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Introduction

The topic of this thesis is to study inference for multi-dimensional Ornstein-Uhlenbeck
processes, in the context of their relation to graph structures. The resulting analysis
of the generation of stochastic graphs and the estimation under a sparsity assumption
is motivated by a problem from systemic risk analysis, which we present below.

Motivations

The recent financial crisis showcased the limits of the usual approach of risk manage-
ment, which concentrated on the risk of a single institution facing the market. Indeed,
reducing individual risks of failure can actually increase the probability of systemic
failure [FL13]. This sparkled the accelerated development of the field of systemic risk
analysis. For instance, the simultaneous default of several institutions is completely
unlikely if they are considered as independent events, but phenomena such as default
cascades create such dependencies [ACMI2, SC10]. Among the vectors of propagation
of systemic risk, we take the example of liquidity risk [FL13].

In the practice of fractional reserve banking, which applies in most countries in
the world, banks are required to hold adequate amounts of liquid assets such as
cash [SC10]. To fulfill the regulatory requirements, banks sometimes need relatively
short-term lending on a short notice. The common solution is to borrow the money
from other banks which have excess reserves, a process called interbank lending. The
resulting interbank lending market is a decentralized over-the counter (OTC) market
and is the main source of liquidity for banks [AKSI1l]. Although the configurations
change between countries, their structure is similar and is well described in [CL93|.

During the crisis, increased uncertainty about the health of major institutions as well
as increased risk of being subject to a bank run was followed by many lenders leav-
ing the interbank market [GG14, ANP09]. As a result, the interbank lending market
dried-up and even borrowers with sound positions had trouble getting the liquidity
they needed. This shows that the interbank lending market is a vector of systemic
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Introduction

risk [AKSIl, GG14, IP17]. Therefore, we see the need to understand the structure of
the interbank lending market, in order to be able to predict possible contagions.

According to recent research, see [AKSI4], the interbank-lending market has typically
a stable structure. It is a general belief that there are long-term relationships that
are created between some institutions and that most transactions are made through
these channels. These relationships are typically informal and can be known, at best,
by bank insiders. Because of this, the structure is not of common knowledge and
is hard to observe. Moreover, one cannot simply assume structure from cumulative
transactions. For example, a strong relationship may be inactive for a longer period
of time simply because both parties are not in simultaneous need for borrowing and
lending. That is why we ask the following question:

Question 1. How to infer the structure of the interbank lending system from the observa-
tion of lending activity?

We model interbank lending activity through a multi-dimensional Ornstein-Uhlenbeck
(OU) process. We use it for the following reasons. The Brownian Motion that drives
the OU models the random variations of the reserves of a bank, while the determin-
istic drift models the flow of reserves. From its linear form follows that increased
imbalances create increased lending activity. Similar models have already been used
for that same application. For instance, [CFS15] uses a model that fits exactly an OU
process except for an added contribution that models the activity of a central bank.
Also, [FI13] considers a similar model, but with a drift matrix parameter that depends
on the current state of the reserves and in the setting of a Feller diffusion.

Being an OTC market, the lending activity is not directly observable. This leads us to
assume that we have only partial information concerning the lending activity. Partial
observation can be modelled using a non-bijective function applied to the process -
each observation corresponds to a set of possible values for the underlying process.
In the most radical case, which will be the one we assume, the function takes only
two values: 0 or 1. This brings us to the following question:

Question 2. How to infer the parameters of a multi-dimensional Ornstein-Uhlenbeck
process from binary observations?

While for some actors the assumption of partial observation is justified, for others it
is superfluous. Indeed, the European Central Bank (ECB) has at its disposal the TAR-
GET?2 system, using which they observe with good precision the interbank lending
activity between any two banks of the eurozone [AHH"16, GSV15]. However, such
an actor has to cope with another issue which is the large number of institutions
it supervises. The resulting problem of parameter inference for a high-dimensional
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OU process is then plagued by the curse of dimensionality, see [BvdGll]. Fortunately,
at the scale of the eurozone, the interbank lending structure is highly sparse: any
bank is typically interacting only with a restricted number of other banks [SC10]. The
estimation of sparse parameters has attracted a lot of attention in high-dimensional
statistics, see [Girl4a]. For instance, it has been suggested to use penalization and in
particular /' penalization [Tib96].

Question 3. Can we improve the inference of Ornstein-Uhlenbeck parameters under a
sparsity assumption?

Summary

Questions 2 and 3 above are covered in two separate parts of the thesis, while Ques-
tion 1 provides the context that guides our answers. As our work is on the estimation
of Ornstein-Uhlenbeck processes, we start by presenting the properties of the process
and fundamental results on its estimation.

1 Estimation and properties of the
Ornstein-Uhlenbeck process

Definition and properties of the Ornstein-Uhlenbeck process Throughout the
thesis, let (Q,F,(F;),cg+ ,P) be a filtered space and (W;),cr+ a g-dimensional
Brownian motion with respect to F. For an integer d > 1, we define the d-dimensional
Ornstein-Uhlenbeck process as the solution of the Stochastic Differential Equation
(SDE) below

dX; = —AX,dt + XdW,, (1)

where the initial value X is a random value independent of W.

The Ornstein-Uhlenbeck process has been historically introduced with d = 1 in order
to model the motion of a particle, as considered in the Brownian Motion, subject to
friction [UO30]. This creates an attraction point for the process, which is 0 in our set-
ting. Since then, the model gathered a lot of attention and found many applications.
For instance, in mathematical finance, the Ornstein-Uhlenbeck is used to model in-
terest rates and is known as the Vasicek model [Vas77]. It expresses that interest rates
may change in the short-term, but revert in a longer term to some typical value. The
Ornstein-Uhlenbeck process has also been used for pairs trading [LL15]. Pairs trad-
ing consists in trading two financial assets that are expected to follow similar price
trends in the long term, but may experience short term deviations. The difference
is then mean-reverting and the Ornstein-Uhlenbeck process helps in quantifying the
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volatility and the speed of return to the mean. Also in mathematical finance, the
Cox-Ingersol-Ross model [CIR85] is a close evolution of the Ornstein-Uhlenbeck. In
neuroscience, the OU has been used to model membrane voltages [LL09]. It has been
also used for population models [Blal4|.

In the applications above, the Ornstein-Uhlenbeck is considered as a relevant model
because of its mean-reverting property. This is achieved in dimension d = 1 by
choosing a positive real parameter in place of A in Equation (1.5.2). For larger
dimensions, the equivalent assumption is that A has a spectrum with strictly positive
real parts. We will work under this assumption all along the thesis:

(H1) The spectrum of A has strictly positive real parts:

= min R(N) > 0.
Bl T

In that case, the process is ergodic and possesses a stationary distribution which is
a centered Gaussian, see [KS91], and in particular Section 5.6 herein. Using Ito’s
lemma, it is easy to prove that

t
X, =e X, + / e~ A BAW,. (2)
0

The process X; is Gaussian and we compute its mean and variance at any ¢ using
Equation (2) above:

X; | Xo ~ N (e X, Cy) (3)

t
C, = / e Al=IERTeAT(-5)qg, (4)
0

It is desirable to have a non-degenerate distribution for X;, hence an invertible C,.
For this we take a new assumption:

(H2) The matrix X" is invertible.
We see in the Equations (3) and (4) above why we need A to have a spectrum with

strictly positive real parts. Indeed, it is the condition under which e~4! converges to
0, which from one side gives

E[X, | Xo] =250



1. Estimation and properties of the Ornstein-Uhlenbeck process

and from the other provides convergence of C;. However, contrary to the one-
dimensional setting, A doesn’t need to have only positive entries. Let us write Equa-
tion (1) as it applies to a fixed coordinate

d
dX; = =) AYX/dt + (ZdW,)'.
j=1
Some of the A" may be equal to zero, which we interpret as the absence of influence
of component j on component i. Of course, this interpretation has its limits. For
instance, 7 and j can be linked through correlated noise terms resulting from a non-
diagonal 3, or influence each other through a third component.

The non-zero entries of A are interpreted as influences which can be positive or
negative. However, because of the minus sign in Equation (1), the negative entries of
A correspond to the positive influences, and vice versa. By positive influence we un-
derstand that an above-zero value of component j favors an increase of process 7 and
a decrease when j takes a negative value. The reverse is true for negative influence.

This participates to the richness of the multi-dimensional Ornstein-Uhlenbeck pro-
cess. In the one-dimensional case, at any point in time the process is expected to
be attracted by 0. In the multi-dimensional case, the expected variations depend on
the other components which can take values that will push a component away from
0. However, as long as assumption (HI) holds, in the long run the whole process,
and hence all its components, is attracted by 0 and will take values according to the
stationary distribution mentioned above. Indeed, observe that C; possesses a limit
when ¢ — +o0:

t +00
T T
C, = / e AN T oA 5qg L2, / e AEYT e 3ds =: Cp.
0 0
The limit C', is the covariance matrix of the stationary distribution. We will take in
this thesis the assumption that the process is initialized in the stationary distribution:

(H3) The initial value X, is a Gaussian centered random variable with covariance
matrix C.:

XO NN(O,COO) .

The density of the stationary distribution NV (0, C,) will be denoted /1o

The reasons for this assumption are twofold. First, the applications we had in mind,
such as interbank lending or stock returns modeling, are essentially homogeneous
in time, in the sense that the starting point of the observation is not any different
from any other point in time. Therefore, it is natural to assume that the process
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has reached stationarity, which means X, should follow the stationary distribution.
Second, the impact of the initial value is quite limited, because of the exponential
falloff of the factor preceding X in Equation (3). After a short period the process is
virtually indistinguishable from a stationary process. Hence, we assumed stationarity
which allowed us to get clean and concise results. For instance, we have for ¢ > s:

Cov (Xy, X,) = e~ A=) Cov (Xs) = e At

Observe also that the set of Ornstein-Uhlenbeck processes is stable by linear trans-
formation, in the sense that applying a linear transformation of R? to a OU process
X gives another OU process. Consider for this an invertible matrix L:

d(LX,) = —(LAL ") (LX,)dt + (LX)dW,.

Thanks to this observation, we can simply broaden the applicability of any result
concerning X to any linear transformation of X.

Parameter inference. We call parameter inference the task of estimating the values
of A, ¥ from the observation of a single trajectory of X. Let us start by the simplest
setting, where we have complete observation of a trajectory on the interval [0, 77,
without further assumptions as in [LB76]. In that case, the estimation of X has a

simple solution. By computing the squared variations integral, we recover exactly the
value of X7

1 T
:7/ (X, dX,) =2%".
0

This computation can be done for any interval length 7" > 0 and has no error.
In probabilistic terms, the probability distributions resulting from )3) 30 41
are mutually singular, see [JacOl, LB77]. However 3 is non-identifiable as the map

¥ — XX is not one-to-one. For this reason we will only look into the estimation of
)N

In order to estimate A the usual approach is to construct the likelihood ratio using
Girsanov’s theorem [LB76, KS91]:

dP 4

T~ P (— /OT(AXt)T(EET)‘ldXt — %/OT(AXt)T(EET)‘lAXtdt> :

Maximizing it yields the Maximum Likelihood Estimator (MLE), which is equal to:

T T
R ( / dX, X, ) ( / XX dt)
0 0

-1



2. Estimation from a stochastic graph

Because of assumption (H3), the likelihood in our setting includes also a term due
to the initial value being non-zero, but we can neglect it as 7" increases. xThe MLE
converges to the true value of the parameter A and we have the following convergence
in law, see [Jac0l]:

VT (vee R A) SN (0,C ®I1d).

The rate of convergence with respect to 7"is 1/ VT. 1t is optimal in the sense that we
have the Local Asymptotic Normality property, with rate 1 / \/T and C,, ® Id as the
information matrix. This optimality result and the popularity of this method makes
it a natural benchmark for the methods that we present in this thesis.

2 Estimation from a stochastic graph

In this part, we build a stochastic graph from an Ornstein-Uhlenbeck process. Con-
sider for instance Y defined for any ¢ by

Y, = ]lxg;xgzl (%)

and see Y as the adjacency value between nodes i and j at time {. Then Y,
encodes the adjacency matrix of a directed graph with d nodes. We see therefore
Y as a stochastic graph process. This definition finds particular interest in the
modeling of interbank lending. Indeed, in the models from [CFS15, FI13] mentioned in
the Motivations Section above, reserve flows are proportional to reserve imbalances,
hence the condition Y/ = 1 is interpreted as a large flow of reserves from i to j. For
other applications, the definition from Equation (5) above can be easily extended to
a more general setting. For any pair of nodes (4, j), consider a set S* and define

Yij =1 x,eqi (6)

The notion of stochastic graph links therefore the topic of stochastic processes to
graphs and in particular random graphs.

Random graphs The topic of random graphs dates back to [ER59]. The Erdos-
Renyi model, commonly seen as the most basic model for random graphs, assumes
that all adjacencies are independent Bernouilli variables with parameter p, where p
is the same for all adjacencies. The topic has attracted a large attention, but it has
become clear that the model can’t reproduce the characteristics of real-world graphs.

Given a random graph, it is a difficult and somewhat subjective question whether
the graph ressembles some real-world graph [CF06]. To compare graphs, the typical
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strategy has become the comparison of features of the graph [LCK*10]. An exam-
ple of such feature is the density of a graph, which is the ratio of the number of
edges to the number of possible edges, which is (;l) for a non-directed graph with-
out self-loops. This feature can be reproduced by the Erdos-Renyi model, in the
following sense: given a density J, by choosing p = 0, the expected density of the
resulting Erdos-Renyi graph will be equal to 6. A more complex feature is the degree
distribution, which is the frequency of degrees among the nodes. The Erdos-Renyi
graph can reproduce only binomial degree distributions, see [Bol01], but in order to

get a given degree distribution, one can use for example the Chung-Lu model [CL0Z2].

One can continue this reasoning. Given some selected compatible features, it is
entirely possible to consider theoretically a random graph generator that verifies all
features. For example, one can restrict the space of graphs to those that have the
right features, then choose one at random with a uniform probability. A lot of effort
has been put in finding the "relevant” features, but it remains unclear at which point
adding new features becomes irrelevant, see the conclusion of [CF06]. Among the
most popular features that are used we have for example:

¢ diameter, the maximum distance between two nodes, see [Har69];

o clustering coefficients, a measure of density of the graph around a node intro-

duced in [WS98];

o the Laplacian eigenvalue distribution, related to the spectral clustering of graphs,
see [VLO7];

* hop-plots, which represent the proportion of nodes that can be reached after
following k edges, see [CF06], and measures the small-world property [WS98].

Instead of fitting features, one may want to develop an intuitively interesting frame-
work. For example, the Barabasi-Albert model [Bar99], or preferential attachment
model, formalises the rich-get-richer mechanic, which is observed for instance in the
development of the world wide web. It is observed that new websites send links more
frequently to websites that are more connected. In the model, starting from some
initial graph we add nodes and link them randomly to a fixed number of nodes with
probabilities that are proportional to the degrees of the existing nodes. This model
has the additional interest of modelling the growth of a graph.

In the models above, the edges are static, in the sense that they are not created and

destroyed independently of the nodes. In the preferential attachment model, the evo-
lution of the graph comes from the addition of new nodes, but once we have two

8



2. Estimation from a stochastic graph

nodes, their connection status is static. We are interested here in analysing the varia-
tions of a graph with respect to another variable which will be seen as time. The re-
sulting objects are called evolving graphs [ALLT16, CZ16], evolving networks [BFGT08]
or temporal networks [HS12, HS13]. We will use the first name. The topic has received
increased attention in the past decade. The usual approach to model a network using
a graph is static, but this may be unrealistic in some cases. For instance, the observa-
tion of large internet networks, such as the World Wide Web and social networks, is
typically done using web crawlers and APIs [ALL*16] which can observe only a part
of the network in a given time. Hence, by the time that one would observe the whole
network, it would necessarily change. There is no single definition for these evolving
graphs. Sometimes time is included in the graph itself [Kos09]. However, there are
two main approaches to evolving graphs [HKWI6]. In the first, the network changes
randomly and we count the changes. In the second, we consider regular snapshots
of the graph that evolves between them. Both approaches generally lead to time that
is represented by integers. Some work has been also done on non-integral time, such

as in [CZ16].

Existing work on evolving graphs shares many commonalities. First, the objectives
are typically to construct efficient methods and algorithms that compute some graph
features of an evolving graph [ALL"16, BKMUI12, CZS*07]. Second, the evolution of
the graph is either not modeled [BFG108, CZ16] or modeled by independent rear-
rangements of edges and nodes [BKMUI2, ALL"16].

In our model, the graph is a function of a stochastic process. Instead of computing
graph features, we want to estimate the dynamics of the underlying process. The
fact that the process has a non-zero auto-covariance leads to non-independent graph
changes. Our contribution in the topic of evolving graphs are hence first, the creation
of a new model with correlated changes at random times and second, the proposition
of a new point of view on questions that can be asked about evolving graphs.

Estimation from partial observation We have presented above the problem of pa-
rameter inference in the setting of complete observation in continuous time. We have
outlined the estimation using the Maximum Likelihood Estimator, but other methods
are also considered, see [Kut04]. While this setting is interesting from a theoretical
perspective, it is more realistic to consider discrete observations. In general, one
fixes an integer n > 0 and non-negative real times (¢1,...%,), and assumes that the
process is observed only at these n time points [Sor97|, with n — +00. One can in
principle use any increasing sequence of times, such as in [GCJ93], or even consider
them as random, as in [GCJ94] or [ASMO4]. It is however also natural to consider
equidistant timestamps. We take then A, > 0, and choose t; = iA,,. We can then
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broadly find three classes of settings.

10

* The high-frequency fixed-time setting (HF-FT). We fix an observation length

T > 0 and take A,, = T'/n, such that the observation is done on a fixed-length
interval, but the observations become denser. One hopes to recover the pa-
rameters using increased granularity. However, the information one can use in
that setting is bounded by what is included in the continuous intrval, and we
know from what we explained above that then ¥ is known but the estimation
of A relies on T" — +00. Therefore we know that in the HF-FT setting, we can
asymptotically recover only X. In the homogeneous one-dimensional case, the
LAMN property is proved in [Doh87]. The inhomogeneous multi-dimensional
case is dealt with in [GCJ93]. Additionally, the authors work without the as-
sumption of equidistant timestamps. Instead, they use the assumption that the
empirical distribution of observation times converges weakly to some measure.
The average time-step is converging to 0, which is the reason we classify it as
a HF-FT setting. The random sampling for observation times is considered
in [GCJ94]. The minimax rates of convergence, for one-dimensional processes,
are obtained in [Hof99].

The low-frequency long-time setting (LF-LT). We take a constant time-step
A, = A. The observation has now a fixed granularity, but the observation
length is increasing to +o00. Therefore, we hope to recover the parameters using
the ergodic properties of the process. The observation is in this case akin to a
discrete time Markov chain. A first idea is to approximate the calculations of the
continuous case with discrete equivalents. However, as pointed out in [Ped95],
this method leads to inconsistent estimators [Flo89]. Instead, other methods
have been proposed [Jac0l], for instance [Kes97] and [KS99] provide methods
that are both consistent and asymptotically normal.

The high-frequency long-time setting (HF-LT). We take here A,, — 0 and
assume nA, — +o0o. Although the granularity of the observation increases,
the window of observation expands to +0c. Here we can recover information
both from decreasing time-step - by keeping the first 7/A,, observations we
recover the HF-FT setting - and increasing observation length, with the as-
sociated ergodic properties. The non-parametric estimation of the diffusion
coefficient for one-dimensional processes has been done in [Flo93]. Also for
one-dimensional processes, [Kes97] does the simultaneous parametric estima-
tion of the drift and diffusion coefficients. The Local Asymptotic Normality
property is proven in [Gob02]. The case of random observation times is the
subject of [ASMO04]. The paper works with the limit IE [A,,] — 0, which is why

we classify it as a HF limit.



2. Estimation from a stochastic graph

It is worth reminding that in practice, a time-step will be fixed as well as the obser-
vation length. However, if one assumes the time-step to be small, then the HF-LT
setting provides a way to quantify jointly the impact of the size of the time-step and
of the observation length. Therefore, we place the study in Section 2.1 in that setting.

We have started this part by introducing stochastic graphs. However, it is easy to see
in Equation (6) that the setting can be extended to many cases of partial observa-
tion. Indeed, observations can be limited by the precision of the output, like a price
that can’t change by less than a cent. We can think then of the observed price as a
discrete function of an underlying real-valued process. In Equation (6), we take the
heaviest assumption of a binary function. This isn’t particularly restrictive, as one
can combine several binary functions to get many discrete functions. For example,
observing 1,>¢ and 1,>; gives the knowledge about 3 intervals | — oo, 0[,[0, 1[ and
[1, +ool.

Binary information is similar to the observation of the crossing of some thresh-
old. The threshold is typically zero for diffusions in R, without loss of generality.
In [Flo86, Flo88], it is assumed that a process is observed in continuous time, but
one records only the zero-crossings of more than ¢, which is a positive constant. It is
proven that under some assumptions on the drift parameter, this is enough informa-
tion to estimate the drift parameter if the volatility parameter is known and constant.
Furthermore, the performance is significant compared to the complete information
MLE, in the sense that their Fischer information ratio is around 0.618 for Ornstein-
Uhlenbeck estimation.

The problem in discrete time is considered in [Flo87, Flo91]. The diffusion that is con-
sidered has a known volatility and the drift is a function b(X}, #) of the process and
the parameter that is inferred. Interestingly, this paper uses two time-discretization
settings. First, an estimator of € is constructed using quasi-likelihoods and it is shown
that it is asymptotically efficient in the LF-LI" setting. Second, it is proved that the
number of sign changes N (7") verifies

VAAZNA(T) 2 L,(0)

where L;(0) is the local time in zero of X. The result is extended to smooth approx-
imations of the process in [Aza89]. As the local time is proportional to the density
of the stationary density in the ergodic setting [KS91], this teaches us that we can
expect to learn the volatility parameter in the HF setting. However, the article does
not tackle simultaneously the HF and LT limits, and is limited to dimension d = 1.

Our contributions in this topic are the following:

11
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* we prove mixing properties for Ornstein-Uhlenbeck processes;

» we provide a simple method to prove the convergence in L? of sums of func-
tionals of an Ornstein-Uhlenbeck process;

» we completely characterize the convergence of occupation time statistics, in-
cluding a CLT property for d = 1;

» we prove the convergence in L? of a normalization of the crossing statistic, thus

extending results on the convergence of crossing statistics to the local time in
zero, see [Flo87, Flo91] above, to the HF-LT limit;

» we show how the results can be used for parameter inference from a stochastic
graph generated from an Ornstein-Uhlenbeck process;

* we conjecture an optimal rate of convergence and the validity of a CLT for the
crossing statistic.

2.1 Parameter estimation of Ornstein-Uhlenbeck process
generating a stochastic graph

Our estimation method consists in observing two quantities: how often is Y, equal
to 1 and how often does it jump between 0 and 1. This approach is not unlike the
one from [Flo91]. We show several convergence properties for both statistics and we
conclude with the applications for parameter inference. As mentioned above, we
assume the HF-LT setting. A typical issue with assuming that A,, — 0 is that the
observations are taken at times that are inconsistent between two values of n. Indeed,
the Markov chain (Xya,,k > 0) depends on n through A, which is why we can’t
apply general mixing properties for Markov chains. This pushed us to examine more
closely the rate at which the autocorrelation decreases with increasing time distance.
The following Theorem expresses that this decorrelation rate is exponential and is
based on the Gebelein inequality [Jan97], also known as Lancaster inequality.

Theorem 1 (Theorem L1). Assume (H1) - (H3). There exists a finite constant Cy), depend-
ing only on the stationary distribution covariance matrix C ., such that for anyt > s > 0
and for any functions o : C°([0, 5], RY) — R, ¢ : CO([t, +00), RY) — R such that p, ¢
are square-integrable w.r.t. the distribution of X, we have

|Cov (¢ (Xu)uss) & (Xo)ozt))| <

Ce™ 1= Var (¢ (X,)uze) Var (6 ((X,)o2))
)

where aq is defined in Equation 1 from assumption (HI).

12



2. Estimation from a stochastic graph

Theorem 1 above enables us to prove the following corollary, which applies to
quite generic functionals g.

Corollary 1 (Corollary L1). Consider a measurable function g : N xIN xC°([0, 1], R?) —
R such that I [g(k, n, (Xs)kAngsg(k+1)An>2] < o0 forany k,n € N. Forn € IN define

UZ = iup Var (9(’@ n, (Xs)kAngsg(kﬂ)An)) )
<n

n An
& =/ — gk, (Xo)kanso<trnan,)-

Then, there is a finite constant C), dependent only on the parameters A, X of the model,
such that: )
Var (Z &i"’) < Gyl ®)
k=0

211 Occupation time statistic

We fix here a subset S C R? and define the occupation time statistic by

n—1 n—1
1 1
OT, ==>» Vi, =-—>» 1 :
n n kz_; kA, n kz_% Xgan, €S

Since we have assumed that the process is stationary, see assumption (H3), we easily
compute [E [OTE} = Jtos(S) := [4 ttoc(dz). Then, in order to get convergence in L?,
we take interest in the variance. Here, we apply Corollary 1 and get :

Theorem 2 (Theorem 1.2). Assume (H1) - (H3). For any measurable set S C RY, OT;?
converges to i, (S) in L? and

B[(OT - 1n(8)7] =0 ()

Theorem 2 above gives an upper bound on the convergence speed in L?. In order
to ensure the optimality of the rate and to better characterize the estimation error,
we wish to provide a Central Limit Theorem (CLT) type property. We state exactly
that with dimension d = 1, hence (A,Cy,) = (a,vs) € R? and S = [1,+o0[ in
Theorem 3 below.

Theorem 3 (Theorem 1.3). Assume (HI) - (H3). As n — +00, we have

VA, <OTL1’+°O[ — uso([1, +oo[)) S N0, i (02 F?))

13
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where F' is such that

prm = 2 V) =V () Y () o2/

o? fhoo(2)

We restrict the dimension to d = 1 in order to be able to solve explicitly a Poisson
equation. The choice of S is motivated by our application in interbank lending, see
Equation (5). We also use it to get explicit and clean limit variance. A slight modifi-
cation of the proof allows to obtain results for other sets .S. From this result follows a
CLT for the resulting estimator of @ assuming knowledge of o.

Finally, we confirm the rate of convergence in extensive numerical tests, which we
present in Section 4 of Chapter I, in which we estimate the expected values and
standard deviations of the statistic using a regular Monte Carlo technique.

212 Crossing statistic

We define the crossings statistic by:

i
L

Cn =

S|

1,s s
Yian 7éY(k+1)An
0

i

where S is a half-space S = {z : #! > 1}. As we mentioned before, using linear
transformations we can replace S by any half-space that doesn’t contain 0. Using
Corollary 1, we prove convergence in L?:

Theorem 4 (Theorem 1.4). Assume (HI) - (H3). Assume that nAY? = +oo. We have
the following convergence:

¢, = |(==)"
N 5 keu(l),

C, 1
Var ( ,—An> =0 (HAEL/Q) )

where j1c11 (1) denotes the density of a centered Gaussian with variance Cll.

The result is again backed by Monte Carlo methods. However, although the results
are consistent with the limit of the expectation that we provide in Theorem 4 above,
simulations suggest it is possible to get a better rate of convergence in L?. We
conjecture therefore that the correct rate is nA\,, instead of nA?/ 2; it also seems that
rescaling using this rate gives in the limit a normal distribution, hence we conjecture

that a CLT is true for C,,.

14



2. Estimation from a stochastic graph

213 Application to parameter inference

Using the occupation time statistics, we can estimate the measures of sets .S under
the stationary distribution, which depends on C,. By choosing several sets S, for
example all sets S = {z : 2* > 1,27 > 1}, we can get to a situation where the

vector of expected measures [£ (OT;S;”)] ~is one-to-one with the set of covariances
ij
C. This gives a natural candidate for an estimator of C,. As we prove that the

measure (i (.5) is a continuous function of C',, we conclude that this estimator has
the right limit.

The covariance C, is however a non-bijective function of A and XX . To tackle
this, we use the fact that in Theorem 1.4, the crossing statistic converges to a product
of, on one side, a function of C', and, on the other, of XX 7. As C, is already esti-
mated thanks to the occupation statistic, this enables estimating ) independently
of C, which is followed by the estimation of A.

2.2 Properties of the stochastic graph

The multi-dimensional Ornstein-Uhlenbeck process can be used in order to model
interbank lending, but to make intuitive sense the flows of reserves must conserve the
sum of all reserves. This condition writes 1" A = 0 and hence A is non-invertible.
We deal with this degeneracy by describing the dynamic of the d components us-
ing d — 1 deviations from the mean, which follow a slightly changed OU dynamic,
and an independent mean process. For the Carmona-Fouque model, which we take
from [CFS15, FI13], the OU dynamic for the deviations has a scalar drift parameter.

By simulating small interbank-lending networks, using both the Carmona-Fouque ho-
mogeneous model and a sparse model with a central institution, we show that the
observed flows of money can be completely different from the actual structure of
the model. Observing the stochastic graph over an interval helps in finding which
nodes are connected, but it isn’t straightforward to infer the lending structure from
the stochastic graph.

Taking larger interbank lending networks, we analyze the stochastic graph from the
viewpoint of evolving graphs, as presented in [BFGT08]. First, we look at how some
basic measures of the graph evolve with time. The graph density is varying around a
mean value, in a manner similar to a one-dimensional Ornstein-Uhlenbeck process.
The degree distributions show a fast falloff for the tail distribution, but most graphs
we simulated had some nodes that were connected to the majority of other nodes.
Further, the graphs are very concentrated, with small diameters and average shortest
path lengths, but have almost no clustering. Second, we look at properties of edges
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across time. For instance, the edge durations have an exponential falloff of their tail
distribution. Third, we look at the connectedness of the central node in the sparse
model. Its degree is much lower than what is observed for other nodes.

3 Sparse estimation

In this section, we assume a complete observation on an interval [0,7]. Thanks to
this assumption, as we have pointed out earlier, 3 can be considered as known, which
is why we simplify the question by further assuming 3 = Id. From this follows from
instance that Assumption (H2) is true. Finally, we add a row-sparsity assumption:

(H4) For a fixed s < d, the matrix A is row-s-sparse, which we define as
Vi< d, | A"]|o < s,

where A™ is the i-th line of A. This assumption signifies that any coordinate of X is
impacted only by at most s coordinates:

dX;=— ) AYX/dt+dw;.
AU A0
Sparse estimation is a problem that has gathered a lot of attention in statistics [BvdGll,
Girl4a]. The idea is to find the best estimator which verifies a given sparsity con-
dition, i.e. that has a limited number of non-zero values. Unfortunately, this task
is computationally very expensive. The reason for this is that the set of parameters
under a sparsity assumption is non-convex. Indeed, the set of matrices that verify
Assumption (H4) is the union of all linear sub-spaces that are obtained by selecting
s indices per line and restricting the non-zero values to these indices. In order to do
the estimation, one would need to do the estimation on each of the subspaces and

d
then choose the solution with minimal estimation error. However, there are (Csl) such
subspaces, hence the problem is non-tractable for large d and even moderate s.

The Lasso estimator. Another approach is to decrease the number of non-zero
values by penalizing them. This would lead naturally to penalizing the objective
function with ||Al|o, where ||A|o = #{(i,j) : AY # 0}. The pseudo-norm || A||,
is however non-convex which makes the problem intractable. The idea of convex
relaxation suggests then replacing the 0-norm by |[Af; = >_,; |A”|. The resulting
estimator is the Lasso estimator [Tib96]:

dP 4
dw

~ 1
A = argmin —— log + A Al;. (9)
A

T
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3. Sparse estimation

In front of the ¢! norm we add a parameter \ which can be tuned in order to balance
between fit to data and sparsity.

Lasso estimation and more generally sparse estimation using convex penalization
has been the subject of extensive work in the recent past [BvdGll, FBO12, Girl4a]. A
popular area of application is the Gaussian regression. In this problem, one considers
the problem of estimating a vector parameter a given a series of observations y and
a series of vectorial variables that form a matrix X, and assuming that

y=Xa+w

where w is a centered Gaussian noise term. The setting is somewhat analogous to
the one we consider in Equation (1). In sparse estimation, one usually takes a sparsity
assumption applied to the vector a, for instance that the number of non-zero values
is bounded by a constant s. Sparse oracle properties consist in asserting how estima-
tion errors react to this sparsity assumption. For instance, it can be shown that the
norm of the estimation error is bounded by a function of s. Such oracle properties
are shown for the Lasso in [BTWO07] and [BRT09] in the linear regression model.
An issue of the Lasso that has been raised is that the penalization applies equally
to all terms. For instance, some wanted to induce structured sparsity, resulting in
an estimation called the Group Lasso [YLO6], which was also used for reduced rank
estimation [BSW12].

Sparse estimation using the lasso has also been applied to time series. In a particu-
larly relevant case for our work, it has been used for the estimation of the parameters
of a Vector Auto-Regressive process. Indeed, a discretized Ornstein-Uhlenbeck pro-
cess can be seen as an AR(l) time-series. For instance [BMI15] gives error bounds
for the Lasso estimator under a sparsity assumption, stating that the equivalent of
the drift parameter has a limited number of non-zero entries. The method is using
spectral densities and is relying heavily on the discrete scheme, as it lets us see a
d-dimensional process observed at n times as a n X d-dimensional Gaussian variable.
In the context of Ornstein-Uhlenbeck estimation, the Lasso estimation has been con-
sidered in [Sokl13], but without providing any theoretical results such as error bounds.
Our approach provides such error bounds, under a sparsity assumption which states
that each row of A has a limited number of non-zero entries.

The Adaptive Lasso estimator. Unfortunately, Lasso estimation has its downsides.
Indeed, sparse estimation has two objectives: to estimate correctly the true parameter
and to get the right level of sparsity. The first objective means we wish the estimator
to be asymptotically unbiased and with optimal convergence rate, such that with in-
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creasing observation time we can expect a decrease to zero of the estimation error.
The second objective means we want the estimator to set to zero the entries that
correspond to true zero values such that we recover asymptotically the support of
the true matrix. In the case of Gaussian regression, [Zou06] shows that one can’t get
both properties simultaneously for the Lasso: the values of )\ that lead to consistent
estimation make also sure that there can’t be asymptotically consistent variable selec-
tion. To solve this, the article proposes the Adaptive Lasso, which consists again in a
¢! norm, but now each entry is weighted by the inverse of the corresponding entry in
the MLE.

Our contributions in this part are the following:
» we develop sparse estimation using Lasso in the continuous time setting;
» we show results in the setting of the row-sparsity assumption;

» we provide a complete theoretical basis for sparse estimation of Ornstein-
Uhlenbeck processes, including an upper bound for the estimation error;

* we give a minimax lower bound on the estimation error under a row-sparsity
assumption;

» we prove a Restricted Eigenvalue property for the Ornstein-Uhlenbeck process;
* we present asymptotic optimality properties of the Adaptive Lasso;

» we show the advantages of the penalized methods through an application to
real-world financial data.

3.1 Sparse inference of the drift of a high-dimensional
Ornstein-Uhlenbeck process

In order to estimate the parameter A, of which the true value will be denoted Ay in
this Section, from a trajectory governed by Equation (1) with 3 = Id, we consider two
methods based on the ¢! penalization: the Lasso and the Adaptive Lasso. We con-
sider first the Lasso in a non-asymptotic setting. Indeed, it is noteworthy that we can
derive error bounds in the non-asymptotic setting, which apply with high probability.
The non-asymptotic setting enables us to better quantify the effect of the sparsity s,
dimension d and observation length 7".

We start by rephrasing the problem in terms of matrices:

1 ~
Lr(A):=tr |[ATer + 5(A — Ag)Cr(A - A"
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3. Sparse estimation

PN I I
with Cp = — / XrX/'dt and ep = — / dwr X,
T Jo T Jo

In the definition above, L7 is a normalized negative approximate log-likelihood, as
we neglect terms of order O (1/7") coming from the likelihood of the initial value Xj.

3.11 Preliminary results

The convergence of any estimator based on the negative log-likelihood L1 can be
retraced to the behaviour of the two quantities C'r and €7. Indeed €1 can be seen

as a noise term that needs to be sufficiently small, while C'7 needs to be far enough
from being degenerate.

In the setting of Gaussian regression, the equivalent of C'r is a Gram matrix, which is
computed from a given design matrix. It becomes necessary to make the assumption
that its eigenvalues are far enough from 0 in order to ensure fast rates of convergence.
To the contrary, in the OU setting the matrix Cr is computed from the values of X,
which are obtained from the model in Equation (1). Thanks to the ergodicity of X,
the empirical covariance Cr converges in probability to C,. As C has strictly
positive eigenvalues, which comes from assumption (HI), this shows that for large 7',
C will also have a strictly positive spectrum. In Theorem 5 below, we quantify that
property, but before we need to introduce a fifth assumption. It relates to the speed
of convergence of the empirical covariance CAZ'T to the stationary covariance C'..

(H5) There exists a non-decreasing function H, positive on R, such that for any
vector u verifying ||u|l2 < 1, we have:

P |ju"(Cr — Coo)ul > R| < 2exp(—TH(R)).

We conjecture the validity of that assumption. Indeed, for reversible Ornstein-
Uhlenbeck processes, which corresponds here to having a symmetric Ay, it follows
from the application of a Theorem from [CG07]. This Theorem states that the prob-
ability that, for a real-valued function V, the integral 7~ fOT V(X})dt deviates from
its expectation fi, (V') exceeds any threshold decreases exponentially with 7. Unfor-
tunately, we haven’t managed to apply the Theorem for non-symmetric A,. However,
we believe that the property should apply to other settings, since [HHMS93] shows
that the rate of convergence of Cr to Cy is faster for non-symmetric A, than for
symmetric ones.

Based on this assumption and on a union bound that enables going from Assumption
(H5) to the convergence of eigenvalues, we prove Theorem 5 below. It can be seen
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as the statement of the validity of a Restricted Eigenvalue property [BRT09], which is
typically needed to be assumed in settings such as the Gaussian Regression [ZW]14].

Theorem 5 (Theorem II1.3). Assume (HI), (H3) - (H5). Set s < d and cy > 0. Define
C(s,co) == {u € R : |Julli < (1 + co)llwz,wl1} where Z,(u) stands for the set of

indices of the s largest entries of |u|. Consider ey € (0,1) and assume that

2

T>Ty:=H (W) B (slog (21d A 21:d> + log <e4_0)> .

Then,
Ju” X|| 2

]P{ in >/£:|21—6—0 (10)
ueC(s,co) ||’LL||2

min Sp(Cs)

where Kk = 5

We continue with a property which states in a practical way that e is relatively small

with high probability.

Theorem 6 (Theorem II1.8). Assume (H1) and (H3). Define for x > 0:

0, (X)) = \/46T—1|diag (Cr)le (2 +10g(2 + |log Tdiag (Cr)c) ).

where we denote diag the extraction of the diagonal of a matrix and log applies naturally
to each term (which are all positive). For any matrix U, we have

2
P (U, er); < Oz, (X)IU 1] = 1 - T exp(~2¢ + 2log d).

3.1.2 Non-asymptotic properties of the Lasso

Building on the results of Section 3.1.1 above, we prove Theorem 7 below. It provides
a bound on the estimation error, in terms of /! and L? norms.

Theorem 7 (Theorem IIL1). Assume (H1), (H3) - (H5). Set v > 1,0 < 7 < vy —1,
€0 € (0,1) and define

4 5 - 1 2722 ~
A\p 1= ’Y\/ﬂ (— log 7; +log(2+ ‘10g(T5T>|oo))

T 2 €0

20



3. Sparse estimation

where ST = diag CAZ'T and log is applied entrywise on T(§T. Set ¢y = “’f:“}, recall

the definitions of x and Ty from Theorem 5 and assume that T > Ty. Then, for any
row-s-sparse matrix A, the lasso estimator A := A, verifies

A - 1+ +7)\?
2y Al = AL+ 1A - ADXIE < 104 - 40X + (Z2T) agas

with probability at least 1 — €.

From the Theorem follow naturally error bounds for the ¢ and L? norm. Then,
combined with the Restricted Eigenvalue property from Theorem 5, we get an error
bound in Frobenius norm and finally, in g-norm.

The bound is, up to constant factors, of order A\2ds. After we prove that ST can be
in the asymptotic setting seen as a constant, we get that the asymptotic equivalent of

the error bound is
ds(logd + loglogT)

T .
We compare this equivalent to the minimax lower bound that is given in Theorem 8
below. We acknowledge that the two are not equal, but the difference of logs and
loglog T' is rather small. We believe it would be possible to improve the estimation in

terms of upper bound on the error by considering alternative estimators. For instance,
SLOPE achieves the minimax rate [BLT16].

Theorem 8 (Theorem II1.2). For some constants ¢ > 0 and ¢’ > 0, we have:

~ ddslog(cd/s
inf sup B [| A - Afj] > CE8C),
A AerT, T
where U5 is the set of row-s-sparse matrices and the infimum is taken over all possible
estimators.

The proof of the lower bound uses a Gilbert-Varshamov bound applied to the set of
row-s-sparse matrices I's. The volumes that are needed to compute the lower bound
are computed using a result on the counting of regular graphs.

3.1.3 Asymptotic properties of the Adaptive Lasso

We know that in Gaussian regression the Lasso can’t achieve asymptotically both the
optimal rate of convergence to the true parameter A, and the exact support recov-
ery [Zou06]. We prove in the following that this applies also to parameter inference
of the Ornstein-Uhlenbeck process. Indeed, A is a parameter that essentially shrinks
all entries proportionally to A. Unfortunately, this means that support recovery ne-
cessitates \ to be of an order larger than 1/v/7, while optimal speed is achieved only
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if \ is of an order smaller than 1/+/7.

The idea of the Adaptive Lasso is simple: it is to penalize more the entries which we
believe that are probably zeros and less those that are probably non-zero. As a way
to judge that, we use the MLE - if its value is low, then the entry probably should be
a zero. This leads to a penalization given by

>
~MLE_ "
i (A )]
In this definition, v can take any positive real value, and we use v = 1 in our experi-
ments. Theorem 9 below shows that this estimator achieves both the optimal rate of

convergence and has the property of asymptotic support recovery. The dependence
of A and of the estimators with respect to 7" has been hidden to reduce clutter.

Theorem 9 (Theorem I11.4). Assume (H1) - (H3). Fix v > 0 and assume that \ verifies
NTV2 — 0 and \TOHV/2 — 400 when T — +oo. Then, we have the following
properties.

1. Consistency of the variable selection: as T — 400, we have

P [supp(ﬁad.) = supp(AO)} — 1.

2. Asymptotic normality: as'T" — +oo, we have

VT ((zad.)Mo - (Ao)|A0> SN (O, (Cx ® Id)IonAo)—1> ,

where Ay = supp(Ay) is the support of the parameter A,.

3.1.4 Numerical comparison of MLE, Lasso and Adaptive Lasso

The theoretical results above show some of the strengths of the penalized methods,
but it remains to be seen how they perform in numerical experiments compared to

the MLE.

The first point we need to address is the choice of A\. Although Theorem 7 provides
a theoretical value for ), the theoretical penalization parameters tend to be pes-
simistic [BvdGll]. Instead, we use a cross-validation technique [AC10]: we use the first
80% of a trajectory to compute the log-likelihood in Equation (8) (the training set)
and the last 20% of the trajectory for tuning of A (the validation set). In this Section,
we assume the Lasso and Adaptive Lasso estimators have been obtained through that
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cross-validation method.

Our experiments on simulated data confirm the advantages of the penalized methods
compared to the MLE in terms of estimation errors. They also confirm the advantages
of the Adaptive Lasso in terms of support recovery accuracy. Finally, we apply the
estimation methods to real world data, a 120-dimensional time-series of exponential
moving averages of returns of SP500 components.

3.2 Sparse estimation applied to finance

We apply the methods presented above in two separate use cases. The first applica-
tion is to US stock daily close prices, where we wish to test the hypothesis that recent
over-performing stocks are more likely to under-perform. The second application is
to dividend future prices, for which we wish to test if their variations are compatible
with the link between stock price and expected dividends coming from a discounted
cash-flow approach.

3.2.1 Mean-reversion in SP500 stocks

We take here a subset of the SP500 components for which we have a long enough
price history. The subset we use has 466 stocks and 4305 daily close prices for each
stock, spanning the period between January 3, 2000 and February 10, 2017. The
stocks are attributed to groups with common GICS industrial sector. For each stock,
we compute the exponential moving average (EMA) of its returns, with a parameter
a = .1 (the time is counted in days). If its value is above its average value, we will
say the stock is a recent over-performer, while under-performers have an EMA below
said average value. By construction, the EMA is mean-reverting:

t
E, =« / e = d M, dE, = —aE,dt + adM,.
0

We will henceforth analyse the EMA instead of the returns data, as the EMA is con-
tinuous and any prediction on the EMA can be transformed into a prediction on
future returns. We perform an analysis in several levels, both one-dimensional and
multi-dimensional. In each case, we fit the data to an Ornstein-Uhlenbeck process
with parameters A and ¥ (a and o for one-dimensional processes). Then, we com-
pare the results to a benchmark we call the Brownian Motion Exponential Moving
Average (BMEMA), the EMA of serially uncorrelated returns with covariance X. Es-
timating for it the mean-reversion parameter A, we get the mean-reversion strength
expected for serially uncorrelated data.
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As we believe that the strength of the mean-reversion can vary, we do the estima-
tion on multiple sub-intervals of the total interval. We take in practice 30 regularly
separated intervals of length 1000 (4 years of daily prices), which give us an idea of
typical mean-reversion strengths. Then, we use the first 800 days for the estimation
and use the last 200 days in order to verify the prediction power of our model. The
verification is made using likelihood ratios.

We do an analysis on several levels. When analysing one-dimensional data, we only
use the maximum likelihood estimator. For multi-dimensional data, we compare the
Lasso, Adaptive Lasso, MLE and the Diagonal estimator. The Diagonal estimator
is the estimator with only diagonal entries, all computed from independent one-
dimensional analysis of the components.

* Mean-reversion of sector averages. We compute for each industrial sector
the equal-weighted average of the EMAs. An analysis in one-dimension of the
individual sector averages points to the existence of mean-reversion for most
industrial sectors, with typical values of a between (.11 and 0.14, compared
to an expected value for serially uncorrelated data of 0.105 £ 0.015. The
multi-dimensional approach shows possible cross-sectorial influences, as the
non-diagonal Lasso estimator beats in average the Diagonal estimator. How-
ever, both for one-dimensional and multi-dimensional approaches, we can’t
beat consistently the benchmark in terms of likelihood ratios.

* Mean-reversion of stocks to their sector average. We subtract here the
sector average from each individual stock data series. The resulting mean-
reversion parameters are typically between 0.1 and 0.15 and indicate the mean-
reversion strength typically exceeds what we expect from serially uncorrelated
data. The multi-dimensional approach shows the added value of the penalized
methods, which perform better than both the Diagonal and the non-penalized
MLE estimators. However, both for one-dimensional and multi-dimensional
approaches, we fail to beat the benchmark in terms of likelihood ratios.

The consistent observation of mean-reversion exceeding what is expected from un-
correlated data and the failure to verify it using independent likelihood ratio testing
needs an explanation. For this, we apply our methods to data that we know is mean-
reverting: a autoregressive process with negative parameters. We observe that our
methods correctly see mean-reversion in the estimation of a, but the likelihood ratios
fail to confirm the result. We conclude that the likelihood ratio test is not a good
method to verify mean-reversion. Given what we observed, we assert the existence of
mean-reverting properties, but can’t statistically confirm or reject the significance of
the observation.
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3.2.2 Mean-reversion in EURO STOXX 50 Dividend Futures

Using a discounted cash flow approach, we can see a stock as equivalent to the cash
flow of all future dividends. With some approximations, we get

Sy ~ Z D(t,n)F™
n>0
where S is the stock price adjusted for dividends, D denotes discount factors and
F dividend futures prices. Dividend futures are contracts with underlying an index
counting the amounts of paid dividends during a calendar year. As a result, if we fix
the stock price, the variations of the future prices are constrained by a linear relation,
which could create mean-reversion properties.

We take here the EURO STOXX 50 Index, an Index which tracks the value of 50
European blue chip stocks. The Eurex exchange created the EURO STOXX 50 Div-
idend Points index, which tracks the total dividends paid by the EURO STOXX 50
companies, and uses it as the underlying for EURO STOXX 50 Dividend Futures.
The index can then be seen as a regular stock. We do then the regression of the
Dividend Future prices versus the Index. The slopes change from year to year, but
conserve a common shape as functions of maturities. The remainder is the part of
the variations of the futures prices that isn’t explained by the price and is the subject
of our further analysis.

We first try to fit the data to a multi-dimensional Ornstein-Uhlenbeck process. The
result is mixed, but we observe that the prices tend to cluster around their average.
We decide to use a two-step approach. In a first step, we analyze mean-reversion of
the average. It is significant and enables prediction of future variations, but one has to
be careful with the length of the time-spans used for estimation. In a second step, we
analyze the movements of the individual prices around the average, with again mixed
results. We conclude that dividend future prices, controlled by the index variations,
are gathering around their average value which is relatively slowly mean-reverting.
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Introduction

Le sujet de cette thése est 'étude de la facon dont une structure de graphe se mani-
feste dans des systémes qui évoluent de maniére aléatoire avec le temps. Ceci méne a
I’analyse des interactions entre processus stochastiques et graphes, que nous faisons
dans le cadre des processus d’Ornstein-Uhlenbeck. Nous commencerons par préciser
les motivations des questions que nous abordons dans cette thése.

Motivations

La crise financiére récente a montré les limites de ’approche habituelle de I’analyse
de risque, qui se concentrait sur les risques d’une entité faisant face a un marché. En
effet, il s’avéra que les décisions visant a réduire les risques de défaut d’entités isolées
peuvent mener a une augmentation du risque d’effondrement du systéme financier
entier [FL13]. Ceci a mené vers une accélération du développement du domaine de
I'analyse de risque systémique. Par exemple, le défaut simultané de nombreuses ins-
titutions est complétement improbable si ces défauts sont considérés comme des
événements indépendants. Cependant, des phénoménes comme les cascades de dé-
fauts créent ces dépendances [ACMI12, SCI0]. Parmi les vecteurs de propagation de
risque systémique, nous nous intéresserons en particulier au risque de liquidité [FL13].

Dans un systéme bancaire a réserves fractionnaires, qui est le systéme partagé par la
majorité des pays dans le monde, il est exigé des banques d’avoir en réserve des quan-
tités adéquates d’actifs liquides tels que de 'argent liquide [SC10]. Afin de satisfaire
cette réglementation, les banques se retrouvent parfois en besoin urgent d’emprun-
ter 4 relativement court terme. Pour ceci, les banques s’adressent généralement a
d’autres banques qui se retrouvent en situation d’excés de réserves. Ce mécanisme de
prét interbancaire crée un marché décentralisé dit OTC (over-the counter ou "de gré
a gré"). I forme la source primaire de liquidité pour les banques [AKSI1]]. Bien que
les configurations et législations différent entre les pays, la structure du marché reste
similaire et est décrite par exemple dans [CL93].
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Pendant la crise, 'incertitude concernant la santé financiére des institutions ainsi que
les peurs de panique bancaire ont poussé certains fournisseurs de liquidités a se ré-
tracter du marché de prét interbancaire [GG14, ANP09]. Par suite, le marché s’est
retrouvé asséché, c’est a dire que méme les institutions de bonne santé et avec des
positions solides avaient du mal & emprunter sur le marché [AKSIl, GG14, IP17]. Pour
mieux comprendre les risques créés par ces situations, nous concluons de la nécessité
de mieux comprendre la structure du marché de prét interbancaire, pour pouvoir
ainsi mieux prédire les contagions liées au risque de liquidité.

Selon des études récentes, comme [AKS14|, le marché de prét interbancaire posséde
généralement une structure stable dans le temps. Il est communément admis que le
marché est structuré par des relations de longue durée qui se forment entre certaines
institutions et que la majorité des transactions se font a travers ces relations. Cepen-
dant, ces relations sont généralement informelles et ne sont connues par personne
d’autre que certains employés. On peut donc affirmer que la structure du marché
n’est pas publiquement connue et n’est pas facilement observable. De plus, il n’est
pas nécessairement pertinent d’inférer la structure des volumes échangés totaux. En
effet, une relation forte que nous souhaitons découvrir peut étre inactive pendant
une durée prolongée simplement parce que les deux partenaires ne se retrouvent pas
simultanément en besoin et excés de réserves. Pour cette raison, nous posons la ques-
tion suivante :

Question 1. Comment inférer la structure du marché de prét interbancaire a partir de
lobservation de Uactivité de prét ?

Nous modélisons le prét interbancaire a travers un processus d’Ornstein-Uhlenbeck
(OU) multidimensionnel pour les raisons suivantes. Le Mouvement Brownien qui y
figure permet de modéliser les variations aléatoires des réserves des banques. Le
drift permet de modéliser le flux de capitaux. Sa forme linéaire en X implique que
Pactivité augmente lorsque les déséquilibres en termes de réserves augmentent. Des
modéle similaires ont déja été proposés pour modéliser le marché de prét. En parti-
culier [CFS15] utilise un modéle qui peut s’écrire comme un OU auquel est ajouté une
contribution qui représente ’activité de la banque centrale. Similairement, le modéle
de [FI13] prévoit des flux proportionnels aux déséquilibres de réserve, en ajoutant une
dépendance de A en X et en se placant dans le cadre d’une diffusion de Feller.

En plus de ce que nous avons déja mentionné sur le marché de prét interbancaire,
nous remarquons ensuite qu’étant donné qu’il s’agit d’'un marché OTC il n’est pas
directement observable. Nous choisissons de modéliser une observation partielle a
travers une fonction non-bijective que nous appliquons au processus. Ainsi, chaque
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observation correspond a un ensemble de valeurs possibles pour le processus. Nous
supposons la version la plus extréme de ceci, ot la fonction de prend que les valeurs
de 0 ou 1. Ceci nous méne a la question suivante

Question 2. Comment inférer les paramétre d’un processus d’Ornstein-Uhlenbeck multi-
dimensionnel d parti d’observations binaires ?

Bien que pour certaines institutions I’hypothése d’observation partielle est justifiée,
pour d’autres elle est superflue. En effet, la Banque Centrale Européenne (BCE) dis-
pose des informations sur les transactions faites a travers le systéme TARGET2 a
partir desquelles ils savent reconstruire avec grande précision l'activité de prét dans
la zone euro [AHH"16, GSV15]. Un acteur comme la BCE se retrouve face a un
autre probléme qu’est celui du grand nombre d’institutions supervisées. En effet, le
probléme d’inférence de paramétres d’OU multidimensionnel devient un probléme
a grande dimension, qui est sujet au fléau de la dimension [BvdGll]. Heureusement,
nous pouvons faire une hypothése de sparsité sur la structure du marché. En effet,
toutes les banques sont généralement en relation qu’avec un nombre restreint d’autres
banques [SC10]. Lestimation de parameétres sparses a attiré beaucoup d’attention dans
le domaine de la statistique des hautes dimensions, voir [Girl4a]. Une des idées est
celle d’utiliser la pénalisation et en particulier la pénalisation ¢! [Tib96].

Question 3. Peut-on améliorer linférence des paramétres de processus d’Ornstein-Uhlenbeck
sous une hypothése de sparsité ?

Résumé

Les questions 2 et 3 seront les sujets de deux parties indépendantes de la thése. La
question 1 donne le contexte qui guide nos réponses. Notre travail étant sur les-
timation de paramétres de processus d’Ornstein-Uhlenbeck, nous commencons par
présenter quelques propriétés de ces processus et rappeler des résultats fondamen-
taux sur ’estimation de leurs parameétres.

1 Estimation et propriétés des processus

d’Ornstein-Uhlenbeck

Définition et propriétés du processus d’Ornstein-Uhlenbeck A travers la thése,
soit (Q,]:, (Ft)ien+ ,]P) un espace filtré et (W});cgr+ un mouvement Brownien ¢-
dimensionnel adapté a la filtration F. Pour un entier d > 1, nous définissons le
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processus d’Ornstein-Uhlenbeck d-dimensionnel comme la solution de I'Equation Dif-
férentielle Stochastique (EDS) suivante

dXt == —AXtdt + Eth, (1)
ou la valeur initiale X, est une variable aléatoire indépendante de WW.

Le processus d’Ornstein-Uhlenbeck a été introduit en dimension d = 1 afin de
modéliser le la vitesse de particules de pollen, comme dans le mouvement Brownien
physique, soumises a des frictions [UO30]. Celles-ci créent un point d’attraction pour
le processus, qui est 0 dans notre cadre. Depuis, le modéle a attiré une attention
intense et a trouvé des applications dans de nombreux domaines. En particulier en
finance, le modéle d’Ornstein-Uhlenbeck est utilisé pour modéliser les variations de
taux d’intérét et est connu sous le nom de modéle de Vasicek [Vas77]. Le modéle
exprime que le taux d’intérét peut varier a court terme, mais revient a long terme a
une valeur habituelle. Le processus d’Ornstein-Uhlenbeck a aussi été utilisé pour le
trading par paires [LL15]. Cette pratique consiste & exploiter des différences de prix
entre actifs qui devraient évoluer ensemble d’aprés le trader. La différence de prix
est alors modélisée par un OU, ce qui permet de quantifier la volatilité et la vitesse
de retour a la moyenne. Aussi en mathématiques financiéres, le modéle de COX-
Ingerol-Ross [CIR85] est une évolution proche du modéle d’Ornstein-Uhlenbeck. En
neurosciences, ’'OU est utilisé pour modéliser la tension de membranes [LL09]. II a
aussi été utilisé pour des modéles de dynamique populations [Blal4].

Dans les applications que nous venons de citer, I’Ornstein-Uhlenbeck tient son
intérét de sa propriété de retour a la moyenne. Ceci est obtenu en dimension d = 1
en choisissant un réel strictement positif a la place de A dans I’équation (1). Pour des
dimensions pus grandes, ’hypothése équivalent est celle d’avoir une matrice A dont
le spectre est de parties réelles strictement positives. Nous faisons cette hypothése
dans ’ensemble de la these :

(H1) Le spectre de A a des parties réelles strictement positives :

= in KA > 0.
907 \&sp(a) )

Dans ce cas, le processus est ergodique et posséde une distribution stationnaire qui
est une Gaussienne centrée, voir la Section 5.6 de [KS91]. En utilisant le lemme d’Ito,
il est facile de montrer que

t
X, =e Xy + / e~ A BAW,. (2)
0
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Le processus X; est Gaussien est nous calculons sa moyenne et variance a tout instant
t en utilisant ’Equation (2) au-dessus :

Xy~ N (e X, Cy) (3)

t
C,= / e~ A=) T o= AT (t=5) .
0

II est souhaitable que X, ait une distribution non-dégénérée, et donc que C; soit
inversible. Pour ceci, nous ajoutons une nouvelle hypothése :

(H2) La matrice 237 est inversible..

A partir des Equations (3) et (4), nous voyons pourquoi est-ce qu’il est nécessaire
que A ait un spectre aux parties réelles strictement positives. En effet, il s’agit de la

condition nécessaire a ce que e~ 4! converge vers 0, ce qui donne d’un coté

E[X, | Xo] =50

et de 'autre implique la convergence de C;. Cependant, contrairement au cas uni-
dimensionnel, la matrice A peut avoir des entrées négatives. Ecrivons donc ’Equa-
tion (1) comme elle s’applique a une coordonnée 7 de X :

d
dX} == AYX]dt + (ZdW;)".
j=1
Certaines entrées parmi les A" seront égales a 0, ce que nous interprétons comme
une absence d’influence de la composante j sur la composante ¢. Nien sur, cette in-
terprétations a ses limites. Par exemple 7 et j peuvent étre liées a cause d’une matrice
> non-diagonale ou encore a travers une troisiéme composante.

Les entrées non-nulles de A seront interprétées comme des influences, qui peuvent
étre positives ou négatives. A cause du signe moins dans I'Equation (1), les négatives
entrées de A correspondent aux influences positives et vice-versa. Nous appelons une
influence positive la situation ou la valeur au-dessus de 0 de j pousse 7 a croitre, et
a décroitre si ¢ est au-dessous de 0. Une influence négative fonctionne de maniére
opposée.

Ceci participe a la richesse du cadre des processus d’Ornstein-Uhlenbeck multi-
dimensionnels. Dans le cas uni-dimensionnel, & tout moment le processus va en
espérance se rapprocher de 0. Dans le cas multi-dimensionnel, la variation espé-
rée dépend de la valeur du vecteur entier. Celui-ci peut prendre des valeurs qui

~

pousseront une composante a s’éloigner de 0. Par contre, sous 'hypothése (Hl), a
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long terme le processus et donc toutes ses composantes sont attirés par 0 pour finir
par étre distribués selon la loi stationnaire que nous avons mentionné auparavant. En
effet, observons que C; converge vers une limite lorsque ¢ — +00 :

t —+o00
_ _ AT t _ _ AT
C, _/ e AenTe A s *—+°°>/ e TN e A 5ds = C..
0 0

La limite C', est la matrice de covariance de la distribution stationnaire. Nous tra-
vailleront ans cette thése sous ’hypothése que I'initialisation du processus se fait selon
cette distribution :

(H3) La valeur initiale X, est une variable Gaussienne centrée de matrice de cova-
riance C :

XO NN(O, Coo)

La densité de la distribution stationnaire N/ (0, C',) sera notée fis.

Nous faisons cette hypothése pour deux raisons. Premiérement, les applications que
nous considérons, comme le prét interbancaire ou la modélisation de prix d’actions,
sont essentiellement homogénes en temps, au sens ou le début de 'observation ne
différe pas des autres points de l'observation. Il est alors naturel de supposer que le
systéme est arrivé a stationnarité, ce qui impose X suivant la distribution station-
naire. Deuxiémement, 'impact de la valeur initial est limité a cause de la décrois-
sance exponentielle du facteur précédant X, dans I'Equation (3). Aprés un court laps
de temps, le processus est pratiquement impossible a distinguer d’un processus sta-
tionnaire. Ainsi, I’hypothése de stationnarité n’a pas de coit important mais permet
d’obtenir des résultats plus clairs et plus concis. Par exemple, nous avons pour tout
t>s:
Cov (X3, X,) = e~ A9C0v (X,) = e A=) C .

Observons enfin que I'ensemble de processus d’Ornstein-Uhlenbeck est stable par
transformation linéaire, au sens ou 'application d’une transformation linéaire de R?
au processus X donne un nouveau OU. Prenons par exemple une matrice inversible
L:

d(LX,) = —(LAL ") (LX,)dt + (LX)dW,.
Grace a cette observation, nous pouvons élargir le cadre d’application de certains
résultats d’un processus X a des transformations linéaires de X.

Inférence de paramétres. Nous appelons inférence de paramétres le probléme
d’estimation des valeurs de A, a partir de 'observation d’une trajectoire unique
de X. Nous illustrerons ceci par le cas fondamental de 'observation compléte d’une
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trajectoire sur l'intervalle [0, T'], présentée dans [LB76]. Danse ce cas, I'estimation de
X est résolue rapidement. En calculant I'intégrale des variations quadratiques, nous
retrouvons exactement la valeur de XX :

1 T
?/ (dX,,dX;) =¥%'.
0

Ce calcul peut étre fait pour tout intervalle de longueur 7' > 0 et n’a pas d’erreur. En
termes probabilistes, les distributions de probabilités obtenues avec XX 300
sont mutuellement singuliéres, voir [JacOl, LB77]. Par contre la matrice ¥ n’est pas
identifiable car la fonction ¥ — X" n’est pas injective. Pour cette raison, nous ne
chercherons désormais qu’a estimer la matrice £3 .

Afin d’estimer A, 'approche habituelle consiste a construire le ration de vraisem-
blance en utilisant le théoréme de Girsanov [LB76, KS9]] :

T T
dlﬁ:exp —/ (AXt)T(EET)ldXt—l/ (AX) " (ZET)TAXdt ) .
dw 0 2Jo

Sa maximisation donne le Estimateur du Maximum de Vraisemblance (MLE de I’an-
glais Maximum Likelihood Estimator) :

T T
A= ( / dX, X, ) ( / XX dt)
0 0

Le MLE converge vers la vraie valeur du paramétre A, et on a la convergence en loi
suivante, voir [Jac01] :

-1

VT (vec A e Ap) SN (0,C ®1d).

La vitesse de convergence en T est 1/v/T. Il s’agit d’une vitesse optimale étant donné
que nous avons da propriété LAN (Local Asymptotic Normality) avec vitesse 1/v/T et
matrice d’information de Fischer C'o, ® Id. Ce résultat d’optimalité et la popularité
de cette méthode en font une référence a laquelle il est naturel de comparer des
méthodes concurrentes.

2 Estimation a partir d’un graphe stochastique

Dans cette partie, nous générons un graphe stochastique a partir d’'un processus
d’Ornstein-Uhlenbeck. Définissons par exemple
o .

it = 1k xisn (4)
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alors Y;” peut étre vu comme I'adjacence entre deux nceuds au temps t. Ainsi Y;
est la matrice d’adjacence d’un graphe dirigé avec d nceuds et nous interprétons Y
comme un processus de graphes stochastiques. La définition de I'Equation (4) est par-
ticuliérement adaptée aux modéles de prét interbancaire. En effet, dans les modéles
de [CFS15, FI13], les flux de réserves sont proportionnels aux déséquilibres de ré-
serves. La condition Y; sera alors vue comme un déséquilibre important de réserves
au profit de 7 et sera accompagné dans le modéle par un grand flux de réserves de
i vers j. Pour d’autres modéles et applications, la définition de I'Equation (4) peut
étre facilement élargie a un cadre plus général. Pour ceci, pour toute paire de nceuds
(i,7), considérons S¥ un sous-ensemble de R?

Ytij = 1x,ci- (%)

La notion de graphe stochastique est donc sur le croisement entre les processus
stochastiques et le graphes aléatoires.

Graphes aléatoires La notion de graphe aléatoire existe depuis [ER59]. Le modéle
d’Erdos-Renyi, considéré généralement comme le modéle le plus basique de graphe
aléatoire, suppose que toutes les adjacences sont des variables aléatoires de Bernouilli
indépendantes de paramétre p, ou p est fixé pour toutes les adjacences. Le modéle
a attiré une attention importante qui a fait cependant apparaitre certains défauts
du modeéle. En effet, le modéle ne reproduit pas les caractéristiques habituelles des
graphes observés dans le monde réel.

Etant donné un graphe aléatoire, la question de savoir s’il ressemble 4 un graphe réel
est difficile et toute réponse sera en partie subjective [CF06]. Afin de comparer deux
graphes, la stratégie habituelle était de comparer des ¢raits caractéristiques [LCKT10].
Un exemple de trait est la densité du graphe, c’est-a-dire le rapport du nombre de
liens existants et du nombre de liens possibles, qui est (g) dans le cas d’un graphe
non-dirigé sans boucles. Ce trait peut étre reproduit par le modéle d’Erdss-Renyi, au
sens suivant : étant donné un objectif de densité ¢, en choisissant p = d la densité
du graphe aléatoire sera d’espérance J. Un exemple de trait plus complexe est la dis-
tribution de degrés, c’est a dire la fréquence des degrés parmi les nceuds. Les graphes
d’Erdos-Renyi ne peuvent que reproduire des distributions binomiales, voir [Bol01].
Pour obtenir une distribution de degrés donnée, il est possible d’utiliser par exemple
le modéle de Chung-Lu [CL02].

I1 est possible de continuer ce raisonnement et chercher les modéles qui possédent
des traits de plus en plus complexes. Etant donnés un ensemble de traits souhaités
non-concurrents, il est théoriquement possible de considérer un générateur de graphe
aléatoire qui vérifie 'ensemble des traits. Pour ceci, il suffit de considérer une distri-
bution quelconque, par exemple uniforme, sur ’ensemble de graphes restreint a ceux
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qui vérifient I’ensemble des traits. Ceci n’est généralement pas possible en pratique,
mais la question des traits souhaitables reste intéressante. Un effort considérable a
été porté a la sélection de de ces traits, mais il ne reste pas clair a quel point I’ajout
de nouveaux traits devient superflu, voir pour ceci la conclusion de [CF06]. Parmi les
traits populaires nous notons :

* le diamétre du graphe, c’est a dire la distance maximale entre deux nceuds [Har69];

o coefficients de clustering, une mesure de densité du graphe au voisinage d’un
nceud introduite dans [WS98];

* la distribution de valeurs propres du Laplacien du graphe, trait intimement liée
au clustering spectral de graphes [vLO07];

o hop-plots, qui représentent la proportion de nceuds atteignables en £ sauts selon
des liens du graphe, voir [CF06], et mesurent la propriété de petit monde [WS98].

Au lieu de faire en sorte que le modéle vérifie des traits particuliers, il est parfois
souhaitable de chercher plutot a obtenir un cadre intuitif. Par exemple, le modéle
de Barabasi-Albert [Bar99], ou encore de rattachement préférentiel s’inspire du mé-
canisme ou les riches deviennent plus riches (rich-get-richer). Celui-ci est observé par
exemple dans la croissance d’internet. En effet, les nouveaux sites internet ont ten-
dance a renvoyer vers des sites qui sont déja populaires. Dans le modéle de rattache-
ment préférentiel, on part d’un graphe initial auquel on ajoute successivement des
nceuds rattachés chacun a un nombre fixé de nceuds, la probabilité de chaque lien
étant proportionnelle au degré du nceud cible. Ceci permet de modéliser la croissance
d’un graphe.

Dans tous les modéles évoqués ci-dessus nous remarquons cependant que les liens
sont statiques, au sens ou ils ne sont ni détruits ni crées indépendamment des nceuds.
Par exemple, le modéle de rattachement préférentiel, I’évolution du graphe ne repose
que sur 'addition de nouveaux nceuds, les liens existant initialement ne disparaissent
jamais. Nous nous intéresserons au cas ou les graphe évoluera avec une nouvelle va-
riable réelle que nous interpréterons comme le temps. Les objets résultant de ceci sont
appelés graphes évolutifs [ALLT16, CZ16], réseaux évolutifs [BFGT08] ou encore réseaux
temporels [HS12, HS13]. Nous utiliserons le premier nom. Le sujet des graphes évolutifs
a attiré une attention accrue dans la décennie passée. L'approche habituelle des ré-
seaux consiste a les modéliser comme un graphe statique, mais ceci n’est pas réaliste
dans certains cas. Par exemple, 'observation de grands réseaux, tels que internet ou
les réseaux sociaux, se fait a travers l'utilisation de crawlers web ou APIs [ALL'16] qui
ne peuvent observer a un instant donné qu’une partie du graphe. Ainsi, avant d’avoir
fini Pobservation compléte du graphe, nous pouvons étre sirs que le graphe aura
changé, d’ou I'intérét de graphes évolutifs. Ceux-cis n'ont pas de définition arrétée. La
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variable temps peut méme étre inclue dans le graphe [Kos09]. Les approches typiques
peuvent cependant étre classées dans deux groupes [HKWI16]. Dans le premier, nous
supposons que le graphe subit des changements que nous comptons. Ce décompte
fait alors office d’une variable temps. Dans le deuxiéme, on suppose des observations
réguliéres du graphe entre lesquelles le graphe peut changer a de nombreux endroits.
Les deux approches ménent cependant a une variable temps assimilable aux entiers.
Les temps non-entiers sont utilisés par exemple dans [CZ16)].

Les travaux existants sur le sujet des graphes évolutifs partagent quelques points ré-
currents. Premiérement, 'objectif est souvent d’obtenir des algorithmes et méthodes
efficaces pour calculer les traits du graphe évolutif [ALL"16, BKMUI12, CZS*07].
Deuxiémement, évolution du graphe n’est soit pas modélisée [BFG™08, CZ16] ou
modélisée de maniére simple, en particulier avec réarrangements indépendants de
nceuds et liens.

Dans notre modeéle, le graphe évolutif est une fonction d’un processus stochastique.
Au lieu de calculer les traits du graphe, nous nous intéressons particuliérement a
la dynamique du processus sous-jacent. Le graphe peut changer a des temps réels
quelconques, qui sont d’ailleurs aléatoires. I’auto-covariance non-nulle du processus
a comme suite que les changements du graphe ne sont pas indépendants. Notre travail
contribue alors au domaine des graphes évolutifs en introduisant un nouveau modéle
de graphe, avec changements dépensants a des temps aléatoires et en proposant une
nouvelle question a poser sur 'observation d’un graphe évolutif, celle de s’intéresser
a des variables qui peuvent guider les variations du graphe.

Estimation from partial observation Nous avons présenté au-dessus le probléme
de l'inférence de paramétres dans le cadre d’observation compléte en temps continu.
Nous avons résumé la méthode d’estimation par Maximum de Vraisemblance, en
notant que d’autres méthodes existent aussi, voir [KutO4]. Bien que ce cadre soit
intéressant dans une perspective théorique, il nest plus réaliste de considérer des
observations discrétes. En général, ceci consiste a fixer un entier n > 0 et une suite
de temps (1, . .. t,) qui sont des réels positifs, et de supposer ensuite que le processus
n’est observé qu’a ces n points dans le temps [Sor97] avec n — +o0. Il est possible
d’utiliser une suite quelconque de temps, comme dans [GCJ93], ou encore une suite
de temps aléatoires comme dans [GC]J94] ou [ASMO4]. Il est cependant au moins
aussi naturel de considérer des observations réguliérement séparées dans le temps.
Dans ce cas, nous fixons une durée A,, > 0 puis choisissons ¢; = iA,,. Nous pouvons
distinguer alors distinguer globalement 3 régimes.

* Le régime haute-fréquence temps-fixé (HF-FT). Nous fixons ici une durée
d’observation 7" > 0 puis choisissons A,, = T'/n, de maniére a ce que l'obser-
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vation devienne de plus en plus dense dans [0, 7| lorsque n — +00. On espére
alors d’estimer les parameétres grace a la précision grandissante de 'observa-
tion de la trajectoire. La limite n — 400 est I'observation compléte en temps
continu sur intervalle fixé, que nous avons étudié au-dessus. Rappelons qu’alors
I’estimation de X est possible, mais celle de A nécessite 'hypothése T" — +o0.
Nous en déduisons que dans le régime (HF-FT) il sera au plus possible d’es-
timer le parameétre lié a la volatilité. En effet, la propriété LAMN est prouvé
dans le cas homogéne uni-dimensionnel dans [Doh87]. Le cas non-homogéne
multidimensionnel est traité dans [GC]J93]. De plus, les auteurs n’utilisent pas
I’hypothése d’observations réguliéres. Il la remplacent par une hypothése plus
faible, celle que la distribution empirique des temps d’observation converge en
loi vers une distribution sur l'intervalle d’observation. Nous classons ceci dans
le régime HF-FT car 'espérance de 'espacement en temps converge vers 0. De
maniére similaire, nous classons dans ce régime les résultats de [GCJ94] qui
considérent des temps d’observation aléatoires. Enfin, les vitesses minimax de
convergence, pour les processus uni-dimensionnel, sont obtenus dans ![Hof99].

* Le régime basse-fréquence temps-long (LF-LT). Nous fixons une durée entre
observations a4 une constante A,, = A. La granularité de l'observation reste
constante, mais nous supposons le temps d’observation 7' = nA — +00. Ainsi,
nous espérons retrouver les paramétres grace aux propriétés d’ergodicité du
processus. L'observation ici forme alors une chaine de Markov. Une premiére
approche consiste a approcher les formules du cas continu par des calculs
discrets, mais cette méthode crée des estimaturs inconsistants [Flo89], comme
préciser par exemple dans [Ped95]. Au lieu de ceci, d’autres méthodes ont
été proposées [JacOl], par exemple [Kes97| et [KS99] donnent des estimateurs
consistents et vérifiant une propriété de normalité asymptotique.

* Le régime haute-fréquence temps-long (HF-LT). Nous supposons ici que
A, — 400 mais qu'en méme temps la durée de l'observation diverge 7' =
nA, — +o0o. Dans ce régime, il est possible d’exploiter et la granularité crois-
sante - en effet, il suffit d’utiliser les premiers 7'/A,, points pour retrouver le
régime HF-FT - et les propriétés ergodiques venant de 7" — +oo. L'estima-
tion non-paramétrique du coefficient de diffusion est présentée pour le cas uni-
dimensionnel dans [Flo93]. Encore pour les processus uni-dimensionnels [Kes97]
présnete 'estimation paramétrique simultanée des paramétres de drift et de la
diffusion. La propriété LAN est prouvée dans [Gob02]. Le cas des temps d’obser-
vation aléatoires est le sujet de [ASMO04]. Ces observations vérifient cependant
E[A,] — 0, ce qui nous permet de classer ces travaux dans le cadre HF-LT.

Nous souhaitons rappeler qu’en pratique, un pas de temps devra étre fixé de méme
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que lea durée d’observation. En supposant que le pas de temps est petit, le régime
HF-LT permet de quantifier simultanément I'impact de sa longueur et de la durée

d’observation. Pour cette raison, nous plagons notre travail dans le cadre du régime
HF-LT.

Nous avons commencé cette partie en introduisant les graphes stochastiques. Le cadre
présenté dans I’'Equation (5) permet cependant d’étendre notre étude a de nombreux
cas d'observation partielle. En effet, prenons 'exemple des observations qui sont li-
mitées par la précision de leur affichage, comme un prix qui ne peut varier que d’au
moins un centime. Nous pouvons interpréter un prix observer comme une fonction
discréte d’'un processus latent qui prend des valeurs dans R. Dans I'équation (5),
nous prenons I’hypothése la plus forte d’observation binaire, mais celle-ci peut étre
contournée. Il suffit pour ceci de décrire une fonction discréte a I'aide de fonctions
binaires. Par exemple, I'observation de 1,>¢ et 1,>; nous donne I'information sur 3
intervalles | — 00, 0[,[0, 1] and [1, +0o0].

Une information binaire peut facilement représenter le dépassement d’un seuil. Pour
des diffusions dans R, il est naturel de placer ce seuil & zéro. Dans [Flo86, Flo88]
il est supposé que le processus est observé en temps continu, mais que I’estimation
ne se fait qu’a partir de la donnée des dépassements de 0 de plus de €, qui est une
constante positive. Il est ensuite montré que sous certaines hypothéses sur le para-
métre de drift et sous I’hypothése de paramétre de drift constant et connu, cette
information est suffisante pour estimer le parameétre de drift. De plus la performance
de Pestimateur ainsi construit est significative en comparaison au MLE, au sens ou
leur ratio d’informations de Fischer est autour de 0.618 pour I’estimation d’un pro-
cessus d’Ornstein-Uhlenbeck.

Le méme probléme en temps continu est le sujet de [Flo87, Flo9]]. Il y est de nouveau
admis que le paramétre de la diffusion est connu, puis que le drift est une fonction
b(Xy,0) qui dépend d’un parameétre § a estimer. Le papier se place dans deux ré-
gimes de discrétisation. Premiérement, un estimateur de ¢ est construit a partir de
quasi-vraisemblances et il est montré qu’il est asymptotiquement efficace dans le ré-
gime LF-LT. Deuxiémement, il est prouvé que dans le régime HF-FT le nombre de
changements de signes Na(7') de la discrétisation par pas A vérifie

VAA2ZNA(T) 25 L,(0)

ou L;(0) est le temps local du processus en zéro de X. Ce résultat est ensuite
étend aux approximations continues du processus dans [Aza89]. Etant donné que
le temps local est en espérance proportionnel a la densité stationnaire dans le cas
ergodique [KS91], nous apprenons de ceci que nous devrions pouvoir estimer le pa-
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rameétre de volatilité.

Nos contributions dans cette partie sont :

* nous démontrons des propriétés de mixing pour les processus d’Ornstein-

Uhlenbeck ;

* nous donnons une méthode pour prouver la convergence L? de sommes de
fonctions d’un processus d’Ornstein-Uhlenbeck; Jitem nous caractérisons la
convergence de statistiques de temps d’occupation, y compris avec un théo-
réme de limite centrale en dimension d = 1;

* nous montrons la convergence L? d’une normalisation de la statistique de croi-
sement de seuil, effectivement étendant les résultats de convergence vers le
temps local de [Flo87, Flo91] mentionné ci-dessus au régime HF-LT';

* nous montrons comment utiliser ces propriétés dans un probléme d’inférence
de paramtétres a partir d’'un graphe stochastique généré par un processus
d’Ornstein-Uhlenbeck ;

* nous conjecturons une vitesse optimale de convergence L? et la validité d’un
théoréme de limite centrale pour la statistique de croisement de seuil.

2.1 Estimation de paramétres d’un processus
d’Ornstein-Uhlenbeck générant un graphe stochastique

Notre méthode d’estimation consiste en I'utilisation de deux quantités : le temps passé
par Y; a étre égal a 1 et la fréquence de saut entre 0 et 1. Cette approche est similaire
a celle de [Flo91]. Nous montrons plusieurs propriétés de convergence pour les deux
statistiques et nous concluons en les appliquant a I'inférence de paramétres. Comme
dit auparavant, nous travaillons sous le régime HF-LI. Un probléme typique de cette
approche est que les temps d’observation ne sont pas partagés pour différentes valeurs
de n a cause de la variation de A,. En effet, la chaine de Markov (Xya,, &k >
0) dépend de n a travers A, ce qui nous empéche d’appliquer les propriétés de
mixing valides pour les chaines de Markov. Ceci nous a poussé a examiner la vitesse
avec laquelle 'auto-corrélation du processus décroit avec la distance en temps. Le
Théoréme suivant exprime que cette vitesse de décorrélation est exponentielle et est
fondé sur une inégalité dite de Gebelein [Jan97] ou encore de Lancaster.

Theorem 1 (Théoréme L1). Supposons (HI) - (H3). 1 existe une constante Cis), dépendant
uniquement de la matrice de covariance C, de la distribution stationnaire, telle que pour
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toutt > s > 0 et pour toutes fonctions o : C°([0, 5], RY) — R, ¢ : CO([t, +00), R?) — R
telles que ©, ¢ soient de carré intégrables pour la distribution de X, on ait

|Cov (¢ (Xu)uss) & ((Xo)uze))| < C(G)efa‘J't*S'\/Var (0 (Xu)uss)) Var (¢ ((Xo)uzt))

6)
otk ay est défini @ UEquation 1de Uhypothése (HI).

Le Théoréme 1 ci-dessus nous permet de prouver le corollaire suivant.

Corollary 1 (Corollaire L1). Soit g : N x N x C°([0, 1], RY) — R une fonction mesurable
telle que E [g(k, n, (X, )ka,<s<(ht1)a, )] < +00 pour tout k,n € IN. Pourn € IN notons

V2 = 2111) Var (g(k, n, (Xs)kan<s<e+1)a,)) 5
<n

n An
I(c ) =1/ 79(]{5, n, (Xs)kAngsS(k-l-l)An)‘

11 existe alors une constante Cy), ne dépendant que des paramétres A, du modéle, telle

que :
n—1

Var (Z g,ﬁ’”) < Cyypl. (7)
k=0

2.11 Statistique de temps d’occupation

Nous fixons ici un sous-ensemble S C R¢ puis définissons la statistique de temps
d’occupation

n—1 n—1

1 1
S 2 S E :
k=0 k=0

Vu I’hypothése (H3), qui implique la stationnarité, nous obtenons facilement It [OTE] =
ftoo(S) := [g ttoo(d). Ensuite, afin de prouver une convergence L?, nous nous inté-
ressons a la variance. Au vu du Corollaire 1 on a :

Theorem 2 (Théoréme 1.2). Supposons (HI) - (H3). Pour tout ensemble mesurable S C
R, OT? converge vers 11,,S dans L? et

1
E[(OT} — 1eeS)*] = O (m) :
Le Théoréme 2 ci-dessus donne une borne supérieure pour la convergence L. Pour
assurer 'optimalité du résultat et de mieux caractériser 'erreur d’estimation, nous
souhaitons prouver un Théoréme de Limite Centrale. C’est exactement ce qu'on fait
dans le Théoréme 3 qui suit, en dimension d = 1, dout (A4, C.) = (a,v) € R?, et
avec S = [1, +o0l.
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Theorem 3 (Théoréme 1.3). Supposons (H1) - (H3). Lorsque n — +00, on a

VA, (OTLHOO[ — ioo([1, +oo[)> 5 N0, i (07 F2))

ou F' vérifie

= 2 V) NG V() o2/Z]

fhoo ()

Nous nous restreignons ici & d = 1 afin de pouvoir résoudre explicitement une équa-
tion de Poisson. Le choix de S est motivé par 'application au marché de prét in-
terbancaire exposée dans I'Equation (4). Ce choix nous permet aussi d’obtenir une
écriture explicite pour la variance de la Gaussienne. Une légére modification de la
preuve permet d’'obtenir des résultats analogues pour des ensembles .S différents.

Enfin, nous confirmons la vitesse de convergence dans des expériences numé-
riques de grande échelle, que nous présentons dans la Section 4 du Chapitre I. Nous

y estimons les espérances et écarts-types des deux statistiques en utilisant une mé-
thode de Monte-Carlo habituelle.

2.12 Statistique de croisements
Nous définissons la statistique de croisements

1
Co=-Y 1
n

S S
Yirn 7£Y(k+1)An

ol nous choisissons pour S le demi-espace S = {z : 2! > 1}. Comme expliqué pré-
cédemment, nous pouvons obtenir des résultats similaires pour d’autres demi-espaces
ne contenant pas 0 en utilisant des transformations linéaires de R¢. En utilisant le
Corollaire 1, nous démontrons la convergence L suivante :

Theorem 4 (Théoréme 1.4). Supposons (HI) - (H3). Supposons aussi que nAY? - 4oo.
Alors on la convergence :

Co 12, (==1)"

A 5 Hen(l),
Cn 1
v (55) o ()

ot jtci (1) est la densité d’une variable Gaussienne centrée de variance C.
oo
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Le résultat est confirmé dans des simulations Monte Carlo. Cependant, bien que les
résultats sont cohérents avec notre prévision de la limite, les simulations suggérent
que la vitesse de convergence excéde celle que nous donnons. En effet, nous faisons la
conjecture que la vitesse de convergence L? est 1/nA,, au lieu de 1/ nAY?. 1 semble
aussi que la normalisation en utilisant cette vitesse fait apparaitre une loi Gaussienne,
nous conjecturons donc aussi la validité d'un Théoréme de Limite Centrale pour C,,.

2.1.3 Application a I'inférence de paramétres

En utilisant la statistique de temps d’occupation, nous pouvons estimer les mesures
d’ensembles S par rapport a la distribution stationnaire, une fonction de C',. En
choisissant plusieurs ensembles S, par exemple les ensembles SU={z:x">1,27 >

1}, on peut obtenir une situation ou le vecteur de mesures espérées [ [(OT;?”)} -
ij

est en bijection avec 'ensemble de covariances C,. Linversion de cette bijection
appliquée au vecteur de mesures estimées est un candidat naturel pour estimer C .
Nous prouvons aussi que fi(S5) est une fonction continue de C, ce qui confirme
que cet estimateur a la bonne limite.

La matrice de covariance C, est cependant une fonction non-bijective de A et
3. Nous utilisons donc la statistique de croisement et en particulier le fait que le
Théoréme 4 converge vers un produit de deux termes, d’un c6té une fonction de C,
et de I'autre une fonction de X3 ". En remplacant C', par son estimation obtenue
grace a la statistique de temps d’occupation, on obitient facilement une estimation de
termes de 3" indépendante de C., ce qui permet d’estimer ensuite A.

2.2 Propriétés du graphe stochastique

Le processus d’Ornstein-Uhlenbeck multi-dimensionnel peut-étre utilisé afin de mo-
déliser le prét interbancaire, mais il faut imposer alors que les flux de réserves résul-
tants conservent la somme totale de réserves. Cette condition s’écrivant 1" A, = 0,
la matrice A n’est pas invertible. Pour éviter cette dégénérescence, nous décrivons
la dynamique des d réserves avec d — 1 déviations de la moyenne, qui elles suivent
un OU modifié, et avec la moyenne décrite comme processus indépendant. Pour le
modéle de Carmona-Fouque [CFS15, FI13], la dynamique des déviations utilise un
parameétre de drift scalaire.

En simulant de petits réseaux de prét interbancaire, suivants le modéle de Carmona-
Fouque ou encore un modéle sparse avec institution centrale, nous observons que les
flux de réserves observées dans Y sont souvent trés différentes de la vraie structure
du réseau. En moyennant les observations sur un intervalle, il est possible de savoir
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quels sont les liens dans le réseau, mais il n’est pas simple d’en déduire la structure
du systéme de prét, telle que décrite par la matrice A,.

Pour des modéles de réseaux de prét plus larges, nous analysons les proprié-
tés des graphes stochastiques du point de vue des graphes évolutifs, en suivant
lapproche de [BFG"08]. Premiérement, nous regardons I’évolution de mesures de
graphe typiques dans le temps. En particulier, la densité du graphes évolue continu-
ment autour de sa moyenne, de facon similaire & un processus d’Ornstein-Uhlenbeck
uni-dimensionnel. Les distributions de degré ont des queues a décroissance rapide,
mais ceci n’empéche pas lexistence habituelle de nceuds connectés a la majorité
du graphe. Le graphe est typiquement trés concentré, avec de petits diamétres et
distances moyennes, mais a faible clustering. Deuxiémement, nous regardons des pro-
priétés de liens dans le temps. En particulier, la durée d’existence des liens est géné-
ralement petite, avec une distribution a queue a décroissance rapide. Troisiémement,
nous regardons la connectivité du nceud central dans le modéle sprase. Son degré est
largement inférieur a ceux observés pour les autres nceuds.

3 Estimation sparse

Dans cette partie, nous supposons que l'observation d’une trajectoire se fait de ma-
niére compléte sur lintervalle [0,7]. Dans ce cadre, comme nous 'avons précisé
auparavant, la matrice 3 peut étre considérée comme donnée. Pour cette raison nous
simplifions davantage le probléme en supposant ¥ = Id, ce qui permet entre autres
d’affirmer que I’hypothése (H2) est satisfaite et donc superflue. Enfin, nous ajoutons
une hypothése de sparsité par lignes :

(H4) Pour un s < d fixé, la matrice A s-sparse par lignes, c’esta dire telle que

Vi <d,[|A*]o <,

ot A™ est la i-éme ligne de A, vue comme un vecteur. Uhypothése (H4) signifie
que les coordonnées de X sont influencées dans la dynamique par au plus s autres
coordonnées : A
dX;=— ) AYX/dt+dw;.
JrAY A0

Lestimation sparse est un probléme qui a attiré une attention importante en statis-
tiques [BvdGll, Girl4a]. Le but est de trouver le meilleur estimateur qui vérifie une
certaine condition de sparsité, c’est a dire une restriction sur le nombre de valeurs
non-nulles de la matrice. Malheureusement, la résolution de ce probléme a une com-
plexité numérique extrémement grande. La raison de ceci est la non-convexité de
I'ensemble de paramétres a considérer. En effet, ’ensemble de matrices qui vérifient
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I’hypothése (H4) est 'union de tous les sous-espaces linéaires, définis par la sélection
de s indices par ligne. Pour résoudre le probléme, il faudrait effectuer I’estimation
restreinte a chaque sous-espace, puis comparer les estimateurs. Le probléme est que
le nombre de ces sous-espaces est (i) , ce qui rend le probléme intraitable pour d
grand et méme petit s.

L’estimateur Lasso. Une approche alternative est de réduire le nombre de valeurs
non-nulles de A en les pénalisant, c’est a dire en ajoutant un terme supplémentaire
dans la fonction dont la minimisation donne I'estimateur. Il serait naturel d’utiliser
la pseudo-norme ||Ally := #{(i,5) : A” # 0} comme pénalisation. Le probléme
es que cette pseudo-norme n’est pas convexe, ce qui rend le probléme a nouveau
intraitable. La stratégie de relaxation convexe méne alors a remplacer || Ao par
[ Al =22, | A", Lestimateur que nous obtenons est 'estimateur Lasso [Tib96] :

dP 4
dw

+ Al AL (8)

A= arg min 1 log
A T

Nous plagons un paramétre A devant la norme /' qui sert ensuite a régler I'intensité
de la pénalisation, ce qui permet de trouver un compromis entre sparsité et accord
avec les données.
Destimation lasso et plus généralement I'estimation sparse a I'aide de pénalisation
convexe a été le sujet de recherches approfondies dans le passé récent [BvdGll, FBOI2,
Girl4a]. Un sujet d’application typique est la regression Gaussienne. Dans ce cas, nous
considérons le probléme consistant a estimer un paramétre vectoriel a étant donnés
une série d’observations y et une série de variables vectorielles qui forment une
matrice X, et en supposant que

y=Xa+w

ou w est un vecteur Gaussien centré modélisant le bruit. Ce modéle est en quelque
sorte analogue au modéle d’Ornstein-Uhlenbeck présenté dans I’équation (1). En esti-
mation sparse, le modéle est généralement accompagné d’une hypothése de sparsité
qui s’applique au vecteur a. Ceci consiste par exemple a supposer que le nombre
d’entrées non-nulles est majoré par un entier fixé s. Les propriétés doracle sont des
propriétés des erreurs d’estimation qui dépendent de ’hypothése de sparsité. Par
exemple, il peut s’agir d’une majoration de la norme de ’erreur d’estimation par une
fonction de s. Dans le cas de la régression linéaire, ces propriétés d’oracle sont mon-
trées pour le Lasso dans [BTWO7] et [BRT09]. Des développement proches du Lasso
ont été proposés pour 'adapter a des cas nécessitants plus de flexibilité. Par exemple,
le Lasso applique une pénalisation égale a tous les paramétres. Afin d’introduire de
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la sparsité structurée, comme de la sparsité par blocs, un développement populaire
est le Lasso par groupes (Group Lasso), qui a aussi e’té utilisé pour I'estimation de
paramétres a rang réduit.

Lestimation sparse a l'aide du Lasso a aussi été appliquée a I'étude de série tem-
porelles. En particulier, il a été utilisé pour 'estimation de paramétres d’'un Vecteur
Autoregressif (VAR). La discrétisation d’un processus d’Ornstein-Uhlenbeck peut étre
vu comme un série temporelle AR(1), ce qui permet de voir un processus VAR comme
une version discréte d’un processus d’Ornstein-Uhlenbeck. Des majorations d’erreurs
de Pestimation Lasso dans le cas des VAR sont donnés par [BM15]. La méthode de
preuve utilise des densités spectrales et dépend fortement de ’hypothése d’observa-
tion discréte. En effet, celle-ci permet de voir un processus d-dimensionnel observé n
fois comme une variable Gaussienne de dimension n X d. Ensuite, I’estimation Lasso
dans le cadre des processus d’Ornstein-Uhlenbeck est considéré dans [Sokl3], mais
le travail ne donne pas de résultats théoriques comme des majorations d’erreurs.
Notre travail donne ces majorations et utilise une hypothése de sparsité différente qui
s’applique indépendamment & toutes les lignes de A.

L'estimateur Lasso Adaptif. Malheureusement, I'estimation Lasso posséde ses dé-
fauts. En effet, I’estimation sparse cherche a atteindre deux objectifs : d’estimer cor-
rectement le vrai parameétre et d’obtenir le bon niveau de sparsité. Le premier objectif
signifie que nous cherchons a avoir un estimateur non-biaisé qui converge avec une
vitesse optimale. Le deuxiéme signifie que nous voulons que ’estimateur assigne une
valeur nulle aux zéros de la vraie matrice paramétre, de sorte qu’on obtienne asymp-
totiquement une classification parfaite des valeurs nulles et non-nulles. Dans le cas de
la régression Gaussienne, nous savons d’aprés [Zou06] qu’il n’est pas possible d’ob-
tenir les deux propriétés pour le Lasso : les plages de valeurs de A qui donnent une
estimation consistante et celles qui assurent une sélection de variables consistante
sont incompatibles. Pour ceci, I'article propose la méthode de Lasso Adaptatif, qui
consiste a utiliser une norme ¢! mais avec des poids inversement proportionnels au

MLE.

Nos contributions dans cette partie sont les suivants :

* nous développons I'estimation sparse a 'aide du Lasso dans le cadre de temps
continu ;

* nous produisons des résultats utilisants une hypothése de sparsité par lignes;

* nous créons une base théorique compléte pour ’estimation sparse de processus
d’Ornstein-Uhlenbeck, y compris des majorations de I'erreur d’estimation;
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* nous donnons une borne inférieure au sens minimax pour I'erreur d’estimation
sous hypothése de sparsité par lignes;

* nous prouvons une propriété de valeurs propres restreintes (Restricted Eigenva-
lue) pour le processus d’Ornstein-Uhlenbeck ;

* nous présentons des propriétés d’optimalité asymptotique du Lasso Adaptatif.

3.1 Inférence sparse du drift d’un processus
Ornstein-Uhlenbeck en grande dimension

Afin d’estimer le paramétre de drift A de I'équation (1) avec 3 = Id, nous considérons
deux méthodes d’estimation reposant sur la pénalisation ¢! : le Lasso et le Lasso
Adaptatif. Nous considérons dans un premier temps le Lasso dans un cadre non-
asymptotique. Nous prouvons en effet que dans ce cadre il est possible de donner
des bornes sur les erreurs d’estimation qui s’appliquent avec grande probabilité. Le
cadre non-asymptotique nous permet de mieux quantifier les effets de la sparsité s,
de la dimension d et de la longueur d’observation 7'. I'avantage principal du Lasso
Adaptatif est d’obtenir des résultats plus forts par rapport au Lasso dans le cadre
asymptotique. C’est pour ceci que nous analysons placer I'analyse de cet estimateur
dans le cadre asymptotique.

Commencons par écrire le probléme a résoudre en termes de matrices :

1 P 1 ~
Lr(A):= - log (ilVI? =tr {ATeT + §(A —A))Cr(A— AO)T] + Const

N e I
with Cr = — / XrX,dt and ep = — / dWwrX,".
T Jo T

0

3.11 Résultats préliminaires

La convergence de tout estimateur construit & partir de la log-vraisemblance négative
L7 repose sur le comportement des quantités matricielles C'r et €7. En effet, e peut

étre vu comme un terme de bruit qui doit étre suffisamment petit, alors que C'r doit
étre suffisamment loin d’étre dégénéré.

Dans le cadre de la regression linéaire Gaussienne, ’équivalent de C1 est la matrice
de Gram, qui se calcule a partir de la matrice de conception (design matrix). Celle-ci
étant donnée il devient nécessaire de prendre I'hypothése que la matrice de Gram
a ses valeurs propres, toutes positives, suffisamment loin de 0 afin d’assurrer des vi-
tesses de convergence rapides. Au contraire, dans notre modéle, la matrice Cr est
calculée a partir de la trajectoire X qui suit la dynamique du modéle de I’Equation (1).
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Grace a ceci, nous pouvons parler de propriétés aléatoires de Cr. Grace a I'ergodi-
cité de X, la covariance empirique Cr convrge en probabilité vers C',. Comme la
covariance C, est définie positive, ce qui vient de 'hypothése (H1), nous obtenons
que pour de grandes valeurs de 7', la matrice C'r aura aussi des valeurs strictement
positives. Dans le théoréme 5 ci-dessous, nous quantifions cette propriété, mais celle-
ci nécessitera une hypothAése supplémentaire. Elle décrit la vitesse avec laquelle est-ce

qu’on a convergence de C'r vers C.

(H5) 1 existe une fonction H, strictement positive sur R*, telle que pour tout vecteur
w vérifiant ||uljs < 1,ona:

P |ju"(Cr — Coo)ul > R| < 2exp(—TH(R)).

Nous conjecturons la validité de cette hypothése. En effet, pour des processus d’Ornstein-
Uhlenbeck réversibles, qui correspondent ici au cas de matrice A, symétrique, I'in-
égalité est une application d’'un Théoréme de [CGO7]. Le théoréme dit que, pour
toute fonction réelle V, Pintégrale 7! fOTV(Xt)dt dévie de son espérance i (V)
de plus que tout seuil donné avec une probabilité qui décroit exponentiellement avec
T'. Malheureusement, nous n’avons pas réussi a étendre ce théoréme au matrices A
non-symétriques. Cependant, nous avons de bonnes raisons de croire que la propriété
reste valide, vu que [HHMS93| montre que la vitesse de convergence de Cr vers Co
est asymptotiquement plus rapide pour A non-symétrique.

En utilisant cette hypothése et une borne d’union qui permet de déduire une vitesse
de convergence des valeurs propres a partir de ’hypothése (H5), nous prouvons le
théoréme 5 ci-dessous. Celui-ci peut étre vu comme une propriété de valeurs propres
restreintes [BRT09], qui est habituellement une hypothése dans des cadres tels que la
régression Gaussienne [ZW]14].

Theorem 5 (Théoréme IIL.3). Supposons (HI), (H3) - (H5). Soit s < d et cg > 0.
Définissons C(s,co) == {u € R : |Julli < (1 + co)|luz,wll1} oit Zs(u) est Uensemble

des indices des s plus grandes entrées de |u|. Soit € € (0, 1) et supposons que

K2 ! 2led 4
T>Ty=H|——— log (21d A 1 — .
=0 (9(CO—I—2)2) (8 Og( s ) Tlog (eo))

TX
e[y 1l
ueC(s,co) ||U||2

Alors,

>H}z1—5 9)
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Nous poursuivons avec une propriété qui décrit que 7 est relativement petit avec
grande probabilité.

Theorem 6 (Théoréme II1.8). Supposons (HI) et (H3). Définissons pour v > 0 :

0, (X,)) = \/46T1\diag (Cr)l ( +10g(2 + |log Tdiag (Cr)c) ).
ou diag est Uextraction de la diagonale d’une matrice et log s’applique terme par terme

(qui sont tous positifs). Pour toute matrice U, nous avons

2
T
P(U,er), <0(z,(Xy))||U|:] >1— gexp(—Qx + 2logd).

3.1.2 Propriétés non-asymptotiques du Lasso

A partir des résultats de la Section 3.1.1, nous prouvons le Théoréme 7 ci-dessous. Il
donne une borne sur I'erreur d’estimation, exprimée avec des normes /' et L>.

Theorem 7 (Théoréme IIL1). Supposons (HI), (H3) - (H5). Soit v > 1,0 <7 <y —1,
€0 € (0,1) et définissons

de)0r|oe (1. 2m2d2 .
Ar = ———— | = log—— +log(2 + | log(Té7)|so
, 7\/ = (1on 75"+ tog(2 + | og(Thr)])

oi by = diag Cr et log sapplique terme par terme a Top. Soit ¢ := ;%, et utilisant
les définitions de r et Ty du Théoréme 5 et supposons T' > Ty,. Alors, pour toute matrice

s-sparse par ligne A, Uestimateur Lasso A := A, vérifie

IR, -~ 1+y4+7)\?
%7UNA—AM+WA—A¢WESWA—AwW$+(—i%—>A%S

with probability at least 1 — €.

Le Théoréme est alors suivi en corollaire par des bornes d’erreur en norme ¢' et

L?. Ensuite, en utilisant la propriété de valeurs propres restreintes du Théoréme 5,
on obtient aussi un majoration en term de norme Frobenius puis en norme ¢, ou
q€1,2].
La borne a un ordre de grandeur de A\2ds. En utilisant une technique déja utilisée
dans le Théoréme 5, nous montrons que 0y peut étre asymptotiquement considéré
comme une constante. Ainsil’équivalent asymptotique de l'ordre de grandeur de I’er-
reur d’estimation est

ds(logd + loglogT)
7 :
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Nous comparons cet équivalent a la borne inférieure minimax donnée par le Théo-
réme 8 ci-dessous. Sans que les deux soient égales, la différence d’ordre logs et
loglogT' est petite. Nous pensons qu’il est possible d’améliorer la borne supérieure
en utilisant d’autres estimateurs. En particulier SLOPE satisfait une borne supérieure
de l'ordre de la borne inférieure minimax dans le cas de la régression linéaire [BLT16].

Theorem 8 (Théoréme II1.2). Pour des constantesc > 0 et ¢’ >0, on a :

) ~ cdslog(cd/s
inf sup B |4 - 4]3] > P80,
A Acl,

ot ' est Uensemble des matrices s-sparses par ligne et la borne inférieure est caalculée
parmi tous les estimateurs possibles.

La preuve de la borne inférieure utilise une borne de Gilbert-Varshamov appliqueé a
I’ensemble des matrices s-sparses par ligne I's. Les volumes nécessaires au calcul de
la borne inférieure sont obtenus grace a un résultat de comptage de graphes réguliers.

3.1.3 Propriétés asymptotiques du Adaptive Lasso

Nous savons qu’en régression Gaussienne, le Lasso ne permet pas d’avoir simultané-
ment une vitesse de convergence optimale et une détection de support exacte [Zou06].
Ceci suggére que ce soit le cas aussi pour 'estimation de processus d’Ornstein-
Uhlenbeck. En effet, la pénalisation du Lasso fonctionne de fagon qu’elle réduit toutes
les entrées de la matrices proportionnellement a \. Malheureusement, les valeurs de
A qui permettent d’obtenir une détection de support asymptotique sont au minimum
d’ordre 1/+/T, alors que celles qui permettent d’obtenir une vitesse de convergence
maximale sont d’ordre de grandeur strictement inférieur a 1/v/7.

Lidée derriére le Lasso Adaptatif est simple : il s’agit de pénaliser plus les entrées que
nous pensons étre des zéros. Pour juger de ceci, nous utilisons les valeurs du MLE.
Les valeurs du MLE proches de zéro seront des indicateurs d’un vrai paramétre égal
a zéro. Ceci nous méne a utiliser une pénalisation égale a

SMLE |AY|
1A A7l =) e —
i [(A 9P
Dans cette définition, v peut étre choisi parmi tous les réels strictement positifs et
nous choisissons v = 1 dans no tests numériques. Le Théoréme 9 ci-dessous montre
que l'estimateur qui en résulte permet d’avoir simultanément une vitesse de conver-
gence optimale et une détection de support exacte. Pour éviter une notation trop
lourde, nous cachons la dépendance en 7" de A et des estimateurs.
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Theorem 9 (Théoréme IIL.4). Supposons (H1) - (H3). Fixons v > 0 et supposons que \
vérifie \T'/? — 0 et \TO+Y/2 — 400 lorsque T — +o00. Alors nous avons les propriétés
suivantes.

1. Sélection de variable asymptotiquement exacte : lorsque T' — +o00, on a

P [supp(;lad_) = supp(Ao)} — 1.

2. Normalité asymptotique : lorsque T" — +o00, on a
VT ((Aua)ito = (A)ay) 5 N (0, ((Co & 1d)tgrar) )

ou Ay = supp(Ay) est le support (U'ensemble d’indices des entrées non-nulles) du
parameétre A,.

3.14 Comparaison numérique du MLE, Lasso et Adaptive Lasso

Les résultats théoriques montrent certaines qualités des méthodes pénalisées. Nous
concluons le chapitre avec une analyse des performances des estimateurs sur des
expériences numériques, ou nous comparerons en particulier les méthodes pénalisées
au MLE.

La mise en place pratique des estimateurs nécessite en particulier de décider de
la méthode utilisée pour choisir la valeur de . Le Théoréme 7 donne une valeur
théorique pour A, mais nous savons que les paramétres de pénalisation typiques sont
souvent pessimistes [BvdGll]. Ainsi nous préférerons utiliser une méthode par cross-
validation [AC10] : nous utiliserons les premiers 80% de la trajectoire pour calculer
Iestimateur pour différentes valeurs de A, puis nous choisissons la valeur de A qui
minimise la log-vraisemblance négative calculée sur les derniers 20% de la trajectoire.
Nous utilisons cette méthode pour fixer les valeurs de \ et les estimateurs de Lasso
et Lasso Adaptatif qui en résultent.

Nos expériences confirment les avantages des méthodes pénalisées comparées au
MLE en termes d’erreurs d’estimation. Elles montrent aussi que le Lasso Adaptatif
permet de mieux estimer le support du vrai paramétre. Enfin, nous appliquons nos
méthodes d’estimation a des données boursiéres, une série temporelle de dimension
120 composée de moyennes glissantes exponentielles des retours journaliers.

3.2 Estimation sparse appliquée aux données financiéres

Nous appliquons les méthodes discutés ci-dessus dans deux cas séparés. Premiére-
ment, nous analysons les retours journaliers d’actions américaines, ou nous cherchons
a tester ’hypothése selon laquelle les actions ayant eu une bonne performance récente
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ont tendance a avoir de moindres performances dans le futur. Deuxiémement, nous
analysons les prix de futures sur dividendes, pour lesquelles nous cherchons a voir
si leurs variations sont compatibles avec le lien entre les prix d’actions et I'estima-
tion de ses dividendes futures, que nous construisons avec une approche par flux de
trésorerie escomptés.

3.21 Retours d la moyenne dans I’'indice SP500

Nous prenons ici un sous-ensemble d’actions incluses dans I'indice SP500 avec un
historique de données suffisamment long. Notre ensemble de données contient les
prix de 466 actions, mesurés a la fermeture de 4305 jours, du 3 Janvier 2000 au 10
Février 2017, séparés par secteurs industriels GICS. Pour chaque action, nous calcu-
lons la moyenne roulante exponentielle (EMA pour Exponential Moving Average) de
ses retours journaliers. Lorsque la moyenne roulante dépasse sa valeur habituelle,
nous disons que l'action sur-performe, et sous-performe dans le cas contraire. La
moyenne roulante retourne vers la moyenne par construction, au sens suivant :

t
B —a / et=9) g, dE, = —aE,dt + adM,.
0

Nous utilisons dorénavant la moyenne roulante £ au lieu des données de retours,
la moyenne roulante étant continue et toute prévision des variations de celle-ci per-
met d’obtenir une prévision pour les retours journaliers. Nous analysons alors I de
diverses maniéres, utilisant des modéles uni-dimensionnels et multi-dimensionnels.
Dans tous les cas, nous estimons les paramétres A et 3 (a et 0 en dimension 1)
de processus d’Ornstein-Uhlenbeck correspondants aux données. Ensuite, nous com-
parons les résultats aux valeurs de référence que nous mesurons avec une moyenne
roulante sur retours indépendants stationnaires.

Etant donné que Pintensité de retour & la moyenne peut varier avec le temps, nous
faisons I’estimation sur des sous-intervalles plus courts. Nous choisissons 30 inter-
valles de longueur 1000 (4 années de données journaliéres), réguliérement espacées
dans Pintervalle total. Sur chaque sous-intervalle, nous utilisons les premiers 800
jours pour estimer les paramétres, et les 200 restants pour mesurer a I'aide de ratios
de vraisemblance la capacité du modéle a prédire les variations futures.

Pour les estimations uni-dimensionnelles, nous utilisons les valeurs maximisantes la
vraisemblance (MLE). Pour les données multi-dimensionnelles, nous comparons le
MLE au Lasso et au Lasso Adaptatif, ainsi qu’a un estimateur diagonal. Ce dernier

consiste & construire une matrice diagonale avec les estimateurs uni-dimensionnels
de chaque composante.
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* Retour a la moyenne des moyennes sectorielles. Pour chaque secteur in-
dustriel, nous calculons une moyenne non-pondérée des EMA des actions.
Une analyse uni-dimensionnelle de chaque secteur d’activité individuel indique
I'existence de retours a la moyenne pour la plupart des secteurs. En effet, les va-
leurs typiques de a observées sont entre 0.11 et 0.14, par rapport a des valeurs
de 0.105 &£ 0.015 mesurées pour les retours indépendants. I’approche multi-
dimensionnelle montre I'existence possible d’effets inter-sectoriels, I'estimateur
Lasso non-diagonal battant I’estimateur diagonal. Cependant, les mesures de
ratios de vraisemblance des estimateurs uni et multi-dimensionnels ne battent
pas les valeurs de références de maniére réguliére.

* Retour des actions a la moyenne de leur secteur. Nous soustrayons ici la
moyenne sectorielle de chaque processus correspondant aux actions indivi-
duelles. Les paramétres de retour & la moyenne prennent ici des valeurs ty-
piques entre 0.11 et 0.15, ce qui indique I'existence de retours & la moyenne
d’intensité dépassant ce qui est attendu pour des données indépendantes. Dans
I’approche multi-dimensionnelle, le Lasso obtient de meilleurs résultats que le
MLE et l'estimateur diagonal, indiquant la valeur des approches pénalisées,
mais ne bat pas les valeurs de référence en termes de ratios de vraisemblance.

Lobservation réguliére de parameétres de retour a la moyenne au-dessus de ce qui
est attendu de données non-corrélées dans le temps est contredite par 'impossibilité
de la vérifier avec un ratio de vraisemblance mesuré sur un intervalle indépendant.
Cette contradiction mérite une explication. Pour ceci, nous construisons un proces-
sus auto-regressif possédant par sa définition des propriétés de retour a la moyenne,
auquel nous appliquons le méme traitement qu’aux données réelles. Nous observons
alors que la mesure de a est souvent significativement au-dessus de ce qui est attendu
de données non-corrélées, mais cependant le ratio de vraisemblance ne permet gé-
néralement pas de confirmer le retour a la moyenne. Ceci nous incite a conclure que
la mesure de ratio de vraisemblance n’est pas adaptée pour valider I'existence de
retours d la moyenne dans les données.

3.2.2 Retours a la moyenne pour les EURO STOXX 50 Dividend Futures

Avec une approche par flux de trésorerie escomptées, nous pouvons voir une action
comme ’équivalent du flux des futures dividendes. Avec quelques approximations sur
les taux d’ecompte, nous avons

gt ~ Z D(t, TL)Ft(n)

n>0

ou S est le prix de Paction ajusté pour le paiement de dividendes, les D sont les
paramétres d’escompte et les F' sont les prix des futures sur dividendes. Les futures
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sur dividendes sont des contrats construits sur un sous-jacent mesurant le total de
dividendes payées pendant une année civile. Ainsi, si le prix de 'action est fixé, les
variations des prix de dividendes sont liées par une relation linéaire qui peut créer
des phénomeénes de retour a la moyenne.

Nous prenons comme action a traiter 'index EURO STOXX 50, un index qui réplique
la valeur des actions de 50 sociétés européennes, choisies par capitalisation totale.
La bourse Eurex construit un index EURO STOXX 50 Dividend Points, qui compte le
total des dividendes payées par les 50 entreprises. Cet index est alors utilisé comme
sous-jacent pour les EURO STOXX 50 Dividend Futures. L'index peut alors étre vu
comme un action. Nous effectuons une régression des prix des Futures par rapport
aux variations de 'index. Les coefficients de regression changent d’année en année,
mais évoluent de maniére similaire en fonction de la date d’échéance du Future. La
partie restante peut étre vue comme la partie des variations des prix de futures non-
expliquée par les variations de 'index et est sujette de la suite de notre analyse.

Nous commencgons par considérer les prix de futures comme composantes d’un pro-
cessus d’Ornstein Uhlenbeck multi-dimensionnel, ’estimation donnant des résultats
non concluants. Nous observons alors que les prix semblent se regrouper autour
d’un processus moyen. Nous utilisons alors une approche en deux étapes. Premié-
rement, nous regardons le prix moyen comme un processus d’Ornstein-Uhlenbeck
uni-dimensionnel. Le retour a la moyenne de celui-ci est significatif, mais il est im-
portant de ne pas faire d’estimation sur des intervalles trop longs. Deuxiémement,
nous analysons les déviations de la moyenne, avec de nouveau des résultats non
concluants. Nous pouvons conclure cependant que les prix des futures de dividendes,
controllées par rapport aux variations de I'index, dévient peu d’'une moyenne qui a
tendance a retourner lentement vers sa moyenne.
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How to infer the parameters of a
multi-dimensional
Ornstein-Uhlenbeck process from
binary observations?
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CHAPTER I

Parameter estimation of
Ornstein-Uhlenbeck process
generating a stochastic graph

Abstract

Given Y a graph process defined by an incomplete information observation
of a multivariate Ornstein-Uhlenbeck process X, we investigate whether we can
estimate the parameters of X. We define two statistics of ¥. We prove con-
vergence properties and show how these can be used for parameter inference.
Finally, numerical tests illustrate our results and indicate possible extensions and
applications.

Keywords: stochastic graph process, inference for stochastic process, in-
complete information, asymptotic properties of estimators.

MSC 2010: 62Mxx; 05C80; 62F12.

1 Introduction

11 Statement of the problem

Take an Ornstein-Uhlenbeck process X = (X, : ¢ > 0) with values in R¢ (d € INT),
solution to the stochastic differential equation:

dXt = —AgXtdt + Eth, XO given. (111)

We consider the model of stochastic graphs generated as follows: the adjacency value

between vertices ¢ and j is
i __ -
Yy" = 1x,esii
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where (S%), ; are subsets of R,

The toplc of random graphs is a well-developed research area. Since the Erd6s-Rényi
model, many other ways of generating a random graph have been proposed, most
notably the preferential attachment model, the Chung-Lu model or the Kronecker
graph model [Bol01, MX07]. Most models have the goal to create a single instance of
a random graph. Some proceed by "growing" the graph, i.e. by successively adding
nodes and edges, as in the preferential attachment model. Other models also enable
deleting nodes and edges.

In contrast, in our model the nodes are fixed, hence it is not a "growing" graph,
but the edges are evolving continuously in time. One could in principle fix a 7" and
consider the random graph Y7, but the real richness of our model resides in the
evolution of the graph in continuous time. For instance, it adds correlation between
graphs at arbitrary time-scales.

Y gives only partial information about X. Hence, usual results on inference for
stochastic processes can not be applied. We therefore aim at extending these results
to our setting and ask then the question of finding Ay, ¥ from Equation (1.1.1), given
the sole observation of Y.

We will consider that we have access to one realization of the process Y observed
at discrete times (kA,)o<k<n, > 1. Therefore, we hope to get results in the long
time limit nA,, — +00 as n — +00, in which we can expect to use ergodic properties
of the process X. Intuitively, doing so we will estimate parameters arising in the
stationary distribution. Also, to estimate parameters related to local fluctuations (i.e.
), we are interested in the high frequency limit A,, — 0.

1.2 Applications in systemic risk modeling

In [CFS15, FI13], authors present a model for interbank lending in which d bank
reserves are modeled through real-valued random processes X‘. Whenever bank i
has more reserves than bank j, i lends money to j, thus reducing reserve X' and
increasing X7. Gaussian noise is added in order to model random variations of the

reserves. We will refer to this model through Equation (1.2.1) (which is exactly the
model from [CFS15] without a central bank):

I S

d
X} = — dz — X}) dt + odW;. (1.2.1)

In this model, authors define a systemic event when the mean reserve falls below
some predetermined value. The analysis of the model shows that the probability of
the systemic event can be computed and the result depends explicitly on the values of
the parameters, especially on the correlation of the Brownian motions with a common
noise.
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Therefore, it is crucial to know how to estimate the values of the parameters of the
equation, even in the realistic situation where one wouldn’t have complete information
of the banks’ reserves. We consider for instance that the regulator, whose perspective
we are analysing here, would fix a regulatory threshold r and would observe all
variables of the form

Y7 =1

i
Xi—Xi>r

1.3 Summary of results

In this article, we define two statistics and show the following convergences.

* An "occupation time" statistic OT,,, which counts the number of times the
process is present in a given set. Normalized by 7, this number converges to
the stationary measure of that set, in the following ways:

- in L?, with a speed of convergence bounded by v/nA,,, which is the square
root of the time horizon of the estimation;

- with the right normalization, convergence in law to a Gaussian variable,
for one-dimensional processes.

* A "crossings" statistic C,,, which counts the number of times the process X goes
in or out of a given set S¥, i.e. the number of changes of the Y"/-value. We
show a convergence in L? of this - suitably normalized - statistic.

We show then how to use this in order to estimate the parameters of model (1.1.1).

1.4 Related work

The question that we investigate in this article is on the recovery of the parameters
of an Ornstein-Uhlenbeck equation given the n observations of a single realization
of the process. It relates therefore to the largely developed field of inference for
stochastic processes. Many results exist on this subject: for instance, see [Kut04] for
continuous-time observations and [KLS12| for discrete-time ones.

In this work, we are specifically interested in discrete-time observation schemes.
We observe three distinct discrete-time settings. First, the low-frequency long-time
(LF-LT) setting consists in fixing a time step A and observing at times (iA);<,, with
n — +o00 [Yos92]. Second, the high-frequency fixed-time (HF-FT) setting, where a
time horizon 7 is fixed and observations are taken at (iA,);<, with A, =T/n — 0
[GCJ93]. Third, the high-frequency long-time (HF-LT) setting where one assumes
observations at (1A, );<, with the time step A, — 0 and the time horizon nA, —
+00 [Kes97, Gob02, ASMO04]. Our work is placed in the latter HF-LT setting.

59



I. Inference for OU graphs

Some results already exist on problems with observation of crossings of a given
threshold. For instance, [Flo87] considers the estimation using only the observation
of the sign of the process. However this is done in the LF-LT setting and in dimension
1. The same remark applies to [Flo89, Flo91]. We will extend her CLT results to the
HF limit.

The HF-LT setting is combined with partial information observation in [IUY09].
The authors consider, for € > 0, the observation of 1,x,>cX;. Our assumption of a
binary observation leaves us with even scarcer information, thus making the inference
problem more delicate.

To sum up, the closest work to ours is seemingly [IUY09] and [Flo87] but our
main original contribution concerns the multi-dimensional scope and the case of
binary observation in the HF-LT setting.

Organisation of the paper. In the next subsection, we define the notations
and assumptions used throughout this work. Then in Section 2, we study the first
statistic based on occupation time. We first prove general convergence results useful
to analyse the convergence of all estimators (Theorem L1). L? and CLT results are
proved (Theorems 1.2 and 1.3). Section 3 is devoted to the study of the second
estimator based on crossings (Theorem I.4). Last in Section 4, we report numerical
experiments. Applications to parameters inference are discussed along the sections.
Technical results are postponed to Appendix.

1.5 Notations and assumptions
1.5.1 Notations

For d € IN*t, take m € R and V a symmetric positive definite d x d matrix. We
call N (m, V) the law of a Gaussian r.v. with mean m and covariance matrix V. For
m = 0, this centered Gaussian distribution is denoted by 1y and its density by sy :

1
py(x) = (2m) Y2 det (V)2 exp (—gx*le) , v € RY,

where z* is the transpose of x. In dimension d = 1, we introduce additionally the

CDF of AV (0, 1):
N (z) = /I pi(s)ds, = € R.

Given a measurable function f : RY — R and a probability measure v on R?, we
denote v(f) = [ f(z)v(dz). For a measurable set S C R? we write v(5) = v(1s)
by a slight abuse of notation.
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1.5.2 Restatement of the model and standing assumptions

Consider two matrices Ay € My4(R) and ¥ € M, ,(R) where d,q € NT, which
serves to model (1.L1). The standing assumptions on A and X are the following.

(H) The matrix 3" is invertible and the spectrum of A has strictly positive real
parts:

ap == /\EIgIl)l&o)Re(/\) > 0. (L.5.1)

We define an important class of covariance matrices:
t +oo
C,= / e~ AT e AUy, Co= / e~ Aumy*e Aoy,
0 0

We easily check that C, is well defined, symmetric positive definite. For one-
dimensional processes, we simply have:

2 2

o a o
vt:—(l—e%t), Voo = —.
a 2a

Let (Q, F (F)ier+ ,IP) be a filtered space and (W});cr+ a g-dimensional Brow-
nian motion with respect to . In this setting, we consider the multi-dimensional
Ornstein-Uhlenbeck equation for X as introduced in (1.1.1):

dX;, = —AgX, + 3dW,, X 2N (0,C.), (L5.2)

where X is a r.v. independent of W. In the following X = (X; : ¢ > 0) stands for
the R%-valued solution of (1.5.2). We recall some properties from [KS91, Chapter 5.6].
First X is stationary:

vteRY, X, 2N (0,C.). (15.3)

To simplify we denote by v, the Gaussian distribution AV (0,C+) and by p its
density. In the subsequent analysis, the initial distribution could be different from
Vso, it would not change significantly the analysis since the OU-process converges
exponentially fast to its stationary regime.

Second, X is Markovian and ergodic. Take ¢ > s, we can write:

t
X, = e M=) x, ¢ / e~ Alt=IBqw,, (L5.4)

S

from which we deduce
X | Xy SN (e 09X, C ). (L5.5)
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I. Inference for OU graphs

Equality (1.5.4) gives also an important insight on decorrelation of the process:
Cov (X, X,) = e A=9)Var (X,) = e 90, t>s. (1.5.6)

In the following, all the limits will be considered as n — +00, under the asymp-
totics of high frequency data (A, — 0) on a long-time interval (nA,, — +00). Also,
for simplicity, we assume A,, < 1.

Remark L1. In Equations (1.5.2) and (1.5.5), we see that the distribution of X, and
Xy | X, depend on X only through 33", Hence we shall restate our inference problem as
the estimation of (Ao, XX7).

2 Occupation time statistic

Consider the d-dimensional process governed by Equation (1.5.2). We define the first
statistic:

Definition L1. Let S be a measurable subset of RY. Define:
3/1;5 = ]lXtES‘

The occupation time statistic is defined as:
1 n—I1 1 n—1
s s
OT, = o ZYmn = Z Ixya,es-
k=0 k=0

This statistic gives the frequency of occupation of S by the process X, hence the
name.

2.1 Preliminary tools

The study of convergence of OT? and further statistics will be made possible by
using some tight controls related to the mixing properties of X at different times.
Note that we cannot directly invoke general mixing properties of Markov chains since
here the Markov chain (Xya, : £ > 0) depends on n through A,: this is the main
difficulty. The current estimates are made possible using the Gebelein inequality
(a.k.a. Lancaster inequality) about maximal correlation between Gaussian spaces.

Theorem 1.1 (Mixing properties). Assume that X solves the Ornstein-Uhlenbeck Equa-
tion (1.5.2), and recall the definition of ay in (1.5.1). There exists a finite constant Cla 1y,
depending only on the stationary distribution covariance matrix C ., such that for any
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2. Occupation time statistic

t > s > 0 and for any functions o : C°([0, s], RY) — R, ¢ : C°([t, +00), R?) — R such
that ¢, ¢ are square-integrable w.r.t. the law of X, we have

|Cov (p (Xu)uszs) » & ((Xo)uzr))| <

C(Q'U)eiaO'tis‘ \/V&r (90 ((Xu)uﬁs)) Var <¢ ((Xv)th))'
(2.1])

The proof is done in Appendix ILB. A very useful corollary is related to the
convergence study of sum of general local functionals of X.

Corollary L1. Consider a measurable function g : N x IN x C°([0,1], R?) — R such
that £ [g(k, n, (Xs)kAngsg(k+1)An)2:| < 400 forany k,n € N. Forn € N define

vz = sup Var (g(k,n, (Xs)ka,<s<e+1)a0)) -

k<n

n A”
&(C ) _ 1/79(k,n, (Xs)kan<s<(kt1)A,)-

Then, there is a finite constant Cy)9), dependent only on the parameters Ay, X of the

model, such that:
n—1
Var (Z f;(gn)> < 0(2.1.2)?),21- (2.1.2)
k=0

Remark I.2. IfE [ZZ;S ,in)} — 1 for some | € R, then v, — 0 implies

n—1
TR
k=0

Proof of Corollary I1. Denote g;, = g(k,n, (Xs)ka,<s<(k+1)A,); Without loss of gener-
ality, we can assume that I [g;] = 0. We have

n—1 A n—1 2A n—1 n—1
Var (Z 5}(:)) = 7” ZVar (gr) + nn Z Z Cov (gx, 1) -
k=0 k=0

k=0 I=k+1

For | > k, we have [kA,,(k + 1)A,] C [0,(k + 1)A,] and [IA,, (I + 1)A,] C
[[A,,, +0o]. Apply Theorem LI:

Cov (gr, g1) < Cppape” @* =148 /Var (g;,) Var (g,).

Then we deduce

n—1
Var (Z {,(C )) < nv?I + n Z 0(2.1.1)’0316 aom&An

n n
m>0

63
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An
< Ui (An + 20(211)1_—>

e*CLOAn

< 0(2.1.2)’0721,

where we set C(2.1.2) = SUPge0,1] <JU + 2C(Z.l.l)‘ s ) : =

1—e—20%

2.2 L? convergence of occupation time statistics

Theorem 1.2. For any measurable set S C R, OT? converges to vy, (S) in L? and

Bori - 57 -0 (oL )

Proof. As the process is stationary, |5 [OTfL] = E [1x,es] = Vs (S). Next, we apply
Corollary 1.1 to OT,S; = Zz;é ,(gn) with
515; ) - H]]'XkAnGS - 79(k7n7XkAn)7
1

g(k,n, Xya,) = Wﬂkaﬁs’

1 Voo (S> (1_Voo <S>>
Var (g(k,n, Xga,)) = nAnVal” (Lxs,e5) = nA, :
Therefore, we get E [(OTE — Vs (S))Q] = Var (OTE) < 2(21,? =

2.3 Central Limit Theorem for one-dimensional processes

Here we restrict the study to the one-dimensional situation. There are two technical
reasons for this: we solve explicitly the Poisson equation (see Lemma 1.4) and derive
tractable bounds on it. Additionally, we take advantage of the one-dimensional sit-
uation to handle explicit computations. The validity of a Central Limit Theorem in
the multi-dimensional setting remains an open question to us.

For d = 1, the model becomes

dX, = —aX,dt + odW,. 2.3.)
Assumption (H) reads ¢ > 0 and 0 # 0. We consider the case S = [1,4o00[. The

extension of the following results to the case where S is a finite union of intervals is
straightforward, and it is left to the reader.
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2. Occupation time statistic

Theorem 1.3. Asn — +o00, we have

Vil (T — v (1 o0 ) 5 N (0, (07F7))

where F' is defined in (1.C.2.2) and is such that

Fla) = 27 Q%) - <“1T°> a (“%) S {0,2\/12] .

o? fhoo(2)

Proof. A simple inspection on F” shows that it is non-negative. The upper bound is
proved in Lemma L5 (see inequality (L.C.2.7)). This proves the inclusion of F”(x).
We now prove the Central Limit Theorem. We follow the approach by [Flo84].
The main difference is that the function x — 1,>; is non continuous, which raises
technical issues.
Consider first the continuous time extension of OT ool

1
OT? = —/ ]lXSZIdS-

t
Denote in this proof f(z) = 1,51 and f(z) = f(2) — Vs ([1, +00[), so that

/f ds = ¢ (0TS — v ([1, +00]))

Introduce then L = —ax ~+ % —8— the infinitesimal generator of X: Lemma 1.4 in
Appendix I.C ensures that 'F defined in (I.C.2.2) verifies the Poisson equation

LF = —f.

Introduce M; = F(X;) — F(X,) + fo s)ds. Fis twice differentiable but /" has
a single point of discontinuity at 1. However we can still apply It6’s formula in that
case (see Lemma 1.3). We get:

t t
m:/amxmm, wmszﬁmfm
0 0

F’ being bounded, M is a martingale. As we have t~'(M); — vy, (02F"?) in proba-
bility (ergodic theorem) as ¢t — +o00, we can use a CLI for martingales (see Lemma
II1.10 with K, = t~/2) to get

t t) — 0 OT} — v ([1, 400 d 2 12
%:FM>FM»H£* (L4090t o 5 (022
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I. Inference for OU graphs

Finally, /" is sublinear (F” bounded), thus \/% (F(X:) — F(Xy)) L, Consequently

we have proved
VE(OTS — v ([1,+00])) S N (0, vee (02 F2)) .

We now aim at proving that the above result extends to the discrete version
OTLI’J“OO[. For this, define

D, = /&, (ot~ ot )
[An Z/ [ (Xka,) f(XkAn—l—u)du
\/ Zg (1, (Xs)kAn<s<(br1)an,)-

Observe that it remains to prove that D, L, 0. In view of Corollary 1.1 and since

I [g(ka n, (Xs)kAnSSS(k+l)An):| = 07

it is enough to prove that

vy = iupE [g(k,n, (Xo)ka,<s<mina,)’] = 0.
<n

Actually, by Jensen inequality, the stationarity property and since f takes values in
{0,1}, we have

An 1
iS5 / E [17(Xo) — F(X.)] du = / E[1f(Xo) — f(Xoa,)l] dt.

0

With probability 1, f(X:a,) — f(Xj), since f is continuous except on a set of
zero V.,-measure: by the dominated convergence theorem, we obtain v,, — 0, then

D, L, 0. From this we have:

VA, (0Tl =y (11, 400)) % N (0,1 (02F?))

2.4 Application to parameter inference

Lemma L1. Fix S C R? and recall (H). Then v, (S) is a continuous function of C ..
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Proof. Write

Voo (S) = /S/Loo(x)d:c = /s (27) Y2 det(Co) /% exp (—%x*C;}x) dz.

As the determinant and the inverse are continuous functions, ji () is continuous in
C for any x. We also have:

~1
(o) < (2m) 2 exp (-4 o

where vy = maxyesp(co) Ay Um = Milyegp(Coo) A

Applying the Hoffman-Wielandt theorem ([HJ86, Theorem 6.3.5]) we know that
vy and v, are continuous functions of C,, which are also non-zero in the neigh-
borhood of invertible C.. From this follows that there is a local bound (in the
neighbourhood of every invertible C',,) by an integrable function of the form:

fioo(z) < Cstexp (—Cst|z|?)

with a positive constant Cst. Conclude using the dominated convergence theorem.

]

For one-dimensional processes. We consider here Equation (2.3.1). The limit value
of OT,, depends on the stationary distribution of the process, which is a centered
Gaussian r.v. with variance v,, = 02/2a (see Section 1.5). If v, (S) is monotonous
with respect to vy, then we can construct an estimator of v.

For instance, if S = [1,+o0o[, then v (S) = N (—1/\/@) which is strictly
increasing with v.

However, v, is not a one-to-one function of @ and ¢ hence we need more infor-
mation to find the parameters of the process, using for instance the crossings statistic
of Section 3.

Assuming that the volatility parameter o is known, we show a CLI-type con-
vergence in law of the estimator of a constructed from OT),, using the A-method.
If S = [1,+00[, then a = h(vw (S)) where h(z) := %ZN_l(x)z. Define then
an, := h(OT,,). Given that h/(vy (S)) = V27102 exp(2a? /o), we get

nA, (a, — a) SN (0,270 Vs (0°F") exp(4a®/a?)) .
For multi-dimensional processes. Here again the limit value of OTE is the mea-
sure of S under the stationary distribution. This distribution depends on the value of

the matrix V. Without further information or assumptions, C, is a symmetric d x d
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matrix, representing d(d + 1)/2 unknowns. We can expect to be able to find these
unknowns only if we consider more than one set .S and the corresponding statistics.

In the following, we will use the fact that the covariance matrices of the marginals
of a Gaussian variable are the restrictions of its covariance matrix to the relevant
spaces.

Consider first for ¢ < d the set S* = {x : 2’ > 1}. Then v, (S’) depends only
on the value of (C,)". Applying the result from the preceding paragraph, we can
construct an estimator of that value.

Consider then for ¢ # j the set S¥ = {z : 2’ > 1,27 > 1}. Then v (5Y)
depends only on the values of (C,)", (Cs)” ,(Cs)"”. From the previous point, we
know we can construct estimators of (C)” , (Co)”. For the last parameter, we use
the following result.

Proposition L1. Take (G1,G5) a non-degenerate centered Gaussian vector. Denote p
the correlation between G, and Gy. Denote S = [1,+00[* and p, the density of the
distribution of (G, G2). Then 1,(S) is a strictly increasing function of p.

Proof. Denote 01 = /Var (Gy), 02 = y/Var (G3). By symmetry between G; and

G4, we can safely assume 0; > 09. Introduce a standard centered Gaussian G. We
can write

(Gl, Gg) i (p;GQ + o1\ 1 - pQG, G2> s
2
He (S) =k |:]1G2>1E [1026’2-&-01 1-p2G>1 ‘ G2:|:|

/ Ly> N p%L_ : 1oz (y)dy
= —— o2 .
- y=>1 /1 — 2 2

91—

1 T1 4
P52 . then Z_i(p’ y) = 01(‘12_%. This is strictly positive for y > 1

Set g(p,y) =

since 2L > 1 and p < 1. Therefore N (g(p,y)) is strictly increasing in p, and so is
p,(S)on] —1,1]

o14/1—p? ’

]

This shows that we can construct an estimator of (C Oo)ij given the knowledge of
(Cx)",(Cy)"”, which we have as noted before. Therefore,using d(d + 1)/2 estima-
tors, we can recover the whole matrix C'.
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3. Crossings statistic

3 Crossings statistic

Given a binary observation Y}, a function of X;, we will count how many times Y
goes from 0 to 1 and vice-versa. The following defines a statistic counting the number
of jumps between 0 and 1 of the discretization of Y.

Definition I.2. We define the crossings statistic by:

1 n—1
T=->1
C” n YkSAn 75Y(i+1)An )
k=0

In the following, we restrict the convergence analysis to sets which are half-spaces
St = {x : 2' > 1}; by symmetry, we assume that i = 1. Therefore we drop the
superscript S and
Y, = ]lthzl-

C,, counts the number of times the discretised projection of X on the first coordinate
crosses 1.

3.1 L? convergence

Theorem L4. Assume that nAY* — +oo. We have the Jollowing convergence:

Cn L_2> ) (22*)11

\/A_ TMC£(1)7
Cn 1
ver () =0 (a)

Proof. For ease of writing, introduce a new notation:

Z]S:n) — ]le <1]1X1

kAn 1) ap 217
Now, divide the sum in two similar parts:
_ ot 4ot
C.=¢C,” +C,T,
-1 n—1
1 1
+—- z : -+ _ E (n)
CTL — E HX%An211X6k+1)An<1’ Cn — ﬁ Zk .
k=0 k=0

Although the two sums aren’t perfectly symmetric, we will show that our reasoning
will apply to both sums. Concentrate then on the second sum. In order to apply
Corollary 1.1, we introduce the following notations:

_ n—1
C’n, + ‘= é—IE:TL)

v Ay k=0
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& = ot =y T (b (Kiasna,)
UTQL = sup Var (g (k, n, (Xs)kAngsg(kH)An)) ’

k<n

We obviously have v2 = ﬁ supy,.,, Var <Z ,g”)) and Corollary 1.2 we have Var (Z Igm) =
O (v/A,). Therefore v2 = O (nA—lm) = 0(1) by assumption. Thus, Corollary L1

gives us the convergence to 0 of the variance.
Using again Corollary 1.2 we get

(n)
I :E[Zk } ~ (EL*)HM (1)
VA, VA, o G
Therefore, recalling Remark 1.2 gives
C," o2 [(ZE)Y
_> N A
VA, 2

T
The same reasoning would apply to C;/ ™ if only we replaced Zlin) by Zlin) =1x1 1

Observe
£fa] ~B[(1- 1) (-1 )

=1-E [1X5<1} - B [ﬂxi\nzl} + E[Za,]
= E[Z4,]

pe(1).

1 .
Xbiya, <1

using stationarity. Thus, we can transfer the estimate on Z ,gn) to Z ,gn), ie onC, " to
C,;/~, which gives the final result. O

3.2 Application to parameter inference

For one-dimensional processes. For d = 1, Theorem 1.4 simplifies to
Cn N 20 (1)
VA, Ve
Thus the renormalized C,, converges to a value that depends on ¢ and the density
ftoo (1), which itself depends on v,, = 0?/2a. In Section 2.4, we show how to estimate
the value of v.,. Using this estimate, we can compute poo(l) and construct simply an

estimator of o. Finally, as we estimate both ¢ and /i, we also estimate a. Therefore,
the two statistics OT,, and C,, are sufficient to estimate the parameters of the model

(2.3.0).
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For multi-dimensional processes. As we show above, we can estimate parame-
ters of one-dimensional processes. The extension to multi-dimensional processes is
not obvious. However, in specific cases, we can leverage Theorem I.4. Consider

specifically that A, is a diagonal matrix with diagonal terms (ay, ..., a4). Then
3 +oo . )i
(€)= [ ey e vt - ()7
0 a; + Q;

Assuming we know C, which we can estimate using results from Section 2.4, and
as we can estimate (XX*)" using Theorem 1.4, we can estimate the values of a;:

2(Co)"

)

We complete the inference by using the relation (£X%)7 = (a; + a;) (C)” .

Moreover, if we consider a rotation L, then LX is also an Ornstein-Uhlenbeck
process. Its stationary distribution’s covariance matrix is LC o L' and the diffusion
parameter becomes LY. Hence, using half-spaces ST = {z : (Lz)* > 1}, Theorem
L4 shows we can estimate (LXX " L")%. A suitable choice of L gives then estimates
of non-diagonal terms of XX .

Assuming C, and X" are known, we can find the value of A. To show this,
we use the vectorization relation vec M NO = (OT ® M) vec N where ® is the
Kronecker product:

+oo
C, = / e AvE R TeATugy
0

o0
vee Co = / (e’A“ ® e’AT“> vee 3 Tdu
0

vec Coo = (A® A) ™" vec X7
(ARId+1d® A) vec Co = vec X'
C.A" +AC, =337 (3.2.])
(Id ® Cy) vec AT + (Co ®1d) vec A = vec X'
vec A= ((Id® Coo) T + (Co @ 1d)) ' vec ZXT

where we used the relation e™ ® eV = eM®N with M ®d N = M ® Id +
Id ® N and introduced the permutation matrix 7" such that for any matrix M,
T vec M = vec M ". Finally, the existence of the inverse in the last line is equivalent
to the existence of A that solves the problem. If we replace C, and £ by their
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estimates, the inverse might not exist. Then we can define an estimator of A by a
matrix that minimizes the difference between the LHS and RHS of Equation (3.2.1);
we achieve unicity of the definition by requiring additionally the estimate to minimize
for example the Frobenius norm:

A =argmin||A|r st A €argmin HC/Z'O\OMT +MC. — )25 AN(P
A M

4 Numerical tests

In the following, we present some inference results in the case of one-dimensional
Ornstein-Uhlenbeck process. The observations are obtained via simulation and we
consider simulation lengths n between 10 and 10 - 2! and discretization time-steps

A between 0.1 and 0.1-277.

We simulate trajectories using 0 = a = 1:
dXt = —Xtdt + th

For each data point characterized by (n, A), we compute the expectation and stan-
dard deviation of OT,, and C,,. These are empirically computed using 50000 simu-
lated trajectories, independently initialized in the stationary distribution. Each figure
will show these values plotted against either 7 or A in blue, and regression lines are
added to each series in red. The figures are plotted in log-log scale, in order to show
dependence of the results as powers of 7 and A.

For some plots, the regressions don’t give a clear answer on the power depen-
dence. Because we know many of our results come from the long-time limit, we
privilege data series that maximize nA,, the horizon of the simulation.

Plots. For programming and plotting purposes, it is clearer to define statistics OT),
and C,, omitting normalization. Therefore, only in this paragraph, we use

n—1
OT, = E ]leAn>17 Cn= HXkATﬁéX(kJrl)An'
k=0

Additionally, we use ts as a notation for A,,.

Figures 1.1 and 1.2 show a linear dependence in 7 and no dependence in A. This
is in agreement with the stationarity of the process.

The lines fitted to the scatter in Figure 1.3 are somewhat misleading. Their slopes
vary from from 0.52 to 0.75. However, given our analysis in the paper, it is nA, the
inferring horizon, that has the largest impact on the quality of the convergence. For

72



4. Numerical tests

OTn as function of n

— ts=01
-- t5=00125

-~ ts=0.00078125
o ts=0.1
10° T ts = 0.0125
¥ ts = 0.00078125

0° 0* 0° 0° 0° 0° 10°

Figure I.1 - Expectation of OT,, versus n for different values of time steps A, (¢5)
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Figure 1.2 - Expectation of OT,, versus A, (ts) for different values of n
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Figure 1.4 - Standard deviation of OT,, versus A, (ts) for different values of n
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Jn as function of n
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Figure 1.5 - Expectation of C,, versus n for different values of time steps A, (¢5)
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Figure 1.6 - Expectation of C,, versus A, (ts) for different values of n
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Figure 1.7 - Standard deviation of C, versus n for different values of time steps A,
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Figure 1.8 - Standard deviation of C,, versus A, (ts) for different values of n
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this reason, we should concentrate on high values of n. Further work on the last 5

points of the scatters concludes with a consistent slope of 0.5. The same applies to

Figure 1.4: although slopes vary from —0.07 to —0.5, we have the most confidence in

the line corresponding to the highest value of n. We retain then the value of —0.5.
Thus, we numerically observe (up to constants)

E [Of'\T/n] ~n, Var (@) ~ PN

Regarding (i’;, Figures 1.5 and 1.6 show clear power dependencies of 1 and 0.5
with respect to n and A. Again, Figures 1.7 and 1.8 have to be observed only at the
largest values of n. We conclude with slopes of 0.5 and 0.

E [Cn} ~ nAl/Q, Var (@) ~ /2,

Summary. Taking the results from the preceding paragraph and rewriting them
using our regular expressions of OT,, and C,, as in Definitions L1 and 1.2, we get
from these numerical tests:

e For OT,;:
- E[OT,] x 1,
- Var (OT,) ﬁ.

This is in agreement with Theorem 1.2.

e For C,:
- E[C,] x AV
- Var (\/CAL’) x ﬁ.

The expectation estimate is in agreement with Theorem 1.4. However, our

variance estimate is seemingly not optimalz the missing factor A}/ 2 may come
from subtle cancellations in small time, in conjonction with the low regularity
of indicator function. This issue is left to future research.

In Table .1 we can compare our theoretical limits with the estimates from simu-
lation.
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I. Inference for OU graphs

Simulation result | Theoretical value
E[OT,] 0.07977 0.07865
cn
E [ \/ﬂ 0.16418 0.16560
nA,Var (OT,,) 0.25902 N/A
nAVar (G- ) 0.43324 N/A

Table I.1 - Observed versus theoretical values of the limits of the expressions on the

left
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Figure L9 - Normalized histogram of C,,, for n = 10-2'* and A,, = 0.1-277 and plot
of PDF of Gaussian fit

— Gaussian fit
[ Experimental frequency

5

15 20 25

Numerical investigation regarding a central limit theorem for C,,. Our exper-

imental observation of Var suggests we may expect a central limit

Cn 1
VAL ) X nAy,

theorem for v/nA,, (\/(% — m) where m = lim,, ,,  E [g" } However, this result is

out of the scope of the present paper.

Nonetheless we use the results of our simulations in order to see whether this
conjecture is likely. In Figure 1.9, we compare the normalized histogram of C,, to the
probability density function of a fitted Gaussian. The agreement of the two seems to
show that the validity of a central limit theorem is likely.

ILA Expectation of threshold crossing for OU
processes in small time

In this section, X is the d-dimensional Ornstein-Uhlenbeck process of Equation (1.5.2).
Define the indicator of the crossing of the threshold 1 by the first coordinate of X:

In = ]1X5<1]IX321-
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ILA. Expectation of threshold crossing for OU processes in small time

From Section 1.5.2, the first coordinate of Xx|Xj is a Gaussian vector centered at

i} o ' =AM ) g
(e=42X,) with variance Cy. Therefore E |:]lXi21 | XO} =N ((?;1)) and

E[Za] = /]R AaaN <L\/%_l> oo (z)dz. (LA.0.1)
A

Lemma 1.2. Let h be a bounded continuous increasing non-negative function, integrable
in —oo and define:

Ih(A) = /R Laoih (%) oo () d 1.

Then when A — 0,

(&) ~ VBV (ES) (1) [ by,

—00

Proof. We use the following change of variables:

xl—1
(yl7y2w--yd) = (ﬁ@gwwd )

_AAy 11 CAANYE
La) _ / Lo [ (e 13) gt L) 1 D (79
Vit Jga

X Lo (1 + 4/ VA 2 ,yd) dy. (LA.0.2)

Using the power expansion of the matrix exponential e=4% = Id — AA + O (A?), we
have:

() =1+0(a),

(6_AA)M:AAU—{—O(A2), ZZQ
Simultaneously, we know that Cx ~ A (¥XX*) as A — 0. Hence in the integral
(LA.0.2), h(...) and pioo(...) converge pointwise to h(y') and poo(1,%%,...,9%)

respectively, for any y. To pass to the limit for (I.A.0.2), it remains to dominate
h(...)tioo(. .. ) uniformly in A, by an integrable function on R,

* On the one hand, using the monotone and non-negative properties of h, we
observe that h(...) is bounded by h(iy' + 2.5 |9’|) for any y such that
y' < 0, provided that A is small enough.
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I. Inference for OU graphs

* On the other hand, since C_' is symmetric definite positive, fio(. . . ) is bounded
by Cstexp(— .-, [¢/[*/Cst) for some positive constant Cst.

Finally, we easily check that the product of the two bounds is integrable, using in
particular that h is integrable on R~ and bounded over R. Thus the dominated
convergence theorem yields

I(A)

Jor /_[; /R“ Iy oo (L, 9%, .y ) dy,
Ii(A) ~ VAL (ZE)" /_(; h(:v)dx/R too(1,92, .. y™)dy.

d—1

We can simply rewrite the last integral. Let AN (0,C):

/ /}Rd1 too(yt, 2)dyrdz = P [Gl < x] = / fo (y")dy"

— 00

where we have used that G < A/ (0, C’ii) at the second equality. It gives, for any
r € R,

/ Moo($>y2ayd)dyzlﬁcgg($)7
Rd—l
and therefore the announced result. OJ

Corollary 1.2. In the limit A — 0, we have

E[Za] ~ Var (Za) ~ \/Z\/ (Z;:) pou(1).

Proof. Since Z takes values in {0, 1}, if E [Zao] — 0, we have Var (Za) = E[ZA] (1—
IE[ZA]) ~ IE[ZA]. Thus, it remains to show the estimate on IE [Z,A].

Start from (I.A.0.1) and apply Lemma 1.2 with h(-) = N (-). We have fi)oo N (z)dx =
—L_ hence the result. ]

§

I.B Maximal correlation inequality

In this section, we aim at proving the very useful Theorem L1
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I.B. Maximal correlation inequality

I.B.1 Gebelein’s inequality

We start by an abstract version.

Theorem 1.5 ([Jan97, Theorem 10.11]). Zake H, K two closed subspaces of some Gaussian
Hilbert space. Define Py ic the restriction to H of the orthogonal projection onto K. Define
the maximal correlation coefficient between variables A, B respectively measurable w.r.t.
the sigma field generated by H and K :

p(H,K) = sup |Cor (A, B)|.
A€L?(H),BeL?(K)

Then we have:
p(H, K) = || Pk

where || - || is the operator norm.

We now restate in a more convenient way the above result in a finite dimensional
case and for given Gaussian vectors: we believe such a statement may exist in the
literature but we could not find a ready reference. Consider a Gaussian Hilbert space
and two Gaussian vectors X, Y in this space. Define then Hx and Hy the subspaces
spanned respectively by X and Y.

Denoting Pxy the orthogonal projection on Hy restricted to Hx, from Theorem
L5 we have that p(Hx, Hy) = ||Pxy||. This value is independent of the enclosing
Gaussian Hilbert Space.

Using the notations stated above, set

p(X,Y) = p(Hx, Hy) = || Pxy||-

Corollary 1.3. Take XY two Gaussian vectors in the same Gaussian Hilbert space and
f, g two functions such that f(X), g(Y') are square-integrable. Then we have:

[Cov (£(X),9(Y)) | < |p(X,Y)|y/Var (f(X)) Var (g(Y)).

In preparation of Theorem I.1, we now aim at making more explicit the coefficients
p(X,Y) in terms of the correlations of the components of X and Y, or of their
transforms.

I.B.2 Finite-dimensional Gaussian vectors

Notation. We denote Cov (X) the covariance matrix of X and Cov (X,Y) the
covariance matrix of X and Y, which is also the upper-right part of the co-
variance matrix of the vector (X,Y’). We reserve the notation Var (X) for the
variance of a real-valued X.

79



I. Inference for OU graphs

We set Kxy = Cov (X), Kyy = Cov (Y) and Kxy = Cov (X,Y). As Kxx and
Kyy are symmetricnon-negative definite matrices, there exist Ox, Oy orthogonal
matrices and Dx, Dy diagonal non-negative definite matrices such that we have:

Kxx = 03 DxOx = (03 DY*0x) (0;1)}(/20)()*,
Kyy = O DyOy = (o;D;/20y> (o;D;/2oy)* .

Note that <O}D;</2OX) and <O§"/D31/ 2Oy> are symmetric.

Take now X’ and Y’ orthonormal basis of respectively Hx and Hy. It is easy to
see that the covariance matrix R of X’ and Y’ is the projection matrix from Hx on

Hy written in the basis X’ and Y’ and therefore p(X,Y) = || R|.

I.B.21 Non-degenerate case

Assume, in this paragraph, Dx and Dy are non-degenerate or, equivalently, that
Kxx and Kyy are non-degenerate.

-1 -1
We can choose X' = (O}D¥20X> X and V' = (O;D;//QOy) Y. Our

calculation shows then that
1 1
R— (o;D}gQOX) Kxy (o;Dly/Qoy)

From the other side, O}D;nO x and O;Dil// Oy are symmetric matrices which
square to Ky x and Kyy. Therefore we have

(Kxx)"? = 04 DY?0x, (Kyy)"? = 03 Dy/*Oy.
From this we have the following proposition.

Proposition 1.2. Take (X,Y') a Gaussian vector. Assume that Cov (X), Cov (Y) are
non-degenerate. Then we have

p(X,Y) = [ Cov (X)™* Cov (X, Y) Cov (V) /2]

Corollary L4. If X andY are orthogonal with non degenerate components (Var (X') #
0, Var (Y7) £ 0, for any i, j), then we have p(X,Y) = || R|| with

R = Cor (X',Y?) = Cov (X, ")
’ v/ Var (X7) Var (Y7)
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I.B. Maximal correlation inequality

I.B.2.2 Degenerate case

In this part, we consider that X or Y is degenerate (or both). We know there are
orthonormal matrices Oy and Oy such that OxX and OyY both have diagonal
covariances. These diagonals can have zero values; taking only the variables of Ox X
and OyY that have non-zero variances, we get a couple of orthonormal families.
Applying results from previous paragraph and using the fact that extending a matrix
with zeroes doesn’t change its operator norm, we have the following.

Proposition 1.3. Let (X,Y') be a Gaussian vector and Ox, Oy two orthogonal matrices
such that Xo := Ox X and Yo := OyY are respectively orthogonal families. Then the
maximal correlation coefficient verifies p(X,Y) = || R|| with

' Cov(Xé,Yé)
RY — Cor (XZ), YOJ) — \/Var(xg)wr(yg) .
0 if Var (X§) Var (Y3)

if Var (X)) Var (Y3) # 0,

0.

I.B.3 Application to functions of Gaussian processes

We are now in a position to give the maximal correlation between X and X; for
t,s € RY, in terms of the OU parameters (A, X) (Assumption (H)).

Proposition I.4. Using the previous notation, we have for any s,t € R

p(Xsa Xt) S U_Me_a()lt_Sla
V Um

where ag := minycgpa) Re(N), vy = MaXyegp(Co) A Um = Milyegp(co) A-
Proof. Let t > s > 0. From (1.5.3) and (1.5.6), we have
Cov (X,)=Cov (X;) =Cs,  Cov(X,X,)=e9C,.

Since C, is non degenerate (owing to Assumption (H)), we can apply proposition
I.Q, to get
p(Xsa Xt) = HCO_OI/QefA(t*S)C;/DQH.

The bound on p(Xj, X;) is a consequence of sub-multiplicativity of the operator
norm. [

We immediately deduce the following.

Corollary L5. For any o, ¢ : R — R square-integrable w.r.t. v, we have

|Cov (p(Xs), o(X4))| < %6_‘““_8‘ v Var (p(X,)) Var (6(X,)).

m
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I. Inference for OU graphs

We can proceed to the proof of Theorem L1. In its setting we have ¢ > s > 0 and
¢, ¢ take as arguments respectively (X, )q,, and (X,) .

Proof. For ease of writing, denote ¢, = ((Xu)ogugs) and ¢; = ¢ ((Xv)vzt)- With-
out loss of generality, we can assume E[ps] = E[¢:] = 0.We repeatedly use the
Markov property and the tower property of conditional expectation to write

[

= E[p:E ¢ | Fs]

= E[p;E[¢: | X]

= EE[p, | X E[¢: | X,]]
=E[E[E g, | X ¢ | Xi]]
=E[E[p, | Xs] ¢4

=E[E[p, | X B¢ | Xi]

= Cov (Efp, | X|, El¢: | Xi]).

We define now f(X;) = E[ps | Xs], 9(X;) = E[¢; | X;| and apply Corollary L5:

Cov (f(X.), g(X,)) < \/:’jn'w (%)) Var (9(5)).

Then, the announced inequality of Theorem 1.1 stems from the standard decomposi-
tion Var (h) = Var (E [h | G])+E[Var (h | G)] > Var (E[h | G]) for any sigma-field
G and any square-integrable variable h. ]

I.C Central limit theorem for discontinuous
functions of OU processes

In this section, we broaden the domain of application of the properties from [Flo84],
precisely extending it to the case of a bounded function with a single point of irreg-
ularity, as  — 1,>;. In this section, the process X is one-dimensional.

ILC.1 It6 formula for piecewise C? function
First, we recall a generalization of Ité’s lemma to functions that are not C.

Lemma 1.3. Let g be a function g : R — R, twice differentiable and g" is continuous
except at a single point z. Assume also that Vo # z,|g"(x)| < K. Then Ito’s formula

applies to g, i.e.:
2

o
dg(Xt) = g/<Xt)dXt + ig”(Xt)dt
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I.C. Central limit theorem for discontinuous functions of OU processes

Proof. As we have g € C' and ¢” is integrable on any interval, we can apply [RW87,
Lemma 45.9]. U

I.C.2 Solution to Poisson equation LF' = —f

Consider now a function f smooth with the exception of a single point. Consider
also L the infinitesimal generator associated to X verifying (2.3.1):

0¢ % 0%¢
Lo(x) = —a:c%(:c) + ?@(SE)
The next lemma gives a solution to the Poisson equation LF' = —f.
Lemma 1.4. Let f be a bounded function. Then
2 (" dy /y
F(x):=—— fu) phoo (u)du 1.C.2.1
@ = | s [ s nc2y
is a solution to LF" = — f.
With f =11 1oo) — N (—1/\/1100), we have:
« N uAl \ N 1 N u
2 Voo Voo Voo
F(z) = _2/ (F> <F> <F) du. (LC.2.2)
g 0 ,uoo(u)
Proof. Simple computations give:
OF 2 *
a_ = TS 00 d )
50 = s |
O*F 2ax “ fu) f(x)
— () = 25— — oo (u)du — 2 .
™) = [ e

We then deduce LF = —f.
ChOOSing f = ]1[17+Oo[—N (—1/,/1}00) = 1—]1}70071[—]\/' (—1/\/1)00) = —]l],oo’l[—l—
N (1//v), we get:

Flz) = 2 /ji/wumw)du—/j Mdy/y oo (1)l

4 foo(y) J oo Hoo(Y) —oo

7

_3/”(5%)”(«%)“«%)(1%
0

0 fhoo (W)
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We now establish bounds on /' and its derivatives.

Lemma L5. Assume that f is bounded and such that vo.(f) = 0. Define F' as in
(LC.2.1). Then there exist finite constants Cic23), Cuc2.4), Ciucas) (depending only on the
model) such that, for any v € R,

|F ()] < Cucaslfloolzl, (LC.2.3)
: 1

[F'(2)] < Cucayl floo (1 A m) , (LC.2.4)

|[F"(2)] < Creas) floo- (LC.2.5)

Proof. Using the assumption that v (f) = [ f(2)pieo(z)dz = 0, we can write:

! _——2 ' U u)au
Fla) = == [ fwn(wd
2 +00

= —O-z,uoo<x> ’ f(u) oo () du,

POl s ([ i | - () ).

O-QMOO ('T) —00

Applying now the assumption that f is bounded, we have:

I )

F'(z)| < 1.C.2.6
Pl < 2 —F 1.C26)
Using the classic inequality N (—|z|) < e/ yields
9 fla exp <— z;>
|F'(2)| < |f2| =l <2 | flee. (LC.2.7)
7 \/271rvoo exXp <_2f)oo> a

By integrating, we complete the proof of Equation (I.C.2.3). Next, we use the Mills
inequality,
N (—|z]) £ ——,
D=
which combined with (L.C.2.6) gives
N (_ 2 ) Noran
2’f|oo|l_’ VVso < 2|f|00‘ |m\/® < 2|f|OO,U
2 fhoo () - o? \/Q}TTOO N 2
Thus, joined with (I.C.2.7), Inequality (I.C.2.4) is proved. Last, as LF' = —f,

F0)] = 25 laoF'0) - f(0)] < 55 (0225 +1) 1l = 51l

which proves (I.C.2.5). ]

][ ()] <

o0
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I1.C.3 CLT for multi-dimensional continuous-time martingales

Lemma 1.6 ([vZ00, Theorem 4.1]). Let (M;; F; : t > 0) be a d-dimensional continuous
local martingale. If there exist invertible, non-random d x d-matrices (K; : t > 0) such
that ast — oo

o Ki(M), K} L nn* wheren is a random d x d-matrix;
L4 |Kt’ — 0;

then, for each R* -valued random vector X defined on the same probability space as M, we
have

(KM, X) % (n2,X)  as t— oo,
where 7 < N (0,1d) and Z is independent of (1, X).
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CHAPTER II

Properties of the stochastic graph in
a model of interbank lending

In this Chapter, we will analyze the characteristics of the Ornstein-Uhlenbeck model
of interbank lending. First, we develop an intuitive approach to the model and restate
it in order to eliminate an issue related to the spectrum of A,. Second, we make a
qualitative analysis of the stochastic graph resulting from thresholding differences
in reserves, and compare the graph to the network that structure encoded in A,.
Third, we analyze quantitatively the stochastic graph using an approach designed for
evolving graphs.

1 Inter-bank lending model restatement

In Chapter I, we present the Ornstein-Uhlenbeck process as a candidate for modeling
interbank lending. Indeed, the multi-dimensional linear structure is natural to model
interactions between institutions. However, a model of interbank lending should
verify for instance that every outflow of reserves from one institution is an inflow for
another.

1.1 Intuitive approach to modeling interbank lending

Recall the model of interbank lending:

dX] = —AJX[dt — Y~ A X]dt + (ZdW,)" (LL1)
J#

We interpret the AY X7 as lending from i directed to j. Lending should happen when
X7 becomes negative, hence we will require Ay to be negative. As each outflow of
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money for one bank is an inflow of money for another, bank 7 will receive flows equal
from each bank j equal to A}’ X}. For this reason we identify

Aj=-> Al
J#i
The SDE becomes then:

dX; =) (A X] — AYX])dt + (SdW,)'
JF#i
which we interpret, in terms of the relation of banks 7 and j, as ¢ borrowing in net
from j proportionally to AéiXti — Aéj X7. When that number becomes negative,
borrowing becomes lending.

An interesting simplification comes from assuming that A, is a symmetric matrix.
Then borrowing is proportional to AY (X7 — X7), a linear function of the difference
in reserves. An additional advantage of assuming that A, is symmetric is that its
spectrum is real. For these reasons, we will assume in the rest of the chapter:

(H6) The matrix A, is symmetric, for any ¢ # 7, Af)j <0and A} = - ki A{)i.

1.2 Linear reconfiguration

The formulation of the lending model above used that each outflow is equal to an
outflow. In other terms, the total amount of money has no deterministic drift. We
have

d(17X,) = 1T A X, + 1" 2dW, = 1" =dW, (1.2.1)

as we can verify 1T A, = 0 when 1 is a vector of ones of the suitable size. This
means for instance that A, doesn’t verify Assumption (HI). To remedy this, we
observe that Equation (1.2.1) states that the average reserve has no deterministic drift.
For this reason, we will choose to see the individual reserves as moving around the
the average which is completely random. We introduce then then for all ¢ < d, the
reserve deviations XZ =X} — X, where X; = d~ 17X, is the average reserve. Then
we can write the linear transformation

(X o (I1d 1\ ,, (ld-d 11" —d'1
XtL()Q)’ L(—]N 1>’L ( -1’ at )

Form this, we have the dynamic for the deviations and the average:

Xe\ _ 1 Xy -1
d(Xt)_ L AOL(Xt)dt—I—L XdW;
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2. Examples of small interbank lending structures

and we compute that

=111 T
L'y (L = (Id do 1 d(—)l) when ¥ = Id,
L AL = (130 8> with Ag = A" (1d + 117),

where A‘Od_1 denotes the upper-left (d — 1) x (d — 1) sub-matrix of Ay. We see
here that the average X has no deterministic part and that the deviations X are
independent of X.

The volatility parameter becomes L' and will verify assumption (H2), which
means that L'SX T (L™")T will be invertible. Having eliminated the 0 eigenvalue
that followed Equation (1.2.1), we will also assum that AO verifies assumption (HI),
which states that its spectrum is positive.

1.3 Application to the Carmona-Fouque model

The model of interbank lending studied in [CFS15, FI13] is stated similarly to Equation
(1.1.1) with some specific values for the matrix Ay. The model states that each pair
of banks is actively lending and borrowing from each other, with the same intensity
ad™!, proportionally to the difference in reserves and in the direction of the one
that has less reserves. This gives Ag = ald — ad '117. One can easily verify that
1" Ay = 0, hence that the average reserves are a martingale. Applying our method
from the preceding Section 1.2, we get a dynamic for deviations from the average with
parameter Ay = ald.

2 Examples of small interbank lending structures

In a interbank lending market governed by a stationary dynamic as in Equation
(1.L1), one is interested in the underlying structure A,. However, in practice one can
observe only the lending activity, which depends on the reserve values for the banks.
In this Section, we compare structure A, to the observed evolving graph, as defined
in Chapter I. We take here a real parameter r, and define a graph Y; at any time ¢ by

Y7 =1y xior (2.0.1)

In the Carmona-Fouque model, this is equivalent to a thresholded observation of the
lending activity, as it is proportional to the differences in reserves | X! — X/|. The
choice of r will obviously impact the observed graphs. If r is close to 0, we will
observe usually a complete graph, while if r is chosen very large then the graph will
have no edges. We will choose r in a way that will give a reasonable value for the
density, far enough from 0 and 1 that will lets us see variations.
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II. Stochastic graphs

2.1 Simulating a Carmona-Fouque lending model

In the Carmona-Fouque model, each bank is equivalent to any other, yielding a set
of similar trajectories surrounding the mean. We present an example trajectory with
d = 10 banks in Figure II.1, where ¢ = 1 and ¥ = Id.

Carmona-Fouque lending model

Figure II.1 - Example trajectory for a Carmona-Fouque lending model in dimension
10. The simulation uses a time-step equal to 0.1.

We then define the stochastic graph using Equation (2.0.1) and choosing r = 1.
This gives an average density in our experiments of around 0.31. Depending on the
situation, the observed graph can be quite different. We present in Figure IL.2 two
examples of graphs obtained from the trajectory presented in Figure IL1. The much
larger density at time ¢t = 4.5, equal to 0.47 compared to 0.11 at time ¢ = 1, is due to
a higher observed variance at ¢ = 4.5. This feature, completely natural for Ornstein-
Uhlenbeck processes, makes also sense in a real lending market. Indeed, decreased
lending activity is not necessarily happening because of decreased willingness to lend,
but could also happen if for random reasons the banks don’t need lending at a given
time.

The observed graphs show a network structure quite different from the homogene-
ity and complete connectedness of the Carmona-Fouque model. Not surprisingly, one
shouldn’t use a single snapshot of the lending activity to understand the lending
structure, see Figure I1.3a below. However, even after we average 100 snapshots, we
observe a structure that appears to have some structure, see Figure I1.3b below, that
is absent in the Carmona-Fouque model.
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2. Examples of small interbank lending structures

(a) Time ¢ = 1.

Figure II.2 - Observed graphs Y at two different times.
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(a) At time ¢ = 1. (b) Average over the interval.

-1 -1

Figure II.3 - Observed adjacency matrix (left) and average of 100 adjacency matrices
(right).

2.2 Simulating a sparse lending model

We consider here an alternative model which allows for heterogeneity among banks
and respects the observed sparsity of real interbank lending models. We also add
a central institution, connected to all other institutions. It may represent a central
bank, or any other institution that has a highly central position in the network. The
existence of such a central institution in our model allows us to be sure to get a
connected network. Indeed, we add all other edges in the network randomly. In this
Section, we use a small network with 10 banks interacting according to the mattrix
presented in Figure II.4a. The resulting network representation is given in Figure
I1.4b. Most of the lending links involve the central institution.

The resulting trajectory is not very different on a first view from those observed
for the Carmona-Fouque model. We chose to precise which component corresponds
to the central institution, but one could hardly identify it otherwise.

We continue with defining the graph using Equation (2.0.1), with 7 = 1 as before.
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II. Stochastic graphs

HE:
(a) Adjacency matrix. (b) Graph representation.

Figure 1.4 - Representation of the lending model as an adjacency matrix (left) and
as a graph (right). The last line and column of the matrix represent the central
institution, which is visibly highly connected in the lending network.

Sparse lending model with central institution

\ —— Central reserve

f

/

0 2 4 6 8 10
Figure II.5 - Example trajectory for the sparse lending model in dimension 10. The
simulation uses a time-step equal to 0.1.

The resulting graphs are highly diverse in terms of structure, and we provide an
example in Figure II.6a. However, in our model there is lending only if the banks are
connected in the lending network from Figure II.4b. Conditioning on the existence of
a link, we obtain an observed lending structure with barely any links. We interpret it
in the following way. The central institution is highly connected and hence tends to
be close to all other institutions in terms of reserves, which means its lending doesn’t
exceed often the threshold. The periphery institutions tend to be farther apart, but
this doesn’t lead to higher lendin