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Introduction

Context

Understanding the dynamics of matter is a major topic in contemporary science, and
observing chemical reactions or resolving the motion of atoms in a crystal are extremely
challenging because many processes occur on extremely rapid timescales. In a water
molecule, the OH bond stretch vibrations have a 10 fs period (1 fs = 10−15 s), and
one would require a time resolution of a few femtoseconds to observe directly these
oscillations.

The study of ultrafast dynamics is achieved via pump-probe experiments, where
an ultrashort pump creates an excitation in the sample. The system evolves from this
out-of-equilibrium state down to an equilibrium state. This evolution is recorded using
another pulse, the probe, that measures the state of the sample some delay τ after the
excitation by the pump. By repeating this experiment and scanning the pump-probe
delay τ , one can determine the evolution of the material towards the equilibrium state.
The time resolution is largely determined by the duration of the probe, and should be
in the femtosecond scale to resolve a large number of mechanisms like phonons [Ziman,
1960] or bond breaking.

When the sample is a crystal, the probe forms a diffraction pattern that depends on
the crystal state, which provides extremely rich information on the crystal dynamics.
In this case, the wavelength of the probe must be smaller than the typical distance
between two atoms in a crystal ∼ 1Å, so that a photon probe must be in the X-ray
range. Such X-ray pulses with a < 100 fs duration are available on the Linac Coherent
Light Source at Stanford [Emma et al., 2010], but they require extremely large and
expensive facilities. This justifies the current efforts to build cheaper sources, accessible
to a broader community.

Bunches of electrons provide a good alternative to X-ray pulses for several reasons:
(i) their De Broglie wavelength can be easily made smaller than 1Å; (ii) the cross
section of electrons for elastic scattering is five orders of magnitude higher than the
one of X-ray photons, so that one requires a bunch with less particles; (iii) their cross
section for inelastic scattering is smaller, so they deposit less energy. The risk of
damaging the crystal is lowered; (iv) short electron bunches with ∼ 100 keV energy
and < 100 fs temporal resolution are currently available with electron guns, which are
table-top facilities.

Yet, electron guns have intrinsic limitations, and their time resolution cannot be
improved indefinitely. A reasonable alternative can be found in laser-plasma interac-
tion. The advent of chirped-pulse amplification [Strickland & Mourou, 1985] opened
the possibility to generate high-intensity (I ∼ 1018 W · cm−2) laser pulses with fem-
tosecond duration. When focused on any target, the material is rapidly ionized and
turned into a plasma, which can sustain huge electric and magnetic fields. The most
popular technique for plasma-based electron acceleration is the laser wakefield accel-
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INTRODUCTION

eration method [Esarey et al., 2009; Faure et al., 2004; Geddes et al., 2004; Mangles
et al., 2004; Tajima & Dawson, 1979]. In this scheme, a laser pulse propagates through
a low-density plasma and creates a cavity in its wake where electric fields as high as
100 GV ·m−1 accelerate electrons up to relativistic energies within a few centimeters.
These extremely compact and efficient accelerators are commonly used for accelerating
electrons to very high energies (100 MeV−1 GeV). Based on this technique, the APPLI
and PCO groups at LOA are developing an original system: the Salle Noire laser that
provides short electron bunches with a modest energy (1− 10 MeV), more adapted to
ultrafast electron diffraction. The possibility to reach a temporal resolution of a few
femtoseconds is being investigated. Besides, it is the first system working at a kilohertz
rate, which is crucial to have good statistics in pump-probe experiments. Finally, note
that the laser pulse and the electron bunch are perfectly synchronized, which makes
them ideal candidates for the pump and the probe respectively.

femtosecond pulses in the midenergy range, because the
space-charge effect does not limit the charge in a pulse.
There is also the possibility of further improvement in the
brightness of the laser-driven electron source [14].
Moreover, since the compression system does not produce
timing jitter between the electron pulse and the laser pulse,
it is possible to obtain high temporal resolution in pump-
and-probe experiments. We believe that this development
will fundamentally change the observation of irreversible
ultrafast phenomena by UED in the near future. Further-
more, this is a general technique that can be utilized for any
application that needs femtosecond probing or driving.
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FIG. 4 (color online). Diffraction patterns obtained from Au
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irradiation.
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Figure 1: Electron diffraction pattern
in Tokita’s experiment.

While laser wakefield acceleration relies on the
propagation of a laser pulse into an underdense
(transparent) plasma, electron acceleration can
also occur during the reflection of a laser pulse
upon an overdense (opaque) plasma. The very
promising results obtained in reference [Tokita
et al., 2010] lead us to investigate this field. In
their experiment, an ultrashort laser pulse with
oblique incidence and p polarization reflects off a
very thin film, which surface is immediately ion-
ized and turned into an overdense plasma. A
bunch of electrons is accelerated at the surface and
propagates through the target, in the frontward di-
rection. This bunch is reshaped using permanent
magnets and sent onto a gold crystal, resulting
in a very clear diffraction pattern in a single-shot
regime, shown in figure 1. Besides, they measure

the bunch duration, which is ∼ 500 fs. Yet, this promising scheme suffers from an
intrinsic limitation: the electrons have to cross the target, where multiple collisions
with atoms result in the bunch elongation, so a better time resolution is unlikely. In
order to bypass this limit, we propose to investigate electron ejection in the backward
direction, namely in the half-space containing the incident and reflected pulses.

This work is focused on the plasma mirror regime: an ultrashort (< 100 fs) ultrain-
tense (I ∼ 1018 W · cm−2) laser pulse is focused onto an overdense plasma. At the target
surface, the plasma density does not drop abruptly from the bulk density n ∼ 1023 cm−3

to zero outside the plasma, but rather decreases continuously in a density gradient, on
a distance L typically smaller than the laser wavelength λ. The motivation for studying
this regime came from the idea of generating attosecond light pulses. While promising
results had been obtained in transparent plasmas [Cavalieri et al., 2007; Corkum, 1993;
Drescher et al., 2002; Uiberacker et al., 2007], one can expect to generate attosecond
pulses with higher intensity using opaque plasmas. When a laser pulse reflects off a
plasma mirror, non-linear effects result in the generation of a train of attosecond pulses
in the reflected field via two distinct mechanisms: coherent wake emission [Quéré et al.,
2006] and the relativistic oscillating mirror effect [Burnett et al., 1977]. Combined with
a smart method called attosecond lighthouse [Wheeler et al., 2012], this process lead to
the observation of isolated attosecond bunches, giving hope that this technique could

2



INTRODUCTION

lead to shorter and shorter pulses with higher and higher intensity.
Both mechanisms for the generation of attosecond bunches show high harmonics of

the laser frequency. While high harmonic generation in the plasma mirror regime is
well-understood, the backward electron ejection mechanism remains unclear, in spite
of a large amount of experimental results. Besides, the possibility to use this system as
a source of electron bunches has not been investigated at all. The opportunity to use
a plasma mirror as a unique source to generate simultaneously attosecond light pulses
and relativistic electron bunches was too intriguing to leave this question unanswered.

Objectives

I worked on the reflection of a laser pulse onto a plasma mirror in the relativistic
regime, and followed three lines of research. The first one is to understand the physics
of backward electron ejection, namely to identify the mechanism and highlight the role
of the main parameters: the laser intensity and, though it is often omitted, the density
gradient scale length L. After electrons are ejected from the plasma, they can be accel-
erated in vacuum by the electromagnetic fields in the reflected pulse. The possibility
to reach this unexplored regime, called vacuum laser acceleration [Haaland, 1995], is
the subject of my second topic. The third one is the link between the electron ejection
mechanism and the two well-identified mechanisms for high harmonic generation.

The experimental results presented in this manuscript were obtained on two cutting-
edge laser systems: the Salle Noire system at LOA operated by the PCO and APPLI
teams, and delivering pulses with 30 fs duration and 3 mJ energy at a kilohertz rate.
The second system is the UHI100 laser facility at CEA, operated by the LIDyL team
at CEA-Iramis, that delivers pulses with 30 fs duration and 1 J energy in a single-shot
regime. I worked in close collaboration with these experimental teams, and my role was
to provide theory and interpretation of their results, so that both works could enrich
one another.

I extensively used numerical tools, in particular the particle-in-cell algorithm, so
that my thesis enters the general field of computational physics that consists in solving
equations with numerical methods when no analytical solution is (or can be) found.
This branch of science emerged in Los Alamos in the 1940’s and became popular
through essential contributions ranging from the field of molecular dynamics [Alder
& Wainwright, 1959] to the discovery of the butterfly effect [Lorenz, 1963]. Its contri-
bution to modern science was clearly stated in three Nobel Prizes in chemistry (1985,
1998 and 2013) as well as one in physics (1993). More practically, it provides an ex-
tremely powerful tool that considerably extends our understanding of the physics at
play in experiments.

Outline

The first chapter introduces basic considerations to study the reflection of a laser pulse
upon an overdense plasma. The high harmonic generation processes leading to attosec-
ond pulses are explained in details. The main mechanisms leading to electron ejection
from plasma mirrors are presented, and a review of experimental results highlights the
need for a better understanding of the backward ejection process.

Chapter 2 introduces the numerical tools I used all along this work: the particle-
in-cell method and its implementation in the open-source code EPOCH. A benchmark
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INTRODUCTION

of numerical simulations relevant to my purpose is presented.
In the third chapter, the backward electron ejection process is identified, and the

role of the laser intensity and the gradient scale length are stated. It is shown that
there is an optimal gradient length, for which the ejection of electrons is maximum.

The fourth chapter is dedicated to vacuum laser acceleration. First, general consid-
erations regarding the dynamics of an electron in a laser pulse are given. Second, we
show how electrons ejected from the plasma mirror can be injected in the reflected laser
pulse, solving the long-standing issue of electron injection for vacuum laser acceleration.

The fifth and last chapter strongly relies on experimental results. We confirm theo-
retical predictions from chapter 3, in particular we observe the optimal density gradient
with the two laser systems operating in very distinct regimes, which consolidates our
theory. Then, we investigate the correlation between high harmonic generation and
electron ejection.

Toy models and studies in simplified conditions are presented all along this work. I
hope that this approach, where complex physical problems are reduced to their skeleton,
can provide a valuable understanding to the reader.
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CHAPTER 1. BASICS OF LASER-OVERDENSE PLASMA INTERACTION

Introduction

When an intense laser pulse is focused onto a solid target, say a piece of glass, the
material is instantly ionized and forms a plasma with a density gradient on its front
side. The first section 1.1 is dedicated to the founding principles of this interaction:
how the plasma is ionized, how the gradient is formed and why the laser pulse does not
propagate through, but instead reflects off the plasma. An indispensable theoretical
tool, the Bourdier boosted frame, is presented in section 1.2.

Experiments performed in this regime showed electrons ejected from the target sur-
face. Section 1.3 gives a review of experimental results as well as the basic mechanisms
that can lead to electron acceleration during this interaction, depending on the config-
uration (angle of incidence, laser intensity, scale length of the density gradient). This
section serves several purposes: first, it shows the great variety of experimental results.
Second, it brings the essential tools frequenty invoked to explain these results. Third, it
shows how the mechanism for electrons accelerated in the backward direction remains
unclear.

The reflection off an overdense plasma differs from what happens on a perfect mirror:
the reflected field is distorted because of non-linear mechanisms at the plasma surface.
The last section 1.4 presents the two non-linear mechanisms that can occur, namely
the coherent wake emission and the relativistic oscillating mirror effect, and describes
how they lead to high harmonic generation in the reflected pulse.

More generally, this chapter aims at giving the basic tools to understand the reflec-
tion of a laser pulse upon a plasma mirror as well as a global intuition of the mechanisms
involved in this interaction.

1.1 Laser-generated overdense plasmas

1.1.1 Laser-plasma interaction

Electromagnetic wave in a non-relativistic plasma: fluid model

We present here the equations governing the propagation of an electromagnetic wave
in a plasma. The electric and magnetic fields are E and B respectively. The plasma
is characterized by the charge density ρ = eni − ene and the current density vector
J = enivi − eneve, with e the elementary charge and n and v the charge density and
velocity respectively. Index i is used for ion quantities, and e for electron quantities.
Let us derive the Helmholtz equation in a homogeneous plasma, assuming that:

• the plasma is cold, unmagnetized and non-relativistic;

• collisions are negligible;

• ions are immobile.

Using these assumptions, we can use a fluid model where the equations for the local
electron density ne and local electron speed ve are given by the continuity and the fluid
equations:

∂ne
∂t

+∇ · (neve) = 0 (1.1)

mene

(
∂ve
∂t

+ (ve · ∇)ve
)

= −∇P − eneE − eneve ×B (1.2)
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where me is the electron mass and P is the local pressure, which is zero in the non-
collisional regime. This system is completed by Maxwell’s equations

∇ ·E = ρ

ε0
Gauss’s law (1.3)

∇ ·B = 0 Gauss’s law for magnetism (1.4)

∇×E = −∂B
∂t

Faraday’s law (1.5)

∇×B = µ0

(
J + ε0

∂E

∂t

)
Ampère’s law (1.6)

Assuming a small plasma perturbation, we hereafter derive the Helmholtz equation
for a transverse electromagnetic wave with angular frequency ω, such that E = Ēeiωt.
After linearization, equation 1.2 gives the Ohm’s law

J = −i
ω2
p

ω
ε0E (1.7)

where ωp is the electron plasma frequency, given by

ωp =
√
nee2

meε0
. (1.8)

The electron plasma frequency only depends on physical constants and on the electron
density, and varies as ∝ √ne.

Combining Faraday’s and Ampère’s laws and injecting Ohm’s law (equations 1.5, 1.6
and 1.7 respectively), we get the Helmholtz equation for a transverse electromagnetic
wave in a plasma [

∆+ ω2

c2

(
1−

ω2
p

ω2

)]
Ē = 0. (1.9)

It is straightforward to define the relative permittivity of the plasma

εr = 1−
ω2
p

ω2 . (1.10)

Finally, for an electromagnetic mode (ω,k) such that Ē = E0e
−ik·r, the dispersion

relation reads

k2c2 = ω2 − ω2
p . (1.11)

For a given electromagnetic angular frequency ω, say the laser angular frequency, this
equation shows two distinct plasma regimes:

underdense plasma (ωp < ω): The dielectric constant verifies εr > 0. The plasma
is a transparent medium with a refractive index smaller than one

N(ω) = √εr =
√

1−
ω2
p

ω2 . (1.12)
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overdense plasma (ωp > ω): The dielectric constant verifies εr < 0. The plasma
behaves as a reflective medium, with a skin depth

δ = 1√
−εr

c

ω
= c√

ω2
p − ω2

. (1.13)

Given the angular frequency ω, the plasma is reflective if ne > nc where the critical
density nc is given by

nc = meε0ω
2

e2 , (1.14)

which clarifies the terms underdense and overdense. For 800 nm Ti:Sapphire lasers,
nc = 1.74× 1021 cm−3.

Laser parameters

For a laser pulse with wavelength λ, angular frequency ω0 and wave vector k = kez =
ω0/c, linearly polarized along x, the electric field near the focus (z = 0) in the paraxial
approximation (see [Siegman, 1986]) reads

E(t, x, y, z) = E0
w0

w(z)e
− r2
w2(z) e−

t2
τ2 sin

[
kz − ω0t+ k

r2

2R(z) + atan
(
z

zR

)]
ex (1.15)

with E0 the peak electric field amplitude, w0 the beam waist and τ the pulse dura-
tion. The radial coordinate, Rayleigh length, beam width and radius of curvature are re-

spectively r =
√
x2 + y2, zR = kw2

0/2, w(z) = w0

√
1 + z2/z2

R and R(z) = z(1 + z2
R/z

2).
For the sake of simplicity, we neglected the deformation of the temporal envelope along
propagation. More details can be found in chapter 2.

Relativistic regime: The interaction regime is said to be relativistic when an elec-
tron driven by the laser fields reaches a relativistic velocity. We define the normalized
laser amplitude as

a0 = eE0

meω0c
. (1.16)

This dimensionless parameter differentiates the non-relativistic regime a0 � 1 and
the relativistic regime a0 & 1. Note the dependence on the electron mass-to-charge
ratio and on the laser amplitude and angular frequency.

The normalized amplitude can be expressed in terms of the laser intensity as:

a0 =
√
I

I0
with I0λ

2 = 1.37× 1018 W · cm−2 · µm2. (1.17)

For a λ = 800 nm Ti:sapphire laser, a0 = 1 reads E0 = 4.02 × 1012 V ·m−1 and
I = 2.14× 1018 W · cm−2. The terms low intensity, non-relativistic and sub-relativistic
refer to the a0 � 1 regime.

Ponderomotive potential: The dynamics of an electron propagating in a laser pulse
can be fairly complex. In this paragraph, we derive the average ponderomotive force
and the associated potential in the non-relativistic regime, neglecting the magnetic
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theory/simulations experiments
w0 half-width 1/e (amplitude) spot size =

√
2 log 2w0 ' 0.78w0 FWHM (intensity)

τ half-width 1/e (amplitude) pulse duration =
√

2 log 2τ ' 0.78τ FWHM (intensity)
1 laser period (λ = 800 nm) 2.67 fs

field amplitude: a0 =
√
I/I0 with I0λ

2 = 1.37× 1018 W · cm−2 · µm2

I0 = 2.14× 1018 W · cm−2 for λ = 800 nm
pulse energy: E = π3/2

2
√

2 104I0τw
2
0a

2
0

Table 1.1: Conversion table between practical quantities for theory and experiments.

force. Another approach can be found in reference [Kibble, 1966]. The equation of
motion reads

v̇ = − e

me

E(r) sin(ω0t) (1.18)

ṙ = v (1.19)

During one laser period, we assume the electron oscillates around position r0 with
small displacement δr such that the pulse envelope does not vary much during one
oscillation:

v̇ = − e

me

[E(r0) + δr∇ ·E(r0)] sin(ω0t) (1.20)

with |δr∇ ·E(r0)| � |E(r0)|. The dominating term in equation 1.20 gives the linear
velocity and displacement

vl = e

meω0
E(r0) cos(ω0t) (1.21)

δrl = e

meω2
0
E(r0) sin(ω0t) (1.22)

and the first-order non-linear term mev̇nl = −eδrl∇·E(r0) sin(ω0t) gives the pondero-
motive force when averaged over one laser period

Fp =< mev̇nl >t= −
e2

4meω2
0
∇E2(r0) (1.23)

Finally, Fp = −∇φp, where φp is the ponderomotive potential:

φp = e2E2

4meω2
0

= mec
2a

2
0

4 . (1.24)

This expression is valid in the non-relativistic regime only, where a0 � 1. Note
that the ponderomotive potential grows as a2

0.

While equations are easily readable in the form of 1.15, experimentalists do not
deal directly with w0, τ or E0. Table 1.1 helps with basic conversion with parameters
more practical for experimentalists in the case of Gaussian time and space envelopes.
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laser system UHI100 Salle Noire
wavelength 800 nm 800 nm

duration 30 fs 25 fs
peak power 100 TW 0.2 TW

repetition rate 1 Hz 1 kHz
spot size 5.5µm 1.7µm

peak intensity 2 · 1019 W · cm−2 1018 W · cm−2

peak a0 3.1 0.7

Table 1.2: Description of the UHI100 laser at CEA and Salle Noire laser at LOA, with which
experiments described in this manuscript were performed.

Scope of the present work

The theoretical work described in this thesis is based on experiments performed with
two laser systems: the UHI100 laser at CEA and the Salle Noire laser at Labora-
toire d’Optique Appliquée (LOA). Both systems use the chirped-pulse amplification
technique and deliver ultrashort (few periods FWHM) and ultraintense (relativistic
intensity) pulses. Their respective features are summarized in table 1.2, along with
usual focusing conditions.

Let us assume the half space x > 0 is filled with a uniform, cold and unmagnetized
plasma with electron density ne and plasma frequency ωp. An incident electromagnetic
wave with wave vector ki = (kix, kiy, 0) such that kix > 0, and angular frequency
ωi < ωp so that the plasma is overdense, is reflected by the plasma edge with 100%
reflectivity. In the linear regime, i.e. low-intensity regime, the reflected wave has
the same angular frequency as the incident one (ωr = ωi) and the wave vector is
kr = (−krx, kry, 0).

In this section, we describe non-linear effects that occur when two of the previous
hypotheses are broken: (i) the incident wave intensity is high, and (ii) the plasma is not
homogeneous, with a density gradient from 0 to the bulk density nbulk around x = 0.
Typical non-linear effects are

• plasma heating, resulting in a < 100% reflectivity;

• particle acceleration;

• harmonic generation in the reflected wave, and hence ωr 6= ωi;

• Excitation of plasma waves → collective effects.

We study the interaction of an ultrashort ultraintense laser pulse with an overdense
plasma with a density gradient on its front side. In common experiments, the density
gradient is created by sending a prepulse before the main pulse on an optically flat solid
target (usually fused silica SiO2) to ionize the target and create the plasma. The plasma
expands in vacuum, creating a density gradient; the gradient length is determined by
the delay between the prepulse and the main pulse. Note that an uncontrolled density
gradient can also appear after ionization by the nanosecond pedestal of the laser pulse
due to amplified spontaneous emission if the laser contrast is poor.

Figure 1.1 shows the general setup investigated in this thesis, namely the reflection
of an obliquely-incident p-polarized ultraintense laser pulse on a plasma mirror. The
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plasma is highly overdense (nbulk ∼ 200nc) and the density gradient is usually smaller
than the wavelength of the incident wave. Details on the plasma formation and its
properties (maximum density, gradient length) are given in section 1.1.2. In this work,
the terms density gradient and preplasma will be synonymous.

x

n

nc

nmax

HHG 

electrons 

P-polarized laser pulse 

Density gradient 

Overdense plasma 

Plasma mirror 

Figure 1.1: Schematic of a plasma mirror. The laser pulse is obliquely-incident, p-polarized,
ultraintense (a0 ∼ 1) and ultrashort (τ ∼ 25 fs). The plasma is highly overdense (nbulk ∼
200nc) and has an exponential density gradient on its front side, with a scale length smaller
than the wavelength of the incident wave. As will be described below, this interaction leads
to high harmonic generation (HHG) and electron acceleration.

In this thesis, we investigate the ultrashort (τ ' few laser periods), tightly focused
(w0 ' few wavelengths), relativistic (a0 & 1) regime.

Plasma parameters

The plasma state is the seat of phenomena with extremely disparate space and time
scales (binary collisions between particles, collective magnetohydrodynamics effects in
stars). Depending on the conditions, different assumptions can be made, that lead to
different descriptions of the plasma state, as shown on diagram 1.2. Here, we show
characteristic plasma parameters that help understand which physics is at play in
a dense plasma, as well as which description of the plasma is relevant. Typically,
we should determine whether electron-ion collisions should be considered, and if the
plasma is dominated by short or long distance interactions.

Numerical values are given for the reflection of a laser pulse with intensity a0 ∼ 1
on a plasma with electron temperature Te = 100 eV and density ne = 5× 1023 cm−3 to
give orders of magnitude of the main parameters in the preplasma.

Average distance between two electrons: This distance is related to the electron
density ne via

de = n−1/3
e . (1.25)

In the regime we study, de ' 100 pm ' λ/10000.

Landau length: When an electron travels with very high velocity in a plasma, it is
hardly deviated by collisions with other particles. This remark can be extended to the
whole electron population: if the mean (thermal) kinetic energy kBTe is much higher
than the electron-electron Coulomb potential e2/4πε0r, the effect of each collision is
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Figure 1.2: Appropriate description depending on the plasma parameters. BBGKY stands
for Bogoliubov-Born-Green-Kirkwood-Yvon.

negligible (though multiple collisions might play a role in large systems). The Landau
length is defined as the length for which both quantities match:

λLa = e2

4πε0kBTe
. (1.26)

If the mean distance between two electrons is much smaller than this distance (de �
λLa), the mean Coulomb potential is much higher than the mean kinetic energy of
the electrons. In this case, the plasma dynamics is dominated by particle-particle
interaction, i.e. collisions. On the opposite, if de � λLa, the electrons travel without
seeing their closest neighbors, and collisions are negligible. In the preplasma case,
λLa ' 10 pm ' λ/100000, so that de/λLa ' 10. This ratio is far higher during the
reflection process, which typically takes place at lower densities and with suprathermal
electrons. As a consequence, collisions are negligible during the reflection process.

Debye length: When a single charge is added to a neutral plasma, the induced
potential is screened by the neighboring charges that surround it. This is a collective
effect, which involves many electrons instead of binary interactions. Assuming the elec-
tron population behaves like a fluid, the screened potential reads φDe = e2er/λDe/4πε0r,
where λDe is the characteristic screening (or shielding) length, called the Debye lenth,
and defined as

λDe =
√
ε0kBTe
nee2 . (1.27)

The Debye length is the first length that characterizes collective phenomena because
it involves the shielding of an electron by a collection of other electrons. Yet the fluid
hypothesis holds true only if there is a large number of electrons in a Debye sphere,
i.e. neλ

3
De � 1. It is the case in the regime we study where λDe ' 10 nm ' λ/100, so

that neλ
3
De ∼ 105. In this condition, the plasma dynamics is governed by long-range

average interactions, which is best described by the Vlasov equation.
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regime a0 ne Te duration τ νei τνei collisions

prepulse 0.01 50nc 10 eV 30 fs 20 fs−1 600 yes

expansion - 50nc 10 eV 10 ps 20 fs−1 105 yes
main pulse 1 1− 10nc 100 keV 30 fs 1 ns−1 10−5 no

Table 1.3: Collisions during the ionization, expansion and main pulse reflection processes.
The main pulse is reflected around the critical density n = nc. The electron temperature is
estimated via the ponderomotive potential.

Electron-ion collision frequency: Though the Landau length gives hints about
whether the plasma is dominated by collisions or kinetic effects, it does not take into ac-
count the duration and scale length of the processes we are interested in. The electron-
ion collision frequency gives a more precise tool to determine if collisions should or
should not be taken into account. As can be found in [Dendy, 1995; Kruer, 1988], it
reads

νei = 4(2π)1/2

3
neZ

∗e4

m2
ev

3
te

lnΛ (1.28)

= 2.91× 10−6Z∗
ne[ cm−3]
Te[eV ]3/2 lnΛ (1.29)

with Z∗ the charge state, vte the electron thermal velocity and lnΛ the Coulomb
logarithm were Λ is the ratio between the largest and the smallest cross sections
Λ = bmax/bmin, for example the Debye length and the distance of closest approach
respectively. The Coulomb logarithm is lnΛ ∼ 5−15. As expected, collisions are more
likely when the density is higher. Furthermore, the higher the temperature, the lower
the effective cross section, and the lower the total collision frequency.

In the following section 1.1.2, three different regimes will be considered: (i) the
plasma ionization with a low-intensity prepulse, (ii) the plasma expansion in vacuum
and (iii) the reflection of the main pulse on the plasma mirror. Table 1.3 summarizes
the role of collisions in these three regimes. The double inequality is satisfied for
the reflection of the main laser pulse λLa � de � λDe and the collisionless kinetic
description is appropriate, see [Delcroix & Bers, 1994]. The heating by the prepulse
and the plasma expansion must be treated with different tools including collisions. This
is done in the following section.

1.1.2 Plasma mirror creation

As described in the previous section, the plasma mirror regime consists of an overdense
plasma with a density gradient on its front side, on which a laser pulse is reflected.
The role of the density gradient characteristic length is of paramount importance in
the physics involved and will be described in chapter 3. While creating an overdense
plasma proves rather simple in experiments (it consists in focusing an intense enough
laser pulse onto any solid material), controlling the preplasma characteristic length is
much more challenging.

In the experiments, the preplasma is created by picking off a tiny fraction of the
laser pulse and focusing it onto the target before the main pulse in order to ionize its
atoms/molecules and create the plasma. Then, the plasma expands in vacuum, forming
the density gradient with an exponential shape. The gradient characteristic length is
controlled by setting the delay between the prepulse and the main pulse.
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The prepulse intensity must be high enough to ionize the target. Its waist is gen-
erally much larger than that of the main pulse for the gradient length to be the same
over the whole focal spot. It typically has a sub-relativistic intensity and the same
duration as the main pulse (few tens of femtoseconds).

The following sections describe each of the steps that lead to the controlled gradient
length: ionization, heating and expansion. Finally, at the end of this section, table 1.5
shows the plasma density, temperature and expansion speed for the two laser systems
we used.

Ionization by the prepulse

The energy of laser photons is ε = ~ω ' 1.5 eV, far below the ionization energy of
electrons in the outermost occupied shell of common atoms. Possible ionization mech-
anisms induced by the laser field in this regime are (i) multiphoton ionization if the
atom binding potential is not significantly disturbed by electric field or (ii) tunnel ion-
ization and (iii) barrier-suppression ionization if the atom binding potential is strongly
distorted by the laser electric field. These mechanisms are illustrated in figure 1.3.

r

Φ

Multiphoton ionization

Barrier-suppression ionization

Tunnel ionization

Binding potential Disturbed potential

Laser potential: ΦL = −eELr

Eion

(a) (b)

r

Φ

Figure 1.3: (a) The external electric field is weak, the atom binding potential is not distorted
and the prevailing mechanism is multiphoton ionization. (b) The strong external field dis-
turbs the binding potential, and ionization occurs via tunnel ionization or barrier-suppression
ionization.

The prepulse intensity is strong enough for barrier-suppression ionization to be
the dominant mechanism. The simplified 1D model described below can be found in
reference [Gibbon, 2004]. Let EL > 0 be the amplitude of the x-polarized laser electric
field. The total electric potential for the electron reads

Φ(x) = − Z∗e2

4πε0x
− eELx (1.30)

where Z∗ is the ionization degree (also called charge state) to take into account the effect
of the mean ion binding potential. As shown in figure 1.3, barrier-suppression ionization
(BSI) occurs when max[x>0](Φ) ≤ Ei where Ei is the ionization energy for the test-
electron. Hence, the threshold for the field amplitude is given by EBSI = πε0E2

i /Z
∗e3,

and the intensity threshold is

IBSI[ W·cm−2] = 4× 109E
4
i[eV ]

Z∗2
. (1.31)
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ionization state ionization energy intensity threshold
Ei[eV ] IBSI[ W·cm−2]

Si+ 8.15 1.76× 1013

Si2+ 16.3 7.06× 1013

Si3+ 33.5 5.60× 1014

Si4+ 45.1 1.03× 1015

Si5+ 167 1.24× 1017

Si6+ 205 1.96× 1017

Si7+ 247 3.04× 1017

Si8+ 304 5.34× 1017

Si9+ 351 7.50× 1017

Si10+ 401 1.03× 1018

Si11+ 476 1.70× 1018

Si12+ 523 2.08× 1018

Si13+ 2440 8.35× 1020

O+ 13.6 1.37× 1014

O2+ 35.1 1.52× 1015

O3+ 54.9 4.04× 1015

O4+ 77.4 8.97× 1015

O5+ 114 2.70× 1016

O6+ 138 4.03× 1016

O7+ 739 2.43× 1019

Table 1.4: Intensity threshold for barrier-suppression ionization for electrons in silicon and
oxygen.

As an example related to experiments, we consider a pure SiO2 target. The ioniza-
tion energies for single atoms of silicon and oxygen are presented in table 1.4, along
with the corresponding intensity threshold.

The plasma density is the molecular density multiplied by the number of electrons
ionized in each atom of the molecule. For example, the 3.5 × 1014 W · cm−2 prepulse
from the Salle Noire system ionizes two electrons of the silicon atom and one electron of
each oxygen atom, which gives a total of 4 electrons per SiO2 molecule. The molecular
density nmol in fused silica is nmol = 2.2×1022 cm−3, which gives the maximum plasma
density nbulk = 8.8× 1022, or nbulk = 50nc.

Finally, we can calculate the energy lost by the prepulse to ionize the target. We
assume that the volume of plasma reads V = δsw

2
0 where δs is the plasma skin depth

and w0 is the prepulse waist. The total energy required to create the plasma reads

Eionization =
∑
atom

∑
level

εa,inmolδsw
2
0 (1.32)

where the first sum is performed on the atoms of each molecule and the second one on
the ionization levels of each atom. εa,i is the ionization energy for atom a and level i.
This expression gives Eionization = 250 nJ, namely 2.5% of the 10µJ prepulse energy.

Collisional heating by the prepulse

The prepulse ionizes the target and heats electrons while ions remain immobile. This
process results in a two-fluid plasma: electrons with temperature Te and ions with
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temperature Ti = 0. We hereafter derive a rough estimate of the electron temperature
Te.

An order of magnitude for the electron temperature can be obtained directly from
the absorption coefficient measured in experiments. As can be found in [Borot, 2012;
Chen et al., 2008; Gibbon, 1996; Vincenti et al., 2014] and in the experiments on the
UHI100 laser, the absorption for an ultrashort (τ � 1 ps) laser pulse with intensity
I ∼ 1012−15 W · cm−2 on a largely overdense (n � nc) plasma with a step-like profile
is of the order of 5− 30%. We take ηa = 1/10 for the absorbed fraction.

Under these conditions, a simple description for the collisional plasma heating by
an ultrashort laser pulse is presented in reference [Gibbon, 2004]. The energy transport
equation reads

∂ε

∂t
+∇ · (h+ fa) = 0 (1.33)

where ε is the energy density, h is the heat flow and fa is the absorbed laser flux. We
assume that the heat flow is negligible during the pulse reflection because the pulse
is ultrashort. Hence, the plasma is heated as a whole. Besides, we assume that the
characteristic length for the plasma heating is the plasma skin depth δs = c/ωp. Noting
that δs � w0 where w0 is the laser beam waist, the problem is reduced to a 1D geometry
along the target normal direction x. Hence, the absorbed laser flux reads fa = faex
and we approximate the spatial derivative as ∇ · fa = −fa/δs. Writing the absorbed
laser flux as a fraction of the incident laser flux fa = ηafL and the energy density
ε = 3/2nekBTe, the heating rate reads

d

dt
kBTe = 4 fa[ W · cm−2]

ne[cm−3]δs[cm] keV · fs−1. (1.34)

The final electron temperature is given by this heating rate times the pulse duration.
We apply this to the Salle Noire laser system, approximating the 25 fs Gaussian time
envelope by a 20 fs square envelope, with maximum intensity 3.5× 1014 W · cm−2. The
value for the plasma density was calculated in the previous paragraph ne = 50nc, and
the related skin depth is δs ' λ/44, giving a temperature Te = 16 eV.

Expansion

After the prepulse reflection, the two-fluid plasma evolves freely. As shown in [Kruer,
1988], a fraction of the thermal electron energy is transferred to ions via collisions, and
the plasma expands in vacuum on a picosecond timescale. Neglecting the magnetic
force, the fluid equation of motion for the electron population reads

mene

(
∂ve
∂t

+ (ve · ∇)ve
)

= −∇Pe − eneE (1.35)

with Pe the electron thermal pressure. We assume that this process is quasistatic and
neglect electron inertia. Hence, the LHS term in equation 1.35 is zero, which gives the
electric field as a function of the electron pressure eneE = −∇Pe. The process is 1D
along x, so that the nabla operator simplifies to ∇ ∼ ∂x.

Adding the following assumptions:

• Equation of state for the electrons Pe = nekBTe;

• Ion pressure negligible relative to the electron pressure;
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• The plasma is neutral on the mesoscopic scale ne = Z∗ni with Z∗ the ion charge
state.

Using these assumptions, the ion continuity equation and force equation along x
read

∂tni + ∂x(nivi) = 0 (1.36)

∂tvi + vi∂xvi = Ze

mi

Ex = −c2
s

∂xni
ni

(1.37)

where cs is the ion sound velocity given by

cs =
√
ZkBTe
mi

. (1.38)

Kruer proposes a self-similar solution via the new parameter ξ = x/t with ni(x, t) =
N(ξ) and vi(x, t) = V (ξ), so that for these new functions ∂x ≡ (t−1)× and ∂t ≡
(−ξ/t)×. The system 1.36 and 1.37 reads

(V − ξ)N ′ +NV ′ = 0 (1.39)

(V − ξ)V ′ + c2
s

N ′

N
= 0 (1.40)

from which one can show

V = ξ + cs (1.41)

N ′

N
= − 1

cs
(1.42)

where the second equation shows an exponential solution. Finally, this self-similar
solution reads

vi = cs + x

t
(1.43)

ni = n0 exp(− x

cst
), (1.44)

which describes an exponential density gradient with a time-dependent characteristic
length

L = cst. (1.45)

The gradient expands at the ion sound velocity, which can be calculated using the tem-
perature from the previous paragraphs. Numerical values for each step of the gradient
creation can be found in table 1.5 for the Salle Noire and the UHI100 laser systems.
The expansion velocity shows good agreement with experimental measurements.

Finally, the gradient length can be tuned by controlling the delay between the
prepulse and the main pulse. Note that the maximum density values presented above
stand between the plasma ionization by the prepulse and the end of the expansion
phase. When the front edge of the main pulse reaches the plasma, it ionizes additional
electrons from each ion without moving the ions themselves. This results in a density
gradient with the gradient length L calculated above, and a maximum plasma density
depending on the main pulse intensity. These values are typically n = 250nc and
n = 300nc for the Salle Noire and the UHI100 lasers respectively.

In the following sections, we study the interaction of the main pulse with the plasma,
taking the laser intensity, the angle of incidence and the gradient scale length as free
parameters. The following section introduces an indispensable tool for this study: the
boosted frame.
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I ZSi ZO n δs Te cSis cOs cexps

units W · cm−2 - - nc λ eV nm/ ps nm/ ps nm/ ps
Salle Noire 3.5× 1014 2 1 50 1/44 16 10 10 10.8

UHI100 1016 4 4 150 1/80 300 65 90 70

Table 1.5: Numerical values for preplasma formation. The expansion speed is given for each
element, and can be compared with experimental measurements.

1.2 Bourdier boosted frame

The reflection of an obliquely-incident p-polarized laser pulse on a plane target is a 3D
phenomenon. If the laser pulse is approximated by a plane wave, the problem does not
depend on the z direction anymore, perpendicular to the plane of incidence x− y, and
the problem is reduced to a two-dimensional study. This is illustrated in figure 1.4 a),
where the notations are defined. In reference [Bourdier, 1983], the author proposed a
Lorentz transformation which reduces this problem to a 1D problem along the target
normal x.

This reduction has two major advantages: first, numerical simulations of a 1D
phenomenon requires much less computer resources (more details on particle-in-cell
simulations can be found in chapter 2). Second, the physics can be equivalently studied
in both frames of reference, and the Bourdier boosted frame can simplify the study of
some observables. This section introduces the basics of this transformation as well as
its relevance to study the reflection of a laser pulse.

a) laboratory frame b) boosted frame 

y 

x 

y 

x 

Figure 1.4: a) Diagram for the reflection of an electromagnetic wave on a plasma mirror. The
incident wave is p-polarized and the angle of incidence is θ. b) Same setup in the boosted
frame introduced by Bourdier. After a Lorentz transform, the incident wave is normally
incident on the plasma mirror which drifts with speed vd = −c sin θ in the y direction.

1.2.1 Lorentz transform

Let R be the laboratory frame and R′ the boosted frame, moving with normalized
speed β = βey. The associated Lorentz factor is γ = 1/

√
1− β2. Let us derive the

appropriate drift velocity that turns the oblique incidence into normal incidence, as
well as the transformation for the electromagnetic fields and canonical momentum.
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Electromagnetic field transformation

The four-vector of the incident wave (ω0/c,k) = ω0/c(1,cos θ,sin θ,0) is transformed as
ω′0/c
k′x
k′y
k′z

 =


γ 0 −γβ 0
0 1 0 0
−γβ 0 γ 0

0 0 0 1




ω0/c
ω0/c cos θ
ω0/c sin θ

0

 = ω0

c


γ(1− β sin θ)

cos θ
γ(sin θ − β)

0

 . (1.46)

Choosing β = sin θ (hence γ = 1/ cos θ) gives k′y = 0, which results in the incident
wave to be normally-incident on the plane target in the boosted frame with angular
frequency ω′0 = cos θω0. The result is shown in figure 1.4 b), and the problem becomes
one-dimensional in the x direction.

To get a better understanding on the boosted frame, let us look at the fields trans-
formation directly.

k = ω0
c

cos θ
sin θ

0

 E = E0 sinφ

− sin θ
cos θ

0

 B = B0 sinφ

0
0
1

 (1.47)

with k = ω0/c and the phase φ = ω0t− k cos θx− k sin θy. The space-time transforma-
tion reads

t′ = γ(t− β y
c

) (1.48)

x′ = x (1.49)

y′ = γ(y − cβt) (1.50)

z′ = z (1.51)

with β = sin θ and γ = 1/ cos θ. The phase φ is readily transformed as

φ′ = ω0 cos θt′ − ω0 cos θ
c

x′. (1.52)

The fields transformation reads

E′// = E// (1.53)

B′// = B// (1.54)

E′⊥ = γ(E⊥ + cβ ×B⊥) (1.55)

B′⊥ = γ(B⊥ −
1
c
β ×E⊥) (1.56)

where the subscript//stands for the component parallel to the boost speed and ⊥ stands
for the orthogonal ones. The incident laser electric and magnetic fields are transformed
as

E ′x = 0 (1.57)

E ′y = E0 cos θ sinφ′ (1.58)

E ′z = 0 (1.59)

B′x = 0 (1.60)

B′y = 0 (1.61)

B′z = B0 cos θ sinφ′ (1.62)
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These expressions, along with 1.52, are those of a plane wave propagating along the
x direction (normally incident onto the plasma), with angular frequency ω′0 = ω0 cos θ
and amplitude E ′0 = E0 cos θ. Note that the normalized amplitude is unchanged after
the transformation: a′0 = a0.

The plasma density is a number of particles δ3N per unit volume. A given density
in the laboratory frame n is transformed in the boosted frame as n′ = δ3N/(δx′× δy′×
δz′) = δ3N/(δx× cos θδy × δz). Finally, the plasma density is transformed as

n′ = n/ cos θ. (1.63)

Canonical momentum transformation

The energy-momentum 4-vector is transformed via the boost matrix, which reads


E ′
p′xc
p′yc
p′zc

 =


γ 0 −γβ 0
0 1 0 0
−γβ 0 γ 0

0 0 0 1



E
pxc
pyc
pzc

 =


γE − βγpyx

pxc
−βγE + γpyc

pzc

 . (1.64)

with E =
√

1 + (p/mec)2mec
2 the particle energy. The only component of the momen-

tum modified in this transformation is the one parallel to the boost speed py. One can
easily check that an electron at rest in the laboratory frame travels with momentum
p′y = − tan θmec in the boosted frame. As a consequence, the plasma is not initially at
rest in the boosted frame: it drifts with speed βy = −c sin θ instead.

Finally, the transformation of the main quantities upon this Lorentz transform are
summarized below:

a′0 = a0 ω′0 = ω0 cos θ n′ = n/ cos θ (1.65)

dx′ = dx dy′ = dy cos θ dz′ = dz (1.66)

E ′0 = E0 cos θ B′0 = B0 cos θ λ′ = λ/ cos θ (1.67)

1.2.2 Physics in the boosted frame

y 

x x 

y 

!  Laser electric field along y"
!  Plasma electric field along x!
×  Plasma magnetic field (ion drift)"

a) Laboratory frame" b) Boosted frame"

Figure 1.5: Advantages and drawbacks of the Lorentz transformation introduced by Bourdier.
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Assuming the incident wave is a plane wave, the system is invariant along the y
direction in the boosted frame, and the problem moves from a 2D problem (x, y) in
the laboratory frame to a 1D problem (x) in the boosted frame. One can perform the
physical analysis in this frame, and the major changes are listed below:

• As shown in figure 1.5, the laser electric field is along y in this frame.

• Since the plasma density ρ(x, t) is independent of y, Gauss’s law shows that
plasma charge-separation fields are along x only. As a consequence, the electro-
magnetic and electrostatic contributions are separated along y and x respectively.

• As a counterpart, a charge separation ρ(x, t) 6= 0 results in a plasma current
density J //ey via Ampère’s law due to the ion and electron drift in the boosted
frame, which generates a plasma magnetic field.

Vacuum!

Plasma!

a)

b)

t (laser period)!

t (laser period)!

Figure 1.6: a) Magnetic field along time and space from a 1D PIC simulation performed in
the boosted frame with physical conditions (given in the laboratory frame) a0 = 3, τ = 25 fs,
L = λ/8, nbulk = 100nc. The area x > 4.7λ is filled by the overdense plasma. b) Same
representation for the log-scale electron density. A bunch of electrons can be seen propagating
in vacuum towards the x < 0 direction, i.e. along the reflected pulse.

In this thesis, 1D PIC simulations and the physical description are performed in the
boosted frame. As a first illustration, figure 1.6 shows the magnetic field and electron
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density along time and space from a 1D PIC simulation in the boosted frame. On panel
a), one can see the 5 fs laser pulse propagating along the +x direction for t < 6TL where
TL is the laser period. It is reflected at x ' 4.7λ when it reaches the plasma, and the
reflected pulse propagates in the −x direction. The bottom panel shows the electron
density. The plasma ripples during the laser pulse reflection. A bunch of electrons
then propagates in the −x direction, along the reflected pulse, while some electrons
also move back to the plasma.

1.3 Electron heating mechanisms

When the laser pulse is reflected on the plasma surface, electrons can be ejected and
propagate in vacuum. Taking a look at the literature on experimental results, I noticed
how striking the variety of experimental parameters is, in terms of incidence angle,
laser intensity or gradient scale length. This diversity leads to ejection of electron
bunches with extremely heterogeneous energies and directions. However, only three
mechanisms are usually invoked to explain these experimental results.

This section aims at (i) introducing three fundamental mechanisms: resonant ab-
sorption, vacuum heating and J ×B heating; (ii) give intuition on the role of the main
parameters to help understand which mechanism is dominant in which conditions; (iii)
highlight how electron ejection in the backward direction, i.e. in the half-space x < 0
containing the incident and the reflected pulses, remains unclear.

Subsections 1.3.1-1.3.3 present a detailed description of the three above-mentioned
mechanisms. An overdense plasma lies in the half-space x > 0, and an electromagnetic
plane wave propagates in vacuum with angular frequency and wave vector (ω0,k =
(kx, ky, 0)) with kx > 0. The plasma is collisionless, ions are immobile and the thermal
pressure will be neglected compared to the laser pressure.

The last subsection 1.3.4 presents a large review of experiments performed in the last
twenty years. An analysis of these results shows how the role of the density gradient is
often underestimated, which makes it difficult to understand properly the mechanisms
responsible for electron acceleration.

1.3.1 Resonant absorption

A p-polarized electromagnetic wave with angular frequency ω0 impinges in oblique
incidence on an overdense plasma with a linear density gradient n(x) on its front side,
as shown in figure 1.7. We assume the incident wave has a non-relativistic intensity
(a0 < 1) and use the notation E = Ēeiω0t.

Mechanism

The Helmholtz equation (eq. 1.9) reads[
∂2

∂x2 + ∂2

∂y2 + 1
c2 (ω2 − ω2

p)
]
Ē = 0. (1.68)

The system is translationally invariant along the y coordinate. As a consequence of
Noether’s theorem, the y component of the wave vector ky = k sin θ is conserved upon
the wave reflection: Ē(x, y) = Ẽ(x)e−iω0 sin θy/c. This allows us to write equation 1.68
as

Ẽ′′(x)−
ω2

0 cos2 θ − ω2
p

c2 Ẽ(x) = 0, (1.69)
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so that the wave reflection occurs for ωp = ω0 cos θ or, in terms of plasma density,

n = nc cos2 θ. (1.70)

4 2 0 2 4 6 8 10

10

8

6

4

2

0

2

4

6

8

10

Reflection
n = nc cos2 θ n = nc

Resonance

x

y

0−→
ki

−→
kr

Evanescent wave

θ

Figure 1.7: Diagram for resonance absorption. The p-polarized incident wave reflects under
oblique incidence on an overdense plasma (grey area) with a density gradient on its front
side. The density at the reflection point is nc cos2 θ, where θ is the angle of incidence. An
evanescent wave (orange) with angular frequency ω sets up behind the reflection point, and
its normal component along x resonantly excites plasma waves at x = 0, where the evanescent
wave angular frequency and the electron plasma frequency match. This resonance is shown
in red.

As shown in section 1.1.1, an evanescent wave with angular frequency ω0 penetrates
into the plasma within a skin depth δs.

Gauss’s law reads ∇ · (εrĒ) = 0. For a linear density gradient with characteristic
length L, n = nc(1 + x/L) and εr(x) = −x/L for x > −L. Thus:

∇ · (εrĒ) = − 1
L

(
x
∂Ēx
∂x

+ Ēx

)
= 0 (1.71)

so that
∂Ex
∂x

= −Ēx
x

(1.72)

which clearly shows a resonant response for x = 0, i.e. n = nc or ωp = ω0.
A scaling law for the absorbed fraction of a non-relativistic laser can be found

in references [Forslund et al., 1975; Kruer, 1988]. It only depends on the parameter

α =
(
ω0L
c

)1/3
sin θ, and is optimal for α ' 0.8. θ = 45◦ gives an optimal length

Lopt = λ/4.
Physically, the incident wave is reflected at x = −L sin θ where ωp = ω0 cos θ,

and an evanescent wave reaches x = 0 and resonantly excites plasma waves since
ωp(x = 0) = ω0. The energy transfer is due to the normal component of the electric
field. A laser beam can significantly heat the plasma via this mechanism, transfering
up to 70% of the laser pulse energy to the plasma.

The normalized amplitude of the plasma waves in the low-intensity a0 � 1 regime
can be found in references [Denisov, 1957; Estabrook et al., 1975; Ginzburg, 1964], and
an upper bound is given by

apw ∼
1

(4π)2
λ

L
a0 (1.73)
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for a long density gradient.

Wavebreaking: The phase velocity of plasma waves is directed towards the lower
densities. In the low-intensity regime a0 � 1, the plasma wave is carried by electrons
with the displacement δ of an harmonic oscillator δ(x0, t) ∝ sin(ωpt) with x0 the electron
initial position and ωp the local plasma frequency. When the intensity increases, this
displacement becomes anharmonic. Wavebreaking occurs when electrons with different
initial positions are superimposed (see reference [Bergmann & Mulser, 1993]), which
reads

∂δ

∂x0
= −1. (1.74)

This phenomenon is well-known for waves on the water’s surface, when smooth waves
turn into rollers when they reach the shore. In this case, condition 1.74 is satified when
the steepest part of the leading edge of the wave becomes vertical.

When wavebreaking occurs in the density gradient, electrons are trapped in the
wave and accelerated to suprathermal energies towards the lower density region. At
high intensity, this mechanism saturates when a high number of trapped electrons
load the plasma wave, which strongly decreases the wave amplitude with respect to
equation 1.73. Besides, for long laser pulses (τL > 1 ps), the ponderomotive force
exerted by the electron plasma wave on the ions bores a hole in the density gradient and
prevents the electrons from being further accelerated, as shown in reference [Forslund
et al., 1975].

Electron jets: Trapped electrons are accelerated in the plasma wave and can leave
the plasma. In reference [Forslund et al., 1977], the authors show that the hot electrons
have a Maxwellian distribution and the temperature scales as Thot ∝ (Iλ2)1/3. The
energy of ejected electrons scales weakly with the laser intensity because of the loading
effect. These hot electrons travel in vacuum towards −x, and a fraction is recalled back
to the plasma due to charge-separation fields. This leads to wide electron jets centered
around the target-normal direction, both in the backward (x < 0) and in the forward
(x > 0) directions.

1.3.2 Vacuum heating

A p-polarized wave with non-relativistic intensity (a0 � 1) impinges on an overdense
plasma with a step-like density profile n(x > 0) = n0 � nc under oblique incidence.
Electrons from the surface circulate in vacuum during one laser period before returning
to the plasma with non-zero velocity. These electrons are called Brunel electrons. The
incident wave is screened in the plasma bulk x > 0, so Brunel electrons can travel
freely in the x > 0 half-space, where they deposit energy via collisions. This non-
resonant mechanism was initially studied to account for extra absorption of laser light
in overdense plasmas in reference [Brunel, 1987].

Brunel electrons: The incident wave is a monochromatic plane wave (ω0,ki), with
amplitude E0 and angle of incidence θ. Brunel developed a simple model to describe
the electron dynamics, relying on the following hypotheses:
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• The mechanism takes place in the low-intensity regime: relativistic effects are
neglected, as well as the magnetic force. The incident electric field reads

Ei(r, t) = E0 sin(ωt− ki · r)[sin θex + cos θey] (1.75)

= Eix(r, t)ex + Eiy(r, t)ey (1.76)

where r = (x, y).

• The plasma has a step-like density profile, which is equivalent to an infinitely
steep density gradient.

• The plasma is assumed to behave as a perfect mirror. Hence, the interface con-
ditions read

Ex(0−, y, t) = 2Eix(0, y, t) (1.77)

Ey(0−, y, t) = 0. (1.78)

From equation 1.78, we can see that there is no motion along y: the problem
is purely 1D along x and the dependence in y will be skipped in what follows.
The charge density is a linear charge density with n(x) = n0Θ(x) where Θ is the
Heaviside step function defined by Θ(x < 0) = 0 and Θ(x ≥ 0) = 1. Besides, the
perfect mirror hypothesis implies that all fields are zero in the plasma: E(x >
0, t) = 0.

• Electrons start at t = 0 and travel in the x < 0 half-space during a laser pe-
riod. We assume their maximum excursion d in vacuum verifies d� λ, which is
reasonable in the low-intensity regime. Hence, the electric field at an electron’s
position does not differ significantly from its value at the plasma border:

Ex(x, t) = Ex(0−, t) ∀x < 0. (1.79)

x

y

0−→
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−→
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θ

Normal oscillating
field Ex

Hot electrons
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x/

(a) (b)

Figure 1.8: (a) Diagram for vacuum heating. An obliquely incident wave impinges on an
overdense plasma. The electric field normal to the target (orange) drives electrons (red
trajectories) from the surface towards vacuum and accelerates them back to the plasma,
where they deposit energy. (b) Surface electron trajectories. Black lines stand for electrons
released in vacuum later that red ones. The grey area stands for the plasma.
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When electrons move from the plasma to vacuum, the plasma becomes non-neutral
and creates an electrostatic field Ep along x. This field is given by Gauss’s law for
electron j:

Ep(xj) =
∫ xj

−∞

n(x)
ε0

dx. (1.80)

The electrostatic field on electron j located at xj depends on the total charge at x < xj.
We assume the electrons do not cross during their motion, so that the total charge on
the left of electron j is unchanged: ∀t > 0, Ep(xj, t) = Epj with Epj ≤ 0. Electron j is
immobile until its starting time tj when the total field at its position is zero:

Ex(tj) = 2E0 sin θ sinω0tj + Epj = 0. (1.81)

Given the parameter tj, this equation gives the plasma’s restoring electrostatic field

Epj = −2E0 sin θ sinω0tj. (1.82)

Finally, the equation of motion for electron j reads

ẍj = −2eE0

me

(sinω0t− sinω0tj) (1.83)

for x < 0 and ẍj = 0 for x > 0, giving

kxj(t) = 2 eE0

meω0c

[
sinω0t− sinω0tj − (ω0t− ω0tj) cosω0tj + sinω0tj

2 (ω0t− ω0tj)2
]
.

(1.84)

Figure 1.8 b) shows the corresponding trajectories. An estimate of the absorption
coefficient can be found in [Brunel, 1987]. Vacuum heating is the dominant ab-
sorption mechanism upon the reflection of a low-intensity laser pulse on
an overdense plasma without, or with a very short, density gradient on its
front side.

This mechanism can lead to distinct populations of hot electrons, which we can
split in two parts:

Frontward electron jets: If the target is thin enough, Brunel electrons can travel
through the plasma and be detected behind. This jet of electrons is consistent with
Brunel’s model.

Backward electron jets: Brunel model relies on strong hypotheses:

• monochromatic plane incident wave, reduced to a 1D problem;

• no plasma effect except the recall force;

• small electron excursion in vacuum → uniform fields;

• magnetic force neglected;

• non-relativistic dynamics.
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In more realistic conditions, a fraction of the electrons travelling in vacuum never
return to the plasma and are ejected in the backward (x < 0) direction. We extended
Brunel’s model and added relativistic and magnetic effects, as well as non-uniform fields
that depend on the electron position (equations are given in appendix B). Electron
trajectories calculated via this model are shown in figure 1.9. The electron dynamics
is more complex than in Brunel’s model (see figure 1.8 on page 25). A jet of electrons
propagates towards vacuum (along −x). The model equations can be found in the
appendix.
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Figure 1.9: Electron trajectories calculated from the extended Brunel model including mag-
netic and relativistic effects. Note that some electron trajectories cross each other around
t/TL = 3, which breaks one of the hypotheses of the model. A jet of electrons propagates
towards vacuum.

In the literature, authors refer to Brunel electrons to interpret experimental results
on backward electron ejection. However, the dynamics of backward ejected electrons
strongly differs from Brunel electrons, especially because they never return to the
plasma. Besides, the extended model presented above shows severe restrictions: the
non-crossing hypothesis is broken within only three laser periods, and the role of the
plasma fields is completely neglected. Hence, the term Brunel electron is an abuse of
language suggesting that backward electron ejection remains a grey area. This trend
is emphasized in the review of experimental results presented in section 1.3.4.

1.3.3 J ×B heating

A plane wave polarized along ey, with angular frequency ω0 and relativistic intensity
(a0 & 1) impinges on an overdense plasma under normal incidence. We assume the
density gradient is sharp (L � λ). Electrons oscillate along the plasma surface //ey,
driven by the electric field E//ey. The magnetic force drives them towards the plasma
bulk, where they deposit energy via collisions.

The model presented here can be found in reference [Kruer & Estabrook, 1985]. We
assume that the y component of the electric field close to the plasma surface (in the
skin depth δs � λ) reads Ey = E0(x) cos(ω0t), and we derive the magnetic field using
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Figure 1.10: Diagram for J×B heating. A relativistically-intense electromagnetic wave hits
an overdense plasma under normal incidence. The incident electric field drives electrons to
relativistic speeds along the polarization direction, and the wave magnetic force pushes them
towards the plasma bulk where they deposit energy and heat the plasma.

Faraday’s law 1.5, which gives the final electric and magnetic fields

E = E0(x) cos(ω0t)ey (1.85)

B = − 1
ω0

dE0

dx
sin(ω0t)ez. (1.86)

For the sake of simplicity, we consider the non-relativistic equations, and assume
vx � c. Neglecting the higher-order convective term in the time derivative, Euler’s
equation 1.2 at the first order reads

∂vx
∂t

= −evyBz (1.87)

∂vy
∂t

= −eEy. (1.88)

Equation 1.88 gives vy = − eE0(x)
meω0

, and then equation 1.87 gives the magnetic force
along x:

Fmag = − e2

4mω2
0

dE2
0(x)
dx

[1− cos(2ω0t)]. (1.89)

Since
dE2

0
dx

< 0 in the skin depth, Fmag > 0 and drives electrons inside the plasma at an
angular frequency 2ω0. A more appropriate expression of this force is

Fmag = −me

4
dv2

y(x)
dx

[1− cos(2ω0t)]. (1.90)

This is a magnetic second-order effect, as shown by the square dependence on the
light amplitude as well as the double frequency 2ω0. Hence, it is perceptible only for
a0 & 1. Ruhl ([Ruhl, 1996]) presented a model describing the transition from J × B
heating to vacuum heating when increasing the angle of incidence, and highlighted the
transition from a first-order to a second-order phenomenon.

Electron jets: Electrons acquire energy by oscillating along the target surface and
propagate towards the normal direction because of the magnetic force. Their energy is
easily derived via the canonical momentum conservation (see [Wilks, 1993]) and reads

E = (
√

1 + a2
0 − 1)mec

2, where we assumed p2
x � p2

y. Hot electrons generated via this
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Figure 1.11: Angular distribution of ejected electrons due to the main heating mechanisms.
The length of the jets are an indication of typical electron energies.

mecanism escape the plasma forming a very broad angle around the target normal in
the frontward direction (x > 0).

An overview of the three mechanisms described here is shown in figure 1.11. Elec-
tron jets due to resonant absorption, J×B heating and Brunel electrons are expected to
be observed along the target normal direction. The mechanism for backward electrons
away from the target normal direction is not well understood yet, though frequenty
associated with Brunel electrons.

1.3.4 Review of experimental results

Introduction

In this section, we present a large review of experiments performed during the last
twenty years. These experiments all investigate electron ejection during the reflection
of a short and intense linearly-polarized (p-polarized in the case of oblique incidence)
laser pulse, off an overdense plasma. The experimental conditions show a great diversity
(orders of magnitude in laser intensity, normal/oblique incidence, thin/thick target,
long/short gradient) and result in extremely diverse electron bunches in terms of charge,
energy and ejection angle. The goals of this study are (i) to pinpoint the lack of
understanding of the backward electron ejection and (ii) to show that the role of the
density gradient length is often underestimated.

Backward electron ejection in experiments

Figure 1.12 shows experimental results from references [Mordovanakis et al., 2009] (a
and b) and [Li et al., 2006b] (c, d and e). Figure 1.12 a) shows electrons ejected around
the specular direction, with relativistic energy. By changing the angle of incidence,
Li et al. switched the emission angle from nearly normal for θ = 45◦ (c) to grazing
direction for θ = 70◦ (d), by simply tilting the target. Besides, the corresponding
electron spectra plotted in figures 1.12 b) and e) show that electrons have an energy
centered around the relativistic value E = 0.8 MeV in Mordovanakis’ experiment, while
the bottom spectrum has a typical thermal shape, with a Maxwellian distribution
corresponding to a temperature of 300 keV.
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the target, similar to previous observations by different
groups [22–24]. The most striking aspect of our measure-
ments is the presence of a novel fast electron beam emitted
along the front target surface, marked as ‘‘surface fast
electron (SFE)’’ in the figures. The SFE beam becomes
increasingly pronounced when increasing the laser inci-
dent angle [25]. The intensity of the SFE beam at the
incident angle 70! reaches "5 times higher than that of
the beam close to the specular direction. It is well repro-
ducible and collimated, with a cone angle less than 15!

(FWHM). The single-shot energy spectrum of the SFE
measured at 10! with respect to the front target surface is
shown in Fig. 2(a). The distribution peaks at about 290 keV
and the detectable maximum energy approaches 2000 keV.
The effective temperature, kT, is 305 keV, obtained by
fitting the spectrum with an exponential decay. The depen-
dence of the numbers of fast electrons with energies
>300 keV per sterad, measured within the SFE beam, on
the laser intensity are shown in Fig. 2(b). The electron
numbers are approximately proportional to the laser
intensity.

The peak of the transmitted beam behind the target does
not coincide with the laser propagation direction, but is
deflected towards the rear target surface. This deflection
becomes much pronounced for the large incidence angles.
The transmitted electron beam for 70! is emitted almost
parallel with the rear surface [marked as ‘‘Rear SFE beam’’
in the IP image in Fig. 1(c)].

The fractions of the SFE and the transmitted fast elec-
trons, given by fse # Nse=Ntot and fte # Nte=Ntot, respec-
tively, where Nse denotes the number of fast electrons
along the front surface, Nte the number of all transmitted

electrons within 1! angle behind the target, and Ntot the
number of total ejected electrons found in both sides of the
target, are listed in Table I. The uncertainty comes from the
shot-to-shot fluctuations from 3–5 shots. The results in-
dicate that, with the increase of laser incidence angles, the
fraction of front SFE fse increases, while the transmitted
fraction fte decreases. For the 70! case, fse increases up to
about 60%, while fte almost reduces to the noise level.

To understand the measurements, numerical simulations
have been conducted with our 2D fully relativistic PIC
code. Figure 3(a) shows the simulation geometry. In the
simulations, a p-polarized laser pulse with an irradiance of
2–5$ 1018 W=cm2 is incident at 70! onto a 4"0 thick
plasma slab with an initial density of 8nc, where nc and
"0 are the critical density and the laser wavelength, re-
spectively. The diameter of the laser focus is 10"0. The
laser electric field is in the Y direction.
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FIG. 2 (color online). (a) The energy spectrum of the SFE
beam at the incidence angle 70!, detected at 10! relative to the
front target surface; (b) The dependence of the fast electron
number contained in the beam on the laser intensity.

TABLE I. The ratios of the front SFE and the transmitted fast
electrons to the total fast electrons.

Incident angle fse fte

22.5! <6% 20%–28%
45! 17%–28% 8%–16%
60! 40%–45% <6%
70! 50%–65% <5%
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FIG. 1 (color online). The angular distributions of the fast
electrons with energies >300 keV for three incidence angles
of 22.5! (a), 45! (b), and 70! (c), respectively. An inset with
enlarged scale is also given in (a) to show the surface electron
beam more clearly. The right part of (c) shows the IP image of
the fast electron beam emitted close to the target surface.

PRL 96, 165003 (2006) P H Y S I C A L R E V I E W L E T T E R S week ending
28 APRIL 2006

165003-2

the target, similar to previous observations by different
groups [22–24]. The most striking aspect of our measure-
ments is the presence of a novel fast electron beam emitted
along the front target surface, marked as ‘‘surface fast
electron (SFE)’’ in the figures. The SFE beam becomes
increasingly pronounced when increasing the laser inci-
dent angle [25]. The intensity of the SFE beam at the
incident angle 70! reaches "5 times higher than that of
the beam close to the specular direction. It is well repro-
ducible and collimated, with a cone angle less than 15!
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measured at 10! with respect to the front target surface is
shown in Fig. 2(a). The distribution peaks at about 290 keV
and the detectable maximum energy approaches 2000 keV.
The effective temperature, kT, is 305 keV, obtained by
fitting the spectrum with an exponential decay. The depen-
dence of the numbers of fast electrons with energies
>300 keV per sterad, measured within the SFE beam, on
the laser intensity are shown in Fig. 2(b). The electron
numbers are approximately proportional to the laser
intensity.

The peak of the transmitted beam behind the target does
not coincide with the laser propagation direction, but is
deflected towards the rear target surface. This deflection
becomes much pronounced for the large incidence angles.
The transmitted electron beam for 70! is emitted almost
parallel with the rear surface [marked as ‘‘Rear SFE beam’’
in the IP image in Fig. 1(c)].
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trons, given by fse # Nse=Ntot and fte # Nte=Ntot, respec-
tively, where Nse denotes the number of fast electrons
along the front surface, Nte the number of all transmitted

electrons within 1! angle behind the target, and Ntot the
number of total ejected electrons found in both sides of the
target, are listed in Table I. The uncertainty comes from the
shot-to-shot fluctuations from 3–5 shots. The results in-
dicate that, with the increase of laser incidence angles, the
fraction of front SFE fse increases, while the transmitted
fraction fte decreases. For the 70! case, fse increases up to
about 60%, while fte almost reduces to the noise level.

To understand the measurements, numerical simulations
have been conducted with our 2D fully relativistic PIC
code. Figure 3(a) shows the simulation geometry. In the
simulations, a p-polarized laser pulse with an irradiance of
2–5$ 1018 W=cm2 is incident at 70! onto a 4"0 thick
plasma slab with an initial density of 8nc, where nc and
"0 are the critical density and the laser wavelength, re-
spectively. The diameter of the laser focus is 10"0. The
laser electric field is in the Y direction.
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FIG. 1 (color online). The angular distributions of the fast
electrons with energies >300 keV for three incidence angles
of 22.5! (a), 45! (b), and 70! (c), respectively. An inset with
enlarged scale is also given in (a) to show the surface electron
beam more clearly. The right part of (c) shows the IP image of
the fast electron beam emitted close to the target surface.
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the target, similar to previous observations by different
groups [22–24]. The most striking aspect of our measure-
ments is the presence of a novel fast electron beam emitted
along the front target surface, marked as ‘‘surface fast
electron (SFE)’’ in the figures. The SFE beam becomes
increasingly pronounced when increasing the laser inci-
dent angle [25]. The intensity of the SFE beam at the
incident angle 70! reaches "5 times higher than that of
the beam close to the specular direction. It is well repro-
ducible and collimated, with a cone angle less than 15!

(FWHM). The single-shot energy spectrum of the SFE
measured at 10! with respect to the front target surface is
shown in Fig. 2(a). The distribution peaks at about 290 keV
and the detectable maximum energy approaches 2000 keV.
The effective temperature, kT, is 305 keV, obtained by
fitting the spectrum with an exponential decay. The depen-
dence of the numbers of fast electrons with energies
>300 keV per sterad, measured within the SFE beam, on
the laser intensity are shown in Fig. 2(b). The electron
numbers are approximately proportional to the laser
intensity.

The peak of the transmitted beam behind the target does
not coincide with the laser propagation direction, but is
deflected towards the rear target surface. This deflection
becomes much pronounced for the large incidence angles.
The transmitted electron beam for 70! is emitted almost
parallel with the rear surface [marked as ‘‘Rear SFE beam’’
in the IP image in Fig. 1(c)].

The fractions of the SFE and the transmitted fast elec-
trons, given by fse # Nse=Ntot and fte # Nte=Ntot, respec-
tively, where Nse denotes the number of fast electrons
along the front surface, Nte the number of all transmitted

electrons within 1! angle behind the target, and Ntot the
number of total ejected electrons found in both sides of the
target, are listed in Table I. The uncertainty comes from the
shot-to-shot fluctuations from 3–5 shots. The results in-
dicate that, with the increase of laser incidence angles, the
fraction of front SFE fse increases, while the transmitted
fraction fte decreases. For the 70! case, fse increases up to
about 60%, while fte almost reduces to the noise level.

To understand the measurements, numerical simulations
have been conducted with our 2D fully relativistic PIC
code. Figure 3(a) shows the simulation geometry. In the
simulations, a p-polarized laser pulse with an irradiance of
2–5$ 1018 W=cm2 is incident at 70! onto a 4"0 thick
plasma slab with an initial density of 8nc, where nc and
"0 are the critical density and the laser wavelength, re-
spectively. The diameter of the laser focus is 10"0. The
laser electric field is in the Y direction.
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FIG. 1 (color online). The angular distributions of the fast
electrons with energies >300 keV for three incidence angles
of 22.5! (a), 45! (b), and 70! (c), respectively. An inset with
enlarged scale is also given in (a) to show the surface electron
beam more clearly. The right part of (c) shows the IP image of
the fast electron beam emitted close to the target surface.
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peak at relativistic energies (Fig. 3). Similarly to the be-
havior of the beam’s spatial distribution, the spectral peak
shifted toward higher energies when the scale length was
increased from shortest to Ln ’ !=2 (prepulse delay of
16.7 ps). At this optimum scale length, the spectral peak
occurred at !0:78 MeV [red (medium gray) curve in
Fig. 3] and the total charge in the collimated beam is
estimated to be 7" 3 pC per laser shot. This yields an
integrated electron charge of the order of a nC per second
when the laser is operating at 0.5 kHz. The shot-to-shot
stability of the electron beam was confirmed by comparing
the spectrum from a single laser shot with Ln ’ !=2 (inset
in Fig. 3) to the integrated spectrum of 250 shots. For long
scale lengths, as the electron beam broke up and shifted to
the normal direction (panels a-v and b-v in Fig. 2), far
fewer electrons having a Maxwellian distribution were
detected along the spectral measurement direction.

In order to understand the mechanisms of electron beam
generation we revert to two-dimensional (2D) particle-in-
cell simulations [19]. We consider the interaction when a

30 fs p-polarized pulse focused to 2! width with !2#
1018 W=cm2 (a0 ¼ 1) intensity is incident at 45% on a
collisionless preionized plasma slab with immobile ions
and an exponential density profile ranging from 0:1ncrit to a
shelf density of 16ncrit. Figure 4 shows angular energy
distributions of electrons outside the plasma for scale
length conditions Ln ¼ !=5 and !=2, 20 laser cycles after
the peak of the pulse has passed through focus. As can be
seen in the figure, the particle-in-cell (PIC) simulations
reproduce the main features that are observed in experi-
ments: the electrons are bunched in a collimated beam with
a quasimonoenergetic distribution, emitted between the
laser specular and the target normal directions. Moreover
the highest energy beam is obtained when the scale length
Ln ¼ !=2, producing a distribution that peaks at
!900 keV.

FIG. 3 (color online). Electron spectra measured along the
" ¼ 36% direction by accumulating 250 laser shots at I ! 2#
1018 W=cm2 for the case of no prepulse [blue (dark gray)], and a
scale length of ’ !=2 [red (medium gray)]. The inset shows the
spectrum from a single laser shot for the optimal scale length of
!!=2.

FIG. 4 (color online). Angular energy distribution of electrons
outside the plasma for two different electron density scale
lengths: (a) !=5 and (b) !=2. The laser intensity is !2#
1018 W=cm2 (ao ¼ 1). The insets show a line plot of the energy
distribution along the collimated beam direction.

FIG. 2 (color online). Single-shot exposures of the electron
beam from SiO2 plasma for different prepulse delays (#t ¼ 0,
13.3, 16.7, 20.0 and 187 ps). The laser intensity is 2:5#
1018 W=cm2 incident along the 45% angle (marked with a dotted
circle; the target surface direction is along the 90% angle). The
left and right columns show electrons registered on IP layer 1
(>150 keV) and layer 2 (>350 keV), respectively.
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of the plasma scale length at laser intensities up to 2:5!
1018 W=cm2.

The electron experiments were carried out on the !3

laser facility at the Center for Ultrafast Optical Science
(CUOS). This high-contrast ultrafast system—described
in detail elsewhere [16]—produces 30 fs, 3 mJ pulses
at 0.5 kHz repetition rate. When focused tightly, peak
intensities exceeding the relativistic threshold ("2!
1018 W=cm2 for 800 nm wavelength) can be reached in a
1:5 "m (FWHM) focal spot. This distinguishes our ap-
proach to quasimonoenergetic electron beam generation
from all previous relativistic-intensity experiments which
were carried out using large laser facilities at low repetition
rates. While amplified spontaneous emission (ASE) is
incident on the target starting a few nanoseconds before
the main interaction, its intensity remains below the dam-
age threshold of SiO2 up until "20 ps prior to the peak of
the main pulse. During these last 20 ps, the ASE is ex-
pected to cause plasma formation, but only to produce a
very short scale length. Thus, in order to study the electron
beam characteristics as a function of the plasma density
scale length, we deliberately introduce a moderate-
intensity prepulse (2! 1014 W=cm2) with a variable delay,
focused to a much larger spot size ("30 "m) compared to
that of femtosecond pulse. We relied on a one-dimensional
hydrodynamic code (HYADES [17]) to relate the prepulse
delay in ps to the scale length in "m, assuming an isother-
mal expansion.

In the typical experimental geometry (Fig. 1), the
p-polarized pulses were incident at 45# onto an SiO2 target
having an optical-quality surface. The target was translated
to ensure that each laser pulse interacted with an undam-
aged area. The spatial profile of the emitted electron beam

was recorded on a stack of imaging plates (IPs) (FUJI
BAS-SR 2025, calibrated in [18]) mounted to cover the
angular cone between the target surface and normal direc-
tions, opposite the laser propagation direction. The first IP
layer was covered with a 50 "m thick Cu filter that cuts off
electrons with energies below "150 keV. The second
layer was filtered by the first IP layer along with the Cu
foil and cuts off &350 keV electrons. The electron spec-
trum was sampled with a custom-built dispersive spec-
trometer having an 8 cm-long collimator that reduces the
acceptance angle to "30 "rad. The collimator was typi-
cally aligned along the peak of the electron beam about
5 cm away from the plasma.
The spatial distribution of the electron beam emitted by

the SiO2 plasma was studied as a function of the scale
length at an intensity of "2:5! 1018 W=cm2. The pre-
pulse delay #t was varied between 0 ps (blocked prepulse)
and 187 ps, corresponding to a scale length range varying
between <0:1! and "5:5!, respectively. The electron
signal was recorded on the IP stack in the single-shot
operation mode. Figures 2(a) and 2(b) show IP data from
the first (left column, lower energies) and the second layer
(right column, higher energies) for different prepulse de-
lays. The laser specular half-intensity cone, centered at
45#, is marked with a dashed circle for reference. The
target normal and surface directions are oriented along
the 0# and 90# angles. For short to intermediate scale
lengths (Ln & !=2; #t & 16:7 ps), the electrons were
emitted into a well collimated beam centered along the
34# direction, between the specular and the normal direc-
tions. The integrated electron signal recorded on the IP
increased with increasing prepulse delay (scale length) and
peaked when Ln ’ !=2. At this optimum scale length, the
electron beam divergence was measured to be around$7#

(for electrons with E> 350 keV). For longer predelays
(#t % 20:0 ps), the electron beam broke up and was emit-
ted over a broader cone. Moreover, the beam direction
gradually shifted toward the target normal direction for
very long predelays, as would be expected when resonance
absorption in a long scale length plasma is dominant. Also
observed in Fig. 2 (notably in panels a-i, a-ii, b-i, b-ii) is a
hole in the electron beam spatial distribution along the axis
of the laser specular beam where the intensity is highest.
This suggests that electrons are expelled from the beam by
the ponderomotive force of the relativistic-intensity laser.
However, such a scenario could only occur if the electron
beam is emitted while the laser pulse is reflecting off the
target surface. As a consequence, the duration of the elec-
tron pulse—at the source—must be less than or compa-
rable to that of the laser pulse, i.e. "30 fs.
In addition, we investigated the energy distribution of

the electrons within the beam for various preplasma con-
ditions. The spectra were sampled along the 36# direction
(with respect to the normal) by accumulating 250
p-polarized pulses at a peak intensity of 2!
1018 W=cm2. For short to intermediate scale lengths, the
spectra exhibited a non-Maxwellian quasimonoenergetic

FIG. 1 (color online). Experimental setup used to probe the
spatial distribution of the hot electron beam. Alternately, an
electron spectrometer is used instead of the IP stack to character-
ize the electron beam spectrum.
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a) b)

c) d) e)

Figure 1.12: [Panels a) and b) are from reference [Mordovanakis et al., 2009]] a) Schematic
of the experiment, showing the electron jet direction. The laser parameters are I = 1.4 ×
1018 W · cm−2, θ = 45◦, w0 = 1.5µm, τ = 30 fs. b) Electron spectrum in the specular
direction. [Panels c), d) and e) are from reference [Li et al., 2006b]] c) Electron angular
distribution. The parameters are I = 1.4 × 1018 W · cm−2, θ = 45◦, w0 = 10µm, τ = 30 fs.
The gradient scale length is not known because of the poor laser contrast. d) Same setup,
with θ = 70◦. The electron jet switched from normal direction to grazing direction. e)
Electron spectrum along target for θ = 70◦.
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These results clearly show backward electron jets, away from the target normal
direction, which cannot be explained by the three above-mentioned mechanisms. The
authors develop phenomenological models to explain their results. Yet the apparent
similarity between these examples suggests that there is a unique mechanism underlying
the process of electron ejection.

Table 1.6 shows an extensive review of experimental results obtained during the
last twenty years. This table allows a more systematic study. Electrons accelerated
via resonance absorption (RA) show similar distributions: they are ejected along the
target normal direction in the frontward or backward direction, with an energy of a
few 100 keV. Few articles report directly on J × B heating, but references [Malka &
Miquel, 1996] and [Santala et al., 2000] show similar results, with electrons of a few
MeV energy ejected along the target normal in the frontward direction.

Other published experiments, where electron acceleration was claimed to be due to
vacuum heating or other mechanisms may result in extremely different ejection angles
(backward and frontward normal, specular direction, between normal and specular
direction and even along the target surface). Whether all these distributions result
from a similar mechanism is not clear, and such a mechanism is not proposed.

Density gradient length in experiments

References [Cai et al., 2003] and [Li et al., 2006a] show electron ejection for similar
parameters. However, their final results differ significantly. This observation holds
for several experiments shown in table 1.6. Experimental results for backward
electron ejection are extremely diverse because the density gradient length,
which is a key parameter, is either poorly controlled or not measured, if
not totally omitted in the analysis.

The reason is that the gradient is extremely difficult to measure and can appear
because of unwanted prepulses or a nanosecond pedestal before the main pulse, if the
laser contrast is not high enough. To play with this parameter, several groups have
developed a specific diagnostic, as presented in [Bocoum et al., 2015; Geindre et al.,
1994; Kahaly et al., 2013], to tackle the issue of laser contrast and control the prepulse–
main pulse delay.
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Outcome of the review

In spite of these numerous experimental results, the ejection process remains unclear.
Reference [Ruhl et al., 1999] shows a model based on the conservation of the transverse
canonical momentum, and is probably the most advanced predictive tool for the direc-
tion of backward ejected electrons. Nevertheless, it works for a step-like density profile
and does not aim at describing the ejection mechanism and the plasma dynamics. Be-
sides, this model fails to describe results from experiments with a controlled gradient.
For example, in the experiment presented in reference [Mordovanakis et al., 2009],
electrons were detected around θout = 40◦ whereas Ruhl’s model predicted θout = 23◦.

In this thesis, we have used experimental results obtained in very clean experiments
with well-controlled density gradients in order to establish the phenomenology of back-
ward electron ejection. This has been the basis of the models we have developed, and
that are presented in the next chapters. Besides, we show that the dynamics in vac-
uum in the electromagnetic fields can change dramatically the distribution of ejected
electrons.

Backward electrons originate from the surface, which is known to be the source of
intense high harmonic generation. There is a vast literature on this subject and the
processes are relatively well-understood. Thus, one of the goals of this thesis is to
determine if there is a link between harmonic generation and electron ejection. The
following section presents the mechanisms for harmonic generation on plasma mirrors.

1.4 High harmonic generation on plasma mirrors

We hereafter discuss the high harmonics generated when an intense laser pulse (a0 ∼ 1)
reflects under oblique incidence off an overdense plasma (250nc) with a sub-wavelength
density gradient scale length (L < λ), and describe two possible mechanisms in sec-
tions 1.4.2 and 1.4.3. In both cases, a non-linear process takes place during each optical
cycle that generates a single attosecond bunch with a broad spectrum. This periodic
mechanism leads to a train of attosecond bunches in the time domain, equivalent to a
harmonic spectrum showing multiples of the fundamental frequency ω0. This equiva-
lence is stated in section 1.4.1.

1.4.1 Train of ultrashort pulses and high harmonic generation

A train of attosecond pulses in the time domain S and its Fourier transform S̃ are
shown in figure 1.13 a) and e) respectively, for harmonics generated by a laser with
angular frequency ω0 and TL = 2π/ω0. The spectrum consists of peaks for multiples of
ω0, called harmonics. The pulse train in the temporal domain is given by

S = A ∗ [H × E] (1.91)

where ∗ stands for the convolution operator, A is the short pulse signal, H is the
temporal Dirac comb and E is the large global train envelope. They are shown in
figures 1.13 b), c) and d) respectively.

Figures 1.13 f), g) and h) show the Fourier transforms of functions A, H and E,
noted with tilde symbols. The final spectrum is given by

S̃ = Ã× [H̃ ∗ Ẽ]. (1.92)
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φ(ω) φ(ω) = ω2τ 2
0 ξ/2

e) Spectrum! f) Spectral envelope! g) Dirac comb! h) Harmonic profile!

!! "# "! $#

%

%

&'()*+,-.'/(0*123

3043+(553,6'.*0

75386'3 3043+(553,95386'.+3 &3*:03,;3,)'<1230839

&3*:03,63/5('3+*/52+9*(0,.66(6'.*0,;=*/52+9*(09

>

>>

>

?@
ABC! "# "! $# C! "# "! $# D#E! # #E!

D$ DC # C $ D#EC # #EC D$ DC # C $ D$ DC # C $

7
F

7

G
F

H
F

I
F

G H I

!"!
J

!"!
J

!"!
J

!"!
J

6K?
J

6K?
J

6K?
J

6K?
J
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Figure 1.13: First line: train of attosecond pulses in the time domain (a) as a combination of a
single attosecond pulse (b), a Dirac comb (c) to stand for the TL periodicity of the mechanism
and the train envelope (d) representing the finite duration of the main femtosecond pulse.
Second line: same as the first one in the Fourier domain.

A signal with duration ∆t in the time domain results in a spectrum with width
∆ω ∝ 1/∆t in the Fourier domain. The wider the global train envelope E, the thinner
the harmonics Ẽ. Equivalently, the shorter the attosecond pulse A, the wider the
spectral envelope Ã.

1.4.2 Coherent Wake Emission

Mechanism

For a sub-relativistic laser intensity a0 < 1 and a very sharp density gradient L ∼ λ/40,
the dominant mechanism is Coherent Wake Emission (CWE, see [Malvache, 2011;
Quéré et al., 2006; Thaury & Quéré, 2010; Thaury et al., 2007]). The basic mechanism
is shown in figure 1.14, and relies on Brunel electrons (see 1.3.2 on page 24). The
plasma density has an exponential shape with electron density ne(x) = nc exp(x/L)
were nc is the plasma critical density in the laboratory frame of reference and θ is the
incident angle. The CWE mechanism occurs at each laser period, and can be split up
in three steps:

• Brunel electrons are pulled towards vacuum for 0 < t < TL/2 and sent back to the
plasma for TL/2 < t < TL. They cross each other in the density gradient, forming
a local density peak of electrons propagating along +x. Electron trajectories are
shown as grey lines in figure 1.14. The black dashed line stands for the density
peak trajectory. Note that this peak exists because electron trajectories cross in
the plasma. This crossing requires electrons to have different speeds when they
return to the plasma, with the slowest first and the fastest last.

• When the density peak goes through position x, it excites plasma waves at the

local plasma frequency ωp(x) = ω0

√
n(x)/nc. The deeper inside the density gra-

dient, the faster the plasma oscillations. The quantity (ne−ni)/nc is shown in fig-
ure 1.14 as the blue-red colourmap. The frequency of plasma oscillations increases
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Figure 1.14: Illustration of the CWE mechanism during one laser period. Brunel electrons
(grey solid lines) travel in vacuum and return to the plasma, where they form a density peak
(black dashed line) propagating towards x > 0. The colourmap shows the plasma density.
The density peak excites plasma oscillations at the local plasma frequency. These oscillations
radiate an attosecond bunch in the reflected field. HHG stands for High Harmonic Generation.

with x up to x = 0.024λ, which corresponds to the end of the density gradient
(black solid line). The region x > 0.024λ is occupied by the plasma bulk, where
the local plasma frequency does not depend on x. Plasma oscillations around po-
sition x0 involve electron oscillating with x(t) = x0 + δx cos [ωp(x0)(t− t0(x0))],
where t0(x0) is the time at which the density peak reaches x0. This is valid as
long as the electron sees the same plasma frequency along its oscillations, which
reads δx� L.

• These plasma oscillations coherently radiate an attosecond bunch in the re-
flected field, with frequencies up to the maximum plasma frequency. Usually
max(ωp) ≤ 20ω0. This emission occurs via linear mode conversion, and relies
on the presence of the density gradient, as described in the following box. This
periodic mechanism results in a train of attosecond bunches in the reflected field,
hence a spectrum with harmonics of the laser frequency in the Fourier domain.

Figure 1.15 shows the electron density map from particle-in-cell (PIC) simulation
these_cwe2 with a0 = 0.3 and L = λ/60, as well as CWE attosecond bunches propa-
gating in the −x direction. These bunches are generated deeper than the critical point
xc = 0 where ne(xc) = nc. More details on PIC simulations can be found in chapter 2.

Finally, the repetition of this process over the full laser pulse duration leads to a
train of attosecond pulses in the specular direction. The highest frequency generated is
the maximum plasma frequency in the plasma bulk, so there is a cutoff at the maximum
plasma frequency ωmaxp in the harmonic spectrum. A typical harmonics spectrum for
CWE emission is shown in figure 1.16. The plasma maximum density was 250nc, which
gives a maximum plasma frequency of ωmaxp = 15ω0. The cutoff is clearly visible.
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Electrostatic to electromagnetic wave conversion in CWE62 5. Émission cohérente de sillage

x
 /

 λ

y / λ

Fig. 5.15: Traversée du plasma par des pics de densité d’électrons énergétiques en incidence
oblique. Le champ Ex représenté en échelle de couleur allant du rouge au bleu permet
d’observer les oscillations plasmas. On a superposé en jaune sur cette carte de champ
la densité des électrons tels que px > 0.28mc. L’échelle de couleur jaune va de 2.5nc

à 11nc. La surface du plasma se situe en x = 0 et le laser se déplace dans le sens des y
positifs. Le front électronique au centre de cette figure est responsable de l’excitation
des oscillations plasmas au dessus du lui ; les autres oscillations ont elles été excitées
lors du cycle laser précédent.

vitesse de phase du laser selon Oy, c/ sin ✓, induit un retard quand on se déplace le long
de la surface (voir la figure 5.14).

Comme dans le cas à une dimension, on est tenté d’utiliser cette équation pour décrire
l’excitation des oscillations plasmas dans un gradient en supposant que la variation
de la densité électronique est su�samment lente. Afin de tester cette approximation,
nous avons tracé sur la figure 5.16 au dessus d’une carte de champ électrique issue
d’une simulation avec impulsion laser, une carte représentant la fonction sin!p(x)(t �
t0) avec y fixé. La très forte ressemblance entre les deux panneaux de la figure 5.16,
valide l’application de la formule 5.12 dans un gradient de densité exponentiel. Certaines
di↵érences apparaissent néanmoins entre les deux cartes de contours de cette figure. On
observe en particulier que les oscillations aux fréquences les plus faibles se brouillent peu
avant l’arrivée du second pic de densité. Ce brouillage faible pour le gradient de �/40
de cette simulation, s’accentue pour des gradients plus raides (figure 5.17). Ainsi, on
observe un comportement tout à fait similaire à celui discuté dans le cas de l’incidence
normale (figure 5.12).

5.2.3 Direction d’oscillation des électrons thermiques

Afin de finir de valider cette description très simple de l’excitation des oscillations
plasmas, il nous reste à vérifier qu’en incidence oblique les électrons thermiques mis
en mouvement par le passage d’un pic de densité, oscillent bien perpendiculairement
aux fronts d’électrons énergétiques. Pour cela, nous avons tracé sur la figure 5.17 les
trajectoires des électrons de Brunel qui forment des pics de densité dans le gradient (ce
sont ceux qui avaient des couleurs tendant le plus vers le rouge sur la figure 5.10). Ces
pics excitent des oscillations plasmas qui sont observables sur la carte de champ Ex de

J⃗
k

12

An electrostatic plane wave in a homogeneous plasma is longitudinal: the wave
vector and the electric field are parallel k//E. In this case, the electron motion also
occurs in the same direction: J //k.

An electromagnetic plane wave in a homogeneous plasma is transverse: the wave
vector and the electric field are orthogonal k ⊥ E. Using ∇ ≡ −ik× and k ·E = 0,
Helmholtz equation reads (

k2 − 1
c2
∂2

∂t2

)
E = µ0

∂J

∂t
. (1.93)

This equation shows that the source term on the RHS can generate an electro-
magnetic wave only if J has a component normal to k (parallel to E). As a
consequence, electrostatic waves in a homogeneous plasma cannot be converted
into electromagnetic waves.

In a heterogeneous plasma, namely in the sharp density gradient, plasma oscilla-
tions can be converted into electromagnetic waves. The image in the box [from
reference [Thaury, 2008]] shows a snapshot of the component of the electric field
normal to the plasma Ex from a 2D simulation of CWE in the laboratory frame.
Brunel electrons are shown in yellow. Each electron travels along +x, and the front
is inclined by 13.5◦ with respect to the y axis because of the oblique incidence.

The front of Brunel electrons triggers plasma oscillations in the direction perpen-
dicular to this front (1), so that the electron motion J (purple arrow) and the
wave vector k (black arrow) are parallel. Zone (2) shows vectors J and k at the
same depth x, where approximately half a laser period has passed after the trigger.
The direction of electron oscillations J remains the same whereas the wave fronts
have curved because the plasma frequency is space-dependent. The consequence is
straightforward: J×k 6= 0: J has a component normal to k, and electrostatic waves
can be transformed into electromagnetic waves. More information can be found in
reference [Thaury et al., 2007].
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Figure 1.15: Attosecond bunches from the CWE mechanism from 1D PIC simulation these_-

cwe2 with a0 = 0.3, L = λ/60, nbulk = 100nc and τL = 4TL FWHM with a sin2 envelope.
a) The grey scale shows the electron density, and the yellow-red scale shows the envelope of
the attosecond reflected pulses. A Fourier filter was applied to keep harmonics order above
8, propagating in the −x direction. The critical density n = nc is located at x = 0λ. One
CWE attosecond bunch is generated during each laser period deep inside the plasma where
the electron density is high, due to plasma oscillations in the overdense region. b) Initial
plasma density.
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Figure 1.16: Reflected field spectrum from a 1D PIC simulation performed with the code
EPOCH for a0 = 0.4, nbulk = 250nc and L = λ/40. ω0 is the incident laser frequency. The
cutoff at the maximum plasma frequency ωmaxp =

√
250ω0 ' 15.8ω0 is clearly visible.
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CWE in 1D PIC simulations

The result of 1D PIC simulation these_cwe for CWE is shown in figure 1.17. The
simulation parameters are, in the laboratory frame, θ = 45◦, λ = 0.8µm, a0 = 0.1,
L = λ/50 and nbulk = 250nc. The electron initial temperature is zero, and the pulse
has a square temporal envelope. The ions are immobile. The numerical conditions
were ∆x = λ/5000 and we used 500 particles per cell (see chapter 2).

Figure 1.17 a) shows electron trajectories (grey lines) as well as the driving field Bz.
They are driven toward vacuum for 0.7 < t/TL < 1.2 and are accelerated back to the
plasma starting from t/TL = 1.2. Their trajectories cross in the density gradient, where
they excite plasma waves. This is shown in figure 1.17 b), where the plasma electric
field Ex is shown is the same (x, t) representation. The image is strongly saturated, so
that one can clearly see plasma oscillations even in the plasma bulk, which occupies the
region x > 0.11λ in this simulation. Note that the oscillations start when the electron
trajectories cross in the plasma.
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Figure 1.17: a) Time-space map of the magnetic field Bz at the plasma surface from 1D PIC
simulation these_cwe in the boosted frame. The critical density n = nc is located at x = 0λ.
Trajectories of Brunel electrons are shown as grey lines. b) Electric field Ex at the plasma
surface. The map is saturated to highlight plasma oscillations.

Optimal conditions

This paragraph presents the global trends for the CWE harmonic efficiency. It aims
at introducing the role of the main parameters a0 and L, rather than presenting an
extensive study of the mechanism. A thorough qualitative and quantitative analysis for
coherent wake emission can be found in references [Thaury & Quéré, 2010] and [Mal-
vache, 2011].

Figure 1.18 shows the electron density peak propagating in the plasma from simu-
lation these_cwe. Snapshots of the quantity ne − ni are shown along x for successive
times. The time interval is the same between consecutive snapshots. The following
observations may be drawn from:

• The density peak width and height are not constant along its propagation in
the plasma. In this particular case, its amplitude becomes lower and its width
becomes larger.
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Figure 1.18: Quantity (ne − ni)/nc along x for different times, separated by ∆t = 0.06TL
intervals. The peak propagates towards +x with mean velocity v ' 0.1c, and its speed, height
and width change along its propagation. The dashed line stands for the ion density.

• The distance between two consecutive positions of the peak increases: the peak
speed increases. Note that the peak is due to trajectory crossing. As a result, its
velocity can increase along its propagation even though it involves electrons with
constant speed.

Dependence on a0: When a0 is too small, electrons travelling in vacuum return
to the plasma with an extremely large velocity distribution. They cross before the
critical surface xc defined by n(xc) = nc. There is no sharp density peak for x > xc
and no high-frequency plasma waves are excited. Thaury and Quéré show that CWE
could be generated provided a0 > 3.4L/λ. On the opposite, when a0 is too large, the
plasma dynamics can be strongly distorted. The amplitude of plasma oscillation is so
large that δx ∼ L, and the mechanism breaks. Coherent Wake Emission typically
occurs for 0.01 < a0 < 1.

Dependence on L: Linear mode conversion occurs in an inhomogeneous plasma
only, so no harmonics are generated when L = 0. When the peak propagates towards
x > 0 in the density gradient, it gets broader and broader. On the opposite, the
plasma wavelength λp(x) decreases with x. For too long a gradient, the density peak
width δpeak(x) becomes larger than the local plasma wavelength δpeak(x) > λp(x) and
no longer triggers plasma waves. Besides, electrons originate from different initial
positions, which makes the peak broader and smaller. Hence, the harmonic efficiency
decreases for long gradients. CWE is efficient when L ∼ λ/100 approximately.

Shape of the harmonic spectrum: Harmonic spectra from CWE are characterized

by a cutoff at the maximum plasma frequency ωmaxp = ω0

√
nbulk/nc. Figure 1.19 shows

CWE spectra from PIC simulations were a0 = 0.2, nbulk = 110nc and L = λ/15 and
λ/100 respectively. Both cases show a cutoff at

√
110ω0 ' 10ω0. In figure 1.19 a),

39



CHAPTER 1. BASICS OF LASER-OVERDENSE PLASMA INTERACTION

the harmonic power decreases with the harmonic order whereas in figure 1.19 b), the
harmonic power peaks for ω = 4ω0. Thaury and Quéré showed that the shape of the
harmonic spectrum depends on the peak dynamics: if the electron peak height N(x)
reaches a maximum for x = xmax, the highest power is generated for ω = ωp(xmax).
For example, in figure 1.18, the peak height decreases along its propagation, so the
resulting spectrum should be similar to that shown in 1.19 a).

J. Phys. B: At. Mol. Opt. Phys. 43 (2010) 213001 PhD Tutorial

an unmagnetized collisionless plasma. Hinkel-Lipsker et al
demonstrated that the conversion efficiency η is a function
of m = (ωLC/c)2/3 sin2 θ , which admits a maximum for
m ≈ 0.5 [57]. For the parametric study of the next session, we
will use the approximate expression of η established in [58]:

η = 2αm(2 + αm)−1 exp(−4m3/2/3), (27)

where α = 2.644.

Remark. We note that CWE is sometimes confused with
earlier models developed in the 1980s [20, 21] to interpret
some of the first experiments on HHG on solid targets [18, 19],
which suggested harmonic frequency cutoffs around ωmax

p .
In these models, the coupling of the laser to resonant
plasma oscillations leads to the production of its second
harmonic. Then, harmonic n + 1 is produced by the coupling
between harmonic n and resonant plasma oscillations of higher
frequencies. HHG results from this cascaded linear mode
conversion process in the plasma. This is very different from
CWE, where all plasma oscillations are excited by energetic
electrons travelling across the density gradient [59].

4.5. Parametric study

Sections 4.1–4.4 provide a complete description of CWE,
but mostly for fixed physical parameters. We now present
a parametric study of this process and show how the laser
intensity, the density gradient and the incidence angle influence
the generation mechanism.

4.5.1. Laser intensity. We first examine the effect of laser
intensity on the harmonic signal. We have demonstrated in
section 4.2 that the amplitude of the exciting density front
grows linearly with the laser field amplitude, and in section 4.3
that the amplitude of the excited plasma oscillations is
proportional to this density. Since the conversion from plasma
oscillations to light is also a linear mechanism, the CWE
signal is thus expected to vary linearly with laser intensity,
i.e. to have a constant generation efficiency. This prediction is
supported by the PIC simulation results displayed in figure 17.
In this intensity range, coherent wake emission is thus a linear
mechanism of high-order harmonic generation.

This linear behaviour can however not be extrapolated
to arbitrary low-laser intensities. As a0 goes down, Brunel
electrons cross nearer and nearer to the critical surface
(according to equation (14), xc(t) = α0a0(t − tr0)

2/4 with
t ! tm). When xc(tm) eventually becomes smaller than the
distance between the critical density and the point where
the second harmonic is generated, Brunel electrons can no
longer efficiently excite plasma oscillations at laser harmonic
frequencies, and the CWE signal vanishes. If we assume
that tm − tr0 ≈ 0.6TL (see sections 4.1 and 4.2) and use
the value of α0 obtained from PIC simulations in section 4.2
(α0 = 6.5c/TL), we find that the harmonic emission occurs
only if a0 > 8 ln 2Lα−1

0 (tm − tr0)
−2 ≈ 3.4L/λL, that is,

Iλ2 " 2 × 1015 W cm−2 µm2 for L = λL/100. This is
in remarkable agreement with experimental observations (see
section 6.3.1)
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Figure 18. Influence of the gradient scale length. (a) Spectra
obtained for L = λL/15 and L = λL/100. (b) Variation with the
scale length of the generation efficiency of harmonics 3 and 8. The
dashed lines correspond to the function η calculated for each
harmonic using equation (27). Simulations were performed with the
code CALDER for a0 = 0.2 and nmax

e = 110nc.

4.5.2. Density gradient.

Influence of the gradient scale length. We now study the
influence of the scale length L of the exponential density
gradient on the generation efficiency. Two simulation
spectra obtained for two different scale lengths are plotted
in figure 18(a). The strong differences between these two
curves reveal that the gradient scale length plays a key role
in CWE.

To explain this observation, we consider figure 18(b),
where the generation efficiencies of harmonics 3 (H3) and 8
(H8) have been plotted as a function of L. We first note that no

14

a) b)

Figure 1.19: [Image from [Thaury & Quéré, 2010]] a) CWE spectrum from a 1D PIC simula-
tion with θ = 45◦, a0 = 0.2, nbulk = 110nc and L = λ/15. b) shows the same for L = λ/100.

1.4.3 Relativistic Oscillating Mirror

For relativistic intensities a0 > 1, the dominant mechanism for high harmonic gener-
ation is the Relativistic Oscillating Mirror [Burnett et al., 1977; Dromey et al., 2006;
Thaury et al., 2007]. The laser intensity is high enough for the oscillations of electrons
at the plasma surface to be nonlinear. This is shown in figure 1.20. Once per laser
period, electrons from the plasma surface acquire a relativistic speed directed toward
vacuum βx ' −1 where βx = vx/c is the normalized velocity, and radiate an attosecond
bunch. This mechanism leads to a train of attosecond bunches in the reflected field,
hence harmonics of the laser frequency in the spectral domain. Note that, contrary to
coherent wake emission, these harmonics are generated indifferently at x < xc = 0λ or
x > xc because they do not rely on plasma waves.

A representative spectrum for ROM emission is shown in figure 1.21. The plasma
maximum density is 250nc, which gives a maximum plasma frequency of 15ω0, and no
cutoff can be observed. Contrary to coherent wake emission, this mechanism does not
rely on a density gradient, and the simplest study involves a homogeneous overdense
plasma with a density slightly higher than the critical density, typically n0 ∼ 5nc.
However, studying the mechanism in presence of a density gradient is nevertheless
important because (i) experimentally, it is much easier to make a very dense plasma
bulk with a density gradient on its front side rather than a plasma with density ∼ 5nc
and sharp plasma-vacuum transition, (ii) a gradient exists in most experiments because
of uncontrolled laser prepulses, and (iii) it can lead to an enhancement of the ROM
harmonic generation.

Three references provide milestones of the theory of high harmonic generation via
the ROM mechanism: [Lichters et al., 1996], [Baeva et al., 2006] and [Gonoskov et al.,
2011]. The two first models are given in this section to provide insight into the mech-
anism. The third one is developed in chapter 3 within the scope of electron ejection.
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Figure 1.20: Attosecond bunches from ROM mechanism from 1D PIC simulation these_-

rom2 with a0 = 5, L = λ/8, nbulk = 50nc and τL = 4TL FWHM with a sin2 envelope. The
grey scale stands for electron density, and the yellow-red scale stands for the envelope of the
attosecond reflected field. A Fourier-filter was applied to keep harmonics order above 9. The
critical density n = nc is located at x = 0λ. One ROM attosecond bunch is generated during
each laser period when electrons are accelerated to a relativistic speed towards −x.
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Figure 1.21: Reflected field spectrum from a PIC simulation for a0 = 10, nbulk = 250nc and
L = λ/8. ω0 is the incident laser frequency.
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Doppler harmonics

The first models for ROM harmonics relied on the Doppler effect (see reference [Bulanov
et al., 1994]), which is why ROM harmonics are equivalently called Doppler harmonics.
We assume that the plasma has a step-like density profile, and that ions are immobile.
The electron surface forms a moving mirror, that reflects the incident field. The shape
of the reflected field is modified by the Doppler effect, which changes the frequency of
the reflected wave with respect to the incident wave.
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Figure 1.22: Doppler effect. The incident wave (blue) impinges under normal incidence onto a
mirror moving with constant speed along −x. The frequency of the reflected wave is strongly
shifted.

Consider an electromagnetic wave with angular frequency ω incident on a mirror
moving with constant speed v = −vex = −βcex. This is illustrated in figure 1.22. The
incident and reflected waves read a priori

ψ(x, t) = ψ0 cos [ω(t− x/c)] (1.94)

ψref (x, t) = ψ0 cos[ωref (t+ x/c)]. (1.95)

The boundary condition on the perfect mirror reads

ψ(x = −vt, t) = ±ψref (x = −vt, t) (1.96)

with + if ψ is the magnetic field and − if ψ is the electric field. This has no consequence
on the Doppler effect, so we take + in the following discussion. The incident field on the
moving mirror is given by ψmirror(t) = ψ(x = −vt, t) = ψ0 cosω′t with ω′ = ω(1 + β).
The moving mirror acts as a light source, with position x = −vt and local frequency
ω′.

In order to calculate the frequency of the reflected wave, we introduce the concept
of retarded time that will be used in the next section. Consider the signal ψref , prop-
agating with speed c in the −x direction, is emitted at position χ. The signal received
by an observer located at position x and time t was emitted earlier, at time tret:

ψref (x, t) = ψref (χ, tret) (1.97)

with tret = t+ x− χ
c

. (1.98)
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We define t(1) and t(2) as

ωref (t(1) + x/c) = 0 (1.99)

ωref (t(2) + x/c) = 2π (1.100)

so that the period of the reflected wave received by an observer located at x reads
Tref = t(2) − t(1). These signals were emitted by the moving mirror at times t

(1)
ret and

t
(2)
ret respectively, given by

t
(1)
ret = t(1) + x− xm(t(1)

ret)
c

(1.101)

t
(2)
ret = t(2) + x− xm(t(2)

ret)
c

(1.102)

where xm(t) = −βt stands for the mirror position. Note that t
(2)
ret − t

(1)
ret = T ′ where

T ′ = 2π/ω′ is the period of the wave emitted on the moving mirror. We get

t
(2)
ret − t

(1)
ret = t(2) − t(1) − xm(t(2)

ret)− xm(t(1)
ret)

c
(1.103)

= t(2) − t(1) + β(t(2)
ret − t

(1)
ret) (1.104)

and Tref = (1− β)T ′ (1.105)

or ωref = ω′

1− β . (1.106)

Finally, the frequency shift after reflection reads (see references [Einstein, 1905a,b])

ωref
ω

= 1 + β

1− β . (1.107)

Assuming the mirror travels with highly relativistic speed β ' 1, the frequency shift
reads

ωref
ω
' 4γ2 (1.108)

with γ = (1− β2)−1/2.
This expression gives the cutoff for ROM harmonics (see reference [Bulanov et al.,

1994]). We consider that the electron surface oscillates as a whole, with a maximum
Lorentz factor γmax, and generates harmonics in the reflected field via the Doppler
effect. The maximum harmonic order, i.e. the cutoff in the reflected field spectrum,
reads

ωref
ω

= 4γ2
max. (1.109)

However, this results gives the cutoff in the reflected spectrum as a function of the
parameter γmax, which is all but reachable in experiments or theory.

Liénard-Wiechert potentials

Though the Doppler effect is a convenient model to understand ROM emission, the
underlying physics relies on the radiation of electromagnetic waves by moving electrons,
described by the Liénard-Wiechert potentials. Consider an observer located at r = 0.
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The electric field radiated by an electron with position r and normalized speed β at
the observer’s position reads (see reference [Jackson, 1999]):

E = −e
4πε0

− u+ β
γ2(1 + u · β)3r2 +

u×
[
(u+ β)× β̇

]
c(1 + u · β)3r


tret

(1.110)

where u is the unit vector defined by u = r/r and tret is the retarded time. The first
term is the static term, and does not depend on particle acceleration. It decreases as
1/r2 and will be neglected in this discussion, as in reference [Thaury, 2008]. Let us
consider the second term, which is proportional to the charge acceleration β̇.

To apply this formula to the ROM emission on plasma mirrors, we describe this
system in the boosted frame (see section 1.2). The target normal is x, and the incident
pulse propagates along x and is polarized along y. The electrons at the plasma surface
move along x and y only, and we consider the reflected field, i.e. the emission along
−x:

u =

1
0
0

 β =

βxβy
0

 , (1.111)

giving

E =
{

e

4πε0cr

[
β̇y

(1 + βx)2 −
βyβ̇x

(1 + βx)3

]}
tret

ey. (1.112)
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Figure 1.23: Surface dynamics in simulation these_rom1. a) Log-scale electron density. One
electron jet travels towards vacuum once per laser period. Colours stand for attosecond
bunches. A Fourier filter was applied to the magnetic field to keep only high frequencies. b)
Magnetic field. c) Transverse current Jx. d) Longitudinal current Jy.

In the ROM mechanism, an attosecond bunch is generated when a large amount
of electrons are accelerated towards vacuum. This is shown in figure 1.23 a), where
the electron density from the 1D PIC simulation these_rom1 is represented along with
attosecond bunches in the reflected field. In this image, the first attosecond bunch is
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generated around t/TL = 7. The total magnetic field is shown in panel b): attosecond
bunches correspond to a discontinuity in the reflected field.

Such a bunch is generated when E diverges, i.e. βx → −1 in equation 1.112. At
this time, electrons travel with relativistic speed towards vacuum. This is depicted in
figure 1.23 c), where the density current normal to the target Jx is represented. It
peaks when attosecond bunches are generated.

Also, βx → −1 implies βy = 0: the transverse density current is zero during the
attosecond bunch generation. This can be seen in figure 1.23 d), where the trans-
verse density current switches from positive to negative upon the attosecond bunch
generation. We define the ROM emission time te as βy(te) = 0.

Finally, the second term in equation 1.112 vanishes at the emission time te, and the
electric field radiated by an electron in the layer reduces to

E '
{

e

4πε0cr

β̇y
(1 + βx)2

}
tret

ey (1.113)

showing that high frequencies are emitted when βx → −1, hence βy = 0, and β̇y is max-
imum. Therefore, high harmonic generation is clearly related to electron acceleration
at the plasma surface.

The ROM model by Lichters

In reference [Lichters et al., 1996], the authors derive an elegant model that gives the
temporal shape of the reflected field. We hereafter describe the basics of this model.
We assume that the x > 0 area is filled with a plasma with uniform density n0 � nc.
The angle of incidence is θ and we choose to work in the boosted frame. The ions are
immobile, and the electrons move as a bulk, as shown in figure 1.24.

X(t)

x

n

ls � λ

Ion density

Electron density

Figure 1.24: Electron and ion density in the boosted frame, in Lichters’ model. The ion
density forms a background with J = −en0c sin θey. The electron density is ne = n0Θ(x −
X(t)) where Θ is the Heaviside function, with Θ(x > 0) = 1 and Θ(x ≤ 0) = 0. Only
electrons within [X(t), X(t) + ls] are affected by the laser. Electrons located at x > X(t) + ls
are unperturbed, and create a density current J = +en0c sin θey, so that the total current in
this area is zero.

As in reference [Thaury & Quéré, 2010], we can first calculate the radiated field as
a function of the transverse current J⊥ defined by ∇ · J⊥ = 0. J⊥ is responsible for
the electromagnetic component of the electric field, and verifies J⊥ ∈ (y, z) in our 1D
case. The wave equation in the Coulomb gauge ∇ ·A = 0 reads

∂2
xA−

1
c2∂

2
tA = −µ0J⊥ (1.114)

or LA = −µ0J⊥ (1.115)

45



CHAPTER 1. BASICS OF LASER-OVERDENSE PLASMA INTERACTION

where L = ∂2
x− 1

c2∂
2
t is a linear operator. A Green’s function for this operator, defined

by LG[(x, t), (χ, τ)] = δ(x− χ, t− τ) is

G[(x, t), (χ, τ)] = Θ

[
t− τ − |x− χ|

c

]
(1.116)

where Θ is the Heaviside function. Note that the Green’s function depends on (x −
χ) and (t − τ) instead of the four variables independently because L has constant
coefficients.

Finally,

A(x, t) = −µ0c
∫ +∞

χ=−∞

∫ +∞

τ=−∞
G[(x, t), (χ, τ)]J⊥(χ, τ)dτdχ (1.117)

= −µ0c
∫ +∞

χ=−∞

∫ +∞

τ=−∞
Θ

[
t− τ − |x− χ|

c

]
J⊥(χ, τ)dτdχ. (1.118)

The support of the integrand is shown in figure 1.25. We restrict ourselves to the
χ > x area to account for light propagating in the −x direction (the reflected light)
and perform the integral along the red lines.

t

x

t0

x0

Figure 1.25: Integration area in equation 1.118 (grey area). The integration is performed
along t for a given x, as illustrated by the red arrows. Only the x > 0 region is considered,
where electromagnetic waves propagate along −x.

Hence, equation 1.118 for the reflected light reads

Ar(x, t) = −µ0c
∫ +∞

χ=x

∫ t−(χ−x)/c

τ=−∞
J⊥(χ, τ)dτdχ. (1.119)

Using equation Er = −∂tAr, the reflected electric field is finally given by

Er(x, t) = +µ0c
∫ +∞

x
J⊥

(
χ, t− χ− x

c

)
dχ. (1.120)

This formal derivation involves the retarded time tret = t − (χ − x)/c. This result
has a physical meaning: the total field at (x, t) is the field radiated at (χ, tret), summed
over all χ > x. Let us now apply this general formula to our specific case.

The transverse current reads

J⊥ = −eneve⊥ + enivi⊥ (1.121)
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where ne is the electron density and ve⊥ is the electron transverse speed (orthogonal to
x). Subscripts i stand for ion quantities. In the boosted frame, the ions drift with speed
vi⊥ = −c sin θey, and the ion density equals the initial density at all time: ni = n0.

Let us derive the electron contribution, starting from the conservation of canonical
momentum

pe⊥ − eA⊥ = pe⊥0 − eA0 (1.122)

= −mec
sin θ√

1− sin2 θ
ey (1.123)

= −mec tan θey. (1.124)

This gives

J⊥(x, t) = −ec
{
ne(x, t)
γ(x, t) [a⊥(x, t)− tan θey] + n0(x, t) sin θey

}
(1.125)

where a⊥ = eA⊥/mec and γ is the electron Lorentz factor. The (x, t) dependence will
be skipped when possible, in order to avoid heavy notations.

We can rewrite the Lorentz factor γ as

γ =
√

1 +
(
pe⊥
mec

)2
+ γβ2

e// (1.126)

giving γ =
√√√√1 + (a⊥ − tan θey)2

1− β2
e//

. (1.127)

Finally, we assume that the electron surface is located at position X(t) as shown
in figure 1.24, and that the transverse current differs from the drift current −c sin θey
only in the skin layer ls. Besides, we assume that the plasma is highly overdense, so
that

ls
λ

=
√
nc
ne
� 1. (1.128)

In this case, equation 1.120 gives the field radiated by the electron distribution

Er
e(x, t) = µ0clsJe⊥ (X(tret), tret) (1.129)

with tret = t− X(tret)− x
c

. (1.130)

And the ion radiation reads, assuming ∀t X(t)� λ,

Er
i (x, t) = µ0c[X(tret) + ls](−enic tan θey). (1.131)

The reflected field reads

Er(x, t) = − e

ε0

 lsne
√

1− Ẋ2(tret)/c2√
1 + (a⊥ − tan θey)2

(a⊥ − tan θey) + [X(tret) + ls]ni sin θey


(1.132)
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where a⊥ ≡ a⊥(X(tret), tret).
At this point, a⊥ and X(t) are still unknown. We assume that a⊥ is due to the

incident field only (so that the reflected field is neglected):

a⊥ = a0(x, t) sin(ω0t− kx)ey (1.133)

where a0(x, t) stands for the temporal envelope. Let us assume that X(t) is a
harmonic motion due to the incident field. This reads

X(t) = X1 cos(ω0t+ φ1) (1.134)

= c

ω0

2a0(x, t) sin θ√
1 + [2a0(x, t) sin θ]2

cos(ω0t+ φ1) (1.135)

with φ1 = 0 for an electron in a plane wave.
This is the strongest approximation of the model: the dynamics of the elec-

tron surface is imposed a priori, though one can clearly see in figure 1.20 that the dy-
namics is far from harmonic, and rather complex. Lichters et al. allow a non-harmonic
surface dynamics via oscillations at frequencies 2ω0, 3ω0 etc. Still, the amplitude and
phase of these higher harmonics X2, φ2 and X3, φ3 must be chosen.

Finally, one has to find tret in equation 1.132 to determine the reflected field. Yet
tret is defined by the recursive equation 1.130, and cannot be calculated analytically.
X(tret) is the fixed point of the contraction mapping f : χ 7→ X(t− (χ− x)/c), it can
be calculated for a given t as the limit of the sequence:

X0 = X(t) (1.136)

Xn+1 = X(t− Xn − x
c

). (1.137)

As a confirmation, this model was applied to a pulse with duration 8 fs and a0 = 5.
As is done in Lichters’ article, we assume the reflection takes place at the critical
density, hence n0 = nc. Yet the skin depth is still ls � λ. We took ls = λ/200. The
loop for tret converges after ' 1000 iterations.

Figure 1.26 a) shows the full incident field. Functions X(t) and X(tret) are plotted
in figure 1.26 b). The second one clearly differs from a pure sine wave, the only cause
being the retarded time. The dynamics becomes anharmonic because of the relativistic
time-dependent Doppler effect. The reflected field is shown in figure 1.26 c). A filter
was applied to only keep harmonics above 10, shown as the black line. Finally, the
reflected field spectrum is shown in figure 1.26 d). The harmonic efficiency decreases
as n−10/3 where n is the harmonic order.

This models embraces the electron dynamics, the relativistic Doppler effect and pro-
vides the temporal shape of the reflected field. However, it relies on strong hypotheses
(the electron dynamics is imposed), and does not give scaling laws for the harmonic
efficiency decrease and cutoff.

The BGP model

The next important milestone for modeling harmonic generation via the ROM mecha-
nism is presented in reference [Baeva et al., 2006], where the authors extend the idea
of the oscillating mirror. They assume that a perfectly reflecting mirror is located
at X(t), where the sum of the incident and reflected fields is zero. As for Lichters’
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Figure 1.26: Example of Lichters’ model. a) incident field (a0 = 5, θ = 45◦, τL = 8 fs with a
Gaussian time-envelope). b) Surface position X(t) and X(tret), where the deformation from
a pure sine wave is a signature for Doppler effect and high harmonic generation. c) Full
reflected field (red). A filter was applied to keep only harmonic orders > 10 (black line). d)
Spectrum of the reflected field.

model, high harmonics are generated in the reflected field because the mirror moves
with relativistic velocity. Yet they do not link X(t) with any physical quantity.

They show that the harmonic generation efficiency decreases as n−8/3 where n is the
harmonic order. Furthermore, they demonstrate that the maximum harmonic order
(the cutoff) varies as γ3

max, where γmax is the maximum Lorentz factor of the oscillating
mirror. This result seems to contradict the cutoff derived form the Doppler effect in
equation 1.109, which varies as 4γ2

max. The reason for this discrepancy is that the
mirror does not move with constant speed v, but rather emits high harmonics during
a very short time δt ∝ 1/γmax. The cutoff varies as δt/4γ2

max ∝ 1/γ3
max.

Figure 1.27 a) shows the reflected field as a function of time for the simulation
named these_rom1. The n−8/3 scaling was added to the spectrum as a comparison. In
this case, this prediction from the BGP model is well verified. Yet their model suffers
two essential weaknesses: first, as it relies on the Doppler effect, the peak amplitude of
the reflected field cannot exceed the amplitude of the incident field. In figure 1.27 a),
the peak amplitude of the reflected field is much higher than the peak amplitude of the
incident field a0 = 5. The second limit to their model is that X(t) does not correspond
to any physical quantity. Indeed, for a given time t, one cannot always find a point
where the total field cancels. As a consequence, γmax is not easy to determine. Besides,
the n−8/3 law is not absolutely universal, as shown in reference [Boyd & Ondarza-
Rovira, 2008].

Conclusion: This chapter introduced the main theoretical tools for the reflection of
a laser pulse upon an overdense plasma. First, this interaction can lead to electron
ejection via three distinct mechanisms: resonance absorption, vacuum heating and
J × B heating. Second, harmonics can be generated in the reflected field via two
processes: coherent wake emission and the relativistic oscillating mirror effect. Both
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Figure 1.27: a) Reflected field from PIC simulation these_rom1. θ = 45◦, a0 = 5, nbulk =
50nc, L = λ/8. The ions are immobile. The numerical parameters are ∆x = λ/1000 with
500 particles per cell. b) shows the spectrum of the reflected field. The harmonic decrease
predicted by the BGP model is shown as a red dashed line.

harmonic generation and electron emission are observable in experiments, and a better
understanding of the surface dynamics provides significant help to analyse experimental
results.

Yet a review of many experimental results shows that the mechanism for backward
electron ejection remains unclear, and is not compatible with any of the three effects
mentioned above. In particular, the role of the density gradient is often omitted since
it is badly controlled in experiments. The mechanism for backward electron ejection is
studied in chapter 3, and the gradient length is shown to play a major role. chapter 2
introduces the indispensable numerical tools that were intensively used within the scope
of this work.
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Numerical tools
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2.1 Particle-in-cell simulations for laser-plasma in-

teraction

Only a limited number of plasma phenomena can be described via an analytical ap-
proach. Even restricting ourselves to the case of kinetic plasmas, the first difficulty lies
in the equation of dynamics itself, the Vlasov equation, which belongs to the general
class of partial differential equations. The mathematical difficulty inherent to these
equations is the main motivation for developing numerical tools.

Besides, in a large variety of regimes ranging from stellar plasmas to laboratory
plasmas, relativistic phenomena must be taken into account, when the particle speed
approaches the speed of light. The relativistic plasma regime leads to strongly non-
linear dynamics, which adds further difficulty on top of that instrinsic to the Vlasov
equation.

These issues led to the development of a new field, computational plasma physics,
in which basic plasma equations are solved numerically to study the temporal evolution
of a plasma with given initial conditions. The power of this tool is that it allows an
unlimited range of new observables, which can absolutely not be reached in experiments.
Yet, just like any model, these numerical tools rely on hypotheses, they have a limited
domain of validity, and they can lead to misinterpretations. One of the most widespread
numerical method for plasma physics is the particle-in-cell method, which solves the
Vlasov-Maxwell system governing plasma dynamics.

We hereafter present the set of equations governing kinetic plasmas, and detail the
particle-in-cell method that we used extensively in this work. Finally, we show a set of
typical numerical simulations performed in the scope of this thesis.

2.1.1 The Vlasov-Maxwell system

The Vlasov equation describes the plasma dynamics in the collisionless regime, where
the plasma dynamics is due to average collective fields. Let fs be the distribution
function of species s, with particle mass ms and charge qs. The number of particles δN
in the 6-dimensional volume δrδp at time t is given by δN = Ntfs(t, r,p)δrδp where
Nt is the total number of particles. The distribution function is a general tool thanks
to which one can derive the usual quantities: charge density ρ and current density J
as the 0th and 1st moments of the distribution function

ρs = qs

∫ ∞
−∞

fsdp (2.1)

Js = qs

∫ ∞
−∞

fs
p√

1 + p2dp. (2.2)

The total charge and current density are the sum on the ensemble of species S in the
plasma

ρ =
∑
s∈S

ρs (2.3)

J =
∑
s∈S
Js. (2.4)

Typically, the simplest case for a neutral plasma is S={electrons,ions}.
The Vlasov equation reads

∂fs
∂t

+ dr

dt
· ∂fs
∂r

+ dp

dt
· ∂fs
∂p

= 0. (2.5)
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The first term is the time evolution of the function. The second term is the advection
term, and the third term stands for the application of forces:

dp

dt
= qs(E + v ×B) (2.6)

with p = msγv and γ = (1− v2/c2)−1/2.
A plasma involves displacements of charges that modify the electric and magnetic

fields, so E and B have to be included in the plasma dynamics. This is done by adding
Maxwell’s equation to the Vlasov equation:

∇ ·E = ρ

ε0
∇×E = −∂B

∂t
(2.7)

∇ ·B = 0 ∇×B = µ0

(
J + ε0

∂E

∂t

)
. (2.8)

This non-linear system of partial differential equations can seldom be solved analyt-
ically, and one often has to resort to numerical resolution. We hereafter introduce two
equivalent ways of expressing the Vlasov equation, the Eulerian and the Lagrangian
approaches, each of which results in a numerical method for solving the Vlasov-Maxwell
system. Finally, both methods are exposed, and much more detail is given on the one
based on the Lagrangian approach for particles, called the particle-in-cell method, that
we used extensively in this work.

Eulerian approach: The observer is fixed at position r and considers the flow of
the plasma fluid. fs(r,p, t)drdp is the number of particles of species s in a volume
element drdp around position r and momentum p. This formulation is relevant when
dealing with average plasma quantities, and reduces to the plasma Euler equations
involving the plasma density ρ and current density J when only moments with order
smaller than two or three are considered.

Lagrangian approach: This approach consists in following the motion of each
single particle along its trajectory. Then, fs(t, r1, ..., rN ,p1, ...,pN )dr1...drNdp1...dpN
is the probability for each particle i to be in a volume element dridpi around position
ri and momentum pi. This formulation is well-adapted to solve the equation of motion
for single particles.

Maxwell’s equations use the Eulerian approach. The Vlasov-Maxwell system can be
solved numerically using the two approaches described above for the plasma dynamics:
the Eulerian approach leads to the so-called Vlasov numerical method and is explained
in section 2.1.2, and the Lagrangian approach leads to the particle-in-cell numerical
method that we used in this work, and which is detailed starting from section 2.1.3.

2.1.2 Vlasov numerical method

Vlasov codes rely on a discretization of the (r,p) phase space. For a 2D simulation
in phase space x, px, f is discretized on a grid ({xi, 0 ≤ i < nx},{pxk, 0 ≤ k < np})
and along time using a time-step ∆t, such that fni,k = f(xi, pxk, n∆t). The resolution
uses the Finite-Difference Time Domain (FDTD) [Yee et al., 1966] method to calculate
quantities at time iteration n using their values at iteration n−1. Figure 2.1 illustrates
very schematically the iteration performed at every time-step for a Vlasov code to
calculate fn+1

i,k knowing fni,k. This diagram provides a simplified picture of the core loop
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of the algorithm. The implementation relies on leapfrog methods, and involves more
elaborate resolution schemes for solving the Vlasov equation like the time-splitting
scheme developed in reference [Cheng & Knorr, 1976] as well as the positive and flux
conservation method developed in [Filbet et al., 2001]. More details can be found
in [Grassi et al., 2016].

i

k

x

px

Moments

Maxwell equations

Vlasov equation
!"

fn
i,k

ρn
i ,
−→
J n

i

n + 1

−→
E n

i ,
−→
B n

i

Figure 2.1: Diagram for a 2D (x, px) Vlasov simulation. Consider that the distribution
function fni,k at iteration n is known on the whole grid. (i) ρni and Jni are calculated as
moments of the distribution, summing on the px grid direction. (ii)En

i andBn
i are determined

solving Maxwell’s equations. (iii) The Vlasov equation is solved using these fields to get fn+1
i,k .

Pros: Since they involve no particles, there is no problem of lack of statistics and
there is no particle fluctuation. Consequently, simulation results show relatively little
noise.

Cons: They require up to 6D (r,p) grids for full 3D simulations, and their compu-
tational cost can be notably high. In specific conditions, this issue can be solved via
the Vlasov-Fokker-Plank method [Thomas et al., 2012] to reduce the problem to a 3D
grid.

2.1.3 Particle-in-cell method

The particle-in-cell (PIC) approach relies on the Eulerian approach for Maxwell’s equa-
tions and the Lagrangian approach for the Vlasov equation. Space is discretized to solve
Maxwell’s equations. The distribution function is a sum of N elementary functions,
called macroparticles. Each macroparticle p is characterized by its charge, mass and
shape, and has position rp and momentum pp. In the ideal case, each macroparticle
would stand for a single physical particle, say an electron, with charge −e, mass me and
a Dirac shape δ(r−rp). In the particle-in-cell method, each particle usually stands for
a large number of physical particles of the same species, and shows a non-Dirac shape
function. For example, macroelectron p has charge qp and mass mp, verifying the ratio
qp/mp = e/me. This is described in a following paragraph.

A PIC simulation consists of (i) a grid on which the fields are calculated solving
the discretized Maxwell’s equations and (ii) particles moving freely in space and con-
tributing to the local charge and current density. The equation of motion is solved
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to move every particle, and their contribution to ρ and J is calculated on the neigh-
boring grid nodes. As a consequence, interpolations between particle variables {rp,
pp} and grid variables (E,B,ρ,J) are required. The core loop for the PIC method is
depicted in figure 2.2. Fundamental properties of macroparticles are detailed in the
next paragraph.

Maxwell equations 

Interpolation 

Deposition 

Particle pusher 

Figure 2.2: Diagram for a 2D (x, y) PIC simulation. Starting from the charge density and
density current on every grid point at iteration n, each loop iteration proceeds in four steps:
(i) Maxwell’s equations are solved to calculate the electric and magnetic fields at every grid
point. (ii) The fields are interpolated at the position of each particle. (iii) The equation of
motion is solved for each particle with the fields calculated in the previous step to determine
the position and speed at iteration n+ 1. (iv) Each particle contributes to the charge density
and current density through its charge and charge×speed respectively. Its contribution is
deposited on the neighboring grid points. The blue and red colors stand for grid and particle
processing respectively. Transition steps are shown in purple.

Macroparticles: Assuming that the volume of a particle is zero (i.e. neglecting
quantum effects), the distribution function for a finite number of particles N reads

f(t, r,p) = 1
N

N∑
p=1

δ(r − rp)δ(p− pp). (2.9)

A simulation with a real number of physical particles is far above the computational
power available today, so each macroparticle should stand for a high number of physical
particles. This is performed by giving each particle p a weight sp, that stands for the
number of physical particles it represents. Besides, the contribution of each particle
to J is calculated on the neighboring grid points during the deposition phase. The
simplest method consists in depositing the particle current to the nearest grid point
(NGP method). Yet, when a particle travels through the grid, its contribution suddenly
shifts from one grid point to its neighbor, which results in a large field noise. This
effect is smoothed by giving each particle a finite size in space via a weight function
Wp through which the particle contribution is assigned to several neighbors. Hence,
the discretized distribution function for N macroparticles reads

fd(r,p, t) = 1
N

N∑
p=1

spWp(r − rp)δ(p− pp). (2.10)
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Figure 2.3: Particles weight functions in direction x, in units of grid cells. a) is the top-hat
function. b) is the convolution of the top-hat function with itself once. c) is the fourth-order
spline, the convolution of the top-hat function with itself three times. They are normalized
so that the integral is 1. The higher the order, the wider the support of the function.

Common weighting functions are depicted in figure 2.3. They are spline functions,
and can be calculated via n convolutions of the top-hat function with itself.

The simulations presented in this work were performed with the open-source PIC
code EPOCH, developed in the University of Warwick. In section 2.1.4, we give more
details on the four steps of the PIC loop, as well as the method used in EPOCH for
each of them, which is always the most widespread method. More details can be found
in [Arber et al., 2015]. The full equations are given for 2D simulation. We use the
following notations:

Qn
i,j = Q(i∆x, j∆y, n∆t) (2.11)

for any quantity Q.

2.1.4 Steps of a PIC code

Maxwell solver

Gauss’s law and Gauss’s law for magnetism are not explicitly time-dependent. As a
consequence, they will be verified all along the simulation, provided they are verified
at initialization and provided their conservation is ensured in numerical methods. The
time evolution of the system is therefore determined by Ampère’s and Faraday’s laws.
Starting from J on the grid nodes, these two equations are solved with an explicit
solver using the finite-difference time domain (FDTD) method presented in [Yee et al.,
1966].

Space discretization: The electric and magnetic fields are discretized on a staggered
grid, so the fields at the grid point (i, j) are defined at half space-steps around this
point (i ± 1/2, j ± 1/2). This scheme increases the order of convergence to 2 without
increasing the computational cost significantly, provided the fields are defined at the
appropriate position. It is designed so that all the spatial derivatives are centered. The
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scalar equations are

∂tBx = ∂zEy − ∂yEz (2.12)

∂tBy = ∂xEz − ∂zEx (2.13)

∂tBz = ∂yEx − ∂xEy (2.14)

∂tEx = c2∂yBz − c2∂zBy − 1/ε0Jx (2.15)

∂tEy = c2∂zBx − c2∂xBz − 1/ε0Jy (2.16)

∂tEz = c2∂xBy − c2∂yBx − 1/ε0Jz. (2.17)

As an illustration, equation 2.12 is centered in space if Ey is defined with a ∆z/2
offset along z with respect to Bx. The Yee staggered grid allows this condition to be
verified for all components of E and B. The 2D grid is shown in figure 2.4, along with
position of fields relevant for our purpose.

x

y

(i, j) i + 1/2

j + 1/2

Ex

Ey Bz

Figure 2.4: Yee staggered grid for cell (i, j) and location of the relevant electric and magnetic
fields.

Time discretization: Since the time derivatives of the magnetic field B only involve
the electric field E, the system of equations is perfectly fitted for a leapfrog scheme, for
which the time derivatives are centered, with B defined at iteration n and E defined
at n + 1/2. Yet the coupling with the macroparticles via the source term J has to be
dealt with, and both fields are calculated for all half-time-steps. Hence, equation 2.15 is
solved as follows, removing Ez, Bx, By from these equations, for simplicity and because
they are zero in our 2D case:

E
n+1/2
x;i+1/2,j − En

x;i+1/2,j

∆t/2 =
Bn
z;i+1/2,j+1/2 −Bn

z;i+1/2,j−1/2

∆y
− 1
ε0
Jnx;i+1/2,j (2.18)

The other components of the electric field are calculated similarly, giving En+1/2.
This value is used to calculate Bn+1/2. At this stage, the particle pusher is invoked
(see 2.1.4) to get Jn+1, and the second half-time-step is performed in the same way
with the new value Jn+1.

Interpolation

The fields defined at the grid points must be interpolated at each particle position to
solve the equation of motion. This is performed using the same particle weight function
(see figure 2.3) as for the current deposition. Hence, the electric field Ex on particle p
is

En
x;p =

∑
(i,j)

En
x;i,jWp(xnp − i∆x, ynp − j∆y) (2.19)
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where we ignored half-indices due to the Yee grid for the sake of simplicity. All com-
ponents of E and B are processed this way.

Particle pusher

Knowing the fields at particle positions, the equations of motion can be solved to update
the particles’ position and speed. A leapfrog method can be applied again to move from
(rn−1/2
p ,vnp ) to (rn+1/2

p ,vn+1
p ) with the field values at n+ 1/2. This is performed using

the quick and accurate Boris pusher, taking place in three steps:

1. Half-step acceleration by the electric field → p̃;

2. Full rotation due to the magnetic field → p;

3. Second half-step acceleration by the electric field → pn+1
p .

We also use ṽ = p̃/
√

1 + p̃2 and v = p/
√

1 + p2.
Step 1 is

p̃ = pnp + qp
∆t

2 E
n+1/2 (2.20)

Step 2 is a rotation involving the following substeps:

h = qp
mp

∆t

2 B
n+1/2 (2.21)

s = 2
1 + h2h (2.22)

v = ṽ + (ṽ + (ṽ × h))× s (2.23)

Step 3 reads

pn+1
p = p+ qp

∆t

2 E
n+1/2. (2.24)

Current deposition

After the particle pusher is applied, resulting in the new position xn+3/2
p and speed

vn+1
p for particles, each particle contribution to J at the neighboring grid points (ρ

does not appear in the time-dependent Maxwell’s equations) has to be processed.
As already mentioned in the paragraph regarding the Maxwell solver, only the time-

dependent Maxwell-Ampère and Maxwell-Faraday laws are solved at every time-step,
while the Maxwell-Gauss and Maxwell-Thomson equations are only used during the
simulation initialization. Since the Maxwell-Thomson equation does not involve any
source term, it will be verified all along the simulation using the FDTD scheme.

The Maxwell-Gauss equation is also verified along the simulation provided the
charge conservation equation ∂tρ + ∇ · J = 0 is verified (This is shown by deriving
Maxwell-Gauss equation with respect to t and injecting the charge conservation equa-
tion). Verifying the charge conservation equation is of paramount importance, and is
easier than verifying the Maxwell-Gauss equation because it only involves ρ and J .
This is taken care of in the current deposition step, where J is updated.

In reference [Villasenor & Buneman, 1992], the authors develop a method for current
deposition assuming a top-hat shape function for particles. When a particle travels in
cell (i, j), its current contribution is based on the particle charge that crossed the (i, j)
cell borders. This is shown in figure 2.5, where the contribution of the particle to the
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x

y

i i + 1

j

j − 1

−→
J y;i,j

Figure 2.5: Villasenor and Buneman current deposition. Blue squares stand for the particle
at iterations n and n + 1, the blue arrow shows the displacement vector. The dots show
the grid points, and the black line stand for their borders. We did not take effects of the
staggered grid in consideration for the sake of simplicity. The particle contribution to current
on cell (i, j) is jp = spσvp with sp and vp the particle weight and speed respectively, and σ
is the area crossed by the particle in one time-step, represented with red hatchings.

bottom border of cell (i, j) is jp = spσvp with sp and vp the particle weight and speed
respectively, and σ is the area crossed by the particle in one time-step through the
bottom border of cell (i, j), represented with red hatchings.

In figure 2.5, the particle travels through four cell borders. This scheme is extended
by the authors to the case when the particle travels through seven and ten borders,
and is demonstrated to be charge-conserving.

Finally, this method was extended in reference [Esirkepov, 2001] to any particle
shape function. In this reference, the author demonstrates that, assuming the particles
travels linearly from rnp to rn+1

p , there is only one way to deposit current on neighbor
grid nodes that allows charge conservation, and give its general form as a function of
the particle shape Wp. Esirkepov’s method is the one implemented in most modern
PIC codes, including EPOCH.

2.1.5 PIC: limits, noise and errors

The full grid in a basic PIC simulation can contain hundreds of million nodes, with as
many particles in the simulation box. A simulation in these conditions requires hun-
dreds of Gigabytes memory and takes tens of thousand hours to run. As a consequence,
the whole simulation cannot be performed on a single processor. PIC simulations run
on several processors, and are consequently part of the high-performance computing
(HPC) field. The parallelization is performed as follows: the full grid of the simulation
box is divided in sub-domains. A single computer core is assigned to a single sub-
domain, and performs the PIC loop on the sub-domain (including solving Maxwell’s
equations on the sub-domain and pushing particles that are in the sub-domain). At
the end of every time-step, each computer core exchanges information with its nearest
neighbors to deal with particles flowing from one sub-domain to another, as well as
Maxwell’s equation on the sub-domain borders. Communications between computer
cores are performed via the Message Passing Interface (MPI) protocol. This allows to
perform simulations that require much more memory than what is available on a single
core, and run much faster.

For PIC simulations to reproduce physical dynamics, numerical instabilities should
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be avoided, numerical noise should be kept as small as possible and the relevant dy-
namics should be resolved. Here are the main relevant numerical conditions that should
be satisfied in our PIC simulation:

CFL condition: The Courant-Friedrichs-Lewy condition, or simply Courant condi-
tion, relates the time-step and space-step for the explicit finite-difference Yee method
with ∆t < ∆x/c in 1D and

(c∆t)2
(

1
∆x2 + 1

∆y2

)
< 1 (2.25)

in the 2D case. In practice, we set the space-step ∆x, and the time-step ∆t is set as:

∆t = 0.95∆x
c

in 1D (2.26)

∆t = 0.951
c

∆x∆y√
∆x2 +∆y2 in 2D. (2.27)

Highest harmonic resolved: The nth harmonic is resolved in the simulation pro-
vided the Shannon condition is verified, giving ∆x < λ/2n.

Plasma wavelength: The plasma dynamics require the smallest plasma wavelength
to be resolved in the simulations. This reads ∆x < λminp /2 with λminp = 2πc/ωmaxp the
plasma wavelength at the maximum density. This condition is more easily given as a

function of the maximum plasma density nmax with ∆x < λ/
√
nmax/nc with nc the

critical density.

Debye length: As stated in [Langdon & Birdsall, 1970] and [Birdsall & Langdon,
2004], a numerical instability can grow because of space discretization if the Debye
length is not resolved. This effect leads to numerical heating, which may drastically
change the physics involved, and should be kept below 1%. In practical units more
adapted to numerical simulations, the Debye length is given by

λDe = 7× 10−3

√√√√Te[ keV]
ne[nc]

λ. (2.28)

As an illustration, for our physical conditions (Te[keV] = 0.01 and ne,max[nc] = 250),
λDe = λ/23000. Fortunately, this condition can be made more flexible using a higher-
order shape function. For the 4th-order spline shown in figure 2.3c), ∆x ∼ 10λDe is
a satisfying condition for a limited numerical heating (for a given simulation time).
Besides, the Debye length can be increased using a higher plasma temperature in the
simulations. Doing so, one must verify that the plasma dynamics is not substantially
changed.

In our simulations, the last condition is by far the most stringent. More details are
given in the following sections 2.1.6 and 2.1.7.

2.1.6 Study on numerical parameters

We performed a scan of 2D PIC simulations using the code EPOCH to show the role
of the space step and the plasma electron temperature. It was done as follows:
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a0 τ w0 nbulk L Te Ti
v2 3 25 fs 3.6µm 100nc λ/16− λ 0 eV 0 eV
v3 3 25 fs 3.6µm 100nc λ/16− λ 100 eV 10 eV
v4 3 25 fs 3.6µm 100nc λ/16− λ 100 eV 10 eV

ppc box size ∆x particle shape nmin width cells
v2 10 35λ× 70λ λ/200 b-spine 3 nc/5 4λ 7000× 14000
v3 10 35λ× 70λ λ/200 b-spine 3 nc/5 4λ 7000× 14000
v4 10 35λ× 70λ λ/300 b-spine 3 nc/5 4λ 11000× 21000

Table 2.1: Scan conditions. the number of particles per cell is given in the ppc column,
and column ”width” shows the width of the plasma bulk. The plasma is initialized where
n > nmin, and the plasma density is artificially dropped to zero for n < nmin.

For a given set of numerical parameters, we studied the influence of the gradient
length on electron ejection and harmonic generation. This study was repeated changing
the numerical conditions, to determine the influence of numerical parameters on (i) the
harmonic generation efficiency and (ii) the ejected electric charge. Besides, we also
checked if the numerical parameters influenced the dependence of these two physical
variables on the density gradient length.

Three sets (versions) of simulations were performed, which conditions are listed in
table 2.1. Three simulations were performed for each version, named injectorv2_L1s16,
injectorv2_L1s8, injectorv2_L1s1 for v2, with gradient scale length respectively
λ/16, λ/8 and λ. The same set was performed for v3 and v4. The angle of inci-
dence is θ = 45◦ in all simulations. Basically, the difference between injectorv2 and
injectorv3 is the plasma temperature, and the difference between injectorv3 and
injectorv4 is the space step ∆x.

The bottom of the simulation box (x & 31λ) is filled with an overdense plasma
with density nbulk = 100nc, and the area before is filled with the exponential density
gradient. The simulation box is adjusted so that the critical density n = nc is always
located at x = 25λ. A longer gradient length results in a longer box. In order to avoid
filling the whole box with an extremely underdense plasma, we artificially drop the
plasma density to zero where the density is below a threshold n < nmin = 0.2nc.

For Te = 100 eV, the Debye length reads λDe = λ/4500, and the two space-steps
we used read, in units of Debye lengths, ∆x = 23λDe and ∆x = 15λDe. The simula-
tions were run on the Curie supercomputer, hosted in the CCRT (Centre de Calcul
Recherche et Technologie) center, at CEA Bruyères-le-Châtel. The computational cost
is depicted on table 2.2. It depends on the space step ∆x as well as the density gradient
L: a longer density gradient results in a larger area verifying n > nmin, hence a higher
number of macroparticles at initialization.

The result of the scan is presented in figure 2.6. The harmonics in the reflected
field are due to the relativistic oscillating mirror mechanism. Figure 2.6 a) brings the
following comments: first, the harmonic spectra significantly depend on the electron
temperature and space step in this range. Increasing the temperature reduces the
harmonic efficiency. A smaller ∆x highly increases the harmonic signal. Besides, a
large bump in the three spectra is observed around ω = 20ω0. These results are
illustrated in figure 2.6 b), which shows the efficiency of the fifth harmonic.

Figure 2.6 c) shows that the fifteenth harmonic efficiency weakly depends on the
gradient length, because the noise level at this frequency is high. Finally, the harmonic
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simulation L Ncells Nparticles walltime cost
injectorv2_L1s8 λ/8 108 1.3× 108 1h20 1400h
injectorv2_L1s1 λ 1.1× 108 2.7× 108 4h15 4000h
injectorv3_L1s8 λ/8 108 1.3× 108 1h20 1400h
injectorv3_L1s1 λ 1.1× 108 2.7× 108 4h15 4000h
injectorv4_L1s8 λ/8 2.3× 108 2.9× 108 6h 6100h
injectorv4_L1s1 λ 2.6× 108 6× 108 17h40 18000h

Table 2.2: Computational cost of numerical simulations. Simulations were performed on 1024
processing units on the Curie machine at CCRT. The ions are immobile. Walltime stands for
the actual time that the run took: a 10-hours-walltime run performed on 8 processing units
costs 80 hours.
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Figure 2.6: Scan result. Red: injectorv2, blue: injectorv3, green: injectorv4. a)
Harmonic spectra in the reflected field for L = λ/8. The squared norm of the magnetic field
Fourier transform |F(B)|2 is plotted along ω/ω0 where ω0 is the laser angular frequency. b)
Fifth harmonic efficiency. It is the integral of the harmonic spectrum between ω = 4.5ω0 and
ω = 5.5ω0. c) Fifteenth harmonic efficiency. d) Absolute value of the total electric charge
(solid line) and the charge of electron verifying an angular condition (dashed line). Electrons
were considered ejected when they crossed a line parallel to the plasma surface, 20λ away
from the reflection point, or when they crossed a line perpendicular to the plasma surface,
20λ away from the reflection point, to record electrons ejected along the target surface.
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λ a0 w0 τL nbulk L
800 nm 3 3.6λ 25 fs 100nc λ/4
θ Te Ti ∆x ppc

45◦ 100 eV 10 eV λ/300 10

Table 2.3: Physical and numerical parameters for the 2D PIC simulation injectorv4_L1s4

signal strongly depends on ∆x in the range we study. Yet the three scans show the
same trends for harmonic generation as a function of the density gradient scale length
L. On the opposite, the ejected charge shown in figure 2.6 d) is extremely stable. In
particular, the total ejected charge follows exactly the same line for ∆x = λ/200 and
∆x = λ/300.

This study shows that harmonic generation is much more sensitive to the electron
initial temperature and space step than the electron ejection signal. The trends for
harmonic generation are similar for the three scans, but the efficiency shows significant
variations. On the opposite, the electron signal is mostly independent on the plasma
temperature and the space step in the range we studied. We conclude that ∆x = λ/300
is a satisfying space step to study electron ejection in 2D PIC simulations with Te =
100 eV.

2.1.7 Typical 2D PIC simulation

A typical numerical simulation (injectorv4_L1s4) is shown in figure 2.7. The obliquely-
incident laser pulse enters the simuation domain via the x− border and reflects off the
plasma target located close to the x+ border. We are interested in electrons ejected
in the −x direction, as well as high harmonic generation in the reflected field. This
scheme will be used in most numerical simulations in this thesis.

Electron ejection: Electrons are considered to be ejected if they travel far enough
from the plasma border in the −x direction. Ideally, they should be detected at a dis-
tance much greater than the Rayleigh length, after which the laser fields have strongly
decreased.

Harmonics generation: Harmonics generated in the reflected field are detected
using a field streak, a line onto which the electric and magnetic fields are recorded
as a function of time, represented as a grey dashed line in figure 2.7. Harmonics are
very sensitive to numerical noise and should ideally be performed with ∆x ∼ λDe, and
> 100 particles per cell (ppc), but do not require a large box.

Satisfying numerical conditions for both electron ejection and harmonics generation
proves extremely computer intensive. Simulation injectorv4_L1s4 was processed with
mitigated conditions (box size ∼ zR, ∆x = 15λDe and 10ppc). A comparison with
injectorv3_L1s4, where all the conditions are identical except the space-step ∆x =
λ/200 gave identical results for the ejected charge and different results for high harmonic
generation. The trends are the same in all cases. Numerical and physical parameters
shown on table 2.3.

This set of parameters give λDe = λ/900, so the simulation space-step verifies
∆x ' 3λDe, ∆x = λminp /30 and the highest harmonic resolved is the 150th. These
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Figure 2.7: Snapshot of the magnetic field (blue-red colourmap) and electron density
(greyscale) in a 2D PIC simulation with numerical and physical conditions given in table 2.3.
The electric and magnetic fields are recorded along the streak line, represented as a grey
dashed line.

simulation parameters will be used in order to obtain physical results in chapter 3 to
study the influence of the gradient length on the electron ejection process.
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2.2 Electron in a laser pulse in vacuum

The previous section was dedicated to numerical simulation of plasma dynamics. In the
next chapters, we will see that, upon the reflection of a laser pulse on a plasma mirror,
the dynamics of electrons ejected from the plasma can be strongly affected by the laser
fields far away from the plasma. This chapter focuses on the dynamics of an electron
in an electromagnetic wave in different conditions. First, the equations of motion
for an electron in a monochromatic plane wave with relativistic intensity are derived.
Then, we give the expressions for the magnetic and electric field in a tightly-focused
Gaussian pulse, beyond the paraxial approximation. Finally, we present the relativistic
ponderomotive force that acts on an electron propagating in an electromagnetic wave
with time- or space-dependent envelope.

2.2.1 Electron in a monochromatic plane wave

We consider the motion of an electron in a linearly polarized monochromatic plane
wave, and derive the conservation of canonical momentum as well as the electron orbits
in the relativistic regime a0 ∼ 1.

Canonical momentum conservation

An electromagnetic wave propagates along z and is polarized along x, k = 2π/λez.
The electric and magnetic fields, and the vector potential read

E = E0 sin(ω0t− kz)ex (2.29)

B = B0 sin(ω0t− kz)ey (2.30)

A = A0 cos(ω0t− kz)ex (2.31)

with B0 = E0/c and A0 = E0/ω0, where we use the Coulomb gauge ∇ ·A = 0.

The system is invariant along the x and y directions. As a consequence of Noether’s
theorem, the transverse components of the canonical momentum for an electron in a
plane wave are conserved along its trajectory, reading

Px = px − eAx = Px0 (2.32)

Py = Py0. (2.33)

The electron hamiltonian reads

H =
√

1 +
(

p

mec

)2
(2.34)

=

√√√√1 +
[Px0 + eA0 cos(ω0t− kz)]2 + P 2

y0 + p2
z

m2
ec

2 . (2.35)

As an illustration, we can also derive the canonical momentum conservation in a
straightforward way. The equation of motion for an electron in electromagnetic fields
reads
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dp

dt
= −eE − ev ×B (2.36)

= −e
(
−∇φ− ∂A

∂t

)
+ qv × (∇×A) (2.37)

= −e
(
−∇φ− ∂A

∂t

)
+ q [∇(v.A)− (v.∇)A] . (2.38)

Rearranging these terms, the time derivative of the canonical momentum can be
calculated as

d(p− eA)
dt

= dp

dt
− e∂A

∂t
− e(v.∇)A (2.39)

= e∇φ− e∇(v.A) (2.40)

= −e∇(−φ+ v.A). (2.41)

Finally, assuming that A and φ only depend on z, the x and y coordinates of this
equation read

d(px − eAx)
dt

= −e ∂
∂x

(−φ+ v.A) = 0 (2.42)

d(py − eAy)
dt

= −e ∂
∂y

(−φ+ v.A) = 0 (2.43)

so the quantities px − eAx and py − eAy are conserved along the electron motion.

Relativistic orbits in a plane wave a0 & 1

Here, we follow the presentation found in [Hartemann et al., 1995] and derive the rela-
tivistic orbits for an electron propagating in a monochromatic plane wave in vacuum.
The full set of equations reads

dp

dt
= −eE − ev ×B (2.44)

dγ

dt
= − e

mec2v ·E (2.45)

E = E0 sinφex (2.46)

B = E0/c sinφey (2.47)

with φ = ω0t− kz(t) (2.48)

where z is the electron position at time t. We use the standard notations β = v/c; γ =
(1 − β2)−1/2;p = γmecβ. The initial conditions read β(t = 0) = βz0ez and γ0 =
(1− β2

z0)−1/2 and z = 0 at t = 0. The scalar equations of motion read

dt(γβx) = −eE0

mec
(1− βz) sinφ (2.49)

dt(γβy) = 0 (2.50)

dt(γβz) = −eE0

mec
βx sinφ (2.51)

dtγ = −eE0

mec
βx sinφ, (2.52)
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so βy = 0 since we assumed βy(t = 0) = 0, and equations 2.49 and 2.52 give one
constant of motion:

γ(1− βz) = γ0(1− βz0). (2.53)

We start from the definition of γ to get one useful equation:

1
γ2 = 1− β2

x − β2
z (2.54)

= 1− β2
x −

[
1− γ0

γ
(1− βz0)

]2

(2.55)

reordering: γ = 1
2γ0(1− βz0)

[
1 + γ2

0(1− βz0)2 + γ2β2
x

]
(2.56)

γ = γ0

[
1 + γ2β2

x

1 + βz0

2

]
(2.57)

where we used

γ0(1− βz0) = 1
γ0(1 + βz0) . (2.58)

This formula comes directly from the definition of the Lorentz factor. Now, let us use
φ as the new parameter, and use dtφ = ω0(1− βz) from the definition. Equation 2.49
can be integrated with respect to φ, and reads, allowing a non-zero initial phase φ0

γβx = a0(cosφ− cosφ0), (2.59)

so we can calculate γ from equation 2.57, then βx from equation 2.59 and βz from
equation 2.53:

γ(φ) = γ0

[
1 + a2

0(cosφ− cosφ0)2 1 + βz0

2

]
(2.60)

βx(φ) = 1
γ0

2a0(cosφ− cosφ0)
2 + a2

0(1 + βz0)(cosφ− cosφ0)2 (2.61)

βz(φ) = 1− 2(1− βz0)
2 + a2

0(1 + βz0)(cosφ− cosφ0)2 (2.62)

Finally, we note that dx/dφ = (dx/dt)(dt/dφ), and straightforward integrations
give the electron position as a function of φ,

kx(φ) = a0

γ0(1− βz0) [sinφ− sinφ0 − cosφ0(φ− φ0)] (2.63)

kz(φ) = 1
2(1− βz0)


[
2βz0 + a2

0(1 + βz0)(cos2 φ0 + 1
2)
]

(φ− φ0)

− 2a2
0(1 + βz0) cosφ0(sinφ− sinφ0)

+ a2
0

4 (1 + βz0)(sin 2φ− sin 2φ0)
. (2.64)

Electron trajectories are shown in figure 2.8 for different values of a0 with φ0 = π/2
and βz0 = 0, for φ ∈ [φ0, φ0 +2π]. Note that φ0 = π/2 corresponds to Ex(φ0) = E0: the
field is maximum. In the non-relativistic case (a0 = 0.01), the electron motion is mostly
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along x, namely in the polarization direction, while it is mostly in the propagation
direction (along z) in the ultrarelativistic case. Note that the x − z trajectories look
like homothetic transformations of each other. This is not valid for βz0 6= 0.

Let us consider the a0 = 100 case. The electron travels a distance far longer than
the wavelength during a 2π phase shift (a single laser period). Besides, βz � 1 in the
non-relativistic regime (a0 = 0.01) whereas βz ' 1 in the relativistic case (a0 = 100).
The electron travels around the speed of light along z because of the v×B force, which
is the only force with a z component.

The transverse excursion of the electron in the x direction reaches tens of λ in the
relativistic case. In a more realistic case, the electron travels in a finite-width pulse
and may exit the pulse in these conditions.
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Figure 2.8: a) Trajectory of an electron in the βx − βy phase space from equations 2.61 and
2.62. The conditions are a0 = 0.01, φ0 = π/2 and βz0 = 0. d) shows the x − z phase space
for the same electron. b) & e) and c) & f) show the same plots as a) & d) for a0 = 1 and
a0 = 100 respectively.

Finally, these equations give the maximum γ factor for an electron oscillating in a
plane wave as

γmax = γ0
[
1 + 2(1 + βz0)a2

0

]
. (2.65)

This is the maximum value an electron can gain when propagating into an electromag-
netic wave.

In equation 2.63, one can see that if cosφ0 6= 0, the electron position averaged upon
one period drifts as

< x >φ∈[0,2π]=
−a0 cosφ0

γ0(1− βz0)φ. (2.66)

Choosing φ0 = π/2, the electron oscillates around position x = 0, with maximum
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quiver velocity and amplitude in the polarization direction

βquiv =
√

1− βz0

2 γ0 (2.67)

kxquiv = a0γ0(1 + βz0). (2.68)

2.2.2 Gaussian pulse and paraxial approximation

To study the electron dynamics in a realistic laser pulse, the plane wave approximation
is no longer satisfactory and one should describe the more realistic fields in a laser beam.
The pulse properties are established in the laser cavity, see reference [Siegman, 1986].
Putting aside considerations about the pulse finite duration, the study usually relies on
two approximations: (i) the scalar approximation states that the electric and magnetic
fields can be described by a single scalar quantity U ; for example, in the plane wave
described above, E = Uex and B = U/cey. (ii) the paraxial approximation when
the laser cavity is much longer than any transverse dimension. Assuming the long
direction is z and U = ψ(x, y, z)eikz, this approximation reads |∂2ψ/∂z2| � k|∂ψ/∂z|.
Equivalently, the angle between the k vector and the z axis is small in the cavity.

The spatial profile of the laser beam can be decomposed in cylindrical modes. The
lowest-order, and consequently the most stable and more common one, is the Gaussian
mode, which reads

U(x, y, z) = eikz

1 + iz/zR
exp

[
− r2/w2

0
1 + iz/zR

]
(2.69)

= w0

w(z) exp
[
− r2

w2(z)

]
exp

[
ikz + ik

r2

2R(z) − i atan
(
z

zR

)]
(2.70)

with the radial coordinate r2 = x2 + z2, the Rayleigh length zR = kw2
0/2, the beam

width w(z) = w0

√
1 + z2/z2

R and the radius of curvature R(z) = z + z2
R/z. w0 is the

beam waist, i.e. the beam size at focus z = 0. Figure 2.9 shows the intensity profile of
a Gaussian mode.
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Figure 2.9: squared amplitude of the electric field for a monochromatic Gaussian mode with
beam waist kw0 = 10.

The maximum angle α of the k vector in the beam reached for r = w(z), and is
given by

tanα = w(z)
R(z) →

2
kw0

when z →∞. (2.71)

The paraxial approximation holds as long as α� π, i.e. kw0 � 1.
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2.2.3 Non-paraxial corrections in the tightly-focused regime

One can easily show that the previous equation verifies Maxwell’s equations only in
the paraxial limit, for instance the Maxwell-Gauss equation in vacuum is not verified
∂U/∂x 6= 0 (with U = Ex). When the laser beam is tightly focused w0 & λ, this error
becomes manifest, and corrections to the paraxial expressions must be added.

An approach developed in references [Cicchitelli et al., 1990] and [Quesnel & Mora,
1998] consists in expanding Maxwell’s equations near the paraxial solution given in 2.70
as a power series of the small parameter ε = 1/kw0. Refer to Brice Quesnel’s PhD
thesis [Quesnel, 1998] or references mentioned above for a full proof as well as a more
detailed analysis. Calculation of higher orders in ε are performed using the angular
spectrum method from references [Agrawal & Pattanayak, 1979; Carter, 1970]:

1. Start from U(x, y, 0), the scalar field in the plane z = 0, and its Fourier-transform
in the x− y plane Ũ0(p, q). They are linked via

U(x, y, 0) =
∫ ∫

Ũ0(p, q)ei(px+qy)dpdq;

2. Propagate the Helmholtz equation along z in the p− q Fourier space;

3. U(x, y, z) is given by

U(x, y, z) =
∫ ∫

Ũ0(p, q)ei(px+qy+mz)dpdq

with m =
√

1− p2 − q2 if p2 + q2 ≤ 1 or m = i
√
p2 + q2 − 1 if p2 + q2 > 1.

This method was applied to a Gaussian laser pulse to calculate the corrected ex-
pressions as a power series in ε. For our purpose, we restrict ourselves to the first-order
terms ε1, since they are sufficient to describe the ponderomotive force (see below). The
0th-order Ex and By fields are unchanged while 1st-order longitudinal components Ez
and Bz are added. One can verify that these expressions satisfy Maxwell’s equations
to first order.

Ex = E0
w0

w(z) exp
[
− r2

w2(z)

]
sinφ0 (2.72)

Ey = 0 (2.73)

Ez = 2E0ε
w0x

w2(z) exp
[
− r2

w2(z)

]
cosφ1 (2.74)

Bx = 0 (2.75)

By = Ex/c (2.76)

Bz = 2E0

c
ε
w0x

w2(z) exp
[
− r2

w2(z)

]
cosφ1 (2.77)

with

φ0 = ω0t− kz − k
r2

2R(z) + atan
(
z

zR

)
(2.78)

φ1 = ω0t− kz − k
r2

2R(z) + 2 atan
(
z

zR

)
. (2.79)
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Test-particle code: As explained below, these corrections are essential, at least to
the first order, to properly describe the dynamics of an electron in a Gaussian pulse
and have been implemented in the test-particle code. This code, parallelized with
OpenMP, solves the equations of motion for electrons in the analytical fields described
above, using the Boris particle pusher presented in 2.1.4. The original C++ code was
written by Olle Lundh. The role of the main parameters of this interaction, the laser
parameters (w0, duration τL, peak amplitude a0) and the initial conditions for electrons
(momentum, position and phase in the pulse), will be studied in chapter 4.

2.2.4 Ponderomotive force

An electron oscillating in an electromagnetic wave undergoes an average force de-
pending on the wave envelope only, and directed towards the low-intensity regions: the
ponderomotive force. While the non-relativistic expression is well-known, its gener-
alization to the relativistic case was performed in reference [Quesnel & Mora, 1998].
Besides, the authors prove that corrections in ε to an order≥ 1 are necessary to describe
properly ponderomotive effects.

This description relies on a timescale separation, where every quantity q is written
as q = q + q̃ with q varying slowly and q̃ varying rapidly. An analogy can be made
with a boat moored in a harbour in an ocean. If q is the height of the center of mass
of the boat, then q shows slow oscillations (one or two per day) because of the tide
while q̃ shows fast oscillations due to the waves, and the final height is the sum of
these two contributions. Similarly, a particle with charge q in an electromagnetic wave
undergoes slow oscillations due to pulse envelope changes on the particle position and
fast oscillations due to the sin(ω0t− kz) term.

dp̄
dt ��

c2

�0
“meff , �48�

where �0�(1� v̄2/c2)�1/2 so that �0meff�m�̄ in our nota-
tions. This equation is similar to Eqs. �11� and �12� of Ref.
�5�. Startsev and McKinstrie �8� used a covariant formalism,
and assumed that the amplitude of the wave varies slowly
with respect to the phase. They supposed that these relative
variation rates can be described by a single parameter � that
they did not relate to any physical quantity. They recovered
the expression for the relativistic ponderomotive force �their
Eq. �3.7�� in terms of the proper time, which had already
been obtained in a different way by Schmidt and Wilcox �4�.

IV. TEST-PARTICLE SIMULATIONS

A. Description and test of the program

In order to test the validity of the RPF �Eq. �47��, we
designed a 3D test-particle simulation program. It computes
the trajectory of individual electrons in the field of a laser
near focus, using either the Lorentz equation or the RPF.
More precisely, the electron is moved by numerically solving
the differential equations dr/dt�p/m� and dp/dt
�f(r,p,t), using an adaptative Runge-Kutta method �23�.
We used four different methods of calculation: the first one
is based on the relativistic ponderomotive description, while
the three others solve the equations of motion in the rapidly
varying fields, within three different approximations. More
precisely, we proceed as follows.

�1� All quantities are time averaged quantities, in particu-
lar ���̄ �Eq. �41��, and f is the RPF �Eq. �47��. Then, as a
zero order vector potential used to define the ponderomotive
force, we take the expression of Eq. �16a�, which describes A
as well, as shown at the end of Sec. II.

�2� � is the usual Lorentz factor and f the Lorentz force,
where E and B are the zero order fields used in Refs. �9� and
�10�, i.e., Eqs. �16a� and �16c�.

�3� Like �2�, but with the fields correct up to first order in
� and � , i.e., Eqs. �16� and �27�.

�4� Like �2�, but with the fields correct up to all orders in
� and order zero in � , that is Eq. �7�. These fields will be
referred to as the ‘‘exact’’ fields, though finite duration ef-
fects are not included. We will see indeed that in all the cases
we study in this paper, the approximation on which they are
based is relevant. These fields are evaluated by numerical
integration, and are very expensive in terms of computing
time, which explains the relatively small number of simula-
tions we have been able to perform.
We will use these numbers to refer to these different

methods to calculate the electron motion. All our simulations
consider a linearly polarized laser of wavelength �0�1 �m,
with the electric field in the x direction and the magnetic
field in the y direction. As in Refs. �9� and �10�, we study
electrons with an initial velocity in the direction of propaga-
tion of the laser pulse, which has a finite duration and a sine
squared shape, namely, f (z�ct)�cos2��(t�z/c)/2��� . We
start the simulation at the moment when the leading edge of
the pulse reaches the electron, and we compute the electron
motion up to the point where the laser pulse has overtaken it.
We normalize the laser amplitude in the usual way, a

�eE0 /mc�0, so that a�0.85 corresponds to an intensity I
�1018 W cm�2 for a �0�1 �m wavelength. We also nor-
malize the electron momentum to mc . Our reference frame is
centered at focus, so that the focal point coordinates are
�0,0,0�. The laser pulse is propagating in the �z direction.
We checked our program with simulations in the nonrel-

ativistic regime, where the validity of the ponderomotive
force is well established �24–28�. In the limit �→1, Eq. �47�
reduces to the well-known equation �1�. Cicchitelli, Hora,
and Postle �18� showed that the higher order terms in � were
necessary to describe the electron motion in this regime cor-
rectly, and that the zero order fields lead to an erroneous
anisotropic electron motion. Our numerical conditions are a
�0.3 (I�1.2�1017 W cm�2), ���200 fs, w0�10 �m,
and pz0�0.1, where pz0 is the electron initial momentum.
With these values, ����1.6�10�2.
Figure 1 shows the trajectory of an electron initially at

x0�y0�4 �m and z0�150 �m as calculated by methods
�1�, �2�, and �3�. Exactly as expected, the motion with the
zero order fields �method �2�� is restricted to the plane of
polarization of the pulse, and is therefore nonisotropic. Con-
versely, the inclusion of the first order corrections �method
�3�� leads to a very good agreement with the ponderomotive
force calculation �method �1��.
The average ponderomotive motion of the electron takes

its source in two effects. First, the zero order motion of the
electron is simply the oscillation in the x direction due to Ex .
This causes it to explore the gradient of E , which causes on
the average its drift and acceleration in the x direction. This
is precisely the usual explanation of the ponderomotive mo-
tion for purely electrostatic fields. The force is proportional
to “�E , and is therefore of order � . Second, the field Bz is
almost in phase with the zero order velocity vx of the elec-
tron, as can be deduced from the set of equations �16�. The
force vx�Bz has then a nonvanishing average which causes
the drift in the y direction. This force is again of order � due
to Bz . Note that the field Ez has almost no effect on the
electron motion in this case, as can be checked by suppress-
ing it artificially.
As c���2w0 here, we expect the first order correction in

� to play no role. We checked this again by suppressing this
term in the expression of the first order fields: we found no

FIG. 1. Electron trajectory calculated by methods �1�, �2�, and
�3�. Parameters are a�0.3, ���200 fs, w0�10 �m, pz0�0.1, and
z0�150 �m. With methods �1� �ponderomotive force� and �3� �first
order fields�, the electron trajectory �the two curves in the upper
part of the figure� is along the field intensity gradient, whereas the
zero order fields �method �2�� confine the electron in the plane of
polarization of the pulse.

PRE 58 3725THEORY AND SIMULATION OF THE INTERACTION OF . . .

Figure 2.10: [This image was taken from [Quesnel & Mora, 1998]]a0 = 0.3, τ = 200 fs, w0 =
10µm, pz0 = 0.1mec, z0 = 150µm. Upper lines show the electron trajectory using the first-
order development and the theoretical expression for the ponderomotive force respectively.
The line in the lower part shows the electron trajectory in the zeroth-order fields. It is
confined in the polarization plane.

The ponderomotive force takes place on the slow timescale, which means it affects
p and not p̃, and reads
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dp

dt
= − 1

2meγ
∇|qÃ⊥|2 (2.80)

with γ2 = 1 + 1
m2
ec

2

[
|p⊥|2 + p2

z + |qÃ⊥|2
]
. (2.81)
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Figure 2.11: Final distribution for electrons interacting with a Gaussian pulse, without first-
order correction (a) and with first-order correction (b). The laser pulse propagates in the z
direction, is polarized along the x direction, a0 = 0.5, w0 = 15µm, τ = 100 fs, λ = 800 nm.
It is focused at z = 0 and t = 0, and starts at t � τ . 105 electrons are initialized with a
Gaussian distribution in space with standard deviation σ = w0/2 centered around the origin,
and a uniform Maxwellian temperature Te = 300 eV. The dashed black line shows θ = 90◦.

This force does not depend on the laser polarization and acts on particles provided
they oscillate in many laser periods. It is the main reason for which additional terms in
ε1 are added in the test-particle code. As an example, the trajectory of an electron
in a long laser pulse is shown in figure 2.10. It is calculated with the fields with first-
order corrections. It shows fast oscillations in the x direction and a slow drift in the y
direction. The second line in the upper part shows the dynamics of the same electron
driven by the ponderomotive force only. It reproduces perfectly the electron motion on
the slow time scale. For comparison, the electron dynamics in 0th order fields is also
shown in this figure. The electron remains in the same z − x plane.

The importance of these fields is shown in figure 2.11, where the final distribution of
electrons interacting with a Gaussian laser pulse was calculated using a solver without
(a) and with (b) first-order corrections. The pulse envelope is axisymmetric, and so
must the final electron distribution be. One can see that this is absolutely not verified
when first-order corrections are not taken into account.

2.2.5 Finite-duration correction

In the development above, the pulse finite duration was not mentioned for the sake of
simplicity. When adding a time envelope to the laser pulse, the paraxial electric field
is modified as

Ex = E0
w0

w(z) exp
[
− r2

w2(z)

]
sinφ0f(t− z/c) (2.82)
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where f accounts for the finite pulse duration and reads, for a Gaussian temporal
profile, fg(τ) = exp(−τ 2/τ 2

L) where τL is the pulse duration. This expression relies
on the slowly-varying envelope approximation (similar to the WKB approximation in
mathematics), which states that the envelope does not change significantly during one
laser period. For the Gaussian example fg, it is valid when τL � TL where TL is the
laser period.

When this condition is not verified, the expression given above does not verify
Maxwell’s equations and should be corrected, just like the paraxial approximation.
The same method can be applied, based on the development in power series of the
small parameter ν = 1/ω0τL. Yet, in our conditions, τL/tL ∼ 10, and the corrections
are extremely small. Besides, temporal corrections were shown to have much less effect
than spatial corrections in reference [Varin et al., 2005]. As a consequence, they were
not included in the test-particle code.
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from plasma mirrors
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CHAPTER 3. BACKWARD ELECTRON ACCELERATION FROM PLASMA
MIRRORS

Introduction

The reflection of an ultrashort ultraintense laser pulse upon an overdense plasma leads
to the acceleration of electrons. The main parameters of this interaction are the laser
pulse intensity I, its duration τL, the polarization angle, the incidence angle θ and the
shape of the plasma profile. A wide range of experimental conditions has been explored
(see synthetic review in chapter 1 page 32), and in most cases the backward electron
ejection mechanisms remain unknown.

In this chapter, we focus on the plasma mirror regime, where the p-polarized laser
has a relativistic intensity Iλ2 > 1018 W · cm−2 µm2, τL ∼ 25 fs, and impinges under
oblique incidence (with θ ' 45◦) on an overdense plasma with a sharp density gradient
on its front side. This set of parameters is typical of current laser facilities, and an
application is shown in chapter 4.

Using 1D and 2D PIC simulations (see chapter 2), we describe and model the
backward electron ejection mechanism at the plasma surface. We show that it is a
periodic push-pull mechanism, which takes place at every laser period.

The state of the art of the field is presented in section 3.1, where the main theo-
retical results are shown. Section 3.2 describes the electron ejection mechanism in a
simplified configuration with a top-hat laser pulse envelope and step-like plasma den-
sity profile. Section 3.3 extends this study to the case of an exponential plasma density
gradient, which is much more relevant to experiments. A model of the ejection process
is proposed.

3.1 Theoretical studies on electron ejection

3.1.1 Electron ejection in PIC simulations

The ejection of electrons during the reflection of an obliquely incident ultrashort ul-
traintense laser pulse on an overdense plasma was first observed in PIC simulations
in reference [Naumova et al., 2004a]. The laser pulse parameters are λ = 800 nm,
τ = 15 fs, a0 = 10. It is focused down to a spot size w0 = 1µm with angle of incidence
θ = 70◦ with p-polarization on a step-like overdense plasma with density n0 = 25nc.

Snapshots of this interaction are shown in figure 3.1. Extremely short bunches
(attosecond duration, much shorter than the laser period TL = 2.66 fs) of relativistic
electrons (25 − 30 MeV) are ejected from the plasma during the pulse reflection and
propagate in vacuum. One electron bunch per laser period is generated. The authors
show that up to ∼ 15% of the electromagnetic energy within one laser period is trans-
ferred to the attosecond electron bunch, which is a very high efficiency compared to
other plasma-based electron accelerators (maximum a few percents for laser wakefield
accelerators, see reference [Esarey et al., 2009]).

This article brought new results which motivated this field of research: (i) the re-
flection of an ultraintense laser pulse can generate attosecond bunches of fast electrons;
(ii) one attosecond bunch is generated at each laser period; (iii) this process is highly
efficient for an obliquely-incident p-polarized laser pulse because of the component of
the electric field normal to the target.

Yet the authors only present observations from PIC simulations with a qualitative
explanation, and some important questions remained unaddressed. First, very little
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train structure (b). The peak electron density in the
bunches exiting the channel is !0:5n0 ’ 12ncr.

To provide a more detailed view of the bunching pro-
cess, free of interference from the other wall, we simu-
late, with the same resolution, a short tilted plasma slab
with an obliquely incident (70 ") 15 fs p-polarized laser
pulse, focused to 1!. A train of attosecond electron
bunches and a train of attosecond electromagnetic pulses
are observed emanating from the interaction. Figure 2
shows the electromagnetic energy distribution at two in-
stants and the positions of 25–30 MeV electrons.
Electrons acquire relativistic velocity in the skin layer.
Having been ejected, electrons, in their turn, compress
the reflected wave [2], generating the train of attosecond
pulses observed in the upward direction. These electrons
then move mostly along the plasma surface and the
electromagnetic field provides their additional accelera-
tion. Though the efficient generation of attosecond pulses
has been found to occur under wide range of incidence
angles [2,3], the attosecond electron bunch generation
observed here is restricted to larger incidence angles for
reasons we will discuss.

In the full 3D case, we expect the transverse bunch
dimension in the z direction to be on the order of the focal
diameter. Taking the !=7 bunch thickness, for electrons
above 10 MeV ("> 20) outside the target (from the 2D
simulations), and transverse bunch dimensions of !=2 and
1! in y and z directions, respectively, and an average
density of 3ncr, we estimate the number of electrons in
the bunch to be !2# 108. According to (3), one might
anticipate highly efficient interaction between a 0:8 #m
seed pulse and the generated electron bunches when the
bunch thickness is at least 1 order of magnitude shorter.
Hence, further investigation of bunch characteristics and
scattering properties is needed. It is promising to note that
electrons in each 5-MeV increment above 10 MeV form
sheets with thickness !!=30, each containing !4# 107

particles. This indicates a degree of order in the bunches
that might be exploited to obtain a high scattering effi-
ciency from a lower charge density.

In evaluating the efficiency of the attosecond features
generated, we find that !15% of an incident peak cycle
has been converted to a corresponding attosecond pulse
(integrating within the 1=e isointensity contour). Also,
25% has been absorbed by electrons, and among them, the
bunched electrons have gained 15% of the incident pulse
energy. These data demonstrate the specific mechanism of
the energy conversion: the incident pulse energy is effi-
ciently converted to the energy of attosecond electromag-
netic pulses via interaction with relativistic electron
bunches.

To further detail the effects of electron bunching and
ejection, let us regress to a 1D model for a wave normally
incident on an abrupt plasma boundary. The ponderomo-
tive force from the incident and reflected waves acts on
electrons within the skin depth [see Fig. 3(a), I]. For a
sufficiently large wave amplitude this leads immediately
to breaking of the stimulated Langmuir oscillations [18].
Thus, electrons from the skin layer are thrown toward the
bulk of the plasma [Fig. 3(a), II]. At the same time, a
counterstream of electrons arises from the bulk plasma in
the direction of the skin layer [Fig. 3(a), III] due to the
attractive force toward ions that were left behind by the
inward-driven electrons and by the repulsive force of
those electrons. The velocity of the counterstreaming
electrons is relativistic. This behavior is typical of normal
incidence effects, and leads to the self-intersection of
electron trajectories. Near the points where the flows
‘‘stop,’’ e.g., x $ 0:12, where the counterstreaming elec-
tron flow reverses to the inward-driven electron flow as
observed in Fig. 3(a), III, the electron density ne becomes
very high. In maintaining a finite flux, neve, when the
electron flow velocity ve approaches zero, ne must spike.

For short pulses, for pulses with a sharp tail, or even at
each half-cycle of linearly polarized radiation, the elec-

FIG. 2. Trains of attosecond electron bunches and attosecond
electromagnetic pulses formed by oblique incidence on a short
target. Electromagnetic energy density (gray scale): (a) W1=2 at
t $ %3 and (b) W at t $ 3. In (a) the arrow indicates an
electromagnetic field null and in (b) overlapped black dots
indicate 25–30 MeV electrons. Simulation parameters: a0 $
10, $ $ 15 fs, n0 $ 25ncr.

FIG. 3. Electron bunching and ejection. (a) Electron phase
plane at (I–IV) t $ %0:3;%0:15, 0, 0.2. (b) Electron density for
normal incidence with f=1 focus at t $ 0:25. The arrow shows
electron ejection at the margin of the focus. In (a), (b) a0;max $
8, $ $ 2%=!0, n0 $ 16ncr. Incident pulses are (a) odd and
(b) even. (c) Electron jet at oblique incidence from Fig. 1(a).

VOLUME 93, NUMBER 19 P H Y S I C A L R E V I E W L E T T E R S week ending
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Figure 3.1: [Image from reference [Naumova et al., 2004a]] Reflection of a laser pulse (a0 =
10, τ = 15 fs) on an overdense plasma (n0 = 25nc) and generation of attosecond electron
bunches. a) Electromagnetic energy density at t = −3TL. b) Electromagnetic energy density
at t = +3TL. Black dots indicate 25− 30 MeV electrons.

of the study is dedicated to the plasma surface dynamics, for example the strength of
plasma fields is not shown. The authors provide a qualitative explanation for the role
of the incident and reflected fields, but do not show whether plasma fields play a role
or not. Second, the study focuses on a plasma with uniform density n0 = 25nc, which
is extremely difficult to produce using a laser pulse as intense as a0 = 10. Experiments
usually involve strongly (> 200nc) overdense plasmas, for which plasma effects can
be radically different. Besides, many experiments involve a density gradient that can
play a major role, which is not described in this study. Finally, this article motivated
the research field and gave a picture of electron ejection, but further investigation is
required.

3.1.2 Density gradient scale length

Another milestone was provided by [Geindre et al., 2010], where the authors demon-
strate that, during the reflection of an ultrashort ultraintense laser pulse on a highly-
overdense plasma with a density gradient on its front side, the gradient scale length
could play a role on the electron ejection process.

Using 1D PIC simulations in the Bourdier boosted frame (see section 1.2), the
authors study the reflection of a laser beam with λ = 1µm, τ = 12 fs, a0 = 5 on an
overdense plasma with bulk density n0 = 80nc and an exponential density gradient on
its front side. The density gradient scale length is typically L = 0− 0.2λ.

The space-time electron density for L = λ/13, L = 0 and L = λ/7 is shown
in figure 3.2. In the L = λ/7 case, one ultrashort bunch of electrons propagates in
vacuum along −x per laser period. This observation corroborates the results obtained
by [Naumova et al., 2004a]. The L = 0 case (figure 3.2b) shows no ejected electrons,
which illustrates the importance of the density gradient length.

The result of their study is summarized in table 3.1. Using an optimal gradient
length L = λ/7 can result in a tenfold increase in electron energy with respect to
the L = 0 case. The authors assume that adding a density gradient inhibits the
gyromagnetic effect (see section 3.1.4).

The authors demonstrate that the backward acceleration of attosecond electron
bunches could result in a significant increase in laser absorption. When increasing the
gradient length, the regime transitions from almost no absorption (L = 0), through
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ence. Prescribed density gradients are initially quasineu-
tral, exponential with an upper-shelf electron density of
80Nc. The angle of incidence is 45

!, modeled in 1D using
the well-known relativistic boosted-frame-of-reference
approach.

Brunel-like absorption.—Figure 1(a) shows results from
a gradient of scale length L ¼ ½dðlogNeÞ=dx&'1 ¼ 0:076!.
In this typical case, absorption is mainly by the mechanism
of Brunel ‘‘vacuum absorption’’: field extraction of elec-
trons, acceleration over a half cycle of laser, and injection
of these hot electrons into the overdense region, vanishing
behind critical density. This is considered the principal
mechanism of absorption for ultrafast pulses incident on
sharp gradients; absorption efficiency in this example is
22%, the electron distribution shows a sharp cutoff at
Emax ¼ 3:5 MeV (p=m0c ( 6:8), and few electrons above
this. Multiple attosecond pulses are generated by the sur-
face oscillation: their peak power is observed to be 1:8)
the incident laser power, in a single 200 attosecond pulse
each incident laser cycle.

Brunel absorption frustrated by latent fields.—Fig-
ure 1(b) shows the same conditions as Fig. 1(a), but with
incidence on a perfect density step (i.e., L ¼ 0).
Absorption efficiency in this case is merely 3%; the elec-
tron distribution has a sharp cutoff at Emax ¼ 2:2 MeV
(p=m0c ( 4:2). In this sharp gradient, the superposition
of incident and reflected p-polarized light gives a reduced
electric field, compared to the B field: they no longer have
the balance of an EM field in vacuum. At relativistic
intensities, this results in gyromagnetic motion which in-
hibits laser-driven oscillation; higher laser intensities do
not translate to more-relativistic laser plasmas. For this
perfectly sharp gradient, there may be multiple attosecond
pulses each laser cycle, following the complex motion of
the magnetically constrained interface; the peak power of
the attosecond optical pulses produced is seen to be re-
duced to merely 5% of the incident laser peak power.

What physical changes are responsible for the difference
between this ‘‘frustrated’’ case and the ‘‘Brunel’’ case? The
change in scale length of the initial density gradient, be-
tween the two cases, means greater penetration of the laser
field in the Brunel case. Within this small gradient, the

ponderomotive force drives a separation of charge, pushing
electrons through the ion background, and creates a quasi-
static E field directed inward. During a half cycle, this field
adds with the E field of the laser: the gyromagnetic inhi-
bition largely vanishes, and energy may be systematically
transferred from laser to electrons—standard half-orbit
Brunel absorption. These changes in E fields, for
different-gradient scale lengths, are the essential difference
that permit much greater absorption.
Absorption enhanced by space-charge fields.—As the

prescribed initial gradient scale length is increased further,
electrons are pushed inward during almost a half cycle,
through an increasing distance, before being accelerated
outward during the second part of the cycle, by the net
electrostatic and EM E field. We note that this acceleration
takes place inside the ion gradient. This push-pull mecha-
nism leads to faster electron acceleration up to energies
around 9 MeV (p=m0c ( 18) at L ¼ 0:1!.
Note that under this condition, assumptions used under

Brunel-type modeling are no longer valid, as electron
velocities approach c, and oscillation amplitudes are not
small compared to the EM wavelength. Moreover, as the
reflected EM field acquires high-harmonic content due to
relativistic electron motion, it no longer has the form of the
incident field—the net EM field is no longer a standing
wave. Thereafter, propagation of the reflected field must be
taken into account, as electron velocities become compa-
rable to the EM phase velocity. Qualitatively new behavior
can be expected in this new regime.
Attosecond-bunch vacuum acceleration (ABVA).—At

longer-gradient scale lengths, indeed new behavior appears
in our simulation modeling. Figure 1(c) shows the results
of the same incident laser field as parts (a) and (b), but with
an electron-density scale length L ¼ 0:15!. The results are
quite different. Absorption efficiency in this case is 32%,
and the electron distribution has its cutoff at a much higher
Emax ¼ 20 MeV (p=m0c ( 40)—more than 5 times the
typical ‘‘Brunel’’ case above. The reasons for this are
apparent: instead of acquiring energy in well-phased half
cycles of the laser, and depositing their energy behind
critical, large numbers of electrons are now accelerated
secularly, in the outgoing EM field, over distances of many

FIG. 1 (color). 1D PIC modeling of 12-fs (FWHM) optical pulses of intensity I ¼ 4) 1019 W=cm2, ! ¼ 1 "m (a0 ( 5), incident
at 45! on Ne ¼ 80Nc plasma, with fixed ions. Different transition scale lengths L: (a) L ¼ 0:076!, (b) L ¼ 0, (c) L ¼ 0:15!. Inset
figures repeat the data with single shared spatial scale, for global comparison [color scale: log10ðNe=NcÞ].
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a) L = λ/13 c) L = λ/7b) L = 0λ

Figure 3.2: [Image from reference [Geindre et al., 2010]] a) electron density in units of nc
along time and space for an initial gradient scale length L = λ/13. b) and c) show the same
representation for L = 0λ and L = λ/7.

case mechanism absorption % Emax
L = λ/13 Brunel 22% 3.5 MeV
L = 0λ - 3% 2.2 MeV
L = λ/7 fast electrons 32% 20 MeV

Table 3.1: Dominant absorption mechanism, ratio of the incident energy absorbed by the
plasma and maximum electron energy in the three cases shown in figure 3.2.

Brunel-type absorption (L = λ/13) to a regime where most of the absorbed laser energy
is transferred to backward electron bunches (L = λ/7).

Finally, the ejected electrons are accelerated in vacuum by the laser fields after
they leave the plasma. This is illustrated in figure 3.3, where (x, px) phase diagrams
are plotted at different times. The electron momentum px reaches strongly relativistic
values during the propagation in vacuum.

Their study brings two conclusions: (i) the gradient length plays a role on the
electron ejection efficiency, and (ii) ejected electrons can gain energy in vacuum.

However, no clear description of the mechanism is provided, and the role of the
gradient is not investigated in detail. Also, the electron maximum energy decreases for
very long gradients, showing that the role of the gradient length is not straightforward.
Finally, the acceleration of electrons in vacuum is described by 1D simulations (i.e.
for a plane wave). It allows the authors to describe the basic principles, but a more
realistic description should be performed if we wish to compare theoretical predictions
with experimental results.

3.1.3 Electron ejection angle

In reference [Ruhl et al., 1999], the authors investigate the reflection of a laser pulse on
a step-like overdense plasma with n = n0 > nc for x > 0 where x is the target-normal
direction. They assume the region x < 0 is filled with an underdense plasma called the
plasma corona, with density n(x < 0) = nc/10 on a distance of several wavelengths.

Starting from the Vlasov equation, the authors derive the final angle of backward
ejected electrons. Their study relies on the following hypotheses:
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In the first phase—extraction and injection—the plasma
dynamics and electron trajectories around critical density
are strongly affected by the destructive interference of the
laser E field on reflection, with relativistic implications as
seen previously for the case of an abrupt-step perfect
mirror [5]. Changes in this interference in a finite gradient,
together with local changes in the space-charge fields, alter
the simple perfect-mirror picture. These effects combine to
produce electron trajectories with different phase relation-
ships relative to the driving fields, and which differently
inject electrons into the departing attosecond EM field.

In the second phase, the outward acceleration of elec-
trons, in the strong field of the attosecond reflected pulses,
raises questions about the transfer of energy between an
EM field and free electrons in vacuum. For such pulses the
intensity change is not even approximately adiabatic on the
time scale of an optical period, and the carrier-envelope
phase relationship is a significant factor in the transient
field an electron will see. For the outgoing attosecond
pulses generated here, the carrier-envelope phase relation-
ship is determined by the incident laser carrier-envelope
phase relationship and by the self-consistent plasma dy-
namics, and these together determine the harmonic spec-
trum and the form of the attosecond pulses. It is significant
that the acceleration of outgoing electrons seen in these
simulations is over many wavelengths in trajectory, and
many laser cycles, both as measured in the laboratory
frame. Note that in the relativistic frame of the escaped
electron the vacuum-acceleration phase takes place during
less than one cycle.

For a realistic laser focus, two-dimensional effects will
likely come into play, degrading the reflected field inten-
sities and limiting the longitudinal distance and time over
which electrons are accelerated. At the same time, two-
dimensional effects will probably mean that escape from
the space-charge field will become easier, with the ultimate
result of production of an energetic, intense and dense
beam with very low emittance. Experimental observation

of these effects may depend on using focal spot sizes of
many wavelengths in diameter.
This leads naturally to several new questions. With the

changes in absorption, and extraction of space charge, what
will be the impact on ambipolar-field acceleration of fast
ions?What will be the impact, on fields and net absorption,
of longer pulses during which time fast ions may begin to
be extracted and establish a density shelf around critical?
How might this be modified for very much greater laser
intensities?
Conclusions.—We have shown here, from one-

dimensional PIC simulations using few-cycle pulses to
set aside hydrodynamic evolution and with dictated initial
density profiles, a regime of absorption and electron accel-
eration beyond classical Brunel absorption of relativistic
ultrafast laser pulses in plasmas. Brunel-type absorption—
with electrons executing canonical half-cycle trajectories
while acquiring energy in a secular way from the laser
field—is seen to be suppressed in the case of very steep
electron-density gradients around critical, due to relativis-
tic AC gyromagnetic effects accompanying suppression of
the E field by destructive interference. At scale lengths
longer than typical, there is a systematic shift: because of
local fields developing from finite-gradient space charge,
electrons may be differently phased with respect to the
laser, extracted from the gradient, injected into very strong
outgoing attosecond fields, and monotonically accelerated
outward in vacuum to energies >20 MeV.
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FIG. 4 (color). 7 snapshots in time (at intervals of three laser
cycles) of the (x, Px) phase-space distribution of electrons as in
Fig. 3. One electron bunch is accelerated monotonically outward
over the time of many laser cycles.
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Figure 3.3: [Image from reference [Geindre et al., 2010]] (x, px) electron phase space from a 1D
PIC simulation with a single-cycle laser pulse (duration 4 fs, a0 = 5). The gradient length is
L = λ/7. Each line stands for a (x, px) phase space at a different time with three-laser-cycles
intervals.

code frame θ a0 w0 nbulk θ′

PIC lab 30◦ 1.2 8µm 4nc 17◦
Vlasov boosted 45◦ 0.27 5µm 8nc 14◦

Table 3.2: Simulation parameters in [Ruhl et al., 1999]. In both cases, the wavelength is
λ = 1µm and the pulse duration is 100 fs. The PIC simulation was run with 100 particles
per cell. θ′ is the angle of the outgoing electron stream.

• the ions are immobile;

• The initial electron distribution is Maxwellian;

• The incident wave is approximated by a plane wave, so the transverse canonical
momentum is conserved;

• The average px of the outgoing electrons is proportional to the laser amplitude
< px >= γbmec

√
αIλ2 with γb = 1/ cos θ the γ-factor of the Lorentz transform.

Under these assumptions, the ejected electron stream direction θ′ in the laboratory
frame is given by

tan θ′ =
√

1 + αIλ2 − 1√
αIλ2

tan θ (3.1)

where α is a calibration parameter. This parameter is derived from two 2D sim-
ulations, one using a PIC code and the other using a Vlasov code in the boosted
frame, which parameters are summarized in table 3.2. Both simulations give α−1 '
8 × 1017 W · cm−2 µm2. This expression is in good agreement with experimental re-
sults(see references [Cai et al., 2003; Li et al., 2006b]), provided the plane wave ap-
proximation is acceptable.

3.1.4 Gyromagnetic effect

High harmonic generation during the reflection of a laser pulse on a plasma mirror
is a non-linear phenomenon. As a consequence, it was believed that the higher the
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intensity, the more efficient the harmonic generation. This idea was tempered in ref-
erence [Geindre et al., 2006], where the authors show that the dynamics of surface
electrons could be inhibited by the strong magnetic field of extremely intense light,
leading to a decrease in the harmonic generation efficiency. This mechanism, called
gyromagnetic effect, involves important considerations on the electron dynamics, and
is detailed below.

Consider the reflection of a p-polarized obliquely incident laser pulse on an overdense
plasma with a step-like density profile filling the x > 0 half-space. The laser pulse is
approximated by a plane wave with wave vector k = cos θex + sin θey where θ is the
angle of incidence. We assume the plasma is highly overdense, so that it behaves like
a perfect conductor. The boundary conditions give the following amplitudes for the
electric and magnetic fields close to the surface:

Ex = 2E0 sin θ (3.2)

Ey = Ez = 0 (3.3)

Bx = By = 0 (3.4)

Bz = 2E0/c (3.5)

where E0 is the maximum amplitude of the incident electric field and c is the speed of
light in vacuum.

On the one hand, the magnetic force can often be neglected in the non-relativistic
regime a0 � 1, and the electron dynamics is governed by the electric force, as described
in reference [Brunel, 1987]. When the intensity increases (a0 ∼ 1), the magnetic force
becomes comparable to the electric force, and magnetic effects should be considered.
On the other hand, equation 3.2 shows that, when θ = 0, the electric field cancels on the
boundary and the magnetic field should play a dominant role for any laser intensity.
Magnetic effects are important when ωc ∼ ω0, where ωc = eB/me is the cyclotron
frequency. This condition is nevertheless too crude because the angle of incidence is
not taken into account. Indeed, the cyclotron frequency is relevant for an electron in
a magnetostatic field only, while there can be a non-zero electric field in the case we
consider. To solve this issue, we hereafter move to a frame of reference where the fields
are purely magnetostatic, and where this approximation holds.

As proposed in reference [Geindre et al., 2006], let us do a quasistatic approxima-
tion and assume that the fields at the plasma surface are frozen to their peak value
given by equations 3.2-3.5, and do not depend on the position. We hereafter apply a
general method that moves this problem to a pure magnetostatic problem via a Lorentz
transformation. This method is valid for uniform and orthogonal electrostatic E and
magnetostatic B fields, with amplitudes verifying B > E/c. Here, E//ex and B//ez.

We consider a Lorentz transformation with normalized velocity βey (see section 1.2
page 18). Let R and R′ be the laboratory and boosted frames respectively. In what
follows, the prime symbol stands for quantities in the boosted frame. The fields in R′
are transformed via equations 1.53-1.56, and read

E ′x = γ(E + cβB) (3.6)

E ′y = E ′z = 0 (3.7)

B′x = B′y = 0 (3.8)

B′z = γ(B − β

c
E) (3.9)
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where γ = (1 − β2)−1/2. The problem is reduced to a magnetostatic problem by
canceling the electrostatic field, i.e. choosing β = −E/cB = − sin θ. An electron at
rest in the laboratory frame drifts in the boosted frame, and its Lorentz factor is γ.
The magnetostatic field amplitude in R′ and the relativistic cyclotron frequency are
given by

B′ = 1
γ
B (3.10)

ω′c = eB′

meγ
= eB

meγ2 . (3.11)

Finally, the cyclotron angular frequency backtransformed to the laboratory frame R is
given by:

ωc = ω′c
γ

= eB

γ3me

. (3.12)

We apply these general expressions to the electric and magnetic fields at the boundary
of a perfect conductor given in equations 3.2-3.5. They read β = − sin θ, γ = 1/ cos θ,
and the electron cyclotron frequency in the laboratory frame is given by

ωc = 2 cos3 θeE0

mec
. (3.13)

Magnetic effects become manifest when ωc ∼ ω0. We define the gyromagnetic param-
eter

G = ωc
ω0

= 2a0 cos3 θ. (3.14)

The gyromagnetic effect plays a role when G & 1. Note that this expression comes
from the E/B ratio, and differentiates the electric-dominated regime G . 1 from the
magnetic-dominated regime G & 1. The electric field pulls electrons from the plasma
towards vacuum, whereas the magnetic field makes them rotate, and brings them back
to the plasma.

When a0 becomes very large, ωc � ω0 and an electron circles in the magnetic field
much faster than it moves in the electric field; magnetic effects are thus dominant, and
G increases with a0. When θ is very small, the electric force drops and the electron
dynamics is governed by magnetic effects, which is expressed as G ∝ cos3 θ.

Figure 3.4 shows electron dynamics for G = 0.3, 0.4 and 1 respectively. The dif-
ferent colors show trajectories for electrons with different starting time tj. They were
calculated by solving the relativistic equation of motion for electron number j, starting
at time tj, in the boosted frame:

dpj
dt

= 2eE0

cos θ sin(ω′0tj)ex − 2eB0 cos θ sin(ω′0t)vj × ez (3.15)

with ω′0 = cos θω0. This is equivalent to Brunel’s model presented in section 1.3.2,
with two differences: first, magnetic and relativistic effects are added; second, these
equations are solved in the boosted frame, the laser force α sin(ω′0t) thus acts via the
magnetic field. When G gets close to 1, the electron trajectories are strongly curved
and confined close to the plasma surface.

This mechanism plays a major role for electron ejection: we anticipate that it
prevents electrons from escaping the plasma for high intensities when the plasma is
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initially at rest are cycloids, half-orbits from the initial x
position driven through a displacement d in x and back
again to rest. Thus where the E=B ratio is less than that of a
free-space EM wave, the electron moves with a character-
istic frequency !B—the boosted electron-cyclotron fre-
quency as backtransformed into the lab frame of reference.

These arbitrary fields can be applied in our context of an
electromagnetic field. We begin with an electromagnetic
field incident in p polarization on an overdense plasma
boundary, at angle ! from the normal, together with its
perfectly reflected specular field. We take the target normal
in the x direction. In this case, at the surface, the B field is
doubled while the net E field depends on the angle of
incidence:

 

Ey ! 0;

Ex ! 2E0 sin!;

Bz ! 2B0 ! 2E0;
(2a)

vphase !
c

sin!
; (2b)

vdrift ! c sin!; (2c)

" ! "cos!#$1: (2d)

The relative importance of E and B fields thus depends on
the angle of incidence: the limit beyond grazing incidence
(! ! #=2) corresponds to an EM wave bypassing the
plasma in vacuum; the B-dominated approximation corre-
sponds to oblique incidence. If oscillations at !B are
significantly more rapid than the frequency !0 of the laser
field, the cyclotron motion will be approximately steady
within the electromagnetic cycle, and the effect on electron
motion is quasistationary, but effects are evident once the
frequencies are comparable.

Using Eqs. (1) and (2), Fig. 3 shows the general domain
of validity for this approximation, for different angles of
incidence ! and p polarization. For increasing intensities at
fixed incidence, !B increases with the laser field strength
B0 while !0 is constant; for decreasing angles of incidence
at fixed intensity, !B asymptotically approaches its maxi-
mum value (the conventional cyclotron frequency for B0)
at " ! 1 as the Lorentz-transformation velocity required to
eliminate E drops to zero.

In this range of validity, the plasma is effectively mag-
netized, with a time-varying magnetization; the effect of
this AC gyromagnetic motion is to inhibit the electron
motion driven by the electric field.

Simple time-dependent Brunel-like model. A 1D kinetic
model, using a boosted-frame transformation with vdrift !
cE=B sin! to model angle of incidence !, illustrates the
phenomenon using simplified assumptions: (a) initial elec-
tron velocity v ! vdrift, parallel to the plasma boundary;
(b) magnetic field B from laser EM field only; (c) perfect
reflection of the incident EM field; (d) electrons released
from the plasma boundary as soon as E% "v=c# & B> 0.
This simplified model is limited to intensities less than
about 5& 1018 W=cm2, due to trajectory crossing in the
simulation.

In the boosted frame the incidence is normal, with
 

" ! "cos!#$1; (3a)

E0
x ! "

Z x

$1
e"Ne $ Ni#dx0;

E0
y ! 0;

(3b)

B0
z ! 2"$1B0 sin!0t; (3c)

!0 ! "$1!0: (3d)

The effect of the gyromagnetic motion is complex: the
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FIG. 3 (color online). Regime of impact for AC gyromagnetic
motion, by laser intensity and angle of incidence [steps of 7.5',
from 15' (bottom trace) to 75' (top trace); dashed line marks
45']. !B has its largest value as !( 0, and exceeds the laser
frequency at an intensity )5& 1017 W=cm2. The threshold
!0=!B ! 1 is nominal; compare also with results of Fig. 4.
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FIG. 4 (color online). Simplified modeling (boosted frame) of
electron x-y displacement history (top panels) and x-y trajecto-
ries (bottom panels) at 45' incidence for intensities:
(a) 2&1017 W=cm2; (b) 6&1017 W=cm2; (c) 3&1018 W=cm2.
Displacement histories show inhibition of displacement and
sooner return to the target material; trajectories show strong
magnetic deviation. Traces follow single particles equally spaced
in intervals of areal density, increasing with intensity:
(a) 6 nc * nm, (b) 10 nc * nm, (c) 23 nc * nm.
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Figure 3.4: [Image from reference [Geindre et al., 2006]] a) Electron trajectories x(t) (top
panel) and x − y (bottom panel) for θ = 45◦ and a0 = 0.4. Different trajectories, with
different starting time, are superimposed. b) and c) show the same quantities for a0 = 0.7
and a0 = 1.5 respectively.

highly overdense with a step-like density profile. In section 3.2, we show how electrons
can be ejected in the low-density step-like regime thanks to strong plasma fields.

When the plasma profile shows a relatively long density gradient, a strong plasma
electrostatic field Ep//ex appears, which may drastically increase the E/B ratio. Hence,
this field helps pulling electrons towards vacuum and favors electron ejection. When
decreasing the gradient scale length, we observe that the electron ejection is strongly
inhibited because of the gyromagnetic effect. A detailed analysis is presented in 3.3.

3.1.5 Electron ejection in 1D PIC simulations

Figure 3.5c) shows the magnetic field vs. time and space in a 1D simulation with
physical conditions (given in the laboratory frame) a0 = 3, τ = 5 fs, L = λ/8, and a
Gaussian time envelope. The overdense plasma fills the region x > 4.7λ. The incident
and reflected fields are recorded as a function of time at x = 0.5λ and plotted in
figure 3.5 a) and b). The incident field shows a simple sine profile with an exponential
envelope, while the reflected field is much distorted, which is a clear signature of high
harmonic generation (see chapter 1).

The electron density is shown in figure 3.5d), using the same representation as the
magnetic field. When the laser pulse reaches the target, the plasma surface oscillates
at the laser frequency. Starting from t ' 8.5TL and x ' 4.5λ, an electron jet escapes
the plasma and propagates in the −x direction along the reflected field. We hereafter
focus on a single oscillation of the plasma surface during one laser period.
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Figure 3.5: a) Magnetic field along time and space from a 1D PIC simulation performed in
the boosted frame with physical conditions (given in the laboratory frame) a0 = 3, τ = 5 fs,
L = λ/8. The area x > 4.7λ is filled with the overdense plasma. b) Same representation for
the electron density. A bunch of electrons propagates in vacuum towards the x < 0 direction,
i.e. along the reflected pulse.
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3.2 Electron ejection with a step-like density profile

In order to single-out the basic mechanism of backward electron ejection from plasma
mirrors, this section focuses on a simplified configuration: a plane wave reflects off
an overdense plasma with a step-like density profile, and the bulk density n0 is an
adjustable parameter. This approach was used in several articles (see section 3.1) and
gives helpful insight into the underlying mechanisms.

We consider the relativistic regime, and study the role of two fundamental parame-
ters: the laser amplitude a0 and the plasma density n0, in the typical range a0 = 2−20
and n0 = 4 − 40nc. Low-density step-like plasma profiles are not very relevant in ex-
periments because typical experiments involve a highly overdense plasma (n0 > 200nc)
with a density gradient on its front side (see chapter 1). Yet the mechanisms are
somewhat similar in both conditions.

As will be seen in this section and the following one, the laser pulse penetrates
inside the density gradient during reflection. For a very sharp gradient (L � λ),
the laser fields interact with high-density regions of the gradient (n � nc). On the
opposite, if the gradient is very smooth (L ∼ λ), the electromagnetic fields are confined
in the n & nc region, and the reflection process occurs in a low-density region. Hence,
a highly overdense plasma behaves in a similar way as a very sharp gradient, and a
slightly overdense plasma resembles a very smooth gradient.

All the 1D PIC simulations are performed in the boosted frame, and all the physical
quantities are given in the boosted frame from now on, unless otherwise specified. We
use the following normalizations throughout this chapter:

t ≡ ω0t v ≡ v/c x ≡ kx (3.16)

y ≡ ky p ≡ p/mec n ≡ n/nLc (3.17)

E ≡ eE

meω0c
B ≡ eB

meω0
(3.18)

Note that the plasma density is normalized with nLc , the critical density in the labora-
tory frame. For the sake of simplicity, nLc will be noted nc throughout this chapter.

3.2.1 Phenomenology of electron ejection

Electric and magnetic fields

We performed a 1D simulation in the boosted frame with a monochromatic incident
wave where the laser amplitude is a0 = 14 (step-like laser envelope) and the plasma
density is n0 = 10 in the plasma bulk x > 0. We focus on the plasma dynamics during
the first laser period. The electron density is shown as a function of time and space in
figure 3.6 a) along with the magnetic field (b), the electric field along the target surface
direction (c) and the electric field normal to the target (d). The ions are mobile in the
simulation, but their motion is negligible on the scale of one laser period.

When the laser pulse reaches the plasma, it pushes the electron surface inside the
plasma, up to a maximum distance of x ' 0.5λ. This creates a charge separation in
the plasma because the ions are immobile, which results in plasma static fields that we
discuss below. Afterwards, electrons travel along the −x direction and some electrons
propagate in vacuum.

In the boosted frame, as seen in section 1.2, the plasma electric field is along x
whereas the laser electric fields is along y. The electrostatic (denoted with p for plasma)
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Figure 3.6: a) Electron density as a function of time and space in the 1D PIC simulation
these_step. The incident wave is a monochromatic wave that reaches the plasma around
t = 2.2TL with a0 = 14 and θ = 45◦, the plasma has a step-like density profile with n = 10 for
x > 0. ∆x = λ/2000, ppc=1000. b), c) and d) are the magnetic field Bz and the tangential
Ey and normal Ex electric fields respectively.
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and electromagnetic (denoted with i for incident and r for reflected) contributions are
decoupled in the electric field, while they are coupled in the magnetic field, which reads:

E =

 Eions
Eelectromag

0

 =

 Ep
Ei + Er

0

 (3.19)

B =

 0
0

Belectromag +Bions

 =

 0
0

Bi +Br +Bp

 . (3.20)

These considerations help us understand the main fields: Ey in figure 3.6c) is the
superposition of the incident and reflected fields, propagating in the +x and −x direc-
tions respectively. Figure 3.6d) shows the plasma electric fiels Ex. When the laser
pushes electrons, it builds a positive electrostatic field, as can be seen in figure
d) for 2.5TL < t < 3TL. Afterwards, some electrons travel in vacuum and create a neg-
ative electrostatic field, as can be seen at t ' 4TL for x < 0. Finally, both contributions
are superimposed in the Bz component of the magnetic field, shown in figure 3.6b).

Low density vs. high density

Even though this general process occurs for any n0 & nc and a0 > 1 (and θ > 0), it
does not always lead to electron ejection. As an example, figure 3.7 shows the electron
density along time and space from a PIC simulation with an initial density n0 = 10
(a) and n0 = 30 (b). One can clearly see a jet of electrons traveling in vacuum in
the low-density case, whereas all electrons remain in the plasma for high-density. This
section aims at understanding this difference in behavior.
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Figure 3.7: a) Log-scale electron density as a function of time and space for a step-like density
profile and step-like temporal profile for the incident wave from a 1D PIC simulation (a0 = 14
and n0 = 10). b) Same representation for n0 = 30.

3.2.2 Push-pull mechanism

Description of the mechanism

The plasma dynamics occurs as a push-pull mechanism. This is illustrated with the
1D PIC simulation these_step with a top-hat temporal shape for the incident wave.
The incident driving fields read

Ei = a0 sin(t− x)ey Bi = a0 sin(t− x)ez
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and the initial electron/ion speed is β = βd = − sin θey. For Ei > 0, the electric force
accelerates electrons in the −y direction, allowing them to reach speed βy & −1 as
soon as a0 > 1 (see [Gonoskov et al., 2011]). The β×Bi force is then directed towards
the +x direction, so that it pushes electrons which are bundled-up into a sharp density
peak into the plasma.
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Figure 3.8: Illustration of the push-pull mechanism in a 1D PIC simulation. a) Electron
density log10(ne) in a 1D PIC simulation with a0 = 14 and n0 = 10. The maximum depth
x = xM is reached at t = tM . b) Density profile ne(x) at t = tM . The sharp peak, with width
< λ/100, is located at x = xM .

(i) Push phase: During the first half-period, the incident laser field pushes electrons
inside the plasma while the ions are not displaced, which builds up an electrostatic
plasma field Ep = Epex. Because the ions are drifting, this charge separation also
induces plasma currents which are the source of magnetostatic plasma fieldBp = Bpez.

At t = tM , the peak reaches a maximum position with px = 0. At this point,
the forces due to the incident wave, the reflected wave and the plasma fields cancel
out along the x direction. We hereafter derive the maximum peak position from the
balance of forces as is done in [Gonoskov et al., 2011]. Assuming all electrons have
position x such that x > xM , Gauss’s and Ampère’s laws read

∂Ep
∂x

(x > 0) = ni
cos2 θ

= n0

cos3 θ
(3.21)

∂Bp

∂x
(x > 0) = −niviycos2 θ

= n0 sin θ
cos3 θ

(3.22)

where the cos2 θ factor is due to the normalization with nc and the additional cos θ
factor is due to the Lorentz transform of the charge density. The sin θ term is the ion
drift velocity in the boosted frame. Hence, the electrostatic and magnetostatic fields
at position x are given by

Ep(x) = 1
cos3 θ

n0x (3.23)

Bp(x) = sin θ
cos3 θ

n0x. (3.24)
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We assume that the maximum peak depth xM is an equilibrium position where the
total force along x (incident and reflected waves plus plasma fields) is zero:

βy(Bi +Br +Bp) + Ep = 0. (3.25)

Let us further assume that the electron velocity at xM is (βx, βy) = (0,−1). The laser
reflects off the surface at xM and we assume that the boundary conditions of a perfect
conductor can be applied for the incident and reflected laser fields, giving Bz = 2a0,
hence,

2a0 + sin θ
cos3 θ

n0xM −
1

cos3 θ
n0xM = 0, (3.26)

which gives the maximum depth

xM = 2a0 cos3 θ

n0(1− sin θ) . (3.27)

This expression gives a very good approximation within less than 10% error in a wide
range of parameters 3 < a0 < 20 and 5 < n0 < 40. At t = tM , the target surface
is similar to a plasma capacitor where electrons are gathered in the density peak at
x = xM and the half-space x < xM is filled with ions only.

(ii) Pull phase: During the following half-period, the incident field changes sign
so that the βyBi force pulls electrons towards vacuum, breaking the force balance
along x. The electron peak is accelerated towards vacuum (x < 0), and radiates an
attosecond electromagnetic bunch via the Relativistic Oscillating Mirror mechanism
(see chapter 1). A small fraction (< 1%) of electrons in the density peak escapes the
plasma and travels along the reflected pulse, as can be seen in figure 3.8.

Peak dynamics

The dynamics of the electron density peak can be determined in a PIC simulation.
Figure 3.9 a) shows the magnetic and electric forces on the density peak along time in
the x direction, from a 1D PIC simulation. It starts around t = 3TL when the laser
wave reaches the plasma and forms the density peak. One can see that the total force
is almost zero during most of the laser period and becomes strongly negative right after
the peak reaches its maximum depth. As can be seen on this image, the electric and
magnetic forces components have similar amplitudes.

Figure 3.9b) shows the peak velocity β as a function of time. The first striking
result is that the peak travels with relativistic speed β ' 1 along its motion. The
initial electron velocity is due to the drift in the boosted frame: (βx, βy) = (0,− sin θ).
When the incident wave reaches the surface, the magnetic force pushes electrons inside
the plasma (βx > 0). The electric field Ey > 0 accelerates the bundled electrons towards
y < 0. This phase lasts until the incident field sign changes and the peak reaches its
maximum position at t = tM . Then, Ey = 0 and (βx, βy) = (0,−1). Afterwards, the
−βyBz < 0 magnetic force strongly pulls the electron peak towards −x. Meanwhile,
the electric field is now directed towards +y, and this phase stops at the emission time,
when (βx, βy) = (−1, 0).

The emission time is defined by βy(te) = 0. Here, te ' 3.7TL. At this time,
(βx(te), βy(te)) = (−1, 0) and the electron peak reaches its maximum speed towards
vacuum. As a consequence, the Doppler effect is maximum, and an attosecond elec-
tromagnetic pulse is generated at time te. More details on the emission time can be
found in section 1.4.3.
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Figure 3.9: a) Forces along the density peak in 1D PIC simulation (a0 = 10, n0 = 10nc). A
balance builds up between the electric and magnetic forces as long as βy ' −1, and breaks
when βy = 0 where the total force becomes negative, accelerating electrons towards vacuum.
b) Speed of the density peak from the same simulation. Note that the velocity is only defined
for t & 3TL because the peak is not formed before.

This periodic mechanism results in high harmonic generation via the relativistic
oscillating mirror (see 1.4.3). At this time, the electron peak has almost left the plasma.

The analysis mentioned above relies on the electron density peak dynamics. Nonethe-
less, the peak breaks during the pull phase because electrons inside the peak no longer
have the same dynamics. This is shown in figure 3.10, which shows the electron density
peak profile at several times during the peak acceleration towards vacuum, with a half-
laser-period time-step (0 is the plasma border). After half a laser period, the number
of electrons in the peak has dramatically decreased, and the distribution is strongly
flattened. Moreover, at time tM + TL, a new peak is created deeper inside the plasma,
which corresponds to the same mechanism at the following laser period. Note that this
peak is not as sharp as the previous one, showing the complexity of the phenomenon
with strong cycle-to-cycle memory effects.

Finally, the front edge of the density peak escapes the plasma and propagates in
vacuum towards −x. The ejected electrons are part of the density peak along its
acceleration towards vacuum. Finally, at the end of the pull phase, electrons in the
density peak have strongly inhomogeneous velocities: the peak bursts.

3.2.3 Relativistic Electronic Spring by Gonoskov

Reference [Gonoskov et al., 2011] presents a model for the surface dynamics, which
aims at describing the temporal profile of the reflected field via a precise description of
the density peak motion. The authors assume that the electron peak is defined at all
time and derive its dynamics in an elegant way to calculate the reflected field.

Hypotheses of the model

Consider a plane wave that impinges on a homogeneous overdense plasma with initial
density n0. The target normal is along x and the plasma occupies the half-space x > 0.
The incident wave is assumed to be ultrarelativistic (a0 � 1) and the ions are immobile.
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Figure 3.10: Propagation of the density peak towards vacuum (−x) during the acceleration
phase from 1D PIC simulation these_step. The electron density is plotted in linear units
along x in half-a-period timesteps, starting from the maximum depth tM . At t = tM + TL,
the peak amplitude has strongly decreased. Besides, a second peak has formed inside the
plasma, which shows the repetition of the same mechanism during the following laser period.
The peak travels with speed β ' −1. The dashed line shows the peak position at the emission
time t = te.

The study is performed in the Bourdier boosted frame, where the physical quantities
are modified according to the Lorentz transformation presented in 1.2.

When the laser reaches the target, the electrons are gathered in a high-density peak
inside the plasma. This is shown in figure 3.8. The very sharp electron peak (width
δ � λ) oscillates in the plasma and radiates the reflected field.

The electron peak is characterized by its position xp(t) and normalized speed
βx(t), βy(t). The hypotheses of the model are:

• H1: All electrons between the plasma edge and xp(t) are gathered in the density
peak, so that its total charge is n0xp(t). The peak is approximated by a Dirac
distribution.

• H2: The peak velocity is ultrarelativistic at all time: |β| = 1. This hypothesis
is justified in our simulations (see figure 3.9). Note that it implies that the peak
has infinite kinetic energy, so this model cannot rely on the equations of motion.

• H3: The total electric and magnetic fields inside the plasma behind the peak are
zero, so that the plasma is neutral and unperturbed behind the density peak.
Practically, this hypothesis can be written right behind the peak at x+

p (t) for any
t > 0, and reads E(x+

p (t), t) = 0 and B(x+
p (t), t) = 0.

Peak dynamics

Let us derive the equation governing the peak dynamics using H3. The total magnetic
field at position x+

p (t) right behind the peak is the sum of the laser and plasma contri-
butions. The laser contribution is a0 sin(t − xp(t)), and the ions contribution at time
t is calculated through Maxwell-Ampère’s equation 1.6, as done in equation 3.24. It
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reads

Bp(x+
p (t), t) = sin θ

cos3 θ
n0xp(t). (3.28)

According to H1, the electron distribution is approximated to a Dirac distribution at
position xp(t). At this point, we should remark that this statement is valid because
we consider a unidimensional space. In a realistic 3D space, this means that electrons
are gathered in a plane foil with surface charge n0xp(t) and speed βx, βy. The radiated
field emitted by this foil in the +x direction is

Bs(x+
p (t), t) = n0βy

1− βx
xp(t). (3.29)

This electron foil screens the incident fields. Its dynamics is given by hypothesis H3,
assuming that the sum of laser, ion and electron contributions behind the peak is zero:

Bi +Bp +Bs = 0. (3.30)

This is shown in figure 3.11.
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Figure 3.11: Illustration of the screening hypothesis (H3) in Gonoskov’s model. The electron
(red) and ion (blue) densities are plotted as a function of the position, for a given time. The
total field in the plasma behind the density peak is assumed to be zero.

This gives equation 3.31 which, combined with hypothesis H2 and the definition of
βx, gives the following system

sin(xp − t) = n0

2a0

xp
cos3 θ

(
sin θ − βy

1− βx

)
(3.31)

β2
x + β2

y = 1 (3.32)

dxp
dt

= βx. (3.33)

The system of three equations 3.31–3.33 involves three variables (xp, βx, βy) and
can be solved numerically to determine the dynamics of the electron peak.
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Reflected field

At this point, the three variables xp(t), βx(t) and βy(t) are known at all times. The
fields radiated in vacuum x < 0, i.e. the reflected field Br, can be calculated as the
sum of the ion fields and the radiation emitted by the moving electron peak. The field
on the left of the density peak x−p (t) reads

Br(xp(t), t) = n0

2
xp

cos3 θ

(
βy

1 + βx
+ sin θ

)
. (3.34)

Equation 3.34 gives the reflected field on the peak position, which moves along time.
A more practical observable is the reflected field at a given position, say x = 0, that
can be calculated using the retarded time:

Br(0, t+ xp(t)) = Br(xp(t), t). (3.35)

Comparison with a PIC simulation

Hence, the model gives the electron peak position as well as the temporal profile of
the reflected field. For very high laser intensities a0 > 10, this model predicts very
well the surface motion as well as the reflected field. Figure 3.12 shows a colormap of
the magnetic field from a PIC simulation, compared with the magnetic field calculated
from the model. The agreement is striking. Note that the total field behind the density
peak is zero on the model, according to H3.
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Figure 3.12: a) 2D map for the magnetic field along time and space for a 1D particle-in-cell
simulation in the boosted frame. A step-like density profile was used, with a bulk density
n0 = 5 for x > 0. The laser amplitude is a0 = 10. The reflected wave is created around
t = 0.8TL at x = 0.7λ and propagates as a very sharp burst along the x < 0 direction. The
black line shows the electron density peak position. It stops after time t > 1.1TL because the
density peak bursts at this time before it is formed again around time t = 1.5TL. b) Same
as a), calculated via Gonoskov’s model. The attosecond bunch emission time and the surface
dynamics are remarkably well reproduced.

Note that the system of equations 3.31–3.33 giving the peak dynamics does not
depend independently on a0 and n0, but rather varies as a function of the parameter

S = n0

a0
. (3.36)

All the equations can be written as a function of this parameter (it also appears in
equation 3.34 through xp). As a consequence, a simulation with 2n0 and 2a0 gives
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exactly the same result as a run with n0 and a0 (this is in agreement with the similarity
theory developed in reference [Gordienko & Pukhov, 2005]).

Finally, the relativistic electronic spring model describes very well the peak dynam-
ics as well as the temporal shape of the reflected field in spite of three major limitations:
first, it works for very high intensities. Second, it assumes that the electron peak exists
during the whole interaction, and remains in the plasma x > 0, which is debatable (see
figure 3.10). Third, since the electron peak travels at the light velocity, its energy is
infinite. As a consequence, there exists at least one instant at which the reflected field
diverges (see equation 3.34), and the harmonic spectrum is not very well reproduced.

In spite of these rough assumptions, this provides an unprecedented description
of the surface dynamics and the electric and magnetic fields. Yet it cannot be used
directly for electron ejection because the peak is assumed to remain in the plasma at
all time. Relying on this model, we derive a semi-analytical model for electron ejection
in section 3.2.4.

As a summary, the maximum peak position xM and the electrostatic field and
electrostatic potential at this position read respectively

xM = 2a0 cos3 θ

n0(1− sin θ) (3.37)

Ep(xM) = 2a0 cos2 θ

1− sin θ (3.38)

φp(xM) = 2a2
0 cos5 θ

n0(1− sin θ)2 (3.39)

where the electrostatic potential is calculated via its definition Ep = −∂xφp and nor-
malized by φp ≡ eφp/mec

2.

3.2.4 Model for electron ejection with a step-like profile

The model described above provides the peak dynamics assuming it travels with con-
stant speed β = 1, hence infinite kinetic energy, so we cannot write the equations of
motion on the density peak. Besides, as shown in section 3.2.2, the ejected electrons
are part of the density peak during the acceleration phase. However, Gonoskov’s model
assumes that the density peak remains in the plasma, while ejected electrons do have
to travel in vacuum (x < 0). As a consequence, one step should be added to model
electron ejection.

Model hypotheses

Our model consists in solving the equations of motion for an electron propagating
in the fields calculated by Gonoskov’s model. Following our observations from PIC
simulations, we assume that the electron belongs to the density peak until the emission
time te. At t = te, a test-particle is released, and its dynamics is calculated by solving
the equations of motion in the fields derived from Gonoskov’s model.

In principle, we could choose any time as the release time, provided the density
peak is well defined (for example, t ≤ tM +TL in figure 3.10). Yet the initial conditions
of the test-particle at the release time must be determined. Its position is given by the
peak position, but its momentum components px and py are unknown, since the peak
travels with infinite energy. This can be reduced to one single unknown at two specific
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times: the time for maximum depth, where px(tM) = 0, and the emission time, where
py(te) = 0. We choose the emission time as the release time, and determine px(te).

The attosecond pulse is emitted at te around the middle of the electron peak. As a
consequence, the electromagnetic fields are extremely inhomogeneous inside the peak
after te and the peak bursts after te. It is only well defined until the emission time.

The ion background forms an electrostatic potential (Ep = −∇φp) that reads

φp(x) = n0

cos3 θ

x2

2 . (3.40)

We define φe = φp(xe), and assume the initial electron momentum at te is given by

px(te) = φe
2 . (3.41)
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Figure 3.13: a) Half electrostatic potential φe/2 at emission time te measured in a scan of
PIC simulations as a function of a0 and n0. The incident wave has a top-hat temporal profile
and the plasma has a step-like density profile, with bulk density n0 given in units if nc. The
value was measured during the first plasma oscillation. b) px at emission time for the same
set of simulations.

To verify this hypothesis, we measured px(te) in the peak from a set of 1D simula-
tions, and compared it to φe/2. The result is shown in figure 3.13, which shows that
hypothesis 3.41 is verified within < 10% error.

We finally get the maximum density n0 above which no electron is ejected with the
following procedure:

• For a given (a0, n0), calculate S = n0/a0;

• Compute the peak dynamics xp, βx and βy via Gonoskov’s model;

• Calculate the total electric and magnetic field via Gonoskov’s model;

• Find the emission time te defined by βy(te) = 0;

• Inject an electron at te with initial conditions x = xp(te), px = φe/2, which
reads px = n0xp(te)2/4 cos3 θ and py = 0 and solve the equation of motion in the
space-time dependant electric and magnetic fields;

• An electron is considered to be ejected if px < 0 for any time te < t < te + TL;
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Validation of the model

This sequence was applied for a0 = 10 with n0 = 5 and n0 = 15. The results are shown
in figures 3.14 a) and b) respectively, where the solid line shows the peak position and
the dashed line shows the electron position as a function of time, superimposed to the
magnetic field map. The electron is only ejected in the low-density case, in agreement
with figure 3.7.
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Figure 3.14: a) Time-space map of the magnetic field for a0 = 10 and n0 = 5 calculated
from Gonoskov’s model. The line shows the electron trajectory: It coincides with the peak
trajectory (solid black line) until the emission time te. For t > te, the electron propagates
away from the peak position (black dashed line), and escapes the plasma. b) shows the same
representation for n0 = 15. The electron is sent back to the plasma bulk.
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Figure 3.15: Ejected charge in pC/µm−2 as a function of a0 and n0 from a scan of 1D PIC
simulations. The incident wave had a 3-laser-period duration with a step-like envelope, and
electrons were detected 1λ away from the plasma surface. The white dashed line shows the
threshold n0 = f(a0) = 0.8a0 (i.e. S = 0.8) above which no electron can escape, according
to the model. It agrees fairly well with the PIC scan results.

We finally ran our model for different values of S, and observed that there is no
ejected electrons for S > Sth where Sth is the threshold value. We measured this value
as Sth = 0.8. These predictions were confronted to a set of 1D PIC simulations, with
4 < a0 < 15 and 7 < n0 < 14. The ejected charge from PIC simulation is shown in
figure 3.15. As expected, the ejected charge depends on S = n0/a0 instead of a0 and
n0 independently. As we could conjecture from figure 3.7, the ejected charge drops to
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zero when S increases because of the gyromagnetic effect. Sth was measured in this
set of simulations, and reads Sth = 0.85, which is very close to the value given by our
model. The white dashed line in figure 3.15 stands for the threshold Sth = 0.8 given
by our model, showing very good agreement with PIC results.

3.2.5 Discussion

Physical picture: For a given value of a0, the ejected charge drops to zero when
increasing n0 above a threshold. We hereafter propose two physical explanations for
this behavior.

Maximum depth 

High density Low density 

Electrostatic 
field 

Figure 3.16: Illustration of the electrostatic potential formation for a low-density and a high-
density step-like plasma. In both cases, the maximum electrostatic field reaches the same
value that screens the incident field. In the low-density case, the electron density peak is
pushed further, so the electrostatic potential is higher and the plasma provides more energy
to the electrons in the peak.

The first one relies on the energy provided to the electron by the plasma field Ep
in the ion capacitor (see 3.8). As can be seen from equation 3.27, the maximum depth
varies as xM ∝ 1/n0. The electrostatic field and potential read

Ep(xM)
a0

= 2 cos2 θ

1− sin θ (3.42)

φp(xM)
a0

= 2a0 cos5 θ

n0(1− sin θ)2 . (3.43)

The maximum electrostatic field, at x = xM does not depend on the plasma density,
while the potential φp(xM) ∝ 1/n0. As a consequence, the plasma capacitor provides
more energy to the electrons for a low plasma density, and helps electron ejection. This
is illustrated in figure 3.16.

The second explanation is more phenomenological. The temporal profile of the
reflected pulse depends on the plasma density, as shown in image 3.17. When the
density is high, the magnetic field is strongly negative at the rear of the pulse. This
field bends the trajectories of ejected electrons travelling in this zone and brings them
back to the plasma. There is no such zone in the low-density cases, which also favors
electron ejection.

Gyromagnetic effect: In the limit n0 → +∞, φp(xM) → 0 and the plasma fields
have negligible effect. As a consequence, the gyromagnetic effect is dominant and
prevents electron ejection. Note that electron ejection in this section is made possible
because of the presence of strong plasma fields when the density is sufficiently low,
breaking the picture of the gyromagnetic effect given in section 3.1.4.
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Figure 3.17: a) Magnetic field in the reflected wave as a function of time during a single laser
period, in a low-density case. Other panels show the same data for increasing plasma density.
A large area with negative magnetic field that efficiently brings ejected electrons back to the
plasma appears for higher initial densities.

Conclusion: As a conclusion, during the wave reflection, the electrons are gathered
in a sharp density peak that oscillates in the plasma. The Relativistic Electronic Spring
model describes the peak dynamics as a function of the single parameter S = n0/a0.
During each laser period, when the density peak is accelerated towards vacuum, a small
fraction escapes and can propagate far away from the plasma.

Above a certain threshold S > Sth, no electrons are ejected from the plasma. We
presented a model that reproduces this trend, and found a value Sth = 0.8, close to that
extracted from PIC simulations Sth = 0.85. This behavior has two causes: the energy
that electrons can acquire from the plasma, and the temporal shape of the reflected
field.

However, this model relies on one hypothesis, px(te) = φe/2, which is verified in
PIC simulations but is not justified physically, and is a phenomenological observation,
which is not satisfying. The next section is dedicated to the plasma mirror regime with
a density gradient.

3.3 Electron ejection with an exponential density

gradient

As described in section 1.1, most experiments consist in the reflection of a laser pulse
on a highly overdense plasma with a density gradient on its front side. This section
is dedicated to this plasma profile, shown in figure 3.18. The bulk density is typically
in the range n0 = 100 − 300nc, and the exponential density gradient scale length is
L = 0.01 − 1λ. This study involves the same mechanisms as for a step-like density
profile presented in previous section 3.2.

The model presented in the case of a step-like profile and based on Gonoskov’s model
reproduces the whole surface dynamics. As a consequence, we initially intended to
extend it to the case of a density gradient. Yet, it relies on a strong unproved hypothesis
which, furthermore, is no longer valid in presence of a density gradient. Strong efforts
were done to extend this model nonetheless, which still remains unsuccessful.

As a consequence, we used a different approach which led us to a simpler, trimmed
model which, though showing less precision on the description of the surface dynamics,
still yields a correct picture of the electron trajectories. This model is presented in the
following section.
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Figure 3.18: Exponential density gradient n = nc exp(x/L) in the gradient, and n = nmax in
the plasma bulk. Typically L = λ/10 and nmax = 200nc.

3.3.1 Surface dynamics
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Figure 3.19: a) Electron density log10(ne/nc) as a function of time and space from the 1D PIC
simulation these_grad1s64. The magnetic field is shown in red-blue colors. The conditions of
the simulation are: a0 = 5, τ = 4TL, sine-square temporal envelope (2TL FWHM), L = λ/64,
nmax = 200nc (lab frame). The ions are immobile. Numerical conditions are 500 ppc and
∆x = λ′/2000. The critical density is located at x = 3λ; b) is the same for L = λ/8, in
simulation these_grad1s8.

Figure 3.19 a) shows a time-space map of the electron density and magnetic field
from a 1D PIC simulation in the boosted frame for a two-laser-period FWHM incident
wave with a0 = 5 and θ = 45◦ on an overdense plasma with nmax = 100nc and a
density gradient of scale length L = λ/64 on its front side. During each laser period,
the plasma surface shows many fast oscillations, and finally no electron escapes the
plasma. This is a consequence of the gyromagnetic effect (see section 3.1.4).

Figure 3.19b) shows the result of a similar simulation for L = λ/8. The surface
oscillates once per laser period, and two strong jets of ejected electrons can be seen
escaping the plasma and propagating in vacuum. This section aims at explaining this
difference, and describes quantitatively the role of the density gradient length.
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Train of attosecond electron bunches

The simulations shown in figure 3.19 shows the reflection of a few-cycle laser pulse
(τL = 5.2 fs FWHM), with only two electron jets ejected in the long-gradient case. For
a longer pulse duration (τL = 25 fs FWHM), an electron bunch is ejected during each
laser period, resulting in a train of attosecond bunches. This is shown in figure 3.20,
where the reflected field and the density of ejected electrons are plotted along time at
the plasma edge (at a distance dprobe = 0.03λ from the critical density). The simulation
conditions are the same as in the few-cycle case. Each electron bunch is emitted at a
node of the reflected field, when Bzr = 0 and Eyr = 0. Note that the reflected magnetic
field is extremely distorted, and the sharp peaks indicate a rich harmonic content, as
expected from high harmonic generation by the ROM mechanism (see section 1.4.3 and
reference [Thaury & Quéré, 2010]). Besides, the charge contained in each attosecond
electron bunch can vary strongly between two consecutive periods, showing that the
ejection during one period may affect subsequent periods.
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Figure 3.20: 1D PIC simulation result for a0 = 5 and L = λ/8. Red line: reflected magnetic
field at the initial plasma edge as a function of time (a Fourier filter was applied to remove
the incident field). Blue line: density of ejected electrons as a function of time at the same
position.

Push-pull mechanism and maximum peak depth xM

We hereafter follow the same steps as in previous section 3.2 and focus on the mech-
anism that takes place during a single laser period. To this purpose, we performed a
1D PIC simulation with a top-hat temporal shape for the incident wave. The incident
driving fields read

Ei = a0 sin(t− x)ey Bi = a0 sin(t− x)ez

and the initial electron/ion speed is β = − sin θey. The same push-pull mechanism
occurs as in the case of a step-like density profile:

(i) Push phase: During the first half-period, the incident laser field pushes electrons
inside the plasma while the ions are not displaced, which builds up an electrostatic
plasma field Ep along x and a magnetostatic plasma field Bp along z.

At t = tM , the peak reaches a maximum position with px = 0. We hereafter
derive the maximum peak position from this balance as is done in previous section (see
also [Gonoskov et al., 2011; Vincenti et al., 2014]). Assuming all electrons are located
at x > xM , Gauss’s and Ampère’s laws give the electrostatic and magnetostatic fields
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Figure 3.21: a) Density and fields at maximal depth (t = tM = 2.3TL) from a 1D PIC
simulation with a0 = 5 and L = λ/8. The black and dashed grey line stand for the electron
and ion densities respectively. Color lines are magnetic field Bz (blue), electrostatic field Ex
(red) and electric field Ey (green). b) & c) Phase space (x,px) at t = tM and t = tM + 0.4TL
respectively.

at position x:

Ep(x) = 1
cos3 θ

Lex/L (3.44)

Bp(x) = sin θ
cos3 θ

Lex/L. (3.45)

The equilibrium equation 3.26 becomes, in the case of a density gradient,

2a0 + sin θ
cos3 θ

LexM/L − 1
cos3 θ

LexM/L = 0. (3.46)

Solving for xM , we obtain

xM = L log
[

2a0 cos3 θ

L(1− sin θ)

]
. (3.47)

This equation gives an estimate for the surface position at maximum depth that fits
within less than 20% error in the worst case in the whole parameter range (0.5 < a0 <
10, 0.01λ < L < λ) when compared with PIC simulations.

As a summary, the maximum peak position xM and the ion density, the electrostatic
field and the electrostatic potential at the maximum peak position read respectively

xM = L log
(

2a0 cos3 θ

L(1− sin θ)

)
ni(xM) = 2a0

L(1− sin θ) (3.48)

Ep(xM) = 2a0

1− sin θ φp(xM) = 2a0L

1− sin θ (3.49)
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Note that Ep(xM) has exactly the same expression as in the case of a step-like
density profile.

(ii) Pull phase: During the following half-period, the vyBi force pulls electrons
towards vacuum, breaking the force balance along x. The electron peak is accelerated
towards vacuum (x < 0), and radiates an attosecond electromagnetic bunch via the
Relativistic Oscillating Mirror mechanism. A small fraction (< 1%) of electrons in the
density peak escapes the plasma and travels along the reflected pulse. This is shown
in figure 3.21b) and c), where the phase space is represented at t = tM and t > tM
respectively. For t > tM , one can see a jet of electrons travelling towards vacuum with
x < 0 and px < 0.
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Figure 3.22: Dynamics of an ejected electron for parameters a0 = 5, L = λ/8 a) Greyscale:
electron density ne(x, t). Color scale: magnetic field Bz(x, t). The yellow dashed line repre-
sents the trajectory of an ejected electron. b) Velocity components of the ejected electron.
c) Electric fields experienced by the ejected electron along its trajectory.

Dynamics of an ejected electron

The orbit of such an electron is shown in figure 3.22. Panel a) shows the magnetic field
Bz (color scale) and the electron density ne (grey scale) versus time and space. The
electron trajectory is plotted as a dashed yellow line in figure 3.22 a). It originates
from deep inside the plasma around x = xM , and is released in the plasma capacitor
at t = tM .

The electron starts with speed (βx, βy) = (0,− sin θ) (see figure 3.22b)) because of
the plasma drift, and is accelerated in the −y direction until t = tM where (βx, βy) '
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(0,−1).
At t = tM , represented by the vertical black dashed line in figure 3.22, the electron

is part of the density peak, and is released in the ion plasma capacitor. This can be seen
in figure 3.22c), where the red line stands for the plasma electric field Ex at the electron
position along time. Ex increases for t < tM while the charge separation is built, and
reaches a maximum value at t = tM . For t > tM , the electron propagates towards −x,
converting the electrostatic potential of the ion capacitor into kinetic energy. At time
t ' 2.6TL, the electron leaves the plasma and Ex ∼ 0.

After leaving the plasma, the electron propagates in vacuum where the incident
wave (ki//ex) and the reflected wave (kr//−ex) are superimposed. Its speed is close
to (βx, βy) ∼ (−1, 0), so its motion is the superposition of fast oscillations around
ωelec ' 2ω0 due to the incident field with slower variations ωelec � ω0 in the reflected
field. This is shown in figure 3.22c), where the blue dashed line shows the reflected
electric field along the electron trajectory. It varies very smoothly, indicating that the
electron slowly dephases with respect to the reflected field.

Note that figure 3.22 shows the general case of an electron in the density peak. It is
quite clear that after t = tM (see t = 3.5TL), there are electrons before the test-electron
shown in yellow: the plasma in the x > xelec(t) area is non-neutral and exerts a recall
force on the test electron.

Plasma fields vs. electromagnetic fields

Finally, the acceleration after t = tM occurs as follows: first, the plasma capacitor
discharges, and its potential energy is transferred to electrons in the density peak
as kinetic energy, giving the electron a relativistic speed βx ' −1 towards vacuum.
Afterwards, the electron propagates and oscillates in the incident + reflected fields.
To confirm that this scenario is valid for all ejected electrons, we compute the work
of the electric fields along the trajectories of ejected electrons. The total electric field
reads E = Epex+ (Ei +Er)ey where Ep, Ei and Er stand for the plasma, incident and
reflected electric fields respectively. The work in x and y yields

Γx = −
∫ t

0
Epβxdt (3.50)

Γy = −
∫ t

0
(Ei + Er)βydt (3.51)

where Γx,y are normalized by Γx,y ≡ Γx,y/mec
2. Γx is the energy gain due to the

plasma fields while Γy is due to electromagnetic fields. These works are shown for a
large number of ejected electrons in figure 3.23 from a PIC simulation with a0 = 10 and
gradient length L = λ/8. At the plasma edge (a), the work is along x, so electrons are
accelerated by the plasma electrostatic field. Further away from the plasma (b), the
dominant work is along y, due to laser fields. At a distance of 2λ away from the plasma
edge (c), the mean plasma work Γx decreases. This is because electrons are slowed down
by the non-neutral plasma restoring force. This effect is probably enhanced in 1D PIC
simulations.

3.3.2 Scan a0 − L with 1D PIC simulations

The main parameters affecting the emission of backward electrons are (i) the laser
amplitude a0, (ii) the plasma density gradient length L, (iii) the angle of incidence θ
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Figure 3.23: Electric force work from a 1D PIC simulation with a0 = 10 and L = λ/8. The
work is calculated when electrons reach x = 0, x = −λ and x = −2λ respectively. Γx is due
to plasma fields while the Γy is due to the transverse laser field.

and (iv) the pulse duration. In this study, we restrict ourselves to the case of femtosec-
ond pulse durations, typically 20− 30 fs, as used in current high-intensity experiments.
In order to study the role of the main parameters a0 and L, we performed a set of
one hundred 1D Particle-In-Cell (PIC) simulations, each requiring little computer re-
sources. The scan name is PARAM_harmv9, and simulations in this scan are named
harmv9_a*_L1s*, for example harmv9_a80_L1s32 uses a0 = 8 and L = λ/32.

In the laboratory frame, a 800 nm, 25 fs laser pulse impinges on a solid-density
plasma with angle of incidence θ = 45◦. Its amplitude is varied from a0 = 0.2 to
a0 = 10. The plasma bulk density is 250nc, corresponding to an ionized SiO2 target,
and the gradient length is varied from λ/100 to λ. We assume that the density gradient
has an exponential shape n0(x) = nce

x/L, so that n0(x = 0) = nc. The density gradient
is artificially cut at the plasma boundary xb defined as n0(xb) = 0.2nc, to avoid filling
the whole box with particles. This cutoff verifies n0(xb) < cos2 θnc, where cos2 θnc
is the density at which the obliquely incident laser is reflected in the low-intensity
regime (see section 1.3.1 on page 22). The simulations were performed in the boosted
frame, hence numerical conditions are given in this frame: the numerical space-step was
δx = λ/4000, and we used 1000 particles-per-cell for good statistics. The simulation
box was ∆x = 20λ large. Ions were mobile (we took oxygen ions as the lightest ions in
a Silica target) but simulations with immobile ions yielded very similar results.

When simulating the ejection of electrons with 1D simulations, two effects must
be considered. First, the laser does not diffract, so that the laser intensity is greatly
overestimated as soon as the propagation distance is larger than a Rayleigh length.
Second, charged particles are represented by charged surfaces. Therefore, the electro-
static force between two charged particles does not depend on the distance r between
them, while it decreases in 1/r2 in a 3D geometry. As electrons leave the target, the
plasma surface becomes positively charged and exerts a restoring force that does not
depend on the electron position. If one runs a 1D simulation long enough, all electrons
eventually return to the plasma and the ejected charge tends towards zero. In order
to obtain realistic results, we chose to consider electrons to be ejected if they cross a
plane located at a distance d = 7λ from the plasma edge. This distance was chosen
to be (i) much smaller than the Rayleigh length of most current experiments, so that
the 1D approximation remains valid, and (ii) much larger than the gradient lengths we
studied, for electrons to be detected far from the plasma surface. This point is crucial
as detecting electrons too close to the plasma surface considerably overestimates the
ejected charge, while detecting them too far leads to wrong results due to the invalidity
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of the 1D approximation.
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Figure 3.24: Results of a 1D PIC simulation scan (a0,L) with nmax = 250nc – a) Ejected
charge. Particles were detected at a distance d = 7λ from the target, and the charge was
integrated all along the simulation. – b) Mean energy of the ejected electrons – c) Electron
spectra from 3 simulations with parameters indicated by the color circles in panel a).

Figure 3.24 a) shows the ejected charge as a function of a0 and L. First, it is clear
from figure 3.24 that there are no ejected electrons when the gradient scale length is
L = 0λ. This was explained by the gyromagnetic effect (see section 3.1.4). This effect is
neutralized with longer gradients. For a given value of a0, the ejected charge increases
with L, reaches a maximum for L = Lmax ' λ/10, and then slowly decreases. We
find that the value of the optimum gradient Lmax depends little on a0 in this range.
The increase in ejected charge with L for L < Lmax is due to the increase in the
maximum electrostatic potential φp(xM) ∝ a0L in the ion capacitor, as described in
section 3.2 Evidently, the results also show that the ejected charge increases with the
laser amplitude a0.

In figure 3.24b), the mean energy of ejected electrons is plotted in the same param-
eter space. It varies in a similar fashion as the ejected charge: the higher the ejected
charge, the more energetic the electrons. The electron spectrum is plotted on panel c),
for three different simulations represented by the color circles in figure 3.24 a). The
red and green curve stand for a0 = 10 and a gradient length respectively L ' Lmax
and L � Lmax. The electron spectra are quite broad and electron energies are in the
few-MeV to 10 MeV range.

Ejected charge drop for very long gradient

The PIC scan shows that the ejected charge drops significantly for very long gradients.
When the hypothesis kL < 1 (L < λ/2π) is broken, in particular when kL � 1,
this ejection scenario is not valid anymore. Indeed, the formation of a large density
peak does not occur for larger gradients, as shown in figures 3.25 a) and b), where the
electron density profile is plotted at t = tM for a short and a long gradient respectively.
It is readily seen that for the long gradient case, the density in the peak is ten times
lower and the width of the peak is also much larger. Consequently, the plasma capacitor
does not form and electrons cannot be accelerated efficiently by the plasma field. The
limit kL = 1 reads L = λ/2π in units of laser wavelengths, which is comparable to
Lmax = λ/10.
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Figure 3.25: a) Electron density at t = 0 (black) and t = tM for a0 = 8 and L = λ/16. b)
Same as a) for L = λ.

3.3.3 Toy model for the electron ejection

In the previous discussion, we found that the energy gain in the plasma capacitor
scaled as ∝ a0L, explaining qualitatively why the ejected charge increases with L
and a0, in the limit of small gradients. However, a more quantitative model would
be useful to estimate the ejected charge and typical ejected energy. Several models
have been developed for high harmonic generation [Baeva et al., 2006; Lichters et al.,
1996], surface motion [Debayle et al., 2015; Gonoskov et al., 2011; Sanz et al., 2012]
or electron jets inside the plasma [Ruhl, 1996]. However, reference [Baeva et al., 2006]
does not describe electron dynamics and reference [Lichters et al., 1996] assumes that
all electrons are gathered on an oscillating surface which cannot escape the plasma
border. The model developed in reference [Debayle et al., 2015] assumes a high density
step ne � nc, which is not compatible with a density gradient. Hence, none of them
is suitable for describing backward electron acceleration under oblique incidence with
a density gradient.

The model developed by Gonoskov in reference [Gonoskov et al., 2011] describes
very well the peak dynamics at very large intensity (a0 � 1) under oblique incidence
and for a step-like density profile. However, the density peak is assumed to always
travel at the speed of light |β| = 1, i.e. infinite energy, so the model cannot be used
to solve the equations of motion. We tried to follow the same procedure as we did in
the case of a step-like density profile, but it was not conclusive.

We now propose a simple numerical model to illustrate the ejection process during
one optical cycle. The incident laser wave is approximated by a monochromatic plane
wave with a0 > 1. Ions are immobile. We assume kL � 1 so that electrons are
gathered in a density peak of width d � L. In the boosted frame, the ion density
profile reads ni(x) = n0(x) = nce

x/L/ cos θ. We consider an electron in the density
peak, and describe its motion starting from t = tM :

• first, the equations of motion for an electron in the density peak are derived;

• second, we find the appropriate initial conditions;

• third, this set of equations is solved numerically and compared with results of
PIC simulations.

Electrons are driven by (i) electromagnetic fields and (ii) plasma fields. We describe
the motion of electrons in the density peak during the pull phase, during which the
reflected field is generated. The incident laser electric field is written Ei = +a0 sin(t−
x + φM,i)ey, where the phase φM,i = xM − tM + π is chosen so that the laser field
changes sign at (tM , xM). For the reflected field, we neglect the harmonic content of
the field and simply write Er = a0 sin(t+ x+ φM,r)ey with φM,r = −xM − tM .
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Concerning the plasma field, it is crucial to include electron screening in the density
peak in order to model the ejected charge. Indeed, when an electron j is located on
the front edge of the peak (xj = xM), it experiences the full plasma field Ep (see
figure 3.26). On the contrary, an electron located at xj > xM experiences a screened
plasma field Ep −Es, where Es = Esex stands for the electronic screening field, and
is less likely to escape the plasma. As seen before, the plasma fields amplitude at the
position of electron j, xj(t) can be obtained by integrating Maxwell-Gauss’s equation,
giving

Ep − Es = 1
cos2 θ

(∫ xj(t)

−∞
ni(x)dx−

∫ xj(t)

−∞
ne(x)dx

)
. (3.52)

The first term Ep is the unscreened plasma electric field already calculated in equa-
tion 3.44, while the second term is the screening electric field coming from electrons in
the density peak.

Since the shape of the density peak cannot be calculated analytically, the second
integral cannot be evaluated easily. Therefore, the screening field Es is derived by
assuming that there is no trajectory crossing, as in [Brunel, 1987]: if electrons j and
k in the density peak verify xj(tM) < xk(tM), then xj(t) < xk(t) at any time t ≥ tM .
With this assumption, the number of electrons on the left of electron j, i.e. at x < xj(t),
is constant along time, see figure 3.26.
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Figure 3.26: a) Sketch of the electron density at t = tM . The black dotted line stands for
xj0, the position of electron j at t = tM , the initial time for our model. The red area shows
the initial charge on the left of electron j. b) Same as a) for t > tM . In agreement with the
hypothesis of no trajectory crossing, the charge on the left of electron j is conserved along
time: the surface of the red area is the same for all t ≥ tM .

Hence, the integral of the electron contribution in the Maxwell-Gauss equation is
conserved,

Es =
∫ xj(t)

−∞

ne(x, t)
cos2 θ

dx

=
∫ xj(tM )

−∞

ne(x, tM)
cos2 θ

dx

= σj (3.53)

where σj is the initial surface charge on the left of electron j. Therefore, the screening
field Es is simply determined by the surface charge σj, and there is no need to know
the details of the shape of the density peak. This electronic surface charge screens the
plasma field Ep and reduces the acceleration of electrons. Note that this screening field
is constant in time and therefore has a considerable effect on the electron trajectories.
As the electron peak moves along x and y, it radiates a magnetic field Bs through
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Ampère’s law, which is responsible for the reflected field. Neglecting the high harmon-
ics, this radiation comes down to a monochromatic plane wave that we include in the
equation of motion. Finally, taking these effects into account, the equation of motion
for electron j reads

dpj
dt

= −a0 sin(t− xj(t) + φM,i)
[
ey + βj(t)× ez

]
−a0 sin(t+ xj(t) + φM,r)

[
ey − βj(t)× ez

]
− L

cos3 θ
exj(t)/L

[
ex + sin θβj(t)× ez

]
+σjex. (3.54)

The first and second lines on the RHS express the incident and reflected waves, the
third line is for the plasma capacitor fields and the last line is the screening field. The
initial conditions are taken at t0 = tM , when electrons in the density peak are located
at xM < x < xM + δs. Since δs � L, we assume that all electrons start at x = xM and
use the expression of xM given above.

The initial momentum of electrons is: px0 = 0 because at tM the peak position
is maximum. The transverse momentum py is derived from the conservation of the
canonical momentum Py = py − ay = Py0. The density peak reaches its maximum
depth when the incident field changes sign, i.e. a(tM , xM) = a0. The initial conditions
are the same for all electrons and read

x0 = xM
px0 = 0
py0 = − tan θ − a0

Finally, the only difference between electrons j and k is the initial charge on
the left side of the electron, i.e. the term σj in equation 3.54. These equations are
solved numerically for different values of σj. The ejected charge can be determined by
increasing σj until a threshold value σmax above which the electron is not ejected; the
ejected charge is then simply σmax. An example is given in figure 3.27, where electron
trajectories are plotted for a0 = 8 and L = λ/8, from a PIC simulation (a) and using
the model (b). There is no trajectory crossing in the PIC simulation before t = 1.5TL,
which validates our hypothesis. The global dynamics is very well reproduced.

The following ejection criterion was adopted in the model: an electron is considered
to be ejected if px is negative during 3 periods. This criterion is different from the one
we adopted for PIC simulations because we assumed that electrons do not cross, which
is wrong for large timescales.

Figures 3.27c) and d) show the ejected charge plotted versus L and a0 respectively.
The model reproduces the global trends: the charge increases with a0 and L. It over-
estimates the ejected charge because the ejection criterion is much more stringent for
the PIC simulation than for the model. The linear scaling of ejected charge with a0
is well reproduced. The scaling with the density gradient does not fit as well, which
can be explained by the fact that as kL approaches 1, the plasma capacitor model
collapses. Besides, for very large intensities, the ion motion becomes significant and
may affect the interaction. Remarkably, our simple model also reproduces the trends
and the order of magnitude of the mean energy of ejected electrons. This is shown in
figure 3.27e) and f).
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Figure 3.27: a) Electron trajectories from PIC simulation with a0 = 8 L = λ/8. b) Electron
trajectories from the model, with the same parameters. In both cases, t = 0 stands for tM . c)
Ejected charge versus L for a0 = 8 from PIC simulations and our model. d) Ejected charge
versus a0 for L = λ/12 from PIC simulations and our model. e) Same comparisons between
the PIC simulations and the model but for the average energy of the ejected electrons.
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To illustrate the role of plasma effects, the model was run with no ion plasma fields
(removing the third line in equation 3.54), in the same conditions as figure 3.27c). The
ejected charge never exceeded 1 pC/µm2, which clearly validates the plasma capacitor
model for electron ejection. When we run the model with no reflected field, we find
that the ejected charge increases linearly with the gradient scale length L instead of
saturating at longer gradients. This shows that the reflected field also plays a role in
the details of the ejection.

3.3.4 Comparison with 2D PIC simulations

We now show the results of 2D PIC simulations in order to confirm the validity of the
1D study in the laboratory frame. Simulations are named injectorv4_L1s*.

A 800 nm, laser pulse impinges on the solid-density plasma with a θ = 45◦ inci-
dence angle. The pulse duration is 25 fs, its spot size is 3.4µm FWHM and its am-
plitude is a0 = 3. We performed simulations for the following gradient scale lengths:
L = λ/32, λ/8, λ/4, λ/2, λ. Ejected electrons are detected with two electron probes.
The first one is parallel to the plasma surface and located 25λ away from the plasma
surface to record electrons emitted around the specular direction. The second one is
perpendicular to the plasma surface and 25λ away from the reflection point, to record
electrons ejected along the plasma surface.
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Figure 3.28: Snapshot of a 2D PIC simulation with a0 = 3 and L = λ/8 during the pulse
reflection. Electron jets propagate in vacuum.

Figure 3.28 shows a snapshot of a 2D PIC simulation. Jets of electrons are ejected
at precise phases of the reflected laser field (at zeros of the electric field) and further
propagate in the interference pattern and afterwards in the reflected field. The 2D
simulations reproduce the main phenomena depicted in the 1D PIC simulations: at
each laser period, electrons are pushed and form a sharp density peak. This gives rise
to a plasma capacitor in which electrons gain energy and are ejected.

More qualitative results are shown in figure 3.29. The black line shows the total
ejected charge (i.e. on both electron probes) as a function of the gradient length. As
previously, the ejected charge increases with the gradient scale length until it reaches a
maximum for L ' λ/4. This qualitatively confirms the observations from the 1D PIC
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Figure 3.29: Results of 2D PIC simulations for a0 = 3 and various gradient lengths. Ejected
charge as a function of the gradient length. Electrons are sorted depending on their final
emission angle: Q+ is the charge for electrons with θ > 45◦, and Q− is the charge for
electrons with θ < 45◦, so that Q = Q− +Q+

simulations, although the optimal gradient length Lmax is longer: Lmax ' λ/4 instead
of Lmax ' λ/10 in 1D.
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Figure 3.30: Final angle-energy distribution for a)L = λ/8 and b)L = λ. The vertical dashed
black line shows the specular direction. Q− and Q+ are shown as the total charge on the left
and on the right of the dashed line.

Previous experiments showed that for short gradients, electrons are emitted between
the normal and specular direction, so that the electron beam is not symmetric around
the specular direction. This asymmetry can be explained by the dynamics of electrons
in the reflected field while they undergo vacuum laser acceleration, as explained in
chapter 4.

To take into account this asymmetric emission, the ejected electrons are sorted as
a function of their final emission angle. We define Q−, the ejected charge of electrons
with angles < 45◦ (i.e. between the normal and specular direction) and Q+ as the
charge for electrons emitted with angles > 45◦ (i.e. between the specular and grazing
directions). This is shown in figure 3.29, where Q− decreases for gradients above
L ' λ/4, while Q+ increases for long gradients. The behaviour of Q− is consistent
with the plasma capacitor scenario while the opposite behaviour of Q+ indicates a
different ejection mechanism which dominates for longer gradients. These two regimes
give rise to significantly different angular distributions, as seen in figure 3.30 a) and b).
Panel c) shows the angle-energy distribution in the case of a short gradient (L = λ/8)
for which the majority of electrons are ejected with angle θ < 45◦. In this case, the
ponderomotive force bores a hole close to the specular direction as it pushes electrons
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away from the laser pulse, see chapter 4. Panel d) shows the case of a longer gradient
(L = λ): more electrons are ejected along the target, indicating a different emission
process.

Conclusion: This chapter presents a description of the backward electron ejection
mechanism in the relativistic regime. Plasma fields are shown to play a major role.
This periodic emission leads to a train of attosecond electron bunches injected in the
reflected field.

In the case of a step-like density profile, the ejection mechanism is described as
a push-pull mechanism occurring at each laser period, where electrons are gathered
in a sharp density peak that oscillates around the plasma surface. A small fraction
of the electrons contained in the peak escape the plasma along the reflected field. A
numerical study was performed using 1D PIC simulations in the range 1 < a0 < 20 and
5 < n0/nc < 15. The ejected charge depends on the S = n0/a0 parameter, and PIC

simulations showed that no electrons are ejected above a threshold value S
[PIC]
th ∼ 0.85.

We developed a model, based on Gonoskov’s relativistic electronic spring model, that
reproduces this threshold S

[model]
th = 0.8. Above this threshold, plasma effects are not

strong enough to counter the gyromagnetic effect, which inhibits electron ejection.
This analysis is extended to the case of a largely overdense plasma nbulk ∼ 200nc

with an exponential density gradient on its front side, which is the configuration of
most experiments. The ejection process is similar to the case of a step-like density
gradient. A scan of 1D PIC simulations is performed as a function of two major
parameters, a0 and the gradient length L, showing an optimal value for the gradient
length Lmax ' λ/8. The regime L � λ shows no ejection of electrons because it is
dominated by the gyromagnetic effect. On the opposite, L � λ/2π shows a drop in
ejected charge because the density peak description breaks.

Finally, ion fields due to charge-separation in the plasma are shown to play a dom-
inant role for electron ejection. The electron density peak is pushed inside the plasma,
creating an ion capacitor. The maximum depth xM is derived for the step-like pro-
file and the gradient profile assuming L < λ/2π, and the corresponding electrostatic
potentials, normalized by the incident wave amplitude, read

φstep(xM)
a0

= 2 cos5 θ

S(1− sin θ)2
φgradient(xM)

a0
= 2L

1− sin θ . (3.55)

The higher this potential, the more energy is transferred from the plasma to the elec-
trons, and the higher the ejected charge. While φstep/a0 depends on a0 and n0 via the
S parameter, φgradient/a0 is simply proportional to the gradient length, showing the
importance of this parameter.
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Introduction

As shown in chapter 3, the reflection of an ultraintense laser pulse off a plasma mirror
leads to injection of attosecond electron bunches in the reflected field. In this chap-
ter, we demonstrate that these electron bunches can afterwards be accelerated in the
reflected field via vacuum laser acceleration (VLA), as illustrated in figure 4.1.

Over the past decades, direct acceleration of electrons by light in vacuum has at-
tracted considerable interest and has been extensively studied theoretically, see refer-
ences [Dodin & Fisch, 2003; Esarey et al., 1995; Hartemann et al., 1995; Maltsev &
Ditmire, 2003; Pang et al., 2002; Salamin & Keitel, 2002; Stupakov & Zolotorev, 2001;
Varin & Piché, 2006; Yu et al., 2000]. The underlying idea is to inject free electrons
into an ultraintense laser field so that they always remain within a given half optical
cycle of the field, where they constantly gain energy until they leave the focal volume.
During this process, the Lorentz factor γ0 can be increased by 4a2

0γ0 for electrons with
relativistic initial energy in a monochromatic plane wave.

Yet very few experiments were performed in this regime because VLA occurs effi-
ciently only for electrons injected in the laser field with specific initial conditions that
are extremely challenging to fulfill experimentally (see [Dodin & Fisch, 2003]). Indeed,
in order to stay in phase with the laser field, electrons need to have initial velocities close
to c along the laser propagation axis. In addition, they should start interacting with
the intense laser beam already close to its spatial and temporal maxima, and even be
injected at appropriate phases of this field. Electrons that do not satisfy these stringent
requirements tend to explore many different optical cycles and undergo ponderomotive
scattering, resulting in a low energy gain (see section 2.2.4).

In this chapter, we show how plasma mirrors can be used as electron injectors in the
reflected laser field, providing a simple experimental solution to study the interaction
of free electrons with intense lasers in vacuum. This chapter is organized as follows:
section 4.1 describes the basic mechanisms for vacuum laser acceleration. The fun-
damental Lawson-Woodward theorem is demonstrated, and its limits are pointed out.
Section 4.2 describes the two typical dynamics for an electron travelling in a laser pulse:
ponderomotive when electrons oscillate many times before leaving the laser pulse, and
VLA when electrons undergo sub-cycle acceleration before escaping the pulse in the
polarization plane. Finally, the use of plasma mirror injectors for vacuum laser acceler-
ation is presented in section 4.3. We present experimental results backed with a model,
showing that the use of a plasma mirror allows for a considerable amount of electrons
to undergo vacuum laser acceleration.
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Figure 4.1: Injection of relativistic electrons in ultraintense laser fields using plasma mirrors.
a) Injection of electron bunches from the plasma mirror in the reflected field. b) Electron
trajectories in the reflected field (blue lines). The pulse on the right is an aid to the eye.

4.1 Basics of vacuum laser acceleration

4.1.1 Particle acceleration

!"#$%#&"#'() *'+%,%(-) .'/%0),%(-)
!"#$%&'# (""#)%&'# ("#*%&'#

Figure 4.2: Picture of the Large Hadron Collider at CERN, schematic of a laser wakefield
accelerator and electric field in a laser pulse, with the corresponding typical electric fields.

In a particle accelerator, charged particles are accelerated by an electric field E
over a certain distance D. In the case of a static homogeneous field, the final particle
energy varies as E ∝ E × D. Conventional accelerators rely on a weak electric field
E ∼ MV/m and a long accelerating distance D ∼ km, making them extremely large
facilities. The most famous of its kind, the Large Hadron Collider at CERN, has the
shape of a ring with a perimeter of 27 km.

The cost of these facilities led physicists to search for more compact accelerators.
Plasma-based accelerators allow the generation of much higher electrostatic fields E ∼
100 GV/m that accelerate particles to relativistic energies within a short distance D =
100µm−1 m. This is summarized in figure 4.2. To go further, the highest electrostatic
fields one can make in a laboratory are those inside a laser pulse, where they can reach
E ∼ 10 TV/m. The conversion with normalized units reads

E = 4a0 TV/m. (4.1)

This is the underlying idea of vacuum laser acceleration, which was studied in refer-
ences [Esarey et al., 1995; Hartemann et al., 1995]. Note that the energy gain via VLA

scales as ∆E [MeV ] ' 35
√
P [TW ] where P is the power of the laser beam, as shown

in reference [Mori & Katsouleas, 1995]. The maximum energy gain is much higher for
laser wakefield accelerators, so VLA does not compete with these accelerators when
the aim is to get the fastest electrons.
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Figure 4.3: a) Electron dynamics in a monochromatic plane wave with a0 = 0.1. The electron
starts with speed v = 0 at a field node z = 0. Note that there is no time-envelope, so the
electron starts inside the wave. c) Forces on the electron. b) and d) shows the same quantities
for a0 = 10. There is no motion along y in these cases.

We consider an electron propagating in a linearly-polarized laser pulse. The wave
propagates along z and is polarized along x. In the monochromatic plane wave approx-
imation, the electric and magnetic fields and the equation of motion for an electron are
given in chapter 2 on page 66 and read

E = E0 sin(ω0t− kz)ex (4.2)

B = E0

c
sin(ω0t− kz)ey (4.3)

dp

dt
= −e (E + v ×B) (4.4)

so that the electron oscillates in the x direction because of the electric field and its
velocity direction is bent towards the propagation direction z by the vxBy magnetic
force. Figure 4.3 shows the electron momentum along time for a0 = 0.1 and a0 = 10.
The electron is initially immobile at t = 0 and z = 0.

In the non-relativistic case – panels a) and c) – the magnetic force is negligible and
Fz � Fx where Fz and Fx are the z and x components of the total force respectively.
The electron is driven by the electric field and oscillates almost exclusively in the
polarization direction x. The displacement along z is negligible (∆z � λ), so that
the electron oscillates at the laser period (Telec ' TL). In this regime, |p|/mec '
|px|/mec ' a0, and very little acceleration occurs.

On the contrary, in the highly relativistic case a0 = 10 – panels b) and d) – the
electron momentum is mostly directed towards the propagation direction z because of
the magnetic force and the z component of the total force is dominant: Fz � Fx. The
displacement along z is very large ∆z � λ, and the electron dephases very slowly in
the laser field. Hence, the period of its oscillations is much longer (Telec ' 80TL). In
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this regime, |p|/mec ' |pz|/mec� a0, and one can expect very high energy gain if the
electron can escape the pulse when its energy is maximum. This is the regime we
call vacuum laser acceleration.

In this regime, the electron remains for a long time in the same phase of the laser
field, so that the electric field effectively transfers energy to the electron. The magnetic
force does no work, but instead bends the electron trajectory towards the propagation
direction. Assuming βz → 1, the equation of motion gives

dpx
dt
∼ −eE0

2γ2 (4.5)

dpz
dt
∼ −eE0 (4.6)

so that the total force along z is much higher than that along x when the electron has
a relativistic speed along z, hence γ � 1. In what follows, we derive the conditions
under which the electron effectively gains energy.

4.1.2 Lawson-Woodward theorem

The most famous theorem dealing with particle acceleration by electromagnetic fields
in vacuum is the Lawson-Woodward theorem [Lawson et al., 1979; Woodward, 1946]
(see also [Esarey et al., 1995]), which states that in a 3D configuration, under some
hypotheses, a particle cannot gain energy from an electromagnetic wave. It is massively
invoked as a deadly argument against particle acceleration in vacuum by a laser pulse,
though its scope of validity is, at the least, limited. In this paragraph, we present the
theorem, its proof and its limits.

Theorem

Consider an electron propagating in an electromagnetic wave with propagation and
polarization directions both in the x − z plane, for example a laser pulse propagating
along z (respectively x) and polarized along x (respectively z). Let us assume

(H1) no boundaries: The wave is in vacuum, there are no boundaries;
(H2) no external field: There is no electrostatic or magnetostatic external field;
(H3) electron travels at the speed of light: The electron propagates with veloc-

ity v = cez, hence infinite energy;
(H4) infinite interaction region: The interaction takes place from t = −∞ →

+∞, and z = −∞→ +∞.
(H5) no non-linear forces: The v×B force, ponderomotive force etc. are neglected.

Result: An electron interacting with an electromagnetic wave under these conditions
does not gain energy between t = −∞ and t = +∞.

Proof

We consider the field component with angular frequency ω. The Helmholtz equation –
using (H1) and (H2) – and the subsequent dispersion relation read

∆E = −ω
2

c2 E (4.7)

ω2

c2 = k2
x + k2

y + k2
z . (4.8)
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Starting from the definition of the Fourier transform in space Ẽ of E and injecting the
dispersion relation, we get, for the Ez component:

Ez =
∫ ∫

Ẽz(kx, ky)ei(kxx+kyy+kzz−ωt)dkxdky, (4.9)

where we used

kz =
√
ω2

c2 − k
2
x − k2

y (4.10)

for convenience. Gauss’s law in vacuum reads ∇ ·E = 0, giving the relation between
the Fourier-transformed components of the electric field:

kzẼz + kxẼx = 0. (4.11)

According to (H3), the electron velocity is along z, so only the electric force −eEz
can work. This shows how strong the hypothesis v = cez is: no oscillation due to the
electromagnetic wave is allowed. Besides, we can set x(t) = 0 and y(t) = 0 for the
electron at any time, and z(t) = ct. The final energy gain for the electron is given by
the work of the force due to Ez, proportional to

Γz = c
∫ +∞

−∞
dtEz(x(t), y(t), z(t)) (H4) (4.12)

=
∫ +∞

−∞
dzEz(0, 0, z) (4.13)

= −
∫ +∞

−∞
dz
∫ ∫

dkxdky
kx
kz
Ẽx(kx, ky)ei(kz−ω/c)z (4.14)

= −
∫ ∫

dkxdky
kx
kz
Ẽx(kx, ky)

∫ +∞

−∞
dzei(kz−ω/c)z (4.15)

= − 1
2π

∫ ∫ kx
kz
dkxdkyẼx(kx, ky)δ(kz − ω/c), (4.16)

by virtue of 2π
∫+∞
−∞ eiαxdx = δ(α). Let us finally switch to cylindrical coordinates

kx = k⊥ cosφ and ky = k⊥ sinφ:

Γz =
∫ ∫ k⊥

kz
cosφẼx(k⊥ cosφ, k⊥ sinφ)δ(kz − ω/c)dφdk⊥. (4.17)

The integration is not trivial because the integrand diverges for kz =
√
ω2/c2 − k2

⊥ = 0,

i.e. k⊥ = ω/c. Yet it varies as 1/
√
±(k⊥ − ω/c), and is integrable. Hence, we can apply

the Dirac function which is non-zero for k⊥ = 0, giving the final result

Γz = 0. (4.18)

Limits

In spite of its presumed general scope of application, this theorem shows severe limits.
While there is little restrictive condition on the electromagnetic wave (provided it is
linearly polarized), there are strong assumptions on the electron dynamics:

(H3) electron travels at the speed of light This hypothesis assumes vz = c dur-
ing the whole interaction. It has the following consequences: first, the electron
has infinite energy. Second, only Ez can do non-zero work. Yet in the plane
wave approximation (see figure 4.3 a) for example), the electron travels essen-
tially along z and the only field with non-zero work is Ex. Besides, it obviously
states that the laser field does not perturb the electron trajectory.
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(H5) no non-linear forces The v × B force is neglected. Figure 4.3b) and equa-
tions 4.6 show that the dynamics of a relativistic electron can be mostly driven
by the magnetic force, especially when the electron travels along the propagation
direction.

These are general limits to the Lawson-Woodward theorem. Besides, our setup
brings specific limits:

Boundaries In our case, we will set an external boundary and external fields using a
plasma mirror, hence breaking hypotheses (H1) and (H2) – and (H4).

Electron driven by electromagnetic fields The electron travels in the laser pulse
with initial speed smaller than c, and its dynamics is strongly deteriorated by
these fields, breaking hypotheses (H3) and (H5) in the relativistic regime.

When trying to accelerate electrons in a laser wave, one has to justify that at least
one hypothesis is broken. In our case, at least four hypotheses are violated, and the
results are presented in section 4.3.3.

Plettner’s experiment

A remarkable experimental work was performed in reference [Plettner et al., 2005].
Though the authors claim a new acceleration mechanism, they bring even more note-
worthy results on the Lawson-Woodward theorem and its limits.

Because of the low bunch charge, space charge effects
were not included.

As can be observed in Fig. 3(a) shot-to-shot jitter in the
electron bunch timing introduced significant fluctuations in
the observed Mi. To mitigate this, an average energy
modulation hMi ! P

iMi=N, jT " tij # !, where ! !
1 ps, T is the timing of optimum modulation, and N the
number of events (usually N $ 50) was used to compute
the average. The observed average energy modulation hMi
was approximately 1=2 the value of the largest observed
modulation events, which were close to the theoretically
calculated peak energy modulation expected from the ex-
perimental parameters used for the particular data set. This
is in agreement with particle tracking simulations that
predict hMi ! 0:45Mmax when the typical rms timing jitter
of 1 ps at this facility is included.

We present three measurements that confirmed the be-
havior expected from theory. We confirmed the validity of
the Lawson-Woodward theorem and verified the expected
dependence of the modulation on the laser electric field
strength and the laser-polarization angle. The Lawson-
Woodward theorem was verified by taking two successive
laser time scans, one with the boundary in place and the
following with the tape moved out. As shown in Fig. 3, a
broadening of the energy spread was observed only when
the boundary was present.

The electric field strength dependence was verified by
measuring the average modulation strength at different
laser beam pulse energies. The laser electric field is pro-
portional to the square root of the laser pulse energy.
Figure 4 shows the observed dependence of hMi on the
peak electric field of the laser. It is observed that the
average energy modulation hMi varies linearly with the
incident laser electric field as expected from theory and
shows no significant offset from the origin. The solid line is

the linear fit of the experimental data, and the dashed line is
the average modulation from the model. The horizontal
dashed line indicates the noise floor limit. The expected
peak energy gain at the maximum laser pulse energy is
12 keV, corresponding to 24 keV peak energy modulation.
As shown in Fig. 4 the observed average modulation hMi at
maximum laser power is 14 keV, about 1=2 of the expected
maximum modulation, confirming that hMi$ hMimodel.

Figure 5(b) shows the observed average energy modu-
lation as a function of laser polarization, which is found to
be in good agreement with the expected dependence on
polarization angle ". The solid line is the cosine fit of the
experimental data, and the dashed line is the noise floor
limit. The observed strong dependence on the laser-
polarization angle rules out plasma based acceleration

FIG. 4 (color). Dependence of hMi on Ez.

280 285 290 295 300 305 310 315
20

21

22

23

24

25

26

27

28

29

30

31

las er time (psec)
280 285 290 295 300 305 310 315 320

20

21

22

23

24

25

26

27

28

29

30

31

las er time(psec)

FW
HM
en
er
gy
sp
re
ad
(ke
V
)

laser timing (psec) laser timing (psec)

F
W

H
M

 e
ne

rg
y 

sp
re

ad
 (k

eV
)

F
W

H
M

 e
ne

rg
y 

sp
re

ad
ke

V
)

a) b)

laser on
laser off

laser on
laser off

las er time (psec)las er time(psec)

FW
HM
en
er
gy
sp
re
ad
(ke
V
)

laser timing (psec) laser timing (psec)

F
W

H
M

 e
ne

rg
y 

sp
re

ad
 (k

eV
)

 (

a) b)

laser on
laser off

laser on
laser off

FIG. 3 (color). The experimental confirmation of the Lawson-Woodward theorem.

PRL 95, 134801 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
23 SEPTEMBER 2005

134801-3

Figure 4.4: [Image from reference [Plettner et al., 2005]] a) Final energy spread of the electron
beam as a function of delay between electron beam and laser pulse, in presence of a boundary.
The experimental configuration is shown in the inset, where the electron beam propagates
along the blue line and the laser pulse is represented by the yellow area. b) shows the same
as a) with no boundary.

A 30 MeV electron bunch propagates in the z direction, and meets a laser pulse
at focus (z = 0), with a small angle to the z direction. The laser pulse is 4 ps-long
with energy of 2µJ, giving a peak field strength a0 < 0.1. Note that the normalized
initial electron momentum p0/mc ' 60 is much higher than the laser peak amplitude
p0/mc � a0, so that the electrons are expected to show little deviation by the laser
– (H3) and (H4) are verified. The authors measure the energy spread of the electron
bunch after the interaction. In these conditions, all the hypotheses (H1-H5) are verified,
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and the final energy spread is the same with and without the laser pulse, as shown in
figure 4.4b).

Then, a boundary parallel to the x − y plane at z = 0 was added. This boundary
is a thin tape that reflects the laser pulse without troubling significantly the electron
bunch, hence breaking hypothesis (H1). They observe that the energy spread of the
electron beam is increased during this interaction, as shown in figure 4.4b). Some
electrons in the beam gain or lose energy during this interaction.

This experiment shows an illustration of the Lawson-Woodward theorem when all
its hypotheses are verified, as well as the possibility to break (H1) to accelerate elec-
trons. Yet their setup is not meant for electron acceleration, since it finally degrades
an externally-generated high-quality 30 MeV monoenergetic electron beam.

4.2 Electron in a laser pulse: typical behaviors

4.2.1 Introduction

The dynamics of electrons in a laser pulse can be extremely diverse and strongly de-
pend on their initial position and momentum. Yet any trajectory can be compared
with two archetypal orbits. First, ponderomotive dynamics stands for electrons that
see many oscillations in the laser field and undergo the average ponderomotive force
(see chapter 2) until they leave the pulse. Second, VLA dynamics designates electrons
travelling close to the speed of light along the propagation direction z, which remain
in the same phase of the laser pulse. They are accelerated in the polarization plane
z− x until they escape the pulse. The laser field at the electron position remains posi-
tive (respectively negative) while the electron is in the laser pulse, so that the electron
finally escapes the pulse with px < 0 (respectively px > 0).

We consider the dynamics of an electron in a linearly polarized laser pulse with
Gaussian space and time profiles, in the relativistic regime. The laser parameters are
λ = 0.8µm, a0 = 4, w0 = 5µm = 6.25λ, pulse duration τL = 30 fs and the pulse is
focused in the plane z = 0 at t = 0. All the simulations in this chapter are performed
with the test-particle code, using first-order field corrections (see section 2.2.3,
page 70). The laser phase is such that, around x = 0, y = 0, the electric field reads

E ∝ + sin(kz − ω0t)ex. (4.19)

Note that, with this notation, the electric and magnetic fields are zero at t = 0 and
z = 0. The electron is characterized by its position R = (x, y, z) and momentum
P = (px, py, pz). The simulation starting time is called tst.

The ponderomotive and VLA dynamics are studied in sections 4.2.2 and 4.2.3 re-
spectively. As an illustration, a typical ponderomotive trajectory is plotted in figure 4.6
(page 122), and a typical VLA trajectory is shown in figure 4.9 (page 124). Both were
obtained using the laser parameters described above, for an electron starting with
Pst = (0, 0, 1)mec, i.e. with kinetic energy Ek ' 200 keV. The only difference is the
initial electron position with respect to the laser pulse.

Figure 4.5 a) shows the configuration for the ponderomotive dynamics. The electron
starts outside the pulse with tst < 0, and is overtaken by the laser pulse around t = 0
and z = 0. This configuration leads to a ponderomotive electron trajectory.

Figure 4.5b) illustrates the configuration we use to investigate the VLA dynam-
ics. The electron starts inside the pulse around the focal spot with tst = 0. This
configuration gave the VLA electron trajectory.
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Figure 4.5: Two initial configurations for electron dynamics. In configuration a), the electron
motion starts before the laser pulse, where the pulse envelope is zero, and is overtaken at
t = 0 and z = 0. This disposition mostly leads to ponderomotive scattering. In configuration
b), the electron starts at focus in the center of the pulse with initial speed along z. With
ultraintense tightly-focused laser beams, this can lead to vacuum laser acceleration.

The Lawson-Woodward theorem does not apply to these configurations because the
electron shows strong oscillations in the laser polarization directions – (H3) and (H5)
are violated. Besides, the second configuration – figure 4.5b) – also breaks hypothesis
(H4) because the electron motion starts at tst = 0 inside the laser pulse, and may result
in a high energy gain.

A major difference between these two cases is the initial transverse
canonical momentum. When the electron starts before the laser pulse, the laser
vector potential is zero, so that the transverse canonical momentum P⊥0 = p⊥0 = 0.
On the opposite, an electron inside the laser pulse at tst = 0 with zst = 0 starts at a field
node (see equation 4.19), i.e. with a maximum vector potential, and P⊥0/mec = a0ex.

4.2.2 Ponderomotive behaviour

Electron trajectory

The electron starts with Rst = (−1.5, 1.1,−68.4)λ and Pst = (0, 0, 1)mec and the
simulation starts at tst = −98TL so that both the maximum of the pulse envelope and
the electron reach z = 0 at t = 0.

The result of this run (these_traj_1) is shown in figure 4.6 a). When the electron
is overtaken by the laser pulse, it oscillates in the laser field – see panel c) – and is
ejected with little energy gain (γ = 3 at the end). The electron undergoes the average
ponderomotive force, as discussed in section 2.2.4 page 71, and is ejected transversely
– see panel a).
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Figure 4.6: a-c) Dynamics of a ponderomotive electron. The electron starts with pz = 1 before
the laser pulse, and is overtaken around t = 0. Its transverse position x, Lorentz factor γ
and the electric field at the electron position are plotted as a function of time in a), b) and
c) respectively.

Axisymmetric hole

A simulation in this configuration was run with 100 000 electrons, with the same laser
parameters. The initial electron distribution isRst±σR = (0, 0,−68.4)±(3.1, 3.1, 0.1)λ
and Pst ± σP = (0, 0, 1) ± (0.1, 0.1, 1)mec. σ stands for the standard deviation of the
initial Gaussian distribution for both quantities. The simulation starts at tst = −98TL.
The run name is these_compvlapond_1.
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Figure 4.7: Final electron distribution for run these_compvlapond_1 in the first configuration
–figure 4.5 a)– far after all electrons have left the pulse. a) angular distribution. (0, 0) is the
propagation direction. b) Angle-energy distribution. c) Final spectrum for the total electron
population.

The final angular distribution is shown in figure 4.7 a), where one can see a clear
hole in the laser propagation direction. Besides, the distribution is axisymmetric,
even though the laser fields are not because of the linear polarization. This is a clear
signature of ponderomotive scattering. The final energy remains below 1 − 2 MeV, as
shown in figure 4.7b) and c).

The initial energy is E ' 200 keV, so the electrons show little energy gain. Note
that the maximum energy gain is comparable with the ponderomotive potential φp =
mec

2a2
0/4 = 2 MeV for a0 = 4.
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Scaling laws: angle-energy correlation

Relying on Hartemann’s calculations presented in chapter 2, we derive a general formula
that links the final propagation angle θ = atan βr/βz (with β2

r = β2
x + β2

y) and the
Lorentz factor of the electrons. This derivation is done in reference [Hartemann et al.,
1995].

Consider an electron propagating in a monochromatic plane wave, starting with
initial phase φ = 0 and speed v/c = (0, 0, βz0), as in section 2.2.1 (page 66). The
definition of the Lorentz factor gives

β2
x

β2
z

= γ2 − 1− γ2β2
z

γ2β2
z

(4.20)

and the conservation equation 2.53 reads

γ(1− βz) = γ0(1− βz0). (4.21)

Using again γ0(1−βz0) = 1/γ0(1 +βz0) and the conservation equation, we remark that

γ2 − 1− γ2β2
z = −1 + 2γγ0(1− βz0)− γ2

0(1− βz0)2 (4.22)

= 2
1 + βz0

(
γ

γ0
− 1

)
, (4.23)

and equation 4.20 gives the following equation between the electron propagation direc-
tion θ and its Lorentz factor

tan2(θ) =

(
2

1+βz0

) (
γ
γ0
− 1

)
[γ − γ0(1− βz0)]2 . (4.24)

This relation was also derived by Brice Quesnel in reference [Quesnel & Mora, 1998]
relying on the ponderomotive force.

This result was confronted with a scan of simulations with the test-particle

code. The laser pulse parameters are a0 = 4, w0 = 5µm, pulse duration 30 fs, λ =
0.8µm, focused on z = 0 at t = 0. The initial conditions for the electron distribution
are Rst = (0± 3, 0± 3, z0 ± 1)λ and Pst = (0, 0, pz0). The electron bunch starts before
the main pulse, and z0 is set as a function of pz0, so that the electron bunch and the
laser pulse meet at focus at t = 0.

The scan consists in five simulations these_pond_thetagamma_(1-5) with pz0/mec =
0, 1, 2, 3, 4. Figure 4.8 shows the final angular distribution for these simulations. The
distribution is axisymmetric and shows a clear hole in the propagation direction, which
are characteristic features of the ponderomotive force. The black dashed line was cal-
culated using equation 4.24, and shows excellent agreement with the simulation results.

Note that the final distribution in figure 4.8 a) (pz0 = 1) is perfectly axisymmetric
while figures 4.8d) and e) show a slight asymmetry: two bulbs can be seen in the
polarization direction x, on the left and on the right of the central hole. When pz0 is
higher, the quiver velocity of the electrons increases, and few electrons escape the pulse
via the VLA mechanism.

4.2.3 VLA behaviour

Electron trajectory

In the configuration shown in figure 4.5b), the electron starts inside the laser pulse.
Simulation these_traj_2 was run with tst = 0 and Rst = (0.6, 0,−0.1)λ. The phase
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Figure 4.8: Final electron angular distributions in the first configuration shown in figure 4.5 a).
The doughnut-shaped axisymmetric profile is a signature of ponderomotive scattering. The
black dashed circle stands for the application of equation 4.24. The initial electron momentum
pz/mec for each image is a) 0; b) 1; c) 2; d) 3; e) 4.

is φst/2π = −0.1 (with Ex = E0 sinφ, see equation 4.19), so that the electron starts
close to a field node. All other parameters are the same as in figure 4.6, in particular
Pst = (0, 0, 1)mec.
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Figure 4.9: a-c) Dynamics of a VLA electron. The electron starts with pz/mec = 1 inside the
laser pulse, at t = 0 and z = 0. Its transverse position x, Lorentz factor γ and the electric
field at the electron position are plotted along time in a), b) and c) respectively.

The electron trajectory is shown in figure 4.9, and is dramatically different from
the ponderomotive case. The electron does not oscillate in the laser pulse, but rather
remains in the same phase of the laser field: Ex < 0 all along its trajectory, as shown
in panel c). Hence, it is accelerated all along its propagation by the electric field in
the polarization direction, and escapes with a high energy (γ = 100). This satisfies our
previous definition of VLA.
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Spot in the polarization plane

As for the ponderomotive case, a simulation in the second configuration – figure 4.5b) –
was run with 100 000 electrons, with the same laser parameters. The initial electron dis-
tribution isRst±σR = (0, 0, 0)±(3.1, 3.1, 0.1)λ and Pst±σP = (0, 0, 1)±(0.1, 0.1, 1)mec.
This gives φst/2π = 0 ± 0.1 (see equation 4.19). The simulation starts at tst = 0 The
run name is these_compvlapond_2.
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Figure 4.10: Final electron distribution for run these_compvlapond_2 in the second configu-
ration – figure 4.5b) – far after all electrons have left the pulse. a) angular distribution. (0, 0)
is the propagation direction. b) Angle-energy distribution. c) Final spectrum for the total
electron population.

The final angular distribution is shown in figure 4.10 a), where there is an electron
spot in the polarization direction. In figure 4.10b) one can see a clear correlation be-
tween the final angle and energy of the electrons. The closer from the propagation axis,
the higher the energy. The spectrum shown in figure 4.10c) extends up to tens of MeV,
so the final energy of fast electrons has been multiplied by a factor of approximately
100.

Scaling laws: angle and energy

In this section, we derive an estimate of the ejection angle and energy of electrons
that start moving inside a laser pulse and undergo vacuum laser acceleration. We first
consider the dynamics of an electron in a plane wave.

The dynamics of an electron in a low-intensity (a0 = 0.1) plane wave is shown in
figure 4.11 a). The electron oscillates mostly in the polarization direction x at the laser
frequency. The electron displacement along z is negligible (< pz >t� mec), so the field
phase at the electron position varies linearly φ ' ω0t, as shown in figure 4.11c). p(φ)
is plotted in figure 4.11e), and shows no difference with p(t), see figure 4.11 a).

The dynamics differs significantly when the wave intensity becomes largely rela-
tivistic a0 = 10, as shown in panel b). < pz >t� mec, so the electron experiences a
very slow phase shift, as can be seen on panel d). The electron experiences a 2π phase
shift within ∼ 80 laser periods.

In both cases, Ex = E0 sinφ = E0 sin(ω0t− kz), so the electric and magnetic fields
are positive for 0 < φ < π and negative for π < φ < 2π. The electron starts with
φst = 0 and is accelerated towards −x until φ = π and then decelerated, where the
electron gets dephased.

Dephasing length: When φ > π, the electron starts being decelerated, so its max-
imum energy is reached for φ = π. The dephasing length is given by z(φ = π) for an
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Figure 4.11: Dynamics of an electron in a plane wave in the non-relativistic (a0 = 0.1)
and relativistic (a0 = 10) cases. a) Momentum components along the polarization (px) and
propagation (pz) directions as a function of time. c) Phase φ = ω0t−kz(t) of the wave at the
electron position as a function of time. φ ' ω0t. e) Momentum as a function of the electron
phase in the wave. b), d) and f) are the same as a), c) and e) for a0 = 10. φ 6= ω0t. In both
cases, the electron starts at rest at a field node, and the time span correspond to a 8π phase
shift in the wave.
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electron starting at z = 0 with φst = 0 and vst = (0, 0, βz0c). It is readily obtained
from equation 2.64 (page 67), and reads

kLdeph = π
βz0 + 3

4a
2
0(1 + βz0)

1− βz0
. (4.25)

This estimate is valid as long as Ldeph . zR, otherwise the plane wave approximation
does not hold. The limits around βz0 = 0 and 1 read

kLdeph −→
3π
4 a2

0 when βz0 −→ 0 (4.26)

kLdeph −→ 2πγ2
0

(
1 + 3

2a
2
0

)
when βz0 −→ 1 (4.27)
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Figure 4.12: Model for side ejection: the Gaussian pulse (a) is approximated by a square-
envelope plane wave.

A Gaussian pulse is approximated by a plane wave with a square envelope, as shown
in figure 4.12. This is a 2D extension to the plane wave approximation, so that we can
use Hartemann’s analytical results and model the electron ejection.

Side ejection: A Gaussian pulse with peak amplitude a0 is approximated by a
square-envelope pulse with total width 2w0 constant amplitude a0s. We assume the
energy in the volume 0 < z < zR is the same for both envelopes, giving a0s ' a0/2,
and study the dynamics of an electron in this square-envelope pulse. Vacuum laser
acceleration is optimal if the electron is accelerated all along its propagation until it
leaves the pulse. In other words, the electron undergoes VLA if it escapes the pulse
(x = ±w0) before it gets dephased (φ = π). Using equation 2.63, this condition reads

kx(φ = π) = πa0s

γ0(1− βz0) > kw0, (4.28)

giving the following condition for VLA:

γ0(1 + βz0)a0s >
2w0

λ
. (4.29)

Estimate for angle and energy at ejection: Let us assume x(φ = π) = w0, so that
the electron escapes the pulse with its highest energy. Equations 2.60-2.62 (page 67)
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simulation a0 w0 pz0 σ(pz0)
a)these_enervla_1 4 6.25λ = 5µm 4 2
b)these_enervla_3 4 12.5λ = 10µm 8.4 4.2
c)these_enervla_4 2 6.25λ = 5µm 3.5 1.75

Table 4.1: Simulation conditions in the scan for VLA scaling laws. All simulations were run
with the test-particle code, with 10 000 electrons, τL = 30 fs. The electrons started in the
pulse center, at a field node, with φst = 0 and Gaussian distribution (x0, y0) = (0± 5, 0± 5)λ
and (px0, pz0) = (0± 1, 0± 1)mec.

give the following estimates for the ejection angle and energy, expressed directly as a
function of a0, (not a0s):

γej = γ0 [1 + 2a0(1 + βz0)] (4.30)

θej = atan
[

2a0

γ0 [βz0 + 2a2
0(1 + βz0)]

]
. (4.31)

A set of simulations was performed with the test-particle code where the condi-
tion Ldeph = zR was always satisfied. The simulation parameters and results are shown
in Table 4.1, and the results can be found in figure 4.13. The final energy-angle dis-
tribution is shown, along with the estimate values from equations 4.30 and 4.31. This
simple extended 1D model reproduces remarkably the trends observed in numerical
simulations.
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Figure 4.13: Angle-energy electron distribution from a test-scan for in the second configura-
tion – figure 4.5b). The simulation parameters are given in table 4.1. The black ring stands
for theoretical values from equations 4.30 and 4.31.

4.2.4 VLA/ponderomotive ratio

The previous sections illustrated how electrons starting before the laser pulse could
be scattered by the ponderomotive force, and how electrons starting inside the laser
pulse could undergo vacuum laser acceleration. Yet the dynamics can be fairly more
complex, and both configurations can lead to both dynamics.

First, when an electron is overtaken by the laser pulse, it oscillates in the polariza-
tion direction. If the amplitude of this quiver motion is higher than the beam waist,
the electron can escape in the polarization direction, with a higher energy gain. As an
example, this occurs for some electrons in figure 4.8e), forming the two bright spots
along x, on both sides of the propagation direction.
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Second, an electron starting in the laser pulse may oscillate in the laser fields
and be scattered by the ponderomotive force. For an electron starting with velocity
v//ez, ponderomotive scattering occurs preferably when the electron starts at a field
maximum, where its transverse canonical momentum is zero P⊥0 = p⊥0 + a⊥0 = 0,
whereas VLA happens when the electron starts with a maximum canonical momentum
P⊥0 = p⊥0 + a⊥0 = a0ex. A detailed example can be found in section 4.3.5.

This section is dedicated to general trends of electron dynamics in a laser pulse.
Starting with a large initial electron distribution, we focus on average effects and find
a criterion that discriminates VLA and ponderomotive behaviours. The electron dis-
tribution starts inside the laser pulse because it is more relevant for section 4.3. The
ratio of VLA electrons is shown to depend on a single parameter Π.

Because the number of free parameters for the electron distribution is extremely
large, we restrict ourselves to Rst = (0, 0, 0) and Pst = (0, 0, pz0 ± σp). The role
of the laser parameters and pz0, which we consider to be the dominant parameters,
are identified. The probability density function for the electron Lorentz factor fγ0 is
Gaussian with mean value µ and standard deviation Γ0, with µ� 1.

fγ0(x) = 1√
2πΓ0

2
exp

(
−(x− µ)2

2Γ0
2

)
. (4.32)

Let us rely once again on the square-envelope approximation used before: the laser
pulse has a square envelope with total width 2w0 and amplitude a0s = a0/2. The
escape time tesc is defined as x(tesc) = ±w0. Consider an electron with initial velocity
v/c = βz0ez and associated Lorentz factor γ0 starting with φ0 = 0 in a laser pulse.
The quiver amplitude xquiv for an electron is calculated in section 2.2.1 and reads

kxquiv = a0sγ0(1 + βz0). (4.33)

The electron undergoes VLA provided xquiv > w0. For the initial distribution given in
equation 4.32, the probability for an electron to satisfy this condition is given by

P[V LA] = P
[
γ0(1 + βz0) > kw0

a0s

]
(4.34)

= P
[
γ0 >

kw0

2a0s

]
, assuming γ0 � 1 (4.35)

After integration, this probability reads, as a function of a0,

P[V LA] = 1
2erfc(Π) (4.36)

where Π =
kw0
a0
− µ

√
2Γ0

(4.37)

and erfc is the complementary error function defined on R as

erfc(x) = 2√
π

∫ +∞

x
e−t

2
dt. (4.38)

This function is depicted in figure 4.14.
The smaller Π, the higher the VLA ratio. The global trends are intuitive: VLA is

favored by a higher mean Lorentz factor µ or a smaller beam waist w0.

129



CHAPTER 4. VACUUM LASER ACCELERATION

−3 −2 −1 0 1 2 3

0

0.2

0.4

0.6

0.8

1

x

e
rf

c(
x)

/2

Figure 4.14: Complementary error function erfc.

simulation a0 w0 µ Π %VLA
these_vla_1 8 8µm = 10λ 8 0 77%
these_vla_2 8 5.3µm = 6.6λ 8 −1/2 88%
these_vla_3 8 11µm = 13.8λ 8 +1/2 66%
these_vla_4 12 8µm = 10λ 8 −1/2 86%
these_vla_5 5.8 8µm = 10λ 8 +1/2 68%
these_vla_6 8 8µm = 10λ 10.7 −1/2 88%
these_vla_7 8 8µm = 10λ 5 +1/2 57%

Table 4.2: Simulation condition for a scan in Π parameter. All simulations were run with the
test-particle code, with 10 000 electrons, Γ0 = 4, τL = 30 fs. The electrons start in the
pulse center, at a field node, with φ0 = 0 and Gaussian distribution (x0, y0) = (0±w0/2, 0±
w0/2) and (px0, pz0) = (0± 1, 0± 1)mec.

We performed a set of numerical runs to illustrate this result. The simulation condi-
tions are shown on table 4.2. Simulation these_vla_1 was run for Π = 0. Simulations
these_vla_2,4,6 were run with Π = −1/2 varying w0, a0 and µ respectively. Simu-
lations these_vla_3,5,7 were run with Π = +1/2 varying w0, a0 and µ respectively.
The result is shown in figure 4.15, where the ratio of VLA electrons is plotted as a
function of the Π parameter.

The simulations run until all electrons have left the pulse. Electrons are considered
to have a VLA dynamics if they remain in the same optical cycle (see ≤ 1 sign change
of the electric field) until they leave the pulse. An electron is considered out of the
pulse if the laser amplitude at the electron position is smaller than a0/100.

Expression 4.36 gives P[V LA](Π = 0) = 50%, P[V LA](Π = −1/2) = 76% and
P[V LA](Π = +1/2) = 24%. The absolute values do not match the simulation results
because of the rough approximations we have made (plane wave, σx = σy = 0 and
σpx = σpy = 0 for the initial distributions in the derivation), but the trends are very
well reproduced, and Π appears to be the relevant parameter. Note that, for µ = 5,
hypothesis γ0 � 1 is a bit weak because γ0 = 5± 4.

In this section, for a given initial electron distribution inside a laser pulse, we derived
a parameter Π that discriminates whether vacuum laser acceleration or ponderomotive
scattering is the dominant mechanism. We showed that VLA was dominant for Π < 0.
On the opposite, when Π� 1, most electrons have ponderomotive dynamics.
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Figure 4.15: Ratio of VLA electrons as a function of the Π parameter. Simulations were run
with 10000 particles. The laser parameters are described in table 4.2.

4.3 Vacuum laser acceleration using a plasma mir-

ror injector

4.3.1 Experimental attempts for vacuum laser acceleration

Though vacuum laser acceleration may lead to energy gains up to a factor of several
orders of magnitude, few experimental results meet theoretical expectations. The most
efficient acceleration is expected for initially relativistic electrons propagating along
with the laser in the second configuration – figure 4.5b). Yet this configuration is
extremely challenging to fulfil, as it requires to inject electrons in a few cubic microns
with femtosecond precision. The main published results in the field are listed below.

Experiments with electrons starting before the laser pulse

The first idea for electron acceleration in vacuum is to focus an intense laser pulse
into a low-temperature electron cloud. This was first performed in reference [Malka &
Miquel, 1996]. A prepulse is focused onto a thin solid target to generate a cloud of free
electrons behind the target. The energy of electrons in the cloud is around a few tenths
of keV. The main laser pulse is focused in the electron cloud. The laser parameters are
λ = 1.056µm, w0 = 10µm, the pulse duration is 500 fs and the normalized amplitude
is a0 = 3.

Electrons up to 1 MeV energy were detected at an angle θ ' 45◦ with respect to
the propagation direction in the polarization plane (k,E), and the effect of the laser
fields was clearly demonstrated. Yet their explanation remained controversial, as they
modeled the experimental results without describing the ponderomotive force, which is
supposed to play a dominant role in this interaction, as explained in the comment [Mora
& Quesnel, 1998].

From Hartemann’s analysis, we expect the acceleration to be more efficient for
electrons with a strong longitudinal velocity, according to the formula

γmax = γ0
[
1 + 2(1 + βz0)a2

0

]
. (4.39)

Hence, focusing a laser beam onto a copropagating relativistic electron beam is likely
to result in a higher energy gain for the electrons. This idea was presented in ref-
erence [Esarey et al., 1995], where the authors propose to focus a laser beam with
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a parabolic mirror with a small hole. An externally-accelerated electron bunch goes
through the hole and meets the laser beam at focus, as shown in figure 4.16.

Figure 4.16: [Image from reference [Esarey et al., 1995]] Schematic of a parabolic mirror with
a hole for vacuum acceleration.

However this setup is extremely difficult to build. One attempt is presented in
reference [Cline et al., 2013] with a CO2 laser with a0 ' 2. The electron bunch energy
was 20 MeV. The effect of the laser was to increase the energy spread from 1.8% to
3.3%. Even though this result shows that electrons can be accelerated in vacuum with
a laser pulse with relativistic intensity, their setup can clearly not be used as an electron
accelerator since it degrades an externally-generated high-quality electron beam, as in
reference [Plettner et al., 2005]. Besides, the energy gain is extremely low. Another
attempt is presented in reference [Carbajo et al., 2015], with a radially-polarised laser
beam. The acceleration remains below the keV range, and the accelerated charge is of
the order of a femtocoulomb (104 electrons).

Experiments with electrons starting inside the laser pulse

A much higher energy gain is expected when electrons are injected inside the laser pulse,
where they undergo vacuum laser acceleration. Several experiments lead to low-energy
electrons (see reference [McNaught et al., 1998]). Let us focus on reference [Moore
et al., 1999], which presents experimental results in a very low-density gas. The laser
parameters are λ = 1µm, a0 = 1.5 (I = 3× 1018 W · cm−2), and the pulse duration is
τL = 400 fs.

Electrons are injected in the laser pulse via ionization. The laser pulse is focused into
a chamber filled with 1 Torr Krypton gas. While outermost electrons are ionized at the
very front edge of the laser pulse, the eighteenth ionization (Kr18+) occurs via barrier-
suppression ionization when the intensity reaches the threshold Ith = 2×1018 W · cm−2.
Electrons are freed in the laser around a maximum of the electric field, with low energy
(p0 � a0). This clearly violates hypothesis (H4) of the Lawson-Woodward theorem.
Electrons up to 300 keV were observed in this experiment in the plane of polarization.
Yet the weakness of this configuration is that electrons are injected with zero velocity
around a field maximum, i.e. with transverse canonical momentum P⊥0 = 0, which is
definitely not optimal for VLA.

According to equation 4.39, the highest final energies can be obtained with electrons
starting inside the laser pulse with high speed along the propagation direction. We
hereafter show how a plasma mirror can make electron injection in these conditions
possible.
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As described in chapter 1, several experiments deal with the acceleration of electrons
during the reflection of a laser pulse off an overdense plasma. In particular, a 1 MeV
electron bunch around the specular direction is observed in reference [Mordovanakis
et al., 2009] using a λ = 800 nm, a0 ' 1.5, 30 fs-long laser pulse. Yet the electron accel-
eration is not identified as vacuum laser acceleration, and the acceleration mechanism
is not discussed in great detail and remains hazy.

4.3.2 Principle

As shown in chapter 3, the reflection of a laser pulse from a plasma mirror results in
ejection of electrons from the plasma surface into the reflected pulse once per laser
period. These electrons are injected at zeros of the reflected field with a relativistic
velocity. Hence, plasma mirrors can be used as electron injectors in the reflected laser
field, providing a simple experimental solution to study the interaction of free electrons
with intense lasers in vacuum.
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Figure 4.17: Injection of relativistic electrons in ultraintense laser fields using
plasma mirrors. Panel a): principle of a plasma mirror injector. As an ultraintense laser
pulse (E-field sketched in red and blue) reflects off a plasma mirror and expels relativistic
electrons (black dots) at specific phases of the field. Panel b) shows electron trajectories (blue
lines) computed from a 2D PIC simulation. Once expelled from the surface, they copropagate
and interact with the reflected laser field over a distance of the order of the Rayleigh length
(zR = 100λ). This interaction clearly modifies the electron angular distribution as electrons
are expelled to the sides of the focal volume.

This principle is illustrated in figure 4.17. Panel a) shows injection of attosecond
bunches during the pulse reflection on the plasma mirror. Panel b) shows a snapshot
of electron trajectories from a 2D PIC simulation. The simulation was performed with
a0 = 5 and w0 = 5µm, the pulse duration is 25 fs. The plasma bulk density is n = 100nc
and the density gradient scale length is optimal for electron ejection L = λ/8. The
reflected pulse on the right is an aid to the eye. Electrons are ejected from the plasma
surface in the focal spot and propagate along the reflected pulse. They form a spray
that propagates along the reflected pulse. After a distance of the order of the laser
Rayleigh length, they spread on both sides of the laser pulse.

In the following sections, experimental results for vacuum laser acceleration using
a plasma mirror injector are detailed. A numerical model is derived, that reproduces
the experimental results. Finally, this model is used for discriminating VLA and pon-
deromotive behaviours in the final electron distribution from the experiment.
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4.3.3 Experiment by Adrien Leblanc (UHI100 at CEA)

The experimental setup is shown in figure 4.18. The spatial profile of electron beams
emitted by a plasma mirror exposed to an ultraintense laser pulse is measured, as
well as their energy distributions at different emission angles. It was performed with
the UHI100 laser of CEA/IRAMIS, a 100 TW laser system that delivers 800 nm, 25 fs
pulses. Once the temporal contrast is improved by 4 orders of magnitude with a
plasma-based temporal filtering system (see reference [Lévy et al., 2007]), the laser
pulses are focused on a flat fused silica target with an incidence angle of 55◦ and p-
polarization, at a peak intensity of 2.1019 W · cm−2 (a0 ' 3.1). The focal spot is 5.5µm
FWHM and the Rayleigh length is about 80µm. To optimize the electron signal, the
scale length of the plasma density gradient at the surface was accurately controlled
by preionizing the target with a weaker prepulse (≈ 1016 W · cm−2) at an adjustable
delay of a few hundred femtoseconds before the main pulse (see reference [Kahaly et al.,
2013]). The target ionization by the prepulse and the plasma expansion are described in
section 1.1.2, page 13. The electron beam spatial profile was measured using a LANEX
phosphor screen placed 15 cm away from the target, perpendicularly to the specular
direction, imaged on a CCD camera. A magnetic spectrometer can be inserted before
this LANEX screen in order to measure the electron energy distribution.

Main Mirror

Pre-pulse Mirror

Parabola

Target

Lanex Screen

Filter + Objective
+ Camera

Laser

15µm Aluminium foil

10µm

Figure 4.18: [Courtesy of A. Leblanc] Experimental setup on the UHI100 laser at CEA.

A typical electron angular distribution is shown in Fig. 4.19 a). The measured elec-
tron emission spreads over a broad cone of ≈ 600 mrad angular width, but is spatially
very inhomogeneous within this cone. A pronounced hole is observed in the propaga-
tion direction of the reflected beam, with a cylindrical symmetry around this axis. The
total angular width of this hole is about 200 mrad, comparable to the divergence of
the reflected beam. The other dominant feature is a bright electron peak on one edge
of this hole, along the direction of the laser polarization (horizontal axis in Fig. 4.19)
and located between the specular and the normal directions. Its divergence is about
100 mrad, much smaller than that of the total electron beam. From the signal mea-
sured on the calibrated LANEX screen (see reference [Glinec et al., 2006]), the overall
charge in the electron beam is about 12 nC, with 3 nC within the bright spot. These
patterns were clearly observed at high intensity I > 1019 W · cm−2 and optimized for
experimental gradient scale lengths of L ' λ/15.
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Figure 4.19: Experimental evidence of vacuum laser acceleration. Panel a) shows
a typical experimental angular distribution of electrons emitted from plasma mirrors into
vacuum, measured with the LANEX screen. It consists of a broad emission cone (blue disk),
which is strongly modulated by two patterns: a hole around the specular direction due to
ponderomotive scattering and a bright spot due to vacuum laser acceleration. Line-outs of
the distribution along the dashed lines are plotted in the side panels, and the direction normal
to the plasma mirror surface corresponds to θ ' 960 mrad (not shown). Panel b) shows the
electron spectra measured at two different locations in the beam, indicated by the blue circle
and the red square in panel a), that respectively correspond to the blue and red curves of
panel b). Panel c) and d) show the same quantities, from numerical simulations with the
test-particle code. The dashed green curve in panel d) shows the initial electron energy
distribution used in this model. As can be seen from the green and red spectra in panel d),
the model shows that electrons are accelerated by VLA from 1.5 MeV to 10 MeV, resulting in
an energy gain of 7.
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Figure 4.19b) shows the spatially-resolved electron spectra measured at two differ-
ent locations in the beam, on opposite sides of the hole along the laser polarization
direction. Broad peaked spectra are observed, with a central energy of a few MeV. The
key feature here is that the central energy is twice higher in the bright electron peak
(10 MeV) than on the opposite side of the hole (5 MeV). This difference in energy sug-
gests a straightforward interpretation for the spatial pattern of the electron beam. The
bright spot in the polarization plane could correspond to electrons which have gained
energy by VLA due to appropriate injection conditions in the field. The other electrons
in the beam would have experienced isotropic ponderomotive scattering, leading to the
symmetrical hole around the laser axis. We now validate this interpretation, by first
studying the conditions of injection of electrons from plasma mirrors into the vacuum,
and then their subsequent dynamics in the reflected field.

4.3.4 Model

Practical coordinate systems

x

y

X Z−→
k

−→
E

θ

a) Boosted frame b) Laboratory frame c) VLA coordinates

x x

yy

−→
E

−→
E

θ
−→
k

−→
k

Figure 4.20: a) Configuration in the boosted frame for 1D PIC simulation. b) Configuration
in the laboratory frame. c) Coordinate system adapted to the study of VLA in the reflected
pulse.

The properties of electrons ejected from the plasma mirror into the vacuum are
taken from PIC simulations. Classic notations were used for 1D PIC simulations in
the boosted frame in all this work, as shown in figure 4.20 a). Yet most practical
notations for VLA use Z as the laser propagation direction and X as the polarization
direction. The initial conditions are injected in the test-particle code after (i) a
Lorentz transform to go back to the laboratory frame (see chapter 2) and (ii) a rotation
to deal with VLA. These steps are illustrated in figure 4.20. The Lorentz factor and
normalized velocity for the Bourdier → Laboratory transformation read

γ0 = 1
cos θ βy0 = − sin θ. (4.40)

These transformations read
γB

pBx
pBy

−→


γL = γ0γ

B − γ0βy0
pBy
mec

pLx = pBx
pLy = −γ0βy0γ

Bmec+ γ0p
B
y

−→


γL

pLX = − sin θpLx − cos θpLy
pLZ = − cos θpLx + sin θpLy

(4.41)
where exponents B and L stand for coordinates in the Boosted frame and Laboratory
frame respectively. The first arrow stands for the Lorentz transformation, the second
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λ a0 nmax L Te ions ∆x ppc
800 nm 2.1 400nc λ/8 1 keV immobile λ/1000 4000

Table 4.3: Simulation conditions for the p-CI1D 1D PIC simulation performed with EPOCH.
They are all given in the laboratory frame for easy comparison with the experiments.

one is a simple rotation around Y = y. Here, Z and X stand for the propagation and
polarization directions respectively, for the reflected pulse.

From now on, all quantities will be considered in the (X, Y, Z) coordinates in the
laboratory frame and will be noted with lower case letters (x, y, z) for the sake of
simplicity. These transformations are performed via the script CIBouOlle.m.

Injection from the plasma mirror: 1D PIC simulation
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Figure 4.21: Initial conditions of electrons ejected from plasma mirrors. Panel a):
waveform of the laser magnetic field By reflected by the plasma mirror (red line), and temporal
density profile of the ejected high-energy electrons (blue line), obtained from PIC simulations.
Both quantities were sampled at z = 750 nm from the plasma mirror surface. Panel b) shows
the corresponding momentum distribution of these electrons, along the specular direction
(pz) and along the polarization direction of the reflected laser (px), taken from the 1D PIC
simulation p-CI1D. c) and d) show the initial conditions as injected in the test-particle

code.

The simulation parameters for the 1D PIC simulation p-CI1D are shown in table 4.3.
The laser is assumed to deliver a pulse with Gaussian envelope and maximum amplitude
a0 = 3 in the experiment. We took a0 = 2.1 as its mean value on the focal spot.
Figure 4.21 a) shows the density of ejected electrons as a function of time, together
with the waveform By(t) of the reflected field for interaction conditions corresponding
to the experiment. These quantities were both sampled very close to the plasma mirror
surface (d� w0), when electrons escape the plasma and are injected into the vacuum
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λ a0 w0 Rst/λ σR/λ Pst/mec σP/mec
800 nm 2.5 5µm (0, 0, 0) (2, 2, 0.1) (−1, 0, 3) (1, 1, 3)

Table 4.4: Simulation conditions for run p-VLA-2015 with the test-particle code. The
wavelength is λ = 800 nm. We chose a0 = 2.5 to account for the ∼ 70% reflectivity. The
initial distribution in position (momentum) is a Gaussian distribution with center Rst (Pst)
and standard deviation σR (σP ).

in the core of the reflected field. Once again, electrons are observed to be emitted in
the form of attosecond bunches at laser field nodes.

The waveform of the reflected field deviates from a pure sine wave because of high
harmonic generation. While this can quantitatively affect the exact outcome of the
subsequent laser-electron interaction in vacuum, we will show that this does not qual-
itatively alter the physics involved. Note that due to the gyromagnetic effect or cycle-
to-cycle effects, the electron injection significantly drops around the peak of the laser
pulse and most electrons are injected slightly before the pulse maximum.

Figure 4.21b) shows the momentum distributions of these electrons right after their
ejection, along the specular direction (pz) and along the laser polarization direction
(px). Electrons start their motion in vacuum in the reflected laser pulse with relativistic
velocities, corresponding to an average energy of 1.5 MeV (γ0 ' 3), and are ejected with
an average angle of 20◦ away from the specular direction. These initial conditions are
close to being ideal for the observation of VLA, and definitely much more favorable
than those achieved in all previous experimental attempts to observe this effect (see
references [Carbajo et al., 2015; Cline et al., 2013; Moore et al., 1999]).

Propagation in the reflected pulse: test-particle code

To study the subsequent interaction of these electrons with the laser field in vacuum, we
turn to the test-particle code to calculate the trajectories of two million electrons
injected in the field. The set of initial conditions from the PIC simulation p-CI1D is
shown in figures 4.21 a) and b). The initial conditions injected in the test-particle

code are shown in figures 4.21c) and d). For the sake of simplicity, a single electron
bunch is injected in the reflected field, corresponding to ejection at a single laser period.
Besides, larger distributions were taken for the initial phase and momentum (px, pz).

This choice is justified by the following arguments: (i) the 1D PIC simulation
gives the initial conditions for a given value of the incident laser intensity I, while the
intensity actually varies between 0 and I0 in the laser focal spot. (ii) When electrons
are ejected from the plasma, they travel through a zone where the incident field and
the reflected field are superimposed. As shown in figure 3.22, the incident field results
in oscillations in the electron trajectories, which we expect to blur the distribution
after a short distance d < w0/2. Except for this blurring effect, we neglect the role
of the incident field after the electron ejection. Hence, we took initial conditions from
figure 4.21 as initial conditions in the p-VLA-2015 run with the test-particle code.
The simulation parameters for this run are gathered in table 4.4.

Figure 4.19c) shows the angular electron distribution obtained from these simula-
tions, for physical conditions corresponding to the experiment. The agreement of this
distribution with the experimental one is striking: the two main features observed in
the experiment – the hole around the laser axis and the bright peak shifted along the
laser polarization – are both well reproduced. The final energy spectra calculated on
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each side of the hole are shown in figure 4.19d) and also compare well with the ex-
perimental observations. Despite its simplicity, this model thus captures the essential
physics of the interaction in vacuum. This shows that effects such as space charge
or the nonsinusoidal waveform of the reflected field, not taken into account in these
simulations, do not play a major role once electrons are in vacuum.

4.3.5 Interpretation of the experimental results

Considering this good agreement, the 3D model can now be exploited to analyze the
trajectories of electrons contributing to the different patterns observed in the electron
beam. To this end, we sort the electrons into different groups, depending on the
number of laser optical cycles Noc that they have crossed along their trajectories. This
provides a quantitative criterion for distinguishing electrons that experienced vacuum
laser acceleration from those scattered by the ponderomotive force. It is illustrated
in figure 4.22 a) which shows two trajectories (x, z − ct), representative of these two
regimes: Noc ≤ 1 (full line) and Noc = 3 (dashed line). The corresponding temporal
evolutions of the electron Lorentz factor are shown in figure 4.22 b).
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Figure 4.22: Final distribution from run p-VLA-2015 with initial conditions from the
PIC simulation p-CI1D Panel a) shows two types of electron trajectories, corresponding
to electrons that have respectively explored Noc ≤ 1 (full line) and Noc = 3 (dashed line)
optical cycles before escaping the laser beam. The trajectories are displayed in a coordinate
system moving with the laser beam, and the colourmap sketches the laser field in this frame.
The circles represent the positions for which we consider that these electrons escape the laser
pulse, i.e. when the pulse envelope at the electron position is less than a0/100. Panel b) shows
the temporal evolution of the electron Lorentz factor γ(t) along these two trajectories. Panel
c) shows the angular distribution of various electron populations which are sorted according
to the number of optical cycles they experience.

In the first case, the VLA electron does not oscillate in the field, but rather surfs
the laser wavefront in which it was injected, along the polarization direction. It gains
energy almost all along its trajectory, until it escapes the focal volume sideways after an
interaction distance of the order of the Rayleigh length. In contrast, the ponderomotive
electron oscillates as it explores several optical cycles of the laser field, and gets quickly
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expelled out of the laser beam with a low energy gain – akin to a surfer that has missed
the wave – as illustrated in figure 4.22 b), where the circles stand for the ejection time.

In practice, there is a continuous transition between these two extreme types of
trajectories, depending on the exact electron injection conditions in the field. This
is illustrated by the images in figure 4.22 c), showing the beam patterns produced
by several sub-ensembles of electrons in the simulations, corresponding to Noc varying
from Noc = 0 (VLA electrons) to Noc ≥ 3 (ponderomotive electrons). Ponderomotive
electrons form a doughnut-shaped beam centered on the laser propagation axis, while
VLA electrons tend to concentrate in a bright peak on the edge of the ponderomotive
hole, along the polarization direction, as seen in section 4.2 (page 120).

This analysis confirms our interpretation of the electron beam patterns observed in
experiments, and provides clear proof that the bright peak in these patterns is due to
VLA. According to our simulations, these electrons are accelerated from 1.5 MeV to 10
MeV (figure 4.19 d)) over a distance of less than 100 µm, corresponding to an energy
gain by VLA of about 7 in this experiment. In addition, a remarkable feature of VLA
is that the position of the peak in figure 4.22 c) depends on the phase of injection of
electrons in the laser field: if we artificially vary this phase by π (half a laser period)
in the simulation, this bright spot shifts to the other side of the ponderomotive hole.
The experimental observation of this peak on one side only of the hole is thus a clear
indication that electrons are ejected out of the plasma mirror at a specific phase of the
laser field, in the form of sub-laser cycle (attosecond) bunches.

Conclusion: Accelerating electrons directly in a laser pulse has been a long-standing
issue, in particular because of its simplicity. The available intense electromagnetic fields
give hope that electrons could be accelerated up to highly relativistic energies within
a few microns.

In spite of this apparent simplicity, efficiently accelerating a bunch of electrons has
proved difficult. There is a lot of variety in the dynamics of an electron into an intense
laser, and the conditions for obtaining a high energy gain are stringent.

In this chapter, we identified the two most archetypal dynamics: (i) ponderomo-
tive when electrons oscillate many times in the laser field and (ii) VLA when they
do not oscillate but remain in the same laser period until they escape the pulse. We
presented scaling laws for the final angle and energy in both cases. Besides, for a given
electron distribution, we derived a criterion stating whether the VLA or the pondero-
motive dynamics is dominant.

We show that a high energy gain can be expected for electrons via the VLA mech-
anism provided the electrons start inside a high-intensity laser pulse with an initial
relativistic speed along the pulse propagation direction. This condition is extremely
challenging to fulfill experimentally, and most experiments to date lead to ponderomo-
tive scattering with low energy gain.

This problem can be solved using a plasma mirror injector: during the reflection
of a laser pulse upon a plasma mirror, electrons are ejected from the plasma towards
vacuum and can undergo VLA in the reflected pulse. The experiment was performed on
the UHI100 laser at CEA, and resulted in a 3 nC 10 MeV electron bunch accelerated via
VLA. Finally, we present a model to interpret the experimental electron distribution
as the superposition of a doughnut due to ponderomotive electrons and a bright spot
of VLA electrons.
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CHAPTER 5. ELECTRON ACCELERATION AND HIGH HARMONIC
GENERATION

Introduction

As presented in chapter 1, the reflection of an ultraintense laser pulse upon an overdense
plasma is an extremely rich interaction that can lead to particle acceleration as well
as high harmonic generation via two distinct processes. The coherent wake emission
process (CWE) is optimal for relatively low laser intensities (a0 < 1) and very short
density gradients (L < λ/40) whereas the relativistic oscillating mirror (ROM) mecha-
nism prevails for high intensities (a0 > 1) and longer gradients L ∼ λ/10− λ/5. Both
mechanisms occur once per laser period and result in a train of attosecond bunches
in the reflected field, giving rise to harmonics of the laser frequency in the spectral
domain. They are detected in experiments by measuring the spectrum of the reflected
field, and ejected electrons can also be detected in the backward direction. Comparing
these mechanisms gives significant insight into the plasma surface dynamics.

Figure 5.1 shows the electron density map and the generation of attosecond bunches
from the 1D PIC simulation these_cwerom. The first laser period leads to the ejection
of an electron bunch (elec1), a ROM attosecond bunch (rom1) and a CWE attosecond
bunch (cwe1), showing the simultaneity of these mechanisms. The first bunch rom1
is generated by electrons accelerated towards −x whereas cwe1 starts deeper inside
the plasma, due to plasma oscillations in the overdense region. The relative strength
of both mechanisms depends on the intensity and gradient conditions. The physical
conditions a0 = 1 and L = λ/60 were chosen with care so that both HHG mechanisms
occur with a comparable strength.
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Figure 5.1: Attosecond bunches from ROM and CWE mechanisms from 1D PIC simulation
these_cwerom with a0 = 1, L = λ/60, nmax = 100nc and τL = 4TL FWHM with a sin2

envelope, during the rising edge of the pulse. n(x = 5λ) = nc. The grey scale represents
the electron density, and the yellow-red scale the envelope of the attosecond reflected field (a
Fourier filter was applied to keep harmonics order above 4).

Section 5.1 focuses on the low-intensity regime where CWE is dominant. It is shown
that harmonic generation and electron emission occur for distinct gradient lengths. The
electron ejection and acceleration mechanisms in the low-intensity regime are compared
to the push-pull and VLA mechanisms that take place at high intensity. Section 5.2 is
dedicated to the high-intensity regime, and a clear correlation between ROM harmonics
and electron emission is demonstrated. Both sections strongly rely on experimental
results obtained on cutting-edge laser systems at LOA and CEA. In either case, the
optimal gradient is observed and measured to be around L = λ/10, confirming our
theoretical predictions.
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5.1 Anticorrelation CWE/electrons in the low-intensity

regime a0 < 1
The dominant mechanism for high harmonic generation in the low-intensity regime is
the CWE mechanism, as detailed in chapter 1. It relies on bunches of electrons, called
Brunel electrons, propagating towards the plasma bulk (+x), as shown in figure 5.2 a).

Electron ejection in this regime occurs via the same push-pull mechanism as in
the high-intensity regime, described in chapter 3: electrons are pushed towards the
plasma bulk, forming a plasma capacitor with the immobile ions. This plasma capacitor
accelerates an electron bunch towards vacuum, and some escape the plasma, as shown
in figure 5.2b).

This discussion gives clues that these processes should not be simultaneous: CWE
is dominant when many electrons travel towards +x whereas a bunch of electrons may
be ejected if a strong acceleration occurs towards −x. In addition, they are expected to
take place for very different gradient lengths: L ' λ/50 (see chapter 1) and L ' λ/10
(see chapter 3) respectively.

In section 5.1.1, through a controlled pump-probe experiment using sub-relativistic
femtosecond laser pulses, we directly observe the transition from a confined plasma that
can efficiently emit laser harmonics – figure 5.2 a) – to an extended plasma structure
that accelerates fast electrons into vacuum up to a few hundred keV – figure 5.2b).

Section 5.1.2 is dedicated to the electron ejection and acceleration processes. It is
shown that the same push-pull mechanism occurs as in the high-intensity regime. Yet
no vacuum laser acceleration occurs in this regime: the final energy of ejected electrons
is the energy they obtain from the plasma capacitor.
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Figure 5.2: Diagrams of plasma mirror surface structures leading to a) CWE and b) electron
acceleration on the sub-laser-cycle time scale: electrons are accelerated in the density gradient
and escape from the plasma.

5.1.1 Experimental results from the Salle Noire laser (LOA)
by Mäımouna Bocoum

Experimental setup and results

The experiment was carried out on the Salle Noire laser system at Laboratoire d’Optique
Appliquée (LOA) delivering 3 mJ energy, 30 fs (FWHM in intensity) pulses at 1kHz rep-
etition rate with high temporal contrast (better than > 10−10, see reference [Jullien
et al., 2014]). This experimental work was performed by M. Bocoum during her Ph.D.
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The p-polarized pulse is focused down to 1.7µm FWHM spot size onto an optically
flat fused silica target (∼ 250nc), leading to peak intensities on target ' 1018 W/cm2

(a0 ' 0.7) for an incidence angle θL = 49.3◦, with repetition rate of 1 kHz (see ref-
erence [Borot et al., 2014]). 5% of the main beam is picked off and focused down to
5 times the main beam spot size on target in order to induce homogeneous plasma
expansion at the surface. The plasma scale length L can then be varied by changing
the relative delay between this prepulse and the main high-intensity pulse. Spatial Do-
main Interferometry (SDI), presented in reference [Bocoum et al., 2015], was used to
estimate the plasma expansion velocity cs and we find cs = dL/dt = 10.8± 1.1, nm/ps
for a prepulse intensity of ' 3.5× 1014 W/cm2 (a0 ' 0.013).

Harmonics emitted in the specular direction are sent into a home-made XUV spec-
trometer where the harmonic spectrum is resolved in the horizontal plane and the har-
monic beam divergence in the vertical direction using a coupled MCP and phosphor
screen detector. At the same time, a 6× 17 cm Lanex scintillator was positioned 10 cm
away parallel to the target surface without blocking the specular direction. The angular
electron emission profile in this geometry was recorded as a function of θ ∈ [−20◦ 30◦],
the angle with respect to target normal in the plane of incidence and φ ∈ [−20◦ 20◦],
the angle with respect to target normal in the tangential plane. Note that the Lanex
screen only detects electrons with energies larger than 150 keV, see reference [Glinec
et al., 2006]. The Lanex screen could also be replaced by an electron spectrometer to
characterize the electron energy distribution.

Figure 5.3 a) shows the harmonic spectrum and the electron signal as a function of
pump-probe delay, hence the gradient length. The harmonic signal was integrated along
the divergence angle. The plasma scale length calculated from the plasma expansion
velocity is indicated on the bottom axis.

The first striking result is that harmonics are generated efficiently for pump-probe
delays below 4 ps, corresponding to L ≤ 0.05λ. The spectrum extends up to the plasma
frequency cutoff ωmax = 16ω0, which is the typical signature of CWE (see reference [Ka-
haly et al., 2013] and chapter 1). The plasma frequency cutoff confirms that Brunel
electrons efficiently generate coherent wake emission. This also indicates that the tem-
poral contrast close to the pulse peak does not allow us to explore arbitrarily small
plasma scale lengths. The drop in CWE emission efficiency with increasing density
gradient has already been observed experimentally and is theoretically predicted to be
in the range 0.02 < L/λ < 0.1 in references [Kahaly et al., 2013; Tarasevitch et al.,
2007] depending on laser intensity [Thaury & Quéré, 2010].

The second striking result is that a maximum electron signal is reached for a delay
of 8 ps (L ∼ 0.1λ), where harmonic emission is negligible. The ejected electrons form a
large spot between 10◦ and 20◦ and drop at the edge of the Lanex at ∼ 30◦. This drop in
signal is a geometrical artifact due to the anisotropic emission of the Lanex screen, see
reference [Glinec et al., 2006]. Figure 5.3b) shows the full electron angular distribution
for a delay of∼ 7 ps, obtained by moving the Lanex screen perpendicular to the specular
direction. The distribution shows a hole close to the specular direction, presumably
formed by the ponderomotive force of the reflected laser pulse, see chapter 4. Using the
Lanex calibration, we estimate that the ejected charge reaches a maximum of ∼ 11 pC
compared with ∼ 2 pC at zero delay. Figure 5.3c) shows electron spectra without
prepulse, for the optimal delay for electronic emission, and after 20 ps respectively.
Hence, electrons can be effectively accelerated up to ∼ 600 keV at the optimal density
gradient.
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Figure 5.3: (a) Experimental harmonic spectra and electron angular emission profiles as a
function of pump-probe delay (top axis) between the prepulse and the main pulse. The elec-
tron signal was integrated along the tangential coordinate φ. The corresponding plasma scale
length L (bottom axis) was extracted from the plasma expansion velocity cs = 10.8 nm/ps
measured by SDI; b) Electron angular distribution when the Lanex is placed perpendicu-
lar to the specular direction and after deconvolution; c) Electron energy spectra for three
typical delays; d) Same as a) for 2D PIC simulations with a0 = 0.4, and gradient length
L ∈ [0.01λ; 0.2λ].
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PIC simulations

Experimentally, we observe that the emission of harmonics and electrons is anti-correlated
when changing the gradient scale length. These experimental results were confronted to
2D particle-in-cell simulations (CWEv5_largewaist_L1s40-CWEv5_largewaist_L1s5),
in which a λ = 800 nm, 30 fs (intensity FWHM) pulse is focused onto an overdense
plasma (nmax = 250nc) with immobile ions. The plasma density decreases exponen-
tially with various scale lengths, from L = 0.01λ to 0.2λ. The plasma density is cut
at nb = nc/5, so that the plasma boundary is defined by xb = − log(5)L. The laser
amplitude is a0 = 0.4 and the incidence angle 45◦. A good spatial resolution is required
for simulating CWE harmonics, so we use ∆x = λ/420 with 80 particles per cell. In
the simulations, electrons are detected at 9λ away from the critical surface and only
electrons with energies > 150 keV are recorded. As illustrated in figure 5.3d), the PIC
simulations qualitatively reproduce our experimental observations: the CWE emission
efficiency decreases for L > 0.05λ and the effective ejected electron charge increases
up to ∼ 3 pC. µm−1 for L = 0.2λ compared to 0.12 pC. µm−1 when L = 0.01λ (i.e.
' 10 pC and 0.7 pC respectively, for a 3.4µm spot size FWHM).

The electron angular distribution was plotted over the range θ ∈ [−20◦ 30◦] for a
direct comparison with experiment. Note that PIC simulations were first performed
with the experimental vacuum laser amplitude a0 = 0.8, but a strong harmonic emis-
sion attributed to the ROM emission mechanism persisted for longer gradients. This
indicates that the laser intensity at focus is not high enough to support ROM emission
in the experiments (see chapter 1). Therefore, in the simulations, the beam spot size
was doubled without changing the pulse energy, i.e. a0 was decreased to 0.4, to repro-
duce the anticorrelated behaviour. Note that our overestimation of the experimental
intensity on target may be due to a slight defocusing of the laser on target or debris
reducing the overall reflectivity of the focusing optic, a standard problem with high
repetition rate laser-plasma interaction experiments using tight focusing.

Figure 5.4: Ejected charge as a function of the gradient length, from 2D PIC simulations with
a0 = 0.4, nmax = 250nc. The name of the scan was largewaist_electronsv2_L*. Keeping
the numerical space step ∆x = λ/420 and 80 particles per cell as in figure 5.3 results in a
dramatic increase of the computational cost. We changed both conditions and ran simulations
with a larger box. These conditions were not sufficient to describe high harmonic generation,
so we did not investigate CWE in this scan.

The scan CWEv5_largewaist* shown in figure 5.3 was not extended up to very long
gradients because of its computational cost. Besides, electrons are detected at a dis-
tance smaller than the Rayleigh length in this scan, and should be detected further. In
order to observe the optimal gradient in 2D PIC simulations, we re-ran this scan with
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only 10 particles per cell. These runs are largewaist_electronsv2_L0p0 - large-

waist_electronsv2_L1. The box size was 30λ× 90λ, and electrons were detected 25λ
away from the plasma surface. The result is shown in figure 5.4, where the optimal
gradient length is found between L = λ/5 and L = λ.
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Figure 5.5: a) Snapshot from the 2D PIC simulation for L = λ/40. Blue: electron density
(log-scale). Yellow-red: reflected harmonic field. A Fourier filter was applied to keep only
harmonic orders ≥ 5ω0. The harmonic field comes out as a train of attosecond pulses; b) Same
as a) for L = λ/5 (same instant, same colour scale); c) and d) typical electron trajectories for
L = λ/40 and L = λ/5 respectively. x is the coordinate normal to the plasma surface. The
grey scale stands for the plasma initial density and the black dotted line (x = 0) shows the
position of the critical density. The electrons represented here interact with the laser around
its maximum (t = 22TL). Red trajectories stand for ejected electrons.

Figure 5.5 shows a comparison of 2D PIC simulations with a gradient length opti-
mized for harmonic emission (L = λ/40) and electron emission (L = λ/5), respectively.
In panels a) and b), one can clearly see oscillations of the electron surface at the laser
frequency. This is very similar to what happens at high intensity (see figure 3.28,
page 109). Strong harmonic generation can be seen in panel a). The corresponding
electron trajectories are shown in panel c), where the x coordinate (normal to the
target) of electrons is plotted along time. For clarity, a single bunch of electrons is
represented here. It interacts with the laser around its temporal maximum (t = 22TL,
where TL is the optical period) in the center of the interference pattern. One can
clearly see Brunel-like trajectories: electrons make a short excursion in vacuum before
being driven back to the plasma where they trigger plasma waves. In panel b), the

147



CHAPTER 5. ELECTRON ACCELERATION AND HIGH HARMONIC
GENERATION

amplitude of these oscillations is greater and layers of electrons are ejected from the
plasma surface. The corresponding electron trajectories are plotted in panel d). Once
again, a bunch of electrons was selected for clarity. A fraction of these electrons (in
red) escape from the plasma and propagate into vacuum in the interference pattern
with a velocity ' c/2.

5.1.2 Dynamics of ejected electrons

Electron ejection: push-pull mechanism

In the low-intensity regime, the ejection process is the same push-pull mechanism as
the one occurring at high intensity, described in chapter 3. Oscillations of the plasma
surface can be seen in figure 5.5a-b). As in the high-intensity regime, no electron is
ejected when the density gradient is too short (see figure 5.5c)), whereas some escape
the plasma in the case of a long gradient (see figure 5.5d).

To highlight the role of the plasma capacitor, figure 5.6 shows the spectrum of
ejected electrons when they cross the plasma boundary at xb for a short (blue) and a
long (red) density gradient. The average energy is much higher for longer gradients,
thus confirming our predictions: the plasma capacitor provides more energy to the
ejected electrons in the case of a long density gradient, and serves as an injector of
electrons into the reflecting laser.
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Figure 5.6: Simulated ejected electron spectra at the plasma boundary xb for L = λ/40 (grey)
and L = λ/5 (red) as they cross the plasma critical surface.

Electron acceleration: prevailing role of the plasma capacitor

The ejected electrons travel through the interference field created by the incident and
reflected laser beams and it was still under debate whether plasma waves (see [Bastiani
et al., 1997]), interference fields (as in [Mordovanakis et al., 2009; Naumova et al.,
2004b; Tian et al., 2012]) or vacuum laser acceleration predominantly accounted for
final electron energies and angular spread for these intensities. As shown in chapter 3,
enhanced electron generation is observed typically for 0.1 < L/λ < 0.5.

To answer this question, we plot the simulated electron spectra at the plasma bor-
der, at 3.3λ and 9λ away from the plasma in figure 5.7b). Within this range, no net
energy gain can be observed from the electromagnetic wave in vacuum, we conclude
that the energy gain in this low-intensity experiment is mostly due to ac-
celeration inside the plasma gradient.

However, further away from the plasma (9λ), the electron spectrum broadens and
the tail of the distribution reaches 400 keV, which could be the signature of ponderomo-
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tive and/or stochastic heating in the interference pattern, as claimed in reference [Sheng
et al., 2002]. The observation of a hole formation in the experimental electron density
profile, that can be seen in figure 5.3b), and the absence of a strong collimated beam is
another evidence that the interaction between the accelerated electrons and the laser
is purely ponderomotive. Finally, from simulations and experiments, we also conclude
that electrons are not accelerated by plasma waves related to the CWE mechanism, as
suggested in reference [Bastiani et al., 1997], otherwise electron and harmonic emission
would be simultaneously optimal.
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Figure 5.7: Ejected electron spectra for L = λ/5 as they cross the plasma surface (dotted
line), 3λ and 9λ away from the plasma surface (respectively red and black solid line).

These results show the transition from high harmonic emission to fast electron
ejection as the electronic density gradient increases at the surface of a plasma mirror
driven by a sub-relativistic laser pulse. Experiments reveal that both processes do not
occur simultaneously for the same density gradient. For sharp gradients (L < λ/30),
electrons are driven across the confined plasma, leading to efficient CWE. For softer
gradients, some electrons are efficiently accelerated out of the plasma by the space
charge field created for L ∼ 0.1λ.

Although the interaction with the reflected laser field thermalizes the electron spec-
tra and reshapes the spatial emission profile via ponderomotive interactions, the major-
ity of the acceleration occurs inside the plasma density gradient. When the gradient
length becomes higher than L ∼ 40 nm, the plasma mirror behaviour switches
from a collection of efficient XUV resonators to a nanoscale electron accel-
erator.

5.2 Correlation ROM/electrons in the high-intensity

regime a0 > 1
The Relativistic Oscillating Mirror mechanisms is dominant for high harmonic genera-
tion in the high-intensity regime. When the electron density peak is accelerated towards
vacuum during the pull phase, it radiates an attosecond electromagnetic bunch with a
broad spectrum. This process is developed in chapter 1.

As demonstrated in chapter 3, a fraction of this peak can be ejected from the plasma
surface. More electrons are likely to escape the surface if they are accelerated faster by
the plasma fields during the pull phase. As a consequence, one can expect the ROM
efficiency and electron ejection to be correlated, as part of the same mechanism.

This consideration is investigated in more details in the next section, and the corre-
lation is demonstrated in experiments in section 5.2.2 and in 1D and 2D PIC simulations
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in section 5.2.3.

5.2.1 Expected correlation

Figure 5.8 a) shows the electron density from PIC simulation these_rom1 as well as
attosecond bunches. One can see that the electron dynamics is clearly very anharmonic.
As discussed in chapter 3, during each laser period, electrons are gathered in a sharp
density peak. This density peak can be seen as the oscillating mirror in Lichters’ model.
Once per laser period, the peak is strongly accelerated towards vacuum (see t/TL = 7
in this example), and generates high frequencies in the reflected field. Both Lichters’
model and the BGP theory relate the harmonic efficiency with the maximum speed of
electrons: the faster the density peak, the higher the harmonic efficiency.

The current density Jx is depicted in figure 5.8b). The emission of the attosecond
bunch in the reflected field at (t/TL = 7, x/λ = 5.2) occurs when Jx is maximum. More
details can be found in section 1.4.3, page 43.

As described in chapter 3, a small fraction of the electrons contained in the density
peak are ejected from the plasma. They form the electron jets propagating towards
−x in figure 5.8. As a consequence, we expect the electron ejection and harmonic
generation via the ROM mechanism to vary in a similar fashion.
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Figure 5.8: Surface dynamics in simulation these_rom1. a) Log-scale electron density. One
electron jet travels towards vacuum once per laser period. Colours represent attosecond
bunches. A Fourier filter was applied to the magnetic field to keep only high frequencies. b)
Transverse current Jx.

5.2.2 Experimental results from the UHI100 laser (CEA) by
Adrien Leblanc

The experiment was performed on the UHI100 laser at CEA by A. Leblanc and his
coworkers during his Ph.D. The experimental setup is the same one as used to study
VLA, and a detailed description can be found in chapter 4. Additional diagnostics were
used in order to measure the reflected field spectrum. The experimental conditions are
a0 = 3, θ = 55◦, the beam spot size is 5.5µm and the pulse duration is 30 fs. Both
the electromagnetic spectrum of the reflected field and the angular distribution for the
ejected electrons are recorded during the same laser shots.

The experimental results are shown in figure 5.9. Panel a) shows the harmonic
spectra as a function of the gradient length. Panel b) shows the angular distribution
for the ejected electrons. The black dashed line shows the optimal gradient, which is
the same for harmonic generation and electron ejection. These data were integrated to
get figure 5.9 c), where the total ejected charge and the harmonic efficiency are plotted
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θy = 0

n = 20 25

a0 = 3

n = 20 25

Figure 5.9: [Image from A. Leblanc’s thesis]a) Experimental harmonic spectra as a function of
the gradient length L. b) Electron angular emission profile as a function of the gradient length.
The electron signal was integrated along the direction perpendicular to the polarization plane.
c) Total harmonic efficiency e in harmonic orders H20-H25, along with electron emission.
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as a function of the gradient length. They clearly vary in a similar fashion and are
clearly correlated.

5.2.3 Confirmation from PIC simulations

2D PIC scan

We expect the ejected charge and the harmonic efficiency to be correlated. In order
to further investigate this correlation, we performed a scan of 2D PIC simulations,
and measured at once the ejected charge and the harmonic generation efficiency. We
used the scan injectorv4_L1s*, already seen in chapter 3. The result is shown in
figure 5.10 b), where the Q− charge defined in section 3.3.4 is plotted with the harmonic
signal as a function of the gradient length. The total charge is shown in figure 5.10 a).
Both the harmonic signal and the relevant electron signal Q− peak for the same value,
showing a clear correlation.
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Figure 5.10: Ejected charge as a function of the gradient length from scan injectorv4 (see
chapter 3). a) Total ejected charge Q and ejected charge with angle < 45◦ (Q−) and > 45◦
(Q+). b) Ejected charge Q− along with harmonics efficiency for H14 and H16.

1D PIC scan

The harmonics efficiency can also be compared with the electron ejected charge in the
1D PIC scan harmv9_a*_L1s* shown in chapter 3. Figure 5.11 shows the ejected charge
as well as the efficiency of two harmonic orders as a function of a0 and the gradient
length L. As expected, HHG via the ROM mechanism and ejected charge vary in a
similar fashion indeed. However, the decrease in harmonics efficiency is not as clear
as in 2D PIC simulations and experiments. Note that a small bulb with non-zero
harmonic signal can be seen in panels b) and c) for a0 < 1 and L < 0.05. These are
harmonics generated via the CWE mechanism.

Conclusion: Electron emission and harmonic generation were simultaneously stud-
ied. We investigated two regimes: the sub-relativistic regime and the relativistic regime,
corresponding to the two laser systems that provided the experimental results, the Salle
Noire laser at LOA and the UHI100 laser at CEA respectively. Both lead to backward
electron acceleration by the mechanism described in chapter 3, and high harmonic
generation via two distinct mechanisms.

In the sub-relativistic regime (a0 < 1), coherent wake emission (CWE) is the domi-
nant mechanism for high harmonic generation, which is substantial for short gradients
L ∼ λ/50. Electron emission is still optimal for a longer gradient length Lmax ' λ/10.
Hence, scanning the L parameter, we observed no correlation, or even anti-correlation
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Figure 5.11: a) Ejected charge from scan PARAM_harmv9 (see chapter 3) b) H11 efficiency. c)
H15 efficiency.

between CWE efficiency and electron ejection. The density gradient acts as a plasma
capacitor that accelerates electrons. The final energy of ejected electrons is compara-
ble to their energy when they leave the plasma. They do not experience VLA because
they have sub-relativistic speed and because the Rayleigh length in this experiment is
extremely short. In the low-intensity experiment, electrons are mostly accel-
erated by the plasma capacitor.

In the relativistic regime (a0 > 1), high harmonics are generated via the relativistic
oscillating mirror (ROM). Electrons are gathered in a sharp density peak which radiates
as it is accelerated towards vacuum. A small fraction of this peak escapes the plasma,
and composes the ejected electrons, as described in chapter 3. Therefore, ejected
electrons are part of the sheet that radiates high frequencies, and these two mechanisms
are clearly correlated. The final energy of the ejected electrons can be seven times
higher than when they leave the plasma because electrons experience VLA. Indeed,
they have relativistic speed and the laser Rayleigh length is relatively long. In the
high-intensity regime, electrons can be mostly accelerated in the reflected
field via the VLA mechanism.

These results are summarized in figure 5.12, where the ejected charge and harmonics
efficiency are shown as a function of the gradient length on the Salle Noire laser at
LOA (a) and on the UHI100 laser at CEA (b). Signals are anti-correlated in the first
case and correlated in the second case, and the ejected charge peaks around L = λ/10
in both regimes. In agreement with our predictions in chapter 3, for our range of
parameters, the optimal gradient length is nearly independent of the laser
intensity.
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Figure 5.12: a) Harmonics efficiency e and ejected charge as a function of the density gradient
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laser at CEA. All signals were normalized with respect to their maximum value.
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Conclusion

Outcome

The first part of my PhD work consisted in identifying the backward electron ejection
process when a laser pulse reflects off a plasma mirror. In a simplified configura-
tion, where a monochromatic wave with 1 < a0 < 20 impinges under oblique inci-
dence θ = 45◦ on an overdense plasma with a step-like density profile with density
5 < n0/nc < 15, a bunch of electrons is ejected at every laser period via a push-pull
mechanism. Electrons at the plasma surface are gathered in a sharp density peak that
oscillates inside the plasma. The ions create a plasma capacitor which accelerates the
electron peak towards vacuum during the pull phase, and a fraction of the electrons
contained in the peak can escape the plasma and propagate along the reflected field.
The ejected charge depends on the S = n0/a0 parameter, and PIC simulations showed

that no electrons were ejected above a threshold value S
[PIC]
th ∼ 0.85. For S > S

[PIC]
th ,

the potential of the plasma capacitor is no longer strong enough to counter the gyro-
magnetic effect, and all electrons are brought back to the plasma. Based on Gonoskov’s
model, we propose a toy model that reproduces this threshold, and find S

[model]
th ∼ 0.8.

This analysis is extended to the configuration of most experiments, namely a largely
overdense plasma nbulk ∼ 200nc with an exponential density gradient on its front side.
The same push-pull mechanism occurs as in the case of a step-like profile. We show
that there is an optimal gradient scale length Lmax ' λ/8 for electron ejection: when
kL → 0, plasma fields vanish and the gyromagnetic effect prevents electron ejection,
as in the n0 → ∞ step-like case. When kL → ∞, the mechanism breaks and the
ejected charge drops. The optimal gradient length was measured to be L[exp]

max ' λ/10
in experiments in two very different regimes, thus confirming our predictions. These
considerations showed the key role played by the plasma fields, and nourished the other
topics investigated in this work.

The second theme I investigated was the vacuum laser acceleration scheme (VLA),
and the possibility to use a plasma mirror as an electron injector. When studying the
dynamics of an electron in a laser pulse, most studies consist in scanning the elec-
tron initial conditions and plotting the resulting energy gain. This procedure gives
the optimal initial conditions to accelerate an electron inside a laser pulse. My work
in this domain was inspired by experiments, and aimed at underlining general trends
and scaling laws. Two archetypal behaviors were highlighted: first, the ponderomotive
dynamics when electrons oscillate in the laser pulse and are scattered by the pon-
deromotive force, resulting in a doughnut-shape distribution with a low energy gain.
Second, the VLA dynamics when electrons are accelerated in the same phase of the
laser field all along their propagation until they leave the pulse, forming a spot in the
polarization plane with a high energy gain. In a simplified configuration where the
electrons start at a field node with speed along the propagation direction, a single
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parameter Π, which links the laser parameters a0, zR and the energy of the electrons,
governs the balance between these two cases. As shown in chapter 3, an attosecond
electron bunch is ejected from the plasma for every laser period when the reflected
field is zero. These electrons have relativistic energies and travel in a direction close
to the specular direction, i.e. the propagation direction for the reflected pulse. These
conditions are close to be optimal for VLA. An experiment performed on the UHI100
laser at CEA (a0 = 3, 5.5µm spot size and 30 fs duration) showed that a plasma mirror
could actually serve as an electron injector for VLA. This proof-of-concept experiment
resulted in a 3 nC, 10 MeV electron beam, and both ponderomotive and VLA dynamics
were identified using a model.

One of the interests of plasma mirrors resides in the possibility to generate attosec-
ond bunches via high harmonic generation. Hence, the third and last theme of this work
was naturally the correlation between high harmonic generation and electron ejection.
This study strongly relies on experimental results on the two laser systems UHI100 and
Salle Noire, that allow a precise control of the experimental parameters, in particular
the gradient length, and provide extremely valuable results. Two regimes were thus in-
vestigated, corresponding to the parameters accessible with these two systems. On the
one hand, experiments on the Salle Noire laser in the sub-relativistic regime (a0 ' 0.5)
showed an anti-correlation between harmonic generation and electron emission. This
is because the dominant mechanism in this regime, coherent wake emission, is optimal
for very short gradients L ∼ λ/50 and relies on electrons that return to the plasma,
whereas electron emission takes place when electrons are accelerated out of the plasma.
Hence, when increasing the gradient length for a0 ' 0.5, the plasma behavior switches
from a collection of nanoscale resonators to a nanoscale accelerating capacitor. On
the other hand, experiments performed on the UHI100 laser in the relativistic regime
a0 ' 3 showed a strong correlation between harmonic generation and electron emission.
Knowing the ejection process, the reason is straightforward: ejected electrons belong
to the density peak that radiates an attosecond bunch. As a consequence, the faster
the density peak, the higher the harmonic efficiency and the higher the ejected charge.
Finally, this chapter also demonstrated that the electron acceleration mechanism is
different in the two abovementioned regimes: in the low-intensity regime, electrons are
mostly accelerated in the plasma capacitor whereas in the high-intensity regime, the
electron energy can be multiplied by seven via VLA in the reflected pulse after ejection
from the plasma mirror. The two laser parameters responsible for this discrepancy are
the laser intensity and the Rayleigh length.

Based on two distinct topics, high harmonic generation and electron emission, this
study aimed at bringing insight into the plasma surface dynamics during the reflection
of a laser pulse upon a plasma mirror. The jets of ejected electrons are a signature of the
ROM mechanism, which provides a macroscopic observable of a nanoscale phenomenon.
Besides, even though this study did not aim at providing a new source of electrons,
one can be interested in characterizing the electron bunch accelerated via VLA. Using
the toy model proposed in chapter 4, we can see that this source provides a very high
charge electron bunch with a large angle-energy correlation: the closer from the specular
direction, the higher the electron energy. Let us assume we put a pinhole to select a
∆θ = 1◦ disk of the ejected electrons in the polarization plane. If the pinhole is located
in the electron spot at an angle θselect = 6◦ with respect to the specular direction, the
resulting electron bunch has a 10 MeV peak energy with 100% energy spread FWHM.
Then, θselect = 8◦ gives a 7 MeV peak energy with a 60% energy spread and θselect = 10◦
gives a 5 MeV peak energy with a 60% energy spread. In all cases, the ejected charge
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is around 30 pC. This is not yet a competitive source for applications like ultrafast
electron diffraction, which requires a ∼ 1% energy spread, but these very first results
stimulate further studies, where the role of the angle of incidence, for exemple, could
be clarified.

Perspectives

The VLA experiment performed on the UHI100 laser served as a proof-of-principle
for vacuum laser acceleration with a linearly-polarized gaussian beam. In a short
term, two ideas can be put into practice: first, this scheme can be extended to a
radially-polarized laser beam, for which a significant amount of theoretical studies
show that it could result in an energetic collimated electron bunch [Bochove et al.,
1992; Fortin et al., 2009; Marceau et al., 2013; Salamin, 2006]. When focused down to
a few microns spot size, such a beam has a strong component of the electric field along
the propagation direction, which is perfectly suited to accelerate electrons. Besides,
the radial electric field vanishes on the axis. When injected at the appropriate phase,
electrons can propagate in fields that are both accelerating and focusing, which is the
optimal configuration (as in laser wakefield accelerators). This could result in a few-
MeV electron bunch much more collimated than with a linear polarization. Yet as
shown in chapter 3, the plasma mirror injector does not allow for a control of the
injection phase. But our first brief investigations on VLA with a radially-polarized
beam using a plasma mirror injector showed that a significant charge could actually be
injected in the optimal phase. Besides, in this case, the push-pull mechanism can also
be at play in normal incidence because the longitudinal electric component would be
normal to the target.

Second, when dealing with high harmonic generation, the attosecond lighthouse
scheme [Wheeler et al., 2012] allows the generation of isolated attosecond light pulses,
instead of a train of pulses. Introducing a wave-front rotation at the laser focal spot,
the attosecond light pulses propagate in slightly different directions, and can be sepa-
rated via angular gating. This elegant technique could be applied to electron emission.
During each laser period, a short electron bunch is ejected and accelerated via VLA,
resulting in a broad spectral and angular distribution with a strong correlation be-
tween energy E and angle θe: E = f(θe). Using the lighthouse technique, this function
f could be drastically different for consecutive cycles. As a consequence, when looking
at a given angle theta, one could see several electron bunches with distinct energies,
coming from distinct laser periods. This makes it possible to select easily a single
bunch, generated during a single laser period, with potential few-fs duration. More-
over, even without this angular gating technique, a single short electron bunch can be
generated using a single-cycle laser pulse: experiments with a 3.4 fs pulse with rela-
tivistic intensity are currently being carried out on the Salle Noire system at LOA,
and the distribution of the ejected electrons will be characterized soon. In this case,
the carrier-envelope phase, namely the phase between the optical cycle and the pulse
envelope, could play an important role. This parameter is well-controlled on the Salle
Noire system, allowing a precise study of the physics involved.

On the long term, one can think of three applications for these VLA electron
bunches. First, their properties are perfectly suited for non-destructive X-ray con-
trol: an electron beam with relativistic energies (∼ 10 MeV), high charge (> 1 nC) and
large divergence (10◦) propagates through a tantalum foil, where electrons are stopped
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and emit X-rays via the bremsstrahlung mechanism. This bright X-ray source with
a large divergence can be used to probe matter, and may find industrial application
in the crack detection in the structure of a plane, in particular in the landing gear.
VLA electrons would very well meet the needs for this application, as soon as the laser
system can be compact and work at a high repetition rate.

Another long-term application consists in combining this VLA electron bunch with
other accelerating schemes, like laser wakefield accelerators. The high ejected charge
and the strong energy-angle correlation allows for a strong filtering, and can result in
a 5 − 10 MeV electron bunch perfectly synchronized with the laser pulse. Combining
a plasma mirror with a gas jet can provide a new injection technique, which is a hot
topic for laser wakefield accelerators.

Finally, the strongest property of plasma mirrors is their capability to generate
simultaneously high harmonics of the laser and bunches of relativistic electrons with
a very large charge. Combined with the rotating target system already implemented
on the Salle Noire laser system, this could provide a 1 kHz source of relativistic elec-
trons. Also, the high charge allows a fine filtering in the electron distribution. As a
consequence, plasma mirrors with future laser systems could provide a double source
of isolated soft X-ray attosecond pulses and ultrashort relativistic electron bunches.
These perfectly synchronized sources could be used for pump-probe experiments, with
an X-ray pump and an electron probe, leading to ultrafast electron diffraction with
extreme time and space resolutions.
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APPENDIX A. PARAMETERS FOR NUMERICAL SIMULATIONS

name a0 τL nbulk nmin L Te[eV] ions Ti[eV]
these_cwe2 0.3 ∞ 100nc 0.2nc λ/60 0 immobile 0
these_cwe 0.1 ∞ 250nc 0.2nc λ/50 0 immobile 0
these_rom2 0.8 ∞ 100nc 0.2nc λ/50 0 immobile 0
these_rom1 5 ∞ 50nc 0.2nc λ/8 0 immobile 0
these_step 10 ∞ 5nc 0.1nc 0 0 immobile 0

these_grad1s64 5 2TL FWHM sin2 200nc 0.1nc λ/64 0 immobile 0
these_grad1s8 5 2TL FWHM sin2 200nc 0.1nc λ/8 0 immobile 0
harmv9_a*_L1s* * 10TL FWHM G 250nc 0.2nc * 500 3672 50
these_cwerom 1 4TL FWHM sin2 100nc 0.2nc λ/60 0 immobile 0

Table A.1: Physical parameters for 1D PIC simulations. All simulations were performed with
EPOCH. The angle of incidence was θ = 45◦. The second column indicates the duration and
the temporal profile of the laser envelope, where sin2 stands for an arch of a sin2 function
and G stands for a gaussian function. When ions are not immobile, the second last column
contains the ion’s m/q ratio with respect to the electron’s m/q ratio.

name ∆x ppc xcrit Lbulk Npart Ncell Nstep

these_cwe2 λ/3000 500 5λ 3λ 2× 106 2× 104 6× 104

these_cwe λ/5000 500 1λ 3λ 106 8× 103 2× 104

these_rom2 λ/1000 50 5λ 3λ 105 104 2× 104

these_rom1 λ/1000 500 5λ 3λ 106 104 2× 104

these_step λ/2000 1000 3λ 3λ 4× 106 104 2× 104

these_grad1s64 λ/1000 500 3λ 3λ
these_grad1s8 λ/1000 500 3λ 3λ
harmv9_a*_L1s* λ/3000 1000 20λ 4λ 2× 106 8× 104 2× 104

these_cwerom λ/3000 500 5λ 2.2λ

Table A.2: Numerical parameters for 1D PIC simulations. All simulations were performed
with EPOCH. Lbulk stands for the width of the dense region of plasma with n = nbulk.

II
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Appendix B

Extended Brunel model

Figure 1.9 shows electron trajectories calculated with a simplified model. We start
from Brunel’s hypotheses (see section 1.3.2), and relax the following hypotheses:

Low-intensity: Relativistic and magnetic corrections are included in the equation of
motion;

Small displacement: We no longer assume that the electron displacement around
the target surface is small (|δx| � λ), so that the space dependence is taken into
account in the equations.

All other assumptions from Brunel’s model, including the perfectly reflecting mirror
and the plasma fields, are conserved. Besides, the equations are solved in the Bourdier
boosted frame (see 1.2), where the incident, reflected and plasma fields on electron
number j are respectively:

E′i = −E0 cos θ sin(ω′t′ − k′x′)ey (B.1)

B′i = −E0

c
cos θ sin(ω′t′ − k′x′)ez (B.2)

E′r = +E0 cos θ sin(ω′t′ + k′x′)ey (B.3)

B′r = −E0

c
cos θ sin(ω′t′ + k′x′)ez (B.4)

E′pj = −2E0 sin θ cos θ sin(ω′t′j)ex (B.5)

B′pj = −2E0

c
sin2 θ cos θ sin(ω′t′j)ez (B.6)

where x is the electron position and tj is its release time in the fields. The electron
speed is v. Solving

dp′j
dt′

= −e(E′ + v′ ×B′) (B.7)

with E′ = E′i +E′r +E′pj (B.8)

and B′ = B′i +B′r +B′pj (B.9)

for different release times tj with 0 < tj < T ′L/2 gives trajectories in figure 1.9.
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Appendix C

Summary in French

Lorsqu’une impulsion laser est focalisée à une intensité relativiste sur une cible solide, le
matériau est instantanément ionisé et forme un miroir plasma, c’est-à-dire un plasma
surdense présentant un court gradient de densité sur sa face avant. La réflexion de
l’impulsion laser génère alors des harmoniques élevées dans l’impulsion réfléchie, et des
électrons peuvent être accélérés hors de la cible. Si la génération d’harmoniques est bien
comprise, l’accélération des électrons reste, à ce jour, mal expliquée. Or, de nombreuses
expériences font état d’électrons éjectés de la cible, parfois à des énergies relativistes.
Basé sur des résultats expérimentaux obtenus avec deux lasers femtosecondes ultrain-
tenses (le laser Salle Noire au LOA et le laser UHI100 au CEA), ce travail théorique
et numérique a pour but d’identifier les mécanismes d’éjection et d’accélération des
électrons hors de la cible. Les simulations numériques ont été réalisées avec le code
particle-in-cell EPOCH.

On considère une impulsion laser ultracourte (25 fs, avec 1 fs = 10−15 s) et ultrain-
tense (I ∼ 1018 W · cm−2) focalisée en incidence oblique (θ ' 45◦) et polarisation P
sur un miroir plasma. La longueur d’onde du laser est de l’ordre de λ = 800 nm et
la tache focale mesure quelques microns. Le corps du plasma est largement sur-dense
et le gradient de densité en face avant a un profil exponentiel avec une longueur car-
actéristique inférieure à la longueur d’onde du laser. Expérimentalement, ce profil de
plasma est obtenu en focalisant une pré-impulsion sur une cible solide (un morceau
de plastique avec une qualité de surface optique) avant l’impulsion principale. Cette
pré-impulsion ionise la cible, et le plasma sur-dense ainsi créé s’étend dans le vide en
formant un profil exponentiel. L’impulsion principale est envoyée sur la cible quelques
picosecondes après la pré-impulsion. La longueur de gradient est ainsi déterminée par
l’intervalle de temps entre la pré-impulsion et l’impulsion principale.

Lorsque l’impulsion principale se réfléchit sur le miroir plasma, certains électrons
initialement présents dans le gradient de densité sont éjectés du plasma. Le premier axe
de recherche a été d’identifier le mécanisme d’éjection, qui a lieu à l’échelle du gradient
de densité (< λ). Nous avons démontré qu’il s’agit d’un mécanisme de type push-pull
périodique : pendant chaque cycle optique, les électrons sont successivement poussés
dans le plasma pendant un demi-cycle, puis tirés vers le vide pendant le demi-cycle
suivant. Ces oscillations forcées génèrent des champs plasma très intenses. Nous avons
expliqué le rôle déterminant de ces champs plasma et montré que la longueur carac-
téristique du gradient de densité est un paramètre fondamental de cette interaction.
En particulier, les simulations numériques et les expériences révèlent qu’il existe une
longueur de gradient optimale pour l’éjection d’électrons (de l’ordre de λ/10), et nous
proposons une explication à cette observation.
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APPENDIX C. SUMMARY IN FRENCH

Après l’éjection du plasma, les électrons peuvent être accélérés par les champs laser
de l’impulsion réfléchie. Cette étape a constitué mon deuxième axe de recherche. Ce
processus, appelé accélération laser dans le vide, avait été peu étudié expérimentale-
ment en raison de la difficulté d’injecter des électrons directement au centre d’une
impulsion laser intense. Le miroir plasma constitue une solution à ce problème, et
sert d’injecteur à électrons. Grâce à un modèle présenté dans cette thèse, nous avons
pu interpréter les résultats expérimentaux obtenus sur le laser UHI100 du CEA. En
particulier, nous démontrons que ces expériences ont conduit pour la première fois à
l’accélération dans le vide d’un faisceau d’électrons de charge élevée (3 nC) jusqu’à des
énergies relativistes (10 MeV).

Enfin, la génération d’harmoniques lors de cette interaction peut se produire suiv-
ant deux mécanismes : l’émission cohérente de sillage (CWE) à faible intensité et le
miroir oscillant relativiste (ROM) à haute intensité. La comparaison entre l’éjection
d’électrons et chacun de ces mécanismes bien connus constitue le troisième axe de
recherche de cette thèse. Nous avons interprété les expériences réalisées sur le laser
de la Salle Noire du LOA, qui ont révélé une anti-corrélation entre la génération
d’harmoniques par CWE et l’éjection d’électrons à basse intensité. A l’inverse, dans
le régime de haute intensité, la génération d’harmoniques par le mécanisme ROM et
l’éjection d’électrons évoluent de façon très similaire lorsqu’on fait varier la longueur
de gradient. Nous montrons que ces grandeurs sont corréléess car elles témoignent
toutes deux du même mécanisme. La comparaison entre la génération d’harmoniques
et l’éjection d’électrons nous a permis de valider notre compréhension du mouvement
des électrons et d’apporter de nouvelles connaissances sur la dynamique nanométrique
de la surface du miroir plasma.
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Vacuum laser acceleration of relativistic electrons
using plasma mirror injectors
M. Thévenet1†, A. Leblanc2†, S. Kahaly2, H. Vincenti1, A. Vernier1, F. Quéré2* and J. Faure1*

Accelerating particles to relativistic energies over very short distances using lasers has been a long-standing goal in physics.
Among the various schemes proposed for electrons, vacuum laser acceleration has attracted considerable interest and has
been extensively studied theoretically because of its appealing simplicity: electrons interact with an intense laser field in
vacuum and can be continuously accelerated, provided they remain at a given phase of the field until they escape the laser
beam. But demonstrating this e�ect experimentally has proved extremely challenging, as it imposes stringent requirements
on the conditions of injection of electrons in the laser field. Here, we solve this long-standing experimental problem by using a
plasmamirror to inject electrons in an ultraintense laser field, and obtain clear evidence of vacuum laser acceleration.With the
advent of petawatt lasers, this scheme could provide a competitive source of very high charge (nC) and ultrashort relativistic
electron beams.

Femtosecond lasers at present achieve light intensities at focus
that far exceed 1018 Wcm−2 at near infrared wavelengths1. One
of the great prospects of these extreme intensities is the laser-

driven acceleration of electrons to relativistic energies within very
short distances. At present, the most advanced scheme consists of
using ultraintense laser pulses to excite large-amplitude wakefields
in underdense plasmas, providing extremely high accelerating
gradients of the order of 100GVm−1 (ref. 2). However, over the
past decades, the direct acceleration of electrons by light in vacuum
has also attracted considerable interest and has been extensively
studied theoretically3–11. These investigations have been driven by
the fundamental interest of this most elementary interaction, and by
its potential for extreme electron acceleration through electric fields
greater than tens of TVm−1 that ultraintense laser pulses provide.

The underlying idea is to inject free electrons into an ultraintense
laser field so that they always remainwithin a given half optical cycle
of the field, where they constantly gain energy until they leave the
focal volume. One-dimensional (1D) analytical calculations3 show
that, for relativistic electrons, the maximum energy gain from this
process is 1E ∝mc2γ0a20, where γ0 is the electron initial Lorentz
factor, a0 is the normalized laser vector potential, m the electron
mass, and c the vacuum light velocity. Reaching high energy gains
thus requires high initial energies γ0� 1 and/or ultrahigh laser
amplitudes (a0�1).

In contrast with the large body of theoretical work published
on this vacuum laser acceleration (VLA) of electrons to relativistic
energies, experimental observations have largely remained
elusive12–17—sometimes even controversial18,19—and have so far
not demonstrated significant energy gains. This is because VLA
occurs efficiently only for electrons injected in the laser field
with specific initial conditions that are extremely challenging to
fulfil experimentally9. Indeed, to stay in phase with the laser field,
electrons need to have initial velocities close to c along the laser
propagation axis. In addition, they should start interacting with the
intense laser beam already close to its spatial and temporal maxima,
and even be injected at appropriate phases of this field.

Electrons that do not satisfy these stringent requirements tend to
explore many different optical cycles as they interact with the laser
field, leading to an oscillatory motion where they are successively
accelerated and decelerated, so that their final energy gain is low.
When averaged over several cycles, this typically results in a drift
motion where electrons are isotropically expelled away from high-
intensity regions, an effect which can be accounted for by the
relativistic ponderomotive force20–22.

Here, we present clear evidence of VLA of bunches of ∼1010
electrons, corresponding to charges in the nC range, up to
relativistic energies around 10MeV.Our experimental results clearly
discriminate for the first time electrons that have experienced
subcycle acceleration, from those whose dynamics has mostly
been determined by ponderomotive scattering. To solve the long-
standing experimental problem of electron injection in the laser
field, we demonstrate a new approach based on the use of plasma
mirrors23, that specularly reflect ultraintense laser fields while
simultaneously injecting relativistic electrons in the core of these
reflected fields, co-linearly with the propagation direction.

Plasma mirrors as electron injectors
Plasma mirrors are dense plasmas resulting from the ionization
of initially solid targets irradiated by intense femtosecond laser
pulses23. Because their density is comparable to the initial solid
density (∼1023 electrons cm−3), their reflectivity can be as high as
80% (ref. 24). An essential feature of plasmamirrors is that to a large
extent they behave like ordinary mirrors: the laser field is specularly
reflected with hardly any alteration of its spatial properties25,
even at extremely high laser intensities. This is because plasma
expansion is very limited on subpicosecond timescales: the plasma–
vacuum interface remains optically flat (flatness δL� λ, with λ
the laser wavelength) while the femtosecond laser pulse reflects,
thus leaving the beam wavefront essentially unaffected. Owing to
these remarkable properties, plasma mirrors are now largely used
in ultrafast optics as a single-shot high-intensity optical device, for
example, to improve the temporal contrast of femtosecond pulses24,
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Figure 1 | Injection of relativistic electrons in ultraintense laser fields using plasma mirrors. a, Principle of a plasma mirror injector. As an ultraintense
laser pulse (E-field sketched in red and blue) reflects on a plasma mirror, it expels relativistic electrons (black dots) at specific phases of the field. These
electrons then interact with the reflected pulse in vacuum. b, Electron trajectories (blue lines) computed from a 2D PIC simulation of the laser–plasma
interaction (see Methods). Electrons were initially located in the vicinity of the surface of the plasma mirror. Once expelled from the surface, they
co-propagate and interact with the reflected laser field over a distance of the order of the Rayleigh length (zR= 100λ). This interaction clearly modifies the
electron angular distribution as electrons are expelled to the side of the focal volume (see also Supplementary Movie).

for the tight focusing of ultraintense beams26, or for the generation
of high-order harmonics and attosecond pulses27,28.

During reflection on a plasma mirror, an ultraintense laser
pulse can also expel relativistic electrons in a direction close to
the specular angle, as seen in particle-in-cell simulations (PIC)29,30.
Thus, the key idea of this work is that plasma mirrors can be used
as electron injectors in the reflected laser field, providing a simple
experimental solution to study the interaction of free electrons with
intense lasers in vacuum (Fig. 1). These electrons are emitted at
given phases of the laser field30,31, as depicted in Fig. 1a, and then
interact with this field in vacuum over the Rayleigh length, as shown
in Fig. 1b. Although there have been some observations of electron
ejection from solid surfaces31–35, the experimental parameters did
not permit the attainment of the VLA regime we have identified in
this work.

Experimental results
Our experiment consisted in measuring the spatial profile of
electron beams emitted by plasma mirrors exposed to ultraintense
laser pulses, aswell as their energy distributions at different emission
angles. It was performed on the UHI100 laser at CEA/IRAMIS, a
100 TW laser system that delivers 800 nm, 25 fs pulses. Once their
temporal contrast is improved by four orders of magnitude with
a plasma-based temporal filtering system36, the laser pulses are
focused on a flat fused silica target at an incidence angle of 55◦ in
the p-polarization, at a peak intensity of 2×1019 Wcm−2 (a0'3.1).
The focal spot is 5.5 µm full-width at half-maximum (FWHM)
and the Rayleigh length is about 80 µm. To optimize the electron
signal, the scale length of the plasma density gradient at the surface
was accurately controlled by preionizing the target with a weaker
prepulse (∼1016 Wcm−2) at an adjustable delay of a few hundreds
of femtoseconds before the main pulse37 (see Supplementary
Information for the full data). The electron beam spatial profile was
measured using a LANEX phosphor screen placed 15 cm away from
the target, perpendicularly to the specular direction, imaged on a
charged-coupled device (CCD) camera. A magnetic spectrometer
can be inserted before this LANEX screen to measure the electron
energy distribution.

A typical electron angular distribution is shown in Fig. 2.
The measured electron emission spreads over a broad cone of
∼600mrad angular width, but is spatially very inhomogeneous
within this cone. A pronounced hole is observed around the
propagation direction of the reflected beam, with a cylindrical
symmetry around this axis. The total angular width of this hole
is about 200mrad, comparable to the divergence of the reflected
beam. The other dominant feature is a bright electron peak on

one edge of this hole, along the direction of the laser polarization
(horizontal axis in Fig. 2) and located between the specular and
the normal directions. Its divergence is about 100mrad, much
smaller than that of the total electron beam. From the signal
measured on the calibrated LANEX screen38, the overall charge in
the electron beam is about 12 nC, with 3 nC within the bright spot.
Note that these patterns were clearly observed at high intensity
I>1019 Wcm−2 and optimized for gradient scale lengths ofL'λ/15
(see Supplementary Information).

Figure 2b shows the spatially resolved electron spectra measured
at two different locations in the beam, on opposite sides of the
hole along the laser polarization direction. Broad peaked spectra are
observed, with a central energy of a few MeV. The key feature here
is that the central energy is two times higher in the bright electron
peak (10MeV) than on the opposite side of the hole (5MeV). This
difference in energy suggests a straightforward interpretation for
the spatial pattern of the electron beam. The bright peak along
the laser polarization could correspond to electrons which have
gained energy by VLA owing to appropriate injection conditions in
the field. The other electrons in the beam would have experienced
isotropic ponderomotive scattering, leading to the symmetrical
hole around the laser axis. We now validate this interpretation, by
first studying the conditions of injection of electrons from plasma
mirrors into the vacuum, and then their subsequent dynamics in
the reflected field.

Modelling of the experimental results
Given the complexity of the coupling between intense laser fields
and plasma mirrors, we turn to PIC simulations to determine the
properties of electrons ejected in the vacuum. Figure 3a shows
the density of ejected electrons as a function of time, together
with the waveform By(t) of the reflected field for interaction
conditions corresponding to our experiment. These quantities were
both sampled very close to the plasma mirror surface (d≤λ), when
electrons escape the plasma and are injected into the vacuum in
the core of the reflected field. Electrons are observed to be emitted
in the form of attosecond bunches at very precise phases close
to the nodes of the laser field. We note that the waveform of
the reflected field is distorted on reflection, and strongly deviates
from a pure sine wave. This is due to the generation of high-order
harmonics of the laser frequency on the plasma mirror39, which
is unavoidable at these intensities in the p-polarization. Although
this can quantitatively affect the exact outcome of the subsequent
laser–electron interaction in vacuum, we will show that this does
not qualitatively alter the physics involved. Figure 3b shows the
momentum distributions of these electrons immediately after their
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Figure 2 | Experimental evidence of vacuum laser acceleration. Panel a, Typical experimental angular distribution of electrons emitted from plasma
mirrors into the vacuum, measured with the LANEX screen. It consists of a broad emission cone (blue disk), which is strongly modulated by two main
patterns. One is a well defined hole (in white) around the reflected laser beam (whose size and position in the detection plane are indicated by the dashed
circle), due to the ponderomotive scattering of electrons after their ejection from the plasma mirror. The other is a bright peak (in red), right on the edge of
this hole, due to VLA of a fraction of these electrons. Line-outs of the distribution along the dashed lines are plotted in the side panels, and the direction
normal to the plasma mirror surface corresponds to θ'960 mrad (not shown). b, Electron spectra measured at two di�erent locations in the beam (the
horizontal error bars represent the spectrometer resolution). These locations are indicated by the blue circle and the red square in a, that respectively
correspond to the blue and red curves of b. All the features of a,b were very robust experimentally, being observed on all shots performed in similar
experimental conditions (see Supplementary Information). c,d, Same quantities as in a,b, now obtained from numerical simulations based on a 3D test
particle model. The dashed curve in d shows the initial electron energy distribution used in this model. As can be seen from the green and red spectra in
d, the model shows that electrons are accelerated by VLA from 1.5 to 10 MeV, resulting in a sevenfold energy gain.

ejection, along the specular direction (pz ) and along the laser
polarization direction (px). Electrons start their motion in vacuum
with relativistic velocities, corresponding to an average energy of
1.5MeV (γ0'3), and are ejected with an average angle of 20◦ away
from the specular direction.

These initial conditions are close to being ideal for the
observation of VLA, and definitely much more favourable than
those achieved in all previous experimental attempts to observe
this effect13,14,16,17. In experiments based on electron injection by
ionization of core atomic levels, electrons started the interaction at
rest and could not reach relativistic energies13,14. In those relying on
electron beams produced by conventional accelerators, combined
with an intense laser through a drilled mirror, the phase of injection
in the field covers a full optical period, so that only a very small
fraction of the electrons actually gains energy by VLA (refs 16,17).

To study the subsequent interaction of these electrons with the
laser field in vacuum, we turn to a simple 3D test particle model,
similar to the one used in ref. 22 (see Methods). In this model,

the relativistic equations of motion are solved for electrons injected
in a sinusoidal laser field, assumed to be Gaussian in space and
time, and known analytically at every time and position. This is
computationally much less demanding than the 3D PIC simulations
that would be required to account for the isotropic effect of the
ponderomotive force.

Using this model, we calculate the trajectories of millions of
electrons injected in the field. The set of initial conditions for these
electrons is derived from the output of PIC simulations, such as
those shown in Fig. 3 (see Methods). Figure 2c shows the angular
electron distribution obtained from these simulations, for physical
conditions corresponding to our experiment. The agreement of
this distribution with the experimental one is striking: the two
main features observed in the experiment—the hole around the
laser axis and the bright peak along the laser polarization—are
both well reproduced. The final energy spectra calculated on each
side of the hole are shown in Fig. 2d and also compare well with
the experimental observations. Despite its simplicity, this model
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thus captures the essential physics of the interaction in vacuum.
This shows that effects such as space charge or the non-sinusoidal
waveform of the reflected field, not taken into account in these
simulations, do not play a major role once electrons are in vacuum.

Interpretation of the experimental results
Considering this good agreement, this 3D model can now be
exploited to analyse the trajectories of electrons contributing to
the different patterns observed in the electron beam. To this end,
we sort the electrons into different groups, depending on the
number of laser optical cyclesNoc that they have crossed along their
trajectory. This provides a quantitative criterion for distinguishing
electrons that experienced VLA, from those scattered by the

ponderomotive force. This is illustrated in Fig. 4a, which shows two
trajectories (x , z− ct), representative of these two regimes: Noc≤1
(full line) and Noc= 3 (dashed line). The corresponding temporal
evolutions of the electron Lorentz factor is shown in Fig. 4b.

In the first case, the ‘VLA electron’ does not oscillate in the
field, but rather ‘surfs’ the laser wavefront in which it was injected,
along the polarization direction. It thus gains energy almost along its
entire trajectory, until it escapes the focal volume sideways after an
interaction distance of the order of the Rayleigh length. In contrast,
the ‘ponderomotive electron’ oscillates as it explores several optical
cycles of the laser field, and gets quickly expelled from the laser beam
with a low energy gain—akin to a surfer that has missed the wave—
as illustrated in Fig. 4b, where the circles stand for the ejection time.
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In practice, there is a continuous transition between these two

extreme types of trajectories, depending on the exact electron
injection conditions in the field. This is illustrated by the images
in Fig. 4c showing the beam patterns produced by several
subensembles of electrons in the simulations, corresponding to Noc
varying from Noc= 0 (VLA electrons) to Noc≥ 3 (ponderomotive
electrons). Ponderomotive electrons form a doughnut-shaped beam
centred on the laser propagation axis, whereas VLA electrons tend
to concentrate in a bright peak on the edge of the ponderomotive
hole, along the polarization direction.

This analysis confirms our interpretation of the electron beam
patterns observed in experiments, and provides clear proof that
the bright peak in these patterns is due to VLA. According to our
simulations, these electrons are accelerated from 1.5 to 10MeV
(Fig. 2d) over a distance of less than 100 µm, corresponding to an
approximate sevenfold energy gain by VLA in this experiment. In
addition, a remarkable feature of VLA is that the position of the
peak in Fig. 4c depends on the phase of injection of electrons in
the laser field: if we artificially vary this phase by π (half a laser
period) in the simulation, this bright spot shifts to the other side of
the ponderomotive hole. The experimental observation of this peak
on one side only of the hole is thus a clear indication that electrons
are ejected out of the plasma mirror at a specific phase of the laser
field, in the form of sub-laser cycle (attosecond) bunches.

Even though several experiments have been performed on
electron ejection from solid surfaces31–35 during the past decade, the
VLA regime had never been reached before. With laser intensities
lower by one to three orders of magnitude compared to our
experiment, electrons were accelerated rather via ponderomotive
effects in the interference pattern at the surface of the solid target33,
or by stochastic heating34. This was due in particular to the
lower injection energies, which did not allow electrons to stay in
phase with the laser field. Using ultrahigh intensities in excess of
1019 Wcm−2, we were able to move from these processes to VLA
and to generate electron beams with energies one to two orders of
magnitude higher, with a charge at least three orders of magnitude
higher than these previous works.

Outlook
We have obtained the first unambiguous experimental evidence of
VLA of relativistic electrons by ultraintense laser fields, using a
new concept for injecting electrons. This simple scheme, based on
the remarkable properties of plasma mirrors, is flexible and can,
in principle, be extended to much higher laser intensities and to
more complex laser beams. From a fundamental point of view,
it opens the way to the extensive experimental investigation of
the interaction of free electrons with ultraintense lasers in various
experimental conditions. Using petawatt lasers and intensities in
excess of 1021 Wcm−2, electrons could be exposed to accelerating
gradients approaching 100 TVm−1 over tens of micrometres, and
should thus reach energies in the GeV range7,10, making VLA a
promising scheme for the production of high charge (nC) ultra-
relativistic beams. In addition, spatial shaping of the laser beam,
providing doughnut beam shapes, as in radially polarized laser
beams4,6,11 or Laguerre–Gauss beams40, has the potential to further
improve the beam quality and to provide more collimated electron
beams. Similarly, temporal shaping of the field through the use
of two-colour lasers41,42 could also be a path towards the subcycle
control of the injection phase in the laser field.

Methods
Methods and any associated references are available in the online
version of the paper.
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Methods
PIC simulations. 2D particle-in-cell (PIC) simulations were carried out to gain
insight into the injection and acceleration process (see Fig. 1b and Supplementary
Movie). A p-polarized laser pulse (λ=800 nm, τ=25 fs FWHM, waist w0=5µm,
a0=3.5, where a0=eE0/mωc is the normalized laser vector potential, with e andm
the electron charge and mass, ω and E0 the laser frequency and peak amplitude,
and c the light velocity in vacuum) impinges on an overdense plasma (n0=100nc,
where nc=1.6×1021 cm−3 is the critical plasma density for λ=800 nm) with an
exponential density gradient on its front side of decay length L=λ/10. The
incidence angle is 45◦. Simulation parameters were as follows: space step
1x=λ/2,000, 40 particles per cell, box size: 40λ×45λ. To follow the electron
trajectories far away from the target, a moving simulation box is used: after the
laser pulse reflects from the target, the box begins to move at the speed of light and
follows the reflected pulse, thus making it possible to follow the dynamics of
energetic electrons along a path length of many wavelengths (typically 100µm).

To determine the injection conditions of electrons in the reflected field, we
performed 1D PIC simulations in the boosted frame44, with λ=800 nm, a0=3,
L=λ/8, τ=25 fs FWHM. The numerical parameters were1x=λ/1,000, box
length 4λ, 4,000 particles per cell. The magnetic field and electron density plotted
in Fig. 3 were recorded at the front edge of the plasma mirror, at z=750 nm from
the bulk density region (that is, where n=100nc). A filter was used to remove
low-energy electrons (E<0.5MeV), which typically return to the plasma within
one optical cycle. Both 1D and 2D PIC simulations were performed with the
code EPOCH.

Model. The 3D particle model consists in solving the relativistic equations of
motion for electrons in a laser pulse. The Gaussian pulse propagates along the+z
direction and is polarized along x . The fields Ex and By are those given by the
paraxial approximation. To properly model the ponderomotive force22,45, a
first-order development with respect to the parameter ε=1/kw0 is used to ensure
that the laser field satisfies Maxwell’s equations, at least to the first order of ε. This
introduces new components Bz and Ez , proportional to ε. A derivation of these
fields can be found in ref. 22. Omitting these components leads to incorrect
trajectories (as in refs 12,31), by artificially restricting all forces to the polarization

plane. We used PIC simulations to determine the reflectivity of the plasma mirror,
which was about 70% in our conditions. Therefore, we assumed that the amplitude
of the reflected laser pulse was a0=2.5 (a0=3 for the incident field in the
experiment). The other laser parameters were identical to the experimental ones:
τ=25 fs, w0=5µm, λ=800 nm.

The equations of motion were solved using a Boris pusher scheme, for 3×106
electrons. For the initial conditions, we used Gaussian distributions for all
parameters (momentum components px ,py ,pz and emission time t0). These
distributions were all centred on the average values extracted from 1D PIC
simulations described above. The widths of these distributions were used as
adjustable parameters to reproduce the experimental data and obtain the
simulations results of Fig. 2. For all parameters, the widths that lead to the best
agreement are found to be larger than those provided by 1D PIC simulations. This
difference can be attributed to two effects: the actual variations of the interaction
conditions (in particular the laser intensity) in 3D, and the effect of the incident
laser field on the electrons immediately after their emission. Indeed, the
interference pattern of the incident and reflected beams affects the electron
dynamics on a distance of the order of the beam waist w0 (a few micrometres,
which is small compared to the overall interaction length of electrons with the
reflected field), and tends to significantly broaden the initial phase space
distribution (see Supplementary Movie).

The calculation is run until all electrons have escaped the laser pulse, which we
consider to be true once the laser intensity at the electron position is<1% of its
spatio-temporal maximum. For the sorting of electrons as a function of the number
of optical cycles Noc, we measure the electric field Ex on electrons and detect the
number of sign changes on Ex along electron trajectories. This number, divided by
two, is the number of optical cycles an electron has experienced.
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We report for the first time on the anticorrelated emission of high-order harmonics and energetic electron
beams from a solid-density plasma with a sharp vacuum interface—plasma mirror—driven by an intense
ultrashort laser pulse. We highlight the key role played by the nanoscale structure of the plasma surface
during the interaction by measuring the spatial and spectral properties of harmonics and electron beams
emitted by a plasma mirror. We show that the nanoscale behavior of the plasma mirror can be controlled by
tuning the scale length of the electron density gradient, which is measured in situ using spatial-domain
interferometry.

DOI: 10.1103/PhysRevLett.116.185001

Over the past 30 years, solid-density plasmas driven by
intense femtosecond pulses, so-called plasma mirrors, have
been successfully tested as a source of high-order harmon-
ics and attosecond extreme ultraviolet (XUV) pulses in a
number of experiments [1–10], where the laser intensity
typically exceeds a few 1014 W=cm2. Other experiments
have shown it is also possible to accelerate energetic
electrons from plasma mirrors for intensities above
1016 W=cm2 [11–13]. Attempting to understand each of
these experimental observations invariably points to the key
role played by the plasma-vacuum interface during the
interaction both on the nanoscale spatially and on the sub-
laser-cycle scale temporally [14,15].
It is commonly assumed that the electron density at the

plasma mirror surface decreases exponentially from solid to
vacuum over a distance Lg, also called the density gradient.
When the laser pulse reflects on this plasma mirror, for
every oscillation of the laser field, some electrons are driven
towards vacuum and sent back to the plasma [16,17]. These
bunches of so-called Brunel electrons [18] impulsively
excite collective high-frequency plasma oscillations in the
density gradient that lead to the emission of XUV radiation
through linear mode conversion [19]. As illustrated in
Fig. 1(a), each position x of the plasma behaves as a
nanoscale oscillator of frequency ωpðxÞ ¼ ω0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

neðxÞ=nc
p

,
where ω0 is the driving laser angular frequency, ne is the
local electron density at position x, and nc is the critical
density. This periodic mechanism, called coherent wake
emission (CWE), leads to efficient high-harmonics gen-
eration for very short plasma scale lengths, typically
Lg ∼ λ=100 [19], even for subrelativistic intensities
a0 < 1, where a0 ¼ eA0=mc is the normalized vector
potential, e and m are the electron charge and mass, and
c is the speed of light. However, the efficiency significantly
drops for Lg ≫ λ=20 [4,5,19,20]. At higher intensities

a0 ≫ 1, the relativistic oscillating mirror (ROM) becomes
the dominant mechanism for harmonic generation [16,21].
A fraction of electrons do not follow Brunel-like

trajectories: they are accelerated in the density gradient
towards vacuum and escape the plasma, as illustrated in
Fig. 1(b). Depending on the interaction conditions, the final
energy and angular spread of these electrons can be
influenced by plasma waves below the critical surface
[11], interference fields created by the incident and
reflected laser beams [13,22,23], betatronlike motion at
the plasma surface [24], or even direct laser acceleration in
vacuum [25]. Here again, the plasma scale length plays a
critical role: enhanced electron generation is observed
typically for 0.1 < Lg=λ < 1 [11,13,26] or sometimes even
for Lg=λ > 1 [27–29]. To our knowledge, the anticorrelated

Plasma 

Brunel trajectories

CWE

Free electron
trajectories

(b) Nanoscale accelerating 
cavity

(a) Nanoscale plasmonic
resonator

Plasma 

electron density

e-

x x

NcNc

Nmax

timetime

FIG. 1. Diagrams of nanoscale plasma mirror surface structures
leading to (a) CWE, where electrons are pulled toward the
vacuum and are sent back to the plasma where they excite high-
frequency plasma waves, which radiate high-order harmonics
(b) electron acceleration on the sub-laser-cycle time scale, where
electrons are accelerated in the density gradient and escape from
the plasma.
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emission of harmonics and fast electrons from plasma
mirrors has never been investigated experimentally. In this
Letter, through a controlled pump-probe experiment using
subrelativistic femtosecond laser pulses, we directly
observe the transition from a confined plasma that can
efficiently emit laser harmonics to an extended plasma
structure that accelerates fast electrons into vacuum up to a
few hundred keVenergies, where the laser interference field
only plays a second role.
The experiment was carried out using the “Salle Noire”

laser system at the Laboratoire d'Optique Appliquée (LOA)
delivering up to 3 mJ energy, 30 fs pulses at 1 kHz repetition
rate with high temporal contrast (>1010) [30]. The p-
polarized pulses are focused down to 1.7 μm FWHM spot
size onto an optically flat fused silica target (∼250nc),
leading to peak intensities on target ≃1018 W=cm2

(a0 ≃ 0.7) for an incidence angle θL ¼ 49.3°, with high
repeatability at 1 kHz [31]. Five percent of the main beam is
picked off and focused down to 5 times the main beam spot
size on target in order to induce homogeneous plasma
expansion at the surface (see also Supplemental Material
[32]). The plasma scale length Lg can then be varied by
changing the relative delay between this prepulse and the
main high-intensity pulse. We use spatial domain interfer-
ometry [33] to estimate the plasma expansionvelocity cs and
find cs ¼ dLg=dt ¼ 10.8� 1.1 nm=ps for a prepulse inten-
sity of ≃3.5 × 1014 W=cm2 (a0 ≃ 0.013).
Harmonics emitted in the specular direction are sent into

a homemade XUV spectrometer where the harmonic
spectrum is resolved in the horizontal plane and the
harmonic beam divergence in the vertical direction using
a coupled micro-channel plate and phosphor screen detec-
tor. At the same time, a 6 × 17 cm Lanex screen was
positioned 10 cm away, parallel to the target surface
without blocking the specular direction. The angular
electron emission profile in this geometry was recorded
as a function of θ ∈ ½−20° 30°�, the angle with respect to
target normal in the plane of incidence, and ϕ ∈ ½−20° 20°�,
the angle with respect to target normal in the tangential
plane. Note that the Lanex screen only detects electrons
with energies larger than 150 keV [34]. The Lanex screen
could also be replaced by an electron spectrometer for
characterizing the electron energy distribution.
Figure 2(a) shows the harmonic spectrum and the

electron signal as a function of pump-probe delay, hence
the gradient length. The harmonic signal was integrated
along the divergence angle. The plasma scale length
calculated from the plasma expansion velocity is indicated
on the bottom axis. The first striking result is that
harmonics are generated efficiently for pump-probe delays
below 4 ps, corresponding to Lg ≤ 0.05λ. The spectrum
extends up to the plasma frequency cutoff ωc=ω0 ¼ 16
and its divergence is about 1=10 that of the driving laser
beam, which is the typical signature of CWE [20]. The
plasma frequency cutoff confirms that Brunel electrons can

efficiently excite collective plasma oscillations and there-
fore that the initial plasma scale length should be on the
order of Lg ∼ 0.01λ [19] rather then rigorously 0λ. This also
indicates that the temporal contrast close to the pulse peak
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FIG. 2. (a) Experimental harmonic spectra and electron angular
emission profiles as a function of pump-probe delay (top axis)
between the prepulse and the main pulse. The electron signal was
integrated along the tangential coordinate ϕ. The corresponding
plasma scale length Lg (bottom axis) was extracted from the
plasma expansion velocity cs ¼ 10.8 nm=ps measured by spatial
domain interferometry [33]. (b) Electron angular distribution when
the Lanex is placed perpendicular to the specular direction and
after deconvolution (see Supplemental Material [32]). (c) Electron
energy spectra for three typical delays. (d) Same as (a) for 2D PIC
simulations with a0 ¼ 0.4 and gradient length Lg ∈ ½0.01λ 0.2λ�.
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does not allow us to explore arbitrarily small plasma scale
lengths. The drop in CWE efficiency with increasing
density gradient has already been observed experimentally
and is theoretically predicted to be in the range 0.02 <
Lg=λ < 0.1 [20,36], depending on laser intensity [19]. This
can be explained with 1D considerations: the minimum
time required to excite plasma waves from the critical
surface x ¼ xc to the location of maximum density x ¼
xmax is Δt ¼ ðLg=cÞ logðnmax=ncÞ, which should be less
than the laser period in order to prevent cycle-to-cycle
destructive interferences. For traveling electrons, this limit
reads Lg ≤ 0.17λ. In our case, the drop in efficiency occurs
at much lower values around Lg ∼ 0.05λ because the
electron perturbation propagates at less than c and the
initial perturbation strength (i.e., amplitude of plasma
waves) decreases with Lg [19]. The second striking result
is that a maximum electron signal is reached for a delay of
8 ps (Lg ∼ 0.1λ), where harmonic emission is negligible. The
ejected electrons form a large spot between 10° and 20° and
drop at the edge of the Lanex at∼30°. This drop in signal is a
geometrical artifact due to the anisotropic emission of the
Lanex screen [34] (see Supplemental Material for details
[32]). Figure 2(b) shows the full electron angular distribution
for a delay of ∼7 ps, obtained by moving the Lanex screen
perpendicular to the specular direction. The distribution
displays a hole close to the specular direction, presumably
formed by the ponderomotive force of the reflected laser
pulse [13,22,25,37]. Using the Lanex calibration [34], we
estimate that the ejected charge reaches a maximum of
∼11 pC compared to∼2 pC at zero delay. Figure 2(c) shows
electron spectra respectively without prepulse, for the
optimal delay for electron emission, and after 20 ps.
Hence, electrons can be effectively accelerated up to
∼600 keV at the optimal density gradient.
To summarize, we observe that the emission of harmon-

ics and electrons is anticorrelated when changing the
gradient scale length. These experimental results were
confronted to 2D particle-in-cell (PIC) simulations, in
which a λ ¼ 800 nm, 30 fs pulse is focused onto an
overdense plasma (nmax ¼ 250nc) with immobile ions.
The plasma density decreases exponentially with various
scale lengths, from Lg ¼ 0.01λ to 0.2λ. The plasma density
is cut at nb ¼ nc=5, so that the plasma boundary is defined
by xb ¼ − log 5Lg. The laser amplitude is a0 ¼ 0.4 and the
incidence angle is 45°. A good spatial resolution is required
for simulating CWE harmonics, so we use δx ¼ λ=420. In
the simulations, electrons are detected at 9λ away from the
critical surface and only electrons with energies> 150 keV
are detected (as in the experiment). As illustrated in
Fig. 2(d), the PIC simulations qualitatively reproduce
our experimental observations: the CWE emission effi-
ciency decreases for Lg > 0.05λ and the effective ejected
electron charge increases up to ∼3 pC · μm−1 for Lg ¼ 0.2λ
compared to 0.12 pC · μm−1 when Lg ¼ 0.01λ (i.e., ≃10

and 0.7 pC, respectively, for a 3.4 μm spot size FWHM).
The electron angular distribution was plotted over the range
θ ∈ ½−20° 30°� for a direct comparison with experiment.
Here again, there is a very good agreement with the
experiment, with a large divergence 10 pC beam ejected
at ∼30° when Lg ∼ 0.2λ. Note that PIC simulations were
first performed with the experimental vacuum laser ampli-
tude a0 ¼ 0.8, but a strong harmonic emission attributed to
the ROM emission mechanism [20] persisted for longer
gradients. These simulations at high intensities suggested a
correlation between ROM harmonics and electron ejection,
as opposed to the anticorrelation that we observed. In our
experiment, ROM emission does not occur and the har-
monics are due to CWE. This indicates that the laser
intensity at focus is not high enough to support ROM
emission [14]. Therefore, in the simulations, the beam spot
size was doubled without changing the pulse energy; i.e.,
a0 was decreased to 0.4, to reproduce the anticorrelated
behavior. Note that our overestimation of the experimental
intensity on target may be due to a slight defocusing of the
laser on target or debris reducing the overall transmission of
the focusing optic, a standard problem with high repeti-
tion rate laser-plasma interaction experiments using tight
focusing.
Figure 3 shows a comparison of 2D PIC simulations with

a gradient length optimized for harmonic emission
(Lg ¼ λ=40) and electron emission (Lg ¼ λ=5), respec-
tively. In Figs. 3(a) and 3(b), one can clearly see oscillations
of the electron surface at the laser period. Strong harmonic
generation can be seen in Fig. 3(a). The corresponding
electron trajectories are shown in Fig. 3(c), where the x
coordinate (normal to the target) of electrons is plotted
along time. For clarity, a single bunch of electrons is
represented here, which interacts with the laser around its
temporal maximum (t ¼ 22T, where T is the optical
period) in the center of the interference pattern. One can
clearly see Brunel-like trajectories: electrons make a short
excursion in vacuum before being driven back to the
plasma where they trigger plasma waves. In Fig. 3(b),
the amplitude of these oscillations is greater and layers of
electrons are ejected from the plasma surface. The corre-
sponding electron trajectories are plotted in Fig. 3(d).
Once again, a bunch of electrons was selected for clarity.
A fraction of these electrons (in red) escape from the
plasma and propagate into vacuum in the interference
pattern with a velocity ≃c=2.
For each laser cycle, the ejection mechanism can be

described as follows: (i) the laser electric field pushes
electrons inside the plasma, while the heavy ions stay in
place, creating a charge separation electrostatic field, i.e., a
plasma capacitor which can give potential energy to
electrons; (ii) half a cycle later, the laser field changes
sign and both the capacitor and the laser electric force pull
and accelerate electrons towards vacuum. Assuming that all
the electrons originating from x < 0 (where n ¼ nc)
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are pushed towards x ≥ 0, the electrostatic potential of the
remaining ions can be calculated using Poisson’s equa-
tion ΔVP ¼ −nc=ϵ0ex=Lg , and reads VP ¼ −ncL2

g=ϵ0.
Therefore, electrons are expected to gain more energy
from the plasma for longer gradients. Figure 4(a) shows the
spectrum of ejected electrons when they cross the plasma
boundary at xb. The average energy is much higher for
longer gradients, thus confirming our predictions. Hence,
the plasma serves as an injector of electrons into the
reflecting laser [25]. In order to determine whether the
electrons are mainly accelerated in the plasma or in
the interference pattern, we plot the simulated electron
spectra at the plasma border, at 3.3λ and 9λ away from the
plasma in Fig. 4(b). Within this range, no net energy gain
can be observed from the electromagnetic wave in vacuum;
we conclude that the energy gain is mostly due to
acceleration inside the plasma gradient. However, farther
away from the plasma at 9λ, the electron spectrum broadens
and the tail of the distribution reaches 400 keV, which could
be the signature of ponderomotive [13,23] and/or stochastic

heating in the interference pattern [38]. The formation of a
hole in the experimental electron angular emission profile
[see Fig. 2(b)] and the absence of a beaming as seen in
Ref. [25] are more evidence that the interaction between the
accelerated electrons and the laser is purely ponderomotive.
Finally, from simulations and experiments, we also con-
clude that for a0 < 1 and Lg ∼ 0.1λ electrons cannot be
accelerated by plasma waves related to the CWE mecha-
nism, as suggested in Ref. [11], otherwise, electron and
harmonic emission would be optimal simultaneously.
To conclude, we observe for the first time the transition

from high-harmonic emission to fast electron ejection as
the electron density gradient increases at the surface of a
plasma mirror driven at subrelativistic laser intensity. Our
measurements reveal that both processes cannot occur
simultaneously for the same density gradient. For sharp
gradients (Lg < 0.05λ), electrons drive oscillations in a
confined plasma, leading to efficient coherent harmonic
emission in their wake. For softer gradients, electrons can
be efficiently accelerated out of the plasma by the space-
charge field created for Lg ∼ 0.1λ. Although the interaction
with the reflected laser field thermalizes the electron
population and reshapes the spatial emission profile via
ponderomotive interactions, most of the acceleration occurs
inside the plasma density gradient. As the gradient length
increases by ∼40 nm, the plasma mirror behavior switches
from a collection of efficient XUV resonators to a nano-
scale electron accelerator.
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FIG. 3. (a) Snapshot from the 2D PIC simulation forLg ¼ λ=40.
Blue, electron density (log scale). Yellow-red, reflected harmonic
field (a Fourier filter was applied to keep only harmonic orders
≥5ω0). The harmonic field comes out as a train of attosecond
pulses. (b) Same as (a) for Lg ¼ λ=5 (same instant, same color
scale). (c),(d) Typical electron trajectories for Lg ¼ λ=40 and
Lg ¼ λ=5, respectively. x is the coordinate normal to the plasma.
The gray scale stands for the plasma initial density and the black
dotted line (x ¼ 0) shows the position of the critical density. The
electrons represented here interact with the laser around its
maximum (t ¼ 22T). Red trajectories stand for ejected electrons.
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Using 1D and 2D PIC simulations, we describe and model the backward ejection of electron

bunches when a laser pulse reflects off an overdense plasma with a short density gradient on its

front side. The dependence on the laser intensity and gradient scale length is studied. It is found

that during each laser period, the incident laser pulse generates a large charge-separation field, or

plasma capacitor, which accelerates an attosecond bunch of electrons toward vacuum. This process

is maximized for short gradient scale lengths and collapses when the gradient scale length is com-

parable to the laser wavelength. We develop a model that reproduces the electron dynamics and the

dependence on laser intensity and gradient scale length. This process is shown to be strongly linked

with high harmonic generation via the Relativistic Oscillating Mirror mechanism. VC 2016
Author(s). All article content, except where otherwise noted, is licensed under a Creative
Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).
[http://dx.doi.org/10.1063/1.4954822]

I. INTRODUCTION

The interaction of ultra-high intensity lasers with over-

dense plasmas is of particular importance for applications

such as fast ignition for inertial confinement fusion,1,2 ion

acceleration,3,4 and high harmonic generation (HHG). In all

these fields, electrons accelerated at the front surface are the

main pathway for energy transfer between the laser and the

plasma,5 and they also drive most of the physical phenomena

of interest. High harmonic generation in this regime is

described by the Relativistic Oscillating Mirror (ROM):

electrons from the front surface of the solid target form a

very dense sheet of electrons which is driven by the intense

laser pulse and radiates high harmonics. This interaction

offers the opportunity to generate intense attosecond bursts

of X-UV radiation which can then be used as a unique tool

to probe matter on extreme scales.6–9

Harmonic emission via the ROM mechanism is efficient

in the plasma mirror regime, i.e., when the laser impinges

the target at oblique incidence in p-polarization on an over-

dense plasma with a very short density gradient.

Experiments have shown that the electron emission is effi-

cient when the gradient scale length is around L ’ k0=10,

where k0 is the laser wavelength.10 Such solid density plas-

mas with very short gradients (L < k0) are referred to as

plasma mirrors because they essentially behave like mirrors

that reflect the incident laser pulse with high reflectivity11

and little spatial deformation, provided the intensity is not

too large.12

In parallel to HHG, many experiments have measured

electrons emitted in the backward direction, i.e., ejected

from the front surface of the target toward vacuum. These

experiments usually produce large divergence electron

beams with energies ranging from hundreds of keV (Refs.

13–17) to few MeV.18 Some experiments reported on beams

emitted in the specular direction,18 while others reported on

beams emitted along the surface19 or in the normal

direction.20 The diversity in the results can be explained by

the fact that these experiments used different gradient scale

lengths and intensities. Experiments with a controlled gradi-

ent18,21 as well as numerical simulations showed that the

electron emission is more efficient when the gradient scale

length is around L ’ k0=10. Evidently, the gradient scale

length is a crucial parameter as it determines the dominant

laser absorption mechanism: J � B heating22 and vacuum

heating23–25 at short L, resonant absorption26 at intermediate

L, or parametric instabilities at longer L.

Although efficient HHG via the ROM mechanism and

electron ejection seem to occur in the same parameter range,

almost no effort has been made to understand these emis-

sions as part of the same mechanism. In addition, electron

ejection from the front surface is not well understood: sev-

eral numerical studies report on the subject27–30 but so far,

no theory has been developed in order to explain and predict

electron ejection. Some models have been developed in the

context of HHG in order to describe the dynamics of the

plasma surface,31,32 but these models are not useful for

describing electron emission because of the strong hypothe-

sis that they rely upon.

The goal of this article is to investigate the mechanism

of electron ejection for a large range of parameters and to

relate it to high harmonic generation. We focus on the case

of plasma mirrors, i.e., short density gradients. In Section II,

we present a comprehensive numerical study using 1D

particle-in-cell (PIC) simulations. These results are used to

elaborate a scenario of electron ejection and acceleration,

which is described in Section III. In Section IV, we present a

1D model which highlights the main ingredients that are

responsible for electron ejection. The model agrees well with

the results of the 1D PIC simulations. Finally, Section V

extends the study to 2D PIC simulations which confirm the

1D study. It is found that HHG and electron ejection are

correlated at short gradient scale lengths.
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II. PARAMETRIC STUDY USING 1D PIC SIMULATIONS

The geometry of the interaction and the notations are

depicted in Figure 1(a): x is the direction normal to the target

and x–y is the plane of incidence. The electric field of the

incident laser pulse Ei and its wave vector k are in the x–y
plane, while the laser magnetic field is parallel to the z-axis.

The laser field impinges the surface with an incident angle h.

This problem is inherently 2D, even in the case where the

laser is modeled by a plane wave.

In order to transform this 2D problem into a 1D prob-

lem, we move to the boosted frame first introduced by

Bourdier,33 as illustrated in Figure 1(b). This new reference

frame S0 is obtained by performing a Lorentz transform to a

frame moving at v ¼ c sin hey, with c being the velocity of

light. Therefore, in the boosted frame, the plasma is no lon-

ger at rest but drifts with velocity vd ¼ �c sin hey. In addi-

tion, it is straightforward to show that the wave vector is

now perpendicular to the surface k00 ¼ k00ex and the incident

electric field is along the y-axis: E0i ¼ E0 cos hey, where E0 is

the laser amplitude in the laboratory reference frame. In the

boosted frame, this problem is now purely 1D and can be

studied extensively using 1D PIC simulations. In addition, it

separates the laser electric field Ei, which is along y, from

the plasma electric fields, Ep which is now along x.

In the boosted frame, the physical quantities are modi-

fied according to the Lorentz transformation. For the laser

frequency, lengths along y, and plasma density, this reads

x00 ¼ x0 cos h; dy0 ¼ dy cos h; n0 ¼ n= cos h:

Accordingly, the laser electric field and laser magnetic field

amplitude transform to

E00 ¼ E0 cos h; B00 ¼ E0 cos h=c:

We now adopt the following normalization scheme:

t0 � x00t0; x0 � k00x0;
v0 � v0=c; p0 � p0=mec;

where me is the electron mass. All fields are normalized as

follows:

E0 � eE0

mex00c
; B0 � eB0

mex00
;

where e is the electron charge. Therefore, in the boosted

frame, the normalized electric field amplitude remains

unchanged, a00 ¼ eE00=mex00c ¼ a0. Finally, we choose to

normalize the density by the critical density in the laboratory

frame nc ¼ �0mex2
0=e2 (as opposed to n0c in the boosted

frame): n0 � n0=nc. In the following, all quantities are con-

sidered in the boosted frame, except if specified otherwise,

and for the sake of clarity, the prime symbols will be

skipped.

The main parameters affecting the emission of backward

electrons are (i) the laser amplitude a0, (ii) the plasma den-

sity gradient scale length L, (iii) the angle of incidence h,

and (iv) the pulse duration. In this study, we will restrict our-

selves to the case of femtosecond pulse durations, typically

20–30 fs, as used in most current ultra-high intensity

experiments. In order to study the role of the main

parameters a0 and L, we performed a set of one hundred 1D

particle-in-cell (PIC) simulations, each requiring little com-

puter resources.

In the laboratory frame, a 800 nm; 25 fs laser pulse

impinges on a solid-density plasma with an angle of inci-

dence h ¼ 45�. Its amplitude is varied from a0 ¼ 0:2 to

a0 ¼ 10. The plasma bulk density is 250nc, corresponding to

an ionized SiO2 target, and the gradient length is varied from

k0=100 to k0 (i.e., in normalized units L¼ 0.04 to L¼ 4.4).

We assume the density gradient to have an exponential shape

nðxÞ ¼ ncex=L, so that at x¼ 0, the electron plasma density

reaches nc. The density gradient is artificially cut at the

plasma edge xe defined as nðxeÞ ¼ 0:2nc. This cutoff verifies

nðxeÞ < cos hnc, where cos hnc is the density at which the

obliquely incident laser is reflected in the low-intensity re-

gime. The simulations were performed in the boosted frame;

hence, numerical conditions are given in this frame: the nu-

merical space-step was dx ¼ 1=700, and we used 1000 par-

ticles-per-cell for good statistics. The simulation box was

Dx ¼ 130 large. Ions were mobile (we took oxygen ions to

represent the lightest ions in a Silica target), but simulations

with immobile ions yielded very similar results.

When simulating the ejection of electrons with 1D simu-

lations, two effects must be considered. First, the laser does

not diffract away, so that the laser intensity is greatly overes-

timated as soon as the propagation distance is larger than a

Rayleigh length. Second, charged particles are represented

by charged surfaces. Therefore, the electrostatic force

between two charged particles does not depend on the dis-

tance r between them, while it decreases in 1=r2 in a 3D ge-

ometry. As electrons leave the target, the plasma surface

becomes positively charged and exerts a recall force that

does not depend on the electron position. If one runs a 1D

simulation long enough, all electrons will eventually return

to the plasma, and the ejected charge will always tend toward

zero. In order to obtain realistic results, we chose to consider

that electrons are ejected if they cross a plane located at

d¼ 30 from the plasma edge (i.e., at 7k0 from the plasma

edge). This distance was chosen (i) much smaller than the

Rayleigh length of most current experiments, so that the 1D

approximation remains valid, and (ii) much larger than the

gradient lengths we studied, so that electrons are considered

to be detected far from the plasma surface. This point is quite

crucial as detecting electrons too close to the plasma surface

will considerably overestimate the ejected charge, while
FIG. 1. Geometry of the interaction—(a) in the lab frame—(b) in the

boosted frame obtained after a Lorentz transform at velocity v ¼ c sin hey.
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detecting them too far leads to wrong results due to the inva-

lidity of the 1D approximation.

Figure 2(a) shows the ejected charge as a function of a0

and L. First, it is clear from Fig. 2 that there are no ejected

electrons when the gradient scale length is L¼ 0. This has

been explained by the gyromagnetic effect:34 with L¼ 0, the

plasma behaves as a perfect conductor. The magnetic com-

ponents of the incident and reflected waves are added to-

gether, resulting in a strong magnetic field that prevents

electrons from escaping the plasma. This effect is neutralized

with longer gradient. For a given value of a0, the ejected

charge increases with L, reaches a maximum for L ¼ Lmax

’ 0:4 (i.e., �k0=10), and then slowly decreases. We find

that the value of the optimum gradient Lmax depends little

on a0 in this range. Evidently, the results also show that

the ejected charge increases with the laser amplitude a0. In

Fig. 2(b), the mean energy of ejected electrons is plotted in

the same parameter space. It varies in a similar fashion as

the ejected charge: the higher the ejected charge, the more

energetic the electrons. The electron spectrum is plotted on

panel (c), for three different simulations represented by the

color circles in Fig. 2(a). The red and green curves stand for

a0 ¼ 8 and a gradient length, respectively, L ’ Lmax and

L� Lmax. The electron spectra are quite broad, and electron

energies are in the few-MeV to 10 MeV range.

These findings agree qualitatively with recent experi-

mental results18,21 showing that the number of ejected elec-

trons reaches a maximum for a density gradient on the order

of k0=10.21 We also note that at long gradients L> 2, the

ejected charge increases again, see the green circle in Fig.

2(a). However, we will not focus on the case of longer gra-

dients as we find the ejection mechanism to be quite different

from the short gradient case.

In Section III, we will explain the physical mechanism for

electron ejection in the regime where L< 1. In particular, we

will show that the plasma fields due to charge separation at the

target surface are keys to accelerating and ejecting electrons.

III. INSIGHTS INTO THE MECHANISM OF ELECTRON
EJECTION

Let us now focus on the details of this ejection mecha-

nism. Figure 3 shows the reflected field and the density of

ejected electrons at the plasma edge (xe ¼ �0:2) versus time

for an optimal case a0 ¼ 5 and L¼ 0.55. Electrons are

ejected out of the plasma in the form of a train of attosecond

bunches, which are then injected inside the reflected laser

pulse at a precise phase, as observed in Refs. 29 and 35. One

can clearly see that they leave the plasma at a phase corre-

sponding to a zero of the electric field. Note also that the

reflected electric field is extremely distorted and the sharp

peaks indicate a rich harmonic content, as expected from

high harmonic generation by the ROM mechanism.11

Besides, the charge contained in each attosecond electron

bunch can vary strongly between two consecutive periods,

showing that the ejection during one period may affect sub-

sequent periods.

To simplify the problem further, we now focus on the

generation of a single attosecond bunch of electrons during a

single optical period. We performed a simulation with a top-

hat temporal amplitude profile for the incident pulse. In this

case, the incident driving fields are simply written as

Ei ¼ a0 sinðt� xÞey; Bi ¼ a0 sinðt� xÞez ;

and the initial electron/ion speed is v ¼ �sin hey. For

Ei > 0, the electric force accelerates electrons in the –y
direction, allowing them to reach speed vy � � 1 as soon as

a0 > 1.32 The v� Bi force is then directed towards the þx
direction, so that it pushes electrons which concentrate and

form a sharp density peak into the plasma.

This is shown in Fig. 4(a), where a snapshot of the elec-

tron density and the fields is plotted as a function of position

x. The sharp density peak reaches a maximum depth xM at

FIG. 2. Results of a 1D PIC simulation scan (a0,L). (a) Ejected charge. Particles were detected at a distance d¼ 30 from the target, and the charge was inte-

grated all along the simulation. (b) Mean energy of the ejected electrons. (c) Electron spectra from 3 simulations with parameters indicated by the color circles

in panel (a).

FIG. 3. 1D PIC simulation result for a0 ¼ 5 and L¼ 0.55. Red line: reflected

magnetic field at the plasma edge (xe ¼ �0:2) versus time (a Fourier filter

was applied to remove the incident field). Blue line: density of ejected elec-

trons versus time at the same position.
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tM, after which it travels back towards the –x direction. Fig.

4(a) shows the density at t¼ tM, for which all the electrons

initially at x < xM are gathered in the peak. The motion of

the density peak during one laser period can be described as

a push(i)–pull(ii) mechanism.

(i) Push phase: During the first half-period, the incident

laser field pushes electrons inside the plasma while the ions

are not displaced, which builds up an electrostatic plasma

field Ep along x. Because the plasma is drifting, this charge

separation also induces plasma currents which are the source

of magnetostatic plasma field Bp along z.

At t¼ tM, the peak reaches an extremum position with

px¼ 0. At this point, the forces due to the incident wave, the

reflected wave, and the plasma fields cancel out along the x
direction. The maximum peak position can be derived from

this balance, as presented in Ref. 32 for a step-like density

profile. It is hereafter extended to the case of a density gradi-

ent, as in Ref. 12.

We first assume that all electrons with initial position

v < x concentrate in the density peak at x. Therefore, the

plasma electrostatic field can be obtained from Maxwell-

Gauss equation

@Ep

@x
¼ 1

cos2h
ni � neð Þ: (1)

By integrating between –1 and x, we obtain

Ep ¼ 1

cos3h
Lex=Lex: (2)

Similarly, integrating Maxwell-Ampere’s equation gives

Bp ¼ sin h
cos3h Lex=Lez. At the extremum position xM, the total

force along x cancels: vyðBi þ BpÞ þ Ep ¼ 0. In addition, at

xM, the laser reflects off the surface and we assume that the

boundary conditions of a perfect conductor can be applied

for the incident and reflected laser fields, so that the y com-

ponent of the total electric field and the z component of the

total magnetic field verify EyðxM; tMÞ ¼ 0 and BzðxM; tMÞ
¼ 2a0. We further assume that the electron speed in the peak

at t¼ tM is v ¼ ð0;�1Þ. The balance equation along x
reduces to

2a0 þ sin h
cos3h

LexM=L � 1

cos3h
LexM=L ¼ 0: (3)

Solving for xM, we obtain

xM ¼ L log
2a0 cos3h

L 1� sin hð Þ

" #
: (4)

This equation gives an estimate of the surface position at

maximum depth that fits within less than 20% error in the

worst case in the whole parameter range (0:5 < a0 < 10;
0:06 < L < 6) when compared to PIC simulations. At tM, the

target surface is similar to a plasma capacitor in which elec-

trons are able to gain energy. The maximum fields of this

plasma capacitor can be expressed as

Ep tM; xMð Þ ¼ 2a0

1� sin hð Þ ; (5)

Bp tM; xMð Þ ¼ 2a0 sin h

1� sin hð Þ : (6)

Clearly, the plasma capacitor has larger fields for large a0 and

incidence angle approaching grazing incidence. Also note that

for large angles h, the plasma fields are larger than the laser

fields. From the electric field, one can estimate the maximum

energy gain in this plasma capacitor: Dc ’ EpðxMÞL / a0L.

(ii) Pull phase: During the following half-period, the

incident field changes sign so that the vyBi force now pulls

electrons toward vacuum and breaks the balance of the force

along x. The electron peak is then accelerated toward vac-

uum (x< 0) and radiates an attosecond electromagnetic

bunch.36 A small fraction (<1%) of electrons in the density

peak escapes the plasma and travels along the reflected

pulse. This is shown in Figs. 4(b) and 4(c), where the phase

space is represented at t¼ tM and t > tM, respectively. For

t > tM, one can see a jet of electrons traveling towards vac-

uum with x< 0 and px < 0.

The orbits of such an electron are detailed in Fig. 5.

Panel (a) shows the magnetic field Bz (color scale) and the

electron density ne (grey scale) versus time and space. The

electron trajectory is plotted as a dashed yellow line in Fig.

5(a). It originates from deep inside the plasma around x¼ xM

and is released in the plasma capacitor at t¼ tM.

The electron velocity components vx and vy are plotted

in panel (b). The electron drifts with initial speed

vy ¼ �sin h, and at tM, as the laser electric and magnetic

fields change sign, it is strongly accelerated toward vacuum

in a fraction—typically a tenth—of an optical cycle. It then

propagates with vx � � 1 and oscillates in the interference

FIG. 4. (a) Density and fields at maximal depth (t ¼ tM ¼ 14:7). The black

and dashed grey lines stand for the electron and ion densities, respectively.

Color lines are magnetic field Bz (blue), electrostatic field Ex (red), and elec-

tric field Ey (green). (b) and (c) Phase space (x,px) at t¼ tM and t ¼ tM þ 2:2,

respectively.
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pattern created by the incident and reflected fields, while

closely remaining in phase with the reflected field. Panel (c)

shows the electric field along the electron trajectory. The ini-

tial energy gain is given by the electrostatic field Ex at t � tM

until it leaves the plasma. The electric field Ey seen by the

electron is the superposition of fast oscillations in the inci-

dent field and a slow phase shift in the reflected field. The

reflected field along the electron trajectory is represented by

the dashed line.

Figure 5 gives insights on the ejection mechanism: (i)

electrons are accelerated toward vacuum by the electrostatic

field Ep of the plasma capacitor, and (ii) electrons are then

able to stay in phase in the reflected field and gain additional

energy from the transverse laser field Ey over a long distance

via vacuum laser acceleration.21 After tM, Figs. 5(b) and 5(c)

show that the incident field has relatively little effect other

than provoking an oscillation of the transverse velocity.

To confirm that this scenario is valid for all ejected elec-

trons, we compute the work of the electric fields along the

trajectories of ejected electrons. The total electric field reads

E ¼ Epex þ ðEi þ ErÞey with Er the laser reflected field am-

plitude, and the works yield

Cx ¼ �
ðt

0

Epvxdt; Cy ¼ �
ðt

0

ðEi þ ErÞvydt; (7)

where Cx and Cy represent the energy gain due to the plasma

field and the laser field respectively.

The result for a large number of electrons is shown in

Fig. 6 for the case with a0 ¼ 10 and the optimal gradient

L¼ 0.55. For x¼ 0, i.e., around the plasma edge, the energy

gain is dominated by Cx, which means that it is due to the

plasma field Ep. On the other hand, as the electrons move

away from the plasma surface (x¼�6), the energy gain is

dominated by Cy, which shows that additional energy gain

occurs in the laser field via vacuum laser acceleration.

Finally, at x¼�12, the average Cx is negative, meaning that

the recall force from the non-neutral plasma surface is decel-

erating electrons, an effect which is exaggerated in 1D as

discussed previously.

Finally, when the hypothesis L< 1 is broken, in particu-

lar, when L� 1, this ejection scenario is not valid anymore.

Indeed, the formation of a large density peak does not occur

for larger gradients, as shown in Figs. 7(a) and 7(b), where

the electron density profile is plotted at t¼ tM for a short and

a long gradient, respectively. It is readily seen that for the

long gradient case, the density in the peak is ten times lower

and the width of the peak is also much larger. Consequently,

the plasma capacitor does not form and electrons cannot be

accelerated efficiently by the plasma field.

IV. SIMPLIFIED 1D MODEL OF ELECTRON EJECTION

In the previous discussion, we found that the energy

gain in the plasma capacitor scales as / a0L, explaining

qualitatively why the ejected charge increases with L and a0,

in the limit of small gradients. However, a more quantitative

model would be useful for estimating the ejected charge and

typical ejected energy. Several models have been developed

for high harmonic generation,36,37 surface motion,32,38,39 or

electron jets inside the plasma.40 However, Ref. 36 does not

describe electron dynamics and Ref. 37 assumes that all elec-

trons are gathered on an oscillating surface which cannot

FIG. 5. Dynamics of an ejected electron for parameters a0 ¼ 5 and L¼ 0.55.

(a) Greyscale: electron density neðx; tÞ. Color scale: magnetic field Bzðx; tÞ.
The yellow dashed line represents the trajectory of an ejected electron. (b)

Velocity components of the ejected electron. (c) Electric fields seen by the

ejected electron along its trajectory.

FIG. 6. Work of the electric fields calculated when electrons cross different

planes x¼ 0, x¼�6 and x¼�12 (simulation parameters are a0 ¼ 10 and

L¼ 0.55). The Cx represents the energy gain in the plasma field while the Cy

represents the energy gain in the transverse laser field.

FIG. 7. (a) Electron density at t¼ 0 (black) and t¼ tM for a0 ¼ 8 and

L¼ 0.55. (b) Same as (a) for L¼ 4.4.
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escape the plasma border. The model developed in Ref. 39

assumes a high density step ne � nc, which is not compati-

ble with a density gradient. Hence, none of them is suitable

for describing backward electron acceleration under oblique

incidence with a density gradient.

The model developed by Gonoskov in Ref. 32 describes

very well the peak dynamics at very large intensity (a0 � 1)

under oblique incidence and for a step-like density profile.

However, the density peak is assumed to always travel at the

speed of light v¼ 1, i.e., infinite energy, and the model can-

not be used to solve the equations of motion.

We now propose a simple numerical model to illustrate

the ejection process during one optical cycle. The incident

laser wave is approximated by a monochromatic plane wave

with a0 > 1. Ions are immobile. We assume L	 1 so that

electrons are gathered in a density peak of width d 	 L.

In the boosted frame, the ion density profile reads

niðxÞ ¼ n0ðxÞ ¼ ex=L= cos h. We consider an electron in the

density peak and describe its motion starting from t¼ tM.

First, the equations of motion for an electron in the density

peak are derived. Second, we find the appropriate initial con-

ditions. Third, this set of equations is solved numerically and

compared with results of PIC simulations.

Electrons are driven by (i) electromagnetic fields and

(ii) plasma fields. We describe the motion of electrons in the

density peak during the pull phase, during which the

reflected field is generated. The incident laser electric field is

written Ei ¼ �a0 sinðt� xþ /M;iÞey, where the phase

/M;i ¼ xM � tM is chosen so that the laser field changes sign

at (tM, xM). For the reflected field, we neglect the harmonic

content of the field and simply write Er ¼ a0 sinðtþ x
þ/M;rÞey with /M;r ¼ �xM � tM.

Concerning the plasma field, it is crucial to include elec-

tron screening in the density peak in order to be able to

model the ejected charge. Indeed, when an electron j is

located on the front edge of the peak (xj¼ xM), it experiences

the full plasma field Ep (see Fig. 8). On the contrary, an elec-

tron located at xj> xM experiences a screened plasma field

Ep � Es, where Es ¼ Esex stands for the electronic screening

field, and is less likely to escape the plasma. As seen before,

the plasma fields amplitude at the position of electron j, xjðtÞ
can be obtained by integrating Maxwell-Gauss’s equation,

giving

Ep � Es ¼ 1

cos2h

ðxj tð Þ

�1
ni xð Þdx�

ðxj tð Þ

�1
ne xð Þdx

 !
:

The first term Ep is evidently the unscreened plasma electric

field from Eq. (2), while the second term is the screening elec-

tric field coming from electrons in the density peak.

Since the shape of the density peak cannot be calculated

analytically, the second integral cannot be evaluated easily.

Therefore, the screening field Es is derived by assuming that

there is no trajectory crossing:23 if electrons j and k in the

density peak verify xjðtMÞ < xkðtMÞ, then xjðtÞ < xkðtÞ at any

time t � tM. With this assumption, the number of electrons

on the left of electron j, i.e., x < xjðtÞ, is constant along time

(see Figure 8).

Hence, the integral of the electron contribution in the

Maxwell-Gauss equation is conserved

Es ¼
ðxj tð Þ

�1

ne x; tð Þ
cos2h

dx ¼
ðxj tMð Þ

�1

ne x; tMð Þ
cos2h

dx ¼ rj; (8)

where rj is the initial surface charge on the left of electron j.
Therefore, the screening field Es is simply determined by the

surface charge rj, and there is no need to know the details of

the shape of the density peak. This electronic surface charge

screens the plasma field Ep and reduces the acceleration of

electrons. Note that this screening field is constant in time

and therefore it has a considerable effect on the electron tra-

jectories. As the electron peak moves along x and y, it radi-

ates a magnetic field Bs through Maxwell-Ampere equation

which is responsible for the reflected field. Neglecting the

high harmonics, this radiation comes down to a monochro-

matic plane wave that we include in the equation of motion.

Finally, taking these effects into account, the equation of

motion for electron j reads

dpj

dt
¼ þa0 sin t� xj tð Þ þ /M;i

� �
ey þ vj tð Þ � ez

� �
�a0 sin tþ xj tð Þ þ /M;r

� �
ey � vj tð Þ � ez

� �
� L

cos3h
exj tð Þ=L ex þ sin hvj tð Þ � ez

� �þ rjex: (9)

The first and second lines are for the incident and reflected

waves, the third line is for the plasma capacitor fields, and

the last line is the screening field. The initial conditions are

taken at t0 ¼ tM, when electrons in the density peak are

located at xM < x < xM þ d. Since d 	 L, we assume that

all electrons start at x¼ xM and use the expression of xM

given above.

The initial momentum of electrons is px0 ¼ 0 because at

tM the peak position is extremal. The transverse momentum

FIG. 8. (a) Sketch of the electron den-

sity at t¼ tM. The black dotted line

stands for xj0, the position of electron j
at t¼ tM, the initial time for our model.

The red area shows the initial charge

on the left of electron j. (b) Same as (a)

for t > tM . In agreement with the hy-

pothesis of no trajectory crossing, the

charge on the left of electron j is con-

served along time: the surface of the

red area is the same for all t � tM .
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py is derived from the conservation of the canonical momen-

tum Py ¼ py � ay ¼ Py0. The peak reaches its maximum

depth when the incident field changes sign, i.e., aðtM; xMÞ
¼ a0. The initial conditions are the same for all electrons and

read

x0 ¼ xM

px0 ¼ 0

py0 ¼ �tan h� a0:

8><
>:

Finally, the only difference between electrons j and k is the

initial charge on the left side of the electron, i.e., the term rj in

Equation (9). These equations are solved numerically for dif-

ferent values of rj. The ejected charge can be determined by

increasing rj until a threshold value rmax above which the

electron is not ejected; the ejected charge is then simply rmax.

An example is given on Fig. 9, where electron trajectories are

plotted for a0 ¼ 8 and L¼ 0.55, from a PIC simulation (a)

and using the model (b). There is no trajectory crossing in the

PIC simulation before t¼ 9, which validates our hypothesis.

The global dynamics is very well reproduced.

The following ejection criterion was adopted in the

model: an electron is considered to be ejected if px is nega-

tive during 3 periods. This criterion is different from the one

we adopted for PIC simulations because we assumed no tra-

jectory crossing, which is not valid for a large time range.

Figs. 9(c) and 9(d) show the ejected charge plotted ver-

sus L and a0, respectively. The model reproduces the global

trends: the charge increases with a0 and L. It overestimates

the ejected charge because the ejection criterion is much

more stringent for the PIC simulation than for the model.

The linear scaling of ejected charge with a0 is well repro-

duced. The scaling with the density gradient does not fit as

well, which can be explained by the fact that as L! 1, the

plasma capacitor model collapses. Besides, for very large

intensities, the ion motion becomes significant and may

affect the interaction. Remarkably, our simple model also

reproduces the trends and the order of magnitude for the

ejected electron energy. This is shown in Figs. 9(e) and 9(f).

To illustrate the role of plasma effects, the model was run

with no ion plasma fields (removing the third line in Equation

(9), in the same conditions as Fig. 9(c)). The ejected charge

never exceeded 1 pC=lm2, which clearly validates the plasma

capacitor model for electron ejection. When we run the model

with no reflected field, we find that the ejected charge

increases linearly with the gradient scale length L instead of

saturating at longer gradients. This shows that the reflected

field also plays a role in the details of the ejection.

V. 2D PIC SIMULATIONS

We now show the results of 2D PIC simulations in order

to confirm the validity of the 1D study. We also use this more

realistic 2D geometry to study the correlation between elec-

tron ejection and high harmonic generation. Indeed, the

ejected electrons are part of the density peak that oscillates in

FIG. 9. (a) Electron trajectories from

PIC simulation a0 ¼ 8 and L¼ 0.55.

(b) Electron trajectories from the

model, with the same parameters. In

both cases, t¼ 0 stands for tM. (c)

Ejected charge versus L for a0 ¼ 8

from PIC simulations and our model.

(d) Ejected charge versus a0 for

L¼ 0.36 from PIC simulations and our

model. (e) Same comparisons between

the PIC simulations and the model but

for the average energy of the ejected

electrons.
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the plasma. When this density peak is accelerated toward vac-

uum, it radiates the reflected field and its high harmonics via

the ROM mechanism. Thus, the ejected electrons and the ones

that radiate the high harmonics should be closely related and

we expect HHG to be correlated to the ejected charge.

The 2D simulations are run in the laboratory frame and

the normalization is done as follows:

t � x0t; x � k0x;
v � v=c; p � p=mec;

with x0 and k0 the laser angular frequency and wave vector

in the lab frame, respectively.

Modeling simultaneously electron ejection and HHG in a

2D PIC simulation is challenging. On the first hand, for HHG,

one should use a spatial mesh of the order of the Debye length

Dx ’ kDe ¼ 0:036
ffiffiffiffiffiffiffiffiffi
Te½ keV

ne;max

q
, where Te is the plasma electron

temperature in keV and ne;max is the maximum electron den-

sity. This condition is used for limiting the finite grid instabil-

ity.41 In our case, it reads Dx ¼ 10�3 for an electron

temperature Te ¼ 0:1 keV and bulk density n0 ¼ 250.

On the other hand, ejected electrons should be detected

far from the plasma surface, at least at a distance larger than

the spot size, and ideally larger than the Rayleigh length,

which requires a large 2D simulation box size D¼ 600.

Satisfying both condition leads to a simulation box with 106

�106 cells with 1011 particles, which is far too large for this

study. Hence, we released these conditions and ran the simula-

tions with n0 ¼ 100 and Te ¼ 0:1 keV. The simulation results

converge when using a spatial mesh as small as Dx ¼ 0:021.

The simulation box size was Dx � Dy ¼ 530� 200.

A 800 nm, laser pulse impinges the solid-density plasma

with a h ¼ 45� incidence angle. The pulse duration is 25 fs,

its spot size is 3:4 lm FWHM, and its amplitude is a0 ¼ 3.

We performed simulations for the following gradient scale

lengths: L ¼ 0:2; 0:8; 1:6; 3:1; 6:3. The ejected electrons are

detected with two electron probes. The first one is parallel to

the plasma surface and located at a distance of 160 away

from the plasma surface to record electrons emitted around

the specular direction. The second one is perpendicular to

the plasma surface and 160 from the reflection point, to re-

cord electrons ejected along the plasma surface.

The 2D simulations reproduce the main phenomena

depicted in the 1D PIC simulations: at each optical cycle,

electrons are pushed and form a sharp density peak. This

gives rise to a plasma capacitor in which electrons gain

energy and are ejected. Jets of electrons are ejected at precise

phases of the reflected laser field (at zeros of the electric

field) and further propagate first in the interference pattern

and then in the reflected field.

More qualitative results are shown in Fig. 10. The black

line on panel (a) shows the total ejected charge (i.e., on both

electron probes) as a function of the gradient length. As pre-

viously, the ejected charge increases with the gradient scale

length until it reaches a maximum for L ’ 1:7. This qualita-

tively confirms the observations from the 1D PIC simula-

tions, although the optimal gradient length Lmax is longer:

’1:6 instead of ’0:5 in 1D.

Previous experiments showed that for short gradients,

electrons are emitted between the normal and specular direc-

tion, so that the electron beam is not symmetric around the

specular direction. This asymmetry can be explained by the

dynamics of electrons in the reflected field while they

undergo vacuum laser acceleration.21

To take into account this asymmetric emission, the

ejected electrons are sorted as a function of their final emis-

sion angle. We define Q�, the ejected charge of electrons with

angles <45� (i.e., between the normal and specular directions)

and Qþ as the charge for electrons emitted with angles >45�

(i.e., between the specular and grazing directions). Fig. 10(a)

shows that Q� decreases for gradients above L ’ 1:7, while

on the contrary Qþ increases for long gradients. The behavior

FIG. 10. Results of 2D PIC simula-

tions for a0 ¼ 3 and various gradient

lengths. (a) Ejected charge as a func-

tion of the gradient length. Electrons

are sorted depending on their final

emission angle: Qþ is the charge for

electrons with h > 45
�
, and Q� is the

charge for electrons with h < 45
�
, so

that Q ¼ Q� þQþ. (b) Correlated

emission of harmonics and charge Q�.

(c) and (d) Final angle-energy distribu-

tion for L¼ 0.8 and L¼ 6.3 respec-

tively. The vertical dashed black line

shows the specular direction.
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of Q� is consistent with the plasma capacitor scenario while

the opposite behavior of Qþ indicates a different ejection

mechanism which dominates for longer gradients. These two

regimes give rise to significantly different angular distribu-

tions, as seen in Figs. 10(c) and 10(d). Panel (c) shows the

angle-energy distribution in the case of a short gradient

(L¼ 0.8) for which the majority of electrons are ejected with

angle h < 45�. In this case, the ponderomotive force digs a

hole close to the specular direction as it pushes electrons away

from the laser pulse.21 Panel (d) shows the case of a longer

gradient (L¼ 6.3): more electrons are ejected along the target,

indicating a different emission process.

Finally, Fig. 10(b) represents the harmonics signal as a

function of the gradient scale length. The harmonics effi-

ciency peaks for L ’ 1:8 and decreases for longer gradients,

and follows identical variations as the charge Q�. This con-

firms that electron ejection in the plasma capacitor (repre-

sented by Q�) and the high harmonic generation via the

ROM mechanism are correlated.

In a very recent work,17 it was observed that electron

ejection and harmonic generation were anti-correlated, as

opposed to our present findings. This is because in Ref. 17,

the laser intensity was not relativistic (I < 1018 W=cm2) and

harmonics were generated via a completely different mecha-

nism, the so-called coherent wake emission.42 In coherent

wake emission, the electrons return to the dense plasma and

excite a plasma wake which in turn radiates. This mechanism

is efficient only when the plasma gradient is sufficiently small

(L ’ 0:15),11 in which case electron ejection does not occur.

VI. CONCLUSION

We have studied the process of electron ejection, or

backward emission, when a solid target with a short density

gradient is irradiated by an ultra-intense laser at an oblique

incidence. An extensive numerical study provides insights

into the ejection mechanism in the case of short gradients

L < k0. In this case, the laser pushes electrons inside the den-

sity gradient and sets up a high density peak of electrons

associated with a large charge-separation field, akin to a

plasma capacitor. Electrons can gain enough energy in this

plasma field to be expelled from the plasma surface into the

vacuum and injected into the reflected field in which they

eventually gain additional energy. A model is presented for

the ejection process, solving the electron dynamics in simpli-

fied fields, which reproduces well the trends of PIC simula-

tions. Finally, our 1D study is completed by 2D PIC

simulations validating the ejection mechanism and showing

that electron ejection is closely correlated to harmonic emis-

sion via the Relativistic Oscillating Mirror mechanism.

Electrons accelerated at these plasma surfaces have very

specific characteristics: they are emitted with MeV energy,

at a given phase of the field and with an attosecond bunch

duration. Therefore, these plasma mirrors are ideal for inject-

ing electrons into a laser field and accelerating them via vac-

uum laser acceleration, as demonstrated in Ref. 21. All these

processes result in the generation of a source of MeV elec-

trons with high charge, large divergence, and femtosecond

duration. Using few-cycle laser pulses could permit the

generation of a single sub-femtosecond electron bunch,

which in conjunction with the attosecond harmonics pulse

could be used to probe matter in extreme conditions.
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Titre : Modélisation de la réflexion d’une impulsion laser sur un miroir plasma dans le régime 
relativiste : de l’accélération d’électrons à la génération d’harmoniques 

Mots clefs : laser femtoseconde, plasma, électrons relativistes 

Résumé : Lorsqu'une impulsion laser est focalisée à une intensité relativiste sur une cible solide, 
le matériau est instantanément ionisé et forme un miroir plasma, c'est-à-dire un plasma surdense 
avec un court gradient de densité sur sa face avant. La réflexion de l'impulsion laser génère alors 
des harmoniques élevées dans l'impulsion réfléchie, et des électrons peuvent être accélérés hors 
de la cible. Si la génération d’harmoniques est bien comprise, la dynamique des électrons éjectés 
restait, à ce jour, mal expliquée. Cette thèse théorique et numérique révèle cette dynamique en 
suivant trois axes de recherche. D’abord, à l'aide de simulations numériques de type particle-in-
cell, nous identifions le mécanisme d'éjection des électrons de la surface à l'échelle du cycle 
optique. Nous montrons qu’il existe une longueur de gradient optimale pour l’éjection d’électrons, 
ce qui a été vérifié sur deux lasers femtosecondes (le laser de la Salle Noire au LOA et le laser 
UHI100 au CEA). Ensuite, après l'éjection du plasma, les électrons peuvent être accélérés par les 
champs laser de l'impulsion réfléchie par un processus appelé accélération laser dans le vide 
(VLA). Nous montrons que ce mécanisme a permis d’accélérer des faisceaux d’électrons de charge 
élevée (3 nC) jusqu’à des énergies relativistes (10 MeV) lors d’expériences sur UHI100. 
Finalement, nous expliquons comment l’éjection d’électrons est corrélée avec l’effet du Miroir 
Oscillant Relativiste qui produit des harmoniques dans le régime de très haute intensité. 
 

Title: Modeling the interaction between relativistic laser pulses and plasma mirrors: from 
electron acceleration to harmonic generation 

Keywords: femtosecond lasers, plasmas, relativistic electrons 

Abstract: When a laser pulse with a relativistic intensity is focused onto a solid target, the 
material is instantly ionized and forms a plasma mirror, an overdense plasma with a short density 
gradient on its front side. During the laser pulse reflection, high harmonics are generated in the 
reflected pulse, and electrons can be accelerated out of the target. While the mechanisms for high 
harmonic generation (HHG) are well-known, the acceleration of electrons remained unclear. This 
theoretical and numerical thesis unravels the mechanisms for ejection and acceleration of 
electrons, following three research lines. First, using particle-in-cell numerical simulations, we 
identify the ejection mechanism. We show that there is an optimal gradient length for electron 
ejection, which was verified in experiments on two femtosecond ultraintense lasers: the Salle 
Noire laser at LOA and UHI100 at CEA. Second, after being ejected from the plasma surface, 
electrons can be accelerated by the laser fields in the reflected pulse via the Vacuum Laser 
Acceleration (VLA) mechanism. We show that this mechanism lead to high-charge (3 nC) 
electron beams with relativistic energy (10 MeV) during experiments on the UHI100 laser. 
Finally, we demonstrate that electron ejection is inherently linked with the Relativistic 
Oscillating Mirror effect responsible for HHG in the high-intensity regime.  
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