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Abstract

The use of multilayer is becoming increasingly important in the field of engineering, first in the
industry, and more recently more and more in Civil Engineering. Whether complex blend of
polymers, wood or concrete, significant efforts are required for accurate modeling of such materials.
Indeed, phenomena induced anisotropy and heterogeneity are associated with these multi-material:
edge effects, differential thermal expansion, delamination/detachment or nonlinearities viscosity
type damage, plasticity in layers or interfaces. Among the models proposed in the literature, we
found for example equivalent monolayer model or of "LayerWise" type (a kinematic per layer).
Belonging to the second category, models have been developed in recent years in Navier allow a
sufficiently detailed description to address specific issues mentioned above while maintaining a
surgical nature. By introducing interface forces as generalized forces of the model, these approaches
have demonstrated their effectiveness with regard to the representation of details at inter- and
intra-layers. It is then easy to offer behaviors and interfaces criteria and to be effective for modeling
delamination or detachment, phenomenom very present in multilayered composites assembled and
glued together. Therefore, a finite element program MPFEAP was developed in Navier laboratory.
The model was also introduced as a User Element in ABAQUS, in its simplest form (perfect
interfaces).

A new layerwise model for multilayered plates is proposed in this dissertation, named Statically
Compatible Layerwise Stresses with first-order membrane stress approximations per layer in
thickness direction SCLSI. The model complies exactly with the 3D equilibrium equations and the
free-edge boundary conditions. Also, a refined version of the new model is obtained by introducing
several mathematical layers per physical layer. The new model has been implemented in a new
version of the in-house finite element code MPFEAP.

In parallel, a finite element program based on the Bending-Gradient theory which was developed
in Navier laboratory, is proposed here. The model is a new plate theory for out-of-plane loaded thick
plates where the static unknowns are those of the Love-Kirchhoff theory, to which six components
are added representing the gradient of the bending moment. The Bending-Gradient theory is
obtained from the Generalized-Reissner theory: the Generalized-Reissner theory involves fifteen
kinematic degrees of freedom, eight of them being related only to out-of-plane Poisson’s distortion
and thus, the main idea of the Bending-Gradient plate theory is to simplify the Generalized-Reissner
theory by setting these eight d.o.f. to zero and to neglect the contribution of the normal stress o33 in
the plate model constitutive equation. A finite element program called BGFEAP has been developed
for the implementation of the Bending-Gradient element. A User Element in Abaqus was also
developed for the Bending-Gradient theory.

Keywords : Multilayered material, composites, layerwise model, Bending-Gradient model,
finite element, plate theory.



Résumé

L’utilisation des multicouches prend de plus en plus d’ampleur dans le domaine des sciences
de I’ingénieur, tout d’abord dans 1’industrie, et plus récemment de plus en plus en Génie Civil.
Qu’il s’agisse de complexes mélant des polymeres, du bois ou du béton, des efforts importants
sont nécessaires pour la modélisation fine de ce type de matériaux. En effet, des phénomenes
induits par 1’anisotropie et I’hétérogénéité sont associés a ces multi-matériaux : effets de bords,
dilatations thermiques différentielles, délaminages/décollements ou non linéarités de type viscosité,
endommagement, plasticité dans les couches ou aux interfaces. Parmi les modeles proposés dans la
littérature, on trouve par exemple des modeles monocouche équivalente ou de type "Layerwise" (une
cinématique par couche). Appartenant a cette deuxieme catégorie, des modeles ont été développés
depuis quelques années dans le laboratoire Navier et permettent une description suffisamment
fine pour aborder les problématiques spécifiques citées plus haut tout en conservant un caractere
opératoire certain. En introduisant des efforts d’interfaces comme des efforts généralisés du modele,
ces approches ont montré leur efficacité vis-a-vis de la représentation des détails au niveau inter-
et intra-couches. Il est alors aisé de proposer des comportements et des criteres d’interfaces et
d’étre efficace pour la modélisation du délaminage ou décollement, phénomene tres présent dans
les composites multicouches assemblés et collés. Par conséquent, un programme éléments finis
MPFEAP a été développé dans le laboratoire Navier. Le modele a également été introduit sous la
forme d’un User Element dans ABAQUS, dans sa forme la plus simple (interfaces parfaites).

Un nouveau model layerwise est proposé dans ce mémoire pour les plaques multicouches,
appelé "Statically Compatible Layerwise Stresses with first-order membrane stress approximations
per layer in thickness direction" SCLS1. Le modele est conforme aux équations d’équilibre 3D ainsi
qu’aux conditions aux limites de bord libre. En outre, une version raffinée du nouveau modele est
obtenu en introduisant plusieurs couches mathématiques par couche physique. Le nouveau modele
a été mis en ceuvre dans une nouvelle version du code éléments finis MPFEAP.

En parallele, un programme d’éléments finis basé sur la théorie Bending-Gradient développée
dans le laboratoire Navier est proposé ici. Le modele est une nouvelle théorie de plaque épaisse
chargée hors-plan ou les inconnues statiques sont celles de la théorie Love-Kirchhoff, a laquelle
six composantes sont ajoutées représentant le gradient du moment de flexion. La théorie Bending-
Gradient est obtenue a partir de la théorie Generalized-Reissner: cette derniere implique quinze
degrés de liberté cinématiques, huit d’entre eux étant 1i€ uniquement a la déformation de Poisson
hors-plan, et donc 1’idée principale de la théorie de plaque Bending-Gradient est de simplifier la
théorie Generalized-Reissner en réglant ces huit d.d.l. a zéro et de négliger la contribution de la
contrainte normale o33 dans I’équation constitutive du modele de plaque. Un programme éléments
finis appelé BGFEAP a été développé pour la mise en ceuvre de 1’élément de Bending-Gradient. Un
User Element dans Abaqus a été€ aussi développé pour la théorie Bending-Gradient.

Mots clefs : Matériaux multicouches, composites, modele "layerwise", modele Bending-
Gradient, éléments finis, théorie de plaque.
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Thanks to the recent research, composite materials are rapidly developing in the world, in several
sectors including industrial aerospace, automotive, sports and leisure, civil engineering and navy.
Given that this material is both lighter and more resilient to mechanical and chemical constraints
than other materials, in addition to costing less and needs much less maintenance, composite
materials have proven to be the best choice for engineers.

On the other hand, composite materials bring specific internal problems due to their structures.
Therefore, it is necessary to study their behavior, damage and mode of failure (delamination in
matrices or fibers, ...) (Giunta et al., 2012; Abisset et al., 2016; Sun et al., 2016). Numerical methods,
especially finite elements calculations are essential for the design of such complex structures in
order to cope with their peculiar heterogeneous structure and anisotropy.

However, the modeling of these composites using three-dimensional models of finite elements
(FE) is very expensive in terms of computational time and memory. Consequently, this method
of calculation is limited to specific regions and to provide reference results for some specific
configurations. They also present the disadvantage of non-converging results in the vicinity of the
edges at the interfaces between layers due to the presence of singularities (Leguillon and Sanchez-
Palencia, 1987; Ting and Chou, 1981; Wang and Choi, 1982; Leguillon, 1999; Chue and Liu, 2002;
Mittelstedta and Becker, 2005). It has been demonstrated that differences in elastic properties of
adjacent layers generally result in a highly concentrated interlaminar stresses near free edges. This
phenomenon can lead to interlaminar failures (delaminations) which may cause global failure of the
multilayered structure. In addition, to take well into account the effect of the interface, such as the
gradients of stresses in the thickness, delamination, slip or other damages, the mesh in thickness
direction should be very refined. For these reasons, and by taking into account the relatively small
thickness of multilayered structures, the existence of specific models for composite materials has
proven to be essential.

The purpose of this dissertation is to provide simple finite element and operational tools for
global and local analysis of multilayered structures.

It is well known that the theories of conventional plates based on the assumptions of Kirchhoff,
neglecting the transverse shear (Yang et al., 1966; Reissner and Stavsky, 1961) are only adequate
for the analysis of thin composite plates. These theories predict badly the responses of thick modern
multilayered structures with a high degree of anisotropy; the transverse shear has a more important
role in anisotropic plates than in isotropic plates.

Several 2D plate models have been proposed to take into account the effect of transverse shear.
We can regroup these theories of 2D plate into two general categories: equivalent monolayer models
(global approximation) and discrete layer models (local approximation).

The first category contains the theory of Reissner-Mindlin type (R.D., 1951) extended to mul-
tilayers by replacing the multilayer by an equivalent homogeneous anisotropic plate. First order
theories postulate a kinematics of the first degree in z (Whitney and Pagano, 1970; REISSNER,
1972); and several developments have been made based on the so called First-order Shear Deforma-
tion Theory Daghia et al. (2008). Higher-order theories are based on non-linear approximation in z
of 3D displacement, 3D constraints or mixed (Tarun et al., 1982; Reissner, 1984; Reddy, 1984). An
extension to multilayered plates of the Reissner-Mindlin theory has been developed in the Navier
Laboratory and named Bending-Gradient. The Bending-Gradient theory (LLebée and Sab, 2011a,b)
is obtained from the Generalized-Reissner theory and several projections as a Reissner-Mindlin
theory are introduced.

In the second category, the models ; based on the approach by layer ; are characterized by
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linearity, quadratic ... of the fields in the thickness of each layer (Di Sciuva, 1984; Pagano and Soni,
1983; Carrera, 2000, 2002, 1998, 1999a,b). These are sophisticated models that allow to study local
responses, especially at the interface between layers. Of course the number of variables depends on
the number of layers, which significantly increases the amount of computation. Di Sciuva proposed
the model "zig-zag", source of numerous additional work, which is based on a layered approach
but with a number of variables independent from the number of layers (di Sciuva, 1986; Marco
and Ugo, 1993; Di Sciuva, 1984). By taking a direct inspiration from Pagano’s model (Pagano,
1978), a layerwise stress model was proposed in (Naciri et al., 1998; Carreira et al., 2002; Diaz Diaz
et al., 2002; Caron et al., 2006; Nguyen and Caron, 2006; Dallot and Sab, 2008; Saeedi et al.,
2012a,b, 2013a,b; Lerpiniere et al., 2014). In this model, the multilayered material is considered as a
superposition of Reissner-Mindlin plates linked together by interfacial stresses which are considered
as additional generalized stresses. In order to make reference to Carrera’s nomenclature proposed
in (Carrera, 2004), this model, previously called Multi-particle Model of Multilayered Materials
(M4), was renamed as LS which means Layerwise Stress approach with first-order membrane
stress approximations per layer in the thickness direction.

The main difference between the LS/ model and other existing layerwise models is that, most
often, the other layerwise models are either displacement approaches or mixed displacement-stress
approaches while the LS/ model, derived by means of the Hellinger-Reissner mixed principle, is a
pure layerwise stress approach where there are no assumptions on the displacement fields. Diaz Diaz
et al. (2002) used the LS model to evaluate interfacial stresses in symmetrical laminates under
tensile loading with free edges. Caron et al. (2006) applied this model to the prediction of mode III
delamination in multilayered materials. In (Dallot and Sab, 2008), the authors employed the LS/
model for analyzing a sandwich plate under cylindrical bending and demonstrated the capacity of
this model to capture the plastic collapse modes. In (Saeedi et al., 2012b), the authors proposed the
refined LS7 model by introducing several mathematical layers per physical layer in order to capture
the stress concentrations occurring in delaminated multilayered plates under uniaxial tension. It
was proven that the proposed layerwise mesh strategy improves considerably stress and energy
release rate estimations given by the non refined LS/ model considered in (Saeedi et al., 2012a).
Nevertheless, the non refined LS/ model reveals itself to be very effective in the simulation of mode
I (Double Cantilever) and mode II (End Notched Flexure) delamination tests on multilayered plates
(Saeedi et al., 2013a), and in the simulation of delamination propagation in multilayered materials
at 0°/6° interfaces (Lerpiniere et al., 2014).

Thanks to its universal character, the method of finite elements is the essential engineering tool
for the analysis of composite structures by the models described above. Most refined FE models
based on higher order theories or discrete layers present a number of nodal variables which increase
with the number of layers or the unconventional degrees of freedom. They are efficiently used for
dimensioning of multilayered structures at a local level. In Navier laboratory, a refined FE called
MPFEAP based on the LS1 model was developed (Nguyen and Caron, 2006; Nguyen, 2004). LS/
model uses a 2D description and a 2D meshing, for 3D structures. In this 2D plate model, each
node has 5 kinematic fields per layer. Its formulation is based on the variational formulation of
Hellinger-Reissner of 3D elasticity problems (Reissner, 1950), which has the advantage of giving at
the same time, the generalized stresses, generalized displacement associated, equilibrium equations,
boundary conditions and the behavior of the approached model. This approach has been validated by
3D FE and by comparisons with analytical solutions (Carreira et al., 2002; Nguyen and Caron, 2006).

This dissertation consists of five chapters:
First, a bibliographical synthesis citing the different approaches of existing multilayered plates
along with their advantages and disadvantages.
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In the second chapter, a formulation of the LS/ model is recalled. The model considers
the multilayered materials as the superposition of Reissner plates linked together with interface
forces. The construction of the model is based on the approximation method of Hellinger-Reissner
(Reissner, 1950). The introduction of approached stresses from generalized forces in a functional
adaptation of Hellinger-Reissner helped in identifying the displacements and generalized strains.
The application of Reissner theorem and with some energetic assumptions, result in the constitutive
law, the equilibrium equations and the boundary conditions. The imperfect interface for the LS/
model is summarized, and the last part of this chapter consists of presenting the finite element
MPFEAP of LS1 model and the contributions made to the model and its finite element program.

In the third chapter, an application for the predimensioning of a complex structure made of
wood-concrete is presented. We present the 3D FE calculation of a complex structure, due to the
hollow geometry of the object but also to the structural and material anisotropy. In particular, the
wood has a very weak transverse rolling shear modulus. The effects of these transverse shears
are important and cannot be fully accounted for an equivalent homogeneous layer that can be
found in composite codes. LS1 model based on a layerwise approach, improves the shear behavior
predictions, and analyzes local responses, especially at the interface between the layers. Its finite
element code MPFEAP allows estimating the intensity of 3D singularities using a 2D plane mesh,
even for this complex 3D structure. The performance of this approach is compared with Abaqus,
2D composite shell element, and with a beam analytical model. Also comparisons are made with
experimental results.

In the fourth chapter, a new layerwise model for multilayered plates is introduced. The model,
called SCLS1 for Statically Compatible Layerwise Stresses with first-order membrane stress ap-
proximations per layer in thickness direction, complies exactly with the 3D equilibrium equations
and with the free-edge boundary conditions. As in the LS/ model initially proposed in (Naciri
et al., 1998), the laminated plate is considered as a superposition of Reissner plates coupled by
interfacial stresses which are considered as generalized stresses. However, the divergences of the
interlaminar transverse shears are introduced as additional generalized stresses in the SCLSI model.
Also, a refined version of the new model is obtained by introducing several mathematical layers per
physical layer. Unlike the LS1 model which is derived by means of the Hellinger-Reissner principle,
the new model is derived by means of the minimum of the complementary energy principle. This
ensures the convergence of the refined SCLS1 solution to the exact 3D solution as the number of
mathematical layers per physical layer increases. The new model has been implemented in a new
version of the in-house finite element code MPFEAP. Several comparisons are made between LS1,
SCLS1 and full 3D FE models in order to assess the performances of the new model which reveals
to be very effective.

The last chapter is intended for the presentation of a finite-element modeling of a recent plate
theory for out-of-plane loaded thick plates, named the Bending-Gradient theory (Lebée and Sab,
2011a,b; Sab and Lebée, 2015; Lebée and Sab, 2017). This theory, which has seven degrees
of freedom (one transverse displacement and six generalized rotations), is a simplification of the
Generalized-Reissner theory (LLebée and Sab, 2016a,b) which extends to arbitrary multilayered plates
the Reissner theory (Reissner, 1944) initially introduced for homogeneous plates. A finite-element
program called BGFEAP has been developed here for the implementation of a new eight-node
element dedicated to Bending-Gradient theory. The proposed finite element model is capable of
computing transverse shear stress distribution in the plate thickness. Several comparisons are made
between the new Bending-Gradient finite-element, LS/ layerwise finite-element model (Naciri et al.,
1998; Caron et al., 2006; Nguyen and Caron, 2006), exact solutions and Abaqus plate finite-element
model in order to assess the performances of the new model which reveals to be very effective for
complex structures.
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Finally, this dissertation proposes some conclusions and perspectives for this work.
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1.1 Existing models of multilayered structures

A multilayer composite structure can be considered as a heterogeneous body consisting of a finite
number of anisotropic homogeneous layers bonded together. The geometric characteristic of a plate
is a weak thickness compared to the other dimensions. Modeling of modern multilayered structures
with a strong anisotropy (for example, low ratio of the transverse shear modulus of the web with
respect to the longitudinal modulus of elasticity of the skin in the case of sandwich structures)
requires refined theories that take into account a good description of the transverse shears. We
can find in (Kant and Swaminathan, 2000; Carrera, 2000, 2002) complete reviews on the various
existing models of 3D or 2D models.
In general, two types of approaches are proposed for multilayered structures:

e Three-dimensional approaches (3D)
e Plate models (2D)

The interest of a three-dimensional approach resides in obtaining accurate three-dimensional
results, useful as reference. Adopting a three-dimensional approach is useful in case the differential
equations finally obtained can be resolved. The three-dimensional (3D) approach is therefore limited
to certain cases of geometry, stacking and simple loading (Pagano, 1969, 1970; Srinivas and Rao,
1970, 1973).

Similarly, taking into account specific laminates damage (delamination, transverse crack, ...)
requires a good description of the fields in the vicinity of interfaces, privileged sites of these
damages. Here again a 3D approach may provide information in some cases (free edge, plate hole...)
but it is preferable to consider two-dimensional (2D) approaches of plate type. In the following,
these are the 2D approaches that will be mentioned.

1.1.1 2D Plate model

During the past years, several two-dimensional models have been developed for modeling of
multilayered structures taking into account the transverse shears or damages. They are grouped
according to the type of the adopted approach:

e Monolayer equivalent approach

e Layered approach

1.1.1.1 Monolayer equivalent approach

In the monolayer equivalent approach, the number of degrees of freedom, which equals the number
of equations, does not depend on the number of layers. The multilayered plate is homogenized
and is considered as a single layer. The transverse shear can be taken into account through the
inclination of the transverse section.

Among the family of the equivalent monolayers, we cite:

e The classical model of Love-Kirchhoff
e The model of Reissner-Mindlin

e The models of higher order
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1.1.1.1.1 The classical model of Love-Kirchhoff

The classical model of Love-Kirchhoff is based on the assumption that the transverse section
remains flat and perpendicular to the middle section after being deformed (Fig. 1.1). This means
that the transverse shear is neglected and the effects due to shear are also neglected.

W, o

z3

Fig. 1.1. Kinematics of Love-Kirchhoff.

The displacement field of a Love-Kirchhoff’s plate is written:

Uo(X1,X2,2) = Up(X1, X2) = 2W,o(X1, X2) @ =1,2
(102, 2) = (1, ) M
3(X1, X2
with
1, 2: the directions in the plane of the plate
3: the normal to the plate (Fig. 1.1)
u?: the membranar displacement in direction a
w: the deflection of the plate
w,: the rotation due to bending (without shear)

1.1.1.1.2 The classical model of Reissner-Mindlin (FSDT, First order Shear Deformation
Theory)

To introduce the transverse shear, the kinematic assumption is made (R.D., 1951) that the section
remains flat but it is no more normal to the middle section in the deformed configuration (Fig. 1.2).
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x3

Fig. 1.2. Kinematics of Reissner-Mindlin.

The displacement field of Reissner-Mindlin’s plate is written:

Uo(X1,%2,2) = ufi(xl,Xz) + 200 (X1, X2) a=1,2
uz(x1,x2,2) = w(xy, x2)

2)

with
u?: the membranar displacement of direction «
w: the deflection of the plate
¢, the rotation of the section around axis x,

Therefore, the transverse shear strain is not null. u5 is constant in z and so €53 and €3 are constant
in z and €33=0. Thus, 073 and o3 are constant by layer, which is a bad approximation. In fact if
0o 18 refined by layer as €,3 then o3 should be of second degree according to the equilibrium
equations.

In addition, €33=0 is incompatible with the classical hypothesis of plate made in the model, i.e.
033=0. All this means that the model poorly predicts the transverse shear behavior, as soon as the
slenderness ratio L/h decreases or important gradients of material properties exist in the multilayer
(sandwiches).

Thus the notion of corrector coefficient is introduced to better take into account these effects of
transverse shear (Whitney, 1973). The obtained results depend mainly on the empirical choice in
complex situations of corrector coefficients and the study of thick composites remains random by
this type of kinematic approach.

1.1.1.1.3 Models of higher order

To consider the drawbacks of first order theories, many authors (Whitney and Sun, 1973;
Reddy, 1984; Cho and Parmerter, 1993; Swaminathan and Ragounadin, 2004; Cecchi and Sab,
2007; Nguyen et al., 2008) suggest theories of higher order where the fields distribution across the
thickness is non-linear (Fig. 1.3).
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T3

Fig. 1.3. Kinematics of higher-order.

Most of the higher-order models use a development in Taylor series of the displacement fields
in order to approach the three-dimensional theory. The displacement is assumed to be of the form:

1 2., e
(X1, X2,2) = ui(x1, %2) + 29, (%1, x2) +2 ¢§ (1, x2) +2 ¢! (1, x0) + - (3)

withi=1...3.

The theory of the first order of Reissner-Mindlin corresponds to the Taylor series up to order
j=1and ¢}’=0.

(Hildebrand et al., 1938) are the first to have introduced this sophistication in the classical theory
of plates. (Nelson and Lorch, 1974; Librescu, 1975) have applied this theory of higher-order to
analyze the multilayered plates. (Lo et al., 1977a,b) have considered the effect of the transverse
normal strain: ¢?<4):0 and ¢2(3):O. (Kant et al., 1982) are the first to propose a finite element of
higher order. This theory considers the three-dimensional Hooke’s law, it incorporates the effect of
transverse normal strain and transverse shear strain. (Noor and Burton, 1989) presented a complete
list of studies on theories of first-order and higher-order for the static analysis and free vibration of
composite plates. (Kant and Swaminathan, 2002) gave analytical solution of different models of
higher order.

In principle, these higher order models are more accurate than the first order models. However,
to increase the accuracy of the theory, the number of degrees of freedom must be higher. To
reduce the number of displacement parameters, several simplifications are proposed. One of the
simplifications shortens the last terms of the Taylor series by introducing a "shear function". The
form of the displacement through the thickness is:

Uo(X1,X2,2) = (X1, X2) — 2W o (X1, X2) + f(2) Ve (X1, X2) a=1,2 @)
uz(xy,x2,2) = wixy, x)

Some important shear functions f(z) are considered:

e Ambartsumyan (1969)

h2 2
f@) = (— - Z—) 5)

4 3

| &
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e Reissner (1945); Panc (1975)

5 472
@)= Zz(l - 3—;2) (©)

e Kassapoglou and Lagace (1987); Levinson (1980); Murthy (1981)

472
o) = z(l _ %) 7

with A: the thickness of the plate.

A comparison of reference models of higher order is made by (Kant and Swaminathan, 2002).
The model of (Reddy, 1984) whose membranar displacement field is cubic and normal displacement
w is constant through the thickness, gives a good approximation for transverse shear stresses with
respect to the three-dimensional elastic solution for the homogeneous case. However, it is noted
that with such a choice for w(x, y) independent of z, e33=0 (033=0 taken in general by the plates).

The distribution of transverse shear stresses is parabolic through the thickness (it is actually
parabolic by layer). On the free surfaces, boundary conditions are matched.

Reddy model’s results are also very close to the two models of higher order proposed by (Kant
and Swaminathan, 2002) where the Taylor series applied to displacements extends to order 3 for the
three directions of model 1 and both directions x, y for model 2. The normal displacement of model
2 remains constant through the thickness.

Using the theory of Reddy, (Senthilnathan et al., 1987) presented a simplified theory of higher-
order. It consists in introducing a further reduction of the number of the degrees of freedom by
taking into account the contributions of shear and bending.

The vertical displacement u3 is considered to be the sum of the vertical displacement due to
the transverse shear w/ and the deflection due to bending w*. The description of displacements is
written:

4 3
Ua(X1,X2,2) = Up(X1, X2) — 2Wh (X1 1) — el (x, 1) @ = 1,2
us(x, x2,2) = w/(xy, x2) + wexy, x2)

®)

where f and c notations mean the contributions of bending and transverse shear to normal
displacement.

Polit and Touratier (1997, 2002); Touratier (1991); Idlbi et al. (1997) give the form "sinus" to
the shear function f(z). This function is expressed in trigonometric sinusoidal form. The function
of transverse shear is written:

f(@) =§sin(%):gi(2n——i):)!(%)2m1

2 2 7:4= OZ4 76 6 &)
:Z(1_§ﬁ+§ﬁ_ﬁﬁ+..')

This model is very similar to the models of higher order of Taylor series type. The transverse
shear stresses determined by this model take a cosinusoidal form across the thickness.

Compared to the exact solution, the model "sinus" gives better results than the model of Reddy.
Based on the work of Touratier, a triangular finite element with six nodes, is built for nonlinear
multilayered structures (Polit and Touratier, 1997).
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Despite the fact that the models of higher order ensure a continuity of displacement and strain at
the interface, the stresses 0,3 and o733 of the interface remain discontinuous. This has a disadvantage
in the local analysis of the interface of multilayered structures that the properties of the layers are
very different (edge effects on the stresses, delamination, ...).

1.1.1.2 Layered approach

1.1.1.2.1 Zig-Zag models

For the models equivalent monolayer, the number of unknowns is independent of the number
of layers. Another track of development is the use of models in which we introduce a function
that takes into account the distributions of the displacement field on the interfaces. This allows to
refine ESL models by keeping the number of unknowns independent of the number of layers. These
models are known as zig-zag (Carrera, 2002).

History of the zig-zag model is the dominating topic of Carrera’s review (Carrera, 2003). In
zig-zag model, the displacement of a structure is continuous along the thickness, however, the slope
of the displacement function of each layer is different. This change in two adjacent perfectly glued
layers is considered to be a zig-zag due to the difference of deformation of layers. The conditions of
continuity of the transverse stresses on the interfaces are respected in some works. The development
of the type zig-zag is performed for monolayer equivalent approaches and also for discreet layer
approaches.

In the family of the zig-zag theories applied in monolayer equivalent approaches, three in-
dependent main approaches are known: Lekhnitskii multilayered theory (LMT), Ambartsumian
multilayered theory (AMT) and Reissner multilayered theory (RMT). The LMT and AMT describe
the effect zig-zag through the introduction of conditions of continuity of transverse stresses through
the constitutive equations of each layer and the relation between strain and displacement. On the
other hand, the RMT uses independent equations in the theory. Based on the RMT, Murakami
(Murakami, 1986) introduced a zig-zag function of variable z to describe the effect of zig-zag
displacement. The zig-zag function of Murakami (Fig. 1.4) is written:

M(z) = (—D"zz—l; (10)
where

z;: coordinate of the considered point in the local axes of the layer i of which the abscissa is
located in the middle of the layer. A;: thickness of layer i
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Fig. 1.4. Geometry of the zig—zag function of Murakami.
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By adding the zig-zag of Murakami (MZZF) function, the shape of the displacement of the first
order theory is shown on Fig. 1.5. In the same way, the function of the displacement form of the
theory of higher-order becomes (Fig. 1.6):

Z Z
LINEAR MZZF LINEAR+MZZF
/ ;
4 /
f’ -~
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3 /
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Fig. 1.5. Field of displacements of the zig-zag models of first-order.
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NON LINEAR MZZF NON LINEAR+MZZF

z=0

——— -

i =1

Fig. 1.6. Introduction of the function zig-zag of Murakami in the non-linear distribution.

(X1, X2,2) = wi(x1, %2) + 29\ (x1, x) + 2267 (x1, 12) + 2P, 1) + -+ CUM(z) (1)

where C is constant.

The main advantage of the displacement field of zig-zag models lies in the verification of the
conditions of continuity without increasing the number of order of the fundamental equations of the
theory of equivalent layer. The correction factor of the transverse shear is avoided. Based on this
concept, a large number of authors improve the zig-zag model (Averill, 1994; Carrera, 2004; Cho
and Parmerter, 1993; He, 1994; Icardi, 2001).

In the works of Ossadzow and Touratier (2001) and Karama et al. (1998), the zig-zag function
is added to the function "sinus" of displacement to refine the effects of shear.

Zig-zag model provides a good compromise between the accuracy of solutions and the computa-
tional cost.

However, the zig-zag models are rarely used in the analysis of delamination. When the slen-
derness ratio L/h decreases, the calculation of the transverse shear stresses becomes less accurate
(Icardi, 2001). The continuity of type C° of the zig-zag theory complicates their numerical imple-
mentation.

1.1.1.2.2 Layer approach - discrete layers models

This approach increases the number of unknowns as well as the complexity of the analysis, and
consequently the number of degrees of freedom depends on the number of layers of composite plate.
To overcome the limitations of stresses 0,3 and o733 discontinuity at the interface of multilayered
structures of higher order models, the new proposed approaches impose conditions of continuity on
stresses at the interface between two adjacent layers. Layer approaches allow to introduce them.
In fact, with the models discrete layers, the multilayer is represented by a set of plates coupled by
interfacial efforts.

In general, the models issued from the layered approach can be classified into two groups:
the zig-zag models developed for layer approaches and the models discrete layers in which each
layer is considered as a first-order or higher-order plate by imposing conditions of continuity on
displacements and stresses on the interfaces. Here, we’re interested only in discrete layers models.
Discrete layers models adopt a finer approximation of the fields, through the thickness of the
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multilayer, than the models of higher-order plate and zig-zag. Indeed they offer a kinematic by layer
rather than a global kinematic. In the discrete layer model, the multilayer is represented by a set
of 2D plates coupled by interfacial efforts. Conditions of continuity of stresses at interfaces are
satisfied. Displacement or stress approaches also exist.

The kinematics of the first order and higher-order on the displacement field are postulated
by Srinivas (1973); Seide (1980); Reddy (1987); Naciri et al. (1998); Tahani and Nosier (2003).
Using stresses approaches by layer, the work of Ren (1986); Kassapoglou (1986); Kassapoglou and
Lagace (1987); Yin (1994) have proposed various forms of stresses by layer. Ren has assumed a
stress field in which the component of transverse shear is quadratic by layer and the displacements
are considered cubic by layer and continuous at the interfaces. Yin used stresses functions of
Lekhnitskii (1981) by layer in order to determine the interlaminar stresses. They are approximated
in polynomial ways through the thickness. These approaches are more accurate than those on
displacement but are underdeveloped because of the difficulty to generate statically admissible
stresses.

A family of models of discrete layers, LS was developed in Navier laboratory. The various
works of Caron and Ehrlacher (1997); Chabot (1997); Naciri et al. (1998); Hadj-Ahmed et al.
(2001); Diaz Diaz (2001); Carreira et al. (2002); Baroud et al. (2016) are so inspired from Pagano
(1978) which offers the local model, built from the variational formulation of Hellinger-Reissner
and a polynomial approximation of the stresses fields by layer. The polynomials are of the first
degree for the membrane stresses, quadratic for the shear stresses and cubic for the normal stresses.
The family consists of three models: M4 — 7n, M4 — 5n (LS1), M4 — 2n + 1, which respectively
include a kinematic of the multilayer with 7n, 5Sn and 2n+1 fields in (x; y), n is the number of layer
of the plate. The M4 — 5n model, recently called LS, approach each layer by a Reissner plate; on
the other hand, the model M4 — 2n + 1 approach each layer by a membrane. The 7n is too rich to be
used simply. Comparisons of the prediction of these models compared to the three-dimensional
finite elements and experimental testing of delamination (Diaz Diaz, 2001) are very satisfactory.
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2.1 Formulation of LSI model for multilayered material

In this section, the formulation of LS/ model for multilayered material is recalled.

The static elastic approach with perfect interfaces (infinitely rigid and without thickness) is
presented in this model (Naciri et al., 1998; Carreira et al., 2002; Diaz Diaz et al., 2002; Caron et al.,
2006; Nguyen and Caron, 2006; Dallot and Sab, 2008; Saeedi et al., 2012a,b, 2013a,b; Lerpiniere
et al., 2014; Baroud et al., 2016). The construction method of this model is to offer a family of stress
fields approaches. By introducing this form of stress fields in the functional of Hellinger-Reissner,
we deduce the generalized strains dual of the generalized interior forces. The stationarity of the
Hellinger-Reissner’s functional compared to a variation of generalized displacements fields gives
the equilibrium equations and boundary conditions, as well as when compared to the generalized
forces gives the constitutive laws.

2.1.1 Approximation method of Hellinger-Reissner for a 3D problem

We consider a volume of material Q of boundary 6€Q2. The material is assumed elastic and is denoted
by

e x: the space variable

. E: the fourth order compliance tensor in x
e (- the solution tensor of 3D stresses in x
&*: a tensor field of second order symmetrical of class C! by piece on w
e U: the 3D displacement vector in x
e U*: a 3D vector field continuous over Q of class C' by piece on w
e ¢&: the tensor of 3D deformations in x
e U: the displacements imposed on the part 9Q; of the boundary 6Q
e J: the volume forces in x

e p: the density

The 3D elasticity problem to be solved consists in determining the displacement field U and
stress field o in the three-dimensional domain Q of boundary 9Q satisfying the following equations:

e compatibility equation:

(gradg +7 gradg) (12)

| =

g(x) =

e cquilibrium equation:

dive(x) + f(x) = pU(x) (13)
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e constitutive equation of the linear elastic behavior:

&x) =5 : () (14)

e boundary conditions:
U =U%%) on 0Qy (15)
(Gn)(x) =T on Qs (16)

with 0Qy N 0Qr = 0 and 0Qy U 0Qr = 0Q2. Qd()_c) the imposed displacement on the part 0Q,
of the boundary 9Q and T“(x) the stress vector imposed on the part 9Q; of the boundary 6Q.

The functional Hellinger-Reissner on the couple (U*, 57) is:

Qi

HR.(U*,&)

_. _ 1._
[ |rw:awiw-rwurw- 55w
- | @ww. (- v)wds - [ rw.uwas
0Q 0Qr (17)
- f f@fr*(z).g*(z) +[(0).U(0) + %57*()_6) 18X &*@] dQ
) f

v [ @ wwuiwas s [ (@) - 1) 0 wds
0Qy oQr

(2 : 5*(1)] dQ

The Reissner theorem (Reissner, 1950) is as follows:

The solution of the elastic problem is the couple (Q , 5’) that makes stationary the functional
HR.

The stationarity relative to any variation of the three-dimensional displacement field U™ gives
the equilibrium equations and boundary conditions expressed in stresses on 0Q7:

vou*

- f |divé (x).0U" (x) + £(x).0U" (x)| 42 + f (@) - IT) (0.0U*(0)dS =0
Q - oQr
{ divG(x) + f(x) = 0

EFn)(x) =T %)  on Q7 (18)

The stationarity relative to any variation of the three-dimensional stress field o gives the
constitutive equation of the linear elastic behavior and the boundary conditions expressed in
displacement on 0Qy:

\ilo
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- f [@85*()_6) cUX) + 00" (x) E(z) : 5()_6)] dQ
Q

+ f (05" .n)(x).U%(x)dS + f (85*@) (x).U(x)dS
[)QU 1997"

— { E(Uw)= §§)_c>  5(x) (19)

2.1.2 Step 1: Stress field of the LS model

Consider the multilayer composed of 7 layers of thickness ¢ whose interfaces are denoted I, ;.
The volume of the multilayer is denoted Q = w X [h7; h;]. Each layer of the LS model is considered
a Reissner-Mindlin’s plates.

Az
|
| layer n
i
hl | A
Nk e layer i
!
i
| layer 1
|

Fig. 2.1. Multilayered studied.

In this chapter, the following notations are adopted:

e i denotes the layer i and ranges from 1 to n
e j, j + 1 denotes the interface between layers j and j + 1 and ranges from 1 to n

e the Greek indices @ and 8 ranges from 1 to 2 and serve to express the components of the
in-plane field (x, y)

The generalized forces are chosen as follows:

e The second order tensor N’ for the membrane forces of layer i

i
Nop(x,y) = f Top(X,y,2)dz (20)

i
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e The second order tensor M’ for the bending moments of the layer i relative to the mid-plane

of the layer
. e
M, 5(x,y) = ; (2= h)oap(x, y, 2)dz 2D
e The vector Q' for shear forces of layer i
. hi
Q;(xa )’) = f (%) (-x’ Yy, Z)dZ (22)
-

e The vector /! for interior interface shear forces at the interface between layers i,i + 1
1
oY) = Tas(x, y, ) (23)

e The scalar v**! for normal forces at the interface between layers i,i + 1

ll+1

(x,y) = o33(x, , h{") (24)

An orthogonal polynomial basis (P;) is defined:

P =1
-l
Pl=2=
el— h; 1 (25)
— 6(Z__’)2 + —
e, 2 _
3 —h; 3 (z —h; y
B e 10" ¢
The stresses in layer i are written:
Pi@) 12, i
Tap(,3,2) = Ny, Y) =2 + —= Moy, )P (2) (26)
0( 2)

Ta3(x,.2) = QL. ) —2= + (75 (. y) - 75 M () Pi(2)

Pi(2) 27
e

+ (Qf,(x,y) ¢ 5 (i ey ot y)))

u+1(x y)+vl 1l(x y)
2 12

divQ'(x,y)
5

mmw@—( mdmwwa”vw»%@

(cmt“uw+”WnM— V() - ’Wnﬂﬂw

+e—dlv (”’”(x y) — 7, y)) P5(2)

( div (77 (xr, ) + #71(x, ) - diVQi(x,y)) P3(2) (28)
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NOTE: i=1l.n

701 and #*"*!: the interface shear stresses on the lower side of layer 1 and the upper
side of layer n

71 and 7"*!: the normal interface stresses on the lower side of layer 1 and the upper
side of layer n

T, and T" with k = 1..3 the components according to k for the stress vector imposed on
the external lower and upper sides. We have the following relations:

™ (xy) = =TT (x,y) 7 (xy) = T (x, y)
o (x,y) = =Ty (x,y) and ""“(x y) = T3 (x,y)
Wix,y) = -T5(x,y) V’”’“(x y) = T5(x,y)

2.1.3 Step 2: Generalized displacements and strains of the LS7 model

2.1.3.1 Generalized displacements

By replacing the generalized stresses in the Hellinger-Reissner’s functional (eqn. 17) and by only
taking into account the terms which reveal the displacement field U", a functional 7 is obtained on
(U*, 7%), and the generalized displacements appear. At this level, the terms involving sliding T';, i + 1
of the interface Q//*'* are injected in order to exploit the stationarity of the Hellinger-Reissner’s
functional.

T(U*, &) = - fg divé* .U dQ + fa ) (&"n)-1).U"ds (29)
T

The functional 7 on (U*, &) is calculated:

(v (x, ) + 751 (x, ) = #71(x, ) O™ (3, )

T(U',&") = Z f + (divM™ (x,y) = 0" (x,y) + § (B4 (6, 3) + F71 (x, 1)) D7 (x, )
=1 Y +(dva1* +Vll+1*(x’y) l ll*(X,y))-Ué*(X,y)

\ (W) 0% + (M) & + (0" (r,3) = § (B4 (v, ) + 77 (x, ) ) .U
+ ) . . I Lis Y (30)
o | 40P () nUY + € (B9 (xy) — T (1, y)) —f T'.Udz

i=1

i

Where:

e U™: the membranar displacement field of layer i of components U, @ = 1,2 with:

) i Pi(z)
Ul (x,y) = f o Ua(x.y,9dz (3D
h

U”: the 3D displacement.



CHAPTER 2. DESCRIPTION OF LS1 MODEL 39

o @": the rotation field of layer i of components d)i;", a = 1,2 with:

ht
[ ' 12 i *
CD; (.X, )’) = f ?PI(Z)Ua(x»y’ Z)dZ (32)
h

e UL the normal average displacement field of layer i:

N Pi(2)
%uw:f 09 s x,y, 2z (33)
h

- el
i

o U l;: the field named the first moment of average and normal displacement of layer i :

—ix% 1 h?— . «
U3 (x’ )’) = ; f Pll (Z) U3 (.X, Y, Z)dZ (34)
h

i

. Ug*: the field named the second moment of average and normal displacement of layer i :

. P2
05 = [ 2205y (35)
h

It is about the 5n fields in (x,y): U™, ®* and U’

2.1.3.2 Generalized strains

Integration by parts on the divergences of the equation 2.1.3.1, gives:

rw =y [ 2w b7+ 0 (8 4 graavt)| o
2 giitls | frivls _ pyix eid)i* ei+ld)i+1* d
+;fw‘r ( - —5Y T ) w
+ifvi,i+l* (U§'+1* _ Ué*)da)

=0 V¢

+

h[
—Zf(f zd.g*dz)ds
i=1 Yoo \Jh;

(36)

Where:
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e Z: the second order tensor field of membrane strain of layer i of components:

o = (%, %% (37
Copt B =5 axs T o,
a,f=1,2
e ¢ the second order tensor field of curvature of layer i of components:
. 1(oy Oxp
by = | ==+ 38
Xipxy) = 5 [ o (38)
a,f=1,2

We deduce the energy duality between generalized forces and generalized strains fori = 1..n
and j=1..n—-1:

Ni ¢ gi —

(Gr:adﬁi +T Gr:czdﬁi)

13
—_ | —

(Grzadci)i +7 GerdS")

'+ GradU! (39)
N j i+1

FH .y PR+l = T _ T — %J(i)j _ %(i)jﬂ

i j,j+1 j+1 j
yhitl e DI = Uit -~ U]

Mi ¢ ; /%i —

|

Qi* ¢ 5/1' —

2.1.4 Step 3: Equilibrium equations and boundary conditions of LS7 model
By varying H.R. (eqn. 2.1.3.1) with respect to the interior generalized displacements, we obtain the

generalized equilibrium equations and the generalized boundary conditions.

2.14.1 Equilibrium equations

divNi(x, y) + 7% (x, y) — #4(x, y) = 0 on w
divQ' +v4,i + 1)(x,y) — yi‘l’i(x, y)=0 on w (40)

divMi(x,y) — Qi(x,y) + % (T(i, i+ D(x,y) + 7 V(x, y)) =0 on w

2.1.4.2 Boundary conditions

The relation between the 3D displacements U"(x,y, z) for z € [h;, h'] and the generalized displace-
ments is written:

Uy(x,3,2) = Py@Uy(x,y) + e P (P (x,y) + AU (x,y, 2)
Us(x,y,2) = PyU5 (x,y) + AUY(x,,2)

with AU (x,y, z) orthogonal to Pj(z) and P}(z) and AU (x, y, z) orthogonal to Pi(z).

U(xy,2) = (41)
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Hypothesis 1 The contribution of disturbance terms AU™(x, y, z) and AU ;*(x, v, 2) in the boundary
terms is supposed negligible compared with generalized displacements.

hi
The boundary term — f T9.U"dz is written:
Iy

_N;Ul* _ Miid)l* _ QZU:I‘,*
Where

ht
N, fh T¢.Pi(2)dz

i

it
M f ¢'TY P\ (2)dz (42)
h

i

it .
0 f T Pi(2)dz

h

Thanks to the stationarity of the functional Hellinger-Reissner (eqn. 2.1.3.1) and by neglecting
the boundary terms involving components Ué* and Ug** and being part of the disturbance terms of
the displacement field, the boundary conditions are obtained on the boundary 0€Q:

Nin = N
Min = M, (43)
On = 0

These expressions by layer have the same shape as the boundary conditions of classical Reissner-
Mindlin plates.

2.1.5 Step 4: The constitutive law of LS1 model

The generalized behavior linking the interior generalized forces to the generalized strains is obtained
by writing the stationarity Hellinger-Reissner’s functional relative to a variation of approximate
stresses and thus generalized internal forces. Therefore the functional 7’ is deduced from the
functional HR by only taking into account the terms involving the stress field o-:

TUE) = - f dive* (2.U° () + 25 () : $ () : ()| d2
a : (44)
. f & m)(@).U"(D)dS
0Qr

1._ z -
The term 55‘*(5) : §(x) : 07 (x)dQ is the elastic energy W, written in stress. The fourth order

compliance tensor S (z) is constant in each layer and equal to the tensor Siof components S ;'mwp
with m, n, 0, p = 1..3. We consider orthotropic layers admitting the axis e, as axis of orthotropy.

Then, the components of the compliance matrix containing an odd number of index 3 are null.
We note S’ the in-plane fourth order compliance tensor, S’ the compliance scalar of the three-
dimensional normal forces, S ’Q the second order tensor, compliance matrix of the three-dimensional

interface shear and S the second order tensor, compliance matrix characteristic of coupling between
the membrane three-dimensional forces and normal force. These tensors have as components:
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|

It is shown that the energy of the three-dimensional stress field is expressed on each layer based
on four terms:

L

,-) - Stpra St = Shisai (S0),, = 48y (S3),., = 28 4gsi (aBye) = 1.2
apy

i = Z f | W + Wil + wi + i | ds (45)
Where:

e w“* is the elastic energy of the membrane stresses 0,4 of layer i:

S Y o - T
Wit = = f 5o ST 5z (46)
2

i

e w®* is the elastic energy of normal stress o33 of layer i:

N e ,
W= [ osionds @)

i

e w%* is the elastic energy of coupling between membrane stresses o,z and normal stress o33
3 aB 33
of layer i:

i3 1 h;r = ax Si ax
wat = 2 fh (6 : $5) o4idz (48)

i

° wg* is the elastic energy of the interface shear perpendicular to the plane of layer i:

weo
Wi =3 fh oi.(S Q)HB odz (49)

In order to obtain the constitutive equations in compliance (Chabot, 1997), it is sufficient to
derive the elastic energies, associated with stress fields W}, relative to each generalized interior
forces.

2.1.5.1 Expression of elastic energy written in stress

By injecting the expression of stresses from eqn. 26 to eqn. 28 in the elastic energies expressions
(from eqn. 46 to eqn. 49), we obtain:

W = | N N M —§’ . M* (50)
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ll+l* + 1/ 1,i% i o 2
(—V + 18_2le(7'! RS EI %z—l,z*))
l 2
§ 1 % ( dlv(~zl+l* + 7~.l 1, 1*) + ("‘l J+lx vi—l,i*))
w)" =D, > (51)
2 e e d ( 1,0+ 1% ~i—1 i*)
— v(T” -T
AV
i i 2
+7em ((171 J+1lx i}i—l,i*) + %dl‘v(%i,Hl* + %i—l,i*))
~ ~ Vi,i+1>k + Vi—l,i* ei o
(22 )
WSni' - _ 2 12 . (52)
’ 2 Ml* 3 (0 iivte  oimtis € miirle , miclis
= AN S(V’ -y )+Ed1v(‘r’ + 770
S" ' o
| 1 Q Ql* + (~l L+ 1% + ,T_t—l,z*) 1 Sl ("‘l i+1x% + ,T.l—l,z*)
wy =5 (53)

i

2 ¢ S
(QL* ( g0+ 1 +7~.l 11*)) (Ql* _

The generalized behavior deduced from the above expressions gives too heavy calculations. We
simplify the expression of elastic energy by disregarding certain contributions.

(%L RESE] + Tl 11*))

Hypothesis 1 We neglect the energies wg”i* coupling membrane stresses and stresses perpendicular
to layers. This means neglecting somewhat the Poisson effect due to "pinch” of the layers.
This assumption is usually done in most of plate theories and has been verified and approved
where same results were obtained when comparing LS1 without these terms and full LS1
which takes into account the Poisson effect by coupling membrane stresses and stresses
perpendicular to layers

In addition, the terms div(¥**!* + #~1*) and div(¥"*!* + #-14*)? in the expression w** make the
calculations very difficult while multiplied by (e’)? or (¢’)?, their contribution to energy is probably
small thereby:

Hypothesis 2 We neglect the terms in (¢))*div(¥"*" + #~1%) and ('’ div(#** + #71%) in the
expression of W3

2.1.5.2 The constitutive law of LS model

By introducing the expression of W;g* into the functional of Hellinger-Reissner, and by deriving
with respect to the generalized interior forces, we deduce:

e constitutive law of normal membrane forces of layer i fori = 1..n:

Y | Cann

&(x,y) = R (x,y) (54)
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e constitutive law of bending moments and torsion in the plane of layer i for i = 1..n:

12 %, ,
X'(x,y) = S M(x,y) (55)

e constitutive law of transverse shear forces of layer i fori = 1..n:

i o ~ll+1 ~l 1,i
¥ (x,y) = =8,.0' 105 (T ) (56)

e constitutive law of interface shear forces at the interface i,i + 1 fori = 1..n — 1:

Di,i+] , — __Sl l__Sl'+1. i+1 _ Sl ~i—1,i
(X y) 120 QQ 10 0 Q 30i (57)
i i+1 Qi+l =i+l _ i+1 1112
+15(eS + oIS g 3OSQ+ +Lit

e constitutive law of normal stresses at the interface i,i + 1 fori = 1..n — 1:

i 9 13 . . o .
DCH—](X,}’) — _OeSIVz lz+ 35(eISi/+el+IS;+1)Vl,l+l
7 (58)
+_ei+1Si+]Vi+],i+2
70

2.1.6 LSI with imperfect interface

In the previous developments of the LS/ model, the interfaces were considered as perfect and
interface displacements were only due to the elastic generalized displacements in the neighboring
layers. Now, if the role of physical interfaces has to be specifically taken into account (elastic or
plastic sliding (Diaz Diaz et al., 2002), thick elastic or plastic interface (Duong et al., 2011)), the
interface behavior equations (57, 58) and (39) may highlight this new complexity.

2.1.6.1 Interface formulation

Thus, in equations 57 and 58, generalized elastic interface displacements can legitimately be
expressed for i = 1,2,3, as interface generalized displacements D5*!(x, y) and DIZ"k”(x, y) (as
defined in (39)), minus yk 1 which represents local interface displacements (or slips) due to an
own interface behavior:

e Interlaminar shear stress:

1 1
k,k+1 kk+1 _ k+1 k+1 kgk k Lk k+1 g k+1 k+1 k+2
Dy —yy = 10 ( Qap Qﬁ Q(yﬂ Q ) ( § CapB +eS Qop s

2 kgk k+1 k+1 kk+1
15( ¢Syt e S ﬁ)Tﬂ

e Interlaminar normal stress:

) (59)

Dlzc,k+1 kel _

k =5 (ek Slivk—l,k +ek+1 S§+l Vk+1,k+2)+ 13

= (e Sk k+1 Si;+1)vk,k+1 (60)
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The three localized interface displacements or slips y<**!, yi‘,’k” and y***! can be, for instance,

considered as elastic or plastic.

Then, in this approach, two factors may influence the interfacial rigidity between two layers:
the rigidity of adjacent layers (S kQaﬁ’ AR "Q“ﬁ and S**!) and the own behavior of the interface.
Q)

The role of a thick or/and inelastic adhesive could be then represented by y<**!, 7§f’k+l and Y41

Z
Poor interfacial stiffness or sliding may cause a remarkable decrease of the structure rigidity when
a perfect interface (infinite stiffness) provides the expected theoretical and ideal stiffness of the
structure. The different interface representations can be summarized as follows in (Table 2.1) with

the main governing equations and the application cases.

Type Denomination Details and references
A | Elastic composite (LS7) Perfect interface (39) (Carreira et al., 2002)
B Elastic composite with Interface with zero thickness and
elastic interface isotropic stiffness (Duong et al., 2011)
C Elastic composite with | Interface with zero thickness and a perfectly plastic
plastic slips law for interfacial slips (Diaz Diaz and Caron, 2006)
D Elastic composite with Interface with non-zero thickness and
elastoplastic interface elastoplastic behavior (Duong et al., 2011)

Tab. 2.1. Type of interfacial behaviors and LS/ corresponding references

2.2 Presentation of the finite element of LS/

Viet Tung NGUYEN, in his thesis and in Nguyen and Caron (2006), proposed a finite element
program called MPFEAP for the LS] model. The validation and the numerical tests in statics show
that this model calculates well the interfacial stresses at free edges for multilayered material.

2.2.1 Approximation of nodal displacement

The numerical implementation of the LS/ model will be performed by using an two-dimensional
parametric element with 8 nodes (fig. 2.2).
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Fig. 2.2. The eight-node element and its four second-order Gaussian stations.

The parametric coordinate are denoted & et . Each element’s node has 5n d.o.f. per layer (n is
the number of layers of the plate). The x(&,n) and y(&, ) coordinate of any point (£, 77) is defined
by:

8
XEm = D NEmx
5 (61)
YEM = D N(Emy
i=1
Where (x;, y;) are the coordinates of the node i, and quadratic shape functions are written :
1
Ni¢m = (=60 -m(=1-&-n)
No¢m) = (=)0 -n)
N3 = Z(1+HU-m(=1+&-1n)
Nuém) = A +6HU1 -1)
(62)

Ns@&m = (1+HA+m(=1+&+m)
Ne&.m) = (1 =) +1n)
Ny = (1= +m(=1-&E+1n)
Ng(&.m) = 5(1—6)(1—772)

Nodal approximation for the displacement field is written using the same shape functions as
geometric approximation (continuity C°)

5= Z N (63)

8
i=1

where the shape function matrix associated with node i is

Ni = N5,
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Is, is the unit matrix of dimension 51 X 5n. The displacement vector at node i is written:

T _ Ll vl ol o1 772 V2 242 42 Sop———
6, = <U ViW; 9,0, U ViWpudy,....,UVIW ¢ el >

’ 2 (64)
5n
The derived interpolation functions are calculated using the formula:
ON; _ ON; 0¢ L ONi ON; on
dx O dx  On ox 65)
ON; _ ON; 0 L N 8N on
dy ~— 0&dy  on oy

2.2.2 Strains and stresses

The strains vector € of dimension 11n — 3 is defined by separating the components for membrane
behavior €, normal behavior €” and interface shear behavior €<:

e = <ec, €, eQ> (66)
The generalized membrane strains are written:
€ = < sxx sy} 28xy Xxx ny 2Xxy’ ce E sy} 28)0 Xix Xy}Z )(xy 67
6n
The generalized normal strains are written:
¢ = <D*D¥ . .prin ST )
n—1
The generalized shear strains are written:
1.1 pl2nl2.2.2 1 1 1
€ = <y D2D2Yivi,. Ly DT DT ey ST )

dn -2

The expression of these generalized strains defined by Equation 39 can be written explicitly as
shown below, fori = 1..n:

;o ou a 18U" 6V" ;o oV
“o T Tox o T T Ty
. o' | 1 a k 6¢k | g,
t = X t = - ! = — 70
Xxx o Xxy 2( Xyy P (70)
. ow! . . ow .
Yx = E+¢x )/y = 6_ y
and for j = 1.n - 1:
g , R A 1S
ch,ﬁ—l — UJ+1—UJ—e— i__ {C+1
¢ ]-%1

DIt — il _ _¢. e ,+1 1)

y y

DYt = Wit - Wi

The vector of stresses associated with € is defined as
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ol =<, 0",09 >

¢ =< N, N1 N1 M., M1 M!

Xyr o

_< V12 2.3 H.’Vn—l,n >T
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2.2.3 Nodal approximation of strains and stresses - matrix B

The nodal approximation of the strains field of the element is written as:

With:

8
:ZBi(Si:[B],...,Bg]é

i=1

BS; = [B,...,B5

B/S;=[B.....B))S

2

DM 1P EMw

1l
—_

B%s; = [B?,...,B215

The matrices B; consist of n unit matrices By (k = 1...n) for each layer:

e The matrix By is written:

No 0 0 0 0
0 N, 0 0 0

g _| Mo N 000

“=1 0 0 0 N, O
0 0 0 0 N,
0 0 0 Ny Ny |

o The matrix B, s written:

B, =[00 -N; 0O OOON 00|
By B |

n n n n n n T
N7 Ny NG Mo M3, MY, >
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(72)

(73)

(74)

(75)

(76)

(77)

(78)

(79)

(80)

81)

where the matrices B} and B:’,f are of dimension 1 X 5. They serve to better explain the matrix
B; building in the equation below.
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e The matrix Bg is written:

O 0 N, N 0 0 0
g _| 0 0 Ny 0O N 0 0
kTl -N, 0 0 -%N, N; 0
0 -N, 0 0 -%N, 0 N

=| 87 B |

49
0 0 0
0 0 0
0 —%:N; 0 (82)
0 0 -%N

(3]

where Bgl and B% are the matrices of dimension 4 X 5 and are used for the same reason as

v1 V2
B! and B} .

In fact, the matrix B{ of dimension 6n X 5n is defined by

(B 0 . 0

B = 0 B, . 0

|0 0 . B
(N, 0 0 0 O 0 0
0 Ny, 0 0 0 0 0
Ny Nix 0 0 0 0 0
0 0 0N, O 0 0
0 0 0 0 Ny . 0 0
0 0 0Ny, Ny, . 0 0
0 0 0 0 0 . N, 0
0 0 0 0 0 0 N,
0O 0 0 0 0 . Ny, N,
0 0 0 0 O 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

and the matrix B} of dimension (n — 1) X 5n is defined by

(B B> 0 . 0 0

w _| O By BZ. 0 0

0 0 o .8, B2,
(00 -N, 0000 N 00
00 -N, 00

(83)

S oo o OO
S oo o oo
S oo o oo

~

S oo oo O
F.Z:..ZOOOO'

=

(84)

00N OO

Finally, the matrix BZ.Q of dimension (4n — 2) X 5n is defined by
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B B2 0 0 0
0 BY BZ 0 0
B® = L : :
0 0 0 . B, B,
0 0 O . O First2lines of BY
0 0 N. N 0 0 00 O 0 (85)
0 0O N, O N 0 0 0 O 0
-N, 0 0 -9N;, 0 N, 0 0 -4N;, 0
=l 0 -N; 0 0 -4N, 0 N, O 0 -%2N
0 0 N. N O
0 0O Ny 0 N |
2.2.4 Behavior - stiffness matrix D
Behavior in compliance
The behavior of LS/ model in compliance can be written in matrix form
e=So+¢ (86)

The vector €” contains the terms related to surface tractions 7~ and T*. In this case, we are
dealing with a problem with initial deformation. Its resolution is the subject of the next section.
In eqn. 86, S is the compliance matrix of dimension (11n — 3) x (11n — 3)

S¢ 0 0
s=|0 s 0 (87)
0 0 S¢

The compliance matrices S¢, S” and S € correspond to the compliance matrices of each layer
S, 8] and § ,? (k = 1...n). These matrices are formulated from the constitutive equations of the
model (eqns. 54-58):

r k k k
ST Shs h 0 0 0
ek ek ek
Sl;l SIEZ Séé 0 0 0
Tk Tk Tk
Sle 3 Ses 0 0 0
¢ = ek ek ek 88
T 128k 128k, 128k, (88)
() (P (@)
0 0 0 1285, 1285, 1255,
(6")1(3 (ek)i (ek);
0 0 0 1285, 1285, 128§
(€3 (FP ()
SY = [ 9ekSh,  13(ehSK +ektIskrly  gektlghy] ] (89)
70 35 70
k k k
0 —SQ 6SQ —SQ 0 0
SQ = lkok SgI]{( kok 19(+l k+1 k+1 k1 gk+1 (90)
k 0 —eSQ —SQ 2(eSQ+e SQ) —SQ —e SQ
30 10 15 10 30

By combining the matrices of each layer, we obtain the elementary compliance matrices below:
S ¢ matrix of dimension 6n X 6n defined by
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Se_ll Se_ll Sef 0 0 0
e_m ﬁ 6_616 Ol 01 12(S)'
128 128
00 Y e e
00 e e e
0 0 0 (61)136 (e‘)236 (el)()36

SC

“ .

st s!
11 12 16
s e 0000
sl sl s
21 22 26
=t = = 0 0 0
st sl sl
16 26 66
e = 2 0 0 0
128t 128t 128!
11 12 16
0 0 0 (@) (@ (e
128 128 128
12 22 26
0 0 0 @y (e (e
128 128 128
16 26 66
O O O (6")3 (e”)3 (e”)3
S” matrix of dimension (n — 1) X (n — 1) defined by
13(e!S 1, +e25%) 9¢252,
5 70 :
9e§s§3 13?5 5,+e’53,)  9e%S3,
70 35 70
S =
92812 13(e" S+ IS 915!
70 n;’ls n-1 n—1 ZQI nQn
9e" 8%y 13(e" 'S5 +e"S%3)
70 35
S ¢ matrix of dimension (4n — 2) X (4n — 2) defined by
§Q =
1 1
654 =S5 0 0
—5§|1 2(615119—62S2) -s? -s?
0 0™ o 0 0
10 15 10 30
-52 657 =¥,
0 _0 —9 _0 0 0
1202 5622 2¢2 3¢3 3 3¢3
0 —e SQ —SQ 2(e SQ+e‘S*Q) —SQ —e*SQ
30 10 15 10, 30
=53 65 =53
0 9 —9 _9 0 0
13%3 5533 2 3s310 4s4 S4 4s4
0 ~¢S% “So ACSHreSy) =Sy €S,
30 10 15 10 30 i e
0 0
10 5en

where S jQ is the interface shear compliance of layer j.
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oD

92)

(93)

The vector of initial deformations due to imposed surface stresses €°, of dimension 11z — 3 with

n > 2 is defined by
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Behavior in stiffness

The behavior in stiffness of the model is written

where D is the compliance matrix of dimension (117 —3) X (11n — 3)

D=S"'=

_gﬁ(g

s

_E(S
10

0

0
%elS;3T3‘

0

0
%enS%T;

—#ﬂS%YE—%S%TE)
_@(S4ST1 +854,T5)
~S(S LT+ 54T
-§—O<Si5T{)+Si4T£)

0
~S(SLTT + 51T
_;?(SZSTZ + S%T{)
_@(SssTl + Ss4T2)
~10(S4sTT +SiT3)

oc=8Se-¢€)=D-¢€

0o s' o0
0 0o s

st0 0 ]
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|
|
|
!
on+1
|
|
|
!
Tn—1
: (94)
|
|
|
|
|
|
|
|
!
11ln -3
(95)
(96)

2.2.5 A calculation method for a problem with initial deformation

Consider an element submitted to nodal solicitations F* and volume solicitations p. The element is
in equilibrium and is subjected to a stress field o-. It is assumed that the element is subjected to a
virtual field of arbitrary nodal displacements 6%. The displacement field and the internal deformation
field compatibles are J.. and €,. At the element level, the principle of virtual work is written:

6iTFe+f 5fde:f el rdQ

7)

In the displacement formulation of the finite element method, the displacement field is obtained

by a nodal interpolation

0 = N¢°

(98)
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where N is the set of interpolation functions called shape functions and ¢¢ is the vector of nodal
elementary displacements. The deformations in the element can be expressed in terms of nodal
displacements as shown below

€ = Bo° 99)
By using eqns. 99 and 98, we obtain:
57 (F + f NTde) =67 f B odQ (100)
€ QE’

As the virtual nodal displacements field is arbitrary, the above expression must be true for all
values 0¢. Then

F¢ +f N7 pdQ = f BT 0dQ. (101)
4 Qe
By replacing o by D(e — €°), with €° the initial deformation field
F + f N’ pdQ = ( f BTDBdQ) 5 — f BT D%dQ, (102)
4 QE 14
or
FC+ F; + FS% = K6, (103)
where
K¢ = f B’ DBdQ, (104)
Qe
Fo = f N pdQ, (105)
F = f B’ De"dQ. (106)

2.3 Contribution to LS model and its finite element program
MPFEAP

In this thesis work, several contributions and improvements were made regarding LS/ model and its
finite element program MPFEAP :

e Implementation of a full LS/ version which takes into account the coupling between mem-
brane stresses and perpendicular stresses (Poisson effect). By comparing full LS/ and LS/,
the same results were obtained.

¢ Increase the number of stored variables and the way they are stored which reduces significantly
the computation time (more than 5 times). Regarding the dimension or size of the problem
(refinement of the mesh and number of layers) that can be processed by MPFEAP, with these
improvements, a bigger multilayered structure, with more layers and a more refined mesh,
can be studied.

e Program debugging, with correction of some minor bugs.
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3.1 Introduction

The modeling of a hybrid, innovative and complex structure for civil engineering is proposed
here. A concrete slab is connected to an openwork (hollow) crossed plywood panel PANOBLOC
(Techniwood) (Fig. 3.1). The 3D finite element of this kind of structure is extremely complex due
to the non-continuous aspects and also to the strong anisotropy of the pieces of wood, especially in
term of transverse shear behavior (a very weak rolling shear). The effects of these transverse shears
are extremely important for the panel stiffness and have to be correctly taken into account. From a
resistance point of view, the stress singularities along the holes of the hollow structure are difficult
to be estimated with 3D finite element, even with very refined mesh, since non convergent. Real
scale tests, on 6-meter-long panels, have shown that the rupture initiates precisely at these locations,
the free edges of wood parts. The estimation of these stress intensities remains consequently an
important goal for the design of these structures.

Fig. 3.1. An openwork (hollow) plywood cross-ply (Panobloc) connected to a concrete slab.

Several approaches and models are compared, in terms of both stiffness and resistance, a shell
composite element of Abaqus, an analytical beam method, and MPFEAP (Multi particular Finite
Element Approach Program) from Navier laboratory. Based on the layerwise approach LS/, it
permits a 2D description and a 2D meshing of 3D structures, as shown in Fig. 3.2. For the MPFEAP
approach, two variants are tested: one with an equivalent homogeneous and continuous description
of the hollow multilayer, and another one, complete, more precise, where the hollow parts are
integrated in the thickness of the local 2D description. Experimental results are also used for
comparisons.

Fig. 3.2. Equivalent 2D meshing (right) of the 3D structure (left).

The objective is to promote this 2D approach versus 3D calculations, since the cost of 3D
calculations is too high for a pre-design phase. In addition, 3D FE are not always fully relevant in



CHAPTER 3. LS1 FOR THE STUDY OF HYBRID MULTILAYERED STRUCTURES 57

the presence of singularities, for example at the interfaces and in the vicinity of the free edges, since
not convergent and mesh dependent.

3.2 The slab modeling

The slab considered in this study is 6 meters length and 1 meter width. The 6 layers stacking
sequence is relatively complex. The first layer, on the top of the slab, is made by a high performance
concrete plate of a thickness of 5 cm. The 5 next layers are constituted by wooden strips, non-
contiguous, and alternatively in the axial and transverse directions. The loading case is a 3 points
bending test and the materials properties experimentally identified and used in the simulations, are
for concrete:

E =37 GPa,
G = 15.417 GPa,
y =0.2.

and for wood:
E, = 11 GPa, E,=FE;= 0.5 GPa,
Gz = G153 = 0.7 GPa, G3 = 0.04 GPa,
Vi2 = V13 = V3 = 0.35.

Note the very weak rolling transverse shear G,3, which plays an important role in the design,
and seen in the tests, may induce the first rupture of the multilayer.

3.2.1 The four models

Several methods of calculation are used for the modeling of the plywood-concrete slab, and
comparisons are made between these models. The rigidity of the slab is firstly estimated with
homogeneous approaches. The resistance estimation needs more precise approaches since the
transverse shear at the interfaces between the layers has to be estimated, taking into account the
porosity and the actual position of the strips of wood in the longitudinal and transverse directions.
The four models are described now:

(a) Analytical estimation: the Timoshenko beam model is used to calculate structural stiffness
and resistance of the multilayer since the beam is quite thick, and since large differences exist
between the different material constants, increasing the transverse shear effects. Regarding
stiffness, and to estimate the deflection of the slab, the porosity is just integrated by an ad-hoc
and proportional decrease of equivalent layer stiffnesses. For shear strength, the approach of
Jourasky (1856) allows to estimate the distribution of shear in the thickness of a continuous
multilayered beam. In the case of an uniform porosity along the beam, the method can give
an estimation of transverse shear (not taking into account the singularities)

(b) Standard Finite Element calculation: the S8R (Abaqus) standard thick plate element for
composite materials is used for the slab stiffness estimation. The porosity is again integrated by
an ad-hoc and proportional decrease of equivalent layer stiffnesses. The 3D finite element has
not been used since very heavy to implement for this quite complex structure, and according
to the author’s experience, gives very close results to MPFEAP’s ones, as demonstrated
several times in publications (Carreira et al., 2002; Nguyen and Caron, 2006, 2009; Thai
etal., 2013)
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(c) MPFEAP analysis with equivalent homogeneous layers description: similar in spirit to the b)
approach (Abaqus), this model integrates however more precisely transverse shear behaviors,
introducing no correction factors for these stiffnesses. However, as previous models, it
provides no information on the stress concentrations due to porosities, that it doesn’t describe

(d) MPFEAP complete analysis: describing porosities and the wooden strips in the 2 longitudinal
and transverse directions, it is a rich 2D model, but easier to manage than 3D approach, and
allowing the stress concentrations estimation

3.2.2 Slab rigidity

A calculation of slab stiffness is performed with the a), b) and c) approaches and compared with the
results of experimental tests. A force is applied in the middle of the slab, up to 64 KN, provoking
the rupture of the slab. Fig. 3.3 shows the different mid-pan deflections obtained with the different
models and measured on the intrados of the panel.

50

— Abaqus - Shell Element
10| — Analytical Solution

— Experiments

— Homogeneous MPFEAP

30

20

Deflection (mm)

10

0 10 20 30 40 50 60 70
Load (KN)

Fig. 3.3. Experimental and simulated mid-pan deflections (mm).

The best fit is realized with the c) model, the homogeneous equivalent MPFEAP without the
precise openwork description. It takes accurately into account the high gradient of properties
between the different layers, especially concerning the transverse shear phenomenon. The model d),
the complete MPFEAP, not reported here, doesn’t improve this rigidity prediction. The analytical
approach provides a not so bad estimation, but this is only for very simple cases, 1D beams with
simple loadings, elastic behavior, and uniform distribution of strips and porosities. The more
interesting aspect is perhaps the difficulty for the 2D plate elements from ABAQUS to simulate
this situation. It’s mainly due to the hazardous estimation of correction factors for transverse shear
stiffnesses, depending, moreover, on the case loading.

To confirm the important role of transverse shear G,; in such structures, and that it should be
well considered, we present in Fig. 3.4, simulations for different values of shear plane G, and G3
and in Fig. 3.5 for different values of transverse shear G,;. If G|, and G5 hardly influence the
deflection, weak G,3 decreases strongly and quickly the stiffness.
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Effect G12 and G13
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Fig. 3.4. Mid-plane deflection depending on G, and G3 (mm).
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Fig. 3.5. Mid-pan deflection depending on G,3 (mm).

3.2.3 Resistance and transverse shear stresses estimation

Here we compare the numerical results a), ¢) and d), with the experimental rupture of the slab. Fig.
3.6 shows the slab after rupture. The rupture appears between layers 2 and 3 (layer 5 is the intrados
one). The ultimate load is 64 KN. The maximum transverse shear stresses o3 calculated for this
loading, with the different models a), ¢) and d) and for each interface, are reported in table 3.1.
Some tests were also made on the wood strips alone, to estimate the transverse shear strengths of
the wood, and especially in the Transverse Normal direction (rolling shear). An average value of
1.73 MPa has been found.
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HUU LU

Fig. 3.6. Transverse shear cracking (blue circle) between layers 2 and 3 in a transverse wooden strip.

Interface | Analytical model a) | Equivalent MPFEAP c) | Complete MPFEAP d)
0-1 0.46 0.48 0.52
1-2 0.68 0.63 0.81
2-3 2.01 1.86 1.77
3-4 1.71 1.55 1.48
4-5 0.55 0.52 0.7

Tab. 3.1. Maximum transverse shear stresses o3 (MPa), for each interface and for the different models a), c)
and d)

The three approaches are consistent and locate correctly the rupture. The analytical approach
is however reserved to very simple cases, 1D beams with simple loading, elastic behavior, and
uniform distribution of strips and porosities. For more complex cases, local densification of strips,
2D slabs, complex loading or boundary conditions, the homogeneous MPFEAP model ¢) permits a
good first estimation of the ultimate limit state of the slab. Soon, it will be also possible to take into
account inelastic phenomenon, as the compression damage of concrete for instance.

Finally the complete model d), which describes the exact geometrical positions of the strips
of wood in the 2 longitudinal and transverse directions as well as porosity, locates correctly too
the stress concentration and the weak area of the slab, but allows also a better estimation of the
transverse shear stress in these quite difficult conditions. The experimental strength is very close
to the numerical estimation, 1.77 MPa. We highlight once again that this model remains a 2 FE
approach, involving only plane elements.

3.2.4 Conclusion

In this chapter, the relevance of an original 2D plate approach is demonstrated through the calculation
of a highly complex structure combining several materials, wood, high performance concrete and
an openwork design (Techniwood). The model is Layerwise, named LS/ (Thai et al., 2013) since
it involves first-order membrane stresses. The 2D associated finite element code MPFEAP easily
allows the description of the 3D complex structure and the estimation of the transverse shear effects
and the intensity of the singularities along the free edges. The performance of this approach is
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compared with classical homogeneous solutions, obtained analytically or numerically (Abaqus). For
the estimation of the structure rigidity, the homogeneous equivalent MPFEAP without the precise
openwork description (c) takes accurately into account the high gradient of properties between the
different layers, especially concerning the transverse shear phenomenon. The analytical approach
can only be applied to very simple cases, 1D beams with simple loading, elastic behavior, and
uniform distribution of strips and porosities, and the 2D plate elements from ABAQUS doesn’t
estimate correctly the transverse shear behavior. Concerning the ultimate behavior, all the models
locate correctly the rupture, but once again, the analytical approach can treat only very simple cases.
For real and complex cases, local densification of strips, 2D slabs, complex loading or boundary
conditions, the homogeneous MPFEAP model permits a good first estimation of the ultimate limit
state of the slab. If a more precise estimation is needed the model d), which describes the exact
geometrical positions of the wooden strips as well as porosity, allows a better estimation of the
transverse shear stress in these quite difficult conditions. The experimental strength is very close to
the numerical estimation. Note that this fine description remains a 2D plane description, a quite
interesting alternative to the heavy 3D descriptions, and relevant for real and complex material and
geometries.
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4.1 Introduction

For the analysis of multilayered structures, although ESL models can provide acceptable results
for global response of multilayers, they may lead to very inaccurate estimations of local response
especially near free-edges. Layerwise models have been proposed to overcome the drawbacks
of ESL models (Barbero and Reddy, 1991; Robbins and Reddy, 1993; Gaudenzi et al., 1995;
Dakshina Moorthya and Reddy, 1998; Carrera, 1998; Botello et al., 1999). In these approaches,
each layer of the multilayered structure is considered as an independent plate. Therefore, the
number of governing equations depends on the number of the layers. This increases significantly
the computational cost in layerwise approaches. However, thanks to their accuracy with respect to
ESL models and their efficiency with respect to full 3D models, layerwise models have been proven
to be very good alternatives to 3D models. In Navier laboratory, a layerwise stress model was
proposed and is named LS/ which means a Layerwise Stress approach with first-order membrane
stress approximations per layer in the thickness direction.

Even if the LS model and its refined version are very effective models, they can be still
improved. Indeed, firstly, the 3D stress free boundary conditions cannot be exactly met by these
models, and secondly, as these models are derived by means of the Hellinger-Reissner mixed
variational principle, there is no theoretical guarantee of the convergence of the refined LS/ model
to the 3D model, as the number of mathematical layers per physical layer increases.

The objective of this chapter is to improve the LS/ model by removing these drawbacks. For
this purpose, a new layerwise model, called Statically Compatible LS1 (SCLS1), is introduced.
As in LS1, the laminated plate is still considered as a superposition of Reissner plates coupled by
interfacial stresses. However, the divergences of the interlaminar transverse shears are introduced
as new generalized efforts. Moreover, the new model is derived by means of the minimum of the
complementary potential energy ensuring the convergence of its refined version to the exact 3D
model, as the number of mathematical layers per physical layer increases.

Furthermore, the new model has been implemented in a new version of the in-house finite
element code called MPFEAP (for MultiParticle Finite Element Analysis Program). The new 2D
finite element has eight nodes with 6n — 1 degrees of freedom per node, n being the number of layers
constituting the laminate. Finally, several comparisons are made between LS/, SCLSI, refined
LS1, refined SCLSI and full 3D FE models for straight free edge plate and notched laminate under
uniaxial tension.

This chapter is organized as follows: the next section is dedicated to the theoretical formulation
of the SCLS model referring also to the original LS/ model, highlighting the differences. Section 3
discusses the FE discretization of the new model and its implementation. Section 4 presents the
numerical comparisons between the different models. The chapter ends with a conclusion which
synthesizes the main results and discusses prospects for future developments.

4.2 Theoretical formulation of the statically compatible model
SCLS1

In this section, the new model for linear elastic multilayered plates called SCLS/ is described. It is
derived from the 3D exact model by considering Statically Compatible Layerwise Stresses with
first-order membrane stress approximations per layer in the thickness direction. The generalized
stresses of the proposed model are actually those of a Reissner-Mindlin plate per layer in addition
to inter-laminar shear and normal stresses at the interfaces between layers and the divergences of
these inter-laminar shear stresses. The exact 3D equilibrium equations lead to 6n — 1 equilibrium
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equations on the generalized stresses, where n is the number of layers. Therefore, the kinematics
of the SCLSI model, obtained by dualization of the equilibrium equations, has 6n — 1 degrees
of freedom at each point of the middle surface of the plate. Finally, the generalized constitutive
equations of the SCLSI model linking the generalized stresses to the generalized strains are derived
by using the stress energy formulation.

4.2.1 Problem description and notations

The multilayered plate under consideration is composed of n perfectly bonded orthotropic elastic
layers (fig. 4.1). The plate occupies the 3D domain Q = wXx]h7, h, [ where w is the middle surface of
the plate. In the following, x and y are the in-plane coordinates and z is the out-of-plane coordinate.

The following notations are introduced:

Wt
- ‘ z
|
i layern
:
hi : ‘
T €' layeri
W '
!
!
I layerl
]

Fig. 4.1. Description of the multilayered plate.

e The superscripts i and j, j + 1 indicate layer i and the interface between layer j and j+1 with
I <i<nand1 < j<n-1,respectively. By extension, the superscript 0, 1 refers to the lower
face w™ = w X h] and the superscript n,n + 1 refers to the upper face w™ = w X A, .

e In each layer i, h;, hi and h; are , respectively, the bottom, the top and the mid-plane z
coordinates of the layer, and e; = h] — h; is its thickness. Hence, we have h_,, = h; for all
1 <i<n-1. By convention, we set h = hy and h_, = h.

e Greek subscripts @, 8, ¥, 0,... indicate the in-plane components (x,y) and go through 1, 2.
e Latin subscripts k, [, m, n,... indicate the components (x,y,z) and go through 1, 2, 3.

e S’ = (S! ) is the fourth-order compliance tensor of layer i with the minor and major

kimn
aqe CF Qi Qi — Qi i S S\ A s S
symmetries: S,, =S8, =S8, =S ..8S"is monoclinic in direction z: § apys = Saszz = 0.

e 0,43(x,y,2) are the in-plane stress components, 0,3(x, y, z) are the transverse shear stresses
and o33(x, y, z) is the normal stress.

® €,5(x,y,z) are the in-plane strain components, €,3(x, y, z) are the transverse strain stresses and
€3(x,y, z) is the normal strain.

e u,(x,y,z) are the in-plane 3D displacement components, u3(x,y, z) is the out-of-plane 3D
displacement component.
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e The Einstein’s convention of summation over repeated indexes is adopted.

The plate is loaded on its upper face w* and lower face w~ with the distributed surface forces
T" = (T}) and T™ = (T), respectively. The lateral boundary is decomposed into two complemen-
tary parts: a free part 0Qr = dwrX]hy, h,;[ where T = (T}) = (oyny) is set to zero, and a restrained
part 0Q, = dw,X]h7, h'[ where the displacement u = (i) is set to zero . Here, the subsets dwr and

1°""n

Ow, are a partition of dw, dw = dwr U dw, with dwr N dw, = 0, and n = (n;) is the outer normal to
0Qr .

4.2.2 Governing equations of the 3D model

The 3D problem is to find a statically compatible stress field o = (07,;) and a kinematically strain
field € = (&;) which comply with the constitutive equation:

€(x,y,2) = Skimn(D)omn(x,y,2) on Q. (107)

A stress field o is statically compatible if it complies with the equilibrium equations:

Tkl = 0 on Q, (108)

and the stress conditions on the lower and upper faces:

O3 = _Tk_ onw , 013 = T]:— on Cl)+, (109)

and on the lateral boundary:

oy = 0 on GQT (110)

A strain field € is kinematically compatible if there exists a displacement field u = (i)
complying with the displacement conditions on the lateral boundary:

u, =0 onodQ,, (111)

and such that:

1
€ = E (uk’l + l/tl,k) on Q. (1 12)

It is well-known that, according to the theorem of the minimum of the complementary energy, the
solution stress field minimizes the following stress energy among all possible statically compatible
stress fields:

1

W= f S (D)t dxydz (113)
Q

The main idea of the proposed model is to restrict the above minimization problem to those
statically compatible stress fields whose in-plane components, 0., are layerwise linear functions of
z. Those fields define the SCLS subset of statically compatible stress fields.



CHAPTER 4. SCLS1 MODEL FOR THE ANALYSIS OF MULTILAYERED PLATES 67

4.2.3 The static of the SCLSI model

Since in the SCLSI model o4 are layerwise linear functions of z, then, by virtue of the 3D
equilibrium equations, the transverse shear stresses 0,3 are necessarily layerwise quadratic functions
of z and the normal stress o733 is necessarily a layerwise third-order polynomial function of z. Taking
into account the continuity of the stresses 0,3 and 0733 at the interfaces between the layers, it can be
easily established that such stress fields have the following expressions in layer i: for 1 <i < n,

(z) 12 . ;
0o (63,2 = Nogo )2 + == Mg )P (2) (114)
TR (X, + (2 y) = T ) P2+
: (115)
i e ii i—-1,i (Z)
(QC,(x,y) -5 (@ ey + o y))) :
1 ii+1 i—1,i ei 11 1 i—1,i i
0-33 (X y’Z) (5 " (xay) +v (Xa)’)) + 12( " (x y) T (X y)) PO(Z)+
é 6 . .
e ll+1(x y) + ﬂ_l ll(x y)) ( zz+1(x y) l 1”(x,y)) Pll(Z)+
10 5
y (116)
5 (@) = ) o)
e .. . .
(5 (7 ) + 2 ) + (T ) =V y))) Pi(2)
where N! Mi and Q', are generalized stresses associated to layer i, 7HF Y and 7+ are

ap’
generalized stresses associated to the interface between layer i and layeri + 1, and Pi, k = 0,1,2,3,

are the orthogonal Legendre-like polynomials basis defined on layer i by: for h; <z < hf,

Pl =1

Pi(z) = eh

. —h\ 1

P’z(z):—6(Z - ) +> (117)
. —m\ 3 (z-T

SRS

The interpretation of the generalized stresses defined on layer i is as follows: N’ = (N éﬁ) is the
in-plane stress resultant tensor, M’ = (Mfw) is the moment resultant tensor and Q' = (Q') is the

out-of-plane shear stress resultant vector. They can be expressed in terms of the 3D stress field 0P
in layer i as follows:

i
N, g(x,y) = f oop (X, y, 2)dz

’h+
Mgy = | (2= h)o)p(x,y,2)dz (118)
-

i
s

0'.(x,y) = f |k, 2)dz
;

i
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The interlaminar shear and normal stresses at the interface between layer j and layer j + 1, for
0 < j < n, are given by:
o/ y) = cptny ) =0 wumm@)

ij+l(x y) — 0’ (x y,h*) — 0_ (x,y’h;+1) (119)

Note that, unlike all the other introduced generalized stresses, /! defined on the interface
between layer j and layer j + 1 is a new generalized stress which was not considered in the LS/
model. Its interpretation will be given in the sequel.

Now, we seek for conditions on the generalized stresses which enforce statical compatibility of

3D Let us compute the 3D equilibrium equations O'k” in layer i, we obtain:

A Po@
O-(?)yfl — (Naﬁﬁ + Tl i+l Tt—l,z) 0 +

i2

+ i—l,i)) 12Pil(z)

él
3D i i+l _ =L O(Z) (120)
o3 = + Y —
= (0 )= o
(Tgfgl _ T;;l;,l A ﬂ,l—],l) Pll(Z) +
, - N2 e -\ Pi(2)
i i+l i-1 ll+1 i—1,i i,i+1 i—1,i 2
((Qﬁﬁ” v )el Top ~Tpp TTHT 2

Hence, the o stress field will comply with the 3D equilibrium equations (108), if, and only if,
the following equations hold true for all (x,y) in w and foralli = 1,..,nand j =0, ..., n:

ii+1 i—1,i

N; +1, -1, =0
i +V”+1 lll:0

1 1,
o= 0or G (7 47 =0

+1
T{,{, — it =

(121)

The last equation gives the interpretation of a1 which is equal to the divergence of the
interlaminar shear stress vector 7! = (757*1). Now, if we seek for the statically compatibility of

3D we have to enforce the stress boundary conditions in addition to equations (121). The lateral
boundary conditions (Tf’an i = 0 on 0Q are equivalent to the following equations for i = 1,...,n and

j=0,..,n:

Nigng =0, Mygng=0, Qhn,=0, 7"'n, =0, ondwr. (122)

The boundary conditions (109) on the lower and upper faces are, respectively,

™ (xy) = -T7(x,y) 7 (xy) = T (x, y)
' (x,y) = -T;(x,y) and r';”“(x y) = T3 (x,y) (123)
Wix,y) = =T (x,y) v (x,y) = T (x,y)

It should be noticed that the boundary conditions (122) and (123) cannot be simultaneously
verified unless 7, n, = 0 on dwr, which will be assumed in the sequel. Moreover, from the last
equation of (121) for j = 0 and j = n, we see that:
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at=-T,, and o' =T}, (124)

Finally, we have established that the stress field o2 is statically compatible when it complies
with the generalized equilibrium equations on w: (121) fori=1,...,nand j = 1,...,n -1, (123) and
(124), and with the generalized stress free boundary conditions on dwy: (122) fori =1,...,n and
j=1,..,n—-1.

It should be emphasized that in the LS/ model, the authors considered 3D stresses of the form
(114-115-116) where 72/ is substituted for 77/*!. Hence, the last equation of (121) is absent
from the LSI model. Moreover the free boundary conditions o ’“na = 0 in (122) cannot be
mathematically enforced by the model so that the 3D stresses of the LS/ model are not statically
compatible in this case.

4.2.4 The kinematics of the SCLSI model

It is obtained by writing the weak form of the statically compatibility conditions on 0. First, the
weak form of the 3D equilibrium equation (108):

f ok dxdydz = 0 (125)
Q

is written for any trial displacement field u = (u;). Using conditions (123) and (124) and
introducing the following notations fori = 1,...,nand j=1,...,n - 1:

l_ " Pi(2)
U,(x,y) = p uo(x,y,2) dz, (126)
ho
i hr 12 i
D, (x,y) = — Pi(@u(x,y,2) dz, (127)
_ el
. et Pi (Z) Pl (Z)
Us(x,y) = f (°— )u3(x ¥,2) dz, (128)
hlj e e
i " Py(2)
W.(x,y) = Pi(2) = > uz(x,y,z) dz (129)
h>
and
VA (x,y) = W (x,3) = W (x, y) (130)
we obtain:

f Tit dXdde‘Z f g+ T =TV UL dxdy +
Z f (@ + V"' = VM) UL dxdy +
Zf( asp Qa+—( ot "’))cbl dxdy +
if it — g ) VA dxdy = 0.

(131)
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Actually, Ul (x,y), U(x,y), @} (x,y) are the five Reissner-Mindlin generalized displacements
of layer i already introduced in the LS7 model: respectively, the two in-plane displacements, the
vertical displacement and the two bending rotations. In contrast, V*/*!(x, y) is a new kinematical
variable, having the dimension of an area, which is dual of the static variable bt (x, y) defined on
interface j,j + 1.

Integrating by parts the second term of (131), restricting the trial fields u to those which are
null on the lateral boundary 9Q2,, and hence the following generalized boundary conditions are
prescribed fori = 1,...,nand j =0, ..., n:

U/ =0, Uj=0, ® =0, V**'=0, ondw,, (132)

and taking into account the generalized stress free boundary conditions on dwy, (122), then we
obtain:

D [ Mgty + Mg+ €l dady +
i=1 Y&
n—1
Z frj’j“Dj’f” + yPDRAL gAY dxdy = (133)
j=1
+ n o, € an - R +rm o o7l
wTQ X U“+§(D“ +T, X Ua—ECDQ + T U5 + Ty U; dxdy

where the generalized strains dual of the generalized stresses N(’yﬁ, M . Q. T b+l ghit for

[e7

i=1,..,nand j = 1,...,n — 1 are respectively expressed in terms of the generalized displacements
as:

Eop = : (Ucix,ﬁ + Ué,a)’

Xog = 5 (q)fz,ﬁ_ + D),

=@+ U, (134)
D£j+l _ U£+1 _ U(jl; _ %J(D{, _ %q){;l + Vi‘,yjn,

D}]/‘,j+1 _ U_{H B Ug,

/lj,j+l — Vj,j+1.

By comparison, if the terms 7/*! 177 are omitted in (133) and the terms V%" are omitted in
(134,), then the kinematical compatibility conditions of the LS/ model are retrieved.
p y

4.2.5 The SCLSI model constitutive equations

The 3D elastic stress energy of the stress field o> can be written in the following form:

1
W3p = fg 55 kimn(D)o om0y dxdydz

=fw§D dxdy

where w}, is the generalized stress energy density per unit area of the plate defined by:

(135)
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I/he
Wip = fh Esklmn(z)af,ga,if dz (136)
1

Inserting equations (114-115-116) into the above definition, an explicit expression of w3, in
terms of the generalized stresses is derived. See Appendix A.1.

Using the weak formulation (133) and standard variational calculus reasoning, it can be estab-
lished that the generalized stresses which realize the minimum of W7, over all statically compatible
stress fields of the form (114-115-116) are such that the partial derivatives of w3, with respect
to these generalized stresses, are the generalized strains (134) generated by some generalized
displacement fields U}, U, ¢!, V//*', i =1,..,n, j = 1,..,n — 1, which are null on dw,. Hence,
the constitutive equations write:

e Membrane constitutive equation of layer i:
i owyp,

o “3n:,
. @ (137)

- . ' i € (i o
:ZSégﬁyaN;(s + ij/j33 (E (Vl,l+1 + Vl—l,t) + E <7Tl,l+l _ 71-’_1’!))

e Bending constitutive equation of layer i:
i 8W§D
o, (138)
12 ;i i 1 6 (vt oy, € il it
:e? aﬁyéMyé + ;Saﬁ% (§ (v -V ) + E(n +7a )
e Transverse shear constitutive equation of layer i:
g 0wy, 24 i 2 i+l | -l
Y= Gor =S 0~ SSiam (75 + 75 ) (139)
e Shear constitutive equation of interface j, j + 1:
piitl = w3p
¢ ok
2 P2 ; 2 . L
_ 2 J_Zgitl A+l 2 g J=1,j 140
= SS w3 Dp SS 383 ¥p 1 56 S w3375 (140)
8 , . . o . oo
+ E (ejS(jﬁ‘B3 + e]+1Sé;/133)T£1+1 _ Ee]+lsgz+3—;37-é+l’j+2
e Normal constitutive equation of interface j, j + 1:
g+l _ wip
v vt
_ 9 igi j-Lj 3 ij j+1Sj+1 Jjij+1 9 j+1Sj+1 J+1,j+2
~70¢ P33V + 35 (e 3333 7€ 3333) + 708 °33Y
13 ., 11 RN . R
- m(e")zS e 710 ((€1)25é333 G éJ3r33)”j’jJrl (141)
13 . : o
+ m(e]+l)25£;313ﬂ_]+1,j+2
1 . 1. , 6 . : 6 . ,
R\ Jj I \as j+1 ol J Jj+l j+1
+ 2S(r,B33Naﬂ + 2S0B33Naﬂ + Se.jSa,833Maﬁ 56./+1Saﬁ33Maﬂ
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o Constitutive equation for the 7 generalized stress at interface j, j + 1:

*
Py _ Wi

aﬂ.jj+l
_ i—1,j 1 1 1
=- m(ef) Spa M o ((ef) Sl + (7SI ) i
_ E(ej-+—l)3Sé-;';371,]+1,]+2
13 1 (142)
2 1 J\2 1\2 1 j,j+1
+ m(ef) S§333 = + (( ) S§333 (€™ S§J3r33) vh
_ 4123 (e ]+1)2Sé;13 142
+—€JSJ N] _i j+1SJ+1 NJ+1 151 15]“ MJ+1
12 af33” "af 12 B33 10 (2,833 10 af33

By comparison, the constitutive equations of the LS/ model are retrieved if the last equation
(142) 1s omitted and if the coupling terms v and 7 are neglected in (137) and (138), and the coupling
terms N,g, M,p and 7 are neglected in (141).

In summary, the SCLSI problem is to find the 6n — 1 generalized displacement fields U, é(x? )
Ui(x,y), ¢, (x,y) and V*/*!(x,y) and the 12n — 4 generalized stress fields N’ ,, M ., O',, v*/*1, rhitl
and 7°/*! defined on w fori = 1,...,nand j = 1,...,n — 1 complying with the equilibrium equations
(121), the compatibility equations (134), the constitutive equations (137-142) and the boundary
conditions (122) and (132). To be complete, the description of the LS/ problem is given in the

previous Chapter 1.

4.2.6 The refined SCLSI model as a static discretization of the 3D model

As it has been explained above, the SCLS] model is obtained by restricting the minimization
of the total stress energy over the set of statically compatible 3D stress fields having in-plane
components o,z which are piece-wise linear in the thickness of each physical layer. Now, if we
discretize each physical layer in p mathematical layers as shown in Fig. 4.2, resulting in a total of
np mathematical layers, then the new statically compatible 3D stress field obtained by this refined
model, called refined SCLS/, will be a better approximation of the real 3D stress field than the
non refined SCLS1. Moreover, it will asymptotically coincide with the exact 3D stress field as the
number p of mathematical layers per physical layer increases to infinity. Indeed, for sufficiently
large p, the in-plane components o,z of the real 3D stress field can be accurately represented by
piece-wise linear functions in the thickness of each mathematical layer. Hence, the refined SCLS1
model appears as a consistent static discretization of the 3D model in the z co-ordinate. A rigorous
mathematical proof of the convergence of the refined SCLSI model to the 3D model, as p increases,
is beyond the scope of this chapter.
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Fig. 4.2. The same multilayered plate refined through the thickness (irregular layerwise mesh through the
thickness).

Actually, as pointed out in (Saeedi et al., 2012b) for the LS7 model, an irregular discretization
of the physical layers is more suitable than a regular one because of the stress concentration at the
interfaces between the physical layers. Thus, one must refine the mesh near the interfaces. That
is why the geometric discretization proposed by Saeedi et al. (2012b) will be adopted. According
to this layerwise mesh strategy, the thicknesses of the mathematical layers are in the form of a
geometric progression. In other words, if the thickness of the mathematical layers at the vicinity of
the physical interface are set equal to A,,,, then the thicknesses of the next layers will be equal to
7 X Ry, 72 X Ry, ... Where r is the common ratio of the geometric progression in the considered
layer. The determination of r in terms of #,,,, e, the thickness of the physical layer, and p, the
number of mathematical layers per physical layer, is obtained by solving the following equation
which depends on the considered case:

e Physical layer with one physical interface (top or bottom layer) and p > 1
hy = Rins o = 1 X By ... hp = rp—l X Ry

p
_ e
Zhi:eil+r+r2+...+r”1:—

-1 min
e Physical layer with two physical interfaces (inside layer) and p > 2

p is an even number

h = hp = hmin; hy = hp—l =rX hmin hg = I’Zg_,_] =r

p
P_ e
hi=e=2x(A+r+r+..+ri)=—
i—1 min

1



CHAPTER 4. SCLS1 MODEL FOR THE ANALYSIS OF MULTILAYERED PLATES 74

p is an odd number

p—1

]’l] = I’lp = hm,‘n; I’l2 = hp—l = thmin hpT-i-l =r2 Xhm,‘n

p
b3

hi=e=2x(+r+r+..+r2)+rz =

1 hmin

1

So, the discretization of a physical layer is completely determined once the two non dimensional

. . . e
are given. A possible strategy is to adopt the same values of (p, )
min min

for all the physical layers.

parameters p and R =

4.3 Finite element discretization of the SCLSI model

This section deals with the displacement finite element formulation of the SCLS! presented in the
previous section. An eight-node isoparametric quadrilateral element with 6n — 1 d.o.f. at each nodal
point will be formulated as follows. This element has the same interpolation functions as the LSI’s
element which is integrated in the MPFEAP in-house software described in (Nguyen and Caron,
2006).

4.3.1 Weak formulation of the SCLSI model

The following notations are introduced:

e The 6n — 1 generalized displacement vector [9;] is defined as:

60" = (Ull, U,, Us, @), ®),..., U}, Us, Us, @), @, vl’z,...,vn—lv"),
6n -1

where [X]” is the transpose of [X]

e The 12n-4 generalized strain vector [E] is defined as:

7 = (] e [l

where the generalized Kirchhoff strain vector is:

T
K _ 1 1 1 1 1 1 n n n n n n
[E ] = (811, €20 2812 X115 X220 2X 125 -5 E11> €005 26155 X115 X025 2)(12)’
6n

the generalized normal strain vector is:

[E] = (Dy, D2, ..., D )

n—1

the generalized shear strain vector is:
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T — n— n—1,n n—1,n n n
[EQ] = (V}, v, DV, DYy 2,y D Dy, yz),
dn -2

and the strain related to the A variables is:

[E/I]T — (/11,2’ 223, “.’/ln—l,n)

n-—1

e Finally, the 12n-4 generalized strain vector [X] is defined as:

[z = ([ZK]T =1, [ZQ]T , [Zn]T)

where

T
[EK] = (Nlll’ Nzlz’ Nllza Mh’ M%z, Miza . "’Nll’ sz’ le, Mu’ Mzza Mlz)’
[ZV]T — (vl,2’ V2,3’ o ’Vn—l,n) i

T
1 Al 12 _12 2 A2 -1 -1 _n-1, -1,
I:ZQ:I = (Q]’ Q29 Tl ) T2 ’ Q]’ QZ’ ey ’il ’ g ’ T,il "’ Tg n9 Q}il9 Q;) ’
and
[Zﬂ]T — (7_1_1,2 73 ﬂ_n—l,n)
With these notations, the SCLS1 constitutive equations (137-142) can be rewritten as:

[E] = [S][Z]+|E"| (143)

where the generalized compliance matrix [S | of dimension (12n—4) X (12n—4) has the following

block form:
[[51(]] [SKV] 0 [SKﬂ]
SVK [SV] 0 [Swr]
[SnK] [Sm/] 0 [Sn]

(144)

and the generalized prestrain vector [EP ] contains the contributions to the generalized strain

vector of the applied surface forces T~ and T . More precisely, explicit expression of [EP can be
obtained by using equations (123-124) in (137-142) while setting all the components of [X] to zero.
The constitutive equation (143) can be inverted leading to:

(=1 = (ST (LE1 - |E"]) = (D1 (LE1 - |E"]) (145)

where [D] = [S]7! is the generalized stiffness matrix of dimensions (121 —4) X (12n — 4) having
the same block form as [S].
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Using the above constitutive equation into the weak form of the equilibrium equations (133),
the weak formulation of the SCLS problem is obtained: Find a generalized displacement vector [¢]
complying with the boundary conditions (123) such that:

f [E')" [D[E] dxdy = f (5] (F1+ [E']" [D]|E"| dxdy (146)

for any generalized displacement field vector [¢’] complying with the boundary conditions (132).
Here, [E] and [E’] are, respectively, the generalized strain fields associated to [6] and [¢’] via the
compatibility equations (134), and [F] is the generalized force vector of dimension 6n — 1 given by:

1 el e

[FI” = (T;, 13,15, =517, 5150, 01y, T T8 S ST o,...,o)

4.3.2 Geometry and displacement interpolations

The representation of the geometry of the finite element mesh is based on a quadrilateral master
element defined in the (£,7) space as shown in Fig. 4.3.

Fig. 4.3. The eight-node element and its four second-order Gaussian stations.

The geometry interpolation can be written as

8
XEm) = ) Ni(&mx
’;1 (147)
yEm = Y Ntényi
i=1
where (x;, y;) are the co-ordinates of node i, i = 1,...,8, and N;(, n) its shape function given

by: for-1<é<1,-1<np<1,
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N@Em = ~(1-&1—p-1-&—1)
M) = (-1 -n)
Ny = (1 +61 -1 +E—1)
Ny&m) = z(1+9HA -7
Nse) = (1461 +(=1+E+7)
Neem) = ~(1-&)1+n)
N = (1 -&1 + -1 -+
Ng(€,n) = 5(1—5)(1—772)

In order to achieve the general applicability, an isoparametric finite element formulation is
adopted, which interpolates the co-ordinates and element displacements using the same shape
functions. The displacement field interpolation is hence expressed as:

(148)

8
[6106,3) = > Ni(&m) [61] (149)
i=1

where [0;] is the value of the 6n — 1 generalized displacement vector at node i.
Using the compatibility conditions (134) and the following derivation rules for the interpolation
functions:

(9N,- aN,% + @87]

Ox 8¢ Ox  On Ox’
ON, _ ONOE ON,on (159
dy O£ dy  On oy’

one can explicitly express the generalized strain vector as:

8
[E](x,y) = > [B () [6] (151)
i=1

where [B;] is of dimension (12n — 4) X (6bn — 1).

4.3.3 Element stiffness matrix and nodal forces

Inserting (149) and (151) into the weak formulation of the problem (146), and restricting the
integration over the considered element «°, it is found that the strain energy stored in the element is:

N1

8 8
o 1B D1 [B)][5,] dxay = > J 16" [k [s)]

=1 j=1 i=1 j=1

where the element stiffness matrix [Kf}] is given by:

[Ks] = fﬂ [B,]" [D] [Bj] dxdy,

and that the work of the external forces in the element w? is:
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1

8
(61" [F7]

=1

where the element nodal force [F f] is given by:

[Fil= f N; [F1+[Bi1" [D]|E"| dxdy

By assembling all the element stiffness matrices and all the element nodal forces, and by taking
into account the kinematic boundary conditions, a system of linear equations is obtained the solution
of which is the vector of the nodal d.o.f. From the latter, the corresponding strain and stresses can
be deduced from, respectively, equations (151) and (145).

In appendix A.2, matrices and equations of SCLST model are detailed.

4.3.4 MPFEAP code description

MPFEAP (MultiParticle Finite Element Analysis Program) is an in-house code of the Laboratoire
Navier which has been developed during the last years. It was initially dedicated to find a Finite
Element solution of the LS/ model. The code is written using standard Fortran 77 and is a
development of the program MEF presented in (Dhatt and Touzot, 1984). The program MPFEAP
uses text files for data input and results output can be visualized using GID program described in
(CIMNE and GID). A new version of MPFEAP has been written. It calculates the Finite Element
solution of the new SCLSI model described above.

4.4 Examples and numerical results

In this part, comparisons are made between LS/, enhanced LS, SCLS1, enhanced SCLSI and full
3D FE models in order to assess the performances of the new model. The 3D FE calculations
are performed with the commercial ABAQUS software. The new verison of the MPFEAP code
is used for SCLSI and enhanced SCLSI models, while the old version of MPFEAP described in
(Nguyen and Caron, 2006) is used for LS/ and enhanced LS/ models. Two different case studies on
a (90°,0°,90°) laminate under uniaxial tension are considered: the interlaminar shear stress is first
studied at a straight free-edge and then, the stress distribution is studied in the vicinity of a circular
hole situated at the plate’s center. The material properties are as in (Wang and Crossman, 1977b)
and (Pagano and Pipes, 1970).

For the first and third layer, the thickness is e; = e; =1mm, the fiber orientation is 90° and the
elastic constants are:
E, = 140 GPa, E,=E; = 15 GPa,
G12 = G13 = G23 =5.85 GPa,
Vi2 = V13 = V3 = 0.21.
where 1, 2 and 3 refer , respectively, to the fiber, transverse, and thickness direction as shown in Fig.
4.4,

For the layer 2, the thickness is e, =0.8mm, the fiber orientation is 0° and the elastic constants
are:
E1 =160 GP&, E2 = E3 =8.5 GP&,
G]2 = G13 =4.1 GPa, G23 =228 GPa,
Vi2 =Vi3 = 0.33 , Vo3 = 0.5.
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Fig. 4.4. Description of fiber orientation axes and angle.

4.4.1 Straight free-edge

The laminate under consideration is a plate with a length of 2/ and a width of 2b respectively in
the x and y directions (Fig. 4.5). The thickness of the laminate following z direction is equal to
2h = 2e; + e, and the middle plane of the plate is located at z=0. Uniform displacements +A in the
x direction are imposed at the edges x = +/ while the other edges remain free. The applied strain
in the x axis direction is A/l = 0.05. The dimension of 2b is set to 56mm, hence the slenderness
ratio b/h is 20, whereas the plate is assumed to be so long in the x direction (I >> b) that the stress,
strain components are independent of the x-coordinate far from the ends x = +/. As a consequence,
instead of modeling the whole plate, it is sufficient to use only one 3D finite element in the x
direction, the size of this element in the x axis direction being irrelevant.

‘/91 ,’,’
=
,’/91

A

Fig. 4.5. Laminate geometry, imposed displacements and coordinate system.

It is well-known that, in this configuration, the normal stress o733 is singular at the 90°/0° inter-
face near the free edges, while the shear stress 03 is null at the free edges and highly concentrated
in the vicinity of these edges. Hence, it is a real challenge for numerical methods to capture the
shear stress distribution near the free edges.

4.4.1.1 3D FE Discretization

The commercial ABAQUS software has been used with C3D8R element (3D, 8-node, linear,
isoparametric element with reduced integration). In order to obtain accurate results, a very strong
mesh refinement is applied near the free edges and at the interfaces between layers (see Fig. 4.6).
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Element sizes in y and z axis follow geometric progressions and the smallest elements are located at
the intersection of the free edges with the interfaces between layers. The smallest element size in
the y axis direction is set to Y = 0.71um. Let Z be the smallest element size in the z axis direction.
The following table 4.1 shows, for different values of Z, the maximum value o”5*~ (resp. o55*") of
the shear stress o3 taken at the interface 90°/0° in the 90° layer (resp. in the 0° layer) and its value
0'5‘3" (resp. 0'3‘3”) taken at the intersection of the free edge with the 90°/0° interface in the 90° layer
(resp. in the 0° layer).

z

2h 1_”

Fig. 4.6. Finite Element model of the laminate - 3D model (top); mesh in the yz plane (bottom).

Z(um) 150 80 10 7.5 4 1 0.71
oy (MPa) | 63.15 | 69.74 | 80.81 | 81.77 | 83.61 | 86.76 | 87.63
o (MPa) | 49.37 | 58.47 | 75.66 | 77.13 | 79.81 | 84.13 | 84.95
05" (MPa) | 1.036 | 0.966 | 9.536 | 15.035 | 23.222 | 48.327 | 54.997
o5 (MPa) | -0.104 | 1.577 | 3.084 | 6.206 | 10.934 | 29.68 | 35.896

Tab. 4.1. 3D Finite Element results for ¥ = 0.71um and various values of Z

It is seen that as Z decreases, o7~ and o7®* increase, and 0¢¢~ and o¢* depart from the
23 23 23 23

theoretical value (zero). We consider that the values of 049~ and o3+ are both acceptable for

Z ="7.5um .

4.4.1.2 LSI and SCLS]1 discretization

For LS1 and SCLSI models, element size in the y axis direction follows geometric progression with
the smallest element size located near free edges. In Fig. 4.7 and 4.8, we plot the distribution of
the interlaminar shear stresses o3 at the 90°/0° interface for the non refined SCLS/ model with
two different mesh refinements: Y = 250um for a total of 100x1 mesh and Y = 40um for a total
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of 350x1 mesh. We have found that the results are actually completely coincident for the mesh
size varying from Y = 40um for a total of 350x1 mesh to Y = 0.71um for a total of 130501 mesh.
Hence, only the stress distributions of the 100x1 mesh and the 350x1 mesh are represented in Fig.
4.7 and 4.8.

80

U
—10 ZOOM — 100*1 mesh

5 —20
60 _30 Refer to Fig. below — 350*1 mesh

—40
40 —50
—60
=70

20

0.000 0.005 0.010 0.015 0.020 0.025

Sigma 23 (MPa)

—20

—40

—60

—80
0.0 0.2 0.4 0.6 0.8 1.0

y/2b

Fig. 4.7. Distribution of the interlaminar shear stress o3 predicted by the non refined SCLSI model for two
finite element meshes.
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Fig. 4.8. Zoom near the free edge on the distribution of the interlaminar shear stress o3 predicted by the non
refined SCLSI model for two finite element meshes.

4.4.1.3 Comparison between non refined SCLS1, non refined LS and 3D FE models

The non refined LS7 and SCLS1 models with Y = 40um discretization are compared to the 3D FE
with (Y = 0.71um, Z = 7.5um) discretization. These three models give identical stress distributions
except near the free edges. In Fig. 4.9, we plot a zoom of the distribution of the interlaminar shear
stresses 03 near the free edge. Here, EF~ (resp. EF™*) is the shear stress o3 taken at the interface
90°/0° in the 90° layer (resp. in the 0° layer). Note that the SCLS/ and 3D FE models reproduce
correctly the free-edge boundary condition o3 = 0, whereas the LS1 model does not. On the other
side, SCLS1 and 3D FE models do not predict the same maximum value of the interlaminar shear
stress. This is due to the lack of sufficient discretization in the thickness (z axis) of the non refined
SCLS1 model.
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Fig. 4.9. Zoom near the free edge on the distribution of the interlaminar shear stress o3 predicted by the non
refined LS7 model with Y = 40um, the non refined SCLSI model with Y = 40um and the 3D finite element
model with (Y = 0.71um, Z = 7.5um).

4.4.1.4 Comparison between non refined SCLS1 and refined SCLSI models

Now, the refined SCLSI model with Y = 0.71um discretization is considered. Recall that there
are two additional parameters in this model: p, the number of mathematical layers per physical
layer, and the ratio R of the physical layer thickness to the smallest mathematical layer thickness
in this physical layer, this ratio being the same for all the physical layers. Choosing R = 10, so
hpin = 80um in layer 2, a parametric study on p has been performed. It can be seen in Fig. 4.10 that
the convergence is quickly reached for p > 3.
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Sigma 23 (MPa)
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—=70

—80

—90
0.000 0.005 0.010 0.015 0.020

y/2b

Fig. 4.10. Zoom near the free edge on the distribution of the interlaminar shear stress o3 predicted by
the refined SCLSI model with Y = 0.71um, for ey /h,,;; = 10 and different values of p, the number of
mathematical layers per physical layer.

4.4.1.5 Parametric study of the refined SCLSI model

In this section, the influence of both parameters R and p is studied. The considered values for R
are 10, 20, 30, 50 and 100 corresponding to the following values in um for h,,;, in layer 2: 80, 40,
26.67, 16 and 8, respectively. Table 4.2 gives the values of the maximum interlaminar shear stress
o5y predicted by the refined SCLSI model with Y = 0.71um, and table 4.3 gives 0'3‘31, the predicted
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value at the free edge. It can be seen that for fixed R, the convergence of o5 always occurs as p is
increased, and that the limit value is independent of R with an error less than 4%. Moreover, 0¢ is

23
clearly negligible when compared to o5

p=3|p=4|p=5|p=6
Npin = 80um 85.6 | 85.8 - -
Rpin = 40um | 85.71 | 87.07 | 87.26 -

Rpin = 26.67Tum | 84.91 | 87.24 | 87.89 -
Ryin = 16um | 83.29 | 86.81 | 88.49 | 88.56
Rpin = Sum 80.47 | 85.31 | 89.03 | 89.26

Tab. 4.2. 0557 (M Pa) predicted by the refined SCLSI model with ¥ = 0.71um for various values of 7, in
layer 2 and p.

p=3|p=4|p=5|p=6
Rin = 80um | 0.051 | 0.053 - -
Rin = 40um | 0.146 | 0.152 | 0.158 -

Roin = 26.67Tum | 0.284 | 0.292 | 0.303 -
Rin = 16um | 0.655 | 0.683 | 0.713 | 0.729
Rin = 8um 2.087 | 2.184 | 2.276 | 2.322

Tab. 4.3. (rg (M Pa) predicted by the refined SCLSI model with ¥ = 0.71um for various values of A, in
layer 2 and p.

4.4.1.6 Parametric study of the refined LS model

For the seek of completeness, the same parametric study is conducted for the refined LS/ model

with Y = 0.71um. In this case, 0'3‘31 and 073" are coincident. It can be seen in Table 4.4 that, for fixed

R, the convergence of o always occurs as p is increased, and that the limit value is independent
of R. However, this value is 7% higher than the limit value of o5 predicted by the refined SCLS/

23
model.

p=3|p=4|p=5|p=6|p=T7|p=38
Myin = 80um | 94.67 [ 97.13 | 98.13 | 9835 | - -
Myin = 40um | 91.77 [ 9539 [ 97.55 [ 9795 | - -
Pin = 26.67um | 89.94 [ 94.14 | 97.09 | 97.62 | 98.02 | -
Bwin = 16um | 87.81 | 92.37 | 96.38 | 97.04 | 97.67 | 97.88
Bowin = 8um | 84.85 [ 89.88 | 95.2 | 96.07 | 97.03 | 97.34

Tab. 4.4. 0'313‘” = o-i‘é (M Pa) predicted by the refined LS/ model with Y = 0.71um for various values of A,
in layer 2 and p.

4.4.1.7 Comparison between refined SCLS1, refined LS1 and 3D FE models

In Fig. 4.11, we plot the distribution of the interlaminar shear stresses 03 at the 90°/0° interface
between layer 1 and 2 as predicted by 3D FE with Y = 0.71um and Z = 7.5um and by the refined
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LS1 and SCLS1 models with h,,;, = 8um in layer 2 and p = 6. It is seen that the refined SCLS1
model is the only model which can efficiently predict both stress concentration and free boundary
conditions. It must be highlighted that even if the refined LS/ model doesn’t comply with the exact
3D boundary conditions at free edges, nevertheless, it predicts the stress concentration with good
accuracy (8%).

LS1 refined
SCLSH1 refined
3D FE-

3D FE+

—20

—40

—60

Sigma 23 (MPa)

—80

—100
0.0000 0.0005 0.0010 0.0015 0.0020

y/2b

Fig. 4.11. Zoom near the free edge on the distribution of the interlaminar shear stress o3 predicted by the
refined LS/ and SCLS1 models with Y = 0.71um, h,;,, = 8um in layer 2 and p = 6, and by the 3D FE model
with (Y = 0.71um, Z = 7.5um).

4.4.1.8 Discussion

According to the results obtained, we can conclude that the refined SCLSI model converges to
the exact value for both 0'3‘31 and o733, It predicts 89Mpa for o55". On the other hand, the 3D FE
model cannot predict correctly both values of 0% and o35 for the same refinement, see Table 1.
By construction, the refined LS/ model cannot predict the exact value of 0'3‘3{. It predicts 97MPa for
053" which is 8% higher than the value computed using the refined SCLS1 model. Hence, the LS
model can be considered as an acceptable approximation of the SCLS/ model, and thus of the 3D
model, for the prediction of stress concentration near free edge boundaries.

When considering the n umber of degrees of freedom (d.o.f.), the refined SCLS1 model has 6np — 1
degrees of freedom in the thickness direction to be compared to 3N where N is the number of FE
nodes in the thickness direction. In the present study, N was up to 200. So, for p=3 (n=3 in our
case), the d.o.f. for the refined SCLSI model are more than 10 times less than for Abaqus 3D FE.
In the light of the foregoing, it can be concluded that the best mesh strategy for the refined models
is as follows:

e For the refined SCLS1 model, we recommend using p = 3 and R = e/hmin = 10.

e For the refined LS/ model, we recommend using p = 4 and R = e¢/hmin = 10.

4.4.2 Notched laminate under uniaxial tension

A (90°,0°,90°) laminate with a circular hole is subjected to a tensile load. The mechanical
properties of the plies are the same as in the previous section, whereas the thicknesses are all equal:
e; = e; = e3 = ¢ =lmm. In Fig. 4.12 this three-ply laminate with a thickness of 3e, a length of
2/ = 160e and a width of 2b = 80e is shown. The central circular hole has a radius R = 10e. The
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ends of the laminate are subjected to a uniform displacement in the x direction so that an overall
uniaxial longitudinal strain €,,=0.0375 is applied in the x direction. The reference Oxyz is located
at the center of the hole.

Fig. 4.12. Notched laminate plate geometry and loading.

Because of the symmetries of the problem, only one quarter of the laminate was analyzed using
the non refined SCLST model with (X = Y = 2.5um) discretization, the refined SCLSI model with
(X =Y =2.5um, h,,;, = 100um, p = 3) discretization and compared to the 3D FE calculations with
(X =Y =25um,Z = 100um) and (X = Y = 2.5um,Z = 50um) discretization. Fig. 4.13 shows
the interlaminar shear stress o3 for y = 0 at the interface 90°/0° between the first and second
layers as predicted by 3D FE with Z = 100um and by the SCLSI models. Here, FE~ (resp. FE™)
corresponds to the shear stress 013 taken at the interface 90°/0° in the 90° layer (resp. in the 0°
layer); Fig. 4.14 and 4.15 show the interlaminar shear stress o3 for x = 0 at the interface 90°/0°
between the first and second layers, with the same convention for FE~ and FE™, as predicted by
3D FE with Z = 100um and by the SCLSI models. Fig. 4.16 shows the 0,3 predicted near the free
boundary by the SCLSI models and the 3D FE with Z = 50um.

60

60
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SCLSH
50 40 SCLS1 Refined
30 200M 3D FE-
20 3D FE+
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40

0
30 0.10 0.15 0.20 0.25 0.30 0.35
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0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
x/I

Fig. 4.13. Shear stress o713 at the interface between layers 1 and 2 for y=0 predicted by the non refined SCLS1
and the refined SCLSI model with (X = Y = 2.5um, hy,;;, = 100um and p = 3), and by the 3D FE model with
(X =Y =2.5um,Z = 100um).
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Fig. 4.14. Shear stress o3 at the interface between layers 1 and 2 for x = 0 predicted by the non refined
SCLSI and the refined SCLSI model with (X = Y = 2.5um, h,;;, = 100um and p = 3), and by the 3D FE
model with (X =Y = 2.5um,Z = 100um)..
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Fig. 4.15. Zoom on the shear stress o3 at the interface between layers 1 and 2 for x = 0 predicted by the non
refined SCLS1 and the refined SCLSI model with (X = Y = 2.5um, hyj, = 100um and p = 3), and by the 3D
FE model with (X = Y = 2.5um, Z = 100um).
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Fig. 4.16. Zoom on the shear stress o3 at the interface between layers 1 and 2 for x = 0 predicted by the non
refined SCLS! and the refined SCLSI model with (X = Y = 2.5um, hy;, = 100um and p = 3), and by the 3D
FE model with (X = Y = 2.5um, Z = 50um).

Here again, as for the case of the un-notched plate, it is seen that the 3D FE model is unable
to capture accurately and effectively both the boundary condition and the stress concentration at a
free edge. On the other hand, this example shows the robustness of the refined SCLS/ model on
a complex example such as the considered notched plate. When comparing the number of d.o.f,
a ratio of 9 is found between Abaqus 3D FE and the refined SCLS! model leading to a drastic
reduction in the computational time.

4.5 Conclusion

In this chapter, a new statically compatible layerwise stress model for laminated plates, called
SCLS1, has been presented. To the authors’ knowledge, this is the first fully static model dedicated
to multilayered plates which can exactly comply with the 3D equilibrium equations and the 3D
free edge boundary conditions. As in the LS/ model initially proposed by Naciri et al. (1998),
the laminated plate is considered as a superposition of Reissner plates coupled by interlaminar
stresses which are considered as generalized stresses. However, the divergences of the interlaminar
transverse shears are introduced as additional generalized stresses in the proposed SCLSI model.
Also, a refined version of the new model is obtained by introducing several mathematical layers
per physical layer. The refined version is specially designed to effectively capture both stress
concentration and boundary conditions at the free edges.

In addition to that, an eight-node isoparametric quadrilateral finite element with 6np — 1 d.o.f. at
each nodal point has been formulated. Here, n is the number of physical layers and p is the number
of mathematical layers per physical layer. In this finite element formulation, the interlaminar
stresses are given in a straightforward manner using the constitutive equations, and without any
post-processing work. The existing finite element program called MPFEAP initially dedicated to
the LS/ model has been updated in order to take into account the new model. The proposed new
finite element program presents a 2D type data structure that provides several advantages over a
conventional 3D finite element model: simplified input data, ease of results’ interpretation and big
reduction of calculation time.

The performances of this new element have been compared with those of a standard 3D FE
for free edge problems including geometric effects (presence of a hole). It has been demonstrated
that the proposed SCLSI model has better performances because it is able to reproduce both stress
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concentration and free edge boundary conditions at a reduced cost. Another important point is that,
although the refined LS/ model cannot comply with the exact free edge boundary conditions, it can
still be considered as an acceptable approximation of the SCLST model, and thus of the 3D model,
for the prediction of stress concentration near free edge boundaries.

Following the ideas of Chataigner et al. (2011), Duong et al. (2011) and Alvarez-Lima et al.
(2012) it would be interesting to extend the SCLSI model to the case where the interfaces between
the layers are not perfectly bonded showing an elastic or inelastic behavior.
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5.1 Introduction

The Kirchhoff-Love plate model (classical plate theory), is easy to implement and gives good
estimates when the plate slenderness ratio L/h (h: plate thickness and L: plate span) is large enough
(thin plate). In this theory, the contribution of out-of-plane stress components to the stress energy is
neglected. However, for thick plates, transverse shear stresses have an increasing influence on the
plate deflection.

Two main approaches can be found in the literature to handle the effects of transverse shear stresses:
asymptotic approaches and axiomatic approaches. The first class of approaches is mainly based
on asymptotic expansions in the small parameter s/L (Caillerie and Nedelec, 1984; Lewinski,
1991a,b,c). However, higher-order terms yield only intricate Kirchhoff-Love plate equations and
no distinction between relevant fields and unknowns is made. Such asymptotic approaches lead to
models which are not simple to implement.

The second main class of approaches is based on assuming ad hoc displacement or stress 3D
fields and it seems easier to implement in finite element codes. These models can be Equivalent
Single Layer (ESL) or Layerwise. Equivalent Single Layer models treat the whole laminate as
an equivalent homogeneous plate. However, when dealing with laminated plates, these models
lead systematically to discontinuous transverse shear stress distributions through the thickness
as indicated by Reddy (1989). The most refined Equivalent Single Layers models, which finally
led to continuous shear stress are zigzag models (Ambartsumian, 1960; Whitney, 1969; Carrera,
2003). However, these models are restricted to some specific configurations (symmetry of the plate
and material constitutive equation) and involve higher-order partial derivative equations than the
simple Reissner-Mindlin plate model. The difficulties encountered with transverse stress fields
instigated the consideration of layerwise models. In layerwise models, all plate degrees of freedom
are introduced in each layer of the laminate and continuity conditions are enforced between layers.
Layerwise models lead to correct estimates of local 3D fields. However, their main drawback
is that they involve a number of degrees of freedom proportional to the number of layers than
Equivalent Single Layer models. The limitation is immediately pointed out with functionally graded
materials, where the plate constituent’s properties vary continuously through the thickness Nguyen
et al. (2008).

On the other hand, the extension of the original approach from Reissner (Reissner, 1944) based on
the principle of minimum complementary energy led to an Equivalent Single Layer plate theory
called the Generalized-Reissner theory (Lebée and Sab, 2016a,b). This theory takes accurately
into account shear effects and does not require any specific constitutive material symmetry. When
suitably simplified, this theory becomes the Bending-Gradient theory already introduced in (Lebée
and Sab, 2011a,b, 2012; Sab and Lebée, 2015; Lebée and Sab, 2017). Here, shear forces are replaced
by the gradient of the bending moment R = M« V. Hence, the Bending-Gradient theory belongs to
the family of higher-order gradient models. The mechanical meaning of the R was identified as
self-equilibrated static unknowns associated to warping functions in addition to conventional shear
forces. The kinematic degrees of freedom (d.o.f.) are the deflection, and the generalized rotation
which may have between two and six d.o.f.. Indeed, it was also established that, when the plate
is homogeneous, then the original theory from Reissner (Reissner, 1944) with three d.o.f. (one
deflection, two rotations) is fully recovered.

Since the Bending-Gradient model is not yet implemented in a finite element program and its usage
is limited to analytical solutions (Lebée and Sab, 2011b) used to calculate 1D models with some
restrictions; for this, the purpose of this chapter is to present the finite element implementation
of the Bending-Gradient model and to show its accuracy when compared to Bending-Gradient
analytical model, ABAQUS composite layup plate finite element model, and LS/ finite element
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layerwise model (Naciri et al., 1998; Carreira et al., 2002; Diaz Diaz et al., 2002; Caron et al., 2006;
Nguyen and Caron, 2006; Dallot and Sab, 2008; Saeedi et al., 2012a,b, 2013a,b; Lerpiniere et al.,
2014; Baroud et al., 2016)

This chapter is organized as follows. The notations of (Sab and Lebée, 2015)) and the definition of
the 3D problem for the laminated plate are introduced in Sections 5.2 and 5.3, respectively. Then,
the Bending-Gradient theory is recalled in Section 5.4, and Section 5.5 discusses the finite element
discretization of the Bending-Gradient model and its implementation. Finally, Section 5.6 presents
numerical comparisons between the different models. The chapter ends with a conclusion which
synthesizes the main results.

5.2 Notations

First, second, third, fourth and sixth order tensors are respectively noted: X, X, X, X and X. When
dealing with plates, both 2D and 3D tensors are utilized. Thus, X will denote a 3D vector or a 2D
vector depending on its nature. The same convention is used for higher-order tensors. When using
tensor components, the indices typeface specify the dimension: (X;;) denotes the 3D tensor X with
Latin indices i, j, k.. = 1,2, 3 while (X,) denotes the 2D tensor X with Greek indices @, f,y.. = 1,2.

The transpose operation “e is applied to any order tensors as follows: ("X),s ., = Xuwy. go- Five
symbols are defined: (), (3), (¢), (i), and (:}) for contraction on, respectively, one, two, three, four
and six indices. By convention, the closest indices are successively summed together in contraction
products. Thus, X : ¥ = (X651, Y,a5) and X - ¥ = (X,p,Y,) is different from Y - X = (Y, X,p,).

The identity for 2D vectors is § = (0,5) Where 6,4 is Kronecker symbol (6,5 = 1 if a = S,
043 = 0 otherwise). The identity for 2D symmetric fourth order tensors is { where

) 1
Lapys = 5 (6(17(5,5'(5 + 6056ﬁ7) .
The reader may check this:
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and that

L L = (ia,By(iirSe{n)

is a sixth-order tensor.

The gradient of a scalar field X writes XV = (X 3) and the gradient of vectors or higher order
tensor fields writes XoV = (X,3,), whereeis the dyadic product. The divergence of a vector field,
a second-order tensor field, a third-order tensor field is noted X - V = (X, ,), X - V = (X,54) and
X -V = (X,py,), respectively.

5.3 The 3D Problem

The plate occupies the volume Q = w X 7~ where w denotes the mid-plane surface of the plate and
T = ]—é, %[ is the transverse coordinate range. The boundary, dQ2, is decomposed into three parts

(Figure 5.1):

09 = 0Q, U 0Q U 63,

. . t (152)
with 8Qu = dwx T and 9% = wx {ii}.
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Fig. 5.1. Plate Configuration.

It is assumed that the local stiffness tensor C = (Cl- jk,) at every point x = (xy,xp,x3) of
Q) is invariant with respect to translations in the (x, x,) plane and is an even function of xj:
C(x3) = C(—x3). The plate is clamped on its lateral boundary 9€, (other conditions can be also

considered) and is loaded with the out-of-plane distributed surface force along x; direction on both
faces 9Q23:

. 1
T (x1, x2) = 5p3 (31, 32 €,
The compliance tensor § = g_l follows the classical symmetries of linear elasticity and it is

positive definite. In addition, monoclinic symmetry is assumed:

S3apy = Sa333 = 0. (153)

Thus, the constitutive equation writes as:

Eap = Saﬁyéo-éy + Sa,B330-33a
Ea3 = 28 43830738, (154)
£33 = 53308080 + 533330733,

where g = (0 j) is the stress tensor and g = (si j) is the strain tensor. The following notations
are needed for the partial compliance tensors:

$ = () C=(8) 0 8= () 8= (Sum). 153
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where §” corresponds to plane stress compliance, C” to plane stress stiffness, §” to transverse shear
compliance and §” is the out-of-plane Poisson coupling.
From the symmetries of the problem it can be established that the 3D solution components

Zg, o35, €20, 32 and 13" are odd in x3 while 022, £22 and 43" are even in x3. Here, u’ is the 3D

o aB> €33
displacement.

5.4 The Bending-Gradient theory

The Generalized-Reissner theory of Lebée and Sab (2016a,b) is the extension to laminates of
Reissner theory for homogeneous and isotropic plates (Reissner, 1944). However, it involves
fifteen kinematic degrees of freedom (d.o.f.), eight of them being related only to out-of-plane
Poisson’s distortion, not really interesting for engineering applications. Thus, the main idea of the
Bending-Gradient plate theory, initially introduced in (Lebée and Sab, 2011a,b), is to simplify the
Generalized-Reissner theory by setting these eight d.o.f. to zero and to neglect the contribution of
the normal stress o33 in the plate model constitutive equation.

5.4.1 The Bending-Gradient equations

Hence, the Bending-Gradient theory has only seven d.o.f.: (U3, cp) where the scalar Us; is the

out-of-plane displacement of the plate (or deflection) and ® = (CI)QM) with @5, = Dg,, is the
generalized third-order rotation tensor.
The generalized stresses in the Bending-Gradient theory are the bending moment tensor M =

(Maﬁ), with M, = Mp,, and the generalized shear force R = (Raﬁy) with R,p, = Rgay. In this theory,
the 3D stress is approximated by:

05[5 = Sfyﬂy(; (x3) M, (x1, x2),
g% =1 oY = Ssﬂ»yé (x3) Rsyp(x1, X2), (156)
BG _
o3y = 0.

Here, the in-plane stress localization fourth-order tensor gM related to bending moment M writes
as:

s" (x3) = x3C7 (x3) : D, (157)

where D = (<x§C By 6()63))) is the bending stiffness tensor and the integration through the thickness

of the plate is noted:

t

2
(f(x3)) = f J(x3) dxs.
2
Note that, by definition of §", we have M,z = <x30'550>.
The transverse shear stress localization fourth-order tensor gR related to the generalized shear

force R writes as:

o (1) = f " _sM(ys) dys. (158)

L
2
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Because some components of R might not contribute to o5, it will be assumed that R belongs to
subspace S defined as:

S = Span {s"1(x5),s"2(x3), V3 € T, (159)
where
sf[;y(x_q,) = s’l";ﬁa(x3) and sfjﬁzy(xg = s’z"’yﬁa(m). (160)

Indeed, it can be shown that if gR (x3) : R = 0 for all x3, then R belongs necessarily to the orthogonal

of 8. Hence, restricting R to S ensures that 025 = 0 for all x5 is equivalent to R = 0.

Note that the conventional shear force Q, = <0‘B3G > is derived from the generalized shear force

through:
Q=1:R or Qo= R (161)

Another important property is that the dimension of subspace S is at least two. Indeed, let us
introduce the following two-dimensional subspace:

S = Span {L'(”, L'@)} (162)
where
i = (i) = (i) and i = (i) = (izypa) (163)
Then, we have S ¢ 8. This means that the two independent tensors i'” and i'? are in S.
The equilibrium equations of the Bending-Gradient theory write:
R-P:(MoV)=0, (164a)
(i:R)-V+ps =0. (164b)

where the sixth-order tensor 1;5 is the projection operator on S.

The Bending-Gradient generalized strains, dual of (M , Ij), are (/,‘f’ E) where X is the curvature
second order tensor and I'' € § is the generalized shear strain third order tensor. These general-

ized strains derive from the generalized displacements (U3, (1)) using the following compatibility
conditions on w:

/K = (,I? ° Y$
(165)
!‘: = (,—I\) +£ YU3’
and the clamped boundary conditions on dw:
®-n=0 and U;=0 on Jw. (166)

Note that other boundary conditions can be considered. Refer to Appendix B.1.

The condition I € § is actually equivalent to ® € S since i - VU3 is in S?, and 8" is a subset
of §. This means that the kinematic degrees of freedom of the Bending-Gradient model are the
deflection U; and n generalized rotations, n being the dimension of S with 2 < n < 6 depending on
the 3D elastic properties of the laminated plate.

The Bending-Gradient constitutive equations write as:
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|

where d = Q’l is the bending compliance tensor and £ is the shear compliance tensor given by:

Nawlilav
I
Y

)w zg

(167)

h=(s"5s") (168)

It should be emphasized that k is symmetric and positive but it is definite only on the subspace
S. In other words, S is the orthogonal of the kernel of A. When the kernel of A is zero, then S
coincides with the whole space of third-order tensors which are symmetric with respect to their two
first subscripts.

5.4.2 Localization

Once the solution of the Bending-Gradient plate equations (164-167) is found, it is possible to
derive the 3D stress and displacements fields, respectively approximated by g?¢ given by (156),

and by u® as follows:
U5 = USS + whiMg, and  up® = —x3USS + g, sRsp. (169)

Here, the transverse Poisson’s effect is carried by the bending moment M:

Ca
wi(x;) = f Vi g dys. (170)
R 3333

where fR f denotes the unique primitive of the function f of the x3 coordinate such:

<1§R§Lff>:0. (171)
3% =k

The in-plane warping related to transverse shear effects are carried by the generalized shear
force R:

X3
g 5(x3) = fo (Sgnsﬁm—(saﬁw%) dys. (172)

5.4.3 The case of homogeneous plates

In this case, the Reissner plate equations are retrieved. Indeed, S is completely generated by i

and i'?. It is hence equal to Q(i) of dimension two and we have the following equations:

R=-i-0, (173)

and

P (Me9)=2i:(M V) (174)

Thus, the equilibrium equations (164) become:
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0-M-V=0, (175a)
{ Q-V+p3=0. (175b)

Moreover, in the case of homogeneous plates, the generalized shear compliance writes:

Q:§L'~y'i (176)
The tensor @ being in S = Q(i), it has necessarily the following form:
=19, (177)
where ¢ = (¢,) is the rotation vector. The corresponding constitutive law becomes:
;:@+£-YU3:£-(Q+YU3):L1;B, (178)
or equivalently:
6
¢+ VU; = S—IS Q. (179)

5.4.4 Variational formulation

Like 3D elasticity problems, the Bending-Gradient problem can be given a variational framework.
For this purpose, the set KCBS of kinematically compatible Bending-Gradient displacements are
defined as:

KC® = (U3, @) (x1,x2), ® €8, (x1.%) €w, such that (166)}, (180)

The theorem of the minimum of the potential energy says that the solution (U?G, Q)BG) of the

Bending-Gradient problem achieves the minimum of the potential energy functional PB¢ defined on
KCB6 as:

PBG:fwBG()N(,[)dw—fp3U3dw, (181)

where y and I are the generalized strains associated to the generalized displacements (U3, Q))

through the compatibility equations (165) and wB% is the Bending-Gradient strain energy density
function given by:

1 1
BG
w ,F) =—x:D:y+ -
()f BT RS
where the generalized shear stiffness tensor H is the Moore-Penrose pseudo inverse of k. Indeed,
as mentioned before, the shear compliance tensor A is symmetric and positive but it is definite only

on subspace S. The corresponding generalized shear strain energy density is defined for all ' in S
as:

T:H:T. (182)

a L~

1
ngslj:max{TEsA——tshslj}
A ReS 2 =

| =
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54.5

In this section, we introduce Kelvin notation in order to turn contraction products into conventional
matrix products. Brackets [e] are used to denote that a tensor is considered in a matrix form. Thus,
[e] is a linear operator reallocating tensor components. For instance, the bending moment and
curvature second-order tensors are reallocated in a vector form:

Kelvin Notations

M, X1
] =| 2 | =] w2 | (183)
V2M, V2xi2
as well as the fourth-order compliance tensor d is reallocated in a matrix form so that constitutive
equation y = d : M becomes a vector-matrix product:

dim don V2din
[Q] = don dnn  V2dix (184)
V2dipi V2die  2dions

The same Kelvin notation applied to C” can be used for the computation of D as:

2] = (|c7 ). (185)

Similar procedure is applied to shear variables and the corresponding constitutive equation.
Shear unknowns are reallocated in the following vector form:

Rin i Dy
Ro») [ Dy
[R] _ V2R3 [ V2ry [(I)] V205, (186)
- Ry ’ Iz e Dy
Ro» o 0555
V2R 2 V2r', V20,2,

The shear constitutive sixth-order tensors A and H are turned into a 6 X 6 matrix of the form:

Sitnn Siz V2fiiar - finen Siraz V2fir2a
S Jon22 ‘/§f221121 Ja1211 J221222 ‘/§f221221
[f] _ \/§f121111 ‘/§fl21122 2fi21121 ‘/zfl21211 \/Eflzlzzz 2 f121221 (187)
= NATEIRT! finiz  V2fin fin fime  V2fim
Ja22111 Ja22122 V2fmin fomi Ja22020 V2 oo
V2fioin V2fimie 2fimin V2fimn V2fim  2finmi

Finally, when using Kelvin matrices components, the same typeface is used. The number of

indexes indicates unambiguously whether it is the tensor component or the matrix component:

J>22221 1s the tensor component of f and fs5¢ = V2 J220021 1s the matrix component of [ f ] For more

~

details about the computation of matrix [h], refer to Appendix B.2.

~

5.5 Finite element discretization of the Bending-Gradient model

This section deals with the displacement finite element formulation of the Bending-Gradient model
presented in the previous section. An eight-node isoparametric quadrilateral element with 7 d.o.f. at
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each nodal point will be presented. This element has the same interpolation functions as the LS/
and SCLSI ’s element which was integrated in the MPFEAP in-house software (Nguyen and Caron,
2006; Baroud et al., 2016).

5.5.1 Methods for calculating shear stiffness matrix

As noted before, the shear compliance tensor k is symmetric and positive. It is definite on the
subspace 8 whose dimension is between two and six depending on the elastic properties of the
laminated plate. Hence, there are two possible numerical strategies to handle this problem. The first
one is to introduce the constraint ® € § when the dimension of S is strictly lower than six. The
second one, which will be adopted in our computer code, is to regularize the problem by adding a
small strictly positive compliance to the diagonal components of the exact shear compliance tensor
h, which becomes the inversible compliance Qf :

] = ] =]« Y

TG (188)

~

wherea=B=y=0={=n=1,2, [i] is the identity 6 X 6-matrix and £ is a positive parameter.

A parametric study was conducted in which the exponent ¢ was varied between 1 and 8. We
recommend to set & = 3 unless in the case of a concentrated loading force applied on a thick plate
(slenderness ratio L/h between 3 and 10) for which & = 5 is recommended.

5.5.2 Geometry and displacement interpolations

The representation of the geometry of the finite element mesh is based on a quadrilateral master
element defined in the (&, n7) space as shown in Fig. 5.2.

Fig. 5.2. The eight-node element a) with four second-order Gaussian stations b) with nine second-order
Gaussian stations.

The geometry interpolation can be written as
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8
XEm) = ) N(&mx
i:8‘ (189)
YEM = ) Nd&myi
i=1
where (x;, y;) are the co-ordinates of node i, i = 1,...,8, and N;(¢, n) its shape function given
by: for-1<&é<1,-1<n<1,
1
N = -(1-HU-n(-1-&-1n)
Nyém = z(1-H1-n)
Ni&n) = -(A+HUA-n(-1+E&-1n)
Ny&,m) = z(1+51 -1
(190)

Ns¢€m = Z(0+HA+m=1+&+1)
Neém) = (1 —=&)1+1n)
N = (0= +m(=1-&+m)
Ng(&.m) = 5(1—5)(1—172)

In order to achieve the general applicability, an isoparametric finite element formulation is
adopted, which interpolates the co-ordinates and element displacements using the same shape
functions.

5.5.3 Weak formulation of the Bending-Gradient model

e The generalized displacement vector [¢] is defined as:

[6]" = (Ua, D)1, Popys V2Dy51, D1, Do, \5@122),
7

where [X]” is the transpose of [X]. The displacement field interpolation is hence expressed
as:

8
[6106,3) = > Nil&m) [61] (191)
i=1

where [0;] is the value of the 7 generalized displacement vector at node i.

e The generalized strain vector [E] defined as:

21 =[] ]

where the generalized curvature strain vector is:

T
[/K] = ()(11,)(22, ‘/5)(12),
3
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and the generalized shear strain vector is:

T
[1:] = (Fm, [, \/EFm, 112, Tooo, ‘/El“]zz).
6

The expression of these generalized strains (165) may be explicitly written as

_ 00, N 00, _ 00 N 0D
X11 ox By s X22 ox By s
_ 00, + 002
X12 ox By s
oU
[ =@ + 6_3’ [ = Dy, (192)
x
oU
[ = Oy + 0—3, ['2 = @y,
'y
oU oU
[y = Do + (?_3’ [N =@ + —3,
y 0x

Using the following derivation rules for the interpolation functions:

GNL- GN,% + %67}

Ox 8¢ ox  On ox’
ON, _ ON:0E ON;on )
dy  0Edy A dy’

The strain field interpolation can be written as:

8

| = D [m]1 = 8. By1 6] (194)
i=1

=

where [Bf ] of dimension 3 X 7 is defined as:

O N, O O N, O 0
|B]=|{0 0 N O O Ny 0 [, (195)
0 0 0 N, O 0 N
and .
[;]:Z[B{] [6]=[B.,....,BL[6] (196)
i=1
where [Blr] of dimension 6 X 7 is defined as:
[Ny N, 0 0 0 0 0]
0O 0N O 0 0 0
Niy
5 0 0ON O 0 0
I
[Bl‘] 0O 0 0 0 N 0O 0 (197)
Ny 0 0 0 0 N O
Ne o 000 0 0 N
L 2 L
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By assembling [Bf ] and [Blr] into [B;], we obtain:

8
[E] = Z [Bil[6:] = [Bi,. .., Bs][d] (198)

i=1

e Finally, the generalized stress vector [X] is defined as:

=1 = (2] [2]) (199)
where ,
[;X] = (My1, My, V2M),). (200)
and ,
[;F] = (Rlll’ R221’ \/5R1213R112’ R222’ \/5R122) ’ (201)

With these notations, the Bending-Gradient constitutive equations (167) can be rewritten as:

[E]=[ST[X], [X]=I[C][E], (202)

where [S] is the generalized compliance matrix and [C] = [S]17! is the generalized stiffness
matrix.

5.5.4 Element stiffness matrix and nodal forces

Inserting (198) and (191) into the variational formulation of the problem (181-182), and restricting
the integration over the considered element «°, it is found that the strain energy stored in the element
is:

:ii%f [B.1" [C1B,][6,] dxdy = ii% 1[5 ()]

i=1 j=1 i=1 j=1

where the element stiffness matrix [Kf}] is given by:

f (B, [C1]B] dxdy = fw ([B] o[+ [B] (] [BY]) vy,

and that the work of the external forces in the element w? is:

ZS] [6:1" [F¢]

i=1

where the element nodal force [F f] is given by:

[F]= | N:IF] dxdy
By assembling all the element stiffness matrices and all the element nodal forces, and by taking
into account the kinematic boundary conditions, a system of linear equations is obtained the solution
of which is the vector of the nodal d.o.f. From the latter, the corresponding strain and stresses can
be deduced from, respectively, equations (198) and (202).
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5.5.5 Bending-Gradient finite element with selective integration technique

It is well-known that the selective integration technique can be used to avoid shear locking in
Reissner-Mindlin finite elements. In order to apply this technique to our model, the idea is to
decompose the elasticity shear matrix into two elasticity shear matrices:

)= 4]+ 1] 20

where the part of the shear energy 1'I': H* :I associated to matrix [Q S’f] is numerically integrated

with four Gauss points while the part associated to matrix [Qd"f ] is subjected to full integration with
nine Gauss points (or more, the results are the same).
The construction of [Q “"5] and [Qd’f] is as follows: The space generated by all possible @ is

orthogonally decomposed, in the sense of the scalar product defined by Iif , into the subspace Q(i)
introduced in (162) which is generated by the ® of the form £ - VU3, and its orthogonal counterpart.

In order to achieve this orthogonal decomposition, the standard Schmidt orthogonalization technique
is used. Using the matrix Kelvin notation, we have:

|i- VU3 = U5, [i0] + U3, |i®] (204)

where

’[f“]:[l, 0, 0, 0, 0, %] T[L'(”]:[o, 0, % 0, 0, 1}. (205)

We define the following two orthonormal basis vectors {[[(1)] , [[(2)]} as:

=[]

ap
[]:(2)]: —ai; [L(l)] 4 ap [i\(z)] (206)
\/61_11 anazz—a%z \/allan_a%z
with
as = [1][HE][iP]. a.p=1.2. (207)
The following properties hold true:
an > 0, anan —aly > 0, ap = ay, [LO|[H|[LP] =6, (208)

Moreover, S is equal to the subspace generated by vectors {[If”] , [[(2)]}. Hence, the orthog-

onal projection operator [£] of [Cl)] on Q(i) the is the 6xX6 matrix whose components are given
by:

— (1M 1@\ ¢
Py = (0 + 1) vy, (209)

where H,"':j are the components of the 6x6 matrix [PAIE] with i, j,k =1,2,...6.
We easily check that:

] = e, w2

2. (] [a] (2] = (2] (2] = o] (2] =[]
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Thus, each [(1)] is uniquely decomposed as follows:
@] = @]+ 2’|

e @] =[e][e]. [0]=[z-p][@]. |o][z][e"]=0.

Finally, the matrix [H*] is decomposed as in (203) with:

=] ). e = ]|

)

IN

- P]. (210)

5.5.6 BGFEAP code description

BGFEAP (Bending-Gradient Finite Element Analysis Program) is a code developed in the Labora-
toire Navier. The code is written using standard Fortran 77 and is a development of the program
MEF presented in Dhatt and Touzot (1984). The program BGFEAP uses text files for data input and
results output can be visualized using GID program described in CIMNE and GID. In parallel, a
user element for Abaqus was developed, and it is based on BGFEAP.

5.6 Examples and numerical results

In this part, comparisons are made between Bending-Gradient finite element, Bending-Gradient
analytical solution, exact solution for multilayered plates, LS/ finite element and plate bending FE
model in order to assess the performances of the new model. Moreover, patch tests for constant
shear and moment were performed with Bending-Gradient finite element. The 2D FE calculations
are performed with the commercial ABAQUS software.

5.6.1 Patch tests

The patch tests can prove, in addition to consistency requirements (which were initially the only item
tested), the stability of the approximation by requiring that for a patch consisting of an assembly of
one or more elements the stiffness matrices are non-singular whatever the boundary conditions are.
Patch tests performed on plates with meshes of arbitrary quadrilaterals of the type shown in Fig. 5.3
can represent fields of constant moment or shear for both thick and thin plates.

T Y
0,10) - (10,10)
¥ =
(4,7)
(8,7)
0| '
L & - —_—
0,0 < o (10,0)
10

Fig. 5.3. Patch test: a patch of elements is considered in the load cases.
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In this section, 3 multilayered plates were studied: the first case with one layer, the second one
with 4 symmetric layers and the third case with 6 symmetric layers. The material properties and
fiber orientation have no influence on the results. The total layers thickness is noted 4.

For the first case with one layer, the fiber orientation is 0°.
For the second case with 4 layers, the fiber orientation is 0°/90°/90°/0°.
For the third case with 6 layers, the fiber orientation is 45°/0°/90°/90°/0° /45°.

5.6.1.1 Bending patch test

In the bending patch test, a distributed edge couple of constant intensity, equal to 1, is applied with
the suitable boundary conditions:

Us; is set equal to zero on 3 nodes on the corners. On X=0 and 10, a linear load along ¢, is
applied equal to -1 and 1 respectively. On Y=0 and 10, a linear load along ¢, is applied equal to -1
and 1 respectively.

In table 5.1, results for bending patch are shown for the 3 cases cited above and for different
slenderness ratio L/h.

L/h 5 10 20
6 layers | 0.988 | 0.963 | 0.913
4 layers | 0.997 | 0.989 | 0.971
I layer | 0.999 | 0.999 | 0.995

Tab. 5.1. The average value of moment M intensity calculated throughout the plate.

5.6.1.2 Twisting patch test

In the twisting patch test, a distributed edge couple that generate a constant twisting, with an
intensity equal to 1, is applied with the suitable boundary conditions:
Us; is set equal to zero on 3 nodes. On X=0 and 10, a linear load along ¢, is applied equal to -1
and 1 respectively. On Y=0 and 10, a linear load along ¢, is applied equal to -1 and 1 respectively.
In table 5.2, results for twisting patch test are shown for the 3 cases cited above and for different
slenderness ratio L/h.

L/h 5 10 20
6 layers | 0.998 | 0.993 | 0.99
4 layers | 0.998 | 0.993 | 0.984
I layer | 0.996 | 0.984 | 0.941

Tab. 5.2. The average value of moment M1, intensity calculated throughout the plate.

5.6.1.3 Shear patch test

In the patch test for shear shown in Fig. 5.4, a lateral distributed edge load of constant intensity,
equal to 1, is applied at the right-hand edge of the patch of elements which is fully clamped at the
left-hand edge. It is also necessary to constrain all of the rotations to zero in order to prevent a field
of bending moments developing.
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w=0

Fig. 5.4. Shearing case.

In table 5.3, results for shear patch test are shown for the 3 cases cited above and for different
slenderness ratio L/h.

L/h 5 10 20
6 layers | 1.001 | 1.001 | 1.001
4 layers | 1.001 | 1.001 | 1.001
I layer | 1.001 | 1.001 | 1.001

Tab. 5.3. The average value of shear Q; intensity calculated throughout the plate.

5.6.1.4 Discussion

According to the results obtained, we can conclude that the Bending-Gradient finite element model
converges to the exact constant value for bending, twisting and shear patch tests, specially for small
slenderness ratio (L/h). Therefore, the best performance range for the Bending-Gradient finite
element is for a slenderness ratio lower than 20.

5.6.2 Comparison between analytical solution and Bending-Gradient finite
element

5.6.2.1 Problem description

The laminate used in this example is composed of 3 layers (Lebée and Sab, 2011b). Each layer is
made of unidirectional fiber-reinforced material oriented at 6 relative to the direction x. All plies are
perfectly bounded. The constitutive behavior of a ply is assumed to be transversely isotropic along
the direction of the fibers and engineering constants are chosen similar to those of Pagano (1969):

For the first and third layer, the thickness is e; = e3 = 1, the fiber orientation is 90° and the
elastic constants are:
El = 25E, Ez = E3 = lE,

E,

Gin=G13=05E,Gy3 = ——— =04E,
12 13 3= 00T vm)

Vi = Vi3 = V3 = 0.25.
where 1, 2 and 3 refer, respectively, to the fiber, transverse, and thickness direction as shown in Fig.
5.5.

For the layer 2, the thickness is e, = 2, the fiber orientation is 0° and the elastic constants are
the same as the first and third layer.

The plate slenderness ratio (L/h) is set equal to 5.



CHAPTER 5. FINITE ELEMENT OF BENDING-GRADIENT THEORY 107

Fig. 5.5. Description of fiber orientation axes and angle.

The laminate is subjected to a cylindrical bending with a simply supported edges (Fig. 5.6)
with L=20, and where the plate is invariant and infinite in Y direction and transversely loaded with
a uniformly distributed load applied along z axis, equal to 0.003E. The particular choice of 3D
boundary conditions is shown on Fig. 5.6 and the invariance of the solution in Y direction enable
a variable separation between Y and X, and the derivation of a closed form solution. It should be
mentioned that Y=0 and Y=150 are free edges. It is important to note that this solution does not
present any boundary layer in the region near the simple support.

The following notation is used:

— U

U=

_ Rypy — My
aBy = T M aBf =
P = EL2 5~ EL

RE
e o

- BG{
-
-

|

Fig. 5.6. Description of laminated plate configuration for cylindrical bending.

5.6.2.2 Results and interpretation

In the following section, comparisons are made between Bending-Gradient finite element and the
analytical solution of the Bending-Gradient theory:

In Fig. 5.7, deflection Us, ®111, P201 and ¢y, are plotted for the Bending-Gradient finite element
and the analytical solution. It should be noted that @51, ¢1, and ¢y, are equal to zero in both
Bending-Gradient finite element and the analytical solution of the Bending-Gradient model. In Fig.
5.8, the distribution of M;;, My, R11; and Ry, are plotted for the Bending-Gradient finite element
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and the analytical solution. It should be noted that M5, Ryr1, Ria1, Ri15 and Ry, are equal to zero in
both Bending-Gradient finite element and the analytical solution of the Bending-Gradient model.
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—0.005 —  0.02
2 —0.010 = 0.00
—0.015 & _0.02
—0.020 —0.04
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0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
x/L x/L
0.04 0.00010
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0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
XL |— BGFE  — Analytical Solution x/L

Fig. 5.7. Displacement: Us, 111, $221 and @127, predicted by the Bending-Gradient finite element and the
analytical solution.
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Fig. 5.8. Distribution of M1, M, Ri11 and Raa; predicted by the Bending-Gradient finite element and the

analytical solution.

According to the results obtained, we can conclude that the Bending-Gradient finite element
converge to the exact analytical solution for both displacements and stresses.
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5.6.3 Comparison between Bending-Gradient FE and exact solution for mul-
tilayered plates

We present in this section tests on a multilayered plates composed of 3 and 9 layers.

5.6.3.1 Problem description

We consider a simply supported plate and subjected to a double sinusoidal load. We study two
sequences of stack of layers: the first sequence of three layers of 0° / 90° / 0° and the second is nine
layers of 0°/90°/0°/90°/0°/90°/0°/90°/0°. The mechanical characteristics of the layers are
shown in Fig. 5.9 with L = 10. The constitutive behavior of a ply is assumed to be transversely
1sotropic along the direction of the fibers and engineering constants are chosen as follows:

E] = 25E, E2 = E3 = IE,

G12 = G13 = OSE, G23 = 02E,

Vi = Vi3 = V3 = 0.25.

where 1, 2 and 3 refer, respectively, to the fiber, transverse, and thickness direction as shown in Fig.
5.5.

h0°=h/4
h90°=h/2

h0°=h/10

h90°=h/8

Fig. 5.9. Multilayered square plate configuration: a) stack of 3 layers 0°/90°/0°, b) stack of 9 layers
0°/90°/0°/90°/0°/90°/0°/90°/0°.

We dispose for this test a reference solution based on the 3D elasticity PAGANO and HATFIELD
(1972).
The following notation is used:

— 7T4Q L E, + E2(1 + 2V23)
W=W—— S=—, =4G, +
12S4h(]0 h Q 12 1- V12V21
_ _ 1
(T o) = (011 022), (013 03) = — (013 023),

q0S? qo0S
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In this section, results of the Bending-Gradient finite element and the reference solution, for a
square plate with 3 layers 0°/90°/0°, are presented in table 5.4.

L/h Model 511 6’22 513 523 w
(L/2, L)2,-h/2) | (L/2, L/2,-h/4) | (O, L/2,0) | (L/2,0,0) | (L/2, L/2,0)
4 BG FE 0.374 0.67497 0.26739 0.313 4.868
4 | 3D Elasticity 0.72 0.663 0.219 0.292 4.491
4 2D Abaqus 0.38 0.6726 - - 4.9
10 BGFE 0.4874 0.403 0.325 0.206 1.745
10 | 3D Elasticity 0.559 0.403 0.301 0.196 1.709
20 BGFE 0.525 0.308 0.343 0.18 1.2
20 | 3D Elasticity 0.543 0.308 0.328 0.156 1.189
50 BG FE 0.5363 0.276 0.348 0.166 1.033
50 | 3D Elasticity 0.539 0.276 0.337 0.141 1.031
100 BG FE 0.538 0.271 0.347 0.159 1.008
100 | 3D Elasticity 0.539 0.271 0.339 0.139 1.008

5.6.3.3 9 layers plate

Tab. 5.4. Validation of the Bending-Gradient finite element on a square plate with 3 layers.

In this section, results of the Bending-Gradient finite element and the reference solution, for a
square plate with 9 layers 0°/90°/0°/90°/0°/90°/0°/90°/0°, are presented in table 5.5.

L/h Model 51 1 522 6’1 3 6’23 w
(L)2, )2, -hj2) | (LJ2, )2, -2h/5) | (0, L/2,0) | (1/2,0,0) | (L/2, L)2, 0)
4 BG FE 0.493 0.4914 0.244 0.246 4.245
4 | 3D Elasticity 0.684 0.628 0.223 0.223 4.079
4 2D Abaqus 0.497 0.0234 - - 4.2645
10 BG FE 0.5225 0.459 0.261 0.239 1.534
10 | 3D Elasticity 0.551 0.477 0.247 0.226 1.512
20 BGFE 0.5346 0.441 0.268 0.237 1.139
20 | 3D Elasticity 0.541 0.444 0.255 0.221 1.129
50 BGFE 0.538 0.433 0.269 0.235 1.023
50 | 3D Elasticity 0.539 0.433 0.258 0.219 1.021
100 BG FE 0.538 0.431 0.268 0.232 1.006
100 | 3D Elasticity 0.539 0.431 0.259 0.219 1.005

5.6.3.4 Discussion

Tab. 5.5. Validation of the Bending-Gradient finite element on a square plate with 9 layers.

An analysis of the results shows that the Bending-Gradient finite element works well in the case of
three layers with large slenderness: the error found on the deflection and the normal stresses (o7
and 07,) 1s less than 1%. For small slenderness, there is a significant deviation from the reference
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solution which is 48% on the normal stresses o711, 1.8% on 05, and 8% on the deflection for both
Bending-Gradient FE and Abaqus 2D FE. For the plate with nine layers, it is observed the same
trend with smaller errors in the case of small slenderness: the error is 27% on the normal stresses
011, 21% on 05, and 4% on the deflection for both Bending-Gradient FE and Abaqus 2D FE.
Shear stresses are relatively well calculated for the two stacking sequences and for different values
of slenderness. Indeed, the average error observed is of the order of 10%. It decreases with the
reduction in the thickness and increasing the number of layers.

It should be noted that the exact solution for multilayered plates is more accurate for thin plates.

5.6.4 Mesh control: Comparison between Bending-Gradient FE, LSI and
Abaqus 2D FE

5.6.4.1 Problem description

The plate under consideration is a simply supported square plate with a length of its sides equal
to L=10. The plate is subjected to a concentrated load P=-0.0002EL? applied in the middle of the
plate, it is composed of 1 layer with a thickness equal to 4. The plate slenderness ratio is denoted by
L/h. The material properties are isotropic:

The elastic constants are:

E =138 000 E,
E
= = E
G 0 +v) 57000 E,
v =0.21.

5.6.4.2 Results and discussion

We will study in this section the convergence of the Bending-Gradient finite element in terms of
displacement. The square plate is modeled with different meshes. Reference values are given by
the Abaqus 2D FE composite layup module. We present in Fig. 5.10 the percentage of relative
difference for deflection at the middle of the plate, calculated between Bending-Gradient finite
element and Abaqus 2D finite element for different meshes, and between LS/ and Abaqus 2D finite
element for different meshes.
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A) BG FE vs Abaqus 2D FE

0.7

Relative difference (%)

2 3 4 5 6 7 8 9 10
Number of cell per side

B) LS1 vs Abaqus 2D FE
0.35

0.30
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0.20
0.15
0.10
0.05

0.00 —

2 3 4 5 6 7 8 9 10
Number of cell per side

— L/h=4 — L/h=10 — L/h=20 — L/h=50

Relative difference (%)

Fig. 5.10. Convergence of deflection calculated between: A) BG FE and 2D FE Abaqus, B) LS/ and 2D FE
Abaqus.

Based on the results shown above, a good behavior of the Bending-Gradient finite element is
found. For Bending-Gradient at convergence, deviation error from the exact solution is 0.03% and
0.0244% in the case of thick plate (L/h = 4) and thin (L/h = 50), respectively. Same results are
approximately obtained for Bending-Gradient finite element and the reference values, which leads
to the conclusion that our model passes well the convergence test for thin and thick plates.

It should be noted that for LS/ at convergence, deviation from the exact solution is 0.041% and
0.004% in the case of thick plate (L/h = 4) and thin (L/h = 50), respectively. Same results and
conclusion for the LS model.

5.6.5 Comparison between Bending-Gradient FE, LS and Abaqus 2D FE

In this section, we present 4 different cases, the first case is a simply supported square plate with a
uniformly distributed load; the second case is a simply supported square plate with a concentrated
load applied in the middle of the plate as a uniformly distributed load on a very small surface, the
third case is a rectangular plate fixed on one side and subjected to a linear load on the opposed side
causing the twisting of the plate and the fourth case is a cylindrical bending of a simply supported
plate. The commercial ABAQUS software has been used with S8R element (2D 8-node quadratic
shell element with reduced integration). Comparisons are made between Bending-Gradient FE, LS/
and Abaqus 2D FE composite layup module with the same mesh refinement.

The following notation is used:

— U

=T

— Q0w = Mg
=—, My=

Qo= 12 7 EL
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5.6.5.1 First case

The laminate under consideration is a square plate with a length and width of L=10 in the x and y
directions. The thickness of the laminate, following z direction, is equal to A=4e and the middle
plane of the plate is located at z=0. The plate is simply supported on its 4 edges, and is subjected to
a uniform load equal to 0.48E . The slenderness ratio L/h is set equal to 4 and 10.

The material properties are as in Wang and Crossman (1977a) and Pagano and Pipes (1970).
For the first and fourth layers, the fiber orientation is 30° and the elastic constants are:
E,=140000 E, E;, = E3 = 15000 E,

G]z = G13 = 623 = 5 850 E,

Vi2 = Vi3 = V3 = 0.21.

where 1, 2 and 3 refer, respectively, to the fiber, transverse, and thickness direction as shown in Fig.
5.5.

For the second and third layers, the fiber orientation is —30° and the elastic constants are:
E,=160000 E, E, = E; =8 500 E,

G, =G;3=4100E,G,;=2800 E,
Vi2 = Vi3 = 0.33 , Vo3 = 05.

For L/h=10: In Fig. 5.11, we plot the distribution of moments M, and M,, and shear forces
0, and Q,, at Y = L/2 as predicted by Bending-Gradient FE, LS/ and Abaqus 2D FE. In Fig. 5.12,
we plot the deflection Us; at Y = L/2 as predicted by Bending-Gradient FE, LS and Abaqus 2D
FE. In Fig. 5.13, we plot the distribution of moment of torsion M,,, at A) diagonal between X=0,
Y=0and X = L, Y = L and B) diagonal between X=0, Y = L and X = L, Y=0, as predicted by
Bending-Gradient FE, LS and Abaqus 2D FE.

0 0

—50 —20
& —100 & —40
& —150 & —60
= 200 = 80
-~ [
: —250 N —100
= _300 = _120
—350 —140
—400 —160
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8
x/L x/L
300 100
200
50
o 100 o
(0] (0]
hat 0 - 0
— N
—100
3 (&7 _50
—200
—300 —100
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8
x/L — BGFE — Abaqus 2D FE x/L
— LSt

Fig. 5.11. Distribution of moments M, and M, and shear forces @1 and @2 at Y = L/2 for L/h=10,
predicted by Bending-Gradient FE, LS/ and Abaqus 2D FE for 30°/ — 30°/ — 30°/30°.
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0.00

—0.01

—0.02

(1e-2)

—0.03

U3

—0.04

=005 — BGFE
— LS
— Abaqus 2D FE

—0.06

—-0.07
0.0 0.2 0.4 0.6 0.8 1.0

x/L

Fig. 5.12. Deflection Us at ¥ = L/2 for L/h=10, predicted by Bending-Gradient FE, LSI and Abaqus 2D FE
for 30°/ — 30°/ — 30°/30°.

A) Diagonal between X=0 Y=0 and X=10 Y=10

100
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)
= 0
[q\}
= —50
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Diagonal X=0 Y=0 - X=10 Y=10
B) Diagonal between X=0 Y=10 and X=10 Y=0

M12 (1e-4)

—120
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Diagonal X=0 Y=10 - X=10 Y=0
— BGFE — LSt — Abaqus 2D FE

Fig. 5.13. Distribution of moment of torsion M, at A) diagonal between X=0, Y=0and X = L, Y = L and
B) diagonal between X=0, Y = L and X = L, Y=0, for L/h=10, predicted by Bending-Gradient FE, LS and
Abaqus 2D FE for 30°/ — 30°/ — 30°/30°.

For L/h=4: In Fig. 5.14, we plot the distribution of moments M, and M, and shear forces @1
and Q,, at Y = L/2 as predicted by Bending-Gradient FE, LS/ and Abaqus 2D FE. In Fig. 5.15,
we plot the deflection Us at Y = L/2 as predicted by Bending-Gradient FE, LS] and Abaqus 2D
FE. In Fig. 5.16, we plot the distribution of moment of torsion My, at A) diagonal between X=0,
Y=0and X = L, Y = L and B) diagonal between X=0, Y = L and X = L, Y=0, as predicted by
Bending-Gradient FE, LS/ and Abaqus 2D FE.
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Fig. 5.14. Distribution of moments M, and M, and shear forces @1 and @2 at Y = L/2 for L/h=4, predicted
by Bending-Gradient FE, LS7 and Abaqus 2D FE for 30°/ — 30°/ — 30°/30°.
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Fig. 5.15. Deflection Us at Y = L/2 for L/h=4, predicted by Bending-Gradient FE, LS/ and Abaqus 2D FE
for 30°/ —30°/ - 30°/30°.
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A) Diagonal between X=0 Y=0 and X=10 Y=10
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Fig. 5.16. Distribution of moment of torsion M, at A) diagonal between X=0, Y=0and X = L, Y = L and
B) diagonal between X=0, Y = L and X = L, Y=0, for L/h=4, predicted by Bending-Gradient FE, LS/ and
Abaqus 2D FE for 30°/ —30°/ — 30°/30°.

5.6.5.2 Second case

The laminate under consideration is a square plate with a length and width of L=10 in the X and Y
directions. The thickness of the laminate, following z direction, is equal to s=4e and the middle
plane of the plate is located at z=0. The plate is simply supported on its 4 edges, and is subjected to
a concentrated load equal to 5EL? applied in the middle of the plate as a uniformly distributed load
on a small surface (2x2). The slenderness ratio L/h is set equal to 4.

The material properties are the same as the first case.

In Fig. 5.17, we plot the distribution of moments M,; and M, and shear forces @1 and @2, at
Y = L/2 as predicted by Bending-Gradient FE, LS7 and Abaqus 2D FE. In Fig. 5.18, we plot the
deflection U; at Y = L/2 as predicted by Bending-Gradient FE, LS/ and Abaqus 2D FE. In Fig. 5.19,
we plot the distribution of moment of torsion M, at A) diagonal between X=0, Y=0and X = L,
Y = L and B) diagonal between X=0, ¥ = L and X = L, Y=0, as predicted by Bending-Gradient FE,
LS1 and Abaqus 2D FE.
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Fig. 5.17. Distribution of moments M, and M, and shear forces @1 and @2 at Y = L/2 for L/h=4, predicted
by Bending-Gradient FE, LS7 and Abaqus 2D FE for 30°/ — 30°/ — 30°/30°.
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Fig. 5.18. Deflection Us at Y = L/2 for L/h=4, predicted by Bending-Gradient FE, LS/ and Abaqus 2D FE
for 30°/ —30°/ - 30°/30°.
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Fig. 5.19. Distribution of moment of torsion M, at A) diagonal between X=0, Y=0and X = L, Y = L and
B) diagonal between X=0, Y = L and X = L, Y=0, for L/h=4, predicted by Bending-Gradient FE, LS/ and
Abaqus 2D FE for 30°/ — 30°/ — 30°/30°.

5.6.5.3 Third case

The laminate under consideration is a plate with a length of L=10 and a width of =5 respectively in
the X and Y directions and made up of 4 layers. The thickness of the laminate, following z direction,
is equal to & = 4e and the middle plane of the plate is located at z=0. The slenderness ratio b/h is
set equal to 6.25. The plate is fixed on its X=0 edge, and is subjected to a linear load on the X = L
edge and equal to 9EL between Y=0 and Y = b/2 and -9EL between Y = b/2 and Y = b. This load
type causes the plate to twist.

The material properties are as in (Wang and Crossman, 1977a) and (Pagano and Pipes, 1970).
For the first and fourth layer, the fiber orientation is 0° and the elastic constants are:
E,=140000 E, E, = E; = 15000 E,
Gin=G13=G;=5850FE,
Vi2 = V13 = V3 = 0.21.
where 1, 2 and 3 refer, respectively, to the fiber, transverse, and thickness direction as shown in Fig.
5.5.

For the second and third layer, the fiber orientation is 90° and the elastic constants are:
E, =160000 E, E, = E5; =8 500 E,
G12 = G13 = 4 100 E, G23 = 2 800 E,
Vi2 = Vi3 = 0.33 , Vo3 = 0.5.

In Fig. 5.20, we plot the distribution of moment of torsion M, atY = b/2 as predicted by
Bending-Gradient FE, LS7 and Abaqus 2D FE. In Fig. 5.21, we plot the deflection U3 at X = L as
predicted by Bending-Gradient FE, LS/ and Abaqus 2D FE.
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Fig. 5.20. Distribution of moment of torsion M, at ¥ = b/2, predicted by Bending-Gradient FE, LS/ and
Abaqus 2D FE for 0°/90°/90°/0°.
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Fig. 5.21. Deflection U3 at X = L, predicted by Bending-Gradient FE, LS/ and Abaqus 2D FE for
0°/90°/90°/0°.

The same problem and plate is now studied with the same material properties of the previous
example, but with the following fiber orientation: for the first and fourth layer, the fiber orientation
is 60°, and for the second and third layer, the fiber orientation is —60°.

In Fig. 5.22, we plot the distribution of moment of torsion M, at Y = b/2 as predicted by Bending-
Gradient FE, LS] and Abaqus 2D FE. In Fig. 5.23, we plot the deflection Us at X = L as predicted
by Bending-Gradient FE, LS and Abaqus 2D FE.
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Fig. 5.22. Distribution of moment of torsion M, at ¥ = b/2, predicted by Bending-Gradient FE, LS/ and
Abaqus 2D FE for 60°/ — 60°/ — 60°/60°.
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Fig. 5.23. Deflection U3 at X = L, predicted by Bending-Gradient FE, LS/ and Abaqus 2D FE for
60°/ — 60°/ — 60°/60°.

5.6.5.4 Fourth case

The laminate used in this example is composed of 8 layers. Each layer is made of unidirectional
fiber-reinforced material oriented at 6 relative to the direction x. All the plies are perfectly bounded.
The constitutive behavior of a ply is assumed to be transversely isotropic along the direction of the
fibers and engineering constants are chosen similar to those of Pagano (1969):

The thickness of each layer is set equal to 0.625, the fiber orientation is [0°, —45°,90°,45°]s and
the elastic constants are:
El = 25E, E2 = E3 = 1E,

G2, =G13=0.5E,Gy =

Vi2 = V13 = V3 = 0.25.
where 1, 2 and 3 refer, respectively, to the fiber, transverse, and thickness direction as shown in Fig.
5.5. The plate slenderness ratio (L/h) is set equal to 4.

The laminate is subjected to a cylindrical bending of a simply supported composite laminates
(Fig. 5.6), with L=20 and where the plate is invariant and infinite in Y direction and a uniformly
distributed load equal to 0.05E is applied. The particular choice of 3D boundary conditions on Fig.

E,

—— =04E,
2(1 + V32)
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5.6 and the invariance of the solution in Y direction enable a variable separation between z and
X, and the derivation of a closed form solution. It is important to note that this solution does not
present any boundary layer in the region near the simple support.

In this example, the plate is studied with respect to the bending direction which is the plate’s
overall configuration rotated relative to z axis. In table 5.6, the relative difference for deflection and
moments My, and M, are presented at X = L/2 for LS (reference solution), Bending-Gradient
and Abaqus 2D FE.

It should be noted that the relative difference between LS1 and Bending-Gradient FE is calculated

as follows:

porist _ BG—LS1
LS1
[0°,-45°,90°, 45°]s Model Us M, M,
0 ABG/LS 0.003475936 | -0.00754134 | -0.013216837
AAbagus 2D FE/LST 10 00155615 | 0.087379228 | 0.036639273
s ABG/LS1 0.004379947 | -0.003530737 | 0.014864941
AAbagus 2D FEILST 1 () 009343008 | 0.113267216 | -0.447439409
30° ABGILS1 0.005373494 | 0.000160823 | 0.008319649
AAbagus 2D FE/LST 1 () 045862651 | -0.013292055 | -0.392058748
st ABG/LS 0.006357895 | 0.002014597 | 0.00720255
AAbagus 2D FE/LST 1 () 058105263 | -0.125204338 | -0.363731131

Tab. 5.6. Relative difference between LS/ (reference solution) and Bending-Gradient FE and Abaqus 2D FE
for plate’s overall configuration and bending direction.

It should be noted that the values obtained for M, Q; and Q, are the same for the 3 different
models.

According to the results obtained, we can conclude that the Bending-Gradient finite element
converge to the reference LS/ solution with a good accuracy for deflection, moments and shear
forces for all plate’s configuration and bending direction, unlike Abaqus 2D FE which cannot
predict plate’s behavior for all cases.

5.6.5.5 Discussion

It is seen that for these extreme four cases, the Bending-Gradient FE model can efficiently predict
the same response solution as the LS/ (which was validated in (Naciri et al., 1998; Carreira et al.,
2002; Diaz Diaz et al., 2002; Caron et al., 2006; Nguyen and Caron, 2006; Dallot and Sab, 2008;
Saeedi et al., 2012a,b, 2013a,b; Lerpiniere et al., 2014; Baroud et al., 2016)) and Abaqus 2D FE. It
should be noted, for thick plate (L/h=4), that Abaqus 2D FE is not very efficient as shown by the
results above. We have found that the results are actually completely coincident for the 3 models
for thin plates (L/h>5). Accordingly, the new Bending-Gradient finite element has been proved
as an efficient and reliable model for the study of complex multilayered structures (thick and thin
plates) with minimum computational time.
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5.7 Conclusion

In this chapter, the Bending-Gradient model for laminated plates, dedicated for out-of-plane load,
and its finite element, are presented. An eight-node isoparametric quadrilateral finite element with 7
degrees of freedom at each nodal point has been formulated. The current finite element program
called BGFEAP has been developed in order to take into account the Bending-Gradient theory.
The new proposed finite element program presents a 2D type data structure that provides several
advantages over a conventional 3D finite element model: simplified input data, ease of results’
interpretation and a huge reduction of calculation time. When comparing the number of degree of
freedom, regardless of the number of layers of the laminate, just 7 d.o.f. per node are sufficient
which leads to a drastic reduction in the computational time when compared to a 3D FE or even to
layerwise models. In view of the previous results, this new model has passed patch test for bending,
twisting and shear, and similar results have been obtained when comparing Bending-Gradient
FE to analytical solution of the Bending-Gradient model. Also, the Bending-Gradient FE model
was compared to exact solution for multilayered plates, where the results of Bending-Gradient FE
model has converged to the exact solution for difference slenderness ratio and with multilayer plates
with 3 and 9 layers. In addition, the performances of this new element has been compared with
those of a standard 2D FE and LS/ layerwise model. It has been demonstrated that the proposed
Bending-Gradient FE model has better performances because it is able to reproduce almost the
same results as conventional FE and layerwise model, at a reduced cost. Thus, this new FE model
can be used for the predimensioning of highly complex multilayered structures where very good
and reliable results are obtained.

In summary, all the comparisons made between the new Bending-Gradient finite element
model and different reference solutions, clearly show the usefulness, lightness and efficiency of
the Bending-Gradient model as an ESL model for the analysis of complex and huge multilayered
structures.
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An efficient design of multilayered structures requires dedicated numerical tools that cope with their
peculiar heterogeneous structure and anisotropy. For the structural engineer, the multilayered plate
is conveniently represented as a stack of homogeneous, anisotropic plies. One of the major issues in
design and analysis of such plate is related to free-edge effects. It has been demonstrated that differ-
ences in elastic properties of adjacent layers generally result in a highly concentrated interlaminar
stresses near free edges. This phenomenon can lead to interlaminar failures (delaminations) which
may cause global failure of the multilayered structure.

In the light of a solid interest from industry for reliable models, numerous recommendations
have been made. We present some crucial necessities for such a model: the principal objective is to
simplify a computationally heavy 3D model into a 2D plate model without losing local 3D fields’
accuracy. First, good estimation of macroscopic deflection, with no limitation on local material
symmetries, the plate theory should be easy to implement with standard finite element program and
a good relocalization of 3D fields in order to calculate local stresses.

In this dissertation, two different approaches for the study of multilayered materials have been
proposed, implemented and validated: these two 2D models can be classified as layerwise theories
and equivalent single layer (ESL) theories.

A layerwise stress model named LS/, was proposed in Navier Laboratory. In this model, the
multilayered material is considered as a superposition of Reissner-Mindlin plates linked together by
interfacial stresses. Even if the LS/ model is very effective model, it can be still improved: the 3D
stress free boundary conditions cannot be exactly met by this model and stresses concentration near
free edges.

In order to improve the LSI model by removing these drawbacks, a new layerwise model, called
Statically Compatible LS1 (SCLS1) is developed and presented in this dissertation. As in LS/,
the laminated plate is still considered as a superposition of Reissner plates coupled by interfacial
stresses. However, the divergences of the interlaminar transverse shears are introduced as new
generalized efforts.

This model has been implemented in a new version of the in-house finite element program
MPFEAP. An eight-node and 4 Gauss points isoparametric quadrilateral element with 6n-1 d.o.f. at
each nodal point is formulated (# is the number of layers of the laminate). It should be mentioned
that in order to study 3D structures, LS/ and SCLS] models use a 2D description and a 2D planar
mesh for the design of such complex structures. In order to validate the new model, different
comparisons were made between the new SCLSI model, LS1, their refined version and Abaqus 3D
FE, for laminate under uniaxial tension: the interlaminar shear stresses is studied at a straight free
edge, and in the vicinity of a circular hole located in the middle of the plate. Accurate estimations
of local response especially near free-edges have been found with SCLS1 model. The new SCLS/
model, that has been validated in this dissertation, has shown efficiency with respect to full 3D FE
models and has been proven to be very good alternatives to 3D FE models. Several advantages were
found for this new layerwise model over a conventional 3D finite element model: simplified input
data, ease of results’ interpretation and a huge reduction of calculation time; in addition, SCLS/
model has better performances because it is able to reproduce both stress concentration and free
edge boundary conditions at a reduced cost.

Therefore, in this model, the number of governing equations depends on the number of the
layers. This increases significantly the computational cost in layerwise approaches. Consequently,
a theory belonging to the ESL family is taken into consideration in order to study the multilayer
with a limited number of degree of freedom. In ESL theories, the multilayer is considered as a one-
layer homogeneous plate with an equivalent global behavior. Therefore, the number of governing
equations is independent of the number of plate layers. This theory, called the Bending-Gradient
plate theory, dedicated for out-of-plane load, is an extension of the Reissner-Mindlin plate theory



General conclusion and perspectives 126

and improves the predictions of shear stress distributions in laminated plates.

The Bending-Gradient model for laminated plates, and its finite element, are presented. The
in-house finite element program for Bending-Gradient model, called BGFEAP and in parallel an
Abaqus User element, have been developed, implemented and validated in this work. An eight-node
isoparametric quadrilateral element with 7 d.o.f. at each nodal point with selective integration
technique is implemented. The new proposed finite element program presents a 2D type data
structure that provides several advantages over a conventional 3D finite element model: simplified
input data, ease of results’ interpretation and an enormous reduction of calculation time. When
comparing the number of degree of freedom, regardless of the number of layers of the laminate,
7 d.o.f. per node are present which lead to a drastic reduction in the computational time when
compared to a 3D FE or even to layerwise models. The Bending-Gradient finite element has shown
good and reliable results when compared to analytical solution, exact solution, standard 2D FE and
LS1 model, as well as Bending-Gradient finite element has passed patch test for bending, twisting
and shear: this proves the usefulness, lightness and efficiency of the Bending-Gradient model as an
ESL model for the analysis of complex and huge multilayered structures.

The work presented in this thesis is conceived to study linear elastic behavior for multilayered
plates. It may pave the way to extensions to nonlinear mechanical behaviors for both models SCLS/
and Bending-Gradient.
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A.1 The closed-form expression of the stress energy w7

The constitutive equations derive from the following closed-form expression of w3, in terms of the
generalized stresses:

Wip = Y wiHwy +wl +wy 211)
where:

e wi is the contribution to the elastic energy of the in-plane stresses 0'3D of layer i (Kirchhoff):

*[ i 1
wy :f 25‘ y(so'aﬁ(fyé dz
hi

¢ (212)
1 i i i i
2 ISaﬂyrSNaﬁNyé + SaﬁyaM M
e w’ is the contribution to the elastic energy of the normal stress 0'%) of layer i:
' "1 3D
wy, :jh:_ 553333(0'3%) dz
é 1 e ?
25513333 (5 (Vl,l+1 + Vl—l,l) + E (n_l,l+1 _ ﬂ.l—l,l)) +
e e 6 2
i il i D (il il
< St (E(n P 2ty )) + @13)
i i 2
€ Gi € (i i-1,i

i

€ i il i1\, €
mssm ((V -V )"‘5

i

2
(ﬂ,l,H—l + n_l— 1 ,z))

e w! is the contribution to the elastic energy of the coupling between in-plane stresses o> pore D and
the normal stress 0'33 of layer i:

h+
% 1 i
wh = j}: 3% 28 3301430';? dz
i i (L L\ L € i-1,i
=S op33Nap (5 (v’+1 +v 1’)+ E(n’“ - 1’))+ (214)

i

ellSOZﬁ33Ml (2( jLi+1 _vi—l,i)+ f_o(ﬂi,m +7Ti—l,i))

® wy, is the elastic energy of transverse shear of layer i:
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. 1
W) = fh 3 XAl de

2 . o
=;S;3m Q;Q,lg"‘

(215)
e i ii i—1,i 1,0 i—1,i
6Sw3ﬁ3(T -, 1’)(Tﬁ+l — 7 )+
2 ;e il zlt ikl | _i-li
Sgio 03 (Qa 2 (va" ))(Qﬁ ( )
A.2 The SCLSI1 finite element equations and matrices
The strain field interpolation [E] a vector of dimension 12n-4, is written as
8 T
T T T
1 = ([E5] e [E9] L [E]) = (Z[Bl-][ai] = [Bu... .,Bg][é]] (216)
i=1
Where the 6n-1 displacement vector [¢;] is defined as
[6:1"7 = (U}, U,, Us, @}, @,,...,U", Us, Uj, @}, &, Vl’z,...,V"‘l’”), 217)

6n -1
[6] is the total displacement vector of the element, of dimension 48n-8, defined as follows

[6] = [01 62 03 04 05 6 O7 3] (218)
The 12n-4 strain vector [E] is defined by separating the components concerning the membrane
behavior [EK ] vector of dimension 6n, the normal behavior [E”] vector of dimension n-1, the

shearing behavior [E Q] vector of dimension 4n-2 and the behavior related to 4, [E”] vector of
dimension n-1 as follows:

8
[EX] :Z[B [6:] = [BX, ..., BX][6] (219)
i=1
8
[E”] = Z[BV] [6]] = B, ..., B}15] (220)
%) = Z[B,.Q][éi] = [BY...., B0 (221)
8
[E] = > [B1I6,] = [BY..... B[] (222)

i=1

The total matrix B"* of dimension (12n — 4) x (48n — 8) is defined as
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BX BX BX BX BX BX BX BX
B, B, B, B, B, B, B, B

B =1 b 3 b 0 oD pd pd o (223)
Blﬂ B%l Bi BA5 BSA B91 Ba B%
B) By, By B, B; B; B; B
The matrix Bf of dimension 6nx(6n-1) is defined as
Ni,x 0 0 0 0 0 . 0
0 Ny, 0 O 0 0. .0
Niy Nix 0 0 0 0. .0
0 0 0 N, O 0. .0
0 0 0 0 Ny 0. .0
0 0 O Niy N, 0. .0
Bl[(: . . . . . . . . . . . . . . . . (224)
N, 0 0 O O 0. .0
0 N, O O o o0 . .0
Niy Niy, 0 O o o0 . .0
0 0O 0N, O O . .0
0 0 0 0 N, O . .0
0 0 0 Ny Ny O . .0
The matrix B! of dimension (n — 1) X (6n — 1) is defined as
00 - 00O0O0 N 00O .0 .0
00 -N, 0O .0 .0
B! = .0 .0
. . . . . . . .0 .0
-N; O0OOONOO0OO0 . O
(225)

The matrix Bl.Q of dimension (4n — 2) X (6bn — 1) is defined as
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0 0 N, N; 0 0O 0 O 0 0
0 0 N 0 N; 0O 0 O 0 0
1 2
N, 0 0 -EN 0 N 0 0 —%N, 0
1 2
0 -N; 0 SN 0 N O _S,
B = 2 2
-N; 0 O
0O -N;, O
0 0O 0
. 0 0 O
0 0
0 0
N, 0
N, 0
n—1 n
—e2 NN 0 N O 0 —%N,- 0O 0 . N,
n—1 n
0 —62 NN ON 0 0 —%Ni 0 . N,
0 0 0 0 N N; 0 0 0
0 0 0 0 Ny 0 N; 0 0
(226)
The matrix Bl/.l of dimension (n — 1) X (6bn — 1) is defined as
Oo..0N .. 0
B;l: . . . . . . . . (227)
o..0 0 . .N

A.2.1 Stress-strain relation

The SCLS1 generalized strains and stresses relationship can be expressed in the matrix from as

[E] = [S1[Z] + [E”] (228)

The vector contains terms related to surface stresses 7~ and 7. These are problem data. So we
are dealing with a problem with initial deformation. Its resolution is the subject of the next section.
where The compliance matrix S of dimension (12n-4)x(12n-4) are

SK SKV 0 SKIT
SVK Sv 0 ST
0 0 S22 0
SnK S 0 S

Where the compliance matrices SX, §¥, §¢, 7, Sk §Kkx gvK §vr S7K and §™:
The matrix S of dimension 6n X 6n is defined as

S = (229)
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S f 0 0
0 SX 0
K = 2 (230)
0O O Sk
where
Sl Sl Sl
11 12 16
S2 S22 SZ6
S 5% Se 0 0
K _ el el el
S" = 0 0 0 128!, 1281, 128} (231)
(51)13 (51)13 1(;‘S)l3
128 12§
21 22 26
SRR o
16 26 66
i 0 O O (e1)3 (61)3 (61)3
The matrix S” of dimension (n — 1) X (n — 1) is defined as
[ 13(e'S 1 +€252) 9¢252,
35 70 .
9¢°52, 13?54 +e383,) 96383,
70 35 70
S = . . . (232)
9" 282 13(e" 28 keS0T 9e" 54!
70 n—?’l5 n-1 n—1 ZQI nQn
9¢" g1 13(e" 57 +e"S )
70 35
where S, is flexibility on the snatching forces of the layer j (r.f. section A.2.2.3).
The matrix S ¢ of dimension (4n — 2) X (4n — 2) is defined as
1 1
8o o 0 0
5ell 1 110 2¢2 2 2¢2
—SQ 2(e SQ+e SQ) —SQ —e SQ
10 15 10 30
0 -S5 655 -S5 0 0
120 2 5_622 2¢2 3¢3 3 3¢3
SQ: 0 —eSQ —SQ 2(eSQ+eSQ) —SQ —eSQ
30 10 15 10 30,
-5} 6S; -8}
0 2 ) 9 0 0
]%0 3 5e33 303, a4 4 404
0 —e‘SQ —SQ 2(e SQ+e SQ) —SQ —e SQ
30 10 15 10 30 o
-8%  6Sh)
Sen p
(233)

where S JQ is the shear flexibility of the layer j (r.f. section A.2.2.2).
The matrix S™ of dimension (n — 1) X (n — 1) is defined as
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1 BPgl 23¢2 2
15 (€St +e's?) ——§?2 0
. 140 X
2 3 3 3
_& 2 (2302, ,Be3) _é& o3
g7 = 1200 v 105 (e Syte Sv) 1200 v
3
_ e an-1
70 v
1 ( n-1Pgn-1 n’ n)
03 (e Sy +etsSy
The matrix S X of dimension 6n X (n — 1) is defined as
Sl
oy 0 0
35!
i 0 0
e
§? 52
23 23 0
4 2 4'2
R B
5e? 5e32 3
55 53
4 4
-353 383
Kv _ 3 3
S = 0 5e3 5e3
Sgl.fl Sg.fl
354"-‘ 3s"1’-1
03 3
56"71 56’"71
S5
0 —%g
() Sell

134

(234)

(235)

where § ,J; is the flexibility of coupling between the membrane and snatching stresses of the layer
j (r.f. section A.2.2.4).

The matrix S ™ of dimension 6n X (n — 1) is defined as

2411 0
200
2
-S ?62 S %ez
i 8
Kn _ 3 -3
S =1 20

The matrix S”X of dimension (n — 1) X 6n is defined as

(236)
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. Sé

SVK —

SVﬂ'

[ elSé
24
0

S?TK —

21

Sﬂ'V o

sUosoat
S5e! 4 5¢2
S? 3S§ S; 3S§
O = 2 . 2
4 5¢2 4 5¢3
Sg‘l 3S’31‘l g _35;
: 4  Sev! 4 Sem
The matrix S*” of dimension (n — 1) X (n — 1) is defined as
r 2 13 2
210( Sl 6253) 56 Sy 130
3 41230 2252 % (622512/ B 63253) 420 ng%
_41730611 len—l % (en—lzsc—l _ enzsc)
The matrix S™ of dimension (n — 1) X 6n is defined as
;958 5,
20 24 29
e’ss S eS8y 83
0 -3 _3
24 20 24 20
e”‘ng"l Sg“l _e”Sg’
| 24 20 24
The matrix S™ of dimension (n — 1) X (n — 1) is defined as
o(e Sl e?Sﬁ) i% ?Sz 13O
1% 2 1 2 2 2
Be?s? 15 (€282 - e¥'53) ~155¢ 53
41230 n— 225n 2 %( n—22sn—22 —1253—1) 4123% e 125n 12
0 412301115111 %(”15’;1—6"5’3

AL

53

20 |

135

(237)

(238)

(239)

(240)
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The vector of initial deformations E° due to surface stresses imposed, of dimension 12n-4 is
defined by

EX° 1—-6
0 7
. l
0 6n-=6
EXK™! 6n—->5— 6n
9 13¢"
%elsé3vo’] - 420 Sé37(0,1 on+1
0 on+?2
. l
0 Tn—-2
9 3e"
- nsn n,n+1 Sn n,n+1
EO _ 706 33V 0420 337T 7l’l - 1 (241)
E? Tn— Tn+3
0 Tn+4
. l
0 11ln -7
E2"! I1ln-6—->11n-3
13 12¢1 .01 " 1 0,1
20 S35V _WOSBN 11n-2
0 11ln -1
. l
0 12n -3
13 nz n 1,1 n3 n n.n
—me 33V H- msmﬂ ol 12n -4
where
S! 1
fvo,l_;_élsb 0,1
Sz3 e!
4% N ES%K(H
o _ %Vo,l _ ;_4*9%6”0’1
3 1
_5_§15}3V01 + %Sisﬂm
1
_5_5;15%3"01 + %5%37701
1
_§S§6V01 + Esésﬂm
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fvn,nﬂ %4Sn Preias
Afvnnﬂ + ﬁsn e+l
o ﬁvn,n+l + ;4S§6ﬂnn+l
?S?Svn,nii + @Sﬂ nn:j

anSBv + @S
SenS§6vnn+1 + ESn s

(S SSTX + S;4Ty )
50 _ __9(5457)6 + SAI,4T> )
(S 55Tx + S;ﬂ} )

——(S 157'x +81,70h

n.n+1 n,n+1
__Q(Sgsx +85,77 )

= n nn+1 n nn+l
o (S45 K ST

- n nn+l n _nn+
(SSS x +SS4 y )

1
n nn+l n _nn+
——(S45 o FSLT)

A.2.2 Behavior matrices

Terms definition:

c = cosf

s = sind

E ,Er,Ey = Longitudinal, Transverse and Normal Young’s moduli respectively
G = Shear modulus

v = Poisson’s ratio

L, T and N axes and angle & = These axes and angle are detailed in Fig. A.1
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Fig. A.1. Description of fiber orientation axes and angle.

A.2.2.1 Membrane behavior

138

The plane part of S 3x3, consisting of S opsy With @, B8, 6,y = 1,2 that characterize the behavior of

the membrane plate.

. S S S
S'=18Su S» Sk
Se1 Se2 Ses
where
S &2ty st A2s?
11 = ——-——F+ =+ =
EL EL ET G T
C252 C4VLT S4VLT CéJS2 C2S2
Sp=8u = - - + -
E; EQ E; EE Grr
S st 235 Lo
2 T E E Er  Gur
2¢s  2esPvir 2S3svir 2¢s s cs’
Sie=Se¢1 = - + - - +
EL EL EL Ez G:#T GLZ
2es’ 23svir  2¢svip 2¢s s cs
S =S¢ = - + - + -
E EL E% ET GLT G T
4¢’s* 8 s?vir  4ctst s 2¢%s?
S 66 = + + + + -
E; E; Er Gir G Gpr

A.2.2.2 Transverse shear behavior

We identify the matrix S"Q 2x2 linking shear and transverse strain.

§i = Sau Sus
e Sss Sss
where
c? 52
S - £,
44 G%N G
C c
Sis=8Ss4 = — ———
c s
S'ss = + =

Gy Gry

(242)

(243)



APPENDIX A. STATICALLY COMPATIBLE LAYERWISE STRESS MODEL SCLS1 139

A.2.2.3 Snatching efforts behavior

We identify the matrix S¢ 1x1 of the three-dimensional snatching efforts.

Si=[533]=[EiN] (244)

A.2.2.4 Coupling behavior between membrane and snatching forces

We identify the matrix S 1x3 or 3x1 characteristic of the coupling between the membrane three-
dimensional and snatching efforts.

Sé:[Ssl S3 S63] (245)
or
_ {513 }
Si=1Sx» (246)
S36
where

CZVLN SZVTN

Sinr=S = -
13 31 E, E,
SZVLN CZVTN
Sp=83% = - -
Er Er
2csvin  2¢svrn
S3 =8¢ = — +

E; Er
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B.1 Other boundary conditions

The Bending-Gradient theory has been presented for laminated plates which are clamped at their
lateral boundaries. Nevertheless, this theory can handle other situations where some components of
the boundary conditions (166) can be relaxed on some part of dw.

In this section, r and ¢ denote respectively the outer normal to the plate boundary dw and
the tangent vector to dw. It is thus convenient to express directly the component of plate tensor
fields in this local basis. This allows the following shorter notation: n- M - t = Mgn,tz = M, or
£(® 1) 1= Doy latgn, = Oy

One can see from the weak formulation of the equilibrium equations that M and ({: R)-rn = Q- n
are respectively in duality with @ - r and U; on the boundary dw. The out-of-plane work (Q - n)Us
is the same as in Reissner-Mindlin plate theory. However, the work M : (® - n) is related to the
generalized rotation and needs interpretation.

Because @ is in S, the boundary condition may degenerate depending on the dimension of S.
Hence ® - n must be in the subspace S(n):

S(n)={XeR|3IXeS X=X n. (247)

Here, R is the usual vector space of symmetric second order tensors:
N

R ={X = (Xo5) € RY Xop = Xpa} . (248)

Depending on the Bending-Gradient shear compliance tensor, the subspace S(n) has only
dimension two or three. Indeed, it has been established in the first part that all @ of the form
@ =i - ¢, where ¢ is a two-component vector, are in S. This form corresponds to the case where

the rank of £ is only 2 and the Bending-Gradient is turned into a Reissner-Mindlin theory. We have:

(é . g) - n = pon. Hence, the subspace of S(n) generated by @ = i - ¢ has dimension two. So, if the

dimension of S(n) is exactly two, then it is necessarily of the form ¢en, or equivalently:

S(n)={xeR | X, =0} (249)

In other words, this means that, if the dimension of S(n) is 2, then the component @, is already
set to 0. Note that when the Bending-Gradient theory is actually a Reissner-Mindlin’s one, all the ®
in § are of the form i - ¢. Hence, in this specific case, the dimension of S(n) is exactly two.

Free boundary conditions

Free boundary conditions are prescribed vanishing all static degrees of freedom working on the
boundary.
Considering first the case dim S(n) = 3 this leads to:

M=0 and Q-n=0. (250)

Contrary to the Reissner-Mindlin plate theory, there is an additional condition: M, = 0 on
the boundary. Since M, = (x307), it seems to involve a 3D stress component to which no 3D
boundary condition should apply. Actually it does through the stress localization: o = s M, and

nn nnit

o = sM M,. Indeed, s and s™_do not vanish in general and generate a local stress o and o

related to M,,. The requirement M,, = 0 is thus related to a boundary layer ensuring o = % = (.
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Assuming now that dim S(n) = 2, it is possible to prove that M,, is not required to vanish in
order to ensure 3D free boundary condition. Then the free boundary condition becomes identical to
Reissner-Mindlin theory:

M-n=0 and Q-n=0. (251)

Simple support boundary condition

With Reissner-Mindlin plate theory, there are two kinds of simple support conditions: soft or
hard simple support. Whereas soft simple support may be interpreted as letting free both in-plane
displacements (u, and u,, which also means that o, = o, = 0), hard simple support condition
consists in enforcing u, = 0 (and o, # 0). With the Bending-Gradient plate theory this distinction
does not always make sense because of the introduction of the generalized rotation ®.

Without further assumption, it appears that each of the three components of @ - r mixes
projections of both in-plane displacements u, and u,. Consequently, it is not possible to choose
which component of @ - r to vanishes in order to selectively enforce u, = 0. Hence, in the general
case, only soft simple support may be applied and the corresponding boundary condition is similar
to the free boundary condition where the transverse displacement is set to O:

o ifdmS(n)=3, M=0 and U;=0.
o ifdmS(n)=2, M-n=0 and U;=0.

Let us assume now that the constitutive material is orthotropic with respect to (n, £) all through
the thickness. The following hard simple support boundary condition is suggested when the
constitutive material of the plate is orthotropic with respect to (mn, £):

e ifdimS(m)=3, M, =0, M,=0, &,,=0 and U;=0.

o ifdimS(n)=2, M, =0, O,=0 and U;=0.

Clamped boundary condition

When the plate is completely clamped on dw, C dw, all the kinematic variables ® - r and U; are
set to zero. Equivalently: U; =0, ®,,, = 0, ®,;,, = 0 and ®,,, = 0.

B.2 Computation of the generalized shear compliance matrix

An orthotropic material is used, and characterized by ¢, 5,6, E;, E7, Ey,G,v and axis L, T and N
already introduced in A.2.2

Membrane behavior

The plane part of §7 3x3, characterizes the behavior of the membrane plate.

St Sz St
$7=18u Sn Sk (252)
Se1 Se2 Ses

where
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& 28y st cs?
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Transverse shear behavior

We identify the matrix §” 2x2 linking shear and transverse deformation.

Sas Sus
S = 253
- [ Ssa Sss ] ( )
where X )
c s
S - S
: Gy Gy
Sas=8s4 = —— ——=—
Gy  Grn
K 2
s - L
» Gy Gy

The Bending-Gradient shear compliance tensor may be derived as follows:

a|= <(fh TysC7 () : ‘i]]dys)ﬁy(%)-(flg [ysC” (3s) - Q]]dy3)> (254)

By expanding the shear compliance tensor’s equation and taking parts as piecewise constant
functions, we obtain:

n

4] Z[[ZHC%J}——( 6)[[C“qd]])s”’e"[25[[0”d]] (,,+%)[[g,qﬂ]

p=1 r=1

+f_22 (12 ; %) ([[g”qgn)sweﬂ ([[gf’qg]l)]

(255)

where

Zy+ 2y

2

The double stroked brackets [®] denote here the following matrix representation of a fourth-
order tensor:

Sp=eplp, 1, =
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(256)

L] = L Lis V2L Ly Liom ‘/§L1221)

Lo Lo V2Loo Looii Loy V2L

For instance, this notation enables to rewrite triple contraction products such as i : R = Q as:

Iil.[R| = Q. (257)
where:
1 0 0 00O L
] = 1 V2 (258)
00 % 01 0
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