N

N

Modelling the dependence of order statistics and
nonparametric estimation.
Richard Fischer

» To cite this version:

Richard Fischer. Modelling the dependence of order statistics and nonparametric estimation.. General Math-
ematics [math.GM]. Université Paris-Est, 2016. English. (NNT: 2016PESC1039). (tel-01526823)

HAL Id: tel-01526823
https://pastel.hal.science/tel-01526823v1

Submitted on 23 May 2017

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Auto':izition
HAL Authorization


https://pastel.hal.science/tel-01526823v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

UNIVERSITE
- PARIS- 1251

L’Ecole Doctorale Mathématiques et Sciences et Technologies de I’information et
de la Communication (MSTIC)

THESE DE DOCTORAT

Discipline : Mathématiques Appliquées

présentée par

Richard FISCHER

Modélisation de la dépendance pour
des statistiques d’ordre et estimation
non-paramétrique

These co-dirigée par Cristina BUTUCEA, Jean-Frangois DELMAS et
Anne DUTFOY

préparée au CERMICS, Université Paris-Est (ENPC) et au LAMA,
Université Paris-Est (UPE-MLV)

These soutenue le 30/09/2016 devant le jury composé de :

Mme Cristina BUTUCEA Directrice de These Université Paris-Est Marne-la-Vallée
M. Jean-Frangois DELMAS Directeur de These Ecole des Ponts ParisTech

Mme Anne DUTFOY Directrice de These EDF R&D

M. Jean-David FERMANIAN Rapporteur ENSAE ParisTech

M. Johan SEGERS Rapporteur Université Catholique de Louvain
Mme Agnes SULEM Examinatrice INRIA

M. Alexandre TSYBAKOV Examinateur ENSAE ParisTech






Résumé

Dans cette these, on considere la modélisation de la loi jointe des statistiques d’ordre, c.a.d.
des vecteurs aléatoires avec des composantes ordonnées presque siirement. La premiere partie est
dédiée a la modélisation probabiliste des statistiques d’ordre d’entropie maximale a marginales
fixées. Les marginales étant fixées, la caractérisation de la loi jointe revient a considérer la
copule associée. Dans le Chapitre 2, on présente un résultat auxiliaire sur les copules d’entropie
maximale & diagonale fixée. Une condition nécessaire et suffisante est donnée pour l'existence
d’une telle copule, ainsi qu'une formule explicite de sa densité et de son entropie. La solution
du probleme de maximisation d’entropie pour les statistiques d’ordre a marginales fixées est
présentée dans le Chapitre 3. On donne des formules explicites pour sa copule et sa densité jointe.
On applique le modele obtenu pour modéliser des parametres physiques dans le Chapitre 4.

Dans la deuxieme partie de la these, on étudie le probleme d’estimation non-paramétrique
des densités d’entropie maximale des statistiques d’ordre en distance de Kullback-Leibler. Le
chapitre 5 décrit une méthode d’agrégation pour des densités de probabilité et des densités
spectrales, basée sur une combinaison convexe de ses logarithmes, et montre des bornes optimales
non-asymptotiques en déviation. Dans le Chapitre 6, on propose une méthode adaptative issue
d’un modele exponentiel log-additif pour estimer les densités considérées, et on démontre qu’elle
atteint les vitesses connues minimax. L’application de cette méthode pour estimer des dimensions
des défauts est présentée dans le Chapitre 7.

Mots clés

agrégation, copule, densité de probabilité, densité spectrale, divergence de Kullback-Leibler,
entropie maximale, estimation adaptative, estimation non-paramétrique, modeéle exponentiel
log-additif, statistiques d’ordre






Abstract

Modelling the dependence of order statistics and nonparametric
estimation

In this thesis we consider the modelling of the joint distribution of order statistics, i.e. random
vectors with almost surely ordered components. The first part is dedicated to the probabilistic
modelling of order statistics of maximal entropy with marginal constraints. Given the marginal
constraints, the characterization of the joint distribution can be given by the associated cop-
ula. Chapter 2 presents an auxiliary result giving the maximum entropy copula with a fixed
diagonal section. We give a necessary and sufficient condition for its existence, and derive an
explicit formula for its density and entropy. Chapter 3 provides the solution for the maximum
entropy problem for order statistics with marginal constraints by identifying the copula of the
maximum entropy distribution. We give explicit formulas for the copula and the joint density.
An application for modelling physical parameters is given in Chapter 4.

In the second part of the thesis, we consider the problem of nonparametric estimation of max-
imum entropy densities of order statistics in Kullback-Leibler distance. Chapter 5 presents an
aggregation method for probability density and spectral density estimation, based on the convex
combination of the logarithms of these functions, and gives non-asymptotic bounds on the ag-
gregation rate. In Chapter 6, we propose an adaptive estimation method based on a log-additive
exponential model to estimate maximum entropy densities of order statistics which achieves
the known minimax convergence rates. The method is applied to estimating flaw dimensions in

Chapter 7.

Keywords

adaptive estimation, aggregation, copula, Kullback-Leibler divergence, log-additive exponen-
tial model, maximum entropy, nonparametric estimation, order statistics, probability density,
spectral density
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Résumé substantiel

Les travaux présentés dans cette theése portent sur la modélisation probabiliste et I'inférence
statistique des vecteurs aléatoires, qui sont soumis & des contraintes déterministes. En particulier,
nous nous sommes intéressés a ’étude des statistiques d’ordre, c.a.d. des vecteurs aléatoires dont
les composantes sont ordonnées presque siirement. Apres une introduction générale, le manuscrit
consiste en quatre papiers publiés ou soumis a des journaux scientifiques a comité de lecture :

e C. Butucea, J.-F. Delmas, A. Dutfoy and R. Fischer. Maximum entropy copula with given
diagonal section. Journal of Multivariate Analysis, 137, 61-81, 2015. [33]

e C. Butucea, J.-F. Delmas, A. Dutfoy and R. Fischer. Maximum entropy distribution of
order statistics with given marginals. En révision a Bernoulli. [36]

e C. Butucea, J.-F. Delmas, A. Dutfoy and R. Fischer. Optimal exponential bounds for
aggregation of estimators for the Kullback-Leibler loss. Soumis. [3§]

e C. Butucea, J.-F. Delmas, A. Dutfoy and R. Fischer. Fast adaptive estimation of log-
additive exponential models in Kullback-Leibler divergence. Soumis. [37]

et deux papiers qui présentent des cas d’application issus des travaux au sein du département
Management des Risques Industriels a EDF R&D, paraissant dans des actes des congres :

e C. Butucea, J.-F. Delmas, A. Dutfoy and R. Fischer. Modélisation de la dépendance sous
contrainte déterministe. Dans Proceedings of Congrés Lambda Mu 19 de Maitrise des
Risques et Stureté de Fonctionnement, 2014. [31]

e C. Butucea, J.-F. Delmas, A. Dutfoy and R. Fischer. Nonparametric estimation of dis-
tributions of order statistics with application to nuclear engineering. Dans Safety and
Reliability of Complex Engineered Systems : ESREL 2015, 2015. [34]

La premiere partie de la these est consacrée a 1’étude des statistiques d’ordre dont les dis-
tributions marginales sont fixées. Etant données ces contraintes, la loi jointe des statistiques
d’ordre peut étre caractérisée en précisant sa copule associée. Une copule est la fonction de ré-
partition jointe d’un vecteur aléatoire U = (U, ..., Uy) telle que U; est distribuée uniformément
sur I'intervalle I = [0, 1] pour tous 1 < ¢ < d. Le théoreme de Sklar nous assure que la fonction
de répartition jointe F'x d’un vecteur de statistiques d’ordre X = (Xi,..., X ) s’écrit comme la
composition d’une copule et les fonctions de répartition marginales F; de X :

Fx(z) = C(Fi(z1),...,Fa(xq)) pour & = (21,...,xq) € R%

De plus, la copule figurant dans cette décomposition est unique si les (F;,1 <1 < d) sont conti-
nues. Dans la suite, on consideére que les marginales sont continues. Parmi les lois jointes compa-
tibles avec les contraintes, nous cherchons celle qui contient la moindre information supplémen-
taire par rapport aux contraintes. Soit A une densité de référence sur R et h®%(z) = L, h(z;)
pour z = (1,...,24) € R% On mesure la quantité d’information d’un vecteur aléatoire X avec
fonction de répartition F'x par I’entropie de Shannon relative Hy(F'x) définie comme :

— [ fxlog (fX/h®d) si Fx est absolument continue avec densité fx,
HalFx) = —00 sinon

Notez que Hp(Fx) € [—00,0] est bien définie. Quand h = 1;, on écrit tout simplement H(Fx)
au lieu de Hp(Fx). On cherche & maximiser ce critére parmi les lois jointes admissibles. Par
Lemme 3.1, l'entropie relative d’un vecteur aléatoire X = (Xi,...,Xy) se décompose comme
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la somme des entropies relatives marginales Hy(F;), 1 <1i < d et 'entropie H(C') d’un vecteur
aléatoire U dont la fonction de répartition est la copule C associée a X :

d
) =Y Hp(Fi)+ H(C).
i=1

Par conséquent, la maximisation de I’entropie pour des statistiques d’ordre a marginales fixées
est équivalente a la maximisation de ’entropie de la copule associée.

Dans le Chapitre 2, qui correspond a [33], nous considérons le probléeme de trouver la co-
pule d’entropie maximale avec une diagonale fixée. Ce probleme est fondamentalement lié au
probleme de copule d’entropie maximale pour des statistiques d’ordre a marginales fixées, que
I’on expliquera plus tard. La diagonale § : I — I d’une copule C' est la fonction définie comme
o(t) = C(t,...,t). Si U = (Uy,...,Uy) est un vecteur aléatoire avec fonction de répartition
jointe C, alors la diagonale est la fonction de répartition de max;<;<qU;. La diagonale porte
des informations sur la dépendance des queues de la copule, et peut caractériser la fonction
génératrice d'une copule Archimédienne sous une certaine condition, c.f. [77]. La solution de ce
probléme repose sur la théorie de maximisation d’entropie abstraite de [25].

On donne une condition nécessaire et suffisante sur la diagonale § pour 'existence d’une
copule d’entropie maximale. Notamment, une telle copule existe si et seulement si :

/|log (t = 6(1))| dt < +o0. (1)

Cette condition est plus forte que celle de [102] pour I'existence d’une copule absolument continue
avec diagonale ¢, qui requiert que l'ensemble Y5 = {t € I,0(t) = t} soit de mesure nulle par
rapport a la mesure de Lebesgue. Cette derniere condition est bien assurée par (1). Quand (1)
est vérifiée, on donne la formule explicite de la densité de la copule d’entropie maximale ainsi
que la valeur exacte de son entropie.

D’abord, on consideére le cas ¥5 = {0,1}, c.a.d. §(t) > t pour tous ¢t € (0,1). On définit les
fonctions a et b comme, pour t € [ :

a(t) = d_dy(t)h(t)—lﬂ/d FM) ot b(t) = 7h<t)—1+1/d e~ ([@=DF()

avec h et F' données par :
d—1 [t 1
=—— [ —=ds
d Ji h(s)

Ces fonctions nous permettent de définir la copule Cy, qui a pour densité ¢ donnée par :

¢s(z) = b(max(x)) H a(z;) pour z € 1%, (2)

i F#max(x)

avec max(x) = maxj<j<q &;.

Dans le cas général, la continuité de la diagonale ¢ nous assure que I\ X5 = Ujes(ey, ;) avec
J au plus dénombrable. Pour chaque j € J, on écrit A; = 3; — a;, et on définit les fonctions 57
comme :
Oy +tAj) —

Aj

On peut vérifier que 67 est également la diagonale d’une copule qui satisfait X5 = {0,1}. Soit
¢s; définie par (2) avec d remplacée par 6/. Enfin, soit Cj la copule dont la densité cs est donnée
par :

§(t) =

pour t € I.

a1
Z A, Csi (AJ> 1(%7&.)4(3:) pour z € I, (3)
jeJ
avec 1 = (1,...,1) € R% Quand X5 = {0,1}, les fonctions ¢5 et ¢ coincident. Le résultat

principal du Chapitre 2 stipule que quand (1) est vérifiée, la copule Cs est celle d’entropie
maximale avec diagonale §. Notons par C? I’ensemble de tous les copules avec diagonale 4.
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Théoreme. Soit § la diagonale d’une copule.
a) Si J(0) = +o0, alors maxgees H(C) = —o0.
b) Si J(§) < +oo, alors maxgees H(C) > —oo, et Cs € C°, dont la densité cs est donnée
par (3), est Uunique copule telle que : H (Cs) = maxgees H(C). De plus, on a :

H(Cs) = —=(d=1)7(0) +G(9),

ot G(9) € R est donnée par :
G(8) = dlog(d) + (d — 1) + H(6) /I(d — &) log(d — &).

Nous illustrons la différence entre les copules issues des familles classiques et les copules
d’entropie maximale avec la méme diagonale a la fin de ce chapitre.

Dans le Chapitre 3, qui correspond a [36], on résout le probléme initial de trouver la loi jointe
d’entropie maximale pour les statistiques d’ordre a marginales F = (F}, 1 < i < d) fixées. Nous
avons déja constaté que ce probleme est équivalent & trouver la copule d’entropie maximale
compatible avec les contraintes. D’apres [119] les copules compatibles sont exactement celles
dont le support est inclus dans un sous-ensemble de I% qui dépend de F. Vu qu’une contrainte
sur le support est difficile a traiter avec la formalisme de [25], nous établissons une bijection
entre les copules des statistiques d’ordre avec marginales F' et un nouvel ensemble des copules
contraintes. Ce dernier ensemble est celui des copules symétriques avec une multidiagonale fixée.
La multidiagonale 8§ = (6(1), - ..,d(q)) d'une copule C est la généralisation de la diagonale. C’est
le vecteur des fonctions de répartition d(;) de U(;) pour 1 < i < d, ou Uy, est la i-eme plus grand
composante du vecteur aléatoire U dont la fonction de répartition est la copule C. Autrement
dit, (U(l), e U(d)) est le vecteur des statistiques d’ordre associée a U. Remarquons que §(q)
correspond & la diagonale § définie précédemment. La multidiagonale fixée des copules dans
le nouvel ensemble est une fonction des marginales F. La bijection préserve ’entropie a une
constante additive pres. Donc il faut que 'on trouve la copule symétrique d’entropie maximale
avec une multidiagonale fixée. Ce probléme peut étre résolu d’une maniere similaire au probleme
des copules d’entropie maximales a diagonale fixée. En fait, pour d = 2, ils sont équivalents.

De maniére similaire & (1), la condition d’existence d’une copule d’entropie maximale avec
multidiagonale § s’écrit comme :

d
5= /1 5oy () [log (8(5—1) (1) — 80 (1)) < 0. (4)
=2

Pour donner la formule exacte de la solution, nous introduisons quelques notations. Notons :
={tel, é;_1)(t) >d(t)} pour2<i<d.

L’ensemble complémentaire (¥¢)¢ sur I est la collection des points ol d(i—1) = 9(;)- On définit
Pensemble ¥4 C I comme %8 = (J4, 3¢ (( 8ye ) . Selon [103], il existe une copule absolument

continue avec multidiagonale § si X% est de mesure nulle. Celle-ci est bien assurée lorsque (4)
est vérifiée. Comme les ensembles \115 sont ouverts, il existe un ensemble au plus dénombrable
d’intervalles disjointes {(gi(j), d¥ )) j € Ji} tel que W& = Ujes, ( , (])) pour 2 < i < d. Soient

ml(j ) = (ggj Unt dgj )) /2 les points milieux de ces intervalles. L’ensemble Ls est défini par :

Ls = {u= (uy,...,uq) € I% (u(i—1), u@)) C ¥ pour tout 2 < i < d}.
Considérons la copule Cs avec densité jointe cs donnée par, pour « = (1, ...,zq4) € I :

1 d
cs(r) = 71 1Ls (@) [ ] ai(z @), (5)

=1
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ol z(; est la i-éme plus grande composante de x, et les fonctions a;, 1 <7 < d, sont données
par, pour t € I :
a;(t) = K(t) o Kit1 () —Ki(t) Tysqgs (1),

i1
avec pour 1 <i<d, te (g(j),dl(.j)) :

)

K t owle)
0= o5t

et les conventions W = (0,d;) avec dy = inf{t € I; dy(t) =1}, my =0, \Il‘fiH = (9gq+1,1) avec
gd+1 = sup{t el; 5(d)(t) = 0}, Ma41 = (1 + gd+1)/2, (5(0) =1let K441 =0.

La solution du probléme est résumée dans le théoréme suivant. Notons par C® I'ensemble des
copules de multidiagonale 8.

Théoréme. Soit § la multidiagonale d’une copule.
(a) SiJ(8) = +o0, alors maxgecs H(C) = —o0.
(b) SiJ(6) < +oo, alors maxpyces H(C) > —oo et Cg dont la densité cs est donnée par (5)
est l'unique copule telle que H (Cs) = maxcecs H(C). De plus, on a :

d
H(Cs) = —J(8) +log(d!) + (d — 1) + > _ H(6(;)).

=1

Puisque la solution est une copule symétrique, en appliquant la bijection sur celle-ci nous
retrouvons la copule d’entropie maximale pour des statistiques d’ordre a marginales F fixées.
Par le théoreme de Sklar, on peut identifier, quand elle existe, la loi jointe d’entropie maximale
pour des statistiques d’ordre a marginales F fixées. Une telle distribution existe si et seulement
si Hy(F;) > —oo avec X; distribuée selon F; pour tous 1 <14 < d, et si on a en plus :

d
IE) =3 [ Fid) flog (Fioa(t) = F(0)] < +oc.
1=2

Dans ce cas, la densité fgp de la distribution maximisant ’entropie prend la forme, pour z =
(z1,...,2q4) €RI:

_ d fi(i) (_ o fi(s) )
fel@) =0 1] 7y =R 2\ L o - B @ @ O

oll f; la densité correspondant & F; et LF C R? est ’ensemble des vecteurs ordonnés (Z1,...,2q),
tels que F;_1(t) > F;(t) pour tous t € (x;—1,2;) et 2 < i < d. Le résultat principal de cette partie
de la these est le théoreme suivant. Notons par Edos (F) 'ensemble des fonctions de répartition
des statistiques d’ordre avec marginales F'.

Théoréme. Soit F = (F;,1 < i < d) un vecteur de fonctions de répartition tel que F;_1 > F;
pour tous 2 <1 < d et h une densité de référence sur R.

(a) S’il existe 1 < i < d tel que Hp(F;) = —o0, ou si J(F) = +o0, alors Max e £0s () Hy(F) =
—00.

(b) Si Hy(F;) > —o0 pour tous 1 <i < d, et J(F) < +oo, alors Max pe 05 (p) Hyp(F) > —o0,
et la fonction de répartition jointe Fg avec densité jointe fr définie dans (6) est la
fonction de répartition unique dans L% (F) telle que Hy,(Fg) = MaX e £0s(p) Hy(F). De

plus, on a :
d

Hy(Fp) =d—1+Y Hy(F;)—J(F).
=1
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Nous remarquons que la densité fg a une forme produit sur L¥, c.a.d. que 'on peut ’écrire,
pour x = (x1,...,1q) € R?:

d
fe(x) =[] pi(zi)1e(2), (7)
i=1
avec des fonctions non-négatives (p;, 1 <i < d).

Le Chapitre 4, qui a donné lieu a la présentation [31], présente une application de la loi jointe
d’entropie maximale des statistiques d’ordre avec des marginales fixées pour modéliser des pa-
rametres d’entrée pour un code de calcul. Ce code simule une procédure de soudage, basé sur
une méthode d’éléments finis pour un modele thermomécanique. 11 évalue les caractéristiques
des fissures résiduelles qui peuvent apparaitre dans le matériel pendant le soudage, ayant un
impact sévere sur la durée de vie du composant soudé. Le but de cette simulation est de réa-
liser des études d’analyse de sensibilité sur les valeurs des parametres d’entrée afin d’identifier
ceux qui ont le plus d’impact sur la sortie du code. Les parametres d’entrée correspondent a
des caractéristiques physiques du matériel comme le module de Young, la limite d’élasticité,
etc. Ces parametres sont des fonctions monotones de la température, évalués sur une plage de
température couvrant une large gamme. Alors que les valeurs des parametres pour les basses
températures sont relativement bien connues, les données sont rares pour des températures éle-
vées, ce qui conduit & des incertitudes que ’on doit prendre en compte.

Dans ce chapitre, nous proposons d’utiliser la loi d’entropie maximale des statistiques d’ordre
avec des marginales fixées pour remplacer la méthode actuelle qui consiste a imposer la valeur
moyenne a chaque température et puis a ajouter une fonction d’erreur multipliée par un bruit
aléatoire centré. Cette derniere approche présente plusieurs inconvénients : elle implique une
hypothese assez forte sur la forme de la courbe des parametres, et elle peut conduire & des profils
de parametres non-monotones. Enfin, elle ne donne pas assez de flexibilité pour la modélisation
des marginales individuelles. La modélisation que I’on propose résout ces problémes : elle permet
de choisir les distributions des marginales (lorsqu’elles sont stochastiquement ordonnées), elle
respecte la monotonie, et des formules simples sont disponibles pour générer des réalisations de
la loi obtenue. Le cas avec des marginales uniformes est discuté en détail.

Dans la deuxieme partie de la thése, on étudie le probleme d’estimation non-paramétrique
des densités d’entropie maximales des statistiques d’ordre obtenues dans le Chapitre 3. Selon
I'équation (7), ces densités ont une forme produit sur un sous-ensemble du simplexe S = {x =
(x1,...,2q) € Rtz < ..., < xq}. Cette structure spéciale suggeére qu'une méthode congue
spécifiquement pour estimer ces densités jointes pourrait atteindre une vitesse de convergence
univariée, évitant le fléau de la dimension qui impacte fortement la performance des méthodes
d’estimation usuelles. Dans le cadre non-paramétrique, on suppose que la densité jointe appar-
tient a un ensemble large de fonctions avec certaines propriétés de régularité, indexées par un
parametre r. Nous nous sommes particulierement intéressés a des méthodes adaptatives, c.a.d.
des méthodes qui n’utilisent pas de connaissances sur la régularité de la densité estimée, mais
réalise toutefois la vitesse de convergence optimale pour des valeurs multiples du parametre r.
Tout au long de cette partie, on mesure la qualité de 'estimateur fn basé sur un échantillon
X" = (X1,...,X™) par la divergence de Kullback-Leibler, qui est une semi-distance entre des
fonctions non-négatives f et g, donnée par :

D(flo) = [ 1106 (1)~ [+ [ 4

Le chapitre 5, qui correspond a [38], présente une méthode d’agrégation convexe sur les
logarithmes des estimateurs pour le probléeme de sélection de modele en déviation. Cette mé-
thode permet de créer un estimateur adaptatif de la densité d’entropie maximale des statistiques
d’ordre. Considérons un modele probabiliste P = {Py; f € F}, ot f est un parametre de dimen-
sion infini qui caractérise la loi Py. On note par Py la probabilité par rapport a la distribution
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P . Supposons que 'on possede un échantillon X" = (X 1. .., X™) du modele et des estimateurs

(fx,1 < k < N) indépendants de X". Le but est de proposer un estimateur agrégé fn de f qui
vérifie, pour tous x > 0 :

Py (D (£15) > min, D) +Rus ) e

<k<

avec un terme résiduel R, n . le plus petit possible. On consideére la classe des fonctions dont
les logarithmes sont bornés par rapport & une mesure de référence h, ie. G = {f : R? —
R, [[log(£/h) |, < +0}.

D’abord, on étudie le probléme d’estimation de densité de probabilité, ou X" est un échan-

tillon i.i.d. de la densité f. Quand f et (fx,1 < k < N) appartiennent & G, on peut les écrire
comme :

f=eh et fp=eVrp, (8)

out et (tg,1 < k < N) sont des fonctions telles que Jth =0, [tyh = 0, et ¥, ¢y sont des
constantes de normalisation. L’estimateur agrégé fn sera choisi dans l’ensemble { f)\ JA € AT
dont les éléments sont donnés par :

N

f)]\j =T, avee ) = Z At et Yy =log (/ e h> , 9)

k=1

avec
AT={ A=\ 1<k<N)eRV N >0et > Ae=1} (10)
1<k<N

Les poids A d’agrégation sont déterminés a ’aide de 1’échantillon X". On pose fn = f b

)\E € At maximise un critére de maximum de vraisemblance pénalisé H()\) donné par :

2

3\*—‘

i b — L pen®(n), (11)

avec la pénalité :
N N
pen”(A\) = > A\ D (fADka) = etk — .
k=1 k=1

Le théoréme suivant démontre que si les densités jointes appartiennent a FP(L (L) = {f €
G; Itll < L} pour L > 0, le terme résiduel R, n, pour Iestimateur f/\D est de 'ordre de

(log(N) + z)/n.

Théoréme. Soient L, K > 0. Soient f € FP(L) et (fx,1 < k < N) des éléments de FP(K) tels
que (ty,1 < k < N) sont linéairement indépendants. Soient X" = (X1,..., X™) un échantillon
i.3.d. de densité f. Soit fﬁj définie par (9) avec \P = argmax \cp+ HP (). Alors pour tout
x>0,o0na:

<e”

I

P (D <f|| i),?)— min D (f|fx) > W)

1<k<N
avec = 2exp(6K + 2L) +4K/3.
Le théoreme suivant assure que le terme résiduel R,, y, = (log(N)+x)/n est en fait optimal.

Théoréme. Soient N > 2, L > 0. Alors il existe N densités jointes (fx,1 < k < N), avec
fr € FP(L) telles que pour tous n > 1, x € Rt qui satisfont :

gtz g (1 - e*L)z,

n
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on a :
. 5 . B’ (log(N) + x) [
f — > > e
7. fe?j:g)(L)Pf (D (7152) 2 D k) = n =21°
avec Uinfimum pris sur tous les estimateurs fn basés sur l'échantillon X" = (X1, ..., X"), et
B/ — 2—17/2/3'

Nous considérons le méme probléme pour ’estimation de densité spectrale également. Dans
ce cas la, I’échantillon X™ correspond & mn observations consécutives d’un processus Gaussien
stationnaire (X*,k € Z) de densité spectrale f. Dans la définition de la classe G, on choisit
h = 1/(27)1|_; -] comme densité de référence. Comme la densité spectrale est une fonction
non-négative sur [—, 7], non nécessairement d’intégrale 1, on écrit :

1 1
f = % e’ 1[77r,7r] et fk = % ek 1[*#,71’}‘

L’estimateur agrégé fn est choisi dans l'ensemble { ff ,A € AT} basé sur des combinaisons

convexes des fonctions (gg,1 <k < N):

1

N
= 1 e 9= A (12)
™ k=1

On note 'intégrale de f;? par m). Les poids j\f € AT d’agrégation maximisent le critére \ —
HZ(\) donné par :

1
H?(\) = /g)\In —my — §pen8()\),
avec la pénalité pen®(\) = SN A\ D (f;\ngk) et I, définie par, pour t € [—m, 7] :

n—j
o A ’
i=1

~ n—1

I,(t) = xn + 1 Z 4jcos(jt) avec A, = 1
T n
ou (4;,0 < j < n—1) sont les estimateurs empiriques des corrélations (vj,1 < j < n —1).
Remarquons que I, est un estimateur non-paramétrique biaisé de la densité spectrale. Pour
pouvoir établir un terme résiduel optimal, nous avons besoin d’une certaine régularité pour
les fonctions f et (fx,1 < k < N). Pour une fonction périodique quelconque ¢ € L?([—m, 7)),
considérons son développement sur la base de Fourier : ¢(x) = > .oz ax e pp. avec ap =

J™_e~*2 ¢(z) dx. La norme Sobolev fractionnaire || ¢ 2 7> 0 est définie comme :

€]l = 1l1Z2gy +103,  avec {633, = [k |awl.
kEZ

On prend ’ensemble des fonctions paires, non-négatives dont la norme Sobolev fractionnaire est
bornée pour r > 1/2 :

F3(L)={f€G: g=1log(2nf) vérifie 19l < L/Cr et g pair},

o C? =3 cs k| 7% est une constante qui dépend de 7. Par I'inégalité de Cauchy-Schwarz, on
a également que || g||,, < L, et donc f € G. De plus, il existe une constante C(r, L) telle que
pour toutes f € F2(L), on a 127 f ||y, < C(r, L), c.f. Lemme 5.9. Le théoréme suivant assure

que pour des densités spectrales appartenant a F2 (L), le terme résiduel pour l'estimateur f;ff
est également (log(N) + z)/n.

Théoréme. Soient r > 1/2, K, L > 0. Soient f € F2(L) et (fr,1 < k < N) des éléments de
FS(K) tels que (gr,1 < k < N) sont linéairement indépendants. Soit X* = (X1,..., X™) un
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échantillon d’un processus Gaussien stationnaire avec densité spectrale f. Soit f;‘?s définie par

(12) avec NS = argmax ycp+ H3 (). Alors pour tout z >0, on a :

, Blog) 2) o) _ oo

fis) = min D (fIfi)

]P)f (D <f‘ 1<k<N n n
avec B = 4(K eF + e2L3KY) et o = 4KC(r,L)/C,.

Le terme résiduel (log(N) + x)/n est aussi optimal selon le théoreme suivant.

Théoréme. Soient N > 2, r > 1/2, L > 0. Il existe N densités spectrales (fr,1 < k < N)
appartenant a ]-"f(L) telles que pour tous n > 1, x € R™ qui satisfont :

log(N) +x - C(r, L)

n log(N)2?r
on a : )
i sup By (D(S15) - min, D150 2 7 s +2)) > Lo,
avec l’igﬁmum pris sur tous les estimateurs fn basés sur l'échantillon X" = (X1, ..., X"), et
p=87°/%/3.

Dans le Chapitre 6, qui correspond a [37], on propose une méthode adaptative pour estimer
des densités d’entropie maximales des statistiques d’ordre issues du Chapitre 3. On se restreint
sur le cas ot le support des densités est limité & I'ensemble A = {z = (z1,...,24) € R0 <
r1 < ... < xzg < 1}. D’apres le Chapitre 3, la densité jointe f est sous forme produit, c.f. (7)
Supposons de plus que f s’écrit comme :

d

f(x) =exp (Z li(x;) — a()) 1a(x) pour z € R%, (13)

=1

avec des fonctions ¢; bornées, centrées, mesurables sur I, la constante de normalisation agy et
A ={x=(x1,...,29) €ERL0< 2y <... <xy <1}. En plus de I'exemple du Chapitre 3, ce
genre de densités jointes apparaissent comme les densités jointes des observations dans le modele
de troncature aléatoire, formulé dans [170]. Ce modeéle a de nombreuses applications couvrant
des disciplines variées comme l'astronomie [126], I’économie [98, 90], I'analyse de données de
survie [118, 106, 125], etc.

Nous proposons d’estimer la densité jointe f par une famille exponentielle réguliere qui
prend en compte sa forme spéciale. L’idée consiste a approximer les fonctions ¢; en utilisant un
développement limité sur une base appropriée (¢; i,k € N) pour tous 1 < i < d. Lorsque 'on
prend m = (my, ..., my) fonctions de base pour un total de |m| = S>¢_, m;, le modele est donné
par, pour 0 = (6; ;1 <i<d, 1 <k <my) eRM et = (z1,...,24) € R4 :

d m;
fo(z) = exp <Z > 0 wpin(a) — ¢(9)> 1a(z),

i=1 k=1

avec 1 (0) = log (IA exp (Z;-i:l > szcplk(:m)) dx) la constante de normalisation. Ce modéle
exponentiel log-additif est une version multivariée du modele présenté dans [12]. Les parametres
du modele sont estimés par émn = (ém?m-,k; 1<i<d1<k<mce RI™| qui maximise la
log-vraisemblance de 1’échantillon X" :

d m,

gm,n = argmax Z Z ei,kﬂm,n,i,k - ¢(0)
OERIM =1 k=1
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ou fimmik = (1/n) 374 ©i k(X]) dénotent les moyennes empiriques. De maniére équivalente,

Om,n satisfait les équations de maximum de vraisemblance :
/A Cik(®i)fy, (@) dr = fun ik pour 1 <i<d,1<k<m,

Le choix des fonctions de base (p;x,1 < i < d,k € N) sur [0, 1] est primordial pour obtenir des
vitesses de convergence rapides. On propose une base polynomiale basée sur les polynémes de
Jacobi. En particulier, les fonctions (¢; 1, k € N) sont orthonormales par rapport & la mesure de
Lebesgue sur A pour chaque 1 < i < d. Néanmoins, le systéme complet n’est pas orthonormal,
puisqu’il existe des produits scalaires non-nuls quand ¢ varie. Les propriétés de la base sont
considérées en détail dans la Section 6.6.

Le risque D (fomn) entre la vraie densité f et son estimateur fmn = fém,n peut étre

fm,n), ou fg: est la
projection de la densité jointe f sur le modele exponentiel avec m fonctions de base, qui vérifie :

décomposé en un terme de biais D (f|| fg;«n) et un terme de variance D ( Jox,

/ i k(x:) for (v) dx = / oik(z:)f(z)dx pour tous 1 <7 <d, 1 <k < m,.
A A

Pour controler le terme de biais, on suppose que pour tout 1 < i < d la fonction ¢; appartient a
la classe de Sobolev W7 (¢;) avec r; € N* définie comme :

Wfl(ql) = {h € L?(g;); kY absolument continue et h(") e L2(qi)} ,

ou g; est la marginale de la mesure de Lebesgue sur A dans la i-éme direction, c.f. (6.4). Le
théoréme suivant donne la vitesse de convergence du modele exponentiel log-additif quand on
fait tendre les nombres de parametres m; d’une fagon appropriée. Nous rappelons que pour une
suite de réels positifs (a,,n € N), la suite de variables aléatoires (Y,,n € N) est Op(ay,) si pour
tout € > 0, il existe C. > 0 tel que :

P(|Yn/an| > C:) < e pour tout n € N.

Théoréme. Soit f une densité jointe de la forme (13). Supposons que les fonctions £; appar-
tiennent a des classes de Sobolev W,,Qi(qi), r; € N avec r; > d pour tout 1 < ¢ < d. Soit X"
un échantillon i.i.d. de f. On considére la suite (m(n) = (mi(n),...,mg(n)),n € N*) telle que
lim,, o0 mi(n) = +00 pour tous 1 < i <d, et :

d ‘m’2d+1
lim |m|* (Z mi_%i) =0 e lim — =0.
i=1

n—00 n—00 n

La divergence de Kullback-Leibler D (fomn) entre f et l'estimateur fmn converge en probabilité
vers 0 avec la vitesse : ;
N _op. M
D (fomm) =Op <Z m; 7 4 ‘n|> :
i=1
De plus, la convergence est uniforme sur la classe des fonctions K, (L), donnée pour L > 0
par :

d
K.(L) = {f(a:) = exp (Z li(x;) — a0> 14 (z) une densité ; || £ ||, < L, || (¢;)) r2(g) < L} )

i=1

Autrement dit, nous avons la borne supérieure suivante pour la vitesse de convergence en pro-
babilité :
d

. . P —2r; m _
Cllm limsup sup IP’(D (f||fm7n) > (X:mZ + - )C) =0.

o0 m—oo felC,(L) i—1
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Pour chaque m;, 1 < i < d, le choix optimal de m;(n) = |nY/@+1] rend le biais et la va-
riance égaux, qui donne alors la vitesse de convergence zgl:l n~2ri/(2rit1)  Celle-ci est de I'ordre
p—2min(r)/(2min(r)+1) ©qyi correspond & la vitesse optimale dans le cas univarié pour des classes
de Sobolev avec régularité min(r) (c.f. [12, 181]). La méme vitesse peut étre obtenue en choisis-

sant le méme nombre de fonctions dans chaque direction, c.a.d m*(n) = (v*(n),...,v*(n)) avec
o (n) _ ULI/@ min(r)+1)J )

Notons que le choix optimal des nombres m;(n) de fonctions de base fait intervenir le pa-
rametre de régularité r. Dans la plupart des cas, on ne dispose pas d’une telle information. On
fait donc appel a des méthodes qui peuvent s’adapter naturellement a la régularité inconnue
de la densité sous-jacente. La méthode d’adaptation que ’on propose consiste en deux étapes.
L’échantillon X" est séparé en deux partie X7 et X3 de taille proportionnelle a n, pour 'usage
de chacune des étapes.

D’abord, on fixe une suite (N,,n € N*) croissante telle que lim,,_,o N, = +00. On note :

N, = {ml/(2(d+j)+1)J,1 <j< Nn} et M, = {m: (v,...,0) eR% v eNn}.

Pour m € M,,, soit fmn Iestimateur dans le modeéle exponentiel log-additif issu de I’échan-
tillon X7. Les estimateurs F, = (fmn, m € M,) correspondent aux choix optimaux pour des
régularités r telles que min(r) € {d+j,1 <j < Np}.

Deuxiémement, on utilise la méthode d’agrégation convexe du Chapitre 5 pour construire
Pestimateur final. On dénote Emn(m) = Zle Sy élkgozk(azz) pour x = (x1,...,24) € A afin
d’alléger la notation. Rappelons I'ensemble AT donné par (10). Pour A € AT, la combinaison
convexe £ des fonctions fm,n, m € M, et la densité jointe f) sont définies par :

D=3 Nbmn et fr=exp(fy—)1n,
mEMn

avec ¢y = log ( N exp(f ,\)) la constante de normalisation. Les poids d’agrégation 5\;‘1 sont choisis

en maximisant le critere H()\) donné par (11).

Le théoréme suivant montre que si on choisit N,, = o(log(n)) tel que lim,_,~ N,, = +o0,
la série d’estimateurs f;. converge vers f avec la vitesse optimale comme si la régularité était
connue.

Théoréme. Soit f une densité jointe de la forme (13). Supposons que les fonctions ¢; appar-
tiennent o des classes de Sobolev W,% (¢i), ri € N avec r; > d pour tous 1 < i < d. Soit X" un
échantillon i.i.d. de densité f. Soit N, = o(log(n)) tel que lim,_,~, N,, = +00. La divergence de

Kullback-Leibler D (fomn) entre f et son estimateur f5. converge en probabilité vers 0 avec

D(flf;,) = Oe <nm"‘<(>)) .

La série d’estimateurs f;. permet d’obtenir la vitesse optimale uniformément sur des en-
n

la vitesse :

sembles de densités avec une régularité croissante. Soit R,, = {j,d+1 < j < R,}, ou R,
satisfait les inégalités :

S log(n) 1
R, < N,+d, R,< |n2@+in)+1 t Ry < —— >’ .
= {" J ¢ 2log(log(Ny)) 2

Sur I’ensemble R,,, on a la borne supérieure suivante pour la vitesse de convergence en proba-
bilité :
__2min(r)
fi*) Z n,  2min(r)+1 C =0.

L’estimateur proposé est ainsi capable de s’adapter a la régularité inconnue de la densité sous-
jacente sans perte de vitesse pour un ensemble large de parameétres de régularité.

lim limsup sup sup P <D (f|
C—00 n—oo r€(Rn)d fEL-(L)
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Le Chapitre 7, qui a donné lieu a la présentation [34], présente le deuxiéme cas d’application
concernant la modélisation des parametres d’entrée d’un code de calcul pour la propagation des
fissures dans un composant mécanique. Ce code implémente un modele physique pour évaluer le
risque de 'apparition d’une rupture brutale dans le composant sous une forte pression. Nous nous
concentrons sur la modélisation jointe de deux parametres d’entrée en particulier : la longueur
et la hauteur initiale des fissures. Ces variables sont naturellement liées.

Pour ce cas d’application, nous disposons d’une base de données qui provient d’inspections ré-
gulieres menées dans les centrales ainsi que d’essais contrélés. Les données disponibles suggerent
que les dimensions vérifient la contrainte d’ordre. Les approches considérées antérieurement pour
modéliser ces parameétres ne tiennent pas compte de cette observation.

Dans ce chapitre, nous proposons d’utiliser ’estimateur de maximum de vraisemblance du
modele exponentiel log-additif du Chapitre 6 pour estimer la loi jointe des dimensions des fis-
sures. Les résultats obtenus montrent que le modele a tendance a sous-estimer le risque de
rupture par rapport aux approches précédentes. Ceci peut étre dii au fait qu'une rupture est
plus probable quand les deux dimensions sont grandes en méme temps, alors que notre modeéle
accorde un poids considérable a la zone ou la valeur de longueur est élevée et la valeur de hau-
teur est faible. Pour améliorer la performance du modele proposé, il faudrait prendre en compte
cette dépendance de queue élevée, en introduisant, par exemple, un copule de référence et en
remplacant la maximisation d’entropie par la maximisation d’entropie relative a cette copule.
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Chapter 1

Introduction

The results of this thesis concern the probabilistic and statistical modelling of multivariate
random vectors in presence of some constraints. Such constraints often arise in an industrial
context, and may include that:

e The support of the random vector is limited. This means that if X is a d-dimensional
random vector with d > 2, the probabilistic mass must be concentrated on a subset
S C R%

e The marginal distributions are fixed. In this case, only the dependence structure needs
to be modelled, which can be done by using copula theory.

We shall consider such constraints as we study the probabilistic modelling of order statistics,
i.e. random vectors that are almost surely ordered, with given marginal distributions. In the
first part, after identifying the feasible models, our aim is to find the one that contains the least
information in addition to these constraints.

The second part of the thesis is dedicated to the statistical estimation of the obtained model.
We present a nonparametric approach that allows us to estimate such distributions with a fast
convergence rate. The method is also adaptive to the unknown smoothness of the model.

Finally, two case studies are presented which apply these methods to various industrial
problems considering probabilistic safety assessment in nuclear engineering at EDF Research
and Development.

1.1 Probabilistic modelling

1.1.1 Preliminaries and basic definitions

A real-valued finite random variable X can be characterized by its cumulative distribution
function or, when it exists, its probability density function. The cumulative distribution function
(cdf for short) Fx of a real-valued finite random variable X is the measurable function from
R to I = [0,1] defined as Fx(t) = P(X < t). The cumulative distribution function Fx is a
non-decreasing cadlag (right continuous with left limits) function such that lim;—,_ o Fx(z) =0
and lim;_, o Fix(z) = 1. If there exists a measurable function fx : R — RT such that for all
teR:

Ex(t)= [ sxs)ds

then Fx is absolutely continuous, and fx is the probability density function (pdf for short)
of X. The same functions can be defined for finite random vectors as well, known as the joint
cumulative distribution function and the joint probability density function. The joint cumulative
distribution function (joint cdf for short) F'x of a finite random vector X = (X1,..., X) taking
values in R? is the measurable function from R? to I defined as, for z = (x1,...,2q) € R

Fx(x) =P(X1 <z1,...,Xq < ).
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This function is also non-decreasing and cadlag in each variable. If there exists a measurable
function fx : R? — R such that for all z = (x1,...,14) € R%:

T1 T4
Fx(ﬂf):/ / Ix(yi, - ya) dyq - . - dyy,

then Fx is absolutely continuous, and fx is the joint probability density function (joint pdf for
short) of X.

The (joint) cumulative distribution function completely characterizes the distribution: X and
Y have the same distribution if and only if Fx = Fy. For a random vector X = (X1,...,Xy),
the i-th component X; is a real-valued random variable which we call the i-th marginal of X.
Its cdf F; = Fx,, referred to as the i-th marginal cumulative distribution function (marginal cdf
for short) can be deduced from the joint cdf of X. The i-th marginal cdf F; of a finite random
vector X = (X1,...,Xg) is given by, for t € R:

Fi(t) = lim Fx (zb%), (1.1)
S—+00
where 25 = (" ... 25"®) € R% is given by x;’t’s = tlyjpy + 81y for 1 <j <d.

Remark 1.1. Equation (1.1) implies that the distribution of the finite random vector X =
(X1,...,X4) determines the distribution of the marginals X; for all 1 < i < d. The inverse
implication is not true: the distribution of the marginals X;, 1 < i < d does not characterize
completely the distribution of X.

In this thesis work, particular interest is given to random vectors which are almost surely
ordered. Note that the following definition is motivated by the usual definition in statistical
theory, where the order statistics are obtained by sorting the components of an underlying
random vector in increasing order.

Definition 1.2. A random vector X = (X1,..., Xy) is a vector of order statistics if we have:
P(X;<Xo<...<Xy) =1

The fact that X is a vector of order statistics imposes a stochastic ordering constraint on
the distribution of the marginals. For X and Y real-valued random variables, Y is stochastically
greater than X (in the usual sense) if the cdfs Fx and Fy verify:

Fx(t) > Fy(t) for all t € R.

We use the notation F'x > Fy. The next proposition asserts that marginal cdfs of a vector of
order statistics are stochastically ordered, and inversely if we have a collection of stochastically
ordered random variables (X;,1 < i < d) , then there exist a vector of order statistics X with
marginals having the same distributions as (X;,1 <1 < d).

Proposition 1.3. Let X = (X1,...,Xy) be a vector of order statistics. Then for all 2 <1i < d,
we have F;_1 > F;. Conversely, let (F;,1 < i < d) be a collection of cdfs such that for all
2 < i < d, we have F;_y > F;. Then there exist a vector of order statistics X = (X1,...,Xg)
such that X; has cdf F; for all 1 <1 <d.

1.1.2 Dependence modelling via copulas

Remark 1.1 points out that the marginal distributions do not characterize the distribution
of a random vector. In addition to the distributions of the marginals, an object describing the
dependence structure between the marginals is necessary to fully determine the distribution of
a random vector. This object is the so called copula function (often referred to as connecting
copula), and this section is dedicated to give the definitions, properties and examples related to
copulas. For a more complete overview of the topic, we refer to [105] and [132].

We start by giving the definition of a copula function.
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Definition 1.4. A copula C is a measurable function from I¢ to I obtained as the restriction
of the joint cdf of a random vector U = (U, ..., Uy) whose marginals are uniformly distributed
on I, i.e. the marginal cdf F; of U;, 1 <4 < d is given by, for t € R:

Fz<t) = min(t, 1)1]R+ (t)

In the monograph of [132], a purely analytic definition of the multivariate copula function is
provided (see Definition 2.10.6), which is equivalent to the previous definition. The next theorem,
first appearing in [162] and referred to as Sklar’s theorem, shows that the joint cdf of any random
vector X can be written as the composition of a copula with the marginal cdfs, and inversely
the composition of a copula with any collection of cdfs yields a function that is the joint cdf of
a random vector X with marginal cdfs corresponding to the initial collection.

Theorem 1.5 (Sklar [162]). Let X = (X1,...,Xq4) be a random vector with joint cdf Fx and
marginal cdfs F;, 1 < i < d. Then there exists a copula C such that for all x = (z1,...,14) € R%:

Fx(.%') = C(Fl(;(:l), . ,Fd(xd)).

In addition, if F; is continuous for all 1 < i < d, then C is unique, and we shall write C'x the
copula associated to X.

Conversely, let C' be a copula and (F;,1 < i < d) a collection of cdfs. Let us define the
function F : R* — I as F(x) = C(Fi(z1),...,Fy(zq)) for x = (x1,...,24) € R%. Then there
exists a random vector Y = (Y1,...,Yy) such that F' is the joint cdf of Y, and the i-th marginal
cdf of Y equals F; for oll 1 <1 < d.

Remark 1.6. Sklar’s theorem implies that in order to give the distribution of a random vector
X = (Xy,...,Xy), it is sufficient to precise the marginal distribution functions F;, 1 < i < d,
and the copula C' containing all information on the dependence of the components. This allows
for separate modelling of the marginals and the dependence structure.

Example 1.7 (Independence). Independence between the marginals of a random vector can be
characterized in terms of the copula function if all marginal cdfs are continuous. Namely, for
a random vector X = (Xi,...,Xy) with continuous marginal cdfs F;,1 < i < d, we have that
the marginals X; are independent if and only if the the copula Cx of X is the so-called product
copula TI defined as, for u = (uy,...,uq) € I%

Going back to Remark 1.1, two random vectors with the same marginal distributions can
have very different joint cdfs depending on the connecting copula of the random vectors. There
are numerous ways to construct copula functions: countless parametric families exist as well as
methods to create new copulas based on existing ones, see Chapters 3 and 4 of [132]. Table 1.1
present the parametric families of two-dimensional copulas occurring in Chapter 2. To illustrate
the variability of joint cdfs with the same marginal cdfs, Figure 1.1 gives an example of multiple
joint pdfs of two-dimensional random vectors which have the same standard normal marginal
distributions, but different copulas.

We also give the definition of the diagonal section of a copula C.

Definition 1.8. The diagonal section éc : I — I of a copula C is given by, for ¢t € I:

It U = (Uy,...,Uy) is a random variable with joint cdf the copula C, then the diagonal
section is the cdf of max(U) = max{U;,1 < i < d}. Diagonal sections of d-dimensional copulas
can be characterized by the following properties, see [102].

Proposition 1.9. A function § : I — I is the diagonal section of a copula if and only if:
(a) 0 is a cumulative function on [0,1]: 6(0) =0, 6(1) =1 and § is non-decreasing;
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Family Parameters C(u1,u2)
Gumbel 6 €[l,+00) exp (— [(— log(uy))? + (— log(uQ))e] é)
Marshall-Olkin 71,72 € (0,1) min(u)” M ug, uyuy %)
Farlie-Gumbel-Morgenstern 6 € [—1, 1] urug + Qugug(l — up ) (1 — ug)
Ail-Mikhail-Haq 6 e [—1,1] o e TG v

Normal p€[-1,1] P, (@ (u1), @ (ug))

Table 1.1 — Parametric families of two dimensional copulas. ®, denotes the joint cumulative dis-
tribution function of a two-dimensional normal random vector with standard normal marginals
and correlation parameter p € [—1,1], and ®~! denotes the quantile function of the standard
normal distribution.

nnnnnnnnnnn

Figure 1.1 — Joint pdfs of two-dimensional random vectors with standard normal marginals and
different connecting copulas.
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(b) 6(t) <t fort el andd is d-Lipschitz: |0(s) — o(t)| < d|s —t| for s,t € I.

Special attention to copulas with a fixed diagonal section is given in Chapter 2.

Let us consider a two-dimensional random vector X = (X1, X2) with continuous marginal
cdfs. There exist several scalar measures which aim to quantify the stochastic dependence be-
tween X7 and Xj. Scale-invariant measures aiming to quantify the dependence between X; and
X9 can be expressed in terms of the copula C'x. Two examples of widely used scale-invariant
measures of concordance which only depend on the copula function are Kendall’s tau 7(X) given
by:

T(X) = 4/[2 C)((ul,’u,g) dCX(ul,uQ) — 1,

and Spearman’s rho ps(X) given by:
ps(X) =12 /2 uiug dC(uy,ug) — 3 =12 /2 C(u1,uz) duidug — 3.
I I

Note that these measures can be extended to random vectors with dimension d > 2, see [89].
Another measure of association of extreme values of X1 and Xs is given by the upper and lower
tail dependence coefficient, which quantifies the dependence in the upper-right and lower left
quadrant of R?, respectively. For X = (X1, X3) with continuous marginal cdfs | and F,, the
upper and lower tail dependence coefficients denoted by Ay and Ay, respectively, are defined as:

o (-1) (-1) s (-1) (-1)
A = lim P (2> B V@0x > FV0), A= %%P(XQ <r Vo <F0),

when they exist. Notice that the upper and lower tail dependence coefficients of X can be
expressed with the help of the diagonal section of its copula Cx:

and A = lim M
A

)\U:2—lim71_6CX(t) "

t1 1—t

1.1.3 Measuring uncertainty by entropy

In order to be able to choose a single model out of all models which verify certain constraints,
we need a decision criterion. The first attempt to give a principle comes from the works of
Bernoulli and Laplace, labelled as the principle of indifference (or principle of insufficient reason).
See Chapter I. in [143] for a discussion of this principle. It generally states that two events shall
be assigned the same probability mass if we have no reason to believe that one will occur
preferentially compared to the other. Aside from the lack of mathematical precision, application
of this principle resulted in multiple paradoxes, especially in the case of continuous random
variables. A detailed discussion of the drawbacks of this idea can be found in Chapter 4 of [113].

In the meanwhile, advances in statistical mechanics [82, 166] and information theory [161]
led to the emergence of a new criteria for model selection in statistical inference based on partial
knowledge, introducing a new measure of uncertainty called entropy. We give the definition of
the entropy for real-valued random variables and random vectors.

Definition 1.10. Let X be a real-valued random variable (or random vector) with cdf (joint
cdf) Fx. The entropy H(Fx) € R of X (often referred to as differential entropy) is defined as:

— [ fxlog(fx) if Fx is absolutely continuous with pdf (joint pdf) fx,

H(FX):{

—00 otherwise.

We also say that the entropy of the real-valued random variable (or random vector) X is equal
to H(F).
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Originating from two fundamentally different contexts, [104] shows that the two concepts
are essentially the same, and advocates the acceptance of the distribution which maximizes the
entropy among the admissible distributions. In the words of the author: .. making inferences on
the basis of partial information we must use that probability distribution which has maximum
entropy subject to whatever is known. This is the only unbiased assignment we can make; to
use any other would amount to arbitrary assumption of information which by hypothesis we do
not have.” This is known as the mazimum entropy principal in statistical inference. We give a
few examples of maximum entropy distribution under various constraints.

Fixed interval support. The uniform distribution on the interval [a,b], a < b whose pdf
is given by f(t) = 144)(t)/(b — a), has maximal entropy amongst real-valued random
variables X such that P(a < X <b) = 1.

Fixed expected value and positivity. The exponential distribution with parameter A €
R™, whose pdf is given by f(t) = Aexp(—At)1g+(t), has maximal entropy amongst real-
valued random variables X such that P(X > 0) =1 and E[X]| =1/X.

Fixed expected value and variance. The normal distribution with parameters p € R
and 0% € RT, whose pdf is given by f(t) = exp(—(t — p)?/(20?))/V2m0?, has maximal

entropy amongst real-valued random variables X such that E[X] = p and Var (X) = o2.

The differential entropy possesses some undesirable deficiencies. In particular, it can assume
negative values. Furthermore, it is not invariant under parameter transformation. This led to
the introduction of another measure of entropy for real-valued random variables and random
vectors, which quantifies the entropy relative to a reference probability measure (and not relative
to the Lebesgue measure). This measure of entropy was first introduced by Kullback and Leibler
in [117]. We provide the definition for absolutely continuous real-valued random variables and
random vectors.

Definition 1.11. Let X be an absolutely continuous real-valued random variable (resp. random
vector) with pdf (resp. joint pdf) fx. The Kullback-Leibler divergence (or relative entropy) of X
with respect to a reference pdf (resp. joint pdf) ¢, denoted by D (fx||q) is given by:

D (fxlla) = /fx log ({f) (1.2)

The Kullback-Leibler divergence does not suffer from the problems of the differential entropy:
it is non-negative and equals to 0 if and only if fx = ¢ almost everywhere, and it is invariant
under parameter transformation. It can also be seen as a quantity which measures the difference
between (joint) pdfs, however it is not a distance on the set of (joint) pdfs, as it does not verify
the triangle inequality in particular. Nevertheless, we will use the Kullback-Leibler divergence to
measure the quality of estimators throughout Chapters 5, 6 and 7, as it has a natural connection
to entropy.

1.1.4 Main results of the first part

In this section we summarize the main results of the first part of the thesis. In Chapter 2,
which corresponds to [33], we studied maximum entropy copulas with any given diagonal section
as in Definition 1.8. The problem can be phrased as follows.

Let § : I — I be a function satisfying conditions (a) and (b) of Proposition 1.9. Find,
when it exists, the copula with diagonal section ¢ that has maximal entropy.

Copulas with prescribed diagonal section received a lot of attention in the literature, see
[72] for an overview on construction methods and properties of such copulas. Some recent works
focus on the characterization of generators of Archimedean copulas by its diagonal section [77],
singular copulas with given diagonal section [71], copulas with fixed diagonal and opposite
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diagonal section [58], and an extension of the diagonal section for copulas with dimension d > 3
[73].

The solution of this problem relies on the theory outlined in [25]. The method described
in this paper was used to derive the maximum entropy copula with a given Spearman’s rho
coefficient in [128], and more generally in a multivariate discrete setting with a given set of
Spearman’s rho coefficients between some components in [141]. Maximum entropy copulas with
any finite number of expectation constraints are considered in [16]. Applications for maximum
entropy copulas include financial modelling [61, 46, 183], tomography processing [146], hydrology
[142, 97, 4], Bayesian networks [101], etc. In our work, the constraint on the diagonal section
of the copula gives an infinite dimensional optimization problem as opposed to the previously
cited papers where the imposed constraints are of finite dimension.

We give a necessary and sufficient condition for the existence of a maximum entropy copula
with a given diagonal section. Namely, we show that there exist a unique maximum entropy
copula with diagonal section ¢ if and only if:

() :/I|log(t—5(t))] dt < +o00. (1.3)

This is a stronger condition than the condition for the existence of an absolutely continuous
copula with this diagonal section, given in [102]. The condition of [102] requires that X5 = {t €
I,6(t) = t} has zero Lebesgue measure, which is ensured whenever (1.3) holds. When (1.3) is
satisfied, we give the analytic formula of the maximum entropy copula as well as the exact value
of its entropy.

First, consider the case when X5 = {0,1}, i.e. §(t) > t for all t € (0,1). Let us define the
functions a and b as, for t € I:

afty = 2700 _3/(t)h(t)1+1/d e and b(t) = 5/flt)h(t)1+1/d e (DI,
with h and F' defined as:
d—1 [t 1
=t— F(t) = —— ——ds. 1.4
We define the copula Cs with joint pdf és given by:
¢s(r) = b(max(x)) H a(x;) for = € I¢. (1.5)

z;#max(z)

See Proposition 2.2 which verifies that Cj is indeed a copula with diagonal section 4.

For the general case, when X5 does not necessarily eugal to {0, 1}, the continuity of § allows
us to write I \ X5 = Ujes(oy, ;) with J at most countable. For each j € J, let us define
Aj = B — a;, and the function 87 by:

5(04]' + tAj) —
Aj

6 (t) = fortel.

It is easy to verify that ¢/ satisfies the conditions (a) and (b) of Proposition 1.9, therefore it is
a diagonal section which verifies ¥5; = {0, 1}. Let &5; be defined by (1.5) with § replaced by 4.
Then let Cs be the copula whose joint pdf ¢s is given by:

1 _ (z—q41
cs(x) = Z A, Csi (Aj) Lo, p,)(@) forz € 4, (1.6)

with 1 = (1,...,1) € R% Notice that when %5 = {0, 1}, then ¢5 and ¢s coincide. The main result
of Chapter 2 states that when (1.3) holds, then Cj is the maximum entropy copula with diagonal

section ¢. Let us denote €0 = {C a copula, 6c = ¢}, the set of all copulas whose diagonal section
is 4.
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Theorem 1.12. Let 0 satisfy the conditions (a) and (b) of Proposition 1.9.
a) If J(6) = +oo then maxgeps H(C) = —o0.
b) If J(6) < +oo then maxpees H(C) > —oo, and Cs € C°, whose joint pdf is given by
(1.6), is the unique copula such that H (Cs) = maxgces H(C'). Furthermore, we have:

H(Cs) = —(d=1)7(0) + G(9),

where G(0) € R is given by:

G(8) = dlog(d) + (d— 1) /I(Slog(5) - /I(d — &) log(d — &).

As an illustration, we compare the maximum entropy copula to classical families of copulas,
seen in Table 1.1, with the same diagonal section. Let us take, for example, the family of Farlie-
Gumbel-Morgenstern copulas, given by C(u1,u2) = uiug + Oujuz(l —ui)(1 —ug) for 6 € [—1,1].
Its diagonal section is given by, for t € I:

5(t) =12 + 0% (1 — t)? = 0t* — 206> + (1 + 0)t*.

This diagonal section verifies J(0) < +oo and X5 = {0,1}. Therefore the joint pdf c¢5 of the
maximum entropy copula Cs equals to ¢s given by (1.5). For the function F' appearing in (1.4),
we have:

1 0 20t—06 :

5 log ﬁ + Ve arctan (ﬁ) if 0 € (0,1],
F(t)={ 3log (4 itg=0,

1 0 20t—0 :

slog (t4) — Tpr— Arctanh (\/eztw) if 0 € [-1,0).

Therefore cs is given by, for 6 € (0,1] and (u1,ug) € I? with u; < up (by symmetry, the formula
is the same for ug > u; with wuj, us exchanged):

(1 —20u$ + 30u? + (1 + 0)uy) (20u3 + 30us + (1 + 0))

(1 —up)y/Ou? — Ouy + 1 \/Ou3 — Oug + 1
e ( i <arctan ( 20us — 0 ) arctan ( 20u1 — 0 )))
Xp | ——F— —_— | — == .
P\ Ve Nevre Nevre
See Figure 1.2 which illustrates the difference between the joint pdfs of the Farlie-Gumbel-

Morgenstern copula with parameter § = 0.5 and the maximum entropy copula Cs with the same
diagonal section, and also the difference between their diagonal cross sections cs(t,t), t € 1.

cs(ur, uz) =

In Chapter 3, which corresponds to [36], we solve the central problem of the first part of the
thesis. Let h be a reference probability density function on R. We define h®%(x) = T[L, h(z;)
for x = (x1,...,24) € R% We denote the relative entropy of a cdf F to h®? by:

— [ flog ( f /h®d) if F is absolutely continuous with pdf f,

(1.7)
—00 otherwise.

Hh(F):{

Notice that this is minus the Kullback-Leibler divergence as in Definition 1.11. The main problem
can be formulated as follows.

Let F = (F;,1 <i < d) be a set of continuous cdfs such that F;_1 > F; for all 2 <1i < d.
Find, when it exists, the distribution of the vector of order statistics X = (Xi,...,Xy),
whose marginals X; have cdf F; for all 1 < i < d, and has maximal relative entropy.
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Figure 1.2 — Isodensity lines and the diagonal cross-section of the joint pdf of the Farlie-Gumbel-
Morgenstern (FGM) copula with parameter § = 0.5 and the maximum entropy copula Cs with
the same diagonal section.

Since the distributions of the marginals are fixed, by Remark 1.6 the distribution of such a
vector of order statistics is determined once the connecting copula is specified. The first problem
consists of identifying copulas which are compatible with the constraints. According to [119], the
copula C'x of a vector of order statistics X = (X1,..., Xy) with fixed marginal distributions is
such that the support of the random vector U with joint cdf Cx is included in a specific subset
of I which only depends on the cdfs F.

For the next step, notice that the relative entropy of a random vector X = (X1,...,Xy)
with joint cdf F'x can be decomposed into sum of the relative entropy of the marginals plus the
entropy the copula Cx (see Lemma 3.1):

d
Hy(Fx) = Hp(F,) + H(Cx).

=1

Therefore X has maximal entropy if its associated copula has maximal entropy. Therefore the
initial problem is equivalent to finding the maximum entropy copula compatible with the con-
straints.

Since constraints concerning the support of the copula is hard to take into account with
this approach, we transformed the maximization problem into an equivalent one, for which the
constraints could be treated with the formalism of [25]. When d = 2, this new set of constrained
copulas are symmetric copulas with a fixed diagonal section. This diagonal section is a function
of the originally fixed marginal cdfs. In the case of d > 3, we need a more general object to
express the constraints of the image set of the transformation. Recall that the diagonal section
of a copula C is the cdf of max(U), where U is a random vector with joint cdf C'. We introduce
a generalization of the diagonal section.

Definition 1.13. Let C' be a d-dimensional copula and U a random vector with joint cdf C.
The multidiagonal ¢ = (6(;),1 < i < d) of C' is a vector of cdfs given by, for 1 <i <d, t € I

o (t) =PUp) <),

where Uj;) is the i-th largest component of the random vector U, that is (U(l), ey U(d)) are the
order statistics of U.

The diagonal section then corresponds to d(qy. This object was first considered in [103], and
in [154] for individual d(;) functions. A characterization of multidiagonals is given in the following
lemma from [103].
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Lemma 1.14. A vector of cdfs § = (6(1),---,0(a)) is the multidiagonal of a copula if and only
if 63y the following conditions hold:

d
Oii—1y = 0y for 2<i<d, and 25@(3) =ds for 0<s<1.
i=1

The transformation of the maximum entropy problem gives a bijection between copulas
of order statistics and symmetric copulas with fixed multidiagonals, see Proposition 3.6. The
multidiagonal of the transformed copula is a function of the fixed marginals F. It also preserves
the entropy of the copula up the an additive constant. Therefore, the problem of maxium entropy
copula of vectors of order statistics with given marginals is equivalent to finding the maximum
entropy symmetric copula with a given multidiagonal. As a part of Chapter 3, we solve the
maximum entropy problem of copulas with a fixed multidiagonal using similar arguments as in
Chapter 2, with the help of the framework of [25].

To give the solution to the problem of maximum entropy copula with a fixed multidiagonal
4, we first give a few definitions. Let:

W ={tel é; (t)>d(t)} for2<i<d (1.8)

The complementary set (\Il‘f)c on [ is the collection of the points where d(;_1) = d(;). We define
9 ¢ Tas ¥ = UL, i) ((\Ilf)c) According to [103], there exist an absolutely continuous
copula with multidiagonal § if it verifies the conditions of Lemma 1.14 and X% has zero Lebesgue
measure. Since \II‘Z-s are open subsets of I, there exist at most countably many disjoint intervals
{(gi(j) dgj)), j € J;} such that ¥¢ = UjEJi(gfj),dl(j)) for 2 < i < d. We denote by ml(-j) =

(ggj ) 4 dl(j )) /2 the midpoint of these intervals. We define the set L; as:

Ls = {u=(uy,...,uq) € I% (u(i—1), u()) C W for all 2 <i < d},

Let us define the copula Cs with joint pdf c; on I as, for = (z1,...,24) € I%:
1 d
cs(z) = i 15(2) 1_[1 ai(r(), (1.9)
1=

where z(;) is the i-th largest component of x, and the function a;, 1 <@ < d, are given by, for
tel:
a;(t) = K.(t) o Kit1 (1) —Ki(t) Tysqgs (1),

i+1

with for 1 <i<d, t e (gz(j)’dz(j)):

; : W)
z(t) - AE]’) 5(i—1)(8) - 6(1)(8> ’

and the conventions ¥§ = (0,d;) with d; = inf{t € I; dy(t) = 1}, mp = 0, \IJ‘;H = (9d4+1,1)
with ggy1 = sup{t € I;0(q)(t) = 0}, may1 = (1 + ga11)/2, 60y = 1 and K4y1 = 0. Similarly to
(1.3), the condition for the existence of a maximum entropy copula with multidiagonal § is:

d
16 =S /I 52y () [log (8(5—1) (1) — 815 (1))| < 0.
i=2
The solution for the problem is summarized in the next theorem. Let C® denote the set of all

copulas with multidiagonal 8.

Theorem 1.15. Let § be a vector of cdfs verifying the conditions of Lemma 1.14.
(a) If J(8) = +oo then maxces H(C) = —o0.
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(b) If J(8) < +o0 then maxpycps H(C) > —oo and Cs with joint pdf cs given by (1.9) is the
unique copula such that H (Cs) = maxoees H(C). Furthermore, we have:

d
H(Cs) = —J(8) + log(d!) + (d — 1) + > H(6;)-

i=1

Since the solution of the problem of maximum entropy copula with a fixed multidiagonal is
a symmetric copula, applying the inverse of the copula transformation on the solution provides
the maximum entropy copula for a vector of order statistics with given marginal distributions.
This allows us, by Sklar’s theorem, to identify, when it exists, the maximum entropy distribution
of a vector of order statistics with fixed marginal distributions. Such a distribution exists if and
only if Hp(F;) > —oo for all 1 <14 <d, and:

d
IE) = 3 [ Fid) flog (Fioa(t) = F(0)] < +oc.
=2

In this case the maximum entropy vector of order statistics is absolutely continuous with joint
pdf fr defined as, for z = (z1,...,24) € R%

_ 2 fi(ws) i fi(s)
fr(z) = fl(fﬂl)i:l_[2 By (o) — Foan) &P <— o Fia(s) — Fi(s) dS) 1 (x), (1.10)

where f; is the pdf corresponding to F; and LF C R? is the set of ordered vectors (x1,...,zq),
that is z; < .-+ < g, such that F;_1(t) > F;(t) for all t € (z;—1,2;) and 2 < ¢ < d. The main
result of this part is given by the following theorem. Let £C(l)s (F) denote the set of joint cdfs of
vectors of order statistics with marginal cdfs F.

Theorem 1.16. Let F = (F;,1 < i < d) be a vector of cdfs such that F;_1 > F; for all2 < i <d.

(a) If there exists 1 < i < d such that Hp(F;) = —oo, or if J(F) = 400, then we have
MaX e £0S (5 Hyp(F) = —cc.

(b) If Hy(F;) > —oo for all 1 < i < d, and J(F) < +o0, then MaX pe 05 (p) Hyp(F) > —o0,

and the joint cdf Fg with joint pdf fg defined in (1.10) is the unique cdf in EgS(F) such
that Hy(Fg) = MaX o £05 (p) Hy(F). Furthermore, we have:

d
Hy(Fp) =d—1+) Hy(F;) - J(F).
i=1

Notice that the joint pdf fg has a product form on L¥, that is it can be written as, for a.e.
r=(r1,...,2q9) € RE:

d
fe(x) =[] pi(zi)1e(2), (1.11)
-1

with non-negative functions (p;, 1 < i < d). Conversely, all joint pdfs having a product form
as in (1.11) correspond to a maximum entropy distribution of order statistics for some fixed
marginals. Figure 1.3 shows the joint cdf and the copula of the maximum entropy distribution
of order statistics with Normal marginals with unit variance and different means.

1.1.5 Perspectives

In the first part of this thesis, we considered the probabilistic modelling of random vectors
with ordering and marginal constraints. In the followings, it would be interesting to consider
other type of constraints, for example for a matrix A € R™*? and a vector b € R”, one could
consider constraints of the type:

A - X <,
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Maximum entropy distribution with Normal marginals
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Maximum entropy copula with Normal marginals

Figure 1.3 — Joint density and the copula of the maximum entropy distribution of order statistics
with Normal marginals.

where - is the usual matrix multiplication and the inequality is understood component-wise. In
particular, the ordering constraint can be written in this form with A € R(4=1xd apnd p € RI-1
given by, for 1 <i<d—-—1land 1< j <d:

Aij = 1{i:j} - 1{1‘:3;1} and b; =0.

More interesting and motivated by control of risks, a relaxation of the ordering constraint
can be to require that the components are ordered with a certain probability, that is:

P(X; <Xo<...,<Xy) >p,

for some p € (0,1). This would allow the random vector to deteriorate from the monotonicity
constraint with probability 1 — p introducing even more uncertainty to the problem.

For the problems of maximum entropy copulas with given diagonal section or multidiagonal,
one could consider maximization of the relative entropy of the copula with respect to a reference
joint pdf ¢o on I?. Notice that maximization of the entropy for copulas is the same as maximiza-
tion of the relative entropy with respect to the uniform distribution on I¢. This would allow
us to incorporate further information in the modelling procedure in form of a reference pdf, to
provide a more flexible framework.

1.2 Nonparametric statistical estimation

1.2.1 Nonparametric models

In many statistical problems, we consider a probabilistic model P = {Py; f € F} character-
ized by a function f : R — R for some d € N*. Based on a sample X available from this model,
the goal is to estimate f. When an explicit form for the function f is not given prior to the
estimation, we have a nonparametric model. In the nonparametric setting, it is assumed that f
belongs to a large class of functions F possibly with some regularity conditions. In particular,
if 7 = {g(z,0),0 € © C R*} for some k € N* with g : R x © — R a given function, we
have a parametric model. In this case, the estimation problem is equivalent to estimating the
finite-dimensional parameter § by 6 = 6(X) € © based on the sample. Then the parametric
estimator of the function is simply given by g(z, é) For the nonparametric model, the class F
can not be described by a finite-dimensional parameter. Here, an estimator of f is a function f
measurable with respect to the sample X, i.e.  — f(z) = f(z,X). We describe the models we
consider.

Probability density estimation Let X" = (X!,..., X™) be independent, identically dis-
tributed, absolutely continuous real-valued random variables or random vectors with joint
pdf f. We refer to X" as an i.i.d. sample of size n. The problem consists of estimating
f by fn(sc) = fn(x,Xn), given that f belongs to a large class of functions F with some
regularity conditions.
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Spectral density estimation Let (X*, k € Z) be a stationary sequence of centered normal
random variables. Stationarity means that for all n € N* and all (k1,...,k,) € Z", the
joint cdf of (X*1,..., X*n) equals to the joint cdf of (X¥1+7 .. . X*+J) for any j € Z.
For j € Z, let v; = Cov (X%, X**J) be the covariance of difference j. If Yjez il < 400,
then the spectral density associated to the sequence (X*,k € Z) is the real valued, even,
non-negative function f : [, 7] — R defined as, for t € [—m, 7|:

o0
_ Yot Y0 1 .
t)=) o=l =—-+— ; t).
ft) j%%e 2W+ﬂ;%608(])

A sample X" = (X%, ..., X*"=1) consists of the observations of n consecutive elements of
the sequence (X*, k € Z). The problem is to estimate the function f by fn(t) = fn(t, X",
under the assumption that f belongs to a large class of functions F with some regularity
conditions.

See [169] for other examples of nonparametric models. In the following, we concentrate on the
nonparametric probability density estimation, as it is the central problem of this part of the
thesis. However, in Chapter 5 we consider the spectral density estimation problem as well.

1.2.2 Nonparametric density estimation

Probably the most widely considered problem in the field of nonparametric statistics is
the nonparametric probability density estimation problem defined in the previous section. A
comprehensive survey on this topic is given by [100].

Convergence rates

Most of the problems concerning nonparametric density estimation aim at finding an esti-
mator and its convergence rate which is uniform over the function class F with respect to a
risk measure. Let Py and E; denote the probability and the expected value, respectively, with
respect to the distribution of the sample X" = (X!,..., X™) when X7 are i.i.d. with common
(joint) pdf f. Let d(f,g) be a semi-distance measuring the difference between the functions f
and g.

Definition 1.17. A positive sequence (¢, n € N*), which verifies lim, o 1, = 0 is an upper
bound for the convergence rate in expectation of an estimator f, over the function class F if
there exists C' > 0 such that:

lim sup sup Eg[d(f, £)/$a] < C.

n—oo feF

After establishing the rate of convergence of a certain estimator fn, the natural question
which arises is: is this the best possible convergence rate we can attain for a particular problem?
This led to the notion of lower bound for the convergence rate.

Definition 1.18. The sequence (1Z}n,n € N¥) is a lower bound for the convergence rate in
expectation if there exists ¢ > 0 such that:

lim inf inf sup Ef[d(fn, f)/lzn] >,
n—oo fn fe]:

where the infimum is taken over all estimators fn measurable with respect to the sample X".

We say that (@Zn, n € N*) is the optimal convergence rate in expectation if it is both an upper
and lower bound (it is also referred to as minimax convergence rate). In deviation, we have the
following definition for convergence rates.
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Definition 1.19. The sequence (@n,n € N¥) is an upper bound for the convergence rate in
deviation of an estimator f, over the function class F if:

lim limsup sup Ps(d (fns f) > Cp) = 0. (1.12)

C—o0 n—oo feF

Also, (@En,n € N*) is a lower bound for the convergence rate in deviation if there exists ¢ > 0
such that:

lim 1nf sup P¢(d Ad(fn, f) > ctp) = 1. (1.13)

An optimal convergence rate in deviation is both an upper and lower bound.

Nonparametric density estimation methods

Perhaps the earliest attempt to propose an estimator for the pdf without any assumption on
its functional form is the histogram. Originally a visualization tool for datasets, the histogram
appears in the literature of statistics as early as the nineteenth century. Suppose that the support
of the target density f is the interval [a, b]. For an i.i.d. sample X" = (X1 ..., X™) and a partition
[a,b] = UM [ti-1¢8) where a = t) < tL < ... < ™71 < #™ = b are equally spaced with bin
width h,, , the histogram estimator ff is defined as, for t € R:

fH( ) nh (Zl fi-1 g ) 1[&—1’%)@).

This is a maximum likelihood estimator on piecewise constant functions on the partition, see
[60]. Its statistical properties when n — oo and nh,, — 0 was studied for example by [159, 79, 80].
A more sophisticated estimation method is the kernel density estimator fK defined as, for

z € R%: '
X
o gr(5Y)

n j=1

with K : RY — R a kernel function, i.e. [ K = 1, and h,, the bandwidth parameter. This method
was proposed by [152] and [136], and has received widespread attention. The statistical properties
of the kernel estimator depends on the choice of the kernel function K [14, 39, 75, 81, 127], and
the choice of the bandwidth h,, [45, 160, 94, 95, 63, 175]. Improvements proposed for the kernel
density estimator include for example variable kernels [171, 28], where the bandwidth for each
observation depends on the distance to its k-th nearest neighbour, or adaptive kernels [3, 165],
where the bandwidth for each observation depends on a preliminary kernel estimate evaluated
at the observation.

A different approach to nonparametric density estimation is the orthogonal series density
estimator introduced by [42]. Suppose that the joint pdf f belongs to L?(Q,v) for a set Q C R?
and a reference measure v on €2, and that it admits the series expansion for all x € {:

=S anpr (), (1.14)
k=0

where {¢, k € N} is a complete orthonormal sequence of functions for L?(€, v). The coefficients
{o, k € N} can be calculated as oy, = [, ¢ f. This is the expected value of ¢ (X) if the joint
pdf of X is f. Therefore given a sample X" = (X!,..., X™) with joint pdf f, we can estimate
ag, k € N by the unbiased estimator &y, = (1/n) 37—, ¢x(X7). The orthogonal series estimator
fno is obtained by taking a partial sum of 7, terms in (1.14), then plugging in it the estimators
ag, 1 < k < ry. This gives, for x € Q:

Tn
= i)
k=0
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The truncation point r, plays the same role as the bandwidth h,, in the kernel density estimator.
For d = 1, some orthonormal sequences for finitely supported pdfs include the Fourier basis
for @ = [0,1] and v the Lebesgue measure [172, 92], or the Legendre polynomials for 2 =
[—1,1] and v the Lebesgue measure [93]. For infinite supports, the Hermite polynomials form
on orthonormal basis for 2 = R and v the standard normal probability measure [158], and the
Laguerre polynomials can be used when 2 = [0, +00) and v the exponential probability measure
[91].

Multiresolution analysis provides a system of orthonormal functions called the wavelet basis,
which can effectively take into account discontinuities and local smoothness properties of the
density function. Let us consider the one-dimensional setting. The construction of a wavelet basis
relies on a scaling function or father wavelet ¢ and a mother wavelet (. The orthonormal basis
consists of the functions {y, x(x) = 2/0/2p(2%2 — k), k € Z} and {¢x(z) = 27/2¢ (2% — k), £ >
jo, k € Z}. Then the wavelet density estimator fZV is given by, for t € R:

) =" anpnrt) + i > BewCen(t), (1.15)

keZ L=l keZ

with ag = (1/n) Y71 g, x(X7) and Bex = (1/n) 1 Cek(X7). Note that if the scaling function
and the mother wavelet are compactly supported, then only a finite number of the coefficients
{ak,k € Z} and {ﬁAM,E > ly,k € Z} are non-zero, thus f,‘{v is a proper estimator. Wavelet
density estimation was considered for example in [109, 110] and [173].

1.2.3 Adaptive nonparametric density estimation

Usually, the class of functions F considered is a class of functions with a regularity property
depending on some parameter(s) r. A bound L > 0 is also imposed for a particular norm of the
functions in F. Therefore we use the notation F = F, 1. In this case, the convergence rate of an
estimator also usually depends on the regularity parameter, and shall be noted by 1[1”7r.

Example 1.20 (see Chapter 1.2.1. of [169]). Let F, 1, be the Holder class of pdfs on R, that is
f € Frp if fisa = |r| times differentiable pdf, and verifies | £ (t) — fO(s)| < L[t —s[""
for all t,s € R. Let us measure the difference by the mean squared error at a fixed point
zo € R, that is d(f,g) = |f(zo) — g(zo)|* for some 2y € R. Then an upper bound for the
convergence rate in expectation for the kernel density estimator with window width h,, is given
by ¥nr = h2" + 1/(nhy). The optimal choice of h, = n~ 2"+ renders the two terms equal,
giving the upper bound @m« = n~27/(2r+1) wwhich is also the optimal convergence rate.

As Example 1.20 shows, the construction of an optimal sequence of estimators required the
knowledge of the regularity parameter r, since the definition of h,, depended on it. A more dif-
ficult problem consists of proposing an estimation procedure that does not require such extra
knowledge, and can achieve the optimal convergence rate for a large set of parameters. These
methods are called adaptive estimation methods, and it has been a key topic in the literature
of nonparametric estimation for all sorts of models, leading to the emergence of multiple ap-
proaches. We give a brief overview of papers concerning adaptation methods for nonparametric
density estimation.

Early papers to consider adaptive methods for nonparametric density estimation include [74]
who studied data-driven linear combinations of orthogonal series estimators over Sobolev classes
of periodic densities on [0, 1], and [86] for Sobolev classes on R. The so-called Lepski’s method,
proposed originally by [124], was also applied for the problem of point-wise adaptive estimation
for Sobolev classes in [30] and adaptation for the sup-norm loss in [83]. More recently, data driven
bandwidth selection methods which achieve adaptability over anisotropic Nikol’skii classes were
proposed in [84, 122, 85]. Another frequently employed approach applies model selection criteria
with model-complexity penalization to orthogonal series and wavelet estimators, see [11, 23, 10].

A popular adaptation method for Besov function classes for the wavelet density estimator is
the wavelet thresholding procedure. This method consists of keeping only significant coefficients
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in the expansion (1.15), and it was first applied to density estimation in [111] and [65]. An
improvement for this technique with block thresholding rules was proposed in [96] for global
error measures and [44] for local error measures such as point-wise mean squared error.

The method of aggregation of estimators, famous in machine learning and thoroughly dis-
cussed in the following section, can also be used to construct adaptive estimators. In [150],
kernel density estimators are aggregated to obtain an adaptive estimator over Sobolev classes.
Adaptation for the multiple index model via aggregation was considered in [155]. In Chapter
6, an aggregation method on the logarithms of density estimators, developed in Chapter 5, is
used to give an adaptive estimator for densities whose logarithm belongs to a large collection of
Sobolev spaces. A more detailed bibliography of aggregation methods can be found in the next
section.

1.2.4 Aggregation of estimators

A multitude of nonparametric density estimation methods have been presented previously.
Each method is more suited for some class of pdfs. For pdfs which belong to some parametric
model, parametric estimation methods provide even faster convergence rates than nonparamet-
ric methods. The idea of proposing a unified method, which can combine the advantages of
parametric models (fast convergence rate) and nonparametric methods (no fix functional form),
inspired the introduction of the aggregation framework, which is attributed to [135] who for-
mulated the problem for the nonparametric regression model. Let us give now a more detailed
definition in the density estimation setup.

Let X® = (X!,..., X™) denote an i.i.d. sample from a distribution with joint pdf f. Let
(fk,1 < k < N) be a collection of estimators for f, which do not depend on the sample X".
Consider linear combinations of these estimators: for u € R, let Ju= Z,]ﬁvzl i fr. For a semi-
distance d(-,-) and a set Y C RV, the aggregation problem can be stated as follows: find an
estimator fn, such that there exists a constant C' > 1 for which fn satisfies an oracle inequality
either in expectation, that is:

Ey [d(f, )] < Cmind(f, fu) + By, (1.16)

or in deviation, i.e. for all € > O:

By (47, 02) > Cmind(f, £,) + R ) < (1.17)

for some small remainder terms R,, n, Ry, v, independent of f and (fx,1 <k < N) belonging to
a certain class of functions. When C = 1, we say that the oracle inequality is sharp. According
to the choice of the set U, three main problems are considered in the literature.
Model selection aggregation U = {e;,1 < k < N}, where ¢, € RY denotes the unit
vector in the k-th direction. This means that the aggregate estimator has to mimic the
performance of the best estimator among (fx,1 < k < N).

Convex aggregation U is a convex subset of RY, usually chosen to be the simplex:

A ={p=(u,1<k<N)eRY pupy>0and > =1} (1.18)
1<k<N
This means that the aggregate estimator has to mimic the performance of the best convex
combination of the estimators (fx,1 < k < N).

Linear aggregation I/ = RY. This means that the aggregate estimator has to mimic the
performance of the best linear combination of the estimators (fx,1 < k < N).

Notice that these problems are increasing in difficulty, since the minimum in (1.16) and
(1.17) are taken over increasing sets. Hence the order of the remainder terms R, y and R, v
is specific to each problem and also increases with the difficulty. For the semi-distance d(-,-),
most papers in the literature consider the LP distance with 1 < p < 400, the Kullback-Leibler
divergence or the Hellinger distance. Optimality of the remainder term is defined similarly to
minimax convergence rates, see [167].
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Definition 1.21. The term R, y is the optimal rate of aggregation in expectation for functions
in a class F if:
e there exists an aggregate estimator fn and a constant C' > 0 such that for all (f,1 <
k< N),neN"

sup (Ef [d(f, fn)} ~ min d(f, fu)) < CRy N,

e there exist N functions fr,1 < k < N in F and a constant ¢ > 0 such that for all n € N*:

i}f sup (Ef [d(f, fn)} - I,Pei{} d(f, fu)> > cRp N-

Definition 1.22. The term (R, nz,n € N*) is the optimal rate of aggregation in deviation for
functions in a class F if for all z in some interval (x,z):

e there exists an aggregate estimator fn and a constant C' > 0 such that for all (f,1 <
k< N), neN*"

sup IP)f (d(fa fn) — min d(fa fu) > CRn,N,x) <z,
feF pneu
e there exist N functions fi,1 < k < N in F and a constant ¢ > 0 such that for all n € N*:

inf sup IP; <d(f, fn) —mind(f, fu) > cRmN,x) > .
fn fEF nel

A lot of results on aggregation concern the nonparametric regression model with random
design, which can be formulated as follows. Let X" = (X', Y1),...,(X",Y™)) be a sample of
independent two-dimensional random vectors, where Y*, 1 < ¢ < n is given by:

Y= f(X)+¢,

with f : R — R unknown and &', 1 < i < n integrable real valued random variables such that
E[¢Y] = 0. The problem is to estimate the function f by fn(t) = fn(t, X™), given the assumption
that f belongs to a large class of functions F with some regularity conditions. For the non-
parametric regression model with random design, model selection aggregation was considered in
[178, 174] for the L? distance in expectation. The procedure considered in [178], called progres-
sive mizture method, is suboptimal in deviation according to [8], which proposes an alternative
which is optimal both in expectation and deviation. Optimality in deviation can be achieved with
restricted empirical risk minimization, see [121]. The problem of convex aggregation is addressed
in [107] and [180] for large values of N, while [168] also considers linear aggregation. A universal
method which achieves near optimal remainder terms in expectation for all three problems was
proposed by [29]. Extension of these results for nonparametric regression with fixed design can
be found in [53, 54, 50] for model selection aggregation, [52] for convex aggregation. Rates of
aggregation both in expectation and deviation with respect to the Kullback-Leibler divergence
for all three problems was studied in [149].

Results for model selection aggregation in density estimation were first given in [41, 179] in
expectation of the Kullback-Leibler divergence. The results were shown to be optimal in [120].
A generalization of the progressive mixture method of [41, 179] is given in [108]. Model selection
in deviation for L? distance is addressed in [17]. The problem of convex and linear aggregation
for densities is considered in [150] for expectation with L? distance.

To our knowledge, the only paper considering aggregation of spectral density estimators is
[43], where linear aggregation of lag window estimators for the L? distance in expectation is
studied. The method was validated by a simulation study as well.
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1.2.5 Main results of the second part

In this section we present the results obtained in the second part of the thesis. In Chapter
5, which corresponds to [38], we consider the problem of model-selection aggregation (that is
U ={ek,1 <k < N}) in deviation for the Kullback-Leibler divergence, defined by (1.2), with
exponential bounds. Let us state the problem in a general setup.

Let X" = (X1 ..., X™) be a sample from the probabilistic model P = {Py; f € F}. Let
(fx,1 <k < N) be a set of estimators independent of X". Find an estimator fn of f such
that for all x > 0:

Py (D (7152) > min, D (U710 +Rua ) < e

with a remainder term R, y, that is optimal.

The considered class contains functions whose logarithm is bounded with respect to a refer-
ence pdf h. Let us denote:

G = {f :R? = R measurable, |log(f/h)],, < +oo}

We first consider the density estimation problem, where f corresponds to the joint pdf from which
an ii.d. sample X” = (X! ..., X") is available. When the joint pdfs f and (fz,1 < k < N)
belong to G, they have the following representation:

f=e"Yh and fr == "Vr h, (1.19)

where ¢, ¢, are functions such that [th =0, [txh = 0, and 1), ¥y are normalizing constants. The
estimator f, will be chosen from the family {fP, A € A*} with AT as in (1.18), whose elements
are given by:

N
f/{) =AU with ¢y = Z At and ¢y = log (/ e h) . (1.20)
k=1

Therefore the estimator f,, is based on a convex combination of the functions (tg,,1 <k < N)
(rather than a convex combination of (fx,1 < k < N)), where the aggregation weights \ are
determined using the sample X". We set f, = f;\%, where AP € AT maximizes a penalized

maximum likelihood criterion, i.e. AP = argmax ycp+ HP (\) where HP()) is given by:

HP () = :

S|

S (X7) — s — S penP(), (1.21)
j=1

with penalty term:
N N
pen”(A\) = > A\ D (f)\Dka) = > Akthk — U
k=1 k=1

The following theorems show that for joint pdfs belonging to the set FP(L) = {f €
G; It < L} for some L > 0, the estimator f;@, achieves the rate of aggregation R, n.

given by (log(N) + z)/n.

Theorem 1.23. Let L, K > 0. Let f € FP(L) and (fx,1 < k < N) be elements of FP(K) such
that (tg,1 < k < N) are linearly independent. Let X" = (X1,...,X™) be an i.i.d. sample from
the pdf f. Let f;f\% be given by (1.20) with \P = argmax yca+ HP()\). Then for any z > 0 we
have:

Py (D (fIF5) = min D (fllfi) > W) <oT

1<k<N
with f = 2exp(6K + 2L) + 4K /3.
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The next theorem shows that R, y, = (log(N) + z)/n is indeed optimal.

Theorem 1.24. Let N > 2, L > 0. Then there exist N pdfs (fr,1 <k < N), with f, € FP(L)
such that for allm > 1, x € R satisfying:

logN) te g (1 - e*L)z,

n
we have:
. B (log(N) + x) 1 _
_ > x
it sup By (D(714) = min, DU 2 FEEEED) 2 S
with the infimum taken over all estimators fn based on the sample X" = (X1 ..., X"), and
B/ — 2—17/2/3‘

We consider the same problem for spectral density estimation as well. In this case, the
sample X" corresponds to n consecutive observations from the stationary Gaussian sequence
(Xk,k € Z) with spectral density f. The quality of a non-negative estimator f, is measured by

the generalized Kullback-Leibler divergence D ( fll fn) defined as:

D (1If.) /flog< ) [+ [

Notice that this definition coincides with (1.2) when f and fn are pdfs. To define the function
class G, we choose h = 1/(27)1|_, 5] as reference pdf. We give a slightly different representation
of f and the estimators (fi, 1 < k < N) than (1.19), which is necessary since these functions do
not necessary have unit integrals. Let:

1

1
o ed 1 7 and fr=—¢% 1 7

f= 2w

We choose our estimator f, amongst the function { ff ,A € AT} based on the convex combina-
tions of the functions (gx,1 < k < N):

1 N

f}\g = 2—69* 1[,7“7@ with g, = Z Ak Gk - (1.22)
T k=1

We denote the integral of ff by my. The aggregation weights Xf € AT maximizes the function
A= H2(\) given by:

/gAI my— = pens()\)
with penalty term pen®(\) = YN A\ D (f)\ ka) and I,, defined as, for ¢t € [—7, 7]:

A n—1 n—j

1 . , . L1 it
I,(t) = %Or + - E 4;cos(jt)  with 45 = - E XX
j=1 i=1

where (45,0 < j < n—1) correspond to empirical estimates of the correlations (y;,1 < j <n—1).
Notice that the function I, is a biased nonparametric estimator of the spectral density. In order
to give the optimal remainder term for this problem, we have to assume some regularity on the
functions f and (f,1 < k < N). For a function ¢ € L?([—m,n]) periodic on [—m,7], let us take
its Fourier series expansion: £(x) = Yoz ar e ae. with ap = [T e %% {(x) dx. Define the
fractional Sobolev norm [|£{], ., 7 > 0 as:

1l = €0 e {03, with {633, =D [k[*|ay|.
keZ
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We consider non-negative, even functions whose logarithms have bounded fractional Sobolev
norms for some r > 1/2:

F3L)={f €G: g=log(2nf) verifies gl < L/Cy and g even},

where C2 = ¥,cs k|~ is a constant depending on r. By the Cauchy-Schwarz inequality, we also
have that |||, < L. There also exist a constant C(r, L) such that for all f € F2(L), we have
27 fly, < C(r,L), see Lemma 5.9. The following theorems show that for spectral densities

belonging to F7 (L), the estimator f;?s also achieves the rate of aggregation (log(N) + z)/n.

Theorem 1.25. Let r > 1/2, K,L > 0. Let f € F?(L) and (fz,1 < k < N) be elements of
FS(K) such that (gr,1 < k < N) are linearly independent. Let X" = (X',..., X™) be a sample
of a stationary centered Gaussian sequence with spectral density f. Let fig be given by (1.22)

with \3 = argmax reatr HI(N). Then for any x > 0, we have:

By (D (7175:) — min, D (fl > POEENED L 2 o

with B = 4(K e* + e*L3KY) and a = 4KC(r, L)/C,.
The rate (log(N) 4+ z)/n is also optimal according to the next theorem.

Theorem 1.26. Let N > 2, r > 1/2, L > 0. There exist N spectral densities (fr,1 < k < N)
belonging to F2 (L) such that for alln > 1, x € RT satisfying:

log(N) + - C(r, L)
n log(N)2?r

we have:
. 5 . B’ (log(N) + ) .
f P, D — D > > —e®
g f( (£17) (in D (fllk) = ~ ) > 570"
with the infimum taken over all estimators fn based on the sample sequence X" = (X1,... X"),

and ' = 875/2/3.

The aggregation method proposed in this section will be used to obtain an adaptive non-
parametric density estimator for maximum entropy distributions of vectors of order statistics in
the following.

Chapter 6, which corresponds to [37], is devoted to the study of the problem of nonparametric
estimation of maximum entropy distributions of vectors of order statistics, and can be given as
follows.

Let f be the joint pdf of a d-dimensional random vector with d > 2, given by:

d

f(x) =exp (Z li(z;) — a()) 1a(x) for z € RY, (1.23)

i=1

with ¢; bounded, centered, measurable functions on I, ag the normalizing constant and A =
{z = (21,...,09) €RL0 <2y <...<xq <1} Given an ii.d. sample X» = (X1,..., X")
of size n from the pdf f, the task is to estimate nonparametrically f with a convergence rate
that corresponds to the optimal rate of convergence in deviation for the univariate density
estimation problem.
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By (1.11), joint pdfs of maximum entropy distributions of order statistics with given marginals
are of the form (1.23) if the marginals are supported on I. In addition to this example, den-
sities of the form (1.23) appear as joint pdfs of observations in the random truncation model.
The random truncation model, which was first formulated in [170], appears in various contexts
ranging from astronomy [126], economics [98, 90| to survival data analysis [118, 106, 125]. See
[115] for an overview of possible applications. Some recent theoretical works cover estimation of
the probability of holes for the Lynden-Bell estimator [163], estimation of the mode of the den-
sity of interest [18], a Berry-Esseen type bound for the kernel density estimation under random
truncation [6], etc.

For d = 2, let (Z1,Z2) be a pair of independent random variables on I such that Z; has
pdf p; for i € {1,2}. In the random truncation model, we suppose that we can only observe
realizations of (Z1, Zs) if Z1 < Zy. Let Z = (Z1, Z») denote the random vector distributed as
(Z1, Z5) conditionally on Z; < Zy. Then the joint pdf f of Z is given by, for x = (21, z2) € I%:

§(@) = = prlanpae) (),

with o = [;2 p1(21)p2(z2)1a(2) dz. The joint pdf can be written in the form of (1.23) with ;
defined as ¢; = log(p;) — [;log(p;) for i € {1,2} (when p; is uniformly bounded from 0 and +oo,
and log(p;) is integrable).

We propose to estimate joint pdfs of the form (1.23) by a regular exponential family which
takes into consideration its special structure. The idea consists of approximating the function ¢;
by an orthogonal series expansion on a suitable basis (y; ,k € N) for all 1 < i < d. When we
take m = (my1,...,mg) basis functions for a total of |m| = S>¢, m;, the model takes the form,
for @ = (O ;1 <i<d,1<k<m)cR™and 2= (21,...,24) € R%:

d m;
fo(z) = exp (Z > Oinpin(z) — ¢(9)> 1a(z),

i=1 k=1

with ¥(0) = log (fA exp (Zle Sy Hchplk(a:Z)) da:) a normalizing constant. We will refer to
this model as the log-additive exponential model. We estimate the parameters of the model by

Omn = Ommir; 1 <i<d,1<k<m)e RI™l which maximizes the log-likelhood based on the

sample X":
d my

ém,n = argmax Z Z ei,kﬂm,n,i,k - 1/}(9)
OeRI™ =1 k=1

with fip, ik = (1/n) ;-‘:1 gpi’k(Xf ) the empirical means. Equivalently, the parameter estimate

Om.n satisfies the maximum likelihood equations:
/ vir(xi)fy () dr = fim ik for1 <i<d,1<k<m,.
A m,n

The choice of the functions (¢;,1 < ¢ < d,k € N) is crucial to obtain a fast convergence
rate. We propose a polynomial basis consisting of Jacobi polynomials (transformed to suit the
domain A). In particular, the system of functions (; 1, k € N) is orthonormal with respect to the
Lebesgue measure on A for each 1 < ¢ < d. However, the complete system is not orthonormal,
as some of the scalar products are non-zero. For detailed properties of the basis, see Section 6.6.

We measure the risk between the true joint pdf f and its estimator fmn = fémn by the

Kullback-Leibler divergence D ( fll fmn) We show that D ( fll fmn> can be separated into a

bias term D (f|| fo: ) and a variance term D ( fox |l fmn), where fp- is the so called information
projection of the joint pdf f onto the exponential model with m basis functions, verifying:

/ ©i k(i) for, (v) do = / i r(x;) f(x) do for1<i<d,1<k<m.
A A



46 CHAPTER 1. INTRODUCTION

To control the bias term D (f]| fg;l), we suppose for all 1 < ¢ < d that the function ¢; belongs to
the Sobolev space Wfi(qi), r; € N*, defined as:

Wi(ql) = {h € L?(¢;); K™Y is absolutely continuous and h(") € LQ(qi)} ,

where ¢; is the i-th marginal of the Lebesgue measure on A. The following theorem gives the
convergence rate of the maximum likelihood estimator for the log-additive exponential model
when the number of parameters m; grows with n in an appropriate manner. We recall that for
a positive sequence (a,,n € N), the notation Op(a,) of stochastic boundedness for a sequence
of random variables (Y,,,n € N) means that for every € > 0, there exists C. > 0 such that:

P(|Yn/an| > C:) <e forall n e N.

Theorem 1.27. Let f be a joint pdf of the form (1.23). Assume the functions ¢; belong to the
Sobolev space sz.(qi), r; € N with r; > d for all 1 <i < d. Let X be an i.i.d. sample from f.
We consider a sequence (m(n) = (mi(n),...,mqg(n)),n € N*) such that lim,_,o m;(n) = 400
for all 1 <1 < d, and which satisfies:

0 d ) |m|2d+1
. _— T’L _ .
1=

=0.

n

The Kullback-Leibler distance D (fomn) between f and the mazimum likelihood estimator fmn
converges in probability to 0 with the convergence rate:

D (fom,n> = Op <§;m:2n + ‘7:|> .

Furthermore, the convergence is uniform over the class of functions KC.(L) given by for a
regularity parameter r = (rq,...,7r4) € (N*)% and L > 0:

d
Ko(L) = {f@:) — exp (Z tiai) ao) 14(2) a joint pdf: [ £ [l < L, | (6)79|2(q) < L} .
=1

That is, we have the following upper bound for the convergence rate in deviation (as in (1.12)
of Definition 1.19):

d
lim limsup sup P (D (f”fmm) > (Z mi_27’i + \m[) C) —0.
C=%0 n—oo fek, (L) i=1 "
We remark that lower bounds corresponding to (1.13) of Definition 1.19 are not available in the
literature for this setup. For each m;, 1 < i < d, the choice of m;(n) = |n/ "+ | balance out the
bias and variance term giving the convergence rate v, , = Z‘ij:l n~2ri/(2rit1) which is the same
order as n~2min(r)/@min(r)+1) “corresponding to the optimal convergence rate in the univariate
case over Sobolev spaces with regularity parameter min(r) (see [12, 181]). The same rate can be

obtained by choosing the same number of functions in each direction: m*(n) = (v*(n),...,v*(n))
with v*(n) = Lnl/(Z min(r)+1)J_

Notice that similarly to the example of Section 1.2.3, the optimal choice of the number of basis
functions m depended on the knowledge of the regularity parameter ». When such knowledge is
not available, we propose an adaptive estimation method which achieves the convergence rate
Yny = p~2min(r)/2min(r)+1) for 5 large set of regularity parameters r. The adaptive method
consists of two steps: first we estimate the log-additive exponential model for multiple choices
of the number of basis functions m, which correspond to optimal choices for different regularity
parameters, then in a second step we utilize the aggregation method of Chapter 5 to create a
final estimator which automatically achieves the convergence rate n=2min(r)/min(r)+1) oyen if 1
is unknown. We split the sample X" into two parts X7 and X4 of size proportional to n, to use
for each step.
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Estimation step Let (N,,n € N*) be a sequence of non-decreasing positive integers such
that lim,, o N, = +00. We denote:

N, = {Lnl/@(dﬂ)ﬂ)j,l <j< Nn} and M, = {m =(v,...,v) eR% v e Nn}

For m € M,, let fmn be the maximum likelihood estimator for the log-additive exponen-
tial model based on the first sample X7'. Notice that the estimators F,, = ( fm,n, m e M,)
correspond to the optimal choices for regularity parameters r for which min(r) € {d +
7,1 <j < Np}.

Aggregation step Let us write fmn(x) = gl:l S élkgozk(x,) for x = (z1,...,2q) € A
to ease notation. We define the convex combination ¢ y of the functions lﬁm,n, m e M,
and the joint pdf fy as, for A € A™:

EA = Z )\mgm,n and f) = eXp(g,\ - ¢)\)1A7
mGMn

with ¥y = log (fA exp(l&)). We choose the aggregation weights A* by maximizing HP ())
given by (1.21) with X" replaced by X5.

Notice that in the set M,, we only considered vectors with the same number of basis functions
in each direction. Since we have already seen that optimal rate can be achieved by choosing such
vectors, it is unnecessary to include vectors in M, which correspond to anisotropic functions
classes (that is, where the regularity parameters r1,...,r, are not the same in each direction).

We remark also that the aggregation step requires that the functions lﬁmm, m € N, be
uniformly bounded. During the proof of our main result, we show that they are uniformly
bounded with high probability, which is sufficient for the convergence rate in deviation.

The next theorem asserts that if we choose N,, = o(log(n)) such that lim, o N, = 400,
the series of convex aggregate estimators f:\;i converge to f with the optimal convergence rate,
i.e. as if the smoothness was known.

Theorem 1.28. Let f be a joint pdf of the form (1.23). Assume the functions ¢; belongs to the
Sobolev space WTQZ (¢i), ri € N withr; > d foralll <i<d. Let X" be an i.i.d. sample from f. Let
N,, = o(log(n)) such that lim,,_,o N,, = +00. The Kullback-Leibler distance D (fomn) between
f and the convex aggregate estimator f;\; converges in probability to O with the convergence rate:

D (fll55;) = O (w7857 ).

The sequence of convex aggregate estimators f. achieves uniform convergence over sets of
densities with increasing regularity. Let R, = {j,d+ 1 < j < R, }, where R,, satisfies the three
inequalities:

log(n) 1

1
R,<N,+d, R,<|n2@Not1| R, < _——2>0/ __ _ _.
= {" J 2log(log(Ny)) 2

On R, we have the following uniform upper bound for the convergence rate in deviation:

__2min(r)
fis) > (n 2min<r>+1) C) =0,

Therefore we obtained an estimator that is adaptive to the smoothness of the underlying density
for an increasing set of regularity parameters without loss in the convergence rate. A simulation
study confirms that the log-additive exponential model outperforms a truncated kernel estimator
for the truncation model with various choices for the pdfs p;, i = 1, 2. Figure 1.4 shows the true
joint pdf and its estimators in the case when p; is the pdf of Normal mixture distribution and
p2 is the pdf of a Normal distribution.

lim limsup sup sup P <D (f |
C—00 n—oo r€(Rn)? fEK (L)



48 CHAPTER 1. INTRODUCTION

:.".““\
TN
T XA
a0

X1 08

10 0.0

(a) True density (b) LAESE (c) Kernel

Figure 1.4 — Joint density functions of the true density and its estimators with Normal mix
marginals.

1.2.6 Perspectives

In the second part of the thesis, we considered the problem of nonparametric estimation of
maximum entropy distributions of vectors of order statistics with support A. When considering
a distribution f with a support different from A, problems may arise. Let f; denote the i-
th marginal pdf of of f and A; C R its support for 1 < ¢ < d. When A; = A C R for all
1 <4 < d, we can apply a strictly monotone mapping of A onto I to obtain a distribution with
a product form supported on A. The transformation needs to be chosen carefully in order to
ensure that the resulting ¢;, 1 < ¢ < d functions belong to certain Sobolev spaces. This can be
particularly difficult when A = R, where tail properties of the distribution have to be taken
into consideration. When the supports A; differ, there is no simple transformation that gives a
random vector with joint pdf of the form (1.23). A possible way to treat this case consists of
constructing a family of basis functions which has similar properties with respect to the support
of f as the family (y;x,1 <i < d,k € N) with respect to A. This would allow us to define an
exponential model with this family of basis functions and support restricted to the support of
f. A complete description for all types of supports could be subject for future work.

When we applied this estimation method to a real dataset in Chapter 7, we did not obtain
satisfactory results, possibly due to the fact that the underlying joint pdf may not have the
form (1.23). This calls for a statistical testing procedure which could determine, based on the
available sample, whether the underlying joint pdf corresponds to the form (1.23) or not.

1.3 Industrial applications

The main motivation of this thesis work was to contribute to the need of modelling uncertain-
ties in engineering studies related to probabilistic safety assessment. We first give a brief overview
of the uncertainty quantification methodology developed by Electricité de France (EDF) Re-
search and Development and related industrial research institutes. Then, we introduce the two
case studies considered, which were presented at conferences dedicated to applied research in
industrial context. The first case study, described in Section 1.3.2, concerns the simulation of
physical parameters with monotonicity constraints in a numerical welding model. This study
was presented at the 19" Lambda-Mu Conference in Dijon, see [31]. The second case study,
detailed in Section 1.3.3, proposes a nonparametric method to estimate the joint density of the
dimensions of flaws in a mechanical component in a power plant. This work was presented at
the 25" European Safety and Reliability Conference in Ziirich, see [34].

1.3.1 Uncertainty quantification in engineering : the EDF framework

In this section we present the general uncertainty treatment methodology of EDF Research
and Development, as well as a dedicated software platform called OpenTURNS which imple-
ments the methods related to uncertainty treatment.
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A four-step iterative method

Recently the need to comply with regulatory requirements led EDF to develop a global
methodology framework for treating uncertainties for models and simulations in collaboration
with other major companies, industrial research institutions and academic partners. We refer
to [138] and [137] for an overview on this topic with recent developments and numerous exam-
ples. The resulting generic uncertainty treatment methodology consists of a four step process
illustrated by Figure 1.5. These steps are the following:

Step C : Uncertainty Propagation

-

>
Step B : Uncertainty Step A : Study Specification
Quantification o e
Modeling with Input Model o uantity of

tput 3
probability distribution : Uncertain : X - E pu interest
! y=G(X,d) Y=G(X) e

direct methods, Fixed : d e.g. vgrfance,
statistics, expertise. > probability

Observed
variables
Yos

A

Step C' : Sensitivity Analysis,
Ranking

Figure 1.5 — The uncertainty treatment methodology. Source: [15].

Step A: Uncertainty Problem Specification. The first step consists of specifying the
model we would like to study as well as the sources of uncertainty. The model (which
can be an analytical formula as well as a computer code or an experimental process) is
represented as a function G : RPT — R?. We can split the input vector into a set of
parameters X = (Xi,...,X,) that are subject to uncertainties, and a set of parameters
d = (di,...,d,) that are considered as fixed. The output ¥ becomes a z-dimensional
random vector:

Y = G(X,d),

where X € RP is a random vector representing the uncertain inputs and d € R? is the
vector of deterministic inputs. We also need to specify the so called quantity of interest, a
relevant feature of the output variable Y which we would like to study in order to answer
the regulatory demand. Such features can be measures of central tendency (mean, median
or mode), measures of dispersion (range, variance or standard deviation), the probability
of exceeding certain thresholds, etc.

Step B: Uncertainty Quantification of the Input. Once the sources of uncertainty have
been fixed, we need to propose a probabilistic model to account for them. This involves
determining the joint distribution of the random vector X. The modelling procedure de-
pends on the available information. This information can come in the form of an expert
judgement, an available sample or some physical constraints which need to be respected.
If there is only scarce information based on expert opinions, a common method is to
use a the Maximum Entropy Principal (originating from [161]) to propose a distribution
which is the least informative given the available expert knowledge. If we possess a data
set of sufficient size, we can identify a parametric model and estimate its parameters or
we can proceed with a non-parametric approach if a convenient parametric model does
not emerge. In all cases, the probabilistic model needs to be validated before we continue
our analysis.
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Step C: Uncertainty Propagation. With the probabilistic model for the random input
vector established, uncertainties are propagated to the model outcome and estimate the
quantity of interest. Depending on the complexity and cost of the model evaluation, sev-
eral methods can be applied. The easiest case is when analytical formulas are available.
When this is not the case, we have to rely on approximation techniques. If we are in-
terested in central tendency or dispersion measures, we can use Monte Carlo sampling
methods. If the evaluation of the model G is costly, then we can apply the Taylor variance
decomposition method, or build a metamodel, whose cost is negligible compared to the
cost of GG, and perform a Monte Carlo study with it. For the probability of threshold
exceedance, especially when we are interested in rare events, several techniques exist to
accelerate the estimation such as importance sampling, subset sampling, FORM-SORM
methods, etc.

Step C’: Analysis of Sensitivity and Importance Ranking. Finally, we analyse the
sensitivity of the quantity of interest with respect to the input variables in order to
determine which variables have the most influence on this quantity. Sensitivity can be
measured by simple correlation coefficients or variance based methods such as Sobol’s
indices. The ranking can help us to determine which variables require further attention
in order to obtain more precise results after taking some feedback action and refining our
model. Then the procedure can be iterated to attain more satisfactory results.

The work presented in this thesis concerns Step B of this scheme, the probabilistic modelling
of random input variables. The currently accepted EDF approach consists of modelling the
joint distribution of the input random vector X = (Xji,..., X)) by establishing the marginal
distributions X;, 1 < ¢ < p, and explicitly modelling the dependence structure via giving the
connecting copula of X. Chapter 3 considers the case when the expert’s knowledge include the
precise characterization of the marginal distributions (cumulative distribution function fixed)
and an almost sure ordering constraint between the components of X. The Maximum Entropy
Principal is applied to obtain the distribution which contains the least information in addition
to these constraints. In the first application case of Section 1.3.2, where physical parameters
which are monotone functions of the temperature are modelled, the setup was similar to this.
In absence of significant amount of empirical data, the marginals were considered to be uniform
random variables on intervals which correspond to the scarce experimental results, and the
physics of the welding model imposes the ordering constraint.

The second application case of Section 1.3.3 studies a situation where a sample is available
from the random input vector X, exhibiting similar ordering constraints as required in Chapter 3.
We attempt to model the random vector X with the family of maximum entropy distributions
of ordered random vector obtained in this section, and propose a non-parametric estimation
method in Chapter 6 to estimate the joint distribution of X. We compare the properties of
this new model to models proposed in previous papers (for example [148]) in an uncertainty
quantification study concerning the evaluation of the probability of a threshold exceedance.

OpenTURNS : an industrial software for uncertainty treatment

To implement the uncertainty treatment methodology described in the previous section,
EDF and its industrial partners Airbus Group, Phimeca Engineering and IMACS developed
a dedicated open source software platform named OpenTURNS. This C++ library endowed
with a Python TUI, available to download at www.openturns.org, implements the step-by-step
framework with a large selection of available methods for each step of the uncertainty treat-
ment methodology based on the specific characteristics of the underlying problem. In particular,
the methods cited in the description of methodology are readily implemented, see [15] for a
comprehensive (but not exhaustive) overview of the functionalities.

One of the main innovative features of the OpenTURNS platform is the ability of modelling
multivariate distributions by copula functions. This allows us to define the joint multivariate
cumulative distribution function of the random vector X of uncertain inputs as the composition


www.openturns.org
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of a copula function with the univariate marginal cumulative distribution functions. With a
large selection of copulas, including most well known parametric families as well as the ability to
combine different copulas via composition or to extract the copula of an arbitrary multivariate
distribution, OpenTURNS gives the possibility to specify complex dependence structures as
opposed to a simplistic, and often severely wrong, assumption of independence of the input
variables.

In particular, the maximum entropy distribution of order statistics associated to a vector
of marginals (F;,1 < ¢ < p) given in Chapter 3 was implemented in this platform. One can
define such a distribution using the MaximumEntropyOrderStatisticsDistribution() object by
providing the list of marginal cumulative distribution functions. Then OpenTURNS verifies the
compatibility conditions of stochastic ordering between them before building the joint cumulative
distribution function. The following code implements the case when p = 2, and the marginals
are normally distributed with unit variance and means 0 and 1, respectively.

marg 1 = Normal (0,1)

marg_2 = Normal(1,1)

list_ m = [marg_ 1,marg 2]

max_entr dist = MaximumEntropyOrderStatisticsDistribution (list_ m)

It is also possible to only define the copula function of the maximum entropy distribution of
order statistics through the object MazimumEntropyOrderStatisticsCopula(), and then combine
it with any set of marginals to obtain a joint distribution. Figure 1.3 illustrate the joint density
and the copula of the obtained distribution.

The non-parametric estimations of Chapters 6 and 7 have also been carried out with the help
of OpenTURNS. Many aspects of the library were utilized in the code such as the readily avail-
able families of orthogonal polynomials, sophisticated multidimensional numerical integration,
the TNC (Truncated Newton Constrained) optimization algorithm or the multivariate kernel
density estimator. An eventual implementation of the estimation method of Chapter 6 could
enrich the library with further non-parametric methods besides the kernel density estimator.

1.3.2 Numerical model for welding

The first application case study considered during my thesis work considers the probabilistic
modelling of input parameters of a numerical welding simulation procedure in order to conduct
uncertainty quantification analysis. The simulation is based on a numerical finite element method
based on a thermal-mechanical model. The simulations are used to evaluate the characteristics of
residual stresses formed during the welding procedure, which can severely impact the lifetime of
the welded component. Input parameters include several physical characteristics of the material
such as Young’s modulus, yield strength, coefficient of thermal expansion, etc. These parameters
are evaluated at different temperatures covering a large range. While the values of the parameters
for low temperatures are relatively well known, data is very scarce on their values for high
temperatures, which leads to uncertainties.

Several sensitivity analysis studies have been carried out by researchers at EDF Research
and Development in order to assess the influence of the input parameters on the appearance of
residual stresses, see [7], [144] and [145]. These papers consider the welding of steel plates (focus-
ing on the type 316L stainless steel), and the thermal-mechanical calculations are implemented
using the software platform Code Aster developed by EDF Research and Development.

The contributions of this thesis work is presented in Chapter 4. We propose an alterna-
tive method to the currently utilized approach for the modelling of physical parameter profiles
which are monotone functions of the temperature. The current approach enforces the monotonic-
ity constraint by imposing a function for the mean values at each temperature, and introducing
variability by adding an error function multiplied by zero-mean noise. There are multiple draw-
backs of this approach. First, it implies a strong hypothesis on the form of the function curve,
which is not supported by the available empirical data. Second, it can also result in parameter
profiles which are not monotone as a function of the temperature. Third, since the uncertainty
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is modelled by a single random noise, the marginal distributions of the parameter values will be
the same up to an affine transformation.

Several papers signed by researchers of the Industrial Risk Management Department ad-
dressed the question of generating samples of parameters with ordering and marginal constraints.
[140] proposes a constrained Latin Hypercube Sampling method to generate pseudo-random re-
alizations of the parameters. The drawbacks of this method is that the exact joint distribution
of the generated sample is unknown, therefore no control on the convergence of the Monte Carlo
simulation is available. In [119], the authors give copula-based construction of a multivariate
joint distribution which verifies both constraints. However the analytic formula of this copula
requires the computation of a set of functions which are solutions of ordinary differential equa-
tions, which are generally hard to find.

The method we suggest is to use the maximum entropy distribution of order statistics pro-
posed by Chapter 3, see formula (1.10), to define the joint distribution of the parameter values
at different temperatures. This method has multiple advantages over the previously discussed
approaches. A simple analytic formula is available for the joint density function, which almost
surely verifies the ordering constraint as opposed to the currently maintained approach. The
maximum entropy distribution also has a clear information-theory interpretation. Furthermore,
the marginals can be freely chosen for each temperature value (as long as they are stochastically
ordered), and there is no function form enforced. Chapter 4 also discusses in detail the case
of uniform marginals, with an inversion method with explicit formulas provided for elementary
simulation.

1.3.3 Modelling physical flaws in a passive mechanic component

The second application case concerns the probabilistic modelling of input parameters for a
fissure propagation simulation code. This code implements the physical model of propagation
of initial cracks in a metallic material under severe pressure. If the calculated intensity factor
exceeds de resistance of the steel (which also depends on the input parameters), a brutal rupture
may occur, potentially damaging the integrity of the examined component. We focus on the joint
modelling of two inputs, the initial depth and the length of the crack. These variables naturally
exhibit dependence.

Contrary to the previous case of Section 1.3.2, a data set of several hundred joint observations
is available to aid the modelling process. The data comes from either observations accumulated
during regular inspection of components operating in EDF power plants, or from controlled
experiments. The data suggest that the dimensions verify the ordering constraint, as the length
of the cracks is greater then the depth of the crack for all observations (a physical argument to
support this hypothesis is yet to emerge).

The currently accepted approach makes the assumption that the depth and the ratio between
the depth and length are independent, and a distribution is fitted with parametric families suit-
ably chosen for both variables. In an attempt to correctly model the dependence structure
between the dimensions, [148] considers the estimation of the copula for the two-dimensional
distribution by parametric families such as Gaussian, Frank or Gumbel copulas. The inconve-
nience of this approach is that the parametric families contain only symmetric copulas, therefore
potential asymmetric features of the dependence structure can not be accounted for. In particu-
lar, if the hypothesis on the almost sure ordering relationship between the dimensions is correct,
then its copula has a restricted support and is not symmetric, as it was seen in Chapter 3.

In the conference paper [34], we presented the possibility of using the non-parametric esti-
mation procedure of Chapter 6 to estimate the joint density of the dimensions of the cracks. We
keep in mind that even if the model does not fit as well to the empirical data as other models,
preference should be given to a model which is conservative, i.e. which potentially overestimates
the risk of a brutal rupture.

The results of the study show that even though the proposed non-parametric estimator
disperses the probabilistic mass on a larger domain than the previous models, it considerably
underestimates the failure probability compared to the other models. This is due to the fact that
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a failure is more likely to occur when both dimensions assume large values, whereas the non-
parametric estimator gives considerable weight to combinations with a large value for the length,
but smaller value for the depth. This may indicate that we overlooked some physical phenomenon
by considering only ordered random vectors. An improvement to the modelling procedure would
be to consider maximum entropy copulas of order statistics relative to a reference copula with
high upper tail-dependence coefficient instead of the independent copula, so that more penalizing
scenarios are accounted for with higher probability.
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Chapter 2

Maximum entropy copula with given
diagonal section

2.1 Introduction

Dependence of random variables can be described by copula distributions. A copula is the

cumulative distribution function of a random vector U = (Uy,...,Uy) with U; uniformly dis-
tributed on I = [0,1]. For an exhaustive overview on copulas, we refer to NELSEN [132]. The
diagonal section d of a d-dimesional copula C, defined on I as §(t) = C(t,...,t) is the cumulative

distribution function of max;<;<4 U;. The function ¢ is non-decreasing, d-Lipschitz, and verifies
0(t) <t for all t € I with 6(0) = 0 and (1) = 1. It was shown that if a function ¢ satisfies
these properties, then there exists a copula with ¢ as diagonal section (see BERTINO [20] or
FREDRICKS AND NELSEN [78] for d = 2 and CUCULESCU AND THEODORESCU [49] for d > 2 ).

Copulas with a given diagonal section have been studied in different papers, as the diagonal
sections are considered in various fields of application. Beyond the fact that ¢ is the cumulative
distribution function of the maximum of the marginals, it also characterizes the tail dependence
of the copula (see JOE [105] p.33. and references in NELSEN ET AL. [134], DURANTE AND
JAWORSKI [68], JAWORSKI [102]) as well as the generator for Archimedean copulas (SUNGUR
AND YANG [164]). For d = 2, Bertino in [20] introduces the so-called Bertino copula B; given
by Bs(u,v) = u A v — mingay<t<uve(t — 0(t)) for u,v € I. Fredricks and Nelsen in [78] give the
example called diagonal copula defined by Ks(u,v) = min(u,v, (§(u) + §(v))/2) for u,v € I. In
NELSEN ET AL. [133, 134] lower and upper bounds related to the pointwise partial ordering are
given for copulas with a given diagonal section. They showed that if C' is a symmetric copula
with diagonal section §, then for every u,v € I, we have:

Bs(u,v) < C(u,v) < Ks(u,v).

DURANTE ET AL. [69] provide another construction of copulas for a certain class of diag-
onal sections, called MT-copulas named after Mayor and Torrens and defined as Dgs(u,v) =
max(0,d(x Vy) — |z — y|). Bivariate copulas with given sub-diagonal sections d,, : [0,1 — x¢] —
[0,1 — x0], 0z, (t) = C(zo + t,t) are constructed from copulas with given diagonal sections in
QUESADA-MOLINA ET AL. [147]. DURANTE ET AL. [70] and [134] introduce the technique of di-
agonal splicing to create new copulas with a given diagonal section based on other such copulas.
According to [68] for d = 2 and JAWORSKI [102] for d > 2, there exists an absolutely continuous
copula with diagonal section ¢ if and only if the set X5 = {t € I;(t) = t} has zero Lebesgue
measure. DE AMO ET AL. [57] is an extension of [68] for given sub-diagonal sections. Further
construction of possibly asymmetric absolutely continuous bidimensional copulas with a given
diagonal section is provided in ERDELY AND GONZALEZ [76].

Our aim is to find the most uninformative copula with a given diagonal section §. We choose
here to maximize the relative entropy to the uniform distribution on I¢, among the copulas with
given diagonal section. This is equivalent to minimizing the Kullback-Leibler divergence with
respect to the independent copula. The Kullback-Leibler divergence is finite only for absolutely
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continuous copulas. The previously introduced bivariate copulas Bs, K5 and Ds are not abso-
lutely continuous, therefore their Kullback-Leibler divergence is infinite. Possible other entropy
criteria, such as Rényi, Tsallis, etc. are considered for example in POUGAZA AND MOHAMMAD-
DJAFARI [146]. We recall that the entropy of a d-dimensional absolutely continuous random
vector X = (Xi,...,Xy) can be decomposed as the sum of the entropy of the marginals and
the entropy of the corresponding copula (see ZHAO AND LIN [183]) :

d
H(X) =Y H(X) + H(U),
=1

where H(Z) = — [ fz(2)log fz(z)dz is the entropy of the random variable Z with density fz,
and U = (Uy,...,Uy) is a random vector with U; uniformly distributed on I, such that U has
the same copula as X; namely U is distributed as (Fl_l(Xl), . .Fd_l(Xd)) with F; the cumu-
lative distribution function of X;. Maximizing the entropy of X with given marginals therefore
corresponds to maximizing the entropy of its copula. The maximum relative entropy approach
for copulas has an extensive litterature. Existence results for an optimal solution on convex
closed subsets of copulas for the total variation distance can be derived from CsiszAR [48].
A general discussion on abstract entropy maximization is given by BORWEIN ET AL. [25]. This
theory was applied for copulas and a finite number of expectation constraints in BEDFORD AND
WILSON [16]. Some applications for various moment-based constraints include rank correlation
(MEEUWISSEN AND BEDFORD [128], CHU [46], PIANTADOSI ET AL. [141]) and marginal moments
(PAsHA AND MANSOURY [139)]).

We shall apply the theory developed in [25] to compute the density of the maximum entropy
copula with a given diagonal section. We show that there exists a copula with diagonal section ¢
and finite entropy if and only if § satisfies: [; |log(t — 0(t))|dt < +o0. Notice that this condition
is stronger than the condition of ¥s having zero Lebesgue measure which is required for the
existence of an absolutely continuous copula with diagonal section 4. Under this condition, and
in the case of ¥5 = {0,1}, the optimal copula’s density c¢; turns out to be of the form, for
x=(x1,...,1q9) € I%

es(@) = bmax(z) [ alw),
z;#max(z)

with the notation max(z) = maxj<;<4;, see Proposition 2.4. The optimal copula’s density in
the general case is given in Theorem 2.5. Notice that cs is symmetric: it is invariant under the
permutation of the variables. This provides a new family of absolutely continuous symmetric
copulas with given diagonal section enriching previous work on this subject that we discussed,
see [20],[68],[70],[69],[76],[78],[134]. We also calculate the maximum entropy copula for diagonal
sections that arise from well-known families of bivariate copulas.

The rest of the paper is organised as follows. Section 2.2 introduces the definitions and
notations used later on, and gives the main theorems of the paper. In Section 2.3 we study the
properties of the feasible solution ¢s5 of the problem for a special class of diagonal sections with
Y5 = {0,1}. In Section 2.4, we formulate our problem as an optimization problem with linear
constraints in order to apply the theory established in [25]. Then in Section 2.5 we give the
proof for our main theorem showing that cs is indeed the optimal solution when X5 = {0,1}.
In Section 2.6 we extend our results for the general case when 35 has zero Lebesgue measure.
We give in Section 2.7 several examples with diagonals of popular bivariate copula families such
as the Gaussian, Gumbel or Farlie-Gumbel-Morgenstern copulas among others. In the Gaussian
case, we illustrate how different the Gaussian copula and the corresponding maximum entropy
copula can be, by calculating conditional extreme event probabilities.

2.2 Main results

Let d > 2 be fixed. We recall a function C' defined on I¢, with I = [0,1], is a d-dimensional
copula if there exists a random vector U = (Uy,...,Uy) such that U; are uniform on [ and
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C(u) = P(U < u) for u € I% with the convention that z < y for z = (x1,....74) and y =
(y1,...,9q) elements of R? if and only if z; < y; for all 1 < i < d. We shall say that C is the
copula of U. We refer to [132] for a monograph on copulas. The copula C is said absolutely
continuous if the random variable U has a density, which we shall denote by c¢. In this case, we
have for all u € I%:

C(u) = /Id co(v)1gy<uy dv.

When there is no confusion, we shall write ¢ for the density co associated to the copula C.
We denote by C the set of d-dimensional copulas and by Cy the subset of the d-dimensional
absolutely continuous copulas.

The diagonal section d¢ of a copula C' is defined by: 6c(t) = C(t,...,t). Let us note, for
u € RY, max(u) = maxi<;<q u;. Notice that if C' is the copula of U, then d¢ is the cumulative
distribution function of max(U) as d¢(t) = P(max(U) < t) for t € I. We denote by D = {6¢,C €
C} the set of diagonal sections of d-dimensional copulas and by Dy = {dc;C € Cp} the set of
diagonal sections of absolutely continuous copulas. According to [78], a function ¢ defined on I
belongs to D if and only if:

(i) 0 is a cumulative function on [0,1]: 6(0) = 0, §(1) = 1 and 0 is non-decreasing;

(if) o(t) <t for t € I and ¢ is d-Lipschitz: |0(s) — 0(t)| < d|s —t| for s,t € I.
For § € D, we shall consider the set C° = {C € C;5c = 6} of copulas with diagonal section d,
and the subset Cg = C°(NCy of absolutely continuous copulas with section §. According to [68]
and [102], the set CJ is non empty if and only if the set 5 = {t € I;6(t) = t} has zero Lebesgue
measure.

For a non-negative measurable function f defined on I*, k € N, we set

Ti(f) = [, f@)log(f(2) da.

with the convention 0log(0) = 0. Since copulas are cumulative functions of probability measures,
we will consider the Kullback-Leibler divergence relative to the uniform distribution as a measure
of entropy, see [48]:
7 if C' € Cy,
7(C) = a(c) 1 0
+oo if C & Cy,

with ¢ the density associated to C when C' € Cy. Notice that the Shannon-entropy introduced
in [161] of the probability measure P defined on I with cumulative distribution function C
is defined as H(P) = —Z(C). Thus minimizing the Kullback-Leibler divergence Z (w.r.t. the
uniform distribution) is equivalent to maximizing the Shannon-entropy. It is well known that
the copula IT with density ¢y = 1, which corresponds to (U;,0 < i < d) being independent,
minimizes Z(C) over C.

We shall minimize the Kullback-Leibler divergence Z over the set C0 or equivalently over Cg
of copulas with a given diagonal section § € D (in fact for § € Dy as otherwise CJ is empty). If
C minimizes Z on C’, it means that C' is the least informative (or the “most random”) copula
with given diagonal section 9.

For § € D, let us denote:
() = /I llog(t — 6(1))| dt. 2.1)

Notice that J () € [0, 4o00] and it is infinite if § & Dy. Since 0 is d-Lipschitz, the derivative §’ of
J exists a.e. and since § is non-decreasing we have a.e. 0 < § < d. This implies that Z;(¢") and
Zy(d — 0") are well defined. Let us denote:

G(6) =T1(0') + Z1(d — &) — dlog(d) — (d — 1). (2.2)

Since for any function f such that 0 < f < d we have —1/e < Z;(f) < dlog(d), we can give a
rough upper bound for |G(9)]:

sup |G(0)| < d + dlog(d). (2.3)
6eD
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For 0 € Dy with ¥5 = {0,1}, we define the function c¢; as:

cs(z) = b(max(x)) H a(x;) for a.e. & = (x1,...,24) € 1% (2.4)

z;#max(z)
where the functions a and b are given by, for r € I:

s /
a(,r_) _ d 3 (T) h(?“)_1+1/d eF(r) and b(?“) _ g Elr) h(T)_1+1/d e—(d—l)F('r)7 (25)

with A and F' defined as:

d—1 / 1

h(r)=r—24(r), F(T):T i Eds.

(2.6)

Remark 2.1. Notice that we define F' in (2.6) as an integral from 1/2 to r. However, the value
1/2 can be chosen arbitrarily on (0,1) as it will not affect the definition of the function ¢; in
(2.4).

The following Proposition shows that c¢s is an absolutely continuous copula whose diagonal
section is §. The proof of this Proposition can be found in Section 2.3 and Section 2.8.1 is
dedicated to the proof of (2.7).

Proposition 2.2. Let § € Dy with X5 = {0,1}. The function cs given by (2.4) is the density of
a symmetric copula Cs with diagonal section 6.
Furthermore, we have:

Z(Cs) = (d = 1)F(0) + G(9). (2.7)
This and (2.3) readily implies the following Remark.
Remark 2.3. Let § € Dg such that ¥5 = {0,1}. We have Z(Cs) < +o0 if and only if J(J) < +o0.

We can now state our main result in the simpler case X5 = {0, 1}. It gives the necessary and
sufficient condition for Cs to be the unique optimal solution of the minimization problem. The
proof is given in Section 2.5.

Proposition 2.4. Let § € Dy such that X5 = {0,1}.
a) If J(6) = +oo then mingces Z(C) = +o0.
b) If J(6) < 400 then mingees Z(C) < 400 and Cy is the unique copula such that I (Cs) =
mingees Z(C).

To give the answer in the general case where Y5 has zero Lebesgue measure, which is the
necessary and sufficient condition for Cg # (), we need some extra notations. Since § is continuous,
we get that I\ X5 can be written as the union of non-empty open disjoint intervals ((a;, 55),7 €
J), with a; < f8; and J at most countable. Notice that d(a;) = c; and §(8;) = B;. For J # 0
and j € J, we set A; = B; —a; and for ¢ € It

5(Oéj —|—tAj) - Oéj'

Pl ="

(2.8)

It is clear that &7 satisfies (i) and (ii) and it belongs to Dy as X5 = {0,1}. Let cs; be defined
by (2.4) with ¢ replaced by §7. For § € Dy such that X5 # {0,1}, we define the function c; by,
for u € I%:

1 u—ajl

cs(u) = Z EC(SJ‘ < A»] > 1(a]-,5j)d(u)a (2.9)
jeJ J J

with 1 = (1,...,1) € R It is easy to check that ¢s is a copula density and that is zero outside

laj, Bj]d for j € J. We state our main result in the general case whose proof is given in Section

2.6.
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Theorem 2.5. Let § € D.
a) If J(6) = +oo then minges Z(C) = +o0.
b) If J(8) < +oo then ming s Z(C) < +oo and there exists a unique copula Cs € CO such
that Z (Cs) = mingees Z(C). Furthermore, we have:

Z(Cs) = (d = 1)J(6) + G(9);

the copula Cy is absolutely continuous, symmetric; its density cs is given by (2.4) if
Y5 =40,1} or by (2.9) if X5 # {0,1}.

Remark 2.6. For § € D, notice the condition J(0) < 4oo implies that X5 has zero Lebesgue

measure, and therefore, according to [68] and [102], 6 € Dy. And if § &€ Dy, then Z(C) = +o0
for all C' € C’. Therefore, we could replace the condition § € D by § € Dy in Theorem 2.5.

2.3 Proof of Proposition 2.2
We assume that § € Dy and X5 = {0, 1}. We give the proof of Proposition 2.2, which states

that Cy, with density ¢s given by (2.4), is indeed a symmetric copula with diagonal section &
whose entropy is given by (2.7).

Recall the definition of h, F,a,b and cs given by (2.4) to (2.6). Notice that by construction
¢s is non-negative and well defined on I%. In order to prove that ¢; is the density of a copula,
we only have to prove that for all 1 <i <d, r € I:

/Id c(;(u)l{uig} du=r,

or equivalently
/Id cs(u)lyy, > du=1—r.
We define for r € I:
A(r) = / a(t) dt. (2.10)
0

Elementary computations yield for r € (0,1):
A(r) = hM(r) F ). (2.11)

Notice that F'(0) € [—o0,0] which implies that A(0) = 0. A direct integration gives:

d/Ad 1(8)b(s)1 snry ds = 1 — 8(r). (2.12)
We also have:
—1) / AT2(5)b(5)1(y3y) ds = / 8 (s)h™ 4 (s) e F) 1,5, ds
= [_hlfl/d(s) o (8)]1_

= p V() ), (2.13)
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where we used for the last step that (1) = 0 and F(1) € [0, c0]. We have:

/Id cs(u) gy >r du = /Id b(max(u)) H a(uj) 1y, >y du

ujF#max(u)

I
+«ﬁ4)ﬁA*%gm@@q@—Aw»yQﬂw
=d : Ad_l(s)b(s)1{8>r} ds
-4d—mA@)IA*%@m@yQﬂds
=1—-4(r) = h(r)
=1-r,

where in the second equality we separated the integral according to max(u) = w; or not and
used (2.10), then in the fourth equality we used (2.12) and (2.13). This implies that c; is indeed
the density of a copula. We denote by Cj the copula with density cs. We check that § is the
diagonal section of Cy. Using (2.12), we get, for r € I:

/Id 65(u)1{max(u)§7‘} du = /Id b(maX(u)) H a(ui)l{max(u)gr} du

u;F#max(u)

:dAA*Hnghgﬂﬁ
=4(r)

The calculations which show that the entropy of Cj is given by (2.7) can be found in Section 2.8.1.

2.4 The minimization problem

Let § € Dy. As a first step we will show, using [25], that the problem of a maximum
entropy copula with a given diagonal section § has at most a unique optimal solution. To
formulate this problem in the framework of [25], we introduce the continuous linear functional
A= (A;,1<i<d+1): LY I% — LY(I)™! defined by, for 1 <i < d, f € L'(I%) and r € I,

A’L(f) (’I") = 1 f(u)]-{ulgr} du, and Ad+1(f) (’I") = 1 f(u)]-{max(u)gr} du.

We also define b = (b;,1 <i < d+1) € LY(I)4! with bgy; = § and b; = id; for 1 < i < d, with
id; the identity map on I. Notice that the conditions A;(c) = b;, 1 <i < d, and ¢ > 0 a.e. imply
that ¢ is the density of a copula C € Cy. If we assume further that the condition Ag11(c) = bgi1
holds then the diagonal section of C is § (thus C € CJ).

Since Z is infinite outside Cg and the density of any copula in Cy belongs to L(I9), we get
that minimizing Z over C? is equivalent to the optimization problem (P5) given by:

Ale) =1°,

P5
c>0a.e. and c € L'(I9). ()

minimize Z4(c) subject to {

We say that a function f is feasible for (P?) if f € LY(I%), f > 0 a.e., A(f) = b° and Zy(f) < +oo.
Notice that any feasible f is the density of a copula. We say that f is an optimal solution to
(P?) if f is feasible and Zy(f) < Zy(g) for all g feasible.

Proposition 2.7. Let 6 € D. If there exists a feasible c, then there exists a unique optimal
solution to (P%) and it is symmetric.
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Proof. Since A(f) = b implies A;(f)(1) = b1(1) that is [;a f(z)dr = 1, we can directly apply
Corollary 2.3 of [25] which states that if there exists a feasible ¢, then there exists a unique
optimal solution to (P5). Since the constraints are symmetric and the functional Z; is also
symmetric, we deduce that the unique optimal solution is also symmetric. ]

The next Proposition gives that the set of zeros of any non-negative solution ¢ of A(c) = b°
contains:

Zs = {u € 1% §'(max(u)) = 0 or i such that u; < max(u) and &' (u;) = d}. (2.14)
Proposition 2.8. Let 6 € D. If ¢ is feasible then ¢ =0 a.e. on Zs (that is clz; =0 a.e.).
Proof. Recall that 0 < § < d. Since ¢ € L'(I%), the condition Agy1(c) = bgi1, that is for all

rel .,
. /
/]d c(u)l{max(u)gr} du = /0 0 (8) ds,
implies, by the monotone class theorem, that for all measurable subsets H of I, we have:
/ c(u)lg(max(u)) du :/ §'(s) ds.
Id H

Since ¢ > 0 a.e., we deduce that a.e. ¢(u)1 {5 (max(u))=0y = 0
Next, notice that for all r € I:

d d
/Id C(u) (Z l{ui<max(u),uiﬁr}> du = Z (/Id c(u)l{uiﬁr} du — /Id C(u)1{ui:max(u),max(u)§r} du)
i=1 i=1
=dr —4§(r)

- /0 (d— 8'(s)) ds.

This implies that a.e. c¢(u) (Zgzl 1{u¢<max(u),6’(ui)=d}) =0, that is:

C(u)l{ﬂ’i such that u; <max(u),6’(u;)=d} — 0.

This gives the result. O

We define u to be the Lebesgue measure restricted to Z§ = I\ Zs: pu(du) = 17¢(u)du. We
define, for f € L'(I¢, p):

74(f) = [ $(w) og(s () u(dw)

From Proposition 2.8 we can deduce that if ¢ is feasible then ZV(c) = Z;(c). Let us also define,
forl1<i<d, rel:

A = [ el nldn), and A (@) = [ )Lz 1ldw).
The corresponding optimization problem (P;f ) is given by :

A (e) =17,

minimize Z#(c) subject to Lird
¢>0 pae and c € L' (I p),

with A = (AY,1<i<d+1). For f € LY(I%, ), we define:
s f on Z§,
0 on Z;s.

Using Proposition 2.8, we easily get the following Corollary.

Corollary 2.9. If ¢ is a solution of (Pg), then c* is a solution of (P%). If ¢ is a solution of
(P?), then it is also a solution of (Plf)
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2.5 Proof of Proposition 2.4

2.5.1 Form of the optimal solution

Let (A*)* : L°(I)™1 — L°(I%, 1) be the adjoint of A*. We will use Theorem 2.9. from [25]
on abstract entropy minimization, which we recall here, adapted to the context of (Plf ).

Theorem 2.10 (Borwein, Lewis and Nussbaum [25]). Suppose there exists ¢ > 0 p-a.e. which
is feasible for (Pg) Then there exists a unique optimal solution, c*, to (Pg) Furthermore, we

have ¢* > 0 p-a.e. and there exists a sequence (\*,n € N) of elements of L>(I)%! such that:

/Id c* (@) [(A*)"(A") (z) —log(¢™(x))| p(dx) —— 0. (2.15)

We first compute (A#)*. For A = (\;,1 <i < d+1) € L®(I)™ and f € L'(1¢, 1), we have:
((A)*(N), F) = (X AR(S))
d
=3 [0 [, Sz dn@ir + [ Xan0) [ T ooy )

d
=/, @) (Z Ai(i) + Ad+1(maX(ﬂc))> dp (),
i=1

where we used the definition of the adjoint operator for the first equality, Fubini’s theorem for
the second, and the following notation for the third equality:

Ag(a) = /[ M) Lpseydr, and  Agp(t) = /1 N1 () 1oy dr.

Thus, we can set for A € L>=(I)%*! and x € I%:

d
(A")*(N)(z) = Z Ai(z;) + Ageq(max(x)). (2.16)

i=1

Now we are ready to prove that the optimal solution ¢* of (Plf) is the product of measurable
univariate functions.

Lemma 2.11. Let 6 € Dy such that X5 = {0,1}. Suppose that there exists ¢ > 0 p-a.e.which is
feasible for (Pg) Then there exist a*,b* non-negative, measurable functions defined on I such
that

c*(u) = b*(max(u)) H a*(u;) p-a.e.

w; #max(u)

with a*(s) =0 if 8'(s) = d and b*(s) =0 if §’(s) = 0.
Proof. According to Theorem 2.10, there exists a sequence (A", n € N) of elements of L>°(I)4*!
such that the optimal solution, say ¢, satisfies (2.15). This implies, thanks to (2.16), that there
exist d + 1 sequences (A',n € N,;1 < i < d+ 1) of elements of L>(I) such that the following
convergence holds in L'(I¢, c*p):

d

Z A7 (u;) + Agyq (max(u)) — log(c*(u)). (2.17)
i=1

Arguing as in Proposition 2.7 and since Z§, the support of p, is symmetric, we deduce that

¢* is symmetric. Therefore we shall only consider functions supported on the set A = {u €

I% ug = max(u)}. The convergence (2.17) holds in L'(A, ¢*u). For simplicity, we introduce the
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functions '} € L°°(I) defined by I'} = A} for 1 <i <d—1, and I'j = A} + A}, ;. Then we have
in LY(A, c¢*p):
d
Z; 7 (us) oo, log(c*(u)). (2.18)
1=
We first assume that there exist I';, 1 <4 < d measurable functions defined on I such that u-a.e.

on A:
d

ZF,(uz) = log(c*(u)). (2.19)
i=1
The symmetric property of ¢*(u) seen in Proposition 2.7 implies we can choose I'; = T' for
1 <i<d-1 up to adding a constant to I'y. Set a* = exp(I') and b* = exp(I'y) so that p-a.e.
on A:

d—1
c*(u) = b*(ug) H a”(u;). (2.20)
i=1

Recall pi(du) = 1z¢(u)du. From the definition (2.14) of Zs, we deduce that without loss of
generality, we can assume that a*(u;) = 0 if §'(u;) = d and b*(ug) = 0 if §'(ug) = 0. Use the
symmetry of ¢* to conclude.

To complete the proof, we now show that (2.19) holds for I and I'j measurable functions. We
introduce the notation u_; = (Uty .oy Ui 1, Uit 1, - -+, ug) € I971. Let us define the probability
measure P(dz) = c*(z)1a(z)p(dz)/ [A ¢*(y)u(dy) on 1% We fix j, 1 < j < d — 1. In order
to apply Proposition 2 of [153], which would ensure the existence of the limiting functions I';,
1 < i < d, we first check that P is absolutely continuous with respect to P/ ® PJ, where
Pf(dU(_j)) = fujej P(du(_jyduj) and Pj(du;) = ra—1 P(du(_jyduj) are the marginals of
P. Notice the following equivalence of measures:

f“<—j)€

d—1

P(du) ~ ].A(’LL) H 1{6’(ui)7£d}1{5’(ud)750} du. (221)
=1

Let B C I%1 be measurable. We have:

d—1
P (B) =0« /[d 1A(u) H 1{6’(ui)7éd}1{6/(ud)7é0}1B(u(fj)) du = 0.
i=1

By Fubini’s theorem this last equality is equivalent to:

d—1
/Id_l I1 (1{&(%)#}1{%3%}) L5 (ug)20y 1B (u(—j)) < /1 Lo<u;<uay {6 (uj)#d) duj) du(_z) = 0.
i=1
i#]
(2.22)
Since for € > 0, 6(¢) < e < de, we have [; 1{o<u,;<s}1{5'(u;)d) du; > 0 for all s € I. Therefore
(2.22) is equivalent to

d—1
/Id_l IT (Lot L) Livaazoy La(uj)) dug_j = 0.
i=1,i#j

This implies that there exists h > 0 a.e. on I?~! such that

d—1

Pl(ducj) =hucp) T (Lwora o) 1o 2opdu ).
i=1,i#j

Similarly we have for B’ C I that PJ(B’) = 0 if and only if

d—1
/Ilw(uj)#d}lB'(Uj) ( /I o I (oo liucu) 1wz 1{ud>uj}dU<—j>) du; = 0.
i=1,i#]
(2.23)
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Since, for € >0, 6(1) =d(1 —¢) >1— (1 —¢) = > 0, there exists g > 0 a.e. on I such that
P3(duj) = g(u;)1is0(u;)2ayduj. Therefore by (2.21) we deduce that P is absolutely continuous

with respect to P{ ® PJ. Then according to Proposition 2 of [153], (2.18) implies that there exist
measurable functions ®; and I'; defined respectively on I d=1 and I, such that c*p-a.e. on A:

log(c™(u)) = @;(u(—j)) + L'j(uy).

As p-a.e. ¢* > 0, this equality holds p-a.e. on A. Since we have such a representation for every
1 < j <d-—1, we can easily verify that there exists a measurable function I'y defined on I such
that log(c*(u)) = 2% Ty(u;) p-a.e. on A.

O

2.5.2 Calculation of the optimal solution

Now we prove that the optimal solution to (P6 ), if it exists, is indeed cs.

Proposition 2.12. Let § € Dy such that 5 = {0, 1}. If there exists a feasible solution ¢ to (P%)
such that ¢ > 0 p-a.e., then the optimal solution ¢* to (P?) is cs given by (2.4).

Proof. In Lemma 2.11 we have already shown that if an optimal solution exists for (P?), then it
is of the form ¢*(u) = b*(max(u)) ] a*(u;). Here we will prove that the constraints of
(P?) uniquely determine the functions a* and b* up to a multiplicative constant, giving ¢* = c;.
We set for r € I:

w; Zmax(u)

A*(r) = /OT a*(s)ds

which take values in [0, +00]. From Agy1(c*) = bfl+17 we have for r € I:

50) = [, ¢ gy du

= u b* (max(u)) H a* (ui)l{max(u)gr} du
I u;Zmax(u)

_d / (A*(5))4 10" (8) 1 sy ds. (2.24)
; <
Taking the derivative with respect to r gives a.e. on I:
§(r) = d(A*(r))d_lb*(r). (2.25)

This implies that A*(r) is finite for all » € [0,1) and thus A*(0) = 0. Similarly, using that
Ai(c*) = b, we get that for r € I:

l—r= /Id C*(u)l{mZT} du

= [ b*(max(u)) H a” (ui) gy, >y du

I u;F#max(u)

d
- /Id l:[z (a*(ui)l{uiﬁul}) b* (ul)l{ulzr} du

d

+ (d - 1) /Id a*(ul) H (a*(uz>1{uZ§UQ}) b*(u2>1{UQ2u12r} du
=3

= [ @) Lz ds
F(d= 1) [ (A @) A(s) ~ A () Lz ds

—d /I (A*())8 10 (8)1 sy ds — (d — 1) A*(r) /1 (A*(5))426"(5)1 sy ds.
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Using this and (2.24) we deduce that for r € I:

h(r) = (d — 1) A*(r) /I (A%(5)) 2" ()1 45 ds. (2.26)

Since r > 6(r) on (0,1), we have that A* and fI(A*(s))d_Qb*(s)l{szr} ds are positive on (0,1).
Dividing (2.25) by (2.26) gives a.e. for r € I:

d—18(r) (A*(r))*2b(r)

dh(r) — [p(A*(r)?2b" (s) <<t ds’

We integrate both sides to get for r € I:

d—1 h(r) ol Ji(A*(5)4720% () 1< <1y ds
— | log — ds | =log Py ERY VT .
d h(1/2) 1/2 h(s) f[(A (8))%2b (5)1{1/2§s§1} ds
Notice that the choice for the lower bound 1/2 of the integral was arbitrary, see Remark 2.1.
Taking the exponential yields:

ahl=D/d(r) e () = /I(A*(S))d*Qb*(S)l{rSsg} ds, (2.:27)

for some positive constant . From (2.26) and (2.27), we derive:

A0) = s = e, (2.28)

This proves that the function A* is uniquely determined up to a multiplicative constant and so
is a*. With the help of (2.25) and (2.28), we can express b* as, for r € I:

b (r) = LA Z DT oo (22

The function b* is also uniquely determined up to a multiplicative constant. Therefore (2.25)
implies that there is a unique ¢* of the form (2.20) which solves A(c) = b°. (Notice however
that the functions a* and b* are defined up to a multiplicative constant.) Then according to
Proposition 2.2 we get that cs defined by (2.20) with a and b defined by (2.5) solves A(c) = b,
implying that c* is equal to c;s. O

2.5.3 Proof of Proposition 2.4

Let 0 € Dy such that X5 = {0,1}. By construction, we have p-a.e. ¢s > 0. According to
Proposition 2.2 and Remark 2.3, if J(§) < +oo, the copula density c; is feasible for (P?).
Therefore Proposition 2.12 implies that it is the optimal solution as well. When J(6) = +oo,
we show that there exists no feasible solution to cs, see the supplementary material.

2.6 Proof of Theorem 2.5

We first state an elementary Lemma, whose proof is left to the reader. For f a function
defined on I% and 0 < s < t < 1, we define f5 by, for u € I%:

5 (u) = (t — 8)f(s1 + u(t — s)).

Lemma 2.13. If ¢ is the density of a copula C' such that ¢ (s) = s and 6c(t) =t for some fized
0<s<t<1, then c*t is also the density of a copula, and its diagonal section, §%¢, is given by,
forrel:
oc(s+r(t—s))—s

t—s .

5o (r) =
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According to Remark 2.6, it is enough to consider the case & € Dy, that is X5 with zero
Lebesgue measure. We shall assume that X5 # {0,1}. Since ¢ is continuous, we get that I \ X;
can be written as the union of non-empty open disjoint intervals ((«, 8;),j € J), with o < 5;
and J non-empty and at most countable. Set A; = 3; —a;. Since 35 is of zero Lebesgue measure,
we have >-.c; A; = 1. We define also S = UjeJ[ozj,Bj]d

For s € 5, notice that any feasible function ¢ of (P?%) satisfies for all 1 <4 < d:

/Id C(u)l{ui<s}1Dic (u) du = /Id C(u)l{ui<s} du — /]d C(u)l{max(u)<s} du=s— 5(3) =0,

where D; = {u € I such that Vj # i : u; < s}. This implies that ¢ = 0 a.e. on I¢\ S. We set
¢ =P for j € J. We deduce that if ¢ is feasible for (P°), then we have that a.e.:
ajl

c(w) =3 Alj o (u —Aj ) 1, 0 (1), (2.30)

jed

and:

¢) =3 A (Ta(d) — log(4y)) (2.31)

jed

Thanks to Lemma 2.13, the condition A(c) = b’ is equivalent to A(c?) = b% for all j € J. We
deduce that the optimal solution of (P?), if it exists, is given by (2.30), where the functions ¢
are the optimal solutions of (P%") for j € J. Notice that by construction X5 = {0,1}. Thanks
to Proposition 2.4, the optimal solution to (P%) exists if and only if we have J(67) < 4o00; and
if it exists it is given by cs;. Therefore, if there exists an optimal solution to (P‘;), then it is ¢
given by (2.9). To conclude, we have to compute Z;(cs). Recall that zlog(x) > —1/e for = > 0.
We have:

Ta(cs) = %ZAj (zd ) —10g(A))) 1a, 5e)

= hmZA ( T(6) = 10g(A))) La,sep + 3 A;9(5)
jeJ
_ZA ((d=1)T () ~log(A)) + > A,6(),
jed jed

where we used the monotone convergence theorem for the first equality, (2.7) for the second and
the fact that G(¢) is uniformly bounded over Dy and the monotone convergence theorem for the
last. Elementary computations yields:

(d— =>4 ((d=1)T(¥) ~log(4;)) and G(3) = > A;G(8).
jeJ JjeJ
So, we get:
Za(es) = (d=1)T(6) + G().
Since G(0) is uniformly bounded over Dy, we get that Zy(cs) is finite if and only if 7(9) is finite.
To end the proof, recall the definition of Z(Cs) to conclude that Z(Cs) = (d — 1)J(6) + G(9).

2.7 Examples for d =2

In this section we compute the density of the maximum entropy copula for various diagonal
sections of popular bivariate copula families. In this Section, » and v will denote elements of
I. The density for d = 2 is of the form c¢s(u,v) = a(min(u,v))b(max(u,v)). For (u,v) € A =
{(u,v) € I?,u < v}, the formula reads:

es(u,0) = 1Y) 2= 0) (r)-Fw)
)= SR 2 ’

with h, F' defined in (2.6). We illustrate these densities by displaying their isodensity lines or
contour plots, and their diagonal cross-section ¢ defined as p(t) = c(t,t), t € I.
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t

o l1—al

Figure 2.1 — Piecewise linear diagonal section (Section 2.7.1). Graph of § with a = 0.2.

2.7.1 Maximum entropy copula for a piecewise linear diagonal section

Let a € (0,1/2]. Let us calculate the density of the maximum entropy copula in the case of
the following diagonal section:

5(T) = (T - a)l(a,l—a)(r) + (QT - 1)1[1—04,1] (T)

This example was considered for example in [133]. The limiting cases @« = 0 and o = 1/2
correspond to the Fréchet-Hoeffding upper and lower bound copulas, respectively. However for
a =0, X5 = I, therefore every copula C' with this diagonal section gives Z(C') = +o00. (In fact
the only copula that has this diagonal section is the Fréchet-Hoeffding upper bound M defined
by M(u,v) = min(u,v), u,v € I.) When a € (0,1/2], J(§) < +o0 is satisfied, therefore we can
apply Proposition 2.4 to compute the density of the maximum entropy copula. The graph of §
can be seen in Figure 2.1 for a = 0.2. We compute the functions F', a and b:

slog(L)— = +1 if r € [0, ),
F(r) = I L ift €a,1—a),

2a ~ da
%log(lo‘j)—kﬁ—% iftel—a,l],
I 141 1 - 1
a(r) = ﬁe a2 1yg o) (1) + NG e2ada 1(41-a)(7),
and:
b(r) = e B Ly o (r) + e B 1y ().

2/« Va
The density cs(u,v) consists of six distinct regions on A as shown in Figure 2.2a and takes the
values:

1 a—v 1 u—-v
cs(u,0) = e Nwweny} + -2 Huwed)

1 2a—1 1 uta—1

+ Ee 2a 1{(u,v)€Dlv} + %e 2a 1{(u,v)6DV} (232)

Figure 2.2b shows the isodensity lines of cs. In the limiting case of a = %, the diagonal
section is given by §(t) = max (0,2t — 1),which is the pointwise lower bound for all elements in
D. Accordingly, it is the diagonal section of the Fréchet-Hoeffding lower bound copula W given
by W(u,v) = max(0,u + v — 1) for u,v € I. All copulas having this diagonal section are of the
following form:

W (u,v) if (u,v) € [0,1/27 U[1/2,1]?,
D¢, o, (u,v) = %Cl(m, 2v—1) if (u,v) €[0,1/2] x [1/2,1],
3Co(2u —1,2v) if (u,v) € [1/2,1] x [0,1/2],
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(a) Partition for cs (b) Isodensity lines of c;

Figure 2.2 — Piecewise linear diagonal section (Section 2.7.1). The partition and the isodensity
lines of cs.

where Cy and Cy are copula functions. Recall that the independent copula II with uniform
density ¢y = 1 on I? minimizes Z(C) over C. According to (2.32), the maximum entropy copula,
with diagonal section ¢ is Dy 7. This corresponds to choosing the maximum entropy copulas on
[0,1/2] x [1/2,1] and [1/2,1] x [0,1/2].

2.7.2 Maximum entropy copula for §(¢) = t“

Let o € (1,2]. We consider the family of diagonal sections given by §(t) = ¢“. This corre-
sponds to the Gumbel family of copulas and also to the family of Cuadras-Augé copulas. The
Gumbel copula with parameter 6 € [1,00) is an Archimedean copula defined as, for u,v € I:

C%(u,v) = 5" (po(u) + po(v))

=

= @
with a = 2. The Cuadras-Augé copula with parameter v € (0,1) is defined as, for u,v € I:

with generator function wg(t) = (—1log(t))?. Its diagonal section is given by §¢(t) = ¢2

C%(u,v) = min(uv' ™7, ut ).
It is a subclass of the two parameter Marshall-Olkin family of copulas given by:
CM (u,v) = min(u' v, uv! 7?).

The diagonal section of C4 is given by 6(t) = t>77 = t* with a = 2 — 7. While the Gumbel
copula is absolutely continuous, the Cuadras-Augé copula is not, although it has full support.
Since J(d) < +oo, we can apply Proposition 2.4. To give the density of the maximum entropy
copula, we have to calculate F'(v) — F(u). Elementary computations yield:

1 /v ds 1 v 1 1 —opet
F(v) - Fu) = = — Clog (2) - 1 .
() (u) 2/u s—so 2% (u) 200 — 2 Og(l—u“_1>

The density c¢s is therefore given by, for (u,v) € A:

o 2 — aqu®!

_ a—2 a—1\(2—a)/(2a—2
cs(u,v) = 11— uoTy/aD 072 (1 — o))/ (2a=2)

Figure 2.3 represents the isoderllsity lines of the Gumbel and the maximum entropy copula c;
with common parameter o = 23, which corresponds to 6 = 3 for the Gumbel copula. We have
also added a graph of the diagonal cross-section of the two densities. In the limiting case of
a = 2, the above formula gives cs(u,v) = 1, which is the density of the independent copula II,
which is also maximizes the entropy on the entire set of copulas.
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cftt)

(a) Gumbel (b) ¢s (c) Diagonal cross-section

Figure 2.3 — Power function diagonal section (Section 2.7.2). Isodensity lines and the diagonal
cross-section of copulas with diagonal section 0(t) = t*, a = 25.

2.7.3 Maximum entropy copula for the Farlie-Gumbel-Morgenstern diagonal
section

Let 0 € [—1,1]. The Farlie-Gumbel-Morgenstern family of copulas (FGM copulas for short)
are defined as:

C(u,v) = uv + Ouv(l —u)(1 — v).

These copulas are absolutely continuous with densities ¢(u, v) = 14+6(1—2u)(1—2v). Its diagonal
section dy is given by:

Sp(t) = t2 + 0t2(1 — t)? = 0t* — 2063 + (1 + 0)t>.

Since dp(t) < t on (0,1) and it verifies J(J) < 400, we can apply Proposition 2.4 to calculate
the density of the maximum entropy copula. For F(r), we have:

3 log =)+ \/ﬁarctan (\i%) if # € (0,1],

P(r) =4 zlog (5 ro=0,
+log (1= —\/ef_ﬁarctanh(j%) if 6 € [-1,0).

The density c¢; is given by, for 6 € (0,1] and (u,v) € A:

es(1.0) = (1 —20u® + 30u® + (1 + 0)u) (20v% + 30v + (1 +0))
’ (1 —u)Vou2 —0u+1 Vo2 — v +1
0 20v — 0 20u — 0
exp (—40 —7 <arctan (\/m) — arctan (\/m)>) .
Figure 2.4 illustrates the isodensities of the FGM copula and the maximum entropy copula
with the same diagonal section for 8 = 0.5 as well as the diagonal cross-section of their densities.

The case of § = 0 corresponds once again to the diagonal section 6(¢) = ¢2, and the formula
gives the density of the independent copula II, accordingly.

2.7.4 Maximum entropy copula for the Ali-Mikhail-Haq diagonal section
Let 6 € [—1,1]. The Ali-Mikhail-Haq (AMH for short) family of copulas are defined as:

uv

Clu,v) = 1—60(1—u)(1—v)
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Figure 2.4 — FGM diagonal section (Section 2.7.3). Isodensity lines and the diagonal cross-section
of copulas with diagonal section 6(¢) = 0t* — 20t3 + (1 + 0)t2, 6 = 0.5.

This is a family of absolutely continuous copulas whose diagonal section is given by:
t2

Mt = ———.

®) 1—-6(1—1t)?

Once again, dp(t) < t on (0,1) and J(d) < 400 is verified, so we can apply Proposition 2.4 to
calculate the density of the maximum entropy copula. For 0 <u <wv < 1:

Flv) — F(u) = % (m (Z) I (1 _Z) +ln (W)) |

Then cs is given by, for (u,v) € A:

14 0u—20(1 —u) + 60%(1 — u)? -
cs(u,v) = ( ) g( ) (1 —-60(1— v)2)
(1-0(1—u)?)?
In the case of # = 0, the AMH copula reduces to the independent copula II. We illustrate
the density of the AMH copula and the corresponding maximum entropy copula with § = 0.5
in Figure 2.5 and # = —0.5 in Figure 2.6.

Y. /k
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o — 3 .
< \@ // - < ﬂ] -
(a) AMH (b) ¢s (c) Diagonal cross-section
Figure 2.5 — AMH diagonal section (Section 2.7.4). Isodensity lines and the diagonal cross-section
of copulas with diagonal section 6(t) = 1— 9('512 OER 6 =0.5.

2.7.5 Maximum entropy copula for the Gaussian diagonal section

The Gaussian (normal) copula takes the form:

Cplu,v) = @, (071 (w), @' (v)) ,
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(a) AMH (b) ¢s (c) Diagonal cross-section
Figure 2.6 — AMH diagonal section (Section 2.7.4). Isodensity lines and the diagonal cross-section
of copulas with diagonal section §(¢) = ﬁ, 6 =—0.5.

with @, the joint cumulative distribution function of a two-dimensional normal random variable
with standard normal marginals and correlation parameter p € [—1,1], and ®~! the quantile
function of the standard normal distribution. The density c, of C, can be written as:

o1 o1
cp(u U) ©p (_1 (u)7 _1(1))) ,
P(DH(w))p(@7H(v))
where ¢ and ¢, stand for respectively the densities of a standard normal distribution and a

two-dimensional normal distribution with correlation parameter p, respectively. The diagonal
section and its derivative are given by:

5,(t) = ®, (@71(8), @7 (1)), () = 20 ( ;”j@—l(t)) . (2.33)

Since 0, verifies §,(t) <t on (0,1) and J(0,) < +00, we can apply Proposition 2.4 to calculate
the density of the maximum entropy copula. We have calculated numerically the density of
the maximum entropy copula with diagonal section d, for p = 0.95,0.5, —0.5 and —0.95. The
comparison between these densities and the densities of the corresponding normal copula can
be seen in Figures 2.7,2.8 and 2.9. In the limiting case when p goes up to 1, we observe a similar
behaviour of ¢, and c;,, and we get the limiting diagonal §(t) = t of the Fréchet-Hoeffding
upper bound M given by M (u,v) = min(u, v), which does not have a density. We observe a very
different behaviour of ¢, and ¢, in the case of p < 0. In the limiting case when p goes down to
—1, we get the diagonal 0(¢) = max(0, 2t — 1), which we have studied earlier in Section 2.7.1.

2.7.6 Comparison of conditional extreme event probabilities in the Gaussian
case

We compare the conditional probabilities of extreme values of a pair of random variables
(X1, X2) which has bivariate normal distribution with standard normal marginals and correlation
coefficient p, with a pair of random variables (Y7, Y3) whose marginals are also standard normal,
but has copula cs, where § is the diagonal of the copula of (X7, X2). We compute the conditional
probabilities P(X; > at|Xo = t) and P(Y; > at|Y2 = t) with a > 1 and consider their asymptotic
behaviour when ¢ goes to infinity. This comparison is motivated by consideration of correlated
defaults in mathematical finance, see Section 10.8 in [157]. (Notice however the parameters of
upper tail dependence of the two copulas are the same since they have the same diagonal.)

Since by construction max(Xj, X9) has the same distribution as max(Y1,Y2), and X1, Xo,
Y7 and Y5 have the same distribution, we deduce that min(X7, X5) has the same distribution as
min(Y7,Y3). We deduce that for all ¢ € R:

OP(min(X1,X2) >t)  OP(min(Yy,Ys) > ¢t)

P(X) > t[Xy=1) = — 20 T p(t)

=P(Y; > t|Ys = 1t).
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Figure 2.7 — Gaussian diagonal section (Section 2.7.5). Isodensity lines and the diagonal cross-
section of copulas with diagonal section given by (2.33), with p = 0.5 and p = 0.95.

From now on, we shall consider a > 1. For k € R, we recall the notations h(t) = O(t*) for ¢
large which means that limsup,_,, ot ¥|h(t)| < 400, and f(t) < g(t) for ¢ large which means
that f and g are positive for ¢ large and lim sup,_, . f(¢)/g(t) = 0. The proof of the next Lemma
is given in the Appendix.

Lemma 2.14. Let a > 1 and p € (—1,1). We have for t large:

P(X) > ot| Xy = t) = k,oP(Y1 > at|Ys = t) e 20at®/2(1 4 O(172)), (2.34)
with: 1 ) ( 0
a(l—p pla —
Hp,oz = W cmd Ap,a = 1_7[)2((C¥+1)p—2)

We deduce that:
— for p>0and a>2/p—1or p<0, we have A,, > 0 and thus P(X; > aXs|Xs =1t) <
P(Y1 > aYs|Ys = t) for t large,
— forp>0and 1 < o <2/p—1, we have A,, < 0 and thus P(X; > aXs| Xy =t) >
P(Y; > aYs|Yy = t) for t large.
In conclusion, in the positive correlation case, the maximum entropy copula gives more weight
to the extremal conditional probabilities for large values of a.

Remark 2.15. Similar computations as in the proof of Lemma 2.14 give that for p > 0,
pLa<l:

P(at < X; <t|Xo=1) = (Ht> (1+oa™),

V1= p?

Plat <Y <tlYa=t) =9 (a, / ;Zt) (1 + O(t_2)) ,
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Figure 2.8 — Gaussian diagonal section (Section 2.7.5). Isodensity lines and the diagonal cross-
section of copulas with diagonal section given by (2.33), with p = —0.5 and p = —0.95

with ® = 1 — ®, the survival function of the standard Gaussian distribution. Using (2.42), we
have P (at < X7 <t|Xs =1t) > P(Y1 > aYs|Ys = t) for ¢ large. This means that the maximum
entropy copula gives less weight to the “non-worse” case, when the first variable takes also large
values, but stays less than the second variable.

2.8 Appendix

2.8.1 Calculation of the entropy of Cj

In this section, we show that (2.7) of Proposition 2.2 holds. Let us first introduce some
notations. Let ¢ € (0,1/2). Since xzlog(x) > —1/e for x > 0, we deduce by the monotone
convergence theorem that:

Z(Cs) = lim Z(Cs), (2.35)

with:
T.(Cs) = / cs(x) log(cs(2)) da.
[e,1—¢]d
Using §(t) < t and that § is a non-decreasing, d-Lipschitz function, we get that for ¢ € I:
0 < h(t) <min(t,(d—1)(1 —t)) < (d — 1) min(¢,1 —t). (2.36)
We set:
d—d'(t)

d
From the symmetric property of cg, we have that

w(t) = a(t) e F'® = hIFVd (g, (2.37)

I.(Cs) = Ji(e) + Ja(e) — J3(e), (2.38)
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Figure 2.9 — Gaussian diagonal section (Section 2.7.5). Sample of 500 drawn from the Gaussian
copula with p = —0.95 and from the corresponding Cj

with:

d—1
J1 (‘5) =d cﬁ(w)l{max(x):xd} (Z log (w(xl))> dx,
i=1

[e,1—¢]d
5
R =d [ s nastormen og (ST ) ) a,
[e,1—¢]d d
d—1
J3(€) =d e 1] cé(w)l{max(x):xd} ((d - 1)F(xd) - Z F(:EJ) dx.
g,l—e i=1

We introduce A.(r) = [ a(x)dx. For Ji(e), we have:

d—1
Ji(e) =d(d—1) /[E o Limax(e) =z} b(za) [ [ a(z;) log (w(z1)) dz

g=1

—d(d—1) / ( / A9=2(5)p(s) ds> a(t) log (w(t)) dt.
le,1—¢] [t,1—¢]
Notice that using (2.11) and (2.13), we have:

AS2()(s) ds — /

[t,1]

_ / A82(5)b(s) ds.
[1—e,1]

/ A9=2(5)b(s) ds =
[t,1—¢] [t,1]

T hg)A Ol /t 1 (A92(s) = AZ2(5)) b(s) ds
- /[1_8 . A42(5)b(s) ds.

By Fubini’s theorem, we get:

Jl(s) = J171(€) — Jl’z(e) — J173(€),
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with:

Hae) = [ (d=§O)log (w(®) di
le,1—¢]
Ti2(e) = d(d— 1) ( /u—a,u A9=2(5)b(s) ds> /[5,1_51 a(t) log (w(t)) dt
1
Ji3(g) = d(d — 1) s ( /t (A172(s) — A22(5) ) b(s) ds) a(t) log (w(t)) dt.

To study Ji,2, we first give an upper bound for the term [;;_, AT=2(s)a(s)b(s) ds:

/ A9=2(5)(s) ds < / AT2(5)(s) ds
[1—e,1]

[1—e,1]

_ a 1 3 hl_l/d<1 —¢) o F(1—e) (2.39)
< (d - 1)—1/d€1—1/d,

where we used that A.(s) < A(s) for s > ¢ for the first inequality, (2.13) for the first equality,
and (2.36) for the last inequality. Since tlog(t) > —1/e, we have, using (2.37):

Ja(e) > —2d=1) ( / Ag—Q(s)b(s)d5> / FO) gy
€ [1—e,1] le,1—¢]

7£lh1—1/d(1 75)/ SF()-F(1-¢) gy
le,1—¢]

Y

Y

S ((d - 1)),

where we used (2.13) for the second inequality, and that F' is non-decreasing and (2.39) for the
1
third inequality. On the other hand, we have tlog(t) < ¢1-1/4 if ¢ > 0, which gives:

Jia(e) < d(d—1) (/{15 ) A2 (5)b(s) ds) /[E . F®) (dh(t)

F(t)—F(1—¢)
— dht (1 — e / S
( ) e1-e]  h(t)

_ dh1—1/d(1 —e) (1 - eF(a)—F(l—a))
< d((d—1)e)' 71,

1
where we used (2.39) and ¢t1-7/¢ < 1 for ¢ € I for the first inequality, and that F' is non-decreasing
for the last. This proves that lim._,o J1 2(¢) = 0. For Jj 3(¢), we first observe that for s € [, 1 —¢]
we have A.(s) < A(s) and thus:

(4%2(s) — 422(5)) = 4 ZA" YAL3=i(5) < (d — 2) A(e) A 3(s). (2.40)
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Using the previous inequality we obtain:

Ji3(e) = d(d —1) - ( /t 1 (A92(s) = AZ2(5)) b(s) ds) a(t) log (w(t)) dt
> _d(d-1) /[5,16} (/tl (Ad_Q(s) B Ag_2(s)) b(s) d8> RAGIER

> _Cl(d — 1)(Z - 2)A(5) ‘/[871_3} (/tl Ad73(s)b(s) dS) eF(t) dt
d(d—1)(d - 2)A(e) (ftl A=2(s5)b(s) dS) )
=" e /[ 1] A(t) o
d(d—2)A(e) ht)  re
- SR /[5,1_51 ag e
_d(d—2)ht(e) —9/d _F(e)—F(t)
_ ! /[ R ChE dt

o _d(d—2)(d~ 1)t-1/dgl/d

(&

where we used ¢log(t) > —1/ e for the first inequality, (2.40) for the second, (2.11) and (2.13) in
the following equality, and (2.36) to conclude. For an upper bound, we have after noticing that
tlog(t) < t%

1
D) =d-1 [ ( [ (A2() - 422(5)) b ds) a(t) log (w(t)) dt
<d(d- /[51 . ( tl AT2(s) — AT () ) b(s) ds) o0 2(¢) dt
(FF A2 606)ds) g
< d(d— /[61 ’ 0 eF(0) p=2+2/d(py gy
— d(d—2)A(e) /[ L eh(t) dt

d(d —2)hY4(e)(1 — FE)-F =)y
< d(d—2)(d— 1),

where we used (2.40) and 0 < (d — ¢(t))/d < 1 for the second inequality; (2.11) and (2.13)
in the second equality; and (2.36) to conclude. The results on the two bounds show that
lim. 0 J1,3(¢) = 0. Similarly, for Ja(e), we get:

- 8 (zq), _
Jo(e) :/[ - l{max($) xd}b xq) H aj‘J ) log <(dd>h 1+1/d(xd)) dx
e,1—¢ j=1

_ d-1 o &'(t), 1/d 4
—if A (t)b(t)lg< Wy ()) dt
- d—1 o @ —1+1/d
—df AT g< e (t)) dt
) ) ().
—d - (A% (1) — Ad=1(8)) b(t) log <dh 1+1/d(t)) dt

= J271(6) — J2,2(8)

with Jy1(¢) and Jy2(e) given by, using (2.12):
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_ -1 &' (t), 14174
Joa(e) =d AL()b(t) log y h (t)) dt
le,1—¢]
d—1 d-1 &), —141/a
Jao(e) =d [ ](A (t) — ALH(®)) b(t) log —h ) dt.
e,l—e
By (2.12), we have:
!
o1 () = / 5 (#) log <5c(lt)h—1+1/d(t)) dt. (2.41)
le,1—¢]

Similarly to Ji 3(e) we can show that lim._,o Jo2(¢) = 0.
Adding up Ji(e) and Jy(e) gives

J1(€) + JQ(E) = jg((S) + J4(€) — dlog(d)(l — 26) — J172(€) — J1’3(€) — JQQ(«S)
with .
F.(0) = (d=1) [ g (h(t) ot
Ta(e) = /:E (d— (1)) log (d — & (1)) dt + /1 "5 (1) log (57(1)) dt.

Notice that J-(0) is non-decreasing in € > 0 and that:
J(6) = lim 7.(6).

Since 0'(t) € [0, d], we deduce that (d —d")log(d —d’) and ¢’ log(d") are bounded on I from above

by dlog(d) and from below by —1/e and therefore integrable on I. This implies :
. _ / Y,
;ILI[I)J4(€> —11(6)+Il(d (5)

As for J3(e), we have by integration by parts:

d—1

d—1
J3(e) =d ot 1 {max(2) =24} 0(Ta) 1:[ a(x;) ((d — 1) F(zq) - Z F(%’)) dz
—d(d—1) / AV OB F (1) dt
le,1—¢]
— — d=2 a(s s)ds
d(d—1) /[5,1_5] AD-2(1)p(8) ( / (s)F(s)d ) dt

=d(d-1) /[E " AT ()b(t) F(t) dt

_d(d—1) /[ A <A5(t)F(t) _ % FA(s) ds> dt

e h(s)
1—¢
=(d— 1)2 /[8 - ( t Agﬁ(s)b(s) ds) leg(it)) dt.

By the monotone convergence theorem, (2.11) and (2.13) we have:

lim Ja(e) = (d - 1)2/1 (/tl A92(5)b(s) ds) 21((;) dt=d—1.

Summing up all the terms and taking the limit € = 0 give :
—(d-1) /|10g (t = 6(0)| dt +To(8) + Ta(d — &) — dlog(d) — (d — 1)
= (d=1)J(8) +G(9).
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2.8.2 Proof of Lemma 2.14

Set ®(z) = 1 — ®(x), the survival function of the standard Gaussian distribution. We recall
the well known approximation of ®(¢) for ¢t > 0:

3

e (2.42)

d(t) < goit) and ®(t) = goit) ( — tlQ—i-g(t)) with 0 <g(t) <

We set W = (X1 — pXa)/+/1 — p? so that W is standard normal and independent of X5. We

have:
P(X atl Xo=t) =P | W (O‘ P)t D (a — p)t
( L= ’ ) ( = |02> < ]p2>

Since a > p, this gives:

_ A2 _
P(X) > at|Xs =t) = \/217”5 v :_’;}A (14 0(t2)) exp <— % MR). (2.43)

For (Y1, Y2), we have using notation from Section 2.2:

1

es(@(2), 2(O)pla)dr = [ D(s)a(B(0)) ds = B(B(om)a(® (1),

Pz e =1) = |

at

with B defined for r € I as B(r) = frl b(s)ds. Using that B(r) = h*/?(r)e () as well as the
formulas (2.33) for ¢, and 5;), elementary computations give:

= [1=r\ -1
P(Y1 > at|lYo=t)=® —t t 2.44
(1_04\2 ) ( 1+p>e , ( )

with

b= /tatq) (ﬁu> P (u) f(gi(u, u) du and  @,(u,v) = P(X1 > u, Xz > ).

Using (2.42), it is easy to check that ®,(u,u) = O(p(u)u~®) for u large, and deduce that:

Iy = ((12_21)t2 + log(a) + O (t_2> .

Using (2.44) and (2.42), we get:

11 1+ L ( 1(1—p , )2>
P(Y: > at|Yo =1t) = — 1+ 0(¢t — = — —1)t).
(1_@‘2 ) mta 1_p( + ( ))eXp 9 1+p+a

Using (2.43), we obtain (2.34).

2.9 Supplementary material

We give the proof of Proposition 2.4 part (a), see Lemma 2.20.

Let T; = {u € I% max(u) = u;} for 1 <4 < d. For x < y elements of R?, we consider the
hyper-rectangle [z,y] = {z € R%, 2 < z < y}. The next Lemma ensures that every symmetric
feasible solution of (P?) which is not of the form described in Lemma 2.11 can be changed locally
on any hyper-rectangle subset of 71 (and by symmetry on all 7;), in order to conserve or increase
its Kullback-Leibler divergence.
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Lemma 2.16. Let C € C° with density ¢ be a symmetric feasible solution to (P°). Let © =
(x1,...,2q) and y = (y1,...,Yq) be elements of Ty such that x < y, x; = x9 and y; = yo for
all 2 <1 <d. Then we can define non-negative measurable functions &,B such that ¢ defined by
é=con I\ [r,y] and a.e. for u = (u1,...,uq) € [x,y]:

= b(uy) ﬁ (2.45)

is the density of a copula C' which verifies C € C° and Z(C) < I(C).

Proof. For u = (uy,...,uq) € I, we set Uiy = (U1y .o Win1, Uit 1, - - -, Ug) € I Let M =
(S () du)"/?. If M = 0, then simply take @ = 0 and b = 0 and the proof is complete. If
M > 0, we define the functions b and @;, 2 < i < d as:

B(uy) = M / c(u)du(_yy for uy € [z1, 1], (2.46)
[z2,y2]4~1
dz(ul) = led/ c(u) dU(,l) for u; € [xg,yg]. (2.47)
[z1,91]x [w2,y2]972

Notice that these functions are non-negative, and we have:

y1 Y2
1 b(up)du; = M, and / ai(u;)du; = M for 2 <i<d. (2.48)

T 2

By the symmetry of ¢ and the integration domain for 2 < i < d, we can deduce that a; = a
for all 2 < i < d. Let ¢ be defined by (2.45). We first check that Ag11(¢) = bgs1. Notice that
Ag+1(€)(r) = bgy1(r) holds for r € [0, x1], since the density has not been changed in the region
of integration. When r € [x1, 1], we have:

Agg1(8)(r) = /Id é(u)l{max(u)<r} du = Ag1(c)(r) + / | )1{max(u)§r} du. (2.49)
7y

Since we supposed that [z,y] C T3, we have that max(u) = uy for v € [z,y], in particular
y2 € [0,21] and thus [z2,y2] C [0,21] C [0,r]. Therefore, we get:

) dryr o
/ C(u)l{max(u)gr} du = H/ a(uz) duz (/ b(ul) dul)
[x,y] =27 T2 1
= M 1</ bu1 du1>

= / W)Ly <y du,

- ( )1{max(u)§r} du,
[2,y]
where we used (2.46) for the third equality and [x,y] C T3 for the last. This implies the last
integral in (2.49) equals 0, ensuring Ag41(¢)(r) = bg41(r) for all » € I. Similarly, it is easy to
check A;(¢) =b; for 1 <i <d.
To show that Z(C) < Z(C) that is Zy(é) < Z4(c), we consider the following optimization
problem, say (P®¥), minimize T2, (f) subject to:

f[x,y] fu) gy, <y du = M~ f:; B(s) ds, forall r € [z1,11],
i) F (W), <ry du = M~ [} a(s)ds, forall2<i<d,re [z, (2.50)
f>0ae. and f € L'([z,y]),

where Zp, 1 (f) = f[x’y] flog(f). This problem is exactly the problem of finding the density

[ of the maximum entropy distribution on [z,y] with fixed marginals given by their den-
sities M_lb(ul)l[m,yl](ul) and M_ld(ui)l[m,y?](ui) for 2 < ¢ < d. These marginals verify



82 CHAPTER 2. MAXIMUM ENTROPY COPULA WITH GIVEN DIAGONAL SECTION

Il(Mflgl[ml,yl]) < +o0 and Iy (M~ taly, ,,)) < +oo, since T, (M ~'c) < [racllog(c)| < oco.
Therefore by Corollary 3.2 of [48], M ~9¢ is the optimal solution for (P[*¥]), and in particular,

this yields
[ etog@) < [ clog(e),
2] 9]

ensuring Z,(¢) < Zy(c).
O

An important consequence of Lemma 2.16 and Proposition 2.7 is that if there exists an
optimal (symmetric) solution of (P?), it has a product form on all hyper-rectangles included in
1.

Corollary 2.17. Assume there exists a feasible solution to (P%). Let x = (x1,...,zq) and
y = (y1,..-,Yq) be elements of Ty such that x <y, x; = xo and y; = yo for all 2 < i < d. Then,
there exist mon-negative measurable functions g, h such that the unique optimal solution c* of
(P%) takes the form ¢*(u) = g(u1) 1%, h(w;) for a.e. u= (uy,...,uq) € [z,y].

For arbitrary sets A, B C R% we write |A| the Lebesgue measure of A, A C B a.e. if
|JANB¢| =0, A= B a.e. ifae. AC B and a.e. B C A. For A, B subsets of I such, we define:

@mjﬂ:ﬂm(@x[*ﬁuciﬁ4x3x1*§>. (2.51)

We say that a subset of T} is a stripe if it is a.e. equal to O(A, B) for some A, B Borel subsets
of I.
We give a characterization of zeros of any optimal solution of (P?).

Lemma 2.18. Assume there exists an optimal solution ¢* of (P%). Let K = {u € Ty, c¢*(u) = 0}
denote the subset of T1 where ¢* vanishes. Then at least one of the two following statements
hold:

— The set K is a stripe.

— There exists t € (0,1) such that a.e. (TyN([t,1] x 1971\ [t,1]%) C K.

Proof. For t € (0,1), the hyper-rectangle R; = [t, 1] x [0, ]! is a subset of T7. We use notation
of Corollary 2.17 with 1 = t, o = 0, y1 = 1, y2 = ¢, and set A; = {s € [t, 1], g(s) = 0} as well as
B, = {s €[0,t], h(s) = 0}. We consider the stripe ©; = O(A;, B;). Notice that by construction
a.e.:
KR =06 R.

We shall distinguishes two cases. In the first case, we assume that for all ¢ € Q((0,1), a.e.
0, C K.Set A= quQﬂ(OJ) Aq, B = qu@ﬂ(o,l) By, © = O(A, B) so that © = qu@ﬂ(ﬂ,l) 0, C
K. We get a.e.:

O Ry C KRy =04 )Ry C O )R,

That is a.e. for all ¢ € QN(0,1), KN Ry = O Ry. Use that a.e. T} = quQﬂ(o,l) R, to get that
a.e. O =K.

In the second case, we assume there exists ¢ € Q(1(0,1) such that |©,N K| > 0. We first
assume that:

[(Ag x I N K¢| > 0.

We define:
t=inf{s > q, [(Ag x I ") (K Rs| > 0}.

Notice that ¢ belongs to [g,1) as T} = Useo No.1) R, and the boundary of T has zero Lebesgue
measure. By continuity, we get for all € > 0 small enough:

(A x I" YK (R =0 and [(Ag x I (K[| Rige| > 0.
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We deduce from the last equality that A, N[t,1] C A;. We deduce from the last inequality and
the representation of Corollary 2.17 for the hyper-rectangle R; . that g is non-zero on a subset
of A;N[t+e, 1] of positive Lebesgue measure. Since A, N[t, 1] C A; and ¢* is zero on A; x [0, )¢ *
(by definition of A;), this implies that » = 0 on [0,], that is a.e. [t +¢,1] x [0,#]*"} C K. Let ¢
goes down to 0, we deduce that a.e. Ry C K.

Let s > t. Using the representation of Corollary 2.17 on the hyper-rectangle R, since ¢* =0
on Ry, we get either g = 0 on [s, 1] or h = 0 at least on [0, ¢] and thus ¢* = 0 a.e. on [s, 1] x [0, ] x
[0, 5]%72. By symmetry, and letting s run in (t,1) N Q, we get a.e. (T1 N([t, 1] x [9"1)\[t,1]¢) C K.

If [(A, x I%"Y) N K¢| = 0, then we have 3% , |[(I""! x B, x I*%)(K¢| > 0. This case can
be handled similarly to the previous one. O

Lastly we show that if the optimal solution of (P‘S) vanishes on a stripe of 77, then the stripe
is a.e. a subset of Zs.

Lemma 2.19. Assume there exists an optimal solution c* of (P°). Let K = {u € T, c*(u) = 0}
denote the subset of T1 where c* vanishes. Let © be a stripe such that a.e. © C K. Then we have
a.e. © C Zs.

Proof. Recall that a.e. © = O(A, B) is defined by (2.51) with A and B Borel sets. Using that
a.e. © C K and the symmetry of ¢*, we get:

/d " (u)14(max(u)) du = 0.
I
By the monotone class theorem and the constraint Ag41(c*) = §, we obtain that:
0= / ¢ (u)14(max(u)) du = / §'(s) ds,
Id A

that is & = 0 a.e. on A, since ¢’ is non-negative. On the other hand we have:

d
/ c*(u) (Z 13(1@-)) du = 0.
T i=2

By the symmetry of ¢*, we get:

d
/TV c*(u) ( Z 1B(Uz‘)) du)

j i=1,i#j

5

= ; </1d c*(u)1p(u;) du — /Id ¢ (1) 1oy —max(u)} 1B (1) du>
= iil (/Id " (u)1p(u;) du) - /]d " (u)1p(max(u)) du.

Applying the monotone class theorem and the constraints A4;(c*) = b;, 1 <1i < d+ 1, we obtain

that:
d

0= Z (/d c*(u)1p(u;) du) - /d " (u)1p(max(u)) du = / (d—§'(s))ds,
= \JI I B
that is ¢’ = d a.e. on B since a.e. ¢’ < d. This and ¢’ = 0 a.e. on A implies that a.e. © C Z°. O

The next Lemma corresponds to Proposition 2.12 part (a).

Lemma 2.20. Let § € Dy such that 35 = {0,1}. If J(0) = +oo then there exists no feasible
solution to (P%).
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Proof. Let us assume that there exists a feasible solution to (P%). Then by Proposition 2.7, there
exists a unique symmetric copula C* with density ¢* such that Z(C*) = mingees Z(C) < +o0.
Let T = {u € I, ¢*(u) = 0}. By Proposition 2.8, we have that a.e. Z5 C Y.

By Proposition 2.2, J(§) = +oo implies that Z(Cs) = +o0, therefore ¢s5 is not a feasible
solution to (P?). We deduce from Proposition 2.12 that [T Z§| > 0. Since c* i symmetric, this
implies that, with K = Y N T}, we have |[K () Z§| > 0. According to Lemma 2.19 this implies
that K is not a stripe. We deduce from Lemma 2.18, that there exists ¢ € (0,1) such that a.e.
(11 N([t, 1] x TN\ [t, 1]¢) € K. By symmetry, we deduce that ¢* = 0 on 1%\ ([0, ] U[t, 1]%). This
in turn implies that ¢ € X5. This leads to a contradiction since, we assumed that X5 = {0, 1}.

In conclusion we get there is no feasible solution to (P?). O



Chapter 3

Maximum entropy distribution of
order statistics with given marginals

3.1 Introduction

Order statistics, an almost surely non-decreasing sequence of random variables, have re-
ceived a lot of attention due to the diversity of possible applications. If X = (X3,...,Xy) is a
d-dimensional random vector, then its order statistics X% = (X(l), .. ,X(d)) corresponds to
the permutation of the components of X in the non-decreasing order, so that X(;) < X(9) <
... < X(g)- The components of the underlying random vector X are usually, but not necessar-
ily, independent and identically distributed (i.i.d.). Special attention has been given to extreme
values X (1) and X4, the range X4y — X(1), or the median value. Direct application of the dis-
tribution of the k-th largest order statistic occurs in various fields, such as climatology, extreme
events, reliability, insurance, financial mathematics. We refer to the monographs of David and
Nagaraja [55] and Arnold, Balakrishnan, and Nagaraja [5] for a 