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Model Averaging in Large Scale Learning

Edwin Grappin

Submitted for the degree of Doctor of Philosophy at Université Paris-Saclay
February 2018

Abstract

This thesis explores both statistical and computational properties of estimations procedures
closely related to aggregation in the problem of high-dimensional regression in a sparse setting.
The exponentially weighted aggregate is well studied in the machine learning and statistical
literature. It benefits from strong results in fixed and random design with a PAC-Bayesian
approach. However, little is known about the properties of the exponentially weighted aggregate
with Laplace prior. In Chapter 2 we study the statistical behaviour of the prediction loss of the
exponentially weighted aggregate with Laplace prior in the fixed design setting. We establish
sharp oracle inequalities which generalize the properties of the Lasso to a larger family of
estimators. These results also bridge the gap from the Lasso to the Bayesian Lasso as these
estimators belong to the class of estimators we consider. Moreover, the method of the proof can
be easily applied to other estimators. Oracle inequalities are proven for the matrix regression
setting with the nuclear norm prior. In Chapter 3 we introduce an adjusted Langevin Monte
Carlo sampling method that approximates the exponentially weighted aggregate with Laplace
prior in an explicit finite number of iterations for any targeted accuracy. These works generalize
the results proved in Dalalyan (2017) in order to apply theoretical guarantees for non-smooth
priors such as the Laplace prior. In Chapter 4, we study a complementary subject, namely
the statisctical behaviour of adjusted versions of the Lasso for the transductive and semi-
supervised learning task in the random design setting. Upperbound on the prediction risk,
in both deviation and expectation, are proved and we point out that unlabeled features can

substantially improve bounds on the prediction loss.
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Abstract

Les travaux de cette thése explorent les propriétés statistiques et computationnelles de procé-
dures d’estimation par agrégation appliquées aux problémes de régression en grande dimension
dans un context parcimonieux (ou sparse). Les estimateurs par agrégation a poids exponen-
tiels font l'objet d’une abondante littérature dans les communautés de la statistique et de
I’apprentissage automatisé. Ces méthodes bénéficient de résultats théoriques optimaux sous
une approche PAC-Bayésienne dans le cadre de données aléatoires ou fixes. Cependant, le com-
portement théorique de 'agrégat avec prior de Laplace n’est guére connu. Ce dernier représente
pourtant un intérét important puisqu’il est I’analogue du Lasso dans le cadre pseudo-bayésien.
Le Chapitre 2 explicite une borne du risque de prédiction de cet estimateur, généralisant ainsi
les résultats du Lasso. De ce fait, nous montrons aussi que pour certains niveaux faibles de la
température, I'estimateur bénéficie de bornes optimales. Le Chapitre 3 prouve qu’une méthode
de simulation s’appuyant sur un processus de Langevin Monte Carlo permet de choisir expli-
citement le nombre d’itérations nécessaire pour garantir une qualité d’approximation souhaitée.
Le Chapitre 4 introduit des variantes du Lasso pour améliorer les performances de prédiction

dans des contextes partiellement labélisés.
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Estimateur par agrégat en apprentissage statistique en

grande dimension

Résumé Substantiel

Soient n et p des entiers strictement positifs. Considérons le couple (X, y) € (R™*? x R") tiré
d’une distribution P sur 'espace X x ). Dans le cadre d'un probléme de régression, I’'objectif
est de prédire le vecteur y a partir d’un jeu de données X. Une approche possible consiste a

estimer une fonction f : X — ) qui minimise le risque

R(f) = /X 1 (@) P, dy), (0.0.1

ot [ est une fonction de perte arbitrairement choisie. Nous appelons f* la fonction qui minimise

Equation 0.0.1. Dans ce cas, le probléme de régression peut s’écrire sous la forme

y = f1(X)+¢,

ou & € RP est un vecteur de variables aléatoires.

Etude théorique de ’EWA avec prior de Laplace

L’apport principal de ce manuscrit est ’étude du comportement théorique de ’estimateur par
agrégation avec prior de Laplace lorsqu’il existe une représentation quasi-parcimonieuse! de la
relation fonctionnelle qui lie y au jeu de données X.

L’estimation par agrégation a poids exponentiels est une méthode efficace pour inférer un signal
dans un cadre quasi-parcimonieux (Dalalyan and Tsybakov, 2012a,b). Différents priors ont été
étudiés dans la litérature de 'apprentissage statistique. Il est intéressant de remarquer que le
prior de Laplace n’a jamais été utilisé efficacement.

L’estimateur par agrégat avec prior de Laplace représente un intérét théorique puisqu’il est
I’analogue pseudo-bayésien de ’estimateur Lasso. L’estimateur Lasso est certainement I’estimateur
le plus largement étudié (et utilisé) parmi les méthodes de régression pénalisée dans un con-

texte quasi-parcimonieux en grande dimension. En dépit de ses avantages computationnels et

1Le lecteur est invité & lire la suite de ce manuscrit pour obtenir une compréhension plus compléte de la
notion de quasi-parcimonie abordée sous le terme de nearly-sparse.
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théoriques, les garanties d’inégalités oracle optimales pour le Lasso nécessitent des hypothéses
restrictives sur le jeu de données X.

A contrario, les estimateurs par aggrégation a poids exponentiels (EWA) bénéficient de résultats
théoriques optimaux sous une approche PAC-Bayésienne dans le cadre de données aléatoires
ou fixes avec des hypothéses moins contraignantes. A ce jour, 'TEWA avec prior de Laplace
est peu étudié. Le Chapitre 2 explicite une borne du risque de prédiction de cet estimateur,
généralisant ainsi les résultats du Lasso. De ce fait, nous montrons aussi que pour de faibles
niveaux du paramétre de température, I’estimateur bénéficie de bornes optimales.

Le principal objet d’étude de cette thése est la régression linéaire ot 'on cherche a prédire y

par une relation linéaire entre le jeu de données X et un vecteur 8 € R?
y=XB+§, (0.0.2)

ou l’on cherche a estimer 3 de sorte & minimiser une fonction de perte.

Dans ce contexte, le Théoréme 2.3.1 du Chapitre2 est une version simplifiée des résultats. Il
permet de mettre en évidence I'impact du choix du parametre de température 7 sur la borne
du risque de prédiction.

Le Théoréme 2.4.1 explicite des résultats de type concentration du pseudo-posterior. Ces ré-
sultats sont généralisable a d’autres prior et a d’autres contextes tels que la régression matri-

cielle. Ainsi les Théorémes 2.5.1 et 2.5.2 du Chapitre 2 étendent ces résultats au cas matriciel.

Etude théorique d’une méthode de simulation de 'EWA
avec prior de Laplace

Si le Chapitre 2 permet de regrouper les résultats théoriques du Lasso et de son analogue

pseudo-bayésien, le Chapitre 3 en étudie ’aspect computationnel. Garantir I'existence d’une

méthode qui approche efficacement cet estimateur s’avére étre un défi plus difficile. Cela reste

cependant essentiel pour que 'EWA avec prior de Laplace soit utilisable en pratique. En nous

appuyant sur les travaux de Dalalyan (2016), Durmus and Moulines (2016) et Dalalyan (2017)

nous étudions le comportement d’'une méthode de simulation par Langevin Monte Carlo pour

approcher cet estimateur.

Une application directe d’un processus de Langevin Monte Carlo comme présenté dans (Dalalyan,
2016, 2017; Durmus and Moulines, 2016) ne garantirait pas nécessairement 1’obtention d’une

précision souhaitée aprés un nombre fini d’itérations. En effet, ces résultats nécessitent que le



log-posterior soit fortement convexe et lisse alors que dans le cas du prior de Laplace le log-
posterior n’est pas différentiable. De méme, la forte convexité n’est pas respectée pour tout jeu
de données. Dans le Chapitre 3, nous résolvons partiellement cette question. Nous étudions le
comportement d'une simulation de la discrétisation d’Euler d’un processus de Langevin Monte
Carlo. Plus particuliérement, nous étudions la qualité de la simulation au sens de la distance de
Wasserstein par rapport a I’agrégat a poids exponentiels avec prior de Laplace ciblé. L’approche
consiste a adapter le travail de Dalalyan (2016) afin de contourner la non différentiabilité du
pseudo posterior. Nous explicitons un nombre d’itérations K du méme ordre de grandeur que
le nombre d’itérations nécessaires dans Dalalyan (2016) en vue d’une tolérance a lerreur € et
de la dimension p. Il s’agit de noter que cette ébauche de résultat ne résout pas entiérement
la question computationnelle. En effet, ces résultats sont garantis sous I’hypothése de forte
convexité. Cela requiert notamment des hypothéses trop restrictives sur la matrice de Gram.
En particulier, ces hypothéses ne sont pas réalistes dans un probléme en grande dimension. En
effet, dans le Chapitre 3, nous supposons que la plus petite valeur propre de la matrice de Gram
est strictement positive. Malgrés ces limites cette étude définie une méthode computationnelle
qui garantie une approximation précise d’'une densité ciblée dans une situation légérement plus

généralisée que la littérature existante.

Apprentissage transductif et semi-supervisé

Le Chapitre 4 est une étude de I'estimateur Lasso dans des contextes semi-supervisés ou trans-
ductifs. Il peut étre lu indépendemment du reste de ce manuscrit bien qu’il compléte et peut
se voir complété par les résultats des autres chapitres de cette thése. Nous montrons que des
données non labélisées devraient étre utilisées dans le calcul de I'estimateur afin d’inférer la
matrice de variance-covariance. Ainsi, nous présentons deux adaptations de I’estimateur Lasso
afin d’améliorer les performances de prédiction dans un cadre d’apprentissage transductif ou
partiellement labélisé. Sous certaines hypothéses, nous démontrons des inégalités oracle opti-

males dans le cadre de designs aléatoires.
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1.5 Roadmap . . . .. . . . . it ittt e 40

1.1 Context

1.1.1 The rise of Statistics

Over the last decades, Statistics has been at the center of attention, in a wide variety of ways.
Hardly a day goes by without one hearing about Statistics, Artificial Intelligence, Machine
Learning or Big Data. Large companies such as Google, Apple, Facebook and Amazon (also
known as GAFA) or Baidu, Alibaba, Tencent and Xiaomi (sometimes called BATX) play an
important role in the mainstream status of all these technical terms. What can be done with
data and the computer resources that are recently accessible causes a lot of ink to flow and is
subject to a great deal of thoughts and speculations. While some consider artificial intelligence
as a threat for the future of humanity!, others see their applications for the greater good, and
are very optimistic about the impact of artificial intelligence applications, such as automated or
assisted medical diagnoses for early detection, or robots that substitute for humans in laborious
chores. If the impact of artificial intelligence on the future is not well understood, it seems to
be a great consensus that its applications are going to be a key changer of the day-to-day life.
Recent improvements, such as the first weak artificial intelligence algorithm, AlphaGo, that can
outperform the best Go masters in the world, have reinforced the common belief that artificial
intelligence is intended to a bright future. As discussed in McCarthy and Hayes (1969), with
such unclear questions at stakes, it is clear that philosophical and ethical guidelines are to be
questioned and that national and international regulations will be necessary to ensure a positive
impact of artificial intelligence applications.

The rise of challenges and breakthroughs put under the name of artificial intelligence has been
made possible with technological improvements. The most important being the increase of
computer performance and the soar of sharing data capacity with the Internet democratization.
As pointed out by Chen (2016), the number of possible floating-point operations per second in
CPU and GPU has dramatically increased over the last ten years (see Chen (2016)|Figure 4]).
The Moore’s law, introduced for the first time in 1975 Moore (1975), predicted that the number
of components for each chip would double every single year. This early prediction has been

proven to be true until now. From 1991 to 2011, the microprocessors performance has grown

1For example, the open letter Hawking et al. (2015) has been signed by researchers in artificial intelligence
and robotics as well as other non-scientist notorieties, such as Elon Musk, CEO of SpaceX and Tesla Inc., who
stated that artificial intelligence is one of today’s "biggest existential threats” (Crawford (2016); Markoft (2015)).



1000-fold. This dramatic increase mentioned in Borkar and Chien (2011) is supposed to face
new challenges. The energy is becoming the limit and will curb the increase of microprocessor
frequency. As a result, large-scale parallelism is one of the promising paths to push the increase
of performance. Storage capacity has dramatically increased while the price of storage has
curbed. This is why it is possible to store more and more data. And with the increase of
computer performance, this large amount of data can be processed at large scale?. The last
needed improvement was the ability to share data and computer resources. With the Internet
speed increase, this has been made possible.

On the one hand, it is now very easy to send large amounts of data through the Internet. Data
can be more easily shared, mutualised and used. One agent can produce data while another
agent can process or use the data. For example, a dramatic comparison that can be made is
the first hard drive disk commercialized by IBM in 1956 (the RAMAC 350) and the last serie
of hard drive built by IBM in 2002 (the star serie) (Wikipedia (2017)). While the RAMAC 350
had a storage capacity of 5 Megabytes, its actual volume was approximately two cubic meters;
it required a power of 625 watt per Megabyte and its cost was $9,200 per Megabyte. To get
an idea of how big the hardware was at that time, Figure 1-1 shows the transportation of a
RAMAC 350 in 1956. On the other hand, the Travelstar 80GN had a 80-Gigabyte capacity, it
only requires a power of 0.02 watt per Megabytes and would only cost $0.0053 per Megabyte?.
Additionally, the fact that data can be relatively easily shared implies that computing resources
can be outsourced and used when needed. Cloud computing solutions offer on demand com-
puting resources. This has only been made possible by the ease of sending data over the net.
By facilitating the capacity of producing, sharing, storing and processing data, the aforemen-
tioned technological improvements reshape our economical environment. Data, and information
extracted from it, become very valuable and strategical assets in our economy. Some compan-
ies, such as Alphabet (Google’s parent company), offer free services in order to gather user
data. Smartphones and the very common use of the Internet produce considerable amounts of
personal data. These data are valuable for many purposes, such as getting insights on social
trends, improving marketing strategies by using customer data, or even training and reinfor-
cing predictive artificial intelligence algorithms which require important amounts of data to be
trained. As data become valuable assets with very strong potential due to computer perform-
ance and artificial intelligence progress, it is clear that institutions are urged to regulate the

use of data and define some ethics guidelines.

20f course, the complexity of computational algorithms to process data is a key limit in the capacity of
current processes. It will be one of the topics we will take into consideration in this thesis.
3And the Travelstar SO0GN was produced 15 years ago from the time we write this thesis.



Figure 1-1: A 5-Megabyte IBM hard drive transported in
1956. Photo credit: IBM Company.

If everyone talks about artificial intelligence, we should be aware that the biggest breakthroughs
in artificial intelligence are algorithms based on statistical methods with great computing im-
plementations. The algorithm AlphaGo, described in Silver et al. (2016), has been developed by
Google and uses tree search and neural networks. Autonomous car innovations mainly rely on
image recognition, object detection and trajectory decision. The state of the art algorithms to
achieve these operations use Machine Learning algorithms such as support vector machine, as in
Levinson et al. (2011), and/or neural networks, as in Pomerleau (1991). Machine and statistical
learning are subareas of artificial intelligence. Arguably, not every method used in artificial in-
telligence comes from Statistics or Machine Learning. For example, the study Olmstadt (2000)
describes the early expert systems only which used human knowledge, in which there were no
learning steps in the process. However, the most intricate decisions and challenging operations
are based on learning new representations of the environment and detecting patterns in order
to take decisions, which are tasks achieved by statistical methods. This is the goal of Machine
Learning methods, that we will not differentiate from statistical learning in this thesis. In order
to provide the reader with a better understanding of what is Statistics and of the context of

this thesis, we will define some concepts that will be used throughout this thesis.
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1.1.2 Definition of Statistics

According to Donoho (2015), the term and the use of Statistics were introduced 200 years
ago along with the need to collect census data about the inhabitants of a given country. The
statistical tools have been limited for a long time by the size of the data and the capacity to
store and process the information, no computer being available. The introduction of the first
automated systems, such as punch card tabulators, was the beginning of the capacity of scaling
the amount of data that could be stored and eventually processed. From this point of view,
Statistics is a boundless field that could be summarized in a very large sense as the definition

of Statistics given by Agresti and Finlay (1997).

Definition 1.1.1 (Statistics). Statistics consists of a body of methods for collecting and ana-
lyzing data.

Defined as such, some questions have been treated by statisticians over time, from both theor-

etical and empirical points of view. With no claim of being exhaustive, we can mention:

Data collection and storage This subarea tackles some questions such as the type of data
that should be collected, and the way the data should be stored, referenced and organized.
Polling has been a very deeply studied subject, asking some questions such as how many
observations we need or how we can collect a survey with a small bias. On a larger extent,
some questions about compressing data to limit storage costs, while loosing as little as

possible information can be seen as part of this area.

Inference Statistical inference is a set of data analysis methods that help interpreting empir-
ical observations. The purpose of estimation is often to understand a phenomenon by
evaluating parameters that could explain the behaviour of a studied sample, or even a
larger set that is supposed to be well represented by this given sample. The term of causal
inference is used when the goal is to explain the causal interactions in a given model. The
book Pearl et al. (2016) provides an excellent explanation of the difference between simple

association and causal relationships in Statistics.

Prediction According to Shmueli (2010), predictive modeling is the process of applying stat-
istical methods in order to predict the observation of a new individual. We will go into
further details later in this section. From Donoho (2015), statistical prediction is defined

as predicting what responses are going to be for future inputs.



Quality assessment The question of measuring the quality of statistical methods has been
of paramount concern throughout the history of Statistics. How accurate is a prediction?
How representative is a modeling inference to the real observations? Such questions are

at the core of the statistical theory discipline.

This list, far from being exhaustive, comes under a plethoric literature. These different fields
of study have very strongly developed from some simple results to very complex and subtle
results. Some estimation methods have been thoroughly studied and the literature guarantees
that the quality of these estimations are well understood in a given context.

If such a definition of Statistics is very large, it seems to conflict with other disciplines such as
Machine Learning. In the following section, we will point out some similarities and differences
between Statistics and Machine Learning. As it is not the topic of this thesis, we discuss it very
briefly. For any reader who wishes a deeper understanding of the definition of these fields, we
could only recommend the papers Donoho (2015), Breiman (2001), and the book Wasserman
(2013), that are great food for thoughts on these matters.

Machine learning is very similar to Statistics. In view of Definition 1.1.1, both are studying
methods to collect and analyze data. Since Statistics is a much older discipline than the inven-
tion of computers, statisticians could claim that Machine Learning is a mere clone of Statistics.
However, the origins of Machine Learning differ from those of Statistics. This is why these
two communities have distinct terms and sometimes different purposes. According to Wasser-
man (2013), Machine Learning comes from computer science departments. In Wasserman
(2013)[Preface|, a table of vocabulary equivalence between Machine Learning and Statistics is
presented. It is worth remarking that there is a trend in both fields to share more and more
terms. As an example, the term learning arised from Machine Learning is now very commonly
used in the area of statistical learning. Originally, as statisticians did not have access to the
calculus capacities of computers, low-dimensional problems were considered. Moreover, as poin-
ted out in Breiman (2001), the issue of inference was initially prioritized over the question of
prediction. This is explained by a long tradition of Statistics as being the inference from a data
sample of an unknown underlying generative models. On the contrary, the Machine Learning
community often worked without probability assumptions on the model; consequently, the field
has been mainly focused on the prediction issue and, of course, computational challenges. As a
consequence, there are differences between Machine Learning and Statistics. However, as there
exist communities within Statistics and Machine Learning, it seems fair to admit that these two

disciplines are also two communities working on same challenges with different backgrounds.



The focus and vocabulary of these disciplines tend to converge over time.

1.1.3 Examples of applications

There is a tremendous amount of current and potential applications of Statistics in our environ-
ment. While some of these applications are very well-known, some others are used in our daily
life without us being aware of it. Earlier, we mentioned Google AlphaGo (Silver et al. (2016)),
the first algorithm which managed to outperform any living human at playing the board game
Go. The paper Bouzy and Cazenave (2001) provides an analysis of Go from a statistical point
of view. Other games are being, or have been, learned by algorithms and are strongly advert-
ized. Of course, our first thought goes to the famous IBM Deep Blue algorithm that defeated
the best chess players in the world, as explained in Campbell et al. (2002) and Sutton and
Barto (1998). The book Hsu (2002) provides interesting insights on Deep Blue story. It is
worth noting that building a world-class algorithm playing Go has been more challenging than
developing a Chess computer. The main reason of this difficulty gap is mainly the much higher
number of possible combinations in Go, as explained in Burmeister and Wiles (1995).

Other applications are of paramount importance in our society. The healthcare industry has
strongly benefited from statistical algorithms. The diagnosis of various diseases can be auto-
mated or assisted. The review in Kononenko (2001) mentions several statistical methods such
as naive and semi-naive Bayesian classifiers, k-nearest neighbors, neural networks or decision
trees. The article Dreiseitl et al. (2001) compares algorithms such as logistic regression, arti-
ficial neural networks, decision trees, and support vector machines on the task of diagnosing
pigmented skin lesions, in order to distinguish common nevi from dysplastic nevi or melanoma.
The authors of Shipp et al. (2002) describe a method to ease the detection of blood cancer.
The discovery of new drugs in the pharmaceutical industry is a growing challenge. The more
active compounds are discovered, the less likely it is to discover a new drug with positive
impact. In order to keep innovating, the pharmaceutical industry needs to increase the capacity
of screening active compounds. Standard high-throughput screening methods become more
and more costly as the number of active compounds already tested increases. As in ranking
Agarwal et al. (2010), Machine Learning solutions enable to screen million of active compounds
to rank them according to their likelihood to match a given response target. Statisticians and
computer scientists developed digital high-throughput screening solutions based on support
vector machine methods Burbidge et al. (2001) and neural networks Byvatov et al. (2003). The

domain of active learning (Warmuth et al., 2003) plays an important role in the early phases
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of drug discovery.

Image analysis plays a central role in radiology and medical imaging. Numerous examples
are developed in the literature. Methods to detect microcalcifications from mammograms are
compared in Wei et al. (2005). These methods include support vector machine, kernel Fisher
discriminant and ensemble averaging. A review of various radiology applications is made in
Wang and Summers (2012). Image segmentation, computer-aided diagnosis, neurological dia-
gnosis are among the most astonishing applications of Machine Learning. Artificial intelligence
can support the field of medicine with many other applications, such as health monitoring
devices that can analyze data from patients (Bacci, 2017; Boukhebouze et al., 2016; Graham,
2014; Roux et al., 2017). On a larger scale, the detection of epidemiological outbreaks (Aramaki
et al., 2011; Culotta, 2010) can be done with Bayesian network modeling, as in Wong et al.
(2003), or with support vector machine and logistic classification as in Adar and Adamic (2005).
As mentioned earlier, the field of autonomous robotics (Thrun et al., 2001) is one of the applic-
ations of Machine Learning and the last decade has seen the invention of many autonomous
vehicles such as automated drone, unmanned aircrafts (Austin, 2011) or autonomous cars. This
field of applications relies on statistical methods such as Monte Carlo simulations (Thrun et al.,
2001), neural networks (Pomerleau, 1991) or fuzzy logic (Driankov and Saffiotti, 2013). The
aeronautic and defense industries have also strongly benefited from signal processing and clas-
sification as in Zhang et al. (2004) and Zhao and Principe (2001), where wavelet support vector
machines are used to automate recognition from radar data. Security is not the only major
concern in the air. Facial recognition (Jain and Li, 2011) has been used for security purposes to
grant access (Liu et al., 2005) or for surveillance by national authorities (Gilliom, 2001; Haque,
2015), which of course raises some ethical and philosophical questions about citizen freedom
(Introna and Wood, 2004).

On a very different focus, recommendation engines have been a pretext for deep researches in
Statistics. The Machine Learning discipline has benefited from the famous Netflix challenge
(Bell and Koren, 2007; Zhou et al., 2008), which consisted in developing an algorithm to re-
commend to a user a list of movies he or she may enjoy. Some early applications occurred
in the industry of online music radios. The two leaders were Pandora and Last.fm, but they
had very different approaches. On the one hand, Pandora used content-based filtering as in
Mooney and Roy (2000). The content-based approach consists in using features of songs? and
some feedback from each user. If one user likes a given song, the content-based algorithm

aims at recommending similar song. On the other hand, Last.fm used collaborative filtering

4See the Music Genome Project for more detailed information about such features (John, 2006).



as in Breese et al. (1998). Collaborative filtering is a very different approach that relies on
the analysis of the behaviour of a community of users. Such methods analyze the behaviour of
one user (such as a list of regularly listened songs) and compare it against the habits of other
users. Collaborative filtering algorithms would recommend songs that other users with similar
behaviours listen to on a regular basis. More recent applications, such as SoundCloud, combine
the two approaches. Youtube (Davidson et al., 2010) recommends to its users the next video
they could watch and Amazon (Linden et al., 2003) increases its sales by proposing items that
a customer may wish to acquire.

Amazon is one of the most active companies in the Machine Learning area. Thus, Amazon has
developed other applications, such as personal assistants, that use speech recognition in order
to comply with the request of a user. Other important companies have developed personal
assistants, including Apple with SIRI, Microsoft with Cortana and Google with Google As-
sistant. Extended applications occurred with the development of home assistant devices such
as Amazon Echo (which is based on Alexa technology), Apple Homepod and Google Home
(Nijholt, 2008; Clauser, 2016). These applications rely on speech recognition and natural lan-
guage processing (Cambria and White, 2014; Kumar et al., 2016; Bowden et al., 2017; Earley,
2015). The list of current and potential applications of statistical methods is very long, if not
infinite. We have mentioned here some disruptive applications. Of course, other areas benefit
from Machine Learning algorithms. In the financial industry, quantitative funds use and keep
exploring Machine Learning algorithms. Google Ad system relies on ranking estimations to
rank and manage bid allocation of advertising content. Media apply filtering algorithms to
rank (Rusmevichientong and Williamson, 2006) and eventually broadcast contents. The Edge
Rank algorithm has been developed by Facebook to evaluate the potential interest of a post
with respect to a specific user (Pennock et al., 2000; Chen et al., 2010). Our email box bene-
fits from spam detectors (Jindal and Liu, 2007). The use of chatbots to automatically assist
customers, or new analytics brought to sport in order to entertain the audience and to increase
athletes” performance, seem to bring promising applications as well.

The intention behind mentioning this ridiculous number of applications is to show that Statist-
ics, in its broad meaning as defined in 1.1.1, has a strong impact on artificial intelligence and
all the applications that have been so much publicized lately. Statistical (or Machine Learning)
methods such as support vector machine, neural networks, naive Bayesian classifiers, penalized
regressions, make these innovations possible.

We have listed examples of statistical applications and we described the relationship between

Statistics and other names such as artificial intelligence and Machine Learning. In order to give
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Figure 1-2: The risk of spurious correlation. Credit: xkcd.com

a more specific context to the study of this thesis, and close this non-quantitative introduction,
we will introduce some important notions and concepts. Among them are the notions of un-
supervised, supervised and semi-supervised learning, which describe the structure of the data

with respect to the output.

1.1.4 Supervised, unsupervised and partially labeled learning

A great description of these three settings is provided in Wang and Summers (2012). In the
supervised settings, there are two different types of data: inputs and outputs. The inputs
are often named observations in Statistics and features in Machine Learning. The outputs
are called outcomes in Statistics and labels in Machine Learning. The goal of Statistics in
a supervised setting is to estimate a relationship between the inputs and the outputs. The
relationship does not need to be a causal effect; it can be fortuitous (c.f. Figure 1-2). Most
famous examples of supervised problems are the linear and non-linear regressions as well as the
classification. Examples of supervised studies can be found in (Garcia et al., 2013; Bates et al.,
2014; Aphinyanaphongs et al., 2014; Tibshirani, 1996b).

The second setting is the unsupervised learning. In that case, there is no output in the sample,
only inputs. The goal of unsupervised learning is to infer some relationships within the inputs.
It is often assumed that there is an underlying latent variable that explains the relationship
and behaviour of the observations. Well studied examples of unlabeled learning are density
estimation, clustering and anomaly detection (Zeng et al., 2014; Le, 2013; Cheriyadat, 2014;
Zimek et al., 2014; Dinh et al., 2016; Costa et al., 2015; Gupta et al., 2014).

The partially labeled learning setting is an intermediate form of supervised learning. In that
setting, some observations are associated with labels while other inputs have no corresponding

outputs. The purpose of partially labeled learning is similar to the one of supervised learning,
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which is to estimate a relationship between the inputs and the outputs. However, one may
want to improve the quality of the estimation by using structural information of additional
unlabeled features. Most of the time, semi-supervised learning is used when there are a few
labeled data and a large amount of unlabeled data available. Within the partially labeled
setting, two types of tasks might be considered. The semi-supervised learning tasks consist in
estimating a predictor that minimizes a risk as in Equation 1.2.3. On the other hand, the task
of transductive learning is to predict the unknown outcomes of the unlabeled data that are
within the original dataset. These settings will be further discussed in Chapter 4.

It is important to note that partially labeled learning differs from active learning. Active
learning tasks consist of estimating a predictor from unlabeled data where an algorithm can
request interactively the desired outputs of new data points in order to increase the quality of
the estimate.

We have described the notions of supervised, non-supervised, and partially labeled learning, as
well as semi-supervised, transductive and active learning tasks. In Chapter 4, we will consider
the case of partially labeled setting and address some theoretical questions in the context of
penalized regression.

In the next section, we will introduce some fields of statistical learning which are related to the
work presented in this thesis. The goal of this section is to provide the reader with a global
view of the literature related to our study. As this thesis is about theoretical statistics, we will
mainly focus on papers that present an interest from the theoretical point of view. Besides,
as it is at the intersection of many concepts, we believe it is worth going through a certain
number of theories such as high-dimensional statistics, PAC-Bayesian estimation, aggregation,
oracle paradigm, regularization and penalized regression. We will also discuss some theoretical
results from the literature that address Monte Carlo computational challenges. It will nurture

the last chapter of this thesis (Chapter 4).

1.2 Challenges in high-dimensional statistics

1.2.1 High-dimensional statistics

There has been a crucial shift of paradigm in the last decades. Let n € N be the number
of observations and p € N be the number of features. The standard statistical framework
considers the case where n is relatively large and p substantially smaller than n. As pointed

out in Giraud (2014), the technological evolution of computing has urged a shift of paradigm
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from classical statistical theory to high-dimensional statistics. In the high-dimension settings,
a very large number of features p is considered and the number of observations n is of the same
order of p, if not smaller.

The practical interest of the high-dimensional theory has come with the increasing number
of data gathered by any connected object that can collect thousands to millions of different
features. The paper Donoho (2000) gives a very clear overview of the particularities of high-
dimensional statistics in comparison with classical statistics. This paper mentions that a very
large number p of features is not a blessing but a curse. Indeed, the very large number of features
may sound like an opportunity to obtain a very thorough and complete quantity of information
in order to infer or predict potentially anything. However, the difficulties in a high-dimensional
settings are many. The computational challenge in a high-dimensional settings is of course
one of the main concerns and supposes algorithms to be computable in polynomial time with
respect to p and n. In high-dimensional statistics, some methods priorize the computational
complexity over the estimator optimality. For example, the optimal method to detect sparse
principal components of high-dimensional variance-covariance matrix requires to solve a NP-
complete problem. The authors of Berthet and Rigollet (2013) propose an alternative method
that is nearly optimal in the detection level but guarantees the solution to be computable in
polynomial time. In Chapter 4, we propose an algorithm to approximate a certain class of
estimates and we prove that any targeted accuracy of the approximation can be reached in an
explicit polynomial time.

In some situations, the high-dimensional context induces some heterogeneous collectin of data.
A common situation is when a large dataset can be collected automatically at a low cost, while
the label is difficult or costly to collect. In that case, it is relevant to collect a very large number
of observations with no label and to manually collect labels associated with a few observations.
This situation refers to partially labeled learning setting that we already mentioned earlier.
This context will be discussed in the Chapter 3 and a review of partially labeled classification
can be found in Schwenker and Trentin (2014) for further details on that matter.

On the other hand, some theoretical properties of the high-dimensional settings require to
face other challenges. The survey Zimek et al. (2012) explains well the difficulty that a large
value of p induces when detecting outliers in a data set. This has strong consequences in
high-throughput screening of molecules in the pharmaceutical industry, where the goal is to
detect non-zero effect of a given feature as mentioned in the introduction of the book Biithlmann
and Van De Geer (2011). Controlling false discovery becomes more difficult. A set of results

on concentration inequalities is very useful to circumvent the challenge of controlling extreme
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Figure 1-3: A representation (from left to right) of underfit-
ting, balanced and overfitting classification learners. Credit:
Python Machine Learning - Sebastian Raschka

values, when p is large. The book Ledoux (2005) and the paper Boucheron et al. (2013) provide

handy results on this matter.

Another famous phenomenon, when p is relatively large, is the absence of property of conver-
gence of the variance-covariance matrix estimation. For example, in the trivial case where n
random variables are sampled from a normalized Gaussian density of dimension p, N'(0,,I,), the
empirical covariance matrix does not converge almost surely toward the true covariance matrix
which is the identity I, if p is of the order of n or larger. In the paper Ravikumar et al. (2011),
a method is proved to be an appropriate estimator of the covariance in the high-dimensional

settings.

Another theoretical challenge, and arguably the most famous, is the overfitting risk. As many
features are available, it is tempting to use too many parameters to build an estimate relatively
to the number of observations. However, if such an estimate has a very good fitting quality, the
predictive risk on a new observation may be large. In that case the learning algorithm is said
to have high variance. An excessively simplistic model has often high bias as it fails to model

the actual connexion between the variables and the outcomes.

The overfitting phenomenon is widely discussed in the literature on different learning tasks such
as regression (Hawkins, 2004; Hurvich and Tsai, 1989), classification (Khoshgoftaar and Allen,
2001; Hsu et al., 2003) or outlier detection (Abraham and Chuang, 1989; Pell, 2000), and many
methods have been developed such as cross-validation (Hsu et al., 2003; Refaeilzadeh et al.,
2009; Ng, 1997), regularization (Tibshirani, 1996b; Bogdan et al., 2015; Zhang and Oles, 2001;
Bickel et al., 2009) or Bayesian prior (Cawley and Talbot, 2007; Park and Casella, 2008; Wipf
and Rao, 2004) or pruning (Bramer, 2002). We will discuss some of these methods later in this

thesis.

With the exception of cross-validation, these methods use a key concept of the high-dimensional
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Figure 1-4: Various bases can be used to represent face images
in order to approximate faces in a sparse representation. From
top to bottom eigenfaces, fisherfaces and laplacianfaces are
used. Credit: The Github repository Face Recognition from
Wihoho - https://github.com/wihoho/FaceRecognition

settings: the sparsity. From a theoretical point of view, with no further assumptions, guarantees
on estimation risk would be very difficult to prove. However, in empirical situations, it is very
common to observe an underlying model that explains the generation of the data (from an
inference point of view) or predict well the labels (from a predictive point of view) from a lower
dimensional representation. Indeed, a lot of observed phenomena are in very high-dimensional
settings but are actually governed by underlying patterns that can be explained in a much
smaller dimension (at least approximately).

In signal processing, some sparse representations are infered using bases such as wavelets (Mal-

lat, 1999).

1.2.2 Sparsity

Conceptually, the sparsity paradigm is far from being new. In the early 14" century, Occam
introduced the Occam’s razor principle’. The Occam’s razor is a principle making a recom-
mendation to choose among several possible explanations of a phenomenon. Occam suggests
that it is best to choose the simplest possible model among the models that fit the observa-
tions with a relative accuracy. In statistical terms, it means that among all the models that fit
relatively well the dataset, it may be better to choose the simplest model. In high-dimensional
statistics, the sparsity settings is a necessity. In Bithlmann and Van De Geer (2011), there is a

rough expression of a condition on the sparsity level with respect to p and n required to achieve

°In Latin, Occam’s concept is mentioned by the term lex parsimoniae, which reads as the law of parsimony.
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Figure 1-5: An illustration of learning the empirical average
of a face to increase robustness in image classification. Credit:
Deric Bownd, Deric’s Mindblog

good estimation:

slog (p) < n, (1.2.1)

where s is the sparsity level that will need to be defined. The definition of sparsity can differ
according to the settings and the learning task. However, in many situations, there is an

equivalence of the notion of sparsity.

For example, in the linear regression settings, the sparsity level is the number of non-zero para-
meters. Let consider some data that consist of n observations of random outcomes ¥, ..., y, €
R and p fixed covariates !, ..., z? € R". Let assume there is an unknown vector 3* € RP such
that the residuals & = y; — @) —... — ﬁ;mf are independent, zero mean random variables. In
vector notation, this reads as

y=X3 +¢ (1.2.2)

where y = (y1,...,y,)" is the response vector, X = (x!,..., x?) € R™P is the design matrix
and & is the noise vector. For the sake of simplicity, let assume the noise vector to be distrib-
uted according to the Gaussian distribution AV(0,0?%I,), with o a relatively small quantity in
comparison to the variance of the elements of y. If the quantity ||3*||o of non null element of
B* is equal to s, then the linear model of y admits a s-sparse representation with respect to the
features of the design matrix X. If s is substantially smaller than the dimension p, it means

that only a few features are explaining (or predicting) the outcome y.

Numerous patterns of sparsity exist. In order to describe the concept of sparsity in a general
settings, we present the problem of regression in a general settings. Let consider the pair (X, y)
drawn from a distribution P on a product space X x ), we aim at predicting y as a function

of X. Mathematically speaking, we want to estimate a function f : X — ) that minimizes the
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risk,

R(f) = /X 1 F(@) Pl ), (1.23)

where [ is an arbitrary loss function. We define f* the function that minimizes Equation 1.2.3.

The regression problem can then be written in the form

y = f1(X)+¢,

where £ € RP? is a vector of random variables. For example, if [ is the quadratic loss function,
then f* is the Bayes predictor,
(@) =Ely|X = =],

and the noise £ is such that,

E[¢|X] = 0,. (1.2.4)

for any 8 € RP. Then, the model admits a s-sparse representation if there exists 3* € RP
such that f* = fsz and ||B*|lo < s. In the sparsity approach theory, the goal is to detect a
pattern within the data that can be approached with a sparse representation, but the linear
representation may not be the right sparse representation. In the aforementioned case of linear
regression, we consider a subset of functions f such that f can be written as a linear relationship

betwen the data X and the label y,
y=[fs(X)+£§=XB+¢, (1.2.5)

For example, in the task of piecewise constant regression, the goal is to estimate a piecewise

constant function f on a given interval I defined by:

(@) = th1m>t7 (1.2.6)

teT

where T' C [ is a finite set of elements. The goal of a piecewise constant regression task is
to propose an estimation f of the function f* while we observe n discrete random variables

(i)ien) such that
v = S s) + &, (1.2.7)

where x; € 1.

If the set of rupture points 7T is small, then there is a sparse structure in the model in the

sense that there are very few variations. However, this is a different type of sparsity than in
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the standard sparse linear model, since the support of the function f* is not sparse. The sparse
regression of piecewise constant time series has been studied in numerous papers including
(Bleakley and Vert, 2011; Hocking et al., 2013; Antoch and Jaruskova, 2000). In Giraud (2014),
several sparsity patterns are listed, including coordinate and variation® sparsity, that we just
mentioned, but also group, sparse-group and basis sparsity that are important subjects in the
literature (Reid, 1982; Elad and Bruckstein, 2002; Friedman et al., 2010; Meier et al., 2008). It is
interesting to note that this typology of sparsity patterns can be generalized by remarking that
they can all be considered as a sparse representation with respect to a specific representation.
Indeed, let consider the noise-free oracle signal f*(X), all the aforementioned learning contexts
can be recasted as representing f*(x;) = f* as a scalar product between a given vector 3* and
a well suited basis 1 of vectors (v;)ic, such that ff = (B* p;) for any i € [n]. Using this
representation, it is possible to define with consistence the notion of sparsity within a given

basis.

Definition 1.2.1 (s-sparsity). Let s € N, the signal I = (I(x;))icn) is said to admit a sparse

representation with respect to 1 if there exists a vector B* € RP such that ||8*||o < s and

L = (B, ), (1.2.8)

for any i € [n].

The parameter s of Definition 1.2.1 may also be referred as the intrinsic dimension of a problem
by some authors of the literature such as Guedj and Alquier (2013).

Since many regression problems can be recasted as a linear regression task, with respect to a
given basis, we will only consider the linear case. Consequently, f* will be represented by the
parameter 3* that we name the oracle parameter and we will make no distinction between the

data X and the basis ¢, with no loss of generality.

1.2.3 Prediction risk and oracle inequality

Unfortunately, the oracle is not known in practice. Indeed, the knowledge of f* requires a
perfect information over the model. Therefore, one may need to estimate ,/8\ from the given
observation (y, X). It would be great to obtain guarantees on the risk of this estimator in the

form

R(fz) <C, (1.2.9)

6Variation sparsity is also known as fused sparsity.
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where C' € R is a constant. Ideally, for a given estimate, this guarantee would hold in any
condition, with very few assumptions with no dependency on the data X neither the noise .
Unfortunately, the prediction risk R(fz) may differ from one problem to another. Indeed, f3
is not the only parameter that plays a role on the risk. The level of noise &, and the level of
information that X represents with respect to y, have both a strong impact on the risk. The
smaller the noise to signal ratio, the smaller the risk can potentially be. From this point of
view, the difficulty of the regression task differs. As a consequence, it is often impossible to
obtain a guarantee of the quality of an estimator independently to the coherence of the model
defined by the data X. Even though an absolute guarantee is not reasonable, it is possible, for
some specific estimators, to compare the risk of the estimator to the risk of the oracle. This
type of comparison is known in the literature as oracle inequalities and enables the guarantees
of estimators to be studied with the consideration of the difficulty of a regression problem. The

paper Candes (2006) reviews the powerful concept of oracle inequalities.

Definition 1.2.2 (Oracle risk inequality). Let fﬁ be the prediction associated to the estimator
B and let consider the regression problem defined in Equation 1.2.2, then the estimate B 18
said to admit an oracle inequality with respect to an arbitrary loss function [, if there exists a
constant C; € R and a function Cy, depending on the model defined in Equation 1.2.2, such
that:

(g f7) = G jnf {1(fp, ) + Co(X, €)}. (1.2.10)
Furthermore, when C7 = 1, the oracle inequality is said to be sharp.

It is worth remarking that Inequality 1.2.10 guarantees that there is no estimator 3 € RP that
is much better (in the sense of Cy) than B In particular, it implies that for any 3 € RP,

I(f53: fa) < Cao(X, ). (1.2.11)

In particular, Inequality 1.2.11 holds for 8 = 3*.

In that case, the inequality links the performance of the estimator [/3\ to the performance of the
oracle B*. The study of the quantity Cs in Inequality 1.2.10 is of great interest, it is the rate of
convergence of the estimator ,@ In many cases, Cy decreases with the number of observations
n and increases with the variance o2 of the noise & and with the dimension p. The optimality
of the rate (5 is a well studied question in the literature of many estimators. Moreover, the
question of achieving a fast rate of the order o2 log(p)/n is a common benchmark in the linear

regression problem.
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1.2.4 Oracle inequality in the sparsity context

In the context of the s-sparse assumption, one may consider all the supports with s or less
elements. In that case, the goal is to obtain a s-sparse estimator with a small risk. The s-
sparse context is deeply studied in the literature (Bickel et al., 2009; Bellec et al., 2016b; Giraud,
2014). It is worth remarking that two types of results may be of interest with respect to the
oracle inequalities. On the one hand, the first type of results are guaranteed provided that the
true signal 3* is s-sparse. These results are said to consider well-specified learning tasks. On
the other hand, some results do not rely on the assumption of a well specified signal 8*, this
is the notion of ill-specified oracle inequalities. In view of Definition 1.2.2, well-specified oracle

inequalities in the well specified case are of the form:

UB.8") < €1 inf {1(8,8") + C5(X.€)}. (1.2.12)

where RP? is the set of s-sparse vectors of dimension p. This type of inequality guarantees that
the estimator performs nearly as well as any other s-sparse parameter. In the ill-specified case,
this inequality has to hold for any 3 € RP. Of course, the second case is more difficult to prove.
The function Cf is expected to be larger in the ill-specified case than in the well-specified case.
It is also of interest to quantify the degradation of this inequality when it is no longer a well-
specified case. In the results of Chapter 2, we propose oracle inequalities that consider the
ill-specified case and explicit the degradation of the inequalities due to the relaxation of the
sparsity assumption.

In the sparse regression settings, with the belief that an unknown underlying sparse pattern
represents the signal, or at least predicts an important portion of the signal, it is interesting to
recover the sparsity pattern. Let S be the support of the true parameter 8*, the subset of non

null elements of 3*, and let consider a computable loss criteria such as, for example,

0a(B) = lly — XBIl3, (1.2.13)

for any B € RP; then, if S was known, a good strategy would be to define the estimate as the
vector that minimizes Equation 1.2.13 among all the vectors whose support is .S. However, this
under constraint minimization problem is not feasible since one does not know S. The task of
selecting a model within a set of models S often refers in the literature to the task of computing

an estimate S as an adequate support’. The best support among the set of support S is the

“What is considered adequate may be interpreted in different ways depending on the context. In this thesis,
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oracle model.

Definition 1.2.3 (Oracle support). Let consider the problem of regression as defined in Equa-
tion 1.2.2 and a loss function €. Let S be a set of supports in RP. Then we define the Oracle
support with the set S as

Ss = argrsglggE{E(ﬂ*,ﬂg)}, (1.2.14)

where 3% is the best estimator with the support S. The unknown parameter B% is the oracle

parameter on the support S.

Unfortunately, the oracle support cannot be calculated from the data since it relies on the
unknown signal 8* and the unknown distribution P. A possible approach is to estimate the
expected risk by an empirical loss function (such as 1.2.13) and define the estimated support

such as

Ss = argmin {En (Bs) } (1.2.15)

where B 5 is the estimate with support S that minimizes the empirical risk £,(3), as defined in
Equation 1.2.13.

After estimating a support »/5’\5, an intuitive estimate of the regression problem would be ,/8\ g
as defined in Equation 1.2.15. However, such methods present a risk of bias. Indeed, the
theoretical risk is likely to be underestimated when estimated with the empirical risk in the
high-dimensional settings. This phenomenon is known under the name of overfitting. The
empirical risk decreases with complex models that do not benefit from good properties on new
data. In order to compensate this bias due to overfitting, some unbiased risk estimates have
been proposed. These estimations combine an empirical loss function that measures the fitness
of the parameter of the model and a penalty function that increases with the dimension of
the selected model. Historically, some early penalization estimations of the risk have been

proposed, such as the Akaike criterion:
Saic = arg i {0,(B3) + 2021 Bsllo }- (1.2.16)

Even though the limits of the AIC estimator have been shown, it has opened the field of penal-
ization methods that benefit from strong properties. More specifically, the AIC estimator can
be seen as a maximum a posteriori estimator.

The remaining of this introductory chapter will give a brief overview of the litterature of res-

ults on prediction by penalized (Section 1.3) and averaged (Section 1.4) estimators in fixed and

we will focus on prediction tasks.
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random designs.

1.3 Maximum a posteriori estimation

Maximum a posteriori estimation is one of the most used and studied class of estimators. This
class of estimators is very similar to the maximum likelihood approach. However a prior on
the parameter distribution is included in the optimization problem. Hence, considering the
prior as a regularization penalty, one may consider the maximum a posteriori estimations the
penalized equivalent of the maximum likelihood approach. One of the most studied maximum
a posteriori estimator is the Lasso introduced in Tibshirani (1996b) that uses a Laplace prior

that is a sparse inducing prior.

1.3.1 Penalized regression and MAP

Penalization is an alternative approach to the question of the estimation under sparsity assump-
tions. Instead of estimating a support of the sparse pattern and then estimating the estimate
within this subset of vectors, penalization consists of estimating both model and estimate in a

global optimization problem.

Definition 1.3.1 (Linear penalized regression). Let consider a matriz X, and some random

vectors y and & in R™ and a parameter 3* € RP such that

y=XB"+ &,

then the parameter B € RP is said to be estimated from a penalized regression if it is the solution

of an optimization problem of the form,

o~

B =arg min {L(B)+P(B)}, (1.3.1)

BEECRP

where E is arbitrarily chosen, and the function L is a function corresponding to a fitting cri-

terion (such as £,) and P is a function that penalizes the non sparsity of 3.

In penalized regression, the solution ,@ of Equation 1.3.1 can be seen as the maximum a posteriori
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(MAP) with respect to a negative log-likelihood L and a prior proportional to exp{—P}. Indeed,

-~

3 = arg max {exp(—L(,@))exp(—P(B))}. (1.3.2)

BEECRP

From this point of view, an intuitive approach would be the Bayesian method that consists in
averaging with respect to the prior instead of maximizing the posterior function. In that case,

the pseudo-Bayesian estimator is of the form:

BB = / urn(u)du, (1.3.3)
ECRp
where 7 is the normalized posterior,

exp(—L(B) —P(8))

m(B) = [pexp(—L(u) — P(u))du

(1.3.4)

Since a convex combination of sparse vectors is not necessary sparse, the weighted average
is often not sparse. However, when the estimate does not require to be sparse, the average
estimate may be of interest. In particular, when the quality criterion is the prediction, sparsity
is rarely required. In that case, one may want to study the property of such estimates with

respect to the pseudo-prior density.

As we will discuss later, Bayesian procedures do not always achieve good results for prediction
tasks in the sparsity settings. The choice of the pseudo-prior density is of paramount import-
ance. The literature of weighted aggregate estimation will be further discussed in this chapter.
One important take-away is that the guarantees of weighted aggregate estimators are less un-
derstood by the statistical community than those of classical MAP estimators. The goal of
Chapter 2 is to provide some understandings of the behaviours of a specific family of weighted

aggregate estimators.

To sum up, there is a strong analogy between penalized estimators and weighted average ones.
However, the state of the art has proven better oracle results in the classical settings of penalized
regression than in the weighted average case. Without any mathematical justification, it seems
more difficult to understand the behaviour of averages than of maxima. One of the goals of

this thesis is to very modestly close this gap.
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1.3.2 The Lasso estimator and related estimators

In the vectorial high-dimensional regression settings, the ¢;-penalized least squares estimator
(Lasso) is very well known and is arguably one of the most studied estimators. The Lasso can

be defined as the solution of the following convex problem:

BeRr | 2n 4
=1

Buargpin { 5 3 (- T 87 + A 1811 (13.5)

where A > 0 is a tuning parameter. From the convexity of the ¢;-norm, this problem can be
efficiently solved as described in the LARS algorithm Efron et al. (2004) and more recently in
Bach et al. (2012). This estimator has been introduced by Tibshirani (1996b) and not only
has it been known for its computational convenience. Since its introduction in 1996, it has
been a well studied estimator as it benefits from high theoretical accuracy performances in the
sparse and nearly-sparse settings. Many papers have studied the theoretical behaviour of the
Lasso and it would be foolish to aim at providing a comprehensive review of the literature
on this topic. Risk bounds have been proven for the Lasso for both prediction and inference
purposes (Biithlmann and van de Geer, 2011; Koltchinskii, 2011; Dalalyan et al., 2014b; Bickel
et al., 2009; Koltchinskii et al., 2011b; Bunea et al., 2007a; Zhang, 2009; Wainwright, 2009;
Cai et al., 2010; Lounici, 2008; Meinshausen and Yu, 2009; Van De Geer, 2007; Zhang and
Huang, 2008; Sun and Zhang, 2012¢). The ¢;-penalized estimator has been generalized to the
matrix settings (Koltchinskii et al., 2011b; Bickel et al., 2009), where the ¢;-norm is the nuclear
norm. An extension to the total variation norm has been proposed in Dalalyan et al. (2014b).
To the best of our knowledge, the first sharp oracle inequality with fast rate has been proven
in Koltchinskii et al. (2011b)[Theorem 6.1]. Moreover, Sun and Zhang (2012b)[Theorem 4]
provides a sharp oracle inequality with nearly fast rate. This result is also discussed in Dalalyan
et al. (2014b)[Theorem 2|. This last result relies on the compatibility factor assumption. The
compatibility factor of the design matrix X is defined, for any J C [p] and ¢ > 0, by

2 X 2
el || Xul3

(1.3.6)

)%

Theorem 1.3.1. Sun and Zhang (2012b)[Theorem 4] — Dalalyan et al. (2014b)[Theorem 2] Let
5 € (0,1) and v > 1 be arbitrarily chosen and the penalty parameter of the Lasso

A :70*<%10g(p/5)>1/2, (1.3.7)
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then with probability 1 — 6,

2(1+7)%0*?|J| log(p/9) } (1.3.8)

NKkj.c

(o8 < iut {0.05.8%) + Bl +
JClp]

where a*? is the known variance of the noise, c = (y+1)/(y — 1) and £, is defined in (1.2.13).

Some recent works from Bellec et al. (2016b) have been exploring the properties of the Lasso
estimator in comparison with the SLOPE estimator. To the best of our knowledge, they are
the fastest oracle inequalities rates for the Lasso. In Bellec et al. (2016b)|[Theorem 4.2| the rate
of convergence is improved from s/nlog(p) to s/nlog(p/s), provided that the sparsity level s is
known and that the restricted eigenvalue condition holds. Most of the oracle inequalities that
apply to the Lasso require the confidence level § to be tied to the penalty term A. For example,
1.3.1 relies on Equation 1.3.7. The authors Bellec et al. (2016b) prove an oracle inequality with
a rate s/nlog(p) with a confidence level § chosen irrespectively to the penalty term A in Bellec
et al. (2016b)[Proposition 3.2].

It is worth remarking that some estimators such as the Dantzig selector (Candes and Tao, 2007;
Bickel et al., 2009) and the SLOPE (Bogdan et al., 2015; Su and Candes, 2016) benefit from a
similar performance than the Lasso.

The Dantzig selector has been introduced by Candes and Tao (2007). The Dantzig selector is not
defined by a penalized regression optimization problem but by the minimization of the ¢/;-norm
of the parameter under the Dantzig constraint Bickel et al. (2009). The seminal work of Bickel
et al. (2009) compares the Lasso and the Dantzig selector and shows that both estimators have
similar behaviour (Bickel et al. (2009)[Theorem 7.1| and additional studies have been carried
out by Lounici (2008). Indeed, provided that the restricted eigenvalue condition holds, these
estimators benefit from analogous theoretical bounds for both prediction risk and estimation
loss in the linear regression®.

The SLOPE is another interesting estimator that has been recently introduced by Bogdan et al.
(2015) and Su and Candes (2016). The SLOPE is the solution of a penalized optimization
problem. On the one hand, it differs from the Lasso in that the ¢;-norm is being substituted
by a specific norm (Bogdan et al. (2015)[Proposition 1.2]) that depends on a vector A € R?

9

of tuning parameters’. The very general results studied by Lecué¢ and Mendelson (2016b)

enable to prove error bounds on the SLOPE. On the other hand, in Bellec et al. (2016b), the

8 A similar observation is also made in Bickel et al. (2009) in the nonparametric settings.
9See Bellec et al. (2016b)[Equation 2.2] for a definition of the norm and Bellec et al. (2016b)[Equation 2.4]
for a definition of the SLOPE.
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Figure 1-6: Estimation picture of three penalized regression methods in a two-
dimensional setting. The red points represent the true parameters 3* and the blue
points the estimates with respect to the given penalization norm.

authors exhibit the strong relationship between the Lasso and the SLOPE by showing that
oracle inequalities benefit from very similar rates from analogous conditions. In the case of
the SLOPE, the conditions are slightly more restrictive (Bellec et al. (2016b)[Strong Restricted

Eigenvalue Condition]).

1.3.3 Review of literature

In the sparsity scenario, the ¢;-penalized least squares method has been well studied. Some
oracle inequalities are achieved when strong assumptions on the data hold. For example, if
the restricted eigenvalue (Bickel et al., 2009; Raskutti et al., 2010b) condition holds, oracle
inequalities can be achieved in the sparse and nearly-sparse scenarios. The uniform uncertainty
isometry principle (Candes and Tao, 2007; Needell and Vershynin, 2009) is sufficient for oracle
results as well. These assumptions are quite restrictive and are discussed in Van De Geer and
Bithlmann (2009). These assumptions guarantee that the covariates can be distinguished from
each other by ensuring the Gram matrix is not too far (in a given sense) from the Identity
matrix.

For example, the consequences of correlation have been studied in van de Geer and Lederer
(2013) and Hebiri and Lederer (2013). In Dalalyan et al. (2014b), the authors provide insights
of the impact of highly correlated and moderatly correlated covariates on the prediction risk.
In particular, in Dalalyan et al. (2014b)[Example 2|, the authors prove that the prediction from
Lasso cannot guarantee a fast rate of convergence for any type of covariates correlation even

if the penalty term A\ was chosen with oracle information. Therefore, the design of the data
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may have a strong impact on the quality of the estimation and the prediction and hampers the
theoretical guarantees of the maximum a posteriori estimator.

This requirement makes sense when the purpose of the estimator is to recover the parameter.
However, when the prediction risk is the criterion of estimation, these assumptions do not seem
reasonable anymore. Thus, in the prediction context, it would be very interesting to study
families of estimators that achieve oracle inequalities with less restrictive conditions on the
Gram matrix.

Such guarantees exist on other estimators such as the {y-penalized estimator. As mentioned
earlier, the fo-penalized estimator computation is a NP-hard problem that cannot be approx-
imated accurately enough by convex problem. Therefore, even though the ¢y-penalization offers
great guarantees, it is not very useful in high-dimensional settings.

In inspiration of the ¢, and ¢;-penalized estimator properties, it would be of great interest to
study theoretical properties on a family of estimators that can guarantee oracle inequalities
in the nearly-sparse context with weak assumptions on the data, while being fast enough to
compute.

Obtaining results with weaker conditions on the data is a possible way to start tackling the
challenge of obtaining oracle inequalities in the random design settings and in more realistic
situations. For these reasons, aggregation of estimates has proven to be of theoretical and
empirical interest. In particular, we will focus on exponentially weighted aggregations. They
have been well studied in the literature as they benefit from great properties in the PAC-
Bayesian settings. As such, they are a good starting point to investigate the properties of

oracle inequalities in the context of aggregation methods.

1.4 The PAC-Bayesian settings and aggregation estimators

If the Bayesian Information Criterion (BIC) estimator, introduced in Schwarz (1978), performs
well from a theoretical point of view (Bunea et al., 2007b), it is very challenging to compute this
estimator in high-dimensional settings and it shows poor results when the dimension p is larger
than the number of observations n (Giraud, 2014). On the contrary, as discussed earlier, the
Lasso estimator benefits from fast computation algorithms but requires strong and restrictive
conditions on the design to offer fast rate guarantees. This is especially restrictive when the
data are drawn randomly.

The goal of the PAC-learning framework is to study new estimators with new types of correct-

ness theorems that are convenient for randomly drawn data. The PAC-Bayesian approach has
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been inspired from the works of Vapnik and Chervonenkis (Vapnik, 1998; Vapnik and Chervon-
enkis, 1974) and the term of PAC learnability has been introduced by Valiant (1984).

In the Bayesian settings, correctness theorems apply under the assumption that the data are
generated from a given prior distribution as considered in McAllester (1998). PAC-Bayesian
learning differs from this approach in the sense that the goal is to obtain correctness results
when the data are generated from an unknown i.i.d. density. This difference often involves
weaker guarantees in the PAC-Bayesian settings than in the Bayesian context. However, the
less restrictive assumptions may blend the frequentist and Bayesian approach as the theoretical
guarantees do not rely on a prior assumption even though the bounds often refer to aggregate
or averaging estimator (which relies on a posterior). Recently, Germain et al. (2016) focused

on the similarity of PAC-Bayesian and Bayesian bounds.

1.4.1 The concept of PAC-learning

PAC stands for Probably Approximately Correct and comes from two main ideas.

Probably correct A PAC-bound is not a deterministic guarantee. It allows a small probab-

ility that the estimator does not behave well. Hence, the term probably correct.

Approximately correct Not only a PAC-bound allows a small erratic behaviour of the es-
timator. It is also tolerant to a non exact performance of the estimator. In other words,

the estimator is given a margin of error and can be approximately correct.

These concepts are very important and make some results possible even when an exact and
deterministic recovery of the estimator is not possible. In a practical context, it may be par-
ticularly useful provided that the margin of error and the probability of success are known and
chosen.

The PAC paradigm is very closely related to the paradigm of the VC dimension introduced in
Vapnik and Chervonenkis (1974).

We use one theorem from the monograph Catoni (2007) to illustrate this concept!?. Let con-
sider n couple (x;,y;) i.i.d. randomly drawn from an unknown distribution P. Let consider
a prediction function fg where 8 € A. The goal is to minimize the expected loss criterion
R(B) = E@y~e{l(y, fa(x))} for any bounded loss I, |I(.,.)] < C. As the probability P is

unknown, one may not directly minimize the expected loss criterion. Therefore, we consider a

10T recommend the brief though very insightful introduction to the PAC-learning paradigm made by Pierre
Alquier at the Institut des hautes études scientifiques on January 2016. The presentation support can be found
on https://indico.math.cnrs.fr/event/921/session/8/contribution/36/material/slides/0.pdf.
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proxy of the loss r,, that uses the empirical data set (2;, ¥i)icpn

1
m(B) = > Uy, fa(:).
i€[n]
Theorem 1.4.1 (Catoni (2007)). Let consider a family of posteriors I1 and let w be a prior on
the parameter space A. For any T > 0 and for a given posterior estimation 7., the following

inequality,

/ueA R(u)7,(u)du < inﬁI |:/u€A R(uw)p(u)du + ? + %{IC(,M, 7) + log (2/6)}:| , (1.4.1)

pe
holds with probability greater than 1 — €, where K is the Kullback Leibler divergence.

The form of Equation 1.4.1 emphasizes the concept behind the term probably approzimately
correct.

In order to manage a learning task in the PAC paradigm the notion of PAC-learnability has
been introduced by Valiant (1984).

Definition 1.4.1 (PAC-learnability (Valiant (1984)'!). Let F be a class of signal and let ((.,.)
be a loss function on F2. The class F is said to be PAC-learnable if there exists an estimation
procedure ~ and an integer n such that for any f € F, for any distribution P of observations
(x,y), for any error margin € > 0 and for any probability 1 —§, the estimator ]? computed from

the empirical data (x;,Y;)icin) will be such that

(S, f) <e

with probability greater than 1 — 9.

Moreover, let assume the number of observations n needed to obtain the PAC-bound is bounded
by a polynomial function of 1/€, 1/§ and of the dimension p of F. Then, if the complezity of
the estimation procedure - is also bounded by a polynomial time of the latter parameters, then,

F is said to be efficiently PAC-learnable.

Definition 1.4.1 explains the interest of the PAC-learning paradigm in the statistical learning
community. A problem is said to be PAC-learnable if a minimax guarantee (for any element of
F for any distribution P) can be proven. Moreover, PAC-learning tolerates a given error and a
given probability of failure that gives the opportunity to solve more difficult problem than an

exact estimation framework.

HFor the sake of clarity, we restrain Definition 1.4.1 to the regression context.
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Moreover, the concept of efficient PAC learnability is of interest for practical interest, in par-
ticular in the high-dimensional settings where a polynomial time of complexity is required (if
not faster).

It is worth noting that, with some additional assumptions, a problem is PAC-learnable if and

only if the VC dimension of a problem is upperbounded.

1.4.2 Literature in the PAC-Bayesian community

If Theorem 1.4.1 is an important result in the understanding of the PAC-Bayesian theory, other
results have proved to be important as well. The statistical learning community has shown a
strong interest into the PAC-Bayesian theory.

Two seminal studies of the PAC-Bayesian theory have been carried out in Shawe-Taylor and
Williamson (1997) and McAllester (1998). They have set the PAC-Bayesian paradigm and its

first results.

Remark 1.4.1. In Shawe-Taylor and Williamson (1997), the paper Shawe-Taylor et al. (1998)
1s referred as a work on PAC-bounds results without the Bayesian approach. Even though the
publication of Shawe-Taylor et al. (1998) follows the one of Shawe-Taylor and Williamson

(1997), the submission was anterior.

Later on, some studies have set the formalization of the PAC-Bayesian approach in the clas-
sification settings (Catoni, 2003, 2004, 2007; Audibert, 2004b) and for the regression learning
task (Audibert, 2004c,a). This settings has been extended in the transductive and inductive
settings in Alquier (2006) and generalized in (Alquier, 2008; Audibert and Catoni, 2010, 2011).
The general message from the literature is that averaging (or aggregating) estimators with a
well chosen weight instead of penalized regression seems to perform well in the PAC-Bayesian
frame.

Even though these studies bring new insights on the theoretical behaviours of family of es-
timators, no solution was brought to address the high-dimensional context with (or without)
the sparsity assumption. The results in (Dalalyan and Tsybakov, 2008; Alquier and Lounici,
2011; Dalalyan and Tsybakov, 2012b; Rigollet and Tsybakov, 2012b; Guedj and Alquier, 2013;
Ridgway et al., 2014)'?. In Dalalyan and Tsybakov (2008) the aggregation with exponential
weighting is used in order to obtain PAC-Bayes sharp oracle inequalities in the high-dimensional

sparse settings. The main results of Dalalyan and Tsybakov (2008) are Dalalyan and Tsybakov

12For a French speaking audience, one may want to refer to (Guedj and Robbiano, 2014; Guedj et al.) for
additional literature on the PAC-Bayesian subject.
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(2008)[Theorems 1 and 2|. The following theorem presents the rationale of these results in a

simpler but less general context.

Theorem 1.4.2 (Dalalyan and Tsybakov (2008)(Theorem 1)). Let consider a family of pos-

teriors I1 and let consider the regression task where for any i € [n],

v = fx;) + &,

we assume'® & ~ N(0,0%) with o < 0o. Let assume that the observations (x;);en) are determin-
istic. We consider the regression task within a family F of estimators fg, for any B € A C RP.
Let R be the risk loss R(B) = E¢{l(f(x), fa(x))} for any loss . As the ground truth signal f
18 unknown, one may not directly minimize the expected loss criterion. Therefore, we consider

a proxy of the loss v, that uses the empirical data set (;, V)i,

() == 3 U fola).

i€[n]

Let define for any temperature parameter 1/7 < %5 and for any prior ©(8) in the parameter

space A\, the pseudo-posterior

72(d8) o exp { — r(8) }r(dB).

Then the averaged parameter

B, = / U, (du),
ueA
s such that the estimator fg ensures the following bound

~

E(R(B,)) < inf { [ wntaw) + ﬂcm,w)},

T opell
where KC 1s the Kullback-Leibler divergence.

The results in Dalalyan and Tsybakov (2008) are extensions of the work of Leung and Barron
(2006), where properties were only proven in the setting of finite set of parameters.
PAC-Bayesian and aggregation methods have been applied to the online learning tasks (Aud-
ibert, 2009; Cesa-Bianchi et al., 2004) or for variational bayes approximation (Alquier et al.,
2016).

13The results in Dalalyan and Tsybakov (2008) work with a less restrictive condition named Assumption A
in the article.
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Finally, the PAC-Bayesian approach has emphasized the theoretical interest of aggregation
of estimators in order to achieve optimal minimax bounds. The next section presents the

aggregation concept.

1.4.3 Aggregation

The name of weighted aggregate estimators appeared early in the literature. In the book Cesa-
Bianchi and Lugosi (2006), the weighted aggregate estimation is introduced in the discrete
settings with a finite number of experts advice but can easily be generalized to any measurable
space. However, as pointed out in Yang (2001b), the author of Stone (1974) introduced the
aggregation concept through the notion of stacking several estimators in 1974. The theoretical
study and understanding of aggregated estimators improved in the 1990s. One of the initial
goals was to provide a decision in a settings where several experts give their advice (or pre-
diction) and one has to give a final decision based on previous performance. The question is
then to determine a procedure to predict. One could for example follow the best expert in the
sense of a given cumulative loss or one could average uniformly over every expert. In a binary
classification problem, the weighted majority algorithm introduced in Littlestone and Warmuth
(1994) is a generalization of the halving algorithm. Every expert is assigned with a given weight
and the choice is made according to the weighted majority. If this expert is wrong at predicting
an outcome, the weight of this expert is deprecated by an arbitrary parameter.

Let consider the regression model',

v = fx;) + &,

where §; is a random variable and @y, --- , @, are elements of a set X. F of estimators fg, for
any 3 € A C RP. Let consider a set A and a mapping 3 — fg that associates to every element
B € A an application fgz: X — R. In the context where for every B € A, fg is an estimator of
the outcome in the regression model, we would have access to a various number of prediction
proposition for any observation ;. In the literature, fg is called a weak learner. A question
of interest is to understand how one can build a single estimator faccording to the knowledge
one has on the weak estimators. This single estimator is referred as an aggregate of the weak
learners. There exist different types of aggregates and three categories have been well studied

in the literature.

14Here, the classification model could be considered as well with no additional difficulty.
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Linear Aggregation (L) A linear aggregate can be any weighted combination of the family
of learners (fg)gen. If A is a finite set, then the aggregate fis such that for every i € [n]

and any B € A, there exist some wg € R such that

flaw) = wifa(m:).
BeA
In the linear aggregation settings, the performance of the aggregate is compared to the

best possible linear combination.

Convex Aggregation (C) In the convex aggregation settings, J?is built from non-negative
weights which sum to one. In other words, the aggregate is computed under the constraint
of being a convex combination of the learners fz. Again, if A is a finite set, then the
aggregate fis such that for every i € [n] and any 8 € A, there exist some wg € R such
that

fla) =" whfs(z:),

BeA

where the vector w® € ) with

Q:{w : VB e AN wg >0, ngzl}.
BeA
Similarly to the linear settings, the performance of a convex aggregate is often compared

with the best convex combination of learners.

Model Selection Aggregation (MS) The goal of model selection aggregates is to pick a
weak learner at every iteration i € [n]| that performs nearly as well as the best weak
learner of the set A. In this context, the aggregate fis such that for every ¢ € [n] there
exists B € A, such that,

~

f(xi) = fa(xi).

There is a transitive inclusion relationship between linear, convex and model selection aggreg-
ations. Indeed, any model selection aggregate is a particular convex aggregate and any convex
aggregate is a linear aggregate. Of course, other types of aggregation have been considered in
the literature such as the s-sparse or the ¢, aggregations (Tsybakov, 2014).

It is common usage to compare the model selection aggregate performance with the one of the

best learner. In other word, the goal of aggregation algorithms is to find an estimator fthat
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guarantees that there exists a small quantity Az such that,

R(f.f) < inf {R(F. )+ Az,

fez
where Z is the set of aggregation Z = {L,C, M S}.

The smallest values of Az are given in Tsybakov (2003) and are called optimal rate of aggrega-
tion. Let K be the size of the learning set and n the number of observations. Under additional
conditions (c.f. Tsybakov (2003) for more details) the optimal rate of aggregation in the model

selection aggregation is
log (k)

Vs =

In the convex setting, the optimal rate is

K/n, it K <./n

Vo = 1/2
<% log {\% - 1}) , otherwise.

Finally the optimal rate of linear aggregation is

-
n

The context of sequential data with expert prediction has been studied in Cesa-Bianchi et al.
(1997) where the binary classification task is studied in worst case scenario, with no assumption
on the data. A further study of this settings is developped in the thorough work Cesa-Bianchi
and Lugosi (2006). The results of Kivinen and Warmuth (1999) proves that a simplified version
of the aggregating algorithm introduced in the early work Vovk (1990) can guarantee a regret
loss of the order clog(n), where n is the number of sequences and ¢ is a parameter depending
on the considered loss function. With a different approach, the authors of (Littlestone, 1990;
Littlestone and Warmuth, 1994) consider the case where one weak learner is guaranteed to do
at most m prediction errors in the n sequences. Let K be the number of experts in the set A,
then the proposed algorithm called weighted majority algorithm guarantees a total number of

misclassifications smaller than c(log(K) + m) with a constant c.

Later on, the regression task has been studied as well and technical challenges were required to
be solved to do so. Indeed the misclassification loss is bounded which is rarely the case in the
regression task. Moreover, the condition that the set A is finite is no longer reasonable in this

context.
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Not all aggregation methods are alike from a guarantee standpoint. For example, it has been
proven that the least squares aggregate is not optimal within the family of model selection
aggregate (Tsybakov (2014)). The definition of optimality may differ according to the type of
aggregation. For example, in the model selection family of aggregation with K weak-learners
and n observations, an aggregate is said to be optimal if the excess risk cannot exceed a quantity
upperbounded by C'log(K)/n, where C' > 0. The next section mentions some of the performing
aggregation methods. Moreover, we discuss guarantees in the random design setting. Indeed, an
important takeaway from the PAC-learning theory and the study of aggregation methods is the
proof of oracle inequalities (bounds in high probability) and in expectation in the random design
setting. To the best of our knowledge, previous theories and estimators from the maximum a
posteriori approach did not benefit from easy and convenient bounds in the random design. For
example, the Lasso requires restrictive conditions on the design (Bickel et al., 2009; Koltchinskii

et al., 2011a; Bellec et al., 2016b).

In that regard, the understanding of the performance of estimators in the context of random
design, whether they rely on penalization or averaging methods, would be of great interest.
Chapter 4 aims at providing some results on the prediction quality of some maximum a pos-
teriori estimators in the context of transductive and partially labeled prediction in the random
design settings. On the other hand, an appealing characteristics of aggregation methods is
that the literature has provided some guarantees in the random design setting with fairly mild
conditions. This pushes our motivation to study some theoretical properties of aggregation
estimators. In the following, we mention aggregation methods that perform well, either in the
fixed or random design settings. In particular, we present the exponentially weighted aggregate

which is at the center of this thesis.

1.4.4 Exponentially weighted aggregation and its variations

In the following, we present the exponentially weighted aggregate in the continuous settings
for linear regression. This family of aggregation estimators is widely used in the literature
(Dalalyan and Tsybakov, 2008, 2012b; Rigollet and Tsybakov, 2012b; Chernousova et al., 2013;
Dai et al., 2014; Dalalyan and Salmon, 2012; Golubev and Ostrovski, 2014).

With the notations we used earlier in this chapter, the exponentially weighted agregate estimate

is of the form

B a = / wr, (u)du, (1.4.2)
ACRP
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with 7 > 0 a parameter named the temperature and where 7 is the normalized posterior,

L(B)+P(8)

exp(—=—2—2)
m(8) = - : 1.4.3
( ) fE eXp(—L(u)—:P(u))d’u, ( )

The only difference between the Bayesian estimator we introduced in Equations 1.3.3 and 1.3.4
and the exponentially weighted agregate is the parameter 7 in Equations 1.4.2 and 1.4.3. This
parameter is called the temperature with a reference to methods derived from the physics lit-

erature.

A takeaway from the literature is that exponentially weighted aggregates perform well (Dalalyan
and Tsybakov, 2008; Cesa-Bianchi and Lugosi, 2006; Littlestone and Warmuth, 1994; Alquier
and Lounici, 2011; Guedj and Alquier, 2013). One of the first optimal results has been proven
in Catoni (1999) in the context of progressive mixture methods which rely on exponential
weights. In Dalalyan and Tsybakov (2008), results are proven in the continuous case. Expo-
nentially weighted aggregates offer optimal guarantees in the (nearly-)sparse setting (Dalalyan

and Tsybakov, 2012b; Rigollet and Tsybakov, 2012b; Tsybakov, 2014).
In the fixed design settings, Theorem 1.4.2 is an example of guarantees that can be achieved.

Some variations of this aggregation methods have been developed and studied on the theoretical
standpoint.

The exponential screening estimator has been introduced in Rigollet and Tsybakov (2011b).
In the fixed design setting, the authors prove that the exponential screening estimator bene-
fits from optimal performance universally, which means optimal results in different settings
including model selection, convex and linear aggregation (see Tsybakov (2014) for further ex-
planation on the concept of universal aggregate). Exponential screening is very closely related
to the exponentially weighted aggregation. It consists in artificially creating two sets of random
variables (y™,y®?) from the output y and additional noise. One of the sets will be used to
build a first maximum a posteriori estimator 3(1) of the parameter on the loss of interest. The

prediction ﬁl) is then used to determine the empirical loss

r = g(f(l) (yV), y<2>>

that is used to define the weights of the exponentially weighted aggregation.

In the random design setting, mirror averaging (MA) is the analogue of the exponentially

weighted aggregation. What differs from the original exponentially weighted aggregation pro-
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cedure is that the estimated posterior density that determines the weights of the aggregation
is recursively computed and averaged. Using our notations, let define 7 ; = 1 and then recurs-

ively, for any i € [n],
_ exp(— Li(ﬁ);Pi(ﬁ) )

fE exp(— L{w)—P(w) Ydu

T

2T 9

where L; and P; are respectively the log-likelihood and the log-prior from the i first observations
of the data set. Then the posterior that is finally used in the aggregation procedure is the

average

) = iy o miel9)

This procedure has been inspired by the mirror descent algorithm in the field of optimization
(Nemirovskii et al., 1983; Ben-Tal and Nemirovski, 1999). To the best of our knowledge, the
mirror averaging procedure has been first introduced in Juditsky et al. (2005). In Juditsky et al.
(2008), the mirror averaging procedure is proven to be optimal in expectation with respect to the
model selection setting. In Dalalyan and Tsybakov (2012a), regression, density estimation and
classification problems are studied within the sparse setting. The authors offer general results
in the random design setting. The authors provide a PAC-bound in expectation in Dalalyan
and Tsybakov (2012a)[Theorem 1| and sharp oracle inequalities in Dalalyan and Tsybakov
(2012a)|Theorem 2|. Moreover, Dalalyan and Tsybakov (2012a)[Proposition 3| proposes bounds
in the sparsity setting that are nearly optimal (up to a logarithmic factor) in the model selection,

convex and linear settings'®.

Remark 1.4.2. The method called Q-aggregation studied in Dai et al. (2012) in the fized design
setting and Lecué and Rigollet (2014) in the random design setting shows interesting theoretical
properties as well. In particular, under conditions given in Lecué and Rigollet (2014), the Q-
aggregation is proven to be an optimal aggregate in the random design setting in Lecué and
Rigollet (2014). Results are given in probability and in expectation. However, we will not
discuss them further as we focus on the exponentially weighted aggregate in the context of this

thesis.

The exponentially weighted aggregation and its variations (exponential screening and mirror av-
eraging) benefit from (nearly)-optimal results either in fixed design or random design. Moreover,
in the (nearly)-sparse setting, the literature has proved optimal results that legitimate the ex-
ponentially weighted aggregate as an interesting alternative to the Lasso. Indeed, obtaining

optimal bound for the exponentially weighted aggregate needs less restrictive conditions on the

15A study on the limit of the mirror averaging procedure can be found in Lecué and Mendelson (2013).
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Gram matrix than the Lasso.

Even though the literature provides optimal rates of convergence for these methods in the
non-asymptotic high-dimensional frame, the computational complexity may represent the bot-
tleneck of these methods. This is particularly important in the high-dimensional settings where
averaging from Monte Carlo processes might be very costly. The next section briefly reviews

this question.

1.4.5 Computational challenges and Langevin Monte Carlo

Aggregation methods require to generate a sample of random vectors with respect to a given
(pseudo-)posterior distribution. This might be a difficult task, especially in the continuous
high-dimensional settings.

For practical puproses, it is very useful to know the number of iterations K needed to achieve
a targeted accuracy €. Otherwise, how could we choose the number of iterations to achieve a
desired accuracy?

Moreover, the required number of iterations should not grow too quickly with the dimension p
of the problem, neither should it grow when the accuracy € gets small.

Hence, a good sampling method would benefit from properties that guarantee the sufficiency
of an explicit number of iterations K that remains reasonably small* for large value of p or for
a small error tolerance e.

There is no need to mention that not every sampling process benefits from such properties. The
need of efficient sampling methods is an important constraint on the choice of the aggregation
method, and more generally, of any statistical learning method requiring sample generation.
As a consequence, among all aggregation methods, some may be more suitable to practical
purposes.

The subject of this thesis is focus on the exponentially weighted aggregate estimator. This
method is of great interest when the distribution of the pseudo-posterior is sampled from a dis-
cretized Langevin Monte Carlo process. Indeed, when the posterior can be written as in Equa-
tion 1.4.3 such that L+ AP is strongly convex, then any targeted accuracy can be achieved with
an explicit number of iterations K (Dalalyan, 2016). There are numerous analogies between the
computational questions in the maximum a posterior penalized estimation where the convex

penalties guarantee fast computation from gradient descent and in the aggregation averaging

16Here, the terms reasonably small, large dimension and small error tolerance are not formally defined. It
depends on the context and on how much resources one individual is willing to allocate to generate the sample
as well. And, clearly this notion will dramatically change over time with improvements in computational
technologies and statistical algorithms.
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where convex penalties can guarantee the Langevin Monte Carlo algorithm to perform well.
Insightful discussion can be found in Dalalyan (2016) and Dalalyan (2017) about the analogy
and relationship between sampling and optimization properties.
Let consider the function!” f, then in Dalalyan (2016), the Langevin diffusion L; is defined for
any t > 0, by

dd, = —V f(9,)dt + v2pby,

where the function b is a vector of Brownian motion of dimension p. The Langevin Monte
Carlo relies on a discretization of the Langevin diffusion. In our work, we will consider the

Euler discretization where the k + 1-th iteration is recursively defined by
Uiy = Vi — hV f(v}) + V2hE,,

for a given step h > 0 and where &, is a p-dimensional standard Gaussian vector. Other
discretizations, such as the Ozaki discretization, are considered in the literature (Dalalyan,
2016).

The quality (or accuracy) of the sampling method is relative to an arbitrarily chosen distance
between the distribution from which the sampling is generated and the targeted distribution.
In the literature, common metrics such as the Kullback-Leibler (K'L), the Chi-Square (x?)

divergences (c.f. Definition 1.4.2), or the total variation norm, have been widely used.

Definition 1.4.2 (Kullback-Leibler and y? divergences). Let v and p be two probability meas-
ures over a set ), then if v is absolutely continuous with respect to p, the Kullback-Leibler

divergence is defined by

log (%>dy.

KL(v||p) = / T

Q

The x? divergence is defined by

ol = [ (37‘ 1)2du.

Some results on the convergence of the Langevin Monte Carlo have been proven in these different
metrics in Dalalyan (2016). More recently, the Wasserstein distance of order 2 has been more

commonly used.

Definition 1.4.3 (Wasserstein distance). The Wasserstein distance of order | € N* between

1"The condition of the function f will be discussed in Chapter 3.
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Figure 1-7: Shape interpolation in 2-dimensions using the Euclidean bary-
center (left) and the Wasserstein barycenter (right). The Wasserstein bary-
center shape interpolation procedure is discussed in Solomon et al. (2015).
Credit: Solomon et al. (2015)

two measures of probability v and n, W,(v,n) is defined by

1/i
Wi = gt { [ e ol
RP xRP

Ye¥(vmn)
where V(v,n) is the set of probability measures on RP x RP with marginals v and 7.

In (Durmus and Moulines, 2016; Dalalyan, 2017) the question of proving the accuracy of a
sampling Langevin Monte Carlo with various discretization schemes are proven in the sense
of the Wasserstein distance when the log-density is strongly convex. Using the Wasserstein
distance is a very promising approach. In Dalalyan (2017), it is proven that if f is m-strongly
convex and has a continuous M-Lipschitz gradient, then the distribution of the samples gener-
ated by the Langevin Monte Carlo method with a Euler discretization is such that the accuracy
¢ will be achieved (in the sense of the Wasserstein distance of order 2) for a number of iterations

K proportional to pe~2log(p/e).

Remark 1.4.3. As a personal note, I find it very tempting to believe that the Wasserstein ap-
proach will offer great technical tools to generalize statistical and simulation theories. However,
computing the Wasserstein distance is a very challenging task. FEven methods to approximate
the Wasserstein distance is an ongoing subject. In Solomon et al. (2015) an efficient algorithm
1s introduced to do so. However, no general minimization methods of the Wasserstein distance
has been found yet. As such, the Wasserstein is very interesting on the statistical theory point

of view but will require further understanding to improve sampling results.
New results on the Langevin Monte Carlo methods brought the missing part to make the
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exponentially weighted aggregate estimators (or mirror averaging in the random design settings)
an interesting estimator from both a computational and a statistical standpoint, with fairly mild
conditions.

For the various reasons mentioned in this section, the exponentially weighted aggregate is of

great interest and motivates our work in this thesis.

1.5 Roadmap

Now that we have established the importance of statistical theory and more specifically the
notions we need from high-dimensional statistical learning, we will present what will be studied
in Chapters 2, 3 and 4. As mentioned earlier, the exponentially weighted aggregate is an
efficient estimator to recover signal in a nearly-sparse context (Dalalyan and Tsybakov, 2012a,b).
Different priors have been proposed to do so. It is amazingly surprising to note that among
all the priors we can read in the litterature, the Laplace prior was never successfully used.
Indeed, aggregation with Laplace prior is to the aggregation what the Lasso is to the maximum
a posteriori paradigm. Indeed, the Lasso is arguably one of the most studied estimators in
the context of penalized regression methods for nearly-sparse high-dimensional problem. Lasso
has proven to be very efficient to recover sparse signal (even though restrictive conditions are
necessary) and the statistical community has proven strong theoretical properties.

The exponentially weighted aggregate with Laplace prior can be defined by the procedure of the
standard EWA estimator described in Equation 1.4.2 with a pseudo-posterior density defined
by

n

Tn(B) x exp(=V,n(B)/7), where V,(8) = L Z(yz —x; B)* + ) ||B]|.. (1.5.1)

n <
i=1

There is a chasm between interest and results shown for the exponentially weighted aggregate
with Laplace prior and the huge literature on the Lasso. Our main motivation is to cross that
chasm by developing results on the exponentially weighted aggregate with Laplace prior in terms
of theoretical guarantees and computational efficiency. Obviously, our aim is strongly supported
by already existing results on general theory about the exponentially weighted aggregation.
We already mentioned earlier in this chapter some of the most remarkable results. However,
the use of existing oracle inequalities for the exponentially weighted aggregate (Dalalyan and
Tsybakov (2012b)[Theorem 1]) is not very optimistic when directly applied to the Laplace prior.

They are far from being sharp in comparison to what can be achieved with the maximum a
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posteriori analogue, the Lasso. Moreover, a result in Castillo et al. (2015)[Theorem 7| proves
that the Bayesian Lasso cannot recover sparse signal well enough. However, an inspirational
observation can push the need to study this estimator. If we look briefly at the exponentially

weighted aggregate with Laplace prior, we remark that

Therefore, it is legitimate to question the quality of the exponentially weighted aggregation
with Laplace prior to recover sparse signal and to compare it with the Lasso performance. This
was the seminal question of this thesis. Chapter 2 will give some insights to this question. We
provide oracle inequalities in the regression settings under compatibility factor assumption for
the prediction loss. These guarantees are very similar to the one of the Lasso additioned with
a price to pay pr. We provide explicit value of the temperature parameter 7 for which sharp
oracle inequalities are guaranteed. From this point of view, we develop a generalization of the
Lasso results to a broader family of estimators and we match similar performance than the one
in Dalalyan et al. (2017) for the Lasso. Relying on the study in Bobkov and Madiman (2011),
we also prove pseudo-posterior concentration results. The derived results can be easily general-
ized to other convex penalty norm such as the total variation as in Harchaoui and Lévy-Leduc
(2010). Hence it gives insight on the relationships between maximum a posteriori penalized
estimators and their aggregation analogues. To illustrate this, we establish results in the mat-
rix regression settings in relation with the nuclear norm penalty. To do so, we introduce the
compatibility factor adapted to the matrix case. Using the exponentially weighted aggregate
with nuclear norm prior, we extend the results of the oracle inequality in Koltchinskii et al.
(2011a) and we provide pseudo posterior concentration. These results legitimate the exponen-
tially weighted aggregation with sparse-inducing priors as a good alternative to the maximum a
posteriori analogues for learning purposes in the nearly-sparse high-dimensional settings. Fur-
thermore, as the literature on Lasso oracle inequalities in the random design settings is quite
arid, such results could help to find mirror averaging oracle inequality in the random design.
However, even though this family of estimators is performing well on the theoretical standpoint,
the approximation of this estimator is more challenging. Indeed, averaging with respect to a
distribution is a difficult and resource consuming task. The computation question is addressed
in Chapter 3. A direct application of Langevin Monte Carlo from (Dalalyan, 2016, 2017; Dur-
mus and Moulines, 2016) would not necessarily guarantee that any accuracy can be achieved

in a finite number of iterations. Indeed, these results require the log-posterior to be strongly
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convex and smooth, and yet with the Laplace prior the differentiability does not hold and the
strong-convexity cannot be assumed for any data design. In Chapter 3, we partially solve this
issue. We study the behaviour of an Euler-discretization Langevin Monte Carlo sampling. We
focus on the Wasserstein distance accuracy with respect to the targeted exponentially weighted
aggregate with Laplace prior. This work relies on the shoulder of the monograph Ledoux (2005).
Our goal is to adjust the algorithm proposed in Dalalyan (2016) in order to circumvent the non
differentiability of the pseudo posterior. We provide an explicit number of iterations K that is
comparable to the one in Dalalyan (2016) in regards to the error tolerance € and the dimension
p. However, this result is not completely satisfying as it relies on conditions on the Gram
matrix that are not realistic in the high-dimensional settings. Indeed, in Chapter 3, we assume
that the smallest eigenvalue of the Gram matrix is positive. Despite this limitation, this work
provides a solution to guarantee a good approximation of the targeted density in a slightly more
general context than existing results in the literature. The last chapter can be seen as a related
study on the standard Lasso in the context of transductive and semi-supervised learning. Even
though, this work treats a different problem, it could complete (and respectively be completed
by) the other results of this thesis. In Chapter 4, we show that unlabeled data should be
used in the estimator to infer the variance-covariance matrix. We introduce two adaptations of
the Lasso estimators that substantially improve the prediction performance in respectively the
transductive and the partially labeled settings. Under compatibility factor conditions, this last

chapter proves sharp oracle inequalities in the random design settings.
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Chapter 2

On the Exponentially Weighted Aggregate
with the Laplace Prior

A joint work with Arnak Dalalyan and Quentin Paris.

Contents
2.1 Introduction . .. . . ... .. .. e e 44
2.2 Notation . . . . . . . o v i i i e e e e e e e e e e e e 49
2.3 Risk bound for the EWA with the Laplace prior . . . . . ... ... 50
2.4 Pseudo-Posterior concentration . . . ... ... ... ......... 53
2.5 Sparsity oracle inequality in the matrix case . . ... ... ... .. 56
2.5.1 Specific notation . . . .. ... oo 56
2.5.2  Nuclear-norm prior and the exponential weights . . . . . . . ... ... o7
2.5.3 Oracle Inequality . . . . . .. ... . ... .. ... 58
2.5.4 Pseudo-posterior concentration . . . . ... ... ... ... ... 60
2.6 Conclusions . . . . . . . . . i i i i e e e e e e e e e e e e 61
2.7 Proofs . . . . . e e e e 62
2.7.1 Proof of the oracle inequality of Theorem 2.3.1 . . . .. .. ... ... 62
2.7.2  Proof of the concentration property of Theorem 2.4.1 . . . . . . .. .. 64
2.7.3 Proof of Proposition 2.3.1 . . . . . .. .. ... L 65
2.7.4  Proofs for Stein’s unbiased risk estimate (2.3.7) . . . ... ... ... 67
2.7.5 Proof of the results in the matrix case . . . . . . ... ... ... ... 69

43



Abstract

In this paper, we study the statistical behaviour of the Exponentially Weighted Aggregate
(EWA) in the problem of high-dimensional regression with fixed design. Under the assumption
that the underlying regression vector is sparse, it is reasonable to use the Laplace distribution
as a prior. The resulting estimator and, specifically, a particular instance of it referred to as
the Bayesian lasso, was already used in the statistical literature because of its computational
convenience, even though no thorough mathematical analysis of its statistical properties was
carried out. The present work fills this gap by establishing sharp oracle inequalities for the EWA
with the Laplace prior. These inequalities show that if the temperature parameter is small, the
EWA with the Laplace prior satisfies the same type of oracle inequality as the lasso estimator
does, as long as the quality of estimation is measured by the prediction loss. Extensions of the
proposed methodology to the problem of prediction with low-rank matrices are considered.

2.1 Introduction

We investigate statistical properties of the Exponentially Weighted Aggregate (EWA) in the

context of high-dimensional linear regression with fixed design and under the sparsity scenario.

This corresponds to considering data that consist of n random observations ¥, ...,y, € R and
p fixed covariates !, ..., x? € R". We further assume that there is a vector 8* € RP such that
the residuals & = y; — Bfx} — ... — ;azf are independent, zero mean random variables. In

vector notation, this reads as

y=XB"+¢, (2.1.1)
where y = (y1,...,y,) " is the response vector, X = (z!,..., x?) € R™? is the design matrix
and & is the noise vector. For simplicity, in all mathematical results, the noise vector is assumed
to be distributed according to the Gaussian distribution N'(0,¢%I,,). We are mainly interested
in obtaining mathematical results that cover the high-dimensional setting. This means that
our goal is to establish risk bounds that can be small even if the ambient dimension p is large
compared to the sample size. In order to attain this goal, we will consider the, by now, usual
sparsity scenario. In other words, the established risk bounds are small if the underlying large
vector 3" is well approximated by a sparse vector. Note that this setting can be extended to
the matrix case, sometimes termed trace-regression (Rohde and Tsybakov, 2011; Koltchinskii
et al., 2011a). Indeed, if the rows @1, ..., x, of the design matrix X are replaced by my x my

matrices Xy,..., X, then the regression vector 3* is replaced by a m; X my matrix B* and

the model of trace regression is

y=tr(X/B*)+ &, i=1,...,n (2.1.2)
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Our focus here is on the statistical properties related to the prediction risk. The important
questions of variable selection and estimation in various norms are beyond the scope of the

present work.

In the aforementioned vector- and trace-regression models, the most thoroughly studied stat-
istical procedures of estimation and prediction rely on the principle of penalised least squares!.
In the vector-regression model, assuming that the quadratic loss is used, this corresponds to

analysing the properties of the estimator

~PLS , 1 — o
B € arggéﬁg{% ;(yi —z; B) +/\Pen(ﬁ)}, (2.1.3)

where A\ > 0 is a tuning parameter and Pen : RP — R is a sparsity promoting penalty function.
The literature on this topic is so rich that it would be impossible to cite here all the relev-
ant papers. We refer the interested reader to the books (Biithlmann and van de Geer, 2011;
Koltchinskii, 2011; Giraud, 2015; van de Geer, 2016) and the references therein. Among the
sparsity promoting penalties, one can mention the ¢, penalty (which for various choices of A
leads to the BIC (Schwarz, 1978), the AIC (Akaike, 1974) or to Mallows’s Cp (Mallows, 1973)),
the ¢, penalty or the lasso (Tibshirani, 1996b), the ¢, (with 0 < ¢ < 1) or the bridge penalty
(Frank and Friedman, 1993; Fu, 1998), the SCAD (Fan and Li, 2001), the minimax concave
penalties (Zhang, 2010), the entropy (Koltchinskii, 2009), the SLOPE (Bogdan et al., 2015; Su
and Candes, 2016), etc.

The aggregation by exponential weights is an alternative approach to the problems of estimation
and prediction that, roughly speaking, replaces the minimisation by the averaging. Assuming
that every vector 3 € R? is a candidate for estimating the true vector 3%, aggregation (cf.,
for instance, the survey (Tsybakov, 2014)) consists in computing a weighted average of the
candidates. Naturally, the weights are to be chosen in a data-driven way. In the case of the
exponentially weighted aggregate (EWA), the weight 7,,(3) of each candidate vector 3 has the

exponential form

n

> (wi—x/B)+\Pen(B)  (2.1.4)

i=1

1
o

Tn(B) x exp ( — Vn(,B)/T), where V,(8)

is the potential used above for defining the penalised least squares estimator and 7 > 0 is an

additional tuning parameter referred to as the temperature. Using this notation, the EWA is

LOr, more generally, on the penalised empirical risk minimisation
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Figure 2-1: Top: the plots of the pseudo-posterior 7, with the Laplace prior for the
temperature 7 = 0.5 (left) and 7 = 0.8 (right). One can observe that decreasing the
value of 7 strengthens the peakedness of the density. Bottom: the level curves of
the pseudo-posterior 7,, with the Laplace prior for the temperature 7 = 0.5 (left) and
7 = 0.8 (right). One clearly observes the non-differentiability of the density along the
axes (51 and (B, (caused by the non-differentiability of the ¢;-norm).

defined by
BEWA = | B7.(8)d8. (2.1.5)
RP

Exponential weights have been used for a long time in statistical learning theory (cf., for in-
stance, Vovk (1990)). Their use in statistics was initiated by Yuhong Yang in (Yang, 2000a,b,c,
2001a) and by Olivier Catoni in a series of preprints, later on included in (Catoni, 2004, 2007).
Precise risk bounds for the EWA in the model of regression with fixed design have been estab-
lished in (Leung and Barron, 2006; Dalalyan and Tsybakov, 2007, 2008, 2012a; Dalalyan and
Salmon, 2012; Dai et al., 2012; Golubev and Ostrovski, 2014; Chernousova et al., 2013). In
the model of regression with random design, the counterpart of the EWA, often referred to as
mirror averaging, has been thoroughly studied in (Juditsky et al., 2005, 2008; Audibert, 2009;
Chesneau and Lecué, 2009; Gaiffas and Lecué, 2007; Dalalyan and Tsybakov, 2012a; Lecué and
Mendelson, 2013). Note that when the temperature 7 equals 02 /n, the EWA coincides with the
Bayesian posterior mean in the regression model with Gaussian noise provided that the prior is
defined by mo(8) o exp(—APen(3)/7). Thanks to this analogy, we will call 7,, pseudo-posterior
density. Let us mention here that, considering the path 7 — BEWA for 7 € (0,0?%/n], we get a
continuous interpolation between the penalised least squares and the Bayesian posterior mean.

Along with these studies, several authors have demonstrated the ability of the EWA to optimally
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estimate a sparse signal. To this end, various types of priors have been used. For instance,
(Leung and Barron, 2006; Rigollet and Tsybakov, 2011b; Alquier and Lounici, 2011; Arias-
Castro and Lounici, 2014) have employed discrete priors over the set of least-squares estimators
with varying supports whereas (Dalalyan and Tsybakov, 2008, 2012b) have used Student-type
heavy-tailed priors. In the context of structured sparsity, the EWA has been successfully used
in (Alquier and Biau, 2013; Guedj and Alquier, 2013; Dalalyan et al., 2014a). Given the close
relationship between the EWA and the Bayes estimator, it is worth mentioning here that the
problem of sparse estimation has also received much attention in the literature on Bayesian
Statistics (Wipf et al., 2003; Park and Casella, 2008; Hans, 2009). Posterior concentration
properties for these methods have been investigated in (Castillo and van der Vaart, 2012;
Castillo et al., 2015; van der Pas et al., 2016; Gao et al., 2015).

Despite these efforts, some natural questions remain open. One of them, described in details
below, is at the origin of this work. Let us consider the prediction error of a candidate vector

3 with respect to the quadratic loss

n

> (@B —=z/p) (2.1.6)

i=1

1 1
(8.6 = IX(B -85 =~
On the one hand, theoretical studies of the lasso (Candes and Tao, 2007; Bickel et al., 2009;
Belloni et al., 2014; Dalalyan et al., 2014b; Bellec et al., 2016b,a), established® sharp upper
bounds for the prediction risk of the PLS estimator (2.1.3) for the ¢;-penalty Pen(83) = ||8|:.
Therefore, one could expect the EWA with the Laplace prior my(3) o< exp(—A||B]|1/7) to have a
high prediction performance. On the other hand, to the best of our knowledge, there is no result
in the literature establishing accurate risk bounds for the EWA with Laplace prior. Indeed, a
straightforward application of the PAC-Bayesian type risk bounds (McAllester, 1998) for the
EWA (such as, for instance, Theorem 1 in (Dalalyan and Tsybakov, 2012b)) to the Laplace

prior leads to strongly sub-optimal remainder terms. This raises the following questions:

Q1. Is the EWA with the Laplace prior suitable for prediction under the sparsity scenario?
Q2. If it is, what is the range of temperature 7 providing good prediction accuracy?

Q3. How do the statistical properties of the EWA with the Laplace prior compare with those

of the lasso?

Related questions are considered in (Castillo et al., 2015). Indeed, for 8* = 0,, p = n and
X"X/n = 1,, Theorem 7 from (Castillo et al., 2015) establishes the following property. For

2Provided that the Gram matrix X X/n satisfies suitable assumptions (restricted isometry, restricted ei-
genvalues, compatibility, etc.).
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all the reasonable choices® of the tuning parameter ), if the temperature 7 in the EWA with
the Laplace prior is chosen as 7 = 02/n, then the resulting posterior puts asymptotically no
mass on the ball centred at 8* and of radius Const(logn/n)/2, the latter corresponding to the
optimal rate of convergence in this model. This negative result, stated in terms of the posterior
contraction rate, can be easily adapted in order to show that, under the previous conditions,

the Bayesian posterior mean is sub-optimal.

The present paper completes the picture by establishing some positive results. In particular,
it turns out that if the temperature parameter of the EWA with the Laplace prior is of the
order sa?/(pn), where s is the sparsity of 3*, then the EWA with the Laplace prior does attain
the optimal rate of convergence. Furthermore, it satisfies the same type of sharp sparsity
inequality as the lasso does. Interestingly, the proof of this result is based on arguments which
differ from those used in the aggregation literature. Indeed, the two previously used techniques
for getting oracle inequalities for the EWA and related procedures rely either on the PAC-
Bayesian inequality or on the Stein unbiased risk estimate. Instead, the key idea of our proof

is to take advantage of the following relations:

/V(ﬁf‘ev"(m”)dﬁ=0, j=1...p, a=01 (2.1.7)
RP

Hence, most of our arguments are independent of the noise distribution and can be extended
to other settings (as opposed to the results relying on the Stein formula). Elaborating on
this, we prove that the pseudo-posterior 7,, puts an overwhelming weight on the set of vectors
3 satisfying a sharp oracle inequality with rate-optimal remainder term. In the case of the
Gaussian noise, we also obtain the explicit form of the Stein unbiased estimator of the risk of
BEWA, which can be used for choosing the tuning parameter. Finally, we extend these results

to the model of trace regression when the underlying true matrix B* has low rank.

The rest of the paper is organised as follows. The notation used throughout the paper is intro-
duced in the next section. 2.3 analyses the prediction loss of the EWA with the Laplace prior,
and 2.4 gathers results characterising the concentration of the pseudo-posterior 7,,. Extensions
of these results to the case where the unknown parameter is a (nearly) low-rank matrix are
considered in 2.5. A brief summary of the obtained results along with some conclusions is given

in 2.6. Finally, the proofs are postponed to 2.7.

3By “reasonable” we understand here the choice A = Const 0(107%)1/ 2. for which the lasso is provably rate
optimal under the sparsity scenario, provided that the design satisfies a version of the restricted eigenvalue
condition.
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2.2 Notation

This paragraph collects notation used throughout the paper. For every integer k > 1, we write
1; (resp. 0y) for the vector of R* having all coordinates equal to one (resp. zero). We set
(k] = {1,...,k}. For every q € [0, 0], we denote by |||, the usual £,-norm of u € R¥, that is
lullg = O e |u;17)Y? when 0 < g < oo, ||lullo = Card({j : u; # 0}) and ||u||oe = max;jep |u;]-
For every integer £ > 1 and any T C [k], we denote by T and |7T'| the complementary set [p]\ T’
and the cardinality of T, respectively. For u € R* and T C [k], we denote ur € RI7I the vector
obtained from w by removing all the coordinates belonging to the set T°.

In Sections 2.3 and 2.4, we recall that X € R"*P refers to the deterministic design matrix
with columns x!, ..., € R" and rows x1, ..., x, € RP. Finally, our analysis will involve the

compatibility factor of the design matrix defined, for any J C [p] and ¢ > 0, by

2J X 2
Ko = inf I Xl (2.2.1)

UERP:||u ye||1<cllus| n(c||'u,J||1 — ||’U,Jc||1)2.

Note that the compatibility factor, often used for the analysis of the lasso, is slightly larger?
than the restricted eigenvalue (Bickel et al., 2009). For a better understanding of these (and
related) quantities we refer the reader to (Bickel et al., 2009, Sections 3 and 4) and (van de
Geer and Biihlmann, 2009).

Risk bounds established in the present work for the EWA contain a new term, as compared
to the analogous risk bounds for the lasso. This term reflects the peakedness of the pseudo-

posterior density 7, and is defined by
H(t) =pr — /G(u)%n(u)du + G(BEWA), (2.2.2)

where G(u) = 1/n||Xul|3 + A|u|l;. When the temperature 7 is low, close to zero, the pseudo-
posterior 7, is close to a Dirac measure centred at the lasso, which implies that H(7) is close
to zero. Furthermore, since the above function G is convex, we have the following bound

H(t) <pr. (2.2.3)

In 2.3 and 2.4 we will occasionally use the following matrix notation. For all integers p > 1, I,
refers to the identity matrix in RP*P. For any integers p > 1 and ¢ > 1, any matrix A € RP*¢

and any subset T' of [¢], we denote by Az the matrix obtained from A by removing all the

4Since this factor appears in the denominator of the risk bound, the larger is the better.
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columns belonging to T°. Finally the transpose and the Moore-Penrose pseudoinverse of a

matrix A are denoted by AT and AT, respectively.

2.3 Risk bound for the EWA with the Laplace prior

This section is devoted to discussing statistical properties of the EWA with the Laplace prior.
Recall that it is defined by (2.1.5) as the average with respect to the pseudo-posterior density

n

1

7u(B) o exp(=Va(B)/7).  where Vo(B)= - (v~ x/B)* + \|B]h. (2.3.1)

=1

The emphasis is put on non-asymptotic guarantees in terms of the prediction loss. It is import-
ant to mention here that the Laplace prior, mo(3) o exp(—A\||B||1/7), makes use of the same
scale for all the coordinates of the vector 3. This presumes that the covariates (columns of the
matrix X) are already rescaled so that their Euclidean norms are almost equal. An alternative
approach (see, for instance, Bunea et al. (2007b); Bickel et al. (2009))—that we will not follow
here—would consist in replacing the ¢;-norm of B by the weighted £-norm =, [|=’]||5;].
The next result provides the main risk bound for the EWA.

Theorem 2.3.1. Assume that data are generated by model (2.1.1) with & drawn from the
Gaussian distribution N'(0,0°1,,) and that the covariates are rescaled so that max;ep,) 1/nl|a?||3 <
1. Suppose, in addition, that X\ > 20(2/nlog(p/8))*/2, for some & € (0,1). Then, with probability
at least 1 — 0,

BERP

(.(B™A, 8% < inf {m& B8%) + 4N,
JC[p]

922J]
2 2.3.2
1 + 4/€J73 + pT, ( )

where U, is defined in (2.1.6) and BEWA is defined in (2.1.5) and (2.3.1).

For the lasso estimator, risk bounds of this nature have been developed in (Koltchinskii et al.,
2011a; Sun and Zhang, 2012a; Dalalyan et al., 2014b; Bellec et al., 2016a). The risk bound in
(2.3.2) extends the risk bounds available for the lasso (cf. Theorem 2 in (Dalalyan et al., 2014b))
to the EWA with the Laplace prior. Indeed, letting the temperature 7 go to zero, the last term
in the right-hand side of (2.3.2) disappears and we retrieve the risk bound for the lasso. An
attractive feature of risk bound (2.3.2) is that the factor in front of the term £, (3, 3*) is equal to
one; this is often referred to as a sharp or exact oracle inequality. Furthermore, the other three

terms in the right-hand side of (2.3.2) are neat and have a simple interpretation. The second
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term, 4\[|3,||1, accounts for the approximate sparsity; when X3* is well approximated by X3
with a s-sparse vector 3, then choosing J = {j : 8; # 0} annihilates this term. The third term
of the risk bound corresponds to the optimal rate, up to a logarithmic factor, of estimation of
a vector 3* concentrated on the known set J. Indeed, if |J| = s and the compatibility factor
is bounded away from zero, this term is of order $/nlog(p). Finally, the last term in the above
risk bound, 2p7, reflects the influence of the temperature parameter 7. In particular, it shows
that if 7 = 02 /(pn) then this term is negligible with respect to the other remainder terms.

The inequality stated in 2.3.1 is a simplified version of the following one (proved in 2.7): for

any v > 1, in the event || XT&||o < n\/v, it holds

Ny + 121 ]

V2K, (v41)/(4-1)

@@WWBwsnﬁ{@wﬁﬂ+Mmyl+

BERP

} +2H(7), (2.3.3)
JClp]

where H(7) is defined in (2.2.2). On the one hand, one can use this more general result for
getting an oracle inequality under more general assumptions on the noise distribution such as
those considered, for instance, in (Bunea et al., 2007b; Belloni et al., 2014). On the other hand,
one can infer from (2.3.3) that the term H(7) highlights the difference, in terms of statistical
complexity, between the lasso and the EWA with the Laplace prior. It is therefore important
to get a precise evaluation of H(7) as a function of 7, p and n, and to understand how tight
the inequality H(7) < pr is. To answer this question, we restrict our attention to orthonormal
designs and show the tightness of the aforementioned inequality. To this end, let us introduce

the scaled complementary error function W, (t) = e'’/ 2”\/2#% I e /20 dy.

Proposition 2.3.1. Let 8, = aX"X be the Gram matriz and B“ = 1/nSIX Ty be the

least-squares estimator. Then, we have
H(r) = |Z285 |5+ ABY [ — (B TS,84. (2.3.4)

Furthermore, when the design is orthonormal, that is f]n =1,, then the EWA with the Laplace

prior is a thresholding estimator, @EWA = sign(@f )(\B\]LS\ — Aw(T, A, ]@SD), where

W, (A — |B55)) — W, (A + [B5S))
U (A — [BY)) + O (A + [B5S])

w(r, A, |B¥]) = (2.3.5)

and

H(T) MBS = Mw(r, A, 1B¥)) (1 —w(r, A, |BY9))). (2.3.6)

J

|
.Mﬁ
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The last expression of H(7) provided by the proposition may be used for a numerical evaluation.
First, let us note that if we set 8; = BJL-S /+/T and A = \/+/7, the function H(7)/7 is independent
of 7. Indeed, we have H(7)/7=3_; h(X,|B;]) where

h(X, z) = Az — dw(L, A, 2)) (1 —w(1, A, 2)), Vz > 0.

In Fig. 2-2 below, we plot the curves of the functions z ~ h(), z) for different values of the

parameter .

The function z +— h(}, 2)

Figure 2-2: For different values A € {10,20,40, 60, 80,100},
we plot the function z — h(\, z).

These curves clearly show that the bound H(7) < pr, a consequence of h(), z) < 1, is tight.
Another interesting observation is that the function H(7) is always nonnegative. This basically
implies that the value of 7 minimising the right-hand side of (2.3.3) is 7 = 0. In other terms,
the lowest risk bound is obtained for the lasso. This legitimately raises the following question:
is there any advantage of using the EWA with the Laplace prior as compared to the lasso? Our
firm conviction is that there is an advantage, and will try to explain our viewpoint in the rest
of this section.

The point is that the lasso estimator is a nonsmooth function of the data. One of the con-
sequences of this is that the Stein unbiased risk estimate (SURE) for the lasso is a discontinuous
function of data. Indeed, as proved in (Tibshirani and Taylor, 2012), The SURE for the lasso

(see also the earlier work (Donoho and Johnstone, 1995; Zou et al., 2007)) is given by

R 1 20?
Rlasso()\) _ E”y - Xz asso()\)”% — o2 + TI‘ank()(,A()\))a

where A(X) = {j € [p] : B;**°()\) # 0} is the active set for the lasso estimator with the tuning
parameter A. In theory, this quantity Elasso()\) can be used for choosing the tuning parameter

A of the lasso. However, in practice, this solution is rarely employed, since A(\) has a very
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unstable behaviour as a function of A and y. As a consequence, not only one can get very
different “optimal” values of A\ for two very close vectors y and ¥’, but is also likely to obtain
very different “optimal” values of A\ for the same vector y if using two different optimisation
algorithms for computing an approximate solution to the lasso problem.

Using Stein’s lemma, in the case where £ is drawn from the Gaussian A (0, 021,,) distribution,

one checks that

~ 1 -~ 0'2 202 3 ~
RO T) = Ly = XBRAE - T+ 2 [ X BENIE R8s (237)

is an unbiased estimator of the risk E[ﬁn(BEWA,,B*)]. Furthermore, the function (\,7) —
REWA (X, 7) is clearly continuous on (0, 00) x (0,00). One can also check that the unbiased risk
estimate ﬁEWA(/\,T) depends continuously on the data vector y. Therefore, this quantity us
arguably more robust to the variation in data and more regular as a function of the tuning
parameters as compared to Rlasso This implies that minimising EEWA()\, 7) with respect to A
or 7 might be a good strategy for choosing these parameters adaptively.

Of course, this requires to be able to numerically compute the right-hand side of (2.3.7) or,
equivalently, the mean and the covariance matrix of the pseudo-posterior distribution 7,,. For
smooth and strongly log-concave densities, the cost of such computations has been recently
assessed in (Dalalyan, 2016; Durmus and Moulines, 2016). The adaptation of the approaches
developed therein to the pseudo-posterior 7,,, which is neither smooth nor strongly log-concave

(but can be approximated by such a function), is an ongoing work.

2.4 Pseudo-Posterior concentration

Since the EWA estimator has a Bayesian flavour, it is appealing to look at the concentration
properties of the pseudo-posterior distribution 7,. This is particularly important in the light
of the results in Castillo et al. (2015) establishing that, for the temperature 7 = ¢%/n, the
pseudo-posterior 7,, with the Laplace prior puts asymptotically no mass on the set of vectors 3
having a small prediction error. Furthermore, this result is proven for the orthonormal design
matrix X, which, intuitively, is a rather favourable situation for the Laplace prior.

The first property that we establish here and that characterises the concentration of the pseudo-
posterior around its average is the following upper bound on the variance of the prediction X3
when 3 is drawn from 7,. (Recall that the matrix X has n rows, so the normalisation by

multiplicative factor 1/n is natural.)
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Proposition 2.4.1. If 7, (u)  exp (=V,,(u)/T) is the pseudo-posterior with the Laplace prior
defined by (2.3.1), then, for every B € R, we have

APVn(U)%n(U)dUSPT+Vn(ﬁ)—% . IX(w = B)I[ Fu(u) du. (2.4.1)

BEWA

Furthermore, choosing 3 = = Jop uTp(u) du, we get

1 ~
X (w — B2 7, (w) du < pr. (2.4.2)
Rp

The proof of this result is rather simple and plays an important role in the proof of the oracle
inequality stated in 2.3.1. For these reasons, we opted for presenting this proof in this section,

instead of postponing it to 2.7.

Proof. The convexity of the function 3 — ||3||; readily implies that the function 3 — W, (3) =
Vi(B) — Yon||X(u — B)||? is a convex function, for every fixed u € RP. Furthermore, we have

W, (u) =V, (u) and VW, (u) = VV,(u) at any point u of differentiability of V},. Therefore,

Vo(8) > Vi(u) + (B — u) YV (u) + %HX(U - (2.4.3)

2
I

for all 3 € R? and for almost all w € R? (those for which V;, is continuously differentiable at

u). Using the fundamental theorem of calculus, we remark that

/R V() Al du =~ /R (VA w)]du =0, (2.4.4)

and that

| Vi) 7lw) du - zw__A;E:(ﬁ%w] )%@Odu 245
= -7 /R Z % du = 0. (2.4.6)

J

Integrating inequality (2.4.3) on R? with respect to the density 7, and using relations (2.4.4)

and (2.4.6), we arrive at

m@z/

RP

Vo(w) T (w) du — pr + % /Rp X (u—B) H2%n(u) du. (2.4.7)

This completes the proof of the first claim of the proposition.
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To prove the second claim, we replace 8 by BEWA in (2.4.7). After rearranging the terms, this

yields

o [ IX (= B LR du < pr + V(B = [ Vi@ Rwdu (249

RP

Using once again the fact that u — W,,(u) = V,(u) — /20| X (u — BEWA) |3 is a convex function,

we obtain V, (BEWA) =W, (,@EWA) < [ W,(u) 7, (u) du, which is equivalent to

VH(BEWA) _/

RP

1 ~
Vi () 7o (1) dus < —%/ X (u — B[ 7o) (2.4.9)
RP
This inequality, combined with (2.4.8), completes the proof of (2.4.2) and of the proposition. []

Remark 2.4.1. A careful inspection of the proof reveals that the claims of the proposition are
independent of the precise form of the {1-penalty. Therefore, the proposition still holds if we

replace the {1-norm by any convex penalty.

The second claim of the proposition establishes that the dispersion of the distribution 7, around
its average value BEWA is of the order (pr)!/2. Interestingly, we show below that the same order
of magnitude appears when we determine a region of concentration for the pseudo-posterior 7,,.

A key argument in the proof of the latter claim is the following result.

Proposition 2.4.2 (Bobkov and Madiman (2011), Theorem 1.1). Let 7, (u) o< exp(—V,(u)/7)
be a log-concave probability density® and let B3 be a random vector drawn from 7,. Then, for
any t > 0, the inequality

Vo(B) < | Vi(w)7,(u) du + 7/pt (2.4.10)

RP

holds with probability at least 1 — 2e/16.

Using this proposition, we establish the following result (the proof of which is postponed to

2.7) characterising the concentration of 7,,.

Theorem 2.4.1 (Posterior concentration bound). Assume that data are generated by model
(2.1.1) with & ~ N(0,0°1,) and rescaled covariates, i.e., maxjep, Yn|lx?||3 < 1. Let the quality
of an estimator be measured by the squared prediction loss (2.1.6). Assume that the tuning

parameter X\ satisfies A > 20 (*/nlog(p/s))"/?, for some & € (0,1). Then, with probability at least

= . . .
°This means that V,, is a convex function.
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1 — 0, the pseudo-posterior T, with the Laplace prior defined by (2.3.1) satisfies

oN2|J|
2/@]73

782 006,60 <t {1860 + NIl +

} + 8pT) >1—2e VP16 (24.11)
JClp]

The latter theorem, in conjunction with 2.3.1, tells us that if we generate a random vector 3
distributed according to the density 7,,, then with high probability it will have a prediction loss
almost as small as the one of the EWA| the average with respect to 7,. This remark might be
attractive from the computational point of view, since, at least for some distributions, drawing
a random sample is easier than computing the expectation. Note also that by increasing the
factor in front of the term p7 it is possible to make the 7,-probability of the event considered

in 2.4.1 even closer to one.

2.5 Sparsity oracle inequality in the matrix case

In this section, we extend the results of the previous sections to the problem of matrix regres-
sion with a low-rankness inducing prior. We first need to introduce additional notations used

throughout this section.

2.5.1 Specific notation

For two matrices A and B of the same dimension, the scalar product is defined by
(A,B) = tr(A" B). (2.5.1)

The nuclear norm of a p X ¢ matrix A is ||All; = >.,_, sak, where say is the k-th largest
singular value of A and r = rank(A). The operator norm is ||A| = supgcgq [|[Az|2/||x]2 =
sa1. We denote by X = (Xy,...,X,,) € R™™>™2 the three-dimensional tensor playing the
role of the design matrix. Besides, let ||A||%2( v) = (A, A),(x) be the prediction loss defined
via the “scalar product” (A, C)r,x) = = > i ((Xi, A)(X;,C)). We will use the notation
u' X = Zie[n] w; X; € My, m, for the product of the tensor X with the vector u € R".

We now need to define the matrix compatibility factor. Its definition is more involved than
in the vector case because of the fact that the left and right singular spaces differ from one
matrix to another. Let B be any m; x my matrix of rank r = rank(B) having the singular value
decomposition B = V;X V] . Here, X is a r x r diagonal matrix with positive diagonal entries,

Yiu>...2>2 3%, >0, and V; is a m; X r matrix with orthonormal columns for j = 1,2. For
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any J C [r] and j = 1,2, we define V; ; as the m; x |J| matrix obtained from V; by removing
the columns with indices lying outside of J. This allows us to introduce the linear operators

5. from Mo, iy 10 M, i,

PB,JC(U> - (Iml - VLJVIJ)Uamz - VQ,JV;,J% P]%?:,JC(U) =U-— PB,JC(U)'

We define, for every B € M, m,, J C [rank(B)] and ¢ > 0, the compatibility factor

: | J] ||U||%2(X)
KB.Jc = inf

UEMm ,m C 7)4‘ ¢ U _— 7)7 c U 2
||7>B,Jc(U>||1<cﬁ7>£ﬂ<U>||1(H 5. (Ul = P50 (Ulh)

(2.5.2)

When J = [rank(B)], we use the notation kg . instead of kg ;.. Note that the set C(B, J,c) =
{U € Muym, = P se(U)ll1 < ¢|Pg_,.(U)|l1} defines the cone of dimensionality reduction.
It consists of matrices U that can be written as a sum of two matrices U; and Us such

that U; is of small rank and dominates the possibly full-rank matrix Us, in the sense that

|Usly < ¢|Uyllr. Indeed, it suffices to set Uy = Pz ,.(U) and to remark that Pz ,.(U) =
Vi, Vi, U+ (L, — Vi,V{,)UV,,;V, ; is of rank not exceeding 2|.J|.
Similarly to (2.2.2), we also define the function

H(7) = mymayr — / G(U)7,(U) dU + G(B), (2.5.3)

Mimy mgy

where G(U) = [[U||7, 4 + AllU[i. The convexity property of the function G entails that

H(71) < mymer for every T > 0.

2.5.2 Nuclear-norm prior and the exponential weights

The observed outcomes are n real random variables ¥, ...,y, € R. Contrary to Sections 2.3
and 2.4 where the design points are @, ..., x, € RP, this section studies the situation in which
we consider n design matrices X; € R"™*™2 for ¢ € [n]. We further assume that there is a

regression matrix B* € M,,, ., such that
y = tr(X/B*) + &, i€ |n], (2.5.4)

where the residuals &; are independent and identically distributed according to a centred Gaus-
sian distribution with variance 0. This model is referred to as trace-regression; see, for instance,

Rohde and Tsybakov (2011). In this model, the nuclear norm is akin to the ¢; norm in the
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vector case. Therefore, to some extent, the equivalent of the lasso estimator ﬁTNp_LS with a
positive smoothing parameter A, is defined by
~ 1
NNP-LS -
B g, S (B B 059

i€[n]

This is the nuclear-norm penalized least-squares estimator. Similarly to the vector case, the

]§NNP—LS
A

above defined estimator is the maximum a posteriori estimator corresponding to the

nuclear-norm prior
Ao?|| Bl }

mo(B) exp{ — .

(2.5.6)

This section investigates the prediction performance of the procedure obtained by replacing the
optimisation step by averaging. In the matrix case, we define the potential function V,, and the

pseudo-posterior, respectively, by

V) = S (y— (X BY? 4 AIBlr,  and  7(B) xexp{~Vu(B)} . (257

i€[n]

Using these concepts, we define the EWA with the nuclear-norm prior by
BEWA = / B7,(B)dB. (2.5.8)
Mml sm2

We aim at studying the performance of this estimator in terms of the prediction loss

! > (X, B-B")2 (2.5.9)

i=1

(,(B,B*) = |B - B*||72x) =

n
2.5.3 Oracle Inequality

The problem of assessing the quality of the nuclear-norm penalised estimators has received a
great deal of attention; see, for instance, (Srebro and Shraibman, 2005; Candés and Tao, 2010;
Candes and Plan, 2011; Bunea et al., 2011; Gaiffas and Lecué, 2011; Negahban and Wainwright,
2011, 2012; Klopp, 2014). Such an interest in these methods is mainly motivated by the variety
of applications in computer vision and image analysis (Shen and Wu, 2012; Harchaoui et al.,
2012), recommendation systems (Zhou et al., 2008; Lim and Teh, 2007), and many other areas.
Bayesian approaches to the problem of low-rank matrix estimation and prediction has been
recently analysed by Alquier and Biau (2013); Mai and Alquier (2015); Cottet and Alquier
(2016).
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Making the parallel with the sparse vector estimation and prediction problem, we can note
that the counterpart of the vector sparsity s = ||3*||o in the matrix case is the product (m; +
ms) rank(B*), representing the number of potentially nonzero terms in the singular values
decomposition of B*. Similarly, the counterpart of the ambient dimension p is the overall
number of entries in B* that is m;msy. In view of these analogies, the next theorem is a natural

extension of 2.3.1 to the model of trace-regression. To state it, we need the following notation:

1/2

V

n

1
EZXZ.TXZ-

=1

1/2

vy = (2.5.10)

1 n
ﬁgxﬁ

Theorem 2.5.1. Assume that data are generated by model (2.5.4) with & drawn from the Gaus-
sian distribution N'(0,,0°L,). Suppose, in addition, that X > 20vx{2/nlog((my + ms)/0)}'/?,
for some 6 € (0,1). Then, with probability at least 1 — 0, the matriz BEWA defined in (2.5.8)

satisfies

0x2|J|

4“1‘3,43

LB BY < inf {én(B,B*) APy e (B)]1 +
BeMmy,mqy
JC[rank(B)]

} + 2mymarT. (2.5.11)

This result can be seen as an extension of (Koltchinskii et al., 2011a, Theorem 2) to the
exponentially weighted aggregate with a prior proportional to the scaled nuclear norm. Indeed,
if we upper bound the infimum over all matrices B by the infimum over matrices such that

rank(B) < r for some given integer r, we easily see that (2.5.11) yields

I\2r

KB,3

(,(BEWA BY) < inf {EH(B,B*H—
BeMml,mQ
rank(B)<r

} + 2mymar. (2.5.12)

An advantage of inequality (2.5.11) is that it offers a continuous interpolation between the so
called “slow” and “fast” rates. “Slow” rates refer typically to risk bounds that are proportional
to A\, whereas “fast” rates are proportional to A\2. For procedures based on ¢;-norm or nuclear-
norm penalty, “slow” rates are known to hold without any assumption on the design, while
“fast” rates require a kind of compatibility assumption. In (2.5.11), taking J = &, the term
with \? disappears and we get the “slow” rate proportional to A||[B||;. The other extreme case

corresponding to J = [rank(B)] leads to the “fast” rate proportional to A?rank(B), provided

that the compatibility factor is bounded away from zero. The risk bound in (2.5.11) bridges
these two extreme situations by providing the rate mingep{A (5,118 +---+5,.8) + A2q}, where

r = rank(B) and s, is the (-th largest singular value of B. Thus, our risk bound quantifies
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the quality of prediction in the situations where the true matrix (or the best prediction matrix)
is nearly low-rank, but not necessarily exactly low-rank.
As well as in the vector case, the inequality stated in 2.5.1 is a simplified version of the following

one: for any v > 1, in the event ||€"X| < n)/~, it holds

Ny + 12|

VEEB,J,(+1)/(v—1)

((BPYA BY) < int {en<B,B*>+4A||7>BJc<B>||1+
BEMm, my ’

}+2H(r), (2.5.13)
PP

where H is defined by (2.5.3). This inequality as well as 2.5.1 is proved in 2.7.

2.5.4 Pseudo-posterior concentration

In what follows, we state the result on the pseudo-posterior concentration in the matrix case.
Akin to the vector case, one of the main building blocks is (Bobkov and Madiman, 2011,
Theorem 1.1), see 2.4.2 above. Since the potential V,, in (2.5.7) is convex, the proposition

applies and implies that, for every ¢ > 0,

7 (B . V,(B) < /

V,(U)7,(U)dU + n/—mlmgt) > 1 — 2¢7t/16, (2.5.14)
Mm17m2

After some nontrivial algebra, this allows us to show that a risk bound similar to (2.5.1) holds
not only for the pseudo-posterior-mean ]§EWA, but also for any matrix B randomly sampled

from 7,,.

Theorem 2.5.2. Let data be generated by model (2.5.4) with € ~ N(0,,0%L,) and let the
quality of an estimator be measured by the squared prediction loss (2.5.9). Assume that the
tuning parameter \ satisfies X > 20vx{%/nlog((my +my)/8)}/2, for some § € (0,1). Then,
with probability at least 1 — 9, the pseudo-posterior T, with the nuclear-norm prior defined by

(2.5.7) is such that the probability

9x2|J|

451‘3,J,3

Tn (B :0,(B,B*) < inf {ﬁn(B, B*) + 4\ Pg_s-(B)||1 +
JC[rank(B)]

} + 8m1m27) (2.5.15)

is larger than 1 — 2e~Vmim2/16,

We postpone the proof of Theorem 2.5.2 to Section 2.7. One can deduce from 2.5.2 that if
the temperature parameter 7 is sufficiently small, for instance, 7 < A?/(mymsy), then a random
matrix sampled from the pseudo-posterior 7, satisfies nearly the same oracle inequality as the

nuclear-norm penalized least-squares estimator. Indeed, the term 8mims7, which is the only
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difference between the two upper bounds, is in this case negligible with respect to the term

involving \2.

2.6 Conclusions

We have considered the model of regression with fixed design and established risk bounds for the
exponentially weighted aggregate with the Laplace prior. This class of estimators encompasses
important particular cases such as the lasso and the Bayesian lasso. The risk bounds established
in the present work exhibit a range of values for the temperature parameter for which the EWA
with the Laplace prior has a risk bound of the same order as the lasso. This offers a valuable
complement to the negative results by Castillo et al. (2015), which show that the Bayesian lasso
is not rate-optimal in the sparsity scenario. Note that the Bayesian lasso corresponds to the
EWA with the Laplace prior for the temperature parameter 7 = 0% /n, where o2 is the variance
of the noise. Our results imply that in order to get rate-optimality in the sparsity scenario, it

is sufficient to choose 7 smaller than o2/ (np).

We have extended the result outlined in the previous paragraph in two directions. First, we
have shown that one can replace the pseudo-posterior mean by any random sample from the
pseudo-posterior distribution. This eventually increases the risk by a negligible additional
term, but might be useful from a computational point of view. Second, we have established
risk bounds of the same flavour in the case of trace-regression, when the unknown parameter
is a nearly low-rank large matrix. This result extends those of (Koltchinskii et al., 2011a) and
unifies the risks bounds leading to the “slow” and “fast” rates. Furthermore, our result offers

an interpolation between these two extreme cases, see the discussion following 2.5.1.

With some additional work, all the results established in the present work can be extended
to the model of regression with random design. Furthermore, the case of a partially labelled
sample can be handled by coupling the methodology of the present work with that of Chapter 4.
An interesting line of future research is to apply our approach to other priors constructed from
convex penalties such as the mixed ¢;/f-norm used in the group-lasso (Yuan and Lin, 2006),
or the weighted ¢;-norm of ordered entries used in the slope (Bogdan et al., 2015). Another
highly relevant and challenging topic for future work will be to investigate the computational
complexity of various methods for approximating the pseudo-posterior mean or for drawing a

sample from the pseudo-posterior density.
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2.7 Proofs

2.7.1 Proof of the oracle inequality of Theorem 2.3.1

To ease notation, throughout this section we write B instead of BEWA. Furthermore, for a
function h : R? — R, we often write [ h7, instead of [;, h(w)7,(u)du. We split the proof
into three steps. The first step, carried out in 2.7.1, consists in deriving an initial upper
bound on the prediction loss from the fundamental inequality stated in (2.4.1). The second
step, performed in 2.7.2, shares many common features with the analogous developments for
the lasso and provides a proof of (2.3.3). Finally, the third step is a standard bound of the
probability of the event &, = {||X"€||« < nA/7} based on the union bound and properties of

the Gaussian distribution.

Lemma 2.7.1. For any 3 € R?,we have
N _ 9 - _ N 1 R
(n(B,8%) < (n(B, B7) + ~IIX €]l 18 = Blla + 22(IIBllx = 1B]11) + 2H(7) — ~[1X(8 — B)]I5

Proof. On the one hand, inequality (2.4.1) can be rewritten as

-~ —

Vn(,@)SVn(ﬁ)—i—Vn(B)—/}Ran(u)%\n(u)du—l—pT—% 3 X (u — B)|27n(u) du. (2.7.1)

J/

-

=A

On the other hand, one can check that

~ l 3 = 1 ~
ValB) = [ V() Rl du = o IXBIE + B — [ (e IXulf + Mull) 7 (w) du,

RP

(2.7.2)

L2 . R —~
i X (w — B)|[, Fulu) du = [|X(8 - B)|5 + /R Xl 7o (u) du — [ XB]5- (2.7.3)
These inequalities, combined with the definition of H, given in (2.2.2), yield

1 - = 1 o~ 1 — -~
A= SIXBIE+ NB — [ (51Xl + Nul) Falw)du -+ pr = 5L IX(B - B (27

RP

= H(r) — 5 IX(5 - B (275)

Finally, using the definitions of the prediction loss ¢,, and the potential V,,, we get

((B.8Y) ~ (a(8.8°) = 2(ValB) ~ V(B)) + ~ €' X (B~ B) + 28 — 1Bl (276)
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In view of the duality inequality, the term €TX(B\ — 3) is upper bounded in absolute value by
HXTSHOOHB—BHl. Inserting this inequality and (2.7.1) in (2.7.6) and using relation (2.7.5), we

get the claim of the lemma. m

According to 2.7.1, in the event &, = {||X"€|l < n)\/v}, we have

~ _ 20 & - ~ 1 2 A
(n(B,8%) < (n(B,8%) + 7(||ﬁ =Bl + Bl = AlIBl) +2H(7) — ~[|X(8 ~ Bl (2.7.7)

Lemma 2.7.2. For every J C [p], we have

2N~ = _ ~ 1 N _ A2 (y+1)3|J
2208 =81 + 1181 — 1181 — L1X(B - B2 < By + 20T
Y n Y RI,(v4+1) /(1)

This lemma is essentially a copy of Proposition 2 in Chapter 4. We provide here its proof for

the sake of self-containedness.

Proof. Let us fix a J C {1,...,p} and setu:B—B. We have

18 =Bl + 18Il =718l = llwsll + s [y +A1Byll +A1Bsell =785l = MBellr- (2.7.8)
Using inequalities ||3,]l1 — 18,/ < lluslls and ||Byelly = ||wsells — |B,c]l1, we deduce from
equation (2.7.8) that

18 =Bl + Y18l = Bl < (v + Dllwslly = (v = Dllwselly + 271181 (2.7.9)

Now, by definition of the compatibility factor ;. given by equation (2.2.1), we obtain

-1 T X w2 1/2
fusth - 2t < (S22 (2.7.10)
7+l I, (41)/(-1)
Hence, inequalities (2.7.9) end (2.7.10) imply that
2\ 5 5 - ~ 1 = S - 5
7(||ﬁ =Bl + 18l = AlIBl) = X8 = B)l2 < 4A|Bells + 2ab — a7, (2.7.11)

. 2 1)2
where we have used the notation a? = ||Xu|2/n and b? = 2 0F L
TR, (v+1)/(v=1)

. Finally, noticing that

N (v + 12|

2ab —a® < b? = 5
TV RI(v 1)/ (v-1)

we get the claim of the lemma. O]
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Combining the claims of the previous lemmas and taking the minimum with respect to J and

3, we obtain that the inequality

Ny + 12|

VKT, (v+1) /(y—1)

(.(B.8") < it {en(é, B8%) + N8yl +

BERP

} +2H(7) (2.7.12)
JCl

holds in the event &£,. The third and the last step of the proof consists in assessing the prob-
ability of this event.

Lemma 2.7.3. If X = (x',... xP) is a n X p deterministic matriz with columns @’ satisfying

27|35 < n and if € ~ N(0,,0°1,), then, for all e > 0,
P(| X €||o > ne) < pexp ( —ne*/(207)). (2.7.13)
Proof. By the union bound, we get

p
P(|X €| > ne) =P (max €T | > ns) <> P(|E"2!| > ne). (2.7.14)
jelp] =
Then, noticing that for each j € [p] the random variable €"x/ is distributed according to

N(0,0?%||2?||3), we deduce that

P +oo
P (||X €] > ne) < 22/ o(u) du,

j=1 /ne/(o]|@|2)

where ¢ stands for the probability density function of the standard Gaussian distribution.
Finally, by using the inequality f;oo é(u)du < 1/2exp(—z?/2) that holds for every z > 0, we
obtain the result. O

A proof of 2.3.1 can be deduced from the three previous lemmas as follows. Choosing v = 2

and € = \/2 > 0+/(2/n)log(p/d) in 2.7.3, we get that the event &, has a probability at least
1 — §. Furthermore, on this event, we have already established inequality (2.7.12). Finally,
upper bounding H(7) by p7 leads to the claim of the theorem.

2.7.2 Proof of the concentration property of Theorem 2.4.1

Let us introduce the set B = {8 € R? : V,(8) < [V, 7, + pr}. Applying 2.4.2 with t = ,/p,
we get T,(B) > 1 — 2e~VP/16. To prove 2.4.1, it is sufficient to check that in the event £, (in
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particular, with v = 2), every vector 3 from B satisfies the inequality

oN2|J|
2/@]73

0.(8,87) < int {W, B%) + N8yl +

~ BeRre

} + 8pr. (2.7.15)
JCp]

In the rest of this proof, 8 is always a vector from B. In view of (2.4.1), it satisfies

Vi(8) < 27 +VilB) = o [ IX(u— )7 () du (2.7.16)

Note that (2.7.16) holds for every 3 € RP. Therefore, it also holds for 3 = 3 and yields

1
— | 1X(u = B)[3T(u) du < dpr. (2.7.17)
RP
In addition, we have

(8. 8%) — (a(B, BY) = 2(Vi(8) — ValB)) + = €7X(8 — B) + 2A(IBl1 — 18]).  (2718)

Combining (2.7.16), (2.7.18) and the duality inequality, we get that in &,,

0,(B,8*) — 0.(8,8%) < 4dpr — % s 1X(u —B8)||3 7, (w) du (2.7.19)

2\ - _
o 18 = Bl + 221811 — [I1B]l1)- (2.7.20)

We use now the inequality || X(u —8)||% > 1/2[|X(8 - 8)||2 — | X(u — B)||%, in conjunction with
(2.7.17), to deduce from (2.7.20) that

(8.8~ 68,67 < 37+ 218~ Bl + 23180 ~ 1811) ~ oo X(3 - DI (2721

We can apply now 2.7.2 with 3 instead of ,@ and X /+/2 instead of X in order to get the claim
of 2.4.1.

2.7.3 Proof of Proposition 2.3.1

For the sake of simplicity, we abbreviate 8 = BEWA and B° = B throughout the proof. In

particular, notation BJ (resp. 39) will refer to the j-th entry of BEWA (resp. B1S). First, observe
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that one can write the posterior density as 7(u) o< exp(—V,,(u)/7) with

1 | PPN
Va(u) = Vi(u) — %HyH2 + §||§33/2ﬁ0||§ (2.7.22)

1 ~ —~
= Sl1Z32 (= B3 + M- (2.7.23)

On the one hand, the integration by parts formula yields

[ 7 ]t = = [ TR0 g

On the other hand, the expression of V,,(u) written in (2.7.23) leads directly to

~T~ ~

/]R [ V() F(w) du = / Gu)F(u)du—B 5,8, (2.7.24)

RP

where we recall that G(u) = || Xul|2/n + A|ull; = [|E¥*w|2 + A|w|:. This yields

/ G(u) 7(w)du = pr + B 5,8°,
RP

and, hence,

1 - S _
H(r) = pr — ﬁ/ G(w)7(u) du + | /285 + A8 (2.7.25)
Rp
P~ o~ ~ AT~ ~
= =815+ MBIk — 8 2.8, (2.7.26)

which proves the first claim of Proposition 2.3.1. Let us now consider the case where in =L,

Then, recalling the definition of V,,(u) in (2.7.23), a straightforward calculation reveals that

_ )\2]7 p 1 ~ ‘ 2 ~ .
Vo(u) = 5 + 5 <uj - B+ )\51gn(uj)> + AB; sign(u;) | - (2.7.27)
j=1
Hence, we deduce that 7(u) = [[/_, 7;(u;) where
1 ~ A~
7;(t) oc exp ( — 2—(t — ) + Asign(t))* — =3 sign(t)). (2.7.28)
T T

Next, let o(t) = [,

t+oo ¢(z)dxr where ¢ denotes the density function of the standard normal

distribution. For a fixed j € [p], we consider the abbreviations a = \/y/7 and b = B}) /T

Then, the change of variable u = t//7 in the first integral below, together with the observation
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that sign(t) = sign(t/+/7) for all real ¢, leads to

- [rma- Lol el g
R G o 2130
s 0 B
— B 4 asign(®) ZZZ:?EZ e Z‘j’j’ggg e (2.7.32)
— 37 + Asign(3") iéji IzB . EEZ — :ZB (2.7.33)

where W(t) = e’/2¢(t). In other terms, noticing that W, (t) = ¥(¢/1/7), we have obtained
B, = sign(3) (1391 — X, A, 132) (2.7.34)

where we have denoted w(7, A\, t) = (¥, (A —t) = UV (A +1))/ (V. (A —t) + ¥, (A +1)). Finally,
injecting (2.7.34) in (2.7.26) leads easily to the desired expression for H.

2.7.4 Proofs for Stein’s unbiased risk estimate (2.3.7)

In what follows, we denote B = BEWA for brevity. The dependance on y will sometimes be
made explicit in the proof for clarity. Below, it is understood that all gradients are taken with
respect to variable y and that 0; refers to the i-th element of the gradient. In addition, for every
function h : R™ — R", we use the notation V - h for the divergence operator ) . 0;h;. Finally,
function f will refer to the non-normalized pseudo-posterior, f(3,y) = exp(—V,(3,y)/7), and

g to its integral (the normalizing constant), i.e.

9(y) = g f(B,y)dB. (2.7.35)

According to Stein’s formula, an unbiased estimate of the risk of ,/B\—under Gaussian noise—is

given by

0?2 202

~ 1 ~ ~
RPN 7) = ~ly = XBll; — — + =~V - (XP). (2.7.36)
n n n
Therefore, to prove (2.3.7), we need only to show that

VA(y) = Cova(B) gt ¢ gren, (2.7.37)

nt
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Indeed, this will imply that

=S aloBty) = - S wl Cova(@imi= 1 [ IX(0 - B)F(a0),
which, combined with (2.7.36), leads to (2.3.7). To do so, we proceed in two steps. First, we
prove that
~ L
07(B.y) = T8 Bw)F(B.Y) (2.738)
Secondly, we show that
0By = S8l (2.7.39)
nr
Given the notations introduced above, we have
- f(B.y)
(B y) = : 2.7.40
BY) =0 2740
Then, notice that
i —x)
s o) = - (28 ) o), 2741
Hence, combining (2.7.40) and (2.7.41) yields,
9,1 (B, 1 -
109 — Lol 8)7(8.v) (2742
9(y) nT
Moreover, using one more time (2.7.41), we get
digly) _ Joif(B,y)dB
9(y) 9(y)
1 Ji—=2/B)f(B,y)dB
nt 9(y)
_ z JBSBydB
nr g(y) nr
1, -
I . 2.7.43
L@/ By) - ). (2.743)
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where (2.7.43) follows from the definition of B, f and g. With these remarks in mind, observe

that
_9fBy) 99(y)
= Tuw PV 274
= 2L(B-By)F(B.y) (2.7.46)

where the last line follows easily by combining (2.7.42) and (2.7.43). We have therefore proved
(2.7.38) and now proceed to showing (2.7.39). To that aim, we write

2B(y) =0, | BR(B.y)dAB= | BAFB.y)dB. (2.7.47)

Using (2.7.38) and then transposing the product =, (3 — B\(y)) € R we have,

0B = — [ B@l(B-Bw)7(B.y)d8

nrT Jre

= L [ (88" - BB(y) )27 (8, 4)dB

E RP
_ i( i BB 7(B,y)dB — B(y)ﬁ(yf) z;,

nrt

which is equivalent to (2.7.39) and concludes the proof of (2.3.7).

2.7.5 Proof of the results in the matrix case

BFWA - Furthermore, for a

To ease notation, throughout this section we write B instead of
function & : My, m, — R, we often use the notation [h7, or [, h(U)7,(dU) instead of
meLm h(U)7,(U)dU. In this section, we prove 2.5.1 and 2.5.2. To do so, we state and prove
2.7.1 as well as 2.7.2 that will be used throughout the proofs.

2.7.1 is an extension of the fundamental theorem of calculus in the case of locally-Lipschitz func-
tions. It will be very useful to work with any (pseudo-)posterior of the form 7,, corresponding
to convex penalties.

Let us first recall that a function f : R — R is called locally-Lipschitz-continuous, or locally-
Lipschitz, if it is Lipschitz-continuous on any bounded interval. Clearly, any locally-Lipschitz

function is absolutely continuous (in the sense of Definition 7.17 in Rudin (1987)) and, therefore,

is almost everywhere (with respect to the Lebesgue measure) differentiable.
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Proposition 2.7.1. For any locally-Lipschitz function f such that limy . f(z) = 0 and
'€ LY(R), we have

/R F(z)dz = 0.

Proof. The result of (Rudin, 1987, Theorem 7.20) implies that for any a > 0,

/_ " Pleyde = fa) - f(—a).

Since, by assumption, the derivative f’ is absolutely integrable over R, we have

/Rf’(x) de = lim /_a f(x)dz = lim (f(a)— f(—a)) =0.

a—400 a——+400

This completes the proof. O
Corollary 2.7.1. Let 0,,, 1, be the null element of My, m,. Then
/ V7, (U)dU = 0., m,-
M

Proof. We want to prove that [ [0u,,7.(U)]dU = 0 for any d := (k,1) € [mi] x [my]. To
this end, we will simply prove that [;[0y,,7(U)] dUsq = 0, where the integration is done with
respect to the sd-th entry of U when all the other entries are fixed.

The function U +— V,,(U) is locally-Lipschitz as the sum of a continuously differentiable function
(the quadratic term) and a Lipschitz term (the nuclear norm). We note in passing that any
norm in a finite-dimensional space is Lipschitz continuous thanks to the triangle inequality
and the equivalence of norms. In addition, one easily checks that ||U|? > ||U||?> = |[UTU|| >
max;(U"U);; > U?%,. This implies that if U,y tends to infinity while all the other entries of U
remain fixed, the nuclear norm ||UJ|; tends to infinity®.

As a consequence, the function Ugy — 7, (U) o< exp{—V,,(U)/7} is locally-Lipschitz and tends
to zero when |Ug4y| — oo. This implies that we can apply 2.7.1 and the claim of the corollary

follows. O

Corollary 2.7.2. With the notation introduced in 2.5, we have

/ (U, VV,,(U)) 7(U) dU = 7myms, (2.7.48)
M

6This assertion can be also established for any other norm using the equivalence of norms in My, -
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Proof of Corrolary 2.7.2. We first remark that (2.7.48) can be equivalently written as

> U,y [0u,,Vn(U)] 7,(U) dU = 7myms. (2.7.49)

de[mi]x[ma] ¥ M

To establish this identity, it suffices to prove that each integral of the left-hand side is equal to
7. We have already checked in the proof of 2.7.1 that the mapping Ugy — m,(U) is locally-
Lipschitz and tends to zero when Ug; tends to infinity. Furthermore, the latter convergence
is exponential so that Ugym,(U) tends to zero as well, when Uy, tends to infinity. In view of

2.7.1, this yields

a[Usd %H(U)]
———=dU =0. 2.7.50
/M 8IJ'sd ( )
Moreover, we remark that
O[Usgq 7, (U)] om,(U) oV, (U) . ~
Zlsa Tnd Pl =_ ) 2.7.51
o0, Usgg aU., +7,(U) Usgg 70U, »(U) + 7,(U) (2.7.51)

Therefore, multiplying by 7 and integrating over M, n,,, we get

/ U, 229 2 vy au = T/ #,(U)dU = .
M aUsd M

This completes the proof. n

The next Proposition is the matrix analogue of 2.4.1.

Proposition 2.7.2. Let 7,(U) x exp (=V,(U)/7) be the pseudo-posterior defined by (2.5.7).

Then, for every B € My, m,, we have
~ 1 — ~
/ V,(U) 7,(dU) < V,(B) — 5/ IIB — U||%2(X)7Tn(dU) + mymaT. (2.7.52)
M M

Furthermore,

/ U = BEWA|2 1) 7u(dU) < mymer. (2.7.53)
M

Proof. The convexity of U + ||U||; and the strong convexity of the function 8 +— |y — 0|3
applied in 8 = Zie[n] (X;, U) imply that for any U, B € M,,, .,

_ _ 1 _
V,(B) > V,(U) + (B - U, VV,(U)) + 5HB — U2, x)- (2.7.54)
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In order to prove 2.7.2 we rely on Corrolaries 2.7.1 and 2.7.2 from 2.7.1:
/ VV,.(U)7,(dU) =0 and / (U,VV,(U)) 7, (dU) = mymar. (2.7.55)
M M

We integrate inequality (2.7.54) over M,,, ,, with respect to the density 7, and use equalities
(2.7.55). This yields

V,(B) > /

A L A
VolU) 7 dU) — mymar + / IB — |2, ) 7uldU), (2.7.56)
M

which concludes the proof of the first assertion of 2.7.2. The second assertion follows from the

first one by choosing B = B. m

Lemma 2.7.4. In the event £, = {||€" X|| < n\/v}, for any B € My, m,,we have

o) * D * 2\ D ) D ) » )
.(B,B*) < (,(B,B") + 7( IBll: = +IBll + 1B = Bll) — B = BIIL,x) + 2H(7).

(2.7.57)

Proof. On the one hand, using the definitions of the prediction loss ¢, and the empirical loss

L,, as well as the Von Neumann inequality, we get

(B, BY) — (,(B,BY) = 2(V,(B) ~ Vy(B) + = " (X, B~ B) + 2A(|BJ. - |Bl})
1€[n]

(2.7.58)

< 2(V(B) ~ Va(B)) + - €7 X[|B ~ By + 2A(B] — |BIL)
(2.7.59)

(in &)
<

N _ _ N N
2(V,(B) ~ Va(B) + 2Bl - B + 2 B~ Bl (2760
Notice that inequality (2.7.52) can be rewritten as

N — = ~ 1 — ~
Vo(B) < V,(B)+ V,(B) — / Vi + mimet — 5/ |B — U||%2(X) o (dU). (2.7.61)
N M M

-~

=A
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One can check that

. 1A . 1 .
ValB) = [ VaRa = 31Bl + MBI = [ (51010 + AIUIL) Fu(dU),
M M

(2.7.62)
— 2 —~ — A~ ~ A~
JIU = BI 2 d0) = B = Bl + [ VI 7l dO) ~ Bl (27.63)
These inequalities, combined with the definition of H, given in (2.5.3), yield
1 5 D12
A=H(r)— §||B—B||L2(X). (2.7.64)

Inserting this inequality in (2.7.61) and using relation (2.7.60), we get the claim of the lemma.

m
The next step is to establish the counterpart of 2.7.2 in the matrix setting.
Lemma 2.7.5. For every J € [rank(B)], we have
2N, - - N P . Ny + 12|
— (7Bl = ¥IIB[l + B = B:) = |IB = BII7,(x) < 4[| Pg se(B) 1 + —— :
7 ,y KB7J7(7+1)/(’Y_1)
(2.7.65)

Proof. To ease notation, let us write B, and B e instead of Pg_;(B) = 73%’]0(]3) and Pg ;. (B),
respectively. Clearly, B = B, + Bj.. Recall that r = rank(B) and B = VXV, is the
singular value decomposition of B. Note that the matrices II, je =L, — Vy, JVI yand Iy je =
I,., =V, JV;: ; are orthogonal projectors and, for every matrix U € M, we have Pg ;.(U) =
11, ;. UIL, ..

Let W be a my X my matrix such that [|[W] =1 and <PB7JC(]§),W> = HPBJC(]T’))HI. We set

D =V, ,V],+ 1L ;o WII je. It is clear that

IBll: < 1Byl + [Byells = (Bs, D) + [ Be

, (2.7.66)
and, in view of the von Neumann inequality, |B|; > (B, D). This implies that

Bl — [Bls < [|Bye||x + (Bs — B, D). (2.7.67)

As shown in (Koltchinskii et al., 2011a), (B, — B, D) < |Pg ,.(B — B)||, — HPB,JC(]TD))HI. For
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the sake of self-containedness, we reproduce their proof here. We have

(B; —B,D) = (B, — B,V ;Vy, + II,  WII, ;) (2.7.68)
= (B; — B,V ;V] ) + (I, s«(B; — B)IL, s, W) (2.7.69)
= (B-B,V. V], — (Pg(B),W) (2.7.70)
= (B-B,Vi,V,,) —|[PsB)|:. (2.7.71)

In addition, using the triangle inequality, we get HPB,JC(]T)))Hl > ||Pg (B — B)||; — ||Bel|1.

Thus, we get

(B;—B,D) < (B-B,V,V3,) — [Ps (B - B)|: + By

.. (2.7.72)

Finally, one casily checks that (B—B, V. IV, = (Ps

5.(B=B), V1,V ,) < |Pg ,.(B-B)|.

Combining this inequality with (2.7.67) and (2.7.72), we get

Bl — [IB[l1 < 2| By

V4 [PE (B =B — [Pase(B - B (2.7.73)
If we set M =B — ]§, then we have already shown that

2\ _ ~ A _ A~
T (Bl Bl + 1B Bl |~ 1B~ B, (2.7.74)

2\

< ANByell + = (P e (VD s = 7P e VD 1+ (M) — M (27.75)

We remark that
NPg ;e (M) [[s = 7[Pr,se (M)l + M1 < (v + DI[Pg e (M)l = (v = 1| Pg e (M)]|§2.7.76)

Now, by definition of the compatibility factor xg ;. given by equation (2.5.2), we obtain

2 1/2
v—1 ]| ||M||L2X
1P -1 = TP MO < (o) @)
Hence, inequalities (2.7.76) end (2.7.77) imply that
2A 1 2 2
7(7"7)B,JC(M)"1 —Pg,se(M)[|1 + [IM]|1) — M7, x) < 2ab— a, (2.7.78)
where we have used the notation a* = |[M]|7, ) and 0* = XML Fipally, noticing
TEB,J,(v+1)/(v—=1)
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that 2ab — a® < b? we get the claim of the lemma. O

Combining the claims of the previous lemmas and taking the minimum with respect to J and

B, we obtain that the inequality

B A = A2 1)%|J
(,(B,B*) < inf {&(B,B*) + 4M[|Pg e (B) |1 + (v+1)7J]

BeM 2Kh _
JC[raEnk(B)] TRBLI(v+1)/ (1)

} +2H(r) (2.7.79)

holds in the event £,. At this point, we remark that we have proved the more general result of
Inequality (2.5.13).

The third and last step of the proof consists in assessing the probability of the event £,. We
rely on Theorem 4.1.1 from (Tropp, 2015) that provides a comprehensive account on matrix

concentration inequalities.

Lemma 2.7.6. Let X be a fived design tensor and vy be defined by (2.5.10). If€ ~ N(0,,0°1,),

then, for all e > 0,
P(|€TX| > ne) < (m1 +ma) exp ( — ne?/(20%0%)). (2.7.80)

Proof. 1t is clear that /o are standard gaussian random variables. Therefore, we can apply

(Tropp, 2015, Theorem 4.1.1) to the m; X my matrix

Z=) &X;/o. (2.7.81)
i=1

One easily checks that
v(Z) = |E(ZZ")| v I[E(Z"Z)| (2.7.82)
= 1D oXX VDo XX = v (2.7.83)

i=1 i=1
Therefore,

P(|[€TX/o|| > ne/o) < (mi +ms) exp (—ne?/(20%vyx)), (2.7.84)
from which we deduce the claim of 2.7.6. m

A proof of 2.5.1 can be deduced from the three previous lemmas as follows. Choosing v = 2 and

e = Ay > ovxy/Ynlog((mi +msy)/8) in 2.7.6, we get that the event &, has a probability at
least 1 — 0. Furthermore, on this event, we have already established inequality (2.7.79), which

coincides with the claim of 2.5.1.
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We conclude this section by proving 2.5.2 which is the analogue of 2.4.1. Let us introduce
the (random) set B = {B € My, m, : Vo(B) < [V, T, + mimar}. Applying (2.5.14) with
t = /mima, we get T,(B) > 1 — 2e~Vmm2/16 To prove 2.5.2, it is sufficient to check that in

the event &, (in particular, with v = 2), every matrix B from B satisfies the inequality

_ _ 9N2|J
(,(B,B*) < inf {fn(B,B*) + 4| Pg_ e (B) |1 + l
BeM ’ 2/‘?]'3,],3

} + 8mymert. (2.7.85)
J€[rank(B)]

In the rest of this proof, B is always a matrix from B. In view of (2.7.52), it satisfies
Vo(B) < 2mumsr + Vi(B) — % /M |U = BIE, ) Fu(dU). (2.7.86)
Note that (2.7.86) holds for every B € M,,, ,n,. Therefore, it also holds for B = B and yields
/M U — BJ[7,x) Tn(dU) < dmymor. (2.7.87)
In addition, we have
£0(B,BY) — 1, (B.B") = 2(V,(B) = Va(B) + 2 3 &:(X, B—B) -+ 2(1Bl: ~ [Bll). (2759
i=1

Combining (2.7.86), (2.7.88) and the Von Neuman inequality, we get that in &,

= 2\ _ _
(a(B, B*) = £,(B,B*) < dmimat + — (v[|Blls — 7I[B|. + [|B — BJ)1) (2.7.89)

Y
_ /M |U = BJ2, ) 7a(dU). (2.7.90)

We use now the inequality |[U — B|7, ) > /2B — B}, x) — [U — B3, 4, in conjunction
with (2.7.87), to deduce from (2.7.90) that

* D * 2)\ — — 1 _
(,(B,B*) — (,,(B,B*) < 8mymar + - B — Bl + 2A([[Bl[1 — [IB[l1) — §||B - Bl%,x)

(2.7.91)

We can apply now 2.7.5 with B instead of B and X /v/2 instead of X in order to get the claim
of 2.5.2.
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Abstract

We study the behaviour of the Langevin Monte Carlo approximation method to estimate log-
concave densities. In the existing literature, the density is assumed to be strongly log-concave
and its gradient Lipschitz continuous. In our case we provide results in the spirit of Dalalyan
(2016), Durmus and Moulines (2016) and Dalalyan (2017) without assuming that the gradient
of the potential of the density is Lipschitz continuous. In particular, it will allow us to consider
the exponentially weighted aggregate with Laplace prior estimate as in Chapter 2 (Dalalyan
et al. (2016)). In this study, provided that the gram matrix is invertible, we provide a method
that offers guarantees in the sense of the Wasserstein metrics. These results will provide an
explicit upper bound on the quality of the sampling and therefore of the approximation of the
estimate.

3.1 Introduction, context and notations

Let p be a positive integer and 7 be a log-concave distribution density in R?. Then the potential

f associated with 7 is a convex function and takes value in R? such that for any 3 € RP,

m(B) o exp{—f(B)}. (3.1.1)

The potential f can be seen as the negative log-likelihood or the negative log-posterior. In this

paper, we study approximation methods of the quantity

5 - Jow wexp{—L“}du
T fpexp{-fdu

(3.1.2)

for any 7 > 0 such that [;, exp{—@}du is finite. Provided it exists, the limit of BT when 7
tends to 0 is the maximum likelihood estimate. In that case, closed solutions or approximations
of the estimates of such forms have been thoroughly studied in the literature. There are well-
known guarantees on the quality of the approximations that often come from optimization
methods as described in Boyd and Vandenberghe (2004).

However, almost every time 7 is not null, the approximation of BT requires sampling methods
for which convergence properties are less understood. The authors of Dalalyan (2016), Durmus
and Moulines (2016) and Dalalyan (2017) answered this question when 3, is approximated
by averaging a discretized Langevin Monte Carlo sampling algorithm with respect to m. The
authors of these papers offer non-asymptotic guarantees of the quality of the approximation in
the sense of Kullback-Leibler metric (Dalalyan et al. (2016)) and in the sense of the Wasserstein
distance (Durmus and Moulines (2016) and Dalalyan (2017)). Such results offer practical

insights of the number of required iterations in order to obtain a desired precision. In these
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papers, the rate of convergence of the approximates are directly linked to the property of strong
convexity of f and to the Lipschitz property of V f, the gradient of f.

These results offer useful guarantees in the context of pseudo-bayesian methods. For example,
this question can be motivated by the pseudo-bayesian analogue to penalized regression. Let

us consider instances of the potential f that can be written as

f(B) = L(B) +9(B), (3.1.3)

where, from a frequentist point of view, L is the fitting term while g is the penalization term. On
a Bayesian basis, L is the negative log-likelihood and g is the logarithm of the prior distribution
of the parameter 3. In that context, BT is the pseudo-Bayesian estimate.

No matter the design of the data, the results of Dalalyan et al. (2016), Durmus and Moulines
(2016) and Dalalyan (2017) applied very well to the pseudo-bayesian analogue of the Ridge
regression. Indeed, in that case, V f is lipschitz-continuous, ¢ is the fs-norm that is strongly
convex and L is convex, which makes in turn f strongly convex.

However, one may want to slightly relax the assumptions and to keep benefitting from non-
asymptotic guarantees. For example, one may wish to consider the case where f is strongly
convex but Vf is not Lipschitz-continuous. Another instance of practical motivation is when
f is subdifferentiable and not differentiable for some elements in RP.

In the classical optimization settings, there have been developed nearly equivalent results when
the convex function to optimize is subdifferentiable instead of differentiable. It would make
sense that we could offer analogous results in the averaging settings. In a sense, we aim at
crossing this chasm by offering non-asymptotic guarantees in order to approximate averaging
estimate with a given accuracy.

This question has been motivated by the challenge of approximating the exponential weighted
aggregate with Laplace prior as in Chapter 2 (Dalalyan et al. (2016)) where the function g is
the ¢; -norm. Therefore, g is not differentiable for any 3 that has at least one null element.
However, g is differentiable almost everywhere.

Even though this situation does not belong to the scope of the aforementioned papers, one
would expect the theoretical properties of the Langevin Monte Carlo sampling approximation
to hold, up to a few adjustments. Indeed, f is strongly convex (provided conditions on L) and
its gradient is almost everywhere defined and Lipschitz-continuous.

In this study, we assume L and g to be convex functions. Besides, we assume L to be differen-

tiable and m-strongly convex while g is assumed to be subdifferentiable. Let u be the measure
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of probability associated with the density 7.

The rationale behind this work consists in approximating the measure p by a well chosen
measure ;° associated with a density measure 7y and with a potential f, that is differentiable,
strongly convex and which gradient is Lipschitz continuous. Using the results of Durmus and
Moulines (2016), we obtain an upper bound of the Wasserstein distance between the measure
1° and the one associated with the simulation by a discretized Langevin Monte Carlo process,
as described in Durmus and Moulines (2016) and Dalalyan (2016). If u® and p are such that
the Wasserstein distance is small enough, by the triangle inequality we would obtain an upper
bound of the distance between p and the discretized sampling process of u°.

The rest of this section provides us with notations and frames the context of our study. In par-
ticular we define the Wasserstein distance and the discretized Langevins Monte Carlo process.
Section 3.2 gathers and combines results found in the literature in order to prove the quality
of the approximation in a finite number of iteration. In Section 3.2, we also mention some
useful upper bound tips on the Wasserstein distance. The main results is Corollary 3.2.3 that
interprets the impact of the caracteristic of the measure and of the smooth approximation. In
Section 3.3, we focus on our initial motivation, namely the challenge of approximating the ex-
ponentially weighted aggregate with Laplace prior estimate. We propose a well chosen measure
1Y which depends on a smoothing parameter v > 0. Corollary 3.3.2 provides a practical result
to help practitioner to approximate the exponentially weighted aggregate estimate by choosing

the parameters and by defining the number of iterations required to achieve a given accuracy.

3.1.1 Notations

Let p be a positive integer, for any u € R?, [[u2 is the Euclidean norm and [ully = ;¢ 5]
the ¢;-norm and, more generally, ||u||; refers to the ¢,-norm for any positive integer k. We will
denote 0, the null vector of dimension p. The matrix I, is the identity matrix of dimension p.
The gradient operator of a function v is denoted V and the subgradient set dv. We can now

set the definitions of strong convexity and gradient Lipschitzness.

Definition 3.1.1 (m-strong convexity). Let f be a function taking values in RP, let m be a

positive integer, f is m-strongly convex if and only if

f(B) = f(B) +u'(B-P)= 18- Bl3. YVu € 9f(8),v3,8 € R”. (3.1.4)

m
2

Definition 3.1.2 (gradient M-Lipschitz). Let f be a function taking values in R, let M > 0,

80



f s continuously differentiable and has a M -Lipschitz gradient if and only if

IVF(B) = V(B2 < M|B— Bl VB,8 € R (3.1.5)

Let m > 0 and M > 0, we note Fyy,, the set of functions that are m-strongly convex and which
gradient is M-Lipschitz. It is interesting to remark that, if a function f belongs to the family
Farm, it implies necessarily that m < M. This comes from the study of Definition 3.1.1 when
8 — 3.

Let k be a positive integer, we also define Py the set of probability measures in R? with finite
k-moment.

For any set €2, let us define B(€2) as the Borel set of 2. For a probability measure v and Markov
kernel @, we denote v the probability measure {(vQ)A = [, v(u)Q(u, A)du : A € B(RP)}.
Throughout this work, we use the Wasserstein distance of order 2 as the distance of reference
between two measures. This choice is motivated by the strong results of Durmus and Moulines

(2016) using Wasserstein distance, instead of Kullback-Leibler as in Dalalyan (2016).

Definition 3.1.3 (Wasserstein distance). The Wasserstein distance of order 2 between two

measures of probability v and n, WZ(v,n) is defined by

1/2
Wy(v,n) = inf {/R i Hu—v”%dw(u,v)} (3.1.6)

Ye¥(vm)
where V(v,n) is the set of probability measures on RP x RP with marginals v and 7.

For clarity purpose, we also remind the definition of the Kullback-Leibler divergence between

two probability measures v and p.

Definition 3.1.4 (Kullback-Leibler divergence). Let v and p be two probability measures over
a set €, then if v is absolutely continuous with respect to u, the Kullback-Leibler divergence is

defined by

dv

log (—)dy. (3.1.7)

KLl = [ 1os (T

Q

Finally, we define the norms

£l = [ (7)) n(cn), 3.18)

and

1 £lloe = max [ f ()] (3.1.9)
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3.1.2 The Langevin Monte Carlo algorithm

Let fs be m-strongly convex, continuously differentiable and with a M-Lipschitz continuous

gradient. We consider the Langevin stochastic differential equation associated with
d¥, = —V f,(9,)dt + V2pb,, (3.1.10)

where b, is a p-dimensional Brownian motion. The process studied in Durmus and Moulines
(2016)" and Dalalyan (2016) is the Markov chain process based on the Euler-Maruyama dis-
cretization

vl = vy = AV fi(vp") + V20h€y, (3.1.11)

where h > 0 is the discretization stepsize and &, is a p-dimensional standard Gaussian variable.
It is worth remarking that 5" can be either set arbitrarily in R? or be the result of a random
distribution. In the case where vg’h is generated by a probability measure v, we note VP}{?S the

measure of the Markov chain defined in Equation 3.1.11.

In this study we focus our attention on the Euler-Maruyama discretization process as described
in Equation 3.1.11. Other discretization schemes might be considered and could be subject to

further studies.

Section 3.2.1 offers explicit and computable upper bound of the quantity W;(I/P,f;, p®) while
Section 3.2.2 guarantees an upper bound of W2 (u, u1).

Although we will derive results that hold for functions f in the general case as described in
Equation 3.1.3, we will consider some specific cases too. For example, in Section 3.3 we will
explicitly investigate the computational challenge of the EWA with Laplace prior as described
in Chapter 2 (Dalalyan et al. (2016)). In that case,

T 2n

+ 1811, (3.1.12)

where 7 > 0 is the temperature parameter.

In the paper of Durmus and Moulines (2016), the sampling process considered is more general since stepsize
h are not assumed constant; however, in our work, we specify this sampling procedure to the case where h is
constant.
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3.2 Guarantees for the Wasserstein distance of subdiffer-

entiable potentials

For practical reasons, one may want to sample data from a computable measure i that ap-
proximates well a given measure u. In this study, the approximation accuracy is in the sense of
the Wasserstein distance; The measure i approximates the targeted measure p with accuracy
€ >0if Wy(pu, 1) < e

Let m > 0 and M > 0, in this section we show that it is possible to approximate accurately the
sampling process of a measure p as long as there exists a measure p° associated with a smooth
function fs € Far, such that Wa(p, 1°) is smaller than the desired accuracy level e. If such p°
exists, we propose to approximate the process by applying the Euler-Maruyama discretization
of the Langevin Monte Carlo process to p° as described in Equation 3.1.11. We named this
process ﬁzh for any integer k.

The rationale behind this procedure is straightforward, since fs € Fps,m, the guarantees proved
in Dalalyan (2016), Durmus and Moulines (2016) and Dalalyan (2017) offer explicit upper
bounds of Wy (u?, ﬁi{h) for a given and explicit number of iterations K. Moreover, if f; can be
chosen such that Wa(u, 1*) is upper bounded by a quantity smaller than the accuracy level e.
Then, using the triangle inequality,

Wa g, i) < Walp, 1) + Walp, i), (3.2.1)

one may choose an explicit number of iterations K such that the Wasserstein distance between
o and 75" is smaller than e.

This section states this rationale in Corollaries 3.2.2 and 3.2.3. They are guarantees on the
quality of the approximate of the estimation by Langevin Monte Carlo ;/Z;(h when the log-density
f is close, in the sense of the Wasserstein distance, to an artefact log-density fs € Farm.
Section 3.2.1 translates the results of Durmus and Moulines (2016) and Dalalyan (2017) in
order to offer an upper bound of Wy(u?, ﬁ%h) It is not always simple or even possible to obtain
an explicit quantity of Wa(u, 1*). Thus, we provide in Section 3.2.2 some tools to control the
quantity Wa(u, p*) with respect to the Kullback-Leibler divergence. These results are mainly
due to the very thorough book of Bakry et al. (2014). We seize this opportunity to upper
bound the Wasserstein distance with other distances such as || f — fs||%2(7r) or ||f — fs|loo- This
can be useful in practical situations where one meets difficulties to upper bound explicitly the

Kullback-Leibler divergence.
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3.2.1 Theoretical guarantees from Durmus and Moulines (2016) and

Dalalyan (2017)

This section outlines results from Dalalyan (2017) which are closely related to Durmus and Mou-
lines (2016). These results exhibit upper bounds that apply to the last term of the right hand
side of Inequality 3.2.1 WQ(,LLS,[/Z?(}L). Indeed these results hold for any log-density f; € Farm
when the sampling of the Langevin Monte Carlo is built on the Euler-Maruyama discretization
of the markov chain as described in Equation 3.1.11.

Theorem 3.2.1 is a mere translation of Dalalyan (2017)[Theorem 1] into our notations. Theorem
3.2.1 is very close to Durmus and Moulines (2016)[Theorem 3|. Actually, in the followings, as
we will consider constant stepsize of the discretization process, Theorem 3.2.1 is equivalent
to Durmus and Moulines (2016)[Corollary 5| that is a consequence of Durmus and Moulines
(2016)|Theorem 3.

Theorem 3.2.1 considers the case where the discretization stepsize h is smaller than 2/M with
M being the gradient Lipschitzness coefficient as defined in Definition 3.1.2. The smoother is
the gradient the rougher can be the discretization scheme. Even though one could possibly
choose h = 2/M to benefit from theoretical Theorem 3.2.1, it may be interesting to choose
smaller stepsize. Indeed, the upper bound has two different regimes depending whether A is

smaller than 2/(M + m) or not.

Theorem 3.2.1 (Wasserstein upper bound of fs € Farm). Let fs € Farm and p® the measure
of probability associated with fs. Let h < % and K > 1, for any probability measure v € Po,
we consider the probability measure ﬁi(h defined by the probability distribution l/Pfh, where
Pfh is the discretized process diffusion approximation described in FEquation 3.1.11. Then, if

h <2/(M+m),
oh . M
Wo (s, 1®) < (1 — mh)KWy(v, 1i*) + 1.82— (hp)'/2. (3.2.2)

Alternatively, if h > 2/(M +m),

Wo (s, u®) < (Mh — 1)5Wy(v, 1*) +1.82 (hp)/2. (3.2.3)

2—Mh

It is worth commenting some elements of this result. The right hand side of Inequalities 3.2.2
and 3.2.3 are both composed of two elements. The first one decreases with the number of

iterations K and depends on the initial choice of the measure v € P,. We will name this
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quantity the decreasing part. Respectively, we will name the constant part the second term in
the right hand side of these inequalities. Let us first consider the case when one has chosen a
stepsize h smaller than 2/(M + m). First of all it is easy to show that

lim (1 —mh)* =0. (3.2.4)

K—+o0

Indeed, since 0 < h < 2/(M +m) < 1/m, it implies that 0 > (1 —mh) < 1. Moreover, it
implies that the decreasing part of the upper bound is decreasing with h. On the other hand

the constant part

M
1.82° (hp)'/? 2.5
87n(m (3.2.5)

increases with M and p and decreases with m and h. Therefore one faces a tradeoff. A small
value of h minimizes the constant part while a value of h closer to 2/(M + m) minimizes the
decreasing part. In practical situation, for a given targeted accuracy, one may not have so much
choice. It is clear that the constant part has to be controlled with a small value of h and the

number of iterations K will be chosen to counterbalance the small value of h.

In the case where h > 2/(M + m), the interpretation is different. Even though

lim (Mh—1)%X =0 (3.2.6)

K—+o0
increases with h, contrary to the quantity defined in Equation 3.2.4. The constant part

Mh

RV

(hp)'/? (3.2.7)

increases with h too. In the case where h > 2/(M + m), we recommend to choose a small h

close to 2/(M + m).

Theorem 3.2.1 is key to our study. However, as mentioned in Dalalyan (2017), it does not
provide explicit guarantees since it depends on the term Wy(v, p®), while v has not been spe-

cified, and on W5, which may often be difficult to compute for any v € Ps.

In order to offer an explicit upper bound as in Corollary 3.2.1, we remark that Theorem 3.2.1
holds for any v € P,. In particular, it is true for any Dirac measure. It makes the consideration
of deterministic initialization of the Langevin Monte Carlo process possible. Let us consider an
arbitrarily chosen vector B(O) € RP, let us set the measure v to be a Dirac in ,6(0), v = (5ﬁ<0).

Let 3, be the average with respect to the density 7,. Then we can propose a rough but explicit
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upper bound of W3(dgw), 1°) using the exact same arguments as in Dalalyan (2017). Indeed,

W20, %) < 189 — B2 + / 18, - BlEr.(dB). (3.2.8)

Therefore,

S ) p
WQZ((SI[;(O))M ) S HIB(O) _ﬁng + E (329)
This leads to the conclusion that,

1/2

Waldg01%) < 1B =Bl + () (3.2.10)

In a practical context, the use of a deterministic initialization enables, through Inequality 3.2.10,
an explicit upper bound of Wz(ﬁ}h, u®). Of course, it requires B? to be chosen. If the use of a
deterministic initialization is useful for the proof of the existence of an explicit upper bound of
Wg(ﬁ;(’-h, 1%), the choice of the initialization is of paramount importance in a practical context.
Indeed, a not suited choice of B deteriors strongly the approximation accuracy. The following
corollary is a consequence of a deterministic initialization, it provides an explicit upper bound

and exhibits the importance of the choice of ). One more time, Corollary 3.2.1 is a mere

translation of the results of Dalalyan (2017).

Corollary 3.2.1. Let fs € Fuarm and p® the measure of probability associated with fs. Let
h < % and K > 1, for any probability measure v € Py, we consider the probability measure
ﬁ;&h defined by the probability distribution VP;(h, where Pffh is the discretized process diffusion

approzimation described in Equation 3.1.11. Then, if h < 2/(M +m),

o : 12 M
W (s, 1) < (1 — mh)K<||5(0) —B,ll2 + (%) > + 1-82E(hp)1/2‘

Alternatively, if h > 2/(M +m),

(hp)'/2.

_ 1/2
Sshos) o _\K o) P .
Wa(i i) < (M= 1R (189 =Bl + (2) ) + 182

Corollary 3.2.1 will be used in Section 3.2.3. In the meanwhile, we study results that enable to

control the distance between the smooth measure and the non-smooth targeted measure.
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3.2.2 Bounding the Wasserstein distance between approximation and

the target distribution

In Section 3.2.1, we remind some explicit upper bound of the distance Wg(ﬁjgh, p®) for a given
stepsize h and an explicit number of iterations K, when f; € Fur,. Now, we study some
inequalities that are useful to bound the second term of Inequality 3.2.1, Wy(u, p®). Close
forms of Wasserstein distance between two measures are not always known, this section provides
the practitioners with some tools to explicitly upper bound Ws(u, p*). The main result of this
section is Proposition 3.2.1. It is a direct application of some results from the optimal transport
theory applied in the trivial case that is RP. It states that the m-strong convexity of the
smoothed potential f; guarantees an upper bound of the Wasserstein distance between p* and
the measure of probability of interest p. It is a method to upper bound the distance Wo(p, p)
by a quantity that is related to the Kullback-Leibler divergence K L(u|px®). This result is
implied by Bakry et al. (2014)[Corollary 9.2.2] which is a specific case of the more general
result Bakry et al. (2014)[Theorem 9.3.1]. These results can be interpreted as generalizations
of the Talagrand inequality theorem as described in Bakry et al. (2014)|Theorem 9.2.1]. The
goal of this section is to provide methodologies that can help upper bounding the quantity
Wa(u, p®) in practical situations. Therefore, we mention complementary results that could
offer guarantees on the upper bound of the Kullback-Leibler divergence, and consequently of
the Wasserstein distance. So are the goals of Proposition 3.2.2 and Remark 3.2.1.

In order to understand the result of Proposition 3.2.1, we first introduce the definition of the
quadratic transportation cost inequality 7 (p) for any positive real p as in Otto and Villani

(2000)[Definition 2] and to Bakry et al. (2014)[Definition 9.2.2].

Definition 3.2.1 (Quadratic transport cost inequality). Let n be a probability measure we say
that the quadratic transportation cost inequality T (p) holds for n (i.e. n € T(p)) if for any

measure v € Py, absolutely continuous with respect to n ,

2K L
W2(n,v) < ﬂ. (3.2.11)
p
This definition states that Inequality 3.2.11 must hold for any v € P,. Since we consider target

measure g in Py, if one is able to choose a measure p® in T (p) for a given p > 0, then the

inequality (s
2K L(pl|p®

W3 (1) < .

(3.2.12)
would hold.
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Proposition 3.2.1 gives conditions that are sufficient to guarantee that a measure p° belongs to
the set T (p) for an explicit value of p as long as there exists an associated potential f; that is
twice differentiable and strongly convex. The parameter p will be defined by the coefficient of

strong-convexity of f.

Proposition 3.2.1. Letm > 0, and f, the potential of ms be twice differentiable and m-strongly
convez, then p* € T(m).
It implies that

W3, ) < ZEEwde) (3:2.13)

m
This result can be deduced from Bakry et al. (2014)[Corollary 9.3.2] that states, with our

notations, that if du® = exp(—f;)dB3 is a probability measure of R? where f; is a smooth
function such that V?(f;) %= pI, for some p > 0 then p* satisfies the quadratic transportation

cost of Inequality 3.2.11 (i.e. u® € T(p)). Since p® € T(p), for any v € Ps,

o 2KL(v|p)

Wiy, 1) < (3.2.14)
In particular, u € Py and f, € Far,, implies that V2(f,) = ml,, therefore
2K L s
Wi pt) < ZREEID, (32.15)

which concludes the proof of Corollary 3.2.1. [J
Using Proposition 3.2.1 directly offers a solution to upper bound the second term of Inequality
3.2.1 as long as there exists m > 0 such that f, is twice differentiable and m-strongly convex.

Indeed, if so,

2KL(uH/ﬁ)>”2

Wa(p, 1*) < ( -

(3.2.16)

The result of Dalalyan (2016)|Lemma 3] upper bounds the Kullback-Leibler metric between two
measures with some assumptions that are reasonable in the context of Section 3.3. This is the
reason why Proposition 3.2.1 is interesting for our purpose. The result Dalalyan (2016)|Lemma

3] is described in our notations in Proposition 3.2.2.

Proposition 3.2.2 (Dalalyan (2016), Lemma 3). Let fs and f be some potentials respectively
associated with the measures p* and p such that f(B) < fs(B), for any B € RP. If exp (—f)

and exp (—fs) are both integrable, then

s 1
KL(ulp) < 51 = fulfcer (3.2.17)
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where  1s the density associated with v and f.

Remark 3.2.1. From Inequality 3.2.17, it is trivial to remark that, with similar assumptions

than the ones necessary to Proposition 3.2.2,

KL(ll®) < 51 = £ = wax{1(8) - 1.(8)1}* (3218)
Indeed,
I =l = [ (70w) = ) antan, (32.19)
RP
therefore, m being a density, by construction, it integrates to one. It implies that,
[ () = pw)antu) < max{(£(8) - £(6))°} (3:2:20)

Combining Inequalities 3.2.17 and 3.2.20, we obtain Inequality 3.2.18.

In view of Definition 3.2.1, Proposition 3.2.2 and Remark 3.2.1, some conditions in the choice
of the smooth potential f, are now known to guarantee an upper bound of the Wasserstein
distance Wy (p, p1*).

If * is such that one knows an upper bound of K L(u|/x®) then it is enough to show that there
exists p > 0 such that p* € T(p). In particular, Proposition 3.2.2 states that if u® is twice
differentiable and m-strongly convex, then p® € T(m). In the case one does not know an upper
bound of the divergence K L(u||p®), then Proposition 3.2.2 and Remark 3.2.1 provide one with
some methodologies to upper bound the Wasserstein distance Wy (u, p®). If f(3) < fs(8), for
any 3 € RP, then,

(3.2.21)

m(unm))m M= fllia) N = Folloo

Wl ) < ( m mt/2 -~ ml/2
Even though these inequalities are very rough, they may be useful if one aims at obtaining
explicit guarantees. Moreover, it is worth noting that these inequalities provide guidelines
to choose p® and fs. Indeed, the Wasserstein distance Wo(u, p°) decreases with the strong-
convexity coefficient m of the potential f, and increases with the divergence between p and p*
(in the sense of Kullback Leibler) or similarly with the distance between f and f.

Section 3.2.1 gives explicit upper bound of the Wasserstein distance Wg(ﬁ}h, 1®), while this
section defines conditions for which Wy(u, #®) is controlled. In the next section, we combine

these results to prove, under a given set of assumptions, the existence of an explicit upper

bound with a finite number of iterations K of Wa (5", 11*).
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3.2.3 Conclusion on theoretical guarantees in finite sampling

It is now possible to consider the case of interest by using the triangle inequality applied to

previous results,

Walp, i) < Walp, p*) + W, i), (3.2.22)

For the sake of completeness, the authors Clement and Desch (2008) offer a complete proof of
the triangle inequality property of the Wasserstein distance.

This being taken into consideration, we deduce a corollary from Theorem 3.2.1 and Corollary

3.2.1.

Corollary 3.2.2. Let f; be a smooth potential that approximates f such that fs € Farm, and
let p* be the measure of probability associated with fs. Let 0 < h < 2/M and K > 1, for any
probability measure v € Py, we consider the probability measure ﬂj(h defined by the probability
distribution I/Pgh, where Pf’(h 18 the discretized process diffusion approrimation described in

FEquation 3.1.11.
Then, if h < 2/(M 4+ m),

- (3.2.23)

115 M 2K L(p|| )\
Walfig, 1) < (1 — mh)KWa(v, u*) + 1.82%(@)1/2 + <—(“”“ >> _

Alternatively, if h > 2/(M +m),

N 2K L () \
Wo (a5, p) < (Mh — )XWy (v, u°) + 1.82 (hp)'/? + (M) . (3.2.24)

m

2—Mh

Furthermore, it is possible to substitute the terms Wy (v, u*) and K L(u|p®)'/? in Equations
3.2.23 and 3.2.24 by more explicit quantities. If the substitution of Ws(v, u*) does not require
additional assumptions, the upper bound of K L(u|1*)? by (|| f — fslltae))/2 or (| f = fsllo)/2
requires so. Even though the substitution with (||f — fsl/e) is the roughest we represent
Corollary 3.2.3 with this substitution, because it is often simpler to get a close form of (|| f —

[slls) than of (||f — fs||o@m)). Of course one could use the same corollary with the term

(If = fillzom) instead of ([|f = flloo)-

Corollary 3.2.3. Let fs € Farm and p® the measure of probability associated with fs. Let

h < Z and K > 1, for any probability measure v € Py, we consider the probability measure

M
ﬁ;gh defined by the probability distribution VP;F n, Wwhere Pffh is the discretized process diffusion

approzimation described in Equation 3.1.11. Moreover, if fs is twice differentiable and fs(3) >
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f(B) for any B € RP, then if h < 2/(M + m),

~8 _ P 1/2 M — fillso
Wa(ufe’zms<1—mh>K(||ﬂ<°>—ﬁs||2+(E) )+1.825<hp>1/2 +Hfm1{2|! |

Alternatively, if h > 2/(M +m),

Wit ) <0 = 1< (189 - Bl + (2)") + 1s2y 2 )

This corollary is the combination of known results from the literature such as the one mentioned
in Dalalyan (2017). However it is new in the sense that it provides an explicit guarantee of
the quality of the sampling approximation of the measure u, even though f does not belong
to the set Fys,. Clearly, some questions remain since || — 3,]|5 is not necessarily known,
neither is K L(u||n®) or || f — fs||oo- However, these quantities are easier to measure, or at least
to approximate than the quantity W (v, u°).
This result describes some explicit conditions to guarantee the existence and the reach of a
given accuracy €. Of course, the accuracy strongly relies on the choice of f;. In the article
Brosse et al. (2017), a general approach of smoothing using the proximal operator is defined.
In order to optimize the solution, it would be interesting, for a given family Fj;,, to minimize
the problem

arg min Wa(p,v,), (3.2.25)

9€FM,m
where v, is the measure associated with g. If solving this problem was feasible for any (m, M),
then it would be possible to choose optimally the best sample approximation. The exact
solution if this problem is a very difficult challenge. However, there is a literature on efficient
computational methods for the approximation of the Wasserstein distance as in Solomon et al.
(2015) that could be of help in order to solve this problem.
In the next section, we will consider an example of application of Corollary 3.3.2, the exponential

weighted aggregate with Laplace prior estimation.

3.3 The case of EWA with Laplace prior approximation

In this section, we consider the exponentially weighted aggregate with Laplace prior estimate

Brwa and the model described in Chapter 2 (Dalalyan et al. (2016)). This corresponds to
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considering data that consist of n random observations yi,...,y, € R and p fixed covariates
x!, ..., x? € R*. We further assume that there is a vector 3* € RP such that the residuals
&L =yi— Blel— .. — 6;:1:‘;’7 are independent, zero mean random variables. In vector notation,

this reads as

where y = (y1,...,9,)" is the response vector, X = (x!,..., x?) € R™? is the design matrix

and & is the noise vector.

In this section, we assume the Gram matrix to be invertible; in particular, we assume that its

smallest eigen value o, is positive. It is equivalent to

XX /n %= Guinl,- (3.3.2)
We define the fitting function L by
ly — X813
LB)=——" 3.3.3
(3) = Lk, (333)
and the penalization term g by
9(8) = 118l (3.3.4)

In that context, the potential of the pseudo-posterior function is

£8) = LL(8) + 29(8). (335

The function f corresponds to the potential associated with the pseudo posterior of the EWA
with Laplace prior as defined in Chapter 2. The exponentially weighted aggregate with Laplace
prior estimate is defined, for a given temperature 7, by Equation 3.1.2. As shown in Chapter
2, the exponentially weighted aggregate estimate ,@ Ewa €njoys a fast rate property in the sense

of the prediction error:

0a(B,8%) = X (8 — Bz, (3.3.6)

for a given temperature parameter 7 and a specific value of the penalty term A. It is therefore
a question of interest to determine a method that guarantees a feasible and practical method
to approximate with a desired accuracy the EWA estimate B ewa- However, to the best of our
knowledge, there is no guarantee in the literature that a given method could approximate the

estimate B gwa I a polynomial finite computational time for a fixed accuracy e.

92



In this section, we first provide a smooth approximation f, of f such that f, € Fu,, and such
that an explicit upper bound of Wy(u, 117) is guaranteed. We then show in Theorem 3.3.1 that
this approximation enables to apply Theorem 3.2.1 and therefore to show that, with a given
approximation of f, the sampling method can achieve accurate approximation in finite time.
Finally, we provide in Corollary 3.3.2 practical requirements on the number of iterations K as

well as of the stepsize h so that a desired accuracy e is achieved.

1.G

— w(3), for T=0.2
1.4 s SRIER AR = (S
w(3), for T=1
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Figure 3-1: This figure illustrates the density function 7 asso-
ciated with the log-density f(3) as defined in Equation 3.3.5
for different values of the temperature parameter 7 in the
noise-free and unidimensional settings where y = 3* = 1 and
A = 1. The solid blue line represents m with 7 = 1 which is
equivalent to the bayesian Lasso. The red dashed line is an
illustration of the density m when 7 = 0.5. Finally, the dotted
green line represents a smaller temperature 7 = 0.2. When
T is a very small quantity, the density 7 is converging, in the
sense of distributions, into a Dirac concentrated at the lasso
estimate.

The function f is (Gmin/7)-strongly convex from Equation 3.3.2. However, f & Fun, since g
is not differentiable but only subdifferentiable. This is why direct applications of the results
from Durmus and Moulines (2016) or from Dalalyan (2016) do not apply here. To tackle this

challenge, we investigate the properties of g,, a smooth approximation of g:

5 (B) = [+ 8 (3.3.7)

JEP]
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where v > 0 is a parameter.

(.G

0.4

0.1

—_ g+(3), forvy =10
- == g,(8), for v =0.05
. gy(8), for vy = 0.2
—0.1

—.G —0.4 —0.2 0.0 0.2 0.4 .G

B

KL

Figure 3-2: This figure represents the function g, as described
in Equation 3.3.7 for different values of v in the unidimen-
sional settings (3 € R). The solid blue line is go, which is
also the ¢;-norm. The red dashed line is gy o5 and the green
dotted line is gg2. The greater the value of v, the smoother
is the penalty function g,.

We can now define the smooth approximation f, of the potential f defined as

£,(8) = ZL(B) + 20,(8). 338)

The goal of this section is to investigate the quality of a Langevin Monte Carlo procedure
applied to f, in order to sample the distribution characterized by the potential f.

In this section, we derivate and show some properties of f, that are useful to obtain explicit
guarantees of the sampling process. In particular, we show that f, has all the necessary
properties so that Corollary 3.2.2 can be applied.

We define Gy, (respectively Gax) as the smallest (resp. the largest) eigenvalue of the Gram
matrix X'X/n. In the following, we will assume that the Gram matrix is invertible and
that o, > 0. These assumptions exclude some situations that are potentially important. In
particular, the high-dimensional settings, where p > n, will not belong to the frame of our
study. It would be of great interest to develop a method that could guarantee approximation

accuracies in finite time with less restrictive assumptions. Indeed, the penalization methods
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Figure 3-3: This plot represents the density function 7, associ-
ated with the smooth log-density f,(3) as defined in Equation
3.3.8 for a given temperature parameter 7 = 0.2. This plot
considers the noise-free and unidimensional settings where
B* =1,y =B and A = 1. The solid blue line is 7, the
non-smooth case, which is the standard EWA estimate. The
red dash line is 7y 95 and the green dotted line is 7 .

such as the EWA with Laplace prior are efficient in the case of high-dimensional settings.

However, this will not be the focus of this section, nor of this study.

Proposition 3.3.1 explicits constants M., m, depending on the matrix X and on the parameter
7 so that f, € Far, m,. Moreover, these constants are proved to be optimal in the sense that
there is neither m > m, such that f, is m-strongly convex, nor any M < M, such that the

gradient V. is M-Lipschitz.

Proposition 3.3.1. Let us consider a design matrix X such that the associated Gram matriz
XTX/ n 1s iwertible with its smallest eigen value Owin positive and its greatest eigen value O pmay
known. Let vy be a positive real number and f, be the smooth negative log-density defined in
Equation 3.5.8 with respect to the smooth penalty g, defined in Equation 3.3.7. Then, f. belongs
to the set Far, m, with

1 A
M, = —(Omax + —), 3.3.9
~ T(O’ + 7) ( )
and
a-\min
My = — (3.3.10)
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Moreover, the constants (m., M.,) are optimal in the sense that there is no couple (m, M) with

m < m, or M > M, such that f, € Farm.

The proof of Proposition 3.3.1 is postponed to Section 3.5. First of all, Proposition 3.3.1
mentions that the strong convexity property of f, is not affected by the parameter 7. Indeed,
considering Equation 3.3.8, only g, varies with . As illustrated in Figure 3-2, g, is not strongly-
convex but only strictly-convex as long as v > 0. Therefore, no theoretical improvement is
expected to come from an increase of the strong-convexity parameter m = m,. However,
referring to Figure 3-2, g, is strongly-convex on any bounded set included in R? as long as
v > 0. Consequently, some empirical benefits of the strong-convexity are expected with the
increase of 7. On the other hand, v has a significant impact on the Lipschitzness property of
the gradient. Indeed, if v = 0, f, is not differentiable since the ¢;-norm is not differentiable. By
smoothing g, with the increase of -, we observe theoretical improvement of the Lipschitzness of
the gradient Vf,. As a consequence, the increase of v will theoretically improve the property
of f, in the sense of the Lipschitzness of the gradient. It will therefore improve the accuracy
of the approximation i}". However, if the term Wy ()", i) will decrease with ~, the quality

of the approximation u” of the targeted measure p will suffer from a rougher approximation of

the ¢1-norm. This result is explicited by Proposition 3.3.2.

Proposition 3.3.2. Let p be the measure of probability associated with the potential f defined
in Equation 3.53.5 and 7 the measure associated with f., defined in Equation 3.3.8, then

~ 1/2
Omin

The proof of Proposition 3.3.2 is postponed to Section 3.5. The proof relies on Equation 3.2.18
in Remark 3.2.1. This result provides a rough upper bound of Wy (u, 17) and shows the impact
of v on the approximation quality. The next theorem combines Propositions 3.3.1 and 3.3.2 to
explicit the rate of convergence of the approximation ﬁ}h with respect to . This result enables

to state the result that motivates this work, namely Theorem 3.3.1.

Theorem 3.3.1. Let pu be the probability measure of the pseudo-posterior of the EWA with
Laplace prior, with temperature T > 0, as described by the potential f in Equation 3.5.5, and
let ;17 be the measure probability associated to f, as in Equation 3.3.8. Let 0 < h < % and
K > 1, for any probability measure v € Py, we consider the probability measure ﬁfh defined by
the probability distribution VPg: n, where Pfh 1s the discretized process diffusion approximation

of the measure p”, as described in Equation 3.1.11.
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If h <2/(M, +m,),

~ M PAY
K K 1/2
Wa (b, ) < (1= myh) Wa(v, 1) + 1-82m—z(hp) 2+ T (3.3.12)
Alternatively, if h > 2/(M, +m,),
M. h A
Wa (75, 1) < (Myh = DS W(v, 1) + 1.82—2— (hp)/> + L2 (3.3.13)

2—Mh T/

Theorem 3.3.1 is the direct application of Theorem 3.2.1 in the context of the exponentially
weighted aggregate with Laplace prior estimate. Of course, one may not know the quantity

Wa(v, 7). Corollary 3.3.1 offers an upper bound that turns out to be explicit.

Corollary 3.3.1. Let u be the probability measure of the pseudo-posterior of the EWA with
Laplace prior with temperature T > 0, as described by the potential f in Equation 3.5.5, and let
w1 be the measure probability associated to f, in Equation 3.3.8. Let 0 < h < % and K > 1,
for any probability measure v € Py, we consider the probability measure ﬁffh defined by the
probability distribution I/P,gj h, Where Pfh 18 the discretized process diffusion approximation of

the measure p” as described in Equation 5.1.11.

If h <2/(M, +m,),

N _ P \1/2 M.
Wa(it, ) <(1— mh)K(Hﬁ“’) B,z + (=) ) +1.82- 7 (hp)'V2

v My
A
NI ety
T/

Alternatively, if h > 2/(M, +m.),

_ _ p 12 M. h
Wa (s, i) <(Myh— 1) (IIB(O) — B, Il + (m—) ) + 1825 (hp)'/?
Y v

pAY

+ T\ /My

The proof of this corollary is straightforward in view of Corollary 3.2.2 applied to f, using the
fact from Proposition 3.3.1 that f, € Far .. O

In Chapter 2 (Dalalyan et al. (2016)), sharp oracles inequalities of the prediction error and
of the pseudo-posterior concentration are proven to hold when 7 is of the order o/np and \

of the order o{log (p)/n}'/2. In the following, we study explicitly the rate of convergence of
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W2 (ﬁﬁha :U) when
= (3.3.14)

and

A= U{M}l/z. (3.3.15)
n

We assume Gpmin > 0, Omax and o2 to be constant with respect to the number of observations n
and the dimension p. Corollary 3.3.2 provides an explicit approximation process that achieves
a given accuracy €. Conditions on the stepsize h as well as on the number of iterations K are
explicit. Similarly to previous results, two different rates of convergence are given conditionally
to the stepsize h. In Corollary 3.3.2 we also recommend g, to be chosen with

1/2

“Fmin (3.3.16)

V= 3p3/2 log(p)l/Q'

Corollary 3.3.2. Let u be the probability measure of the pseudo-posterior of the EWA with
Laplace prior with temperature 7 > 0, as described by the potential f in Equation 3.3.5. Let
v be defined as in Equation 5.3.16 and let 17 be the measure probability associated to f, in
Equation 3.3.8. Let h € R* and K € N*.

For any Dirac measure v = 5,3(0), we consider the probability measure ﬁfh defined by the
probability distribution I/P,fh, where Pfh 18 the discretized process diffusion approximation of

the measure p” as described in Equation 53.1.11.

If h <2/(M,+m,), then for any € > 0,

Wi ) < e (3.3.17)
if
o (218 - Bl + 75-))
h> o T Vmal/ (3.3.18)
NPO min

1 31 (Gumax *1 i

181 (Guwyp | 300’ log ()" (3.3.19)

h €2 Omin € naéﬂn

If We assUme Gin, Gmax to be constant, |3 — B,|2 to be of order /P or smaller such that,

18 = B,ll2+ (¢/+/n) < O(,/p) and h to be small enough, then, there is a number of iterations

K =01 o))
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such that the target accuracy e is achieved. This result should be compared to the paper Brosse
et al. (2017). However, even though the authors defined a more general smoothing method,
the smoothing parameter v are not explicited. It is reasonable to consider v to depend on
parameters such as the dimension p. Therefore, it is not easy to compare the complexity of
the general method described in Brosse et al. (2017) with the method we study. The result of
Corollary 3.3.2 is to be compared with the results mentioned in Dalalyan (2017). Indeed, when
[ € Fuarm, a number of iterations K = O(plog(p/e)e?) is sufficient to achieve an accuracy of
order €. Thus, a higher number of iterations is needed when the Lispschitzness of the gradient

does not hold.

Remark 3.3.1. When the choice is given, a small stepsize such as h < 2/(M,+m,) enables to
reach accuracy € in a finite number of iterations K as described in Corollary 3.5.2. However,
one may wish to guarantee a convergence rate of the approxzimation in a situation where the

discretization process has been generated with a given h > 2/(M., + m.). In that case, if

1 60p M,
h<62v2’

then for any € > 0, Inequality 3.3.17 holds if,

(3(|Iﬂ‘°’572+ o ))
log . min
K >

2= (W /0? + )

Corollary 3.3.2 and Remark 3.3.1 are proven in Section 3.5.

3.4 Discussion and outlook

This study establishes guarantees in the spirit of Dalalyan (2017) for any log-density that is
close, in the sense of the Wasserstein distance, to a strongly convex log-density with a Lipschitz
gradient. A particularly suited application is the log-density of the exponentially weighted
aggregate with Laplace prior. We have established explicit results in the context of this applic-
ation with the assumption that the Gram matrix is invertible when the temperature parameter
7 = 02 /(np) and the penalty parameter A = o[log (p)/n]'/?, as recommended in Chapter 2. The
sampling approximation is computable in polynomial time and explicit constants are given.

Matching the optimization performance in the context of sampling is a very promising and

exciting subject. In a practical situation, in order to improve the algorithm, the choice of an
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optimal smooth log-density is important. To do so, the computation of the Wasserstein distance
is necessary, some researches, such as Solomon et al. (2015), provide tools to start solving such
questions.

In the context of regression in high-dimensional settings, guaranteeing a targeted accuracy when
the design matrix is such that the Gram matrix is not invertible would be of great interest.
The generalization of the aforementioned results to other discretization schemes could broaden
the understanding of the sampling algorithms. In particular, considering the Ozaki scheme as
defined in Ozaki (1992) could be useful to study the associated performance. The analysis of
other log-densities inspired from other penalized regression problems such as the SLOPE, as in
Bogdan et al. (2015) and Sepehri (2016), or even the nuclear-norm penalization in the matrix
regression context, as in Koltchinskii et al. (2011b), would be of great interest.

Another promising field of study is the generalization of these results to other sampling methods.
For example, guarantees on time-inhomogeneous Langevin-type processes, as defined in Andrieu
et al. (2016), or on the Hamiltonian Monte Carlo, as explained in Neal (2011). Furthermore,
such studies could provide useful insights to deepen the understanding of the existing similarities
between optimization and sampling performances. On the spectrum of analogies with the
optimization, the question of sampling on a convex subset is very important. The study of
theoretical guarantees on samplings methods based on reflecting diffusion such as in Skorokhod

(1961) and Tanaka (1979) would be very promising.

3.5 Proofs

In this section, we prove the claims of Propositions 3.3.1 and 3.3.2 as well as the results of

Corollary 3.3.2 and Remark 3.3.1.

3.5.1 Proof of Proposition 3.3.1

Let X be the design matrix such that the associated Gram matrix XX /n is invertible. We
define Ty, (respectively Gax) to be the smallest (resp. greatest) eigen value of the Gram
matrix and we assume o, > 0. Let v be a positive real number. With respect to X and
7, the negative log-likelihood f, is defined in Equation 3.3.8. In order to prove Proposition
3.3.1, we will first study the strong-convexity property of f, with Lemmas 3.5.1 and 3.5.2 which
respectively provide results on the strong-convexity of L and g,. In a second time, Lemmas

3.5.3 and 3.5.4 will ensure properties on the Lipschitz property of the gradient of f., with respect
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to B, Vf,.

These various lemmas will use some derivative results up to the third order of the functions L
and g,. We start the proof of Proposition 3.3.1 with the definition of these derivatives.

The function L is well known in the statistical literature and the following properties are well

known (see Montgomery et al. (2015)[Section 3.2.1] for example):

X'X3-XT
VL(B) = ﬂn Y (3.5.1)
and
XX
V2L(B) = —. (3.5.2)
Furthermore, it is then trivial that
V2L(B) = 0. (3.5.3)

The function g, is differentiable and for any j € [p],

9 A
2978 = Bi

9B; W (3.5.4)

On the second order derivative, the Hessian matrix of g, is a diagonal matrix such that diagonal

coefficients are defined by

Gy o0 1 2
a/@jg (B) = (72 +532)1/2 o (72 +36]2)3/27 (3.5.5)

and every non-diagonal term is null. Finally, we can show that the third differentiable of g, is
d3g

null everywhere but in the element 355 for any j € [p],
8397 35; BJZ
= —1). 3.5.6
07 W= B7)%2 ((72 +57) ) (3:5:)

The development of the calculations to prove Equations 3.5.4, 3.5.5 and 3.5.6 are left to the
reader, they follow on from combinations of standard derivative properties. That V?f, is well
defined is of interest for one who wants to study theoretical properties of other discretization
schemes than the Euler Maruyama in order to approximate the Langevin Monte Carlo process.
In particular, it is of interest for higher order numerical schemes. For example, one could
consider the Ozaki discretization as defined in Ozaki (1992) that has been proposed to be used
in Stramer and Tweedie (1999) to approximate the Langevin Monte Carlo algorithm.

Now that these results have been mentioned, we can study the properties of L and g,.
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Lemma 3.5.1. The function L is 0yin-strongly convexr and there is no m > Oy Such that L

18 m-strongly convex.

This Lemma holds true from the definition of 7., as the smallest eigen value of the Gram
matrix X' X /n. Indeed, from Equation 3.5.2, since for any 8 € RP, V2L(B) = X"X/n, it
implies that

V2L(B) — GminL,(8) = (XTX - aninlp) B0 (3.5.7)

n
Therefore, L is 0;,-strongly convex.

Moreover, since G, is the smallest eigen value, there is no m > O, such that V2L(83) =
ml,(B) for any B € RP, otherwise the smallest eigen-value of the Gram matrix would be
greater than m which is contradictory with m > @,;,. Therefore, there is no m > o, such
that L is m-strongly convex and consequently, L is o i,-strongly convex with ., being the

optimal constant. [J

Lemma 3.5.2. The smooth function g, defined in Equation 3.3.7 is strictly convex but not

strongly convez.

We remind that the non-diagonal elements of V2g, are null and that the diagonal terms are

defined by Equation 3.5.5. As a consequence, proving that for any 8 € R? and any j € [p],

%(ﬁ) > 0 is equivalent to prove the strict convexity of g,. Moreover, if for any ¢ > 0 there
J

exists B € R? and j € [p], such that
d%g,
8@2

then, g, is not strongly convex.

From Equation 3.5.5, ,
d%*g, ( B

= (1 -—2

0p3 #) (v* + B3)

Therefore, for any 5; € R, 5]2 < 5]2 + ~2, implies that 1 — (ﬁf/(ﬁf + 72)) > (0. Therefore, for

)(72 +B87)712.

any 3 € RP,
d%g,
037

which proves the strict convexity of g,. However,

(8) >0,

Therefore, for any ¢ > 0, there exits 3 € RP such that V?g,(8) < :I,. Consequently, for any

v > 0, gy is not t-strongly convex. We have proved that g, is strictly convex and not strongly
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convex and have therefore proved Lemma 3.5.2. [

The sum of a m-strongly convex function with a strictly but not strongly convex function is a
m-strongly convex function. Thus, f, is (G /7)-strongly convex from Lemmas 3.5.1 and 3.5.2
and i, is optimal.

The strongly convex property has been proven. In order to conclude the proof of Proposition

3.3.1 we study the Lipschitz property of the gradient V f,.

Lemma 3.5.3. Let L be defined in Equation 3.53.3 where X is a matriz of data with the greatest
eigenvalue Omax of the Gram matriz XX /n known. Then, the gradient VL with respect to 3
1S Omax-Lipschitz and there is no M < Gpay such that VL is M-Lipschitz.

To prove Lemma 3.5.3, we remark that V2L exists and is defined in Equation 3.5.2. Therefore,
proving Lemma 3.5.3 is equivalent to prove that ., is the smallest quantity such that for any
B eRP,

I~ X XBll2 < Gunax|| B2,

which is true from the definition of Gy, as the largest eigenvalue of the Gram matrix XX /n.

O

Lemma 3.5.4. The gradient Vg, is v~ *-Lipschitz and there is no M < v~' such that VL is
M -Lipschitz.

From equation 3.5.5, the Hessian V?¢, exists. Therefore, proving that Vg, is v~ !-Lipschitz and
that there is no smaller constant than v~ for which Vg, is Lipschitz is equivalent to guarantee

that
'7_1119 F VQQV (/8)7

for any 3 € R?.

The third derivative operator V3g, is also diagonal and we deduce from Equations 3.5.5 and

99y

3.5.6 that for any j € [p], T reaches its maximum in any 8 € R? such that 3; = 0. Indeed,

V?2g, is continuous and V?¢,(8) = 0 implies that 8 = 0,. Moreover, for any j € [p], and for

any 3; € R,
: g, _ 9y 1% _ 1
g G P =0<55 0 =77

|Bj| =+ J

for any B € RP such that EJ =0.

Therefore, the diagonal elements of Vg, (3) are not greater than the diagonal elements of
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V2¢.,(0,), which are equal to y~!. Thus, for any 3 € R?,
7_1117 = Vzg’y(op) 7 Vzg’y(ﬁ)' (3.5.8)

The inequality in Equation 3.5.8 proves that V?g, is v~ !-Lipschitz, while the left hand equality

1

proves the optimality of v~ as the Lipschitz parameter. Hence, we have concluded the proof

of Lemma 3.5.4. (O

Lemmas 3.5.3 and 3.5.4 combined prove that the optimal M, -Lipschitz property of V£, is

1 A
M, =— Amax -
7= 2 (O’ + ’y)
We have calculated the gradients and Hessians of L and g, and have shown the optimal m.-
strong convexity of f, as well as the optimal M,-Lipschitz property of V f,. Therefore, f, €
Fat,m, and the couple (M., m,) is optimal, which concludes the proof of Proposition 3.3.1. [J

3.5.2 Proof of Proposition 3.3.2

Let 17 be the measure associated with f, defined in Equation 3.3.8. Proposition 3.3.2 upper
bounds the Wasserstein distance Wa(u, 7). To prove this upper bound in the clearest possible
way, we define the quantities a, = Oyax + ’;\, by, = '/j\manﬁ and ¢, = a,b,.

With these notations, and using the fact that we assume that 7 = np/o?,

1, A np a,
My = = (Gmax + ;) =5 (3.5.9)
and,
8min np a\min
= = . 3.5.10
m’Y T 0_2 ( )
Hence,
2 2
A\ 2 A\ 3\2~2
(pA)” _ o (npap)”  mpN? (3.5.11)

2 = 4 2 =
m~T np omino 0“ Omin

Moreover, from Proposition 3.2.2, the inequality

Y 1 2
KLli) < 5 [ (F() = () Pru)du

holds. Therefore, remarking that (f(8) — f,(8))* < (A\py/7)? for any B € R? and averaging

this upper bound with respect to the density measure 7, we deduce that
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1 /pAy\2

KL < = (U> . (3.5.12)
2\ 71

Finally, applying Proposition 3.2.1 and the result of Equation 3.5.12 implies that if f, € Faz m,,

then
pAY
T\/m_A, )

This upper bound concludes the proof by remarking that m. = Ean 0

Wa(p, 1) <

3.5.3 Proof of Corollary 3.3.2 and Remark 3.3.1

In order to prove Corollary 3.3.2 and Remark 3.3.1, we consider a targeted accuracy € > 0,
such that ﬂ}h is a good approximation of the measure p in the sense that WQ(M,//,L\?(]Z) < e
The goal of this corollary is to provide explicit values of the parameters that one has to choose
in practical situations, namely the stepsize h, the smoothing parameter v and the number of
iterations K needed to reach the accuracy level e. To do so, we approach the problem by
splitting the upper bound of the quantity Wg(ﬂ‘;’(h, i) in three terms as in Inequalities 3.3.12 or
3.3.13. We will upper bound the three quantities by (¢/3) so that the sum is upper bound by

the targeted accuracy e such that,

(1 —m h)KA< g (3.5.13)

M €
1.82 2 (hp)'/2 < = 3.5.14
mv( p)/* < 3 ( )
Wa(p, 17) < % (3.5.15)

\
where
_ 1/2

AL 8O~ 8 |, + (i) , (3.5.16)

My

As a consequence, Inequality 3.3.17 would hold and Corolarry 3.3.2 would be proven. In order

to prove Remark 3.3.1 Inequality 3.5.14 has to be substituted with

1.82 Myh

82— )2 < £ 3.5.17
2—M7h( D) ( )

i 3 )
and Inequality 3.5.13 has to be substituted with

(M,h—1)FA < (3.5.18)

Wl ™
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While Lemma 3.5.5 will provide explicit condition on v to guarantee Inequality 3.5.15, Lemmas
3.5.6 and 3.5.7 (respectively Lemmas 3.5.8 and 3.5.9) will provide explicit requirements on K
and h that guarantee the remainings inequalities.

For clarity sake, we assume

np
and
A = ollog(p)/n]"/>. (3.5.20)

Of course, one could adjust this proof with specific values of 7 and . As we will see, the value

of h interfers in the result and the convergence rate. We consider h to be small when A is such

that h < m, we consider h to be relatively large when Mwimw <h< le Inequality 3.3.12
applies when A is small and Inequality 3.3.13 applies when h is large. However, the last term
of both inequalities is the same. As a consequence, we start the proofs of Corollary 3.3.2 and

Remark 3.3.1 with Lemma 3.5.5, which provides a first condition on how small should be 7.

Lemma 3.5.5. The following inequality

P € (3.5.21)
TMy — 3
holds if and only if
~1/2
“Tmin (3.5.22)

<—Fir"7—.
= 5 log(p) 2

Indeed, from Equations 3.5.19 and 3.5.20, the inequality

pAY
.

<

3
Wl m

is equivalent to

pollog(p)/n]'/?

0—2/ (np) np oimin

<

Wl ™

Therefore, it is equivalent to

p*/?log(p)'/?y
—1/2

min

We conclude that Inequality 3.5.21 holds if and only if

€
< -
-3

~1/2
€0 min

<
7= 3p3log(p) 12
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The choice of v is of paramount importance, it determines how rough is the smoothing approx-
imation of . Lemma 3.5.5 guarantees an upper bound of the quality as long as v is smaller
than a specific threshold. A small value of v guarantee a good approximation of the target
measure u by p”. Not only the parameter v plays a role in the smooth approximation of the
measure, it also has an impact on the Lipschitz property of the gradient V f,. As mentioned in
Proposition 3.3.1, a small value of v as a negative impact on the regularity of the gradient as
shown in Equation 3.3.9. On the other hand, + has no effect on the strong convexity parameter
m., as Equation 3.3.10 shows. From this point of view, we recommend to choose the greatest

value of v that respects Inequality 3.5.22, which is

G2
— _ Umin ___ 3.5.23
7= 3p log(p) 12 ( )

From now on, we assume ~ to be set as in Equation 3.5.23. Now, we focus on the case where h
is small in the sense that h < ﬁ In that case two lemmas are necessary to conclude the
Y 2l

proof of Corollary 3.3.2.

2
Lemma 3.5.6. If h < 5=

, then the inequality

M 12 _ €
1.82—(h < — 3.5.24
mw( p) <3 ( )

holds if

Omin €\/ No

! - _(U \/_ 3o og(g) ) . (3'5'25)

In order to prove Lemma 3.5.6, let first remark that 31 > 9(1.82)2. Furthermore, if h is such
that

b < €2 amax\/_ 3o log (p) 2\ 7
9% (1.82)2\' Omin e\/no3 .

AmaX 3 1
(1.82)2h(0A VP, 30 Og

then, it implies that
€

Omin 9 '
For any positive h, this inequality is equivalent to
Amax 3 ]' 3/2
1.82\/hp((1 o los (p)p ) << (3.5.26)
Omin € nafnm 3
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From Equations 3.5.20 and 3.5.23, we remark that

M Amax 3ol 3/2
My _ Fwex | 30lo8(p)p (3.5.27)

= — — ,
my Omin €1/ naiﬂn

where M, and m., are defined in Proposition 3.3.1. Therefore, the combination of Inequality

3.5.26 and Equation 3.5.27 implies the claim of Lemma 3.5.6. Namely, if A is such that

- %<5riaxﬁ+ 30 log (p)p2>2’

Omin €1/ nailm

then
M. 1/2 _ €
1.82—2(h < —.
mq,( p) -3
OJ

Therefore, in order to obtain Inequality 3.5.24, the stepsize h has to be small enough. When
h <

< m, Lemmas 3.5.5 and 3.5.6 respectively provide conditions on v and A. The last
condition will focus on the number of iterations K needed to achieve a targeted accuracy. This

condition is given by Lemma 3.5.7.

Lemma 3.5.7. Let v be a Dirac measure concentrated at 6(0) and let 5_7 be the average with

respect to the density m,. Let A be the quantity defined by

g

A2 B9 -8 |l + . 3.5.28
If h < M’Yim’*/ , then the inequality
(1 — moh) S Wa(v, 1) < % (3.5.29)
holds if B
1 34
Kh> g (*9) (3.5.30)
My

In order to prove Lemma 3.5.6, we explicit a number of iterations K that guarantees the upper
bound of Inequality 3.5.29. To do so, we will use the result of Proposition 3.2.2 and we will
assume v to be a Dirac measure concentrated at B(O). Let us define B,Y the average over ..

Then, from Proposition 3.2.2, we remark that

2 p
W2 ) < 18— B3+ 2
:
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Thus, from the definitions of m., and 7 respectively in Equations 3.3.10 and 3.5.19,

Walv, 1) < 189 = B, s + ——2— = A.
. 2
Moreover, since 0 < h < YA
0<m,h <2< Tmin L.

— <
O min + O max + )\/’V

Therefore, 0 < m,h < 1 and consequently, for any h < m, (1 —myh) < exp(—myh). It

implies that
(1 —m,h)* < exp (—Km,h).

As a consequence, if K is such that
exp (—Kmyh)A < %, (3.5.31)

then Inequality 3.5.29 holds. Moreover, since Inequality 3.5.31 is equivalent to

1 34
Kh > og(€)7
My

Lemma 3.5.7 is proven. Indeed, if Inequality 3.5.30 holds then
(1 —m h) 5 Wa(v, 17) < exp (—Km,h)A < %,

which concludes the proof. [

So far, we have proven Lemmas 3.5.5, 3.5.6 and 3.5.7. These three Lemmas combined together

prove the result of Corollary 3.3.2 in the case where A is small. Indeed, applying Inequalities

3.5.29, 3.5.21 and 3.5.24 within Inequality 3.3.12 guarantees that if 0 < h < m’yiMw then, the

statement of Corollary 3.3.2 holds:

s, € € €
W2(MKh»/~L) < 3 + 3 + 3

as long as Inequalities 3.5.22, 3.5.25 and 3.5.30 are verified.

In order to prove Remark 3.3.1, let us now consider the second case where h is relatively large,

. 2 2
in the sense that . < h< 7
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Lemma 3.5.8. If m <h< MLV, then the inequality

M. h €
1.82— 2~ (hp)/2 < =
TP TAAG LA
holds if
62
h<—.
11p
Indeed, we remark that if Mwimw < h< MiW then,
M.h M5
1.82—— " ()2 <1.82— "0 (hp)Y/?
P S L2 ()

< 3.64(hp)'/2.

Moreover,

2
3.64(hp)"/2 < < h<— %
{ )< 50 = "= 100

Therefore, Inequaliy 3.5.32 holds if

(3.5.32)

(3.5.33)

(3.5.34)

Lemma 3.5.9. Let v be a Dirac measure concentrated at ,8(0) and let 57 be the average with

respect to the density 7, and let A be the quantity defined in Equation 3.5.28. If —2— < h <

Mlv, then the inequality

(Myh — 1) Wa(w, i) <

Wl ™

holds if

log %
oo el

From our assumptions, we remark that M.h € (1,2). Therefore, M, h —1

exp (Myh —2) > M,h —1,
for any h € [M,/(M, 4+ m,),2]. It implies that for any integer K,

exp (K(Myh —2)) > (Myh —1)".
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(3.5.35)

(3.5.36)

€ (0,1) and

(3.5.37)

(3.5.38)



Therefore, if there exists K € N such that

exp (K (Myh —2))A < (3.5.39)

Wl ™

then Inequality 3.5.35 holds for this specific value of K.

log %
“%’

The following inequality

is equivalent to Inequality 3.5.39. Therefore, if K is such that Inequality 3.5.36 holds, then

(Myh — 1) Wi (v, 1) < exp (K (Myh —2))A <

Wl o

which concludes the proof of Lemma 3.5.9.
These results enable to confirm that for any h > 2/(M.,, +m,), if Inequality (3.5.36) holds then

Inequality 3.5.35 is guaranteed. [

Remark 3.5.1. From the previous inequality, one remarks that in order to keep K reasonable,

it is important, when h > 2/(M, + m.) to choose a value of h not to close to 2/M,.

We have proven Lemmas 3.5.5, 3.5.8 and 3.5.9. These three Lemmas combined together prove

the result of Corollary 3.3.2 in the case where h is large. Indeed, applying Inequalities 3.5.35,

3.5.21 and 3.5.32 within Inequality 3.3.13 guarantees that if meQer < h < 2/M, then, the

statement of Corollary 3.3.2 (respectively Remark 3.3.1) holds:

€ €
i

€
Wy < -+ 5

3

w

as long as Inequalities 3.5.22, 3.5.33 and 3.5.36 are verified.
Therefore, we have proven Corollary 3.3.2 and Remark 3.3.1 statements when A is either small

or relatively larger. [J
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Chapter 4

On the prediction loss of the lasso in the

partially labeled setting

A joint work with Pierre Bellec, Arnak Dalalyan and Quentin Paris.
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Abstract

In this paper we revisit the risk bounds of the lasso estimator in the context of transductive and
semi-supervised learning. In other terms, the setting under consideration is that of regression
with random design under partial labeling. The main goal is to obtain user-friendly bounds on
the off-sample prediction risk. To this end, the simple setting of bounded response variable and
bounded (high-dimensional) covariates is considered. We propose some new adaptations of the
lasso to these settings and establish oracle inequalities both in expectation and in deviation.
These results provide non-asymptotic upper bounds on the risk that highlight the interplay
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between the bias due to the mis-specification of the linear model, the bias due to the approx-
imate sparsity and the variance. They also demonstrate that the presence of a large number of
unlabeled features may have significant positive impact in the situations where the restricted
eigenvalue of the design matrix vanishes or is very small.

4.1 Introduction

We consider the problem of prediction under the quadratic loss. That is, for a random feature-
label pair (X,Y’) drawn from a distribution P on a product space X x ), we aim at predicting
Y as a function of X. The goal is to find a measurable function f : X — ) such that the

expected quadratic risk,

R(f) = /X (v f(@))* Plda.dy) =[(Y ~ /X))’ (4.1.1)

is as small as possible. When ) is an interval of R and X is a measurable set in RP—which
is the setting considered in the present work—the Bayes predictor, defined as the minimizer of

R(f) over all measurable functions f : X — ), is the regression function (Vapnik, 1998)
ff(x) =E[Y|X = x| (4.1.2)
Using f*, the problem can be rewritten in a form which is more familiar in Statistics, namely
Y = f(X)+¢, (4.1.3)

where the noise variable ¢ satisfies E[¢|X]| = 0, Px-almost surely’. In the present work,
we tackle the prediction problem in the case where the available data D, is of the form

Dall - Dlaubeled U Dunlabeled7 where
Diabeled = {(X1, Y1), ..., (X, o)} and  Dupabeled = {Xnt1, -, XN}

The labeled sample Diapereq is composed of independent and identically distributed (i.i.d.)
feature-label pairs with distribution P. The unlabeled sample Dypyiapelea contains only i.i.d.
features, with distribution Py, and is independent of Dj,peeq. This formal setting accounts for
a number of realistic situations in which the labeling process is costly while the unlabeled data

points are available in abundance (see, for instance, Balcan et al., 2005; Guillaumin et al., 2010;

'Notation Py is used for the marginal distribution of X.
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Brouard et al., 2011), that is n may be quite small compared to N. Here, the baseline idea is to
build upon the sample Dynabelea to improve the supervised prediction process based on Diapeled
alone. In this context, our study encompasses two closely related settings: semi-supervised

learning and transductive learning.

In the semi-supervised learning setting, one aims at constructing a predictor ]/“\, based on the

data D,j, such that the excess risk

~ ~ ~

&h) = RP - R = [ (Fle) =1 (@) Prtd@) = I = £y (4.14)

is as small as possible. This learning framework differs from the classical supervised learning

only in that the data set is enriched by the unlabeled features.

In contrast with this, the goal of transductive learning is to predict solely the labels of the
observed unlabeled features. This amounts to considering the same setting as above but to

measure the quality of a prediction function f by the excess risk

Eri(f) = Yo (X = (X)) (4.1.5)
We refer the reader to (Chapelle et al., 2006; Zhu, 2008) and the references therein for a
comprehensive survey on the topic of semi-supervised and transductive learning. Theoretical
analysis of the generalisation error and the excess risk in this context can be found in (Rigollet,
2007; Wang and Shen, 2007; Lafferty and Wasserman, 2007), whereas the closely related area
of manifold learning is studied in (Belkin et al., 2006; Nadler et al., 2009; Niyogi, 2013). The
purpose of the present work differs from these papers in that we put the emphasis on the
high-dimensional setting and the sparsity assumption. The goal is to understand whether the
unlabeled data can help in predicting the unknown labels using the ¢;-penalized empirical risk
minimizers. From another perspective—that of multi-view learning—the problem of sparse

semi-supervised learning is investigated in (Sun and Shawe-Taylor, 2010).

When the feature vector is high dimensional, it is reasonable to consider prediction strategies
based on “simple” functions f in order to limit the computational cost. A widely used approach

is then to look for a good linear predictor

falx)=2'8, BeR (4.1.6)

When the dimension p is of the same order as (or larger than) the size n of the labeled sample,
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the simple empirical risk minimizer (i.e., the least squares estimator) is a poor predictor since it
suffers from the curse of dimensionality. To circumvent this shortcoming, one popular approach
is to use the ¢;-penalised empirical risk minimizer, also known as the lasso estimator (Tibshirani,

1996a): ﬁasso = fBlasso where?

~ ) 1
B'%5%° ¢ arg min {—||Y — X832 + 2)\||B||1} , (4.1.7)
BERP n

where A\ > 0 stands for a tuning parameter and

Y X|
Y=|:|, Xw=1|:]. (4.1.8)
Y, x!

Statistical properties of the lasso with regard to the prediction error were studied in many
papers, the most relevant (to our purposes) of which will be discussed in the next section. We
also refer the reader to (Bithlmann and van de Geer, 2011) for an overview of related topics.
The rationale behind this approach is that (a) the term ||Y — Xy,3(3 — E[£?] is an unbiased
estimator of the excess risk £(fg) and (b) the ¢;-penalty term favors predictors fg defined via

a (nearly) sparse vector (3.

The prediction rules we are going to analyze in the present work are suitable adaptations of
the (supervised) lasso to the semi-supervised and the transductive settings. More precisely, we

consider the estimator
~ . 2
B8 e arﬁgmln {HAﬁH% — EYTXlab,B + 2)\HﬂH1} : (4.1.9)
cRpP

where A > 0 and A € RP*P are parameters to be chosen by the statistician. This definition
is based on the following observation. The unlabeled sample may be used to get an improved
estimator of the excess risk £(f3) = E[f*(X)?] —2E[Y X |8+ 8" 23, where ¥ = E[X X '] is
the p x p covariance matrix. Indeed, the population covariance matrix can be estimated using

both labeled and unlabeled data. A similar observation holds for the transductive excess risk

ErL(fp)-

2To ease notation, we assume that both labels and features are centered, that is E[Y] = 0 and E[X] = 0, so
that there is no need to include an intercept in the linear combination fg.
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Denoting by f]lab the empirical covariance matrix based on the labeled sample, that is

i\]lab = %iXZX;ra

i=1

one checks that the vector B coincides with the lasso estimator (4.1.7) when A = f]lla/g . If an

unlabeled sample is available, the foregoing discussion suggests a different choice for the matrix
A. This choice depends on the setting under consideration. Namely, defining the matrices
1 jR—
Sau=> XX/ and 3 > XX/,

unlab —
: ! N—n
=1 1=n-+1

we use A = 2;1/12 and A = 31/

unlab 1D the semi-supervised and transductive settings, respectively.

The following two assumptions made on the probability distribution P will be repeatedly used
throughout this work.
(A1) The random variables Y and X have zero mean and finite variance. Furthermore, all

the coordinates X7 of the random vector X satisfy E[(X7)?] = 1.

(A2) Therandom variables Y and X7 are almost surely bounded. That is, there exist constants
By and By such that IP’(|Y| < By;maxjep) | X7] < BX) =1.

Assumption 4.1 is fairly mild, since one can get close to it by centering and scaling the ob-
served labels and features. For features, the centering and the scaling may be performed using
the sample mean and the sample variance computed over the whole data-set. It is however
important to require this assumption, since its violation may seriously affect the quality of
the /1-penalized least-squares estimator B, unless the terms |f;| of the ¢;-norm are weighted
according to the magnitude of the corresponding feature X7. The second assumption is less
crucial both for practical and theoretical purposes, given that its primary aim is to allow for
user-friendly, easy-to-interpret theoretical guarantees. In most situations, even if assumption
4.1 is violated, the predictor fB does have a fairly small prediction error rate.
The main contributions of the present work are:

e Review of the relevant recent literature on the off-sample performance of the lasso in the

prediction problem.

e Non-asymptotic bounds for the prediction error of the lasso in the semi-supervised and
transductive settings that guarantee the fast rate under the restricted eigenvalue condi-
tion. We did an effort for keeping the results easy to understand and to obtain small

constants. These results are simple enough to be taught to graduate students.
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e Oracle inequalities in expectation for the prediction error of the lasso. To the best of our
knowledge, such results were not available in the literature until the very recent paper

(Bellec et al., 2016b).

To give a foretaste of the results detailed in the rest of this work, let us state and briefly discuss a
risk bound in the semi-supervised setting (the complete form of the result is provided in 4.5.2).
For a matrix A, we denote by ||A]| its largest singular value and by ka the compatibility

constant (see 4.2 for a precise definition).

Theorem 4.1.1. Let assumption 4.1 be fulfilled and let the random variables Y, X7 be bounded
in absolute value by 1. For a prescribed tolerance level 6 € (0,1), assume that the overall sample

size N and the tuning parameter X satisfy N > 18p||X~!||1log(3p/d) and

A> 4 <—2 logfp/5)>l/2 4 8loel6p/0) logéip/é). (4.1.10)

Then, for every J C {1,...,p}, with probability at least 1 —46, the estimator B defined in (4.1.9)
above with A = i;{f satisfies

£(73) < jut, {0ha) + 418

IN?|J|
. 4.1.11
BER 1 2 } ( )

ks (/5 3)

This result follows in the footsteps of many recent papers such as (Koltchinskii et al., 2011a;
Sun and Zhang, 2012b; Dalalyan et al., 2014b) among others. The term oracle inequality refers
to the fact that it allows us to compare the excess risk of the predictor fﬁ to that of the best
possible nearly sparse prediction function. (By nearly sparse we understand here a vector 3
such that for a set J C {1,...,p} of small cardinality the entries of @ with indices in J° have
small magnitude; that is ||B |1 = > i 3| is small.) Indeed, if we denote by B a nearly
s-sparse vector in RP such that the excess risk £(f3) is small, then the aforestated risk bound
is the sum of three terms having clear interpretation. The first term, £(f3), is a bias term due
to the s-sparse linear approximation. The second term, A||3,|, is the bias due to approximate
s-sparsity. (Note that it vanishes if 3 is exactly s-sparse and .J is taken as its support.) Finally,
the third term measures the magnitude of the stochastic error. Assuming the compatibility
constant to be bounded away from 0, this last term is of the order slog(p)/n, which is known
to be optimal® over all possible estimators (Ye and Zhang, 2010; Raskutti et al., 2011; Rigollet
and Tsybakov, 2011a, 2012a).

, which is of the same order as s108(P) o1 most values of s.

slog(1+p/s)
n n

3More precisely, the optimal rate is
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Inequality (4.1.11) readily shows the advantage of using the unlabeled data: the compatibility
constant involved in the last term of the right hand side is computed for the overall covari-
ance matrix. When the size of the labeled sample is small in regard to the dimension p, the
corresponding constant computed for f)lab may be very close (and even equal) to zero. This
may downgrade the fast rate of the original lasso to the slow rate ||3||1//n. Instead, if a large
number of unlabeled features are used, it becomes more plausible to assume that the compat-
ibility constant is bounded away from zero. In relation with this, it is important to underline
that the unlabeled sample cannot help to improve the fast rate of convergence of the lasso,
slog(p)/n, which is optimal in the minimax sense. The best we can hope to achieve using
the unlabeled sample is the relaxation of the conditions guaranteeing the fast rate. Another
worthwhile remark is that the theorem stated above is valid when the size of the unlabeled
sample is significantly larger than the dimension p. Interestingly, this condition is not required
for getting the analogous result in the transductive set-up.

The rest is as follows. In 4.2, we introduce the notations used throughout the paper. 4.3 contains
a review of the relevant literature and discusses the relation of the previous work with our
results. 4.4 presents risk bounds for the prediction error of the lasso in the transductive setting,
whereas 4.5 is devoted to the analogous results in the semi-supervised setting. Conclusions are

made in 4.6. The proofs are postponed to 4.7.

4.2 Notations

In the sequel, for any integer k we denote by [k] the set {1,...,k}. For any ¢ € [1,400] the
notation ||v||, refers to the ¢,-norm of a vector v belonging to an Euclidean space R* with
arbitrary dimension k. Since there is no risk of confusion, we omit the dependence on k in the
notation. For any square matrix A € RP*? we denote by A™ its Moore-Penrose pseudoinverse

and by [|A]| its spectral norm defined by

IA| = max [|Av]; (4.2.1)

[vll2=1

We use boldface italic letters for vectors and boldface letters for matrices. Throughout the
manuscript, the index j will be used for referring to p features, whereas the index ¢ will refer to
the observations (i € [n] or i € [N]). For any set of indices J C [p] and any 8 = (B4, . .. ,,Bp)T €
R?, we define 3, as the p-dimensional vector whose j-th coordinate equals 3; if j € J and 0

otherwise. We denote the cardinality of any J C [p] by |J|. Also, we set supp(8) = {j : B; # 0}.
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In particular, whenever f*(x) = x'3*, we set J* = supp(8*) and s* = |J*|. For J C [p] and

c¢ > 0, we introduce the compatibility constants

ST
ka(J,c) :inf{ cv € RP||vely <C”UJH1} (4.2.2)
(vl = l[vsellr)?
and
Tl 1A 2]12
Ra(J,c) = inf {% cv € RP||vye|l1 < CH'UJHl}. (4.2.3)
Jl1

One easily checks that these two constants are of the same order of magnitude in the sense that

for every c,¢ > 0. These constants are slightly larger’ than the restricted eigenvalues (Bickel

et al., 2009) defined by
RAC(J,¢) = inf {[|AY20][3 : Jve|ly < cllosll and osllz = 1}.

For more details, we refer the reader to van de Geer and Bithlmann (2009).

4.3 Brief overview of related work

The material of this paper builds on the shoulders of giants and this section aims at providing a
unified overview of some of the most relevant results in our setting, without having the ambition
of being exhaustive. For each of the selected papers, we will discuss its strengths and limitations
in relation with the results presented further in this work.

Some recent results, obtained in the context of matrix regression, can be specialized to our
problem and should be put in perspective with our contribution. For instance, a large part of
Chapter 9 in (Koltchinskii, 2011) is devoted to the problem of assessing the off-sample excess
risk of the trace-norm penalized empirical risk minimizer in the setting of trace regression with
random design. One can arguably consider that setting as an extension of the random design
regression problem by restricting attention to the set of diagonal matrices. Then the estimator
studied in Koltchinskii (2011) coincides with the lasso estimator (4.1.7). With our notations,
the main result of Chapter 9 in (Koltchinskii, 2011) reads as follows.

Theorem 4.3.1 (Theorem 9.3 in Koltchinskii, 2011). Assume that Assumptions 4.1 and 4.1

4We recall here that a larger compatibility constant provides a better risk bound.
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hold. Then there exist universal positive constants ¢; and cy such that, if

X > ¢, Bx max { By log (2p/9) 7 (By log (2p/9) ) 1/2}

n n

for some 6 € (0,1), the estimator (4.1.7) satisfies,

180N N
Fx(supp(8), 5)

(I 20 DIt 11 g

A +n

E(fz) < inf {25(f,6)+02{

BeRP

with probability larger than 1 — &, where

k=log(nVpV By)V|log(2\)| V2 and q()\) = ﬁigﬂgp (E(fa) +2X|181h)-

This result can be briefly compared to the risk bound in (4.1.11). The main advantages of this
result is that (a) it is established under much weaker assumptions on the boundedness of the
random variables X and Y than those of Assumption 4.1, (b) it holds not only for the vector
regression but also for matrix regression, (¢) it contains no restriction on the sample size and (d)
it involves the compatibility constant of the population covariance matrix 3. On the negative
side, the oracle inequality in 4.3.1 is not sharp since the factor in front of £(fg) is not equal
to one and, more importantly, the rate of convergence of the remainder term is sub-optimal
in most situations. Indeed, if the best linear predictor corresponds to an s-sparse vector the
nonzero entries of which are of the same order, then the term ||3]|3 log(k/d) log(n)/n, present
in the right hand side, is of order s*log(n)loglog(n + p)/n, whereas the remainder term in

(4.1.11) is of smaller order slog(p)/n.

On a related note, Koltchinskii et al. (2011a) establish sharp oracle inequalities for the trace-
norm penalized least-squares estimator in the problem of matrix estimation and completion
under low rank assumption. Using our notation, Theorem 2 in (Koltchinskii et al., 2011a)

yields the following result.

Theorem 4.3.2 (Koltchinskii et al., 2011a). Assume that the matriz 3 = E[X X "] is known
and let B be as in (4.1.9) with A = X2, Suppose in addition that Assumption 4.1 holds and
that, for 6 € (0,1),

A > 4BY<M)1/2 {1+ %(M)m}
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Then, with probability larger than 1 — §, we have

2
£(f3) < jof, nt { £ + Bl + o L (132)
The original result (Koltchinskii et al., 2011a, Theorem 2) is slightly different from the aforest-
ated one. In particular, it is expressed in terms of the restricted eigenvalue constant with
respect to the population covariance matrix 3. However, all these differences imply only minor
modifications in the proofs. 4.3.2 is very similar to the risk bounds that we establish in the
present work, but has the obvious shortcoming of requiring the covariance matrix ¥ to be
known. In fact, this corresponds to the situation in which infinitely many unlabeled feature
vectors X, 11, X190, ... are available, that is N = +o00. To some extent, one of the purposes
of the present work is to provide risk bounds analogous to the result of 4.3.2 but valid for a
broad range of values of N. Note that the choice of the tuning parameter A\ advocated by all
the aforementioned results is of the same order of magnitude.

To the best of our knowledge, the only paper establishing risk bounds for a transductive version
of the lasso is (Alquier and Hebiri, 2012). In that paper, the authors considered the problem
of transductive learning in a linear model Y = X ' 3* 4 ¢ under the sparsity constraint. The

estimator they studied is slightly different from ours and is defined by
N . ~ ) L~
B e angnin {I)2,808 - 2¥ X S, B + 201811} (133)
cRP
For the predictor fﬁ based on this estimator, the authors established the following risk bound.

Theorem 4.3.3 (Theorems 4.3 and 4.4 in Alquier and Hebiri, 2012). Assume that for some
B* € R?, the conditional distribution of € ==Y — X '3 given X is Gaussian N(0,0?). Let
&1 be the event “all the unlabeled features {X,4; : i € [N — nl}, belong to the linear span
of the labeled features {X; : i € [n]}” and let § € (0,1). Denote by a,n, the harmonic

mean of the diagonal entries of the matrix f)unlabigbflunlab. Then the estimator (4.3.3) with

A =04/(2/n)annplog(p/d) satisfies

720%a, N, S log(p/d)
ke (J*3) n

Eunlab

P(gTL(f@) S ‘ Xall) Z 1—-6 on (gal.

This result is close in spirit to the result that we establish in this work in the setting of
transductive learning. Note however that there are three main differences. First, we do not

confine our study to the well-specified situation in which the Bayes predictor is linear, f*(x) =
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x ' B for every © € RP, with a sparse vector 3*. Second, we avoid the unpleasant restriction
that the unlabeled features are linear combinations of labeled features. Third, we replace the
factor a, n,—which may be quite large—by a more tractable quantity. This being said, the
result of Alquier and Hebiri (2012)—in contrast with our results—does not require the unlabeled

features to be drawn from the same distribution as the labeled features.

We also review a recent result from (Lecué and Mendelson, 2016a). In that paper, the authors
consider the isotropic case 3 = I,,, where I, stands for the p x p identity matrix, but impose
only weak assumptions on the moments of the noise. Translated to our notations, their result

can be formulated as follows.

Theorem 4.3.4 (Theorem 1.3 in Lecué and Mendelson, 2016a). Let Assumption 4.1 be satisfied
and let 33 = 1,. Let fg be the best linear approxvimation in L?(Px) of the regression function
f*, that is B € argmingeps E(f3). Let § € (0,1) be a prescribed tolerance level. There are three

constants c1(0), ca(8, Bx) and c3(8, Bx) such that, if B is nearly s-sparse in the sense that’

p

> 1Bly < cl(é)Bys<10g7i2p)>1/2

j=s+1

1/2

and X is chosen by A\ = co(J, BX)BY(%) , then with probability at least 1 — O the lasso

estimator satisfies

E(fz) < E(f3) + es(0, Bx) By, ‘91%(21’). (4.3.4)

The principal strength of this result is that it is valid under a very weak assumption on the tails
of the noise, but it has the shortcoming of requiring the minimizer of the excess risk to be nearly
s-sparse with a quite precise upper bound on the authorized non-sparsity bias. From this point
of view, an upper bound of the form (4.1.11) provides more information on the robustness of

the prediction rule with respect to the model mis-specification.

The proofs of the results above assess the off-sample prediction error rate of the lasso by using
direct arguments. An alternative approach (adopted, for example, in Raskutti et al., 2010a;
Koltchinskii, 2011; Oliveira, 2013; Rudelson and Zhou, 2013) consists in taking advantage of
the in-sample risk bounds in order to assess the off-sample excess risk. In short, by means of
nowadays well-known techniques (developed in Bickel et al., 2009; Juditsky and Nemirovski,

2011; Bithlmann and van de Geer, 2011; Belloni et al., 2014; Dalalyan et al., 2014b, for instance)

5We denote by |3](j) the j-th largest value of the sequence |B1],...,|B,|, so that |B]) >+ > |B|¢).

123



for a well-specified model®, an upper bound on the in-sample risk,
1 3 " S1/2(73 x
11X (B — B = 12008 ~ BV,

is obtained along with proving that the vector B — B* belongs to the dimension-reduction
cone appearing in the definition of the compatibility constant. Then, using suitably chosen
concentration arguments, it is shown that (with high probability) the compatibility constant
ks, (J*,¢) of the empirical covariance matrix Sap is lower bounded by a (multiple of a)
compatibility constant kx(J*, ¢’) of the population covariance matrix, provided that the sparsity
s is of order n/log(p). The main conceptual differences between the aforementioned papers are
in the conditions on the random vectors X ;. In (Raskutti et al., 2010a), it is assumed that
the X;’s are Gaussian. In Rudelson and Zhou (2013) and Theorem 9.2 in Koltchinskii (2011),
sub-Gaussian and bounded designs are considered, whereas only a bounded moment condition
is required in Oliveira (2013). We will not reproduce their results here because (a) they do not
allow to account for the robustness to the model mis-specification and, to a lesser extent, (b)

the constants involved in the bounds are not explicit.

4.4 Risk bounds in transductive setting

We first consider the case of transductive learning. From an intuitive point of view, this case
is simpler than the case of semi-supervised learning since a prediction needs to be carried out
only for the features in Dyplapelea- Indeed, recall from (4.1.5) that in this context, the excess
risk of the linear predictor fg is defined by

1 N

N —n Z (XiTﬁ—f*(Xi))Q

i=n-+1

Ern(fa) =

and the suitably adapted lasso estimator is given by choosing A = SY2 in (4.1.9), that is

unlab
~ - 2
B € argmin{ [S0,61 — ¥ X + 2016 }.
c€RP

Note here that the role of the term 2Y "X, is to estimate the term 2 ZZ.N:nH (X)X,

which appears after developing the square in the excess risk. Since the latter belongs to the

image of the matrix X .p, one can slightly improve the estimator by projecting onto the

6This means that for a sparse vector 8%, it holds that f* = fg-.
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subspace of RP spanned by the unlabeled vectors X;. This amounts to replacing the term
YTXlabﬂ by YTXlabHunlabﬁ, where Il,,., stands for the orthogonal projector in RP onto
Span(X,41,...,X ). However, from a theoretical point of view, this modification has no
impact on the risk bound stated below. That is why we confine our attention to the lasso

estimator that does not use this modification.

Theorem 4.4.1. Let Assumptions 4.1 and 4.1 be fulfilled. Define n, = nA(N —n) and assume

that, for a given 6 € (0,1), the tuning parameter \ satisfies

A > 4BY(M>U2 {1 + &(M)UQ] . (4.4.1)

Ny 3 Ny

Then, with probability at least 1 — ¢, the predictor ffi satisfies

2
Erilfp) < jnf, {gTL(fﬂ) + 4Bl + %} (4.4.2)
JClp] unlab
A few comments are in order. First, 4.4.1 holds for any pair of integers n and N larger than
1. However, it is especially relevant when the number N — n of unlabeled features is larger
than the number n of labeled ones. As already mentioned, this kind of situation is frequent in
applications where the labeling procedure is expensive. In this case, n, = n and 4.4.1 takes the
same form as (4.1.11) with the notable advantage that the size of the unlabeled sample does

not need to be of larger order than the dimension p. Let us present a few implications of this

result in the well-specified case.

Well-specified case. Recall that the well-specified case refers to the situation where there
exists 3* € RP such that the Bayes predictor f* satisfies f*(x) = ' 3", Px-almost surely. In
this case, the excess risk of a predictor fg can be written as Er,(fg) = Hf]llﬁab(ﬁ— B%)]|3. In this
form, the technical tractability of the transductive learning problem appears clearly since the
matrix A = giﬁab used in the definition of the estimator ,@ coincides with the one appearing

in the excess loss. As we shall see later, this is indeed not the case for semi-supervised learning.

Now, the choice of 3 = 3* and J = J* in the right hand side of inequality (4.4.2) yields

9NZs*



The choice of A provided by the right hand side of inequality (4.4.1), along with the condition
n, > B%log(2p/d), leads to the bound

64B% s*log(p/d)
ke (J*,3) ne

3 unlab

Eru(fp) <

with probability at least 1 —¢§. Comparing our result with that of Alquier and Hebiri (2012) (cf.
4.3.3 above), we can note that 4.4.1 holds without the assumption that the unlabeled features
belong to the linear span of the labeled ones. On the other hand, Alquier and Hebiri (2012) do

not require the labeled and the unlabeled features to be drawn from the same distribution.

4.5 Risk bounds in semi-supervised setting

We now turn to the more challenging problem of semi-supervised learning. In this subsection,
we first consider the well-specified setting in which the Bayes predictor f* is linear. We start
with risk bounds that hold with a probability close to one. Such bounds are often termed in

deviation as opposed to those holding in expectation.

Well-specified case. We assume here that
f*(x) =x"B*, Px-almost surely. (4.5.1)

In this context, the excess risk of the linear predictor fg, defined in (4.1.4), becomes &(fz) =
|=Y2(B8 — B%)||3. This setting is more restrictive than the mis-specified setting considered
below, but it has the advantage of allowing us to obtain risk bounds that are small even if
the sample size N is not necessarily larger than the dimension p. The next result assesses the

performance of the predictor fﬁ where

. (- 2
Bc arg min {Hz;{fmg - EYTXMbﬁ + wmul} : (4.5.2)
€RP

corresponding to the choice A = f]:ﬂ/lz in (4.1.9). In the next result, we set

Ka (s,0)= min_kx"(J0),

JClpl:|J|<s

where the restricted eigenvalue £} (J, ¢) is defined in 4.2.
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Theorem 4.5.1. Let Assumptions 4.1, 4.1 and (4.5.1) be fulfilled. Let 6 € (0,1) be a tolerance

level and let the tuning parameter A satisfy

A > 4By (%ym {1 n Bx (M)UQ] |

n

2

With probability at least 1 — ¢, it holds

E(fz) < (&) M (4.5.3)

ks, (J*3) /ﬁ%];jv(s*,?))?

In addition, if the overall sample size N is such that 16s*B%+/2log(4p?/d) < Rs(J*, 3)VN
then, with probability at least 1 — 6, the predictor fB satisfies the inequality

IN\2s*

E(fz) < (3 (4.5.4)

This theorem provides three different risk bounds, all of them being valid for the same choice
of the tuning parameter \, that clearly show the benefits of using unlabeled data. The first two
bounds are stated in 4.5.3. They share the common feature of depending on a characteristic
(compatibility constant or restricted eigenvalue) of the sample covariance matrix. The latter is
computed using both labeled and unlabeled data. For large values of NNV, it is more likely that
these characteristics are bounded away from zero than those of the sample covariance matrix
based on the labeled data only. In the asymptotic setting where s* goes to infinity with the
sample size and the dimension, the second term in the right hand side of 4.5.3 is of smaller
order than the first one and is rate optimal, provided that the restricted eigenvalue is lower
bounded by a fixed positive constant. However, for finite and small values of s* the first term

in the right hand side of 4.5.3 might be smaller than the second term.

This being said, it might be more insightful to look at the non random upper bounds on the
excess risk as the one stated in 4.5.4. It basically tells us that if the overall sample size is larger
than a multiple of (s*)?logp, then the off-sample prediction risk of the semi-supervised lasso
estimator achieves the fast rate %. Note that if we use only the labeled data points, the best
known results—as recalled in 4.2 above—provide the fast rate when n is larger than a multiple
of s*logp. Thus, if N is of the same order as n, our result above is not the sharpest possible,
but it has the advantage of being easy to prove and, nevertheless, demonstrating the gain of
using the unlabeled data. In particular, the proof of results providing the fast rate under the

condition n > Cs*log(p), for some C' > 0, involve the important step of lower bounding the
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compatibility constant of the sample covariance matrix by its population counterpart. This step
uses concentration arguments which are often tedious and come with implicit (or unreasonably
large) constants. Instead, our proof makes use of much simpler tools essentially boiling down

to the classical Bernstein inequality and leads to explicit and small constants.

Mis-specified case. Mathematical analysis of the semi-supervised lasso under mis-specification
is more involved, since it requires careful control of the bias terms corresponding to the non-
linearity and the non-sparsity of the model. We first state results providing risk bounds in

deviation, then state their counterpart in expectation.

Theorem 4.5.2. Let Assumptions 4.1 and 4.1 be fulfilled. Fixz J C [p| and § € (0,1). Suppose
m addition that

N > 18B%p]| 5 log(3p/9) (45.5)
and
log(6p/6)\1/2[ . By /log(6p/6)\ 1/2
Azs&&(%) {H?X(%) } (4.5.6)

Then the semi-supervised lasso estimator ,B' defined in (4.5.2) above satisfies

E(fy) < inf {E(f)+4A||ﬂ || +ﬂ} (45.7)
7~ perr 7 s Qmﬁan(‘]? 3) ’ -

with probability larger than 1 — 4.

The novelty of 4.5.2 lies in the semi-supervised nature of the estimator (4.5.2), which involves
all the unlabeled features through the matrix A = fl;l/f in 4.1.9. In particular, 4.5.2 quantifies
the natural intuition according to which, if N is large enough, the matrix A = f];{f is a good
estimator of ¥ and a result similar to 4.3.2 should hold. As mentioned in the introduction, an
attractive feature of the upper bound in 4.5.7 is that it is of the same form as the recent oracle
inequalities established in the case of fixed design regression (see, for instance, Dalalyan et al.,
2014b; Pensky, 2014, and the references therein) and quantify in an easy-to-understand manner
the error terms accounting for the non-linearity and the non-sparsity of the true regression
function f*.

The minimal number N of features satisfying (4.5.5) depends on || X7} = Al (), reflecting
the fact that the quality of approximation of the identity matrix I, by 3~/ 25.135/2 depends

on ||[X7!|. One can remark that under constraint (4.5.5), the lowest eigenvalue of the sample

covariance matrix is close to its population counterpart (Vershynin, 2010) and provides a simple

128



lower bound on the compatibility constant Hﬁall(J’ 3) appearing in 4.5.7. These considerations

lead to the following corollary.

Corollary 4.5.1. Under the conditions of 4.5.2, with probability at least 1 — 0,

E(f) < inf inf {E(fs) +4X]8.

271 (2 }
jnf + FENZ g8 (4.5.8)

Let us also mention that the factor B%p||X~!|| present in the right hand side of 4.5.5 is an
upper bound on the norm [|X71/2X||? under assumption 4.1. Under additional assumptions
on the support of the features X;, this expression may be replaced by a smaller one leading

thus to a relaxation of condition (4.5.5).

Sharp oracle inequality in expectation. All the previously stated results assert that the
lasso estimator has a small prediction error on an event of overwhelming probability. However,
in these results, the choice of the tuning parameter \ and, therefore, the final predictor fB’
depends on the prescribed level of tolerance. A consequence of this dependence is that one
can not integrate out the bounds in deviation in order to get a bound in expectation. This
is probably one of the reasons why the bounds in expectation for the lasso are scarce in the
literature. To fill this caveat, we state below a risk bound in expectation that can be easily

deduced from the bounds in deviation.

Theorem 4.5.3. Let Assumptions 4.1 and 4.1 be fulfilled. Suppose that the overall sample size
is such that N > 18 B%p||X~!||1og(3pN?). Then, for the tuning parameter

n 3 n

A\ — 8BXBY(M>1/2 [1 + &(M)lﬂ} (4.5.9)

the semi-superuvised lasso estimator B defined in (4.5.2) above satisfies

27H2 | 2B B
N2 27plog®(6pN?)’

(4.5.10)

E[£(f3)] < inf inf {&(fa) + AN|Byells +

X1} +
JC[p] BeRP

The proof of this theorem is postponed to 4.7.2. The bound above is not optimal in terms
of its dependence on N. In particular, it blows up when N goes to infinity and all the other

parameters are fixed. However, this divergence is only logarithmic in N. The dominating term

slog(pN)
—

in the risk bound above is (at least in the well specified setting) of the order \?|J| =
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4.6 Conclusion

We have reviewed some recent results on the prediction accuracy of the lasso in the problem
of regression with random design and have proposed their extensions to the setting where the
labels of some data points are not available. Theoretical guarantees stated in previous sections
are formulated as oracle inequalities that allow us to compare the excess risk of a suitable ad-
aptation of the lasso to the best possible (nearly) sparse prediction function. We have opted for
considering only those risk bounds that provide the fast rate and are valid under some conditions
on the design such as the restricted eigenvalue condition or the compatibility condition. Some
of the established upper bounds involve the compatibility constant of the sample covariance
matrix. Using results on random matrices (Rudelson and Zhou, 2013; Oliveira, 2013; Bah and
Tanner, 2014) they can be further worked out to get deterministic upper bounds. However, the
evaluation of the restricted eigenvalues and related quantities of the random covariance-type
matrices is a dynamically evolving research area and we expect that new advances will be made

in near future.

The main high level message of the contributions of this paper is that one can take advantage
of the unlabeled sample for improving the prediction accuracy of the lasso. Roughly speaking,
if the size of the unlabeled sample is larger than the ambient dimension, then the modified lasso
predictor has a prediction risk that converges to zero at the optimal rate even if the sample
covariance matrix based only on the labeled sample does not satisfy the compatibility or the
restricted eigenvalue condition. However, it should be acknowledged that when the model is
well specified (that is there exists a sparse linear combination of the features with an extremely
low approximation error) and the population covariance matrix is well-conditioned, then the
original lasso might perform as well as, or even better than, the modified lasso proposed in
this work. Therefore, one can conclude that the use of the unlabeled sample improves on the

robustness of the lasso to the model mis-specification.

We would like also to emphasize that, pursuing pedagogical goals, we have restricted our atten-
tion to the simple case of bounded feature vectors and bounded labels. All the proofs presented
in this paper are based on elementary arguments and are fairly simple. Using more involved
arguments, they can be carried over the case of sub-Gaussian design and labels. It would
be interesting to explore their extensions to other settings such as regression with structured

sparsity, low rank matrix regression or matrix completion, etc.
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4.7 Proofs

We start with a general result that holds for the penalized least squares predictor with arbitrary
convex penalty. This result is of independent interest. It generalizes the corresponding result
of (Koltchinskii et al., 2011a) established for the matrix trace-norm penalties. The proof that
we present here is different from the one in (Koltchinskii et al., 2011a) in that it does not rely

on the precise form of the sub-differential of the penalty function.

Lemma 4.7.1. Let n,p > 1. Let pen : RP — R be any convex function and E be defined by
~ 2
B € argmin {HA,@H% — Y " X8 + pen(ﬂ)} , (4.7.1)
BeRP n
where A € RP*PY € R" and Xy, € R™™P. Then, for all B € RP,
~ 9 ~ ~ ~
IAB|3 < [|ABII3 + EYTXIab(/H — B) + pen(B) — pen(B) — [[A(B — B)|3. (4.7.2)

Proof. Let us introduce the function ®(8) = |AB||2 — 2Y " X,.,8 + pen(B) for every 8 € R,
so that ,@ is a minimum point of ®. Since the latter is a convex function, we know that the

zero vector 0, of R” belongs to the sub-differential 8@(3) of @ at B For all B € R?, let

v(B) =AB-B)E  ®B)=2(B)—v(Ba). (4.7.3)

The function % is proper and convex. It is also differentiable on R? and the sub-differential
of 1 at B is reduced to its gradient at B, so that dy(8) = {Vi(8)} = {0,}. The function
® defined on RP is the sum of an affine function and the convex function pen, thus it is also
convex. The functions ¢, ® are proper and convex, the function 1 is continuous on R? so by

the Moreau-Rochafellar Theorem,
00(B) = 0v(B) + 02(B) = {0,} + 0B(B) = 02(B). (4.7.4)
Thus 0, € d®(/3), which can be rewritten as
d(B) > d(B), VBER” (4.7.5)
By adding v¢(83) on both sides of the previous display, we obtain

o(B8) > ¢(B)+ |AB-P)|2, VB ER (4.7.6)
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Rearranging the terms of this inequality, we get the claim of the lemma. O
We will also repeatedly use the following result.

Lemma 4.7.2. For any pair of vectors 3,3 € RP, for any pair of scalars pn > 0 and v > 1,

for any p X p symmetric matriz A and for any set J C [p], the following inequality is true

(v +1)2u2]J|
’72’fA2(J7 C’Y) ’

1+ (4.7.7)

207 (118 = Bl + 1181 = 718111 ) — I1AB — B)I < 4211,

where ¢, = (v +1)/(y = 1).

Proof. To ease notation, we set w = 3 — 3. Using that |3, — |31 < ||u,|l: and ||3,.
18

1+

1 > ||wye||1, we obtain

[l + 2Bl = BN = [l + (1Bl + 185l = 1851 = 187:]11) (4.7.8)
= [lully + 29(1Bselli + (181 = 118511) = v (1Bl + 185¢11h)

(4.7.9)

< lulfls + 298yl + vllwslls = vllwselh (4.7.10)

=29(1Belly + (v + Dllwslly = (v = Dlwselh (4.7.11)

= 29[1Bells + (v + V) ([[wslh = & Hwgellr).- (4.7.12)

If ¢y|luy|li < ||wse|l1, the claim of the lemma is straightforward. Otherwise, ||w |1 < ¢ l|ws|

and using the definition of the compatibility constant we get

2A(v + 1) (IJ\ ' HAUH§>1/2 CJAul? (4.7.13)
Y K'AQ(‘]a C’Y) ’

(v +1)22%J]
= raz(J, )’

2M(y+ 1)

IA

(sl = e5 lugells) — | Aulf3

[by Cauchy-Schwarz] (4.7.14)

which completes the proof. O

To close this subsection of auxiliary results, we provide simple upper bounds on the quantiles

of some random noise variables.

Proposition 4.7.1. Let m = N —n and n, = n A m. Introduce the random vectors C(l) =

% Z?:l Yle - E[YX],

1 n 1 n+m B 1 n 1 N
C=-D ViXi—— > f(X)X; and =) ViX;— > f(X)X; (47.15)
i=1 i=n+1 i=1 i=1
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Under Assumptions 4.1 and 4.1, and for any § € (0,1), each of the following inequalities

160 < 2BY(M>U2 i %(M)M (4.7.16)
I¢]le < 2By (%)m 1+ %(%)W (4.7.17)

. SN2 5)\1/2]
g 231’(%)1 e %(%)1 i (4.7.18)

holds with probability at least 1 — 6.

Proof. We will only prove the inequality corresponding to ¢. The others being very similar are

left to the reader. Denote sy = E[Y X | = E[f*(X)X] € RP, and introduce the random vectors

NY;X; — su)/n, i € [n],
SZZ' =

N(sp— [5(X3)X;)/m, 1€ [N]\ [n].
The vectors sZ; are independent, centered, bounded and satisfy

8/1+ -+ 84y

¢= N

Furthermore, Assumption 4.1 implies that [|sZ;||cc < 2N By Bx/n if i <n and that ||sZ;]|c <
2N By Bx /m if i > n. One can also bound from above the variance of the j-th component Z;;
of sZ; as follows. If i < n then, in view of Assumptions 4.1 and 4.1, E[Z7] < (N/n)*E[Y?X7] <
(NBy/n)?. Similarly, if ¢ > n then E[Z}] < (NBy/m)*. Hence, we may easily deduce that,
for all j € [p],

N
1 ,. _2NB2
i=1

Ty

Therefore, using the Bernstein inequality recalled in Proposition 4.7.4 of Appendix 4.7.3, for
every j € [p] and every d > 0, we get that inequality

]og(jp/(s)) 1/2 n 2By Bx log(2p/9) (4.7.19)

3n,

‘C]’ > 2By (

*

holds with probability at most §/p. The claim of Proposition 4.7.1 follows from the union
bound. O]

Remark 4.7.1. One can easily check that the inequality E[Zf]] < (NBy/n)?, fori=1,...,n,
used in the previous proof can be replaced by E[Z%] < (NLyBx/n)?, where Ly = (E[Y?])"/2.

This may lead to a better risk bound in the cases where the random wvariable Y; is not well
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concentrated around its average value.

We are now in a position to prove the main theorems of this paper.

4.7.1 Proofof4.4.1

The proof of Theorem 4.4.1 follows directly from 4.7.1 and 4.7.2 below. For simplicity, the

parameter v > 1 introduced in Proposition 4.7.2 is fixed at the value v = 2 in 4.4.1.

Proposition 4.7.2. Let ¢ be as in 4.7.1. For any vy > 1, we set ¢, = (y+1)/(y —1). On the
event & = {||€|lc < A/}, for every B € RP and every J C [p], we have

(v + 1222 J|

. (4.7.20)
/YQKf}unlab (J.cy)

1+

Eru(fz) < Erulfp) + AN B e

Proof. Along the proof, we will use for convenience the shorthand notations m = N—n and A =
/2

unlab*

f*(Xz-))Q, we get

First, notice that developing the square in the expression &1, (fg) = % lein 1 (X 18-

n—+m n—+m
en(fa) = A8 - (2 30 FX0XT )+ L Y (X (47.21)
i=n+1 i=n+1
2 1 n+m
= |ABII; +2¢'8 - ﬁYTXIab,B +— MZH X2 (4.7.22)

This implies that for every B8 € RP, we have

Er(fz) — Erlfs) = |ABI3 — |ABI+2¢T(B-B) — %YTXWB -B). (4723

Using 4.7.1 with the convex penalty term pen(83) = 2)\||3||1 , we deduce that, for every 3 € R,

Ern(fz) — Ern(fa) < 2¢T(B = B) + 28Il — 1BIh) — [AB - B)I13- (4.7.24)
On the event &, note that 2¢" (8 — B) < 2|l llB — B||1 < %Hﬁ - ,B’Hl, which leads to
- - ~ 2 . A
27(8~B)+ 20181~ 1B1) < = (18~ Bl + 2181 1Bl ) (4.7.25)

Combining equations (4.7.24) and (4.7.25), we get that on the event &, for every B € RP and
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every J C [p],

Eru(f3) — Ernlfs) < 2277 (18 = Bl +7IIBIL — 7IIB1L) — IIA(B — B)I3. (4.7.26)

The claim of the proposition follows from 4.7.26 by applying 4.7.2 with u = A. ]

To conclude the proof of 4.4.1, it suffices to note that in view of 4.7.1, the probability of the
event & = {||€|lcc < A/v} is larger than 1 — § provided that

A 2wgy<log(2p/5)>1/2 [1 N &(bg(?p/é))l”}

" 3 Ny

4.7.2 Proofs for the semi-supervised version of the lasso

We start this section by some arguments that are shared by the proofs of both theorems stated
in 4.5. Let J C [p] and let B be a minimizer of the right hand side of (4.5.7). Note in particular
that 3 is a deterministic vector depending on the unknown distribution P of the data. In
addition, if the model is well-specified and J = J* then 3 = 3*. We will also use the notation
u = B — 3 and

IS S
¢W == Y VX -EYX] and ¢®=(Z-Zu)8 (4.7.27)
i=1

Furthermore, to ease notation, we set EN = iall; f)n = f]lab, A = fJJIV/Q First, observe that

the excess risk £(f3) = I (mTB - f*(:v))ZPX(da:) of the predictor f3 satisfies

E(fz) = /X {(z"u)?+2u'z(z"B— f*(z) + (z'B— f*(m))Q}PX(da:) (4.7.28)

= |V 2ulf +2u"208 - 2u B (X f*(X)] + £(fa) (4.7.29)
Next, notice that
=202 = uT (2 — Sy)u+ ||Aul?, (4.7.30)
and that
208 =2u" (T - Zy)B+2u’ N3 (4.7.31)
=2u' (S - Zy)B+ [|ABI3 — | Aull3 — || ABI3, (4.7.32)
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where in the last line we have used the identity 2a"™b = ||la + b||2 — ||a||? — ||b]|2 with a = Au

and b = A3. Transforming 4.7.29 thanks to (4.7.30) and (4.7.32) we obtain

E(f3) — Efp) = u" (T - Sy)u+2u’ (T - S8+ |ABIE - |ABI2 - 2u B[V X] (47.33)
—uT(S - Sy)ut 2uTCO + [ABE - |ABIE +2u¢ - 2Y X, u,
n

(4.7.34)

where we have used the identity E[Y X] = E[X f*(X)] and the definitions of ¢! and ¢®.
Applying Lemma 4.7.1 with pen(8) = 2A||3||; and combining its result with (4.7.34), we arrive

at

E(f3) — E(fa) < 2u' (¢ +¢P) +22(|IB]1 — I1B]1) + w' (B — Sy)u — [|Aul}.  (4.7.35)

T1 T2

Proof of 4.5.1.

As mentioned earlier, in the well-specified setting we have 3 = B* and, therefore, &( f,@) =
|21/2u||? and E(fs+) = 0. Hence, (4.7.35) yields

2| =3 )3 < 20T (CW + ¢P) + 22(18* ] — 118* + ulh)- (4.7.36)

Combining the duality inequality [u" (¢V +¢®)| < [|€™ + (P |lull with the following one
187l = 118"+l = 185l = 187+ + wselly = [werelly < llwselly = lwesellr, we infer from

inequality (4.7.36) that on the event & = {2[|¢V) + ¢?||o < A}, we have

«l/2
2| ZN )} < ABllwslh — uge)

N (4.7.37)
This implies that ||[w(j«)e|1 < 3|lws+||1 and, therefore,
2ks (J%,3)[wse 1} < 25" |3 ulf3 < 3Xs*[us |- (4.7.38)

This yields [|us«[[1 < 3As*/(2kg, (J*,3)) and, since max; j [3;;/| < 1, 1220y < ||ul; <

4||ws+||1, which implies that

As* 2
etrp) = 12l < (g ) (4.7:39)
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On the other hand, if we denote by I the set of the s* largest entries of the vector |u/, inequality
(4.7.37) implies that 2| Z3 u||2 < AB||lwrll — [|wrel1).
Therefore, using the definition of the restricted eigenvalue and similar arguments as above, we

deduce that |u/|l2 < 3A\/§/(2m%i(l, 3)). Furthermore, [|u|3 = ||usl|3 + [Jure|]3 < |luz]|3 +

1 < [lueglf3 4 3(s") 7 [l < 4f|wglf3. This yields

1< gl + () el e

|wre]|oo|tese

9| ||A2s*
E(fz) = 1= 2ully < IS0 - llul3 < 41 - llwll? < g5y

4.7.40)
Fgsy (1,3)?

Combining (4.7.39) and(4.7.40), we get the first claim of the theorem.

To get the second claim of the theorem, we go back to (4.7.37) and use the following inequalities:

2= w2 = 2SNV ul2 + 2uT (T — Sy)u (4.7.41)
< 3wl + 2|2 = Enll el (4.7.42)
< 3M|uge |l + 322 — Sl s (4.7.43)

In the sequel, let us denote k = kx(J*, 3) for brevity. Then, upper bounding the two instances

of ||wy||1 in (4.7.43) by (s*||ZY%u||2/k)"/2, we infer that on &,

3>\\/_
2k

16s*

15 2} < SV S 2l o |1 S5 2l (4.7.44)

Dividing both sides by ||X'/?ul|y (if this quantity vanishes then the claim of the theorem is
obviously true) and after some algebra, we get the inequality
IN2s*K 9)\2 *

=202 < , (4.7.45)
Ak — 165" |Z =S| )2~

where the last inequality holds on the event & N {32s* | £ — Syl < x}. In view of the union
bound, Hoeffding’s inequality and Assumption 4.1, we get for any t > 0,

P (||2 [ t) < p® max P (|oj; — 5| > t) < 2p*exp (—2Nt*/By), (4.7.46)

J:3"€lp]
where ¥ = (0;;) and Sy = (7ij). Therefore, if

2 1/2
2log(4p /5)) <k

163*B§(< -

then the event {32s* ||X — iN”oo < k} has a probability larger than 1 — (6/2). To bound the
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probability of &, we use the fact that ¢V 4+ ¢® = ¢ and the quantiles of the supremum norm

of the random vector ¢ have been assessed in 4.7.1. This implies that the choice

1/2
A 4By(log(ip/5)) N Bx By lzg(4p/5)

guarantees that P(&) = P(||€]|lcc < A/2) > 1 —(6/2). This completes the proof.

Proof of 4.5.2.
We start by some auxiliary results before providing the proof of the theorem.

Proposition 4.7.3. Let J C [p] and let B be a minimizer of the right hand side of (4.5.7). On
the event & = &1 N &5 N &3, where

E={IEVw <2}, & ={IC?P)x <3}, and &= Pan(ZPEND2) > 21,
(4.7.47)

we have
9g\? |J|

E(fz) — E(fp) < 4Byl + m

Proof. Our starting point in this proof is (4.7.34). We first focus on bounding T;. On the

event &1 N &, we have
Ty < 21K + ¢ el + 2218l = 1B111) < A(luells + 218l = 211Blk).  (4.748)
We now look for an upper bound of the term T5. On the event &3, for any v € RP,
v (20, - 3=TV2ENE )y <0, (4.7.49)

which leads to
v (I, - 25728212y < (v 228 B 2)y, (4.7.50)

Therefore, applying (4.7.50) to v = X/2u, it follows that on the event &3

Ty =v' (I, - 25728 272y < — Ly (72887 V2)p = — 1| Aulf2. (4.7.51)

-2
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To sum up, equations (4.7.48) and (4.7.51) together imply that on the event & = & N & N &3,

E(f5) = E(fp) < Mllull + 211811 = 2[18]11) — 5l A3, (4.7.52)

The desired result follows from this inequality and 4.7.2 with g = X and v = 2. [

Note that according to 4.7.1,

IP’(HC(”HOO <98, (M)W [1 N %(M)”QD >1- g (4.7.53)

The next two lemmas provide bounds for the probabilities of the events &5 and &3 introduced

in 4.7.3.

Lemma 4.7.3. Let assumption 4.1 be fulfilled. Let J C [p| and let B be a minimizer of the
right hand side of (4.5.7). Then, for all 6 € (0,1), the inequality

210g(6p/5)>1/2 [1 N &(%HEIH 10g(6p/5)>1/2}

@) > BxB (

(4.7.54)

holds with probability at most 6/3, where the random vector C(Q) is defined in 4.7.27.

Proof. Note that ¢® = (1/N) S| sU;, where sU; = X (X, 8) — E[X (X "3)]. The random
vectors sU; are independent and, for all ¢ € [N] and all j € [p], the j-th component U;; =
Xii(X,/ B) — E[X;(X "B)] of sU; satisfies, almost surely,

|Ui;| < 2B%[18lh < 2B%v/lIBll2, (4.7.55)

where we have used that | X 8| < || X |ls||8l1 < Bx||8|1 with probability 1. Then, noticing
that || Bl = [B725Y28], < [|[Z712||15Y28]y = |Z7 2 3Y/28]2, we deduce that

Uiyl < 2BX (pl| =71 D122, (4.7.56)

almost surely. Since 8 minimizes the term on the right hand side of (4.5.7), by 4.7.5 below,
|XY28]|y < By. Thus for all i € [N] and all j € [p], |U;;| < 2B% By (p||=71|)*/2. Furthermore,
according to the previous lines, it holds + SN IE[XZQJ(XZTB)Z] < B%B%. 4.7.4 and the union

bound complete the proof. ]

Lemma 4.7.4. Under assumption 4.1, the smallest eigenvalue )\min(E_l/QiNE_l/Q) of the
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matriz Y28y S7Y2 satisfies

-~ 2B%2pl|Z=71| 1 1/2

for all 6 € (0,1) such that 2B%p|| X7 log(p/d) < N.
Proof. For all i € [N], Apax(Z7V2 X, X, 2712) = |[=12X,||? < pB%||Z7!|| and the matrix

12X, X 212 is positive semi-definite. Applying the first Chernoff matrix inequality given
in Remark 5.3 of Tropp (2012) to the sequence of matrices {E~V/2X ;X212 i € [N]} with

o B (1—1t)?°N

t=1- (233”3”2‘”! 10g<p/5>)”2
N 5

yields (4.7.57). O

Lemma 4.7.5. Let pen : R? — [0, +00) be a convex function such that pen(0,) = 0. Let 3 be

a minimizer of the function
®(8) = E[(8'X — Y)?| +pen(B), BeER”. (4.7.59)
Then ]E[(BTX)Q] < E[Y?] and, if Assumption 4.1 is fulfilled, E[(BTX)Q] < B%.

Proof. We apply 4.7.1 with A = E[XX"]¥?, n = 1, Y = 1 and X}, = E[Y X] so that
1Y "Xy = E[Y X]. Inequality (4.7.2) with 8 = 0, yields

T T

B[(3" X)) < 2B[Y (3" X)] - pen(B) — E[(B" X)?). (4.7.60)
Rearranging the terms and using that pen(3) > 0, we get E[(BTX)2] < E[Y(BTX)] In
view of the Cauchy-Schwarz inequality, (E[Y' (8" X)])? < E[Y?E[(8' X)?], which implies that
(E[(B' X)?))? < E[Y?E[(B" X)2]. It now suffices to divide both sides of the last inequality by

E[(BTX)Q] to obtain the claim of the lemma. O

Proof of 4.5.2. Under the conditions of the theorem, we have

(2= /)y 1
N -3

Therefore, 4.7.4 implies that P(&3) > 1 — ¢/3. On the other hand, in view of 4.7.53 and 4.7.3,
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the conditions

A > 8By <w>1/2 [1 + % (M)m} , (4.7.61)
A > 4By By <w>m [1 + % (2p"2_1"]\1[0g(6p/5))1/2} (4.7.62)

imply that P(&1) > 1 — /3 and P(&) > 1 — §/3. One can easily check that under the
conditions of the theorem, the two inequalities of the last display are satisfied. Therefore, we

have P(& N& N &) > 1 — 0. Finally, applying 4.7.3 we get the claim of the theorem. O

Proof of the oracle inequality in expectation.

Let 0 be a positive number smaller than 1 to be chosen later. We have already seen in 4.5.1

that on an event & of probability 1 — §, we have

) < inf | 2R
5(fﬁ>—}%mlélép{g(fﬁ)+4AHBJLH1+ =21} (4.7.63)

On the other hand, using the fact that 8 minimises the function »(B) = ||§]%26||§ - %YTXnﬁ+

~

2M[|8ll1, we have ¥(8) < ¥(0,), which yields
s2312 _ 2 3 o3 123 1 1o _
ISN?BIE S ¥ TX.B+20Bll = SV°B— 1KY [ - SIS XY+ 28] < 0.

Note that i;,l/ ? is understood as the Moore-Penrose pseudo-inverse and all the expressions
involving this quantity are well defined since N EN > nin = X/X,. This implies that
~ S-1/2 S-1/2 S-1/2Q Q-1/2 . .

MBI < ISV XY < ISV XTIV 3 = HIEN S22 [V ]3, which entails

BXN

. B2 o
< By si-1/2 —1/2)) ‘ -
1Bl < SEISR 88 < (1764
It is also true that for every B € RP,
E(fe) = E[(f*(X) — X '8)%] < 2E[f*(X)*] + 28" £ < 2B} + 2| B|}. (4.7.65)

Therefore, we have E[£( f3)1ge] < 2BIP(E°) +2E[|| 8|21 ¢e] = 20 B2 +2E[|| B]|214¢]. Combining
this inequality with (4.7.64), we get

§BYN?

E[E(f5)1sc] < 20BY + RCRERE
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Setting 6 = N~2, we get the claim of the theorem.

4.7.3 Bernstein inequality

The next result follows from (Massart, 2007, Proposition 2.9).

Proposition 4.7.4. Let 71, ..., Zy be independent real-valued random variables satisfying, for
all i € [N] and for some constant b, B[Z?] < 400 and |Z; — EZ;| < b almost surely. Denote
In =+ SN Zi and 0%, = (1/N) SN B[22 — (EZ;)?]. Then, for all § € (0, 1), inequality

Zy — E[Zy]| < o (21%(2/5))1/2 1+ - NbUN (QIngVQ/ 5)>1/2], (4.7.66)

holds with probability at least 1 — 6.

Proof. Define, for all i € [N], the random variable X; = (Z; — E[Z;])/N. Denote as well

N N

v=> E[X]]= % Y E[Z} - (BZ)’] =

i=1 i=1

==

For all k > 3, the assumptions imply that

where we have used the fact that k!/3¥72 > 2, for all k > 3. As a result, applying (Massart,
2007, Prop. 2.9), with v = 0% /N and ¢ = b/3N, we get that for all § € (0,1), the inequality

N
| [2108(2/5)  blog(2/6)
iZIXZ > OopN N + 3N

holds with probability less than 6/2. Applying the same argument to the variables —X;, we

infer that for all 6 € (0,1), the inequality

N
2log(2/0) blog(2/9)
;Xz < —0OnN N — 3N ,

holds with probability less than §/2, which completes the proof. O]
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