressed as, for all w̄ = w0:r ∈ Wr+1 and A0, · · · , Ar ∈
W ,

K̄θ (w̄;A0 × · · · × Ar) =

∫
A0×···×Ar

δwr (dw′0)Kθ(w′0; dw′1) · · ·Kθ(w′r−1; dw′r)

=

∫
A1×···×Ar

1A0(wr)T
θ(wr; dw′1:r)

= 1A0(wr)T
θ(wr;A1 × · · · × Ar), (3.36)

where T θ is a kernel on W×W⊗r de�ned by, for all w0 ∈ W and A1, . . . , Ar ∈
W ,

T θ(w0;A1 × · · · × Ar) =

∫
A1×···×Ar

Kθ(w0; dw1) · · ·Kθ(wr−1; dwr). (3.37)

Lemma 3.3.5 stated below can be instrumental for obtaining stationary and
ergodic solutions for the sequence {Yk:k+r : k ∈ Z}. Remarkably, this result
does not rely on the ϕ-irreducibility assumption.

Lemma 3.3.5. The kernel K̄θ admits a (unique) invariant distribution on(
Wr+1,W⊗(r+1)

)
if and only if the kernel (Kθ)r admits a (unique) invariant

distribution on (W,W).

Proof. The proof is postponed to Section 3.4.3 for convenience.

Let us now state the additional assumptions yielding the consistency of
the MLE de�ned by (3.30).

(F-2) Assumption (F-1) holds. Moreover, for all θ? ∈ Θ, there exist a nonnega-
tive integer r ≥ 1 and a set K ∈ Y⊗(r+1) such that, denoting Z := Yr+1,
and for k ∈ Z,

zi := ykr:(k+1)r ∈ Z , Zk := Ykr:(k+1)r ∈ Z,

each of the following holds.

(i) P̃θ?(Z0 ∈ K) > 2/3.
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(ii) For all η > 0 there exists a L-local Doeblin set C ∈ X with respect
to the family {`θ〈z〉}(θ,z)∈Θ×Z (de�ned in De�nition 3.2.7 with `θ

de�ned by (3.33)) such that for all θ ∈ Θ and z ∈ K,

sup
x∈Cc

`θ〈z〉(x;X) ≤ η sup
x∈X

`θ〈z〉(x;X) <∞ (3.38)

and

inf
z∈K

ε−C〈z〉
ε+C〈z〉

> 0, (3.39)

where the functions ε+C and ε−C are given in De�nition 3.2.7.

(iii) There exists a set D ∈ X such that

Ẽθ?
[
ln− inf

θ∈Θ
inf
x∈D

`θ〈Z0〉(x;D)

]
<∞. (3.40)

(F-3) We have,

Ẽθ?
[

ln+ sup
θ∈Θ

sup
(x,x′)∈X2

gθ((x, Y0, x
′);Y1)

]
<∞. (3.41)

(F-4) For all θ? ∈ Θ, there exists a positive integer p such that for all n ≥ p and
x ∈ X, the function θ 7→ `θ〈Y0:n〉(x;X) is P̃θ?-a.s. continuous on Θ.

Remark 3.3.6. Note that these assumptions can be used to derive the con-
vergence of the MLE under the misspeci�ed settings, except that in (F-2),
rather than assuming that Assumption (F-1) holds, we should instead assume,
with the same r, that the observed process {Yk:k+r : k ∈ Z} is stationary
and ergodic. This in turn extends the result of Douc and Moulines [2012]
beyond the HMMs.

Remark 3.3.7. To obtain (F-2)(iii), one may need to check that

(i) Ẽθ?
[
ln− infθ∈Θ infx∈DQ

θ((x, Y0);D)
]
<∞ and

(ii) Ẽθ?
[
ln− infθ∈Θ inf(x,x′)∈D2 gθ((x, Y0, x

′);Y1)
]
<∞.

Remark 3.3.8. Assumption (F-4) is usually obtained as a consequence of
the continuity of θ 7→ qθ and θ 7→ gθ via classical techniques to deal with
integrals involving some parameters.

For the integer r and the set D ∈ X de�ned in (F-2), letMθ?(D, r) be the
subset of P(X,X ), the set of all probability measures on (X,X ), satisfying

Mθ?(D, r) =

{
χ ∈ P(X,X ) :

Ẽθ?
[
ln− inf

θ∈Θ
χ`θ〈Y0:s〉1D

]
<∞, for all s ∈ {1, . . . , r}

}
. (3.42)
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Now we have all the necessary tools for deriving the results pertaining to
the consistency of the MLE for fully dominated PMMs. These results are
stated as follows.

Proposition 3.3.9. Assume (F-1)�(F-3). Then

(i) For all θ ∈ Θ and χ ∈ Mθ?(D, r), there exists a kernel `θ,θ?〈·|·〉 on
YZ−×X such that for all nonnegative and bounded measurable function
f on (X,X ),

P̃θ?
[

lim
m→∞

χ`θ〈Y1|Y−m:0〉f = `θ,θ?〈Y1|Y−∞:0〉f
]

= 1. (3.43)

Moreover,
Ẽθ?
[∣∣ln `θ,θ?〈Y1|Y−∞:0〉f

∣∣] <∞.
(ii) For all θ ∈ Θ, χ ∈Mθ?(D, r) and nonnegative and bounded measurable

function f on (X,X ),

lim
n→∞

n−1 lnχ`θ〈Y0:n〉f = Ẽθ?
[
ln `θ,θ?〈Y1|Y−∞:0〉f

]
, P̃θ?-a.s.

Proof. For convenience, the proof is postponed to Section 3.4.4.

As a consequence of Proposition 3.3.9, we have the following result.

Proposition 3.3.10. Assume (F-1)�(F-3). Then

(i) For all θ ∈ Θ and χ ∈Mθ?(D, r),

P̃θ?
(

lim
m→∞

pθχ⊗δY−m
(Y1|Y−m+1:0) = `θ,θ?〈Y1|Y−∞:0〉1X

)
= 1.

Moreover,
Ẽθ?
[∣∣ln `θ,θ?〈Y1|Y−∞:0〉1X

∣∣] <∞.
(ii) For all θ ∈ Θ and χ ∈Mθ?(D, r), P̃θ?-a.s.

lim
n→∞

n−1 ln pθχ⊗δY0
(Y1:n) = Ẽθ?

[
ln `θ,θ?〈Y1|Y−∞:0〉1X

]
.

Proof. The proof immediately follows by letting f = 1X in Proposition 3.3.9.

Before stating the equivalence-class consistency of the MLE, let us recall
the kernel Φθ

x,n de�ned in De�nition 2.2.11 which in our case can be de�ned
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as follows. For all θ ∈ Θ, positive integer n and x ∈ X, de�ne the kernel Φθ
x,n

on Yn+1 ×X by, setting x0 = x,

Φθ
x,n(y0:n;A) :=

∫
Xn−1×A

n−1∏
k=0

Qθ ((xk, yk); dxk+1) gθ ((xk, yk, xk+1); yk+1)

∫
Xn

n−1∏
k=0

Qθ ((xk, yk) ; dxk+1)gθ ((xk, yk, xk+1); yk+1)

.

In HMM case, the distribution Φθ
x,n(Y0:n; ·) is usually referred to as the �lter

distribution. The following intermediate result is useful.

Lemma 3.3.11. Assume (F-1)�(F-3). Then,

(i) For any θ, θ? ∈ Θ, there exists a probability kernel Φθ,θ? on YZ− × X
such that for any x ∈ X such that δx ∈Mθ?(D, r),

P̃θ?
(
for all bounded f, lim

m→∞
Φθ
x,m(Y−m:0; f) = Φθ,θ?(Y−∞:0; f)

)
= 1.

(ii) For any θ, θ? ∈ Θ we have, P̃θ?-a.s.,

`θ,θ?〈Y1|Y−∞:0〉1X =

∫
Φθ,θ?(Y−∞:0; dx0)κθ〈Y0, Y1〉(x0;X). (3.44)

Proof. Note that for all θ ∈ Θ, y0:n ∈ Yn+1, n ∈ Z∗+, x ∈ X and (nonnegative)
bounded measurable function f , we have

Φθ
x,n(y0:n; f) =

δx`
θ〈y0:n〉f

δx`θ〈y0:n〉1X
,

and so that

Φθ
x,n(Y−n:0; f) =

δx`
θ〈Y−n:0〉f

δx`θ〈Y−n:0〉1X

=

(
δx`

θ〈Y−n:0〉f
)
/
(
δx`

θ〈Y−n:−1〉1X

)
(δx`θ〈Y−n:0〉1X) / (δx`θ〈Y−n:−1〉1X)

=
δx`

θ〈Y0|Y−n:−1〉f
δx`θ〈Y0|Y−n:−1〉1X

.

Moreover, if x ∈ X such that δx ∈ Mθ?(D, r), Proposition 3.3.9 implies that
P̃θ?-a.s.,

lim
n→∞

Φθ
x,n(Y−n:0; f) =

`θ,θ?〈Y0|Y−∞:−1〉f
`θ,θ?〈Y0|Y−∞:−1〉1X

:= Φθ,θ?(Y−∞:0; f).
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Indeed, Φθ,θ? is a probability kernel on YZ−×X . This proves Lemma 3.3.11�
(i). To prove Lemma 3.3.11�(ii), observe that P̃θ?-a.s.,

`θ,θ?〈Y1|Y−∞:0〉1X = lim
n→∞

δx`
θ〈Y1|Y−n:0〉1X

= lim
n→∞

δx`
θ〈Y−n:1〉1X

δx`θ〈Y−n:0〉1X

= lim
n→∞

∫
δx`

θ〈Y−n:0〉(dx0)κθ〈Y0, Y1〉(x0;X)

δx`θ〈Y−n:0〉1X

= lim
n→∞

∫
Φθ
x,n(Y−n:0; dx0)κθ〈Y0, Y1〉(x0;X)

= lim
n→∞

Φθ
x,n(Y−n:0;κθ〈Y0, Y1〉(·;X))

= Φθ,θ?(Y−∞:0;κθ〈Y0, Y1〉(·;X))

=

∫
Φθ,θ?(Y−∞:0; dx0)κθ〈Y0, Y1〉(x0;X),

where we have used, from (F-3),∣∣κθ〈Y0, Y1〉(·;X)
∣∣
∞ ≤ sup

θ∈Θ
sup

(x,x′)∈X2

gθ((x, Y0, x
′);Y1) <∞, P̃θ?-a.s.

Remark 3.3.12. From (3.44) and since
∫
κθ〈y0, y1〉(x0;X)ν(dy1) = 1 for

all (x0, y0) ∈ X × Y, it follows that, given y−∞:0 ∈ YZ− , for all θ, θ?, y1 7→
`θ,θ?〈y1|y−∞:0〉1X de�nes a probability density with respect to the measure ν
on (Y,Y).

Recall that since Y is a Borel space, [Kallenberg, 2002, Theorem 6.3]
applies and the conditional distribution of Y1:n given Y−∞:0 de�nes a prob-
ability kernel. Since P̃θ(Y1:n ∈ ·) is dominated by ν⊗n, this in turns de�nes
a conditional density with respect to ν⊗n, denoted by pθn(·|·), so that for all
B ∈ Y⊗n,

P̃θ (Y1:n ∈ B |Y−∞:0) =

∫
B

pθn(y1:n|Y−∞:0)ν(dy1) · · · ν(dyn), P̃θ-a.s. (3.45)

Our main result on consistency of the MLE for the class of fully dominated
PMMs is now stated.

Theorem 3.3.13. Assume (F-1)�(F-4). Then for all χ ∈Mθ?(D, r), denot-
ing ξ = χ⊗ δY0, we have

lim
n→∞

∆
(
θ̂ξ,n, [θ?]

)
= 0, P̃θ?-a.s., (3.46)
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where θ̂ξ,n is de�ned by (3.30) and [θ?] is the equivalence class of θ? as de�ned
in De�nition 3.3.4.

Proof. Denote for all θ, θ? ∈ Θ,

`(θ, θ?) := Ẽθ?
[
ln `θ,θ?〈Y1|Y−∞:0〉1X

]
(3.47)

and
Θ? := argmax

θ∈Θ
`(θ, θ?).

Next, we will show that

lim
n→∞

∆
(
θ̂ξ,n,Θ?

)
= 0, P̃θ?-a.s. (3.48)

Observe that we have

Θ? = argmax
θ∈Θ

rẼθ?
[
ln `θ,θ?〈Y1|Y−∞:0〉1X

]
= argmax

θ∈Θ
Ẽθ?
[
lnLθ,θ?〈Z0|Z−∞:−1〉1X

]
.

The convergence (3.48) immediately follows from (3.74) with h = 1X and
Theorem 3.2.14.

It thus remains to show that Θ? = [θ?]. To this end, we apply The-
orem 2.2.7 in Chapter 2, which corresponds to [Douc et al., 2014, Theo-
rem 3]. To comply with the statement of Theorem 2.2.7, let us de�ne pθ,θ?

by: for all y−∞:0 ∈ YZ− , pθ,θ? (y1|y−∞:0) := `θ,θ?〈y1|y−∞:0〉1X if θ 6= θ? and
pθ,θ? (y1|y−∞:0) := pθ1(y1|y−∞:0), where pθ1(·|·) is the conditional density de-
�ned in (3.45), otherwise. If Assumption (K-2) can be shown to hold, it will
follow from Theorem 2.2.7 that

[θ?] = argmax
θ∈Θ

Ẽθ?
[
ln pθ,θ? (Y1|Y−∞:0)

]
.

Thus the proof will immediately follow if we can moreover show that

`(θ?, θ?) = Ẽθ?
[
ln pθ?1 (Y1|Y−∞:0)

]
. (3.49)

Now, let F be a countable separating class of nonnegative bounded
functions containing 1X, see [Parthasarathy, 2005, Theorem 6.6, Chap-
ter 6] for the existence of such a class. By Lemma 2.2.12, to check As-
sumption (K-2) it is su�cient to show that Assumption (K-3) is satis-
�ed. Assumption (F-3) and (3.29) imply that for all bounded function f ,
F θf =

{
x 7→ κθ〈y, y′〉(x; f) : (y, y′) ∈ Y2

}
is a class of bounded functions,
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and this in turn implies (K-3) by applying Lemma 3.3.11-(i) to some x such
that δx ∈ Mθ?(D, r) (the existence of such a set D is guaranteed by (F-2)-
(iii)). Thus Assumption (K-2) holds. To complete the proof, it only remains
to show that (3.49) is satis�ed. According to [Barron, 1985, Theorem 1], we
have

Ẽθ?
[
ln pθ?1 (Y1|Y−∞:0)

]
= lim

n→∞
n−1 ln πθ?1,Y1

`θ?〈Y1:n〉1X, P̃θ?-a.s., (3.50)

where for all y1 ∈ Y and A ∈ X ,

πθ?1,y1
(A) :=

∫
πθ?(dx0dy0)`θ?〈y0:1〉(x0;A).

On the other hand, by applying Lemma 3.3.11-(ii) and by (3.47), it yields
that

`(θ?, θ?) = lim
n→∞

n−1 lnχθ?Y0:1
`θ?〈Y1:n〉1X, P̃θ?-a.s., (3.51)

where for all y0, y1 ∈ Y and A ∈ X ,

χθ?y0:1
(A) :=

∫
χ(dx0)`θ?〈y0:1〉(x0;A).

Note that from (3.27), the measures πθ?1,y1
and χθ?y0:1

admit densities with
respect to the same measure µ given by

dπθ?1,y1

dµ
(x1) =

∫
πθ?(dx0dy0)qθ? ((x0, y0);x1) gθ? ((x0, y0, x1); y1) (3.52)

and

dχθ?y0:1

dµ
(x1) =

∫
χ(dx0)qθ? ((x0, y0);x1) gθ? ((x0, y0, x1); y1) , (3.53)

respectively. Note also that, since qθ and gθ are positive, these densities are
positive. Moreover, for all y0:n ∈ Yn+1, we have

χ`θ?〈y0:n〉1X =

∫
dχθ?y0:1

dµ
(x1)×

(
δx1`

θ?〈y1:n〉1X

)
µ(dx1).

The joint density of (X1, Y1:n) under Pθ? with respect to µ⊗ ν⊗n is given by

pθ?1,n(x1, y1:n) :=
dπθ?1,y1

dµ
(x1)×

(
δx1`

θ?〈y1:n〉1X

)
.
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Combining the four previous displays yields, for all y0:n ∈ Yn+1,

χ`θ?〈y0:n〉1X

=

∫ ∫
χ(dx0)qθ? ((x0, y0);x1) gθ? ((x0, y0, x1); y1)∫
πθ?(dx′dy′)qθ? ((x′, y′);x1) gθ? ((x′, y′, x1); y1)

pθ?1,n(x1, y1:n) µ(dx1).

Dividing this by the density of Y1:n with respect to ν⊗n under Pθ? , we get

χ`θ?〈Y0:n〉1X

πθ?1,Y1
`θ?〈Y1:n〉1X

= Eθ? [R(X1, Y0:1) |Y0:n] ,

where R(x1, y0:1) is the ratio between the densities (3.53) and (3.52). Since
the denominator (3.52) is the joint probability density of X1 and Y1 with
respect to µ⊗ ν under Pθ? , we have

Eθ? [R(X1, Y0:1)] = Eθ?
[
Eθ? [R(X1, Y0:1)|Y0]

]
= 1,

where we have used that given Y0, the numerator (3.53) integrates to one
with respect µ⊗ ν. By Lévy's zero-one law, it thus implies that

lim
n→∞

χ`θ?〈Y0:n〉1X

πθ?1,Y1
`θ?〈Y1:n〉1X

= Eθ? [R(X1, Y0:1) |Y0:∞] , P̃θ?-a.s.,

and since by (3.27), R(x1, y0:1) only takes positive values, this limit is positive.
This implies that

lim
n→∞

n−1 ln
χ`θ?〈Y0:n〉1X

πθ?1,Y1
`θ?〈Y1:n〉1X

= 0, P̃θ?-a.s.

Combining with (3.50) and (3.51), we �nally get (3.49), and the proof there-
fore follows.

All of the results above require that the initial probability χ on (X,X )
should belong to the classMθ?(D, r). To ensure this the following conditions
are su�cient.

Proposition 3.3.14. Assume that there exist a sequence of sets Ds ∈ X ,
s ∈ {1, . . . , r}, and some positive measurable function δ on Y such that

Ẽθ? [ln− δ(Y )] <∞

and that for all s ∈ {1, . . . , r}, with Dr = D,

inf
θ∈Θ

inf
x∈Ds−1

Qθ((x, Y );Ds) ≥ δ(Y ), P̃θ?-a.s. (3.54)
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and

Ẽθ?
[
ln− inf

θ∈Θ
inf

(x,x′)∈Ds−1×Ds
gθ((xs−1, Y0, x

′);Y1)

]
<∞. (3.55)

Then, for all probability χ on (X,X ) with χ(D0) > 0 belongs toMθ?(D, r).

Proof. Let χ be such that χ(D0) > 0. We have for all s ∈ {1, . . . , r} and
θ ∈ Θ,

χ`θ〈Y0:s〉1D

=

∫
χ(dx0)

(
s∏
i=1

Qθ ((xi−1, Yi−1); dxi) g
θ ((xi−1, Yi−1, xi);Yi)

)
1Ds(xs)

≥ χ(D0)
s∏
i=1

inf
θ∈Θ

inf
x∈Di−1

Qθ ((x, Yi−1);Di) inf
θ∈Θ

inf
(x,x′)∈Di−1×Di

gθ ((x, Yi−1, x
′);Yi)

≥

(
s∏
i=1

inf
θ∈Θ

inf
(x,x′)∈Di−1×Di

gθ ((x, Yi−1, x
′);Yi)

)
χ(D0)

s∏
i=1

δ(Yi−1).

The proof then follows by (3.54) and (3.55) above.

When Qθ is a Markov kernel on X×X , the following lemma, quoted from
Douc and Moulines [2012], is useful.

Lemma 3.3.15. Assume that X = Rd for some integer d ≥ 1, X is the asso-
ciated Borel σ-�eld and Qθ is a Markov kernel on X×X . Suppose moreover
that for any open subset U ∈ X , the function (θ, x) 7→ Qθ(x; U) is lower
semi-continuous on the product set X × Θ. Then, for any δ and compact
subset D0 ∈ X , there exists a sequence of compact subsets Ds, s ∈ {1, . . . , r},
satisfying (3.54).

3.4 Postponed Proofs

3.4.1 Proof of Proposition 3.2.11

Before proving Proposition 3.2.11, let us �rst show the following lemma.

Lemma 3.4.1. Assume that (L-1) and (L-2) hold and let 0 ≤ γ− < γ+ ≤ 1.
Then for all η > 0, there exists ρ = ρ(η) ∈ (0, 1) such that for all positive
integer n, z0:n−1 ∈ Zn satisfying

n−1

n−1∑
i=0

1K(zi) ≥ max(1− γ−, (1 + γ+)/2), (3.56)
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for any β ∈ (γ−, γ+), nonnegative bounded functions f , probability measures
χ and χ′ on (X,X ), A ∈ X and θ ∈ Θ,∣∣∣∣ χLθ〈z0:n−1〉f

χLθ〈z0:n−1〉1X

− χ′Lθ〈z0:n−1〉f
χ′Lθ〈z0:n−1〉1X

∣∣∣∣
≤ 2

(
ρbn(β−γ−)c +

ηbn(γ+−β)c/2

χ(A)χ′(A)

[
n−1∏
i=0

(Fzi(A))2

])
|f |∞,

where, with the convention 1/0 =∞, for all z ∈ Z,

Fz(A) :=
supθ∈Θ

∣∣Lθ〈z〉(·;X)
∣∣
∞

infθ∈Θ infx∈A L
θ〈z〉(x;A)

. (3.57)

Proof. By Proposition 3.2.10, for all nonnegative bounded functions f ,
χ, χ′ ∈ P(X,X ) and θ ∈ Θ,∣∣∣∣ χLθ〈z0:n−1〉f

χLθ〈z0:n−1〉1X

− χ′Lθ〈z0:n−1〉f
χ′Lθ〈z0:n−1〉1X

∣∣∣∣ =

∣∣∆θ
χ,χ′〈z0:n−1〉(f,1X)

∣∣
χLθ〈z0:n−1〉1X · χ′Lθ〈z0:n−1〉1X

≤ 2ρbn(β−γ−)c|f |∞ + 2ηbn(γ+−β)c/2
∏n−1

i=0

∣∣Lθ〈zi〉(·;X)
∣∣2
∞

χLθ〈z0:n−1〉1X · χ′Lθ〈z0:n−1〉1X

|f |∞,

where we have used

χLθ〈z0:n−1〉f
χLθ〈z0:n−1〉1X

∨ χ′Lθ〈z0:n−1〉f
χ′Lθ〈z0:n−1〉1X

≤ |f |∞.

We conclude the proof by noting that for all A ∈ X ,∏n−1
i=0

∣∣Lθ〈zi〉(·;X)
∣∣2
∞

χLθ〈z0:n−1〉1X · χ′Lθ〈z0:n−1〉1X

≤
∏n−1

i=0 (Fzi(A))2

χ(A)χ′(A)
.

Proof of (3.16). From (3.3), (3.13) and using that ln(a)−ln(b) ≤ (a−b)/b
for all a, b > 0, it follows that for all nonnegative integers m, k (m < k) and
sequence z−m:k ∈ Zm+k+1, for all χ, χ′ ∈ P(X,X ) and bounded measurable
function f ≥ 1,

lnχLθ〈zk|z−m:k−1〉f − lnχ′Lθ〈zk|z−m:k−1〉f

≤
∆θ
χ,χ′〈z−m:k−1〉(Lθ〈zk〉f,1X)

χLθ〈z−m:k−1〉1X · χ′Lθ〈z−m:k−1〉
(
Lθ〈zk〉f

) . (3.58)
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Now, let 0 ≤ γ− < γ+ ≤ 1. By Proposition 3.2.10, for all η > 0 and β ∈
(γ−, γ+), there exists % ∈ (0, 1) such that, for all z−m:k−1 ∈ Zm+k satisfying

(m+ k)−1

k−1∑
i=−m

1K(zi) ≥ max (1− γ−, (1 + γ+)/2), (3.59)

we have

∆θ
χ,χ′〈z−m:k−1〉(Lθ〈zk〉f,1X)

χLθ〈z−m:k−1〉1X · χ′Lθ〈z−m:k−1〉
(
Lθ〈zk〉f

) (3.60)

≤ %am,k

[
1 +

χLθ〈z−m:k−1〉
(
Lθ〈zk〉f

)
· χ′Lθ〈z−m:k−1〉1X

χLθ〈z−m:k−1〉1X · χ′Lθ〈z−m:k−1〉
(
Lθ〈zk〉f

)]+ 2ηbm,kCm,k,

where am,k := bn(β − γ−)c, bm,k := bn(γ+ − β)c and

Cθ
m,k :=

∏k−1
i=0

∣∣Lθ〈zi〉(·;X)
∣∣2
∞

χLθ〈z−m:k−1〉1X · χ′Lθ〈z−m:k−1〉
(
Lθ〈zk〉f

) ∣∣Lθ〈zk〉(·;X)
∣∣
∞ |f |∞.

In addition by (3.13), we have

χLθ〈z−m:k−1〉
(
Lθ〈zk〉f

)
· χ′Lθ〈z−m:k−1〉1X

χLθ〈z−m:k−1〉1X · χ′Lθ〈z−m:k−1〉
(
Lθ〈zk〉f

)
= 1 +

∆θ
χ,χ′〈z−m:k−1〉(Lθ〈zk〉f,1X)

χLθ〈z−m:k−1〉1X · χ′Lθ〈z−m:k−1〉
(
Lθ〈zk〉f

) .
Plugging this into (3.60) and then using (3.58) yields

lnχLθ〈zk|z−m:k−1〉f − lnχ′Lθ〈zk|z−m:k−1〉f
≤ 2 (1− %am,k)−1 (%am,k + ηbm,kCθ

m,k

)
. (3.61)

Note that for all z−m:k−1 ∈ Zm+k, we have

χLθ〈z−m:k−1〉1X ≥ χ(D)
k−1∏
i=−m

inf
x∈D

Lθ〈zi〉(x;D),

χ′Lθ〈z−m:k−1〉
(
Lθ〈zk〉f

)
≥ χ′(D)

k∏
i=−m

inf
x∈D

Lθ〈zi〉(x;D),

where we have used |f |∞ ≥ 1. Then by exchanging χ and χ′ in (3.61),
we obtain the upper bound for | lnχLθ〈zk|z−m:k−1〉f − lnχ′Lθ〈zk|z−m:k−1〉f |.
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That is, for all z−m:k−1 ∈ Zm+k satisfying (3.59), we have

sup
θ∈Θ

∣∣lnχLθ〈zk|z−m:k−1〉f − lnχ′Lθ〈zk|z−m:k−1〉f
∣∣

≤ 2 (1− %am,k)−1

{
%am,k +

ηbm,k |f |∞
χ(D)χ′(D)

[
k−1∏
i=−m

(Fzi(D))2

]
Fzk(D)

}
, (3.62)

where Fz is de�ned in (3.57). Using that ln+(a/b) ≤ ln+(a) + ln−(b) for all
positive real numbers a and b, we then have

ln+(Fz(D)) ≤ ln+

(
sup
θ∈Θ

∣∣Lθ〈z〉(·;X)
∣∣
∞

)
+ ln−

(
inf
θ∈Θ

inf
x∈D

Lθ〈z〉(x;D)

)
.

(3.63)
By (L-3) and (L-4),

EZ
[
ln+ FZ0(D)

]
<∞.

Now let η be small enough so that EZ
[
ln+ FZ0(D)

]
≤ − ln η. Then,

by Lemma 3.4.3, for all χ, χ′ ∈ M+(D) there exists a PZ-a.s. �nite ran-
dom variable M = M(f) > 0, and a constant τ ∈ (0, 1) such that, for all
k ≥ 1 and m ≥ 0, PZ-a.s.

2

1− %am,k

{
%am,k +

ηbm,k |f |∞
χ(D)χ′(D)

[
k−1∏
i=−m

(FZi(D))2

]
FZk(D)

}
≤ τm+kM,

and from (3.62), this implies

sup
θ∈Θ

∣∣lnχLθ〈Zk|Z−m:k−1〉f − lnχ′Lθ〈Zk|Z−m:k−1〉f
∣∣ ≤ τm+kM, PZ-a.s.,

provided that

(m+ k)−1

k−1∑
i=−m

1K(Zi) ≥ max (1− γ−, (1 + γ+)/2), PZ-a.s. (3.64)

To complete, we need to show that there exists a PZ-a.s. �nite random vari-
able T such that for all k ≥ T and for all m ≥ 0, (3.64) holds. Note that
under (L-2)(i),

1− PZ(Z0 ∈ K) < 2PZ(Z0 ∈ K)− 1.

Now choose γ̃−, γ−, γ+ and γ̃+ such that

1− PZ(Z0 ∈ K) < γ̃− < γ− < γ+ < γ̃+ < 2PZ(Z0 ∈ K)− 1.
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By construction,

PZ(Z0 ∈ K) > max
(
1− γ̃−, (1 + γ̃+)/2

)
.

By (L-1), the Birkho� ergodic theorem ensures that there exists a PZ-a.s.
�nite random variable B such that for all k ≥ B and m ≥ B, PZ-a.s.,

k−1

k−1∑
i=0

1K(Zi) > max
(
1− γ̃−, (1 + γ̃+)/2

)
(3.65)

m−1

−1∑
i=−m

1K(Zi) > max
(
1− γ̃−, (1 + γ̃+)/2

)
(3.66)

Now let T+ := B(1+γ+)/(γ̃+−γ+). If m ≥ B and k ≥ T+, then from (3.65)
and (3.66) and using that T+ ≥ B, PZ-a.s.,∑k−1

i=−m 1K(Zi)

m+ k
>

∑−1
i=−m 1K(Zi) +

∑k−1
i=0 1K(Zi)

m+ k
= (1 + γ̃+)/2 > (1 + γ+)/2.

On the other hand, if 0 ≤ m < B and k ≥ T+,∑k−1
i=−m 1K(Zi)

m+ k
≥
∑k−1

i=0 1K(Zi)

m+ k

≥ k(1 + γ̃+)/2

m+ k
>
T+(1 + γ̃+)

2(B + T+)
= (1 + γ+)/2.

By similar argument, letting T− := B(1− γ−)/(γ−− γ̃−), we get that for all
m ≥ 0 and k ≥ T−, ∑k−1

i=−m 1K(Zi)

m+ k
≥ 1− γ−, PZ-a.s.

The proof follows by setting T = T+ ∨ T−.

Proof of (3.17). Observe that for all χ ∈ P(X,X ), bounded measur-

able function f ≥ 1 and m ∈ Z+, k ∈ Z∗+, we can write

χLθ〈Zk|Z−m−1:k−1〉f = χ′Lθ〈Zk|Z−m:k−1〉f,

where, for all A ∈ X ,

χ′(A) :=
χLθ〈Z−m−1〉1A
χLθ〈Z−m−1〉1X

.
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Since

χ′(D) =
χLθ〈Z−m−1〉1D
χLθ〈Z−m−1〉1X

≥ χ(D)

FZ−m−1(D)
,

then (3.62) writes, PZ-a.s.,

sup
θ∈Θ

∣∣lnχLθ〈Zk|Z−m:k−1〉f − lnχLθ〈Zk|Z−m−1:k−1〉f
∣∣

≤ 2

1− %am,k

{
%am,k +

ηbm,k |f |∞
χ(D)2

FZ−m−1(D)

[
k−1∏
i=−m

(FZi(D))2

]
FZk(D)

}
.

The rest of the proof follows the same lines as the proof of (3.16) and is thus
omitted.

Proof of (3.18). Note that when k = 0, (3.64) follows directly from

(3.66). The proof is therefore concluded by following the same lines as the
proof of (3.17).

3.4.2 Proof of Proposition 3.2.13

Proof of Proposition 3.2.13�(i). From (3.3), we have for all integer
m > 0, z−m:0 ∈ Zm+1 and χ ∈M+(D),

χLθ〈z0|z−m:−1〉1X ≤
∣∣Lθ〈z0〉(·;X)

∣∣
∞ . (3.67)

Thus, from (3.19) and (L-4), it follows that

EZ
[
ln+ Lθ〈Z0|Z−∞:−1〉1X

]
<∞.

Now, for all θ ∈ Θ, χ ∈M+(D) and positive integer m, de�ne a measurable
function V θ

χ,m from (Zm+1,Z⊗(m+1)) to (R,B(R)) by for all z−m:0 ∈ Zm+1,

V θ
χ,m(z−m:0) := m−1

m∑
k=1

(
ln+
∣∣Lθ〈z0〉(·;X)

∣∣
∞ − lnχLθ〈z0|z−k:−1〉1X

)
.

By (3.67), V θ
χ,m is nonnegative for all positive integerm. Thus, Fatou's lemma

implies

lim inf
n→∞

EZ
[
V θ
χ,m

]
≥ EZ

[
lim inf
m→∞

V θ
χ,m

]
(3.68)

By de�nition,

lim inf
n→∞

EZ
[
V θ
χ,m

]
= EZ

[
ln+
∣∣Lθ〈Z0〉(·;X)

∣∣
∞

]
− lim sup

m→∞
m−1

m∑
k=1

EZ
[
lnχLθ〈Z0|Z−k:−1〉1X

]
, (3.69)
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and

EZ
[
lim inf
m→∞

V θ
χ,m

]
= EZ

[
ln+
∣∣Lθ〈Z0〉(·;X)

∣∣
∞

]
− EZ

[
lim sup
m→∞

m−1

m∑
k=1

lnχLθ〈Z0|Z−k:−1〉1X

]
. (3.70)

Since the process {Zk : k ∈ Z} is stationary, this implies that for all k ∈ Z∗+,

EZ
[
lnχLθ〈Z0|Z−k:−1〉1X

]
= EZ

[
lnχLθ〈Zk|Z0:k−1〉1X

]
,

showing that

m−1

m∑
k=1

EZ
[
lnχLθ〈Z0|Z−k:−1〉1X

]
= m−1

m∑
k=1

EZ
[
lnχLθ〈Zk|Z0:k−1〉1X

]
.

(3.71)
Cesàro mean convergence moreover implies, PZ-a.s.,

lim sup
m→∞

m−1

m∑
k=1

lnχLθ〈Z0|Z−k:−1〉1X

= lim
m→∞

lnχLθ〈Z0|Z−m:−1〉1X = lnLθ〈Z0|Z−∞:−1〉1X (3.72)

Thus combining (3.68), (3.69), (3.70), (3.71) and (3.72), we obtain

EZ
[
lnLθ〈Z0|Z−∞:−1〉1X

]
≥ lim sup

m→∞
m−1

m∑
k=1

EZ
[
lnχLθ〈Zk|Z0:k−1〉

]
1X

= lim sup
m→∞

{
EZ
[
m−1 lnχLθ〈Z0:m〉1X

]
−m−1EZ

[
lnχLθ〈Z0〉1X

]}
> −∞,

where the last bound follows from (L-3) and the minorization

lnχLθ〈Z0:m〉1X ≥ lnχ(D) +
m∑
k=0

ln inf
x∈D

Lθ〈Zk〉(x;D),

establishing that
EZ
[
ln− Lθ〈Z0|Z−∞:−1〉1X

]
<∞.

Thus (3.20) follows and this completes the proof of Proposition 3.2.13�(i).

Proof of Proposition 3.2.13�(ii). According to Proposition 3.2.11,
there exist PZ-a.s. �nite random variables M and T such that for all k ≥ T
and m ≥ 0, PZ-a.s.,

sup
θ∈Θ

∣∣lnχLθ〈Zk|Z−m:k−1〉1X − lnχLθ〈Zk|Z−m−1:k−1〉1X

∣∣ ≤Mτm+k,
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which implies, PZ-a.s.,

sup
θ∈Θ

∣∣lnχLθ〈Zk|Z0:k−1〉1X − lnχLθ〈Zk|Z−∞:k−1〉1X

∣∣ ≤ Mτ k

1− τ
.

The proof of Proposition 3.2.13�(ii) then follows immediately by observing
that PZ-a.s.,

n−1 lnχLθ〈Z0:n−1〉1X = n−1

n−1∑
k=1

lnχLθ〈Zk|Z0:k−1〉1X + n−1 lnχLθ〈Z0〉1X,

n−1 lnLθ〈Z0:n−1|Z−∞:−1〉1X = n−1

n−1∑
k=1

lnLθ〈Zk|Z−∞:k−1〉1X.

Proof of Proposition 3.2.13�(iii). Under (L-5), for any m ≥ p and
x ∈ D, PZ-a.s., the function θ 7→ ln δxL

θ〈Z0|Z−m:−1〉1X is continuous on Θ.
Since

lim
m→∞

sup
θ∈Θ

∣∣ln δxLθ〈Z0|Z−m:−1〉1X − lnLθ〈Z0|Z−∞:−1〉1X

∣∣ = 0, PZ-a.s.,

and since the uniform limit of continuous function is continuous, then the
function θ 7→ lnLθ〈Z0|Z−∞:−1〉1X is PZ-a.s. continuous. Now let θ0 ∈ Θ. For
ρ > 0, let B(θ0, ρ) be an open ball of center θ0 and radius ρ. Then for all
θ ∈ B(θ0, ρ), we have

lnLθ〈Z0|Z−∞:−1〉1X ≤ sup
θ∈B(θ0,ρ)

lnLθ〈Z0|Z−∞:−1〉1X

≤ sup
θ∈Θ

sup
x∈X

lnLθ〈Z0〉(x;X), PZ-a.s.,

which by (L-4) implies

sup
θ∈B(θ0,ρ)

EZ
[
lnLθ〈Z0|Z−∞:−1〉1X

]
≤ EZ

[
sup

θ∈B(θ0,ρ)

lnLθ〈Z0|Z−∞:−1〉1X

]

≤ EZ
[
sup
θ∈Θ

sup
x∈X

lnLθ〈Z0〉(x;X)

]
<∞.

By monotone convergence theorem, it yields that

lim
ρ↓0

sup
θ∈B(θ0,ρ)

EZ
[
lnLθ〈Z0|Z−∞:−1〉1X

]
≤ lim

ρ↓0
EZ

[
sup

θ∈B(θ0,ρ)

lnLθ〈Z0|Z−∞:−1〉1X

]

= EZ

[
lim
ρ↓0

sup
θ∈B(θ0,ρ)

lnLθ〈Z0|Z−∞:−1〉1X

]
= EZ

[
lnLθ0〈Z0|Z−∞:−1〉1X

]
,
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showing that
θ 7→ EZ

[
lnLθ〈Z0|Z−∞:−1〉1X

]
is PZ-a.s. upper semi-continuous at θ0 ∈ Θ. The proof then follows since this
holds with arbitrary θ0 ∈ Θ.

3.4.3 Proof of Lemma 3.3.5

Let ζ̄θ is an invariant distribution for K̄θ, i.e. ζ̄θK̄θ = ζ̄θ. We will show
that for probability measure ζθ de�ned by for all A ∈ W , ζθ(A) = ζ̄θ(Wr×A),
then ζθ(Kθ)r = ζθ. Now from (3.36) and (3.37), we have for A ∈ W ,

ζθ(Kθ)r(A) =

∫
Wr

ζθ(dw0)Kθ(w0; dw1) · · ·Kθ(wr−2; dwr−1)Kθ(wr−1;A)

=

∫
W

ζ̄θ(Wr × dwr)1W(wr)T
θ(wr;W

r−1 × A)

=

∫
Wr+1

ζ̄θ(dw̄)K̄θ(w̄;Wr × A) = ζ̄θK̄θ(Wr × A)

= ζ̄θ(Wr × A) = ζθ(A).

Conversely, suppose that ξθ is an invariant distribution for (Kθ)r, that is,
ξθ(Kθ)r = ξθ. De�ne a probability measure ξ̄θ on

(
Wr+1,W⊗(r+1)

)
by, for all

A0, . . . , Ar ∈ W ,

ξ̄θ(A0 × · · · × Ar) =

∫
A0

ξθ(dw)T θ(w;A1 × · · · × Ar).

Then from (3.36) and (3.37), for all A0, . . . , Ar ∈ W , we have

ξ̄θK̄θ(A0 × · · · × Ar) =

∫
Wr+1

ξ̄θ(dw̄)K̄θ(w̄;A0 × · · · × Ar)

=

∫
A0

ξ̄θ(Wr × dwr)T
θ(wr;A1 × · · · × Ar)

=

∫
A0×···×Ar

ξ(dw0)Kθ(wr−1; dw1) · · ·Kθ(w0; dwr)

= ξ̄θ(A0 × · · · × Ar),

which implies that ξ̄θK̄θ = ξ̄θ.
For uniqueness, if K̄θ admits a unique stationary probability measure ζ̄θ,

then ζ̄θ = ξ̄θ. Consequently, for all A ∈ W ,

ζθ(A) = ζ̄θ(Wr × A) = ξ̄θ(Wr × A)

=

∫
W

ξθ(dw)T θ(w;Wr−1 × A) = ξθ(Kθ)r(A) = ξθ(A).
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To conclude, it is worth noting that if ξ̄θ is also an invariant probability
measure for K̄θ, then the probability measure ξθ de�ned by for all A ∈ W ,

ξθ(A) = ξ̄θ(Wr × A)

is also an invariant probability measure for (Kθ)r. Then, if (Kθ)r admits a
unique invariant probability measure, it follows that ξ̄θ(Wr× ·) = ζ̄θ(Wr× ·)
and this implies for all A0, . . . , Ar ∈ W ,

ζ̄θ(A0 × · · · × Ar) = ζ̄θK̄θ(A0 × · · · × Ar)

=

∫
A0

ζ̄θ(Wr × dwr)T
θ(wr;A1 × · · · × Ar)

=

∫
A0

ξ̄θ(Wr × dwr)T
θ(wr;A1 × · · · × Ar)

= ξ̄θK̄θ(A0 × · · · × Ar) = ξ̄θ(A0 × · · · × Ar),

completing the proof.

3.4.4 Proof of Proposition 3.3.9

We prove Proposition 3.3.9 by applying the results obtained in Section 3.2.
First let us set, for all (θ, z) ∈ Θ×Z, Lθ〈z〉 = `θ〈z〉 and de�ne Lθn and Lθ〈·|·〉
as in De�nition 3.2.1 and De�nition 3.2.2, respectively. From these settings,
we have for all θ ∈ Θ and y0:nr ∈ Ynr+1 with for all k ∈ Z+, zk = zkr:(k+1)r,

Lθ〈z0:n−1〉 = `θ〈y0:nr〉

and for 0 < p < n,

Lθ〈zp:n−1|z0:p−1〉 = `θ〈ypr+1:nr|y0:pr〉.

Obviously, (3.2) is satis�ed. Comparing the assumptions, we have (F-1)
implies (L-1); (F-2) corresponds to (L-2) and (L-3); (F-3) implies (L-4); and
(F-4) yields (L-5). This implies that all the results in Section 3.2 can also be
derived under the present Assumptions (F-1)�(F-4).

Now, let χ ∈ P(X,X ) such that χ(D) > 0. We will show that for all non-
negative and bounded measurable function f , the sequence {χ`θ〈Y1|Y−m:0〉f :
m ∈ Z∗+} converges P̃θ?-a.s. For any t ∈ {0, . . . , r − 1}, set

χθm,t(A) :=
χ`θ〈Y−mr−t:−mr〉1A
χ`θ〈Y−mr−t:−mr〉1X

.
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From (3.32) and (3.35), for all m ∈ Z+ and t ∈ {0, . . . , r − 1}, we have

χ`θ〈Y1|Y−mr−t:0〉f

=
χθm,tL

θ〈Z−m:−1〉
[∫

X
Qθ((·, Y0); dx1)gθ((·, Y0, x1);Y1)f(x1)

]
χθm,tL

θ〈Z−m:−1〉1X

.

Let 0 ≤ γ− < γ+ ≤ 1. Lemma 3.4.1 shows that for all t ∈ {0, . . . , r− 1} and
η > 0, there exists ρ ∈ (0, 1) such that, if

m−1

−1∑
i=−m

1K(Zi) ≥ max(1− γ−, (1 + γ+)/2),

then for all β ∈ (γ−, γ+) and θ ∈ Θ, with Fz := Fz(D) de�ned by (3.57),∣∣χ`θ〈Y1|Y−mr−t:0〉f − χ`θ〈Y1|Y−mr:0〉f
∣∣

≤ cf

(
ρbm(β−γ−)c +

ηbm(γ+−β)c/2

χθm,t(D)

−1∏
i=−m

(FZi)
2

)
sup
θ∈Θ

sup
(x,x′)∈X2

gθ((x, Y0, x
′);Y1)

≤ cf

(
ρbm(β−γ−)c + ηbm(γ+−β)c/2F ′−m

−1∏
i=−m

F 2
Zi

)
sup
θ∈Θ

sup
x,x′∈X

gθ((x, Y0, x
′);Y1)

where cf := 2|f |∞ and

F ′−m := max
t∈{0,...,r−1}

1

infθ∈Θ χθm,t(D)
.

Note that the sequence {F ′−m : m ∈ Z+} is stationary. Then by the
same argument as in the proof of (3.63), with χ ∈ Mθ?(D, r), we have
Ẽθ?
[
ln+ F ′−m

]
< ∞. By choosing γ− and γ+ such that P̃θ?(Z0 ∈ K) >

max(1− γ−, (1 + γ+)/2) and by applying Lemma 3.4.3, it follows that there
exist %χ ∈ (0, 1) and a P̃θ?-a.s. �nite random variable Cχ such that for all
` > 1, ∣∣χ`θ〈Y1|Y−`:0〉f − χ`θ〈Y1|Y−`−1:0〉f

∣∣ ≤ Cχ|f |∞%`χ, P̃θ?-a.s.

Similarly, for all χ′ ∈ P(X,X ) such that χ′(D) > 0, there exist %χ,χ′ ∈ (0, 1)
and a P̃θ?-a.s. �nite random variable Cχ,χ′ such that for all ` > 1,∣∣χ`θ〈Y1|Y−`:0〉f − χ′`θ〈Y1|Y−`:0〉f

∣∣ ≤ Cχ,χ′|f |∞%`χ,χ′ , P̃θ?-a.s.

This yields that for all χ ∈ P(X,X ) satisfying χ(D) > 0, the se-
quence {χ`θ〈Y1|Y−`:0〉f : ` ∈ Z∗+} converges P̃θ?-a.s. to a limit denoted
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by `θ,θ?〈Y1|Y−∞:0〉f which is measurable on
(
YZ− ,Y⊗Z−

)
and does not de-

pend on χ ∈ Mθ?(D, r). This establishes (3.43). On the other hand,
{χ`θ〈Y1|Y−`:0〉 : ` ∈ Z∗+} is a sequence of (P̃θ?-a.s.) �nite measure on (X,X )
and since (3.43) holds with any nonnegative and bounded measurable func-
tion f , this yield that `θ,θ?〈Y1|Y−∞:0〉 de�ne a (nonnegative) measure on
(X,X ). This shows that `θ,θ? is a nonnegative kernel on YZ− × X . More-
over, by stationarity of {Yk : k ∈ Z}, we obtain that for all k ∈ Z+, θ ∈ Θ,
χ ∈Mθ?(D, r) and nonnegative and bounded measurable function f ,

lim
m→∞

χ`θ〈Yk|Y−m:k−1〉f = `θ,θ?〈Yk|Y−∞:k−1〉f, P̃θ?-a.s.,

showing the �rst part of Proposition 3.3.9�(i). To complete the proof of
Proposition 3.3.9�(i), it remains to show that for all θ ∈ Θ and nonnegative
and bounded measurable function f ,

Ẽθ?
[∣∣ln `θ,θ?〈Yk|Y−∞:k−1〉f

∣∣] <∞.
Note that we have, P̃θ?-a.s.,

χ`θ〈Yk|Y−m:k−1〉f ≤ sup
(x,x′)∈X2

gθ ((x, Yk−1, x
′);Yk) |f |∞,

and this implies that

`θ,θ?〈Yk|Y−∞:k−1〉f ≤ sup
(x,x′)∈X2

gθ ((x, Yk−1, x
′);Yk) |f |∞, P̃θ?-a.s.

Under (F-3), we get that

Ẽθ?
[
ln+ `θ,θ?〈Yk|Y−∞:k−1〉f

]
<∞.

Note also that if E(A) <∞, then we have E(A− B) = E(A)− E(B). Thus
we can write,

Ẽθ?
[
ln `θ,θ?〈Yk|Y−∞:k−1〉f

]
= Ẽθ?

[
ln+ `θ,θ?〈Yk|Y−∞:k−1〉f

]
− Ẽθ?

[
ln− `θ,θ?〈Yk|Y−∞:k−1〉f

]
.

This will immediately imply

Ẽθ?
[
ln− `θ,θ?〈Yk|Y−∞:k−1〉f

]
<∞

if we can show that

Ẽθ?
[
ln `θ,θ?〈Yk|Y−∞:k−1〉f

]
> −∞.
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By stationarity of {Yk : k ∈ Z}, we have

rẼθ?
[
ln `θ,θ?〈Y1|Y−∞:0〉f

]
= rẼθ?

[
ln+ `θ,θ?〈Y1|Y−∞:0〉f

]
− rẼθ?

[
ln− `θ,θ?〈Y1|Y−∞:0〉f

]
= Ẽθ?

[
r∑

k=1

ln+ `θ,θ?〈Yk|Y−∞:k−1〉f

]
− Ẽθ?

[
r∑

k=1

ln− `θ,θ?〈Yk|Y−∞:k−1〉f

]

= Ẽθ?
[

r∑
k=1

ln `θ,θ?〈Yk|Y−∞:k−1〉f

]
.

By Corollary 3.2.12, P̃θ?-a.s.,
r∏

k=1

`θ,θ?〈Yk|Y−∞:k−1〉f =
r∏

k=1

lim
m→∞

χ`θ〈Yk|Y−mr:k−1〉f

= lim
m→∞

r∏
k=1

χ`θ〈Yk|Y−mr:k−1〉f

= lim
m→∞

χ`θ〈Y1:r|Y−mr:k−1〉f

= lim
m→∞

χLθ〈Z0|Z−m:−1〉f

= Lθ,θ?〈Z0|Z−∞:−1〉f.

Thus,

Ẽθ?
[
ln `θ,θ?〈Yk|Y−∞:k−1〉f

]
= r−1Ẽθ?

[
lnLθ,θ?〈Z0|Z−∞:−1〉f

]
> −∞,

where we have used the result of Proposition 3.2.13�(i) such that

Ẽθ?
[∣∣lnLθ,θ?〈Z0|Z−∞:−1〉f

∣∣] <∞.
This completes the proof of Proposition 3.3.9�(i).

To prove Proposition 3.3.9�(ii), observe that for all s and t and bounded
measurable function h ≥ 1, we have

χ`θ〈Y0:s+t〉h ≤
(
χ`θ〈Y0:s〉1X

)(t−1∏
i=0

sup
θ∈Θ

sup
(x,x′)∈X2

gθ((x, Ys+i, x
′);Ys+i+1)

)
|h|∞

≤
(
χ`θ〈Y0:s〉h

)(t−1∏
i=0

sup
θ∈Θ

sup
(x,x′)∈X2

gθ((x, Ys+i, x
′);Ys+i+1)

)
|h|∞.
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Thus,

n−1 lnχ`θ〈Y0:nr+r〉h−
r−1∑
i=t

n−1 ln+Ain,t − n−1|h|∞ ≤ n−1 lnχ`θ〈Y0:nr+t〉h

≤ n−1 lnχ`θ〈Y0:nr〉h+
t−1∑
i=0

n−1 ln+Ain,t + n−1|h|∞, (3.73)

where Ain,t := supθ∈Θ sup(x′,x′′)∈X2 gθ((x′, Ynr+i, x
′′);Ynr+i+1). Note that for all

i and t, {Ain,t : n ∈ Z+} is stationary. Thus from (F-3) and Lemma 3.4.2,

lim
n→∞

Ain,t = 0, P̃θ?-a.s.

From (3.73) and by noting that for all i and t, {Ain,t : n ∈ Z+} no longer
depend on θ ∈ Θ, for all t ∈ {0, . . . , r}, P̃θ?-a.s.,

lim sup
n→∞

sup
θ∈Θ

n−1
∣∣lnχ`θ〈Y0:nr−r+t〉h− lnχLθ〈Z0:n−1〉h

∣∣ = 0. (3.74)

Since t is arbitrary in {0, . . . , r}, using Proposition 3.2.13�(ii), we �nally
obtain,

lim
n→∞

n−1 lnχ`θ〈Y0:n〉h = r−1 lim
m→∞

m−1χLθ〈Z0:m−1〉h

= r−1Ẽθ?
[
lnLθ,θ?〈Z0|Z−∞:−1〉h

]
= Ẽθ?

[
ln `θ,θ?〈Y1|Y−∞:0〉h

]
, P̃θ?-a.s.

This result holds with all bounded measurable function h ≥ 1, and thus
propagates to all bounded measurable function f ≥ 0, concluding the proof.

3.4.5 Some Useful Lemmas

The following lemmas are taken from Douc and Moulines [2012], and thus
stated without proofs.

Lemma 3.4.2. Let {Zk : k ∈ Z} be a sequence of nonnegative random
variables on a probability space (Ω,F ,P) having the same marginal distribu-
tion, that is, for any k ∈ Z and any nonnegative and measurable function f ,
E[f(Zk)] = E[f(Z0)].

(i) Assume that E[ln+ Z0] < 0. Then, for all β ∈ (0, 1), supk≥0 β
kZk <∞,

P-a.s. Moreover, limn→∞ n
−1 ln+ Zn = 0, P-a.s.

(ii) Assume that E [|lnZ0|] < 0. Then, for all β ∈ (0, 1), supk∈Z β
|k|Zk <∞

and infk∈Z β
−|k|Zk > 0, P-a.s.
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Lemma 3.4.3. Let {Uk : k ∈ Z}, {Vk : k ∈ Z} and {Wk : k ∈ Z} be
stationary sequences such that

E[ln+ U0] <∞, E[ln+ V0] <∞, E[ln+W0] <∞.

Assume moreover that {Vk : k ∈ Z} is ergodic. Then, for all η in (0, 1)
such that E[ln+ V0] < − ln η and for all ρ in (0, 1), there exists a P-a.s. �nite
random variable M and a constant % in (0, 1) such that for all k ≥ 1, m ≥ 0,

ρm+k + ηm+kW−m

(
k−1∏
i=−m

Vi

)
Uk ≤ %m+kM, P-a.s.
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Chapter 4

Observation-driven Models:

Handy Su�cient Conditions for

the Convergence of the MLE

Summary. This chapter, largely inspired by Douc et al. [2015],
aims at establishing asymptotic properties for a general class of �rst-
order observation-driven times series models. We generalize the class of
observation-driven models considered by Douc et al. [2013] in the sense that
we allow the conditional law of each observation to depend on the parame-
ter. The existence of ergodic solutions and the consistency of the maximum
likelihood estimator (MLE) are derived under easy-to-check conditions. The
obtained conditions appear to apply for a wide class of models. We illus-
trate our results with speci�c observation-driven times series, including the
recently introduced NBIN-GARCH and NM-GARCH models considered in
Section 2.4 of Chapter 2, demonstrating the consistency of the MLE for these
two models.

4.1 Introduction

Observation-driven models (ODMs) introduced by Cox [1981] have been
widely used in various disciplines such as in economics (Pindyck and Ru-
binfeld [1998]), environmental study (Bhaskaran et al. [2013]), epidemiol-
ogy and public health study (Zeger [1988], Davis et al. [1999], Ferland et al.
[2006], �nance (Liesenfeld and Richard [2003], Rydberg and Shephard [2003],
Fokianos and Tjøstheim [2011], Francq and Zakoian [2011]) and population
dynamics (Ives et al. [2003]). The celebrated GARCH(1, 1) model, see Boller-
slev [1986], as well as most of the models derived from this one, see Boller-
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slev [2008] for a list of some of them, are typical examples of ODMs. A
number of contributions on this class of models dealing with countable data
includes Streett [2000], Davis et al. [2003], Heinen [2003], Fokianos et al.
[2009], Neumann [2011], Doukhan et al. [2012], Davis and Liu [2012] and
Douc et al. [2013]. ODMs have the nice feature that the associated (condi-
tional) likelihood and its derivatives are easy to compute and the prediction
is straightforward. The consistency of the maximum likelihood estimator
(in short, MLE) for the class of these models can be cumbersome, except
when it can be derived using computations speci�c to the studied model
(the GARCH(1, 1) case being one of the most celebrated example). When
the observed variable is discrete, general consistency results have been ob-
tained only recently in Davis and Liu [2012] or Douc et al. [2013] (see also in
Henderson et al. [2011] for the existence of stationary and ergodic solutions
to some observation-driven time series models). However, the consistency
result of Douc et al. [2013] applies to some restricted class of models and
does not cover the case where the distribution of the observations given the
hidden variable also depends on an unknown parameter. We now introduce
three simple examples, to which the results of Douc et al. [2013] can not
be directly applied. The �rst one is the negative binomial integer-valued
GARCH (NBIN-GARCH) model, which was �rst introduced by Zhu [2011]
as a generalization of the Poisson IN-GARCH model. The NBIN-GARCH
model belongs to the class of integer-valued GARCH models that account
for overdispersion (namely, variability is larger than mean) and potential
heavy tails in the high values. In Zhu [2011], the author applied this model
to treat the data of counts of poliomyelitis cases in the USA from 1970 to
1983 reported by the Centres for Disease Control, where data overdisper-
sion was detected. The estimation result showed that NBIN-GARCH(1, 1)
outperformed among some commonly used models such as Poisson and Dou-
ble Poisson models. The NBIN-GARCH(1, 1) model is formally de�ned as
follows.

Example 4.1.1 (NBIN-GARCH(1, 1) model). Consider the following recur-
sion.

Xk+1 = ω + aXk + bYk,

Yk+1|X0:k+1, Y0:k ∼ NB
(
r,

Xk+1

1 +Xk+1

)
,

(4.1)

where Xk takes values in X = R+, Yk takes values in Z+ and θ = (ω, a, b, r) ∈
(0,∞)4 is an unknown parameter. In (4.1), NB(r, p) denotes the negative
binomial distribution with parameters r > 0 and p ∈ (0, 1), that is, if Y ∼
NB(r, p), then P(Y = k) = Γ(k+r)

k!Γ(r)
(1− p)rpk for all k ≥ 0, where Γ stands for
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the Gamma function. Though substantial analysis on this model has been
carried out in the literature, to the best of our knowledge, the consistency of
the MLE has not been treated; see the end of the discussions of Section 6 in
Zhu [2011].

The second example is the univariate normal mixture GARCH (NM-
GARCH) proposed by Haas et al. [2004] and later considered by Alexander
and Lazar [2006]. The NM-GARCH model is another natural extension of
GARCH processes, where the usual Gaussian conditional distribution of the
observations given the hidden volatility variable is replaced by a mixture
of Gaussian distributions given a hidden vector volatility variable. The NM-
GARCH model has the ability of capturing time variation in both conditional
skewness and kurtosis, while the classical GARCH cannot. In Alexander and
Lazar [2006], the NM-GARCH(1, 1) model was applied to examine the data
of exchange rates consisting of daily prices in US dollars of three di�erent
currencies (British pound, euro and Japanese yen) from 2 January 1989 to
31 December 2002. The empirical evidence suggested the best performance
of NM(2)-GARCH(1, 1) when compared to the classical GARCH(1, 1), stan-
dardized symmetric and skewed t-GARCH(1, 1) models applied to this same
data. The de�nition of this model is formally stated as follows.

Example 4.1.2 (NM(d)-GARCH(1, 1) model). Let d ∈ Z∗+ and consider the
following recursion:

Xk+1 = ω + AXk + Y 2
k b,

Yk+1|X0:k+1, Y0:k ∼ Gθ(Xk+1; ·), (4.2)

dGθ(x; ·)
dν

(y) =
d∑
`=1

γ`
e−y

2/2x`

(2πx`)1/2
, x ∈ (0,∞)d, y ∈ R,

where ν is the Lebesgue measure on R, Xk = [X1,k . . . Xd,k]
T takes values

in X = Rd
+; γ = [γ1 . . . γd]

T a d-dimensional vector of mixture coe�cients
belonging to the d-dimensional simplex

Pd =

{
γ ∈ Rd

+ :
d∑
`=1

γ` = 1

}
; (4.3)

ω, b are d-dimensional vector parameters with positive and nonnegative
entries, respectively; and A is a d × d matrix parameter with nonnegative
entries. Here we have θ = (γ,ω,A,b). Note that Gθ depends on θ only
through the mixture coe�cients γ1, . . . , γd. If d = 1, we obtain the usual
conditionally Gaussian GARCH(1, 1) process. In such a case, since γ = γ1 =
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1, Gθ no longer depends on θ. To our knowledge, the usual consistency proof
of the MLE for the GARCH cannot be directly adapted to this model.

Finally, we consider the following new example, where a threshold is
added to the usual IN-GARCH model in the conditional distribution.

Example 4.1.3 (Threshold IN-GARCH model). Consider the following re-
cursion.

Xk+1 = ω + aXk + bYk,

Yk+1|X0:k+1, Y0:k ∼ P (Xk+1 ∧ τ) ,
(4.4)

where Xk takes values in X = (0,∞); Yk takes values in Z+ and θ =
(ω, a, b, τ) ∈ (0,∞)4 is an unknown parameter. Comparing with the usual
IN-GARCH model, a threshold τ has been added in the conditional obser-
vation distribution. This corresponds to the practical case where the hidden
variable has an in�uence on the observation up to this threshold.

For a well-speci�ed model, a classical approach to establish the consis-
tency of the MLE generally involves two main steps: �rst the MLE converges
to the maximizing set Θ? of a limit criterion, and second the maximizing set
indeed reduces to the true parameter θ?, which is usually referred to as solv-
ing the identi�ability problem. In this chapter, we are interested in solving
the problem involved in the �rst step, that is, the convergence of MLE. We
extend the convergence result of MLE obtained in Douc et al. [2013], which
is valid for a restricted class of models, to a larger class of models in which
the three examples introduced above are embedded. More precisely, we show
the convergence of MLE in observation-driven models where the probability
distributions of observations explicitly depend on the unknown parameters.
Moreover, we provide very simple conditions that are easy to check, as shown
by the three illustrating examples.

The chapter is organized as follows. Speci�c de�nitions and notation are
introduced in Section 4.2. Then, Section 4.3 contains the main result of this
chapter, that is, su�cient conditions for the existence of ergodic solutions
and for the consistency of the MLE. These results are then applied in Sec-
tion 4.4 to the three examples introduced above. Numerical experiments for
the NBIN-GARCH(1, 1) model are given in Section 4.5. Finally, Section 4.6
provides the proofs of the main results, inspired from Douc et al. [2013], and
of a technical lemma.

4.2 De�nitions and Notation

Consider a bivariate stochastic process {(Xk, Yk) : k ∈ Z+} on X × Y,
where (X, dX) is a complete and separable metric space endowed with the
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associated Borel σ-�eld X and (Y,Y) is a Borel space. Let (Θ,∆), the set
of parameters, be a compact metric space, {Gθ : θ ∈ Θ} be a family of
probability kernels on X × Y and {(x, y) 7→ ψθy(x) : θ ∈ Θ} be a family of
measurable functions from (X×Y,X ⊗Y) to (X,X ). The observation-driven
time series model can be formally de�ned as follows.

De�nition 4.2.1. A time series {Yk : k ∈ Z+} valued in Y is said to be
distributed according to an observation-driven model, in short ODM, with
parameter θ ∈ Θ if there is a bivariate Markov chain {(Xk, Yk) : k ∈ Z+} on
X× Y whose transition kernel Kθ satis�es

Kθ((x, y); dx′dy′) = δψθy(x)(dx
′) Gθ(x′; dy′), (4.5)

where δa denotes the Dirac mass at point a. Moreover, we will say that the
observation-driven time series model is dominated by some σ-�nite measure
ν on (Y,Y) if for all x ∈ X, the probability kernel Gθ(x; ·) is dominated by ν.
In this case we denote by gθ(x; ·) its Radon�Nikodym derivative, gθ(x; y) =
dGθ(x;·)

dν
(y), and we always assume that for all (x, y) ∈ X×Y and for all θ ∈ Θ,

gθ(x; y) > 0.

A dominated parametric ODM is thus characterized by the collection
{(gθ, ψθ) : θ ∈ Θ}. The class of ODMs is a particular case of partially-
observed Markov chains since only Yk's are observed, whereasXk's are hidden
variables. Note that our notation for observation-driven models is slightly
di�erent from that of Douc et al. [2013] where their sequence {Yk} corre-
sponds to our sequence {Yk−1}. Note also that the process {Xk : k ≥ 1} by
itself is a Markov chain with transition kernel de�ned by

Rθ(x;A) =

∫
1A(ψθy(x)) Gθ(x; dy), x ∈ X, A ∈ X . (4.6)

However, ODMs do not belong to the class of hidden Markov models. This
can be seen in the following recursive relation, which holds for all k ≥ 0,

Xk+1 = ψθYk(Xk),

Yk+1 | Fk ∼ Gθ(Xk+1; ·),
(4.7)

where Fk = σ (X`, X`+1, Y` : ` ≤ k, ` ∈ Z+), and which can be represented
graphically in Figure 4.1.

The most popular example is the GARCH(1, 1) process, where Gθ(x; ·) is
a centered (say Gaussian) distribution with variance x and ψθy(x) is an a�ne
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Xk Xk+1

Yk+1Yk

Xk+2

Yk+2

ψθ

Gθ

Figure 4.1 � Graphical Representation of the Observation-driven Model.

function of x and y2. One can readily check that Examples 4.1.1 and 4.1.2
are other instances of dominated observation-driven models.

The inference about model parameter is carried out by relying on the
conditional likelihood of the observations (Y1, . . . , Yn) given X1 = x for an
arbitrary x ∈ X. The corresponding conditional density function with respect
to ν⊗n is, under parameter θ, for all x ∈ X,

y1:n 7→
n∏
k=1

gθ
(
ψθ〈y1:k−1〉(x); yk

)
, (4.8)

where, for any vector y1:p = (y1, . . . , yp) ∈ Yp, ψθ〈y1:p〉 is the X→ X function
obtained as the successive composition of ψθy1

, ψθy2
, ..., and ψθyp ,

ψθ〈y1:p〉 = ψθyp ◦ ψ
θ
yp−1
◦ · · · ◦ ψθy1

, (4.9)

with the convention ψθ〈ys:t〉(x) = x for s > t. Then, the corresponding
(conditional) Maximum Likelihood Estimator (MLE) θ̂x,n of the parameter
θ, is de�ned by

θ̂x,n ∈ argmax
θ∈Θ

Lθx,n〈Y1:n〉, (4.10)

where

Lθx,n〈y1:n〉 := n−1

n∑
k=1

ln gθ
(
ψθ〈y1:k−1〉(x); yk

)
. (4.11)

In this contribution, we study the convergence of θ̂x,n as n → ∞ for some
well-chosen value of x under the assumption that the model is well speci�ed
and the observations are in a steady state. This means that we assume
that the observations {Yk : k ∈ Z+} are distributed according to P̃θ? with
θ? ∈ Θ, where, for all θ ∈ Θ, P̃θ denotes the stationary distribution of the
observation-driven time series corresponding to the parameter θ. However
whether such a distribution is well de�ned is not always obvious. We will use
the following ergodicity assumption.

87



4. Observation-driven Models

(A-1) For all θ ∈ Θ, the transition kernel Kθ of the complete chain admits a
unique stationary distribution πθ on X× Y.

With this assumption, we can now de�ne P̃θ. The following notation and
de�nitions will be used throughout the chapter.

De�nition 4.2.2. For any probability distribution µ on X × Y, we denote
by Pθµ the distribution of the Markov chain {(Xk, Yk) : k ∈ Z+} with kernel
Kθ and initial probability mesure µ. Under Assumption (A-1), we denote by
πθ1 and πθ2 the marginal distributions of πθ on X and Y, respectively and by
Pθ and P̃θ the probability distributions de�ned respectively as follows.

a) Pθ denotes the extension of Pθ
πθ

on the whole line (X× Y)Z.

b) P̃θ is the corresponding projection on the component YZ.

We also use the symbols Eθ and Ẽθ to denote the expectations corresponding
to Pθ and P̃θ, respectively.

4.3 Main Results

4.3.1 Preliminaries

In this section, we follow the same lines as in Douc et al. [2013] to derive
the convergence of the MLE θ̂x,n for a general class of observation-driven
models. The approach is to establish that, as the number of observations
n → ∞, there exists a (YZ,Y⊗Z) → (R,B(R)) measurable function pθ(·|·)
such that the normalized log-likelihood Lθx,n〈Y1:n〉 de�ned in (4.11), for some
appropriate value of x, can be approximated by

n−1

n∑
k=1

ln pθ(Yk|Y−∞:k−1).

To de�ne pθ(·|·), we set, for all y−∞:1 ∈ YZ− , whenever the following limit is
well de�ned,

pθ (y1 | y−∞:0) =

{
lim
m→∞

gθ
(
ψθ〈y−m:0〉(x); y1

)
if the limit exists,

∞ otherwise.
(4.12)

By (A-1), the process Y is ergodic under P̃θ? and provided that

Ẽθ?
[
ln+ pθ(Y1|Y−∞:0)

]
<∞,
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it follows that

lim
n→∞

Lθx,n〈Y1:n〉 = Ẽθ?
[
ln pθ(Y1|Y−∞:0)

]
, P̃θ?-a.s.

In this chapter, we show that with probability tending to one, the MLE θ̂x,n
eventually lies in a neighborhood of the set

Θ? = argmax
θ∈Θ

Ẽθ?
[
ln pθ(Y1|Y−∞:0)

]
, (4.13)

which only depends on θ?. In this contribution, we provide easy-to-check
su�cient conditions implying

lim
n→∞

∆(θ̂x,n,Θ?) = 0, P̃θ?-a.s., (4.14)

but, for the sake of brevity, we do not precisely determine the set Θ?. Many
approaches have been proposed to investigate this problem, which is often
referred to as the identi�ability problem. In particular cases, one can prove
that Θ? = {θ?}, in which case the strong consistency of the MLE follows
from (4.14). We will mention a general result which precises how the set Θ?

is related to the true parameter θ? in Remark 4.3.4. For the moment, let us
mention that we have

θ? ∈ Θ?, (4.15)

provided that the following assumption holds:

(B-1) For all θ, θ? ∈ Θ, we have

(i) If θ 6= θ?, y 7→ pθ(y|Y−∞:0) is a density function P̃θ?-a.s.
(ii) Under P̃θ? , the function y 7→ pθ?(y|Y−∞:0) is the conditional density

function of Y1 given Y−∞:0.

Indeed, (4.15) follows by writing for all θ ∈ Θ,

Ẽθ?
[
ln pθ?(Y1|Y−∞:0)− ln pθ(Y1|Y−∞:0)

]
= Ẽθ?

[
ln
pθ?(Y1|Y−∞:0)

pθ(Y1|Y−∞:0)

]
= Ẽθ?

[
Ẽθ?
[

ln
pθ?(Y1|Y−∞:0)

pθ(Y1|Y−∞:0)

∣∣∣∣Y−∞:0

]]
,

which is nonnegative under (B-1) since it is the expectation of a conditional
Kullback-Leibler divergence.
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4.3.2 Convergence of the MLE

In this part, we always assume that (A-1) holds. The following is a list
of additional assumptions on which our convergence result relies.

(A-2) There exists a function V̄ : X→ R+ such that, for all θ ∈ Θ, πθ1(V̄ ) <∞.

Remark 4.3.1. Assumption (A-2) is usually obtained as a byproduct of
the proof of Assumption (A-1), see Section 4.3.3. It is here stated as an
assumption for convenience.

The following set of conditions can readily be checked on gθ and ψθ.

(B-2) For all y ∈ Y, the function (θ, x) 7→ gθ(x; y) is continuous on Θ× X.

(B-3) For all y ∈ Y, the function (θ, x) 7→ ψθy(x) is continuous on Θ× X.

The function V̄ appearing in (B-4)(viii) below is the same one as in Assump-
tion (A-2). Moreover, in this condition and throughout the chapter we write
f . V for a real-valued function f and a nonnegative function V de�ned
on the same space X, whenever there exists a positive constant c such that
|f(x)| ≤ cV (x) for all x ∈ X.

(B-4) There exist x1 ∈ X, a closed set X1 ⊆ X, % ∈ (0, 1), C ≥ 0 and measurable
functions ψ̄ : X → R+, H : R+ → R+ and φ̄ : Y → R+ such that the
following assertions hold.

(i) For all θ ∈ Θ and (x, y) ∈ X× Y, ψθy(x) ∈ X1.

(ii) sup
(θ,x,y)∈Θ×X1×Y

gθ(x; y) <∞.

(iii) For all θ ∈ Θ, n ∈ Z+, x ∈ X, and y1:n ∈ Yn,

dX

(
ψθ〈y1:n〉(x1), ψθ〈y1:n〉(x)

)
≤ %n ψ̄(x). (4.16)

(iv) ψ̄ is locally bounded.

(v) For all θ ∈ Θ and y ∈ Y, ψ̄(ψθy(x1)) ≤ φ̄(y).

(vi) For all θ ∈ Θ and (x, x′, y) ∈ X1 × X1 × Y,∣∣∣∣ln gθ(x; y)

gθ(x′; y)

∣∣∣∣ ≤ H(dX(x, x′)) eC (dX(x1,x)∨dX(x1,x′)) φ̄(y). (4.17)

(vii) H(u) = O(u) as u→ 0.

(viii) If C = 0, then, for all θ ∈ Θ,

Gθ ln+ φ̄ . V̄ ; (4.18)

otherwise, for all θ ∈ Θ,
Gθφ̄ . V̄ . (4.19)
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Let us now state our main result as follows.

Theorem 4.3.2. Assume that (A-1), (A-2), (B-2), (B-3) and (B-4) hold.
Then, letting x1 ∈ X as in (B-4), the function pθ(·|·) de�ned by (4.12) with
x = x1 satis�es (B-1) and the convergence (4.14) of the MLE holds with the
set Θ? de�ned by (4.13).

For convenience, the proof is postponed to Section 4.6.1.

Remark 4.3.3. As noticed in Douc et al. [2013], the techniques used to prove
Theorem 4.3.2 also apply in the misspeci�ed case, where Y is not distributed
according to P̃θ? . We do not pursue in this direction in this contribution.

The consistency of the MLE then follows from Theorem 4.3.2 by the
following remark.

Remark 4.3.4. In many speci�c cases, one can show that Θ? de�ned
by (4.13) is the singleton {θ?}. However this task appears to be quite di�-
cult in some cases such as Example 4.1.3. Instead one can use [Douc et al.,
2014, Section 4.2], where it is shown that the assumptions of Theorem 4.3.2
imply that Θ? is exactly the set of parameters θ such that P̃θ = P̃θ? . Thus
we can conclude that the MLE converges to the equivalence class of the true
parameter. This type of consistency has been introduced by Leroux [1992]
in the context of hidden Markov models in order to disentangle the proof of
the consistency from the problem of identi�ability. Recall that the model is
identi�able if and only if the equivalent classes {θ ∈ Θ : P̃θ = P̃θ?} reduce to
singletons {θ?} for all θ? ∈ Θ.

4.3.3 Ergodicity

In this section, the ODM is studied to prove the condition (A-1). Since
this is a �for all θ (...)� condition, to save space and alleviate the notational
burden, we will drop the superscript θ from, for example, Gθ, Rθ and ψθ and
respectively write, instead, G, R and ψ.

Ergodicity of Markov chains are usually studied using ϕ-irreducibility.
This approach is well known to be quite e�cient when dealing with fully
dominated models, see Meyn and Tweedie [2009]. It is not at all the same
picture for ODMs, where other tools need to be invoked, see Fokianos and
Tjøstheim [2011], Douc et al. [2013]. Since the ergodicity is studied for a
given parameter θ, the ergodicity results of Douc et al. [2013] directly apply,
even though ODMs are restricted to the case where g does not depend on
the unknown parameter θ in this reference. Our main contribution here
is to focus on an easy-to-check list of assumptions yielding the ergodicity

91



4. Observation-driven Models

conditions (A-1) and (A-2). We also provide a lemma (Lemma 4.3.6) which
gives the construction of the instrumental functions α and φ used in the list
of assumptions.

(A-3) The measurable space (X, dX) is a locally compact, complete and separable
metric space and its associated σ-�eld X is the Borel σ-�eld.

(A-4) There exist (λ, β) ∈ (0, 1) × R+ and a measurable function V : X → R+

such that RV ≤ λV + β and {V ≤M} is compact for any M > 0.

(A-5) The Markov kernel R is weak Feller, that is, for any continuous and
bounded function f de�ned on X, Rf is continuous and bounded on X.

(A-6) The Markov kernel R has a reachable point, that is, there exists x0 ∈ X
such that, for any x ∈ X and any neighborhood N of x0, R

m(x;N ) > 0
for at least one positive integer m.

(A-7) We have sup
(x,x′,y)∈X2×Y

x 6=x′

dX(ψy(x), ψy(x
′))

dX(x, x′)
< 1.

(A-8) There exist a measurable function α from X2 to [0, 1], a measurable func-
tion φ : X2 → X and a measurable function W : X2 → [1,∞) such that
the following assertions hold.

(i) For all (x, x′) ∈ X2 and y ∈ Y,

min {g(x; y), g(x′; y)} ≥ α(x, x′)g (φ(x, x′); y) . (4.20)

(ii) For all x ∈ X, W (x, ·) is �nitely bounded in a neighborhood of x,
that is, there exists γx > 0 such that sup

x′∈B(x,γx)

W (x, x′) <∞.

(iii) For all (x, x′) ∈ X2, 1− α(x, x′) ≤ dX(x, x′)W (x, x′).

(iv) sup

(∫
Y

W (ψy(x), ψy(x
′))G(φ(x, x′); dy)−W (x, x′)

)
< ∞,

where the sup is taken over all (x, x′) ∈ X2.

We can now state the main ergodicity result.

Theorem 4.3.5. Conditions (A-3), (A-4), (A-5), (A-6), (A-7) and (A-8)
imply that K admits a unique stationary distribution π on X×Y. Moreover,
π1V̄ <∞ for every V̄ : X→ R+ such that V̄ . V .

The proof of Theorem 4.3.5 is postponed to Section 4.6.2 for convenience.
The �rst conclusion of Theorem 4.3.5 can directly be applied for all θ ∈ Θ

to check (A-1). The second conclusion can be used to check (A-2). In doing
so, one must take care of the fact that although V may depend on θ, V̄ does
not.
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Assumptions (A-4), (A-5) and (A-6) have to be checked directly on the
Markov kernel R de�ned by (4.6). To this end it can be useful to de�ne, for
any given x ∈ X, the distribution

P̄x := Pδx⊗G(x;·) (4.21)

on (X × Y)Z+ , where Pµ is de�ned for any distribution µ on X × Y as in
De�nition 4.2.2. Then the �rst component process {Xk : k ∈ Z+} associated
to P̄x is a Markov chain with Markov kernel R and initial distribution δx.

We now provide a general framework for constructing α and φ that appear
in (A-8).

Lemma 4.3.6. Suppose that X = CS for some measurable space (S,S) and
C ⊆ R. Thus, for all x ∈ X, we write x = (xs)s∈S, where xs ∈ C for all
s ∈ S. Suppose moreover that for all x = (xs)s∈S ∈ X, we can express the
conditional density g(x; ·) as a mixture of densities of the form j(xs)h(xs; ·)
over s ∈ S. This means that for all t ∈ C, y 7→ j(t)h(t; y) is a density with
respect to ν and there exists a probability measure µ on (S,S) such that

g(x; y) =

∫
S

j(xs)h(xs; y)µ(ds), y ∈ Y. (4.22)

We moreover assume that h takes nonnegative values and that one of the two
following assumptions holds.

(H-1) For all y ∈ Y, the function h(·; y) : t 7→ h(t; y) is nondecreasing.

(H-2) For all y ∈ Y, the function h(·; y) : t 7→ h(t; y) is nonincreasing.

For all (x, x′) ∈ X2, denoting x ∧ x′ := (min{xs, x′s})s∈S and x ∨ x′ :=
(max{xs, x′s})s∈S, we de�ne α(x, x′) and φ(x, x′) as

α(x, x′) = inf
s∈S

{
j(xs ∨ x′s)
j(xs ∧ x′s)

}
and φ(x, x′) = x ∧ x′ under (H-1);

α(x, x′) = inf
s∈S

{
j(xs ∧ x′s)
j(xs ∨ x′s)

}
and φ(x, x′) = x ∨ x′ under (H-2).

Then α and φ de�ned above satisfy (A-8)(i).

Proof. We only prove this result under Condition (H-1). The proof is similar
under (H-2).

Since for all t ∈ C, y 7→ j(t)h(t; y) is a density with respect to ν, we have

j(t) =

(∫
h(t; y)ν(dy)

)−1

> 0.
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Thus j is nonincreasing on C. Clearly, the de�ned α takes values on [0, 1]
and φ de�nes a function from X2 to X. For all (x, x′) ∈ X2 and y ∈ Y, we
have

g(x; y) =

∫
S

j(xs)h(xs; y)µ(ds)

≥
∫
S

j(xs ∨ x′s)h(xs ∧ x′s; y)µ(ds)

≥
∫
S

j(xs ∨ x′s)
j(xs ∧ x′s)

j(xs ∧ x′s)h(xs ∧ x′s; y)µ(ds)

≥
∫
S

inf
s∈S

{
j(xs ∨ x′s)
j(xs ∧ x′s)

}
j(xs ∧ x′s)h(xs ∧ x′s; y)µ(ds)

= α(x, x′)g(φ(x, x′); y).

By symmetry of α and φ, we get (4.20) and thus (A-8)(i) holds.

4.4 Examples

Let us now apply these results to prove the convergence of MLE of Ex-
amples 4.1.1, 4.1.2 and 4.1.3.

4.4.1 NBIN-GARCH Model

Example 4.1.1 is a speci�c case of De�nition 4.2.1 where ν is the counting
measure on Y = N,

ψθy(x) = ω + ax+ by, (4.23)

gθ(x; y) =
Γ(y + r)

y!Γ(r)

(
1

1 + x

)r (
x

1 + x

)y
, (4.24)

with θ = (ω, a, b, r) in a compact subset Θ of (0,∞)4 and X = (0,∞).
In [Zhu, 2011, Theorem 1], the equation satis�ed by the mean of the

observations µk = E[Yk] is derived and is shown to admit a constant solution
if and only if

rb+ a < 1. (4.25)

This clearly implies that this condition is necessary to have a stationary
solution {Yk} with �nite mean. However it does not imply the existence of
such a solution. In fact, the following result shows that (4.25) is indeed a
necessary and su�cient condition to have a stationary solution {Yk} with
�nite mean. It also shows that all the assumptions of Theorem 4.3.2 hold,
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which, with Remark 4.3.4, provides the consistency of the MLE θ̂x1,n for any
x1 ∈ X.

Theorem 4.4.1. Suppose that all θ = (ω, a, b, r) in Θ satisfy Condi-
tion (4.25). Then Assumptions (A-1), (A-2), (B-2), (B-3) and (B-4) hold
with V̄ de�ned as the identity function on X and with any x1 ∈ X.

Proof. . For convenience, we divide the proof into two steps.
Step 1. We �rst prove Assumptions (A-1) and (A-2) by applying Theo-
rem 4.3.5. We set V̄ (x) = V (x) = x and thus we only need to check (A-3),
(A-4), (A-5), (A-6), (A-7) and (A-8). Condition (A-3) holds. We have for all
θ ∈ Θ,

RV (x) = ω + (a+ br)x = (a+ br)V (x) + ω,

which yields (A-4). The fact that the kernel R is weak Feller easily follows by
observing that, as p → p′, NB(r, p) converges weakly to NB(r, p′), so (A-5)
holds.

We now prove (A-6). Let x∞ = ω/(1−a). Let x ∈ R and de�ne recursively
the sequence x0 = x, xk = ω + axk−1 for all positive integers k. Since 0 <
a < 1, this sequence converges to the �xed point x∞. Therefore, de�ning Px
as in (4.21), for any neighborhood N of x∞, there exists some n such that
xn ∈ N and we have

Rn(x;N ) = P̄x (Xn ∈ N ) ≥ P̄x (Xk = xk for all k = 1, . . . , n)

= P̄x (Y0 = · · · = Yn−1 = 0) > 0.

So (A-6) holds. Assumption (A-7) holds since we have for all (x, x′, y) ∈ X2×Y
with x 6= x′,

|ψy(x)− ψy(x′)|
|x− x′|

= a < 1.

To prove (A-8), we apply Lemma 4.3.6 with C = X, S = {1} (so µ boils down
to the Dirac measure on {1}). For all (x, y) ∈ X× Y, let j(x) =

(
1

1+x

)r
and

h(x; y) = Γ(y+r)
y!Γ(r)

(
x

1+x

)y
. Indeed, h satis�es (H-1). Thus by Lemma 4.3.6, for

all (x, x′) ∈ X2 and y ∈ Y, we get that

α(x, x′) =

(
1 + x ∧ x′

1 + x ∨ x′

)r
∈ (0, 1] and φ(x, x′) = x ∧ x′

satisfy (A-8)(i). For any given r > 0, let a function W : X2 → [1,∞) be
de�ned by, for all (x, x′) ∈ X2, W (x, x′) = 1 ∨ r. By de�nition of W , as a
constant function, (A-8)(ii) and (A-8)(iv) clearly hold. Moreover, (A-8)(iii)
holds since for all (x, x′) ∈ X2, we have that

1− α(x, x′) ≤ (1 ∨ r)|x− x′| = W (x, x′)|x− x′|.
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Therefore, (A-8) holds, which completes Step 1.
Step 2. We now prove (B-2), (B-3) and (B-4). By assumption on Θ, then
there exists (ω, ω̄, b, b̄, r, r̄, α, ᾱ) ∈ (0,∞)6 × (0, 1)2 such that

ω ≤ ω ≤ ω̄, ≤ b ≤ b̄, r ≤ r ≤ r̄, α ≤ a+ br ≤ ᾱ.

Clearly, (B-2) and (B-3) hold by de�nitions of ψθy(x) and gθ(x; y). It remains
to check (B-4) for a well-chosen closed subset X1 and any x1 ∈ X. Let X1 =
[ω,∞) ⊂ X so that (B-4)(i) holds. By noting that for all (θ, x, y) ∈ Θ×X×Y,
gθ(x; y) ≤ 1, we have (B-4)(ii). From (4.9) and (4.23), we have for all s ≤ t,
ys:t ∈ Yt−s+1, x ∈ X and θ ∈ Θ,

ψθ〈ys:t〉(x) = ω

(
1− at−s+1

1− a

)
+ at−s+1x+ b

t−s∑
j=0

ajyt−j. (4.26)

Using (4.26), we have, for all θ ∈ Θ, x ∈ X and y1:n ∈ Yn,∣∣ψθ〈y1:n〉(x1)− ψθ〈y1:n〉(x)
∣∣ = an |x1 − x| ≤ ᾱn |x1 − x| .

This gives (B-4)(iii) and (B-4)(iv) by setting % = ᾱ < 1 and ψ̄(x) = |x1− x|.
Next we set φ̄, H and C to meet Conditions (B-4)(v) and (B-4)(vi) and (B-
4)(vii). Let us write, for all θ ∈ Θ and y ∈ Y,∣∣x1 − ψθy(x1)

∣∣ ≤ ω + (1 + a)x1 + by ≤ ω̄ + (1 + ᾱ)x1 + b̄y

and, for all (x, x′) ∈ X2
1 = [ω,∞)2,∣∣ln gθ(x; y)− ln gθ(x′; y)
∣∣ = |(r + y) [ln(1 + x′)− ln(1 + x)] + y [lnx− lnx′]|
≤
[
(r + y)(1 + ω)−1 + y ω−1

]
|x− x′|

≤
[
r + y (1 + ω−1)

]
|x− x′|.

Setting φ̄(y) = ω̄∨ r̄+(1+ᾱ)x1+
(
b̄ ∨ (1 + ω−1)

)
y, H(x) = x and C = 0 then

yield Conditions (B-4)(v), (B-4)(vi) and (B-4)(vii). Now (B-4)(viii) follows
from ∫

ln+ y Gθ(x; dy) ≤
∫
y Gθ(x; dy) = rx ≤ rV̄ (x).

This concludes the proof.

4.4.2 NM-GARCH Model

The NM(d)-GARCH(1, 1) of Example 4.1.2 is a speci�c case of De�ni-
tion 4.2.1 where X = Rd

+ and ν is the Lebesgue measure on Y = R,
ψθy(x) = ω + Ax + y2b, (4.27)

gθ(x; y) =
d∑
`=1

γ`
e−y

2/2x`

(2πx`)1/2
, (x, y) ∈ X× Y, (4.28)
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and θ = (γ,ω,A,b) ∈ Θ, a compact subset of Pd × (0,∞)d × Rd×d
+ × Rd

+,
with Pd de�ned by (4.3).

In Haas et al. [2004], it is shown that the equation satis�ed by the variance
of a univariate NM(d)-GARCH(1, 1) process admits a constant solution if and
only if

|λ|max(A + bγT ) < 1, (4.29)

where, for any square matrixM, |λ|max(M) denotes the spectral radius ofM.
It follows that the existence of a weakly stationary solution implies (4.29)
but it does not say anything about the existence of stationary or weakly
stationary solution. The result below shows that (4.29) is indeed a su�cient
condition for the existence of a stationary solution with �nite variance. It
moreover provides with Theorem 4.3.2 and Remark 4.3.4 the consistency of
the MLE θ̂x1,n for any x1 ∈ X.

Theorem 4.4.2. Suppose that all θ = (γ,ω,A,b) in Θ satisfy (4.29). Then
Assumptions (A-1), (A-2), (B-2), (B-3) and (B-4) hold with V̄ de�ned as
any norm on X.

Proof. . In this proof section, we set

V̄ (x) = |x| =
d∑
`=1

|x`|, (4.30)

for all x = (x`) ∈ X. As in Theorem 4.4.1, we divide the proof into two steps.
Step 1. We �rst show that Assumptions (A-1) and (A-2) hold with the above
V̄ by applying Theorem 4.3.5. De�ne V on X by setting

V (x) = (1 + x0)Tx,

where 1 is the vector of X with all entries equal to 1 and x0 is de�ned by

1 + x0 = (I−
(
A + bγT

)T
)−11.

We indeed note that by Condition (4.29) the above inversion is well de�ned
and moreover

(I− (A + bγT )T )−1 = I +
∑
k≥1

(
AT + γbT

)k
,

and, since A, b, γ all have non-negative entries, it follows that x0 has non-
negative entries. Thus, for all x = (x`) ∈ X,

V̄ (x) = 1Tx ≤ V (x),
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so that V̄ . V . Hence by Theorem 4.3.5, we thus only need to check (A-
3), (A-4), (A-5), (A-6), (A-7) and (A-8) with V de�ned as above for a given
θ = (γ,ω,A,b) ∈ Θ (so we drop θ in the notation in the remaining of Step
1). Condition (A-3) holds for any metric dX associated to a norm on the �nite
dimensional space X. (The precise choice of d is postponed to the veri�cation
of (A-7).) We have

RV (x) =

∫
V (ω + Ax + y2b) G(x, dy)

= (1 + x0)Tω + (1 + x0)T
(
A + bγT

)
x

= V (ω) + 1T (I−
(
A + bγT

)
)−1
(
A + bγT − I + I

)
x

= V (ω) + xT0 x

≤ V (ω) + λV (x),

where we set λ = max` {x0,`/(1 + x0,`)} < 1. Hence (A-4) holds. Condition
(A-5) easily follows from the continuity of the Gaussian distribution with
respect to its variance parameter. We now prove (A-6). From (4.9) and
(4.27), we have for all n ≥ 1, y0:n−1 ∈ Yn and x ∈ X,

ψθ〈y0:n−1〉(x) = Anx +
n−1∑
j=0

Aj(ω + y2
n−1−jb). (4.31)

Let us use the norm

‖M‖ = max
j

∑
i

|Mi,j| = sup
|x|≤1

|Mx|

on d× d matrices. Note that by (4.29), there exists δ ∈ (0, 1) and c > 0 such
that, for any k ≥ 1, ∥∥∥(A + bγT

)k∥∥∥ ≤ c δk. (4.32)

Using that A, b, γ all have nonnegative entries, we have∥∥Ak
∥∥ ≤ ∥∥∥(A + bγT

)k∥∥∥ . (4.33)

Hence (I−A)−1 = I+
∑

k≥1 A
k is well de�ned and we set x∞ = (I−A)−1ω

so that, with (4.27), we have

ψθ〈y0:n−1〉(x)− x∞ = Anx +
∑
j≥n

Ajω +
n−1∑
j=0

y2
n−1−jA

jb.
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Then, using de�nition (4.21), we get that, P̄x-a.s., for all n ≥ 1,

|Xn − x∞| = |ψ〈Y0:n−1〉(x)− x∞|

≤ |An(x− x∞)|+
∑
j≥n

∣∣Ajω
∣∣+

(
max

0≤j≤n−1
Y 2
j

) n−1∑
j=0

∣∣Ajb
∣∣ .

With (4.32) and (4.33), this implies

P̄x

(
|Xn − x∞| ≤ c

[
δn
(
|x− x∞|+

|ω|
1− δ

)
+
|b|

1− δ
max

0≤j≤n−1
Y 2
j

])
= 1.

To obtain (A-6), it is su�cient to observe that, since g takes positive values
in (4.28), for any positive ε, x ∈ X and any n ≥ 1,

P̄x

(
max

0≤j≤n−1
Y 2
j < ε

)
> 0.

Next we prove (A-7). We have

ψy(x)− ψy(x′) = A(x− x′).

Since (4.32) and (4.33) imply that |λ|max(A) < 1, there exists a vector norm
which makes A strictly contracting. Choosing the metric dX on X as the
one derived from this norm, we get (A-7). To show (A-8), we again rely
on Lemma 4.3.6. Let us set C = (0,∞) and S = {1, . . . , d} and de�ne
the probability measure µ on S by µ({s}) = γs, for all s ∈ S. For all
(t, y) ∈ C × Y, let j(t) = 1

(2πt)1/2 and h(t; y) = exp (−y2/2t). Obviously,
Relation (4.22) holds and h satis�es (H-1). Hence, Lemma 4.3.6 implies that
α and φ de�ned respectively for all x = (x1, . . . , xd), x′ = (x′1, . . . , x

′
d) ∈ X

by

α(x,x′) = min
1≤`≤d

{(
x` ∧ x′`
x` ∨ x′`

) 1
2

}
∈ (0, 1] and φ(x,x′) = (x1∧x′1, . . . , xd∧x′d),

satisfy (A-8)(i). For x = (x1, . . . , xd), x
′ = (x′1, . . . , x

′
d) ∈ X, we have

1− α(x,x′) = 1− min
1≤`≤d

{(
1− |x` − x

′
`|

x` ∨ x′`

) 1
2

}

≤ max
1≤`≤d

{
|x` − x′`|
x` ∨ x′`

}
≤ min

1≤`≤d
(x−1

` ∧ x
′−1
` ) |x− x′|

≤ W (x,x′) dX(x,x′),
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where dX is the metric previously de�ned and W is de�ned by W (x,x′) =
1 ∨

(
cdX

min1≤`≤d(x
−1
` ∧ x

′−1
` )
)
with cdX

> 0 is conveniently chosen (such a
constant exists since dX is the metric associated to a norm and X has �nite
dimension). Then (A-8)(ii) and (A-8)(iii) hold and, since for all y ∈ Y and
x ∈ X, ψy(x) has all its entries bounded from below by the positive entries
of ω, W (ψy(x), ψy(x

′)) is uniformly bounded over (x,x′, y) ∈ X × X × Y
and (A-8)(iv) holds. This completes Step 1.
Step 2 We now show that Assumptions (B-2), (B-3) and (B-4) hold.

Clearly, (B-2) and (B-3) hold by de�nitions of ψθy(x) and gθ(x; y). It
remains to show (B-4). Since Θ is compact, then

ω ≤ min
1≤`≤d

ω`, |ω| ≤ ω, b ≤ |b| ≤ b̄, |λ|max(A + bγT ) ≤ ρ̄,
∥∥A + bγT

∥∥ ≤ L

for some (ω, ω, b, b, ρ̄) ∈ (0,∞)4 × (0, 1) and L > 0. By [Moulines et al.,
2005, Lemma 12], we note that this implies that, for all δ̄ ∈ (ρ̄, 1), there
exists C̄ > 0 such that for all k ≥ 1 and all θ ∈ Θ,∥∥∥(A + bγT

)k∥∥∥ ≤ C̄ δ̄k. (4.34)

We set X1 = [ω,∞)d ⊂ X so that (B-4)(i) holds. Moreover, for all (θ,x, y) ∈
Θ× X1 × Y, gθ(x; y) ≤ (2πω)−1/2. Thus, Condition (B-4)(ii) holds. Now let
x1 ∈ X. Using (4.31), (4.34) and (4.33), we have, for all x ∈ X, y1:n ∈ Yn and
θ ∈ Θ, ∣∣ψθ〈y1:n〉(x1)− ψθ〈y1:n〉(x)

∣∣ = |An(x1 − x)|
≤ C̄ δ̄n |x1 − x| .

Using that the norm de�ning dX is equivalent to the norm |·|, we get (B-4)(iii)
with

ψ̄(x) = C̄ ′ |x1 − x| ,
for some positive constant C̄ ′. Hence (B-4)(iv) holds and since∣∣x1 − ψθy(x1)

∣∣ ≤ (L+ 1) |x1|+ ω + y2b̄,

we also get (B-4)(v) provided that

φ̄(y) ≥ (L+ 1) |x1|+ ω + y2b̄. (4.35)

It is straightforward to show that, for all θ ∈ Θ, x ∈ X1, y ∈ R, and
` ∈ {1, . . . , d}, ∣∣∣∣∂ ln gθ

∂x`
(x; y)

∣∣∣∣ ≤ 1

2

(
y2

ω2
+

1

ω

)
.
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Thus, by the mean value theorem, for all θ ∈ Θ, (x,x′) ∈ X1×X1 and y ∈ Y,∣∣ln gθ(x; y)− ln gθ(x′; y)
∣∣ ≤ 1

2

(
y2

ω2
+

1

ω

)
|x− x′|

We thus obtain (B-4)(v), (B-4)(vi) and (B-4)(vii) by setting C = 0,

H(u) = sup
d(x,x′)≤u

|x− x′|,

and
φ̄(y) = (L+ 1) |x1|+ ω + 1/(2ω) + y2(b̄+ ω2).

In addition, for all θ ∈ Θ and x ∈ X, we have∫
y2Gθ(x; dy) = γTx.

Hence, using (4.30) with the above de�nitions, we obtain (B-4)(viii) and the
proof is concluded.

4.4.3 Threshold IN-GARCH Model

The threshold IN-GARCH(1, 1) in Example 4.1.3 is a speci�c case of
De�nition 4.2.1 where ν is the counting measure on Y = Z+,

ψθy(x) = ω + ax+ by, (4.36)

gθ(x; y) = e−(x∧τ) (x ∧ τ)y

y!
, (4.37)

with θ = (ω, a, b, τ) in a compact subset Θ of (0,∞)4 and X = (0,∞). In
this model, if a < 1, we then have the ergodicity and consistency results as
stated in Theorem 4.4.3 below.

Theorem 4.4.3. Suppose that all θ = (ω, a, b, τ) in Θ satisfy a < 1. Then
Assumptions (A-1), (A-2), (B-2), (B-3) and (B-4) hold with V̄ de�ned as the
identity function on X and with any x1 ∈ X.

Proof. . As in the proofs of the two theorems above, for convenience, we
divide the proof into two steps.
Step 1. We �rst prove Assumptions (A-1) and (A-2) by applying Theo-
rem 4.3.5. We set V̄ (x) = V (x) = x and thus we only need to check (A-3),
(A-4), (A-5), (A-6), (A-7) and (A-8). Condition (A-3) holds with the usual
metric on R. We have for all θ ∈ Θ,

RV (x) = ω + ax+ b(x ∧ τ) ≤ aV (x) + (ω + bτ),
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which yields (A-4). The fact that the kernel R is weak Feller easily follows
by observing that, as x → x′, P(x) converges weakly to P(x′) and the map
x 7→ x ∧ τ is continuous, so (A-5) holds.

The proof of (A-6) is similar to the NBIN-GARCH case of Theorem 4.4.1
and is thus omitted. Assumption (A-7) holds since we have for all (x, x′, y) ∈
X2 × Y with x 6= x′,

|ψy(x)− ψy(x′)|
|x− x′|

= a < 1.

To prove (A-8), we apply Lemma 4.3.6 with C = X, S = {1} (so µ boils down
to the Dirac measure on {1}). For all (x, y) ∈ X× Y, let j(x) = e−(x∧τ) and
h(x; y) = (x∧τ)y

y!
. Then h indeed satis�es (H-1). Thus by Lemma 4.3.6, for all

(x, x′) ∈ X2 and y ∈ Y, we get that

α(x, x′) = e−(x∨x′)∧τ+(x∧x′)∧τ ∈ (0, 1] and φ(x, x′) = x ∧ x′

satisfy (A-8)(i).
Let W (x, x′) = 1 for all (x, x′) ∈ X2, which is a constant function. Thus

(A-8)(ii) and (A-8)(iv) clearly hold. Moreover, (A-8)(iii) holds since for all
(x, x′) ∈ X2, we have that

1− α(x, x′) ≤ x ∨ x′ − x ∧ x′ = |x− x′| = W (x, x′)|x− x′|.

Therefore, (A-8) holds, which completes Step 1.
Step 2. We now prove (B-2), (B-3) and (B-4). By assumption on Θ, then
there exists (ω, ω̄, b, b̄, τ , τ̄ , α, ᾱ) ∈ (0,∞)6 × (0, 1)2 such that

ω ≤ ω ≤ ω̄, ≤ b ≤ b̄, τ ≤ τ ≤ r̄, α ≤ a ≤ ᾱ.

Clearly, (B-2) and (B-3) hold by de�nitions of ψθy(x) and gθ(x; y). It remains
to check (B-4) for a well-chosen closed subset X1 and any x1 ∈ X. Let X1 =
[ω,∞) ⊂ X so that (B-4)(i) holds. By noting that for all (θ, x, y) ∈ Θ×X×Y,
gθ(x; y) ≤ 1, we have (B-4)(ii). From (4.9) and (4.36), we have for all s ≤ t,
ys:t ∈ Yt−s+1, x ∈ X and θ ∈ Θ,

ψθ〈ys:t〉(x) = ω

(
1− at−s+1

1− a

)
+ at−s+1x+ b

t−s∑
j=0

ajyt−j. (4.38)

Using (4.38), we have, for all θ ∈ Θ, x ∈ X and y1:n ∈ Yn,∣∣ψθ〈y1:n〉(x1)− ψθ〈y1:n〉(x)
∣∣ = an |x1 − x| ≤ ᾱn |x1 − x| .
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This gives (B-4)(iii) and (B-4)(iv) by setting % = ᾱ < 1 and ψ̄(x) = |x1− x|.
Next we set φ̄, H and C to meet Conditions (B-4)(v) and (B-4)(vi) and (B-
4)(vii). Let us write, for all θ ∈ Θ and y ∈ Y,∣∣x1 − ψθy(x1)

∣∣ ≤ ω + (1 + a)x1 + by ≤ ω̄ + (1 + ᾱ)x1 + b̄y

and, for all (x, x′) ∈ X2
1 = [ω,∞)2,∣∣ln gθ(x; y)− ln gθ(x′; y)

∣∣ = |(x′ ∧ τ − x ∧ τ) + y (ln(x ∧ τ)− ln(x′ ∧ τ))|
≤
(
1 + (ω ∧ τ)−1y

)
|x− x′| .

Setting φ̄(y) = 1+ω̄+(1+ᾱ)x1+
(
b̄ ∨ (ω ∧ τ)−1

)
y, H(x) = x and C = 0 then

yield Conditions (B-4)(v), (B-4)(vi) and (B-4)(vii). Now (B-4)(viii) follows
from ∫

ln+ y Gθ(x; dy) ≤
∫
y Gθ(x; dy) = x ∧ τ ≤ V̄ (x) .

This concludes the proof.

4.5 Numerical Experiments

4.5.1 Numerical Procedure

In this part, we provide a numerical method for computing the (condi-
tional) MLE θ̂x,n for the parameter θ = (ω, a, b, r) in the NBIN-GARCH(1, 1)
model introduced in Example 4.1.1 and studied in Section 4.4.1. It is con-
venient to write θ = (ϑ, r) with ϑ = (ω, a, b) and then to write ψϑy (x) and
gr(x; y) instead of ψθy(x) and gθ(x; y) in (4.23) and (4.24), respectively. In
contrast to the approach used in Zhu [2011], we allow the component r to be
any positive real number, rather than a discrete one and to be unknown as
well. We thus maximize jointly with respect to the parameters ϑ and r the
log-likelihood function Lθx,n〈y1:n〉 = L

(ϑ,r)
x,n 〈y1:n〉. In practice, one does not rely

on a compact set Θ of parameters as in Theorem 4.4.1. Instead the maxi-
mization is performed over all parameters ω > 0, a > 0, b > 0, r > 0 such
that the stability constraint a+br < 1 holds (taken from (4.25)). We use the
constrained nonlinear optimization function auglag (Augmented Lagrangian
Minimization Algorithm) from the package alabama (Augmented Lagrangian
Adaptive Barrier Minimization Algorithm) in R. For this purpose we provide
an initial parameter point and a numerical computation of the normalized
log-likelihood function Lθx,n〈y1:n〉 and of its gradient. The initial point is ob-
tained by applying a conditional least square (CLS) estimation based on an
ARMA(1, 1) representation of the model; see [Zhu, 2011, Section 3]. The
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computation of the log-likelihood and of its derivatives are derived as fol-
lows. For all x ∈ X, denoting uϑk = ψϑ〈y1:k−1〉(x) for all k ≥ 2 and uϑ1 = x,
we have

L(ϑ,r)
x,n 〈y1:n〉 = n−1

n∑
k=1

ln gr
(
ψϑ〈y1:k−1〉(x); yk

)
= n−1 ln gr(x, y1) + n−1

n∑
k=2

ln gr
(
uϑk ; yk

)
.

The computation of uϑk for all k ≥ 2 is done iteratively by observing that
uϑk = ψϑ〈yk−1〉(uϑk−1) and the computation of L(ϑ,r)

x,n 〈y1:n〉 is deduced. The
computation of the derivatives with respect to parameter θ = (ϑ, r) of the
function L

(ϑ,r)
x,n 〈y1:n〉 are then obtained in two steps. First, for k ≥ 2, the

derivative of uϑk with respect to ϑ are obtained iteratively by ∂uϑ1/∂ϑ = 0
and

∂uϑk
∂ϑ

= (1, uϑk−1, Yk−1) + a
∂uϑk−1

∂ϑ
.

Then the derivatives of L(ϑ,r)
x,n 〈y1:n〉 with respect to ϑ and r are given by

∂L
(ϑ,r)
x,n

∂ϑ
= n−1

n∑
k=1

∂ln gr

∂x

(
uϑk ; yk

) ∂uϑk
∂ϑ

= n−1

n∑
k=2

(
yk
uϑk
− yk + r

1 + uϑk

)
∂uϑk
∂ϑ

and

∂L
(ϑ,r)
x,n

∂r
= n−1

n∑
k=1

∂ln gr

∂r

(
uϑk ; yk

)
= n−1

n∑
k=1

(
Γ2(r + yk)− ln(1 + uϑk)

)
− Γ2(r),

respectively, where Γ2 is the digamma function Γ2(r) = d
dr

ln ◦Γ(r), r > 0.

4.5.2 Simulation Study

We consider two NBIN-GARCH(1, 1) models with parameters:

(M.1) θ? = (ω?, a?, b?, r?) = (3, .2, .2, 2) and

(M.2) θ? = (ω?, a?, b?, r?) = (3, .35, .1, 1.5).
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We simulated m = 200 data sets for each sample size n = 27, 28, 29 and
210. In Figure 4.2, we display the obtained boxplots of the di�erence of the
normalized log-likelihood functions evaluated respectively at MLE and at the
true value θ?. As predicted by the theory, this di�erence appears to converge
to 0 as the number of observations n → ∞. For the NBIN-GARCH(1, 1)
model, it can be shown that Θ? = {θ?}, which implies the convergence of
the MLE to the true parameter. We can observe this behavior for each
component of the MLE for the two models in Figure 4.3 and Figure 4.4. We
also report the Monte Carlo mean along with the mean absolute deviation
error (MADE): MADE = m−1

∑m
j=1 |θ̂jx,n− θ?

j| as an evaluation criterion for
the estimated parameter in Table 4.1.

Table 4.1 � Mean of estimates, MADEs (within parentheses) for the NBIN-
GARCH(1, 1) models

Sample size n
Model Parameter n = 27 n = 28 n = 29 n = 210

(M.1)

ω̂ 3.311(.973) 3.212(.719) 3.108(.507) 3.062(.372)
â .165(.138) .173(.113) .187(.076) .193(.055)
b̂ .194(.049) .195(.034) .197(.025) .200(.018)
r̂ 2.045(.241) 2.035(.166) 2.020(.112) 2.011(.074)

(M.2)

ω̂ 3.525(1.325) 3.362(1.258) 3.326(1.041) 3.167(.761)
â .252(.227) .290(.213) .296(.170) .319(.136)
b̂ .092(.056) .097(.039) .098(.028) .100(.022)
r̂ 1.563(.175) 1.539(.129) 1.520(.093) 1.513(.066)
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Figure 4.2 � Boxplots of the di�erences of log-likelihood functions evaluated
at the estimated MLE and the true value for Models (M.1) and (M.2) with
sample sizes n = 27, 28, 29 and n = 210, respectively. The red �continuous"
line indicates the position of zero.
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Figure 4.3 � Boxplots of the estimated MLE for Model (M.1) with sample
sizes n = 27, 28, 29 and n = 210, respectively. The red �dashed� line indicates
the true value of the parameter and the blue �x� indicates the location of the
Monte Carlo mean of the MLE.
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Figure 4.4 � Same as Figure 4.3 but for Model (M.2).

4.6 Postponed Proofs

4.6.1 Convergence of the MLE

Assumptions (A-1) and (A-2) are supposed to hold throughout this sec-
tion. The proof of Theorem 4.3.2 relies on the approach introduced in Pfan-
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zagl [1969], which was already used in Douc et al. [2013] for a restricted class
of ODMs. Our main contribution here is to provide the handy conditions
listed in Assumption (B-4). We �rst show that our conditions imply (B-1)
and the following one.

(B-5) There exists x1 ∈ X such that, for all θ, θ? ∈ Θ, pθ(Y1 |Y−∞:0) de�ned as
in (4.12) with x = x1 is �nite P̃θ?-a.s. Moreover, for all θ? ∈ Θ, we have

lim
k→∞

sup
θ∈Θ

∣∣∣∣ln gθ(ψθ〈Y1:k−1〉(x1);Yk)

pθ(Yk |Y−∞:k−1)

∣∣∣∣ = 0 P̃θ?-a.s. (4.39)

Indeed we have the following lemma.

Lemma 4.6.1. Assumptions (B-2), (B-3) and (B-4) imply (B-5) and (B-1).

Proof. See Section 4.6.3.

Now the proof of Theorem 4.3.2 directly follows from the following lemma.

Lemma 4.6.2. Assume that (B-2), (B-3) and (B-4)(i)�(ii) hold and that x1

satis�es (B-5). Then, Θ? de�ned by (4.13) is a non-empty closed subset of
Θ and (4.14) holds.

Proof. By [Douc et al., 2013, Theorem 33], to obtain (4.14), it is su�cient
to show that, for all θ? ∈ Θ, the two following assertions hold.

(a) Ẽθ?
[
supθ∈Θ ln+ pθ(Y1 |Y−∞:0)

]
<∞,

(b) the function θ 7→ ln pθ(Y1 |Y−∞:0) is continuous on Θ, P̃θ?-a.s.
In (B-5), pθ(Y1 |Y−∞:0) is de�ned P̃θ?-a.s. as the limit in (4.12) with x = x1.
So, P̃θ?-a.s., by (B-4)(i)�(ii), pθ(Y1 |Y−∞:0) is bounded by the �nite constant
appearing in (B-4)(ii). Hence (a) holds.

Condition (b) then follows from (4.39). Since almost sure convergence
implies the convergence in probability and P̃θ? is shift invariant, the random
sequence

Um := sup
θ∈Θ

∣∣∣∣ln gθ(ψθ〈Y−m:0〉(x1);Y1)

pθ(Y1 |Y−∞:0)

∣∣∣∣ , m ∈ Z+,

converges to zero in P̃θ?-probability. Then there exists a subsequence of
{Um : m ∈ Z+} which converges P̃θ?-a.s. to zero. Hence, interpreting this
convergence as a uniform (in θ) convergence of ln gθ(ψθ〈Y−m:0〉(x1);Y1) to
ln pθ(Y1 |Y−∞:0) to conclude that (b) holds, it is su�cient to show that θ 7→
ln gθ(ψθ〈Y−m:0〉(x1);Y1) is continuous for allm P̃θ?-a.s. This is indeed the case
by (B-2) and (B-3) and since gθ(x; y) is positive.
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4.6.2 Ergodicity

For proving Theorem 4.3.5, we �rst recall a more general set of conditions
derived in Douc et al. [2013], which are based on the following de�nition.

De�nition 4.6.3. Let Ḡ be a probability kernel from X2 to Y⊗2⊗P({0, 1})
satisfying the following marginal conditions, for all (x, x′) ∈ X2 and B ∈ Y ,{

Ḡ((x, x′);B × Y × {0, 1}) = G(x;B),

Ḡ((x, x′);Y ×B × {0, 1}) = G(x′;B),
(4.40)

and such that the following coupling condition holds

Ḡ((x, x′); {(y, y) : y ∈ Y} × {1}) = Ḡ((x, x′);Y2 × {1}). (4.41)

De�ne the following quantities successively.

� The trace measure of Ḡ((x, x′); ·) on the set {(y, y) : y ∈ Y} × {1} is
denoted by

Ǧ((x, x′);B) = Ḡ((x, x′); {(y, y) : y ∈ B} × {1}), B ∈ Y . (4.42)

� The kernel R̄ from (X2,X⊗2) to (X2 × {0, 1},X⊗2 ⊗ P({0, 1})) is de-
�ned for all x, x′ ∈ X2 and A ∈ X⊗2 by

R̄((x, x′);A× {1}) =

∫
Y

1A(ψy(x), ψy(x
′)) Ǧ((x, x′); dy). (4.43)

� The measurable function α from X2 to [0, 1] is de�ned by

α(x, x′) = R̄((x, x′);X2 × {1}) = Ḡ((x, x′);Y2 × {1}). (4.44)

� The kernel R̂ is de�ned for all (x, x′) ∈ X2 and A ∈ X⊗2 by

R̂((x, x′);A) =


R̄((x, x′);A× {1})

α(x, x′)
if α(x, x′) > 0,

0 otherwise.
(4.45)

We can now introduce the so-called contracting condition which yields
ergodicity.

(A-9) There exists a kernel Ḡ yielding α and R̂ as in De�nition 4.6.3, a measurable
functionW : X2 → [1,∞) satisfying Conditions (A-8)(ii) and (A-8)(iii) and
real numbers (D, ζ1, ζ2, ρ) ∈ (R+)3 × (0, 1) such that, for all (x, x′) ∈ X2

and for all n ≥ 1,

R̂n((x, x′); dX) ≤ DρndX(x, x′), (4.46)

R̂n((x, x′); dX ×W ) ≤ Dρndζ1X (x, x′)W ζ2(x, x′). (4.47)
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Under Conditions (A-3), (A-4), (A-5), (A-6) and (A-9) and by combining
Theorem 6, Proposition 8 and Lemma 7 in Douc et al. [2013], we immediately
obtain the following result.

Theorem 4.6.4. Assume (A-3), (A-4), (A-5), (A-6) and (A-9). Then the
Markov kernel K admits a unique invariant distribution π and π1(V̄ ) < ∞
for any V̄ : X→ R+ such that V̄ . V .

Assumptions (A-3), (A-4), (A-5) and (A-6) are quite usual and easy to
check. The key point to obtain ergodicity is thus to construct Ḡ satisfying (A-
9). For this, we can also rely on the following result which is quoted from
[Douc et al., 2013, Lemma 9].

Lemma 4.6.5. Assume that there exists (ρ, β) ∈ (0, 1)×R such that for all
(x, x′) ∈ X2,

R̂
(
(x, x′);

{
(x1, x

′
1) ∈ X2 : dX(x1, x

′
1) > ρ dX(x, x′)

})
= 0, (4.48)

R̂W ≤ W + β. (4.49)

Then, (4.46) and (4.47) hold.

Now we can prove that our set of conditions is su�cient.

Proof of Theorem 4.3.5. We only need to show that (A-7) and (A-8) im-
ply (A-9). We preface our proof by the following lemma.

Lemma 4.6.6. Assume (A-8)(i). Then one can de�ne a kernel Ḡ as in Def-
inition 4.6.3 with the same α given in (4.44). Moreover, the kernel R̂ de�ned
by (4.45) satis�es, for all (x, x′) ∈ X2 such that α(x, x′) > 0 and all measur-
able functions f : X2 → R+,

R̂((x, x′); f) = G(φ(x, x′); f̃) with f̃(y) = f(ψy(x), ψy(x
′)). (4.50)

Let us conclude the proof of Theorem 4.3.5 before proving this lemma.
By Lemma 4.6.6 and Lemma 4.6.5, it remains to check that (4.48) and (4.49)
hold for all (x, x′) ∈ X2. Observe that by de�nition of R̂, Condition (A-8)(iv)
is equivalent to

sup
(x,x′)∈X2

(
R̂W (x, x′)−W (x, x′)

)
<∞.

so we can �nd β ∈ R such that (4.49) holds for all (x, x′) ∈ X2.
Now, let (x, x′) ∈ X2 and let (X,X ′) be distributed according to

R̂((x, x′); ·) which is de�ned in (4.50). When x = x′, then dX(X,X ′) = 0,
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implying that Condition (4.48) holds with any nonnegative ρ. For x 6= x′,
let ρ be de�ned by

ρ = sup
(x,x′,y)∈X2×Y

x 6=x′

dX(ψy(x), ψy(x
′))

dX(x, x′)
, (4.51)

which is in (0, 1) by (A-7). Then

dX(X,X ′)

dX(x, x′)
=

dX(ψY (x), ψY (x′))

dX(x, x′)
≤ ρ.

Therefore, Condition (4.48) holds for all (x, x′) ∈ X2 with ρ as in (4.51).

We conclude this section with the postponed

Proof of Lemma 4.6.6. Let (x, x′) ∈ X2. We de�ne Ḡ((x, x′); ·) as the dis-
tribution of (Y, Y ′, U) drawn as follows. We �rst draw a random variable
Ȳ taking values in Y with density g(φ(x, x′); ·) with respect to ν. Then we
de�ne (Y, Y ′, U) by separating the two cases, α(x, x′) = 1 and α(x, x′) < 1.

• Suppose that α(x, x′) = 1. Then from (A-8)(i), we have

G(x; ·) = G(x′; ·) = G(φ(x, x′); ·).

In this case, we set (Y, Y ′, U) = (Ȳ , Ȳ , 1).

• Suppose now that α(x, x′) < 1. Then, using (4.20), the functions

(1− α(x, x′))−1 [g(x; ·)− α(x, x′)g(φ(x, x′); ·)]

and
(1− α(x, x′))−1 [g(x′; ·)− α(x, x′)g(φ(x, x′); ·)] ,

are probability density functions with respect to ν and we let Λ and Λ′

be two independent random variables taking values in Y drawn with
these two density functions, respectively. In this case, we draw U in-
dependently according to a Bernoulli variable with mean α(x, x′) and
set

(Y, Y ′) =

{
(Ȳ , Ȳ ) if U = 1,

(Λ,Λ′) if U = 0.

One can easily check that the so de�ned kernel Ḡ satis�es (4.40) and (4.41).
Moreover, for all (x, x′) ∈ X2,

Ḡ((x, x′);Y2 × {1}) = P(U = 1) = α(x, x′),
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which is compatible with (4.44). The kernel R̂ is de�ned by setting
R̂((x, x′); ·) as the conditional distribution of (X,X ′) = (ψY (x), ψY (x′)) given
that U = 1. To complete the proof of Lemma 4.6.6, observe that for any
measurable f : X2 → R+, we have, for all (x, x′) ∈ X2 such that α(x, x′) > 0,

R̂((x, x′); f) = E [f(ψY (x), ψY (x′)) | U = 1]

= E [f(ψȲ (x), ψȲ (x′))]

= G(φ(x, x′); f̃),

where f̃(y) = f(ψy(x), ψy(x
′)) for all y ∈ Y.

4.6.3 Proof of Lemma 4.6.1.

Under (A-2), Assumptions (B-4)(viii) implies that for all θ ∈ Θ,

πθ2
(
ln+(φ̄)

)
<∞, (4.52)

and if moreover C > 0,
πθ2
(
φ̄
)
<∞. (4.53)

For proving Lemma 4.6.1, we will also make use of [Douc et al., 2013,
Lemma 34] which we quote here for convenience.

Lemma 4.6.7. Let {Uk : k ∈ Z+} be a stationary sequence of real-valued
random variables on (Ω,F ,P). Assume that E(ln+ |U0|) <∞. Then, for all
η ∈ (0, 1),

lim
k→∞

ηkUk = 0, P-a.s.

Proof of Lemma 4.6.1. We �rst show that pθ(y|Y−∞:0) in (4.12) is �nite for
x = x1 P̃θ?-a.s. By (B-2), this follows by writing

pθ (y1 | y−∞:0) = gθ
(
ψθ〈y−∞:0〉; y1

)
, (4.54)

if, for all θ, θ? ∈ Θ, the limit

ψθ〈Y−∞:0〉 = lim
m→∞

ψθ〈Y−m:0〉(x1) is well de�ned P̃θ?-a.s. (4.55)

For all θ ∈ Θ, m ≥ 0, x ∈ X and y−m:0 ∈ Ym+1, using (B-4)(iii), we have

dX(ψθ〈y−m:0〉(x1), ψθ〈y−m:0〉(x)) ≤ %m+1 ψ̄(x). (4.56)

Taking x = ψθy−m−1
(x1) and using (B-4)(v), we obtain, for all y−m−1:0 ∈ Ym+2,

dX(ψθ〈y−m:0〉(x1), ψθ〈y−m−1:0〉(x1)) ≤ %m+1 φ̄ (y−m−1) .
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Using (4.52) and Lemma 4.6.7, we have that

∀η ∈ (0, 1),
∑
k∈Z

η|k|φ̄ (Yk) <∞, P̃θ?-a.s., (4.57)

and thus {ψθ〈Y−m:0〉(x1) : m ∈ Z+} is a Cauchy sequence P̃θ?-a.s. Its limit
exists P̃θ?-a.s., since (X, dX) is assumed to be complete, which de�nes the X-
valued random variable ψθ〈Y−∞:0〉 for all θ, θ? ∈ Θ when Y has distribution
P̃θ?-a.s. Thus (4.55) holds and we further obtain that

sup
θ∈Θ

dX(ψθ〈Y−k:0〉(x1), x1) ≤ sup
θ∈Θ

k∑
m=0

dX(ψθ〈Y−m:0〉(x1), ψθ〈Y−m+1:0〉(x1))

≤
∑
m≥0

%m φ̄ (Y−m) <∞, P̃θ?-a.s. (4.58)

so that, letting k →∞,

sup
θ∈Θ

dX(ψθ〈Y−∞:0〉, x1) ≤
∑
m≥0

%m φ̄ (Y−m) <∞, P̃θ?-a.s. (4.59)

Let us now prove (B-1). Relation (4.54) directly yields (B-1)(i). Let us
prove (B-1)(ii), hence consider the case θ = θ?. Using (4.56), we have

dX(ψθ?〈Y−m:0〉(x1), ψθ?〈Y−m:0〉(X−m)) ≤ %m+1 ψ̄(X−m), Pθ?-a.s.

Since {ψ̄(X−m) : m ∈ Z+} is stationary under Pθ? , it is bounded in proba-
bility, and since % < 1, for all ε > 0, we have

lim
m→∞

Pθ?
(
dX

(
ψθ?〈Y−m:0〉(X−m), ψθ?〈Y−m:0〉(x)

)
> ε
)

= 0. (4.60)

Note that for all m ≥ 1, ψθ?〈Y−m:0〉(X−m) = X1, Pθ?-a.s., hence we get that

ψθ?〈Y−∞:0〉 = X1, Pθ?-a.s. (4.61)

To complete the proof of (B-1)(ii), we need to show that, under P̃θ? , y 7→
gθ?(ψθ?〈Y−∞:0〉; y) = gθ?(X1; y) is the conditional density of Y1 given Y−∞:0,
that is, for any B ∈ Y ,∫

1B(y)gθ? (X1; y) ν(dy) = Pθ? (Y1 ∈ B |Y−∞:0) .

Now, note that, by de�ntion of Pθ? ,∫
1B(y)gθ? (X1; y) ν(dy) = Pθ? (Y1 ∈ B | X1) = Pθ? (Y1 ∈ B | X1, Y−∞:0) .
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But since (4.61) implies that X1 is σ(Y−∞:0)-measurable, X1 can be removed
in the last conditioning, which concludes the proof (B-1)(ii).

Finally, it remains to show the uniform convergence (4.39) in (B-5).
By (B-3) and (4.55), we have, for all θ, θ? ∈ Θ, k ∈ Z+,

ψθ〈Y−∞:k−1〉 = ψθ〈Y1:k−1〉
(
ψθ〈Y−∞:0〉

)
, P̃θ?-a.s. (4.62)

From (B-4)(iii) and (4.62), we get

dX(ψθ〈Y1:k−1〉(x1), ψθ〈Y−∞:k−1〉) ≤ %k−1ψ̄
(
ψθ〈Y−∞:0〉

)
, P̃θ?-a.s.

On the other hand (B-4)(iv) and (4.59) imply

sup
θ∈Θ

ψ̄
(
ψθ〈Y−∞:0〉

)
<∞, P̃θ?-a.s., (4.63)

which, with the previous display, yields,

sup
θ∈Θ

dX(ψθ〈Y1:k−1〉(x1), ψθ〈Y−∞:k−1〉) = Ok→∞
(
%k
)
, P̃θ?-a.s. (4.64)

Since X1 is closed and satis�es Condition (B-4)(i), we have that,
ψθ〈Y1:k−1〉(x1) and ψθ〈Y−∞:k−1〉 are in X1 for all k ≥ 2. Thus Condition (B-
4)(vi) gives that

sup
θ∈Θ

∣∣∣∣ln gθ(ψθ〈Y1:k−1〉(x1);Yk)

gθ(ψθ〈Y−∞:k−1〉;Yk)

∣∣∣∣ ≤ Ak(1)× Ak(2)× Ak(3)× Ak(4), P̃θ?-a.s.,

where

Ak(1) = sup
θ∈Θ

H
(
dX(ψθ〈Y1:k−1〉(x1), ψθ〈Y−∞:k−1〉)

)
Ak(2) = sup

θ∈Θ
eC dX(x1,ψθ〈Y−∞:k−1〉)

Ak(3) = sup
θ∈Θ

eC dX(x1,ψθ〈Y1:k−1〉(x1))

Ak(4) = φ̄(Yk).

By (4.64) and (B-4)(vii), we have

Ak(1) = Ok→∞
(
%k
)
, P̃θ?-a.s.

With (4.57), this yields (4.39) in the case where C = 0. For C > 0, we further
observe that, by (4.59) and (4.53), we have, for all θ? ∈ Θ and k ∈ Z+,

Ẽθ?
[
ln+Ak(2)

]
≤ Ẽθ?

[
C
∞∑
m≥0

%mφ̄ (Y−m+k−1)

]
=
Cπθ?2

(
φ̄
)

1− %
<∞.
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Then Lemma 4.6.7 implies that, P̃θ?-a.s., Ak(2) = O(η−k) for any η ∈ (0, 1).
The same property applies similarly to Ak(3) by using (4.58) in place
of (4.59). This yields (4.39) in the case where C > 0, which concludes
the proof.
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Chapter 5

General-order Observation-driven

Models: Ergodicity, Consistency

and Asymptotic Normality of the

MLE

Summary. In this chapter, we allow the state equation of the hidden
process of the observation-driven model discussed in Chapter 4 to depend
also on other lagged variables of the hidden and the observation processes,
resulting in a GARCH(p, q)-type observation-driven model. In this gener-
alized class, stationary and ergodic solutions as well as consistency of the
maximum likelihood estimator (MLE) are derived under su�cient and easy-
to-check conditions. The asymptotic normality of the MLE is also treated.
We illustrate these results with speci�c observation-driven times series, in-
cluding the GARCH(p, q), the log-linear Poisson GARCH of order (p, q), and
the NBIN-GARCH(p, q) models. An empirical study is also provided.

5.1 Introduction

Since the introduction by Cox [1981], observation-driven models (ODMs)
have been receiving renewed interest in recent years. These models are widely
applied in various �elds ranging from economics (see Pindyck and Rubin-
feld [1998]), environmental study (see Bhaskaran et al. [2013]), epidemiology
and public health study (see Zeger [1988], Davis et al. [1999], Ferland et al.
[2006]), �nance (see Liesenfeld and Richard [2003], Rydberg and Shephard
[2003], Fokianos and Tjøstheim [2011], Francq and Zakoian [2011]) and pop-
ulation dynamics (see Ives et al. [2003]). The celebrated GARCH(1, 1) model
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5. General-order Observation-driven Models

introduced in Bollerslev [1986] as well as most of the models derived from
this one are typical examples of ODMs; see Bollerslev [2008] for a list of
some of them. A list of contributions on this class of models speci�cally
dealing with discrete data includes Streett [2000], Davis et al. [2003], Heinen
[2003], Ferland et al. [2006], Fokianos et al. [2009], Franke [2010], Woodard
et al. [2010], Fokianos and Tjøstheim [2011], Henderson et al. [2011], Neu-
mann [2011], Davis and Liu [2012], Doukhan et al. [2012], Douc et al. [2013],
Fokianos et al. [2013], Christou and Fokianos [2014, 2015] and Douc et al.
[2015].

ODMs have the nice feature that the computations of the associated (con-
ditional) likelihood and its derivatives are easy, the parameter estimation is
hence relatively simple, and the prediction, which is a prime objective in
many time series applications, is straightforward. However, it turns out that
the asymptotic properties of the maximum likelihood estimator (MLE) for
this class can be cumbersome to establish, except when they can be derived
using computations speci�c to the studied model (the GARCH(1, 1) case
being one of the most celebrated example). The literature concerning the
asymptotic theory of the MLE when the observed variable has Poisson dis-
tribution includes Fokianos et al. [2009], Fokianos and Tjøstheim [2011, 2012]
and Wang et al. [2014]. For a more general case where the model belongs
to the class of one-parameter exponential ODMs, such as the Bernoulli, the
exponential, the negative binomial (with known frequency parameter) and
the Poisson autoregressive models, the consistency and the asymptotic nor-
mality of the MLE have been derived in Davis and Liu [2012]. However,
the one-parameter exponential family is inadequate to deal with models such
as multi-parametric, mixture or multivariate ODMs (the negative binomial
with all unknown parameters and mixture Poisson ODMs are examples of
this case). A more general consistency result, yet not the asymptotic nor-
mality, has been obtained recently in Douc et al. [2013]. This general result
allows the observed process to admit various forms of distribution and to
take values in any Borel space, and allows the hidden process to assume val-
ues in any locally compact Polish space endowed with the associated Borel
σ-�eld. This result has later been extended and re�ned in Douc et al. [2015].
However, most of the results obtained so far have been derived only under
the framework of GARCH(1, 1)-type or �rst-order ODMs, yet less is known
for the GARCH(p, q)-type discrete ODMs, as highlighted as a remaining un-
solved problem in Tjøstheim [2015].

In this contribution, we consider among others (see Streett [2000], Heinen
[2003]) a general class of ODMs that is capable to account for several lagged
variables of both hidden and observation processes. Namely, we develop
theory and inference for the class of general-order ODMs parallel to the
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GARCH(p, q) family, under the assumption of well-speci�ed models. For
the development on the GARCH(p, q) model, see for example Francq et al.
[2004], Francq and Zakoian [2011] and for multivariate case, see Comte and
Lieberman [2003]. We extend the approaches introduced in Douc et al. [2013]
and later used in Douc et al. [2015] to establish the consistency of the MLE
and the ergodicity for the models in this general context. These results can
in principle be obtained by embedding the studied model into the corre-
sponding �rst-order one and then applying the results obtained therein to
the embedded model. By appropriate adjustments, the consistency of the
MLE for the general-order ODM can be derived. Yet for ergodicity, the gen-
eralized result seems not trivial; it turns out that more general assumptions
are required, compared to the usual �rst-order ODMs. In either Douc et al.
[2013] or Douc et al. [2015], the ergodicity of the usual �rst-order ODMs is
obtained by showing the uniqueness of invariant probability measure for the
hidden process, which is by its own right a Markov chain. In these papers,
showing the existence of the invariant probability measure for the hidden
process relies on the Foster-Lyapunov-type assumption; however, for general
ODMs or embedded ones, this assumption may be replaced by the iterative
Foster-Lyapunov-type assumption instead (see Assumption (AG-4) of Sec-
tion 5.3.4). The asymptotic normality of the MLE is also investigated in this
general setting. In this study, we restrict our consideration to the spacial
yet an important case where the current hidden state variable is expressed
as a linear function with respect to its own past variables. This class is rich
enough to cover most of the familiar ODMs, such as the GARCH(p, q), the
log-linear Poisson autoregression of order (p, q) and the NBIN-GARCH(p, q)
models, and other instances such as multi-parametric, mixture or multivari-
ate ODMs. To establish the asymptotic normality, we follow the classical
approach by �rst approximating the score function by the stationary version
of it and then developing Taylor expansion of the stationary score function
around the true parameter. By appropriate assumptions, the central limit
theorem for Martingale di�erence applies and the stationary score function
can then be shown to be asymptotically Gaussian. Then assuming invertibil-
ity of the asymptotic Fisher information matrix, the asymptotic normality
follows. All the results are presented under su�cient and easy-to-check con-
ditions. As demonstration, they are then applied to the GARCH(p, q), the
log-linear Poisson autoregression of order (p, q) and the NBIN-GARCH(p, q)
models. Finally, we provide an empirical study suggesting that in some cir-
cumstance higher-order model may �t the data better than the �rst-order
one if the class of ODMs is used.

This chapter is structured as follows. Speci�c de�nitions and notation
are introduced in Section 5.2. In Section 5.3 presents the main results of
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consistency and asymptotic normality of the MLE as well as ergodic solution
for the model. We apply these results to some speci�c models in Section 5.4.
Numerical experiments is given in Section 5.5. Finally, Section 5.6 contains
the postponed proofs.

5.2 De�nitions and Notation

Let (X, dX) be a complete and separable metric space endowed with the
associated Borel σ-�eld X and (Y,Y) be a Borel space. Let (Θ,∆), the
set of parameters, be a compact metric space equipped with the metric ∆,
{Gθ : θ ∈ Θ} be a family of probability kernels on X × Y and p, q be two
positive integers. The observation-driven time series model can be formally
de�ned as follows.

De�nition 5.2.1. A time series {Yk : k ≥ −q + 1} valued in Y is said to
be distributed according to an observation-driven model of order (p, q) (here-
after, ODM(p, q)) with parameter θ ∈ Θ if there exist a family of measurable
functions {(x1:p, y1:q) 7→ ψθy1:q

(x1:p) : θ ∈ Θ} from (Xp × Yq,X⊗p ⊗ Y⊗q) to
(X,X ) and a process {Xk : k ≥ −p+ 1} on (X,X ) such that for all k ∈ Z+,

Xk+1 = ψθYk−q+1:k
(Xk−p+1:k),

Yk+1 | Fk ∼ Gθ(Xk+1; ·),
(5.1)

where Fk = σ (X−p+1:k+1, Y−q+1:k) and u`:m := (u`, . . . , up) for ` ≤ m. More-
over, we say that the model is dominated by some σ-�nite measure ν on (Y,Y)
if for all x ∈ X, the probability kernel Gθ(x; ·) is dominated by ν. In this case
we denote by gθ(x; ·) its Radon�Nikodym derivative, gθ(x; y) = dGθ(x;·)

dν
(y),

and we always assume that for all (x, y) ∈ X× Y and for all θ ∈ Θ,

gθ(x; y) > 0 .

One of the most popular examples of this class is the general GARCH(p, q)
model introduced by Bollerslev [1986], where X = (0,∞), Y = R, Gθ(x; ·) is
the centered Gaussian distribution of variance x, the deterministic function
ψθy1:q

(x1:p) = ω +
∑p

i=1 aixi +
∑q

i=1 biy
2
i and θ = (ω, a1:p, b1:q) with ω > 0

and a1:p, b1:q ≥ 0. This model was then extensively studied by, for example,
Bougerol and Picard [1992], Francq et al. [2004], Francq and Zakoïan [2009],
Lindner [2009], Francq and Zakoian [2011] and the references therein. For
other GARCH examples of this class, see Bollerslev [2008].

Remark 5.2.2. When p = q = 1, then the ODM(p, q) de�ned by (5.1)
collapses to the �rst-order ODM considered in Douc et al. [2013] and Douc
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et al. [2015]. Note also that setting r := max(p, q) and de�ning ϕθ : Xr×Yr →
X by, for all (x−r+1:0, y−r+1:0) ∈ Xr × Yr,

ϕθy−r+1:0
(x−r+1:0) := ψθy−q+1:0

(x−p+1:0),

then the ODM(p, q) can be generally embedded in an ODM(r, r). Thus
without loss of generality, we can always assume that p = q.

The inference about the model parameter is performed by rely-
ing on the conditional likelihood of the observations (Y1, . . . , Yn) given
(X−p+1:0, Y−q+1:0) = (x−p+1:0, y−q+1:0) := z for an arbitrary z ∈ Xp × Yq.
The corresponding conditional density function with respect to ν⊗n is, under
parameter θ ∈ Θ, for all z = (x−p+1:0, y−q+1:0) ∈ Xp × Yq,

y1:n 7→
n−1∏
k=0

gθ
(
ψθ〈y−q+1:k〉(x−p+1:0); yk+1

)
, (5.2)

where, for any vector y0:k, the function ψθ〈y0:k〉 : Xp×Yq → X is successively
de�ned by, for all k ∈ Z+,

ψθ〈y−q+1:k〉(x−p+1:0)

:= ψθy−q+1:k

(
ψθ〈y−q+1:k−p〉(x−p+1:0), . . . , ψθ〈y−q+1:k−1〉(x−p+1:0)

)
(5.3)

with the convention, for 1 ≤ j ≤ p,

ψθ〈y−q+1:−j〉(x−p+1:0) := x−j+1.

Then, the corresponding (conditional) maximum likelihood estimator (MLE)
θ̂z,n of the parameter θ, with z = (x−p+1:0, y−q+1:0), is de�ned by

θ̂z,n ∈ argmax
θ∈Θ

Lθz,n, (5.4)

where

Lθz,n := n−1

n−1∑
k=0

ln gθ
(
ψθ〈y−q+1:0, Y1:k〉(x−p+1:0);Yk+1

)
. (5.5)

In this contribution, we investigate the convergence of θ̂z,n as n → ∞ for
some (well-chosen) value of z under the assumption that the model is well
speci�ed and the observations are in a steady state. That is, we assume that
the observations {Yk : k ∈ Z+} are distributed according to P̃θ? with some
θ? ∈ Θ, where, for all θ ∈ Θ, P̃θ denotes the stationary distribution of the
observation-driven time series corresponding to the parameter θ. However,
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whether such a distribution is well de�ned is not always obvious. Let us now
detail how this probability distribution can be obtained.

For simplicity, we assume that p = q and that p ≥ 2 and let Z = Xp×Yp−1

and Z = X⊗p ⊗ Y⊗(p−1). Let Ψθ : Z × Y → Z be de�ned by, for all
z = (z1:2p−1) ∈ Z and y ∈ Y,

Ψθ
y(z) :=

(
z2, . . . , zp, ψ

θ
zp+1:2p−1,y

(z1:p), zp+2, . . . , z2p−1, y
)

(5.6)

The function Ψθ is indeed measurable on (Z × Y,Z ⊗ Y). Moreover, for
any vector y1:k ∈ Yk, we de�ne Ψθ〈y1:k〉 as a Z→ Z function obtained by the
successive composition of Ψθ

y1
, Ψθ

y2
, ..., and Ψθ

yk
,

Ψθ〈y1:k〉 = Ψθ
yk
◦Ψθ

yk−1
◦ · · · ◦Ψθ

y1
. (5.7)

with the convention Ψθ〈y1:0〉(z) = z. By letting Zk = (Xk−p+1:k, Yk−p+1:k−1)
and observing that Fk = σ (Z0:k+1, Y0:k), Model (5.1) can be replaced by: for
all k ∈ Z+,

Zk+1 = Ψθ
Yk

(Zk),

Yk+1 | FZ,Yk ∼ Hθ(Zk+1; ·),
(5.8)

where, for all z = (z1:2p−1) ∈ Z,

Hθ(z; ·) := Gθ(Πp (z) ; ·) (5.9)

and, for all j ∈ {1, . . . , 2p − 1}, Πj (z) = zj. By this representation, the
ODM(p, p) is thus imbedded in an ODM(1, 1). This in principle allows us to
apply the same results obtained for the class of ODMs(1, 1) to the broader
class of ODMs(p, p). As an ODM(1, 1), the bivariate process {(Zk, Yk) : k ∈
Z+} is a Markov chain on the space (Z × Y,Z ⊗ Y) with transition kernel
Kθ satisfying, for all (z, y) ∈ Z× Y, A ∈ Z and B ∈ Y ,

Kθ((z, y);A×B) =

∫∫
1A×B(z′, y′)δΨθy(z)(dz

′)Gθ(Πp(z); dy′). (5.10)

Note also that, by itself, the process {Zk : k ∈ Z+} is a Markov chain on
(Z,Z) with transition kernel Rθ satisfying, for all z ∈ Z and A ∈ Z,

Rθ(z;A) =

∫
1A(Ψθ

y(z))Hθ(z; dy) =

∫
1A(Ψθ

y(z))Gθ(Πp (z) ; dy). (5.11)
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Nevertheless, to apply known results to this embedded ODM(1, 1), some
generalizations are needed. First we assume that (Y, dY) is a locally compact,
complete and separable space equipped with the metric dY. Then, since
(X, dX) is a locally compact, complete and separable space, this implies that
the space (Z, dZ) is also locally compact, complete and separable with the
metric dZ appropriately de�ned as a function of dX and dY so that Z is the
associated Borel σ-�eld. Throughout this chapter, let us assume the following
ergodicity assumption.

(AG-1) For all θ ∈ Θ, the transition kernel Kθ of the complete chain admits a
unique stationary distribution πθ on Z× Y.

With this assumption, we can now de�ne P̃θ. The following notation and
de�nitions will be used throughout the chapter.

De�nition 5.2.3. Under Assumption (AG-1), we denote by πθ1 and πθ2 the
marginal distributions of πθ on Z and Y, respectively, and by Pθ and P̃θ the
probability distributions de�ned respectively as follows.

a) Pθ denotes the extension of Pθ
πθ

on the whole line (Z× Y)Z.

b) P̃θ is the corresponding projection on the component YZ.

We also use the symbols Eθ and Ẽθ to denote the expectations corresponding
to Pθ and P̃θ, respectively. Moreover, for all θ, θ′ ∈ Θ, we write θ ∼ θ′ if and
only if P̃θ = P̃θ′ . This de�nes an equivalence relation on the parameter set
Θ and the corresponding equivalence class of θ is denoted by [θ] := {θ′ ∈ Θ :
θ ∼ θ′}.

The equivalence relationship ∼ was introduced by Leroux [1992] as an
alternative to the classical identi�ability condition.

For any probability distribution ξ on Z × Y, we denote by Pθξ the distri-
bution of the Markov chain {(Zk, Yk) : k ∈ Z+} with kernel Kθ and initial
probability mesure ξ.

5.3 Main Results

5.3.1 Preliminaries

In well-speci�ed setting, a general result on the consistency of the MLE
for a class of �rst-order ODMs has been obtained in Douc et al. [2013].
This result has been later extended in Douc et al. [2015] to a wider class
of �rst-order ODMs, but the latter has been derived under a handy set of
assumptions which appear to be quite direct and easy when checking. The
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approach used to establish the convergence of the MLE θ̂z,n in these references
and in our contribution is brie�y described as follows.

First, we establish that, as the number of observations n → ∞, the
normalized log-likelihood Lθz,n de�ned in (5.5), for some well-chosen z ∈ Z,
can be approximated by

n−1

n∑
k=1

ln pθ(Yk|Y−∞:k−1),

where pθ(·|·) is a P̃θ?-a.s. �nite real-valued measurable function de�ned on
(YZ,Y⊗Z). To de�ne pθ(·|·), we usually set, for all y−∞:1 ∈ YZ− , whenever
the following limit is well de�ned,

pθ (y1 | y−∞:0) =

{
lim
m→∞

gθ
(
Πp

(
Ψθ〈y−m:0〉(z)

)
; y1

)
if the limit exists,

∞ otherwise.
(5.12)

By (AG-1), the observed process {Yk : k ∈ Z} is ergodic under P̃θ? and
provided that

Ẽθ?
[
ln+ pθ(Y1|Y−∞:0)

]
<∞,

it then follows that

lim
n→∞

Lθz,n = Ẽθ?
[
ln pθ(Y1|Y−∞:0)

]
, P̃θ?-a.s.

Finally, we show that with probability tending to one, the MLE θ̂z,n eventu-
ally lies in a neighborhood of the set

Θ? = argmax
θ∈Θ

Ẽθ?
[
ln pθ(Y1|Y−∞:0)

]
, (5.13)

which only depends on θ?, establishing that

lim
n→∞

∆(θ̂z,n,Θ?) = 0, P̃θ?-a.s., (5.14)

where ∆ is the metric endowing the parameter space Θ.
In Douc et al. [2015], their easy-to-check conditions also induce that for all

θ, θ? ∈ Θ, there exists a P̃θ?-a.s. �nite measurable function Ψθ〈·〉 : ZZ− → Z
such that for some appropriate value z ∈ Z,

lim
m→∞

Ψθ〈Y−m:0〉(z) = Ψθ〈Y−∞:0〉, P̃θ?-a.s. (5.15)

Z1 = Ψθ?〈Y−∞:0〉, Pθ?-a.s. (5.16)

and that

pθ(Y1|Y−∞:0) = gθ
(
Πp

(
Ψθ〈Y−∞:0〉

)
;Y1

)
, P̃θ?-a.s. (5.17)

In addition, it is shown that for all θ, θ? ∈ Θ,
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(i) If θ 6= θ?, y 7→ pθ(y|Y−∞:0) is a density function P̃θ?-a.s.
(ii) Under P̃θ? , the function y 7→ pθ?(y|Y−∞:0) is the conditional density

function of Y1 given Y−∞:0.

Under these same conditions, Douc et al. [2014] further showed that the
maximizing set Θ? de�ned in (5.13) indeed reduces to the equivalence class
of θ? through the equivalence relation de�ned in De�nition 5.2.3. Then, the
convergence in (5.14) yields a so-called equivalence-class consistency :

lim
n→∞

∆(θ̂z1,n, [θ?]) = 0, P̃θ?-a.s., (5.18)

for some well-chosen z1 ∈ Z. From (5.18) the (strong) consistency of the MLE
θ̂z,n will immediately follow if one can show that [θ?] reduces to the singleton
{θ?}, which is often referred to as solving identi�ability problem. In this
contribution, this issue is also investigated. We will show that if moreover
the probability density kernel Gθ and the measurable function Ψθ〈Y−∞:0〉
de�ned in (5.15) and (5.16) satisfy some certain conditions (similar to the
conditions in [Douc et al., 2013, Proposition 21]), then the strong consistency
holds.

5.3.2 Convergence of the MLE

We always assume in this part that Assumption (AG-1) holds throughout.
Note that every ODM of any order p ≥ 1 can be embedded in a �rst-order
ODM. Therefore, the approach used to derive the convergence of the MLE
in the class of �rst-order models can be applied to the class of higher-order
ones up to some necessary adaptations. The following is a list of additional
assumptions su�cient for obtaining the convergence of the MLE for a class
of higher-order ODMs.

(AG-2) There exists a function V̄ : Z→ R+ such that, for all θ ∈ Θ, πθ1(V̄ ) <∞.

Remark 5.3.1. Assumption (AG-2) is usually obtained as a byproduct of
the proof of Assumption (AG-1); see Section 5.3.4. It is here stated as an
assumption for convenience.

The following set of conditions can readily be checked on gθ, ψθ and Ψθ.

(BG-1) For all y ∈ Y, the function (θ, x) 7→ gθ(x; y) is continuous on Θ× X.

(BG-2) For all y1:p ∈ Y, the function (θ, x1:p) 7→ ψθy1:p
(x1:p) is continuous on

Θ× Xp.

The function V̄ appearing in (BG-3)(viii) below is the same one as in As-
sumption (AG-2). Moreover, in this condition and in what follows, we write
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f . V for a real-valued function f and a nonnegative function V de�ned
on the same space Z, whenever there exists a positive constant c such that
|f(z)| ≤ cV (z) for all z ∈ Z.

(BG-3) There exist z1 ∈ Z, a set Z1 ⊆ Z such that Πp (Z1) is closed, % ∈ (0, 1),
C ≥ 0 and measurable functions Ψ̄ : Z → R+, H : R+ → R+ and
φ̄ : Y → R+ such that the following assertions hold.

(i) For all θ ∈ Θ and (z, y) ∈ Z× Y, Πp

(
Ψθ
y(z)

)
∈ Z1.

(ii) sup
(θ,z,y)∈Θ×Z1×Y

gθ(Πp (z) ; y) <∞.

(iii) For all θ ∈ Θ, n ∈ Z+, z ∈ Z, and y1:n ∈ Yn,

dZ

(
Ψθ〈y1:n〉(z1),Ψθ〈y1:n〉(z)

)
≤ %n Ψ̄(z), (5.19)

(iv) Ψ̄ is locally bounded.

(v) For all θ ∈ Θ and y ∈ Y, Ψ̄(Ψθ
y(z1)) ≤ φ̄(y).

(vi) For all θ ∈ Θ and (z, z′, y) ∈ Z1 × Z1 × Y,∣∣∣∣ln gθ(Πp (z) ; y)

gθ(Πp (z′) ; y)

∣∣∣∣ ≤ H(dZ(z, z′)) eC (dZ(z1,z)∨dZ(z1,z′)) φ̄(y), (5.20)

(vii) H(u) = O(u) as u→ 0.

(viii) If C = 0, then, for all θ ∈ Θ,

Gθ ln+ φ̄ . V̄ ; (5.21)

otherwise, for all θ ∈ Θ,
Gθφ̄ . V̄ . (5.22)

Let us now state the equivalence-class consistency of the MLE for the higher-
order ODMs. The proof can be adapted and easily follows from [Douc et al.,
2015, Theorem 1] and is thus omitted here.

Theorem 5.3.2. Assume that (AG-1), (AG-2), (BG-1), (BG-2) and (BG-3)
hold. Then, letting z1 ∈ Z as in (BG-3), the convergence (5.18) of the MLE
holds.

The strong consistency of the MLE follows from the following theorem.

Theorem 5.3.3. Assume that (AG-1), (AG-2), (BG-1), (BG-2) and (BG-3)
hold. Suppose in addition that

(a) for all θ = (ϑ, r), θ′ = (ϑ′, r′) ∈ Θ and x, x′ ∈ X,

Gθ(x; ·) = Gθ′(x′; ·) implies r = r′ and x = x′,
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(b) for all θ = (ϑ, r), θ? = (ϑ?, r?) ∈ Θ, P̃θ?-a.s.,

Πp

(
Ψ(ϑ,r)〈Y−∞:0〉

)
= Πp

(
Ψ(ϑ?,r)〈Y−∞:0〉

)
implies ϑ = ϑ?,

where Ψθ〈Y−∞:0〉 is de�ned by (5.15) and (5.16). Then, letting z1 ∈ Z as
in (BG-3),

lim
n→∞

∆(θ̂z1,n, θ?) = 0, P̃θ?-a.s. (5.23)

Proof. From Theorem 5.3.2, we have Θ? = [θ?], where Θ? is given in (5.13).
Now let θ = (ϑ, r) ∈ [θ?] and write θ? = (ϑ?, r?). The Kulback-Leibler
divergence implies, P̃θ?-a.s.,

G(ϑ,r)
(
Πp

(
Ψ(ϑ,r)〈Y−∞:0〉

)
; ·
)

= G(ϑ?,r?)
(
Πp

(
Ψ(ϑ?,r?)〈Y−∞:0〉

)
; ·
)
.

Then from (a), we obtain
r = r?

and
Πp

(
Ψ(ϑ,r)〈Y−∞:0〉

)
= Πp

(
Ψ(ϑ?,r?)〈Y−∞:0〉

)
, P̃θ?-a.s.

From (b), we also have ϑ = ϑ?. Thus the proof follows.

5.3.3 Asymptotic Normality of the MLE

In this section, we treat a special but an important case of ODMs where
the space Z is a subset of a �nite-dimensional vector space; Θ is a compact
subset of Rd, for some positive integer d; and the function Ψθ

y(z) de�ned in
(5.6) admits the following form: for all (z, y, θ) ∈ Z× Y ×Θ,

Ψθ
y(z) = a(θ, y)z + b(θ, y), (5.24)

where a(θ, y) and b(θ, y) are two matrices with appropriate dimensions, and
for all θ ∈ Θ, y 7→ a(θ, y) and y 7→ b(θ, y) are measurable maps on (Y,Y).
The underlying model is assumed to be well-speci�ed and θ? ∈ Θ denotes the
true parameter. As in Section 5.3.2, Assumption (AG-1) is supposed to hold
throughout this section. Assumption (CG-1) below guarantees the existence
of Ψθ〈·〉 satisfying (5.15) and (5.16), and its di�erentiability on Θ. In what
follows, we denote by | · | a vector norm on Rd and by ‖ · ‖ a matrix norm.

(CG-1) We have the following.

(i) For all y ∈ Y, θ 7→ a(θ, y) and θ 7→ b(θ, y) are twice continuously
di�erentiable on Θ.
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(ii) There exist constants C > 0 and ρ ∈ (0, 1) such that for all θ ∈ Θ
and y1:n ∈ Y, ∥∥∥∥∥

n∏
`=1

a(θ, y`)

∥∥∥∥∥ ≤ Cρn.

(iii) Ẽθ? [supθ∈Θ ‖b(θ, Y1)‖] <∞.

(iv) For all i ∈ {1, . . . , d},

Ẽθ?
[
sup
θ∈Θ

∥∥∥∥∂a(θ, Y1)

∂θi

∥∥∥∥]+ Ẽθ?
[
sup
θ∈Θ

∥∥∥∥∂b(θ, Y1)

∂θi

∥∥∥∥] <∞.
(v) For all i, j ∈ {1, . . . , d},

Ẽθ?
[
sup
θ∈Θ

∥∥∥∥∂2a(θ, Y1)

∂θi∂θj

∥∥∥∥]+ Ẽθ?
[
sup
θ∈Θ

∥∥∥∥∂2b(θ, Y1)

∂θi∂θj

∥∥∥∥] <∞.
Lemma 5.3.4. Assume (AG-1) and (CG-1). Then for all θ ∈ Θ, there
exists a P̃θ?-a.s. �nite measurable function Ψθ〈·〉 : ZZ− → Z satisfying (5.15)
and (5.16) for all z ∈ Z. The function θ 7→ Ψθ〈Y−∞:0〉 is P̃θ?-a.s. twice
continuously di�erentiable on Θ and uniformly on Θ, we have P̃θ?-a.s.,

∂Ψθ〈Y−∞:0〉
∂θ

= lim
m→∞

∂Ψθ〈Y−m:0〉(z)

∂θ
(5.25)

∂2Ψθ〈Y−∞:0〉
∂θT∂θ

= lim
m→∞

∂2Ψθ〈Y−m:0〉(z)

∂θT∂θ
. (5.26)

Moreover,

Ẽθ?
[
sup
θ∈Θ

∥∥Ψθ〈Y−∞:0〉
∥∥] <∞, (5.27)

Ẽθ?
[
sup
θ∈Θ

∥∥∥∥∂Ψθ〈Y−∞:0〉
∂θ

∥∥∥∥] <∞, (5.28)

Ẽθ?
[
sup
θ∈Θ

∥∥∥∥∂2Ψθ〈Y−∞:0〉
∂θT∂θ

∥∥∥∥] <∞. (5.29)

Proof. The proof is postponed to Section 5.6.1 for convenience.

(CG-2) For all y ∈ Y, the function (θ, x) 7→ gθ(x; y) twice continuously di�eren-
tiable on Θ× X.

For stating further assumptions, the following notation may be needed.
For all k ∈ Z∗+, θ ∈ θ and z ∈ Z, let

`θz,k := ln gθ
(
Πp

(
Ψθ〈Y1:k−1〉(z)

)
;Yk
)
.
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Then for all n ∈ Z∗+, it follows that Lθz,n de�ned by (5.5) can be rewritten as

Lθz,n = n−1

n∑
k=1

`θz,k (5.30)

For all k ∈ Z∗+, θ ∈ θ and z ∈ Z, let

`θk := ln gθ
(
Πp

(
Ψθ〈Y−∞:k−1〉

)
;Yk
)
,

which is P̃θ?-a.s. well de�ned by Lemma 5.3.4. Note that from (5.17), we
have for all k ∈ Z∗+, θ ∈ θ, `θk = ln pθ(Yk|Y−∞:k−1). Now for all n ∈ Z∗+ and
θ ∈ Θ, de�ne

Lθn := n−1

n∑
k=1

`θk. (5.31)

Remark 5.3.5. Note that by Lemma 5.3.4, (AG-1), (CG-1) and (CG-2) imply
that the functions θ 7→ `θz,k and θ 7→ `θk are twice continuously di�erentiable

on some neighborhood V(θ?) of θ?, P̃θ?-a.s.

Assumptions (AG-1), (CG-1) and (CG-2) together with the following set of
assumptions, (CG-3)�(CG-7), are su�cient to yield the asymptotic normality
of θ̂z,n for arbitrary z ∈ Z.

(CG-3) The true parameter θ? lies within the interior of Θ.

(CG-4) The strong consistency holds, that is, limn→∞ θ̂z,n = θ?, P̃θ?-a.s.
(CG-5) There exist a constant α > 1/2 and a P̃θ?-a.s. �nite random variable C > 0

such that for all k ≥ 1,

sup
θ∈V(θ?)

∣∣∣∣∣∂`θz,k∂θ
− ∂`θk

∂θ

∣∣∣∣∣ ≤ Ck−α, P̃θ?-a.s.,

where V(θ?) is a neighborhood of θ?.

(CG-6) The exists a neighborhood V(θ?) of θ? such that

(i) Ẽθ?
[
supθ∈V(θ?)

∣∣∣∂`θ1∂θ ∣∣∣2] <∞.

(ii) Ẽθ?
[
supθ∈V(θ?)

∥∥∥ ∂2`θ1
∂θT ∂θ

∥∥∥] <∞.

(iii) Ẽθ?
[
supθ∈V(θ?)

∣∣ ∂
∂θ
gθ
(
Πp

(
Ψθ〈Y−∞:0〉

)
;Y1

)∣∣] <∞.

(iv) Ẽθ?
[
supθ∈V(θ?)

∥∥∥ ∂2

∂θT ∂θ
gθ
(
Πp

(
Ψθ〈Y−∞:0〉

)
;Y1

)∥∥∥] <∞.

(CG-7) The matrix Σ? = −Ẽθ?
[
∂2`θ?1
∂θT ∂θ

]
is invertible.

129



5. General-order Observation-driven Models

Note that if Assumptions (AG-1), (CG-1) and (CG-2) hold, then by Re-
mark 5.3.5, θ 7→ Lθz,n and θ 7→ Lθn respectively given by (5.30) and (5.31) are
twice continuously di�erentiable on some neighborhood V(θ?) of θ?, P̃θ?-a.s.
If in addition Assumption (CG-5) holds, the following fact is obtained.

Lemma 5.3.6. Assume (AG-1), (CG-1), (CG-2) and (CG-5), then

lim
n→∞

sup
θ∈V(θ?)

n1/2

∣∣∣∣∣∂Lθz,n∂θ
− ∂Lθn

∂θ

∣∣∣∣∣ = 0, P̃θ?-a.s.,

Proof. We have from (CG-5), P̃θ?-a.s.,

sup
θ∈V(θ?)

n1/2

∣∣∣∣∣∂Lθz,n∂θ
− ∂Lθn

∂θ

∣∣∣∣∣ ≤ 1

n1/2

n∑
k=1

sup
θ∈V(θ?)

∣∣∣∣∣∂`θz,k∂θ
− ∂`θk

∂θ

∣∣∣∣∣ ≤ C

n1/2

n∑
k=1

1

kα
.

To complete, observe that the rightmost term of the above inequalities con-
verges to 0 as n→∞ whenever α > 1/2.

Theorem 5.3.7. Assume that (AG-1) and (CG-1)�(CG-7) hold. Then, for
any z ∈ Z, √

n(θ̂z,n − θ?) θ? N (0,Σ−1
? ), (5.32)

where the symbol  θ? means weak convergence under P̃θ?, and N (0,Σ−1
? )

stands for the centered Gaussian distribution with covariance matrix Σ−1
? .

Proof of Theorem 5.3.7. From Lemma 5.3.6, we have

lim
n→∞

n1/2 sup
θ∈V(θ?)

∣∣∣∣∣∂Lθz,n∂θ
− ∂Lθn

∂θ

∣∣∣∣∣ = 0, P̃θ?-a.s.

Since for su�ciently large n, θ̂z,n ∈ V(θ?) and
∂L
θ̂z,n
z,n

∂θ
= 0, then

n1/2∂L
θ̂z,n
n

∂θ
= n1/2∂L

θ̂z,n
z,n

∂θ
+ oP (1) = oP (1).

Note that we also have,

n1/2∂L
θ̂z,n
n

∂θ
= n1/2∂L

θ?
n

∂θ
+

(
∂2Lθ?n
∂θT∂θ

+ εn

)
n1/2(θ̂z,n − θ?),

where

εn =

∫ 1

0

(
∂2L

θ?+t(θ̂z,n−θ?)
n

∂θT∂θ
− ∂2Lθ?n
∂θT∂θ

)
dt. (5.33)
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Thus,

n1/2∂L
θ?
n

∂θ
= −

(
∂2Lθ?n
∂θT∂θ

+ εn

)
n1/2(θ̂z,n − θ?) + oP (1).

Note that from (CG-6)(ii) and by ergodicity, Birkho� ergodic theorem applies
and we have

lim
n→∞

∂2Lθ?n
∂θT∂θ

= lim
n→∞

n−1

n∑
k=1

∂2`θ?k
∂θT∂θ

= −Σ?, P̃θ?-a.s.

Thus to complete the proof, we only need to show that

(a) n1/2 ∂L
θ?
n

∂θ
 θ? N (0,Σ?) and

(b) εn = oP (1).

Let us now we show (a). Note that we can write

n1/2∂L
θ?
n

∂θ
= n−1/2

n∑
k=1

∂`θ?k
∂θ

.

Let ξk =
∂`θ?k
∂θ

, k ∈ Z+. From (CG-6)(iii), it readily follows that

Ẽθ? [ξk|Y−∞:k−1] =

∫
Y

∂gθ?
(
Πp

(
Ψθ?〈Y−∞:k−1〉

)
; y
)

∂θ
ν(dy)

=
∂

∂θ

∫
Y

gθ
(
Πp

(
Ψθ〈Y−∞:k−1〉

)
; y
)
ν(dy)

∣∣∣∣
θ=θ?

=
∂

∂θ
1

∣∣∣∣
θ=θ?

= 0,

so that the sequence {ξk : k ∈ Z+} is a stationary and ergodic Martingale
di�erence with respect to F−∞:k = σ(Y−∞:k) in L2(P̃θ?). By (CG-6) and (CG-
7), its covariance matrix is equal to Σ?. To see this, observe that P̃θ?-a.s.,

Ẽθ?
[
ξkξ

T
k

∣∣F−∞:k−1

]
=

∫
Y

1

gθ?
(
ψθ?k ; y

) (∂gθ? (ψθ?k ; y
)

∂θ

)(
∂gθ?

(
ψθ?k ; y

)
∂θ

)T

ν(dy)

=

∫
Y

(
∂2gθ?

(
ψθ?k ; y

)
∂θT∂θ

−
∂2 ln gθ?

(
ψθ?k ; y

)
∂θT∂θ

gθ?
(
ψθ?k ; y

))
ν(dy),
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with ψθ?k := Πp

(
Ψθ?〈Y−∞:k−1〉

)
. By (CG-6)(iv), we have∫

Y

∂2gθ?
(
ψθ?k ; y

)
∂θT∂θ

= 0, P̃θ?-a.s.

Since P̃θ?-a.s.,

Ẽθ?
[
∂2`θ?k
∂θT∂θ

∣∣∣∣F−∞:k−1

]
=

∫
Y

∂2 ln gθ?
(
ψθ?k ; y

)
∂θT∂θ

gθ?
(
ψθ?k ; y

)
ν(dy),

it then follows that

Ẽθ?
[
ξkξ

T
k

∣∣F−∞:k−1

]
= −Ẽθ?

[
∂2`θ?k
∂θT∂θ

∣∣∣∣F−∞:k−1

]
, P̃θ?-a.s.

Taking the expectation on both sides, then using tower property and us-
ing (CG-7), the claim thus follows. By ergodicity and from (CG-6)(i), we
have

lim
n→∞

n−1

n∑
k=1

Ẽθ?
[
ξkξ

T
k

∣∣F−∞:k−1

]
= Σ?, P̃θ?-a.s.

Moreover, for ε > 0,

lim
n→∞

n−1

∥∥∥∥∥
n∑
k=1

Ẽθ?
[
ξkξ

T
k 1(|ξk| > ε

√
n)
∣∣F−∞:k−1

]∥∥∥∥∥
≤ lim

n→∞
n−1

n∑
k=1

Ẽθ?
[
|ξk|2 1(|ξk| > ε

√
n)
∣∣F−∞:k−1

]
≤ lim

n→∞
n−1

n∑
k=1

Ẽθ?
[
|ξk|2 1(|ξk| > M)

∣∣F−∞:k−1

]
= Ẽθ?

[
|ξ1|2 1(|ξ1| > M)

]
, P̃θ?-a.s.,

where M > 0. Since M is arbitrary, letting M →∞, we have

lim
n→∞

n−1

n∑
k=1

Ẽθ?
[
ξkξ

T
k 1(|ξk| > ε

√
n)
∣∣F−∞:k−1

]
= 0, P̃θ?-a.s.

Thus by martingale central limit theorem, see, for instance, Hall and Heyde
[1980],

n1/2∂L
θ?
n

∂θ
= n−1/2

n∑
k=1

ξk  θ? N (0,Σ?).
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Now it remains to show (b). Let ρ > 0 such that B(θ?, ρ) ⊂ V(θ?). Since
P̃θ?-a.s., θ̂z,n → θ? as n → ∞, then there exists a P̃θ?-a.s. �nite integer N0

such that for all n ≥ N0, P̃θ?-a.s., θ? + t(θ̂z,n − θ?) ∈ B(θ?, ρ). Then from
(5.33), P̃θ?-a.s., for all n ≥ N0,

‖εn‖ ≤
∫ 1

0

∥∥∥∥∥∂2L
θ?+t(θ̂z,n−θ?)
n

∂θT∂θ
− ∂2Lθ?n
∂θT∂θ

∥∥∥∥∥ dt

≤ sup
θ∈B(θ?,ρ)

∥∥∥∥ ∂2Lθn
∂θT∂θ

− ∂2Lθ?n
∂θT∂θ

∥∥∥∥
≤ n−1

n∑
k=1

sup
θ∈B(θ?,ρ)

∥∥∥∥ ∂2`θk
∂θT∂θ

− ∂2`θ?k
∂θT∂θ

∥∥∥∥ .
By (CG-6)(ii), B(θ?, ρ) ⊂ V(θ?) and Birkho� ergodic theorem, we get that

lim sup
n→∞

‖εn‖ ≤ Ẽθ?
[

sup
θ∈B(θ?,ρ)

∥∥∥∥ ∂2`θ1
∂θT∂θ

− ∂2`θ?1
∂θT∂θ

∥∥∥∥
]
, P̃θ?-a.s.

Here ρ is an arbitrary positive number, provided that B(θ?, ρ) ⊂ V(θ?). By
dominated convergence and Remark 5.3.5, the right-hand side of the previous
display can be made arbitrarily close to zero by letting ρ tend to zero. Hence
we get (b), and the proof is complete.

Remark 5.3.8. From the proof of Theorem 5.3.7, it is also shown that

Σ? = Ẽθ?
[(

∂`θ?1
∂θ

)(
∂`θ?1
∂θ

)T]
.

Thus, to obtain (CG-7), that is showing that Σ? is invertible, it is su�cient
to show that for all a ∈ Rd,

aT
∂`θ?1
∂θ

= 0, P̃θ?-a.s., =⇒ a = 0. (5.34)

5.3.4 Ergodicity

In this section, we provide conditions that yield stationarity and ergodic-
ity of the Markov chain {(Zk, Yk) : k ∈ Z+}. We will set θ to be an arbitrary
value in Θ and since this is a �for all θ (...)� condition, to save space and alle-
viate the notational burden, we will drop the superscript θ from, for example,
Gθ, Rθ and ψθ and respectively write G, R and ψ, instead.
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Ergodicity of Markov chains are usually studied using ϕ-irreducibility.
This approach is well known to be quite e�cient when dealing with fully
dominated models; see Meyn and Tweedie [2009]. It is not at all the same
picture for integer-valued observation-driven models, where other tools need
to be invoked; see Fokianos and Tjøstheim [2011], Douc et al. [2013, 2015].
Our result here is obtained in the same fashion as in Douc et al. [2015], which
is inspired by the approach in Douc et al. [2013]. The following is the list
of assumptions to obtain our main result on ergodicity. We should mention
that some of our assumptions (for instance, Assumption (AG-4)) are more
general than those derived in Douc et al. [2013] and Douc et al. [2015].

(AG-3) The measurable space (Z, dZ) is a locally compact, complete and separable
metric space and its associated σ-�eld Z is the Borel σ-�eld.

(AG-4) There exists a positive integer q such that the Markov kernel Rq is weak
Feller, that is, for any continuous and bounded function f de�ned on X,
Rqf is continuous and bounded on X. Moreover, there exist (λ, β) ∈
(0, 1) × R+ and a measurable function V : Z → R+ such that RqV ≤
λV + β and {V ≤M} is a compact set for any M > 0.

(AG-5) The Markov kernel R admits a reachable point, that is, there exists z0 ∈ Z
such that, for any z ∈ Z and any neighborhood N of z0, R

m(z;N ) > 0
for at least one positive integer m.

(AG-6) There exists a positive integer ` such that

sup
(z,z′,y1:`)∈Z2×Y`

z 6=z′

dZ(Ψ〈y1:`〉(z),Ψ〈y1:`〉(z′))
dZ(z, z′)

< 1, (5.35)

and

sup
(z,z′,y)∈Z2×Y

z 6=z′

dZ(Ψy(z),Ψy(z
′))

dZ(z, z′)
<∞. (5.36)

(AG-7) There exist a measurable function α from Z2 to [0, 1], a measurable func-
tion φ : Z2 → X = Πp (Z) and a measurable function W : Z2 → [1,∞)
such that the following assertions hold.

(i) For all (z, z′) ∈ Z2 and y ∈ Y,

min {g(Πp (z) ; y), g(Πp (z′) ; y)} ≥ α(z, z′)g (φ(z, z′); y) . (5.37)

(ii) For all z ∈ Z, W (z, ·) is �nitely bounded in a neighborhood of z, that
is, there exists γz > 0 such that sup

z′∈B(z,γz)

W (z, z′) <∞.
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(iii) For all (z, z′) ∈ Z2, 1− α(z, z′) ≤ dZ(z, z′)W (z, z′).

(iv) There exist an integer m > 0 and a real number D > 0 such that

sup
(z,z′)∈Z2

(Jm((z, z′);W )−W (z, z′)) <∞

and
sup

(z,z′)∈Z2

(J1((z, z′);W )−DW (z, z′)) <∞,

where for any positive integer n, (z, z′) ∈ Z2 and measurable function
f : Z2 → R,

Jn((z, z′); f) :=

∫
f (Ψ〈y1:n〉(z),Ψ〈y1:n〉(z′))×
n∏
k=1

G (φ(Ψ〈y1:k−1〉(z),Ψ〈y1:k−1〉(z′)); dyk) .

Remark 5.3.9. Assumption (AG-3) holds if the measurable metric spaces
(X, dX) and (Y, dY) are locally compact, complete and separable and their
associated σ-�eld X and Y are the Borel σ-�elds. In this case, the metric dZ

can be appropriately de�ned as a function of dX and dY.

Remark 5.3.10. Note that if the Markov kernel R is weak Feller, then the
Markov kernel Rq is also weak Feller.

Lemma 5.3.11. Assume (AG-3) and (AG-4). Then R admits an invariant
probability distribution π̃; moreover, π̃V <∞.

Proof. From Assumptions (AG-3) and (AG-4) and by Remark 5.3.10, the
transition kernel Rq admits an invariant probability distribution denoted by
πq. Let π̃ be de�ned by, for all A ∈ Z,

π̃(A) =
1

q

q∑
k=1

πqR
k(A).

Obviously, we have π̃R = π̃, which shows that R admits an invariant proba-
bility distribution π̃. Now let M > 0. Then we have for all n ∈ Z+,

π̃(V ∧M) = π̃Rnq(V ∧M)

≤ π̃Rnq(V ) ∧M

≤ λnπ̃(V ) ∧M +
β

1− λ
∧M.
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Letting n→∞, we then obtain

π̃(V ∧M) ≤ β

1− λ
∧M.

Finally, since M is arbitrary, by letting M → ∞ and by monotone conver-
gence theorem, we get π̃V <∞ as desired.

We can now state the main ergodicity result.

Theorem 5.3.12. Conditions (AG-3), (AG-4), (AG-5), (AG-6) and (AG-7)
imply that K admits a unique stationary distribution π on Z×Y. Moreover,
π1V̄ <∞ for every V̄ : X→ R+ such that V̄ . V .

For convenience, we postponed the proof of Theorem 5.3.12 to Sec-
tion 5.6.2. The �rst conclusion of Theorem 5.3.12 can directly be applied
for all θ ∈ Θ to check (AG-1).

Assumptions (AG-4) and (AG-5) have to be checked directly on the
Markov kernel R de�ned by (5.11). To this end, it can be useful to de�ne,
for any given z ∈ Z, the distribution

P̄z := Pδz⊗G(Πp(z);·) (5.38)

on (Z × Y)Z+ , where Pξ is de�ned for any distribution ξ on Z × Y as in
De�nition 5.2.3. Then the �rst component process {Zk : k ∈ Z+} associated
to P̄z is a Markov chain with Markov kernel R and initial distribution δz.

The following lemma provides a general way for constructing the instru-
mental functions α and φ that appear in (AG-7). The proof can be easily
adapted from [Douc et al., 2015, Lemma 1] and is thus omitted.

Lemma 5.3.13. Suppose that Πp (Z) = X = CS for some measurable space
(S,S) and C ⊆ R. Thus for all x ∈ X, we write x = (xs)s∈S, where xs ∈ C for
all s ∈ S. Suppose moreover that for all x = (xs)s∈S ∈ X, we can express the
conditional density g(x; ·) as a mixture of densities of the form j(xs)h(xs; ·)
over s ∈ S. This means that for all t ∈ C, y 7→ j(t)h(t; y) is a density with
respect to ν and there exists a probability measure µ on (S,S) such that

g(x; y) =

∫
S

j(xs)h(xs; y)µ(ds), y ∈ Y . (5.39)

We moreover assume that h takes nonnegative values and that one of the two
following assumptions holds.

(H'-1) For all y ∈ Y, the function h(·; y) : t 7→ h(t; y) is nondecreasing.

(H'-2) For all y ∈ Y, the function h(·; y) : t 7→ h(t; y) is nonincreasing.
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For all (x, x′) ∈ X2, we denote x ∧ x′ := (min{xs, x′s})s∈S and x ∨ x′ :=
(max{xs, x′s})s∈S and we de�ne α(z, z′) and φ(z, z′) by: for all (z, z′) ∈ Z2,
letting x = Πp (z) and x′ = Πp (z′),

α(z, z′) = inf
s∈S

{
j(xs ∨ x′s)
j(xs ∧ x′s)

}
and φ(z, z′) = x ∧ x′ under (H'-1);

α(z, z′) = inf
s∈S

{
j(xs ∧ x′s)
j(xs ∨ x′s)

}
and φ(z, z′) = x ∨ x′ under (H'-2).

Then α and φ de�ned above satisfy (AG-7)(i).

5.4 Examples

In this section, we apply our main results derived above to three mod-
els of interest, namely, the classical GARCH(p, p), the log-linear Poisson
GARCH(p, p) and the NBIN-GARCH(p, p) models. For the celebrated
GARCH(p, p) model, however, we illustrate only the ergodicity result and
for the asymptotic result of the MLE for this model, we refer to Francq et al.
[2004]. To the best of our knowledge, the stationarity and ergodicity as well
as the asymptotic properties of the MLE for the general log-linear Poisson
GARCH(p, p) and NBIN-GARCH(p, p) models have not been derived so far.
In the sequel, A, b and ω always denote, respectively, the matrix

0 1 0 0 · · · 0 0 0 · · · 0 0
0 0 1 0 · · · 0 0 0 · · · 0 0
0 0 0 1 · · · 0 0 0 · · · 0 0
...

...
...

...
. . .

...
...

...
. . .

...
...

0 0 0 0 · · · 1 0 0 · · · 0 0
ap ap−1 ap−2 ap−3 · · · a1 bp bp−1 · · · b3 b2

0 0 0 0 · · · 0 0 1 · · · 0 0
0 0 0 0 · · · 0 0 0 · · · 0 0
...

...
...

...
. . .

...
...

...
. . .

...
...

0 0 0 0 · · · 0 0 0 · · · 0 1
0 0 0 0 · · · 0 0 0 · · · 0 0



,

the vector b1δp + δ2p−1, with for all j ∈ {1, . . . , 2p− 1}, δj = (δij)i∈{1,...,2p−1},
δij being the Kronecker delta, and the vector ωδp. We also denote by
A?, b? and ω? the corresponding values of A, b and ω at (ω, a1:p, b1:p) =
(ω?, a?1:p, b

?
1:p), respectively. For any matrix M, we denote its transpose by

MT . For any real numbers a and b, we denote their maximum value by a∨ b
or max{a, b} and their minimum value by a ∧ b or min{a, b}.

137



5. General-order Observation-driven Models

5.4.1 GARCH(p, p) Model

Example 5.4.1 (De�nition of GARCH(p, p)). Consider GARCH(p, p), p ∈
Z∗+, de�ned as follows: for all k ∈ Z+,

Xk+1 = ω +

p∑
i=1

aiXk−i+1 +

p∑
i=1

biY
2
k−i+1,

Yk+1 | Fk = X
1/2
k+1εk+1,

(5.40)

where

� the parameter space

Θ ⊂ {θ = (ω, a1:p, b1:p) ∈ R× Rp × Rp : ω > 0, a1:p ≥ 0, b1:p ≥ 0},

� Fk = σ (X−p+1:k+1, Y−p+1:k),

� The process {εk : k ∈ Z+} are i.i.d. random sequence with zero mean
and unit variance on R and are independent of Fk. For each k ∈ Z+,
the distribution of εk admits a density γ with respect to the Lebesgue
measure on R. The density γ is assumed to be positive, to be continuous
over R and to satisfy that γ(u) + γ(−u) is monotone on u ∈ R+. We
further assume that ε > 0, P(ε2

0 < ε) > 0.

� X = (0,∞), X = B(X), Y = R, Y = B(Y) and the metrics on X and Y
are any metrics on R.

Note that, by setting for all k, Uk = Y 2
k (then U = R+, U = B(U) and dU

is any metric on R), Model (5.40) can be embedded in Model (5.41) below:

Xk+1 = ψθUk−p+1:k
(Xk−p+1:k),

Uk+1 | Fk = Xk+1ε
2
k+1,

(5.41)

where for all (x1:p, u1:p) ∈ Xp × Up,

ψθuk−p+1:k
(xk−p+1:k) := ω +

p∑
i=1

aixp−i+1 +

p∑
i=1

biup−i+1. (5.42)

The density gθ and the probability law Gθ of Uk conditional on Xk = x are
respectively given by, for all u ∈ U and A ∈ U ,

g(x;u) =
1

2
√
xu

[
γ
(√

x−1u
)

+ γ
(
−
√
x−1u

)]
> 0, (5.43)

and

Gθ(x;A) =

∫
U

1A(u)gθ(x;u)du, (5.44)
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with gθ(x; 0) = 1 for all x ∈ X. In view of De�nition 5.2.1, Model (5.41)
is an ODM(p, p) and is dominated by the Lebesgue measure on R. Now let
Z = Xp×Up−1 and Z = X⊗p⊗U⊗(p−1) and de�ne the measurable function Ψθ

similarly as in (5.6). The function Ψθ then has the form: for all (z, u) ∈ Z×U,

Ψθ
u(z) = ω + Az + ub. (5.45)

Moreover, denoting Zk = (Xk−p+1:k, Uk−p+1:k−1) for all k, the process {Zk :
k ∈ Z+} is a Markov chain on (Z,Z) whose transition kernel Rθ is given by
(5.11) with Gθ and Ψθ de�ned in (5.44) and (5.45), respectively.

Let In be the identity matrix of order n and denote the characteristic
polynomial of the matrix A + bδTp by P (λ) = det

(
λI2p−1 − (A + bδTp )

)
.

For any square matrix M, denote the spectral radius of M by |λ|max(M).
Straightforward computation shows that

P (λ) = λp−1

(
λp −

p∑
k=1

(ak + bk)λ
p−k

)
. (5.46)

The following lemma is immediate.

Lemma 5.4.2. Let a1:p ≥ 0, b1:p ≥ 0. Then
∑p

i=1(ai + bi) < 1 if and only if

|λ|max(A + bδTp ) < 1.

Proof. The proof is postponed to Section 5.6.3.

Remark 5.4.3. It is well known that for any nonnegative matrices M =
(mij) and N = (nij) such that M ≥ N, that is for all i, j, mij ≥ nij, we
have |λ|max(M) ≥ |λ|max(N). Thus for our matrices A and A+bδTp , we have
|λ|max(A) ≤ |λ|max(A + bδTp ).

Proposition 5.4.4. Suppose that θ ∈ Θ satis�es |λ|max(A+bδTp ) < 1. Then
the conclusion of Theorem 5.3.12 holds with V̄ (z) = 1T z for all z ∈ Z.

Remark 5.4.5. If ai ≥ 0, bi ≥ 0, for all i ∈ {1, . . . , p} and
∑p

i=1(ai+bi) < 1,
then from Lemma 5.4.2, Proposition 5.4.4 holds with V̄ (z) = 1T z for all
z ∈ Z.

Proof. Now set V̄ (z) = V (z) = 1T z, z ∈ Z. From Theorem 5.3.12, we need to
show that (AG-3), (AG-4), (AG-5), (AG-6) and (AG-7) hold. For convenience,
we drop the superscript θ from for example Rθ, Ψθ, etc. Assumption (AG-
3) holds with any metric dZ associated to a norm on the �nite dimensional
space Z. (The precise choice of this metric is postponed to the veri�cation
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of (AG-6).) The fact that R is weak Feller follows from the continuity of the
density γ and Πp (·). Moreover, we have, for all z ∈ Z,

RV (z) =

∫
V (ω + Az + ub) G(Πp (z) ; du)

= 1Tω + 1T
(
A + bδTp

)
z.

By iteration, we obtain, for all k ∈ Z∗+,

RkV (z) = 1Tω + · · ·+ 1T
(
A + bδTp

)k−1
ω + 1T

(
A + bδTp

)k
z.

Since |λ|max(A + bδTp ) < 1, then there exist (q, ρ) ∈ Z∗+ × (0, 1) such that

RqV (z) ≤ 1Tω + · · ·+ 1T
(
A + bδTp

)q−1
ω + ρq1T z.

Hence (AG-4) holds with β = 1Tω + · · · + 1T
(
A + bδTp

)q−1
ω ≥ 0 and

λ = ρq < 1. We now prove (AG-5). We have for all n ≥ 1, t0:n−1 ∈ Un and
z ∈ Z,

Ψθ〈u0:n−1〉(z) = Anz +
n−1∑
j=0

Aj(ω + un−1−jb). (5.47)

Let us use the norm

‖M‖ =

2p−1∨
j=1

2p−1∑
i=1

|Mi,j| = sup
|z|≤1

|Mz|

on (2p − 1) × (2p − 1) matrices, where |z| =
∑2p−1

i=1 |zi| is a norm of z =
z1:2p−1 ∈ Z. Note that since |λ|max(A + bδTp ) < 1, there exists δ ∈ (0, 1) and
c > 0 such that, for any k ≥ 1,∥∥∥(A + bδTp

)k∥∥∥ ≤ c δk. (5.48)

Using that A, b, δp all have nonnegative entries, we have∥∥Ak
∥∥ ≤ ∥∥∥(A + bδTp

)k∥∥∥ . (5.49)

Hence (I2p−1 − A)−1 = I2p−1 +
∑

k≥1 A
k is well de�ned and we set z∞ =

(I2p−1 −A)−1ω so that, with (5.65), we have

Ψθ〈u0:n−1〉(z)− z∞ = Anz +
∑
j≥n

Ajω +
n−1∑
j=0

un−1−jA
jb .
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Then, using de�nition (5.38), we get that, P̄z-a.s., for all n ≥ 1,

|Zn − z∞| = |Ψ〈U0:n−1〉(z)− z∞|

≤ |An(z − z∞)|+
∑
j≥n

∣∣Ajω
∣∣+

(
max

0≤j≤n−1
Uj

) n−1∑
j=0

∣∣Ajb
∣∣ .

With (5.48) and (5.49), this implies

P̄z
(
|Zn − z∞| ≤ c

[
δn
(
|z − z∞|+

|ω|
1− δ

)
+
|b|

1− δ
max

0≤j≤n−1
Uj

])
= 1.

To obtain (AG-5), it is su�cient to observe that, since g takes positive values
in (5.43), for any positive ε, z ∈ Z and any n ≥ 1,

P̄z
(

max
0≤j≤n−1

Uj < ε

)
> 0.

Next we prove (AG-6). We have

Ψu(z)−Ψu(z
′) = A(z − z′).

Since (5.48) and (5.49) imply that |λ|max(A) < 1, there exists a vector norm
which makes A strictly contracting. Choosing the metric dZ on Z (embedded
in R2p−1) as the one derived from this norm, we get (AG-6). To show (AG-7),
we rely on Lemma 5.3.13. Let us set C = (0,∞) = X and S = {1}, then the
probability measure µ boils down the Dirac mass on S. For all (x, u) ∈ X×U,
we de�ne:

(a) if γ(u) + γ(−u) is nonincreasing in u ∈ R+,

j(x) =
√
x−1 and h(x;u) = 1

2
√
u

[
γ
(√

x−1u
)

+ γ
(
−
√
x−1u

)]
; and

(b) if γ(u) + γ(−u) is nondecreasing in u ∈ R+,

j(x) =
√
x and h(x;u) = 1

2x
√
u

[
γ
(√

x−1u
)

+ γ
(
−
√
x−1u

)]
.

Clearly, (5.39) holds. In Case (a), h satis�es (H'-1) and in Case (b), h
satis�es (H'-2). Hence, by Lemma 5.3.13, we obtain α and φ, which are
given, respectively, as follows. For all z, z′ ∈ Z, in all cases, de�ne

α(z, z′) =

(
Πp (z) ∧ Πp (z′)

Πp (z) ∨ Πp (z′)

) 1
2

and φ(z, z′) = Πp (z) ∧ Πp (z′) in Case (a) and φ(z, z′) = Πp (z) ∨ Πp (z′) in
Case (b). These so-de�ned functions α and φ indeed satisfy (AG-7)(i). For
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any z, z′ ∈ Z, we have

1− α(z, z′) = 1−
(

Πp (z) ∧ Πp (z′)

Πp (z) ∨ Πp (z′)

) 1
2

≤ Πp (z)−1 ∧ Πp (z′)
−1 |Πp (z)− Πp (z′)|

≤ W (z, z′) dZ(z, z′),

where dZ is the metric previously de�ned and W is de�ned by W (z, z′) =
1 ∨

(
cdZ

(Πp (z)−1 ∧ Πp (z′)−1)
)
with cdZ

> 0 is conveniently chosen (such a
constant exists since dZ is the metric associated to a norm and Z has �nite
dimension). Then (AG-7)(ii) and (AG-7)(iii) hold and, since for all u ∈ U and
z ∈ Z, Πp (Ψu(z)) ≥ ω, then W (Ψu(z),Ψu(z

′)) is uniformly bounded over
(z, z′, u) ∈ Z× Z× U and (AG-7)(iv) holds. This completes the proof.

5.4.2 Log-linear Poisson GARCH(p, p) Model

Example 5.4.6 (De�nition of the log linear Poisson GARCH(p, p)). Con-
sider the log-linear Poisson GARCH of order (p, p), p ∈ Z∗+, which is de�ned
as follows: for all k ∈ Z+,

Xk+1 = ω +

p∑
i=1

aiXk−i+1 +

p∑
i=1

bi ln(1 + Yk−i+1),

Yk+1 | Fk ∼ P
(
eXk+1

)
,

(5.50)

where

� the parameter space

θ = (ω, a1:p, b1:p) ∈ Θ ⊂ R2p+1,

� Fk = σ (X−p+1:k+1, Y−p+1:k),

� X = R, X = B(X), Y = Z+, Y = B(Y) and the metrics on X and Y are
the same usual metric on R.

By setting for all k, Uk = ln(1 + Yk) (hence U = ln(1 + Z+), U = B(U)
and dU is the usual metric on R), then Model (5.50) can be embedded in
Model (5.51) below:

Xk+1 = ψθUk−p+1:k
(Xk−p+1:k),

Uk+1 | Fk ∼ Gθ(Xk+1; ·),
(5.51)
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where for all (x1:p, u1:p) ∈ Xp × Up,

ψθuk−p+1:k
(xk−p+1:k) := ω +

p∑
i=1

aixp−i+1 +

p∑
i=1

biup−i+1 (5.52)

and Gθ(x; ·) is the conditional law of Uk given Xk = x de�ned by

Gθ(x;A) =
∑
u∈A

e−ex ex(eu−1)

(eu − 1)!
, A ∈ U . (5.53)

The density gθ of Uk conditionally on Xk = x with respect to the counting
measure on U is given by, for all u ∈ U,

gθ(x;u) = e−ex ex(eu−1)

(eu − 1)!
> 0. (5.54)

By De�nition 5.2.1, Model (5.51) is an ODM(p, p) and is dominated by the
counting measure on U. Now let Z = Xp × Up−1 and Z = X⊗p ⊗ U⊗(p−1)

and de�ne the measurable function Ψθ similarly as in (5.6). The function Ψθ

then take a simple linear form

Ψθ
u(z) = ω + Az + ub, (z, u) ∈ Z× U. (5.55)

As in Example 5.4.1, denoting Zk = (Xk−p+1:k, Uk−p+1:k−1) for all k, the
process {Zk : k ∈ Z+} is a Markov chain on (Z,Z) whose transition kernel
Rθ is given by (5.11) withGθ and Ψθ de�ned in (5.53) and (5.55), respectively.

In this section, we will use the vector and the matrix norms de�ned
respectively on R2p−1 and the space of (2p−1)× (2p−1) matrices as follows:

|z|∞ =

2p−1∨
i=1

|δTi z| =
2p−1∨
i=1

|zi|,

‖M‖∞ =

2p−1∨
i=1

2p−1∑
j=1

|Mi,j| = sup
|z|∞≤1

|Mz|∞ .

For notational convenience, we will also denote A1 = A and A2 = A+bδTp .

Proposition 5.4.7. Suppose that θ ∈ Θ satis�es∨
(i1,...,ip)∈{1,2}p

∥∥∥∥∥
p∏
`=1

Ai`

∥∥∥∥∥
∞

< 1. (5.56)

Then we have the following.
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(i) Theorem 5.3.12 holds with the function V̄ : Z→ R+ de�ned by, for all
z ∈ Z,

V̄ (z) = eτ |z|∞ , τ > 0. (5.57)

(ii) Theorem 5.3.2 holds with any z1 ∈ Z. If the true parameter θ? =
(ω?, a?1:p, b

?
1:p) moreover satis�es, for all k ∈ Z∗+,

(Ak −Ak
?)b? = 0 implies A = A?, (5.58)

then Theorem 5.3.3 also holds.

(iii) If the true parameter θ? lies in the interior of Θ and satis�es (5.58),
then Theorem 5.3.7 holds.

Remark 5.4.8. When p = 1, then A1 = A and A2 = A + bδTp correspond
to a1 and a1 + b1, respectively. Condition (5.56) then reduces to

|a1| ∨ |a1 + b1| < 1.

This condition is weaker than the one derived in Douc et al. [2013] where
|b1| < 1 is also imposed.

Remark 5.4.9. To check (5.58), it su�ces to check that there exists k ∈ Z+

such that the determinant

det
(
Ak
?b?,A

k+1
? b?, . . . ,A

k+2p−2
? b?

)
6= 0.

Remark 5.4.10. When p = 1, (5.58) holds if and only if b? 6= 0.

Before proving Proposition 5.4.7, let us show the following fact.

Lemma 5.4.11. If Y ∼ P(ζ) with ζ > 0, then for any ϑ ∈ R, there exist
constants c1 = c1(ϑ), c2 = c2(ϑ) > 0 such that

E[(1 + Y )ϑ] ≤ c1 + c2ζ
ϑ
1{ϑ > 0}. (5.59)

Proof. The proof is postponed to Section 5.6.4.

Proof. Proof of Proposition 5.4.7�(i). Now set V (z) = V̄ (z) = eτ |z|∞ ,
z ∈ Z. From Theorem 5.3.12, we need to show that (AG-3), (AG-4), (AG-5),
(AG-6) and (AG-7) hold. Assumption (AG-3) holds with the metric dZ de�ned
by, for all (z, z′) ∈ Z2,

dZ(z, z′) =

2p−1∨
i=1

|zi − z′i| = |z − z′|∞. (5.60)
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The fact that R is weak Feller follows from the continuity of the density g
with respect to the x component in (5.54) and the continuity of Πp (·). We
will show that, with V de�ned in (5.57), then we have RpV ≤ λV + β for
some (λ, β) ∈ (0, 1)×R+. Note that Lemma 5.4.11 implies that, for all ϑ ∈ R
and ζ > 0, ∫

eϑuG (ζ; du) ≤ c1 + c2eϑζ1{ϑ > 0}, (5.61)

where c1 and c2 are some positive constants. Note further that for all z ∈ Z
and τ > 0, we have

V (z) = eτ |z|∞ ≤
∑

σ∈{−1,1}

2p−1∑
k=1

eστzk ≤ 2(2p− 1)eτ |z|∞ (5.62)

Without loss of generality, let us assume for the moment that τ = 1. Now,
using (5.61) and (5.62) and noting that, for all z ∈ Z, zk = δTk z, Πp (z) = δTp z

and 1
{
σδTkb > 0

}
≤ 1, we have

RV (z) ≤
∑

σ∈{−1,1}

2p−1∑
k=1

∫
eσδ

T
k (ω+Az+ub)G

(
δTp z; du

)
≤

∑
σ∈{−1,1}

2p−1∑
k=1

eσδ
T
k (ω+Az)

∫
eσδ

T
k buG

(
δTp z; du

)
≤

∑
σ∈{−1,1}

2p−1∑
k=1

eσδ
T
k (ω+Az)

(
γ1 + γ2eσδ

T
k bδ

T
p z
)
,

where γ1 and γ2 are some positive constants. This further yields that, with
A1 = A and A2 = A + bδTp ,

RV (z) ≤
∑

σ∈{−1,1}

2p−1∑
k=1

(
β1eσδ

T
kAz + β2eσδ

T
k (A+bδTp )z

)

≤
∑

σ∈{−1,1}

2p−1∑
k=1

(
β1eσδ

T
kA1z + β2eσδ

T
kA2z

)
,

where β1 and β2 are some positive constants. By iteration, Rm+1V =
R(RmV ), we obtain that, for all m ∈ Z∗+,
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RmV (z) ≤
∑

σ∈{−1,1}

2p−1∑
k=1

∑
(i1,...,ip)∈{1,2}m

βi1,...,imeσδ
T
k (
∏m
`=1 Ai`)z (5.63)

≤
∑

(i1,...,im)∈{1,2}m
βi1,...,im

∑
σ∈{−1,1}

2p−1∑
k=1

eσδ
T
k (
∏m
`=1 Ai`)z

≤
∑

(i1,...,im)∈{1,2}m
βi1,...,im

∑
σ∈{−1,1}

2p−1∑
k=1

e‖
∏p
`=1 Ai`‖∞|z|∞

≤ 2(2p− 1)
∑

(i1,...,im)∈{1,2}m
βi1,...,ime‖

∏m
`=1 Ai`‖∞|z|∞

≤

2(2p− 1)
∑

(i1,...,im)∈{1,2}m
βi1,...,im

 e
∨

(i1,...,im)∈{1,2}m‖
∏m
`=1 Ai`‖∞|z|∞ ,

where, for all (i1, . . . , im) ∈ {1, 2}m, βi1,...,im are positive constants. Thus, for
all z ∈ Z, with m = p, we get

RpV (z) ≤ γpe
ηp|z|∞ ,

where
γp := 2(2p− 1)

∑
(i1,...,ip)∈{1,2}p

βi1,...,ip > 0

and

ηp :=
∨

(i1,...,ip)∈{1,2}p

∥∥∥∥∥
p∏
`=1

Ai`

∥∥∥∥∥
∞

< 1.

Since

lim
|z|∞→∞

eηp|z|∞

V (z)
= 0

and for all M > 0,
sup
|z|∞≤M

RpV (z) <∞,

then there exists a pair (λ, β) ∈ (0, 1) × R+ such that RpV ≤ λV + β,
and hence (AG-4) holds. Note that when m = p − 1 and τ = 1, we have
e|Πp(z)| ≤ γp−1R

p−1V (z) for some γp−1 > 0. We now turn to prove (AG-5).
Note that from (5.56), there exist δ ∈ (0, 1) and c > 0 such that, for any
k ≥ 1, ∥∥Ak

∥∥
∞ ≤ c δk. (5.64)
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5. General-order Observation-driven Models

Hence, (I2p−1 − A)−1 = I2p−1 +
∑

k≥1 A
k is well de�ned. Now, set z∞ =

(I2p−1 − A)−1ω. Let N∞ be an open neighborhood of z∞ and let z ∈ Z.
De�ne recursively the sequence {zk : k ∈ Z+} with z0 = z and for all k ≥ 1,
zk = ω + Azk−1. From (5.64), this so-de�ned sequence admits a unique
limiting point limn→∞ zn = z∞. Thus, there exists some n ∈ Z∗+ such that
for all k ≥ n, zk ∈ N∞. For such n, we have

Rn(z;N∞) = P̄z(Zn ∈ N∞) ≥ P̄z(Zk = zk for all k = 1, . . . , n)

= P̄z(U0 = · · · = Un−1 = 0) > 0.

Next we prove (AG-6). We have for all n ≥ 1, u0:n−1 ∈ Un and z ∈ Z,

Ψ〈u0:n−1〉(z) = Anz +
n−1∑
j=0

Aj(ω + un−1−jb). (5.65)

Then for all (z, z′) ∈ Z2, u0:p−1 ∈ Up,

dZ(Ψu0(z),Ψu0(z′)) = |A(z − z′)|∞
≤ ‖A‖∞|z − z′|∞
≤ DdZ(z, z′),

and

dZ(Ψ〈u0:p−1〉(z),Ψ〈u0:p−1〉(z′)) = |Ap(z − z′)|∞
≤ ‖Ap‖∞|z − z′|∞
≤ ρdZ(z, z′),

where D = ‖A‖∞ > 0 and ρ = ‖Ap‖∞ < 1 from (5.56), showing (AG-6).
To show (AG-7), we rely on Lemma 5.3.13. Let us set C = R = X and
S = {1}, then the probability measure µ boils down the Dirac mass on S.
For all (x, u) ∈ X × U, let j(x) = e−ex and h(x;u) = ex(eu−1)

(eu−1)!
. Indeed, h

satis�es (H'-1). Hence, from Lemma 5.3.13, the instrumental functions α
and φ are obtained by setting: for all z, z′ ∈ Z,

α(z, z′) =
e−eΠp(z)∨Πp(z′)

e−eΠp(z)∧Πp(z′) = e
−
∣∣∣eΠp(z)−eΠp(z′)

∣∣∣
and φ(z, z′) = Πp (z) ∧ Πp (z′). These so-de�ned functions α and φ indeed
satisfy (AG-7)(i). For (z, z′) ∈ Z2, we have

1− α(z, z′) = 1− e
−
∣∣∣eΠp(z)−eΠp(z′)

∣∣∣ ≤ ∣∣∣eΠp(z) − eΠp(z′)
∣∣∣

≤ e|Πp(z)|∨|Πp(z′)| |Πp (z)− Πp (z′)|
≤ W (z, z′) dZ(z, z′),
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5. General-order Observation-driven Models

where W is de�ned by, for all z, z′ ∈ Z,

W (z, z′) := γp−1

(
Rp−1V1(z) +Rp−1V1(z′)

)
and V1(z) = e|z|∞ . Obviously, this so-de�ned function W satis�es (AG-7)(ii)
and (AG-7)(iii). To complete the proof of Proposition 5.4.7�(i), it remains to
show (AG-7)(iv). Note that (AG-4) holds with V (z) = eτ |z|∞ for any τ > 0,
thus it also holds with V1. For all z, z′ ∈ Z,

J1((z, z′);W ) =

∫
W (Ψu(z),Ψu(z

′))G (φ(z, z′); du)

=γp−1

∫
Rp−1V1(Ψu(z))G (φ(z, z′); du) + γp−1

∫
V1(Ψu(z

′))G (φ(z, z′); du) .

From (5.63), with m = p− 1, we have∫
Rp−1V1(Ψu(z))G (φ(z, z′); du)

≤
∑

σ∈{−1,1}

2p−1∑
k=1

∑
(i1,...,ip−1)∈{1,2}p−1

βi1,...,ip−1×∫
eσδ

T
k (
∏p−1
`=1 Ai`)(ω+Az+ub)G (φ(z, z′); du) . (5.66)

Note that by (5.61), there exist constants c′1 and c′2 such that∫
eσδ

T
k (
∏p−1
`=1 Ai`)buG (φ(z, z′); du)

≤ c′1 + c′2eσδ
T
k (
∏p−1
`=1 Ai`)b(δTp z∧δTp z′)1

{
σδTk

(
p−1∏
`=1

Ai`

)
b > 0

}
≤ c′1 + c′2eσδ

T
k (
∏p−1
`=1 Ai`)bδ

T
p z,

where we have used δTp z ∧ δTp z′ ≤ δTp z and 1
{
σδTk

(∏p−1
`=1 Ai`

)
b > 0

}
≤ 1.

Plugging this inequality into (5.66) and noting that A1 = A and A2 =
A + bδTp , then there exist positive constants γi1,...,ip , (i1, . . . , ip) ∈ {1, 2}p,
such that∫

Rp−1V1(Ψu(z))G (φ(z, z′); du)

≤
∑

σ∈{−1,1}

2p−1∑
k=1

∑
(i1,...,ip)∈{1,2}p

γi1,...,ipe
σδTk (

∏p
`=1 Ai`)z

≤

2(2p− 1)
∑

(i1,...,ip)∈{1,2}p
γi1,...,ip

 eηp|z|∞ ,

148



5. General-order Observation-driven Models

where ηp =
∨

(i1,...,ip)∈{1,2}p ‖
∏p

`=1 Ai`‖∞ < 1. Similarly, we have

∫
Rp−1V1(Ψu(z

′))G (φ(z, z′); du) ≤

2(2p− 1)
∑

(i1,...,ip)∈{1,2}p
γ′i1,...,ip

 eηp|z
′|∞

for some positive constants γ′i1,...,ip , (i1, . . . , ip) ∈ {1, 2}p. Thus, there exists
M > 0 such that for all z, z′ ∈ Z,

J1((z, z′);W ) = M
(

eηp|z|∞ + eηp|z
′|∞
)
.

Assumption (AG-7)(iv) follows by observing that

lim
|z|∞∨|z′|∞→∞

J1((z, z′);W )

W (z, z′)
= 0.

This completes the proof of Proposition 5.4.7� (i).

Proof of Proposition 5.4.7�(ii). As a consequence, we have (AG-
1). Assumption (AG-2) directly follows. Thus, to show the �rst part of
Proposition 5.4.7�(ii), we only need to show that Assumptions (BG-1), (BG-
2) and (BG-3) are satis�ed. The second part then follows if we can moreover
show that (a) and (b) in Theorem 5.3.3 hold.

Clearly, (BG-1) and (BG-2) hold by the de�nitions of ψθ and gθ given
by (5.52) and (5.54), respectively. It remains to show (BG-3). Since Θ is
compact, then

|ω| ≤ ω, |ai| ≤ ā, |bi| ≤ b̄,
∨

i1,...,ip∈{1,2}p

∥∥∥∥∥
p∏
`=1

Ai`

∥∥∥∥∥
∞

≤ ρ̄, ‖A‖∞ ≤ L, (5.67)

for some (ω, ā, b, ρ̄) ∈ (0,∞)3 × (0, 1) and L > 0. We set Z1 = Z. And so
(BG-3)(i) holds. Moreover, for all (θ, z, u) ∈ Θ × Z1 × U, gθ(Πp (z) ; y) ≤ 1.
Thus, Condition (BG-3)(ii) holds. Now let z1 ∈ Z. Using (5.64), (5.65) and
(5.67), we get that there exist constants c̄ > 0 and δ̄ ∈ (0, 1) such that for
all z ∈ Z, u1:n ∈ Un and θ ∈ Θ,∣∣Ψθ〈u1:n〉(z1)−Ψθ〈u1:n〉(z)

∣∣
∞ = |An(z1 − z)|∞
≤ c̄ δ̄n |z1 − z|∞ .

Thus by (5.60), we get (BG-3)(iii) with

Ψ̄(z) = c |z1 − z|∞ .
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5. General-order Observation-driven Models

Hence (BG-3)(iv) holds and since∣∣z1 −Ψθ
u(z1)

∣∣ ≤ (L+ 1) |z1|∞ + ω + (1 ∨ b̄)u,

we also get (BG-3)(v) provided that

φ̄(u) ≥ (L+ 1) |z1|∞ + ω + (1 ∨ b̄)u. (5.68)

It is straightforward to show that for all θ ∈ Θ, (x, x′) ∈ Πp (Z1) × Πp (Z1)
and u ∈ U,∣∣ln gθ (x;u)− ln gθ (x′;u)

∣∣ ≤ |x− x′|e|x|∨|x′|eu
≤ |x− x′|e|x−Πp(z1)|∨|x′−Πp(z1)|eu+|Πp(z1)|.

Thus for all θ ∈ Θ, (z, z′) ∈ Z1 × Z1 and u ∈ U,∣∣ln gθ (x;u)− ln gθ (x′;u)
∣∣ ≤ |z − z′|∞e|z−z1|∞∨|z

′−z1|∞eu+|Πp(z1)|.

We thus obtain (BG-3)(v), (BG-3)(vi) and (BG-3)(vii) by setting C = 1,

H(s) = s, s ∈ R+,

and
φ̄(u) = (L+ 1) |z1|∞ + ω + (1 ∨ b̄)u+ eu+|Πp(z1)|.

In addition, for all θ ∈ Θ, x ∈ X and τ > 0, we have∫
eτuGθ(x; du) ≤ 1 + 2τeτx .

Hence, by letting V̄ = V and using that for all θ ∈ Θ, πθ1V < ∞, with the
above de�nitions, we obtain (BG-3)(viii). This establishes the equivalence-
class consistency of the MLE for the log-linear Poisson GARCH(p, p).

To conclude the strong consistency of the MLE, it remains to check (a)
and (b) in Theorem 5.3.3. Condition (a) clearly holds by the identi�ability
of the Poisson distribution. Note that as a consequence of the earlier proof,
we have, for all θ ∈ Θ, P̃θ?-a.s.,

Ψθ〈U−∞:0〉 =
∞∑
k=0

Ak(ω + U−kb).

By stationarity, for all θ ∈ Θ and t ∈ Z, we have, P̃θ?-a.s.,

Ψθ〈U−∞:t〉 =
∞∑
k=0

Ak(ω + U−k+tb).
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5. General-order Observation-driven Models

Moreover, if

Ψθ〈U−∞:0〉 = Ψθ?〈U−∞:0〉, P̃θ?-a.s.,

then by stationarity, for all t ∈ Z,

Ψθ〈U−∞:t〉 = Ψθ?〈U−∞:t〉, P̃θ?-a.s.,

and thus

∞∑
k=0

Ak(ω + U−k+tb) =
∞∑
k=0

Ak
?(ω? + U−k+tb?), P̃θ?-a.s. (5.69)

This implies

(b−b?)Ut =
∞∑
k=1

Ak
?(ω?+U−k+tb?)−

∞∑
k=1

Ak(ω+U−k+tb), P̃θ?-a.s. (5.70)

Conditionally on σ(U−∞:t−1),
(
eUt − 1

)
is a Poisson variable with positive

intensity. Thus the left-hand side of (5.70) is P̃θ?-a.s. constant only if b = b?,
implying b?1 = b1. Then, (5.69) reduces to

∞∑
k=1

Ak(ω + U−k+tb) =
∞∑
k=1

Ak
?(ω? + U−k+tb?), P̃θ?-a.s. (5.71)

Thus by repeating the same argument as to obtain b = b?, (5.71) and so on
yield that, for all integer k ≥ 1,

(Ak −Ak
?)b? = 0.

And by (5.58), we have A = A?, yielding that (a1:p, b2:p) =
(
a?1:p, b

?
2:p

)
. It is

immediate from (5.69) that ω = ω?, and this is equivalent to having that
ω = ω?. The strong consistency therefore follows.

Proof of Proposition 5.4.7�(iii). By Theorem 5.3.7, it su�ces to show
that (CG-1)�(CG-7) hold. From the de�nition of Ψθ

u(z), we have a(θ, u) =
A and b(θ, u) = ω + ub, both admitting linear forms in θ. Thus from
compactness of Θ and (5.56) and by noting that for all τ > 0,

Ẽθ?
[
eτU1

]
<∞, (5.72)
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it follows that (CG-1) holds. Assumptions (CG-2) and (CG-3) clearly hold.
Assumption (CG-4) is immediate as the conclusion of Proposition 5.4.7-(ii)
above. We have

`θz,k = ln gθ
(
Πp

(
Ψθ〈U1:k−1〉(z)

)
;Uk
)

= (eUk − 1)δTp Ψθ〈U1:k−1〉(z)− eδ
T
p Ψθ〈U1:k−1〉(z) − ln(eUk − 1)!,

`θk = ln gθ
(
Πp

(
Ψθ〈U−∞:k−1〉(z)

)
;Uk
)

= (eUk − 1)δTp Ψθ〈U−∞:k−1〉 − eδ
T
p Ψθ〈U−∞:k−1〉 − ln(eUk − 1)!.

Then from Lemma 5.3.4, for all i, P̃θ?-a.s.,

∂`θz,k
∂θi

=
(

eUk − 1− eδ
T
p Ψθ〈U1:k−1〉(z)

)
δTp

∂

∂θi
Ψθ〈U1:k−1〉(z)

∂`θk
∂θi

=
(

eUk − 1− eδ
T
p Ψθ〈U−∞:k−1〉

)
δTp

∂

∂θi
Ψθ〈U−∞:k−1〉

Thus for all i, P̃θ?-a.s.,

∣∣∣∣∣∂`θz,k∂θi
− ∂`θk
∂θi

∣∣∣∣∣ ≤
∣∣∣∣δTp ∂

∂θi
Ψθ〈U−∞:k−1〉 − δTp

∂

∂θi
Ψθ〈U1:k−1〉(z)

∣∣∣∣ (eUk − 1)

+
∣∣∣eδTp Ψθ〈U−∞:k−1〉 − eδ

T
p Ψθ〈U1:k−1〉(z)

∣∣∣ ∣∣∣∣δTp ∂

∂θi
Ψθ〈U−∞:k−1〉

∣∣∣∣
+ e|δ

T
p Ψθ〈U1:k−1〉(z)|

∣∣∣∣δTp ∂

∂θi
Ψθ〈U−∞:k−1〉 − δTp

∂

∂θi
Ψθ〈U1:k−1〉(z)

∣∣∣∣
Note that for all z ∈ Z and k ≥ 1, we have, P̃θ?-a.s.,

Ψθ〈U−∞:k−1〉 −Ψθ〈U1:k−1〉(z) = Ak−1
(
Ψθ〈U−∞:0〉 − z

)
,

and for all i,

∂

∂θi
Ψθ〈U−∞:k−1〉 −

∂

∂θi
Ψθ〈U1:k−1〉(z)

=
∂(Ak−1)

∂θi

(
Ψθ〈U−∞:0〉 − z

)
+ Ak−1 ∂

∂θi
Ψθ〈U−∞:0〉.
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By similar arguments as in the proof of Lemma 5.3.4 (see Section 5.6.1)
and noting that supθ∈Θ

∣∣Ψθ〈U−∞:0〉
∣∣
∞ and supθ∈Θ

∣∣ ∂
∂θ

Ψθ〈U−∞:0〉
∣∣
∞ are �nite

P̃θ?-a.s., there exist a constant ρ1 ∈ (0, 1) and a P̃θ?-a.s. �nite random variable
M̃1 = M̃1(z) such that for all k ≥ 1, P̃θ?-a.s.,∣∣Ψθ〈U−∞:k−1〉 −Ψθ〈U1:k−1〉(z)

∣∣
∞ ≤ M̃1ρ

k
1,

and for all i, P̃θ?-a.s.,∣∣∣∣ ∂∂θiΨθ〈U−∞:k−1〉 −
∂

∂θi
Ψθ〈U1:k−1〉(z)

∣∣∣∣
∞
≤ M̃1ρ

k
1.

From Lemma 5.3.4, we also have that, for all i,

Ẽθ?
[
sup
θ∈Θ

∣∣∣∣ ∂∂θiΨθ〈U−∞:0〉
∣∣∣∣
∞

]
<∞. (5.73)

Recall that for all t, t′ ∈ R,
∣∣et − et

′∣∣ ≤ e|t|∨|t
′||t− t′|. Thus, we deduce that∣∣∣∣∣∂`θz,k∂θi

− ∂`θk
∂θi

∣∣∣∣∣
≤ eM̃1ρk1M̃1

[
eUk − 1 + e|Ψ

θ〈U−∞:k−1〉|∞
(

1 +

∣∣∣∣ ∂∂θiΨθ〈U−∞:k−1〉
∣∣∣∣
∞

)]
.

On the other hand, P̃θ?-a.s., we have

e|Ψ
θ〈U−∞:0〉|∞ ≤ esupθ∈Θ|Ψθ〈U−∞:0〉|∞ ≤ e

∑∞
k=0 supθ∈Θ|Ak(ω+U−kb)|∞ .

From (5.64) and (5.67), there exist constants c1, c2 > 0 and δ̄ ∈ (0, 1) such
that, P̃θ?-a.s.,

esupθ∈Θ|Ψθ〈U−∞:0〉|∞ ≤ c1ec2
∑∞
k=0 δ̄

kU−k ≤ c1(1− δ̄)
∞∑
k=0

δ̄kec2(1−δ̄)−1U−k ,

and from (5.72), it follows that for any positive t > 0,

Ẽθ?
[
et supθ∈Θ|Ψθ〈U−∞:0〉|∞

]
<∞. (5.74)

Thus, by stationarity and from (5.73) and (5.74), Lemma 5.6.6 assures that
there exist a constant ρ2 ∈ (0, 1) and a P̃θ?-a.s. �nite random variable M̃2 =
M̃2(z) such that for all i and for all k ≥ 1, P̃θ?-a.s.,∣∣∣∣∣∂`θz,k∂θi

− ∂`θk
∂θi

∣∣∣∣∣ ≤ ρk2M̃2.
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Therefore, Assumption (CG-5) holds. We now check (CG-6). We have

`θ1 = ln gθ
(
Πp

(
Ψθ〈U−∞:0〉

)
;U1

)
= (eU1 − 1)δTp Ψθ〈U−∞:0〉 − eδ

T
p Ψθ〈U−∞:0〉 − ln(eU1 − 1)!.

Then for all i and j, we have

∂`θ1
∂θi

=
(

eU1 − 1− eδ
T
p Ψθ〈U−∞:0〉

)
δTp

∂

∂θi
Ψθ〈U−∞:0〉

and from Lemma 5.3.4, P̃θ?-a.s.,

∂2`θ1
∂θi∂θj

=
(

eU1 − 1− eδ
T
p Ψθ〈U−∞:0〉

)
δTp

∂2

∂θi∂θj
Ψθ〈U−∞:0〉

+ eδ
T
p Ψθ〈U−∞:0〉

(
δTp

∂

∂θi
Ψθ〈U−∞:0〉

)(
δTp

∂

∂θj
Ψθ〈U−∞:0〉

)
.

Using similar arguments as the proof of Lemma 5.3.4 together with (5.72),
we can show that for all i and j, we have

Ẽθ?
[

sup
θ∈Θ

∣∣∣∣ ∂∂θiΨθ〈U−∞:0〉
∣∣∣∣2
∞

]
<∞

and

Ẽθ?
[
sup
θ∈Θ

∣∣∣∣ ∂2

∂θi∂θj
Ψθ〈U−∞:0〉

∣∣∣∣
∞

]
<∞.

By (5.74) and (5.72), we can directly show that, for all i and j,

Ẽθ?
[

sup
θ∈Θ

∣∣∣∣∂`θ1∂θi

∣∣∣∣2
]
<∞

and

Ẽθ?
[
sup
θ∈Θ

∣∣∣∣ ∂2`θ1
∂θi∂θj

∣∣∣∣] <∞.
Thus, (CG-6)-(i) and (CG-6)-(ii) hold. Note that for all i, j, we have, P̃θ?-a.s.,

∂

∂θi
gθ
(
Πp

(
Ψθ〈U−∞:0〉

)
;U1

)
= gθ

(
Πp

(
Ψθ〈U−∞:0〉

)
;U1

) ∂`θ1
∂θi
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and

∂2

∂θi∂θj
gθ
(
Πp

(
Ψθ〈Y−∞:0〉

)
;U1

)
= gθ

(
Πp

(
Ψθ〈U−∞:0〉

)
;U1

) ∂2`θ1
∂θi∂θj

+
∂

∂θi
gθ
(
Πp

(
Ψθ〈U−∞:0〉

)
;Y1

) ∂`θ1
∂θj

Then, (CG-6)-(iii) follows by observing that for all i, P̃θ?-a.s.,∣∣∣∣ ∂∂θi gθ (Πp

(
Ψθ〈U−∞:0〉

)
;U1

)∣∣∣∣ = gθ
(
Πp

(
Ψθ〈U−∞:0〉

)
;U1

) ∣∣∣∣∂`θ1∂θi

∣∣∣∣ ≤ sup
θ∈Θ

∣∣∣∣∂`θ1∂θi

∣∣∣∣ ,
and

Ẽθ?
[
sup
θ∈Θ

∣∣∣∣∂`θ1∂θi

∣∣∣∣] ≤
(
Ẽθ?
[

sup
θ∈Θ

∣∣∣∣∂`θ1∂θi

∣∣∣∣2
])1/2

<∞.

Similarly, (CG-6)-(iv) holds. To complete the proof of asymptotic normality,
it remains to check (CG-7). By Remark 5.3.8, it is su�cient to show that
(5.34) holds. We establish this fact by following the argument provided by
Francq et al. [2004]. Now let α = (α0, . . . , α2p) ∈ R2p+1 and for convenience,
write θ = (θ0, . . . , θ2p) = (ω, a1:p:,b1:p). We have, P̃θ?-a.s.,

αT
∂`θ?1
∂θ

=

2p∑
i=0

αi

(
eU1 − 1− eδ

T
p Ψθ? 〈U−∞:0〉

)
δTp
∂Ψθ?〈U−∞:0〉

∂θi
.

Since
(
eU1 − 1

)
conditionally on σ(U−∞:0) is a Poisson variable with positive

intensity, then P̃θ?-a.s., αT ∂`
θ?
1

∂θ
= 0 implies

2p∑
i=0

αiδ
T
p

∂Ψθ?〈U−∞:0〉
∂θi

= 0, P̃θ?-a.s.

By stationarity, we have for all t ∈ Z,

2p∑
i=0

αiδ
T
p

∂Ψθ?〈U−∞:t〉
∂θi

= 0, P̃θ?-a.s. (5.75)

In view of (5.51) and by noting that P̃θ?-a.s., Xθ
t = δTp Ψθ〈U−∞:t〉 for all θ ∈ Θ

and t ∈ Z, we have from (5.75) that for all t ∈ Z,
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0 = αT
∂Xθ?

t

∂θ
= αT



1

Xθ?
t−1
...

Xθ?
t−p

Ut−1
...

Ut−p


+

p∑
i=1

aiα
T ∂X

θ?
t−i

∂θ
= αT



1

Xθ?
t−1
...

Xθ?
t−p

Ut−1
...

Ut−p


, P̃θ?-a.s.

Since
(
eUt−1 − 1

)
conditionally on σ(U−∞:t−2) is a Poisson variable with pos-

itive intensity, we then have that αp+1 = 0. By the same reason, it can be
shown that αp+2:p+2+i = 0 if α2:2+i = 0, for i ∈ {0, . . . , p− 2}. Thus, if α 6= 0
entails an ODM(p − 1, p − 1) representation, which is impossible since the
model is identi�able. Hence, α = 0 and this completes the proof.

Our next example is the NBIN-GARCH(p, p), p ∈ Z∗+, which is de�ned
as follows.

5.4.3 NBIN-GARCH(p, p) Model

Example 5.4.12 (De�nition of NBIN-GARCH(p, p)). Consider a statistical
model recursively de�ned by: for all k ∈ Z+,

Xk+1 = ω +

p∑
i=1

aiXk−i+1 +

p∑
i=1

biYk−i+1,

Yk+1 | Fk ∼ NB
(
r,

Xk+1

1 +Xk+1

)
,

(5.76)

where

� the parameter space

Θ ⊂ {θ = (ω, a1:p, b1:p, r) ∈ R∗+ × Rp
+ × Rp

+ × R∗+},

� Fk = σ (X−p+1:k+1, Y−p+1:k),

� X = (0,∞), X = B(X), Y = Z+, Y = B(Y) and the metrics on X and
Y are any metrics on R and Z, respectively.

Denoting for all (x1:p, y1:p) ∈ Xp × Yp,

ψθy1:p
(x1:p) := ω +

p∑
i=1

aixp−i+1 +

p∑
i=1

biyp−i+1, (5.77)
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Model (5.76) can be expressed as the standard form of Model (5.78) below:

Xk+1 = ψθYk−p+1:k
(Xk−p+1:k),

Yk+1 | Fk ∼ NB
(
r,

Xk+1

1 +Xk+1

)
.

(5.78)

The density gθ and the probability law Gθ of Yk conditional on Xk = x are
given by, for all y ∈ Y and A ∈ Y ,

gθ(x; y) =
Γ(r + y)

y ! Γ(r)

(
1

1 + x

)r (
x

1 + x

)y
, (5.79)

and
Gθ(x;A) =

∑
y∈A

1A(y)gθ(x; y). (5.80)

According to De�nition 5.2.1, Model (5.76) is an ODM(p, p) and is dominated
by the counting measure on Z. Now, let Z = Xp×Yp−1 and Z = X⊗p⊗Y⊗(p−1)

and de�ne the measurable function Ψθ similarly as in (5.6), which is given
by, for all (z, y) ∈ Z× Y,

Ψθ
y(z) = ω + Az + yb. (5.81)

The process {Zk : k ∈ Z+}, where Zk = (Xk−p+1:k, Yk−p+1:k−1), is a
Markov chain on (Z,Z) with transition kernel Rθ given by (5.11) with Ψθ and
Gθ de�ned in (5.80) and (5.81), respectively. Let us now state our ergodicity,
consistency and asymptotic normality results for the NBIN-GARCH(p, p)
model.

Proposition 5.4.13. Suppose that θ ∈ Θ satis�es

|λ|max(A + rbδTp ) < 1. (5.82)

(i) Then the conclusion of Theorem 5.3.12 holds with V̄ (z) = 1T z for all
z ∈ Z.

(ii) Theorem 5.3.2 holds with any z1 ∈ Z. If the true parameter θ? =
(ω?, a?1:p, b

?
1:p) moreover satis�es: for all k ∈ Z∗+,

(Ak −Ak
?)b? = 0 implies A = A?, (5.83)

then Theorem 5.3.3 also holds.

Remark 5.4.14. From Lemma 5.4.2, Condition (5.82) is equivalent to∑p
i=1(ai + rbi) < 1.
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Proof. Proof of Proposition 5.4.13�(i). In this part, for convenience, let
us drop the super script θ from for example Gθ, Rθ, etc. Now set V = V̄ .
From Theorem 5.3.12, we need to show that (AG-3), (AG-4), (AG-5), (AG-6)
and (AG-7) hold. Assumption (AG-3) holds with any metric dZ associated to
a norm on the �nite dimensional space Z so that Z is the associated Borel
σ-�eld (The precise choice of this metric is postponed to the veri�cation
of (AG-6)). The fact that R is weak Feller follows by observing that for �xed
r > 0, as p → p′, NB(r, p) converges weakly to NB(r, p′). Moreover, we
have, for all z ∈ Z,

RV (z) =

∫
V (ω + Az + yb) G(Πp (z) ; dy)

= 1Tω + 1T
(
A + rbδTp

)
z.

By iteration, we obtain that for all k ∈ Z∗+,

RkV (z) = 1Tω + · · ·+ 1T
(
A + rbδTp

)k−1
ω + 1T

(
A + rbδTp

)k
z.

Since |λ|max(A+ rbδTp ) < 1, then there exists a pair (q, ρ) ∈ Z∗+× (0, 1) such
that

RqV (z) ≤ 1Tω + · · ·+ 1T
(
A + rbδTp

)q−1
ω + ρq1T z.

Hence (AG-4) holds with some q ≥ 1, λ = ρq < 1 and β = 1Tω + · · · +
1T
(
A + rbδTp

)q−1
ω ≥ 0. We now show (AG-5). Let us use the norm

‖M‖ =

2p−1∨
j=1

2p−1∑
i=1

|Mi,j| = sup
|z|≤1

|Mz|

on (2p − 1) × (2p − 1) matrices, where |z| =
∑2p−1

i=1 |zi| is a norm of z =
z1:2p−1 ∈ Z. Note that from (5.82), there exists δ ∈ (0, 1) and c > 0 such
that, for any k ≥ 1, ∥∥Ak

∥∥ ≤ c δk . (5.84)

Hence (I2p−1 − A)−1 = I2p−1 +
∑

k≥1 A
k is well de�ned and we set

z∞ = (I2p−1 − A)−1ω. Let N∞ be an open neighborhood of z∞ and
let z ∈ Z. De�ne recursively the sequence z0 = z and for all k ≥ 1,
zk = ω + Azk−1. From (5.84), this so-de�ned sequence admits a unique
limiting point limn→∞ zn = z∞. Thus, there exists some n ∈ Z∗+ such that
for all k ≥ n, zk ∈ N∞. For such n, we have

Rn(z,N∞) = P̄z(Zn ∈ N∞) ≥ P̄z(Zk = zk for all k = 1, . . . , n)

= P̄z(Y0 = · · · = Yn−1 = 0) > 0.
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Next we prove (AG-6). We have

Ψy(z)−Ψy(z
′) = A(z − z′) .

Since (5.82) implies that |λ|max(A) < 1, there exists a vector norm |·|Z, which
makes A strictly contracting. Choosing the metric dZ on Z (embedded in
R2p−1) as the one derived from this norm, we get (AG-6). To show (AG-7),
we rely on Lemma 5.3.13. Let us set C = (0,∞) = X and S = {1}, then the
probability measure µ boils down the Dirac mass on S. For all (x, y) ∈ X×Y,
let j(x) = (1 + x)−r and h(x; y) = Γ(r+y)

y ! Γ(r)

(
x

1+x

)y
. Indeed, h satis�es (H'-1).

Hence, from lemma Lemma 5.3.13 we α and φ are obtained by setting: for
all z, z′ ∈ Z,

α(z, z′) =

(
1 + Πp(z) ∧ Πp(z

′)

1 + Πp(z) ∨ Πp(z′)

)r
and

φ(z, z′) = Πp(z) ∧ Πp(z
′).

These so-de�ned functions α and φ indeed satisfy (AG-7)(i). For any
given r > 0, for all (z, z′) ∈ Z2, we have

1− α(z, z′) = 1−
(

1 + Πp (z) ∧ Πp (z′)

1 + Πp (z) ∨ Πp (z′)

)r
≤ (1 ∨ r) |Πp (z)− Πp (z′)|
≤ W (z, z′) dZ(z, z′) ,

where dZ is the metric previously de�ned and W is de�ned by
W (z, z′) = cdZ

(1 ∨ r) with cdZ
> 0 is conveniently chosen (such a

constant exists since dZ is the metric associated to a norm and Z is a subset
of �nite dimensional space). Thus, (AG-7)(ii) and (AG-7)(iii) hold and, since
for all y ∈ Y and z ∈ Z, Πp (Ψy(z)) ≥ ω, W (Ψy(z),Ψy(z

′)) is uniformly
bounded over (z, z′, y) ∈ Z × Z × Y and (AG-7)(iv) holds. This completes
the proof.

Proof of Proposition 5.4.13�(ii). Note that (AG-2) immediately fol-
lows. Thus, to show the �rst part of Proposition 5.4.7�(ii), we only need to
show that Assumptions (BG-1), (BG-2) and (BG-3) are satis�ed. The second
part then follows if we can moreover show that (a) and (b) in Theorem 5.3.3
hold.

Clearly, (BG-1) and (BG-2) hold by the de�nitions of ψθ and gθ given
by (5.77) and (5.79), respectively. It remains to show (BG-3). Since Θ is
compact, then

ω ≤ ω ≤ ω, 0 ≤ ai ≤ ā, 0 ≤ bi ≤ b̄, |λ|max(A+rbδTp ) ≤ ρ̄, r ≤ r ≤ r (5.85)
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for some (ω, ω, ā, b, r, r, ρ̄) ∈ (0,∞)6 × (0, 1).
We set Z1 = Z so that (BG-3)(i) holds. Moreover, for all (θ, z, y) ∈

Θ× Z1 × Y, gθ(Πp (z) ; y) ≤ 1. Thus, Condition (BG-3)(ii) holds. Note that
we have, for all n ∈ Z∗+ and z ∈ Z,

Ψθ〈y0:n−1〉(z) = Anz +
n−1∑
j=0

Aj(ω + yn−1−jb). (5.86)

Now let | · | be the Taxicab norm on Z and let z1 ∈ Z. Using (5.84), (5.85)
and (5.86), we get that there exist constants c̄ > 0 and δ̄ ∈ (0, 1) such that
for all z ∈ Z, y1:n ∈ Yn and θ ∈ Θ,

dZ

(
Ψθ〈y1:n〉(z1),Ψθ〈y1:n〉(z)

)
= |An(z1 − z)|Z
≤ c̄ δ̄n |z1 − z| .

Thus, we get (BG-3)(iii) with

Ψ̄(z) = c̄ |z1 − z| .

Hence (BG-3)(iv) holds and since∣∣z1 −Ψθ
y(z1)

∣∣ ≤ (L+ 1) |z1|+ ω + (1 + b̄)y,

for some L > 0, we also get (BG-3)(v) provided that for all y ∈ Y,

φ̄(y) ≥ (L+ 1)|z1|+ ω + (1 + b̄)y. (5.87)

For all θ ∈ Θ, (x, x′) ∈ Πp (Z1)× Πp (Z1) and y ∈ Y,∣∣ln gθ(x; y)− ln gθ(x′; y)
∣∣ = |(r + y) [ln(1 + x′)− ln(1 + x)] + y [lnx− lnx′]|
≤
[
(r + y)(1 + ω)−1 + y ω−1

]
|x− x′|

≤
[
r + y (1 + ω−1)

]
|x− x′| .

We thus obtain (BG-3)(v), (BG-3)(vi) and (BG-3)(vii) by setting C = 0,
H(s) = s and φ̄(y) = ω̄ ∨ r̄ + (1 + L)|z1|+

(
b̄+ 1 + ω−1

)
y. Observe that for

all z ∈ Z,∫
ln+ y Gθ(Πp (z) ; dy) ≤

∫
y Gθ(Πp (z) ; dy) = rΠp (z) ≤ rV̄ (z).

Hence, using that for all θ ∈ Θ, πθ1V <∞, we obtain (BG-3)(viii), establish-
ing the equivalence-class consistency of the MLE for the NBIN-GARCH(p, p)
model.
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To conclude the strong consistency of the MLE, it remains to check (a)
and (b) in Theorem 5.3.3. Condition (a) clearly holds by the identi�ability of
the negative binomial distribution. Note that as a consequence of the earlier
proof, we have, for all θ ∈ Θ, P̃θ?-a.s.,

Ψθ〈Y−∞:0〉 =
∞∑
k=0

Ak(ω + Y−kb).

By stationarity, for all θ ∈ Θ and t ∈ Z, we have, P̃θ?-a.s.,

Ψθ〈Y−∞:t〉 =
∞∑
k=0

Ak(ω + Y−k+tb).

Moreover, if

Ψθ〈Y−∞:0〉 = Ψθ?〈Y−∞:0〉, P̃θ?-a.s.,

then by stationarity, for all t ∈ Z,

Ψθ〈Y−∞:t〉 = Ψθ?〈Y−∞:t〉, P̃θ?-a.s.,

and thus
∞∑
k=0

Ak(ω + Y−k+tb) =
∞∑
k=0

Ak
?(ω? + Y−k+tb?), P̃θ?-a.s. (5.88)

This implies

(b−b?)Yt =
∞∑
k=1

Ak
?(ω? +Y−k+tb?)−

∞∑
k=1

Ak(ω+Y−k+tb), P̃θ?-a.s. (5.89)

Conditionally on σ(Y−∞:t−1), Yt is negative binomial variable with parameter
(r?, p?) ∈ (0,∞)×(0, 1). Thus, the left-hand side of (5.89) is P̃θ?-a.s. constant
only if b = b?, implying b?1 = b1. Then, (5.88) reduces to

∞∑
k=1

Ak(ω + Y−k+tb) =
∞∑
k=1

Ak
?(ω? + Y−k+tb?), P̃θ?-a.s. (5.90)

Thus, by repeating the same argument as to obtain b = b?, (5.90) and so on
yield that, for all integer k ≥ 1,

(Ak −Ak
?)b? = 0.

And by (5.83), we have A = A?, yielding that (a1:p, b2:p) =
(
a?1:p, b

?
2:p

)
. It

is immediate from (5.88) that ω = ω?, and this is equivalent to having
that ω = ω?. Thus, (b) is satis�ed and the strong consistency therefore
follows.
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Proposition 5.4.15. Suppose that θ ∈ Θ satis�es

|λ|max

(
ATA + r

(
ATbδTp + δpb

TA
)

+ r(r + 1)δpb
TbδTp

)
< 1. (5.91)

In addition, assume that the true parameter θ? lies in the interior of Θ and
satis�es (5.83), then Theorem 5.3.7 holds.

Remark 5.4.16. Condition (5.91) implies Condition (5.82). Thus the sta-
tionarity and ergodicity for the model follow. If moreover (5.83) is satis�ed,
then the strong consistency, that is, limn→∞ θ̂z,n = θ?, P̃θ?-a.s., holds for any
z ∈ Z.

Before proving Proposition 5.4.15, let us show the following result.

Lemma 5.4.17. Assume (5.91). Then

Ẽθ? [Y 2
1 ] <∞. (5.92)

Proof. Now, assume that (5.91) holds. To obtain (5.92) it is su�cient to
show that there exists a triplet (q, λ, β) ∈ Z+× (0, 1)×R+ such that RqṼ <
λṼ + β with Ṽ (z) = zT z. Note �rst that for U ∼ NB(r, x/(1 + x)), we
have E[U ] = rx and E[U2] = r(r + 1)x2 + rx. Note also that the matrix
M := ATA+ r

(
ATbδTp + δpb

TA
)

+ r(r+ 1)δpb
TbδTp is symmetric positive

semide�nite. Thus, there exist a diagonal matrix D ≥ 0 and an orthogonal
matrix Q such that M = QDQT ; and, moreover, |λ|max(M) = |λ|max(D).

For all z ∈ Z, we have

RṼ (z) =

∫
Ṽ (ω + Az + yb)G(Πp (z) ; dy)

=

∫
(ω + Az + yb)T (ω + Az + yb)G(δTp z; dy)

= L1(z) + zTMz = L1(z) + zTQDQT z

≤ L1(z) + |λ|max(D)zTQQT z = L1(z) + |λ|max(M)Ṽ (z),

where L1(z) = ωTω +
(
2ωTA + r2ωTbδTp + rbTbδTp

)
z, which is a linear

function in z. Since |λ|max(M) < 1, and

lim
|z|→∞

RṼ (z)

Ṽ (z)
≤ |λ|max(M) < 1,

then the exists (β, λ) ∈ R+ × (0, 1) such that for all z ∈ Z,

RṼ (z) ≤ λṼ (z) + β,

completing the proof.
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Proof. Proof of Proposition 5.4.15. Assumption (AG-1) holds by Re-
mark 5.4.16. We now show that (CG-1)�(CG-7) are satis�ed. From the def-
inition of Ψθ

y(z), we have a(θ, y) = A and b(θ, y) = ω + yb, both admitting
linear forms in θ. From compactness of Θ and by noting that (5.91) implies
(CG-1)(ii) and that (5.92) also implies

Ẽθ? [Y1] <∞, (5.93)

it follows that (CG-1) holds. Assumptions (CG-2) and (CG-3) are clearly
satis�ed. Assumption (CG-4) immediately follows by Remark 5.4.16. We
have

`θz,k = ln gθ
(
Πp

(
Ψθ〈Y1:k−1〉(z)

)
;Yk
)

= ln Γ(Yk + r)− (Yk + r) ln
(
1 + δTp Ψθ〈Y1:k−1〉(z)

)
+ Yk ln

(
δTp Ψθ〈Y1:k−1〉(z)

)
− ln Γ(r)− ln(Yk!),

`θk = ln gθ
(
Πp

(
Ψθ〈Y−∞:k−1〉

)
;Yk
)

= ln Γ(Yk + r)− (Yk + r) ln
(
1 + δTp Ψθ〈Y−∞:k−1〉

)
+ Yk ln

(
δTp Ψθ〈Y−∞:k−1〉

)
− ln Γ(r)− ln(Yk!).

Then from Lemma 5.3.4, for all θ = θ0:2p+1 with θ2p+1 = r, for all i 6= 2p+ 1,
P̃θ?-a.s.,

∂`θz,k
∂θi

=

(
Yk

δTp Ψθ〈Y1:k−1〉(z)
− Yk + r

1 + δTp Ψθ〈Y1:k−1〉(z)

)
δTp

∂

∂θi
Ψθ〈Y1:k−1〉(z)

∂`θz,k
∂θ2p+1

= Γ2(Yk + r)− Γ2(r)− ln
(
1 + δTp Ψθ〈Y1:k−1〉(z)

)
and

∂`θk
∂θi

=

(
Yk

δTp Ψθ〈Y−∞:k−1〉
− Yk + r

1 + δTp Ψθ〈Y−∞:k−1〉

)
δTp

∂

∂θi
Ψθ〈Y−∞:k−1〉

∂`θk
∂θ2p+1

= Γ2(Yk + r)− Γ2(r)− ln
(
1 + δTp Ψθ〈Y−∞:k−1〉

)
,

where Γ2 is the digamma function de�ned by, for all u > 0,

Γ2(u) :=
d

du
ln Γ(u) =

∫∞
0

e−ttu−1 ln t dt∫∞
0

e−ttu−1dt
.
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For u ≥ 3, the digamma function satis�es

|Γ2(u)| ≤
∫∞

0
e−ttu−1| ln t| dt

Γ(u)
≤
∫∞

0
e−ttu−1(t+ t−1) dt

Γ(u)

=
Γ(u+ 1) + Γ(u− 1)

Γ(u)
= u+ (u− 1)−1 ≤ u+ 1, (5.94)

where we have used that | ln t| ≤ (t+ t−1) whenever t > 0.
It is straight forward to have that, for all i, P̃θ?-a.s.,

∣∣∣∣∣∂`θz,k∂θi
− ∂`θk
∂θi

∣∣∣∣∣ ≤ ∣∣δTp Ψθ〈Y−∞:k−1〉 − δTp Ψθ〈Y1:k−1〉(z)
∣∣

+

∣∣∣∣∣ Yk + r

1 + δTp Ψθ〈Y1:k−1〉(z)
− Yk

δTp Ψθ〈Y1:k−1〉(z)

− Yk + r

1 + δTp Ψθ〈Y−∞:k−1〉
+

Yk

δTp Ψθ〈Y−∞:k−1〉

∣∣∣∣∣
∣∣∣∣δTp ∂

∂θi
Ψθ〈Y−∞:k−1〉

∣∣∣∣
+

∣∣∣∣∣ Yk + r

1 + δTp Ψθ〈Y1:k−1〉(z)
− Yk

δTp Ψθ〈Y1:k−1〉(z)

∣∣∣∣∣
×
∣∣∣∣δTp ∂

∂θi
Ψθ〈Y−∞:k−1〉 − δTp

∂

∂θi
Ψθ〈Y1:k−1〉(z)

∣∣∣∣ .
Since δTp Ψθ〈Y1:k−1〉(z) ≥ ω and so that δTp Ψθ〈Y−∞:k−1〉 ≥ ω, we obtain that
for all i, P̃θ?-a.s.,

∣∣∣∣∣∂`θz,k∂θi
− ∂`θk
∂θi

∣∣∣∣∣ ≤ ∣∣δTp Ψθ〈Y−∞:k−1〉 − δTp Ψθ〈Y1:k−1〉(z)
∣∣

+

(
2Yk + r

ω

) ∣∣∣∣δTp ∂

∂θi
Ψθ〈Y−∞:k−1〉

∣∣∣∣ ∣∣δTp Ψθ〈Y−∞:k−1〉 − δTp Ψθ〈Y1:k−1〉(z)
∣∣

+

(
2Yk + r

ω

) ∣∣∣∣δTp ∂

∂θi
Ψθ〈Y−∞:k−1〉 − δTp

∂

∂θi
Ψθ〈Y1:k−1〉(z)

∣∣∣∣ .
Note that for all z ∈ Z and k ≥ 1, we have, P̃θ?-a.s.,

Ψθ〈Y−∞:k−1〉 −Ψθ〈Y1:k−1〉(z) = Ak−1
(
Ψθ〈Y−∞:0〉 − z

)
,
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∂
∂θ2p+1

Ψθ〈Y1:k−1〉(z) = ∂
∂θ2p+1

Ψθ〈Y−∞:k−1〉 = 0 and, for all i 6= 2p+ 1,

∂

∂θi
Ψθ〈Y−∞:k−1〉 −

∂

∂θi
Ψθ〈Y1:k−1〉(z)

=
∂(Ak−1)

∂θi

(
Ψθ〈Y−∞:0〉 − z

)
+ Ak−1 ∂

∂θi
Ψθ〈Y−∞:0〉.

By proceeding similarly as in the proof of Lemma 5.3.4 and noting that
supθ∈Θ

∣∣δTp Ψθ〈Y−∞:0〉
∣∣ and supθ∈Θ

∣∣δTp ∂
∂θ

Ψθ〈Y−∞:0〉
∣∣ are �nite P̃θ?-a.s., then

there exist a constant ρ1 ∈ (0, 1) and a P̃θ?-a.s. �nite random variable M̃1 =
M̃1(z) such that for all k ≥ 1, P̃θ?-a.s.,∣∣δTp Ψθ〈Y−∞:k−1〉 − δTp Ψθ〈Y1:k−1〉(z)

∣∣ ≤ M̃1ρ
k
1,

and for all i, P̃θ?-a.s.,∣∣∣∣δTp ∂

∂θi
Ψθ〈Y−∞:k−1〉 − δTp

∂

∂θi
Ψθ〈Y1:k−1〉(z)

∣∣∣∣ ≤ M̃1ρ
k
1.

The last two inequalities imply that, for all θ ∈ Θ, i ∈ {1, . . . , 2p + 2}
and k ∈ Z∗+, P̃θ?-a.s.,∣∣∣∣∣∂`θz,k∂θi

− ∂`θk
∂θi

∣∣∣∣∣ ≤ M̃1ρ
k
1

[
1 +

(
2Yk + r̄

ω

)(
1 + sup

θ∈Θ

∣∣∣∣δTp ∂

∂θi
Ψθ〈Y−∞:k−1〉

∣∣∣∣)] .
Note also that from Lemma 5.6.6, we have, for all i,

Ẽθ?
[
sup
θ∈Θ

∣∣∣∣δTp ∂

∂θi
Ψθ〈Y−∞:0〉

∣∣∣∣] <∞. (5.95)

Thus, by stationarity and from (5.93) and (5.95), Lemma 5.6.6 implies that
there exist a constant ρ2 ∈ (0, 1) and a P̃θ?-a.s. �nite random variable M̃2 =
M̃2(z) such that for all θ ∈ Θ, i ∈ {0, . . . , 2p+ 1} and k ≥ 1, P̃θ?-a.s.,∣∣∣∣∣∂`θz,k∂θi

− ∂`θk
∂θi

∣∣∣∣∣ ≤ ρk2M̃2.

Therefore, Assumption (CG-5) holds. We now check (CG-6). We have

`θ1 = ln gθ
(
Πp

(
Ψθ〈Y−∞:0〉

)
;Y1

)
= ln Γ(Y1 + r)− (Y1 + r) ln

(
1 + δTp Ψθ〈Y−∞:0〉

)
− Y1 ln

(
δTp Ψθ〈Y−∞:0〉

)
− ln Γ(r)− ln(Y1!).
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Write θ = θ0:2p+1. Then for all i and j such that i 6= 2p + 1 and j 6= 2p + 1,
we have

∂`θ1
∂θi

=

(
Y1

δTp Ψθ〈Y−∞:0〉
− Y1 + r

1 + δTp Ψθ〈Y−∞:0〉

)
δTp

∂

∂θi
Ψθ〈Y−∞:0〉, (5.96)

∂`θ1
∂θ2p+2

= Γ2(Y1 + r)− Γ2(r)− ln
(
1 + δTp Ψθ〈Y−∞:0〉

)
, (5.97)

and

∂2`θ1
∂θi∂θj

=

(
Y1

δTp Ψθ〈Y−∞:0〉
− Y1 + r

1 + δTp Ψθ〈Y−∞:0〉

)
δTp

∂2

∂θi∂θj
Ψθ〈Y−∞:0〉

+

(
Y1 + r

(1 + δTp Ψθ〈Y−∞:0〉)2
− Y1

(δTp Ψθ〈Y−∞:0〉)2

)
δTp
∂Ψθ〈Y−∞:0〉

∂θi
δTp
∂Ψθ〈Y−∞:0〉

∂θj
,

∂2`θ1
∂θi∂θ2p+1

= −
(
1 + δTp Ψθ〈Y−∞:0〉

)−1
δTp
∂Ψθ〈Y−∞:0〉

∂θi
,

∂2`θ1
∂θ2p+1∂θ2p+1

= Γ3(Y1 + r)− Γ3(r),

where Γ3 is the trigamma function de�ned by, for all u > 0,

Γ3(u) :=
d

du
Γ2(u) =

∫∞
0

e−ttu−1| ln t|2 dt

Γ(u)
− Γ2(u)2.

Note that when u ≥ 3, the trigamma function satis�es

|Γ3(u)| ≤
∫∞

0
e−ttu−1(t+ t−1)2 dt

Γ(u)
+ Γ2(u)2

=
Γ(u+ 2) + 2Γ(u) + Γ(u− 2)

Γ(u)
+ Γ2(u)2 ≤ 2(u+ 1)2 + 3. (5.98)

Using similar lines as the proof of Lemma 5.3.4 together with (5.92), it
can be shown that, for all i and j,

Ẽθ?
[

sup
θ∈Θ

∣∣∣∣ ∂∂θiΨθ〈Y−∞:0〉
∣∣∣∣2
]
<∞ (5.99)

and

Ẽθ?
[
sup
θ∈Θ

∣∣∣∣ ∂2

∂θi∂θj
Ψθ〈Y−∞:0〉

∣∣∣∣] <∞. (5.100)
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From (5.96), (5.97) and (5.94), we have, for all i 6= 2p+ 1, P̃θ?-a.s.,∣∣∣∣∂`θ1∂θi

∣∣∣∣ ≤ (2Yk + r̄

ω

)
sup
θ∈Θ

∣∣∣∣δTp ∂

∂θi
Ψθ〈Y−∞:0〉

∣∣∣∣ ,∣∣∣∣ ∂`θ1
∂θ2p+2

∣∣∣∣ ≤ Y1 + C̃ + ln

(
1 + sup

θ∈Θ

∣∣∣∣δTp ∂

∂θi
Ψθ〈Y−∞:0〉

∣∣∣∣) ,
where C̃ is a positive constant. Using tower property, (5.92) and (5.99), we
obtain that for all i,

Ẽθ?
[

sup
θ∈Θ

∣∣∣∣∂`θ1∂θi

∣∣∣∣2
]
<∞.

By similar argument, we can obtain from (5.92), (5.98), (5.99) and (5.100)
that, for all i and j,

Ẽθ?
[
sup
θ∈Θ

∣∣∣∣ ∂2`θ1
∂θi∂θj

∣∣∣∣] <∞.
Thus, (CG-6)-(i) and (CG-6)-(ii) hold. Note that for all i, j, we have, P̃θ?-a.s.,

∂

∂θi
gθ
(
Πp

(
Ψθ〈Y−∞:0〉

)
;Y1

)
= gθ

(
Πp

(
Ψθ〈Y−∞:0〉

)
;Y1

) ∂`θ1
∂θi

and

∂2

∂θi∂θj
gθ
(
Πp

(
Ψθ〈Y−∞:0〉

)
;Y1

)
= gθ

(
Πp

(
Ψθ〈Y−∞:0〉

)
;Y1

) ∂2`θ1
∂θi∂θj

+
∂

∂θi
gθ
(
Πp

(
Ψθ〈Y−∞:0〉

)
;Y1

) ∂`θ1
∂θj

Then, (CG-6)-(iii) follows by observing that for all i, P̃θ?-a.s.,∣∣∣∣ ∂∂θi gθ (Πp

(
Ψθ〈Y−∞:0〉

)
;Y1

)∣∣∣∣ = gθ
(
Πp

(
Ψθ〈Y−∞:0〉

)
;Y1

) ∣∣∣∣∂`θ1∂θi

∣∣∣∣ ≤ sup
θ∈Θ

∣∣∣∣∂`θ1∂θi

∣∣∣∣ ,
and

Ẽθ?
[
sup
θ∈Θ

∣∣∣∣∂`θ1∂θi

∣∣∣∣] ≤
(
Ẽθ?
[

sup
θ∈Θ

∣∣∣∣∂`θ1∂θi

∣∣∣∣2
])1/2

<∞.

Similarly, (CG-6)-(iv) holds. For concluding, it remains to check (CG-7).
By Remark 5.3.8, it is su�cient to show that (5.34) holds. Now let α =
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(α0, . . . , α2p+1) ∈ R2p+2 and for convenience, write θ = (θ0, . . . , θ2p+1) =
(ω, a1:p:,b2:p, b1, r). We have P̃θ?-a.s.,

αT
∂`θ?1
∂θ

=

(
Y1

δTp Ψθ?〈Y−∞:0〉
− Y1 + r?

1 + δTp Ψθ?〈Y−∞:0〉

)
2p∑
i=0

αiδ
T
p

∂Ψθ?〈Y−∞:0〉
∂θi

+ α2p+1

[
Γ2(Y1 + r?)− Γ2(r?)− ln

(
1 + δTp Ψθ?〈Y−∞:0〉

)]
.

Since Y1 conditionally on σ(Y−∞:0) is a negative binomial variable, then

P̃θ?-a.s., αT ∂`
θ?
1

∂θ
= 0 implies

α2p+1

[
Γ2(r?) + ln

(
1 + δTp Ψθ?〈Y−∞:0〉

)]
= 0, P̃θ?-a.s.

Since Xθ?
1 = δTpZ

θ?
1 = δTp Ψθ?〈Y−∞:0〉 is a random variable, then α2p+1 = 0.

Thus, αT ∂`
θ?
1

∂θ
= 0, P̃θ?-a.s., also implies

2p∑
i=0

αiδ
T
p

∂Ψθ?〈Y−∞:0〉
∂θi

= 0, P̃θ?-a.s.

The rest of the proof follows by the same argument as in the proof of Propo-
sition 5.4.7�(iii) and is thus omitted here. The proof therefore follows.

5.5 Empirical Study

5.5.1 Sharpness of Ergodicity Condition (5.56) for the

Log-linear Poisson GARCH Model

We assess the sharpness of our general ergodicity condition (5.56) for
the log-linear Poisson GARCH model by simulating several time series with
di�erent values of the condition level

νL :=
∨

(k1,...,kp)∈{1,2}p

∥∥∥∥∥
p∏
j=1

Akj

∥∥∥∥∥
and in the cases where p = 1 and 2. Each generated time series holds
2000 observations. Figure 5.1 presents three log-linear Poisson GARCH
time series of order (1, 1) with di�erent parameters: Series ODM(1, 1)-(a)
corresponds to the model with parameter (ω, a1, b1) = (−.03,−.7, 1.2) and
νL = .7; Series ODM(1, 1)-(b) corresponds to the model with parameter
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(ω, a1, b1) = (−.03, .57, .38) and νL = .95; and Series ODM(1, 1)-(c) cor-
responds to the model with parameter (ω, a1, b1) = (−.03, .603, .402) and
νL = 1.005. Remark that in Series ODM(1, 1)-(a), we allow the param-
eter b1 to be greater than one. Figure 5.2 exhibits three log-linear Pois-
son GARCH time series of order (2, 2) with di�erent parameters. Series
ODM(2, 2)-(a) corresponds to the model with parameter (ω, a1, a2, b1, b2) =
(−.02, .4, .1, .3, .1) and νL = .9; Series ODM(2, 2)-(b) corresponds to the
model with parameter (ω, a1, a2, b1, b2) = (−.02, .44, .11, .33, .11) and νL =
.99; and Series ODM(2, 2)-(c) corresponds to the model with parameter
(ω, a1, a2, b1, b2) = (−.02, .446, .1115, .3345, .1115) and νL = 1.0062. For both
Figure 5.1 and Figure 5.2, it turns out that when the condition level νL is
far away from its boundary, the processes appear quite stable. However, the
level of instability seems to increase as the condition level νL gets closer to
one. When this boundary is passed, the models appear to be unstable. We
should remark that when νL < 1, the stable behavior of these processes is
persistent regardless of their starting points.
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Figure 5.1 � Simulated time series for the log-linear Poisson GARCH of or-
der (1, 1). Series ODM(1,1)-(a), -(b) and -(c) corresponds to the parameters
(ω, a1, b1) equal to (−.03,−.7, 1.2), (−.03, .57, .38) and (−.03, .603, .402), re-
spectively.
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Figure 5.2 � Simulated time series for the log-linear Poisson GARCH of or-
der (2, 2). Series ODM(2,2)-(a), -(b) and -(c) corresponds to the parame-
ters (ω, a1, a2, b1, b2) equal to (−.02, .4, .1, .3, .1), (−.02, .44, .11, .33, .11) and
(−.02, .446, .1115, .3345, .1115), respectively.

5.5.2 Data Example

Our purpose here is to give some empirical evidence on some particular
time series data for which higher-order ODMs may be more appropriate than
the �rst-order ones. Our data set, provided by U.S. Geology Survey (USGS)
(downloadable on: http://earthquake.usgs.gov/earthquakes/search/),
contains a time series of numbers of earthquakes occurring hourly around the
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globe with magnitudes larger than 4.0 Richters (a level that is detectable by
humans), consisting of 8759 observations during the year 2014, from January
1 to December 31. The time series and its serial correlation plots are shown in
Figure 5.3 and Figure 5.4, respectively, exhibiting that data possesses a long
memory. In our analysis, we used the �rst 8559 observations for conducting
the parameter estimation and the last 200 observations for evaluating the
prediction performance of the �tted models. We �tted the data by several
di�erent models, by the NBIN-GARCH and the log-linear Poisson GARCH
models with di�erent orders: (1, 1), (1, 2), (2, 1), (2, 2), (3, 1), (3, 2) and (3, 3).
For estimating the parameters, we use the constrained nonlinear optimiza-
tion function auglag (Augmented Lagrangian Minimization Algorithm) from
the package alabama (Augmented Lagrangian Adaptive Barrier Minimization
Algorithm) in R. The values of AIC, BIC and average squared prediction er-
ror (ASPE), ASPE = m−1

∑m
k=1(Yk − Ŷk)2, where Ŷk is the predictor of the

observation Yk�hence the mean process evaluated at the MLE, for these
models are reported in Table 5.1. It shows that, using either the AIC or BIC
criterion, the higher-order models are preferred for both the NBIN-GARCH
and the log-linear Poisson GARCH, opposed to their �rst-order counterparts.
Among the �tted models, for the NBIN-GARCH, the AIC suggests the model
of order (3, 3) corresponding to the estimator (ω̂, â1, â2, â3, b̂1, b̂2, b̂3, r̂) =
(.035, .424, .068, .222, .021, 1.036 × 10−8, 5.681 × 10−8, 7.431), while the BIC
favors the model of order (3, 1) corresponding to the estimated param-
eter (ω̂, â1, â2, â3, b̂1, r̂) = (.036, .414, .067, .232, .022, 7.131). We observe
that the values of b̂2 and b̂3 are so small that they might be insignif-
icant to be included. However, to discard these coe�cients from the
model properly, we may need to conduct a hypothesis testing and this
is beyond the scope of this thesis. Meanwhile, let us keep these terms
in the model for convenience. For the log-linear Poisson GARCH mod-
els, the AIC suggests the model of (3, 3) corresponding to the estimator
(ω̂, â1, â2, â3, b̂1, b̂2, b̂3) = (−.043, .495, .142, .091, .256, 1.084 × 10−5,−.017),
whereas the BIC picks the model with order (2, 1) corresponding to the esti-
mator (ω̂, â1, â2, b̂1) = (−.041, .471, .234, .251). The estimators for the NBIN-
GARCH(1, 1) and for the log-linear Poisson GARCH(1, 1) are (ω̂, â1, b̂1, r̂) =
(.041, .719, .019, 6.997) and (ω̂, â1, b̂1) = (−.028, .722, .226), respectively. Ta-
ble 5.1 also shows that the ASPE values of the models selected by either the
AIC or the BIC criterion are lower than those of the �rst-order ones. This
suggests that the higher-order models outperform in both cases of the NBIN-
GARCH and the log-linear Poisson GARCH. However, there are barely any
di�erences between these values for the models selected by the AIC and by
the BIC, respectively. By comparing across the models, the selected log-linear
Poisson GARCH model seems to yield prediction performance as well as the
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selected NBIN-GARCH model in our data. Figure 5.5 and Figure 5.6 respec-
tively depict the predicted series of �rst-order models and the ones chosen by
AIC and BIC, compared with the real observations, for the NBIN-GARCH
and the log-linear Poisson GARCH.

Table 5.1 � AIC, BIC and ASPE values for the NBIN-GARCH and the log-
linear Poisson GARCH models with di�erent orders: (1, 1), (1, 2), (2, 1),
(2, 2), (3, 1), (3, 2) and (3, 3).

NBIN-GARCH
(1, 1) (1, 2) (2, 1) (2, 2) (3, 1) (3, 2) (3, 3)

AIC 30102 30097 30083 30078 30074 30070 30065
BIC 30130 30132 30118 30120 30117 30119 30122
ASPE 1.633 1.633 1.618 1.633 1.614 1.614 1.613

Log-linear Poisson GARCH
(1, 1) (1, 2) (2, 1) (2, 2) (3, 1) (3, 2) (3, 3)

AIC 30632 30621 30616 30614 30610 30608 30607
BIC 30653 30649 30644.5 30649 30645.4 30651 30656
ASPE 1.654 1.658 1.616 1.616 1.613 1.615 1.617

Hourly Occurrence of Earthquakes in 2014, Magnitude > 4.0
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Figure 5.3 � Time series of numbers of earthquakes in 2014, from January 1
to December 31 (hourly).
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Figure 5.4 � Sample autocorrelation function.

Prediction Performance of NBIN-GARCH Model
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Figure 5.5 � Predicted series by the NBIN-GARCH of order (1, 1) (dashed
blue), by the one selected by the AIC (long dashed red) and by the one
selected by the BIC (small dotted green), compared to the true series (black).
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Prediction Performance of Log-linear Poisson GARCH Model
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Figure 5.6 � Predicted series by the log-linear Poisson GARCH of order (1, 1)
(dashed blue), by the one selected by the AIC (long dashed red) and by the
one selected by the BIC (small dotted green), compared to the true series
(black).

5.6 Postponed Proofs

5.6.1 Proof of Lemma 5.3.4

Proof. From (5.24), for all n ∈ Z∗+, θ ∈ Θ, z ∈ Z, and y1:n ∈ Yn, we have

Ψθ〈y1:n〉(z) =

(
n∏
`=1

a(θ, yn−`+1)

)
z +

n∑
k=1

(
k−1∏
`=1

a(θ, yn−`)

)
b(θ, yn−k+1).

(5.101)
Then, for all m ∈ Z+, θ ∈ Θ and z ∈ Z, we get that

Ψθ〈Y−m:0〉(z) =

(
m∏
`=0

a(θ, Y−`)

)
z +

m∑
k=0

(
k−1∏
`=0

a(θ, Y−`)

)
b(θ, Y−k).

By (CG-1)(ii), we have

lim
m→∞

sup
θ∈Θ

∥∥∥∥∥
(

m∏
`=0

a(θ, Y−`)

)
z

∥∥∥∥∥ = 0, P̃θ?-a.s.

Moreover, we have

175



5. General-order Observation-driven Models

∞∑
k=0

∥∥∥∥∥
(
k−1∏
`=0

a(θ, Y−`)

)
b(θ, Y−k)

∥∥∥∥∥ ≤ C̄

∞∑
k=0

ρk sup
θ∈Θ
‖b(θ, Y−k)‖ ,

for some positive constant C̄. By (CG-1)(iii) and Lemma 5.6.6, the right-
hand side of the the above inequality converges P̃θ?-a.s. This implies that for
all z ∈ Z, the sequence {Ψθ〈Y−m:0〉(z) : m ∈ Z+} converges uniformly on

Θ to a limit Ψθ〈Y−∞:0〉 :=
∑∞

k=0

(∏k−1
`=0 a(θ, Y−`)

)
b(θ, Y−k), P̃θ?-a.s., showing

that (5.15) is satis�ed. Next we show that (5.16) is satis�ed. Note that for
all m ∈ Z+

Ψθ?〈Y−m:0〉(Z−m) =

(
m∏
`=0

a(θ?, Y−`)

)
Z−m +

m∑
k=0

(
k−1∏
`=0

a(θ?, Y−`)

)
b(θ?, Y−k).

Since {Z−m : m ∈ Z+} is stationary under Pθ? so that it is bounded in
probability, and since limm→∞

∏m
`=0 a(θ?, Y−`) = 0, Pθ?-a.s., it then implies

that limm→∞ (
∏m

`=0 a(θ?, Y−`))Z−m = 0 in Pθ?-probability. From the proof
above, we have

lim
m→∞

m∑
k=0

(
k−1∏
`=0

a(θ?, Y−`)

)
b(θ?, Y−k) = Ψθ?〈Y−∞:0〉, Pθ?-a.s.

Note also that for all m ∈ Z+, Z1 = Ψθ?〈Y−m:0〉(Z−m), Pθ?-a.s. We therefore
get that

Ψθ?〈Y−∞:0〉 = Z1, Pθ?-a.s.,

showing (5.16). In addition, (CG-1)(iii) implies

Ẽθ?
[
sup
θ∈Θ

∥∥Ψθ〈Y−∞:0〉
∥∥] ≤ C̄

∞∑
k=0

ρkẼθ?
[
sup
θ∈Θ
‖b(θ, Y−k)‖

]
≤ C̄

1− ρ
Ẽθ?
[
sup
θ∈Θ
‖b(θ, Y1)‖

]
<∞,

showing (5.27).
For any i, we have
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∂Ψθ〈Y−m:0〉(z)

∂θi

=
∂ [(
∏m

`=0 a(θ, Y−`)) z]

∂θi
+

m∑
k=0

∂
[(∏k−1

`=0 a(θ, Y−`)
)
b(θ, Y−k)

]
∂θi

=
m∑
`′=0

(
m∏
`=0

a`′,i(θ, Y−`)

)
z +

m∑
k=0

(
k−1∑
`′=0

k−1∏
`=0

a`′,i(θ, Y−`)

)
b(θ, Y−k)

+
m∑
k=0

(
k−1∏
`=0

a(θ, Y−`)

)
∂b(θ, Y−k)

∂θi
,

where for all i, `, `′,

a`′,i(θ, Y−`) =

{
a(θ, Y−`) if ` 6= `′

∂
∂θi
a(θ, Y−`) if ` = `′.

(5.102)

From (CG-1)(ii), we have∥∥∥∥∥
m∑
`′=0

(
m∏
`=0

a`′,i(θ, Y−`)

)
z

∥∥∥∥∥ ≤
m∑
`′=0

∥∥∥∥∥
m∏
`=0

a`′,i(θ, Y−`)

∥∥∥∥∥ ‖z‖
≤

m∑
`′=0

C2ρm
∥∥∥∥∂a(θ, Y−`′)

∂θi

∥∥∥∥ ‖z‖
≤ C2‖z‖

(
1 + ρ

2

)m m∑
`′=0

(
2ρ

1 + ρ

)`′
sup
θ∈Θ

∥∥∥∥∂a(θ, Y−`′)

∂θi

∥∥∥∥ .
We have from (CG-1)(iv) and by Lemma 5.6.6,

∞∑
`′=0

(
2ρ

1 + ρ

)`′
sup
θ∈Θ

∥∥∥∥∂a(θ, Y−`′)

∂θi

∥∥∥∥ <∞, P̃θ?-a.s.

Thus, P̃θ?-a.s., ‖
∑m

`′=0 (
∏m

`=0 a`′,i(θ, Y−`)) z‖ converges uniformly (in θ) to
zero. Moreover, there exist a constant ρ1 ∈ (0, 1) and a P̃θ?-a.s. �nite random
variable M̃1 > 0 with Ẽθ? [M̃1] <∞ such that for all m ∈ Z+,

m∑
`′=0

sup
θ∈Θ

∥∥∥∥∥
m∏
`=0

a`′,i(θ, Y−`)

∥∥∥∥∥ ≤ M̃1ρ
m
1 , P̃θ?-a.s. (5.103)
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Next, we show that P̃θ?-a.s.,

m∑
k=0

(
k−1∑
`′=0

k−1∏
`=0

a`′,i(θ, Y−`)

)
b(θ, Y−k)

converges uniformly on Θ. We obtain from (5.103), P̃θ?-a.s.,

m∑
k=0

∥∥∥∥∥
(
k−1∑
`′=0

k−1∏
`=0

a`′,i(θ, Y−`)

)
b(θ, Y−k)

∥∥∥∥∥ ≤ M̃1

m∑
k=0

ρk−1
1 sup

θ∈Θ
‖b(θ, Y−k)‖

≤ M̃1

∞∑
k=0

ρk−1
1 sup

θ∈Θ
‖b(θ, Y−k)‖ ,

which is �nite from (CG-1)(iii) and Lemma 5.6.6. To conclude (5.25), it
remains to show that P̃θ?-a.s.,

m∑
k=0

(
k−1∏
`=0

a(θ, Y−`)

)
∂b(θ, Y−k)

∂θi

converges uniformly on Θ. We have P̃θ?-a.s.,

m∑
k=0

∥∥∥∥∥
(
k−1∏
`=0

a(θ, Y−`)

)
∂b(θ, Y−k)

∂θi

∥∥∥∥∥ ≤
m∑
k=0

Cρk sup
θ∈Θ

∥∥∥∥∂b(θ, Y−k)∂θi

∥∥∥∥
≤ C

∞∑
k=0

ρk sup
θ∈Θ

∥∥∥∥∂b(θ, Y−k)∂θi

∥∥∥∥ ,
which is �nite by (CG-1)(iv) and Lemma 5.6.6. Thus the sequence
{∂Ψθ〈Y−m:0〉(z)

∂θ
: m ∈ Z+} P̃θ?-a.s. converges uniformly on Θ and this follows

that for all z ∈ Z and θ ∈ Θ,

lim
m→∞

∂Ψθ〈Y−m:0〉(z)

∂θ
=

∂

∂θ
lim
m→∞

Ψθ〈Y−m:0〉(z) =
∂Ψθ〈Y−∞:0〉

∂θ
, P̃θ?-a.s.,

showing that the quantity ∂Ψθ〈Y−∞:0〉
∂θ

is P̃θ?-a.s. well de�ned. The fact that
(5.28) holds follows from (CG-1)(iv), (5.27) and (5.103).

For any i, j, we have
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∂2Ψθ〈Y−m:0〉(z)

∂θj∂θi

=
m∑
`′=0

∂

∂θj

(
m∏
`=0

a`′,i(θ, Y−`)

)
z

+
m∑
k=0

∂

∂θj

[(
k−1∑
`′=0

k−1∏
`=0

a`′,i(θ, Y−`)

)
b(θ, Y−k)

]

+
m∑
k=0

∂

∂θj

[(
k−1∏
`=0

a(θ, Y−`)

)
∂b(θ, Y−k)

∂θi

]
= U1,m(θ) + U2,m(θ) + U3,m(θ) + U4,m(θ) + U5,m(θ),

where

U1,m(θ) =
m∑
`′=0

m∑
`′′=0

(
m∏
`=0

a`′,`′′,i,j(θ, Y−`)

)
z,

U2,m(θ) =
m∑
k=0

(
k−1∑
`′=0

k−1∑
`′′=0

k−1∏
`=0

a`′,`′′,i,j(θ, Y−`)

)
b(θ, Y−k),

U3,m(θ) =
m∑
k=0

(
k−1∑
`′=0

k−1∏
`=0

a`′,i(θ, Y−`)

)
∂b(θ, Y−k)

∂θj
,

U4,m(θ) =
m∑
k=0

(
k−1∑
`′=0

k−1∏
`=0

a`′,j(θ, Y−`)

)
∂b(θ, Y−k)

∂θi
,

U5,m(θ) =
m∑
k=0

(
k−1∏
`=0

a(θ, Y−`)

)
∂2b(θ, Y−k)

∂θj∂θi
,

and with for all i, j, `, `′, `′′,

a`′,`′′,i,j(θ, Y−`) =

{
a`′,i(θ, Y−`) if ` 6= `′′

∂a`′,i(θ,Y−`)

∂θj
if ` = `′′,

(5.104)

and from (5.102),

∂a`′,i(θ, Y−`)

∂θj
=

{
∂a(θ,Y−`)

∂θj
if ` 6= `′

∂2a(θ,Y−`)
∂θj∂θi

if ` = `′.
(5.105)
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To establish that {∂
2Ψθ〈Y−m:0〉(z)

∂θj∂θi
: m ∈ Z+} is almost surely uniformly con-

vergent on Θ, it requires proving that for all i ∈ {1, . . . , 5}, the sequences
{Ui,m(θ) : m ∈ Z+} converges uniformly on Θ. We have

‖U1,m(θ)‖ =

∥∥∥∥∥
m∑
`′=0

m∑
`′′=0

(
m∏
`=0

a`′,`′′,i,j(θ, Y−`)

)
z

∥∥∥∥∥
≤

m∑
`′=0

m∑
`′′=0

∥∥∥∥∥
m∏
`=0

a`′,`′′,i,j(θ, Y−`)

∥∥∥∥∥ ‖z‖
(1)

≤ M̃2
1‖z‖

m∑
`′=0

m∑
`′′=0

ρm1 sup
θ∈Θ

∥∥∥∥∂a`′,i(θ, Y−`′′)∂θj

∥∥∥∥
(2)

≤ M̃2
1‖z‖

m∑
`′′=0

ρm1

(
m sup

θ∈Θ

∥∥∥∥∂a(θ, Y−`′′)

∂θj

∥∥∥∥+ sup
θ∈Θ

∥∥∥∥∂2a(θ, Y−`′′)

∂θj∂θi

∥∥∥∥) ,
where

(1)

≤ follows from (5.103) and the submultiplicativity of the matrix norm

‖ · ‖, and
(2)

≤ follows from (5.105). By assuming

Ẽθ?
[
ln+ sup

θ∈Θ

∥∥∥∥∂a(θ, Y1)

∂θi

∥∥∥∥] <∞
and

Ẽθ?
[
ln+ sup

θ∈Θ

∥∥∥∥∂2a(θ, Y1)

∂θj∂θi

∥∥∥∥] <∞,
then there exist a constant ρ2 ∈ (0, 1) and a P̃θ?-a.s. �nite random variable
M̃2 > 0 with Ẽθ? [M̃2] <∞ such that for all m ∈ Z+,

≤
m∑
`′=0

m∑
`′′=0

∥∥∥∥∥
m∏
`=0

a`′,`′′,i,j(θ, Y−`)

∥∥∥∥∥ ≤ M̃2ρ
m
2 , P̃θ?-a.s.

Consequently, for all z ∈ Z,

lim
m→∞

sup
θ∈Θ
‖U1,m(θ)‖ = 0, P̃θ?-a.s.

Thus, P̃θ?-a.s., the sequence {U1,m(θ) : m ∈ Z+} converges to zero uniformly
on Θ. Next, we have
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‖U2,m(θ)‖ =
m∑
k=0

∥∥∥∥∥
(
k−1∑
`′=0

k−1∑
`′′=0

k−1∏
`=0

a`′,`′′,i,j(θ, Y−`)

)
b(θ, Y−k)

∥∥∥∥∥
≤

m∑
k=0

(
k−1∑
`′=0

k−1∑
`′′=0

∥∥∥∥∥
k−1∏
`=0

a`′,`′′,i,j(θ, Y−`)

∥∥∥∥∥
)
‖b(θ, Y−k)‖

≤ M̃2

m∑
k=0

ρk−1 sup
θ∈Θ
‖b(θ, Y−k)‖ .

Since limm→∞
∑m

k=0 ρ
k−1 supθ∈Θ ‖b(θ, Y−k)‖ <∞, then P̃θ?-a.s., the sequence

{U2,m(θ) : m ∈ Z+} converges uniformly on Θ. To show that {U3,m(θ) : m ∈
Z+} and {U4,m(θ) : m ∈ Z+} converge uniformly on Θ, P̃θ?-a.s., we proceed
similarly as above and apply (5.103) and (CG-1)(iv). Finally, by the same
argument, the almost surely uniform convergence of {U5,m(θ) : m ∈ Z+}
follows from (CG-1)(ii) and (CG-1)(v). The P̃θ?-a.s. uniform convergence of
{∂

2Ψθ〈Y−m:0〉(z)
∂θj∂θi

: m ∈ Z+} on Θ then implies that θ 7→ ∂2Ψθ〈Y−∞:0〉
∂θj∂θi

is P̃θ?-a.s.
well de�ned and

∂2Ψθ〈Y−∞:0〉
∂θj∂θi

= lim
m→∞

∂2Ψθ〈Y−m:0〉(z)

∂θj∂θi
, P̃θ?-a.s.,

showing (5.26). The proof for (5.29) follows by similar arguments as for
(5.27) and (5.28).

5.6.2 Proof of Theorem 5.3.12

The proof of this theorem follows similar lines of Douc et al. [2015]. To
proceed, let us �rst recall a more general set of conditions derived in Douc
et al. [2013] in which the following de�nition is required.

De�nition 5.6.1. Let H̄ be a probability kernel from Z2 to Y⊗2⊗P({0, 1})
satisfying the following marginal conditions, for all (z, z′) ∈ Z2 and B ∈ Y ,{

H̄((z, z′);B × Y × {0, 1}) = H(z;B) = G(Πp (z) ;B) ,

H̄((z, z′);Y ×B × {0, 1}) = H(z′;B) = G(Πp (z′) ;B),
(5.106)

and such that the following coupling condition holds:

H̄((z, z′); {(y, y) : y ∈ Y} × {1}) = H̄((z, z′);Y2 × {1}). (5.107)

De�ne the following quantities successively.
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� The trace measure of H̄((z, z′); ·) on the set {(y, y) : y ∈ Y} × {1} is
denoted by

Ȟ((z, z′);B) = H̄((z, z′); {(y, y) : y ∈ B} × {1}), B ∈ Y .

� The probability kernel R̄ from (Z2,Z⊗2) to (Z2×{0, 1},Z⊗2⊗P({0, 1}))
is de�ned for all z, z′ ∈ Z2 and A ∈ X⊗2 by

R̄((z, z′);A× {1}) =

∫
Y

1A(ψy(z), ψy(z
′)) Ȟ((z, z′); dy).

� The measurable function α from Z2 to [0, 1] is de�ned by

α(z, z′) = R̄((z, z′);Z2 × {1}) = H̄((z, z′);Y2 × {1}). (5.108)

� The kernel R̂ is de�ned for all (z, z′) ∈ Z2 and A ∈ Z⊗2 by

R̂((z, z′);A) =


R̄((z, z′);A× {1})

α(z, z′)
if α(z, z′) > 0,

0 otherwise.
(5.109)

We can now introduce the so-called contracting condition which yields
ergodicity.

(AG-8) There exists a kernel H̄ yielding α and R̂ as in De�nition 5.6.1, a measur-
able function W : Z2 → [1,∞) satisfying Conditions (AG-7)(ii) and (AG-
7)(iii) and real numbers (D, ζ1, ζ2, ρ) ∈ (R+)3 × (0, 1) such that for all
(z, z′) ∈ X2 and, for all n ≥ 1,

R̂n((z, z′); dZ) ≤ DρndZ(z, z′), (5.110)

R̂n((z, z′); dZ ×W ) ≤ Dρndζ1Z (z, z′)W ζ2(z, z′). (5.111)

Under Conditions (AG-3), (AG-4), (AG-5) and (AG-8) and by combining The-
orem 6, Proposition 8 and Lemma 7 in Douc et al. [2013], we immediately
obtain the following result.

Theorem 5.6.2. Assume (AG-3), (AG-4), (AG-5) and (AG-8). Then the
Markov kernel K admits a unique invariant distribution π and π1(V̄ ) < ∞
for any V̄ : X→ R+ such that V̄ . V .

Assumptions (AG-3), (AG-4) and (AG-5) are quite usual and easy to check.
The key point to obtain ergodicity is thus to construct H̄ satisfying (AG-8).
For this, we can also rely on the following result which is an adaption of
[Douc et al., 2013, Lemma 9].
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Lemma 5.6.3. Assume that there exists (%, β,D1, D2, `, `
′) ∈ (0, 1) × R ×

R+ × R+ × Z∗+ × Z∗+ such that for all (z, z′) ∈ Z2,

R̂
(
(z, z′);1(D1dZ(z,z′),∞) ◦ dZ

)
= 0, (5.112)

R̂`
(
(z, z′);1(%dZ(z,z′),∞) ◦ dZ

)
= 0, (5.113)

and

R̂W ≤ D2W, (5.114)

R̂`′W ≤ W + β. (5.115)

Then, (5.110) and (5.111) hold.

Remark 5.6.4. Lemma 5.6.3 still holds if we replace (5.114) and (5.115) by

R̂`′+rW ≤ W + β, r ∈ {0, . . . , `′ − 1}.

Proof. Without loss of generality, we can assume that ` = `′ = m, otherwise
we can take m = ` ∨ `′. For positive integer n, write n = km + r, where
r ∈ {0, . . . ,m− 1} and k ∈ Z+. We have

R̂n ((z, z′); dZ) = R̂km+r ((z, z′); dZ) =

∫
R̂km ((z, z′); dz1dz′1) R̂r ((z1, z

′
1); dZ)

=

∫
R̂km ((z, z′); dz1dz′1) R̂r

(
(z1, z

′
1); dZ1[0,D1dZ(z1,z′1)] ◦ dZ

)
≤
∫
R̂km ((z, z′); dz1dz′1)Dr

1dZ(z1, z
′
1)

≤ Dr
1

∫
R̂(k−1)m ((z, z′); dz2dz′2) R̂m ((z2, z

′
2); dz1dz′1) dZ(z1, z

′
1)

≤ %Dr
1

∫
R̂(k−1)m ((z, z′); dz2dz′2) dZ(z2, z

′
2)

· · ·

≤ %kDr
1dZ(z, z′) ≤ %−1

(
m−1∨
r=0

Dr
1

)(
%1/m

)n
dZ(z, z′).
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Similarly, we have

R̂n((z, z′); dZ ×W ) =

∫
R̂km ((z, z′); dz1dz′1) R̂r ((z1, z

′
1); dZ ×W )

≤
∫
R̂km((z, z′); dz1dz′1)Dr

1D
r
2dZ(z1, z

′
1)W (z1, z

′
1)

≤ Dr
1D

r
2

∫
R̂(k−1)m((z, z′); dz2dz′2)R̂m((z2, z

′
2); dz1dz′1)dZ(z1, z

′
1)W (z1, z

′
1)

≤ %Dr
1D

r
2

∫
R̂(k−1)m((z, z′); dz2dz′2)dZ(z2, z

′
2)(W (z2, z

′
2) + β)

· · ·
≤ Dr

1D
r
2%
k(W (z, z′) + βk)dZ(z, z′).

Since for all % ∈ (0, 1), limk→∞ k%
k = 0, then there exists D̄ > 0 and %̄ ∈ [%, 1)

such that

R̂n((z, z′); dZ ×W ) ≤ D̄%̄k−1W (z, z′)dZ(z, z′)

≤ D̄(%̄1/m)nW (z, z′)dZ(z, z′).

Setting D = D̄ ∨
(
%−1

(∨m−1
r=0 Dr

1

))
and ρ = %1/m ∨ %̄1/m, we get (5.110) and

(5.111).

Now we can prove that our set of conditions is su�cient.

Proof of Theorem 5.3.12. We only need to show that (AG-6) and (AG-7) im-
ply (AG-8). We preface our proof by the following lemma, which is adapted
from [Douc et al., 2015, Lemma 5].

Lemma 5.6.5. Assume (AG-7)(i). Then one can de�ne a kernel H̄ as
in De�nition 5.6.1 with the same α given in (5.108). Moreover, the ker-
nel R̂ de�ned by (5.109) satis�es, for all (z, z′) ∈ Z2 such that α(z, z′) > 0
and all measurable functions f : Z2 → R+,

R̂((z, z′); f) = G(φ(z, z′); f̃) with f̃(y) = f (Ψy(z),Ψy(z
′)) . (5.116)

Let us complete the proof of Theorem 5.3.12 before proving this lemma.
By Lemma 5.6.5 and Lemma 5.6.3, it remains to check that (5.112) and
(5.114) hold for all (z, z′) ∈ Z2. Observe that by de�nition of R̂, we have for
all n ∈ Z∗+, (z, z′) ∈ Z2 and measurable function f : Z2 → R,

R̂n ((z, z′); f) = Jn ((z, z′); f) .
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So, condition (AG-7)(iv) can be equivalently stated as: there exist m ∈ Z∗+
and D > 0 such that

sup
(z,z′)∈Z2

(
R̂m ((z, z′);W )−W (z, z′)

)
<∞

and
sup

(z,z′)∈Z2

(
R̂ ((z, z′);W )−DW (z, z′)

)
<∞.

Thus we can �nd (β,D2) ∈ R× (0,∞) such that (5.114) and (5.115) hold for
all (z, z′) ∈ Z2.

Now, let (z, z′) ∈ Z2. When z = z′, then for all n ∈ Z∗+ and y1:n ∈ Yn,
dZ(Ψ〈y1:n〉(z),Ψ〈y1:n〉(z′)) = 0, implying that (5.112) and (5.113) hold with
any nonnegative D1 and %. For z 6= z′, let D1 and % be de�ned respectively
by

D1 =
`−1∨
k=1

sup
(z,z′,y1:k)∈Z2×Y

z 6=z′

dZ(Ψ〈y1:k〉(z),Ψ〈y1:k〉(z′))
dZ(z, z′)

,

and

% = sup
(z,z′,y1:`)∈Z2×Y

z 6=z′

dZ(Ψ〈y1:`〉(z),Ψ〈y1:`〉(z′))
dZ(z, z′)

.

By (AG-6), we haveD1 ∈ (0,∞) and % ∈ (0, 1). Therefore, Conditions (5.112)
and (5.113) hold for all (z, z′) ∈ Z2 with the above D1 and %.

We conclude this section with the postponed

Proof of Lemma 5.6.5. Let (z, z′) ∈ Z2. We de�ne H̄((z, z′); ·) as the dis-
tribution of (Y, Y ′, U) drawn as follows. We �rst draw a random variable
Ȳ taking values in Y with density g(φ(z, z′); ·) with respect to ν. Then we
de�ne (Y, Y ′, U) by separating the two cases, α(z, z′) = 1 and α(z, z′) < 1.

• Suppose that α(z, z′) = 1. Then from (AG-7)(i), we have

H(z; ·) = H(z′; ·) = G(φ(z, z′); ·).

In this case, we set (Y, Y ′, U) = (Ȳ , Ȳ , 1).

• Suppose now that α(z, z′) < 1. Then, using (5.37), the functions

(1− α(z, z′))−1 [g(Πp (z) ; ·)− α(z, z′)g(φ(z, z′); ·)]

and
(1− α(z, z′))−1 [g(Πp (z′) ; ·)− α(z, z′)g(φ(z, z′); ·)] ,
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are probability density functions with respect to ν and we let Λ and Λ′

be two independent random variables taking values in Y drawn with
these two density functions, respectively. In this case we draw U in-
dependently according to a Bernoulli variable with mean α(z, z′) and
set

(Y, Y ′) =

{
(Ȳ , Ȳ ) if U = 1,

(Λ,Λ′) if U = 0.

One can easily check that the so de�ned kernel H̄ satis�es (5.106) and (5.107).
Moreover, for all (z, z′) ∈ Z2,

H̄((z, z′);Y2 × {1}) = P(U = 1) = α(z, z′),

which is compatible with (5.108). The kernel R̂ is de�ned by setting
R̂((z, z′); ·) as the conditional distribution of (Z,Z ′) = (ΨY (z),ΨY (z′)) given
that U = 1. To complete the proof of Lemma 5.6.5, observe that for any
measurable f : Z2 → R+, we have, for all (z, z′) ∈ Z2 such that α(z, z′) > 0,

R̂((z, z′); f) = E [f(ΨY (z),ΨY (z′)) | U = 1]

= E [f(ΨȲ (z),ΨȲ (z′))]

= G(φ(z, z′); f̃),

where f̃(y) = f(Ψy(z),Ψy(z
′)) for all y ∈ Y.

5.6.3 Proof of Lemma 5.4.2

If ai ≥ 0, bi ≥ 0, for all i ∈ {1, . . . , p}, and
∑p

i=1(ai + bi) < 1, it is trivial
that |λ|max(A + bδTp ) < 1. Otherwise, there would exist some λ such that
|λ|−1 ≤ 1 and ∣∣∣∣∣

p∑
i=1

(ai + bi)λ
−i

∣∣∣∣∣ ≤
p∑
i=1

(ai + bi) |λ|−i < 1.

This would imply P (λ) = λ2p−1
(
1−

∑p
k=1(ak + bk)λ

−k) 6= 0. Suppose on
the other hand that λ? = |λ|max(A + bδTp ) < 1. From (5.46), we can write
P (λ) as a product of λp−1 and Q(λ) = λp −

∑p
k=1(ak + bk)λ

p−k. Note that
λ? = 0 if and only if

∑p
i=1(ai+bi) = 0. Then we can suppose that 0 < λ? < 1,

then there exists j ∈ {1, . . . , p} such that aj+bj > 0. Furthermore, note that
for all i ∈ {1, . . . , p}, (ai + bi)λ

?i ≥ (ai + bi)λ
?p and this inequality is strict
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when i = j. Thus from Perron-Frobenius theorem for nonnegative matrix,
Q(λ?) = 0, and we have

0 < λ?p

(
1−

p∑
i=1

(ai + bi)

)
.

This completes the proof since λ? > 0.

5.6.4 Proof of Lemma 5.4.11

If ϑ ≤ 0, then (5.59) holds since (1 + Y )ϑ ≤ 1. Note that for s ∈ (0, 1],
we have

E[(1 + Y )s] ≤ (E[1 + Y ])s ≤ (1 + ζ)s ≤ 1 + ζs.

Thus, (5.59) holds when ϑ ∈ (0, 1]. For ϑ ∈ (1, 3/2], then there exists
s1 ∈ (0, 1/2] such that ϑ = 1 + s1. By Cauchy-Schwartz inequality, we have

E[(1 + Y )ϑ] = E[(1 + Y )(1 + Y )s1 ] ≤
(
E[(1 + Y )2]

)1/2 (E[(1 + Y )2s1 ]
)1/2

≤ (1 + 3ζ + ζ2)1/2(1 + ζ)s1 ≤ c1 + c2ζ
ϑ,

for some constants c1, c2 > 0. If ϑ ∈ (3/2, 2], then there exists s2 ∈ (0, 1/2]
such that ϑ = 3/2 + s2 and

E[(1 + Y )ϑ] = E[(1 + Y )3/2(1 + Y )s] ≤
(
E[(1 + Y )3]

)1/2 (E[(1 + Y )2s2 ]
)1/2

≤ (1 + 7ζ + 6ζ2 + ζ3)1/2(1 + ζ)s2 ≤ c3 + c4ζ
ϑ,

for some constants c3, c4 > 0. Finally, if ϑ > 2, then there exists s3 ∈ (0, 1]
such that ϑ = bϑc+ s3 and we have

E
[
(1 + Y )ϑ

]
= E

[
(1 + Y )bϑc(1 + Y )s3

]
≤
(
E
[
(1 + Y )2bϑc])1/2 (E [(1 + Y )2s3

])1/2

≤
(

1 + 2bϑc
(
E
[
Y 2bϑc])1/2

)
(c5 + c6ζ

s3) ,

for some constants c5, c6 > 0. The proof then follows by observing that

lim
ζ→∞

(
E
[
Y 2bϑc])1/2

ζbϑc
= 1.

Lemma 5.6.6. Let {Uk : k ∈ Z+} be a stationary sequence of real-valued
random variables on (Ω,F ,P). Assume that E(ln+ |U0|) <∞. Then, for all
η ∈ (0, 1),

lim
k→∞

ηkUk = 0 , P-a.s.

Proof. See [Douc et al., 2013, Lemma 34].
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Chapter 6

Conclusions and Future

Perspectives

This thesis focuses on developing theory of parameter estimation for a
general class of time series models, namely, the class of partially observed
bivariate Markov chains. Time series models belonging to or embedded in this
class that yield potential applications to time series of counts are particularly
considered.

We establish under very mild assumptions that the limit of the normalized
log-likelihood is maximized when the parameters belong to the equivalence
class of the true parameter, serving as a key step for obtaining the consistency
of the MLE in well-speci�ed models. This result is obtained in the general
framework of partially observed Markov models and is addressed by relying
on the uniqueness of the invariant distribution of the Markov chain associated
to the complete data, regardless of its rate of convergence to the equilibrium.
Due to its generality this result can be applied to many classes of interest
including the class of HMMs and the class of observation-driven models, an
important class for dealing with time series of counts.

The consistency of the MLE in the sense of Leroux [1992] is developed
independently for the class of fully dominated partially observed Markov
models and the class of observation-driven models. The result obtained in
the former class is derived under mild su�cient conditions, covering many in-
teresting models such as HMMs, Markov switching models and some versions
of Markov chains in random environment. For observation-driven models, the
result is derived, for both �rst-order and general-order settings, under sets of
assumptions that are easy to check in speci�c examples. In addition, strong
consistency and the asymptotic normality of the MLE are also treated for
some special but important cases of general-order observation-driven models.

This thesis can be further enriched and can lead to future research in
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6. Conclusions

several directions.

1. In our proof of the identi�cation of the maximizing set of the limit of
the normalized log-likelihood, we require the Markov structure of the
models. Could this result still hold for other general settings other than
Markov models?

2. Now a uni�ed approach for identifying the maximizing set of the nor-
malized log-likelihood for the class of partially observed Markov models
is obtained. However, to our best knowledge, showing that the MLE
converges for this class is still carried out by separating into cases.
Could a uni�ed result for this problem be obtained also for the class of
partially observed Markov models?

3. The proof of the asymptotic normality of the MLE generally requires
strong consistency of the MLE. However, whether the equivalence-class
consistency is su�cient for the proof has not been known yet. Thus, it
would be worthwhile if we could show that this is indeed the case.

4. The proof of the asymptotic normality of the MLE for the general-
order observation-driven models is obtained only in a speci�c form of
the hidden state equation. This result can of course be extended to
greater generality under similar approach.
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Résumé en français

1 Introduction

Cette thèse s'est déroulée au sein du Laboratoire Traitement et Commu-
nication de l'Information (LTCI) à Télécom ParisTech, sous la co-direction
de François Roue�, Professeur à Télécom ParisTech, et de Randal Douc,
Professeur à Télécom SudParis, de mars 2013 à mars 2016. Elle se concentre
sur le développement de la théorie de l'estimation du maximum de vraisem-
blance pour une classe générale de modèles de séries temporelles, c'est-à-dire
la classe de chaînes de Markov bivariées partiellement observées. Apparte-
nant ou étant compris dans cette classe, les modèles de séries temporelles qui
fournissent des applications potentielles aux séries temporelles de comptage
sont particulièrement considérés.

1.1 Contexte

Un modèle de Markov partiellement observé ou partially observed Markov
model (PMM) est un processus de Markov bivarié où seule une partie du pro-
cessus complet est observé � d'où les termes � partiellement observé �, et pour
l'autre composante, la variable d'état, les termes � caché � ou � inaperçu � �,
et où toute inférence statistique doit être faite en utilisant des échantillons de
réalisations du processus d'observation. La classe des PMM contient notam-
ment deux classes remarquables de modèles statistiques communément utili-
sées pour examiner les séquences temporellement dépendantes et les donnés
de séries temporelles, c'est-à-dire la classe des modèles de Markov cachés ou
hidden Markov models (HMM) et la classe des modèles � observation-driven �
ou observation-driven models (ODM). Une propriété commune et cependant
importante à ces deux sous-classes réside dans le fait que les processus cachés
des variables d'état sont des chaînes de Markov par nature. Cette propriété
permet d'établir des propriétés statistiques importantes telles que la station-
narité et l'ergodicité pour les chaînes entières en s'appuyant sur les propriétés
statistiques héritées des chaînes cachées.
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Les HMM sont largement appliqués dans de nombreux domaines, de la
biologie (Churchill [1992], Krogh et al. [1994]) à l'analyse des séries tempo-
relles (MacDonald and Zucchini [1997]), en passant par l'économétrie (Hull
and White [1987], Mamon and Elliott [2007]), la �nance (Zhang [2004]), la
neurophysiologie (Fredkin and Rice [1987]), le traitement du signal (Crouse
et al. [1998], Krishnamurthy and Chung [2007]) et la reconnaissance vocale
(Rabiner [1989], Huang et al. [1990], Juang and Rabiner [1991]). Théorie
et inférence pour cette classe de modèles ont été développées par Baum et
ses collaborateurs dans une série de contributions : Baum and Petrie [1966],
Baum and Eagon [1967], Baum and Sell [1968], Petrie [1969], Baum et al.
[1970], Baum [1972] (voir aussi Ephraim and Merhav [2002] pour une brève
note historique sur les HMM). Ces études ont été par la suite développées
dans une série de travaux par Finesso [1991], Leroux [1992], Mevel [1997],
Bickel et al. [1998], Jensen and Petersen [1999], Le Gland and Mevel [2000],
Douc and Matias [2001], Bickel et al. [2002], Mevel and Finesso [2004], Genon-
Catalot and Laredo [2006], Douc et al. [2009, 2011], Douc and Moulines [2012]
(voir aussi Cappé et al. [2005] et les références qui y �gurent pour une dis-
cussion approfondie). Bien qu'il y ait eu pour cette classe importante des
études substantielles, aucun des résultats théoriques ne sont encore jusqu'ici
devenus standards et ils ont donc toujours besoin d'être améliorés.

Les ODM ont été introduits par Cox [1981] pour décrire des modèles sta-
tistiques ayant la caractéristique clé que la variable d'état cachée peut être
représentée explicitement comme une fonction déterministe des variables de
l'observation passée. Cette propriété est intéressante d'un point de vue pra-
tique, puisque la fonction de vraisemblance (conditionnelle) associée et ses
dérivés sont faciles à calculer, l'estimation du paramètre est donc relative-
ment simple, et la prédiction, qui est de première importance dans beau-
coup d'applications de séries temporelles, est immédiate. Le célèbre modèle
GARCH(1, 1) introduit par Bollerslev [1986], de même que la plupart des
modèles dérivés de celui-ci, sont des exemples typiques d'ODM (voir Bol-
lerslev [2008] pour une liste de certains d'entre eux). De plus, ces modèles
sont particulièrement utiles pour traiter les données de séries temporelles
de nature discrète, quand les modèles classiques autorégressifs ne sont plus
appropriés (voir [Kedem and Fokianos, 2002, Chapitre 4] pour un compte-
rendu complet et Tjøstheim [2012] pour un examen récent). Les applications
des ODM peuvent être trouvées dans une large palette de disciplines, telles
que l'économie (Pindyck and Rubinfeld [1998]), les études environnementales
(Bhaskaran et al. [2013]), l'épidémiologie et les études de santé publique (Ze-
ger [1988], Davis et al. [1999], Ferland et al. [2006]), la �nance (Liesenfeld
and Richard [2003], Rydberg and Shephard [2003], Fokianos and Tjøstheim
[2011], Francq and Zakoian [2011]) et la dynamique des populations (Ives
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et al. [2003]).
Théorie et inférence pour cette classe de modèles, quand les observations

ont des valeurs d'entiers, ont été développées dans une série de contribu-
tions dont Streett [2000], Davis et al. [2003], Heinen [2003], Ferland et al.
[2006], Fokianos et al. [2009], Franke [2010], Woodard et al. [2010], Fokianos
and Tjøstheim [2011], Henderson et al. [2011], Neumann [2011], Davis and
Liu [2012], Doukhan et al. [2012], Douc et al. [2013], Fokianos et al. [2013],
Christou and Fokianos [2014, 2015] et Douc et al. [2015]. Comme dans le cas
des HMM, aucun des résultats théoriques ne sont encore jusqu'ici devenus
standards et ils ont donc toujours besoin d'être améliorés.

Au-delà des HMM et des ODM, la classe des PMM comprend beaucoup
d'autres modèles intéressants ayant des applications potentielles dans les sé-
ries temporelles et d'autres domaines, comme les modèles de Markov à chan-
gement de régime (voir Hamilton [1988, 1989]), beaucoup des chaînes de
Markov en environnement aléatoire ou Markov chains in random environ-
ment introduites par Cogburn [1980] et Bourgin and Cogburn [1981], les
champs aléatoires de Markov par paires ou pairwise Markov random �elds
(voir Pieczynski and Tebbache [2000]) et d'autres cas étudiés par exemple
par Pieczynski [2003] et Ephraim and Mark [2012]. Cependant, théorie et in-
férence pour ce cadre général restent encore insu�santes dans la littérature.

1.2 Motivations et problématiques

Cette thèse est principalement sous-tendue par les questions suivantes,
rencontrées pour les HMM et les ODM en particulier (et par conséquent
dans les PMM en général).

1.2.1 Consistance

L'estimation du maximum de vraisemblance (EMV) est une méthode na-
turelle et répandue pour identi�er un modèle paramétrique de séries tempo-
relles à partir d'un échantillon de réalisations du processus observé. Dans le
cadre d'un modèle bien spéci�é, c'est-à-dire quand la loi des observations est
entièrement décrite par un membre paramétré de la classe des PMM, il est
d'un grand intérêt d'obtenir la consistance de l'estimateur, à savoir sa conver-
gence vers le vrai paramètre, soit θ?, lorsque la taille de l'échantillon tend vers
l'in�ni. La démonstration comprend en général deux étapes importantes :

1. l'EMV converge vers l'ensemble Θ? qui maximise la log-vraisemblance
asymptotique normalisée ; et

2. cet ensemble Θ? se réduit à l'ensemble du seul vrai paramètre θ?.
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La deuxième étape est souvent mentionnée comme résolvant le problème
d'identi�abilité, mais elle peut en réalité être divisée en deux sous-problèmes :

2.1 montrer que tout paramètre de l'ensemble des maxima Θ? produit la
même distribution du processus d'observation que celle du vrai para-
mètre θ? ; et

2.2 montrer que pour une taille d'échantillons su�samment large, l'en-
semble de tels paramètres se réduit à {θ?}.

Cependant, au moins dans le cas des HMM, le problème 2.2 ci-dessus
apparaît comme di�cile à résoudre ; voir Allman et al. [2009], Gassiat et al.
[2016] et les références qui y �gurent pour s'informer des dernières avancées
concernant les HMM. E�ectivement, le problème 2.1 peut être résolu de ma-
nière indépendante, et avec l'étape 1 vue plus haut, ceci implique directement
que l'EMV est consistant dans un sens faible, à savoir que le paramètre es-
timé converge vers l'ensemble de tous les paramètres associés à la même loi
que celle de l'échantillon observé. La consistance dans ce sens est appelée
consistance de classe d'équivalence, comme introduite par Leroux [1992].

Problème de consistance dans les HMM

Pour les HMM, la consistance de l'EMV est de grande importance ; elle
se présente autant comme sujet d'étude (voir Baum and Petrie [1966], Pe-
trie [1969], Leroux [1992], Le Gland and Mevel [2000], Le Gland and Mevel
[2000], Douc and Matias [2001], Douc et al. [2004], Genon-Catalot and La-
redo [2006], Douc et al. [2011]) que comme hypothèse de base (voir Bickel
et al. [1998], Jensen and Petersen [1999]). Parmi ces contributions, le résul-
tat obtenu dans l'article de Douc et al. [2011] semble assez général et peut
être appliqué à plusieurs versions de HMM ayant des espaces d'état et des
espaces d'observation généraux. Dans cette contribution, l'identi�cation de
l'ensemble des maxima Θ? de la log-vraisemblance asymptotique normalisée
est réalisée en utilisant la condition de séparation exponentielle des mesures,
qui est apparemment simple à appliquer quand le modèle sous-jacent est géo-
métriquement ergodique. Cependant, pour les modèles non-géométriquement
ergodiques tels que la chaîne de Markov polynomialement ergodique (voir
Tuominen and Tweedie [1994] et Jarner and Roberts [2002] pour l'existence
et quelques études d'un tel exemple), véri�er cette condition peut être labo-
rieux et compliqué. La caractérisation de l'ensemble des maxima Θ? (et donc
de la consistance de classe d'équivalence de l'EMV) reste par conséquent une
question délicate pour les HMM.
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Problème de la consistance dans les ODM

Dans les ODM, la fonction de vraisemblance et ses dérivés sont faciles
à calculer, ce qui rend l'estimation au moins numériquement possible. La
consistance de l'EMV peut cependant être fastidieuse et est souvent obtenue
à l'aide de calculs spéci�ques au modèle étudié. Pour la variable observée
discrète en particulier, des résultats généraux de consistance ont été obtenus
récemment dans Davis and Liu [2012] ou Douc et al. [2013] (voir aussi Hen-
derson et al. [2011] pour l'existence de solutions stationnaires et ergodiques
pour quelques ODM). Néanmoins, dans ces contributions, la manière de prou-
ver que l'ensemble des maxima Θ? se réduit à {θ?} nécessite la véri�cation
de conditions spéci�ques dans chaque exemple donné, et semble avoir des
di�cultés à a�rmer le résultat dans un contexte plus général, par exemple
lorsque la distribution des observations compte tenu de la variable cachée dé-
pend également d'un paramètre inconnu. Des exemples de ces modèles sont
le modèle NBIN-GARCH introduit par Zhu [2011] et le modèle NM-GARCH
proposé par Haas et al. [2004] et Alexander and Lazar [2006]. À notre connais-
sance, la consistance (complète) de l'EMV n'a pas été traitée pour le modèle
NBIN-GARCH (voir Davis and Liu [2012] pour un traitement partiel) ; et la
preuve usuelle de la consistance de l'EMV pour le modèle GARCH ne peut
pas être directement adaptée au modèle NM-GARCH.

Il est donc d'un grand intérêt d'aborder ce problème de consistance dans
l'esprit général des PMM, et de savoir si l'approche actuelle est en mesure
de rendre compte des versions insolubles des HMM et des ODM mentionnées
ci-dessus.

1.2.2 ODM d'ordre général

Dans de nombreuses séries temporelles, la résolution du problème 1 et du
problème 2.1 de la section 1.2.1, soit l'établissement la consistance de l'EMV,
nécessite généralement de supposer ou de prouver que le processus d'obser-
vation est stationnaire et ergodique. Dans le cadre des HMM, les solutions
stationnaires et ergodiques pour le modèle sont héritées de la stationnarité
et de l'ergodicité du processus caché sous-jacent et sont généralement étu-
diées en utilisant l'hypothèse de ϕ-irréductibilité. Cependant, il n'en va pas
de même lorsque le modèle étudié est placé dans le cadre des ODM. Dans ce
dernier cas, il s'avère qu'une approche plus subtile est nécessaire, au moins
dans les cas pour lesquels le processus observé prend des valeurs entières.
La di�culté alors, bien que par nature il soit une chaîne de Markov, peut
provenir de la dégénérescence du processus caché de l'état de son équation
d'état. À ce stade, plusieurs méthodes de résolution de ce problème ont été
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proposées. Celles-ci comprennent la technique de perturbation (voir Fokianos
and Tjøstheim [2011]), l'approche de la contractilité (voir Neumann [2011]),
l'approche de la dépendance faible (voir Doukhan et al. [2012]) et l'approche
basée sur la théorie des chaînes de Markov sans irréductibilité introduite par
Douc et al. [2013]. Parmi ces méthodes, le résultat obtenu récemment par
Douc et al. [2013] semble capable de fonctionner avec de nombreux modèles
d'intérêt se trouvant dans la classe d'ODM de premier ordre, indépendam-
ment du fait que le processus d'observation soit discret ou continu. Cepen-
dant, on ne sait pas jusqu'à présent si ce même résultat s'applique à un
contexte plus général et plus souple d'ODM d'ordre général ou de modèles
de type GARCH d'ordre général. La même question, telle que soumise par
Douc et al. [2013] et mise en lumière par Tjøstheim [2015], se pose pour les
propriétés asymptotiques de l'EMV pour la classe des ODM d'ordre général.

1.3 Organisation de la thèse

L'objectif principal de cette thèse est d'apporter des réponses aux pro-
blèmes spéci�ques mentionnés ci-dessus. Elle est structurée comme suit. Dans
la section 2, nous fournissons le résultat du problème 2.1, c'est-à-dire l'iden-
ti�cation de l'ensemble des maxima de la log-vraisemblance asymptotique
normalisée, sous des hypothèses assez faibles et dans le cadre général des
PMM. La section 3 est dédiée à l'étude de la convergence et de la consistance
(de classe d'équivalence) de l'EMV pour la classe des PMM entièrement do-
minés. La section 4 traite de l'ergodicité et de la consistance de l'EMV pour
la classe des ODM de premier ordre. La section 5 généralise les résultats de
la section 4 à la classe des ODM d'ordre général. La normalité asympto-
tique de l'EMV est également traitée dans ce cadre général. Conclusions et
perspectives d'avenir de la thèse sont présentées dans la section 6.
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2 Identi�cation de l'ensemble des maxima de

la log-vraisemblance asymptotique normali-

sée dans les PMM

2.1 Cadre général : modèles de Markov partiellement

observés

Soient (X,X ) et (Y,Y) deux espaces boréliens et Θ un ensemble de pa-
ramètres. Considérons un modèle statistique déterminé par une classe de
noyaux markoviens {Kθ : θ ∈ Θ} sur (X × Y) × (X ⊗ Y). Notons Pθξ la
loi de probabilité (et Eθξ l'espérance correspondante) induite sur (X × Y)Z+

par une chaîne de Markov {(Xk, Yk) : k ∈ Z+} ayant le noyau de tran-
sition Kθ et la distribution initiale ξ sur X × Y. Dans le cas où ξ est
une masse de Dirac en (x, y), nous allons simplement écrire Pθ(x,y). Pour les
chaînes de Markov partiellement observées, c'est-à-dire quand un échantillon
Y1:n := (Y1, . . . , Yn) ∈ Yn du deuxième composant est observé seulement, il
est pratique d'écrire Kθ tel que

Kθ((x, y); dx′dy′) = Qθ((x, y); dx′)Gθ((x, y, x′); dy′), (1)

où Qθ et Gθ sont des noyaux de probabilité sur (X × Y) × X et sur (X ×
Y × X) × Y , respectivement. Nous considérons maintenant le cadre général
suivant.

Dé�nition 2.1. On dit que le modèle de Markov {Kθ : θ ∈ Θ} de la
forme (1) est partiellement dominé s'il existe une mesure σ-�nie ν sur Y telle
que pour tout (x, y), (x′, y′) ∈ X× X,

Gθ((x, y, x′); dy′) = gθ((x, y, x′); y′)ν(dy′), (2)
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où la fonction de densité conditionnelle gθ satisfait par ailleurs

gθ ((x, y, x′); y′) > 0, pour tout (x, y), (x′, y′) ∈ X× Y. (3)

Il résulte de (2) que, pour tout (x, y) ∈ X× Y, A ∈ X et B ∈ Y ,

Kθ ((x, y);A×B) =

∫
B

κθ〈y, y′〉(x;A)ν(dy′),

où pour tout y, y′ ∈ Y, κθ〈y, y′〉 est un noyau dé�ni sur (X,X ) par

κθ〈y, y′〉(x; dx′) := Qθ ((x, y); dx′) gθ ((x, y, x′); y′) . (4)

La dynamique du processus de Markov bivarié partiellement observé peut
être représentée comme dans la �gure 2.1.

Xk Xk+1

Yk+1Yk

Xk+2

Yk+2

Qθ

gθ gθ

Qθ

gθ

Figure 2.1 � Représentation graphique du modèle de Markov bivarié par-
tiellement observé.

Notons que, en général, le noyau κθ〈y, y′〉 est non normalisé car
κθ〈y, y′〉(x;X) peut être di�érent de un. En outre, du fait que Qθ ((x, y); ·)
est une probabilité sur (X,X ) et de la condition (3), on a pour tout
(x, y, y′) ∈ X× Y × Y, κθ〈y, y′〉(x;X) > 0.

Dans le cas des modèles bien spéci�és, il est supposé que les observations
Y1:n sont générées par un processus {(Xk, Yk) : k ∈ Z+}, qui suit la distribu-
tion Pθ?ξ? associée à un paramètre inconnu θ? ∈ Θ et une distribution initiale
inconnue ξ? (généralement, ξ? est telle que, sous la loi Pθ?ξ? , {Yk : k ∈ Z+},
c'est une séquence stationnaire). Pour former une estimation consistante de
θ? sur la base des observations Y1:n seulement, c'est-à-dire sans accès au
processus caché {Xk : k ∈ Z+}, on dé�nit l'estimateur du maximum de
vraisemblance (EMV) θ̂ξ,n par

θ̂ξ,n ∈ argmax
θ∈Θ

Lξ,n(θ), (5)
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où Lξ,n(θ) est la fonction de la log-vraisemblance (conditionnelle) des ob-
servations sous le paramètre θ avec une distribution initiale arbitraire ξ sur
X× Y, c'est-à-dire

Lξ,n(θ) := ln

∫ n−1∏
k=0

Qθ ((xk, yk); dxk+1) gθ ((xk, yk, xk+1); yk+1) ξ(dx0dy0)

= ln

∫
κθ〈y0, y1〉κθ〈y1, y2〉 · · ·κθ〈yn−1, yn〉(x0;X)ξ(dx0dy0).

(6)

Cela correspond au logarithme de la densité conditionnelle de Y1:n sachant
(X0, Y0), densité qui est intégrée selon ξ. Dans la pratique, ξ est souvent
pris comme une masse de Dirac en (x, y) avec x arbitrairement choisi et
y égal à l'observation Y0 quand elle est disponible. Dans ce contexte, une
façon classique (voir par exemple Leroux [1992]) de prouver la consistance
de l'EMV θ̂ξ,n peut être décomposée dans les étapes suivantes. La première
étape est de montrer que θ̂ξ,n est, avec une probabilité qui tend vers un, dans
un voisinage de l'ensemble

Θ? := argmax
θ∈Θ

Ẽθ?
[
ln pθ,θ?(Y1|Y−∞:0)

]
. (7)

Cette formule implique deux quantités qui n'ont pas encore été dé�nies, car
elles peuvent nécessiter des hypothèses supplémentaires : la première est l'es-
pérance Ẽθ, qui correspond à la distribution P̃θ d'une séquence {Yk : k ∈ Z}
conformément au noyau Kθ ; la seconde est la densité pθ,θ?(·|·), qui apparaît
lors de la prise de la limite, sous la probabilité P̃θ? , de la P̃θ-densité condition-
nelle de Y1 sachant Y−m:0, quand m tend vers l'in�ni. Dans de nombreux cas,
ces quantités apparaissent naturellement parce que le modèle est ergodique
et que la log-vraisemblance normalisée n−1Lξ,n(θ) peut être approchée par

1

n

n∑
k=1

ln pθ,θ?(Yk|Y−∞:k−1).

Nous allons fournir ci-dessous certaines hypothèses générales, l'hypothèse (K-
1) et l'hypothèse (K-2), qui donnent des dé�nitions précises de P̃θ et pθ,θ′(·|·).
La deuxième étape consiste à prouver que l'ensemble Θ? dans (7) est lié au
vrai paramètre θ? d'une manière exploitable. Idéalement, on pourrait avoir
Θ? = {θ?}, ce qui fournirait la consistance de θ̂ξ,n pour estimer θ?. Dans
ce travail, notre premier objectif est de fournir un ensemble d'hypothèses
générales qui assurent que Θ? est exactement l'ensemble des paramètres θ
tels que P̃θ = P̃θ? . Puis ce résultat garantit que l'estimateur converge vers
l'ensemble des paramètres compatibles avec la vraie distribution stationnaire
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des observations. De plus, si le modèle {P̃θ : θ ∈ Θ} est identi�able, alors cet
ensemble se réduit à {θ?} et la consistance de θ̂ξ,n est directement obtenue.

Pour compléter notre cadre général, nous énonçons l'hypothèse principale
concernant le modèle, la notation qui en découle et les dé�nitions utilisées
tout au long de la thèse.

(K-1) Pour tout θ ∈ Θ, le noyauKθ admet uniquement la probabilité stationnaire
πθ.

Dé�nition 2.2. Sous l'hypothèse (K-1), on note par πθ1 et par πθ2 les distri-
butions marginales de πθ sur X et Y, respectivement. On note aussi par Pθ et
par P̃θ les distributions de probabilités dé�nies respectivement comme suit :

a) Pθ désigne l'extension de Pθ
πθ

sur (X× Y)Z.

b) P̃θ est la projection correspondante sur la composante YZ.

On utilise également les symboles Eθ et Ẽθ pour désigner les espérances cor-
respondantes aux Pθ et P̃θ, respectivement. De plus, pour tout θ, θ′ ∈ Θ, on
écrit θ ∼ θ′ si et seulement si P̃θ = P̃θ′ . Cela dé�nit une relation d'équivalence
sur l'ensemble des paramètres Θ, et la classe d'équivalence qui correspond à
θ est notée par [θ] := {θ′ ∈ Θ : θ ∼ θ′}.

La relation d'équivalence ∼ a été introduite par Leroux [1992] comme une
alternative à la condition d'identi�abilité classique.

2.2 Identi�cation de l'ensemble des maxima Θ?

Outre l'hypothèse (K-1), notre résultat principal est indiqué dans l'hypo-
thèse générale suivante.

(K-2) Pour tout θ 6= θ′ dans Θ, il existe un noyau de probabilité Φθ,θ′ sur YZ−×X
tel que pour tout A ∈ X ,∫

X

Φθ,θ′(Y−∞:0; dx0)κθ〈Y0, Y1〉(x0;A)∫
X

Φθ,θ′(Y−∞:0; dx0)κθ〈Y0, Y1〉(x0;X)
= Φθ,θ′(Y−∞:1;A), P̃θ′-p.s.

Donnons un aperçu de la formule qui apparaît en (K-2) et expliquons pour-
quoi il est si important de considérer les cas θ = θ′ et θ 6= θ′ séparément.
Puisque X est un espace borélien, le théorème 6.3 de Kallenberg [2002] s'ap-
plique et la distribution conditionnelle de X0 sachant Y−∞:0 sous la loi Pθ
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dé�nit un noyau de probabilité noté Φθ. En e�et, le noyau Φθ satisfait, pour
tout A ∈ X ,∫

X

Φθ(Y−∞:0; dx0)κθ〈Y0, Y1〉(x0;A)∫
X

Φθ(Y−∞:0; dx0)κθ〈Y0, Y1〉(x0;X)
= Φθ(Y−∞:1;A), P̃θ-p.s. (8)

L'hypothèse (K-2) a�rme que le noyau Φθ,θ′ satisfait une identité similaire
P̃θ′-p.s. pour θ′ 6= θ.

Il convient de noter que le dénominateur du ratio a�ché dans (K-2) peut
être écrit pθ,θ

′
(Y1|Y−∞:0), où, pour tout y ∈ Y et y−∞:0 ∈ YZ− ,

pθ,θ
′
(y|y−∞:0) :=

∫
X

Φθ,θ′(y−∞:0; dx0)κθ〈y0, y〉(x0;X) (9)

est une densité conditionnelle par rapport à la mesure ν, car pour tout (x, y) ∈
X× Y,

∫
κθ〈y, y′〉(x;X)ν(dy′) = 1.

Puisque Y est un espace borélien, le théorème 6.3 de Kallenberg [2002]
s'applique et la distribution conditionnelle de Y1:n sachant Y−∞:0 dé�nit un
noyau de probabilité. Et puisque P̃θ(Y1:n ∈ ·) est dominée par ν⊗n, une densité
conditionnelle est à son tour dé�nie par rapport à ν⊗n, qu'on note pθn(·|·), de
telle sorte que pour tout B ∈ Y⊗n,

P̃θ (Y1:n ∈ B |Y−∞:0) =

∫
B

pθn(y1:n|Y−∞:0)ν(dy1) · · · ν(dyn), P̃θ-p.s. (10)

Le résultat principal de l'identi�abilité peut être énoncé comme suit.

Théorème 2.3. Supposons que l'hypothèse (K-1) soit satisfaite et dé�nissons
Pθ, P̃θ et [θ] suivant la dé�nition 2.2. Supposons que l'hypothèse (K-2) soit
également satisfaite. Pour tout θ, θ′ ∈ Θ, on dé�nit pθ,θ

′
(Y1|Y−∞:0) par (9) si

θ 6= θ′, et par pθ,θ(Y1|Y−∞:0) = pθ1(Y1|Y−∞:0), comme dans (10), sinon. Alors,
pour tout θ? ∈ Θ, on a

argmax
θ∈Θ

Ẽθ?
[
ln pθ,θ?(Y1|Y−∞:0)

]
= [θ?].

Ce résultat se fonde uniquement sur les hypothèses (K-1) et (K-2), et ne
nécessite pas de taux vers l'équilibre. Cela est en réalité en profond contraste
avec les résultats existants dans ces modèles, où l'identi�cation de Θ? est
établie sous l'hypothèse de la séparation exponentielle des mesures (voir Douc
et al. [2011]) ou sous l'hypothèse de l'ergodicité géométrique (voir Douc et al.
[2004]).
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2.3 Construction du noyau Φθ,θ′ comme limite rétrogres-

sive

Outre l'hypothèse (K-1), le théorème 2.3 dépend fondamentalement de
l'hypothèse (K-2). Ces hypothèses assurent l'existence du noyau de proba-
bilité Φθ,θ′ qui implique la dé�nition de pθ,θ

′

1 (·|·). On explique maintenant
comment le noyau Φθ,θ′ est obtenu comme limite des noyaux explicites déri-
vés de Kθ sous Pθ′ . Cela s'appliquera généralement aux ODMs, traités dans
la section 2.5, mais aussi dans le cas plus classique des HMMs, comme expli-
qué dans la section 2.4. Une approche habituelle est de dé�nir le noyau Φθ,θ′

comme la limite faible des noyaux suivants.

Dé�nition 2.4. Soit n ∈ Z∗+. Pour tout θ ∈ Θ et x ∈ X, on dé�nit le noyau
de probabilité Φθ

x,n sur Yn+1 ×X par, pour tout y0:n ∈ Yn+1 et A ∈ X ,

Φθ
x,n(y0:n;A) :=

∫
Xn−1×A

n−1∏
k=0

κθ〈yk, yk+1〉(xk; dxk+1)

∫
Xn

n−1∏
k=0

κθ〈yk, yk+1〉(xk; dxk+1)

avec x0 = x.

Il est important de noter que Φθ
x,n(Y0:n; ·) est la distribution conditionnelle

de Xn sachant Y1:n sous Pθ(x,Y0). Pour obtenir le noyau Φθ,θ′ voulu, on prend,
pour une valeur de x (choisie de manière adéquate), la limite de Φθ

x,n(y0:n; ·)
quand n → ∞ et pour une séquence y0:n correspondant à une trajectoire
sous P̃θ′ . L'a�rmation précise est fournie dans l'hypothèse (K-3) suivante,
qui nécessite la dé�nition ci-dessous. Pour tout θ ∈ Θ et pour toute fonction
mesurable f ≥ 0 dé�nie sur X, on �xe

F θf :=
{
x 7→ κθ〈y, y′〉(x; f) : (y, y′) ∈ Y2

}
.

On peut maintenant énoncer l'hypothèse comme suit :

(K-3) Pour tout θ 6= θ′ ∈ Θ, il existe x ∈ X, un noyau de probabilité Φθ,θ′ sur
YZ− ×X et une classe dénombrable F des fonctions X→ R+ mesurables,
tels que pour tout f ∈ F ,

P̃θ′
(
∀f ′ ∈ Fθf ∪ {f}, lim

m→∞
Φθ
x,m(Y−m:0; f ′) = Φθ,θ′(Y−∞:0; f ′) <∞

)
= 1.

Le lemme suivant montre que, à condition que F soit su�samment riche,
l'hypothèse (K-3) peut être utilisée directement pour obtenir l'hypothèse (K-
2). On dit qu'une classe de fonctions X → R se sépare si, pour des mesures
de probabilité µ1 et µ2 sur (X,X ), l'égalité entre µ1(f) et µ2(f) sur f dans
la classe implique l'égalité des deux mesures.
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Lemme 2.5. Supposons que l'hypothèse (K-3) se tient et que F est une
classe de fonctions qui sépare des mesures et contient 1X. Alors, le noyau
Φθ,θ′ satisfait l'hypothèse (K-2).

2.4 Application aux HMM

2.4.1 Dé�nitions et hypothèses

Les modèles de Markov cachés appartiennent à une sous-classe des mo-
dèles de Markov partiellement observés et sont dé�nis comme suit :

Dé�nition 2.6. On considère un modèle de Markov partiellement observé
et partiellement dominé, comme donné dans la dé�nition 2.1, avec les noyaux
de Markov {Kθ : θ ∈ Θ}. On dira que ce modèle est un modèle de Markov
caché si le noyau Kθ satisfait

Kθ((x, y); dx′dy′) = Qθ(x; dx′)Gθ(x′; dy′). (11)

De plus, dans ce contexte, on suppose toujours que (X, dX) est un espace
métrique séparable complet et on note par X la σ-algèbre borélienne associée.

Dans (11), Qθ et Gθ sont des noyaux de transition sur X × X et X × Y ,
respectivement. Puisque le modèle est partiellement dominé, on note par gθ

la dérivée de Radon�Nikodym de Gθ(x; ·) correspondante par rapport à la
mesure dominante ν : pour tout (x, y) ∈ X × Y, dGθ(x;·)

dν
(y) = gθ(x; y). On

peut observer directement que le noyau non-normalisé κθ〈y, y′〉 dé�ni dans
(4) ne dépend plus de y, et dans ce cas, on peut écrire :

κθ〈y, y′〉(x; dx′) = κθ〈y′〉(x; dx′) = Qθ(x; dx′)gθ(x′; y′).

La dynamique du processus de Markov caché peut être illustrée par la �-
gure 2.2.

Xk Xk+1

Yk+1Yk

Xk+2

Yk+2

Qθ

gθ gθ

Qθ

gθ

Figure 2.2 � Représentation graphique du modèle de Markov caché.
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Pour chaque entier n ≥ 1, θ ∈ Θ et chaque séquence y0:n−1 ∈ Yn, consi-
dérons le noyau non-normalisé Lθ〈y0:n−1〉 sur X × X dé�ni par, pour tout
x0 ∈ X et A ∈ X ,

Lθ〈y0:n−1〉(x0;A) =

∫
· · ·
∫ [n−1∏

k=0

gθ(xk; yk)Q
θ(xk; dxk+1)

]
1A(xn).

Ainsi, l'EMV θ̂ξ,n, associé aux observations Y0:n−1 avec une distribution ini-
tiale arbitraire ξ sur X, est dé�ni par

θ̂ξ,n ∈ argmax
θ∈Θ

ξLθ〈Y0:n−1〉1X.

Ici, on démontre l'application du résultat principal (le théorème 2.3) dans
le contexte des HMM en considérant les hypothèses de Douc and Moulines
[2012] dans le cas particulier de blocs de taille 1 (r = 1). Mais avant de lister
les hypothèses principales, on rappelle d'abord la dé�nition d'un ensemble de
Doeblin local (local Doeblin set) comme introduit dans [Douc and Moulines,
2012, Dé�nition 1].

Dé�nition 2.7. Un ensemble C est dit de Doeblin local par rapport à la
famille des noyaux {Qθ : θ ∈ Θ} s'il existe des constantes positives ε−C , ε

+
C ,

et une famille de mesures de probabilité {λθC : θ ∈ Θ}, telles que, pour tout
θ ∈ Θ , λθC(C) = 1, et pour tout A ∈ X et x ∈ C,

ε−Cλ
θ
C(A) ≤ Qθ(x;A ∩ C) ≤ ε+Cλ

θ
C(A).

On considère maintenant l'ensemble des hypothèses suivantes.

(D-1) Il existe une mesure σ-�nie µ sur (X,X ) qui domine Qθ(x; ·) pour tout

(x, θ) ∈ X×Θ. De plus, en notant qθ(x;x′) := dQθ(x;·)
dµ

(x′), on a

qθ(x;x′) > 0, pour tout (x, x′, θ) ∈ X× X×Θ.

(D-2) Pour tout y ∈ Y, on a sup
θ∈Θ

sup
x∈X

gθ(x; y) <∞.

(D-3) (a) Pour tout θ? ∈ Θ, il existe un ensemble K ∈ Y avec P̃θ?(Y0 ∈ K) >
2/3 tel que pour tout η > 0, il existe un ensemble de Doeblin local
C ∈ X par rapport à {Qθ : θ ∈ Θ} satisfaisant, pour tout θ ∈ Θ et
tout y ∈ K,

sup
x∈Cc

gθ(x; y) ≤ η sup
x∈X

gθ(x; y) <∞.
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(b) Pour tout θ? ∈ Θ, il existe un ensemble D ∈ X satisfaisant

inf
θ∈Θ

inf
x∈D

Qθ(x;D) > 0 et Ẽθ?
[
ln− inf

θ∈Θ
inf
x∈D

gθ(x;Y0)

]
<∞.

(D-4) Pour tout θ? ∈ Θ, Ẽθ?
[
ln+ sup

θ∈Θ
sup
x∈X

gθ(x;Y0)

]
<∞.

(D-5) Il existe p ∈ Z+ tel que pour chaque x ∈ X et n ≥ p, la fonction θ 7→
Lθ〈Y0:n〉(x;X) est P̃θ?-p.s. continue sur Θ.

En comparaison, les hypothèses (D-3), (D-4) et (D-5) et (3) dans la dé�-
nition 2.1 correspondent aux hypothèses (A1), (A2) et (A3) dans Douc and
Moulines [2012], où les blocs sont de taille r = 1.

Dans ces modèles, le noyau Φθ
x,n introduit dans la dé�nition 2.4 s'écrit :

Φθ
x,n(y0:n;A) =

∫
Xn−1×A

n−1∏
k=0

Qθ(xk; dxk+1)gθ(xk+1; yk+1)

∫
Xn

n−1∏
k=0

Qθ(xk; dxk+1)gθ(xk+1; yk+1)

avec x0 = x.

2.4.2 Consistance de classe d'équivalence

On peut maintenant énoncer le résultat principal concernant la consis-
tance de classe d'équivalence de l'EMV pour les HMM.

Théorème 2.8. Supposons que (K-1) se tient et dé�nissons Pθ, P̃θ et la
classe d'équivalence [θ] comme dans la dé�nition 2.2. Par ailleurs, supposons
que (Θ,∆) est un espace métrique compact et que les hypothèses (D-1)�(D-5)
se tiennent. Alors, pour toute mesure de probabilité ξ,

lim
n→∞

∆(θ̂ξ,n, [θ?]) = 0, P̃θ?-p.s.

2.4.3 Un exemple polynomialement ergodique

Comme application du théorème 2.8, on considère le modèle HMM sui-
vant. On pose X = R+, X = B(R+), Y = R et Y = B(R) et on dé�nit un
HMM sur X× Y par les récursions suivantes :

Xk = (Xk−1 + Uk −m)+ ,

Yk = aXk + Vk,
(12)
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où (m, a) ∈ R∗+ × R, et la séquence {(Uk, Vk) : k ∈ Z+} est indépendante
et identiquement distribuée (i.i.d.) et est indépendante de X0. Ce modèle de
Markov {Xk : k ∈ Z+} a été proposé par Tuominen and Tweedie [1994] et
considéré de plus par Jarner and Roberts [2002] comme un exemple de chaîne
de Markov polynomialement ergodique, dans des hypothèses spéci�ques faites
sur Uk's. C'est-à-dire que, si Uk's sont centrées et E[eλU

+
k ] =∞ pour chaque

λ > 0, on peut montrer que la chaîne {Xk : k ∈ Z+} n'est pas géomé-
triquement ergodique. Dans une telle situation, la condition de séparation
exponentielle de mesures introduite dans Douc et al. [2011] semble di�cile à
véri�er. Pour établir la consistance de classe d'équivalence de l'EMV de ce
modèle, on suppose de plus que U0 et V0 sont indépendantes et centrées, et
que les deux admettent des densités par rapport à la mesure de Lebesgue λ
sur R, notées r et h, respectivement. On suppose également que

(E-1) on a :

(a) la densité r est continue et positive sur R ;

(b) il existe une constante α > 2 telle que r(u)|u|α+1 est strictement
bornée de ∞ quand |u| → ∞ et de 0 quand u→∞ ;

(E-2) on a :

(a) la densité h est continue et positive sur R, et lim|v|→∞ h(v) = 0 ;

(b) il existe une constante β ∈ [1, α − 1) (avec α donnée par (E-1))
et b, c > 0 satisfaisant E(|V0|β) < ∞ et h(v) ≥ be−c|v|

β
pour tout

v ∈ R.

Par exemple, une distribution de Pareto symétrique avec un paramètre stric-
tement plus large que 2 satisfait (E-1), et à condition que α > 3, (E-2) se
tient avec une distribution gaussienne centrée. Le modèle est paramétré par
θ = (m, a) ∈ Θ := [m,m]× [a, a] où 0 < m < m et a < a. Dans ce modèle, la
transition markovienne Qθ de {Xk : k ∈ Z+} admet une densité de transi-
tion qθ par rapport à la mesure dominante µ(dx) = λ(dx) + δ0(dx), que l'on
peut écrire ainsi : pour tout (x, x′) ∈ R2

+,

qθ(x;x′) = r(x′ − x+m)1{x′ > 0}+

(∫ m−x

−∞
r(u)du

)
1{x′ = 0}.

Par ailleurs, (12) implique que

gθ(x; y) = h(y − ax).

On a maintenant le résultat.
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Proposition 2.9. Considérons le HMM dé�ni comme dans (12) dans les
hypothèses (E-1) et (E-2). Alors (K-1) se tient, et on dé�nit Pθ, P̃θ et la
classe d'équivalence [θ] comme dans la dé�nition 2.2. De plus, pour chaque
mesure de probabilité ξ, l'EMV θ̂ξ,n est consistant de classe d'équivalence,
c'est-à-dire que pour tout θ? ∈ Θ,

lim
n→∞

∆(θ̂ξ,n, [θ?]) = 0, P̃θ?-p.s.

2.5 Application aux ODM

2.5.1 Dé�nitions et notation

Les ODM forment une sous-classe des modèles de Markov partiellement
dominés et partiellement observés. Ils sont dé�nis formellement comme suit :

Dé�nition 2.10. Considérons un modèle de Markov partiellement observé
et partiellement dominé comme donné dans la dé�nition 2.1 avec pour noyaux
de Markov {Kθ : θ ∈ Θ}. On dit que ce modèle est un modèle observation-
driven si le noyau Kθ satisfait

Kθ ((x, y); dx′dy′) = δψθy(x)(dx
′)Gθ(x′; dy′), (13)

où δa note la masse de Dirac au point a, Gθ est un noyau de probabilité sur
X × Y et {(x, y) 7→ ψθy(x) : θ ∈ Θ} est une famille de fonctions mesurables
de (X× Y,X ⊗ Y) à (X,X ). On remarque que le processus {Xk : k ≥ 1} en
lui-même est une chaîne de Markov avec un noyau de transition dé�ni par

Rθ(x;A) =

∫
1A(ψθy(x)) Gθ(x; dy), x ∈ X, A ∈ X . (14)

Dans ce contexte, on suppose toujours que (X, dX) est un espace métrique
séparable complet et X représente la σ-algèbre borélienne associée.

Notons qu'une chaîne de Markov {(Xk, Yk) : k ∈ Z+} avec le noyau de
probabilité donné par (13) peut être dé�nie de manière équivalente par les
récursions suivantes :

Xk+1 = ψθYk(Xk),

Yk+1|X0:k+1, Y0:k ∼ Gθ(Xk+1; ·),
(15)

et peut être graphiquement répresentée comme dans la �gure 2.3.
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Xk Xk+1

Yk+1Yk

Xk+2

Yk+2

ψθ

Gθ

Figure 2.3 � Répresentation graphique des ODM.

L'exemple le plus connu est le processus GARCH(1, 1), où Gθ(x; ·) est
une distribution centrée (dite gaussienne) de variance x et où ψθy(x) est une
fonction a�ne de x et de y2.

Dans le cas spéci�que de la dé�nition 2.1, pour tout x ∈ X, le noyau de
probabilité Gθ(x; ·) est dominé par une mesure σ-�nie ν sur (Y,Y), et on
note gθ(x; ·) sa dérivée de Radon�Nikodym, gθ(x; y) = dGθ(x;·)

dν
(y). Un ODM

paramétré dominé est ainsi dé�ni par la collection {(gθ, ψθ) : θ ∈ Θ}. Par
ailleurs, (3) peut être ré-écrite dans ce cas : pour tout (x, y) ∈ X×Y et pour
tout θ ∈ Θ,

gθ(x; y) > 0.

Dans (K-1), on suppose que le modèle est bien spéci�é, c'est-à-dire que
l'échantillon d'observations (Y1, . . . , Yn) est distribué selon P̃θ? pour un pa-
ramètre θ? inconnu. L'inférence de θ? est basée sur la vraisemblance condi-
tionnelle de (Y1, . . . , Yn) sachant X1 = x pour une valeur arbitraire x ∈ X.
La fonction de densité correspondante par rapport à la mesure ν⊗n est, sous
le paramètre θ,

y1:n 7→
n∏
k=1

gθ
(
ψθ〈y1:k−1〉(x); yk

)
,

où, pour tout vecteur y1:p = (y1, . . . , yp) ∈ Yp, ψθ〈y1:p〉 est la fonction X→ X
dé�nie comme la composition successive de ψθy1

, ψθy2
, ..., et ψθyp ,

ψθ〈y1:p〉 = ψθyp ◦ ψ
θ
yp−1
◦ · · · ◦ ψθy1

, (16)

avec la convention que ψθ〈ys:t〉(x) = x pour s > t. Alors, l'EMV (condition-
nel) θ̂x,n du paramètre θ correspondant est dé�ni par

θ̂x,n ∈ argmax
θ∈Θ

Lθx,n〈Y1:n〉, (17)

où

Lθx,n〈y1:n〉 := n−1 ln

(
n∏
k=1

gθ
(
ψθ〈y1:k−1〉(x); yk

))
. (18)
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On fournira des conditions simples pour obtenir la consistance de θ̂x,n
dans le sens que, avec une probabilité tendant vers un, pour une valeur de x
bien choisie, θ̂x,n appartient à un voisinage de la classe d'équivalence [θ?] de
θ?, comme donnée dans la dé�nition 2.2.

2.5.2 Identi�abilité

Considérons les hypothèses suivantes.

(C-1) Pour tout θ 6= θ? ∈ Θ, il existe une valeur x ∈ X et une fonction mesurable
ψθ,θ?〈·〉 dé�nie sur YZ− telles que

lim
m→∞

ψθ〈Y−m:0〉(x) = ψθ,θ?〈Y−∞:0〉, P̃θ?-p.s. (19)

(C-2) Pour tout θ ∈ Θ et y ∈ Y, la fonction x 7→ gθ(x; y) est continue sur X.

(C-3) Pour tout θ ∈ Θ et y ∈ Y, la fonction x 7→ ψθy(x) est continue sur X.

Dans les ODM, le noyau κθ dé�ni dans (4) s'écrit

κθ〈y, y′〉(x; dx′) = gθ(x′; y′)δψθy(x)(dx
′) = gθ

(
ψθy(x); y′

)
δψθy(x)(dx

′),

et le noyau de probabilité Φθ
x,n dans la dé�nition 2.4 se lit, pour tout x ∈ X

et y0:n ∈ Yn+1,
Φθ
x,n(y0:n; ·) = δψθ〈y0:n−1〉(x)(·)

(la masse de Dirac au point ψθ〈y0:n−1〉(x)). En utilisant ces expressions, on
obtient le résultat suivant qui est un cas spécial du théorème 2.3.

Théorème 2.11. On suppose que (K-1) se tient dans le cadre de l'ODM
et on dé�nit Pθ, P̃θ et [θ] comme dans la dé�nition 2.2. On suppose que
les hypothèses (C-1), (C-2) et (C-3) se tiennent, et on dé�nit pθ,θ?(·|·) en
mettant, pour y−∞:0 ∈ YZ− P̃θ? presque partout,

pθ,θ?(y1 | y−∞:0) =

{
gθ
(
ψθ,θ?〈y−∞:0〉; y1

)
si θ 6= θ?,

pθ1(y1 | y−∞:0) comme dé�nie dans (10), sinon.

(20)
Alors, pour tout θ? ∈ Θ, on a

argmax
θ∈Θ

Ẽθ?
[
ln pθ,θ?(Y1|Y−∞:0)

]
= [θ?]. (21)
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3 Consistance de l'EMV pour la classe des

PMM entièrement dominés

Dans cette section, nous examinons la consistance de l'EMV pour la classe
des PMM entièrement dominés. En suivant l'approche de Douc and Moulines
[2012] pour dériver la convergence de l'EMV à l'ensemble des minima du
taux d'entropie relative dans des HMM mal spéci�és, dans des conditions
su�santes assez faibles, la convergence de l'EMV pour cette classe est établie.
De plus, quand le modèle est bien spéci�é, en suivant Douc et al. [2014], dans
ces mêmes conditions, l'identi�abilité est également obtenue, établissant la
consistance de classe d'équivalence de l'EMV. Ce résultat est obtenu comme
produit de la convergence de l'EMV par blocs, que nous décrivons ci-dessous.

3.1 Consistance de l'EMV par blocs

3.1.1 Dé�nitions et notation

Soient (X,X ) et (Z,Z) deux espaces boréliens et Θ un espace des para-
mètres, qui est toujours supposé être un espace métrique compact muni d'un
métrique ∆. Soit (Ω,F ,P) un espace des probabilités, et {Zk : k ∈ Z} un
processus stochastique prenant des valeurs sur (Z,Z), et dont on suppose
qu'il est observé. Dans cette section, nous suppose l'hypothèse suivante.

(L-1) Le processus stochastique {Zk : k ∈ Z} est stationnaire et ergodique sur
(Z,Z).

On note PZ l'image de la probabilité P induite par le processus stationnaire
{Zk : k ∈ Z} sur l'espace produit (ZZ,Z⊗Z) et on note EZ l'espérance
associée. Soit {Lθ〈z〉 : (θ, z) ∈ Θ × Z} une famille de noyaux de transition
sur (X,X ) telle que pour tout θ ∈ Θ, toute mesure de probabilité χ sur
(X,X ) et toute fonction mesurable positive f sur X, la fonction z 7→ χLθ〈z〉f
est mesurable sur (Z,Z). Ici, on remarque que cette famille de noyaux de
transition peut être ou non liée au processus stochastique observé {Zk : k ∈
Z}. On dé�nit maintenant ce qui suit.

Dé�nition 3.1 (Noyau de vraisemblance). Soient θ ∈ Θ, n ∈ Z∗+ et z0:n−1 ∈
Zn. Le noyau de vraisemblance (paramétrique) par rapport à la famille
{Lθ〈z〉 : (θ, z) ∈ Θ × Z} de l'échantillon z0:n−1, noté Lθn〈z0:n−1〉, est dé�ni
comme l'application successive de noyaux de transition Lθ〈z0〉, . . . ,Lθ〈zn−1〉
de la famille {Lθ〈z〉 : (θ, z) ∈ Θ × Z}. Formellement, pour tout (x0, A) ∈
X×X ,

Lθn〈z0:n−1〉(x0;A) :=

∫
Lθ〈z0〉(x0; dx1) · · ·Lθ〈zn−1〉(xn−1; dxn)1A(xn). (22)
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Par dé�nition, Lθn〈z0:n−1〉 dé�nit également un noyau de transition sur
(X,X ). Par ailleurs, pour tout θ ∈ Θ, n, p ∈ Z∗+ et z0:n+p−1 ∈ Zn+p, l'identité :

Lθn+p〈z0:n+p−1〉 = Lθn〈z0:n−1〉Lθp〈zn:n+p−1〉

se tient. Dans ce qui suit, on notera toujours P(X,X ) l'ensemble des mesures
de probabilité sur (X,X ). Pour des commodités de notation, l'indice n sera
omis de Lθn qui est été dé�ni dans (22). Ensuite, On suppose toujours que pour
tout θ ∈ Θ, n ∈ Z∗+, z0:n−1 ∈ Zn et toute mesure de probabilité χ ∈ P(X,X ),

0 < χLθ〈z0:n−1〉1X <∞. (23)

La dé�nition suivante dé�nit la version conditionnelle du noyau de vrai-
semblance.

Dé�nition 3.2. Soit θ ∈ Θ. Pour tout m,n ∈ Z+ avec m < n, zm:n ∈
Zn−m+1, χ ∈ P(X,X ) et toute fonction mesurable f de (X,X ) à (R,B(R)),
on dé�nit

χLθ〈zp:n|zm:p−1〉f :=
χLθ〈zm:n〉f

χLθ〈zm:p−1〉1X

, m < p ≤ n. (24)

Dé�nition 3.3. Soient n ∈ Z∗+, la séquence Z0:n−1 des observations réa-
lisées du processus stochastique {Zk : k ∈ Z} et x0 ∈ X. La fonction
θ 7→ Lθn〈Z0:n−1〉(x0;X) est appelée la fonction de L-vraisemblance (condition-
nelle) par rapport à la famille {Lθ〈z〉 : (θ, z) ∈ Θ×Z} des observations Z0:n−1

sachant X0 = x0. On dé�nit l'estimateur du maximum de L-vraisemblance
correspondant par rapport à la famille {Lθ〈z〉 : (θ, z) ∈ Θ × Z}, associé à
une distribution de probabilité initiale arbitraire χ ∈ P(X,X ) par

θ̂Lχ,n ∈ argmax
θ∈Θ

χLθ〈Z0:n−1〉1X. (25)

Quand χ est δx, la masse de Dirac au point x ∈ X, l'estimateur du maximum
de L-vraisemblance dé�ni dans (25) sera simplement noté θ̂Lx,n.

Dans cette présente section, nous voulons établir que sous certaines condi-
tions, il existe un sous-ensemble non-vide ΘL

? ⊆ Θ tel que ∆(θ̂Lχ,n,Θ
L
? ), la dis-

tance entre θ̂Lχ,n et ΘL
? , converge PZ-p.s. vers zéro quand n→∞. La preuve

de ce résultat suit des arguments similaires à ceux de Douc and Moulines
[2012]. La première étape consiste à établir la limite de la L-vraisemblance,
c'est-à-dire à montrer qu'il existe une fonction L(θ) en θ ∈ Θ telle que pour
tout θ ∈ Θ,

lim
n→∞

n−1 lnχLθ〈Z0:n−1〉1X = L(θ), PZ-p.s. (26)
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La seconde étape consiste à prouver que la valeur qui maximise θ 7→
χLθ〈Z0:n−1〉1X converge PZ-p.s. vers l'ensemble des maxima ΘL

? =
argmaxθ∈Θ L(θ). On décrit maintenant brièvement la manière dont ces deux
étapes essentielles est établie. Lors de la formulation de la première étape, on
note tout d'abord que de la relation (24) de la dé�nition 3.2, on peut écrire

n−1 lnχLθ〈Z0:n−1〉1X = n−1

n−1∑
k=0

lnχLθ〈Zk|Z0:k−1〉1X.

Ensuite, il est nécessaire de montrer qu'il existe une fonction PZ-intégrable
πθZ : ZZ− → R telle que

∣∣χLθ〈Zk|Z0:k−1〉1X − πθZ(Z−∞:k−1)
∣∣ converge PZ-p.s.

vers zéro quand k → ∞. Ce résultat peut être obtenu en établissant l'oubli
exponentiel de la distribution initiale (the exponential forgetting of the initial
distribution) de la L-vraisemblance conditionnelle, et dans ce but, on emploie
la technique de couplage introduite par Kleptsyna and Veretennikov [2008]
et a�née par Douc et al. [2009]. Alors, puisque le processus {Zk : k ∈ Z} est
stationnaire et ergodique, le théorème ergodique de Birkho� s'applique, et
(26) s'ensuit, avec L(θ) = EZ

[
ln πθZ(Z−∞:0)

]
, à condition que cette dernière

quantité soit �nie (l'approche utilisée ici a été proposée par Baum and Pe-
trie [1966] dans le cadre des HMM d'espace d'état �ni, puis généralisée par
Douc et al. [2004] dans le cadre des HMM d'espace d'état général, mais sous
des conditions techniques strictes). Quand la première étape est achevée, on
applique Pfanzagl [1969] pour obtenir la deuxième étape, à condition qu'on
puisse montrer que θ 7→ L(θ) est semi-continue.

3.1.2 Convergence de l'estimateur du maximum de L-
vraisemblance

Les hypothèses suivantes peuvent être utilisées pour obtenir la conver-
gence de l'estimateur du maximum de L-vraisemblance θ̂Lχ,n de la L-
vraisemblance χLθ〈Z0:n−1〉1X. Avant de lister ces hypothèses, on introduit
la dé�nition suivante, qui nous sera utile.

Dé�nition 3.4 (Ensemble de Doeblin L-local). Soit C ∈ X un sous-ensemble
non-vide de X. L'ensemble C est appelé ensemble de Doebln L-local par
rapport à la famille {Lθ〈z〉 : (θ, z) ∈ Θ × Z} s'il existe des fonctions po-
sitives ε−C : Z → R+, ε

+
C : Z → R+, une famille de la mesure de pro-

babilités {µθC〈z〉 : (θ, z) ∈ Θ × Z} sur (X,X ) et une famille de fonc-
tions positives {ϕθC〈z〉 : (θ, z) ∈ Θ × Z} de X à R, telles que pour tout
(θ, z) ∈ Θ × Z, µθC〈z〉(C) = 1, et pour toute fonction positive et mesurable
f : (X,X )→ (R,B(R)) et x ∈ C,

ε−C〈z〉ϕ
θ
C〈z〉(x)µθC〈z〉(1Cf) ≤ δxL

θ〈z〉(1Cf) ≤ ε+C〈z〉ϕ
θ
C〈z〉(x)µθC〈z〉(1Cf).
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On remarque que l'ensemble de Doeblin L-local dans la dé�nition 3.4 est
similaire à l'ensemble dit de Doeblin r-local dé�ni dans [Douc and Moulines,
2012, Dé�nition 1], hormis le fait que le premier ensemble est dé�ni par rap-
port à la famille générale de noyaux {Lθ〈z〉}(θ,z)∈Θ×Z, alors que le deuxième
est dé�ni par rapport à la famille de noyaux de transition spéci�que qui
spéci�e les HMM.

(L-2) Il existe un ensemble K ∈ Z tel que les conditions suivantes se tiennent.

(i) PZ(Z0 ∈ K) > 2/3.

(ii) Pour tout η > 0, il existe un ensemble de Doeblin L-local C ∈ X tel
que pour tout θ ∈ Θ et z ∈ K,

sup
x∈Cc

δxL
θ〈z〉1X ≤ η sup

x∈X
δxL

θ〈z〉1X <∞ (27)

et

inf
z∈K

ε−C〈z〉
ε+C〈z〉

> 0, (28)

où les fonctions ε+C et ε−C sont données dans la dé�nition 3.4.

(L-3) Il existe un ensemble D ∈ X tel que

EZ
[
ln− inf

θ∈Θ
inf
x∈D

Lθ〈Z0〉(x;D)

]
<∞. (29)

(L-4) On a

EZ
[
ln+ sup

θ∈Θ
sup
x∈X

Lθ〈Z0〉(x;X)

]
<∞. (30)

(L-5) Il existe un nombre entier positif p tel que pour tout n ≥ p et x ∈ X, la
fonction θ 7→ Lθ〈Z0:n−1〉(x;X) est PZ-p.s. continue sur Θ.

En�n, pour énoncer notre résultat, la dé�nition ci-dessous est nécessaire.

Dé�nition 3.5. Soit A ∈ X un sous-ensemble mesurable de X. La collection
M+(A) note l'ensemble de toutes les distributions de probabilité sur (X,X )
qui ne s'annulent pas sur A, c'est-à-dire que si χ ∈ P(X,X ) telle que χ(A) >
0, alors χ ∈M+(A).

Les hypothèses (L-1)�(L-4) impliquent que pour toute mesure de probabi-
lité χ ∈M+(D), il existe cette fonction PZ-intégrable πθZ : ZZ− → R telle que∣∣χLθ〈Zk|Z0:k−1〉1X − πθZ(Z−∞:k−1)

∣∣ converge PZ-p.s. vers zéro quand k →∞.
En conséquence, on a le théorème suivant.
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Théorème 3.6. On suppose que (L-1)�(L-5) se tiennent. On suppose de plus
que pour tout χ ∈M+(D), PZ-p.s.,

lim sup
n→∞

sup
θ∈Θ

n−1
∣∣∣lnχĽθ〈Z0:n−1〉1X − lnχLθ〈Z0:n−1〉1X

∣∣∣ = 0,

où pour tout n ∈ Z∗+, z0:n−1 ∈ Zn et θ ∈ Θ, Ľ
θ〈z0:n−1〉 est un noyau positif

sur X × X et tel que θ 7→ χĽ
θ〈z0:n−1〉1X est continue. Alors, pour tout χ ∈

M+(D),
lim
n→∞

∆
(
θ̌Lχ,n,Θ

L
?

)
= 0, PZ-p.s.,

où
θ̌Lχ,n ∈ argmax

θ∈Θ
n−1 lnχĽ

θ〈Z0:n−1〉1X

et
ΘL
? := argmax

θ∈Θ
EZ
[
ln πθZ(Z−∞:0)

]
.

Le résultat ci-dessous est une implication directe du théorème 3.6.

Corollaire 3.7. On suppose que (L-1)�(L-5) se tiennent. Alors, pour tout
χ ∈M+(D), PZ-p.s.,

lim
n→∞

∆(θ̂Lχ,n,Θ
L
? ) = 0, PZ-p.s.,

où θ̂Lχ,n est l'estimateur du maximum de L-vraisemblance dé�ni dans (25).

3.2 Consistance de l'EMV dans la classe des PMM en-

tièrement dominés

Maintenant, on considère la consistance de l'EMV pour une sous-classe
des PMM considérés dans la section 2, à savoir la classe des PMM entièrement
dominés, dans le cadre des modèles bien spéci�és. Cette classe contient beau-
coup de modèles d'intérêt, par exemple des HMM, des modèles de Markov
à changement de régime et beaucoup des chaînes de Markov en environne-
ment aléatoire, dont les lois de distribution sont dominées par des mesures
σ-�nies �xées. Le résultat principal de cette présente section est obtenu par
la combinaison du résultat de convergence de l'estimateur du maximum de
L-vraisemblance dérivé dans la section 3.1, avec le résultat d'identi�abilité
obtenu dans la section 2.

Dé�nition 3.8. On dit que le modèle de Markov partiellement observé {Kθ :
θ ∈ Θ} donné dans la dé�nition 2.1 de la section 2 est entièrement dominé
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s'il existe de plus une mesure σ-�nie positive µ sur X telle que pour tout
(x, y), (x′, y′) ∈ X× Y,

Qθ ((x, y); dx′) = qθ ((x, y);x′)µ(dx′) (31)

et si la fonction de densité conditionnelle qθ satisfait par ailleurs

qθ((x, y);x′) > 0. (32)

Il s'ensuit que κθ dans (4) satisfait, pour tout x, x′ ∈ X et y, y′ ∈ Y,

κθ〈y, y′〉(x; dx′) := qθ ((x, y);x′) gθ ((x, y, x′); y′)µ(dx′).

Dans cette section, on restreint notre considération au cas où X est un
espace métrique complet et séparable muni d'un métrique dX et où X est la
σ-algèbre boréllienne associée. Pour tout nombre entier s ≥ 1, y0:s ∈ Ys+1 et
θ ∈ Θ, on dé�nit le noyau (possiblement non-normalisé) `θ〈y0:s〉 sur X × X
par, pour tout (x0, A) ∈ X×X ,

`θ〈y0:s〉(x0;A) :=

∫
Xs
1A(xs)

s−1∏
i=0

κθ〈yi, yi+1〉(xi; dxi+1). (33)

On remarque que pour tout θ ∈ Θ, le noyau `θ est positif et le terme de
gauche de (33) est strictement positif quand A = X. Par dé�nition, la log-
vraisemblance Lξ,n(θ) donnée par (6) peut être exprimée comme, pour toute
mesure χ ∈ P(X,X ) et ξ = χ⊗ δy0 ,

Lξ,n(θ) = lnχ`θ〈y0:n〉1X.

On présente les hypothèses supplémentaires qui produisent la consistance
de l'EMV dé�nie par (5).

(F-1) L'hypothèse (K-1) se tient. Par ailleurs, pour tout θ? ∈ Θ, il existe un
entier r ≥ 1 et un ensemble K ∈ Y⊗(r+1) tels que, en notant Z := Yr+1

et, pour k ∈ Z,

zi := ykr:(k+1)r ∈ Z , Zk := Ykr:(k+1)r ∈ Z,

chacune des conditions suivantes se tient.

(i) P̃θ?(Z0 ∈ K) > 2/3.

(ii) Pour tout η > 0, il existe un ensemble de Doeblin L-local C ∈ X
par rapport à la famille {`θ〈z〉}(θ,z)∈Θ×Z (donné dans la dé�nition 3.4
avec `θ dé�ni par (33)) tel que pour tout θ ∈ Θ and z ∈ K,

sup
x∈Cc

`θ〈z〉(x;X) ≤ η sup
x∈X

`θ〈z〉(x;X) <∞ (34)
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et

inf
z∈K

ε−C〈z〉
ε+C〈z〉

> 0, (35)

où les fonctions ε+C et ε−C sont données dans la dé�nition 3.4.

(iii) Il existe un ensemble D ∈ X tel que

Ẽθ?
[
ln− inf

θ∈Θ
inf
x∈D

`θ〈Z0〉(x;D)

]
<∞. (36)

(F-2) On a,

Ẽθ?
[

ln+ sup
θ∈Θ

sup
(x,x′)∈X2

gθ((x, Y0, x
′);Y1)

]
<∞. (37)

(F-3) Pour tout θ? ∈ Θ, il existe un entier p ≥ 1 tel que pour tout n ≥ p et
x ∈ X, la fonction θ 7→ `θ〈Y0:n〉(x;X) est P̃θ?-p.s. continue sur Θ.

Ces hypothèses peuvent être utilisées pour dériver la convergence de
l'EMV dans le cadre des modèles mal spéci�és, hormis le fait que dans (F-1),
plutôt que de supposer que l'hypothèse (K-1) se tient, on suppose à la place
que, avec le même r, le processus observé {Yk:k+r : k ∈ Z} est stationnaire
et ergodique. Cela généralise alors le résultat obtenu dans la section 2.4 et
élargit le résultat de Douc and Moulines [2012] au-delà des HMM.

Il est toujours souhaitable que la consistance soit montrée insensible par
rapport à toute mesure de probabilité initiale ξ sur X×Y. Malheureusement,
toutes les mesures de probabilité ξ ne peuvent satisfaire ceci ; et il est donc
important de considérer une classe de mesures de probabilité initiales de telle
sorte que le résultat se tienne. Pour l'entier r et l'ensemble D ∈ X dé�ni dans
(F-1), soitMθ?(D, r) le sous-ensemble de P(X,X ) des mesures de probabilité
sur (X,X ) satisfaisant

Mθ?(D, r) =

{
χ ∈ P(X,X ) :

Ẽθ?
[
ln− inf

θ∈Θ
χ`θ〈Y0:s〉1D

]
<∞, pour tout s ∈ {1, . . . , r}

}
.

On a maintenant tous les outils nécessaires pour dériver les résultats
concernant la consistance de l'EMV pour des PMM entièrement dominés.
Ces résultats sont énoncés comme suit.

Théorème 3.9. On suppose (K-1), (F-1)�(F-3). Alors, pour tout χ ∈
Mθ?(D, r), en notant ξ = χ⊗ δY0, on a

lim
n→∞

∆
(
θ̂ξ,n, [θ?]

)
= 0, P̃θ?-p.s.,
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où θ̂ξ,n est dé�ni par (5) et [θ?] est la classe d'équivalence de θ? comme dé�nie
dans la dé�nition 2.2.

4 Consistance de l'EMV dans la classe des

ODM

Cette section a pour but d'établir des propriétés asymptotiques pour la
classe générale des ODM de premier ordre considérée plus tôt dans la section
2.5. L'existence d'une solution ergodique et la consistance de l'EMV sont
dérivées dans des conditions qui sont faciles à véri�er. On démontre nos
résultats avec des ODM spéci�ques, qui incluent les modèles NBIN-GARCH
et NM-GARCH mentionnés dans la section 1.2, montrant la consistance de
l'EMV pour ces deux modèles.

4.1 Consistance de classe d'équivalence de l'EMV

Dans cette partie, on restreint notre considération au cas où X est un
espace métrique complet et séparable muni d'un métrique dX et X est la
σ-algèbre borélienne associée. On suppose toujours que l'hypothèse (K-1)
se tient. Voici une liste des hypothèses supplémentaires sur lesquelles notre
résultat de convergence repose.

(A-1) Il existe une fonction V̄ : X→ R+ telle que, pour tout θ ∈ Θ, πθ1(V̄ ) <∞.

L'hypothèse (A-1) est souvent obtenue comme produit de la preuve de l'hy-
pothèse (A-1) ; voir la section 4.2. Il est ici énoncé comme hypothèse par
commodité. L'ensemble des conditions suivantes peut être aisément véri�é
sur gθ et ψθ.

(B-1) Pour tout y ∈ Y, la fonction (θ, x) 7→ gθ(x; y) est continue sur Θ× X.

(B-2) Pour tout y ∈ Y, la fonction (θ, x) 7→ ψθy(x) est continue on Θ× X.

La fonction V̄ qui apparaît dans (B-3)(viii) ci-dessous est la même que celle
dans l'hypothèse (A-1). Par ailleurs, dans cette condition et tout au long de
cette section, on écrit f . V pour une fonction réelle f et pour une fonction
positive V dé�nie sur le même espace X, lorsqu'il existe une constante positive
c telle que |f(x)| ≤ cV (x) pour tout x ∈ X.

(B-3) Il existe x1 ∈ X, un ensemble fermé X1 ⊆ X, % ∈ (0, 1), C ≥ 0 et des
fonctions mesurables ψ̄ : X→ R+, H : R+ → R+ et φ̄ : Y → R+ tels que
les a�rmations suivantes se tiennent.

(i) Pour tout θ ∈ Θ et (x, y) ∈ X× Y, ψθy(x) ∈ X1.
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(ii) sup
(θ,x,y)∈Θ×X1×Y

gθ(x; y) <∞.

(iii) Pour tout θ ∈ Θ, n ∈ Z+, x ∈ X, et y1:n ∈ Yn,

dX

(
ψθ〈y1:n〉(x1), ψθ〈y1:n〉(x)

)
≤ %n ψ̄(x). (38)

(iv) ψ̄ est localement bornée.

(v) Pour tout θ ∈ Θ et y ∈ Y, ψ̄(ψθy(x1)) ≤ φ̄(y).

(vi) Pour tout θ ∈ Θ et (x, x′, y) ∈ X1 × X1 × Y,∣∣∣∣ln gθ(x; y)

gθ(x′; y)

∣∣∣∣ ≤ H(dX(x, x′)) eC (dX(x1,x)∨dX(x1,x′)) φ̄(y). (39)

(vii) H(u) = O(u) quand u→ 0.

(viii) Si C = 0, alors, pour tout θ ∈ Θ,

Gθ ln+ φ̄ . V̄ ; (40)

sinon, pour tout θ ∈ Θ,
Gθφ̄ . V̄ . (41)

On remarque que les hypothèses ci-dessus impliquent (C-1), (C-2) et (C-3).
On énonce maintenant notre résultat principal comme suit.

Théorème 4.1. On suppose que (K-1), (A-1), (B-1), (B-2) et (B-3) se
tiennent. Alors, en �xant x = x1 ∈ X comme dans (B-3),

lim
n→∞

∆
(
θ̂x,n, [θ?]

)
= 0, P̃θ?-p.s.,

où θ̂x,n est dé�ni par (17) et la classe d'équivalence [θ?] est donnée par (21).

4.2 Ergodicité

Dans cette section, l'ODM est étudié pour prouver la condition (A-1).
Puisque c'est une condition de type � pour tout θ (...) �, pour alléger la
notation, on omet l'exposant θ de, par exemple, Gθ, Rθ (donné par (14)) et
ψθ, et on écrit G, R et ψ respectivement à la place.

L'ergodicité de chaînes de Markov est habituellement étudiée en utilisant
la ϕ-irréducibilité. Cette approche est connue pour être assez e�cace quand
on travaille sur des modèles entièrement dominés ; voir Meyn and Tweedie
[2009]. Il n'en va pas de même pour les ODM, où d'autres outils sont né-
cessaires ; voir Fokianos and Tjøstheim [2011], Douc et al. [2013]. Puisque
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l'ergodicité est étudiée pour un paramètre donné θ, les résultats d'ergodicité
de Douc et al. [2013] s'appliquent directement, même si les ODM sont res-
treints au cas où g ne dépend pas du paramètre inconnu θ dans cet article.
Notre contribution principale ici est de se concentrer sur une liste d'hypo-
thèses faciles à véri�er produisant les conditions d'ergodicité (A-1) et (A-1).
On fournit également un lemme (le lemme 4.3) qui engendre la construction
de fonctions instrumentales α et φ utilisées dans la liste des hypothèses.

(A-2) L'espace mesurable (X, dX) est un espace métrique compact localement,
complet et séparable, et sa σ-algèbre associée X est la σ-algèbre borélienne.

(A-3) Il existe (λ, β) ∈ (0, 1)× R+ et une fonction mesurable V : X→ R+ tels
que RV ≤ λV + β, et {V ≤M} est compact pour tout M > 0.

(A-4) Le noyau de Markov R est weak Feller, c'est-à-dire que pour toute fonction
continue et bornée f dé�nie sur X, Rf est continue et bornée sur X.

(A-5) Le noyau de Markov R a un point accessible, c'est-à-dire qu'il existe x0 ∈ X
tel que, pour tout x ∈ X et tout voisinage N de x0, R

m(x;N ) > 0 pour
au moins un entier positif m.

(A-6) On a sup
(x,x′,y)∈X2×Y

x 6=x′

dX(ψy(x), ψy(x
′))

dX(x, x′)
< 1.

(A-7) Il existe une fonction mesurable α de X2 à [0, 1], une fonction mesurable
φ : X2 → X et une fonction mesurable W : X2 → [1,∞) telles que les
a�rmations suivantes se tiennent.

(i) Pour tout (x, x′) ∈ X2 et y ∈ Y,

min {g(x; y), g(x′; y)} ≥ α(x, x′)g (φ(x, x′); y) . (42)

(ii) Pour tout x ∈ X,W (x, ·) et bornée de manière �nie dans un voisinage
de x, c'est-à-dire qu'il existe γx > 0 tel que sup

x′∈B(x,γx)

W (x, x′) <∞.

(iii) Pour tout (x, x′) ∈ X2, 1− α(x, x′) ≤ dX(x, x′)W (x, x′).

(iv) sup
(∫

Y
W (ψy(x), ψy(x

′))G(φ(x, x′); dy)−W (x, x′)
)
< ∞, où le

supremum est pris sur tout (x, x′) ∈ X2.

On peut maintenant énoncer le résultat principal d'ergodicité.

Théorème 4.2. Les conditions (A-2), (A-3), (A-4), (A-5), (A-6) et (A-7)
impliquent que K admet une distribution stationnaire unique π sur X × Y.
De plus, π1V̄ <∞ pour toute V̄ : X→ R+ telle que V̄ . V .

On fournit maintenant un cadre général de construction des fonctions α
et φ qui apparaissent dans (A-7).
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Lemme 4.3. On suppose que X = CS pour un espace mesurable (S,S) et
C ⊆ R. Alors, pour tout x ∈ X, on écrit x = (xs)s∈S, où xs ∈ C pour
tout s ∈ S. On suppose par ailleurs que pour tout x = (xs)s∈S ∈ X, on peut
exprimer la densité conditionnelle g(x; ·) comme un mélange de densités de la
forme j(xs)h(xs; ·) sur s ∈ S. C'est-à-dire que pour tout t ∈ C, y 7→ j(t)h(t; y)
est une densité par rapport à ν et qu'il existe une mesure de probabilité µ sur
(S,S) telle que

g(x; y) =

∫
S

j(xs)h(xs; y)µ(ds), y ∈ Y. (43)

On suppose de plus que h prend des valeurs positives et que l'une des deux
hypothèses suivantes se tient.

(H-1) Pour tout y ∈ Y, la fonction h(·; y) : t 7→ h(t; y) est non-décroissante.

(H-2) Pour tout y ∈ Y, la fonction h(·; y) : t 7→ h(t; y) est non-croissante.

Pour tout (x, x′) ∈ X2, en notant x ∧ x′ := (min{xs, x′s})s∈S et x ∨ x′ :=
(max{xs, x′s})s∈S, on dé�nit α(x, x′) et φ(x, x′) comme

α(x, x′) = inf
s∈S

{
j(xs ∨ x′s)
j(xs ∧ x′s)

}
et φ(x, x′) = x ∧ x′ sous (H-1);

α(x, x′) = inf
s∈S

{
j(xs ∧ x′s)
j(xs ∨ x′s)

}
et φ(x, x′) = x ∨ x′ sous (H-2).

Alors, α et φ dé�nies ci-dessus satisfont (A-7)(i).

4.3 Exemples

Appliquons maintenant ces résultats pour prouver la consistance de classe
d'équivalence de l'EMV pour les modèles NBIN-GARCH, NM-GARCH et le
modèle INGARCH à seuil.

4.3.1 Modèle NBIN-GARCH

On considère la récursion suivante :

Xk+1 = ω + aXk + bYk,

Yk+1|X0:k+1, Y0:k ∼ NB
(
r,

Xk+1

1 +Xk+1

)
,

(44)

où Xk prend des valeurs dans X = R+ ; Yk prend des valeurs dans Z+ ; et
θ = (ω, a, b, r) ∈ (0,∞)4 est un paramètre inconnu. Dans (44), NB(r, p)
représente la distribution binomiale négative avec les paramètres r > 0 et
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p ∈ (0, 1), c'est-à-dire que si Y ∼ NB(r, p), alors P(Y = k) = Γ(k+r)
k!Γ(r)

(1−p)rpk
pour tout k ≥ 0, où Γ représente la fonction Gamma. Bien que de nombreuses
analyses aient été menées sur ce modèle, à notre connaissance, la preuve
complète de la consistance de l'EMV n'a pas été obtenue (voir la �n des
discussions de la section 6 dans Zhu [2011] ainsi que Davis and Liu [2012]
pour le traitement partiel).

Le modèle NBIN-GARCH est un cas particulier de la dé�nition 2.10 où
ν est la mesure de comptage sur Y = N,

ψθy(x) = ω + ax+ by, gθ(x; y) =
Γ(y + r)

y!Γ(r)

(
1

1 + x

)r (
x

1 + x

)y
,

avec θ = (ω, a, b, r) dans un sous-ensemble compact Θ de (0,∞)4 et X =
(0,∞).

Dans le théorème 1 de Zhu [2011], l'équation satisfaite par la moyenne
des observations µk = E[Yk] est dérivée et est prouvée admettre une solution
constante si et seulement si

rb+ a < 1. (45)

Ceci implique clairement que cette condition est nécessaire pour avoir une so-
lution stationnaire {Yk} avec une moyenne �nie. Cependant, cela n'implique
pas l'existence d'une telle solution. En réalité, le résultat suivant montre que
(45) est en e�et une condition nécessaire et su�sante pour avoir une solution
stationnaire {Yk} avec une moyenne �nie. Par ailleurs, par le théorème 4.1,
la consistance de l'EMV θ̂x1,n est obtenue pour tout x1 ∈ X.

Théorème 4.4. On suppose que tout θ = (ω, a, b, r) dans Θ satisfait la
condition (45). Alors, les hypothèses (K-1) et (A-1) se tiennent avec V̄ dé�nie
comme la fonction d'identité sur X. De plus, la conclusion du théorème 4.1
se tient avec tout x1 ∈ X.

4.3.2 NM-GARCH Model

Soit d ∈ Z∗+. On considère la récursion suivante :

Xk+1 = ω + AXk + Y 2
k b,

Yk+1|X0:k+1, Y0:k ∼ Gθ(Xk+1; ·), (46)

dGθ(x; ·)
dν

(y) =
d∑
`=1

γ`
e−y

2/2x`

(2πx`)1/2
, x ∈ (0,∞)d, y ∈ R,

où ν est la mesure de Lebesgue sur R ; Xk = [X1,k . . . Xd,k]
T prend des

valeurs dans X = Rd
+ ; γ = [γ1 . . . γd]

T est un vecteur de dimension d
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de coe�cients mélangés appartenant au simplexe de dimension d : Pd ={
γ ∈ Rd

+ :
∑d

`=1 γ` = 1
}
; ω, b sont des paramètres vectoriels de dimen-

sion d avec des entrées strictement positives et positives, respectivement ;
et A est un paramètre matriciel d × d avec des entrées positives. Ici, on a
θ = (γ,ω,A,b). On remarque que Gθ dépend de θ seulement par les coef-
�cients mélangés γ1, . . . , γd. Si d = 1, on obtient le processus GARCH(1, 1)
conditionnellement gaussien habituel. Dans ce cas, puisque γ = γ1 = 1, Gθ

ne dépend plus de θ. À notre connaissance, la preuve usuelle de la consistance
de l'EMV pour GARCH ne peut pas être directement adaptée à ce modèle.

Le modèle NM(d)-GARCH(1, 1) est un cas particulier de la dé�nition 2.10
où X = Rd

+ et ν est la mesure de Lebesgue sur Y = R,

ψθy(x) = ω + Ax + y2b, gθ(x; y) =
d∑
`=1

γ`
e−y

2/2x`

(2πx`)1/2
, (x, y) ∈ X× Y,

et θ = (γ,ω,A,b) ∈ Θ, un sous-ensemble compact de Pd× (0,∞)d×Rd×d
+ ×

Rd
+.
Dans Haas et al. [2004], il est montré que l'équation satisfaite par la

variance du processus NM(d)-GARCH(1, 1) univarié admet une solution
constante si et seulement si

|λ|max(A + bγT ) < 1, (47)

où, pour toute matrice carrée M, |λ|max(M) représente le rayon spectral de
M. Il s'ensuit que l'existence d'une solution faiblement stationnaire implique
(47), mais qu'on ne sait rien de l'existence d'une solution stationnaire ou
faiblement stationnaire. Le résultat ci-dessous montre que (47) est en e�et
une condition su�sante pour l'existence d'une solution stationnaire avec une
variance �nie. Par ailleurs, par le théorème 4.1, la consistance de l'EMV θ̂x1,n

est obtenue pour tout x1 ∈ X.

Théorème 4.5. On suppose que tout θ = (γ,ω,A,b) dans Θ satisfait (47).
Alors, les hypothèses (K-1) et (A-1) se tiennent avec V̄ dé�nie comme une
norme sur X. De plus, la conclusion du théorème 4.1 se tient avec tout x1 ∈ X.

4.3.3 Modèle IN-GARCH à seuil

On considère la récursion suivante :

Xk+1 = ω + aXk + bYk, Yk+1|X0:k+1, Y0:k ∼ P (Xk+1 ∧ τ) ,

où Xk prend des valeurs dans X = (0,∞) ; Yk prend des valeurs dans Z+ et
θ = (ω, a, b, τ) ∈ (0,∞)4 est un paramètre inconnu. En comparaison avec
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le modèle IN-GARCH habituel, un seuil τ a été ajouté à la distribution
conditionnelle d'observation. Cela correspond au cas pratique où la variable
cachée a une in�uence sur l'observation jusqu'à ce seuil.

Le modèle IN-GARCH(1, 1) à seuil est un cas particulier de la dé�nition
2.10 où ν est la mesure de comptage sur Y = Z+,

ψθy(x) = ω + ax+ by, gθ(x; y) = e−(x∧τ) (x ∧ τ)y

y!
,

avec θ = (ω, a, b, τ) dans un sous-ensemble compact Θ de (0,∞)4 et X =
(0,∞). Dans ce modèle, si a < 1, on a alors les résultats d'ergodicité et de
consistance comme énoncés dans le théorème 4.6 suivant.

Théorème 4.6. On suppose que tout θ = (ω, a, b, τ) dans Θ satisfait a < 1.
Alors, les hypothèses (K-1) et (A-1) se tiennent avec V̄ dé�nie comme la
fonction d'identité sur X. Par ailleurs, la conclusion du théorème 4.1 se tient
avec tout x1 ∈ X.

4.4 Simulation

Nous considérons deux modèles NBIN-GARCH(1, 1) avec les paramètres
suivants :

(M.1) θ? = (ω?, a?, b?, r?) = (3, .2, .2, 2) et

(M.2) θ? = (ω?, a?, b?, r?) = (3, .35, .1, 1.5).

Nous avons simulém = 200 ensembles de données pour chaque taille d'échan-
tillon n = 27, 28, 29 et 210. Dans la �gure 4.4, nous a�chons les boxplots de
la di�érence des log-vraisemblances normalisées évaluées respectivement à
l'EMV et à la vraie valeur θ?. Comme la théorie le prévoyait, cette di�érence
semble converger vers 0 quand le nombre d'observations n → ∞. Pour le
modèle NBIN-GARCH(1, 1), on peut montrer que Θ? = {θ?}, qui implique
la convergence de l'EMV vers le vrai paramètre. On peut observer ce com-
portement pour chaque composante de l'EMV pour les deux modèles des
�gures 4.5 et 4.6. Nous présentons également la moyenne de Monte Carlo en
même temps que l'erreur de déviation absolue moyenne ou � mean absolute
deviation error (MADE � : MADE = m−1

∑m
j=1 |θ̂jx,n − θ?

j| comme critère
d'évaluation pour le paramètre estimé dans la table 4.1.
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Table 4.1 � Moyenne des estimations, MADE (entre parenthèses) pour les
modèles NBIN-GARCH(1, 1)

Taille de l'échantillon n
Modèle Paramètre n = 27 n = 28 n = 29 n = 210

(M.1)

ω̂ 3,311(0,973) 3,212(0,719) 3,108(0,507) 3,062(0,372)
â 0,165(0,138) 0,173(0,113) 0,187(0,076) 0,193(0,055)
b̂ 0,194(0,049) 0,195(0,034) 0,197(0,025) 0,200(0,018)
r̂ 2,045(0,241) 2,035(0,166) 2,020(0,112) 2,011(0,074)

(M.2)

ω̂ 3,525(1,325) 3,362(1,258) 3,326(1,041) 3,167(0,761)
â 0,252(0,227) 0,290(0,213) 0,296(0,170) 0,319(0,136)
b̂ 0,092(0,056) 0,097(0.039) 0,098(0,028) 0,100(0,022)
r̂ 1,563(0,175) 1,539(0,129) 1,520(0,093) 1,513(0,066)
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Figure 4.4 � Boxplots des di�érences des log-vraisemblances évaluées à
l'EMV et à la vraie valeur pour les modèles (M.1) et (M.2) avec des tailles
d'échantillon n = 27, 28, 29 et n = 210, respectivement. La ligne �continue"
rouge indique la position du zéro.
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Figure 4.5 � Boxplots de l'EMV estimé pour le modèle (M.1) avec des tailles
d'échantillon n = 27, 28, 29 et n = 210, respectivement. La ligne �pointillée�
rouge indique la vraie valeur du paramètre et le �x� bleu indique la moyenne
de Monte Carlo de l'EMV.
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Figure 4.6 � Même légende que pour la �gure 4.5 mais pour le modèle (M.2).

5 ODM d'ordre général : ergodicité, consis-

tance et normalité asymptotique de l'EMV

Dans cette section, on permet à l'équation d'état du processus caché de
l'ODM de dépendre également d'autres variables décalées des processus caché
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et d'observation, ce qui en fait un ODM de type GARCH(p, q).

5.1 Dé�nition et notation

Dé�nition 5.1. Soient p, q ∈ Z∗+. Une série temporelle {Yk : k ≥ −q + 1}
prenant des valeurs dans Y est dite distribuée selon un ODM d'ordre (p, q)
(ci-après dénommé, ODM(p, q)) avec un paramètre θ ∈ Θ s'il existe une
famille de fonctions mesurables {(x1:p, y1:q) 7→ ψθy1:q

(x1:p) : θ ∈ Θ} de (Xp ×
Yq,X⊗p ⊗ Y⊗q) à (X,X ) et un processus {Xk : k ≥ −p+ 1} sur (X,X ) tels
que pour tout k ∈ Z+,

Xk+1 = ψθYk−q+1:k
(Xk−p+1:k),

Yk+1 | Fk ∼ Gθ(Xk+1; ·),
(48)

où Fk = σ (X−p+1:k+1, Y−q+1:k). De plus, on dit que le modèle est dominé par
une mesure σ-�nie ν sur (Y,Y) si pour tout x ∈ X, le noyau de probabilité
Gθ(x; ·) est dominé par ν. Dans ce cas, on note gθ(x; ·) sa dérivée de Radon�
Nikodym, gθ(x; y) = dGθ(x;·)

dν
(y), et on suppose toujours que pour tout (x, y) ∈

X× Y et pour tout θ ∈ Θ,
gθ(x; y) > 0.

Un des exemples les plus connus de cette classe est le modèle GARCH(p, q)
général introduit par Bollerslev [1986], où X = (0,∞), Y = R, Gθ(x; ·) est
la distribution gaussienne centrée de variance x, la fonction déterministe
ψθy1:q

(x1:p) = ω +
∑p

i=1 aixi +
∑q

i=1 biy
2
i et θ = (ω, a1:p, b1:q) avec ω > 0 et

a1:p, b1:q ≥ 0. Ce modèle a ensuite été amplement étudié, par exemple, par
Bougerol and Picard [1992], Francq et al. [2004], Francq and Zakoïan [2009],
Lindner [2009], Francq and Zakoian [2011] et par les références qui y �gurent.
Pour d'autres exemples GARCH de cette classe, voir Bollerslev [2008].

Il est évident que, quand p = q = 1, alors l'ODM(p, q) dé�ni par (48) se
réduit à un ODM de premier ordre. On remarque qu'en �xant r := max(p, q)
et en dé�nissant ϕθ : Xr×Yr → X par, pour tout (x−r+1:0, y−r+1:0) ∈ Xr×Yr,
ϕθy−r+1:0

(x−r+1:0) := ψθy−q+1:0
(x−p+1:0), alors l'ODM(p, q) peut être inclus de

manière générale dans un ODM(r, r). Par conséquent, sans perte de généra-
lité, on peut toujours supposer que p = q.

Dans ce cadre, la vraisemblance conditionnelle des observations
(Y1, . . . , Yn) sachant (X−p+1:0, Y−q+1:0) = (x−p+1:0, y−q+1:0) := z, pour une
valeur z ∈ Xp × Yq arbitraire, par rapport à ν⊗n, est, sous le paramètre
θ ∈ Θ,

y1:n 7→
n−1∏
k=0

gθ
(
ψθ〈y−q+1:k〉(x−p+1:0); yk+1

)
,
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où, pour tout vecteur y0:k, la fonction ψθ〈y0:k〉 : Xp × Yq → X est successive-
ment dé�nie par, pour tout k ∈ Z+,

ψθ〈y−q+1:k〉(x−p+1:0)

:= ψθy−q+1:k

(
ψθ〈y−q+1:k−p〉(x−p+1:0), . . . , ψθ〈y−q+1:k−1〉(x−p+1:0)

)
avec la convention que, pour 1 ≤ j ≤ p, ψθ〈y−q+1:−j〉(x−p+1:0) := x−j+1.
Alors, l'EMV (conditionnel) correspondant θ̂z,n du paramètre θ est

θ̂z,n ∈ argmax
θ∈Θ

Lθz,n, (49)

où

Lθz,n := n−1

n−1∑
k=0

ln gθ
(
ψθ〈y−q+1:0, Y1:k〉(x−p+1:0);Yk+1

)
. (50)

Pour simpli�er, on suppose que p = q et que p ≥ 2 et on pose Z =
Xp×Yp−1 et Z = X⊗p⊗Y⊗(p−1). Soit Ψθ : Z×Y → Z dé�nie par, pour tout
z = (z1:2p−1) ∈ Z et y ∈ Y,

Ψθ
y(z) :=

(
z2, . . . , zp, ψ

θ
zp+1:2p−1,y

(z1:p), zp+2, . . . , z2p−1, y
)
.

La fonction Ψθ est en e�et mesurable sur (Z × Y,Z ⊗ Y). En posant
Zk = (Xk−p+1:k, Yk−p+1:k−1) et en observant que Fk = σ (Z0:k+1, Y0:k), le mo-
dèle (48) peut être remplacé par : pour tout k ∈ Z+,

Zk+1 = Ψθ
Yk

(Zk),

Yk+1 | FZ,Yk ∼ Hθ(Zk+1; ·),

où, pour tout z = (z1:2p−1) ∈ Z,

Hθ(z; ·) := Gθ(Πp (z) ; ·),

et, pour tout j ∈ {1, . . . , 2p− 1}, Πj (z) = zj. Sous cette forme, l'ODM(p, p)
est donc inclus dans un ODM(1, 1). En principe, ceci nous permet d'appli-
quer les mêmes résultats obtenus pour la classe des ODM(1, 1) à la classe
plus générale des ODM(p, p). En tant qu'ODM(1, 1), le processus bivarié
{(Zk, Yk) : k ∈ Z+} est une chaîne de Markov sur l'espace (Z × Y,Z ⊗ Y)
avec un noyau de transition Kθ

g satisfaisant, pour tout (z, y) ∈ Z×Y, A ∈ Z
et B ∈ Y ,

Kθ
g ((z, y);A×B) =

∫∫
1A×B(z′, y′)δΨθy(z)(dz

′)Gθ(Πp(z); dy′).
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On remarque aussi que, en lui-même, le processus {Zk : k ∈ Z+} est une
chaîne de Markov sur (Z,Z) avec un noyau de transition Rθ

g satisfaisant, pour
tout z ∈ Z et A ∈ Z,

Rθ
g(z;A) =

∫
1A(Ψθ

y(z))Hθ(z; dy) =

∫
1A(Ψθ

y(z))Gθ(Πp (z) ; dy).

Néanmoins, pour appliquer les résultats connus à cet ODM(1, 1) intégré,
des généralisations sont nécessaires. On suppose d'abord que (Y, dY) est un
espace localement compact, complet et séparable muni d'un métrique dY.
Puis, puisque (X, dX) est un espace localement compact, complet et séparable,
cela implique que l'espace (Z, dZ) est aussi un espace localement compact,
complet et séparable avec le métrique dZ dé�ni de manière appropriée comme
une fonction de dX et de dY de telle sorte que Z est la σ-algèbre borélienne
associée. On propose maintenant l'hypothèse d'ergodicité suivante.

(AG-1) Pour tout θ ∈ Θ, le noyau de transition Kθ
g de la chaîne complète admet

une distribution stationnaire unique πθg sur Z× Y.

Dans l'hypothèse (AG-1), on note πθg,1 et π
θ
g,2 les distributions marginales de πθg

sur Z et sur Y, respectivement, et on dé�nit les distributions de probabilité Pθg,
P̃θg et la relation d'équivalence ∼ de même manière que dans la dé�nition 2.2.

5.2 Consistance de l'EMV

On liste ci-dessous les hypothèses supplémentaires su�santes pour obtenir
la convergence de l'EMV pour une classe d'ODM d'ordre général.

(AG-2) Il existe une fonction V̄ : Z→ R+ telle que, pour tout θ ∈ Θ, πθ1(V̄ ) <∞.

(BG-1) Pour tout y ∈ Y, la fonction (θ, x) 7→ gθ(x; y) est continue sur Θ× X.

(BG-2) Pour tout y1:p ∈ Y, la fonction (θ, x1:p) 7→ ψθy1:p
(x1:p) est continue sur

Θ× Xp.

(BG-3) Il existe z1 ∈ Z, un ensemble Z1 ⊆ Z tel que Πp (Z1) est fermé, % ∈ (0, 1),
C ≥ 0 et des fonctions mesurables Ψ̄ : Z → R+, H : R+ → R+ et
φ̄ : Y → R+, tels que les a�rmations suivantes se tiennent.

(i) Pour tout θ ∈ Θ et (z, y) ∈ Z× Y, Πp

(
Ψθ
y(z)

)
∈ Z1.

(ii) sup
(θ,z,y)∈Θ×Z1×Y

gθ(Πp (z) ; y) <∞.

(iii) Pour tout θ ∈ Θ, n ∈ Z+, z ∈ Z, et y1:n ∈ Yn,

dZ

(
Ψθ〈y1:n〉(z1),Ψθ〈y1:n〉(z)

)
≤ %n Ψ̄(z),
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(iv) Ψ̄ est localement bornée.

(v) Pour tout θ ∈ Θ et y ∈ Y, Ψ̄(Ψθ
y(z1)) ≤ φ̄(y).

(vi) Pour tout θ ∈ Θ et (z, z′, y) ∈ Z1 × Z1 × Y,∣∣∣∣ln gθ(Πp (z) ; y)

gθ(Πp (z′) ; y)

∣∣∣∣ ≤ H(dZ(z, z′)) eC (dZ(z1,z)∨dZ(z1,z′)) φ̄(y),

(vii) H(u) = O(u) quand u→ 0.

(viii) Si C = 0, alors, pour tout θ ∈ Θ,

Gθ ln+ φ̄ . V̄ ;

sinon, pour tout θ ∈ Θ,
Gθφ̄ . V̄ .

On énonce maintenant la consistance de classe d'équivalence de l'EMV pour
les ODM d'ordre général.

Théorème 5.2. On suppose que (AG-1), (AG-2), (BG-1), (BG-2) et (BG-3)
se tiennent. Alors, en posant z1 ∈ Z comme dans (BG-3),

lim
n→∞

∆(θ̂z1,n, [θ?]) = 0, P̃θ?g -p.s.,

Avec les hypothèses ci-dessus, on peut appliquer le résultat de Douc et al.
[2015] pour montrer que pour tout θ, θ? ∈ Θ, il existe une fonction �nie
P̃θ?g -p.s. mesurable Ψθ〈·〉 : ZZ− → Z telle que pour une valeur appropriée
z ∈ Z,

lim
m→∞

Ψθ〈Y−m:0〉(z) = Ψθ〈Y−∞:0〉, P̃θ?g -p.s. (51)

Z1 = Ψθ?〈Y−∞:0〉, Pθ?g -p.s. (52)

La consistance forte de l'EMV découle alors du théorème suivant.

Théorème 5.3. On suppose que (AG-1), (AG-2), (BG-1), (BG-2) et (BG-3)
se tiennent. On suppose de plus que

(a) pour tout θ = (ϑ, r), θ′ = (ϑ′, r′) ∈ Θ et x, x′ ∈ X,

Gθ(x; ·) = Gθ′(x′; ·) implique r = r′ et x = x′,

(b) pour tout θ = (ϑ, r), θ? = (ϑ?, r?) ∈ Θ, P̃θ?g -p.s.,

Πp

(
Ψ(ϑ,r)〈Y−∞:0〉

)
= Πp

(
Ψ(ϑ?,r)〈Y−∞:0〉

)
implique ϑ = ϑ?,

où Ψθ〈Y−∞:0〉 est dé�nie par (51) et (52). Alors, en posant z1 ∈ Z comme
dans (BG-3),

lim
n→∞

∆(θ̂z1,n, θ?) = 0, P̃θ?g -p.s. (53)
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5.3 Normalité asymptotique de l'EMV

Dans cette section, on traite d'un cas particulier mais important d'ODM
où l'espace Z est un sous-ensemble d'un espace vectoriel de dimension �nie ;
Θ est un sous-ensemble compact de Rd, pour un entier positif d ; et la fonction
Ψθ
y(z) dé�nie dans (5.6) admet la forme suivante : pour tout (z, y, θ) ∈ Z ×

Y ×Θ,
Ψθ
y(z) = a(θ, y)z + b(θ, y), (54)

où a(θ, y) et b(θ, y) sont deux matrices de dimensions appropriées, et pour
tout θ ∈ Θ, y 7→ a(θ, y) et y 7→ b(θ, y) sont des applications mesurables sur
(Y,Y). Dans ce qui suit, on note | · | une norme vectorielle sur Rd et ‖ · ‖ une
norme matricielle. On considère ensuite les hypothèses suivantes.

(CG-1) On a :

(i) Pour tout y ∈ Y, θ 7→ a(θ, y) et θ 7→ b(θ, y) sont de classe C2 sur Θ.

(ii) Il existe des constantes C > 0 et ρ ∈ (0, 1) telles que pour tout
θ ∈ Θ et y1:n ∈ Y, ∥∥∥∥∥

n∏
`=1

a(θ, y`)

∥∥∥∥∥ ≤ Cρn.

(iii) Ẽθ? [supθ∈Θ ‖b(θ, Y1)‖] <∞.

(iv) Pour tout i ∈ {1, . . . , d},

Ẽθ?g
[
sup
θ∈Θ

∥∥∥∥∂a(θ, Y1)

∂θi

∥∥∥∥]+ Ẽθ?g
[
sup
θ∈Θ

∥∥∥∥∂b(θ, Y1)

∂θi

∥∥∥∥] <∞.
(v) Pour tout i, j ∈ {1, . . . , d},

Ẽθ?g
[
sup
θ∈Θ

∥∥∥∥∂2a(θ, Y1)

∂θi∂θj

∥∥∥∥]+ Ẽθ?g
[
sup
θ∈Θ

∥∥∥∥∂2b(θ, Y1)

∂θi∂θj

∥∥∥∥] <∞.
Lemme 5.4. On suppose (AG-1) et (CG-1). Alors, pour tout θ ∈ Θ, il existe
une fonction P̃θ?g -p.s. mesurable �nie Ψθ〈·〉 : ZZ− → Z satisfaisant (51) et
(52) pour tout z ∈ Z. La fonction θ 7→ Ψθ〈Y−∞:0〉 est de classe C2 et unifor-
mément di�érentiable sur Θ, et, uniformément sur Θ, on a, P̃θ?g -p.s.,

∂Ψθ〈Y−∞:0〉
∂θ

= lim
m→∞

∂Ψθ〈Y−m:0〉(z)

∂θ
∂2Ψθ〈Y−∞:0〉

∂θT∂θ
= lim

m→∞

∂2Ψθ〈Y−m:0〉(z)

∂θT∂θ
.
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En outre,

Ẽθ?g
[
sup
θ∈Θ

∥∥Ψθ〈Y−∞:0〉
∥∥] <∞,

Ẽθ?g
[
sup
θ∈Θ

∥∥∥∥∂Ψθ〈Y−∞:0〉
∂θ

∥∥∥∥] <∞,
Ẽθ?g
[
sup
θ∈Θ

∥∥∥∥∂2Ψθ〈Y−∞:0〉
∂θT∂θ

∥∥∥∥] <∞.
(CG-2) Pour tout y ∈ Y, la fonction (θ, x) 7→ gθ(x; y) de classe C2 sur Θ× X.

Pour présenter les hypothèses qui vont suivre, quelques notations sont
nécessaires. Pour tout k ∈ Z∗+, θ ∈ θ et z ∈ Z, on pose

`θz,k := ln gθ
(
Πp

(
Ψθ〈Y1:k−1〉(z)

)
;Yk
)
.

Alors, pour tout n ∈ Z∗+, il découle que Lθz,n dé�nie par (50) peut être réécrite

Lθz,n = n−1

n∑
k=1

`θz,k.

Pour tout k ∈ Z∗+, θ ∈ θ et z ∈ Z, on pose

`θk := ln gθ
(
Πp

(
Ψθ〈Y−∞:k−1〉

)
;Yk
)
,

qui est bien dé�nie P̃θ?g -p.s. par le lemme 5.4. Pour tout n ∈ Z∗+ et θ ∈ Θ, on
dé�nit

Lθn := n−1

n∑
k=1

`θk.

On remarque que le lemme 5.4, (AG-1), (CG-1) et (CG-2) impliquent que les
fonctions θ 7→ `θz,k et θ 7→ `θk sont de classe C2 sur un voisinage V(θ?) de θ?,

P̃θ?g -p.s.
Les hypothèses (AG-1), (CG-1) et (CG-2) ainsi que l'ensemble des hypo-

thèses suivantes, (CG-3)�(CG-7), sont su�santes pour obtenir la normalité
asymptotique de l'EMV θ̂z,n pour une valeur arbitraire z ∈ Z.

(CG-3) Le vrai paramètre θ? réside à l'intérieur de Θ.

(CG-4) La consistance forte se tient, c'est-à-dire que limn→∞ θ̂z,n = θ?, P̃θ?g -p.s.
(CG-5) Il existe une constante α > 1/2 et une variable aléatoire P̃θ?g -p.s. �nie

C > 0 telles que pour tout k ≥ 1,

sup
θ∈V(θ?)

∣∣∣∣∣∂`θz,k∂θ
− ∂`θk

∂θ

∣∣∣∣∣ ≤ Ck−α, P̃θ?g -p.s.,

où V(θ?) est un voisinage de θ?.

231



Résumé en Français

(CG-6) Il existe un voisinage V(θ?) de θ? tel que

(i) Ẽθ?g
[
supθ∈V(θ?)

∣∣∣∂`θ1∂θ ∣∣∣2] <∞.

(ii) Ẽθ?g
[
supθ∈V(θ?)

∥∥∥ ∂2`θ1
∂θT ∂θ

∥∥∥] <∞.

(iii) Ẽθ?g
[
supθ∈V(θ?)

∣∣ ∂
∂θ
gθ
(
Πp

(
Ψθ〈Y−∞:0〉

)
;Y1

)∣∣] <∞.

(iv) Ẽθ?g
[
supθ∈V(θ?)

∥∥∥ ∂2

∂θT ∂θ
gθ
(
Πp

(
Ψθ〈Y−∞:0〉

)
;Y1

)∥∥∥] <∞.

(CG-7) La matrice Σ? = −Ẽθ?g
[
∂2`θ?1
∂θT ∂θ

]
est inversible.

Théorème 5.5. On suppose que (AG-1) et (CG-1)�(CG-7) se tiennent. Alors,
pour tout z ∈ Z, √

n(θ̂z,n − θ?) θ? N (0,Σ−1
? ),

où le symbole  θ? représente la convergence faible sous P̃θ?g , et N (0,Σ−1
? )

représente la distribution gaussienne centrée de matrice de covariance Σ−1
? .

5.4 Ergodicité

On fournit maintenant les conditions d'obtention de la stationnarité et
de l'ergodicité de la chaîne de Markov {(Zk, Yk) : k ∈ Z+}. Comme dans la
section 4.2, on �xe θ une valeur arbitraire de Θ et puisque c'est une expression
� pour tout θ (...) �, pour alléger la notation, on retire l'exposant θ, par
exemple, de Gθ, Rθ

g et ψ
θ et on écrit respectivement G, Rg et ψ à la place.

(AG-3) L'espace mesurable (Z, dZ) est un espace métrique localement compact,
complet et séparable, et sa σ-algèbre associée Z est la σ-algèbre borélienne.

(AG-4) Il existe un entier positif q tel que le noyau de Markov (Rg)
q est weak Feller,

c'est-à-dire que pour toute fonction continue et bornée f dé�nie sur X,
(Rg)

qf est continue et bornée sur X. De plus, il existe (λ, β) ∈ (0, 1)×R+

et une fonction mesurable V : Z → R+ tels que (Rg)
qV ≤ λV + β et

{V ≤M} est un ensemble compact pour tout M > 0.

(AG-5) Le noyau de Markov Rg admet un point accessible, c'est-à-dire qu'il existe
un point z0 ∈ Z tel que, pour tout z ∈ Z et tout voisinage N de z0,
(Rg)

m(z;N ) > 0 pour au moins un entier positif m.

(AG-6) Il existe un entier positif ` tel que

sup
(z,z′,y1:`)∈Z2×Y`

z 6=z′

dZ(Ψ〈y1:`〉(z),Ψ〈y1:`〉(z′))
dZ(z, z′)

< 1,
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et

sup
(z,z′,y)∈Z2×Y

z 6=z′

dZ(Ψy(z),Ψy(z
′))

dZ(z, z′)
<∞.

(AG-7) Il existe une fonction mesurable α de Z2 à [0, 1], une fonction mesurable
φ : Z2 → X = Πp (Z) et une fonction mesurable W : Z2 → [1,∞) telles
qu'on a les a�rmations suivantes.

(i) Pour tout (z, z′) ∈ Z2 et tout y ∈ Y,

min {g(Πp (z) ; y), g(Πp (z′) ; y)} ≥ α(z, z′)g (φ(z, z′); y) .

(ii) Pour tout z ∈ Z,W (z, ·) est bornée de manière �nie dans un voisinage
de z, c'est-à-dire qu'il existe γz > 0 tel que sup

z′∈B(z,γz)

W (z, z′) <∞.

(iii) Pour tout (z, z′) ∈ Z2, 1− α(z, z′) ≤ dZ(z, z′)W (z, z′).

(iv) Il existe un entier m > 0 et un nombre réel D > 0 tels que

sup
(z,z′)∈Z2

(Jm((z, z′);W )−W (z, z′)) <∞

et
sup

(z,z′)∈Z2

(J1((z, z′);W )−DW (z, z′)) <∞,

où pour tout entier positif n, (z, z′) ∈ Z2 et toute fonction mesurable
f : Z2 → R,

Jn((z, z′); f) :=

∫
f (Ψ〈y1:n〉(z),Ψ〈y1:n〉(z′))×
n∏
k=1

G (φ(Ψ〈y1:k−1〉(z),Ψ〈y1:k−1〉(z′)); dyk) .

On peut maintenant énoncer notre résultat principal d'ergodicité.

Théorème 5.6. Les conditions (AG-3), (AG-4), (AG-5), (AG-6) et (AG-7)
impliquent que Kg admet une distribution stationnaire unique πg sur Z× Y.
De plus, πg,1V <∞ pour toute V̄ : X→ R+ telle que V̄ . V .

Pour construire les fonctions instrumentales α et φ apparaissant dans (AG-
7), le lemme suivant, qui est une généralisation du théorème 4.3, est utile.
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Lemme 5.7. On suppose que Πp (Z) = X = CS pour un espace mesurable
(S,S) et C ⊆ R. Alors, pour tout x ∈ X, on écrit x = (xs)s∈S, où xs ∈ C
pour tout s ∈ S. On suppose par ailleurs que pour tout x = (xs)s∈S ∈ X, on
peut exprimer la densité conditionnelle g(x; ·) comme un mélange de densités
de la forme j(xs)h(xs; ·) sur s ∈ S. Cela signi�e que pour tout t ∈ C, y 7→
j(t)h(t; y) est une densité par rapport à ν, et qu'il existe une mesure de
probabilité µ sur (S,S) telle que

g(x; y) =

∫
S

j(xs)h(xs; y)µ(ds), y ∈ Y .

On suppose de plus que h prend des valeurs positives et que l'une des deux
hypothèses suivantes se tient :

(H'-3) Pour tout y ∈ Y, la fonction h(·; y) : t 7→ h(t; y) est non-décroissante.

(H'-4) Pour tout y ∈ Y, la fonction h(·; y) : t 7→ h(t; y) est non-croissante.

Pour tout (x, x′) ∈ X2, on note x ∧ x′ := (min{xs, x′s})s∈S et x ∨ x′ :=
(max{xs, x′s})s∈S et on dé�nit α(z, z′) et φ(z, z′) par : pour tout (z, z′) ∈ Z2,
en posant x = Πp (z) et x′ = Πp (z′),

α(z, z′) = inf
s∈S

{
j(xs ∨ x′s)
j(xs ∧ x′s)

}
et φ(z, z′) = x ∧ x′ sous (H'-3);

α(z, z′) = inf
s∈S

{
j(xs ∧ x′s)
j(xs ∨ x′s)

}
et φ(z, z′) = x ∨ x′ sous (H'-4).

Alors, α et φ dé�nies ci-dessus satisfont (AG-7)(i).

5.5 Exemples

Dans cette section, on applique les résultats principaux établis ci-dessus à
trois modèles d'intérêt, à savoir, le modèle GARCH(p, p) classique, le modèle
Poisson log-linéaire GARCH(p, p) et le modèle NBIN-GARCH(p, p). Pour le
modèle GARCH(p, p), cependant, on démontre seulement le résultat d'ergo-
dicité ; pour le résultat asymptotique de l'EMV pour ce modèle, on se réfère
à Francq et al. [2004]. À notre connaissance, la stationnarité et l'ergodi-
cité, aussi bien que les propriétés asymptotiques de l'EMV pour les modèles
Poisson log-linéaire GARCH(p, p) et de NBIN-GARCH(p, p) d'ordre général,
n'ont pas été obtenues jusqu'ici. Par la suite,A, b et ω représentent toujours,
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respectivement, la matrice

0 1 0 0 · · · 0 0 0 · · · 0 0
0 0 1 0 · · · 0 0 0 · · · 0 0
0 0 0 1 · · · 0 0 0 · · · 0 0
...

...
...

...
. . .

...
...

...
. . .

...
...

0 0 0 0 · · · 1 0 0 · · · 0 0
ap ap−1 ap−2 ap−3 · · · a1 bp bp−1 · · · b3 b2

0 0 0 0 · · · 0 0 1 · · · 0 0
0 0 0 0 · · · 0 0 0 · · · 0 0
...

...
...

...
. . .

...
...

...
. . .

...
...

0 0 0 0 · · · 0 0 0 · · · 0 1
0 0 0 0 · · · 0 0 0 · · · 0 0



,

le vecteur b1δp + δ2p−1, avec pour tout j ∈ {1, . . . , 2p − 1}, δj =
(δij)i∈{1,...,2p−1}, δij étant le delta de Kronecker, et le vecteur ωδp. On note
aussi A?, b? et ω? les valeurs correspondantes de A, b et ω au point
(ω, a1:p, b1:p) = (ω?, a?1:p, b

?
1:p), respectivement. Pour toute matrice M, on note

MT sa transposée. Pour tous nombres réels a et b, on note a∨ b ou max{a, b}
la valeur maximum, et a ∧ b ou min{a, b} la valeur minimum.

5.6 Modèle GARCH(p, p)

On considère le modèle GARCH(p, p), p ∈ Z∗+, dé�ni comme suit : pour
tout k ∈ Z+,

Xk+1 = ω +

p∑
i=1

aiXk−i+1 +

p∑
i=1

biY
2
k−i+1,

Yk+1 | Fk = X
1/2
k+1εk+1,

où

� l'espace de paramètres

Θ ⊂ {θ = (ω, a1:p, b1:p) ∈ R× Rp × Rp : ω > 0, a1:p ≥ 0, b1:p ≥ 0},

� Fk = σ (X−p+1:k+1, Y−p+1:k),

� le processus {εk : k ∈ Z+} est une séquence de variables i.i.d. de
moyenne zéro et de variance unitaire sur R, et sont indépendantes de
Fk. Pour chaque valeur k ∈ Z+, la distribution de εk admet une densité
γ par rapport à la mesure de Lebesgue sur R. On suppose que la densité
γ est positive et continue sur R, et satisfait : γ(u)+γ(−u) est monotone
sur u ∈ R+. De plus, on suppose que pour tout ε > 0, P(ε2

0 < ε) > 0.
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� X = (0,∞), X = B(X), Y = R, Y = B(Y) et les métriques sur X et sur
Y sont des métriques sur R.

Le modèle GARCH(p, p) est un ODM(p, p) et le résultat d'ergodicité suivant
est établi.

Proposition 5.8. On suppose que θ ∈ Θ satisfait
∑p

i=1(ai + bi) < 1. Alors,
la conclusion du théorème 5.6 se tient avec V̄ (z) = 1T z pour tout z ∈ Z.

5.6.1 Modèle Poisson log-linéaire GARCH(p, p)

On considère le modèle Poisson log-linéaire GARCH d'ordre (p, p), p ∈
Z∗+, qui est dé�ni comme suit : pour tout k ∈ Z+,

Xk+1 = ω +

p∑
i=1

aiXk−i+1 +

p∑
i=1

bi ln(1 + Yk−i+1),

Yk+1 | Fk ∼ P
(
eXk+1

)
,

où

� l'espace de paramètres

θ = (ω, a1:p, b1:p) ∈ Θ ⊂ R2p+1,

� Fk = σ (X−p+1:k+1, Y−p+1:k),

� X = R, X = B(X), Y = Z+, Y = B(Y) et les métriques sur X et sur Y
sont des métriques sur R.

On utilise la norme vectorielle et la norme matricielle dé�nies respective-
ment sur R2p−1 et sur l'espace de matrices de taille (2p−1)× (2p−1) comme
suit :

|z|∞ =

2p−1∨
i=1

|δTi z| =
2p−1∨
i=1

|zi|,

‖M‖∞ =

2p−1∨
i=1

2p−1∑
j=1

|Mi,j| = sup
|z|∞≤1

|Mz|∞ .

Pour simpli�er la notation, on note également A1 = A et A2 = A+bδTp . Le
modèle Poisson log-linéaire GARCH d'ordre (p, p) est en e�et un ODM(p, p).
Pour ce modèle, chacun des résultats suivants se tient.

Proposition 5.9. On suppose que θ ∈ Θ satisfait∨
(i1,...,ip)∈{1,2}p

∥∥∥∥∥
p∏
`=1

Ai`

∥∥∥∥∥
∞

< 1. (55)

Alors, on a :
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(i) Le théorème 5.6 se tient avec la fonction V̄ : Z→ R+ dé�nie par, pour
tout z ∈ Z,

V̄ (z) = eτ |z|∞ , τ > 0.

(ii) Le théorème 5.2 se tient avec tout z1 ∈ Z. Si le vrai paramètre θ? =
(ω?, a?1:p, b

?
1:p) satisfait de plus : pour tout k ∈ Z∗+,

(Ak −Ak
?)b? = 0 implique A = A?, (56)

alors, le théorème 5.3 se tient également.

(iii) Si le vrai paramètre θ? réside à l'intérieur de Θ et satisfait (56), alors,
le théorème 5.5 se tient.

Notre exemple suivant est le modèle NBIN-GARCH(p, p), p ∈ Z∗+, qui est
dé�ni comme suit.

5.6.2 Modèle NBIN-GARCH(p, p)

On considère un modèle statistique dé�ni récursivement par : pour tout
k ∈ Z+,

Xk+1 = ω +

p∑
i=1

aiXk−i+1 +

p∑
i=1

biYk−i+1,

Yk+1 | Fk ∼ NB
(
r,

Xk+1

1 +Xk+1

)
,

où

� l'espace de paramètres

Θ ⊂ {θ = (ω, a1:p, b1:p, r) ∈ R∗+ × Rp
+ × Rp

+ × R∗+},

� Fk = σ (X−p+1:k+1, Y−p+1:k),

� X = (0,∞), X = B(X), Y = Z+, Y = B(Y) et les métriques sur X et
sur Y sont des métriques sur R et Z, respectivement.

Le modèle NBIN-GARCH(p, p) est un ODM(p, p). Chacun des résultats sui-
vants se tient.

Proposition 5.10. On suppose que θ ∈ Θ satisfait

|λ|max(A + rbδTp ) < 1.

(i) Alors, la conclusion du théorème 5.6 se tient avec V̄ (z) = 1T z pour
tout z ∈ Z.
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(ii) Le théorème 5.2 se tient avec tout z1 ∈ Z. De plus, si le vrai paramètre
θ? = (ω?, a?1:p, b

?
1:p) satisfait : pour tout k ∈ Z∗+,

(Ak −Ak
?)b? = 0 implique A = A?, (57)

alors, le théorème 5.3 se tient également.

La normalité asymptotique de l'EMV pour le modèle NBIN-GARCH(p, p)
découle de la proposition suivante.

Proposition 5.11. On suppose que θ ∈ Θ satisfait

|λ|max

(
ATA + r

(
ATbδTp + δpb

TA
)

+ r(r + 1)δpb
TbδTp

)
< 1.

De plus, on suppose que le vrai paramètre θ? réside à l'intérieur de Θ et
satisfait (57). Alors, le théorème 5.5 se tient.

5.7 Exemple empirique

Nous donnons une preuve empirique pour des données temporelles spéci-
�ques pour lesquelles des ODM d'ordre plus élevé peuvent être plus appro-
priés que ceux de premier ordre. Notre ensemble de données, fourni par U.S.
Geology Survey (USGS), téléchargable sur http://earthquake.usgs.gov/
earthquakes/search/, comprend une série temporelle de nombres de trem-
blements de terre se produisant dans le monde (par heure), de magnitudes
supérieures à 4 sur l'échelle de Richter (un niveau détectable par l'homme). Il
consiste en 8 759 observations faites pendant l'année 2014, du 1er janvier au
31 décembre. La série temporelle et sa corrélation sérielle sont montrées dans
les �gures 5.7 et 5.8, respectivement, montrant que les données possèdent une
mémoire à long terme. Dans notre analyse, nous utilisons les 8 559 premières
observations pour établir l'estimation du paramètre et les 200 dernières
observations pour évaluer la performance de prédiction des modèles ajus-
tés. Nous ajustons les données par plusieurs modèles di�érents, les modèles
NBIN-GARCH et de Poisson log-linéaire GARCH avec des ordres di�érents :
(1, 1), (1, 2), (2, 1), (2, 2), (3, 1), (3, 2) et (3, 3). Pour estimer les paramètres,
nous utilisons la fonction d'optimisation non-linéaire contrainte auglag (Aug-
mented Lagrangian Minimization Algorithm) du package alabama (Augmen-
ted Lagrangian Adaptive Barrier Minimization Algorithm) dans R. Les valeurs
d'AIC, de BIC et l'erreur de prédiction carrée moyenne ASPE (average squa-
red prediction error), ASPE = m−1

∑m
k=1(Yk − Ŷk)2, où Ŷk est le prédicteur

de l'observation Yk�et donc le processus de moyennes évalué à l'EMV�,
pour ces modèles, sont reportées dans la table 5.2. Qu'on utilise le critère
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AIC ou le critère BIC, cette table montre que les modèles d'ordre plus élevé
sont préférés pour à la fois le modèle NBIN-GARCH et le modèle de Poisson
log-linéaire GARCH, qui s'opposent à leurs homologues de premier ordre. La
table 5.2 montre également que les valeurs ASPE des modèles sélectionnés
par le critère AIC autant que par le critère BIC, sont plus basses que celles
des modèles de premier ordre. Ceci suggère que les modèles d'ordre plus élevé
sont plus performants dans les deux cas, celui du modèle NBIN-GARCH et
celui du modèle de Poisson log-linéaire GARCH. Cependant, il n'y a prati-
quement pas de di�érences entre ces valeurs pour les modèles sélectionnés
par l'AIC et le BIC, respectivement. En les comparant, le modèle de Poisson
log-linéaire GARCH sélectionné semble avoir une performance de prédiction
aussi bonne que celle du modèle NBIN-GARCH sélectionné, dans nos don-
nées. Les �gures 5.9 et 5.10, respectivement, représentent les séries de premier
ordre prédites et celles choisies par l'AIC et le BIC, comparées aux obser-
vations réelles, pour les modèles NBIN-GARCH et de Poisson log-linéaire
GARCH.

Table 5.2 � Valeurs d'AIC, de BIC et d'ASPE pour les modèles NBIN-
GARCH et de Poisson log-linéaire GARCH d'ordres di�érents : (1, 1), (1, 2),
(2, 1), (2, 2), (3, 1), (3, 2) et (3, 3).

NBIN-GARCH
(1, 1) (1, 2) (2, 1) (2, 2) (3, 1) (3, 2) (3, 3)

AIC 30102 30097 30083 30078 30074 30070 30065
BIC 30130 30132 30118 30120 30117 30119 30122
ASPE 1,633 1,633 1,618 1,633 1,614 1,614 1,613

Poisson log-linéaire GARCH
(1, 1) (1, 2) (2, 1) (2, 2) (3, 1) (3, 2) (3, 3)

AIC 30632 30621 30616 30614 30610 30608 30607
BIC 30653 30649 30644,5 30649 30645.4 30651 30656
ASPE 1,654 1,658 1,616 1,616 1,613 1,615 1,617
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Hourly Occurrence of Earthquakes in 2014, Magnitude > 4.0
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Figure 5.7 � Série temporelle de nombres de tremblements de terre en 2014,
du 1er janvier au 31 décembre (par heure).
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Figure 5.8 � Fonction d'autocorrélation.
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Prediction Performance of NBIN-GARCH Model
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Figure 5.9 � Séries estimées par le modèle NBIN-GARCH d'ordre (1, 1)
(pointillés bleus), le modèle sélectionné par l'AIC (longs pointillés rouges)
et le modèle sélectionné par le BIC (petits pointillés verts), comparées à la
vraie série (noire).

Prediction Performance of Log-linear Poisson GARCH Model
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Figure 5.10 � Séries estimées par le modèle de Poisson log-linéaire GARCH
d'ordre (1, 1) (pointillés bleus), le modèle sélectionné par l'AIC (longs poin-
tillés rouges) et le modèle sélectionné par le BIC (petits pointillés verts),
comparées à la vraie série (noire).
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6 Conclusions et perspectives

Cette thèse se concentre sur le développement de la théorie d'estimation
du paramètre pour une classe générale de modèles de séries temporelles,
à savoir la classe de chaînes de Markov bivariées partiellement observées.
Des modèles de séries temporelles appartenant ou compris dans cette classe
qui a des applications potentielles aux séries temporelles de comptage sont
particulièrement considérés.

Nous établissons dans des hypothèses assez générales que la limite de
la log-vraisemblance normalisée est maximisée quand les paramètres appar-
tiennent à la classe d'équivalence du vrai paramètre, ce qui constitue une
étape importante pour l'obtention de la consistance de l'EMV dans le cadre
de modèles bien spéci�és. Ce résultat est obtenu dans le cadre général de
modèles de Markov partiellement observés et est abordé en utilisant princi-
palement l'unicité de la distribution invariante de la chaîne de Markov asso-
ciée aux données complètes, sans tenir compte de son taux de convergence
vers l'équilibre. En raison de sa généralité, ce résultat peut être appliqué à
de nombreuses classes d'intérêt, dont la classe des chaînes de Markov ca-
chées (HMM) et celle des modèles � observation-driven �(ODM), une classe
importante pour traiter des séries temporelles de comptage.

La consistance de l'EMV dans le sens de Leroux [1992] est développée in-
dépendamment pour la classe des chaînes de Markov totalement dominées et
partiellement observées d'une part, et pour la classe des ODM d'autre part.
Le résultat obtenu dans la première classe est dérivé dans des conditions
su�santes assez générales, qui recouvrent beaucoup de modèles intéressants,
comme des HMM, des modèles de Markov à changement de régime et cer-
taines versions de chaînes de Markov en environnement aléatoire. Pour les
ODM, à la fois de premier ordre et d'ordre général, le résultat est obtenu sous
des ensembles d'hypothèses faciles à véri�er dans des exemples spéci�ques.
Par ailleurs, la consistance forte et la normalité asymptotique de l'EMV sont
également traitées pour certains cas spéciaux mais importants d'ODM.

Cette thèse peut être enrichie et mener à de futures recherches dans plu-
sieurs directions.

1. Dans notre preuve d'identi�cation de l'ensemble des maxima de la log-
vraisemblance normalisée asymptotique, la structure markovienne des
modèles est nécessaire. Ce résultat tiendrait-il toujours dans le cadre
de modèles plus généraux que ceux de Markov ?

2. Une approche uni�ée pour l'identi�cation de l'ensemble des maxima de
la log-vraisemblance normalisée asymptotique pour la classe des mo-
dèles de Markov partiellement observés est maintenant obtenue. Ce-
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pendant, à notre connaissance, montrer que l'EMV converge pour cette
classe est réalisé séparément selon les cas. Un résultat uni�é répondant
à ce problème pourrait-il être obtenu également pour la classe des mo-
dèles de Markov partiellement observés ?

3. La preuve de la normalité asymptotique de l'EMV requiert générale-
ment la consistance forte de l'EMV. Cependant, on ne sait pas encore
si la consistance de classe d'équivalence est su�sante pour la preuve.
Par conséquent, il serait intéressant de pouvoir montrer que c'est en
e�et le cas.

4. La preuve de la normalité asymptotique de l'EMV pour les ODM
d'ordre général est obtenue sous une forme spéci�que de l'équation
d'état caché. Ce résultat peut être étendu vers plus de généralité par
des approches similaires.
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