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Titre: Analyse spectrale et analyse semi-classique pour la métastabilité en dy-
namique moléculaire.

Résumé: Dans cette theése, nous étudions le comportement asymptotique précis
a basse température de I’événement de sortie d'un domaine métastable  C R (point
de sortie et temps de sortie) pour le processus de Langevin suramorti. En pratique, le
processus de Langevin suramorti peut par exemple simuler 1’évolution des positions des
atomes d’une molécule ou la diffusion d’impuretés interstitielles dans un cristal. Nos
résultats principaux concernent le comportement asymptotique précis de la distribution
de la loi du point de sortie de €. Dans la limite d’une petite température, ces résultats
permettent de justifier I'utilisation de la formule d’Eyring-Kramers pour modéliser les
événements de sortie de . La loi d’Eyring-Kramers est par exemple utilisée pour
calculer les taux de transition entre les états d’un systeme dans un algorithme de Monte-
Carlo cinétique afin de simuler efficacement les différents états visités par le systeme.
L’analyse repose de maniere essentielle sur la distribution quasi stationnaire associée
au processus de Langevin suramorti dans (2. Nos preuves utilisent des outils d’analyse
semi-classique. La these se décompose en trois chapitres indépendants. Le premier
chapitre (rédigé en francais) est une introduction aux résultats obtenus. Les deux autres
chapitres (rédigées en anglais) sont consacrés aux énoncés mathématiques.

Mots-clés: Dynamique moléculaire, Loi d’Eyring-Kramers, processus de Langevin
suramorti, analyse semi-classique, régime d’une petite température, évenement de
sortie, distribution de sortie, métastabilité, distribution quasi stationnaire.

Title: Spectral analysis and semi-classical analysis for metastability in molecular
dynamics.

Abstract: This thesis is dedicated to the study of the sharp asymptotic behaviour
in the low temperature regime of the exit event from a metastable domain Q C R? (exit
point and exit time) for the overdamped Langevin process. In practice, the overdamped
Langevin dynamics can be used to describe for example the motion of the atoms of a
molecule or the diffusion of interstitial impurities in a crystal. The obtention of sharp
asymptotic approximations of the first exit point density in the small temperature regime
is the main result of this thesis. These results justify the use of the Eyring-Kramers law
to model the exit event. The Eyring-Kramers law is used for example to compute the
transition rates between the states of a system in a kinetic Monte-Carlo algorithm in
order to sample efficiently the state-to-state dynamics. The cornerstone of our analysis is
the quasi stationary distribution associated with the overdamped Langevin dynamics in
Q). The proofs are based on tools from semi-classical analysis. This thesis is divided into
three independent chapters. The first chapter (in French) is dedicated to an introduction
to the mathematical results. The other two chapters (in English) are devoted to the
precise statements and proofs.

Key words: Molecular dynamics, Eyring-Kramers law, overdamped Langevin,
semi-classical analysis, small temperature regime, exit event, first exit point density,
metastability, quasi stationary distribution.
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Introduction générale de la these

Dans toute cette theése, nous considérons le processus de Langevin suramorti:
dXy = —Vf(X;) + VhdBy, (1)

ot f:R? — R est I'énergie potentielle du systéme considéré (d € N*), h > 0 est sa
température et (B;)¢>0 un mouvement brownien standard dans R4, Soit © ¢ R? un
ouvert borné et 7 le premier temps de sortie de €Q:

Tq :=inf{t > 0, X, ¢ Q}.
Cette these a pour objectif:

1. lobtention & basse température (h — 0) du comportement asymptotique précis
de la loi du point de sortie X, et du temps moyen de sortie E[TQ]

2. I’étude a basse température du comportement asymptotique précis des taux de
transition entre régions métastables du processus . Cette étude permettra
notamment de dégager un cadre d’hypotheses sous lequel la loi d’Eyring-Kramers
peut étre utilisée pour évaluer ces taux de transitions.

Cette these est constituée de trois chapitres:

1. Le Chapitre |A| est une introduction (rédigée en francais) consacrée aux résultats
obtenus. Dans ce chapitre, nous expliquons comment les méthodes de Monte-
Carlo cinétique et la loi d’Eyring-Kramers sont utilisées en pratique pour simuler
efficacement (i.e. sur des longues périodes de temps) les transitions entre régions
métastables (ou états) d’un systeme. A la fin de cette introduction, nous présentons
les résultats obtenus dans cette these; ces résultats font l'objet des deux autres
chapitres de ce manuscrit.

2. Le Chapitre B| (rédigé en anglais) est consacré a ’étude a basse température du
comportement asymptotique précis de toute la distribution de sortie du domaine 2
du processus dans le cas ou le potentiel f ne contient qu’un seul point critique
ro dans  avec ming f = ming f = f(x). Cette étude aboutit notamment a
I'obtention de la loi d’Eyring-Kramers pour toutes les transitions démarrant du
domaine ).

Les articles supports de ce chapitre sont [1] et [2].
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3. Le Chapitre |C| (rédigé en anglais) est consacré a ’étude & basse température de
la concentration de la loi du point de sortie X, sur les minima de f sur 9€2. Nos
résultats permettent de prouver des formules obtenues de maniere formelle dans la
littérature et de généraliser considérablement les résultats connus jusqu’ici. Nous
avons notamment dégagé un cadre d’hypothese nécessaire et suffisant pour assurer
que la loi de X, se concentre sur les points d’énergie les plus bas def sur 0f2.

L’article support de ce chapitre est [4], il est en cours de rédaction.

Les trois chapitres de cette these sont indépendants et peuvent donc étre lus séparément.
Les Chapitres [B] et [C] comportent chacun une introduction des résultats démontrés. Les
techniques de preuves utilisées sont majoritairement issues de ’analyse semi-classique.
Enfin, I'utilisation de la distribution quasi stationnaire associée a €2 et au processus
a été fondamentale dans notre approche.

Articles écrits pendant la these

[1] G. Di Gesu, T. Lelievre, D. Le Peutrec, and B. Nectoux. Jump markov models
and transition state theory: the quasi-stationary distribution approach. Faraday
Discussions, 195:469-495, 2017.

[2] G. Di Gesu, T. Lelievre, D. Le Peutrec, and B. Nectoux. Sharp asymptotics of the
first exit point density. preprint arXiv:1706.08728, 2017.

[3] B. Nectoux. Sharp estimate of the mean exit time of a bounded domain in the zero
white noise limit. preprint arXiv:1710.07510, 2017.

[4] G. Di Gesu, T. Lelievre, D. Le Peutrec, and B. Nectoux. The exit from a metastable
state: concentration of the exit point on the low energy saddle points, 2017. In
preparation.
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Chapter A

Introduction

Cette introduction comporte cing sections dépendantes:

La Section a pour but d’énoncer la loi d’Eyring-Kramers, d’introduire la
notion de métastabilité énergétique et d’expliquer les problématiques liées a
la séparation des échelles de temps.

La Section[A.2]a pour but de présenter les méthodes de Monte-Carlo cinétique,
d’expliquer comment ces méthodes sont utilisées en pratique pour échantillonner
les différents états visités par un systeme et d’en justifier I'utilisation. Nous
expliquons aussi comment la loi d’Eyring-Kramers est utilisée dans les al-
gorithmes de Monte-Carlo cinétique ainsi que dans l'algorithme temperature
accelerated dynamics.

En Section nous donnons une expression exacte des taux de transition
entre les états pour la dynamique de Langevin suramortie . Ensuite, nous
expliquons la stratégie adoptée pour prouver la loi d’Eyring-Kramers.

En Section [A74] nous présentons les résultats obtenus le Chapitres [B] Nous
fournissons aussi une explication des preuves et des outils utilisés.

En Section nous présentons les résultats obtenus le Chapitres [C} Nous
donnons un schéma des preuves et une explication des outils utilisés.
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A.1 L’équation de Langevin suramortie et la loi d’Eyring-
Kramers

A.1.1 L’équation de Langevin suramortie

L’équation de Langevin suramortie est ’équation centrale de cette these. Elle peut
étre vue comme une perturbation stochastique des trajectoires déterministes

—ax(t) = =V f(z(t)).

Salt) = —V/(x(1)

Elle est couramment utilisée pour modéliser I’évolution des positions des atomes d’une
molécule dans un milieu ou I’évolution des impuretés dans un cristal (cf. par exemple |64}
Sections 2 et 3]).

A.1.1.1 Mouvement d’une molécule

Une molécule est un agrégat, électriquement neutre, d’atomes reliés entre eux par des
liaisons (majoritairement covalentes et appelées liaisons moléculaires). Dans de nom-
breuses situations d’intérét, la position des atomes évolue (agitation thermique, forces
extérieures, etc.). Ces modifications se font par exemple lorsque des liaisons covalentes
au sein de la molécule se forment ou se brisent ou bien lorsque la molécule change
de forme. Ces transformations de la molécule (ou changements de configuration de la
molécule) sont appelées réactions.

Les atomes d’une molécule ne sont pas immobiles et vibrent (ou oscillent) autour
d’une position d’équilibre stable. Ces vibrations sont causées par des forces aléatoires
extérieures provenant des nombreuses collisions avec les atomes voisins. Ces vibrations
peuvent étre modélisées par un mouvement brownien. Soit f : R — R le potentiel
engendré par les liaisons moléculaires (d = 3N ou N est le nombre de particules consti-
tuant la molécule). Un modele possible pour I’évolution de la position des N particules
de la molécule est donné par I’équation de Langevin suramortie .

Remarque A.1. On peut réduire la dimension d = 3N en ne considérant que les degrés
de liberté de la molécule qui suffisent a décrire entierement les réactions considérées.
Cette réduction se fait a Uaide de coordonnées de réaction & : R3*N — RP dont l'intérét
est d’autant plus grand que p est petit devant 3N (cf. par exemple [52, Section 1.3.2.2]).

Remarque A.2. L’équation différentielle stochastique généralement utilisée en dy-
namique moléculaire pour décrire ’évolution des atomes d’une molécule est l’équation
de Langevin:

(A1)
dpy = —V f(q;)dt — v pedt + Vh dBy,

ou q; est le vecteur position des particules, p; le vecteur vitesse des particules et v > 0
est la constante de viscosité du milieu. La force yp; est une force de type frottement
visqueux qui modélise les frictions entre les atomes de la molécule et les atomes du bain

thermique (cette force ralentit les particules de la molécule). L’équation de Langevin
suramortie s’obtient a partir de ’équation de Langevin (A.l) dans la limite grande

{ dg; = pydt,
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friction (v — o0) avec le changement d’échelle temporel % Ceci justifie la qualification
de 7suramortie” donnée a l’équation . L’équation de Langevin suramortie décrit
alors en premiére approximation le mouvement des particules d’une molécule dont le
terme de friction est grand.

A.1.1.2 Mouvement des impuretés dans un cristal

Un cristal est un assemblage d’atomes formant un réseau périodique dans 1’espace.
Il est généralement constitué d’une cellule de référence répétée dans toutes les direc-
tions. Les impuretés en insertion (ou impureté interstitielle, défaut interstitiel) du
cristal sont des atomes (appelés atomes interstitiels) logés dans les sites interstitiels du
réseau cristallin (cf. Figure pour une représentation schématique). Ces impuretés
peuvent se déplacer.

Une impureté interstitielle est maintenue dans un état stable grace aux forces inter-
atomiques du réseau cristallin. Ces forces dérivent d’une énergie potentielle que l'on
note f. Les atomes du réseau ne sont pas immobiles: la structure cristalline vibre.
L’agitation thermique responsable de la vibration du réseau cristallin est modélisée par
un mouvement brownien. Cette agitation induit un mouvement aléatoire de 'impureté
interstitielle. Le mouvement de I'impureté interstitielle peut étre modélisé par un pro-
cessus de Langevin suramorti et dans ce cas le vecteur X; € R3 représente la position
de 'atome interstitiel, f I’énergie potentielle des forces d’interaction avec les atomes du
réseau cristallin, h la température du cristal (cf. par exemple [69, Chapter 6]).

Remarque A.3. D’autres types d’impuretés peuvent exister au sein d’un cristal comme
un site vacant du réseau (ot il manque un atome) ou bien la présence en un site d’un
atome étranger a la structure (impureté substitutionnelle). Les impuretés dans un cristal
peuvent étre volontairement introduites, le plus souvent afin d’améliorer la conductivité
du cristal et dans ce cas on parle de dopage.

° @

Figure A.1: Représentation schématique de la cellule de référence d’une structure cu-
bique centrée composée d'un seul type d’atome (par exemple le chrome Cr) représenté
par des ronds noir. Cette structure possede deux types de sites interstitiels: les sites
octaédriques (en bleu) et les sites tétraédriques (en vert) représentés sur la figure.
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A.1.1.3 Evolution des systémes considérés et définition d’une réaction

Dans toute la suite, les systemes considérés sont supposés avoir une évolution modélisée
par le processus de Langevin suramorti (bien que l’essentiel de ce que nous allons
expliquer en Section et s’applique aussi lorsqu’ils sont modélisés par la dy-
namique ) L’espace des phases de tels systemes est R?. La fonction f : R — R
désigne I’énergie potentielle du systeme et h sa température. Nous parlons de processus
pour désigner implicitement le processus décrivant I’évolution du systeme. Parfois,
lorsqu’aucune confusion n’est possible, nous confondons I’état du systéme et le domaine
qui le représente dans ’espace des phases. Une réaction est par définition la transition
d’un état du systeme a un autre état.

Nous allons maintenant présenter une des lois majeures de la cinétique chimique:
la loi d’Eyring-Kramers. Cette loi permet de relier le temps moyen d’une réaction a la
température du systeme.

A.1.2 La loi d’Eyring-Kramers

Cette section est organisée comme suit. En Section nous énoncons la loi
d’Eyring-Kramers. En Section nous montrons comment elle peut s’obtenir
rigoureusement dans un cas unidimensionnel.

A.1.2.1 Enoncé de la loi d’Eyring-Kramers

La loi d’Eyring-Kramers, en référence a Henry Eyring et Hendrik Anthony Kramers,
donne la dépendance du temps moyen pour passer d’'un état a un autre (temps de
réaction) en la température h (cf. par exemple [33]). Considérons un systéme dont
I’évolution est régie par le processus de Langevin suramorti (1)). Supposons que le
systeme est initialement dans un état stable, noté 1 et repéré dans I’espace des phases
par le bassin d’attraction du minimum local z; € R? de I’énergie potentielle f pour la
dynamique de gradient

@ a(t) = ~V1(a(r). (A.2)
Considérons ensuite un autre état stable, noté 2, voisin de I’état 1 et repéré dans I'espace
des phases par le bassin d’attraction du minimum local z5 € R? de 1’énergie potentielle
f pour la dynamique (A.2)). Soit la réaction ou changement d’état du systeme

152 (A.3)

Remarque A.4. Afin de présenter la formule d’Eyring-Kramers, nous nous plagons
dans le cas simple ot il n’y a qu’un seul point selle (ici z12) qui sépare les états 1 et 2.
Dans cette theése, nous traiterons le cas des systemes possédant plusieurs états séparés
par plusieurs points selles certains pouvant étre au méme niveau d’énergie.

La réaction nécessite un apport d’énergie minimal Aj_of > 0 pour se réaliser,
cette quantité d’énergie est appelée énergie d’activation de la réaction . Supposons
désormais qu’il existe un unique point selle z1 o € R? dont I’énergie correspond & 1’énergie
minimale a traverser pour aller de I’état 1 a I’état 2, i.e.

[2eR, f()= it sw f((1)} = {212,

YEP(x1,72) te0,1]
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ot P(x1,x3) est Pensemble des courbes v € C°([0, 1], R?) telles que 7(0) = x1 et y(1) =
9. Dans ce cas, 'énergie d’activation est définie par

Aisof = f(z12) — f(71).

Sur la Figure [A.2]est représenté le graphe d’un potentiel f en dimension 2 correspondant
a cette situation.

Figure A.2: Représentation schématique en dimension 2 du potentiel f. Le systéme est
initialement dans 1’état 1 (bassin d’attraction de x; pour la dynamique(A.2)).

Notons 71,2 le temps moyen a la température h pour que la réaction ((A.3|) se réalise.
La formule d’Eyring-Kramers pour le temps moyen de réaction 7j_o est:

Tiosa ~hoo Ao er(fz12)=f(21)) (A.4)

ou A2 est un préfacteur dépendant de la dynamique considérée, ici , et de la
géométrie locale du potentiel f en z1 et z12. L’obtention d'un équivalent de 712
dans la limite d’une petite température est ’objet de la théorie de I'état de transition.
Sous I'hypothese que les matrices hessiennes de f en z7 et en 212 sont inversibles (cf.
par exemple [55]71]):

2 \/|det Hessf(z1,2)|
Ao =

7 [A(z1,2) \/det Hess f(z1) (A.5)

ol A(z1,2) < 0 est I'unique valeur propre négative de la matrice hessienne de f en
z1,2. L’expression obtenue pour A;o indique qu’au premier ordre, il suffit de
ne prendre en compte que la géométrie locale du potentiel f aux points 212 et zq1. Il
traduit la facilité ou la difficulté avec laquelle le processus arrive a sortir du puits de
potentiel en x1 et a passer le col 212 pour arriver en x2. Pour une revue complete sur
Pobtention de la formule d’Eyring-Kramers et la théorie de I’état de transition (ainsi
que sa généralisation a I’équation de Langevin ), le lecteur peut se référer a [33].
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Remarque A.5. La trajectoire empruntée par le systéme lors d’une réaction (passage
d’un état o un autre) est appelée trajectoire réactive. A température nulle, c’est la
trajectoire qui minimise l’'énergie sur toutes les trajectoires qui vont de l’état initial a
létat final en temps arbitraire. Elle permet de comprendre les états intermédiaires (le
mécanisme de réaction) par lequel passe le systéme pendant la réaction.

A.1.2.2 Un calcul en dimension un pour obtenir la formule d’Eyring-Kramers

Le but de cette section est de montrer comment obtenir rigoureusement la formule
d’Eyring-Kramers en dimension un dans un cadre géométrique extrémement simple.

Considérons un systeme dont 1’évolution est modélisée par le processus de Langevin
suramorti en dimension un et dont le potentiel f : R — R est celui dont le graphe
est représenté sur la Figure [A.3] Dans cet exemple, f est une fonction C*°, paire,
lim4s f = 400 et f a cing points critiques. Les points 1 = 0, 2o < 0, 3 = —x9 > 0
sont les trois minima locaux de f et les points 212 < 0, 213 = —212 > 0 sont les deux
maxima locaux (ce sont deux points selles). Le systéme considéré a donc trois états:
I'état 1 repéré dans ’espace des phases par le domaine 0y = (21,2, 21,3), 1’état 2 repéré
par le domaine Qg = (—00, 21 2) et 'état 3 repéré par le domaine 23 = (21 3, +00). Dans
la suite, (X¢)¢>0 désigne le processus de Langevin suramorti en dimension un pour
le potentiel f de la figure

21,2 21,3

x Xz
2 ] 3

Qs o) Q3

Figure A.3: Graphe du potentiel f du systéme considéré pour un calcul en dimension un.

Comme en Section Ti_o désigne le temps moyen de la réaction 1 — 2 et
Ti_2us le temps moyen de la réaction 1 — 2 U 3. Soit 7'61 le premier moment ou le
processus (X¢)¢>0 démarrant en x quitte le domaine Qy = (212, 21,3):

75, = inf{t > 0, X, ¢ O when Xo = x}.
Les temps moyens 77 _ou3 et E® [TQI] sont liés par la relation
Timous = 2E%[1q,],

ou la notation E* désigne 'espérance sachant Xy = x. En effet, quand Xy = = € Qy,
le processus (X¢)i>0 quitte 2 en 212 ou 213 (car Xro, € {712,213}, les trajectoires
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du processus étant continues) et il a ensuite une chance sur deux, dans la limite
h — 0, de revenir en Q7 ou de tomber dans 5 U Q3. En effet, soient A1 = (—o0,x1) et
As = (x3,+00). 1l est possible de montrer que (cf. [3, Section 3.1]),

T3
[
21,3
T3 s
[,
1
ou P*1:3 désigne la probabilité sachant Xo = 213, 74, = inf{t > 0,X; ¢ A1} et 74, =

inf{t > 0,X; ¢ As}. Ainsi, en utilisant une méthode de Laplace, on a bien dans la
limite h — O:

P*13[14, < Tag] =

1
B0 [ra, < 7a)) = 5 + O(h). (A.6)

De plus, les temps moyens 71003 et 712 sont liés par la relation

1
Ti—ous = §T1—>27

par symétrie (le potentiel f est pair). Ainsi, nous avons:
Tim2 = 4E"[1q,]. (A.7)

Nous allons donc maintenant chercher un équivalent précis de E* [Tgl] dans la limite
d’une petite température.

A Taide de la formule de Dynkin [48, Théoréme 11.2], I'unique solution du probléme
elliptique

h d? d d
(5@ - %f(x)—)v(ac) = —1 pour tout z € Q; et v(z12) =0 et v(z13) =0, (A.8)

est la fonction
x € Q— EI[TQI].

En effet, soit v € C*°([z1,2, 21,3], R) I'unique solution probleme (A.8)). La formule de
Dynkin appliquée a la fonction v pour le processus et pour le temps d’arrét Tq,
s’écrit pour = €

™ (h d? d d
E* [v( X, )] — =E* —— = — — Ju(X, .
o0, 1= ote) =57 | [ (G0~ @) 1 Jotxas )|
Ainsi, puisque v est solution du probleme (A.8)), il vient:
v(z) =E* [ml].

Le probleme ({A.8|) se réécrit sous la forme:

h d d
§e%f(z)d—(ef%f—v) (x) = —1 pour tout z € Q; et v(z12) =0 et v(21,3) =0.
T
En intégrant deux fois, il existe deux constantes Cy et C; telles que pour tout x € y:

T x Y
o(z) = Cy + Co / gy~ 2 / / EE@=1®) gt gy,
2 h z1,2 J 21,2

z1,
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Puisque v(z1,2) = 0, nous en déduisons que C1 = 0 et puisque v(21,3) = 0, nous obtenons

/ / en FW=I0) gt gy
/ hf(y)d
21,2

2
/ eif
/ / Nt dy ZZI123 / / en FO=F®) gt gy
L.

(A.9)
Supposons maintenant que les points 1, 212 et 21,3 sont des points critiques de f non
dégénérés: c'est-a-dire que f”(y) # 0 pour tout y € {x1,21,2,21,3}. Puisque les deux
maxima de f sur [z 2, 21,3] sont 212 et z1 3 et puisque f est une fonction paire, a 'aide
d’une méthode de Laplace, nous obtenons pour tout z € €); dans la limite h — O:

xr
2
[

z1,2 . 1
21,3 )
5 2 2

21,2

De plus, comme le maximum de la fonction

(t,y) € ((21,2721,3) X [21,2721,3]) N{t <wyp e fly) — f(1)

est atteint uniquement en ¢t = z1 et y = 21,3, une méthode de Laplace implique quand
h — 0:

71,3 T 2
en FW=FO) gt dy = henE1a)=f@)) (14 O(h)). (A.11)
/ / 20/ f"(x1)] /" (z1,3)] ( )

Ainsi, nous obtenons pour tout xz € {;:

+O(h). (A.10)

Enfin, pour tout « € (21,2, 21,3) il existe r > 0 tel que pour tout (¢,y) € ((2172,21,3) X

212,0]) N i < )

f) = f#) < flz1,3) — flz1) + (A.12)
En utilisant (A.9)), (A.11), (A.10) (A.12)) et le fait que f”(z13) = f”(21,2), nous obtenons
pour z € Q0 = (21,2, 21,3) dans la limite A — 0:

/ /212 e V=IOt dy (1 + O(h))

e U2 =1@) (1 4 O(h)). (A.13)

2\/f” T \f” 21,2)]

La relation précédente est méme valide uniformément sur les compacts [a, b] C (212, 21 3):
c’est-a~dire qu’il ex1ste une constante C' > 0 telle que sup,¢pqp) [O(h)| < Ch. En con-
clusion, en utilisant (| et (| -, nous obtenons quand h — 0:
s 2
Tig = en(f(z1,2)=f(z1)) (| +0(h)).
VI (@) (z12)] ( )
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Cette relation est la formule d’Eyring-Kramers (A.4) pour la réaction 1 — 2 dans cet
exemple unidimensionnel pour le potentiel f représenté sur la figure

A.1.3 Meétastabilité et séparation des échelles de temps

La dynamique de Langevin suramortie contient deux termes: le terme —V f(X};) qui
envoie le processus vers les minima locaux de f et le forcage aléatoire v/hdB; qui fait
passer le processus d’un minimum local de f a un autre. Si la température h est petite,
le processus (X;)¢>0 reste piégé pendant un long moment dans un voisinage d’un bassin
d’attraction d’un minimum local de f, que 'on appelle état métastable, avant d’aller
dans une autre région de l'espace. On dit alors que le processus (X¢)>0 est métastable.
Le processus a de longues périodes d’inactivité durant lesquelles aucune transition en-
tre les états métastables n’a lieu. Le temps typique d’équilibration dans une région
métastable est bien inférieur au temps de sortie de cette région, il y a une séparation
entre ces deux échelles de temps (cf. par exemple |8, Chapter 8]). Dans l’espace des
configurations, le passage d’un état métastable a un autre état métastable correspond a
un changement de configuration macroscopique du systéeme que l'on a appelé réaction.
Pour avoir acces aux différentes configurations du systeme, il est donc nécessaire de
simuler la trajectoire du processus sur de longues périodes de temps. En pratique il
est parfois impossible d’observer ces réactions en simulant directement 1’évolution du
systeme a partir de son équation d’évolution .

Cette séparation des temps caractéristiques est un des problémes majeurs de la sim-
ulation en dynamique moléculaire car pour en comprendre ’évolution macroscopique, il
faut aussi bien avoir acces a 1’état dans lequel se trouve le systéme qu’aux mécanismes
qui permettent le passage d’un état du systéme & un autre (les mécanismes réactionnels,
cf. Remarque . La transition entre deux états est un événement rare a basse
température.

Plusieurs enjeux liés a cette séparation des échelles de temps apparaissent alors:

e Le premier enjeu concerne ’échantillonnage des trajectoires réactives (cf. Remar-
que . Les trajectoires réactives ne sont pas accessibles a partir d’une simula-
tion directe de toute la trajectoire du systéme a cause de cette séparation entre le
temps caractéristique de vibration et le temps moyen pour observer une réaction.
Par exemple, la méthode TPS, (pour Transition Path Sampling), ou la méthode
AMS (pour Adaptative Multilevel Splitting), ont pour objectif de construire des
méthodes pour échantillonner de maniere efficace les trajectoires réactives. Ces
méthodes ne seront pas développées dans la suite de ce manuscrit et si le lecteur
est intéressé, il peut consulter par exemple |14], [21] ou |70] pour la méthode TPS
et [11,/12] pour la méthode AMS.

e Le second enjeu est de simuler de maniere correcte les états successifs visités
(comme les étapes successives lors du repliement d’une protéine, les ruptures ou
les formations successives de liaisons au sein d’une molécule, les différents sites
interstitiels visités par un atome dans un cristal...) ainsi que les temps associés.
Afin de contourner les problemes liés a la métastabilité, des méthodes ont été
développées pour ne simuler que 1’évolution du systeme a 1’échelle macroscopique
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c’est-a-dire ne simuler que les changements d’état. En Section[A.2] nous présentons
deux de ces méthodes qui reposent sur I'utilisation la formule d’Eyring-Kramers.

A.2 Utilisation de la formule d’Eyring-Kramers: méthodes
de Monte-Carlo cinétique et algorithme temperature
accelerated dynamaics

L’objectif de cette section est de présenter deux algorithmes utilisés en dynamique
moléculaire qui ont pour objectif d’accélérer 'observation d’une transition entre deux
états et qui reposent sur l'utilisation de la loi d’Eyring-Kramers. Les deux algorithmes
que nous présentons sont ’algorithme de Monte-Carlo cinétique et I'algorithme temper-
ature accelerated dynamics. La section est organisée comme suit.

1. En Section nous expliquons dans un premier temps comment les méthodes
de Monte-Carlo cinétique sont utilisées en pratique pour simuler efficacement la
dynamique d’état a état par le systeme. Dans un second temps, nous expliquons
comment la formule d’Eyring-Kramers est utilisée pour calculer les taux de tran-
sition entre les états dans un algorithme de Monte-Carlo cinétique.

2. En Section nous expliquons comment la formule d’Eyring Kramers est
utilisée dans l’algorithme temperature accelerated dynamics pour extrapoler a
basse température I’événement de sortie d’'un domaine métastable observé a une
plus haute température.

A.2.1 Méthodes de Monte-Carlo cinétique et utilisation de la formule
d’Eyring-Kramers

Nous rappelons que nous considérons un systéeme a la température h, d’énergie po-
tentielle f : R — R et dont Pévolution est modélisée par le processus de Langevin
suramorti ([T]).

L’acces aux réactions qui ont lieu au sein du systeme ainsi qu’aux temps de réaction
(i.e. les états successifs visités par le systeme ainsi que les temps passés dans cha-
cun des états) est un des objectifs majeurs de la simulation en dynamique moléculaire.
Toutefois, comme nous l'avons vu, la dynamique de Langevin suramortie est une
dynamique métastable. Ainsi, il est impossible en pratique d’avoir acces aux différentes
réactions du systeme en simulant nalvement la trajectoire du processus. En pratique,
les états successifs visités par le systeéme ainsi que le temps passé dans chacun de ces
états peuvent étre approchés en construisant une chaine de Markov en temps continu
et a valeurs dans I’espace des états du systeme. En dynamique moléculaire de tels pro-
cessus sont appelés kinetic Monte Carlo models |73] ou Markov state models [9,/65,/66].
En frangais, on parle de méthodes (ou algorithmes) de Monte-Carlo cinétique. Cette
section a trois objectifs principaux:

e Le premier objectif est d’expliquer comment sont utilisées les méthodes de Monte-
Carlo cinétique pour simuler efficacement les états successifs visités par le systeme
ainsi que le temps passé dans chacun de ces états.
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e Le second objectif est d’expliquer comment la formule d’Eyring-Kramers (A.4)) est
utilisée pour calculer les taux de transition entre les états dans les algorithmes de
Monte-Carlo cinétique.

e Le dernier objectif est de justifier 'utilisation des méthodes de Monte-Carlo
cinétique: pourquoi est-il possible de modéliser la dynamique d’état a état par
un processus markovien de sauts?

La section est organisée comme suit. En Section nous définissons la dy-
namique d’état a état. En Section nous rappelons comment sont construits
les algorithmes de Monte-Carlo cinétique. Ensuite, en Section nous expliquons
comment la formule d’Eyring-Kramers et les méthodes de Monte-Carlo cinétique sont
utilisées pour simuler efficacement la dynamique d’état a état du systeme. Enfin, en
Section nous expliquerons pourquoi il est possible d’approcher certaines par-
ties de la trajectoire de la dynamique d’état a état avec une méthode de Monte-Carlo
cinétique.

A.2.1.1 La dynamique d’état a état

Supposons que ’espace des phases du systeme se décompose en un nombre dénombrable
de domaines métastables (cf. Figure pour une représentation schématique):

R = U, Q, (A.14)

ou N € NU{+o0}. Chaque domaine §2; correspond & un état j du systeme et I’on note
I’ensemble des états

£={1,..,N}. (A.15)

Soit la fonction S : R* — E qui a chaque point de l’espace des phases associe I’état
dans lequel il se trouve:

S(z)=1siz e
La dynamique d’état a étatﬂ est la dynamique a valeurs dans I’ensemble des états &
définie par:
(S (Xt))tZO'

Remarque A.6. En pratique, chaque domaine §1; peut étre défini comme le bassin
d’attraction pour la dynamique de gradient (cf. [72]):

d
() = —Vf((t)).

De maniére générale, la question du découpage de l’espace des phases en des régions
métastables n’est pas une question simple et doit étre le plus souvent traitée au cas par
cas.

IParfois appelée le processus trace.
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A.2.1.2 Principe des méthodes de Monte-Carlo cinétique

Dans cette section, nous expliquons comment construire un algorithme de Monte-Carlo
cinétique. Les méthodes de Monte-Carlo cinétique ont pour objet de générer une dy-
namique markovienne (Z;)¢>o a valeurs dans l'espace discret £. Les deux ingrédients
principaux d’une méthode de Monte-Carlo cinétique sont ’espace d’état discret

£=1{1,..,N}

et les taux de transition entre les états

N—1)x(N—1
(Kij)(ij)eq1,...N}2,ij € (R+)( PAN=D),

L’état j est voisin de 1’état i si et seulement si k; ; > 0. La dynamique générée a I'aide
de ces deux ingrédients est un processus markovien (Z;):>o a valeur dans ’espace &
dont le générateur infinitésimal est L € (R+)(N_1)X(N_1) ou L; j = k;j pour (i,j) €
{1,..,N}?, i # j. Pour simuler le processus de sauts (Z;):>0, il suffit de simuler la
suite des temps passés dans chaque état, que I'on note (7},)n>0, et la chaine de Markov
subordonnée notée (Y7,),>0 définie comme la suite des états successifs visités par (Z;)¢>o.
Supposons qu’a U'instant t = 0, Yy = 1. La construction de la chaine de Markov (Z;):>0
se fait en itérant sur n > 0 les deux étapes suivantes: étant donné un état Y,

1. simuler le temps 7,, passé dans I'état Y,, a l’aide d’une loi exponentielle de
parametre Z;V:L#Yn ky, j, c’est-a-dire que pour tout i € {1,..., N} et t > 0:

]P)[Tn > t’Yn = z] — et i ki

2. simuler indépendamment de 7T;,, le prochain état visité Y, selon la loi:
ki1

P[YnH =Y, = z} =5
Zj:l jAi ki j

Le processus markovien (Z;);>0 est alors défini par
n—1 n
Vn >0, Vit { ST, S Tm>, Zi=Y,, (A.16)
m=0 m=0

avec la convention 2;1:0 Ty =0.

Remarque A.7. Voici une maniére équivalente de construire la chaine de
Markov (Zi)i>0 qui sera notamment utile pour comprendre [’algorithme temperature
accelerated dynamics en Section[A.2.9. Etant donné un état Y,, soient N — 1 variables
aléatoires (Ty, ¢)ec{1,.. N}, ev, » indépendantes telles que pour tout £ € {1,..., N}, L #Y,

Tt ~ E(ky,.0),
ou E(ky, o) désigne la loi exponentielle de paramétre ky, 4. Alors:
1. Le temps T, passé dans l’état Y, (défini a l’étape 1) a la méme loi que

min TY,, 0-
¢e{l,..., N}, b4V,
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2. Le prochain état visité Y, 11 (défini a U'étape 2) a la méme loi que

argmin Ty, ¢
0e{1,... N}, t£Y,

qui est bien indépendant du temps minge(1 . N}, iy, TY, ¢ Passé dans létat Y.

Nous allons désormais montrer comment sont utilisées les méthodes de Monte-Carlo
cinétique pour simuler approximativement la dynamique d’état a état (S (Xt)) définie

>0
en Section [A2.1.11

A.2.1.3 Meéthodes de Monte-Carlo cinétique en dynamique moléculaire

Si 'on veut approcher la dynamique d’état a état (S’ (Xt)) 40 €n utilisant un algorithme
de Monte-Carlo cinétique, il faut deux ingrédients, comme mentionné ci-dessus: une
collection dénombrable d’états et les taux de transition entre les états (cf. par exemple
[10,129,|73,|74] pour l'utilisation de ces algorithmes en dynamique moléculaire). Les
différents états du systeme ont été définis lorsque nous avons divisé ’espace des phases

en domaines métastables (cf. (A.14) et (A.15))):
E={1,...,N}

Il ne manque alors plus que les taux de transition pour pouvoir utiliser un algorithme
de Monte-Carlo cinétique. En pratique, les taux de transition sont calculés avec la
formule d’Eyring-Kramers (cf. Section . Soyons un peu plus précis sur ce point.
Rappelons que pour chaque i € {1, ..., N}, I’état i correspond & un domaine métastable
Q; ¢ R%. Supposons que:

e Dans chaque domaine €;, j € {1,...,N}, il y a un unique minimum global du
potentiel f noté x;.

e Pour chaque paire d’états (i,7) telle que i # j et 9 N 9Q; # 0, il existe un
unique point selle z; ; € 09, N 0Q; de plus basse énergie sur 02; N 0€2;. On a
donc z; j = zj,; pour i # j.

Sur la figure [A4] nous donnons une représentation schématique en dimen-
sion 2 d’'un découpage de l’espace des phases en domaines métastables ainsi que des
points (;)jeq1,..., vy et des différents points selles (i 7) (i j)ef1,...N12,i5-

Le taux de transition de ’état i vers 1’état j est calculé en utilisant la formule d’Eyring-
Kramers:

hij = Al e RUG)—1G), (A.17)

Le préfacteur A, jl est:

IA(zi )] det Hess f(z;)

AL = :
ij 2 /|det Hessf(z; ;)|

(A.18)

La modélisation de la dynamique d’état a état en utilisant ce modele kinetic Monte
Carlo, avec les formules (A.17)) et (A.18]) pour les taux de transition s’appelle la théorie
de I’état de transition harmonique dans la littérature physique.
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Figure A.4: Représentation schématique d’un systéme dont la décomposition de ’espace
des phases R? est composée de 4 domaines métastables {Q1,Q2,Q3,Q4}. Chaque
point x; représente 'unique minimum global de f dans ; et le point z; ; est I'unique
point selle de plus basse énergie sur 9€2; N 0€Y;.

A.2.1.4 Justification de I’utilisation des méthodes de Monte-Carlo cinétique

Dans cette section, nous allons expliquer pourquoi les méthodes de Monte-Carlo
cinétique peuvent étre utilisées pour simuler correctement 1’événement de sortie d’'un
domaine métastable. Ces méthodes peuvent ainsi permettre d’échantillonner efficace-
ment la dynamique d’état a état (S (Xt)) en simulant les parties de la trajectoire

de (S(X)

>0
>0 lorsque le processus est bloqué dans un état métastable.

Soit (X¢)¢>0 le processus modélisant 1’évolution du systeme et Q € {Qq,...., Qn}
un domaine de l'espace des phases correspondant & un état E du systéme (cf. (A.14])
et (A.15)). Définissons le premier temps de sortie du domaine 2:

T :=inf{t > 0, X, ¢ Q}. (A.19)
Voici la définition d’une distribution quasi stationnaire:

Definition A.1. Une mesure de probabilité vy, sur €} est une distribution quasi station-
naire pour le processus (Xt)i>o sur Q0 st pour t > 0 et pour tout ensemble mesurable A
de €,

P [Xt S A‘t < TQ] = l/h(A).

La notation IP,, désigne la probabilité d'un événement sachant que le processus (X;);>0
est initialement distribué suivant la mesure de probabilité p i.e. Xg ~ p.
Comme le montrent la proposition et le corollaire suivant, sous des propriétés de régularité
du domaine ) et du potentiel f, il existe une unique distribution quasi-stationnaire et
la loi du processus (X¢);>0 conditionné a ne pas étre sorti de €2 converge en temps long
vers cette distribution quasi-stationnaire (cf. [13,50]).

Proposition A.1. Supposons que le domaine €} est un ouvert borné C™ et que le
potentiel f : R — R est C™. Alors, il existe une mesure de probabilité vy, sur § et
¢ > 0 telle que pour toute mesure de probabilité u sur 2, il existe C(p) > 0 et t(u) >0
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tels que pour tout t > t(u) et tout ensemble mesurable A de Q):
|PH[X; € Alt < o] — vn(A)| < C(p)e™ . (A.20)
Nous déduisons immédiatement le corollaire suivant:

Corollaire A.2. Supposons que le domaine € est un ouvert borné C™ et que le potentiel
f:RT 5 R est C®. Alors la mesure vy, définie pour tout mesurable A de Q par

vp(A) = }E}}OP[Xt € A|t < TQ],

est indépendante de la condition initiale: c’est unique distribution quasi stationnaire
pour le processus (X¢)e>o sur Q.

La constante ¢ dans la Proposition donne, en temps long, le taux de convergence
vers la distribution quasi stationnaire.

Remarque A.8. La distribution quasi stationnaire joue un role fondamentale en dy-
namique des populations pour l’étude des processus conditionnés a la mon-extinction
comme les dynamiques modélisant I’évolution de populations, cf. par exemple les livres [1]
et [15].

Remarque A.9. Dans la littérature, on appelle limite de Yaglom la limite en temps
long du processus (Xi)i>0 conditionné a ne pas étre sorti de Q lorsque cette limite est
indépendante de la condition initiale déterministe Xo. En d’autres termes, supposons
que la mesure définie pour tout mesurable A de Q) par

YV(A) = tli)rgo]P’I [Xt € A}t < TQ],

existe et est indépendante de x € Q, alors Y est appelée limite de Yaglom du proces-
sus (Xt)e>0 associée au temps d’arrét Tq. Cette appellation a été donnée en référence
a A.M Yaglom qui fut le premier a établir l'existence de lois limites pour des processus
de branchement conditionnés dans son article [75]. Un résultat standard affirme que
la limite de Yaglom est une distribution quasi stationnaire (cf. [15]). C’est pourquoi, il
arrive dans la littérature que l’on rencontre l’appellation limite de Yaglom pour désigner
une distribution quasi stationnaire.

A Taide de la distribution quasi stationnaire, on peut donner une définition de la
métastabilité d’'un domaine:

Définition A.1. De maniére informelle, un domaine 2 est dit métastable si la con-
vergence vers la distribution quasi stationnaire (cf. (A.20)) est bien plus rapide que le
temps moyen de sortie du domaine 2.

Remarquons toutefois que la définition de la métastabilité d’un domaine introduite
en Définition dépend de la condition initiale du processus (X;):>0 et que selon la
Définition un domaine peut étre métastable pour certaines conditions initiales mais
pas pour d’autres. Ce point est discuté en Section cf. Remarque [A:20]

Une des propriétés importantes de la distribution quasi stationnaire qui sera fondamen-
tale afin de répondre au probleme posé en début de cette section est la suivante:
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Proposition A.3. Supposons que le domaine €} est un ouvert borné C™ et que le
potentiel f : R — R est C™. Soit vy, la distribution quasi stationnaire associée au
processus (Xt)i>0 et au domaine ), introduite par la Proposition . Supposons que
Xo ~ vp. Alors, le temps de sortie Tq et le point de sortie X,, sont indépendants. De
plus, il existe une constante X > 0 telle que Tq ~ E(N).

D’apres la déﬁnition si le domaine €2 est métastable, le processus (X¢)s>0 est, une
fois entré dans €2, tres vite distribué suivant la distribution quasi stationnaire v et d’apres
la Proposition le temps passé dans Q) est donc (presque) exponentiellement distribué
et (presque) indépendant du prochain état visité. Ces deux points sont les propriétés
fondamentales des processus markoviens générés par les algorithmes de Monte-Carlo
cinétique (cf. Section . Cela justifie physiquement 'utilisation des méthodes de
Monte-Carlo cinétique pour simuler efficacement les événements de sortie d’un domaine
métastable.

Dans la suite, nous allons présenter une méthode permettant d’accélérer
I’échantillonnage de la dynamique (S (Xt)) >0 reposant sur le formalisme des méthodes
de Monte-Carlo cinétique et qui ne nécessite pas de calculer les taux de transition entre
les états.

A.2.2 Algorithme temperature accelerated dynamics et la formule d’Eyring-
Kramers

L’algorithme temperature accelerated dynamics a été proposé par M.R. Sgrensen et
A.F Voter [67]. Cet algorithme a pour objectif de simuler de maniere efficace la dy-

namique d’état a état S(X¢)¢>o (cf. Section|A.2.1.1)).

A.2.2.1 Présentation de ’algorithme temperature accelerated dynamics

L’idée de départ de I’algorithme provient du constat suivant: le temps de sortie d’un
domaine métastable est d’autant plus grand que la température est petite, comme le
montre par exemple la formule d’Eyring-Kramers .

Afin de simuler de maniere efficace la dynamique d’état a état S(X;)¢>0, ’algorithme
temperature accelerated dynamics procede comme suit. Considérons le processus (X¢)i>0
évoluant a la température hjy,,. On laisse évoluer la dynamique d’état a état S(X;)i>o
jusqu’au premier moment t; ol le processus se retrouve piégé dans un domaine
métastable Q; C RY, ot j € {1, ..., N}. On arréte la dynamique S(X;)>0 & cet instant ¢;.
On accélere I'événement de sortie de (2; en augmentant la température du processus.
Pour cela, on lance dans le domaine §2; un autre processus (Y;);>0 évoluant suivant la
méme équation d’évolution que (Xi);>o (ici ) mais & une température hpignh > Riow
afin d’observer plus vite des sorties du domaine €2;. Ce qui aurait di étre I’événement de
sortie a la température hjq,, c’est-a-dire le prochain état k (k # j) et le temps T} passé
dans Q; pour le processus (X¢):>0, se déduit par extrapolation d’un nombre suffisant
d’événements de sortie de €2; du processus (Y;)i>0 a la température hp;qn (cette étape
est expliquée dans la section suivante). On approche ensuite la dynamique d’état & état
S(X¢)i>0 en lui donnant la valeur j entre les instants t; et ¢t; + 7. On laisse ensuite
évoluer S(X;)i>¢, 7, en faisant démarrer le processus (X¢)i>¢, +1; dans le domaine (2.
On répete cette procédure a chaque fois que le processus est piégé dans un domaine
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métastable. Pour une explication plus détaillée du procédé, le lecteur peut se référer
a [67] ou [2] ot une version modifiée de I’algorithme originel a aussi été proposée.

A.2.2.2 Loi d’Eyring-Kramers et 1’algorithme temperature accelerated dy-
namics

Dans cette section, nous décrivons comment la loi d’Eyring-Kramers est utilisée pour
extrapoler un événement de sortie a la température h;,,, a partir d’événements de sortie
enregistrés a une température hpign > hiow. S0it j € {1,..., N} et considérons un
domaine €y voisin de Q; (i.e. tel que 9Q; N O # (). Supposons que le minimum de f
dans ﬁj est atteint en un seul point x; € €; et que f atteint son minimum sur 9€; MO,
en un seul point selle z; . Notons 7;¢(h) la variable aléatoire égale au temps mis par le
processus pour sortir de €2; a la température h par le point selle z; . Dans I’algorithme
temperature accelerated dynamics, la formule qui permet de calculer 7;¢(hjow) & partir
7;¢(hnign) est (on justifiera cette formule ci-dessous):

! ! )(f(zj,e)—f(fﬂj))

o1 1
Tt (Piow) = Tje(Pnign) € (hl"“’ "high (A.21)

Expliquons comment, en utilisant , I’événement de sortie de §2; du proces-
sus (Xi)i>0 & la température hjo, se déduit par extrapolation d’un nombre suffisant
d’événements de sortie de €; du processus (Y;);>0 a la température hpign. Con-
sidérons une sortie de (Y;);>o vers un état €y voisin de ;. Si c’est la premiere
fois que l'on observe une sortie du processus (Y;)i>0 vers €y, on extrapole le temps
de sortie a la température hj,, en utilisant la formule puis on met a jour le
plus petit des temps extrapolés et enregistrés jusqu'ici, que l'on note 7 min(Riow)-
L’algorithme s’arréte lorsque suffisamment d’événements de sortie de (Y;)i>o ont été
observés et que plus aucun autre événement de sortie de (Y;):>0 ne modifiera la valeur
de Tjmin(hiow). Le prochain état visité par le processus (X;);>0 est 'état k pour lequel
Tj,min(Piow) = Tjk(hiow) €t le temps passé par (X;);>o dans I'état j est T = 75 min(Piow)-

Le formalisme qui permet de justifier ce procédé est celui des algorithmes de
Monte-Carlo cinétique ou les temps de transition entre les états sont exponentielle-
ment distribués (cf. Section et plus particulierement la Remarque [A.7)) et ou les
parametres des lois exponentielles se calculent avec la loi d’Eyring Kramers (cf.
et ) Dans lalgorithme temperature accelerated dynamics, ce formalisme est
utilisé. Il est en effet supposé qu’a la température h:

7je(h) ~ E(kje) ou kjg= Aj_’el e (0= 1 (@)
avec, pour la dynamique de Langevin suramortie ((1)):

21 |y/det Hessf (2 )|
[A(zj.0)| \/det Hessf(z;) '

Aje=

Le calcul du parametre k;¢(h) de la loi exponentielle de 7;¢(h) se fait donc en utilisant
la formule d’Eyring-Kramers. Ainsi, en loi, nous avons 1’égalité

o L Y (e V= fs
Tt (hiow) = 7j,0(hhign) € <hlow h’”'gh>(f( s @),
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Ce qui justifie (A.21)).

En conclusion, la formule d’Eyring-Kramers est utilisée pour calculer les taux
de transition entre les états dans un algorithme de Monte-Carlo cinétique lorsque
Pon souhaite générer efficacement la dynamique d’état a état (S (Xt)) ~o- Elle est
aussi utilisée pour extrapoler les temps de sortie a des températures plus basses
dans l'algorithme temperature accelerated dynamics. Nous allons désormais nous
concentrer sur la question suivante: comment justifier rigoureusement
I’utilisation d’un modele de Monte-Carlo cinétique pour décrire 1’événement

de sortie d’'un domaine métastable pour la dynamique de Langevin suramor-

tie (1)?

A.3 Stratégie pour prouver la formule d’Eyring-Kramers

Cette section a pour objectif d’expliquer I’approche que nous avons adoptée pour prou-
ver la formule d’Eyring-Kramers. Notre stratégie est la suivante. La premiere étape
consiste & trouver une expression des taux de transition compatible avec 'utilisation
d’un algorithme de Monte-Carlo cinétique pour modéliser I’évenement de sortie d’un
état métastable. La seconde étape est d’étudier le comportement asymptotique précis
de ces expressions dans la limite d’une petite température.

La section est organisée comme suit. En Section nous proposons d’abord une ex-
pression pour les taux de transition, puis nous expliquons pourquoi ils sont compatibles
avec 'utilisation d’une méthode de Monte-Carlo cinétique et enfin nous expliquons notre
stratégie pour étudier le comportement asymptotique des taux de transition proposés.
Enfin, en Section nous rappelons les approches qui ont été proposées jusqu’a
aujourd’hui dans la littérature mathématique pour obtenir la loi d’Eyring-Kramers.

A.3.1 Expression des taux de transition entre les états

En Section nous donnons I'expression des taux de transition et nous expliquons
pourquoi ces expressions sont compatibles avec une méthode Monte-Carlo cinétique. En
Section nous expliquons notre stratégie de preuve pour obtenir un équivalent
précis a basse température des taux de transition.

A.3.1.1 Expression des taux de transition

Soit (X¢)i>0 le processus . Considérons la collection de domaines {Qy,....,QQx} in-
troduite en qui forme une partition de l'espace des phases R? en domaines
métastables ot chaque domaine ; correspond a un état j du systeme (cf. (A.15)).
Pour chaque i € {1,..., N}, 7q, désigne le premier temps de sortie du domaine €2; (cf.
Définition [A.19).

Considérons désormais un entier i € {1,..., N}. Pour j € {1,...., N}, j # i, nous
définissons le taux de transition de 1’état i vers ’état j par
1

kLo .—
" EVh,Qi [TQz]

PVh.; [XTQ«; € o0 N 89]‘], (A.22)

ol vy, 0,désigne la distribution quasi stationnaire associée au processus (X;)¢>o et au
domaine €; (cf. Définition . L’exposant L dans la notation k:iLj indique que
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nous considérons un systeéme dont 1’évolution est modélisée par ’équation de Langevin
suramortie . Remarquons que lorsque 'état ¢ n’est pas voisin de ’état j nous avons
9Q; N9 = () et ainsi on a bien lej =0.

Remarque A.10. Si [’on veut retrouver la formule d’Eyring-Kramers —, il
faut multiplier Uexpression par un facteur % Ceci est di au fait suivant: une fois
que le processus (1)) est sur 9Q;N0Q;, il a, dans la limite h — 0, une chance sur deuzx de
revenir dans §); et une chance sur deuzx d’aller dans Q2. En effet, en dimension un, ce
résultat se montre en utilisant un calcul similaire a celui permettant de prouver .
En dimension supérieure, on peut se ramener au cas de la dimension un en utilisant un
systeme de coordonnées adapté autour de zj. Des méthodes similaires a celles utilisées
pour prouver [4, Lemma B.1] permettent aussi de montrer ce résultat.

Nous allons maintenant expliquer pourquoi I’expression des taux de transition
est compatible avec un algorithme de Monte-Carlo cinétique pour modéliser I’événement
de sortie de I'état i. Pour cela, supposons que le domaine €2; est un ouvert borné C*
et que le potentiel f : R? — R du systeme est C; ceci nous permettra d’utiliser les
propositions [Ad] et [A-3| pour la justification qui suit. Dans ce cas, et comme nous I’avons
vu en fin de Section puisque le domaine §2; est métastable, le processus (X¢)i>0
est rapidement (en comparaison du temps moyen de sortie E[TQZ]) distribué suivant
la distribution quasi stationnaire v, o, (cf. Définition et Proposition . Il est
donc raisonnable d’étudier I’événement de sortie de §2; en supposant que le processus est
initialement distribué suivant la distribution quasi stationnaire v, o,. De plus, lorsque
Xo ~ vpq,, d’aprés la Proposition il existe \; telle que 17, ~ &()\;) et donc
d’apres , nous avons:

N

1 1
o—_ - p X, €ed] = —— — )\, A.23
j=;j7éi s EV’“Qi [TQZ] e [ o Z] EVh,Qi [Tﬂz] ' ( )

Le choix d’avoir distribué initialement le processus (X;);>0 suivant vy, o, dans la définition
des taux de transition est donc compatible avec la premiere étape de la récurrence
d’un algorithme de Monte-Carlo cinétique qui permet d’échantillonner le temps passé
dans chaque état, cf. Section [A.2.1.2] De plus, lorsque Xy ~ vy, 0, d’apres la Proposi-
tion le temps de sortie et le point de sortie sont indépendants. Enfin, d’apres
et , nous avons pour tout £ € {1,...,N}, £ # i

Kip

N )
Zj:l,j;éi ki

P [ Xy, € 09 N O] =

ki
S, i Kii
des taux de transition (A.22)) est compatible avec la deuxieme étape de la récurrence
d’un algorithme de Monte-Carlo cinétique qui permet d’échantillonner le prochain état

visité, cf. Section [A.2.1.2]

et donc la probabilité de passer de I’état ¢ a I’état £ est . Ainsi, 'expression

32



A.3.1.2 Stratégie pour étudier la limite a basse température des taux de
transition

Dans la suite, nous abandonnons l'indice i € {1,..., N} et notons
Q=0 € {Ql, ...,QN}

un domaine métastable du processus (cf. m Afin d’expliquer notre stratégie
pour étudier dans la limite d’une petlte temperature les taux de transition entre
les états du systeme, nous allons montrer que les taux de transition peuvent
s’exprimer a l’aide des éléments spectraux de 'opérateur infinitésimal de la diffusion
avec conditions homogenes de Dirichlet sur 0€2. Rappelons d’abord quelques résultats
standards sur le générateur infinitésimal de la diffusion .

Dans toute cette section, le domaine 2 est un ouvert borné C* et le potentiel
f:R? = R est C.

Un probleme aux valeurs propres relié a la distribution quasi stationnaire sur €.

Considérons I'opérateur LSP(,)i)L défini par:
h
6 € CP(RR) = Lijé = SA6— V-V, (A.24)

ot C°(R%, R) désigne I’espace vectoriel des fonctions infiniment dérivables de R? dans R

et a support compact. L’exposant (0) dans la notation L ) fait référence au fait que 'on
travaille avec un opérateur agissant sur des fonctions (c’ est a~dire des O-formes). Pour

(0)

justifier les conditions aux limites associées a ’opérateur L £.h SUT 09, il faut comprendre
quelles sont les conditions aux limites satisfaites par la loi du processus condltlonne a
rester dans . Pour cela, considérons le semi groupe (sous-markovien) du processus
absorbé au bord de Q: il est défini pour tout ¢ € C®(R%,R), z € Q et t > 0 par:

(Pﬂf)) (-T) =E, [¢(Xt) 1{tSTQ}] :

Un calcul d’Ito, montre que (au moins formellement):
OPi6 = L), Pio.

Un candidat naturel pour étre le générateur infinitésimal du semi groupe de diffusion
(Py)>0 est donc 'opérateur Lgc?,)l. Il faut désormais identifier les conditions aux limites
sur 99 du générateur infinitésimal du semi groupe de diffusion (P;);>o. Par un résultat
classique sur les semi groupes fortement continus, pour tout ¢ > 0, P,¢ appartient au
domaine de son générateur infinitésimal. Or, pour tout t > 0 et x € €2, nous avons:

(Ptqb) (z) =0.
Les conditions aux limites a associer a LSCO,)Z sont donc des conditions de Dirichlet sur

(0)

0. Afin d’introduire un cadre fonctionnel adapté a 'opérateur L 1, avec des conditions
de Dirichlet sur 9§, remarquons que pour tout ¢ € C°(Q) et ) € C(S2),

[o@huyets==5 [ vo-vuets
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Introduisons alors les espaces de Hibert suivants:

L?U(Q):{U:Q%R,/

u2(x)e_%f(x) dzx < oo}
Q

et
HL(Q) = {u: Q=R ue L2 (Q) et pour tout i = 1,...,d : dju € L%U(Q)} (A.25)
Nous avons le résultat suivant qui permet de définir 'opérateur LSCO,)l avec des conditions

de Dirichlet sur 0f2.

Proposition A.4. L’extension de Friedrichs associée a la forme quadratique

secz@ g [ Voot
Q

sur L2,(9), est notée —L?’h(o)(Q). C’est un opérateur non borné, auto-adjoint et stricte-

ment positif sur L2(Q) dont le domaine est

D (1L20(@)) = H)o(@) 0 H2(©)
ot Hy, o(Q) = {u € HL(Q), u=0 sur 09}.

Preuve. La forme quadratique
h
secx@r g [ Vol
Q

est symétrique, positive et fermable et sa fermeture est la forme quadratique
1 h 2 —2f
Q:wEHwO(Q)»—)g |Vw|” e w7,
Q

Soit —L?;L(O) (Q) Popérateur auto-adjoint associé a Q. Il est défini sur le domaine

D (~L70(@)) = {u € Hyo(@), 3 € L4(Q), Yo € Hyo(2), Qu,v) = (bvrs },
par

D7
~L7O(Qu = 1.

Soit u € D (—L?#O)(Q)) Au sens des distributions, nous avons donc

pour une fonction b € L2 (). D’apreés un résultat standard de régularité elliptique, la

fonction u appartient & H2(€2). Ainsi, nous avons D (—L]?;fo)(ﬂ)) C Hao(ﬂ) NH2(Q).

Une intégration par parties montre que H&),O(Q) NH2(Q) c D (—L?;l(o)(Q)). Ce qui
conclut la preuve de la proposition.
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Le domaine Q étant borné et O, I'espace H. () s’injecte de maniére compacte
dans L2 (Q) et ainsi I'opérateur —Lg;z(o)(Q) est a résolvante compacte: son spectre est
donc discret. Dans la suite nous notons A\, > 0 sa plus petite valeur propre. Nous avons
alors le résultat suivant (c’est un résultat standard sur la premiere valeur propre d’'un

opérateur elliptique, cf. par exemple [28, Théoréme 2)):

Proposition A.5. La plus petite valeur propre A\, de —L?}L(O) (Q) est simple et son

vecteur propre associé, noté uy, a un signe sur ). De plus, u, € C*(Q).

Preuve. Par un résultat standard de régularité elliptique, tous les vecteurs propres de
LY (0)(9) sont dans C*(Q). L’opérateur —L?;L(O)(Q) est auto-adjoint et donc par le

fh
principe du min-max:
/]Vfu| e nf
Ap = (A.26)
UEHl O(Q /U2€ %
Q

et toute fonction u est un vecteur propre associé a A si et seulement si u est un
minimiseur de (A.26)). Soit u un vecteur propre associé a \;. Puisque nous avons

|V]ul[* = |Vul*,

nous en déduisons que la fonction |u| est aussi un minimiseur de (A.26]) et donc est
un vecteur propre associé a A\p. En utilisant 'inégalité de Harnack, nous obtenons que
|u| > 0 sur €. Supposons par I’absurde que A\, est une valeur propre dégénérée de
—L?;L(O)(Q). Soient alors v et vy deux vecteurs propres libres associés a ). Les deux
fonctions v1 et vy étant continues, il existe xg € 2 tel que vi(xg) # va(zp). Ainsi la
fonction

w = va(xo)vy — v1(T0)V2
est non identiquement nulle sur €2: c’est donc un vecteur propre associé a Aj,. On en
déduit de ce qui précede que |w| > 0 sur £, ce qui est absurde car w(zp) = 0. Ainsi A\,
est non dégénérée. ]

Dans la suite et sans perte de généralité, nous supposons que

up > 0 sur Q et / uj () e i@y = 1. (A.27)
Q
Le lien entre la distribution quasi stationnaire v, (cf. Définition [A.1]) et uy est donné
par la proposition suivante (cf. par exemple [50]):

Proposition A.6. L’unique distribution quasi stationnaire associée au processus (|1))
et au domaine ) est:

—2f(@)
on(d) = — e dz,
/’uh( Je il Wy
Q
ot uyp est le vecteur propre associé a la plus petite valeur propre de — ?;L(O)(Q) (cf.

Proposition [A. 5 m) qui satisfait (A.27) -
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Nous pouvons ensuite énoncer un résultat sur ’événement de sortie plus précis que

la Proposition

Proposition A.7. Considérons la dynamique (1) et la distribution quasi stationnaire
vy, associée au domaine ). Si X est distribué selon vy, les variables aléatoires 1q et
X, sont indépendantes. De plus, 1o est exponentiellement distribuée de parametre A,
et la loi de X,, a une densité par rapport a la mesure de Lebesgque sur OS2 donnée par:

~27(2)
LA 11 L

2An / uh(y)e_%f(y)dy
Q

(A.28)

ot up, est le vecteur propre associé a la plus petite valeur propre de —L?}EO)(Q) (cf.

Proposition .

La notation 9, = n -V désigne la dérivée normale et n le vecteur normal sortant

de Q.

Stratégie générale pour étudier la limite a basse température des taux de transition (A.22)).

Rappelons que 2 = Q; € {Q,...,Qn} désigne un domaine métastable du processus

(cf. (A.14))) correspondant a un état ¢ du systeme (cf. (A.15))). Dans la suite, pour tout
j €{1,..N}, j # i, nous notons simplement

L _ 3L
kit = ki;

le taux de transition de I'état i vers 1’état j défini en (A.22). Nous pouvons désormais
donner une autre expression des taux de transition définis en (A.22) a l'aide du pre-
mier vecteur uy associé a la plus petite valeur propre A, de —L?’(O)(Q). D’apres la
Proposition le taux de transition k:jL, pour j € {1,..., N} telle que €; # , a pour

expression:
h/ 6nuh(z)e_%f(z)a(dz)
K =-3 o0no, . (A.29)
e iy
Q

ou o désigne la mesure de Lebesgue sur 0{2. De plus, toujours d’apres la Proposi-
tion lorsque le processus est initialement distribué suivant la distribution quasi
stationnaire v, le temps moyen passé dans le domaine €2 est:

1
E,, [ta] = N (A.30)
et la loi de sortie du domaine ) est donnée par :
L / 8nuh(z)e*%f(z)a(dz)
P [ X, € X = — o2& : (A.31)

2 / un(y)e” +/ Wy
Q

ou X C 0f) est un ensemble mesurable.
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Remarque A.11. Bien que A\, n'apparaisse pas dans ’expression des taux de transi-
tion (A.29), son comportement asymptotique peut suffir a obtenir la formule d’Eyring-
Kramers pour certains tauzx de transition. En effet, supposons que le domaine €); soit
tel que

g%P%L&neaﬂmaQA:1.

Il vient alors d’aprés (A.22) et d’apres (A.30)):
lim A, b = 1.
noo

Toutefois, l’étude du comportement asymptotique de A\p quand h — 0 ne suffit pas a
priori a obtenir le comportement asymptotique de tous les taux de transition comme le

montre aussi l’expression (A.29)).

Au vu des expressions (A.29), (A.30]) et (A.31)), notre stratégie est d’étudier le com-
portement précis dans la limite d’une petite température (h — 0) de:

1. la premiere valeur propre \;, de I'opérateur —L?;L(O) (Q),
2. de la dérivée normale du vecteur propre up associé a \p,
3. et de la quantité fQ uh(y)e_%f(y)dy_

Notre analyse nous permet d’expliciter les taux d’erreur lors du passage a la limite
h — 0. Enfin, nous avons étendu nos résultats sur la distribution de sortie (i.e. sur la
loi de X,,) & des conditions déterministes dans le domaine €.

A.3.2 Littérature mathématique sur la loi d’Eyring-Kramers

Cette section a pour but de rappeler les contributions mathématiques obtenues jusqu’ici
concernant la loi d’Eyring-Kramers. Le lecteur peut se référer a 'article [3] pour une
revue sur le sujet ainsi que pour une explication des différentes techniques utilisées. Il
y a deux approches qui se détachent dans la littérature: les approches globales et les
approches locales.

A.3.2.1 Les approches globales

Les approches globales reposent sur ’étude a basse température (h — 0) des valeurs
propres du générateur infinitésimal L;?})L de la diffusion sur tout Pespace R%. 1l est
possible de montrer, que si le potentiel f a m minima locaux notés {z1, ...., z,, }, alors
I'opérateur a exactement m valeurs propres exponentiellement petites dans la
limite h — 0 que l'on note {A1, Ag, ..., A} avec Ay = 0 < A2 < .... < Ap,. De plus, les
m — 1 valeurs propres {Ag, ..., A, } satisfont une loi d’Eyring-Kramers. En effet, on peut
montrer que si 'on suppose que pour chaque k € {2,...,m} il existe un unique point zj
tel que

2r) = inf su t
S = it s J6(0)

ol By, est une réunion de petites boules centrées en chacun des minima locaux de f plus
bas en énergie que zj et P(xy, By) est 'ensemble des courbes v € C°([0,1],RY) telles
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que ¥(0) = xy et y(1) € By. , alors dans la limite h — 0

2 — )| /det Hoss () e U1 (1 4 o(h)), (A.32)
21 |\/det Hess f(zy)]

ol \(zx) est la valeur propre négative de la matrice hessienne de f en zj. Pour faire le
lien avec la Section et plus précisément avec la formule , le point z; est le
point selle de plus basse énergie qui connecte j, & tous les autres minima locaux de f qui
sont plus bas en énergie que x. Dans les articles [6,7,27], chacune des valeurs propres Ay
(pour k € {2,...,m}) a été reliée au temps moyen mis par le processus pour aller
d’un minimum local z; a un autre minimum plus bas en énergie et une approche basée
sur la théorie du potentiel a permis d’obtenir la formule (A.32). Dans [36], I'utilisation
de techniques d’analyse semi-classique a aussi permis d’obtenir .

Citons par ailleurs le travail récent |58 qui généralise les résultats obtenus dans |36].
Le lecteur peut aussi se référer aux travaux plus anciens [59], [44], [17], [18], [16]. Les
résultats qui découlent d’une approche globale permettent d’avoir acces aux comporte-
ments asymptotiques a basse température des temps moyens successifs pour aller d’un
minimum local vers le minimum global. Ils ne permettent pas d’obtenir la formule
d’Eyring-Kramers pour tous les taux de transition.
Ces approches globales sont utilisées pour construire une dynamique markovienne en
projetant a ’aide d’une méthode de Galerkine le générateur infinitésimal de la diffu-
sion sur l'espace propre associé aux m petites valeurs propres {1, ..., A }. Cette
projection permet d’avoir une tres bonne approximation du générateur infinitésimal a
basse température. Ceci a été largement étudié par Schiitte et ses collaborateurs [66]
en partant du travail [65]

A.3.2.2 Les approches locales

Dans cette these nous adoptons une approche locale: nous étudions I’événement de sor-
tie d’'un domaine 2 C R¢ (le point sortie et le temps de sortie) a basse température.

La théorie des grandes déviations.

L’approche la plus connue pour étudier I’événement de sortie a basse température est
sans doute la théorie des grandes déviations développée par Freidlin et Wentzell dans
les années 1970 et dont le livre [30] résume les principaux travaux. Cette théorie re-
pose principalement sur I’étude de petits bouts de processus définis a ’aide d’une suite
croissante de temps d’arrét. La notion de fonction de taux y est fondamentale: elle
donne le cotit d’'une déviation du processus par rapport a une trajectoire déterministe
(la premiere utilisation de la fonction de taux est due a Schilder [62] pour un mouvement
Brownien).

Voici quelques résultats typiques dus a Freidlin et Wentzell (cf. [30, Théoreme 2.1,
Théoreme 4.1, Théoreme 5.1]). Soit 2 un domaine ouvert borné C*°. Rappelons que
Tq désigne le premier temps de sortie de €2, cf. . Supposons que O, f > 0 sur
0f) et que f a un unique point critique zg dans €2 qui est non dégénéré et tel que
f(x0) = ming f. Alors pour tout = € €2

g%hmEqﬁﬂ:Q%gf—f@@}
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De plus, pour tout z € Q tel que f(x) < infaq f et pour tout § > 0, il existe oy € (0, ]
tel que pour tout y € 9€:

lim AInP*[| X7, =yl < do] = 2(f(y) —inf f).

Enfin, si 'infimum de f sur 0f) est atteint en un seul point yy € 012, alors pour tout
4> 0:
lim P*[| X~, — yo| < 6] = 1.

h—0
En d’autres termes, quand la température tend vers 0, le processus sort de €2 autour
yo. Un autre résultat dia a Day [19] affirme que sous les hypotheses énoncées ci-dessus,
lorsque h — 0, le temps de sortie 7 converge en loi vers une variable exponentiellement
distribuée de parametre Ay, et pour tout x € 2

lim A4E, (o] =1,

ou A, est la plus petite valeur propre de —L?;fo)(ﬂ) (cf.  Proposition [A.5). Les

résultats issus des grandes déviations s’appliquent dans des situations bien plus générales
que celles que que 'on utilise dans cette these (par exemple a des fonctions f ayant
plusieurs points critiques dans © ou a des processus non réversibles [5]...). Toutefois,
trois problémes se posent si I’on veut prouver la formule d’Eyring-Kramers a ’aide des
résultats issus de la théorie des grandes déviations: le premier est qu’il est souvent bien
difficile de calculer explicitement 1’énergie d’activation, le second est que les résultats
ne permettent pas de determiner le préfacteur A;; dans et le troisieme est que
les résultats obtenus ne donnent pas d’estimées d’erreur.

Approche par des équations aux dérivées partielles.

Un des résultats les plus connus concernant le comportement a basse température de la
loi du point de sortie X,,, obtenu dans [60] a l’aide de calculs formels, est le suivant:
soit F € C(9Q,R) et z € , alors quand h — 0:

 Joa F(2)0f(2) e i3 dz
Joq Onfe il do

Ainsi, quand la température est petite, le processus sort presque surement autour des
minima globaux de f|sq: la loi de X, se concentre sur argmingg f. De plus, un
équivalent asymptotique de I’espérance de 7q quand h — 0 a aussi été formulé dans [60].
Ces limites ont été obtenues en étudiant les équations aux dérivées partielles satisfaites
par les fonctions x € Q — E, [F(Xm)] et z € Q — E, [TQ] et en y injectant des
développements formels. Le lecteur peut aussi se référer aux articles [60,(63,64] et [53./54]
pour des études similaires a [60]. La formule a été prouvée rigoureusement par
Kamin dans [47]. Cette formule a été ensuite étendue aux dynamiques non réversibles
par Kamin dans [46] et par Perthame dans [61]. Les résultats obtenus dans [46,47./61]
ne permettent toutefois pas d’obtenir un équivalent précis de la probabilité de sortir par
un point qui n’est pas un minimum global de f sur le bord de €.

Enfin, nous mentionnons [22,[23}37,44.,/511/56|,57] pour une étude du comportement
asymptotique de Ap, et uy (cf. Proposition dans la limite d’une petite température.
Le lecteur peut aussi se référer a article [20] pour une revue de la littérature sur le
comportement & basse température de I’événement de sortie d’un domaine.

By [F(Xr,)] + o(h), (A.33)
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Remarque A.12. Certains auteurs ont prouvé la convergence vers un processus
markovien de sauts en utilisant un changement d’échelle en temps. On renvoie par
exemple a [49] pour une diffusion unidimensionnelle dans un double puits et a (31,57
pour un probléme similaire en dimension supérieure. Dans [68], il est montré qu’un
changement d’échelle temporelle permet d’obtenir une convergence de la diffusion vers
un processus markovien a sauts entre les minima globaux du potentiel f en supposant
que ces derniers sont séparés par des points selles a la méme hauteur.

Dans cette these et comme nous ’avons expliqué en Section nous adoptons
une approche locale pour étudier I’événement de sortie a basse température afin de
montrer que 'on peut modéliser ’événement de sortie par un modele markovien de
sauts paramétré par les formules d’Eyring-Kramers.

A.4 Résultats du Chapitre

Les résultats que nous allons présenter dans cette section sont ceux du Chapitre [B dont
les articles supports sont [25] et [26]. Dans le Chapitre [Bl nous obtenons des estimées

précises sur la loi de X, et sur I’espérance de 7 afin notamment d’obtenir un équivalent
précis des taux de transition (A.22]) dans la limite A — 0.

Dans toute cette section le domaine €2 est un sous domaine ouvert C'*° connexe et
borné de R?. Précisons toutefois que nos résultats (du Chapitre [B| et du Chapitre |C)
ont été prouvés dans le cadre géométrique plus général ol §) est une variété compacte,
(C*°, riemannienne, connexe, orientée, de dimension d et de bord 952, et dans ce cas €2
est 'intérieur de Q. Nous rappelons que le processus étudié est le processus de Langevin

suramorti :
dX; = -V f(X;) + VhdB;, (A.34)

oit f: R? — R est I'énergie potentielle du systéme considéré (d € N*), h > 0 est
sa température et (By):>0 un mouvement brownien standard dans R4, Afin d’étudier
I’événement de sortie du domaine €2, nous rappelons que 7 désigne le premier temps
de sortie de €2:

Tq = inf{t > 0, X; ¢ Q}.

Dans toute la suite, la fonction f est supposée de classe C*°. Rappelons enfin que nous
cherchons a obtenir des estimées précises sur ’événement de sortie de {2, c¢’est-a-dire sur
le couple (X,,,Tq). Dans la suite nous aurons besoin des définitions suivantes.

Definition A.2. Soit F € C®(R%). On dit que x € R? est un point critique non
dégénéré de F si VF(x) =0 et si la hessienne de F' en x est inversible. Soit x un point
critique non dégénéré de F', on dit que x est un point selle de F' si la matrice hessienne
de f a exactement une seule valeur propre négative. Enfin, F est une fonction de Morse
st elle est C™ et si tous ses points critiques sont non dégénérés.

Remarque A.13. Remarquons qu’une fonction de Morse a un nombre fini de points
critiques dans tout compact de R%. En effet, les points critiques d’une fonction de Morse
sont isolés.
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A.4.1 Les hypotheses sur la fonction f

Introduisons les hypotheses suivantes sur f (la numérotation des hypotheses est la méme
que dans le Chapitre .

e [H1] La fonction f est C*. Les fonctions f : O — R et la restriction de f au
bord de 2, notée f|sq, sont des fonctions de Morse (cf. Définition [A.2). De plus,
|V f|(x) # 0 pour tout z € 99.

e [H2] La fonction f a un unique minimum global 2o dans § et

I’Sbnf > mﬁinf = m{%nf = f(zo).

Le point x( est I'unique point critique de f dans Q. La fonction f|sq a exactement
n > 1 minima locaux notés (2;)i=1,.. . Ils sont ordonnés tels que f(z1) < .... <

f(zn)-
e [H3] 0, f(x) > 0 pour tout z € 9N (ou 9, désigne la dérivée extérieure a ).

Sous ’hypothese [H2], lentier ng € {1,...,n} est défini comme le nombre de minima
globaux de flaq, i.e.:

fla1) = ... = f(zno) < f(nno-i-l) <. < fzn)

Sur la Figure nous représentons sur un exemple en dimension 2 les points (2;)i=1,...n
dans un cas ou n = 4 et ny = 2. L’hypothese [H1] implique que la fonction f ne peut
pas avoir de point selle au bord de Q. En réalité, sous les hypotheses [H1], [H2] et
[H3], ce sont les points (z;)i=1,..» qui jouent le role de points selles. Ils sont appelés

des points selles généralisés d’indice 1 pour — ?( )@ apres [37, Section 5.2]. Cette
dénomination est liée au fait que sous [H1], [H2], [H3] et lorsque 1’on prolonge la fonc-
tion f par —oo en dehors de €, les points (2i)i=1,...n sont géométriquement des points
selles (le prolongement de f par —oo est consistant avec les conditions aux limites de

Dirichlet utilisées pour définir 'opérateur — L 7. h(o)).

Nous définissons ensuite la fonction ¢ : @ — RT par
= ‘Vf { pour z € Q et g(z)= ‘VTf ‘ pour x € 012, (A.35)

ou Vrf désigne le gradient tangentiel de f dans le bord de ). Les hypotheéses dont
nous aurons besoin dans cette section reposent sur la distance dans {2 entre les points
(zi)i=1,...n en terme de distance géodésique pour la métrique g définie en (A.35)). Cette
distance est appelée distance d’Agmon et elle est définie comme suit. Pour deux points
x € Qetye ) ladistance d’Agmon entre x et y est définie par:

da(l‘, y) = inf L(’}/, (Oa 1))7 (A36)

v€Lip(z,y)

ot Lip(z,y) est I'ensemble des courbes Lipschitz v : [0,1] — Q telles que v(0) = 1 et
7(1) =y, et pour v € Lip(z,y),

1
L(3(0,1) = / (Y)W ()]t
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21 z2

B, B, B, B,

Figure A.5: Représentation schématique en dimension deux d’une fonction f satisfaisant
les hypotheses [H1], [H2] et [H3], ainsi que sa restriction au bord de Q, f|sq. Sur ce
dessin, n = 4 et ng = 2.

Remarque A.14. Dans la cas ot Q = R?, la distance d’Agmon est un outil standard
pour étudier la concentration des vecteurs propres des opérateurs de Schrodinger semi-
classique (cf. par exemple [34,35,|38442]). Dans cette these, nous adaptons la définition
classique de la distance d’Agmon afin de prendre en compte le bord de §2, cf.
et .' on considére une métrique définie par la norme du gradient tangentiel de f
sur le bord de €.

Enfin, nous définissons les ensembles suivants. Pour i € {1,...,n}, B,, désigne le
bassin d’attraction de z; pour la dynamique de gradient

d
9 2t) = Vs (a(1)
dans 0. Autrement dit pour i € {1,...,n}:
B., ={y €09, tlim z(t) = 2 si x(0) = y}.
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De plus, on définit pour tout i € {1,...,n}
B = 0Q\ B,.

Sur la Figure nous représentons sur un exemple en dimension 2 les ensembles
(B:,)i=1,...n dans un cas ou n =4 et nyg = 2.

A.4.2 Enoncés des résultats du Chapitre

Comme expliqué en toute fin de Section[A.3.1.2] nous cherchons & obtenir des équivalents
précis lorsque h — 0 des quantités suivantes: )\h, Opup, et fQ upe hf ou uyp, est le vecteur

propre associé a la plus petite valeur propre Ay de — f D.(0) qui satisfait m Ceci
permet ensuite d’obtenir des équivalents précis de la loi de X, (cf. - et des taux

de transition entre états définis en (A.22)) (cf. aussi (A.29)).

Voici les résultats que nous avons obtenus.

Proposition A.8. Soit up le vecteur propre associé a la plus petite valeur propre A\, de

—LD :(0) (cf. Propositions |A.4) et |A.5) qui satisfait (A.27). Sous les hypotheéses [H1],
[HQ] [H3] et si

f(z1) = f(@o) > f(zn) — f(21) (A.37)
et pour tout i € {1,...,n},
da(zi, BZ,) > max[f(zn) — f(z), f(zi) — f(z1)], (A.38)
alors,

1. Dans la limite h — 0 :

\/det Hessf xo) Onf(2:)

=2 (f)=f@)) (1 + O(h
h .
h v Z \/det Hessf|sa(z) ¢ ( (k)

(A.39)

2. Dans la limite h — 0

FNIsH

™

—2f(@) g, _ 4 —1f(xo)
up(x) e !\ Pdy = hi e n 1+ O(h)). A .40
/Q () (det Hessf(azg))l/4 ( (h) ( )

De plus, nous avons obtenu le théoréeme suivant sur le comportement asymptotique
de dnup; c’est un des résultats principaux du Chapitre [B]

Théoréme A.1. Supposons que les hypothéses de la Proposition @ioient satisfaites.
Soient i € {1,...,n} et X; C 9Q un ouvert contenant z; et tels que ¥; C B,,. Alors,
dans la limite h — 0:
2f(z)—f(zg)
/ Buur) e 2T = Ay(h) e~ " (14 oh)), (A1)
%)

ot
(det Hessf(xo))l/‘lanf(zi)ZW% d—6

Ailh) = - \/det Hess f|oq(zi) e
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Ces résultas ont les conséquences suivantes.

Corollaire A.9. Supposons que les hypothéses de la Proposition[A.§ soient satisfaites.
Soient i € {1,...,n} et ¥; C 0Q un ouvert contenant z; et tels que ¥; C B,,. Alors,
dans la limite h — 0:

-1

. 0
P¥h [XTQ c Ez] . 8nf(zz) 8nf(zk) e—%(f(zl)—f(zl))(1+O(h))’

\/det Hessfloa(2i) \ k=1 \/det Hess fia0(21)

(A.42)
ot vy, est la distribution quasi stationnaire associée au processus (A.34) et au domaine 2
(cf. Proposition (A.6)). De plus, si ¥; est la frontiére commune entre l’état Q2 et un
état ;, alors dans la limite h — 0
1 det H
= 0, (o) LIS pseo-sea omy). (aa)
mh \/det Hess faa(2i)

ot kF est le tauz de transition défini par ([A.22)) pour aller de Q vers Q;.

Remarquons que est une consequence de ((A.39)), (A.40) et (A.41) (cf. (A.31))
et que ((A.43) est une conséquence de (A.40) et d’apres @
Remarque A.15. La nouveauté de nos travaux réside dans les résultats ,
et . La principale difficulté est de prouver ce qui nécessite un équivalent
précis de fEi (Onup) e~ ht lorsque z; n’est pas un minimum global de f sur 0S), c’est-a-
dire lorsque i € {ng +1,...,n}.

En Chapitre les résultats et ont été généralisés a d’autres domaines
¥ C 09 (ne contenant pas forcément un point z € {z1,...,2,}), c’est Iautre résultat
principal du Chapitre [B] et que nous ne présentons pas dans cette section. De plus, &
laide de résultats dit de “leveling” trés précis sur la fonction x — E*[F(X,,)], nous
avons généralisé I'équivalent a des conditions initiales déterministes dans € c¢’est-
a~dire quand Xg =z € Q.

Remarque A.16. Le préfacteur dans ((A.43|) n’est pas (A.18). En wvoici ’explication.
D’une part, la présence du terme % dans (A.43|) est due au fait que les points

(2i)i=1,..n ne sont pas des points selles pour f sur RY (car Onf > 0 sur OQ d’aprés
[H2]). D’autre part, il manque un facteur 2 dans (A.43|) par rapport a (A.18) qui
s’explique par le fait que dans ’expression des taux de transition , on considére
en réalité le taux de transition vers l’état 0L N OSY; et que le processus a dans la
limite h — 0, lorsqu’il atteint 02 N OSY;, une chance sur deux de revenir dans 2 et une

chance sur deux d’aller dans Q; (cf. Remarque .

Nous avons aussi cherché a savoir si 'hypothese sur la distance d’Agmon était
nécessaire pour obtenir nos résultats et plus particulierement pour obtenir . Pour
cela, nous avons construit un exemple en dimension deux pour lequel ’hypothese
n’était pas vérifiée et nous avons constaté que le préfacteur obtenu numériquement
n’était pas celui obtenu dans . Nous renvoyons au Chapitre [B| pour plus de
détails sur ce point.

Les outils utilisés dans la preuve de la Proposition [A.8) et du Théoréme sont
principalement issus du domaine de I'analyse semi-classique et plus précisément des
travaux [37,51].
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A.4.3 Explication des preuves de la Proposition[A.8et du Théoréme

Dans cette section, nous expliquons comment prouver la Proposition[A.8|et le Théoreme[A.T]

A.4.3.1 Point de départ de la preuve de la Proposition[A.8 et du Théoréme[A.]]

Soit wuy, le vecteur propre associé a la plus petite valeur propre A, de —LD;EO) (cf.

Propositions et qui satisfait . Au vu de et pour obtenir ,
nous voulons étudier le comportement asymptotique du gradient de w, sur 992. Le
premier point a observer est que le gradient de uy, est aussi solution d’un probléeme aux
valeurs propres pour la méme valeur propre A,. Précisons un peu les choses. Rappelons
que up, satisfait

—LEI?})L Up = )\huh dans Q,
up, = 0 sur 0f).

Si 'on dérive cette expression, nous obtenons que le gradient de wuy est solution du
probleme aux valeurs propres suivant

~ LYV, = AV, dans €,
Vrup, =0 sur 09, (A.44)

(Zdiv — Vf-) Vuy, = 0 sur 012,

ol
1 h
Ll = 3D = V-V~ Hess f (A.45)
est un opérateur agissant que les 1-formes (c’est-a-~dire les champs de vecteurs). Ainsi,
(Vup, Ap) est un couple vecteur propre-valeur propre de —L?}fl) qui est l'opérateur

—Lgcl,)l associé a des conditions au bord de type tangentiel Dirichlet, cf. (A.44).
Le deuxiéme point clé (cf. [37, Chapter 3]) est que, sous les hypotheses [H1]|, [H2]

et [H3] et dans la limite h — 0, lopérateur —L?;I(O) a exactement une valeur pro-

Vh D,(1)

pre inférieure & 5% (c’est Ay) et 'opérateur —L s @& exactement n valeurs propres

inférieures 4 En fait, toutes ces petites valeurs propres sont exponentiellement pe-

tites et les autres sont minorées par une constante dans la limite A — 0. En particulier
A, est une valeur propre exponentiellement petite des opérateurs —L?;Z(O) et —L?}l(l),
c’est-a-dire que pour h assez petit

£

)\h < Ce_hv

pour ¢ > 0 et C' > 0 indépendants de h. Dans la suite, on appelle W}(LO) le projecteur

spectral orthogonal dans L2 () associé & A, pour I'opérateur —Lg;b(o) et w}bl) le pro-
jecteur spectral orthogonal dans L2 (f2) associé aux n plus petites valeurs propres de
I'opérateur —L?;L(l). D’apres ce qui précede, nous avons:

Ran 77,(10) = vectup, dim Ran 71'}(11) =n (A.46)
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et
Vuy, € Ran 77,(11). (A.47)

Remarquons en plus, d’apres la Proposition que
h 2
M= 5 I Vunlizs - (A.48)

(1)

Pour étudier Ay, et Vuy, I'objectif a donc été de construire une base de Ran 7, ’ adaptée
a la preuve de la Proposition [A.§ et du Théoréme [A.1] Cette base a été construite en
utilisant des quasi-modes.

A.4.3.2 Schéma de la preuve de ((A.42)

Ici, nous présentons un schéma de la preuve de (A.42). Rappelons que d’apres la
Proposition nous travaillons dans 1’espace

Li(Q):{u:QaR,/

u2(x)e*%f(x) dx < oo}.
Q
Rappelons que (cf. (A.25)
HL(Q) = {u: Q=R ue L2(Q) et pour tout i = 1,...,d : dju € L%U(Q)}

Ces normes s’étendent de maniere naturelle sur les 1-formes (c’est-a-dire sur les champs
de vecteur) comme suit

AL (Q) = {u = Yug, . ug) : Q= RE VE € {1, ..., d}, / W2(z)e 1@ dy < oo},
Q
et
AMHL(Q) = {u="(u1,...;uq) : @ > RE V(i k) € {1,....d}>, Quy € L2(Q)}.
Dans la suite on note ||.|[;2 (resp. |||z ) pour désigner & la fois la norme de L7 ()
et ATL2(Q) (vesp. HL () et A'HL(Q)). Enfin, sans confusion possible, (., .)r2, désigne
a la fois le produit scalaire associé & la norme de L2 (£2) et celui associé & la norme de

ALLZ (Q).

D’apres (|A.31]) et pour obtenir (A.42), nous voulons étudier le comportement asymp-
totique de A, et du gradient de uy, sur 92. Au vu de (A.47) et (A.46)), pour toute base

orthonormale (v;);eq1,....ny de Ran W}(ll), on a dans L2 ()

n

Vun =Y (Vun, ) 12, %5, (A.49)
j=1
et d’apres (A.48), on a
h n
M= 00 [(Vun )i | (4.50)
j=1

46



En particulier, nous avons pour tout k € {1,...,n},

n

Opup e il = Z(Vuh,i/}jh%u / (I ne_%f, (A.51)
2k

Sk =

ou 'on rappelle que ¥, est un ouvert de 952 tel que 2z, € Xj et &, C B,,.

Etape 1. Approximation de uy,.

D’aprés ([A.51), il nous a fallu trouver une approximation de uj, dans L2 (£2). Sous les
hypotheses [H1], [H2] et [H3], ’approximation de uy, est assez simple. Considérons

~ X
= , (A.52)
Ixllze,
oll x € CX(Q,RT) et x =1 sur {x € Q,d(x,09) > €} ou € > 0. En particulier, pour &
assez petit, y = 1 au voisinage de z( (ce que nous supposons dans la suite).

Expliquons en quoi @ est un bon choix pour approcher u;. Comme —Lg;l(o) est auto-

adjoint sur L2 (), il vient que (d’apres la Proposition |A.4))

l@=mMalgy < (- L7 ), =

Comme f(zg) = ming f < mingg f et zg est I'unique minimum global de f sur Q
(d’apres [H2]), nous obtenons en utilisant une méthode de Laplace (xg est un point
critique non dégénéré de f et x(zg) = 1):

d
/ O TS L) )
Q detHess f(zo)

Ainsi, si € est assez petit, pour tout § > 0, nous obtenons quand h — 0
(1= miMyal]3, = O(e=HUE 1=
Et donc dans la limite h — 0, nous avons
74 = @+ O(e~HUGEN=F@0)-9) qans L2(Q).
(0)

Comme 7, est le projecteur orthogonal dans L2(Q) sur uy et comme x > 0, nous
obtenons pour tout § > 0, quand h — 0

(0)~

)= 7(‘;))7“ =0+ O(e—%(f(h)—f(ﬂ?o)—(s)) dans L?U(Q)’ (A.53)
”7Th aHL?ﬂ

pour ¢ > 0 indépendant de h. Ceci justifie que @ est une bonne approximation de uy,.

Enfin remarquons que (A.53)) implique (A.40). En effet, d’apres (A.53)), nous avons pour
tout § > 0,

/uhe_if :/ﬂe_lef (1—1—0(6_%)) —|—“/ e~ it O(e_%(f(zl)_f(’co)_a)).
Q Q Q
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En utilisant le fait que f(zg) < f(z1) pour tout x € Q et (A.52)), en prenant § <

f(z1) — f(x0), nous obtenons quand h — 0

[
/ upe b = e (14 0(e™F)) + O(e™nU0149),
Q / 2 —2¢
xe n
Q

ol ¢ > 0 est indépendant de h. Une méthode de Laplace implique, quand h — O:

~2f(e) gy — u
m x) e h dl‘ —
/Q w(@) (det Hessf(x0))"/*

d
1

hi e w/@0) (1 + O(h)).

Ce qui prouve ((A.40]).

Etape 2. Construction d’une base de Ran 7T](LI) adaptée a I’'approximation de O, uy,.

Au vu de (A.51)), I'idée a été de construire n 1-formes (1;]) je{1,...n} telles que projetées

sur Ran TF}(ll), elles forment une base de Ran W}(ll) qui permette d’obtenir une estimée

précise de O,up, sur chacun des ;. Chacun des vecteurs v; pour j € {1,...,n} est

appelé dans la littérature un quasi-mode (sous-entendu ici pour —L?}fl)). Un quasi-

D,(1)

mode pour —L £ estune 1-forme w suffisamment réguliére telle que dans une certaine
norme,
ﬂ,(ll)w =w+o(1), (A.54)

dans la limite h — 0.

Remarque A.17. Avec cette appellation, la fonction u définie par (A.52)) est un quasi-

mode pour ﬂ,(LO) .

Une des difficultés majeures de nos travaux a résidé dans la construction de la
famille (1) jeq1,....ny Pour que le résidu o(h) dans (A.54)) lorsque w = 1, soit de I'ordre

(. (539 )
(1 - ﬂ}(ll))wkHHl — O(e*%max[f(zn)*f(zk)yf(Zk)*f(Zl)]). (A.55)

Ceci afin d’obtenir dans un premier temps que la famille

(Trl(zl){/;j)je{l,...,n}

forme une base de Ran 771(11) et afin d’obtenir dans un second temps, apres orthonormal-

isation de la famille (ﬂ]gl)TZj)je{l o} quand h — 0 (cf. (A.51))):

n

Vk e {1,...,n}, / Opup e~ = Z(qu, {pvjh% {/;j ne il + O(e
P Yk

_2f(zg)—f(zg)+e
h

)

(A.56)

J=1

et (cf. (A50))

An = g STV 2 2+ OemmU D= @)te) (A.57)
=1
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ou ¢ > 0 est indépendante de h et @ défini par (A.52)) est une approximation de uy,
(cj. (A.53)). Dans ce qui suit, nous expliquons comment nous construisons la famille
(wj)j (1} afin d’obtenir (A.56|) et (A.57). Puis, nous expliquons comment ont été

y et ((Vﬂa @Zjﬁ%“)

calculés les termes (/ Jj -ne_%f)
X

je{l,...,n je{l,..,,n}'

Etape 2a. Construction de la famille (Jj)je{l,...,n}'
(1)

Pour construire chacune des 1-formes 1);, I'idée est de construire des opérateurs —L Fh

avec conditions au bord mixtes de Dirichlet et de Neumann sur un domaine Qj cQ
tel que ({z1,...,2,} U {mo}) N Q; = {z;}. Pour j € {1,...,n}, la 1-forme Jj est dite
alors associée au point selle généralisé z;. Le but des conditions mixtes est d’avoir un
opérateur avec une seule valeur propre exponentiellement petite dans la limite h — 0.
Nous montrons que cette unique petite valeur propre est en fait égale a 0. Pour constru-
ire les opérateurs —L%})L avec conditions au bord mixtes de Dirichlet et de Neumann sur

un domaine €2;, nous utilisons les travaux récents [45] et [32]. La 1-forme @Zj associée a

. o 1) AN
zj est ensuite définie en tronquant chaque vecteur propre vy, j associé a la valeur propre
1)

0 de 'opérateur —L F.p AVeC conditions mixtes sur {2;:

-y
Py = ——— (A.58)

1 b
Ix; vl 22,

ou x; est une fonction de cut-off bien choisie dont le support est inclus dans Qj.

Pour j € {1 .,n}, le quasi-mode Jj n’est pas construit localement autour de z;j,
autrement dit Q n’est pas un petit voisinage de z; dans Q et doit étre aussi grand que
souhaité dans Q. C’est une différence par rapport a la littérature et notamment par
rapport a [37]. Ceci est di au fait que, d’une part, nous regardons la probabilité de
sortie du processus sur des domaines X; arbitrairement grands dans B,; et, d’autre
part, que nous avons besoin de suffisamment de décroissance du quasi-mode % pour
obtenir , comme expliqué dans ’étape suivante.

Etape 2b. Précision du quasi-mode {/;j pour j € {1,...,n}

Pour obtenir un terme d’erreur suffisamment petit dans 4)) (afin d’obtenir

puis (A.56)), il faut quantifier la décroissance de 11)] en dehors de tout voisinage de 2.
(1)

Cette décroissance de ij est obtenue avec des estimées d’Agmon sur Oy qui permettent

de localiser wj autour de z;. Pour j € {1,...,n}, nous prouvons une estimée d’Agmon
de la forme

b i Jen )|, = O(Y), (A.59)

pour tout N € N, ou d, est la distance d’Agmon définie en (A.36). Autrement dit,

la décroissance de v}(L) en dehors de tout voisinage de z; est caractérisée par la dis-

tance d’Agmon (A.36]). Afin obtenir (A.59)), nous étudions les propriétés de la dis-
tance d’Agmon (A.36) et la présence du bord de 2 introduit des difficultés techniques.
L’estimée d’Agmon (|A.59) est obtenue en adaptant a notre cas des méthodes développées
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dans [37,/51].
Pour chaque j € {1,...,n}, en utilisant le fait que
(1= W;(f))%‘Higu = \%< - L,’if;f”%,%m
et (A.59), il est possible de montrer que
0= w3 < € e )

Ainsi, afin que (A.55)) soit satisfaite, le support de Vy; doit pouvoir étre aussi proche
que souhaité de x( et ng. Ceci explique les hypotheses (A.37)) et (A.38), et le fait que

le quasi-mode 1); ne soit pas construit seulement dans un voisinage de z; mais dans un
domaine §2; trés grand dans €, contrairement a ce qui a été fait dans [37].

A la fin de cette étape, nous avons une famille (‘Zj)je{l,...,n qui satisfait les es-
timées ({A.55)). Ceci nous a permis d’obtenir quand h — 0 (cf. (A.506)),

n ~ ~ 2f(zg)—f(@g)+e
Vk e {1,..,n}, / Onup, e il = Z<vaa¢j>Li / (I ne il + O(e” S
Zk Ek

J=1

)

ou ¢ > 0 est indépendante de h.

Etape 3. Calcul des termes (/E {Ej ~ne_%f) et ((Vﬂ,%)@)je{l y
i’ s ; R

Au vu de (A.56) et (A.57)), pour chaque j € {1,...,n}, il faut calculer explicitement un
équivalent précis des quantités

je{177n}

/ gj-ne wf et (Vii, ;) 2.
2j

. o 1) 1)
Pour cela, nous utilisons une approximation WKB de vy, ;> que I’'on note U wky POUT

(1)

zj,wkb

chaque j € {1,...,n}. Dans la littérature, v est construit localement autour de z;

(1)

(cf. par exemple |37,51]). Nous étendons la construction de v kb a des voisinages dans

Q) de domaines arbitrairement grands dans B.; (puisque ¥; est n’importe quel domaine

(1) 1)

inclus dans B;;). La comparaison entre v, ;€U g est aussi étendue a des voisinages
) 7

dans Q de domaines arbitrairement grands dans B.;.

Une fois le calcul des termes (fzj Jj . ne_%f)je{l’mn et <<va,¢vj>L%’>_j€{l,...,n}

terminé, on conclut la preuve de (A.39) en utilisant (A.57)) et on conclut la preuve
de (A.41]) en utilisant (A.56)).

Les principales difficultés que nous avons rencontrées lors de ces étapes se situent,
d’une part, dans la construction des quasi-modes (wj)je{l,...,n} sur des domaines arbi-
trairement grands dans Q2 et, d’autre part, dans I'obtention loin de z; des estimées ({A.59))

(1)

. . . . (1)
ainsi que des estimées permettant de comparer vy, ; avec son approximation Vs wkb®
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Remarque A.18. En pratique, pour construire les quasi-modes pour —L;I,)l, on travaille
en fait plutét avec Uopérateur de Witten sur les 1-formes

AY) = —h2 A+ |Vf2 — hAf + 2h Hess f,

ce qui nous permet de nous appuyer sur des résultats obtenus dans la littérature. Pour
(1)

Jj € {1,...,n}, nous construisons dans le Chapitre @ le quasi-mode vy en utilisant le

vecteur propre ug}; associ€ a la valeur propre 0 d’un Laplacien de Witten A?QL avec

conditions au bord miztes de Dirichlet et de Neumann sur un domaine Qj C Q tel que
({z1, -, z2n} U {z0}) N Q; = {z;}. Nous définissons ensuite U}(:]) par

o = el

Cette définition s’explique par le fait que les opérateurs Ag},)l et —L%})L (cf. (C.34)) sont
liés par la relation
A })l = —2h e_%fL(IZLe%f.

(1
f7 f7

A.5 Résultats du Chapitre [C]

Les résultats que nous allons présenter dans cette section sont ceux du Chapitre [C] dont
Particle support [24] est en cours de rédaction.

Dans toute cette section le domaine €2 est un sous domaine ouvert C°° connexe
et borné de R%. Nous rappelons que le processus étudié est le processus de Langevin

suramorti :
dX; = -V f(X;) + VhdB;, (A.60)

ott f: R? — R est I'énergie potentielle du systéme considéré (d € N*), h > 0 est
sa température et (By);>0 un mouvement brownien standard dans R, Afin d’étudier
I’événement de sortie du domaine 2, nous rappelons que 7 désigne le premier temps
de sortie de €:

Tq :=inf{t > 0, X; ¢ Q}.

Dans toute la suite, la fonction f est supposée de classe C*°.

A.5.1 Motivation

La motivation premiere du Chapitre [C] est de justifier les résultats obtenus de maniére
formelle dans [60] concernant la concentration de la loi de X, sur argmingg f = {2z €
09, f(z) = mingg f}. Avant de rappeler les résultats obtenus dans [60], donnons une
définition précise de la concentration de la loi de X, sur un ensemble de points de O€2.
Soit Y C 0f). La loi de X, se concentre sur ), si pour tout voisinage Vy de Y dans
0%, on a

lim P[X,, € Vy] =1,

h—0

et si pour tout x € ) et pour tout voisinage V, de x dans OS2

lim P [X,, € V,] > 0.
h—0
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De maniere intuitive, on s’attend a ce que la loi de X, se concentre sur les points ou f
atteint son minimum sur 9f2. Ce résultat a été obtenu de maniére formelle dans [60]
dans le cas de frontiere caractéristique (i.e. 9y f(z) = 0 pour tout = € 9N) et de frontiere
non caractéristique (i.e. 9, f(x) > 0 pour tout z € 9Q).

Remarque A.19. Remarquons que le Corollaire donne des informations encore
plus précises que la concentration de la lot de X;,. Il permet de donner un résultat
asymptotique précis de la la loi de X,, autour des points selles généralisés de f qui ne
sont pas des minimas globaux de f au bord (cf. Remarque . Ceci dit, dans cette

section, nous travaillons dans un cadre géométrique beaucoup plus général que dans la

Section[A.4)

A.5.2 Position du probleme

Les formules obtenues dans [60] ont été prouvées rigoureusement dans [46,47.,/61] dans
le cas ou O,f > 0 sur 992 et f a un seul point critique dans © (qui est alors son
unique minimum global dans ). Les techniques utilisées en analyse semi-classique
nous permettent de généraliser considérablement ce cadre géométrique. Par exemple,
les résultats du Chapitre [C| permettent de considérer une situation avec plusieurs points
critiques dans 2 et de s’affranchir de ’hypothese 9, f > 0 sur 992 (ceci dit, nous n’avons
pas considéré le cas ou f a des points selles sur 0f2). En supposant toujours que f
et flaq sont des fonctions de Morse, et |V f| # 0 sur 012, les questions que nous nous
sommes posées sont les suivantes:

e Quelles sont les conditions géométriques pour que, lorsque Xo ~ vy, la loi de X,
se concentre a basse température sur les points ou f atteint son minimum sur 0f2
(ou sur un sous ensemble de ces points)?

e Sous quelles conditions ces résultats se généralisent a une condition initiale
déterministe dans €2 7

Les résultats du Chapitre [C] ont pour objectif de répondre & ces questions.
Terminons cette section par la remarque suivante déja utilisée dans la Section [A4.1]
Lorsque f et f|an sont des fonctions de Morse, et |V f| # 0 sur 02, c’est 'ensemble

{z est un minimum local de f|spq} N{z € 9, I, f(z) > 0} (A.61)

qui joue le role des points selles de f au bord. Lorsque 'on prolonge la fonction f
par —oo en dehors de (2, les points (z;)i=1,...n sont en effet géométriquement des points

selles. L’ensemble (A.61)) est appelé points selles généralisés d’indice 1 de —L?;l(o) au
bord, d’apres |37, Section 5.2].

A.5.3 Des exemples en dimension un

Dans cette section, nous allons apporter des débuts de réponses aux questions posées
en Section [A.5.2] avec des exemples en dimension un. Rappelons un petit résultat qui
nous permettra de faire des calculs dans cette cette section. Soit z1 < 29 et f €
C*([z1, 22],R). En utilisant la formule de Dynkin, I'unique solution v du probléme

elliptique
h
51}" —v'f'=0etv(z) =0, v(z) =1,
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{f = mingq f}

21 X2 C T 22

Figure A.6: Exemple d’une fonction, ou partant de la distribution quasi stationnaire
ou du minimum global x; de f dans €2, la loi de X, ne se concentre pas sur des points
ou f atteint son minimum sur 952

satisfait
Va € (21, 22], v(z) = P*[X

Ainsi, pour tout = € [21, 23]

[
SEL S (A.62)

A.5.3.1 Exemple 1

L’objectif ici est de construire un exemple en dimension un pour lequel partant du
minimum global de f dans € ou de la distribution quasi stationnaire v, la loi de X,
ne se concentre pas sur des points ou f atteint son minimum sur 9€2. Pour cela on
considere 'exemple de la Figure pour lequel nous avons le résultat suivant.

Proposition A.10. Soient zy < 2o et f € C™([z1,22],R) une fonction de Morse.
Supposons que f(z1) < f(z2), {z € [21,22], f'(x) = 0} = {z2,c,21} avec z1 < 22 < ¢ <

z1 < 29 et f(z1) < f(mo) < f(z1) < f(22) < f(d) < f(c) (cf. Figure[A.6). Alors, pour

tout x € (c, 22|, il existe ¢ > 0 telle que dans la limite h — 0:

P*[ X, = 2] =O0(e"7) et donc P*[X

(21,22)

= 2] =1+ 0(e7 7). (A.63)

z1,22)

De plus il existe ¢ > 0 telle que dans la limite h — 0:

PR [X

T(21,22)

=2z]=0(e"#) et donc P"[X,

(21,22) =

n]=14+0("1), (A.64)

ot vy, est la distribution quasi stationnaire associé au processus (A.60) sur (21, 22).
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Preuve. Prouvons d’abord (A.63]). En utilisant (A.62) et une méthode de Laplace, pour
tout x € (¢, 29, il existe ¢ > 0 telle que dans la limite h — 0:

i —
P [XT(ZLZ2) -
Ainsi, pour tout = € (c, 22], il existe ¢ > 0 telle que dans la limite h — 0:

P*[X

T(21,22)

=z =1+0(en).

Prouvons ensuite (A.64]). Pour cela, nous allons d’abord montrer qu’il existe une fonc-
tion x € C° ((c, 22), [0, 1]) telle que x = 1 dans un voisinage de z; et

up = —2* (1+ O(e*%)) + (A.65)
Il z2,

o r € L2 (21, 22) satisfait ||r||l 2 = O(e™#) et ¢ > 0 est indépendante de h. Soit

S X
Ixllze,

D,(0)

Soit 8 > 0 et 7r( ) e projecteur associé aux valeurs propres de —L h inférieures a

e~ (fz2)= f(”"l))eg. D’apres [37, Théoreme 1], il existe 5 > 0 telle que pour h assez

petit,

Ran 7r( ) = =1.

Ainsi,
Ran 77,(1) Vect (up,).

En utilisant une méthode de Laplace, pour tout § > 0, en choisissant x telle que
SUPgupp ' f < f(22) — &, nous obtenons

2 2 (f(z0)—f(a1)) —E ,
< R ~TE) =i - [PO_X_ Xy,

Ixllzz,” ||><||L2

22
202
her(f(z2)=f(21) p— 5 /21 |Vx|“e™nr

2 /z2 X2€*%f
21

B35
Ainsi, en prenant § < 3, il existe ¢ > 0 telle que dans la limite h — 0,

<Ce *n.
=O0(e r).

|0 -7

L3,

H(l —# 0y

L2

w

Des lors, pour h assez petit
~(0) ~

7, U
Dl

ce qui prouve (A.65). En utilisant (A.65]), nous avons a ’aide d’'une méthode de Laplace,

quand h — O:

z2 2 1 1 1
/ wp et = f(@) " (k) ke H @ (1 4 O(h)).

21
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De plus, si on note g(z) = P*[X;_ _ = = 21] pour € [21, 29], d’apres la Proposition
et comme x € CX((c,d),[0,1]) et ||g|l= < 1, nous avons dans la limite ~ — 0 (en
utilisant (A.65)) dans la troisieme égalité):

22 2
/ o(@)upe it
z

1 c 29
Pyh[XT(szz):Zl]: ! Z2 5 = Z2 5 |:/ uhgezf+/ uhg@if:|
/ up e nf / up e nd ¢
zZ1 Z1
r 2
1 c 29 —=f 29
_ /Tgezu/ ><96h+/ rge—3F
/ up, e*%f |/ 21 c HXHL?D c
o - 2o z2
) / (@) / EUW=1@) gy 1
— % c T = + O(e_ﬁ(f(zl)+c))
[ et Il [ et
z1 L s zZ1
2
1 O(en(f(z2)=f(z1)) 1 .
= : ( — )—f—O(e h(f(m)—i—c)) :O(e h)7
[ et g [ e
21 L h Z1

ou nous avons utilisé (A.62)) dans la quatrieme inégalité. Ce qui conclut la preuve

de (A:64).

Ainsi, dans le régime petite température et lorsque Xo = x € (¢, z2) ou Xg ~ v, le
processus sort de Q0 = (21, z2) par le point z5. Pourtant, le point selle généralisé z,
(cf. ) n’est pas le minimum de f sur le bord de €. Ceci peut s’expliquer de la
maniere suivante. La métastabilité la plus importante dans {2 est causée par la barriere
de potentiel f(z2) — f(z1) et ce a cause de la présence du point selle ¢ €  d’énergie
f(e) > f(z2). La loi de X, lorsque Xo = = € (¢, 22) ne peut alors se concentrer que
sur z9 puisque qu’il est moins cotiteux pour le processus de sortir par zs que de franchir
la barriere de potentiel f(c¢) — f(z1) pour sortir par z;. De plus, on peut montrer
que distribution quasi stationnaire vy, se concentre autour du point x; ce qui explique
que loi de X5, lorsque Xy ~ 1}, se concentre sur zp. Concernant les deux questions
soulevées en Section ceci indique qu’a basse température, il existe des cas ou le
processus , partant d’un minimum global de f dans €2 ou de la distribution quasi
stationnaire, sort par un point de la frontiere qui n’est pas un minimum global de fjsq.

Cet exemple suggere aussi la chose suivante. Si I’on veut montrer que la loi de X,
se concentre en des points ou f atteint son minimum sur le bord, il convient d’exclure
les cas ou la métastabilité la plus forte dans € n’est pas exclusivement causée par des
barrieres d’énergies impliquant des points ou f atteint son minimum sur le bord. Une
solution pour empécher que la loi de X, se concentre en des points oul f n’atteint pas
son minimum sur le bord, est de supposer que la fermeture de la composante connexe
C de {f < mingq f} qui contient le minimum global x; de f intersecte le bord de Q.
Cette hypothese a été le point de départ de nos travaux au Chapitre [C]
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- {f = mingq f}

Figure A.7: Exemple d’une fonction, ou partant de la distribution quasi stationnaire
ou du minimum global ;1 de f dans €2, la loi de X;, se concentre sur zp qui est un

point ou f atteint son minimum sur 02 mais qui n’est pas un point selle généralisé pour
~LY.

A.5.3.2 Exemple 2

L’objectif ici est de construire un exemple en dimension un pour lequel partant du mini-
mum global de f dans €2 ou de la distribution quasi stationnaire v, (cf. Proposition,
la loi de X, se concentre en un point ou f atteint son minimum sur 02 mais qui n’est
pas un point selle généralisé pour —Lg;fo) (rappelons qu’un point selle généralisé pour

—L?}fo) est un point du bord qui géométriquement est un point selle de f lorsque elle

est prolongée par —oc en dehors de €, cf. (A.61])). Pour cela on considere I'exemple de
la figure pour lequel nous avons le résultat suivant.

Proposition A.11. Soient z1 < 29 et f € C™([z1,22],R) une fonction de Morse.
Supposons que f(z1) = f(z2), {x € 21, 22), f/(z) = 0} = {wp,c.1,d} avee 2 < 3 <
c<m <d<zetflzr) < f(z) < f(z1) < f(d) < fe) (¢f. Figure[C:13). Alors, pour
tout x € (c, 22|, il existe ¢ > 0 telle que dans la limite h — 0:

P[X.

T(z1,22)

z1] = O(e™ 1) et donc P*[X,

(e1.22)

] =1+0(eh).
De plus il existe ¢ > 0 telle que dans la limite h — 0:

PR X 2] = O0(e™#) et donc P"[X,

(z1,22) =

2] =14+0("7), (A.66)

T(21,29)
ot vy, est la distribution quasi stationnaire associé au processus (A.60) sur (z1,22) (cf.
Proposition .

La Proposition se prouve exactement comme la Proposition

Dans cet exemple représenté en Figure la métastabilité associée a la barriere
f(d) — f(x1) est plus forte que la métastabilité associée au bord de Q. La encore,
cette situation est exclue si on suppose que la fermeture de la composante connexe de
{f < mingq f} qui contient le minimum global z; de f intersecte le bord de .

Remarque A.20. Les deux exemples de cette section indiquent que la métastabilité (cf.
Déﬁnition dépend de la condition initiale x € ). FEn effet, on a montré avec ces
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deuz exemples, que I’événement de sortie de ) n’est pas toujours le méme partant de la
distribution quasi stationnaire vy, et partant d’un point r € ).

A.5.4 Enoncés des résultats du Chapitre [C|

Dans cette section, nous ne présentons qu’une version simplifiée des résultats du
Chapitre [C] L’objectif est d’exhiber un cadre géométrique simple qui assure, d’une
part, que la loi de X, se concentre sur les mémes points du bord lorsque Xy ~ v, ou
Xo ~x € Qpour z € {f < minygg f} et, d’autre part, que cette concentration se fait
sur des points selles généralisés de f appartenant a argmingg f. On définit les deux
hypotheses suivantes:

e [H-Morse] La fonction f est C*. Les fonctions f : Q2 — R et la restriction de f
au bord de Q, notée f|aq, sont des fonctions de Morse (cf. Définition |[A.2)). De
plus, |V f|(x) # 0 pour tout = € 9.

e [H-Min] L’ensemble {f < mingq f} est non vide, connexe et satisfait
argmin f C {f <min f} et {f <minf}NIQ # 0.
Q o0 o0

Remarquez que sous les hypotheses [H-Morse] et [H-Min] nous avons

min f > min f = min f.
nin f > min [ = min /

Sous les hypotheses [H-Morse] et [H-Min], nous notons

{f <%1}2nf}ﬂ8§2: {21,....,Zk0}, (A67)
ot {f < mingg f} désigne la fermeture de I'ensemble {f < mingq f} dans €.
Remarque A.21. Les points {z1,...., 2k, } sont des points selles généralisés de f sur
o (cf. (A.61))), i.e. qui satisfont

{z1, 0y 21y} = {2 € 09, Onf(2) > 0} Narg min f (A.68)
o0

En effet, d’une part, pour tout i € {1,....,ko}, Onf(2i) # 0 puisque V f(z;) # 0 (d’aprés
[H-Morse]) et comme z; n'est pas un minimum local de f dans Q (car z; € {f < mingg f}),
nous avons nécessairement O, f(z;) > 0. Ce qui montre une premiére inclusion dans .
L’inclusion inverse est triviale.

Remarque A.22. Sous l’hypothése [H-Min], la dérivée normale de [ peut changer de
signe et la fonction peut avoir des points selles dans £ plus haut que mingg f comme
sur l'exemple en dimension 1 représenté par la Figure[A.§.

L’hypothese [H-Min] a pour but d’assurer que la distribution quasi stationnaire vy,
se concentre dans {f < mingq f} et que partant d’un point = € {f < mingq f} ou de
vy, la concentration de la loi de X,, se fait sur les points selles généralisés de f au
bord {21, ...., 2, } (cf. (A.67)). Remarquez que I'hypothese [H-Min] n’est vérifiée dans
aucun des deux exemples donnés en Section Le théoreme suivant (qui est une
conséquence des résultats du Chapitre montre, d'une part, que v, se concentre sur
{f < minpq f} et, d’autre part, que partant d’'un point x € {f < mingq f} ou de vy, la
concentration de la loi de X, se fait sur {z1,...., 2k, }
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{f < mingg f}

***************************** Z1

X X2

Figure A.8: Un exemple en dimension 1 dans lequel I'hypothese [H-Min] est satisfaite,
la dérivée normale de f sur 92 change de signe et la fonction f a un point selle dans 2
plus haut que mingg f.

Théoréme A.2. Supposons que les hypothéses [H-Morse] et [H-Min] sont satisfaites.
Soit vy, la distribution quasi-stationnaire associée au processus (A.60) sur ). Alors, dans
la limite h — 0

vh({f < Igglf}) =1+ 0(h).
Soit F' € C*°(02, R). Nous avons dans la limite h — 0:

ko
B [F(Xr0)] = ) F(zi) ai + O(h), (A.69)
i=1
ot pour it € {1,....,ko},
N -1
On f(2i) - I f(z)

a; =

b \/det Hessf‘ag(zi) j=1 \/det Hessf’ag(zj)
De plus, si suppF N{z1,..., 25, } = 0, il existe ¢ > 0 telle que dans la limite h — 0:

B [F (X)) = O F). (A.70)
Enfin, (A.69) et (A.70) sont aussi vraies lorsque Xo = x € {f < mingq f}.

Dans le Chapitre [C] nous obtenons des résultats similaires sous des hypothéses plus
faibles sur f. De plus, nous donnons des équivalents précis quand h — 0 de A\ et du
comportement asymptotique de d,uy. Nous renvoyons pour cela au Chapitre [C]

A.5.5 Schéma de la preuve du Théoréme

Dans cette section, nous allons donner le schéma de la preuve de (A.69) qui constitue le
résultat principal du Théoreme Rappelons tout d’abord que d’apres (A.31)), pour

F e C*(0Q,R)
L /F@nuheif
B [ (X)) =~ 2

2\ / T
Q
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ou uy, est le vecteur propre associé a la plus petite valeur propre A, de —L?;l(o). Ainsi,

afin de prouver (A.69), nous étudions le comportement asymptotique quand’ h — 0 des
quantités

An, Onup et /uhe_if. (A.71)
Q

Sous les hypotheses [H-Morse] et [H-Min]|, nous définissons les entiers suivants

myg := Card (argénin f)

et
my : = Card ({z est un minimum local de f|apa} N{z € 9Q, d,f(z) > 0})

+ Card ({z est un point selle de f}), (A.72)

ou nous rappelons qu’un point selle est par définition un point critique x de f tel que
la matrice hessienne de f en z a une seule valeur propre négative (cf. Définition |A.2]).
L’entier m; est le nombre de points selles généralisés de f dans Q (cf. [37, Section 5.2]).

Pour étudier le comportement asymptotique des quantités (A.71]), le point de départ
est d’observer que le gradient de uy, est aussi solution d’un probleme aux valeurs propres
pour la méme valeur propre A\, (comme en Section [A.4.3). Rappelons ce point. La
fonction wuy, satisfait

{ —L}?})L up, = Apup, dans €,

up, = 0 sur €.

Si l'on dérive cette expression, nous obtenons que le gradient de wj est solution du
probleme aux valeurs propres suivant

_L‘g})lvuh = )\hv’l,l,h danS Q,
Vruy, = 0 sur 99, (A.73)

(Zdiv — Vf-) Vup, = 0 sur 052,

ou
h

Ll = 3D = V-V~ Hess f (A.74)

est un opérateur agissant que les 1-formes (c’est-a-dire les champs de vecteur). Ainsi,
(Vup, Ap) est un couple vecteur propre-valeur propre de —L?;fl) qui est I'opérateur

—LS%,)Z associé a des conditions au bord de type tangentiel Dirichlet, cf. (A.73]).

Pour poursuivre le raisonnement, rappelons que, sous les hypotheses [H-Morse] et [H-

Min] et dans la limite h — 0, lopérateur —L?;L(O) a exactement mg valeurs propres
Vh

s . . D,(1) e .
inférieures a *5* et 'opérateur —L £.n @& exactement my valeurs propres inférieures a

@ (cf. [37, Chapter 3]). En fait, toutes ces petites valeurs propres sont exponentielle-

ment petites et les autres sont minorées par une constante dans la limite h — 0. En

particulier A, est une valeur propre exponentiellement petite des opérateurs —L?;fo)
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et —L?}fl). Dans la suite, on appelle 7T,(LO) (respectivement, 77}(:)) le projecteur orthogo-

nal dans L2 (Q) sur les mg (respectivement m1) petites valeurs propres de I'opérateur

—L?;l(o) (respectivement, —L?}fl)). D’apres ce qui précéde, nous avons:

(0)

dim Ranm,” = mg, dim Ran 71'1(11)

:ml

et

Vuy, € Ran w}(Ll).

Nous allons maintenant expliquer la procédure adoptée pour prouver le Théoréme[A.2]
Pour cela, introduisons I’ensemble des minima locaux de f

U := {z € Q, = est un minimum local de f},

et 'ensemble des points selles généralisés de f dans

Zx[lﬁ = ({z est un minimum local de flgoo} N{z € 0Q, 0, f(z) > 0})
U {z est un point selle de f}.

Rappelons que d’apres (A.72)), m; = Card (Z/{lﬁ) La premiere étape de la preuve

consiste a définir deux fonctions ] et j. La fonction ] associe a chaque minimum local
x de f la composante connexe de I’ensemble {f < A} qui contient x o A — f(z) est
la barriere d’énergie minimale que le processus doit franchir pour aller vers un
autre minimum local de f plus bas en énergie que x ou pour sortir de 2. La fonction

i UG = PUY)

associe a chaque minimum local = de f les points selles généralisés de f dans Q qui

appartiennent au bord de j(x).

N . S . 0 1
La deuxieme étape consiste & construire une base de Ran W,(L ) et de Ran W,(L ). Pour

cela, on construit deux familles de quasi-modes, notées (Uk)re(1,....mo} €t (Jj)je{l,...,ml}v

que 'on projette ensuite respectivement sur Ran 7120) et Ran F,(ll). Pour construire la

famille de 1-formes (wj)je{l,...,ml}a nous procédons comme suit. Pour chaque point
selle z de f dans 2, en suivant la procédure de [36], nous construisons une 1-forme
dont le support est un petit voisinage de z dans 2. Pour un minimum local z de fsq
pour lequel 9, f(z) > 0, nous construisons une 1-forme dans un petit voisinage de z
dans Q comme proposé dans [37]. Pour construire la famille de fonction () ke{L,...mo}>
nous construisons pour chaque minimum local x de f une fonction dont le support est
quasiment tout I'ensemble j(z) (cette procédure s'inspire de [36,37,43]).

La troisieme étape consiste a obtenir un équivalent précis de A, quand h — 0.
La valeur propre A\, est égale au carré de la plus petite valeur singuliere non nulle de
I'opérateur

V : Ran 7T}(LO) — Ran ng).
Pour étudier le comportement asymptotique quand h — 0 de cette valeur singuliére,

nous utilisons les bases construites a 1’étape précédente pour Ran W}(LO) et Ranw,(Ll).

L’analyse de ce probleme de dimension finie s’inspire de techniques utilisées dans [43].

60



Nous étudions ensuite le comportement asymptotique de la dérivée normale de uj, au
bord de €2 pour en déduire que la loi de X, se concentre sur des points de arg mingq, f
lorsque Xy ~ vp. Enfin, nous démontrons des résultats dit de “leveling” sur la fonction

x = By [F(X7,)]

pour obtenir, lorsque Xo = = € {f < mingq f}, la concentration de la loi de X, sur les
meéme points de arg mingq f que lorsque X ~ vp,.

En conclusion les résultats principaux du Chapitre [C| sont les suivants:

1. Nous utilisons des techniques développées dans [36,37,43] pour étudier d’une part
le comportement asymptotique précis de A, et O,uyp, et d’autre part la concentra-
tion de la loi de X, sur des points de arg minyq, f lorsque X ~ v,

2. Nous identifions les points de argmingg f ou la loi de X7, se concentre lorsque
Xy ~ vy, en explicitant les probabilités de sortie par chacun de ces points.

3. Nous étendons les résultats précédents sur la loi de X,, pour une condition
déterministe: X = x avec f(x) < mingg f.

4. Les résultats sont obtenus sous des hypotheses géométriques assez faibles sur
la fonction f et nous illustrons sur des exemples en quoi ces hypotheses sont
nécessaires pour obtenir les résultats obtenus.
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Chapter B

Sharp asymptotics of the first
exit point density

Abstract

We consider the exit event from a metastable state for the overdamped Langevin
dynamics dX;, = —Vf(X,)dt + vhdB;. Using tools from semiclassical analysis,
we prove that, starting from the quasi stationary distribution within the state, the

exit event can be modeled using a jump Markov process parametrized with the

Eyring-Kramers formula, in the small temperature regime h — 0. We provide in

particular sharp asymptotic estimates on the exit distribution which demonstrate

the importance of the prefactors in the Eyring-Kramers formula. Numerical exper-

iments indicate that the geometric assumptions we need to perform our analysis

are likely to be necessary. These results also hold starting from deterministic initial

conditions within the well which are sufficiently small in energy. From a mod-

elling viewpoint, this gives a rigorous justification of the transition state theory and

the Eyring-Kramers formula, which are used to relate the overdamped Langevin

dynamics (a continuous state space Markov dynamics) to kinetic Monte Carlo or

Markov state models (discrete state space Markov dynamics). From a theoretical

viewpoint, our analysis paves a new route to study the exit event from a metastable

state for a stochastic process.
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B.1 Motivation and presentation of the results

In materials science, biology and chemistry, atomistic models are now used on a daily
basis in order to predict the macroscopic properties from a microscopic description of
matter. The basic ingredient is a potential energy function f : R¢ — R which associates
to a set of coordinates of particles the energy of the system. In practice, d is very large,
since the system contains many particles (from tens of thousands to millions).

Using this function f, two types of models are built: continuous state space Markov
models (stochastic differential equations), such as the Langevin or overdamped Langevin
dynamics, and discrete state space Markov models (jump Markov processes). The
objective of the analysis presented in this work is to make a rigorous link between
these two types of approaches, and in particular to provide a justification of the use of
Eyring-Kramers laws to parameterize jump Markov models, by studying the exit event
from a metastable state for the overdamped Langevin dynamics.

Jump Markov models are used by practitioners for many reasons. From a modelling
viewpoint, new insights can be gained by building such coarse-grained models, that
are easier to handle than a large-dimensional stochastic differential equation. From a
numerical viewpoint, it is possible to simulate a jump Markov model over timescales
which are much larger than the original Langevin dynamics. Moreover, there are many
algorithms which use the underlying jump Markov model in order to accelerate the
sampling of the original dynamics [67,70L/71].

The section is organized as follows. First, the two models under consideration are
introduced, namely the overdamped Langevin dynamics in Section and the un-
derlying jump Markov process in Section Next, Section is devoted to a
review of the mathematical literature dealing with metastable processes and the exit
event from a metastable state. In Section the notion of quasi stationary dis-
tribution is reviewed. This is a crucial tool in our analysis, in order to connect the
overdamped Langevin dynamics to a jump Markov process. Then, in Section our
main result (Theorem is stated. In Section we generalize Theorem in
various directions and discuss the geometric assumptions used to state Theorem [B.I]
Finally, in Section we give an outline of the proof of Theorem together with
the general organization of the paper.

B.1.1 Overdamped Langevin dynamics and metastability

The continuous state space Markov model we consider in this work is the so-called
overdamped Langevin dynamics in R¢

dX, = =V f(X,)dt + VhdB;, (B.1)

driven by the potential function f : R? — R. We assume in the following that f
is a C° Morse function (all the critical points are non degenerate). The parameter
h = 2kpT > 0 is proportional to the temperature 7' and (B:):>0 is a standard d-
dimensional Brownian motion. One henceforth assumes that

2
Jhg, Vh < ho, / e 2@ dr < co.
Rd
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The invariant probability measure of (B.1)) is

e_%f(x) dz

/ e—%f(y)dy.
Rd

The basic observation which motivates the use of a jump Markov model to obtain
a reduced description of the dynamics is the following. In many practical cases
of interest in biology, physics or chemistry, the dynamics is metastable, meaning
that the process (X¢)i>0 remains trapped for very long times in some regions (called
metastable states). It is thus tempting to introduce an underlying jump process among
these metastable states.

Let us consider a region 2 C R? and the associated exit event from €. More precisely,
let us introduce

(B.2)

o = inf{t > 0|X; ¢ Q} (B.3)

the first exit time from . The exit event from € is fully characterized by the couple
of random variables (7o, X;,). The focus of this work is the justification of a jump
Markov process to model the exit event from the region €2, in the small temperature
regime h — 0.

B.1.2 From the potential function to a jump Markov process

The potential function f can also be used to build a jump Markov process to describe the
evolution of the system. Jump Markov models are continuous-time Markov processes
with values in a discrete state space. In molecular dynamics such processes are known
as kinetic Monte Carlo models [72] or Markov state models [7,/63./64].

Kinetic Monte Carlo models The basic requirement to build a kinetic Monte Carlo
model is a discrete collection of states D C N, with associated rates k; ; > 0 for tran-
sitions from state ¢ to state j, where (i,5) € D x D and i # j. The neighboring states
of state i are those states j such that k; ; > 0. The dynamics is then given by a jump
Markov process (Z;)i>0 with infinitesimal generator L € RP*DP where L;; = k;j for
ENE

To be more precise, let us describe how to build the jump process (Z;)¢>o by defining
the residence times (7},),>0 and the subordinated Markov chain (Y,),>0. Starting at
time O from a state Yy € D, the model consists in iterating the following two steps over
n > 0: given Y,

e first sample the residence time T}, in Y,, as an exponential random variable with
parameter Z#Yn ky, j: Vi€ D, Vt >0,

P(T}, > t|Y,, = i) = exp ( = ki t), (B.4)
J#i

e and then sample independently from T, the next visited state Y,,; using the
following law:
Vi# i, P(Yoy = jlYn =1) = Zijk (B.5)
> i ki

70



The continuous time Markov process (Z;):>0 is then defined as:

Vn >0, Vt €

n—1 n
sz,sz)zt_
m=0 m=0

with the convention Y1 T}, = 0.

Transition rates and Eyring Kramers law Starting from the potential function
f : RY — R, one approach to build a kinetic Monte Carlo model is to consider a
collection of disjoint subsets (Qx)rep which form a partition of the space R? and to
set the transition rates k;; by considering transitions between these subsets, see for
example [9}24}72/73].

The concept of jump rate between two states is one of the fundamental notions in
the modelling of materials. Many papers have been devoted to the rigorous evaluation
of jump rates from a full-atom description. The most famous formula is probably the
rate derived in the harmonic transition state theory [52,|69], which gives an explicit
expression for the rate in terms of the underlying potential energy function: this is the
Eyring-Kramers formula, that we now introduce.

Let us consider a subset  of R%, which should be thought as one of the subsets
(Q)kep introduced above, say the state & = 0. If Q is metastable (in a sense which
will be made precise below), it seems sensible to model the exit event from  using a
jump Markov model, as introduced in the previous paragraph. As explained above, this
requires to define jump rates (ko ;) from the state 0 to the neighboring states j. The
aim of this paper is to prove that the rates associated with the dynamics can be
approximated using the Eyring-Kramers formula which writes:

ko = Aoy e R UG —F (o) (B.6)

where Ap; > 0 is a prefactor, zy = argmingcq f(x) is the global minimum of f on
which is assumed to be unique and z; = arg min.¢pq; f(z) where 9€2; denotes the part of
the boundary 9 which connects the region 2 (numbered 0) with the neighboring region
numbered j (see Figure for a schematic representation when €2 has 4 neighboring
states).

The prefactors Ay ; depend on the dynamics under consideration and on the potential
function f around ¢ and z;. If € is the basin of attraction of z¢ for the gradient

dynamics & = —V f(z) so that the points z; are order one saddle points, the prefactor
writes for the overdamped Langevin dynamics (B.1])
det(Hessf)(xo)
A B.7
03 = 77 |\/|det (Hessf)(z)|’ (B.7)

where A7 (z;) is the negative eigenvalue of the Hessian of f at z;. The formulas (B.6)—
have been obtained by Kramers [44], but also by many authors previously, see the
exhaustive review of the literature reported in [29]. We also refer to [29] for generaliza-
tions to the Langevin dynamics.
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Figure B.1: The domain 2 = )y is associated with state 0. The neighboring domains
(€4)i=1,....4 correspond to the four possible next visited states, with associated rates
(ko,i)i=1,..4. Fori=1,...,4, the point z; represent the lowest energy point on 9Q2N0<;.

B.1.3 Review of the mathematical literature on the Eyring-Kramers
formula

Let us give the main mathematical approaches to the study of the exit event from a
domain for stochastic process in R%. See also [2] for a nice review.

Global approaches. Some authors adopt a global approach: they look at the spec-
trum of the infinitesimal generator of the continuous space dynamics in the small tem-
perature regime h — 0. It can be shown that there are exactly m small eigenvalues, m
being the number of local minima of f, and that these eigenvalues satisfy the Eyring-
Kramers law (B.6), with an energy barrier f(z;) — f(2:), i = 1,...,m. Here, the saddle
point z; attached to the local minimum z; is defined by (it is here implicitly assumed
that the inf sup value is attained at a single saddle point z;)

f(z) Wegaf’Bi)tz%g]f(v(t))
where P(x;, B;) denotes the set of continuous paths from [0, 1] to R such that v(0) = z;
and v(1) € B; with B; the union of small balls around local minima lower in energy
than z;. For the dynamics (B.1)), we refer for example to the work [33] based on
semi-classical analysis results for Witten Laplacian and the articles [5}/6,20] where a
potential theoretic approach is adopted. In the latter results, a connection is made
between the small eigenvalues and mean transition times between metastable states.
Let us also mention the earlier results [40,56]. These spectral approaches give the
cascade of relevant time scales to reach from a local minimum an other local minimum
which is lower in energy. They do not give any information about the typical time
scale to go from one local minimum to any other local minimum (say from the global
minimum to the second lower minimum for example). These global approaches can
be used to build jump Markov models using a Galerkin projection of the infinitesimal
generator of (X;)¢>0 onto the first m eigenmodes, which gives an excellent approximation
of the infinitesimal generator. This has been extensively investigated by Schiitte and
his collaborators [64], starting with the seminal work [63].
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Local approaches. In this work, we are interested in a local approach, namely the
study of the exit event (exit time and exit point) from a fixed given metastable state €.
The most famous approach to study the exit event is the large deviation theory [25]. It
relies essentially on the study of slices of the process defined with a suitable sequence of
increasing stopping times. In the theory of large deviations, the notion of rate functional
is fundamental and gives the cost of deviating from a deterministic trajectory.

In the small temperature regime, large deviation results provide the exponential
rates , but without the prefactors and without precise error bounds. It can also be
proven that the exit time is exponentially distributed in this regime, see [13]|. For the
dynamics , a typical result on the exit point distribution is the following (see [25|
Theorem 5.1]): for all Q' compactly embedded in Q, for any v > 0, for any § > 0,
there exists g € (0,6] and hg > 0 such that for all h < hg, for all z € Q' such that
f(z) < mingq f, and for all y € 09,

o~ 5 (f(y)—mingg f+7) <P (X, € Vs, (y)) < o~ 5 (f(y)—mingg f—7) (B.8)

where Vs, (y) is a dp-neighborhood of y in 9.

The strength of large deviation theory is that it is very general: it applies to any
dynamics (reversible or non reversible) and in a very general geometric setting, even
though it may be difficult in such general cases to make explicit the rate functional, and
thus to determine the exit rates. See for example |4] for a recent contribution to the
non reversible case.

Many authors have developed partial differential approach to the same problem. We
refer to [14] for a comprehensive review. In particular, formal approaches to study the
exit time and the exit point distribution have been developed by Matkowsky, Schuss and
collaborators in [55,57./61,62] and by Maier and Stein in [50,51], using formal expansions
for singularly perturbed elliptic equations. Some of the results cited above actually
consider more general dynamics than . Rigorous version of these derivations have
been obtained in [15,|16}21},40,42,53.|54}59].

Rescaling in time and convergence to a jump process. Finally, some authors
prove the convergence to a jump Markov process using a rescaling in time. See for
example [43] for a one-dimensional diffusion in a double well, and [26}54] for a similar
problem in larger dimension. In [68], a rescaled in time diffusion process converges to
a jump Markov process living on the global minima of the potential f, assuming they
are separated by saddle points having the same heights.

In this work, we are interested in precise asymptotics of the distribution of X,.
Our approach is local, justifies the Eyring-Kramers formula (6) with the prefactors and
provides sharp error estimates (see ) It uses techniques developed in particular
in the previous works [33,34,/47,|48]. Our analysis requires to combine various tools
from semiclassical analysis to address new questions: sharp estimates on quasimodes
far from the critical points for Witten Laplacians on manifolds with boundary, a precise
analysis of the normal derivative on the boundary of the first eigenfunction of Witten
Laplacians, and fine properties of the Agmon distance on manifolds with boundary.

Let us finally mention that a summary of the results of this work appeared in [18].
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B.1.4 Quasi stationary distribution

The quasi stationary distribution is the cornerstone of our analysis. The quasi station-
ary distribution can be seen as a local equilibrium for a metastable stochastic process
when it is trapped in a metastable region. It is actually useful in order to make pre-
cise quantitatively what a metastable domain is. In all what follows, we focus on the
overdamped Langevin dynamics and a domain Q C R For generalizations to
other processes, we refer to [11] and in particular to [58] for the existence of the quasi
stationary distribution for the Langevin dynamics.

B.1.4.1 Definition and a first property of quasi stationary distributions
Let us first define the quasi stationary distribution.

Definition B.1. Let Q C R? and consider the dynamics . A quasi stationary
distribution is a probability measure vy, supported in ) such that

/ P* Xy € At < 1q] vp(dx)
Q

/ P* [t < 1q] vp(dx)
Q

Vi >0, vp(A) =

Here and in the following, the superscript x indicates that the stochastic process
starts from z € R%: Xy = 2. In words, if X is distributed according to vy, then V¢ > 0,
X; is still distributed according to v}, conditionally on X5 € Q for all s € (0,¢). It is
important to notice that v} is not the invariant measure of the original process
restricted to €.

In all the following, we will consider that € is a bounded domain in R?. In this
context, we have the following results from [46].

Proposition B.1. Let Q C R¢ be a bounded domain and consider the dynamics (B.1]).
Then, there exists a probability measure vy, with support in Q such that, whatever the
law of the initial condition Xo with support in €2,

lim ||[Law(X;|t < 7q) — vi|lry = 0. (B.9)
t—o0

Here and in the following, Law(X;|t < 7q) denotes the law of X; conditional to the
event {t < 1q}. A corollary of this proposition is that the quasi stationary distribu-
tion vy, exists and is unique.

This proposition also explains why it is relevant to consider the quasi stationary
distribution for a metastable domain. The domain 2 is metastable if the convergence
in is much quicker than the exit from 2. In the following of this paper, we will
assume that {2 is a metastable domain, and we will thus consider the exit event from €2,
assuming that Xy is distributed according to the quasi stationary distribution vy,.

B.1.4.2 An eigenvalue problem related to the quasi stationary distribution

In this section, a connection is made between the quasi stationary distribution and an
eigenvalue problem for the infinitesimal generator of the dynamics (B.1))

0 h
Ljy=-Vf-Vi3 A (B.10)
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with Dirichlet boundary conditions on 9€). In the notation Lgco,)l, the superscript (0)

indicates that we consider an operator on functions, namely O-forms. Here and in the
following, we assume that the domain € is a connected open bounded C* domain in R?.

)

The basic observation to define our functional framework is that the operator Ay b is
self-adjoint on the weighted L? space

L2 (Q) = {u Q= R, / uQ(x)e_%f(x) dx < oo}
Q

(the weighted Sobolev spaces HE (Q2) are defined similarly). Indeed, for any smooth test
functions u and v with compact supports in €2, one has

/(Lgcol)lu)veif :/(L;ozv)ue;ff _ _h/ Yu. Ty~ i
Q ’ Q ) 9 o

This gives a proper framework to introduce the Dirichlet realization L?}L(O)(Q) on ) of

the operator LSC?,)I:

Proposition B.2. The Friedrichs extension associated with the quadratic form
sec@)m g [ Vole

on L2(9), is denoted —L; (0)(9). It is a non negative unbounded self adjoint operator
on L2 (Q) with domain
D(L

() = Hlo(@) N HE(Q)

where H}, o(Q) = {u € Hy(Q), u=0 on 8Q}.

Proof. The quadratic form ¢ € C®(Q) — %fg |V¢]26_%f(m)dx is symmetric, non
negative and closable and its closure is the quadratic form @ : w € H&;,O(Q> —
%fQ IVw|? e~ w/@dp. Let —L?}L(O)(Q) be the self adjoint operator associated with @,

which domains is

D (~L7(@)) = {u € HYo(Q), 3b € L2(Q), Yo € Hyo(2), Qu,v) = (b,v)r },

and LD (0)(Q)u =0b. Letue D (—L?’;l(o)(ﬂ)). Then, in the sense of distribution, it

holds —§d1v (ef%f Vu) = b and from standard regularity results for elliptic operators,
we get u € H2 (). Therefore D ( LD (0)(9)) = H}l}’O(Q) N H2(9).

The compact injection H(Q) C L2 () implies that the operator L]?;L(O)(Q) has a
compact resolvent. Consequently, its spectrum is purely discrete. Let us introduce

An > 0 the smallest eigenvalue of LD (0)(9). One has the following proposition (see
also |46]), which follows from standard results for the first eigenfunction of an elliptic
operator, see for example [27].
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Proposition B.3. The smallest eigenvalue A\, of —L?jl(o) (Q) is non degenerate and its

associated eigenfunction up, has a sign on . Moreover up € C*°(Q).

Without loss of generality, one can assume that:

up > 0on Q and / ul (x) e i@y = 1. (B.11)
Q

The eigenvalue-eigenfunction couple (\p, up) satisfies:

(B.12)

—LSS,)I up, = Apup on €2,
up, = 0 on 0.

The link between the quasi stationary distribution v, (see Definition |C.1)) and uy, is
given by the following proposition (see for example [46]):

Proposition B.4. The unique quasi stationary distribution vy, associated with the dy-
namics (B.1)) and the domain Q is given by:

up(z)e” 1@

vp(dx) = -
/Quh(y)e_hf(y)dy

dx, (B.13)

where uy, is the eigenfunction associated with the smallest eigenvalue of —L?;l(o)(ﬂ) (see

Proposition which satisfies (B.11]).

B.1.4.3 Back to the jump Markov process

As explained in Section [B.1.4.1] if the process remains for a sufficiently long time in
the domain €2, it is natural to consider the exit event starting from the quasi stationary
distribution attached to €2. The next proposition characterizes the law of this exit event.

Proposition B.5. Let us consider the dynamics and the quasi stationary distri-
bution vy, associated with the domain Q. If Xy is distributed according to vy, the random
variables Tq and X, are independent. Furthermore 1o is exponentially distributed with
parameter \p, and the law of X, has a density with respect to the Lebesgue measure on
0 given by

~27(2)
LI 11 G L

2 / uh(y)e_%f(y)dy
Q

where uy, s the eigenfunction associated with the smallest eigenvalue of —L?}L(O)(Q) (see

Proposition which satisfies (B.11]).

Here and in the following, 9, = n - V stands for the normal derivative and n is the
unit outward normal on 9f2.

This proposition shows that, starting from the quasi-stationary distribution in the
domain €2, the exit event can be modeled by a jump Markov process without any ap-
prozimation. Indeed, using the notation of Section let us consider that Q C R?
is associated with the state 0. Let us assume that €2 is surrounded be n neighbourding

(B.14)
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states, associated with domains (2;);=1,.., (see Figure for a schematic representa-
tion when n = 4). Let us define the transition rates:

P (X7, € 002N §Yy)
£ (70) '
Then, by Proposition the exit event is such that:

Vi € {1,...71}, kO,i =

(B.15)

e The residence time 7q is exponentially distributed with parameters > | ko ;.

° Thg next visited state is independent of the residence time and is ¢ with probability
0,i
This is exactly the two properties and which are required to define a transi-
tion using a jump Markov process. The quasi stationary distribution can thus be used
to parameterize the underlying jump Markov process if the domains are metastable.
The question we would like to address in this work is now the following: what is
the error introduced when one approximates the exact rates using the Eyring-
Kramers formula (B.6)-(B.7). From Proposition since E"»(1q) = 1/Ap, one has

the following formula for the exact rates:

/ (Onup)(z) el o(dz)
ko s = _ h Jaanaq,

’ 2 / un(y) e ) dy
Q

where ¢ denotes the Lebesgue measure on 9). We will be able to prove that in the
small temperature regime h — 0, the exact rates can indeed be accurately
approximated by the Eyring-Kramers formula with explicit error bounds. The
asymptotic analysis is done directly on the rates, and not only on the logarithm of the
rates (which is the typical result obtained with the large deviation theory for example,

see Section [B.1.3).

(B.16)

B.1.5 Statement of the main result

We state in this section the main result of this work (Theorem on the asymptotic
behavior of the normal derivative 0,uy, in the regime h — 0, as well as its corollary on
the exit point density and the accuracy of the approximation of the exit rates by the
Eyring-Kramers formula.

This section is organized as follows. We introduce in Section a crucial tool in our
analysis, the Agmon distance. Then, in Section [B.1.5.2] we give the set of hypotheses
which will be needed throughout this work. Finally, Section is dedicated to the
statement of our main result.

B.1.5.1 Agmon distance

Our results hold under some geometric assumptions which require to introduce the
so-called Agmon distance. The objective of this section is to introduce this distance,
which is particularly useful to quantify the decay of eigenfunctions away from critical
points [35,/66]. We introduce the Agmon distance in a general setting, namely for
a Riemannian manifold, but one could think of €2 as a C°° connected open bounded
subset of R,
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Definition B.2. Let Q be a C™ oriented connected compact Riemannian manifold of
dimension d with boundary 0 and f: QQ — R be C*°. Define g : Q2 — R by

Ve e Q, g(z) = |Vf(x)| and Vx € 9Q, g(x) = |Vrf(x)], (B.17)

where for any x € 0, Vrf(x) denotes the tangential gradient of the function f on 0S).
One defines the length L of a Lipschitz curve v : I — Q, where I C R is an interval, by

L(y.1) = /I g (+(1)) |7 (8)] dt € [0, +00).

Let us recall that the Rademacher theorem (see for example [23]) states that every
Lipschitz function admits almost everywhere a derivative (which is then bounded by the
Lipschitz constant). Therefore, if I is bounded, then L(vy,I) < co. Let us now define
the Agmon distance.

Definition B.3. Let g be the function introduced in Definition [B.4. The Agmon dis-
tance between x € Q and y € Q is defined by

da (SC, y) = inf L (77 (07 1)) ; (B18)
v€Lip(z,y)

where Lip (x,y) is the set of curves v : [0,1] — Q which are Lipschitz with v(0) = x,
(1) =y.

The Agmon distance is obviously symmetric, non negative and satisfies the trian-
gular inequality. It is a distance if the critical points of f and f‘ 00 AT€ isolated (see

Proposition [B.31] below). Let us mention that in the case when €2 is a manifold without
boundary, the Agmon distance introduced in Definition coincides with the Agmon
distance defined in [38, Appendix 2].

We will give in Section [B.3] more details about the Agmon distance we consider.
In particular, it will be shown that the Agmon distance to the critical points of f|sn
coincides with the solution to the eikonal equation |V®|? = |V£|? in neighborhoods
of the critical points. This requires to use the tangential gradient of f on 02 in the
definition of the Agmon distance (see (B.17)).

B.1.5.2 Notations and hypotheses

As already stated above, we assume that {2 is a connected open bounded C'*° domain
of R* and f : R* - Risa C® functionm We will need the following set of assumptions:
[H1] The function f : Q — R is a Morse function on  and the restriction of f to the
boundary of €2 denoted by f’ . is a Morse function. The function f does not have any

critical point on 0.
[H2] The function f has a unique global minimum zg €  in Q:

rgsllnf > mﬁinf = m{%nf = f(zo).

1Aclually, as explained in Section we will perform the analysis in a more general setting, namely
when Q is a C°° oriented connected compact Riemannian manifold. In this introductory section, we
stick to a simpler presentation, with Q a subset of R%.
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The point g is the unique critical point of f in . The function f|gq has exactly n > 1
local minima denoted by (z;)i=1,...» such that f(z1) < f(z2) <... < f(zn).
[H3] 0, f > 0 on 0.

In the following, ng € {1,...,n} denotes the number of points in arg min f|yq:

f(z1) = ... = f(2ny) < [(Zng+1) < ... < f(zn)-

We will need to define the basins of attraction of the local minima z; for the dynamics
& = =V f(x) in 09, where, we recall, for any = € 9Q, Vr f(z) denotes the tangential
gradient of f on 0.

Definition B.4. Assume that [H1] holds. For each local minimum z € 92, one denotes
by B, C 022 the open basin of attraction in O of z for the dynamics @ = —Vrf(x) in
o). Additionally define BS := 0Q\ B,.

From this definition, one obviously has that for each local minimum z € 0, for any
x € B, f(x) > f(2).

As a consequence of the assumption [H1], the determinants of the Hessians of f
(resp. of f|sq) at the critical points of f (resp. of f|sn) are non zero. These quantities
appear in the prefactors of the Eyring-Kramers law (see Equation below).

Remark B.1. Let us recall how the Hessians are defined. Let ¢ : N — R be a C™
function defined on a Riemannian C°° manifold N of dimension d. By standard results
of Riemannian geometry, the Hessian Hess ¢(x) of ¢ at a point x € N is defined as a
bilinear symmetric form acting on vectors in the tangent space T, N as:

VX,Y € T(TN), Hess ¢(X,Y) = Vxdp(Y) (B.19)

where V is the covariant derivative (Levi-Civita connection) and d¢ is the differential
of ¢. Then, det Hess ¢(x) is defined as the determinant of the bilinear form Hess ¢(z)
in any orthonormal basis of T, N.

In practice, det Hess ¢(x) can be computed using a local chart as follows. Let us
assume that xo is a critical point of ¢: dy,¢ = 0. Let us introduce ¥ : y € U
Y(y) € V a local chart around xg, where U C R? is a neighborhood of 0, V. C N

is a neighborhood of xo and ¥ (0) = xo. Let us assume in addition that the vectors

(€i)i=1,.d = <ggfi (0) are orthonormal (thus defining an orthonormal basis of

geoey

Ty, N). Let us introduce the symmetric matric H associated with the second order
differential of ¢ o1 at point 0: ¥(u,v) € R% x R?

d

d
D(2)(¢ 01) (Z Ui€4, Z Uﬁ,’) =u” Hv.
=1

=1

Then
det Hess ¢(z¢) = det H.

This formula is only valid at a critical point and is a direct consequence of the defini-
tion (B.19) of the Hessian and the explicit expression of the Levi Civita connection in
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the local chart ¥:

d 2 o d o
Vxdo(V)e = Y (W@) —Zrﬁjww»aﬁ‘;yﬁ(y)) v.x;
ij=1 v k=1

where x = Y(y) € V, Fﬁj (z) are the Christoffel symbols of the connection V associated
with the basis ((ayji/’)(¢_1($))j:17...,n of Ty N and (X;)j=1,.. n (respectively (Y;)j=1,..n)
are the coordinates of X (respectively Y ) in this basis.

B.1.5.3 Main result

In view of equations (B.14)) and (B.16]), we need to give an estimate of three quantities

in order to analyze the exit point density and the asymptotics of the transition rates in
the regime h — 0: [,(9pun) e~ 74 for a subset X of o, [qun e~#f and An, where, we
recall (Ap,up) is defined by . We will consider a subset ¥ such that ¥ C B,, for
a local minimum z; (see Definition for the definition of B,,). This is the objective
of the next three results.

Theorem B.1. Assume that [H1], [H2] and [H3] hold. Moreover assume that
o Vic{l,...,n},

inf dy(2,2) > max([f(zn) = f(z:), f(z1) = [(z1)], (B.20)

e and

f(z1) = fzo) > f(2n) — f(21). (B.21)

Then, for all i € {1,...,n} and all open set ¥; C OQ containing z; and such that
¥ C B,,, in the limit h — 0

_2f(z))—f(=q)
D

/ (Opup) e dor = Au(h) e (1+0(h)), (B.22)
>

where uy, is the eigenfunction associated with the smallest eigenvalue of —L?;L(O)(Q) (see

Proposition [B.3) which satisfies (B.11]) and

(det Hessf(xo))l/‘lanf(zi)%r% e

v/det Hessf|aa(2;) .
Remark B.2. As will become clear in the proof of Theorem it can actually be
proven that for all i € {1,...,n}, the remainder r;(h) = O(h) appearing in (B.22)

admits a full asymptotic expansion in h: there exists a sequence (by;)k>0 € RN such
that for all N € N, in the limit h — 0,

Ai(h) = —

N
ri(h) =h Y _bpih* + O(h"+?).
k=0
We do not state our main result with this expansion since, for general domains €2, the

explicit computations of the sequence (by;)k>0 is not possible in practice. This remark
also holds for all the residuals O(h) in the next results.
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Proposition B.6. Assume that [H1], [H2] and [H3] hold. Then when h — 0

ey

/ up () e i@y = T hi e*%f(xo)(l + O(h)),
Q

(det Hessf(x0))"*
where uy, is the eigenfunction associated with the smallest eigenvalue of —L?;L(O)(Q) (see
Proposition which satisfies (B.11]).

Proposition B.7. Assume that [H1], [H2], and [H3] hold. Then, in the limit h — 0,

v/ det Hessf x0) Onf(2:) _2 _
A E 7 (f(20)=f(@0)) (1 4 O(h)), B.23
h v \/det Hess floa () ‘ ( (7)) ( )

where \p, is the smallest eigenvalue of — th( )( Q) (see Proposition|B.35).

Theorem is the main contribution of this work. Actually Theorem will
be proven in a more general framework: namely when € is a C* connected compact
oriented Riemannian d-dimensional manifold with boundary 9. Theorem Propo-
sition and Proposition are respectively proved in Sections and
[B:5.1.2] For the sake of completeness, we provide a proof of Proposition [B.7]in our spe-
cific setting, but this result actually holds under weaker geometric assumptions, see [17]
or [33].

These results have the following consequence on the first exit point distribution
and the estimate of the exact rates (ko;) using the Eyring-Kramers formula (see Sec-
tion . We recall that (X;);>0 denotes the solution to , T is the exit time
from the domain 2 and v}, is the quasi stationary distribution associated with (X3)¢>0
and €.

Corollary B.8. Under the hypotheses of Theorem fori e {1,...,n} and for all
open sets ¥; C 02 containing z; and such that ¥; C B,,, in the limit h — 0:

-1

Onf(2i) no On f(2k) e~ RUGEI=1E) (140(R)).

P [ X, € ;] =
\/det Hessf‘ag(zz k=1 \/det HeSSf|aQ(Zk)

(B.24)
The hypotheses (B.20) and (B.21)) are discussed in Section |B.1.6.2

As a simple consequence of Corollary we recover the well-known result that
(Xt)t>0 leaves Q around the global minima of f on 9€Q: for any collection of open
sets (Xj)1<j<no such that for all j € {1,...,n0}, ¥; C B, and z; € ¥j, in the limit

h — 0, P [XTQ e Uil % } = 1+ O(h). Actually, this result can be proven with an

exponentially small residual (O(h) is replaced by O (e*C/ ") for some positive ¢) in a
more general setting . Let us refer to [17] where we discuss this result in a more general
setting (for example f can have several critical points in 2 and the assumptions
and are not needed).

Corollary B.9. Let us assume that hypotheses of Theorem are satisfied. Let for
i€ {l,...,n}, X; be an open subset of O which contains z; and which is such that
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3, C B,,. Using the notation of Section|B.1.4.9, assume that X; is the common boundary
between Q0 and another domain Q; C R%. Then, the transition rate given by (B.15)), to
go from Q) to Q; satisfies, in the limit h — 0,

Aot T /o) e-pueo-se + o). (B.25)
\/det Hess flaa(2i)

1
koi = ——=

4= manf(zz)

This corollary thus gives a justification of the Eyring-Kramers formula and the
Transition State Theory to build Markov models. As stated in the assumptions, the
exit rates are obtained assuming 0, f > 0 on 9€): the local minima z1, ..., z, of V on 92
are therefore not saddle points of f but so-called generalized saddle points (see [34,/47]).
In a future work, we intend to extend these results to the case where the points (z;)1<i<n
are saddle points of f, in which case we expect to prove the same result for the
exit rates, with a modified prefactor:

det Hess f(xo)

e~ 7 (@)= (1 + O(h))
\/| det Hess f(z;)|

1
koi = —|A" (2
0i =~V ()

(this formula can be obtained using formal expansions on the exit time and Laplace’s
method). Notice that the latter formula differs from (B.6)—(B.7) by a multiplicative
factor 1/2 since \j, is the exit rate from  and not the transition rate to one of the
neighboring state (see the remark on page 408 in [5] on this multiplicative factor 1/2
and the results on asymptotic exit times in [50] for example). This factor is due to the
fact that once on the saddle point, the process has a probability one half to go back to
), and a probability one half to effectively leave 2. This multiplicative factor does not
have any influence on the law of the next visited state which only involves ratio of the

rates ko, see Section [B.1.4.3[and Equation (B.24]).

B.1.6 Discussion and generalizations

As explained above, the interest of Theorem is that it justifies the use of the Eyring-
Kramers formula to model the exit event using a jump Markov model including the
prefactors. It gives in particular the relative probability to leave €2 through each of
the local minima z; of f on the boundary 02. Moreover, one obtains an estimate of
the relative error on the exit probabilities (and not only on the logarithm of the exit
probabilities as in ): it is of order h, see Equation .

In Section we explain how this result can be generalized to a situation where
the process (X;)i>0 is assumed to start under another initial condition than the quasi
stationary distribution. The importance of the geometric assumption —B.21
(resp. assumption ) to obtain the asymptotic result of Corollary (resp. its
generalization to deterministic initial conditions, see Corollary is discussed in
Section Finally, in Section we discuss extensions to less stringent
conditions than —. Moreover the exit through subsets of 92 which do not
necessarily contain one of the local minima z; of f|sq is considered: this shows in
particular the interest of estimating the prefactors in the asymptotic approximations of
the exit rates.
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B.1.6.1 Extension of the result to other initial conditions

The question we would like to address in this section is how to generalize Corollary
to a deterministic initial condition: Xy = x for z € Q.

Corollary B.10. Let us assume that all the hypotheses of Corollary [B.§ are satisfied,
and that in addition there exists ig € {2,...,n} such that

2(f(zig) = f(=21)) < f(z1) = [ (o) (B.26)

Letie {1,...,ip} and let « € R be such that

f(zo) < < 2f(21) — f(2)

Then, for i € {1,...,n} and for all open sets ¥; C O containing z; and such that
Y C B.,, we have uniformly in x € f~1((—o0,a]) N Q, in the limit h — 0:
-1

e~ FE=FED) (110(h)).

Py, € 5] = 0l > Onf (1)

- \/det Hessflaa(zi) \ k=1 \/det Hess fiaq (21)
(B.27)

Let us give a simple example to illustrate this result. In a situation where n = 2,
this corollary shows that the estimates we have obtained on the probability to exit in
a neighborhood of z5 under the assumption Xy ~ vy are still valid if Xg = x for z €
71 ((=00,2f(21) = f(22))) N2 under the assumption f(21) = f(zo) > 2(f(22) — f(21)),
which is a stronger assumption than .

B.1.6.2 On the geometric assumptions (B.20), (B.21) and (B.26]

On the geometric assumption (B.20)).
The question we would like to address is the following: is the assumption neces-
sary for the result on the exit point density to hold?

In order to test this assumption numerically, we consider the following simple two-
dimensional setting. The potential function is

f(may) :x2+y2—a:v,
with a € (0,1/9), and the domain € is defined by (see Figure [B.2)):
Q =0, 1]2 U {(w,y) \xz +(y— 1)2 < 1} U {(w,y) \xQ + (y+ 1)2 < 1} )

The two local minima of f on 92 are z; = (1,0) and 2o = (—1,0). Notice that f(z2) —
f(z1) = 2a > 0. The potential f has a unique critical point in 2, namely the global
minimum zg = (a/2,0). Let us check that the assumptions of Theorem are satisfied
in this setting (i.e. for a € (0,3)). Indeed, the inequality f(z1) — f(zo) > f(z2) — f(21)
is satisfied if and only if 1 — 3a + % > 0 i.e. if and only if a ¢ (2(3 — /8),2(3 + V8)).
Moreover, using Proposition the inequality dg (21, B,) > f(22) — f(21) is satisfied.
Finally, to check that the inequality du(z2,B%,) > f(22) — f(21) is satisfied we use
Proposition with W = {(z,y) € R?, |(z,y) — 22| < :} N Q and W' = {(z,y) €
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R2, |(z,y) — 22| < %} N Q. In that case, one has a = % (where « is defined by (B.88))
and thus the inequality

a inf g(z)= 1min (g,p(—l—l—g) —a|> = —min (;,%—I—a) > f(z2) — f(z1) = 2a

2€WAW 3

is satisfied if and only if a < %.

Figure B.2: The domain €.

Let us consider the segment ¥y joining the two points (—1,—1) and (—1,1). This
subset of 02 contains the highest saddle point 22 and is included in B,,. From Theo-
rem we expect that, in the limit h — 0,

P [X,, € ] = exp <G <i>) (1+0(h))

where

On f(22)y/det Hessf|oa(21)
O f(21)+/det Hessflao(22)

G (z) —ln[ ] -z (f(22) — f(21))-

The function G is compared to the numerically estimated function F' such that F (%) =
In (P [ X, € 32]). In practice, the quasi stationary distribution v, is sampled using
a Fleming-Viot particle system (the convergence diagnostics being a Gelman-Rubin
statistics, see [3]) composed of 10° particles. The probability P*» (X, € ¥3) is estimated
using a Monte Carlo procedure using 6 x 10° particles distributed according to the quasi
stationary distribution v}. The dynamics is discretized in time using an Euler-
Maruyama scheme with a timestep At which is made precise in the captions of the
figures. On Figures and [B.4] we observe an excellent agreement between the theory
and the numerical results.

Now, the potential function f is modified such that the assumption is not
satisfied anymore. More precisely, the potential function is

flay) = (4* 2 a(2))’,

with a(r) = ayz? + biz + 0.5 where a; and b are chosen such that a(—1 + §) = 0,
a(l) = 1/4 for § = 0.05. We have f(z1) = —1/8 and f(22) = —8(a(—1))> > 0 > f(21).
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Figure B.3: Logarithm of the probability P*» (X, € ¥2) as a function of %: comparison
of the theoretical result function (G) with the numerical result (function F, At =
5.107%); a = 1/10.
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Figure B.4: Logarithm of the probability P"» (X, € £») as function of 2 as a function of
2: comparison of the theoretical result function (G) with the numerical result (function
F, At =2.1073); a = 1/20.

Moreover, two ’corniches’ (which are in the level set f~1({0}) of f, and on which |V f| =
0) on the ’slopes of the hills’ of the potential f join the point (~1+§,0) to B, (at the

points (1,1/v/2) € BS, and (1,—1/v/2) € BS)) so that infzepe, da(2, 22) < f(22) = f(21).
Indeed, in that case assumption (B.20]) is not satisfied since

inf dy(z, 22) < dg (ZQ, 1, 1/\/5))

zEBg2
< da (22, 0,1+ 6)) + dy ((0,-1+6),(1,1/v2))
= f(z2) — f(0,—146)+0
= f(22) < f(22) = f(z1).

Notice that the Hessians (Hess f|aon)(z1) and (Hess f|gn)(z2) are nonsingular. The
functions fjo and f[sq are not Morse functions, but an arbitrarily small perturbation
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(which we neglect here) turns them into Morse functions. When comparing the numer-
ically estimated probability P*»(X,, € X9), with the theoretical asymptotic result in
the limit A — 0, we observe a discrepancy on the prefactors, see Figure

0.5

0.0

— G
¢ F, dt=0.002
¢ F, dt=0.0005

=0.51

-1.0f

_1_5 [

=2.0f

=2.51

-3.0

0 2 4 6 8 10 12
2/h

Figure B.5: Logarithm of the probability P*» (X, € ¥2) as a function of %: comparison
of the theoretical result function (G) with the numerical result (function F, At = 2.1073
and At = 5.107%).

Therefore, it seems that assumption (B.20) is indeed required to get an accurate
description of the dynamics by the jump Markov process using the Eyring-Kramers law
to estimate the rates between the neighboring states.

On the geometric assumptions (B.21)) and (B.26]).
To discuss the necessity of the assumptions (B.26]) in Corollary and (B.21) in

Corollary [B.8| we consider a one-dimensional case, where the law of X, when X, =z
has an explicit expression. Let f : R — R be C° and let z1, 20 € R such that z; < zo.
Let us assume that f'(z1) < 0, f/(22) > 0, f(21) < f(z2) and f has only one critical point
in (21, 22) denoted by xo. This implies in particular that f(zo) = min,, ., f < f(z1).
Moreover let us assume that f”(zg) > 0. Therefore, the hypotheses [H1]-[H2]-[H3]
hold. For x € [21,22], let us denote by wy(z) = Po[Xr, ., = 22]. It is standard that

using a Feynman-Kac formula, wy, solves the elliptic boundary value poblem

2
79 =9 =0, 9(z1) =0, g(z2) = 1.
Therefore, one has for x € [z1, z2]: wp(z) = /22 Let x € [21, 22]. Using Laplace’s

21

method, if f(z) < f(z1), one obtains in the limit h — 0:

o FE) 25 )
- 22] - f/(zl)e (1+O(h))a

if f(xz) = f(#1), x # 21, it holds in the limit A — 0:

P*[X

T(21,22)

f’zx) _ f’(121)> e~ 7 (FE)=FE0) (1 4 O(n)),
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and if f(z) > f(z1), it holds in the limit h — 0:

T f, 22) —2(f(z2)—f(z
D[, = 2] = e BT 1 o),

Therefore, in dimension one, the estimate holds if and only if x € f~1((—o0, f(21))).
In accordance with Corollary the asymptotic (B.27) only holds for initial condi-
tions which are sufficiently low in energy. However, we observe that in this simple
one-dimensional setting, the assumption is not needed. We do not know if the
result of Corollary would hold in general without the assumption .

Let us now discuss the assumption in the framework of Theorem and

Corollary From (B.13]), one has:
22
/ uhwhe_%f
21

zZ2 2
/ uhe*ﬁf
zZ1

Using Lemma Lemma B.18 and (B.61)), one has for some ¢ > 0, for any 6 > 0 and
for h small enough:

pvh [XT = 22] =

(21,22)

up(z) = X
VI x2e if

with ap, € R, ap = O(e™ ), s r2e~il = O(e—%(f(ﬂ)—f(zo)—é)) and where x €
C2°(z1, z2) is given by Lemma Therefore, one has:

(1+ap) +7r(x), forz € Q

[P)Vh [XT<217Z2) = 22] =

2 _

1 fzzf x(@) fzai er ! f(x))dydw(l +ap) + /22 Twhe_%f
2

;12 upe wf fzzf e%f fZZlQ X2e—%f 21

Using Proposition [B.6 and Laplace’s method, one gets for any 6 > 0, in the limit h — 0:

f'(22) 2 (f(0)—f(z)) —1(f(z2)— F(wo) (1)~ F(0)—5)
— _ _J\=2) z z 1 29 o 21 o )
9] f/(21)e h (1+O0(h))+O(e"n )

Therefore, the result of Corollary holds if

PR [X

T(21,22)

2(f(21) = f(z0)) > f(22) — f(21). (B.28)

This explicit computation in dimension one shows that the result of Corollary 1 indeed
requires an assumption of the type: the height of the energy barrier to leave the well
f(z1) — f(xo) is sufficiently large compared to the largest difference in energy of the
saddle points f(z2) — f(z1). Notice that differs from (21) by a multiplicative
factor % We do not know if the result of Corollary would hold in general under the
weaker assumption . Finally, let us mention that when d = 1, is always
satisfied.
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B.1.6.3 Extension of the result to more general subsets of Jf2

It is actually possible to generalize the result of Theorem and Corollary to less
stringent conditions than (B.20)-(B.21)) and to more general subsets ¥ C 0f).

Theorem B.2. Assume that [H1], [H2] and [H3] hold. Assume that there exist
ko € {1,...,n} and f* € R such that f(zx,) < f* < f(2ko+1) (with the convention
f(zko-i-l) = 400 if ko = n)7

Vie{l,...,ko}, Ziergc. do(z, zi) > max[f* — f(z), f(zi) — f(z1)],

) ) (B.29)
Vie{ko+1,...,n}, Zé%fc. do(z,2i) > [* = f(z1),
and,
f(z1) = f(wo) > f* = f(z1). (B.30)

Let uy, be the eigenfunction associated with the smallest eigenvalue of —L?}fo) (Q) (see

Proposition which satisfies (B.11]).

1. Foralli € {1,...,ko} and for all smooth open set ¥; C IS containing z; and such

that &; C B,,, the limit holds for fEi (Onup) e~ ifdo and the limit
holds for P*» [ X, € ¥;]. Moreover, if f(zky+1) > f(2k,), for alli € {ko+1,...,n}
and for all smooth open set X; C O containing z; and such that ¥; C B,,, there
exist € > 0 and hg > 0 such that for all h € (0, ho)

/Ei(anuh)e_fzzfdo’ = </2k0 (anuh)e_ifda> O (e_%> , (B.31)

and

P [X,, € 5] = P [X,, € Dy,] O (e*%> (B.32)

2. Let jo € {1,...,ko} and ¥ C 9 be a smooth open set such that ¥ C B, and
infy, f = f*. Let (B*,p*) € R x R be such that

/(anf) e Hdo = B* 07" =2 (14 O(h)). (B.33)
by

Then, one obtains in the limit h — 0

e

/(anuh)e—if do = _ 287 (det Hdessf(%)) RP" 41— 1 (2= f(x0)) (14 O(h))
> T4
(B.34)
and
~1
* 10
P Xy € 5] = Onf ) R TED) (14 O(n))

T2 \i—1 \/det Hess fia0 (2k)
(B.35)
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In practice, the expansion (B.33) is given by Laplace’s method. Theorem is

a generalization of Theorem Indeed, — is weaker than —B.21
((B-20)-(B-21)) implies (B.29)-(B.30) for kg = n and f* = f(z,)) and item 2 gives an
asymptotic result on the exit probability through ¥ C B., even if zj, ¢ 3.

As an illustration, let us state a corollary of this theorem, which demonstrates the
importance of obtaining a precise asymptotic result including the prefactors. Let us
consider a simple situation with only two local minima z; and z2 on the boundary, with
f(z1) < f(z2). Let us now compare the two exit probabilities (see Figure for a
schematic representation of the geometric setting):

e The probability to leave through ¥y such that 3o C B, and zy € Yo;
e The probability to leave through ¥ such that ¥ C B,, and infy f = f(22).

By classic results from the large deviation theory (see for example (B.8))) the probability
to exit through ¥ and X5 both scale like a prefactor times e~ 7 (f(z2)=f (). the difference
can only be read from the prefactors. Actually, using item 2 in Theorem[B.2] one obtains
the existence of C' > 0 such that in the limit ~ — 0 (see Corollary below),

P (X, € X)
—_2me =2 v B.36
P (X, € 39) vh (B-36)

The probability to leave through ¥y (namely through the generalized saddle point z9)
is thus larger than through 3., even though the two regions are at the same height. This
result explains why the local minima of f on the boundary (namely the generalized
saddle points) play such an important role when studying the exit event. Let us now
state the precise result.

Corollary B.11. Assume [H1], [H2], [H3]. Assume that flaq has only two local
minima z1 and ze such that f(z1) < f(z2) and,

o forje{l,2},

nf da(z,2)) > f(22) = (=), (B.37)
f(z1) = fzo) > f(22) — f(21). (B.38)

Let ¥ C 0N be a smooth open set such that ¥ C B,,. Assume moreover that infy, f =
f(22) and that the infimum is attained at a single point z*: infy, f = f(2*) (necessarily
z* € 0%X). Finally, let us assume that z* is a non degenerate minimum of fss; and
On(ax)flox(2*) < 0 where n(0X) is the unit outward normal to 0% C 0. Then, one
has the following asymptotic expansion of P*» [X ., € X] in the limit h — 0:

-1

_ vh Onf(2%) 3 Onf 1)
2\/m On(on)f (z*)\/ det Hessfox:(2*) \ k=1 \/det Hess ion (=)
x e~ UEI=FE) (1 4 O(h)),

P [ X, € ] =

with by convention, det Hessfox(2*) =1 if d = 2.

89



*

<1 <2

B.,

Figure B.6: Schematic representation of the geometric setting of Corollary The
subset ¥ is such that ¥ C B,, and infy f = f(22).

Corollaries and imply the result (B.36) announced above.

Remark B.3. By using Laplace’s method, one can check that the asymptotic results
obtained in Corollaries[B.8, [B.10| and[B. 11| on the law of X, can be obtained by writing
that the density of X, with respect to the Lebesgue measure on 0S) is, in the limit h — 0,

Onf(2) e 7
Joq Onfe il do

This indeed yields exactly the same asymptotic results on the exit distribution. This
is reminiscent of previous results obtained in [42,|59], where the authors proved that,
starting from a deterministic initial condition in Q, X, has a density with respect to the
an(z) e—%f(z)

2
faganfe_hfda

2 € 00— (1+O(h)). (B.39)

Lebesgue measure on 082 which satisfies, in the limit h — 0, z € 0 —

o(1), which is a less precise estimate than (B.39)).

B.1.7 Strategy of the proof of Theorem

The aim of this section is to give an overview of the strategy for the proof of Theo-
rem [B.1l In view of , we would like to identify the asymptotic behavior of the
normal derivative d,up on 02 in the limit A — 0. We recall that (A, up) are defined by
the eigenvalue problem . By differentiating , we observe that Vuy, satisfies
L

VTUh =0on 8(2, (B40)

Vuh = —AhVuh on Q,

(Zdiv — Vf-) Vup = 0 on 012,

where

Lf) = gA — Vf-V —Hessf (B.41)

is an operator acting on 1-forms (namely on vector fields). Therefore Vuy, is an eigen-1-

form of the operator —L%,)l with tangential Dirichlet boundary conditions (see (C.33)),
associated with the small eigenvalue Ay,.
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It is known (see for example [34]) that in our geometric setting, —L?}fo)(Q) admits

exactly one eigenvalue smaller than @, namely \;, with associated eigenfunction uy, (this
is because f has only one local minimum in §2) and that —LJ{);L(I)(Q) admits exactly n

vh

eigenvalues smaller than *5* (where, we recall, n is the number of local minima of f on
09). Actually, all these small eigenvalues are exponentially small in the regime h — 0,
the other eigenvalues being bounded from below by a constant in this regime. The
idea is then to construct an appropriate basis (with so called quasi-modes, which are
localized on the generalized saddle points (z;);=1,..») of the eigenspace associated with
small eigenvalues for L?}fl)(Q), and then to decompose Vuy, along this basis.

The article is organized as follows. In Section we introduce the general setting
for the proof of our results, and the Gram-Schmidt procedure which allows, starting
from a set of quasi-modes, to compute the projection of (an approximation of) Vuy
along the quasi-modes. In order to quantify the distance between the space spanned by
these quasi-modes and the eigenspace of L?’(l)(Q) associated with small eigenvalues,
we need to use so-called Agmon estimates. Section is devoted to a presentation of
the main properties of the Agmon distance which intervenes in these estimates. The
most technical part is the effective construction of the quasi-modes using auxiliary
simpler eigenvalue problems associated with each of the local minima (zz)zzln This is
explained in Section [B.4] which concludes the proof of Theorem [B.I] Finally, Section[B.5|
concludes the paper by providing the proofs of all the other results stated above, in
particular Theorem [B.2]

B.2 General setting and strategy for the proof of Theo-
rem [B.1]

The general setting for proving the results presented in Section [B.I] will be the follow-
ing: Q is a C* oriented connected compact Riemannian manifold of dimension d with
boundary 92 and the function f is a C* real valued function defined on €. One defines
Q= Q\ 09Q. In particular, Theorem will actually be proven in this framework.
Notice that the assumptions [H1], [H2] and [H3] are still meaningful in this more
general setting.

In order to use previous results from the literature on semi-classical analysis, we
will transform the original problem (B.12)) on (An, up,) associated with weighted Hilbert
space Hj () to an eigenvalue problem on the standard (non-weighted) Hilbert spaces

H1(Q), by using a unitary transformation which relates the operator Lgcp })L to the Witten

Laplacians A;p })Z This is explained in Section [B.2.1] together with some first well-known

results on the spectrum of Witten Laplacians. Then, in Section [B:2.2] we explain
what are the requirements on the quasi-modes we will build in order to obtain the
estimate , see Proposition Section is finally devoted to the proof of
Proposition
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B.2.1 Witten Laplacians
B.2.1.1 Notations for Sobolev spaces
For p € {0,...,d}, one denotes by APC*(Q) the space of C* p-forms on §). Moreover,

APC(Q) is the set of C* p-forms v such that tv = 0 on 09, where t denotes the
tangential trace on forms. Likewise, the set APCSP(Q) is the set of C* p-forms v such
that nv = 0 on 0f), where n denotes the normal trace on forms defined by: for all
w € APC*(Q), nw := w|gg — tw.

For p € {0,...,d} and q € N, one denotes by AP H},(Q) the weighted Sobolev spaces
of p forms with regularity index ¢, for the weight e~ #/ @z on Q: v e APHE(Q) if and
only if for all multi-index o with || < ¢, the « derivative of v is in APL2 (Q) where

APL2 () is the completion of the space APC*°(€2) for the norm
w € APC™ () b—)/ w[2e= 31
Q

See for example [65] for an introduction to Sobolev spaces on manifolds with boundaries.
For p € {0,...,d} and ¢ > §, the set APH] +(Q) is defined by

APHZ;,T(Q) ={v e APHL(Q)|tv =0 on 00} .
Notice that APL2(Q) is the space AP H2(f2) and that AOH,l}]7T(Q) is the space H,}U’O(Q)

than we introduced in Proposition |C.2|to define the domain of L?}L(O)(Q). Likewise for
p€{0,...,d} and ¢ > %, the set AprU’T(Q) is defined by

Apng,N(Q) ={v e APHL(Q) |nv =0 on 00} .

We will denote by ||.||zg the norm on the weighted space APHy(€2). Moreover (-,-) 2
denotes the scalar product in APL2 ().

Finally, we will also use the same notation without the index w to denote the stan-
dard Sobolev spaces defined with respect to the Lebesgue measure on €.

B.2.1.2 Definition of Witten Laplacians

Let us first recall some basic properties of Witten Laplacians, as well as the link between

those and the operators Lgfj ,)l introduced above (see and (B.41)). As already
explained above, we will actually need in this article to work only with 0 and 1-forms
(p € {0,1}). For an introduction to the Hodge theory and the Hodge Laplacians on
manifolds with boundary, one can refer to [65].

Denote by d the exterior derivative on €2,

d®) . APC®(Q) — APHLC>®(Q),
and (dP)* its adjoint. The exterior derivative is 2 nilpotent,

dPt) 5 g®) = o,

and therefore (d®))* o (d®*D)* = 0. In all what follows, the superscript (p) may be
omitted when there is no ambiguity.
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Let us now introduce the so called distorted exterior derivative

d¥) = e ha) et = hd® + df A (B.42)
and its formal adjoint
(d;p})l)* = et h(dP)) T = h(d®)* + iy (B.43)

The distorted exterior derivative was firstly introduced by Witten in [74].

Definition B.5. The Witten Laplacian is the non negative differential operator

A= (aph+ (4n))

An equivalent expression of the Witten Laplacians is

AE}j)L =120 L VP 4+ h(Los+ L£5)

where £ stands for the Lie derivative, V is the covariant derivative associated to the

metric g on € and Ag) is the Hodge Laplacian acting on p-forms, defined by:

AR = (a9 + (d(P>)*)2.

We recall that A(I_I;) is a positive operator ( in R, Ag) =— Ele 8%1961) The operator
Lyy + LG, is an operator of order 0 (namely a multiplicative operator). On 0-forms,
namely on functions, the Witten Laplacian has the following expression
0 0 0
AL =2 + VP +h AR . (B.44)
Let us recall the complex structure associated with the Witten Laplacians defined
on a manifold with boundary. This requires to use appropriate boundary conditions
(see [34]).

Proposition B.12. The Dirichlet realization of Agcp,)l on Q is the operator A?}fp)(ﬂ)
with domain

D (ADP(@) = v e NHXQ)] t =0, td}y0 =0}

The Neumann realization of AE}?,)L on §2 is the operator Aﬁc\j}fp)(ﬂ) with domain

D (A%M(Q)) = {v e AH*(Q)| nv =0, ndsuv=0}.

The operators A?’}l(p)(ﬁ) and A}\f}fp)(ﬂ) are both self adjoint operators with compact

resolvent.

We recall that t denotes the tangential trace on forms and that nw = w — tw is
the normal trace. The proof of Proposition can be found in [34, Section 2.4] and
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in [47, Section 4.2.3]. It is a generalization of what is stated in [65] for the Hodge Lapla-

cians. One can check that the operator A?}l(p ) (Q) is actually the Friedrichs extension
associated to the quadratic form

v e APHL(Q) Hd%u\ (B.45)

@)

The following properties are easily checked

D, D,(p+1 1 D, "
dpaAT Q) = ATV (Q)dpy and df, ATV (Q) = ATP(Q)d;,. (B46)

Similar relations hold for Aff\f 1 (€2). The relations 1’ allows us to define the Dirichlet
complex structure (see [10], [34] and [45]):

{0y — D (A7) 5 D (A7) L - (A () 22 {0}

{0} 2 0 (a200)) 2 p (a2 (@) - 5 D (a2iD(0)) e o).

One can define similarly the Neumann complex structure (see [47]).

One can relate the infinitesimal generator L;?,)L of the diffusion 1) to the Witten
(0)

Laplacian A Fh through the unitary transformation:

6 € L2(Q) et e LA(Q).

Indeed, one can check that

ARO@) = —2he t L2 et

(B.47)
Let us now generalize this to p-forms, using extensions of L( ) to p-forms.
Proposition B.13. The Friedrichs extension associated with the quadratic form

L2,(Q) ‘e% <d(p))*€ thv‘ :2,,(9)}

v e APC(Q) [H 4@ ‘

on APL2(Q), is denoted <—L£}L(p)(§2), D (—L?}L(p)(ﬁ)». The operator —Li}fp)(ﬁ) is

a positive unbounded self adjoint operator on APL2 (). Besides, one has

D (—Lf;fp)(g)) = {v e APH2(Q) |tv = 0, td* (a%) - o} .

For p = 0, the differential operator

0 N
Sff)z = _§A§'{) -Vf-Vv
is the infinitesimal generator (B.10]) of the overdamped Langevin dynamics (B.1]). For

p = 1 one gets

L(lgL = —ﬁA( —Vf-V —Hessf, (B.48)
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where we recall Hess f is the Hessian of f, see Remark
The generalisation of (B.47)) for p-forms is:

AP Q) = —2he t (17P(9)) ef. (B.49)
The commutation relation (B.46) writes on L?}Z(p )(Q):
D,(p+1 D, D,(p—1 « " D,
L3P (@)d = dL P (@) and L7 (Q)dsg ), = dipn L7 (). (B.50)

Thanks to the relation (B.49)), the operators L?}L(p )(Q) and A?;l(p )(Q) have the same

spectral properties. In particular the operators L?}L(p )(Q) and A?;Z(p ) (©) both have
compact resolvents, and thus a discrete spectrum. The generalization of Proposition[B.3|
is the following;:

Proposition B.14. The smallest eigenvalue of —L?}L(O)(Q), denoted by Ap, is positive

and non degenerate. The associated eigenfunction up has sign on 2. Moreover up €

C> (D, R).

Without loss of generality, one can assume that wu satisfies normalization (B.11)).
The couple (Ap,up,) satisfies the following relation

{ _LE‘?I)z“h = >\h up on Q,

(B.51)
up, = 0 on O0N.

Thanks to the relation (B.49), the couple (up,vp) := (Zh)\h,uh e‘ﬁ) is the first

eigenvalue and eigenfunction of A?;l(o)(Q). The couple (up,vy) satisfies

0y = _
{ Af’h Vp = by Up ON ), (B.52)

vp, = 0 on ON).
Moreover, vy, > 0 on 2 and
/ vi(x) dr = 1.
Q
The following lemma will be instrumental throughout this work.

Lemma B.15. Let (A, D(A)) be a non negative self adjoint operator on a Hilbert Space
(H, ||.]]) with associated quadratic form qa(u) = (u, Au) with domain D(qa). Then for
any u € D(qa) and b > 0

2 _ qa(u)
700y (A) ]| < =
where, for E C R a Borel set, mg(A) is the spectral projection of the operator A on E.

Proof. The inequality is easily obtained for u € D(A) by writing A as an integral using
its spectral measure [32, Theorem 8.15]:

(u, Au) = /[O’OO) Nd(my(A)u, u)

> /( AN ) 2 By (4) 1) = ) (1) .
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The inequality also holds for u € D(g4) thanks to the density of D(A) in D(qa). 1

This lemma will be in particular applied to the non negative self adjoint operators
A?}l(p)(Q) and —L?}l(p)(Q) and their associated quadratic forms.

B.2.1.3 Small eigenvalues of A?}fo)(ﬁ) and L?;l(o)(g)

The dimension of the range of the orthogonal projectors 7 js/2 (A?;L(O) (Q)) and

T0,h3/2) <A?}fl)(ﬂ)> in the regime h — 0 have already been studied in [34, Sec-

tion 3]: when Vf # 0 on 9 and when f and f5q are Morse functions, the dimension
D,(0 . D,(1) .

of Ran (ﬂ[oyh%) (Af’h( )(Q)>> (respectively Ran <7r[07h%) (Aﬂh (Q)))) is equal to the

number of local minima of f (respectively to the number of generalized critical points of

index 1). A generalized critical point of index 1 for A]?;fl)(Q) is either a local minimum
of flaq such that 9, f(z;) > 0 or a saddle point of index 1 of f inside 2. In our setting,
thanks to assumptions [H1], [H2] and [H3], there are n generalized critical points of
index 1, which are the local minima (2;)i=1,...» of f|aq.

Proposition B.16. Under [H1], [H2], and [H3], there exists hy > 0 such that for all
h e (0, ho)
dim Ran gz (A7:0(9)) =1,

and

dlm Ranﬂ[07h3/2) (Ai}f”(@)) =n.

Proof. We refer to [34, Theorem 3.2.3] for the proof of this proposition. 1

Let us denote by ,uﬁll)’l <...< ug)’n the eigenvalues of A?;L(l)(Q) smaller than h3/2.
It can actually be shown that, when h — 0, they are exponentially small: for j €
{1,...,n},

lim hln(ug7) < 0.
P n(py, ) <0

Thanks to (B.49), similar results hold for L?}I(p ) (€Q): there exists hg > 0 such that
for all h € (0, hg)

dim Ranm Vi (—Li;fo)(QD =1 and dim Ranw[o’ﬁ) (—L?}Z(I)(Q)) =n.

(0,35 3

The spectral projection LT (—L?}fo)((l)> is the orthogonal projection in L2 () on
»79 ’

span(uy) and thanks to the commutation property (B.50)), we have the following crucial
property:
Vuy, € Ranw[o Vi) (—L?}fl)(ﬁ)) . (B.53)

2

For the ease of notation, for p € {1,2}, we use in the following the notation:

7P = 0.8 (—Lf;fm(sz)) . (B.54)

72
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B.2.2 Statement of the assumptions required for the quasi-modes
B.2.2.1 Statement of Proposition

The next proposition gives the assumption we need on the quasi-modes (1[1@)1:171 whose

(1)

span approximates Ran 7, 7, and # whose span approximates Ran W}(ZO), in order to prove
Theorem [B.1]

Proposition B.17. Assume [H1], [H2] and [H3]. As in the statement of Theo-
rem foralli e {1,...,n}, ¥; denotes an open set included in O containing z; and
such that ¥; C B.,.

Let us assume in addition that there exist n quasi-modes (@Zi)izl,m’n and a family of
quasi-modes (4 = Ug)s>0 satisfying the following conditions:

1. Forallie {1,...,n}, ¢; € A1H11U7T(Q) and U € AOH&HT(Q). The function @ is
non negative in . Moreover, one assumes the following normalization: for all
ie{l,...,n},

2. (a) There exists 1 > 0 such that for all i € {1,...,n}, in the limit h — 0:

o) o

H1

w

Wi

o = il =1

_.()(67%WMAf@mff@0Jwﬂff@OHfﬂ). (B.55)

(b) For any § > 0, in the limit h — 0: |Vil|3, = O (67%(““)7}0@0)76)).
3. There exists €g > 0 such that ¥(i,7) € {1,...,n}> with i < j, in the limit h — 0:

<1zi,1;j>L2 =0 (e_%(f(zj)—f(Zz‘)-&-ao)) )

4. (a) There exist constants (C;)i=1,...n and p which do not depend on h such that
foralli e {1,...,n}, in the limit h — 0:

<meﬁz‘>L2 = C; hPe~#UE=F@0)) (14 O(h)).

w

(b) There exist constants (B;)i=1,...n and m which do not depend on h such that
for all (i,5) € {1,...,n}?, in the limit h — 0:

/ &"ne_%fda: B; k™ e—%f(zi) (1+O(h)) ZfZ:]
B 0 ifi # .

Then, for alli € {1,...,n}, in the limit h — 0:

/ (Bup) el do — C;B; hPt™ o~ 7 (2f(zi) = f(x0)) (1+O(h)),
3

where uy, s the eigenfunction associated with the smallest eigenvalue of —L?}L(O)(Q) (see

Proposition which satisfies (B.11)).
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Let us comment on the assumptions made on the quasi-modes. Assumption 1 gives
the proper functional setting and the normalization. Assumption 2 will be used to show

that span(¢;, ¢ = 1,...,n) (respectively span(i)) is included in Ran(w,(:)) (respectively

in Ran(Tr}(lo)) = span(up)) up to exponentially small terms. Assumption 3 states the
quasi-orthonormality of the quasi-modes (1);)i=1,...». Finally, Assumption 4(a) gives the
components of the decomposition of Vu over span(i/;i, i =1,...,n), and Assumption
4(b) is then used to find the asymptotic behavior of fzi(anuh) ef%fda, knowing those
of [5. P, - ne ildo.

Theorem [B.] is a consequence of this proposition. The construction of appropriate
quasi-modes % and (Q;z)zzln satisfying the requirements of Proposition will be
the focus of Section [B.4] where explicit values for the constants B;, C;, p and m will be

given (see (B.231) and (B.235)).

B.2.2.2 Rewriting the hypotheses on (1@)@-6{17“.7”} in Proposition

The quasi-modes (@Ei)ie{17,._7n} will be built using eigenforms of some Witten Laplacians.
It will thus be more convenient to work in non weighted Sobolev spaces, and to actually
consider the 1-forms (see (B.47))): for ¢ € {1,...,n},

G = e nli; € NNHA(Q). (B.56)

For further references, let us rewrite the hypgtheses on the 1-forms (Q;j)jzl,m,n stated
in Proposition in terms of the 1-forms (¢;);j=1,. » defined by (B.56):

1. Forallie {1,...,n}, ¢; € A HL(Q) and

2. There exist 1 > 0 such that for all 7 € {1,...,n}, in the limit A — 0:

H( 1= Tomt) (A?}fl)(g))) &i

il =1

L2

> _o (e—%(max[f(zn)—f(Zi),f(zi)—f(zl)}'i‘fl)) '
Hl
(B.57)

3. There exists €9 > 0 such that V(i,7) € {1,... ,n}Q, 1 < j, in the limit h — 0:
/ di(x) - ¢;(x) de = O (e_%[f(zf)_f(z")“o]) : (B.58)
Q

4. (a) There exist constants (C;)i=1,.. » and p which do not depend on h such that
for all i € {1,...,n}, in the limit h — 0:

/ Vii- ¢ e i = 0y hPe#UE=1@) (14 0(n)). (B.59)
Q

(b) There exist constants (B;);—1, .., and m which do not depend on h such that
for all (i,5) € {1,...,n}?, in the limit h — 0:

1
- B W e #/E) (14 0(h)) ifi=j
/ ¢j'ne_%fd<7: “r 1+ 0®) 1 Z j.’ (B.60)
b 0 if ¢ # 4.
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As mentioned above, the construction of quasi-modes & and (g?)z)lzln satisfying those
estimates will be the purpose of Section

Let us comment on the equivalence between the first assumption here (namely )
and assumption 2(a) in Proposition (namely (B.55)). This equivalence is a conse-
quence of the following relation between the projectors which comes from :

D, _1 1
mond) (ATA () = e i mVers.

Indeed, using this relation, one has:

lemH @ =yl = (1=, (A7) ) &

Moreover, one easily checks that there exists C' > 0 such that, for all h € (0,1) and for
all u € APH(Q),

H

C
lulligy, < 7 [|ue#

’Hl '
Therefore

10 =iy < 5[ (1= 7, (APO@)) &1

which shows that (B.57)) (with €1) implies (B.55]) (with €1/2). A similar reasoning shows
that (B.55]) also implies (B.57]), but this will not be used in the following.

B.2.3 Proof of Proposition

In all this section, we assume that the hypotheses [H1], [H2] and [H3] hold and we
assume the existence of n + 1 quasi-modes (@, (1@)121”) satisfying the conditions of
Proposition In the following, £ denotes a positive constant independent of h,
smaller than min(e1,ep), and whose precise value may vary (a finite number of times)
from one occurrence to the other.

Let us start the proof with two preliminary lemmas relating @ with u; on the one

hand, and span (@Z;j,j =1,..., n) with Ran Tr}(:) on the other hand.

Lemma B.18. Let us assume that the assumptions of Proposition hold. Then
there exist ¢ > 0 and hg > 0 such that for h € (0, hg),

Hm(lo)ﬂHL%U =140 (e_%) .

Proof. Since u € AOH&)T, (1-— ﬂéo))ﬂ‘ L

is bounded from above by /2h!/4 ||V2~LHL2w

w

thanks to Lemma |C.8 In addition since |Vil7, = O (e_%[f(zl)_f(xo)_6]> (see as-
sumption 2(b) in Proposition [B.17), by taking § € (0, f(z1) — f(xo)), one gets that

“’)a(LQ —1+0(c7h). I

|

As a direct consequence of Lemma, one has that for A small enough ’/T}(LO)’[J, #0
and therefore (since moreover 4 is non negative in Q: (up, Tht) 2 = (up, @)z > 0),

(0) ~
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Additionally, one has the following lemma concerning the 1-forms.

Lemma B.19. Let us assume that the assumptions of Proposition hold. Then
there exists ho such that for all h € (0, ho),

span (7['}(11)122‘, 1=1,... ,n) = Ranw,(ll).

Proof. The determinant of the Gram matrix of the 1-forms (77'}(:)1;2) is 1+

i=1,...,n

O(e=¢/") thanks to the following identity
(05005, = (1) (- 1)), (5, men

and the fact that, from assumptions 1, 2(a) and 3 in Proposition there exist
ho > 0, ¢ > 0 such that for h € (0, ho),

(G0y),, = (1= 8:)0e) + 6y and (1=}, =0 (cF).

Moreover, from Proposition dim Ran w}(ll) = n. This proves Lemma |

Thanks to Lemma|B.19| one can build on orthonormal basis (1);)i=1,... » of Ran (7r,(11)>

-----

done in Section below. Then, since
Vuy € Ran (7['2”) =span(¢;,j=1,...,n)

(see (B53)) and ]z, = 1, one has
n

/ (Opun) e+l do = Z(Vuh,z/;j)%/ b -ne il do. (B.63)
Py j=1 Yk
The proof of Propositionthen consists in replacing (in the right-hand side of )
up, by its expression in terms of @, and the (v;)i=1,.. n by the (¢;)i=1,. n, and
to use the assumptions of Proposition [B.17| to get an estimate of fzk(anuh) e~ do.
Section provides estimates on (Vup, ;) r2,- Section provides estimates

of [& t;j-n e~ n/. All these results are then gathered to conclude the proof of Proposi-
tion (317 in Section B23.4

B.2.3.1 Gram-Schmidt orthonormalization

Using a Gram-Schmidt procedure, one obtains the following result.

Lemma B.20. Let us assume that the assumptions of Proposition[B.17 hold. Then for
all j € {1,...,n}, there exist (kji)i=1,. j—1 C RI7L such that the 1-forms

v = 77,(11)

j—1
Ui+ Y Kt ] ; (B.64)
=1
with the convention Q: = 0) satisfy
=1
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e forallke{l,...,n}, span(vi,i:1,...,k):span(ﬂ,(ll)iﬁi,izl,...,k»

o foralli+# j, (vi,vj)r2 =0.
In the following, we denote by
y
Zj = |vjllz, and ¢ = = (B.65)
J

the normalized 1-forms.
We are first interested in estimating «;; and Z;.

Lemma B.21. Let us assume that the assumptions of Proposition [B.17 hold. There
exist e > 0 and ho > 0 such that for all (i,7) € {1,...,n}* with i < j and all h € (0, hg)

<7T,21>Q;i,7rlgl>¢j>m = 0 (U Se)

Proof. Using assumption 2(a) in Proposition one gets: for ¢ < 7,

(=) (=) by <[ ()il [ (=) ]

w w

—0 (e—;*ll(f(zn)—f(zi)+f(2j)—f(21)+5))

—0 (ef%(f(z]')ff(zz')%)) ‘

The result is then a consequence of assumption 3 in Proposition and the iden-

tity (C.130). 1

Notice that since 71}(11) is an L2 -projection, <7r21)1/~1i7ﬂél)¢j>m = <7r21)1/~1i,1/~1j>

This will be used extensively in the following.

L3

Lemma B.22. Let us assume that the assumptions of Proposition hold. Then
there exist hg > 0, € > 0 and ¢ > 0 such that for all j € {1,...,n}, i€ {1,...,7—1}
and h € (0, ho)

kj; = O (e*%(f(zj)*f(zi)“)) and Z; =1+ 0O (e*%) .

Proof. Let us introduce the notation: for all i € {1,...,n},

2

rii= H (1 - 71',(11)> %Z)z -

Let us prove this lemma by induction. Concerning 1, one has from Lemma

¢1 = ﬂ with V1 = 71'}(3)1/;1.
Z1
Since Wl”L?u =1, one has Z; = ||7r}(11)7,21HL2 < 1. In addition, by Pythagorean Theorem
and by assumption 2(a) in Proposition on 71, there exists ¢ > 0 such that for h
small enough

Z22>1— (1= % S Sl >1-e
1 = h 1L12u_ 1= .
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Thus Z; =140 (e_%>. Now, concerning 2, one has

vy . - -
Py = 72 with ve = w,(ll)% — <7T,(11)¢2,¢1>L%) (e

2

and thus ko1 = —% <7T;(Ll)1;1ﬂ/~12>
1

one obtains that Zo =14+ O (e‘ﬁ) by a similar reasoning as the one we used above for
Zy.

In order to prove Lemmaby induction, let us now assume that for k € {1,...,n}
and for all j € {1,...,k}, i€ {1,...,5—1},

=0 (efi(f(m*f(zl)*e)) (by Lemma [B.21]). Then

L3,

Kji = O (e*%[f@j)*f(%)*d) and Z; =1+ 0 (e*%) .

One gets by the Gram-Schmidt procedure which defines the (¢;);i=1

V41
Zp11

V1 =

where, using the notation x; = 1,

k
Vg1 = F;(Ll)l/)kﬂ - Z(W;(Ll)%H, V)2 Y;

j—l

= 7Th 7#k—i—l Z Z ' Whl)ik-&-lﬂrf(})&ﬁL?u KjlKjq 7721)7&1

7j=11l,q= 1

1) 7 1) 7 b J 1 1 ~ 1) ~

= ﬂ-f(L )¢k+1 - ZTF}(L )wq Z Z ) 7Th )wk+1,7T}(L )wl>L%) KjlKjq-
q=1 j=q l=1 "J
Then for g € {1,...,k},
(1) 7 1) 7
F(k+1)g = ZZ 2 7Th)¢k:+177fl(1)¢z>L12u KjiKjq- (B.66)
j=q l=1 J

c

Since Z; = 1+0 (e‘ﬁ>, one gets Z;l =140 (e_%) Using Lemma [B.21} one obtains
<7rf(Ll)z/~Jk+1,7r}(Ll)@Z~Jl>L2 =0 (e_%[f(zk“)_f(zl)%]), since [ < k + 1. Moreover one notices

that | <jand ¢ < j. If ¢ < j, kjikjq = O <e_%[f(zj)_f(z‘1)+e]>, and thus
7 7 L )—f(zq)+e
<7r§:,1)1/1k+1, ng)¢l>L2 Kjikjq = O (e_ﬁ[f(zwrl)_f(zz”f(zj) fet })
—0 (e—%[f(2k+1)—f(2q)+€]> '

If l < j and if ¢ = 7,
Kitkjq = O (e—%[f(zj->—f(zl>+e]> .
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Since, if | < j and ¢ = j, f(24) = f(2;) > f(21) one obtains that
<7T](11)T/~1k+17 7T]('Ll),(/;l>L2 Kitkjg = O (e*%[f(zk+1)*f(zl)Jrf(Zj)*f(zl)JrE])
—0 (e—%[f<zk+1>—f(zz>+a1> -0 (6—%[f(z;c+1)—f(zq)+f}) .
If l =q=j, kjkjq = 1. Thus one has: for ¢ € {1,...,k},

K(kt1)g = O <67%[f(zk+l)*f(zq)+5]> .

The estimate Zp1 =14+ O (e_%> is a consequence of the fact that (k(u11)¢)qeq1,...k}
are exponentially small and the estimate

[, =1+ 0 (7).

This concludes the proof by induction. ]

B.2.3.2 Estimates on the interaction terms (<Vuh,1/1j>Lgu)je{l n)

Lemma B.23. Let us assume that the assumptions of Proposition[B.17 hold. Then for
j€A{l,...,n}, one has

(Vup, ;) 1a = C; hPe~#UE=I@0) (1 4 O(n)).
Proof. From (B.50)), for any ¢ € HiT(Q) and v € L2 (Q), it holds,
(Va0 s = (Vo m o) s (B.67)

Using (B.61)—(B.64)—(B.65)—(B.67)), for all j € {1,...,n}, one has

(Vun,j)rz = Hﬁij; _<W’7T’(ll)¢j>% +iﬂj" <W’”’(11)Q’Z)">L?u ]
L, - "
1
i ) ee-03),
2
Zlew Jj—1 1 -
e (9 t09,)
Lz -

(B.68)

z1 c
From Lemmata |B.18| and [B.22| one has W =140 (e‘ﬁ>. Using assumptions
n U L2

I

2 and 4(a) in Proposition [B.17| and Lemma there exists dp > 0 such that for all
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o€ (0, 50),

(Vup, ¥j) 2 = CihPe il )= F@l (1 4 O(h))
40 (e—%[f(Z1)—f(mo)—5+f(2j)—f(z1)+6])

j—1
+ 370 (e RUE-Geri G- S0)-0))
=1
j—1
+30 (6—%[f(Zj)—f(Zi)+5+f(zl)—f(xo>—6+f(z»—f<21>+ﬂ) :
=1

Therefore choosing § < ¢, there exists ¢/ > 0 such that
(Vup, ;)2 = CihPe” wlIG) =11 4+ O(n)) + O (e—%[ﬂzﬂ—f(wo)ﬁ’}) .

This concludes the proof of Lemma [B.23 |

2
B.2.3.3 Estimat the boundary t ( . _Efd>
stimates on the boundary terms fEk Pj-ne o Rl

One denotes for k € {1,...,n}, K := max(f(z,) — f(zr), f(zx) — f(21)) > 0.
Lemma B.24. Let us assume that the assumptions of Proposition[B.17 hold. Then for
all (,k) € {1,...,n}?, there exists ¢ > 0 such that it holds
O (e #lGte] if k< j,
pyme ildo = { B e i) (14 O(h)) ifk=j,

Zk O (e—%[Kﬁf(zmm) +ylo (e—%[f(zg->—f<zi>+xi+f<zk>+el) if k> .

Proof. Using (B.64)—(B.65)) and writing 77,(11)"@- = + (ﬂ'}(Ll) — 1) i, one obtains that

j—1
_z
pj-ne ndo = ajk + bjr + Z(Cjki + djri)

2k i=1
with for (j,k) € {1,...,n}? and i € {1,...,5 — 1},

jk :Z;1 . Jjj'ne_%fda- ) bjk’ :ZJI/E (W}(Ll) —1> @Zj-ne_%fdg'
k k

Cjki = Zj_lfijz' i - ne #!do and djp; = Zj_llfji/ (wzl) - 1) Ui - ne ! do.
Xk Xk

Using the trace theorem and assumption 2(a) in Proposition one has, for some
universal constant C,
ef%f
Hy \l s,

/Ek (77;(11) — 1) T/;j ne ildo < % H (Wi(zl) _ 1) 1[)]-

-0 (e—%[Kﬁf(zme]) ' (B.69)
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If k=jandi€{l,...,j—1}, one gets, using (B.69)), Lemma and assumption
4(b) in Proposition

Ifk # jandi€ {1,...,5—1}, one gets using again (B.69)), Lemma and assumption
4(b) in Proposition

a’jk = 0 s b]k — O (6_%[K]+f(zk)+5]> ,

—#f(z5)+e] if k=31
i = O <e wlf (2 6) it k =1, and dj; = O (6—%[f(z]-)—f(zi)—i-Ki—i-f(zk)—l-E]) '
0 if k # 1,

Notice that cji; = 0 if j < k and that if j > £ there exists only one i such that cjz; # 0,
namely ¢ = k. This concludes the proof of the Lemma ]

. —nf
B.2.3.4 Estimates on <f2k(5nuh)e g dg)ke{l,...,n}

We are now in position to conclude the proof of Proposition by proving that for
ke {1,...,n}, one has

/ (Opun) e #1do = C, By, RPTme~ w2 @) =1(0) (1 4 O(n)).
Xk
Proof. Let us assume that the assumptions of Proposition hold. Let us recall the
decomposition (B.63)):
2 i 2
/ (Opup) e nfdo = Z(Vuhﬂwbjﬁ?u / P -ne wldo.
Zk Ek

J=1

Using Lemmas and , we can now estimate the terms in the sum in the right-
hand side. If j > k, there exist ¢ > 0 and ho > 0 such that for all h € (0, hg)

(Vup, ¥j) 2 / Wi n e 7l do = C;hPO (6—%[f(zj)—f(wo)}6—%[f(2j)+€])
Xk
= C;hPO (e*%[2f(2j)*f(wo)+€]>

= C;hP0 (e—%[%(zw—f(ﬂco)%}) ‘
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If j < k, there exist € > 0 and hg > 0 such that for all h € (0, ho)
w o

-1
£ 370 (e FE0 ) —Se Ko ()

=1
-0 (e—,%[f(z]-)—f(xo>+f<zn)—f(Zj>+f(zk>+a])
j—1
+Y o (e—%[f(zj)—f(xo)+f(zj)—f(zi)+f<2n>—f<Zi)+f(Zk>+s})
=1
—0 (e—%[f(Zn)+f(Zk)—f($0)+8]>
7—1
+3°0 (e—%[f(zn)+f(Zk)—f(:vo)+2(f(zj)—f(zz'))+6])
i=1
—-0 <e—%[2f(2k)—f($o)+€]) ,

Finally if j = k, 3¢ > 0 and 3ho > 0 such that for all h € (0, ho)

(Vun, di)rs, | -n e ildo = CuBy, WHme 1= (1 4 O(h)).  (B.70)

Xk
From these estimates, for a fixed k € {1,...,n}, the dominant term in the sum in
the right-hand side of (B.63) is the one with index j = k, namely (B.70|). This concludes
the proof of Proposition |

B.3 On the Agmon distance

In this section, we present the main properties of the Agmon distance introduced in
Definition The Agmon distance is useful to quantify the decay of eigenforms of
some Witten Laplacians away from critical points of f and f|sq. The Agmon distance on
a domain without boundary has been extensively analyzed in many previous works (see
in particular [35H37,39]). The aim of this section is to generalize well-known results in
the case without boundary to our context, namely for bounded domains. Indeed, to the
best of our knowledge, this has not been done in the literature before in a comprehensive
way.

For simplicity, all the proofs in this section are made for a bounded connected open
connected C™ domain Q C R¢ (equipped with the geodesic Euclidean distance )
and for a C™ function f : @ — R. The generalization to a C™ compact connected
Riemannian manifold of dimension d with boundary is straightforward. The notation
|z — y| denotes the Euclidean distance between z and y in R%. If one deals with a
compact connected Riemannian manifold of dimension d with boundary, this distance
has to be replaced by the geodesic distance on © for the initial metric and the scalar
product between two vectors of R? has to be replaced by the one induced by the initial
metric on the tangent space of €.
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This section is organized as follows. Section is devoted to an equivalent defi-
nition of the Agmon distance, which will be crucial in the following. In Section
we then give a few useful properties of the Agmon distance. As already mentioned in
Section there is a link between the Agmon distance and the eikonal equation.
This is explained in Section[B.3.3land [B.3.5] This link is useful in order to build explicit
curves realizing the Agmon distance, as explained in Section

B.3.1 The set A(x,y) and an equivalent definition of the Agmon dis-
tance

In order to study the Agmon distance, it will be more convenient for technical reasons
to restrict the class of curves appearing in the definition of the Agmon distance (see

Definition [B.3)).

Definition B.6. For z,y € Q, we denote by A(x,y) the set of curves v : [0,1] — Q
which are Lipschitz with ¥(0) = x, ¥(1) = y and such that the set 8{t € [0,1]|y(t) € O}
1s finite.

Here 0{t € [0, 1], v(t) € 9Q} denotes the boundary of the set {t € [0,1], y(t) € 90Q}.

The main result of this section is that, under assumption [H3], the Agmon distance d,

satisfies (compare with (B.18])):

V(z,y) € O, da(z,y) = inf  L(v,(0,1)). (B.71)
YEA(z,y)

See Corollary below.

The following lemma will be needed several times throughout this section. It moti-
vates the use of the set A (z,y) appearing in Definition

Lemma B.25. Let 2,y € Q and v € A(x,y). Then for any h : Q — R which is C!,
one gets

h(y) — hiz) = / (VR)(7) -+ + / (Vrh)() . (B.72)
{t€[0,1],v(¢)eQ} int{t€[0,1],v(t)€oQ}

Here the notation int stands for the interior of a domain.

Proof. Since « is Lipschitz, h o~y is Lipchitz and thus absolutely continuous. Therefore,
one has:

1
) = hia) = [ So(hoa)

d
= (h07)+/ —(hon)
/{te[mmu)eﬂ} dt int{te[0,1], ~(t)con} dt

d
+ / f(h o ’y).
a{te[0,1],v(t)eaq} dt

By definition of the set A (x,y) (see Definition the set 0 {t € [0,1], ~(t) € 0N} has
Lebesgue measure zero,

/ 2 (hom) =0,
a{te[0,1],~(t)ean) dt
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The curve 7 is continuous and thus the set {t € [0,1], y(¢) € 2} is open in [0, 1]. Thus,
using in addition that since 7 is Lipschitz, it is almost everywhere differentiable (by the
Rademacher Theorem), one has for almost every ¢ € [0, 1]:

. (Vh) (1)) - (1) ae. on {1t € [0,1], (1) € 2)
@ () (1) =
dt d

(Vrh) (y(t)) - ﬁfy(t) a.e. on int {t € [0, 1], ~(t) € 002} .

This proves (B.72). |

Remark B.4. Notice that there exist Lipschitz curves v such that 0 {t € [0, 1], v(t) € 09}
has a positive Lebesque measure. Let us give an example. Consider 2 = (0,1) x (0,2)
and the curve

y:tel0,1] — <t, inf |t — y|> e [0,1)%
yeK

where K is the Smith-Volterra-Cantor set in [0,1], such that K is closed, has a positive
Lebesgue measure and has an empty interior (see [60, Section 2.5]). Notice that the
distance infyc [t —y| to K is a Lipschitz function of t € (0,1), so that v is a Lipschitz
function. The set K is closed and thus

{t €[0,1], v(t) € 909} = {t € [0,1], v(t) = 0} = K.
Therefore 0 {t € [0,1], ~(t) € 90} = K \ (intK) = K.

The following results will be useful to prove the equality (B.71]) and to prove the
existence of curves realizing the Agmon distance (see Section [B.3.4)).

Proposition B.26. Assume that [H3] holds. Let v : [0,1] — Q be a Lipschitz curve
and assume that there exists a time t* € [0,1] such that v(t*) € Q. Then there exists
(a,b) € [0,1)%, with a < t* < b and a < b such that for all (t1,t2) € [0,1]2, with
a <t <ty <b, there exists a Lipschitz curve yio : [t1,t2] — Q satisfying

Y12(t1) = y(t1) and na(tz) = v(t2),

L(v, (t1,t2)) > L(mz2, (t1,t2)) (B.73)

and, either {t € [t1,t2], y12(t) € OQ} is empty, or its boundary O {t € [t1,t2], 112(t) € 00}
consists of isolated points in {t € [t1,t2], v12(t) € ON}. Moreover, if the following is sat-
isfied:

I(s1,82,83) € [t1,12]°, 51 < 52 < 53, 7(51) € IV (52) € Q and y(s3) € IQ,  (B.74)

then the inequality (B.73|) is strict.

Remark B.5. Notice that if t* € 0{te[0,1], v(t) € 9N} is not isolated in
0{t € 10,1], v(t) € OQ}, then there exits a neighborhood [t1,t2] of t* in [0,1] such that
1s satisfied and thus the inequality is strict. Therefore if a Lipschitz curve
v realizes the infimum of L on Lip(x,y), then 0{t € [0,1], ~(t) € 0N} is finite. This
motivates the introduction of the set A(x,y).
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Proof. Let t* € [0, 1] be such that v(t*) € 09Q. The proof is divided into three steps.

Step 1: Introduction of a normal system of coordinates and definition of @ and b. Let us
consider a neighborhood Vyq of y(¢*) in 912, and a smooth local system of coordinates in

Vaq C 09, denoted by =7 : Voo — R4, Let us now extend it to a tangential and nor-

mal system of coordinates around v(t*) in Q, denoted by ¢(z) = (z7, zx). The function

¢ is defined from a neighborhood of ~(¢*) in © to RY. Moreover, one has () > 0 and

for all z, zn(z) = 0 if and only if x € 9Q. One can assume without loss of generality

that ¢ is defined on a neighborhood V,, of v(¢*) in Q such that ¢(V,) = U x [0, a] for

a > 0, and U C R?1. For this normal system of coordinates, the metric tensor G is

such that: ¥(zp,zn) € U x [0, o,

_ (G(zr,zN) 0
G(zr,zN) = ( 0 GNN(J:TaCCN)) ,

where G(:CT, TN) € R@=1)x(d=1) and Gnn(zr,zN) € R are smooth functions of (z7, xy).
The existence of such a system of coordinates is a consequence of the collar theorem,
see [65].

Under assumption [H3] (namely 0, f > 0 on 012), there exist constants A > 1 and
g1 > 0 such that for all zxy € (0,e;] and for all xp € U, (see (B.17) for the definition
of g)

9(¢™ (zr,2N)) = Ag(¢™ (27, 0)). (B.75)
Since the local change of coordinates is smooth, for all € € (0, 1), there exists n > 0 such
that for all zx € [0,7n] and for all xp € U, one has

G (zp,zn) > (1 —e)?G(xr,0).

Let us choose € > 0 such that (1 —¢) A > 1. One can reduce V,, such that 0 < zy(z) <
min(n, e1) for all x € V,. By continuity of +, there exist (a,b) € [0,1]?, with a < t* < b
and a < b such that for all ¢ € [a,b], v(t) € V,,. Let us introduce the components of
in the normal system of coordinates: (yr(t),yn(t)) = ¢(y(t)). Let us now define: for
t € [a,bl,

3(t) = 6 (41 (1), 0) € 99,

For almost every t € (a,b), if v(t) € 99, (t) = ¢~ (47 (t),0) = F(t), g(7(t)) = g(7(t))
and

()12 = [(vrow)]" G (v (1), 0) (vr, vw)
)

= [ O] Glyr(t),0)v5(1) + G (vr(t),0) A (1)?
2

)

> [V 0]" G (vr(2),0) A (t) = |7 (2)

where the supersript 7" stands for the transposition operator. For almost every t € (a, b),
if y(t) € Q,

V@)1 = [(vr. )] G (v, vw)) (v vw)’
= [ O] G ((vr. ) ¥ (t) + Gun (v ) V(D)
> (1= [7p()]" G (1), 0)vp(t) = (1= &)” [¥ (O

2
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Step 2: Definition of vi2. Let (t1,t2) € [0,1]%, with a < t; < t2 < b. Let us distin-
guish between two cases.

o If the set {t € [t1,ta], v(t) €IQ} is non empty, let us consider tf :=
inf {t € [t1,t2], ¥(t) € 900} and t; := sup{t € [t1,t2], (t) € 0Q}. The curve
Y12 @ [t1,t2] — Q is then defined by

y(t) ift € (th,t]),
T2(t) =< A(t) ift e (t],t;),
y(t) ift € (t,ta).

Observe that for all ¢t € (t1,t]) U (t5,t2), v(t) = 92(t), which implies
g(Y )Y ()] = g(n2(t))|715(t)] almost everywhere in (t1,4) U (t3,t2). More-

t
over, using the fact that A(1 —¢) > 1, for almost every ¢ € (t],t;),

gy ()] = AL —e)g(e™ (vr(t), )T ()] > g(A)IF (1)] = 9(712)!712((0\- |
B.76
Therefore is satisfied.

o If theset {t € [t1,t2], ¥(t) € 00} is empty, which means that V¢ € [t1, ta], y(t) € Q,
then one simply defines the curve 19 : [t1,t2] — Q by 712 = 7.

In both cases, the curve 7 is Lipschitz, yi2(t;) = v(¢;) for j € {1,2} and is
satisfied. Moreover by construction of 72, the set 0 {t € [t1, 2], y12(t) € 02} consists
of isolated points in {t € [t1,t2], y12(t) € 00}, or is empty.

Step 3: On the strict inequality in (B.73)). Assume that holds and let us show
that the inequality is strict. Indeed, in that case tf < 51 < s3 <ty and by
continuity of «y, there exists (u1,u2) € (s1,53)? such that u1 < s3 < ug and y([ug, us]) C
Q). Thus, the inequality holds almost everywhere on the open nonempty interval
(u1,u2) which implies that L(~, (u1,uz2)) > L(v12, (u1,u2)). This concludes the proof of

Proposition [B:26]

A consequence of the previous proposition is the following result.

Proposition B.27. Let x,y € Q and assume that [H3] holds. For any Lipschitz
curve 7 : [0,1] — Q with v(0) = x and v(0) = y, there exists 1 € A(x,y) such that
L(’Ya (O’ 1)) > L(Vla (07 1))

Proof. The set 0 {t € [0,1], v(t) € 9N} is closed, so its limit points are its non isolated
points. Let us define Ad(v) as the set of limit points of 0{t € [0,1], y(t) € 9Q}. If
Ad(y) is empty, then 0 {t € [0, 1], v(t) € 9} is empty or consists of isolated points in
0{t € 10,1], v(t) € 9Q} and since 0 {t € [0, 1], y(t) € 00} is compact, this implies that
v € A(z,y) and Proposition is thus proved by simply taking v; = 7.

If Ad(7y) is non empty, we will construct a curve v, € A (z,y) such that

L(v,(0,1)) > L(71,(0,1)).

Without loss of generality, one can assume that 0 and 1 are not in Ad(vy). Otherwise one
could modify v in neighborhoods of 0 and 1 without increasing L(~, (0,1)) and without
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changing the end points using Proposition To prove the result, we will show by
induction on N > 1 the following property Py: for all {t1,...,tx} C Ad(y), denote
by (aj,bj)j=1,.,n the open intervals given by Proposition for each ¢;; then, it is
possible to change v to construct a Lipschitz curve 0K [0,1] — Q with +1(0) = x and
71(0) = y, such that 41 =« on [0,1] \ (Uévzl(aj,bj)> , Ad(y) N U;-V:l((lj,bj) = and
L ('Y, (03 1)) > L(’Yb (Oa 1))

The first step to prove P is just a straightforward application of Proposition
(choosing t; = a; and t9 = by). Now, let us prove Py1 assuming Py. Let us consider
{ti,...,tn,tN11} C Ad(7y) and denote by (aj,b;)j=1,. .~ n+1 the open intervals given
by Proposition [B.26] for each t;. Applying Py, it is possible to change 7 to construct
a Lipschitz curve vy : [0,1] — Q with 71(0) = = and ~,(0) = y, such that Ad(y;) N
U;’V:I(ajvbj) =0 and L (’77 (07 1)) > L (’Ylv (07 1)) If (aN+17bN+1) - U;’V:I(aj’ bj)v then
Pn+1 holds taking 7. Otherwise, there exist K € N* and (q1,...,qx,d1,...,dg) €
[0, 1]2% such that

C

N K
(an+1,bn41) 0 | (a0 | = | (@i )],
j=1 i=1

with 0 < 1 < dj < g2 < d2 < ... < qg < dg < 1; the notation [( and )| mean that
the extremities can or not belong to the interval. In addition, for i € {1,..., K}, ¢; €
{any+1}U{b1,...,by} and d; € {byy1}U{a1,...,an}. Then applying Proposition
to 1 on each interval (g;,d;) C (an+1,bn+1), one gets that it is possible to construct a
Lipschitz curve v2 with v2(0) =  and v2(0) = y, such that

K
L(71,(0,1)) > L(y2, (0, 1)), Ad(y2) " J(gi,ds) = 0.
=1

If for some k € {1,..., K} and j € {1,..., N} qi = bj, then g is isolated from the left
in {t €[0,1], 71 (t) € 0Q} from the construction of v; (see Proposition and, by
construction of 72, g is also isolated from the right in {t € [0,1], 72(t) € 9Q}. Thus,
since there exits s € [0, gx) such that v2 =1 on [s, gx], one has ¢ ¢ Ad(72). A similar
reasoning holds for the points di. Thus

N [

Ad(y2) N (ani1,bn 1) N | (ag,05) | =0.
=1

This proves that Ad(v2) N U;V:ll (aj,b;) = 0 and thus Py41.
By induction, we thus have proven Py for all N > 1. Now, notice that by a
compactness argument, there exist N > 0 and {t1,...,tx} C Ad(y) such that if one

denotes by (a;,b;)j=1,...n the open intervals given by Proposition for each t;, then

N

Ad(y) € (J(as, bi).

=1

Applying Py yields the desired result. |
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A direct consequence of Proposition is the following.

Corollary B.28. Assume that [H3] holds. Then the Agmon distance d, introduced in
. : =2
Deﬁmtwn satisfies (B.71): for all (z,y) € Q

do(z,y) = inf L(v,(0,1)).
(z,y) ot (7,(0,1))

In all what follows, we will often use the formula (B.71]) to study the property of
the Agmon distance.

B.3.2 First properties of the Agmon distance

In this section, we aim at giving the basic properties of the Agmon distance.

B.3.2.1 Upper bounds and topology of (Q,d,)
Proposition B.29. There exists a constant C' such that for all z,y € Q,

da (z,y) < Clz —yl. (B.77)

For any fized y € Q, x € Qv dy (v,y) is Lipschitz. Its gradient is well defined almost

everywhere and satisfies for y €  and for almost every x €

Vada (2,y) | < [V f(2)]. (B.78)
Moreover, if [H3] holds, for all x,y € Q, we have

[f(@) = f()] < da (z,y) . (B.79)

Proof. Let us first prove the inequality (B.79)). For any v € A (z,y), using Lemma
one has:

0=l =| [ Frema

= ‘/ (Vf)(v)-v’dH/ (Vrf)(y) -+ dt
{tel0,1], v(t)en} int{t€[0,1], v(t)€0Q}
1

< / 9(v(8) Y ()] dt.

Therefeore (B.79)) is proved by taking the infimum over v € A (z,y) in the right-hand

side (see Corollary [B.28)). The second inequality (B.77]) is proven below in Lemma [B.30]
Let us conclude the proof. Now let y € Q and x € €. Since (2 is open, there exists an

open ball B C Q2 with center z. Let z € B. For ¢ € [0, 1], the path v(t) =tz + (1 — t)z
is included in B. Then, one obtains

lda (2,y) = da(2, )| < da(2, 2)

1
<l|z-— z\/o g(tz+ (1 —t)x)dt

1
— |x—z\/0 IVfl(x+t(z—x))dt.

112



Since f is smooth, up to considering a smaller ball B centered at x, there exists a
constant ¢ > 0 such that for all z € B, for all ¢ € [0, 1],

Vi@ +t(z —2)) < |Vf[(@) +clz — 2.
Thus, for all z € B,
|da (z,y) — da(2,9)| < |z —2[(IVFI(z) +clz—2z]).

As a consequence, for any fixed y € Q and for almost = €  one gets (B.78)), by consid-
ering the limit z — x in the previous inequality. ]

Let us now give the proof of (B.77).
Lemma B.30. The function (x,y) € Q x Q+ d, (z,y) is bounded and satisfies

da (,
sup (z,9) < 0. (B.80)
(z,y)€QxQ [z =yl

Proof. Let us first prove by contradiction that (z,y) € Q x Q — dg (z,%) is bounded.
Let us assume that there exists a sequence (2, yr)r>1 € €2 x Q such that for all £ > 1,

do (g, yk) > k. (B.81)

Up to the extraction of a subsequence, it can be assumed that limy_, oo (g, yx) = (x,y) €
2 x Q (the convergence being for the Euclidean metric). Notice that

da(xkayk) < da(xlmx) + da (xay) + da(ykay)' (B'82)

Let us consider dy(xg, x). If x € Q then there exist an open ball B C 2 centered on =
and an integer N such that for all k > N, z € B and therefore y(t) = tzx+(1—t)z € B
for all ¢t € (0,1). Then, by definition of the Agmon distance, for all £ > 1,

da(z, ) < |9l (B) |2 — k|-
If © € 09 then there exist 7 > 0 and a C* bijective map ¢ : B(z,r) — B(0,1) such
that ¢(z) = 0, ¢(B(x,r) N IN) = Qo and ¢(B(z,r) N Q) = Q_, where Qp := {y =

(y17 s 7yd)7 ‘y| S 17 Yd = 0} and Q— = {y = (yh s 7yi)7 ‘y| S 17 Yd S 0} Moreover,
there exists N such that for all kK > N, z € B(x,r) N Q. Now, for any k > N, let us
consider

() = 671 (1 — 1) (k) + to()).
Notice that v € A(xg, ) and satisfies y([0,1]) C B(z,r). Moreover c(t) = ¢ (y(t)) =
(1 =t)p(xg) + tod(z) € Q— for t € [0,1]. Then, one has:
1
) < [ o)

1
< HgHLOO(B(a:,r))/O 71,

1
= lglz=(5em) /0 Jac(é) (),

< gl e (B 1dac(@™ ) | Lo B0,y |S(@k) — B(2)]
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and therefore, since ¢ is Lipschitz,
da(xk,l’) < C|xk - .CE", (B83)

where C'is a constant independent of £k > N. This shows that d,(x, z) is bounded. The
same reasoning shows that dg(y, yx) is bounded. This yields a contradiction, considering

the inequality (B.82)) and (B.81])).

To show (B.80|), one proceeds in the same way. Assume that there exists a sequence
(zk, yx) € Q x Q such that

da(zh yr) = ke — Y| - (B.84)
Up to the extraction of a subsequence, it can be assumed that limy, o (2, yx) = (7,y) €
Q x Q. If x # y, then, for k sufficiently large
da(xk, yk) <9 Sup(Ly)eﬁ da(.%', y)
ok — Yk |z =y

which contradicts (B.84)). If x = y € Q, then, for all k£ sufficiently large, the curve
v(t) = txg + (1 — t)yg is with values in © and therefore for all k sufficiently large

< 00

da (ks Yr) < 191l poo iy lyre — il

This again leads to a contradiction when k — oo. Finally, if x = y € 0f2, using the
same reasoning as above to prove (B.83), one has the existence of a constant C' such
that for all k sufficiently large,

da(@k, yr) < Clzk — yil,
which again contradicts (B.84)). This concludes the proof of Lemma [B.30] 1

A consequence of the previous lemma is the following proposition.

Proposition B.31. Assume that [H1] holds. The space (ﬁ, da) 18 a compact separated
metric space. Moreover the topology of the metric space (Q,da) is equivalent to the
topology induced by the Euclidean metric on €.

Proof. Tt is clear that d, > 0, and for all (z,y,z2) € ﬁg, dog (z,y) < dg (z,2) + do (2,y).
Let us show that for any (z,y) € 52, if © # y then d, (z,y) > 0. Let us denote by d,
the geodesic distance on Q for the Euclidean metric: for all x,y € €,

1
de (z,y) := i{ylf/o 1 (t)] dt, (B.85)

where the infimum is taken over all the paths v : [0,1] — Q which are Lipchitz with
7(0) =z and (1) = y. Since [H1] holds, the functions f and f|gq have a finite number
of critical points, and, there exist 0 < 71 < o < de(x,y) such that the infimum of g on
the set C'(rq1,1r2) := {z €Q, 1 <de(x,2) < 7'2} is positive i.e. ¢(ry,r2) := info r) 9 >
0. For any path v € A (x,y), one has

1
/0 Y (O] g (1)) dt > e(rr, ra)r(Clr1,r2)),
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where 7(C(r1,72)) = infocc(r r) SUPyec(ry rs) de(T,y) > 0. Then dq (z,y) > 0. If
x =y, it is clear that d, (z,y) = 0 since L (v, (0,1)) = 0 where (t) = = for all ¢ € [0, 1].
This shows that (ﬁ, da) is separated.

The fact that (ﬁ, da) is compact comes from the inequality proved in Lemma
Indeed, since (ﬁ, da) is a metric space, it is sufficient to prove the sequential compact-
ness. Let (z,)n>0 be a sequence in 2. Since 2 is compact for the Euclidean metric, one
can extract a converging subsequence (z,),>0 for the Euclidean metric. From ,
this subsequence is also converging for d,, which ends the proof.

Let us finally prove the equivalence of the topologies on . From Lemma it is
obvious that if a sequence (x,),>¢ converges to z in Q for the Euclidean metric, then
do(2n, z) converges to 0. Conversely, let us assume that (z,)n,>0 is a sequence of Q such
that d,(x,, ) converges to 0, for a point x € Q. Since Q is compact for the Euclidean
metric, it is enough to show that x is the only limit point of the sequence to show that
(xn)n>0 converges to z for the Euclidean metric. From Lemma any limit point y
for the Euclidean metric is also an limit point for the Agmon distance, and thus, since
(ﬁ, da) is a separated space, y = z. This concludes the proof. ]

Notice that from the proof, it is obvious that the topology is separated as soon as

f and f|sq have a finite number of critical points, which is a weaker assumption than
[H1].
Finally, the following lemma will be useful in the following.

Lemma B.32. Assume that [H3] holds. Let I C R be an interval and v : I — Q a Lip-
schitz curve such that 0{t € I, ~(t) € 9} is finite and such that x :=lim,_, ; ¢+ 7(t)
and y :=lim; o n- ~(t) exist. Then one has

do (z,y) < L(v,1).

Proof. Let (a,b) € I? with a < b and define for u € [0,1], va(u) = v(a + u(b — a)).
Then vq € A(y(a),7(b)). By definition of the Agmon distance (see Definition [B.3)),
da(a,b) < L (yap,(0,1)) = L (7, (a,b)). Taking the limits a — (inf )™, b — (supI)~
and using the continuity of the Agmon distance, one obtains that d, (z,y) < L (v, I).
Lemma is proved. 1

As a simple consequence of this lemma, we have the following simple remark.

Remark B.6. Let x* be a local minimum of f (from [H3], z* € Q). Then, for all x
in the basin of attraction of =* for the dynamics

r_ { _vf(f)/) in Q (B.86)
—Vrf(y) on 00
it holds x € Q) and
do(z*,2) = f(x) — f(27). (B.87)

Indeed, from (B.79)), we already have do(z*,x) > f(z) — f(z*). To prove the reverse
inequality, from Lemma it is enough to exhibit a Lipschitz curve v : I — 0 such
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that 9{t € I, ~(t) € 00} is finite, L(v,I) = f(x) — f(z") and lim,_, ;¢ 1+ 7(t) = 2™ and
lim, , o, - Y(t) = . Such a curve is given on the interval I = [0,00) by considering
the solution to (B.86) with initial condition v(0) = z. Notice that if Ity such that
v(to) € O, then Vt > to, y(t) € ON. Thus, since lim;_, 1o y(t) = x* € Q, one has: for
allt > 0,7(t) € Q. Therefore,

* _ [ dt = +oov "(t)dt = +Oov 2d
fa) = 1@ = [ Gfeawde= [T vra@)y0d = [ [wram)P
+0o0 +oo
— [ Ivra@I b ol d=- [ g6 ) d
0 0
=~ lim_ (. (0.).
This concludes the proof of .
Notice that for ¢ > 0 small enough, the set f~1([f(z*), f(z*) +¢)) N B(a*,e) C

Q s a neighborhood of x* which is included in the basin of attraction of x* for the

dynamics (B.86|). Therefore (B.87) holds in a neighborhood of x*.

B.3.2.2 A lower bound on the Agmon distance

In this section, easily computable lower bounds on the Agmon distance are provided.
This is in particular useful to check if the hypothesis (B.20]) appearing in Theorem |B.1
is satisfied, see for example Section

Proposition B.33. Let z € Q and denote by W and W' two closed neighborhoods of z
in Q with W C W'. Define

a:=inf{d. (z,y), 2 € Q\ W', y € W}, (B.88)

where de denotes the geodesic distance for the Euclidean metric, see (B.85). Assume
that o > 0 and that there exists K > 0 such that

inf  g(z) > —
2€WNW o

)

where g has been introduced in Definition . Then, for all set B C Q such that
Bnw’'=19,

inf d(z,y) > K,

inf da(z,y)
where dg, is the Agmon distance (see Definition .

Proof. By assumption, there exists € > 0 such that

K
inf g(z) > —+e.
€EW\W e

Let y € B and v € Lip(z,y). Let us define
to = inf{t € [0,1], v(t) ¢ W'}, t1 =sup{t € [0,1], t < ta, y(t) € W}.
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Since 7 is continuous and « > 0, it holds 0 < ¢; < t2 < 1 and one has y(t) € W/\ W
for all t € [t1,t2], v(t1) € W = W and ~v(t2) € Q\ W’'. Then, one has:

1 to
/ 9 (1) Y (1)) dt > / g (v() [¥ ()] dt
0

t1

> (£+) [Tl

K
> (—H:)azK—l—Ea.
(6%

Since e« is independent of y € B and since e« is also independent of the curve «, one
can take the infimum over v and y € B. Thus infycp dq(z,y) > K. 1

We now give a simple sufficient condition for the hypotheses (B.20) to hold, in the
case where f|sq has only two local minima. This result is based on Proposition m
that will be proven in Section below and which shows that

da(21,22) > f(22) — f(21).

In particular, the condition stated in the following proposition has been used in Sec-

tion |[B.1.6.2fin order to check hypothesis (B.20]).

Proposition B.34. Assume that [H1] and [H3] hold and assume in addition that f|aq
has only two local minima z1 and zo (with f(z1) < f(22)) on 0. Then, if z is the only

global minimum of floq on BS , one has

inf dq(z1,2) > f(z2) — f(21).

ZeBgl

Proof. Proposition and the continuity of the Agmon distance ensure that there
exist an open ball By C Bf, centered at 23, and € > 0 such that for all z € B

do(z1,2) > f(22) — f(z1) +&.

Since 27 is the only global minimum of f|sn on BE , there exists ¢’ > 0, such that for

all z € BS, \ Ba, f(2) > f(z2) + €. In addition, from the inequality (B.79), for all
z € Bg, \ Bo, it holds

da(z1,2) > f(2) = f(21) = f(22) — f(21) +€".

Consequently inf.cpe do(21,2) > f(22) — f(21). 1

B.3.3 Agmon distance near critical points of f or f|sn and eikonal
equation

We will show that the Agmon distance d, locally solves the eikonal equation in a neigh-
borhood of any critical point of f|aq or f (or equivalently, any point = such that g(x) = 0,
see (B.17).
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B.3.3.1 The Agmon distance near critical points of f

Proposition B.35. Let us assume that [H1] holds. Let z* € Q be such that V f(z*) =
0. Let us denote by (u1, . .., pq) € (R*)? the eigenvalues of the Hessian of f at x*. Then
there exist a neighborhood V* of x* in Q and a C* function ® : V* — R such that

Vo[ = Wf|2

B.89
O(z1,...,24 Z’M’ +O(| — ). ( )

Moreover, one has the following uniqueness result: if d is a C* real valued function
defined on a neighborhood V* of x* satisfying (B.89] -, then ® = ® on V*NV*.

Let us notice that ®(2*) = 0. In addition, up to choosing a smaller neighborhood
V* of z*, one can assume that ® is positive on V*\ {z*}. The point z* is then a non
degenerate minimum of .

Proof. The proof is made in [31, Proposition 2.3.6] in the more general setting where
|V f|? is replaced in by a smooth positive function W around a non degenerate
minimum y* of W such that W (y*) = 0. Here W = |V f|? and y* = x*. This leads to
VW = 2Hessf (V) and thus HessW (z*) = 2 (Hessf)? (z*) is a non degenerate matrix.
Therefore z* is indeed a non degenerate minimum of W = |V f|2. 1

Proposition B.36. Let us assume that [H1] and [H3] hold. Let z* € Q be such that
Vf(z*) = 0. Then there exists a neighborhood U* of x* in Q such that for all x € U*

do(x*,x) = O(x), (B.90)
where ® is the smooth solution of and dg is the Agmon distance.

Proof. Notice that hypothesis [H3] allows us to use Corollary Let @ be a smooth
solution of on a neighborhood V* of z*, as defined in Proposition and such
that @ is positive on V* \ {z*}. There exists € > 0 such that U* := ®~1([0,¢)) C V* is
a neighborhood of z* (consider for example € = inf {®(z),x € V*\ B(z*,r)} > 0 where
r > 0 is such that B(z*,2r) C V*).

Let us first prove that for z € U*, ®(x) < dy(x,z*). For x € U*, one has ®(z) < ¢
and thus ®~1([0,®(x))) C U*. Let 7 belong to A(x* ). Let us define the time
to :=inf {t € [0,1], (t) ¢ 271([0,®(z)))}. By continuity of the curve v, one has ty > 0,
®(y(tg)) = ®(x) and for all t € [0,t9), v(t) € ®~1([0, ®(x))) C U*. Thus, since the curve
« is Lipschitz and since for all ¢ € [0,%o), y(t) € €, one has

wa) = [ j;ﬁ( Noyde= [ ve0) - 0 d
s/o V()] |y (1) dt

1
< / V)] ]2 (1)) dt < / g (v() [y (®)] dt = L (3, (0,1)).
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Taking the infimum on the right-hand side over 7 € A (z*, x), one gets ®(x) < d, (z*
for all x € U*. Let us now prove the reverse inequality: for x € U*, ®(x) > d,(=x,
For x € U*, let us define a curve v : Ry — U* by

\_/

Vt =0, 9/(t) = =V (v(t)) and 7(0) =

Since the function ¢ — ® (v(¢)) is decreasing, the curve v always belongs to U* and is
defined on R. Moreover v is C* and satisfies

tlg-noo V(t) T

Since v is with values in U* C €2, one has

e = [ %@ ontydi= [ Veb) YW= [ VeGP

+00 +00
—— [ Vet @l di=- [ gG0) o] d=— tm L6, 0.0)
0 0 —+too
Thanks to Lemma [B.32]

da (x,x*) < L(v, (0, —i—OO)) = (I)(x)

Therefore ®(z) = d, (z*,x) for all x € U*. 1

Remark B.7. Let us mention a simple consequence of the previous proof that will be
useful in the following. If z* € Q is such that V f(x*) = 0, there exists a neighborhood
U* of x* in Q such that for all x € U*, there exists a C*° curve v : Ry — Q such that

+oo
duaa) = [V () 1 0] at
with v(0) = = and lim;_, 4 o0 Y(t) = ™. The curve v is defined by

V() =-Ve((t), ~(0)=uz,

where ® solves (B.8Y). In addition {t € [0,00), v(t) € 90} is empty.

B.3.3.2 The Agmon distance near critical points of f|yq

Let us first define the Agmon distance in the boundary 0f2.

Definition B.7. The Agmon distance between x € 9 and y € 9 in the boundary X2
1s defined by

& (2, ) = int / Vet () | (1) dt, (B.91)

where the infimum is taken over all the paths v : [0,1] — 02 which are Lipschitz with
7(0) = and (1) = y.

Similarly to Remark [B.6] one has:
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Remark B.8. If 2* is a local minimum of flaq, one has d2*(z*,x) = f(x) — f(z*) for
all x € 0) which is in the basin of attraction of x™ in O for the gradient dynamics

v ==Vrf(v).

The next proposition is the equivalent of Proposition for that Agmon distance
in 0. Since 02 is a smooth manifold without boundary, the next result is a direct
consequence of well known results from [30], [19] and [22].

Proposition B.37. Let us assume that [H1] holds. Let x* € 02 be such that V f(x*) =
0. Then there exists a neighborhood U* of x* in O such that y — d2*(z*,y) is smooth
on U* and Vx € U*,

‘Vngﬂ(:c*,x)r — Vo f(@) (B.92)

Proof. The boundary 95 is a C*° compact manifold and z* is a non degenerate mini-
mum of |V f|2. The proof is made in [31, Proposition 2.3.6] in the more general setting

where |V7£|? is replaced in (B.92) and in (B.91)) by a smooth non negative function W
around a non degenerate minimum y* of W such that W (y*) = 0. Here W = |V f|? and

y* = x*. This leads to VW = 2 Hess (f|aq) (V7 [f) and therefore x* is a critical point of
W = |V f|? (which turns out to be a minimum). In addition, since Vo f(z*) = 0, one
gets that HessW (z*) = 2 (Hess (f|sa))? (z*) which is a non degenerate matrix. 1

Proposition B.38. Let us assume that [H1] and [H3] hold. Let z* € 0Q be such
that Vo f(z*) = 0. Then there exist a neighborhood V* of x* in Q and a C* function
P :V* - R such that

IVO|* = |Vf|* in QN V¥,
® = d%(z*,.) on INNV*, (B.93)
Op® <0 on OQNV*™.
Moreover, one has the following uniqueness results: if d is_a C™ real valued function
defined on a neighborhood V* of x* satisfying , then ® = ® on V*NV*.

Finally, up to choosing a smaller neighborhood V* of x*, one can assume that ® is
positive on V* \ {x*}, so that z* is a non degenerate minimum of ® on V*.

Proof. From Proposition m the function z € 99 ~ d%(x*, x) is smooth near z*.
Then, the result stated can be proven using the method of characteristics, see [19, The-
orem 1.5] or [22, Section 3.2]. Let us mention that the proof crucially relies on the
assumption 0, f(x*) > 0. The fact that one can reduce V* such that ® is positive on
V*\ {z*} is a consequence of 9,,® < 0 on 92 N V* together with the fact that x* is the
only minimum of d%?(z*,.) (which is positive on 9Q \ {z*}). |

Let us state a simple corollary of Proposition and Remark

Corollary B.39. Let us assume that [H1] and [H3] hold. Let z* € 9 be a local
minimum of flaq. Then there exist a neighborhood V* of * in Q and a C*° function
®:V* = R such that

VO|2 = |Vf|? in QN V™,
O =f—f(z¥) on ANV, (B.94)
Op® <0 on OQNV™,
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Moreover, one has the following uniqueness results: if o is_a C™ real valued function
defined on a neighborhood V* of x* satisfying -, then ® = ® on V*NV*.

Finally, up to choosing a smaller neighborhood V* of x*, one can assume that ® is
positive on V*\ {z*}, and that ® — f > —f(z*) in V* N (0N)°. As a consequence,

{z e V*, ®(z) = f(x) — f(z")} C 0. (B.95)

Proof. All the statements but are direct consequences of Proposition and
the fact that d2?(2*,2) = f(z) — f(2*), thanks to Remark Now, notice that on
UNV* & — f=—f(z*) and 9,(® — f) < 0 so that, up to choosing a smaller neigh-
borhood V* of z*, one can assume that ® — f > —f(z*) in V* N (92)°. This concludes

the proof of (B.95)). 1

We are now in position to state the main result of this section.

Proposition B.40. Let us assume that [H1] and [H3] hold. Let z* € 9 be such that
Vrf(x*) =0. Then there exists a neighborhood U* of x* in Q such that for all x € U*

da (1’,1'*) = (I)(l‘),
where ® solves and d, is the Agmon distance.

Proof. Notice that hypothesis [H3] allows us to use Corollary The proof is similar
to the one of Proposition Let z* € 0Q be such that Vf(z*) = 0. Let ® be the
smooth solution of on a neighborhood V* of z* and such that & is positive on
V*\ {z*}, as defined in Proposition One chooses € > 0 sufficiently small such
that U* := ®~1([0,¢)) C V* is a neighborhood of z* in Q.

Step 1. Let us first prove that for all x € U*, ®(z) < d,(z*,x). For x € U*, one has
®(r) < e and thus ([0, ®(z))) C U*. Let v belong to A (z*,x). Let us define the
time to := inf {¢ € [0,1], y(t) ¢ ®~1([0,®(z)))}. By continuity of the curve v, one has
to > 0, ®(y(to)) = ®(x) and for all t € [0,t), v(t) € ®~1([0,®(x))) C U*. Thus, using
Lemma one obtains

O(x) = /0 ' %@ on(t)dt = ; ' Vo(y(t)) -~ (t)dt

/ Vad(1(t)) -/ (t) dit + / Va(y(1)) /(1) dt.
int{t€(0,t0), v(t)€ON} {te(0,t0), v(t)eQ}

On the one hand,

Vre(y(t) - v'( VrdgH(a*,y(1) -/ (1) dt

/int{tE(O,to), ~(t)eor} /Int{te (0,t0), v(t)€oQ2}

IN

/ [V2d2® (@, A(0)| |7/ (1)] dt
int{t€(0,t0), v(t)€0N}

/ Vrf ()] | (0] dt,
int{t€(0,t0), v(t)€ON}
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where one used the relations (B.93) and (B.92)). On the other hand, using (B.93]), one
obtains

/ veQ o) (0dt < [ V(v (E)] [+ (1)) dt
{te(0,t0), v(t)eN} int{t€(0,t0), v(t)eN}
S/ IV f(y Hv ‘ dt.
int{t€(0,t0), v(t)eQ}

Thus one gets

@(x)g/ IV f(v()] |7 (¢ \dt+/ IV (v Y (t)] dt
int{te(0,to), v(t)€0N} {t€(0,¢0), v(t)eQ}
to 1
:/O g(v(t))h’(t)\dts/o g(y(®) |Y' ()] dt = L(7,(0,1))

Taking the infimum on the right-hand side over v € A (z*, x), one gets ®(x) < d, (z*, ),
forall z e U*.

Step 2. Let us now prove the reverse inequality: Va € U*, d,(x,2*) < ®(x) Let us define
the following vector field on U*

—V® in QNU*,
X = » (B.96)
—V7® on 9QNU”.
For x € U*, let us define the curve v by
Vt >0, (t) = X (y(t)) and ~(0) = . (B.97)

Since the function ¢ — ® (y(¢)) is decreasing, the curve v always belongs to U* and
is defined on R,. If there exists a time ¢y such that v(tg) € 99, then, for all ¢ > ¢,
~(t) € 99. The function 7 is piecewise C'*°, continuous and satisfies

A0 =

Let us define tyq = inf {t € [0, +00), v(t) € 092} € [0, 00]. One has

+oo
—d(x) = /0 %@ o y(t)dt

[ Vet AW d+ [ Vree) A0 d

0 toq

_ </Otm [V (y (1) Pdt + /m |VT®(7(t))|2dt>

toq

to 400
:-(/ VeQO) O] di+ [ IVream) \dt>
0 toq

+00
—— [ gt @] de= - tin_ L0y 0.0)
0

Thanks to Lemma
dq (J}, iL‘*) < L(77 (07 +OO)> - q)(w)
In conclusion, ®(z) = d, (z*,x) for all z € U*. 1
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Remark B.9. Let us mention a simple consequence of the previous proof that will be
useful in the following. If x* € O is such that V f(z*) = 0, there exists a neighborhood
U* of x* such that for all x € U*, there exists a piecewise C* and continuous curve
v : Ry — Q such that

i) = [ ) Y] d,

with v(0) = x and limy_, 1o (t) = z*. In addition {t € [0,00), ~(t) € N} either
consists of one point or is empty.

B.3.4 Curves realizing the Agmon distance

In this section, it is proven that for any two points = €  and y € €, their exists a
finite number of curves (7;)i=1,.. v such that the sum of their lengths equals the Agmon
distance d, (x,y). The precise statement is given in the following theorem.

Theorem B.3. Assume that [H1] and [H3] hold. Let x,y € Q. Then there erists a
finite number of Lipschitz curves (7;)j=1,..N which are defined on possibly unbounded

intervals I; C R, with values in Q, such that for all j € {1,...,N}, the sets 0{t €
I, ~v;(t) € 0Q} are finite and

N

da (LL',y) = ZL('yjalj) .

Jj=1

Additionally, by construction, the intervals (I);cq1,.. Ny are either [0+ 00), (—o0,0] or
[0,1]. Moreover, if I; = [0,+00) or I; = (—o0,0], then ~; is continuous and piecewise
C>. If I; = [0,1], then ~; € A(vj(0),v;(1)). Finally the curves ((y1,11),--.,(yn,IN))
are ordered such that

lim t) ==, lim t) =y,
t—(inf I7)* 71( ) t—(supIn)~ FYN( ) Y

and for all k € {1,...,N — 1},

im () = lim (D).
t—(sup I)~ t—(inf I )"

This section is entirely dedicated to the proof of Theorem In the following, one
denotes by

{x17"'7xm} - {.T eﬁ? g(‘r) = 0}7
where g is defined by (B.17) (there is a finite number of zeros of g thanks to [H1]).

B.3.4.1 Preliminary results

Let us first consider the simple case when the curve realizing the Agmon distance does
not meet zeros of g.
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Lemma B.41. Assume that [H1] and [H3] hold. Let (z,y) € Q x Q. Let (Yn)n>0 €
A (z, )N be a minimizing sequence of curves for dy (,y): limy_ee L(Yn, (0,1)) = dq (z,y).
In addition, assume that for each k € {1,...,m}, there exists a neighborhood Vi, of x
in Q, such that:

Vn e N, Vk € {1,...,m}, Ran(y,) N Vi = 0.

Then, there exists v € A(x,y) such that
L(v,(0,1)) =dgy (z,y) .
Proof. Let M be such that for all n, L(yy, (0,1)) < M and let us define

c:=_inf g > 0.
O\ (V1U...UVin,)

One defines for ¢t € [0,1], ¢,(t) = % The map ¢, is strictly increasing

and continuous from [0, 1] to [0,1]. Therefore it admits an inverse. Setting ¥, (u) :=
Yo © ¢y, ' (), one gets L(yn, (0,1)) = L(7n, (0,1)) and

[ (8)]

Tl e = 0 @) @+ 1

(L (m, (0,1)) +1)

(1)
S W (L (9, (0,1)) +1)
<= (L, (0,1) +1)
Y

Thus, up to replacing v, by 7, one may assume that the Lipchitz constants of ~, are
bounded uniformly in n. In addition since for all ¢t € [0,1], v,(t) € Q, the sequence
(Yn)n>0 is relatively compact in C°([0,1],€). Thus, up to the extraction of a subse-
quence, there exists a Lipschitz curve 7 such that lim,_,. 7, = v uniformly on [0, 1].
Moreover since (V,)n>0 is bounded in H'([0,1],Q), up to the extraction of a subse-
quence, (V,)n>0 converges weakly to v in H1([0,1],9Q). It is not difficult to see that for
all t € [0,1],

liminf g (v, (t)) > g (v(t)) .

n—oo

Indeed, for ¢ € [0, 1], there are two cases:

o if v(t) € , then for n large enough, all the points v,(t) are in ©Q and thus
liminfy, o0 g (Y0 (t)) = limn 00 g (Y (1)) = [VF (4() [ = g (+(2)),

o if v(t) € 0. Since N = {n, y,(t) € 02}U{n, v,(t) € 2}, one obtains that the set
of limit points of (7,,(t))n>0 is included in {|V f (v(¢)) |, |V f (7(t)) |}. Therefore,
from [H3], one has: liminf,, o g (7 (t)) > [V f (7(2)) | = g (7(2)).
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Then, one obtains
1 1
da ) = i [ g(u(®)i(0lde > timinf limint [ g (eI} (0
l—o00 0 n—oo  p—0oo 0

1
> lim inf / Tim inf g(~, (6)) 7, (6)]dt
0 o

n—00 p—

1
> lim inf/O g (y()) |, ()| dt

1
> /0 g (4(8)) |7/ (1) dt.

In the previous computation, one used Fatou Lemma and the lower semi continuity (for
the weak convergence) of the convex functional

he HY(0,1], / () [1(1)| dt.

Since [H3] holds, using Proposition there exits a curve v, € A(z,y) such that
L (7? (07 1)) > L(’Ylv (Oa 1)) and thus dq ($7y) = L(717 (07 1)) 1

Let us now introduce a sufficient condition so that a minimizing sequence of curves
realizing the Agmon distance avoids a neighborhood of a zero of g. For x € €1, one
introduces the following sets:

Ve e {1,...,m}, Ag(z) :== {2 € Q, da(z,2) = da(z, 21) + da(zk, 2) } - (B.98)
One notices that z € Ag(z) if and only if z € Ag(z).

Proposition B.42. Assume that [H1] and [H3] hold. Let (z,y) € Q° and assume that
there exists k € {1,...,m} such that y ¢ Ag(x). If (Yn)n>0 € A (2, )N is a minimizing
sequence of curves for d, (z,y), then there exists a neighborhood Vi of xy, in Q and
ng € N, such that for all n > ng,

Ran(y,) NVg = 0.

Proof. If y ¢ Ag(z), fora k € {1,...,m}, then d,(z,y) < do(z, k) + do(zk, y) and thus
y # xp and = # xk. Let us define

e :=dg(z,x) + do(zk,y) — do(z,y) > 0,

and V}, := B, (:zk,min (%, d“(“gk’y)>) where

Vz € Q,Vr >0, Ba(z,7) :i={u€Q, do(z,u) <r}. (B.99)

Notice that y ¢ Vi. We now prove Proposition by contradiction. We assume that,
up to the extraction of a subsequence, for all n € N,

Ran(’Yn) N Vk 7é ®7
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and we define
tg = inf{t € [07 1]a ’Yn(t) € Vk}? 25711 = Sup{t S [07 1]7 ’Yn(t) € Vk}

We have for all n € N, owing to the triangular inequality,

L (0,68)) 2 da(w,21) = 5, Ly, (15,1)) 2 da(nyy) - 5.
Thus for all n € N,
L(n(0,1)) = L(m, (0,15)) + L(va, (17, 1))
> da(w,a0) + oo, y) = 5 = dalw,y) + 5
This contradicts the fact that lim, oo L(Vn, (0,1)) = dqo(x,y). 1

A direct corollary of Proposition and Lemma is the following result:

Corollary B.43. Assume that [H1] and [H3] hold. Let y € Q and assume that
y ¢ Aj(x) for all j € {1,...,m}. Then there exists a curve v € A(x,y) such that

do (z,y) = L(7,(0,1)).

Notice that y ¢ A;(x) for all j € {1,...,m} implies in particular that z and y
are not zeros of g. This corollary will be used below to build the curves +; associated
with intervals I; = [0,1] in Theorem The curves v; associated with intervals
I; =[0,+00) or I; = (—o0,0] with be built using the following lemma, which is a direct
consequence of Remarks [B.7] and

Lemma B.44. Assume that [H1] and [H3] hold. Let k € {1,...,m}. There exists
a neighborhood Vi, of x, in Q, such that for all y € V3, there exists a continuous and
piecewise C* curve v defined on (—o0,0] satisfying

dalw,22) = L (7. (=00,0)), lim_5(t) = . 7(0) = 1.
In addition 0{t € (—o0,0], y(t) € 0N} is either empty or a single point.

Before proving Theorem we finally need two additional preliminary lemmas.

Lemma B.45. Assume that [H1] and [H3] hold. Letu € Q and w € Q. For any § > 0
small enough, there erists zs such that dg(u, zs) = 0 and dg(w,u) = dg(w, zs) +da(zs, u).

Proof. Notice that dg(u,z5) = ¢ is equivalent to z5 € 0By (u,d), where B, is defined
by (B.99). We prove Lemma by contradiction. Assume that there exists § €

(0, M) such that for all z € 9B, (u,d),
do (w,u) < dg (w,2) +dg (z,u).
By compactness of 0B, (u,d), there exists as > 0 such that for all z € 9B, (u,d),

da(w, 1) + a5 < dy (w,2) + do (2,1) .
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Thus if v € A(u,w), since there exists a time tg such that v(t5) € 9B, (u,d), one has

L(’% (0’1)) L(fy? (0,’7(1}5))) +L(’7a (7(%)71))
> dg (uv ’Y(té)) + dq (V(té)’ w)
> dg

(u,w) + as.

This is impossible since by definition d, (u,w) = inf,c aquw) L (7, (0,1)). 1

Lemma B.46. Assume that [H1] holds. Let (x,y) € QO with « # y. Let us assume
that there exists j € {1,...,m} such that y € Aj(z). Then, there exist N € N and

—N+2 N
a sequence (bj)jcqo,...N+1} € 2 7, bo =z, bnt1 =y, (bj)jeqr,...ny € {T15- -, T}

(with the convention {x1,...,x;,}° = 0) such that the following holds:
1. For allie€{0,...,N}, b; # b1 and

N

da (2,y) =Y da(bi,bit1). (B.100)
=0

2. Foralli€{0,...,N} and for all z € {z,y,x1,...,2m} \ {bi, bi+1},

da(bi, biv1) < dq(bi, 2) + da(2, bit1).

Proof. Since x # y, the following set

—N+2
E:={(N,b), N € N, b= (bj)jeqo,..n+1} € T2 by =, by = v,
Vi€ {0,...,N}, b # bit1, (b)jeqr,.ny € {z1,- .-, 2w}, (B-100) holds},

is not empty since by assumption it contains (0, {z,y}). For (N,b) € E, one defines the
cardinal of (IV,b) by the number of different critical points b contains. The cardinal of
an element of E belongs to {0,...,m}.

Let us now consider an element (N,b) € E which is maximal for the cardinal. By
construction, this element satisfies point 1 in Lemma Let us now show that it
also satisfies point 2 in Lemma Notice that {bg,...,bn+1} C {z,y,21,...,Tm}-
Let i € {0,...,N} and z € {z,y,x1,...,xm} \ {bisbit1}. If z € {x,y,21,...,2m} \
{bo,...,bn+1}, the equality dq(b;,bit1) = do(bi,2z) + do(2,bi+1) cannot hold since b
has been chosen maximal in F for the cardinal. Thus, by the triangular inequality
da(bi, bi+1) < da(bi, Z) + da(Z, bi+1)- If z € {bo, e 7bN+1} \ {bi, bi+1}, let us prove that
dg(biybit1) < dg(bs, 2) +dy(2,bi+1) by contradiction. By the triangular inequality, if the
previous inequality does not hold, one has dg(b;, biy1) = da(bi, 2) + da(z, bi1) for some
z € {bo,...,bn1+1}\{bi,bit1}. Let us denote by jo € {0,...,i—1,i+2,..., N + 1} the
index such that z = b;;. One has dq(bi, bit1) = da(bs, bj,) + da(bjy, bit1). Let us assume
without loss of generality that jo < i (the case jo > i + 1 is treated similarly). In this
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case, one has, using the triangular inequality:

M-

da(xay) = da(bjabj-i-l)
7=0
i—1 N
= da(bj, bj1) + dalbi, bjy) + dabjo, bis1) + Y da(by, bjs1)
=0 j=it1
Jo—1 N i—1
=Y da(bj, bj1) + da(bjo, bis1) + > dal(bj,bir) + > dalbj, i) + da(bi, by)
=0 =i+l =o
i—1
> da(l‘,y) + Z da(bja bj+1) + da(bia bjo)'
J=Jjo

Thus, Z;;EO da(bj, bjt1) + da(bs,bj,) = 0 and bj, = b; which is in contradiction with
z & {bi,bi11}. Therefore d, (bi,bi+1) < dg (bi,bj) + dg (bjy, bi+1). This concludes the

proof of Lemma |

B.3.4.2 Proof of Theorem [B.3

Let us now prove Theorem Recall that by assumption, the hypotheses [H1] and
[H3] hold.

Proof. Let x,y € Q. If z = y, then Theorem is proved by taking the constant curve
v(t) = x for all t € [0,1]. Let us deal with the case x # y. If for all k € {1,...,m}

y ¢ Ai(x), Theorem is a consequence of Corollary
Let us now assume that there exists k € {1,...,m} such that y € Ai(z). From

Lemma [B.46} there exist N € N and a sequence (b;);eqo,...n+1} C 0" such that by =

z, by+1 = ¥, (bj)je{l,...7N} C {:rl,...,xm}N (with the convention {xl,...,xm}o = 0)
and for all k € {0,..., N}, by # br11 and

N

da (2,y) = da (br; bry1) - (B.101)
k=0

Let us deal with the case N > 2, the cases N = 0 and N =1 are treated similarly. Let
ke {l,...,N — 1} and let us consider the term dg (by, bx+1) in (the first term
dg (x,b1) and the last term d, (by, y) in the sum are treated in a similar way). One can
label the points {x1,..., 2z} such that by = z1 and by = x2. Point 2 in Lemma m
implies that xo ¢ Aj(x1) for all j € {3,...,m}. From Lemma for any § > 0
there exists z; € 0B, (x1,0) such that d, (z1,22) = dg (21, 21) + dg (21, 22) (where B, is
defined by (B.99)). By taking ¢ small enough, this implies that z; ¢ A;(z2) and 21 ¢
{z1,...,xmn}. Likewise, from Lemma for any 0 > 0 there exists zo € 0Bgy(x2,9)
such that dg (21, x2) = dq (21, 22) +dg (22, 2) and by taking ¢ small enough, this implies
that z9 ¢ As(z1) and 29 ¢ {x1,..., 2, }. Therefore one gets

da (b, bt1) = do (21, 22) = dg (21, 21) + do (21, 22) + dg (22, 22) .
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Taking ¢ small enough and using Lemma [B.44] there exists a continuous and piecewise
C* curve v defined on (—o0, 0] such that d, (x1,21) = L (71, (—00,0]), limy— oo 71 (t) =
z1, 11(0) = 2z1, and O{t € (—00,0], 71(t) € 0N} is either empty or a single point.
Similarly, there exists a continuous and piecewise C*° curve 2 defined on [0, +400)
such that dg (22,22) = L(72,[0,400)), 12(0) = 22, limy1oc72(t) = 2 and O{t €
[0,4+00), Y2(t) € O} is either empty or a single point. Let us show by contradiction
that zo ¢ Aj(z1) for all j € {3,...,m}. On the one hand, if 25 € A;(2) for some
j€{3,...,m}, one has
do (71, 72) = dg (71, 21) + do (21, 75) + da (75, 22) + do (22, 72) .

On the other hand, z1 ¢ A;(x2), and thus

da (71, 72) < dg (T1,75) + do (75, 72) < do (21, 21) + da (21, 7)) + da (75, 22) + da (22, T2) -

This leads to a contradiction. Therefore zo ¢ A;(z;) for all j € {3,...,m}. One also
has by a similar reasoning that zo ¢ Aj(z1). Indeed, If 2z € A1(z1), then one has on the
one hand

do (21,2) = dq (21, 22) + da (22, 2) = dy (21, 21) + dg (21, 22) + dg (22, 22) .
On the other hand, since z; ¢ Aj(z2), one has
do (21,22) < dg (21,21) + do (21, 22) < dg (21,21) + dg (1, 22) + dg (22, 22) .

This leads to a contradiction. In conclusion 2o ¢ A;(21) for all j € {1,...,m}. There-
fore, from Corollary there exists a curve v € A(z1,22) such that d, (21,22) =
L (v,(0,1)). In conclusion, we have built three curves =, v; and 72 such that

dq(bg, bgy1) = L(y1, (—00,0]) + L(7y, (0,1)) + L(y2, [0, +00)).

A similar reasoning for all the terms in the sum in (B.101]) concludes the proof of
Theorem |

A consequence of Theorem is the following.
Lemma B.47. Let us assume that [H1] and [H3] hold. Let (x,y) € Q. Let us denote
by (v, 1), ..., (v, IN)) the curves given by Theorem [B.3 ordered such that

li t) ==z, li t) =y,
i on@®) =, lim () =y

and which realize the Ag@n distancektween x and y. Let kv < ko with (ki,ks) €
{1,...,N}2 and let t1 € Iy, and ty € Iy,. If k1 = ko, t1 and to are chosen such that
t1 <to. Then one has

ko—1

L (/Yk ) (tlasuplk )) + L (Vka-[k) + L (’yk 7(1ank 7t2)) if kl < kz,
dq (Vkl (tl),’7k2 (t2)) = ' ' k:%:—i-l i ’

L (/Ykla (tla t2)) if kl - k??

where by convention, if ko = k1 + 1, Z],ff:_ki“ L(vg, I) = 0. In addition the following
equality holds

dq (x7 y) =d, (1"7161 (tl)) + dq (’Wﬁ (tl)a > (tQ)) +d, (7]62 <t2)7 y) :
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Proof. Let us make the proof for k1 < ko (the case k1 = ko is treated in a similar way).
One has using the triangular inequality for the Agmon distance and Lemma

ko—1

da (’7/61 (t1)77k2(t2)) <L (’71617 (tla sup Ik’l)) + Z L (’ka Ik’) + L (’7162’ (inflk27t2)) .
k=k1+1

Let us now conclude the proof by contradiction. Assume that

ka—1

da('ylﬁ (tl)a'Ykz (t2)) < L(’Wﬂa (tl,sup I/ﬁ)) + Z L('Yka Ik) + L(’sza (inflkzth))'
k=k1+1

Using the triangular inequality, one has

dq (1’, y) < da(a:, Vi (tl)) + da(’)//ﬂ (tl)a Vo (tQ)) + da(7k2 (tZ)v y)
k1—1

< Z ’Yk:a Ik‘ + L(7k17 (1nf Ik’latl)) + L(’Wﬂa (tlv sup Ik‘l))

k:21

+ Z ’Wca-[k‘ +L(7k2)(1nf-[k25t2))+L(/yk2a(t258up-[k2))
k= k’1+1

+ Z ’kalk da (%?J)a

k=ko+1

where by convention, if k; =1, 21,21:_11 L(vg, Ix) =0and if ko = N, Zszk2+1 L(vg, Ir) =
0. The last inequality is impossible and all the previous inequalities have to be equali-
ties. This proves Lemma [B.47] 1

B.3.4.3 On the equality in (B.79)

We end up this section with some results in case of equality in the inequality (B.79).
We will prove in particular Proposition [B:49] which has been used in Section [B.3.2.2]
above to give lower bounds on the Agmon distance.

Corollary B.48. Let us assume that [H1] and [H3] hold. Let z,y € Q with f(z) <
f(y). Let us denote by ((v1,11), ..., (vn,In)) the curves given by Theorem[B.3 ordered
such that

li t) = li t) =
t—>(i:1rfnll)+ 71( ) “ t—>(s&}1>nIN)* FYN( ) v

and which realize the Agmon distance between x and y. If it holds:

dq (1:7y) = f(y) - f(x),

then for all i € {1,..., N}, there exist measurable functions \; : I; — Ry such that for
almost every t in {t € I;, ~i(t) € Q}

Yi(t) = MOV f (3(t))
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and such that for almost every t in int {t € I;, v;(t) € 00}

%(t) = X()Vrf (3(t) -

Moreover, if I; is not bounded (namely I; = (—o00,0] or I; = [0,+00)), Ai(t)=1 for
almost every t € I;, and if I; = [0,1], A\; € L*([0, 1], R4).

Proof. Using Lemma one gets using first the triangular inequality and then the
Cauchy-Schwarz inequality

N

fly) = flz) = Z </t€]k7 , )GQ}(Vf)(%) Vet /int{telk, %(t)em}(VTf)(%) : %)

< |Vf(%)|\%/g| +/ |va(’7k)H'YI/c’>
1 telk, 'Yk int{tEIk, ’yk(t)eaﬂ}
L

(V> Ix) = da (z,y) -

IN

MzTMz

i
1L

If dy (z,y) = f(y) — f(z), then the previous inequality is necessarily an equality. This
leads to the desired result applying the cases of equality in both the triangular inequality
and the Cauchy-Schwarz inequalities. In particular, this gives, for k € {1,..., N}, the
existence of the nonnegative functions Ag : I, — R5.

Assume now that I; is not bounded. Using the construction of the curves (v4)g=1,... N,
this implies that I; is either (—oo, 0] or [0, +00) and ~; is constructed using the gradient
flow of the eikonal solution near a critical point z* of f or of f|sn (see Lemma
and Remarks and . Let us assume that z* is a critical point of f|sn and
I; = [0,4+00) (the other cases are treated similarly). Let ® be the solution of on
the neighoborood V* of z* (see Proposition . By considering if necessary a smaller
neighborhood V*, one can assume that V* N 92 C U*, where U* is the neighborhood
of z* in 0N introduced in Proposition so that from and , it holds on
V*NoQ: |Vp®| = |Vrf|. The curve ~; satisfies by construction limy_, 7v;(t) = 2™ and

VD V®(v;) in £,
! — V1 ®(~;) on 0.

In addition, by the previous reasoning, one also has

’7{ _ )\lVf('yz) n Q,
! AV f(7i) on 09,

for some function \; : I; — R,. Taking the norm in the two previous equalities, us-
ing the fact that ® solves together with the equality , one obtains that
A; = 1. Let us finally consider the case I; = [0,1]. Then, by construction, the curve
v does not meet any critical points of the functions f and f|sq. This implies that
infy, |V f(7)| > 0 and infy, [V7f ()| > 0, and thus, since ||7.[z= < oo, one concludes
that A; € L*>(]0,1],Ry). 1
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Let us define the notion of generalized integral curves.

Definition B.8. Let D C Q be a C™ domain and X € C*°(D,R). Let N € N* and for
i€ {l,..,N}, let I, C R be an interval and ~; : I; — D be Lipschitz and which satisfy

li t) € Q, li t) € Q,
tﬁ(iillfl}fl)*' () t%(s&rlgw)‘ w()

and for all k € {1,...,N — 1},

im () = lim (D).
t—(sup I)~ t—(inf I 1)
. ) ) VX inDNQ,
The set of curves {v1,..., YN} is a generalized integral curve of if

V1rX on DNoY
for all i € {1,...,N}, there exist measurable functions \; : I; — Ry such that for
almost every t in {t € I;, v;(t) € DNQ}: +i(t) = N(t)VX (7i(t)), and such that for
almost every t in int {t € I;, v;i(t) € 92N D}: ~vi(t) = Ni(t) VX (7:(t)).

The notion of generalized integral curve has been introduced in the case of manifolds
without boundary in [38]. As introduced in Definition [B.8] the set of curves {y1,...,vn}
Vfin Q,
Vrf on 00
Let us mention that in the case when €2 is a manifold without boundary, Corollary

is exactly [38, Lemma A2.2].

given by Corollary |B.48|is a generalized integral curve of the vector field

Proposition B.49. Let us assume that [H1] and [H3] hold. Let us denote by {z1,...,zn}
the local minima of flaq ordered such that f(z1) < f(z2) < ... < f(zn). Then, for all
i <7, (i,5) € {1,...,n}%, one has

da (2, 25) > f(25) — f(2i)-

Proof. From the inequality (B.79)), one has dq (2;,2;) > f(z;) — f(2i). Let us prove
Proposition by contradiction. Assume that d, (2, 2;) = f(2;) — f(2;) for some
i < j. Denote by ((71,11), ..., (Ym,Im)) the curves given by Theorem ordered such
that

lim t) = z;, lim t) = z;,
t—(inf I)+ 71( ) ‘ t—(sup Im)~ ’Ym( ) I

and which realize the Agmon distance between z; and z;. Since d, (2, 2;) = f(z;)—f (i),
from Corollary foralli € {1,...,m}, there exist measurable functions \; : I; — R
such that for almost every ¢ in {t € I;, v;(t) € Q}, vi(t) = Xi(t)V f (7i(t)), and such that
for almost every ¢ in int {t € I;, ~;(t) € 9N}, vi(t) = Ni(t)Vrf (7i(t)) (the set of curves
{71,---,7m} is a generalized integral curve of the vector field v/ in €, , according
Vrf on 092
to Definition [B.8). Let us recall that from Remark [B.9] I = (—o0, 0] and I,,, = [0, +-00)
since z; and z; are critical points of f|sq.

Step 1. Let us show that for all ¢ € (—o00,0], 71(t) € 9Q. On the one hand, from
Remark limy—, oo 71(t) = 2z; and

, | Ve(n)inQ
T V() on 00,
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where @ solves (B.93]). On the other hand, from Corollary one has

;) Vf(n)inQ
n= Vrf(y1) on 09.

Then, for all t > 0, one has % (f(m)(t) — @(y1(¢))) = 0. Therefore there exists C' > 0
such that for all ¢ € (—o0,0], 11(t) € {z, f(x) — ®(z) = C}. Since lim; oo 1 (t) =
zi and (f — ®)(z;) = f(zi), one gets that C = f(z;) and thus for all t € (—o0,0],
7 (t) € {z, f(x) — ®(x) = f(z;)}. From Corollary and Proposition v lives
in a neighborhood U* of z; such that (see Equation (B.95))):

{z, f(z) - ®(x) = f(z1)} C 0.

We thus get that for all ¢ > 0, v1(t) € 99, and then v{(t) = Vo f(71(t)) = VP (y1(t)).
Step 1 is proved.

Step 2. We are going to show that for all t € Iy, vy (t) € 9. If it is not the case, from
Step 1, there exist k € {2,...,m} and t; € I such that y4(tx) € Q. Let us define
the first time, denoted by t*, for which the curves ((y2, I2), .., (Ym, Im)) leave 0Q. By
construction of the curves 71, ..., v, there are two cases: either ¢t* is finite (and thus
belongs to int(Iy) for k € {1,...,m}) or, there exist j € {1,....,m—1}, s <0 and z € 90
such that g(z) = 0, limy— 10 ¥ (t) = 2z, limy—,_ o ¥j4+1(t) = 2z and y;41(—00,s) C Q for
which we set t* = —o0o. Let us assume that t* is finite and belongs to int(Ix) (the other
case is treated similarly).

As in Step 1 of the proof of Proposition let us now introduce a smooth tangen-
tial and normal system of coordinates around 74 (¢*) in €, denoted by ¢(x) = (z1, zN).
The function ¢ is defined from a neighborhood of v (t*) in  to R%. Moreover, one has
xy > 0 and zy(x) = 0 if and only if x € 92. We may assume that the neighborhood
V., € R? on which ¢ is defined is such that ¢(V,) = U x [0,a] for o > 0 and U c R41,
Since 0, f > 0 on 92, @ > 0 can be chosen small enough such that Vf(x)-n(xz) > 0 for
all z € V, where n(z) = —;igg;r Indeed, for z € 99, n(x) is nothing but the unit
outward normal to 0.

Now, by continuity of the curve 7y, there exists € > 0 such that [t*,¢* + ¢] C I} and
for all t € [t*,t* + €], Yk(t) € V. The mapping ¢ € [t*,t* + ¢] — xn (7%(t)) is Lipschitz
and satisfies: for almost every s € (t*,t* + ¢),

d

250V (r(8) = =[Van (m(s)) [ (5) - 7 ()

Then, for all t € [t*,t* + ¢], one has:

L (ls) = {

0 for a.e. s € int {u € (t*,t), y(u) € 002}
— [Van k() Me(3) VFm(s)) - nl(s)) for ae. s € {u € (£,8), 7(w) € 9}

Since 0{u € (t*,t), yx(u) € 9N} is of Lebesgue measure zero (see Theorem |B.3|) and
since Vf-n > 0 in V,, one has from Lemma for all t € [t*,t* + €]

zn (1) = 2n (W(t)) — 2N ((t")) = /t d%OCN (vi(s)) ds < 0.
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This implies that for all ¢ € [t*,t* + €], zn (7%(t)) = 0 and thus 4 (t) € 9 for all
t € [t*,t* + €]. This contradicts the definition of ¢*. Step 2 is proved.

Step 3. From the last two steps, for all ¢ € [0,400), ym(t) € 0Q. From Corol-
lary one has 7,.(t) = Vrf (ym(t)) for all t € [0,+0c0) and therefore, the map
t € [0,400) = f (ym(t)) is increasing (indeed, one has & f (v (t)) = |Vrf (v ().
This is impossible since z; is a local minimum of f|pq. This concludes the proof of
Proposition by contradiction. ]

B.3.5 Agmon distance in a neighborhood of the basin of attraction of
a local minimum of f|y, and eikonal equation

The aim of this section is to generalize the results of Section [B.3.3] to relate the Ag-
mon distance and the solution to an eikonal equation on a neighborhood of a basin of
attraction B, (see Definition of a local minimum z of f|pn. Let first introduce a
solution to the eikonal equatlon |qu|2 |V f|? defined globally on a neighborhood of
the boundary 0f).

Proposition B.50. Let us assume that [H3] holds. There exists a neighborhood of OS
in §, denoted Vpq, such that there exists ® € C™(Vyq,R) satisfying

|V®|? = |[V£]? in QN Vyq
® = f on 00 (B.102)
On® = =0, f on 0N).

Moreover, one has the following uniqueness results: if ® is a C™ real valued function

defined on a neighborhood V' of Q) satisfying m then ® = ® on V N Vygq.

Proof. Let z € 0. Using [19] or [22], thanks to [H3], there exists a neighborhood of z
in Q, denoted by V., such that there exists ® € C>°(V,, R) satisfying

Vo2 = |Vf>inQNnV,
d=fondQNY,
Op® = —0,f on OQ NV,

Moreover, V, can be chosen such that the following uniqueness result holds: if a function
e C*°(V,, R) satisfies the previous equalities, then ® = & on V,. Now, one concludes
using the fact that 02 is compact and can thus be covered by a finite number of these
neighborhoods (V.).cs0- ]

Remark B.10. Let us mention another standard approach to prove Proposition [B.50,
using the notion of viscosity solutions. Let us recall some results from [49, Theorem

5.1]. For (x,y) € 52, one defines

T
d(z,y) = mf/ IV F ()] dt,
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where the infimum is taken over T > 0 and over Lipschitz curves v : [0,T] — Q which
satisfy 1(0) = 2, A(T) = y, | < 1. Then v(z) := inf { f(4) +d (.) . y € 90} is

Lipschitz and is a viscosity solution of

Vo] = |Vf|in Q
v = f on Of.

Let us notice that this implies |Opv| = |0y f|. To prove Proposition using this result,
one has to show that v is C* near 02 and Opv = —0, f. This is a consequence of the
characteristic method, see [49, Section 1.2].

Remark B.11. Let z* be a local minimum of f|sq and let us denote by ® the solution
to the eikonal equation (B.94]) introduced in C’or’ollary defined on a neighborhood
V* of x*. Then, one has on V* N Vyq:

where ® is the solution to (B.102).

Let us now introduce the function f_ which will be used in the sequel.

Proposition B.51. Assume that [H3] holds. Let ® € C*>(Vpq,R) be the function
introduced in Proposition . Let us define the function f— € C*°(Vyq,R) by

fo . (B.103)

Then, f— =0 on 082, and up to choosing a smaller neighborhood Vaq of X2, the function
f— is positive in Vag \ O and [V f—| > 0 on Vygq.

Proof. Since O0p,(® — f) = —20,f < 0 and ® = f on 01, then, up to choosing a smaller
neighborhood Vjq of 9€2, one has ® > f on Vs \ Q2 and |[V(® — f)] > 0 on Vag. 1

We are now in position to prove the main result of this section.

Proposition B.52. Let us assume that [H1] and [H3] hold. Let ® be the function
given by Pmposz'tz'on. Denote by z a local minimum of f|aq and denote by B, C OS2
the associated basin of attraction (see Definition . Besides, let T', C 02 be an open
domain such that 'y, C B, and z € I',. Then there exists a neighborhood of T, in €2,
denoted by Vr,, such that OVr, N0 C B, and for all x € Vr_,

da(a, 2) = B(a) — £(2).

Notice that in this proposition, I', can be chosen as large as we want in B,.
Proof. Let @ be the function given by Proposition [B.50} The proof is divided into three
steps.

Step 1. Let us first define Vr_. To this end let us denote by f_ and Vyq respectively
the function and the neighborhood of 9§ given by Proposition For £ > 0 small
enough one defines

Vo={yeQ, 0<f (y) <e} C Vaq. (B.104)
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The parameter £ > 0 can be chosen such that there is no critical point of f on V. NQ =
{y € Q, f_(y) = ¢}. The set V. is a neighborhood of 9 in Q (see Figure for a
schematic representation). Let us now fix such a ¢ > 0. Assumption [H3] together with
the fact that 9,® < 0 on 99, imply that there exists a neighborhood Vi, of T, in Q,
such that Vp, C V;, 0Vp, N 02 C B, and

0p,® >0, on 0V, N

The set Vr, is schematically represented on Figure

Domain €

Figure B.7: The set V..

Step 2. Let us first prove that for all z € Vr_, du(z,2) > ®(z) — f(2). For x € Vp_,
denote by ((y1,11),...,(yn,In)) the curves given by Theorem ordered such that

lim t) =z, lim t) ==,
t—(inf I1)t+ ’Yl( ) t—(supIn)~ ’YN( )

and which realize the Agmon distance between x and z. One has to deal with the two
following cases:

1. either V k € {1,..., N}, Vt € Iy, y(t) € Vg,

2.or3ke{l,...,N}and 3t € I}, 1(t) € Q\ V..

f-

Figure B.8: The set Vr,.
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In the first case, since @ is defined on V,, it holds

Yo d
Ba) - f(2) = ¥(r) - 0(2) = 3 [ Sdoy(d
j=1"1i

Using Lemma and the fact that |[V®| = g on QN Vyq and V7P| = g on 01, it
holds, for all j € {1,..., N},

d
[ reu®as ;1)

and thus
N
Z (V4,1 da(z, 2).

Let us now consider the second case. Let us introduce k1 € {1,...,N} and ¢; € I,
such that for all ¢t < t1, g, (t) € Vi, for all k € {1,...,k; — 1}, for all ¢t € Iy, v,(t) € V2
and such that there exists § > 0 such that for all ¢ € (¢1,t1 + 5], Y, (t) ¢ V.. The
couple (k1,t1) thus represents the “first time” the curves 7, ...,y leave V.. Likewise,
let us introduce kg € {1,..., N} and ty € Iy, such that for all ¢t > t9, v, (t) € V, for
all k € {ka+1,...,N}, for all t € Iy, v (t) € V- and such that there exists § > 0 such
that for all ¢t € [ta — B,t2), Yk, (t) ¢ Ve. The couple (ka,t2) thus represents the “last
time” the curves 71, ...,vx leave 2\ V.. From Step 1, there is no critical point of f on
oVenQ ={y €, f_(y) = e}. Therefore, by construction of the curves (vx)g=1,.. N,
the times ¢t and t3 are finite and belong respectively to int I}, and int I;,. One has by
continuity of v, and vg,, f— (VK (t1)) = f—(Yk,(t2)) = €. Since ® is defined on V7, using
again Lemma and the fact that [V®| = g on Q and |V ®| = ¢, one has

k1—1
1Dy (1)) = D(2)] < D L (95, 1) + Ly, (inf Iy, 1)),
j=1
In addition, using Lemma
k1—1
Z L (’Yjv Ij) + L(’Wﬂ? (inf Ikl7t1)) = da(277k1 (t1))-
j=1

Thus |®(yk, (t1)) — P(2)| < da(z, 7k, (t1)). By similar arguments, one obtains |®(z) —

D (i, (t2))] < a('ka( 2),x). Thanks to the definition of f_ and using the fact
that f(vk, (t1)) = f-(k,(t2)) = €, one has [f(yr,(t2)) — f (v, (t1))] = [®(k, (t2)) —
D (i, (t1))]. In addition, using one obtains dg (Y, (t1), Yk, (t2)) > | f (Y, (t2)) —

F(ve, (1)) = | ®(yky (t2)) — Py (tl))\ Using Lemma and gathering these three
last inequalities, one gets

da(x’ Z) = da(zv'ylﬁ (tl)) + da(’ylﬁ (tl)a’ka(tQ)) + da(’YkIQ(tQ)’ .T)
> |®(2) = @k, (E2))] + R (ks (£2)) — P (i (£2))] + [@(2) — B (Yky (£2))]
> |®(2) — ()| = (x) — (2) = (z) — f(2).
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Step 3. Let us now show that for all z € V¢, dy(z,2) < ®(z) — f(2). The proof of this
inequality is very similar to the second step in the proof of Proposition Forx € Vr_,
let v be defined by (B.96)—(B.97) (where ® is defined by (B.102))), with v(0) = z. The
function ~ is with values in Vp, since 9,,® > 0 on OVp, N2 and OVr, N 02 C B,. Thus
v is defined on R. Thanks to the definition of the vector field X, if there exists
a time tyqo such that y(tpq) is in 0L, then, for all t > tyq, v(t) € 0. The function
t € Ry — v(t) is continuous, piecewise C> and satisfies

lim ~(t) = z.

t—+00

Then, as in the second step of the proof of Proposition one has

®(z) — f(2) = L(7,(0,00)).

Using Lemma one obtains that d,(x,z) < L(7v,(0,00)) = ®(z) — f(2). This
proves the mequahty. for all x € Vr,, dq(x, z) < ®(x) — f(z). This concludes the proof

of Proposition 1

The following corollary is similar to Corollary in the sense that is deals with
the case of equality between the Agmon distance and the function ® introduced in

Proposition Corollary will be needed in the proof of Proposition

Corollary B.53. Let us assume that [H1] and [H3] hold. Let ® be the function
introduced in Proposition and, let f— and Vaq be respectively the function and
the meighborhood of 092 given by Proposition . Let V,, be defined by and
where the parameter o > 0 s chosen such Vo, C Vyq, there is no critical point of f on
WVonNQ ={weQ, f(w)=a}l, Of >00mdVonNQ, 0,f7 <0 ondV,NQ and
IV®| £ 0 in V,, (it is possible to choose such an o > 0 since Opf~ = 0p® = =0, f <0
on 00 = Vy). Let x,y € V,, and denote by ((y1,11),...,(y~,IN)) the curves given by
Theorem ordered such that limy_,(in¢ 1)+ 71(t) = 2, imy_(gup 1)~ IN(t) = y and
which realize the Agmon distance between x and y. Let us assume that

O(z) — 2(y) = da(z,y).

Then, for alli € {1,...,N}, Im~; C V, and there exist measurable functions A\; : I; —

Ry such that for almost every t in {t € I;, ~;(t) € Q}, one hasv/(t) = =\i(t)VP (vi(t)),

and such that for almost every t inint {t € I;, ~vi(t) € 0N}, one has vj(t) = —Ni(t) V1P (vi(t)).
Moreover, if I; is not bounded (namely I; = (—o0,0] or I; = [0,+00)), \i(t)=1 for al-
most every t € I;, and if I; = [0,1], \; € L*([0,1],R4).

According to Definition the set of curves {v1,...,vn} introduced in Corol-
—Voin V,NQ,
—V7r® on 9

lary |B.53|is a generalized integral curve of the vector field

Proof. The proof of this statement is similar to the proof of Proposition

Let us first prove that for all i € {1,..., N}, Im~; C V,. If it is not the case, then
there exist k € {1,..., N} and t € I} such that v(t) € Q\ V,. Let the couples (¢, k1)
and (t2, k2) be defined as in Step 2 of the proof of Proposition Then, one has (see
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the second step of the proof of Proposition B.52)), da(x, vk, (t1)) > ®(x) — ®(vk, (t1)),

>
da(Viy (£1), Yo (t2)) = (Y, (81)) — Py (f2)) and da(vry (t2),y) = Pk, (t2)) — 2(y).
Since one has by assumption and from Lemma [B.47}

®(z) — 2(y) = do(,y) = da(, Yk, (1)) + da(Vhy (11)5 Yho (B2)) + da (Vs (22), ¥),

all the previous inequalities are equalities and in particular, it holds:

da (Vi (81), Vs (B2)) = @ (s (81)) — P(ky (t2)) = f (ko (2)) = 1y (82)) = 0.

Using Corollary this implies that when restricting v, to I, N [t1,00) and 7, to
Vfin Q,
Vrf on 092
(see Definition [B.8). Let D =Q\ V, (0D =QNV, = {w € Q, f_(w) = o} is C*° since
fis C*° and 0, f~ < 0 on 9V, NQ = dD which imply that there is no critical point
of f_ on dD). Then, from Corollary and by definition of (¢1, k1) (see the second
step of the proof of Proposition , there exists € > 0 and a measurable function A:

[t1,t1 + €] — RT such that for all ¢ € [t1,t1 + ¢

Vi () = MOV (90, (1))

Iy, N(—00, to] the set of curves {~g,, ..., Vk, } is a generalized integral curve of

and for all ¢ € (t1,t1 + €]:
Vi, (1) € D. (B.105)

As in Step 2 of the proof of Proposition let us introduce a smooth tangential and
normal system of coordinates around vy, (t1) € dD in D, denoted by ¢(x) = (zr,7N).
The function ¢ is defined from a neighborhood of g, (t1) in D to R%. Moreover, one has
xy > 0 and zy(z) = 0 if and only if x € 9D. We may assume that the neighborhood
Us C D on which ¢ is defined is such that ¢(Ug) = U x [0, 8] for >0 and U C R4~L.
Since 0, f > 0 on 0D, 8 > 0 can be chosen small enough such that V f(z)-n(xz) > 0 for
all x € Ug where n(z) = W%ﬁggr Indeed, for x € 9D, n(z) is nothing but the unit
outward normal to 0D. Now, by continuity of the curve ~,, there exists ;1 > 0 such
that for all ¢t € (¢1,t1 + p], vk, (t) € Us. The same considerations as in Step 2 of the

proof of Proposition can then be used to show that:

an(v(t) <0,

for all t € [t1,t1 + | and thus g, (t) ¢ D for all ¢ € [t1,t; + p]. This contradicts (B.105]).
Thus, for alli € {1,..., N}, Im~; C V,.
Then, the announced result follows by the same arguments as those used in the proof

of Corollary with f replaced by ® together with the fact that ® satisfies (B.102)
on V, and for alli € {1,...,N}, Im~; C V. ]

B.4 Construction of the quasi-modes and proof of Theo-

rem B.1]

The aim of this section is to build the quasi-modes % and (<Z~>Z)Z:1n satisfying the condi-
tions stated in Section [B.2.2.2] Let us recall that span(u) (resp. span(¢;,i =1,...,n))
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is intended to be a good approximation (in the sense made precise in items 1 and 2 in

" D,(0) D,(1)
Proposition [B.17)) of Ran (71'[0’\/5) (Lf,h (Q))) (resp. Ran <7r[07h%) (Aﬁh (Q))))
As recalled in Proposition it is known that the dimension of
Ran (7‘([0 nd) (A?;f”(ﬂ))) is equal to the number of generalized critical points of index

1 (see [34) Section 3]) which are in our setting, thanks to assumptions [H1], [H2] and
[H3], the local minima (z;);=1,..» of flaq. In addition, it is known that the 1-forms in

Ran <7r[0 nd) (A?;}l)(ﬁ))) are localized in the limit A — 0 in small neighborhoods of

the local minima (2;)i=1,...n.

For each local minimum z;, we construct an associated quasi-mode g?)i, using an aux-
iliary Witten Laplacian on 1-forms with mixed tangential-normal boundary conditions.
This Witten Laplacian is defined on a domain ; C Q with sultable boundary condi-
tions, so that its only small eigenvalue (namely in the interval [0, h3 )) is 0, thanks to a
complex property (see [34,47]). The associated eigenform is localized near z;, which can
be proven thanks to Agmon estimates. Moreover, a precise estimate of this eigenform
can be obtained thanks to a WKB expansion. The quasi-mode ggz is then this eigenform
multiplied by a suitable cut-off function.

This section is organized as follows. In Section we define a Witten Laplacian
with mixed boundary conditions on a open domain €2; C € associated to each z;,
i€ {1,...,n}, and we study its spectrum. Section is dedicated to the construction
of the quasi-modes (((;gl)lzln7 @). In Section prove Agmon estimates on the
eigenform associated with the smallest eigenvalue of the Witten Laplacian with mixed
boundary conditions on €; and in Section we compare this eigenform with a
WKB approximation. We finally use this construction and these estimates to prove

Theorem [B.1] in Section [B.4.5]

B.4.1 Geometric setting and definition of the Witten Laplacians with
mixed boundary conditions

This section is organized as follows. In Section we discuss some general results
on traces of differential forms and we introduce the Witten Laplacians with mixed
tangential Dirichlet boundary conditions and normal Dirichlet boundary conditions on
manifolds with boundary. In Section the domain €; C Q associated with each
zi, 1 € {1,...,n}, is defined. Finally, Section is dedicated to the study of the
spectrum of the Witten Laplacian with mixed tangential Dirichlet boundary conditions
and normal Dirichlet boundary conditions on ;.

B.4.1.1 Trace estimates for differential forms and Witten Laplacians with
mixed boundary conditions

In this section, we first discuss some general results on traces of differential forms. This
is crucial to then build the Witten Laplacians with mixed boundary conditions. In the
following, € refers to any submanifold € of Q with Lipschitz boundary. We will call
such a submanifold a Lipschitz domain.

We first recall that for any Lipschitz domain Q, the trace application

APTLHY(Q) — APYLH 2 (06))
G~ G|aQ
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is a linear continuous and surjective application. We would like to present extensions
of this result to less regular forms.

Weak definition of traces
For a Lipschitz domain 2, let us introduce the functional spaces

APH () = {u e APL2(Q)), du € AP+1L2(Q)} (B.106)

and
APHy () = {u e APL2(Q), d*u € AIHLQ(Q)} (B.107)

equipped with their natural graph norms. One recalls that for a differential form f in
L?(0R2), the tangential and normal components are defined as follows:

f=tf+nf with tf=i,(W’Af) and nf=n"A (inf), (B.108)

where the superscript b stands for the usual musical isomorphism: n’ is the 1-form
associated with the outgoing unit normal vector n. Moreover,

117206y = 1651720060 + 1012200 = 107 A S172 06 + linf 1726
The Green formula for differential forms (u,v) € APH () x APT'H(Q) writes
(du, v) 2y = (u, d*0) 12 () = / (n® A U, V) iy O = / (n® Au, nv) . 6do
[2]9] 7 [2}9] 7

= /aQ<u,inv>T;Qda = / (tu, inv>T;Qda,

o0

(B.109)

where we used the standard relation (n’A)* = i

Using this Green formula, the tangential (resp. normal) traces can be defined for
forms in AHy4(Q) (resp. AHz(Q)) by duality. Indeed, for any u € APHg(Q), n” Au €
APHLH=2(9€)) is defined by

Yg € APTLHZ(89), (0’ A, g) = (du, G) o0 — (u,d"G) (g, (B.110)

H™2 (0, H? (69)

where G is any form in APT'H'(Q) whose trace in Ap‘HH%(@Q) is g. This definition
is independent of the chosen extension G. Similarly, for any u € APHy+(92), ipyu €
Ap_leé((‘)Q) is defined by

Vg € AP 1HzZ(89), (inu, 9),- = (0, dG) 1oy — (A", G) oy, (BA111)

(90, H (99)

where G is any extension of g in AP~ H' ().
Let I' be any subset of 0€). For u € APHy(2), we will write tu[r = 0 if n’ Aulr = 0.
If u € APHy(Q) and n° A ulp € AP L2(I), the tangential trace on I' is defined by

tulr == i,(n” Au) € APLA(T) | so that [[tul| 2y = [|n” Aull g2y (B.112)

Similarly, for u € AP Hg« (Q), we will write nu|p = 0 if i,u|r = 0. If u € APHz(Q) and
iulp € AP71L2(T), the normal trace on T is defined by

nulr == n’ A (i,u) € APL3(T) , so that Inull 2y = [[inullL2(r)- (B.113)
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Lastly, if u € APH4(Q) N APHy.(Q) is such that n° A u|p € TPHL3(T) and i,u €
I'P~1L2(T) then u admits a trace u|r in L?(T") defined by

ulp = tul|p + nulp. (B.114)
This definition is compatible with (B.108|) and such a differential form satisfies
b .
el ey = 6wl 2y + InulelZey = 0 A ull 2 + il 2.

All the above definitions coincide moreover with the usual ones when u belongs to A*H* ().

Let us finally note for further references that if traces are in L2(8), a direct conse-
quence of the Green formula is the following: for every u,v € AL?(2)? such that
du, d*u, d*du, dd*u, dv,d*v € AL*() and n° A d} u, indypu, n° Av, inv € AL2(89),

((dpndyp + df pdyn)t, v) o) = (dppt, dppv) gy + (df pt, dy ) 20
- . (B.115)
+h[ (0’ Adjpu,n’ A (1nv)>T;Qda —h

- (n® Av,n’ A (indf,hu»T;Qda.

t3l9)

The Gaffney’s inequality

The following extension of Gaffney’s inequality (see [65]) will be useful in the se-
quel (we refer to Section [B.2.1.1| for the definitions of the Hilbert space AP H1(€)) and
APHL().

Lemma B.54. Let Q be a smooth domain. The equality
{u € APL2(Q) s.t. du,d*u € L*(Q) and tu =0 on 8Q} = APHL(Q)

holds algebraically and topologically, the functional space in the left-hand side being
equipped with the norm associated with the scalar product

Q(u,v) := (u, v)LQ(Q) + (du, dv>L2(Q) + (d*u, d*U>L2(Q).
In a similar way, the following equality holds algebraically and topologically:
{u e APL3(Q) s.t. du,d*u € L*(Q) and nu =0 on 8Q} = APHL(Q).

Notice that in the definition of the functional spaces above, the equalities tu = 0

and nu = 0 hold in the weak sense defined above (see (B.112) and (B.113)). A direct
consequence of this lemma is that a differential form in AH;(S2) N AHg-(€2) such that
tu =0 or nu = 0 on AN admits a trace in AL?(992).

Remark B.12. The statement of Gaffney’s inequality in [65] reads as follows (see
indeed Corollary 2.1.6 and Theorem 2.1.7 there):

3C >0, Yu € APHL(Q) UAPHL (), ||u||§{1(9) < CQ(u,u). (B.116)

Since it also holds that, for some C' > 0 and any u € APH* (), Q(u,u) < C’||u|]§{1(m,

the scalar products (-, -) g1 and Q(-,-) are then equivalent on both APH%(Q) and ApH}V(Q).
The above lemma can be seen as a generalization of this result.
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Proof. We only prove the first equality in Lemma the second one being similar.
Let us define

H := {u e APL*(Q) s.t. du,d*uv e AL*(Q) and n’ Au=0on 8Q}

which is a Hilbert space once equipped with the scalar product Q. From Gaffney’s
inequality ([B.116]), APH%(Q) is a closed subset of H and to conclude, we just have

to show that (APH%(Q))L = {0}, the orthogonal complement of H being taken with
respect to the norm inherited from ). Consider then v € H such that for any v €
)

0=Q(u,v) = (u, U>L2(Q) + (du, dv)LQ(Q) + (d*u, d*v>L2(Q).

The above equality holds in particular for every v € D where
D = {v e APH*(Q), tv|,, = td* v, = 0} (B.117)

Fix such a v. Since n’ Au = 0 on 8, applying (B.110) to v and dv € APT'H' () then
leads to
(du, dv)LQ(Q) = (u, d*d'U>L2(Q)-

Applying also (B.111) to u and d*v € AP~V H(Q) gives

{d™u, d™0) 12y = (u, dd™0) oy — (intt d0log) 3 pe oy

Since APC> (Q) is densely embedded in both A? Hy(Q) and AP Hy« () (see for example

[41, Proposition 3.1]), we have moreover for some sequence (uy)xen of APC™ (Q) forms:

{ntts 0lo0) 14 (o021 o0 = 0L 39<‘"“’“d V)rsado

. . b A (3
- kgl—lr-loo aQ<lnuk’n A (1nd™0)) g do

=0,

where the second equality is a consequence of td*v|,, = 0. It consequently follows
0 = (1, 1) o6y + (1, d*dv) o ) + (u, dd™0) oy = (u, (1 + AR)0) ), (B.118)

where Ag) denotes the Hodge Laplacian on Q) with domain D defined by (B.117)). Since
the unbounded operator (Ag), D) is selfadjoint and nonnegative on APL?(€2), we have

in particular Ran(I + Ag)) = APL2(Q) and we deduce from (C.152)) that u = 0, which
completes the proof. ]

The case of mixed normal-tangential Dirichlet boundary conditions

Let I'r and I'y be two disjoint open subsets of 9 such that Tz UTxy = 9O. The
objective of this section is to consider differential forms such that tu = 0 on I'r and
nu = 0 on I'y, and to state results on the existence of a trace in L?(dQ) for such
differential forms, as well as subelliptic estimates.
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In general, a trace in L?(99) does not exist in such a setting [8,41): one needs a
geometric assumption, namley that I'r and I'y meet at an angle strictly smaller than
m. This means that the angle between 'y and I'y measured in Q is smaller than .
More precisely, see [8,41], locally around any point 2o € I'r N Ty, one requires that
there exists a local system of coordinates (z1,2”,x,) € R x R¥"2 x R on a neighborhood
Vo of xg, and two Lipschitz functions ¢ : R"! — R and v : R"2 — R such that
QNVy = {zn > @(z1,2")}, Tr N Vo = {x, = p(z1,2") and z; > 1 (2")} and Ty NV =
{zy, = p(x1,2") and 21 < Y(2”)} and

Oy o(x1,2") > Kk on 21 > P(2”)

B.119
Oz p(x1,2") < —k on m1 < (") ( )

for some positive k. This is equivalent to the existence of a smooth vector field 8 on 95
such that (#,n) < 0 on I'p and (#,n) > 0 on I'y, which is one of the key ingredient of
the proofs used in [8,41].

Let T’ be any subset of 9. According to |41, Proposition 3.1], the space

{u € APC™ (Q) , u =0 in a neighborhood of 9\ F}
is densely embedded in both
APH4 () = {u e APHy(2), supp(n’ Au) C f}

and
ApHd*y]_"(Q) = {u € ApHd*(Q), supp(ipu) C f} .

In addition, according to [41, Theorem 3.4], for (u,v) € APHy(2) x AP*1Hg(Q) satis-
fying the trace conditions

i,0 € APL*(09), suppi,v €T and n’ Aue APTLLA(DD),

or
n’ Au e APPIL2(8Q), supp(n’ Au) T and  i,0 € APL3(T),

one has the following Green formula (compare with (B.109))):

<du,v>L2(Q) — <u,d*v>L2(Q) = /(nb Au,n’ A (inv)>T:Qda
r (B.120)

_ /F (i (n A 1), ) o

One is now ready to state the following proposition implied by Theorems 1.1 and
1.2 of [41] (see also Theorems 4.1 and 4.2 of [28§]).

Proposition B.55. Let us assume that O isa Lipschitz domain. Let I'r and I'y be
two disjoint Lipschitz open subsets of 00 such that TpUT Ny = 08 and such that T and
I'y meet at an angle strictly smaller than w. Then, the following results hold:

(i) Let u be a differential form such that

we APL2(Q), du € L*(Q),d*u € L*(Q), tu|r, = 0 and nulr, = 0.
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Then u satisfies
1 . .
we APH?(Q) and i,u, n’ Aue APL*(99)
as well as the subelliptic estimate:
HUHH%(Q) + Hu’aQHLz(aQ) <C (H“”Lz(g) + HdU”Lz(Q) + Hd*UHm(Q)) ) (B.121)
where |y, is defined by (B.114).
(i) The unbounded operators dg?) (Q) and 61(5) (Q) on APL%(Y) defined by

d® () = d'P) with domain D (dé@(ﬂ)) - {u € APL2(Q)), dppu € APHL2(Q), tulr, = o} ,

f,h
and
5P () = (dyj',{)* with domain D (55@”(9)) - {u € AWPLA(Q), d}ju € AP LA(Q), nulpy, = o} ,

are closed, densely defined, and adjoint one of each other.

Note that in the point (i) of Proposition E d and d* can be replaced by dy
and d} ) owing to the relations dyp = hd + df A and d} ), = hd* +iyy. Moreover, the
point ( ii) is actually proven in [28,41] for d and d* but remains true for dyj, and d} ),
since (df A)* = iy on L?(9).

The mixed Witten Laplacian A%h(Q)

We are now in position to define the mixed Witten Laplacian A%L(Q) (the upper-
script M stands for mixed boundary conditions) with tangential Dirichlet boundary
conditions on I'r and normal Dirichlet boundary conditions on I'y (see [28,41] for more

results on such operators). The operator A (p ) (Q) on L?(Q) is defined by

APP(Q) = dF V(@) 0 65@”(9) + 00 () 0 dP(52), (B.122)

foh
in the sense of composition of unbounded operators, where dr and § have been intro-
duced in Proposition Noticing that for any u € APHy(Q) such that tu|r,. = 0,
one has tdu|r, = 0, which is well known for u € APH'(Q) and can be checked here
using (B.110). Likewise, one has tdypulr, = 0 for u € APH4(9) such that tu|p, = 0.
This implies in particular

T o 2

{ Im dr C Kerdr and d:g =0 (B.123)
Imdéy C Kerdy and 03 =0

(since dfpdysp, = 0 in the distributional sense). Owing to this last relation and to
Proposition a result due to Gaffney (see e.g. the proof of [28, Propositions 2.3

and 2.4]) states that A%’l(p ) (Q) is a densely defined nonnegative selfadjoint operator

on L?(Q) (with domain 1) -see below).
The domain D (QM (7) (Q)) of the closed quadratic form oV /. h ( ) associated with
A%L(p )(Q) is given by

D (QfP@) =D (@) n D (57 ()
= {v € APLA(Q), dv € L*(Q),d*v € L*(Q), tv|r, = 0 and nov|p,, = 0}
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and for any u,v € D (Q%;(M(Q)),

oy L®) () (u,v) = (dru, drv) 2 + (Snu, 650) 12

This is proven in |28, Theorem 2.8].
The domain D <A%’L(p ) (Q)) is explicitly given by:

D (AP = {ue L2(Q) st dppu, djyu, dfpdppu, dpndyyu e L)

and tulr, =0, td},ulr, =0, nulry =0, ndypulry = 0}.
(B.124)
The traces td},u and ndypu are a priori defined in H —3 (Q) but actually belong
to L?(£2). Indeed, we have nd; pulr, = 0 by definition of D (A%’L(p) (Q)) and tds pulr, =
0 by (B.110), so dfpu is in D (Q (pH)(Q)) and therefore has a trace in L%(Q) accord-

ing to Proposition [B.55| This argument also holds for d} ,u € D (QM (p=1) (Q))
We end up this section with the following lemma which will be frequently used in
the sequel.

Lemma B.56. Under the assumptions of Proposition and if I'r and I'y are C*°,
the following formula holds: for any v € D <Q%’L(p) (Q) ,

th ( )(u,u) = de hu||L2 + de,huHLQ(Q)
= h? HduHLQ + h?||d*

ull2a@y (B.125)

+ V7l U||L2(Q) +h{(Los + Lyp)u,w) 2y

—h (/FT —/FN> (u, Wy On f do,

where L stands for the Lie derivative.

Notice that the boundary integral terms are well defined since u|,¢, € L?() thanks
to point (%) in Proposition [B.55]

Proof. For uw € D <Q%L(p)((2)>, one first gets by straightforward computations,

ldg 72 + de,huHL2(Q) W2\ dull7a ) + h2 ld*ull 7 + ldf AullZa g,
+ ||1vquL2 + h({df ANu, du>L2( o) + (du, df Au)
+ (d*u lvf’LL>L2(Q) + (ivsu, d*u))
— B2 ldull} ) + B2 7l 2a gy + 11V Ll
+ h((Lvs + ﬁvf)u, w) 2¢y) T RU{df Ausdu) o
—(d"(df Au)su) 2oy — (divpu,u) o) + (iviu, d w2 ),
where the last equality holds thanks to the the relations (dpA)* = iy,

Lyf=doiy,+ivyod and ivy(de Au)+dp A (iveu) = |[Vel*u
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To get the boundary integral terms in (B.125]) one uses (B.120)), which gives here, since
weD (Q%;(P)(Q)) and df A, iy pu € AH () N AHg ():

(df Ay du) oy — (¥ (df A ), u) o :/F (n” N, n” A (df Aw))gedo (B.126)

N

and

<ivfu, d*u>L2(Q) — (divfu, U>L2(Q) = —/F<nb A\ ivfu, n’ A inU>T;Qd0'- (B.127)
T
Now, note that by Lemma uis a APH' form outside ' N T and then admits
a boundary trace defined a.e. on 9 which belongs to L2 (09 \ (T NTy)). But this
trace has to be u,g, as defined by and is hence a L?(952) form owing to the first
point of Proposition The prpof follows easily: looking at for example, one
gets, defining TS, := {x € 'y, d?*(x,0T'y) > ¢},

/1“ (n® Auyn® Ay (df A ) psgdo = lim (n® Auyn® Ay (df A ) rspdo
N

+
e—0 rs

= lim [ (u,in(0’ Adp(df Aw)))p.edo

+
e—0 rs,

= lim (u, i (df A w))pugdo

+
e—0 IS

= lim (Onf (usu) gy — (u, df Nigu)pug)do
e—0t rs 4 4

— [ onf tu)yqdor
I'n

where we used the usual trace properties for H' forms on I'y, the fact that i,u = 0
at the second to last line and the Lebesgue dominated convergence theorem at the last
line. [

Remark B.13. Lemma will be applied several times to the set S constructed in
Proposition below. Actually, the set 'y which is constructed in Proposition [B.5§
(see indeed I'y; there) is not C*° and is equal to 'y =Ty U N2 U (8FN71 N 0FN72)
where I'y 1 and 'y 2 are two C°° open subsets of 9O which intersect at an angle %w (see
Fz'gures and . However, Lemma is still valid for the set Q constructed in
Proposition[B.58 Indeed, in the proof Lemma[B.56} it is sufficient to change the defini-
tion of T'y; as follows: TS, = {z € I'n 1, d*(z, OI'n1) > etU{z € T'n g, daﬂ(a:,({)I‘Ng) >

e}.

B.4.1.2 Construction of the domain Qi

In this section weassumes [H1], [H2] and [H3]. Let us consider 2; € {z1,...,2,} alocal
minimum of f|pn. The objective of this section is to build the domain §2; on which the
Witten Laplacian with mixed tangential-normal boundary conditions will be defined.
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This auxiliary operator will be a Witten Laplacian associated with tangential and
normal Dirichlet boundary conditions, such that z; remains the only generalized critical
point. Let us recall that 2o € Q is the minimum of f on Q. Let Qg be a small smooth
open neighborhood of zg such that the 0,f < 0 on 'y = 99, n being the outward
normal derivative to £\ Q. Let I';; denote a subset of B,,, as large as we want in
B,,. The basic idea is to define 0=0 \ Qo and to consider a Witten Laplacian on Q,
with tangential zero boundary conditions on I'g U T'1 ; and with normal zero boundary
conditions on 9 \ T'y;. This would indeed yield an operator on a domain Q with a
single generalized critical point, namely z;. There is however a technical difficulty in this
approach, related to the fact that differential forms with mixed normal and tangential
Dirichlet boundary conditions are singular at the boundary between the domains where
tangential and normal boundary conditions are applied, as explained in Section
With the previous construction, I'y ; and 9Q\T'1 ; meet at an angle 7. We therefore need
to define a domain Qi stricly included in \KTO, with boundary 8Qi =TyU 1171z U E
where I'y = 09 as defined above, I'y ;NT'y; = 0, I'1; C B, is as large as we want in B,
and I'p; meets I'; ; at an angle strictly smaller than 7 (see above for a proper
definition). We will then consider a Witten Laplacian with tangential zero boundary
conditions on I'g N I'1; and normal zero boundary conditions on I's;. Moreover, in
order not to introduce new generalized critical point on I'; ;, we would like to keep the
property O, f > 0 on I'y; (where n denotes the outward normal derivative to Ql) The
aim of this section is indeed to define such a domain QZ

A system of coordinates on a neighborhood of 0f2.

Let us consider the function f_ defined on a neighborhood Vjyq of 012, as introduced
in Proposition Recall that f_(z) = 0 for x € 092 and that Vyq can be chosen such
that f_ > 0 on Vyo \ 9Q and |Vf_| # 0 on Vyq. Let us now consider € > 0 such that

Vo={yeQ 0< f(y) <e} C Voo
For any = € V, the dynamics
V-

Vo(t) = —7|vf7|2(%(t)) (B.128)

Y2(0) =z
is such that v, (t5) € 02, where

ty = inf{t, v, (t) & int V. }.

This is indeed a consequence of the fact that % f=(72(t)) = —=1<0on [0,tz).
The application

= (Vo(te), —ts)
defines a C*° diffeomorphism. The inverse application of T' is (2, 24) € 9Q X [—¢,0] —
V! (l‘d)

Definition B.9. Let us assume that the hypothesis [H8] holds. Let us define the fol-
lowing system of coordinates for x € V:

.{V€—>8Q>< [—¢,0]

Vo e Vo, (2/(2),mq(x)) = (Ya(tz), —tz) € OQ x [—¢,0]. (B.129)
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Notice that, by construction (since £ f_(v,(t)) = —1),

za(x) = —f-(x).

Thus, in this system of coordinates, {4 = 0} = 9Q and {zy < 0} = QN V..

We will sometimes need to use a local system of coordinates in 0f2, that we will
then denote by the same notation z’. By using the same procedure as above, (2/,xy)
then defines a local system of coordinates. Let us make this precise. For y € 02, let us
consider 2’ : V, — R?~1 a smooth local system of coordinates in 0§, in a neighborhood
Vy C 09 of y. These coordinates are then extended in a neighborhood of Vj in (2, as

constant along the integral curves of +/(t) = %(7(75)), for ¢t € [0,e]. The function
x +— (2/,z4) (where, we recall, x4(z) = —f_(z)) thus defines a smooth system of
coordinates in a neighborhood Wy, of y in Q. In this system of coordinates, the tensor

metric G writes:

d—1
G2, 2q) = Gaa(a', 24) dazi + Z Gij(2', 2q) dzidz;.
i,j=1
where ' = (x1,...,24-1). In particular if ¢ : V, — R is a Lipschitz function which
only depends on ’, it holds a.e. on Vj;:
IV (@', za)] = [V (¥s,,) (@), (B.130)

where Va > 0, 3, := {z € V;,, z4(x) = a} is endowed with the Riemannian structure
induced by the Riemannian structure in §2.

Definitions of the functions ¥;, f; and f_;.

Definition B.10. Let us assume that the hypotheses [H1] and [H3] hold. Let us
consider z; a local minimum of flaoq as introduced in hypothesis [H2]. Let us define on
Q the following Lipschitz functions

U+ f = f(z)

V() = dy(x, 2), fri= 5 U — (f — f(z))

and f_;:= 5 .

Owing to ¥;(z) = do(x, 2;) > |f(z) — f(z;)] for all z € , the functions fi ; are non
negative and

f=fzi)+ fri—f-iand ¥; = fi ;i + f_;on Q.

Let I'1; C B, be an open smooth d — 1 dimensional manifold with boundary such
that z; € I'1; and I'1; C B.,. From Proposition B.52|, there exists a neighborhood of
Ty in Q, denoted Vr, ,, such that 9Vp, , N9Q C B, and for all = € Vr, ,,

Wy(x) = B(x) — f(20):

where @ is the solution to the eikonal equation in a neighborhood of the boundary (see
Proposition . Notice that it implies that on Vr, ; the function f_; coincides with
the function f_ defined in Proposition on Vpo N Vr,,. Moreover, it implies that
the functions fi; are C°° on Vr,; and one has:

on Vr,, NI,  fri=f—f(z), [f-i=0, Oufr;=0, and Opf_; = —0nf,
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where n is the unit outward normal to €. Therefore, as in Proposition up to
choosing a smaller neighborhood Vr, ; of Ty, in Q, the function f_; is positive on
Vi, \ 09 and such that

|Vf7’i| 75 0 in Vr‘l’i. (B.131)

Besides, since |[VV;| = [V f[ in Vp, ,, one has
Vfri-Vii=0inVr,,, (B.132)
and thus
VOl* = [VFI? = [Vfal® + [V in Vi

In the following, we will assume in addition that Vr, , is sufficiently small so that
the system of coordinates (z/, z4) introduced in Definition is well defined on Vr, ;.

A consequence of (B.132) is that %f+,i(7$(t)) = 0, where ~, satisfies (B.128]). Thus, in

the system of coordinates (', z4), the functions f; ;, ¥; and f write:

fri(@ @) = fi(2',0), Ui(2',2q) = fri(2,0) — 24
and f(2',2q) = f(2i) + f+i(2,0) + 24q.

Notice that by construction
Ve e Vo, [Viil(@) =0 <= 2'(z) = 2"(z). (B.133)

Indeed, fyi(2/,zq) = f+:(2',0) and 2/ — fi;(2’,0) = f(2/,0) — f(z;) has a single
critical point at 2/(z;).

Strongly stable domain in B.,. In order to build an appropriate domain Q;, we will need
to define I'y ; C B,, as a strongly stable domain, as defined now.

Definition B.11. A smooth open set A C OS2 is called strongly stable if
Vo € 0A, (Vflsa(o),ne(A))r,00 >0,
where ng(A) € To0Q denotes the outward normal to A at o € 0A.

Notice that Vflagq = Vrf = Vfi,; (this is due to the fact that on B,,, one has
f— f(z) =9, and thus Vpf = VpU;). Thus, the strong stability condition appearing
in Definition is equivalent to

Vo € 0A, ano(A)f+’i(O') > 0.

The name ”stable” is justified by the following: if A C 02 is strongly stable, then for
any curve satisfying for all t > 0, 7/(t) = —V flsq (7(¢)) with 4(0) € A, one has for all
t>0,7(t) € A

The following proposition will be needed to get the existence of an arbitrary large
and strongly stable domain in B,;.

Proposition B.57. Let us assume that the hypotheses [H1] and [H2] hold. For all
compact sets K C B, there exists a C* open domain A which is strongly stable in the
sense of Definition simply connected and such that K C A and A C B.,.
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Proof. For the ease of notation, we drop the subscript ¢ in the proof. One will first
construct the set A. Then it will be proven that A has the stated properties. For a > 0,
let us define

Lo = flag(If(2). /(=) + a)) N B..

For a fixed a > 0 small enough L, is a C* simply connected open set (which contains z)
with boundary the level set f|5512({f(z) + a}). The domain L, is C* since f is C°.
Let us define for € B, the curves ~, by

’Véc(t) = vf|8Q(’Yx(t))v ’Yx(o) =x.

For any x € 0L,, for all t > 0, v;(—t) € L, since t > 0 — flaa(7z(—t)) is decreasing
(4 flon(re(—1) = —IV/lon(re(~1)[> and flon(1(0)) = a). Let us now define for
T>0

Ap = {v,(t), x € OL,,t € [0,T)} U L, C B,.

One clearly has Ay C Ap if T < T'. One claims that A7 is a C°° simply connected
open set which satisfies

Vo € 0ArT, ano(AT)ﬂaQ(U) > 0.

Let us first prove that Ap is C*°. One has 0Ar = {7,(T"), x € 9L,}. The boundary of
Arp is thus a C*° homotopy of 0L, where the homotopy function is

H(tx) = 7a(0).

Additionally since this homotopy is with values in B, and since L, is simply connected
(because L, can be asymptotically retracted on z in the sense that for all z € L,,
limy o H(t,z) = z), Ap is simply connected. Let us prove that Ap is open. Let
us denote by dgn the geodesic distance in 0. Let xog € Arp \fa. There exists a time
to € (0,T) such that v5,(—to) € L. Let us define ey = daq(Va, (—to), La)/2 > 0. Since
the mapping y — 7, (—to) is C°, there exists 1 > 0 such that if daq (x,y) < €1 then
daa (1 (—t0),s Yae (—t0)) < €0/2 and thus v, (—to) € L,. Moreover, since B, \ L, is open,
it can be assumed, taking maybe 1 > 0t smaller, that Baq(zo,c1) C B, \ Lq. Then, by
continuity Yy € Baq(zo,€1), there exists to(y) € (0,t9) C (0,7") such that v,(—to(y)) €
OL,, which implies that y € Ap\ Ly. Thus A1\ L, is open. In addition, since L, is open
and since L, C Ar, one has that int (A7) = int (A7 \ Ly) ULy = (Ar\ Ly) UL, = Ar.
Therefore the set Ar is open.

Let us now prove that Ap is strongly stable (see Definition . By construction, Ap
is stable for the dynamics v/ = —V f|sa () and thus one has

Vo € 0Ar, anU(AT)f|8Q(0) > 0.
Let us defined now the function
Y:z€B,\ Ly (2/,t) € 0Ly x Ry s.t v (t) = .

Notice that T is a C*° diffeomorphism from B, onto its range, and let us denote F' :=
T~ its inverse function (F(z',t) = ,(t)). Assume that there exists z € Ay such that
On,(ap)floa(r) = 0 and let (2, T) = Y(x). This implies that V fon(z) € T,0A7 and
thus 0, F(2',T) € T,0A7. Furthermore Ran (dy F'(.,T)) = T,0Ar and thus d(, I is
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not invertible which contradicts the fact that F' is a diffeomorphism.

It remains to prove that for any compact set K C B,, there exists T' > 0 such that
K C Ap. One has

B.=J Ar.
T>0

Indeed, if € Ly, * € Ar for all T > 0 and if z € B, \ Lq, limy_o0 72 (—t) = 2 and thus
there exists s > 0 such that v,(—s) € 0L, which implies that x € A;. Let K C B, be
a compact set. Then K C (Jp-(Ar and thus by compactness there exists a sequence
(Tj)j=1,..n C RN, with 0 < T1 < ... < Ty, such that K C j-, Ay, = Ag,,. This
concludes the proof. ]

Construction of the domain QZ In this section, we introduce the domain Qi (associated
with z;) on which the auxiliary Witten Laplacian with mixed tangential-normal Dirichlet
boundary conditions is constructed.

Proposition B.58. Let us assume that the hypotheses [H1], [H2] and [H3] hold. Let
us fix a neighborhood Qqy of xy (the global minimum of f in Q) such that

Onf <0 onTy:= 00

where ndenotes the outward normal to Q\ Qg on T'y. Let us consider a critical point z;
of flaa. Then there exists a smooth open subset I' ; of B., containing z; and arbitrarily
large in B.,, a neighborhood Vr, , of T1; in Q such that Vo, , N 0Q C B, and a Lipschitz
subset Q; of O \ Qo which are such that the following properties are satisfied:

1. Following Proposition
Vo € Vi, ,, do(, z;) = ®(x) — f(2)
where ® is the solution of the eikonal equation ;
2. The system of coordinates (x',1q) is defined on Vr, ,, see Deﬁnition ;
3. 08 is composed of two connected components: Ty and I, UTy; ;

4. T'1; and T'a; meet at an angle smaller than m, see (B.119)) for a precise definition

)

Ve € 9 \ Lo, Onf(x) >0 (B.134)

where n is the outward normal derivative of 4 ;

6. and
Vx € F27z‘ N VFl,i? 8nf+(x) > 0. (B.135)

7. Moreover, for all § >0, Q; (and Q) can be chosen such that
sup{de(z,y), v € oy, y € B} <6 (B.136)

and
sup{de(zo,x), x € o} <6 (B.137)

where, we recall, d, denotes the geodesic distance for the Fuclidean metric on Q.
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We refer to Figure for a schematic representation of €);.

Proof. The domain Q; C Q is built as follows. First, let us fix a neighborhood Qg of zg

such that (B.137)) is satisfied and
8nf <0onTI'yg=00

where n denotes the outward normal to 2\ g on Iy (this can be done for example by
considering Qo = {z, f(x) < f(xo) + n} for some positive 7). Second, let us consider
a smooth subset I'1; of B., which may be as large as we want in B.,, and which is
strongly stable (see Proposition for the existence of such a set):

(Vfloa,n(I':))rae > 0 on o', (B.138)

where n(I'; ;) denotes the outward normal derivative of I'y ;.

Once I'y; is fixed, the existence of a neighborhood Vo, of ﬁ in Q such that
Vr,, NOQ C B, and such that items 1 and 2 are fulfilled is a direct consequences of
Proposition

Let us now consider the system of coordinates (z/, z4) introduced in Definition
Let Vo, ;, C 99 denotes a neighborhood of 9T’y ; in 9§ and

vgm = Vor,, NT% ;.
The domain ; is then defined as follows:
Qi =0\ (Qu{s e Vgliu such that z4(z) € [—¢(z'),0]})
where ¢ : V3+F1,z‘ — R4 is a smooth function such that
Je > 0,Va' € 14, p(2') > ¢

and ), is a connected Lipschitz subset of . In the following, we denote by Iy; =
o0\ (T1,UTp) (so that item 3 is true), see Figure for a schematic representation.
For each point z € 0I'y 4, there is a small neighborhood V of 2z such that

VNTy; C{x = (2 24),2" € OI'1; and z4(z) € (—n, 0]}, (B.139)

for some n € (0,¢). By choosing I'; ; sufficiently large in B,,, and ¢ such that max ¢ is
sufficiently small, is satisfied. This concludes the verification of item 7.

For each point y € OI'y;, it is possible to construct locally a normal system of
coodinate ' = zp = (zr1,272,...,274-1) In a neighborhood V,, of y in 99, such
that I'i; NV, = {& € V,,zr:1(z) < 0}, VaJICM NVy = {z € Vy,zr1(z) > 0} and
ol ;NVy={z €V, zr1(xz) =0}. As explained after Definition by extending this
system of coordinate inside §2 as constant along the curve associated with the vector field
%, x> (2'(x), zq(x)) then defines a local system of coordinates in a neighborhood

W, of y in Q. For all z € 9Ty, the vector n,(T'1) = % is the outward normal

vector to I'1; on OI'1 ;. By a compactness argument, one gets that 0I'y ; C supkK:1 Vi
for a finite number of points y, € O'1 ;. See Figure for a schematic representation
of the function ¢ in this system of coordinates.
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Let us now look at the boundary of Q; in a neighborhood of 8F1,z’ (see Figure .
For o € 9, let us denote by n,(£2;) the unit outward normal to ;. Let us show that
for all z € OI'y 4,

hin ng(Qi) = nz(FM) (B140)

where the limit is taken for o € I'y;. Let us prove (B.140)). For any point z € dI'1,
there is a small neighborhood V of z in Q such that the system of coordinates (zp,x4)
introduced above is well defined. In this system of coordinates,

9Q;NVNTy; C{z eV, zr1(z) = 0 and x4(z) € [—p(2'(zr(z))),0]}.

VLZT,l
[Var ]

Moreover, the outward normal to €; on this subset is n(£;) = and thus, by

construction, for all z € OI'y 4, holds.

As a consequence of , the two submanifolds I'1 ; and I'z; meet at an angle
smaller than 7 (see (B.119) and Figure [B.12). This shows that item 4 is satisfied.
Moreover, using and the fact that Vf|apg = Vfi on 09, one has: for all
A 81-‘1’1',

lim Vfi(o)- no‘(Ql) = lim V(o) - na’(Qz) =Vf(z) n.(I'1:) >0

o—z o—z

where the limits are taken for o € I';. Thus, up to choosing ¢ with max ¢ sufficiently
small, it is possible to build €; such that (see Figure [B.10)

Vz € T'y; such that 2'(z) € 914, Opfy(z) > 0

where n here denotes the outward normal to €2;. This implies item 6. It also implies
(since Vx € I'y; such that 2'(x) € OT'1 4, On f(x) = Onfyi(x) — Onf-i(x) = Onfyi(2)):

Vz € I'y; such that 2'(z) € 14, O f(z) > 0. (B.141)

Finally, by using (B.141)) and since d,f > 0 on 92, up to choosing ¢ with max¢
sufficiently small, it is possible to build €; such that (see Figure [B.10))

Vo € 0, Onf(z) >0

where n again denotes the outward normal to ;. This is item 5, and this concludes the

proof of Proposition
|

Definition B.12. Let us assume that the hypotheses [H1], [H2] and [H3] hold. Let us
consider a critical point z; of f|aq. In the following, we denote by Snr; = {$%, Lo, T'14, 2y, Vo, }
an ensemble of sets satisfying the requirements of Proposition [B.58

In the following, in order to reduce the amount of notation, the index ¢ will sometimes
be omitted. Thus, we will denote

z=z;, D1 =Ty To=To;, Q= Vo, =Vp,,, V=0, fy=Ff;and f- = f_,.
We shall warn the reader whenerver the index ¢ is dropped.
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Fl,i in 89

N

Zq

i

Fl,i N f2,i

Figure B.9: The ensemble of sets Sy = {Qi,FO,FLi,FQ’Z’,VFLi} associated with a
critical point z; of flaq.
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SD(()? $T727 L] ,$T7d71) Z g —=" i

xr = (T71,. .., TT,d-1)
(0,272, .., 21,0-1)
Figure B.11: The functions a7 € R4 — o(ar).

Tn

— ¢ (z1,2") = |21

I

Figure B.12: The sets I'1 ; and I's ; meet at an angle smaller than 7, according to (B.119)):

take @y = I g, = CTHVILL o (g0 g ) and (a1, 2”) = |,

B.4.1.3 On the spectrum of the Witten Laplacian A%Z(Qi)

Troughout this section, one assumes [H1], [H2] and [H3]. In this section, we introduce
a Witten Laplacian with mixed tangential and normal Dirichlet boundary conditions,
associated with the critical point z;. Let Spr; := {Qi, Lo, ', To, Vpl’i} be an ensemble
of sets associated with z;, see Definition

Let us now consider the Witten Laplacian A%h on €; with zero tangential boundary
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conditions on
I'r=TyU Fl,i

and zero normal boundary conditions on

'y =T9;

as defined at the end of Section |B.4.1.1| (see (B.122)—(B.124))). The main result of this
section concerns the spectrum of the operator A%’I(p ) (QZ)

Proposition B.59. Let us assume that the hypotheses [H1], [H2] and [H3] hold.

Let AA’J}’L(p)(Qi) be the unbounded nonnegative selfadjoint operator on L%(Y;) defined by
(IB.122)) and with domain (B.124) with 't =Ty ULy and I'y = I's. One has:

(i) The operator A%’l(p)(fli) has compact resolvent.
(i1) For any eigenvalue \, ofA%’l(p)(Qi) and associated eigenformu, € D (A%’L(p) (QJ),
one has dgpu, € D (A%’L@H)) and d?hup eD (A%’L(pfl)), with

dfth%ﬁ(p)uP = A%’L(pﬂ)df,hup = Apdyntp
and y . (1)
AR Q) = AT Q) oty = Ny it
If in addition A, # 0, either dypup or d} ,uy is nonzero.

(i1i) There exist ¢ > 0 and ho > 0 such that for any p € {0,...,n} and h € (0, hy),

. M, . M, . 3
dim Ran Toehd) (Afyh(p)(Qi)> =01, and Sp (Aﬁh(l)(Qi)) N[0,chz) = {0}.

Proof. Since the criticial point z; is fixed, for the ease of notation, we drop the subscript ¢
in the proof.

The point (7) follows from the compactness of the embedding H 2 (Q) = L2() (since
additionally D (Q%l (Q)) < H2 (Q) is continuous according to Proposition [B.55). The
point (ii) is then a straightforward consequence of the characterization of the domain
of A%’l(p )(Q) together with (B.123). The statement in the case A, # 0 follows from

M, - * *
0 # )‘p<up7up>L2(Q) = <Af,h(p)(Q)upauP>L2(Q) = (dfnu, df,hup>L2(Q)+<df,hupvdf,hup>L2(Q)'

Let us now give the proof of the last point (iii), which is a consequence of (i7) together
with ideas from [34,47], since z; is the only generalized critical point of f in Q for

A?;l(l)(Q). According to the last part of (i7), it suffices to prove that for some ¢ > 0,

one has for any p € {0,...,n} and h small enough,

3 M,(p) s J—
dim Ran 7 ¢ (a1P @) = a1,

Pick up u € D <Q%’Z(p) (Q)> From the Green formula (B.125) and from the fact that

Oth

Lyr+ LS 7 is a order differential operator, one has that there exists Cy > 0 such
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that for all u € D (Q%’l(p ) (Q)) and all smooth cut-off function y supported in € (whose
support avoids OQ):

ldgaxullFeqy + a2y = (nf 1977 = hCo) llxul?.

Thus, since f has no critical point in €, there exists some C' > 0 independent of
ueD <Q%’L(p )(Q)> such that for any smooth cut-off function y supported in € (whose

support avoids GQ) and h small enough,

QP xw) > Cllull?,

Note in addition that owing to d,f > 0 on I'y and 9,f < 0 on I'g, the boundary
terms in the Green formula are non negative, for any smooth cut-off function
X supported in a neighborhood of any point in I's U Iy (whose support avoids some
neighborhood of T'1). Thus, the same considerations show that for 4 small enough, for

such functions y, taking maybe C smaller, Yu € D <Q%’L(p ) (Q))

Q@) (xw) = Cllxul

According to the analysis done in [34, Section 3.4], the same estimate also holds for
X supported in a sufficiently small neighborhood of some point = # z, z € I'; (whose
support avoids a neighborhood of {z} UdI'1). This is related to the fact that I'; does
not contain any generalized critical point of f in the tangential sense except z. Let us
now show that such an estimate is also valid near 0I'1. In order to prove it, one recalls
that

f=f)+fr—f aeonQand |[VFf>=|Vf_|?+|Vfi|> a.e near o'y,
where fi are smooth and satisfy the following relations on B,:
f+=F—f(2), [-=0, Opf+ =0 and O, f- = =0, f.

Hence, for any x supported in a sufficiently small neighborhood of 0T'1, one deduces
from the relation Q]f[f(f) )h(Q)(xu) > 0, the Green formula (B.125]), and the fact that
L vy +L g s isa 0" order differential operator, that there exists C; > 0 independent

ofueD (Q%’L(p)(QD such that:

h </I; / ) <XU,XU>r . a f do’ > —h Hqu”L2(Q) — h2 ||quH22(Q)
1 Iy 9 [

Using again the Green formula (B.125]), the relation f — f(z) = f1 — f— with 9, f+ =0
on I'y, and the fact that Ly + EV f is a 0th order differential operator then leads to the

existence of Cy > 0 independent of u € D (Q%’L(p )(Q)> s.t.

QP (@)t > 1V £+l gy = Coliull ey + 1 [ Geulxu)adfs do
2
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Since f, has no critical point around 9I'; (see (B.133))), one has then for A small enough,
taking maybe C smaller:

QP @)t > Clull ey + 1 [ Geulx)oadfs do (B.142)
2
Let us recall that due to our construction of I'y near 0I'j, one has (see (B.135) in
Proposition |B.5§|):
Onfy (o) > 0 for o € 'y sufficiently close to dI';.

This implies that for x supported near 9"y with sufficiently small support and A small
enough:

QPP () (xu) > CllxullZayg,.

Lastly, since z is a generalized critical point with index 1 in the tangential sense, it
follows from |34, Proposition 4.3.2] that for y supported in a neighborhood of z and h
small enough, the spectrum of the Friedrichs extension associated with the quadratic
form

2 2
{U € APH' (supp x); tolr, = U‘asuppx\fl - 0} v |ldypvlle + Hd?,hUHLz

does not meet [0, h%) if p # 1, and consists of exactly one eigenvalue in [0, h%) which

is actually exponentially small — i.e. of the form O(e Q) —if p = 1. Denote by
some normalized eigenvalue associated with this exponentially small eigenvalue in this
last case.

Using the IMS localization formula (see for example |12] for a proof)

K K
V(Xk)keq1,.. k) € (C"" (Q)) sty xp=1
k=1

K
Q%ﬁ(p) (Q> =2 <th )(xku) — 2 |||VX1€!UHiz(Q)> (B.143)

k=1

and the previous analysis then shows that choosing x; € C* <Q> supported in a

neighborhood of z with x; = 1 near z, one gets for some C,C’ > 0 independent of
ueD <Q%’L(p)(f2)> and h small enough:

QP () (w) > QP () (aw) + (1 - xD) 72, o)~ O llulfaqy . (B.144)
If p # 1, one deduces immediately from (B.144]) that for A small enough,
M, .
QP (@) () 2 ¥ [xaulZaigy + O = XD rulg) — OB [ullZa
and then that for some ¢ > 0 and h small enough:
M,(p) /¢ 3
QP V() = eh? [lul7 g
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If p = 1, one obtains from (|B.144)) the same conclusion for any v such that fQ ux1¥1 =0
and therefore A%’L(p )(Q) has no eigenvalue in [0, ch%) if p# 1 and at most one if p = 1.

To end up the proof, it is sufficient to remark that 1;1, the extension of ¥; to Q by 0
outside supp x1, belongs to D (Q%;(l)(Q)> and satisfies for h small:

M) w7\ . ., _Ca 3
Q@) (1) = It oy + 145001l gy = O™ 7)< eh.

Following Proposition [B.59, let us introduce an L?-normalized eigenform ugllz of

A%’Z(l)(ﬂi) associated with the eigenvalue 0:

AP (©Q) uy) = 0in Q; and Hugz

= B.14
L2() ( 5)

The quasi-mode ¢; will be built using a suitable truncation of ugz Notice that thanks

to item (ii7) in Proposition |B.59| ugz is unique up to a multiplication by =+1: this

multiplicative constant will be fixed in Proposition [B-64] below.

B.4.2 Definition of the quasi-modes

Troughout this section, one assumes [H1], [H2] and [H3]. In this section, we construct
the function @ and a family of 1-forms ((;;Z-)i:17_”7n which will satisfy the estimates stated
in Section For each i € {1,...,n}, the 1-form ggz will be constructed by a
suitable truncation of an eigenfunction wuj; associated with the eigenvalue 0 of the
mixed Witten Laplacian attached with z; € {z1,...,2,}, as defined in Section

We recall that ¥; is an open set included in 92 containing z; which is such that
3; C B,, (see Definition .

B.4.2.1 Definition of the quasi-mode

Definition B.13. Let us consider the global minimum xg introduced in the hypothesis
[H2]. Let x € CX(Q2) such that {x € Q|x(z) = 1} is a neighborhood of x¢ and such
that 0 < x <1 (in particular x(xo) = 1). The quasi-mode 4 is defined by

~ X
e
Q

The function @ belongs to C°(€2) and therefore @ € H} (e_%f (‘”C)dx). The function

x will be chosen such that supp(|Vy|) is as close as needed to 952, as will be made

precise in Section [B:4.5]
Let us first prove that @ satisfies item 2(b) in Proposition

=¥
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Lemma B.60. Let us assume that the hypotheses [H1] and [H2] hold. Then, for any
d > 0 there exist ho > 0, C > 0 and x € C°() such that the set {z € Q|x(x) =1} is
a neighborhood of xo, 0 < x < 1 and for all h € (0, hy)

- _2f _d _of(z1)—f(=0))=d
/\Vu|2e < Ch 2¢72 D ,
Q

where U is defined in Definition [B.13
Proof. There exists a constant C' such that

f(x)
_92 h””

dz

T e
/ Va(z)]? e dr < cfS“PPVX —
o JoX2()e > dy

Since suppVx can be chosen arbitrarly close to 02 and since z; is the minimum of V'
ondf, by continuity of f, for any 6 > 0 there exists y € C*°(Q2) such that {z € Q|x(x) =
1} is a neighborhood of zp, 0 < x <1 and

_of(z)
/ e 27 dr < Ce
suppVyx

Moreover, since xg is the global minimum of f in €2, one gets, using Laplace’s method

f(z1)+26
_2?.

d
20\ ,—2LW (m h)2 _gl(zq)
e “h dy = e (14 O(h)).
e iy = P e i o))
This yields the desired estimate. ]

Notice that item 2(b) in Proposition is a direct consequence of Lemma [B.60}

B.4.2.2 Definition of the quasi-mode ¢; attached to z;

Let z; be a local minimum of f|pq. Let Spr; == {Qi, Lo, 1,4, 2,4, V1, } be an ensemble of
sets associated with z;, see Definition Thanks to Propositions [B.57] and [B.58, the
set I'1; can be taken such that 3 C I'1;. We recall that Section |B.4.1| was dedicated

to the construction of a domain €; C Q and a mixed Witten Laplacian A%’l(l)(ﬂi)
(see (B.122)) associated with this ensemble of sets Sps;. Proposition m gives the
spectral properties of the operator Aﬁ‘/[h(ﬂi). In the following, we consider a normalized

eigenform ugllz €D (A%’f“(ﬂﬂ) associated with the first eigenvalue 0, i.e. such that
(B.145) holds
(1)

The quasi-mode (;3, is defined as the following truncation of w; ;.

Definition B.14. Let us assume that the hypotheses [H1], [H2] and [H3] hold. Let
xi € C*™ () be such that:

1. xi € CF (QZ UI‘M) (and thus x; = 0 on a neighborhood of I's; ULy and on a
neighborhood of 0X\ T'1;),

2. x; = 1 on a neighborhood of Y, in Si,
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Figure B.13: The support of x; on 0f).

One defines V; := {x € Q|xi(x) = 1}. The quasi-mode ¢; is defined on Q by:

RRAT

The support of x; on 8Q is represented on Figure and the support of y; in
is represented in Figure The function x; will be chosen such that the supp(|Vx;|)
is as close as needed from Bc C 0N or from xzg, as will be made precise at the end of
Section [B.4.5] This is bossible thanks to item 7 in Proposition [B

Using Lemma [B.54] and the fact that tXiugbg =0 (on 0N), one easily shows that

1
qugbz

(B.146)

Xi(x ‘ dx

bi € NV HL(Q).

Using now standard elliptic regularity results, one can check that ¢~)Z is actually a C2°(QQU
I'1 ;) function.

We will show in Section 5| that the family of forms (i, b1, .. ,(j;n) satisfy the
estimates stated in Sections m and [B.2.2.2] This requires some preliminary results

on the eigenforms (u,(llz)ie{17.__n} that are provided in Section [B.4.3and |B.4.4

B.4.3 Agmon estimates on ugz

Throughout this section, one assumes [H1], [H2] and [H3]. In all this section, we
consider, for a fixed critical point z;, an ensemble of sets Syr; associated with z; (see

Definition [B.12)) and an L?-normalized eigenform “1(12 of AM( )(Q ;) associated with the
eingevalue 0, as introduced at the end of Section
The aim of this section is to prove the following proposition.
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Figure B.14: The set V; = {x € Q‘X,(x) = 1} and, in gray, the support of Vy;.

Proposition B.61. Let us assume that the hypotheses [H1], [H2] and [H3] hold. Any
L?-normalized eigenform ugll) of A%’Z(l)(ﬂi) associated with the eigenvalue 0 satisfies:

,z
(e F ) g+ o (i)

where, we recall, ¥;(z) = dq(z,2;) (see Definition[B.10).

For the ease of notation, we drop the subscript 7 in the remaining of this section.

The proof is inspired by the first part of the proof of Proposition 4.3.2] where
the authors consider a Witten Laplacian with mixed tangential — full Dirichlet boundary
conditions in a local system of coordinates in a neighborhood of z. The proof actually
only requires that ug) is an eigenform of A%’L(l)(ﬂ) associated with an eigenvalue \;, =
O(h). Tt crucially relies on the following Agmon-type energy equality.

o)
eruy, )

o —N
L2() OR™)

(B.147)

o+ ]
L2(Q;)

dN € N,

L2()

Lemma B.62. Let us assume that the hypotheses [H1], [H2] and [H3] hold. Let ¢ be
a real-valued Lipschitz function on Q. Then, for any uw € D (Q%’Z(l)(fl)) , one has:

O L e )
Qi (D)(u, e hu) = h* ||deru LZ(Q)+h d*etru L)

+{(IVFI? = IVl + hLvs + hLgp)ehu, ehu) 2y (B.148)

+h <—/ +/ > (U, U)oy e%“’ﬁnf do.
Toul’y To 7
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Moreover, whenu € D (A%’Z(l)(ﬂ)> , the left-hand side equals (e*% A%’L(l)(ﬂ)u, u)LQ(Q).

Proof. This result is standard for manifolds without boundary or for bounded manifolds
and quadratic forms with full normal or tangential boundary conditions (see e.g. |19}
34,47]). We extend it here to our setting.

Note first that v € D (Q%’l(l)(flo implies ehu € D (Q%jb(l)(fl)), since for u €

D (Q%’L(I)(Q)), P Ae*hu = e?hn’ Auand ine?hu = 2% ipu. One then gets by straight-

forward computations:

=6

—~

QY () (u, ) = (dppu, dpp(e*F ) + (df yu, 45, (2R w))
%)

)+ (ehdppu, dp A (e
)

b2

u))
— <e%d;7hu, iy, (efu))
w)) — (dp A (ehu), dyp(ehu))
+ ldgn(eru)|)? = lde A (eFu)|)? + Hd},h(e%u)ll2 — |livpet ul®

+ (ivp(efu), dj y(ehu)) — (df 4 (ehu), ivp(ehu) .

h
L
h

Let us set @ := ehu € D (Q%’f”(fl)). Using the same relations as in the proof of
Lemma [B.56] leads to

P
h

QY V() (u,e*Fu) = QYN () (@) — (IVol* @ @) — (dp A @, dypi)
+ (dy iy do NG + (vl df g, G) — (1 vy
and hence to
QD (@) (u, ¥ u) = QM (Q)(@) — IV @, 7) .

One concludes by applying Lemma 1

Proof. (of Proposition
Following the proof of |34, Proposition 4.3.2], one proves the result in two steps. First,
the Agmon estimate along I'; C 99 is proven by applying Lemma with a function
¢ close to fi (recall that on I'y, fy = ¥). The Agmon estimate in € is then obtained
using again Lemma [B.62] with ¢ close to ¥, and the Agmon estimate along T'y.

In order to separate the analysis along I'; and elsewhere, one introduces two smooth
cut-off functions o and x1 on £ such that:

x1:=4/1—x3, xo=1onVp, with suppxo C V{,,
for a set Vlil C Q such that for some ¢ > 0, (see Figure )
(i) (Vp, + B(0,e))NQ C Vlil,
(ii) T := Vp, NOQ is smooth and (T'1 +B(0,))NIQ C I'] and (I} +B(0,¢))NIL C B,
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Figure B.15: Neighborhoods of z.

(iii) ¥ = dq(2,-) is a smooth solution to the following eikonal equation in Vi (see

Proposition |B.52)):
[VU|? = |Vf? in Vp,

U=f-f(z)onT}
0,0 =—0,fon T .

It is possible to choose V/. such that all the properties stated previously on Vr, also hold

on VF/1 (in particular (B.131)), (B.132) and the properties stated in Proposition [B.58)).
We recall that one has by (B.78):

VU2 <|Vf? a.e. in Q.

Vsl = 'v <‘I’i(f2_f(z>)>‘ < |Vf| ae. in Q.

Thanks to the relations f— f(z) = fy — f- and ¥ = f; + f_, together with the equality
[VU|? = |[Vf[? a.e in V{, one has

Thus

Vi V=0 ae inV}, [VU?=|Vf2=|VfP+|VF]® ae in V.
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Let now ugl) eD (Aj\c/jh( )(Q)> satisfy

A%’L(l)(fl) u,(ll) =0 and Hul(ll)‘

L)

Step 1: Agmon estimate in I';.
In this part, we are going to prove the estimate (B.147) with ¥ replaced by f.
namely:

I+ I+ « 1+ _
lem Iy + (e ™ uf) 2y + I (€7 uf) ]| ) = O(h0)

f— (2)
for some integer Ny. By the trace result (B.121|), this will give the estimate He 1)‘

O(h~™No) which is the first step to prove (B.147)).
To get these results, the idea is to apply Lemma[B.62| to a convenient ¢ comparable

with f; and such that |Ve| < |V fi|. This kind of estimate is classic and the ideas
behind the computations presented below, which follow [34)/47], originate from the
article [35] where similar estimates were obtained in the case of manifolds without
boundary. The presence of a boundary leads here to some technicalities which can
somehow hide the reasoning and we refer for example to [19,130] for a presentation of
semi-classical Agmon estimates in manifolds without boundary. We recall from the
work [35] that if one just wants to get an error of the form O(e# ) with e > 0 arbitrarily
small, the choice ¢ = (1 — ¢) f, is sufficient, but it does not yield an error of the form
O(h™). To get such an error term, a good choice for ¢ is (B.149).
Let ¢ : Q) — R be the following Lipschitz function:

L2(I)

fr .
— In — if
o= f+ Chln A 1 f+ > Ch, (B149)

fi—ChInC if f < Ch,

for some constant C' > 1 that will be fixed at the end of this step. Define the associated
level sets:

0 = {x e O st filn) < Oh} and Q= 0\ Q_.
Then Vo = Vf; ae. in Q_ and

Ch
Vo=Vfi <1 — > a.e. in Q4.
I+
This implies in particular the two following inequalities valid a.e. on Q4 and that will
be used in the sequel:

2Ch C?h? Vi?
V2~ [Vl = IVf+|2< g ) > el o, @aso
+
Ch \Wik
VrE - 9P 2 9 - 19 (1) enl e masy

The last inequality in (B.151)) is a consequence of the inequality |V fy|? < |V f[%. This
implies in particular that |Vo| < |V f| a.e. in Q.
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Note lastly that there exists a constant K > 0 depending on f; and f, such that

2 2
VA > K in ¢ and VS > K in V., (B.152)
+ +

the last inequality being a consequence of the facts that fi(z',z4) = fi(2/,0) and
' — f(2,0) = f(2) + fr(2/,0) is a Morse function with z as only critical point.

Now, using the fact that AM (1) (Q) 21) = 0 and the IMS localisation formula (B.143)),
one gets
2<QJ ‘

Setting ﬂg) = e%u,(ll) and applying (B.148]) to Xkug), k € {0, 1}, one obtains:

0= (@) (u, e*rull))

> [th () (awy”, €)= b2 H|VXk\e%uhl
ke{0,1}

2

C1h? ke{zo,l} kaﬂ,(ll)‘ 2@ = C1h? Huh ‘ L)
s 5 (s st o 0 5Pt

+ h{(Lyy + L5 )Xk, Xkag”)p(m} + h< /F - /F > (xoty, 0@y, )Onf do,
2 1

where C7 = max(||Vxo|%, | Vx1|/%)- Note that one has used that xo = 0 on I'y, x1 = 0

on I'y and
<— / + / ) taas @M o, f do > 0,
To T2

which follows from 0, f > 0 on I's and from 9, f < 0 on I'y.

Now, since Ly + L is a 0" order differential operator, and ‘ﬂg)(m)’ < eC|u§Ll)(:1:)|
a.e. on _, one obtains that for some constants C (independent of C) and C3(C)
depending on C,

cs@mz Y [[ravaf |, o +[radi][ o + A9 = 1P i e
ke{0,1}

_C2hHXkﬂ( )H +h / —/ (xoil o M)a, f do.
Q+) T I
(B 153)

Let us first consider the case k = 1. Using |V¢| < |V f| and (B.151)—(B.152), one
gets:

2
(VIR = 9Pty xai) g - Con il |,

2
> (1912 = IVelPhaiy i, — Coh aaf||
L2 (Qy)
2
> <<Ch|vﬂ - CQh) Xlﬂ;}), Xlﬂ](ll)>
f+ 12(04)

> (KC — Ca)h Hxlag)‘ ;(m) '

(B.154)
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Let us then consider the case £ = 0. In this case, one deduces from supp xo C

where |Vf|2 = |V 12 +|Vf_|?, from |V|? = [V f1|? on Q_, and from (B.150 m
the inequality:

2
(V1P = Ve xoi xo ) pagay = Co o[,

2
= [V, g, + (TLL Voo o ) exca )
—_—
=0
+ (VL = 1V = Cohxotty, X0ty ) 1200,

> [ivr i, o+ (C - o oi?|

L2(%) L2(Q4)
> (14 2C4(C)h) H|Vf,|><0a“)H2 - (KC—Cg)hHXOﬂ(l)H2 (B.155)
- hollze@) hollzn)
where C4(C) = ——KC€=C2 __ (see (B.131)) and C has been chosen large enough to

2||fo||iw(vfl)
ensure that KC — Cy > 0.
In order to get a lower bound for the boundary term in , one uses the fact
that the mixed Witten Laplacian AM’(I)(Q) associated with f = —xof_ where Yo €
C>(9,10,1]), Xo = 1 on supp xo, supp Xo C (V{, + B(0,a)) N Q for a > 0 such that f_

is smooth on supp o and h = m, is nonnegative. Starting from the inequality

(1+ C’4(C)h)Qj¥[1(l)(Q)(Xgu§l ), XOUEL )) > 0 and then applying Lemma [B.56| to XOU( )

A
D (QMi(l)(Q)> lead to (since xg = 0 on I'y):
fh
h </ / ) (Xoﬂg),xgﬂg)>8nf, do > —(14+ Cy(C H|Vf ‘XUU(I) )
r, Jo, L2()

o n de()ﬂu)Hz ~(1)H2 i —
L+ Cy(C)h hollrz@) L2(%2) ol

where C5 is some positive constant independent of C' (it only depends on f_).

Injecting the estimates (B.154)—(B.156) in (B.153)) and using f = —f_ + f+ + f(2)
on Vlil with 0, f+ = 0 on I'y, then leads to:

Csh > ) { 1i4g4h (H il >H ~<1>H;(Q)> + (KC — C’z)huxla}(j)‘ ;(M
+Cih H V- Ixof”| ;(Q) ~ (KC = Co)h | oy ;(Q

~ 1Ol gy + 1 | (xoulon ;001 do-
2

In the last computation one has used that 1 > lfgi 7y L — 1 +é,4h = l—fé‘Zh' It follows

moreover from (B.135)) that 9, f+ > 0 on supp xoMNI'2. Then, since |ﬂ§:)($)| < €C|u§ll)(:c)|
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a.e. on §_, there exists Cs(C, C, K) such that

Coh Z 1%}10 <H 1)H;(Q) + ‘

2

~(1)‘

2 ~(1
L2(Q)> + 204 [V f= Ny ) HXlUEL )‘

+C4hH|Vf—\xOﬁh [ = PO Ioi

L2(Q)
One has used that 1 +Cy > 1+ C4h, for h < 1 and KC — Cy = 2C, va—H%OO(VIL )
1

Additionally, since |[Vf_| > ¢ > 0 on VF’1 (see (B.131)), limg_yoo C4(C) = 400 and Cj
is independent of C, one can then choose C such that ¢?Cy — Cs > 0. This implies the
existence of a constant C7 > 0 such that for hy > 0 small enough and for all h € (0, hg],

Cr

180y + I ey + 1472 ey < 5 (B.157)

Since ¢ — f1 > Cghln for some constant Cyg, there exists Ny > 0 such that:

T+ (1) —No
e wy, "\l L2y +||d(e " uh )HLz + ||d* (e G uh )IILz = O(h™). (B.158)

One has in particular, owing to the trace result (B.121]) stated in Proposition and
since f = f — f(z) on I'y,

He’“i(z) <1>( — O(h~MNo), (B.159)

L2(1T)

Step 2: Agmon estimate in €.
One follows the same approach as in step 1 but with the function

W—Chln%, if U > Ch,
U — ChlnC, if ¥ < Ch,

()0 =
where the constant C' > 1 will be fixed later on, and with the associated level sets:
0= {:1; €Qst. U(x) < Ch} and Q, =Q\Q_.

Applying formula (B.148) then leads to (note that |&§ll)| < e%luy| on Q_, 9, f < 0 on
Fo and 6nf > 0 on Fg):

2

L2(%2)

2 2
Cs(C)h <1+/ @V @Myraq da) > thaﬁj)H . +th*a§j)H . (B.160)
Ty
(VIR = Ve ,ué)m(g Yl .
where @,(11) = ehug) the constant C; is independent of C, whereas C5 is a constant

depending on C. Besides, due to the relations

£
h

UV=f—f(z)onl'; and er < e%onQ,
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the trace estimate obtained in (B.159) implies

/ (@D, 4V do = O(h=2V0), (B.161)
I

Injecting (B.161]) in (B.160]) then gives

th@ﬁ}’f | +th*a§}>‘2 |
L2(() L2(%)
HVIP = Vo), a) g Cthuh H — O(h1~2No), (B.162)

L*(Q4)
Since moreover |V¥|? < |V f|? (see (B.78)) and f has no critival point in Q, one gets:

VP2

Ch
|VfP—-VwF2|VfF—¢vwF( >:>cm > CCyh on O,

where C3 > 0 is mdependent of C. Since |[Vf|? > |[VU|? = |[Vp|? a.e. on _, adding
the term (CCs — C1)h uh)HL2(Q : to m leads to

2

tha,g”H;(m + |paa?| .+ (e - conllag

— O(h1_2NO)
12(6) 2(9)

Now, taking C > glves since ¢ — ¥ > C’4hln , there exists N1 > 0 such that:

v (1 ¥ (1 w2 (1 —
lemu |l o0 + lde ™ ug) | oy + (€7 ug) | oy = O™, (B.163)
This concludes the proof of (B.147]). 1

B.4.4 Comparison of the eigenform ugz and its WKB approximation

Throughout this section, one assumes [H1], [H2] and [H3]. In all this section, we
consider, for a fixed critical point z;, an ensemble of sets Syr; associated with z; (see
Definition [B.12) and an L?-normalized eigenform ul(l ) Of AM (1)(9 ) associated with the
eigenvalue 0, as introduced at the end of Section B For the ease of notation, we
drop the subscript 7 in all this section.

B.4.4.1 Construction of the WKB expansion of ug)

Let z be a local minimum of f|sq. Before going through a rigorous construction of a

WKB expansion uilzukb of ug) in a neighborhood of z, let us explain formally how we

(1)

proceed. Let us recall that the 1-form u, ~ satisfies:

A%})Lug) =01in Q,

tugll) =0 and td;hug) =0onIy,

(B.164)

plus additional boundary conditions on I'yUT'y that we do not recall since the objective is

(1) (1)

to approximate u; ~ in a neighborhood of z in Q. The behavior of u;,” in a neighborhood
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of z exhibited in Proposition [B.61| suggests to take uilzukb of the form uilzvkb(m,h) =

aM(z,h)e” @2 yhere oV is expanded in powers of h: a)(z,h) = > k>0 a,(;)(x)hk

and to look for 1-forms (a;(:))kzo so that uilq)u &b 18 @ nontrivial 1-form satisfying (compare

with (B.164)):
Agclf)zu,(;?)ukb = O(h®)e i in @,

B.1
n (1) (B-165)

tu o = 0 and tdy pu,” =0 on I'y,
where the meaning of O(h*°) is formally h*O(h>°) = op,(1) for any s € R. The boundary
conditions in (B.165|) ensures that when cutting suitably a solution to (B.165|) near I',

the resulting 1-form belongs to the form domain of A%’L(l) (Q) (this is needed if one wants

to approximate u,(ll) on OQ). Instead of directly trying to solve (B.165]), the construction

of ugl)ukb can be simply done as follows (see [34, Section 4.2]). Using the complex

. . _da(,z)
property, one considers uilzu w=d f7huiozukb where the function uiO,L)U b = a©® (h)e &

where a0 (z, h) = > k>0 a,go) (z)h¥ for a non trivial family of functions (ay)x>o such that:

o) () _ —daliz)
Af,huz,wkb =0(h*)e " r inQ, (B.166)
ugl)ukb = e_%f on I'y.
This implies the boundary condition: a® =1 on I'y. Then, if uiozukb = a0 e~ dafor) is

a solution of (B.166)), we set:
1 _ (0)
uz,wkb - dfvhuz,wk:b'
One can easily check that the 1-form uilz)l)kb then satisfies (|B.165|) and the extra boundary

condition td} huilikb =O(h™)e” 5 on I'1. Indeed, it holds:

_ da(-,2)

dpnuy =5 (d(f = da(2) a® + hda®)

(1)

which implies tu, ; ,, = 0 since a® =1 and
f—du(-,2z) = f(z) on T'y. (B.167)

In addition, one has

a '»Z)
},hdfvhug?gukb = Ag‘(,)})zui?zukb = O(h*) e

_da(~,z)
h

which implies td},ul'), = O(h™)e and

_da(+2)
A%df,hu(oq)ﬂkb = dﬁhAg“(,)l)zug,)z)ukb =0(Mh>®)e” " .

2,

Thus, the 1-form uilzukb satisfies (B.165)).

o : da(z.z) | (0) (0) ky ,—dalrz) (0)
Expanding in powers of i the function e” #— A} } (Zkzo a, (x)hF)ew ), ug
is a solution of (B.166) if it holds:

\Vd,(z,2)| = |Vf(z)|, for z € Q, (B.168)
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which is satisfied at least in a neighborhood of z (see Proposition ) and if (a,(go)) k>0
satisfies the following transport equations, defined recursively by:

_ Vol = in ¢
{ (ADP —Af+2V®P-V)a, 0 in Q (B.169)

(A® — Af +2V®-V)al) | = Aal) inQ, Vk >0,

(0)
any’ =1 onlIy .
. The equation (B.168]) together
agco):O onI'y, VE>1 -
with the boundary condition (B.167) justify a posteriori the choice of the function
do(-, z) in the exponential for the ansatz on uilgvkb. Let us mention that d,,f > 0 on I'y

implies that there exists a non trivial solution uiol)ukb to (B.166]) in a neighborhood of

I'y since in that case the transport equations (B.169)) are non degenerate. Let us now

justify rigorously the construction of the WKB expansion uilzvkb of ug), which is, in

view of (B.168)) and (B.169]), possible near I';.

A preliminary construction.
Let @ be the solution of the eikonal equation (B.102)) on a neighborhood Vjq of the
boundary 0€2. Let us introduce the formal transport operator

with boundary conditions

T:=AD—Af+2Vd-V.

Let us consider the solutions to the following transport equations, defined recursively
by

Ta() =0 in VBQ
{ Tagy1 = Aayp, in Vpo, VE>0, (B.170)
with boundary conditions
ag =1 on 99
{ ar =0 on 9, Vk>1. (B.171)

For a fixed k, the transport equation can be solved locally around each z € 92 thanks to
the condition 9,® = —9,,f < 0 on 9N and thus on a neighborhood of 92 (independent
of k) using a compactness argument. Therefore, up to choosing a smaller neighborhood
Vag of 00 in Q, there exists a unique sequence of C*(Vyq) functions (ax)r>o solution
to (BI70)-(BI7D).
There exists a function a = a(x,h) (called a resummation of the formal symbol
2:8 aph®) C* and uniformly bounded together with all its derivatives such that

+o0o
a(x,h) =1on 092 and a(x,h)~ Zak(:c)hk.
k=0

This means that a — 320 axh* is O(h™) in the following sense: for all compact K in

Vaq, for all a € N?, for all N € N,
N

| o <a -> ak(x)hk>
k=0

172

< Cg.anh™ Tt (B.172)
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Such a construction is standard and can be found in [19] or in [34], where it is done
using a Borel summation. Moreover a is unique up to a term of order O(h*). Let us
now define on Vyq:

<]

=

uq(j?]ib(x, h):=a(xz,h)e n.
(0)

By construction of the sequence (ay)r>0, the function u, ., solves

o]

Agc,)l Eulz = O(h™)e 7 in Vpq,
e

S~

on 0,

) _
wkb = = e h =e

where O(h™) is defined in (B.172). Indeed, using (B.44)), [V f|? = |[V®|* on Vyq, and
the equations (B.170) satisfied by (ax)r>0,
eh A;O})Lui?,lb = —h*Aa(x, h) + hla(z, ) A® + 2V - Va(z, h)] — a(x, h)|[VO|?
+a(z, h)|V f|* — ha(z, h)Af
+oo
~hTag+h*> > BF(Tags — Aay)

k=0
= O(h™).

In addition, it holds qu?,zb = e~ on 0N since a(z,h) =1 on 99. Let us now define on

Vaq:
1 0
uq(uIZb = dfvhufulzb'

The 1-form uq(j,ib satisfies:
z(jlzb = O(h™)e — in Vaq,

tul), =0 on 99, (B.173)
tdy, hu( )b =O(h™)e” 7 on 09,

1
A;J)Zu

where O(h®) is defined in . Indeed, one has tu( ) = tdf7hu1(l?lzb = df7htug),1b =
df7ht( (x,h)e” h) = df7hte f = dfhe £ = 0 since a(x,h) =1and ® = f on ON.
3
Moreover td} ,ult), = td3,dpnuly, = tAD) ul) = O(h®)e~%. Finally, Al)ull) =
kil
A dppul), = dpp AP ), = (hd + dfA)O()e™ = O(h®)e™*

WKB expansion of ugL ),

:*»ex

(1)

Let z be a local minimum of f|sn. Let us now define the WKB expansion of u, ' on
Vaq by:

n e )
kb =€ Uy =

0 _2—f(2)
O —dp, (a(-,h)e ; ) (B.174)

One recalls (see Proposition that for any smooth open domain I' such that T’ C I'y
and z € I, there exists a nelghborhood of T' in Q, denoted by V¢ C Vo N (I U Q) such
that for all x € Vp,

U(z) = dy(, ) = B(a) — f(2):
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Lemma B.63. Let us assume that the hypotheses [H1] and [H3] hold. Let us consider
(1)

z a local minimum of floq as introduced in hypothesis [H2]. The 1-form u, ,, satisfies
_2—f(») |
Ag‘ll)zu,(zlq)ukb = O(h%)e™ 7 in Vaq,
tuglkab =0 on 09, (B.175)

td},hugz)ukb = O(hoo)e_%*{@ on 09,

where O(h™) is defined in (B.172). For any x € C°(Vr) such that x =1 on a neigh-
borhood of z, it holds: in the limit h — 0,

/uumﬁmquz C2 e W5 (14 O(R)), (B.176)
Q b

where

i 20,
Cop =7 T (G (B.177)
(det Hess flaq(2))1

Furthermore, there exists C > 0 such that for h small enough,

xul!) oy < Ch7Y, (B.178)

and Q1N () (xul) ) = O(h™).

Proof. Equation (B.175)) is easily obtained from (B.173]). Let us now prove (B.176|
and (B.177)). Notice that one can write (using (B.42]))

+o0o
= Zakhk]
k=0
/ f ] _emre R
= e n(hd)er [ i Zakhk]

k=0

+o00
— e 5t (hd)efﬁTq) [Z akhk]
k=0

“ilq)ukb =dgp [6

_2—f(»)
=e 7 (d(f—®)Aao)
e [hdZakhk+d f— @) /\Zakhk] (B.179)
k=0 k=1

Recall that the function x is supported in Vr and the function z — ®(x) — f(z) has a
unique minimum on Vp which is z since ®(z) — f(2) = dqo(x,2z) > 0 on Vp. Therefore,
in the limit h — 0O:

oo = [ [ -+

Additionaly, since x(z) = 1 and |d(f — ®)(2)|> = |V(f — ®)(2)|> = |Vr(f — ®)(2)]* +
(20,f(2))? = (20, f(2))?, one gets using Laplace’s method

2 an 20.0(2)
/’ ’ = (wh) 2 my/det Hes:f|ag(2)

d(f — @) Aao| (1+0h)).

d(f — ®) A ag (1+0(h). (B.180)
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Let us give more details on how to obtain (B.180]). Recall that on supp(x), ®—f(2) =
f+ +f—7 f - o= f = f(Z) - _2f— and, on Supp(X) maQ? 8nf = _8nf— - ‘vf—‘

Thus, using the coordinate set introduced in Definition [B.9] and the co-area formula
dx = flva%_”ldn (see for example [1])

x z f
/‘ RIGEC) f() (@)d(f — ®)(x) A gl $_4/ Z/ 6—2%X2a(2)|Vf,|dazndn
—a 2,

o7 o4 @'0) .
4 / 2k /m 2 2t a2 )V fo (& m)j(a! s ) dosa(e) dn
—Q

where ¥, = {z, f_(z) = —n}, ox, is the Lebesgue measure on ¥,,. In the last equality,
j(z’,m) is the Jacobian of the parametrization of X, by 2/ € 9Q. Using the Laplace
formula, for any n € [~no,0] with 19 > 0 sufficiently small so that x?(z,1) # 0 for all
n € [—no, 0], one has

| e @ T i mdoon()

= (mh) "% (det Hess £ (2)™/*x*(2,0) [V f-|(z,m)i (z,)ad (z,m) (1 + O(R))  (B.181)

where O(h) is a function of n and h with L* norm in n € [0,79] bounded from above
by a constant times h (thanks to the regularity of the involved terms), for sufficiently
small h. Thus, using again Laplace’s method:

/‘ d(f — CID)/\ao2

—4 / e~ 2% (wh) “T* (det Hess £+(2)) /X2, m)ad (2. )|V f—|(z.m)j (2, m) dn(1 + O(h)

= 2h(rh)“T (det Hess f1 (2))"2x2(z, 0)a2(z, 0)|V f_|(z, 0)j(z, 0)(1 + O(h))

Since x(z,0) =1, ap(z,0) = 1, Hess f(z) = Hess f|sa(z) and j(z,0) = 1, this concludes

the proof of (B.180)), and thus of (B.176)-(B.177)).

Now, writing

ul) = e T [d(f — ®) Aa(-,h) + hda(-, b)),

.. 1 _
and noticing that ® — f(z) > 0 on suppy, one has |’XU£72Ukb“H1(Q) <Ch L

It remains to prove the last statement. Using the fact that supp[A%,)l, x| C supp ¥,

®— f(z) =¥ > >0 onsuppVy and (B.175), one gets
1 1 1 1 1
AL Ol ) = XAf) <uiz)ukb> +[a8).x] (u,(z1)ukb)
= O(h®) 4+ 0(e"#) = O (™).

Therefore, from the Cauchy-Schwartz inequality, one has (x uSBU kb Agcl])z (X“ilzukb» L2(9) =

O(h®®). The fact that QM (1)( )(Xui 1)uk‘b) O(h*®) then follows from an integration by
parts and the boundary condltlons in (B.175)). ]
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B.4.4.2 A first estimate of the accuracy of the WKB approximation

Recall that z € {z1,...,2,} is a local minimum of f|yn and that u,(Ll) is a L?-normalized

eigenform of A%;(l)(Q) associated with the eigenvalue 0. The objective of this section
(1)

is to prove that u; ’ is accurately approximated by the function uglzukb defined in the
previous section. The computations below are inspired by those made in [34, Chapter
4] where the authors were adapting [30,35] to manifolds with boundary. The novelty is
that we compare the two 1-forms on a neighborhood of B,, instead of a neighborhood
of z.

Take two smooth open sets I's; C I, C I'y which are strongly stable (see Defini-
tionand Proposition and such that, for some positive e, (I'g;+B(0,))NIQ C
I, and (I's, + B(0,¢)) N 92 C T'y, see Figure (B.15). The fact that I's; and I'g, are
strongly stable and thus that V1, and VF’St are stable under the dynamics -see
below- will actually be needed only to get refined estimates in Section Let us
now consider the system of coordinate (z’, 24) (see Definition which is well defined
on Vr, by assumption (see item 2 in Proposition . Let us introduce the Lipschitz
sets Vg, and Vi

VFSt = {(xlvmd) € I'st x (—(l, 0)} and VF’St = {(l’l,aj‘d) S Figt x (—(1/,0)} (B182)

where 0 < a < @ are small enough so that Vrg, C VF's . C Vr,. By construction, there

exists € > 0 such that Vg, +B(0,¢) C Vpy, and Vr, +B(0,¢) C Vi, N(QUI) (see again
Figure for a schematic representation of these sets). In addition Vp,, NT'1 = T'gt
and Vp, NI = I'y,. Moreover, a and a’ can be chosen sufficiently small so that the

sets Vg, and Vv are stable under the dynamics

(1) = { —V®(z(t)) on (B.183)

—Vr®(x(t)) on 0.

This stability is a consequence of two facts. First, for z(t) solution to (B.183)), & f—(z(t))' =
—|Vf_(2(t))|? (since V@ -V f_ = |V f_|> on V,, thanks to (B.132), and V;®-Vf_ =0
in 0Q) so that Vt > 0, z4(x(0)) < z4(x(t)) < 0. Second, by construction, for sufficiently
small a and o/,

Vz € dVpg, such that z'(z) € g, VP (x) - ny(Vig,) >0

(where n(Vrg,) is the unit ouward normal to Vrg, ). Indeed for any z € Ol'gy, limy—, no (Vrg,) =
n;(Ist) (where the limit is taken for o € 9Vrg, with 2/(0) € Ol'g), see for

a proof, and since I's; is chosen strongly stable, for z € Ol'sy, V®(2) - n,(Vrg,) =
(Vfr +Vf) -n.(Tst) = Vfy -n,(T'se) = Vflaa - nz(I's) > 0. The argument is of
course the same for Vo, -

Let us now introduce two smooth cut-off functions 0 < y <7 € CSO(QUFl) satisfying

x = 1 in a neighborhood of Vr,, suppx C Vo, (B.184)
and n = 1 in a neighborhood of Vpr ,  suppn C Vp, N (QuUTYy). (B.185)

176



Notice that by construction, 7 = 0 on I's. In the following, we moreover assume that
x and 7 are tensor products in the system of coordinates (2, z4) (this will actually be
needed only to get refined estimates in Section [B.4.4.3)):

x(@', zq) = x1(2")xa(xa) and n(z’, zq) = m (2" )na(zq). (B.186)

Let k € {x,n}. Owing to Lemma the 1-form nug) belongs to AlH%(Q). The

first a priori estimate on /@(ug) —c(h)u lekb) is the following:

Proposition B.64. Let us assume that the hypotheses [H1], [H2] and [H3] hold. For
k € {x,n}, one has

1 (o0
HH(Uﬁ}) —~ cz(h)ui,fukb)H g~ 07 (B.187)
where
c:(h) ™ = <“21)7X“2@)ukb>L2(Q)' (B.188)

The 1-form ugll) can be chosen such that c.(h) > 0. Additionally, when h — 0
-1 _d+l 00
c:(h) =C, wh™ % (1+0(h™)), (B.189)
where C ip is defined by (B.177)).

Notice that |c,(h)|~! is equivalent (in the limit h — 0) to H/iu(zll)ukaLQ(Q) (see (B.176])),
and can thus be simply understood as a normalizing factor.

Proof. Let us first consider the case kK = x, the other case is considered at the end of
the proof. One defines k(h) := (ugl), Xugl)vkb)LQ(Q) € R. If k(h) < 0, then one changes

ug) to —ugl) so that one can suppose without loss of generality that

kE(h) > 0.
For h small enough, one has (from Proposition item (7i7))
M,(1) /¢ 1 1
Ty (A () () ) = k(h)ufl.

Let us define
ap, = X(u,(zh)vkb - k(h)ug)).

Thus, the following identity holds for h small enough

ap =k(h) (1 —x) ﬁf) + W[hs/z,Jroo](A%A(l)(Q))(XUSLkb)-

Notice that, using Cauchy-Schwarz inequality and Lemma [B.63] there exist C' > 0 and
ho > 0 such that for all h € (0, hg)

k(h)| < Ch*T".
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Therefore, using Lemma, Proposition and Lemma we get

M, . 2
o2 g < 26021 (1 =30 uf 220 +2 [ menare oy (AF5)) el

L2(%)
<ChT 1=y ullereT ;(Q) +Ch=3 QP (@) (xull),,)
< ChF h Moo 4 o2l (@) (xall) )
= O(h™),
with ¢ = infg,,p1—y) ¥ > 0 (since x = 1 near z) and the integer Ny is given by

Proposition Moreover, since dyj, = hd + df A\ and d?h = hd* + iy, one obtains
using the triangular inequality, the Gaffney inequality (B.116|) (since oy € H%(Q)),
the fact that QM(l)( )(Xug)) = O(e™#) (from the Agmon estimate (B.147)) and

Q) O,
lonlZs ) < ClldomlZagy + 4 onlZagy + lonlZsg)
<Cn (Qf,ﬂ en) + llanl s )
= O(h*™).
Moreover since HXUS)HLQ(Q) = 1+ O(e™#) (from the Agmon estimate (B.147)), by

considering Hx(uill)vkb — k(h)ugll))HLQ(Q = O(h®), one gets:

3 2 quzwka +O(hoo)

2— Hth HL2(Q)
B Cg,wkbh% + O(h™)
14+ 0(e™h)

with C, ,rp is given by (B.177) in Lemma Therefore, since k(h) > 0, k(h) =
Cz’wkbh%(l + O(h®)). This concludes the proof of (C.115) for x = x, by choosing

Y

c.(h) :== k(h)™!

Let us now deal with the case k = n. There exists ¢ > 0 such that, for h sufficiently
small,

() = B gy < Memll ey + 110 =)Wy, — BB ) g1

< O(h) + 111 = )l Dy gz ey + K0 = 00 | 1
< O(h™) + ¢ .

The last inequality is the consequence of two facts. First, |[(n — )uh | g1 @ = = ek
thanks to Proposition [B.61| and (B.116|) together with the fact that x = 7 near z.

Second, a direct computation shows that

( _ nfsupp(n—x)
R

1 _
1(n — X)uz,1)1)kaH1(Q) <Ch”le

INA
[
|
o
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This concludes the proof of Proposition 1

The estimate we obtained in Proposition is sufficient to get the result of The-
orem The more precise estimates on Section are only needed to prove
Theorem [B.2]

B.4.4.3 A more accurate comparison on the WKB approximation

The objective of this section is to combine the techniques used to obtain the Agmon
estimates of Proposition and the first estimate of the accuracy of the WKB ap-
proximation of Proposition in order to obtain a more precise estimate of the latter.

Let us start with estimates which are simple consequences of Proposition [B and
Proposition m Notice that, for k € {x,n}, one obviously gets from Proposition
the following relation in A'H 1(Q)

INo €N, e r(uy) —c.(h)ul),,) = O(h). (B.190)

For the term involving uill)ukb, this is due to ¥(x) = ®(z) — f(z) on suppk and the

estimate (B.189) on cz(h).7 Let us now set
wy, 1= H(’U,S) —ci(h)u Szukb) (B.191)

The 1-form wy, is in C°(QUT) and satisfies in Q:

Afpwon = sAL ) — e (ully) + AT wl(” — e (hullyy)
= —cz(h)k A(li)L ,(zz)ukb + [A%a K] (u g) - Cz(h)ugq)ukb)
= (r +rp)e (B.192)
where, owing to (B.175) and (B.189):
r = —en ey (AUl = O(h™) (B.193)
in A'L2(Q) and, from (B.190):
ri = et (AL gl () — c.(hul),,) = O(h™N0) in ATL*(Q) and
suppr} C supp V. (B.194)

Additionally, one gets similarly on the boundary I';:
v f—£(2)

twp|r, =0 and td;,hwh|pl =(ro+rh)e = (rg+rh)e”h |

where owing to (B.175) and (B.189):

ry = ten nd (uy) — e (Wul'),)Ie, = —ter meo(h) dipul'), In, = O(h™®)  (B.195)

in L2(092) and

rh = et hiva(uy) — co(h)ul') ) |r, = O(h~N0) in L*(09) with
suppry C 'y Nsupp Vk. (B.196)

We are now in position to prove the following proposition.
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Proposition B.65. Let us assume that the hypotheses [H1], [H2] and [H3] hold. One
has the following estimate in the limit h — 0:

e%(u,(zl) - cz(h)uggukb = O(h™). (B.197)

] P

where c,(h) is defined by (B.188) and where, we recall, V(x) = dy(x,2) and Vg, is
defined by (B.182]).

Proof. As for the proof of Proposition one first proves an estimate along the
boundary I'; before propagating it in Vrg,.

Step 1. Comparison in I'y.

Let us consider wy defined by and the cut-off function kK = n defined
in . Like in the first step of the proof of Proposition we are going to
prove an estimate of the form with U replaced by fi. More precisely, we want
to show that

f+

f
3 eT(u,(ll) - cz(h)ugzukb)

e h wp

= O(h™), (B.198)

Hl(VF’St)

H! (VFISt )

which implies in particular the following estimate along the boundary, since fy = f —

f(z)in I'y,
f—]{(z)

1 1 [e's)
(ulh) — cz(h)u;;kb)HHl/z(F/St) — O(h™). (B.199)

e

In the following, we denote (see Figure for a schematic representation of the set
Vi)
Vy, = suppn.

In the system of coordinates (2, z4), = € V;, if and only if 2'(z) € suppm and z4(z) €
supp 1. We recall that V;, is a compact set of QUI';. As for the proof of Proposition

we introduce the sets
Q_={zeV,st fr(x) <Ch} and Q =V, \ Q_,

and define the Lipschitz function ¢ : V,, — R by

f+ —C’hlnfi if f+ > Ch,
p= h

fi = ChInCif fy < Ch,

for some constant C' > 1 that will be fixed at the end of this step. Notice for further
purposes that

hg%”@ fllLoevy)y =0 (B.200)

We recall that in the system of coordinates (z/,x4), ¢ is independent of z.

The reasoning below is based on [35], see also [30, p. 49-52] for a presentation in
the case without boundary. According to , we want to get an error of the form
O(hN) with N arbitrary. We are not going to work with the above phase function ¢ as
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we did in the proof of Proposition but with a phase function ¢y also depending
on some arbitrary N € N. Let us define

Wy, =€ h wy = ew}zbv 77(“21) - Cz(h)u,(zi)ukb)

Combining the integration by parts formula (B.148)) (with v = wp, and ¢ = py) with
PN

the Green formula (B.115) (with v = wj, and v = €2 wy,) leads to the estimate

er A}})L ‘LQ(

_ ON | -
o oy + o e edg | e,

> Wt + 10" @iy~ b | (e @100 do
I
+ ((IVFI? = IVon|* + hLys + hLG ) bn, Dh) r2(v,)-  (B.201)

Let us explain formally how the function ¢y is chosen. Roughly speaking, using
similar arguments as in the proof of Proposition [B.61} it is natural to choose pn =
o+ Nh ln% and to try to prove that the left-hand side of is bounded from
above by O(h=N1) ||y | Hi(v,) for some Ny € N mdependent of N Th1s would indeed

lead to an estimate of the form |[whl|f1(y,) = O(h=M) (for some maybe larger N7)

and finally to the desired estimate on wy, since ||wp||g1(v,) = h™ NHe - wp || gy, To
get this upper bound, a trace theorem and (B.192)—(B.196) yield the following estimate

from ([B.201)):

PN —

_ - _ I+
e Il oo (v;,) O( o)+ le = HL°° supp() O™ = [l@nll vy = RN e ™ whll )
for some N; € N independent of N. It can be checked that |le N lLoeqvy) =

S | oo (supp(vn)) = O(h™N) so that the first term is well controlled, but the sec-

ond one is of order O(h~N—M),

le
These relations suggest a choice of py satisfying
on < fr < ¥ on supp Vn so that ||e * HLOO(SUpp(Vn)) O(1). This would yield the

desired estimate HeTwhHHl(Vn) = O(hN—M),
Let us now enter the rigorous proof. The above considerations (see also |30, p. 49—
52]) lead to define, for any N € N,

@N:min{go—I—Nhln ,w} (B.202)

where the Lipschitz function ¢ : V,; — R is defined by the following relation, for some
e € (0,1) that will be specified below:

P(a',xq) = (2',0) = min {w(y', 0) + (1 —e)dl®(«',3/), /' € supp Vm} . (B.203)

Here, d??(z',y') denotes the Agmon distance associated with f|sq between z’ and
y' along the boundary (see Definition , i.e. the distance induced by the metric
|V (f|aq)|? ds?, where ds? denotes the restriction of the Euclidean metric to the bound-
ary 0f).

Step 1-a: Preliminary estimates on oy .
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Let us first show that there exists € € (0,1) such that for any h € (0, ho(N,¢)) with
ho = ho(N, ) small enough,

1 -
oy =¢+Nhlny <¢in Vyn{a' €T}, (B.204)

The proof of (B.204)) is as follows. From (B.79) applied to d2*,
V(a',y') € T x supp Vi, f1(2/,0) < f+(4/,0) + d2%(2', o). (B.205)

The inequality above is strict since if £, (2/,0) = f1 (3/,0)4+d%(2’,y') for some (', y') €
FT% x supp V7, then there exists a generalized integral curve (in the sense of Defini-
tion of =V (flaq) = —V f4 joining 2’ € F& to y € supp Vny (this is a consequence
of Corollary applied to the Agmon distance d2* on 9Q rather than the Agmon
distance d, in ). But since I'y, is strongly stable, any integral curve of —V f remains
in T’,, and thus cannot reach y’ which is not in I'y, (see (B.185)).

From the strict inequality , there exists g9 > 0 such that for all € € [0, &),

V(2 y) € T x supp Vi, f(2/,0) < f1(y',0) + (1 — £)d?% (2, y/),

and thus, considering the limit & — 0 (see (B.200))) and the infimum over 3’ € supp Vi
of the right-hand side, there exists ¢ > 0 used to define ¥ (see (B.203))) and such that,
for sufficiently small h,

Ve’ €T, ,  fi(2',0) <(a,0).

Moreover, since limj_q [|¢ + NhIn § — f+llze(v;,) = 0 (thanks to (B.200))), one obtains
for h small enough, Va2’ € FT%, o(x',0) + Nhln < 9(2',0), and by definition of py,

¢n(a',0) = ¢(2',0) + Nhin+ which leads to (B.204) for z = (2/,0), with 2’ € T'%,.
The fact that ¢ and ¢ does not depend on z4 in the system of coordinates (x/,xq)

concludes the proof of (B.204).

Let us now prove that
1

The triangular inequality applied to d2*? leads to the relation (since (2, z4) does not
depend on z4)

Va,y € Vﬂv |7,/J(.Z'/,.%'d) - w(y,a yd)| < (1 - E)dgg(x/>y/)' (B207)

where we denote (z/,x4) (resp. (v, yq)) the coordinates of x (resp. y) in the system of

coordinates (B.129)). Let us first show that (B.207]) implies that

for a.e. 2’ € V, N o, V(lﬂ’ag)(x/)‘ <(l1-¢) ‘V(f’ag)(mlﬂ =(1-¢) ‘V(f+|ag)(:c/)| .

(B.208)
Indeed, let us consider a local parametrization in R4~! of a neighborhood in 9§ of a
point 2’ € 9Q. In this local chart, let us consider y, = a’ + am(x’). One has,

in the limit a — 0,
U(Ya, 0) — (2", 0) = a|V(¢laa) ()| + o(@)
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and likewise using the inequality (B.78]) applied to d2¢ (see also [19, p. 53])
dy% (2 yo) — di? (@' 2') < alV(floa) (@) + o).
By considering the limit o — 0, one thus deduces (B.208]) from (B.207)).

Now, one can check that, uniformly in 2’ € V,, N 99,
Jim [V 2)| = [V (blon) @) and Tim [, (2, 0] = 1V(F-loa) (@), (B.209)

Indeed, using the fact that ¢ does not depend on x4, one first has almost everywhere
(see (B.130)) |V (2, zq4)| = IV(¢ls,,)(a")| where Ya > 0, 3, = {z € V;, z4(x) = a}
is endowed with the Riemannian structure induced by the Riemannian structure in
). Now, let us consider the smooth diffeomorphism I';, : ¥, — 0f2 such that for all
z= (2 2q) € 3y, Ty, (z) = (2/,0) € 9Q. The result on 1) is then a consequence
of the fact that ¢|og o 'z, = ¢z, and limg, 0 [Tz, — Id[ly1e(x, ) = 0 so that the
Jacobian associated to the change of metric from ¥, to 992 converges to Id, uniformly
on ¥,,. The same reasoning show that also holds for f since fi does not
depend on z4.

By combining (B.208) and (B.209)), one obtains for some M > 1. Moreover,
M can be chosen as close to 1 as needed, up to modifying 7 (and thus Vg, C VF/S , C Vi)
such that for all z € V},, ||y, — Id”Wl,oo(Ezd) is as close to 0 as needed.

Let us finally mention the following inequalities, valid for h € (0, hy) with hy =
ho(N,e) > 0 small enough:

1 1
N < Jr+ Nhiny U+ Nhlny iV, (B.210)
oNn=v<e<fi <U inV,Nn{z' €suppVm} (B.211)

and since ¥ = f + f_ > fi on {4 € supp7,}, one has

1
on < f++ Nhlnﬁ <V in V,N{xq € suppny}. (B.212)

Step 1-b: Proof of (B.19§)).
We are now ready to prove (B.198)). Controlling the left-hand side of (B.201]) using
the relations (B.192)—(B.196|) gives

PN—Y ’

| e

. PNV
Il gz + || (ra 7)™ |

l@nll g2,y

L2(Vy, L2(T'1)

> inl vy + V0" @l sy = [ {07000 do
1

+((IVF? = IVon* + hLyy + hLy ) ibn, Bh) r2(v;) »

where, since ¢y — ¥ < NhIn 3 (by (B:210)) and r; = O(h™) for i € {1,2} (by (B.193)
and (B.195))),

PN—Y

PN—Y
+ HT2€ h
2(Vy)

Hrle h

L LQ(Fl)

and, since o < ¥ on supp Vn (by (B.211)—(B.212))) and suppr; C supp Vn for i €
{1,2} (by (B.194) and (B.196))),

) ENZY
re h

eN—Y
T9€ h

= O(h o).
P

|

L2(Vy)
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This leads to the existence of Cy = C1(N) > 0 such that for h small enough:
Crh™™ Jlain | g vy > ThdiBn T2y, ) + 1hd @0l T2,y — b | (@n, @n)7000f do
(Vi) (Vo) (Va) T
+ ((IVF? = [Von|* + hLys + hLG ) ibn, Dh) r2(v;)-

Since o < ¢+ Nhlnf, ¢ < Chon Q_ and ||wh”H1(Vn) = O(h*>) (see (C.115))

1l 2y < B unla.) < Ca(C, ). (B.213)
Thus, since Ly + LY pisa 0" order differential operator, we get the existence of C3 > 0
independent of (C, N) and of Cy = Cy4(C, N) such that:
Ca(h™ [ @l gay, ) + 1) > [|hdibn 72y, ) + 1hd Gnl T2y, — P /F (Wh, Op) 100 f do

1

+ (V= PPidon, @n) 2y, + (VP = [Von|? = Cah)in, wn) 12(0.)-

Moreover, by definition of ¢y, a.e. in Q1, Vin = Vil —yy + Vi (1 - %)1{@\/@#}'
Now,

e On {pn = 1}, since by (B.204)) {¢xn } av01ds a neighborhood of {(z, z4),z4 €
suppna} = {z € Vp, [V f1(z)| = 0} (See (B.133)), we get

VIl = Von]* 2 (1= M*(1 = )*) [V /4 2 e >0,
where (B.206]) have been used;
e On {on < P} NQ4, we get like in the proof of Proposition [B.61| (see (B.150))

and (B.152),

IVfe? = [Von|? > KCh.

Choosing C' > max(1, %), we obtain that for h small enough:
Cy(h=No HwhHHl(Vn) +1) > thwhH%z(Vn) + th*whﬂiz(vn) - h/r (Wp, Wh) 720N f do
1

(V= P, ) 12, + (KC = Codl (I1n oy = I lFagay)  (B:214)

We can now control from below the r.h.s. of the above estimate exactly as we did at the

end of the first step of Proposition|B.61} defining C5(C) := W (see (B.131))),
LOO

one gets the inequality

(KC = Ca)h [|@nll72(y, ) + IV F-1Pn, @n) 2y > (1 +2C5h)(|V f- |2 n, Bh) L2y
(B.215)
and from Lemma applied with u = @y, f = —7f_ where 7 € C*°(Q,[0,1]), 7= 1
on supp 7, supp7 C (suppn + B(0,a)) N Q for a > 0 such that f_ is smooth on supp 7
and ﬁ instead of h, one gets the following lower bound:

—h/ (G, Tp) O f dor = h/ (G, T O f do
Fl l_‘1

> (14 Csh) [V - |2y (B.216)

h2 ~ * ~ -~
1+ C5h (HdwhH%2(Vn) + Hd whH%Z(Vn)> — C6h”wh||%2(vn)’
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where Cj is some positive constant independent of C' (it only depends on f_). Injecting
the estimates (B.215|) and (B.216]) in (B.214]) then leads to:

Csh3
—No || ~ 5 ~ 12 * ~ (|2
Ca(h™ 0 N wnll g,y +1) = 1+ Coh (Hdwh”L?(v,,) +|ld wh||L2(\4,))

+ Csh ||V f-|@nl[72(,) — (KC = Ca)h[[@n 72y — Cohll@n7z ).

Then, since |Vf_| > ¢ >0 on V,, (see (B.131))), limc_,oo C5(C) = +o00. Therefore, since
Cs is independent of C, one can choose C such that ¢?Cs — Cg > 0, which implies,
remembering also [[wp| 2 ) < C2(C, N) (see (B.213)), the existence of a constant
C7 > 0 and a constant hg > 0 such that, for every h € (0, hg),
- - . ~ Cr, . _ -
||wh’|iz(v,7) + ||dwh’|%2(vn) +||d whH%Q(Vn) < ﬁ(h o w1 vy + 1)
According to Gaffney’s inequality (B.116|), this finally leads to the existence of a positive
constant Cs such that
1onll gy, < Csh™072,

Moreover, according to (B.204]), we have oy = ¢ + Nh ln% in V;, N {33/ € IT%} and
then oy — Nhlnt — fi > —Cohln + (with a constant Cy independent of N) in Vry, C

VN {x’ € IT%} Therefore, there exists N; independent of N such that for h small

enough,
I+

e h wp < CNhN_Nla

(Ve

from which (B.198) and (B.199) follow since N is arbitrary.

Step 2: Comparison in Vrg,.
We work now with the cut-off function y defined in (B.184]). Recall that nxy = x.
Similarly as in the previous step, let us define the sets

0 = {x € Vi, st U(z) < Ch} and Q4 = Vi \ Q-
and the function
(N = min {go—l—Nhln}lL,z/)} )
where  and 1 are respectively defined by
\II—Chln% ifw>Ch
U —-ChlnCif ¥ < Ch,

(P:

and

Y(z) = min{p(y) + (1 — €)da (z,y) , y € supp Vx}.
The constant C' > 1 will be chosen at the end of the proof. Following the proof
of (B.204)), there exists ¢ € (0,1) such that for any h € (0, hg) with hg = ho(N,¢)
small enough,

1
goN:go—i—Nhlnﬁ < in Vpg,. (B.217)
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Indeed, using the fact that U(z) = d,(x, z) and a triangular inequality,
V(z,y) € Vrg, xsuppVx, Y(x) < V(y)+dq(z,y).

The inequality is strict since if ¥(z) = ¥(y)+d, (z,y) for some (x,y) € Vrg, X supp V¥,
then ®(z) — ®(y) = du(z,y) and from Corollary up to modifying 7 such that
V,, C Vi (see Corollary IB_E)3| for the definition of V,,) there exists a generalized integral

¢ —V®onV,NN
¢ —Vr® on 002
This contradicts the fact that Vi, is stable for . The end of the proof of
then follows exactly the same lines as the proof of .

Moreover, owing to the properties of d,, one has analogously to the following

estimate valid a.e. in VF% E

curve (in the sense of Definition |B.8 joining z € Vg, toy ¢ Vrg,.

VY[ <(1—e)[Vfl=(1-¢) VY. (B.218)

Let us finally mention the following inequalities, valid for h € (0, hy) with hg =
ho(N,e) > 0 small enough:

ON S\I/—l—Nhln% in Vpr (B.219)
and oy =9 < p < ¥ on supp Vy. (B.220)
We are now in position to prove . Let us define
wp, = ewTNwh = €%X(Ug) - Cz(h)ugi)vkb)'

Using the relations (B.192))—(B.196)) and the integration by parts formulae (B.148)) and
(B.115)), there exists C7 > 0 (only depending on f) such that

—v
H(n + r'l)e(PNh ‘

. PNV
Il gz, |2+ 7)™
t

: lonll L2(ry)

L2 (Ve L2(T

+C1h/ (n, Dn) 1z do > ||hdin| T2y, )+ 1A @nll720,
Iy St St

+{(IVf? = |Von[? = Crh)in, ©n) 2,y — Crb @l 72q ), (B.221)

where we have used the fact that almost everywhere on Q_, |Vyy| is either equal to
[Vg| = [V¥| = |Vf| or to [Vi| < (1 —¢€)|Vf|. Moreover, since oy — ¥ < Nhln ¢
(see (B.219))), one has from (B.193) and (B.195))

— —v
e g+ oy =00
L2V ) L2(Iy)
and, since oy < ¥ on supp Vx (see (B.220])), one gets from (B.194)) and (B.196)
— -
r’leth + ‘ réeth ‘ = O(h™No),
L2(Vrr ) L2(T)

Additionally, since ¥ = f — f(z) on I'; and oy — ¥ < Nh ln% (see (B.219))), we deduce
from the relation (B.199)) obtained in the first step the following estimate:

PN
The = O(h™).
L2(I',) (h%)

(&

el 2y = |
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Consequently, using in addition the relation

1@nll 20y < €“h N llwnll 2oy < C2(C,N),

(since o <@+ NhIn, o < Ch on Q_ and lwnllr2v;, ) = O(R*) from (C.115)), we
St
deduce from (B.221)) the existence of some positive constant C5 = C3(C,Cy, N) such

that
— N, ~ ~ 12 * ~ |2
Ca (W Nnliagn ) +1) 2 Idnlag, )+ Il
(VI = [Vin]? = Crh)an, n) o,y (B222)
Lastly, one has a.e. in Q1, Voy = Vil —yy + V¥(1 — %)1{¢N<¢}, and thus
e on {¢pn =}, from (B.218)),
VI = Veon]? > (26 = %) [Vf > c. >0,

e on {py < ¥} NQy, there exists Cy > 0 independent of C' such that,

V£

‘Vf‘2 - |V(PN’2 Z ChT Z C4Ch

Taking C > % and adding (CCy — C1)h H’(Iih||%2(97) to (B.222)) then leads to

e (h_NO AP 1) > hdnlzaqyg, ) HII Dl 22y, ) HCC=COR N2y, )
t t k !

for a constant Cs depending on C' and N. Using Gaffney’s inequality (B.116]), we
consequently get the existence of Cg > 0 such that

~ — Ny—

Now, since oy — Nh ln% - > —C7hln% in Vg, (with a constant C7 independent
of N, from the definition of ¢ and the fact that o — Nh ln% = ¢ in Vpg,, see (B.217)),
we also get the existence of Ny independent of N such that for h small enough,

for some constant C'y > 0, which concludes the proof of Proposition 1

w
eﬁwhH < OnhN N2,
Hl(VFSt)

B.4.5 Proof of Theorem B.1]

The aim of this section is to conclude the proof of Theorem by checking that the
function @ and the family of 1-forms (¢;)i=1,.., introduced in Section |B.4.2| satisfy the

estimates appearing in Proposition rewritten in the flat space (see Section|B.2.2.2)).
In all this section, we assume in addition to the the hypotheses [H1], [H2] and [H3],

that (B-20) and (B.21)) hold.

From Sections [B.4.2.1] and [B.4.2.2] it only remains to prove (B.57)), (B.58)), (B.59)
and (B.60). Let us start with a lemma about the normalisation term appearing in (B.146]).
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Lemma B.66. Let us assume that the hypotheses [H1], [H2] and [HS3] hold. Let us

define ©; = \//

h € (0, ho),

Xi(z d:r. There exist ¢ > 0 and hg > 0 such that for all

02 = 1+o(e*%).
Proof. On the one hand, one has the upper bound

1
iz = Ixig o,y < sl g, = 1.

On the other hand, the triangular inequality yields the lower bound

Ixitbll 2y = Nl — 100 = xuf 2y = 1= 10 = xui 2 0,)-

Thanks to Proposition [B.61] there exist N € N and ¢ > 0 independent of i such that

2
10—l = [, [0 =) uf ekttt

o1 NE
< / )uh,i (.’,U)eﬁda(x’zl)e hda(xazz)
Qi\V;

< chN nfe, \V; nda(zi) < Ce—%

dx

dzx

)

where, we recall V; = {z € Q, x; = 1}. This concludes the proof of Lemma 1

We are now in position to check the estimates stated in Section
_ D,(1) 7.
Step 1. Study of the term H( 1 Tond) (Aﬁh (Q))) Oi .

We recall that from (B.116)), ¢; belongs to A HL(Q) and then we get from Lemma
that there exist ¢ > 0 and hg > 0 such that for all h € (0, ho),

|(=m, (070 @)) &, < 7 ([l vy |11 )
e (H i, PR L?(fzi)) '
Moreover, from Proposition [B.59| (items (i) et (iii))
df,hégi = (xZ dy, huéz + hdx; A u(1)> = @;111 dxi N ugz), (B.223)
and
dindi = 07" (xidppufl) — hupl) - Vi) = =67 hufl) - Vi,

As a consequence, using Lemma [B.66] and Proposition [B.61] one gets for some N € N
and for some ¢ > 0 which may change from one occurrence to another,

ADW® P < s H D H M) o, |
H( o )< (Q)»@ ey = " ( P Uy NP VX g
<ol / ‘ul(lll)(:E)e%da(z,zi)e—%da(x,zn % 4
suppVxi |
< ¢ W2 N g infauppvy wda(20), (B.224)
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The function y; can be chosen such that the set {x e, Vxi(z) # 0} is as close as
one wants to I'y; and to I'g (see Figure [B.14)). Therefore by continuity of the Agmon

distance, using (B.136))—(B.137)), for any § > 0, one can choose Y; satisfying the three
conditions stated in Definition [B.14] and such that

inf  dy(z,2;) > min (da(xg,zi), i%f da(z,zi)> — 4. (B.225)
z€ §Z.

zesuppVx;
From (B.20]), there exists r > 0 such that

inf dq(2,2:) > max[f(zn) — f(2:), f(z1) — f(21)] + 1.

In addition, using (B.21)), there exists 7 > 0 such that

da(2i;w0) > f(2i) — fzo) > f(21) = f(w0) > f(z) — f(21) + 7
> max([f(zn) — f(z), f(zi) = f(z1)] + 7.

Therefore, choosing x; such that 6 < min(r,r’), there exists ¢’ > 0 such that

inf  dy(z,2) > max [f(2,) — f(2i), f(zi) — f(21)] + €. (B.226)

zesuppVxi

Using the estimate (B.226]) in (B.224)), there exist e > 0, ¢ > 0, N € N and hg > 0,
such that for every h € (0, ho)

(17, (A7) 8

2 b N g 2max(f(zn)— f(20),f (51)— f(z)]+€)

IN

L2(Q)
o~ 7 (max(f(zn)—f(2i).f (z) = f(21)]+e1) (B.227)

IN

This last inequality leads to the desired estimate in the L?(€2)-norm. In order to get
the same upper bound in the H'(€)-norm, notice now that one has

<1 ~Tond) (A?j(z) (Q))> dpndi = dpp (1 ~ Mond) (Aﬁ’l)(ﬂ))) Pi
= hd (1~ Toud) (A7) b+ n (1~ Toud) (A7) i
Therefore it holds
hd (1 ~ Mot (A%U(Q)» 0 = (1 ~ Tlond) (A%Q)(Q))) din &
—df A (1 7o) (Aﬁ;}”(ﬂ))) Bi.

Let us introduce K; := max[f(z,) — f(2i), f(z:) — f(21)]. From (B.227)), there exist
C > 0 and hg > 0, such that for all h € (0, ho)

2

Jar n (1 Tond) (A7) 6 -
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Moreover, using (B.223) and (B.224)) there exist ¢ > 0, C' > 0 and hg > 0, such that for
all h € (0, h),

@*Qth A
=59 Xi AN Up g

[ (=g (757 ) s 3, L2()

< H f,h¢z

L2(Q) L2(Q)

é Ce h (K1+5)

Thus one gets: there exist € > 0, C' > 0 and hg > 0, such that for all h € (0, hg),
S 06*%(1(14*5)

h Hd (1 " Toad) (A?;fl)(ﬂ))) o ;(Q)

Similarly, there exist € > 0, C' > 0 and hy > 0, such that for all h € (0, ho)

) (1 " o3y (AJI‘),}L(I)(QD) P

As a consequence, using (B.116|), there exist € > 0, C' > 0 and hy > 0, such that for all

h € (0, ho)
H( [0 n3) (AJQ}ED(QD) 552

This concludes the proof of (B.57)).

2

h? < Ce— i (Kite),

L2(Q)

2
< Ce 7 (Kite),

HY(Q)

Step 2. Study of the terms / b; - éj for (i,7) € {1,.. .,n}2.
Q

Let (i,5) € {1,...,n}% Let us assume without loss of generality that i < j, so that
f(z) < f(zj). From Proposition one has the inequality dq (2, 2;) > f(2;) — f(2).

Now, according to Proposition[B.61]and Lemma[B.66|and to the triangular inequality
for dg, there exist € > 0, N € N and hy > 0 such that for all h € (0, ho),

da(z 2;) dq(x,2z;) ~ da(ac,zj-) ~
/ 5i() - §;(x) da| < e F / B () e T |6 (2)) de
SuPpXiﬂsuPPXj

a1 || dalozi) (1) da(2)) (1) _ da(zi:25)
<06;°0; ‘e XUy, L2 XU L2(Q.)€ R
J
(B.228)

< Oh~Ne—w(f(z)=f(zi)+e),
This concludes the proof of (B.58)).

Step 3. Study of the terms / c;~5j ‘n e % for (i,7) € {1,... ,n}2.
DLEP 9. .

By construction, for all (i,5) € {1,...,n}? such that i # j, one has

/ @-ne‘if:().
3

Now, let us compute the term fz bi-ne ~l. Let ui )wkb be the WKB expansion defined
by (B.174). Following the beginning of Section 2| let us consider
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1. a neighborhood Vrg, ; of 3; in Q, which is stable under the dynamics (B.183)) and
such that, for some ¢ > 0, Vg, , + B(0,e) C Vp,, N(T'1; U Qz)

2. and a cut-off function xykp: € CSO(QZ- UT'1,;) with Xyrsi = 1 on a neighborhood
of Vpsm. and such that supp X, C Vpl,i N QU Flﬂ-),

Using Proposition there exists c;,(h) € R% such that

1) (1) _ o
wakbvi (“h - ‘/’Zi(h)“znwkb> HHl(m_ o).
Let us now introduce

&Zi,wkb = Czi(h)kab,i ug,)wk;b (B.229)

so that

- 1 ~ 1 ~ ~ 1
/ (rb’b -n eiﬁf = / Qszi,wk:b 'n eiﬁf +/ (Qsz - ¢zi,wkb> : neiﬁﬁ
¥ > 3

Let us first deal with the term fzv qui,wkb ne wl Using Laplace’s method (the com-
putation is similar to (B.181])), one gets when h — 0 (since ® = f and 0, = —0, f
on 012)

[ s g et = [T apan(r - @)t (14 O(m)
pof ’

DI

= 26¥ / 6_% agOnf (14 O(h))
DIP

d—1

= 20T s b 4 o(n)).
v/det Hessf|aq(z;)

Then one obtains when A — 0

d—1
200 (0T 2y a5t kGO (1 4 O(h)).
v/det Hessf|aq(z;)

We recall from Proposition that in the limit A — 0:

~ _1
/ Gz e = (h)
D]

e (h) = C7L R (1+ O(h™)),

zi,wkb

where the constant C,, ,ip is defined by (B.177)). Therefore, in the limit 4 — 0

d—1
~ ‘ 1 _ A 2anf(zl) h@ 5 f(z) 1+ O0O(h
/Ei szi,wkb ne h (det HeSSf|aQ(Zi))1/4 1 e h ( + ( ))

Let us now deal with the term fEi (@ — q}zi,wkb> -n e_%f. One obtains using Lem-
mata [B.63] and [B.66] that there exist C' > 0, hg > 0 and 1 > 0 such that for all
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< = etln) o
|

h)|/ u(l)
3

zi,wkb TL
1 1)
‘kab,i <U§L’3 - CZi(h) il,wkb) HHl )

d+1

+ Ce_%f(zi) e hh

< Ce—%f(zi)

(D)
XUkavluzi,wkb Hl(QZ)

Therefore, one obtains using Proposition and (B.178))

/ <¢z — &zi,wkb) nenl

In conclusion, we have when h — 0

ehf Z’L

= O(h*™®) + Ce 1 h™ T = O(h™).

/ éi'”e_'llf:/ Gupuky e (14 0(h)),
P 3

which gives the expected estimate

1
- B;h™ el (1 h)) ifi=j
[ dymet - crm oy =y (B.230)
Z; 0 if i # 7,

where

d-3 m'T /20,7 () (B.231)

7% and B = .
meTy (det Hessf|oq (z)) 1/

This concludes the proof of (B.60)).

Step 4. Study of the term / Vi - ¢ e w.
Q
First one has the equality by Definition

/Vx bie n
/Vu gﬁze wl = ,
o
Q

where Vx - ¢; = ivxggi = $;(Vx). The denominator of the right-hand side being easily
computed thanks to Laplace’s method:

/ 2 mh i zq
/QX26_hf = (det H(EESS}(xo))l/4 - )(1 +O(h)).
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Using an integration by parts and the fact that d*(u, (1 ) e~ f/M)y = 0 in L2() (see
Proposition items (i¢) and (7i7)) which is valid for all h small enough, one obtains

e
/QVX-gZ;l'e_{:: /Vl— Ghle_%
u ; B
=/( Y) Uy - ot h—/ (1=x) ¢i-ne n.
Q0 0; ¢ o9
Using the fact that x = 0 on 952, one then obtains:

/ (1-x) qgi-ne_h:/ oi-ne”
o0 OQNsuppx;

_f ~ _f
/ Gi-neh ¢i-ne h.
(0QNsuppx:)\;

[~

[~

Using (B.230), in the limit h — 0:

/ Vy - die h = —Bh™ e~ (14 O(h))

Q

u)
e,

>

= $i-meh +/Q(1 -X) V- (B.232)

(0QNsuppx;)\3;

Let us now prove that the two last terms in (B.232)) are negligible compared to the first
one.

On the compact set (9 Nsuppy;) \ X; one has f(z) > f(z;) since z; € 3; is the only
global minimum of f on B;, and supp x;N0Q C I'1; C B.,. Then, using Proposition[B.61]
and (B.116|), there exist € > 0, hg > 0, C' > 0 and N € N such that for all h € (0, hp)

>l

_ f(z)+e
< e h

‘ bi-ne”
(

/ bi-n
OQNsuppx;)\ s (0Qnsuppx;)\X;

~ da(.,24)
¢i-ne k
(0QNsuppx:)\X:

e h (1) dalsz)
<C——-rn— ‘ e h )
= o, XiUp ()

f(z) € fzg)+e/2
<Ce T RN < e TR (B.233)

_ fzi)te
e h

_ f(z)+e

Let us now deal with the last term of . The support of (1 — x) Vx; is included
in the support of Vy; and does not contain zy since x = 1 around xy. The function
xi can be chosen such that the set {z € €, [Vxi| # 0 and x # 1} is as close as one
wants from I'y; (see Figure . Therefore, by continuity of the Agmon distance,
using , for any & > 0, one can choose y; satisfying the three conditions stated in
Definition [B.14] and such that

inf do(+,2zi) + ) >inf (dg(-, z;) + f) — 6.
o1, (a7 ) 2 i (a2 +
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Thus, using the Cauchy-Schwarz inequality and Proposition there exists N € N
such that

/ (1= Vxi-ufl) e F| < O|ufle™ || emhmtumamgwy etz
supp(1—x)Vx; i ‘ L2(9;)
~Linfpe (da(-z)4f—
< Oh~Ne nmiag (da(20) 47 =0) (B.234)

Besides, from assumption (B.20))
inf [dq(z,2) + f(2)] > f(z).

zeBg,

Indeed, the inequality (B.20) implies that there exists 7 > 0 such that for all z € B,
da(z,2i) > f(zi) — f(21) + 7 and therefore for all z € Bf, one obtains

do(z,20) + f(2) 2 f(z) + (f(2) = f(z21)) + 7 = f(zi) +7

Therefore, taking x; such that § < r/2, one has, when h — 0

/ ‘(1 —x) Vi - u;llz 6_% =0 (e_ fﬁ)ﬂ)
supp(1—x) Vi ’

for some constant ¢ > 0.
In conclusion, in the limit h — 0,

/ Vi gie il dn = CihPe 1= (14 O(n)),
Q

with
1/4 -1 D) H 1/4
C = B, (det Hess{(wo)) _ Ty On f(z)(det Hessf(zo)) and p = m—g _ 7§’
i (det Hessf|an(z))/* 4 4
(B.235)

where B; and m have both been defined in (B.231]). This concludes the proof of (B.59),
and thus the proof of Theorem

B.5 Consequences and generalizations of Theorem

B.5.1 Proofs of Proposition [B.6, Proposition [B.7], Corollary and
Corollary

B.5.1.1 Proof of Proposition

Assume that [H1], [H2] and [H3] hold. From Lemma and since the function 4 is
non negative in €2, there exists hg > 0 such that for all h € (0, ho)

(0) ~
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where uy, is the elgenfunctlon assoc1ated Wlth the smallest eigenvalue of Lgc )(O)(Q)

(see Proposition which satisfies and ¢ is introduced in Deﬁnltlén
Then, there exists ho > 0 such that for all h € (0, ho),

(0)~ _2p 1 . (0) i
/uheh /H h—W/sz[u—i-(ﬂh —1>u}eh.

L3,

From the definition of x (see Definition [B.13)) and using Laplace’s method, one obtains
(in the limit A — 0)

d
2

e,

/X2e—if M Ee0(1 4 0(n)
Q det Hessf(xo)
and likewise
h%ﬂ% 2
IR e~ HI@) (1 4 O(n)).
Q det Hessf(xg)
In addition, using Lemma [B.18| one has HW;LO)’EL‘ o= 1+0 (e_%). Therefore, it holds
when h — 0, ‘
d d
1 / G e — hima 4 f(0)
——— [ ek e wI N1+ O(h)).
’Wh i Q (det Hessf(xq))t/4 )

Moreover, from Lemma there exist ¢ > 0, hg > 0 and C' > 0 such that for

h € (0, ho)
H <o)1~’ /Q(wgm -ae | <olja-=" \/ﬁg Ce i e hf@)
R 17 2

Thus, one has when h — 0,

d

—af = T B e @) (11 oh
/Quhe " (det Hessf(xq))/4 e (1+O(h).

This proves Proposition

B.5.1.2 Proof of Proposition [B.7]

The aim of this section is to prove (B.23)). To this end, we first state in Proposi-
tion some estimates that the quasi-modes constructed in Section satisfy
under hypotheses [H1], [H2] and [H3]. Let us emphasize that these estimates are
weaker than those obtained in Section where in addition to [H1]-[H2]-[H3], also
the hypotheses and were assumed. Then, we prove that the estimates of

Proposition imply (B.23]).

Proposition B.67. Let us assume that the hypotheses [H1], [H2] and [H3] hold.
Then there exist n+1 quasi-modes ((1;)i=1,...n, ) which satisfy the following estimates:
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1.Vie{l,...,n}, ¢ € AlHivT(Q) and U € AOH&)7T(Q). The function @ is non
Wi

negative in Q. Moreover Vi € {1,...,n}, = @l 2 = 1.

2. (a) There exists e1 > 0, for alli € {1,...,n}, in the limit h — 0:

(=)l =0 (%)

(b) For any § >0, |Val2, =0 (e—%(ﬂzl)—f(xo)—&)

3. There exists g > 0 such that V(i,j) € {1,...,n}2, i < j, in the limit h — 0:
(Bts), =0 ().
4. There exist g > 0, such that for all i € {1,...,n}, in the limit h — 0:

<Va,1[;i>L2 = hPe~ T (f(z:)=f(w0)) (14+0(h)) + 0O (ef%(f(zl)ff(x0)+so)) 7

w

where the constants p and (C;)i=1,.. n are given by (B.235).

Proof. Thanks to the hypotheses [H1], [H2] and [H3], one can introduce the n+1 quasi-
modes ((¢;)i=1....n, @) built in Section Recall that t; = e%f@- forie {1,...,n}.

Then, one easily obtains that ((1/31)1:1”, @) satisfy the estimates stated in Proposi-
tion following exactly the computations made on ((¢;)i=1..._n,) in Section
2(a) follows from ([B.224)), 2(b) is a consequence of Lemma[B.60] 3 follows from (B.228)
and 4 is a consequence of (B.232)-(B.233))-(B.234) (in (B.234)), one uses that for § > 0
small enough, there exists ¢ > 0 such that infp . (da(., 2;) + f —6) > f(z1) +¢) . 1

Let us now prove that the estimates stated in Proposition imply (B.23)), which
will conclude the proof of Proposition [B.7}

Proof. From (B.51)) together with the assumption |lus/z2 = 1, it holds
D, h
An = —<Lf,h(0)(9) Up, Up) 12, = §||Vuh||%gu (B.236)

where uy, is the eigenfunction associated with the smallest eigenvalue of —L?;L(O) (Q) (see

Proposition . Recall that Vuy, € Ran 77,9) (see (B.53))).
In addition, let us recall that from items 1, 2(a) and 3 in Proposition and using
the proof of Lemma there exists hg such that for all h € (0, hy),

span (7’['](11)1211', i=1,... ,n) = Ranﬂ,(ll).

Let us denote by (t;)i=1,..n the orthornormal basis of Ran 77,(11) resulting from the
Gram-Schmidt orthonormalisation procedure applied to the set (W;Ll)'l;i)izl’_“’n (see
Lemma [B.20)) so that
n
2
IVunlZa = > [(Vuns )1z |

=1

(B.237)

196



We now want to estimate the terms (Vup, ¥;) 2 .
Using 2(b) in Proposition and using the proof of Lemma one has that
(0)

for h small enough 7”@ # 0 and therefore, since moreover % is non negative in (2,
( )i

Up = W Thus one has (see ), for j e {1,...,n},
[<Va’¢j>ng + <Vﬂ’ (Wg) B 1) '(Lj>Li,:|
Hﬂh H [Z . <<va7¢?i>% + (v, (m -1) z/?i>%> ]

where (kj;)i1<i<j<n and (Z )1<]<n are defined in Lemma

Now, using the items 1, 2(a) and 3 of Proposmlonmand the proof of Lemma[B.22]
one obtains that there exist &g > 0 and hy > 0 such that Vh € (0,ho), V(i,j) €
{1,...,n}?, it holds

e e !

kj; = O (6_%0) and Z; =14+ 0O (6_%) , (B.238)

Injecting (B-238)) and the estimates 2 and 4 of Proposition [B.67]into (B.68)) leads to the
existence of ¢ > 0 and hg > 0 such that Vh € (0, ho),

(Vaup, ;) 12 = Ci WPe™ i FE~FE0) (14 0(h)) + O (efi(f(zn*f(zo)%’)) . (B.239)

where the constants p and (C;)i=1,.., are given by (B.235). Using (B.239) in (B.236)
and (B.237)), there exists ¢’ > 0 such that in the limit h — 0

Zcz B2Pe— 7 (f(z0)=f(x0)) (1+O(h))+0<e 2 (Zl)_f(wo)-i-s/))'

Therefore, the estimate ) holds and Proposition is proved. ]

B.5.1.3 Proof of Corollary

According to (B.14) one has for i € {1,...,n}:
B Js, (Onun)(z) e 7P (d2)
2\ Joyun(y)e ey

Let us assume that [H1], [H2] and [H3] together with the inequalities (B.20) and
(B.21) hold. From Proposition and Proposition one obtains when A — 0

P [ X, € 5] =

2 _
)\hh/ up, € “ildy = 20T (det Hessf(wo))%h%
Q

no
Z Onf (21) e~ HCHE-F@D) (1 1 O(h)).
\/det Hessflaa(zk)
Then, using in addition Theorem [B.1| to estimate fz Onup) e ~ildo (i € {1,...,n}),

one proves Corollary [B.8|
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B.5.1.4 Proof of Corollary

Before starting the proof of Corollary [B.10] let us notice that under the assumptions
stated in Corollary for all i € {1,...,n} and for any test function F' € C*(99)
satisfying supp F' C B,, and z; € int (supp F'), when h — 0,

1
On f(2;) = On f(21) 2

B [F(Xy,)] = e HUCOTE (P () +0(h).
\/det Hess flan(2i) \ k=1 \/det Hess fiaa(21)

(B.240)
The strategy for the proof of Corollary is to first extend to a deterministic
initial condition, and then to deduce the result of Corollary [B.10]
Let us first notice that we can assume without loss of generality (up to increasing «
if v is smaller than f(zo) + f(2:) — f(21), see (B.26])) that

f(@o) + f(zi) — f(21) < <2f(21) — (=) (B.241)
For such an «, let us define
Ko = f1 ((—o0,a]) N Q.

We would like to show that (B.240) holds when Xo = x € f~1((—o0,a]) N, for any
test function F € C'*°(0N) satisfying supp F' C B, and z; € int (supp F).
Let us introduce the principal eigenfunction @ of —L?;L(O)(Q):

0~ _\ =
_Lﬂhuh = Aplip, on £, (B.242)
up = 0 on 01,
with %, > 0 on  and normalized such that
/ ay dr = 1. (B.243)
Q

Notice that wup, solution to (B.12) only differs from w; by a multiplicative constant so
that, from Proposition

vp(daz) = Zp(Q) Ly (x)e 2@ dy, (B.244)
where, for any set O C €,
Zy(0) = / Up, 6_%f.
o

For F' € C°°(9R), let us define wy,(z) = E*[F(X,,)] for all z € Q. The function wy,
is such that: Vh > 0 and x € €,

fwn(@)] < [1Fl oo
Moreover, a standard Feynman-Kac formula shows that wy, satisfies

(0)
L9 wy, =0 on
{ St = T OH (B.245)

wp, = F on 012,

198



where, we recall, the differential operator L;OZL is defined by (B.10]). Our objective is to
compare wp(z) with E*»[F(X,,)].
By the Markov property, using (B.244]), we have

B [F (X)) = ( /Q i f) < /Q wniin f)

= Z,1(Q) (/Q\K wp, Uy, e—if> +Z,1(Q) </K wy, Uy, e—if) . (B.246)

In order to estimate the first term in (B.246|), we need a leveling property for iy,
which is stated in |15, Theorem 2.4].

Lemma B.68. Let us assume that [H1], [H2] and [H3] hold and let us consider uy, the
principal eigenfunction of L?}L(O) (Q) (see (B.242))) with normalization (B.243). Then,

for any compact set K C €1,
-1/2
ﬁh — (/ dx)
Q

Notice that the reason why we consider a smooth test function F' rather than 1y, is
that we would like to apply the results in [15].
A direct consequence of Lemma, is the following limit,

=0.
Lo (K)

lim
h—0

lim hIn (2,(2)) = ~2 (xo). (B.247)

Indeed, from the normalization of iy, we get Zp () < el (#0) " and from Lemma m
we have, for h small enough and for » > 0 such that the open ball B(zg,2r) is included

in €,
1 —1/2 2f
Zn(Q2) > Zp(B(zo,1)) > = (/ daz) / e h.
2 Q B(zo,r)

Since lim hln / o —2f (o), we get (B.247).
h—0 B(wo,r)

Now, for the first term in (B.246)), using (B.247)), we have for any ¢ > 0, for h small
enough,

Zn(Q)~! < || F ||z e e 7 (nforica f=f(@0)

~ —2f
Wh UL € h
NKao

= ||F||ze er e 1 (a=f(w0)

and thus, thanks to (B.241)), by choosing ¢ small enough, there exists ¢ > 0 such that,
for all h small enough,

Zn(Q)"! < || F e e hUFGD=T D) (B.248)

- 27
WhH UL € h
NKaq

In order to estimate the second term in (B.246[), we need a leveling property for wy,.
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Lemma B.69. Let us assume that [H1], [H2] and [H3] hold, as well as (B.241)). Let
us consider wy, solution to (B.245)). Then there exists C' > 0 such that for any § > 0,
for any h small enough, for all x,y € K,

lwp () — wi(y)] < Cer e~ nfED=),

Proof. From |21, Theorem 1], it is known that for any 6 > 0, for any A small enough
and for all x,y € K,

un(z) — wn(9)] < Ok e~ BV018),

where Vo (K,,) is defined by,

17 2
Vao(K,) = inf  inf inf - } dt
Q( ) xIGI}(a 71"1;0 'yEAb;g“,r,BQ) 4 A h/ + Vf(f}/)’

where Abs(T, x, 0Q) is the set of absolutely continuous functions 7 : [0, 7] — € satisfying
~v(0) = x and (T') € 9. For any v € Abs(T, z, ), we have

T T T
Arv+Vﬂw&ﬁ—A W—Vﬂw9ﬁ=4é'%Vﬂwﬁ=4UWUW—f@D,

and therefore, it holds

T
A 5+ V)Pt > 4 (F(4(T)) — F(x)) > 4(F(z1) - ().

Finally we obtain
Va(Ka) > f(z1) — max f(x) = f(z1) — a.

IEK@

This concludes the proof of Lemma [B.69 1

We are now in position to estimate the second term in (B.246|). Using Le]rnmam7
we get, for any § > 0, in the limit h — 0, uniformly in yo € K,,

Zn(K, 5 2 B 7 (K,
thl(Q) </ whﬁhe_ifdz> = wy (o) Z}L,E(Q))+O(eie 2 (f(z1) a)) n( )

Therefore, by choosing § > 0 small enough, thanks to (B.241), there exists ¢ > 0 such
that, in the limit A — 0,

1 i e 2dr) — Zn(Ko) ~2(f(G)-f(a)te)) ZnlKa)

Z, () </athh€ R da:) wn(yo) Zn() —i—O(e R ) AOR
(B.249)
In addition we have ZZ*L}E(I;DS) =140 (e_%> for some ¢ > 0 independent of h. Indeed

e Q @ :
% =1- % and using (B.247)), we get for any § > 0,

Zn(Q\ Ko)
Zn(Q)

< o o= E(minayi, S~1@0) — 0 (e—%> , (B.250)
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for some ¢ > 0 independent of h by choosing § small enough. Gathering the re-

sults (B.248)—(B.249)—(B.250) in (B.246]), there exists ¢ > 0 independent of h such
that, in the limit A — 0, it holds: uniformly in yg € K,

B [F(Xr,)] = wi(yo) (140 (7)) +0 (e RUGI-E0ra)

Let ¢ € {1,...,n} and let us assume that supp F' C B,, and z; € int (supp F'). Then,
combining the last estimate with (B.240]) implies that uniformly in z € f~!((—o0, a])NQ,
in the limit A — O:

-1

o) B f()
\/det Hessflaq(zi) \ k=1 \/det Hess flan (2k)

E*[F(Xr,)] e nUCISED(E () +O(h)).

(B.251)
Let 3; C 99 containing z; and such that ; C B,,. Then, there exit F,G € C*°(9Q)
such that supp F' C B,,, z; € int (supp F'), supp G C B,,, z; € int (suppG), F <1y, < G
and F(z;) = G(z) = 1. From the inequality

E*[F(X7)] < P¥[ X7, € Xi] SE[G(Xr));

together with (B.251]) applied to F' and G, one gets in the limit h — 0:
-1

. o 2
]P;:E[XTQ c 27,] . anf(Zl) anf(Zk;) e*ﬁ(f(z,)ff(zﬂ)(l_’_o(h))

\/det Hessflaa(2i) \ k=1 \/det Hess flon(2k)

This concludes the proof of Corollary

B.5.2 Proofs of Theorem and Corollary

In this section, we prove Theorem The proof is similar to the one made for The-
orem the estimates of Proposition and the construction of the quasi-mode
associated with zj, are modified. The proof of Theorem is organized as follows. In
Section we give the estimates required for the n+ 1 quasi-modes. Then, in Sec-
tion we prove that these estimates imply Theorem In Section the

construction of the quasi-modes is given and we check that they satisfy the estimates

stated in Section [B.5.2.11

B.5.2.1 Statement of the assumptions required for the quasi-modes

For the ease of notation, for p € {0,1}, the orthogonal projector o, /) (—L?}fp)(Q)>
) ’
is still denoted by F;Lp ), see (B.b4).

whose span approximates Ran TF}(ll), and u whose span approximates Ran W}(lo), in order
to prove Theorem It is the equivalent of Proposition in the more general

setting of Theorem [B:2]
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Proposition B.70. Let us assume that the hypotheses [H1], [H2] and [H3] hold. Let
Y.; denotes an open set included in 02 containing z; (i € {1,...,n}) and such that
3, C B,,. Let kg€ {1,...,n} and f* such that

f(zko) < f* < f(Zko-I—l)v

(with the convention f(zk,+1) = +00 if ko = n). Finally, let 3 C 0 be a smooth open
set such that ¥ C B, , for some jo € {1,...,ko} and infy, f = f*.
Let us assume that there exist n quasi-modes (&1)2:1n and a family of quasi-modes
(4 = Ugs)s=0 satisfying the following conditions:
1.Vie{l,...,n}, ¢ € A1H11U7T(Q) and U € AOH1 (). The function @ is non
negative in . Moreover, Yi € {1,..

= llallzz = 1.

2. (a) There exists e1 > 0 such that for all i € {1,...,k0}, it holds in the limit

o)

and for all i € {ko +1,.

0( — 2 (max[f*—f(z:),f (i) — f(zl>]+el>>’

-

(b) For any 6 > 0, ||VuHL2 = (e (f(z1)—f(z0)— ))

w

=0 (e—%(f*—f(21)+81)>_

3. There exists ¢g > 0, ¥(i,5) € {1,...,n}?, if i < j < ko in the limit h — 0:
(40, =0 (s tvesa)
and if ko < j, 1 < j, in the limit h — 0:

<1Z¢,1§j>L2 =0 (e‘%(f*—f(zl)-ﬁ-ao)) )

4. (a) There exists €' > 0 and there exist constants (C;)i=1,..n and p which do not
depend on h such that fori € {1,...,ko}, in the limit h — 0:

(Vi) | = Ci e RUEI=T0D) (14 O(h)),

w

and for i € {ko +1,...,n}, in the limit h — 0:

(Vi) | = Ci e U@ (14 O(h) + 0 (77U S0+ )

w

(b) There exist constants (B;)i=1,..n and m which do not depend on h such that
for all (i,5) € {1,...,n}?, in the limit h — 0:

- 0 if i .
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(c) There exist C* and p* independent of h such that for all i € {1,...,n}, in
the limit h — 0:

/ i -meH do = 8, ChT e R CI G (14 O(h)).
%

Let up, be the eigenfunction associated with the smallest eigenvalue of —L;Dh)’(o)(Q) (see

Proposition which satisfies (B.11). Then, one has:
e Forallie{1,...,ko}, in the limit h — 0

1

/ (Oun) et do =GB+ e KRIGO—F@0) (1 4 O(h)).
X

Moreover, if f(zk,) < f(2ky+1), there exists € > 0 such that for all i € {ko +
1,...,n} in the limit h — 0

/Ei(anuh)e_i%fda = (/E

e In the limit h — 0:

ko

(Onup) e_lzifd(r) O (6_%> .

/(8nuh) e il do = C*Cj,h? TP e~ 1 2 =1 (x0)) (1+O(h)).
P

The estimates (B.22)), (B.31)) and (B.34) in Theorem are a consequence of this

proposition and of the construction of the appropriate quasi-modes ((&i)izlw,n,ﬂ),
see Section m which will show that (B;)i=1,..n, m, (Ci)i=1,..n, p are given by
(B.231)-(B.235) and C*, ¢* are given by Lemma Moreover, the remainder es-
timates , and (B.35)) in Theorem are a consequence of the asymp-

totics (B.22)), (B.31)) and (B.34]) together with Proposition Proposition and
(B.14).

B.5.2.2 Proof of Proposition

The proof of Proposition follows closely the same steps as the proof of Proposi-
tion We only highlight the main differences. In all this section, we assume that
the hypotheses [H1], [H2] and [H3] hold. Let f* € R, kg € {1,...,n}, jo € {1,...,ko},
(3i)ieq1,..,ny and X be as stated in Proposition In addition, let us assume the
existence of n + 1 quasi-modes (@, (1[11)1:171) satisfying all the conditions of Proposi-
tion In the following, ¢ denotes a positive constant independent of A, smaller than
min(ey, gp,€’), and whose precise value may vary (a finite number of times) from one
occurence to the other.

Let us recall a result relating @ with uy on the one hand, and span (@Ej,j =1,... ,n)

(1)

with Ran7,” on the other hand. The following lemma is a direct consequence of
Lemma [B.I§ Lemma [B.I9 and the assumptions 1, 2 and 3 of Proposition [B.70]

203



Lemma B.71. Let us assume that the assumptions of Proposition hold. Then,
there exist ¢ > 0 and ho > 0 such that for h € (0, hy),

0) ~
[
L3,

In addition, there exists hg > 0 such that for all h € (0, hg),

:1—|-O<e_%).

span (W](,Ll)l/;i, 1=1,... ,n) = Ranﬂ,(ll).

A direct consequence of Lemma [B.71] and the fact that @ is non negative in € is that

it holds for A small enough:
0) _

N
(1)

Let us denote by (%;)i=1,.» the orthonormal basis of Ranw,’ resulting from

(B.252)

the Gram-Schmidt orthonormalization procedure on the set (ng)lﬁi)izl,...,n (see
Lemma [B.20). Then, since Vu, € Ran (Wl(zl)) = span (¢;,7 =1,...,n) (see (B.53))
and (1j, ;)2 = d; 5, one has for any I' C 9Q

/(a up) e hfda-Z(Vuh,wj /z/;] ne il do. (B.253)

7=1

Let (Hﬂ)( Defl,.m12 i<y and (Zj)jequ,...ny be the matrix and vector obtained through
the Gram-Schimdt othonormalization procedure, see Lemma [B:20}

Now, to prove Proposition - IB.70], the strategy consists in proving precise estimates
when h — 0, of the terms

Kji, Zjs (Vun,¥j) 2 and </F Y 'ne_lzifdo'>

re{%,%1,...5n}

for (i,7) € {1,...,n}2, i < j. Then, they will be used to obtain a precise estimate of
(B.253]) when h — 0. This is the purpose of the next steps.

Step 1. Estimates on the terms (Hji)(i Defl,..n)? ic; and of (Zi)ieq1,...n}-

Lemma B.72. Let us assume that the assumptions of Proposition hold. Then,
there exist £ > 0 and ho > 0 such that for all (i,5) € {1,...,n}* with i < j and all
h € (0,ho), if j < ko:

(n$55,m5;) | =0 (e hUCH-1E+9)

and if j > ko:
(im0 =0 (HII).
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Proof. The proof follows the same lines as the proof of Lemma[B.21] If i < j and j < ko,
from assumption 2(a) in Proposition and since f* > f(z1), one gets

(=i 1= mfdy) < I =il N1 =7 )idslng
<0 (e*%(f*ff(zz')Jrf(Zj)*f(ZlHE)) ~0 (e—af(zj-)—f(ziws)) .

If i < j and kg < j, from assumptions 1 and 2(a) in Proposition one gets
1)\ 7 1y _(1) 7 > 1)\ 7 —L(frf(z
(=D (1= ) < Wil 11 = mf)dylay, < O (e7# U = G09))

Lemma is then a consequence of ((C.130f) together with assumption 3 in Proposi-
tion [B.70L |

Lemma B.73. Let us assume that the assumptions of Proposition hold. Then,
there exist € > 0 and ho > 0 such that for all (i,5) € {1,...,n}* with i < j and all
h € (0,ho), if j < ko:

Kji = O (efi(f(zg')ff(zz')%)) ,
and if j > ko:

Kji = O (g%(ftf(awe)) ,

In addition, there ezist ¢ > 0 and ho > 0 such that for all j € {1,...,n} and h € (0, hyp),
Zy=1+0 (7).

Proof. If i < j and j < ko, the estimates on x;; and Z; are proved by induction as in the
proof of Lemma Let us now deal with the case ¢ < j and ko < j. For j = ko + 1,
it follows from (B.66) that for all i < ko + 1,

1).7 1) 7
K(ko+1)i = ZZ 7Th )¢ko+1,771(1 )1/JZ>L5 KElREis

k=i =1

where we use the notation x; = 1 for every i € {1,...,n}. Since 1 < k < kg, one has
Zk_1 =140 (6_%>. In addition, since 1 <[ < k < kyand 1 <1i < k < kg, one has

krikgi = O(1). From Lemma [B.72] one has for 1 <1 < kg + 1, <7T;(Ll)¢~1ko+1a77;(11)1/~ll>Lgu =
0 (e*%(f**f(zl)%)). Therefore, one obtains for all ¢ < kg + 1,

_1(pr_ (s
R(ko+1)i = 0] (e w(F7=1( 1)+8)> '

The fact that Zy, 11 = 1+0 (e’%>, comes from the fact that the terms (s (g,+1)i)ic(1,... ko}
W}(Ll)1;k0+1‘ =140 (e*§>. In order to

prove by induction the estimates on xj; for ¢« < j and j > ko, let us now assume that
for some k € {ko+1,...,n} and for all j € {ko +1,...,k},i€{1,...,5—1},

kj; = O (e B f(z1)+€)> and Z; =140 (e_%> )

are exponentially small and the fact that Lo
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It follows from (B.66)), for g € {1,...,k},
) 7 1) 7
K(k+1)q = ZZ Wh)wkﬂﬂf;(l)lﬁl)% KjlKjq,
Jj=q l=1

where we used the notation k; = 1. Since 1 < j < k, one has Z-_1 =1+0 (e %>.
In addition, since 1 < [ < j < kand 1 < ¢q < j < k, one has ﬁjm]q = O(1).

From Lemma |B.72| one has for 1 < | < k+1 and k& > kg, <7Th wk+1,7rh w>
O (e_%(f*_f(zl)%)). Therefore, one obtains for all 1 < g < k41,

_L(pr_f(s

The fact that Zp,1 =1+ 0O (e_%>, comes from the fact that the (k(y41)q)gef1,..k} are

=1+0 <e_%>. This concludes the
proof by induction. ]

exponentially small and the fact that Hﬂ'}(ll)’(;k+1’ L2

Step 2. Estimates on the interaction terms ((Vun, ¥;) 12 )je(1,...n}-

Lemma B.74. Let us assume that the assumptions of Proposition [B.70 hold. Then,
forje{l,...,ko}, in the limit h — 0:

(Vun, ;) > = C; hre~ kU ED=@0) (1 4 O(n)),
and for j € {ko+1,...,n}, there exists € > 0 such that in the limit h — 0:
(Vaup, ;) 12 = Oy WPe~ i E~FE) (14 0(h)) + O (efi(f*ff(wo)%’)) ,

Proof. For j € {1,...,ko}, the proof of the estimate of (Vuy,v;),. is exactly the same

as for Lemma Let j € {ko+1,...,n}. Using (B.67)(B.61)(B.64)(B.65), one

has

<vuh7wj>L12U =a; +bj +cj,

where a;, b; and c; are defined by

<<va,zzj>% + <va, (wﬁf) - 1) zﬁj>%) ,

b = (OZ)J; iﬁji <<va,¢i>% + <Vﬂ, (WS) _ 1) 1§Z>L%U> ;

2 =1
and
1 j—l
o (T00), 4 (70, (0 1) ),
el w w
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with the convention ngoﬂ = (. From Lemmata [B.71{ and |B.73} one has H ) H

1+0 (eff) Using assumptions 2 and 4(a) in Proposition [B.70/and Lemma [B.73] there
exists dgp > 0 such that for all § € (0, dy),

a; = C;hPe 71 E)=F@) (1 1 O(R)) + O (g%(f*ff(wo)%)) L0 (efi(f*ff(xo)fHE)) 7
b; = ZO (6 FU—f ) Fe+f(zi)— f(m)—é)) L0 (e—%(f*—f(zl)+€+f(Z1)—f(xo)—5+f(zz')—f(21)+€))

0 (e*ﬂf ff(mo)f6+€)> :

¢ = i]%; 1 9 (efi(f*ff(n)%)) (o (ef%(f(zz')ff(xo)fé)> L0 (g%(f*ff(xo)%)))
+0 (e—%(f*—f(Z1)+a+f(Z1)—f(xo)—5+f*—f(Z1)+8)) —0 <e—%(f*—f(1‘o)—5+€)) .

Therefore, choosing § € (0,¢), there exists ¢’ > 0 such that
(Vup, ;)12 = thpe—%(f(zg‘)—f(ro))(l +O(h)+ 0 (e—%(f*—f(ro)ﬁ’)) .

This concludes the proof of Lemma [B.74] 1

Step 3. Estimates on the boundary terms </ pj - ne_ifda> .

Lemma B.75. Let us assume that the assumptions of Proposition hold. Then,
there exists € > 0 such that in the limit h — 0 one has:

o Ifke{l,....ko} and j € {1,... ko},

oy ne 1lde = 5j’]€Bkhm€_%f(zk)(]. +0(h))+ 0 (e—%@f(zrk)—f(zj)%))
Xk

+ 15540 (7RI

o Ifke{l,...,ko} andje{ko—i-l,...,n},/ wj-ne_%de:O(e_%(f(zk)“)).
Xk

o Ifk e {ko+1,....,n} andj € {1,... ko}, / (R e~ wldo =0 (e_%(Qf(Z’“O)_f(Zf)%))
Xk
o Ifke{ko+1,...,n} and j € {ko+1,...,n},

Yj-n e il do = 0,0 (hme’%f(z’“)) +0 (e’%(f(zkoﬂ)*g)) .
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Proof. For all (j,k) € {1,...,n}?, using (B.64)-(B.65) and Lemmata and
together with assumption 4(b) in Proposition one has in the limit ~ — 0:

pj-n e_%fda = Zj_1 [/ zﬂj -n e_%fda —I—/ (W}(Ll) — 1)1;]- ‘n e_ifda]
Xk Sk Sk

j—1

+ Zj_1 ani < g @51 n e ifdo +/E (77,(11) — 1)1/31 -n eifda>
=1 k k

= 8, Bh™e” 3 (14 O(h)) + % |(1 =) || 0 ()

(1 — 77,(11)> i 0 O (e’%f(zk)> .
(B.254)

]_1 ..
+ ; ’ijiéi,ko (hm(ii%f(zk)) + %

Let us know deal separately with the two cases k € {1,...,ko} and k € {ko+1,...,n}. In
the following, we use assumption 2(a) in Proposition and Lemma to estimate

[B253).
Case 1: ke {l,...,ko}. If j € {1,...,ko}, from (B.254), one gets in the limit h — 0:

Yj-n 6_%fd0 _ 5j,kBkhm€_%f(Zk)(1 +0(h))+0 (e—%(f*—f(z]-)-i-f(z;f)-i-a))
Xk

+ Ji 8:50 (eﬁ(fm)#)) + § 0 (e*%(f(zﬂ—f(zwf**f G+ (z’“)%)) '
1 =1

Since f* > f(z) for all k € {1,...,ko} and since there exists ¢ < j such that 06; , = 1 if
and only if j > k, there exists ¢ > 0 such that for all (k,7) € {1,...,ko}? and for all h
small enough,

pime ildo = §; y Byh™e™ 1 ) (140(h))+0 <e*%(2f(%)*f(zj)+€)>+1j>k0 (efw(zms)) ‘
P
If j € {ko+1,...,n}, from (B.254), one gets

J—1
2 1w 1
vi-n e—gfdo- =0 e—g(f —f(z0)+f(21)+e) + 10 e—ﬁ(f(zk)'ff) .

Case 2: k€ {ko+1,...,n}. If j € {1,...,ko}, from (B.254)) and since f(zx) > f* >
f(#k,), one has

j—1
2 1 * 1 *
Vvi-ne wldo=0 e R ("= retf(a)) ) O (e 7+ (zR)+1(z)=2f(zi)+e)
5 ( Jr2ol )

-0 (e*%(Zf(Zko)*f(Zj)JrE)) ‘

If je{ko+1,...,n}, from (B.254), one gets

b on e i do = 6,,0 (hme—%f(zw> L0 (efi(f(mm) ’
) '
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which leads to the desired estimate since f(zx) > f(zg,+1). This concludes the proof of

Lemma [B.75] |

Lemma B.76. Let us assume that the assumptions of Proposition hold. Then,
forj€{1,...,ko} one has when h — 0:

/ b e tldo = §;, ; C*hT e+ =1E0) (14 O(R)) + O (ef%(2f*ff(zg')+€)>
b
and for j € {ko +1,...,n} one has / Vj ne wldo =0 (e*%(Qf**f(zl)“)).

b

Proof. Let j € {1,...,n}. Using (B.64)—(B.65) and Lemmata and together
with assumption 4(c) in Proposition one has

/ Yi-n e ildo = Zj_1 [/ 1[1]' ne ildo+ / (71',(11) — 1)@% -n eifda]
b Y by

j—1
+ Z]-_lzﬁji </ Pi-n €_f2zfda—|—/(7r,(Ll) — 1)1/~)zn e_ifdcr>
i=1 z z

= 80 C*hT" e~ HCF =G (1 4 O(h)) + % |(1==") z/?jHHl 0 (e7#77)

1

O (e_ﬁ

(1 — W}(Ll)> 151

+ ; BjifisiO (R e I =1 %

H},
(B.255)

Let us first deal with the case j € {1,...,ko}. Using assumption 2(a) in Proposition [B.70]
and Lemma one gets from (B.255)

/ by n e do = 8, CRT e~ FCF=TE) (14 O(h)) + O (6—%(f*—f(zj)+a+f*)>
>
j—1
+Y 0 <6—%(2f*+f(zy')—2f(zi)+6))
i=1

= 6. C*hq*e_%(Qf*_f(zjo)) (1+0(h))+0O (6—%(2f*_f(z]')+s)) ]

Let us now deal with the case j € {ko+1,...,n}. In that case, one obtains from (B.255),
assumption 2(a) in Proposition Lemma together with the fact that f* > f(z;)
forall i € {1,...,ko} and f* > f(z,) > f(2j,),

j—1

2 1 * * 1 * *
Vi e ilde =0 (e nIT—fz)+etf7)) L 80O e~ 7 ([T =F(z)+2f" = f(2j5)+e)
Lo ( )+ a0 )

)

t iO (emrer =t =1t 4 ji O (emher =21 aseer))
=1

i=ko+1
-0 (e—%@f*—f(n)%)) .

This concludes the proof of Lemma 1
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Step 4. Estimates on the boundary terms </(8nuh) e_ifdo'> .
r re{2,%1,...,5n}

We are now in position to conclude the proof of Proposition

Proof. Let us assume that the assumptions of Proposition hold. The proof is
divided into two cases.

Case 1: T' = ¥ in (B.253)) for some k € {1,...,n}. If k € {1,...,ko}, from Lem-
mata |[B.74] and [B.75| and the fact that f* > f(zx,) > f(2r), one obtains that there
exists € > 0 such that for all j € {1,...,n}, in the limit h — 0

(Vun, ¥) 12 / ;- ne” il do = 8 B Cph™ e i M) =1@0) (1 4 O(h))
Xk
L0 (eﬁ(zf(z;c)—f(xons)) .
Therefore, from (B.253)), one gets for all k € {1,...,ko}, in the limit h — 0

/ (Opun) el do = ByCyph™Pe=n 2 E)=1@0) (1 4 O(h)).
2k

If k€ {ko+1,...,n}. From Lemmata and one has for j € {1,...,ko}:

(Vun, )1z / s -me e =0 (hpe—%@f(zm)ff(xows)),
P

and for j € {ko +1,.. '7n} (SiHCQ f(z]) > f(zko-i-l) and f(zko) < fr< (zk’o-‘rl)):

(Vun, i) s | ¥ -ne ifdo = 8,0 (hp+me—%(2f(zw—f(:eo)>) L0 (e*%(Zf(Zko)ff(xo)%)) .
Xk

Therefore, if one assumes that f(zx,+1) > f(2k,), from (B.253), one gets for all k €
{ko+1,...,n} and for all A small enough

/ (8nuh) Ci%de' =0 (6*%(2f(2k0)7f(930)+5)> ]
P

Case 2: I' =X in (B.253)). From (B.253]) and using Lemma and Lemma one
has

ko
/ Oy, e~ do = CjOC’*hq“rpe_%(Qf*—f(m))(1 +0(h)) + E : 19) (hpe—%(—f(a:o)+2f*+a)>
o =
J=Lj#jo

+ Y o0 (hpe—%(f(zj)—f(zo)+2f*—f(z1)+6)) 10 (e—%(f*—f(mo)+2f*—f<zn+e>)
Jj=ko+1
— CjOC*hQ*e*%(zf**f(“fO))(l +0(h)),

which is the desired result. Proposition is proved. 1
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B.5.2.3 Construction of the quasi-modes which satisfy the estimates of

Proposition

In this section, we first construct the quasi-modes (@i)ie{l,._’n} and the family of quasi-
modes (4 = ug)s>0. Then, we prove that they satisfy the estimates stated in Proposi-
tion In all this section, one assumes that the hypotheses [H1], [H2] and [H3]
hold. Let (Ei)ie{l,...,n} and X be as in Proposition m

Construction of the quasi-modes.

The n 4+ 1 quasi-modes ((@i)i€{17.,,,n}, @) are constructed as in Section except
¥j, (where we recall that jo € {1,...,n} is such that ¥ C B,; ). Recall that for all
Jj€{l,...,n}, ¢; is defined as:

b = el g e NHL 7(9). (B.256)

for a well chosen ¢; € A'HL(Q).

Thanks to the hypotheses [H1], [H2] and [H3], one can introduce the n quasi-modes
((Q;i)ie{l,...,n}\{jo}a @) built in Section (see Definitions and .

The construction of q;jo requires to take into account the set X in addition to the set
¥j, when defining the cut off function yj, in Definition [B.14] Let us make this precise.
Let Sarjo := {250, L0, T'1 5o, 2,50 VFLjo} be an ensemble of sets associated with z;,, see
Definition Thanks to Proposition the set I'y j, can be taken such that

ijo Ux C Fl,jo~

We recall that Section was dedicated to the construction of a domain Qjo C Qand

a mixed Witten Laplacian A%’l(l) (Qj,) (see (B122)) associated with this ensemble of

sets Sar,j,- Proposition gives the spectral properties of the operator A%L(Qjo). In
the following, we consider a normalized eigenform “51130 eD (A%;(l)(fljo)) associated
with the first eigenvalue 0, i.e. such that

M,(1), ¢ 1 . 1
Aﬁh( )(Qjo) “1(130 =0 in Qj, and Hul(lzo

. =1
LQ(Qjo)

The quasi-mode ggjo is then defined as the following truncation of u,(j;O
Definition B.15. Let us assume that the hypotheses [H1], [H2] and [H3] hold. Let
Xjo € C* () be such that:

1. xj, € C (Qjo Ul“l,j()) (and thus xj, = 0 on I'yj, ULy and xj, = 0 on on a
neighborhood of O\ T'1 j,),
2. Xjo, = 1 on a neighborhood of ¥;, UX in Qijo,
3.0 S on S 1.
The quasi-mode d;jo is defined on 0 by:

(1)
on uhvjo

\//Q )on (a:)ug;b (@) 5] dx.
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The quasi-modes satisfy the estimates stated in proposition
Using in addition to [H1]-[H2]-[H3] the hypotheses (B.29) and (B.30)), one easily
obtains that ((1;)i=1,...n, 4) satisfy the estimates 1, 2, 3, 4(a) and 4(b) stated in Proposi-
i

tion following exactly the computations made on ((¢;)i=1,...n, %) in Section

2(a) follows from ([B.224)-(B.225)-(B.29)-(B-30), 2(b) is proven in Lemma [B.60} 3 fol-

lows from (B.228)-(B.29), 4(b) is proven in Step 3 in Section and 4(a) is a con-

sequence of (B.232))-(B.233)-(B.234)-(B.29)). In particular, one gets that the constants

(Bi)i=1,..n, m, (Ci)i=1,..n and p in Proposition are given by —.
The following lemma deals with the assumption 4(c) in Proposition which

requires to use Proposition

Lemma B.77. Let us assume that the hypotheses [H1], [H2] and [H3] hold. Let
j€A{l,...,n}. Then, when h — 0, one has

* )

[ ne i = gy, PR o0o D) 2 st 14 0,
z T Ay anf(zjo)

where B* and p* are defined by (B.33).

Proof. By construction, if j # jg then zﬂj =0on B, . Let us deal with the case j = jo.

Using (B.256|), one has

/ Vi ne wldo = / bjo -1 el do. (B.258)
b b
Let ng,wkb be the WKB expansion defined by (B.174). Following the beginning of

Section let us consider
1. a neighborhood Vpsm.o of ¥ in €, which is stable under the dynamics (B.183)) and
such that, for some € >0, Vpg, ;. + B(0,¢) C Vp, ; N (Qj, UT1 )

2. and a cut-off function x kb, j, € C(‘:’O(Qjoul“l,jo) with Xwib,j, = 1 on a neighborhood
of VpSt,jO such that supp Xwkb,jo C Vrl,jo N (2, UT o).

Using Proposition W’ there exists c; (h) € R} such that

‘ e%da('vzjo) (u](’l,l) (h)u(l)

»JO B CZjO
Let us now introduce

Zjovwkb> HHl(vat‘jO ) O=).

7 1
¢Zj0,wkb = Gz, (h)kab,jo ugji wkb
so that

7 _1 ~ _1 ~ ~ _1
/ Gjo -1 € wdo = / ¢zj0,wkb -n e wldo +/ (¢j0 - ¢zj0,wkb) ne wldo. (B'259)
P 3 P

Let us first deal with the term fz ézjo,wkb -ne #f in (B.259). Using (B.33)), one has
(since ® = f, 0,® = —0,f and ag = 1 on 09, see (B.179)) when h — 0,

. 1 1
/Etﬁzjo,wkb-ne hfdo':Czjo(h)/Ekab,jo Uggwkb” e n
_ 2Czj0(h)/Eanfe_’ll@f_f(m)) (14 O(h))

=2c,, (h) B* W e 7 1G0) (14 O(n)) .
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Then using (B.189)), one obtains in the limit h — 0:

B*v/2 (det Hessf\gg(zjo))i

7T Ot (25
(B.260)

Let us now estimate the term [y (qzjo — szjo,wkb> n e #fin (B.259). Since dq(-, zj,) =
f—f(zj,) = ®— f(zj,) on X, one obtains using Lemma there exist C > 0, hg > 0
and 7 > 0 such that for all h € (0, ho),

‘/2 (éjo o (gzjo,wkb> neiwldo

/ Dy ok ne wldo = W= e R IG)) (14-0(h)).
b

1
= U%;O —c (h)u(l) ne il do
5 @jo Zjo 2jq ;wkb

—Ler—fz,)) da(y2,)
e h 0 (1) () dalio)
<y | (5 e 00 )
0

_1 2f* 2 ‘@ —1‘
e RO e, ()] |

@ f(zj)
(1) 10
“zjo,wkbe o do

. da(,2z5)
< CehCI I e (uggo - Czjo(h)ug()),wkb> 1( )
H VFSt,jO
_1 *_ . _n L(z]')
+Ce w271 (z50)) |Czj0 (h)le h Xwkb,jo ugjo,wkbe e Hi@, ) .
Jo
. (1) ®Fzjq)
Since it holds U wokb® = df—(o—f(z,))na(-s h) = hda(-,h) + V(f — @) Aa(-, h)
(see (B.174))), there exists C' > 0 such that for all A small enough,
B f(z50)
‘ Xwkb,jo uijo,wk:be " =0
Hl(Qjo)
Then, one obtains using Proposition and (B.189)):
6%(2f*7f(zj0)) ’/ (qz)jo - ézjmwkb) n eiif =O0(h™) + Cei%hi% = O(h™).
b
(B.261)

Injecting the estimates (B.260)—(B.261]) in (B.259) and using (B.258)) imply that in the

limit A — O:

% 1
/ 1[1]'0 -ne_%fdo _ B \/Q det HeSSf|BQ(Zjo))4 hp*_% e_%(Qf*_f(sz)) (1 + O(h)).
by

d—1

T4 \/Onf(2))

This proves Lemma [B.77] 1

In conclusion, the n quasi-modes (ﬁl)lzln and the family of quasi-modes (@ =
Ug)s~o satisfy all the conditions of Proposition This concludes the proof of The-
orem
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B.5.2.4 Proof of Corollary

Let us assume that the hypotheses [H1]-[H2]-[H3] hold and let us assume that f|sn
has only two local minima z; and 2o such that f(z1) < f(z2). Let ¥ C 9 be a smooth
open set such that ¥ C B,, and

f*= irzlf f.

In addition, let us assume that and hold and let us assume that f* = f(z2).
Then, the inequalities and are exactly and (in the case n = 2
with jo =1 and kg = 2). Therefore, holds. It remains to compute the prefactor
in . To this end, we need the constants B* and p* in . Let us assume that
there is only one minimizer z* of f on X. This implies that z* € 9% since z; is the
only critical point of f|sq in B,,. Furthermore, we assume that z* is a non degenerate
minimum of flgs, with J,5x)f(2*) < 0 where n(9X) is the unit outward normal to
0% C J€). Then, using Laplace’s method, in the limit A — 0:

/ Onfe ildo = — Onf (2 )(mh)2 e il (1+O(h)),
z 2718n(32)f(z*)\/det Hess fo5(2*)

with by convention, det Hessf|gs(2*) = 1 if d = 2. This specifies the constants B* and
p* appearing in (B.33)). This ends the proof of Corollary
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Chapter C

The exit from a metastable state:
concentration of the exit point on
the low energy saddle points

Abstract

We consider the first exit time and the first exit point distribution from a bounded
domain € of the stochastic process (X¢);>0 solution to the overdamped Langevin
dynamics:

dX, = -V f(X,)dt + Vh dB,

sarting from the quasi stationary distribution in €. In the small temperature regime
(h — 0), it is proven that the support of the distribution of the first exit point
concentrates on the points realizing the minimum of f on 9€2. The proof holds under
rather general assumptions on f and relies on tools from semi-classical analysis. The
case when X is a deterministic initial condition in 2 is also discussed.
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C.1 Introduction and main results

C.1.1 Overdamped Langevin dynamics and purpose of this work

One of the major issues in molecular dynamics is to have access to the different confor-
mations of large molecules (such as proteins). In a constant temperature environment, a
prototypal dynamics used in practice to describe the motion of the atoms in a molecule
is the overdamped Langevin dynamics in R%:

dX; = -V f(X;)dt + Vh dB;, (C.1)

where X; € R? is the position vector of the N atoms (d = 3N), f : R? — R is the
potential energy function (assumed to be C*° in the following), the parameter h > 0
is the temperature and (Bi)i>0 is a standard d-dimensional Brownian motion. The
overdamped Langevin dynamics contains two terms : the term —V f(X;) sends
the process towards local minima of f, while the noise term vk dB; drives X; from one
basin of attraction of the dynamics @ = —V f(x) to another one. If the temperature is
small (h < 1), the process (X;);>0 remains during a very long period of time trapped
around a neighborhood of a local minimum of f, called a metastable state, before going
to another region. Consequently, the process (X;):>¢ has long periods of “inactivity”
where no transition occurs between the metastable states. In the configuration space,
the move from a metastable state to another corresponds to a change of configuration
of the molecule. To have access to the different conformations of the molecule, it is
needed to simulate (X;);>0 over long period of times which are unreachable in practice.
Kinetic Monte Carlo algorithms are used in practice to overcome this difficulty (see for
instance [27], [3,/10,28,/31,[32]). One of the major ingredients in these algorithms is
the transition rates between the different conformations of the molecule. These rates
are computed in practice using the so-called Eyring-Kramers formula which predicts
both the average time spent by the process in a state and the probability to go to
another state (see for instance |13|31]). The problem can be formulated as follows: given
a metastable state Q C R?, what is the behaviour of the exit event of the process
from € (i.e. the time spent in 2 and the exit point distribution on 09) in the small
temperature regime (h — 0)7 In this work, we are mainly interested in the behaviour
of the exit point distribution on 9Q when h — 0. Let us consider a domain Q ¢ R¢ and
the associated exit event from €. More precisely, let us introduce

7o = inf{t > 0|X; ¢ Q} (C.2)

the first exit time from €. Let Y C 9. The law of X, concentrates on Y if for every
neighborhood Vy of Y in 02

lim P [X =1

hli% [ o € Vy] )

and if for all x € ) and for all neighborhoods V, of x in 992
lim P [X,, € V;] > 0.
h—0

Intuitively, one expects that the law of X, concentrates on argmingg f.
The concentration of the law of X, in the small temperature regime (h — 0) has been
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studied using formal computations in 23| in the case when 0 is characteristic (i.e
Onf(x) =0 for all x € 9Q) and in the case when 9f2 is noncharacteristic (i.e 9, f(x) > 0
for all x € 992). Our work is motivated by [23], and aims at generalizing and proving
rigorously the results in [23]. In particular, we exhibit a general geometric setting in
which the law of X, concentrates on points belonging to argmingg f, with relative
probabilities to leave through each point in argmingg f explicitly given by first and
second order derivatives of f around these points. When 9,f > 0 on 0Q2 and the
function f has only one critical point in 2 which is a strict minimum of f in €, the
concentration of the law of X, on arg mingq f has been obtained in [19], [18] and [26].
In [11], the most probable places of exit from €2 of the process in the limit h — 0
have been obtained in some specific cases. The results in [11], [26] and 18] also cover
the non reversible case (i.e. when the drift in is not the gradient of some function
f). We refer to [5] for a comprehensive review of the literature. Let us mention that
some results on the concentration of the law of X, in the small temperature regime
can be obtained from [22].

In this work, we improve on these previous results. For instance, we do not assume
that 0, f > 0 on 02, we have no restriction on the number of critical points of f in (2
and f is allowed to have critical points in €2 with larger energies than mingg f.

The introduction is organized as follows. In Section we introduce the quasi
stationary distribution associated with 2 and the process , and we explain why
it is relevant to study the exit event from a metastable domain {2 assuming that the
process is initially distributed according the quasi stationary distribution. In
Section [C.1.3] we introduce assumptions on f which will be used throughout this paper
and we define the set of generalized saddle points of f. Finally, Section[C.1.4is dedicated
to the statement of the main results of this work.

C.1.2 The quasi stationary distribution

The quasi stationary distribution is the cornerstone of our analysis. Here and in the
following, we assume that the domain Q C R¢ is smooth, open and bounded. Let us
give the definition of the quasi stationary distribution associated with the overdamped

Langevin process (C.1]) and

Definition C.1. Let Q C R? and consider the dynamics . A quasi stationary
distribution is a probability measure vy, supported in Q such that for all measurable sets
ACQ and for allt >0

/ P* (X € At < 0] va(dz)
Q

Vh(A) =
/Q P [t < 70] v (d2)

Here and in the following, the superscript z indicates that the stochastic process
starts from z € R%: Xy = z. In words, if X is distributed according to vy, then V¢ > 0,
X, is still distributed according to v, conditionally on X € Q for all s € (0,t). We have
the following results from [20]:
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Proposition C.1. Let Q C R be a bounded domain and consider the dynamics (C.1]).
Then, there exists a probability measure vy with support in Q such that, whatever the
law of the initial condition Xy with support in €2,

lim HLaW(Xt|t < TQ) — VhHTV = 0. (03)
t—o00

Here, Law (X[t < 7q) denotes the law of X; conditional to the event {t < 7q}. A
corollary of this proposition is that the quasi stationary distribution v}, exists and is
unique. For a given initial distribution of the process , if the convergence in is
much quicker than the exit from €2, the exit from the domain € is said to be metastable.
When the exit from € is metastable, it is thus relevant to study the exit event from a
metastable state 2 assuming that the process is initially distributed according to
the quasi stationary distribution vy,.

Let us introduce the infinitesimal generator of the dynamics , which is the
differential operator

h
L§?,1:—Vf-V+§ A (C.4)

with Dirichlet boundary conditions on 0f2. In the notation LSP;L, the superscript (0)

indicates that we consider an operator on functions, namely O-forms. The basic obser-
(0)

vation to define our functional framework is that the operator L Fh is self-adjoint on the
weighted L? space

L2 (Q) = {u : Q—)R,/ we if < oo}
Q

(the weighted Sobolev spaces HY (Q) are defined similarly). Indeed, for any smooth test
functions u and v with compact supports in €2, one has

h
/(L;O})lu)veif :/(L;O})lv)ue’%f _ _/ VU'Vvef%f,
Q ’ Q s 9 o

This gives a proper framework to introduce the Dirichlet realization L?}L(O) on {2 of the
operator L;O,)L:

Proposition C.2. The Friedrich’s extension associated with the quadratic form
00 h 2 27
peCE@) 3 | Vol Y,
Q

s denoted —L?}fo). It is a non negative unbounded self adjoint operator on L2,() with
domain

D(L7\0) = Hho(@) 0 H2(Q)

where Hy, o(Q) = {u € Hy(Q), u=0 on Q}.

The compact injection HL(Q) C L2 (Q) implies that the operator L?;L(O) has a com-

pact resolvent and its spectrum is consequently purely discrete. Let us introduce Ap >0

the principal eigenvalue of —L?}fo):

Ap = info(— L) (C.5)
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From standard results on elliptic operator (see for example [9,12]), Aj, is non degenerate

and its associated eigenfunction uy has a sign on Q. Moreover, u;, € C*°(§2). Without
loss of generality, one can then assume that:

up >0 on Q and / uie_%f =1. (C.6)
Q

The eigenvalue-eigenfunction couple (A, up) satisfies:

0
{ —L;J)I up, = Apup on £, (07)

up, = 0 on ON).

The link between the quasi stationary distribution v, and the function uy is given
by the following proposition (see for example [20]):

Proposition C.3. The unique quasi stationary distribution vy associated with the dy-
namics (C.1) and the domain S is given by:

25()
o (dz) = — @ (C.8)

/Q un(y)e~H Wy

where uy, is the principal eigenfunction of —L?’(O).
The next proposition (which can be found in [20]) characterizes the law of the exit
event from Q.

Proposition C.4. Let us consider the dynamics and the quasi stationary distri-
bution vy, associated with the domain Q. If Xy is distributed according to vy, the random
variables Tq and X, are independent. Furthermore 1q is exponentially distributed with
parameter \p, and the law of X, has a density with respect to the Lebesgue measure on
09} given by

—7f(2)
P 1C

22 / un(y)e ™ Wdy
Q

Here and in the following, 9, = n - V stands for the normal derivative and n is the
unit outward normal on 0f2.

(C.9)

C.1.3 Hypotheses and notations

This section is dedicated to the statement of the hypotheses used in this work (see
Section [C.1.3.1)) and the notations chosen for the local minima of f and the saddle
points of f (see Section |[C.1.3.2)). In all this work, for a € R, the following notations
will be used:

{f<a}={z€Q f(z) <a}, {f<a}={re, f(z)<a},

and

{f=at={xeQ f(z)=a}.
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C.1.3.1 Hypotheses on the function f

In the following, we consider a setting that is more general than the one of Section[C.1.2}
Q is a C*™ oriented compact and connected Riemannian manifold of dimension d with
boundary 0f2. Let us now introduce the following set of hypotheses which will be used
in this work:

e [H-Morse] The function f: Q — R is a C* function. The functions f and f’ 80
are Morse functions and V f(z) # 0 for all z € 0Q.

e [H-Boundary| The function f satisfies

Ig})nf > min f and Ig}znf > cpr :=sup{f(z); x is a local minimum of f in Q}.
Q

(C.10)
In addition, for every connected component C of {f < mingg f}, one has

CNnon 0.

e [H-Connexity] The function f satisfies [H-Boundary]| and the set arg ming, f =

argming f is contained in one single connected component of {f < mingq f}
denoted by Cf.

e [H-Connexity+] The function f satisfies [H-Connexity| and the closure of the
connected component C; of {f < mingq f} containing arg ming, f is disjoint from
the closure of any of the other connected components of {f < mingq f}.

Let us recall that a critical point z € Q of f is non degenerate if the hessian matrix
of f at z, denoted by Hess f(z), is invertible. We refer for example to |7, Section 1.5.2]
for a definition of the hessian matrix on a manifold. A non degenerate critical point
z € Q of f is said to have index p € {0,...,d} if Hess f(z) has precisely p negative
eigenvalues (counted with multiplicity). In the case p = 1, z is called a saddle point. A
function g : Q — R is a Morse function if all its critical points are non degenerate (which
implies in particular that g has a finite number of critical points since € is compact and
a non degenerate critical point is isolated from the other critical points).

C.1.3.2 Notation for the local minima and saddle points of the function f

The main purpose of this section is to introduce the local minima of f and the generalized
saddle points of f. These two sets are used extensively throughout this work and play
a crucial role in our analysis. Roughly speaking, the set of generalized saddle points
of f are the saddle points z € Q of the extension of f by —oco outside Q. Thus, when
the function f satisfies the assumption [H-Morse], a generalized saddle point of f (as
denoted in [15]) is either a saddle point z €  of f or a local minimum z € 9Q of f|an
with 0, f(z) > 0.

Let us assume the function f satisfies the assumption [H-Morse]. The set of local
minima of f and the set of generalized saddle points of f are defined as follows.

Definition of the local minima of f.

Let us denote by:
UL = {x1,... ,a:m(s]z} C Q, (C.11)
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the set of local minima of f in Q where mg € N is the number of local minima of f
in Q. In addition, these critical points are labeled such that:

{.rl,...,l‘kgz} = argéninf, (C.12)

where k! € N satisfies k! < mf}. Notice that when f satisfies [H-Boundary] in
addition to [H-Morse], k¥ > 1 since the minimum of f is attained in Q.

Definition of the generalized saddle points of f.

Figure C.1: Schematic representation of the connected components of {f < mingq f}
and the function f|pn when the assumptions [H-Connexity+] and [H-Morse] are
satisfied. In this representation, the open sets C; and Cy are the two connected com-
ponents of {f < mingq f}, C1 N Cy = 0, UP? = {21, 22, 23} is the set of local minima
of flaq, 001 NN = {z1, 20}, U = O, U = {21,722} and argming f = {z1} C C\.
Therefore, one has k:?cl =2, k:?Q =3, m?ﬂ = m? =3, mg = 2 and k:é2 =1.

The set of saddle points of f of index 1 in Q is denoted by U} and its cardinality
by m{’. Let us define

U .= {z € 99, z is a local minimum of f|sq but not a local minimum of f in Q }
(C.13)
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Figure C.2: Schematic representation of the connected components of {f < minpq f}
and f|sn when the assumptions [H-Connexity] and [H-Morse]| are satisfied but not
the assumption [H-Connexity+]. In this representation, the open sets C; and C2
are the two connected components of {f < mingg f}, UP? = {21, 29, 23} is the set of
local minima of f|q, U{l = {z} =0C1NCy 0C1 NN = {z}, Llé2 = {x1,x2} and
argming f = {1} C C;. Therefore, one has k‘lacl =1, k9 =2, md? = 3, m§ = 4,

ké) = 1 and m? = 2. The point 24 is a separating saddle point as introduced in
Definition [C.3l

Notice that
U = {z € 89, z is a local minimum of floo} N {z € dQ, d,f(z) > 0}, (C.14)
which follows from the fact that V f(z) # 0 for all z € 99Q. Let us introduce
mé = Card(UP?).
In addition, one defines:
L[lﬁ = UP? VU and mlﬁ = Card(ulﬁ) = m 4 mi

The set Lllﬁ is the set of generalized saddle points of f. If Z/{{m is not empty, its elements
are denoted by:
UP? = {21, s 200} C O, (C.15)
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and if Z/{IQ is not empty, its elements are labeled such that:
U = {Z00 1, o 25} C Q. (C.16)

Thus, one has:

Q
Uy ={~, ooy g5 20904 15 ,Zmlﬁ}
In addition, the elements of U?® are labeled such that:

{21, 2400} = U N arg min f, (C.17)
o0

where k9! € N* satisfies k9% < m{®.

Let us assume that the function f satisfies the assumption [H-Connexity] in addi-
tion to [H-Morse]. In this case, let us recall that C stands for the connected component
of {f < mingq f} which contains arg ming f. Notice that necessarily {z1, ..., zk?g}ﬁ8C’1
is not empty. We assume that {z1, ..., Zk?n} is ordered such that:

{21""’zk?01} = {zl,...,zk?n}ﬂach (C.18)

where kfcl € N* satisfies k?ol < k9. By definition,

{21, ..., 200, } = argmin f N OC1.
1 oN

Therefore, since 0C C {f = mingq f}, Vf(z) # 0 for all x € 9, 0,,f > 0 on OC; and
flaa 1s Morse, one has:
{Zl,...,zkacl} =00 NoCi. (C.19)
1

We provide examples in Figures and to illustrate the notations introduced in
this section.

As introduced in 15, Section 5.2], Ué) is the set of critical points of f of index 0 for
the Witten Laplacian acting on functions with Dirichlet boundary conditions on 0%,
and L[lg is the set of critical points of f of index 1 for the Witten Laplacian acting on
1-forms with tangential Dirichlet boundary conditions on 9. We refer to Section [C.2.2]
for the definition of these Witten Laplacians .

C.1.4 Main results

This section is dedicated to the statement of the main results of this work. This sec-
tion is organized as follows. In Section a sharp asymptotic estimate in the
limit A — 0 of the smallest eigenvalue \p, of —L?}fo)is provided in Theorem [C.1|and a
sharp asymptotic estimate of the normal derivative of the eigenfunction wuy associated
with A is provided in Theorem In Section the consequences of these
results on the law of X,, are stated in Corollary and Theorem Then, in Sec-
tion we discuss the geometric assumptions [H-Boundary], [H-Connexity|
and [H-Connexity+]. Finally, in Section we give an overview of the strategy

of the proofs of the main results.
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C.1.4.1 Main results on )\, and 0,uy

Theorem C.1. Assume that [H-Morse] and [H-Connexity] hold. Let X\, be the
principal eigenvalue of —L?}L(O) (see (C.5)). Then, one has in the limit h — 0:

e

2 Onf(zj)(det Hessf|09(zj~))_% .
Ay = = e~ 7 (f(z1)=f(z1)) (1 + O(\/ﬁ)) (C.20)

kg, 1
Vrh S (det Hessf(xy)) 2
k=1

and, denoting by Ao, the second smallest eigenvalue of —L?}fo), there exists ¢ > 0 such

that in the limit h — 0:
An = Ao O(e™H).

Moreover, when [H-Connexity+] holds, the remainder term O(\/h) in (C.20) is actu-
ally of order O(h) and admits a full asymptotic expansion in h (as defined in Remark
below).

Remark C.1. Let us recall that for « > 0, (r(h))p>0 admits a full asymptotic expansion
in h® if there exists a sequence (ax)g>0 € RN such that for any N € N, it holds in the

limit h — 0:
N

r(h) = aph® + O(h*™+),
k=0
Without the assumption [H-Connexity+|, we are not able to prove an asymptotic
expansion in V'h of the remainder term O(\/ﬁ) in except in some specific cases,
see Section
Theorem is a consequence of Theorem [C.4] stated in Section

Theorem C.2. Assume that [H-Morse] and [H-Connexity] hold, and let uy be
the principal eigenfunction of fL?,;Z(O) which satisfies (C.6). Let F € L>®(99Q,R) and
(Ei)i€{17._.’k?n} be a family of disjoint open subsets of OQ such that for alli € {1,... kP?},
z; € Xi. Then, there exists ¢ > 0 such that in the limit h — 0,

k99
/ F Opup e il = Z/ F Oyup e nf +O(6_%(2f(zl)_f(wl)+c)), (C.21)
o0 i=1 Y%
and
k99
Z F o,uy, ef%f = O(h%@7%(21“(21)71%331)))7 (022)
i=koC1 41"
m
with the convention Y, = 0 if n > m. Moreover, when, for some i € {1,.. .,kfcl}, F

1=n
is C'*° in a neighborhood of z;, one has in the limit h — 0:

Fopupe id = A; (F(z) + O(ha)) h'5" e w0~ @n), (C.23)
3



where
kg

A = —=20,f(%) T ((det Hessf‘aﬂ(zi)) Z (det Hessf(xk))fé)_ . (C.24)
k=1

N|=

Lastly, when [H-Connexity+] holds, the remainder term O(h%efimf(zl)*f(zl))) in
(C.22) is of the order O(e_%@f(zl)_f(xl)"'c)) for some ¢ > 0 and the remainder term
O(h1) in (C.23) is of the order O(h) and admits a full asymptotic expansion in h.

According to Theorem when the function F belongs to C*°(9€2, R), one has the
following equivalent of (C.21)) in the limit A — O:

201

1
/ Fouune t = 37 A; (F(z) + O(h)) 5° e HCIGE-1@0),
o9 i=1
In Section |C.4.2.2) one shows that the optimal remainder term in (C.22)) is
O(h%e*%@f(zl)*f(m))) and the optimal remainder term in (C.23) is O(v/h). They
are obtained in some specific cases, see Proposition

Remark C.2. Theorem and Proposition [C]] give the asymptotic estimate of the
mean exit time from S in the limit h — 0 under the assumptions [H-Morse] and
[H-Connexity/:

k.Q
ZO: (det Hessf(mk))_%
% [ro] = Vi h k=1 o2 (F(z1)—f (1)) (1 +O(\/g))'
k

'121 an(zj)(det Hessf‘aﬂ(zj))_%
j=

In view of ((C.9)), the following proposition will also be needed in order to study the
law of X7, in the limit h — 0.

Proposition C.5. Assume that [H-Morse] and [H-Connexity] hold. One then has
in the limit h — 0,

kg 1/2

/uh e il = (hﬂ)%e*%f(m) Z (det Hessf(zx))
Q

k=1

D=

(1+0(h)), (C.25)

where up, is the principal eigenfunction of —L?}fo) which satisfies (C.6)). Moreover, the
remainder term O(h) in (C.25)) admits a full asymptotic expansion in h.

C.1.4.2 Consequences on the distribution of X,
Since Proposition implies that, for any F' € L*° (09, R),

h ff)QF(")nuh et
2)\h fQ uhe—%f

)

E" [F(Xro)] = —

one immediately gets the following corollary from Proposition and Theorem [C.2]
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Corollary C.6. Assume that [H-Morse] and [H-Connezity] hold. Let F' € L*° (02, R)
and (Zi)ie{l,...,k?ﬂ} be a family of disjoint open subsets of 02 such that for all i €
{1,..., k:‘lm}, z; € 3;. Then, there exists ¢ > 0 such that in the limit h — 0:

k99
B [F (Xr0)] = > B 15, F (Xz)] + O(e ) (C.26)
=1
and
k92
S E" 15, F (Xy,)] = O(h1). (C.27)
i=kY1 41
Moreover, when for some i € {1,... ,k?cl} F is C™ in a neighborhood of z;, one has
when h — 0: X
E" 1x, F (X7,)] = F(zi) a; + O(h#), (C.28)
where
k@cl -1

o \/det Hessf’ag(zi) j=1 \/det Hessf}aﬂ(zj)

Lastly, when [H-Connexity+] holds, the remainder term O(hi) in (C.27) is of the
order O(e™ %) for some ¢ > 0 and the remainder term O(hi) in (C.28)) is of the order

O(h) and admits a full asymptotic expansion in h.

Corollary implies that in the limit 4 — 0 the law of X, when Xy ~ 1}, concen-
trates on the set {21, ..., 2,00, } = 902N IC, with an explicit repartition of the probabil-
ities. Moreover, a consequehce of Corollary is that the probability to exit through a
global minimum z of f5o which satisfies d,,f(2) < 0 is exponentially small in the limit
h — 0 and when assuming [H-Connexity-+], the exit through B0y 1o B0 is also
exponentially small even though all these points belong to arg mingg f.

Corollary can be extended to other initial conditions for the process (|C.1)).

Theorem C.3. Let us assume that the hypotheses [H-Morse] and [H-Connexity]
hold. Let us recall that Cy is the connected component of { f < mingq f} which contains
all the global minima of f in Q. Let K be a compact subset of C1, F € L*(0Q,R)
and (Zi)ie{l,...,k{m} be a family of disjoint open subsets of 02 such that for all i €
{1,..., k9, 2z € %;. Then, there exists ¢ > 0 such that in the limit h — 0 and
uniformly with respect to x € K:

k99
E” [F (Xr0)] = Y B [15,F (Xr,)] + O(e77) (C.30)
=1
and
k09
3 BT [1n,F (Xs,)] = O(h1). (C.31)
i=k?1 41
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Moreover, when for some i € {1,..., k‘?cl} F is C* in a neighborhood of z;, one has
when h — 0 and uniformly with respect to x € K:

E® [15,F (Xr,)] = F(z) a; + O(h1), (C.32)

where for i € {1,...,1@‘1901}, a; is defined in (C.29). Lastly, when [H-Connexity+]
holds, the remainder term O(hi) in (C.31)) is, for some ¢ > 0 of the order O(e™#) and
the remainder term O(h%) in (C.32) is of the order O(h) and admits a full asymptotic

expansion in h.

According to Theorem when the function F' belongs to C*°(9€2,R), one has the
following equivalent of (C.21)) in the limit A — O:

KOO / F@nfe_%f
E*[F (Xp)] = Y aiF(z) + O(h1) = 222
=1

%

+ O(h1).
3nfe_%f

This is reminiscent of previous results obtained in [19], [18] and [26].

Remark C.3. In Section one shows, in some specific cases for which
the assumption [H-Connexity+] does not hold, that the remainder terms O hi
in (C.27), (C.28), (C.31) and are of the order O(Vh) and in Section
one shows that this O(\/ﬁ) is actually optimal and thus is not in general exponentially
small. One expects that the optimal remainder term in (C.28|) and is of the order
O(V'h) when [H-Connexity+] does not hold.

Remark C.4. In Section we show that the metastability of 2 depends on the
initial distribution of the process ((C.1J).

Let us mention that in Section [C.4.3] we generalize the results of this section to the
case when f can have local minima inside €2 which do not belong to {f < mingq f} (i.e.
when [H-Boundary] is not satisfied).

C.1.4.3 On the hypotheses

The goal of this section is to discuss the geometric assumptions [H-Boundary], [H-
Connexity] and [H-Connexity+] to obtain Theorems and Proposition
and Corollary [C.6]

On the assumption [H-Boundary].

Let us recall that under [H-Boundary] it is assumed that the closure of all the con-
nected components of {f < mingg f} meet 92 and all the local minima of f are
contained in {f < mingq f} (see Section . Roughly speaking, this assump-
tion ensures that in the small temperature regime, the highest energetic barrier that
the process , starting from any local minimum of f, has to cross to leave € is
mingq f — ming f. In other words, the strongest effect of metastability in € is caused
by some of the global minima of f on the boundary and not by saddle points of f
in Q. When [H-Boundary] does not hold, it is possible to exhibit cases in which,
there exists a connected component C' of {f < mingg f} such that when Xog =z € C
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or when Xo ~ v, (see (C.8])), the law of X, does not concentrate on points belonging
to argmingq f when h — 0 and limj,_ghlogE[rq] > 2(mingg f — ming f), see Sec-
tion

Although the assumption [H-Boundary]| is sufficient in order to associate the

strongest effect of metastability in  with its boundary, it is not necessary. The as-
sumption [H-Boundary] can thus be relaxed and this is the purpose of Section

On the assumption [H-Connexity].

Let us recall that under [H-Connexity], the assumption [H-Boundary] holds and, in
addition, all the global minima of f are contained in one single connected component
of {f < mingg f} which is denoted by C (see Section [C.1.3.1)). Hence, under these
assumptions, we expect that the most metastable subdomain of €2 is C7 and thus that the
quasi stationary distribution vy, (see ) concentrates in C1. This explains the result
given in Proposition Consequently, we expect in addition that when Xy ~ vy, or
when X¢ = = € C1, the law of X, concentrates on points belonging to dC1Narg minyg, f
and we expect that E[rq] is associated with dC; Nargmingg f and argming f (C Cy).
This explains the results obtained in Theorem (since according to Proposition

Ap = W) Theorem and Corollary .

If C} does not contain all the global minima of f, v, concentrates on the connected
component of {f < mingg f} which contain a global minimum of f. However, it is
difficult to estimate the relative distribution of v} in the connected components of
{f < mingg f} which contains a global minimum of f (see Remark[C.17). Consequently,
[H-Connexity] is an assumption which simplifies the analysis in concentrating vy, in
Ch.

On the assumption [H-Connexity+].

Let us recall that under [H-Connexity-+], the assumption [H-Connexity] holds and,
in addition, C; does not intersect the closure of any other connected components of
{f < mingq f}. When [H-Connexity—+] does not hold, it is possible to exhibit cases in
which, when Xy ~ v, or when Xo = x € C, the process does not have a very small
probability to leave € through a point belonging to 9Q\ (C Narg mingg f) when h — 0,
see Section Under [H-Connexity—+], we can show that this probability is very
small (actually exponentially small), see the remainder terms obtained in Theorem
and Corollary under [H-Connexity+].

C.1.4.4 Organization of the paper and outlines of the proofs of Theo-
rems [C.1] and [C.2]

The aim of this section is to give an overview of the strategy of the proofs of Theo-

rems [C.1] and Let us recall that Ay is defined in (C.5) and up by (C.7)). In view
of (C.20]), we would like to identify the asymptotic behaviour of the smallest eigen-

value of —L b D-O) o well as, in view of (C.2I), the gradient of uj on df2. The first key
point is to notice that the gradient of any eigenfunction associated with an eigenvalue

of —L 7 h( ) is also a solution to an eigenvalue problem for the same eigenvalue. Let

us be more precise. Let v be an eigenfunction associated with A € a(—L?;l(O)). The
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eigenvalue-eigenfunction couple (A, v) satisfies:
—L(?,)lv = Av on (),
{ v =0 on 9.
By differentiating this relation, we observe that Vv satisfies
~LY) Vv = Vv on Q,
Vrv =0 on 012, (C.33)

<;Ldiv — Vf) Vv =0 on 01,

where "
L%:§A—VﬂV—m$f (C.34)

is an operator acting on 1-forms (namely on vector fields). Therefore, the vector field Vv
is an eigen-1-form of the operator —LD;L(l) which is the operator —Lgcl,)l with tangential
*0.33)

Dirichlet boundary conditions (see , associated with the eigenvalue .

The second key point (see for example [15]) is that in our geometric setting, —L?;L(O)
admits exactly mg eigenvalues smaller than @ (where we recall mg is the number

of local minima of f in Q) and that —L?;L(l) admits exactly mlﬁ eigenvalues smaller

than @ (where, we recall, mlﬁ is the number generalized saddle points of f in Q).
Actually, all these small eigenvalues are exponentially small in the regime h — 0, the

other eigenvalues being bounded from below by a constant in this regime. This implies

in particular that A\, is a (exponentially) small eigenvalue of —L?;l(l)

by TF}(lo) (resp. 7T](11)) the projector onto the vector space spanned by the eigenfunctions

(resp. eigenforms) associated with the m§’ (resp. mlﬁ) smallest eigenvalue of —L?’;L(O)

(resp. —L?}fl)). To prove Theorem |C.1} in view of Proposition |[C.2{ and (C.33)), the

strategy consists in studying the smallest singular values of the matrix of the gradient
(0) (1)

operator V which maps Ran ;" to Ran

. Let us denote

. To this end, the idea is then to construct

(0) (
h

an appropriate basis (with so called quasi-modes) of Ran7, ’ and Ran 7Th1). Moreover,

from (C.33), Vup, € Ran W,(Ll) and thus, to prove Theorem one decomposes Vuy,
(1)

along the basis of Ranm, . The terms in the decomposition are approximated using
quasi-modes.

The paper is organized as follows. Section [C.2] is dedicated to the construction of
quasi-modes for —LD}L(O) and —L?}fl). In Section |C.3, we prove Theorems |C.1} [C.2
and and Proposiytion Fihally, in Section [C.4] we discuss the optimality of
the remainder terms appearing in Theorems [C.1], [C.2] and [C.3] and Corollary un-
der the assumption [H-Connexity]|, and then, we generalized the results obtained in

Section to a larger general setting.

C.2 Construction of quasi-modes

This section is concerned with the construction of two families of quasi-modes: a family
of functions which aims at approximating the vector space spanned by the eigenfunctions
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associated with the mo smallest eigenvalues of —L b DO and a family of 1-forms which

ailms at approximating the vector space spanned by the eigenforms associated with the

m? smallest eigenvalues of —L D).

This section is organized as follows. In Section we introduce the notations
which are used throughout this paper. In Section we recall the properties of
(p)

Witten Laplacians and of the operators L?}l needed in our analysis. In Section [C.2.3]

we construct two maps j and ] relating local minima to subsets of saddle points of f.
These maps are then used to build the quasi-modes in Section [C.2.4]

C.2.1 Notation for Sobolev spaces

For p € {0,...,d}, one denotes by APC*(Q) the space of C™ p-forms on . Moreover,
APC2(Q) is the set of C p-forms v such that tv = 0 on 0, where t denotes the
tangential trace on forms. For p € {0,...,d} and q € N, one denotes by APH,(2) the

weighted Sobolev spaces of p forms with regularity index ¢, for the weight e~ 7@ on
Q: v e APHL(Q) if and only if for all multi-index a with |a| < p, the « derivative of v
is in APL2 (Q) where APL2 (Q) is the completion of the space APC>(Q2) for the norm

w € APC®(Q |—>/ lw|?e” il

See for example [29] for an introduction to Sobolev spaces on manifolds with boundaries.
For p € {0,...,d} and ¢ > 3§, the set APH () is defined by

A”HSJ’T(Q) ={v e APHL(Q)|tv =10 on 00}.

Notice that APL2 () is the space APH? () and that AOHi),T(Q) is the space Hy, ()
than we introduced in Proposition|C.2|to define the domain of L?;L(O) (©2). We will denote
by ||-[| g, the norm on the weighted space AP H(€2). Moreover (-, -) 2 denotes the scalar
product in APL2 (Q).

Finally, we will also use the same notation without the index w to denote the stan-
dard Sobolev spaces defined with respect to the Lebesgue measure on €.

C.2.2 The Witten Laplacian and the infinitesimal generator of the
diffusion ((C.1))

In this section, we recall some basic properties of Witten Laplacians as well as the link

between those and the operators Lgc})b introduced above (see ((C.4]) and ( -

For p € {0,...,n}, one defines a la Witten the distorted exterior derivative dgcp })L :
APC(§) — APH1 () and its formal adjoint: df)" : AP C(Q) — AP C(€) by

— i hd®* o5t

The Witten Laplacian, firstly introduced in [33], is then defined similarly as the Hodge
Laplacian A%) .= (d+ d*)2 : APC®(Q) — APC=(Q) by

Agf})l = (dyp+d5 )% = dppdiy + dipdpy o APCE(Q) — APC2(Q).

237



The Dirichlet realization of A% ,)l on APL?() is denoted by A?}l(p ) and its domain is

D (A7) = {w e APH? ()] tw = 0, tdj,w =0}

The operator A?}L(p ) is self-adjoint, nonnegative, and its associated quadratic form is
given by

¢ € APHP(Q) = [[df) ol + ldf) ¢l 72,
where

APHL(Q) = {w e APH' (Q) | tw =0} .
We refer in particular to [15, Section 2.4] for a comprehensive definition of Witten

Laplacians with Dirichlet tangential boundary conditions and statements on their prop-

erties. The hnk between the Witten Laplacian and the infinitesimal generator L} })L of
the diffusion , which can be found for example in [22], is explained in the following:
since

L) =-vf-v— 2 A and AT) = h2AY + |V +hA), (C.35)

one has:

where U is the unitary operator

{ APL2 (Q) — APL%(Q) (C.36)

¢ e ilo.
In particular, the operator L?}L(O) has a natural extension to p-forms defined by the

relation
o) _ ——U LAD

@)
= uTt A v (C.37)

The operator L?;I(p ) with domain

D (L]?;fp)) U-'D (AD (”)) - {w € APH ()| tw =0, tdi; w = o} ,

is then self-adjoint on APL2 (Q), non positive and the associated quadratic form is

WHK©) 3 6 o R[], + 42 0],

Let us also recall that —L?}l(p ) (or equivalently A 7. h( )) has a compact resolvent. From

general results on elliptic operators when p = 0, —L?}fo) (or AJ?;L(O)) admits a non

degenerate smallest eigenvalue with an associated eigenfunction which has a sign on

Q. Denoting moreover by WE(L?h( )) the spectral projector associated with LD ) and

some Borel set E C R, the following commutation relations hold on AP H1 (Q)

AV wp(L3P) = mp(LE (@) d and df mp(LEY) = mp(L7" ) dY)
(C.38)
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Noting now that for any bounded Borel set E C R, Ran7pg (L?h( )) C AP C(Q2) from the
elliptic regularity of L (p ) , the relation ((C.38)) leads to the following complex structure:

{0} — Ranmp(LFy”) L Ranap(LPY) L - L5 Ranmp(LE1?) L {0}
and
{0} S Rn (L") i ZR (L) 2NN S (L) «— {0}
For ease of notation, one defines:
Vpe{0,...,d}, 7P = 77[0@(—%?;5?)) =Tyiy L. (C.39)

The following result, instrumental in our investigation of the smallest eigenvalue A, of
—L?;L(O), is an immediate consequence of [15, Theorem 3.2.3] together with (C.37).

Lemma C.7. Under assumption [H-Morse], there exists hy > 0 such that for all
h e (05 hO); B
dim Ran 71',(10) = m{ and dim Ran 71',(11) = m$,

where mf} = Card(U§}) and mlﬁ = Card(U}}) are defined in Section .

In the sequel, one denotes the exterior differential d acting on functions by V. Note that
it follows from the above considerations and Lemma[C.7 that under [H-Boundary] and
[H-Morse], it holds

up € Ranw}(lo) and Vuy € Ran 7T](11). (C.40)

Moreover, from , it is equivalent to study the spectrum of L?;L(O) or the spectrum

of A (0) We end this section with the following lemma which will be frequently used
throughout this work.

Lemma C.8. Let (A, D (A)) be a non negative self adjoint operator on a Hilbert Space
(H, || -]|) with associated quadratic form qa(x) = (z, Azx) whose domain is Q (A). It
then holds, for any u € Q (A) and b > 0,

[y () < AL

where, for a Borel set E C R, wg(A) is the spectral projector associated with A and E.

C.2.3 Association between local minima of f and saddle points of f

This section is dedicated to the construction of two maps: the map j which associates
each local minima of f with a set of saddle points of f and the map j which associates
each local minima of f with a connected component of a sublevel set of f. This con-
struction requires two preliminary results: Lemma [C.9] and Proposition which are
respectively the purposes of Section [C.2.3.1] and Section [C.2.3.2] Then, the construc-
tions of the maps j and j are made in Section C.2.3.3l
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C.2.3.1 A topological result under the assumption [H-Boundary]

This section is concerned with Lemma [C.9] which deals with topological aspects of the
sublevel sets of the function f under the assumption [H-Boundary]. Lemma will
be used several times when constructing the maps j and j in Section

Lemma is stated only under the assumption [H-Boundary] and under this as-
sumption, one still defines Z/llaQ by the relation (notice that the equality between
(C.13) and does not hold in general since it is not assumed that V f(z) # 0 for
all z € 09).

Let us first note that under [H-Boundary], it holds

min f = min f < min f and UP? # 0. (C.41)
Q Q oN

Let us explain the second relation in . Since {f < mingq f} is not empty, it has
at least one connected component, say C, whose closure meets 92 (by [H-Boundary]),
ie. INNC #10. Let x € 92N C. Since f(x) = mingg f, one has Vzf(z) = 0 and since
x € 0CNIN, Oy f(x) > 0. Thus, by [H-Boundary], it holds 9,, f(z) > 0 and therefore
x € UP?. This justifies the second relation in and implies

{z € argmin f, zisalocal minimum of finQ} N {f < Ig})n f1=0.
o)

Note by the way that the latter relation ogether with the second part of ((C.10]) implies
that

{f < rglgi)nf} ={f< Iggznf} \ {z € argmin f, z is a local minimum of f in Q}. (C.42)
onN

Lemma C.9. Let us assume that the function f : Q — R is a C* function and that
[H-Boundary] is satisfied. The following holds:

1. The number of connected components of {f < mingq f} is finite. We denote by
Ni € N* this number and by C4,...,Cn, these components.

2. The sets Cy,...,Cn, are open sets of (1 and it holds

UYL,0Ck € {f = min f}, (u{j:ll ack) noQ =ud?n argmin f = {21, ., 290}

and
Vk e {1,...,Ni}, 8C, N NUIY £ 0.

3. Assume in addition that
dpy = sup {f(x), r€Q st|VF(x)#0 and f(z) < Ig}znf} < nélsi]nf. (C.43)

The relation (C.43|) is in particular satisfied when [H-Morse] holds. Then, for
all € € (0, mingq f — dar), the set {f < mingg f — €} has exactly N1 connected
component Ci(g),...,Cn,(g) such that:

Vk € {1,...,N1}, Ck(€)zckﬁ{f<ﬁalsi)nf—6} C Cy (C.44)
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and

N1
{f<minf-c}= kL_Jl Cr(e) = {f <min f - e}, (C.45)

Notice that in our geometric setting, any open subset O of Q is connected if and
only if it is path-connected. Indeed, since O is open and €2 is locally path-connected, O
is locally path-connected.

Proof. First, the connected components (C’a)a A of the open set {f < mingg f} C Q
are open and connected. For any a € A, it is moreover clear that 0C,, C {f = minggq f}.
Note also that for any a € A, arg ming— f is a subset of C,, disjoint from the open sets

Co, o # a, and from {f > 3(mingo f + car)} C €, where cps has been defined in
(C.10). The cardinal of A is hence finite since {2 is compact and the covering

0= (Uaea Ca) U{F > S0min s + )}

is minimal. This proves in particular the first point. To finish the proof of the second

point, note that every z € Még is obviously in the closure of {f < mingg f} and
hence in some 9C,. Conversely, any dC, meets 02 according to [H-Boundary], their

intersection being contained in Ué}z)

The third point of Lemma [C.9]follows from the previous analysis and from Morse theory
(see |24]), using the fact that from (C.43),

Q i ! = 0.
{z €9, dy < fla) <min fH()(IVA) " ({0}) =0
Indeed, this implies that for all € € (0, mingq f —das) and k € {1,..., N1}, the open set

Ci(e) defined by (C)

is a deformation retract of Cj (see |24, Theorem 3.1]) and thus is connected. Note also
that the relation

Ny
{f <minf—e} = (U2 Cx) ({f <minf —e} = kL:chk@)

implies the closedness of the sets Ck(¢)’s in {f < mingq f — €}, the above union being
disjoint. Hence, the sets Ck(¢)’s being connected and both open and closed in {f <
mingq f — e}, they are its connected components. Lastly, it holds {f < mingo f —e} C
{f < mingq f — €} and the reverse inclusion is true since { f = mingg f — 5} N

IVFIH({0}) = 0. N

Let us now introduce some notations and a labeling of the connected components
of {f < minpq f}.

Definition C.2. Let us assume that the function f : Q — R is a C* function and that
[H-Boundary] is satisfied. Let {Ci,...,Cn,} be the connected components of {f <
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mingq f} as introduced in item 1 of Lemma . The integer Ny is defined by the
number of Cy’s which contains a global minimum of f in ), i.e

Ny == Card{k: €{1,..,Ni}, CyNargmin f # @}. (C.46)
Q

Notice that 1 < Nog < Ny and in the case when [H-Morse] holds, then:
No < k.
where kS is defined in (C12). The set {C4,...,Cn,} is labeled such that

Vk € {1,...,No}, Cx Nargmin f # (.
Q

Notice that with this labelling, C1 always contains a global minimum of f in Q, and
in the case when [H-Connexity] holds, then Ny = 1 and C1 is the unique connected
components of {f < mingq f} which contains a global minimum of f in Q. Finally, for
all k € {1,..., N1}, Cy is denoted by

By = Ch. (C.47)

C.2.3.2 Separating saddle points

This section is devoted to the proof of Proposition C.11] which will be needed when
constructing the maps j and j in Section C.2.3.31 Let us first prove the following lemma
which will be used in the proof of Proposition

Lemma C.10. Let us assume that the function f : Q — R is a C™ function. Let
x € Q. For all p > f(x), we denote respectively by Cy(n) and CJ (u) the connected
components of {f < u} and of {f < u} containing x. Then, it holds:

) = |J &) (C.48)
A<p
and
Cim = () GOV, (C.49)
A>p

Proof. The proof is divided into two steps.
Step 1. Let us first prove (C.48)). Since {f < A} is open in the locally connected space

Q, the set C;,(A\) C Qis open for all A € (f(z), ). Since moreover Cy(A\) C Cy () for all
A € (f(x), ), the union Uye(f(z),)Cz(A) is an open subset of Cy (). Therefore, since
Cy(p) is connected, to obtain (C.48), it is enough to prove that the set Uye(f(z),Ce(N)
is closed in Cy(u). To this end, let us show that the complement of U¢(¢(z),)C()) in
Cr(p) is open. It is obviously the case if it is empty. If Uyg(f(a),u)Cr()) is not empty,
let us choose

y € Cap) \ Une(f(z) ) Ca(N)-

Then, since y € Cy(p), one has f(y) < p and thus y € Cy(A) N Cy(p) for all X €
(f(y), ). Therefore, it holds Cy(A) C Cyp(p) and Cy(A) N Cx(A) = 0 for all X €
(max{f(z), f(y)}, ). Hence, the open set Cy(A) is included in C,(x) and disjoint from
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the set Ung(f(a),u)Cz(A) for all A € (f(y), ). This proves that Uye((z),)Cz(A) is closed
in Cy(p). This concludes the proof of (C.48)).

Step 2. Let us now prove . Since for all A\, C;J()\) is a connected component of
{f < A}, it is closed in this closed set of € and thus it is closed in Q. It follows that
the set N>, C; (A) is compact and connected as a decreasing intersection of compact
connected sets. Since Ny, C; (A) is also obviously included in {f < p} and contains z,

it is then included in C;f (u) by definition of Cf (). The reverse inclusion follows from
the fact that C;f(u) C CF()) for all A > u. This proves (C.49) and ends the proof of

Lemma [C.10] |

The constructions of the maps j and ] made in Section are based on the
notions of separating saddle points and of sritical components as introduced in |17,
Section 4.1]. Let us define and slightly adapt theses two notions in our setting. To
this end, let us first recall that according to |15, Section 5.2], for any non critical point
z € Q, for r > 0 small enough

{f < f(2)} N B(z,r) is connected, (C.50)

and for any critical point z € € of order p of the Morse function f, for r > 0 small
enough, one has the three possible cases:

either p = 0 (z is a local minimum of f) and {f < f(2)} N B(z,7) =0,
or p=1and {f < f(2)} N B(z,r) has exactly two connected components,
or p>2and {f < f(2)} N B(z,r) is connected,
(C.51)
where B(z,7) := {z € Q s.t. |z — 2| < r}. The separating saddle points of f and the
sritical components of f are defined as follows.

Definition C.3. Assume hypotheses [H-Boundary] and [H-Morse].
1. A point z € Ulﬁ is a separating saddle point if

e cither z € Ulg N{f < mingg f} and, if, for r > 0 small enough, the two
connected components of {f < f(z)} N B(z,r) are contained in different
connected components of {f < f(2)},

e orzeE Lllaﬂ Nargmingg f = {zl, ...,zk{m}.

Notice that in the former case z € ) while in the latter case z € 0S). The set of

ssp

separating saddle points is denoted by U;

2. For any o € R, a connected component E of the sublevel set {f < o} in Q is called
a critical connected component if OENU;*F # 0. The family of critical connected
components is denoted by Cepit.

In Figure one gives an example of a saddle point z which is not a separat-
ing saddle point as introduced in Definition Let us mention that according to
Definition one has:

U O {f <min fy U and U5 Culﬁﬂ{fgrgéznf}.
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> f(2) {f=10x)}

The two connected components

of {f < f()} N B(z.1)

<

Figure C.3: Representation of a non separating saddle point z in dimension 2. The
points x1 and xo are two local minima of f, and the points y; and ys are two local
maxima of f. The two connected components of {f < f(z)} N B(z,r) are contained in
the same connected components of {f < f(z)}: any two points of these two connected
components can be joined by a path with values in {f < f(2)} (see the red path on the
figure).

One is now in position to prove the followmi iroposition which will be used in the

construction of the maps j and}in Section |C.2.3.3|.

Proposition C.11. Let us assume that the assumptions [H-Boundary] and [H-
Morse] are satisfied. Let A\ € (ming f, mingg f] and C be a connected component
of {f < A}. Then,

(CNUFP£0) iff C NUS contains more than one point. (C.52)

Moreover, let us define o := MAX cryyser f with the convention o = ming f when C' N
UP = 0. Then, the following assertions hold.

1. The set CN{f < p} is connected for all € (o, A,

2. If CNU™ # 0, one has C mugl C {f < o} and the connected components of
CNn{f <o} belong to Cerit.

Proof. Notice that from the assumption [H-Boundary] and since A € (ming f, mingg f],
the set C' is an open subset of Q (since 2 is locally connected). The proof of Proposi-
tion [C.11]is divided into three steps.
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Step 1. Proof of (C.52]).
The fact that

(CNU™ #0) implies CN U contains more than one point (C.53)

is straightforward. Indeed, let z € C N U;*P. Since f(z) < A < mingg f, z € UL N{f <
mingg f} and for » > 0 small enough, the two connected components of {f < f(2)} N
B(z,r) are contained in different connected components of {f < f(z)} (see item 1 in
Definition [C.3)). Then, since the set C'is a connected component of {f < A}, C' contains
at least two open connected components C; and Cy of {f < f(z)}. Moreover, for
ke {1,2}, 9Cx C {f = f(2)}. Thus, for k € {1,2}, the global minimum of f on C} is
reached in C} and hence at some zp € Cp N L{Oaﬂ. This implies that C'N Z/{é2 contains at
least two elements, x1 and zs.

Let us now prove the reverse implication in . To this end, let us assume that
there exist two points z #£ y in C ﬂl/lgz. Let

¢ € argmin f = argmin f € U5’ and y € CNU\ {z}.
C C

Let us define for p > f(y),
C(p,y) as the connected component of {f < u} containing y (C.54)

as well as,

A(y) == sup{p > f(y) st. 2 ¢ Cp,y)}, and C(y) := C(A(y), y)- (C.55)

Let us show that
fly) <Ay) <A (C.56)

Notice first that A(y) is well defined since {u > f(y) s.t. x ¢ C(u,y)} is non empty and
bounded. Indeed, since y is a non degenerate local minimum of f, for 5 > 0 sufficiently

small, f(w) > f(y) for all w € C(f(y) + B,y), w # y. Therefore, x & C(f(y) + B3,y)
(because x # y and f(x) < f(y)). Moreover for all n € {u > f(y) st. = ¢ C(u,y)},
n < X (because z,y € C implies C(\,y) = C since C(\,y) and C are both connected
components of {f < A}). Therefore, A(y) is well defined and satisfies f(y) < A(y) <
A (which proves the first inequality in (C.56)). Since p — C(u,y) is increasing on
(f(y),+00), it holds x ¢ C(u,y) for all u € (f(y),A(y)) by definition of A(y). Thus,

since according to Lemma (see (C.48])),
cOw.v= U Cwy),
He(f(Y):AY))

the set C(A(y),y) does not contain x and hence A(y) < A. This proves (C.56|). Notice

that ((C.56) implies
C(A\y),y) cC (C.57)

Let us now prove that 9C(A\(y),y) NU;™ # O which will conclude the proof of (C.53).
Let us prove it by contradiction and let us assume that OC(A(y),y) NU;*F = (). Then,
using in addition the fact the function f is Morse and the fact that

ICAy),y) C{f = Ay)} O, (C.58)
(where the second inclusion follows from ((C.56)), for all z € 9C(A(y),y),
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e cither z ¢ U}’ in which case there exists r, > 0 such that B(z,r,) N {f < \(y)} is
connected (see (C.50)) and thus B(z,r,) N{f < A(y)} is included in C(A(y),y),

e or z € U¥ in which case there exists 7, > 0 such that B(z,r,) N {f < A(y)} has
two connected components both included in C(A(y),y) (because we assume that
there is no separating saddle point on 9C(A(y),y)).

In all cases, one can assume, choosing 7, smaller, that B(z,r,) C Q and B(z,r,)NUSt =
(. Let us now consider

Vi= (Useocon Bla)) JCOG). 9).

Then, the set V is an open subset of 2 such that C(A(y),y) CVand VN{f < A(y)} =
C(M(y),y). Therefore, the connected set C(\(y),y) is closed and open in {f < A(y)},
and thus

C(A(y),y) is a connected component of {f < A(y)}. (C.59)

Let us now denote, for u > A(y), by C*(u,y) the connected component of {f < u}
containing C'(A(y),y). It then holds, according to Lemma |C.10] (see (C.49)),

) CH(my) = CT(\w),y) = C(Ay), ). (C.60)

B>A(y)

In addition, for all 4 > A(y), z € C(u,y) by definition of A(y), and C(u,y) C CF(p,y).

Thus, using (C.60), x € C(A(y),y) and hence, since x ¢ C(A(y),y), it holds f(x) =
A(y) > f(y). This contradicts the fact that that € argming f. Therefore, we have

proven that

IC(Ny),y) NUP #£ 0. (C.61)

Using (C.57), this implies that C' N U;*" # () which concludes the proof of the reverse
implication in (C.53)) and thus the proof of (C.52]).

Step 2. Proof of item 1 in Proposition [C.11]

Let us first deal with the case U;”” N C' = (). In that case, the set C NUS! is reduced to

one element. This implies that for all A € (ming f, A], the set C N {f < A} is connected

since each of its connected components necessarily contains at least one element of Z/lél.
8Sp

Let us now deal with the case U;”” N C # (). Let us then consider = € argming f C Uéz
and, for every y € C NUS\ {x}, let A(y) be as defined in (C.55). Let us also define

o :=max{\(y);y € CNUI\ {z}}, (C.62)

which is well defined since the set {y € C MU\ {z}} is non empty (by (C.52)) and
contains a finite number of elements (since f is Morse). Then, from (C.56|), (C.61]) and
the first inclusion in (C.58]), one has

o€ (m(}n LA N{f(2), z e UiP}. (C.63)

Then, since for all 4 € (0,A] and for all y € C N (U \ {z}), 2 € C(u,y) (because
i > Ay) and by definition of A(y), see (C.55)) and since the C(u,y)’s are connected
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components of { f < p}, one obtains that C(u,y) = C(u, w) for all y,w € CN(UF\{z}).
Thus, one has

for all u € (0,A] and for all y € C'N (Z/lé2 \{z}), C NUSE C Cu,y). (C.64)

This implies that for any y € C' N (U \ {z}), {f < p} N C is equal to C(u,y) (since
every connected component of {f < u} N C contains at least one element of Ug?).

Vu € (o, A, {f <wp}nC is connected. (C.65)

Moreover, it holds
= . C.66
o xeg}%gmcf (x) (C.66)

Indeed, if it is not the case, then from (C.63|), one has o < max, 557~ f(2) and thus C
contains at least two connected components of {f < maxyssenc [ with maxysseng f >
o, which contradicts (C.65)). Item 1 in Proposition follows from ((C.65)) and (C.66).

Step 3. Proof of item 2 in Proposition [C.11] Let us assume that U4 N C # (). Then,
using , cn L{(g2 contains at least two elements. Let x € argming f and y €
CNUS\ {z}. Then f(x) < f(y) and according to (C.56), it holds f(y) < A(y).
From ((C.66) and (C.62)), it holds moreover

o:= max [ > A(y).
ufspmcf > A(y)

Therefore f(z) < f(y) < o and thus
CNUL c{f <o} (C.67)

This proves the first statement of item 2 in Proposition
Let us now prove that each connected component of CN{f < o} is a critical connected
component (as introduced in item 2 in Definition . Let us first notice that CNUS C
{f < o} implies

Cni{f<ot= |J Clow), (C.68)

weugzmc

where C(o,w) is defined in (since every connected component of C' N {f <
o} contains at least one element of U{!). Let us consider a connected component of
CN{f < o}. From (C.68), this component has the form C(c,y) for some y € U§!. Since
o € f(UP) (see (C.63)), CN{f < o} contains at least two connected components, and
thus (C' NUSH) \ C(o,y) # 0. Let w € (CNUS) \ C(o,y). Let us assume that C(a,y) is
not a critical connected component, i.e that 9C(c,y) NU*" = 0. Then, the arguments
used to prove imply that C(o,y) is a connected component of {f < o}. Thus,

using Lemma |C.10| (see (C.49))), it holds

m)\>0‘0+()‘7 y) = C(Ua y)

Moreover, since for all A > o, w € C(\,y) (see (C.64)) and C()\,y) C CT(\,y), it holds
w € C(o,y). Therefore, since f(w) < o (see (C.67))), one has w € C(o,y) which contra-
dicts the fact that w € (C NUSY) \ C(o,y). This ends the proof of Proposition 1
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C.2.3.3 Construction of the maps j and:jv

In this section we construct, under [H-Boundary] and [H-Morse], two maps j and j
which rely on an association between the local minima of f and its (generalized) saddle
points L{{). Associations between the local minima of f and the saddle points of f have
been introduced in [1,2] and [14,/17] in the boundaryless case in order to give sharp
asymptotic estimates of the eigenvalues of the involved operators. This association has
been generalized in [15] in the boundary case (in which the authors introduced the

notion of generalized saddle points for A?;L(O)).

Let us recall that from Lemma m L?}L(O) has exactly mg smaller than v/A in the
limit A to 0. Actually, from [15,|16], it can be shown that these m(? eigenvalues are
exponentially small. The goal of the map j is to associate each local minimum z of f
with a set of generalized saddle points j(z) C U} such that

Vz,y € (), f(2) = f(y),
,(0)

and such that, in the limit h — 0, there exists at least one eigenvalue of —L?h whose

exponential rate of decay is 2(f(j(z)) — f(z)) i.e.

e J(L?;L(O)) such that }ILiH%)hlogA =-2(f((2)) — f(z)).
) —

The aim of the map ] is to associate each local minimum z of f with the connected com-
ponent of {f < f(j(x))} which contains z. To make the link with the metastability of
the process , the saddle points j(x) are the points through which the process
leaves j(z) in the limit A — 0. To construct the maps j and j, the procedure one uses
in this work relies on the analysis of the sublevel sets of f which follows from the gen-
eral analysis of the sublevel sets of a Morse function on a manifold without boundary
which is done in [17, Section 4.1], where the authors generalize the procedure described
in [14]. To build the maps j and j, the procedure consists in detecting the connected
components of {f < A} NU;* when X is decreasing from mingg f to —oo. In each new
connected component, we pick arbitrarily a local minima and then, we associate this
local minima with the separating saddle points on the boundary of this new connected
component. The construction of j and j is made recursively and each step of the re-
currence corresponds an intersection between {f < A} and the set of separating saddle

sSSP

points U;

Let assume that the assumptions [H-Boundary] and [H-Morse| hold. The con-
struction of the maps j and j is made recursively as follows:

1. Step 1. Let us consider {f = mingq f}.
For k € {1,..., N1}, let z1 ;, denote one point in arg minmf(m) = argming  f,
where F j, is defined in (C.47)). In addition, let us define

o1 = min f(x), j(@ik) = Eig € Cornr, and j(z1) := OBy, N U

Note that according to Lemma [C.9] it holds

(U,ivzllj(wl,k)) NN = U Nargmin f = U NI = {2, ...,Zk,?sz}.
o0
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Moreover, one has under [H-connexity] (see (C.18) and (C.19))
J(x11)NOQ = {z1,...,2,00, } = 00N OC. (C.69)
1
According to the labelling introduced in Definition Ej1Nargming f # () im-
plies 11 € argming f. Moreover, one has (see indeed (C.51)) and Definition |C.3)),
Vk#1e{l,...,N1}, OE1 , NOE, CUSP NUI N {f = min f}. (C.70)

. Step 2. Let us now consider {f < A} for A < o;.
From Proposition for each k € {1,..., N1}, Cp NUS # {z14} if and only if

UP N Cy # 0. As a consequence, one has:

U O{f <minf} 0 0ff {a1,. 00} UG

IfUPP N {f < mingg f} # 0, one defines

o9 1= max x) € (min f, min f).
2 meufspm{fmmmf}f( ) € (min f,min f)

The sublevel set { f < o2} is then the union of finitely many connected components
and we denote by Es 1,. .., Es n, (with No > 1) the ones which do not contain any
of the minima x;, { € {1,..., N1}. Let us associate with each s, 1 < k < Ny,
one point xp y arbitrarily chosen in arg minﬁJC f = argmin Eax f (the last equality

follows from the fact that 0F C {f = 02}). From Proposition
Vk € {1, ...,NQ}, E27]{; S Ccm‘t,

while the other connected components (i.e. those containing the z ;) may be non
critical. Let us define, for 1 < k < No,

j(wok) := Eay and j(xa) := 0FEa ), NUT™T C {f = 02}

Notice that from Proposition it holds

Vk € {1,..., N1} s.t. Cp NUS # {z1 k), CpNUSE C{f < 02}
. Step 3. Let us now consider {f < A} for A < os.

From Proposition [C.11}, if all the minima of f have not been yet considered at the
previous step, it holds

USP O {f < o2} # O,

In that case, we define

03 = max x).

zel;Pn{f<o2} f( )

Then, one denotes by Es1,...,E3y, (with N3 > 1) the connected components
of {f < o3} which do not contain any of the already labeled minima x; j,x2,,
1<k < N, 1 <1< N, These components belong to Cerit. Proceeding now as
in the previous step, let 3 be one point in argming, , f and let us define, for
1< k < N37

J(xg k) := B3 and j(x3) := 0F3 ﬂUfsP c{f=o3}.
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4. End of the recurrence.
One continues this procedure until all the values of f (U have been considered.
Let us emphasize that according to Proposition all the local minima of f
are labeled after the last step. This defines two mappings:

ssp)

U —Con and j i UL — PUD) (C.71)

which are clearly injective. Notice that the j(z), = € U}, are not disjoint in
general. Note lastly that for all x € U}, f(j(z)) contains exactly one value,
which will be denoted by f(j(z)), and that j(z) € U N {f < mingg f} when
T ¢ {$1,1, PN ,{lfLNl}.

Let us now give important features of the map j which follows directly from its
construction. First, one has Vo € U, f(j(z)) — f(z) > 0 and

Vk € {1,...,N1} and Vz € j(zr), f(x) = f(21) (C.72)

Secondly, from the definition of Ny introduced in Definition one has for all
(kv l) € {17 ) N0}2

FGw) = f(@e) = fO(@1) — o) = f(z1) = f(@10), (C.73)
and
Vo € Us \{e1, .. enn b FU(@) = f(@) < f((z10)) = flarn) = fz1) = f(aa),
(C.74)
since f(j(z1,1)) = f(21) = minpq f, see for the definition of z;. Finally, one
has
Uty J(@1k) NOQ = {21, ..., z00}, (C.75)
where {z1, ..., Zk?n} is defined in and
Va EL{(? \{1’171,...,1’1,]\[1}, J(.Clik) c Q. (076)

In Figure the construction of the maps j and ] is given for a one dimensional ex-
ample. Since, one can pick a minimum rather than an other in a critical connected
component at each step of the construction of j and j, it can occur that several con-
structions are possible. The results of Theorem Theorem Proposition

Corollary [C.6|and Theorem do not depend on a particular choice of the maps j and
J- In Figure we give an example for which two equivalent constructions of the maps
j and j are possible.

Remark C.5. In the case when for all local minima x of f, j(x) is a point, j(x)Nj(y) = 0
for all x # y and when all the heights (f(j(z)) — f(x)),m are distinct, the map j is
Tty

exactly the one constructed in [(15].

C.2.4 Construction of the quasi-modes for —LD (p), pe€{0,1}
Let us recall that from Lemma one has for any h small enough
©0) _ (1)

dim Ranm,” = mi and dim Ranm,~ = ml ,
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j(l‘l,l) = {21922}
J(@21) = {za}
j(@21) = {23}

Figure C.4: The maps j and}in a one dimensional example. The construction required
three steps.

where we recall, mf! is the number of local minima of f in © and mlﬁ is the num-
ber generalized saddle points of f in €, see Section |C.1.3.2l To prove Theorem |C.1

and Theorem the strategy consists in constructing a family of quasi-modes of size
'm(g)2 in order to approximate Ran 7T}(LO) and a family of quasi-modes of size m? in order
to approximate Ran W}(ll), see ((C.39).

Since the construction of the quasi-modes rely on the one made for Witten Laplacians

in [14,15,17], we first construct quasi-modes for the Witten Laplacians A?;L(O) and A?}L(l).
The quasi-modes for —L?}Z(O) and —L]?;L(l) are then obtained using ((C.37)).

C.2.4.1 Quasi-modes for the Witten Laplacian A?}Z(O)

Let us assume that the assumptions [H-Boundary] and [H-Morse] hold. Let us recall
that from Lemma and (C.37)), there exists hg > 0 such that for any h € (0, hg):
3 D?(O) — Q
dim Ran Tond) (Af,h ) =my,
where we recall mg is the number of local minima of f in . In this section, one
constructs using the maps j and j constructed in Section [C.2.3.3] a family of functions
3 (AD’ 0 ) The properties of this
[0,p2) TSR
family which are listed in this section will be useful to prove Propositions and
in the next section. Following [14,/15,/17], we associate each critical point = € US!

}1(0). The notation is the one adopted in the Section (C.2.3.3|

of size m{f which aims at approximating Rann

with a quasi-mode for A?
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Figure C.5:  One dimensional example for which two equivalent constructions of the
maps j and j are possible. This is due to the fact that two choices for 21 2 can be made
in F 2 at the first step of the construction since the two local minima which differ from
the global minimum z1; € Fq1 are at the same height. Both constructions required
two steps.

Let us first introduce two parameters €; > 0 and € > 0. In the following, d is the
geodesic distance on (Q for the initial metric. Let us consider €1 > 0 small enough such
that B

Vz,2 e U, 2 # 2 implies d(z, 2') > 6¢, (C.77)

and for all z € L{lﬁ,

ze Ut and {f < f(2)} N B(z,2¢1) has two connected components (see (C.51)),
(C.78)
or
ze U and {f < f(2)} N B(z,2¢1) is connected. (C.79)

The parameter €1 > 0 will be reduced a finite number of times in this section and in
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Section and it will be kept fixed at the end of Section Let € > 0 be
such that

= <0,%(r322nf_dM))7

where dj; is defined in (C.43]). The parameters €; and € are used to define the quasi-

(0) (0),

modes for A? . Let us now define the mgz quasi-modes for A?h

Definition C.4. Let us assume that the assumptions [H-Boundary] and [H-Morse]
hold. The quasi-modes associated with the x1, k € {1,..., N1} are defined by:

X e

~ 1

Vk € {1,...7N1}, U1,k = t€,€71——l‘f, (CSO)
Ixty el

where the functions x73 € C(Q,RY). Choosing if necessary €1 > 0 small enough,
the functions X‘i’jcl are chosen such that the following properties hold for all € > 0 small
enough:

a) it holds

Ck(2e) C {Xiil =1} and supp Xiil cQn{z € Q,d(z,Cr) <3e1}\i(z1r),
(C.81)
see item 3 in Lemma[C.9 for the definition of C(2e),

£,1

b) for ally € SUPP X1y, -
fly) < f((z1k)) implies y € Cy

and hence, according to (C.81)),
argmin f = argmin f and min__ f>min f —2e = f(j(z14)) — 2¢, (C.82)
supp x;y,! Cy supp Vx 7'}t oQ
c) for all z € j(x1) N, it holds

supp Xi}? N B(z,2¢e1) C Ck, (C.83)

d) for all z € UL\ j(x11), it holds

(2 € Ck and B(z,2¢1) C X = 1}) or (2 ¢ Cx and B(z,2¢1) C {X‘i? =0}),
(C.84)
e) forall £ € {1,..., N1} \ {¢}, it holds supp Xiil N supp X?;l =0.

For{>2 and k € {1,..., N}, the quasi-mode associated with x,y, is defined by

ge1 —Lf
- Xep €0
Vo o= e I (C.85)
HXek e w2

)

where the functions Xy} € C(Q,RT). Choosing if necessary €1 > 0 small enough,
the functions X?Zl are chosen such that the following properties hold for all € > 0 small

enough:
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a) it holds

{f < nélsi)nf —2e} N E, C{xgy' =1} and
supp X3, C QN {z € Q. d(z, Erg) < 3e1} \ jlzer), (C.86)

(notice that {f < mingg f — 0} is connected for all 6 > 0 small enough by the
same analysis as the one leading to item 3 in Lemma ,

b) for all y € supp X;:il,
fly) < f(i(zer)) implies y € Egg
and hence, according to (C.86)),
argmin f = argmin f and min__ f > f(j(zer)) — 2e, (C.87)

€,61

supp xz:}il Eo supp ngyk

¢) forany (0, K') e {1,...,0—1} x{1,...,Np} such that Eg, C Ep s, it holds
supp X' C {xg =1} (C.88)

(note that by a connexity argument, it holds E¢p C Ep g or Egp N Ep gy =0 for
any (0 k) e {1,...,0 =1} x{1,...,Np}),

d) for all z € j(z¢1) C Q, it holds

supp XZZI N B(z,2e1) C Eg, (C.89)

e) for all z € Ulﬁ\j(xg,k), it holds

(Z € Eyy and B(z,2¢1) C {XZ:I? = 1}) or (z ¢ Egj and B(z,2¢1) C {XZZI = 0})
(C.90)

For the ease of notation, we do not indicate the dependance on the parameters

e and ¢ in the notation of the functions vy for I > 1, k € {1,..., N;}, introduced
in Definition In Figures |C.06| [C.8| are given the schematic representations of

€1

the cut of function Xik respectively near z € j(x1%) N, z € j(x1 ) NOQ and z €
(Z/{lﬁ\j(xm)) N oCy for k € {1,...,N;}. Notice that Figures [C.6 and |C.§| also give

schematic representations of x,;' near z € j(zg) NQ and z € (L{lﬁ\J(:vg7k)) NOE;y, for
¢>2and k€ {1,.., N}

Remark C.6. The construction of quasi-modes introduced in Definition[C]] is similar
to the one made in [14, Section 4], [15, Section 6] and [17, Sections 4.2 and 5.1].

Lemma C.12. Let us assume that the assumptions [H-Boundary] and [H-Morse]
hold. Then, for ¢ > 1 and k € {1,..., Ny}, there exist ¢ > 0, C > 0 and hg > 0 such
that for all h € (0, ho),

he il dyg o)~ F g ) e
ds nes|] o = |he f ffk |2 < Ce_fm L)1) E, (o)
e Xk e

where the function vy is introduced in Definition .
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Proof. This estimate follows from (C.80))—(C.82)), (C.85)—(C.87)), and Laplace’s method

€,€1

applied to ||x; 6_%f||L2. 1

According to Lemma [C.8 Lemma [C.12] indicates how accurate are the projections
onto Ran 7r[0 nd) (A?;l(o)) of the mg functions (1747k)4217k6{17._.,m} introduced in Defini-
tion The following lemma ensures that the family (5g7k)421’k€{17“_7]\[2} is linearly

independent for any A small enough.

- - 8Ck(2e)

€,€1

supp Vxl’k

Cr=E1y

Figure C.6: Schematic representation of the cut of function x77;' near z € j(z1,) NQ C

U for k € {1,..., N1} (2 is a separating saddle point as introduced in Definition |C.3)).
In the figure, ¢ # k and Cy is another connected component of {f < mingg f}. The set
Wy is the stable manifold of the saddle point z.

Lemma C.13. Let us assume that the assumptions [H-Boundary] and [H-Morse]
hold. The family B, = (Vok)e>1,kef1,..,N,}» introduced in Definition is linearly
independant, uniformly with respect to h. This means that for some (and hence for
any) orthonormal family B, spanning Span(B,), there exist C > 0 and hg > 0 such that
for all h € (0, hy),

|Matg,By|| < C and || Matg,B,| < C. (C.92)
Proof. The proof of Lemma is made in [17], Section 4.2]. |

255



oCy,

Figure C.7: Schematic representation of the cut of function x77;' near z € j(z1) NN C

U for ke {1,..., N1 }.

C.2.4.2 Quasi-modes for the Witten Laplacian A?}L(l)

Let us assume that the assumptions [H-Boundary] and [H-Morse] hold. Let us recall
that from Lemma and (C.37)), there exists hg > 0 such that for any h € (0, ho):

3 D?(l) J— Q
dim Ran Tond) (Af’h ) =mY,
where we recall, mlﬁ is the number of generalized saddle points of f in Q. In this

section, one constructs a family of 1-forms (26]) which aims at approximating

j€{l,...,m}

Ranm (A?}L(I)). To this end, for each z € L{lﬁ, one constructs a 1-form locally

3
[0,n2) .
supported in a neighborhood of z in 2. More precisely, one proceeds as follows:

1. for each z € U{!, the 1-form associated with z is constructed exactly as in [14,/17]
and,

2. for each z € UP, the 1-form associated with z is constructed exactly as in [15].
Let us recall these constructions and some estimates which will be used throughout this

work.

Quasi-mode associated with z € U
Let us recall that from (C.16)),

Q_ _
Uy = {Zm?g+1, ....,Zm?} C Q,
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L OC(22)
— supp Vi

Figure C.8: Schematic representation of the cut of function x7}' near z € (Z/{lﬁ \j(z1,6))N
OC} (z is a saddle point on OC) but is not a separating saddle point as introduced in

Definition |C.3)).

is the set of saddle points of f in Q. Let j € {m{? +1,... ,mlﬁ} and z; € UL, Let V;
be some small smooth neighborhood of z; such that V; N 9Q = @ and for z € V)

|Vf(z)] = 0 if and only if = 2;. Let us now consider the full Dirichlet realization
A?f’(l)(vj) of the Witten Laplacian Agcl,)L in V; whose domain is

D(ASPIW)) = {we AH2 (V). wl,, =0},

where the superscript F'D stands for full Dirichlet boundary conditions. Let us recall
that according to [16) Section 2], there exists, choosing if necessary V; smaller, a C*
non negative solution ®; : V; — RT to the eikonal equation

|IV®,| =|Vf|linV; suchthat ®;(y) =0iff y = z;. (C.93)

Moreover, ®; is the unique non negative solution to (C.93) in the sense that if ®; :
V; — RT is another non negative C* solution to (C.93)) on a neighborhood V; of z;,
then ‘I)j = (13]' on Vj N Vj.
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Remark C.7. The function ®; actually equals the Agmon distance to zj, see [10,
Section 1].

The next proposition, which follows from [16, Theorem 1.4 and Lemma 1.6], gathers
all the estimates one needs in the following on the operator A??’(l)(Vj).

Proposition C.14. Let us assume that the assumptions [H-Boundary] and [H-

Morse] hold. Then, the operator Aff’(l)(vj) is self-adjoint, has compact resolvent

and is positive. Moreover:

o There exist g > 0 and hg > 0 such that for all h € (0, ho):

dim Ran 7o o5 (A} 20 = 1. (C.94)

o The smallest eigenvalue A\, (V;) of A?f’(l)(vj) is exponentially small: there exist
C >0, ¢c>0 and hg > 0 such that for any h € (0, hg):

M(V;) < Cein. (C.95)

o Any L?-normalized eigenform wj associated with the smallest eigenvalue A, (V;)

of Aif’(l)(l}j) satisfies the following Agmon estimates: for all € > 0, there exist
C. > 0 and hg > 0 such that for any h € (0, hg), it holds:

1 €
le# 2wl g1 (v, < Ce e (C.96)
Choosing e1 smaller if necessary, one assumes that there exists a > 0 such that
B(Zj,2€1 +a)C V.
Let us now define the quasi-mode associated with z; € U?.

Definition C.5. Let us assume that the assumptions [H-Boundary] and [H-Morse]

hold. Let j € {m{*+1,... ,mlﬁ} and zj € Uf*. The quasi-mode associated with z; is
defined by
b = biwi ACR(Q) (C.97)
700 will e c

where wj be a L?-normalized eigenform associated with the smallest eigenvalue \j,(V;)
of A?i)’(l)(]}j) and 0; is a smooth non negative cut-off function satisfying, supp6; C
B(zj,2¢1) CVj and 0 = 1 on B(zj,e1).

Notice that both w; and —w; can be used to build a quasi-mode and the choice of
the sign is determined in Proposition [C.16 Using Proposition [C.14] one deduces the
following estimate on the quasi-mode ¢; introduced in Definition |C.5

Corollary C.15. Let us assume that the assumptions [H-Boundary] and [H-Morse]
hold. Let ¢; be the quasi-mode associated with z; € Uit (j € {m{? +1,... ,m{}), see
Definition . Then, there exist C > 0, ¢ > 0 and hg > 0 such that for any h € (0, hy):

dsndsl e + |d7nds]l,2 < Ceh. (C.98)
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Let us now be more specific in prevision of later computations. Let us denote by
W, (z;) and W_(z;) respectively the stable and unstable manifolds of z; associated
with the flow of =V f. In other words, denoting by ¢;(y) the solution of %cpt(y) =
—V f(i(y)) with initial condition ¢o(y) =y,

Wi (zj) = {y € Q, oy zj} (C.99)

P
It then holds (see indeed [16, Section 2] and [14, Section 4.2]): dim W, (z;) =d—1
dim W_(z;) = 1, and for all y € V; (assuming V; small enough),
£0) = F()] < B,(0) and 1) — F(z3)] = 3(0) ff y € W () UW (=) (C.100)
with moreover
Q; = +(f — f(z;)) on W4 (z;) and det Hess @;(z;) = | det Hess f(z;)|. (C.101)

Additionnaly, there exists by [16, Theorem 1.4, Lemma 1.6, Proposition 1.3 and Propo-
sition 2.3] a C*°(V;) 1-form aj(x,h) = a;(z) + O(h) where n(z;) a unit normal to
Wy (2;), and with a;j(z;,h) = a;j(z;) = n(z;) and such that the 1-form u(l)kb = aje ~®
satisfies

AWl = 0(r=)e 7% in V. (C.102)
Moreover, one has in the limit & — 0 (see [16, Section 2]):
d
mh)4
10, e = —— (1 om)). (C.103)
’det Hess f(zj)‘

Remark C.8. Let us explain how to get (C.102) from [16]. In [16, Proposition 1.3], it
is actually stated that there exists u(h) such that u(h) ~ h*>"72, urh* and

1. .
(A?;)L — u(h)) Elqlkb = O(h™)e 7% in V.

Using in addition (C.114), one obtams that AFD (1)(V‘) admits an eigenvalue which
equals p(h) + O(h™). From and -, one deduces that p(h) = O(h™). This
leads to ((C.102)).

The following proposition deals with the comparison between w; and uglgjkb

Proposition C.16. Let us assume that the assumptions [H-Boundary] and [H-
Morse] hold. Let w] be a L?-normalized eigenform associated with the smallest eigen-

value N, (Vj) ofA )(Vj). Then, there exists hg > 0 such that for all h € (0, hg) one
has:

|03 w; = es(uliyy)|, = 00 (C.104)

where .
ci(M)71 = (wy, hul!) ) pe

Moreover, in the limit h — 0, one has:

NI

‘det Hess f(zj)|
(wh)s

¢j(h) = (14 0(n)). (C.105)
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In addition, one can assume, up to replacing w; by —wj, that ¢;(h) > 0.

Proof. Let us define kj(h) := (wj, Hjug.lgjkbﬁz. If kj(h) < 0, then one changes w; to —w;
so that one can suppose without loss of generality that k;(h) > 0. For h small enough,

one has from (C.94):
FD,(1 1
W[Oﬁoh)(Af,h ( )(Vj))(ejug,zlkb) = kj(h)w;.
Let us define the following 1-form
1
aj = 0; (ugﬁjkb — kj(h) w;).
Thus, the following identity holds for h small enough
FD,(1 1
o = kj(h) (1= 0;) wj + Tpegn, o) (AT 1D (V1) (05ul) ).
Notice that, from (C.114]), there exist C' > 0 and hy > 0 such that for all h € (0, k)
[k;(h)| < ChS.

Therefore, using Lemma (C.96)) and (C.102)), for any & > 0 there exists C' > 0 such
that

FD,(1 1 2
lonle < 205021 (1 = 0) w22 + 2 [ 7iegnsoe) (AT D V) G50,
d 3 —B 2 1
< Chz||(1—-6;)wjene ™ || +Ch O(h™)
L2
< Chie™F 4+ O(h™®) = O(h™),
with ¢ = infg,,p1-0,) ®; > 0 (since #; = 1 near z;) and for any ¢ < ¢. Moreover,

since dyj, = hd + df A and d} , = hd® + iy, one obtains using the Gaffney inequality
(see |29]), the fact that from (C.98])

ldrn(050))]| 2 + ||d5n(O0)] 2 < Ce

c

>

and from
de,h(‘)jU§,likb)HLz + Hd?h(%ug-,likb)llm = O(h™),
there exists C' > 0 such that:
il Fn < Cllldagli72 + lld* ;172 + llyll72)
< n? (|ldpnasllys + [d7nesll7 + lalie) = 0.

Moreover since ||6;w;|z2 = 1+ O(e™#) (from (C.96)), by considering Hé?j(ug.’lg)kb —
kj(h)w;)||7: = O(h*), one gets using (C.114):

Qu(l) 2 +O hoe d
kj(h)? = 1655 w012 2( ) _ (wh)? (1+0(h)).
2 — [105w;[7» |det Hess f(z;)]?
d
Since kj(h) > 0, one has k;(h) = % (1+ O(h)). This concludes the proof
}detHessf(zj-)‘ 4
by choosing ¢;(h) := k;j(h)~1. 1
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Quasi-mode associated with z € U

Let us recall that from (C.15),
Z/llag = {Zl, ....,Zmim} C 0.

Let j € {1,... ,m‘?Q} and z; € Z/{?Q. To construct a 1-form locally supported in a
neighborhood of z; in €, one proceeds in the same way as in |15, Section 4.3]. Let
V; be a small neighborhood of z; in  as defined in [15, Section 4.3]. Let us recall
that from [15, Section 4.3], V; satisfies: |V f| > 0 on V;, for all z € V;, |V f(z)| = 0
if and only if x = z;, and O,f > 0 on Q2N V;. As in [15, Section 4.3], let us now

consider the mixed full Dirichlet—tangential Dirichlet realization A%ZD ’(1)(Vj) of the

Witten Laplacian Asclf)l in V; whose domain is

D(A%ZD’(I)(VJ-)) ={we AH?(V)), wly,n = 0, tw|y;neq = 0 and td} ,wlv,nen = 0},

where the superscript M D stands for mixed full Dirichlet—tangential Dirichlet boundary
conditions (see |15, Remark 4.3.1] for the characterization of its domain). Since 0, f > 0
on 92 NV;, from [15, Section 4.2], one has that, choosing V; small enough, there exists
a C*(V;,R") non negative solution ®; to the eikonal equation

IV®,| = |Vf|in QN V;
Q; = f— f(zj) on 0Q2NYV; and such that ®;(y) =0iff y =2;.  (C.106)
On®; = —0,f on 02 NYV;

Moreover, ®; is the unique non negative solution to ((C.106| in the sense that if <T>j :
V; — R* is another non negative C* solution to (C.106)) on a neighborhood V; of z;,
then (I)j = <I>j on Vj N Vj.

Remark C.9. The function ®; actually equals the Agmon distance to zj, see [, Sec-
tion 3.

Choosing €1 smaller if necessary, one assumes that there exists o > 0 such that
B(Zj,2€1 + ) nQc Vj.

The next proposition, which follows from [15, Proposition 4.3.2], gathers all the esti-

mates one needs in the following on the operator A%ZD ’(1)(Vj).

Proposition C.17. Let us assume that the assumptions [H-Boundary] and [H-
Morse] hold. Then, the operator A%hD’(l)(Vj) is self-adjoint, has compact resolvent
and is positive. Moreover:

e There exists hg > 0 such that for all h € (0, hg):

dim Ranﬂ[oyh%)(A%f)’(l)(Vj)) =1. (C.107)

e The smallest eigenvalue A\, (V;) of A%hD’(l)(Vj) s exponentially small: there exist
C >0, ¢>0 and hg > 0 such that for any h € (0, hg):

c

An(V)) < Ce (C.108)
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o Any L?-normalized eigenform w; associated with the smallest eigenvalue Ap(Vj)

of A%lD’(l)(Vj) satisfies the following Agmon estimates: there exist C > 0, n € N
and ho > 0 such that for any h € (0, ho), it holds:

He%@jwjHHl(B(ngalm) < Ch™™. (C.109)

Let us now define the quasi-mode associated with z; € U{*.

Definition C.6. Let us assume that the assumptions [H-Boundary] and [H-Morse]
hold. Let j € {1,..., m‘im} and zj € Z/I{m. The quasi-mode associated with z; is defined
by

3 = 0;w;

= € N'Hp(Q) nA'C™ (Q), (C.110)
1165 w;ll 2

where w; a L?-normalized eigenform associated with the first eigenvalue (V) of
AE};L’MD(VJ-) and 0; is a smooth non negative cut-off function satisfying supp6; C

B(z;,2e1)NQ CVj, {2} = arg ming,,,9,no0 f, and 6; =1 on B(zj,€1) naQ.

Notice that both w; and —w; can be used to build a quasi-mode and the choice of
the sign is determined in Proposition Notice also that the fact that @ e A'H%(Q)
follows from standard results on elliptic regularity. Using Proposition one deduces
the following estimate on the quasi-mode ¢; introduced in Deﬁnitionﬂ

Corollary C.18. Let us assume that the assumptions [H-Boundary] and [H-Morse]
hold. Let ¢; be the quasi-mode associated with z; € U (5 e {1,...,m?ﬂ}), see
Definition . Then, there exist C > 0, ¢ > 0 and hg > 0 such that for any h € (0, hy):

dsnds|| 2 + |dfnds]| < Ceh. (C.111)

For further computations, let us give the corresponding versions of (C.102)—(C.105|
when z; € UP?. From [15, Section 4.2], there exists a C°°(V;) function aj(x,h) =

a;(z) + O(h) with a; = a; =1 on 92 NV; such that the 1-form
uly = dpn (a5 )e™ ™) = (@ d(f - ®5) + O(h))e %, (C.112)

satisfies 1
Agfli)zuglqlkb = O(h™®)e n% in V),
bufiyy, = 0 on 02NV (C.113)
td} pull), = O(h™) e w® on 00NV,

Moreover, one has in the limit A — 0 (see [15 Section 4.2]):

™1 \/20,f(2)) p ot (1+O(h)). (C.114)
(det HeSSf|aQ(zj))

1
10,6 I 2 =

=

(1)

The following proposition deals with the comparison between w; and u J okb”
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Proposition C.19. Let us assume that the assumptions [H-Boundary] and [H-
Morse] hold. Let w; be a L?-normalized eigenform associated with the smallest eigen-
value Ap(Vj) of Aif’(l)(vj). Then, there exists hg > 0 such that for all h € (0, hg) one
has:

= O(h™) (C.115)

HQj(wj - Cj(h)ug}lgfkb) HHl

where
_ 1
Cj(h) 1 = (wj, Oju§7;kb>Lz.

Moreover, in the limit h — 0, one has:

cj(h) = (det Hess/ o))" h= 5 (14 0(h)). (C.116)

. /' 20n f(25)

In addition, one can assume, up to replacing w; by —wj, that cj(h) > 0. Proposi-
tion can be proved exactly as Proposition

In conclusion, one constructed in this section a family of 1-forms (<;~5j)]. c{1,..mT}"
IR

Since (C.77) guarantees B(z,2¢1) N B(2/,2¢1) = 0 for all z # 2/ € Z/llﬁ, the fam-

~~~~~~

(d)j)je{l ) is fixed while ¢ < &1 will be fixed later on.
eyl

For upcoming computations, one needs the following definition.

Definition C.7. Let us assume that the assumptions [H-Boundary] and [H-Morse]
hold. For all j € {1,...,m{}, one defines:

Gkt = () O5ull) . (C.117)

where for j € {1,... ,m‘?ﬂ}, w; satisfies (C.113) and 0; is introduced in Deﬁmtz’on
and, for j € {m?Q +1,... ,m?}, w; satisfies (C.102)) and 0; is introduced in Defini-
tion [C7A.

C.2.4.3 Quasi-modes for —L?}L(p), p € {0,1}

(1)

Before defining the quasi-modes for for L?}fo) and L?}1 , let us label the quasi-modes

for A?;L(O) and the local minima of f using the lexicographical order.

Definition C.8. Let us assume that the assumptions [H-Boundary] and [H-Morse]
hold. Then, the family of the critical connected components (Eé,k)ézl,ke{l,...,Ng} m-
troduced in Section the local minima (T k)e>1, keqi,...N,y of f labeled in Sec-
tion the family of cut-off functions (X;:zl)ﬁzl,ke{l,n.,m} introduced in Defini-
tion and the family of quasi-modes (Vg k)r>1, keq1,....n,} introduced in Deﬁnition
are labeled in the lexicographical order:

(Bo)keqt,..m®p O ket mgy Ok)keqt,.mgy ad (Th)peqr,...m9)}-
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Let us recall that the lexicographic order is defined by (7,j) < (k,l) if and only if
i <korifi=k,j <l From now on, one uses the labeling introduced in Definition [C.§|
Notice that from Definition [C:2] and the first step of the construction of the maps j and
Jj, it holds with the labeling introduced in Definition

Vi € {1, e ,Nl}, x; € C, (0.118)

and Vi € {1,...,Ng} it holds x; € argming f N C;, where we recall Ny is defined
in (C.46[). According to (C.37)), the quasi-modes for —L?}L(O) and —Lg;fl) are obtained

from those constructed previously for Ag}fo) and A?}fl) using the unitary transformation

U~! defined in (C.36).

Definition C.9. Let us assume that the assumptions [H-Boundary] and [H-Morse]

hold. Let (Up) ey, mgy be the family of quasi-modes for A?}fo)

tion|C.4| (and labeled in the lexicographical order, see Definition|C.8) and let (gz~5j)j€{1 T}
ooy

}1(1) introduced in Definitions|C.5 and|C.6. The fam-

ily of quasi-modes (ak)ke{l,---amg} for —L?}fo) and the family of quasi-modes ({/;])

for —L?}fl) are defined by: for k € {1, ...,mg}, and for j € {1,... ,mlﬁ}:

introduced in Defini-

be the family of quasi-modes for A?

]6{1,77%?}

= el Ty € A°HL 7 (Q)  and ;= erl gy € AVHL 7(9Q). (C.119)
Notice that, according to (C.80), (C.85) and (C.119), for all k € {1,..., m{}},
u € C°(Q),

and according to (C.97)) and (C.110), for all j € {1,... ,mlﬁ},

;€ ALC> (Q).

C.3 Proofs of Theorems [C.T], and

This section is dedicated to the proof of Theorems [C.1] [C.2] and [C.3| and is divided into
three parts. In Section one proves Theorem which is a more general result
than Theorem m (Theorem is a consequence of Theorem . Theorem is
concerned with the asymptotic expansions of the smallest eigenvalues of —LD;Z(O) when

assuming [H-Morse] and [H-Boundary] but not [H-Connexity]. In Section
one proves Theorem Finally, in Section one proves Theorem

C.3.1 Proof of Theorem

In the whole section, one assumes that [H-Morse| and [H-Boundary] hold.

C.3.1.1 Quasi-modal estimates in the weighted space L2 (1)

Let us define the following constants for all j € {1, e mlﬁ},

T2 Onf(z;) (det Hessf|69(zj))71/4 if z; € 00
B;={" ., i ‘ : (C.120)
71 /|A_(z;)] |det Hessf(z;)| if z; € Q
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where A_(z;) is the negative eigenvalue of Hess f(z;). The following boundary estimates
will be used several times in the sequel.

Proposition C.20. Let us assume that the assumptions [H-Morse| and [H-Boundary]
hold. Let us consideri € {1,...,m{}, an open set ¥ of 99, and F € L>®(9, R). Then,
there exists ¢ > 0 such that one has in the limit h — 0:

O(e‘%(f(zl)ﬁ-c)) if i € {k9 —i—l,...,mlﬁ}
/ Fii-n el = O(e—%(f(zl)“)) ifie{1,.. .,kl‘m} and z ¢ &
)

da—3 1

O(hTe*ﬁf(Zl)) ifi € {1, .. ,k:?ﬂ} and z; € X3,

where 1;1 18 introduced in Deﬁm’tz’on see ((C.119)). Moreover, when i € {1, e k?ﬂ},
z; € 3, and F is C°° in a neighborhood of z;, it holds

/ F@ZZ ‘n ef%f = h% efif(zl) (BZF(ZZ) + O(h)),
X

where the constant B; is defined in (C.120)).
Proof. Let F € L*°(0Q,R). From (C.119) and (C.97), the quasi-mode 1;@ is supported

in Q for i € {m{? +1...m$} and thus:
Vi € {m?9+1,...,m?},/FzZ,~.neif =0. (C.121)
b

Take then i € {1,... ,m‘?Q} and note that we have for all h small enough, from the trace

theorem, ((C.119)), (C.110]), and (C.109),

~ 2 ~ 1
/Fwi-nehf:/ Foi-ne nl
b supp ;"%
1
~ 2\ 5
—o(lalm)( [ )’
upp 6;NX

S

1
— —p AR
N [ )

S

where p is independent of h. Moreover, since z; is the only minimum of f on supp ;92
and f(z1) = f(zj) < f(z) for all j € {1,...,k‘199} and k € {klaQ + 1,...,m‘199}, one
has in the limit h — O:

/ 2y O(e_%(f(z1)+c)) ifi1 e {1,...,]{:‘199} and z; ¢ & (C.123)
supp 6;NX ‘ B 0(6_%(f(z1)+c)) if7 € {k’?g +1,... ,m?Q} .

for some ¢ > 0 independent of h.

Let us now assume that ¢ € {1, cee k:‘lm} One has:

/FJi'ne_if:/ng~ne_fltf
% ¥

= / ng,wkb 'n 67%f + / F (5@ — (Zi,wkb) “n 67%]0, (C.124)
P

2
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where qzi,wkb = ci(h)Hiul(.lu))kb is defined in (C.117)). From (C.112f), let us recall that one

has in the limit h — O:
uz(,lu)zkb — e n%i (@i d(f — ®;) +O(h)) on suppb;
with @; = 1 on 9Q Nsupp ;. Thus on 9N N supp 6;, using also (C.106)),
neult) = € h% 0 0(f — @) (14 O(h)) = 20,f e #U=1ED) (14 O(h)).

Thus, the term fz F @wkb e wf appearing in the right hand side of (C.124]) satisfies
in the limit A — O:

/ F Giopy-m e = Ci(h)/ Foulyy,-ne s
z YNsupp b; ’
= c;(h) / 20, f F ;e /=) (14+0(h))  (C.125)
>Nsupp 6;

= O(Ci(h)/ 20, f 0; e-%(?f—f(zi))>
9QNsupp b;

- O(ci(h) LT e—%ﬂzl)) = O(h'T e 1), (C.126)
where the last line follows from {2;} = arg mingong.ppe, f5 0i(2:) = 1, Laplace’s method,
and ¢;(h) = O(h_%) according to (C.116). When z; € ¥ and F is C*° in a neighbor-
hood of z;, the same arguments applied to (C.125)) yield, in the limit h — 0:

d—1
2

i 20nf () ® ne e_%f(m)(l + O(h)).
\/det Hessf‘ag(zi)

/ Fgﬁi,wkb nenl = ci(h) F(z
>

(C.127)

Besides, from the trace theorem, (C.110)), (C.109), and (C.115)), the second term in the
right hand side of (C.124)) satisfies in the limit h — 0:

/ F($i = bioms) -n e 7/ = O(h) =1/, (C.128)
b

The first part of Proposition then results from (C.121)—(C.124), (C.126)), and

(C.128)), and its second part from ((C.124)), (C.127)—(C.128)), and from the precise asymp-
totic estimate of ¢;(h) given in (C.116|) which yields, when h — 0

/ Foy-ne il = F(z) 7T4\/W1/4 hT e 1w/ (14 0(n)).
% (det Hessf}aﬂ(zi))

This ends the proof of Proposition |

We are now in position to prove the following proposition which will be crucial to
prove Theorem and Theorem It allows indeed to study accurately the small

singular values of the restricted differential V : Ran 77,(10) — Ran 71'}(11), the square of the

266



smallest one being %)\h, where )y, is smallest eigenvalue of —L?}l(o) (see Proposition|C.2)).
Let us recall, that from ((C.39)), one defined:

0 D,(0 D,
ﬂ-l(z) = W[O,é)(_Lfvh( )) and 71'}(11) = 7TO \/g)(—L (1))

In the following, the finite dimensional spaces Ran W}(ZO) and Ran W}(ll) are endowed with
the scalar product (-, )72 .

Proposition C.21. Let us assume that the assumptions [H-Morse] and [H-Boundary]

_ . . D, ~
hold. Let (“k)ke{l,...,mg} be the family of quasi-modes for —Lﬁh(o) and let (¢j)je{1,...,mlﬁ}

be the family of quasi-modes for —L?;L(l) introduced in Definition |C.9. Let N1 > 1 the
integer introduced in item 1 of Lemma[C-9

1. for allk € {1,...,m8} and j € {1,...,m1§}, up € AOH&]’T (Q), 1,/;]- € A1H5}7T (Q)
and

il g = 13l e =1 and ¥ie {L....mfI\ {5}, oty =0

The family (ﬂk)kzl,...,mgl is moreover uniformly linearly independent (as defined

in Lemma and:

V(k,l) S {1, R ,N1}2, <Hk,ﬁl>% = 5kz,l-

2. a) For any 6 > 0, one can choose the parameter € appearing in (C.80) and in

(C88) (see also (C.119)) small enough such that for all k € {1,...,mf}, in
the limit h — 0:

1=l < a2 [V, =0 (cfUuETe-a)

b) There exist ¢ > 0 such that for all j € {1,...,m1§}, one has in the limit
h—0:

~ .
10 =yl |7, = O(e™ 7).
3. There exist ¢ > 0 such that for all k € {1,...,mf}, one has in the limit h — 0:
W(O)ﬂ _~ £\ s T2
B U =+ O(e™n) in Ly, ().
Moreover for all (k1) € {1,..., N1}2, it holds in the limit h — 0:
<7T20)ﬂk,71'}(10)ﬂl>[/12u = (SkJ + 0(6_%),
and for all (i,j) € {1,... ,mlﬁ}Q,

(mi i m05) 1y = 815 + Oe™F).
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4. for all k € {1, e ,mg} and j € {1, .. .,mlﬁ}, there exist a real constant Cjjp > 0
and €1 € {—1,1} independent of h such that in the limit h — 0,

€i1Cjg hPik e i (FG(zr)—f(zr)) (1 + O(h)) if 2 € j(zx)

Djk = {_

Moreover, for all k € {1,...,N1} and j € {1,...,m1§} such that z; € j(xy), one
has

(Vi ) 12, = {

where
if Zj € jlzr)NO
if Zj € J(xk) N o1.

NTJSRNIE

d
4

Bjn~
( > (det Hessf(z))~ %)

rearg minck f
where the constant Bj is defined in (C.120) and if z; € j(x) N O, €, = —1.
Remark C.10. From the proof of item 4 of Proposition[C.21], all the ;. and Cjy, are

computed for k € {1, e ,mg} and for j € {1, e ,mQ}. Moreover, all the remainder

terms O(h) in item 4 of Proposition admits a full asymptotic expansion in h as
defined in Remark (this follows from the fact that the Laplace’s method actually
yields a full asymptotic expansion in h).

Cik =

L (C.129)

As a direct consequence of the items 1 and 3 of Proposition one obtains the
following result.

Corollary C.22. Let us assume that the assumptions [H-Morse| and [H-Boundary

hold. Let (ug)yeq m$y ond (z/}j)je{l o be the families introduced in Definition|C.9.
PR yeeey 1Y

Then,

1. the family (ﬂ,(lo)ﬂk)ke 1,...m2} 18 linearly independant uniformly with respect to h,

as defined in Lemma

2. the Gramian matriz of family (W;Ll)lzj')je{l .
ey lTly
limit h — 0:

satisfies for some ¢ > 0, in the

}

1) 7 1) 7 _c

In particular, from Lemma there exists hg > 0 such that for all h € (0, hy):

Ranﬂ',go) = Span(ﬂ'}so)ﬂk, k=1,... ,mgz) and Ran F}(Ll) = Span(ﬂ}(ll)lzi, 1=1,..., m?)

Let us now prove Proposition [C.2]]

Proof. The proof of Proposition is divided into three steps.

Step 1: Proofs of items 1 and 3. The first item is immediate according to the definition
o introduced in Definition |C.9 The fact
1

of the families (ﬁk)k:L...,mg? and (QZz)
that V(k,1) € {1,..., N, }?

i=1,....m

(T, HZ>L12U = Okl
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follows from supp u, Nsupp u; = () if k # [, see Deﬁnition Deﬁnition and item e)
in Definition . The first equality in item 3, involving {u1,..., ﬁmg}, is an easy

consequence of 2.a) while the two last ones, involving {ﬁl, e ,ﬂNl} and {Jl, e ,ng},
1
follow from 1 and 2 together with the relation

{4 l ¢ l
(m £.m00) g, = () = 0F (@) = D) g +(£.0) 5 (C.130)
holding for f,g in A*L2(Q) and ¢ € {1,2}. Ttem 3 in Proposition is thus a
consequence of the next step.
Step 2: Proof of item 2. The first inequality appearing in 2.a) is a direct consequence

of Lemma |C.8| applied to A = —L?}fo) whose associated quadratic form is given by

%(V-, V)2 on H! (). The second inequality in 2.a) follows from Laplace’s methods
and from the propérties of the cut-off functions used to define the quasi-modes u’s
(see Definition and Definition . Indeed, it is just a rewriting of using
Definition and the labeling introduced in Definition

Let us now deal with 2.b). First, Lemma together with (C.98)) and ((C.111)) implies
the existence of some ¢ > 0 such that for all i € {1, ... ,m?} and h small enough,

J(1=m 5, AR08

Consequently, using again (C.98) and (C.111]), and owing to the following relations on
AHE(Q),
D,(1)\) _ D,(2)
Clﬁh(l — 7T[07h%)(Af7h )) = (1 - 71'[ 0.h 5)(Afh ))dfh,

\ D,
f,h<1 ~ Mok (Af,h(l))) = (1 - ”[O,h%)(ﬁfh( )))df b

d;}h = hd* +ivy, and dy, = hd + V fA, one obtains the existence of ¢ > 0 such that in
the limit h — O:

D)\ T
7T[o,h%)(Af,h )))¢i

= O(e™ 7). (C.131)

Jac L AENG] o). (cas

|
L2

d ( 1—m L
Since qﬂb; € ALHL(2), the estimates (C.131)) and (C.132)) then lead, owing to Gaffney’s
inequality (see [29, Corollary 2.1.6]), to

=O0(e™#).

(1= FR)C

ond) (B

Therefore, we deduce from the relation |[ul|fg1 < %Hu Eiif”Hl, valid for all u €

APHY(Q) and h > 0, and from

D,(1) 1) 1
7T[o,h%)( fh( )=e hfﬂi(z)ehf

resulting from (C.37)) and (C.39), that there exists ¢ > 0 such that for all i € {1,...,m{}
and h small enough,

C Y -c
ﬁH( 1_F[0,h%)(A?}fl)))¢i =0(e 1),

H1

|a—=a
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which proves 2.b).

Step 3: Proof of item 4. The proof of item 4 is divided into two steps.
Step 3a. Let us deal with the computation of the terms (Vuy, 120,;3} for k € {1, . ,Nl}

and i € {1, e ,mlﬁ} Let us recall that from Definition N7 denotes the number of
connected components of { f < mingg f}. Moreover, from the construction of the map j
in Section and according to the lexicographical labeling of the local minima of

f introduced in Definition one has for any k € {1,...,m{}}:
ke{l,...N1} iff j(zg) NOQL £ 0.
Moreover, one has for any k € {1,..., N1 }:

f((xg)) = min f = f(21).

o0

Let us deal with the case k = 1 (the cases k € {2,..., N1} for i € {2,...,N1} are
treated similarly). According to Definitions [C.5] [C.6] and [C.9] one has that for all

ie{l,... ,mlﬁ}, the quasi-mode v; is supported in B(z;,2¢1). It then follows from

(C-80), , and Definition [C.9] that for any i € {1,...,m$} such that z & j(z1),

supp Vg Nsupp; = () and thus

(Vir, i), = 0.

Let us now consider the case z; € j(x1)NI. Notice that in that case i € {1, ey k?cl}.
According to Definition and (C.80) and by definition of lexicographical labeling
introduced in Definition one has

Q

[ gt
Q

The asymptotic behaviour of the denominator of the right hand side of (C.133)) can be
computed, using Laplace’s method and ((C.81))—(C.82]):

/g)(xi’el)Qe_zf = (r h)g e~ (@) Z (det Hessf(x))fé (1+0(h)). (C.134)

T€argming, f

<va1aJi>L%} = / Vi, -y e il = (C.133)
0

Since supp ggl C B(zi,2¢1), the numerator of the right hand side of (C.133) can be
rewritten as

[t == [ va—xi)-d et
Q B(z;,2¢1)

= [ @) - [ i)t
B 0B(zi,2¢1)

2i,2€1)
_ 1 g1\ —xf g T
=7 (I=x7")en dy p®i
h B(Zi,Qé‘l) ’

—/ b -n el (C.135)
OB(2,2¢1)NO0
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From (/C.111)), there exists ¢ > 0 such that for h small enough, d?,h;b;- = O(e™ %) in

L3(9). Since f > f(z1) — 2e on B(z;,2e1) Nsupp(1l — x7") by (C.79) and (C.81]), there
exist ¢ > 0 and g9 > 0 such that for all € € (0,&¢), one has in the limit h — 0:

1/ (1—x7") e~ nl d} h@- = O(e_%(f(m)-i-cl)). (C.136)
h‘ B(Zi,261) ’

Furthermore, applying Proposition with ¥ = 0Q and F' = 1yp(, 2:,)na0, one has
at the limit h — 0:

d—1
e /2 n ) -3 _ 1

/ bi - n e—%f __ Tt V20, f(z )1/4 hd43€ ilLf(Zl)(l—i-O(h)). (C.137)

OB (21,2¢1)NO0 (det Hessf|,,(zi))

Therefore, injecting the estimates ((C.134)—(C.137)) into (C.133)), one obtains in the limit
h — 0:

7200 f(z) h et E)=f@1)

1 _
(det Hessf|aﬂ(zi)) 1 (erarg ming, f (det Hessf () )
which is the desired estimate according to ((C.129)—(C.120)).

It thus remains to estimate (Viiy, ¥;) 2, when z; € j(z1)NQ. Actually, the computation
of the term <Vﬂ1,Ji>Li when z; € j(x1) N Q is identical to the one made in Step 3b
below when k € {N; + 1,...,m{}.

Step 3b. Let us deal with the computation of the terms (Vﬂk,f@ﬁgﬂ for k € {N1 +

1, ...,mg} and ¢ € {1, .. ,mlﬁ} Let us recall that from the construction of the map j
in Section [C.2.3.3] and according to the lexicographic labeling of the local minima of f
introduced in Definition [C.8] one has for any k € {1,...,m{ }:

ke {N +1,..,md} iff j(ap) C Q.

(Vuy, Ji)L%, =— (1+0(n)),

SIS
[NIES

Moreover for any k € {1,...,m{},
F(i(zx)) < f(z1) = min f.

The estimates of (Vuy, Jl)L%} for k € {N1 +1,.., m(gf} and i € {1, .. ,mlﬁ} here follows
from the analysis led in the proof of [14, Proposition 6.4], the only difference arising

from the fact j(zx) and arg ming, . N f were both reduced to one single point there.

Let us give a proof for the sake of completeness.

Let k € {N1 +1,...,m} and i € {1,.. .,mlﬁ}. If z; ¢ j(z1), then, using (C.90|) which
guarantees that supp Vx;°' N B(z;,2¢1) = 0, one obtains

<vak,&->% =0.

Let us then consider the case z; € j(xr) C Q. One wants to precisely compute:
~ ~ 1
/ VAT e / VX i et
F_JQ zi,2€e1

\//(xi’“)ze_’%f /(xi’el)%_if
Q Q

(C.138)

<Vﬁk,1;i>La :/QVﬂk‘gi e
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Using Laplace’s method together with (C.86)—(C.87)), one obtains in the limit & — O:

Lo pet =i e ST (detHess ) (140).

xrEarg min €,e
BTN X501 f

(C.139)
Let us now give the estimate of the numerator of the right hand side of (C.13§|).

To prepare this computation, let us first recall that the set B(z;,2¢1) N{f < f(z)} has,
according to , two connected components and, since z; € Uy (see Deﬁnition,
exactly one of them intersects — and is then included in — the critical connected compo-
nent j(zx) = Ej, associated with zj, (see Definition and (C.71)). Moreover, the set
B(zi,2e1) \ W4(2), where the stable manifold W, (z;) has been defined in (C.99)), has
also two connected components and one of them contains the connected component of
B(zi,2e1) N {f < f(z)} which intersects E}, namely B(z;,2¢e1) N E} (see for instance
Figure [C.6)). Denoting this connected component of B(z;,2e1) \ W4 (z;) by Bs', on can
conclude using an integration by parts as in the lines following (C.134)) above (using
supp ¢; C B(z;,2¢1) and then supp(Vxy™ - ¢;) C B(z,2e1) N Ey C B;* by (C.89)):

/me = / V(=X gi e

/<> (= [ =

1 _lp oo~
=5 [ (mx)e vl dj o
—/ & -m e wl. (C.140)
OB MWy ()

From (/C.98)), it holds for h small enough, choosing ¢ > 0 smaller if necessary, dj hQNSi =
O(e™®) in L*(Q). Since moreover f > f(z;) — 2¢ on B(z;,2e1) Nsupp(l — x7°') by
(C.86)), there exist ¢ > 0 and €9 > 0 such that for all € € (0,&) one has in the limit

h — 0:
1 1

- / (1= X5%) e 5 i = O(e R U+ (C.141)
B ’

Lastly, using (C.97)), (C.96)), (C.104]), and the trace theorem, one obtains in the limit
h — O:

/ (’52 n eii‘f :/ (h)g U( ) kb€ hf +O(h006 hf(zl))
OB Wy () OB ' nWy (z,)

_p e e # G (14 0(h))
(det Hess f|W zl))

SIS

NCORNINE )|1%e HE (14 o)),
| det Hess f(z)|*

where A_(z;) denotes the negative eigenvalue of Hess f(z;). The second equality follows
from Laplace’s method and from the fact that

gu);kb n=en® ‘W (1) (@ -n+O(h)) :e_%(f_f(zi))‘mq(zi) (@ - n+O(h))
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and a;(z;) - n = £1, see indeed the lines between (C.101)) and (C.102)). The last line
follows from ((C.105). The asymptotic estimate of the term (Viy, ¥;) 12,18 a consequence
of the latter estimate together with (C.138))—(C.141|) which gives in the limit h — 0:

T3 A (z)]3 A3 e wUE) S @)

1 1
|det Hessf(z)|* (Zx@rgmmsupm?gl f (det Hessf(z)) 2)

(Vilg, i) 2 =+ - (1+0(h)).

2

This proves item 4 in Propositionfor all k € {N1+1, ...,mg} and 1 € {1, . ,m?}
To conclude the proof of Proposition it remains, as announced at the end of
Step 3a, to estimate the term <Vﬂk,{p}>% when k € {1,..., N1} and i € {1,...,m§2}
is such that z; € j(x1) N Q. It can be checked that the same computations as those
made for k € {Nl +1, ...,mg} yield for k € {1,..., N1} and i € {1, . ,m?} such that
Zi € J(l‘l) [aRY]

T3 AL (z)[2 A3 w U E)—f @)

_1
(Zxéargmin eer1 f (det Hessf(z)) 2)
SUPP X
This ends the proof of Proposition ]

(Vi i) 2, = + - (1+0(h)).

2

=

|det Hessf(zi)‘

C.3.1.2 Restricted differential V : Ran W}(LO) — Ranwf(}) and proof of Theo-
rem

This section is concerned with Theorem [C.4 which aims at estimating in the limit A — 0
(0)

. According to Lemma|C.7|and Proposition |C.2| the

square of the mg singular values of the restricted differential V : Ran 7r§LO) — Ran 7T}(Ll)

(0)

the m(? first eigenvalues of —L?’

are the first m(? first eigenvalues of —L?’ times % Therefore, the strategy consists

in estimating in the limit A — 0 the mg singular values of the restricted differential
V : Ran TF}(ZO) — Ran W}(Ll). To this end, let us first introduce the matrix of the restricted

differential V : Ran 71'}(10) — Ran 77,(11).

Definition C.10. Let us assume that the assumptions [H-Morse] and [H-Boundary]
D,(0)

hold. Let (ak)ke{l m&) be the family of quasi-modes for —L7 ™" and let ({Ej)je{l a
rees , gy
be the family of quasi-modes for —LJIZ}L(I), both introduced in Definition |[C.9. Let us

denote by S = (Sjk)jk thf real value mlﬁx m(? matriz defined by: for allk € {1, ..., mg}
and for all j € {1,...,m$*}
Sj7k = <V7T}(Zo)ﬂk, 7['](11)1;]‘>L120. (0.142)

Notice that from (C.38), it holds for all k € {1,...,m{!} and for all j € {1,...,m$}:
Si = (Vmh il G5) o = (VI Tk, w05 s
Using the identity
(Vi i, 0 05) 1o = (Vi ) + (Vg (1) = 1)85) 1
together with Proposition [C.2] one gets the following estimates of the coefficients of S:
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Proposition C.23. Let us assume that the hypotheses [H-Morse] and [H- Boundary]
hold. Let S be the matriz introduced in Definition [C-10, Fizing the parameter € > 0
appearing in (C.80) and in (C.85) small enough, there exists ¢ > 0 such that in the limit
h — 0:

<va,€’ Jj>L2 (1 + O(e—%)) = ¢, 10}k hpj,ke—%(f(j(mk))—f(mk))(1 +O0(h)) if 2 € j(zx)
Sik= 0 (e—%(ﬂj(zk»—f(xk)ﬂ)) if 2 ¢ (1),

where we recall, from item 4 in Proposition gik € {—1,1} and Cj;, > 0 and

’ 3 ifzj € j(z) NOQ.

Moreover, when k € {1,...,]\71} and j € {1,...,m1§} such that z; € j(xi), Cjk is
defined in (C.129) and if z; € j(xr) N0, €, = —1.

To study the singular values of the matrix S, one defines the following matrices:

o let S = (§]k)J . be the real value m{ x mf}! matrix defined by
g‘k — SjJC if Zj Ej(xk)
’ 0 if 2 ¢ j(xp).

Notice that from (C.144]), Proposition (C.143]) and (C.73)), one has for all
ke {1,...,Np}, in the limit h — 0:

(C.144)

o0 ~ E
Sy 8 =nd < Z on %> e HUE-IE0) (11 O(n)
12 €)(Tk

e 3 _ _z _
X e Sk =1 > ) e nUETIE(1 4 O(h))
J=M j:ZjEj(a?k)ﬂQ

(C.145)
where the constants Cj;’s are defined in (C.129) and where all the remainder

terms O(h) admits a full expansion in h (see Remark |C.10)).
e let D be the diagonal mgz X mgz matrix defined by

Vk c {17 L 7m(%2}’ Dk,‘,k‘ = the_%(f(J($k))_f($k)) where g = mln{p],k}7
J

(C.146)
and where p; ;. is defined in (C.143). Notice that from the definition of N7 intro-
duced in Definition[C.2] the labeling introduced in Definition [C.8] the construction

of the map j in Section [C.2.3.3|and (C.143)), it holds for all k € {1, ..., m{}}
{— iff ke {1,..,N}
qr = B

otherwise.
In addition, from ((C.146)), (C.74) and (C.147)), there exists ¢ > 0 such that for all
V(k,1) € {1,...,No} x {No+1,...,m{}, one has in the limit h — 0:

(C.147)

SIS

Djjp = h™1e~n(z)=f @) (C.148)
= O(eiﬁDl,l). (C.149)
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e let C be the real value m$¥ x m§} matrix defined by

C:=SD". (C.150)
The matrix C is the mlﬁ X mg matrix whose coefficients are given by:
- Sie
Cj k= L )
Js Dk}k

for all (j,k) € {1, e mlﬁ} X {1, .. ,mg} and which satisfies, according to Propo-
sition in the limit A — 0:

Cik =

~ Ej,kcj,k hPik—k (1 + O(h)) if zZj € J(xk) (C 151)
0 if z; ¢ j(wr),

where pj . is defined by (C.143), €;, € {—1,1} and Cj; > 0. Notice that since the
set (J($k) ﬂ@ﬂ) are two by two disjoint (where Ny is defined in ((C.263]))

and since

Ureqt,.., Ny (k) N0 = {21, ..., zk?g} (see (C.17) and (C.75)),
Vk € {Ny +1,...m}, j(zr) N {z, ...,zk?n} =0 (see (C.76)),

ke{l,...,Nl}

one obtains that, from (C.151), for all j € {1, ..., k¥?}
Vke{l,..,N}, Cirn#0= Cjy=0Vle{l,...md}\{k}. (C.152)

Finally, from (C.151)), one has when h — 0, C = O(1) which means that there
exist M > 0 and hg > 0 such that for all h € (0, ho):

sup |Cjnl < M. (C.153)
(j,k)E{l,.,.,m?}X{l,...,mg}

By definition of the matrices S, S,Dand C (see Definition (C.10)), (C.144), (C.146)), (C.150)),
there exists ¢ > 0 such that the matrix (S — S)D‘1 satisfies in the limit A — O:

c

(S —S8)D™' =O(e ). (C.154)
The following Lemma will be needed in the sequel.

Lemma C.24. Let us assume that the assumptions [H-Morse]| and [H-Boundary]
hold. Let C be the matriz defined in (C.150). Then, C' is injective and there exist ¢ > 0
and hg > 0 such that for all h € (0, ho):

Vo € ng, Héw‘b > CH:L’HQ, (C.155)

where ||.||2 denotes the usual Euclidean norm on RX | K € N*.
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Proof. According to (C.150)), (C.146) and (C.144), C has the form, up to reordering the
zi forie {1,...,m$}:

= 5
Qo o o
[}

where:

e the matrix (0,0) corresponds to the rows of C associated with j € {1,...,m$} such
Q
m .
that z; ¢ U, °,j(xs).

e [Cla is a matrix of size k?? x N; (where N is defined in (C.263) and k99 is

defined in (C.17))). The coefficients ([Cla) ik = CN’j,k are associated with 0-forms
uy, for k € {1,..., N1} (see Definition and ) and with 1-forms Q,Zj for
j € {1,...,k¥?} (or equivalently j such that z; € Uk:llj(ack) N oS since Ug:llj(mk) N
o) = {2’1, ceey Zklan}, see C75)

e [C]p is a matrix of size Card(Uk 1J(zk) M) x Ny. The coefficients Ej’k = éj,k are
associated with O-forms uy, for k € {1 ., N1} (see Definition and ((C.80))
and with 1-forms w] for j € {1,...,m{} such that z; € Ui\]:llj(:vk) N Q.

~ Q
e [C]. is a matrix of size Card( UZLONlHj(xk)) x (m§} — N1) which has the following
block diagonal form:

Clex 0 0
[5] [ ! [C] o ! )
0 0 [Clen,

where for [ € {1, ...,Nl}, [6’]071 is a matrix of size

Card [ | iz x(Card(ar@inf) —1),,

k,j(z)CCy Ce

with the convention that [C].; does not exist if arg minc f ={x1}. Let us recall

that for [ € {1,..., N1}, C; is introduced in Definition For all [ € {1, .. }
[C’]Cl contains the non zero terms of C associated with 0- forms uy, and 1- forms wj
with:

1. @y such that supp(uy) C {x; = 1} (according to (C.88]))
2. for those ug, j is such that z; € j(zy) C C.

This explains in particular the block structure of [5]6 since by construction S ik =

0if z; & j(x) (see (C.150)) and (C.144])).
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Using (C.152), for all j € {1,...,k9?}, the j-th line of [é]a contains only one non zero
term which is ([C]q);r where k € {1,..., N1} is the unique integer such that j € j(xx) N
0f). Moreover, in the limit 2 — 0, it holds for all k£ € {1,...,N;} and j € {1,..., k??}

such that j € j(zg) N O (see (C.151)), (C.147) and (C.143)),

(ICla)in = Cir = £juCin(1+ O(h)),
where ¢, € {—1,1} and Cj; > 0. Thus, one obtains that there exist ¢ > 0 and hg > 0
such that for all h € (0, hg) and for all y € RM
1Claylly = elly]l,- (C.156)

Moreover, from |17, Sections 7.1 and 7.2], for all ¢ € {1, ...,Nl} there exist ¢, > 0 and

ho > 0 such that for all h € (0, ko) and for all z € gCard (arg mingy /) -

I[Cleezlly > collzl2- (C.157)

Therefore, the inequality (C.155) follows from (C.156), (C.157) together with the
fact that for any » = (y,2) € R™ (y € RM and z € ]ng_Nl), it holds HC:EHE >

H[é]ayH; + || [CN’]CzHg This concludes the proof of Lemma 1

As a consequence of ((C.155)), the rectangular matrix C admits an a left inverse C !
which satisfies

sup (C™)jkl < M. (C.158)
(4.k)e{1,....mE¥Ix{1,....,mT}

for some M > 0 independent of h. This implies that, using (C.154)) and (C.150)):
S=(I+R)S where R=O0(eh). (C.159)

We are now in position to prove the following theorem on the smallest eigenvalues
of —L?}fo) and which implies Theorem [C.1

Theorem C.4. Let us assume that the hypotheses [H-Morse] and [H-Boundary]
hold. Let Ny be the integer introduced in Definition [C.3. Let us reorder, for any small
h >0, the set {z1,...,xnN,}, such that

o9 o9 o9
kl kl kl

Zga%l = 25322 <. =< ZSVJZ,NO, (C.160)
Jj=1 j=1 =1

where the mlﬁ X 'm(g)2 matriz S = (§Jk)3k has been defined in (C.144) and k‘?ﬂ is defined

in (C.17). Let j be the map constructed in Section |C.2.3.5. Let us reorder the set
{TNy+1, s xmg} such that the sequence

(S keqr,moy = (FU@D) = F@) s, oy (C.161)

is decreasing, with, on any T C {1, ... ,mg} such that (S’f)kez is constant, the sequence
(gr)kez is decreasing (where the qi’s satisfy (C.147)). Finally let us denote by Ay p,, for
k € N*, the k-th eigenvalue of —L?;L(O) counted with multiplicity (with these notations,

ALh = Ap, see (C.5))). Then:
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1) There exist C > 0 and hg > 0 such that for all k € {1,...,m8} and for all
h € (07h0)7
O~ 20 e*%sk < Mpp < O h1+2ax e*%sk )

In particular, using the fact that from (C.74) and Deﬁm’tz’on Vk e {1,...,No}
and ¥l € {No +1,...,m{},

Sy = f((x) = f(z) < S = f((ar) — flzr)= f(21) = flz1),
one obtains that there exists ¢ > 0 such that in the limit h — 0:

ANoh = ANo1,1 O(€7H). (C.162)

2) It holds more precisely for all k € {1,..., Ny}, in the limit h — 0:

kBQ

1
Z L (1+0( h)):m 32y | e FUEIED) (14 0(Vh))

J:zj€j(wg)NON
where the constants Cj . are defined by (C.129).

3) Let us assume that there exists K € {1,...,No} such that for all k € {1,..., K},
Jxp)NQ=0. Then, for all k € {1,..., K}, in the limit h — 0:

k.BQ

1 —2(f(z1)—f(z
Z e (1+0(e )):ﬁ Sz e nUEf @) (14 0(n))
Jizi €j(zk)

where the constants C; 1, ’s are defined by (C.129) and where the remainder termO(h)
admits a full asymptotic expansion in h.

Theorem is a consequence of Theorem Indeed, when [H-connexity] holds,
one has
argmin f C Cf.
Q

Thus, [H-connexity] is equivalent to Ny = 1 and in that case (see (C.69))
j(x1)NoQ = {zl, ce k901}

Thus, item 2 of Theorem [C.4] implies the result stated in Theorem under the as-
sumption [H-connexity]. Moreover, under [H-Connexity], K = 1 is equivalent to
[H-Connexity-+]. In particular, item 3 of Theorem implies the result stated in
Theorem under the assumption [H-connexity—].

Remark C.11. One of the interest of Theorem [C.]] is to show, see indeed items 2
and 3 in Theorem |C.4), that the Ny smallest eigenvalues ofL DO can have exactly the
same asymptotic estimate in the limit h — 0 (choosing for mstance f such that oll the
constant Cj1’s, defined by m, are equal) making them hard to distinguish in the
small temperature regime.
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Remark C.12. Theorem is stated with the assumption [H-connexity] instead
of the assumption (C.160)). The reason is that the assumption (C.160) is difficult to

express simply since it requires to define the matrix S, the map j and the quasi-modes
of —L?}fo).

Remark C.13. Notice that if there are equalities between the first M terms in ((C.160),
e if:

o9 o9 o9 o9
kl kl kl kl

S == <> By <) Sy,
j=1 j=1 j=1 j=1

and if K s among these M terms are such that j(z;) N Q2 = 0, then, one can reorder
these M terms such that the first ones satisfy j(z;)NQ =0 for all j € {1,..., K}. Thanks
to item 3 in Theorem this thus yields a relative error term of order O(h) (rather
than O(Vh)) on the estimates of the K smallest eigenvalues.

Remark C.14. Notice that if there exists k € {1, ..., No — 1} such that the k-th and the
(k+1)-th inequalities in (C.160) are strict, (with the convention that the 1-st and the Ny-
th inequality are always strict) then it follows from and item 2 in Theorem
that Ap41n s non degenerate.

Remark C.15. In some specific geometric cases, we are able to prove that remainder
term O(V'h) in item 2 in Theorem is exactly of the order \/h and admits a full
asymptotic expansion in Vh. This is the purpose of Proposition in Section .

Before starting the proof of Theorem [C.4] let us give two consequences of the Fan
inequalities which will be used in the proof of Theorem and which are stated in
Lemmata and Let us first recall the Fan inequalities (see for instance [30,
Theorem 1.6] or [21]).

Lemma C.25. Let A € My, ,,»,(C), B € My, o(C) and C € M, ,(C). Then, it holds
Vi€ {1,...,max(n,m)}, ni(ABC) < |A| ||C]| n:(B),

where ||T|| = m(T) = -+ > NDmax(nm)(T) denote the singular values of the matrix
T € My n(C) and where ||T|| := /maxo(*TT) is the spectral norm of T.

Let us recall that from Corollary there exists hy > 0 such that for all h €

(07 hO)a

Ranw,(:)) = Span(ﬂ,(LO)ﬂk, k=1,..., m((f)

and

Ranﬂél) = Span(ﬂ,(ll)izi, i=1,... ,ml)

where the projectors W}(LO) and W,(Ll) are defined in (C.39). Let us define U :=
(7r}(10)a/,€)1§k§mg and U := (Tr}(ll)lzj)lgjgm?, For i € {0,1}, let B; be an orthonormal
(1)

basis of Ranm,’ and let us define the matrices
Cy = Mata By and Cf := Matq, Bi. (0163)
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Notice that from item 1 in Corollary there exist M > 0 and hg > 0 such that for
all o € (0, ho):
sup [(Co)ii| <M (C.164)
(Lk)e{l,...mi}2

and

< M. (C.165)

sup (Co M
(Lk)E{L,...,m§}2

A direct consequence of the Fan inequalities is the following.

Lemma C.26. Let us assume that the hypotheses [H-Morse] and [H-Boundary]
hold. Let us denote by A p, for k € N*, the k-th eigenvalue of —L?}L(O) counted with

multiplicity and let S be the matriz defined in (C.144). Then, there exists ¢ > 0 such
that for all k € {1, ...,mg}, one has in the limit h — 0:

Ao = L (SCo) (1 +0(e™h)), (C.166)

where ||SCy|| = ni(SCy) > --- > nmg(§co) denote the singular values of SC.

Proof. The m{} smallest eigenvalues of —L?}Z(O)

h

o J*

2 %,1 ‘Ranwl(ll) d}Ranw}(LO) :
(0)

. 2 .. . (1) . *
Moreover, since the L: -adjoint of d‘Ranw,iO) : Ranm,” — Ranm, "’ is d%71

Ran 77,(11) — Ran TF}(lO), one has that the mg smallest eigenvalues of —L?;L(O) are given

are the eigenvalues of
_71D,(0) _
Lfvh |Raunr,(L0> -

‘Ran ﬂ';ll) :

by % times the squares of the singular values of d ’Ranﬂ(()) : Ran w}(LO) — Ran W}(Ll). Thus,
h

0) ‘Ran O are given by % times the squares of the singular values

of the matrix @) defined by

the eigenvalues of —L?’}l(

@ := Matp, 5, (d{RaHW}(LO))'
In addition, by definition of the matrices Cjy and C (see (C.163])), one has
Q= "0y 5Cy.

By ,it holds B
Q="Ci(I+R)SCo.

Furthermore, from , there exists ¢ > 0 such that one has in the limit h — 0
I1+ Rl =140 %), (14 R =1+ 0(F),
and from item 3 in Proposition
1°Call = 1+ O(e™H), I(*C) 7| = 1+ O(e™F),

where we recall HT H := y/maxo(tTT) is the spectral norm of a matrix 7". Therefore,
it follows from the Fan inequalities (see Lemma that the singular values of Q are,
up to multiplication by 1 + 0(67%), the singular values of S Cy. This concludes the
proof of Lemma 1
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Notice that in general, the spectral norm of the matrix Cj defined in (C.163|) does
not equal 1+ O(e~#) when h — 0.

Remark C.16. For instance, in the case when f is a one dimensional symmetric
double-well potential with the saddle point lower than mingg f, it can be checked that
the Gramian matriz of the functions Uy and Uy introduced in Definition [C.9 converges
when h — 0 towards the matriz
1 C1
()

Actually, it is possible to replace in the Fan inequalities (C.166|) the matrix Cy by
another matrix which has a simpler form than Cy. This is the purpose of Lemma
which will be used to prove items 2 and 3 in Theorem Before stating Lemma[C.27]

where 0 < ¢1 < 1.

let us choose a particular orthonormal basis By of Ran Tr,(LO) to define Cf in ((C.163|). Let
(e1,...,en,) be the resulting functions of a Gram-Schmidt orthonormalization of the

family (W(O)ﬂl, cees TF}(LO)ﬂNl). According to item 3 in Proposition there exists ¢ > 0

such that V(k,1) € {1,..., Ni}2, it holds in the limit h — 0:

k-1
€ — (1 + 0(6_%)) W]go)ﬂk + Z 0(6_%) W}(lo)aq and <6k7 6[>L120 = 5k,l-

q=1
Then, let us choose {en,+1, - - - ,emg} such that
B() = {61,62,...,6 Q} (0167)

my

is an orthonormal basis of Ran W,SO). In that case, the matrix C{ defined in (C.163)),
satisfies in the limit h — 0O:

Sky+O(e™h) if k<1
W(k0) € (Lo m@) x (L. Ny}, (Colg = 420 T O HRST 6 16g)
' 0 ifk>1
Let us now define the mg X mg matrix Co by:
~ 0 if k<1
Yk D) € {1,...,m) x {1,..., N1}, (Copyo= 40Kt D=t (C.169)
’ 0 ifk>1
and N
\V/(k‘,l) € {17 .- amg} X {Nl +1, ~-')m62}7 (Co)k,l = (CO)k,l' (0170)

Lemma C.27. Let us assume that the hypotheses [H-Morse] and [H-Boundary]
hold. Let us denote by Ay, for k € N*, the k-th eigenvalue of —L?}Z(O) counted with

multiplicity and let S be the matriz defined in (C.144). Then, there exists ¢ > 0 such
that in the limit h — 0:

h = e
Ao = 5 M1 (S Co) (14 O(e™ 1)),
where ||SCy|| = m(SCy) > -+ > T (SCp) denote the singular values of SCq.
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Proof. Let us prove that there exists ¢ > 0 such that in the limit h — 0,
1(Co)*Col| = 1+ O(e™#) and [|Cy ' Col| = 1+ O(e™ ), (C.171)

From ((C.168]), the mgl X mgl matrix Cy has the form

=" ),

where [Cy]; is matrix of size Ny x N which satisfies, according to (C.168)), [Co]; =
Idy, +O(e~7) for some ¢ > 0. Moreover, according to (C.169) and (C.170)), the m xm

matrix 50 has the form
~ Idy [Co]4>
Co = ! .
0 ( 0 [Colz

Let us recall that by definition of Cj (see (C.163))) and from item 1 in Corollary
Cy is invertible and thus [Cpl; and [Cp|z are invertible. Therefore, one has

Gl = (IdM —[Cola [00]2_1>

0 [Coly !
and thus,
~_ 00]1 0
Cy'Co = <[ :
0 0 0 Img—Nl
This proves (C.171) since [Co); = Idn, +O(e~#) and [Co)7* = Idy, +O(e”#). Lemmal|C.27]
is a consequence ((C.171)) together with Lemma and Lemma 1

We are now in position to prove Theorem

Proof. The proof is divided into two steps: we first prove item 1 in Theorem [C.4] and
then we prove items 2 and 3 in Theorem [C.4}
Proof of item 1 in Theorem

Item 1 in Theorem is equivalent, according Lemma [C.26], to the existence of C' > 0
and hg > 0 such that for all k € {1, .. .,mg} and for all h € (0, ho)

~1par,— g Gk = S
C™ hike Snm%zﬂ_k(SCo)gCh e ho. (C.172)

Let us prove (C.172)). According to (C.146) and to the ordering of k € {1,.. .,mg}
introduced in the statement of Theorem [C.4] the singular values of D satisfy for h small

enough (see (C.146) and (C.161)):

S
Wk € {1,...,m{}, Moy (D) = Dig = hice™ (C.173)

Using the fact that SC; = CDCy (see (C.150)) together with (C.153), (C.164) and
Lemma one obtains that for all k € {1,...,m{}

a1 1(5C0) < |1 Coll g1 4(D) = O(Ds) (C.a7a)
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which provide the required upper bound in (C.172). To obtain a lower bound on the
singular values of SCp, we write

D=C"'SCy Gyt
Using ((C.158]), (C.165) and Lemma one has for all k € {1,... ,mg}

Mg 11-#(D) < |CTH G H [ mg 11-#(S Co) = O (g1 1) (C.175)

Then, (C.172)) follows from (C.173|), (C.175) and (C.174)). This concludes the proof of
item 1 in Theorem

Proofs of items 2 and 3 in Theorem

The proofs of items 2 and 3 in Theorem [C.4]is divided into two steps. First, one proves,
for k =1, item 2 and item 3. Then, one proves, for k € {2, ..., Ny}, item 2 and item 3.

Proofs for k£ =1 of item 2 and item 3 in Theorem

Our proof is partly inspired by the analysis led in [17, Section 7.4]. According to
Lemma, there exists ¢ > 0 such that in the limit A — 0:

h oy =~ .
My = 5nfngz(sco)u +0(eh)), (C.176)

where 60 is defined in (C.169)) and (C.170). Therefore, the analysis of the estimate of
Ap is then reduced to precisely computing nmg(S Cp). One has:

Umgl(géo) = min cho yll,- (C.177)
YER™0 1 [lyll2=1

Let us first obtain an upper bound on Umf)l(géo)- Let us denote by yo =* (1,0,...,0).

Then, it holds from (C.177)),

g < 15 Conolly

Using in addition the fact from (C.169)), one has éoyo = yg, one obtains

Mo < | 1S yol|> = Z (C.178)

This provides the required upper bound. Notice that (C.178) and (C.145|) imply that
in the limit A — 0
~~ 1
N2 (SCo) = O(h~ie i)~ (@), (C.179)

Let us now give a lower bound on 7] 2 To this end let us consider y* € R™G
with [[y*||2 = 1, reahzmg the minimum m . Let us write y* (y;,yg), where

€ RN and yﬂ € R™—No. We claim that there exists p > 0 such that for h small
enough,

ly3ll2 = O(e™#). (C.180)
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Let us prove ((C.180]). By definition of y* and according to (|C.150|), one has
g = [1SCoy™ ||, = [CDCoy" 5.
To prove ((C.180]), we use the block structure of the matrices C , 50 and D. Let us define

n1 = Card(Up°, j(z) N OQ). (C.181)

According to (C.150), (C.146) and (C.144), the mlﬁ x mf} matrix C has the form, up to
reordering the z;, i € {1,... ,m?},

o

. [5]1 is a matrix of size n; X Ny (where Ny is introduced in Definition and
ny is defined in (C.181)). The coefficients ([6’]1)3k = CNYj,k are associated with
O-forms uy, for k € {1,..., No} (see Definition and (C.80)) and with 1-forms
Jj for j € {1,...,m{’} such that z; € j(zx) N IQ.

{Qh [09]2> , (C.182)

3

where:

e [C]3 is a matrix of size (m§ — n1) x Ny . The coefficients ([C]3);x = Cj are
associated with O-forms wuy, for k € {1,...,No} and with 1-forms sz for j €
{1,...,m{} such that z; ¢ U]kvilj(a:k) N ox.

e [C]y is a matrix of size (mlﬁ —n1) x (mff = No). The coefficients ([é]z)Jk = éch
are associated with 0-forms ug, for k € {Nog + 1, ..., mg} and with 1-forms ; for
j € {1,...,mP} such that z; ¢ Uy j(xx) N O

From (C.152)) the columns of [5]1 are two by two orthogonal,

Vke {1,... k9, vi#5 e{1,....,No}, Crj #0 = C o =0. (C.183)

Moreover, ((C.155)) and (C.182) imply that [C]s is injective and satisfies, for some con-
stant ¢ > 0 and for all A~ > 0 small enough,

Vo € ng_NO, H[é’]gﬂb > cHazH2 (C.184)

Let us now decompose the square matrices D and 6’0 in blocks which are compatible with

the decomposition of C' made in (C.182). According to (C.146), (C.169) and (C.170))
together with the fact that Ny < Ny (see Definition [C.2|), one has

~ _([Dla 0 and & — (1N [go]
oo (B ) s () e

where for a square matrix U of size mg :

[Ula = (Ui,j)lsi,jSNm [U]B = (Ui7j)Ng+1§i,j§mgzv and [U]v = (Ui,j)lgigNo,Noﬂgjgmg-
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Notice that from , it holds
[D]q = h™1ewnFE) @), (C.186)
and from , there exists M > 0 such that when h > 0
I[Colz 'l < M (C.187)
We are now in position to prove . Le us recall that by definition of y* , one has
Mgy = 115 Co (o 95|z > 115 Co (0, y5)l, = 15 Co* (v, 0)|-

Therefore, since Co (%, 0) = t(y%,0) (see (C.169)) and S = CD (see (C.150)), one has
using (C.182) and ((C.186) together with the fact that HyZHZ < 1land [C]; = 0(Q)

(see (C.182) and (C.153)),

18 Cot(0,y3)ll2 < Mg + [|CD (95, 0)||, < Mo + [[[Cha[Dlay ]|, = O(h~Fe#U G @)y
(C.188)

Moreover, using (C.186) and since [C]s = O(1) (see (C.182) and (C.153)) and [50]7 =
O(1) (since Cy = Cy + O(e™#) and Cy = O(1) see (C.169), (C.170) and (C.164)), one

has

N

15 Co"©.93)]l, = (1€ 1DJa [Coly w3113 + 1€l 1DJa [Cal w5 + €Lz 1Ds [Cols 3 1)
> (€2 [D)s (Col 3, — €13 (Dl ol wil,
= |C2 (D15 [Cols |, + O(h~ T e w U1,

Therefore, one deduces from the latter inequality and from and that

3 1

I[D1s [Cols w3, = O (!![5]2[19]/3 [Cols yEHz) — O(h~ e #UG=1@D))  (C.189)

In addition, since [50]51 = O(1) (which follows from Cy = Cy + O(e™#), see in-
deed (C.169), (C.170), (C.165) and (C.185))) and since there exists ¢ > 0 such that
it holds:

[D]El — O(e%(f(zl)—f(m)—c))’
which follows from (C.146)) and (C.149)), one obtains from ((C.189) that there exists

> 0 such that for A small enough,
% _n
lysll2 = Oe™x).

This ends the proof of (C.180). We are now in position to give a lower bound on
Nmg (5Co). Notice that from (C.180) together with the fact that ly*|l2 = 1, one has

lyallz =1+ O(e™%). (C.190)
Using ((C.182)), (C.185]), and since 60 = O(1), there exists ¢ > 0 such that
s mo ni No mg 2
M (5C0) 2 > (CDCoy" )} =3 | D CiwDrg (wi+ Y (Colreyi ||
7=1 7j=1 k=1 {=No+1
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where we recall ny is defined in ((C.181)). Using in addition (C.180]) and (C.183)), there

exists ¢ > 0 such that in the limit A — 0:

n1 No

SCO >ZZ 2 eDi (e +0(e” h))z-

=1 k=1

Since for all k € {1,..., Ny}, éj,k =0 for all j € {1,...,k9}\ j(zx) N 09, it holds by
definition of n; (see (C.181)):

ni NO k@Q NO kBQ
SN 2D (yit0(e ) =30 CD} k(i +O(e™F) Z 2 (140(e#)),
J=1k=1 j=1k=1

where the inequality follows from ((C.150f), (C.160) and (C.190). Thus, one obtains the
following lower bound:

kBQ

SC’O > Z 1+ 0(e h)). (C.191)

In conclusion, from ((C.178]) and (C.191), one has for some ¢ > 0, in the limit A — 0:

kaQ m?
Z L (1+0(e ) < Q(SCO <> S (C.192)
j=1

Using (C.145)), one gets
Z {23 15]2, if j(z1) N
S8, (14 0WR) it i) n

and thus, from ((C.192]), it holds int the limit h — O:

1
e O€
Yt i1

This last estimate together with (C.176) and (C.145) imply, when k& = 1, item 2 and
item 3 (since K > 1 if and only if j(z1) N Q = 0).

Proofs, for k € {2,..., Ng}, of item 2 and item 3 in Theorem [C.4]

The estimates stated in item 2 and item 3 in Theorem for k € {2,...,Np} are
obtained with a similar analysis than the one made above for k = 1 together with the
Max-Min principle. From Lemma for all k € {2,..., Ny}, there exists ¢ > 0 such
that in the limit A — O:

h S _e
h= §n3ng+1_k(SCo)(1 +0(em)), (C.193)
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where Cj is defined in (C.169) and (C.170)). Let us prove item 2 and item 3 for k = 2
(the estimates of Ay p, for k > 3 are obtained similarly). By the Max-Min principle,

1500 = % v e 1 0 (190
= min max H§C~Z'0 yHQ. (C.195)

EclR’"(S))7 dim E=2 YEE; lyll2=1

From (C.145), (C.152) together with the fact that S = CD (see (C.150))), one has in
the limit h — 0

(81(1,0,...,0),51(0.1,....,0), :{o i §(01) (o) =
1St(1,0,...,0)|,||S* 0,1,..., O(Vh) if j(z1) Nj(z2) #

0
i 0 (C.196)
2

Moreover, for all y = (y1,¥2,0,...,0)}, since Coy=1y (see (C.169)), one has:

m
ISCoylls=ISul=01> 5 1+y52 2+ 2112(S"(1,0,...,0),5%(0,1,...,0)),,
j=1

(C.197)

Therefore since one has 23—1 51 ZJ 1 J 5 (see (C.160))), it holds according to (C.195), (C.196)),

[CT97) and (CIT5)

k992 & ip /s .
M _1(8 Co) < {Zﬂ 1572 i () j(z)) NG = g . (C.198)

S S2,(L+O(VR)) if (j(an) Uj(z2)) N Q2

RN

This provides the required upper bound on MnQ—1 (§ 50). Let us now give a lower bound

on nmgz_l(géo). To this end, we use (C.194). Let y* € R™ be such that ||y*||ls = 1,
1 %(1,0,...,0), and

e . -
I5Cov7ll, = yL1(10,0); [ylla=1 |5 ol

According to ((C.194)), it holds:

g

o=

((8Co) =[S Coy*l,- (C.199)

Let us write y* = (yZ,y}) where y: € RN, Y5 € R™0~No. The same arguments as
those used to prove ((C.180)) imply that there exists p > 0 such that

ly5lla = O(e™H), (C.200)
and thus since ||y||2 = 1 and y* L ¥(1,0,...,0), one obtains
lyilla = 110,55, .-, ¥,z = 1+ O(e™h). (C.201)

Therefore, one obtains from (C.199)), (C.200)), (C.150), (C.182), (C.183]), (C.185)

n1 Np
Moo (S Co) >Zscoy =338 (yi + O(e™h))?,
Jj=1 j=1k=1
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and thus using in addition (C.160)), (C.201]) and (C.145|), it holds

2o KO N
~ ~ ~ _c ~ * _c\\2
a5 Co) > D S0 )+ Y5> (yh+0(eh))
j=1 j=1 k=2
k@ﬂ
Z 14+ 0(e™#)). (C.202)

In conclusion, one has from (C.198)) and (C.202)), in the limit h — 0:

kag (14 0(e™ ) if () Uj(a2) NQ =0
Oyl 1532(1+0<x/ﬁ>) if (j(21) Uj(z2)) N Q£ D

This last estimate together with (C.145)) and (C.193)), imply the result stated for k = 2
in item 2 and item 3 in Theorem [C.4] This concludes the proof of Theorem [C.4] 1

nfngl—l(g Co) = {

C.3.1.3 Proof of Proposition

This section is dedicated to Proposition Proposition is a consequence of
Proposition Let us first give a corollary of Theorem

Corollary C.28. Let us assume that [H-Morse] and [H-Boundary] hold. Then,
there ezists By > 0 such that for all 5 € (0,5y), there exists hg > 0 such that for all
h € (0, hg), the orthogonal projector

”"(0) — D,(O)
Ty~ = W[O,e—%(f(ﬂ)—f(m)—,@))(_Lf,h ),
has rank Ny. Moreover for all h € (0, hy), it holds
Ran 77,(10) = Span{%,(f])ﬂk, k=1,.., NO}, (C.203)

where the functions (Ug)g=1,.. N, are introduced in Definition|C.9 .

Proof. The fact that dim Ran 7r( ) = = Ny is direct consequence of ( m Let us now

prove (C.203). Using Lemma [C.8] Proposition [C.2] and using the second estimate in
item 2.a) of Proposition one has for any fixed § > 0, fixing the parameter ¢

appearing in ((C.80) and in (C.85)) small enough, and for all k£ € {1,...,No} and h > 0

small enough,

IA

2(f(z1)—f(x1)— h ~ 112
e (f(z0)=f(z1)—p) §HvukHL%ﬂ
er (F(z1)=f(21)=B) o= 7 (f(21)~f(x1)~0)

I =77,

IN

—7(8-9), (C.204)

IN

Therefore, fixing 6 > 0 and thus € > 0 small enough, there exists ¢ > 0 such that for all
(k,1) € {1,...,No} and h small enough,

(T, 70 2 = (T, @) 2, — (7 — Vi, (7 — 1)) 1o, = 0y +O(e 7). (C.205)
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Therefore, for A small enough, the space spanned by the Ny first eigenfunctions of
D,(0) 7O,

—Ly}, " is then spanned by the L2 -normalized functions O ke {1,...,No}.
) T Uk L%J
This concludes the proof of (C.203]) and thus the proof of Corollary 1

Let us recall that uy is the eigenfunction associated with the smallest eigenvalue A
of —Li}fo) (see ((C.5)) which satisfies (C.6)). As a direct consequence of Corollary |C.28]

there exist Np unique real numbers ay, ..., ay, which depend on h such that
No ~(0)~
U
up =Y ap—d (C.206)

e (G [P
Using (C.206)) and ((C.205)), for all k& € {1,..., Ny}, one has when — 0
a, = (un, )z +O(e™h). (C.207)

Moreover, for all k& € {1,...,No}, one has (up,ug)z2 € (0,1] which is a consequence
of the positivity of u, and the non negativity of uy (see Definition and (C.80])).
Therefore, one obtains using in addition (C.207)), for all k£ € {1,..., Ny}

ar <0 for all h small enough = aj, = O(e™#). (C.208)

Using (C.206) and (C.205) and since |lup||z2 = 1, it holds
No .
D ap=1+0("). (C.209)
k=1

In addition, from (C.207) together wit the fact that for all k € {1,..., No}, (up, tr)r2 €
(0, 1], it holds when h — 0

GG+O0(e™ ) = (up, 7 )3 = (un, )3 < (up, Gix) gz = (up, 7y i) 2 = ag+0(eH),

which leads, using also ((C.209]) and (C.208]), to

No
1+0(e )< > ap (C.210)

k=1,a;>0
Let us now prove the following proposition which implies Proposition

Proposition C.29. Assume [H-Morse] and [H-Boundary]. Let us consider uy, the

eigenfunction associated with the smallest eigenvalue A, of —L?}fo) (see (C.5|)) which
satisfies (C.6). Then, there exists ¢ > 0 such that in the limit h — 0:

No 1
/ up, el = (hw)%e_%f(”“) Z ak< Z (det Hessf(x))fé) ’ (1+0(h)),
Q k=1,a;,>0 rEarg minck f

where the family (ax)req1,... Ny} 18 defined by (C.206]).
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Proposition implies Proposition|C.5|since under [H-Connexity], it holds Ny =
1 and hence a1 = 1.

Remark C.17. We have stated Proposition without assuming [H-Connexity]
(i.e without assuming Ny = 1) because we think it could be possible to identify the
wells Cy’s (k € {1,..., Ny}, where the Cy’s are introduced in Definition for which
limp_ygar € (0,1). This is a tricky problem except in some very specific settings in
dimension one. The reason why we assumed [H-Connexity] in Theorem and
Proposition is that under this assumption, when h — 0, the L2-norm of uy is
. . 7T(O)’ll,1

non zero only in C1 (since ujp = W

u1 L2

(C1+B(0,3¢1)), see Definition[C-9, (C.80)) and (C.81))) which permits also to obtain the
asymptotic behaviour of its normal dem’vative (see Theorem and Proposition .
Proof. Using ((C.206)), we have in the limit A — O:

TI'(O)U
/uhe hf—z / h ! _’f

||7Th UZHLQ

under [H-Connexity] and suppu; C QN

SN

~(0) ~
— 1)

—Z / e il + ai/ %%e*%f. (C.211)

Q Hﬂh “2HL2 Q |7, UZHLEU

Thanks to the Cauchy-Schwarz inequality, to (C.205)) and (C.204)), there exists ¢ > 0
such that for all i € {1,..., Np} and h small enough,

~0) _ 1y
/ T Z VWi 21 _ o(e=ht+a), (C.212)
Q

~(0)~
170 2

Let us moreover recall that for i € {1,..., No}, w; = ﬁ x;“" (see Definition [C.9
7 L

and (C.80)) and that, from the deﬁmtlon of x5! (see D and the lines below) and
Laplace’s method (see indeed (C.134)) stated for i = 1), one has in the limit A — 0,

for (x5)? /(Xf 2eh = (hmyte H@) S (det Hessf(x)) ¥ (1+O(h))

rE€arg minci f
(C.213)
and

for x;°* - /){fsl —l = (hrr)ge*%f(xl) Z (det Hessf(a;))fé (1+ O(h)).

rearg minCi f

(C.214)
The statement of Proposmonuthen follows from ((C.211] m C.214)) together with ((C m

C.3.2 Proof of Theorem

This section is devoted to the proof of the following result which implies Theorem [C.2]
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Proposition C.30. Let us assume that the assumptions [H-Morse] and [H- Connewity]

hold. Let up, be the eigenfunction associated with the smallest eigenvalue A\, of — L ( )
(see (C.H)) which satisfies (C.6). Let F € L(0S%, R) and ¥ be an open subset of 89

i) When ¥ N {z,... ,Zk?n} = (), one has in the limit h — 0:

/F@nuh e_%f = O(e_%@f(zl)—f(xl)-i-c))’
¥

where ¢ > 0 is independent of h.

ii) When L0 {z,... 2001} = 0, one has in the limit h — 0:
1

/Fan’LLhe_iQLf:O(h _7(2]“(2’1) f(.Z’l)) \/a),
>

where, for some ¢ > 0 independent of h,

. = {\/E under [H-Connexity] (C.215)

e under [H-Connexity+]

iii) When, for some i € {1,...,1@‘1901}, SNn{z1,...,2,00, ) = {z}, z €3, and F is
1
C® in a neighborhood of z;, it holds in the limit h — 0:

/ Fduupe ! = (F(z) + O(y/Er) + O(h))Cipn B b5 e nIG0=S@0),
b

where €, satisfies (C.215) and the constants B; and C;1 are defined in (C.129) -
(1C.120).

Let us briefly explain the strategy for the proof of Proposition [C.30] before entering
into the technical details below. The basic idea is to notice that, since Vu; belongs

to Ran 7T](11) (according to (C.40)), one has for any open set ¥ of 9 and for any L?2-

(1)

orthonormal basis (91, ... ,1/1m§) of Ranm,”,
1
m{
/Fanuh el ZZ(Vuh,wi>LZU/F1/Ji~n et (C.216)
b =1 b

Notice that, this decomposition of Vuy, is valid on 0f2 since for all ¢ € {1, ..., mlﬁ}, P €
ALC®(Q) (due to the fact that that the eigenforms of LD’(I) belongs to C°°(£2) and ﬁ}(Ll)

is a projector onto a finite number of eigenforms of —L h (1)) and thus ; is C*° on 0.
In the rest of this section, one first introduces such a family (¢1,... ,wmﬁ) using a
1

Gram—Schmidt orthonormalization of the family (7Th wl, e ,W}(Ll)Jmﬁ). Then, on gives
1

the estimate of the terms (Vuy, ;)2 appearing in (C.216). Finally, one concludes the
proof of Proposition in Section with estimations of the boundary terms
Js Fvi-n el

> K3
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C.3.2.1 Gram-Schmidt orthonormalization

Let us assume that the hypotheses [H-Morse| and [H-Boundary]| hold, and assume
h > 0 small enough such that the family Tr,(ll){/;i,i =1,... ,m?} is independent (which
is guaranteed for small h by Corollary [C.22)). Using a Gram-Schmidt procedure, there

exists, for all j € {1, e ,m?}, a family (xi)i=1,...j—1 C RJ~! such that the 1-forms

~ izl ~
fj=m [% + ) wgith ] (C.217)

=1

satisfy:
i) for all k € {1,...,m2}, Span({fi,i = 1,...,k}) = Span({z Vs, i = 1,...,k}),
i) for all i # j, (fi, fj)r2, = 0.

One defines moreover, for j € {1, ey mlﬁ},

1

Zj = ||fllzz, and ¢; :=

je {1 T is a L2 -orthonormal basis of Ran W}(ll). By reasoning by induction,
IR LA
item 3 in Proposition easily leads, to the following estimates showing in particular

that the family (Tr,‘f)%)

so that (v;)

is close to the family (1);)

ie{1,...,m?} ie{1,..,m?}’

Lemma C.31. Let us assume that the assumptions [H-Morse] and [H-Boundary]

hold. Then, there exists ¢ > 0 such that for all j € {1, . ,m?}, ie{l,...,j—1} and
h > 0 small enough,

Zj=1+ O(e™#) and Kji = O(e™#).

C.3.2.2 Estimates of the interaction terms ((Vuh,wj)Lz )je{l m?)
w seeey Y

Let us begin with the estimates of the terms <V7T}(lo)171, Vi) 2, where j € {1, . ,mﬁ}.

Lemma C.32. Let us assume that the assumptions [H-Morse] and [H-Boundary]
hold. Then:

i) For all j € {1, . .,mﬁ} such that z; € j(x1), one has when h — 0:
<V7T;(LO)ﬂ1,¢j>L$U = (Vﬁh%‘)% (14+0(e ™))
— 5]’,10]',1 hpj,le—%(f(h)—f(ﬂ?l)) (1 + O(h))

where €51 € {—1,1} and €1 = —1 when z; € j(x1) N ONY, the constants Cj1 are

defined in (C.129), and

pig = —% if zj €jlx1)NQ
7 —3ifzj € j(a1) N ONQ.
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it) For all j € { ., my } such that z; ¢ j(x1), one has when h — 0:

(Vg i, )z, = O(e” #UGD =I5,

for some ¢ > 0 independent of h.

Proof. Using (C.217)), (C.218]), and Lemma one has for some ¢ > 0 and for all
je {1, .. ,mff} and 7 > 0 small enough,

j—1
(VT ) s = 27 MWWM%H+ZWvdm,w»]
=1
= (1+0(e ) [m,g%l, m e + > 0(e ) (Vi ay, 7 ) 2
=1

Applying now Proposition [C.23| one has moreover for all j € {1, ey m?} and h > 0

small enough, taking maybe ¢ smaller,

(Ve O, 21051 (Vi ¢) 2 (L+O0(e™ 7)) if 2 € j(z1)
b Rh o(e L)~ f(zl)+c>) if 2 ¢ j(an),

with, when z; € j(z1),
<Vﬂ1,%>L%, — ;101 hPite nl )=/ () (1+0(h)).

The statement of Lemma [C.32] follows immediately. ]

Let us now prove that when assuming in addition [H-Connexity], a similar result still
(0)

holds if one replaces 7, u1 by up (where wuy, is the eigenfunction associated with A,

and satisfying (C.6])). This requires in particular to show that 7r( )ul is an accurate
approximation of uy, in H} ().

Before, let us recall that under [H-Connexity] (since in that case Ny = 1), Corol-
lary implies that there exists By > 0 such that for all 8 € (0, ), there exists
ho > 0 such that for all h € (0, hg), the orthogonal projector

#0) P XON

= W[O’e—%(ful)—f(:cl)—m)( f.h

)

has rank 1. Therefore, under [H-Connexity], 7r( is the orthogonal projector onto

(0)

Spanwuy,. The following lemma then shows that u; (and hence 7,

(0)

approximation of 7, 'u; in L% (Q).

u1) is an accurate
Lemma C.33. Let us assume that the assumptions [H-Morse] and [H-Connexity]
hold. There exists ¢ > 0 such that for all h > 0 small enough,

=O0(e™#).

L3,

W#Lﬁ%ﬂ%sW—$%4
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Proof. The first inequality is an immediate consequence of W;(O) < 1 and ﬂ,(lo)%}go) =

%,go). Moreover, from Lemma and item 2 of Proposition |C.21} one has for any fixed
0 > 0, fixing the parameter ¢ appearing in (C.80) and in ((C.85)) small enough, and for

all h > 0 small enough,

Fixing § < 3, one gets the statement of Lemma |

Lemma |C.33| obviously implies that for all A > 0 small enough,

), =

O(e_%) > 0, and since the functions uy, and u; are non negative, one gets the following
relation in the limit h — O:

= o = A (14 0(eF)), (C.219)
],

Therefore, Lemma implies in particular that Tr}(lo)ﬂl is an accurate approximation
of up in L2,(€2). The following result extends this result in H.(Q).

Lemma C.34. Assume [H-Morse] and [H-Connexity]. Then, it holds in the limit

h —0: 5
“Vﬁ,&o)al‘}i?ﬂ = E)\h (1 + O(Eh))

and

|96 — 7 2, - %/\h Ofen) = O(h~% e~ FUGI—1@)) ),

where in the limit h — 0, ey, satisfies (C.215]).
Proof. First, applying the Parseval identity to VW;LO) u; € Ran W;Ll) (see (C.38), one gets

Q

my
LA SLALAR
j=1

Using Lemma[C.32} there exists consequently ¢ > 0 such that for all h > 0 small enough,

(by definition of S, see (C.144])))

Ve, = > (VaLg)n, A+0 )= > S (1+0( i),

J:z;€j(x1) Jizj€j(z1)

Using in addition items 2 and 3 in Theorem |C.4] (in the case where Ny = 1), one then
obtains the first part of Lemma

~ 2
V|7, = (14 0(en)), (C.220)
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where, in the limit A — 0, g, satisfies (C.215)).

Now, since the projectors W}(LO) and %}(L )

has

D (0) ~(0)_(0) _ ~(0)

commute with L , and 7, 'm,"” = 7, one

fh \Tp o — Ty )“1>Lg,

= ((
= (i, ~ L () = 7))
< (0)

0); () O, - G0, 1207 0%)

(o>_7~rho i, — LD (0 _ 700z

), U, =L, m i
h
§HV7r u1||L2 — A (1+0(e” h))

where the last line follows from (C.219)). Using in addition (C.220f), one obtains in the
limit h — O:

h —(0)r~ 112 _e
§HV(7T;(LO) - W;SO))UlﬂLgu = M (14 O0(en)) = A (1+0(e™#)) = A O(en),
which proves Lemma using also the expression of A\j written in item 2 in Theo-

rem [C.4] in the case Ny = 1. ]

We are now in position to estimate the interaction terms ((Vup, ;)2 ). -
w/je{l,...,m7*}

Corollary C.35. Let us assume that the hypotheses [H-Morse] and [H-Connexity]

hold. Let uy, the ezgenfunctwn associated with the smallest eigenvalue Ay of th( )
(see -) which satisfies (C . Then, one has in the limit h — 0:

i) for all j € { , My } such that z; € j(x1) NOSY (i.e. for all j € {1 k‘?cl}),

= —Cjy hmiemw U@ (14 0(/z) + O(h)),

i) for all j € {1,...,m1§} such that z; € j(x1) N Q,

<vuh7¢j>L2 = <va171;j>[,2 (1+O(h’7%\/‘§))
—O(h 3o n (flz1)— f(ffl)))’

i) and for all j € {1,... ,mlﬁ} such that z; ¢ j(x1),
(Vun, ), = O(h—%e—%(f(h)—f(m)) VER),
where in the limit h — 0, ey, satifies (C.215)).

Proof. Using ((C.219)), there exists ¢ > 0 such that for all j € {1, ceey mlﬁ}, one has in
the limit h — 0:

(Vun, ) = (VA1) (1+0(eF)). (C.221)
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In addition, using the Cauchy-Schwarz inequality and Lemma it holds for all
j e {1, ... ,m?}, in the limit h — 0:

(VA 0) = (VW) g + (V@ =m0V ) 1
= (Vi ), + O(h™ 1 e i UGE=1@) 2y (C.222)
where ¢j is of the order given by (C.215). Then, the statement of Corollary

follows by injecting (C.222) into (C.221)) and by using the estimates of the terms
<V7r}(lo)ﬂl,¢j>L2 ,7€{1,...,m{} given in Lemma |C.32 ]

C.3.2.3 Estimates of the boundary terms (/ Fapj - ne*%f) _
> JE{L,.omf’}

Proposition C.36. Assume [H-Morse] and [H-Boundary], and let us consider i €

{1,... ,mlﬁ}, an open set ¥ of 02, and F € L*°(0Q,R). Then, one has in the limit
h — 0:

O(e w0+ yrie (K024 1,...,m{}
/ Fob-ne#l = O(e*%(f(h)#)) ifie{l,....k%} and 2, ¢ ©
s _

d

O(hTe_%f(Zl)) if i € {1,...,]{?9} and z; € %,

where the constant ¢ > 0 is independent of h. Moreover, when i € {1, ceey k‘?ﬁ}, z; €%,
and F is C* in a neighborhood of z;, it holds in the limit h — 0:

/le--n e i = B h'T e w/) (F(z) + O(h)),
)

where the constant B; is defined in (C.120)).

Proof. Let F' € L (0, R). Using (C.217)), (C.218), the trace theorem, and the Cauchy-

. . . Q
Schwarz inequality, one has for any j € {1,...,m3'},

Zj/EF¢j~neif: {/EF{/;j'neif—k/EF((Tr,(Ll)—l){/;j)meif}
j—1
N Fg ety [ (O 1 —if]
—i—;/@ [/2 v -ne 4—/E ((7Th )w) ne

f(z1)

_ [/EF%/?]- e B (1= m) Gy O(h 1 e )]

Jj—1
# o | [FEene 0= w00t )
i=1 %

From Lemma and Proposition there exists ¢ > 0 such that for all j €
{1,...,m§2}, i€{l,...,j — 1}, one has in the limit ~ — 0:

Z; =140(e ™), kj = O(e#), and ||(1 — ﬁ”)@HH& =O0(e 7).
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The statement of Proposition is then a straightforward consequence of Proposi-

tion [C.20 |

We are now in position to prove Proposition [C.30]

Proof of Proposition[C.30. Assume [H-Morse] and [H-Connexity]. Let F' € L>(052, R)
and X be an open subset of 9€). First, since {wj, j=1,... ,m?} is an orthonormal

basis of Ran 7['](11) S Vuyp, one has the decomposition:

a
my
/ Fonup el = Z(Vuh,¢j>L2 / Faj;-n e it
b . wJu
j=1

Using in addition Corollary and Proposition there exists ¢ > 0 such that for
all h > 0 small enough,

k9%
/ Fo,uyp, e~ nl = Z<Vuh,¢j>L2 / Fvj-n e it
% e w5
m{!
+ Z O(hf%ef%(f(n)ff(zl)))O(ef%(f(n)w))‘ (C.223)
J=k9+1
Hence, when Y does not contain any of the z;, i € {1,...,1{:?9}, one deduces from

(C.223]), Corollary and Proposition the following relation for some ¢ > 0

independent of h and every h > 0 small enough:

o9
kl

/ FanUhe_%f _ Z O(h_%e_%(f(zl)_f(xl)))O(6_%(f(21)+6)) + 0(6_%(2f(21)—f(m1)+c))
by J=1
= O(e~ H@fE)-Fa)+5),

This proves the first part of Proposition

Assume now that ¥ does not contain any of the z;, i € {1,... ,k?cl}. Then , one

deduces from ((C.223|), Corollary and Proposition that in the limit A — 0:

1201

1
Fo,u e—%f — 0 h—%e—%(f(zl)—f(ml)) 19) e—%(f(%)-l-c) 0 e-%@f(m)—f(wl)-i-c)
fy ot =3 0f ol )+ 0 )
k99
+ Z O(h*%e*%(f(zl)*f(fbl)) \/ﬁ) O(h%(f%f(a))
=Y 41

- O(e—%@f(zl)—f(xlng)) + O(h%e—%@f(zl)—f(m)) VEn),

where the constant ¢ > 0 is independent of h and ¢, satisfies (C.215[). This proves the
second part of Proposition [C.30]
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Assume lastly that ¥ N {z1,...,2,0c, } = {2}, that F is C* in a neighborhood of z;,

1
and that z; € 3. One then deduces from ((C.223)), Corollary Proposition that
in the limit h — 0, it holds for some ¢ > 0 and &, with the form above,

/ Fdpup e = (Vun, ), / Foyon et 4 O e @I -100) /27
by w by

a—6 1

=—B;C;y h'r e nIETED) (P(%) 4+ O(y/&r) + O(R)),

where the constants B; and C;; are defined in (C.129)—(C.120). This concludes the
proof of the third part of Proposition and then Proposition is proved. 1

C.3.3 Proof of Theorem

Theorem is an extension of Corollary [C.6] to deterministic initial conditions z € Cj.
To prove Theorem [C.3] one first proves that a sufficiently accurate leveling property
(as introduced in [4]) holds in Cy for x — E;[F(X,,)], see Proposition in Sec-

tion Then, combining Corollary with Proposition one proves Theo-
rem [C.3]in Section

C.3.3.1 Leveling results
The leveling property for  — E,[F(X,,)] is defined as follows.

Definition C.11. Let K be a compact subset of Q and F € C®(0Q,R). We say
that x — Ez[F(X.,)] satisfies a leveling property on K if uniformly with respect to
(r,y) e K x K,

B2 [F (Xo0)] — B [F (Xo)] | = o101, (C.224)

The leveling property has been widely studied in the literature in various
geometrical settings and we refer for example to [4,6,8]/11,/18/26]. In [6], the authors deal
with the reversible case whereas [4,8,/11,/18,26] deal with the non reversible case. When
there is only one attractor of the dynamics & = —V f(x) in Q one can refer to [4,/18,26]
and for a generalization with several attractors in {2 one can refer to [8]. We prove the
following proposition which is a leveling property in our framework.

Proposition C.37. Let us assume that the assumption [H-Morse] holds and let us
assume that the set {f < mingq f} is not empty. Then, for any path-connected compact
set K C {f < mingg f} and for any F € C*(9Q,R), there exists ¢ > 0, such that for
all (z,y) € K x K,

|E” [F (Xr,)] = BY [F (Xo)] | < Cef.
Proof. The proof is inspired from techniques used in [6]. The proof of Proposition
is divided into two steps. Before starting the proof, let us recall the following elliptic
regularity estimate which will be used several times in the proof of Proposition
For g € L*(Q), let w € H*(Q) be the weak solution of the elliptic boundary value
problem

Au=gon
u =0 on 0f).
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Let m > 0 and assume that g € H™(Q), then v € H™"%(Q) and there exists C > 0
which depends only on £ and m such that

[ull rms2(0) < Cllgllam gy (C.225)

The proof of (C.225)) can be found for instance in [9, Theorem 5, Section 6.3]. In the
following C' > 0 is a constant which can change from one occurrence to another and
which does not depend on h.

Step 1. Let F € C*°(95,R). Let us denote by v, € H'(£2) the unique weak solution to
the elliptic boundary value problem

h
2 Avp —Vf Vo, =0on Q
g Aun= VS Vo =0on (C.226)

v, = F on 0.

Then, v, belongs to C*°(2,R) and for all k € N, there exist C' > 0, n € N and hg > 0
such that for all h € (0, hy), it holds

C
lvallzrsa iy < 550 (IVunll L2 + 1) - (C.227)
Moreover, the Dynkin’s formula implies that
Vz € Q, vp(x) =E" [F (Xr,)]- (C.228)

Let us prove that v, belongs to C>° (Q,R) and (C.227). Since F is C*°, for all k > 1, the
exists F € H*(Q) such that F' = F on 6(2 and HFHHk < C’HFHHk_ o0)° From (/C.226]),

the function vy, = vy, — Fe H(Q) and the weak solution to

2 ~
At = 2V f Vo, — AF on Q
o= VIV o (C.229)

vy, = 0 on O9).

Thus, using (C.225), v, € H?(Q) (and thus v, € H%(Q)) and there exist C > 0 and
ho > 0 such that for all h € (0, hg)

- 1 C
[l < € (G190l + 1Pl ) < § (I9onl120) + 1713 )

and thus o
lvnllr2@) < (HVUhHLQ +1). (C.230)

This proves ((C.227)) for k = 2. Let us prove ) for k = 3 (the fact that v;, belongs
to C*°(Q,R) and the inequality (C.227) are then obtained by a bootstrap argument).

Since Vv, € HY(), using (C.229) and (C.225)), the function v, € H3(Q) (and thus
v, € H3(Q2)) and there exist C' > 0 and hg > 0 such that for all k € (0, hg)

c
[l e <c(nwnm +HFHH3(9)) < 7 (Ionllegey + 171550, )
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and thus, using (C.230), it holds

C
) (HVUhHLQ(Q) + 1) .

[vnll @) <
Let us now prove that there exist a > 0 and C > 0 such that
[vnllzos @) + IV U] Lo (@) < ChT7 (C.231)

Notice that from (C.228]), one has that for all h > 0, ||vp|[ () < [|F || (50). From (C.226)
and ((C.227)) there exists C' > 0 such that for any € > 0 and & > 0,

h/ |Vvh|2§0<h/ |F8nvh|da—|—/ IVf-Vvh|>
Q o) Q

1P 00 N )
<C <h4€ + he|vnllgzq) + T e [[Vonll72 (0

1F 112250 e o IVAIZe@) o o
<O (h—r2 4 he Oy (WYl + 1) + 2+ Vol |

Choosing ¢ = 4(#;1) and ¢/ = ﬁ we get

19

[Vonl|r2(0) <

;le'

Therefore, using ((C.227)), one obtains that for all
ho > 0 such that for all h € (0, ho)

> 0, there exist C > 0, n € N and

C
[vrll ) < e

Let k > 0 such that k — % > 1. Then, one obtains (C.231)) from the continuous Sobolev
injection H*(Q) c W1(Q).
Step 2. Let us assume that the assumption [H-Morse] holds and let us assume in

addition that {f < mingq f} is not empty. To prove Proposition we will prove
that for any compact K of {f < mingg f}, there exists cx > 0 such that

IV onl| ey < Ce™ (C.232)
Indeed, if in addition K is path-connected, one can make use of the following inequality
V(z,y) € K x K, |vp(z) — vn(y)| < Ck[[Vun|lLe k),
where Cx > 0 depends on K. Let us now define the set O, by

O, = {f < Halgznf_r?ﬁ

which is not empty (by assumption) and C* for all r € (0,71), for some r; > 0. Indeed,
the boundary of O, is included in the set {f = mingg f — r} which contains no critical
points of f for r > 0 small enough (since they are in finite number under the assumption
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[H-Morse]). We are going to prove that for all rq € (0,71) there exists ap > 0 such
that

«

VRl Lo (0,) S €70 - (C.233)

Let r such that 2"r = ro where n € N will be fixed later (since r < rg, r € (0,71) and
thus O, is nonempty). Equation ((C.226)) rewrites

div (e_%vah) =0on
vy, = F on 0f).

Using (C.231)), there exist C' > 0 and v > 0 such that,

/ |Vup|? e —t / Fop, Opvp, do
1"/2 8O?"/Z

where we used the Green formula (valid since O, is C*°) and the equality 00,/ = {f =
mingq f — 5} In addition, since O C O, it holds,

ei<minaﬂf7“>/ Vo |? g/ Vo |2 e nf g/ V2o < & ~Rmingn s-5).
Oy O, /2 hY

C

< = o~ (mingg f—%)
=7y € s

Therefore there exists § > 0 such that for h small enough,

C r 8
) _r _B

= 74 = )
/ |Vvh| <h76 < (Ce n
Or

and from (C.226), we have [|Av|12(0,) < Ce™* for some constant B > 0 have been
reduced. In the following, 5 > 0 is a constant which may change from one occurrence to
another and does not depend on h. Let x1 € C2°(O,) be such that xy; = 1 on Og,. Since
A(x1vn) = x1 Avp+vp Ax1+2Vx1-Vup, there exists C, such that [[A(x1vn)2(0,) < C
for h small enough. By elliptic regularity (see m for k = 2 there) it comes

[onllz2(0,,) < C-

Let a € (0,1) and take p; = %. From the Gagliardo-Nirenberg interpolation inequal-
ity (see |25, Lecture II]), the following inequality holds

IV0Rl1221 (020) < CllonllSra o) I VORIl < Cer.

Then it comes from (C.226), [[Avp| re1(0,,) < Ce . Using a cutoff function x2 €
C2°(02y) such that xo = 1 on Oy, we get, as previously, from the elliptic regularity
lvnllw2p(0,) < C. Let p2 = 24 (ie. 1/ps = 1/p1 — a/d), from the Gagliardo-

Nirenberg interpolation inequality (see |25, Lecture II]), we get

IVURll 222 04r) < CllvnllSymn (0,9 VORI ot 0, < Ceh.
We repeat this procedure n times such that d — 2na < 0, the Galgliardo-Nirenberg
interpolation inequality implies that [[Vup||pec(0yn,) < Ce~ % which ends the proof
of (C.233). Since for any compact K of {f < mingg f}, there exists ro € (0,r1) such
that K C {f < mingg f — 1o}, the inequality is proved. This concludes the
proof of Proposition |
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C.3.3.2 Proof of Theorem
To prove Theorem [C.3] the following lemma will be needed.

Lemma C.38. Assume that [H-Connexity] and [H-Morse] hold. Let us recall that
according to Definition Cy is the connected component of {f < mingq f} which
contains all the global minima of f in Q. For a > 0, let C1 () be as defined in item 3 in

Lemma[C.9 (see (C.44)): Ci(a) = C1N{f < minpq f — a} C Cy. Let F € C>*(9Q,R).
Then, Jag > 0, Yo € (0,ap), e > 0, Vy € Ci(a):

E [F (Xog)] = BY [F (Xro)] + O (e7F)

in the limit h — 0 and uniformly in y € Cy ().
Proof. Let us define for x € Q:

gn(x) = E*[F (Xrg)] -
From (|C.8]), one has:

—1
E" [F(X.,)] = </ up, e_f%f> /gh up, e_%f
0 Q

1 / ~2p, 1 / ~2f
= gh Up € gn Up € ;
Zn(2) O\{f<mingq f—a} Zn(€) {f<mingq f—a}
(C.234)

where Zp, () := fQ up, e~ and up, is the eigenfunction associated with the smallest

eigenvalue \j, of —L?;L(O) (see (|C.5])) which satisfies (C.6|). Let us assume that hypothesis
[H-Connexity| and [H-Morse] hold. Let us first deal with the first term of ((C.234]).
From (/C.25)), there exists C' > 0 such that for small h, one has:

1

Zy(Q)t < Chiet

min f

Since ||gh||Loo@) < ||F|l oo (a0, from the Cauchy-Schwarz inequality, for any a > 0 one
has for h small enough:

1
Zp(82)

1 . .
d pR——N . —a —
<Oh%e i (0O { f <minyq f—a) [—min f)

/ 9h Un e i
O\{f<mingq f—a}

< C b~ e~ h(minon f-ming f—a)

Since mingo f — m&nf >0, 3¢ > 0, Jag > 0, Va € (0, ap),

1

<Cen C.235
Zn(82) - ( )

/ gh Up e il
O\{f<mingq f—a}

for all A small enough. Let us now deal with the second term of (C.234]). For k €
{2,...N1} and « > 0 small enough, let Ci(a) be as defined in (C.44)):

Cj(a):Cjﬂ{f<rgSilnf—a}.
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Using the second equality in (C.45)) together with the fact that the sets (Cg(a))g=1,...~,
are disjoint, one has:

1 2 1 2 M 2
-f _ —uf “uf
Zn() /{fgminaQ j?fau}h ‘ Zn(92) /cl(a)gh ne ; Zn(Q) /ck(a)gh e
(C.236)
Let us recall that under hypothesis [H-Connexity], it holds for k € {2, ..., N}, infc, f >
ming f. Therefore, for k € {2, ..., N1}, since Ck(a) C C, one has for h small enough:

T ghupe
Zn() Jer@

for some ¢ > 0 independent of h. For a € (0,a9) (g > 0 small enough), from item 3
in Lemma |C.9, the compact set C}(a) is connected and Cy(a) C Cy. Therefore, from
Proposition applied with K = C(«) for a € (0, ap): there exists d, > 0 such that
for all y € C1(a),

<

< Ch e hlnfe, f-mina f) < cio—f (C.237)

da

1 / _2p gn(y) / _2y O(e_h)/ _2y
— ghupe = upe h! 4 ——~ up e h C.238
Zn(Q) Jerw Zn(Q) Jer Zn(Q) JE ( )

in the limit A~ — 0 and uniformly in y € C1(a). Moreover, there exist ¢ > 0, and ag > 0
such that for any a € (0, ag), in the limit A — 0:

1 2 c
—_— upe il =14+0 (e ). C.239
Zn(Q) /01(a) " ( ) ( )

Let us prove ((C.239]). One has:

! / ~2p_q_ 1 / ~2f
Up € =1— Up € .
Zn() Jer@ Zn(Q) Jo\Cite

In addition, there exists C' > 0 such that for any « > 0 small enough, and for A small
enough:

1

1 / _2y 1 / _2f _d —L(inf ——— f—ming f)
upe h < e <(Ch 1e P 9\
Zn(Q) Jo\Cita Zn(Q) Jo\Cia)

The set arg ming f is finite (since [H-Morse] holds) and is included in C; (since [H-

BN

Connexity] holds): it is thus included in Ci(«) for any o > 0 small enough. This
implies that there exists ag > 0 such that for any a € (0, qp) it holds infﬂ\m f>
ming f. Therefore, 3¢ > 0, Jag > 0, Yo € (0, ), Tho > 0, Vh € (0, hy):

up, e wl =0 (e*%> )

@ .
Zn(Q) Joei@

This concludes the proof of (C.239)).

Let us now fix @ € (0,cp). Then, using (C.238) and (C.239), ¢ > 0, 0, > O,
Vy € Ch(w):

thQ) /c - grhune il = gu(y) (1 +0 (e_%» +0 (6_%) (C.240)
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in the limit ~ — 0 and uniformly in y € Cj(a). Therefore, using ((C.234)-(C.235)-
(C.236))-(C.237)-(C.240), oy > 0, Vo € (0, arp), Jc > 0, Yy € C1():

E" [F (Xy,)] = EY [F (Xo,)] + O (e—%) , (C.241)

in the limit ~ — 0 and uniformly in y € C}(a). This concludes the proof of Lemma
|

Let us now end the proof of Theorem Let us notice that it is sufficient to
prove ((C.30)-(C.31))-(C.32) when replacing in the statement the compact set K C Cy
by C1(«) for @ > 0. Indeed, for any compact set K of Cy there exists a > 0 such that
K C Ci(a). Let us notice that the proof is not a direct consequence of Lemma
since in Theorem less regular test functions F' are considered. The proof of The-
orem [C.3] is divided into two steps. In the following we assume that the hypothesises
[H-Connexity| and [H-Morse] are satisfied.

Step 1. Proof of (C.30) and (C.31).

Let us first show that if ¥ C 0 is open and there exists § > 0 such that ¥ N
oN

Uf;l B (z,8) = 0 (where B%(z;, /) is the open ball in 9Q of radius 3 centered

at z;), then, Jag > 0, Va € (0, ), Je > 0, Yy € C1(a):

PY[X,, €3] =0 (e*%) (C.242)

in the limit A — 0 and uniformly in y € C}(c). Indeed, let F' € C>(d%, [0,1]) be such
that

k99
F=1on¥ and F=0on LJlBaQ(zi,g).
1=

Using Lemmam7 Jag > 0, Va € (0, ap), 3¢ > 0, Yy € Ci(a):

PV [Xr, € X] < BY [F(Xr,)] < B [F(Xr,)] + O (7F)

in the limit 2~ — 0 and uniformly in y € Ci(a). Then, (C.242) follows from (C.26])
applied with F' and the family of sets ¥; = B?(z;, g) for i € {1,..., kY.

Let us now prove (C.30) and (C.31). Let F € L®(99Q,R) and for all i € {1,...,k¥?},

let 3; C 0N be an open set which contains z;. Let us assume in addition that £;NY; = ()
if i # j. One has for any y € C1(«):

1219}
kl

B 1P ()] = 3 1 F ()] + B 1t P )]

Moreover, one has:

o2
kl

’Ey [189\@?? F (Xm)] ) < || F|ze PY [Xm € 00\ L:J1 2]
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Using with 3 = 00\ Ui? %;, one gets (C.30).

Let us now prove (C.31). Let j € (k9 11, ... k9. Let 6 > 0 be such that for any
ke {1,..., k9 with k # j, the sets Xj, N B (2, 6) and %, + B%(2;,6) are disjoint.
Let G € CX(%; + B%(2;,6),[0,1]) be such that G = 1 on ¥;. Using Lemma
dag > 0, Va € (0, ap), e > 0, Vy € C1(a):

[EY (15, F(Xr0)] | < [ Fllze PY[Xrg € 53] < [|Flp B [G(X )]
= O(E" [G(Xy,))) + Ofe )

in the limit &~ — 0 and uniformly in y € Cj(«). Then, using with G, it holds
when h — 0: BY [1y, F(Xq,)] = O(hi) and when [H-Connexity-+] holds, one has
when h — 0:

EY (15, F(X,)] = O(e™h),
for some ¢ > 0 depending on «. This concludes the proof of .

Step 2. Proof of (C.32)).

For all j € {1,..., k:im}, let 3; be open subset of 02 such that z; € ¥;. Let us assume
that ¥, NYX; = 0 if & # j. Let F € L>®(9Q,R) be C* in a neighborhood of z; for
some i € {1,.. .,k?cl}. Let 8 > 0 be such that F is C* on B?*(2;,28) C %; and let
xi € C®(09,[0,1]) be such that supp x; € B (2, 8), xi = 1 on B?(z;, g) One has:

EY [1s, F(Xrg)] = BY D F (X)) + BV [(1; — xai) F(Xrg)] -

Using Lemma [C.38 with x;F and (C.26)-(C.28) with Fy; and {Z;,j = 1,..., k7%, j #
i} U{B? (2, 5)}, 3ag > 0, Y € (0,a9), 3¢ > 0, Yy € Ci():

BY [P (Xr)] = B G F (Xrp)] 4+ O ()

= B [Lpang, g F(Xo)] +0 (¢7F) = F(z) i+ O(hY)
in the limit ~ — 0 and uniformly in y € C;(«), and where q; is defined in (C.29)). In
addition, using Corollary when [H-Connexity+] holds, one can replace O(h%)
in the last computation by O(h). Moreover, using (C.242) with ¥ = %; \ B%(z;, g)
Jag > 0, Va € (0,ap), Jc > 0, Yy € C1(a):

[EY [(1s, — x0) F(Xog)]| < [[Fl|p= Y [Xm € i\ Bz, §>] ~0(cF)

in the limit A — 0 and uniformly in y € Ci(«). Thus, one has when h — 0 and
uniformly with respect to y € Ci(a):

EY [15, F(Xs,)] = F(2) a; + O(h¥)
and when [H-Connexity—+] holds, one has:
EY [121.F(X7—Q)] = F(ZZ) a; + O(h)

This concludes the proof of Theorem [C.3]
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C.4 Optimality of the remainder terms and generalization
of the results of Section

This section is organized as follows. In Section the assumption [H-Boundary]|
is discussed and we show that the metastability of 2 depends on the initial distribution
of the process (C.1)). Then, in Section we discuss the optimality of the remainder
terms appearing in Theorem Theorem Corollary and Theorem under
the assumption [H-connexity]. Finally, in Section we generalized the results
stated in Section

C.4.1 Assumption [H-Boundary] and Metastability
C.4.1.1 On the assumption [H-Boundary]

In this section we would like to discuss the necessity of the assumption [H-Boundary]
in the results of Section More precisely, in the statement of Theorems
and of Corollary it is assumed that the closure of each connected component of
{f < mingq f} intersects 2. We would like to exhibit a case for which this assumption
does not hold and for which the results of Section are no longer valid. To this end,
let us consider a one dimensional example in which there exists a connected component C
of {f < mingg f} such that 90C' N AN = B (see Figure . Let z1 < z9 and f: [z1, 22] —
R be a C*° Morse function. Let us assume that {z € [z1, 22|, f'(z) = 0} = {22, ¢, 21,d}
with 21 <z <c <z <d <z and f(z1) < f(z2) < f(z1) < f(z2) < f(d) < f(c) (see
Figure[C.9). From [15, Theorem 1], one has in the limit & — 0:

_ 2 @) 2 gy fan))
=\ (1+ O(h)). (C.243)

This implies that the results of Theorem [C.1] is no longer valid in the one dimensional
example represented in Figure

Moreover, the Dynkin’s formula (see (C.226) and ((C.228])) implies that the function
x € |21, 22] — P* [Xml,zy = 22} satisfies the elliptic boundary value problem:

h
59” — g/f/ e 0 and 9(21) - 07 9(22) = 1

Then, one obtains that for any = € [z1, z9]:

[
=dz_ (C.244)
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Using ((C.244)) and Laplace’s method, for all x € (¢, z9] there exists ¢ > 0 such that one
has in the limit h — O:

P*[X

T(z1,22)

z1] = O(e”#) and thus P*[X,

(21,22) =

2] =14+0(e 7).

In addition, the same results holds starting from v: there exists ¢ > 0 such that in the
limit A — O:
P X,

z1] = O(e™#) and thus P"*[X, 2] =1+4+0(e77). (C.245)

(21,22) = (21,22) =

Let us explain briefly how to get ((C.245)). One can show that there exits x € C2° ((c, d), [0, 1])
such that xy = 1 on a neighborhood of z; and:

up = —%— (1+0(em)) +r, (C.246)
Ixllez,

where r € L2 (z1,22) satisfies Irllre = O(e”#) and ¢ > 0 is independent of k. This
implies in particular that in the limit A — 0:

z2
/ upe” il = (@) (xh)ie” I @ (14 O(h)).

21

Moreover, if we denote by g(z) = P*[X-_ | = zi]forz € [21, 25, since x € CZ° ((¢, d), [0, 1])
and ||g|lr~ < 1, one has in the limit ~ — 0 (using (C.244)) in the third equality
and ((C.246])):

1 ¢ 2 d 2 #2 2
PrXr, ., =2al=—m—— / Uhgethr/ Uhgehf+/ Uhgehf]

= —2f z c d
up e r’ =
z1

1 c d —2y d 2
= —m / rgeier/ X9 +/ rgeier/ rge nf
/ uhef%f z1 c HX”L%U c d
21

- rd z9
) / (@) / EUW=1@) gy 1
= c z + O(e—ﬁ(f(ml)‘*'c))

z2 —gf z2 gf
/ wh e uxn%/ e
Z1 L Z1

2 (f(d)=f(z1))
_ 1 O(en ! )+O(ef%(f(m)+c)) = O(e ).

E2) 2 22 2
/ et \xu%/ ots
zZ1 L 21

This proves . Therefore, in the small temperature regime and starting from
x € (¢, z2) or from the quasi stationary distribution, the process leaves Q = (21, 22)
through z9 when h — 0. Notice that 23 is not the global minimum of fjsq and is even
not a generalized critical point of order 1. Therefore, the results of Corollary and
Theorem [C.3] do not hold in the one dimensional example represented in Figure [C.9]
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{f = mingq f}

R ) c T d 22

Figure C.9: A one dimensional example when there exists a connected component C' of
{f < mingg f} such that C NOQ = ().

C.4.1.2 Metastability depends on the initial distribution

Let us recall (see Section that a domain €2 is metastable for the process
if the convergence to the quasi stationary distribution vy, (see (C.3])) is much quicker
than the exit from €). In this section, we would like to show that there exist prob-
ability distributions in 2 such that this separation of timescales does not hold when
the process starts from these distributions. To this end, let us show that for
k €{2,...,N1} (where Nj is introduced in Deﬁnition, in the limit A — 0, the law of
X -, concentrates on Cy, N IN2 when Xy = = € C}, whereas the law of X, concentrates

on 9C7 N O when Xg ~ vy,
We will need the following assumption

e [H-C] The assumptions [H-Morse| and [H-Connexity| hold. In addition, for
all (0,k) € {1,...,N1}?, £ # k, ConCy = 0. Finally, for all k € {2,..., N1}, there
exist € > 0 and a C°° open connected subset of {2 denoted by Qf such that

. C C Qi,

forall £ € {1,..., N1} \ {k}, Q5 N Cr =0,

. 892 N IC, = 0N N OCY,

. B9(z, )N B (y,e) = for all y # 2z € 9Q N OC, and

B W N

Gnoo= |J B®(oe).
2€90NOCY

5. f|aﬂi is a Morse function.

Let us recall that for z € 99, B%}(z,¢) is the ball indQ centred in z and of radius e.
Moreover recall that 9Cy, N 9N C argmingq, f N {y € 9Q, 0, f(y) > 0}. In Figure
is represented Q5 when N; = 2. Under [H-Morse| and [H-Connexity] and if for all
(0, k) € {1,...., N1}%, £ # k, C, N Cr = 0, we expect that for all k € {2,..., N1} there
always exist € > 0 and a C*° open connected subset QF of () satisfying items 1, 2, 3, 4
and 5 in [H-C]. For instance, this is the case in dimension 1 (see for instance Figure
C.11).

For k € {2, ..., N1}, the following result shows that the law of X, in the limit » — 0
concentrates on 92 N IC, when Xy = x € Cj.
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Figure C.10: Schematic representation of 25 when N; = 2 and [H-C] holds. In the
figure, one has 0Cy N ON = {29, z3}.

Proposition C.39. Let us assume that the assumption [H-C] holds and let £ be as in
[H-C]. Let k € {2, ..., N1} and K be a compact subset of Cy,. Then, for any z € 0QNICY
and o € (0,¢],

P*[X,, € B*(z,a)] = a. + O(h)

in the limit h — 0 and uniformly in x € K, where

-1

_ onf(2) nf(y)
\/det Hessf‘ag(Z) yedNNAC), \/det Hessf‘aﬂ(y)

Proof. Let us assume that the assumption [H-C] holds. Let k € {2,..., N1} and let us
introduce

(C.247)

To: = inf{t > 0]X; ¢ Qp}.
Then, from item 1 in [H-C] and since Qf C €, it holds almost surely when Xy = = € C,
TQ: < TQ.

Let K be a compact subset of Cy, z € 90Q N ICy, and « € (0,¢]. Then, for any x € Cy,
one has

P*[ X5, € B*(z,a)] =P*[X,, € B?(2,0),70: = 0]
+ P [XTQ € BaQ(z, @), Tas < TQ]
=Pp* [Xmi e Bz, Q), To: = 70|

+P"[Xr, € B (2,0),70: < 0. (C.248)
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Figure C.11: A one dimensional example when [H-C] holds.

From item 4 in [H-C], it holds

T0; < T = Xpp: € 005\ 00 = 095\ U  B™@,e). (C.249)
yedNNACY,

Moreover, from items 1, 2 and 3 in [H-C], one has

argmin f = 0Cy N 01,
9%

and then, using (C.249)), item 5 in [H-C] and Theoremwith )}, instead of § (notice
that from items 1, 2, 3 and 4 in [H-C], {z € Qf, f(z) < mingo: f} = C) and thus [H-
Connexity+] holds for Qf), there exists ¢ > 0 such that

P*[X,, € Bz, a), T < o) <P° [Xmi € 00\ GQ}
= O(e_ﬁ)7

and
P* (X € B®(z,a)] = a. + O(h),
k

in the limit A~ — 0 and uniformly in z € K, where a, is defined by (C.247)). Us-
ing ((C.248)), one finally obtains that

P*[X,, € Bz, @) = a. + O(h),

in the limit A~ — 0 and uniformly in # € K. This concludes the proof of Proposi-

tion [C.39] |

In conclusion, for k € {2,..., N1}, the law of X,, concentrates on 0Cy N I in
the limit h — 0 when Xy = = € C} whereas the law of X, concentrates on dC7 N
02 when Xg ~ vp. Therefore, one deduces that the exit event from () is not the
same starting from the quasi stationary distribution v}, or starting from deterministic
initial conditions in Cj. This also shows that the process starting from z € Cj
leaves €2 before reaching the quasi stationary distribution v, in the small temperature
regime. The domain €2 is metastable for deterministic initial conditions in C but not
for deterministic initial conditions in C} for k # 1.

310



C.4.2 On the optimality of the remainder terms in Theorem
and [C.3], and Corollary under [H-connexity]

C.4.2.1 On the optimality of the remainder term O(v/h) in (C.20)

This section is dedicated to the following proposition which aims at giving a framework
in which one can show that, in (C.20)), A, (see (C.5])) admits a full asymptotic expansion
in power of v/h. This shows in particular the optimality of the remainder term O(v/h)

in (C.20) under [H-Connexity].

Proposition C.40. Assume that [H-Morse] and [H-Connexity] hold. Let us denote
by (Cj)jeq,....ny} the connected components of {f < mingqg f} (see Definition . Let
us assume that N1 > 2, C1 N Coy # 0 and for all i € {1,2} and all j € {3,..., N1},
C; N 63- = (. Let us recall that C1 N Cqy C U;*P NQ (see Definition and )
Then, the following holds

1. There exists a sequence (ay)k>0 € RN such that for any N € N, it holds in the

limit h — 0:
1 N k N1 2
Ay = — aghz +O(h 2 )) e nlfE)=f@) C.250
h \/ﬁ(;) eht +0("F)) (C.250)
with
21 1 1
> O0nf(z)(det Hessf |, (z)) > > A= (2)|(|det Hessf(z)[) 2
_j=1 _ 2€C1NCy
o @ C T @ .
vrh > (det Hessf(:n;c))_5 2 Y (det Hessf(xk))_5
k=1 k=1

where \_(z) is the negative eigenvalue of Hessf(z) for z € C1 N Cs.

2. The remainder term O(h%ef%@f(zl)*f(m))) in (C.22)) is actually of the order
d—4

O(hTe_%(Qf(zl)_f(xl))) and the remainder term O(h%) in (C.23) is is actually
of the order O(Vh).

3. The remainder terms O(h%) i (C.27), (C.28), (C.31) and (C.32) are of the order
O(Vh).

Item 1 in Proposition shows that the remainder term O(v/h) in is
optimal. Notice that in Proposition the assumption [H-Connexity+] does not
hold: this is consistent with the fact that, from Theorem we know that \;, admits
a full asymptotic expansion in A under [H-Connexity—+].

The example of Section [C.4.2.2 shows that all the remainder terms given in items 2
and 3 of Proposition are optimal.

Proof. Let us use the notations used in the proof of Theorem [C.4] and let us first
prove (C.250)). Let us recall that [H-Connexity] is equivalent to Ny = 1. According
to Lemma there exists ¢ > 0 such that in the limit A — 0:
h ~ c
My = §773,1%,(500)(1 +O0(e™ 1)), (C.251)
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where S is defined in (C.144) and Cj is defined in (C.169) and (C.170). Moreover, it
holds

nméz(géo) = glin Hgéo yH2 (C.252)
yeR™0 ; |lyll2=1

According to (C.144)), the matrix S has the form, up to reordering the z;, i € {1,..., mlﬁ}

3 _ [5]1 0
S = ( h [§]2>7 (C.253)

e [S]y is a matrix of size Card( U7_; j(x)) x 2. The coefficients ([S]1);r = S; i are
associated with the O-forms wy, for k € {1,2} (see Definition and ((C.80)) and
with the 1-forms v; for i € {1,...,m$} such that z; € j(xz),

where

e [S]2 is a matrix of size (mlﬁ - Card( uz_, J(l’k))) X (m(g)2 - 2). The coefficients
([g]g)]k = §j,k are associated with the O-forms 7, 0-forms @y, for k € {3, ..., m$}
and with the 1-forms 1; for i € {1,...,m$!} such that z; € j(z).
Then, the following holds:

n2(1811) (1 +O(e™7)) < 1,0 (SCo) < ma(S]h), (C.254)

where 12[S]; is the smallest singular value of [S];.

Remark C.18. Notice that without the assumption that for all i € {1,2} and all j €
{3,....,\N1}, C; m@- = (), the matriz at the bottom left of (C.253) is not the zero matriz

and in that case, we are not able to compare 1,0 (SCo) with n2([S]1).
Let us prove (C.254)). For any z € R2,~0ne has Cpz = z and thus géot(z,O) = [5]1z
Therefore, it holds: T]mf)z(SCQ) < m2([S]1). Let us now prove a reverse inequality. To
this end, let us consider y* =!(z*,w*), z* € R2, w* € R™ 2, |jy*||y = 1, realizing
the minimum in (C.252)). From (C.180]) together with the fact that Ng = 1 and since
ly*[l2 = 1, one obtains that there exists p > 0 such that for h small enough, z7 =
1+ 0(er), xy = O(e~#) and
[w*||2 = O(e™ 7). (C.255)

In particular, it holds

2|2 = 1+ O(e™ 7). (C.256)
Let us recall that from (C.169) (since 2 < Ny), the mf} x mf! matrix Cy has the form

~ _ (1dy [Cols
Co = ~ .
° ( 0 [00]2>
Since Cor* = z*, using (C.255), (C.256) ((C.253) and the fact that [Cols = O(1) (since

Co=Co+ O(e i) and Cy = O(1) see (C.169), (C.170) and (C.164)), one obtains that
there exists ¢ > 0 such that when A — O:

15C0y* (I, > (11811 (=" + [Colaw™) ||, = ma([S]) (1 + O(e™1)).
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This concludes the proof of (C.254)). Let us now prove ((C.250)). To this end and in view
of (C.254), let us estimate 72([S]1)? which is, by definition, the smallest eigenvalue of

the 2 x 2 matrix
A=t (S8 = <a1,1 a1,2> '
a2 a2

The smallest eigenvalue of A is given by

~ 1

na([Sh)? = 5 (01,1 +az2 — \/(am — ag,g)2 + 4ai2 ) (C.257)

By definition of S (see (C.144)) and [S]; (see|C.253)), one has
. .
A — ( Zjvzﬁj(ﬂfl) Sl',l _ ZjvZjGJ(wl)ﬁj(wz)ijvlsz) ' (C.258)
225, z€i(nni(as) 531552 22, ziei(en) Oi2

Let us recall that for k € {1,...,N1}, f(x) = f(z1) for all z € j(zx) (see (C.72)).
Therefore, using in addition Proposition it follows that in the limit i — 0:

5o {—C]ﬂ hiemnUEDE) (1L O(h))  if jis st z; € j(a1) N ON (C.250)
T\ gj1Cia hm e #UGO=I@D (1 4 O(R)) if jis st 25 € j(z1) Njlwa)
and
5. {CM h~ie nFET@)(1 4 Oh))  if jis st 2z € j(x2) NI (©.260)
727 ) j0Cia hm e #UGO=I@) (1 4 O(R)) if jis st 25 € j(z1) Njlwa)

where the constants C} ;s are defined in , gk € {1,—1} for all j and k and, in all
the previous estimates, the remainder terms O(h) admits a full expansion in h (see Re-
mark [C.10). By [H-Connexity], it holds f(z1) — f(z1) > f(z1) — f(x2) (see to-
gether with the fact that Ny = 1) and thus, using (C.258)), (C.259) (C.260) and (C.257),
there exists ¢ > 0 such that in the limit A — O:

- 1 o2 )
n2([Sh)? = B <a1,1 +az2 — a2,2\/1 + < _ ol +4 ;2> (1 + O(e‘ﬁ)) )

a2,2 a3 o

1 1
- o= (e

2
ajio

)1+ 0 )

a2

_ (a . a%’Q)(]_—{—O(e_;i))
1,1 a2z
and thus

m(S1)? = | ™ CH(L+m(h)+rt > C3 (1 + r2(h)) + h™2r3(h)
j, 2 €j(21)NON J,zi€j(z1)Nj(z2)

Nlw

(C.261)
o o= 2z~ (@1)

where for i € {1,2}, rj(h) = O(h) admits a full expansion in h and r3(h) = O(h)
admits a full expansion in vh. Let us recall that from (C.70) and by assumption,
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j@)Njlas) =jlz1) NQ = j(x) NQ = C1NCy # 0. Then (C.250) follows from (C.261)
and the definition of the constants Cjx’s (see (C.129)) together with (C.254).

Let us now prove items 2 and 3 in Proposition From ((C.254) and (C.261]), one

has in the limit A — 0:

h
)\h = 5@171(1 -+ O(h))

Q

Z (Vii1, ;)72 (14 O(h)).

Therefore, from the proof of Lemma it holds when h — 0:

~ 2
IV =7l = 7 MmO,
Then, the results of Corollary hold with e, = h (instead of (C.215))) and item 2 in
Proposition follows directly from the estimates made in Section |C.3.2.3| (replacing

everywhere €5, by h in Section |C.3.2.3)). Finally, using items 2 and 3 in Proposition
follows from a direct adaptation of the proof of Corollary and Theorem |

C.4.2.2  On the optimality of the remainder terms in Theorems|[C.2] [C.2]land|C.3]
and Corollary

In this section, we discuss the remainder terms O(hi) appearing in Theorem @
(see (C.23)), Corollary [C.6] (see (C.27) and (C.28)) and Theorem [C.3| (see (C.31)
and (C.32)) under the assumption [H-connexity]. To this end, let us consider the
following one-dimensional case. Let z; < 22 and f: [z1, 22] — R be a C*° Morse func-
tion. Let us assume that f(z1) = f(z2), {x € [21,22], f'(z) = 0} = {z1, 2,22} with
21 < w1 < z2<x <z and f(z1) < flz2) < f(z) = f(z1) (see Figure [C.12). This
implies f'(z1) < 0, f'(22) > 0, 21 is the global minimum of f in [z1, 2], 2 is a local
minimum of f and z is a local maximum of f. Notice that in this example, all the

assumptions of Proposition are satisfied and (see Definition [C.2] and (C.19)),(C.18))

and (C.17)),

argmin f = {21, 20},C1 = (21, 2), Oy = (2, 22), 0C1NOIN = {21}, k‘lacl =1 and k‘?g =
o2

Using (C.244) together with Laplace’s method, one obtains for = € (z1,2) in the limit
h — O:

I Vh+ 57—h + O(h?) 7
Pex B TiB] 7 VTG G o

T(21,2 = Zl] - a
(e1.22) VR + (gt + apsy)h + O(h%) 2|f/(Z1)!\f

and thus:
/ f// f
P*IX =29 h+ O
e == gty O
In this case, the exit through zo when A — 0 is not exponentially small but is exactly of
the order vk even though 2y is a generalized critical point of f on 99 (i.e f(z9) € UP?,
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Figure C.12: A one dimensional case when [H-connexity] holds but not [H-
connexity+].

see (C.14)) and f(z2) = mingg f.

Therefore, this shows that on the one hand the remainder terms O(h%)
in (C.27), (C.28)), (C.31)) and are exactly O(v/h) in this example and on the
other hand the remainder terms given in item 3 of Proposition [C.40] are optimal. Since
the remainder terms given in item 3 of Proposition are obtained from those of
item 2 of Proposition the remainder terms of item 3 of Proposition are opti-
mal. This example also shows that when assuming only [H-connexity], the remainder

terms O(hi) in (C.27) and ((C.31)) which bound the exit of the process (C.1]) through

the points z 5 Zpo0 are not, in general exponentially small when h — 0.

K14

C.4.3 Generalization of the results of Section

The aim this section is to exhibit a more general geometric setting for which the results
of Theorems and Corollary are preserved. This setting covers in
particular the case when f has local minima inside 2 which are higher in energy than
mingg f (notice that this situation is not allowed under [H-Boundary]). To generalize
the results of Section the main point is to define at a higher level of generality
than the assumption [H-Boundary] an association between U§’ and P (U{*), where U
and Z/{{2 are respectively the local minima of f in (2 and the generalized saddle points in
Q of f (see Section [C.1.3.2)). This mapping aims at generalizing the map j constructed
in Section under the assumptions [H-Morse] and [H-Boundary]. In all the
following, we assume that

e [H-Minima] The set U§! is not empty.

This section is organized as follows. One first defines, under [H-Minima] and [H-
Morse], a collection of connected open sets indexed by the elements of U§! and which
plays a similar role as the connected components (Cj) eq1,... v} of {f < mingg f} intro-
duced in Definition under the assumption [H-Boundary]. Then, one constructs an

association between Llé2 and P(Ulﬁ). Finally, generalizations of Theorems ,
and Corollary [C.6] are stated.

Connected components associated with the elements of Z/{(g2 and 92

315



Let us recall that under [H-Boundary], the sets (Ci)peqi,...n,) are defined as the
connected components {f < mingq f} (see Definition[C.2). These sets were the starting
point of the construction of the quasi-modes made in Section[C.2] When assuming only
[H-Morse], one needs to start with another set of connected components and to this
end, one proceeds as follows.

Let assume that the assumption [H-minima] holds. Let us define for all z € U§} and
A> f(x):

C(M\,z) as the connected component of {f < A} in Q containing x
as well as
A(z) :=sup{X > f(z)s.t. C(A\,z) N9 = 0}, and C(z) := C(\(z), z). (C.262)

Notice that under [H-Morse], for all z € U} C Q, A\(x) is well defined. Indeed, for
all z € U, {\ > f(z) s.t. C(\,2) N OQ = B} is bounded by supg f + 1 and non empty
because for 5 > 0 small enough C(f(z) + 8, x) is included in Q (since x € Q and f is
Morse).

Definition C.12. Let us assume that the assumptions [H-Morse] and [H-minima]
hold. The integer N1 is defined by:

N; := Card({C(z), z € ugl}) e{1,...,mf}, (C.263)

where we recall mf} = Card (US}) (see (C.11)) Moreover, the elements of {C(z),x € Ut}
are denoted by Cq,...,Cpn,.

Remark C.19. Notice that by definition, when [H-Boundary] holds, Ny = N;
(see (C.263)) and the family (Ci)r=1,..N, introduced in Definition is exactly the

set (Cr)k=1,..N, defined as the connected components of {f < minpq f} which are in-
troduced in Definition [C-3.

The definition of a separating saddle point originally introduced in Definition
under [H-Morse] and [H-Boundary] can be generalized in the setting of [H-Morse]
and [H-Minimal].

Definition C.13. Assume [H-Morse] and [H-Minima]. Let Cy,...,Cn, be the con-
nected sets introduced in Definition [C-13

1. A point z € Ulﬁ 1$ o separating saddle point if

e cither z € Z/{{2 N U'l-\'zllc and for r > 0 small enough, the two connected
components of {f < f(z)} N B(z,7) are contained in different connected

components of {f < f(2)},
e orzcUN U!L'\Izllaci-

Notice that in the former case z € Q while in the latter case z € 02. The set of
separating saddle points is denoted by U™.

2. For any o € R, a connected component E of the sublevel set {f < o} in Q is called
a critical connected component if OE N U™ £ 0. The family of critical connected
components is denoted by Ceprit.
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Let us recall that Z/{IQ is the set of saddle points of f in 2 and L{IBQ is the set of points
z € 09 such that z is a local minima of f|gpq and 9, f(z) > 0, see Section |C.1.3.2

Remark C.20. Notice that, according to Remark when [H-boundary] holds, the
sets UTSP and C.rit coincide respectively with L{f P and Cepip introduced in Definition .

Let us now study the properties of Cy, ..., Cy,. The following lemma will be used in
the first step of the construction of the map between points in leél and sets in P(Zx[lﬂ).

Lemma C.41. Let us assume that [H-Morse] and [H-Minima] hold. Let Cy,...,Cy,
be the sets introduced in Definition|C.19 and let (k,1) € {1,...,N1}? with k # {. Then,

Cr,CQ and C,NC, = 0.

In addition, one has
IC,L N O C UTP N oQ

and
0C, NoC, C UiSp NneQ,

where the set U™ is introduced in item 1 in Definition[C.15 Finally, 9C;, N U™ # 0.

The arguments used in the proof of Lemma are similar to those used in the
proof of Proposition

Proof. For all k € {1,...,Ny}, the set Cy is a connected open set of Q since Q is locally
connected and Cj is by definition a connected component of the open set {f < A(z)}
for some z € U (see Definition [C.12| and (C.262)). Notice that it holds in particular

5C, C {f = M)},
Let k € {1,...,N1}. Let us now show that Cj is included in Q. From Definition

and (C.262)), there exists z € US' N Cy such that Cp = C(A\(z), ) with A(z) > f(x).
From Lemma it holds

C(A(w),7) = Ure(f(2)r(2) C(A, T).

Moreover, since A — C(\, x) is increasing on (f(x), +00), by definition of A(z) (see (C.262))
one has that C(A\,z) N 9Q = 0 for all A € (f(x), A(z)). Therefore C(A\(z),z) C Q and
thus C, N 9N = 0.

Let us now show that the Cj’s are two by two disjoint. To this end, let (k,¢) €
{1,...,N1}? with £ # k and C, N Cy # 0. Therefore, since for ¢ € {k,¢}, there ex-
ists z, € US' N C, such that C, = C'(\(z,), ;) is a connected component of {f < A(z4)}
(see Definition |[C.12| and (C.262))), it holds Cy = C; if A(zx) = A(z;). Let us prove that
Azk) = A(x;) by contradiction and assume that, without loss of generality, A(zx) <
A(z7). Since Cp N Cy # 0, this implies C;, C Cy. Therefore, for any e € (0, A(z;) — M(xg)),
C(Mzg)+¢,zx) C Cp and by definition of A(z) (see (C.262))), C(A(xk)+¢, k) intersects
0. This is in contradiction with the fact that C; C Q. Therefore, A(z) = A(z;) and
thus C;, = C,.

Let us now prove that for k € {1,..., N}, C,NIQ C UTP NN which is equivalent, ac-
cording to Definition to 0C,LNOQ C U (where UP? is defined in Section C.1.3.2)).
If 9C, NON # (), let us consider y € IC, NIN. According to |15, Section 5.2], if y is not
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a critical point of f|5q, then the hypersurfaces {f = f(y)} and 952 interest transversally
in a neighborhood of y. This implies that for » > 0 small enough, {f < f(y)} N B(y,r)
is connected and {f < f(y)} N B(y,r) NI # 0. Thus C, NIN # () which is impossible
since Cy C €2. Therefore y is a critical point of fjsn and according to [15, Section 5.2],
there are three possible different cases:

1. either y is local minimum of f
2. or y is a local minimum of f5q and J,.f(y) > 0,

3. or for r > 0 small enough, {f < f(y)} N B(y,r) admits one or two connected
components with non empty intersection with 92.

The first case is not possible in our setting since y € C;, implies that y is not a local
minimum of f. The third case is also not possible since C; C 2. Therefore y is a local
minimum of fiaq and 8, f(y) > 0. This proves dC N IQ C UT™ N Q.

Let us now prove that for all (k,1) € {1,...,N1}? with k # ¢, 9C, N dC, C U7’ N Q
which is equivalent to dCj, N AC, C U (where U? is the set of saddle points of f in €,
see Section [C.1.3.2)). To this end, let us assume that 9Cx N IC,; # O for some (k,1) €
{1,...,N1}? with k # £. First, since for ¢ € {k, £}, there exists x, € US'NC, such that C,
is a connected component of {f < A(x,)}, one has necessarily A(x¢) = A(z). Moreover,
it holds 9C;, NOC, C Q. Indeed, if there exists z € 9C, NI, we know from the analysis
above that z € UP?. Tt follows that for r > 0 small enough, B(z,7) N {f < A(xx)} is
connected and therefore B(z,7) N{f < A(zg)} C Cg. This implies that B(z,7)NCp =0
(since we proved that for k # I, C;, N C;, = () and hence 2 ¢ C;. Lastly, if there exists
z € 0C,NIC,NA, then one deduces from that z € U{I. Indeed, for all 7 > 0 small
enough, B(z,7) N {f < A(x)} has two connected components respectively included in
Ck and Cg.

To conclude the proof of Lemma it remains to show that for all k € {1,...,N;},
OC, NUTP #£ 0. Let us argue by contradiction and assume that dC, N U = (). Since
(0C, N Q) NUTP = 0, one has C; C Q (indeed we proved above that C; C  and
0C, NI C UTP). Let us recall that C;, = C(\(x),z) for some z € U’ N Cj. Since
Cr € Q and 9C, N U™ = (), the same arguments as those used to prove apply
and lead to the fact that Cj, is a closed and open connected set in {f < A(z)}. Thus,

C}, is a connected component of {f < A(z)}.

Let us now denote by C*(u), for u > A(x), the connected component of {f < u}
containing Cj. It then holds, according to Lemma

[ ¢ =C"(\@) = G

p>A(x)

Moreover, by definition of A(z) (see (C.262)), C*(u) meets IQ for all u > A\(z). Hence,
ﬂ#>/\($)C+(u) NOQ = C, N OQ is non empty as a decreasing intersection of non empty
compact sets. This contradicts the fact that C;, C Q. In conclusion Cj N U™ # 0.
This concludes the proof of Lemma [C.41]

|
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Map between points in Z/{é] and sets in P(U{))

We are now in position to define the maps jo : Z/{(? — P(Ulﬁ) and 32 : L[g2 — Cerit
as we did in Section Let Cy,...,Cp, as introduced in Definition The
constructions of the maps jo and jo are made recursively as follows:

1. Step 1. Foreach k € {1,...,N}, 1 ; denotes one point in arg ming- f = argming, f.
Then we define, for all k € {1,...,Ny},

01,k = mMax 1 jQ(w‘Lk) = Cp, € Cirit, and jQ(fEl’k) = 0C, N UiSp.
k

Note in particular that according to Lemma
jo(z1p) #0, 9C, C {f =o1x} and UNL Jo(z1x) NOQ = U N Q.
2. Step 2. Let us now define the maps jo and of:]'vg on U\ {x11, ... , 1N, t- This is

done by applying the procedure starting at the second step of Section [C.2.3.3| with
the family (Ck)reqi,...n;) instead of the family (Cy)req,..,n;)- This completes the

definition of the maps jo and of :].VQ on U§! with values respectively in P(Ulﬁ) and
Ccrit-

Notice that for all z € U\ {21.1,..., 21N, }, it holds jo(z) C Q and jo(x) = dja(z) N
UTP € PU§). Moreover, since for all x € U}, there exists k € {1,...,N;} such that
jo(z) € 0C, C {f = A=)} (see Definition [C.12| and (C.262)), one has f(z) = f(y) for
all z,y € ja2(x) and

max fG2(2) = f(x) < max  f(ja(2)) = f(2). (C.264)

zeU\{z1,1,., 1N, } z€{x1,1,.,T1 Ny }

Remark C.21. Let us notice that when [H-Boundary] also holds, the maps j2 and

J2 are respectively equal to j and j_(see Remark together with the first step of the
construction of j and j in Section

Generalization of Theorem

Let us define the following assumptions:

e [H-Connexity2] The function f satisfies [H-Morse] and [H-Minima] and, up
to reordering the wells Cy,...,Cy, defined above, it holds

0C1NIN # () and for all k € {2, Ceey Nl}, f(jg(ﬂ?l,k))—f(xlyk) < f(j2($171))—f(x171).
e [H-Connexity2+] The function f satisfies [H-Connexity2] and
oCi N UTSP C 0.

Remark C.22. Notice that under [H-Connexity2], one has from (C.264)),
max  f(jo(x)) = f(x) < f{2(211)) = f@1,0).

xGu(S))\{xLl}

Thus, [H-Connewity] implies [H-Connexity2] (see Remarks|[C.19 and[C-2( together
with (C.74) and the fact that No = 1 when [H-Connexity] holds). Notice also that
[H-Connexity+] implies [H-Connexity2+].
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jo(z1) = {21, 22}

fQ2(z1)) — f(z1)
f(2(z2)) — f(

=
N
~—

fmmm

Figure C.13: A one dimensional example when [H-connexity2] holds. Notice that
CiNCy = 0 and 9C; NUP N UTP = {z}. In this example, [H-Boundary], [H-
connexity2+] and [H-connexity3] do not hold.

In words, [H-Connexity2] ensures that C; C 2 is the only deepest well (in terms of
barriers f(jo(x))— f(z) for z € U?) among the wells jo(x) for x € US! and that OC; inter-
sects 0N (see for example Figure . The stronger assumption [H-Connexity2-+]
ensures in addition that dC; and U} N U™ are disjoint, which implies in partic-
ular, using Lemma that C; is disjoint from the closure of any of the other
wells Cy,...,Cn,. However, under [H—Connexity2], C; can be such that for all £ €
{2,..,N1}, C;nCp =0, and OC; NUP N U #£ () (see for example Figure |[C.13). Notice
that when [H-Connexity2] and 9C; C { f mmag f} hold, one can easﬂy check that
[H-Connexity2+] is actually equivalent to C; N Uk ,Cr = 0.

In order to generalize the statement of Theorem under [H-Connexity2] and
[H-Connexity2-+], we assume that the sets U} and Ufm are labelled such that:

{z1,...,x cl} —argmin f C U} and {z,.. "Zkfcl} =9C; NUP?, (C.265)
[

where ki € {1,...,k} (see (C.12)) and kI € {1,...,m??} (see (C.15)).

Remark C.23. Notice that under the assumption [H-connexity], the integers k !
and ka ! coincide respectively with k' and kaCl defined respectively by (C.12) and (|C. 18|).

One is now in position to state a more general result than Theorem

Theorem C.5. The conclusions stated in Theorem remain valid if one replaces
{:L'l,...,l‘kgz} by {z1,..., 2,1}, {21,---,Zk?01} by {zl,...,zk?cl} and if one assumes
[H-Connexity2] instead of [H-Connexity] and [H-Connexity2+] instead of [H-
Connexity+].

Proof. Let us explain how to prove Theorem First, the family of quasi modes for
0-forms and for 1-forms are constructed exactly as we did in Section [C.2.4.1] using the
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maps jo instead of j and _]72 instead of :]V We can then follow exactly the same analysis
as the one made in Sections [C.3.1.1] and [C.3.1.2] replacing the number Ny defined in
(C.46) by 1 and using the maps jo instead of j and jo instead of j. ]

Generalization of Theorem [C.2], Corollary [C.6, and Theorem [C.3

One can also easily generalize the statements of Theorem Corollary and The-

orem following exactly the same analysis as done in Sections and
The assumptions [H-Connexity2] and [H-Connexity2+] are nevertheless not
sufficient to generalize these results following the same analysis since:

e to prove Proposition in Section one uses the fact that the point z1,
now defined by (C.265)), is a global minimum of f (see indeed (C.212))),

e to prove Theorem in Section we use that the point z;, now defined by
(C.265)), is a global minimum of f|8§2 (see for example ((C.223))).

Moreover, the same proofs as those made in Sections [C.3.1.3], [C.3.2] and [C.3.3| work
when f(z1) = ming f and f(z1) = mingg f. In view of these remarks, we define the
following assumptions:

e [H-Connexity3] The function f satisfies [H-Connexity2] and

0C, C {f = min f}.

e [H-Connexity3+] The function f satisfies [H-Connexity2+] and

oG, c {f = nalsi)nf}.

In Figure one gives a case when [H-Connexity3] but not [H-Connexity3-]
and in Figure one gives a case when [H-Connexity34] holds. Notice that under
[H-Connexity3], the point 1 defined by satisfies f(x1) < mingg f and hence
argming f C 2. Moreover, the point x; then necessarily belongs to argming f =
argming f and argming f C C;. Indeed, for any k& € {1,...,Ny}, if there exists x €
argming f C {f < mingq f} such that C;, = C(A(z),z), then one has A(z) > mingq f
and thus

M) = f(z) = f(G2(z1k) — fl@rr) = fG2(21,1)) — f21,1),

since jo(z1,1) C 0Cy and by assumption f(j2(x1,1)) = mingg f. This implies C, = G
from the assumption [H-Connexity2]. We have then proved that if f satisfies [H-
Connexity3] then

argmin f = argmin f = {z1,...,2,0}.
9 Q ’

Remark C.24. Notice that under [H-Connezity3], U N {f > mingq f} # 0 may
hold whereas this situation was excluded in [H-Boundary] (cf Figure .
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jo(z1) = {=1}

j2($2) = {22, 23}

- f(a(2)) = fla)

21

************************************ {f = mingq f}
fQ2(z1)) — f(

8
-
~—

R

Figure C.14: A one dimensional example when [H-connexity3+] holds. In the figure
f(x2) > mingg f. Thus, in this example, [H-Boundary]| does not hold.

Before stating the generalized results, let us define under [H-Connexity3],

{zkaq T Zpo0} = Zx[{m Nargmin f \ 0Cy (C.266)
1t 1 90

where we recall, k7 is defined in (C.17) and k?cl by (IC.265)). Therefore, according
to (C.265)), it holds {z1,...,z0c, } = {z1,... ,Zk?n} NOC1. The same analysis as the one

made in Sections and then leads to:

Theorem C.6. The conclusions stated in Theorem [C.3, Corollary [C.6, and Theo-
rem remain valid if one replaces the set {x1, ..., :Bk[s))} by {z1,... , T, 0 Y {z1,...,2,00, }
0 1

by {z1,... ,Zkacl} and if one assumes [H-Connexity3] instead of [H-Connexity] and
1
[H-Connexity3+] instead of [H-Connexity].
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{f = mingq f}

x1

Figure C.15: A one dimensional example when [H-connexity3] holds but not [H-
connexity34+]. Notice that in this example [H-Boundary] does not hold since the
connected component 0Cy of {f < mingq f} satisfies dCo N O = 0.
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